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Abstract

We formalise results from computability theory: Turing decidability, Turing com-
putability, reduction of decision problems, recursive functions, undecidability of the
special and the general halting problem, and the existence of a universal Turing ma-
chine. This formalisation extends the original AFP entry of 2014 that corresponded to:
Mechanising Turing Machines and Computability Theory in Isabelle/HOL, ITP 2013



The AFP entry and by extension this document is largely written by Xu, Zhang
and Urban. The Universal Turing Machine is explained in this document, starting at
Figure 6.1. You may want to also consult the original ITP article [6]. If you are
interested in results about Turing Machines and Computability theory: the main book
used for this formalisation is by Boolos, Burgess and Jeffrey [1].

Joosten contributed mainly by making the files ready for the AFP. The need for
a good formalisation of Turing Machines arose from realising that the current for-
malisation of saturation graphs [4] is missing a key undecidability result present in
the original paper [3]. Recently, an undecidability result has been added to the AFP
by Felgenhauer [2], using a definition of computably enumerable sets formalised by
Nedzelsky [5]. This entry establishes the equivalence of these entirely separate notions
of computability, but decidability remains future work.

In 2022, Regensburger contributed by adding definitions for concepts like Turing
Decidability, Turing Computability and Turing Reducibility for problem reduction. He
also enhanced the result about the undecidability of the General Halting Problem given
in the original AFP entry by first proving the undecidability of the Special Halting
Problem and then proving its reducibility to the general problem. The original version
of this AFP entry did only prove a weak form of the undecidability theorem. The main
motivation behind this contribution is to make the AFP entry accessible for bachelor
and master students.

As a result, the presentation of the first chapter about Turing Machines has been
considerably restructured and, in this context some minor changes in the naming of
concepts were performed as well. In the rest of the theories the sectioning of the IAIEX
document was improved. The overall contribution approximately doubled the size of
the code base. Please refer to the CHANGELOG in the AFP entry for more details.



Chapter 1

Turing Machines

theory Turing
imports Main
begin

1.1 Some lemmas about natural numbers used for rewrit-
ing
lemma numeral_4_eq_4: 4 = Suc 3

(proof)

lemma numeral_eqs_upto_12:

shows 2 = Suc 1
and 3 = Suc 2
and 4 = Suc 3
and 5 = Suc 4
and 6 = Suc 5
and 7 = Suc 6
and 8 = Suc 7
and 9 = Suc 8
and /0 = Suc 9
and /1 = Suc 10
and /2 = Suc 11

(proof)

1.2 Basic Definitions for Turing Machines
datatype action = WB | WO | L | R | Nop

datatype cell = Bk | Oc

Remark: the constructors W0 and W1 were renamed into WB and WO respectively
because this makes a better match with the constructors Bk and Oc of type cell.



type-synonym fape = cell list x cell list
type-synonym state = nat
type-synonym instr = action X state

type-synonym prog = instr list X nat

type-synonym prog0 = instr list
type-synonym config = state X tape

fun nth_of where
nth_of xs i = (if i > length xs then None else Some (xs ! i))

lemma nth_of map :
shows nth_of (map fp) n = (case (nth_of p n) of None = None | Some x = Some (f x))
(proof)

fun
Setch :: instr list = state = cell = instr
where
fetch p 0 b = (Nop, 0)
| fetch p (Suc s) Bk =
(case nth_of p (2  5) of
Some i = i
| None = (Nop, 0))
|fetch p (Suc s) Oc =
(case nth_of p (2% s) + 1) of
Some i = i
| None = (Nop, 0))

lemma fetch_Nil [simp]:
shows fetch [| s b = (Nop, 0)
(proof)

lemma fetch_imp [code]: fetch p n b = (
let len = length p

in
ifn=20

then (Nop, 0)
else if b= Bk

then if len < 2xn —2
then (Nop,0)
else (p! (2xn—2))
else if len < 2xn—1
then (Nop,0)



else (p! (2xn—1))
)
(proof)

lemma even_le_div2_imp_le_times_2: m  div 2 < (Suc n) A ((m::nat) mod 2 = 0) = m <
2x%n (proof )

lemma odd_le_div2_imp_le_times_2: (m+1) div 2 < (Suc n) A ((m::nat) mod 2 # 0) => m <
2x%n (proof )

lemma odd_div2_plus_1_eq: (n::nat) mod 2 # 0 = (ndiv 2) + 1 = (n+1) div 2
(proof)

lemma list_length_tl_neq_Nil: 1 < length (nl::nat list) = tl nl # ||

(proof)

fun

update :: action = tape = tape
where

update WB (1,

| update WO (1

r) = (I, Bk # (1l r))

1) = (1, 0c# (il r))
| update L (1, r) = (ifl =[] then ([|, Bk # r) else (tl 1, (hd 1) # 1))
| update R (1, r) = (if r = [| then (Bk # 1, []) else ((hd r) # 1, tl r))
| update Nop (1, r) = (1, r)

abbreviation
read r == if (r =[]) then Bk else hd r

fun step :: config = tprog = config
where
step (s, 1, r) (p, off) =
(let (a,s") = fetchp (s — off) (read r) in (s', update a (I, r)))

abbreviation
on.
step0 ¢ p e step ¢ (p, 0)

fun steps :: config = tprog = nat = config
where
stepscp0=c |



steps ¢ p (Suc n) = steps (step cp) pn

abbreviation
dof
stepsOcpn < steps ¢ (p,0) n

lemma step_red [simp]:
shows steps ¢ p (Suc n) = step (steps cpn) p
(proof)

lemma steps_add [simp):
shows steps ¢ p (m + n) = steps (stepscpm) pn

(proof)

lemma step_0 [simp):
shows step (0, (I, r)) p = (0, (1, 1))
(proof)

lemma step_0": step (0, tap) p = (0, tap) {proof)

lemma steps_0 [simp]:
shows steps (0, (I, r)) pn= (0, (I, 1))
(proof)

fun
is_final :: config = bool
where
is_final (s, 1, r) = (s =0)

lemma is_final_eq:
shows is_final (s, tap) = (s = 0)
(proof)

lemma is_finall [intro):
shows is_final (0, tap)
(proof)

lemma after_is_final:
assumes is_final ¢
shows is_final (steps ¢ p n)
{proof)

lemma is_final:
assumes a: is_final (steps ¢ p nl)
and b: nl < n2
shows is_final (steps ¢ p n2)
(proof)



lemma stable_config_after_final_add:

assumes steps (1,1, r)pnl = (0,1, 1)
shows steps (1,1, r) p (nl+n2) = (0,1', ")
(proof)
lemma stable_config_after_final_add_2:
assumes steps (s, [, r)pnl = (0,1',r")
shows steps (s, I, r) p (nl+n2) = (0,1', ")
(proof)

lemma stable_config_after_final_ge:
assumes a: steps (1,1, r) pnl = (0,1, r') and b: nl < n2
shows steps (1,1, r)pn2=(0,1,r")

(proof )

lemma stable_config_after_final_ge_2:
assumes a: steps (s, [, r) pnl = (0,1, r') and b: nl < n2
shows steps (s, 1, r) pn2= (0,1, r")

(proof)

lemma stable_config_after_final_ge':
assumes stepsO (1,1, r) pnl = (0,1, r') and b: nl < n2
shows stepsO (1,1, r)pn2=(0,1',r")

(proof )

lemma stable_config_after_final_ge_2':
assumes stepsO (s, [, r) pnl = (0,1, r') and b: nl < n2
shows stepsO (s, I, r) pn2 = (0,1', ")

(proof)

lemma not_is_final:
assumes a: — is_final (steps ¢ p nl)

and b: n2 < nl
shows — is_final (steps ¢ p n2)
(proof)

lemma before_final:
assumes steps0 (1, tap) A n = (0, tap”)
shows 3 n'. = is_final (stepsO (1, tap) A n') A stepsO (1, tap) A (Suc n’) = (0, tap")
(proof)

lemma least_steps:
assumes steps0 (1, tap) A n = (0, tap’)



shows 3 n'. (Vn'' < n'. = is_final (stepsO (1, tap) An'")) A
(Vn'' > n'. is_final (stepsO (1, tap) An'"’))
(proof)

lemma ar_least_one_step:steps0 (1, [], r) tmn = (0,tap) = 0 <n

(proof )
end

1.2.1 Auxiliary theorems about Turing Machines

theory Turing_aux
imports Turing
begin

fun fetch’ :: instr list = state = cell = instr

where

fetch' ] s b = (Nop, 0)

| fetch' [iBK] 0 b = (Nop, 0)

| fetch' [iBk] (Suc 0) Bk = iBk

| fetch' [iBk] (Suc 0) Oc = (Nop, 0)

| fetch' [iBK] (Suc (Suc s")) b = (Nop, 0)

| fetch’ (iBk # iOc # inss) 0 b = (Nop, 0)
| fetch’ (iBk # iOc # inss) (Suc 0) Bk = iBk

( )
( ) (
| fetch’ (iBk # iOc # inss) (Suc 0) Oc =i0c
| fetch’ (iBk # iOc # inss) (Suc (Suc s')) b = fetch’ inss (Suc s") b

lemma fetch’_Nil:
shows fetch' [| s b = (Nop, 0)
(proof)

lemma fetch’_eq_fetch_app: fetch’ tm s b = fetch tm s b
(proof )

corollary fetch’_eq_fetch: fetch’ = fetch
(proof)



definition
tm_step0_rel :: tprog0 = ((config X config) set)
where
tm_stepO_rel tp = {(cl, c2) . stepO cI tp = c2}

abbreviation rm_step0_rel_aux :: [config, tprog0, config] = bool («((1_)/ =((L))=/ (1_))>
50)
where
tm_step0_rel_aux cl tp c2 d:ef (c1,c2) € tm_step0_rel tp

theorem m_step0_rel_iff stepO: (cl |={tp)= c2) «— step0 cl tp = c2
(proof)

definition tm_stepsO_rel :: tprog0 = ((config X config) set)
where
tm_steps0_rel tp = rtrancl (tm_step0_rel tp)

abbreviation tm_steps0_rel_aux :: [config, tprog0, config) = bool (<((1_)/ E=((L))="/(1_))>
50)
where
tm_stepsO_rel_aux cl tp c2 d:ef (cl,c2) € tm_stepsO_rel tp

lemma rm_step0_rel_power: (tm_step0_rel tp " n) = {(c1,c2) . stepsO cI tp n = c2}
(proof)

theorem im_stepsO_rel_iff stepsO: (cl |=(p)=" c2) +— (I stp. stepsO cl tp stp = c2)
(proof)

end

1.3 Trailing Blanks on the input tape do not matter

theory BlanksDoNotMatter
imports Turing
begin

sledgehammer-params|minimize=false preplay_timeout=10,timeout=30,strict=true,
provers=e z3 cvc5 vampire |

1.3.1 Replication of symbols

abbreviation exponent :: 'a = nat = 'a list (<_*1 _> [100, 99] 100)
where x T n == replicate n x



lemma hd_repeat_cases:
P(hd(atmQr))<— (m=0— P (hdr)) A (Vnat. m = Suc nat — P a)
(proof)

lemma hd_repeat_cases':
P(hd (atmQr)) = (ifm=_0then P (hdr) else P a)
(proof)

lemma
(if m=0then P (hd r) else P a) = ((m =0 — P (hd r)) A (Y nat. m = Suc nat — P a))

(proof)

lemma split_head_repeat[simp]:
Oc # list]l = Bk 1 j Q list2 <— j = 0 A Oc # list]l = list2
Bk # list] = Oc 1 j Q list2 <— j = 0 N\ Bk # list] = list2
Bk 1 j Q list2 = Oc # list] +— j = 0 A Oc # list] = list2
Oc 1@ list2 = Bk # list] +— j = 0 A Bk # list] = list2
(proof)

lemma Bk_no_Oc_repeatE[elim]: Bk # list = Oc 1t => RR
(proof)

lemma replicate_Suc_1: a1 (zI + Suc z2) = (a1 zI) Q (a 1 Suc z2)
(proof)

lemma replicate_Suc_2: a1 (zI + Suc z22) = (a1 Suc zI) @ (a 1 z2)
{proof)

1.3.2 Trailing blanks on the left tape do not matter

In this section we will show that we may add or remove trailing blanks on the initial
left and right portions of the tape at will. However, we may not add or remove trailing
blanks on the tape resulting from the computation. The resulting tape is completely
determined by the contents of the initial tape.

lemma step_left_tape_ShrinkBkCtx_right_Nil:
assumes step0 (s,CLQBk?} z1 , []) tm = (s',l,r")
and za < z/
shows 3CL’ zb. I' = CL'@Bk}za@Bk1zb A
(step0 (s,CLQBk1za, []) tm = (s',CL'@QBktza,r’) V
step0 (s,CL@QBktza, []) tm = (s’,CL’QBk1(za—1),r"))
(proof)

lemma step_left_tape_ShrinkBkCtx_right_Bk:
assumes step0 (s,CLQBk? z1 , Bk#trs) tm = (s',l' ;")
and za < z/
shows 3CL’ zb. I’ = CL'QBk1za@QBk1zb A



(step0 (s,CLQBk?Yza, Bk#trs) tm = (s',CL'QBktza,r’) V
step0 (s,CLQBk1za, Bk#trs) tm = (s’,CL'@Bkt(za—1),r"))
(proof )

lemma step_left_tape_ShrinkBkCtx_right_Oc:
assumes step0 (s,CLQBk? z1 , Oc#rs) tm = (s')I';r")
and za < z/
shows I CL’ zb. I’ = CL'QBk1za@QBk1zb A
(stepO (s,CLQBk?Yza, Oc#trs) tm = (s',CL'@Bktza,r’) V
step0 (s,CLQBk1za, Oc#trs) tm = (s',CL'QBk?t(za—1),r’))
(proof )

corollary step_left_tape_ShrinkBkCtx:
assumes step0 (s,CLQBkt z1 ,r) tm = (s')l';r")
and za < zI/
shows 3zb CL'. I’ = CL'@QBk1tza@QBk1zb N
(step0 (s,CL@QBk?za, r) tm = (s',CL'@Bktza,r’) V
step0 (s,CLQBk1za, r) tm = (s',CL'QBk{(za—1),r"))
(proof )

lemma steps_left_tape_ShrinkBkCtx_arbitrary_CL:
[ stepsO (s, CL@Bk?zI , r) tmstp = (s',I';r"); 0 < 21 | =
Jzb CL'. 1" = CL'@Bk1zb A stepsO (s,CL, r) tm stp = (s',CL’,r")
(proof)

lemma step_left tape_EnlargeBkCtx_eq_Bks:
assumes step0 (s,Bkt zI, r)tm= (s"l';r")
shows stepO (s,Bk1(z1+Suc z2), r) tm = (s’,I'QBk1Suc z2,r") V
step0 (s,Bkt(zI+Suc z2), r) tm = (s',I'@QBk1z2,r")
(proof )

lemma step_left _tape_EnlargeBkCtx_eq_Bk_C_Bks:

assumes step0 (s,(Bk#C)QBkt z1, r)tm = (s"l';r")

shows stepO (s,(Bk#C)QBk1(z1+22), r) tm = (s',l'QBk172,r")
(proof)

lemma step_left tape_EnlargeBkCtx_eq_Oc_C_Bks:

assumes step0 (s,(Oc#C)@Bkt z1, r)tm= (s"l';r")

shows step0 (s,(Oc#C)QBkY (z1+22), r) tm = (s',l'QBk1z2,r")
(proof)

lemma step_left_tape_EnlargeBkCtx_eq_C_Bks_Suc:
assumes step0 (s,CQBkt zI, r)tm= (s"I';r")
shows step0 (s,CQBk1(z1+ Suc z2), r) tm = (s',I'@BktSuc z22,r') V
step0 (s,CQBk1(z1+ Suc z2), r) tm = (s',I'QBk1z2,r")
(proof)
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lemma step_left_tape_EnlargeBkCtx_eq_C_Bks:
assumes step0 (s,CQBkt zI, r)tm= (s"l';r")
shows step0 (s,CQBk1(z1+ z2), r) tm = (s',I'QBk1z2,r") V
step0 (s,CQBkT(z1+ z2), r) tm = (s’ ,1'QBk1(z2—1),r')
(proof)

lemma steps_left_tape_EnlargeBkCtx_arbitrary_CL:
stepsO (s, CL @ Bktzl, r) tm stp = (s', I';r")
—
dz3.23 <zl + 22 A
stepsO (s, CL @ Bkt (zl + z2), r) tm stp = (s’,1' @ Bktz3 ,r")
(proof)

corollary steps_left_tape_EnlargeBkCtx:
stepsO (s, Bk Tk, r) tmstp = (s', Bk T 1, r')
—
dz23. 23 <k+ 22 A
stepsO (s, Bk 1 (k + z2), r) tm stp = (s",Bk t (I + z3), r)

(proof)

corollary steps_left_tape_ShrinkBkCtx_to_NIL:
stepsO (s, Bk Tk, r) tmstp = (s', Bk T 1, ')
_—
dz3. 23 <IA
stepsO (s, [, r) tm stp = (s’, Bk + 23, ')
(proof )

lemma steps_left_tape_Nil_imp_All:
stepsO (s, ([] ,r)) pstp=(s', Bkt k, CRQ Bk 11)
_—
Yz stp kL. (stepsO (s, (Bktz, r)) p stp) = (s', Bk Tk, CR Q Bk 1 1)
(proof )

lemma ex_steps_left_tape_Nil_imp_All:
Istp k1. (stepsO (s, ([] ,r)) pstp) = (s', Bkt k, CRQ Bk 1 1)
=
Yz Astp k L. (stepsO (s, (Bktz, r)) p stp) = (s', Bk Tk, CR Q Bk 1 1)
(proof)

1.3.3 Trailing blanks on the right tape do not matter

lemma step_left_tape_Nil_imp_all_trailing_right_Nil:

11



assumes step0 (s, CLI, [| ) tm = (s’, CRI, CR2 )
shows stepO (s, CL1, [| @ Bk ty) tm = (s’, CR1, CR2 Q@ Bk 1 y) V
step0 (s, CLI, [| @ Bk 1 y) tm = (s', CRI, CR2 Q Bk 1 (y—1))
(proof)

lemma step_left_tape_Nil_imp_all_trailing_right_Cons:

assumes step0 (s, CLI, rx#rs ) tm = (s’ CRI, CR2)

shows stepO (s, CLI, rx#trs @ Bk 1y) tm = (s', CR1, CR2 @ Bk 1y)
(proof)

lemma step_left_tape_Nil_imp_all_trailing_right:
assumes step0 (s, CLI,r ) tm= (s', CRI, CR2)
shows stepO (s, CLI, r @ Bk ty) tm = (s’, CRI, CR2 Q Bk T y) V
step0 (s, CL1,r Q Bk1y) tm = (s, CR1, CR2 @Q Bk 1 (y—1))
(proof)

lemma steps_left_tape_Nil_imp_all_trailing_right:
stepsO (s, CL1, r ) tm stp = (s', CRI, CR2)
—
dxI x2.y=xI +x2 N\
stepsO (s, CL1,r @Bk 1y ) tm stp = (s’, CRI, CR2 @ Bk 1 x2)
(proof)

lemma ex_steps_left_tape_Nil_imp_All_left_and_right:

Fkrir. stepsO (1, (], r )) pstp = (0, Bkt kr,r’' Q Bk 1 1Ir))

—

N kLIl Fkr Ir. stepsO (1, (Bk 1 kl, r @ Bkt 1l)) p stp = (0, Bk 1 kr, r’ @ Bk 1 Ir)
(proof)

end
theory ComposableTMs

imports Turing
begin

1.4 Making Turing Machines composable

abbreviation is_even n o (n::nat) mod 2 =0
abbreviation is_odd n % (n::nat) mod 2 # 0

fun

12



composable_tm :: tprog = bool
where
composable_tm (p, off ) = (lengthp > 2 A is_even (length p) A
(V(a, s) € setp.s <lengthpdiv2+ off \s > off))

abbreviation
def
composable_tm0 p < composable_tm (p, 0)

lemma step_in_range:
assumes hl: — is_final (stepO c A)
and h2: composable_tm (A, 0)
shows fs1 (step0 ¢ A) < length A div 2
(proof)

lemma steps_in_range:
assumes hl: — is_final (stepsO (1, tap) A stp)
and h2: composable_tm (A, 0)
shows fst (stepsO (1, tap) A stp) < length A div 2
(proof)

1.4.1 Definitin of function fix_jumps and mk_composable)

fun fix_jumps :: nat = tprog0 = tprog0 where
Jix_jumps smax || = ] |
Sfix_jumps smax (ins#tinss) = (if (snd ins) < smax
then ins # fix_jumps smax inss
else ((fst ins),0)#fix_jumps smax inss)

fun mk_composable0 :: tprog0 = tprog0 where
mk_composable0 [| = [(Nop,0),(Nop,0)] |
mk_composable0 [il] = fix_jumps 1 [il,(Nop,0)] |
mk_composable0 (i1#i2+#ins) = (let | = 2 + length ins
inifis_evenl
then fix_jumps (L div2)  (il#i2#tins)
else fix_jumps ((1 div 2) + 1) ((i1#i2#tins)Q[(Nop,0)]))

1.4.2 Properties of function fix_jumps

lemma fix_jumps_len: length (fix_jumps smax insl) = length insl

(proof)

lemma fix_jumps_le_smax: ¥ x € set (fix_jumps smax tm). (snd x) < smax
(proof)
lemma fix_jumps_nth_no_fix:
assumes n < length tm and tm'n = ins and (snd ins) < smax
shows (fix_jumps smax tm)!n = ins
(proof)

lemma fix_jumps_nth_fix:

13



assumes n < length tm and tm'n = ins and —(snd ins) < smax
shows (fix_jumps smax tm)!n = ((fst ins),0)

(proof)

1.4.3 Functions fix_jumps and mk_composable() generate compos-
able Turing Machines.

lemma composable_tm0_fix_jumps_pre:
assumes length tm > 2 and is_even (length tm)
shows length (fix_jumps (length tm div 2) tm) > 2 A
is_even (length (fix_jumps (length tm div 2) tm)) A
(Vx € set (fix_jumps (length tm div 2) tm).
(snd x) < length (fix_jumps (length tm div 2) tm) div 2 + O A (snd x) > 0)
(proof)

lemma composable_tmO_fix_jumps:
assumes length tm > 2 and is_even (length tm)
shows composable_tmO (fix_jumps (length tm div 2) tm)

(proof)

lemma fix_jumps_composable0_eq:

assumes composable_tm0 tm

shows (fix_jumps (length tm div 2) tm) = tm
(proof)

lemma composable_tm0_mk_composable0: composable_tm0 (mk_composableO tm)

(proof)

1.4.4 Functions mk_composable( is the identity on composable Tur-
ing Machines
lemma mk_composable0_eq:

assumes composable_tm0 tm
shows mk_composable0 tm = tm

(proof)

1.4.5 About the length of mk_composable) tm

lemma length_mk_composable0_nil: length (mk_composable0 H) =2

(proof)

lemma length_mk_composable0_singleton: length (mk_composable0 [il]) = 2

(proof)

lemma length_mk_composable0_gt2_even: is_even (length (il # i2 # ins)) = length (mk_composable0
(il # i2 # ins)) = length (i1#i2+4ins)
(proof)
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lemma length_mk_composable0_gt2_odd: —is_even (length (il # i2 # ins)) = length (mk_composable0
(il # i2 # ins)) = length (il#i24ins)+1
(proof )

lemma length_mk_composable0_even: [0 < length tm ; is_even (length tm) | => length (mk_composable0
tm) = length tm

(proof)

lemma length_mk_composable0_odd: [0 < length tm ; —is_even (length tm) | = length
(mk_composable0 tm) = 1 + length tm

(proof)

lemma length_tm_le_mk_composableO: length tm < length (mk_composable0 tm)

(proof)

1.4.6 Properties of function fetch with respect to function mk_composable(

lemma fetch_mk_composableO_Bk_too_short_Suc:
assumes b = Bk and length tm < 2xs
shows fetch (mk_composable0 tm) (Suc s) b = (Nop, 0::nat)

(proof)

lemma fetch_mk_composable0_Oc_too_short_Suc:
assumes b = Oc and length tm < 2xs+1
shows fetch (mk_composable0 tm) (Suc s) b = (Nop, 0::nat)

(proof )
lemma nth_append’: n < length xs = (xs Q ys) ! n = xs ! n (proof)

lemma ferch_mk_composableO_Bk_Suc_no_fix:
assumes b = Bk
and 2xs < length tm
and fetch tm (Suc s) b = (a, s")
and s’ < length (mk_composable0 tm) div 2
shows fetch (mk_composable0 tm) (Suc s) b = fetch tm (Suc s) b
(proof)

lemma fetch_mk_composableO_Bk_Suc_fix:
assumes b = Bk

and 2xs < length tm

and fetch tm (Suc s) b = (a, s')

and length (mk_composable0 tm) div 2 < s’
shows fetch (mk_composable0 tm) (Suc s) b = (a, 0)
(proof)

lemma fetch_mk_composable0_Oc_Suc_no_fix:
assumes b = Oc
and 2xs+1 < length tm
and ferch tm (Suc s) b = (a, s')
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and s’ < length (mk_composable0 tm) div 2
shows fetch (mk_composable0 tm) (Suc s) b = fetch tm (Suc s) b
(proof)

lemma fetch_mk_composable0_Oc_Suc_fix:
assumes b = Oc

and 2xs+1 < length tm

and ferch tm (Suc s) b = (a, s')

and length (mk_composable0 tm) div 2 < s’
shows fetch (mk_composable0 tm) (Suc s) b = (a, 0)

(proof)

1.4.7 Properties of function step( with respect to function mk_composable(

lemma length_mk_composableO_div2_It_imp_length_tm_le_times2:
assumes length (mk_composable0 tm) div 2 < s’
and s’ = Suc s2
shows length tm < 2 x 52

(proof)

lemma jump_out_of _pgm_is_final_next_step:
assumes step0 (s, I, r) tm = (s', update al (I, r))
and s’ = Suc s2 and length (mk_composable0 tm) div 2 < s’
shows step0 (stepO (s, 1, r) tm) tm = (0, snd (step0 (s, [, r) tm))
(proof)

lemma step0_mk_composable0_after_one_step:
assumes stepO (s, (I, r)) tm % step0 (s, I, r) (mk_composableO tm)
shows step0 (stepO (s, (I, r)) tm) tm = (0, snd((stepO (s, (I, r)) tm))) A
stepO (s, 1, r) (mk_composable0 tm) = (0, snd((stepO (s, (I, r)) tm)))
(proof)

lemma step0_mk_composable0_eq_after_two_steps:
assumes step0 (s, (1, r)) tm % step0 (s, I, r) (mk_composableO tm)
shows step0 (stepO (s, (I, r)) tm) tm = (0, snd((stepO (s, (I, r)) tm))) A
stepO (stepO (s, (1, r)) (mk_composable0 tm)) (mk_composable0 tm) = step0 (step0 (s, (I,
r)) tm) tm
(proof)

1.4.8 Properties of function steps0 with respect to function mk_composable(

lemma stepsO (s, (I, r)) tm 0 = steps0 (s, I, r) (mk_composableO tm) O

(proof)

lemma mk_composable0_tm_at_most_one_diff _pre:
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assumes stepsO (s, (I, r)) tm stp # stepsO (s, 1, r) (mk_composable0 tm) stp
shows O<sip A (T k. k<stp
A (Vi< k. stepsO (s, I, r) (mk_composable0 tm) i = stepsO (s, I, r) tm i)
A (Vj>k+1.
steps0 (s, 1, r) tm (j) = (0, snd(stepsO (s, I, r) tm (k+1))) A
steps0 (s, I, r) (mk_composable0 tm) j = steps0 (s, [, r) tm j))
(proof)

lemma mk_composable0_tm_at_most_one_diff:
assumes stepsO (s, [, r) (mk_composable0 tm) stp # steps0 (s, (I, r)) tm stp
shows O<stp A
(Vi < stp. stepsO (s, I, r) (mk_composable0 tm) i = stepsO (s, I, r) tm i) A
(Vj > stp. stepsO (s, I, r) tm (j) = (0, snd(stepsO (s, I, r) tm stp)) A
steps0 (s, 1, r) (mk_composableO tm) j = steps0 (s, I, r) tm j)
(proof)

lemma mk_composable0_tm_at_most_one_diff ‘.
assumes stepsO (s, [, r) (mk_composable0 tm) stp # steps0 (s, (I, r)) tm stp
shows 0 < stp A (3fl fr. snd(stepsO (s, [, r) tm stp) = (fl, fr) A
(Vi < stp. stepsO (s, I, r) (mk_composable0 tm) i = steps0 (s, [, r) tm i) A
(Vj > stp. stepsO (s, [, r) tm Jj= (0,1, fr) A
stepsO (s, 1, r) (mk_composable0 tm) j = (0, f, fr) ))
(proof)

end

theory ComposedTMs
imports ComposableTMs
begin

1.5 Composition of Turing Machines

fun
shift :: instr list = nat = instr list
where
shift pn = (map (X (a, ). (a, (if s = O then 0 else s + n))) p)

fun
adjust :: instr list = nat = instr list
where
adjustp e = map (X (a, s). (a, if s =0 then e else s)) p

abbreviation
adjust0 p =4 adjust p (Suc (length p div 2))
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lemma length_shift [simp]:
shows length (shift p n) = length p
(proof)

lemma length_adjust [simp]:
shows length (adjust p n) = length p
(proof)

fun
seq_tm :: instr list = instr list = instr list (infixl <+|> 60)
where
seq_tm pl p2 = ((adjusiO pl) @ (shift p2 (length pI div 2)))

lemma seq_tm_length:
shows length (A |+| B) = length A + length B
(proof)

lemma seq_tm_composable|intro]:
[composable_tm (A, 0); composable_tm (B, 0)] = composable_tm (A |+| B, 0)
(proof)

lemma seq_tm_step:
assumes unfinal: — is_final (step0 ¢ A)
shows step0 ¢ (A |+| B) = step0 ¢ A
(proof)

lemma seq_tm_steps:
assumes — is_final (stepsO ¢ A n)
shows stepsO ¢ (A |[+| B) n=stepsOc A n
(proof)

lemma seq_tm_fetch_in_A:
assumes hl: fetch A s x = (a, 0)
and h2: s < length A div 2
and 13: s # 0
shows fetch (A |+| B) s x = (a, Suc (length A div 2))
(proof)

lemma seq_tm_exec_after_first:
assumes //: — is_final ¢
and h2: step0 ¢ A = (0, tap)
and h3: fst ¢ < length A div 2
shows step0 ¢ (A |+| B) = (Suc (length A div 2), tap)
(proof)

lemma seq_tm_next:
assumes a_ht: steps0 (1, tap) An = (0, tap’)
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and a_composable: composable_tm (A, 0)
obtains n’ where steps0 (1, tap) (A |+| B) n' = (Suc (length A div 2), tap’)
(proof)

lemma seq_tm_fetch_second_zero:
assumes hl: fetch B s x = (a, 0)
and hs: composable_tm (A, 0) s # 0
shows fetch (A |+| B) (s + (length A div 2)) x = (a, 0)
(proof)

lemma seq_tm_fetch_second_inst:
assumes hl: fetch B sa x = (a, )
and hs: composable_tm (A, 0) sa # 05 # 0
shows fetch (A |4| B) (sa + length A div 2) x = (a, s + length A div 2)
(proof)

lemma seq_tm_second:
assumes a_composable: composable_tm (A, 0)
and steps: steps0 (1,1, r) Bstp= (s, ', ")
shows stepsO (Suc (length A div 2),1,r) (A |+| B) stp
= (if s' = Othen 0 else s’ + length A div 2, 1', r")
(proof)

lemma seq_tm_final:
assumes composable_tm (A, 0)
and stepsO (1,1, r) Bstp = (0,1', ")
shows stepsO (Suc (length A div 2),1,r) (A |+| B) stp = (0,1', ")
(proof)

end

1.6 Encoding of Natural Numbers

theory Numerals
imports ComposedTMs BlanksDoNotMatter
begin

1.6.1 A class for generating numerals

class tape =
fixes tape_of :: 'a = cell list (<<_>> 100)

instantiation nat::tape begin

d
definition tape_of nat where tape_of _nat (n::nar) Y 0c 1 (Suc n)
instance (proof)
end
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type-synonym nat_list = nat list
instantiation list::(tape) tape begin

fun tape_of nat_list :: ('a::tape) list = cell list
where
tape_of nat_list [| =[] |
tape_of nat_list [n] = <n> |
tape_of _nat_list (n#ns) = <n> Q Bk # (tape_of _nat_list ns)

ops . . def .
definition tape_of _list where tape_of list = tape_of _nat_list
instance (proof)
end

instantiation prod:: (tape, tape) tape begin
fun tape_of nat_prod :: ('a::tape) x ('b::tape) = cell list
where rape_of nat_prod (n, m) = <n> @ [Bk] @ <m>

d
definition rape_of _prod where tape_of _prod & tape_of _nat_prod
instance (proof)
end

1.6.2 Some lemmas about numerals used for rewriting

lemma rape_of list_empty[simp|: <[> = ([]::cell list) {proof)

lemma tape_of _nat_list_cases2: <(nl::nat list)> = [| V (3r". <nl> = Oc # r')

(proof)

1.6.3 Unique decomposition of standard tapes

Some lemmas about unique decomposition of tapes in standard halting configuration.

lemma OcSuc_lemma: Oc # Oc 1T nl = Oc T n2 = Suc nl = n2
(proof)

lemma inj_tape_of list: (<nl::nat>) = (<n2:nat>) => nl = n2
(proof)

lemma inj_repl_Bk: Bk 1 kI = Bk T k2 = k1 = k2 {proof)

lemma last_of numeral_is_Oc: last (<n::nat>) = Oc

(proof)

lemma hd_of _numeral_is_Oc: hd (<n::nat>) = Oc

(proof)
lemma rev_replicate: rev (Bk 1 11) = (Bk 1 1) (proof)

lemma rev_numeral: rev (<n::nat>) = <n::nat>

(proof)
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lemma drop_Bk_prefix: n < | == hd (drop n ((Bk 1 1) Q xs)) = Bk
(proof)

lemma unique_Bk_postfix: <nl::nat> Q Bk 1 1] = <n2:nat> QBk 112 =11 =12
(proof )

lemma unique_decomp_tap:
assumes (Ix, <nl::nat> @ Bk 1 1) = (ly, <n2::nat> Q Bk 1 12)
shows Ix=Iy A nl=n2 N l1=I2

(proof)

lemma unique_decomp_std_tap:
assumes (Bk 1 kI, <nl::nat> @ Bk 1 [1) = (Bk 1 k2, <n2::nat> Q Bk 1 12)
shows kI=k2 A nl=n2 N\ lI=I2

(proof)

1.6.4 Lists of numerals never contain two consecutive blanks
definition noDbIBk:: cell list = bool
where noDbIBk cs L Vi, Suc i < length cs A cs'i = Bk — c¢s!(Suc i) = Oc

lemma noDbIBk_Bk_Oc_rep: noDblBk (Oc 1 nl)
(proof )

lemma noDbIBk_Bk_imp_Oc: [noDblBk cs; Suc i < length cs; ¢sli = Bk | = c¢s!(Suc i) = Oc
(proof)

lemma noDbIBk_imp_noDbIBk_Oc_cons: noDbIBk c¢s = noDblBk (Oc#cs)
(proof)

lemma noDblBk_Numeral: noDbIBk (<n::nat>)
(proof)

lemma noDblBk_Nil: noDbIBk ||
(proof)

lemma noDbIBk_Singleton: noDbIBk (<[n::nat]>)
(proof)

lemma rape_of nat_list_cons_eq:nl # [| => <(a::nat) # nl> = <a> Q Bk # <nl>

(proof)

lemma noDbIBk_cons_cons: noDbIBk(<(x::nat) # xs>) = noDblBk(<a::nat> @ Bk # <x
# x5>)
(proof)

theorem noDbIBk_tape_of _nat_list: noDbIBk(<nl:: nat list>)
(proof)
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lemma hasDbIBk_LI: [ CR = rs @Q [Bk| @ Bk # rs'; noDbIBk CR | = False
(proof)

lemma hasDbIBk_L2: | C = Bk # cls; noDbIBk C | = cls = [| V (J cls’. cls = Oc#tcls’)
(proof)

lemma hasDbIBk_L3: [ noDbIBk C ; C = C1 @ (Bk#C2) | = C2 =[] V (3C3. C2 = Oc#C3)
(proof)

lemma hasDbIBk_14:
assumes noDblBk CL
and r = Bk # rs
and r = rev Is] @Q Oc # rss
and CL = Is] Q Is2
shows Is2 = [| VV (3 bs. Is2 = Oc#tbs)

(proof)

lemma hasDbIBk_L5:
assumes noDblBk CL
and r = Bk # rs
and r = rev Is] @ Oc # rss
and CL =Is] Q [Bk]
shows False

(proof)

lemma noDbIBk_cases:
assumes noDblBk C
and C=Cl Q2
andC2=[]] =P
and C2 = [Bk] = P
and \C3. C2 = Bk#Oc#C3 — P
and \C3. C2 = Oc#C3 =P
shows P

(proof)

1.6.5 Unique decomposition of tapes containing lists of numerals
A lemma about appending lists of numerals.

lemma append_numeral_list: [ (nll::nat list) # [|; ni2 # [| | = <nll Q ni2> = <nl1>Q[Bk|Q<ni2>
(proof)

A lemma about reverting lists of numerals.

lemma rev_numeral_list: rev(<nl::nat list>) = <(rev nl)>

(proof)

Some more lemmas about unique decomposition of tapes that contain lists of nu-
merals.
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lemma unique_Bk_postfix_numeral_list_Nil: <[|> Q Bk 111 = <yl::nat list> Q Bk 1 12 = ||
= yl
(proof )

lemma nonempty_list_of _numerals_neq_BKs: <a# xs::nat list> # Bk 11

(proof)

lemma unique_Bk_postfix_nonempty_numeral_list:
[xt [yl #[); <xl:natlist> Q Bk 1 11 = <yl:nat list> QBkT12] = xl =yl
(proof)

corollary unique_Bk_postfix_numeral_list: <xl::nat list> @ Bk 1 11 = <yl::nat list> Q Bk 1 12
= xl=yl
(proof )
Some more lemmas about noDblBks in lists of numerals.
lemma numeral_list_head_is_Oc: (nl::nat list) # [| = hd (<nl>) = Oc

(proof)

lemma numeral_list_last_is_Oc: (nl::nat list) # [| => last (<nl>) = Oc
(proof )

lemma noDbIBk_tape_of _nat_list_imp_noDbIBk_tl: noDbIBk (<nl>) = noDbIBk (1l (<nl>))
(proof)

lemma noDbIBk_tape_of nat_list_cons_imp_noDbIBk_tl: noDbIBk (a # <nl>) = noDbIBk
(<nl>)
(proof)

lemma noDbIBk_tape_of _nat_list_imp_noDblBk_cons_Bk: (nl::nat list) # [| = noDblBk ([Bk]
@ <nl>)
(proof )

end
theory Numerals_Ex

imports Numerals
begin

1.6.6 About the expansion of the numeral notation

lemma <[]> == [] (proof)
lemma <[]::(nat list)> = ({]::(cell list)) (proof)

value <0::nat>
value </::nat>
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value <[]::(nat list)>

value <[/::nat, 2::nat]>

value <(0::nat)>
value < (/::nat)>

value <(/::nat, 2::nat)>

value <[/::nat, 2::nat, 3::nat]>
value <(/::nat, 2::nat, 3::nat)>
value <(/::nat, (2::nat, 3::nat))>
value <(/::nat, [2::nat, 3::nat])>

end

1.7 Hoare Rules for Turing Machines

theory Turing_Hoare
imports Numerals
begin

1.7.1 Hoare halt and Hoare unhalt for total correctness

1.7.1.1 Definition for Hoare_halt and Hoare_unhalt conditions

type-synonym assert = tape = bool

definition
assert_imp :: assert = assert = bool (<_+— _> [0, 0] 100)
where

Pos0¥virp(r)—0(r

lemma refl_assert(intro, simp|:
P—P

(proof)

fun
holds_for :: (tape = bool) = config = bool (<_holds’_for _> [100, 99] 100)
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where
P holds_for (s, 1, r) =P (I, r)

lemma is_final_holds[simp):
assumes is_final ¢
shows Q holds_for (steps ¢ p n) = Q holds_for ¢
(proof)

definition
Hoare_halt :: assert = tprog0 = assert = bool (<({(I1_)}/ (L)/ {(I)})> 50)
where )
{P} p {O} % (Vtap. P tap — (I n. is_final (stepsO (1, tap) p n) A Q holds_for (stepsO (1,
tap) pn) ))

definition
Hoare_unhalt :: assert = tprog0 = bool (<({(1_)}}/ (L)) T 50)
where

1P} p 1 & Viap. Ptap — (V¥ n . = (is_final (stepsO (1, tap) p n)))

lemma Hoare_haltl:

assumes A\l r. P (I, r) = 3 n. is_final (stepsO (1, (I, r)) p n) A Q holds_for (stepsO (1, (I, r))
pn)

shows {P} p {0}

(proof)

lemma Hoare_haltE:
assumes {P} p {0}
and P (I, r)

shows 3 n. is_final (steps0 (1, (1, r)) p n) A Q holds_for (stepsO (1, (I, r)) p n)
(proof)

lemma Hoare_unhaltl:
assumes A\l rn. P (I, r) = = is_final (stepsO (1, (I, r)) p n)
shows {P} p 1
(proof)

lemma Hoare_unhaltE:

assumes {P[} p 1

and P tap
shows — (is_final (stepsO (1, tap) p n))
(proof)
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lemma Hoare_halt_iff:

{P} m {O}
—
(VU rl. P (ll,rl) — (Istp 10 r0. stepsO (1,11,r1) tm stp = (0,10,r0) A Q (10,r0)))
(proof)

lemma Hoare_halt_10:
assumes A/l rl. P(l1, rl) = stepsO (1,11, rl) tm stp = (0, 10, r0) A Q (10, r0)
shows { P} mm {QO}

(proof)

lemma Hoare_halt_EO:
assumes major: {P} tm {Q}

and P(I1, rl)

shows 3 stp 10 r0. stepsO (1,11, rl) tm stp = (0, 10, rO) A Q(10, r0)
(proof)

lemma partial_correctness_and_halts_imp_total_correctness i

assumes partial_corr: (Istp I1 rl. P (L1, rl) A is_final (stepsO (1, 11,rl) tm stp)) — {P}
tm {Qff

and halts: (Isip 11 rl. P (11, r]) A is_final (stepsO (1, 11,rl) tm sip))
shows {P} mm { O}

(proof)

lemma partial_correctness_and_halts_imp_total_correctness:

assumes partial_corr: V11 rl stp. P (11, rl) A is_final (stepsO (1, 11,r]) tm stp) — {P} tm
{ob

and halts: (3stp L r1. P (11, rl) N\ is_final (stepsO (1, 11,r1) tm stp))
shows {P} rm {Q]

(proof)

lemma ( (3stp 11 rl. P (11, rl) A is_final (stepsO (1, l1,r1) tm stp)) — {P} tm {QO}} )
—
(Vstpllrl. (P (U1, rl) Nis_final (stepsO (1, 11,r]) tm stp) — {P} tm {Q}}) )
(proof)

lemma Hoare_consequence:
assumes P’ — P {P} p {0} O — Q'
shows {P'} p {Q'}
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(proof)

1.7.1.2 Relation between Hoare halt and Hoare unhalt

lemma Hoare_halt_impl_not_Hoare_unhalt:
assumes {P[} p {Q} and P tap
shows —=({P} p 1)

(proof )

lemma Hoare_unhalt_impl_not_Hoare_halt:
assumes {P[} p 1 and P tap
shows ~({P} p {Q})

(proof)

1.7.1.3 Hoare_halt and Hoare_unhalt for composed Turing Machines

lemma Hoare_plus_halt [case_names A_halt B_halt A_composable]:
assumes A_halt : {P[} A {0}
and B_halt : {Q} B {S}
and A_composable : composable_tm (A, 0)
shows {P} A |+| B {S}
(proof)

lemma Hoare_plus_unhalt [case_names A_halt B_unhalt A_composable):
assumes A_halt: {P} A {Q
and B_uhalt: {Q} B 1
and A_composable : composable_tm (A, 0)
shows {P} (A |+|B) t
(proof)

1.7.2 Trailing Blanks on the left tape do not matter for Hoare_halt
The following theorems have major impact on the definition of Turing Computability.

lemma Hoare_halt_add_Bks_left tape_LI:
assumes { Map. tap = ([], )|} p { (Mtap. Ik 1. tap = (Bkt k, CRQ Bk 1 1)) |
shows Vz. 3sip kl. (stepsO (1, Bktz,r) p stp) = (0, Bk Tk, CR Q Bk 1 1)
(proof)

lemma Hoare_halt_add_Bks_left_tape_L2:
assumes V z. 3 stp k I. (stepsO (1, Bktz,r) p stp) = (0, Bk T k, CR @Q Bk 1 [)
shows {(Atap. 3 z. tap = (Bktz, r))|} p { (Mtap. (3 k1. tap = (Bk t k, CRQ Bk 1 1))) |}
(proof)

theorem Hoare_halt_add_Bks_left_tape:
{(tap.  tap=([] ,r)}p{ (Aap. (3kl. tap = (Bktk, CRQBk11))) [
.
Vz. {(Atap. tap = (Bk1z, r))} p { (\tap. (3k 1. tap = (Bk T k, CRQ Bk 11))) |}
(proof)
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theorem Hoare_halt_del_Bks_left_tape:
{(\tap. 3 z. tap = (Bk{z, r)) [} p { (Mtap. (3 k. tap = (Bk Tk, CRQ Bk 11))) [
BN
{(Atap.  tap=([] ,r)}p{ (Map. (3kl. tap= (Bktk, CRQBk11))) [}
(proof)

lemma is_final_del_Bks: is_final (stepsO (s, Bk 1 k, r) tm stp) = is_final (stepsO (s, [|, r) tm
stp)
(proof)

lemma Hoare_unhalt_add_Bks_left_tape_L1:

assumes {Aiap. tap = ([J, ")} p T
shows V' z. {\tap. tap = (Bkt z, )} p 1

(proof)

1.7.3 Halt lemmas with respect to function mk_composable(

theorem Hoare_halt_tm_impl_Hoare_halt_mk_composable0_cell_list: {Xtap. tap = ([], cl)}}
tm {Q} = {Mtap. tap = ([}, cl)|} mk_composableO tm { Q[
(proof )

theorem Hoare_halt_tm_impl_Hoare_halt_mk_composable0_cell_list_rev: {\tap. tap = ([], c]) |}
mk_composable0 tm {Q} = {tap. tap = ([], )|} tm {Q}
(proof )

lemma Hoare_unhalt_tm_impl_Hoare_unhalt_mk_composable0_cell_list: ({ tap. tap = ([], cl
W tm 1) = ({ap. tap = ([], cl) |} (mk_composable0 tm) 1)
(proof )

corollary Hoare_halt_tm_impl_Hoare_halt_mk_composable0: {tap. tap = ([]::cell list, <nl>)[}
tm { O} = {Atap. tap = ([], <ni>)[}} mk_composable0 tm {Q}
(proof )

corollary Hoare_unhalt_tm_impl_Hoare_unhalt_mk_composable0: ({]/\lap. tap = ([], <nl>)|}
tm 1) = ({Mtap. tap = ([], <nl>)[} (mk_composable0 tm) 1)
(proof )

corollary Hoare_halt_tm_impl_Hoare_halt_mk_composable0_pair:

{Atap. tap = ([], <(nll,ni2)>)} tm {Q} = { Atap. tap = ([], <(nll ,nl2)>)[ mk_composableO
m {Qft

(proof)

corollary Hoare_unhalt_tm_impl_Hoare_unhalt_mk_composable0_pair: ({Atap. tap = ([], <(nll,
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nl<2)>)|}>tm 1) = ({Atap. tap = ([], <(nll,ni2)>)} (mk_composableO tm) 1)
proof

1.8 The Halt Lemma: no infinite descend

lemma halt_lemma:
E[wal;;Vn. (=P (fn) — (f (Sucn), (fn)) € LE)] = In. P (fn)
PToo

end

1.9 Semild: Turing machines acting as partial identity
functions

theory SemildTM
imports Turing_Hoare
begin

declare adjust.simps[simp del|

declare seq_tm.simps [simp del]
declare shift.simps|simp del]

declare composable_tm.simps|simp del]
declare step.simps|simp del]

declare steps.simps|[simp del]

1.9.1 The Turing Machine tm_semi_id_eq0

If the input is Oc 1 I the machine tm_semi_id_eq0 will reach the final state in a standard
configuration with output identical to its input. For other inputs Oc 1 n with 1 # n it
will loop forever.

Please note that our short notation <n> means Oc 1 (n + 1) where 0 < n.

definition 1m_semi_id_eq0 :: instr list
where
im_semi_id_eq0 L [(WB, 1), (R, 2), (L, 0), (L, 1]

lemma composable_tmO_lm_semi_id_er[intro, simp]: composable_tm0 tm_semi_id_eq0

(proof)

lemma m_semi_id_eq0_loops_aux:
(stepsO (1, [], [Oc, Oc]) tm_semi_id_eq0 stp = (1, [], [Oc, Oc])) V
(stepsO (1, ], [Oc, Oc]) tm_semi_id_eqO stp = (2, Oc # [], [Oc]))
(proof)
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lemma tm_semi_id_eq0_loops_aux':
(stepsO (1, ], [Oc, Oc] @ (Bk 1 q)) tm_semi_id_eq0 stp = (1, [], [Oc,0c] Q@ Bk T q)) V
(stepsO (] ], [Oc, Oc] @ (Bk 1 q)) tm_semi_id_eqO stp = (2, Oc # [], [Oc] @ (Bk 1 q)))
(proof)

lemma tm_semi_id_eq0_loops_aux'":

(stepsO (1, [], [Oc, Oc] @ (Oc 1 q) @ (Bk 1 q)) tm_semi_id_eqO stp = (1, [], [Oc,0c] @ (Oc 1

9) @Bkt q)) v

(stepsO (1, [], [Oc, Oc] @ (Oc T q) @ (Bk 1 q)) tm_semi_id_eq0 stp = (2, Oc # [], [Oc] @

(Octq) @ (Bk1q)))

(proof)
lemma tm_semi_id_er_loops_aux”':
(stepsO (1, ], []) tm_semi_id_eq0 stp = (1, ], [])) V
(stepsO (1, ], []) tm_semi_id_eqO stp = (1, ||, [BK]))
(proof)

lemma <0::nat> = [Oc] (proof)
lemma Oc?(0+1) = [Oc] (proof)
lemma <n:nat> = Oct(n+1) (proof)
lemma </::nat> = [Oc, Oc| (proof)

1.9.1.1 The machine tm_semi_id_eq0 in action

lemma stepsO (1, [], []) tm_semi_id_eq0 0= (1, ], []) (proof)
lemma stepsO (1, ], []) tm_semi_id_eq0 1 = (1, [], [Bk]) (proof)
lemma steps0 (1, [], []) tm_semi_id_eq0 2 = (1, [}, [BK]) (proof)
lemma stepsO (1, [], []) tm_semi_id_eq0 3 = (1, ||, [Bk]) (proof)
lemma stepsO (1, [], [Oc]) tm_semi_id_eq0 0 = (1, [], [Oc]) (proof)
lemma stepsO (1, [, [Oc]) tm_semi_id_eq0 1 = (2, [Oc], []) {proof)
lemma stepsO (1, [], [Oc]) tm_semi_id_eq0 2 = (0, [], [Oc]) (proof)

lemma stepsO (1, [], [Oc, Oc)) tm_semi_id_eq0 0 = (1, [], [Oc, Oc]) {proof)
lemma steps0 (1, [], [Oc, Oc)) tm_semi_id_eq0 1 = (2, [Oc], [Oc]) (proof)
lemma stepsO (1, [, [Oc, Oc]) tm_semi_id_eq0 2 = (1, [], [Oc, Oc]) {proof)
lemma stepsO (1, [], [Oc, Oc)) tm_semi_id_eq0 3 = (2, [Oc], [Oc]) (proof)

lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_eq0 4 = (1, [], [Oc, Oc]) {proof)

1.9.2 The Turing Machine tm_semi_id_gt0

If the input is Oc 1 0 or Oc 1 1 the machine tm_semi_id_gt0 (aka dither) will loop
forever. For other non-blank inputs Oc 1 n with I < n it will reach the final state in a
standard configuration with output identical to its input.

Please note that our short notation <n> means Oc 1 (n + 1) where 0 < n.
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definition tm_semi_id_gt0 :: instr list
where

def

tm_semi_id_gt0 = [(WB, 1), (R, 2), (L, 1), (L, 0)]

lemma rm_semi_id_gtO[intro, simp|: composable_tm0 tm_semi_id_gt0

(proof)

lemma rm_semi_id_gt0_loops_aux:
(stepsO (1, [], [Oc]) tm_semi_id_gt0 stp = (1, [], [Oc])) V
<(steps0> (1 I, [Oc]) tm_semi_id_gt0 stp = (2, Oc # ], []))
proof

lemma tm_semi_id_gt0_loops_aux':
(stepsO (1, [], [Oc] @ Bk T n) tm_semi_id_gt0 stp = (1, [], [Oc] @ Bk 1 n)) V
(stepsO (1, [], [Oc] @ Bk 1 n) tm_semi_id_gt0 stp = (2, Oc # ||, Bk 1 n))
(proof)

lemma tm_semi_id_gt0_loops_aux'"’
(stepsO (1, ], []) tm_semi_id_gt0 stp = (1, |
(stepsO (1, ], []) tm_semi_id_gt0 stp = (I,
(proof)

1.9.2.1 The machine tm_semi_id_gt0 in action

lemma stepsO (1, |, [|) tm_semi_id_gt0 0 = (1, [], []) (proof)

lemma steps0 (1, ], [1) tm_semi_id_gt0 1 = (1, [], [BK]) (proof)

lemma stepsO (1, ], []) tm_semi_id_gt0 2 = (1, [], [Bk]) {proof)

lemma stepsO (1, ], [|) tm_semi_id_gt0 3 = (1, [], [Bk]) {proof)

lemma stepsO (1, [, [Oc]) tm_semi_id_gt0 0 = (1, [], [Oc]) {(proof)

lemma stepsO (1, [], [Oc]) tm_semi_id_gt0 1 = (2, [Oc], []) {proof)

lemma stepsO (1, [], [Oc]) tm_semi_id_gt0 2 = (1, [|, [Oc]) {proof)

lemma stepsO (1, [], [Oc]) tm_semi_id_gt0 3 = (2, [Oc], []) {proof)

lemma stepsO (1, [], [Oc]) tm_semi_id_gt0 4 = (1, [], [Oc]) {proof)

lemma stepsO (1, (], [Oc Oc)) tm_semi_id_gt0 0 = (1, [], [Oc, Oc]) {proof)
lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_gt0 1 = (2, [Oc], [Oc]) (proof)
lemma szepsO (1, (], [OC Oc)) tm_semi_id_gt0 2 = (0, [], [Oc, Oc]) {proof)
lemma stepsO (1, [], [Oc, Oc)) tm_semi_id_gt0 3 = (0, [], [Oc, Oc]) {proof)

1.9.3 Properties of the Semild machines

Using Hoare style rules is more elegant since they allow for compositional reason-
ing. Therefore, its preferable to use them, if the program that we reason about can be
decomposed appropriately.
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1.9.3.1 Proving properties of tm_semi_id_eq0 with Hoare Rules

lemma rm_semi_id_eq0_loops_Nil:
shows {ap. tap = ([], [|) |} tm_semi_id_eq0 1
(proof)

lemma rm_semi_id_eq0_loops:
shows {\wap. tap = ([], <I::nat>)[} tm_semi_id_eq0 1
(proof)

lemma m_semi_id_eq0_loops !
shows {Xtap. 3 1. tap = (], [Oc, Oc] @ Bkt )| tm_semi_id_eq0 1
(proof)

lemma tm_semi_id_eq0_loops'":
shows {\tap. 3k 1. tap = (BkTk, [Oc, Oc] @ Bkt )|} tm_semi_id_eq0 1
(proof)

lemma rm_semi_id_eq0_halts_aux:
shows stepsO (1, Bkt m, [Oc]) tm_semi_id_eq0 2 = (0, Bk 1 m, [Oc])
(proof)

lemma tm_semi_id_eq0_halts_aux':
shows stepsO (1, Bk T m, [Oc]@QBk 1 n) tm_semi_id_eq0 2 = (0, Bk 1 m, [Oc|@Bk 1 n)
(proof )

lemma m_semi_id_eq0_halts:
shows {Atap. tap = ([], <O::nat>)[} tm_semi_id_eq0 {Mtap. tap = ([], <O0::nar>)[}
(proof)

lemma tm_semi_id_eq0_halts’:

shows {rap. 3 1. tap = ([], [Oc] @ Bk 1)} tm_semi_id_eq0 {\tap. 31. tap = ([], [Oc] @ Bkt
ol

(proof)

lemma m_semi_id_eq0_halts ",

shows { Atap. 3k . tap = (Bkt k, [Oc] Q Bkt 1) |} tm_semi_id_eq0 { Atap. 3k I. tap = (Bkt
k,[Oc] @ Bkt 1) |}

(proof)

1.9.3.2 Proving properties of tm_semi_id_gt0 with Hoare Rules

lemma rm_semi_id_gt0_loops_Nil:
shows {ap. tap = ([], [|) |} tm_semi_id_gt0 1
(proof)

lemma rm_semi_id_gt0_loops:
shows {\tap. tap = ([], <O::natr>)[} tm_semi_id_gi0 1
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(proof)

lemma 1m_semi_id_gt0_loops":
shows {ap. 1. tap = ([], [Oc] Q Bkt 1)} tm_semi_id_gt0 1
(proof)

lemma tm_semi_id_gt0_loops'":
shows {tap. 3k 1. tap = (Bktk, [Oc] @ Bkt 1)} tm_semi_id_gt0 1
(proof)

lemma rm_semi_id_gt0_halts_aux:
shows stepsO (1, Bk T m, [Oc, Oc]) tm_semi_id_gt0 2 = (0, Bk 1 m, [Oc, Oc])
(proof)

lemma 1m_semi_id_gt0_halts_aux":
shows stepsO (1, Bk T m, [Oc, Oc|QBk 1 n) tm_semi_id_gt0 2 = (0, Bk + m, [Oc, Oc]|QBk 1 n)
(proof)

lemma rm_semi_id_gt0_halts:
shows {\iap. tap = ([], <I::nat>)[} tm_semi_id_gi0 { tap. tap = ([], <I::nat>)]}
(proof)

lemma tm_semi_id_gt0_halts":

shows {Atap. 1. tap = ([], [Oc, Oc] Q Bkt 1)} tm_semi_id_gt0 {Atap. 3 1. tap = ([], [Oc, Oc]
@ Bkt )}

(proof)

11,

lemma rm_semi_id_gt0_halts""
shows { \tap. 3k I. tap = (Bk? k, [Oc, Oc] @ Bkt 1)} tm_semi_id_gt0 {tap. 3k I. tap =
(BKt k, [Oc, Oc] @ BKT 1)}
(proof)

end

1.10 Halting Conditions and Standard Halting Config-
uration

theory Turing_Halting Conditions
imports Turing_Hoare
begin

1.10.1 Looping of Turing Machines

definition TMC_loops :: tprog0 = nat list = bool

where

def (

TMC _loops p ns = (¥ stp.— is_final (stepsO (1, [|, <ns::nat list>) p sip))
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1.10.2 Reaching the Final State

definition reaches_final :: tprog0 = nat list = bool
where

reaches_final p ns & {(Xtap. tap = ([], <ns>))| p {(Atap. True)[

The definition reaches_final and all lemmas about it are only needed for the special
halting problem KO.

lemma True_holds_for_all: (Atap. True) holds_for ¢
(proof)

lemma reaches_final_iff: reaches_final p ns <— (3 n. is_final (steps0 (1, ([], <ns>)) p n))
(proof)

Some lemmas about reaching the Final State.

lemma Hoare_halt_from_init_imp_reaches_final:

assumes {Arap. tap = ([], <ns>)} p {0}
shows reaches_final p ns

(proof)

lemma Hoare_unhalt_impl_not_reaches_final:
assumes {(Arap. tap = ([], <ns>))}p T
shows —(reaches_final p ns)

(proof)

1.10.3 What is a Standard Tape

A tape is called standard, if the left tape is empty or contains only blanks and the right
tape contains a single nonempty block of strokes (occupied cells) followed by zero or
more blanks..

Thus, by definition of left and right tape, the head of the machine is always scanning
the first cell of this single block of strokes.

We extend the notion of a standard tape to lists of numerals as well.

definition std_tap :: tape = bool
where
def

std_tap tap = (Fknl. tap = (Bk 1k, <n:nat> Q Bk 1 1))

definition std_tap_list :: tape = bool
where
dej

std_tap_list tap % (Fkmll. tap = (Bk T k, <ml::nat list> Q Bk 1 1))

lemma std_tap tap —> std_tap_list tap

(proof)

A configuration (st, I, r) of a Turing machine is called a standard configuration, if
the state st is the final state 0 and the (/, r) is a standard tape.

definition 7STD':: config = bool
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where
TSTD' ¢ = ((let (st, [, r) =cin
st=0A (3 m. 1= Bkt(m)) A (3 rsn. r = Oct(Suc rs) @ Bkt (n))))

lemma 7STD' (st, I, r) = ((st = 0) A std_tap (L,r))
(proof)

1.10.4 What does Hoare_halt mean in general?

We say in general because the result computed on the right tape is not necessarily a
numeral but some arbitrary component r’.

lemma Hoare_halt2_iff:

{Atap. Ikl l. tap = (Bk 1 kI, r @ Bk i)} p {Map. T kr Ir. tap = (Bk 1 kr, r’ @ Bk 1 Ir)]}
—

(VklIl. 3n. is_final (stepsO (1, (Bk 1 kl, r @ Bk 1 11)) p n) A (kr Ir. stepsO (1, (Bk 1 ki, r @
Bkt 1l)) pn= (0, Bkt kr,r' QBk 1 1r)))

(proof)

lemma Hoare_halt_D:

assumes {\tap. Ikl Il. tap = (Bk 1 kI, r @ Bk Y I) |} p {Mtap. 3 kr Ir. tap = (Bk 1 kr, r' @ Bk
tin)

shows 3 n. is_final (stepsO (1, (Bk 1 kI, r @ Bk 1 11)) p n) A (3kr Ir. stepsO (1, (Bk 1 kI, r @
Bkt ) pn=(0,Bk?tkr,r'QBk1Ir))
(proof)

lemma Hoare_halt_I2:

assumes Akl ll. An. is_final (stepsO (1, (Bk T ki, r @ Bk 1 1)) p n) A (3 krlr. stepsO (1, (Bk T
ki, r @Bk 1 1)) pn = (0, Bkt kr, r' @ Bk 1 Ir))

shows {\tap. Ikl il. tap = (Bk 1 kI, r @ Bk 1 Il)|} p {\tap. Fkr Ir. tap = (Bk 1 kr, r' Q Bk ©
In)}

(proof)

lemma Hoare_halt_D_Nil:

assumes {\ap. tap = ({], r)}} p {Map. Ikr Ir. tap = (Bk 1+ kr, r’ Q Bk 1 Ir)|}

shows 3 n. is_final (stepsO (1, ([}, r)) pn) A (Fkrlir. stepsO (1, ([}, r)) pn = (0, Bk t kr, ¥’ @
Bk 1 Ir))

(proof)

lemma Hoare_halt_I2_Nil:

assumes 3 n. is_final (stepsO (1, ([, r)) pn) A (3krlr. stepsO (1, ([], r)) pn = (0, Bk 1 kr,
r' @Bk 1))

shows {\tap. tap = ([}, r)|} p {\ap. Ikr Ir. tap = (Bk 1 kr, ¥’ Q Bk 1 Ir)|}
(proof)

lemma Hoare_halt2_Nil_iff:
{Xtap. tap = ([], r)}} p {Mtap. Ikr Ir. tap = (Bk 1 kr, ¥’ @ Bk 1 Ir) |}
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—

)()H)n is_final (stepsO (1, ([), r)) pn) A (3kr Ir. stepsO (1, ([], r)) pn= (0, Bkt kr, r’ @ Bk 1
Ir

(proof)

corollary Hoare_halt_left_tape_Nil_imp_All_left_and_right:

assumes {Map.  tap=([] ,r VW p {Atap. 3k 1. tap = (Bkt k,r' QBk 1)}

shows {tap.Ixy.tap = (Bk T x,r Q@ Bkt y)} p {\tap. Ik . tap = (Bk Tk, r' Q Bk P )|}
(proof )

1.10.4.1 What does Hoare_halt with a numeral list result mean?
About computations that result in numeral lists on the final right tape.

lemma TMC_has_num_res_list_without_initial_Bks_imp_TMC_has_num_res_list_after_adding_Bks_to_initial_right_tape:
{\tap. tap = ([], <ns::nat list>)|} p {\tap. Ims kr Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk
i)l
—
{Atap. 3. tap = ([], <ns::nat list> Q Bk 1 ll) |} p {\tap. Sms kr Ir. tap = (Bk 1 kr, <ms::nat
list> @Q Bk 1 Ir) |}
(proof)

lemma TMC_has_num_res_list_without_initial_Bks_iff TMC_has_num_res_list_after_adding_Bks_to_initial_right_tape:

{Mtap.  tap = ([], <ns::nat list>) }p {Mtap. Ims kr Ir. tap = (Bk 1 kr, <ms::nat list>
@Bkt Ir)}
—

{Atap. 31l tap = ([], <ns:nat list> Q Bk 1 )|} p {\tap. Ims kr Ir. tap = (Bk 1 kr, <ms::nat
list> @ Bk 1 Ir)}

(proof)

lemma TMC_has_num_res_list_without_initial_Bks_imp_TMC_has_num_res_list_after_adding_Bks_to_initial_left_and_right_tape
{Atap. tap = ([], <ns::nat list>) [} p {\tap. 3 kr Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk 1 Ir) |}
=
{Atap. 3kl ll. tap = (Bk 1 kl, <ns::nat list> Q Bk 1 ll)|} p {Atap. Ikr Ir. tap = (Bk 1 kr,
<ms::nat list> Q Bk 1 Ir) |}
(proof)

lemma TMC_has_num_res_list_without_initial_Bks_iff TMC_has_num_res_list_after_adding_Bks_to_initial_left_and_right_tape:
{Atap. tap = ([], <ns::nat list>) [} p {\tap. 3 kr Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk 1 Ir) |}
<
{Atap. 3kl ll. tap = (Bk 1 kl, <ns::nat list> Q Bk 1 ll)[ p {Atap. Ikr Ir. tap = (Bk 1 kr,
<ms::nat list> Q Bk 1 Ir) |}
(proof)
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1.10.5 Halting in a Standard Configuration
1.10.5.1 Definition of Halting in a Standard Configuration

The predicates TMC_has_num_res p ns and TMC_has_num_list_res describe that a run
of the Turing program p on input ns reaches the final state O and the final tape produced
thereby is standard. Thus, the computation of the Turing machine p produced a result,
which is either a single numeral or a list of numerals.

Since trailing blanks on the initial left or right tape do not matter, we may restrict
our definitions to the case where the initial left tape is empty and there are no trailing
blanks on the initial right tape!

definition TMC_has_num_res :: tprog0 = nat list = bool
where
TMC_has_num_res p ns d:ef

{ Atap. tap = ([, <ns>) |} p { Map. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 1 1)) |}

lemma TMC_has_num_res_iff: TMC_has_num_res p ns
—
(I stp. is_final (stepsO (1, [|,<ns::nat list>) p stp) N
(knl. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bk 1 [)))
(proof)

definition TMC_has_num_list_res :: tprog0 = nat list = bool
where
. def
TMC_has_num_list_res p ns =

{Atap. tap = ([], <ns::nat list>)| p {\tap. Jkr ms Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk
il

lemma TMC_has_num_list_res_iff: TMC_has_num_list_res p ns
—
(I stp. is_final (stepsO (1, [|,<ns::nat list>) p sip) A
(k ms L. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <ms::nat list> @ Bk 1 [)))
(proof)

1.10.5.2 Relation between TMC_has_num_res and TMC_has_num_list_res

A computation of a Turing machine, which started on a list of numerals and halts in
a standard configuration with a single numeral result is a special case of a halt in a
standard configuration that halts with a list of numerals.

theorem TMC_has_num_res_imp_TMC_has_num_list_res:

{Atap. tap = ([], <ns::nat list>)[ p {\tap. Tk n l. tap = (Bk T k, <n::nar> Q Bk 1 1)}

=

{Atap. tap = ([, <ns:nat list>)| p {Atap. Ikr ms Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk
i)}
(proof)
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corollary TMC_has_num_res_imp_TMC_has_num_list_res " TMC_has_num_res pns = TMC_has_num_list_res
p ns

(proof)

1.10.5.3 Convenience Lemmas for Halting Problems

lemma Hoare_halt_with_Oc_imp_std_tap:
assumes {(Arap. tap = ([], <ns::nat list>))[} p {Map. 3k . tap = (Bk 1 k, [Oc] @ Bk T )}
shows TMC_has_num_res p ns

(proof)

lemma Hoare_halt_with_OcOc_imp_std_tap:

assumes {(\tap. tap = ([], <ns::nat list>))} p { tap. 3k I. tap = (Bk 1 k, [Oc, Oc] @ Bk 1
D)

shows TMC_has_num_res p ns

(proof)

1.10.5.4 Hoare_halt on numeral lists with single numeral result

lemma Hoare_halt_on_numeral_imp_result:

assumes { (\tap. tap = ([], <ns::nat list>))[} p {(Atap. (3kn . tap = (Bk 1 k, <n::natr> Q
Bk 11D)}

shows Jstp k n L. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bkt )

(proof)

lemma Hoare_halt_on_numeral_imp_result_rev:
assumes Jsip k n l. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bkt 1)
shows {(\tap. tap = ([], <ns::nat list>))|} p {(Mtap. (3knl. tap = (Bk T k, <n::nat> Q Bk
T0)k
(proof)

lemma Hoare_halt_on_numeral_imp_result_iff:
{(Atap. tap = ([], <ns::nat list>))|} p {(Mtap. (3kn 1. tap = (Bk 1 k, <n::nat> Q Bk 1 1))}
—
(Istp knl. steps0 (1, [],<ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bkt [))
(proof)

1.10.5.5 Hoare_halt on numeral lists with numeral list result

lemma Hoare_halt_on_numeral_imp_list_result:
assumes {(Atap. tap = ([], <ns:nat list>))[} p {(Mtap. (3k ms I. tap = (Bk 1 k, <ms::nat
list> Q Bk 1 1))}
shows 3 stp k ms 1. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <ms::nat list> Q Bk1 )
{proof)

lemma Hoare_halt_on_numeral_imp_list_result_rev:
assumes 3 stp k ms [. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <ms::nat list> Q Bkt )
shows {(Atap. tap = ([], <ns::nat list>))[} p {(Mtap. (3kms . tap = (Bk 1 k, <ms::nat list>
@Bk 1))}
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(proof)

lemma Hoare_halt_on_numeral_imp_list_result_iff:
{(Atap. tap = ([], <ns::nat list>))} p {(Atap. (3k ms 1. tap = (Bk 1 k, <ms::nat list> Q Bk
TO)k

+—
(3 stp kms L. stepsO (1, [),<ns::nat list>) p stp = (0, Bk 1 k, <ms::nat list> Q Bkt 1))
(proof)

1.10.6 Trailing left blanks do not matter for computations with re-
sult

lemma TMC_has_num_res_NIL_impl_TMC_has_num_res_with_left_BKs:
{(Atap. tap = ([], <ns::nat list>))[} p { Map. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 1 1)) |}
—
{(\tap. 3 z. tap = (Bktz, <ns>))|} p { Map. Bknl. tap = (Bk 1 k, <n::nar> Q Bk 1 1)) |}
(proof)

corollary TMC_has_num_res_NIL_iff TMC_has_num_res_with_left_BKs:
{(Atap. tap = ([], <ns::nat list>))|} p { Map. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 1 1)) }
—
{(Atap. Iz. tap = (Bktz, <ns>))|} p { Map. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 11)) |}
(proof)

1.10.7 About Turing Computations and the result they yield

definition TMC_yields_num_res :: tprog0 = nat list = nat = bool

where TMC_yields_num_res tm ns n & (Fstp k1. (steps0 (1, ([], <ns::nat list>)) tm stp) =
(0, Bk 1 k, <n::nat> Q Bk 1 1))

definition TMC_yields_num_list_res :: tprog0 = nat list = nat list = bool

where TMC_yields_num_list_res tm ns ms o (3stp k 1. (stepsO (1, ([], <ns:nat list>)) tm

stp) = (0, Bk 1 k, <ms::nat list> Q Bk 1 [))

lemma TMC_yields_num_res_unfolded_into_Hoare_halt:

TMC_yields_num_res tm ns n & {(Atap. tap = (], <ns>))[} tm {(Atap. Ik I. tap = (Bk T k,
<n:nat> Q Bkt 1))}

(proof)

lemma TMC_yields_num_list_res_unfolded_into_Hoare_halt:

TMC_yields_num_list_res tm ns ms & {(Atap. tap = ([], <ns>))} tm {(Arap. Ik 1. tap =

(Bk T k, <ms::nat list> @Q Bkt I)) |}
(proof)
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lemma TMC_yields_num_res_Hoare_plus_halt:
assumes TMC_yields_num_list_res tml nl rl
and TMC_yields_num_res tm2 rl r2
and composable_tm0 tml
shows TMC_yields_num_res (tml |4| tm2) ni r2

(proof)

end

1.10.8 tm_onestroke: A Machine for deciding the empty set

theory OneStrokeTM
imports
Turing_Hoare
begin

declare adjust.simps[simp del]

declare seq_tm.simps [simp del]
declare shift.simps|[simp del]

declare composable_tm.simps|simp del]
declare step.simps[simp del]

declare steps.simps[simp del]

1.10.8.1 Definition of the machine tm_onestroke

We can rely on the fact, that on the initial tape, two consecutive blanks mean end of
input (see theorem noDbIBk (< ?nl>)).

Thus, the machine can check both ends of the (initial) tape. Note however, that
this is just a convention for encoding arguments for functions. Nevertheless, the tape
is (potentially) infinite on both sides.

definition tm_onestroke :: instr list
where

im_onestroke L [(R, 3),(WB.2), (R,1),(R,1), (WO,0),(WB,2)]

1.10.8.2 The machine tm_onestroke in action

value stepsO (1, [], <([]::nat list)>) tm_onestroke 0
value stepsO (1, [], <([]::nat list)>) tm_onestroke 1
value stepsO (1, [], <([]::nat list)>) tm_onestroke 2

lemma stepsO (1, [|, <([]::nat list)>) tm_onestroke 2 = (0, [Bk], [Oc])
(proof)
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value stepsO
value steps0O

( tm_onestroke 0
(
value stepsO (
(
(

1, [}, <[0::nat]>)
1, [], <[0::nat]>) tm_onestroke 1
1, [], <[0::nat]>) tm_onestroke 2
1, ], <[0::nat]>)

[, <[0::nat]>)

value steps0O
value steps0 (1,

tm_onestroke 3
tm_onestroke 4

I

lemma stepsO (1, [], <[0::nat]>) tm_onestroke 4 = (0, Bk, Bk], [Oc])
(proof)

lemma stepsO (1, [], <[0::nat,0]>) tm_onestroke 7 = (0, [Bk, Bk, Bk, Bk], [Oc])
(proof)

lemma stepsO (1, [|, <[I::nat,1]>) tm_onestroke 11 = (0, [Bk, Bk, Bk, Bk, Bk, Bk], [Oc])
(proof)

1.10.8.3 Partial and Total Correctness of machine tm_onestroke

fun
inv_tm_onestrokel :: tape = bool and
inv_tm_onestroke? :: tape = bool and
inv_tm_onestroke3 :: tape = bool and
inv_tm_onestrokeQ :: tape = bool
where
inv_tm_onestrokel (I, r) =
(noDbIBk r N\ | = Bk (length I) )
| inv_tm_onestroke2 (I, r) =
(noDbIBk (tl r) N 1 = Bkt (length I) A\ (3rs. r = Bk#rs))
| inv_tm_onestroke3 (I, r) =
(noDbIBk r N 1 = Bk? (length ) A (r= | V (3 rs. r = Oc#trs)) )
| inv_tm_onestroke0 (1, r) =
(noDbIBk r N\ 1 = Bkt (length 1) A (r = [Oc]))

fun inv_tm_onestroke :: config = bool
where
inv_tm_onestroke (s, tap) =

(if s = O then inv_tm_onestrokeO0 tap else
if s = 1 then inv_tm_onestrokel tap else
if s = 2 then inv_tm_onestroke2 tap else
if s = 3 then inv_tm_onestroke3 tap

else False)

lemma rm_onestroke_cases:
fixes s::nat
assumes inv_tm_onestroke (s,l,r)
and s=0 — P
and s=/ — P
and s=2 — P
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and s=3 — P
shows P

(proof)

lemma inv_tm_onestroke_step:
assumes inv_tm_onestroke cf
shows inv_tm_onestroke (step0 cf tm_onestroke)

(proof)

lemma inv_tm_onestroke_steps:
assumes inv_tm_onestroke cf
shows inv_rm_onestroke (stepsO cf tm_onestroke stp)

(proof)

lemma rm_onestroke_partial_correctness:
assumes 3 sip. is_final (stepsO (1, [], <nl:: nat list>) tm_onestroke stp)
shows { Aiap. tap = ([], <nl:: nat list>) |}
tm_onestroke
{ Map. 3k 1. tap = (Bk 1 k, [Oc] @ Bk 1) |}
(proof)

definition measure_tm_onestroke :: (config X config) set
where
measure_tm_onestroke = measures |
X(s, L, r). (if s= O then O else 1),
A(s, L, r). length r,
A(s, I, r). count_list r Oc,
X(s, L, r). (if s= 3 then O else 1)

lemma wf_measure_tm_onestroke: wf measure_tm_onestroke

(proof)

lemma measure_tm_onestroke_induct [case_names Step]:
[An. = P (fn) = (f (Sucn), (fn)) € measure_tm_onestroke] => In. P (fn)
(proof )

lemma tm_onestroke_induct_halts: 3 stp. is_final (stepsO (1, [|, <nl:: nat list>) tm_onestroke
stp)
(proof)

lemma rm_onestroke_total_correctness:
{ Mtap. tap = ([], <nl:: nat list>) | tm_onestroke { Mtap. 3k . tap = (Bk 1 k, [Oc] Q@ Bk 1)
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h
(proof)

end

1.10.9 Machines that duplicate a single Numeral

1.10.9.1 A Turing machine that duplicates its input if the input is a single nu-
meral

The Machine WeakCopyTM does not check the number of its arguments on the initial
tape. If it is provided a single numeral it does a perfect job. However, if it gets no or
more than one argument, it does not complain but produces some result.

theory WeakCopyTM
imports
Turing_HaltingConditions
begin

declare adjust.simps[simp del]

definition
tm_copy_begin_orig :: instr list
where
. . def
tm_copy_begin_orig =
[(WB,0),(R,2), (R,3),(R.2), (WO,3),(L4), (L4),(L,0)]

fun
inv_begin0 :: nat = tape = bool and
inv_beginl :: nat = tape = bool and
inv_begin2 :: nat = tape = bool and
inv_begin3 :: nat = tape = bool and
inv_begin4 :: nat = tape = bool
where
inv_beginOn (I, r)

= I,r)=(0c? (n—2),[Oc, Oc, Bk, Oc])) V
(n=1 ]

(11 = (1B Oc. Bt 0c))
| inv_beginl n (I, r)
| inv_begin2 n (I, r) =
| inv_begin3 n (I, r) =
| inv_begind n (I, r) =

0c)))

,
EIt]t>0Al+J—n/\(l”) (Oc1i, 0c 1))
n>O0NA(tlr)= (Bk# Oc*tn,]))
n )V

>O0A(l,r)=(0c?n,[Bk,Oc]) V (I,r) = (Oc? (n — 1), [Oc, Bk,

fun inv_begin :: nat = config = bool
where
inv_begin n (s, tap) =
(if s = O then inv_beginO n tap else
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if s = 1 then inv_beginl n tap else

if s = 2 then inv_begin2 n tap else

if s = 3 then inv_begin3 n tap else

if s = 4 then inv_begin4 n tap

else False)

lemma inv_begin_step_E: [0 < i; 0 < j] =

Jia>0.ia+j— SucO0=i+jANOc# Oc?1i=O0c?ia
(proof)

lemma inv_begin_step:
assumes inv_begin n cf
andn > 0
shows inv_begin n (stepO cf tm_copy_begin_orig)

(proof)

lemma inv_begin_steps:
assumes inv_begin n cf
andn > 0
shows inv_begin n (stepsO cf tm_copy_begin_orig sip)

(proof)

lemma begin_partial_correctness:
assumes is_final (stepsO (1, [|, Oc T n) tm_copy_begin_orig stp)
shows 0 < n = {inv_beginl n|} tm_copy_begin_orig {inv_begin0 n|}

(proof)

fun measure_begin_state :: config = nat
where
measure_begin_state (s, 1, r) = (if s = 0 then 0 else 5 — )

fun measure_begin_step :: config = nat
where
measure_begin_step (s, 1, r) =
(if s = 2 then length r else
if s =3 then (if r =[] V r = [Bk]| then 1 else 0) else
if s =4 then length |
else 0)

definition
measure_begin = measures [measure_begin_state, measure_begin_step|

lemma wf_measure_begin:
shows wf measure_begin

(proof)

lemma measure_begin_induct [case_names Step):
[An. = P (fn) = (f (Sucn), (fn)) € measure_begin] =—> In. P (fn)
(proof )
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lemma begin_halts:

assumes h: x > 0

shows 3 sip. is_final (stepsO (1, [|, Oc 1 x) tm_copy_begin_orig stp)
(proof)

lemma begin_correct:
shows 0 < n = {inv_beginl n|} tm_copy_begin_orig {|inv_begin0 n|}

(proof)

lemma begin_correct2:
assumes 0 < (n::nat)
shows {\ap. tap = ([J::cell list, Oc 1 n)|}
tm_copy_begin_orig
{Atap. (n > 1 A tap = (Oc T (n — 2), [Oc, Oc, Bk, Ocl)) V
(n=1 A tap = ([]::cell list, [Bk, Oc, Bk, Oc])) }
(proof)

declare seq_tm.simps [simp del]
declare shift.simps|[simp del]

declare composable_tm.simps|simp del]
declare step.simps|simp del]

declare steps.simps[simp del]

definition
tm_copy_loop_orig :: instr list
where
. def
tm_copy_loop_orig =
[ (R, 0),(R,2), (R, 3),(WB,2), (R, 3),(R,4), (WO, 5),(R,4), (L,6),(L,5), (L,6),(L,1)]

fun

inv_loop1_loop :: nat = tape = bool and

inv_loop1_exit :: nat = tape = bool and

inv_loop5_loop :: nat = tape = bool and

inv_loop5_exit :: nat = tape = bool and

inv_loop6_loop :: nat = tape = bool and

inv_loop6_exit :: nat = tape = bool

where

inv_loopl_loopn (L,r)= 3 ij.i+j+1=nA(l,r)=(0cti, Oc#Oc#Bklj @ Oc?lj) N j

> 0)

| inv_loopl_exitn (I, r) = (0 <n A (I, r) = ([], B&#£Oc#Bktn Q Octn))

| inv_loop5_loop x (I, r) =
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Fijkti+j=SucxNi>0Nj>0Nk+t=jAt>0A(l,r) = (0ctk@QBk1jQOCcti,
Octt))
| inv_loop5_exit x (I, r) =
Fiji+j=SucxNi>0Nj>0A(l,r)= (Bkt(j — 1)QOcTi, Bk # Oc1yj))
| inv_loop6_loop x (I, r) =
Fijkti+j=SucxNi>0Nk+t+1=jA(l,r)= (Bktk Q Octi, Bkt (Suc t) @
Octj))
| inv_loop6_exit x (I, r) =
Fiji+j=xNj>0A (I, r) = (0cti, Oc#Bktj Q Octy))

fun
inv_loop0 :: nat = tape = bool and
inv_loopl :: nat = tape = bool and
inv_loop?2 :: nat = tape = bool and
inv_loop3 :: nat = tape = bool and
inv_loop4 :: nat = tape = bool and
inv_loop5 :: nat = tape = bool and
inv_loop6 :: nat = tape = bool
where
inv_loopOn (I,r) = (0<nA (I, r) = ([Bk], Oc # BkTn Q Oc?n))
| inv_loopl n (I, r) = (inv_loopI_loop n (1, r) V inv_loopl_exit n (I, r))
| inv_loop2 n (I, r) =3 ijany. i+j=nAn>0Ni>0ANj>0A(lr)=(0ct,
any#BKHjQ0Ct)))
| inv_loop3 n (I, r) =
Fijkti+j=nANi>0Nj>0N k+1t=SucjA (I, r) = (BktkQOc?Ti, Bk1rQOc?)))
| inv_loop4 n (I,r) =
Fijkti+j=nANi>0Nj>0N k+t=jA(l,r)=(0ctk QBkt(Sucj)@QOcti, Octt))
| inv_loop5 n (1, r) = (inv_loop5_loop n (1, r) V inv_loop5_exit n (I, r))
| inv_loop6 n (1, r) = (inv_loop6_loop n (1, r) V inv_loop6_exit n (I, r))

fun inv_loop :: nat = config = bool
where
inv_loop x (s, 1, r) =
(if s = 0 then inv_loop0 x (1, r)

else if s = 1 then inv_loopl x (I, r)
else if s = 2 then inv_loop2 x (I, r)
else if s = 3 then inv_loop3 x (I, r)
else if s = 4 then inv_loop4 x (I, r)
else if s = 5 then inv_loop5 x (I, r)
else if s = 6 then inv_loop6 x (I, r)

else False)

declare inv_loop.simps[simp del] inv_loop1.simps[simp del]
inv_loop2.simps[simp del] inv_loop3.simps[simp del)
inv_loop4.simps[simp del] inv_loop5.simps[simp del|
inv_loop6.simps|simp del]

lemma inv_loop3_Bk_empty_via_2[elim]: [0 < x; inv_loop2 x (b, [|)] = inv_loop3 x (Bk #

b, 1)
(proof)
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lemma inv_loop3_Bk_emptylelim]: [0 < x; inv_loop3 x (b, [|)] = inv_loop3 x (Bk # b, [])
(proof)

lemma inv_loop5_Oc_empty_via_4[elim]: [0 < x; inv_loop4 x (b, [])] = inv_loop5 x (b, [Oc])
(proof)

lemma inv_loopl_Bk[elim]: [0 < x; inv_loopl x (b, Bk # list)] => list = Oc # Bk 1+ x @ Oc 1
X

(proof)

lemma inv_loop3_Bk_via_2lelim|: [0 < x; inv_loop2 x (b, Bk # list)] = inv_loop3 x (Bk #
b, list)
(proof)

lemma inv_loop3_Bk_movelelim]: [0 < x; inv_loop3 x (b, Bk # list)] = inv_loop3 x (Bk #
b, list)
(proof)

lemma inv_loop5_Oc_via_4_Bk[elim]: [0 < x; inv_loop4 x (b, Bk # list)] = inv_loop5 x (b,
Oc # list)
(proof )

lemma inv_loop6_Bk_via_5[elim]: [0 < x; inv_loop5 x ([], Bk # list)] = inv_loop6 x ([], Bk
4 Bk # list)
(proof)

lemma inv_loop5_loop_no_Bk[simp]: inv_loop5_loop x (b, Bk # list) = False
(proof)

lemma inv_loop6_exit_no_Bk[simp]: inv_loop6_exit x (b, Bk # list) = False

(proof)

declare inv_loop5_loop.simps[simp del] inv_loop5_exit.simps[simp del]
inv_loop6_loop.simps[simp del] inv_loop6_exit.simps[simp del]

lemma inv_loop6_loopBk_via_5[elim]:[0 < x; inv_loop5_exit x (b, Bk # list); b # [|; hd b =
Bk]
= inv_loop6_loop x (tl b, Bk # Bk # list)
(proof )

lemma inv_loop6_loop_no_Oc_Bk[simp]: inv_loop6_loop x (b, Oc # Bk # list) = False
(proof)
lemma inv_loop6_exit_Oc_Bk_via_5[elim]: [x > 0; inv_loop5_exit x (b, Bk # list); b # [|; hd b
= 0c] =
inv_loop6_exit x (il b, Oc # Bk # list)
(proof)

lemma inv_loop6_Bk_tail_via_5elim]: [0 < x; inv_loop5 x (b, Bk # list); b # [|] = inv_loop6
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x (11 b, hd b # Bk # list)

(proof)
lemma inv_loop6_loop_Bk_Bk_drop[elim]: [0 < x; inv_loop6_loop x (b, Bk # list); b # []; hd
b= B]

= inv_loop6_loop x (tl b, Bk # Bk # list)

{proof)
lemma inv_loop6_exit_Oc_Bk_via_loop6[elim]: [0 < x; inv_loop6_loop x (b, Bk # list); b # [J;
hdb = 0c]

= inv_loop6_exit x (il b, Oc # Bk # list)
(proof)

lemma inv_loop6_Bk_taillelim]: [0 < x; inv_loop6 x (b, Bk # list); b # [|]] = inv_loop6 x (¢l
b, hd b # Bk # list)
(proof)

lemma inv_loop2_Oc_via_Ielim]: [0 < x; inv_loopl x (b, Oc # list)] = inv_loop2 x (Oc #
b, list)
(proof)

lemma inv_loop2_Bk_via_Oclelim]: [0 < x; inv_loop2 x (b, Oc # list)] = inv_loop2 x (b, Bk
# list)
(proof)

lemma inv_loop4_Oc_via_3elim]: [0 < x; inv_loop3 x (b, Oc # list)] = inv_loop4 x (Oc #
b, list)
(proof)

lemma inv_loop4_Oc_movelelim):
assumes 0 < x inv_loop4 x (b, Oc # list)
shows inv_loop4 x (Oc # b, list)

(proof )

lemma inv_loop5_exit_no_Oc[simp): inv_loop5_exit x (b, Oc # list) = False

(proof)

lemma inv_loop5_exit_Bk_Oc_via_loop[elim]: [inv_loop5_loop x (b, Oc # list); b # [|; hd b
= Bk]

= inv_loop5_exit x (1l b, Bk # Oc # list)

(proof )

lemma inv_loop5_loop_Oc_Oc_droplelim]: [inv_loop5_loop x (b, Oc # list); b # [|; hd b =
Oc]
= inv_loop5_loop x (tl b, Oc # Oc # list)
(proof )

lemma inv_loop5_Oc_tl[elim]: [inv_loop5 x (b, Oc # list); b # [|]] = inv_loop5 x (¢l b, hd b

# Oc # list)
(proof)
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lemma inv_loopl_Bk_Oc_via_6elim]: [0 < x; inv_loop6 x ([], Oc # list)] = inv_loopI x ({],
Bk # Oc # list)
(proof)

lemma inv_loopl_Oc_via_6lelim]: [0 < x; inv_loop6 x (b, Oc # list); b # []]
= inv_loopl x (tl b, hd b # Oc # list)
(proof)

lemma inv_loop_nonempty|[simp):

inv_loopl x (b, [|) = False
[

]
inv_loop2 x ([], b) = False
inv_loop2 x (I, []) = False
inv_loop3 x (b, [|) = False
inv_loop4 x ([], b) = False
inv_loop5 x ({], list) = False
inv_loop6 x ([], Bk # xs) = False
(proof)

lemma inv_loop_nonemptyE|[elim]:
[inv_loop5 x (b, [])] = RR inv_loop6 x (b, [|) = RR
[inv_loopl x (b, Bk # list)] = b =]
(proof)

lemma inv_loop6_Bk_Bk_drop|elim): [inv_loop6 x ([], Bk # list)] => inv_loop6 x ([], Bk # Bk
# list)
(proof)

lemma inv_loop_step:
[inv_loop x cf; x > 0] = inv_loop x (step cf (tm_copy_loop_orig, 0))

(proof)

lemma inv_loop_steps:
[inv_loop x cf; x > 0] = inv_loop x (steps cf (tm_copy_loop_orig, 0) stp)
(proof)

fun loop_stage :: config = nat
where
loop_stage (s, 1, r) = (if s = 0 then 0
else (Suc (length (takeWhile (Aa. a = Oc) (rev 1 @ r)))))

fun loop_state :: config = nat
where
loop_state (s, 1, r) = (iff s = 2 A\ hd r = Oc then 0
else if s =1then 1
else 10 — s)

fun loop_step :: config = nat
where
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loop_step (s, 1, r) = (if s = 3 then length r
else if s = 4 then length r
else if s = 5 then length |
else if s = 6 then length |
else 0)

definition measure_loop :: (config x config) set
where
measure_loop = measures [loop_stage, loop_state, loop_step]

lemma wf_measure_loop: wf measure_loop

(proof)

lemma measure_loop_induct [case_names Step:
[An. = P (fn) = (f (Suc n), (fn)) € measure_loop] => 3n. P (fn)
(proof )

lemma inv_loop4_not_just_Ocl[elim]:

[inv_loop4 x (I, ]));

length (takeWhile (Aa. a = Oc) (rev I’ @Q [Oc])) #

length (takeWhile (Aa. a = Oc) (rev 1"))]

= RR

[inv_loop4 x (I', Bk # list);

length (takeWhile (Aa. a = Oc) (rev ' @ Oc # list)) #
length (takeWhile (Aa. a = Oc) (rev I’ @Q Bk # list))]
= RR

(proof)

lemma rakeWhile_replicate_append:
P a = takeWhile P (atTx Q ys) = atx Q takeWhile P ys
(proof)

lemma rakeWhile_replicate:
P a = takeWhile P (atx) = afx
(proof)

lemma inv_loop5_Bk_E|elim]:
[inv_loop5 x (I', Bk # list); 1" # [J;
length (takeWhile (Aa. a = Oc) (rev (t11') @ hd l' # Bk # list)) #
length (takeWhile (Aa. a = Oc) (rev ' @ Bk # list))]
= RR

(proof)

lemma inv_loopl_hd_Oclelim]: [inv_loopl x (I'; Oc # list)] = hd list = Oc
(proof)

lemma inv_loop6_not_just_Bk[dest!]:
[length (takeWhile P (rev (t11") @ hd 1" # list)) #
length (takeWhile P (rev I’ @ list))]
=1'=]]
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(proof)

lemma inv_loop2_OcE[elim]:
linv_loop2 x (I', Oc # list); I' # [|] =
length (takeWhile (A\a. a = Oc) (rev 1’ @ Bk # list)) <
length (takeWhile (Aa. a = Oc) (rev I’ @ Oc # list))

(proof)

lemma loop_halts:

assumes /: n > 0 inv_loop n (1,1, r)

shows 3 sip. is_final (stepsO (1, 1, r) tm_copy_loop_orig stp)
(proof )

lemma loop_correct:
assumes 0 < n
shows {inv_loopI n|} tm_copy_loop_orig {inv_loop0 n]}
(proof)

definition
tm_copy_end_orig :: instr list
where
. def
tm_copy_end_orig =
[ (L, 0),(R,2), (WO, 3),(L,4), (R, 2),(R, 2), (L, 5),(WB, 4), (R, 0),(L, 5) ]

definition
tm_copy_end_new :: instr list
where

tm_copy_end_new d:ef
[(R7522R72),(W“9,3%(L74)7(R72)AR,2)7(L,5)(‘V374)7(R’0)AL75)]

fun
inv_end5_loop :: nat = tape = bool and
inv_end5_exit :: nat = tape = bool
where
inv_end5_loop x (I, r) =
(Fiji+j=xAx>0ANj>0ANI1=0ctiQ[Bk] A r=0cljQ Bk # Octx)
| inv_end5_exitx (I, r) = (x > 0 Al =[] A r = Bk # Octx Q Bk # Oc1x)

fun
inv_endO :: nat = tape = bool and
inv_endl :: nat = tape = bool and
inv_end?2 :: nat = tape = bool and
inv_end3 :: nat = tape = bool and
inv_end4 :: nat = tape = bool and
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inv_end) :: nat = tape = bool

where

inv_endOn (I, r) = (n> 0 A (I, r) = ([Bk], Octn @ Bk # Octn))
| inv_endl n (I, r) = (n >0 A (I, r) = ([Bk], Oc # Bktn @ Octn))
|inv_end2n (I, r)= 3 ij.i+j=Sucn An>0ANI=0ctiQ [Bk] A r=Bk1j Q Octn)
| inv_end3 n (I, r) =

(Fijn>0Ni+j=nAIl=0ctiQ [Bk] A r= Oc # Bk1j@ Octn)
| inv_end4 n (I, r) = (3 any.n > 0 Nl = Octn Q [Bk] A r = any#Octn)
| inv_end5 n (1, r) = (inv_end5_loop n (1, r) V inv_end5_exitn (1, r))

fun
inv_end :: nat = config = bool
where
inv_endn (s, 1, r) = (if s = O then inv_endO n (I, r)

else if s = 1 then inv_endl n (I, r)
else if s = 2 then inv_end2 n (I, r)
else if s = 3 then inv_end3 n (I, r)
else if s = 4 then inv_end4 n (I, r)
else if s = 5 then inv_end5 n (I, r)

else False)

declare inv_end.simps[simp del] inv_endl .simps[simp del]
inv_end0.simps[simp del] inv_end2.simps[simp del)
inv_end3.simps[simp del| inv_end4.simps[simp del)
inv_end5.simps[simp del]

lemma inv_end_nonempty|simp):
inv_endl x (b, [|) = False

inv_endI x ([], list) = False
inv_end2 x (b, [|) = False
inv_end3 x (b, [|) = Fulse
inv_end4 x (b, [|) = Fulse
inv_end5 x (b, [|) = False
inv_end5 x ([], Oc # list) = False
(proof)

lemma inv_end0_Bk_via_l1[elim]: [0 < x; inv_endl x (b, Bk # list); b # []]
= inv_end0 x (tl b, hd b # Bk # list)
(proof)

lemma inv_end3_Oc_via_2[elim]: [0 < x; inv_end2 x (b, Bk # list)]
= inv_end3 x (b, Oc # list)
(proof )

lemma inv_end2_Bk_via_3[elim]: [0 < x; inv_end3 x (b, Bk # list)] = inv_end2 x (Bk # b,
list)

(proof)
lemma inv_end5_Bk_via_4[elim]: [0 < x; inv_end4 x ([], Bk # list)] =

inv_end5 x ([], Bk # Bk # list)
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(proof)

lemma inv_end5_Bk_tail_via_4[elim]: [0 < x; inv_end4 x (b, Bk # list); b # [|] =
inv_end5 x (tl b, hd b # Bk # list)
(proof)

lemma inv_end0_Bk_via_5[elim]: [0 < x; inv_end5 x (b, Bk # list)] = inv_end0 x (Bk # b,
list)
(proof)

lemma inv_end2_Oc_via_I[elim]: [0 < x; inv_endl x (b, Oc # list)] = inv_end2 x (Oc # b,
list)
(proof )

lemma inv_end4_Bk_Oc_via_2[elim]: [0 < x; inv_end2 x ([, Oc # list)] =
inv_end4 x ([], Bk # Oc # list)
(proof)

lemma inv_end4_Oc_via_2[elim]: [0 < x; inv_end2 x (b, Oc # list); b # [|] =
inv_end4 x (tl b, hd b # Oc # list)
(proof)

lemma inv_end2_Oc_via_3[elim]: [0 < x; inv_end3 x (b, Oc # list)] = inv_end2 x (Oc # b,
list)
(proof)

lemma inv_end4_Bk_via_Oc|elim]: [0 < x; inv_end4 x (b, Oc # list)] = inv_end4 x (b, Bk #
list)
(proof)

lemma inv_end5_Bk_drop_Oclelim]: [0 < x; inv_end5 x ([], Oc # list)] = inv_end5 x ([], Bk
# Oc # list)
(proof)

declare inv_end5_loop.simps[simp del]
inv_end5_exit.simps[simp del

lemma inv_end5_exit_no_Oc|simp): inv_end5_exit x (b, Oc # list) = False

(proof)

lemma inv_end5_loop_no_Bk_Oc|simp]: inv_end5_loop x (tl b, Bk # Oc # list) = False
(proof )

lemma inv_end5_exit_Bk_Oc_via_loop[elim]:
[0 < x; inv_end5_loop x (b, Oc # list); b # []; hd b = Bk] =
inv_end5_exit x (tl b, Bk # Oc # list)
(proof )

lemma inv_end5_loop_Oc_Oc_droplelim]:
[0 < x; inv_end5_loop x (b, Oc # list); b # [|; hd b = Oc] =
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inv_end5_loop x (tl b, Oc # Oc # list)
(proof)

lemma inv_end5_Oc_tail[elim]: [0 < x; inv_end5 x (b, Oc # list); b # [|] =
inv_end5 x (tl b, hd b # Oc # list)

(proof)

lemma inv_end_step:
[x > 0; inv_end x cf | = inv_end x (step cf (tm_copy_end_new, 0))

(proof)

lemma inv_end_steps:

[x > 0; inv_end x ¢f ] = inv_end x (steps cf (tm_copy_end_new, 0) stp)

(proof)

fun end_state :: config = nat
where
end_state (s, 1, r) =
(if s = 0then 0
else if s = 1 then 5
elseifs=2Vs=3then4
else if s =4 then 3
else if s = 5 then 2
else 0)

fun end_stage :: config = nat
where

end_stage (s, 1, r) =
(if s =2 Vv s = 3 then (length r) else 0)

fun end_step :: config = nat
where

end_step (s, 1, r) =
(if s = 4 then (if hd r = Oc then 1 else 0)
else if s = 5 then length |
else if s =2 then 1
else if s = 3 then 0
else 0)

definition end_LE :: (config X config) set
where

end_LE = measures [end_state, end_stage, end_step|

lemma wf _end_le: wfend_LE
(proof )

lemma end_halt:
[x > 0; inv_end x (Suc 0, 1, r)] =

3 stp. is_final (steps (Suc 0, 1, r) (tm_copy_end_new, 0) stp)
(proof )
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lemma end_correct:
n > 0= {linv_endl nl} tm_copy_end_new {inv_end0 n}}

(proof)

definition
tm_weak_copy :: instr list
where

def . . .
tm_weak_copy = (tm_copy_begin_orig |+| tm_copy_loop_orig) |+| tm_copy_end_new

lemma [intro]:
composable_tm (tm_copy_begin_orig, 0)
composable_tm (tm_copy_loop_orig, 0)
composable_tm (tm_copy_end_new, 0)

(proof)

lemma composable_tm0_tm_weak_copylintro, simp|: composable_tm0 tm_weak_copy

(proof)

lemma tm_weak_copy_correct_pre:
assumes 0 < x
shows {inv_beginl x|} tm_weak_copy {inv_end0 x|}

(proof)

lemma m_weak_copy_correct:

shows {Atap. tap = ([|::cell list, Oc 1 (Suc n))} tm_weak_copy {tap. tap= ([Bk], <(n,
n::nat)>) |
(proof)

lemma tm_weak_copy_correct5: {tap. tap = ([], <[n::nat]>)[} tm_weak_copy {Atap. 3k L.
tap = (Bk t k, <[n,n]> @Bk 11) |}
(proof)

lemma m_weak_copy_correct6:

{Atap. 3z4. tap = (Bk 1 24, <[n::nat]> Q[Bk])[} tm_weak_copy { tap. 3k . tap = (Bk 1 k,
<[n::nat,n]>QBk11) [}
(proof)
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definition
strong_copy_post :: instr list
where

||Q_

strong_copy _post [
(WB,5),(R.2), (R,3),(R,2), (WO,3),(L4), (L4),(LS5), (R11),(R,6),
(R7),(WB,6), (R,7),(R,8), (WO,9),(R,8), (L,10), (L 9), (L,10),(L,5),
(R,0),(R,12), (WO 13),(L,14), (R,12),(R,12), (L,15),(WB,14), (R,0),(L,15)
]

value stepsO (1, [Bk,Bk], [Bk]) strong_copy_post 3 = (0::nat, Bk, Bk, Bk, Bk], [])

lemma stepsO (1, [Bk,Bk], [Bk]) strong_copy_post 3 = (0::nat, Bk, Bk, Bk, Bk], [])
(proof)

lemma tm_weak_copy_eq_strong_copy_post: tm_weak_copy = strong_copy_post

(proof)

lemma rm_weak_copy_correcti I:
{Atap. tap = ([Bk,Bk], [Bk]) |} tm_weak_copy {tap. tap = (|Bk,Bk,Bk,Bk],[]) [
(proof)

lemma rm_weak_copy_correctl2:
{Atap. tap = ([Bk,Bk], [BKk]) |} tm_weak_copy {Atap. 3k l. tap = ( Bk + k, Bk 1 1) }}
(proof)

lemma rm_weak_copy_correctl3:
{\tap. tap = ([], [Bk,Bk]Qr) [} tm_weak_copy {Atap. tap = ([Bk,Bk], r) |}
(proof)

lemma tm_weak_copy_correctl1":
{Atap. tap = ([Bk,Bk], [BKk]) |} tm_weak_copy {Atap. tap = (|Bk,Bk,Bk,Bk],[]) [
(proof )
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lemma tm_weak_copy_correctl3":
{Atap. tap = ([], [Bk,Bk|Qr) [} tm_weak_copy {Mtap. tap = ([Bk,Bk], r) [}
(proof)

end

1.10.9.2 A Turing machine that duplicates its input iff the input is a single nu-
meral

theory StrongCopyTM
imports
WeakCopyTM
begin

If we run tm_strong_copy on a single numeral, it behaves like the original weak
version tm_weak_copy. However, if we run the strong machine on an empty list, the
result is an empty list. If we run the machine on a list with more than two numerals,
this strong variant will just return the first numeral of the list (a singleton list).

Thus, the result will be a list of two numerals only if we run it on a singleton list.

This is exactly the property, we need for the reduction of problem K/ to problem
Hl.

definition
tm_skip_first_arg :: instr list
where
tm_skip_first_arg =
[ (L70) ’(R72) I (R73) I (R72) ’ (L74) ’ (W070) ’ (L75) I (L75) ’ (R70) ’ (L75) ]

lemma rm_skip_first_arg_correct_Nil:

{Xtap. tap = ([], [|)} tm_skip_first_arg {Xtap. tap = ([], [Bk]) |}
(proof )

corollary tm_skip_first_arg_correct_Nil ‘.
length nl = 0
= {\tap. tap = ([], <nl::nat list> )} tm_skip_first_arg {tap. tap = ([], [BK]) |}
(proof)

fun
inv_tm_skip_first_arg_len_eq_1_s0 :: nat = tape = bool and
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inv_tm_skip_first_arg_len_eq_1_sl :: nat = tape = bool and
inv_tm_skip_first_arg_len_eq_1_s2 :: nat = tape = bool and
inv_tm_skip_first_arg_len_eq_1_s3 :: nat = tape = bool and
inv_tm_skip_first_arg_len_eq_1_s4 :: nat = tape = bool and
inv_tm_skip_first_arg_len_eq_1_s5 :: nat = tape = bool
where
inv_tm_skip_first_arg_len_eq_1_sOn (I,r) = (
I = [Bk] A r = Oc* (Suc n) Q [Bk])
| inv_tm_skip_first_arg _len_eq_I_sln (I, r) = (
I=] Ar=0c? Sucn)
| inv_tm_skip_first_arg len_eq_I_s2n (I, r) =
(3nl n2.1= 0c?t (Suc nl) A r=Oc? n2 A Suc nl + n2 = Suc n)
| inv_tm_skip_first_arg_len_eq 1 _s3n (I,r) = (
=Bk # Oc?t (Sucn) ANr=1))
| inv_tm_skip_first_arg_len_eq_I_s4n (I, r) = (
I =0c? (Suc n) A r=[Bk])
| inv_tm_skip_first_arg len_eq_I_s5n (I, r) =
(3nl n2. (1= 0c?t Suc nl A r= Oc? Suc n2 Q [Bk] A\ Suc nl + Suc n2 = Suc n) vV
(I=1[ A r=0c? Sucn2Q [Bk] A Suc n2 = Suc n) V
(I=1[] A r= Bk # Oc 1 Suc n2 @ [Bk] A\ Suc n2 = Suc n) )

fun inv_tm_skip_first_arg_len_eq_1I :: nat = config = bool
where
inv_tm_skip_first_arg_len_eq_I n (s, tap) =

(if s = O then inv_tm_skip_first_arg_len_eq_I_sO n tap else
if s = I then inv_tm_skip_first_arg_len_eq_1_sI n tap else
if s = 2 then inv_tm_skip_first_arg_len_eq_1_s2 n tap else
if s = 3 then inv_tm_skip_first_arg_len_eq_1_s3 n tap else
if s = 4 then inv_tm_skip_first_arg_len_eq_1_s4 n tap else
if s = 5 then inv_tm_skip_first_arg_len_eq_1_s5 n tap
else False)

lemma rm_skip_first_arg_len_eq_I_cases:

fixes s::nat

assumes inv_tm_skip_first_arg_len_eq_I n (s,l,r)
and s=0 — P
and s=/ =P
and s=2 — P
and s=3 — P
and s=4 —= P
and s=5 — P

shows P

(proof)

lemma inv_tm_skip_first_arg_len_eq_1_step:

assumes inv_tm_skip_first_arg_len_eq_1 n cf

shows inv_tm_skip_first_arg_len_eq_1 n (stepO cf tm_skip_first_arg)
(proof)
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lemma inv_tm_skip_first_arg_len_eq_1_steps:

assumes inv_tm_skip_first_arg_len_eq_I n cf

shows inv_rm_skip_first_arg_len_eq_1 n (stepsO cf tm_skip_first_arg stp)
(proof)

lemma rm_skip_first_arg_len_eq_1_partial_correctness:
assumes 3 sip. is_final (stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp)
shows { Mtap. tap = ([], <[n::nat]>) |}
tm_skip_first_arg
{ Atap. tap = (|Bk], <[n::nat]> Q[Bk]) |
(proof )

definition measure_tm_skip_first_arg_len_eq_1 :: (config X config) set
where
measure_tm_skip_first_arg_len_eq_Il = measures [
A(s, I, 7). (ifs = 0then 0 else 5 — s),
A(s, I, r). (if s = 2 then length r else 0),
A(s, I, r). (if s = 5 then length | + (if hd r = Oc then 2 else 1) else 0)

]

lemma wf_measure_tm_skip_first_arg_len_eq_I: wf measure_tm_skip_first_arg_len_eq_1

(proof)

lemma measure_tm_skip_first_arg_len_eq_I1_induct [case_names Step):
[An. =P (fn) = (f (Suc n), (fn)) € measure_tm_skip_first_arg_len_eq_I] = 3n. P (fn)
(proof)

lemma rm_skip_first_arg_len_eq_1_halts:
Istp. is_final (stepsO (1, [], <[n::nat]>) tm_skip_first_arg stp)
(proof )

lemma rm_skip_first_arg_len_eq_1_total_correctness:
{ Atap. tap = ([], <[n::nat]>)}
tm_skip_first_arg
{ Atap. tap = (|Bk], <[n::nat]> Q[Bk])}
(proof )

lemma rm_skip_first_arg_len_eq_1_total_correctness ‘.
lengthnl =1
= {Atap. tap = ([, <nl:nat list> )| tm_skip_first_arg { Atap. tap = ([Bk], <[hd nl]>
Q[BK]) |
(proof)
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fun
inv_tm_skip_first_arg_len_gt_1_s0 :: nat = nat list = tape = bool and
inv_tm_skip_first_arg_len_gt_1_sl :: nat = nat list= tape = bool and
inv_tm_skip_first_arg_len_gt 1_s2 :: nat = nat list= tape = bool and
inv_tm_skip_first_arg_len_gt_1_s3 :: nat = nat list= tape = bool
where
inv_tm_skip_first_arg_len_gt_1_sl nns (I, r) = (
I=[Ar=0ctSucnQ [Bk| @ (<ns::nat list>) )
| inv_tm_skip_first_arg_len_gt 1_s2nns (I, r) =
(3nl n2.1= 0c?t (Sucnl) A r=0Oc*T n2 Q@ [Bk] Q (<ns::nat list>) N
Suc nl + n2 = Suc n)
| inv_tm_skip_first_arg _len_gt 1_s3nns (I,r) = (
I = Bk # Oc 1 (Suc n) A r = (<ns::nat list>)
)
| inv_tm_skip_first_arg_len_gt_1_sOnns (I,r) = (
I = Bk# Oc 1 (Suc n) A r = (<ns:nat list>)

)

fun inv_tm_skip_first_arg_len_gt_1I :: nat = nat list = config = bool
where
inv_tm_skip_first_arg_len_gt_I n ns (s, tap) =

(if s = O then inv_tm_skip_first_arg_len_gt 1_sO n ns tap else

if s = 1 then inv_tm_skip_first_arg_len_gt_I_sl n ns tap else

if s = 2 then inv_tm_skip_first_arg_len_gt_1_s2 n ns tap else

if s = 3 then inv_tm_skip_first_arg_len_gt_I_s3 n ns tap

else False)

lemma rm_skip_first_arg_len_gt_I_cases:

fixes s::nat

assumes inv_tm_skip_first_arg_len_gt 1 nns (s,l,r)
and s=0 — P
and s=/ — P
and s=2 — P
and s=3 — P
and s=4 — P
and s=5 — P

shows P

(proof)

lemma inv_tm_skip_first_arg_len_gt_1_step:
assumes length ns > 0
and inv_tm_skip_first_arg_len_gt_I n ns cf
shows inv_tm_skip_first_arg_len_gt_I n ns (stepO cf tm_skip_first_arg)
(proof)
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lemma inv_tm_skip_first_arg_len_gt_1_steps:

assumes length ns > 0

and inv_tm_skip_first_arg_len_gt I nnscf

shows inv_tm_skip_first_arg_len_gt_I n ns (stepsO cf tm_skip_first_arg stp)
(proof)

lemma rm_skip_first_arg_len_gt_I_partial_correctness:

assumes I stp. is_final (stepsO (1, [], Oc 1 Suc n Q [Bk] @ (<ns::nat list>) ) tm_skip_first_arg
stp)

and 0 < length ns

shows {{Atap. tap = ([], Oc 1 Suc n @ [Bk] @ (<ns::nat list>) ) |}

tm_skip_first_arg
{ Atap. tap = (Bk# Oc 1 Suc n, (<ns::nat list>) ) |}
(proof)

definition measure_tm_skip_first_arg_len_gt_I :: (config X config) set
where
measure_tm_skip_first_arg_len_gt_I = measures |
X(s, L, r). (if s=0then O else 4 — s),
A(s, I, r). (if s = 2 then length r else 0)
]

lemma wf_measure_tm_skip_first_arg_len_gt_I: wf measure_tm_skip_first_arg_len_gt_1

(proof)

lemma measure_tm_skip_first_arg_len_gt_I_induct [case_names Step]:
[An. =P (fn) = (f (Sucn), (fn)) € measure_tm_skip_first_arg_len_gt_I] => 3n. P (fn)
(proof)

lemma rm_skip_first_arg_len_gt_I_halts:

0 < lengthns = Jstp. is_final (stepsO (1, [|, Oc T Suc n Q [Bk] Q <ns::nat list>) tm_skip_first_arg
stp)

(proof )

lemma rm_skip_first_arg_len_gt_I_total_correctness_pre:
assumes 0 < length ns
shows {tap. tap = ([], Oc 1 Suc n @ [Bk] Q (<ns::nat list>) ) |}
tm_skip_first_arg
{ Atap. tap = (Bk# Oc 1 Suc n, (<ns::nat list>) ) |}
(proof)

lemma rm_skip_first_arg_len_gt 1_total_correctness:

assumes / < length (nl::nat list)

shows {Xwap. tap = ([|, <nl::nat list> )} tm_skip_first_arg { Atap. tap = (Bk# <rev [hd
nl)>, <dnl>) |}
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(proof)

definition
tm_erase_right_then_dblBk_left :: instr list
where
. def
tm_erase_right_then_dblBk_left =
»2),(L, 2),

I I

)
)
)

L2
L,3),R,5
R, 4),(R,5
R,0),(R,0
R,6),(R,6
WB.6),
WB,S),

O N
—
=

(R7 7)7(R7 7)7
(L,10),(WB.8),

(L,10),(L,11),

(L,12),(L,11),
(WB,0),(L,11)

fun

inv_tm_erase_right_then_dblBk_left_dnp_s0 ::
inv_tm_erase_right_then_dblBk_left_dnp_sl ::
inv_tm_erase_right_then_dblBk_left dnp_s2 ::
inv_tm_erase_right_then_dblBk_left_dnp_s3 ::
inv_tm_erase_right_then_dblBk_left_dnp_s4 ::

(cell list) = tape = bool and
(cell list) = tape = bool and
(cell list) = tape = bool and
(cell list) = tape = bool and
(cell list) = tape = bool
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where
inv_tm_erase_right_then_dblBk_left_dnp_sO CR (I, r) = (I

| inv_tm_erase_right_then_dbIBk_left_dnp_s1 CR (I, r) = (I =] ANCR=r)

| inv_tm_erase_right_then_dblBk_left_dnp_s2 CR (I,r) = (I=] A r = Bk#CR)

| inv_tm_erase_right_then_dblBk_left_dnp_s3 CR (I,r) = (I=] A r = Bk#Bk#CR)

| inv_tm_erase_right_then_dbIBk_left_dnp_s4 CR (I,r) = (= [Bk] A r = Bk#CR)

= [Bk, BK| A CR =r)

fun inv_rm_erase_right_then_dblBk_left_dnp :: (cell list) = config = bool
where
inv_tm_erase_right_then_dblBk_left_dnp CR (s, tap) =

(if s = O then inv_tm_erase_right_then_dblBk_left_dnp_sO CR tap else
if s = 1 then inv_tm_erase_right_then_dblBk_left_dnp_sl CR tap else
if s = 2 then inv_tm_erase_right_then_dblBk_left_dnp_s2 CR tap else
if s = 3 then inv_tm_erase_right_then_dblBk_left_dnp_s3 CR tap else
if s = 4 then inv_tm_erase_right_then_dblBk_left_dnp_s4 CR tap
else False)

lemma tm_erase_right_then_dblBk_left_dnp_cases:

fixes s::nat

assumes inv_tm_erase_right_then_dblBk_left_dnp CR (s,l,r)
and s=0 — P
and s=/ =— P
and s=2 — P
and s=3 — P
and s=4 — P

shows P

(proof)

lemma inv_tm_erase_right_then_dblBk_left_dnp_step:

assumes inv_tm_erase_right_then_dblBk_left_dnp CR cf

shows inv_tm_erase_right_then_dblBk_left_dnp CR (stepO cf tm_erase_right_then_dblBk_left)
(proof)

lemma inv_tm_erase_right_then_dblBk_left_dnp_steps:

assumes inv_tm_erase_right_then_dblBk_left_dnp CR cf

shows inv_tm_erase_right_then_dblBk_left_dnp CR (stepsO cf tm_erase_right_then_dbIBk_left
stp)
(proof)

lemma 1m_erase_right_then_dblBk_left_dnp_partial_correctness:
assumes 3 sip. is_final (stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp)
shows { Atap. tap = ([], r) }
tm_erase_right_then_dblBk_left
{ Mtap. tap = ([Bk,Bk], r ) |}
(proof)
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definition measure_tm_erase_right_then_dblBk_left_dnp :: (config x config) set
where
measure_tm_erase_right_then_dblBk_left_dnp = measures [
A(s, I, r). (if s =0then 0 else 5 — s)
J

lemma wf_measure_tm_erase_right_then_dblBk_left_dnp: wf measure_tm_erase_right_then_dblBk_left_dnp

(proof)

lemma measure_tm_erase_right_then_dbIBk_left_dnp_induct [case_names Step):

[An. = P (fn) = (f (Suc n), (fn)) € measure_tm_erase_right_then_dblBk_left_dnp] —>
In. P (fn)

(proof)

lemma rm_erase_right_then_dblBk_left_dnp_halts:
Istp. is_final (stepsO (1, [], r) tm_erase_right_then_dblBk_left stp)
(proof )

lemma 1m_erase_right_then_dblBk_left_dnp_total_correctness:
{ Mtap. tap = ([], ) }
tm_erase_right_then_dblBk_left
{ Mtap. tap = ([Bk,Bk], r ) |}
(proof )

fun inv_rm_erase_right_then_dbIBk_left_erp_sl :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_sI CLCR (I, r) =
(1= [Bk,0c] @ CL A r = CR)
fun inv_tm_erase_right_then_dbIBk_left_erp_s2 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s2 CLCR (I, r) =
(I=[0c] @CL A r=Bk#CR)
fun inv_tm_erase_right_then_dbIBk_left_erp_s3 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s3 CLCR (I, r) =

(1= CL A r = Oc#Bk#CR)

fun inv_tm_erase_right_then_dbIBk_left_erp_s5 :: (cell list) = (cell list) = tape = bool
where
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inv_tm_erase_right_then_dblBk_left_erp_s5 CLCR (I, r) =
(I=1[0c] @CL A r=Bk#CR)

fun inv_rm_erase_right_then_dbIBk_left_erp_s6 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s6 CLCR (I, r) =
(I=[Bk,0c] @ CLA ((CR=[]Ar=CR)V(CR#[|A(r=CRVr=Bk#1CR))) )

fun inv_tm_erase_right_then_dbIBk_left_erp_s7 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s7 CLCR (I, r) =
((3lex. 1 = Bk 1 Suc lex Q [Bk,Oc] @ CL) A (3rs.CR=rsQr) )

fun inv_tm_erase_right_then_dblIBk_left_erp_s8 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s8 CLCR (I, r) =
((3lex. I = Bk 1 Suc lex @Q [Bk,0Oc] @ CL) A
(3rsl rs2. CR=rsl @ [Oc] Q rs2 N\ r = Bk#rs2) )

fun inv_tm_erase_right_then_dblBk_left_erp_s9 :: (Cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s9 CLCR (I, r) =
((3lex. I = Bk 1 Suc lex Q [Bk,0c] @ CL) A (3rs. CR=rs Q[Bk|@QrV CR=rs ANr=
1)

fun inv_rm_erase_right_then_dbIBk_left_erp_s10 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s10 CLCR (I, r) =

(3lex rex. | = Bk 1 lex @Q [Bk,Oc] @ CL A r = Bk 1 Suc rex) V
(3rex. 1= [0c] @ CL A r = Bk 1 Suc rex) V
(Frex. = CL A r= Oc # Bk 1 Suc rex)

)

fun inv_tm_erase_right_then_dbIBk_left_erp_s11 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_sI1 CLCR (I, r) =

(

(Frex. 1= Ar=Bk# rev CL Q Oc # Bk 1 Suc rex A\ (CL =[] V last CL =
Oc)) \Y%

(Frex. 1= Ar=rev CL @ Oc # Bk 1 Suc rex N CL # || A last CL = Bk
)V

(Frex. =1 Ar=revCL @ Oc # Bkt Suc rex N\ CL # || A last CL = Oc
)V

(I rex. I=[Bk] Ar=rev[Oc] Q@ Oc# Bk?1 Suc rex N CL = [Oc, Bk]) V
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(rex sl Is2. 1 = Bk#Oc#ls2 N r = revIs] @ Oc # Bk 1 Suc rex N CL = Is] @Q
Bk#O0c#ls2 N Is] = [Oc] ) V
(Frexislis2. 1= Oc#lis2 Nr=revisl  Q Oc # Bk 1 Suc rex N CL = Is] Q Oc#ls2
Nlsl = [Bk]) V
(Brexislis2. 1= Oc#is2 Nr=revisl Q@ Oc # Bk 1 Suc rex N CL = Is] @ Oc#ls2
Nlsl =[Oc]) V

(Frexisl Is2. 1= Is2 Nr=revisl @ Oc # Bk 1 Suc rex N CL = Is] Q Is2 A
il Is1 # [])

)

fun inv_tm_erase_right_then_dbIBk_left erp_si2 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_sI12 CLCR (I, r) =

(Brexislls2. 1=1s2 Nr=revis] QOc # Bk 1 Suc rex N CL=1s1 QIs2 Ntlls] # []
AlastIs] = Oc) V

(3rex. 1= Ar=Bk#rev CL@Q Oc # Bk 1 Suc rex N CL # [| A last CL = Bk) V
(rex. =[] Ar= Bk#Bk+#rev CL@ Oc # Bk 1 Suc rex A\ (CL=[] V last CL = Oc) )

False

)

fun inv_rm_erase_right_then_dbIBk_left_erp_sO :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_sO CLCR (I, r) =
(
(3rex.1=[] A r=[Bk, Bk] Q (rev CL) @Q [Oc, Bk] @ Bk 1 rex A (CL =[] V last CL =
Oc) )V
(Frex. =[] AN r=[Bk] Q@ (revCL)@ [Oc, Bk] @ Bk 1 rex N\ CL # [| A last CL = Bk )
)

fun inv_rm_erase_right_then_dblBk_left_erp :: (cell list) = (cell list) = config = bool
where
inv_tm_erase_right_then_dblBk_left_erp CL CR (s, tap) =
(if s = O then inv_tm_erase_right_then_dblBk_left_erp_sO CL CR tap else
if s = 1 then inv_tm_erase_right_then_dblBk_left_erp_sI CL CR tap else
if s = 2 then inv_tm_erase_right_then_dblBk_left_erp_s2 CL CR tap else
if s = 3 then inv_tm_erase_right_then_dblBk_left_erp_s3 CL CR tap else
if s = 5 then inv_tm_erase_right_then_dblBk_left_erp_s5 CL CR tap else
if s = 6 then inv_tm_erase_right_then_dblBk_left_erp_s6 CL CR tap else
if s = 7 then inv_tm_erase_right_then_dblBk_left_erp_s7 CL CR tap else
if s = 8 then inv_tm_erase_right_then_dblBk_left_erp_s8 CL CR tap else
if s = 9 then inv_tm_erase_right_then_dblBk_left_erp_s9 CL CR tap else
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if s = 10 then inv_tm_erase_right_then_dblBk_left_erp_s10 CL CR tap else
if s = 11 then inv_tm_erase_right_then_dblBk_left_erp_s11 CL CR tap else
if s = 12 then inv_tm_erase_right_then_dblBk_left_erp_s12 CL CR tap
else False)

lemma rm_erase_right_then_dblBk_left erp_cases:
fixes s::nat
assumes inv_tm_erase_right_then_dblBk_left_erp CL CR (s,l,r)
and s=0 — P
and s=/ — P
and s=2 — P
and s=3 — P
and s=5 — P
and s=6 —> P
and s=7 — P
and s=8 — P
and s=9 — P
and s=/10 — P
and s=/] — P
and s=/2 — P
shows P

(proof)

lemma inv_tm_erase_right_then_dblBk_left_erp_step:
assumes inv_tm_erase_right_then_dblBk_left_erp CL CR cf
and noDbIBk CL
and noDbIBk CR
shows inv_tm_erase_right_then_dbIBk_left_erp CL CR (stepO cf tm_erase_right_then_dblBk_left)
(proof )

lemma inv_tm_erase_right_then_dblBk_left_erp_steps:

assumes inv_tm_erase_right_then_dblBk_left_erp CL CR cf

and noDbIBk CL and noDblBk CR

shows inv_tm_erase_right_then_dblBk_left_erp CL CR (stepsO cf tm_erase_right_then_dbIBk_left
stp)
(proof )

lemma 1m_erase_right_then_dblBk_left_erp_partial_correctness_CL_is_Nil:
assumes 3 sip. is_final (stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp)
and noDbIBk CL
and noDbIBk CR
and CL = [|
shows { Atap. tap = ([Bk,Oc] @ CL, CR) |}
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tm_erase_right_then_dblBk_left
{ Atap. 3 rex. tap = ({], [Bk,Bk] @ (rev CL) @ [Oc, Bk] @ Bk 1 rex) |}
(proof)

lemma tm_erase_right_then_dblBk_left_erp_partial_correctness_CL_ew_Bk:
assumes 3 sip. is_final (stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp)
and noDblBk CL
and noDblBk CR
and CL # [
and last CL = Bk
shows { Atap. tap = ([Bk,Oc] @ CL, CR) |}
tm_erase_right_then_dblBk_left
{ Atap. I rex. tap = ([], [Bk] @Q (rev CL) @ [Oc, Bk] @ Bk 1 rex ) |}
(proof )

lemma tm_erase_right_then_dblBk_left_erp_partial_correctness_CL_ew_Oc:
assumes 3 sip. is_final (stepsO (1, [Bk,0c] @ CL, CR) tm_erase_right_then_dbIBk_left stp)
and noDblBk CL
and noDbIBk CR
and CL # ||
and last CL = Oc
shows { \rap. tap = ([Bk,Oc] @Q CL, CR) |}
tm_erase_right_then_dblBk_left
{ Mtap. Frex. tap = ({], [Bk, Bk] @Q (rev CL) @ [Oc, Bk] @ Bk 1 rex ) |}
(proof )

definition measure_tm_erase_right_then_dblBk_left_erp :: (config X config) set
where
measure_tm_erase_right_then_dblBk_left_erp = measures |
As, L, r). (

ifs=20

then 0

elseifs <6
then 13 — s
else 1),

As, L) (
ifs=6
then ifr =[] V (hd r) = Bk
then 1
else 2
else 0),

Als, L) (
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if7<sANs<9
then 2+ length r
else 1),

As, L) (
f7<sANs<9
then
ifr=1[Vhdr=Bk
then 2
else 3
else 1),

Als, 2, r).(
if7<sANs<10
then 13 — s
else 1),

A(s, L r)- (
if10<s
then 2+ length [
else 1),

A(s, 7). (
ifl1l1 <s
then if hd r = Oc
then 3
else 2
else 1),

A(s, 1, 7).
ifl11 <s
then 13 — s
else 1)

J

lemma wf_measure_tm_erase_right_then_dblBk_left_erp: wf measure_tm_erase_right_then_dblBk_left_erp

(proof)

lemma measure_tm_erase_right_then_dblBk_left_erp_induct [case_names Step]:
[An. = P (fn) = (f (Sucn), (fn)) € measure_tm_erase_right_then_dblBk_left_erp]
= 3n. P (fn)

(proof)

lemma spike_erp_cases:
CL# [| Alast CL=Bk N CL # [| Alast CL= OcV CL =[]
(proof )

lemma rm_erase_right_then_dblBk_left_erp_halts:
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assumes noDbIBk CL
and noDbIBk CR
shows
stp. is_final (stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp)
(proof)

lemma 1m_erase_right_then_dblBk_left_erp_total_correctness_CL_is_Nil:

assumes noDblBk CL

and noDbIBk CR

and CL = [|

shows { Atap. tap = ([Bk,Oc] @ CL, CR) |}

tm_erase_right_then_dblBk_left
{ Atap. I rex. tap = (], [Bk,Bk] @ (rev CL) @ [Oc, Bk] @ Bk 1 rex) |}

(proof )

lemma rm_erase_right_then_dblBk_left_correctness_CL_ew_Bk:

assumes noDblBk CL

and noDbIBk CR

and CL # [|

and last CL = Bk

shows { Arap. tap = ([Bk,Oc] @ CL, CR) |}

tm_erase_right_then_dblBk_left
{ Atap. 3rex. tap = ([], [Bk] @ (rev CL) @ [Oc, Bk] @ Bk 1 rex ) |}

(proof)

lemma rm_erase_right_then_dblBk_left_erp_total_correctness_CL_ew_Oc:
assumes noDblBk CL
and noDbIBk CR
and CL # ||
and last CL = Oc
shows { Atap. tap = ([Bk,Oc] @Q CL, CR) |}
tm_erase_right_then_dblBk_left
{ Atap. Frex. tap = ({], [Bk, Bk] @Q (rev CL) @ [Oc, Bk] @ Bk 1 rex ) |}

(proof)

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_eq_Nil_n_eq_1_last_eq_0:
assumes (nl::nat list) # ||
and n=1
and n < length nl
and last (take n nl) = 0
shows 3 CL CR.
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[Oc] @ CL = rev(<take n nl>) A noDbIBk CL A CL =[] A
CR = (<drop nnl>) A noDbIBk CR

(proof)

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_eq_1_last_neq_0:
assumes (nl::nat list) # ||
and n=1
and n < length nl
and 0 < last (take n nl)
shows d CL CR.
[Oc] @ CL = rev(<take n nl>) A\ noDblBk CL A CL # [] A last CL = Oc A
CR = (<drop nnl>) A noDblBk CR
(proof )

lemma rm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_eq_Nil_last_eq_0 g
assumes / < length (nl:: nat list)
and hd nl = 0
shows 3 CL CR.
[Oc] @ CL = rev(<hd nl>) A noDblBk CL A\ CL =[] A
CR = (<t nl>) A noDbIBk CR

(proof)

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_last_neq_0':
assumes / < length (nl::nat list)
and 0 < hd nl
shows 3 CL CR.
[Oc] @ CL = rev(<hd nl>) N\ noDbIBk CL A\ CL # [] A last CL = Oc A
CR = (<tlnl>) A noDblBk CR
(proof )

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_gt_1_last_eq_0:

assumes (nl::nat list) # ||

and /<n

and n < length nl

and last (take n nl) = 0
shows 3 CL CR.

[Oc] @ CL = rev(<take n nl>) A\ noDblBk CL A CL # [] A last CL = Oc A
CR = (<drop n nl>) A noDblBk CR

(proof)

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_gt_1_last_neq_0:
assumes (nl::nat list) # ||
and / <n
and n < length nl
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and 0 < last (take n nl)
shows 3 CL CR.
[Oc] @ CL = rev(<take n nl>) A\ noDblBk CL A CL # [] A last CL = Oc A
CR = (<drop nnl>) A noDblBk CR

(proof)

lemma rm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_gt_1I:
assumes (nl::nat list) # ||
and /<n
and n < length nl
shows 3 CL CR.
[Oc] @ CL = rev(<take n nl>) A\ noDblBk CL A CL # [] A last CL = Oc A
CR = (<drop n nl>) N\ noDbIBk CR

(proof)

lemma rm_erase_right_then_dblBk_left_erp_total_correctness_one_arg:
assumes / < length (nl::nat list)
shows { Atap. tap = (Bk+# rev(<hd nl>), <tl nl>) |}
tm_erase_right_then_dblBk_left
{ Atap. 3rex. tap = (]|, [Bk,Bk] @ (<hd nl>) @ [Bk] @ Bk 1 rex ) [}
(proof)

definition
tm_check_for_one_arg :: instr list
where
tm_check_for_one_arg d:ef tm_skip_first_arg |+\ tm_erase_right_then_dblBk_left

lemma tm_check_for_one_arg_total_correctness_Nil:
lengthnl =0
= {Atap. tap = ([], <nl::nat list>) |} tm_check_for_one_arg {Atap. tap = ([Bk,Bk]|, [Bk] )

h
(proof)
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lemma tm_check_for_one_arg_total_correctness_len_eq_1I:

lengthnl =1

= {Atap. tap = ([], <nl::nat list>) |} tm_check_for_one_arg {Atap. 3z4. tap = (Bk 1 4,
<nl> Q@ [Bk])}
(proof)

lemma tm_check_for_one_arg_total_correctness_len_gt_I:

length nl > 1

= {\tap. tap = ([|, <nl::nat list> )} tm_check_for_one_arg { Mtap. 3 1. tap = ([], |Bk,Bk]
Q@ <[hd nl]> Q Bk 11) |}
(proof)

definition
tm_strong_copy :: instr list
where

de
tm_strong_copy :ef tm_check_for_one_arg |+| tm_weak_copy

lemma rm_strong_copy_total_correctness_Nil:

lengthnl =0

= {\tap. tap = ([|, <nl::nat list>) [} tm_strong_copy {Atap. tap = ([Bk,Bk,Bk,Bk],[]) |
(proof)

lemma rm_strong_copy_total_correctness_len_gt_1:
1 < length nl
= {\tap. tap = ([], <nl::nat list>) [} tm_strong_copy { Atap. 31. tap = ([Bk,Bk], <[hd
nl]>@Bk11) |}
(proof)

lemma rm_strong_copy_total_correctness_len_eq_1I:

1 = length nl

= {Atap. tap = ([], <nl::nat list>) |} tm_strong_copy {| Atap. 3k I. tap = (Bk 1 k, <[hd nl,
hd nl|> @Bk 1) }
(proof)

end

1.11 Turing Decidability

theory TuringDecidable
imports
OneStrokeTM
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Turing_HaltingConditions
begin

1.11.1 Turing Decidable Sets and Relations of natural numbers

We use lists of natural numbers in order to model tuples of arity k of natural numbers,
where 0 < k.

Now, we define the notion of Turing Decidable Sets and Relations. In our defini-
tion, we directly relate decidability of sets and relations to Turing machines and do not
adhere to the formal concept of a characteristic function.

However, the notion of a characteristic function is introduced in the theory about
Turing computable functions.

definition turing_decidable :: (nat list) set = bool
where
. . def
turing_decidable nls = (3D. (Vnl.
(nl € nls — {(Atap. tap = ([], <nl>))} D {(Atap. 3k I. tap = (Bk 1 k, <I::nar> Q Bk}
ni
A (nl & nls — {(Mtap. tap = ([], <nl>))|} D {(Atap. 3k I. tap = (Bk T k, <0::nat> Q
Bit 1))
)

lemma ruring_decidable_unfolded_into_TMC _yields_conditions:
turing_decidable nls & (3D. (Ynl.
(nl € nls — TMC _yields_num_res D nl (1::nar) )
A (nl ¢ nls — TMC_yields_num_res D nl (0::nat) )

)
(proof)

1.11.2 Examples for decidable sets of natural numbers

Using the machine OneStrokeTM as a decider we are able to proof the decidability of
the empty set. Moreover, in the theory about Halting Problems, we will show that there
are undecidable sets as well. Thus, the notion of Turing Decidability is not a trivial
concept.

lemma ruring_decidable_empty_set_iff:
turing_decidable {} = (3D.V (nl:: nat list).
{(Atap. tap = ([, <ni>))[} D {(Mtap. 3k 1. tap = (Bk 1 k, [Oc] @ Bk 1I))[})
(proof )

theorem ruring_decidable_empty_set: turing_decidable {}

(proof)
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end

1.12 Turing Reducibility

theory TuringReducible
imports
TuringDecidable
StrongCopyTM
begin

1.12.1 Definition of Turing Reducibility of Sets and Relations of
Natural Numbers

Let A and B be two sets of lists of natural numbers.
The set A is called many-one reducible to set B, if there is a Turing machine #m
such that for all a we have:

1. the Turing machine always computes a list b of natural numbers from the list b
of natural numbers

2. a € A if and only if the value b computed by tm from a is an element of set B.

We generalized our definition to lists, which eliminates the need to encode lists of
natural numbers into a single natural number. Compare this to the theory of recursive
functions, where all values computed must be a single natural number.

Note however, that our notion of reducibility is not stronger than the one used in
recursion theory. Every finite list of natural numbers can be encoded into a single
natural number. Our definition is just more convenient for Turing machines, which are
capable of producing lists of values.

definition turing_reducible :: (nat list) set = (nat list) set = bool
where

d
turing_reducible A B :ef
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(Ftm. V nl::nat list. Iml::nat list.
{(\tap. tap = ([], <nl>))} tm {(Atap. 3k . tap = (Bk 1 k, <ml> Q Bkt I))} A
(nl€ A<—ml€B)

)

lemma ruring_reducible_unfolded_into_TMC_yields_condition:

turing_reducible A B =l

(Ftm. VY nl::nat list. 3ml::nat list.
TMC_yields_num_list_res tm nl ml N\ (nl € A <— ml € B)

)
(proof)

1.12.2 Theorems about Turing Reducibility of Sets and Relations
of Natural Numbers

lemma ruring_reducible_A_B_imp_composable_reducer_ex: turing_reducible A B
.
JRed. composable_tm0 Red N\
(Y nl::nat list. 3ml::nat list. TMC_yields_num_list_res Red nl ml \ (nl € A <— ml €

B))
(proof)

theorem ruring_reducible_AB_and_decB_imp_decA:
[[ turing_reducible A B; turing_decidable B ] — turing_decidable A
(proof)

corollary turing_reducible_AB_and_non_decA_imp_non_decB:
[[turing_reducible A B; — turing_decidable A ]] — —turing_decidable B
(proof )

end

1.13 Halting Problems: do Turing Machines for decid-
ing Termination exist?

In this section we will show that there cannot exist Turing Machines that are able to
decide the termination of some other arbitrary Turing Machine.

1.13.1 A simple Godel Encoding for Turing machines
theory SimpleGoedelEncoding
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imports
Turing_HaltingConditions
HOL—Library.Nat_Bijection
begin

declare adjust.simps[simp del]

declare seq_tm.simps [simp del]
declare shift.simps[simp del]

declare composable_tm.simps[simp del]
declare step.simps[simp del)

declare steps.simps|[simp del]

1.13.1.1 Some general results on injective functions and their inversion

lemma dec_is_inv_on_A:
dec = (Aw. (if (3t€A. enc t = w) then (THE t. t€A N\ enc t = w) else (SOME t. t € A)))
= dec = (A\w. (if (3t€A. enc t = w) then (the_inv_into A enc) w else (SOME t.t € A)))
(proof)

lemma encode_decode_A_eq:
[ inj_on (enc::'a ='b) (A::'a set);
(dec::'b = 'a) = (Mw. (if (t€A. enct=w)
then (THE t. t€A N enct = w)
else (SOMEt.t € A)))
] = VYMEeA. dec(enc M) =M

(proof)

lemma decode_encode_A_eq:
[ inj_on (enc::'a ='b) (A::'a set);
dec = (Aw. (if (3t€A. enct = w) then (THE t. t€A A enc t = w) else (SOMEt.t € A)))]
= Vw.w € enc’A— enc(dec(w)) =w

(proof)

lemma dec_in_A:
[inj_on (enc::'a ='b) (A::'a set);
dec = (Aw.if At€A.enct =wthen THEt.t €A Nenct =welse SOMEt.t € A);
AZ#{}]

== Vw.decw €A
(proof)

1.13.1.2 Aninjective encoding of Turing Machines into the natural number

We define an injective encoding function from Turing machines to natural numbers.
This encoding function is only used for the proof of the undecidability of the special
halting problem K where we use a locale that postulates the existence of some injective
encoding of the Turing machines into the natural numbers.
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fun rm_to_nat_list :: tprog0 = nat list
where
tm_to_nat_list || =11

tm_to_nat_list (WB ,s) # is) = 0 # s # tm_to_nat_list is |
tm_to_nat_list (WO ,s) # is) = 1 # s # tm_to_nat_list is |
tm_to_nat_list (L ,s) # is) =2 # s # tm_to_nat _list is |
tm_to_nat_list (R ,s) # is) = 3 # s # tm_to_nat_list is |
tm_to_nat_list ((Nop ,s) # is) =4 # s # tm_to_nat_list is

lemma prefix_tm_to_nat_list_cons:
Fuv. tm_to_nat_list (x#£xs) = u # v # tm_to_nat_list xs
(proof )

lemma rm_to_nat_list_cons_is_not_nil: tm_to_nat_list (x#txs) # tm_to_nat_list ||
(proof )

lemma inj_in_fst_arg_tm_to_nat_list:
tm_to_nat_list (x # xs) = tm_to_nat _list (y # xs) = x =1y

(proof)

lemma inj_tm_to_nat _list: tm_to_nat_list xs = tm_to_nat_list ys —> xs = ys

(proof)

definition tm_to_nat :: tprog0 = nat
where tm_to_nat = (list_encode o tm_to_nat_list)

theorem inj_tm_to_nat: inj tm_to_nat

(proof)

fun nat_list_to_tm  :: nat list = tprog0
where
nat_list_to_tm [] = ]

| nat_list_to_tm [ac] = [(Nop, 0)]

| nat_list_to_tm (ac # s # ns) = (
ifac <5
then ([WB,WO,L,R,Nop|lac ,s) # nat_list_to_tm ns
else [(Nop, 0)])

lemma nat_list_to_tm_is_inv_of _tm_to_nat_list: nat_list_to_tm (tm_to_nat_list ns) = ns

(proof)

definition nat_to_tm :: nat = tprog0
where nat_to_tm = (nat_list_to_tm o list_decode)
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lemma nat_to_tm_is_inv_of _tm_to_nat: nat_to_tm (tm_to_nat tm) = tm

(proof)

end

1.13.2 Undecidability of Halting Problems

theory HaltingProblems_K_H
imports
SimpleGoedelEncoding
SemildTM
TuringReducible

begin

1.13.2.1 A locale for variations of the Halting Problem

The following locale assumes that there is an injective coding function #2¢ from Turing
machines to natural numbers. In this locale, we will show that the Special Halting
Problem K1 and the General Halting Problem H1 are not Turing decidable.

locale hpk =
fixes t2c :: tprog0 = nat
assumes
2c_inj: inj t2¢

begin
The function tm_to_nat is a witness that the locale hpk is inhabited.

interpretation rm_ro_nat: hpk tm_to_nat :: tprog0 = nat
(proof)

We define the function c2t as the unique inverse of the injective function #2c.

definition c2¢ :: nat = instr list
where
c2t = (An.if (3p.2cp=n)
then (THE p.12¢ p =n)
else (SOME p. True) )

lemma 2c_inj": inj_on t2c {x. True}

(proof)

lemma c2t_comp_t2c_eq: c2t (2c p) =p

(proof)
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1.13.2.2 Undecidability of the Special Halting Problem K1

definition K7 :: (nat list) set
where
k1Y {nl. (3n. nl = [n] A TMC_has_num_res (2t n) [n]) }

Assuming the existence of a Turing Machine K1D1, which is able to decide the set
K1, we derive a contradiction using the machine tm_semi_id_eq0. Thus, we show that
the Special Halting Problem K1 is not Turing decidable. The proof uses a diagonal
argument.

lemma mk_composable_decider_KIDI:
assumes 3KIDI’. (Vnl.
(nl € KI —TMC _yields_num_res KID1' nl (I::nat))
A (nl ¢ KI —TMC_yields_num_res KIDI' nl (0::nat) ))

shows IKIDI’. (Vnl. composable_tm0 KIDI’ A
(nl € KI —TMC_yields_num_res KID1' nl (I::nat))
A (nl ¢ KI —TMC _yields_num_res KID1' nl (0::nat) ))

(proof)

lemma res_1_fed_into_tm_semi_id_eq0_loops:
assumes composable_tm0 D
and TMC_yields_num_res D nl (1::nat)
shows TMC_loops (D |+| tm_semi_id_eq0) nl
(proof)

lemma loops_imp_has_no_res: TMC_loops tm [n] = = TMC_has_num_res tm [n]

(proof)

lemma yields_res_imp_has_res: TMC_yields_num_res tm [n} (m::nat) — TMC_has_num_res
tm [n]
(proof)

lemma res_0_fed_into_tm_semi_id_eq0_yields_0:
assumes composable_tm0 D
and TMC_yields_num_res D nl (0::nat)
shows TMC _yields_num_res (D |+| tm_semi_id_eq0) nl 0
(proof)

lemma existence_of _decider_KIDI1_for_KI_imp_False:
assumes major: 3KID1’. (Vnl.
(nl € KI —TMC_yields_num_res KID1' nl (1::nat))
A (nl & KI —TMC _yields_num_res KIDI' nl (0::nat) ))
shows False

(proof)
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1.13.2.3 The Special Halting Problem K1 is reducible to the General Halting
Problem H1

The proof is by reduction of K/ to HI.

definition H/ :: (nat list) set
where

H1 Y {nl. (3nm. nl = [n,m] A TMC_has_num_res (c2t n) [m]) }

lemma NilNotln_KI: || ¢ K1
(proof)

lemma NilNotln_H]I: [| ¢ HI
(proof)

lemma tm_strong_copy_total_correctness_Nil :
length nl = 0 = TMC_yields_num_list_res tm_strong_copy nl ||

(proof)

lemma tm_strong_copy_total_correctness_len_eq_1":
length nl = 1 = TMC_yields_num_list_res tm_strong_copy nl [hd nl, hd nl|
{proof)

lemma rm_strong_copy_total_correctness_len_gt_1 ‘.
1 < length nl = TMC _yields_num_list_res tm_strong_copy nl [hd nl|
(proof)

theorem ruring_reducible_K1_H1: turing_reducible K1 HI
(proof)

1.13.2.4 Corollaries about the undecidable sets K1 and H1

corollary not_Turing_decidable_K1: —(turing_decidable K1)
(proof )

corollary not_Turing_decidable_H1: —turing_decidable HI
(proof )

1.13.2.5 Proof variant: The special Halting Problem K1 is not Turing Decidable

Assuming the existence of a Turing Machine K1DO0, which is able to decide the set
K1, we derive a contradiction using the machine tm_semi_id_gt0. Thus, we show that
the Special Halting Problem K1 is not Turing decidable. The proof uses a diagonal
argument.

lemma existence_of _decider_KI1DO_for_KI_imp_False:
assumes 3KIDO’. (Vnl.
(nl € KI —TMC _yields_num_res KIDO' nl (0::nat))
A (nl ¢ KI —TMC _yields_num_res KIDO' nl (1::nat) ))
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shows False

(proof)

end

end

1.13.2.6 KO: A Variant of the Special Halting Problem K1

theory HaltingProblems_K_aux
imports
HaltingProblems_K_H

begin

context hpk
begin

definition KO :: (nat list) set
where
ko ¥ {nl. (3n. nl = [n] A reaches_final (c2t n) [n]) }
Assuming the existence of a Turing Machine KODO, which is able to decide the set
KO, we derive a contradiction using the machine tm_semi_id_gt0. Thus, we show that
the Special Halting Problem KO is not Turing decidable. The proof uses a diagonal

argument.

lemma existence_of _decider_KODO_for_KO_imp_False:
assumes 3 KODO'. (V¥ nl.
(nl € KO —TMC _yields_num_res KODO' nl (0::nat))
A (nl ¢ KO —TMC_yields_num_res KODO' nl (1::nat) ))
shows False

(proof)

Assuming the existence of a Turing Machine KOD1, which is able to decide the set
KO, we derive a contradiction using the machine tm_semi_id_eq0. Thus, we show that
the Special Halting Problem KO is not Turing decidable. The proof uses a diagonal
argument.

lemma existence_of _decider_KOD1_for_KO_imp_False:
assumes 3 KODI'. (Vnl.
(nl € KO —TMC _yields_num_res KOD1' nl (1::nat))
A (nl ¢ KO —TMC _yields_num_res KODI' nl (0::nat) ))
shows False

(proof)

corollary not_Turing_decidable_KO: —(turing_decidable K0)
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(proof)

end

end

1.14 Turing Computable Functions

theory TuringComputable
imports
HaltingProblems_K_H
begin

1.14.1 Definition of Partial Turing Computability

We present two variants for a definition of Partial Turing Computability, which we
prove to be equivalent, later on.

1.14.1.1 Definition Variant 1

definition ruring_computable_partial :: (nat list = nat option) = bool

where turing_computable_partial f & (Ftm. Vs n.
(f ns = Some n — (Istp k 1. (stepsO (1, ([], <ns::nat list>)) tm stp) = (0, Bk 1 k,
<n:nat> Q Bk T1))) A
(f ns = None — —{ Atap. tap = ([], <ns>) } tm { Map. (3kn . tap = (Bk 1 k,
<n:nat>QBk 1 1)) [}))

lemma ruring_computable_partial_unfolded_into_TMC_yields_TMC_has_conditions:

def
turing_computable_partial f < (Ftm. Vs n.
(fns = Some n — TMC_yields_num_res tm ns n) A
(fns = None — = TMC_has_num_res tmns ) )

(proof)

lemma ruring_computable_partial_unfolded_into_Hoare_halt_conditions:
turing_computable_partial f <— (Itm. V ns n.
(fns = Some n — { Atap. tap = ([], <ns::nat list>) |} tm { Mtap. 3k I. tap = (Bk Tk,
<n:nat>QBkTI) [} ) A
(fns = None — —{ Atap. tap = ([], <ns:nat list>) [} tm { Atap. Ik n . tap = (Bk
k, <n:nar> Q Bk 1) [}))
(proof)
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1.14.1.2 Characteristic Functions of Sets

definition chi_fun :: (nat list) set = (nat list = nat option)
where
chi_fun nls = (Anl. if nl € nls then Some 1 else Some 0)

lemma chi_fun_0_iff: nl ¢ nls <— chi_fun nls nl = Some 0

(proof)

lemma chi_fun_1_iff: nl € nls <— chi_fun nls nl = Some 1

(proof)

lemma chi_fun_0_I: nl ¢ nls => chi_fun nis nl = Some 0

(proof)

lemma chi_fun_0_E: (chi_fun nls nl = Some 0 = P) => nl ¢ nls = P

(proof)

lemma chi_fun_1_I: nl € nls = chi_fun nls nl = Some 1

(proof)

lemma chi_fun_I_E: (chi_fun nls nl = Some 1 = P) => nl € nls = P

(proof)

1.14.1.3 Relation between Partial Turing Computability and Turing Decidability

If a set A is Turing Decidable its characteristic function is Turing Computable partial
and vice versa. Please note, that although the characteristic function has an option type
it will always yield Some value.

theorem ruring_decidable_imp_turing_computable_partial:
turing_decidable A = turing_computable_partial (chi_fun A)
(proof)

theorem ruring_computable_partial_imp_turing_decidable:
turing_computable_partial (chi_fun A) = turing_decidable A

(proof)

corollary turing_computable_partial_iff_turing_decidable:
turing_decidable A <— turing_computable_partial (chi_fun A)
(proof)

1.14.1.4 Examples for uncomputable functions

Now, we prove that the characteristic functions of the undecidable sets K1 and H1 are
both uncomputable.

context hpk
begin

theorem —(ruring_computable_partial (chi_fun K1))
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(proof)

theorem —(ruring_computable_partial (chi_fun HI))
(proof)

end

1.14.1.5 The Function associated with a Turing Machine

With every Turing machine, we can associate a function.
definition fun_of _tm :: tprog0 = (nat list = nat option)
where fun_of_tm tm ns )
(if { Mtap. tap = ([], <ns>) [} tm { Mtap. (3knl. tap = (Bk T k, <n::nat> Q Bk 11)) |}
then
let result =
(THE n. 3stp k 1. (steps0 (1, ([], <ns>)) tm stp) = (0, Bk 1 k, <n::nat> Q Bk 1 1))
in Some result
else None)

Some immediate consequences of the definition.
lemma fun_of_tm_unfolded_into_TMC_yields_TMC_has_conditions:
def
fun_of tmtm =
(Ans. (if TMC_has_num_res tm ns
then
let result = (THE n. TMC_yields_num_res tm ns n)

in Some result
else None)

)
(proof)

lemma fun_of _tm_is_None:
assumes —({ Map. tap = ([|, <ns>) |} tm { Atap. (3k n l. tap = (Bk 1 k, <n::nat> Q Bk 1

n) k)

shows fun_of _tm tm ns = None

(proof)

lemma fun_of tm_is_None_rev:
assumes fun_of_tm tm ns = None
shows —({ Atap. tap = ([], <ns>) [} tm {| Map. (3kn l. tap = (Bk T k, <n::nat> Q Bk 1 1))

1))
(proof)

corollary fun_of_tm_is_None_iff: fun_of_tm tm ns = None <— —({ Atap. tap = ([], <ns>) |}

tm { Atap. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 1 1)) [})
(proof)

corollary fun_of _tm_is_None_iff ": fun_of _tm tm ns = None +— = TMC_has_num_res tm ns

(proof)
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lemma fun_of _tm_ex_Some_n !
assumes { Map. tap = ([], <ns>) [} tm {| Atap. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 11)) [}
shows 3 n. fun_of _tm tm ns = Some n

(proof)

lemma fun_of tm_ex_Some_n'_rev:
assumes 3 n. fun_of _tm tm ns = Some n
shows { Atap. tap = ([], <ns>) | tm { Atap. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 1 1)) |}
(proof )

corollary fun_of_tm_ex_Some_n'_iff:

(I n. fun_of _tm tm ns = Some n)
<
{ Atap. tap = ([], <ns>) |} tm {| Atap. (3knl. tap = (Bk T k, <n::nat> Q Bk 1 1)) }
{proof)

1.14.1.6  Stronger results about uniqueness of results

corollary Hoare_halt_on_numeral_list_yields_unique_list_result_iff:
{Atap. tap = ([), <nl::nat list>)[} p {Atap. Skr ml Ir. tap = (Bk 1 kr, <ml::nat list> Q Bk 1
Ir)lt
—
(3!ml. Istp k L. stepsO (1,[], <nl::nat list>) p stp = (0, Bk 1 k, <ml::nat list> Q Bk 1 [))

(proof)

corollary Hoare_halt_on_numeral_yields_unique_result_iff:
{(\tap. tap = ([], <ns::nat list>))[} p {(Map. (3kn l. tap = (Bk T k, <n::nat> Q Bk 1 1)))}
R d
(3!n. Istp k . stepsO (1,]], <ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bk 1 1))

(proof)

lemma fun_of tm_is_Some_unique_value:
assumes steps0 (1, ([], <ns>)) tm stp = (0, Bk 1 kI, <n::nat> Q Bk 1 l1)
shows fun_of _tm tm ns = Some n

(proof)

lemma fun_of tm_ex_Some_n:
assumes { Atap. tap = ([, <ns:nat list>) | tm { Map. (3kn l. tap = (Bk T k, <n::nat> Q

Bk11D)
shows Jstp k n l. (stepsO (1, ([], <ns::nat list>)) tm stp) = (0, Bk T k, <n::nat> Q Bk 1 I) A
Sfun_of_tm tm ns = Some (n::nat)

(proof)

lemma fun_of _tm_ex_Some_n_rev:
assumes Isip k n . (stepsO (1, ([], <ns::nat list>)) tm stp) = (0, Bk 1 k, <n::nat> Q Bk 1 1)
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A
SJun_of _tm tm ns = Some n
shows { Atap. tap = ([], <ns::nat list>) [} tm {| Map. (3k n l. tap = (Bk 1 k, <n::nat> Q Bk
)}
(proof)

corollary fun_of _tm_ex_Some_n_iff:
(3stp knl. (stepsO (1, ([], <ns>)) tm stp) = (0, Bk 1 k, <n::nat> Q Bk 1 I) A
Sfun_of_tm tm ns = Some n)
—
{ Mtap. tap = ([], <ns::nat list>) |} tm { Atap. (3knl. tap = (Bk T k, <n::nat> Q Bk 1 1)) |}
(proof)

lemma fun_of _tm_eq_Some_n_imp_same_numeral_result:
assumes fun_of_tm tm ns = Some n
shows I stp k 1. stepsO (1, [|, <ns::nat list>) tm stp = (0, Bk 1 k, <n::nat> Q Bk 1 [)
(proof )

lemma numeral_result_n_imp_fun_of tm_eq_n:
assumes Jsip k L. stepsO (1, [|, <ns::nat list>) tm stp = (0, Bk T k, <n::nat> Q Bk 1 [)
shows fun_of _tm tm ns = Some n

(proof)

corollary numeral_result_n_iff fun_of _tm_eq_n:
fun_of _tm tm ns = Some n
—
(Istp k 1. stepsO (1, [], <ns::nat list>) tm stp = (0, Bk 1 k, <n::nat> Q Bk 1 1))
{proof)

corollary numeral_result_n_iff fun_of tm_eq_n ’,

Sfun_of _tm tm ns = Some n «— TMC_yields_num_res tm ns n

(proof )
1.14.1.7 Definition of Turing computability Variant 2
definition turing_computable_partial’ :: (nat list = nat option) = bool

d
where turing_computable_partial’ f o dtm. fun_of tmtm =f

lemma turing_computable_partial'l:
(A\ns. fun_of _tm tm ns = f ns) = turing_computable_partial’ f

(proof)

1.14.1.8 Definitional Variants 1 and 2 of Partial Turing Computability are equiv-
alent

Now, we prove the equivalence of the two definitions of Partial Turing Computability.
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lemma turing_computable_partial’_imp_turing_computable_partial:
turing_computable_partial’ f — turing_computable_partial f

(proof)

lemma furing_computable_partial_imp_turing_computable_partial’:
turing_computable_partial f — turing_computable_partial’ f

(proof)

corollary turing_computable_partial’_turing_computable_partial_iff:
turing_computable_partial' f < turing_computable_partial f

(proof)

As a now trivial consequence we obtain:

d
corollary turing_computable_partial f ) dtm. fun_of tmtm =f

(proof)

1.14.2 Definition of Total Turing Computability

definition turing_computable_total :: (nat list = nat option) = bool

where turing_computable_total f & (Ftm.Vns. In.
fns = Somen A
(Istp k L. (stepsO (1, ([], <ns::nat list>)) tm stp) = (0, Bk 1 k, <n::nat> @ Bk 1 1)) )

lemma ruring_computable_total_unfolded_into_TMC_yields_condition:

def
turing_computable_total f &

)
(proof)

(3tm. ¥ ns. In. fns = Some n N TMC_yields_num_res tm ns n

lemma ruring_computable_total_imp_turing_computable_partial:
turing_computable_total f = turing_computable_partial f

(proof)

corollary turing_decidable_imp_turing_computable_total_chi_fun:
turing_decidable A = turing_computable_total (chi_fun A)

(proof)

definition turing_computable_total’ :: (nat list = nat option) = bool

def
where turing_computable_total’ f = (Ftm. Vns. In. fns = Some n A fun_of _tm tm =f)
theorem ruring_computable_total '_eq_turing_computable_total :

turing_computable_total’ f = turing_computable_total f

(proof)
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definition turing_computable_total’" :: (nat list = nat option) = bool

where turing_computable_total’ f = (Fem. fun_of tm tm =f A (Vns. An. fns = Some n))

theorem turing_computable_total'’_eq_turing_computable_total:
turing_computable_total”' f = turing_computable_total f
(proof)

definition turing_computable_total_on :: (nat list = nat option) = (nat list) set = bool

d
where turing_computable_total_on f A :ef (Ftm. Vns.
nseA—

(3n. fns = Some n A

(3stp kL. (stepsO (1, ([], <ns::nat list>)) tm stp) = (0, Bk 1 k, <n::nat> Q Bk 1 1)))

lemma ruring_computable_total_on_unfolded_into_TMC_yields_condition:

d
turing_computable_total_on fA :ef (3tm. ¥ ns.ns € A— (In. fns = Some n N TMC_yields_num_res
tmnsn))

(proof)

lemma ruring_computable_total_on_UNIV_imp_turing_computable_total:
turing_computable_total_on f UNIV — turing_computable_total f

(proof)

end

1.15 A Variation of the theme due to Boolos, Burgess
and, Jeffrey

In sections 1.13.2.2 and 1.13.2.5 we discussed two variants of the proof of the un-
decidability of the Sepcial Halting Problem. There, we used the Turing Machines
tm_semi_id_eq0 and tm_semi_id_gt0 for the construction a contradiction.

The machine tm_semi_id_gt0 is identical to the machine dither, which is discussed
in length together with the Turing Machine copy in the book by Boolos, Burgess, and
Jeffrey [1].

For backwards compatibility with the original AFP entry, we again present the
formalization of the machinesdither and copy here in this section. This allows for
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reuse of theory CopyTM, which in turn is referenced in the original proof about the
existence of an uncomputable function in theory TuringUnComputable_H?2_original.

In addition we present an enhanced version in theory TuringUnComputable_H2,
which is in line with the principles of Conservative Extension.

1.15.1 The Dithering Turing Machine

If the input is empty or the numeral < 0 >, the Dithering TM will loop forever, other-
wise it will terminate.

theory DitherTM
imports Turing_Hoare
begin

declare adjust.simps[simp del]

declare seq_tm.simps [simp del]
declare shift.simps[simp del]

declare composable_tm.simps[simp del]
declare step.simps|simp del]

declare steps.simps|[simp del]

definition rm_dither :: instr list
where

def

tm_dither = [(WB, 1), (R, 2), (L, 1), (L, 0)]

lemma composable_tm0_tm_dither[intro, simp]: composable_tmO tm_dither

(proof)

lemma rm_dither_loops_aux:
(stepsO (1, Bk 1 m, [Oc]) tm_dither stp = (1, Bk T m, [Oc])) V
(stepsO (1, Bk 1 m, [Oc]) tm_dither stp = (2, Oc # Bk T m, []))
(proof)

lemma tm_dither_loops_aux':
(stepsO (1, Bk T m, [Oc] @ Bk 1 n) tm_dither stp = (1, Bk T m, [Oc] Q Bk 1 n)) V
(stepsO (1, Bkt m, [Oc] @ Bk 1 n) tm_dither stp = (2, Oc # Bk 1 m, Bk T n))
(proof)

If the input is Oc 1 I the Dithering TM will loop forever, for other non-blank inputs
Oc 1 (n + 1) with I < n it will reach the final state in a standard configuration.
Please note that our short notation <n> means Oc 1 (n + 1) where 0 < n.

lemma <0::nat> = [Oc] (proof)
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lemma Oc?1(0+1) = [Oc] (proof)
lemma <n::nat> = Oct(n+1) (proof)

lemma </::nat> = [Oc, Oc] (proof)

1.15.1.1 Dither in action.

lemma steps0 (1, [], [Oc]) tm_dither 0 = (1, [], [Oc]) {(proof)
lemma stepsO (1, [|, [Oc]) tm_dither 1 = (2, [Oc], []) (proof)
lemma stepsO (1, [], [Oc]) tm_dither 2 = (1, [], [Oc]) {proof)
lemma stepsO (1, [], [Oc]) tm_dither 3 = (2, [Oc], []) {proof)
lemma stepsO (1, [|, [Oc]) tm_dither 4 = (1, [], [Oc]) (proof)

lemma stepsO (1, [, [Oc, Oc]) tm_dither 0 = (1, [], [Oc, Oc]) (proof)
lemma stepsO (1, [], [Oc, Oc]) tm_dither 1 = (2, [Oc], [Oc]) (proof)
lemma stepsO (1, [], [Oc, Oc)) tm_dither 2 = (0, [], [Oc, Oc]) (proof)
lemma stepsO (1, [, [Oc, Oc]) tm_dither 3 = (0, [], [Oc, Oc]) (proof)
lemma stepsO (1, [], [Oc, Oc, Oc]) tm_dither 0 = (1, [], [Oc, Oc, Oc]) {proof)
lemma stepsO (1, [], [Oc, Oc, Oc]) tm_dither 1 = (2, [Oc], [Oc, Oc]) ({proof)
lemma stepsO (1, [], [Oc, Oc, Oc]) tm_dither 2 = (0, [], [Oc, Oc, Oc]) {proof)
lemma stepsO (1, [, [Oc, Oc, Oc]) tm_dither 3 = (0, [], [Oc, Oc, Oc]) {proof)

1.15.1.2 Proving properties of tm_dither with Hoare rules

Using Hoare style rules is more elegant since they allow for compositional reason-
ing. Therefore, its preferable to use them, if the program that we reason about can be
decomposed appropriately.

abbreviation (input)

tm_dither_halt_inv d:ef Aap. k. tap = (Bk T k, <I::nat>)

abbreviation (input)

tm_dither_unhalt_ass % Atap. k. tap = (Bk T k, <O::nat>)
lemma <0::nat> = [Oc] (proof)

lemma tm_dither_loops:
shows {rm_dither_unhalt_ass[} tm_dither 1

(proof)

lemma rm_dither_loops "

shows {Atap. 3k . tap = (BkTk, [Oc] @ Bkt I)|} tm_dither ©
(proof)

lemma 1m_dither_halts_aux:
shows stepsO (1, Bk T m, [Oc, Oc]) tm_dither 2 = (0, Bk T m, [Oc, Oc])
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(proof)

lemma #m_dither_halts_aux’:
shows stepsO (1, Bk + m, [Oc, Oc|@Bk 1 n) tm_dither 2 = (0, Bk T m, [Oc, Oc|@QBk 1 n)
(proof)

lemma rm_dither_halts:
shows {tm_dither_halt_inv]} tm_dither {tm_dither_halt_inv}

(proof)

lemma rm_dither_halts’":

shows { Atap. 3k I. tap = (Bk? k, [Oc, Oc] @ Bkt )|} tm_dither {Xtap. 3k I. tap = (Bk? k,
[Oc, Oc] @ Bkt D)}

(proof)

end

1.15.2 A Turing machine that just duplicates its input if the input
is a single numeral

The machine tm_copy is almost identical to the machine tm_weak_copy that we pre-
sented in theory WeakCopyTM. They only differ in the first instruction of component
tm_copy_end (compare tm_copy_end_orig and tm_copy_end_new in theory Weak-
CopyTM).

As for machine tm_dither, we keep the entire theory CopyTM for backwards com-
patibility with the original AFP entry.

theory CopyTM
imports
Turing_Hoare
Turing_HaltingConditions
begin

declare adjust.simps[simp del|

definition
tm_copy_begin :: instr list
where
im_copy_begin % [(WB, 0), (R, 2), (R, 3), (R, 2),
(WO, 3), (L, 4), (L, 4), (L, 0)]

definition
tm_copy_loop :: instr list
where
tm_copy_loop =4 [(R,0), (R, 2), (R,3),(WB,2),
(R, 3), (R, 4), (WO, 5), (R, 4),
(L, 6), (L, 5), (L, 6), (L, )]
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definition
tm_copy_end :: instr list

where
im_copy_end % [(L, 0), (R, 2), (WO, 3), (L, 4),
(820, (0.2, (1,3, (W5, 4
,0), (L, 5)]
definition
tm_copy :: instr list
where

d
tm_copy & (tm_copy_begin |+| tm_copy_loop) |+| tm_copy_end

fun

inv_begin0 :: nat = tape = bool and
inv_beginl :: nat = tape = bool and
inv_begin2 :: nat = tape = bool and
inv_begin3 :: nat = tape = bool and
inv_begind :: nat = tape = bool
where

inv_beginOn (I,r) = ((n>1A(I,r) = (0c? (n—2), [Oc, Oc, Bk, Oc])) V

(4, r) = (Il, [Bk, Oc, Bk, Oc])))

(I, r) = (1, 0cn))

Jiji>0Ni+j=nA(r)=(0

n>0A(l,tr)=(Bk# Octn,]))

n>0A(l,r) = (Oc1n, [Bk, Oc]) V

(
| inv_beginl n (I, r)
| inv_begin2 n (I, r) = c1i, Oc1j))
| inv_begin3 n (I, r) =

| inv_begind n (I, r)
oc)))

(L,r)=(0c? (n— 1), [Oc, Bk,

fun inv_begin :: nat = config = bool
where
inv_begin n (s, tap) =

(if s = O then inv_beginO n tap else
if s = 1 then inv_beginl n tap else
if s = 2 then inv_begin2 n tap else
if s = 3 then inv_begin3 n tap else
if s = 4 then inv_begin4 n tap

else False)

lemma inv_begin_step_E: [0 < i; 0 < j] =
Jia>0.ia+j— SucO0=i+jANOc# Oc?1i=O0c?ia
(proof)

lemma inv_begin_step:
assumes inv_begin n cf
andn > 0
shows inv_begin n (stepO cf tm_copy_begin)

(proof)
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lemma inv_begin_steps:
assumes inv_begin n cf
andn > 0
shows inv_begin n (stepsO cf tm_copy_begin stp)

(proof)

lemma begin_partial_correctness:
assumes is_final (stepsO (1, [], Oc T n) tm_copy_begin stp)
shows 0 < n = {inv_beginl n| tm_copy_begin {inv_begin0 n|}

(proof)

fun measure_begin_state :: config = nat
where
measure_begin_state (s, [, r) = (if s = 0 then 0 else 5 — )

fun measure_begin_step :: config = nat
where
measure_begin_step (s, 1, r) =
(if s = 2 then length r else
ifs =3 then (if r = [| V r = [Bk]| then I else 0) else
if s = 4 then length |
else 0)

definition
measure_begin = measures [measure_begin_state, measure_begin_step]

lemma wf_measure_begin:
shows wf measure_begin

(proof)

lemma measure_begin_induct [case_names Step):
[An. = P (fn) = (f (Sucn), (fn)) € measure_begin] —> In. P (fn)
(proof)

lemma begin_halts:

assumes /: x > 0

shows 3 sip. is_final (stepsO (1, [], Oc 1 x) tm_copy_begin stp)
(proof)

lemma begin_correct:
shows 0 < n => {inv_beginl n| tm_copy_begin {inv_begin0 n|}

(proof)

declare seq_tm.simps [simp del]
declare shift.simps[simp del]
declare composable_tm.simps[simp del]
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declare step.simps[simp del)
declare steps.simps|[simp del]

fun
inv_loop1_loop :: nat = tape = bool and
inv_loop1_exit :: nat = tape = bool and
inv_loop5_loop :: nat = tape = bool and
inv_loop5_exit :: nat = tape = bool and
inv_loop6_loop :: nat = tape = bool and
inv_loop6_exit :: nat = tape = bool
where
inv_loopl_loopn (L,r)= 3 ij.i+j+1=nA(l,r) = (0cti, Oc#Oc#Bklj @ Oc?lj) N j
> 0)
| inv_loopl_exitn (I, r) = (0 < n A (I, r) = ([], Bk#Oc#Bktn Q Oc?Tn))
| inv_loop5_loop x (I, r) =
(Fijkti+j=SucxNi>0Nj>0Nk+t=jAt>0A (I, r) = (0ctkQBk1jQOCTi,
Oct))
| inv_loop5_exit x (I, r) =
Fiji+j=SucxNi>0Nj>0A (I, r)= (Bkt(j — 1)QOc?ti, Bk # Oc?j))
| inv_loop6_loop x (I, r) =
Fijkti+j=SucxNi>0Nk+t+1=jA(l,r)=(Bktk @ Octi, Bkt(Suc t) @
oct))
| inv_loop6_exit x (I, r) =
Fiji+j=xAj>0AN(,r)=(0cti, Oc#Bktj Q Oc?y))

fun
inv_loop0 :: nat = tape = bool and
inv_loopl :: nat = tape = bool and
inv_loop?2 :: nat = tape = bool and
inv_loop3 :: nat = tape = bool and
inv_loop4 :: nat = tape = bool and
inv_loop5 :: nat = tape = bool and
inv_loop6 :: nat = tape = bool
where
inv_loopOn (I,r) = (0<nA (I, r) = ([BK], Oc # Bktn @ Octn))
| inv_loopl n (1, r) = (inv_loopl_loop n (1, r) V inv_loopl_exitn (I, r))
| inv_loop2 n (I, r) = (3 ijany. i+j=nAn>0Ni>0Nj>0A(r) = (0cti,
any#Bk1j@Q0ct)))
| inv_loop3 n (I, r) =
Fijkti+j=nANi>0Nj>0NA k+t=SucjA (I, r) = (BkTkQOc?i, Bk1tQOcTy))
| inv_loop4n (I, r) =
@ijkti+j=nNi>0Aj>0A k+t=jA (I, r) = (Octk @ Bkt(Suc j)@Octi, Octt))
| inv_loop5 n (1, r) = (inv_loop5_loop n (I, r) V inv_loop5_exit n (I, r))
| inv_loop6 n (1, r) = (inv_loop6_loop n (1, r) V inv_loop6_exit n (I, r))

fun inv_loop :: nat = config = bool

where
inv_loop x (s, I, r) =
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(if s = 0 then inv_loop0 x (I, r)
else if s = 1 then inv_loopl x (I, r
else if s = 2 then inv_loop2 x (I, r
else if s = 3 then inv_loop3 x (I, r
else if s = 4 then inv_loop4 x (I
else if s = 5 then inv_loop5 x (I
else if s = 6 then inv_loop6 x (I
else False)

)
)
)
7 r)
7 r)
) 7)
declare inv_loop.simps[simp del] inv_loop1.simps|simp del]
inv_loop2.simps[simp del] inv_loop3.simps|simp del
inv_loop4.simps[simp del] inv_loop5.simps[simp del)
inv_loop6.simps|simp del]

lemma inv_loop3_Bk_empty_via_2[elim]: [0 < x; inv_loop2 x (b, [])] = inv_loop3 x (Bk #
b, 1)
(proof)

lemma inv_loop3_Bk_emptylelim]: [0 < x; inv_loop3 x (b, [|)] = inv_loop3 x (Bk # b, [])
(proof)

lemma inv_loop5_Oc_empty_via_4[elim]: [0 < x; inv_loop4 x (b, [])] = inv_loop5 x (b, [Oc])
(proof)

lemma inv_loopl_Bk[elim]: [0 < x; inv_loopl x (b, Bk # list)] => list = Oc # Bk 1 x @ Oc 1
X

(proof)

lemma inv_loop3_Bk_via_2elim]: [0 < x; inv_loop2 x (b, Bk # list)] = inv_loop3 x (Bk #
b, list)
(proof)

lemma inv_loop3_Bk_movelelim]: [0 < x; inv_loop3 x (b, Bk # list)] = inv_loop3 x (Bk #
b, list)
(proof)

lemma inv_loop5_Oc_via_4_Bk[elim]: [0 < x; inv_loop4 x (b, Bk # list)] = inv_loop5 x (b,
Oc # list)
(proof )

lemma inv_loop6_Bk_via_5elim]: [0 < x; inv_loop5 x (], Bk # list)] = inv_loop6 x (][], Bk
# Bk # list)
(proof)

lemma inv_loop5_loop_no_Bk|[simp]: inv_loop5_loop x (b, Bk # list) = False
(proof )

lemma inv_loop6_exit_no_Bk[simp]: inv_loop6_exit x (b, Bk # list) = False

(proof)
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declare inv_loop5_loop.simps[simp del] inv_loop5_exit.simps|[simp del]
inv_loop6_loop.simps[simp del] inv_loop6_exit.simps[simp del)

lemma inv_loop6_loopBk_via_5elim]:[0 < x; inv_loop5_exit x (b, Bk # list); b # [|; hd b =
Bk]
= inv_loop6_loop x (tl b, Bk # Bk # list)
(proof)

lemma inv_loop6_loop_no_Oc_Bk[simp]: inv_loop6_loop x (b, Oc # Bk # list) = False
(proof )

lemma inv_loop6_exit_Oc_Bk_via_5[elim]: [x > 0; inv_loop5_exit x (b, Bk # list); b # []; hd b
=0c] =

inv_loop6_exit x (il b, Oc # Bk # list)

(proof )

lemma inv_loop6_Bk_tail_via_5[elim]: [0 < x; inv_loop5 x (b, Bk # list); b # [|] = inv_loop6
x (1l b, hd b # Bk # list)
(proof )

lemma inv_loop6_loop_Bk_Bk_drop|elim]: [0 < x; inv_loop6_loop x (b, Bk # list); b # []; hd
b= BK]
= inv_loop6_loop x (tl b, Bk # Bk # list)
(proof)

lemma inv_loop6_exit_Oc_Bk_via_loop6|elim]: [0 < x; inv_loop6_loop x (b, Bk # list); b # [|;
hd b= Oc]
= inv_loop6_exit x (1l b, Oc # Bk # list)
(proof )

lemma inv_loop6_Bk_taillelim]: [0 < x; inv_loop6 x (b, Bk # list); b # []] = inv_loop6 x (il
b, hd b # Bk # list)
(proof)

lemma inv_loop2_Oc_via_Ielim]: [0 < x; inv_loopl x (b, Oc # list)] = inv_loop2 x (Oc #
b, list)
(proof )

lemma inv_loop2_Bk_via_Oclelim]: [0 < x; inv_loop2 x (b, Oc # list)] = inv_loop2 x (b, Bk
# list)
(proof)

lemma inv_loop4_Oc_via_3elim]: [0 < x; inv_loop3 x (b, Oc # list)] = inv_loop4 x (Oc #
b, list)
(proof )

lemma inv_loop4_Oc_movelelim:
assumes 0 < x inv_loop4 x (b, Oc # list)
shows inv_loop4 x (Oc # b, list)

(proof )
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lemma inv_loop5_exit_no_Oc[simp]: inv_loop5_exit x (b, Oc # list) = False

(proof)

lemma inv_loop5_exit_Bk_Oc_via_loop[elim]: [inv_loop5_loop x (b, Oc # list); b # [|; hd b
= BK|

= inv_loop5_exit x (1l b, Bk # Oc # list)

(proof )

lemma inv_loop5_loop_Oc_Oc_droplelim]: [inv_loop5_loop x (b, Oc # list); b # [|; hd b =
Oc]
= inv_loop5_loop x (tl b, Oc # Oc # list)
(proof)

lemma inv_loop5_Oc_tl[elim]: [inv_loop5 x (b, Oc # list); b # [|] = inv_loop5 x (tl b, hd b
# Oc # list)
(proof)

lemma inv_loopl_Bk_Oc_via_6elim]: [0 < x; inv_loop6 x ([], Oc # list)] = inv_loopI x ([],
Bk # Oc # list)
(proof)

lemma inv_loopl_Oc_via_6lelim]: [0 < x; inv_loop6 x (b, Oc # list); b # [|]
= inv_loopl x (tl b, hd b # Oc # list)
(proof)

lemma inv_loop_nonempty|simp:

inv_loopl x (b, [|) = False
[

]
inv_loop2 x ([], b) = False
inv_loop2 x (I, []) = False
inv_loop3 x (b, []) = False
inv_loop4 x ([], b) = False
inv_loop5 x ({], list) = False
inv_loop6 x ([], Bk # xs) = False
(proof)

lemma inv_loop_nonemptyE|[elim]:
[inv_loop5 x (b, [])] = RR inv_loop6 x (b, []) = RR
[inv_loopl x (b, Bk # list)] = b =]
(proof)

lemma inv_loop6_Bk_Bk_drop|elim): [inv_loop6 x ([], Bk # list)] = inv_loop6 x ([], Bk # Bk
# list)
(proof)

lemma inv_loop_step:
[inv_loop x cf ; x > 0] = inv_loop x (step cf (tm_copy_loop, 0))
(proof )
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lemma inv_loop_steps:
[inv_loop x cf; x > 0] = inv_loop x (steps cf (tm_copy_loop, 0) stp)

(proof)

fun loop_stage :: config = nat
where
loop_stage (s, 1, r) = (if s = 0 then 0
else (Suc (length (takeWhile (Aa. a = Oc) (rev 1@ r)))))

fun loop_state :: config = nat
where
loop_state (s, 1, r) = (if s =2 A hd r = Oc then 0
else if s=1then 1
else 10 — s)

fun loop_step :: config = nat
where
loop_step (s, 1, r) = (if s = 3 then length r
else if s = 4 then length r
else if s = 5 then length |
else if s = 6 then length |
else 0)

definition measure_loop :: (config x config) set

where
measure_loop = measures [loop_stage, loop_state, loop_step]

lemma wf_measure_loop: wf measure_loop

(proof)

lemma measure_loop_induct [case_names Step:
[An. = P (fn) = (f (Suc n), (fn)) € measure_loop] => 3n. P (fn)

(proof)

lemma inv_loop4_not_just_Ocl[elim]:

[inv_loop4 x (I, [));

length (takeWhile (Aa. a = Oc) (rev 1’ @ [Oc])) #

length (takeWhile (Aa. a = Oc) (rev 1"))]

= RR

[inv_loop4 x (I', Bk # list);

length (takeWhile (Aa. a = Oc) (rev I’ @ Oc # list)) #
length (takeWhile (Aa. a = Oc) (rev 1’ @Q Bk # list))]
= RR

(proof)

lemma rakeWhile_replicate_append:
P a = takeWhile P (atx Q ys) = atx Q takeWhile P ys

(proof)

lemma rakeWhile_replicate:
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P a = takeWhile P (atx) = atx
(proof)

lemma inv_loop5_Bk_E|elim]:
[inv_loop5 x (I', Bk # list); 1" # [J;
length (takeWhile (Aa. a = Oc) (rev (111") @ hd l' # Bk # list)) #
length (takeWhile (Aa. a = Oc) (rev ' @ Bk # list))]
= RR

(proof)

lemma inv_loopl_hd_Oclelim]: [inv_loopl x (I'; Oc # list)] = hd list = Oc
(proof )

lemma inv_loop6_not_just_Bk[dest!]:
[length (takeWhile P (rev (t11") @ hd 1" # list)) #
length (takeWhile P (rev 1’ Q list))]
=1'=]

(proof)

lemma inv_loop2_OcE|elim):
[inv_loop2 x (I', Oc # list); I' # [|] =
length (takeWhile (Aa. a = Oc) (rev 1’ @ Bk # list)) <
length (takeWhile (Aa. a = Oc) (rev ' @ Oc # list))
(proof)

lemma loop_halts:

assumes h: n > 0 inv_loop n (1,1, r)

shows 3 sip. is_final (stepsO (1, 1, r) tm_copy_loop stp)
(proof )

lemma loop_correct:
assumes 0 < n
shows {inv_loop1 n}} tm_copy_loop {inv_loop0 n|}
(proof)

fun
inv_end5_loop :: nat = tape = bool and
inv_end5_exit :: nat = tape = bool
where
inv_end5_loop x (I, r) =
(Fiji+j=xAx>0ANj>0ANI1=0ctiQ[Bk] A r=0OcljQ Bk # Octx)
| inv_end5_exit x (I, r) = (x > 0 Al =[] A r = Bk # Octx @Q Bk # Oc?x)

fun
inv_end0 :: nat = tape = bool and
inv_endl :: nat = tape = bool and
inv_end?2 :: nat = tape = bool and
inv_end3 :: nat = tape = bool and
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inv_end4 :: nat = tape = bool and
inv_end) :: nat = tape = bool

where

inv_endOn (I, r) = (n> 0 A (I, r) = ([Bk], Octn Q Bk # Oc1tn))
| inv_endl n (I, r) = (n>0A (I, r) = ([Bk], Oc # BkTn @ Oc*Tn))
|inv_end2n (l,r)= 3 ij.i+j=Sucn An>0AI=0ctiQ Bk] A r = Bk1j Q Octn)
| inv_end3 n (I, r) =

(Fijn>0Ni+j=nAl=0cti@ [Bk] A r= Oc # Bk1j@ Octn)
| inv_end4 n (I, r) = (3 any.n > 0 Nl = Octn Q [Bk] A r = any#Octn)
| inv_end5 n (1, r) = (inv_end5_loop n (1, r) V inv_end5_exitn (I, r))

fun

inv_end :: nat = config = bool
where

inv_endn (s, 1, r) = (if s = O then inv_endO n (I, r)
else if s = 1 then inv_endl n (I, r)
else if s = 2 then inv_end2 n (I, r)
else if s = 3 then inv_end3 n (I, r)
else if s = 4 then inv_end4 n (I, r)
else if s = 5 then inv_end5n (I, r)
else False)

,
,

declare inv_end.simps[simp del] inv_endl .simps[simp del]
inv_end0.simps[simp del] inv_end2.simps[simp del
inv_end3.simps[simp del] inv_end4.simps[simp del]
inv_end5.simps[simp del]

lemma inv_end_nonempty[simp]:
inv_endl x (b, [|) = Fulse
inv_endl x ([], list) = False

(
inv_end2 x (b, [|) = Fulse
inv_end3 x (b, [|) = Fulse
inv_end4 x (b, [|) = False
inv_end5 x (b, [|) = Fulse
inv_end5 x ([], Oc # list) = False
(proof)

lemma inv_end0_Bk_via_1[elim]: [0 < x; inv_endl x (b, Bk # list); b # []]
= inv_end0 x (t] b, hd b # Bk # list)
(proof)

lemma inv_end3_Oc_via_2[elim]: [0 < x; inv_end2 x (b, Bk # list)]

= inv_end3 x (b, Oc # list)

(proof)
lemma inv_end2_Bk_via_3[elim]: [0 < x; inv_end3 x (b, Bk # list)] = inv_end2 x (Bk # b,
list)

(proof)

lemma inv_end5_Bk_via_4[elim]: [0 < x; inv_end4 x ([], Bk # list)] =
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inv_end5 x ([], Bk # Bk # list)
(proof)

lemma inv_end5_Bk_tail_via_4[elim]: [0 < x; inv_end4 x (b, Bk # list); b # [|] =
inv_end5 x (tl b, hd b # Bk # list)
(proof)

lemma inv_end0_Bk_via_5[elim]: [0 < x; inv_end5 x (b, Bk # list)] = inv_end0 x (Bk # b,
list)
(proof )

lemma inv_end2_Oc_via_I[elim]: [0 < x; inv_end]I x (b, Oc # list)] = inv_end2 x (Oc # b,
list)
(proof)

lemma inv_end4_Bk_Oc_via_2[elim]: [0 < x; inv_end2 x ([, Oc # list)] =
inv_end4 x ([], Bk # Oc # list)
(proof)

lemma inv_end4_Oc_via_2[elim]: [0 < x; inv_end2 x (b, Oc # list); b # [|]] =
inv_end4 x (tl b, hd b # Oc # list)
(proof)

lemma inv_end2_Oc_via_3[elim]: [0 < x; inv_end3 x (b, Oc # list)] = inv_end2 x (Oc # b,
list)
(proof)

lemma inv_end4_Bk_via_Oclelim]: [0 < x; inv_end4 x (b, Oc # list)] => inv_end4 x (b, Bk #
list)
(proof)

lemma inv_end5_Bk_drop_Oclelim]: [0 < x; inv_end5 x ([], Oc # list)] = inv_end5 x ([], Bk
# Oc # list)
(proof)

declare inv_end5_loop.simps[simp del]
inv_end5_exit.simps|[simp del]

lemma inv_end5_exit_no_Oc|simp]: inv_end5_exit x (b, Oc # list) = False

(proof)

lemma inv_end5_loop_no_Bk_Oc|simp]: inv_end5_loop x (1l b, Bk # Oc # list) = False
(proof)
lemma inv_end5_exit_Bk_Oc_via_looplelim]:
[0 < x; inv_end5_loop x (b, Oc # list); b # [|; hd b = Bk] =
inv_end5_exit x (1l b, Bk # Oc # list)
(proof)

lemma inv_end5_loop_Oc_Oc_droplelim]:
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[0 < x; inv_end5_loop x (b, Oc # list); b # []; hd b = Oc] =
inv_end5_loop x (tl b, Oc # Oc # list)
(proof)

lemma inv_end5_Oc_tail[elim]: [0 < x; inv_end5 x (b, Oc # list); b # []] =
inv_end5 x (tl b, hd b # Oc # list)

(proof)

lemma inv_end_step:

[x > 0; inv_end x ¢f] = inv_end x (step cf (tm_copy_end, 0))
(proof)

lemma inv_end_steps:

[x > 0; inv_end x cf ] = inv_end x (steps cf (tm_copy_end, 0) stp)
(proof)

fun end_state :: config = nat
where

end_state (s, 1, r) =
(if s = 0 then 0
elseifs = 1 then 5
elseifs=2V s=3then4
else if s =4 then 3
else if s = 5 then 2
else 0)

fun end_stage :: config = nat
where

end_stage (s, l,r) =
(if s =2V s = 3 then (length r) else 0)

fun end_step :: config = nat
where

end_step (s, I, r) =
(if s = 4 then (if hd r = Oc then 1 else 0)
else if s = 5 then length |
else if s =2 then 1
else if s = 3 then 0
else 0)

definition end_LE :: (config x config) set
where

end_LE = measures [end_state, end_stage, end_step]

lemma wf_end_le: wf end_LE
(proof)

lemma end_halt:
[x > 0; inv_end x (Suc 0, 1, r)] =
3 stp. is_final (steps (Suc 0, 1, r) (tm_copy_end, 0) sip)

103



(proof)

lemma end_correct:
n > 0= {inv_endl n|} tm_copy_end {inv_end0 nl}

(proof)

lemma [intro]:
composable_tm (tm_copy_begin, 0)
composable_tm (tm_copy_loop, 0)
composable_tm (tm_copy_end, 0)

(proof)

lemma composable_tm0_tm_copylintro, simp|: composable_tm0 tm_copy

(proof)

lemma rm_copy_correctl:

assumes 0 < x

shows {inv_beginl x|} tm_copy {inv_end0 x|}
(proof)

abbreviation (input)

pre_tm_copy n o Map. tap = ([]::cell list, Oc 1 (Suc n))
abbreviation (input)

dof
post_tm_copy n & Map. tap= ([Bk], <(n, n::nat)>)

lemma rm_copy_correct:
shows {|pre_tm_copy n|} tm_copy {post_tm_copy n|}

(proof)
end

1.15.3 Existence of an uncomputable Function

theory TuringUnComputable_H?2
imports
CopyTM
DitherTM

begin
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1.15.3.1 Undecidability of the General Halting Problem H, Variant 2, revised
version

This variant of the decision problem H is discussed in the book Computability and
Logic by Boolos, Burgess and Jeffrey [1] in chapter 4.

The proof makes use of the TMs tm_copy and tm_dither. In [1], the machines are
called copy and dither.

fun dummy_code :: tprog0 = nat
where dummy_code tp = 0

locale hph2 =

fixes code :: instr list = nat

begin

The function dummy_code is a witness that the locale hph?2 is inhabited.

Note: there just has to be some function with the correct type since we did not
specify any axioms for the locale. The behaviour of the instance of the locale function
code does not matter at all.

This detail differs from the locale hpk, where a locale axiom specifies that the
coding function has to be injective.

Obviously, the entire logical argument of the undecidability proof H2 relies on the
combination of the machines tm_copy and tm_dither.

interpretation dummy_code: hph2 dummy_code :: tprog0 = nat
(proof)

The next lemma plays a crucial role in the proof by contradiction. Due to our
general results about trailing blanks on the left tape, we are able to compensate for the
additional blank, which is a mandatory by-product of the tm_copy.

lemma add_single_BK_to_left_tape:

{Xtap. tap = ([] , <(m::nat, m)>) |} p {\tap. Ik l. tap = (Bk t k, r’ @Bk )|}

=

{Xtap. tap = ([BK], <(m ,m)>) |} p {\ap. k. tap = (Bk 1 k, r' QBk1 )|}
(proof)

Definition of the General Halting Problem H2.

definition H2 :: ((instr list) x (nat list)) set

where

Y {(tm,nl). TMC_has_num_res tm nl }

No Turing Machine is able to decide the General Halting Problem H2.

lemma existence_of _decider_H2DO_for_H2_imp_False:
assumes 3 H2DO0'. (¥ nl (tm::instr list).
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((tm,nl) € H2 —{ Mtap. tap = ([], <(code tm, nl)>)|} H2DO' {\tap. 3k I. tap = (Bk 1
k, [Oc] @ BktD)})
A ((tm,nl) ¢ H2 —{Xtap. tap = ([], <(code tm, nl)>)[} H2DO' {\tap. 3k I. tap = (Bk
tk, [0c, 0] GBATDE) )
shows False

(proof)

Note: since we did not formalize the concept of Turing Computable Functions and
Characteristic Functions of sets yet, we are (at the moment) not able to formalize the
existence of an uncomputable function, namely the characteristic function of the set
H2.

Another caveat is the fact that the set H2 has type (instr list X nat list) set. This is
in contrast to the classical formalization of decision problems, where the sets discussed
only contain tuples respectively lists of natural numbers.

end

end

1.15.3.2 Undecidability of the General Halting Problem H, Variant 2, original
version

theory TuringUnComputable_H?2_original
imports
DitherTM
CopyTM

begin

The diagonal argument below shows the undecidability of a variant of the Gen-
eral Halting Problem. Implicitly, we thus show that the General Halting Function (the
characteristic function of the Halting Problem) is not Turing computable.

The following locale specifies that some TM H can be used to decide the General
Halting Problem and False is going to be derived under this locale. Therefore, the
undecidability of the General Halting Problem is established.

The proof makes use of the TMs tm_copy and tm_dither.

locale uncomputable =

fixes code :: instr list = nat

and H :: instr list

assumes i_composable[intro|: composable_tm0 H
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and /i_case:

A\ M ns. TMC_has_num_res M ns = {(Atap. tap = ([Bk|, <(code M, ns)>))[} H {(\iap.
k. tap = (Bk T k, <O::nar>))|}

and nh_case:

A\ M ns. = TMC_has_num_res M ns => {(Mtap. tap = ([Bk], <(code M, ns)>))|} H {(\tap.
k. tap = (Bk T k, <I:nat>))|}

begin

abbreviation (input)

pre_H_ass M ns 4 Map. tap = ([Bk], <(code M, ns::nat list)>)

abbreviation (input)

post_H_halt_ass ©f Map. k. tap = (Bk Tk, <I::nat>)

abbreviation (input)

post_H_unhalt_ass & Map. Fk. tap = (Bk 1 k, <0::nat>)

lemma H_halt:
assumes = TMC_has_num_res M ns
shows {pre_H_ass M ns}} H {post_H_halt_ass|
(proof )

lemma H_unhalt:
assumes TMC _has_num_res M ns
shows {pre_H_ass M ns|} H {post_H_unhalt_ass[}
(proof )

definition
Lo
rcontra X (tm_copy |+| H) |+| tm_dither
abbreviation

def
code_tcontra :f code tcontra

lemma rcontra_unhalt:
assumes — TMC_has_num_res tcontra [code tcontral
shows False

(proof)

lemma rcontra_halt:
assumes TMC_has_num_res tcontra [code tcontral
shows False

(proof)
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Thus False is derivable.

lemma false: False

(proof )
end

end
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Chapter 2

Abacus Programs

Abacus Machines (aka Counter Machines) and their programs are discussed in [1].
They serve as an intermediate computation model in the course of the translation of
Recursive Functions into Turing Machines.

2.1 A Mopup Turing Machine that deletes all ''regis-
ters'' on the tape, except one

In this section we define the higher order function mopup_n_tm that generates a mopup
Turing Machine for every argument n. The generated mopup function deletes all nu-
merals from the right tape except the n-th one. Such mopup machines will be used
in order to tidy up the result computed by Turing Machines that were compiled from
Abacus programs. Refer to [1] for more details.
theory Abacus_Mopup

imports

Turing_Hoare

begin

declare adjust.simps[simp del]

declare seq_tm.simps [simp del]
declare shift.simps|simp del]

declare composable_tm.simps|simp del]
declare step.simps[simp del]

declare steps.simps[simp del]

declare replicate_Suc[simp del]

fun mopup_a :: nat = instr list
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where
mopup_a 0 =[] |
mopup_a (Suc n) = mopup_an @
[(R, 2xn + 3), (WB, 2xn + 2), (R, 2+n + 1), (WO, 2%n + 2)]

definition mopup_»b :: instr list
where

mopup_b < [(R,2), (R,

L

2 )’ (L7
(R,2), (WB, 3), (L, 5), (L

1 5
5), (L, 6), (R, 0), (L, 6)
fun mopup_n_tm :: nat = instr list

where

mopup_n_tm n = mopup_a n Q shift mopup_b (2xn)
type-synonym mopup_type = config = nat list = nat = cell list = bool

fun mopup_stop :: mopup_type
where
mopup_stop (s, I, r) Im n ires=
(3 Inrn. 1 = Bktin Q Bk # Bk # ires A r = <Im ! n> @ Bktrn)

fun mopup_bef _erase_a :: mopup_type
where
mopup_bef_erase_a (s, 1, r) Im n ires=
(3 lnm rn. | = Bktin Q Bk # Bk # ires \
r = 0ctm@ Bk # <(drop ((s + 1) div 2) Im)> @ Bk?trn)

fun mopup_bef _erase_b :: mopup_type
where
mopup_bef_erase_b (s, 1, r) Im n ires =
(3 Inm m. | = Bktin Q Bk # Bk # ires A\ r = Bk # OcTm Q Bk #
<(drop (s div 2) Im)> @ Bktrn)

fun mopup_jump_overl :: mopup_type
where
mopup_jump_overl (s, 1, r) Im n ires =
(3 Inml m2 rn. ml + m2 = Suc (Im ! n) A
I = Octml @Q BktIn Q Bk # Bk # ires A
(r = Octm2 Q Bk # <(drop (Suc n) Im)> @ Bktrn V
(r = Octm2 A (drop (Suc n) Im) =])))

fun mopup_aft_erase_a :: mopup_type
where
mopup_aft_erase_a (s, 1, r) Im n ires =
(3 Inl Inr rn (ml::nat list) m.
m = Suc (Im ! n) Al = BkTInr @ Octm @ Bktinl @ Bk # Bk # ires \
(r = <ml> Q Bktrn))

fun mopup_aft_erase_b :: mopup_type
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where
mopup_aft_erase_b (s, 1, r) Im n ires=
(3 Inl Inr rn (ml::nat list) m.
m = Suc (Im!n) A
| = BkTInr Q Octm @ Bk?Tinl @ Bk # Bk # ires N\
(r = Bk # <ml> Q Bktrn V
r = Bk # Bk # <ml> @ Bktrn))

fun mopup_aft_erase_c :: mopup_type
where
mopup_aft_erase_c (s, 1, r) Im n ires =
(2 Inl Inr rn (ml::nat list) m.
m = Suc (Im ! n) A
[ = BkTInr Q@ Octm @ BkTInl @ Bk # Bk # ires N\
(r=<ml> Q@ Bktrn V r = Bk # <ml> Q Bktrn))

fun mopup_left_moving :: mopup_type
where
mopup_left_moving (s, 1, r) Im n ires =
(3 nl Inr rn m.
m = Suc (Im ! n) A
((I = Bktinr @ Octm @ Bktinl @ Bk # Bk # ires A\ r = Bktrn) V
(I=0ct(m — 1) Q Bktinl @ Bk # Bk # ires A r = Oc # Bktrn)))

fun mopup_jump_over2 :: mopup_type
where
mopup_jump_over2 (s, I, r) Im n ires =
(3 Inrnml m2.
ml + m2 = Suc (Im ! n)

Ar£]
A (hd r = Oc — (I = Octml @ Bktin Q Bk # Bk # ires A\ r = OcTm2 Q Bk?rn))
A (hd r = Bk — (I = Bktin Q Bk # ires N\ r = Bk # Oct(ml14+m2)@ Bktrn)))

fun mopup_inv :: mopup_type
where
mopup_inv (s, 1, r) Im n ires =
(if s = 0 then mopup_stop (s, I, r) Im n ires
else if s < 2«n then
if s mod 2 = 1 then mopup_bef _erase_a (s, 1, r) Im n ires
else mopup_bef _erase_b (s, 1, r) Im n ires
else if s = 2xn + 1 then
mopup_jump_overl (s, 1, r) Im n ires
else if s = 2xn + 2 then mopup_aft_erase_a (s, I, r) Im n ires
else if s = 2xn + 3 then mopup_aft_erase_b (s, , r) Im n ires
else if s = 2xn + 4 then mopup_aft_erase_c (s, 1, r) Im n ires
else if s = 2xn + 5 then mopup_left_moving (s, I, r) Im n ires
else if s = 2xn + 6 then mopup_jump_over2 (s, I, r) Im n ires
else False)
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lemma mop_bef _length[simp): length (mopup_an) =4 x n

(proof)

lemma mopup_a_nth:
lg <nyx<4] = mopup_an! (4% q+x)=
mopup_a (Suc q) ! ((4 x q) + x)
(proof )

lemma ferch_bef _erase_a_o[simp):
[0 < s;5 <2x%n;smod?2= Suc 0]
= (fetch (mopup_a n Q shift mopup_b (2 x n)) s Oc) = (WB, s + 1)
(proof)

lemma fetch_bef_erase_a_b[simp]:
[0 < s;5 <2%n;smod 2 = Suc 0]
= (fetch (mopup_a n Q shift mopup_b (2 x n)) s Bk) = (R, s + 2)
(proof)

lemma fetch_bef erase_b_b:

assumes n < lengthlm 0 <ss<2xnsmod2 =0

shows (fetch (mopup_a n Q@ shift mopup_b (2  n)) s Bk) = (R, s — 1)
(proof)

lemma fetch_jump_overl_o:

fetch (mopup_a n @ shift mopup_b (2 x n)) (Suc (2 * n)) Oc
= (R, Suc (2 % n))
(proof)

lemma fetch_jump_overl_b:

fetch (mopup_a n Q shift mopup_b (2 % n)) (Suc (2 x n)) Bk
= (R, Suc (Suc (2 % n)))

(proof)

lemma fetch_aft_erase_a_o:

fetch (mopup_a n Q shift mopup_b (2 x n)) (Suc (Suc (2 xn))) Oc
= (WB, Suc (2 xn+ 2))

(proof)

lemma fetch_aft_erase_a_b:

fetch (mopup_a n Q shift mopup_b (2 * n)) (Suc (Suc (2 = n))) Bk
= (L, Suc (2xn+4))
(proof)

lemma ferch_aft_erase_b_b:

fetch (mopup_a n Q shift mopup_b (2 * n)) (2«n + 3) Bk
= (R, Suc 2xn+3))
(proof)

lemma fetch_aft_erase_c_o:
Setch (mopup_a n Q shift mopup_b (2 x n)) (2 +n+4) Oc
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= (WB, Suc (2 xn+ 2))
(proof)

lemma fetch_aft_erase_c_b:

fetch (mopup_a n @ shift mopup_b (2 x n)) (2« n + 4) Bk
= (R, Suc 2xn+1))

(proof)

lemma ferch_left_moving_o:

(fetch (mopup_a n @ shift mopup_b (2 * n)) (2 *n+ 5) Oc)
= (L, 2+n + 6)

(proof)

lemma fetch_left_moving_b:
(fetch (mopup_a n @ shift mopup_b (2  n)) (2 x n + 5) Bk)
= (L, 2xn + 5)
(proof)

lemma fetch_jump_over2_b:

(fetch (mopup_a n @ shift mopup_b (2 = n)) (2 * n + 6) Bk)
= (R, 0)

(proof)

lemma fetch_jump_over2_o:

(fetch (mopup_a n @ shift mopup_b (2 = n)) (2 * n+ 6) Oc)
= (L,2+n + 6)

(proof)

lemmas mopupfetchs =
fetch_bef _erase_a_o fetch_bef_erase_a_b fetch_bef _erase_b_b
Sfetch_jump_overl_o fetch_jump_overl_b fetch_aft_erase_a_o
Sfetch_aft_erase_a_b fetch_aft_erase_b_b fetch_aft_erase_c_o
fetch_aft_erase_c_b fetch_left_moving_o fetch_left_moving_b
Sfetch_jump_over2_b fetch_jump_over2_o

declare
mopup_jump_over2.simps[simp del] mopup_left_moving.simps|[simp del]
mopup_aft_erase_c.simps[simp del] mopup_aft_erase_b.simps|simp del]
mopup_aft_erase_a.simps[simp del] mopup_jump_overl .simps[simp del]
mopup_bef_erase_a.simps[simp del] mopup_bef_erase_b.simps[simp del]
mopup_stop.simps|simp del]

lemma mopup_bef _erase_b_Bk_via_a_Oc|simp]:
[mopup_bef_erase_a (s, I, Oc # xs) Im n ires] =
mopup_bef_erase_b (Suc s, I, Bk # xs) Im n ires
(proof)

lemma mopup_falsel:
[0<s;5<2%n;smod2=Suc0; = Sucs<2xn]
— RR
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(proof)

lemma mopup_bef _erase_a_implies_twolsimp):
[n < length Im; 0 < 555 < 2 % n; s mod 2 = Suc 0
mopup_bef_erase_a (s, I, Oc # xs) lm n ires; r = Oc # xs]
= (Suc s < 2 % n — mopup_bef_erase_b (Suc s, I, Bk # xs) Im n ires) N
(= Suc s < 2 x n — mopup_jump_overl (Suc s, I, Bk # xs) Im n ires)

(proof)

lemma rape_of nl_cons: <m # Im> = (if Im = [] then Oc?(Suc m)
else Oct(Suc m) Q Bk # <Im>)
(proof)

lemma drop_tape_of _cons:
[Suc g < length Im; x = Im ! ] = <drop q Im> = Oc # Oc 1 x Q Bk # <drop (Suc q) Im>
(proof)

lemma erase2jumpoverl:
lg < length list;
Y rn. <drop q list> # Oc # Oc 1 (list | q) @ Bk # <drop (Suc q) list> @ Bk 1 rn]
= <drop q list> = Oc # Oc 1 (list ! q)
(proof)

lemma erase2jumpover2:
lg < length list; ¥V r. <drop q list> Q Bk # Bk 1 n #
Oc # Oc 7 (list | ) Q Bk # <drop (Suc q) list> Q Bk 1 rn]
= RR

(proof)

lemma mod_ex!I: (a mod 2 = Suc 0) = (3 q. a = Suc (2 % q))
(proof)

declare replicate_Suc[simp]

lemma mopup_bef _erase_a_2_jump_over[simp):
[n < length Im; 0 < s; s mod 2 = Suc 0; s <2 * n;
mopup_bef_erase_a (s, I, Bk # xs) Im n ires; = (Suc (Suc s) < 2 % n)]
= mopup_jump_overl (s, Bk # 1, xs) Im n ires
(proof)

lemma Suc_Suc_div: [0 < s; s mod 2 = Suc 0; Suc (Suc s) < 2 *n]
= (Suc (Suc (s div 2))) < n (proof)

lemma mopup_bef _erase_a_2_a[simp):
assumes n < length Im 0 < s s mod 2 = Suc 0
mopup_bef_erase_a (s, I, Bk # xs) Im n ires
Suc (Sucs) <2x*n
shows mopup_bef _erase_a (Suc (Suc s), Bk # 1, xs) lm n ires

(proof)
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lemma mopup_false2:
[0<s;s<2xm
s mod 2 = Suc 0; Suc s # 2 * n;
= Suc (Suc s) <2 *n] = RR
(proof)

lemma ariths[simp]: [0 < s; s < 2 *n; s mod 2 # Suc 0] =
(s — Suc 0) mod 2 = Suc 0
[0 < s;5 < 2*n; s mod 2 # Suc 0] =
s—Suc0<2x*xn
[0 < 555 < 2xn; s mod 2 # Suc 0] = =5 < Suc 0
{proof)

lemma take_sucl|intro):
Jina. Bk # Bk 1 In = Bk 1 Ina
(proof)

lemma mopup_bef_erase[simp|: mopup_bef_erase_a (s, 1, []) Im n ires =>
mopup_bef _erase_a (s, I, [Bk]) Im n ires
[n < length Im; 0 < s; 5 < 2 % n; s mod 2 = Suc 0; = Suc (Suc s) < 2 xn;
mopup_bef _erase_a (s, 1, []) Im n ires]
= mopup_jump_overl (s', Bk # 1, []) Im n ires
mopup_bef_erase_b (s, 1, Oc # xs) Im n ires = | # ||
[n < lengthlm; 0 < s;5 <2 % n;
s mod 2 # Suc 0;
mopup_bef_erase_b (s, I, Bk # xs) Im n ires; r = Bk # xs]
= mopup_bef _erase_a (s — Suc 0, Bk # 1, xs) Im n ires
[mopup_bef_erase_b (s, 1, []) Im n ires] =
mopup_bef_erase_a (s — Suc 0, Bk # 1, [|) Im n ires
(proof)

lemma mopup_jump_overl_in_ctx[simp]:
assumes mopup_jump_overl (Suc (2  n), I, Oc # xs) Im n ires
shows mopup_jump_overl (Suc (2 * n), Oc # 1, xs) Im n ires

(proof)

lemma mopup_jump_overl_2_aft_erase_a[simp]:
assumes mopup_jump_overl (Suc (2 x n), I, Bk # xs) Im n ires
shows mopup_aft_erase_a (Suc (Suc (2 x n)), Bk # 1, xs) Im n ires

(proof)

lemma mopup_aft_erase_a_via_jump_overl [simp):
[mopup_jump_overl (Suc (2 * n), 1, []) Im n ires] =
mopup_aft_erase_a (Suc (Suc (2 x n)), Bk # 1, []) Im n ires
(proof)
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lemma mopup_aft_erase_b_via_a[simp):
assumes mopup_aft_erase_a (Suc (Suc (2 * n)), I, Oc # xs) Im n ires
shows mopup_aft_erase_b (Suc (Suc (Suc (2 % n))), I, Bk # xs) Im n ires
(proof)

lemma mopup_left_moving_via_aft_erase_a[simp|:
assumes mopup_aft_erase_a (Suc (Suc (2 * n)), I, Bk # xs) Im n ires
shows mopup_left moving (5 + 2 x n, il I, hd | # Bk # xs) Im n ires
(proof)

lemma mopup_aft_erase_a_nonempty|[simp):
mopup_aft_erase_a (Suc (Suc (2 x n)), I, xs) Im n ires = 1 # []

(proof)

lemma mopup_left_moving_via_aft_erase_a_emptylst[simp]:
assumes mopup_aft_erase_a (Suc (Suc (2 * n)), 1, []) Im n ires
shows mopup_left_moving (5 + 2 + n, tl 1, [hd 1)) Im n ires
(proof)

lemma mopup_aft_erase_b_no_Oc[simp|: mopup_aft_erase_b (2 x n + 3,1, Oc # xs) Im n ires
= False

(proof)

lemma rape_of exl|introl:

drnaml. Oc 1 a Q Bk 1 rn = <ml::nat list> Q Bk 1T rna V Oc 1 a @ Bk 1 rn = Bk # <ml>
Q Bk 1 rna

(proof)

lemma mopup_aft_erase_b_via_c_helper: Arna ml. Oc 1 a Q Bk # <list::nat list> Q Bk 1 rn
<ml> Q Bk 1 rna V Oc 1 a @ Bk # <list> Q Bk 1 rn = Bk # <ml::nat list> Q Bk 1 rna
(proof)

lemma mopup_aft_erase_b_via_c[simp):

assumes mopup_daft_erase_c (2« n + 4,1, Oc # xs) Im n ires

shows mopup_aft_erase_b (Suc (Suc (Suc (2 * n))), I, Bk # xs) Im n ires
(proof )

lemma mopup_aft_erase_c_aft_erase_a|simp]:
assumes mopup_aft_erase_c (2 x n + 4, 1, Bk # xs) Im n ires
shows mopup_aft_erase_a (Suc (Suc (2 x n)), Bk # 1, xs) Im n ires

(proof)

lemma mopup_aft_erase_a_via_c[simp):
[mopup_aft_erase_c (2 xn+ 4,1, []) Im n ires]

= mopup_aft_erase_a (Suc (Suc (2 * n)), Bk # 1, []) Im n ires
(proof)

lemma mopup_aft_erase_b_2_aft_erase_c[simp):
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assumes mopup_daft_erase_b (2 x n + 3, I, Bk # xs) Im n ires
shows mopup_aft_erase_c (4 + 2 x n, Bk # 1, xs) Im n ires

(proof)

lemma mopup_aft_erase_c_via_b[simp]:
[mopup_aft_erase_b (2« n+ 3,1, []) Im nires]

= mopup_aft_erase_c (4 + 2 *n, Bk #1,[]) Imn ires
(proof)

lemma mopup_left_moving_nonempty[simp|:
mopup_left_moving (2 *n+ 5,1, Oc # xs) Im n ires => 1 # ||
(proof)

lemma exp_ind: at(Suc x) = atx @ [d]

(proof)

lemma mopup_jump_over2_via_left_moving[simp):
[mopup_left_moving (2 x n+ 5,1, Oc # xs) Im n ires]
= mopup_jump_over2 (2 x n+ 6, tl 1, hd | # Oc # xs) Im n ires
(proof)

lemma mopup_left_moving_nonempty_snd|[simp|: mopup_left_moving (2 * n + 5, 1, xs) Im n
ires = | # ||

(proof)

lemma mopup_left_moving_hd_Bk[simp):
[mopup_left_moving (2 x n+ 5, I, Bk # xs) Im n ires]

=> mopup_left_moving (2 x n + 5,1l I, hd | # Bk # xs) Im n ires
(proof)

lemma mopup_left_moving_emptylist[simp]:
[mopup_left_moving (2« n+ 5,1, []) Im n ires]
= mopup_left_moving (2 x n+ 5,1l 1, [hd l]) Im n ires
(proof)

lemma mopup_jump_over2_Oc_nonempty[simp):
mopup_jump_over2 (2 x n+ 6, 1, Oc # xs) Im n ires => | # ||
(proof)

lemma mopup_jump_over2_context[simp):
[mopup_jump_over2 (2 x n + 6, 1, Oc # xs) Im n ires]

= mopup_jump_over2 (2 xn+ 6,11, hd | # Oc # xs) Im n ires
(proof)

lemma mopup_stop_via_jump_over2[simp):
[mopup_jump_over2 (2 « n + 6, I, Bk # xs) Im n ires]
= mopup_stop (0, Bk # 1, xs) Im n ires

(proof)
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lemma mopup_jump_over2_nonempty(simp|: mopup_jump_over2 (2 xn+ 6,1, []) Im n ires =
False

(proof)

declare fetch.simps[simp del]
lemma mod_ex2: (a mod (2::nat) =0) = (3 qg.a=2x%gq)
(proof)

lemma mod_2: xmod2 =0V xmod 2 = Suc 0

(proof)

lemma mopup_inv_step:
[n < length lm; mopup_inv (s, I, r) Im n ires]
= mopup_inv (step (s, [, r) (mopup_a n Q shift mopup_b (2 = n), 0)) Im n ires
(proof)

declare mopup_inv.simps[simp del]
lemma mopup_inv_steps:
[n < length lm; mopup_inv (s, I, r) Im n ires] =
mopup_inv (steps (s, [, r) (mopup_a n @ shift mopup_b (2 % n), 0) stp) Im n ires
(proof)

fun abc_mopup_stagel :: config = nat = nat
where
abc_mopup_stagel (s, 1, r) n =

(if s > 0 A s < 2%n then 6

else if s = 2xn + I then 4

elseifs > 2xn + 2 Ns < 2xn + 4 then 3
else if s = 2xn + 5 then 2

else if s = 2xn + 6 then 1

else 0)

fun abc_mopup_stage?2 :: config = nat = nat
where
abc_mopup_stage2 (s, I, r) n =

(if s > O A s < 2xn then length r

else if s = 2xn + 1 then length r

else if s = 2xn + 5 then length |

else if s = 2xn + 6 then length |

elseifs > 2xn 4+ 2 N's < 2xn + 4 then length r
else 0)

fun abc_mopup_stage3 :: config = nat = nat
where
abc_mopup_stage3 (s, I, r) n =
(if s > 0 A s < 2%n then
if hd r = Bk then 0
else 1
else if s = 2xn + 2 then 1
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else if s = 2xn + 3 then 0
else if s = 2xn + 4 then 2
else 0)

definition
abc_mopup_measure = measures [\(c, n). abc_mopup_stagel ¢ n,
(e, n). abc_mopup_stage?2 c n,
(¢, n). abc_mopup_stage3 c n]

lemma wf_abc_mopup_measure:
shows wf abc_mopup_measure

(proof)

lemma abc_mopup_measure_induct [case_names Step]:
[An. = P (fn) = (f (Suc n), (fn)) € abc_mopup_measure] => 3n. P (fn)
(proof )

lemma mopup_erase_nonempty[simp):
mopup_bef _erase_a (a, aa, [|) Im n ires = False
mopup_bef_erase_b (a, aa, [|) Im n ires = False
mopup_aft_erase_b (2« n+ 3, aa, [|) Im n ires = False

(proof)
declare mopup_inv.simps[simp del]

lemma fetch_mopup_a_shift[simp]:

assumes 0 < gq <n

shows fetch (mopup_a n Q shift mopup_b (2 % n)) (2xq) Bk = (R, 2xq — 1)
(proof )

lemma mopup_halt:
assumes
less: n < length Im
and inv: mopup_inv (Suc 0, 1, r) Im n ires
and f: f = (X sip. (steps (Suc 0, 1, r) (mopup_a n Q shift mopup_b (2 * n), 0) stp, n))
and P: P = (X (¢, n). is_final ¢)
shows 3 sip. P (f sip)
(proof)

lemma mopup_inv_start:
n < length am = mopup_inv (Suc 0, Bk # Bk # ires, <am> Q Bk T k) am n ires
(proof)

lemma mopup_correct:
assumes less: n < length (am::nat list)
and rs:am!n=rs
shows 3 stp i j. (steps (Suc 0, Bk # Bk # ires, <am> @ Bk 1 k) (mopup_a n @ shift mopup_b
(2 % n), 0) stp)
= (0, BkTi @ Bk # Bk # ires, Oc # Oc? rs Q Bk1j)
(proof)
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lemma composable_mopup_n_tml[intro]: composable_tm (mopup_n_tm n, 0)

(proof)

end

2.2 Definition of Abacus Machines

theory Abacus
imports Turing_Hoare Abacus_Mopup Turing_Halting Conditions
begin

declare adjust.simps[simp del]

declare seq_tm.simps [simp del]
declare shift.simps|simp del]

declare composable_tm.simps|simp del]
declare step.simps|simp del]

declare steps.simps[simp del]

declare fetch.simps[simp del]

datatype abc_inst =
Inc nat
| Dec nat nat
| Goto nat

type-synonym abc_prog = abc_inst list

type-synonym abc_state = nat

The memory of Abacus machine is defined as a list of contents, with every units
addressed by index into the list.

type-synonym abc_Im = nat list

Fetching contents out of memory. Units not represented by list elements are con-
sidered as having content 0.

fun abc_Ilm_v :: abc_Im = nat = nat
where
abe_Im_v Imn = (if (n < length Im) then (Im!n) else 0)

Set the content of memory unit n to value v. am is the Abacus memory before
setting. If address n is outside to scope of am, am is extended so that n becomes in
scope.

fun abc_Ilm_s :: abc_Im = nat = nat = abc_Ilm
where
abe_lm_s amn v = (if (n < length am) then (am[n:=v)) else
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am@ (replicate (n — length am) 0) Q [v])

The configuration of Abacus machines consists of its current state and its current
memory:

type-synonym abc_conf = abc_state X abc_lm
Fetch instruction out of Abacus program:

fun abc_fetch :: nat = abc_prog = abc_inst option
where
abc_fetch s p = (if (s < length p) then Some (p ! s) else None)

Single step execution of Abacus machine. If no instruction is fetched, configuration
does not change.

fun abc_step_l :: abc_conf = abc_inst option = abc_conf
where
abe_step_l (s, Im) a = (case a of
None = (s, Im) |
Some (Inc n) = (let nv = abc_Im_v Im n in
(s + 1,abc_Im_simn (nv+1))) |
Some (Dec n e) = (let nv = abc_Im_v Imn in
if (nv = 0) then (e, abc_Im_s Im n 0)
else (s + 1, abc_Im_sImn (nv — 1))) |
Some (Goto n) = (n, Im)

)
Multi-step execution of Abacus Machines.

fun abc_steps_I :: abc_conf = abc_prog = nat = abc_conf
where
abe_steps_1 (s, Im) p 0 = (s, Im) |
abe_steps_l (s, Im) p (Suc n) = abc_steps_I (abc_step_l (s, Im) (abc_fetch s p)) pn

2.3 Compiling Abacus Machines into Turing Machines

2.3.1 Functions used for compilation

findnth n returns the TM which locates the represention of memory cell n on the tape
and changes representation of zero on the way.

fun findnth :: nat = instr list
where
Sfindnth 0 =[] |
findnth (Suc n) = (findnthn Q [(WO, 2 xn + 1),
(R,2xn+2),(R,2%n+3),(R,2*n+2)])

tinc_b returns the TM which increments the representation of the memory cell un-
der rw-head by one and move the representation of cells afterwards to the right accord-
ingly.
definition tinc_b :: instr list
where
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tinc_b ¥ [(Wo, 1), (R,

(0] (WO, 3), (R, 2), (WO, 3), (R, 4),
(L,7), (W, 6
(L

1), (R, 2),
B, 5), (R 6), (WB, 5), (WO, 3), (R, 6),
(L, 8),

:7); (R, 9), (L, 7), (R, 10), (WB, 9)]
tinc ss n returns the TM which simulates the execution of Abacus instruction Inc
n, assuming that TM is located at location ss in the final TM complied from the whole
Abacus program.

fun tinc :: nat = nat = instr list
where
tinc ss n = shift (findnth n Q shift tinc_b (2 * n)) (ss — 1)

tdec_b returns the TM which decrements the representation of the memory cell
under rw-head by one and move the representation of cells afterwards to the left ac-
cordingly.

definition tdec_b :: instr list
where

(R, 5), (WB,4), (R,6),(WB,5),(L,7),(L,8),

(L, 11), (WB,7), (WO, 8), (R, 9), (L, 10), (R, 9),
(R, 5), (WB, 10), (L, 12), (L, 11), (R, 13), (L, 11),
(R, 17), (WB, 13), (L, 15), (L, 14), (R, 16), (L, 14),
(R, 0), (WB, 16)]

tdec ss n label returns the TM which simulates the execution of Abacus instruction
Dec n label, assuming that TM is located at location ss in the final TM complied from
the whole Abacus program.

fun tdec :: nat = nat = nat = instr list
where
tdec ss n e = shift (findnth n) (ss — 1) Q adjust (shift (shift tdec_b (2 x n)) (ss — 1)) e

tgoto f(label) returns the TM simulating the execution of Abacus instruction Goto
label, where f(label) is the corresponding location of label in the final TM compiled
from the overall Abacus program.

fun rgoto :: nat = instr list
where
tgoto n = [(Nop, n), (Nop, n)]

The layout of the final TM compiled from an Abacus program is represented as a
list of natural numbers, where the list element at index n represents the starting state of
the TM simulating the execution of n-th instruction in the Abacus program.

type-synonym [ayout = nat list
length_of i is the length of the TM simulating the Abacus instruction i.

fun length_of :: abc_inst = nat
where
length_of i = (case i of
Incn =2%n+9|
Decne=2x*n+ 16|
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Goton = 1)
layout_of ap returns the layout of Abacus program ap.

fun layout_of :: abc_prog = layout
where layout_of ap = map length_of ap

start_of layout n looks out the starting state of n-th TM in the finall TM.

fun start_of :: nat list = nat = nat
where
start_of ly x = (Suc (sum_list (take x ly)))

ci lo ss i compiles the Abacus instruction i assuming the TM of i starts from state
ss within the overal layout /o.

fun ci :: layout = nat = abc_inst = instr list
where
cily ss (Inc n) = tinc ss n
| ci ly ss (Dec n e) = tdec ss n (start_of ly e)
| ci ly ss (Goto n) = tgoto (start_of ly n)

tpairs_of ap transfroms Abacus program ap pairing every instruction with its start-
ing state.

fun tpairs_of :: abc_prog = (nat x abc_inst) list
where tpairs_of ap = (zip (map (start_of (layout_of ap))
[0..<(length ap)]) ap)

tms_of ap returns the list of TMs, where every one of them simulates the corre-
sponding Abacus intruction in ap.

fun tms_of :: abc_prog = (instr list) list
where rms_of ap = map (X (n, tm). ci (layout_of ap) n tm)
(tpairs_of ap)

tm_of ap returns the final TM machine compiled from Abacus program ap.

fun tm_of :: abc_prog = instr list
where tm_of ap = concat (tms_of ap)

lemma length_findnth:
length (findnth n) = 4 x n
(proof)

lemma ci_length : length (ci ns n ai) div 2 = length_of ai
(proof)
2.3.2 Representation of Abacus Memory by TM tapes

crsp acf tcf means the abacus configuration acf is corretly represented by the TM
configuration fcf.

fun crsp :: layout = abc_conf = config = cell list = bool
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where
crsp ly (as, Im) (s, [, r) inres =
(s = start_of ly as A\ (3 x. r = <Ilm> Q BkTx) A
| = Bk # Bk # inres)

declare crsp.simps[simp del

The type of invariants expressing correspondence between Abacus configuration
and TM configuration.

type-synonym inc_inv_t = abc_conf = config = cell list = bool

declare tms_of .simps[simp del] tm_of .simps|simp del]
abc_fetch.simps [simp del]
tpairs_of .simps[simp del] start_of .simps[simp del]
ci.simps [simp del) length_of .simps[simp del]
layout_of .simps[simp del]

The lemmas in this section lead to the correctness of the compilation of Inc n in-
struction.

declare abc_step_l.simps[simp del] abc_steps_l.simps|simp del]
lemma start_of _nonzero[simp): start_of ly as > 0 (start_of ly as = 0) = False

(proof)

lemma abc_steps_I_0: abc_steps_l ac ap 0 = ac

(proof)

lemma abc_step_red:

abc_steps_l (as, am) ap stp = (bs, bm) =

abc_steps_l (as, am) ap (Suc stp) = abc_step_l (bs, bm) (abc_fetch bs ap)
(proof)

lemma rm_shift_fetch:
[fetch A s b = (ac, ns); ns # 0]
= fetch (shift A off) s b = (ac, ns + off)
(proof)

lemma m_shift_eq_step:
assumes exec: step (s, [, r) (A,0) = (s’, ', r")
and notfinal: s’ # 0
shows step (s + off, I, r) (shift A off, off) = (s" + off, I, r')
(proof)

lemma m_shift_eq_steps:
assumes exec: steps (s, [, r) (A, 0) stp = (s',I', r')
and notfinal: s’ # 0
shows steps (s + off, I, r) (shift A off, off) stp = (s' + off, ', r')
(proof)

lemma startof _gel [simp]: Suc 0 < start_of ly as

(proof)
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lemma start_of Sucl: [ly = layout_of ap;
abc_fetch as ap = Some (Inc n)]
= start_of ly (Suc as) = start_of lyas+2+n+ 9

(proof)

lemma start_of _Suc2:
[ty = layout_of ap;
abc_fetch as ap = Some (Dec n e)] =
start_of ly (Suc as) =
start_of lyas + 2 «n+ 16
(proof)

lemma start_of _Suc3:
iy = layout_of ap;
abc_fetch as ap = Some (Goto n)] =
start_of ly (Suc as) = start_of ly as + 1
(proof)

lemma length_ci_inc:
length (ci ly ss (Inc n)) = 4+n + 18
(proof)

lemma length_ci_dec:
length (ci ly ss (Dec n e)) = 4*n + 32
(proof)

lemma length_ci_goto:
length (cily ss (Goton)) =2
(proof)

lemma rake_Suc_last[elim]: Suc as < length xs =—>
take (Suc as) xs = take as xs Q [xs ! as]

(proof)

lemma concat_suc: Suc as < length xs —>
concat (take (Suc as) xs) = concat (take as xs) Q xs! as

(proof)

lemma concat_drop_suc_iff:
Suc n < length tps = concat (drop (Suc n) tps) =
tps | Suc n Q concat (drop (Suc (Suc n)) tps)
(proof)

declare append_assoc[simp del
lemma mm_append:
[n < length tps; tp = tps | n] =

3 tpl tp2. concat tps = tpl Q tp Q p2 N tpl =
concat (take n tps) A tp2 = concat (drop (Suc n) tps)
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(proof)
declare append_assoc[simp]

lemma length_tms_of [simp): length (tms_of aprog) = length aprog

(proof)

lemma ci_nth:
[ty = layout_of aprog;
abc_fetch as aprog = Some ins|
= ci ly (start_of ly as) ins = tms_of aprog ! as

(proof)

lemma 7_split:[
Iy = layout_of aprog;
abc_fetch as aprog = Some ins|
= 3 pl 2. concat (tms_of aprog) =
tpl @ (ci ly (start_of ly as) ins) Q 1p2
A tpl = concat (take as (tms_of aprog)) N\
ip2 = concat (drop (Suc as) (tms_of aprog))
(proof)

lemma div_apart: [x mod (2::nat) = 0; y mod 2 = 0]
= (x+y)div2=xdiv2+ydiv2
(proof)

lemma length_layout_of [simp]: length (layout_of aprog) = length aprog
(proof)

lemma length_tims_of _elem_even(intro]: n < length ap = length (tms_of ap ! n) mod 2 = 0

(proof)

lemma compile_mod2: length (concat (take n (tms_of ap))) mod 2 = 0

(proof)

lemma pa_states:

[tp = concat (take as (tms_of ap));

as < length ap] =

start_of (layout_of ap) as = Suc (length tp div 2)
(proof)

declare fetch.simps|simp)
lemma append_append_fetch:
[length tp1 mod 2 = 0; length tp mod 2 = 0;
length tpl div 2 < a A a < length tpl div 2 + length tp div 2]
—>fetch (tpl Q tp Q tp2) a b = fetch tp (a — length tpl div 2) b
(proof)

lemma step_eq_fetch':
assumes layout: ly = layout_of ap
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and compile: tp = tm_of ap
and fetch: abc_fetch as ap = Some ins
and rangel: s > start_of ly as
and range2: s < start_of ly (Suc as)
shows fetch tp s b = fetch (ci ly (start_of ly as) ins)
(Suc s — start_of ly as) b
(proof)

lemma step_eq_fetch:

assumes layout: ly = layout_of ap
and compile: tp = tm_of ap
and abc_fetch: abc_fetch as ap = Some ins
and ferch: fetch (ci ly (start_of ly as) ins)

(Suc s — start_of ly as) b = (ac, ns)

and notfinal: ns # 0

shows fetch tp s b = (ac, ns)

(proof)

lemma step_eq_in:
assumes layout: ly = layout_of ap
and compile: tp = tm_of ap
and fetch: abc_fetch as ap = Some ins
and exec: step (s, [, r) (ci ly (start_of ly as) ins, start_of ly as — 1)
_ (S,, 117 r/)
and notfinal: s’ # 0
shows step (s, [, r) (tp, 0) = (s', ', )
(proof)

lemma steps_eq_in:
assumes layout: ly = layout_of ap
and compile: tp = tm_of ap
and crsp: crsp ly (as, Im) (s, [, r) ires
and fetch: abc_fetch as ap = Some ins
and exec: steps (s, [, r) (ci ly (start_of ly as) ins, start_of ly as — 1) stp
_ ( S,, ll, r/)
and notfinal: s’ # 0
shows steps (s, I, r) (tp, 0) stp = (s', ', r')
(proof)

lemma rm_append_fetch_first:
[fetch A s b = (ac, ns); ns # 0] =
fetch (A @Q B) s b = (ac, ns)
(proof)

lemma m_append_first_step_eq:
assumes step (s, [, r) (A, off) = (s', ', r')
and s’ # 0
shows step (s, 1, r) (A @B, off) = (s, ', r')
(proof)
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lemma m_append_first_steps_eq:
assumes steps (s, [, r) (A, off) stp = (s', ', ")
and s’ # 0
shows steps (s, 1, r) (A Q B, off) stp = (s’, I, r')
(proof)

lemma m_append_second_fetch_eq:
assumes
even: length Amod 2 = 0
and off: off = length A div 2
and fetch: fetch B s b = (ac, ns)
and notfinal: ns # 0
shows fetch (A Q shift B off) (s + off) b = (ac, ns + off)
(proof)

lemma rm_append_second_step_eq:
assumes
exec: step0 (s, 1, r) B=(s',I', ')
and notfinal: s’ # 0
and off: off = length A div 2
and even: length A mod 2 = 0
shows step0 (s + off, I, ) (A Q shift B off) = (s’ + off, I, r')
(proof)

lemma rm_append_second_steps_eq:
assumes
exec: steps (s, 1, r) (B,0) stp=(s",l',r")
and notfinal: s’ # 0
and off: off = length A div 2
and even: length A mod 2 = 0
shows steps (s + off, I, r) (A Q shift B off, 0) stp = (s' + off, I, r')
(proof)

lemma m_append_second_fetchO_eq:
assumes
even: length A mod 2 = 0
and off: off = length A div 2
and fetch: fetch B s b = (ac, 0)
and notfinal: s # 0
shows fetch (A @ shift B off) (s + off) b = (ac, 0)
(proof)

lemma rm_append_second_halt_eq:
assumes
exec: steps (Suc 0,1, r) (B, 0) stp= (0,1, r")
and composable_tm (B, 0)
and off: off = length A div 2
and even: length A mod 2 = 0
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shows steps (Suc off, I, r) (A Q shift B off, 0) stp = (0,1', r')
(proof )

lemma m_append_steps:
assumes
aexec: steps (s, 1, r) (A, 0) stpa = (Suc (length A div 2), la, ra)
and bexec: steps (Suc 0, la, ra) (B, 0) stpb = (sb, Ib, rb)
and notfinal: sb # 0
and off: off = length A div 2
and even: length A mod 2 = 0
shows steps (s, [, r) (A @ shift B off, 0) (stpa + stpb) = (sb + off, Ib, rb)
(proof)

2.3.3 Compilation of instruction Inc

fun ar_begin_fst_bwmn :: inc_inv_t
where
at_begin_fst_bwin (as, Im) (s, [, r) ires =
(3 Iml tmrn. Iml = (Im Q 0Tm) A length Iml = s A
(if Im1 =[] then | = Bk # Bk # ires
else | = [Bk|Q<rev Im1>QBk#Bk#ires) N\ r = Bktrn)

fun ar_begin_fst_awm :: inc_inv_t
where
at_begin_fst_awm (as, Im) (s, , r) ires =
(3 Iml tm . Iml = (Im Q 0Ttn) A length Iml = s A
(if Iml1 = || thenl = Bk # Bk # ires
else | = [Bk|Q<rev Iml>QBk#Bk#ires) A r = [Oc|QBktrn)

fun ar_begin_norm :: inc_inv_t
where
at_begin_norm (as, Im) (s, I, r) ires=
(3 Iml Im2 rn. Im = Im1 Q Im2 A length Iml = s \
(if Im1 =[] then | = Bk # Bk # ires
else | = Bk # <rev Iml> Q Bk # Bk # ires ) A r = <Ilm2>QBk*Trn)

fun in_middle :: inc_inv_t
where
in_middle (as, Im) (s, 1, r) ires =
(3 Iml Im2 tn mml mr rn. Im Q 0Tt = Iml Q [m] Q Im2
Alengthlml =s Am+ 1 =ml+ mr A\
ml#£O0ONtm=s+ 1— lengthlm A
(if Im1 =[] then | = Octml Q Bk # Bk # ires
else | = OctmlQ[Bk|Q<rev Im1>@
Bk # Bk # ires) A (r = Octmr @Q [Bk] Q@ <Im2>Q Bktrn V
(Im2=1[ A r=0Octmr))

fun inv_locate_a :: inc_inv_t
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where inv_locate_a (as, Im) (s, I, r) ires =
(at_begin_norm (as, Im) (s, L, r) ires V
at_begin_fst_bwtn (as, Im) (s, 1, r) ires V
at_begin_fst_awm (as, Im) (s, [, r) ires

)

fun inv_locate_b :: inc_inv_t
where inv_locate_b (as, Im) (s, I, r) ires =
(in_middle (as, Im) (s, 1, r)) ires

fun inv_after_write :: inc_inv_t
where inv_after_write (as, Im) (s, [, r) ires =
(3 mmiml Im2. Im = Iml Qm # Im2 A
(if Im1 = || then | = Octm @ Bk # Bk # ires
else Oc # | = OctSuc mQ Bk # <revIml> Q
Bk # Bk # ires) A r = [Oc] @ <Im2> @ Bk?rn)

fun inv_after_move :: inc_inv_t
where inv_after_move (as, Im) (s, [, r) ires =
3 mmiml Im2. Im =Iml Qm # Im2 N
(if Iml =[] then | = OctSuc m Q Bk # Bk # ires
else | = OctSuc mQ Bk # <rev Im1> Q@ Bk # Bk # ires) A
r = <Im2> Q Bktrn)

fun inv_after_clear :: inc_inv_t
where inv_after_clear (as, Im) (s, [, r) ires =
(3 mmiml Im2 r'. Im=Iml Q@ m # Im2 A
(if Im1 =[] then | = OctSuc m @ Bk # Bk # ires
else | = OctSuc m @ Bk # <rev Iml> Q Bk # Bk # ires) \
r=Bk# r'AOc#r' = <Im2> Q Bk{rn)

fun inv_on_right_moving :: inc_inv_t
where inv_on_right_moving (as, Im) (s, [, r) ires =
(3 Iml Im2 mml mr . Im = Iml Q [m] @ Im2 A\
ml+mr=mA

(if Im1 =[] then | = Octml Q Bk # Bk # ires
else | = Octml Q [Bk] Q <rev Iml> @ Bk # Bk # ires) N
((r = Octmr @ [Bk] @ <Im2> @ Bktrn) V
(r=0ctmr Nlm2 =1])))

fun inv_on_left_moving_norm :: inc_inv_t
where inv_on_left_moving_norm (as, Im) (s, I, r) ires =
(3 Iml Im2 mmlmr . Im = Iml Q [m] Q Im2 A
ml + mr = Suc m A mr > 0 A (if Iml =[] then | = Octml @ Bk # Bk # ires
else | = Octml Q Bk # <rev Im1> Q Bk # Bk # ires)
A (r = Octmr @ Bk # <Im2> @ Bktrn vV
(Im2 =[] A r= Octmr)))

fun inv_on_left_moving_in_middle_B:: inc_inv_t
where inv_on_left_moving_in_middle_B (as, Im) (s, I, r) ires =
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(3 iml Im2 rn. Im = Iml Q Im2 A
(if Im1 =[] then | = Bk # ires
else | = <rev Iml> @ Bk # Bk # ires) N
r = Bk # <Im2> Q Bktrn)

fun inv_on_left_moving :: inc_inv_t
where inv_on_left_moving (as, Im) (s, I, r) ires =
(inv_on_left_moving_norm (as, Im) (s, [, r) ires VV
inv_on_left_moving_in_middle_B (as, Im) (s, [, r) ires)

fun inv_check_left_moving_on_leftmost :: inc_inv_t
where inv_check_left_moving_on_lefimost (as, Im) (s, I, r) ires =
(3 rn. l=ires A\ r = [Bk, Bk] @ <Ilm> @ Bktrn)

fun inv_check_left_moving_in_middle :: inc_inv_t
where inv_check_left_moving_in_middle (as, Im) (s, 1, r) ires =
(3 Iml Im2 r' rn. Im = Iml @ Im2 A
(Oc # | = <revImlI> Q Bk # Bk # ires) AN\ r = Oc # Bk # r' A
r'=<Im2> Q Bktrn)

fun inv_check_left_moving :: inc_inv_t
where inv_check_left_moving (as, Im) (s, [, r) ires =
(inv_check_left_moving_on_leftmost (as, Im) (s, I, r) ires V
inv_check_left_moving_in_middle (as, Im) (s, I, r) ires)

fun inv_after_left_moving :: inc_inv_t
where inv_after_left_moving (as, Im) (s, I, r) ires=
(3 m. 1= Bk # ires \ r = Bk # <Ilm> @Q Bktmn)

fun inv_stop :: inc_inv_t
where inv_stop (as, Im) (s, I, r) ires=
(3 m. 1 = Bk # Bk # ires A r = <Im> Q Bktrn)

lemma halt_lemma?2’:
[fLE; ¥ n. (<P (Fn) A Q (fn) —
(Q (f (Suc n)) A (f (Suc n), (fn)) € LE)); Q (f0)]
=3 n.P(fn)
(proof )

lemma halt_lemma2’":
[P (fn); = P (f (0::nar))] =
In (P(fn)A(Vi<n —P(fi)))
(proof )

lemma halt_lemma2'"":
[Vn.=P(fn) AQ (fn) — QO (f (Suc n)) A (f (Suc n), fn) € LE;
< | 0 (f0); Yi<na. - P (fi)] = O (fna)
proof
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lemma halt_lemma?2:
[wf LE;
0 (£0); ~ P (f0);
Vo (<P (fn) AQ (Fn)) —> (Q (f (Suc m)) A (F (Suc n), (fn)) € LE))]
<:> Hf;. P(fn)ANQ (fn)
PToo,

fun findnth_inv :: layout = nat = inc_inv_t
where
findnth_inv ly n (as, Im) (s, [, r) ires =
(if s = O then False
else if s < Suc (2+n) then
if s mod 2 = 1 then inv_locate_a (as, Im) ((s — 1) div 2,1, r) ires
else inv_locate_b (as, Im) ((s — 1) div 2, 1, r) ires
else False)

fun findnth_state :: config = nat = nat
where
findnth_state (s, [, r) n = (Suc (2xn) — s)

fun findnth_step :: config = nat = nat
where
Sfindnth_step (s, 1, r)n =
(if s mod 2 = 1 then
(if (r# ] ANhdr = Oc) then 0
else 1)
else length r)

fun findnth_measure :: config X nat = nat X nat
where
findnth_measure (c, n) =
(findnth_state c n, findnth_step c n)

definition lex_pair :: ((nat X nat) X nat X nat) set
where

d
lex_pair :gf less_than <sxlexx> less_than

definition findnth_LE :: ((config X nat) X (config X nat)) set
where

def
findnth_LE = (inv_image lex_pair findnth_measure)

lemma wf findnth_LE: wf findnth_LE
(proof)

declare findnth_inv.simps[simp del]

lemma x_is_2n_arith[simp]:
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[x < Suc (Suc (2 * n)); Suc x mod 2 = Suc 0; = x < 2 x n
— x=2%n
(proof)

lemma between_sucs:x < Suc n => - x < n => x = n (proof )

lemma fetch_findnth[simp):

[0 < a;a < Suc (2 % n); a mod 2 = Suc 0] = fetch (findnth n) a Oc = (R, Suc a)
[0 < a; a < Suc (2 * n); amod 2 # Suc 0] = fetch (findnth n) a Oc = (R, a)

[0 < a; a < Suc (2 % n); a mod 2 # Suc 0] = fetch (findnth n) a Bk = (R, Suc a)
[0 < a; a < Suc (2 % n); a mod 2 = Suc 0] = fetch (findnth n) a Bk = (WO, a)

(proof)

declare ar_begin_norm.simps[simp del] at_begin_fst_bwm.simps[simp del]
at_begin_fst_awtn.simps[simp del] in_middle.simps[simp del]
abe_lm_s.simps[simp del| abc_lm_v.simps[simp del]
inv_after_move.simps[simp del]
inv_on_left_moving_norm.simps|simp del)
inv_on_left_moving_in_middle_B.simps|simp del)
inv_after_clear.simps[simp del]
inv_after_write.simps[simp del] inv_on_left_moving.simps[simp del]
inv_on_right_moving.simps[simp del)
inv_check_left_moving.simps[simp del)
inv_check_left_moving_in_middle.simps[simp del]
inv_check_left_moving_on_leftmost.simps[simp del
inv_after_left_moving.simps[simp del
inv_stop.simps[simp del] inv_locate_a.simps[simp del]
inv_locate_b.simps[simp del]

lemma replicate_oncelintro]: Irn. [Bk| = Bk T rn

(proof)

lemma ar_begin_norm_Bk[intro]: at_begin_norm (as, am) (q, aaa, []) ires
= at_begin_norm (as, am) (g, aaa, [Bk]) ires

(proof)

lemma ar_begin_fst_bwin_Bk[intro]: at_begin_fst_bwtn (as, am) (q, aaa, []) ires
= at_begin_fst_bwtn (as, am) (q, aaa, [Bk]) ires

(proof)

lemma ar_begin_fst_awin_Bklintro|: at_begin_fst_awtn (as, am) (q, aaa, []) ires
= at_begin_fst_awmn (as, am) (q, aaa, [Bk]) ires

(proof)

lemma inv_locate_a_Bk[intro]: inv_locate_a (as, am) (g, aaa, []) ires
= inv_locate_a (as, am) (g, aaa, [Bk]) ires

(proof)

lemma locate_a_2_locate_a[simp): inv_locate_a (as, am) (q, aaa, Bk # xs) ires

133



= inv_locate_a (as, am) (g, aaa, Oc # xs) ires

(proof)

lemma inv_locate_a[simp): inv_locate_a (as, am) (q, aaa, []) ires =>
inv_locate_a (as, am) (q, aaa, [Oc]) ires

(proof)

lemma inv_locate_b[simp): inv_locate_b (as, am) (q, aaa, Oc # xs) ires
= inv_locate_b (as, am) (q, Oc # aaa, xs) ires

(proof)

lemma tape_nat[simp]: <[x::nat]> = Oct(Suc x)

(proof)

lemma inv_locate[simp]: [inv_locate_b (as, am) (g, aaa, Bk # xs) ires; 3n. xs = Bk1n]
= inv_locate_a (as, am) (Suc q, Bk # aaa, xs) ires

(proof)

lemma repeat_Bk_no_Oc|simp]: (Oc # r = Bk 1 rn) = False
(proof)

lemma repeat_Bk[simp): (3 rna. Bk 1 rn = Bk # Bk 1 rna) V rn =0
(proof)

lemma inv_locate_b_Oc_via_a[simp):
assumes inv_locate_a (as, Im) (g, 1, Oc # r) ires
shows inv_locate_b (as, Im) (q, Oc # 1, r) ires

(proof)

lemma length_equal: xs = ys = length xs = length ys

(proof)

lemma inv_locate_a_Bk_via_b[simp): [inv_locate_b (as, am) (q, aaa, Bk # xs) ires;
= (3n. xs = Bktn)]
= inv_locate_a (as, am) (Suc q, Bk # aaa, xs) ires

(proof)

lemma locate_b_2_alintro]:
inv_locate_b (as, am) (q, aaa, Bk # xs) ires
= inv_locate_a (as, am) (Suc q, Bk # aaa, xs) ires

(proof)

lemma inv_locate_b_Bk[simp): inv_locate_b (as, am) (q, I, []) ires
= inv_locate_b (as, am) (q, 1, [BK]) ires

(proof)
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lemma div_rounding_down|[simp]: (2xq — Suc 0) div 2 = (g — 1) (Suc (2xq)) div2=gq
(proof)

lemma even_plus_one_odd|[simp]: x mod 2 = 0 => Suc x mod 2 = Suc 0

(proof)

lemma odd_plus_one_even[simp|: x mod 2 = Suc 0 = Suc x mod 2 = 0

(proof)

lemma locate_b_2_locate_alsimp:
lg > 0; inv_locate_b (as, am) (q — Suc 0, aaa, Bk # xs) ires]
= inv_locate_a (as, am) (q, Bk # aaa, xs) ires

(proof)

lemma findnth_inv_layout_of via_crsp|[simp]:
crsp (layout_of ap) (as, Im) (s, I, r) ires
= findnth_inv (layout_of ap) n (as, Im) (Suc 0, 1, r) ires

(proof)

lemma findnth_correct_pre:
assumes layout: ly = layout_of ap
and crsp: crsp ly (as, Im) (s, [, r) ires
and not0: n > 0
and f: f = (X stp. (steps (Suc 0, 1, r) (findnth n, 0) stp, n))
and P: P = (A ((s, 1, r),n). s = Suc (2 x n))
and Q: O = (A ((s, [, r), n). findnth_inv ly n (as, Im) (s, I, r) ires)
shows 3 stp. P (fstp) A Q (f stp)
(proof)

lemma inv_locate_a_via_crsp[simp]:
crsp ly (as, Im) (s, 1, r) ires = inv_locate_a (as, Im) (0, L, r) ires

(proof)

lemma findnth_correct:
assumes layout: ly = layout_of ap
and crsp: crsp ly (as, Im) (s, 1, r) ires
shows 3 stp I’ r'. steps (Suc 0, I, r) (findnth n, 0) stp = (Suc (2 x n), ', r')
A inv_locate_a (as, Im) (n, ', r') ires

(proof)

fun inc_inv :: nat = inc_inv_t
where
inc_inv n (as, Im) (s, 1, r) ires =
(let Im' = abc_Im_s Im n (Suc (abc_Im_v Im n)) in
if s = O then False
else if s = 1 then
inv_locate_a (as, Im) (n, 1, r) ires
else if s = 2 then
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inv_locate_b (as, Im) (n, 1, r) ires
else if s = 3 then
inv_after_write (as, Im’) (s, [, r) ires
else if s = Suc 3 then
inv_after_move (as, Im") (s, I, r) ires
else if s = Suc 4 then
inv_after_clear (as, Im’) (s, 1, r) ires
else if s = Suc (Suc 4) then
inv_on_right_moving (as, Im") (s, I, r) ires
else if s = Suc (Suc 5) then
inv_on_left_moving (as, Im’) (s, [, r) ires
else if s = Suc (Suc (Suc 5)) then
inv_check_left_moving (as, Im') (s, I, r) ires
else if s = Suc (Suc (Suc (Suc 5))) then
inv_after_left_moving (as, Im") (s, I, r) ires
else if s = Suc (Suc (Suc (Suc (Suc 5)))) then
inv_stop (as, Im’) (s, I, r) ires
else False)

fun abc_inc_stagel :: config = nat
where
abc_inc_stagel (s, r) =

(iff s=0then 0

else if s < 2 then 5

else if s < 6 then 4

else if s < 8then 3

else if s = 9 then 2

else I)

fun abc_inc_stage? :: config = nat
where
abc_inc_stage2 (s, 1, r) =
(if s=1then 2
else if s = 2 then 1
else if s = 3 then length r
else if s = 4 then length r
else if s = 5 then length r
else if s = 6 then
if r # || then length r
else 1
else if s = 7 then length |
else if s = 8 then length |
else 0)

fun abc_inc_stage3 :: config = nat
where
abc_inc_stage3 (s, 1, r) = (
ifs=4then4
else if s = 5 then 3
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else if s = 6 then
ifr# [ A hdr= Oc then 2
else 1
else if s = 3 then 0
else if s = 2 then length r
else if s = 1 then
if (r# ] Ahdr=0Oc) then 0
else 1
else 10 — s)

definition inc_measure :: config = nat X nat X nat
where
inc_measure ¢ =
(abc_inc_stagel ¢, abc_inc_stage2 c, abc_inc_stage3 c)

definition lex_triple ::
((nat x (nat x nat)) x (nat x (nat X nat))) set

d
where lex_triple :ef less_than <xlexx> lex_pair

definition inc_LE :: (config X config) set
where

d
inc_ LE 1ef (inv_image lex_triple inc_measure)
declare inc_inv.simps[simp del]

lemma wf_inc_le[intro]: wf inc_LE

(proof)

lemma inv_locate_b_2_after_write[simp]:
assumes inv_locate_b (as, am) (n, aaa, Bk # xs) ires
shows inv_after_write (as, abc_Im_s am n (Suc (abc_Im_v am n))) (s, aaa, Oc # xs) ires

(proof)

lemma inv_after_move_Oc_via_write[simp]: inv_after_write (as, Im) (x, I, Oc # r) ires
= inv_after_move (as, Im) (y, Oc # 1, r) ires

(proof)

lemma inv_after_write_Suc[simp|: inv_after_write (as, abc_lm_s am n (Suc (abc_lm_v am n)
)) (x, aaa, Bk # xs) ires = False
inv_after_write (as, abc_lm_s am n (Suc (abc_lm_v am n)))
(x, aaa, []) ires = False

(proof)

lemma inv_after_clear_Bk_via_Oc[simp): inv_after_move (as, Im) (s, I, Oc # r) ires
= inv_after_clear (as, Im) (s’, I, Bk # r) ires

(proof)
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lemma inv_after_move_2_inv_on_left_moving[simp]:
assumes inv_after_move (as, Im) (s, I, Bk # r) ires

shows (I=[] —
inv_on_left_moving (as, Im) (s’, |, Bk # Bk # r) ires) A
(#]—
inv_on_left_moving (as, Im) (s', tl I, hd l # Bk # r) ires)
(proof)

lemma inv_after_move_2_inv_on_left_moving_B[simp):
inv_after_move (as, Im) (s, [, []) ires

= (I =[] — inv_on_left_moving (as, Im) (s’,

(1 # || — inv_on_left_moving (as, Im) (s, t

(proof)

I, [BK]) ires) A
1, [hd 1)) ires)

lemma inv_after_clear_2_inv_on_right_moving[simp):
inv_after_clear (as, Im) (x, [, Bk # r) ires
= inv_on_right_moving (as, Im) (y, Bk # 1, r) ires

(proof)

lemma inv_on_right_moving_Oc|simp): inv_on_right_moving (as, Im) (x, I, Oc # r) ires
= inv_on_right_moving (as, Im) (y, Oc # 1, r) ires

(proof)

lemma inv_on_right_moving_2_inv_on_right_moving [simp] :
inv_on_right_moving (as, Im) (x, [, Bk # r) ires
= inv_after_write (as, Im) (y, I, Oc # r) ires

(proof)
lemma inv_on_right_moving_singleton_Bk|simp): inv_on_right_moving (as, Im) (x, 1, []) ires=>

inv_on_right_moving (as, Im) (y, I, [Bk]) ires

(proof)

lemma no_inv_on_left_moving_in_middle_B_Oc|simp]: inv_on_left_moving_in_middle_B (as,
Im)
(s, I, Oc # r) ires = False
(proof )

lemma no_inv_on_left_moving_norm_Bk[simp]: inv_on_left_moving_norm (as, Im) (s, I, Bk #
r) ires
= False

(proof)

lemma inv_on_left_moving_in_middle_B_Bk[simp]:
[inv_on_left_moving_norm (as, Im) (s, I, Oc # r) ires;
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hdl=Bk;1# [|] =
inv_on_left_moving_in_middle_B (as, Im) (s, tl I, Bk # Oc # r) ires
(proof )

lemma inv_on_left_moving_norm_Oc_Oc[simp): [inv_on_left_moving_norm (as, Im) (s, I, Oc
# r) ires;
hdl=Oc; 1 # (]
= inv_on_left_moving_norm (as, Im)
(s, 2l 1, Oc # Oc # r) ires
(proof)

lemma inv_on_left_moving_in_middle_B_Bk_Oc[simp)|: inv_on_left_moving_norm (as, Im) (s,
[, Oc # r) ires
= inv_on_left_moving_in_middle_B (as, Im) (s, [|, Bk # Oc # r) ires
(proof )

lemma inv_on_left_moving_Oc_cases[simp]:inv_on_left_moving (as, Im) (s, I, Oc # r) ires
= (I =[] — inv_on_left_moving (as, Im) (s, [|, Bk # Oc # r) ires)
A (I #[] — inv_on_left_moving (as, Im) (s, tl l, hd | # Oc # r) ires)
(proof )

lemma from_on_left_moving_to_check_left_moving [simp}: inv_on_left_moving_in_middle_B (as,
Im)
(s, Bk # list, Bk # r) ires
= inv_check_left_moving_on_leftmost (as, Im)
(s', list, Bk # Bk # r) ires
(proof )

lemma inv_check_left_moving_in_middle_no_Bk[simp]:
inv_check_left_moving_in_middle (as, Im) (s, I, Bk # r) ires= False
{proof)

lemma inv_check_left_moving_on_leftmost_Bk_Bk[simp):
inv_on_left_moving_in_middle_B (as, Im) (s, [], Bk # r) ires=—>
inv_check_left_moving_on_leftmost (as, Im) (s, [|, Bk # Bk # r) ires

(proof)

lemma inv_check_left_moving_on_leftmost_no_Oc[simp]: inv_check_left_moving_on_leftmost (as
Im)
(s, list, Oc # r) ires= False
(proof )

lemma inv_check_left_moving_in_middle_Oc_Bk[simp}: inv_on_left_moving_in_middle_B (as,
Im)
(s, Oc # list, Bk # r) ires
= inv_check_left_moving_in_middle (as, Im) (s, list, Oc # Bk # r) ires
(proof)

lemma inv_on_left_moving_2_check_left_moving[simp]:
inv_on_left_moving (as, Im) (s, [, Bk # r) ires
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= (I =[] — inv_check_left_moving (as, Im) (s', [, Bk # Bk # r) ires)
ANIAD—

inv_check_left_moving (as, Im) (s', tl I, hd  # Bk # r) ires)
(proof)

lemma inv_on_left_moving_norm_no_empty[simp|: inv_on_left_moving_norm (as, Im) (s, 1, [])
ires = False

(proof)

lemma inv_on_left_moving_no_empty[simp): inv_on_left_moving (as, Im) (s, 1, []) ires = False

(proof)

lemma
inv_check_left_moving_in_middle_2_on_left_moving_in_middle_B [simp] :
assumes inv_check_left_moving_in_middle (as, Im) (s, Bk # list, Oc # r) ires
shows inv_on_left_moving_in_middle_B (as, Im) (s’, list, Bk # Oc # r) ires

(proof)

lemma inv_check_left_moving_in_middle_Bk_Oc[simp]:
inv_check_left_moving_in_middle (as, Im) (s, [|, Oc # r) ires—>
inv_check_left_moving_in_middle (as, Im) (s', [Bk], Oc # r) ires
(proof )

lemma inv_on_left_moving_norm_Oc_Oc_via_middle[simp): inv_check_left_moving_in_middle
(as, Im)
(s, Oc # list, Oc # r) ires
= inv_on_left_moving_norm (as, Im) (s', list, Oc # Oc # r) ires

(proof)

lemma inv_check_left_moving_Oc_cases|[simp): inv_check_left_moving (as, Im) (s, I, Oc # r)
ires
= (I=[] —> inv_on_left_moving (as, Im) (s’, [|, Bk # Oc # r) ires) A

(I # [| — inv_on_left_moving (as, Im) (s’, tl 1, hd 1 # Oc # r) ires)

(proof)

lemma inv_after_left_moving_Bk_via_check[simp): inv_check_left_moving (as, Im) (s, I, Bk #
r) ires
= inv_after_left_moving (as, Im) (s’, Bk # I, r) ires

(proof)

lemma inv_after_left_moving_Bk_empty_via_check[simp):inv_check_left_moving (as, Im) (s, I,
) ires
= inv_after_left_moving (as, Im) (s’, Bk # 1, []) ires

(proof)

lemma inv_stop_Bk_move[simp]: inv_after_left_moving (as, Im) (s, I, Bk # r) ires
= inv_stop (as, Im) (s', Bk # 1, r) ires
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(proof)

lemma inv_stop_Bk_empty[simp): inv_after_left_moving (as, Im) (s, 1, []) ires
= inv_stop (as, Im) (s', Bk # 1, []) ires

(proof)

lemma inv_stop_indep_fst[simp]: inv_stop (as, Im) (x, I, r) ires =
inv_stop (as, Im) (y, I, r) ires

(proof)

lemma inv_after_clear_no_Oc|simp]: inv_after_clear (as, Im) (s, aaa, Oc # xs) ires= False

(proof)

lemma inv_after_left_moving_no_Oc|[simp]:
inv_after_left_moving (as, Im) (s, aaa, Oc # xs) ires = False

(proof)

lemma inv_after_clear_Suc_nonempty|[simp]:
inv_after_clear (as, abc_Im_s Im n (Suc (abc_Im_v Im n))) (s, b, []) ires = False

(proof)

lemma inv_on_left_moving_Suc_nonempty|simp|: inv_on_left_moving (as, abc_Im_s Im n (Suc
(abc_lm_v Im n)))
(s, b, Oc # list) ires => b # ||
(proof)

lemma inv_check_left_moving_Suc_nonempty[simp):

inv_check_left_moving (as, abc_Im_s Im n (Suc (abc_Im_v Im n))) (s, b, Oc # list) ires => b
# ]

(proof )

lemma tinc_correct_pre:
assumes layout: ly = layout_of ap
and inv_start: inv_locate_a (as, Im) (n, 1, r) ires
and Im’: Im' = abc_Im_s Im n (Suc (abc_Im_v Im n))
and f: f = steps (Suc 0, 1, r) (tinc_b, 0)
and P: P = (A (s, [, r). s=10)
and Q: O = (A (s, [, r). inc_inv n (as, Im) (s, I, r) ires)
shows 3 sip. P (fstp) A Q (f stp)
(proof)

lemma tinc_correct:
assumes layout: ly = layout_of ap
and inv_start: inv_locate_a (as, Im) (n, I, r) ires
and Im': Im' = abc_Im_s Im n (Suc (abc_Im_v Im n))
shows 3 stp I’ r'. steps (Suc 0, 1, r) (tinc_b, 0) stp = (10,1, r")
A inv_stop (as, Im") (10,1, r') ires

(proof)
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lemma is_even_4[simp): (4::nat) * n mod 2 = 0

(proof)

lemma crsp_step_inc_pre:
assumes layout: ly = layout_of ap
and crsp: crsp ly (as, Im) (s, [, r) ires
and aexec: abc_step_l (as, Im) (Some (Inc n)) = (asa, Ima)
shows 3 sip k. steps (Suc 0, 1, r) (findnth n @ shift tinc_b (2 = n), 0) stp
= (2%n + 10, Bk # Bk # ires, <lma> Q Bktk) A stp > 0
(proof)

lemma crsp_step_inc:
assumes layout: ly = layout_of ap
and crsp: crsp ly (as, Im) (s, [, r) ires
and fetch: abc_fetch as ap = Some (Inc n)
shows 3stp > 0. crsp ly (abc_step_l (as, Im) (Some (Inc n)))
(steps (s, 1, r) (ci ly (start_of ly as) (Inc n), start_of ly as — Suc 0) stp) ires
(proof)

2.3.4 Compilation of instruction Dec n e

type-synonym dec_inv_t = (nat * nat list) = config = cell list = bool

fun dec_first_on_right_moving :: nat = dec_inv_t
where
dec_first_on_right_moving n (as, Im) (s, I, r) ires =
(3 Iml Im2 mml mr . Im = Im1 @ [m] @ Im2 A
ml + mr = Suc m N\ lengthlml =n Aml>0ANm>0A
(if Im1 = || then | = Octml Q Bk # Bk # ires
else | = Octml Q [Bk] @ <rev Iml> @ Bk # Bk # ires) A

((r = Octmr @ [Bk] @ <Im2> @ Bk{rn) V (r = Octmr A Im2 = [])))

fun dec_on_right_moving :: dec_inv_t

where

dec_on_right_moving (as, Im) (s, 1, r) ires =

3 ml Im2 m ml mr rn. Im = Iml Q [m] Q Im2 A

ml + mr = Suc (Suc m) A
(if Im1 = [] then | = OctmlQ Bk # Bk # ires
else 1= Octml @ [Bk] Q <rev Iml> @ Bk # Bk # ires) N

((r = Octmr @ [Bk] @ <Im2> Q Bktrn) V (r = Octmr A Im2 = [])))

fun dec_after_clear :: dec_inv_t
where
dec_after_clear (as, Im) (s, 1, r) ires =

(3 Iml Im2 m ml mr . Im = Im1 Q [m] Q Im2 A
ml+mr=SucmAml=SucmAr#[Ar#£[ A

(if Im1 =[] then | = OctmlQ Bk # Bk # ires

else | = Octml Q [Bk] @Q <rev Im1> @ Bk # Bk # ires) N

(tlr =Bk # <Im2> Q Bktrn V tlr =[] A Im2 =]))
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fun dec_after_write :: dec_inv_t
where

dec_after_write (as, Im) (s, I, r) ires =
(3 Iml Im2 mmlmr . Im = Iml Q [m] Q Im2 A
ml + mr = Suc m A ml = Sucm A\ Im2 # [| A
(if Im1 =[] then | = Bk # Octml Q Bk # Bk # ires
else | = Bk # Octml @ [Bk] @ <rev Iml> Q Bk # Bk # ires) \
tl r = <Im2> Q Bktrn)

fun dec_right_move :: dec_inv_t
where

dec_right_move (as, Im) (s, 1, r) ires =
(3 Iml Im2 mmlmr rn. Im = Iml Q [m] Q Im2
A ml = Suc m A\ mr = (0::nat) A\
(if Iml =[] then | = Bk # Octml Q Bk # Bk # ires
else | = Bk # Octml Q [Bk] Q <rev Iml> @ Bk # Bk # ires)
A (r=Bk # <Im2>QBktrn V r =[] Nlm2 =1]))

fun dec_check_right_move :: dec_inv_t
where

dec_check_right_move (as, Im) (s, I, r) ires =
(3 Iml Im2 mmlmr . Im = Iml Q [m] Q Im2 A
ml = Suc m A\ mr = (0::nat) A
(if Im1 =[] then | = Bk # Bk # Octml Q Bk # Bk # ires
else | = Bk # Bk # Octml @ [Bk] @ <rev Iml> Q Bk # Bk # ires) A
r = <Ilm2> Q Bktrn)

fun dec_left_move :: dec_inv_t
where

dec_left_move (as, Im) (s, 1, r) ires =

(3 Iml m rn. (Im::nat list) = Iml Q [m::nat] A

m>0A

(if Im1 = || then | = Bk # Oc1Suc m Q Bk # Bk # ires

else | = Bk # OctSuc m Q Bk # <rev Iml> @ Bk # Bk # ires) A r = BkTrn)

declare

dec_on_right_moving.simps[simp del] dec_after_clear.simps[simp del]
dec_after_write.simps[simp del] dec_left_move.simps|[simp del]

dec_check_right_move.simps|[simp del] dec_right_move.simps|simp del]
dec_first_on_right_moving.simps[simp del)

fun inv_locate_n_b :: inc_inv_t
where
inv_locate_n_b (as, Im) (s, I, r) ires=
(3 Iml Im2 tnm mlmr . Im @ 0Tt = Iml Q [m] Q Im2 A\
lengthlml =s Am+ 1 =ml + mr N\
ml=1ANt=s+1— lengthlm N\
(if Iml = || then | = Octml Q Bk # Bk # ires
else | = Octml @Q Bk # <rev Im1> @ Bk # Bk # ires) A
(r = Octmr @Q [Bk] @ <Im2>@ Bktrn V (Im2 =[] A r = Octmr))
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)

fun dec_inv_I :: layout = nat = nat = dec_inv_t
where
dec_inv_1 lyne (as,am) (s, 1, r) ires =
(let ss = start_of ly as in
let am’ = abc_Im_s am n (abc_Im_v am n — Suc 0) in
let am’ = abc_lm_s am n (abc_lm_v am n) in
if s = start_of ly e then inv_stop (as, am'’) (s, I, r) ires
else if s = ss then False
elseifs =ss+ 2 *n+ I then
inv_locate_b (as, am) (n, I, r) ires
else if s =ss+ 2 *xn+ 13 then
inv_on_left_moving (as, am’’) (s, I, r) ires
elseifs = ss + 2 xn+ 14 then
inv_check_left_moving (as,am’’) (s, I, r) ires
else if s = ss + 2 xn+ 15 then
inv_after_left_moving (as, am'’) (s, I, r) ires
else False)

declare ferch.simps|simp del]

lemma x_plus_helpers:
x+4=Suc (x+3)
x+5=S8uc (x+4)
x+6=Suc (x+5)
x+ 7 =Suc (x + 6)
x+8=Suc (x+7)
x+ 9==Suc (x+38)
x~+ 10 = Suc (x+ 9)

x+ 11 = Suc (x+ 10)
x+ 12 =Suc (x+ 11)
x~+ 13 =Suc (x+ 12)
14 4+ x = Suc (x + 13)
15+ x = Suc (x + 14)
16 + x = Suc (x + 15)
(proof)

lemma fetch_Dec[simp]:
fetch (ci ly (start_of ly as) (Dec n e)) (Suc (2 * n)) Bk = (WO, start_of ly as + 2 *n)
fetch (ci ly (start_of ly as) (Dec n e)) (Suc (2 % n)) Oc = (R, Suc (start_of ly as) + 2 *n)
fetch (ci (Iy) (start_of ly as) (Dec n €)) (Suc (Suc (2 * n))) Oc
= (R, start_of ly as + 2xn + 2)
fetch (ci (Iy) (start_of ly as) (Dec n e)) (Suc (Suc (2 * n))) Bk
= (L, start_of ly as + 2+n + 13)
fetch (ci (ly) (start_of ly as) (Dec n e)) (Suc (Suc (Suc (2 % n)))) Oc
= (R, start_of ly as + 2xn + 2)
fetch (ci (ly) (start_of ly as) (Dec n e)) (Suc (Suc (Suc (2 x n)))) Bk
= (L, start_of ly as + 2+n + 3)

144



fetch (ci (Iy) (start_of ly as) (Dec ne)) (2 x n + 4) Oc = (WB, start_of ly as + 2xn + 3)
fetch (ci (ly) (start_of ly as) (Decne)) (2 x n + 4) Bk = (R, start_of ly as + 2xn + 4)
fetch (ci (Iy) (start_of ly as) (Dec ne)) (2 xn+ 5) Bk = (R, start_of ly as + 2xn + 5)
fetch (ci (Iy) (start_of ly as) (Dec ne)) (2 xn + 6) Bk = (L, start_of ly as + 2*n + 6)
fetch (ci (ly) (start_of ly as) (Decne)) (2 xn+ 6) Oc = (L, start_of ly as + 2xn + 7)
fetch (ci (ly) (start_of ly as) (Dec ne)) (2 xn+ 7) Bk = (L, start_of ly as + 2xn + 10)
fetch (ci (Iy) (start_of ly as) (Dec ne)) (2 xn + 8) Bk = (WO, start_of ly as + 2xn + 7)
fetch (ci (ly) (start_of ly as) (Decne)) (2 xn+ 8) Oc = (R, start_of ly as + 2xn + 8)
fetch (ci (Iy) (start_of ly as) (Decne)) (2 xn+ 9) Bk = (L, start_of ly as + 2+n + 9)
fetch (ci (Iy) (start_of ly as) (Decne)) (2 xn+9) Oc = (R, start_of ly as + 2xn + 8)
fetch (ci (Iy) (start_of ly as) (Dec ne)) (2 x n + 10) Bk = (R, start_of ly as + 2xn + 4)
fetch (ci (Iy) (start_of ly as) (Dec ne)) (2 xn+ 10) Oc = (WB, start_of ly as + 2xn + 9)
fetch (ci (Iy) (start_of ly as) (Decne)) (2 xn+ 11) Oc = (L, start_of ly as + 2+n + 10)
fetch (ci (ly) (start_of ly as) (Decne)) (2 xn+ 11) Bk = (L, start_of ly as + 2«n + 11)
fetch (ci (Iy) (start_of ly as) (Decne)) (2 xn+ 12) Oc = (L, start_of ly as + 2+n + 10)
fetch (ci (Iy) (start_of ly as) (Decne)) (2 xn+ 12) Bk = (R, start_of ly as + 2xn + 12)
fetch (ci (Iy) (start_of ly as) (Decne)) (2 xn+ 13) Bk = (R, start_of ly as + 2xn + 16)
fetch (ci (Iy) (start_of ly as) (Dec ne)) (14 + 2 x n) Oc = (L, start_of ly as + 2+n + 13)
fetch (ci (Iy) (start_of ly as) (Dec n e)) (14 + 2 * n) Bk = (L, start_of ly as + 2xn + 14)
fetch (ci (Iy) (start_of ly as) (Dec ne)) (15 + 2 % n) Oc = (L, start_of ly as + 2xn + 13)
fetch (ci (Iy) (start_of ly as) (Dec ne)) (15 + 2 x n) Bk = (R, start_of ly as + 2xn + 15)
fetch (ci (Iy) (start_of (ly) as) (Dec ne)) (16 + 2 x n) Bk = (R, start_of (ly) )

(proof)

lemma steps_start_of_invb_inv_locate_al[simp]:
[r=1 V hd r = Bk; inv_locate_a (as, Im) (n, I, r) ires]
= dstp la ra.
steps (start_of ly as + 2 = n, 1, r) (ci ly (start_of ly as) (Dec n e),
start_of ly as — Suc 0) stp = (Suc (start_of ly as + 2 * n), la, ra) A
inv_locate_b (as, Im) (n, la, ra) ires

(proof)

lemma steps_start_of_invb_inv_locate_a2|[simp):
[inv_locate_a (as, Im) (n, I, r) ires; r # [| A\ hd r # Bk]
= dstplara.
steps (start_of ly as + 2 = n, 1, r) (ci ly (start_of ly as) (Dec n e),
start_of ly as — Suc 0) stp = (Suc (start_of ly as + 2 * n), la, ra) A
inv_locate_b (as, Im) (n, la, ra) ires

(proof)

fun abc_dec_1_stagel:: config = nat = nat = nat
where
abc_dec_1_stagel (s, 1, r) ssn=
(if s > ss Ns < ss+ 2*n + 1 then 4
elseifs=ss+2*xn+ 13V s=ss+ 2«n + 14 then 3
else if s = ss + 2xn + 15 then 2
else 0)

fun abc_dec_1_stage2:: config = nat = nat = nat
where
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abc_dec_1_stage2 (s, 1, r) ssn=
(ffs<ss+2xn+ 1then(ss+2*n+ 16 —s)
else if s = ss + 2xn + 13 then length |

else if s = ss + 2xn + 14 then length |
else 0)

fun abc_dec_1_stage3 :: config = nat = nat = nat
where

abce_dec_1_stage3 (s, I, r) ssn =
(if s < ss+ 2%n + 1 then
if (s — ss) mod 2 = 0 then
ifr # (] A hd r = Oc then 0 else 1
else length r
else ifs=ss + 2% n+ 13 then
ifr# [ A hd r = Oc then 2
else 1
else if s =ss + 2 xn+ 14 then
ifr # ] A hd r = Oc then 3 else 0
else 0)

fun abc_dec_1_measure :: (config x nat X nat) = (nat X nat X nat)
where

abc_dec_I_measure (c, ss, n) = (abc_dec_I_stagel c ss n,
abc_dec_1_stage?2 c ss n, abc_dec_l_stage3 ¢ ss n)

definition abc_dec_1_LE ::
((config x nat x
nat) X (config X nat X nat)) set

d
where abc_dec_1_LE :ef (inv_image lex_triple abc_dec_I_measure)

lemma wf dec_le: wf abc_dec_1_LE
(proof )

lemma startof Suc2:
abc_fetch as ap = Some (Dec n e) =>
start_of (layout_of ap) (Suc as) =
start_of (layout_of ap) as + 2+ n + 16
(proof)

lemma start_of less_2:
start_of ly e < start_of ly (Suc e)

(proof)

lemma start_of less_I: start_of ly e < start_of ly (e + d)
(proof)

lemma start_of _less:

assumes ¢ < as
shows start_of ly e < start_of ly as
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(proof)

lemma start_of ge:
assumes fetch: abc_fetch as ap = Some (Dec n e)
and layout: ly = layout_of ap
and great: e > as
shows start_of ly e > start_of ly as + 2xn + 16
(proof)

declare dec_inv_I.simps[simp del)

lemma start_of_ineql[simp):

[abc_fetch as aprog = Some (Dec n e); ly = layout_of aprog]

= (start_of ly e # Suc (start_of ly as + 2 x n) A
start_of ly e # Suc (Suc (start_of ly as + 2 * n)) A
start_of ly e # start_of lyas +2 xn+ 3 N\
start_of ly e # start_oflyas +2xn+ 4 A
start_of ly e # start_oflyas +2*xn+ 5 A
start_of ly e # start_oflyas +2+xn+ 6 N\
start_of ly e # start_oflyas+2xn+7 A
start_of ly e # start_oflyas +2xn+ 8 A
start_of ly e # start_oflyas +2+xn+ 9 A\
start_of ly e # start_of lyas + 2 xn+ 10 \
start_of ly e # start_oflyas +2xn+ 11 A
start_of ly e # start_oflyas +2xn+ 12 N\
start_of ly e # start_oflyas + 2 xn+ I3 N\
start_of ly e # start_oflyas + 2 xn+ 14 A
start_of ly e # start_of ly as + 2 x n + 15)

(proof)

lemma start_of _ineq2[simp): [abc_fetch as aprog = Some (Dec n e); ly = layout_of aprog]
= (Suc (start_of ly as + 2 % n) # start_of ly e \
Suc (Suc (start_of ly as + 2 x n)) # start_of ly e A
start_of ly as + 2 x n + 3 # start_of ly e \
start_of ly as + 2 x n + 4 # start_of ly e \
start_of ly as + 2 x n + 5 start_of ly e N
start_of ly as + 2 x n + 6 # start_of ly e \
start_of ly as + 2 x n + 7 # start_of ly e \
start_of ly as + 2 x n + 8 # start_of ly e A
start_of ly as + 2 x n + 9 # start_of ly e \
start_of ly as + 2 x n + 10 # start_of ly e A
start_of ly as + 2 x n + 11 # start_of ly e \
start_of ly as + 2 x n + 12 # start_of ly e \
start_of ly as + 2 x n + 13 # start_of ly e A
start_of ly as + 2 * n + 14 # start_of ly e \
start_of ly as + 2 * n + 15 # start_of ly e)
(proof)

lemma inv_locate_b_nonempty[simp): inv_locate_b (as, Im) (n, [|, []) ires = False

(proof)
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lemma inv_locate_b_no_Bk[simp]: inv_locate_b (as, Im) (n, [|, Bk # list) ires = False

(proof)

lemma dec_first_on_right_moving_Oc|simp)]:
[dec_first_on_right_moving n (as, am) (s, aaa, Oc # xs) ires]
= dec_first_on_right_moving n (as, am) (s’, Oc # aaa, xs) ires

(proof)

lemma dec_first_on_right_moving_Bk_nonempty[simp]:
dec_first_on_right_moving n (as, am) (s, I, Bk # xs) ires = | # [|

(proof)

lemma replicateE:
[— length Iml < length am;
am Q replicate (length Im1 — length am) 0 Q [0::nat] =
Iml @ m # Im2;
0 < m]
= RR

(proof)

lemma dec_after_clear_Bk_strip_hd|[simp]:
[dec_first_on_right_moving n (as,
abce_Im_s am n (abc_Im_v am n)) (s, I, Bk # xs) ires]
= dec_after_clear (as7 abc_Im_samn
(abc_Im_v amn — Suc 0)) (s', tl 1, hd | # Bk # xs) ires
(proof)

lemma dec_first_on_right_moving_dec_after_clear_cases[simp):

[dec_first_on_right_moving n (as,

abe_Im_s am n (abc_lm_y am n)) (s, 1, []) ires]
= (I =[] — dec_after_clear (as,
abc_Im_s am n (abc_Im_v am n — Suc 0)) (s, [], [Bk]) ires) A
(1 # [] — dec_after_clear (as, abc_lm_s am n
(abc_Im_v amn — Suc 0)) (s',tl 1, [hd 1)) ires)
(proof)

lemma dec_after_clear_Bk_via_Oc[simp]: [dec_after_clear (as, am) (s, I, Oc # r) ires]
= dec_after_clear (as, am) (s', I, Bk # r) ires

(proof)

lemma dec_right_move_Bk_via_clear_Bk[simp): [dec_after_clear (as, am) (s, I, Bk # r) ires]
= dec_right_move (as, am) (s’, Bk # 1, r) ires

{proof)

lemma dec_right_move_Bk_Bk_via_clear[simp]: [dec_after_clear (as, am) (s, 1, []) ires]
= dec_right_move (as, am) (s', Bk # 1, [BK]) ires
(proof)

lemma dec_right_move_no_Oc|simp|:dec_right_move (as, am) (s, I, Oc # r) ires = False
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(proof)

lemma dec_right_move_2_check_right_move|simp]:
[dec_right_move (as, am) (s, 1, Bk # r) ires]
= dec_check_right_move (as, am) (s’, Bk # I, r) ires

(proof)

lemma [m_iff_empty[simp): (<Im::nat list> =[]) = (Im = [])
(proof)

lemma dec_right_move_asif_Bk_singleton[simp]:
dec_right_move (as, am) (s, 1, []) ires=
dec_right_move (as, am) (s, 1, [Bk]) ires

(proof)

lemma dec_check_right_move_nonempty|[simp|: dec_check_right_move (as,am) (s, 1, r) ires=—>

1#]]
(proof)

lemma dec_check_right_move_Oc_tail[simp]: [dec_check_right_move (as, am) (s, I, Oc # r)
ires]
= dec_after_write (as, am) (s', tl 1, hd 1 # Oc # r) ires

(proof)

lemma dec_left_move_Bk_tail[simp)]: [dec_check_right_move (as, am) (s, I, Bk # r) ires]
= dec_left_move (as, am) (s', t1 I, hd | # Bk # r) ires
(proof)

lemma dec_left_move_tail[simp): [dec_check_right_move (as, am) (s, I, []) ires]
= dec_left_move (as, am) (s', tl 1, [hd I]) ires

(proof)

lemma dec_left_move_no_Oc|[simp]: dec_left_move (as, am) (s, aaa, Oc # xs) ires = False

(proof)

lemma dec_left_move_nonempty[simp): dec_left_move (as, am) (s, I, r) ires
= 1#]
(proof)

lemma inv_on_left_moving_in_middle_B_Oc_Bk_Bks[simp]: inv_on_left_moving_in_middle_B
(as, [m])

(s', Oc # Octm @ Bk # Bk # ires, Bk # Bktrn) ires

(proof )

lemma inv_on_left_moving_in_middle_B_Oc_Bk_Bks_rev[simp]: Iml # [| =
inv_on_left_moving_in_middle_B (as, ImI Q [m]) (s’
Oc # Octm Q Bk # <rev Im1> Q Bk # Bk # ires, Bk # Bk1rn) ires

(proof)
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lemma inv_on_left_moving_Bk_tail[simp]: dec_left_move (as, am) (s, I, Bk # r) ires
= inv_on_left_moving (as, am) (s’, tl I, hd | # Bk # r) ires

(proof)

lemma inv_on_left_moving_tail[simp): dec_left_move (as, am) (s, 1, []) ires
= inv_on_left_moving (as, am) (s’, tl I, [hd 1)) ires

(proof)

lemma dec_on_right_moving_Oc_mv[simp|: dec_after_write (as, am) (s, I, Oc # r) ires
= dec_on_right_moving (as, am) (s', Oc # 1, r) ires

(proof)

lemma dec_after_write_Oc_via_Bk[simp): dec_after_write (as, am) (s, I, Bk # r) ires
= dec_after_write (as, am) (s’, I, Oc # r) ires

(proof)

lemma dec_after_write_Oc_empty[simp]: dec_after_write (as, am) (s, aaa, []) ires
= dec_after_write (as, am) (s', aaa, [Oc]) ires

(proof)

lemma dec_on_right_moving_Oc_move[simp|: dec_on_right_moving (as, am) (s, I, Oc # r)
ires
= dec_on_right_moving (as, am) (s', Oc # 1, r) ires

(proof)

lemma dec_on_right_moving_nonempty[simp): dec_on_right_moving (as, am) (s, I, r) ires=—>

1#]]
(proof)

lemma dec_after_clear_Bk_tail[simp)|: dec_on_right_moving (as, am) (s, I, Bk # r) ires
= dec_after_clear (as,am) (s', tl I, hd | # Bk # r) ires
(proof)

lemma dec_after_clear_tail[simp|: dec_on_right_moving (as, am) (s, 1, []) ires
= dec_after_clear (as, am) (s', L 1, [hd 1]) ires

(proof)

lemma dec_false_I[simp):
[abe_im_v am n = 0; inv_locate_b (as, am) (n, aaa, Oc # xs) ires]
= False
(proof)

lemma inv_on_left_moving_Bk_tl[simp]:
[inv_locate_b (as, am) (n, aaa, Bk # xs) ires;
abe_Im_v amn = 0]
= inv_on_left_moving (as, abc_Im_s am n 0)
(s, tl aaa, hd aaa # Bk # xs) ires
(proof)
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lemma inv_on_left_moving_tl[simp]:
labe_im_v am n = 0; inv_locate_b (as, am) (n, aaa, []) ires]
= inv_on_left_moving (as, abc_lm_s am n 0) (s, tl aaa, [hd aaal) ires

(proof)

declare inv_locate_n_b.simps [simp del]

lemma dec_first_on_right_moving_Oc_via_inv_locate_n_b [simp]:
[inv_locate_n_b (as, am) (n, aaa, Oc # xs) ires]
= dec_first_on_right_moving n (as, abc_Im_s am n (abc_Im_v am n))
(s, Oc # aaa, xs) ires

(proof)

lemma inv_on_left_moving_nonempty[simp): inv_on_left_moving (as, am) (s, [], r) ires
= False

(proof)

lemma inv_check_left_moving_startof_nonempty[simp]:
inv_check_left_moving (as, abc_Im_s am n 0)
(start_of (layout_of aprog) as + 2 x n + 14, [|, Oc # xs) ires
= False

(proof)

lemma start_of lessE[elim]: [abc_fetch as ap = Some (Dec n e);
start_of (layout_of ap) as < start_of (layout_of ap) e;
start_of (layout_of ap) e < Suc (start_of (layout_of ap) as + 2 * n)]
— RR

(proof)

lemma crsp_step_dec_b_e_pre ‘.
assumes layout: ly = layout_of ap
and inv_start: inv_locate_b (as, Im) (n, la, ra) ires
and fetch: abc_fetch as ap = Some (Dec n e)
and dec_0: abc_Im_vIimn=0
and f: f = (X stp. (steps (Suc (start_of ly as) + 2 x n, la, ra) (ci ly (start_of ly as) (Dec n e),
start_of ly as — Suc 0) stp, start_of ly as, n))
and P: P = (A ((s, 1, r), ss,x). s = start_of ly e)
and Q: 0 = (A ((s, 1, r), ss,x). dec_inv_I ly x e (as, Im) (s, I, r) ires)
shows 3 stp. P (fstp) A Q (f stp)
(proof)

lemma crsp_step_dec_b_e_pre:
assumes ly = layout_of ap
and inv_start: inv_locate_b (as, Im) (n, la, ra) ires
and dec_0: abc_Im_vimn =0
and fetch: abc_fetch as ap = Some (Dec n e)
shows I stp b rb.
steps (Suc (start_of ly as) + 2 % n, la, ra) (ci ly (start_of ly as) (Dec n e),
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start_of ly as — Suc 0) stp = (start_of ly e, b, rb) A
dec_inv_1 ly n e (as, Im) (start_of ly e, Ib, rb) ires

(proof)

lemma crsp_abc_step_via_stop[simp]:
labe_lm_v Im n = 0,
inv_stop (as, abc_lm_s Im n (abc_Im_v Im n)) (start_of ly e, Ib, rb) ires]
= crsp ly (abc_step_l (as, Im) (Some (Dec n €))) (start_of ly e, b, rb) ires
(proof)

lemma crsp_step_dec_b_e:
assumes layout: ly = layout_of ap
and inv_start: inv_locate_a (as, Im) (n, I, r) ires
and dec_0: abc_Im_vIimn=0
and fetch: abc_fetch as ap = Some (Dec n e)
shows Istp > 0. crsp ly (abc_step_ (as, Im) (Some (Dec n e)))
(steps (start_of ly as + 2 « n, 1, r) (ci ly (start_of ly as) (Dec n e), start_of ly as — Suc 0) sip)
ires

(proof)

fun dec_inv_2 :: layout = nat = nat = dec_inv_t
where
dec_inv_2lyne (as,am) (s, 1, r) ires =
(let ss = start_of ly as in
let am’ = abc_Im_s am n (abc_lm_v am n — Suc 0) in
letam' = abc_Im_s amn (abc_lm_v amn) in
if s = 0 then False
else if s = ss + 2 * n then
inv_locate_a (as, am) (n, 1, r) ires
elseif s =ss+ 2 xn+ I then
inv_locate_n_b (as, am) (n, 1, r) ires
elseif s =ss + 2 xn+ 2 then
dec_first_on_right_moving n (as, am'’) (s, I, r) ires
else if s = ss + 2 xn+ 3 then
dec_after_clear (as, am’) (s, I, r) ires
else if s =ss + 2 xn+ 4 then
dec_right_move (as, am’) (s, I, r) ires
elseif s =ss+ 2% n+ 5 then
dec_check_right_move (as, am’) (s, I, r) ires
else if s =ss + 2 % n+ 6 then
dec_left_move (as, am’) (s, 1, r) ires
else if s =ss + 2 xn+ 7 then
dec_after_write (as, am’) (s, I, r) ires
elseif s = ss + 2 xn + 8 then
dec_on_right_moving (as, am’) (s, 1, r) ires
else if s =ss + 2 xn+ 9 then
dec_after_clear (as,am’) (s, I, r) ires
else if s = ss + 2 xn+ 10 then
inv_on_left_moving (as, am’) (s, I, r) ires
elseifs =ss+ 2 xn—+ 11 then
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inv_check_left_moving (as, am’) (s, 1, r) ires

else ifs = ss + 2 xn+ 12 then
inv_after_left_moving (as, am’) (s, I, r) ires
else if s =ss + 2 xn+ 16 then
inv_stop (as, am’) (s, 1, r) ires
else False)

declare dec_inv_2.simps[simp del)
fun abc_dec_2_stagel :: config = nat = nat = nat
where
abc_dec_2_stagel (s, 1, r) ssn=
(if s < ss+ 2xn + 1 then 7
else if s = ss + 2xn + 2 then 6
else if s = ss + 2xn + 3 then 5

elseifs > ss+2xn+4Ns<ss+ 2«n+ 9then4

else if s = ss + 2xn + 6 then 3

elseifs=ss+2xn+ 10V s =ss + 2xn + 11 then 2

elseif s = ss + 2xn + 12 then 1
else 0)

fun abc_dec_2_stage?2 :: config = nat = nat = nat
where
abc_dec_2_stage2 (s, 1, r) ssn=
(ffs<ss+2xn+1then(ss+2*n+ 16 —s)
else if s = ss + 2xn + 10 then length |
else if s = ss + 2xn + 11 then length |
else if s = ss + 2xn + 4 then length r — 1
else if s = ss + 2xn + 5 then length r
else if s = ss + 2xn + 7 then length r — 1
else if s = ss + 2xn + 8 then

length r + length (takeWhile (A a.a = Oc) I) — 1

else if s = ss + 2xn + 9 then

length r + length (takeWhile (A a.a = Oc) ) — 1

else 0)

fun abc_dec_2_stage3 :: config = nat = nat = nat
where
abc_dec_2_stage3 (s, I, r) ssn =

(if s < ss + 2«n + 1 then

if (s —ss)mod2=0thenifr#][ A
hd r = Oc then 0 else 1

else length r

else if s =ss + 2« n—+ 10 then
if r#[] Ahdr=Octhen?2
else 1

elseifs=ss+2%n+ 11 then
ifr# [ A hd r = Oc then 3
else 0

else (ss+2+n+ 16 —s))
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fun abc_dec_2_stage4 :: config = nat = nat = nat
where
abce_dec_2_staged (s, 1, r) ssn=
(if s = ss + 2#n + 2 then length r
else if s = ss + 2xn + 8 then length r
else if s = ss + 2xn + 3 then
ifr £ [ ANhdr=Octhen I
else 0
else if s = ss + 2xn + 7 then
ifr £ [] A hdr = Oc then 0
else 1
else if s = ss + 2xn + 9 then
ifr £ [] ANhdr=Octhen I
else 0
else 0)

fun abc_dec_2_measure :: (config X nat X nat) = (nat X nat X nat X nat)
where
abc_dec_2_measure (c, ss,n) =
(abc_dec_2_stagel c ss n,
abc_dec_2_stage?2 c ss n, abc_dec_2_stage3 ¢ ss n, abc_dec_2_stage4 c ss n)

definition lex_square::
((nat x nat x nat x nat) X (nat X nat X nat X nat)) set

d
where lex_square :ef less_than <xlexx> lex_triple

definition abc_dec_2_LE ::
((config x nat x
nat) x (config X nat X nat)) set

de
where abc_dec_2 LE :ef (inv_image lex_square abc_dec_2_measure)

lemma wf _dec2_le: wf abc_dec_2_LE
(proof)

lemma fix_add: fetch ap ((x::nat) 4+ 2xn) b = fetch ap (2+n + x) b
(proof)

lemma inv_locate_n_b_Bk_elim|elim]:
[0 < abc_Im_v am n; inv_locate_n_b (as, am) (n, aaa, Bk # xs) ires]
—> RR

(proof)

lemma inv_locate_n_b_nonemptyE[elim]:
[0 < abc_Im_v am n; inv_locate_n_b (as, am)
(n, aaa, []) ires] = RR

(proof)

lemma no_Ocs_dec_after_write[simp]: dec_after_write (as, am) (s, aa, r) ires
= takeWhile (Aa. a = Oc) aa = ||
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(proof)

lemma fewer_Ocs_dec_on_right_moving|simp):
[dec_on_right_moving (as, Im) (s, aa, []) ires;
length (takeWhile (Aa. a = Oc) (tl aa))
# length (takeWhile (Aa. a = Oc) aa) — Suc 0]
= length (takeWhile (Aa. a = Oc) (tl aa)) <
length (takeWhile (Aa. a = Oc) aa) — Suc 0
(proof)

lemma more_Ocs_dec_after_clear[simp):
dec_after_clear (as, abc_Im_s am n (abc_lm_v am n — Suc 0))
(start_of (layout_of aprog) as + 2 = n + 9, aa, Bk # xs) ires
= length xs — Suc 0 < length xs +
length (takeWhile (Aa. a = Oc) aa)
(proof)

lemma more_Ocs_dec_after_clear2[simp):
[dec_after_clear (as, abc_Im_s am n (abc_lm_v am n — Suc 0))
(start_of (layout_of aprog) as + 2 * n + 9, aa, []) ires]
= Suc 0 < length (takeWhile (Aa. a = Oc) aa)
(proof)

lemma inv_check_left_moving_nonemptyE|[elim]:
inv_check_left_moving (as, Im) (s, [], Oc # xs) ires
= RR

(proof)

lemma inv_locate_n_b_Oc_via_at_begin_norm[simp):
[0 < abe_lm_v am n;
at_begin_norm (as, am) (n, aaa, Oc # xs) ires]
= inv_locate_n_b (as, am) (n, Oc # aaa, xs) ires

(proof)

lemma inv_locate_n_b_Oc_via_at_begin_fst_awn|[simp]:
[0 < abc_Im_v am n;
at_begin_fst_awtn (as, am) (n, aaa, Oc # xs) ires]
= inv_locate_n_b (as, am) (n, Oc # aaa, xs) ires

(proof)

lemma inv_locate_n_b_Oc_via_inv_locate_n_alsimp):
[0 < abc_lm_v am n; inv_locate_a (as, am) (n, aaa, Oc # xs) ires]
= inv_locate_n_b (as, am) (n, Oc#aaa, xs) ires

(proof)

lemma more_Oc_dec_on_right_moving[simp]:
[dec_on_right_moving (as, am) (s, aa, Bk # xs) ires;
Suc (length (takeWhile (Aa. a = Oc) (#l aa)))
# length (takeWhile (Aa. a = Oc) aa)]
= Suc (length (takeWhile (Aa. a = Oc) (1l aa)))
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< length (takeWhile (Aa. a = Oc) aa)
(proof)

lemma crsp_step_dec_b_suc_pre:
assumes layout: ly = layout_of ap
and crsp: crsp ly (as, Im) (s, [, r) ires
and inv_start: inv_locate_a (as, Im) (n, la, ra) ires
and fetch: abc_fetch as ap = Some (Dec n e)
and dec_suc: 0 < abc_Im_v Im n
and f: f = (X stp. (steps (start_of ly as + 2 x n, la, ra) (ci ly (start_of ly as) (Dec n e),
start_of ly as — Suc 0) stp, start_of ly as, n))
and P: P = (X ((s, 1, r), ss,x). s = start_of ly as + 2xn + 16)
and 0: Q= (A ((s, [, ), ss, x). dec_inv_2 ly x e (as, Im) (s, 1, r) ires)
shows 3 sip. P (fstp) A Q(f stp)
(proof)

lemma crsp_abc_step_l_start_of [simp]:
[inv_stop (as, abc_Im_s Im n (abc_lm_v Im n — Suc 0))
(start_of (layout_of ap) as + 2 * n + 16, a, b) ires;
abc_lm_v Im n > 0,
abce_fetch as ap = Some (Dec n ¢)]
= crsp (layout_of ap) (abc_step_I (as, Im) (Some (Dec n e)))
(start_of (layout_of ap) as + 2 «* n+ 16, a, b) ires

(proof)

lemma crsp_step_dec_b_suc:

assumes layout: ly = layout_of ap
and crsp: crsp ly (as, Im) (s, 1, r) ires
and inv_start: inv_locate_a (as, Im) (n, la, ra) ires
and fetch: abe_fetch as ap = Some (Dec n e)
and dec_suc: 0 < abc_Ilm_vImn

shows 3stp > 0. crsp ly (abc_step_l (as, Im) (Some (Dec n e)))

(steps (start_of ly as + 2 * n, la, ra) (ci (layout_of ap)
(start_of ly as) (Dec n e), start_of ly as — Suc 0) stp) ires

(proof)

lemma crsp_step_dec_b:
assumes layout: ly = layout_of ap
and crsp: crsp ly (as, Im) (s, [, r) ires
and inv_start: inv_locate_a (as, Im) (n, la, ra) ires
and fetch: abc_fetch as ap = Some (Dec n e)
shows 3stp > 0. crsp ly (abc_step_l (as, Im) (Some (Dec n e)))
(steps (start_of ly as + 2 = n, la, ra) (ci ly (start_of ly as) (Dec n e), start_of ly as — Suc 0)
stp) ires

(proof)
declare adjust.simps[simp del|

lemma crsp_step_dec:
assumes layout: ly = layout_of ap
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and crsp: crsp ly (as, Im) (s, [, r) ires
and fetch: abc_fetch as ap = Some (Dec n e)
shows Jstp > 0. crsp ly (abc_step_l (as, Im) (Some (Dec n e)))
(steps (s, I, r) (ci ly (start_of ly as) (Dec n e), start_of ly as — Suc 0) stp) ires
(proof)

2.3.5 Compilation of instruction Goto

lemma crsp_step_goto:
assumes layout: ly = layout_of ap
and crsp: crsp ly (as, Im) (s, [, r) ires
shows 3 stp>0. crsp ly (abc_step_l (as, Im) (Some (Goto n)))
(steps (s, 1, r) (ci ly (start_of ly as) (Goto n),
start_of ly as — Suc 0) stp) ires

(proof)

lemma crsp_step_in:
assumes layout: ly = layout_of ap
and compile: tp = tm_of ap
and crsp: crsp ly (as, Im) (s, 1, r) ires
and fetch: abc_fetch as ap = Some ins
shows 3 stp>0. crsp ly (abc_step_l (as, Im) (Some ins))
(steps (s, 1, r) (ci ly (start_of ly as) ins, start_of ly as — 1) stp) ires

(proof)

lemma crsp_step:
assumes layout: ly = layout_of ap
and compile: tp = tm_of ap
and crsp: crsp ly (as, Im) (s, 1, r) ires
and fetch: abc_fetch as ap = Some ins
shows 3 stp>0. crsp ly (abc_step_l (as, Im) (Some ins))
(steps (s, 1, r) (tp, 0) stp) ires
(proof )

lemma crsp_steps:
assumes layout: ly = layout_of ap
and compile: tp = tm_of ap
and crsp: crsp ly (as, Im) (s, 1, r) ires
shows 3 stp. crsp ly (abe_steps_l (as, Im) ap n)
(steps (s, I, r) (1p, O) stp) ires
(proof)

lemma tp_correct’:
assumes layout: ly = layout_of ap
and compile: tp = tm_of ap
and crsp: crsp ly (0, Im) (Suc 0, 1, r) ires
and abc_halt: abc_steps_l (0, Im) ap stp = (length ap, am)
shows 3 stp k. steps (Suc 0, 1, r) (tp, 0) stp = (start_of ly (length ap), Bk # Bk # ires, <am>
@ Bkk)
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(proof)

The tp @ [(Nop, 0), (Nop, 0)] is nomoral turing machines, so we can use Hoare_plus
when composing with Mop machine

lemma layout_id_cons: layout_of (ap @ [p]) = layout_of ap @ [length_of p]
(proof)

lemma map_start_of_layout[simp]:

map (start_of (layout_of xs Q [length_of x])) [0..<length xs| = (map (start_of (layout_of
xs)) [0..<length xs])

(proof)

lemma tpairs_id_cons:
tpairs_of (xs Q [x]) = tpairs_of xs Q [(start_of (layout_of (xs Q [x])) (length xs), x)]
(proof)

lemma map_length_ci:
(map (length o (A(xa, y). ci (layout_of xs @ [length_of x]) xa y)) (tpairs_of xs)) =
(map (length o (A(x, ). ci (layout_of xs) x y)) (tpairs_of xs))
(proof)

lemma length_tp'[simp]:
[ty = layout_of ap; tp = tm_of ap] =
length tp = 2 % sum_list (take (length ap) (layout_of ap))
(proof)

lemma length_tp:
[ty = layout_of ap; tp = tm_of ap] =
start_of ly (length ap) = Suc (length tp div 2)
(proof)

lemma compile_correct_halt:
assumes layout: ly = layout_of ap
and compile: tp = tm_of ap
and crsp: crsp ly (0, Im) (Suc 0, 1, r) ires
and abc_halt: abe_steps_1 (0, Im) ap stp = (length ap, am)
and rs_loc: n < length am
and rs: abc_Im_vamn =rs
and off: off = length tp div 2
shows 3 stp i j. steps (Suc 0, 1, r) (tp @ shift (mopup_n_tm n) off, 0) stp = (0, Bkti Q Bk #
Bk # ires, OctSuc rs Q Bk1j)
(proof)

declare mopup_n_tm.simps[simp del]
lemma abc_step_red?2:
abc_steps_l (s, Im) p (Suc n) = (let (as’, am’) = abc_steps_I (s, Im) p n in
abc_step_l (as’, am’) (abc_fetch as’ p))
(proof)

lemma crsp_steps2:
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assumes

layout: ly = layout_of ap

and compile: tp = tm_of ap

and crsp: crsp ly (0, Im) (Suc 0, 1, r) ires

and nothalt: as < length ap

and aexec: abc_steps_l (0, Im) ap stp = (as, am)
shows I stpa>stp. crsp ly (as, am) (steps (Suc 0,1, r) (tp, 0) stpa) ires
(proof)

lemma compile_correct_unhalt:

assumes layout: ly = layout_of ap

and compile: tp = tm_of ap

and crsp: crsp ly (0, Im) (1,1, r) ires

and off : off = length tp div 2

and abc_unhalt: ¥ stp. (X (as, am). as < length ap) (abc_steps_I (0, Im) ap stp)
shows V stp.— is_final (steps (1, 1, r) (tp Q shift (mopup_n_tm n) off, 0) stp)
(proof)

end

2.3.6 Alternative Definitions for Translating Abacus Machines to
TMs

theory Abacus_alt_Compile
imports Abacus
begin

abbreviation
def
layout = layout_of

fun address :: abc_prog = nat = nat
where
address p x = (Suc (sum_list (take x (layout p))))

abbreviatign
TMGoto ¥ [(Nop, 1), (Nop, 1)]

abbreviation
™ine ¥ [(Wo, 1), (R, 2), (WO, 3), (R, 2), (WO, 3), (R, 4),
(L,7), (WB,5), (R, 6), (WB,5), (WO, 3), (R,
(L,8),(L,7),(R,9),(L,7), (R, 10), (WB, 9)]

abbreviation

TMDec ¥ (WO, 1), (R, 2), (L, 14), (R, 3), ,
(R, 5), (WB,4), (R, 6), (WB,5), (L, 7) 8
(L,11),(WB,7), (W0, 8), (R,9), (L, 10), (R, 9),
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(R,5), (WB, 10), (L, 12), (L, 11), (R, 13), (L, 11),
(R, 17), (WB, 13), (L, 15), (L, 14), (R, 16), (L, 14),
(R, 0), (WB, 16)]

abbreviation

TMFindnth  findnih

fun compile_goto :: nat = instr list
where
compile_goto s = shift TMGoto (s — 1)

fun compile_inc :: nat = nat = instr list
where
compile_inc s n = (shift (TMFindnth n) (s — 1)) Q (shift (shift TMInc (2 x n)) (s — 1))

fun compile_dec :: nat = nat = nat = instr list
where
compile_dec s n e = (shift (TMFindnth n) (s — 1)) Q (adjust (shift (shift TMDec (2 % n)) (s
—1)e)

fun compile :: abc_prog = nat = abc_inst = instr list
where
compile ap s (Inc n) = compile_inc s n
| compile ap s (Dec n e) = compile_dec s n (address ap e)
| compile ap s (Goto e) = compile_goto (address ap e)

lemma
compile ap s i = ci (layout ap) s i

(proof )
end

2.4 Hoare Rules for Abacus Programs

theory Abacus_Hoare
imports Abacus
begin

type-synonym abc_assert = nat list = bool

definition
assert_imp :: ('a = bool) = ('a = bool) = bool (<_+— _> [0, 0] 100)
where
. def
assert_imp P Q = Vxs. Pxs — Qxs

fun abc_holds_for :: (nat list = bool) = (nat X nat list) = bool (<_abc’_holds’_for _> [100,

99] 100)
where
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P abc_holds_for (s, Im) = P Im

fun abc_final :: (nat x nat list) = abc_prog = bool
where
abce_final (s, Im) p = (s = length p)

fun abc_notfinal :: abc_conf = abc_prog = bool
where
abc_notfinal (s, Im) p = (s < length p)

fun abc_out_of _prog :: abc_conf = abc_prog = bool
where
abc_out_of prog (s, Im) p = (lengthp < s)

definition abcP_out_of pgm_ex :: abc_prog

where
abceP_out_of pgm_ex = [Dec 041, Inc 1, Goto 0)

lemma abc_steps_1 (0,[5,3]) abcP_out_of pgm_ex (10 +6) = (41, [0, 8])
(proof)

lemma abc_out_of _prog (abc_steps_ (0,[5,3]) abcP_out_of pgm_ex (10 +6)) abcP_out_of pgm_ex
(proof)

lemma abc_notfinal cf p V abc_final cf p V abc_out_of _prog cf p
(proof)

lemma [ length p # 0; abc_notfinal ¢f p | = — abc_final ¢f p A = abc_out_of _prog cf p
(proof)

lemma [ length p # 0; abc_final ¢f p | = — abc_notfinal ¢f p A — abc_out_of _prog cf p
(proof)

lemma [ length p # 0; abc_out_of_prog c¢f p | = — abc_notfinal ¢f p A\ — abc_final c¢f p
(proof)

definition
abc_Hoare_halt :: abc_assert = abc_prog = abc_assert = bool (<({(1_)}}/ L)/ {(1_)})>
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50)
where
abc_Hoare_halt P p Q =4 Yim. P Im — (I n. abc_final (abc_steps_1 (0, Im) pn) p A Q
abc_holds_for (abc_steps_1 (0, Im) p n))

lemma abc_Hoare_haltl:

assumes Alm. P Im = 3 n. abc_final (abc_steps_l (0, Im) p n) p A Q abc_holds_for
(abc_steps_1 (0, Im) p n)

shows {P[ (p::abc_prog) {0}

(proof)

fun app_mopup :: tprog0 = nat = tprog0
where
app_mopup tp n = tp Q shift (mopup_n_tm n) (length tp div 2)

lemma compile_correct_halt_2:
assumes compile: tp = tm_of ap
and abc_halt: abc_steps_l (0, ns) ap stp = (length ap, am)
and rs_loc: n < length am
shows Tsip i j. stepsO (Suc 0, [Bk,Bk|, <ns::nat list>) (app_mopup tp n) stp = (0, Bk?i,
<abc_lm_v am n> @ Bk1))
(proof)

lemma compile_correct_halt_3:
assumes compile: tp = tm_of ap
and abc_halt: abe_steps_l (0, ns) ap stp = (length ap, am)
and rs_loc: n < length am
shows I stp i j. stepsO (Suc 0, [|, <ns::nat list>) (app_mopup tp n) stp = (0, Bkti, <abc_lm_y
am n> Q Bk1j)
(proof)

lemma compile_correct_halt_4:
assumes compile: tp = tm_of ap
and abc_halt: abe_steps_l (0, ns) ap stp = (length ap, am)
and rs_loc: n < length am
shows TMC_yields_num_res (app_mopup tp n) ns (abc_lm_v am n)
(proof)

definition ABC _yields_res :: abc_prog = nat list = nat = nat = bool

de
where ABC_yields_res ap nsnr o
(Istp am. abc_steps_I (0, ns) ap stp = (length ap, am) N\
r < length am A (abc_lm_v am r = n))
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definition ABC_loops_on :: abc_prog = nat list = bool

de
where ABC_loops_on ap ns =4
V stp. abc_notfinal (abc_steps_I (0, ns) ap stp) ap

theorem ABC_yields_res_imp_TMC_yields_num_res:
assumes p = tm_of ap
and ABC_yields_resapnsnr
shows TMC_yields_num_res (app_mopup tp r) ns n
(proof)

lemma abc_unhalt_2:

assumes compile: tp = tm_of ap

and notfinal: V stp. abc_notfinal (abc_steps_l (0, ns) ap sip) ap
shows V stp.— is_final (stepsO (Suc 0, [Bk,Bk], <ns::nat list>) (app_mopup tp r) stp)
(proof)

theorem ABC_loops_imp_TMC_loops:
assumes tp = tm_of ap
and ABC_loops_on ap ns
shows TMC_loops (app_mopup tp r) ns
(proof )

definition
abc_Hoare_unhalt :: abc_assert = abc_prog = bool (<({(1_)}/ (L)) T 50)
where
abc_Hoare_unhalt P p o Y args. P args — (V¥ n. abc_notfinal (abc_steps_l (0, args) p n)
p)

lemma abc_Hoare_unhaltl:
assumes /\args n. P args = abc_notfinal (abc_steps_I (0, args) p n) p
shows {P} (p::abc_prog) 1
(proof)

fun abc_inst_shift :: abc_inst = nat = abc_inst
where
abc_inst_shift (Inc m) n = Inc m |
abc_inst_shift (Dec m e) n = Dec m (e + n) |
abc_inst_shift (Goto m) n = Goto (m + n)

fun abc_shift :: abc_inst list = nat = abc_inst list
where
abc_shift xs n = map (X x. abc_inst_shift x n) xs

fun abc_comp :: abc_inst list = abc_inst list =
abc_inst list (infix] <[+]> 99)
where
abc_comp al bl = (let al_len = length al in
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al Q abc_shift bl al_len)

lemma abc_comp_first_step_eq_pre:
s < length A
= abc_step_l (s, Im) (abc_fetch s (A [+] B)) =
abe_step_l (s, Im) (abc_fetch s A)
(proof)

lemma abc_before_final:
labc_final (abc_steps_1 (0, Im) p n) p; p # []]
= 3 n’. abc_notfinal (abc_steps_l (0, Im) pn') p A
abc_final (abc_steps_l (0, Im) p (Suc n’)) p
(proof)

lemma notfinal_Suc:
abc_notfinal (abc_steps_1 (0, Im) A (Suc n)) A =
abc_notfinal (abc_steps_1 (0, Im) A n) A
(proof)

lemma abc_comp_first_steps_eq_pre:
assumes notfinal: abc_notfinal (abc_steps_1 (0, Im) A n) A
and notnull: A # ||
shows abc_steps_1 (0, Im) (A [+] B) n = abc_steps_1 (0, Im) A n
(proof)

declare abc_shift.simps[simp del| abc_comp.simps[simp del]
lemma halt_steps2: st > length A => abc_steps_l (st, Im) A stp = (st, lm)

(proof)

lemma halt_steps: abc_steps_l (length A, Im) A n = (length A, Im)
(proof )

lemma abc_steps_add:
abc_steps_l (as, Im) ap (m + n) =
abc_steps_l (abc_steps_I (as, Im) ap m) ap n

(proof)

lemma equal_when_halt:
assumes excl: abc_steps_I (s, Im) A na = (length A, Ima)
and exc2: abc_steps_l (s, Im) A nb = (length A, Imb)
shows /ma = Imb
(proof)

lemma abc_comp_first_steps_halt_eq':
assumes final: abc_steps_1 (0, Im) A n = (length A, Im")
and notnull: A # ||
shows 3 n'. abc_steps_1 (0, Im) (A [+] B) n’' = (length A, Im")
(proof)

lemma abc_exec_null: abe_steps_l sam [| n = sam
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(proof)

lemma abc_comp_first_steps_halt_eq:
assumes final: abc_steps_l (0, Im) A n = (length A, Im")
shows 3 n'. abc_steps_1 (0, Im) (A [+] B) n’ = (length A, Im")
(proof)

lemma abc_comp_second_step_eq:
assumes exec: abc_step_l (s, Im) (abc_fetch s B) = (sa, Ima)
shows abc_step_I (s + length A, Im) (abc_fetch (s + length A) (A [+] B))
= (sa + length A, Ima)
(proof)

lemma abc_comp_second_steps_eq:
assumes exec: abc_steps_1 (0, Im) Bn = (sa, Im")
shows abc_steps_I (length A, Im) (A [+] B) n = (sa + length A, Im’)
(proof)

lemma length_abc_comp(simp, intro):
length (A [+] B) = length A + length B
(proof )

lemma abc_Hoare_plus_halt :
assumes A_halt : {P} (A::abc_prog) {0}
and B_halt : {Q[ (B::abc_prog) {S}
shows {P} (A [+] B) {S}
(proof)

lemma abc_unhalt_append_eq:
assumes unhalt: {P} (A::abc_prog) 1
and P: P args
shows abc_steps_I (0, args) (A [+] B) stp = abc_steps_I (0, args) A sip
(proof)

lemma abc_Hoare_plus_unhaltl:
{P} (A::abc_prog) + = {P} (A [+] B) *
(proof )

lemma notfinal_all_before:
[abe_notfinal (abc_steps_1 (0, args) A x) A; y<x]
= abc_notfinal (abc_steps_1 (0, args) Ay) A
(proof)

lemma abc_Hoare_plus_unhalt2:
assumes unhalt: {Q} (B::abc_prog) 1
and halt: {P[ (A::abc_prog) {O[
and nomull: A # ||
and P: P args
shows abc_notfinal (abc_steps_1 (0, args) (A [+] B) n) (A [+] B)
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(proof)

lemma abc_comp_null_left[simp): [| [+] A = A
(proof)

lemma abc_comp_null_right[simp]: A [+] [| = A
(proof)

lemma abc_Hoare_plus_unhalt2:

[(HIQLL (fﬁrabc_prog)T; {P} (Azabe_prog) {Q} = {Pl} (A [+] B) T
proof

end
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Chapter 3

Recursive Function and their
compilation into Turing
Machines

theory Rec_Def
imports Main
begin

3.1 Definition of a recursive datatype for Recursive Func-
tions

datatype recf = z
| s
| id nat nat
| Cn nat recf recf list
| Prnat recf recf
| Mn nat recf

3.2 Definition of an interpreter for Recursive Functions

definition pred_of nl :: nat list = nat list
where
pred_of _nl xs = butlast xs Q [last xs — 1]

function rec_exec :: recf = nat list = nat
where
rec_exec zxs =0 |
rec_exec s xs = (Suc (xs!0)) |
rec_exec (id mn) xs = (xs ! n) |
rec_exec (Cnnfgs) xs =
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rec_exec f (map (X a. rec_exec a xs) gs) |
rec_exec (Prnfg) xs =
(if last xs = O then rec_exec [ (butlast xs)
else rec_exec g (butlast xs Q (last xs — 1) # [rec_exec (Prn fg) (butlast xs Q [last xs —
my|
rec_exec (Mnn f) xs = (LEAST x. rec_exec f (xs Q [x]) = 0)
(proof)

termination

(proof)

inductive ferminate :: recf = nat list = bool
where
termi_z: terminate 7 [n]

| termi_s: terminate s [n]

| termi_id: [n < m; length xs = m] = terminate (id m n) xs

| termi_cn: [terminate f (map (\g. rec_exec g xs) gs);
V g € set gs. terminate g xs; length xs = n]| = terminate (Cn nf gs) xs

| termi_pr: [V y < x. terminate g (xs Q y # [rec_exec (Prnfg) (xs @ [y])]);
terminate f xs;
length xs = n]
= terminate (Prnfg) (xs Q [x])

| termi_mn: [length xs = n; terminate f (xs Q [r]);
rec_exec f (xs @Q [r]) = 0,
V i < r. terminate f (xs Q [i]) A rec_exec f (xs @ [i]) > 0] = terminate (Mn n f) xs

end

3.3 Examples for Recursive Functions based on Rec_def

theory Rec_Ex
imports Rec_Def
begin

definition plus_2 :: recf
where
plus_2 = (Cn 1s[s])

lemma rec_exec plus_2 [0] = Suc (Suc 0)

(proof)

lemma rec_exec plus_2 [2] =4

(proof)

lemma rec_exec plus_2 [0] = 2

(proof)
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The arity parameter given to the constructors of recursive functions is not checked
during execution by the interpreter.
See the next example where we run pls_2 with two arguments instead of only one.

lemma rec_exec plus_2 [2,3] = 4
(proof )

lemma rec_exec plus_2 [2,3] = 4
(proof )

What is the purpose of the arity parameter?

The argument 1 of the constructors, which is supposed to be the arity, is completely
ignored by rec_exec. However, for proofing termination, we need a correct arity speci-
fication.

lemma terminate plus_2 [2|
(proof)
lemma rerminate plus_2 [2]

(proof)

If we try to proof termination of a run with superfluous arguments, we are stuck.
We need the correct arity for proving the predicate termination.

lemma terminate plus_2 [2,3]

(proof )
end

3.4 Compilation of Recursive Functions into Abacus Pro-
grams

theory Recursive
imports Abacus Rec_Def Abacus_Hoare
begin

fun addition :: nat = nat = nat = abc_prog
where
addition m n p = [Dec m 4, Inc n, Inc p, Goto 0, Dec p 7, Inc m, Goto 4|

fun mv_box :: nat = nat = abc_prog
where
mv_box mn = [Dec m 3, Inc n, Goto 0]

The compilation of z-operator.

definition rec_ci_z :: abc_inst list
where
. de
rec_ci_z of [Goto 1]

The compilation of s-operator.
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definition rec_ci_s :: abc_inst list
where
. def ..
rec_ci_s = (addition 0 1 2 [+] [Inc 1])

The compilation of id i j-operator

fun rec_ci_id :: nat = nat = abc_inst list
where
rec_ci_id i j = additionji (i + 1)

fun mv_boxes :: nat = nat = nat = abc_inst list
where
mv_boxes ab bb 0 = ||
mv_boxes ab bb (Suc n) = mv_boxes ab bb n [+] mv_box (ab + n) (bb + n)

fun empty_boxes :: nat = abc_inst list
where
empty_boxes 0 =] |
empty_boxes (Suc n) = empty_boxes n [+] [Dec n 2, Goto 0]

fun cn_merge_gs ::
(abc_inst list X nat X nat) list = nat = abc_inst list
where
cn_merge_gs [|p =] |
cn_merge_gs (g # gs)p =
(let (gprog, gpara, gn) = g in
gprog [+] mv_box gpara p [+] cn_merge_gs gs (Suc p))

3.4.1 Definition of the compiler rec_ci

The compiler of recursive functions, where rec_ci recf return (ap, arity, fp), where ap
is the Abacus program, arity is the arity of the recursive function recf, fp is the amount
of memory which is going to be used by ap for its execution.

fun rec_ci :: recf = abc_inst list X nat X nat
where
rec_ciz = (rec_ci_z, 1,2) |
rec_ci s = (rec_ci_s, 1, 3) |
rec_ci (idmn) = (rec_ci_idmn, m,m + 2) |
rec_ci (Cnnfgs) =
(let cied_gs = map (A g. rec_ci g) gs in
let (fprog, fpara, fn) = rec_cifin
let pstr = Max (set (Suc n # fn # (map (X (aprog, p, n). n) cied_gs))) in
let gstr = pstr + Suc (length gs) in
(cn_merge_gs cied_gs pstr [4+] mv_boxes 0 gstr n [+]
mv_boxes pstr 0 (length gs) [+] fprog [+]
mv_box fpara pstr [+] empty_boxes (length gs) [+]
mv_box pstr n [+] mv_boxes gstr O n, n, gstr + n)) |
rec_ci (Prnfg) =
(let (fprog, fpara, fn) = rec_ci fin
let (gprog, gpara, gn) = rec_ci g in
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let p = Max (set ([n + 3, fn, gn])) in
let e = length gprog + 7 in
(mv_box n p [+] fprog [+ mv_box n (Suc n) [+]
(([Dec p €] [+] gprog [+]
[Inc n, Dec (Suc n) 3, Goto 1]) @
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length gprog + 4)]),
Sucn,p+ 1)) |
rec_ci (Mnnf) =
(let (fprog, fpara, fn) = rec_ci fin
let len = length (fprog) in
(fprog @ [Dec (Suc n) (len + 5), Dec (Suc n) (len + 3),
Goto (len + 1), Inc n, Goto 0], n, max (Suc n) fin))

3.4.2 Correctness of the compiler rec_ci

declare rec_ci.simps [simp del] rec_ci_s_def [simp del|
rec_ci_z_def|[simp del] rec_ci_id.simps[simp del]
my_boxes.simps[simp del]
mv_box.simps[simp del] addition.simps[simp del

declare abc_steps_l.simps[simp del] abc_fetch.simps|simp del]
abc_step_l.simps[simp del]

inductive-cases rerminate_pr_reverse: terminate (Prnfg) xs
inductive-cases terminate_z_reverse [elim!}: terminate 7 xs
inductive-cases rerminate_s_reverselelim!]: terminate s xs
inductive-cases terminate_id_reverse[elim!]: terminate (id m n) xs
inductive-cases terminate_cn_reverselelim!]: terminate (Cn nf gs) xs
inductive-cases rerminate_mn_reverse|elim!]:terminate (Mn n f) xs

fun addition_inv :: nat X nat list = nat = nat = nat =
nat list = bool
where
addition_inv (as, Im"Y mn p Im =
(let sn=1Im ! nin
let sm =Im ! min
Im!'p=0A
(ifas=0then 3 x. x < Im!m A lm' = Im[m := x,
n:=(sn+sm—x),p:= (sm—x)]
elseifas =1then3 x. x <Im!m A lm' = Im[m := x,
n:=n+sm—x—1),p:=(sm—x—1)]
else ifas =2 then 3 x. x <Im ! m A Im' = Im[m := x,
n:=(n+sm—x),p:=(m—x—1)]
elseifas =3 then 3 x. x < Im!m A Im' = Im[m := x,
n:=(sn+sm—x),p:= (sm—x)]
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elseifas =4 then 3 x. x <Im ! m A Im' = Im[m := x,
n:= (sn+ sm), p := (sm — x)]
elseifas =5then3 x. x <Im!m A lm' = Im[m :=x,

n:=(sn+sm),p:=(sm—x—1)]
elseifas=6then3 x. x <Im'm N Im’ =
Im[m := Suc x, n:= (sn + sm), p := (sm —x — 1)]
else if as = 7 then Im' = Im[m := sm, n := (sn + sm)]
else False))

fun addition_stagel :: nat X nat list = nat = nat = nat
where
addition_stagel (as, Im) mp =
(ifas=0Vas=1Vas=2Vas=3then2
elseifas =4\ as=5V as = 6 then 1
else 0)

fun addition_stage? :: nat X nat list = nat = nat = nat
where
addition_stage2 (as, Im) m p =
(ff0<asAas<3thenlm!m
elseif4 < as Nas < 6thenlm!p
else 0)

fun addition_stage3 :: nat X nat list = nat = nat = nat
where
addition_stage3 (as, Im) m p =

(ifas = 1 then 4

else if as = 2 then 3

else if as = 3 then 2

else if as = O then 1

else ifas = 5 then 2

else if as = 6 then 1

else if as = 4 then 0

else 0)

fun addition_measure :: ((nat X nat list) X nat X nat) =
(nat X nat x nat)
where
addition_measure ((as, Im), m, p) =
(addition_stagel (as, Im) m p,
addition_stage2 (as, Im) m p,
addition_stage3 (as, Im) m p)

definition addition_LE :: (((nat X nat list) X nat X nat) X
((nat x nat list) X nat X nat)) set

d
where addition_LE iof (inv_image lex_triple addition_measure)

lemma wf_additon_LE[simp): wf addition_LE
(proof)
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declare addition_inv.simps[simp del]

lemma update_zero_to_zero[simp]: [am ! n = (0::nat); n < length am]| = am[n := 0] = am

(proof)

lemma addition_inv_init:
[m # n; max m n < p; length Im > p; im ! p = 0] =
addition_inv (0, Im) m n p Im

(proof)

lemma abs_fetch[simp]:
abc_fetch 0 (addition m n p) = Some (Dec m 4)
abc_fetch (Suc 0) (addition m n p) = Some (Inc n)
abc_fetch 2 (addition m n p) = Some (Inc p)
abc_fetch 3 (addition m n p) = Some (Goto 0)
abc_fetch 4 (addition m n p) = Some (Dec p 7)
abc_fetch 5 (addition m n p) = Some (Inc m)
abc_fetch 6 (addition m n p) = Some (Goto 4)

(proof)

lemma exists_small_list_eleml[simp]:
[m+#n;p <lengthim;lm!p=0;m<p;n<p;x<Im!m;0<x]
= Jxa<Im!m.Ilmm:=x,n:=Im!n+Im!m—x,
p:=Im!m—x,m:=x— Suc0] =
Imlm:=xa,n:=Im!n+Im!m— Suc xa,
p:=1Im!m — Suc xd]

(proof)

lemma exists_small_list_elem2[simp]:
[m+#n;p <lengthlm;im!p=0;m<p;n<p;x<Im!m|
= Jxa<Im!m.Imm:=x,n:=Im!'n+Im!m— Suc x,
p:=Im!m—Sucx,n:=Im!n+Im!m— x|
=imm:=xa,n:=Im!n+Im!m— xa,
p:=Im!m — Suc xal

(proof)

lemma exists_small_list_elem3[simp]:
[m#n;p <lengthlm;im!p=0;m<p;n<p;x<Im!m|
= Jxa<Im!m.Imm:=x,n:=Im!n+Im!m—x,
p:=Im!m— Sucx,p:=Im!m— x|
=Imm:=xa,n:=Im!n+Im!m— xa,
p:=Im!m— xd

(proof)

lemma exists_small_list_elem4[simp]:
[m # n; p < length Im; Im | p = (0::nat); m < p; n < p; x < Im ! m]
= Jxa<lm!m.Imm:=x,n:=Im!'n+Im!m— x,
p:=Im!m—x]=
Imlm:=xa,n:=Im!'n+Im!m— xa,

173



p:=Im!m— xd

(proof)

lemma exists_small_list_elem5[simp]:
[m+# n; p < lengthlm;Im!p=0;m < p;n < p;
x<Im!m;lm!m+#x]
= Jxa<lm!m.Imm:=x,n:=Im!'n+im!m,
p:=Im!m—x,p:=Im!m— Suc x|
=imm:=xa,n:=Im'n+im!'m,
p:=Im!m— Suc xal

(proof)

lemma exists_small_list_elem6|simp]:
[m+#n;p <lengthlm;im!p=0;m<p;n<p;x<Im!m]
= Jxa<Im!m.Imm:=x,n:=Im!n+ Im!m,
p:=Im!m— Suc x, m := Suc x|
= Im[m := Suc xa,n:=Im!n+im!m,
p:=Im!m — Suc xd]

(proof)

lemma exists_small_list_elem7[simp):
[m+#n;p <lengthlm;im!p=0;m<p;n<p;x<Im!m|
= Fxa<lm!m. Im[m :=Suc x,n:=Im ! n+ Im!m,
p:=Im!m— Sucx]
=Imm:=xa,n:=Im'n+Im'm,p:=Im!m— xa

(proof)

lemma abc_steps_zero: abc_steps_l asm ap 0 = asm

(proof)

lemma list_double_update_2:
Imla:=x,b:=y,a:=z =Imlb:=y, a:=7]

(proof)

declare Let_def [simp]
lemma addition_halt_lemma:
[m # n; max m n < p; length Im > p] =
Vna. = (X(as, Im") (m, p). as =7)
(abc_steps_1 (0, Im) (addition m n p) na) (m, p) A
addition_inv (abc_steps_l (0, Im) (addition m n p) na) mn p Im
— addition_inv (abc_steps_l (0, Im) (addition m n p)
(Suc na)) mnp im
A ((abc_steps_1 (0, Im) (addition m n p) (Suc na), m, p),
abc_steps_l (0, Im) (addition m n p) na, m, p) € addition_LE
(proof)

lemma addition_correct’:
[m # n; max m n < p; length Im > p; Im ! p = 0] =
3 stp. (A (as, Im"). as = 7 A addition_inv (as, Im") m n p Im)
(abc_steps_1 (0, Im) (addition m n p) sip)
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(proof)

lemma length_addition[simp): length (additiona b ¢) =7

(proof)

lemma addition_correct:
assumes m # nmaxmn < p lengthlm >pilm!p =0
shows {\ a. a = Im}} (addition m n p) {\ nl. addition_inv (7, nl) m n p Imf
(proof)

3.4.2.1 Correctness of compilation for constructor s

lemma compile_s_correct’:

{Anl. nl = n # 01 2 @ anything|} addition 0 (Suc 0) 2 [+] [Inc (Suc 0)] {Anl. nl = n # Suc n
# 0 # anything|}
(proof)

declare rec_exec.simps[simp del]

lemma abc_comp_commute: (A [+] B) [+] C=A [+] (B [+] C)
(proof)

lemma compile_s_correct:

[rec_ci s = (ap, arity, fp); rec_exec s [n] = r] =>

{Anl. nl =n # 01 (fp — arity) Q anythinglt ap {\nl. nl = n # r # 01 (fp — Suc arity) @
anything}

(proof)

3.4.2.2 Correctness of compilation for constructor z

lemma compile_z_correct:

[rec_ci z = (ap, arity, fp); rec_exec z [n] = r] =

{Anl. nl =n # 01 (fp — arity) Q anythingl} ap {Anl. nl = n # r # 01 (fp — Suc arity) @
anything}

(proof)

3.4.2.3 Correctness of compilation for constructor id

lemma compile_id_correct”:
assumes n < length args
shows {nl. nl = args @ 01 2 @ anything|} addition n (length args) (Suc (length args))
{Anl. nl = args @ rec_exec (recf .id (length args) n) args # 0 # anything|}

(proof)

lemma compile_id_correct:
[n < m; length xs = m; rec_ci (recf.id m n) = (ap, arity, fp); rec_exec (recf.id m n) xs = r]
= {Anl. nl = xs Q01 (fp — arity) Q anything|} ap { nl. nl = xs Q r # 01 (fp — Suc
arity) Q anything[}
(proof)
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3.4.2.4 Correctness of compilation for constructor Cn

lemma cn_merge_gs_tl_app:
cn_merge_gs (gs Q [g]) pstr =
cn_merge_gs gs pstr [+] cn_merge_gs [g] (pstr + length gs)
(proof)

lemma footprint_ge:
rec_ci a = (p, arity, fp) = arity < fp
(proof )

lemma param_pattern:
[terminate f xs; rec_ci f = (p, arity, fp)] = length xs = arity

(proof)

lemma replicate_merge_anywhere:
xta @xth Q ys = x1(a+b) Qys
(proof)

fun mv_box_inv :: nat X nat list = nat = nat = nat list = bool
where
mv_box_inv (as, Im) m n initlm =
(let plus = initlm ! m + initlm ! nin
length initlm > maxmn A m # n A
(if as = O then 3 k. Im = initlm[m := k, n =[] A
k+1=plus Nk < initim ! m
else ifas = 1 then 3 k I. Im = initim[m := k, n := ]
ANk +1+1=plus Nk <initim!m
else ifas = 2 then 3 k I. Im = initlm[m := k, n := ||
Nk +1=plus N k < initlm ! m
else if as = 3 then Im = initlm[m := 0, n := plus]
else False))

fun mv_box_stagel :: nat X nat list = nat = nat
where
mv_box_stagel (as,Im) m =
(if as = 3 then 0
else 1)

fun mv_box_stage?2 :: nat x nat list = nat = nat
where
mv_box_stage2 (as, Im) m = (Im ! m)

fun mv_box_stage3 :: nat X nat list = nat = nat
where
mv_box_stage3 (as, Im) m = (if as = 1 then 3
else if as = 2 then 2
else if as = O then 1
else 0)
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fun mv_box_measure :: ((nat x nat list) x nat) = (nat X nat X nat)
where
mv_box_measure ((as, Im), m) =
(mv_box_stagel (as, Im) m, mv_box_stage2 (as, Im) m,
mv_box_stage3 (as, Im) m)

definition lex_pair :: ((nat X nat) X nat X nat) set
where
lex_pair = less_than <xlexx> less_than

definition lex_triple ::
((nat x (nat x nat)) x (nat x (nat X nat))) set
where

d.
lex_triple =) less_than <xlexx> lex_pair

definition mv_box_LE ::
(((nat x nat list) x nat) x ((nat x nat list) X nat)) set
where

d
mv_box_LE :ef (inv_image lex_triple mv_box_measure)

lemma wf _lex_triple: wf lex_triple

(proof)

lemma wf_mv_box_le[intro]: wf mv_box_LE

(proof )
declare mv_box_inv.simps[simp del]

lemma mv_box_inv_init:
[m < length initlm; n < length initlm; m # n] =
my_box_inv (0, initlm) m n initlm

(proof)

lemma abc_fetch[simp):
abc_fetch 0 (mv_box m n) = Some (Dec m 3)
abe_fetch (Suc 0) (mv_box m n) = Some (Inc n)
abc_fetch 2 (mv_box m n) = Some (Goto 0)
abc_fetch 3 (mv_box m n) = None

(proof)

lemma replicate_Suc_iff_anywhere: x # xTb Q ys = x1(Suc b) Q ys
(proof)

lemma exists_smaller_in_listO[simp):
[m # n; m < length initlm; n < length initlm;
k+ I =initlm ! m + initim ! n; k < initlm ! m; 0 < k]
= Jkala. initlm[m :=k,n:= 1, m := k — Suc 0] =
initlm[m := ka, n := la] \
Suc (ka + la) = initlm ! m + initlm ! n A
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ka < initlm ! m

(proof)

lemma exists_smaller_in_list1[simp):
[m # n; m < length initlm; n < length initlm;

Suc (k + 1) = initim ! m + initim ! n;

k < initlm ! m]

= Jka la. initimlm := k,n:= 1, n:= Sucl] =
initlm[m := ka, n := la] N
ka + la = initim ! m + initlm ! n \
ka < initlm ! m

(proof)

lemma abc_steps_prop[simp]:
[length initlm > max m n; m # n] =
= (A(as, Im) m. as = 3)
(abc_steps_1 (0, initlm) (mv_box m n) na) m A
mv_box_inv (abc_steps_l (0, initlm)
(mv_box m n) na) m n initlm —
mv_box_inv (abc_steps_l (0, initlm)
(mv_box m n) (Suc na)) m n initlm N
((abc_steps_1 (0, initlm) (mv_box m n) (Suc na), m),
abc_steps_l (0, initlm) (mv_box m n) na, m) € mv_box_LE

(proof)

lemma mv_box_inv_halt:
[length initlm > max m n; m # n] =
3 stp. (A (as, Im).as =3 N\
my_box_inv (as, Im) m n initlm)
(abe_steps_l (0::nat, initlm) (mv_box m n) stp)

(proof)

lemma mv_box_halt_cond:
[m # n; mv_box_inv (a, b) mnIm; a = 3] =
b=Imn:=Im!m+Im'n,m:=0]

(proof)

lemma mv_box_correct’:
llength Im > max m n; m # n] =
3 stp. abe_steps_l (0::nat, Im) (mv_box m n) stp
= (3, (Im[n := (Im! m + Im ! n)])[m := 0::nat))
(proof)

lemma length_mvbox[simp): length (mv_box m n) = 3

(proof)

lemma mv_box_correct:
llength Im > max m n; m+#n]
= {Anl. nl = Im}} mv_box m n { nl. nl = Im[n := (Im ' m + Im ! n), m:=0]}

(proof)
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declare list_update.simps(2)[simp del]

lemma zero_case_rec_exec|simp:

llength xs < gf; gf < ft; n < length gs]|

= (rec_exec (gs ! n) xs # 01 (ft — Suc (length xs)) @ map (\i. rec_exec i xs) (take n gs) @
01 (length gs — n) @ 0 # 0 1 length xs @ anything)

[ft + n — length xs := rec_exec (gs ! n) xs, 0 := 0] =

01 (ft — length xs) @ map (\i. rec_exec i xs) (take n gs) Q rec_exec (gs ! n) xs # 01 (length
gs — Suc n) Q0 # 01 length xs Q anything

(proof)

lemma compile_cn_gs_correct’:
assumes
g_cond: ¥ gEset (take n gs). terminate g xs N
(Vxxaxb. rec_ci g = (x, xa, xb) — (Vxc. {Anl. nl = xs Q@ 01 (xb — xa) Q xc|} x {nl. nl =
xs @ rec_exec g xs # 01 (xb — Suc xa) Q xcl}))
and jt: ft = max (Suc (length xs)) (Max (insert ffp (X(aprog, p, n). n) ‘rec_ci * set gs)))
shows
{Anl. nl = xs Q0 # 01 (ft + length gs) @ anything[}
cn_merge_gs (map rec_ci (take n gs)) ft
{Anl. nl = xs @01 (ft — length xs) Q
map (i rec_exec i xs) (take n gs) @Q O (length gs — n) @ 0 1 Suc (length xs) @
anything|}
(proof)

lemma compile_cn_gs_correct:
assumes
g_cond: ¥ gEset gs. terminate g xs N\
(Vxxaxb. rec_ci g = (x, xa, xb) — (Vxc. { nl. nl =xs @ 01 (xb — xa) Qxcl} x {Anl. nl =
xs Q rec_exec g xs # 01 (xb — Suc xa) Q xcl}))
and ft: ft = max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) ‘ rec_ci  set gs)))
shows
{Anl. nl = xs Q 0 # 01 (ft + length gs) Q anything[}
cn_merge_gs (map rec_ci gs) ft
{Anl. nl = xs Q01 (ft — length xs) Q
map (\i. rec_exec i xs) gs @ 01 Suc (length xs) @ anything}
(proof)

lemma length_mvboxes[simp): length (mv_boxes aa ba n) = 3xn

(proof)

lemma exp_suc: atSuc b = ath Q [q]

(proof)

lemma last_O[simp]:
[Suc n < ba — aa; length Im2 = Suc n;
length Im3 = ba — Suc (aa + n)]
= (last Im2 # Im3 Q butlast Im2 @ 0 # Im4) | (ba — aa) = (0::nat)
(proof)
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lemma butlast_last[simp]: length Im] = aa —>
(Iml @ 0Tn Q@ last Im2 # Im3 Q butlast Im2 Q 0 # Im4) ! (aa + n) = last Im2

(proof)

lemma arith_as_simp[simp): [Suc n < ba — aa; aa < ba] =
(ba < Suc (aa + (ba — Suc (aa + n) + n))) = False
(proof)

lemma butlast_elem|[simp]: [Suc n < ba — aa; aa < ba; length Iml = aa;
length Im2 = Suc n; length Im3 = ba — Suc (aa + n)]
= (Im1 @ 01n Q last Im2 # Im3 Q butlast Im2 Q O # Im4) ! (ba + n) =0

(proof)

lemma update_butlast_eqO[simp):
[Suc n < ba — aa; aa < ba; length Iml = aa; length Im2 = Suc n;
length Im3 = ba — Suc (aa + n)]
= (Im1 @Q 01n Q last Im2 # Im3 Q butlast Im2 Q (0::nat) # Im4)
[ba + n:=lastIm2, aa +n:= 0] =
Iml @0 # 0tn Q Im3 Q Im2 Q [m4
(proof)

lemma update_butlast_eql[simp):
[Suc (length Iml + n) < ba; length Im2 = Suc n; length Im3 = ba — Suc (length Iml + n);
= ba — Suc (length Iml) < ba — Suc (length Im1 + n); = ba + n — length Im1 < n]
= (0::nat) 1t n Q@ (last Im2 # Im3 Q@ butlast Im2 @ O # Im4)[ba — length Iml := last Im2,
0:=0]=
0#071TnQIlm3QIlm2 Qlm4
(proof)

lemma mv_boxes_correct:
laa + n < ba; ba > aa; length Im1 = aa; length Im2 = n; length Im3 = ba — aa — n]
= {Anl. nl=Iml QIm2 QIm3 Q 0tn @ Im4[} (mv_boxes aa ba n)
{Anl.nl=1ml Q@ 0tn Q Im3 Q Im2 Q Im4}

(proof)

lemma update_butlast_eq2[simp:

[Suc n < aa — length Im1; length Iml < aa;

length Im2 = aa — Suc (length Iml + n);

length Im3 = Suc n;

— aa — Suc (length Iml) < aa — Suc (length Im1 + n);

—aa + n — lengthIml < n]

= butlast Im3 Q ((0::nat) # Im2 Q 01 n Q last Im3 # Im4)[0 := last Im3, aa — length Iml
=0 = Im3QIm2@0# 071 nQ Imd

(proof)

lemma mv_boxes_correct2:
[n < aa — ba;
ba < aa;
length (Iml::nat list) = ba;
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length (Im2::nat list) = aa — ba — n;
length (Im3::nat list) = n]
={Anl.nl=1Iml Q0tn Q Im2 Q Im3 Q Im4[}
(mv_boxes aa ba n)
{A nl. nl =Iml @ Im3 Q Im2 Q 0tn Q Im4[}

(proof)

lemma save_paras:

{Anl. nl = xs @ 01 (max (Suc (length xs)) (Max (insert ffp ((X(aprog, p, n). n) ‘ rec_ci ‘ set
gs))) — length xs) Q

map (\i. rec_exec i xs) gs @ 01 Suc (length xs) @ anything}

mv_boxes 0 (Suc (max (Suc (length xs)) (Max (insert ffp ((X(aprog, p, n). n) ‘ rec_ci * set
8s))) + length gs)) (length xs)

{Anl. nl = 01 max (Suc (length xs)) (Max (insert ffp ((X(aprog, p, n). n) ‘ rec_ci  set gs)))
@ map (\i. rec_exec i xs) gs @ 0 # xs Q anything[}
(proof)

lemma length_le_max_insert_rec_cilintro):
length gs < ffp = length gs < max xI1 (Max (insert ffp (x2 ‘ x3 “ set gs)))
(proof)

lemma restore_new_paras:

fip > length gs

= {Anl. nl = 01 max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) ‘ rec_ci * set
85))) @ map (\i. rec_exec i xs) gs Q 0 # xs @ anythingl}

mv_boxes (max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) ‘ rec_ci ‘ set gs)))) 0

(length gs)

{Anl. nl = map (\i. rec_exec i xs) gs Q@ 01 max (Suc (length xs)) (Max (insert ffp ((A(aprog,
p,n).n) ‘rec_ci ‘set gs))) Q 0 # xs @ anythingl}

(proof)

lemma le_max_insert[intro]: ffp < max x0 (Max (insert ffp (xI “x2 * set gs)))

(proof)
declare max_less_iff_conj[simp del]

lemma save_rs:
[far = length gs;
fip < max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) ‘ rec_ci ‘ set gs)));
Jar < fip]
= {Anl. nl = map (\i. rec_exec i xs) gs Q
rec_exec (Cn (length xs) f gs) xs # 01 max (Suc (length xs))
(Max (insert ffp ((A(aprog, p, n). n) ‘rec_ci ‘ set gs))) Q xs @ anything|}
mv_box far (max (Suc (length xs)) (Max (insert ffp ((X(aprog, p, n). n) ‘ rec_ci ‘ set gs))))
{Anl. nl = map (Xi. rec_exec i xs) gs @
01 (max (Suc (length xs)) (Max (insert ffp ((M(aprog, p, n). n) ‘ rec_ci * set gs))) —
length gs) @
rec_exec (Cn (length xs) f gs) xs # 0 1 length gs Q xs @ anything|}
(proof)
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lemma length_empty_boxes|simp|: length (empty_boxes n) = 2*n

(proof)

lemma empty_one_box_correct:
{Anl.nl =01 nQx # Imf} [Dec n 2, Goto 0] {Anl.nl =0+ 01 n Q Imf}
(proof)

lemma empty_boxes_correct:

length Im > n —

{A nl. nl = Im| empty_boxes n {\ nl. nl = 0tn @ drop n Iml}
(proof)

lemma insert_dominated|simp]: length gs < ffp =
length gs + (max xs (Max (insert ffp (xI “x2 ‘set gs))) — length gs) =
max xs (Max (insert ffp (xI “x2 * set gs)))
(proof)

lemma clean_paras:

Ifp > length gs —

{Anl. nl = map (Xi. rec_exec i xs) gs Q

01 (max (Suc (length xs)) (Max (insert ffp ((X(aprog, p, n). n) “ rec_ci “ set gs))) — length
gs) @

rec_exec (Cn (length xs) f gs) xs # 071 length gs @ xs @ anything|}

empty_boxes (length gs)

{Anl. nl = 01 max (Suc (length xs)) (Max (insert ffp ((X(aprog, p, n). n) ‘ rec_ci  set gs)))
Q@

rec_exec (Cn (length xs) f gs) xs # 01 length gs Q xs @ anythingl}
(proof)

lemma restore_rs:

{Anl. nl = 01 max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) ‘ rec_ci ‘ set gs)))
Q@

rec_exec (Cn (length xs) f gs) xs # 01 length gs Q xs @ anything}

mv_box (max (Suc (length xs)) (Max (insert ffp ((X(aprog, p,n).n) ‘rec_ci ‘ set gs)))) (length
xs

)

{Anl. nl = 01 length xs @

rec_exec (Cn (length xs) f gs) xs #

01 (max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) ‘rec_ci ‘ set gs))) — (length
xs)) @

01 length gs @ xs Q anything|t
(proof)

lemma restore_orgin_paras:

{Anl. nl = 01 length xs @

rec_exec (Cn (length xs) f gs) xs #

01 (max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) “rec_ci ‘ set gs))) — length
xs) @ 01 length gs Q xs @ anything|t

mv_boxes (Suc (max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) ‘ rec_ci * set gs)))
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+ length gs)) O (length xs)

{Anl. nl = xs @ rec_exec (Cn (length xs) f gs) xs # 01

(max (Suc (length xs)) (Max (insert ffp ((M(aprog, p, n). n) ‘rec_ci ‘ set gs))) + length gs) Q
anything}
(proof)

lemma compile_cn_correct:
assumes f_ind:
N\ anything r. rec_exec f (map (\g. rec_exec g xs) gs) = rec_exec (Cn (length xs) f gs) xs
s
{Anl. nl = map (\g. rec_exec g xs) gs @ 01 (ffp — far) @ anythingl} fap
{Anl. nl = map (Mg. rec_exec g xs) gs @Q rec_exec (Cn (length xs) f gs) xs # 01 (ffp
— Suc far) @ anythingl}
and compile: rec_ci f = (fap, far, ffp)
and rerm_f: terminate f (map (\g. rec_exec g xs) gs)
and g_cond: ¥V gEset gs. terminate g xs A\
(Vx xa xb. rec_ci g = (x, xa, xb) —>
(Vxe. JAnl. nl =xs @ 01 (xb — xa) Q xc| x {Anl. nl = xs Q rec_exec g xs # 01 (xb — Suc
xa) Q xct))
shows
{Anl. nl = xs Q 0 # 01 (max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) ‘ rec_ci
‘set gs))) + length gs) @ anything|}
cn_merge_gs (map rec_ci gs) (max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n)
rec_ci ‘ set gs)))) [+]
(mv_boxes 0 (Suc (max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) ‘ rec_ci “ set
gs))) + length gs)) (length xs) [+]
(mv_boxes (max (Suc (length xs)) (Max (insert ffp (M aprog, p, n). n) ‘ rec_ci ‘ set gs)))) 0
(length gs) [+]
(fap [+] (mv_box far (max (Suc (length xs)) (Max (insert ffp ((X(aprog, p, n). n) ‘rec_ci ‘ set
¢5) [+
(empty_boxes (length gs) [+]
(mv_box (max (Suc (length xs)) (Max (insert ffp ((A(aprog, p, n). n) “ rec_ci ‘ set gs))))
(length xs) [+]
mv_boxes (Suc (max (Suc (length xs)) (Max (insert ffp (A(aprog, p, n). n) ‘rec_ci ‘ set gs)))
+ length gs)) 0 (length xs)))))))
{Anl. nl = xs Q rec_exec (Cn (length xs) f gs) xs #
01 (max (Suc (length xs)) (Max (insert ffp ((M(aprog, p, n). n) ‘rec_ci ‘ set gs))) + length gs)
@ anything}
(proof)

«

lemma compile_cn_correct:
assumes termi_f: terminate f (map (\g. rec_exec g xs) gs)
and f_ind: \ap arity fp anything.
rec_ci f = (ap, arity, fp)
= {Anl. nl = map ()\g. rec_exec g xs) gs @ 01 (fp — arity) Q anythingl} ap
{Anl. nl = map (X\g. rec_exec g xs) gs @ rec_exec f (map (\g. rec_exec g xs) gs) # 071 (fp —
Suc arity) @ anything[}
and g_cond:
Y gEset gs. terminate g xs N
(Vx xa xb. rec_ci g = (x, xa, xb) — (Vxc. {Anl. nl =xs @ 01 (xb — xa) Q xcf} x {nl. nl
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= xs Q rec_exec g xs # 01 (xb — Suc xa) Q xcl}))
and compile: rec_ci (Cnn f gs) = (ap, arity, fp)
and len: length xs = n
shows {Anl. nl = xs @ 01 (fp — arity) @ anythingl} ap {\nl. nl = xs Q rec_exec (Cn nf gs)
xs # 01 (fp — Suc arity) @ anything[}
(proof )

3.4.2.5 Correctness of compilation for constructor Pr

lemma mv_box_correct_simp[simp):
[length xs = n; ft = max (n+3) (max fft gft)]
= {Anl. nl = xs Q 0 # 01 (ft — n) Q anything[} mv_box n ft
{Anl.nl =xs Q0 # 01 (ft — n) Q anything|}
(proof)

lemma length_under_max[simp): length xs < max (length xs + 3) fft

(proof)

lemma save_init_rs:
[length xs = n; ft = max (n+3) (max fft gft)]
= {Anl. nl = xs Q rec_exec fxs # 07 (ft — n) Q anything} mv_box n (Suc n)
{Anl. nl = xs Q 0 # rec_exec fxs # 01 (ft — Suc n) Q anything]}
(proof)

lemma less_then_max_plus2[simp]: n + (2::nat) < max (n + 3) x

(proof)

lemma less_then_max_plus3[simp]: n < max (n + (3::nat)) x

(proof)

lemma mv_box_max_plus_3_correct[simp|:

length xs = n —

{Anl. nl = xs Q@ x # 01 (max (n + (3::nat)) (max fft gft) — n) Q anything]} mv_box n (max
(n+ 3) (max i gf)

{Anl. nl = xs @01 (max (n + 3) (max fft gft) — n) Q x # anything|}
(proof)

lemma max_less_suc_suc[simp]: max n (Suc n) < Suc (Suc (max (n + 3) x + anything — Suc

0))
(proof)

lemma suc_less_plus_3[simp]: Suc n < max (n + 3) x

(proof)

lemma mv_box_ok_suc_simp[simp):
length xs =n
= {nl. nl = xs @ rec_exec fxs # 01 (max (n + 3) (max [ft gft) — Suc n) Q x # anything]}
mv_box n (Suc n)
{Anl. nl = xs @ 0 # rec_exec fxs # 01 (max (n + 3) (max fft gft) — Suc (Suc n)) Q x #
anything}
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(proof)

lemma abc_append._first_steps_eq_pre:
assumes notfinal: abc_notfinal (abc_steps_1 (0, Im) A n) A
and notnull: A # ||
shows abc_steps_1 (0, Im) (A @Q B) n = abc_steps_1 (0, Im) A n
(proof)

lemma abc_append._first_step_eq_pre:
st < length A
= abc_step_l (st, Im) (abc_fetch st (A @Q B)) =
abe_step_l (st, Im) (abc_fetch st A)
(proof)

lemma abc_append_first_steps_halt_eq":
assumes final: abc_steps_l (0, Im) A n = (length A, Im")
and notnull: A # ||
shows 3 n'. abc_steps_1 (0, Im) (A @ B) n’ = (length A, Im")
(proof)

lemma abc_append._first_steps_halt_eq:
assumes final: abc_steps_1 (0, Im) A n = (length A, Im")
shows 3 n'. abc_steps_1 (0, Im) (A @ B) n’ = (length A, Im")
(proof)

lemma suc_suc_max_simp|simp): Suc (Suc (max (xs + 3) fft — Suc (Suc ( xs))))
=max (xs + 3) fit — (xs)
(proof)

lemma contract_dec_ft_length_plus_7[simp]: [ft = max (n 4+ 3) (max fft gft); length xs = n]
_—

{Anl. nl = xs @ (x — Suc y) # rec_exec (Prnfg) (xs @ [x — Sucy]) # 01 (ft — Suc (Suc
n)) @Q Suc y # anythingl}

[Dec ft (length gap + 7)]

{Anl. nl = xs @ (x — Suc y) # rec_exec (Prnfg) (xs @ [x — Sucy]) # 01 (ft — Suc (Suc
n)) Qy # anything|t

(proof)

lemma adjust_paras’:
length xs = n = {Anl. nl = xs Q x # y # anything|} [Inc n] [+] [Dec (Suc n) 2, Goto 0]
{Anl. nl = xs Q Suc x # 0 # anything[}
(proof)

lemma adjust_paras:
length xs = n => {Anl. nl = xs Q x # y # anything|} [Inc n, Dec (Suc n) 3, Goto (Suc 0)]
{Anl. nl = xs Q Suc x # 0 # anything[}
(proof)

lemma rec_ci_SucSuc_n[simp]: [rec_ci g = (gap, gar, gft); ¥V y<x. terminate g (xs Q [y, rec_exec
(Prnfg) (xs@[y])]);
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length xs = n; Suc y<x] = gar = Suc (Suc n)

(proof)

lemma loop_back":
assumes /i: length A = length gap + 4 length xs = n
and le:y > x
shows 3 stp. abc_steps_I (length A, xs @ m # (y — x) # x # anything) (A Q [Dec (Suc (Suc
n)) 0, Inc (Suc n), Goto (length gap + 4)]) stp
= (length A, xs @ m # y # 0 # anything)
(proof)

lemma loop_back:
assumes h: length A = length gap + 4 length xs = n
shows 3 sip. abc_steps_ (length A, xs Q@ m # 0 # x # anything) (A @ [Dec (Suc (Suc n)) 0,
Inc (Suc n), Goto (length gap + 4)]) stp
= (0, xs @ m # x # 0 # anything)
(proof)

lemma rec_exec_pr_0_simps: rec_exec (Prnfg) (xs Q [0]) = rec_exec f xs

(proof)

lemma rec_exec_pr_Suc_simps: rec_exec (Prnfg) (xs Q [Suc y])
= rec_exec g (xs @ [y, rec_exec (Prnfg) (xs @Q [y])])

(proof)

lemma suc_max_simp[simp|: Suc (max (n + 3) fft — Suc (Suc (Suc n))) = max (n + 3) fft —
Suc (Suc n)
(proof)

lemma pr_loop:
assumes code: code = ([Dec (max (n + 3) (max fft gft)) (length gap + 7)] [+] (gap [+] [Inc
n, Dec (Suc n) 3, Goto (Suc 0)])) @
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length gap + 4)]
and len: length xs = n
and g_ind: V y<x. (VY anything. {\nl. nl = xs Qy # rec_exec (Prnfg) (xs Q[y]) # 01 (gft
— gar) @ anything| gap
{Anl. nl = xs @y # rec_exec (Prnfg) (xs Q [y]) # rec_exec g (xs Q [y, rec_exec (Prnfg)
(xs @ [y])]) # 01 (gft — Suc gar) @ anythingl})
and compile_g: rec_ci g = (gap, gar, gft)
and termi_g: V y<ux. terminate g (xs Q [y, rec_exec (Prnfg) (xs @ [y])])
and ft: ft = max (n + 3) (max fft gft)
and less: Sucy < x
shows
stp. abe_steps_1 (0, xs Q (x — Suc y) # rec_exec (Prnfg) (xs Q [x — Suc y]) # 01 (ft —
Suc (Suc n)) Q Suc y # anything)
code stp = (0, xs Q (x — y) # rec_exec (Prnfg) (xs @ [x —y]) # 01 (ft — Suc (Sucn)) Qy
# anything)
(proof)
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lemma abc_Im_s_simpO[simp]:
length xs = n = abc_lm_s (xs Q x # rec_exec (Prnfg) (xs Q [x]) # 01 (max (n + 3)
(max fft gft) — Suc (Suc n)) @ 0 # anything) (max (n + 3) (max fft gft)) 0 =
xs @ x # rec_exec (Prnfg) (xs Q [x]) # 07 (max (n+ 3) (max fjt gft) — Suc n) @ anything
(proof)

lemma index_at_zero_elem[simp]:
(xs @ x # re # 01 (max (length xs + 3)
(max fft gft) — Suc (Suc (length xs))) @ 0 # anything) !
max (length xs + 3) (max fft gft) = 0
(proof)

lemma pr_loop_correct:
assumes less: y < x
and len: length xs = n
and compile_g: rec_ci g = (gap, gar, gft)
and termi_g: V y<x. terminate g (xs Q [y, rec_exec (Prnfg) (xs @ [y])])
and g_ind: V y<x. (VY anything. {\nl. nl = xs Qy # rec_exec (Prnfg) (xs @ [y]) # 01 (gft
— gar) Q anything| gap
{Anl. nl = xs @y # rec_exec (Prnfg) (xs Q [y]) # rec_exec g (xs @ [y, rec_exec (Prnfg)
(x5 @ [y])]) # 01 (gft — Suc gar) @ anything})
shows {Anl. nl = xs Q (x — y) # rec_exec (Prnfg) (xs @ [x —y]) # 01 (max (n + 3) (max
1t gft) — Suc (Suc n)) Q y # anything|;
([Dec (max (n + 3) (max fft gft)) (length gap + 7)] [+] (gap [+] [Inc n, Dec (Suc n) 3, Goto
(Suc 0)])) Q [Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length gap + 4)]
{Anl. nl = xs Q x # rec_exec (Prnfg) (xs Q [x]) # 01 (max (n + 3) (max fft gft) — Suc n)
Q@ anything|}
(proof)

lemma compile_pr_correct’:
assumes rermi_g: ¥V y<x. terminate g (xs Q [y, rec_exec (Prnfg) (xs Q [y])])
and g_ind:
V y<x. (Vanything. { nl. nl = xs Q y # rec_exec (Prnfg) (xs Q [y]) # 01 (gft — gar) @
anythingl} gap
{Anl. nl = xs @y # rec_exec (Prnfg) (xs Q [y]) # rec_exec g (xs Q [y, rec_exec (Prnfg)
(xs @ [y])]) # 01 (gft — Suc gar) @ anythingl})
and termi_f: terminate f xs
and f_ind: \ anything. {Anl. nl = xs @ 0 1 (fft — far) Q anything]} fap { nl. nl = xs @
rec_exec fxs # 071 (fft — Suc far) @ anything|}
and len: length xs = n
and compilel: rec_cif = (fap, far, fft)
and compile2: rec_ci g = (gap, gar, gft)
shows
{ nl. nl = xs Q x # 01 (max (n + 3) (max fft gft) — n) Q anythingl}
mv_box n (max (n + 3) (max fft gft)) [+]
(fap [+] (mv_box n (Suc n) [+]
([Dec (max (n + 3) (max fft gft)) (length gap + 7)] [+] (gap [+] [Inc n, Dec (Suc n) 3, Goto
(Suc 0)]) @
[Dec (Suc (Suc n)) 0, Inc (Suc n), Goto (length gap + 4)])))
{Anl. nl = xs @ x # rec_exec (Prnfg) (xs Q [x]) # 01 (max (n + 3) (max fft gft) — Suc n)
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@ anything}
(proof )

lemma compile_pr_correct:
assumes g_ind: ¥V y<x. terminate g (xs Q [y, rec_exec (Prnfg) (xs @ [y])]) A
(Vxxaxb. rec_ci g = (x, xa, xb) —
(Vxe. {nl. nl = xs Qy # rec_exec (Prnfg) (xs Q[y]) # 01 (xb — xa) Q xcf} x
{Anl. nl = xs @y # rec_exec (Prnfg) (xs Q [y]) # rec_exec g (xs Q [y, rec_exec (Prnfg)
(x5 @ y])]) # 01 (xb — Suc a) @ xc}))
and termi_f: terminate f xs
and f_ind:
N\ap arity fp anything.
rec_ci f = (ap, arity, fp) = {Anl. nl = xs @ 01 (fp — arity) Q anything|} ap { nl. nl = xs
@ rec_exec fxs # 01 (fp — Suc arity) @ anything[}
and len: length xs = n
and compile: rec_ci (Prnfg) = (ap, arity, fp)
shows {nl. nl = xs Qx # 01 (fp — arity) @ anything| ap {\nl. nl = xs Q x # rec_exec (Pr
nfg) (xs Q[x]) # 01 (fp — Suc arity) @ anything[}
(proof)

3.4.2.6 Correctness of compilation for constructor Mn

fun mn_ind_inv ::
nat X nat list = nat = nat = nat = nat list = nat list = bool
where
mn_ind_inv (as, Im') ss x rsx suf_Im Im =
(if as = ss then Im' = Im @ x # rsx # suf _Im
else if as = ss + 1 then
Iy. (Im' = 1m Q x # y # suf_Im) Ny < rsx
else if as = ss + 2 then
Jy. (Im' = Im Q x # y # suf Im) Ny < rsx
else ifas = ss + 3 then Im’ = Im Q x # 0 # suf Im
else if as = ss + 4 then Im’ = Im @ Suc x # 0 # suf Im
else if as = O then Im' = Im Q Suc x # 0 # suf _Im
else False

)

fun mn_stagel :: nat x nat list = nat = nat = nat
where

mn_stagel (as, Im) ssn =
(if as = O then 0
else if as = ss + 4 then 1
else if as = ss + 3 then 2
elseifas =ss+ 2V as = ss + I then 3
else if as = ss then 4
else 0

)

fun mn_stage? :: nat X nat list = nat = nat = nat
where
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mn_stage2 (as, Im) ss n =
(ifas = ss + 1 V as = ss + 2 then (Im! (Suc n))
else 0)

fun mn_stage3 :: nat X nat list = nat = nat = nat
where
mn_stage3 (as, Im) ss n = (if as = ss + 2 then 1 else 0)

fun mn_measure :: ((nat x nat list) X nat X nat) =
(nat x nat x nat)
where
mn_measure ((as, Im), ss, n) =
(mn_stagel (as, Im) ss n, mn_stage2 (as, Im) ss n,
mn_stage3 (as, Im) ss n)

definition mn_LE :: (((nat x nat list) X nat X nat) x
((nat x nat list) X nat X nat)) set

def . , .
where mn_LE of (inv_image lex_triple mn_measure)

lemma wf_mn_le[intro]: wf mn_LE

(proof )
declare mn_ind_inv.simps[simp del)

lemma put_in_tape_small_enoughO[simp:

0 < rsx =

Iy. (xs @Q x # rsx # anything)[Suc (length xs) := rsx — Suc 0] = xs Q x # y # anything Ay
< rsx

(proof)

lemma put_in_tape_small_enoughl [simp]:
[y <rsx;0 <]
= Jya. (xs Q x # y # anything)[Suc (length xs) :=y — Suc 0] = xs Q x # ya #
anything N ya < rsx
(proof)

lemma abc_comp_null[simp]: (A [+]B=[)=A=[]AB=]])
(proof)

lemma rec_ci_not_null[simp): (rec_ci f # ([], a, b))

(proof)

lemma mn_correct:
assumes compile: rec_ci rf = (fap, far, fft)
and ge: 0 < rsx
and len: length xs = arity
and B: B = [Dec (Suc arity) (length fap + 5), Dec (Suc arity) (length fap + 3), Goto (Suc
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(length fap)), Inc arity, Goto 0)
and f: f = (X stp. (abc_steps_I (length fap, xs Q x # rsx # anything) (fap Q B) stp, (length
fap), arity))
and P: P =(\ ((as, Im), ss, arity). as = 0)
and Q: Q = (X ((as, Im), ss, arity). mn_ind_inv (as, Im) (length fap) x rsx anything xs)
shows 3 stp. P (fstp) A Q (f stp)
(proof)

lemma abc_Hoare_haltE:
{A nl.nl =Iml} p {\ nl. nl = Im2}
= 3 stp. abc_steps_1 (0, Iml) p stp = (length p, Im2)
(proof)

lemma mn_loop:
assumes B: B = [Dec (Suc arity) (length fap + 5), Dec (Suc arity) (length fap + 3), Goto
(Suc (length fap)), Inc arity, Goto 0]
and jt: ft = max (Suc arity) fft
and len: length xs = arity
and far: far = Suc arity
and ind: (Vxc. ({nl. nl = xs Q@ x # 01 (fft — far) Q xc}} fap
{Anl. nl = xs Q x # rec_exec f (xs Q [x]) # 01 (fft — Suc far) Q xc[}))
and exec_less: rec_exec f (xs Q [x]) > 0
and compile: rec_ci f = (fap, far, fft)
shows 3 stp > 0. abc_steps_1 (0, xs Q x # 071 (ft — Suc arity) @Q anything) (fap Q B) stp =
(0, xs @ Suc x # 01 (ft — Suc arity) Q anything)
(proof)

lemma mn_loop_correct”:
assumes B: B = [Dec (Suc arity) (length fap + 5), Dec (Suc arity) (length fap + 3), Goto
(Suc (length fap)), Inc arity, Goto 0]
and ft: ft = max (Suc arity) fft
and len: length xs = arity
and ind_all: Vi<x. (Vxc. ({nl. nl = xs Qi # 01 (fft — far) Q xc|} fap
{Anl. nl = xs Qi # rec_exec f (xs Q [i]) # 01 (fft — Suc far) Q xc}}))
and exec_ge: V i<x. rec_exec f (xs Q[i]) >0
and compile: rec_ci f = (fap, far, fft)
and far: far = Suc arity
shows 3 sip > x. abc_steps_1 (0, xs @ 0 # 07 (ft — Suc arity) @ anything) (fap @ B) stp =
(0, xs @Q Suc x # 071 (ft — Suc arity) @ anything)
(proof)

lemma mn_loop_correct:
assumes B: B = [Dec (Suc arity) (length fap + 5), Dec (Suc arity) (length fap + 3), Goto

(Suc (length fap)), Inc arity, Goto 0]

and ft: ft = max (Suc arity) fft

and len: length xs = arity

and ind_all: Vi<x. (Vxc. ({nl. nl = xs Qi # 01 (fft — far) Q xc[} fap

{Anl. nl = xs Q i # rec_exec f (xs Q [i]) # 01 (fft — Suc far) Q xc}}))

and exec_ge: V i<x. rec_exec f (xs Q[i]) >0

and compile: rec_ci f = (fap, far, fft)
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and far: far = Suc arity
shows 3 sip. abc_steps_1 (0, xs @ 0 # 01 (ft — Suc arity) Q anything) (fap @ B) stp =
(0, xs @ Suc x # 01 (ft — Suc arity) Q anything)
(proof)

lemma compile_mn_correct "
assumes B: B = [Dec (Suc arity) (length fap + 5), Dec (Suc arity) (length fap + 3), Goto
(Suc (length fap)), Inc arity, Goto 0]
and jt: ft = max (Suc arity) fft
and len: length xs = arity
and termi_f: terminate f (xs Q [r])
and f_ind: Nanything. { nl. nl = xs Q r # 01 (fft — far) Q anything]} fap
{Anl.nl =xs Qr 4 0# 07 (fft — Suc far) @ anythingl}
and ind_all: Vi< r. Vxc. ({Mnl. nl =xs Qi # 07 (fft — far) Q xc|} fap
{Anl. nl = xs Q i # rec_exec f (xs Q [i]) # 01 (fft — Suc far) Q xc}}))
and exec_less: V i<r. rec_exec f (xs Q [i]) > 0
and exec: rec_exec f (xs Q [r]) =0
and compile: rec_ci f = (fap, far, fft)
shows {nl. nl = xs Q 01 (max (Suc arity) fft — arity) Q anything|}
fap QB
{Anl. nl = xs Q rec_exec (Mn arity f) xs # 01 (max (Suc arity) fft — Suc arity) Q anything[}
(proof)

lemma compile_mn_correct:
assumes len: length xs = n
and rermi_f: terminate f (xs Q [r])
and f_ind: \ap arity fp anything. rec_ci f = (ap, arity, fp) =
{Anl.nl =xs Q r# 01 (fp — arity) Q anythinglt ap { nl.nl =xs Q r # 0 # 01 (fp — Suc
arity) @ anythingl}
and exec: rec_exec f (xs Q [r]) =0
and ind_all:
Vi<r. terminate f (xs @ [i]) A
(Vxxaxb. rec_cif = (x, xa, xb) —
(Vxe. Jxnl.nl =xs Qi # 01 (xb — xa) Qxc| x {Anl. nl = xs Q i # rec_exec f (xs Q [i]) #
07 (xb — Suc xa) @Q xcl})) A
0 < rec_exec f (xs Q [i])
and compile: rec_ci (Mn nf) = (ap, arity, fp)
shows {Anl. nl = xs Q 01 (fp — arity) @ anything}} ap
{Anl. nl = xs Q rec_exec (Mnn f) xs # 01 (fp — Suc arity) @ anything|}
(proof)

3.4.2.77 Correctness of entire compilation process rec_ci

lemma recursive_compile_correct:
[terminate recf args; rec_ci recf = (ap, arity, fp)]
= {Anl. nl = args Q 01(fp — arity) Q anything|} ap
{A nl. nl = argsQ rec_exec recf args # 01 (fp — Suc arity) @ anythingl}
(proof)

definition dummy_abc :: nat = abc_inst list
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where
dummy_abc k = [Inc k, Dec k 0, Goto 3|

definition abc_list_crsp:: nat list = nat list = bool
where
abe_list_crspxsys = (I n.xs=ys Q0tn V ys =xs Q01n)

lemma abc_list_crsp_simpl|intro): abc_list_crsp (Im @ 0tm) Im

(proof)

lemma abc_list_crsp_lm_v:
abc_list_crsp Ima Imb = abc_Ilm_v Ima n = abc_lm_v lmb n

(proof)

lemma abc_list_crsp_elim:
labe_list_crsp Ima Imb; 3 n. Ima = Imb @Q 0tn V Imb = Ima Q O0tn = P| = P

(proof)

lemma abc_list_crsp_simp[simp]:
labe_list_crsp Ima Imb; m < length Ima; m < length Imb] —>
abc_list_crsp (Imalm := n]) (Imb[m := n])

(proof)

lemma abc_list_crsp_simp2[simp):
[abe_list_crsp Ima Imb; m < length Ima; — m < length Imb] —>
abe_list_crsp (Imafm := n]) (Imb @ 01 (m — length Imb) Q@ [n])
(proof)

lemma abc_list_crsp_simp3|[simp]:
labe_list_crsp Ima Imb; = m < length lma; m < length Imb] —>
abc_list_crsp (Ima @ 01 (m — length Ima) Q [n]) (Imb[m := n])
(proof)

lemma abc_list_crsp_simp4[simp]: [abc_list_crsp Ima Imb; — m < length Ima; — m < length
Imb] =
abc_list_crsp (Ima @ 01 (m — length Ima) Q [n]) (Imb @Q 01 (m — length Imb) Q [n])
(proof)

lemma abc_list_crsp_lm_s:
abc_list_crsp lma Imb —
abe_list_crsp (abc_Im_s Ima m n) (abc_lm_s Imb m n)

(proof)

lemma abc_list_crsp_step:
[abe_list_crsp Ima Imb; abe_step_l (aa, Ima) i = (a, Ima');
abc_step_l (aa, Imb) i = (a’, Imb")]
= a’ = a A abc_list_crsp Ima’ Imb’

(proof)
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lemma abc_list_crsp_steps:
[abc_steps_L (0, Im @ 0tm) aprog stp = (a, Im'); aprog # [|]
= 3 Ima. abc_steps_| (0, Im) aprog stp = (a, Ima) N
abc_list_crsp Im "lma

(proof)

lemma list_crsp_simp2: abc_list_crsp (Im1 @ 0tn) Im2 = abc_list_crsp Iml Im2

(proof)

lemma recursive_compile_correct_norm g
[rec_cif = (ap, arity, ft);
terminate f args]
= 3 stp rl. (abc_steps_ (0, args) ap stp) = (length ap, rl) A abc_list_crsp (args Q [rec_exec
fargs)) rl
(proof)

lemma find_exponent_rec_exec|simp):
assumes a: args @ [rec_exec fargs] =Im Q01 n
and b: length args < length Im
shows 3m. Im = args Q rec_exec fargs # 01 m

(proof)

lemma find_exponent_complex|[simp):
[args @ [rec_exec fargs] = Im @ 0 1 n; — length args < length Im]
= 3Im. (Im @ 01 (length args — length Im) Q [Suc 0])[length args := 0] =
args Q rec_exec fargs # 01 m
(proof)

lemma compile_append_dummy_correct:
assumes compile: rec_ci f = (ap, ary, fp)
and termi: terminate f args
shows {\ nl. nl = args|} (ap [+] dummy_abc (length args)) {\ nl. (3 m. nl = args Q rec_exec
fargs # 0tm)|}
(proof)

lemma cn_merge_gs_split:
[i < length gs; rec_ci (gsli) = (ga, gb, gc)] =
cn_merge_gs (map rec_ci gs) p = cn_merge_gs (map rec_ci (take i gs)) p [+] (ga [+]
mv_box gb (p +1i)) [+] cn_merge_gs (map rec_ci (drop (Suc i) gs)) (p + Suc i)
(proof)

lemma cn_unhalt_case:
assumes compilel: rec_ci (Cnn f gs) = (ap, ar, ft) N length args = ar
and g: i < length gs
and compile2: rec_ci (gsli) = (gap, gar, gft) N gar = length args
and g_unhalt: \ anything. {X nl. nl = args @ 01(gft — gar) Q anything[} gap 1
and g_ind: )\ apj arj fij j anything. [j < i; rec_ci (gs\j) = (apj, arj, fij)]
= {A nl. nl = args Q O1(ftj — arj) Q anythingl} apj { nl. nl = args Q rec_exec (gs\j) args
# O (ftj — Suc arj) @ anything|}
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and all_termi: ¥ j<i. terminate (gs\j) args
shows {\ nl. nl = args @ O1(ft — ar) @ anythingl} ap
(proof)

lemma mn_unhalt_case':
assumes compile: rec_cif = (a, b, ¢)
and all_termi: ¥V i. terminate f (args Q [i]) A 0 < rec_exec f (args @ [i])
and B: B = [Dec (Suc (length args)) (length a + 5), Dec (Suc (length args)) (length a + 3),
Goto (Suc (length a)), Inc (length args), Goto 0]
shows {nl. nl = args @ 01 (max (Suc (length args)) ¢ — length args) @ anything]}
a@QB?
(proof)

lemma mn_unhalt_case:
assumes compile: rec_ci (Mn nf) = (ap, ar, ft) N\ length args = ar
and all_term: Y i. terminate f (args Q [i]) A rec_exec f (args Q [i]) > 0
shows { (A nl. nl = args @ O1(ft — ar) @ anything) |} ap 1
(proof)

3.5 Compilers composed: Compiling Recursive Func-
tions into Turing Machines

fun tm_of rec :: recf = instr list
where tm_of rec recf = (let (ap, k, fp) = rec_ci recfin
let tp = tm_of (ap [+] dummy_abc k) in
tp Q (shift (mopup_n_tm k) (length tp div 2)))

lemma recursive_compile_to_tm_correctl:
assumes compile: rec_ci recf = (ap, ary, fp)
and rermi: terminate recf args
and p: tp = tm_of (ap [+] dummy_abc (length args))
shows 3 stp m 1. stepsO (Suc 0, Bk # Bk # ires, <args> Q Bktrn)
(tp Q shift (mopup_n_tm (length args)) (length tp div 2)) stp = (0, Bktm Q Bk # Bk # ires,
OctSuc (rec_exec recf args) Q Bk?l)
(proof)

lemma recursive_compile_to_tm_correct2:
assumes termi: terminate recf args
shows 3 stp m 1. stepsO (Suc 0, [Bk, Bk], <args>) (tm_of _rec recf) stp =
(0, BktSuc (Suc m), OctSuc (rec_exec recf args) Q Bk?Tl)
(proof )

lemma recursive_compile_to_tm_correct3:
assumes fermi: terminate recf args
shows {\ tp. ip =([Bk, Bk|, <args>)[} (tm_of _rec recf)
{Atp. 3 kl. tp = (Bk?T k, <rec_exec recf args> Q Bk 1T )}
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(proof)

3.5.1 Appending the mopup TM

lemma list_all_suc_many[simp):
list_all (M(acn, s). s < Suc (Suc (Suc (Suc (Suc (Suc (2 x n))))))) xs =
<list_;él (Macn, s). s < Suc (Suc (Suc (Suc (Suc (Suc (Suc (Suc (2 * n))))))))) xs
proo

lemma shift_append: shift (xs Q ys) n = shift xs n Q shift ys n
(proof)

lemma length_shift_mopup|simp]: length (shift (mopup_n_tmn) ss) =4 xn + 12
(proof)

lemma length_tm_evenlintrol: length (tm_of ap) mod 2 = 0

(proof)

lemma rms_of _at_index[simp]: k < length ap = tms_of ap ' k =
ci (layout_of ap) (start_of (layout_of ap) k) (ap ! k)
(proof)

lemma start_of _suc_inc:
[k < length ap; ap | k = Inc n] = start_of (layout_of ap) (Suc k) =
start_of (layout_of ap) k +2 xn+ 9
(proof)

lemma start_of _suc_dec:
[k < length ap; ap | k = (Dec n e)] = start_of (layout_of ap) (Suc k) =
start_of (layout_of ap) k + 2 xn + 16
(proof)

lemma inc_state_all_le:
[k < length ap; ap | k = Inc n;
(a, b) € set (shift (shift tinc_b (2 x n))
(start_of (layout_of ap) k — Suc 0))]
= b < start_of (layout_of ap) (length ap)
(proof)

lemma findnth_le[elim]:
(a, b) € set (shift (findnth n) (start_of (layout_of ap) k — Suc 0))
= b < Suc (start_of (layout_of ap) k + 2 % n)
(proof)

lemma findnth_state_all_lel:
[k < length ap; ap | k = Inc n;
(a,b) €
set (shift (findnth n) (start_of (layout_of ap) k — Suc 0))]
= b < start_of (layout_of ap) (length ap)
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(proof)

lemma start_of eq: length ap < as = start_of (layout_of ap) as = start_of (layout_of ap)
(length ap)
(proof)

lemma start_of_all_le: start_of (layout_of ap) as < start_of (layout_of ap) (length ap)

(proof)

lemma findnth_state_all_le2:
[k < length ap;
ap 'k = Decne;
(a, b) € set (shift (findnth n) (start_of (layout_of ap) k — Suc 0))]
= b < start_of (layout_of ap) (length ap)
(proof)

lemma dec_state_all_le[simp):
[k < length ap; ap | k = Dec n e;
(a, b) € set (shift (shift tdec_b (2 * n))
(start_of (layout_of ap) k — Suc 0))]
= b < start_of (layout_of ap) (length ap)
(proof)

lemma rms_any_less:
[k < length ap; (a, b) € set (tms_of ap | k)] =
b < start_of (layout_of ap) (length ap)
(proof)

lemma concat_in: i < length (concat xs) =
Ik < length xs. concat xs | i € set (xs ! k)

(proof)
declare length_concat|simp)

lemma in_tms: i < length (tm_of ap) = 3 k < length ap. (tm_of ap ! i) € set (tms_of ap ! k)
(proof)

lemma all_le_start_of: list_all (\(acn, s).
s < start_of (layout_of ap) (length ap)) (tm_of ap)
(proof)
lemma length_ci:
[k < length ap; length (cilyy (ap ! k)) = 2 x qd]
= layout_of ap ' k = qa

(proof)

lemma ci_evenlintro): length (cily y i) mod 2 = 0

(proof)

lemma sum_list_ci_even|intro): sum_list (map (length o (\(x,y). cily xy)) zs) mod 2 =0
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(proof)

lemma zip_pre:

(length ys) < length ap —>

zip ys ap = zip ys (take (length ys) (ap::'a list))
(proof )

lemma length_start_of _tm: start_of (layout_of ap) (length ap) = Suc (length (tm_of ap) div
2)
(proof)

lemma list_all_add_6Eelim]: list_all (A(acn, s). s < Suc q) xs
= list_all (M(acn, s).s < g+ (2+n+6)) xs
(proof)

lemma mopup_b_12[simp): length mopup_b = 12
(proof)

lemma mp_up_all_le: list_all (A(acn,s).s <q+ (2*xn+6))
[(R, Suc (Suc (2 xn+ q))), (R, Suc (2 xn+ q)),
(L, 5+ 2*n+q), (WB, Suc (Suc (Suc (2*n+q)))), (R, 4+2xn+q),
(WB, Suc (Suc (Suc (2 n+ q)))), (R, Suc (Suc (2*n+ q))),
(WB, Suc (Suc (Suc (2+n+q)))), (L,5+2*n+q),
(L,6+2xn+q), (R,0), (L,6+2*n+ q)]
(proof)

lemma mopup_le6[simp|: (a, b) € set (mopup_an) =>b<2%n+6
(proof)

lemma shift_le2[simp): (a, b) € set (shift (mopup_n_tm n) x)
= b < (2 * x + length (mopup_n_tm n)) div 2
(proof)

lemma mopup_ge2[intro]: 2 < x + length (mopup_n_tm n)

(proof)

lemma mopup_even(intro]: (2 x x + length (mopup_n_tm n)) mod 2 = 0

(proof)

lemma mopup_div_2[simp]: b < Suc x
= b < (2 % x + length (mopup_n_tm n)) div 2
(proof)

3.5.2 A Turing Machine compiled from an Abacus program with
mopup code appended is composable

lemma composable_tm_from_abacus: assumes tp = tm_of ap
shows composable_tmO (tp Q shift (mopup_n_tm n) (length tp div 2))
(proof)
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3.5.3 A Turing Machine compiled from a recursive function is com-
posable

lemma composable_tm_from_recf:
assumes compile: tp = tm_of_rec recf
shows composable_tmO0 tp

(proof)

end
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Chapter 4

An alternative modelling of
Recursive Functions

theory Recs_alt_Def
imports Main
HOL—Library.Nat_Bijection
begin

A more streamlined and cleaned-up version of Recursive Functions following

A Course in Formal Languages, Automata and Groups I. M. Chiswell

and
Lecture on Undecidability Michael M. Wolf

declare One_nat_def[simp del)

lemma if zero_one [simp]:
(if P then 1 else 0) = (0::nat) «— — P
(0::nat) < (if P then I else 0) = P
(if P then 0 else 1) = (if =P then I else (0::nat))
(proof)

lemma nth:

(x#xs)!10=x
(x#y#xs)! 1=y
(x#y#Hz#xs)12=72
(x#yH#zH#HuH#xs)!3=u
{proof)

4.1 Some auxiliary lemmas about the Recursive Func-
tions Sigma and Pi

lemma setprod_atMost_Suc|simp):
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(ITi < Sucn. fi)=([1i < n.fi) *f(Sucn)
(proof)

lemma setprod_lessThan_Suc[simp]:
(TTi< Sucn.fiy=T]i<n.fi)*xfn
(proof )

lemma setsum_add_nat_ivi2:n <p —
sumf {..<n} + sumf {n..p} = sumf {..p::nat}
(proof)

lemma setsum_eq_zero [simp):
fixes f::nat = nat
shows (> i<n.fi)=0+— (Vi<n.fi=0)
(Ci<nfi)=0+— (Vi<n.fi=0)
(proof)

lemma setprod_eq_zero [simp]:
fixes f::nat = nat
shows ([[i<n.fi)=0+— (Fi<n.fi=0)
(li<nfi)y=0+— Fi<n.fi=0)
(proof)

lemma setsum_one_less:
fixes n::nat
assumes Vi <n.fi <1
shows (> i< n.fi)<n
(proof )

lemma setsum_one_le:
fixes n::nat
assumes Vi < n. fi <]
shows (> i <n.fi) < Sucn
(proof )

lemma setsum_eq_one_le:
fixes n::nat
assumes Vi <n.fi=1
shows (> i <n.fi)=Sucn
(proof)

lemma setsum_least_eq:
fixes f::nat = nat
assumes h0: p <n
assumes hl: Vi€ {.<p}.fi=1
assumes h2: Vi€ {p.n}.fi=0
shows (> i<n.fi)=p
(proof)

lemma nat_mult_le_one:
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fixes m n::nat
assumes m < I n </
shows m xn < [/

(proof)

lemma setprod_one_le:
fixes f::nat = nat
assumes Vi < n. fi <]
shows ([[i <n.fi) <1
(proof)

lemma setprod_greater_zero:
fixes f::nat = nat
assumes Vi < n.fi >0
shows ([[i <n.fi)>0
(proof)

lemma setprod_eq_one:
fixes f::nat = nat
assumes Vi < n. fi = Suc 0
shows ([[i < n.fi) = Suc0
(proof)

lemma setsum_cut_off _less:
fixes f::nat = nat
assumes hl:m <n
and h2:Vie {m.<n}.fi=0
shows (3> i<n. fi)= (i <m.fi)
(proof )

lemma setsum_cut_off _le:
fixes f::nat = nat
assumes i1l:m < n
and h2:Vie {m.n}.fi=0
shows (> i <n.fi)= (i< m.fi)
{proof)

lemma setprod_one [simp]:
fixes n::nat
shows ([]¢ < n. Suc 0) = Suc 0
(TTi £ n. Suc 0) = Suc 0
(proof)

4.2 Recursive Functions
datatype recf = Z
IS

| 1d nat nat
| Cn nat recf recf list
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| Prnat recf recf
| Mn nat recf

fun arity :: recf = nat

where
arityZ =1
| arity S =1

| arity (Id mn) = m

| arity (Cnnfgs) =n

| arity (Prnfg) = Sucn
| arity (Mnnf) =n

Abbreviations for calculating the arity of the constructors

abbreviation

CNfgs =4 Cn (arity (hd gs)) f gs

abbreviation
PRfg “ Pr(arityf) fg

abbreviation
d
MNFY Mn (arityf — 1) f
the evaluation function and termination relation

fun rec_eval :: recf = nat list = nat
where
rec_eval Zxs =0
| rec_eval S xs = Suc (xs ! 0)
| rec_eval (Id mn) xs =xs!'n
| rec_eval (Cnnfgs) xs = rec_eval f (map (Ax. rec_eval x xs) gs)
| rec_eval (Prnfg) [| = undefined
| rec_eval (Prnfg) (0 # xs) = rec_eval f xs
| rec_eval (Prnfg) (Suc x # xs) =
rec_eval g (x # (rec_eval (Prnfg) (x # xs)) # xs)
| rec_eval (Mn n f) xs = (LEAST x. rec_eval f (x # xs) = 0)

inductive

terminates :: recf = nat list = bool
where

termi_z: terminates Z [n]
| termi_s: terminates S [n]
| termi_id: [n < m; length xs = m]] => terminates (Id m n) xs
| termi_cn: [terminates f (map (Ag. rec_eval g xs) gs);

V g € set gs. terminates g xs; length xs = n]| = terminates (Cn n f gs) xs

| termi_pr: [V y < x. terminates g (y # (rec_eval (Prnfg) (y # xs) # xs));
terminates f xs;

length xs = n]
= terminates (Prnfg) (x # xs)
| termi_mn: [length xs = n; terminates [ (r # xs);
rec_eval f (r # xs) = 0,
Y i < r. terminates f (i # xs) A rec_eval f (i # xs) > 0] = terminates (Mn n f) xs
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4.3 Arithmetic Functions

constn n is the recursive function which computes natural number 7.

fun constn :: nat = recf
where
constn 0 =27 |
constn (Suc n) = CN S [consmn n]

definition
rec_swapf =CNf [Id2 1,1d 2 0]

definition
rec_add = PR (Id 1 0) (CN S [Id 3 1])

definition
rec_mult = PR Z (CN rec_add [Id 3 1,1d 3 2])

definition
rec_power = rec_swap (PR (consm 1) (CN rec_mult [Id 3 1, Id 3 2]))

definition
rec_fact_aux = PR (constn 1) (CN rec_mult [CN S [Id 3 0], Id 3 1])

definition
rec_fact = CN rec_fact_aux [Id 1 0, 1d 1 0]

definition
rec_predecessor = CN (PRZ (1d 30)) [Id 1 0,1d 1 0)

definition
rec_minus = rec_swap (PR (Id 1 0) (CN rec_predecessor [Id 3 1]))

lemma constn_lemma [simp):
rec_eval (constnn) xs = n

(proof)

lemma swap_lemma [simp]:
rec_eval (rec_swap f) [x, y] = rec_eval f [y, x|

(proof)

lemma add_lemma [simp]:
rec_eval rec_add [x,y] = x+y

(proof)

lemma mult_lemma [simp):
rec_eval rec_mult [x,y] = x *y

(proof)

lemma power_lemma [simp]:
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rec_eval rec_power [x,y] =x"y

(proof)

lemma fact_aux_lemma [simp):
rec_eval rec_fact_aux [x, y| = fact x

(proof)

lemma fact_lemma [simp):
rec_eval rec_fact [x] = fact x

(proof)

lemma pred_lemma [simp):
rec_eval rec_predecessor [x] = x — 1

(proof)

lemma minus_lemma [simp:
rec_eval rec_minus [x,y] =x —y

(proof)

4.4 Logical functions

The sign function returns 1 when the input argument is greater than 0.
definition
rec_sign = CN rec_minus [constn 1, CN rec_minus [constn 1, 1d 1 0]]
definition
rec_not = CN rec_minus [constn 1, Id 1 0]
rec_eq compares two arguments: returns / if they are equal; 0 otherwise.
definition

rec_eq = CN rec_minus [CN (constn 1) [Id 2 0], CN rec_add [rec_minus, rec_swap rec_minus||

definition
rec_noteq = CN rec_not [rec_eq]

definition
rec_conj = CN rec_sign [rec_muli]

definition
rec_disj = CN rec_sign [rec_add)|

definition
rec_imp = CN rec_disj [CN rec_not [Id 2 0], 1d 2 1]

rec_ifz [z, x, y] returns x if z is zero, y otherwise; rec_if [z, x, y] returns x if z is
*not* zero, y otherwise

definition
rec_ifz=PR (Id20) (Id4 3)
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definition
rec_if = CN rec_ifz [CN rec_not [Id 30],1d 3 1, 1d 3 2]

lemma sign_lemma [simp):
rec_eval rec_sign [x] = (if x = O then O else 1)

(proof)

lemma not_lemma [simp):
rec_eval rec_not [x] = (if x = 0 then 1 else 0)

(proof)

lemma eq_lemma [simp]:
rec_eval rec_eq [x, y] = (if x =y then 1 else 0)

(proof)

lemma noteq_lemma [simp]:
rec_eval rec_noteq [x,y] = (if x # y then I else 0)

(proof)

lemma conj_lemma [simp]:
rec_eval rec_conj [x,y] = (if x =0V y = 0 then 0 else 1)
(proof)

lemma disj_lemma [simp):
rec_eval rec_disj [x,y] = (if x =0 Ay =0 then 0 else 1)
(proof)

lemma imp_lemma [simp]:
rec_eval rec_imp [x,y] = (if 0 < x Ny = 0 then 0 else 1)
(proof)

lemma ifz_lemma [simp]:
rec_eval rec_ifz [z, x, y] = (if z = O then x else y)

(proof)

lemma if lemma [simp):
rec_eval rec_if [z, x,y] = (if 0 < z then x else y)

(proof)

4.5 Less and Le Relations

rec_less compares two arguments and returns / if the first is less than the second;
otherwise returns 0.

definition
rec_less = CN rec_sign [rec_swap rec_minus]
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definition
rec_le = CN rec_disj [rec_less, rec_eq|

lemma less_lemma [simp]:
rec_eval rec_less [x,y] = (if x < y then I else 0)

(proof)

lemma le_lemma [simp]:
rec_eval rec_le [x,y] = (if (x <) then I else 0)
(proof)

4.6 Summation and Product Functions

definition
rec_sigmal f = PR (CNf [CN Z [Id 1 0], Id 1 0])
(CN rec_add [Id 31, CNf [CN S [1d 3 0], 1d 3 2]])

definition
rec_sigma2 f = PR(CNf[CNZ[Id20],1d20,1d 2 I])
(CN rec_add [Id41,CNf [CN S [Id 4 0], 1d 42, 1d 4 3]])

definition
rec_accuml f = PR (CNf [CNZ[Id 10],1d 1 0])
(CNrec_mult [Id3 1, CNf [CN S [Id 3 0], Id 3 2]])

definition
rec_accum2f = PR (CNf[CNZ [Id20],1d 2 0,1d 2 I)
(CN rec_mult [Id4 1, CNf [CN S [Id 4 0], 1d 4 2, 1d 4 3]])

definition
rec_accum3f =PR (CNf[CNZ [Id30],1d30,1d 3 1,1d 3 2])
(CN rec_mult [Id 51, CNf [CN S [Id50],1d52,1d 5 3,1d 5 4]])

lemma sigmal_lemma [simp]:
shows rec_eval (rec_sigmal f) [x,y] = (3 z < x. rec_eval f [z, y])
(proof)

lemma sigma2_lemma [simp):
shows rec_eval (rec_sigma2 f) [x, yl,y2] = (3 z < x. rec_eval f [z,y1,y2])
(proof)

lemma accuml_lemma [simp]:
shows rec_eval (rec_accuml f) [x, y] = (I] z < x. rec_eval f [z,y])

(proof)

lemma accum?2_lemma [simp]:
shows rec_eval (rec_accum?2 f) [x, y1,y2] = (] z < x. rec_eval f [z, y1, y2])
(proof)
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lemma accum3_lemma [simp]:
shows rec_eval (rec_accum3 f) [x, y1,y2,y3] = (] z < x. (rec_eval f) [z, y1,¥2,y3])
(proof)

4.7 Bounded Quantifiers

definition
rec_alll f = CN rec_sign [rec_accuml f|

definition
rec_all2 f = CN rec_sign [rec_accum?2 f]

definition
rec_all3 f = CN rec_sign [rec_accum3 f|

definition
rec_alll_less f = (let cond]l = CN rec_eq [Id 3 0,1d 3 1] in
let cond2 = CNf [Id 3 0,1d 3 2]
in CN (rec_all2 (CN rec_disj [condl, cond2])) [1d 2 0,1d 2 0, 1d 2 1])

definition
rec_all2_less f = (let cond]l = CN rec_eq [Id 4 0,1d 4 1] in
letcond2=CNf [Id40,1d42,1d4 3] in
CN (rec_all3 (CN rec_disj [condl, cond2])) [Id 30,1d 3 0,1d 3 1, Id 3 2])

definition
rec_exl f = CN rec_sign [rec_sigmal f]

definition
rec_ex2 f = CN rec_sign [rec_sigma?2 f]

lemma ex/_lemma [simp]:
rec_eval (rec_exl f) [x,y] = (if (3z <x.0 < rec_eval f [z, y]) then I else 0)
(proof)

lemma ex2_lemma [simp]:
rec_eval (rec_ex2 f) [x, y1, y2] = (if (3z < x. 0 < rec_eval f [z, y1, y2]) then I else 0)
(proof)

lemma alll_lemma [simp)]:
rec_eval (rec_alll f) [x,y] = (if (Vz <x.0 < rec_evalf [z,y]) then I else 0)
(proof)

lemma ali2_lemma [simp]:
rec_eval (rec_all2 f) [x, y1,y2] = (if Vz<x.0 < rec_evalf [z, yl,y2]) then I else 0)
(proof)
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lemma all3_lemma [simp]:
rec_eval (rec_all3 f) [x, y1,y2,y3] = (if (Vz<x.0 < rec_evalf [z,y1,y2,y3]) then I else 0)
(proof)

lemma alll_less_lemma [simp]:
rec_eval (rec_alll_less f) [x, y] = (if (Vz < x.0 < rec_eval f [z, y]) then 1 else 0)
(proof)

lemma ali2_less_lemma [simp]:
rec_eval (rec_all2_less f) |x, y1,y2] = (if (Vz < x.0 < rec_evalf [z,yl, y2]) then I else 0)
(proof)

4.8 Quotients

definition
rec_quo = (let lhs = CN S [Id 3 0] in
let rhs = CN rec_mult [Id 32, CN S [Id 3 1] in
let cond = CN rec_eq [lhs, rhs] in
let if_stmt = CN rec_if [cond, CN S [Id 3 1],1d 3 1]
in PR Z if_stmt)

fun Quo where
Quox0=0
| Quo x (Suc y) = (if (Sucy =x * (Suc (Quo xy))) then Suc (Quo x y) else Quo x y)

lemma Quo0:
shows Quo 0y =0
(proof)

lemma Quol:
x*x (Quoxy) <y
(proof )

lemma Quo?2:
bx (Quoba)+amodb=a
(proof)

lemma Quo3:
n* (Quonm)=m— mmodn

(proof)

lemma Quo4:
assumes /: 0 < x
showsy <x+x* Quoxy

(proof)

lemma Quo_div:
shows Quoxy =ydivx

(proof)
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lemma Quo_rec_quo:
shows rec_eval rec_quo [y, x] = Quo xy

(proof)

lemma quo_lemma [simp]:
shows rec_eval rec_quo [y, x] = y div x

(proof)

4.9 Iteration

definition
rec_iter f = PR (Id 1 0) (CNf [Id 3 1])

fun Iter where
Iter fO=id
| Iter f (Suc n) = f o (Iter f n)

lemma Iter_comm:
(Iter fn) (fx) =f ((Iter f n) x)
(proof )

lemma iter_lemma [simp):
rec_eval (rec_iter f) [n, x] = Iter (\x. rec_eval f [x]) nx

(proof)

4.10 Bounded Maximisation

fun BMax_rec where
BMax_rec R0 =0
| BMax_rec R (Suc n) = (if R (Suc n) then (Suc n) else BMax_rec R n)

definition
BMax_set :: (nat = bool) = nat = nat
where
BMax_set Rx = Max ({z.z<x ARz} U{0})

lemma BMax_rec_eql:
BMax_rec R x = (GREATEST z. Rz Az <x)Vz=0)

(proof)

lemma BMax_rec_eq?2:
BMax_rec R x = Max ({z. z<x ARz} U{0})
(proof)

lemma BMax_rec_eq3:
BMax_rec R x = Max (Set filter (Az. R z) {..x} U {0})
(proof)
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definition
rec_maxl f = PR Z (CN rec_ifz [CNf [CN S [Id 3 0),1d 3 2], CN S [Id 3 0], Id 3 1])

lemma max1_lemma [simp):
rec_eval (rec_maxl f) [x,y] = BMax_rec (Au. rec_eval f [u,y] = 0) x

(proof)

definition
rec_max2 f = PRZ (CN rec_ifz [CNf [CN S [Id 4 0],1d 4 2,1d 4 3], CN S [Id 4 0], 1d 4 1])

lemma max2_lemma [simp):
rec_eval (rec_max2 f) [x, y1, y2] = BMax_rec (Au. rec_eval f [u, yl,y2] = 0) x
(proof)

4.11 Encodings using Cantor’s pairing function

We use Cantor’s pairing function from Nat-Bijection. However, we need to prove that
the formulation of the decoding function there is recursive. For this we first prove that
we can extract the maximal triangle number using prod_decode.

abbreviation Max_triangle_aux where

d
Max_triangle_aux k 7 of fst (prod_decode_aux k z) + snd (prod_decode_aux k z)

abbreviation Max_triangle where

de
Max_triangle 7 :()f Max_triangle_aux 0 7

abbreviation
pdecl z & Jst (prod_decode z)

abbreviation
pdec? z Y na (prod_decode z)

abbreviation

o
penc mn & prod_encode (m, n)

lemma fst_prod_decode:
pdecl z = z — triangle (Max_triangle z)

(proof)

lemma snd_prod_decode:
pdec2 7 = Max_triangle z — pdecl z
(proof)

lemma le_triangle:
m < triangle (n + m)

(proof)
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lemma Max_triangle_triangle_le:
triangle (Max_triangle 7) < z

(proof)

lemma Max_triangle_le:
Max_triangle 7z < z

(proof)

lemma w_aux:
Max_triangle (triangle k + m) = Max_triangle_aux k m

(proof)

lemma y_aux: y < Max_triangle_aux y k

(proof)

lemma Max_triangle_greatest:
Max_triangle z = (GREATEST k. (triangle k <z Nk <z) V k=0)
(proof)

definition
rec_triangle = CN rec_quo [CN rec_mult [Id 1 0, S], constn 2]

definition
rec_max_triangle =
(let cond = CN rec_not [CN rec_le [CN rec_triangle [Id 2 0], 1d 2 1]] in
CN (rec_maxl cond) [Id 1 0, 1d 1 0])

lemma triangle_lemma [simp):
rec_eval rec_triangle [x] = triangle x

(proof)

lemma max_triangle_lemma [simp]:
rec_eval rec_max_triangle [x] = Max_triangle x
(proof )
Encodings for Products
definition

rec_penc = CN rec_add [CN rec_triangle [CN rec_add [I1d 2 0,1d 2 1]], 1d 2 0]

definition
rec_pdecl = CN rec_minus [Id 1 0, CN rec_triangle [CN rec_max_triangle [Id 1 0]]]

definition
rec_pdec2 = CN rec_minus [CN rec_max_triangle [Id 1 0], CN rec_pdecl [Id 1 0]]

lemma pdecl_lemma [simp]:
rec_eval rec_pdecl [z] = pdecl z

(proof)
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lemma pdec2_lemma [simp]:
rec_eval rec_pdec? [z] = pdec2 z

(proof)

lemma penc_lemma [simp]:
rec_eval rec_penc [m, n| = penc m n

(proof)
Encodings of Lists

fun
lenc :: nat list = nat
where
lenc[]=0

| lenc (x # xs) = penc (Suc x) (lenc xs)

fun
ldec :: nat = nat = nat
where
ldec 70 = (pdecl z) — 1
| ldec z (Suc n) = ldec (pdec2 z) n

lemma pdec_zero_simps [simp]:

pdecl 0 =10
pdec2 0=10
(proof )

lemma Ildec_zero:
ldec On =20
{proof)

lemma list_encode_inverse:
ldec (lenc xs) n = (if n < length xs then xs | n else 0)

(proof)

lemma lenc_length_le:
length xs < lenc xs

(proof)
Membership for the List Encoding

fun inside :: nat = nat = bool where
inside z0 = (0 < 2)
| inside z (Suc n) = inside (pdec2 z) n

definition enclen :: nat = nat where
enclen z = BMax_rec (Ax. inside z (x — 1)) z

lemma inside_False [simp):

inside O n = False

(proof)
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lemma inside_length [simp]:
inside (lenc xs) s = (s < length xs)

(proof)
Length of Encoded Lists

lemma enclen_length [simp]:
enclen (lenc xs) = length xs

(proof)

lemma enclen_penc [simp]:
enclen (penc (Suc x) (lenc xs)) = Suc (enclen (lenc xs))

(proof)

lemma enclen_zero [simp]:
enclen 0 =0

(proof)

Recursive Definitions for List Encodings

fun
rec_lenc :: recf list = recf
where
rec_lenc [|=Z

| rec_lenc (f # fs) = CN rec_penc [CN S [f], rec_lenc fs]

definition
rec_ldec = CN rec_predecessor [CN rec_pdecl [rec_swap (rec_iter rec_pdec2)]]

definition
rec_inside = CN rec_less [Z, rec_swap (rec_iter rec_pdec2)]

definition
rec_enclen = CN (rec_max1 (CN rec_not [CN rec_inside [Id 2 1, CN rec_predecessor [Id 2
O]])) [1d 10,1d 1 0]

lemma Idec_iter:
ldec zn = pdecl (Iter pdec2 nz) — 1
(proof)

lemma inside_iter:
inside zn = (0 < Iter pdec2 n z)

(proof)

lemma lenc_lemma [simp]:
rec_eval (rec_lenc fs) xs = lenc (map (N . rec_eval f xs) f5)

(proof)

lemma Ildec_lemma [simp):
rec_eval rec_ldec [z, n] = ldec zn

(proof)
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lemma inside_lemma [simp):
rec_eval rec_inside [z, n] = (if inside z n then 1 else 0)

(proof)

lemma enclen_lemma [simp]:
rec_eval rec_enclen [z] = enclen z

(proof )
end

4.12 Examples for recursive functions using the alter-
native definitions

theory Recs_alt_Ex
imports Recs_alt_Def
begin

definition plus_2 :: recf
where
plus_2 = (CN S [S])

lemma rec_eval S [0] = Suc 0

(proof)

lemma rec_eval plus_2 [0] = rec_eval (Cn 8 S [S]) [0]
(proof)

lemma Cn 1S [S]=CNS [S]
(proof)

lemma rec_eval plus_2 [0] = 2

(proof)

lemma rec_eval plus_2 [2] = 4

(proof)

lemma rec_eval plus_2 [0,4] = 2

(proof)
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lemma add_lemma_more_args:
rec_eval rec_add ([x,y] @Qz) = x+y
(proof )

lemma rec_eval (Prv va vb) [| = undefined

(proof)

lemma add_lemma_no_args:
rec_eval rec_add || = undefined

(proof)

lemma add_lemma_one_arg:
rec_eval rec_add [x] = undefined
(proof )

lemma []!0 = undefined

(proof)

end
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Chapter 5

Construction of a Universal
Function

theory UF
imports Rec_Def HOL.GCD Abacus
begin

This theory file constructs the Universal Function rec_F, which is the UTM defined
in terms of recursive functions. This rec_F is essentially an interpreter for Turing
Machines. Once the correctness of rec_F is established, UTM can easily be obtained
by compiling rec_F into the corresponding Turing Machine.

5.1 Building blocks of the Universal Function rec_F

5.1.1 Some helper functions: Recursive Functions for arithmetic
and logic
The recursive function used to do arithmetic addition.

definition rec_add :: recf
where
rec_add ® Pr1(id10)(Cn3slid32])

The recursive function used to do arithmetic multiplication.

definition rec_mult :: recf
where
rec_mult = Pr 1z (Cn 3 rec_add [id 3 0, id 3 2])

The recursive function used to do arithmetic precede.

definition rec_pred :: recf
where
rec_pred =Cn 1 (Pr1z(id31))[id10,id]I0]

The recursive function used to do arithmetic subtraction.
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definition rec_minus :: recf
where
rec_minus = Pr 1 (id 1 0) (Cn 3 rec_pred [id 3 2])

constn n is the recursive function which computes natural number rn.

fun constn :: nat = recf
where
constn 0 =z |
constn (Suc n) = Cn 1 s [constn n]

Sign function, which returns 1 when the input argument is greater than 0.

definition rec_sg :: recf
where
rec_sg = Cn I rec_minus [constn 1,
Cn I rec_minus [constn 1, id 1 0]]

rec_less compares its two arguments, returns / if the first is less than the second;
otherwise returns 0.

definition rec_less :: recf
where
rec_less = Cn 2 rec_sg [Cn 2 rec_minus [id 2 1, id 2 0]]

rec_not inverse its argument: returns / when the argument is 0; returns 0 otherwise.

definition rec_not :: recf
where
rec_not = Cn 1 rec_minus [consm 1, id 1 0]

rec_eq compares its two arguments: returns / if they are equal; return 0 otherwise.

definition rec_eq :: recf
where
rec_eq = Cn 2 rec_minus [Cn 2 (constn 1) [id 2 0],
Cn 2 rec_add [Cn 2 rec_minus [id 2 0, id 2 1],
Cn 2 rec_minus [id 2 1, id 2 0]]]

rec_conj computes the conjunction of its two arguments, returns / if both of them
are non-zero; returns 0 otherwise.

definition rec_conj :: recf
where
rec_conj = Cn 2 rec_sg [Cn 2 rec_mult [id 2 0, id 2 1]]

rec_disj computes the disjunction of its two arguments, returns 0 if both of them
are zero; returns 0 otherwise.

definition rec_disj :: recf
where
rec_disj = Cn 2 rec_sg [Cn 2 rec_add [id 2 0, id 2 1]

Computes the arity of recursive function.

fun arity :: recf = nat
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where
arityz =1
| arity s =1
| arity (idmn) =m
| arity (Cnnfgs)=n
| arity (Prnfg) = Sucn
| arity (Mnnf) =n

get_fstn_args n (Suc k) returns [idn 0,idn 1,idn 2, ..., id n k], the effect of which

is to take out the first Suc k arguments out of the »n input arguments.

fun get_fstn_args :: nat = nat = recf list
where
get_fstn_argsn 0 =]
| get_fstm_args n (Suc y) = get_fstn_argsny Q [id ny]

rec_sigma f returns the recursive functions which sums up the results of f:
(Tec_sigmaf)(x,y) = f(fIT,O) + f((E, 1) +- f(.’E, y)

fun rec_sigma :: recf = recf
where
rec_sigma rf =
(let vl = arity rf in
Pr(vl—1) (Cn (vl = 1) rf (get_fstn_args (vl — 1) (vl — 1) @
[Cn (vl — 1) (constn 0) [id (v — 1) 0]]))
(Cn (Suc vl) rec_add [id (Suc vI) vl,
Cn (Suc vi) rf (get_fstm_args (Suc vl) (vl — 1)
Q@ [Cn (Suc vl) s [id (Suc vl) (v — D))

rec_exec is the interpreter function for Recursive Functions. The function is defined
such that it always returns meaningful results for primitive recursive functions.

5.1.1.1 Correctness of the helper functions
declare rec_exec.simps[simp del] constn.simps[simp del]
Correctness of rec_add.

lemma add_lemma: \ x y. rec_exec rec_add [x,y] = x +y

(proof )
Correctness of rec_mult.

lemma mult_lemma: )\ x y. rec_exec rec_mult [x, y] = x x y

(proof)
Correctness of rec_pred.

lemma pred_lemma: |\ x. rec_exec rec_pred [x] = x — 1

(proof)

Correctness of rec_minus.
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lemma minus_lemma: )\ x y. rec_exec rec_minus [x,y| =x —y

(proof )
Correctness of rec_sg.

lemma sg_lemma: )\ x. rec_exec rec_sg [x] = (if x = 0 then 0 else 1)

(proof )
Correctness of constn.

lemma consm_lemma: rec_exec (consmn) [x] = n

(proof )
Correctness of rec_less.

lemma less_lemma: \ x y. rec_exec rec_less [x, y] =
(if x < y then 1 else 0)

(proof )
Correctness of rec_not.

lemma not_lemma:
N\ x. rec_exec rec_not [x] = (if x = 0 then I else 0)

(proof )
Correctness of rec_eq.

lemma eq_lemma: |\ x y. rec_exec rec_eq [x,y] = (if x =y then I else 0)

(proof )
Correctness of rec_conj.

lemma conj_lemma: )\ xy. rec_exec rec_conj [x,y] = (if x =0V y = 0then 0
else 1)
(proof)

Correctness of rec_disj.

lemma disj_lemma: /\ xy. rec_exec rec_disj [x,y] = (if x =0 Ay = 0 then 0
else 1)
(proof)

5.1.2 The characteristic function primerec for the set of Primitive
Recursive Functions

primerec recf n is true iff recf is a primitive recursive function with arity n.

inductive primerec :: recf = nat = bool

where
prime_z[intro): primerec 7 (Suc 0) |
prime_s|intro): primerec s (Suc 0) |
prime_id|introl]: [n < m] = primerec (id m n) m |
prime_cnlintrol]: [primerec f k; length gs = k;

Y i < length gs. primerec (gs | i) m; m = n]

= primerec (Cnnfgs) m |
prime_prlintro!]: [primerec f n;
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primerec g (Suc (Suc n)); m = Suc n]
= primerec (Prnfg) m

inductive-cases prime_cn_reverse'[elim]: primerec (Cnn fgs) n
inductive-cases prime_mn_reverse: primerec (Mn nf) m
inductive-cases prime_z_reverselelim|: primerec z n
inductive-cases prime_s_reverselelim]: primerec s n
inductive-cases prime_id_reverselelim|: primerec (id m n) k
inductive-cases prime_cn_reverse[elim]: primerec (Cnn f gs) m
inductive-cases prime_pr_reverselelim|: primerec (Prnfg) m

5.1.3 The Recursive Function rec_sigma

declare mult_lemma[simp] add_lemmalsimp) pred_lemmal[simp)
minus_lemmal[simp| sg_lemmal[simp] constn_lemmal[simp)
less_lemmalsimp] not_lemmal[simp] eq_lemmalsimp]
conj_lemmal[simp) disj_lemmal[simp)

Sigma is the logical specification of the recursive function rec_sigma.

function Sigma :: (nat list = nat) = nat list = nat

where

Sigma g xs = (if last xs = O then g xs
else (Sigma g (butlast xs Q [last xs — 1]) +
g xs))

(proof )
termination
(proof)

declare rec_exec.simps[simp del] get_fstn_args.simps[simp del]
arity.simps[simp del] Sigma.simps[simp del]
rec_sigma.simps[simp del]

lemma rec_pr_Suc_simp_rewrite:
rec_exec (Prnfg) (xs Q [Suc x]) =
rec_exec g (xs @Q [x] @
[rec_exec (Prnfg) (xs @ [x])])
(proof)

lemma Sigma_0_simp_rewrite:
Sigma f (xs @ [0]) = f (xs @ [0])
(proof)

lemma Sigma_Suc_simp_rewrite:
Sigma f (xs @Q [Suc x]) = Sigma f (xs Q [x]) + f (xs @ [Suc x])
(proof)

lemma append_access_I[simp): (xs Q ys) ! (Suc (length xs)) = ys! 1
(proof)

lemma ger_fsin_args_take: [length xs = m; n < m]| =
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map (A f. rec_exec fxs) (get_fstn_args m n)= take n xs

(proof)

lemma arity_primerec(simp|: primerec fn = arity f = n

(proof)

lemma rec_sigma_Suc_simp_rewrite:
primerec f (Suc (length xs))
= rec_exec (rec_sigma f) (xs Q [Suc x]) =
rec_exec (rec_sigma f) (xs @ [x]) 4 rec_exec f (xs @ [Suc x])

(proof)
The correctness of rec_sigma with respect to its specification.

lemma sigma_lemma:
primerec rg (Suc (length xs))
= rec_exec (rec_sigma rg) (xs Q [x]) = Sigma (rec_exec rg) (xs Q [x])

(proof)

5.1.4 The Recursive Function rec_accum

rec_accum f (x1,x2, ..., xn, k) = f(xI, x2, ..., xn, 0) * f(x1, x2,
f(xl,x2, ..., xn, k)

fun rec_accum :: recf = recf
where
rec_accum rf =
(let vl = arity rf in
Pr(vl—1)(Cn (vl = 1) 1f (get_fsm_args (vl — 1) (vl — 1) @
[Cn (vl — 1) (constn 0) [id (vI — 1) 0]]))
(Cn (Suc vl) rec_mult [id (Suc vl) (vI),
Cn (Suc i) rf (get_fstm_args (Suc vl) (vl — 1)
@ [Cn (Suc vl) s [id (Suc vl) (vi — D))

Accum is the formal specification of rec_accum.

function Accum :: (nat list = nat) = nat list = nat
where
Accum f xs = (if last xs = 0 then f xs
else (Accum f (butlast xs Q [last xs — I]) *
fxs))
(proof)

termination

(proof)

lemma rec_accum_Suc_simp_rewrite:
primerec f (Suc (length xs))
= rec_exec (rec_accum f) (xs Q [Suc x]) =
rec_exec (rec_accum ) (xs @ [x]) * rec_exec f (xs @ [Suc x])

(proof)

The correctness of rec_accum with respect to its specification.
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lemma accum_lemma :
primerec rg (Suc (length xs))
= rec_exec (rec_accum rg) (xs Q [x]) = Accum (rec_exec rg) (xs @ [x])

(proof)

declare rec_accum.simps [simp del)

5.1.5 The Recursive Function rec_all

rec_alltf (xI,x2,...,xn) computes the charactrization function of the following FOL
formula: (V x <#(xl,x2,...,xn). (f(xI,x2,...,xn,x) > 0))

fun rec_all :: recf = recf = recf
where
rec_all rt rf =
(let vl = arity rfin
Cn (vl — 1) rec_sg [Cn (vl — 1) (rec_accum rf)
(get_fstn_args (vl — 1) (vl — 1) @ [r1])])

lemma rec_accum_ex:
assumes primerec rf (Suc (length xs))
shows (rec_exec (rec_accum rf) (xs Q [x]) = 0) =
(3 t < x. rec_execrf (xs @Q[1]) = 0)
(proof)

The correctness of rec_all.

lemma all_lemma:
[primerec rf (Suc (length xs));
primerec rt (length xs)]
= rec_exec (rec_all rt rf) xs = (if (V x < (rec_exec rt xs). 0 < rec_exec rf (xs Q [x])) then
1

else 0)
(proof)
5.1.6 The Recursive Function rec_ex
rec_extf (xI,x2, ..., xn) computes the charactrization function of the following FOL

formula: (3 x < #(xl,x2, ..., xn). (f(xI,x2, ..., xn,x) > 0))

fun rec_ex :: recf = recf = recf
where
rec_exrtrf =
(let vl = arity rf in
Cn (vl — 1) rec_sg [Cn (vl — I) (rec_sigma rf)
(get_fstn_args (vl — 1) (vl — 1) @ [r1])])

lemma rec_sigma_ex:
assumes primerec rf (Suc (length xs))
shows (rec_exec (rec_sigma rf) (xs Q [x]) = 0) =
(V t < x. rec_exec rf (xs @ [t]) = 0)



(proof )
The correctness of rec_ex.

lemma ex_lemma:
[primerec rf (Suc (length xs));
primerec rt (length xs)]
= (rec_exec (rec_ex rt rf) xs =
(if (3 x < (rec_exec rt xs). 0 <rec_exec rf (xs Q [x])) then 1
else 0))
(proof)

5.1.7 The Recursive Function rec_Minr
Definition of Min[R] on page 77 of Boolos’s book [1].

fun Minr :: (nat list = bool) = nat list = nat = nat
where Minr Rr xs w = (let setx ={y | y. (y <w) ARr (xs @ [y])} in
if (setx = {}) then (Suc w)
else (Min setx))

declare Minr.simps|[simp del] rec_all.simps|simp del]
The following is a set of auxiliary lemmas about Minr.

lemma Minr_range: Minr Rr xs w < w V Minr Rr xs w = Suc w

(proof)

lemma expand_conj_in_set: {x. x < Suc w A Rr (xs @ [x])}
= (if Rr (xs @Q [Suc w]) then insert (Suc w)
{x.x<wARr(xsQ[x])}
else {x. x <wARr(xsQ[x])})
(proof)

lemma Minr_strip_Suc[simp): Minr Rr xs w < w = Minr Rr xs (Suc w) = Minr Rr xs w

(proof)

lemma x_empty_set[simp]: Vx<w. = Rr (xs Q [x]) =
{x.x<wARr(xsQx])} ={}
(proof )

lemma Minr_is_Suc[simp|: [Minr Rr xs w = Suc w; Rr (xs Q [Suc w])] =
Minr Rr xs (Suc w) = Suc w

(proof)

lemma Minr_is_Suc_Suc[simp): [Minr Rr xs w = Suc w; = Rr (xs @ [Suc w])] =
Minr Rr xs (Suc w) = Suc (Suc w)
(proof)

lemma Minr_Suc_simp:
Minr Rr xs (Suc w) =
(if Minr Rr xs w < w then Minr Rr xs w
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else if (Rr (xs Q [Suc w])) then (Suc w)
else Suc (Suc w))

(proof)

rec_Minr is the recursive function used to implement Minr: if Rr is implemented
by a recursive function recf, then rec_Minr recf is the recursive function used to im-
plement Minr Rr
fun rec_Minr :: recf = recf
where
rec_Minr rf =
(let vl = arity rf
in let rg = rec_all (id vl (vl — 1)) (Cn (Suc vl)
rec_not [Cn (Suc vi) rf
(get_fst_args (Sucvl) (vl — 1) @
lid (Suc vi) (vD)])])

in rec_sigma rq)

lemma length_getpren_params|simp): length (get_fstn_argsmn) =n

(proof)

lemma length_app:
(length (get_fstn_args (arity rf — Suc 0)
(arity rf — Suc 0)
@ [Cn (arity rf — Suc 0) (constn 0)
[recf .id (arity rf — Suc 0) 0]]))
= (Suc (arity rf — Suc 0))
(proof)

lemma primerec_accum: primerec (rec_accum rf) n = primerec rf n

(proof)

lemma primerec_all: primerec (rec_all rt rf) n —
primerec rt n A primerec rf (Suc n)

(proof )
declare numeral_3_eq_3[simp]

lemma primerec_rec_pred_I[intro|: primerec rec_pred (Suc 0)

(proof)

lemma primerec_rec_minus_2lintro|: primerec rec_minus (Suc (Suc 0))

(proof)

lemma primerec_constn_I[intro): primerec (constn n) (Suc 0)

(proof)

lemma primerec_rec_sg_1I[intro|: primerec rec_sg (Suc 0)

(proof)

lemma primerec_getpren[elim]: [i < n; n < m] = primerec (get_fstn_argsmn i) m
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(proof)

lemma primerec_rec_add_2[intro|: primerec rec_add (Suc (Suc 0))

(proof)

lemma primerec_rec_mult_2[intro]:primerec rec_mult (Suc (Suc 0))

(proof)

lemma primerec_ge_2_elim[elim]: [primerec rfn; n > Suc (Suc 0)] =
primerec (rec_accum rf) n

(proof)

lemma primerec_all_iff:
[primerec rt n; primerec rf (Suc n); n > 0] =
primerec (rec_all rt rf) n

(proof)

lemma primerec_rec_not_lI[intro): primerec rec_not (Suc 0)

(proof)

lemma Min_falsel[simp): [~ Min {uu. uu < w A 0 < rec_exec rf (xs Q [uu])} < w;
x < w; 0 < rec_execrf (xs Q [x])]
= False

(proof)

lemma sigma_minr_lemma:

assumes prif: primerec rf (Suc (length xs))

shows UF .Sigma (rec_exec (rec_all (recf.id (Suc (length xs)) (length xs))
(Cn (Suc (Suc (length xs))) rec_not
[Cn (Suc (Suc (length xs))) rf (get_fstn_args (Suc (Suc (length xs)))
(length xs) Q [recf.id (Suc (Suc (length xs))) (Suc (length xs))])])))
(xs@[w]) =
Minr (Margs. 0 < rec_exec rf args) xs w

(proof)
The correctness of rec_Minr.

lemma Minr_lemma:
[primerec rf (Suc (length xs))]
= rec_exec (rec_Minr rf) (xs Q [w]) =
Minr (X args. (0 < rec_exec rf args)) xs w
(proof)

5.1.8 The Recursive Function rec_le

rec_le is the comparison function which compares its two arguments, testing whether
the first is less or equal to the second.

definition rec_le :: recf
where
rec_le = Cn (Suc (Suc 0)) rec_disj [rec_less, rec_eq]
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The correctness of rec_le.

lemma le_lemma:
Nx y. rec_exec rec_le [x, y] = (if (x <y) then I else 0)
(proof)

5.1.9 The Recursive Function rec_maxr
Definition of Max[Rr] on page 77 of Boolos’s book [1].

fun Maxr :: (nat list = bool) = nat list = nat = nat
where
Maxr Rrxs w = (let setx = {y.y < w A Rr (xs Q[y])} in
if setx = {} then 0
else Max setx)

rec_maxr is the Recursive Function used to implement Maxr.

fun rec_maxr :: recf = recf
where
rec_maxr rr = (let vl = arity rrin
let rt = id (Suc vl) (vl — 1) in
let rfl = Cn (Suc (Suc vl)) rec_le
[id (Suc (Suc vl))
((Suc vi)), id (Suc (Suc vi)) (vl)] in
let rf2 = Cn (Suc (Suc vl)) rec_not
[Cn (Suc (Suc vi))
rr (get_fstn_args (Suc (Suc vl))
(vl—1)@
[id (Suc (Suc vl)) ((Suc vi))])] in
let rf = Cn (Suc (Suc vl)) rec_disj [rf1, rf2] in
let Qf = Cn (Suc vl) rec_not [rec_all rt rf)
in Cn vl (rec_sigma Of) (get_fstn_args vl vl Q@
lidvl (vl —1)]))

declare rec_maxr.simps[simp del] Maxr.simps|[simp del]
declare le_lemmal[simp)

declare numeral_2_eq_2[simp]

lemma primerec_rec_disj 2[intro: primerec rec_disj (Suc (Suc 0))

(proof)

lemma primerec_rec_less_2lintro|: primerec rec_less (Suc (Suc 0))

(proof)

lemma primerec_rec_eq_2lintro): primerec rec_eq (Suc (Suc 0))

(proof)

lemma primerec_rec_le_2[intro|: primerec rec_le (Suc (Suc 0))

(proof)
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lemma Sigma_0:V i <n. (f (xs Q[i]) =0) =

Sigma f (xs Q [n] _0
(proof)

lemma Sigma_Suclelim]: ¥ k<Suc w. f (xs Q [k]) = Suc 0
= Sigma f (xs Q [w]) = Suc w
(proof)

lemma Sigma_max_point: [V k < ma. f (xs Q [k]) = I;
YV k> ma.f (xsQ[k]) = 0; ma < w]
= Sigma f (xs Q [w]) = ma

(proof)

lemma Sigma_Max_lemma:
assumes prif: primerec rf (Suc (length xs))
shows UF.Sigma (rec_exec (Cn (Suc (Suc (length xs))) rec_not
[rec_all (recf.id (Suc (Suc (length xs))) (length xs))
(Cn (Suc (Suc (Suc (length xs)))) rec_disj
[Cn (Suc (Suc (Suc (length xs)))) rec_le
[recf .id (Suc (Suc (Suc (length xs)))) (Suc (Suc (length xs))),
recf.id (Suc (Suc (Suc (length xs)))) (Suc (length xs))],
Cn (Suc (Suc (Suc (length xs)))) rec_not
[Cn (Suc (Suc (Suc (length xs)))) rf
(get_fstn_args (Suc (Suc (Suc (length xs)))) (length xs) @
[recf.id (Suc (Suc (Suc (length xs)))) (Suc (Suc (length xs)))])]]))
(s @ [WD W) =
Maxr (Aargs. 0 < rec_exec rf args) xs w

(proof)
The correctness of rec_maxr.

lemma Maxr_lemma:
assumes h: primerec rf (Suc (length xs))
shows rec_exec (rec_maxr rf) (xs @ [w])
Maxr (X args. 0 < rec_exec 1f args) xs w
(proof )

5.1.10 The Recursive Function rec_noteq

rec_noteq is the recursive function testing whether its two arguments are not equal.
definition rec_noteq:: recf
where
rec_noteq = Cn (Suc (Suc 0)) rec_not [Cn (Suc (Suc 0))
rec_eq [id (Suc (Suc 0)) (0), id (Suc (Suc 0))
((Suc 0))]]

The correctness of rec_noteq.

lemma noteq_lemma:
/\ x y. rec_exec rec_noteq [x, y] =
(if x # y then 1 else 0)
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(proof)

declare noteq_lemmal|simp)

5.1.11 The Recursive Function rec_quo
quo is the formal specification of division.

fun quo :: nat list = nat
where
quo [x,y] = (let Rr =
(A zs. ((zs ! (Suc 0) x zs ! (Suc (Suc 0))
<zs!0) A zs! Suc 0 # (0::nat)))
in Maxr Rr [x, y] x)

declare quo.simps[simp del]
The following lemmas shows more directly the meaning of guo:

lemma guo_is_div:y >0 = quo [x,y] = xdivy

(proof)

lemma guo_zerolintro|: quo [x, 0] = 0

(proof)

lemma guo_div: quo [x,y| = xdivy

(proof)
rec_quo is the recursive function used to implement quo

definition rec_quo :: recf
where
rec_quo = (let rR = Cn (Suc (Suc (Suc 0))) rec_conj
[Cn (Suc (Suc (Suc 0))) rec_le
[Cn (Suc (Suc (Suc 0))) rec_mult
[id (Suc (Suc (Suc 0))) (Suc 0),
id (Suc (Suc (Suc 0))) ((Suc (Suc 0)))],
id (Suc (Suc (Suc 0))) (0)],
Cn (Suc (Suc (Suc 0))) rec_noteq
lid (Suc (Suc (Suc 0))) (Suc (0)),
Cn (Suc (Suc (Suc 0))) (constn 0)
[id (Suc (Suc (Suc 0))) (0)]]]
in Cn (Suc (Suc 0)) (rec_maxr rR)) [id (Suc (Suc 0))
(0),id (Suc (Suc 0)) (Suc (0)),
id (Suc (Suc 0)) (0)]

lemma primerec_rec_conj_2[intro|: primerec rec_conj (Suc (Suc 0))

(proof)

lemma primerec_rec_noteq_2[intro|: primerec rec_noteq (Suc (Suc 0))
(proof)
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lemma guo_lemmal: rec_exec rec_quo [x, y] = quo [x, Y]

(proof)
The correctness of quo.

lemma guo_lemma?2: rec_exec rec_quo [x, y] = x divy

(proof)

5.1.12 The Recursive Function rec_mod
rec_mod is the recursive function used to implement the reminder function.

definition rec_mod :: recf
where
rec_mod = Cn (Suc (Suc 0)) rec_minus [id (Suc (Suc 0)) (0),
Cn (Suc (Suc 0)) rec_mult [rec_quo, id (Suc (Suc 0))
(uc ()]

The correctness of rec_mod:

lemma mod_lemma: )\ x y. rec_exec rec_mod [x, y] = (x mod y)

(proof)

5.1.13 The Recursive Function rec_embranch
lemmas for embranch function

type-synonym ftype = nat list = nat
type-synonym rtype = nat list = bool

The specifcation of the multi-way branching statement (definition by cases). See
page 74 of Boolos’s book [1].

fun Embranch :: (ftype x rtype) list = nat list = nat
where
Embranch [| xs =0 |
Embranch (gc # ges) xs = (
let (g, ¢) = gcin
if ¢ xs then g xs else Embranch gcs xs)

fun rec_embranch’ :: (recf x recf) list = nat = recf
where
rec_embranch’ [| vl = Cn vl z [id vl (vl — 1)] |
rec_embranch’ ((rg, rc) # rges) vl = Cn vl rec_add
[Cn vl rec_mult [rg, rc], rec_embranch’ rgcs vl

rec_embrach is the recursive function used to implement Embranch.

fun rec_embranch :: (recf * recf) list = recf
where
rec_embranch ((rg, rc) # rges) =
(let vl = arity rg in
rec_embranch’ ((rg, rc) # rgcs) vi)
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declare Embranch.simps[simp del] rec_embranch.simps[simp del]

lemma embranch_all0:
[V j < length res. rec_exec (res ! j) xs = 0,
length rgs = length rcs;
res # [];
list_all (X rf. primerec rf (length xs)) (rgs Q res)] =
rec_exec (rec_embranch (zip rgs rcs)) xs = 0

(proof)

lemma embranch_exec_0: [rec_exec aa xs = 0; zip rgs list # [|;
list_all (X rf. primerec rf (length xs)) ([a, aa] @ rgs Q list)]
= rec_exec (rec_embranch ((a, aa) # zip rgs list)) xs
= rec_exec (rec_embranch (zip rgs list)) xs
(proof)

lemma zip_null_iff: [length xs = k; lengthys = k; zipxsys =[] = xs =[] Ays =]
(proof)

lemma zip_null_gr: [length xs = k; length ys = k; zip xs ys # [|]] = 0 <k
(proof)

lemma Embranch_0:
[length rgs = k; length rcs = k; k > 0;
Y j < k. rec_exec (res ! j) xs = 0] =
Embranch (zip (map rec_exec rgs) (map (Arargs. 0 < rec_exec r args) rcs)) xs = 0

(proof )
The correctness of rec_embranch.

lemma embranch_lemma:

assumes branch_num:

length rgs = n lengthres =nn > 0

and partition:

(Fi<n. (rec_exec (res'xs=1ANNj<nj#i—

rec_exec (rcs ! j) xs = 0)))

and prime_all: list_all (X rf. primerec rf (length xs)) (rgs Q rcs)

shows rec_exec (rec_embranch (zip rgs rcs)) xs =
Embranch (zip (map rec_exec rgs)
(map (X rargs. 0 < rec_exec r args) rcs)) xs

(proof)
5.1.14 The Recursive Function rec_prime

prime n means n is a prime number.

fun Prime :: nat = bool
where
Primex=(1<xANu<x. (Yv<xu*v#x)))
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declare Prime.simps [simp del]

lemma primerec_alll:
primerec (rec_all rt rf) n = primerec rt n

(proof)

lemma primerec_all2: primerec (rec_all rt rf ) n =
primerec rf (Suc n)

(proof)
rec_prime is the recursive function used to implement Prime.

definition rec_prime :: recf
where
rec_prime = Cn (Suc 0) rec_conj

[Cn (Suc 0) rec_less [consmn 1, id (Suc 0) (0)],
rec_all (Cn 1 rec_minus [id 1 0, constn 1])
(rec_all (Cn 2 rec_minus [id 2 0, Cn 2 (constn 1)

[id 2 0]]) (Cn 3 rec_noteq
[Cn 3 rec_mult [id 3 1,id 3 2], id 3 0]))]

declare numeral_2_eq_2[simp del] numeral_3_eq_3[simp del]

lemma exec_tmp:
rec_exec (rec_all (Cn 2 rec_minus [recf.id 2 0, Cn 2 (constn (Suc 0)) [recf .id 2 0]])
(Cn 3 rec_noteq [Cn 3 rec_mult [recf .id 3 (Suc 0), recf.id 3 2], recf.id 3 0])) [x, k] =
((if (Vw<rec_exec (Cn 2 rec_minus [recf.id 2 0, Cn 2 (constn (Suc 0)) [recf.id 2 0]]) ([x, k])-
0 < rec_exec (Cn 3 rec_noteq [Cn 3 rec_mult [recf .id 3 (Suc 0), recf.id 3 2], recf.id 3 0])
([x, k] @ [w])) then 1 else 0))
(proof)

The correctness of Prime.

lemma prime_lemma: rec_exec rec_prime [x] = (if Prime x then 1 else 0)

(proof)

5.1.15 The Recursive Function rec_fac for factorization

definition rec_dummyfac :: recf
where
rec_dummyfac = Pr 1 (constn 1)
(Cn 3 rec_mult [id 32, Cn 3 s [id 3 1]])

The recursive function used to implement factorization.

definition rec_fac :: recf
where
rec_fac = Cn 1 rec_dummyfac [id 1 0, id 1 0]

Formal specification of factorization.

fun fac :: nat = nat (<_!> [100] 99)
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where
fac0=1|
Sfac (Suc x) = (Suc x) * fac x

lemma fac_dummy: rec_exec rec_dummyfac [x, y] =y !
(proof)
The correctness of rec_fac.

lemma fac_lemma: rec_exec rec_fac [x] = x!

(proof)

declare fac.simps|simp del]

5.1.16 The Recursive Function rec_np for finding the next prime
Np x returns the first prime number after x.

fun Np ::nat = nat
where
Np x=Min {y.y < Suc (x!) Ax <y A Prime y}

declare Np.simps[simp del] rec_Minr.simps[simp del]
rec_np is the recursive function used to implement Np.

definition rec_np :: recf
where
rec_np = (let Rr = Cn 2 rec_conj [Cn 2 rec_less [id 2 0, id 2 1],
Cn 2 rec_prime [id 2 1])
in Cn I (rec_Minr Rr) [id 10, Cn 1 s [rec_fac]])

lemma n_le_fact[simp]: n < Suc (n!)

(proof)

lemma divsor_ex:
[— Prime x; x > Suc 0] = (3 u > Suc 0. (3 v > Suc 0. u x v =x))
(proof)

lemma divsor_prime_ex: [ Prime x; x > Suc 0] =
3 p. Prime p A\ p dvd x
(proof)

lemma fact_poslintro]: 0 < n!

(proof)
lemma fac_Suc: Suc n! = (Suc n) = (n!) (proof)

lemma fac_dvd: [0 < gq; g < n] = q dvd n!
(proof)
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lemma fac_dvd2: [Suc 0 < q; g dvd n!; g < n]| = — g dvd Suc (n!)
(proof )

lemma prime_ex: 3 p.n < p A p < Suc (n!) A Prime p
(proof )

lemma Suc_Suc_inductlelim!]: [i < Suc (Suc 0);
primerec (ys | 0) n; primerec (ys | 1) n] = primerec (ys i) n

(proof )
lemma primerec_rec_prime_lI[intro|: primerec rec_prime (Suc 0)
(proof )
The correctness of rec_np.

lemma np_lemma: rec_exec rec_np [x] = Np x
(proof)

5.1.17 The Recursive Function rec_power
rec_power is the recursive function used to implement power function.

definition rec_power :: recf
where
rec_power = Pr 1 (constn 1) (Cn 3 rec_mult [id 3 0, id 3 2])

The correctness of rec_power.

lemma power_lemma: rec_exec rec_power [x, y| = x\y

(proof)

5.1.18 The Recursive Function rec_pi
Pi k returns the k-th prime number.

fun Pi :: nat = nat
where
PiO=2|
Pi (Suc x) = Np (Pi x)

definition rec_dummy_pi :: recf
where
rec_dummy_pi = Pr 1 (constn 2) (Cn 3 rec_np [id 3 2])

rec_pi is the recursive function used to implement Pi.

definition rec_pi :: recf
where
rec_pi = Cn I rec_dummy_pi [id 1 0, id 1 0]

lemma pi_dummy_lemma: rec_exec rec_dummy_pi [x, y] = Piy

(proof)

The correctness of rec_pi.
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lemma pi_lemma: rec_exec rec_pi [x] = Pi x

(proof)

5.1.19 The Recursive Function rec_lo

fun [oR :: nat list = bool
where
loR [x, y, u] = (x mod (y*u) = 0)

declare [oR.simps|simp del]

Lo specifies the lo function given on page 79 of Boolos’s book [1]. It is one of the
two notions of integeral logarithmetic operation on that page. The other is Ig.

fun lo :: nat = nat = nat
where
loxy =(ifx>1ANy>1N{u loR[x,y,ul} # {} then Max {u. loR |x, y, u]}
else 0)

declare lo.simps|[simp del)

lemma primerec_sigmalintro!]:
[n > Suc 0; primerec rf n] =
primerec (rec_sigma rf) n

(proof)

lemma primerec_rec_maxrlintro\]: [primerec rf n; n > 0] = primerec (rec_maxr rf) n

(proof)

lemma Suc_Suc_Suc_induct|elim!]:
[i < Suc (Suc (Suc (0::nat))); primerec (ys ! 0) n;
primerec (ys ! 1) n;
primerec (ys | 2) n] = primerec (ys ! i) n

(proof)

lemma primerec_2[intro):
primerec rec_quo (Suc (Suc 0)) primerec rec_mod (Suc (Suc 0))
primerec rec_power (Suc (Suc 0))

(proof)
rec_lo is the recursive function used to implement Lo.

definition rec_lo :: recf
where
rec_lo = (let rR = Cn 3 rec_eq [Cn 3 rec_mod [id 3 0,
Cn 3 rec_power [id 3 1, id 3 2]],
Cn 3 (constn 0) [id 3 1] in
letrb= Cn 2 (rec_maxr rR) [id 2 0,id 2 1,id 2 0] in
let rcond = Cn 2 rec_conj [Cn 2 rec_less [Cn 2 (constn 1)
[id20),id2 0],
Cn 2 rec_less [Cn 2 (consin 1)
[id2 0], id 2 1]] in
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let rcond2 = Cn 2 rec_minus
[Cn 2 (constn 1) [id 2 0], rcond]
in Cn 2 rec_add [Cn 2 rec_mult [rb, rcond),
Cn 2 rec_mult [Cn 2 (constn 0) [id 2 0], rcond2]])

lemma rec_lo_Maxr_lor:
[Suc 0 < x; Suc 0 < y] =
rec_exec rec_lo [x, y] = Maxr loR [x, y] x
(proof)

lemma x_less_exp: [y > Suc 0] = x < y™x
(proof)

lemma uplimit_IloR:
assumes Suc 0 < x Suc 0 < y loR [x, y, xd]
shows xa < x

(proof)

lemma [oR_set_strengthen[simp): [xa < x; loR [x, y, xa]; Suc 0 < x; Suc 0 < y] =
{u. loR [x, y,u]} = {ya. ya < x AN loR [x, y, ya]}
(proof)

lemma Maxr_lo: [Suc 0 < x; Suc 0 < y] =
Maxr loR [x,y] x=1loxy

(proof)

lemma lo_lemma': [Suc 0 < x; Suc 0 < y] =
rec_exec rec_lo [x,y] =loxy

(proof)

lemma lo_lemma’”

(proof)

[— Suc 0 < x] = rec_exec rec_lo [x,y] =loxy

lemma lo_lemma'"": [= Suc 0 < y] = rec_exec rec_lo [x,y] =loxy

(proof )
The correctness of rec_lo:

lemma lo_lemma: rec_exec rec_lo [x,y| =loxy

(proof)

5.1.20 The Recursive Function rec_lg

fun IgR :: nat list = bool
where
IgR [x, y, u] = (y*u < x)

lg specifies the Ig function given on page 79 of Boolos’s book [1]. It is one of the
two notions of integral logarithmetic operation on that page. The other is lo.

fun Ig :: nat = nat = nat
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where
lgxy=(ifx>1Ny>1AN{ulgRx,y, ul} #{} then
Max {u. IgR [x,y, u]}
else 0)

declare Ig.simps[simp del] IgR.simps[simp del]
rec_lg is the recursive function used to implement /g.

definition rec_lg :: recf
where
rec_lg = (let rec_IgR = Cn 3 rec_le
[Cn 3 rec_power [id 3 1,id 3 2], id 3 0] in
let conR1 = Cn 2 rec_conj [Cn 2 rec_less
[Cn 2 (consm 1) [id 2 0], id 2 0],
Cn 2 rec_less [Cn 2 (consin 1)
[id 2 0], id 2 1)] in
let conR2 = Cn 2 rec_not [conRI] in
Cn 2 rec_add [Cn 2 rec_mult
[conR1, Cn 2 (rec_maxr rec_IgR)
[id20,id2 1,id 2 0]],
Cn 2 rec_mult [conR2, Cn 2 (constn 0)
id 2 0]J)

lemma [g_maxr: [Suc 0 < x; Suc 0 < y] =
rec_exec rec_lg [x, y] = Maxr IgR [x, y] x

(proof)

lemma IgR_ok: [Suc 0 < y; IgR [x, y, xa]] = xa < x
(proof)

lemma IgR_set_strengthen[simp): [Suc 0 < x; Suc 0 < y; IgR |x, y, xa]| =
{u. IgR [x, y, u]} = {ya.ya <x NIgR [x,y, ya]}
(proof)

lemma maxr_Ig: [Suc 0 < x; Suc 0 < y] = MaxrIgR [x,y] x=Igxy
(proof)

lemma lg_lemma': [Suc 0 < x; Suc 0 < y] = rec_exec rec_lg [x,y] =Igxy

(proof)

lemma Ig_lemma'":

(proof)

= Suc 0 < x = rec_exec rec_lg [x,y] =Igxy

lemma Ig_lemma''": = Suc 0 < 'y = rec_exec rec_Ig [x,y] = lgxy

(proof )
The correctness of rec_Ig.

lemma Ig_lemma: rec_exec rec_lg [x,y] =Igxy

(proof)

236



5.1.21 The Recursive Function rec_entry

Entry sr i returns the i-th entry of a list of natural numbers encoded by number sr using
Godel’s coding. This function is called ent on page 80 of Boolos’s book [1].

fun Entry :: nat = nat = nat
where
Entry sri=lo sr (Pi (Suci))

rec_entry is the recursive function used to implement Entry.

definition rec_entry:: recf
where
rec_entry = Cn 2 rec_lo [id 2 0, Cn 2 rec_pi [Cn 2 s [id 2 1]]]

declare Pi.simps[simp del]
The correctness of rec_entry.

lemma entry_lemma: rec_exec rec_entry [str, i] = Entry str i

(proof)

5.2 Main components of rec_F

Using the auxiliary functions obtained in last section, we are going to construct the
function F, which is an interpreter for Turing Machines.

fun listsum?2 :: nat list = nat = nat
where
listsum2 xs 0 = 0
| listsum2 xs (Suc n) = listsum2 xsn + xs ! n

fun rec_listsum?2 :: nat = nat = recf
where
rec_listsum2 vl 0 = Cn vl z [id vl 0]
| rec_listsum2 vl (Suc n) = Cn vl rec_add [rec_listsum2 vi n, id vl n]

declare listsum2.simps|simp del] rec_listsum2.simps|[simp del]

lemma listsum2_lemma: [length xs = vl; n < vl =
rec_exec (rec_listsum2 vl n) xs = listsum2 xs n

(proof)

5.2.1 The Recursive Function rec_strt

fun strt’ :: nat list = nat = nat
where
strt’' xs 0 =0
| strt’ xs (Suc n) = (let dbound = listsum2 xs n + n in
strt’ xs n + (2Mxs ! n + dbound) — 2°dbound))

fun rec_strt' :: nat = nat = recf
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where
rec_strt’ vl 0 = Cn vl z [id vl 0]
| rec_strt' vl (Suc n) = (let rec_dbound =
Cn vl rec_add [rec_listsum2 vl n, Cn vl (constn n) [id vl 0]]
in Cn vl rec_add [rec_slrl' vl n, Cn vl rec_minus
[Cn vl rec_power [Cn vl (constn 2) [id vl 0], Cn vl rec_add
lid vl (n), rec_dbound|),
Cn vl rec_power [Cn vl (constn 2) [id vl 0], rec_dbound]]])

declare strt'.simps|[simp del| rec_strt’.simps[simp del]

lemma strt’_lemma: [length xs = vi; n < vl =
rec_exec (rec_strt' vln) xs = strt’ xs n

(proof)

strt corresponds to the szrt function on page 90 of B book, but this definition gen-
eralises the original one to deal with multiple input arguments.

fun strt :: nat list = nat
where
strt xs = (let ys = map Suc xs in
strt" ys (length ys))

fun rec_map :: recf = nat = recf list
where
rec_map rf vl = map (X i. Cn vl rf [id vl i]) [0..<V]

rec_strt is the recursive function used to implement strt.

fun rec_strt :: nat = recf
where
rec_strt vl = Cn vl (rec_strt' vl vl) (rec_map s vi)

lemma map_s_lemma: length xs = vl —=>
map ((Aa. rec_exec a xs) o (Ai. Cn vl s [recf.id vl i]))
[0..<v]
= map Suc xs

(proof)
The correctness of rec_strt.

lemma strt_lemma: length xs = vl —>
rec_exec (rec_strt vl) xs = strt xs

(proof)
5.2.2 The Recursive Function rec_scan

The scan function on page 90 of B book.

fun scan :: nat = nat
where
scan r = r mod 2
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rec_scan is the implemention of scan.

definition rec_scan :: recf
where rec_scan = Cn 1 rec_mod [id 1 0, constn 2|

The correctness of scan.

lemma scan_lemma: rec_exec rec_scan [r] = r mod 2

(proof)

5.2.3 The Recursive Function rec_newleft

fun newleft0 :: nat list = nat
where
newleftO [p, r] = p

definition rec_newleft0 :: recf
where
rec_newleft0 = id 2 0

fun newrgt0 :: nat list = nat
where
newrgtO [p, r| = r — scan r

definition rec_newrgt0 :: recf
where
rec_newrgtO = Cn 2 rec_minus [id 2 1, Cn 2 rec_scan [id 2 1]]

fun newleftl :: nat list = nat
where

newleftl [p, r] = p

definition rec_newleftl :: recf
where
rec_newleft] =id 2 0

fun newrgtl :: nat list = nat
where
newrgtl [p,r] =r+ 1 — scanr

definition rec_newrgtl :: recf
where
rec_newrgtl =
Cn 2 rec_minus [Cn 2 rec_add [id 2 1, Cn 2 (constn 1) [id 2 0]],
Cn 2 rec_scan [id 2 1]

fun newleft2 :: nat list = nat

where
newleft2 [p, r] = p div 2
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definition rec_newleft2 :: recf
where
rec_newleft2 = Cn 2 rec_quo [id 2 0, Cn 2 (constn 2) [id 2 0]]

fun newrgt2 :: nat list = nat
where
newrgt2 [p, r] =2 x r + p mod 2

definition rec_newrgt2 :: recf
where
rec_newrgt2 =
Cn 2 rec_add [Cn 2 rec_mult [Cn 2 (constn 2) [id 2 0], id 2 1],
Cn 2 rec_mod [id 2 0, Cn 2 (constn 2) [id 2 0]]]

fun newleft3 :: nat list = nat
where
newleft3 [p, r] =2 % p + r mod 2

definition rec_newleft3 :: recf
where
rec_newleft3 =
Cn 2 rec_add [Cn 2 rec_mult [Cn 2 (consin 2) [id 2 0], id 2 0],
Cn 2 rec_mod [id 2 1, Cn 2 (constn 2) [id 2 0]]]

fun newrgt3 :: nat list = nat
where
newrgt3 [p, r] = rdiv2

definition rec_newrgt3 :: recf
where
rec_newrgt3 = Cn 2 rec_quo [id 2 1, Cn 2 (constn 2) [id 2 0]

The new_left function on page 91 of B book.

fun newleft :: nat = nat = nat = nat
where
newleft pra = (ifa =0V a = I then newleft0 [p, r]
else if a = 2 then newlefi2 [p, r|
else if a = 3 then newleft3 [p, r|
else p)

rec_newleft is the recursive function used to implement newleft.

definition rec_newleft :: recf
where
rec_newleft =
(let g0 =
Cn 3 rec_newlefiO [id 3 0, id 3 1] in
let g1 = Cn 3 rec_newleft2 [id 3 0, id 3 1] in
let g2 = Cn 3 rec_newleft3 [id 3 0, id 3 1] in
letg3=id30in
let rO = Cn 3 rec_disj
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[Cn 3 rec_eq |id 3 2, Cn 3 (constn 0) [id 3 0]],

Cn 3 rec_eqlid32,Cn 3 (consm 1) [id 3 0]]] in
letrl = Cn 3 rec_eq [id 3 2, Cn 3 (constn 2) [id 3 0]] in
let r2=Cn 3 rec_eq [id 3 2, Cn 3 (constn 3) [id 3 0]] in
let r3 = Cn 3 rec_less [Cn 3 (constn 3) [id 3 0], id 3 2] in
let gs = [g0, g1, g2, g3] in
letrs =[r0,rl, r2, r3] in
rec_embranch (zip gs rs))

declare newleft.simps[simp del]

lemma Suc_Suc_Suc_Suc_induct:
[i < Suc (Suc (Suc (Suc 0)));i=0= Pi;
i=1=—Pi;i=2— Pi
i=3=Pi|=Pi

(proof)

declare quo_lemma2[simp] mod_lemmal[simp]
The correctness of rec_newleft.

lemma newleft_lemma:
rec_exec rec_newleft [p, r, a| = newleft p r a

(proof)

5.2.4 The Recursive Function rec_newrght
The newrght function is one similar to newleft, but used to compute the right number.

fun newrght :: nat = nat = nat = nat
where
newrght p ra = (if a = 0 then newrgt0 [p, ]
else if a = 1 then newrgtl [p, r]
else if a = 2 then newrgt2 [p, r]
else if a = 3 then newrgt3 [p, r]
elser)

rec_newrght is the recursive function used to implement newrgth.

definition rec_newrght :: recf

where

rec_newrght =
(let 0 = Cn 3 rec_newrgt0 [id 3 0, id 3 1] in
let g1 = Cn 3 rec_newrgtl [id 3 0,id 3 1] in
let g2 = Cn 3 rec_newrgt2 [id 3 0, id 3 1] in
let g3 = Cn 3 rec_newrgt3 [id 3 0, id 3 1] in
letg4d=1id3 1in

let rO = Cn 3 rec_eq [id 3 2, Cn 3 (constn 0) [id 3 0]] in
letrl = Cn 3 rec_eq[id 32, Cn 3 (constn 1) [id 3 0]] in
letr2=Cn3rec_eq[id 3 2,Cn 3 (consm 2) [id 3 0]] in
let r3=Cn 3 rec_eq[id 32, Cn 3 (constn 3) [id 3 0]] in

241



let r4 = Cn 3 rec_less [Cn 3 (constn 3) [id 3 0], id 3 2] in
let gs = [g0, g1, g2, g3, g4] in
letrs=[r0,rl, 12,13, r4] in
rec_embranch (zip gs rs))
declare newrght.simps|simp del)

lemma Suc_5_induct:
[i < Suc (Suc (Suc (Suc (Suc 0))));i=0= P 0,
i=l=>Pl;i=2=P2i=3=P3i=4=P4] = Pi

(proof)

lemma primerec_rec_scan_1 [intro}: primerec rec_scan (Suc 0)

(proof )
The correctness of rec_newrght.

lemma newrght_lemma: rec_exec rec_newrght [p, r, al = newrghtp ra

(proof)

declare Entry.simps[simp del]

5.2.5 The Recursive Function rec_actn

The actn function given on page 92 of B book, which is used to fetch Turing Machine
instructions. In actn m g r, m is the Godel coding of a Turing Machine, ¢ is the current
state of Turing Machine, r is the right number of Turing Machine tape.

fun actn :: nat = nat = nat = nat
where
actnm qr = (if g # 0 then Entrym (4x(q — 1) + 2 x scan r)
else 4)

rec_actn is the recursive function used to implement actn

definition rec_actn :: recf
where
rec_actn =
Cn 3 rec_add [Cn 3 rec_mult
[Cn 3 rec_entry [id 3 0, Cn 3 rec_add [Cn 3 rec_mult
[Cn 3 (constn 4) [id 3 0],
Cn 3 rec_minus [id 3 1, Cn 3 (constn 1) [id 3 0]]],
Cn 3 rec_mult [Cn 3 (constn 2) [id 3 0],
Cn 3 rec_scan [id 3 2]]]],
Cn 3 rec_noteq [id 3 1, Cn 3 (constn 0) [id 3 0]]],
Cn 3 rec_mult [Cn 3 (consm 4) [id 3 0],
Cn3rec_eqlid 3 1,Cn 3 (constn 0) [id 3 0]]]]

The correctness of actn.

lemma actn_lemma: rec_exec rec_actn [m, q, r] = actnmqr

(proof)
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5.2.6 The Recursive Function rec_newstat

fun newstar :: nat = nat = nat = nat
where
newstat m q r = (if ¢ # 0 then Entry m (4x(q — 1) + 2xscanr + 1)
else 0)

definition rec_newstat :: recf
where

rec_newstat = Cn 3 rec_add

[Cn 3 rec_mult [Cn 3 rec_entry [id 3 0,
Cn 3 rec_add [Cn 3 rec_mult [Cn 3 (constn 4) [id 3 0],
Cn 3 rec_minus [id 3 1, Cn 3 (consm 1) [id 3 0]]],
Cn 3 rec_add [Cn 3 rec_mult [Cn 3 (constn 2) [id 3 0],
Cn 3 rec_scan [id 3 2]], Cn 3 (constn 1) [id 3 0]]]],
Cn 3 rec_noteq [id 3 1, Cn 3 (constn 0) [id 3 0]]],
Cn 3 rec_mult [Cn 3 (constn 0) [id 3 0],
Cn 3 rec_eq lid 3 1, Cn 3 (constn 0) [id 3 0]]]]

lemma newstat_lemma: rec_exec rec_newstat [m, g, r| = newstat m q r

(proof)

declare newstat.simps[simp del] actn.simps[simp del]

5.2.7 The Recursive Function rec_trpl
code the configuration

fun trpl :: nat = nat = nat = nat
where
trplp g r = (Pi 0)"p x (Pi 1)"q * (Pi 2)"r

definition rec_trpl :: recf
where
rec_trpl = Cn 3 rec_mult [Cn 3 rec_mult

[Cn 3 rec_power [Cn 3 (constn (Pi 0)) [id 3 0], id 3 0],
Cn 3 rec_power [Cn 3 (constn (Pi 1)) [id 3 0], id 3 1]],
Cn 3 rec_power [Cn 3 (constn (Pi 2)) [id 3 0], id 3 2]]

declare 1rpl.simps[simp del]

lemma rpl_lemma: rec_exec rec_trpl [p, g, r] = trplp q r

(proof)

5.2.8 The Recursive Functions rec_left, rec_right, rec_stat, rec_inpt
left, stat, rght: decode func

fun left :: nat = nat
where
left c = lo ¢ (Pi 0)

fun stat :: nat = nat
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where
statc =loc (Pi 1)

fun rght :: nat = nat
where
rght ¢ =lo ¢ (Pi2)

fun inpt :: nat = nat list = nat
where
inpt m xs = trpl 0 1 (strt xs)

fun newconf :: nat = nat = nat
where
newconf m ¢ = trpl (newleft (left ¢) (rght c)
(actn m (stat ¢) (rght ¢)))
(newstat m (stat c) (rght c))
(newrght (left ¢) (rght c)
(actn m (stat ¢) (rght ¢)))

declare left.simps|simp del] stat.simps|simp del] rght.simps[simp del]
inpt.simps|[simp del] newconf .simps[simp del]

definition rec_left :: recf
where
rec_left = Cn 1 rec_lo [id 1 0, constn (Pi 0)]

definition rec_right :: recf
where
rec_right = Cn I rec_lo [id 1 0, constn (Pi 2)]

definition rec_stat :: recf
where
rec_stat = Cn I rec_lo [id 1 0, constn (Pi I)]

definition rec_inpt :: nat = recf
where
rec_inpt vl = Cn vl rec_trpl
[Cn vl (constn 0) [id vl 0],
Cn vl (constn 1) [id vi 0],
Cn vl (rec_strt (vl — 1))
(map (N i.id vl (i) [1..<vD))]

lemma left_lemma: rec_exec rec_left [c] = left ¢

(proof)

lemma right_lemma: rec_exec rec_right [c] = rght ¢

(proof)

lemma stat_lemma: rec_exec rec_stat [c] = stat ¢

(proof)
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declare rec_strt.simps[simp del] strt.simps[simp del]

lemma map_cons_eq:
(map ((Aa. rec_exec a (m # xs)) o
(Ai. recf .id (Suc (length xs)) (i)
[Suc 0..<Suc (length xs)])
=map (Ni.xs! (i — 1)) [Suc 0..<Suc (length xs)]
(proof)

lemma list_map_eq:
vl = length (xs::nat list) => map (M i.xs ! (i — 1))
[Suc 0..<Suc vl] = xs
(proof)

lemma nonempty_listE:
Suc 0 < length xs —>
(map ((Aa. rec_exec a (m # xs)) o
(Mi. recf .id (Suc (length xs)) (i)))
[Suc 0..<length xs) @ [(m # xs) ! length xs]) = xs
(proof)

lemma inpt_lemma:
[Suc (length xs) = vl] =
rec_exec (rec_inpt vl) (m # xs) = inpt m xs

(proof)

5.2.9 The Recursive Function rec_newconf

definition rec_newconf:: recf
where
rec_newconf =
Cn 2 rec_trpl
[Cn 2 rec_newleft [Cn 2 rec_left [id 2 1],
Cn 2 rec_right [id 2 1],
Cn 2 rec_actn [id 2 0,
Cn 2 rec_stat [id 2 1],
Cn 2 rec_right [id 2 1],
Cn 2 rec_newstat [id 2 0,
Cn 2 rec_stat [id 2 1],
Cn 2 rec_right [id 2 1]],
Cn 2 rec_newrght [Cn 2 rec_left [id 2 1],
Cn 2 rec_right [id 2 1],
Cn 2 rec_actn [id 2 0,
Cn 2 rec_stat [id 2 1],
Cn 2 rec_right [id 2 1]]]]

lemma newconf _lemma: rec_exec rec_newconf [m ,c] = newconfm c

(proof)
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declare newconf_lemmal[simp]

5.2.10 The Recursive Function rec_conf

conf m r k computes the TM configuration after k steps of execution of TM coded as
m starting from the initial configuration where the left number equals 0, right number
equals r.

fun conf :: nat = nat = nat = nat
where
confmrO=trpl 0 (Suc 0) r
| confm r (Suc t) = newconf m (confm rt)

declare conf .simps[simp del
conf is implemented by the following recursive function rec_conf.

definition rec_conf :: recf
where
rec_conf = Pr2 (Cn 2 rec_trpl [Cn 2 (constn 0) [id 2 0], Cn 2 (constn (Suc 0)) [id 2 0], id 2

1)
(Cn 4 rec_newconf [id 4 0, id 4 3])

lemma conf_step:
rec_exec rec_conf [m, r, Suc t] =
rec_exec rec_newconf [m, rec_exec rec_conf [m, r, 1]

(proof)
The correctness of rec_conf.

lemma conf_lemma:
rec_exec rec_conf [m, r,t] = confmrt

(proof)

5.2.11 The Recursive Function rec. NSTD

NSTD c returns true if the configuration coded by c is no a stardard final configuration.

fun NSTD :: nat = bool
where
NSTD ¢ = (statc A0V leftc 20V
rght ¢ # 2M\(lg (rghtc + 1) 2) — 1 V rght ¢ = 0)

rec_NSTD is the recursive function implementing NSTD.

definition rec_NSTD :: recf
where
rec_NSTD =
Cn 1 rec_disj |
Cn 1 rec_disj |
Cn 1 rec_disj
[Cn I rec_noteq [rec_stat, constn 0],
Cn 1 rec_noteq [rec_left, constn 0]] ,
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Cn 1 rec_noteq [rec_right,
Cn 1 rec_minus [Cn 1 rec_power
[constn 2, Cn I rec_lg
[Cn 1 rec_add
[rec_right, constn 1],
constn 2]], constn 1]]],
Cn I rec_eq [rec_right, constn 0]

lemma NSTD_lemmal: rec_exec rec_NSTD [c] = Suc 0 V
rec_exec rec_NSTD [c] = 0

(proof)

declare NSTD.simps|simp del]
lemma NSTD_lemma2’: (rec_exec rec_NSTD [c] = Suc 0) = NSTD ¢

(proof)

lemma NSTD_lemma?2’”
NSTD ¢ = (rec_exec rec_NSTD [c] = Suc 0)
(proof)

The correctness of NSTD.
lemma NSTD_lemma?2: (rec_exec rec_NSTD |[c] = Suc 0) = NSTD ¢
(proof)

fun nstd :: nat = nat
where
nstd ¢ = (if NSTD c then 1 else 0)

lemma nstd_lemma: rec_exec rec_NSTD [c] = nstd ¢

(proof)

5.2.12 The Recursive Function rec_nonstop

nonstop m r t means afer ¢ steps of execution, the TM coded by m is not at a stardard
final configuration.

fun nonstop :: nat = nat = nat = nat
where
nonstop m rt = nstd (confm rt)

rec_nonstop is the recursive function implementing nonstop.

definition rec_nonstop :: recf
where
rec_nonstop = Cn 3 rec_NSTD [rec_conf]

The correctness of rec_nonstop.

lemma nonstop_lemma:
rec_exec rec_nonstop [m, r, 1] = nonstop mrt

(proof)
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5.2.13 The Recursive Function rec_halt

rec_halt is the recursive function calculating the steps a TM needs to execute before to
reach a standard final configuration. This recursive function is the only one using the
Mn combinator. So it is the only non-primitive recursive function that needs to be used
in the construction of the universal function F.

definition rec_halt :: recf
where
rec_halt = Mn (Suc (Suc 0)) (rec_nonstop)

declare nonstop.simps(simp del]

The lemma relates the interpreter of primitive functions with the calculation relation
of general recursive functions.

5.2.14 Execution of Primitive Recursive Functions always termi-
nates

declare numeral_2_eq_2[simp) numeral_3_eq_3[simp]

lemma primerec_rec_right_I[introl: primerec rec_right (Suc 0)

(proof)

lemma primerec_rec_pi_helper:
V i<Suc (Suc 0). primerec ([recf.id (Suc 0) 0, recf.id (Suc 0) 0] ! i) (Suc 0)
(proof)

lemmas primerec_rec_pi_helpers =
primerec_rec_pi_helper primerec_constn_I primerec_rec_sg_1 primerec_rec_not_I primerec_rec_conj_2

lemma primrec_dummyfac:
V i<Suc (Suc 0).
primerec
([recf .id (Suc 0) 0,
Cn (Suc 0) s
[Cn (Suc 0) rec_dummyfac
[recf .id (Suc 0) 0, recf .id (Suc 0) 0]]] !
i
)
(Suc 0)
(proof)

lemma primerec_rec_pi_lI[intro|: primerec rec_pi (Suc 0)

(proof)

lemma primerec_recs|introl:
primerec rec_trpl (Suc (Suc (Suc 0)))
primerec rec_newleft0 (Suc (Suc 0))
primerec rec_newleft] (Suc (Suc 0))
primerec rec_newleft2 (Suc (Suc 0))
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primerec rec_newleft3 (Suc (Suc 0))
primerec rec_newleft (Suc (Suc (Suc 0)))
primerec rec_left (Suc 0)

primerec rec_actn (Suc (Suc (Suc 0)))
primerec rec_stat (Suc 0)

primerec rec_newstat (Suc (Suc (Suc 0)))

(proof)

lemma primerec_rec_newrght[intro|: primerec rec_newrght (Suc (Suc (Suc 0)))

(proof)

lemma primerec_rec_newconf [intro]: primerec rec_newconf (Suc (Suc 0))

(proof)

lemma primerec_rec_conf [intro): primerec rec_conf (Suc (Suc (Suc 0)))

(proof)

lemma primerec_recs2|intro]:
primerec rec_lg (Suc (Suc 0))
primerec rec_nonstop (Suc (Suc (Suc 0)))
(proof)

lemma primerec_terminate:
[primerec f x; length xs = x] = terminate f xs

(proof)

5.2.15 The Recursive Function rec_valu
valu r extracts computing result out of the right number r.

fun valu :: nat = nat
where
valur=(lg(r+1)2) — 1

rec_valu is the recursive function implementing valu.

definition rec_valu :: recf
where
rec_valu = Cn 1 rec_minus [Cn I rec_lg [s, constn 2], constn 1|

The correctness of rec_valu.

lemma value_lemma: rec_exec rec_valu [r] =valur

(proof)

lemma primerec_rec_valu_l[intro]: primerec rec_valu (Suc 0)

(proof)

declare valu.simps[simp del)
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5.3 Definition of the Universal Function rec_F

definition rec_F :: recf
where
rec_F = Cn (Suc (Suc 0)) rec_valu [Cn (Suc (Suc 0)) rec_right [Cn (Suc (Suc 0))
rec_conf ([id (Suc (Suc 0)) 0, id (Suc (Suc 0)) (Suc 0), rec_halt))]]

lemma terminate_halt _lemma:
[rec_exec rec_nonstop ([m, r] Q [t]) = 0;
Vi<t. 0 < rec_exec rec_nonstop ([m, r] Q [i])] = terminate rec_halt [m, r]

(proof)

5.4 Correctness of rec_F with respect to rec_halt

The following lemma gives the correctness of rec_halt. It says: if rec_halt calculates
that the TM coded by m will reach a standard final configuration after ¢ steps of execu-
tion, then it is indeed so.

lemma F_lemma: rec_exec rec_halt [m, r] = t = rec_exec rec_F [m, r] = (valu (rght (conf m

r1)))
(proof)

lemma rerminate_F_lemma: terminate rec_halt [m, r] = terminate rec_F [m, r]

(proof)

5.5 A Godel-Encoding for TMs: the function code

The purpose of this section is to get the coding function of Turing Machine, which is
going to be named code.

fun bi2nat :: cell list = nat = nat
where
bl2nat [|n=20
| bi2nat (Bk#tbl) n = bl2nat bl (Suc n)
| bi2nat (Oc#tbl) n = 2"n + bi2nat bl (Suc n)

fun b2wc :: cell list = nat
where
bl2wc xs = bl2nat xs 0

fun trpl_code :: config = nat
where

trpl_code (st, I, r) = trpl (bI2wc 1) st (bI2wc r)

declare bi2nat.simps[simp del] bl2wc.simps[simp del]
trpl_code.simps[simp del]

fun action_map :: action = nat
where
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action_map WB = 0
| action_map WO = 1
| action_map L =2
| action_map R =3
| action_map Nop = 4

fun action_map_iff :: nat = action
where
action_map_iff (0::nat) = WB
| action_map_iff (Suc 0) = WO
| action_map_iff (Suc (Suc 0)) =L
| action_map_iff (Suc (Suc (Suc 0))) =R
| action_map_iff n = Nop

fun block_map :: cell = nat
where
block_map Bk = 0
| block_map Oc = 1

fun godel_code/ :: nat list = nat = nat
where
godel_code' [|n=1
| godel_code’ (x#xs) n = (Pin)"x x godel_code’ xs (Suc n)

fun godel_code :: nat list = nat
where
godel_code xs = (let lh = length xs in
21h « (godel_code’ xs (Suc 0)))

fun modify_tprog :: instr list = nat list
where

modify_tprog [| = ||
| modify_tprog ((ac, ns)#nl) = action_map ac # ns # modify_tprog nl

code tp gives the Godel coding of TM program #p.

fun code :: instr list = nat
where
code tp = (let nl = modify_tprog tp in
godel_code nl)

5.6 Relating interpreter functions to the execution of
TMs

lemma b2wce_0[simp]: bl2wc [| = 0 (proof)

lemma fetch_action_map_4[simp): [fetch tp 0 b = (nact, ns)]| = action_map nact = 4
(proof)
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lemma Pi_gr_I[simp]: Pin > Suc 0
(proof)

lemma Pi_not_O[simp]: Pin > 0

(proof)
declare godel_code.simps[simp del]

lemma godel_code’_nonzero[simp): 0 < godel_code’ nl n

(proof)

lemma godel_code_great: godel_code nl > 0

(proof)

lemma godel_code_eq_1I: (godel_code nl = 1) = (nl =])
(proof)

lemma godel_code_I_iff [elim]:
[i < length nl; = Suc 0 < godel_code nl] = nl!i=0
(proof)

lemma prime_coprime: [Prime x; Prime y; x#y]| = coprime x y

(proof)

lemma Pi_inc: Pi (Suc i) > Pii

(proof)

lemma Pi_inc_gr:i <j=— Pii < Pij

(proof)

lemma Pi_notEq: i # j = Pii # Pij
(proof)

lemma prime_2[intro]: Prime (Suc (Suc 0))

(proof)

lemma Prime_Pi[intro]: Prime (Pi n)

(proof)

lemma Pi_coprime: i # j => coprime (Pi i) (Pij)

(proof)

lemma Pi_power_coprime: i # j => coprime ((Pi i)"m) ((Pi j)"n)

(proof)

lemma coprime_dvd_mult_nat2: [coprime (k::nat) n; k dvd n * m] = k dvd m

(proof)

declare godel_code’.simps|[simp del]
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lemma godel_code’_butlast_last_id’ :
godel_code’ (ys @ [y]) (Suc j) = godel_code’ys (Suc j) *
Pi (Suc (lengthys +j)) "y
(proof)

lemma godel_code’_butlast_last_id:
xs # [| = godel_code' xs (Suc j) =
godel_code’ (butlast xs) (Suc j) * Pi (length xs + j)"(last xs)
(proof)

lemma godel_code " not0: godel_code'xs n+#0

(proof)

lemma godel_code_append_cons:
length xs = i = godel_code’ (xsQyys) (Suc 0)
= godel_code' xs (Suc 0) * Pi (Suc i)y * godel_code’ ys (i + 2)
(proof)

lemma Pi_coprime_pre:
length ps < i = coprime (Pi (Suc i)) (godel_code’ ps (Suc 0))
(proof)

lemma Pi_coprime_suf: i < j = coprime (Pi i) (godel_code’ ps j)
(proof)

lemma godel_finite:
finite {u. Pi (Suc i) » u dvd godel_code’ nl (Suc 0)}
(proof)

lemma godel_code_in:
i <lengthnl = nl!i € {u. Pi (Suci)udvd
godel_code’ nl (Suc 0)}
(proof)

lemma godel_code’_get_nth:
i < length nl => Max {u. Pi (Suc i) * u dvd
godel_code’ nl (Suc 0)} =nl i
(proof)

lemma godel_code’_set|simp):
{u. Pi (Suc i) » u dvd (Suc (Suc 0)) " length nl *
godel_code’ nl (Suc 0)} =
{u. Pi (Suc i) " u dvd godel_code’ nl (Suc 0)}

(proof)

lemma godel_code_get_nth:
i <length nl =
Max {u. Pi (Suc i) N u dvd godel_code nl} = nl i
(proof)
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lemma mod_dvd_simp: (x mod y = (0::nat)) = (y dvd x)
(proof)

lemma dvd_power_le: [a > Suc O;a”ydvd a™l] = y <1
(proof)

lemma Pi_nonzeroE[elim]: Pin = 0 =—> RR

(proof)

lemma Pi_not_oneE|elim]: Pi n = Suc 0 = RR

(proof)

lemma finite_power_dvd:
[(a::nat) > Suc 0; y # 0] = finite {u. a™u dvd y}
(proof)

lemma conf _decodel: [m # n; m # k; k # n] =
Max {u. Pim" udvd Pim”™l % Pin™stx Pik"r} =1
(proof )

lemma left_trpl_fst[simp]: left (trpl [ str) =1
(proof)

lemma stat_trpl_snd[simp): stat (trpl [ st r) = st

(proof)

lemma rght_trpl_trd[simp): rght (trpl I str) =r
(proof)

lemma max_lor:
i < length nl => Max {u. loR [godel_code nl, Pi (Suc i), u] }
=nlli

(proof)

lemma godel_decode:
i < length nl => Entry (godel_code nl) i =nl!i
(proof)

lemma Four_Suc: 4 = Suc (Suc (Suc (Suc 0)))
(proof)

declare numeral_2_eq_2[simp del)

lemma modify_tprog_fetch_even:
[st < length tp div 2; st > 0] =
modify_tprog ip ! (4 x (st — Suc 0) ) =
action_map (fst (tp ! (2 x (st — Suc 0))))
(proof)
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lemma modify_tprog_fetch_odd.:
[st < length tp div 2; st > 0] =
modify_tprog tp ! (Suc (Suc (4 % (st — Suc 0)))) =
action_map (fst (tp ! (Suc (2 * (st — Suc 0)))))
(proof)

lemma modify_tprog_fetch_action:

[st < lengthtp div2;st>0;b=1Vb=0] =
modify_tprog tp ! (4 x (st — Suc 0) + 2% b) =
action_map (fst (tp ! ((2 * (st — Suc 0)) + b)))

(proof)

lemma length_modify: length (modify_tprog tp) = 2 « length tp
(proof)

declare fetch.simps[simp del]

lemma ferch_action_eq:

[block_map b = scan r; fetch tp st b = (nact, ns);

st < length tp div 2] = actn (code tp) st r = action_map nact
(proof )

lemma fetch_zero_zero[simp): fetch tp 0 b = (nact, ns) = ns = 0

(proof)

lemma modify_tprog_fetch_state:
[st < lengthtp div2;st > 0;b=1Vb=0] =
modify_tprog tp | Suc (4 * (st — Suc 0) + 2 x b) =
(snd (ip ! (2 % (st — Suc 0) + D)))
(proof)

lemma fetch_state_eq:

[block_map b = scan r;

fetch tp st b = (nact, ns);

st < length tp div 2] = newstat (code tp) st r = ns
(proo)

lemma tpl_eql[intro!]:
[a=a"sb=0b"yc=c|= trplabc=1trpla’b’'c’

(proof)

lemma bl2nat_double: bi2nat xs (Suc n) = 2 * bl2nat xs n

(proof)

lemma bI2wc_simps[simp]:
bl2we (Oc # tl ¢) = Suc (bI2wc ¢) — bl2we ¢ mod 2
bl2wc (Bk # ¢) = 2%bl2wc (c)
2 % bl2we (1l ¢) = bl2we ¢ — bl2wc ¢ mod 2
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bl2wc [Oc] = Suc 0

¢ # [| = bl2we (tl ¢) = bl2wc ¢ div 2

¢ # [| = bl2wc [hd c] = bl2wc ¢ mod 2

¢ # [| = bl2wc (hd ¢ # d) = 2 x bl2wc d + bl2wce ¢ mod 2
2 x (bl2wc ¢ div 2) = bl2wc ¢ — bl2wc ¢ mod 2

bl2wc (Oc # list) mod 2 = Suc 0

(proof)

declare code.simps[simp del]
declare nth_of .simps|[simp del]

The lemma relates the one step execution of TMs with the interpreter function
rec_newconf.
lemma rec_t_eq_step:
(A (s, 1, r). s <lengthtp div2) c =
trpl_code (stepO c tp) =
rec_exec rec_newconf [code tp, trpl_code c]

(proof)

lemma bl2nat_simps[simp): bi2nat (Oc # Octx) 0 = (2 x 2" x — Suc 0)
bl2nat (Bktx) n=0
(proof)

lemma bi2nat_exp_zero[simp]: bi2nat (Octy) 0 = 2"y — Suc 0
(proof)

lemma bl2nat_cons_bk: bi2nat (ks @ [Bk]) 0 = bi2nat ks O
(proof)

lemma bi2nat_cons_oc:
bi2nat (ks @ [Oc]) 0 = bl2nat ks 0 + 2 " length ks

(proof)

lemma bi2nat_append:
bl2nat (xs @ ys) 0 = bi2nat xs 0 + bl2nat ys (length xs)

(proof)

lemma trpl_code_simp[simp]:
trpl_code (stepsO (Suc 0, BkTl, <Im>) tp 0) =
rec_exec rec_conf [code tp, bl2wc (<Im>), 0]

(proof)

The following lemma relates the multi-step interpreter function rec_conf with the
multi-step execution of TMs.

lemma state_in_range_step
: [a < length A div 2; stepO (a, b, ¢) A = (st, I, r); composable_tm (A,0)]
— st < length A div 2

(proof)

lemma state_in_range: [stepsO (Suc 0, tp) A stp = (st, I, r); composable_tm (A, 0)]
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—> st < length A div 2
(proof)

lemma rec_t_eq_steps:
composable_tm (tp,0) =
trpl_code (stepsO (Suc 0, BkTl, <Im>) tp stp) =
rec_exec rec_conf [code tp, bIl2wc (<Im>), stp]

(proof)

lemma bI2wc_Bk_O[simp]: bi2wc (BkT m) = 0
(proof)

lemma bI2wc_Oc_then_Bk[simp]: bl2wc (Oc?t rsQBkT n) = bl2we (Oc? rs)
(proof)

lemma Ig_power: x > Suc 0 = Ig (x"rs) x =rs

(proof)

The following lemma relates execution of TMs with the multi-step interpreter func-
tion rec_nonstop. Note, rec_nonstop is constructed using rec_conf.

declare composable_tm.simps[simp del]

lemma nonstop_t_eq:
[stepsO (Suc 0, Bktl, <Ilm>) tp stp = (0, Bkt m, Oc?t rs Q Bkt n);
composable_tm (tp, 0);
rs > 0]
= rec_exec rec_nonstop [code tp, bIl2wc (<Im>), stp] = 0

(proof)

lemma acin_0_is_4[simp): acnm O r =4

(proof)

lemma newstat_0_O[simp): newstat m 0 r = 0

(proof)
declare step_red|[simp del]

lemma halt_least_step:
[stepsO (Suc 0, Bktl, <Im>) tp sip =
(0, Bkt m, Octrs Q Bktn);
composable_tm (tp, 0);
0<rs] =
3 stp. (nonstop (code tp) (bI2wc (<Im>)) stp =0 A
(V stp’. nonstop (code tp) (bI2wc (<Im>)) stp’ = 0 — stp < stp”))
(proof)

lemma conf _trpl_ex: 3 p q r. conf m (bl2wc (<Im>)) stp =trplp q r
(proof)

lemma nonstop_rgt_ex:
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nonstop m (bl2we (<Im>)) stpa = 0 => 3 r. conf m (bl2wc (<Im>)) stpa = trpl 00 r
(proof)

lemma max_divisors: x > Suc 0 = Max {u. x"udvdx"r} =r

(proof)

lemma lo_power:
assumes x > Suc 0 shows lo (x*r) x=r

(proof)

lemma lo_rgt: lo (trpl 00 1) (Pi2)=r
(proof)

lemma conf _keep:
confmlilmstp =trpl00r —
confmlm (stp+n)=trpl00r
(proof)

lemma halt_state_keep_steps_add:
[nonstop m (bI2wc (<Im>)) stpa = 0] =
confm (bI2we (<Im>)) stpa = conf m (bI2wc (<Im>)) (stpa + n)
(proof)

lemma halt_state_keep:
[nonstop m (bl2wc (<Im>)) stpa = 0; nonstop m (bl2wc (<Im>)) stpb = 0] =
conf m (bl2wce (<Im>)) stpa = conf m (bI2wc (<Im>)) stpb
(proof)

5.7 Correctness of rec_F with respect to execution of
TMs compiled as Recursive Functions

The correctness of rec_F, which relates the interpreter function rec_F with the execu-
tion of TMs.

lemma rerminate_halt:
[stepsO (Suc 0, Bktl, <Im>) tp stp = (0, Bktm, OctrsQBkln);
composable_tm (ip,0); 0<rs| = terminate rec_halt [code tp, (bI2wc (<Im>))]

(proof)

lemma ferminate_F:
[stepsO (Suc 0, Bktl, <Ilm>) tp stp = (0, Bktm, OctTrs@QBk1n);
composable_tm (tp,0); 0<rs| = terminate rec_F [code tp, (bI2wc (<Im>))]

(proof)

lemma F_correct:
[stepsO (Suc 0, Bktl, <Ilm>) tp stp = (0, Bktm, Octrs@QBkln);
composable_tm (tp,0); 0<rs]
= rec_exec rec_F [code tp, (bI2wc (<Im>))] = (rs — Suc 0)

(proof)
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end
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Chapter 6

Construction of a Universal
Turing Machine

theory UTM
imports Recursive Abacus UF HOL.GCD Turing_Hoare
begin

6.1 Wang coding of input arguments

The direct compilation of the universal function rec_F can not give us the utm, be-
cause rec_F is of arity 2, where the first argument represents the Godel coding of the
TM being simulated and the second argument represents the right number (in Wang’s
coding) of the TM tape. (Notice, the left number is always O at the very beginning).
However, the utm needs to simulate the execution of any TM which may take many
input arguments.

Therefore, an initialization TM needs to run before the TM compiled from rec_F,
and the sequential composition of these two TMs will give rise to the utm we are seek-
ing. The purpose of this initialization TM is to transform the multiple input arguments
of the TM being simulated into Wang’s coding, so that it can be consumed by the TM
compiled from rec_F as the second argument.

However, this initialization TM (named wcode_tm) can not be constructed by com-
piling from any recursive function, because every recursive function takes a fixed num-
ber of input arguments, while wcode_tm needs to take varying number of arguments
and tranform them into Wang’s coding. Therefore, this section gives a direct construc-
tion of wcode_tm with just some parts being obtained from recursive functions.

The TM used to generate the Wang’s code of input arguments is divided into three
TMs executed sequentially, namely prepare, mainwork and adjust. According to
the convention, the start state of ever TM is fixed to state 1 while the final state is fixed
to 0.

The input and output of prepare are illustrated respectively by Figure 6.1 and 6.2.

As shown in Figure 6.1, the input of prepare is the same as the the input of utm,
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EO ar|lolaz |- - anp,

Figure 6.1: The input of TM prepare

|m()()a1()a2 ~~~~~~ an {0101

Figure 6.2: The output of TM prepare

where m is the Godel coding of the TM being interpreted and a; through a,, are the n
input arguments of the TM under interpretation. The purpose of purpose is to trans-
form this initial tape layout to the one shown in Figure 6.2, which is convenient for the
generation of Wang’s coding of a1, ..., a,. The coding procedure starts from a,, and
ends after a; is encoded. The coding result is stored in an accumulator at the end of the
tape (initially represented by the 1 two blanks right to a,, in Figure 6.2). In Figure 6.2,
arguments aq, . .., a, are separated by two blanks on both ends with the rest so that
movement conditions can be implemented conveniently in subsequent TMs, because,
by convention, two consecutive blanks are usually used to signal the end or start of a
large chunk of data. The diagram of prepare is given in Figure 6.3.

Sl . I L . So SO I
&S@ 51%5() L%S{) RAS{) RAS{) R/\S() R%Sl :
Sl ‘R
Figure 6.3: The diagram of TM prepare
The purpose of TM mainwork is to compute Wang’s encoding of a1, ..., a,. Ev-
ery bit of ay, ..., a,, including the separating bits, is processed from left to right. In

order to detect the termination condition when the left most bit of a; is reached, TM
mainwork needs to look ahead and consider three different situations at the start of
every iteration:

1. The TM configuration for the first situation is shown in Figure 6.4, where the
accumulator is stored in r, both of the next two bits to be encoded are 1. The
configuration at the end of the iteration is shown in Figure 6.5, where the first 1-
bit has been encoded and cleared. Notice that the accumulator has been changed
to (r 4+ 1) x 2 to reflect the encoded bit.

2. The TM configuration for the second situation is shown in Figure 6.6, where the
accumulator is stored in r, the next two bits to be encoded are 1 and 0. After
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the first 1-bit was encoded and cleared, the second 0-bit is difficult to detect and
process. To solve this problem, these two consecutive bits are encoded in one
iteration. In this situation, only the first 1-bit needs to be cleared since the second
one is cleared by definition. The configuration at the end of the iteration is shown
in Figure 6.7. Notice that the accumulator has been changed to (r + 1) x 4 to
reflect the two encoded bits.

3. The third situation corresponds to the case when the last bit of a; is reached.
The TM configurations at the start and end of the iteration are shown in Figure
6.8 and 6.9 respectively. For this situation, only the read write head needs to be
moved to the left to prepare a initial configuration for TM adjust to start with.

The diagram of mainwork is given in Figure 6.10. The two rectangular nodes labeled
with 2 x  and 4 x z are two TMs compiling from recursive functions so that we do
not have to design and verify two quite complicated TMs.

m|0|0fa |Ofaz |- ail1l1lof--- olr

Figure 6.4: The first situation for TM mainwork to consider

mlololal |o|laz|------ ail1lolol------ ol (r+1)x2

!

mlololai|o|az | ------ a;l1lolololf------ o (r+1)x4

!

Figure 6.7: The output for the second case of TM mainwork’s processing
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m O 0 1 0 ...... O r

T

Figure 6.8: The third situation for TM mainwork to consider

m|l0OlOl1]10O}f------ ol r

T

Figure 6.9: The output for the third case of TM mainwork’s processing

S1: L
51250 S()IR SlR SlL
SO:C{C\Sl:LK\SI:RASO:RASH:RASO:SHASO:BT—‘ .
D=~ —({
SliL
SQZR

SllR : :
So: R S:RAS:RAS:SAS:@—‘
@0 @O 10 11 P2 e T e x o {ﬂ—Q_‘

SliL

Figure 6.10: The diagram of TM mainwork

The purpose of TM adjust is to encode the last bit of a;. The initial and final
configuration of this TM are shown in Figure 6.11 and 6.12 respectively. The diagram
of TM adjust is shown in Figure 6.13.

m|l0OlOl1]10O}f------ ol r

!

Figure 6.11: Initial configuration of TM adjust

definition rec_twice :: recf
where
rec_twice = Cn 1 rec_mult [id 1 0, constn 2|
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|m07’+100 ......

!

Figure 6.12: Final configuration of TM adjust

50:51
So:Sl S(JZR 51ISO So L
Sl RK\SlR})\SlR/\SI L%S@ L%Sl R
ot ot'e ==
So'L S()ZL S()ZL SliL

SO:LA&:L})\SO:L})\SO:R
5115 ()71~~~
Figure 6.13: Diagram of TM adjust

definition rec_fourtimes :: recf
where
rec_fourtimes = Cn 1 rec_mult [id 1 0, constn 4)

definition abc_twice :: abc_prog
where
abe_twice = (let (aprog, ary, fp) = rec_ci rec_twice in
aprog [+] dummy_abc ((Suc 0)))

definition abc_fourtimes :: abc_prog
where
abc_fourtimes = (let (aprog, ary, fp) = rec_ci rec_fourtimes in
aprog [+] dummy_abc ((Suc 0)))

definition rwice_ly :: nat list
where
twice_ly = layout_of abc_twice

definition fourtimes_ly :: nat list
where
fourtimes_ly = layout_of abc_fourtimes

definition rwice_compile_tm :: instr list
where
twice_compile_tm= (tm_of abc_twice @ (shift (mopup_n_tm 1) (length (tm_of abc_twice)
div 2)))

definition rwice_tm :: instr list
where
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twice_tm = adjust0 twice_compile_tm

definition fourtimes_compile_tm :: instr list
where

Sourtimes_compile_tm= (tm_of abc_fourtimes Q (shift (mopup_n_tm 1) (length (tm_of
abc_fourtimes) div 2)))

definition fourtimes_tm :: instr list
where
fourtimes_tm = adjust0 fourtimes_compile_tm

definition twice_tm_len :: nat
where
twice_tm_len = length twice_tm div 2

definition wcode_main_first_part_tm:: instr list

where
. def
wcode_main_first_part_tm =

(L, 1), (L,2), (L, 7), (R, 3),

=
o
~
=
~
=
=
~
=
s
o
3
]
3
_|_
~
2
=
~
D

definition wcode_main_tm :: instr list
where
wcode_main_tm = (wcode_main_first_part_tm Q shift twice_tm 12 @ [(L, I), (L, 1)]
Q@ shift fourtimes_tm (twice_tm_len + 13) Q [(L, 1), (L, 1)])

fun bl_bin :: cell list = nat
where
bl_bin[] =0
| bl_bin (Bk # xs) = 2 * bl_bin xs
| bl_bin (Oc # xs) = Suc (2 * bl_bin xs)

declare bl_bin.simps[simp del]
type-synonym bin_inv_t = cell list = nat = tape = bool
fun wcode_before_double :: bin_inv_t
where
wcode_before_double ires rs (I, r) =
(3 In rn. 1 = Bk # Bk # Bk1(In) @ Oc # ires A
r = Oct((Suc (Suc rs))) @ Bkt(rn))

declare wcode_before_double.simps[simp del)

fun wcode_after_double :: bin_inv_t
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where
wcode_after_double ires rs (I, r) =
(3 In rn. | = Bk # Bk # Bk1(In) @Q Oc # ires \
r = Oct(Suc (Suc (Suc 2xrs))) Q Bkt(rn))

declare wcode_after_double.simps[simp del)

fun wcode_on_left_moving_1_B :: bin_inv_t
where
wcode_on_left_moving_1_B ires rs (I, r) =
(3 mlmr rn. I = Bkt(ml) @ Oc # Oc # ires A
r = Bk{(mr) @ Oct(Suc rs) Q Bkt (rn) A
ml + mr > Suc O A mr > 0)

declare wcode_on_left_ moving_1_B.simps[simp del)

fun wcode_on_left_moving_1_0O :: bin_inv_t

where
wcode_on_left_moving_1_O ires rs (l, r)=
(3 Inrm.
I = Oc # ires \

r = Oc # Bk1(In) @Q Bk # Bk # Oc?(Suc rs) Q Bkt (rmn))
declare wcode_on_left_moving_1_O.simps[simp del]

fun wcode_on_left_moving_1 :: bin_inv_t
where
wcode_on_left_moving_1 iresrs (I, r) =
(wcode_on_left_moving_1_B ires rs (I, r) VV weode_on_left_moving_1_O ires rs (I, r))

declare wcode_on_left_moving_1.simps[simp del]

fun wcode_on_checking_1 :: bin_inv_t
where
wcode_on_checking_I ires rs (I, r) =
(T Inrn. l=ires A
r = Oc # Oc # Bk?(In) Q Bk # Bk # Oc?(Suc rs) @ Bk1(rn))

fun wcode_erasel :: bin_inv_t
where
wcode_erasel ires rs (I, r) =
(3 Inrn. 1 = Oc # ires N
il r = Bkt (In) @ Bk # Bk # Oc1(Suc rs) @ Bkf(rn))

declare wcode_erasel .simps [simp del]
fun wcode_on_right_moving_1 :: bin_inv_t
where

wcode_on_right_moving_1 ires rs (I, r) =
(3 mlmr .
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I = Bkt(ml) @ Oc # ires N
r = Bkt(mr) @Q Oct(Suc rs) @Q Bkt (rn) A
ml + mr > Suc 0)

declare wcode_on_right_moving_I.simps [simp del

fun wcode_goon_right_moving_1 :: bin_inv_t
where
wcode_goon_right_moving_1 ires rs (I, r) =
(3 mlmrin rn.
I = Oc?(ml) @Q Bk # Bk # Bk1(In) @ Oc # ires \
r = Octf(mr) Q Bkt(rn) A
ml 4+ mr = Suc rs)

declare wcode_goon_right_moving_I.simps[simp del)

fun wcode_backto_standard_pos_B :: bin_inv_t
where
wcode_backto_standard_pos_B ires rs (l, r)=
(3 Inrn. 1 = Bk # Bkt(In) @Q Oc # ires \
r = Bk # OcT((Suc (Suc rs))) @ Bkt (rn))

declare wcode_backto_standard_pos_B.simps[simp del]

fun wcode_backto_standard_pos_O :: bin_inv_t
where
wcode_backto_standard_pos_O ires rs (I, r) =
(3 mlmrinrn.
[ = Oct(ml) @Q Bk # Bk # Bk1(In) @ Oc # ires \
r = Octf(mr) Q Bkt(rn) A
ml + mr = Suc (Suc rs) A mr > 0)

declare wcode_backto_standard_pos_QO.simps[simp del]
fun wcode_backto_standard_pos :: bin_inv_t
where
wcode_backto_standard_pos ires rs (I, r) = (wcode_backto_standard_pos_B ires rs (l, r) vV
wcode_backto_standard_pos_O ires rs (I, r))

declare wcode_backto_standard_pos.simps[simp del

lemma bin_wc_eq: bl_bin xs = bl2wc xs

(proof)

lemma tape_of _ni_append_one: Im # || = <Im Q [a]> = <Im> Q Bk # OctSuc a
(proof)

lemma rape_of nl_rev: rev (<Im::nat list>) = (<rev Im>)

(proof)
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lemma exp_1[simp)]: at(Suc 0) = [q]
(proof)

lemma tape_of nl_cons_appl: (<a # xs Q [b]>) = (Oct(Suc a) Q Bk # (<xsQ [b]>))
(proof)

lemma bl_bin_bk_oc[simp]:
bl_bin (xs @ [Bk, Oc]) =
bl_bin xs + 2x2"(length xs)
(proof)

lemma tape_of _nat|simp|: (<a::nat>) = Oc?(Suc a)

(proof)

lemma fape_of nl_cons_app2: (<c # xs @ [b]>) = (<c # xs> Q Bk # Oct(Suc b))
(proof)

lemma length_2_elems[simp): length (<aa # a # list>) = Suc (Suc aa) + length (<a # list>)
(proof)

lemma bl_bin_addition[simp|: bl_bin (Oc1(Suc aa) Q Bk # tape_of _nat_list (a # lista) Q [Bk,
Oc)) =
bl_bin (Oct(Suc aa) @ Bk # tape_of _nat_list (a # lista)) +
2% 2(length (Oct(Suc aa) Q Bk # tape_of nat_list (a # lista)))
(proof)

declare replicate_Suc[simp del]

lemma bl_bin_2][simp]:
bl_bin (<aa # list>) + (4 * rs + 4) * 2 " (length (<aa # list>) — Suc 0)
= bl_bin (Oct(Suc aa) @ Bk # <list Q [0]>) + rs * (2 x 2" (aa + length (<list @Q [0]>)))
(proof)

lemma rape_of nl_app_Suc: ((<list Q [Suc ab]>)) = (<list Q [ab]>) Q [Oc]
(proof)

lemma bl_bin_3[simp]: bl_bin (Oc # Oc?(aa) Q Bk # <list Q [ab]> Q [Oc])
= bl_bin (Oc # Oc?(aa) Q Bk # <list Q [ab]>) +
2/(length (Oc # Oct(aa) @ Bk # <list @ [ab]>))
(proof)
lemma bl_bin_4[simp]: bl_bin (Oc # Oc?(aa) Q Bk # <list Q [ab]>) + (4 * 2" (aa + length
(<list Q [ab]>)) +
4 % (rs x 2" (aa + length (<list Q [ab]>)))) =
bl_bin (Oc # Oct(aa) @ Bk # <list @ [Suc ab]>) +
rs * (2% 2~ (aa + length (<list @ [Suc ab]>)))
(proof)

declare tape_of_nat|[simp del]

fun wcode_double_case_inv :: nat = bin_inv_t
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where
wcode_double_case_inv st ires rs (I, r) =

(if st = Suc 0 then weode_on_left_moving_1 ires rs (I, r)
else if st = Suc (Suc 0) then wcode_on_checking_1 ires rs (I, r)
else if st = 3 then wcode_erasel ires rs (1, r)
else if st = 4 then wcode_on_right_moving_1 ires rs (I, r)
else if st = 5 then wcode_goon_right_moving_1 ires rs (I, r)
else if st = 6 then wcode_backto_standard_pos ires rs (I, r)
else if st = 13 then wcode_before_double ires rs (I, r)
else False)

declare wcode_double_case_inv.simps[simp del]

fun wcode_double_case_state :: config = nat
where
wcode_double_case_state (st, I, r) =
13 — st

fun wcode_double_case_step :: config = nat
where
wcode_double_case_step (st, 1, r) =
(if st = Suc O then (length 1)
else if st = Suc (Suc 0) then (length r)
else if st = 3 then
if hd r = Oc then 1 else 0
else if st = 4 then (length r)
else if st = 5 then (length r)
else if st = 6 then (length )
else 0)

fun wcode_double_case_measure :: config = nat X nat
where
wcode_double_case_measure (st, I, r) =
(wcode_double_case_state (st, 1, r),
wcode_double_case_step (st, I, r))

definition wcode_double_case_le :: (config X config) set

def . . .
where wcode_double_case_le :f (inv_image lex_pair wcode_double_case_measure)

lemma wf lex_pair[intro]: wf lex_pair

(proof)

lemma wf wcode_double_case_lelintro]: wf wcode_double_case_le

(proof)

lemma fetch_wcode_main_tm[simp):

fetch weode_main_tm (Suc 0) Bk = (L, Suc 0)

Jfetch weode_main_tm (Suc 0) Oc = (L, Suc (Suc 0))
fetch weode_main_tm (Suc (Suc 0)) OC = (R, 3)
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fetch weode_main_tm (Suc (Suc 0)) Bk = (L, 7)

fetch weode_main_tm (Suc (Suc (Suc 0))) Bk = (R, 4)
fetch weode_main_tm (Suc (Suc (Suc 0))) Oc = (WB, 3)
fetch weode_main_tm 4 Bk = (R, 4)

fetch weode_main_tm 4 Oc = (
fetch weode_main_tm 5 Oc = (R,
fetch weode_main_tm 5 Bk = (
fetch wecode_main_tm 6 Bk = (R,
fetch weode_main_tm 6 Oc = (L,
fetch weode_main_tm 7 Oc = (R, 8)

(
fetch weode_main_tm 11 Bk = (
fetch weode_main_tm 11 Oc = (R, 1
fetch weode_main_tm 12 Oc = (L, 1
fetch weode_main_tm 12 Bk = (R,
(proof)

2

ice_tm_len + 14)

declare wcode_on_checking_1.simps[simp del]

lemmas wcode_double_case_inv_simps =
wcode_on_left_moving_1.simps wcode_on_left_moving_1_O.simps
wcode_on_left_moving_1_B.simps wcode_on_checking_1.simps
wcode_erasel .simps wcode_on_right_moving_1.simps
wcode_goon_right_moving_1.simps wcode_backto_standard_pos.simps

lemma wcode_on_left_moving_1[simp]:
weode_on_left_moving_1 ires rs (b, [|) = False
weode_on_left_moving_1 ires rs (b, r) => b # ||

(proof)

lemma wcode_on_left_moving_1E[elim]: [wcode_on_left_moving_I ires rs (b, Bk # list);
tlb = aa A hd b # Bk # list = ba] =
weode_on_left_moving_I ires rs (aa, ba)

(proof)
declare replicate_Suc[simp]

lemma wcode_on_moving_1_Elim[elim):
[wcode_on_left_moving_1 ires rs (b, Oc # list); 1 b = aa A\ hd b # Oc # list = bd]
= wcode_on_checking_1 ires rs (aa, ba)

(proof)

lemma wcode_on_checking_1_Elim|[elim]: [wcode_on_checking_1 ires rs (b, Oc # ba);Oc # b
= aa A list = ba]
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= wcode_erasel ires rs (aa, ba)

(proof)

lemma wcode_on_checking_1_simp|[simp:
wcode_on_checking_1 ires rs (b, [|) = False
weode_on_checking_1 ires rs (b, Bk # list) = False
{proof)

lemma wcode_erasel _nonempty_snd|[simp|: wcode_erasel ires rs (b, [|) = False

(proof)

lemma wcode_on_right_moving_I_nonempty_snd[simp|: wcode_on_right_moving_I ires rs (b,
[)) = False
(proof )

lemma wcode_on_right_moving_1_BkE|elim]:
[wcode_on_right_moving_1 ires rs (b, Bk # ba); Bk # b = aa A list = b] =
wcode_on_right_moving_1 ires rs (aa, ba)

(proof)

lemma wcode_on_right_moving_I1_OcE|elim]:
[[WCOde_on_right_moving_I ires rs (b, Oc # ba); Oc # b = aa A list = ba]]
= wcode_goon_right_moving_1 ires rs (aa, ba)

(proof)

lemma wcode_erasel_BkE[elim]:
assumes wcode_erasel ires rs (b, Bk # ba) Bk # b = aa A list = ba ¢ = Bk # ba
shows wcode_on_right_moving_1 ires rs (aa7 ba)

(proof)

lemma wcode_erasel_OcE|elim]: [wcode_erasel ires rs (aa, Oc # list); b = aa A Bk # list =
ba] =
weode_erasel ires rs (aa, ba)

(proof)

lemma wcode_goon_right_moving_I_emptyE[elim]:
assumes wcode_goon_right_moving_1 ires rs (aa, []) b = aa N\ [Oc] = ba
shows wcode_backto_standard_pos ires rs (aa, ba)

(proof)

lemma wcode_goon_right_moving_I_BkE[elim]:
assumes wcode_goon_right_moving_I ires rs (aa, Bk # list) b = aa N\ Oc # list = ba
shows wcode_backto_standard_pos ires rs (aa, ba)

(proof)

lemma wcode_goon_right_moving_1_OcE]elim]:
assumes wcode_goon_right_moving_I ires rs (b, Oc # ba) Oc # b = aa A list = ba
shows wcode_goon_right_moving_1 ires rs (aa, ba)

(proof)
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lemma wcode_backto_standard_pos_BKkE|elim): [wcode_backto_standard_pos ires rs (b, Bk #
ba); Bk # b = aa A list = ba]
= wcode_before_double ires rs (aa, ba)

(proof)

lemma wcode_backto_standard_pos_no_Oc[simp|: wcode_backto_standard_pos ires rs ([], Oc
# list) = False
(proof )

lemma wcode_backto_standard_pos_nonempty_snd|[simp): wcode_backto_standard_pos ires rs
(b, []) = False

(proof)

lemma wcode_backto_standard_pos_OcE[elim]: [wcode_backto_standard_pos ires rs (b, Oc #
list); tl b = aa; hd b # Oc # list = bd]
= wcode_backto_standard_pos ires rs (aa, ba)

(proof)
declare nth_of .simps|[simp del]

lemma wcode_double_case_first_correctness:
letP=(\(st,l,r).st=13)in
let Q = (X (st, I, r). weode_double_case_inv st ires rs (I, r)) in
let f = (X stp. stepsO (Suc 0, Bk # Bkt(m) @ Oc # Oc # ires, Bk # Oct(Suc rs) @
Bkt (n)) weode_main_tm stp) in
I n.P(fn)AQ(f (n:nar))
(proof)

lemma m_append_shift_append_steps:
[stepsO (st, I, r) tp stp = (st’, ', r');
0 < st
length tpl mod 2 = 0

I
= stepsO (st + length tpl div 2, 1, r) (tp] Q shift tp (length tpl div 2) @ tp2) stp
= (st’ + length tpl div 2, 1', ")

(proof)

lemma twice_lemma: rec_exec rec_twice [rs| = 2xrs

(proof)

lemma twice_tm_correct:
Istp In rn. stepsO (Suc 0, Bk # Bk # ires, OcT(Suc rs) Q Bk?(n))
(tm_of abc_twice @ shift (mopup_n_tm (Suc 0)) ((length (tm_of abc_twice) div 2))) stp =
(0, Bkt (In) @ Bk # Bk # ires, Oct(Suc (2 * rs)) Q Bkt (rn))

(proof)

declare adjust.simps[simp)

lemma adjust_fetchO:
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[0 < a; a < length ap div 2; fetch ap a b = (aa, 0)]
= fetch (adjust0 ap) a b = (aa, Suc (length ap div 2))
(proof)

lemma adjust_fetch_norm:
[st > 0; st < length tp div 2; fetch ap st b = (aa, ns); ns # 0]
= fetch (adjustO ap) st b = (aa, ns)

(proof)
declare adjust.simps[simp del]

lemma adjust_step_eq:
assumes exec: step0 (st,l,r) ap = (st', ', r')
and composable_tm (ap, 0)
and notfinal: st' > 0
shows step0 (st, I, r) (adjustO ap) = (st', ', r')
(proof)

lemma adjust_steps_eq:
assumes exec: stepsO (st,Lr) ap stp = (st’, I, r')
and composable_tm (ap, 0)
and notfinal: st’ > 0
shows stepsO (st, I, r) (adjustO ap) stp = (st’, 1, r')
(proof)

lemma adjust_halt_eq:
assumes exec: stepsO (1,1, r) ap stp = (0,1, r')
and composable_tm: composable_tm (ap, 0)
shows 3 sip. stepsO (Suc 0, 1, r) (adjustO ap) stp =
(Suc (length ap div 2), ', r')
(proof)

lemma composable_tm_twice_compile_tm [simp]: composable_tm (twice_compile_tm, 0)

(proof)

lemma rwice_tm_change_term_state:
3 stp In rn. stepsO (Suc 0, Bk # Bk # ires, Oct(Suc rs) @ Bkt (n)) twice_tm stp
= (Suc twice_tm_len, BkT(In) @ Bk # Bk # ires, Oct(Suc (2 * rs)) Q BkT(rn))
(proof)

lemma length_wcode_main_first_part_tm_evenlintro|: length wcode_main_first_part_tm mod 2
=0
(proof )

lemma rwice_tm_append_pre:

stepsO (Suc 0, Bk # Bk # ires, Oct(Suc rs) @ Bk1(n)) twice_tm stp

= (Suc twice_tm_len, BkT(In) @ Bk # Bk # ires, Oct(Suc (2 * rs)) Q BkT(rn))

= steps0 (Suc 0 + length wcode_main_first_part_tm div 2, Bk # Bk # ires, Oc?(Suc rs) @
Bkt (n))
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(wecode_main_first_part_tm Q shift twice_tm (length wcode_main_first_part_tm div 2) @
([(L, 1), (L, 1)] Q shift fourtimes_tm (twice_tm_len + 13) Q [(L, 1), (L, 1)])) stp
= (Suc (twice_tm_len) + length wcode_main_first_part_tm div 2,
Bkt (In) @Q Bk # Bk # ires, Oc1(Suc (2 * rs)) @ Bkt(rn))
(proof)

lemma rwice_tm_append:
3 stp In rn. stepsO (Suc 0 + length wcode_main_first_part_tm div 2, Bk # Bk # ires, Oc1(Suc
rs) @Q BkT(n))
(weode_main_first_part_tm Q shift twice_tm (length wcode_main_first_part_tm div 2) @
([(L, 1), (L, 1)] Q shift fourtimes_tm (twice_tm_len + 13) Q [(L, 1), (L, 1)])) stp
= (Suc (twice_tm_len) + length wcode_main_first_part_tm div 2, Bk1(In) @ Bk # Bk # ires,
Oct(Suc (2 * rs)) @ BkT(rm))
(proof)

lemma mopup_mod?2: length (mopup_n_tm k) mod 2 = 0

(proof)

lemma fetch_wcode_main_tm_Oc[simp): fetch wcode_main_tm (Suc (twice_tm_len + length
wcode_main_first_part_tm div 2)) Oc
= (L, Suc 0)
(proof )

lemma wcode_jump1:
3 stp In rn. stepsO (Suc (twice_tm_len) + length wcode_main_first_part_tm div 2,
BkT(m) @ Bk # Bk # ires, Oct(Suc (2 = rs)) @ Bkt (n))
wcode_main_tm stp
= (Suc 0, Bkt(In) @ Bk # ires, Bk # Oc?(Suc (2  rs)) @ Bkt (rn))
(proof)

lemma wcode_main_first_part_len[simp]:
length wcode_main_first_part_tm = 24

(proof)

lemma wcode_double_case:
shows stp In rn. stepsO (Suc 0, Bk # Bk1(m) @ Oc # Oc # ires, Bk # Oct(Suc rs) @
Bkt (n)) weode_main_tm stp =
(Suc 0, Bk # Bk1(In) @ Oc # ires, Bk # Oc?(Suc (2 * rs 4+ 2)) Q BkT(rn))
(is Istp In rn. 2tm stp In rn)

(proof)

fun wcode_on_left_moving_2_B :: bin_inv_t
where
wcode_on_left_moving_2_B ires rs (l7 r) =
(3 mlmr . l = Bkt(ml) @ Oc # Bk # Oc # ires \
r = Bkt(mr) Q Oct(Suc rs) Q@ Bkt(rn) A
ml + mr > Suc 0 \ mr > 0)
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fun wcode_on_left_moving_2_0 :: bin_inv_t
where
wcode_on_left_moving_2_0Oiresrs (I, r) =
(3 Inrn. 1 = Bk # Oc # ires N
r = Oc # Bk1(In) @Q Bk # Bk # Oc?1(Suc rs) @ Bkt(rn))

fun wcode_on_left_moving_2 :: bin_inv_t
where
wcode_on_left_moving_2 ires rs (I, r) =
(wcode_on_left_moving_2_Biresrs (I, r) V
weode_on_left_moving_2_O ires rs (I, r))

fun wcode_on_checking_2 :: bin_inv_t
where
wcode_on_checking_2 ires rs (I, r) =
(3 Inrn. 1 = Oc#tires N
r = Bk # Oc # Bk?(in) @ Bk # Bk # Oc?(Suc rs) @ Bkt(rn))

fun wcode_goon_checking :: bin_inv_t
where
wcode_goon_checking ires rs (I, r) =
(3 Inrn. 1 =ires A
r = Oc # Bk # Oc # Bk?(In) @ Bk # Bk # Oct(Suc rs) @ Bk?1(rn))

fun wcode_right_move :: bin_inv_t
where
wcode_right_move ires rs (I, r) =
(3 Inrn. 1= Oc # ires N
r = Bk # Oc # Bk*1(In) @ Bk # Bk # Oc?(Suc rs) @Q Bk1(rn))

fun wcode_erase2 :: bin_inv_t
where
wcode_erase2 ires rs (I, r) =
(3 Inrn. 1= Bk # Oc # ires A
tl r = Bk (In) @ Bk # Bk # Oc1(Suc rs) @ Bk{(rn))

fun wcode_on_right_moving_2 :: bin_inv_t
where
wcode_on_right_moving_2 ires rs (I, r) =
(3 mlmr rn. 1 = BkT(ml) @Q Oc # ires N
r = Bk{(mr) @ Oct(Suc rs) @Q Bkt(rn) A ml 4+ mr > Suc 0)

fun wcode_goon_right_moving_2 :: bin_inv_t
where
wcode_goon_right_moving_2 ires rs (I, r) =
(3 mlmrnrn. | = Oct(ml) @ Bk # Bk # Bk1(In) @ Oc # ires \
r = Oct(mr) @Q Bkf(rn) A ml + mr = Suc rs)

fun wcode_backto_standard_pos_2_B :: bin_inv_t
where
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wcode_backto_standard_pos_2_Bires rs (I, r) =
(3 Inrn. 1 = Bk # Bk1(In) @ Oc # ires A
r = Bk # Oc1(Suc (Suc rs)) @Q Bkt (rn))

fun wcode_backto_standard_pos_2_0O :: bin_inv_t
where
wcode_backto_standard_pos_2_O ires rs (I, r) =
(3 mlmrinrn. 1 = Oct(ml )@ Bk # Bk # Bk1(In) Q Oc # ires A
r = Oct(mr) Q Bkt(rn) A
ml + mr = (Suc (Suc rs)) A mr > 0)

fun wcode_backto_standard_pos_2 :: bin_inv_t
where
wcode_backto_standard_pos_2 ires rs (I, r) =
(weode_backto_standard_pos_2_0O ires rs (I, r) V
weode_backto_standard_pos_2_B ires rs (1, r))

fun wcode_before_fourtimes :: bin_inv_t
where
wcode_before_fourtimes ires rs (I, r) =
(3 Inrn. 1 = Bk # Bk # Bk1(In) @Q Oc # ires A
r = Oct(Suc (Suc rs)) Q Bkt(rn))

declare wcode_on_left_moving_2_B.simps[simp del] wcode_on_left_moving_2.simps[simp del]
weode_on_left_moving_2_0O.simps[simp del] wcode_on_checking_2.simps[simp del]
wecode_goon_checking.simps|[simp del] wcode_right_move.simps[simp del)
weode_erase2.simps[simp del]
weode_on_right_moving_2.simps|simp del] wcode_goon_right_moving_2.simps|simp del]
wcode_backto_standard_pos_2_B.simps[simp del] wcode_backto_standard_pos_2_0.simps|simp
del
weode_backto_standard_pos_2.simps[simp del

lemmas wcode_fourtimes_invs =
wcode_on_left_moving_2_B.simps wcode_on_left_moving_2.simps
wcode_on_left_moving_2_0.simps wcode_on_checking_2.simps
wcode_goon_checking.simps wcode_right_move.simps
wcode_erase2.simps
wcode_on_right_moving_2.simps wcode_goon_right_moving_2.simps
wcode_backto_standard_pos_2_B.simps wcode_backto_standard_pos_2_0O.simps
wcode_backto_standard_pos_2.simps

fun wcode_fourtimes_case_inv :: nat = bin_inv_t
where
wcode_fourtimes_case_inv stires rs (I, r) =
(if st = Suc 0 then wcode_on_left_moving_2 ires rs (I, r)
else if st = Suc (Suc 0) then wcode_on_checking_2 ires rs (I, r)
else if st = 7 then wcode_goon_checking ires rs (I, r)
else if st = 8 then wcode_right_move ires rs (I, r)
else if st = 9 then wcode_erase2 ires rs (I, r)
else if st = 10 then wcode_on_right_moving_2 ires rs (I, r)
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else if st = 11 then wcode_goon_right_moving_2 ires rs (I, r)

else if st = 12 then wcode_backto_standard_pos_2 ires rs (1, r)

else if st = twice_tm_len + 14 then wcode_before_fourtimes ires rs (I, r)
else False)

declare wcode_fourtimes_case_inv.simps[simp del]

fun wcode_fourtimes_case_state :: config = nat
where
wcode_fourtimes_case_state (st, [, r) = 13 — st

fun wcode_fourtimes_case_step :: config = nat
where
wcode_fourtimes_case_step (st, 1, r) =
(if st = Suc O then length |
else if st = 9 then
(if hd r = Oc then 1
else 0)
else if st = 10 then length r
else if st = 11 then length r
else if st = 12 then length |
else 0)

fun wcode_fourtimes_case_measure :: config = nat X nat
where
wcode_fourtimes_case_measure (st, [, r) =
(weode_fourtimes_case_state (st, I, r),
wcode_fourtimes_case_step (st, 1, r))

definition wcode_fourtimes_case_le :: (config X config) set

. def .. . . .
where wcode_fourtimes_case_le = (inv_image lex_pair wcode_fourtimes_case_measure)

lemma wf wcode_fourtimes_case_le[intro|: wf wcode_fourtimes_case_le

(proof)

lemma nonempty_snd [simp]:
wcode_on_left_moving_2 ires rs (b, [|) = False
wcode_on_checking_2 ires rs (b, [|) = False
wcode_goon_checking ires rs (b, [|) = False
wcode_right_move ires rs (b, [|) = False
weode_erase2 ires rs (b, [|) = False
wcode_on_right_moving_2 ires rs (b, [|) = False
wcode_backto_standard_pos_2 ires rs (b, [|) = False
weode_on_checking_2 ires rs (b, Oc # list) = False

(proof)

lemma gr!_conv_Suc:Suc 0 < mr <— (3 nat. mr = Suc (Suc nat)) (proof)

lemma wcode_on_left_moving_2[simp]:
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wcode_on_left_moving_2 ires rs (b, Bk # list) => wcode_on_left_moving_2 ires rs (tl b, hd
b # Bk # list)
(proof )

lemma wcode_goon_checking_via_2 [simp]: wcode_on_checking_2 ires rs (b, Bk # list)
= wcode_goon_checking ires rs (tl b, hd b # Bk # list)
(proof )

lemma wcode_erase2_via_move [simp]: wcode_right_move ires rs (b, Bk # list) =—> wcode_erase2
ires rs (Bk # b, list)
(proof )

lemma wcode_on_right_moving_2_via_erase2[simp]:
wcode_erase? ires rs (b, Bk # list) => wcode_on_right_moving_2 ires rs (Bk # b, list)

(proof)

lemma wcode_on_right_moving_2_move_Bk[simp): wcode_on_right_moving_2 ires rs (b, Bk
# list)
= wcode_on_right_moving_2 ires rs (Bk # b, list)

(proof)

lemma wcode_backto_standard_pos_2_via_right[simp]:
weode_goon_right_moving_2 ires rs (b, Bk # list) =
wcode_backto_standard_pos_2 ires rs (b, Oc # list)
(proof )

lemma wcode_on_checking_2_via_left[simp|: wcode_on_left_moving 2 ires rs (b, Oc # list)
—
weode_on_checking_2 ires rs (tl b, hd b # Oc # list)
(proof )

lemma wcode_backto_standard_pos_2_empty_via_right[simp]:
wcode_goon_right_moving_2 ires rs (b, [|) =
wcode_backto_standard_pos_2 ires rs (b, [Oc])
(proof)

lemma wcode_goon_checking_cases|simp]: wcode_goon_checking ires rs (b, Oc # list) =
(b =[] — wcode_right_move ires rs (|Oc|, list)) A
(b # [| —> wcode_right_move ires rs (Oc # b, list))
(proof)

lemma wcode_right_move_no_Oc[simp|: wcode_right_move ires rs (b, Oc # list) = False

(proof)

lemma wcode_eraseZ_Bk_via_Oc[simp]: wcode_erase? ires rs (b, Oc # list)
= wcode_erase? ires rs (b, Bk # list)

(proof)

lemma wcode_goon_right_moving_2_Oc_move[simp]:
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wcode_on_right_moving_2 ires rs (b, Oc # list)
= wcode_goon_right_moving_2 ires rs (Oc # b, list)

(proof)

lemma wcode_backto_standard _pos_Z_exists[simp]: weode_backto_standard_pos_2 ires rs (b,
Bk # list)
= (3in. b = Bk # Bk?(In) Q Oc # ires) A (I rn. list = Oct(Suc (Suc rs)) @ Bkt(rn))
(proof )

lemma wcode _goon_right_moving_2_m0ve_0¢:[simp]: wcode_goon_right_moving_2 ires rs (b,
Oc # list) =
wcode_goon_right_moving_2 ires rs (Oc # b, list)

(proof)

lemma wcode_backto_standard_pos_2_Oc_mv_hd[simp]:
weode_backto_standard_pos_2 ires rs (b, Oc # list)
= wcode_backto_standard_pos_2 ires rs (tl b, hd b # Oc # list)
(proof)

lemma nonempty_fst[simp):
wcode_on_left_moving_2 ires rs (b, Bk # list) => b # ||
wecode_on_checking_2 ires rs (b, Bk # list) = b # ||
weode_goon_checking ires rs (b, Bk # list) = False
weode_right_move ires rs (b, Bk # list) = b# ||
weode_erase? ires rs (b, Bk # list) = b # ||
weode_on_right_moving_2 ires rs (b, Bk # list) = b # ||
weode_goon_right_moving_2 ires rs (b, Bk # list) = b # ||
wcode_backto_standard_pos_2 ires rs (b, Bk # list) => b # ||
weode_on_left_moving_2 ires rs (b, Oc # list) = b # ||
weode_goon_right_moving_2 ires rs (b, [|) = b # ||
wcode_erase2 ires rs (b, Oc # list) => b # []
wecode_on_right_moving_2 ires rs (b, Oc # list) => b # []
weode_goon_right_moving_2 ires rs (b, Oc # list) => b # ||
wcode_backto_standard_pos_2 ires rs (b, Oc # list) => b # ||
(proof)

lemma wcode_fourtimes_case_first_correctness:

shows let P = (X (st, 1, r). st = twice_tm_len + 14) in

let Q = (X (st, I, r). weode_fourtimes_case_inv st ires rs (1, r)) in

let f = (X stp. stepsO (Suc 0, Bk # Bk1(m) @Q Oc # Bk # Oc # ires, Bk # Oc1(Suc rs) @
Bkt (n)) weode_main_tm stp) in

I n.P(fn) AQ (f (n:nat))
(proof)

definition fourtimes_tm_len :: nat

where
Sfourtimes_tm_len = (length fourtimes_tm div 2)
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lemma primerec_rec_fourtimes_l[intro|: primerec rec_fourtimes (Suc 0)
(proof)

lemma fourtimes_lemma: rec_exec rec_fourtimes [rs| = 4 * rs

(proof)

lemma fourtimes_tm_correct:
stp In rn. stepsO (Suc 0, Bk # Bk # ires, Oct(Suc rs) @ Bkt (n))
(tm_of abc_fourtimes Q shift (mopup_n_tm 1) (length (tm_of abc_fourtimes) div 2)) stp =
(0, Bkt (In) @ Bk # Bk # ires, OcT(Suc (4 x rs)) Q Bkt (rn))
(proof)

lemma composable_fourtimes_tm|intro|: composable_tm (fourtimes_compile_tm, 0)
(proof)

lemma fourtimes_tm_change_term_state:
3 stp In m. stepsO (Suc 0, Bk # Bk # ires, Oct(Suc rs) @ Bkt(n)) fourtimes_tm stp
= (Suc fourtimes_tm_len, Bk1(In) @Q Bk # Bk # ires, Oc1(Suc (4 * rs)) @ Bkt(rn))
(proof)

lemma length_twice_tm_evenlintro|: is_even (length twice_tm)

(proof)

lemma fourtimes_tm_append_pre:

stepsO (Suc 0, Bk # Bk # ires, Oct(Suc rs) Q Bkt (n)) fourtimes_tm stp

= (Suc fourtimes_tm_len, Bk1(Iin) @Q Bk # Bk # ires, Oc1(Suc (4 * rs)) @ Bkt(rn))

= stepsO (Suc 0 + length (wcode_main_first_part_tm Q

shift twice_tm (length wcode_main_first_part_tm div 2) Q [(L, 1), (L, 1)]) div 2,
Bk # Bk # ires, Oct(Suc rs) Q@ Bk1(n))
((weode_main_first_part_tm Q@

shift twice_tm (length wcode_main_first_part_tm div 2) Q [(L, 1), (L, 1)]) @

shift fourtimes_tm (length (wcode_main_first_part_tm @

shift twice_tm (length wcode_main_first_part_tm div 2) @ [(L, 1), (L, 1)]) div 2) @ ([(L, 1),
(L, 1)) sip

= ((Suc fourtimes_tm_len) + length (wcode_main_first_part_tm Q

shift twice_tm (length wcode_main_first_part_tm div 2) Q [(L, 1), (L, 1)]) div 2,

Bkt (In) @ Bk # Bk # ires, Oct(Suc (4 * rs)) Q BkT(rn))

{proof)

lemma split_26_even[simp)|: (26 + l::nat) div 2 =1 div 2 + 13 (proof)

lemma twice_tm_len_plus_14[simp|: twice_tm_len + 14 = 14 + length (shift twice_tm 12) div
2
(proof )

lemma fourtimes_tm_append:
3 stp Inrn.
stepsO (Suc 0 + length (wcode_main_first_part_tm Q shift twice_tm
(length weode_main_first_part_tm div 2) @Q [(L, 1), (L, 1)]) div 2,
Bk # Bk # ires, Oct(Suc rs) @ Bk1(n))
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((weode_main_first_part_tm Q shift twice_tm (length wcode_main_first_part_tm div 2) @

(L, 1), (L, 1)]) @ shift fourtimes_tm (twice_tm_len + 13) @ [(L, I), (L, 1)]) stp

= (Suc fourtimes_tm_len + length (wcode_main_first_part_tm Q@ shift twice_tm

(length weode_main_first_part_tm div 2) @Q [(L, 1), (L, 1)]) div 2, BkT(in) @ Bk # Bk # ires,
Oc?t(Suc (4 = rs)) Q Bkt (rn))

(proof)

lemma even_fourtimes_len: length fourtimes_tm mod 2 = 0

(proof)

lemma rwice_tm_even[simp): 2 x (length twice_tm div 2) = length twice_tm

(proof)

lemma fourtimes_tm_even[simp): 2 * (length fourtimes_tm div 2) = length fourtimes_tm

(proof)

lemma fetch_wcode_tm_14_Oc: fetch wcode_main_tm (14 + length twice_tm div 2 + fourtimes_tm_len)
Oc
= (L, Suc 0)
(proof )

lemma fetch_wcode_tm_14_Bk: fetch wcode_main_tm (] 4 + length twice_tm div 2 + fourtimes_tm_len)
Bk
= (L, Suc 0)
(proof )

lemma fetch_wcode_tm_14 [simp): fetch wcode_main_tm (14 + length twice_tm div 2 + fourtimes_tm_len)
b
= (L, Suc 0)
(proof)

lemma wcode_jump?2:
3 stp In . stepsO (twice_tm_len + 14 + fourtimes_tm_len
, Bk # Bk # Bk1(Inb) @ Oc # ires, Oct(Suc (4 * rs + 4)) Q Bkt (rnb)) wcode_main_tm stp
(Suc 0, Bk # Bk1(In) @ Oc # ires, Bk # Oct(Suc (4 x rs + 4)) Q BkT(rn))
(proof)

lemma wcode_fourtimes_case:

shows I stp In rn.

stepsO (Suc 0, Bk # BkT(m) @ Oc # Bk # Oc # ires, Bk # Oct(Suc rs) @ Bkf(n))
wcode_main_tm stp =

(Suc 0, Bk # Bkt (In) @ Oc # ires, Bk # Oct(Suc (4xrs + 4)) @Q Bk1(rn))
(proof)

fun wcode_on_left_moving_3_B :: bin_inv_t
where
wcode_on_left_moving_3_Biresrs (I, r) =
(3 ml mr rn. | = Bkt(ml) @ Oc # Bk # Bk # ires \
r = Bkt(mr) @ Oct(Suc rs) Q Bkt (rn) A
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ml+ mr > Suc O Amr > 0)

fun wcode_on_left_moving_3_0O :: bin_inv_t
where

wcode_on_left_moving_3_Oiresrs (I, r) =
(3 Inrn. 1 = Bk # Bk # ires \
r = Oc # Bk1(In) @ Bk # Bk # Oc*(Suc rs) Q Bk1(rn))

fun wcode_on_left_moving_3 :: bin_inv_t
where

wcode_on_left_moving_3 ires rs (I, r)

(wcode_on_left_moving_3_Biresrs (I, r) V
wcode_on_left_moving_3_0O ires rs (1, r))

fun wcode_on_checking_3 :: bin_inv_t
where

wcode_on_checking_3 ires rs (I, r) =
(3 Inrn. 1 = Bk # ires N

r = Bk # Oc # Bk?(In) @ Bk # Bk # Oc?(Suc rs) @ Bk1(rn))

fun wcode_goon_checking_3 :: bin_inv_t
where

wcode_goon_checking_3 ires rs (I, r) =
(3 Inrm.l=ires A

r = Bk # Bk # Oc # Bk1(In) @ Bk # Bk # Oc1(Suc rs) Q Bk1(rn))
fun wcode_stop :: bin_inv_t
where
weode_stop ires rs (I, r) =
(3 Inrn. 1 = Bk # ires A
r = Bk # Oc # Bk?(In) @ Bk # Bk # Oc?(Suc rs) @ Bk1(rn))

fun wcode_halt_case_inv :: nat = bin_inv_t
where
wcode_halt_case_inv stiresrs (I, r) =
(if st = 0 then wcode_stop ires rs (I, r)
else if st = Suc 0 then wcode_on_left_moving_3 ires rs (I, r)
else if st = Suc (Suc 0) then wcode_on_checking_3 ires rs (I, r)

else if st = 7 then wcode_goon_checking_3 ires rs (I, r)
else False)

fun wcode_halt_case_state :: config = nat
where

wcode_halt_case_state (st, I, r) =
(if st=1then 5
else if st = Suc (Suc 0) then 4

else if st = 7 then 3
else 0)

fun wcode_halt_case_step :: config = nat
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where
wcode_halt_case_step (st, 1, r) =
(if st = 1 then length |
else 0)

fun wcode_halt_case_measure :: config = nat X nat
where
wcode_halt_case_measure (st, [, r) =
(wcode_halt_case_state (st, 1, r),
wcode_halt_case_step (st, 1, r))

definition wcode_halt_case_le :: (config X config) set

def . , ,
where wcode_halt_case_le :f (inv_image lex_pair wcode_halt_case_measure)

lemma wf_wcode_halt_case_le[inlro}: wf weode_halt_case_le

(proof )
declare wcode_on_left_moving_3_B.simps[simp del| wcode_on_left_moving_3_O.simps[simp del]

weode_on_checking_3.simps[simp del] wcode_goon_checking_3.simps[simp del]
weode_on_left_moving_3.simps[simp del] wcode_stop.simps[simp del]

lemmas wcode_halt_invs =
wcode_on_left_moving_3_B.simps wcode_on_left_moving_3_0.simps
wcode_on_checking_3.simps wcode_goon_checking_3.simps
wcode_on_left_moving_3.simps wcode_stop.simps

lemma wcode_on_left_moving_3_mv_Bk[simp|: wcode_on_left_moving_3 ires rs (b, Bk # list)
= wcode_on_left_moving_3 ires rs (tl b, hd b # Bk # list)
(proof )

lemma wcode_goon_checking_3_cases[simp]: wcode_goon_checking 3 ires rs (b, Bk # list)
[

(b =[] — wcode_stop ires rs ([Bk], list)) A

(b # [] — wcode_stop ires rs (Bk # b, list))

(proof)

lemma wcode_on_checking_3_mv_Oc[simp|: wcode_on_left_moving_3 ires rs (b, Oc # list)
.
weode_on_checking_3 ires rs (tl b, hd b # Oc # list)
(proof )

lemma wcode_3_nonempty[simp):
wcode_on_left_moving_3 ires rs (b, [|) = False
wcode_on_checking_3 ires rs (b, [|) = False
weode_goon_checking_3 ires rs (b, [|) = False
wcode_on_left_moving_3 ires rs (b, Oc # list) => b # ||
weode_on_checking_3 ires rs (b, Oc # list) = False
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weode_on_left_moving_3 ires rs (b, Bk # list) => b # ||
wcode_on_checking_3 ires rs (b, Bk # list) = b # []
wcode_goon_checking_3 ires rs (b, Oc # list) = False
(proof)

lemma wcode_goon_checking_3_mv_Bk[simp|: wcode_on_checking_3 ires rs (b, Bk # list)
s

weode_goon_checking_3 ires rs (tl b, hd b # Bk # list)

(proof )

lemma ¢_halt_case_correctness:
shows let P = (A (st, [, r). st = 0) in
let Q = (X (st, 1, r). weode_halt_case_inv st ires rs (I, 1)) in
let f = (X stp. stepsO (Suc 0, Bk # BkT(m) @Q Oc # Bk # Bk # ires, Bk # Oc?(Suc rs) @
Bk?T(n)) weode_main_tm stp) in
I n.P(fn) AQ(f (n:nar))
(proof)

declare wcode_halt_case_inv.simps|simp del)
lemma leading_Oclintro]: 3 xs. (<rev list Q [aa::nat]> :: cell list) = Oc # xs

(proof)

lemma wcode_halt_case:
stp In rn. stepsO (Suc 0, Bk # BkT(m) @ Oc # Bk # Bk # ires, Bk # Oc?(Suc rs) @Q BkT(n))
wcode_main_tm stp = (0, Bk # ires, Bk # Oc # Bkf{(In) @ Bk # Bk # Oc1(Suc rs) @
Bkt(rn))
(proof )

lemma bl_bin_one|simp|: bl_bin [Oc] = 1
(proof)

lemma twice_power|intro]: 2 * 2~ a = Suc (Suc (2 * bl_bin (Oc 1 a)))

(proof)

declare replicate_Suc[simp del]

lemma wcode_main_tm_lemma_pre:
largs # [); Im = <args::nat list>] =

3 stp In rn. stepsO (Suc 0, Bk # Bkt (m) Q rev Im @ Bk # Bk # ires, Bk # Oc?T(Suc rs) @

BkT(n)) weode_main_tm
stp

= (0, Bk # ires, Bk # Oc # Bk1(In) @ Bk # Bk # Oc?1(bl_bin Im + rs x 2"(length Im —
1)) @ Bit(m)
(proof)

definition wcode_prepare_tm :: instr list
where
def
wcode_prepare_tm =
[(WO7 2)7 (L7 ])7 (L7 3)’ (R7 2)7 (R7 4)7 (WB’ 3)7
(R7 4)7 (R7 5)7 (R7 6)7 (R7 )7 (R, 7), (R7 5)7
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(wo, 7), (L, 0)]

fun wprepare_add_one :: nat = nat list = tape = bool

where
wprepare_add_one m Im (I, r) =
@mlil=]A

(r = <m # Im> Q Bkt (rn) V
r = Bk # <m # Im> Q Bkt (rn)))

fun wprepare_goto_first_end :: nat = nat list = tape = bool
where
wprepare_goto_first_end m Im (I, r) =
(3 mlmrrn. 1 = Oct(ml) A
r = Oct(mr) @Q Bk # <Im> @ Bk{(rn) A
ml + mr = Suc (Suc m))

fun wprepare_erase :: nat = nat list = tape = bool
where
wprepare_erase m Im (I, r) =
(3 m. 1= Oct(Suc m) A
tl r = Bk # <Im> Q@ Bk1(rn))

fun wprepare_goto_start_pos_B :: nat = nat list = tape = bool
where
wprepare_goto_start_pos_BmIm (I, r) =
(3 m. 1 = Bk # Oct(Suc m) A
r = Bk # <Im> @ Bk1(rn))

fun wprepare_goto_start_pos_O :: nat = nat list = tape = bool
where
wprepare_goto_start_pos_O mIm (I, r) =
(3 rn. 1 = Bk # Bk # Oct(Suc m) A
r= <Im> Q Bk?(rn))

fun wprepare_goto_start_pos :: nat = nat list = tape = bool
where
wprepare_goto_start_pos m Im (I, r) =
(wprepare_goto_start_pos_Bm Im (I, r) V
wprepare_goto_start_pos_O m Im (I, r))

fun wprepare_loop_start_on_rightmost :: nat = nat list = tape = bool
where
wprepare_loop_start_on_rightmost m Im (1, r) =
(3 rnmr.rev1 @ r = Oct(Suc m) @ Bk # Bk # <Im> Q Bkt (rn) N1 # [| A
r = Oct(mr) Q Bkt(rn))

fun wprepare_loop_start_in_middle :: nat = nat list = tape = bool
where
wprepare_loop_start_in_middle m Im (I, r) =
(3 m (mr:: nat) (Iml::nat list).
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rev 1@ r = Oct(Suc m) Q Bk # Bk # <Im> @ Bk{(rn) N1 # [| A
r = Oct(mr) @Q Bk # <ImI> Q BkT(rn) A lml # [])

fun wprepare_loop_start :: nat = nat list = tape = bool
where
wprepare_loop_start m Im (I, r) = (wprepare_loop_start_on_rightmost m Im (I, r) V
wprepare_loop_start_in_middle m Im (I, r))

fun wprepare_loop_goon_on_rightmost :: nat = nat list = tape = bool
where
wprepare_loop_goon_on_rightmost m Im (I, r) =
(3 m. 1 = Bk # <rev Im> Q Bk # Bk # Oct(Suc m) A
r = Bk1(rn))

fun wprepare_loop_goon_in_middle :: nat = nat list = tape = bool
where
wprepare_loop_goon_in_middle m Im (I, r) =
(3 m (mr:: nat) (Iml::nat list).
rev 1@ r = Oct(Suc m) Q Bk # Bk # <Im> @Q Bk{(rn) N1 #[] A
(if Im1 =[] then r = Oct(mr) @ Bk1(rn)
else r = Oct(mr) @ Bk # <Iml> @ Bkf(rn)) A mr > 0)

fun wprepare_loop_goon :: nat = nat list = tape = bool
where
wprepare_loop_goon m Im (I, r) =
(wprepare_loop_goon_in_middle m Im (I, r) V
wprepare_loop_goon_on_rightmost m Im (1, r))

fun wprepare_add_one2 :: nat = nat list = tape = bool
where
wprepare_add_one2 m Im (l, r)=
(3 rn. | = Bk # Bk # <rev Im> @ Bk # Bk # Oc?(Suc m) A
(r=1] Vtr=Bkt(rn)))

fun wprepare_stop :: nat = nat list = tape = bool
where
wprepare_stop m Im (I, r) =
(3 . 1 = Bk # <rev Im> Q Bk # Bk # Oc?(Suc m) A
r = Bk # Oc # Bk1(rn))

fun wprepare_inv :: nat = nat = nat list = tape = bool
where
wprepare_inv st m Im (1, r) =

(if st = O then wprepare_stop m Im (1, r)
else if st = Suc O then wprepare_add_one m Im (I, r)
else if st = Suc (Suc 0) then wprepare_goto_first_end m Im (I, r)
else if st = Suc (Suc (Suc 0)) then wprepare_erase m Im (I, r)
else if st = 4 then wprepare_goto_start_pos m Im (I, r)
else if st = 5 then wprepare_loop_start m Im (1, r)
else if st = 6 then wprepare_loop_goon m Im (1, r)
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else if st = 7 then wprepare_add_one2 m Im (I, r)
else False)

fun wprepare_stage :: config = nat
where
wprepare_stage (st, 1, r) =
(if st > 1 N st <4 then3
else if st =5V st = 6 then 2
else 1)

fun wprepare_state :: config = nat
where
wprepare_state (st, [, r) =
(if st = 1 then 4
else if st = Suc (Suc 0) then 3
else if st = Suc (Suc (Suc 0)) then 2
else if st = 4 then 1
else if st = 7 then 2
else 0)

fun wprepare_step :: config = nat
where
wprepare_step (st, 1, r) =
(if st = 1 then (if hd r = Oc then Suc (length I)
else 0)

else if st = Suc (Suc 0) then length r

else if st = Suc (Suc (Suc 0)) then (if hd r = Oc then 1
else 0)

else if st = 4 then length r

else if st = 5 then Suc (length r)

else if st = 6 then (if r = [] then 0 else Suc (length r))

else if st = 7 then (if (r # [| A hd r = Oc) then 0
else 1)

else 0)

fun wcode_prepare_measure :: config = nat X nat X nat
where

wcode_prepare_measure (st, I, r) =
(wprepare_stage (st, 1, r),
wprepare_state (st, l, r),
wprepare_step (st, I, r))
definition wcode_prepare_le :: (config X config) set
def . . .
where wcode_prepare_le = (inv_image lex_triple wcode_prepare_measure)

lemma wf wcode_prepare_le|intro]: wf wcode_prepare_le

(proof)

declare wprepare_add_one.simps[simp del] wprepare_goto_first_end.simps|simp del]
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wprepare_erase.simps|simp del] wprepare_goto_start_pos.simps|[simp del]
wprepare_loop_start.simps[simp del] wprepare_loop_goon.simps[simp del]
wprepare_add_one2.simps[simp del]

lemmas wprepare_invs = wprepare_add_one.simps wprepare_goto_first_end.simps
wprepare_erase.simps wprepare_goto_start_pos.simps
wprepare_loop_start.simps wprepare_loop_goon.simps
wprepare_add_one2.simps

declare wprepare_inv.simps|simp del]

lemma fetch_wcode_prepare_tm[simp:

fetch weode_prepare_tm (Suc 0) Bk = (WO,

fetch weode_prepare_tm (Suc 0) Oc = (L, 1)

fetch weode_prepare_tm (Suc (Suc 0)) Bk = (L, 3)

fetch weode_prepare_tm (Suc (Suc 0)) Oc = (R ,2)

fetch weode_prepare_tm (Suc (Suc (Suc 0))) Bk = (R, 4)

fetch weode_prepare_tm (Suc (Suc (Suc 0))) Oc = (WB, 3)

fetch weode_prepare_tm 4 Bk = (R, 4)

fetch weode_prepare_tm 4 Oc = (

fetch weode_prepare_tm 5 Oc = (R,

fetch weode_prepare_tm 5 Bk = (

fetch weode_prepare_tm 6 Oc = (

fetch weode_prepare_tm 6 Bk = (R, 7)
(L, 0)
(

2)

fetch wcode_prepare_tm 7 Oc =
Sfetch wcode_prepare_tm 7 Bk =

(proof)

lemma wprepare_add_one_nonempty_snd[simp]: Im # [| = wprepare_add_one m Im (b, [])
= False

(proof)

lemma wprepare_goto_first_end_nonempty_snd[simp|: Im # [| = wprepare_goto_first_end m
Im (b, []) = False
(proof)

lemma wprepare_erase_nonempty_snd|[simp|: Im # [| = wprepare_erase m Im (b, [|) = False

(proof)

lemma wprepare_goto_start_pos_nonempty_snd[simp|: Im # [| = wprepare_goto_start_pos
mIm (b, []) = False
(proof)

lemma wprepare_loop_start_empty_nonempty_fst[simp|: [lm # [|; wprepare_loop_start m Im

O, DI =b#]
(proof)

lemma rev_eq: rev xs = rev ys = xs = ys {proof)

lemma wprepare_loop_goon_Bk_empty_snd[simp): [Im # []; wprepare_loop_start m Im (b, [])]
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—
wprepare_loop_goon m Im (Bk # b, [])

(proof)

lemma wprepare_loop_goon_nonempty_fst[simp]: [Im # [|; wprepare_loop_goon m Im (b, [])]
—b#|]
(proof)

lemma wprepare_add_one2_Bk_empty[simp)|:[lm # [|; wprepare_loop_goon m Im (b, [])] =
wprepare_add_one2 m Im (Bk # b, [])
(proof)

lemma wprepare_add_one2_nonempty_fst[simp|: wprepare_add_one2 m Im (b, [|) = b # ]

(proof)

lemma wprepare_add_one2_Oc|simp]: wprepare_add_one2 mIm (b, [|) => wprepare_add_one2
mIm (b, [Oc])
(proof )

lemma Bk_not_tape_start[simp]: (Bk # list = <(m::nat) # Im> Q ys) = Fulse
(proof)

lemma wprepare_goto_first_end_cases[simp]:
[im # []; wprepare_add_one m Im (b, Bk # list)]
= (b =[] — wprepare_goto_first_end m Im ([], Oc # list)) A
(b # [] — wprepare_goto_first_end m Im (b, Oc # list))
(proof)

lemma wprepare_goto_first_end_Bk_nonempty_fst[simp):
wprepare_goto_first_end m Im (b, Bk # list) => b # ]
(proof)

declare replicate_Suc[simp]

lemma wprepare_erase_elem_Bk_rest[simp|: wprepare_goto_first_end m Im (b, Bk # list) =
wprepare_erase m Im (1l b, hd b # Bk # list)
(proof)

lemma wprepare_erase_Bk_nonempty_fst[simp|: wprepare_erase m Im (b, Bk # list) = b #

I
(proof)

lemma wprepare_goto_start_pos_Bk[simp]: wprepare_erase m Im (b, Bk # list) =
wprepare_goto_start_pos m Im (Bk # b, list)
(proof)

lemma wprepare_add_one_Bk_nonempty_snd|[simp): [wprepare_add_one m Im (b, Bk # list)]

= list # ||

(proof)
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lemma wprepare_goto_first_end_nonempty_snd_tl[simp]:
[im # []; wprepare_goto_first_end m lm (b, Bk # list)] = list # [|
(proof)

lemma wprepare_erase_Bk_nonempty_list[simp]: [Im # [|; wprepare_erase m Im (b, Bk # list)]
= list # []

(proof)

lemma wprepare_goto_start_pos_Bk_nonempty[simp): [Im # [|; wprepare_goto_start_pos m
Im (b, Bk # list)] = list # |]
(proof)

lemma wprepare_goto_start_pos_Bk_nonempty_fst[simp]: [Im # [|; wprepare_goto_start_pos
m Im (b, Bk # list)] = b # ||
(proof)

lemma wprepare_loop_goon_Bk_nonempty|[simp]: [Im # [|; wprepare_loop_goon m Im (b, Bk
#lst)] = b#]]
(proof)

lemma wprepare_loop_goon_wprepare_add_one2_cases[simp): [Im # []; wprepare_loop_goon
m Im (b, Bk # list)] =

(list = [| —> wprepare_add_one2 m Im (Bk # b, [])) A

(list # [| — wprepare_add_one2 m Im (Bk # b, list))

(proof)

lemma wprepare_add_one2_nonempty|simp|: wprepare_add_one2 m Im (b, Bk # list) = b #

l
(proof)

lemma wprepare_add_one2_cases[simp|: wprepare_add_one2 m Im (b, Bk # list) =
(list = [| — wprepare_add_one2 m Im (b, [Oc])) A
(list # [| — wprepare_add_one2 m Im (b, Oc # list))
(proof)

lemma wprepare_goto_first_end_cases_Oc|simp): wprepare_goto_first_end m Im (b, Oc # list)
= (b =[] —> wprepare_goto_first_end m Im ([Oc], list)) N\
(b # [| — wprepare_goto_first_end m Im (Oc # b, list))
(proof)

lemma wprepare_erase_nonempty|[simp): wprepare_erase m Im (b, Oc # list) => b # ||

(proof)

lemma wprepare_erase_Bk[simp|: wprepare_erase m Im (b, Oc # list)
= wprepare_erase m Im (b, Bk # list)

(proof)

lemma wprepare_goto_start_pos_Bk_move[simp): [Im # [|; wprepare_goto_start_pos m Im (b,
Bk # list)]
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= wprepare_goto_start_pos m Im (Bk # b, list)

(proof)

lemma wprepare_loop_start_b_nonempty[simp|: wprepare_loop_start m Im (b, aa) = b # [|
(proof)

lemma exists_exp_of _Bk[elim]: Bk # list = Oct(mr) @ Bkt (rn) = 3 rn. list = Bk1(rn)
(proof)

lemma wprepare_loop_start_in_middle_Bk_False[simp|: wprepare_loop_start_in_middle m Im
(b, [Bk]) = False
(proof )

declare wprepare_loop_start_in_middle.simps|[simp del]

declare wprepare_loop_start_on_rightmost.simps[simp del]
wprepare_loop_goon_in_middle.simps[simp del]
wprepare_loop_goon_on_rightmost.simps|simp del)

lemma wprepare_loop_goon_in_middle_Bk_False|[simp]: wprepare_loop_goon_in_middle m Im
(Bk # b, []) = False
(proof)

lemma wprepare_loop_goon_Bk|[simp]: [Im # [|; wprepare_loop_start m Im (b, [Bk])] =
wprepare_loop_goon m Im (Bk # b, |[])
(proof )

lemma wprepare_loop_goon_in_middle_Bk_False2[simp|: wprepare_loop_start_on_rightmost
m Im (b, Bk # a # lista)

= wprepare_loop_goon_in_middle m Im (Bk # b, a # lista) = False

(proof)

lemma wprepare_loop_goon_on_rightbmost_Bk_False[simp): [Im # [|; wprepare_loop_start_on_rightmost
m Im (b, Bk # a # lista)]
= wprepare_loop_goon_on_rightmost m Im (Bk # b, a # lista)

(proof)

lemma wprepare_loop_goon_in_middle_Bk_False3|[simp):
assumes /m # [| wprepare_loop_start_in_middle m Im (b, Bk # a # lista)
shows wprepare_loop_goon_in_middle m Im (Bk # b, a # lista) (is ?t1)
and wprepare_loop_goon_on_rightmost m Im (Bk # b, a # lista) = False (is ?12)
(proof)

lemma wprepare_loop_goon_Bk2[simp]: [Im # [|; wprepare_loop_start m Im (b, Bk # a #
lista)] =

wprepare_loop_goon m Im (Bk # b, a # lista)

(proof)

lemma start_2_goon:
[im # [J; wprepare_loop_start m Im (b, Bk # list)] =
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(list = [| — wprepare_loop_goon m Im (Bk # b, [])) A
(list # [| — wprepare_loop_goon m Im (Bk # b, list))
(proof)

lemma add_one_2_add_one: wprepare_add_one m Im (b, Oc # list)
= (hd b = Oc — (b =[] — wprepare_add_one m Im (], Bk # Oc # list)) A
(b # || — wprepare_add_one m Im (1l b, Oc # Oc # list))) A
(hd b # Oc — (b =[] — wprepare_add_one m Im ([], Bk # Oc # list)) A
(b # [] — wprepare_add_one m Im (tl b, hd b # Oc # list)))
(proof)

lemma wprepare_loop_start_on_rightmost_Oc|simp|: wprepare_loop_start_on_rightmost m Im
(b, Oc # list) =
wprepare_loop_start_on_rightmost m Im (Oc # b, list)

(proof)

lemma wprepare_loop_start_in_middle_Oc|simp):
assumes wprepare_loop_start_in_middle m Im (b, Oc # list)
shows wprepare_loop_start_in_middle m Im (Oc # b, list)

(proof)

lemma start_2_start: wprepare_loop_start m Im (b, Oc # list) =
wprepare_loop_start m Im (Oc # b, list)

(proof)

lemma wprepare_loop_goon_Oc_nonempty|simp|: wprepare_loop_goon m Im (b, Oc # list)
—b#|]
(proof)

lemma wprepare_goto_start_pos_Oc_nonempty[simp|: wprepare_goto_start_pos m Im (b, Oc
# list) => b # ||
(proof)

lemma wprepare_loop_goon_on_rightmost_Oc_False|[simp]: wprepare_loop_goon_on_rightmost
m Im (b, Oc # list) = False
(proof)

lemma wprepare_loopl: [rev b Q Oct(mr) = Oc?(Suc m) @ Bk # Bk # <Im>;
b # []; 0 < mr; Oc # list = Oct(mr) @Q Bkt(rn)]
= wprepare_loop_start_on_rightmost m Im (Oc # b, list)

(proof)

lemma wprepare_loop2: [rev b @ Oct(mr) Q Bk # <a # lista> = Oc1(Suc m) @ Bk # Bk #
<lm>;
b # [|; Oc # list = Oct(mr) Q Bk # <(a::nat) # lista> @ Bkt (rn)]
= wprepare_loop_start_in_middle m Im (Oc # b, list)

(proof)

lemma wprepare_loop_goon_in_middle_cases[simp|: wprepare_loop_goon_in_middle m Im (b,
Oc # list) =
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wprepare_loop_start_on_rightmost m Im (Oc # b, list) V
wprepare_loop_start_in_middle m Im (Oc # b, list)

(proof)

lemma wprepare_add_one_b[simp|: wprepare_add_one m Im (b, Oc # list)
= b =[] — wprepare_add_one m Im ([], Bk # Oc # list)
wprepare_loop_goon m Im (b, Oc # list)
= wprepare_loop_start m Im (Oc # b, list)

(proof)

lemma wprepare_loop_start_on_rightmost_Oc2[simp|: wprepare_goto_start_pos m [a] (b, Oc
# list)
= wprepare_loop_start_on_rightmost m [a] (Oc # b, list)

(proof)

lemma wprepare_loop_start_in_middle_2_Oc[simp]: wprepare_goto_start_pos m (a # aa #
listaa) (b, Oc # list)
=>wprepare_loop_start_in_middle m (a # aa # listaa) (Oc # b, list)

(proof)

lemma wprepare_loop_start_Oc2[simp]: [Im # [; wprepare_goto_start_pos m Im (b, Oc #
list)]
= wprepare_loop_start m Im (Oc # b, list)

(proof)

lemma wprepare_add_one2_Oc_nonempty|simp): wprepare_add_one2 m Im (b, Oc # list) =
b#|
(proof)

lemma add_one_2_stop:
wprepare_add_one2 m Im (b, Oc # list)
= wprepare_stop m Im (tl b, hd b # Oc # list)
(proof)

declare wprepare_stop.simps|simp del]

lemma wprepare_correctness:
assumes h: Im # [
shows let P = (A (st, [, r). st = 0) in
let Q = (X (st, I, r). wprepare_inv st m Im (1, r)) in
let f = (X stp. stepsO (Suc 0, [], (<m # Im>)) wcode_prepare_tm stp) in
In.P(fn)NQ(fn)
(proof)

lemma composable_tm_wcode_prepare_tm[intro|: composable_tm (wcode_prepare_tm, 0)

(proof)

lemma is_28 even[intro]: (28 + (length twice_compile_tm + length fourtimes_compile_tm))
mod 2 =0
(proof )
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lemma b_le_28[elim]: (a, b) € set wcode_main_first_part_tm —>
b < (28 + (length twice_compile_tm + length fourtimes_compile_tm)) div 2

(proof)

lemma composable_tm_change_termi:

assumes composable_tm (tp, 0)

shows list_all (\(acn, st). (st < Suc (length tp div 2))) (adjustO tp)
(proof)

lemma composable_tm_shift:

assumes list_all (X(acn, st). (st <y)) tp

shows list_all (X(acn, st). (st <y + off)) (shift tp off)
(proof)

declare length_tp'[simp del]

lemma length_mopup_1|[simp]: length (mopup_n_tm (Suc 0)) = 16
(proof)

lemma twice_plus_28_elim|elim]: (a, b) € set (shift (adjustO twice_compile_tm) 12) =
b < (28 + (length twice_compile_tm + length fourtimes_compile_tm)) div 2
(proof )

lemma length_plus_28_elim2[elim]: (a, b) € set (shift (adjustO fourtimes_compile_tm) (twice_tm_len
+13))
= b < (28 + (length twice_compile_tm + length fourtimes_compile_tm)) div 2

(proof)

lemma composable_tm_wcode_main_tm[intro): composable_tm (wcode_main_tm, 0)

(proof)

lemma prepare_mainpart_lemma:
args # | =
3 stp In rn. stepsO (Suc 0, [|, <m # args>) (wcode_prepare_tm |4| wcode_main_tm) stp
= (0, Bk # Oct(Suc m), Bk # Oc # Bk1(In) @ Bk # Bk # Oc?(bl_bin (<args>))
@ Bkt(rn))
(proof)

definition tinres :: cell list = cell list = bool
where
tinres xs ys = (3n. xs = ys Q Bk T n \V ys = xs Q Bk T n)

lemma finres_fetch_congr[simp): tinres r r' =
fetcht ss (read r) =
fetch t ss (read r')

(proof)
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lemma nonempty_hd_tinres|simp): [tinres rr'; r £ [|;r' £ []] = hd r = hd r’

(proof)

lemma rinres_nonempty|simp:
[tinres r [); r # []] = hd r = Bk
[tinres | r's r' # []] = hd r' = Bk
[tinres r [|; r# [|]] = tinres (el r) ]
tinres r r' = tinres (b # r) (b # 1)

(proof)

lemma ex_move_tl[intro): Ina. tl r = tl (r Q BkT(n)) @ Bkf(na) V tl (r @ Bkf(n)) =1l r Q
Bkt (na)
(proof)

lemma tinres_tails[simp): tinres r r' = tinres (t1 r) (t r’)

(proof)

lemma tinres_empty[simp]:
[tinres [| r'] = tinres [] (el r')
tinres r || = tinres (Bk # tl r) [Bk]
tinres r || == tinres (Oc # tl r) [Oc]

(proof)

lemma tinres_step2:
assumes tinres r r' step0 (ss, I, r) t = (sa, la, ra) step0 (ss, I, r') t = (sb, Ib, rb)
shows la = Ib A tinres ra rb N\ sa = sb

(proof)

lemma finres_steps2:
[tinres r r'; stepsO (ss, I, r) t stp = (sa, la, ra); stepsO (ss, I, ') t stp = (sb, Ib, rb)]
= la = Ib A tinres ra rb N\ sa = sb

(proof)

definition wcode_adjust_tm :: instr list
where
weode_adjust_tm = [(WO, 1), (R, 2), (Nop, 2), (R, 3), (R, 3), (R, 4),
(L, 8), (L, 5), (L, 6), (WB,5), (L, 6), (R, 7),
(Wo, 2), (AhHD» 7), (L, 9), (WB, 8), (L, 9), (L, 10),

(L, 11), (L, 10), (R, 0), (L, 11)]
lemma ferch_wcode_adjust_tm[simp]:
fetch weode_adjust_tm (Suc 0) Bk = (WO, 1)
fetch weode_adjust_tm (Suc 0) Oc = (R, 2)
fetch weode_adjust_tm (Suc (Suc 0)) Oc = (R, 3)
fetch weode_adjust_tm (Suc (Suc (Suc 0))) Oc = (R, 4)
fetch weode_adjust_tm (Suc (Suc (Suc 0))) Bk = (R, 3)
fetch weode_adjust_tm 4 Bk = (L, 8)
fetch weode_adjust_tm 4 Oc = (L, 5)
fetch weode_adjust_tm 5 Oc = (WB, 5)
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fetch weode_adjust_tm 8 Bk = (L, 9)
fetch weode_adjust_tm 8 Oc = (WB, 8)
fetch weode_adjust_tm 9 Oc = (L, 10)
fetch weode_adjust_tm 9 Bk = (L, 9)
fetch weode_adjust_tm 10 Bk = (L, 11)
fetch weode_adjust_tm 10 Oc = (L, 10)
fetch weode_adjust_tm 11 Oc = (L, 11)
fetch weode_adjust_tm 11 Bk = (R, 0)

(proof)

fun wadjust_start :: nat = nat = tape = bool
where
wadjust_startmrs (I, r) =
(3 Inrn. 1 = Bk # Oc?t(Suc m) A
tl r = Oc # Bk?(in) @ Bk # Oct(Suc rs) @ Bkt (rn))

fun wadjust_loop_start :: nat = nat = tape = bool
where
wadjust_loop_start mrs (I, r) =
(3 Inmmlmr. 1= Oct(ml) Q Bk # Oct(Suc m) A
r = Oc # Bk1(In) @ Bk # Oct(mr) @ Bkt (rn) A
ml + mr = Suc (Suc rs) A mr > 0)

fun wadjust_loop_right_move :: nat = nat = tape = bool
where
wadjust_loop_right_move m rs (I, r) =
(3 ml mr nl nr rn. 1 = BkT(nl) @ Oc # Oc?t(ml) @Q Bk # Oc*t(Suc m) A
r = Bkt(nr) @ Oct(mr) Q Bkt (rn) A
ml + mr = Suc (Suc rs) Amr >0 A
nl + nr > 0)

fun wadjust_loop_check :: nat = nat = tape = bool
where
wadjust_loop_check mrs (I, r) =
(3 mlmrIn rn. | = Oc # Bk1(In) Q Bk # Oc # Oc?t(ml) @ Bk # Oct(Suc m) A
r = Oct(mr) Q Bkt(rn) A ml + mr = (Suc rs))

fun wadjust_loop_erase :: nat = nat = tape = bool
where
wadjust_loop_erase mrs (I, r) =
(3 mimrIn rn. 1 = Bk1(In) @Q Bk # Oc # Oct(ml) Q Bk # Oc?(Suc m) A
tl r = Oct(mr) @ Bkt (rn) A ml + mr = (Suc rs) A mr > 0)

fun wadjust_loop_on_left_moving_O :: nat = nat = tape = bool
where
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wadjust_loop_on_left_moving_O mrs (I, r) =
(3 mlmrinrn. I = Oct(ml) Q Bk # Oct(Suc m )\
r = Oc # Bk1(In) @ Bk # Bk # Oc?(mr) Q Bkt (rn) A
ml + mr = Suc rs A mr > 0)

fun wadjust_loop_on_left_moving_B :: nat = nat = tape = bool
where
wadjust_loop_on_left_moving_ Bmrs (I, r) =
(3 ml mr nl nr rn. 1 = BkT(nl) @ Oc # Oc?t(ml) @Q Bk # Oc?t(Suc m) A
r = Bk1(nr) Q Bk # Bk # Oct(mr) @ Bk1(rn) A
ml + mr = Suc rs A mr > 0)

fun wadjust_loop_on_left_moving :: nat = nat = tape = bool
where
wadjust_loop_on_left_moving m rs (1, r) =
(wadjust_loop_on_left_moving_O mrs (I, r) V
wadjust_loop_on_left_moving_Bm rs (I, r))

fun wadjust_loop_right_move?2 :: nat = nat = tape = bool
where
wadjust_loop_right_move2 mrs (I, r) =
(3 mlmrin .l = Oc # Oct(ml) Q Bk # Oct(Suc m) A
r = Bk?{(In) @ Bk # Bk # Oct(mr) Q Bk1(rn) A
ml + mr = Suc rs A mr > 0)

fun wadjust_erase?2 :: nat = nat = tape = bool
where
wadjust_erase2 mrs (I, r) =
(3 Inrn. 1 = Bkt (In) @Q Bk # Oc # Oct(Suc rs) @ Bk # Oct(Suc m) A
tl r = Bkt (rn))

fun wadjust_on_left_moving_O :: nat = nat = tape = bool
where
wadjust_on_left_moving_Omrs (I, r) =
(3 rn. I = Oct(Suc rs) @ Bk # Oct(Suc m) A
r = Oc # Bk1(rn))

fun wadjust_on_left_moving_B :: nat = nat = tape = bool
where
wadjust_on_left_moving_B m rs (1, r) =
(3 Inrn. 1 = Bkt (In) Q Oc # Oct(Suc rs) @ Bk # Oc?(Suc m) A
r = Bkt (rn))

fun wadjust_on_left_moving :: nat = nat = tape = bool
where
wadjust_on_left_moving m rs (l, r)=
(wadjust_on_left_moving_O mrs (I,r) V
wadjust_on_left_moving_Bmrs (I, r))

fun wadjust_goon_left_moving_B :: nat = nat = tape = bool
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where
wadjust_goon_left_moving Bmrs (I, r) =
(3 . I = Oct(Suc m) A
r = Bk # Oc?(Suc (Suc rs)) @ Bkt(rn))

fun wadjust_goon_left_moving_O :: nat = nat = tape = bool
where
wadjust_goon_left_moving_ Omrs (I, r) =
(3 mlmr rn. 1 = Oct(ml) @Q Bk # Oc?(Suc m) A
r = Oct(mr) Q Bkt (rn) A
ml + mr = Suc (Suc rs) A\ mr > 0)

fun wadjust_goon_left_moving :: nat = nat = tape = bool
where
wadjust_goon_left_moving mrs (I, r) =
(wadjust_goon_left_moving Bmrs (I, r) V
wadjust_goon_left_moving_O mrs (I, r))

fun wadjust_backto_standard_pos_B :: nat = nat = tape = bool

where
wadjust_backto_standard_pos_Bmrs (I, r) =
@ml=]A

r = Bk # Oct(Suc m )@ Bk # Oc1(Suc (Suc rs)) @ Bkt (rn))

fun wadjust_backto_standard_pos_O :: nat = nat = tape = bool
where
wadjust_backto_standard_pos_O mrs (I, r) =
(3 mlmr rn. 1 = Oct(ml) A
r = Oct(mr) @Q Bk # Oct(Suc (Suc rs)) @ Bkt(rn) A
ml + mr = Suc m A mr > 0)

fun wadjust_backto_standard_pos :: nat = nat = tape = bool
where
wadjust_backto_standard_pos m rs (I, r) =
(wadjust_backto_standard_pos_Bm rs (I, r) V
wadjust_backto_standard_pos_O mrs (1, r))

fun wadjust_stop :: nat = nat = tape = bool
where
wadjust_stop mrs (I, r) =
(3 m. 1= [Bk] A
r = Oct(Suc m )Q Bk # Oct(Suc (Suc rs)) @ Bkt(rn))

declare wadjust_start.simps[simp del] wadjust_loop_start.simps|simp del]
wadjust_loop_right_move.simps[simp del| wadjust_loop_check.simps[simp del]
wadjust_loop_erase.simps[simp del] wadjust_loop_on_left_moving.simps[simp del]
wadjust_loop_right_move2.simps[simp del| wadjust_erase2.simps|simp del]
wadjust_on_left_moving_O.simps[simp del| wadjust_on_left_moving_B.simps[simp del]
wadjust_on_left_moving.simps[simp del] wadjust_goon_left_moving_B.simps[simp del)
wadjust_goon_left_moving_O.simps[simp del| wadjust_goon_left_moving.simps[simp del]
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wadjust_backto_standard_pos.simps|simp del] wadjust_backto_standard_pos_B.simps|simp del]
wadjust_backto_standard_pos_O.simps[simp del] wadjust_stop.simps[simp del]

fun wadjust_inv :: nat = nat = nat = tape = bool
where
wadjust_inv stmrs (I, r) =
(if st = Suc 0 then wadjust_start m rs (1, r)
else if st = Suc (Suc 0) then wadjust_loop_start m rs (I, r)
else if st = Suc (Suc (Suc 0)) then wadjust_loop_right_move m rs (I, r)
else if st = 4 then wadjust_loop_check m rs (I, r)
else if st = 5 then wadjust_loop_erase mrs (1, r)
else if st = 6 then wadjust_loop_on_left_moving m rs (I, r)
else if st = 7 then wadjust_loop_right_move2 m rs (I, r)
else if st = 8 then wadjust_erase2 mrs (I, r)
else if st = 9 then wadjust_on_left_moving m rs (I, r)
else if st = 10 then wadjust_goon_left_moving m rs (I, r)
else if st = 11 then wadjust_backto_standard_pos m rs (I, r)
else if st = 0 then wadjust_stop m rs (I, r)
else False

)

declare wadjust_inv.simps[simp del)

fun wadjust_phase :: nat = config = nat
where
wadjust_phase rs (st, 1, r) =
(if st =1 then 3
else if st > 2 N\ st < 7 then 2
else if st > 8 ANst < 11 then 1
else 0)

fun wadjust_stage :: nat = config = nat
where
wadjust_stage rs (st, I, r) =
(if st > 2 N\ st < 7 then
rs — length (takeWhile (X a. a = Oc)
(¢t (dropWhile (A a. a = Oc) (rev1Q r))))
else 0)

fun wadjust_state :: nat = config = nat
where
wadjust_state rs (st, I, r) =
(if st > 2 N\ st < 7then8 — st
else if st > 8 N\ st < 11 then 12 — st
else 0)

fun wadjust_step :: nat = config = nat
where
wadjust_step rs (st, [, r) =
(if st = 1 then (if hd r = Bk then 1
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else 0)

else if st = 3 then length r

else if st = 5 then (if hd r = Oc then 1
else 0)

else if st = 6 then length [

else if st = 8 then (if hd r = Oc then 1
else 0)

else if st = 9 then length [

else if st = 10 then length |

else if st = 11 then (if hd r = Bk then 0
else Suc (length 1))

else 0)

fun wadjust_measure :: (nat x config) = nat x nat X nat X nat
where
wadjust_measure (rs, (st, 1, r)) =
(wadjust_phase rs (st, L, r),
wadjust_stage rs (st, 1, 1),
wadjust_state rs (st, 1, r),
wadjust_step rs (st, [, r))

definition wadjust_le :: ((nat x config) X nat X config) set

. def . . .
where wadjust_le :f (inv_image lex_square wadjust_measure)

lemma wf _lex_square[intro]: wf lex_square

(proof)

lemma wf wadjust_le[intro]: wf wadjust_le

(proof)

lemma wadjust_start_snd_nonempty|simp|: wadjust_start m rs (c, [|) = False

(proof)

lemma wadjust_loop_right_move_fst_nonempty|[simp): wadjust_loop_right_move m rs (c, [])
= c# ]

(proof)

lemma wadjust_loop_check_fst_nonempty[simp|: wadjust_loop_check m rs (c, [|) = ¢ # ||

(proof)

lemma wadjust_loop_start_snd_nonempty[simp|: wadjust_loop_start m rs (c, [|) = False

(proof)

lemma wadjust_erase2_singleton|[simp): wadjust_loop_check m rs (c, [|) = wadjust_erase2
mrs (tl ¢, [hd c])
(proof)

lemma wadjust_loop_on_left_moving_snd_nonempty[simp]:
wadjust_loop_on_left_moving m rs (c, [|) = False
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wadjust_loop_right_move2 m rs (c, []) = False
wadjust_erase2 mrs ([], [|) = False

(proof)

lemma wadjust_on_left_moving_B_Bkl [simp}: wadjust_on_left_moving_B m rs
(Oc # Oc # Oct(rs) Q Bk # Oc # Oct(m), [Bk])
(proof )

lemma wadjust_on_left_moving_B_Bk2[simp|: wadjust_on_left_moving_B m rs
(Bk1(n) @ Bk # Oc # Oc # Oc*t(rs) @Q Bk # Oc # Oct(m), [Bk])
(proof )

lemma wadjust_on_left_moving_singleton|simp|: [wadjust_erase2 mrs (c, [)); ¢ # [|]] =
wadjust_on_left_moving m rs (1l ¢, [hd c]) (proof)

lemma wadjust_erase2_cases[simp]: wadjust_erase2 m rs (c, [])
= (¢ = [| — wadjust_on_left_moving m rs ([, [Bk])) N
(¢ # [| — wadjust_on_left_moving m rs (tl ¢, [hd c]))

(proof)

lemma wadjust_on_left_moving_nonempty|[simp):
wadjust_on_left_moving m rs ([, [|) = False
wadjust_on_left_moving_O mrs (c, [|) = False
(proof)

lemma wadjust_on_left_moving_B_singleton_Bk[simp):
[wadjust_on_left_moving_Bmrs (c, []); ¢ # []; hd ¢ = Bk] =
wadjust_on_left_moving_B m rs (tl c, [Bk])

(proof)

lemma wadjust_on_left_moving_B_singleton_Oc[simp]:
[wadjust_on_left_moving_Bmrs (c, []); ¢ # []; hd ¢ = Oc] =
wadjust_on_left_moving_O mrs (tl ¢, [Oc]

(proof)

lemma wadjust_on_left_moving_singleton2[simp]:
[wadjust_on_left_moving mrs (c, []); c £ [|]] =
wadjust_on_left_moving m rs (tl ¢, [hd c])

(proof)

lemma wadjust_nonempty|[simp|: wadjust_goon_left_moving m rs (c, []) = False
wadjust_backto_standard_pos m rs (c, [|) = False

(proof)

lemma wadjust_loop_start_no_Bk[simp|: wadjust_loop_start m rs (c, Bk # list) = False

(proof)

lemma wadjust_loop_check_nonempty|[simp|: wadjust_loop_check m rs (¢, b) = ¢ # []

(proof)
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lemma wadjust_eraseZ_via_loop_check_Bk[simp]: wadjust_loop_check m rs (c, Bk # list)
—> wadjust_erase2 m rs (tl ¢, hd ¢ # Bk # list)
(proof )

declare wadjust_loop_on_left_moving_O.simps[simp del]
wadjust_loop_on_left_moving_B.simps|simp del]

lemma wadjust_loop_on_left_moving_B_via_erase[simp|: [wadjust_loop_erase m rs (c, Bk #
list); hd ¢ = Bk]
= wadjust_loop_on_left_moving_B m rs (tl ¢, Bk # Bk # list)
(proof )

lemma wadjust_loop_on_left_moving_O_Bk_via_erase [simp}:
[wadjust_loop_erase m rs (c, Bk # list); ¢ # []; hd ¢ = Oc] =
wadjust_loop_on_left_moving_O m rs (tl ¢, Oc # Bk # list)
(proof )

lemma wadjust_loop_on_left_moving_Bk_via_erase[simp): [wadjust_loop_erase m rs (c, Bk #
list); c # [|]] =
wadjust_loop_on_left_moving m rs (il ¢, hd ¢ # Bk # list)
(proof )

lemma wadjust_loop_on_left_moving_B_Bk_move|simp]:
[wadjust_loop_on_left_moving_B m rs (c, Bk # list); hd ¢ = Bk]
= wadjust_loop_on_left_moving_B m rs (tl ¢, Bk # Bk # list)
(proof )

lemma wadjust_loop_on_left_moving_O_Oc_move[simp]:
[wadjust_loop_on_left_moving_B m rs (¢, Bk # list); hd ¢ = Oc]
= wadjust_loop_on_left_moving_O m rs (1l ¢, Oc # Bk # list)

(proof)

lemma wadjust_loop_erase_nonempty|simp|: wadjust_loop_erase mrs (¢, b) => ¢ # [
wadjust_loop_on_left_moving m rs (¢, b) = ¢ # ]
wadjust_loop_right_move2 m rs (¢, b) = ¢ # |
wadjust_erase2 m rs (c, Bk # list) = ¢ # ||
wadjust_on_left_moving m rs (c,b) = ¢ # ||
wadjust_on_left_moving_O m rs (c, Bk # list) = False
wadjust_goon_left_moving mrs (¢, b) = ¢ # ]
wadjust_loop_on_left_moving_O m rs (c, Bk # list) = False
(proof)

lemma wadjust_loop_on_left_moving_Bk_move[simp]:
wadjust_loop_on_left_moving m rs (c, Bk # list)

= wadjust_loop_on_left_moving m rs (tl ¢, hd c # Bk # list)
(proof)

lemma wadjust_loop_start_Oc_via_Bk_move[simp]:
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wadjust_loop_right_move2 m rs (¢, Bk # list) => wadjust_loop_start m rs (¢, Oc # list)
(proof)

lemma wadjust_on_left_moving_Bk_via_erase [simp]: wadjust_erase2 m rs (c, Bk # list) =
wadjust_on_left_moving m rs (tl ¢, hd ¢ # Bk # list)
(proof )

lemma wadjust_on_left_moving_B_Bk_drop_one: [wadjust_on_left_moving_B m rs (c, Bk #
list); hd ¢ = Bk]
= wadjust_on_left_moving_B m rs (tl ¢, Bk # Bk # list)
(proof )

lemma wadjust_on_left_moving_B_Bk_drop_Oc: [[wadjust_on_lefl_maving_B m rs (c, Bk #
list); hd ¢ = Oc]
= wadjust_on_left_moving_O m rs (il ¢, Oc # Bk # list)

(proof)

lemma wadjust_on_left_moving_B_drop[simp|: wadjust_on_left_moving m rs (c, Bk # list)
—
wadjust_on_left_moving m rs (tl ¢, hd ¢ # Bk # list)
(proof)

lemma wadjust_goon_left_moving_O_no_Bk[simp): wadjust_goon_left_moving_O m rs (c, Bk
# list) = False
(proof )

lemma wadjust_backto_standard_pos_via_left_Bk[simp]:
wadjust_goon_left_moving m rs (¢, Bk # list) =
wadjust_backto_standard_pos m rs (tl ¢, hd ¢ # Bk # list)
(proof)

lemma wadjust_loop_right_move_Oc[simp):
wadjust_loop_start m rs (¢, Oc # list) => wadjust_loop_right_move m rs (Oc # c, list)

(proof)

lemma wadjust_loop_check_Oc|simp]:
assumes wadjust_loop_right_move m rs (c, Oc # list)
shows wadjust_loop_check m rs (Oc # ¢, list)

(proof)

lemma wadjust_loop_erase_move_Oc[simp): wadjust_loop_check m rs (¢, Oc # list) =
wadjust_loop_erase m rs (tl ¢, hd ¢ # Oc # list)
(proof)

lemma wadjust_loop_on_move_no_Oc[simp]:
wadjust_loop_on_left_moving_B m rs (c, Oc # list) = False
wadjust_loop_right_move2 m rs (¢, Oc # list) = False
wadjust_loop_on_left_moving m rs (c, Oc # list)
= wadjust_loop_right_move2 m rs (Oc # c, list)
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wadjust_on_left_moving_B m rs (c, Oc # list) = False
wadjust_loop_erase m rs (c, Oc # list) =
wadjust_loop_erase m rs (c, Bk # list)

(proof)

lemma wadjust_goon_left_moving_B_Bk_Oc: [wadjust_on_left_moving_O m rs (c, Oc # list);
hd ¢ = BK] =>
wadjust_goon_left_moving_B m rs (tl ¢, Bk # Oc # list)
(proof )

lemma wadjust_goon_left_moving_O_Oc_Oc: [wadjust_on_left_moving_O m rs (c, Oc # list);
hd ¢ = Oc]
= wadjust_goon_left_moving_O m rs (tl ¢, Oc # Oc # list)
(proof)

lemma wadjust_goon_left_moving_Oc|[simp): wadjust_on_left_moving m rs (c, Oc # list) =—>
wadjust_goon_left_moving m rs (tl ¢, hd ¢ # Oc # list)
(proof)

lemma left_moving_Bk_Oc|simp]: [wadjust_goon_left_moving_O m rs (¢, Oc # list); hd ¢ =
Bk]
= wadjust_goon_left_moving_B m rs (il ¢, Bk # Oc # list)
(proof )

lemma left_moving_Oc_Oc|simp]: [wadjust_goon_left_moving_O m rs (¢, Oc # list); hd ¢ =
Oc] =

wadjust_goon_left_moving_O m rs (tl ¢, Oc # Oc # list)

(proof)

lemma wadjust_goon_left_moving_B_no_Oc[simp]:
wadjust_goon_left_moving_B m rs (¢, Oc # list) = False
(proof)

lemma wadjust_goon_left_moving_Oc_move[simp|: wadjust_goon_left_moving m rs (c, Oc #
list) =

wadjust_goon_left_moving m rs (tl ¢, hd ¢ # Oc # list)

(proof)

lemma wadjust_backto_standard_pos_B_no_Oc[simp]:
wadjust_backto_standard_pos_B m rs (c, Oc # list) = False
(proof )

lemma wadjust_backto_standard_pos_O_no_Bk|[simp]:
wadjust_backto_standard_pos_O m rs (¢, Bk # xs) = False
(proof )

lemma wadjust_backto_standard_pos_B_Bk_Oc[simp]:
wadjust_backto_standard_pos_O mrs ([, Oc # list) =
wadjust_backto_standard_pos_B m rs ([|, Bk # Oc # list)
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(proof)

lemma wadjust_backto_standard_pos_B_Bk_Oc_via_O|simp):
[wadjust_backto_standard_pos_O m rs (c, Oc # list); ¢ # []; hd ¢ = BK]
= wadjust_backto_standard_pos_B m rs (tl ¢, Bk # Oc # list)
(proof )

lemma wadjust_backto_standard _pos_B_Oc_Oc_via_O[simp}: [[wadjusl_backlo_slandard _pos_O
mrs (¢, Oc # list); ¢ # []; hd ¢ = Oc]
= wadjust_backto_standard_pos_O m rs (tl ¢, Oc # Oc # list)
(proof )

lemma wadjust_backto_standard_pos_cases[simp|: wadjust_backto_standard_pos m rs (c, Oc
# list)

= (¢ = [| — wadjust_backto_standard_pos m rs ([|, Bk # Oc # list)) N

(¢ # [| — wadjust_backto_standard_pos m rs (tl ¢, hd ¢ # Oc # list))

(proof)

lemma wadjust_loop_right_move_nonempty_snd|[simp|: wadjust_loop_right_move m rs (c, [])
= False
(proof )

lemma wadjust_loop_erase_nonempty_snd|[simp|: wadjust_loop_erase m rs (c, [|) = False

(proof)

lemma wadjust_loop_erase_cases2[simp]: [Suc (Suc rs) = a; wadjust_loop_erase m rs (c, Bk
# list)]

= a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev (1l ¢) @ hd ¢ # Bk
4 lis))))

< a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Bk # list)))) V

a — length (takeWhile (\a. a = Oc) (il (dropWhile (Aa. a = Oc) (rev (tl ¢) Q hd ¢ # Bk #
list)))) =

a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Bk # list))))

(proof)

lemma dropWhile_exp1: dropWhile (Aa. a = Oc) (Oct(n) Q xs) = dropWhile (Aa. a = Oc) xs
(proof)
lemma takeWhile_exp1: takeWhile (Aa. a = Oc) (Oc?t(n) @ xs) = Oct(n) Q takeWhile (Xa. a
= Oc) xs
(proof)

lemma wadjust_correctness_helper_1:
assumes Suc (Suc rs) = a wadjust_loop_right_move2 m rs (c, Bk # list)
shows a — length (takeWhile (Aa. a = Oc) (¢l (dropWhile (Aa. a = Oc) (rev ¢ Q Oc # list))))
< a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Bk #
list))))

(proof)

lemma wadjust_correctness_helper_2:
[Suc (Suc rs) = a; wadjust_loop_on_left_moving m rs (c, Bk # list)]

305



= a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev (tl ¢) Q hd ¢ # Bk
# list))))

< a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Bk # list)))) V

a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev (tl ¢) Q hd ¢ # Bk #
list)))) =

a — length (takeWhile (Aa. a = Oc) (1l (dropWhile (Aa. a = Oc) (rev ¢ Q Bk # list))))

(proof)

lemma wadjust_loop_check_empty_false[simp): wadjust_loop_check m rs ([|, b) = False

(proof)

lemma wadjust_loop_check_cases: [Suc (Suc rs) = a; wadjust_loop_check m rs (c, Oc # list)]
= a — length (takeWhile (Aa. a = Oc) (1l (dropWhile (Aa. a = Oc) (rev (il ¢) @Q hd ¢ # Oc
# list))))
< a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Oc # list)))) V
a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev (tl ¢) Q hd ¢ # Oc #
list)))) =
a — length (takeWhile (Aa. a = Oc) (#l (dropWhile (Aa. a = Oc) (rev ¢ @ Oc # list))))
(proof)

lemma wadjust_loop_erase_cases_or:
[Suc (Suc rs) = a; wadjust_loop_erase m rs (c, Oc # list)]
= a — length (takeWhile (Aa. a = Oc) (¢l (dropWhile (Aa. a = Oc) (rev ¢ @ Bk # list))
< a — length (takeWhile (Aa. a = Oc) (tl (dropWhile (Aa. a = Oc) (rev ¢ @ Oc # list))))
a — length (takeWhile (Aa. a = Oc) (il (dropWhile (Aa. a = Oc) (rev ¢ Q Bk # list)))) =
a — length (takeWhile (Aa. a = Oc) (il (dropWhile (Aa. a = Oc) (rev ¢ @ Oc # list))))
{proof)

)

)
v

lemmas wadjust_correctness_helpers = wadjust_correctness_helper_2 wadjust_correctness_helper_1
wadjust_loop_erase_cases_or wadjust_loop_check_cases

declare numeral_2_eq_2[simp del]

lemma wadjust_start_Oc[simp]: wadjust_start m rs (c, Bk # list)
= wadjust_start m rs (¢, Oc # list)

(proof)

lemma wadjust_stop_Bk[simp): wadjust_backto_standard_pos m rs (c, Bk # list)
= wadjust_stop m rs (Bk # c, list)
(proof)

lemma wadjust_loop_start_Oc[simp]:
assumes wadjust_start m rs (¢, Oc # list)
shows wadjust_loop_start m rs (Oc # c, list)

(proof)

lemma erase2_Bk_if Oc|simp]: wadjust_erase2 m rs (¢, Oc # list)
= wadjust_erase2 m rs (c, Bk # list)
(proof)
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lemma wadjust_loop_right_move_Bk[simp|: wadjust_loop_right_move m rs (c, Bk # list)
= wadjust_loop_right_move m rs (Bk # c, list)

(proof)

lemma wadjust_correctness:
shows let P = (X (len, st, I, r). st =0) in
let Q = (A (len, st, I, r). wadjust_inv stmrs (I, r)) in
let f = (A stp. (Suc (Suc rs), stepsO (Suc 0, Bk # Oc?t(Suc m),
Bk # Oc # Bk1(In) @ Bk # Oc?(Suc rs) @ Bk1(rn)) wecode_adjust_tm stp)) in
In.P(fn)ANQ(fn)
(proof)

lemma composable_tm_wcode_adjust_tm[intro]: composable_tm (wcode_adjust_tm, 0)

(proof)

lemma bl_bin_nonzero[simp): args # [| => bl_bin (<args::nat list>) > 0

(proof)

lemma wcode_lemma_pre’:
args # [| =
3 stp rn. stepsO (Suc 0, [], <m # args>)
((wcode_prepare_tm |+| wecode_main_tm) |+| weode_adjust_tm) stp
= (0, [Bk], Oct(Suc m) @ Bk # Oc?t(Suc (bl_bin (<args>))) @ Bkt (rn))
(proof)

The initialization TM wcode_tm.

definition wcode_tm :: instr list
where
wcode_tm = (wcode_prepare_tm |+| wcode_main_tm) |+| wcode_adjust_tm

The correctness of wcode_tm.

lemma wcode_lemma_1:
args £ [| =
3 stp In rn. stepsO (Suc 0, [|, <m # args>) (wcode_tm) stp =
(0, [Bk], Oct(Suc m) Q Bk # Oct(Suc (bl_bin (<args>))) @ Bk1(rn))
(proof)

lemma wcode_lemma:
args # [ —
3 stp In . stepsO (Suc 0, [|, <m # args>) (wcode_tm) stp =
(0, [Bk], <[m ,bl_bin (<args>)|> @ Bk1(rn))
{proof)

6.2 The Universal TM

This section gives the explicit construction of Universal Turing Machine, defined as
utm and proves its correctness. It is pretty easy by composing the partial results we
have got so far.
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6.2.1 Definition of the machine utm

definition utm :: instr list
where
utm = (let (aprog, rs_pos, a_md) = rec_ci rec_F in
let abc_F = aprog [+] dummy_abc (Suc (Suc 0)) in
(weode_tm |+| (tm_of abc_F Q shift (mopup_n_tm (Suc (Suc 0))) (length (tm_of abc_F)
div 2))))

definition f_aprog :: abc_prog
where
f_aprog = (let (aprog, rs_pos, a_md) = rec_ci rec_F in
aprog [+] dummy_abc (Suc (Suc 0)))

definition f_tprog_tm :: instr list
where
[f_tprog_tm = tm_of (f_aprog)

definition utm_with_two_args :: instr list
where
. def
utm_with_two_args =

f_tprog_tm Q@ shift (mopup_n_tm (Suc (Suc 0))) (length f_tprog_tm div 2)

definition utm_pre_tm :: instr list
where
utm_pre_tm = wcode_tm |+| utm_with_two_args

lemma fabr_spike_1:
utm_with_two_args = tm_of (fst (rec_ci rec_F) [+] dummy_abc (Suc (Suc 0))) Q shift
(mopup_n_tm (Suc (Suc 0)))
(length (tm_of (fst (rec_ci rec_F) [+] dummy_abc (Suc (Suc 0)))) div 2)
(proof)

lemma fabr_spike_2:
utm = wcode_tm |+
tm_of (fst (rec_ci rec_F) [+] dummy_abc (Suc (Suc 0))) Q shift (mopup_n_tm (Suc
(Suc 0)))
(length (tm_of (fst (rec_ci rec_F) [+] dummy_abc (Suc (Suc 0)))) div 2)
(proof)

theorem fabr_spike_3: utm = wcode_tm |+| utm_with_two_args

(proof)

corollary fabr_spike_4: utm = utm_pre_tm

(proof)
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lemma tinres_stepl:
assumes tinres [ I’ step (ss, I, r) (t, 0) = (sa, la, ra)
step (ss, I, r) (t, 0) = (sb, Ib, rb)
shows tinres la Ib N\ ra = rb N\ sa = sb

(proof)

lemma tinres_stepsl:
[tinres L1"; steps (ss, I, r) (t, 0) stp = (sa, la, ra);
steps (ss,1',r) (t, 0) stp = (sb, b, rb)]
= tinres lalb \ ra=rb A\ sa = sb

(proof)

lemma rinres_some_exp|[simp):
tinres (Bk T m Q [Bk, Bk]) la => 3m. la = Bk 1 m (proof)

lemma utm_with_two_args_halt_eq:
assumes composable_tm: composable_tm (tp, 0)
and exec: stepsO (Suc 0, BkT(1), <Im::nat list>) tp stp = (0, Bk1(m), Oc?(rs)@Bk1(n))
and resutl: 0 < rs
shows 3 stp m n. stepsO (Suc 0, [Bk], <[code tp, bI2wc (<Im>)|> Q Bk1(i)) utm_with_two_args
stp =
(0, BK1(m), 0ct(rs) @ BiT(n)
(proof)

lemma composable_tm_wcode_tml|intro]: composable_tm (wcode_tm, 0)

(proof)

lemma utm_halt_lemma_pre:
assumes composable_tm (tp, 0)
and result: 0 < rs
and args: args # ||
and exec: stepsO (Suc 0, BkT(i), <args::nat list>) tp stp = (0, Bkt(m), Oc?t(rs)@Bk1(k))
shows 3 stp m n. stepsO (Suc 0, [|, <code tp # args>) utm_pre_tm stp =
(0, Bkt(m), Oct(rs) @Q Bkt (n))
(proof)

6.2.2 The correctness of utm, the halt case

lemma utm_halt_lemma’:

assumes composable_tm: composable_tm (tp, 0)

and result: 0 < rs

and args: args # (|

and exec: stepsO (Suc 0, Bk1(i), <args::nat list>) tp stp = (0, Bk1(m), Oc?(rs)@QBk1(k))
shows Jstp m n. stepsO (Suc 0, [|, <code tp # args>) utm stp =

(0, Bkt(m), Oct(rs) @Q Bkt (n))

(proof)

definition 7STD:: config = bool

where
TSTD ¢ = (let (st, I, r) =cin
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st=0A (3 m.l=Bkt(m)) A (3 rsn.r= Oct(Suc rs) Q Bkt(n)))

lemma nstd_casel: 0 < a => NSTD (trpl_code (a, b, c))
(proof)

lemma nonzero_bI2wc[simp]: ¥V m. b # Bk1(m) => 0 < bl2wc b
(proof)

lemma nstd_case2: ¥ m. b # Bk1(m) = NSTD (trpl_code (a, b, c))
(proof)

lemma even_not_odd|elim]: Suc (2 * x) =2 %y => RR

(proof)

declare replicate_Suc[simp del]

lemma bi2nat_zero_eq[simp]: (bi2nat ¢ 0 = 0) = (3 n. ¢ = Bk{(n))
(proof)

lemma b2wc_exp_ex:
[Suc (bl2we ¢) =2" m] = 3 rsn. ¢ = Oc?(rs) Q Bkt (n)
(proof)

lemma lg_bin:
assumes V rs n. ¢ # Oct(Suc rs) Q BkT(n)
bl2we ¢ =2 Mg (Suc (bl2we ¢)) 2 — Suc 0
shows bl2wc ¢ =0

(proof)

lemma nstd_case3:
Y rs n. ¢ # Oct(Suc rs) Q Bkt(n) = NSTD (trpl_code (a, b, c))
(proof)

lemma NSTD_I: -~ TSTD (a, b, c)
= rec_exec rec_NSTD [trpl_code (a, b, ¢)] = Suc 0
(proof)

lemma nonstop_t_uhalt_eq:
[composable_tm (1p, 0);
stepsO (Suc 0, Bkt (1), <Im>) tp stp = (a, b, ¢);
= TSTD (a, b, )]
= rec_exec rec_nonstop [code tp, bl2wc (<Im>), stp] = Suc 0

(proof)

lemma nonstop_true:
[composable_tm (1p, 0);
Y stp. (= TSTD (stepsO (Suc 0, Bkt (1), <lm>) p stp))]
= Vy. rec_exec rec_nonstop ([code tp, bI2wc (<Im>), y]) = (Suc 0)

(proof)
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lemma cn_arity: rec_ci (Cnnfgs) = (a,b,c) =b=n

(proof)

lemma mn_arity: rec_ci (Mnnf) = (a,b,c) = b=n

(proof)

lemma f_aprog_uhalt:
assumes composable_tm (ip,0)
and unhalt: ¥ stp. (= TSTD (stepsO (Suc 0, Bk1(1), <Im>) tp stp))
and compile: rec_ci rec_F = (F_ap, rs_pos, a_md)
shows {\ nl. nl = [code tp, bl2we (<Im>)] @ O1(a_md — rs_pos ) Q suflm]} (F_ap) 1
(proof)

lemma uabc_uhalt':
[composable_tm (1p, 0);
Y stp. (= TSTD (stepsO (Suc 0, Bkt (1), <Ilm>) tp stp));
rec_ci rec_F = (ap, pos, md)]
= {A nl. nl = [code tp, b2wc (<Im>)]} ap T
(proof)

lemma uabc_uhalt:
[composable_tm (1p, 0);
Y stp. (= TSTD (stepsO (Suc 0, Bk1(1), <Im>) tp stp))]
= { A nl. nl = [code tp, bI2wc (<Im>)]||} f_aprog 1
(proof)

lemma futm_uhalt':
assumes composable_tm: composable_tm (p,0)
and unhalt: ¥ sip. (= TSTD (stepsO (1, Bk{(1), <Im>) tp stp))
shows V stp. = is_final (stepsO (1, [Bk, Bk], <[code tp, bI2wc (<Im>)]>) utm_with_two_args
stp)
(proof)

lemma tinres_commute: tinres r r' = tinres r'’ r

(proof)

lemma inres_tape:
[stepsO (st, I, r) tp stp = (a, b, c); stepsO (st, I', v') tp stp = (a’, b, ¢');
tinres 1 1'; tinres r r']
= a=a' A tinres b b’ A tinres c ¢’

(proof)

lemma rape_normalize:
assumes Y stp. - is_final(stepsO (Suc 0, [Bk,Bk], <[code tp, bI2wc (<Im>)|>) utm_with_two_args
stp)
shows V stp. = is_final (stepsO (Suc 0, Bkt(m), <[code tp, bi2wc (<Im>)]> @ Bkt(n))
utm_with_two_args stp)
(isV stp. ?P stp)
(proof)
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lemma furm_uhalt:
[composable_tm (1p,0);
VY stp. (- TSTD (stepsO (Suc 0, Bk1(1), <args>) tp stp))]
=V sip. — is_final (stepsO (Suc 0, Bkt(m), <[code 1p, bl2wc (<args>)]> Q Bkt(n))
utm_with_two_args stp)

(proof)

lemma utm_uhalt_lemma_pre:
assumes composable_tm: composable_tm (tp, 0)
and exec: V stp. (- TSTD (stepsO (Suc 0, Bkt (1), <args>) tp stp))
and args: args # [
shows V' stp. = is_final (stepsO (Suc 0, [|, <code tp # args>) utm_pre_tm sip)
(proof )

6.2.3 The correctness of utm, the unhalt case.

lemma utm_uhalt_lemma’
assumes composable_tm: composable_tm (tp, 0)
and unhalt: ¥ stp. (- TSTD (stepsO (Suc 0, Bk1 (1), <args>) tp stp))
and args: args # ||
shows V stp. = is_final (stepsO (Suc 0, [], <code tp # args>) utm stp)
(proof)

lemma utm_halt_lemma:
assumes composable_tm: composable_tm (p, 0)
and result: rs > 0
and args: (args::nat list) # []
and exec: {(p. tp = (Bkti, <args>))[} p {(Mip. tp = (Bktm, Octrs @ Bktk))[}
shows {(\ip. tp = ([, <code p # args>))}} utm {(Atp. (3 m n. tp = (Bktm, Octrs @
BEin))}
(proof)

lemma utm_halt_lemma?2:
assumes composable_tm: composable_tm (p, 0)
and args: (args::nat list) # ||
and exec: {(Ap. tp = ([], <args>))} p {(Atp. tp = (BkTm, <(n::nat)> Q Bktk))}
shows {(Atp. tp = ([], <code p # args>))|} utm {(Atp. (3 mk. tp = (BkTm, <n> Q Bk1k)))|}
(proof)

lemma utm_unhalt_lemma:
assumes composable_tm: composable_tm (p, 0)
and unhalt: {(Xtp. tp = (Bk1i, <args>))} p
and args: args # ||
shows {(Awp. tp = ([], <code p # args>))[} utm
(proof)

lemma utm_unhalt _lemma2:
assumes composable_tm (p, 0)

and {(A\p. tp = (], <args>))}p 1
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and args # [|
shows {(Amp. tp = ([], <code p # args>))[} utm +
(proof)

end
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Chapter 7

Code extraction for interpreters
and compilers

theory GeneratedCode
imports HaltingProblems_K_H
Abacus_Hoare

HOL—Library.Code_Binary_Nat

begin

fun
dummy_cellld :: cell = cell
where
dummy_cellld Oc = Oc |
dummy_cellld Bk = Bk

fun
dummy_abc_inst_Id :: abc_inst = bool
where
dummy_abc_inst_Id (Inc n) = True |
dummy_abc_inst_Id (Dec n s) = True |
dummy_abc_inst_Id (Goto n) = True

fun tape_of nat_imp :: nat = cell list
where
tape_of _nat_imp n = <n>
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fun tape_of _nat_list_imp :: nat list = cell list
where
tape_of _nat_list_imp ns = <ns>

export-code dummy_cellld
step steps
is_final

mk_composable0 shift adjust seq_tm
tape_of _nat_list_imp tape_of_nat_imp
tm_semi_id_eq0 tm_semi_id_gt0

tm_onestroke

tm_copy_begin_orig tm_copy_loop_orig tm_copy_end_new
tm_weak_copy

tm_skip_first_arg tm_erase_right_then_dblBk_left
tm_check_for_one_arg

tm_strong_copy
dummy_abc_inst_Id
abc_step_l abc_steps_l

abc_Im_v abc_Im_s abc_fetch
abc_final abc_notfinal abc_out_of _prog

layout_of start_of

tinc tdec tgoto ci tpairs_of
tm_of tms_of
mopup_n_tm app_mopup

tm_to_nat_list tm_to_nat

nat_list_to_tm nat_to_tm

num_of_nat num_of_integer

list_encode list_decode prod_encode prod_decode

triangle

in Haskell file HaskellCode/
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end
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