Multi-Head Monitoring of Metric Dynamic Logic

Martin Raszyk
January 23, 2026

Abstract

Runtime monitoring (or runtime verification) is an approach to checking compliance of a
system’s execution with a specification (e.g., a temporal formula). The system’s execution is
logged into a trace—a sequence of time-points, each consisting of a time-stamp and observed
events. A monitor is an algorithm that produces verdicts on the satisfaction of a temporal
formula on a trace.

We formalize the time-stamps as an abstract algebraic structure satisfying certain assump-
tions. Instances of this structure include natural numbers, real numbers, and lexicographic
combinations of them. We also include the formalization of a conversion from the abstract
time domain introduced by Koymans [1] to our time-stamps.

We formalize a monitoring algorithm for metric dynamic logic, an extension of metric
temporal logic with regular expressions. The monitor computes whether a given formula is
satisfied at every position in an input trace of time-stamped events. Our monitor follows
the multi-head paradigm: it reads the input simultaneously at multiple positions and moves
its reading heads asynchronously. This mode of operation results in unprecedented time
and space complexity guarantees for metric dynamic logic: The monitor’s amortized time
complexity to process a time-point and the monitor’s space complexity neither depends on
the event-rate, i.e., the number of events within a fixed time-unit, nor on the numeric constants
occurring in the quantitative temporal constraints in the given formula.

The multi-head monitoring algorithm for metric dynamic logic is reported in our paper
“Multi-Head Monitoring of Metric Dynamic Logic” [2] published at ATVA 2020. We have also
formalized unpublished specialized algorithms for the temporal operators of metric temporal
logic.
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theory Timestamp

imports HOL— Library. Extended_Nat HOL— Library. Extended__ Real

begin

class embed nat =

fixes ¢ :: nat = a

class tfin =

fixes tfin :: ‘a set

class timestamp = comm_ monoid__add + semilattice_sup + embed_nat + tfin +

assumes ¢_mono: N\ij. i <j=1i<¢j
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and «_tfin: N\i. v 1 € tfin

and ¢_progressing: x € tfin = 3j. v j< 1 i+ x

and zero__tfin: 0 € tfin

and tfin_closed: ¢ € tfin = d € tfin = ¢ + d € tfin

and add_mono: c< d=>a+c<a-+d

and add_pos: a € tfin = 0 < c = a < a+ c
begin

lemma add_mono_comm:
fixes a :: 'a
shows c < d=c+a<d+ a

(proof)

end

instantiation option :: (timestamp) timestamp
begin

definition tfin_option :: ‘a option set where
tfin__option = Some ‘ tfin

definition «_option :: nat = ‘a option where
t__option = Some o L

definition zero_option :: ‘a option where
zero__option = Some 0

definition plus option :: ‘a option = 'a option = ’a option where
plus_option z y = (case z of None = None | Some 2’ = (case y of None = None | Some y’ = Some
(' + ¢"))

definition sup_option :: ‘a option = 'a option = 'a option where
sup__option z y = (case © of None = None | Some z' = (case y of None = None | Some y' = Some
(sup =" "))

definition less_option :: 'a option = 'a option = bool where
less_option © y = (case z of None = False | Some ©' = (case y of None = True | Some y' = z' < y’))

definition less_eq option :: 'a option = 'a option = bool where
less_eq_option z y = (case x of None = z = y | Some z’ = (case y of None = True | Some y’' = =z’

<)

instance
(proof )

end

instantiation enat :: timestamp
begin

definition tfin__enat :: enat set where
tfin_enat = UNIV — {0}

definition ¢_enat :: nat = enat where
L_enatn =n



instance
(proof )

end

instantiation ereal :: timestamp
begin

definition ¢ ereal :: nat = ereal where
L _ereal n = ereal n

definition tfin__ereal :: ereal set where
tfin_ereal = UNIV — {—o0, oo}

lemma ereal add_pos:
fixes a :: ereal
shows a € tfin —= 0 < c = a < a+ ¢
(proof)

instance
(proof )

end
class timestamp__total = timestamp +

assumes timestamp_total: a < bV b < a

assumes timestamp__tfin_le_not_tfin: 0 < a=— a € tfin —= 0 < b= b ¢ tfin = a < b
begin

lemma add_not_tfin: 0 <a=—= a€tfin—=a<c=c€tfin=—=0<b=bd¢tfin—=c<a+b
(proof )

end

instantiation enat :: timestamp__total
begin

instance
(proof )

end

instantiation ereal :: timestamp__total
begin

instance
(proof)

end

class timestamp__strict = timestamp +
assumes add_mono_strict: c< d —= a+c< a+ d

class timestamp__total_strict = timestamp__total + timestamp__strict

instantiation nat :: timestamp__total strict
begin



definition tfin_nat :: nat set where
tfin_nat = UNIV

definition ¢ nat :: nat = nat where
L_natn=mn

instance
(proof)

end

instantiation real :: timestamp__total_strict
begin

definition tfin_real :: real set where tfin_real = UNIV

definition ¢_real :: nat = real where «_real n = real n

instance
(proof)

end

instantiation prod :: (comm__monoid__add, comm_monoid__add) comm__monoid_add

begin

definition zero_prod :: ‘a x 'b where
zero__prod = (0, 0)

’

fun plus_prod :: 'a x 'b =
(a, b) + (c, d) = (a + c, b+ d)

instance
(proof )

end

end

1 Intervals

typedef (overloaded) (‘a :: timestamp) T =
€ tfin A =(j = 0 A —lej)}

(proof )
setup__lifting type_ definition T
instantiation Z :: (timestamp) equal begin
lift__definition equal T :: ‘a T = 'a T = bool is (

instance (proof)

end

{(z R

a x 'b = "a x 'b where

a, j:: 'a, lei :: bool, lej :: bool). 0 < i ANi<jAi

) (proof)

lift__definition right :: ‘a :: timestamp T = 'a is fst o snd (proof)

lift_ definition memlL :: 'a :: timestamp = ‘a = 'a T = bool is



At t' (a, b, lei, lej). if lei then t + a < t' else t + a < t' (proof)

lift_ definition memR :: ‘a :: timestamp = ‘a = 'a T = bool is
At t’ (a, b, lei, lej). if lej then t' < t + b else t’ < t + b (proof)

definition mem :: ‘a :: timestamp = 'a = 'a T = bool where
memtt' I < memLtt' I ANmemRtt' I

lemma memL_mono: memL tt' [ = t"' < t => memL t"" t' I

(proof)

lemma memL_mono”: memL tt' [ = t' < t"" = memL tt"" I

(proof)

lemma memR_mono: memR tt' [ = t < t"" = memR t"' t' I

(proof)

lemma memR_mono” memR tt' I = t"" < t' = memR tt"" I

(proof)

lemma memR_dest: memR t t' [ = t' < t + right I

(proof)

lemma memR__tfin_ refi:
assumes fin: t € tfin
shows memR t t I

{proof)

lemma right I _add_mono:
fixes = :: ‘a :: timestamp
shows = < = + right 1
(proof)

lift_ definition interval :: 'a :: timestamp = 'a = bool = bool = 'a T is

Aijleilej. (if 0 < iANi<jAiLELinA-(j=0 A -lej)then (i, j, lei, lej) else Code.abort (STR
"malformed interval’’) (A\_. (0, 0, True, True)))

(proof )

lemma Rep T I = (I, r, b1, b2) = memL 001 <— 1= 0 A bl
(proof)

lift__definition dropL :: ‘a :: timestamp T = 'a T is
AL, r, b1, b2). (0, v, True, b2)
(proof)

lemma memlL_ dropL: t < t' = memL t t' (dropL I)

(proof)

lemma memR__dropL: memR t t' (dropL I) = memR t t’ I
(proof)

lift_ definition flipL :: ‘a :: timestamp T = 'a T is

(I, 7, b1, b2). if =(I = 0 A b1) then (0, 1, True, =b1) else Code.abort (STR "'invalid flipL'") (A_. (0,
0, True, True))

(proof)

lemma memlI_ flipL: t < t' = memL t t' (flipL I)
(proof)



lemma memR_ flipLD: —memL 0 0 I => memR t t' (flipL I) = —memL t t' I
(proof)

lemma memR__flipLI:
fixes t :: ‘a :: timestamp
shows (Au v. (u :: ‘a = timestamp) < v V v < u) => —memL t t' [ = memR t t' (flipL I)
(proof)

lemma t € tfin = memL 001 «— memL tt 1
(proof)

definition full (I :: (‘a :: timestamp) I) +— (Vtt". 0 <t ANt < t' At € tfin At' € tfin — mem ¢ ¢’
1)

lemma memL 0 0 (I :: ('a :: timestamp__total) T) = right I ¢ tfin = full I
(proof)

2 Infinite Traces

inductive sorted list :: 'a :: order list = bool where
[intro]: sorted_list [|
| [intro]: sorted_list [z]
| [intro]: ¢ < y = sorted_list (y # ys) = sorted_list (v # y # ys)

lemma sorted_list _app: sorted list zs => (A\z. z € set s = = < y) = sorted_list (zs Q [y])
(proof)

lemma sorted_list__drop: sorted_list xs = sorted__list (drop n zs)

(proof)

lemma sorted_list_ConsD: sorted_list (x # xs) = sorted__list s
(proof)

lemma sorted_list_Cons_nth: sorted_list (x # zs) = j < length s = z < zs ! j
(proof)

lemma sorted_list_atD: sorted_list 1s — 1 < j = j < length xs = zs ' i < zs ! j

(proof)

coinductive ssorted :: 'a :: order stream = bool where
shd s < shd (stl s) = ssorted (stl s) = ssorted s

lemma ssorted_siterate[simp]: (An. n < fn) = ssorted (siterate f n)
(proof)

lemma ssortedD: ssorted s —> s !l ¢ < stl s !l i
(proof)

lemma ssorted_sdrop: ssorted s = ssorted (sdrop i s)
(proof)

lemma ssorted_monoD: ssorted s — i < j = sl i < sllj

(proof)

lemma sorted_stake: ssorted s => sorted_list (stake i s)

(proof)



lemma ssorted_monol:Vij. i <j— sl i < sl j = ssorted s
(proof )

lemma ssorted_iff _mono: ssorted s +— (Vij. i <j— sl i< sl
(proof )

typedef (overloaded) ('a, b :: timestamp) trace = {s :: ('a set x 'b) stream.

ssorted (smap snd s) A (Vz. z € snd ‘ sset s — z € tfin) A (Viz. z € tfin — (3. —snd (s I j) <
snd (s 11d) + z))}

(proof)

setup__lifting type_ definition__trace

lift_ definition I :: (‘a, ‘b :: timestamp) trace = nat = 'a set is
As i. fst (s I i) (proof)

lift__definition 7 :: (‘a, ‘b :: timestamp) trace = nat = 'b is
As i. snd (s ! %) (proof)

lemma 7_mono[simpl: i < j =T si<Tsj
(proof)

lemma 7_fin: 7 0 i € tfin
(proof)

lemma ez It iz e tfin=— 3j. Tsj<Tsi+z
(proof)

lemmale 7 lesss7Toi<T0j—=j<i=—T0i=T0]
(proof )

lemma less 7TD:Toi<To0j=1<}j
(proof)

theory MDL
imports Interval Trace

begin

3 Formulas and Satisfiability

declare [[typedef overloaded]]

datatype (‘a, 't :: timestamp) formula = Bool bool | Atom 'a | Neg ('a, 't) formula |
Bin bool = bool = bool ('a, 't) formula ('a, 't) formula |
Prev 't T (‘a, 't) formula | Next 't T (‘a, 't) formula |
Since (‘a, 't) formula 't T ('a, 't) formula |
Until ('a, 't) formula 't T (‘a, 't) formula |
MatchP 't T (‘a, 't) regex | MatchF 't T ('a, 't) regex
and (‘a, 't) regexr = Lookahead ('a, 't) formula | Symbol ('a, 't) formula |
Plus ('a, 't) regex ('a, 't) regex | Times ('a, 't) regezx ('a, 't) regex |
Star ('a, 't) regex

fun eps :: (‘a, 't :: timestamp) regex = bool where
eps (Lookahead phi) = True

| eps (Symbol phi) = False

| eps (Plus r s) = (eps T V eps s)

| eps (Times r s) = (eps T A eps s)

| eps (Star r) = True

fun atms :: (‘a, 't 2 timestamp) regex = ('a, 't) formula set where



atms (Lookahead phi) = {phi}
| atms (Symbol phi) = {phi}
| atms (Plus r s) = atms r U atms s
| atms (Times r s) = atms r U atms s
| atms (Star r) = atms r

lemma size__atms[termination__simp|: phi € atms r = size phi < size r
(proof)

fun wf_fmla :: ('a, 't :: timestamp) formula = bool
and wf_regez :: (‘a, 't) regex = bool where
wf_fmla (Bool b) = True
| wf_fmla (Atom a) = True
| wf_fmla (Neg phi) = wf_fmla phi
| wf_fmla (Bin f phi psi) = (wf_fmla phi A\ wf_fmla psi)
| wf_fmla (Prev I phi) = wf_fmla phi
| wf_fmla (Next I phi) = wf_fmla phi
| wf_fmla (Since phi I psi) = (wf_fmla phi A wf_fmla psi)
| wf_fmla (Until phi I psi) = (wf_fmla phi A wf_fmla psi)
| wf_fmla (MatchP I r) = (wf_regex v A (Vphi € atms r. wf_fmla phi))
| wf_fmla (MatchF I 1) = (wf_regex v A (¥ phi € atms r. wf_fmla phi))
| wf_regex (Lookahead phi) = False
| wf_regex (Symbol phi) = wf_fmla phi
| wf_regex (Plus r s) = (wf_regex v N wf_regex s)
| wf_regex (Times v s) = (wf_regex s A (—eps s V wf _regez r))
| wf_regex (Star r) = wf_regex r

fun progress :: (‘a, 't :: timestamp) formula = 't list = nat where
progress (Bool b) ts = length ts

| progress (Atom a) ts = length ts

| progress (Neg phi) ts = progress phi ts

| progress (Bin f phi psi) ts = min (progress phi ts) (progress psi ts)

| progress (Prev I phi) ts = min (length ts) (Suc (progress phi ts))

| progress (Next I phi) ts = (case progress phi ts of 0 = 0 | Suc k = k)
(

| progress (Since phi I psi) ts = min (progress phi ts) (progress psi ts)

| progress (Until phi I psi) ts = (if length ts = 0 then 0 else
(let k = min (length ts — 1) (min (progress phi ts) (progress psi ts)) in
Min {j. 0 <jANj<kAmemR (ts!j) (ts! k) I}))

| progress (MatchP I 1) ts = Min ((Af. progress f ts) ¢ atms r)

| progress (MatchF I r) ts = (if length ts = 0 then 0 else
(let k = min (length ts — 1) (Min ((Af. progress f ts) ‘ atms r)) in
Min {j. 0 <jANj<kAmemR (ts!j) (ts! k) I}))

fun bounded_future_fmla :: ('a, 't :: timestamp) formula = bool
and bounded_ future_regex :: ('a, 't) regex = bool where
bounded__future_fmla (Bool b) <— True
| bounded__future_fmla (Atom a) <— True
| bounded_ future_fmla (Neg phi) +— bounded_ future_ fmla phi
| bounded__future_fmla (Bin f phi psi) «— bounded__future_fmla phi A bounded_future_fmla psi
| bounded__future_fmla (Prev I phi) <— bounded_ future_fmla phi
| bounded_future_fmla (Next I phi) «— bounded_future fmla phi
| bounded__future__fmla (Since phi I psi) «— bounded__future_fmla phi A bounded_future_fmla psi
| bounded__future_fmila (Until phi I psi) «— bounded_ future_fmla phi A bounded_ future_fmla psi A
right I € tfin
| bounded__future__fmla (MatchP I r) «— bounded_ future_regex r
| bounded__future_fmla (MatchF I r) <— bounded_future_regex v A right I € tfin
| bounded_future regex (Lookahead phi) <— bounded_ future_ fmla phi
| bounded_future__regex (Symbol phi) «— bounded_future__fmla phi

NN N NS



| bounded_future_regex (Plus r s) «— bounded__future_regex r A bounded__future_regex s
| bounded__future__regex (Times r s) <— bounded__future__regex r N\ bounded__future _regex s
| bounded_future_regex (Star r) +— bounded _future_regex r

lemmas regex__induct|[case__names Lookahead Symbol Plus Times Star, induct type: regex] =
regez.induct[of A_. True, simplified]

definition Once I ¢ = Since (Bool True) I ¢
definition Historically I ¢ = Neg (Once I (Neg ¢))
definition Fventually I ¢ = Until (Bool True) I ¢
definition Always I ¢ = Neg (Eventually I (Neg ¢))

fun rderive :: (‘a, 't :: timestamp) regex = ('a, 't) regex where
rderive (Lookahead phi) = Lookahead (Bool False)

| rderive (Symbol phi) = Lookahead phi

| rderive (Plus v s) = Plus (rderive ) (rderive s)

| rderive (Times r s) = (if eps s then Plus (rderive r) (Times r (rderive s)) else Times r (rderive s))
(

| rderive (Star v) = Times (Star r) (rderive r)

lemma atms_rderive: phi € atms (rderive r) = phi € atms r V phi = Bool False
(proof)

lemma size_formula__positive: size (phi :: (‘a, 't :: timestamp) formula) > 0
(proof)

lemma size_regex_positive: size (r :: ('a, 't :: timestamp) regex) > Suc 0
(proof)

lemma size_rderive[termination_simp|: phi € atms (rderive r) => size phi < size r
(proof)

locale MDL =
fixes o :: (“a, 't :: timestamp) trace
begin

fun sat :: (‘a, 't) formula = nat = bool
and match :: (‘a, 't) regex = (nat x nat) set where
sat (Bool b) i = b
| sat (Atom a) i = (a € " 0 1)
| sat (Neg ¢) i = (- sat ¢ 17)
| sat (Bin f ¢ ) i = (f (sat ¢ @) (sat ¢ 7))
| sat (Prev I ¢) i = (case i of 0 = False | Suc j = mem (7 o j) (7t o i) I A sat ¢ j)
| sat (Next I @) i (mem (1 0%) (t o (Suci)) I A sat ¢ (Suc 7))
| sat (Since ¢ I w = (3j<i.mem (to j)(toi) I Nsatpjn Vke {j<.i}. sat ¢ k))
| sat (Until ¢ I ) i= (3j>i. mem (troi) (troj)lAsatyjn (Vke {i.<j}. sat ¢ k))
| sat (MatchP I r) i = (3j<i. mem (1 0 j) (r o i) I A (j, Suc i) € match )
| sat (MatchF Ir) i = (3j>i. mem (7 0 %) (7t o j) I A (i, Suc j) € match )
| match (Lookahead ) = {(%, i) | i. sat ¢ i}
| match (Symbol ) = {(%, Suc @) | i. sat ¢ i}
| match (Plus r s) = match r U match s
(
(

| match (Times r s) = match r O maich s
| match (Star r) = rtrancl (match r)

lemma sat (Prev I (Bool False)) i «<— sat (Bool False) i
sat (Next I (Bool False)) i <— sat (Bool False) i
sat (Since ¢ I (Bool False)) i <— sat (Bool False) i
sat (Until ¢ I (Bool False)) i +— sat (Bool False) i

(proof)



lemma prev_rewrite: sat (Prev I ¢) ¢ <— sat (MatchP I (Times (Symbol @) (Symbol (Bool True)))) i
(proof)

lemma next rewrite: sat (Next I ¢) i <— sat (MatchF I (Times (Symbol (Bool True)) (Symbol ¢))) @
(proof)

lemma trancl _Base: {(i, Suc i) |i. P i} = {(4, 7). « < j A (Vke{i.<j}. Pk)}
(proof)

lemma Ball atLeastLessThan reindex:
(Vke{j..<i}. P (Suck)) = (Vk € {j<..i}. Pk)
(proof )

lemma since_rewrite: sat (Since ¢ I ) i «— sat (MatchP I (Times (Symbol 1) (Star (Symbol ¢)))) i
(proof)

lemma until_rewrite: sat (Until p I ) i +— sat (MatchF I (Times (Star (Symbol ¢)) (Symbol ))) 4
(proof)

lemma match_le: (i, j) € match r = i < j

(proof)

lemma match__Times: (i, i + n) € match (Times r s) +—
3Bk < n. (i i+ k) € matchr A (i + k, i + n) € match s)
(proof)

lemma rtrancl_unfold: (z, z) € rtrancl R =
z=2V (3y. (z,y) € RNz # yA (y, 2) € rtrancl R)
(proof)

lemma rtrancl_unfold”: (z, z) € rtrancl R =
z=2V (3y. (z,y) € rtrancl R ANy # z A (y, z) € R)
(proof)

lemma match_Star: (i, i + Suc n) € match (Star r) +—
Bk<n (i,i+ 1+ k)€ matchr A (i + 1 + k, i + Suc n) € match (Star r))
(proof)

lemma match_refl_eps: (i, i) € match r => eps r

(proof)

lemma wf regex_eps_match: wf_regex r => eps r = (i, 1) € match r
(proof)

lemma match _Star_unfold: i < j = (i, j) € match (Star r) = Ik € {i..<j}. (¢, k) € match (Star
) A (k, j) € match r
(proof)

lemma match__rderive: wf_regex r => i < j = (4, Suc j) € match r <— (i, j) € match (rderive r)

(proof)

end

lemma atms_nonempty: atms r # {}
(proof)

lemma atms_ finite: finite (atms r)
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(proof)

lemma progress_le__ts:
assumes A\t t € set ts =t € tfin
shows progress phi ts < length ts

(proof)

end

theory Metric_ Point_ Structure
imports Interval

begin

class metric_domain = plus + zero + ord +
assumes Al:z 4+ 2’ =2'"+ 2
and A2: (z +z') + 2" =2+ (z' + z")
and A3: 2+ 0 ==z
and A3z =0+ 1z
and Aj:z+ 12 =2 +z2" =2 =12
and Aj"z+z''=2'+2" = z=12
and A5:z+2' =0=2=20
and A5z +2'=0=2"=0
and A6:3z" . z=z'+ 2" Va' =z + 2"
and metric_domain_le _def: t < 2’ +— (Jz". ' =z + z')
and metric_domain_It_def: z < z' «+— Bz". 2" A0 ANz’ =z + 2")
begin

1’

’

lemma metric_domain_pos: x > 0

(proof)

lemma less_eq le_neg:z <z’ +— (z < ' ANz # 1)

(proof)

end

class metric_domain__timestamp = metric_domain + sup + embed_nat + tfin +
assumes metric_domain_sup_def: sup v 3’ = (if z < 1’ then z’ else 1)
and metric_domain_t_mono: Nij. i <j=—=1i<1j
and metric_domain__ progressing: 3j. =t j < 11 + x
and metric_domain__tfin_ def: tfin = UNIV

subclass (in metric_domain__timestamp) timestamp

(proof)

locale metric__point_structure =
fixes d :: 't :: {order} = "t = 'd :: metric_domain__timestamp
assumes dl: dtt' =0 +— t=1t'
and d2: dtt' =dt't
and d3:t < t' = t' < t' = dtt'=dtt' +dt't"’
and d8" t<t' = t' <t'=dt"t=dt"t' +dt't
begin
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lemma metric_point_structure_meml_auz: t0 < t = t < t' =z < d t t’ +— (dtot+ x < dto
t)
(proof )

lemma metric_point_structure_memlI__strict_auz: t0 <t =—= t < t' =z < dtt'+— (dt0t+ z <
dtot’)
(proof)

lemma metric_point_structure_memR_auz: t0 < t = t < t' = dtt' < z +— (d to t'<dtot+
z)
(proof)

lemma metric_point_structure_memR_ strict_aux: t0 < t = t < t' = dtt' < z < (d to t'< d
t0t + z)

(proof)

lemma metric__point_structure_le_mem: t0 <t = t < t' = dtt' < z +— mem (d t0 t) (d t0 t')
(interval 0 z True True)

(proof)

lemma metric_point_structure_It_mem: t0 < t =t < t' = 0 < 2 = d t t' < z +— mem (d to
t) (d t0 t') (interval 0 x True False)

{proof)

lemma metric__point_structure_eq_mem: t0 < t = t < t' = dtt' =z < mem (d t0t) (d t0 t')
(interval x © True True)

(proof)

lemma metric_point_structure_ge_mem: t0 < t = t < t' = z < d t t' «+— mem (Some (d t0 t))
(Some (d t0 t")) (interval (Some x) None True True)

(proof)

lemma metric_point_structure_gt_mem: t0 < t = t < t' = z < d t t' +— mem (Some (d t0 t))
(Some (d t0 t")) (interval (Some x) None False True)
(proof)

end

instantiation nat :: metric_domain__timestamp
begin

instance
(proof)

end

interpretation nat_metric_point_structure: metric_point_structure At :: nat. A\t". if t < t' then t’ — ¢
else t — t’

(proof)
end
theory NFA

imports HOL— Library.IArray
begin

type__ synonym state = nat
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datatype transition = eps_trans state nat | symb__trans state | split_trans state state

fun state_set :: transition = state set where
state__set (eps_trans s __) = {s}

| state__set (symb__trans s) = {s}

| state__set (split_trans s s') = {s, s’}

fun fmla_set :: transition = nat set where
fmla__set (eps_trans _ n) = {n}
| fmla_set _ = {}

lemma rtranclp__closed: rtranclp R ¢ ¢' = X = X U {¢’. 3¢ € X. Rqq¢'} =
gEX = 4q'€X
(proof)

lemma rtranclp__closed_sub: ttranclp R ¢ ¢' = {q’. 3¢ € X. Rqq'} C X =
geEX = q'c X
(proof)

lemma rtranclp__closed_sub”: rtranclp R q ¢' = ¢’ = q VvV (3¢"". R q ¢"" A rtranclp R q"' ¢')
(proof )

lemma rtranclp_step: rtranclp R ¢ ¢/ = (ANq¢". R qq¢' +— ¢ € X) =
gq=¢"Vv(3q € X.Rqq Artranclp R q' q")
(proof )

lemma rtranclp_unfold: rtranclp Rz z = ¢ =2V (3y. Rz y A rtranclp R y 2)
{proof )

context fixes

q0 :: state and

qf :: state and

transs :: transition list
begin

qualified definition SQ :: state set where
SQ = {q0..<q0 + length transs}

lemma ¢ _in_SQ[code_unfold]: ¢ € SQ +— q0 < g N\ q < q0 + length transs
(proof)

lemma finite_ SQ: finite SQ
(proof)

lemma transs_q _in_set: ¢ € SQ = transs ! (¢ — q0) € set transs
(proof ) definition @ :: state set where

Q=95 u{q}

lemma finite_ Q: finite Q
(proof)

lemma SQ_sub_Q: SQ C Q

(proof) definition nfa_fmla_set :: nat set where
nfa_fmla__set = |J (fmla_set  set transs)
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qualified definition step eps :: bool list = state = state = bool where
step_eps bs q ¢/ +— q € SQ A
(case transs ! (¢ — q0) of eps_trans pn = n < length bs A bs ' n A p = q’
| split_transpp’' = p=q'V p' = ¢'| _ = False)

lemma step _eps dest: step_eps bs ¢ ¢/ = q € SQ
(proof)

lemma step__eps_mono: step_eps [| ¢ ¢/ = step_eps bs q q’
(proof) definition step__eps_sucs :: bool list = state = state set where
step__eps_sucs bs q = (if ¢ € SQ then
(case transs ! (¢ — q0) of eps_trans p n = if n < length bs A bs | n then {p} else {}
| split_trans p p’' = {p, p'} | _ = {}) else {})

lemma step _eps sucs_sound: q' € step__eps_sucs bs g <— step_eps bs q q’
(proof) definition step__eps_set :: bool list = state set = state set where
step__eps_set bs R = |J (step__eps_sucs bs ‘ R)

lemma step__eps_set_sound: step_eps_set bs R = {q’. 3q € R. step_eps bs q q}
(proof)

lemma step__eps set_mono: R C S = step_eps set bs R C step__eps_set bs S
(proof ) definition step__eps_closure :: bool list = state = state = bool where
step__eps__closure bs = (step__eps bs)*™

lemma step__eps_closure_dest: step__eps_closure bs q ¢/ = q # q¢' = q € 5Q
(proof) definition step__eps closure_set :: state set = bool list = state set where
step__eps__closure_set R bs = |J((\q. {q'. step__eps_closure bs q q'}) ‘ R)

lemma step__eps_closure_set_refl: R C step__eps__closure__set R bs
(proof)

lemma step eps closure _set_mono: R C S = step__eps_closure_set R bs C step__eps_closure__set S
bs

{proof)

lemma step__eps_closure__set__empty: step__eps_closure_set {} bs = {}
(proof)

lemma step _eps_closure_set_mono’: step _eps closure_set R [| C step_eps_closure_set R bs
(proof)

lemma step__eps_closure__set_split: step__eps_closure_set (R U S) bs =
step__eps__closure__set R bs U step__eps_closure__set S bs
(proof )

lemma step_eps_closure__set_Un: step_eps_closure_set (Jz € X. R x) bs =
(Uz € X. step_eps_closure_set (R ) bs)

(proof)

lemma step__eps_closure__set_idem: step__eps_closure__set (step__eps_closure__set R bs) bs =
step__eps__closure__set R bs
(proof )

lemma step__eps closure_set_ flip:

assumes step__eps_closure_set R bs = R U S
shows step__eps closure_set S bs C RU S
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(proof)

lemma step__eps__closure_set_unfold: (\q'. step_eps bs q ¢' +— ¢' € X) =
step__eps__closure__set {q} bs = {q} U step__eps__closure__set X bs
(proof)

lemma step_step eps_closure: step_eps bs q ¢ => q € R => q' € step__eps_closure_set R bs
(proof)

lemma step__eps_closure__set__code[code]:
step__eps_ closure__set R bs =
(let R' = R U step_eps_set bs R in if R = R’ then R else step__eps__closure_set R’ bs)

(proof)

lemma step__eps_closure__empty: step__eps_closure bs ¢ ¢' = (\q’. —step_eps bs q q¢') = q = q’
(proof )

lemma step__eps_closure_set_step_id: (Nq q’. ¢ € R = —step_eps bs q ¢') =
step__eps__closure__set R bs = R
(proof ) definition step_ symb :: state = state = bool where
step_symb q q¢' +— q € SQ A
(case transs | (¢ — q0) of symb_trans p = p = q' | _ = False)

lemma step symb__dest: step__symb q ¢’ = q € SQ
(proof ) definition step_symb__sucs :: state = state set where
step__symb__sucs ¢ = (if ¢ € SQ then
(case transs ! (¢ — q0) of symb_trans p = {p} | _ = {}) else {})

lemma step _symb_sucs_sound: q' € step_symb__sucs q +— step__symb q q’
(proof) definition step__symb__set :: state set = state set where
step_symb_set R = {q’. 3q € R. step_symb q q'}

lemma step_symb__set_mono: R C S = step_symb__set R C step_ symb__set S
(proof )

lemma step__symb__set__empty: step__symb_set {} = {}
(proof)

lemma step__symb__set_proj: step__symb__set R = step__symb__set (R N SQ)
(proof)

lemma step__symb__set_split: step__symb_set (R U S) = step__symb__set R U step__symb__set S
(proof)

lemma step_symb_set Un: step_symb_set (Jz € X. R z) = (Uz € X. step_symb_set (R z))
(proof)

lemma step__symb__set__code[code]: step__symb__set R = | (step_symb__sucs ‘ R)

(proof ) definition delta :: state set = bool list = state set where
delta R bs = step__symb__set (step__eps_closure__set R bs)

lemma delta__eps: delta (step__eps_closure_set R bs) bs = delta R bs
(proof)

lemma delta__eps _split:
assumes step__eps_closure_set R bs = R U S
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shows delta R bs = step__symb__set R U delta S bs
(proof )

lemma delta_ split: delta (R U S) bs = delta R bs U delta S bs
(proof)

lemma delta_ Un: delta (Jz € X. R z) bs = (Uz € X. delta (R z) bs)
(proof)

lemma delta__step_ symb__set _absorb: delta R bs = delta R bs U step__symb__set R
(proof )

lemma delta__sub__eps mono:
assumes S C step_eps_closure_set R bs
shows delta S bs C delta R bs
(proof ) definition run :: state set = bool list list = state set where
run R bss = foldl delta R bss

lemma run__eps split:
assumes step__eps__closure_set R bs = R U S step__symb_set R = {}
shows run R (bs # bss) = run S (bs # bss)

(proof)

lemma run__empty: run {} bss = {}
(proof)

lemma run_Nil: run R[] = R
(proof)

lemma run_ Cons: run R (bs # bss) = run (delta R bs) bss
(proof)

lemma run_ split: run (R U S) bss = run R bss U run S bss
(proof)

lemma run_Un: run (Jz € X. R z) bss = (Jz € X. run (R x) bss)
(proof)

lemma run_comp: run R (bss @ css) = run (run R bss) css
(proof) definition accept eps :: state set = bool list = bool where
accept_eps R bs «— (qf € step__eps__closure__set R bs)

lemma step__eps accept _eps: step__eps bs q qf = q € R = accept_eps R bs
(proof)

lemma accept__eps__empty: accept_eps {} bs «— False
(proof)

lemma accept__eps__split: accept_eps (R U S) bs <— accept_eps R bs V accept_eps S bs
(proof)

lemma accept _eps Un: accept_eps (Jz € X. R z) bs «— (Jz € X. accept_eps (R z) bs)
(proof) definition accept :: state set = bool where
accept R <— accept_eps R ||

qualified definition run__accept eps :: state set = bool list list = bool list = bool where
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run__accept__eps R bss bs = accept__eps (run R bss) bs

lemma run__accept__eps_empty: —run__accept_eps {} bss bs

(proof)

lemma run__accept__eps_ Nil: run__accept_eps R [| ¢s «— accept_eps R cs

(proof)

lemma run__accept_eps _Cons: run__accept_eps R (bs # bss) cs «— run__accept_eps (delta R bs) bss
cs

(proof)

lemma run__accept_eps Cons_delta__cong: delta R bs = delta S bs —
run__accept__eps R (bs # bss) c¢s «— run__accept_eps S (bs # bss) cs
(proof)

lemma run__accept__eps_Nil _eps: run__accept__eps (step__eps_closure__set R bs) [] bs «— run__accept__eps
R ] bs
(proof )

lemma run__accept_eps _Cons__eps: Tun__accept__eps (step__eps_closure_set R cs) (cs # css) bs «—
run__accept__eps R (cs # css) bs
(proof )

lemma run__accept _eps Nil_eps_split:
assumes step__eps__closure_set R bs = R U S step_symb_set R = {} ¢f ¢ R
shows run__accept_eps R [] bs = run__accept_eps S [] bs
{proof )

lemma run__accept_eps Cons_eps_ split:
assumes step__eps_closure_set R ¢s = R U S step_symb_set R = {} ¢f ¢ R
shows run__accept_eps R (cs # css) bs = run__accept_eps S (cs # css) bs
(proof)

lemma run__accept__eps__split: run__accept_eps (R U S) bss bs <—
run__accept_eps R bss bs V run__accept_eps S bss bs
(proof)

lemma run__accept_eps_Un: run__accept_eps ((Jz € X. R z) bss bs +—
(3z € X. run_accept_eps (R ) bss bs)
(proof) definition run__accept :: state set = bool list list = bool where
run__accept R bss = accept (run R bss)

end
definition iarray_of list xs = [Array zs
context fixes
transs :: transition iarray
and len :: nat
begin
qualified definition step_eps’ :: bool iarray = state = state = bool where
step_eps’ bs q ¢’ < q < len A
(case transs ! q of eps_trans p n = n < IArray.length bs A bs!! n A p = ¢’
| split_transpp' = p=q'V p' = ¢' | _ = False)

qualified definition step eps closure’ :: bool iarray = state = state = bool where
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*

step__eps_closure’ bs = (step__eps’ bs)*

qualified definition step eps sucs’ :: bool iarray = state = state set where
step_eps_sucs’ bs ¢ = (if ¢ < len then
(case transs ! q of eps_trans p n = if n < IArray.length bs A bs !! n then {p} else {}
| split_trans p p' = {p, p'} | _ = {}) else {})

lemma step_eps sucs’_sound: q' € step__eps_sucs’ bs q +— step__eps’ bs q q’
(proof) definition step__eps_set’ :: bool iarray = state set = state set where
step_eps_set’ bs R = |J (step_eps_sucs’ bs ‘ R)

lemma step__eps_set’_sound: step_eps_set’ bs R = {q'. 3q € R. step_eps' bs q q'}
{proof) definition step_eps closure_set’ :: state set = bool iarray = state set where
step_eps_closure_set’ R bs = |J((\q. {q’. step_eps_closure’ bs q q'}) ‘ R)

lemma step__eps_closure_set’ _code|code]:
step__eps_closure_set’ R bs =
(let R' = R U step_eps_set’ bs R in if R = R’ then R else step__eps__closure__set’ R’ bs)
(proof) definition step_symb_sucs’ :: state = state set where
step__symb__sucs’ q = (if ¢ < len then
(case transs ! q of symb_trans p = {p} | _ = {}) else {})

qualified definition step_symb_ set’ :: state set = state set where
step__symb__set’ R = | (step__symb__sucs’ ‘ R)

qualified definition delta’ :: state set = bool iarray = state set where
delta’ R bs = step__symb__set’ (step__eps_closure_set’ R bs)

qualified definition accept_eps’ :: state set = bool iarray = bool where
accept_eps’ R bs +— (len € step__eps_closure_set’ R bs)

qualified definition accept’ :: state set = bool where
accept’ R «— accept_eps' R (iarray_of _list [])

qualified definition run’ :: state set = bool iarray list = state set where
run’ R bss = foldl delta’ R bss

qualified definition run_ accept eps’ :: state set = bool iarray list = bool iarray = bool where
run__accept_eps’ R bss bs = accept_eps’ (run’ R bss) bs

qualified definition run_ accept’ :: state set = bool iarray list = bool where
run__accept’ R bss = accept’ (run’ R bss)

end

locale nfa__array =
fixes transs :: transition list
and transs’ :: transition iarray
and len :: nat
assumes transs_eq: transs’ = IArray transs
and len_ def: len = length transs
begin

abbreviation step__eps = NFA.step__eps 0 transs

abbreviation step _eps’ = NFA.step _eps’ transs’ len

abbreviation step_eps closure = NFA.step__eps_closure 0 transs
abbreviation step eps closure’ = NFA.step__eps closure’ transs’ len
abbreviation step eps sucs = NFA.step__eps sucs 0 transs
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abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation

stepiepsisucs' = NFA.stepiepsisucs' transs’ len
step__eps _set = NFA.step__eps set 0 transs
step_eps_set’ = NFA.step__eps_set’ transs’ len

step__eps__closure__set = NFA.step__eps_closure__set 0 transs
step__eps_closure_set’ = NFA.step__eps_closure_set’ transs’ len

step__symb__sucs = NFA.step__symb__sucs 0 transs
step__symb_sucs’ = NFA.step__symb_sucs’ transs’ len
step__symb__set = NFA.step_ symb__set 0 transs
step__symb__set’ = NFA.step__symb__set’ transs’ len
delta = NFA.delta 0 transs

delta’ = NFA.delta’ transs’ len

accept__eps = NFA.accept__eps 0 len transs

accept _eps’ = NFA.accept_eps’ transs’ len

accept = NFA.accept 0 len transs

accept’ = NFA.accept’ transs’ len

run = NFA.run 0 transs

run’ = NFA.run’ transs’ len

run__accept_eps = NFA.run__accept__eps 0 len transs
run__accept_eps’ = NFA.run__accept_eps’ transs’ len
run__accept = NFA.run__accept 0 len transs
run__accept’ = NFA.run__accept’ transs’ len

lemma ¢ _in_SQ: g € NFA.SQ 0 transs +— q < len

{proof)

lemma step_eps’_eq: bs’ = IArray bs = step__eps bs q q' < step_eps’ bs' q ¢’

{proof)

lemma step_eps_closure’ _eq: bs' = IArray bs = step__eps_closure bs q q' «— step__eps_closure’ bs’

qq
(proof)

lemma step _eps sucs’_eq: bs' = IArray bs => step__eps_sucs bs q¢ = step__eps_sucs’ bs’ q

(proof)

lemma step_eps_set’ _eq: bs’ = IArray bs => step_eps_set bs R = step__eps_set’ bs' R

(proof)

lemma step__eps_closure_set’_eq: bs' = IArray bs = step__eps_closure_set R bs = step__eps_ closure__set’

R bs’
(proof )

lemma step symb_sucs’_eq: bs’ = IArray bs = step_ symb__sucs R = step_ symb_sucs’ R

(proof)

lemma step_symb_set’ _eq: bs’ = IArray bs = step_symb_set R = step_ symb_set’ R

(proof)

lemma delta’_eq: bs' = IArray bs = delta R bs = delta’ R bs’

(proof)

lemma accept_eps’_eq: bs’ = IArray bs = accept_eps R bs = accept_eps’ R bs’

(proof)

lemma accept’_eq: accept R = accept’ R

(proof)

lemma run’_eq: bss’ = map IArray bss => run R bss = run’ R bss’
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(proof)

lemma run_accept_eps’ _eq: bss’ = map IArray bss = bs’ = [Array bs —>
run__accept_eps R bss bs «— run__accept_eps’ R bss’ bs’
(proof)

lemma run_accept’ _eq: bss’ = map IArray bss —>
run__accept R bss «— run__accept’ R bss’

(proof)
end
locale nfa =
fixes q0 :: nat
and qf :: nat

and transs :: transition list
assumes state__closed: \t. t € set transs => state_set t C NFA.Q q0 qf transs
and transs_not_Nil: transs # ||
and q¢f_not_in_SQ: qf ¢ NFA.SQ q0 transs
begin

abbreviation SQ = NFA.SQ q0 transs

abbreviation Q = NFA.Q q0 qf transs

abbreviation nfa_fmla_set = NFA.nfa_ fmla_ set transs
abbreviation step _eps = NFA.step _eps q0 transs

abbreviation step_eps sucs = NFA.step _eps sucs q0 transs
abbreviation step_eps set = NFA.step__eps_set q0 transs
abbreviation step _eps closure = NFA.step__eps_closure q0 transs
abbreviation step__eps closure _set = NFA.step_ eps_closure__set q0 transs
abbreviation step_symb = NFA.step_ symb q0 transs
abbreviation step_symb_sucs = NFA.step__symb_sucs q0 transs
abbreviation step_symb_set = NFA.step_ symb__set q0 transs
abbreviation delta = NFA.delta q0 transs

abbreviation run = NFA.run q0 transs

abbreviation accept_eps = NFA.accept _eps q0 qf transs
abbreviation run__accept _eps = NFA.run__accept_eps q0 qf transs

lemma Q_diff qf SQ: Q — {¢f} = SQ
(proof)

lemma ¢0_sub_SQ: {q0} C SQ
(proof)

lemma g0 sub_Q: {q0} C Q
{proof)

lemma step_eps_closed: step _eps bs g ¢/ = ¢’ € Q
(proof)

lemma step__eps set_closed: step__eps set bs R C @
(proof)

lemma step _eps_closure_closed: step__eps closure bs q ¢' = q# ¢ = ¢’ € Q

(proof)

lemma step__eps closure_set__closed__union: step__eps_closure_set R bs C R U @

(proof)
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lemma step eps closure_set_closed: R C ) = step__eps_closure__set R bs C @Q
(proof )

lemma step_symb_ closed: step_symb q ¢’ => ¢’ € Q
(proof)

lemma step__symb__set_closed: step__symb_set R C @
(proof)

lemma step_symb__set_qf: step__symb_set {qf} = {}
(proof )

lemma delta_closed: delta R bs C @
(proof)

lemma run_ closed_Cons: run R (bs # bss) C @
(proof)

lemma run_closed: R C () = run R bss C @Q
(proof)

lemma step__eps qf: step__eps bs qf ¢ «— False
(proof )

lemma step_ symb__qf: step__symb qf q «— False
{proof )

lemma step_eps_closure qf: step_eps_closure bs ¢ ¢ = q = q¢f = q = ¢’
(proof)

lemma step__eps_closure__set_qf: step__eps_closure_set {qf} bs = {qf}
(proof )

lemma delta_qf: delta {qf} bs = {}
(proof )

lemma run_ qf _many: run {qf} (bs # bss) = {}
(proof )

lemma run_accept_eps_qf many: run__accept_eps {qf} (bs # bss) cs «— False
(proof )

lemma run_accept_eps_qf one: run__accept_eps {qf} [] bs +— True
(proof )

end

locale nfa_cong = nfa q0 qf transs + nfa’: nfa q0' qf’ transs’

for q0 q0' qf qf ' transs transs’ +

assumes SQ_sub: nfa’.SQ C SQ and

qf _eq: ¢f = qf and

transs_eq: \q. ¢ € nfa’.SQ = transs ! (¢ — q0) = transs’ ! (¢ — q0’)
begin

lemma ¢ Q SQ nfa’ SQ: q € nfa’.Q = q € SQ +— q € nfa’.SQ
(proof)
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lemma step_eps cong: q € nfa’.Q = step__eps bs q q¢' < nfa’.step_eps bs q q’
(proof)

lemma eps_nfa’ step eps_closure: step _eps closure bs q ¢/ => q € nfa’.Q —
/7 ! ! !
q' € nfa’.Q N nfa'.step__eps_closure bs q q
(proof )

lemma nfa’ _eps_step_eps_closure: nfa’.step__eps closure bs q ¢ = q € nfa’.Q —
q' € nfa’.Q A step_eps_closure bs q q’
(proof )

lemma step_eps closure_set_cong: R C nfa’.Q = step_eps_closure_set R bs =
nfa’.step__eps_closure_set R bs
(proof)

lemma step__symb__cong: q € nfa’.Q = step_symb q q’' «+— nfa’.step_symb q q’
(proof )

lemma step_symb_set_cong: R C nfa’.Q = step__symb_set R = nfa’.step__symb_set R
(proof)

lemma delta_cong: R C nfa’.Q = delta R bs = nfa’.delta R bs
(proof )

lemma run_cong: R C nfa’.Q = run R bss = nfa’.run R bss
(proof )

lemma accept_eps _cong: R C nfa’.Q = accept_eps R bs +— nfa’.accept_eps R bs
(proof)

lemma run__accept__eps_cong:
assumes R C nfa’.Q
shows run_accept_eps R bss bs < nfa’.run__accept_eps R bss bs

(proof)

end

fun list_split :: 'a list = ('a list x 'a list) set where
list_split [| = {}
| list_split (z # xs) = {([J, = # zs)} U (U (ys, 2zs) € list_split xs. {(z # ys, 25)})

lemma list_split_unfold: (\J (ys, zs) € list_split (z # zs). fys zs) =
fll (z# 2s) U (U (ys, 2s) € list_split xs. f (z # ys) 2s)
(proof)

lemma list_split_def: list_split zs = ((Un < length zs. {(take n xs, drop n xs)})
(proof)

locale nfa_ cong’ = nfa q0 qf transs + nfa’: nfa q0’ qf’ transs’

for q0 q0' qf qf ' transs transs’ +

assumes SQ_sub: nfa’.SQ C SQ and

af ' _in_SQ: ¢f € SQ and

transs_eq: \q. ¢ € nfa’.SQ = transs ! (¢ — q0) = transs’ ! (¢ — q0’)
begin

lemma nfa’ Q sub_Q: nfa’.Q C Q
(proof)
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lemma ¢ SQ SQ nfa’ SQ: q € nfa’.SQ = q € SQ +— ¢q € nfa’.SQ
(proof )

lemma step_eps cong SQ: q € nfa’.SQ = step__eps bs q q' +— nfa’.step_eps bs q q’
(proof)

lemma step_eps cong_Q: q € nfa’.QQ = nfa’.step_eps bs q ¢’ => step__eps bs q q’
(proof)

lemma nfa’_ step eps closure _cong: nfa’.step_eps closure bs q ¢ = q € nfa’.Q =
step__eps_closure bs q q’

(proof)

lemma nfa’_ step eps closure set_sub: R C nfa’.Q = nfa’.step_eps_closure_set R bs C
step__eps__closure__set R bs
(proof)

lemma eps _nfa’_step_eps closure_cong: step__eps_closure bs q ¢' = q € nfa’.Q =
(¢’ € nfa’.Q N nfa’.step__eps_closure bs q q') V
(nfa'.step__eps_closure bs q qf ' A step__eps__closure bs qf ' q')
(proof )

lemma nfa’ _eps_step__eps_closure_cong: nfa’.step _eps closure bs q ¢' = q € nfa’.Q —
g’ € nfa’.Q A step_eps_closure bs q q’
(proof )

lemma step_eps_closure_set_cong_reach: R C nfa’.Q = qf ' € nfa’.step_eps_closure_set R bs =—>
step__eps__closure__set R bs = nfa’.step__eps__closure_set R bs U step__eps__closure_set {qf'} bs
(proof)

lemma step__eps_closure__set__cong_unreach: R C nfa’.Q = qf ' ¢ nfa’.step_eps_closure_set R bs =
step__eps_closure_set R bs = nfa’.step_eps_closure set R bs

(proof)

lemma step__symb_cong SQ: q € nfa’.SQ = step_symb q q' < nfa’.step_symb q q’
(proof )

lemma step__symb_cong Q: nfa’.step_symb q ¢' = step_symb q q’
(proof )

lemma step_symb_set_cong SQ: R C nfa’.SQ = step_symb_set R = nfa’.step_symb_set R
(proof )

lemma step_symb_set_cong Q: nfa’.step_symb_set R C step_symb_set R
(proof )

lemma delta_cong unreach:
assumes R C nfa’.Q —nfa’.accept_eps R bs
shows delta R bs = nfa’.delta R bs

(proof)

lemma nfa’ delta_sub_ delta:
assumes R C nfa’.Q
shows nfa'.delta R bs C delta R bs
(proof)

lemma delta__cong_reach:
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assumes R C nfa’.Q nfa’.accept_eps R bs
shows delta R bs = nfa’.delta R bs U delta {qf'} bs
{proof)

lemma run__cong:
assumes R C nfa’.Q
shows run R bss = nfa’.run R bss U (| (css, css’) € list_split bss.
if nfa’.run__accept_eps R css (hd css’) then run {qf'} css’ else {})
(proof)

lemma run_ cong Cons_ sub:
assumes R C nfa’.Q delta {qf '} bs C nfa’.delta R bs
shows run R (bs # bss) = nfa’.run R (bs # bss) U
(U (css, css’) € list_split bss.
if nfa’.run__accept__eps (nfa’.delta R bs) css (hd css’) then run {qf'} css’ else {})
(proof)

lemma accept_eps _nfa’ run:
assumes R C nfa’.Q
shows accept__eps (nfa’.run R bss) bs <
nfa’.accept__eps (nfa’.run R bss) bs A accept_eps (run {qf'} []) bs
(proof)

lemma run__accept__eps__cong:
assumes R C nfa’.Q
shows run__accept_eps R bss bs < (nfa’.run__accept_eps R bss bs A run__accept_eps {qf '} [] bs) V
(3 (css, css’) € list_split bss. nfa’.run__accept_eps R css (hd css’) A
run__accept_eps {qf '} css’ bs)
(proof)

lemma run__accept_eps_cong_Cons__sub:
assumes R C nfa’.Q delta {qf'} bs C nfa’.delta R bs
shows run__accept_eps R (bs # bss) cs +—
(nfa’.run__accept_eps R (bs # bss) cs A run_accept_eps {qf'} [] ¢s) V
(3 (css, css’) € list_split bss. nfa’.run_accept_eps (nfa’.delta R bs) css (hd css’) A
run__accept_eps {qf'} css’ cs)
(proof)

lemmas run__accept__eps cong_Cons__sub__simp =
run__accept__eps__cong__ Cons__sublunfolded list__split_def, simplified,
unfolded run__accept__eps_Cons[symmetric] take__Suc_ Cons[symmetric]]

end

locale nfa_ cong Plus = nfa_cong q0 g0’ qf qf ' transs transs’ +
right: nfa__cong q0 q0'"' qf qf "’ transs transs’
for q0 q0' q0" qf qf " qf "’ transs transs’ transs’’ +
assumes step__eps_q0: step_eps bs q0 q < q € {q0’, g0''} and
step__symb__q0: —step__symb q0 q

begin

lemma step__symb__set_q0: step__symb_set {q0} = {}
(proof)

lemma qf not_q0: ¢f ¢ {q0}
(proof)

lemma step__eps_closure__set_q0: step__eps_closure_set {q0} bs = {q0} U
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(nfa’.step_eps_closure_set {q0'} bs U right.nfa’.step__eps_ closure_set {q0"’} bs)
(proof )

lemmas run__accept_eps Nil_cong =
run__accept__eps_ Nil_eps__split|OF step__eps__closure__set__q0 step__symb__set_q0 qf _not_q0,
unfolded run__accept__eps__split
run__accept__eps__cong|OF nfa’.step_eps_closure_set_closed[OF nfa’.q0_sub_ Q)]
right.run__accept__eps__cong|OF right.nfa’.step__eps__closure__set_closed| OF right.nfa’.q0_sub__ Q)]
run__accept__eps_Nil_eps]

lemmas run__accept_eps_Cons _cong =
run__accept__eps_Cons_eps__split|OF step__eps_closure__set__q0 step__symb__set_q0 qf _not_q0,
unfolded run__accept__eps__split
run__accept__eps_cong|OF nfa’.step__eps_closure__set_closed[OF nfa'.q0_sub_ Q)]
right.run__accept__eps__cong|OF right.nfa’.step__eps__closure__set__closed|OF right.nfa’.q0_sub__ Q)]
run__accept__eps_Cons__eps]

lemma run_accept_eps_cong: run__accept__eps {q0} bss bs +—
(nfa’.run_accept_eps {q0'} bss bs V right.nfa’.run__accept_eps {q0"'} bss bs)
(proof)

end

locale nfa_ cong Times = nfa_cong’ q0 q0 qf q0' transs transs’ +
right: nfa__cong q0 q0’ qf qf transs transs’’
for q0 q0' qf transs transs’ transs’’

begin

lemmas run__accept_eps_cong =
run__accept__eps__cong|OF nfa’.q0__sub__Q, unfolded
right.run__accept__eps__cong|OF right.nfa’.q0_sub__Q)], unfolded list__split_def, simplified)

end

locale nfa_cong Star = nfa__cong’ q0 q0' qf q0 transs transs’
for q0 q0' qf transs transs’ +
assumes step__eps_q0: step__eps bs q0 g < q € {q0’, qf} and
step__symb__q0: —step__symb q0 q

begin

lemma step__symb__set_q0: step__symb_set {q0} = {}
(proof)

lemma run__accept__eps_Nil: run__accept__eps {q0} || bs
(proof)

lemma rtranclp_step_eps_q0_q0": (step_eps bs)** q ¢' = q = q0 =
q' € {q0, gf} vV (¢’ € nfa’.SQ A (nfa’.step_eps bs)** q0’ q")
(proof )

lemma step_eps_closure_set_q0: step__eps_closure_set {q0} bs C {q0, qf} U
(nfa’.step__eps_closure_set {q0'} bs N nfa’.5Q)
(proof)

lemma delta_sub_nfa’_delta: delta {q0} bs C nfa’.delta {q0'} bs
(proof)

lemma step__eps_closure__set_q0__split: step__eps__closure_set {q0} bs = {q0, ¢f} U
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step__eps__closure_set {q0'} bs
(proof )

lemma delta_q0_q0": delta {q0} bs = delta {q0'} bs
(proof)

lemmas run__accept_eps cong_Cons =
run__accept__eps_cong_ Cons__sub__simp|[OF nfa'.q0_sub_Q delta_sub_nfa'_delta,
unfolded run__accept__eps_Cons__delta__cong|OF delta__q0_q0’, symmetric]]

end

end
theory Window

imports HOL— Library.AList HOL— Library. Mapping HOL— Library. While_ Combinator Timestamp
begin

type__synonym (‘a, 'b) mmap = (‘a x 'b) list

inductive chain_le :: 'd :: timestamp list = bool where
chain__le_Nil: chain_le ||
| chain_le_singleton: chain_le [z
| chain_le_cons: chain_le (y # zs) = z < y = chain_le (z # y # xs)

lemma chain_le_app: chain_le (zs Q [2]) = z < w = chain_le ((zs Q [2]) @ [w])
(proof)

inductive reaches on :: (‘e = (‘e x 'f) option) = ‘e = 'f list = 'e = bool
for run :: ‘e = (‘e x 'f) option where
reaches_on run s || s
| run s = Some (s, v) = reaches_on run s’ vs s’ = reaches_on run s (v # vs) s’

lemma reaches_on_init_Some: reaches_on r s xs s' => r s’ # None = r s # None
(proof )

lemma reaches on_ split: reaches _on run s vs s' = i < length vs =—>

35" 8" reaches_on run s (take i vs) " A run s’ = Some (s'"', vs | i) A reaches_on run s'"" (drop
(Suc i) vs) s’
(proof)

lemma reaches on_split’: reaches_on run s vs s’ = i < length vs =
35" . reaches_on run s (take i vs) s’ A reaches_on run s'' (drop i vs) s

(proof)

’

lemma reaches__on__split_app: reaches_on run s (vs @ vs') s =
1 12 12 ! !
ds". reaches _on run s vs s'* A\ reaches _on run s’ vs' s

(proof)

lemma reaches_on_inj: reaches_on run s vs t => reaches_on run s vs' t' =
length vs = length vs' = vs = vs' AN t = t’
(proof)

lemma reaches_on__split_last: reaches_on run s (zs @Q [z]) " =
s’ reaches_on run s xs s’ A run s’ = Some (s, x)

(proof)
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lemma reaches on_rev_induct[consumes 1]: reaches_on run s vs s =
(As. Ps[s) =
(A\s s’ vuss”. reaches_on run s vs s => P s vs s’ => run s' = Some (s”, v) =
Ps(vsQ[v]) s) =
Psuwss’

(proof)

lemma reaches_on__app: reaches_on run s vs 8’ = run s’ = Some (s", v) =
reaches_on run s (vs @ [v]) s”’

(proof)

!

lemma reaches on_trans: reaches_on tun s vs s’ = reaches_on run s’ vs' s"' =
reaches_on run s (vs @ vs’) 5"

(proof)

lemma reaches_onD: reaches_on run s ((t, b) # vs) s’ =
35", run s = Some (s”, (t, b)) A reaches_on run s'' vs s’

(proof)

lemma reaches_on__setD: reaches_on run s vs s’ => ¢ € set vs =—>

Jus’ vs"' s”. reaches_on run s (vs' Q [z]) s'" A reaches_on run s' vs'' ' A vs = vs' @ x # ws’

(proof)

!

lemma reaches _on_len: Jvs s'. reaches_on run s vs s’ A (length vs = n V run s’ = None)

(proof)

lemma reaches_on__NilD: reaches_on run q [| ¢/ = q = q’
{proof )

lemma reaches__on__ ConsD: reaches_on run q (z # xzs) ¢’ = 3 q"'. run ¢ = Some (q"’, ) A reaches_on
run q¢'" xs q’
(proof)

inductive reaches :: (‘e = (‘e x 'f) option) = ‘e = nat = e = bool
for run :: ‘e = (‘e x 'f) option where
reaches run s 0 s

| run s = Some (s', v) = reaches run s’ n s'"" = reaches run s (Suc n) s

lemma reaches__Suc__split_last: reaches run s (Suc n) s’ = 38"’ x. reaches run s n 8"’ A run s’ = Some
(s, @)
(proof )

lemma reaches_invar: reaches fzrny = Px = (Nz22' v. P2z = f2z = Some (2/,v) = P2) =
Py
(proof)

lemma reaches cong: reaches fxny = Pz = (Nz22' v. Pz = fz = Some (2, v) = P z/) =
(Nz. Pz = f' (g 2) = map_option (apfst g) (f 2)) = reaches f' (g z) n (g y)
(proof)

lemma reaches_on_n: reaches_on run s vs s’ = reaches run s (length vs) s’

(proof)

I !
lemma reaches _on: reaches run s n s = Jvs. reaches_on run s vs s’ N\ length vs = n

(proof)

definition ts_at :: (d x 'b) list = nat = 'd where
ts_at rho i = fst (rho ! Q)
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definition bs_at :: (d x 'b) list = nat = 'b where
bs_at rho i = snd (rho ! %)

fun sub_bs :: (d x 'b) list = nat X nat = 'b list where
sub__bs rho (i, j) = map (bs_at rho) [i..<j]

definition steps :: ('c = 'b = 'c) = ('d x 'b) list = 'c = nat X nat = 'c where
steps step tho q ij = foldl step q (sub__bs rho ij)

definition acc :: (e = b = '¢) = (‘¢ = bool) = ('d x 'b) list =
‘c = nat x nat = bool where
acc step accept tho q ij = accept (steps step rho q ij)

definition sup_acc :: ('c = 'b = ‘c) = (‘c = bool) = ('d x 'b) list =
‘c = nat = nat = ('d X nat) option where
sup__acc step accept rtho q i j =
(let L' = {1 € {i..<j}. acc step accept tho q (i, Suc I)}; m = Maz L' in
if L' = {} then None else Some (ts_at rtho m, m))

definition sup_leadsto :: 'c = ('c = 'b = '¢c) = ('d x 'b) list =
nat = nat = ‘¢ = 'd option where
sup__leadsto init step rho i j q =
(let L' = {I. 1 < i A steps step rho nit (I, j) = q}; m = Maz L' in
if L' = {} then None else Some (ts_at Tho m))

definition mmap_keys :: (‘a, 'b) mmap = 'a set where
mmap__keys kvs = set (map fst kvs)

definition mmap__lookup :: ('a, 'b) mmap = 'a = 'b option where
mmap__lookup = map__of
definition valid_s :: 'c = (‘c = b = 'c) = (‘c x 'b, 'c) mapping = (¢ = bool) =
('d x 'b) list = nat = nat = nat = ('c, 'c x ('d x nat) option) mmap = bool where
valid__s init step st accept rho u i j s =
(V q bs. case Mapping.lookup st (q, bs) of None = True | Some v = step q bs = v) A
(mmap_keys s = {q. (31 < u. steps step rho init (I, i) = q)} A distinct (map fst s) A
(¥ q. case mmap__lookup s q of None = True
| Some (q', tstp) = steps step tho q (i, j) = q' A tstp = sup__acc step accept Tho q i j))

record (b, ‘c, 'd, 't, 'e) args =
w_init = c
w_step:: 'c = b= "¢
w__accept :: '¢c = bool
w_run_t 't = ('t x 'd) option
w_read_t :: 't = 'd option
w_run_sub :: 'e = (‘e x 'b) option

record (b, ‘c, 'd, 't, 'e) window =
w_st = (e x 'b, 'c) mapping
w_ac :: ('e, bool) mapping

w_ 1 nat
w_ti 't
w_si::'e
w_j :: nat
w_tj 't
w_sj i’

w_s :: ('c, 'ec x ('d x nat) option) mmap
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w_e :: (‘e, 'd) mmap
copy__bnf (dead b, dead 'c, dead 'd, dead 't, 'e, dead 'ext) window__ext

fun reach_window :: ('b, ‘c, 'd, 't, 'e) args = 't = e =
('d x 'b) list = nat x 't x ‘e x nat x 't x 'e = bool where
reach__window args t0 sub rho (i, ti, si, j, tj, sj) «— i < j A length tho = j A
reaches _on (w_run_t args) t0 (take ¢ (map fst rho)) ti A
reaches__on (w_run_t args) ti (drop i (map fst rho)) tj A
reaches_on (w_run__sub args) sub (take i (map snd rho)) si A
reaches__on (w_run__sub args) si (drop i (map snd rho)) sj

lemma reach_windowl: reaches_on (w_run_t args) t0 (take i (map fst rho)) ti =
reaches _on (w_run_sub args) sub (take i (map snd rho)) st =
reaches_on (w_run_t args) t0 (map fst rho) tj =
reaches_on (w_run_sub args) sub (map snd rho) sj =
i < length rho = length rho = j —
reach__window args t0 sub rho (i, ti, si, j, tj, sj)
(proof)

lemma reach__window__shift:
assumes reach__window args t0 sub rho (i, ti, si, j, tj, $j) 1 < j
w_run_t args ti = Some (ti', t) w_run_sub args si = Some (si’, s)
shows reach_window args t0 sub tho (Suc i, ti', si’, j, tj, sj)
(proof)

lemma reach_window_run__ti: reach_window args t0 sub rho (i, ti, si, j, tj, sj) =
i < j = 3ti". reaches_on (w_run_t args) t0 (take i (map fst rho)) ti A
w_run_t args ti = Some (ti', ts_at rho i) A
reaches_on (w_run_t args) ti’ (drop (Suc i) (map fst rho)) tj
(proof)

lemma reach__window__run__si: reach_window args t0 sub rho (i, ti, si, j, tj, sj) =
i < j = Jsi’. reaches_on (w_run_sub args) sub (take i (map snd rho)) si A
w_run__sub args si = Some (si’, bs_at rho i) A
reaches__on (w_run_sub args) si’ (drop (Suc i) (map snd rho)) sj
(proof)

lemma reach_window_run__tj: reach_window args t0 sub rho (i, ti, si, j, tj, sj) =
reaches_on (w_run_t args) t0 (map fst rho) tj
(proof)

lemma reach__window__run__sj: reach_window args t0 sub rho (i, ti, si, j, tj, sj) =
reaches_on (w_run__sub args) sub (map snd rho) sj
(proof)

lemma reach__window__shift_all: reach_window args t0 sub rtho (i, si, ti, j, sj, tj) =
reach__window args t0 sub rho (j, sj, tj, j, sj, tj)
(proof)

lemma reach__window__app: reach _window args t0 sub rho (i, si, ti, j, tj, sj) =
w_run_t args tj = Some (tj’, z) = w_run_sub args sj = Some (sj’, y) =
reach__window args t0 sub (rho @ [(z, y)]) (i, si, ti, Suc j, tj’, sj’)
(proof )

fun init_args :: ("e X (‘e = b = 'c¢) x (‘¢ = bool)) =

(('t = ('t x 'd) option) x ('t = 'd option)) =
("e = (‘e x 'b) option) = ('b, 'c, 'd, 't, 'e) args where
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init__args (init, step, accept) (run_t, read_t) run_sub =
(w_init = init, w_step = step, w__accept = accept, w_run_t = run_t, w_read_t = read_t, w_run__sub
= run__sub))

fun init_window :: (b, ‘c, 'd, 't, 'e) args = 't = ‘e = ('b, 'c, 'd, 't, 'e) window where
init_window args t0 sub = (w_st = Mapping.empty, w_ac = Mapping.empty,
w_t=0,w_ti =10, w_si = sub, w j= 0, w _tj =10, w_sj = sub,
w_s =[(w_init args, (w_init args, None))], w_e = [])

definition valid_window :: ('b, c, 'd :: timestamp, 't, 'e) args = 't = ‘e = ('d x 'b) list =
('b, 'c, 'd, 't, 'e) window = bool where
valid_window args t0 sub tho w +—
(let init = w__init args; step = w__step args; accept = w__accept args;
run_t = w_run_t args; run_sub = w_run__sub args;
st = w_st w; ac = w__ac w;
t=w tw i =w ttw;st=w_Stw,j=w_jwtj=w_1tjw sj=w_sjw,
S=w sSw;e=w_ewin
reach_window args t0 sub rho (i, ti, si, j, tj, sj) A
Vij. i <jAj<length tho — ts_at rho i < ts_at rho j) A
Y q. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v) A
Y q. mmap__lookup e q = sup__leadsto init step rho i j q) A distinct (map fst e) A
valid__s init step st accept Tho i 1 j s))

(
(
(
(

lemma valid_init_window: valid_window args t0 sub [| (init_window args t0 sub)
(proof)

lemma steps_app__cong: j < length rho = steps step (rho Q [z]) ¢ (i, j) =
steps step Tho q (i, 7)
(proof)

lemma acc_app cong: j < length tho = acc step accept (rho Q [z]) ¢ (i, j) =
acc step accept rho q (i, j)

(proof)

lemma sup__acc_app__cong: j < length tho = sup__acc step accept (rho Q [x]) qij =
sup__acc step accept tho q i j
(proof )

lemma sup__acc__concat_cong: j < length Tho = sup__acc step accept (rho @ rho’) qij =
sup__acc step accept rho q i j

(proof)

lemma sup_leadsto_app__cong: i < j = j < length rho =
sup__leadsto init step (tho @ [z]) i j ¢ = sup_leadsto init step tho i j q
(proof)

lemma chain_le:
fixes xs :: 'd :: timestamp list
shows chain_le xs = i < j = j < length xs = xs | i < zs!j

(proof)

lemma steps_refl[simp]: steps step tho q (i, ©) = ¢
(proof )

lemma steps_split: i < j = steps step tho q (i, j) =

steps step Tho (step q (bs_at rho 1)) (Suc i, j)
(proof)
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lemma steps_app: @ < j = steps step rho q (i, j + 1) =
step (steps step rho q (i, j)) (bs_at rho j7)
(proof )

lemma steps_appE: i < j => steps step tho q (i, Suc j) = ¢ =
3q". steps step tho q (i, j) = q"' N ¢’ = step ¢’ (bs_at Tho j)
(proof)

lemma steps_comp: i < | => | < j = steps step rho q (i, ) = ¢’ =
steps step Tho q' (1, j) = q'' = steps step rho q (i, j) = q"’
(proof)

lemma sup__acc_Somel: acc step accept tho q (i, Suc l) = 1 € {i..<j} =
Jtp. sup__acc step accept rho q i j = Some (ts_at rho tp, tp) A1 < tp AN tp < j
(proof)

lemma sup__acc_Some__ts: sup__acc step accept rho q i j = Some (ts, tp) => ts = ts_at rho tp
(proof)

lemma sup__acc_SomeE: sup__acc step accept tho q i j = Some (ts, tp) =
tp € {i..<j} N\ acc step accept rho q (i, Suc tp)
(proof)

lemma sup_acc_NoneE: | € {i..<j} = sup__acc step accept rho q i j = None =
—acc step accept tho q (i, Suc 1)

(proof)

lemma sup_acc_same: sup__acc step accept tho q ¢ i = None
(proof)

lemma sup _acc__None__restrict: i < j => sup__acc step accept tho q i j = None —>
sup__acc step accept rho (step q (bs_at rho 7)) (Suc i) j = None
(proof)

lemma sup__acc__ext_idle: i < j = —acc step accept rho q (i, Suc j) =
sup__acc step accept rho q i (Suc j) = sup__acc step accept tho q i j

(proof)

lemma sup _acc_comp_Some_ge: i < |l = [ < j=tp > | =

sup__acc step accept rho (steps step rho q (i, 1)) 1 j = Some (ts, tp) =

sup__acc step accept rho q i j = sup__acc step accept rho (steps step rho q (i, 1)) 1 j
(proof)

lemma sup__acc_comp_None: i < | —= | < j =
sup__acc step accept rho (steps step tho q (i, 1)) 1 j = None —
sup__acc step accept rho q i j = sup__acc step accept rho q il

(proof)

lemma sup_acc_ext: i < j = acc step accept tho q (i, Suc j) =
sup__acc step accept rho q i (Suc j) = Some (ts_at rho j, j)
(proof)

lemma sup__acc_None: © < j = sup__acc step accept rho q i j = None —
sup__acc step accept rho (step q (bs_at tho 7)) (i + 1) j = None
(proof)

lemma sup_acc_i: i < j = sup__acc step accept tho q i j = Some (s, i) =
sup__acc step accept rho (step q (bs_at rho ©)) (Suc i) j = None
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(proof)

sup__acc step accept rho q i j = sup__acc step accept rho (step q (bs_at tho i)) (Suc i) j
(proof )

lemma sup _acc_l: i < j = i # | = sup__acc step accept rho q i j = Some (s, ) =
i

lemma sup_leadsto_idle: i < j = steps step rtho init (i, j) # ¢ =
sup__leadsto init step Tho i j ¢ = sup__leadsto init step tho (i + 1) j q
{proof)

lemma sup_leadsto__Somel: | < i = steps step rho init (I, j) = ¢ =
31", sup_leadsto init step tho i j ¢ = Some (ts_at rho ') NI < 1U'AN1' <3
(proof)

lemma sup_leadsto__SomeE: i < j = sup_leadsto init step rho i j ¢ = Some ts =
31 < i. steps step rho init (I, j) = q A ts_at rho | = ts
(proof)

lemma Mapping keys dest: x € mmap_keys f = T y. mmap__lookup f x = Some y
(proof)

lemma Mapping keys_intro: mmap__lookup f x # None = = € mmap__keys f
(proof)

lemma Mapping_not_keys _intro: mmap__lookup f x = None = = ¢ mmap__keys [
(proof)

lemma Mapping_lookup_ None__intro: z ¢ mmap__keys f = mmap__lookup f x = None
(proof)

primrec mmap__combine :: 'key = 'val = (‘val = "val = "val) = ('key X 'val) list =
("key x 'val) list
where
mmap__combine kv ¢ [| = [(k, v)]
| mmap__combine k v ¢ (p # ps) = (case p of (k', v') =
if k = k' then (k, c v’ v) # ps else p # mmap__combine k v ¢ ps)

lemma mmap__combine__distinct__set: distinct (map fst r) =
distinct (map fst (mmap__combine kv ¢ r)) A
set (map fst (mmap__combine k v ¢ r)) = set (map fst r) U {k}
(proof )

lemma mmap_ combine__lookup: distinct (map fst r) = mmap__lookup (mmap_ combine kv cr) z =
(if k = z then (case mmap_lookup 1 k of None = Some v | Some v’ = Some (c v’ v))
else mmap__lookup r z)
(proof )

definition mmap_fold :: ('c, 'd) mmap = (("c x 'd) = ('c x 'd)) = ('d = 'd = 'd) =
("c, 'd) mmap = ('c, 'd) mmap where
mmap__fold m fc r = foldl (Ar p. case fp of (k, v) = mmap__combinekvecr)rm

definition mmap_ fold’ :: ('c, 'd) mmap = ‘e = (('c x 'd) x 'e = (‘¢ x 'd) x 'e) =
('d = "'d="d) = ('c, 'd) mmap = ('c, 'd) mmap X 'e where
mmap_fold' m e f cr = foldl (\(r, €) p. case f (p, €) of ((k, v), ) =
(mmap__combine kv cr, e’) (r, e) m

lemma mmap_ fold’_eq: mmap_fold’ mef' cr = (m’, ) = Pe—
(Apep' e Pe=f"(pe)=(p,e)=p ' =fpAPe)=
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m’ = mmap_foldm fcr A Pe’
(proof)

lemma foldl_mmap__combine__distinct__set: distinct (map fst r) =
distinct (map fst (mmap__fold m fc r)) A
set (map fst (mmap__fold m f cr)) = set (map fst r) U set (map (fst o ) m)
(proof )

lemma mmap__fold_lookup__rec: distinct (map fst r) = mmap__lookup (mmap_fold m fcr) z =
(case map (snd o f) (filter (A(k, v). fst (f (k, v)) = z) m) of [| = mmap_lookup r z
| v # vs = (case mmap__lookup r z of None = Some (foldl ¢ v vs)
| Some w = Some (foldl ¢ w (v # vs))))

(proof)

lemma mmap__fold__distinct: distinct (map fst m) = distinct (map fst (mmap__fold m f ¢ []))
(proof )

lemma mmap_ fold__set: distinct (map fst m) =

set (map fst (mmap_fold m fc[])) = (fst o f) ‘set m
(proof)

lemma mmap_ lookup__empty: mmap__lookup [| z = None
(proof)

lemma mmap_fold_lookup: distinct (map fst m) = mmap__lookup (mmap_fold m fc[]) z =
(case map (snd o f) (filter (A(k, v). fst (f (k, v)) = z) m) of [] = None
| v # vs = Some (foldl ¢ v vs))
(proof)

definition fold_sup :: (‘c, 'd :: timestamp) mmap = ('c = '¢) = (’c, 'd) mmap where
fold_sup m. f = mmap_fold m (A(z, v). (f 3, y)) sup [

lemma mmap_lookup__distinct: distinct (map fst m) = (k, v) € set m =
mmap__lookup m k = Some v

(proof)

lemma fold sup_ distinct: distinct (map fst m) = distinct (map fst (fold _sup m f))
(proof)

lemma fold__sup:
fixes v :: 'd :: timestamp
shows foldl sup v vs = fold sup vs v
(proof)

lemma lookup fold_ sup:
assumes distinct: distinct (map fst m)
shows mmap__lookup (fold_sup m f) z =
(let Z = {z € mmap_keys m. fz = z} in
if Z = {} then None else Some (Sup_ fin ((the o mmap_lookup m) ‘ Z)))
(proof)

definition mmap_map :: (‘a = 'b = 'c) = (‘a, 'b) mmap = ('a, 'c¢) mmap where
mmap_map f m = map (A(k, v). (k, fkv)) m

lemma mmap_map__keys: mmap__keys (mmap_map f m) = mmap__keys m
(proof)

lemma mmap_map__fst: map fst (mmap_map fm) = map fst m
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(proof)

definition cstep :: ('c = b = 'c) = (‘c x 'b, 'c) mapping =
‘e = b= ("c x ("c x'b, 'c) mapping) where
cstep step st q bs = (case Mapping.lookup st (g, bs) of None = (let res = step q bs in
(res, Mapping.update (q, bs) res st)) | Some v = (v, st))

definition cac :: (‘c = bool) = (’c, bool) mapping = "¢ = (bool x ('c, bool) mapping) where
cac accept ac ¢ = (case Mapping.lookup ac q of None = (let res = accept q in
(res, Mapping.update q res ac)) | Some v = (v, ac))

fun mmap_fold_s :: ('c = 'b = 'c) = (c x 'b, 'c) mapping =
("c = bool) = ('c, bool) mapping =
v = 'd = nat = ('c, 'c x ('d x nat) option) mmap =
(("e, 'e x ('d x nat) option) mmap x ('c x 'b, 'c) mapping X ('c, bool) mapping) where
mmap__fold__s step st accept ac bs t 5[] = ([], st, ac)
| mmap__fold_s step st accept ac bs t j ((q, (q’, tstp)) # qbss) =
(let (q", st') = cstep step st q’ bs;
(B, ac’) = cac accept ac q'’;
(qbss’, st”', ac’’) = mmap__fold_s step st’ accept ac’ bs t j qbss in
((q, (¢", if B then Some (t, j) else tstp)) # qbss’, st”’; ac’’))

lemma mmap__fold_s_sound: mmap_ fold_s step st accept ac bs t j qbss = (qbss’, st’, ac’) =
(A g bs. case Mapping.lookup st (q, bs) of None = True | Some v = step q bs = v) =
(A g bs. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v) =
qbss’ = mmap_map (Aq (q', tstp). (step q' bs, if accept (step q' bs) then Some (t, j) else tstp)) qbss A
(V q bs. case Mapping.lookup st’ (q, bs) of None = True | Some v = step q bs = v) A
(V q bs. case Mapping.lookup ac’ q of None = True | Some v = accept ¢ = v)

(proof)

definition advy_end :: ('b, ‘c, 'd :: timestamp, 't, 'e) args =
('b, 'c, 'd, 't, 'e) window = ('b, 'c, 'd, 't, 'e) window option where
adv__end args w = (let step = w__step args; accept = w__accept args;
run_t = w_run_t args; run_sub = w_run_sub args; st = w_st w; ac = w__ac w;
j=w jwtf=w tjw; sf=w Sjw;, S=w_Sw;, e=w_ewin
(case run_t tj of None = None | Some (tj', t) = (case run__sub sj of None = None | Some (sj’, bs)
=
let (s', st’, ac’) = mmap__fold_s step st accept ac bs t j s;
(e', st’") = mmap__fold" e st’ (M((z, y), st). let (q', st’) = cstep step st z bs in ((¢', y), st’)) sup [] in
Some (w(w_st := st”, w_ac := ac’, w_j = Suc j, w_tj = tj’, w_sj = sj', w_s := s, w_e :=

eD)))

lemma map_ values_lookup: mmap__lookup (mmap_map f m) z = Some v/ —>
Jv. mmap__lookup m z = Some v A v = fz v

(proof)

lemma acc__app:

assumes i < j steps step rho q (i, Suc j) = q’ accept q’

shows sup__acc step accept rho q i (Suc j) = Some (ts_at rho j, j)
(proof)

lemma acc_app idle:
assumes i < j steps step rho q (i, Suc j) = q' —accept ¢’
shows sup__acc step accept rho q i (Suc j) = sup__acc step accept rho q i j
(proof )

lemma sup_fin_closed: finite A —= A # {} =
Nyrzed=yec A= supzy€{z,y}) = |rin A€ A

34



{proof )

lemma valid _adv_end:
assumes valid__window args t0 sub rho w w_run_t args (w_tj w) = Some (tj’, t)
w_run_sub args (w_sj w) = Some (sj’, bs)
NAt'. t' € set (map fst Tho) = t' < ¢
shows case ady_end args w of None = False | Some w’ = valid_window args t0 sub (rho @ [(¢, bs)])

w/

(proof)

lemma adv _end_bounds:
assumes w_run_t args (w_tj w) = Some (tj’, t)
w_run__sub args (w_sj w) = Some (sj’, bs)
adv_end args w = Some w’
shows w iw' =w iww tiw' =w tiwvw ssw =w _siw
w_jw' = Suc (w_jw) w_tjw =t w_sjw = sj’
(proof)
definition drop_cur :: nat = (‘c x ('d x nat) option) = ('
drop__cur i = (\(q’, tstp). (q', case tstp of Some (ts, tp) =
if tp = i then None else tstp | None = tstp))

¢ x ('d x nat) option) where

definition adv_d :: ('c = b = 'c) = (‘e x b, 'c) mapping = nat = 'b =
("e, ‘e x (d X nat) option) mmap =
(("e, 'e x ('d x nat) option) mmap x (‘c x b, 'c) mapping) where
adv_d step st i b s = (mmap_fold’ s st (\((z, v), st). case cstep step st z b of (z', st’) =
((z', drop_cur i v), st')) Az y. z) [])

lemma adv_d_mmap_fold:
assumes inv: \gq bs. case Mapping.lookup st (q, bs) of None = True | Some v = step q bs = v
and fold": mmap_fold’ s st (\((z, v), st). case cstep step st x bs of (z', st’) =
((z', drop_cur i v), st')) Az y. z) r = (s, st’)
shows s’ = mmap_fold s (\(z, v). (step z bs, drop_cur i v)) (Az y. z) r A
(V q bs. case Mapping.lookup st’ (q, bs) of None = True | Some v = step q bs = v)
(proof)

definition keys_idem :: ('c = 'b = 'c¢) = nat = 'b =
("c, ‘e x ('d x nat) option) mmap = bool where
keys_idem step i b s = (Vx € mmap_keys s. Va' € mmap_ keys s.
step T b = step z' b — drop__cur i (the (mmap__lookup s z)) =
drop__cur i (the (mmap__lookup s z')))

lemma adv_d_keys:
assumes inv: \gq bs. case Mapping.lookup st (g, bs) of None = True | Some v = step q bs = v
and distinct: distinct (map fst s)
and adv_d: adv_d step st i bs s = (s’, st’)
shows mmap_keys s’ = (A\q. step q bs) * (mmap_keys s)
(proof)

lemma lookup__adv_d__None:
assumes inv: \gq bs. case Mapping.lookup st (g, bs) of None = True | Some v = step q bs = v
and distinct: distinct (map fst s)
and adv_d: advy_d step st i bs s = (s', st’)
and Z _empty: {x € mmap_keys s. step x bs = z} = {}
shows mmap_ lookup s’ z = None

(proof)

lemma lookup adv_d_Some:
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assumes inv: \q bs. case Mapping.lookup st (q, bs) of None = True | Some v = step q bs = v
and distinct: distinct (map fst s) and idem: keys_idem step i bs s
and wit: © € mmap__keys s step © bs = z
and adv_d: advy_d step st i bs s = (s’, st')

shows mmap_ lookup s’ z = Some (drop__cur i (the (mmap_ lookup s z)))

(proof)

definition loop__cond j = (A\(st, ac, i, ti, si, q, s, tstp). i < j A q & mmap__keys s)
definition loop_body step accept run_t run__sub =
(M (st, ac, i, ti, si, q, s, tstp). case run_t ti of Some (ti’, t) =
case Tun__sub si of Some (si', b) = case adv_d step st i b s of (s', st') =
case cstep step st' q b of (q’, st”’) = case cac accept ac q' of (B, ac’) =
(st”, ac’, Suc i, ti’, si’, q', s', if B then Some (t, i) else tstp))
definition loop__inv init step accept args t0 sub rho u j tj sj =
(A(st, ac, i, ti, si, q, s, tstp). u + 1 < i A
reach__window args t0 sub rho (i, ti, si, j, tj, sj) A
steps step tho init (u + 1,1) = ¢ A
(V q. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v) A
valid__s init step st accept tho u i j s A tstp = sup__acc step accept rho init (u + 1) 7)

definition mmap_update :: ‘a = ‘b = ('a, 'b) mmap = (‘a, 'b) mmap where
mmap__update = AList.update

lemma mmap__update_distinct: distinct (map fst m) = distinct (map fst (mmap__update k v m))

(proof)

definition adv_start :: ('b, ‘c, 'd :: timestamp, 't, 'e) args =
('b, 'c, 'd, 't, 'e) window = ('b, 'c, 'd, 't, 'e) window where
ady_start args w = (let init = w__init args; step = w__step args; accept = w__accept args;
run_t = w_run_t args; run_sub = w_run_sub args; st = w_st w; ac = w__ac w;
t=w _tw; = w_ttw; st=w_Stwj=w_jw,
S=w sw;e=w_ewin
(case run__t ti of Some (ti', t) = (case run__sub si of Some (si’, bs) =
let (s', st') = adv_d step st i bs s;
e’ = mmap_update (fst (the (mmap_lookup s init))) t e;
(st_cur, ac_cur, i_cur, ti_cur, si_cur, ¢_cur, s_cur, tstp__cur) =
while (loop__cond j) (loop__body step accept run__t run__sub)
(st', ac, Suc i, ti', si’, init, s’, None);
s"" = mmap__update init (case mmap_lookup s_cur q_cur of Some (q’, tstp’) =
(case tstp' of Some (ts, tp) = (q’, tstp”) | None = (¢, tstp_cur))
| None = (q_cur, tstp_cur)) s in
wqw_st = st_cur, w_ac := ac_cur, w_i:= Suc i, w_ti := ti’, w_si := si’,
w_s:= 38" w_e:=¢'))))

lemma valid _adv_d:
assumes valid__before: valid__s init step st accept tho u i j s

and v_le i:u<iand ¢ It j:i < jand b _def: b = bs_at rho ¢
and adv_d: ady_d step st i b s = (s, st’)

shows wvalid__s init step st’ accept tho u (i + 1) j s

(proof)

/

lemma mmap_ lookup update’:
mmap__lookup (mmap__update k v kvs) z = (if k = z then Some v else mmap__lookup kvs z)

(proof)

lemma mmap__keys_update: mmap__keys (mmap__update k v kvs) = mmap__keys kvs U {k}

(proof)
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lemma valid _adv_start:
assumes valid__window args t0 sub rho w w_i w < w_j w
shows valid_window args t0 sub tho (adv_start args w)

(proof)

lemma valid _adv_start bounds:
assumes valid_window args t0 sub rho ww_iw < w_jw
shows w_i (adv_start args w) = Suc (w_i w) w_j (adv_start args w) = w_jw
w_tj (adv_start args w) = w_tj w w_sj (adv_start args w) = w_sj w

(proof)

lemma valid_adv_start _bounds”
assumes valid_window args t0 sub rho w w_run_t args (w_ti w) = Some (ti’, t)
w_run__sub args (w_si w) = Some (si’, bs)
shows w_ti (adv_start args w) = ti’ w_si (adv_start args w) = si’
(proof)

end
theory Temporal

imports MDL NFA Window
begin

fun state_cnt :: (‘a, 'b :: timestamp) regex = nat where
state__cnt (Lookahead phi) = 1

| state_cnt (Symbol phi) = 2

| state_cnt (Plus r s) = 1 + state_cnt r + state_cnt s

| state_cnt (Times r s) = state__cnt v + state_cnt s

| state_cnt (Star r) = 1 + state_cnt r

lemma state__cnt__pos: state__cnt r > 0
(proof)

fun collect_subfmlas :: (‘a, 'b :: timestamp) regex = ('a, 'b) formula list =

('a, 'b) formula list where

collect _subfmlas (Lookahead @) phis = (if ¢ € set phis then phis else phis @ [¢])
| collect__subfmlas (Symbol o) phis = (if ¢ € set phis then phis else phis @ [p])
| collect_subfmlas (Plus r s) phis = collect__subfmlas s (collect__subfmlas r phis)
| collect__subfmlas (Times 1 s) phis = collect__subfmlas s (collect__subfmlas r phis)
| collect__subfmlas (Star r) phis = collect__subfmlas r phis

~ A~~~

lemma bf collect_subfmlas: bounded _future_regex r = phi € set (collect__subfmlas r phis) =
phi € set phis V bounded__ future__fmla phi

(proof)

lemma collect _subfmlas__atms: set (collect__subfmlas r phis) = set phis U atms T
(proof )

lemma collect_subfmlas_set: set (collect subfmlas r phis) = set (collect_subfmlas r []) U set phis

(proof)

lemma collect_subfmlas_size: © € set (collect_subfmlas r [|) = size x < size r

(proof)

lemma collect_subfmlas app: I phis’. collect subfmlas r phis = phis @ phis’

(proof)

lemma length_collect _subfmlas: length (collect__subfmlas r phis) > length phis

(proof)
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fun pos :: ‘a = 'a list = nat option where

pos a [] = None
| pos a (x # zs) =
(if a = = then Some 0 else (case pos a xzs of Some n = Some (Suc n) | _ = None))

lemma pos__sound: pos a xs = Some i = i < length zs N zs | i = a
(proof)

lemma pos__complete: pos a s = None = a ¢ set zs
(proof )

fun build_nfa_impl :: ('a, 'b :: timestamp) regex = (state x state X ('a, 'b) formula list) =
transition list where
build_nfa__impl (Lookahead ©) (q0, qf, phis) = (case pos ¢ phis of
Some n = [eps_trans qf n]
| None = [eps_trans qf (length phis)])
| build_nfa_impl (Symbol ) (q0, qf, phis) = (case pos ¢ phis of
Some n = [eps_trans (Suc q0) n, symb__trans qf]
| None = [eps_trans (Suc q0) (length phis), symb_trans qf])
| build_nfa_impl (Plus r s) (q0, qf, phis) = (
let ts_r = build_nfa_impl r (q0 + 1, qf, phis);
ts_s = build_nfa_impl s (¢0 + 1 + state_cnt r, qf, collect__subfmlas r phis) in
split_trans (q0 + 1) (g0 + 1 + state_cnt r) # ts_r Q ts_s)
| build _nfa_impl (Times r s) (q0, gf, phis) = (
let ts_r = build_nfa_impl r (q0, q0 + state__cnt r, phis);
ts_s = build_nfa_impl s (g0 + state_cnt r, qf, collect__subfmlas r phis) in
ts_r @ ts_s)
| build_nfa_impl (Star r) (q0, qf, phis) = (
let ts_r = build_nfa_impl r (q0 + 1, q0, phis) in
split_trans (q0 + 1) qf # ts_r)

lemma build_nfa_impl_state_cnt: length (build_nfa_impl r (q0, qf, phis)) = state_cnt r
(proof )

lemma build_nfa_impl_not_Nil: build_nfa_impl r (q0, qf, phis) # ||
(proof )

lemma build_nfa_impl_state_set: t € set (build_nfa_impl v (q0, qf, phis)) =
state_set t C {q0..<q0 + length (build_nfa_impl r (q0, ¢f, phis))} U {qf}
(proof)

lemma build_nfa_impl_fmla_set: t € set (build_nfa_impl r (g0, qf, phis)) =
n € fmla_set t => n < length (collect__subfmlas r phis)

(proof)

context MDL
begin

definition IH r q0 qf phis transs bss bs i =
let n = length (collect__subfmlas r phis) in
transs = build_nfa_impl r (q0, qf, phis) A (Vcs € set bss. length cs > n) A length bs > n A
qf ¢ NFA.SQ q0 (build_nfa_impl r (q0, qf, phis)) A
(Vk < n. (bs ! k +— sat (collect_subfmlas v phis ! k) (i + length bss))) A
(Vj < length bss. Vk < n. ((bss! j) ! k <— sat (collect _subfmlas r phis | k) (i + 7)))

lemma nfa_correct: IH r q0 qf phis transs bss bs i =—>
NFA.run__accept__eps q0 qf transs {q0} bss bs <— (i, © + length bss) € match r
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(proof)

lemma step__eps closure_set__empty_ list:
assumes wf regex r IH r q0 qf phis transs bss bs i NFA.step__eps_closure q0 transs bs q qf
shows NFA.step__eps__closure g0 transs [| q qf

(proof)

lemma accept__eps iff _accept:
assumes wf_regex v IH r q0 qf phis transs bss bs i
shows NFA.accept _eps q0 qf transs R bs = NFA.accept q0 qf transs R

(proof)

lemma run__accept_eps_iff run__accept:
assumes wf _regex r IH r q0 qf phis transs bss bs i
shows NFA.run__accept_eps q0 qf transs {q0} bss bs «— NFA.run__accept q0 qf transs {q0} bss

(proof)

end

definition pred_option’ :: (‘a = bool) = 'a option = bool where
pred__option’ P z = (case z of Some z' = P z' | None = False)

definition map_option’ :: ('b = 'c option) = 'b option = ’c option where
map__option’ f z = (case z of Some 2" = f 2’| None = None)

definition while break :: (‘a = bool) = ('a = 'a option) = 'a = 'a option where
while_break P f x = while (pred_option’ P) (map_option’ f) (Some x)

lemma wf_ while_break:

assumes wf {(t, s). Ps A bs A Somet=c s}

shows wf {(t, s). pred_option P s A pred_option’ b s A t = map_option’ c s}
(proof)

lemma wf while_break':
assumes wf {(¢, s). Ps A bs A Somet=c s}
shows wf {(t, s). pred_option’ P s A pred_option’ b s A t = map__option’ ¢ s}
(proof )

lemma while break sound:

assumes A\ss'. Ps=bs= cs=Somes' = Ps'N\s. Ps= -bs= Qs wf {({,5). PsA
bsA Somet=cs} Ps

shows pred_option Q (while__break b c s)
(proof)

lemma while_break__complete: (\s. P s = b s = pred_option’ P (c s)) = (A\s. Ps = - b s =
Qs) = wf {(t,s). PsNbsA Somet=cs} = Ps—

pred__option’ Q (while_break b c s)

(proof)

context

fixes args :: (bool iarray, nat set, 'd :: timestamp, 't, 'e) args
begin
abbreviation reach_w = reach_window args

qualified definition in_win = init_window args

definition valid window matchP :: 'd T = 't = ‘e =
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("d x bool iarray) list = nat = (bool iarray, nat set, 'd, 't, 'e) window = bool where
valid__window_matchP I t0 sub rho jw +— j = w_j w A

valid__window args t0 sub rho w A

reach_w t0 sub tho (w_i w, w_ti w, w_si w, w_j w, w_tj w, w_sj w) A

(case w_read_t args (w_tj w) of None = True

| Some t = (VI < w_i w. memL (ts_at tho l) t I))

lemma valid_window__matchP_reach__tj: valid_window__matchP I t0 sub rho i w =
reaches_on (w_run_t args) t0 (map fst rho) (w_tj w)

(proof)

lemma valid__window__matchP_reach__sj: valid__window__matchP I t0 sub rho i w =
reaches_on (w_run_sub args) sub (map snd rho) (w_sj w)
(proof)

lemma wvalid_window _matchP__len__rho: valid_window__matchP I t0 sub rho i w = length rho = i
(proof)

definition matchP_loop_cond It = (Aw. w_iw < w_j w A memL (the (w_read_t args (w_ti w))) ¢t I)

definition matchP__loop__inv I t0 sub rho jO tj0 sjO t =
(Aw. valid_window args t0 sub rho w A
w jw=70ANw_tjw=1t0ANw_sjw=s0AN Nl <w_iw menL (ts_at rho 1) t I))

fun ez_key :: ('c, 'd) mmap = ('d = bool) =
("c = bool) = ('c, bool) mapping = (bool x ('c, bool) mapping) where
ex_key [| time accept ac = (False, ac)
| ex_key ((q, t) # qts) time accept ac = (if time t then
(case cac accept ac q of (B, ac’) =
if B then (True, ac’) else ex_key qts time accept ac’)
else ex_key qts time accept ac)

lemma ez key sound:
assumes inv: \q. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v
and distinct: distinct (map fst qts)
and eval: ex_key qts time accept ac = (b, ac’)
shows b = (3¢ € mmap__keys qts. time (the (mmap__lookup qts q)) A accept q) N
(V q. case Mapping.lookup ac’ q of None = True | Some v = accept ¢ = v)
(proof)

fun eval_matchP :: 'd T = (bool iarray, nat set, 'd, 't, 'e) window =
(('d x bool) x (bool iarray, nat set, 'd, 't, 'e) window) option where
eval _matchP [ w =
(case w_read_t args (w_tj w) of None = None | Some t =
(case adv_end args w of None = None | Some w' =

let w"’ = while (matchP_loop__cond I t) (adv_start args) w’
(B, ac’) = ex_key (w_e w”) (A\t". memR t' t I) (w_accept args) (w_ac w'’) in
Some ((t, 8), w"(w_ac := ac’))))

definition valid_window_matchF :: 'd T = 't = 'e = ('d x bool iarray) list = nat =
(bool iarray, nat set, 'd, 't, 'e) window = bool where
valid_window _matchF I t0 sub rho i w +— 1 = w_iw A
valid__window args t0 sub tho w A
reach__w t0 sub tho (w_i w, w_ti w, w_si w, w_j w, w_tj w, w_sj w) A
(VIie{w i w.<w_jw}. memR (ts_at rho i) (ts_at rho 1) I)

lemma wvalid_ window _matchF _reach_tj: valid__window _matchF I t0 sub rho i w =
reaches _on (w_run_t args) t0 (map fst tho) (w_tj w)
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(proof)

lemma valid_ window__matchF _reach__sj: valid_window__matchF I t0 sub rho i w =
reaches__on (w_run__sub args) sub (map snd rho) (w_sj w)
(proof)

definition matchF _loop cond [t =
(Aw. case w_read_t args (w_tj w) of None = False | Some t' = memR t t' I)

definition matchF _loop inv I t0 sub rho i ti si tjm sjm =
(Aw. valid _window args t0 sub (take (w_j w) Tho) w A
w rtw=1tANw ttw=1%tANw_siw=siA
reach__window args t0 sub rho (w_j w, w_tj w, w_sj w, length tho, tjm, sjm) A
Vie{w iw.<w_jw} memR (ts_at rho ©) (ts_at Tho ) I))

definition matchF_loop_inv’ t0 sub rho i ti si j tj sj =
Aw.w_iw=iANw tiw=1HtAuw_siw=siA
(3rho’. valid_window args t0 sub (rho @ rho’) w A
reach__window args t0 sub (rho @ rho’) (4, tf, i, w_j w, w_tj w, w_sj w)))

fun eval_matchF :: 'd T = (bool iarray, nat set, 'd, 't, 'e) window =
(("d x bool) x (bool iarray, nat set, 'd, 't, 'e) window) option where
eval _matchF I w =
(case w_read_t args (w_ti w) of None = None | Some t =
(case while__break (matchF _loop_cond It) (adv_end args) w of None = None | Some w’ =
(case w_read_t args (w_tj w’) of None = None | Some t' =
let B = (case snd (the (mmap_lookup (w_s w') {0})) of None = Fulse
| Some tstp = memlL t (fst tstp) I) in

Some ((t, B), adv_start args w'))))

end

locale MDL window = MDL o
for o :: (‘a, 'd :: timestamp) trace +
fixes r :: (‘a, 'd :: timestamp) regex
and t0 :: 't
and sub :: e
and arygs :: (bool iarray, nat set, 'd, 't, 'e) args
assumes init_def: w_init args = {0 :: nat}
and step_ def: w__step args =
NFA.delta’ (IArray (build_nfa_impl v (0, state_cnt v, []))) (state_cnt r)
and accept_def: w_accept args = NFA.accept’ (IArray (build_nfa_impl v (0, state_cnt 7, [])))
(state_cnt 1)
and run_t_sound: reaches_on (w_run_t args) t0 ts t =
w_run_t args t = Some (t', z) = = = 7 o (length ts)
and run__sub_sound: reaches_on (w_run_sub args) sub bs s =
w_run_sub args s = Some (s', b) =
b = IArray (map (Aphi. sat phi (length bs)) (collect _subfmlas r []))
and run_t_read: w_run_t args t = Some (t', ) = w_read_t args t = Some x
and read_t_run: w_read_t args t = Some x = It’. w_run_t args t = Some (t', z)
begin

definition ¢f = state_cnt r
definition transs = build_nfa_impl r (0, ¢f, [])

abbreviation init = w__init args

abbreviation step = w_ step args
abbreviation accept = w__accept args
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abbreviation run = NFA.run’ (IArray transs) qf
abbreviation wacc = Window.acc (w_step args) (w_accept args)
abbreviation rw = reach_window args

abbreviation valid_matchP = valid_window__matchP args
abbreviation eval_mP = eval_matchP args
abbreviation matchP__inv = matchP__loop__inv args
abbreviation matchP__cond = matchP__loop_ cond args

abbreviation valid__matchF = valid_window__matchF args
abbreviation eval mF = eval _matchF args
abbreviation matchF_inv = matchF _loop__inv args
abbreviation matchF _inv’ = matchF _loop_inv' args
abbreviation matchF _cond = matchF_loop__cond args

lemma run_t_ sound’:
assumes reaches_on (w_run_t args) t0 ts t i < length ts
shows ts ! i =70 1

(proof)

lemma run_sub_sound”
assumes reaches_on (w_run_sub args) sub bs s i < length bs
shows bs ! ¢ = IArray (map (Aphi. sat phi ) (collect__subfmlas r []))
(proof)

lemma run__ts: reaches_on (w_run_t args) t ts t' = t = t0 = chain_le ts

(proof)

lemma ts_at_tau: reaches_on (w_run_t args) t0 (map fst rho) t = i < length rho =
ts atrhot =710 1

(proof)

lemma length_bs_at: reaches_on (w_run__sub args) sub (map snd rho) s = i < length rho =
IArray.length (bs_at rho i) = length (collect__subfmlas r [])

(proof)

lemma bs_at_nth: reaches_on (w_run_sub args) sub (map snd rho) s = i < length rho =
n < IArray.length (bs_at rho i) =
TArray.sub (bs_at rho i) n <— sat (collect_subfmlas v [| ! n) @
(proof )

lemma ts_at_mono: \ij. reaches_on (w_run_t args) t0 (map fst rho) t =
1 < j=j < length tho = ts_at rho i < ts_at rho j
(proof)

lemma steps_is_run: steps (w_step args) rho q ij = run q (sub_bs rho ij)
(proof )

lemma acc_is_accept: wacc rho q (i, j) = w__accept args (run q (sub_bs rho (i, j)))
(proof)

lemma iarray_list_of: IArray (IArray.list_of xs) = xs
(proof)

lemma map_iarray_list_of: map IArray (map IArray.list_of bss) = bss
(proof)

lemma acc match:
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fixes ts :: 'd list
assumes reaches__on (w_run__sub args) sub (map snd rho) s i < jj < length rho wf_regex r
shows wacc rho {0} (4, j) «— (4, j) € match r

(proof)

lemma accept__match:

fixes ts :: 'd list

shows reaches_on (w_run__sub args) sub (map snd rho) s = i < j = j < length tho = wf_regex
r =

w__accept args (steps (w_step args) rho {0} (i, 7)) +— (i, j) € match r

(proof)

lemma drop_take_drop: i < j = j < length rho = drop i (take j rho) @ drop j rho = drop i rho
(proof)

lemma take Suc: drop n xs = y # ys = take n xs Q [y] = take (Suc n) zs
(proof)

lemma valid_init_matchP: valid_matchP I t0 sub [| 0 (init_window args t0 sub)
(proof)

lemma valid_init_matchF: valid_matchF I t0 sub [| 0 (init_window args t0 sub)
(proof)

lemma valid_eval matchP:
assumes valid_before”: valid_matchP I t0 sub rho j w
and before__end: w_run_t args (w_tj w) = Some (&'’
b)
and wf: wf_regex r
shows Jw’. eval_mP I w = Some ((7 ¢ j, sat (MatchP I r) j), w’) A
t =1 0 j A valid_matchP I t0 sub (rho @ [(t, b)]) (Suc j) w’

(proof)

, t) w_run_sub args (w_sj w) = Some (55",

lemma valid_eval matchF _Some:
assumes valid_before’: valid_matchF I t0 sub rho i w
and eval: eval_mF I w = Some ((t, b), w")
and bounded: right I € tfin
shows Jrho’ tm. reaches_on (w_run_t args) (w_tj w) (map fst rho’) (w_tj w"’) A
reaches_on (w_run__sub args) (w_sj w) (map snd rho’) (w_sj w”’) A
(w_read t args) (w_ti w) = Some t A
(w_read_t args) (w_tj w'’) = Some tm A
—memR t tm I
(proof)

lemma wvalid__eval matchF _complete:
assumes valid_before”: valid_matchF I t0 sub rho i w
and before__end: reaches_on (w_run_t args) (w_tj w) (map fst rho’) tj'"’
reaches_on (w_run_sub args) (w_sj w) (map snd rho’) sj'"
w_read_t args (w_ti w) = Some t w_read_t args tj'"' = Some tm —memR t tm I
and wf: wf_regex r
shows Jw’. eval_mF I w = Some ((7 o i, sat (MatchF I r) i), w’) A

valid_matchF I t0 sub (take (w_j w") (rho @ rho’)) (Suc i) w’
(proof)

lemma valid eval matchF sound:
assumes valid__before: valid_matchF I t0 sub rho i w
and eval: eval_mF I w = Some ((¢, b), w”)
and bounded: right I € tfin
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and wf: wf_reger r
shows t =7 0 i A b= sat (MatchF I ) i A (3rho’. valid_matchF I t0 sub rho’ (Suc i) w'’)
(proof)

thm valid eval matchP
thm valid eval matchF sound
thm valid__eval _matchF _complete

end

end
theory Monitor

imports MDL Temporal
begin

type__synonym ('h, 't) time = ('h x 't) option

datatype (dead 'a, dead 't :: timestamp, dead 'h) vydra_auz =
VYDRA_None
| VYDRA_ Bool bool 'h
| VYDRA__Atom 'a 'h
| VYDRA__Neg (‘a, 't, 'h) vydra_aux
| VYDRA__Bin bool = bool = bool ('a, 't, 'h) vydra_auzx ('a, 't, 'h) vydra_aux
| VYDRA_ Prev 't T ('a, 't, 'h) vydra_auzx 'h ("t X bool) option
| VYDRA_Next 't T (‘a, 't, 'h) vydra_auz 'h 't option
VYDRA_ Since 't T (‘a, 't, 'h) vydra_auz (‘a, 't, 'h) vydra_auz ('h, 't) time nat nat nat option 't
option
| VYDRA_Until 't Z ('h, 't) time (‘a, 't, 'h) vydra_auz ('a, 't, 'h) vydra_auz ('h, 't) time nat ('t x
bool x bool) option
| VYDRA_ MatchP 't T transition iarray nat
(bool iarray, nat set, 't, ('h, 't) time, (‘a, 't, 'h) vydra_aux list) window
| VYDRA__MatchF 't T transition iarray nat
(bool iarray, nat set, 't, ('h, 't) time, (‘a, 't, 'h) vydra_auz list) window

type__synonym (‘a, 't, 'h) vydra = nat x ('a, 't, 'h) vydra_aux

fun msize_ovydra :: nat = (‘a, 't :: timestamp, 'h) vydra__aur = nat where
msize_vydra n VYDRA__None = 0
| msize_vydra n (VYDRA_ Bool b €) = 0
| msize_vydra n (VYDRA_Atom a e) = 0
| msize_vydra (Suc n) (VYDRA__Bin f vl v2) = msize_vydra n vl + msize_vydra n v2 + 1
| msize_vydra (Suc n) (VYDRA_Neg v) = msize_vydra n v + 1
| msize_vydra (Suc n) (VYDRA_ Prev I v e th) = msize_vydran v + 1
| msize_vydra (Suc n) (VYDRA__Next I v e to) = msize_vydra n v + 1
| msize_vydra (Suc n) (VYDRA_ Since I vphi vpsi e cphi cpsi cppsi tppsi) = msize_vydra n vphi +
msize__vydra n vpsi + 1
| msize_vydra (Suc n) (VYDRA__Until I e vphi vpsi epsi ¢ z0) = msize_vydra n vphi + msize_vydra n
upst + 1
| msize_vydra (Suc n) (VYDRA__MatchP I transs qf w) = size_list (msize_vydra n) (w_si w) + size_list
(msize_vydra n) (w_sj w) + 1
| msize_vydra (Suc n) (VYDRA__MatchF I transs qf w) = size_list (msize_vydra n) (w_si w) + size_list
(msize_vydra n) (w_sj w) + 1
| msize_vydra _ _ =0

fun next_wvydra :: (‘a, 't :: timestamp, 'h) vydra__auz = nat where

next_vydra (VYDRA_ Next I v e None) = 1
| next_vydra _ = 0
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context
fixes init_hd :: 'h
and run_hd :: 'h = ('h x ('t :: timestamp x 'a set)) option
begin

definition ¢0 :: ('h, t) time where
t0 = (case run__hd init_hd of None = None | Some (e’, (t, X)) = Some (e’ t))

fun run_t 2 ('h, 't) time = (('h, 't) time x 't) option where
run_t None = None

| run_t (Some (e, t)) = (case run_hd e of None = Some (None, t)
| Some (€', (t', X)) = Some (Some (€', t'), t))

fun read_t :: ('h, 't) time = 't option where
read_t None = None
| read_t (Some (e, t)) = Some ¢

lemma run_t_read: run_t z = Some (z', t) = read_t x = Some t
(proof )

lemma read_t_run: read_t x = Some t = Ix’. run_t z = Some (z, t)
(proof )

lemma reach__event_t: reaches_on run_hd e vs e’ = run_hd e = Some (¢’, (t, X)) =
run_hd e’ = Some (', (¢, X)) =
reaches_on run_t (Some (€', t)) (map fst vs) (Some (e’ t'))

(proof)

lemma reach_event_ t0_t:
assumes reaches__on run__hd init_hd vs ¢’ run_hd e'" = Some (&', (t', X))
shows reaches_on run_t t0 (map fst vs) (Some (e’ t'))

(proof)

lemma reaches on_run_hd t:
assumes reaches _on run__hd init_hd vs e
shows 3z. reaches_on run_t t0 (map fst vs) x

(proof)

definition run_ subs run = (\vs. let vs’ = map run vs in
(if (3 € set vs’. Option.is_none x) then None
else Some (map (fst o the) vs’, iarray_of _list (map (snd o snd o the) vs’))))

lemma run_subs ID: run__subs run vs = Some (vs', bs) =
length vs’ = length vs A IArray.length bs = length vs

(proof)

lemma run_subs_vD: run__subs run vs = Some (vs’, bs) = j < length vs =—>
Jvj’ tj bj. run (vs ! j) = Some (vj', (tj, bj)) A vs'! j = vj’ A IArray.sub bs j = bj
(proof)

fun msize_fmla :: ('a, 'b :: timestamp) formula = nat
and msize_regex :: ('a, 'b) regex = nat where
msize__fmla (Bool b) = 0
| msize__fmla (Atom a) = 0
| msize__fmla (Neg phi) = Suc (msize__fmla phi)
| msize__fmla (Bin f phi psi) = Suc (msize__fmla phi + msize__fmla psi)
| msize__fmla (Prev I phi) = Suc (msize__fmla phi)
| msize_fmla (Next I phi) = Suc (msize_fmla phi)
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| msize__fmla (Since phi I psi) = Suc (mazx (msize_fmla phi) (msize_fmla psi))
| msize__fmla (Until phi I psi) = Suc (maz (msize_fmla phi) (msize_ fmla psi))
| msize__fmla (MatchP I r) = Suc (msize_regez r)

| msize__fmla (MatchF I 1) = Suc (msize_regex r)

| msize__regex (Lookahead phi) = msize__fmla phi

| msize__regex (Symbol phi) = msize__fmla phi

| msize_regex (Plus v s) = max (msize_regex 1) (msize_regex s)

| msize_regex (Times r s) = maz (msize_regex r) (msize__regex s)

| msize__regex (Star r) = msize_regex

lemma collect _subfmlas msize: © € set (collect subfmlas r []) =
msize__fmla x < msize__reger r

(proof)

definition until ready I ¢t ¢ zo = (case (¢, z0) of (Suc _, Some (¢, b1, b2)) = (b2 AN memL t t' I) Vv
—bl | _ = False)

definition while since_cond I t = (A(vpsi, e, cpsi :: nat, cppsi, tppsi). cpsi > 0 A memL (the (read_t
) 1)
definition while_since_body run =
(M vpsi, e, cpsi :: nat, cppsi, tppsi).
case run vpsi of Some (vpsi’, (t', b")) =

Some (vpsi', fst (the (run_t e)), cpsi — 1, if b’ then Some cpsi else cppsi, if b’ then Some t’ else
tppsi)

| _ = None

)

definition while _until _cond I t = (A(vphi, vpsi, epsi, ¢, z0). ~until_ready I t ¢ zo N (case read_t epsi
of Some t' = memR t t' I | None = Fulse))
definition while until body run =
(M(vphi, vpsi, epsi, c, zo). case run__t epsi of Some (epsi’, t') =
(case run vphi of Some (vphi’, (_, b1)) =
(case run vpsi of Some (vpsi’, (_, b2)) = Some (vphi’, vpsi’, epsi’; Suc ¢, Some (t', b1, b2))
| _ = None)
| _ = None))

—

function (sequential) run :: nat = (‘a, 't, 'h) vydra_auz = (('a, 't, 'h) vydra_auz x ('t x bool)) option
where
run n (VYDRA_ None) = None
| run n (VYDRA_Bool b e) = (case run_hd e of None = None
| Some (€', (t, _)) = Some (VYDRA_Bool b €', (t, b)))
| run n (VYDRA_Atom a e) = (case run__hd e of None = None
| Some (€', (t, X)) = Some (VYDRA_Atom a €', (t, a € X)))
| run (Suc n) (VYDRA__Neg v) = (case run n v of None = None
| Some (v’, (t, b)) = Some (VYDRA_ Neg v', (t, =b)))
| run (Suc n) (VYDRA_ Bin f vl vr) = (case run n vl of None = None
| Some (vl', (t, bl)) = (case run n vr of None = None
| Some (vr’, (_, br)) = Some (VYDRA_ Bin ful’ vr’, (¢, f bl br))))
| run (Suc n) (VYDRA_Prev I v e tb) = (case run_hd e of Some (e’, (t, _)) =
(let B = (case tb of Some (t', b") = b' A mem t' t I | None = Fulse) in
case Tun n v of Some (v', _, b') = Some (VYDRA_ Prev I v' e’ (Some (t, b)), (t, B))
| None = Some (VYDRA_None, (1, §8)))
| None = None)
| run (Suc n) (VYDRA__Next I v e to) = (case run_hd e of Some (e’, (t, _)) =
(case to of None =
(case run n v of Some (v, _, ) = run (Suc n) (VYDRA_Next I v' e’ (Some t))
| None = None)
| Some t' =
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(case Tun n v of Some (v', _, b) = Some (VYDRA_ Next I v’ e’ (Some t), (t', b A mem t’ t I))
| None = if mem t’ t I then None else Some (VYDRA_ None, (1, False))))
| None = None)
| run (Suc n) (VYDRA__Since I vphi vpsi e cphi cpsi cppsi tppsi) = (case run n vphi of
Some (vphi’, (t, b1)) =
let cphi = (if b1 then Suc cphi else 0) in
let cpsi = Suc cpsi in
let cppsi = map__option Suc cppsi in
(case while__break (while__since__cond I t) (while_since__body (run n)) (vpsi, e, cpsi, cppsi, tppsi) of
Some (vpsi’, e, cpsi’, cppsi’, tppsi’) =
(let B = (case cppsi’ of Some k = k — 1 < cphi A memR (the tppsi’) t I | _ = False) in
Some (VYDRA__Since I vphi’ vpsi' e’ cphi cpsi’ cppsi’ tppsi’, (t, B)))
| _ = None)
| _ = None)
| run (Suc n) (VYDRA__Until I e vphi vpsi epsi ¢ zo) = (case run__t e of Some (&', t) =
(case while_break (while__until _cond I t) (while_until _body (run n)) (vphi, vpsi, epsi, ¢, zo) of Some
(vphi’, vpsi’, epsi’, ¢', z0') =
if ¢/ = 0 then None else
(case zo" of Some (t', b1, b2) =
(if b2 A memL t t' I then Some (VYDRA_ Until I e’ vphi’ vpsi’ epsi’ (¢’ — 1) zo’, (¢, True))
else if =b1 then Some (VYDRA__ Until I e’ vphi’ vpsi’ epsi’ (¢’ — 1) zo', (¢, False))
else (case read_t epsi’ of Some t' = Some (VYDRA__Until I e’ vphi’ vpsi’ epsi’ (¢' — 1) zo', (¢,
False)) | _ = None))
| _ = None)
| _ = None)
| _ = None)
| run (Suc n) (VYDRA_ MatchP I transs qf w) =
(case eval_matchP (init_args ({0}, NFA.delta’ transs qf, NFA.accept' transs gf)
(run_t, read t) (run_subs (run n))) I w of None = None
| Some ((t, b), w') = Some (VYDRA__MatchP I transs qf w’, (t, b)))
| run (Suc n) (VYDRA_ MatchF I transs qf w) =
(case eval_matchF (init_args ({0}, NFA.delta' transs qf, NFA.accept' transs qf)
(run__t, read_t) (run_subs (run n))) I w of None = None
| Some ((¢, b), w') = Some (VYDRA_MatchF I transs qf w', (t, b)))
| run _ __ = undefined

(proof )
termination

(proof)

lemma wf since: wf {(t, s). while_since_cond I tt s A Some t = while_since_body (run n) s}

(proof)

definition run_vydra :: (‘a, 't, 'h) vydra = ((‘a, 't, 'h) vydra x ('t X bool)) option where
run_vydra v = (case v of (n, w) = map_option (apfst (Pair n)) (run n w))

fun sub :: nat = (‘a, 't) formula = (‘a, 't, 'h) vydra_auzr where
sub n (Bool b)) = VYDRA__Bool b init_hd
| subn (Atom a) = VYDRA__ Atom a init_hd

| sub (Suc n) (Neg phi) = VYDRA_Neg (sub n phi)

| sub (Suc n) (Bin f phi psi) = VYDRA_ Bin f (sub n phi) (sub n psi)

| sub (Suc n) (Prev I phi) = VYDRA_ Prev I (sub n phi) init_hd None

| sub (Suc n) (Next I phi) = VYDRA Next I (sub n phi) init_hd None

| sub (Suc n) (Since phi I psi) = VYDRA_ Since I (sub n phi) (sub n psi) t0 0 0 None None
| sub (Suc n) (Until phi I psi) = VYDRA_ Until I t0 (sub n phi) (sub n psi) t0 0 None

| sub (Suc n) (MatchP I ) = (let ¢f = state_cnt ;

transs = iarray_of_list (build_nfa_impl r (0, ¢f, [])) in
VYDRA__MatchP I transs qf (init_window (init__args
({0}, NFA.delta’ transs qf, NFA.accept' transs qf)
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(run__t, read_t) (run_subs (run n)))
t0 (map (sub n) (collect subfmlas r []))))
| sub (Suc n) (MatchF I r) = (let qf = state_cnt r;
transs = iarray_of list (build_nfa_impl r (0, qf, [])) in
VYDRA_MatchF I transs qf (init_window (init_args
({0}, NFA.delta’ transs qf, NFA.accept' transs qf)
(run__t, read_t) (run_subs (run n)))
t0 (map (sub n) (collect subfmlas r []))))
| sub _ __ = undefined

definition init_vydra :: (‘a, 't) formula = ('a, 't, 'h) vydra where
init_vydra ¢ = (let n = msize_fmla ¢ in (n, sub n @))

end

locale VYDRA _MDL = MDL o
for o :: ('a, 't :: timestamp) trace +
fixes init_hd :: 'h
and run_hd :: 'h = ('h x ("t x 'a set)) option
assumes run_hd_sound: reaches run_hd init_hd n s = run_hd s = Some (s, (t, X)) = (¢, X) =
(ron, T on)
begin

lemma reaches_on__run__hd: reaches_on run__hd init_hd es s = run_hd s = Some (s, (t, X)) =t
= 7 o (length es) A X =T o (length es)
(proof )

abbreviation ru_t = run_t run_hd
abbreviation [ t0 = t0 init_hd run__hd
abbreviation ru = run run_ hd
abbreviation su = sub init_hd run_hd

lemma ru_t_event: Teaches_on rtu_tttst' = t =1 t0 = ru_t t' = Some (t", 1) =
rho e tt. t' = Some (e, tt) A reaches_on run_hd init_hd tho e A length rho = Suc (length ts) A
z =7 o (length ts)

(proof)

12

lemma ru_t_tau: reaches_on ru_t 1 _t0 ts t' = ru_t t' = Some (t", x) = x = 7 o (length ts)

{proof)

lemma ru_t Some tau:
assumes reaches_on ru_t I_t0 ts (Some (e, t))
shows t = 7 o (length ts)

(proof)

lemma ru_t tau in:
assumes reaches_on ru_t 1l _t0 ts t j < length ts
shows ts!j=710j

(proof)
lemmas run_hd_tau _in = ru_t_tau_in[OF reach__event_ t0_t, simplified)
fun last_before :: (nat = bool) = nat = nat option where
last__before P 0 = None
| last_before P (Suc n) = (if P n then Some n else last_before P n)

lemma last_before_ None: last_before P n = None = m < n = =P m

(proof)
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lemma last_before_Some: last_before P n = Some m = m < n A Pm A (Vk € {m<..<n}. =P k)
(proof)

inductive wf_vydra :: ('a, 't :: timestamp) formula = nat = nat = ('a, 't, 'h) vydra__auz = bool where
wf_vydra phi i n w = ru n w = None = wf_vydra (Prev I phi) (Suc i) (Suc n) VYDRA_ None
| wf_vydra phiin w = run w = None = wf_vydra (Next I phi) i (Suc n) VYDRA_ None
| reaches_on run_hd init_hd es sub’ => length es = i = wf wvydra (Bool b) in (VYDRA_Bool b sub’)
| reaches_on run__hd init_hd es sub’ = length es = i = wf_wvydra (Atom a) i n (VYDRA_ Atom a
sub’)
| wf_vydra phi i n v = wf_vydra (Neg phi) i (Suc n) (VYDRA__Neg v)
| wf_vydra phi i n v = wf_vydra psi i n v/ = wf_vydra (Bin f phi psi) i (Suc n) (VYDRA_Bin fv
v’
| wf_vydra phi i n v => reaches_on run__hd init_hd es sub’ = length es = i =
wf_vydra (Prev I phi) i (Suc n) (VYDRA__Prev I v sub’ (case i of 0 = None | Suc j = Some (1 o j,
sat phi j)))
| wf_vydra phi i n v => reaches_on run__hd init_hd es sub’ = length es = i =
wf_vydra (Next I phi) (i — 1) (Suc n) (VYDRA__Next I v sub’ (case i of 0 = None | Suc j = Some
(r o )
| wf_vydra phi i n vphi = wf_vydra psi j n vpsi = j < i =
reaches_on ru_t [ t0 es sub’ = length es = j = (\t. t € set es = memL t (1 0 7) I) =
cphi = i — (case last_before (A\k. —sat phi k) ¢ of None = 0 | Some k = Suc k) = cpsi =i — j =
cppsi = (case last_before (sat psi) j of None = None | Some k = Some (i — k)) =
tppsi = (case last_before (sat psi) j of None = None | Some k = Some (1 ¢ k)) =
wf_vydra (Since phi I psi) i (Suc n) (VYDRA__Since I vphi vpsi sub’ cphi cpsi cppsi tppsi)
| wf_vydra phi j n vphi = wf_vydra psi j n vpsi = { < j =
reaches_on ru_t [_t0 es back = length es = i =
reaches_on ru_t 1 _t0 es’ front = length es' = j = (\t. t € set es’ => memR (1 0 i) t [) =
c=j—1i= z = (case j of 0 = None | Suc k = Some (7 o k, sat phi k, sat psi k)) =
(Nk- ke{i.<j— 1} = sat phi k A (memL (1 0 i) (1 0 k) I — —sat psi k)) =
wf_vydra (Until phi I psi) ¢ (Suc n) (VYDRA__ Until I back vphi vpsi front ¢ z)
| valid_window_matchP args I 1 _t0 (map (su n) (collect _subfmlas r [])) zs i w =
n > msize_regex r = qf = state_cnt r =
transs = iarray_of list (build_nfa_implr (0, qf, [])) =
args = init_args ({0}, NFA.delta’ transs qf, NFA.accept' transs qf)
(ru_t, read_t) (run_subs (ru n)) =
wf_vydra (MatchP I ) i (Suc n) (VYDRA_ MatchP I transs qf w)
| valid_window_matchF args I 1_t0 (map (su n) (collect _subfmlas r [])) zs i w =
n > msize_regex r = qf = state_cnt r =
transs = iarray_of list (build_nfa_implr (0, qf, [])) =
args = init_args ({0}, NFA.delta’ transs qf, NFA.accept' transs qf)
(ru_t, read_t) (run_subs (ru n)) =
wf_vydra (MatchF I r) i (Suc n) (VYDRA MatchF I transs qf w)

lemma reach run_subs len:
assumes reaches__ons: reaches_on (run__subs (ru n)) (map (su n) (collect_subfmlas r [])) rho vs
shows length vs = length (collect__subfmlas r [])

(proof)

lemma reach run_subs run:
assumes reaches_ons: reaches_on (run_subs (ru n)) (map (su n) (collect _subfmlas r [])) rho vs
and subfmla: j < length (collect subfmlas r [|) phi = collect subfmlas v [| ! j
shows Jrho’. reaches_on (ru n) (su n phi) rho’ (vs! j) A length rho’ = length rTho

(proof)

lemma IArray_nth__equalityl: IArray.length s = length ys —>
(Ai. i < IArray.length xs = IArray.sub xs i = ys | i) = zs = [Array ys

(proof)
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lemma bs_sat:
assumes [H: \phiiv v’ b. phi € set (collect_subfmlas r [|) = wf_vydra phi in v = run v = Some
(v, b) = snd b = sat phi i
and reaches_ons: N\j. j < length (collect_subfmlas r [|) = wf_vydra (collect_subfmlas r [| ! j) i n
(05 1 )
and run_ subs: run_subs (ru n) vs = Some (vs’, bs) length vs = length (collect_subfmlas r [])
shows bs = darray_of _list (map (Aphi. sat phi i) (collect__subfmlas r []))

(proof)

lemma run_induct[case_names Bool Atom Neg Bin Prev Next Since Until MatchP MatchF', consumes
1]:
fixes phi :: (‘a, 't) formula
assumes msize__fmla phi < n (Ab n. P n (Bool b)) (Aa n. P n (Atom a))
(An phi. msize_fmla phi < n = P n phi = P (Suc n) (Neg phi))
(An f phi psi. msize__fmla (Bin f phi psi) < Suc n = P n phi = P n psi =
P (Suc n) (Bin f phi psi))
(An I phi. msize__fmla phi < n = P n phi = P (Suc n) (Prev I phi))
(An I phi. msize_fmla phi < n => P n phi => P (Suc n) (Next I phi))
(An I phi psi. msize__fmla phi < n = msize__fmla psi < n = P n phi = P n psi = P (Suc n)
(Since phi I psi))
(An I phi psi. msize__fmla phi < n = msize_fmla psi < n = P n phi = P n psi = P (Suc n)
(Until phi I psi))
(An I r. msize_fmla (MatchP I 1) < Suc n = (A\z. msize_fmla z < n = Pnz) =
P (Suc n) (MatchP IT))
(An I r. msize_fmla (MatchF I r) < Suc n = (Az. msize_fmla t < n = P nz) =
P (Suc n) (MatchF IT))
shows P n phi

(proof)

lemma wf vydra_sub: msize_fmla ¢ < n = wf_vydra ¢ 0 n (sun @)

(proof)

lemma ru_t Some: e’ et. ru_t e = Some (e', et) if reaches_Suc_i: reaches _on run__hd init_hd fs f
length fs = Suc @
and auzx: reaches_on ru_t [_t0 es e length es < i for es e

(proof)

lemma vydra__sound__auz:

assumes msize_fmla ¢ < n wf_vydra ¢ i nvrun v = Some (v', t, b) bounded_ future_fmla p wf_fmla
®

shows wf _wvydra ¢ (Suc i) n v’ A (es e. reaches_on run__hd init_hd es e A length es = Suc i) A t =
ToiANb=sat 1

(proof)

lemma reaches_ons_run_ID: reaches_on (run__subs (ru n)) vs ws vs' =
length vs = length vs’
(proof)

lemma reaches_ons_run_vD: reaches_on (run_subs (ru n)) vs ws vs' =
i < length vs = (Jys. reaches_on (run) (vs ! i) ys (vs’' ! 4) A length ys = length ws)

(proof)

lemma reaches ons_runl:

assumes Aphi. phi € set (collect _subfmlas r [|) => Jws v. reaches _on (ru n) (su n phi) ws v A length
ws = ¢

shows Jws v. reaches_on (run_subs (ru n)) (map (su n) (collect_subfmlas r [])) ws v A length ws = i

(proof)
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lemma reaches_on__takeWhile: reaches_on r s vs s' = r s’ = Some (s, v) = ~f v =
vs' = takeWhile f vs =
3t't" v’ reaches_on T swvs' t' A rt' = Some (t'’, v') A =f v’ A
reaches_on r t' (drop (length vs') vs) s’
(proof)

lemma reaches on__suffix:
assumes reaches _on r s vs s’ reaches_on r s vs' 8" length vs’ < length vs
12 12 1 ! ! 12
shows Jwvs’’. reaches _on r s’ vs'' s' N vs = vs' @Q ws

(proof)

lemma vydra_wf reaches_on:

assumes A\jv. j < ¢ = wf_vydra ¢ j n v = ru n v = None = Fulse bounded__future_fmla ¢
wf_fmla ¢ msize_fmla ¢ < n

shows Juvs v. reaches_on (run) (sun @) vs v A wf_vydra ¢ i n v A length vs = i

(proof)

lemma reaches on_Some:
assumes reaches _on r s vs s’ reaches_on r s vs’ s length vs < length vs’
shows 3s"" z. r s' = Some (s, )

(proof)

lemma reaches__on__progress:
assumes reaches _on run__hd init_hd vs e
shows progress phi (map fst vs) < length vs

{proof)

lemma vydra__complete_auzx:
assumes prefix: reaches_on run__hd init_hd vs e
and run: wf_vydra ¢ in v runv = None i < progress ¢ (map fst vs) bounded_future_ fmla ¢ wf_fmla
%)
and msize: msize_fmla ¢ < n
shows Fulse

(proof)

definition ru’ ¢ = ru (msize_fmla ¢)
definition su’ ¢ = su (msize_fmla @) ¢

lemma vydra__ wf:
assumes reaches (ru n) (sun ) i v bounded_future_fmla ¢ wf_fmla ¢ msize_fmla ¢ < n
shows wf vydra ¢ in v
(proof )

lemma vydra_sound”:
assumes reaches (ru’ ) (su’ @) nvru’ ¢ v = Some (v', (¢, b)) bounded_ future_fmla ¢ wf_fmla ¢
shows (¢, b) = (7 0 n, sat ¢ n)
(proof)

lemma vydra_complete”:
assumes prefiz: reaches_on run__hd init_hd vs e
and prog: n < progress ¢ (map fst vs) bounded__future_fmla ¢ wf_fmla ¢
shows Jv v'. reaches (ru’ ) (su’ ¢) nv A ru’ o v = Some (v', (T o n, sat ¢ n))

(proof)

lemma map__option__apfst_idle: map__option (apfst snd) (map_option (apfst (Pair n)) z) = z
(proof )
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lemma vydra__sound:

assumes reaches (run_vydra run__hd) (init_vydra init_hd run__hd ¢) n v run_vydra run__hd v = Some
(v', (¢, b)) bounded__future_fmla ¢ wf_fmla ¢

shows (t, b) = (7 o n, sat ¢ n)

(proof)

lemma vydra__complete:
assumes prefix: reaches_on run__hd init_hd vs e
and prog: n < progress ¢ (map fst vs) bounded__future_fmla ¢ wf_fmla ¢
shows Jv v’. reaches (run_vydra run__hd) (init_vydra init_hd run_hd ¢) n v A run_vydra run_hd v
= Some (v', (T o n, sat ¢ n))

(proof)

end

context MDL
begin

lemma reach_elem:
assumes reaches (Xi. if P i then Some (Suc i, (t 0 4, I o i)) else None) sns's= 10
shows s’ =n

(proof)

interpretation default_vydra: VYDRA_MDL o 0 Xi. Some (Suc i, (1 0 i, I 0 1))
(proof)

end

lemma reaches_inj: reaches v s i t = reaches r s it' = t = t’
(proof)

lemma progress__sound:
assumes
An. n < length ts = ts!n=71Ton
An.n<lengthts = ton=710'n
An.n<lengthts =T on=T0c'n
n < progress phi ts
bounded__future__fmla phi
wf_fmla phi
shows MDL.sat o phi n <— MDL.sat o’ phi n
(proof)

end

theory Preliminaries
imports MDL

begin

4 Formulas and Satisfiability

declare [[typedef _overloaded]]

context
begin

qualified datatype (‘a, 't :: timestamp) formula = Bool bool | Atom 'a | Neg ('a, 't) formula |
Bin bool = bool = bool ('a, 't) formula ('a, 't) formula |
Prev 't T (‘a, 't) formula | Next 't Z ('a, 't) formula |
Since ('a, 't) formula 't T ('a, 't) formula |
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Until ('a, 't) formula 't T ('a, 't) formula |

MatchP 't T ('a, 't) regex | MatchF 't T ('a, 't) regex

and (‘a, 't) regex = Test (‘a, 't) formula | Wild |

Plus ('a, 't) regex (‘a, 't) regex | Times (‘a, 't) regex ('a, 't) Tegex |
Star ('a, 't) regex

end

fun mdi2mdl :: ('a, 't :: timestamp) Preliminaries.formula = ('a, 't) formula
and embed :: ('a, 't) Preliminaries.regex = ('a, 't) regex where
mdl2mdl (Preliminaries. Bool b) = Bool b
| mdi2mdl (Preliminaries.Atom a) = Atom a
| mdi2mdl (Preliminaries.Neg phi) = Neg (mdi2mdl phi)
| mdi2mdl (Preliminaries.Bin f phi psi) = Bin f (mdl2mdl phi) (mdl2mdl psi)
| mdi2mdl (Preliminaries.Prev I phi) = Prev I (mdi2mdl phi)
| mdi2mdl (Preliminaries.Next I phi) = Next I (mdl2mdl phi)
| mdi2mdl (Preliminaries.Since phi I psi) = Since (mdi2mdl pht) I (mdl2mdl psi)
| mdi2mdl (Preliminaries. Until phi I psi) = Until (mdi2mdl phi) I (mdi2mdl psi)
| mdi2mdl (Preliminaries.MatchP I r) = MatchP I (Times (embed 1) (Symbol (Bool True)))
| mdi2mdl (Preliminaries.MatchF I r) = MatchF I (Times (embed r) (Symbol (Bool True)))
| embed (Preliminaries. Test phi) = Lookahead (mdl2mdl phi)
| embed Preliminaries. Wild = Symbol (Bool True)
| embed (Preliminaries.Plus r s) = Plus (embed r) (embed s)
| embed (Preliminaries. Times v s) = Times (embed 1) (embed s)
| embed (Preliminaries.Star r) = Star (embed r)

lemma mdi2mdl_wf:
fixes phi :: (‘a, 't :: timestamp) Preliminaries.formula
shows wf_fmla (mdi2mdl phi)
(proof )

fun embed’ :: (('a, 't :: timestamp) formula = ('a, 't) Preliminaries.formula) = (‘a, 't) regex = ('a, 't)
Preliminaries.reger where
embed’ f (Lookahead phi) = Preliminaries. Test (f phi)
| embed’ f (Symbol phi) = Preliminaries. Times (Preliminaries. Test (f phi)) Preliminaries. Wild
| embed’ f (Plus v s) = Preliminaries.Plus (embed’ f ) (embed’ f s)
| embed’ f (Times r s) = Preliminaries. Times (embed’ fr) (embed’ f s)
| embed’ f (Star r) = Preliminaries.Star (embed’ f r)

lemma embed’ _cong[fundef_cong|: (\phi. phi € atms r = f phi = f’ phi) = embed’ fr = embed’ f'
r

(proof)

fun mdi2mdl’ :: ('a, 't :: timestamp) formula = (‘a, 't) Preliminaries.formula where
mdi2mdl’ (Bool b) = Preliminaries.Bool b

| mdi2mdl’ (Atom a) = Preliminaries. Atom a

| mdl2mdl’ (Neg phi) = Preliminaries.Neg (mdI2mdl’ phi)

| mdi2mdl’ (Bin f phi psi) = Preliminaries.Bin f (mdi2mdl’ phi) (mdl2mdl’ psi)

| mdi2mdl’ (Prev I phi) = Preliminaries.Prev I (mdl2mdl’ phi)

| mdl2mdl’ (Next I phi) = Preliminaries.Next I (mdl2mdl’ phi)

| mdi2mdl’ (Since phi I psi) = Preliminaries.Since (mdi2mdl’ phi) I (mdi2mdl’ psi)

| mdi2mdl’ (Until phi I psi) = Preliminaries. Until (mdl2mdl’ phi) I (mdi2mdl’ psi)

| mdi2mdl’ (MatchP I v) = Preliminaries. MatchP I (embed’ mdi2mdl’ (rderive r))

| mdi2mdl’ (MatchF I r) = Preliminaries.MatchF I (embed’ mdi2mdl’ (rderive r))

context MDL
begin
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fun rvsat :: (‘a, 't) Preliminaries.formula = nat = bool
and rvmatch :: (‘a, 't) Preliminaries.regex = (nat X nat) set where
rvsat (Preliminaries.Bool b) i = b

| rvsat (Preliminaries.Atom a) i = (a € T o 1)

| rvsat (Preliminaries.Neg ¢) © = (- rvsat ¢ 1)

| rusat (Preliminaries.Bin f ¢ ¥) i = (f (rvsat ¢ i) (rvsat ¢ 7))

| rvsat (Preliminaries.Prev I ) i = (case i of 0 = False | Suc j = mem (7 o j) (1 o i) I N\ rvsat ¢ j)
| rvsat (Preliminaries. Next I go) it = (mem (1 0 i) (1 o (Suc 7)) I A rvsat ¢ (Suc z))

| rusat (Preliminaries.Since ¢ I ) i = (3j<i. mem (1 o j) (1 0 9) I A rvsat ¥ j A (Vk € {j<..i}. rvsat
¢ k)

| rusat (Preliminaries.Until o I o) ¢ = (3j>i. mem (1 0 @) (1 0 j) I A rvsat Y j A (Vk € {i..<j}. rvsat
© k)

| rusat (Preliminaries.MatchP I r) i = (3j<i. mem (7 o j) (t o i) I A (j, i) € rumatch r)
| rusat (Preliminaries.MatchF I r) i = (3j>i. mem (7 o i) (1t o j) I A (i, j) € rvmatch r)
| rumatch (Preliminaries. Test @) = {(4, i) | i. rvsat ¢ i}

| rumatch Preliminaries. Wild = {(i, ¢ + 1) | i. True}

| rumatch (Preliminaries.Plus r s) = rvmatch r U rvmatch s

| rumatch (Preliminaries. Times v s) = rvmatch v O rvmatch s

| rumatch (Preliminaries.Star r) = rtrancl (rvmatch r)

lemma mdi2mdl__equivalent:
fixes phi :: (‘a, 't :: timestamp) Preliminaries.formula
shows Ai. sat (mdi2mdl pht) i <— rvsat phi i
(proof)

lemma mdlstar2mdl:
fixes phi :: (‘a, 't :: timestamp) Preliminaries.formula
shows wf fmla (mdi2mdl phi) Ai. sat (mdi2mdl phi) i <— rvsat phi i
(proof)

lemma rvmatch__embed’:
assumes Aphi i. phi € atms r => rvsat (mdI2mdl’ phi) i «— sat phi i
shows rvmatch (embed’ mdi2mdl’ r) = match r

(proof)
lemma mdil2mdlstar:
fixes phi :: (‘a, 't :: timestamp) formula

assumes wf_fmla phi
shows Ai. rvsat (mdi2mdl’ phi) i <— sat phi i

(proof)

end
end
theory Monitor__Code
imports HOL— Library.Code__Target Nat Containers. Containers Monitor Preliminaries
begin
derive (eq) ceq enat

instantiation enat :: ccompare begin

definition ccompare enat :: enat comparator option where
ccompare__enat = Some (Az y. if © = y then order.Eq else if x < y then order.Lt else order.Gt)

instance (proof)

end
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code__printing

code__module IArray — (OCaml)
<module TArray : sig

val length’ : 'a array —> Z.t

val sub’ : 'a array * Z.t —> 'a
end = struct

let length’ s = Z.of _int (Array.length zs);;
let sub’ (zs, i) = Array.get xs (Z.to_int i);;
end> for type_ constructor iarray constant IArray.length’ IArray.sub’
code__reserved (OCaml) IArray
code__printing
type__constructor iarray — (OCaml) _ array
| constant iarray_of list — (OCaml) Array.of’_list
| constant IArray.list_of — (OCaml) Array.to’ list
| constant IArray.length’ — (OCaml) IArray.length’
| constant IArray.sub’” — (OCaml) IArray.sub’

lemma iarray_list _of inj: IArray.list_of xs = [Array.list_of ys = xs = ys
(proof )

instantiation iarray :: (ccompare) ccompare
begin

definition ccompare_iarray :: (‘a iarray = ‘a iarray = order) option where
ccompare_iarray = (case ID CCOMPARE('a list) of None = None
| Some ¢ = Some (Azs ys. ¢ (IArray.list_of xs) (IArray.list_of ys)))

instance
(proof)

end
derive (rbt) mapping_impl iarray

definition mk_db :: String.literal list = String.literal set where mk__db = set

definition init_vydra_string_enat :: _ = _ = __ = (String.literal, enat, /e) vydra where
init_vydra__string__enat = init_vydra
definition run_vydra_string _enat :: __ = (String.literal, enat, 'e) vydra = __ where

run__vydra__string_enat = run__vydra

definition progress_enat :: (String.literal, enat) formula = enat list = nat where
progress__enat = progress

definition bounded_ future fmla__enat :: (String.literal, enat) formula = bool where
bounded__future__fmla__enat = bounded__future_fmla

definition wf fmla_enat :: (String.literal, enat) formula = bool where
wf_fmla__enat = wf_fmla

definition mdi2mdl’_enat :: (String.literal, enat) formula = (String.literal, enat) Preliminaries.formula

where
mdl2mdl’_enat = mdi2mdl’

definition interval_enat :: enat = enat = bool = bool = enat T where
interval _enat = interval

definition rep_interval enat :: enat Z = enat X enat X bool X bool where
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rep__interval_enat = Rep T

definition nit_vydra_string_ereal :: _ = __ = __ = (String.literal, ereal, 'e) vydra where
init_vydra__string__ereal = init_vydra
definition run_vydra_string_ereal :: __ = (String.literal, ereal, 'e) vydra = __ where

run__vydra__string__ereal = run__vydra

definition progress_ereal :: (String.literal, ereal) formula = ereal list = real where
progress__ereal = progress

definition bounded_ future_ fmla__ereal :: (String.literal, ereal) formula = bool where
bounded__future__fmla__ereal = bounded__future__fmla

definition wf_fmla__ereal :: (String.literal, ereal) formula = bool where
wf_fmla__ereal = wf_fmla

definition mdi2mdl’_ereal :: (String.literal, ereal) formula = (String.literal, ereal) Preliminaries.formula

where
mdi2mdl’_ereal = mdl2mdl’

definition interval ereal :: ereal = ereal = bool = bool = ereal T where
interval ereal = interval

definition rep_interval ereal :: ereal T = ereal X ereal X bool X bool where
rep__interval__ereal = Rep_ T

lemma tfin_enat_code[code]: (ifin :: enat set) = Collect_set (Az. z # o0)
(proof)

lemma tfin_ereal_code[code]: (tfin :: ereal set) = Collect_set (A\z. x # —oco A & # )
(proof)

lemma Ball_atms[code__unfold]: Ball (atms r) P = list_all P (collect_subfmlas r [])
(proof)

lemma MIN_ fold: (MIN z€set (z # zs). fz) = fold min (map f zs) (f z)
(proof)

declare progress.simps(1—8)[code]

lemma progress_matchP__code|code]:

progress (MatchP I r) ts = (case collect_subfmlas v [| of ¢ # xs = fold min (map (Af. progress f ts)
xs) (progress x ts))

(proof)

lemma progress_matchF _code[code]:

progress (MatchF I 1) ts = (if length ts = 0 then 0 else

(let k = min (length ts — 1) (case collect_subfmlas r [| of x # xs = fold min (map (N\f. progress f ts)
xs) (progress x ts)) in

Min {j € {.k}. memR (ts! j) (ts ! k) I}))

(proof)

export__code init_vydra__string__enat run__ vydra__string__enat progress__enat bounded__future_fmla__enat
wf_fmla__enat mdi2mdl’_enat
Bool Preliminaries. Bool enat interval _enat rep__interval _enat nat__of integer integer__of nat mk__db
in OCaml module__name VYDRA file_ prefix verified

end

theory Timestamp_ Lex
imports Timestamp

begin

instantiation prod :: (timestamp__total_strict, timestamp__total _strict) timestamp__total_strict
begin
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definition tfin_prod :: (‘a x 'b) set where
tfin_prod = tfin x UNIV

definition «_prod :: nat = 'a x 'b where
t_prodn = (v n, v n)

fun sup_prod :: ‘a x 'b = "a x 'b = ’‘a x 'b where
sup_prod (a, b) (¢, d) = (if a < c then (¢, d) else if ¢ < a then (a, b) else (a, sup b d))

fun less _eq prod :: 'a x 'b = ‘a x 'b = bool where
less_eq _prod (a, b) (¢, d) «—a<cV(a=cAb<d)

definition less_prod :: 'a x 'b = ‘a x ‘b = bool where
less prodxy+— < yANz#y

instance
(proof)

end

end

theory Timestamp_ Prod
imports Timestamp

begin

instantiation prod :: (timestamp, timestamp) timestamp
begin

definition tfin_prod :: (‘a x 'b) set where
tfin_prod = tfin X tfin

definition «_prod :: nat = 'a x 'b where
t_prodn = (L n,tn)

fun sup_prod :: ‘a x 'b = 'a x 'b = 'a x 'b where
sup__prod (a, b) (¢, d) = (sup a ¢, sup b d)

fun less_eq prod :: 'a x 'b = 'a x 'b = bool where

less_eq prod (a, b) (¢, d) «+— a<cAb<d

definition less_prod :: 'a x 'b = ‘a x ‘b = bool where
less prodzy+—c<yANzFy

instance
(proof )

end

end
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