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Abstract

We formalise results from computability theory: Turing decidability, Turing com-
putability, reduction of decision problems, recursive functions, undecidability of the
special and the general halting problem, and the existence of a universal Turing ma-
chine. This formalisation extends the original AFP entry of 2014 that corresponded to:
Mechanising Turing Machines and Computability Theory in Isabelle/HOL, ITP 2013



The AFP entry and by extension this document is largely written by Xu, Zhang
and Urban. The Universal Turing Machine is explained in this document, starting at
Figure 6.1. You may want to also consult the original ITP article [6]. If you are
interested in results about Turing Machines and Computability theory: the main book
used for this formalisation is by Boolos, Burgess and Jeffrey [1].

Joosten contributed mainly by making the files ready for the AFP. The need for
a good formalisation of Turing Machines arose from realising that the current for-
malisation of saturation graphs [4] is missing a key undecidability result present in
the original paper [3]. Recently, an undecidability result has been added to the AFP
by Felgenhauer [2], using a definition of computably enumerable sets formalised by
Nedzelsky [5]. This entry establishes the equivalence of these entirely separate notions
of computability, but decidability remains future work.

In 2022, Regensburger contributed by adding definitions for concepts like Turing
Decidability, Turing Computability and Turing Reducibility for problem reduction. He
also enhanced the result about the undecidability of the General Halting Problem given
in the original AFP entry by first proving the undecidability of the Special Halting
Problem and then proving its reducibility to the general problem. The original version
of this AFP entry did only prove a weak form of the undecidability theorem. The main
motivation behind this contribution is to make the AFP entry accessible for bachelor
and master students.

As a result, the presentation of the first chapter about Turing Machines has been
considerably restructured and, in this context some minor changes in the naming of
concepts were performed as well. In the rest of the theories the sectioning of the IAIEX
document was improved. The overall contribution approximately doubled the size of
the code base. Please refer to the CHANGELOG in the AFP entry for more details.



Chapter 1

Turing Machines

theory Turing
imports Main
begin

1.1 Some lemmas about natural numbers used for rewrit-
ing

lemma numeral_4_eq_4: 4 = Suc 3
by auto

lemma numeral_eqs_upto_12:

shows 2 = Suc 1
and 3 = Suc 2
and 4 = Suc 3
and 5 = Suc 4
and 6 = Suc 5
and 7 = Suc 6
and 8 = Suc 7
and 9 = Suc 8
and /0 = Suc 9
and /1 = Suc 10
and /2 = Suc 11

by simp_all

1.2 Basic Definitions for Turing Machines
datatype action = WB | WO | L | R | Nop

datatype cell = Bk | Oc

Remark: the constructors W0 and W1 were renamed into WB and WO respectively
because this makes a better match with the constructors Bk and Oc of type cell.



type-synonym fape = cell list x cell list
type-synonym state = nat
type-synonym instr = action X state

type-synonym prog = instr list X nat

type-synonym prog0 = instr list
type-synonym config = state X tape

fun nth_of where
nth_of xs i = (if i > length xs then None else Some (xs ! i))

lemma nth_of map :
shows nth_of (map fp) n = (case (nth_of p n) of None = None | Some x = Some (f x))
by simp

fun
Setch :: instr list = state = cell = instr
where
fetch p 0 b = (Nop, 0)
| fetch p (Suc s) Bk =
(case nth_of p (2  5) of
Some i = i
| None = (Nop, 0))
|fetch p (Suc s) Oc =
(case nth_of p (2% s) + 1) of
Some i = i
| None = (Nop, 0))

lemma fetch_Nil [simp]:
shows fetch [| s b = (Nop, 0)
by (cases s.force) (cases b;force)

lemma fetch_imp [code]: fetch p n b = (
let len = length p

in
ifn=20

then (Nop, 0)
else if b= Bk

then if len < 2xn —2
then (Nop,0)
else (p! (2xn—2))
else if len < 2xn—1
then (Nop,0)



else (p! (2xn—1))
)

by (cases n; cases b)(auto)

lemma even_le_div2_imp_le_times_2: m  div 2 < (Suc n) A ((m::nat) mod 2 = 0) = m <
2xn by arith

lemma odd_le_div2_imp_le_times_2: (m+1) div 2 < (Suc n) A ((m::nat) mod 2 # 0) => m <
2xn by arith

lemma odd_div2_plus_1_eq: (n::nat) mod 2 # 0 = (ndiv 2) + 1 = (n+1) div 2
proof (induct n)
case 0
then show ?case by auto
next
case (Suc n)
then show ?case by arith
qed

lemma list_length_tl_neq_Nil: 1 < length (nl::nat list) = tl nl # ||
proof

assume / < length nl and tl nl = ||

then have length (¢ nl) = 0 by auto

with </ < length nl> and length_tl

show False by auto
qed

fun
update :: action = tape = tape
where
update WB (1, r) = (I, Bk # (il r))
| update WO (1, r) = (I, Oc # (¢l 1))
| update L (1, r) = (if | =[] then ([], Bk # r) else (I 1, (hd I) # r))
| update R (1, r) = (if r =[] then (Bk # 1, []) else ((hd r) # 1,8l 1))
| update Nop (I, r) = (I, r)

abbreviation
read r == if (r =]) then Bk else hd r

fun step :: config = tprog = config



where

step (s, 1,r) (p, off) =
(let (a,s") = fetchp (s — off) (read r) in (s', update a (I, r)))

abbreviation
d
step0 ¢ p & step ¢ (p, 0)

fun steps :: config = tprog = nat = config
where
steps cp 0=c|
steps ¢ p (Suc n) = steps (step cp) pn

abbreviation
d
stepsOcpn %o steps ¢ (p, 0) n

lemma step_red [simp):
shows steps ¢ p (Suc n) = step (steps c pn) p
by (induct n arbitrary: ¢) (auto)

lemma steps_add [simp):
shows steps ¢ p (m + n) = steps (stepscpm) pn
by (induct m arbitrary: c) (auto)

lemma step_0 [simp):
shows step (0, (1, ) p = (0, (1, 1)
by (cases p, simp)

lemma step_0": step (0, tap) p = (0, tap) by (cases tap) auto

lemma steps_0 [simp]:
shows steps (0, (I, r)) pn= (0, (I, 1))
by (induct n) (simp_all)

fun
is_final :: config = bool
where
is_final (s, 1, r) = (s = 0)

lemma is_final_eq:
shows is_final (s, tap) = (s = 0)
by (cases tap) (auto)

lemma is_finall [intro):
shows is_final (0, tap)
by (simp add: is_final_eq)

lemma after_is_final:



assumes is_final ¢

shows is_final (steps ¢ p n)
using assms

by (induct n;cases c;auto)

lemma is_final:
assumes a: is_final (steps ¢ p nl)
and b: nl < n2
shows is_final (steps ¢ p n2)
proof —
obtain n3 where eq: n2 = nl + n3 using b by (metis le_iff_add)
from a show is_final (steps ¢ p n2) unfolding eg
by (simp add: after_is_final)
qed

lemma stable_config_after_final_add:

assumes steps (1,1, r)pnl = (0,1, 1)
shows steps (1,1, r) p (nl+n2) = (0,1', ")
proof —

from assms have is_final (steps (1,1, r) p nl) by (auto simp add: is_final_eq)
moreover have nl < (nl+n2) by auto
ultimately have is_final (steps (1,1, r) p (nI+n2)) by (rule is_final)
with assms show ?thesis by (auto simp add: is_final_eq)
qed

lemma stable_config_after_final_add_2:
assumes steps (s, [, rypnl = (0,1',r")
shows steps (s, I, r) p (nl+n2) = (0,1', ")
proof —
from assms have is_final (steps (s, [, r) p nl) by (auto simp add: is_final_eq)
moreover have nl < (nl+n2) by auto
ultimately have is_final (steps (s, I, r) p (n1+n2)) by (rule is_final)
with assms show ?thesis by (auto simp add: is_final_eq)
qed

lemma stable_config_after_final_ge:
assumes a: steps (1,1, r) pnl = (0,1, r') and b: nl < n2
shows steps (1,1, r)pn2=(0,1',r")
proof —
from b have 3 k. n2 = nl + k by arith
then obtain k where w: n2 = nl + k by blast
with a have steps (1,1, r) p (nl + k) = (0,1, ')
by (auto simp add: stable_config_after_final_add)
with w show ?thesis by auto
qed

lemma stable_config_after_final_ge_2:



assumes a: steps (s, [, r) pnl = (0,1, r') and b: nl < n2
shows steps (s, I, r) pn2=(0,1',r")
proof —
from b have Jk. n2 = nl + k by arith
then obtain k where w: n2 = nl + k by blast
with a have steps (s, 1, r) p (nl + k) = (0,1, r')
by (auto simp add: stable_config_after_final_add)
with w show ?thesis by auto
qed

lemma stable_config_after_final_ge’:
assumes stepsO (1,1, r) pnl = (0,1, r") and b: nl < n2
shows stepsO (1,1, r)pn2=(0,1',r")
proof —
from assms have steps (1,1, r) (p, 0) nl = (0, 1’, r’) by auto
from this and assms(2) show steps (1,1, r) (p,0) n2 = (0,1', r")
by (rule stable_config_after_final_ge)
qed

lemma stable_config_after_final_ge_2":
assumes stepsO (s, [, r) pnl = (0,1, r') and b: nl < n2
shows stepsO (s, I, r) pn2 = (0,1', r")
proof —
from assms have steps (s, I, r) (p, 0) nl = (0,1', r’) by auto
from this and assms(2) show steps (s, I, r) (p,0) n2 = (0,1', r")
by (rule stable_config_after_final_ge_2)
qed

lemma not_is_final:
assumes a: — is_final (steps ¢ p nl)
and b: n2 < nl
shows — is_final (steps ¢ p n2)
proof (rule notl)
obtain n3 where eq: nl = n2 + n3 using b by (metis le_iff_add)
assume is_final (steps ¢ p n2)
then have is_final (steps ¢ p nl) unfolding eq
by (simp add: after_is_final)
with a show False by simp
qed

lemma before_final:
assumes steps0 (1, tap) An = (0, tap”)
shows 3 n'. = is_final (stepsO (1, tap) A n') A stepsO (1, tap) A (Suc n") = (0, tap”)
using assms
proof(induct n arbitrary: tap’)
case (0 tap”)



have asm: stepsO (1, tap) A 0 = (0, tap’) by fact
then show 3 n’. = is_final (stepsO (1, tap) A n') A stepsO (1, tap) A (Suc n") = (0, tap")
by simp
next
case (Suc n tap")
have ih: A\tap'. stepsO (1, tap) An = (0, tap’) =
An’. = is_final (stepsO (1, tap) An') A stepsO (1, tap) A (Suc n') = (0, tap’) by fact
have asm: stepsO (1, tap) A (Suc n) = (0, tap') by fact
obtain s / » where cases: stepsO (I, tap) An = (s, 1, r)
by (auto intro: is_final.cases)
then show 3 n’. = is_final (stepsO (I, tap) A n') A stepsO (1, tap) A (Suc n") = (0, tap")
proof (cases s = 0)
case True
then have steps0 (1, tap) A n = (0, tap’)
using asm cases by (simp del: steps.simps)
then show ?thesis using ih by simp
next
case False
then have — is_final (stepsO (1, tap) A n) A steps0 (1, tap) A (Suc n) = (0, tap”)
using asm cases by simp
then show ’thesis by auto
qed
qed

lemma least_steps:
assumes stepsO (1, tap) A n = (0, tap”)
shows 3 n'. (Vn'' < n'. = is_final (stepsO (1, tap) An'’)) A
(Vn'' > n'.is_final (stepsO (1, tap) An'"’))
proof —
from before_final|OF assms]
obtain n’ where
before: = is_final (steps0 (1, tap) A n’) and
final: stepsO (1, tap) A (Suc n') = (0, tap’) by auto
from before
have Vn'' < Sucn’. = is_final (steps0 (1, tap) A n")
using not_is_final by auto
moreover
from final
have Vn'' > Suc n'. is_final (stepsO (1, tap) A n")
using is_finallof _ _ Suc n'] by (auto simp add: is_final_eq)
ultimately
show 3 n'. (Vn' < n'. = is_final (stepsO (1, tap) A n'')) A (Yn'" > n'. is_final (stepsO (1,
tap) An'’))
by blast
qed

lemma ar_least_one_step:stepsO (1, [], r) tmn = (0,fap) = 0 < n
by (cases n)(auto)

end



1.2.1 Auxiliary theorems about Turing Machines

theory Turing_aux
imports Turing
begin

fun fetch’ :: instr list = state = cell = instr

where

fetch' ] s b = (Nop, 0)

| fetch' [iBK] 0 b = (Nop, 0)

| fetch' [iBk] (Suc 0) Bk = iBk

| fetch' [iBK] (Suc 0) Oc = (Nop, 0)

| fetch' [iBk] (Suc (Suc s")) b = (Nop, 0)

| fetch’ (iBk # iOc # inss) 0 b = (Nop, 0)
| fetch' (iBk # iOc # inss) (Suc 0) Bk = iBk

( )
( ) (
| fetch’ (iBk # iOc # inss) (Suc 0) Oc =iOc
| fetch’ (iBk # iOc # inss) (Suc (Suc s")) b = fetch’ inss (Suc s") b

lemma fetch’_Nil:
shows fetch’ [| s b = (Nop, 0)
by (cases s.force) (cases b;force)

lemma fetch’_eq_fetch_app: fetch’ tm s b = fetch tm s b
proof (induct rule: fetch’.induct)

case (1 s b)

then show ?case by (cases b) (auto simp add: fetch_imp)
next

case (2 iBk b)

then show ’case by (cases b) auto
next

case (3 iBk)

then show ?case by auto
next

case (4 iBk)

then show ?case by auto
next

case (5 iBks'b)

then show case by (cases b) auto
next

case (6 iBk iOc inss b)

then show ?case by (cases b) auto
next

case (7 iBk iOc inss)

then show ?case by auto



next

case (8 iBk iOc inss)

then show ’case by auto
next

case (9 iBk iOc inss s’ b)

then show ?case by (cases b) auto
qed

corollary fetch'_eq_fetch: fetch’ = fetch
by (blast intro: fetch’_eq_fetch_app)

definition
tm_step0_rel :: tprog0 = ((config X config) set)
where
tm_stepO_rel tp = {(cl, c2) . stepO cI tp = c2}

abbreviation m_step0_rel_aux :: [config, tprog0, config] = bool (<((1_)/ =((1))=/ (1_))>
50)
where
tm_step0_rel_aux cl tp c2 % (c1,c2) € tm_step0_rel tp

theorem m_step0_rel_iff stepO: (cl |={tp)= c2) «— step0 cl tp = c2
unfolding tm_step0_rel_def by auto

definition tm_stepsO_rel :: tprog0 = ((config X config) set)
where
tm_steps0_rel tp = rtrancl (tm_step0_rel tp)

abbreviation tm_steps0_rel_aux :: [config, tprog0, config) = bool (<((1_)/ E=((L))="/(1_))>
50)
where

d
tm_stepsO_rel_aux cl tp c2 éf (cl,c2) € tm_stepsO_rel tp

lemma tm_step0_rel_power: (tm_step0_rel tp ™ n) = {(cl,c2) . stepsO cl tpn = c2}
proof (induct n)

case 0

then show ?case

10



using prod.exhaust relpowp_0_I split_conv
by auto
next
case (Suc n)
then have IV: rm_step0_rel tp " n = {a. case a of (cl, c2) = stepsO cl tp n = c2}
by auto
show tm_stepO_rel tp ™ Suc n = {a. case a of (cl, c2) = stepsO cI tp (Suc n) = 2}
proof
show tm_step0_rel tp ™ Suc n C {a. case a of (cl, c2) = stepsO cl tp (Suc n) = c2}
using IV step_red tm_step0_rel_def by auto
next
show {a. case a of (cl, c2) = stepsO cl tp (Suc n) = c2} C tm_stepO_rel tp ™ Suc n
proof
fix cp
assume cp € {a. case a of (cI, c2) = stepsO cI tp (Suc n) = c2}
then have 3¢/ c2. cp = (cl,c2) A stepsO cl tp (Suc n) = c2
using prod.exhaust_sel by blast
then obtain ¢/ c2 where cp = (c1,c2) A stepsO cl tp (Suc n) = c2 by blast
then show cp € tm_step0_rel tp ™ Suc n
using IV step_red tm_stepO_rel_def by auto
qed
qed
qed

theorem rm_stepsO_rel_iff stepsO: (c1 ={tp)=" c2) «— (I stp. stepsO cl tp stp = c2)
proof —
have major: ((c1 E=(p)=" c2)) <+— (In. (cl,c2) € (tm_stepO_rel tp ™ n))
by (simp add: relpow_code_def rtrancl_power tm_step0_rel_def tm_stepsO_rel_def)
show ?thesis
proof
assume (c/ =(1p)="c2)
with major have (I n. (c1,c2) € (tm_stepO_rel tp ™ n)) by auto
then obtain n where w_n: (c1,c2) € (tm_step0_rel tp " n) by blast
then show I stp. stepsO cl tp stp = c2 using tm_step0_rel_power
by auto
next
assume 3 stp. stepsO cl tp stp = c2
then obtain szp where stepsO c1 tp stp = c2 by blast
then show (c/ =(1p)=" c2)
using tm_step0_rel_power major
by auto
qed
qed

end

1.3 Trailing Blanks on the input tape do not matter

theory BlanksDoNotMatter

11



imports Turing
begin

sledgehammer-params|minimize=false preplay_timeout=10,timeout=30,strict=true,
provers=e z3 cvc5 vampire |

1.3.1 Replication of symbols

abbreviation exponent :: 'a = nat = 'a list (<_*1 _> [100, 99] 100)
where x T n == replicate n x

lemma hd_repeat_cases:
P(hd (atmQr)) <— (m=0— P (hdr)) A (Vnat. m = Suc nat — P a)
by (cases m,auto)

lemma hd_repeat_cases':
P(hd (atTm@r)) = (ifm=0then P (hdr) else P a)
by auto

lemma

(if m = O then P (hd r) else Pa) = ((m =0 — P (hd r)) A (Y nat. m = Suc nat — P a))
proof —

have (if m = 0 then P (hd r) else P a) = P (hd (a T m Q r)) by auto

also have ... = ((m =0 — P (hd r)) A (VY nat. m = Suc nat — P a))

by (simp add: iffl hd_repeat_cases)

finally show ’thesis .

qed

lemma split_head_repeat[simp]:
Oc # list] = Bk 1] @ list2 «—s j = 0 A Oc # list] = list2
Bk # list] = Oc 1j Q list2 <— j = 0 N Bk # list] = list2
Bk 1 j Q list2 = Oc # list] +— j = 0 A Oc # list] = list2
Oc*1j @ list2 = Bk # list] «—s j = 0 A Bk # list] = list2
by (cases jiforce)+

lemma Bk_no_Oc_repeatE|elim]: Bk # list = Oc 1t => RR
by (cases t, auto)

lemma replicate_Suc_1: a1 (zI + Suc z22) = (a1 z1) @ (a 1 Suc z2)
by (meson replicate_add)

lemma replicate_Suc_2: a1 (zI + Suc z22) = (a1 Suc zI) @Q (a 1 z2)
by (simp add: replicate_add)

12



1.3.2 Trailing blanks on the left tape do not matter

In this section we will show that we may add or remove trailing blanks on the initial
left and right portions of the tape at will. However, we may not add or remove trailing
blanks on the tape resulting from the computation. The resulting tape is completely
determined by the contents of the initial tape.

lemma step_left_tape_ShrinkBkCtx_right_Nil:
assumes step0 (s,CLQBk} z1 , []) tm = (s',l,r")
and za < z/
shows ACL’ zb. I’ = CL'QBktza@Bktzb N
(step0 (s,CLQBKk1za, []) tm = (s',CL'@Bktza,r’) V
step0 (s,CLQBk1za, []) tm = (s',CL'@Bk?(za—1),r"))
proof (cases fetch tm (s — 0) (read []))
case (Pair a s2)
then have A7: fetch tm (s — 0) (read []) = (a, s2) .
show ’thesis
proof (cases a)
assume a = WB
from <« = WB> and assms Al have step0 (s, CLQBk 1 zI, []) tm = (s2, CLQBk 1 z1, [Bk])
by auto
moreover from «« = WB> and assms Al have step0 (s, CLQBk1za, []) tm = (s2,CLQBk1za
, [Bk]) by auto
ultimately have Bk1z/ = Bk1za@QBk?(z1—za) A stepO (s, CLQBk?za, []) tm = (s2,CL@Bk1za
BH)
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff_class.add_diff_inverse
replicate_add)
then show ?thesis
using <step0 (s, CLQ Bk 1 z1, []) tm = (s2, CL Q Bk 1 zI, [Bk])> assms(1) by auto
next
assume a = WO
from « = WO> and assms Al have step0 (s, CLQBk 1 z1, [|) tm = (s2, CLQBk 1 z1, [Oc])
by auto
moreover from « = WO> and assms Al have step0 (s, CLQBk1za, []) tm = (s2,CLQBk1za
, [Oc]) by auto
ultimately have Bk1z] = Bk1za@Bk?1(z1—za) A step0 (s, CLQBk?za, []) tm = (s2,CLQBk1za
[0d])
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff_class.add_diff_inverse
replicate_add)
then show ?thesis
using «step0 (s, CLQ Bk 1 z1, []) tm = (s2, CL @ Bk 1 zI, [Oc])> assms(1) by auto
next
assume a = Nop
from <« = Nop> and assms Al have step0 (s, CLQBk 1 z1, []) tm = (s2, CL@QBk 1 z1, []) by
auto
moreover from «a = Nop> and assms Al have step0 (s, CLQBk1za, [|) tm = (s2,CLQBk?za
. ) by auto
ultimately have Bk1z/ = Bk1za@QBk?(zl—za) A stepO (s, CLQBk?za, []) tm = (s2,CL@Bk1za

13



)

using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff_inverse
replicate_add)
then show ?thesis
using <step0 (s, CL@Q Bk 1 z1, []) tm = (s2, CL @Q Bk 1 z1, [])> assms(1) by auto
next
assume a = R
from «a = R> and assms Al have step0 (s, CLQBk 1 z1, []) tm = (s2, [BkK|QCLQBk1z1, [])
by auto
moreover from <« = R> and assms Al have step0 (s, CLQBk1za, []) tm = (s2,[Bk|@QCLQBk1za,
[)) by auto
ultimately have Bk1z] = Bk1za@Bk?1(z1—za) A stepO (s, CLQBk1za, []) tm = (s2,[Bk|QCLQBk1za,
D
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff _inverse
replicate_add)
then show ’thesis
using «step0 (s, CLQ Bk 1 z1, []) tm = (s2, [Bk] @ CL Q Bk 1 z1, [])>
by (metis append_Cons append_Nil assms(1) fst_conv snd_conv)
next
assume a = L
show ’thesis
proof (cases CL)
case Nil
then have CL =[] .
then show ?thesis
proof (cases z1I)
case 0
then have z/ = 0.
with assms and «CL = []> show ?thesis by auto
next
case (Suc nat)
then have z/ = Suc nat .
from <« = L> and <«CL = []> and «z/ = Suc nat> and assms and Al
have step0 (s, CLQBk 1 z1, [|) tm = (s2, [|@QBk 1(z1—1), |Bk])
by auto
moreover from « = L> and <CL = [|> and A/ have step0 (s, CLQBk1za, []) tm = (s2,
[|@Bkt(za—1) , [Bk]) by auto
ultimately have Bk1(z/—1) = Bkza@QBk?1(zI1—1—za) A step0 (s, CLQBk1za, []) tm =
(2, [|BK+za—1) , [BK))
using assms using <zI = Suc nat>
by (metis diff Suc_1 le_eq_less_or_eq less_Suc_eq ordered_cancel_comm_monoid_diff class.add_diff _inverse
replicate_add)
with assms and <«CL = [}> and <z/ = Suc nat> and <step0 (s, CLQBk1z1, []) tm = (52, |]
@ Bk 1 (21 — 1), [Bk])>
show ’thesis
by auto
qed
next
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case (Cons c cs)
then have CL=c # cs .
from <@ = L> and <CL = ¢ # cs> and assms and A
have step0 (s, CLQBk 1 z1, []) tm = (s2, cs@QBk 1z1, [c])
by auto
moreover from <« = L> and <CL = ¢ # cs> and Al
have step0 (s, CLQBk1za, []) tm = (s2, csQBk 1za, [c]) by auto
ultimately have Bk{(z] —1) = Bktza@QBk?(zI—1—za) A stepO (s, CLQBk?1za, []) tm = (s2,
¢sQBk 1za, [c])
using assms
by (metis One_nat_def Suc_pred add_diff_inverse_nat neq0_conv not_less_eq not_less_zero
replicate_add)
with assms and «CL = ¢ # cs> and <Bk1(zI—1) = Bk1zaQBk*1(z1—1—za) A step0 (s,
CLQBk1za, []) tm = (s2, cs@Bk 1za, [c])>
show ?thesis
using «step0 (s, CLQ Bk 1 z1, []) tm = (s2, ¢s Q@ Bk 1 21, [c])>
by (metis fst_conv nat_le_linear not_less ordered_cancel_comm_monoid_diff_class.add_diff_inverse
replicate_add snd_conv)
qed
qed
qed

lemma step_left_tape_ShrinkBkCtx_right_Bk:
assumes step0 (s,CLQBk? z1 , Bk#trs) tm = (s',l';r")
and za < z/
shows I CL’ zb. I’ = CL'@QBk1za@QBk1zb A
(step0 (s,CLQBk?Yza, Bk#trs) tm = (s',CL'QBktza,r’) V
step0 (s,CLQBk1za, Bk#trs) tm = (s',CL'QBk1(za—1),r"))
proof (cases fetch tm (s — 0) (read (Bk#trs)))
case (Pair a s2)
then have A7: fetch tm (s — 0) (read (Bk#rs)) = (a, s2) .
show ’thesis
proof (cases a)
assume a = WB
from <« = WB> and assms Al
have stepO (s, CLQBk 1 z1, Bk#trs) tm = (s2, CLQBk 1 z1, Bk#rs)
by (auto simp add: split: if_splits)
moreover from «« = WB> and assms Al have step0 (s, CLQBk1za, Bk#trs) tm = (s2,CLQBk?za
, Bk#rs) by auto
ultimately have Bk1z] = Bk1za@QBk?1(z1—za) A step0 (s, CLQBk1za, Bk#trs) tm = (s2,CLQBk1za
, Bk#rs)
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff _inverse
replicate_add)
then show ?thesis
using «step0 (s, CL Q Bk 1 z1, Bk#trs) tm = (s2, CL @ Bk 1 zI, Bk+#rs)> assms(I) by auto
next
assume a = WO
from «« = WO> and assms Al have step0 (s, CLQBk 1 z1, Bk#rs) tm = (s2, CL@QBk 1 zl,
Oc#trs) by auto
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moreover from <a = WO> and assms Al have step0 (s, CLQBk?1za, Bk#rs) tm = (s2,CLQBk1za
, Oc#rs) by auto
ultimately have Bk1z/ = Bk1za@QBk*1(zl —za) A stepO (s, CLQBk?za, Bk#rs) tm = (s2,CLQBk1za
, Oc#rs)
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff_inverse
replicate_add)
then show ’thesis
using «stepO (s, CL @Q Bk 1 z1, Bk#trs) tm = (s2, CL Q Bk 1 zI, Oc#rs)> assms(1) by auto
next
assume a = Nop
from <@ = Nop> and assms Al have step0 (s, CLQBk 1 zI, Bk#rs) tm = (s2, CL@QBk 1 zl,
Bk+rs) by auto
moreover from «a = Nop> and assms A1 have step0 (s, CLQBk1za, Bk#trs) tm = (s2,CLQBk?za
, Bk#rs) by auto
ultimately have Bk1z1 = Bk1za@QBk?1(z1—za) A step0 (s, CLQBk1za, Bk#trs) tm = (s2,CLQBk1za
, Bk#rs)
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff _inverse
replicate_add)
then show ?thesis
using «step0 (s, CL Q Bk 1 zI, Bk#trs) tm = (s2, CL @ Bk 1 zI, Bk+#trs)> assms(I) by auto
next
assume a = R
from « = R> and assms Al have step0 (s, CLQBk 1 z1, Bk#trs) tm = (s2, [BK|QCLQBk1z1,
rs)
by auto
moreover from <« = R> and assms Al have step0 (s, CLQBk?za, Bk#rs) tm = (s2,[Bk|QCLQBk1za,
rs) by auto
ultimately have Bk1z/ = Bk1za@QBk?(z1—za) A stepO (s, CLQBk?za, Bk#rs) tm = (s2,[Bk|QCLQBk1za,
rs
)
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff_inverse
replicate_add)
then show ?thesis
using <step0 (s, CL Q Bk 1 z1, Bk#trs) tm = (s2, [Bk] @ CL @Q Bk 1 z1, rs)>
by (metis append_Cons append_Nil assms(1) fst_conv snd_conv)
next
assume a = L
show ?thesis
proof (cases CL)
case Nil
then have CL =[] .
then show ?thesis
proof (cases zI)
case 0
then have z/ = 0.
with assms and «CL = []> show ?thesis by auto
next
case (Suc nat)
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then have z/ = Suc nat .
from « = L> and <CL = []> and <z! = Suc nat> and assms and A1
have step0 (s, CLQBk T z1, Bk#rs) tm = (s2, [|QBk 1(z1—1), Bk#Bk#rs)
by auto
moreover from « = L> and <«CL = []> and A/ have step0 (s, CLQBk1za, Bk#rs) tm =
(s2, [|@Bkt(za—1) , Bk#Bk+#trs) by auto
ultimately have Bk1(z/—1) = Bk1za@QBk?1(z1—1—za) A step0 (s, CLQBkTza, Bk#trs) tm
= (s2, [|QBkt(za—1) , Bk#Bk#rs)
using assms using <z = Suc nat>
by (metis diff Suc_1 le_eq_less_or_eq less_Suc_eq ordered_cancel_comm_monoid_diff class.add_diff _inverse
replicate_add)
with assms and <«CL = [}> and </ = Suc nat> and <step0 (s, CLQBk1z1, Bk#rs) tm =
(s2,[] @Bkt (zI — 1), Bk#Bk#rs)>
show ’thesis
by auto
qed
next
case (Cons c cs)
then have CL=c #cs .
from «a = L»> and <CL = ¢ # c¢s> and assms and A/
have step0 (s, CLQBk 1 z1, Bk#rs) tm = (s2, csQBk 1z1, c#Bk#rs)
by auto
moreover from <« = L> and <CL = ¢ # c¢s> and Al
have step0 (s, CLQBk1za, Bk#rs) tm = (s2, csQBk 1za, c#Bk#rs) by auto
ultimately have Bk1(z/—1) = Bktza@QBk1(zI1—1—za) A step0 (s, CLQBk?za, Bk#rs) tm
= (52, csQBk 1za, c#Bk#rs)
using assms
by (metis One_nat_def Suc_pred add_diff _inverse_nat neq0_conv not_less_eq not_less_zero
replicate_add)
with assms and «CL = ¢ # cs> and <Bk1(zI—1) = Bk1zaQBk*1(zl—1—za) A step0 (s,
CLQ@Bk1za, Bk#rs) tm = (s2, csQBk Tza, c#Bk+#rs)>
show ’thesis
using «stepO (s, CL Q Bk 1 z1, Bk#trs) tm = (s2, cs @Q Bk 1 z1, c#Bk#rs)>
by (metis fst_conv nat_le_linear not_less ordered_cancel_comm_monoid_diff _class.add_diff inverse
replicate_add snd_conv)
qed
qed
qed

lemma step_left_tape_ShrinkBkCtx_right_Oc:
assumes step0 (s,CLQBk? z1 , Oc#rs) tm = (s')I'r")
and za < z/
shows 3CL’ zb. I’ = CL'@QBk1tza@QBk1zb N
(step0 (s,CL@QBk?Yza, Oc#trs) tm = (s',CL'@Bktza,r’) V
step0 (s,CLQBkYza, Octrs) tm = (s',CL'QBk?t(za—1),r’))
proof (cases fetch tm (s — 0) (read (Oc#trs)))
case (Pair a s2)
then have A1: fetch tm (s — 0) (read (Oc#rs)) = (a, s2) .
show ?thesis
proof (cases a)
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assume a = WB
from «« = WB> and assms Al have step0 (s, CLQBk 1 zI, Oc#rs) tm = (s2, CLQBk 1 zl,
Bk+trs) by auto
moreover from <a = WB> and assms Al have step0 (s, CLQBk1za, Oc#rs) tm = (s2,CLQBk?za
, Bk#rs) by auto
ultimately have Bk1z/ = Bk1za@QBk*1(zl —za) A stepO (s, CLQBktza, Oc#rs) tm = (s2,CLQBk1za
,Bk#rs)
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff_inverse
replicate_add)
then show ’thesis
using «stepO (s, CL @Q Bk 1 z1, Oc#trs) tm = (s2, CL Q Bk 1 zI, Bk#rs)> assms(1) by auto
next
assume a = WO
from « = WO> and assms Al have step0 (s, CLQBk 1 zI, Oc#rs) tm = (s2, CL@QBk 1 zl,
Oc#rs) by auto
moreover from <« = WO> and assms Al have step0 (s, CLQBk1za, Oc#trs) im = (s2,CLQBk?za
, Oc#rs) by auto
ultimately have Bk1z] = Bk1za@QBk?1(z1—za) A step0 (s, CLQBk1za, Oc#rs) tm = (s2,CLQBk1za
, Oc#rs)
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff _inverse
replicate_add)
then show ?thesis
using <step0 (s, CL @Q Bk 1 z1, Oc#rs) tm = (s2, CL @Q Bk 1 z1, Oc#rs)> assms(1) by auto
next
assume a = Nop
from <« = Nop> and assms Al have step0 (s, CLQBk 1 z1, Oc#rs) tm = (s2, CLQBk 1 zl,
Oc#trs) by auto
moreover from «a = Nop> and assms Al have stepO (s, CLQBk1za, Oc#rs) tm = (s2,CLQBk1za
, Oc#trs) by auto
ultimately have Bk1z! = Bktza@Bk1(z1—za) A step0 (s, CLQBkTza, Oc#trs) tm = (s2,CLQBk1za
, Oc#rs)
using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff_inverse
replicate_add)
then show ?thesis
using «stepO (s, CL @ Bk 1 zI, Oc#trs) tm = (s2, CL @ Bk 1 z1, Oc#rs)> assms(1) by auto
next
assume a = R
from «a = R> and assms Al have step0 (s, CLQBk 1 zI, Oc#trs) tm = (52, [Oc]QCLQBk1z1,

rs)
by auto
moreover from «a = R> and assms Al have step0 (s, CLQBkTza, Oc#rs) tm = (s2,[Oc]QCLQBk?za,
rs) by auto
ultimately have Bk1z] = Bk1za@Bk?(z1—za) A stepO (s, CLQBk1za, Oc#rs) tm = (s2,[0Oc|QCLQBk1za,
rs
)

using assms
by (metis le_eq_less_or_eq ordered_cancel_comm_monoid_diff class.add_diff _inverse
replicate_add)
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then show ?thesis
using «step0 (s, CL @Q Bk 1 zI, Oc#rs) tm = (52, [Oc] @ CL Q Bk 1 z1, rs)>
by (metis append_Cons append_Nil assms(1) fst_conv snd_conv)
next
assume a = L
show ?thesis
proof (cases CL)
case Nil
then have CL =[] .
then show ?thesis
proof (cases zI)
case 0
then have z/ = 0.
with assms and <«CL = []> show ?thesis by auto
next
case (Suc nat)
then have z/ = Suc nat .
from <«a = L> and <«CL = []> and «z/ = Suc nat> and assms and Al
have step0 (s, CLQBk 1 zI, Oc#trs) tm = (s2, [|@Bk 1(z1—1), Bk#Oc#rs)
by auto
moreover from <« = L> and <CL = []> and A/ have step0 (s, CLQBk1za, Oc#rs) tm =
(s2, [|@Bkt(za—1) , Bk#OcH#rs) by auto
ultimately have Bk1(z]—1) = Bktza@Bk?(z]—1—za) A step0 (s, CLQBk?za, Oc#rs) tm
= (52, [|QBkT(za—1) , Bk#OcHrs)
using assms using <z/ = Suc nat>
by (metis diff Suc_1 le_eq_less_or_eq less_Suc_eq ordered_cancel_comm_monoid_diff _class.add_diff_inverse
replicate_add)
with assms and <«CL = []> and </ = Suc nat> and <step0 (s, CLQBk1z1, Oc#rs) tm =
(s2,[] @Bkt (zI — 1), Bk#Oc#rs)>
show ?thesis
by auto
qed
next
case (Cons ¢ cs)
then have CL=c # cs .
from <«a = L»> and <CL = ¢ # c¢s> and assms and Al
have step0 (s, CLQBk 1 zI, Oc#trs) tm = (s2, csQBk 121, c#Oc#rs)
by auto
moreover from <« = L> and <CL = ¢ # cs> and A/
have step0 (s, CLQBk1za, Oc#trs) tm = (s2, csQBk 1za, c#O0c#rs) by auto
ultimately have Bk1(z1—1) = Bk1za@Bk1(z1—1—za) A step0 (s, CLQBk1za, Oc#trs) tm
= (52, csQBk Tza, c#O0cHtrs)
using assms
by (metis One_nat_def Suc_pred add_diff_inverse_nat neq0_conv not_less_eq not_less_zero
replicate_add)
with assms and «CL = ¢ # c¢s> and Bk1(zI—1) = BktzaQBk?(z1—1—za) A stepO (s,
CLQ@Bk1za, Oc#rs) tm = (52, csQBk Tza, c#O0c#rs)>
show ?thesis
using <step0 (s, CL Q Bk 1 zI, Oc#trs) tm = (s2, cs @ Bk 1 z1, c#Oc#rs)>
by (metis fst_conv nat_le_linear not_less ordered_cancel_comm_monoid_diff_class.add_diff_inverse
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replicate_add snd_conv)
qed
qed
qed

corollary step_left_tape_ShrinkBkCtx:
assumes step0 (s,CLQBkt z1 ,r) tm = (s',l',r")
and za < z/
shows 3zb CL'. I’ = CL'QBktza@Bktzb N
(step0 (s,CLQBk?za, r) tm = (s',CL'QBk1za,r’) V
step0 (s,CL@QBk?za, r) tm = (s',CL'QBk{(za—1),r"))
proof (cases r)
case Nil
then show ?thesis using step_left_tape_ShrinkBkCtx_right_Nil
using assms by blast
next
case (Cons rx rs)
then have r = rx # rs.
show ?thesis
proof (cases rx)
case Bk
with assms and <+ = rx # rs> show ?thesis using step_left_tape_ShrinkBkCtx_right_Bk by
blast
next
case Oc
with assms and < = rx # rs> show ?thesis using step_left_tape_ShrinkBkCtx_right_Oc by
blast
qed
qed

lemma steps_left_tape_ShrinkBkCtx_arbitrary_CL:
[ stepsO (s, CL@Bk?zI , r) tmstp = (s',l';r"); 0 < 21 | =
Azb CL'.1'= CL'QBk1zb A stepsO (s,CL, r) tm stp = (s',CL,r")
proof (induct stp arbitrary: s CLzI rs'1'r' z1)
case 0
assume stepsO (s, CLQ Bk 1 zI,r)tm 0= (s’,1',r") and 0 < zI
then show ?case
using less_imp_add_positive replicate_add by fastforce
next
fix stps CLzl rs'l'r’
assume 1V: A\s2 CL2 712 r2 s2' 12" r2'. [stepsO (s2, CL2 @ Bk 1 z12, r2) tm stp = (s2', 12/,
r2"); 0 < z12]
= Jzb2' CL2'. 12’ = CL2' Q Bk 1 zb2’ A
steps0 (s2, CL2, r2) tm stp = (s2', CL2', r2")
and major: steps0 (s, CL @ Bk 1 zI, r) tm (Suc stp) = (s', I, r’)
and minor: 0< zI
show 3zb CL'. 1" = CL’ @ Bk 1 zb A stepsO (s, CL, r) tm (Suc stp) = (s', CL', r")
proof —
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have FI: stepsO (s, CL, r) tm (Suc stp) = step0 (stepsO (s, CL, r) tm stp) tm
by (rule step_red)

have steps0 (s, CL Q Bk 1 z1, r) tm (Suc stp) = step0 (stepsO (s, CL Q Bk 1 zI, r) tm stp) tm
by (rule step_red)

with major
have F3: step0 (stepsO (s, CL @ Bk 1 z1, r) tm stp) tm = (s’, I, r') by auto

show ?thesis
proof (cases z1I)

case 0

then have z/ = 0.

with minor

show ?thesis by auto
next

case (Suc z1")
then have z/ = Suc zI’.
show ’thesis
proof (cases stepsO (s, CL Q Bk 1 zI, r) tm stp)
case (fields sx Ix rx)
then have C: stepsO (s, CL Q Bk 1 z1, r) tm stp = (sx, Ix, rx) .
with minor and IV
have FO: 3zb2’ CL2'. Ix = CL2' Q Bk 1 zb2' A
stepsO (s, CL, r) tm stp = (sx, CL2’, rx)
by auto

then obtain zb2’ CL2’ where
w_zb2’ CL2' z¢2": Ix = CL2' @Q Bk 1 zb2' A
stepsO (s, CL, r) tm stp = (sx, CL2’, rx)
by blast

from F3 and C have step0 (sx,lx,rx) tm = (s',l'") by auto
with w_zb2’_CL2'_zc2' have F4: step0 (sx,CL2’' @ Bk 1 zb2',rx) tm = (s',I’,r') by auto

then have step0 (sx,CL2' Q Bk 1 (zb2'),rx) tm = (s',I',r")
by (simp add: replicate_add)

show ’thesis
proof (cases zb2')
case 0
then show ’thesis

using F1 «stepO (sx, Ix, rx) tm = (s', I, r')> append_Nil2 replicate_0 w_zb2’_CL2’_zc2'
by auto
next
case (Suc zb3")
then have zb2' = Suc zb3’.
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then show ?’thesis
by (metis F1 F4
append_Nil2 diff is_0_eq’
replicate_0 self_append_conv2 step_left_tape_ShrinkBkCtx w_zb2'_CL2’ _zc2'
zero_le_one zero_less_Suc)
qed
qed
qed
qed
qed

lemma step_left_tape_EnlargeBkCtx_eq_Bks:
assumes step0 (s,Bkt zI, r)tm= (s"l';r")
shows stepO (s,Bk1(z1+Suc z2), r) tm = (s',I'QBk1Suc z2,r') V
step0 (s,Bkt(zI+Suc z2), r) tm = (s',I'QBk1z2,r")
proof (cases s)
assume s = 0
with assms have step0 (s, Bk1(zI+Suc z2), r) tm = (s',l'@BktSuc z2,r’)
using replicate_Suc_1 by fastforce
then show ?thesis by auto
next
fix s2
assume s = Suc s2
then show ’thesis
proof (cases r)
assume r = ||
then show stepO (s, Bk 1 (zI + Suc z2), r) tm = (s’, 1’ Q@ Bk 1 Suc 22, r') V
step0 (s, Bk 1 (z1 + Suc z2), r) tm = (s, 1’ Q Bk 1 22, ')
proof (cases fetch tm (s — 0) (read r))
case (Pair a s3)
then have ferch tm (s — 0) (read r) = (a, s3) .
then show ’thesis
proof (cases a)
case WB
from « = WB> < = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, BkT(z1+Suc z2), r) tm = (s3, Bk1(z14Suc z2), [Bk]) by auto
moreover from <« = WB> « = [)> etch tm (s — 0) (read r) = (a, s3)
have step0 (s, Bk 1 z1, r) tm = (s3, Bk 1 zI, [Bk]) by auto
ultimately show ?thesis
using assms replicate_Suc_1 by fastforce
next
case WO
from «a = WO> « = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s,Bk1(z1+Suc z2), r) tm = (s3, Bk (z1+Suc z2), [Oc]) by auto
moreover from <« = WO> « = [)> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk 1 zI, r) tm = (s3, Bk 1 z1, [Oc]) by auto
ultimately show ?thesis
using assms replicate_Suc_I by fastforce
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next
case L
from «a = L> & = [> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, BkT(zI+Suc z2), r) tm = (s3, Bk T (zI + z2), [Bk]) by auto
moreover from <a = L> < = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk 1 zl, r) tm = (s3, Bk 1 (zI—1), [Bk]) by auto
ultimately show ?thesis
by (metis (no_types, lifting) Pair_inject add_Suc_right add_eq_if
assms diff _is_0_eq' replicate_add zero_le_one)
next
case R
from «a = R> « = []> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk1(z1+Suc z2), r) tm = (s3, Bk# Bk1(zI+Suc z2), []) by auto
moreover from <a = R> « = []> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk T zI, r) tm = (s3, Bk# Bk 1 z1, []) by auto
ultimately show ?thesis
using assms replicate_Suc_1 by fastforce
next
case Nop
from «a = Nop> «r = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk (zI+Suc 22), r) tm = (s3, BkT(zl+Suc z2), []) by auto
moreover from <a = Nop> <+ = []> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk 1 zl, r) tm = (s3, Bk 1 zI, []) by auto
ultimately show ?thesis
using assms replicate_Suc_1 by fastforce
qed
qed
next
fix ra rrs
assume r = ra # rrs
then show stepO (s, Bk 1 (zI + Suc 22), r) tm = (s', 1’ @ Bk 1 Suc 22, r') v
step0 (s, Bk 1 (z1 + Suc z2), r) tm = (s', 1’ @ Bk 1 22, r")
proof (cases fetch tm (s — 0) (read r))
case (Pair a s3)
then have fetch tm (s — 0) (read r) = (a, s3) .
then show ’thesis
proof (cases a)
case WB
from «a = WB> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bkt (z1+Suc z2), r) tm = (s3, Bk1(z1+Suc z2), Bk# rrs) by auto
moreover from <« = WB> « = ra # rrs> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk 1 z1, r) tm = (s3, Bk 1 z1, Bk# rrs) by auto
ultimately show ?thesis
using assms replicate_Suc_I by fastforce
next
case WO
from «a = WO> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk1(zI+Suc z2), r) tm = (s3, Bk1(z1+Suc z2), Oc# rrs) by auto
moreover from <a = WO> « = ra # rrs> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk T zI, r) tm = (s3, Bk 1 z1, Oc# rrs) by auto
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ultimately show ?thesis
using assms replicate_Suc_1 by fastforce
next
case L
from «a = L> «- = ra # rrs> etch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk1(zI+Suc z2), r) tm = (s3, Bk 1 (21 + z2), Bk#ra#trrs) by auto
moreover from < = L> <+ = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk 1 zl, r) tm = (s3, Bk 1 (zI—1), Bk#traftrrs) by auto
ultimately show ?thesis
by (metis (no_types, lifting) Pair_inject add_Suc_right add_eq_if
assms diff _is_0_eq' replicate_add zero_le_one)
next
case R
from « = R> <r = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk1(zI+Suc z2), r) tm = (s3, ra#t Bk1(zI+Suc z2), rrs) by auto
moreover from <« = R> <+ = ra # rrs> etch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk 1 zl, r) tm = (s3, ra# Bk 1 zl,rrs) by auto
ultimately show ?thesis
using assms replicate_Suc_1 by fastforce
next
case Nop
from <«a = Nop> <+ = ra # rrs> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bk{(z1+Suc z2), r) tm = (s3, BkT(zI+Suc z2), ra # rrs) by auto
moreover from <a = Nop> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, Bkt z1,r) tm = (s3, Bk 1 zl, ra # rrs) by auto
ultimately show ?thesis
using assms replicate_Suc_1 by fastforce
qed
qed
qed
qed

lemma step_left _tape_EnlargeBkCtx_eq_Bk_C_Bks:
assumes step0 (s,(Bk#C)QBkt z1, r)tm= (s"l';r")
shows stepO (s,(Bk#C)QBk1(z1+22), r) tm = (s',l'QBk172,r")
proof (cases s)
assume s = 0
with assms show step0 (s, (Bk # C) Q@ Bk 1 (z1 + z2), r) tm = (s', " @ Bk 1 22, r”)
by (auto simp add: replicate_add)
next
fix s2
assume s = Suc s2
then show stepO (s, (Bk # C) @Q Bkt (z1 + z2), r) tm = (s, 1’ Q Bk 1 22, r')
proof (cases r)
assume r = ||
then show ’thesis
proof (cases fetch tm (s — 0) (read r))
case (Pair a s3)
then have ferch tm (s — 0) (read r) = (a, s3) .
then show ?thesis
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proof (cases a)
case WB
from «a = WB> « = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 (z1 + z2), r) tm = (s3, (Bk # C) Q Bk 1 (zI + 22), [Bk])
by auto
moreover from <« = WB> « = [)> etch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 zI, r) tm = (s3, (Bk # C) @ Bk 1 z1, [Bk]) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case WO
from « = WO> <« = []> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bkt (z] + z2), r) tm = (s3, (Bk # C) Q Bk 1 (z] + z2), [Oc])
by auto
moreover from <« = WO> « = [)> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 zI, r) tm = (s3, (Bk # C) Q Bk 1 z1, [Oc]) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case L
from « = L> « = [)> fetch tm (s — 0) (read r) = (a, s3)>
have stepO (s, (Bk # C) Q Bk 1 (zd + z2), r) tm = (s3, (C) Q Bk 1 (zI + z2), [Bk]) by

auto
moreover from <a = L> < = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 zI, r) tm = (s3, (C) Q Bk 1 z1, [Bk]) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next

case R
from «a = R> « = []> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 (zd + z2), r) tm = (s3, (Bk# Bk # C) Q Bk 1 (zl + z22),
(1) by auto
moreover from <« = R> <+ = [> fetch tm (s — 0) (read r) = (a, s3)
have step0 (s, (Bk # C) Q Bk 1 zI, r) tm = (s3, (Bk#Bk # C) Q Bk 1 z1, []) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case Nop
from «a = Nop> «r = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 (z1 + z2), r) tm = (s3, (Bk # C) @ Bk 1 (z1 + z2), [])
by auto
moreover from <a = Nops <+ = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 zI, r) tm = (s3, (Bk # C) @ Bk 1 z1, []) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
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qed
qed
next
fix ra rrs
assume r = ra # rrs
then show step0 (s, (Bk # C) @ Bk 1 (z] + z2),r) tm = (s', '@ Bk 1 22, r')
proof (cases fetch tm (s — 0) (read r))
case (Pair a s3)
then have ferch tm (s — 0) (read r) = (a, s3) .
then show ’thesis
proof (cases a)
case WB
from «a = WB> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 (zd + z2),r) tm = (s3, (Bk # C) Q Bk 1 (z1 + z2), Bk#
rrs) by auto
moreover from <« = WB> <r = ra # rrs> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 zI, r) tm = (s3, (Bk # C) @ Bk 1 z1, Bk# rrs) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case WO
from « = WO <r = ra # rrs> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 (z1 + z2), r) tm = (s3, (Bk # C) Q Bk 1 (zl + 22), Oc#
rrs) by auto
moreover from <a = WO> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 zI, r) tm = (s3, (Bk # C) Q Bk 1 z1, Oc# rrs) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case L
from <«a = L> - = ra # rrs> etch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 (z1 + z2), r) tm = (s3, (C) Q Bk 1 (zI + z2), Bk#ra#trrs)
by auto
moreover from < = L> < = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 zI, r) tm = (s3, (C) @ Bk 1 zl, Bk#tra#trrs) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case R
from « = R> <r = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have stepO (s, (Bk # C) Q@ Bk 1 (z1 + 22), r) tm = (s3, (ra#t Bk # C) Q Bk 1 (z] + z2),
rrs) by auto
moreover from <a = R> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 zI, r) tm = (s3, (ra#Bk # C) @Q Bk 1 z1,rrs) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)

26



next
case Nop
from <«a = Nop> <+ = ra # rrs> etch tm (s — 0) (read r) = (a, s3)
have stepO (s, (Bk # C) Q Bk 1 (z] + 22), r) tm = (s3, (Bk # C) Q Bk 1 (21 + z2), ra #
rrs) by auto
moreover from <a = Nop> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Bk # C) Q Bk 1 z1, r) tm = (s3, (Bk # C) Q Bk 1 z1, ra # rrs) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
qed
qed
qed
qed

lemma step_left_tape_EnlargeBkCtx_eq_Oc_C_Bks:
assumes step0 (s,(Oc#C)QBkt z1, r)tm= (s"l';r")
shows stepO (s,(Oc#C)QBkY (z1+72), r) tm = (s',]'QBk1z2,r")
proof (cases s)
assume s = 0
with assms show step0 (s, (Oc # C) @ Bkt (zI + z2),r) tm = (s', I’ Q Bk 1 22, ')
by (auto simp add: replicate_add)
next
fix 52
assume s = Suc 52
then show stepO (s, (Oc # C) @ Bk 1 (zl +z2),r) tm= (s', 1’ Q Bk 1 22, ')
proof (cases r)
assume r = ||
then show ’thesis
proof (cases fetch tm (s — 0) (read r))
case (Pair a s3)
then have fetch tm (s — 0) (read r) = (a, s3) .
then show ’thesis
proof (cases a)
case WB
from «a = WB> « = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 (z1 + z2),r) tm = (s3, (Oc # C) Q Bk 1 (zI + z2), [Bk])
by auto
moreover from <« = WB> « = [)> etch tm (s — 0) (read r) = (a, s3)
have step0 (s, (Oc # C) Q Bk 1 z1, r) tm = (s3, (Oc # C) @ Bk 1 z1, [Bk]) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case WO
from « = WO> <« = []> «fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) @ Bk 1 (z1 + z2), r) tm = (s3, (Oc # C) @ Bk 1 (zI + z2), [Oc])
by auto
moreover from <« = WO> « = []> etch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 z1, r) tm = (s3, (Oc # C) Q Bk 1 z1, [Oc]) by auto

27



ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case L
from «a = L> & = [> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) @ Bk 1 (zI + z2), r) tm = (s3, (C) Q Bk 1 (21 + z2), [Oc]) by

auto
moreover from <« = L> « = []> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 zI, r) tm = (s3, (C) @Q Bk 1 zI, [Oc]) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next

case R
from « = R> < = [|> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 (zI + z2), r) tm = (s3, (Bk# Oc # C) Q Bk 1 (zI + z2),
[)) by auto
moreover from <« = R> « = [ fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 z1, r) tm = (s3, (Bk#Oc # C) Q Bk 1 z1, []) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case Nop
from «a = Nop> «r = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 (zd + z2), r) tm = (s3, (Oc # C) Q Bk 1 (21 + z2), [])
by auto
moreover from <a = Nop> « = []> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 z1, r) tm = (s3, (Oc # C) Q Bk 1 z1, []) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
qed
qed
next
fix ra rrs
assume r = ra # rrs
then show step0 (s, (Oc # C) Q Bkt (z1 + z2),r) tm = (s, I’ Q Bk 1 22, ')
proof (cases fetch tm (s — 0) (read r))
case (Pair a s3)
then have ferch tm (s — 0) (read r) = (a, s3) .
then show ’thesis
proof (cases a)
case WB
from « = WB> < = ra # rrs> etch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 (zI + z2), r) tm = (s3, (Oc # C) Q Bk 1 (21 + 22), Bk#
rrs) by auto
moreover from <« = WB> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 z1, r) tm = (s3, (Oc # C) @ Bk 1 z1, Bk# rrs) by auto
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ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case WO
from «a = WO> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q@ Bk 1 (21 + 22),r) tm = (53, (Oc # C) Q Bk 1 (zl + z2), Oc#
rrs) by auto
moreover from <a = WO> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 z1, r) tm = (s3, (Oc # C) Q Bk 1 z1, Oc# rrs) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case L
from « = L> « = ra # rrs> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bkt (2] + 22),r) tm = (53, (C) @ Bk T (2l + z2), Oc#traftrrs)
by auto
moreover from <« = L> <+ = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q@ Bkt z1, r) tm = (s3, (C) @ Bk 1 z1, Oc#ra+#trrs) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case R
from « = R> <r = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 (21 + 22), r) tm = (s3, (ra# Oc # C) Q Bk 1 (zl + z2),
rrs) by auto
moreover from <« = R> < = ra # rrs> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 zI, r) tm = (s3, (ra#£Oc # C) Q Bk 1 z1,rrs) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
next
case Nop
from <«a = Nop> <+ = ra # rrs> fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 (zl + 22), r) tm = (53, (Oc # C) Q Bk 1 (z] + z2), ra #
rrs) by auto
moreover from <a = Nop> « = ra # rrs> <fetch tm (s — 0) (read r) = (a, s3)>
have step0 (s, (Oc # C) Q Bk 1 z1, r) tm = (s3, (Oc # C) @ Bk 1 z1, ra # rrs) by auto
ultimately show ?thesis
using assms
by (auto simp add: replicate_add)
qed
qed
qed
qed

lemma step_left_tape_EnlargeBkCtx_eq_C_Bks_Suc:
assumes step0 (s,CQBkt zI, r)tm= (s'I';r")
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shows step0 (s,CQBk1(z1+ Suc z2), r) tm = (s',I'QBktSuc z2,r') V
step0 (s,CQBk1(z1+ Suc z2), r) tm = (s',I'QBk1z2,r")
proof (cases C)
case Nil
then have C =[] .
with assms show ?thesis by (metis append.left_neutral step_left_tape_EnlargeBkCtx_eq_Bks)
next
case (Cons x C')
then have C =x # C’.
then show ?thesis
proof (cases x)
case Bk
then have x = Bk .
then show ?thesis
using assms local.Cons step_left_tape_EnlargeBkCtx_eq_Bk_C_Bks by blast
next
case Oc
then have x = Oc.
then show ’thesis
using assms local.Cons step_left_tape_EnlargeBkCtx_eq_Oc_C_Bks by blast
qed
qed

lemma step_left_tape_EnlargeBkCtx_eq_C_Bks:
assumes step0 (s,CQBkt z1, r)tm= (s"l';r")
shows step0 (s,CQBk1(z1+ z2), r) tm = (s'I'QBk1z2,r") V
step0 (s,CQBk1(zI+ z2), r) tm = (s’ ,1'QBk1(z2—1),r')
by (smt (verit) step_left_tape_EnlargeBkCtx_eq_C_Bks_Suc One_nat_def Suc_pred add.right_neutral
append.right_neutral assms neq0_conv replicate_empty)

lemma steps_left_tape_EnlargeBkCtx_arbitrary_CL:
stepsO (s, CL @ Bktzl, r) tm stp = (s', I';r")
_—
d3z23. 23 <z + 22 A
stepsO (s, CL @ Bkt (zl + z2), r) tm stp = (s',]' @ Bktz3 ,r)
proof (induct stp arbitrary: s CLzI1 rz2 s'1' r')
fixsCLzIrz2s'l'r’
assume stepsO (s, CLQ Bkt zl,r)m0=(s",l',r')
show 3z3<z1 + z2. stepsO (s, CLQ Bk 1 (zd + 22), r) tm 0 = (s', 1’ Q Bk 1 23, r’)
by (metis <stepsO (s, CL@Q Bk 1 zI,r)tm 0= (s', ', r')>
append.assoc fst_conv le_add? replicate_add snd_conv steps.simps(1))
next
fixstp s CLzl rz2s'1'r’
assume [V: \s CLz1 rz2s"1'r'. stepsO (s, CL@Q Bk 1 zI, r) tm stp = (s', I, r')
= 323<zl + 22. stepsO (s, CLQ@ Bkt (z1 + z2),r) tmstp = (s’, '@ Bk T 23, r')
and minor: stepsO (s, CL@Q Bk 1 zI, r) tm (Suc stp) = (s’, ', r')
show 3z3<z1 + z2. stepsO (s, CL @ Bk 1 (z1 + 22), r) tm (Suc stp) = (s’,1' Q Bk 1 23, r’)
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proof —
have F1: stepsO (s, CL Q Bk 1 (zI + z2), r) tm (Suc stp) = step0 (stepsO (s, CL @ Bk 1 (zI
+ 22), r) tm stp) tm
by (rule step_red)

have stepsO (s, CL Q Bk 1 z1, r) tm (Suc stp) = stepO (stepsO (s, CL Q Bk 1 zI, r) tm stp) tm
by (rule step_red)

with minor
have F3: step0 (stepsO (s, CL Q Bkt z1, r) tm stp) tm = (s', I, r') by auto

show 3z3. 23 < zI + 22 A stepsO (s, CL @ Bk 1 (z1 + 22), r) tm (Suc stp) = (s', I’ @ Bk ©
23, 1)
proof (cases stepsO (s, CL @ Bk 1 z1, r) tm stp)
case (fields sx Ix rx)
then have CL: stepsO (s, CL Q Bk 1 zI, r) tm stp = (sx, Ix, rx) .
with 1V
have 373'<zl + 72. stepsO (s, CL @Q Bk 1 (zI + z2), r) tm stp = (sx, Ix @ Bk 1 z3’, rx) by
auto
then obtain z3’ where
w_z3"723'<zl + 22 A
stepsO (s, CL @ Bk 1 (zI + z2), r) tm stp = (sx, Ix @ Bk 1 z3', rx) by blast

moreover
have step0 (sx,lx@QBktz3’, rx) tm = (s’ Q Bkt(z3") ,r') V
step0 (sx,lx@QBk1z3’, rx) tm = (s',l' @ Bk1(z3'—1),r")
proof —
from F3 and CL have step0 (sx, xQBk10, rx) tm = (s', I’, r') by auto

then have step0 (sx,IxQBkt(0+23"), rx) m = (s',1' Q@ Bkt (z3") ,r') V
step0 (sx,Ix@QBkY(0+23"), rx) tm = (s',' Q Bkt (z3'—1) ,r')
by (rule step_left_tape_EnlargeBkCix_eq_C_Bks)

then show step0 (sx,lx@QBk1z3’, rx) tm = (s',I’ Q Bkt (z3") ,r') V
step0 (sx,lx@QBktz3', rx) tm = (s',l' @ Bk (z3'—1),r")
by auto
qed

moreover from w_z3’ and F1
have steps0 (s, CL @Q Bk 1 (zI 4 z2), r) tm (Suc stp) = step0 (sx, Ix @ Bk 1 z3', rx) tm
by auto

ultimately
have stepsO (s, CL @ Bk 1 (zI + z2), r) tm (Suc stp) = (s’, I’ @Bkt z3', r') Vv
stepsO (s, CL @Q Bk 1 (zI + z2), r) tm (Suc stp) = (s, 1’ @ Bk 1 (z3'—1), ')

by auto

with w_z3' show ’thesis
by (auto simp add: split: if_splits)

qed
qed
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qed

corollary steps_left_tape_EnlargeBkCtx:
stepsO (s, Bk Tk, r) tmstp = (s', Bk T I, r')
_—
dz23.23<k+ 22 A
stepsO (s, Bk 1 (k+ z2), r) tm stp = (s" Bkt (I + 2z3), 1)

proof —
assume steps0 (s, Bk 1k, r) tm stp = (s’, Bk T 1, ')
then have 3z3. 23 <k + 22 A
stepsO (s, Bk 1 (k +z2), r) tm stp = (s",Bk 1@ Bk 1 23, r')
by (metis append_Nil steps_left_tape_EnlargeBkCtx_arbitrary_CL)
then show ?thesis by (simp add: replicate_add)
qed

corollary steps_left_tape_ShrinkBkCtx_to_NIL:
stepsO (s, Bk Tk, r) tmstp = (s', Bk T 1, r')
—
dz3. 23 <IA
stepsO (s, [, r) tm stp = (s', Bk + 23, ')
proof —
assume A: stepsO (s, Bk T k, r) tm stp = (s’, Bk T 1, ')
then have FO: 3zb CL'. Bk 1| = CL'@Bk?tzb A stepsO (s,[], r) tm stp = (s’,CL',r")
proof (cases k)
case 0
then show ’thesis
using A append_Nil2 replicate_0 by auto
next
case (Suc nat)
then have 0 < k by auto
with A show ?thesis
using steps_left_tape_ShrinkBkCtx_arbitrary_CL by auto
qed
then obtain zb CL’ where
w: Bk 11 = CL'QBk1zb A stepsO (s,[], r) tm stp = (s',CL',r") by blast
then show ?thesis
by (metis append_same_eq le_addl length_append length_replicate replicate_add)
qed

lemma steps_left_tape_Nil_imp_All:
stepsO (s, ([] ,r)) pstp=(s', Bkt k, CRQ Bk 1)
_—
Yz stp k L. (stepsO (s, (Bktz, r)) p stp) = (s', Bk Tk, CR Q Bk 1 1)
proof
fix z
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assume A: stepsO (s, [|, r) p stp = (s’ Bk T k, CR Q Bk 1 ])

then have stepsO (s, Bk + 0, r) p stp = (s', Bk 1 k, CR @ Bk 1 [) by auto
then have 3z3. 23 <0+ z A
stepsO (s, Bk 1 (0 +z),r) p stp = (s",Bk 1 (k + z3), CRQ Bk 1 ])
by (rule steps_left_tape_EnlargeBkCix)
then have 3z3. stepsO (s, Bk 1z, r) p stp = (s',Bk 1 (k + z3), CR Q Bk 1 )
by auto
then obtain z3 where
stepsO (s, Bk 1z, r) p stp = (s’,Bk 1 (k + z3), CR @ Bk 1 1) by blast
then show 3 stp k L. stepsO (s, Bk 1 z,r) p stp = (s', Bk 1 k, CR Q Bk 1 [)
by auto
qed

lemma ex_steps_left_tape_Nil_imp_All:
stp k1. (stepsO (s, ([] ,r)) pstp) = (s’, Bkt k, CRQ Bk 11)
—
Yz Astp k L. (stepsO (s, (Bktz, r)) p stp) = (s', Bkt k, CR Q Bk 1 1)
proof
fix z
assume A: Jstp k L. stepsO (s, [|, r) p stp = (s', Bk T k, CR Q Bk 1)
then obtain stp k [ where
steps0 (s, [], r) p stp = (s, Bk 1 k, CR @ Bk 1 ) by blast
then show 3 stp k L. stepsO (s, Bk 1z, r) p stp = (s', Bk T k, CR Q Bk 1 1)
using steps_left_tape_Nil_imp_All
by auto
qed

1.3.3 Trailing blanks on the right tape do not matter

lemma step_left_tape_Nil_imp_all_trailing_right_Nil:
assumes step0 (s, CLI, [| ) tm = (s, CRI, CR2 )
shows stepO (s, CL1, [| @ Bk ty) tm = (s’, CR1, CR2 @ Bk 1 y) V
step0 (s, CL1, [] @ Bk Ty) tm = (s’, CRI, CR2 @Q Bk 1 (y—1))
proof (cases fetch tm (s — 0) (read ([])))
case (Pair a s2)
then have A1: fetch tm (s — 0) (read ([])) = (a, s2) .
show ’thesis
proof (cases a)
assume a = WB
from « = WB> and assms Al have step0 (s, CL1,[] ) tm = (s2, CL1, [Bk]) by auto
moreover from « = WB> and assms Al have step0 (s, CL1, [] @ Bk 1 y) tm = (s2, CLI,
[Bk]@QBKk 1 (y—1)) by auto
ultimately show ?thesis using assms by auto
next
assume a = WO
from «a = WO and assms Al have step0 (s, CL1,[] ) tm = (s2, CL1, [Oc]) by auto
moreover from «« = WO> and assms Al have step0 (s, CL1, [] @ Bk 1 y) tm = (s2, CLI,
[Oc] @ Bk 1 (y—1)) by auto
ultimately show ?thesis using assms by auto
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next
assume a = L
show ?thesis
proof (cases CLI)
case Nil
then have CLI =[] .
from «CLI = []> and «a = L> and assms Al have step0 (s, CL1,[] )tm= (s2,CLI,
1BK])
by auto
moreover from «CL! = []> and «a = L> and assms Al
have step0 (s, CL1, [| @ Bk 1 y) tm = (s2, CL1, Bk # Bk 1 y)
by (auto simp add: split: if _splits)
ultimately show ?thesis using assms by auto
next
case (Cons c cs)
then have CL]/ =c # cs.
from «CLI = ¢ # cs > and <« = L> and assms Al have stepO (s, CL1,[] ) tm = (s2,
s, [c])
by auto
moreover from «CL! = ¢ # cs> and «a = L> and assms Al
have step0 (s, CLI1, [| @ Bk 1Ty) tm = (s2, cs, ¢ # Bk 1 y)
by (auto simp add: split: if_splits)
ultimately show ?thesis using assms by auto
qed
next
assume a = Nop
from <« = Nop> and assms and Al have step0 (s, CLI1,[] )= (s2,CLI,][])
by auto
moreover from «a = Nop> and assms and Al have step0 (s, CL1, [| Q@ Bk 1 y) tm = (s2,
CLI, [] Q@ Bk 1 y) by auto
ultimately show ?thesis using assms by auto
next
assume a = R
from «a = R> and assms Al have stepO (s, CL1,[| ) tm= (s2, Bc#CLI, ] )
by auto
moreover from <« = R> and assms Al have step0 (s, CL1, [| @ Bk 1 y) tm = (s2, Bk#CLI,

@Bkt (y—1))
by auto
ultimately show ’thesis using assms by auto
qed
qed

lemma step_left_tape_Nil_imp_all_trailing_right_Cons:

assumes step0 (s, CLI, rx#rs ) tm= (s’ CRI, CR2)

shows stepO (s, CLI, rx#trs @ Bk 1y) tm = (s', CR1, CR2 @Q Bk 1y)
proof (cases fetch tm (s — 0) (read (rx#rs)))

case (Pair a s2)

then have A1: fetch tm (s — 0) (read (rx#rs)) = (a, s2) .

show ’thesis

proof (cases a)
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assume a = WB

from «a = WB> and assms Al have stepO (s, CL1, rx#rs ) tm = (s2, CL1, Bk#trs )
by auto

moreover from « = WB> and assms Al have step0 (s, CLI, rx#trs Q Bk 1 y) tm = (s2, CL1,
Bk+#trs @ Bk 1 y) by auto

ultimately show ?thesis using assms by auto

next
assume a = WO
from «a = WO> and assms Al have step0 (s, CL1, rx#trs ) tm = (s2, CL1, Oc#trs )
by auto

moreover from «a = WO> and assms Al have step0 (s, CL1, rx#rs Q Bk 1 y) tm = (s2, CLI,
Oc#rs @Q Bk 1 y) by auto
ultimately show ?thesis using assms by auto
next
assume a = L
show ?thesis
proof (cases CLI)
case Nil
then have CLI =[] .
show ?thesis
proof —
from «a = L> and <CLI = []> and assms Al have stepO (s, CL1, rx#rs ) tm = (s2,
CLI1, Bk#trx#trs ) by auto
moreover from « = L> and <«CL/ = [)> and assms Al have step0 (s, CLI, rx#rs Q Bk 1
y) tm = (s2, CL1, Bk#t-rx#rs Q Bk 1 y) by auto
ultimately show ?thesis using assms by auto
qed
next
case (Cons c cs)
then have CL] =c # cs.
show ?thesis
proof —
from « = L> and <CLI = ¢ # c¢s> and assms Al have step0 (s, CLI, rx#rs ) tm =
(52, ¢s, c#rxftrs ) by auto
moreover from « = L> and «CLI = ¢ # cs> and assms Al have step0 (s, CLI, rxftrs @
Bk 1y) tm = (52, ¢s, c#rxftrs @Q Bk 1 y) by auto
ultimately show ?thesis using assms by auto
qed
qed
next
assume a = R
from « = R> and assms Al have stepO (s, CLI, rx#trs ) tm = (s2, rx#CLI1, rs ) by
auto
moreover from « = R> and assms Al have step0 (s, CL1, rx#rs Q Bk T y) tm = (s2,
rx#CL1, rs Q Bk 1 y) by auto
ultimately show ?thesis using assms by auto

next
assume a = Nop
from <« = Nop> and assms Al have step0 (s, CLI1, rx#rs ) tm = (s2, CLI, rx#rs )

by (auto simp add: split: if _splits)
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moreover from « = Nop> and assms Al have step0 (s, CLI, rx#rs Q Bk 1 y) tm = (s2,
CLI, rx#rs Q Bk 1 y) by auto
ultimately show ?thesis using assms by auto
qed
qed

lemma step_left_tape_Nil_imp_all_trailing_right:

assumes step0 (s, CLI1,r ) tm= (s', CRI, CR2)

shows stepO (s, CL1, r @ Bk ty) tm = (s’, CRI, CR2Q Bk T y) V

step0 (s, CL1,r Q Bk 1y) tm = (s, CR1, CR2 Q Bk 1 (y—1))

proof (cases r)

case Nil

then show ?thesis using step_left_tape_Nil_imp_all_trailing_right_Nil assms by auto
next

case (Cons a list)

then show ?thesis using step_left_tape_Nil_imp_all_trailing_right_Cons assms by auto
qed

lemma steps_left_tape_Nil_imp_all_trailing_right:
stepsO (s, CL1, r ) tm stp = (s', CRI, CR2)
—
dxIx2.y=xI+x2 A
stepsO (s, CLI, r @Bk 1y ) tm stp = (s’, CRI, CR2 @ Bk 1 x2)

proof (induct stp arbitrary: s CL1 ry s’ CRI CR2)

case 0

then show ’case

by (simp add: 0.prems steps_left_tape_Nil_imp_All)

next

fix stp s CLI ry s’ CRI CR2

assume [V: \s CLI ry s’ CRI CR2. stepsO (s, CL1, r) tm stp = (s, CRI, CR2) => 3 xI x2.
y=2xI + x2 A stepsO (s, CLI, r @Bk 1 y) tm stp = (s', CRI, CR2 Q Bk 1 x2)

and major: stepsO (s, CLI, r) tm (Suc stp) = (s’, CRI, CR2)

show JxI x2. y = xI + x2 A stepsO (s, CL1, r @ Bk 1 y) tm (Suc stp) = (s', CRI, CR2 Q Bk
1122)
proof —
have F1: stepsO (s, CL1, r @ Bk T y) tin (Suc stp) = step0 (stepsO (s, CLI1, r Q Bk 1 y) tm
stp) tm
by (rule step_red)

have steps0 (s, CLI, r) tm (Suc stp) = step0 (stepsO (s, CL1, r) tm stp) tm
by (rule step_red)

with major
have F3: step0 (stepsO (s, CLI, r) tm stp) tm = (s’, CR1, CR2) by auto

show 3xI x2.y = xI + x2 A stepsO (s, CLI, r Q Bk 1 y) tm (Suc stp) = (s’, CRI, CR2 Q Bk
1x2)
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proof (cases y)
case 0
then have y =0.
with major show ?thesis by auto
next
case (Sucy’)
then have y = Suc y’.
then show ’thesis
proof (cases stepsO (s, CL1, r) tm stp)
case (fields sx Ix rx)
then have C: stepsO (s, CLI, r) tm stp = (sx, Ix, rx) .
with major and IV have FO: Ix1'x2".y =x1"+ x2' A stepsO (s, CLI, r Q Bk 1
y) tm stp = (sx, Ix, rx @ Bk 1 x2")
by auto
then obtain x/’x2’ where w_xI’' x2": y=xI"+ x2' A stepsO (s, CLI, r @ Bk 1 y) tm stp
= (sx, Ix, rx @ Bk 1 x2") by blast

moreover have step0 (sx, Ix, rx @ Bkt x2') tm = (s, CRI, CR2 Q Bkt x2") V
stepO (sx, Ix, rx @ Bk 1 x2") tm = (s’, CRI, CR2 Q Bk 1 (x2'—1))

proof —
from F3 and C have F5: step0 (sx, Ix, rx) tm = (s', CRI, CR2) by auto

then have step0 (sx, Ix, rx @ Bkt x2") tm = (s/, CRI, CR2 Q Bkt x2') V
stepO (sx, Ix, rx @ Bk 1 x2") tm = (s’, CRI, CR2 @ Bk 1 (x2'—1))
by (rule step_left_tape_Nil_imp_all_trailing_right)
then show stepO (sx, Ix, rx @ Bkt x2') tm = (s’, CRI, CR2 Q@ Bkt x2") V
step0 (sx, Ix, rx @ Bk 1 x2") tm = (s’, CRI, CR2 Q Bk T (x2'—1))
by auto
qed

moreover from w_x/’_x2' and F1
have stepsO (s, CL1, r @ Bk 1 y) tm (Suc stp) = step0 (sx, Ix, rx @ Bk 1 x2') tm by auto

ultimately have F5: y = xI’ + x2' A
(stepsO (s, CLI, r @ Bk 1 y) tm (Suc stp) = (s, CRI1, CR2 Q Bkt x2') V
stepsO (s, CL1, r @ Bk 1 y) tm (Suc stp) = (s, CRI1, CR2 @ Bkt (x2" — 1)))
by auto
with w_xI1’_x2’ show ?thesis
proof (cases x2")
case 0
with F5have y=xI'+ 0 A
stepsO (s, CLI, r @ Bk 1 y) tm (Suc stp) = (s’, CRI, CR2 @ Bk 1 0)
by (auto simp add: split: if _splits)
with w_xI’_x2’ show ?thesis
by (auto simp add: split: if_splits)
next
case (Suc x2"")
with w_xI1’_x2' show ’thesis
using F5 add_Suc_right add_Suc_shift diff Suc_1 by fastforce

37



qed
qed
qed
qed
qed

lemma ex_steps_left_tape_Nil_imp_All_left_and_right:

(Fkrlr. stepsO (1, (] ,r )) pstp = (0, Bkt kr, ' Q Bk 1 1Ir))

BN

Y kLIl krIr. stepsO (1, (Bk 1 kl, r @ Bkt Il)) p stp = (0, Bk 1 kr, r’ @ Bk 1 Ir)
proof —

assume (JkrIr. stepsO (1, (] ,r )) pstp = (0, Bkt kr,r’' Q Bk 1 1Ir))

then obtain kr [r where

w_kr_lr: stepsO (1, ([] ,r )) p stp = (0, Bk 1 kr, ¥’ @Q Bk 1 Ir) by blast

then have stepsO (I, (Bk 10 | r ) pstp= (0, Bkt kr, r’' @ Bk 1 Ir)
by auto

then have A\kl. 3z3. 23 < 0 + kI A stepsO (1, Bk 1 (0 + ki), r) p stp = (0,Bk 1t (kr + 23), r’
@ Bk 1 1r)
using steps_left_tape_EnlargeBkCtx
using plus_nat.add_0 w_kr_Ir by blast

then have Akl. 3z3. z3 < kI A stepsO (1, Bkt kI, r) p stp = (0,Bk 1 (kr + z3), r' @ Bk 1 Ir)
by auto

then have FO: Akl.  Jz4. stepsO (1, Bk T ki, r Ypstp= (0,Bktz4,r' QBk11Ir)
by auto

show ?thesis
proof
fix ki
show V1. 3krlr. stepsO (1, Bk 1 kl, r @ Bk 1 1l) p stp = (0, Bk * kr, r' @ Bk 1 Ir)
proof
fix /[
show 3 kr Ir. stepsO (1, Bkt kI, r Q@ Bk 1 Il) p stp = (0, Bk 1 kr, r' @ Bk 1 Ir)

proof —
from FO have 3z4. stepsO (I, Bk T ki, r Ypstp= (0,Bktz4,r' QBk1Ir)
by auto
then obtain z4 where w_z4: stepsO (1, Bk 1 ki, r Ypstp= (0,Bk?1z4,r' QBk1Ir)
by blast

then have Jx/ x2. Il = xI + x2 A

stepsO (1, Bk Tkl ,r QBk 11l )pstp=(0,Bk1tz4 ,r'@QBk1IrQBk1x2)
using steps_left_tape_Nil_imp_all_trailing_right
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using append_assoc by fastforce

then show 3 kr Ir. stepsO (1, Bk T ki, r @ Bk 1+ 1l) p stp = (0, Bk 1 kr, r' @Q Bk 1 Ir)
by (metis replicate_add)
qed
qed
qed
qed

end

theory ComposableTMs
imports Turing
begin

1.4 Making Turing Machines composable

d
abbreviation is_even n =) (n::nat) mod 2 =0

abbreviation is_odd n & (n::nat) mod 2 # 0

fun
composable_tm :: tprog = bool
where
composable_tm (p, off) = (lengthp > 2 A is_even (length p) A
(V(a, s) € setp.s <length pdiv2+ off Ns > off))

abbreviation
di
composable_tm0 p =) composable_tm (p, 0)

lemma step_in_range:
assumes hl: - is_final (stepO c A)
and h2: composable_tm (A, 0)
shows fst (step0 c A) < length A div 2
using hl h2
apply(cases c;cases fst c;cases hd (snd (snd c)))
by (auto simp add: Let_def case_prod_beta")

lemma steps_in_range:
assumes hl: — is_final (stepsO (1, tap) A stp)
and h2: composable_tm (A, 0)
shows fst (stepsO (1, tap) A stp) < length A div 2
using /1
proof(induct stp)
case 0
then show fst (stepsO (1, tap) A 0) < length A div 2 using h2
by (auto)
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next

case (Suc stp)

have ih: = is_final (stepsO (1, tap) A stp) = fst (stepsO (1, tap) A stp) < length A div 2 by
fact

have h: — is_final (stepsO (1, tap) A (Suc sip)) by fact

from ih h h2 show fst (stepsO (1, tap) A (Suc stp)) < length A div 2

by (metis step_in_range step_red)

qed

1.4.1 Definitin of function fix_jumps and mk_composable(

fun fix_jumps :: nat = tprog0 = tprog0 where
for_jumps smax [| = [ |
Sfix_jumps smax (ins#tinss) = (if (snd ins) < smax
then ins # fix_jumps smax inss
else ((fst ins),0)#fix_jumps smax inss)

fun mk_composable0 :: tprog0 = tprog0 where
mk_composable0 [| = [(Nop,0),(Nop,0)] |
mk_composable0 [il] = fix_jumps 1 [i],(Nop,0)] |
mk_composable0 (i1#i2+4tins) = (let | = 2 + length ins
inifis_evenl
then fix_jumps (I div 2) (i14£i2#ins)
else fix_jumps ((I div 2) + 1) ((i1#i2#ins)Q[(Nop,0)]))

1.4.2 Properties of function fix_jumps

lemma fix_jumps_len: length (fix_jumps smax insl) = length insl
by (induct insl) auto

lemma fix_jumps_le_smax: ¥ x € set (fix_jumps smax tm). (snd x) < smax
proof (rule filter_id_conv[THEN iffDI])
show filter (Ax. snd x < smax) (fix_jumps smax tm) = fix_jumps smax tm
by (induct tm)(auto)
qed

lemma fix_jumps_nth_no_fix:
assumes n < length tm and tm!n = ins and (snd ins) < smax
shows (fix_jumps smax tm)!n = ins
proof —
have n < length tm A tm!n = ins A (snd ins) < smax — (fix_jumps smax tm)!n = ins
proof (induct tm arbitrary: n ins)
case Nil
then show ’case by auto
next
fix a tm n ins
assume IV: \n'ins’. n' < length tm A tm ! n' = ins’ A snd ins’ < smax — fix_jumps smax
tm!n' =ins’
show n < length (a # tm) A (a # tm) ! n = ins A snd ins < smax — fix_jumps smax (a #
tm) ! n = ins
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proof (cases n)
case 0
then show ?thesis by auto
next
fix nat
assume n = Suc nat
show n < length (a # tm) A (a # tm) ! n = ins A snd ins < smax — fix_jumps smax (a #
tm) ! n = ins
proof
assume A: n < length (a # tm) A (a # tm) ! n = ins A snd ins < smax
show fix_jumps smax (a # tm) ! n = ins
proof (cases (snd a) < smax)
case True
then have fix_jumps smax (a # tm) ! (Suc nat) = (a # (fix_jumps smax tm)) ! Suc nat
by auto

also have ... = (fix_jumps smax tm) nat by auto
finally have fix_jumps smax (a # tm) ! Suc nat = (fix_jumps smax tm) 'nat by auto
also with <2 = Suc nat> A and 1V have ... = ins by auto

finally have fix_jumps smax (a # tm) | Suc nat = ins by auto
with <1 = Suc nat> show fix_jumps smax (a # tm) | n = ins by auto
next
case False
then have fix_jumps smax (a # tm) | (Suc nat) = (((fst a),0) # (fix_jumps smax tm)) !
Suc nat by auto

also have ... = (fix_jumps smax tm) nat by auto
finally have fix_jumps smax (a # tm) ! Suc nat = (fix_jumps smax tm) 'nat by auto
also with <2 = Suc nat> A and 1V have ... = ins by auto

finally have fix_jumps smax (a # tm) ! Suc nat = ins by auto
with <1 = Suc nat> show fix_jumps smax (a # tm) | n = ins by auto
qed
qed
qed
qed
with assms show ?thesis by auto
qed

lemma fix_jumps_nth_fix:
assumes n < length tm and tm!n = ins and —(snd ins) < smax
shows (fix_jumps smax tm)!n = ((fst ins),0)
proof —
have n < length tm A tm!n = ins A —(snd ins) < smax — (fix_jumps smax tm)!n = ((fst
ins),0)
proof (induct tm arbitrary: n ins)
case Nil
then show ?case by auto
next
fix a tm n ins
assume IV: An'ins’. n' < length tm A tm ! n' = ins’ A —(snd ins’) < smax —> fix_jumps
smax tm ! n' = (fst ins’, 0)
show n < length (a # tm) A (a # tm) | n = ins A = snd ins < smax — fix_jumps smax (a
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# tm) ! n = (fst ins, 0)
proof (cases n)
case 0
then show ?thesis by auto
next
fix nat
assume n = Suc nat
show n < length (a # tm) A (a # tm) ! n = ins A\ = snd ins < smax — fix_jumps smax (a
# tm) ! n = (fst ins, 0)
proof
assume A: n < length (a # tm) N\ (a # tm) ! n = ins A\ = snd ins < smax
show fix_jumps smax (a # tm) ! n = (fst ins, 0)
proof (cases (snd a) < smax)
case True
then have fix_jumps smax (a # tm) ! (Suc nat) = (a # (fix_jumps smax tm)) ! Suc nat
by auto

also have ... = (fix_jumps smax tm) nat by auto
finally have fix_jumps smax (a # tm) | Suc nat = (fix_jumps smax tm) 'nat by auto
also with <1 = Suc nar> A and 1V have ... = (fst ins, 0) by auto

finally have fix_jumps smax (a # tm) ! Suc nat = (fst ins, 0) by auto
with <1 = Suc nat> show fix_jumps smax (a # tm) ! n = (fst ins, 0) by auto
next
case False
then have fix_jumps smax (a # tm) ! (Suc nat) = (((fst a),0) # (fix_jumps smax tm)) !
Suc nat by auto

also have ... = (fix_jumps smax tm) \nat by auto
finally have fix_jumps smax (a # tm) | Suc nat = (fix_jumps smax tm) 'nat by auto
also with <1 = Suc nar> A and 1V have ... = (fst ins, 0) by auto

finally have fix_jumps smax (a # tm) ! Suc nat = (fst ins, 0) by auto
with <1 = Suc nat> show fix_jumps smax (a # tm) ! n = (fst ins, 0) by auto
qed
qed
qed
qed
with assms show ?thesis by auto
qed

1.4.3 Functions fix_jumps and mk_composable() generate compos-
able Turing Machines.

lemma composable_tm0_fix_jumps_pre:
assumes length tm > 2 and is_even (length tm)
shows length (fix_jumps (length tm div 2) tm) > 2 N\
is_even (length (fix_jumps (length tm div 2) tm)) A
(Vx € set (fix_jumps (length tm div 2) tm).
(snd x) < length (fix_jumps (length tm div 2) tm) div 2 + 0 A (snd x) > 0)
proof
show 2 < length (fix_jumps (length tm div 2) tm)
using assms by (auto simp add: fix_jumps_len)
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next
show is_even (length (fix_jumps (length tm div 2) tm)) A
(V xeset (fix_jumps (length tm div 2) tm). snd x < length (fix_jumps (length tm div 2) tm)
div2+0A0<sndx)
proof
show is_even (length (fix_jumps (length tm div 2) tm))
using assms by (auto simp add: fix_jumps_len)
next
show V x&set (fix_jumps (length tm div 2) tm). snd x < length (fix_jumps (length tm div 2)
tm) div2 + 0N 0 < sndx
by (auto simp add: fix_jumps_le_smax fix_jumps_len)
qed
qed

lemma composable_tm0_fix_jumps:
assumes length tm > 2 and is_even (length tm)
shows composable_tm0 (fix_jumps (length tm div 2) tm)
proof —
from assms have length (fix_jumps (length tm div 2) tm) > 2 A
is_even (length (fix_jumps (length tm div 2) tm)) A
(Vx € set (fix_jumps (length tm div 2) tm).
(snd x) < length (fix_jumps (length tm div 2) tm) div 2 + O A (snd x) > 0)
by (rule composable_tmO_fix_jumps_pre)
then show ?thesis by auto
qed

lemma fix_jumps_composable0_eq:
assumes composable_tm0 tm
shows (fix_jumps (length tm div 2) tm) = tm
proof —
from assms have major: V (a, s) € set tm. s < length tm div 2 by auto
then show (fix_jumps (length tm div 2) tm) = tm
by (induct rule: fix_jumps.induct)(auto)
qed

lemma composable_tm0_mk_composable0: composable_tm0O (mk_composableO tm)
proof (rule mk_composable0.cases)
assume m = ||
then show composable_tm0O (mk_composableO tm)
by (auto simp add: composable_tm0_fix_jumps)
next
fix i/
assume tm = [il]
then show composable_tm0 (mk_composableO tm)
by (auto simp add: composable_tm0_fix_jumps)
next
fix il i2 ins
assume A: tm = il # i2 # ins
then show composable_tm0 (mk_composableO tm)
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proof (cases is_even (2 + length ins))
case True
then have is_even (2 + length ins) .
then have mk_composableO (il # i2 # ins) = fix_jumps ((2 + length ins) div 2) (il#i2#ins)
by auto
also have ... = fix_jumps (length (i1#i2+4tins) div 2) (il1#i2#tins)
by auto
finally have mk_composable0 (il # i2 # ins) = fix_jumps (length (il#i2#ins) div 2)
(i14£i2#ins)
by auto
moreover have composable_tm0 (fix_jumps (length (il#i2#ins) div 2) (i1#i24tins))
proof (rule composable_tmO0_fix_jumps)
show 2 < length (il # i2 # ins) by auto
next
from <s_even (2 + length ins)> show is_even (length (il # i2 # ins))
by (auto)
qed
ultimately show composable_tm0 (mk_composable0 tm) using A by auto
next
case False
then have (2 + length ins) mod 2 # 0.
then have mk_composable0 (il # i2 # ins) = fix_jumps (((2 + length ins) div 2) +1)
((i14i23ins) B[ (Nop,0))
by auto
also have ... = fix_jumps ((length (il1#i24tins) div 2) +1) ((il#i24ins)Q[(Nop,0)])
by auto
also have ... = fix_jumps (length (i1#i2#insQ[(Nop,0)]) div 2) ((il1#i2#tins)Q[(Nop,0)])
proof —
from <(2 + length ins) mod 2 # 0>
have length ins mod 2 # 0 by arith
then have length (il # i2 # ins ) mod 2 # 0 by auto

have (length (il # i2 # ins ) div 2) + 1 = length (il # i2 # ins Q [(Nop, 0))) div 2
proof —

from <ength (il # i2 # ins ) mod 2 # 0>

have (length (il # i2 # ins ) div 2) + 1 = (length (il # i2 # ins) +1) div 2

by (rule odd_div2_plus_I_eq)

also have ... = length (il # i2 # ins Q [(Nop, 0)]) div 2 by auto

finally show ’thesis by auto
qed

then show fix_jumps (length (il # i2 # ins) div 2 + 1) ((il # i2 # ins) @ [(Nop, 0)]) =
Six_jumps (length (il # i2 # ins Q [(Nop, 0)]) div 2) ((il # i2 # ins) Q [(Nop, 0)])
by auto
qed
finally have mk_composable0 (il # i2 # ins) =
Sfix_jumps (length (il # i2 # ins Q [(Nop, 0)]) div 2) ((il # i2 # ins) @ [(Nop, 0)])
by auto

moreover have composable_tmO (fix_jumps (length (il # i2 # ins Q [(Nop, 0)]) div 2) (il
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412 # ins @ [(Nop, 0)]))
proof (rule composable_tm0_fix_jumps)
show 2 <length (il # i2 # ins Q [(Nop, 0)]) by auto
next
show is_even (length (il # i2 # ins Q [(Nop, 0)]))
proof —
from <(2 + length ins) mod 2 # 0> have length (il # i2 # ins) mod 2 # 0 by auto
then have is_even (length (il # i2 # ins) +1) by arith
moreover have length (il # i2 # ins) +1 = length (il # i2 # ins Q [(Nop, 0)]) by auto
ultimately show is_even (length (il # i2 # ins Q [(Nop, 0)])) by auto
qed
qed
ultimately show composable_tm0 (mk_composable0 tm) using A by auto
qed
qed

1.4.4 Functions mk_composable( is the identity on composable Tur-
ing Machines

lemma mk_composable0_eq:
assumes composable_tm0 tm
shows mk_composable0 tm = tm
proof —
from assms have major: length tm > 2 A is_even (length tm) by auto
show mk_composable0 tm = tm
proof (rule mk_composable0.cases)
assume /m = ||
with major have False by auto
then show mk_composable0 tm = tm by auto
next
fix i/
assume tm = [il]
with major have False by auto
then show mk_composable0 tm = tm by auto
next
fix i/ i2 ins
assume A: tm = il # i2 # ins
then show mk_composableO tm = tm
proof (cases is_even (2 + length ins))
case True
then have is_even (2 + length ins) .
then have mk_composableO (il # i2 # ins) = fix_jumps ((2 + length ins) div 2) (i1#i2+#ins)
by auto
also have ... = fix_jumps (length (i1#i24tins) div 2) (i1#i2+4ins)
by auto
finally have mk_composable0 (il # i2 # ins) = fix_jumps (length (i1#i24tins) div 2)
(i14£i2#ins)
by auto
also have fix_jumps (length (il1#i2#ins) div 2) (il#i2#ins) = (il #i2#ins)
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proof (rule fix_jumps_composable0_eq)
from assms and A show composable_tm0 (il # i2 # ins)
by auto

qed
finally have mk_composable0 (il # i2 # ins) = il # i2 # ins by auto
with A show mk_composable0 tm = tm by auto

next
case False
then have (2 + length ins) mod 2 # 0 by auto
then have length (il # i2 # ins) mod 2 # 0 by auto
with A have length tm mod 2 # 0 by auto
with assms have False by auto
then show ?thesis by auto

qed

qed
qed

1.4.5 About the length of mk_composable) tm

lemma length_mk_composable0_nil: length (mk_composable0 []) =2
by auto

lemma length_mk_composable0_singleton: length (mk_composable0 [il]) = 2
by auto

lemma length_mk_composable0_gt2_even: is_even (length (il # i2 # ins)) = length (mk_composable0
(il # i2 # ins)) = length (il#i24ins)
proof —
assume is_even (length (il # i2 # ins))
then have length (mk_composable0 (il # i2 # ins)) = length (fix_jumps ((length (il # i2 #
ins)) div 2) (il#ti24tins)) by auto
also have ... = length (i1#i2#ins) by (auto simp add: fix_jumps_len)
finally show length (mk_composable0 (il # i2 # ins)) = length (i1#i2+#ins) by auto
qed

lemma length_mk_composable0_gi2_odd: —is_even (length (il # i2 # ins)) = length (mk_composable0
(il # i2 # ins)) = length (il#ti24tins)+1
proof —
assume —is_even (length (il # i2 # ins))
then have length (mk_composableO (il # i2 # ins)) = length (fix_jumps (((length (il # i2
# ins)) div 2)+1) ((i1#i2#ins)@Q[(Nop,0)])) by auto
also have ... = length ((il1#i2#ins)Q[(Nop,0)]) by (auto simp add: fix_jumps_len)
finally show length (mk_composableO (il # i2 # ins)) = length (il1#i2#ins) + 1 by auto
qed

lemma length_mk_composable0_even: [0 < length tm ; is_even (length tm) | = length (mk_composable0
tm) = length tm
proof (rule mk_composable0.cases|of tm))
assume 0 < length tm
and is_even (length tm)
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and rm = ||
then show ?thesis by auto
next
fix i/
assume 0 < length tm and is_even (length tm) and tm = [il]
then show ?thesis by auto
next
fix il i2 ins
assume 0 < length tm and is_even (length tm) and tm = il # i2 # ins
then show ’thesis
proof (cases is_even (2 + length ins))
case True
then have is_even (2 + length ins) .
then have mk_composableO (il # i2 # ins) = fix_jumps ((2 + length ins) div 2) (i1#i24ins)
by auto
moreover have length (fix_jumps ((2 + length ins) div 2) (i1#i2#ins)) = length (il#i24ins)
by (rule fix_jumps_len)
ultimately have length (mk_composableO (il # i2 # ins)) = length (i1#i2+#ins) by auto
with «m = il # i2 # ins> show ?thesis by auto
next
case False
with <s_even (length tm)> and «m = il # i2 # ins> have Fualse by auto
then show ?thesis by auto
qed
qed

lemma length_mk_composable0_odd: [0 < length tm ; —is_even (length tm) | = length
(mk_composable0 tm) = 1 + length tm
proof (rule mk_composableO.cases|of tm])
assume 0 < length tm
and - is_even (length tm)
and tm = ||
then show ?thesis by auto
next
fix i/
assume 0 < length tm and —is_even (length tm) and tm = [il]
then show ?thesis by auto
next
fix il i2 ins
assume 0 < length tm and —is_even (length tm) and tm = il # i2 # ins
then show ?thesis
proof (cases is_even (2 + length ins))
case True
with «—is_even (length tm)> and «m = il # i2 # ins> have False by auto
then show ’thesis by auto
next
case False
then have —is_even (2 + length ins) by auto
then have mk_composable0 (il # i2 # ins) = fix_jumps (((2 + length ins) div 2)+1 )
(i14i24¢in5) @] (Nop.0)))
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by auto
moreover have length (fix_jumps ( ((2 + length ins) div 2)+1 ) ((i1#i2#ins)Q[(Nop,0)]))
= length ((il1#i2#ins)@Q[(Nop,0)])
by (rule fix_jumps_len)
ultimately have length (mk_composable0 (il # i2 # ins)) = 1 + length (il#i2#ins) by
auto
with «m = il # i2 # ins> show ?thesis by auto
qed
qed

lemma length_tm_le_mk_composableO: length tm < length (mk_composable0 tm)
proof (cases length tm)
case 0
then show ?thesis by auto
next
case (Suc nat)
then have A: length tm = Suc nat .
show ?thesis
proof (cases is_even (length tm))
case True
with A show ?thesis by (auto simp add: length_mk_composable0_even)
next
case False
with A show ?thesis by (auto simp add: length_mk_composable0_odd)
qed
qed

1.4.6 Properties of function fetch with respect to function mk_composable(

lemma fetch_mk_composableO_Bk_too_short_Suc:
assumes b = Bk and length tm < 2xs
shows fetch (mk_composable0 tm) (Suc s) b = (Nop, 0::nat)
proof (rule mk_composable0.cases|of tm))
assume m = ||
then have length (mk_composable0 tm) = 2 by auto
with «m = [)> have (mk_composable0 tm) = [(Nop,0),(Nop,0)] by auto
show fetch (mk_composable0 tm) (Suc s) b = (Nop, 0)
proof (cases s)
assume s=0
with <ength (mk_composable0 tm) = 2>
have fetch (mk_composable0 tm) (Suc s) Bk = ((mk_composable0 tm) | (2xs))
by (auto)
also with «s=0> and <«(mk_composable0 tm) = [(Nop,0),(Nop,0)]> have ... = (Nop, 0::nat)
by auto
finally have fetch (mk_composable0 tm) (Suc s) Bk = (Nop, 0::nat) by auto
with <b = Bk> show ?thesis by auto
next
case (Suc nat)
then have s = Suc nat .
with ength (mk_composable0 tm) = 2> have length (mk_composable0 tm) < 2xs by auto
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with «b = Bk> show ?thesis by (auto)
qed
next
fix i/
assume rm = [il]
then have mk_composable0 tm = fix_jumps 1 [il,(Nop,0)] by auto
moreover have length (fix_jumps 1 [il,(Nop,0)]) = length [i1] +1 using fix_jumps_len by auto
ultimately have length (mk_composable0 tm) = 2 using «m = [il]> by auto
show fetch (mk_composable0 tm) (Suc s) b = (Nop, 0)
proof (cases s)
case 0
with «m = [il]> and <length tm < 2xs> have False by auto
then show ’thesis by auto
next
case (Suc nat)
then have s = Suc nat .
with <Jength (mk_composable0 tm) = 2> have length (mk_composable0 tm) < 2xs by arith
with «b = Bk> show ?thesis by (auto)
qed
next
fix il i2 ins
assume tm = il # i2 # ins
show fetch (mk_composableO tm) (Suc s) b = (Nop, 0)
proof (cases is_even (2 + length ins))
case True
then have is_even (2 + length ins) .
with «m = il # i2 # ins> have mk_composable0 tm = fix_jumps ((2 + length ins) div 2) tm
by auto
moreover have length(fix_jumps ((2 + length ins) div 2) tm) = length tm using fix_jumps_len
by auto
ultimately have length (mk_composable0 tm) = length tm by auto
with Jength tm < 2xs> have length (mk_composable0 tm) < 2xs by auto
with b = Bk> show ?thesis by auto
next
case False
then have —is_even (2 + length ins) .
with «m = il # i2 # ins>
have mk_composable0 tm = fix_jumps (((2 + length ins) div 2)+1) (tmQ[(Nop,0)]) by auto
moreover
have length(fix_jumps (((2 4 length ins) div 2)+1) (tm@Q[(Nop,0)])) = length (tmQ[(Nop,0)])
using fix_jumps_len by auto
ultimately have length (mk_composableO tm) = length tm +1 by auto
moreover from <—is_even (2 + length ins)> and <«m = il # i2 # ins> have —is_even (length
tm) by auto
with <ength tm < 2xs> have length tm +1 < 2xs by arith
with <ength (mk_composable0 tm) = length tm +1> have length (mk_composable0 tm) <
2xs by auto
with b = Bk> show ?thesis by auto
qed
qed
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lemma ferch_mk_composableO_Oc_too_short_Suc:
assumes b = Oc and length tm < 2xs+1
shows fetch (mk_composable0 tm) (Suc s) b = (Nop, 0::nat)
proof (rule mk_composableO.cases|of tm])
assume /m = ||
then have length (mk_composable0 tm) = 2 by auto
with «m = []> have (mk_composable0 tm) = [(Nop,0),(Nop,0)] by auto
show fetch (mk_composable0 tm) (Suc s) b = (Nop, 0)
proof (cases s)
assume s=0
with <ength (mk_composable0 tm) = 2>
have fetch (mk_composable0 tm) (Suc s) Oc = ((mk_composable0 tm) | (2xs+1))
by (auto)
also with «<s=0> and <(mk_composable0 tm) = [(Nop,0),(Nop,0)]> have ... = (Nop, 0::nar)
by auto
finally have ferch (mk_composable0 tm) (Suc s) Oc = (Nop, 0::nat) by auto
with < = Oc> show ’thesis by auto
next
case (Suc nat)
then have s = Suc nat .
with Jength (mk_composable0 tm) = 2> have length (mk_composable0 tm) < 2xs by auto
with <b = Oc> show ?thesis by (auto)
qed
next
fix il
assume tm = [i]
then have mk_composable0 tm = fix_jumps 1 [il,(Nop,0)] by auto
moreover have length (fix_jumps 1 [il,(Nop,0)]) = length [il] +1 using fix_jumps_len by auto
ultimately have length (mk_composable0 tm) = 2 using «m = [il]> by auto
show fetch (mk_composableO tm) (Suc s) b = (Nop, 0)
proof (cases s)
case 0
then have s=0.
with Jength (mk_composable0 tm) = 2> have fetch (mk_composableO tm) (Suc s) Oc =
((mk_composable0 tm) ! I)
by (auto)
also with ank_composable0 tm = fix_jumps 1 [il,(Nop,0)]> have ... = ((fix_jumps 1 [il,(Nop,0)])
')
by auto
also have ... = (Nop, 0) by (cases (snd il) < I)(auto)
finally have fetch (mk_composable0 tm) (Suc s) Oc = (Nop, 0) by auto
with <b = Oc> show ?thesis by auto
next
case (Suc nat)
then have s = Suc nat .
with ength (mk_composable0 tm) = 2> have length (mk_composable0 tm) < 2xs+1 by
arith
with < = Oc> show ?thesis by (auto)
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qed
next
fix il i2 ins
assume tm = il # i2 # ins
show fetch (mk_composable0 tm) (Suc s) b = (Nop, 0)
proof (cases is_even (2 + length ins))
case True
then have is_even (2 + length ins) .
with «m = il # i2 # ins> have mk_composable0 tm = fix_jumps ((2 + length ins) div 2) tm
by auto

moreover have length(fix_jumps ((2 + length ins) div 2) tm) = length tm using fix_jumps_len
by auto
ultimately have length (mk_composable0 tm) = length tm by auto
with Jength tm < 2xs+ 1> have length (mk_composable0 tm) < 2xs+1 by auto
with <» = Oc> show ’thesis by auto
next
case False
then have —is_even (2 + length ins) .
with «m = il # i2 # ins>
have F1: mk_composable0 tm = fix_jumps (((2 + length ins) div 2)+1) (tmQ[(Nop,0)]) by
auto
moreover
have length(fix_jumps (((2 4 length ins) div 2)+1) (tmQ[(Nop,0)])) = length (tmQ[(Nop,0)])
using fix_jumps_len by auto
ultimately have length (mk_composable0 tm) = length tm +1 by auto

moreover from <«—is_even (2 + length ins)> and «m = il # i2 # ins>
have —is_even (length tm) by auto

from <ength tm < 2xs+1> have (length tm) = (2xs+1) V (length tm) < 2xs+1 by auto
then show ’thesis

proof
assume lengthtm =2 x s + 1
from <ength tm = 2 x s + I> and dength (mk_composable0 tm) = length tm +1> have
length (mk_composable0 tm) = 2xs + 2 by auto
from <ength tm = 2 x s + 1> and <ength (mk_composableO tm) = length tm +1> have
length (mk_composable0 tm) > 2xs+1 by arith
with <b = Oc> have fetch (mk_composable0 tm) (Suc s) b = ((mk_composable0 tm) !
(2xs+1)) by (auto )
also with dength (mk_composable0 tm) = 2 * s + 2> have ... = (mk_composable0 tm) !
(length (mk_composable0 tm)—1) by auto
also with F1 have ... = (fix_jumps (((2 + length ins) div 2)+1) (tm@[(Nop,0)])) ! (length
(mk_composable0 tm)—1) by auto
also have ... = (Nop, 0)
proof (rule fix_jumps_nth_no_fix)
show snd (Nop, 0) < (2 + length ins) div 2 + 1 by auto
next
from <dength (mk_composable0 tm) = length tm + 1> show length (mk_composable0 tm)
— 1 < length (tm Q [(Nop, 0)]) by auto
next
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from <length (mk_composable0 tm) = length tm +1> show (tm Q [(Nop, 0)]) ! (length
(mk_composable0 tm) — 1) = (Nop, 0) by auto
qed
finally show fetch (mk_composableO tm) (Suc s) b= (Nop, 0) by auto
next
assume lengthtm < 2 x s + 1
with <—is_even (length tm)> have length tm +1 < 2 x s + 1 by auto
with <dength (mk_composable0 tm) = length tm + 1> have length (mk_composable0 tm) <
2 x s + I by auto
with < = Oc> show fetch (mk_composable0 tm) (Suc s) b = (Nop, 0::nat)
by (auto)
qed
qed
qed

lemma nth_append’: n < length xs = (xs Q ys) ! n = xs | n by (auto simp add: nth_append)

lemma ferch_mk_composableO_Bk_Suc_no_fix:
assumes b = Bk
and 2xs < length tm
and fetch tm (Suc s) b = (a, s")
and s’ < length (mk_composable0 tm) div 2
shows fetch (mk_composable0 tm) (Suc s) b = fetch tm (Suc s) b
proof (rule mk_composableO.cases|of tm])
assume /m = ||
with dength tm > 2xs> show ?thesis by auto
next
fix i/
assume tm = [il]
have fetch (mk_composable0 tm) (Suc s) b = (mk_composable0 tm)!(2xs)
using «tm = [il]> assms by auto
also have (mk_composable0 tm)!(2xs) = (a, s")
proof —
from «m = [i1]> have length (mk_composable0 tm) = 2 by auto
have (mk_composableO [i1])!(2xs) = (fix_jumps 1 [il1,(Nop,0)])!(2xs) by auto
also have ... = (a, s')
proof (rule fix_jumps_nth_no_fix)
from assms and <«m = [il]> show 2 x s < length [il, (Nop, 0)] by auto
next
from assms and <«m = [il]> show [il, (Nop, 0)] ! (2 * s) = (a, s") by auto
next
from assms and «m = [iI]> and dength (mk_composable0 tm) = 2> show snd (a, s') < 1
by auto
qed
finally have (mk_composable0 [i1])!(2xs) = (a, s") by auto
with «m = [iI]> show ?thesis by auto
qed
finally have fetch (mk_composable0 tm) (Suc s) b = (a, s’) by auto
with assms show ?thesis by auto
next
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fix il i2 ins
assume tm = il # i2 # ins
have fetch (mk_composableO tm) (Suc s) b = (mk_composable0 tm)!(2xs)
proof —

have — length (mk_composable0 tm) < 2 % Suc s — 2

by (metis (no_types) add_diff_cancel_left’ assms(2) le_trans length_tm_le_mk_composableO

mult_Suc_right not_less)
then show ?thesis
by (simp add: assms(1))

qed

also have (mk_composable0 tm)!(2xs) = (a, s")
proof (cases is_even (length tm))
case True
then have is_even (length tm) .
with «m = il # i2 # ins> have is_even (length (il # i2 # ins)) by auto
then have length (mk_composableO (il # i2 # ins)) = length (il#£i2#ins) by (rule
length_mk_composable0_gt2_even)

from <s_even (length (il # i2 # ins))>
have (mk_composableO (il # i2 # ins))!(2xs) = (fix_jumps ((length (il # i2 # ins)) div 2)
(i1#i24tins))!(2xs) by auto
also have ... = (a, s")
proof (rule fix_jumps_nth_no_fix)
from assms and <«m = il # i2 # ins> show 2 x s < length (il # i2 # ins) by auto
next
from assms and <«m = il # i2 # ins> show (il # i2 # ins) ! (2 x s) = (a, s') by auto
next
from assms and «m = il # i2 # ins> and dength (mk_composable0 (il # i2 # ins)) =
length (il#£i2#ins)>
show snd (a, s') < length (il # i2 # ins) div 2 by auto
qed
finally have (mk_composable0 (il # i2 # ins))!(2xs) = (a, s’) by auto
with «m = il # i2 # ins> show ?thesis by auto
next
case False
then have —is_even (length tm) .
with «m = il # i2 # ins> have —is_even (length (il # i2 # ins)) by auto
then have length (mk_composable0 (il # i2 # ins)) = length (il1#i2+4tins) +1 by (rule
length_mk_composableO _th_odd)

from <—is_even (length (il # i2 # ins))>
have (mk_composable0 (il # i2 # ins))!(2xs) = (fix_jumps (((length (il # i2 # ins)) div
2)+1) ((il#£i24tins)@Q[(Nop,0)]))!(2xs) by auto
also have ... = (a, s')
proof (rule fix_jumps_nth_no_fix)
from assms and <tm = il # i2 # ins> show 2 x s < length ((il # i2 # ins) Q [(Nop, 0)])
by auto
next
have ((il # i2 # ins)Q [(Nop, 0)]) ! (2 x s) = ((il #i2 # ins)) ! (2 xs)
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proof (rule nth_append’)
from assms and «m = il # i2 # ins> show 2 x s < length (i] # i2 # ins) by auto
qed
also from assms and «m = il # i2 # ins> have ((il # i2 # ins)) ! (2 x s) = (a, s') by auto
finally show ((il # i2 # ins)@ [(Nop, 0)]) ! (2 * s) = (a, s') by auto
next
from assms and <«m = il # i2 # ins> and dength (mk_composable0 (il # i2 # ins)) =
length ((il#ti2+tins)) + 1>
show snd (a, s”) < length (il # i2 # ins) div 2 + 1 by auto
qed
finally have (mk_composable0 (il # i2 # ins))!(2%s) = (a, s’) by auto
with «m = il # i2 # ins> show ?thesis by auto
qed
finally have fetch (mk_composable0 tm) (Suc s) b = (a, s’) by auto
with assms show ?thesis by auto
qed

lemma fetch_mk_composableO_Bk_Suc_fix:
assumes b = Bk
and 2xs < length tm
and fetch tm (Suc s) b = (a, s")
and length (mk_composable0 tm) div 2 < s’
shows fetch (mk_composable0 tm) (Suc s) b = (a, 0)
proof (rule mk_composableO.cases|of tm])
assume /m = ||
with dength tm > 2xs> show ?thesis by auto
next
fix i/
assume tm = [il]
have fetch (mk_composable0 tm) (Suc s) b = (mk_composable0 tm)!(2xs)
using «m = [il]> assms(I) assms(2) by auto
also have (mk_composable0 tm)!(2xs) = (a, 0)
proof —
from «m = [il]> have length (mk_composable0 tm) = 2 by auto
have (mk_composableO [i1])!(2xs) = (fix_jumps 1 [il,(Nop,0)])!(2xs) by auto
also have ... = (fst(a,s"), 0)
proof (rule fix_jumps_nth_fix)
from assms and <«m = [il]> show 2 x s < length [il, (Nop, 0)] by auto
next
from assms and <«m = [il]> show [il, (Nop, 0)] ! (2 * s) = (a, s") by auto
next
from assms and <«m = [il]> and Jength (mk_composable0 tm) = 2> show —snd (a, s’) < 1
by auto
qed
finally have (mk_composableO [i1])!(2xs) = (a, 0) by auto
with «m = [iI]> show ?thesis by auto
qed
finally have fetch (mk_composable0 tm) (Suc s) b = (a, 0) by auto
with assms show ?thesis by auto
next
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fix il i2 ins

assume tm = il # i2 # ins

from assms have fetch tm (Suc s) b = (tm ! (2xs))
by (auto)

have fetch (mk_composable0 tm) (Suc s) b = (mk_composable0 tm)!(2xs)
using assms(1) assms(3) assms(4) le_trans length_tm_le_mk_composable0
by fastforce

also have (mk_composable0 tm)!(2xs) = (a, 0)

proof (cases is_even (length tm))
case True
then have is_even (length tm) .
with «m = il # i2 # ins> have is_even (length (il # i2 # ins)) by auto

then have length (mk_composableO (il # i2 # ins)) = length (il#i2#ins) by (rule
length_mk_composable0_gt2_even)

from <s_even (length (il # i2 # ins))>

have (mk_composableO (il # i2 # ins))!(2xs) = (fix_jumps ((length (il # i2 # ins)) div 2)
(i14£i2#£ins))!(2xs) by auto

also have ... = (fst(a,s"),0)

proof (rule fix_jumps_nth_fix)
from assms and «m = il # i2 # ins> show 2 x s < length (il # i2 # ins) by auto
next
from assms and <«m = il # i2 # ins> show (il # i2 # ins) ! (2 x s) = (a, s") by auto
next
from assms and «m = il # i2 # ins> and dength (mk_composable0 (il # i2 # ins)) =
length (il#£i2#ins)>
show —snd (a, s") < length (il # i2 # ins) div 2 by auto
qed
finally have (mk_composable0 (il # i2 # ins))!(2xs) = (fst(a,s"),0) by auto
then have (mk_composable0 (il # i2 # ins))!(2xs) = (a,0) by auto
with «m = il # i2 # ins> show ?thesis by auto
next
case False
then have —is_even (length tm) .
with «m = il # i2 # ins> have —is_even (length (il # i2 # ins)) by auto
then have length (mk_composableO (il # i2 # ins)) = length (il1#i2#tins) +1 by (rule
length_mk_composable0_gt2_odd)
from <—is_even (length (il # i2 # ins))>
have (mk_composable0 (il # i2 # ins))!(2xs) = (fix_jumps (((length (il # i2 # ins)) div
2)+1) ((i1#i24tins)Q[(Nop,0)]))!(2xs) by auto
also have ... = (fst(a,s"), 0)
proof (rule fix_jumps_nth_fix)
from assms and <m = il # i2 # ins> show 2 x s < length ((il # i2 # ins) Q [(Nop, 0)])
by auto
next
have ((il # i2 # ins)Q [(Nop, 0)]) ! (2 x s) = ((il #i2 # ins)) ! (2 xs)
proof (rule nth_append’)
from assms and «m = il # i2 # ins> show 2 x s < length (il # i2 # ins) by auto
qed
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also from assms and «m = il # i2 # ins> have ((il # i2 # ins)) ! (2 x s) = (a, s') by auto
finally show ((il # i2 # ins)@ [(Nop, 0)]) ! (2 * s) = (a, s') by auto
next
from assms and «m = il # i2 # ins> and <length (mk_composable0 (il # i2 # ins)) =
length ((il#ti2+4tins)) + 1>
have s’ > (length (il # i2 # ins) + 1) div 2 by auto
with «—is_even (length (il # i2 # ins))> have s’ > length (il # i2 # ins) div 2 + 1 by arith
then show — snd (a, s) < length (il # i2 # ins) div 2 + 1 by auto
qed
finally have (mk_composableO (il # i2 # ins))!(2xs) = (a, 0) by auto
with «m = il # i2 # ins> show ?thesis by auto
qed
finally have fetch (mk_composable0 tm) (Suc s) b = (a, 0) by auto
with assms show ?thesis by auto
qed

lemma fetch_mk_composableO_Oc_Suc_no_fix:
assumes b = Oc
and 2xs+1 < length tm
and fetch tm (Suc s) b = (a, s")

and s’ < length (mk_composable0 tm) div 2
shows fetch (mk_composable0 tm) (Suc s) b = fetch tm (Suc s) b
proof (rule mk_composableO.cases|of tm])
assume /m = ||
with 2xs+1 < length tm> show ?thesis by auto
next
fix i/
assume tm = [il]
have fetch (mk_composable0 tm) (Suc s) b = (mk_composable0 tm)!(2xs+1)
using «tm = [il]> assms(2) by auto
also have (mk_composable0 tm)!(2xs+1) = (a, s')
proof —
from «m = [i1]> have length (mk_composable0 tm) = 2 by auto
have (mk_composable0 [i1])!(2xs+1) = (fix_jumps 1 [il,(Nop,0)])!(2xs+1) by auto
also have ... = (a, s')
proof (rule fix_jumps_nth_no_fix)
from assms and «m = [iI]> show 2 x s +1 < length [il, (Nop, 0)] by auto
next
from assms and <«m = [il]> show [il, (Nop, 0)] ! (2 * s +1) = (a, s") by auto
next
from assms and «m = [iI]> and dength (mk_composable0 tm) = 2> show snd (a, s') < 1
by auto
qed
finally have (mk_composable0 [i1])!(2xs+1) = (a, s') by auto
with «m = [iI]> show ?thesis by auto
qed
finally have fetch (mk_composable0 tm) (Suc s) b = (a, s’) by auto
with assms show ?thesis by auto
next
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fix il i2 ins
assume tm = il # i2 # ins
have fetch (mk_composable0 tm) (Suc s) b = (mk_composable0 tm)!(2xs+1)
proof —
have — length (mk_composable0 tm) <2 x s + 1
by (meson assms(2) le_trans length_tm_le_mk_composable0 not_less)
then show ’thesis
by (simp add: assms(1))
qed
also have (mk_composable0 tm)!(2xs+1) = (a, s')
proof (cases is_even (length tm))
case True
then have is_even (length tm) .
with «m = il # i2 # ins> have is_even (length (il # i2 # ins)) by auto
then have length (mk_composableO (il # i2 # ins)) = length (il#ti2#ins) by (rule
length_mk_composableO _th_even)

from <s_even (length (il # i2 # ins))>
have (mk_composable0 (il # i2 # ins))!(2xs+1) = (fix_jumps ((length (il # i2 # ins)) div
2) (il#i24tins))!(2+s+1) by auto
also have ... = (a, s')
proof (rule fix_jumps_nth_no_fix)
from assms and «m = il # i2 # ins> show 2 x s+1 < length (il # i2 # ins) by auto
next
from assms and <«m = il # i2 # ins> show (il # i2 # ins) ! (2 * s+1) = (a, s') by auto
next
from assms and <«m = il # i2 # ins> and <dength (mk_composable0 (il # i2 # ins)) =
length (i1#£i24tins)>
show snd (a, s’) < length (il # i2 # ins) div 2 by auto
qed
finally have (mk_composableO (il # i2 # ins))!(2+s+1) = (a, s") by auto
with «m = il # i2 # ins> show ?thesis by auto
next
case False
then have —is_even (length rm) .
with «m = il # i2 # ins> have —is_even (length (il # i2 # ins)) by auto
then have length (mk_composableO (il # i2 # ins)) = length (il1#i2#tins) +1 by (rule
length_mk_composable0_gt2_odd)

from «—is_even (length (il # i2 # ins))>
have (mk_composable0 (il # i2 # ins))!(2xs+1) = (fix_jumps (((length (il # i2 # ins))
div 2)+1) ((il1#i24#ins)Q[(Nop,0)]))!(2xs+1) by auto
also have ... = (a, s')
proof (rule fix_jumps_nth_no_fix)
from assms and «m = il # i2 # ins> show 2 x s +1< length ((il # i2 # ins) @ [(Nop,
0)]) by auto
next
have ((il # i2 # ins)Q [(Nop, 0)]) ! (2 x s+1) = ((il #i2 # ins)) ! (2 x s+1)
proof (rule nth_append’)
from assms and am = il # i2 # ins> show 2 x s+1 < length (il # i2 # ins) by auto
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qed
also from assms and «m = il # i2 # ins> have ((il # i2 # ins)) ! (2 * s+1) = (a, s') by
auto
finally show ((il # i2 # ins)Q [(Nop, 0)]) ! (2 * s+1) = (a, s') by auto
next
from assms and <«m = il # i2 # ins> and <dength (mk_composable0 (il # i2 # ins)) =
length ((il#ti2+4tins)) + 1>
show snd (a, s”) < length (il # i2 # ins) div 2 + 1 by auto
qed
finally have (mk_composableO (il # i2 # ins))!(2+s+1) = (a, s") by auto
with «m = il # i2 # ins> show ?thesis by auto
qed
finally have fetch (mk_composable0 tm) (Suc s) b = (a, s’) by auto
with assms show ?thesis by auto
qed

lemma fetch_mk_composableO_Oc_Suc_fix:
assumes b = Oc

and 2xs+1 < length tm

and fetch tm (Suc s) b = (a, s")

and length (mk_composable0 tm) div 2 < s’
shows fetch (mk_composable0 tm) (Suc s) b = (a, 0)
proof (rule mk_composable0.cases|of tm])
assume m = ||
with <ength tm > 2xs+1> show ?thesis by auto
next
fix i1
assume 1m = [il]
have fetch (mk_composable0 tm) (Suc s) b = (mk_composable0 tm)!(2xs+1)
using «m = [il]> assms(2) by auto
also have (mk_composable0 tm)!(2xs+1) = (a, 0)
proof —
from «m = [iI]> have length (mk_composable0 tm) = 2 by auto
have (mk_composableO [i1])!(2xs+1) = (fix_jumps 1 [il,(Nop,0)))!(2xs+1) by auto
also have ... = (fst(a,s’), 0)
proof (rule fix_jumps_nth_fix)
from assms and «m = [iI]> show 2 x s+1 < length [i], (Nop, 0)] by auto
next
from assms and <«m = [il]> show [il, (Nop, 0)] ! (2 x s+1) = (a, s”) by auto
next
from assms and «m = [il]> and ength (mk_composable0 tm) = 2> show —snd (a, s") < 1
by auto
qed
finally have (mk_composable0 [i1])!(2xs+1) = (a, 0) by auto
with «m = [iI]> show ?thesis by auto
qed
finally have fetch (mk_composable0 tm) (Suc s) b = (a, 0) by auto
with assms show ?thesis by auto
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next
fix il i2 ins
assume tm = il # i2 # ins
from assms have fetch tm (Suc s) b = (tm ! (2xs+1))
by (auto)
have fetch (mk_composable0 tm) (Suc s) b = (mk_composable0 tm)!(2xs+1)
proof —
have — length (mk_composable0 tm) <2 x s + 1
by (meson assms(2) le_trans length_tm_le_mk_composable0 not_less)
then show ’thesis
by (simp add: assms(1))
qed
also have (mk_composable0 tm)!(2xs+1) = (a, 0)
proof (cases is_even (length tm))
case True
then have is_even (length tm) .
with «m = il # i2 # ins> have is_even (length (il # i2 # ins)) by auto
then have length (mk_composableO (il # i2 # ins)) = length (il#ti2#ins) by (rule
length_mk_composableO _th_even)

from <s_even (length (il # i2 # ins))>

have (mk_composable0 (il # i2 # ins))!(2xs+1) = (fix_jumps ((length (il # i2 # ins)) div
2) (il#i24tins))!(2+s+1) by auto

also have ... = (fst(a,s"),0)

proof (rule fix_jumps_nth_fix)
from assms and «m = il # i2 # ins> show 2 x s +1 < length (il # i2 # ins) by auto
next
from assms and «m = il # i2 # ins> show (il # i2 # ins) ! (2 x s +1) = (a, s") by auto
next
from assms and «m = il # i2 # ins> and <ength (mk_composable0 (il # i2 # ins)) =
length (il1#£i2#ins)>
show —snd (a, s") < length (il # i2 # ins) div 2 by auto
qed
finally have (mk_composable0 (il # i2 # ins))!(2xs+1) = (fst(a,s’),0) by auto
then have (mk_composable0 (il # i2 # ins))!(2xs+1) = (a,0) by auto
with «m = il # i2 # ins> show ?thesis by auto
next
case False
then have —is_even (length tm) .
with «m = il # i2 # ins> have —is_even (length (il # i2 # ins)) by auto
then have length (mk_composable0 (il # i2 # ins)) = length (il1#i2+4tins) +1 by (rule
length_mk_composableO _th_odd)
from «—is_even (length (il # i2 # ins))>
have (mk_composable0 (il # i2 # ins))!(2xs+1) = (fix_jumps (((length (il # i2 # ins))
div 2)+1) ((i1#i2#ins)Q[(Nop,0)]))!(2xs+1) by auto
also have ... = (fst(a,s"), 0)
proof (rule fix_jumps_nth_fix)
from assms and «m = il # i2 # ins> show 2 x s+1 < length ((il # i2 # ins) Q [(Nop,
0)]) by auto

59



next
have ((il # i2 # ins)Q [(Nop, 0)]) ! (2 x s +1) = ((il #£i2 # ins)) ! (2 * s +1)
proof (rule nth_append’)
from assms and «m = il # i2 # ins> show 2 x s +1 < length (il # i2 # ins) by auto
qed
also from assms and «m = il # i2 # ins> have ((il # i2 # ins)) ! (2 x s +1) = (a, s") by
auto
finally show ((il # i2 # ins)@ [(Nop, 0)]) ! (2 * s +1) = (a, s”) by auto
next
from assms and «m = il # i2 # ins> and <length (mk_composable0 (il # i2 # ins)) =
length ((il#£i24tins)) + 1>
have s’ > (length (il # i2 # ins) + 1) div 2 by auto
with «—is_even (length (il # i2 # ins))> have s’ > length (il # i2 # ins) div 2 + 1 by arith
then show — snd (a, s) < length (il # i2 # ins) div 2 + 1 by auto
qed
finally have (mk_composable0 (il # i2 # ins))!(2+s+1) = (a, 0) by auto
with «m = il # i2 # ins> show ?thesis by auto
qed
finally have fetch (mk_composable0 tm) (Suc s) b = (a, 0) by auto
with assms show ?thesis by auto
qed

1.4.7 Properties of function step( with respect to function mk_composable(

lemma length_mk_composable0_div2_It_imp_length_tm_le_times2:
assumes length (mk_composable0 tm) div 2 < s’
and s’ = Suc s2
shows length tm < 2 * s2
proof (cases length tm)
case 0
then show ?thesis by auto
next
case (Suc nat)
then have length tm = Suc nat .
then show ?thesis
proof (cases is_even (length tm))
case True
then have is_even (length tm) .

from <ength (mk_composable0 tm) div 2 < s’
and <’ = Suc s2> have length (mk_composable0 tm) div 2 < Suc s2 by auto
moreover from <s_even (length rm)> and <ength tm = Suc nat>
have length (mk_composable0 tm) = length tm
by (auto simp add: length_mk_composable0_even)
ultimately have length tm div 2 < Suc s2 by auto
with <«s_even (length tm)> show ?thesis by (auto simp add: even_le_div2_imp_le_times_2)
next
case False
then have — is_even (length tm) .
from <ength (mk_composable0 tm) div 2 < s’ and <’ = Suc s2>
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have length (mk_composable0 tm) div 2 < Suc s2 by auto
moreover from <«—is_even (length tm)>
and <ength tm = Suc nat> have length (mk_composable0 tm) = length tm +1
by (auto simp add: length_mk_composable0_odd)
ultimately have (length tm +1) div 2 < Suc s2 by auto
with «—is_even (length tm)> show ?thesis by (auto simp add: odd_le_div2_imp_le_times_2)
qed
qed

lemma jump_out_of _pgm_is_final_next_step:
assumes step0 (s, [, r) tm = (s', update al (I, 1))
and s’ = Suc s2 and length (mk_composable0 tm) div 2 < s’
shows step0 (stepO (s, 1, r) tm) tm = (0, snd (step0 (s, [, r) tm))
proof —
from <Jength (mk_composable0 tm) div 2 < s> and «s’ = Suc s2> have length tm < 2 x 52
by (rule length_mk_composable0_div2_It_imp_length_tm_le_times2)
with assms have step0 (stepO (s, I, r) tm) tm = stepO (s', update al (I, r)) tm by auto
also have ... = (0::nat, update al (1, r))
proof (cases update al (I, r))
fix 2 r2
assume update al (I, r) = (12, r2)
then show ’thesis
proof (cases read r2)
case Bk
then have read r2 = Bk .
moreover with dength tm < 2 x s2> and «' = Suc s2> fetch.simps
have fetch tm s’ Bk = (Nop, 0::nat) by auto
ultimately show ?thesis by (auto simp add: «update al (I, r) = (12, r2)>)
next
case Oc
then have read r2 = Oc .
moreover with dength tm < 2 x s2> and «' = Suc s2> fetch.simps
have fetch tm s’ Oc = (Nop, 0::nat) by auto
ultimately show ?thesis by (auto simp add: «wpdate al (I, r) = (12, r2)>)
qed
qed
finally have stepO (stepO (s, I, r) tm) tm = (0, update al (I, r)) by auto

with <step0 (s, I, r) tm = (s', update al (I, r))> show ?thesis by auto
qed

lemma step0_mk_composableO_after_one_step:
assumes stepO (s, (I, r)) tm # step0 (s, I, r) (mk_composableO tm)
shows step0 (stepO (s, (1, r)) tm) tm = (0, snd((stepO (s, (I, r)) tm))) A
step0 (s, 1, r) (mk_composableO tm) = (0, snd((stepO (s, (I, r)) tm)))
proof (cases (read r); cases s)
assume read r = Bk and s = 0
show stepO (step0 (s, 1, r) tm) tm = (0, snd (stepO (s, I, r) tm)) A stepO (s, I, r) (mk_composableO
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tm) = (0, snd (stepO (s, 1, r) tm))
proof (cases length tm < 2xs)
case True
with < = 0> show ?thesis by auto
next
case False
then have 2 x s < length tm by auto
with < = 0> show ?thesis by auto
qed
next
assume read r = Oc and s = 0
show stepO (step0 (s, 1, r) tm) tm = (0, snd (stepO (s, I, r) tm)) A stepO (s, I, r) (mk_composableO
tm) = (0, snd (stepO (s, 1, r) tm))
proof (cases length tm < 2xs)
case True
then have lengthtm < 2 x s.
with < = 0> show ?thesis by auto
next
case False
then have 2 x s < length tm by auto
with < = 0> show ?thesis by auto
qed
next
fix s/
assume read r = Bk and s = Suc s1
show ?thesis
proof (cases length tm < 2xs1)
assume length tm < 2 x sl
with <read r = Bk> and «s = Suc s1> have fetch tm (Suc s1) (read r) = (Nop, 0::nat)
by (auto)
moreover have ferch (mk_composable0 tm) (Suc s1) (read r) = (Nop, 0::nat)
by (rule fetch_mk_composableO_Bk_too_short_Suc)(auto simp add: <read r = Bk> length
tm < 2 % s1>)
ultimately have fetch tm (Suc s1) (read r) = fetch (mk_composable0 tm) (Suc s1) (read r)
by auto
with «(read r) = Bk> and <s = Suc s1> have step0 (s, I, r) tm = step0 (s, I, r) (mk_composable0
tm) by auto
with assms have False by auto
then show ’thesis by auto
next
assume — length tm < 2 x 51

then have 2xs/ < length tm by auto
show step0 (stepO (s, 1, r) tm) tm = (0, snd (stepO (s, [, r) tm)) A
step0 (s, I, r) (mk_composable0 tm) = (0, snd (step0 (s, [, r) tm))

proof (cases fetch tm (Suc s1) (read r))

fixal s’

assume fetch tm (Suc s1) (read r) = (al, s')

show ?thesis

proof (cases s' < length (mk_composable0 tm) div 2)
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assume s’ < length (mk_composable0 tm) div 2

from <fetch tm (Suc s1) (read r) = (al, s')>
and <2xsl < length tm>
and <(read r) = Bk
and «’ < length (mk_composable0 tm) div 2>
have fetch (mk_composable0 tm) (Suc s1) (read r) = fetch tm (Suc s1) (read r)
using fetch_mk_composable0_Bk_Suc_no_fix by auto

with <(read r) = Bk> and < = Suc sl> have step0 (s, I, r) tm = step0 (s, I, r)
(mk_composable0 tm) by auto
with assms have False by auto
then show ?thesis by auto
next
assume — s’ < length (mk_composable0 tm) div 2
then have length (mk_composable0 tm) div 2 < s' by auto
then show ’thesis
proof (cases s')
assume s’ = 0
with Jength (mk_composable0 tm) div 2 < s'> have False by auto
then show ’thesis by auto
next
fix s2
assume s’ = Suc 52

from <(read r) = Bk> and < = Suc sI> and <fetch tm (Suc sI) (read r) = (al, s')>
have stepO (s, I, r) tm = (s', update al (1, r)) by auto

from this and <’ = Suc 52> and <ength (mk_composable0 tm) div 2 < s'>
have step0 (step0 (s, I, r) tm) tm = (0, snd (stepO (s, 1, r) tm))
by (rule jump_out_of _pgm_is_final_next_step)
moreover have step0 (s, [, r) (mk_composable0 tm) = (0, snd (stepO (s, [, r) tm))
proof —
from <fetch tm (Suc s1) (read r) = (al, s')>
and 2xs! < length tm>
and «(read r) = Bk>
and dength (mk_composable0 tm) div 2 < s'>
have fetch (mk_composable0 tm) (Suc s1) (read r) = (al, 0) using ferch_mk_composable0_Bk_Suc_fix
by auto
with «(read r) = Bk> and «s = Suc sI> and <fetch tm (Suc s1) (read r) = (al, s")>
show ?thesis by auto
qed
ultimately show ’thesis by auto
qed
qed
qed
qed
next
fix 51
assume read r = Oc and s = Suc sl
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show ’thesis

proof (cases length tm < 2xs1+1)
assume length tm < 2 x s1+1
with <read r = Oc> and «s = Suc s1> have fetch tm (Suc s1) (read r) = (Nop, O::nat)
by (auto)
moreover have ferch (mk_composable0 tm) (Suc s1) (read r) = (Nop, 0::nat)
proof (rule fetch_mk_composable0_Oc_too_short_Suc)
from <(read r) = Oc> show (read r) = Oc .
next
from <ength tm < 2 x s1+1> show length tm < 2 x sI+1 .
qed
ultimately have fetch tm (Suc s1) (read r) = fetch (mk_composable0 tm) (Suc sI) (read r)
by auto
with «(read r) = Oc> and <s = Suc s1> have step0 (s, [, r) tm = step0 (s, I, ) (mk_composable0
tm) by auto
with assms have False by auto
then show ’thesis by auto
next
assume — length tm < 2 x s1+1

then have 2xs/+1 < length tm by auto
show step0 (step0 (s, 1, r) tm) tm = (0, snd (stepO (s, [, r) tm)) A
step0 (s, I, r) (mk_composable0 tm) = (0, snd (step0 (s, [, r) tm))

proof (cases fetch tm (Suc s1) (read r))

fixal s’

assume fetch tm (Suc s1) (read r) = (al, s')

show ?thesis

proof (cases s’ < length (mk_composable0 tm) div 2)

assume s’ < length (mk_composable0 tm) div 2

from <fetch tm (Suc s1) (read r) = (al, s')>
and 2xsl+1 < length tm>
and «(read r) = Oc>
and «’ < length (mk_composable0 tm) div 2>
have fetch (mk_composable0 tm) (Suc s1) (read r) = fetch tm (Suc sI) (read r)
using fetch_mk_composableO_Oc_Suc_no_fix by auto

with <«(read r) = Oc> and <« = Suc s> have step0 (s, I, r) tm = step0 (s, 1, r)
(mk_composable0 tm) by auto
with assms have False by auto
then show ?thesis by auto

next
assume — s’ < length (mk_composable0 tm) div 2
then have length (mk_composable0 tm) div 2 < s'by auto
then show ’thesis
proof (cases s’)
assume s’ = 0
with Jength (mk_composable0 tm) div 2 < s'> have False by auto
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then show ?thesis by auto
next

fix 52

assume s’ = Suc s2

from <(read r) = Oc> and < = Suc s1> and <fetch tm (Suc sl) (read r) = (al, s")>
have step0 (s, I, r) tm = (s', update al (1, r)) by auto

from this and <s’ = Suc 52> and Jength (mk_composable0 tm) div 2 < s'>
have step0 (stepO (s, I, r) tm) tm = (0, snd (stepO (s, 1, r) tm))
by (rule jump_out_of _pgm_is_final_next_step)
moreover have step0 (s, [, r) (mk_composable0 tm) = (0, snd (step0 (s, [, r) tm))
proof —
from <fetch tm (Suc s1) (read r) = (al, s')>
and 2xsl+1 < length tm>
and «(read r) = Oc>
and dength (mk_composable0 tm) div 2 < s'>
have fetch (mk_composable0 tm) (Suc s1) (read r) = (al, 0) using ferch_mk_composable0_Oc_Suc._fix
by auto
with «(read r) = Oc> and s = Suc sI> and <fetch tm (Suc s1) (read r) = (al, s")>
show ?thesis by auto
qed
ultimately show ?thesis by auto
qed
qed
qed
qed
qed

lemma step0_mk_composable0_eq_after_two_steps:
assumes step0 (s, (1, r)) tm # stepO (s, 1, r) (mk_composable0 tm)
shows step0 (stepO (s, (1, r)) tm) tm = (0, snd((stepO (s, (I, r)) tm))) A
step0 (stepO (s, (1, r)) (mk_composable0 tm)) (mk_composable0 tm) = step0 (step0 (s, (I,
r)) tm) tm
proof —
from assms have A: step0 (stepO (s, (I, r)) tm) tm = (0, snd((step0 (s, (I, r)) tm))) A
stepO (s, 1, r) (mk_composable0 tm) = (0, snd((stepO (s, (I, r)) tm)))
by (rule step0_mk_composable0_after_one_step)
from A have A/: stepO (stepO (s, (I, r)) tm) tm = (0, snd((step0 (s, (I, r)) tm))) by auto
from A have A2: stepO (s, I, r) (mk_composableO tm) = (0, snd((step0 (s, (I, r)) tm))) by auto

show ?thesis
proof (cases snd((stepO (s, (1, r)) tm)))

case (Pair a b)

assume snd (step0 (s, [, r) tm) = (a, b)

show ’thesis

proof —

from <«snd (stepO (s, 1, r) tm) = (a, b)> and «step0 (s, I, r) (mk_composableO tm) = (0,
snd((step0 (s, (I, r)) tm)))>
have step0 (s, I, r) (mk_composable0 tm) = (0, (a,b)) by auto
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then have step0 (stepO (s, (1, r)) (mk_composable0 tm)) (mk_composable0 tm) = step0 (0,
(a,b)) (mk_composableO tm) by auto
also have ... = (0, (a,b)) by auto
finally have siep0 (stepO (s, (I, r)) (mk_composable0 tm)) (mk_composableO tm) = (0,
(a,b)) by auto

moreover from A/ and «snd (step0 (s, [, r) tm) = (a, b)>
have step0 (stepO (s, (1, r)) tm) tm = (0, (a,b)) by auto

ultimately have step0 (stepO (s, (I, r)) (mk_composable0 tm)) (mk_composable0 tm) =
step0 (stepO (s, (1, r)) tm) tm by auto
with A/ show ?thesis by auto
qed
qed
qed

1.4.8 Properties of function steps0 with respect to function mk_composable(

lemma steps0 (s, (I, r)) tm 0 = steps0 (s, I, r) (mk_composableO tm) O
by auto

lemma mk_composableO_tm_at_most_one_diff_pre:
assumes stepsO (s, (1, r)) tm stp # stepsO (s, 1, r) (mk_composable0 tm) stp
shows 0<stp A (T k. k<stp
A (Vi < k. stepsO (s, I, r) (mk_composableO tm) i = stepsO (s, I, r) tm i)
A (Vj>k+1.
steps0 (s, I, r) tm (j) = (0, snd(stepsO (s, I, r) tm (k+1))) A
steps0 (s, 1, r) (mk_composable0 tm) j = steps0 (s, I, r) tm j))
proof —
have 3 k<stp. (Vi<k. - stepsO (s, I, r) tm i # stepsO (s, I, r) (mk_composableO tm) i) N stepsO
(s, 1, r) tm (Suc k) # stepsO (s, 1, r) (mk_composable0 tm) (Suc k)
proof (rule ex_least_nart_less)
show — stepsO (s, [, r) tm 0 # stepsO (s, I, r) (mk_composable0 tm) 0 by auto
next
from assms show stepsO (s, I, r) tm stp # steps0 (s, I, r) (mk_composable0 tm) stp by auto
qed
then obtain k where w_k: k < stp A (Vi<k. = stepsO (s, I, r) tm i # stepsO (s, I, r)
(mk_composable0 tm) i) A stepsO (s, I, r) tm (Suc k) # stepsO (s, I, r) (mk_composable0 tm)
(Suc k) by blast
from w_k have FI: k < stp by auto
from w_k have F2: \i. i<k = — stepsO (s, I, r) tm i # stepsO (s, I, r) (mk_composableO tm)
i by auto
from w_k have F3: stepsO (s, I, r) tm (k + 1) # stepsO (s, [, r) (mk_composable0 tm) (k + 1)
by auto

from F3 have F3": (stepsO (s, I, r) tm (Suc k)) # (stepsO (s, I, r) (mk_composable0 tm) (Suc
k)) by auto

have —(stepsO (s, I, r) tm k # stepsO (s, 1, r) (mk_composable0 tm) k) using F2 by auto
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then have F4: stepsO (s, I, r) tm k = steps0 (s, I, r) (mk_composableO tm) k by auto

have X1: steps0 (s, 1, r) (mk_composable0 tm) (Suc k) = stepO (stepsO (s, 1, r) (mk_composable0
tm) k) (mk_composable0 tm) by (rule step_red)
have X2: stepsO (s, I, r) tm (Suc k) = step0 (steps0 (s, I, r) tm k) tm by (rule step_red)

from X/ and X2 and F3’
have step0 (stepsO (s, I, r) tm k) tm # step0 (stepsO (s, I, r) (mk_composableO tm) k)
(mk_composable0 tm) by auto

then have 3 sk Ik rk. stepsO (s, L, r) tm k = (sk, lk, rk) A
stepsO (s, 1, r) (mk_composable0 tm) k = (sk, lk, rk) A
stepO (sk, (Ik, rk)) tm # step0 (sk, lk, rk) (mk_composable0 tm)
proof (cases stepsO (s, 1, r) tm k)
case (fields s’ 1’ r')
then have stepsO (s, I, r) tmk = (s', ', r') .
moreover with <step0 (stepsO (s, I, r) tm k) tm # step0 (stepsO (s, I, r) (mk_composable0
tm) k) (mk_composable0 tm)> and F4
have step0 (s’, (I', r')) tm # step0 (s', I, r') (mk_composable0 tm) by auto

moreover from «steps0 (s, I, r) tmk = (s, I’, r’)> and F4
have steps0 (s, I, r) (mk_composable0 tm) k = (s', I, r') by auto
ultimately have stepsO (s, I, r) tmk = (s', I, r') A stepsO (s, L, r) (mk_composable0 tm) k =
(s U, r"y A
step0 (s', (I, r')) tm £ step0 (s, I, r') (mk_composableO tm) by auto

then show ’thesis by blast
qed

then obtain sk [k rk where
w_sk_lk_rk: stepsO (s, I, r) tm k = (sk, Ik, rk) A

stepsO (s, 1, r) (mk_composable0 tm) k = (sk, lk, rk) A
step0 (sk, (lk, rk)) tm # step0 (sk, lk, rk) (mk_composable0 tm) by blast

have Y1: stepO (stepO (sk, (Ik, rk)) tm) tm = (0, snd((stepO (sk, (lk, rk)) tm))) A
stepO (stepO (sk, (Ik, rk)) (mk_composable0 tm)) (mk_composable0 tm) = step0 (stepO
(sk, (Ik, rk)) tm) tm
proof (rule step0_mk_composable0_eq_after_two_steps)
from w_sk_lk_rk show stepO (sk, lk, rk) tm # stepO (sk, lk, rk) (mk_composableO tm) by
auto
qed

from Y! and w_sk_lk_rk
have step0 (step0 (stepsO (s, I, r) tm k) tm) tm = (0, snd((stepO (stepsO (s, I, r) tm k) tm))) by
auto

from Y/ and w_sk_lk_rk

have step0 (stepO (stepsO (s, 1, r) (mk_composableO tm) k) (mk_composable0 tm)) (mk_composable0O
tm) = stepO0 (stepO (stepsO (s, I, r) tm k) tm) tm by auto
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have stepsO (s, I, r) (mk_composable0 tm) (k+2) = stepO (step0 (stepsO (s, L, r) (mk_composable0
tm) k) (mk_composable0 tm)) (mk_composable0 tm)
by (auto simp add: step_red|symmetric])

have steps0 (s, I, r) tm (k+2) = step0 (step0 (stepsO (s, I, r) tm k) tm) tm
by (auto simp add: step_red|symmetric])

from <stepO (stepO (stepsO (s, I, r) tm k) tm) tm = (0, snd((step0 (stepsO (s, L, r) tm k) tm)))>
and <steps0 (s, 1, r) tm (k+2) = step0 (stepO (stepsO (s, I, r) tm k) tm) tm>
have steps0 (s, [, r) tm (k+2) = (0, snd((stepO (steps0 (s, I, r) tm k) tm))) by auto
then have N1I: stepsO (s, I, r) tm (k+2) = (0, snd(stepsO (s, I, r) tm (k+1))) by (auto simp
add: step_red[symmetric])

from «stepO (stepO (stepsO (s, I, r) (mk_composable0 tm) k) (mk_composable0 tm)) (mk_composable0
tm) = step0 (step0 (stepsO (s, 1, r) tm k) tm) tm>
have N2: stepsO (s, [, r) (mk_composable0 tm) (k+2) = stepsO (s, 1, r) tm (k+2) by (auto

simp add: step_red[symmetric])

have N4:Vj > k+1.
steps0 (s, 1, r) tm (j) = (0, snd(stepsO (s, I, r) tm (k+1))) A
steps0 (s, 1, r) (mk_composable0 tm) j = stepsO (s, I, r) tm j
proof
fix j
show k + 1 < j — stepsO (s, I, r) tm j = (0, snd (stepsO (s, I, r) tm (k+1))) A stepsO (s, I,
r) (mk_composable0 tm) j = stepsO (s, 1, r) tm j
proof (induct j)
case 0
then show ?case by auto
next
fix j
assume [V: k + 1 < j—> stepsO (s, [, r) tm j = (0, snd (stepsO (s, I, r) tm (k+1))) A stepsO
(s, 1, r) (mk_composable0 tm) j = steps0 (s, I, r) tm j
show k + 1 < Suc j — steps0 (s, I, r) tm (Suc j) = (0, snd (stepsO (s, I, r) tm (k+1))) A
stepsO (s, 1, r) (mk_composable0 tm) (Suc j) = stepsO (s, I, r) tm (Suc j)
proof
assume k + I < Sucj
then have k 4 I < j by arith
then have k + 1 =j V k+1 < j by arith
then show stepsO (s, [, r) tm (Suc j) = (0, snd (stepsO (s, I, r) tm (k-+1))) A stepsO (s, I,
r) (mk_composable0 tm) (Suc j) = stepsO (s, I, r) tm (Suc j)
proof
assume k + [ =
with NI and N2 show stepsO (s, [, r) tm (Suc j) = (0, snd (stepsO (s, 1, r) tm (k+1))) A
stepsO (s, 1, r) (mk_composable0 tm) (Suc j) = stepsO (s, I, r) tm (Suc j)
by force
next
assume k + 1 <j
with 1V
have Y4: stepsO (s, [, r) tm j = (0, snd (stepsO (s, I, r) tm (k+1))) A stepsO (s, I, r)
(mk_composable0 tm) j = steps0 (s, I, r) tm j by auto
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show stepsO (s, [, r) tm (Suc j) = (0, snd (stepsO (s, I, r) tm (k+1))) A stepsO (s, I, r)
(mk_composable0 tm) (Suc j) = steps0 (s, I, r) tm (Suc j)
proof (cases snd (stepsO (s, 1, r) tm (k+1)))
case (Paira b)
then have snd (stepsO (s, [, r) tm (k+ 1)) = (a, b) .
with Y4 have stepsO (s, I, r) tm j = (0,a,b) A stepsO (s, I, r) (mk_composableO tm) j =
(0,a,b) by auto
then have stepsO (s, [, r) tm (j+1) = (0,a,b) A stepsO (s, I, r) (mk_composable0 tm)

(j+1) = (0,a,b)
proof
assume steps0 (s, [, r) tm j = (0, a, b) and steps0 (s, I, r) (mk_composable0 tm) j =
(0,a,b)
show stepsO (s, I, r) tm (j + 1) = (0, a, b) A stepsO (s, I, r) (mk_composableO tm) (j
+1)=(0,a, b)
proof

from «stepsO (s, I, r) tmj = (0, a, b)> show stepsO (s, I, r) tm (j + 1) = (0, a, b) by
(rule stable_config_after_final_add_2)
next
from «stepsO (s, I, r) (mk_composable0 tm) j = (0, a, b)> show stepsO (s, I, r)
(mk_composable0 tm) (j + 1) = (0, a, b) by (rule stable_config_after_final_add_2)
qed
qed
then have stepsO (s, I, r) tm (Suc j) = (0, a, b) A stepsO (s, I, r) (mk_composable0 tm)
(Sucj) = (0, a, b) by auto
with <snd (stepsO (s, I, r) tm (k + 1)) = (a, b)> show ?thesis by auto
qed
qed
qed
qed
qed

from FI and F2 and N4 show ?thesis
by (metis neq0_conv not_less_zero)
qed

lemma mk_composable0_tm_at_most_one_diff:
assumes steps0 (s, [, r) (mk_composable0 tm) stp # steps0 (s, (I, r)) tm stp
shows 0<stp A
(Vi < stp. stepsO (s, I, r) (mk_composable0 tm) i = stepsO (s, I, r) tm i) A
(Vj > stp. stepsO (s, I, r) tm () = (0, snd(stepsO (s, I, r) tm stp)) A
stepsO (s, 1, r) (mk_composable0 tm) j = stepsO (s, I, r) tm j)
proof —
from assms have stepsO (s, (1, r)) tm stp # stepsO (s, I, r) (mk_composable0 tm) stp by auto
then have A:
O<stp A (k. k<stp
A (Vi < k. stepsO (s, I, r) (mk_composableO tm) i = stepsO (s, I, r) tm i)
A (Vj>k+1.
stepsO (s, 1, r) tm (j) = (0, snd(stepsO (s, I, r) tm (k+1))) A
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steps0 (s, 1, r) (mk_composableO tm) j = steps0 (s, I, r) tm j))
by (rule mk_composable0_tm_at_most_one_diff_pre)
then have FI: 0<stp by auto
from A have (3 k. k<stp
A (Vi < k. stepsO (s, I, r) (mk_composable0 tm) i = steps0 (s, [, r) tm i)
A (Vj>k+1.
steps0 (s, 1, r) tm (j) = (0, snd(stepsO (s, I, r) tm (k+1))) A
steps0 (s, 1, r) (mk_composable0 tm) j = steps0 (s, [, r) tm j)) by auto
then obtain k where w_k:
k<stp
A (Vi < k. stepsO (s, I, r) (mk_composable0 tm) i = steps0 (s, [, r) tm i)
A (Vj>k+1.
steps0 (s, 1, r) tm (j) = (0, snd(stepsO (s, I, r) tm (k+1))) A
steps0 (s, I, r) (mk_composable0 tm) j = steps0 (s, [, r) tm j) by blast
then have stp = k+1 V k+1 < stp by arith
then show ’thesis
proof
assume stp = k+1
show ’thesis
proof
from F'1 show 0 < stp by auto
next
from «stp = k+1> and w_k
show (Vi<stp. stepsO (s, [, r) (mk_composable0 tm) i = stepsO (s, I, r) tm i) A
(Vj>stp. stepsO (s, 1, r) tmj = (0, snd (stepsO (s, I, r) tm stp)) A stepsO (s, 1, r) (mk_composable0
tm) j = steps0 (s, I, r) tm j) by auto
qed
next
assume k+-1 < stp
with w_k and assms have False by auto
then show ?thesis by auto
qed
qed

lemma mk_composableO_tm_at_most_one_diff
assumes steps0 (s, I, r) (mk_composable0 tm) stp # stepsO (s, (I, r)) tm stp
shows 0 < stp A (3fl fr. snd(stepsO (s, I, r) tm stp) = (fl, fr) A
(Vi < stp. stepsO (s, I, r) (mk_composable0 tm) i = stepsO (s, I, r) tm i) A
(Vj > stp. stepsO (s, 1, r) tm J=(0,f1, fr) A
steps0 (s, I, r) (mk_composableO tm) j = (0, f, fr) ))
proof —
from assms have major: 0 < stp N\
(Vi < stp. stepsO (s, I, r) (mk_composable0 tm) i = stepsO (s, I, r) tm i) A
(Vj > stp. stepsO (s, I, r) tm (j) = (0, snd(stepsO (s, I, r) tm stp)) A
stepsO (s, 1, r) (mk_composable0 tm) j = stepsO (s, I, r) tm j)
by (rule mk_composable0_tm_at_most_one_diff’)
from major have F1: 0 < stp by auto
from major have F2: (Vi < stp. stepsO (s, I, r) (mk_composable0 tm) i = steps0 (s, I, r) tm i)
A
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(Vj > stp. stepsO (s, I, r) tm () = (0, snd(stepsO (s, I, r) tm stp)) A
steps0 (s, 1, r) (mk_composable0 tm) j = steps0 (s, I, r) tm j) by auto
then have snd(stepsO (s, 1, r) tm stp) = (fst(snd(stepsO (s, 1, r) tm stp)), snd(snd(stepsO (s, 1,
r) tm stp)) ) by auto
with F2 have snd(stepsO (s, I, r) tm stp) = (fst(snd(stepsO (s, I, r) tm stp)), snd(snd(stepsO
(s, L, r) tmstp)) ) A
(Vi < stp. stepsO (s, [, r) (mk_composable0 tm) i = steps0 (s, I, r) tm i) A
(Vj > stp. stepsO (s, 1, r) tmj = (0, (fst(snd(stepsO (s, I, r) tm stp)), snd(snd(stepsO
(s, 1, r) tmstp)) )) A
steps0 (s, 1, r) (mk_composable0 tm) j = (0, (fst(snd(stepsO (s, I, r) tm
stp)), snd(snd(steps0 (s, I, r) tm sip)) )))
by auto
then have (311 fr. snd(stepsO (s, I, r) tm stp) = (fl, fr) A
(Vi < stp. stepsO (s, I, r) (mk_composable0 tm) i = stepsO (s, [, r) tm i) \
(Vj > stp. stepsO (s, I, r) tmj= (0, fl, fr) A
stepsO (s, 1, r) (mk_composableO tm) j = (0, fl, fr))) by blast
with F1 show ?thesis by auto
qed

end

theory ComposedTMs
imports ComposableTMs
begin

1.5 Composition of Turing Machines

fun
shift :: instr list = nat = instr list
where
shift p n = (map (X (a, s). (a, (if s = 0 then O else s + n))) p)

fun
adjust :: instr list = nat = instr list
where
adjust p e = map (X (a, s). (a, if s =0 then e else s)) p

abbreviation
adjustO p = adjust p (Suc (length p div 2))

lemma length_shift [simp):
shows length (shift p n) = length p
by simp

lemma length_adjust [simp):

shows length (adjust p n) = length p
by (induct p) (auto)
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fun
seq_tm :: instr list = instr list = instr list (infixl < +|> 60)
where
seq_tm pl p2 = ((adjustO pl) Q (shift p2 (length pI div 2)))

lemma seq_tm_length:
shows length (A |+| B) = length A + length B
by auto

lemma seq_tm_composablelintro]:
[composable_tm (A, 0); composable_tm (B, 0)] => composable_tm (A |+| B, 0)
by (fastforce)

lemma seq_tm_step:
assumes unfinal: — is_final (step0 c A)
shows step0 ¢ (A |+| B) = step0 ¢ A
proof —
obtain s / r where eq: ¢ = (s, [, r) by (metis is_final.cases)
have — is_final (step0 (s, [, r) A) using unfinal eq by simp
then have case (fetch A s (read r)) of (a, s) = s # 0
by (auto simp add: is_final_eq)
then have ferch (A |+| B) s (read r) = fetch A s (read r)
apply (cases read ricases s)
by (auto simp: seq_tm_length nth_append)
then show step0 ¢ (A |+| B) = step0 ¢ A by (simp add: eq)
qed

lemma seq_tm_steps:
assumes — is_final (stepsO ¢ A n)
shows stepsO ¢ (A |[+| B) n = stepsOc A n
using assms
proof (induct n)
case 0
then show stepsO ¢ (A |4| B) 0 = stepsO ¢ A 0 by auto
next
case (Suc n)
have ih: — is_final (stepsO ¢ A n) = stepsO ¢ (A |+| B) n = stepsO c A n by fact
have fin: — is_final (stepsO ¢ A (Suc n)) by fact
then have finl: — is_final (step0 (stepsO ¢ A n) A)
by (auto simp only: step_red)
then have fin2: — is_final (stepsO ¢ A n)
by (metis is_final_eq step_0 surj_pair)

have stepsO ¢ (A |+| B) (Suc n) = step0 (stepsO ¢ (A |+| B) n) (A |+]| B)
by (simp only: step_red)

also have ... = step0 (stepsO c A n) (A |[+| B) by (simp only: ih[OF fin2])

also have ... = step0 (stepsO ¢ A n) A by (simp only: seq_tm_step|OF finl])

finally show stepsO ¢ (A |+]| B) (Suc n) = stepsO ¢ A (Suc n)
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by (simp only: step_red)
qed

lemma seq_tm_fetch_in_A:
assumes hl: fetch A s x = (a, 0)
and h2: s < length A div 2
and 13: s £ 0
shows fetch (A |+| B) s x = (a, Suc (length A div 2))
using hl h2 h3
apply(cases s;cases x)
by (auto simp: seq_tm_length nth_append)

lemma seq_tm_exec_after_first:

assumes h/: — is_final ¢

and h2: step0 ¢ A = (0, tap)

and h3: fst ¢ < length A div 2
shows step0 ¢ (A |+| B) = (Suc (length A div 2), tap)
using il h2 h3
apply(case_tac c)
apply(auto simp del: seq_tm.simps)
apply(case_tac fetch A a Bk)
apply (simp del: seq_tm.simps)
apply (subst seq_tm_fetch_in_A;force)
apply(case_tac fetch A a (hd ca))
apply (simp del: seq_tm.simps)
apply (subst seq_tm_fetch_in_A)

apply (auto) 4]
done

lemma seq_tm_next:
assumes a_ht: stepsO (1, tap) An = (0, tap’)
and a_composable: composable_tm (A, 0)
obtains n’ where steps0 (1, tap) (A |+| B) n’ = (Suc (length A div 2), tap’)
proof —
assume a: A\n. steps (1, tap) (A |+| B, 0) n = (Suc (length A div 2), tap’) = thesis
obtain stp’ where fin: — is_final (stepsO (I, tap) A stp’) and h: stepsO (1, tap) A (Suc stp’) =
(0, tap’)
using before_final[OF a_ht] by blast
from fin have hi:stepsO (1, tap) (A |+| B) stp’ = stepsO (1, tap) A stp’
by (rule seq_tm_steps)
from £ have h2: stepO (stepsO (1, tap) A stp’) A = (0, tap”)
by (simp only: step_red)

have stepsO (1, tap) (A |+| B) (Suc stp”) = step0 (stepsO (1, tap) (A |+| B) stp”) (A |+| B)
by (simp only: step_red)
also have ... = step0 (stepsO (1, tap) A stp’) (A |+| B) using hl by simp
also have ... = (Suc (length A div 2), tap’)
by (rule seq_tm_exec_after_first|OF fin h2 steps_in_range[OF fin a_composable]])
finally show thesis using a by blast
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qed

lemma seq_tm_fetch_second_zero:
assumes hl: fetch B s x = (a, 0)
and hs: composable_tm (A, 0) s # 0
shows fetch (A |+| B) (s + (length A div 2)) x = (a, 0)
using il hs
by (cases x; cases s; fastforce simp: seq_tm_length nth_append)

lemma seq_tm_fetch_second_inst:
assumes hl: fetch B sa x = (a, )
and hs: composable_tm (A, 0) sa # 05 # 0
shows fetch (A |+]| B) (sa + length A div 2) x = (a, s + length A div 2)
using hl hs
by(cases x; cases sa; fastforce simp: seq_tm_length nth_append)

lemma seq_tm_second:
assumes a_composable: composable_tm (A, 0)
and steps: steps0 (1,1, r) Bstp = (s', ', ")
shows stepsO (Suc (length A div 2),1,r) (A |+| B) stp
= (if s' = Othen 0 else s’ + length A div 2, 1', r")
using steps
proof(induct stp arbitrary: s’ I’ ')
case 0
then show ?case by simp
next
case (Suc stps'1'r")
obtain s”’ I"' r'' where a: steps0 (1,1, r) B stp= (s", 1", r")
by (metis is_final.cases)
then have ihl: 5" = 0 = stepsO (Suc (length A div 2), 1, r) (A |+| B) stp = (0,1”, r"")
and ih2: s"' # 0 = stepsO (Suc (length A div 2), 1, r) (A |+| B) stp = (s"' + length A div 2,
l//7 ru)
using Suc by (auto)
have h: stepsO (1,1, r) B (Suc stp) = (s', I, r') by fact

{ assume s’ = 0
then have ?case using a h ih1 by (simp del: steps.simps)
} moreover
{assume as: s"”" £ 0s' =0
fromasah
have step0 (s"', 1", ") B= (0, ', r') by (simp del: steps.simps)
with as have ?case
apply(cases fetch B s’ (read r"’))
by (auto simp add: seq_tm_fetch_second_zero[OF _ a_composable] ih2[OF as(1)]
simp del: seq_tm.simps steps.simps)
} moreover
{ assume as: s”' £ 0s'#0
fromasah
have step0 (s'', 1", r'"Y B= (s', I, r') by (simp del: steps.simps)
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with as have ?case
apply(simp add: ih2[|OF as(1)] del: seq_tm.simps steps.simps)
apply(case_tac fetch B s'' (read r"’))
apply (auto simp add: seq_tm_fetch_second_inst|OF _a_composable as) simp del: seq_tm.simps)
done
}
ultimately show ?case by blast
ged

lemma seq_tm_final:
assumes composable_tm (A, 0)
and stepsO (1,1, r) Bstp = (0,1', ")
shows stepsO (Suc (length A div 2),1,r) (A |+| B) stp = (0,1', ")
using seq_tm_second|OF assms] by (simp)

end

1.6 Encoding of Natural Numbers

theory Numerals
imports ComposedTMs BlanksDoNotMatter
begin

1.6.1 A class for generating numerals

class tape =
fixes tape_of :: 'a = cell list (<<_>> 100)

instantiation nat::tape begin

dof
definition tape_of nat where tape_of _nat (n::nar) Y 0Oc 1 (Suc n)
instance by standard

end

type-synonym nat_list = nat list
instantiation list::(tape) tape begin

fun tape_of nat_list :: ('a::tape) list = cell list
where
tape_of _nat list [| =[] |
tape_of _nat_list [n] = <n> |
tape_of _nat_list (n#ns) = <n> Q Bk # (tape_of nat_list ns)

ops . . d .
definition tape_of _list where tape_of list & tape_of _nat_list
instance by standard
end

instantiation prod:: (tape, tape) tape begin
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fun tape_of nat_prod :: ('a::tape) x ('b::tape) = cell list
where rape_of nat_prod (n, m) = <n> @ [Bk] @ <m>

/f
definition tape_of _prod where tape_of _prod =4 tape_of _nat_prod
instance by standard
end

1.6.2 Some lemmas about numerals used for rewriting

lemma rape_of list_empty[simp]: <[> = ([]::cell list) by (simp add: tape_of list_def)

lemma tape_of nat_list_cases2: <(nl::nat list)> =[] V (3r'. <nl> = Oc # r')
by (induct rule: tape_of _nat_list.induct)(auto simp add: tape_of _nat_def tape_of list_def)

1.6.3 Unique decomposition of standard tapes
Some lemmas about unique decomposition of tapes in standard halting configuration.

lemma OcSuc_lemma: Oc # Oc T nl = Oc T n2 = Suc nl =n2
proof (induct nl arbitrary: n2)
case 0
then have A: Oc # Oc 1 0= Oc T n2.
then show ?case
proof —
from A have [Oc] = Oc 1 n2 by auto
moreover have [Oc] = Oc T n2 = Suc 0 = n2
by (induct n2)auto
ultimately show ?case by auto
qed
next
fix nl n2
assume [VI1: An2. Oc # Oc 1 nl = Oc 1 n2 = Suc nl = n2
and /V2: Oc # Oc 1 Suc nl = Oc T n2
show Suc (Suc nl) = n2
proof (cases n2)
case 0
then have Oc 1 n2 = [| by auto
with IV2 have False by auto
then show ?thesis by auto
next
case (Suc n3)
then have n2 = Suc n3.
with /V2 have Oc # Oc 1 Suc nl = Oc 1 (Suc n3) by auto
then have Oc # Oc # Oc 1 nl = Oc # Oc 1 n3 by auto
then have Oc # Oc 1 nl = Oc 1 n3 by auto
with /V[ have Suc nl = n3 by auto
then have Suc (Suc nl) = Suc n3 by auto

with 12 = Suc n3> show ?thesis by auto

qed
qed

76



lemma inj_tape_of list: (<nl::nat>) = (<n2:nat>) => nl = n2
by (induct nl arbitrary: n2) (auto simp add: OcSuc_lemma tape_of nat_def)

lemma inj_repl_Bk: Bk 1 kI = Bk 1 k2 =—> kI = k2 by auto

lemma last_of numeral_is_Oc: last (<n::nat>) = Oc
by (auto simp add: tape_of _nat_def)

lemma hd_of _numeral_is_Oc: hd (<n::nat>) = Oc
by (auto simp add: tape_of _nat_def)

lemma rev_replicate: rev (Bk 1 11) = (Bk 1 [1) by auto

lemma rev_numeral: rev (<n::nat>) = <n::nat>
by (induct n)(auto simp add: tape_of_nat_def)

lemma drop_Bk_prefix: n < | == hd (drop n ((Bk 1 1) Q xs)) = Bk
by (induct n arbitrary: [ xs)(auto)

lemma unique_Bk_postfix: <nl::nat> Q Bk 11l = <n2:nat> QBk 112 =11 =12
proof —
assume <nl::nat> Q Bk 1 [l = <n2::nat> Q Bk 1 12
then have rev (<nl:nat> Q Bk 1 1) = rev (<n2::nat> Q Bk 1 I2)
by auto
then have rev (Bk 1 11) @ rev (<nl::nat>) = rev (Bk 1 12) Q rev (<n2::nat>) by auto
then have A: (Bk 1 11) @ (<nl::nat>) = (Bk 1 12) Q (<n2::nat>)
by (auto simp add: rev_replicate rev_numeral)
then show [/ =2
proof (cases 11 = I2)
case True
then show ?thesis by auto
next
case False
then have /1 < [2 Vv [2 < lI by auto
then show ’thesis
proof
assume [/ < [2
then have False
proof —
have hd (drop 11 (Bk 1 11) @ (<nl:nat>)) = hd ( <nl::nat>) by auto
also have ... = Oc by (auto simp add: hd_of numeral_is_Oc)
finally have F1: hd (drop 11 (Bk 1 11) Q (<nl:nat>)) = Oc.

from <1 < [2>have hd (drop I ((Bk 1 12) @ (<n2:nat>))) = Bk
by (auto simp add: drop_Bk_prefix)
with A have hd (drop 11 ((Bk 1 11) @Q (<nl::nat>))) = Bk by auto
with F/ show False by auto
qed
then show ?thesis by auto
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next
assume [2 < /1
then have False
proof —
have id (drop 12 (Bk 1 12) @Q (<n2::nat>)) = hd ( <n2::nat>) by auto
also have ... = Oc by (auto simp add: hd_of numeral_is_Oc)
finally have F2: hd (drop 12 (Bk 1 12) Q (<n2:nat>)) = Oc.

from «2 < 11> have hd (drop 12 ((Bk 1 1) Q (<nl::nat>))) = Bk
by (auto simp add: drop_Bk_prefix)

with A have hd (drop 12 ((Bk 1 12) @ (<n2::nat>))) = Bk by auto
with F2 show Fualse by auto

qed

then show ?thesis by auto

qed
qed
qed

lemma unique_decomp_tap:
assumes (Ix, <nl::nat> @ Bk 1 1) = (ly, <n2::nat> Q Bk 1 12)
shows Ix=Iy A nl=n2 N lI=I2

proof

from assms show Ix = Iy by auto
next

shownl =n2 N1l =12

proof

from assms have major: <nl::nat> Q Bk 1 11 = <n2::nat> Q Bk 1 12 by auto
then have rev (<nl::nat> @Q Bk 1 11) = rev (<n2::natr> Q Bk 1 12)
by auto
then have rev (Bk 1 11) Q rev (<nl:nat>) = rev (Bk 1 12) Q rev (<n2::nat>) by auto
then have A: (Bk 1 11) @ (<nl::nar>) = (Bk 112) @ (<n2::nat>)
by (auto simp add: rev_replicate rev_numeral)
then show n/ = n2
proof —
from major have [1 = I2 by (rule unique_Bk_postfix)
with A have (<nl:nat>) = (<n2::nat>) by auto
then show nl = n2 by (rule inj_tape_of list)
qed
next
from assms have major: <nl::nat> Q Bk 1 11 = <n2::nat> Q Bk 1 12 by auto
then show [/ = I2 by (rule unique_Bk_postfix)
qed
qed

lemma unique_decomp_std_tap:
assumes (Bk 1 kI, <nl::nat> Q Bk 1 II) = (Bk 1 k2, <n2::nat> Q Bk 1 I2)
shows ki=k2 A ni=n2 N lI1=I12
proof
from assms have Bk 1 kI = Bk 1 k2 by auto
then show kI = k2 by auto
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next
shownl =n2 N1l =12
proof
from assms have major: <nl::nat> Q Bk 1 11 = <n2::nat> Q Bk 1 12 by auto
then have rev (<nl::nar> @ Bk 1 11) = rev (<n2::nat> Q Bk 1 [2)
by auto
then have rev (Bk 1 11) Q rev (<nl::nat>) = rev (Bk 1 12) Q rev (<n2::nat>) by auto
then have A: (Bk 1 11) @ (<nl::nat>) = (Bk 1 12) @ (<n2::nat>)
by (auto simp add: rev_replicate rev_numeral)
then show n/ = n2
proof —
from major have /1 = 12 by (rule unique_Bk_postfix)
with A have (<nl::nat>) = (<n2::nat>) by auto
then show nl = n2 by (rule inj_tape_of list)
qed
next
from assms have major: <nl::nat> Q Bk 1 1l = <n2::nat> Q Bk 1 12 by auto
then show [/ = I2 by (rule unique_Bk_postfix)
qed
qed

1.6.4 Lists of numerals never contain two consecutive blanks

definition noDbiIBk:: cell list = bool
where noDblBk cs L Vi, Suc i < length cs N csli = Bk — cs!(Suc i) = Oc

lemma noDbIBk_Bk_Oc_rep: noDblBk (Oc 1 nl)
by (simp add: noDbIBk_def )

lemma noDbIBk_Bk_imp_Oc: [noDbIBk cs; Suc i < length cs; csli = Bk | = cs!(Suc i) = Oc
by (auto simp add: noDblBk_def)

lemma noDbIBk_imp_noDbIBk_Oc_cons: noDbIBk cs = noDblBk (Oc#cs)
by (smt (verit) Suc_less_eq Suc_pred add.right_neutral add_Suc_right cell.exhaust list.size(4)
neq0_conv noDbIBk_Bk_imp_Oc noDblBk_def nth_Cons_0 nth_Cons_Suc)

lemma noDbIBk_Numeral: noDbIBk (<n::nat>)
by (auto simp add: noDblBk_def tape_of nat_def’)

lemma noDblBk_Nil: noDbIBk ||
by (auto simp add: noDbIBk_def)

lemma noDblBk_Singleton: noDbIBk (< [n::nat]>)
by (auto simp add: noDblBk_def tape_of nat_def tape_of list_def)
lemma rape_of nat_list_cons_eq:nl # [| => <(a::nat) # nl> = <a> Q Bk # <nl>

by (metis list.exhaust tape_of list_def tape_of nat_list.simps(3))

lemma noDbIBk_cons_cons: noDbIBk(<(x::nat) # xs>) = noDblBk(<a::nat> @ Bk # <x
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# xs>)
proof —
assume FO: noDbIBk (<x # xs>)
have FI: hd(<x # xs>) = Oc
by (metis hd_append hd_of _numeral_is_Oc list.sel(1)
tape_of _nat_list_cons_eq tape_of list_def tape_of nat_list.simps(2)
tape_of _nat_list_cases2)
have F2: <a> = Oc 1 (Suc a) by (auto simp add: tape_of _nat_def)
have noDbIBk (<a::nat>) by (auto simp add: noDbIBk_Numeral)
with FO and F1 and F2 show ?thesis
unfolding noDbIBk_def
proof —
assume A/: Vi. Suc i < length (<x # xs>) N <x # xs> i =Bk — <x # xs> | Suc i =
Oc
and A2: hd (<x # xs>) = Oc
and A3: <a> = Oc T Suca
and A4:Vi. Suci < length (<a>) A <a>!i= Bk — <a>!Suci= Oc
show Vi. Suci < length (<a> Q Bk # <x # xs>) A
(<a> Q Bk # <x # xs>) i = Bk — (<a> Q Bk # <x # xs>) ! Suc i = Oc
proof
fix i
show Suc i < length (<a> Q Bk # <x # xs>) A
(<a> @Bk # <x # xs>) i = Bk — (<a> Q Bk # <x # xs>) ! Suc i = Oc
proof
assume Suc i < length (<a> @ Bk # <x # xs>) N (<a> Q Bk # <x # xs>) i = Bk
then show (<a> @ Bk # <x # xs>) ! Suc i = Oc
proof
assume A5: Suc i < length (<a> Q Bk # <x # xs>)
and A6: (<a> Q Bk # <x # xs>) i =Bk
show (<a> @ Bk # <x # xs>) ! Suci= Oc
proof —
from A5 have Suc i < length (<a>) V Suc i = length (<a>) V
Suc i = Suc (length (<a>)) V (Suc (length (<a>)) < Suc i A Suc i < length
(<a> @ Bk # <x # xs>))
by auto
then show ?thesis
proof
assume Suc i < length (<a>)
with Al A2 A3 A4 A5 show ?thesis
by (simp add: nth_append’)
next
assume Suc i = length (<a>) V Suc i = Suc (length (<a>)) V Suc (length (<a>))
< Suci A Suci < length (<a> @ Bk # <x # xs>)
then show (<a> @ Bk # <x # xs>) ! Suc i = Oc
proof
assume Suc i = length (<a>)
with A7 A2 A3 A4 A5 A6 show (<a> @ Bk # <x # xs>) ! Suc i = Oc
by (metis lessI nth_Cons_Suc nth_append’ nth_append_length replicate_append_same)
next
assume Suc i = Suc (length (<a>)) V Suc (length (<a>)) < Suc i A Suc i < length
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(<a> @ Bk # <x # x5>)
then show (<a> @ Bk # <x # xs>) ! Suc i = Oc
proof
assume Suc i = Suc (length (<a>))
with A1 A2 A3 A4 A5 A6 show (<a> @ Bk # <x # xs>) ! Suc i = Oc
by (metis One_nat_def Suc_eq_plusl length_Cons length_append list.collapse
list.size(3)
nat_neq_iff nth_Cons_0 nth_Cons_Suc nth_append_length_plus)
next
assume A7: Suc (length (<a>)) < Suc i A Suc i < length (<a> Q Bk # <x # xs>)
have F3: (<a> Q Bk # <x # xs>) = ((<a> Q [Bk]) @ <x # xs>) by auto

have F4: An. ((<a> Q [Bk]) @ <x # xs>)! (length (<a> Q@ [Bk]) + n) = (<x #

xs>)!n
using nth_append_length_plus by blast
from A7 have 3m. i = Suc (length (<a>)) + m by arith
then obtain m where w_m: i = Suc (length (<a>)) + m by blast
with A7 have F5: Suc m < length (<x # xs>) by auto
from w_m F4 have F6: ((<a> Q@ [Bk]) @ <x # xs>) | i = (<x # xs>)! m by auto
with F5 A7 have F7: ((<a> @ [Bk]) @ <x # xs>) ! (Suc i) = (<x # xs>)! (Suc m)
by (metis F4 add_Suc_right length_append_singleton w_m)
from A6 and F6 have (<x # xs>)! m = Bk by auto
with A7 and F5 have (<x # xs>)! (Suc m) = Oc by auto
with F7 have ((<a> Q [Bk]) @ <x # xs>) ! (Suc i) = Oc by auto
with F3 show (<a> Q Bk # <x # xs>)! (Suc i) = Oc by auto
qed
qed
qed
qed
qed
qed
qed
qed

qed

theorem noDbIBk_tape_of nat_list: noDbIBk(<nl:: nat list>)

proof (induct nl)

case Nil

then show ?case

by (auto simp add: noDblBk_def tape_of _nat_def tape_of list_def)

next

case (Cons a nl)
then have IV: noDblBk (<nl>) .
show noDbIBk (<a # nl>)
proof (cases nl)

case Nil

then show ’thesis

by (auto simp add: noDblBk_def tape_of _nat_def tape_of list_def’)

next
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case (Cons x xs)
then have nl = x # xs .
show ?thesis
proof —
from <1l = x # xs> have noDbIBk (<a # nl>) = noDbIBk(<a> @ Bk # <x # xs>)
by (auto simp add: tape_of nat_list_cons_eq)

also with /V and <l = x # xs> have ... = True using noDblBk_cons_cons by auto
finally show ?thesis by auto
qed
qed
qed

lemma hasDbIBk_LI: [ CR = rs @ [Bk] @ Bk # rs’; noDbIBk CR | —> False
by (metis add_diff cancel_left’ append.simps(2)
append_assoc cell.simps(2) length_Cons length_append
length_append_singleton noDblBk_def nth_append_length zero_less_Suc zero_less_diff )

lemma hasDbIBk_L2: | C = Bk # cls; noDbIBk C | = cls = [| V (3 cls’. cls = Oc#tcls’)
by (metis (full_types) append_Cons append_Nil cell.exhaust hasDblBk_L1 neq_Nil_conv)

lemma hasDbIBk_L3: [ noDbiBk C ; C = C1 @ (Bk#C2) ] = C2 =[] V (3 C3. C2 = Oc#C3)
by (metis (full_types) append_Cons append_Nil cell.exhaust hasDblBk_L1 neq_Nil_conv)

lemma hasDblBk_L4:
assumes noDblBk CL
and r = Bk # rs
and r = rev sl Q Oc # rss
and CL = [s] Q [s2
shows Is2 =[] V (3 bs. Is2 = Oc+#bs)
proof —
from < = Bk # rs> have last Is] = Bk
proof (cases IsI)
case Nil
then have /s/=[] .
with < = rev Is] @Q Oc # rss> have r = Oc # rss by auto
with <~ = Bk # rs> have False by auto
then show ’thesis by auto
next
case (Cons b bs)
then have [s/ = b#bs .
with < = rev Is] @Q Oc # rss> and <+ = Bk # rs> show ?thesis
by (metis < = rev sl @Q Oc # rss>
last_appendR last_snoc list.simps(3) rev.simps(2) rev_append rev_rev_ident)
qed
show ?thesis
proof (cases Is2)
case Ni/
then show ?thesis by auto
next
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case (Cons b bs)
then have [s2 = b # bs .
show ?thesis
proof (cases b)
case Bk
then have b = Bk .
with «s2 = b # bs> have Is2 = Bk # bs by auto
with «CL = Is] @ [s2> have CL = Is] @ Bk # bs by auto
then have CL = butlast Is] @ [Bk] Q Bk # Is2
by (metis <ast Is] = Bk> noDblBk CL> <r = Bk #£ rs> <r = rev Is] @ Oc # rss>
append_butlast_last_id append_eq_append_conv2 append_self _conv2
cell.distinct(1) hasDblBk_L1 list.inject rev_is_Nil_conv)
with <noDbIBk CL> have False
using hasDbIBk_L1 by blast
then show ?thesis by auto

next
case Oc
with <s2 = b # bs> show ?thesis by auto
qed
qed
qed
lemma hasDbIBk_LS:
assumes noDblBk CL
and r = Bk # rs

and r = rev sl Q Oc # rss
and CL = Is] Q [Bk]
shows False
using assms hasDbIBk_IL4
by blast

lemma noDbIBk_cases:
assumes noDbIBk C
and C=Cl QC2
andC2=] =P
and C2 = [Bk] = P
and \C3. C2 = Bk#Oc#C3 = P
and \C3. C2 = Oc#C3 =P
shows P
proof —
have C2 =[] V C2 = [Bk] V (3 C3. C2 = Bk#Oc#C3 V C2 = Bk#Bk#C3 V C2 = Oc#C3)

by (metis (full_types) cell.exhaust list.exhaust)
then show ’thesis
using assms(1) assms(2) assms(3) assms(4) assms(5) assms(6) hasDbIBk_L3 list.distinct(1)
by blast
qed
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1.6.5 Unique decomposition of tapes containing lists of numerals

A lemma about appending lists of numerals.

lemma append_numeral_list: [ (nll::nat list) # [|; nl2 # [| | = <nll Qni2> = <nll>Q[Bk|Q<ni2>
proof (induct nll arbitrary: ni2)
case Nil
then show ?case
by blast
next
fix a::nat
fix ni1::nat list
fix ni2::nat list
assume /H: Anl2. [nll # []; ni2 # []] = <nll Qni2> = <nll> Q [Bk] @ <ni2>
and minorl: a # nll # []
and minor2: nl2 # ||
show <(a # nll) Qni2> = <a # nll> Q [Bk] Q <ni2>
proof (cases nll)
assume nl// = ||
then show < (a # nll) Q ni2> = <a # nll> Q [Bk] @ <ni2>
by (metis append_Cons append_Nil minor2 tape_of list_def tape_of _nat_list.simps(2)
tape_of _nat_list_cons_eq)
next
fix na nlls
assume nll = na # nlls
then have nll # [] by auto
have <(a # nll) @ ni2> = <a # (nll Q ni2)> by auto
also with ] # [> and «ill = na # nlls>
have ... = <a>Q[Bk|Q<(nll Q ni2)>
by (simp add: tape_of nat_list_cons_eq)
also with «l/ # []> and minor2 and I[H
have ... = <a>Q[Bk]|@ <nll> @ [Bk] @ <ni2> by auto
finally have <(a # nil) Q ni2> = <a>Q[Bk]Q <nll> @ [Bk] @ <ni2> by auto

moreover with </l # [|> and minor2 have <a # nll> Q [Bk] Q <nl2> = <a>Q[Bk]Q
<nll> Q [Bk] @ <ni2>
by (simp add: tape_of nat_list_cons_eq)
ultimately
show <(a # nll) Q ni2> = <a # nll> Q [Bk] Q <ni2>
by auto
qed
qed

A lemma about reverting lists of numerals.

lemma rev_numeral_list: rev(<nl::nat list>) = <(rev nl)>
proof (induct nl)
case Nil
then show ?case
by (simp)
next
fix a::nat
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fix nl::nat list
assume [H: rev (<nl>) = <rev nl>
show rev (<a # nl>) = <rev (a # nl)>
proof (rule tape_of _nat_list.cases|of nl])
assume nl = ||
then have rev (<a # nl>) = rev (<a>)
by (simp add: tape_of list_def )
with <l = []> show ?thesis
by (simp add: rev_numeral tape_of list_def )
next
fix n
assume n/ = [n]
then have rev (<a # nl>) = rev (<a#[n]>) by auto
also have ... = rev (<a>Q[Bk]Q<ni>)
by (simp add: «nl = [n)> tape_of list_def tape_of nat_list_cons_eq)
also have ... = rev(<nl>)Q[Bk]Qrev(<a>)
by simp
also with /H have ... = <rev nl>Q[Bk]Qrev(<a>) by auto
also with /H «xl = [n)> have ... = <rev (a # nl)>
by (simp add: Cons_eq_append_conv hd_rev rev_numeral tape_of list_def )
finally show rev (<a # nl>) = <rev (a # nl)> by auto
next
fixnvva
assume nl = n # v # va
then have rev (<a # nl>) = rev (<a#n # v # va>) by auto
also with <1l = n # v # va> have ... = rev(<nl>)Q[Bk|Qrev(<a>)
by (simp add: tape_of list_def )
also with /H have ... = <rev nl>Q[Bk|Qrev(<a>) by auto
finally have rev (<a # ni>) = <rev nl>Q[Bk|Qrev(<a>) by auto

moreover have <rev (a # nl)> = <rev nl>Q[Bk]Qrev(<a>)
proof —
have <rev (a # nl)> = <rev nl Q [a]> by auto
also
from <l = n # v # va> have <rev nl @ [a]> = <rev nl>Q|[Bk]Qrev(<a>)
by (metis list.simps(3) append_numeral_list rev_is_Nil_conv rev_numeral tape_of list_def
tape_of _nat_list.simps(2))
finally show <rev (a # nl)> = <rev nl>Q[Bk]Q@rev(<a>) by auto
qed
ultimately show ?thesis by auto
qed
qed

Some more lemmas about unique decomposition of tapes that contain lists of nu-
merals.

lemma unique_Bk_postfix_numeral_list_Nil: <[|> Q Bk 111 = <yl::nat list> Q Bk 112 = ||
proof (induct yl arbitrary: 11 12)

case Nil

then show ?case by auto
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next
fix a
fix yl:: nat list
fix 112
assume [V: A1 2. <[]> @Bkl =<yl>QBk1T12=[| =yl
and major: <[|> Q Bk 1] = <a # yl> Q Bk 1 I2
then show [| = a # yl
by (metis append.assoc append.simps(1) append.simps(2) cell.distinct(1) list.sel(1) list.simps(3)
replicate_Suc replicate_app_Cons_same tape_of _list_def tape_of nat_deftape_of nat_list.elims
tape_of _nat_list.simps(3) tape_of nat_list_cases2)
qed

lemma nonempty_list_of_numerals_neq_BKs: <a# xs::nat list> # Bk 11
by (metis append_Nil append_Nil2 list.simps(3) replicate_0 tape_of list_def
tape_of _list_empty unique_Bk_postfix_numeral_list_Nil)

lemma unique_Bk_postfix_nonempty_numeral_list:
[xt [yl #[); <xl:natlist> Q Bk 1 11 = <yl:nat list> QBkT12] = xl =yl
proof (induct xl arbitrary: 11 yl 12)
fix 11 yl 12
assume <[|> @ Bk 1[I = <yl::nat list> Q Bk 112
then show [| = yl
using unique_Bk_postfix_numeral_list_Nil by auto
next
fix a:: nat
fix x/:: nat list
fix /1
fix yl:: nat list
fix 2
assume [V: NIyl 12. [xI # [|; yl # []; <xI> Q Bkt 1l = <yl> QBk 1 12] = xl =yl
and minor_xl: a # xI # ||
and minor_yl: yl # ||
and major: <a # xI> Q Bk 11l = <yl> QBk 112
show a # xl =yl
proof (cases yl)
case Nil
then show ?thesis
by (metis major tape_of _list_empty unique_Bk_postfix_numeral_list_Nil)
next
fix b:: nat
fix ys:: nat list
assume Ayl: yl = b # ys

have a # xl = b # ys
proof
showa =bAxl=ys
proof (cases xl)
case Nil
then have x/ =[] .
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from major and <yl = b # ys>
have <a # xI> Q Bk 1 11 = <b # ys> Q Bk 1 I2 by auto

with minor_xl and «! = []> have <a # xl::nat list> = <a>
by (simp add: local .Nil tape_of list_def)
with major and Ayl have <a> Q Bk 1 11 = <b # ys> Q Bk 1 12 by auto
showa=b Axl=ys
proof (cases ys)
case Nil
then have ys =[] .
then have <b # ys> = <b>
by (simp add: local .Nil tape_of list_def)
with «<a> Q Bk 1 11 = <b # ys> Q Bk 1 [2>
have <a> @Q Bk 111 = <b> @ Bk 1 I2 by auto
then have a = b
by (metis append_same_eq inj_tape_of _list unique_Bk_postfix)
with «/ = []> and s = []>
show ?thesis by auto
next
fix ¢
fix ys”: nat list
assume ys = c# ys’
then have <b # ys> = <b> @Q Bk # <ys>
by (simp add: Ayl tape_of list_def)

with «<<a> Q Bk 11l = <b # ys> QBk T 12>
have <a> @Q Bk 111 = <b> Q Bk # <ys> QBk 112
by simp

showa=b Axl=ys
proof (cases I1)
case 0
then have [/ =0.
with «<a> @Q Bk 111 = <b> Q Bk # <ys> Q Bk 112>
have <a> = <b> Q Bk # <ys> Q Bk 1 12
by auto
then have False
by (metis 0 «<a> @ Bk 111 = <b> Q Bk # <ys> Q Bk 112>
cell.distinct(1) length_Cons length_append length_replicate less_add_same_cancell
nth_append_length nth_replicate tape_of nat_def zero_less_Suc)
then show ?thesis by auto
next
case (Suc 1)
then have I/ = Sucl1’.
then have <a> @ Bk 111 = <a> Q (Bk #Bk 1 11')
by simp
then have FI: (<a> Q Bk 1 (1)!(Suc a) = Bk
by (metis cell.distinct(1) cell.exhaust length_replicate nth_append_length tape_of nat_def)
havea <bVa=>bV b <aby arith
then show a = b A xl =ys
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proof
assume a < b
with «<a> @Q Bk 111 = <b> Q Bk # <ys> @Q Bk 1 12>
have (<b> Q Bk # <ys> @ Bk 1 12)!(Suc a) # Bk
by (simp add: hd_of _numeral_is_Oc nth_append ! tape_of _nat_def)
with F/ and «<<a> Q Bk 1 11 = <b> Q Bk # <ys> @ Bk 1 12> have Fulse
by (simp add: <«(<a> Q Bk 1 (1) ! Suc a = Bk>)
then showa =b A xl =ys
by auto
next
assumea=bVb<a
then show ?thesis
proof
assume b < a
with «<<a> Q Bk 1T 11 = <b> Q Bk # <ys> Q Bk 1 12>
have (<a> @ Bk 1 [1)!(Suc a) # Bk
by (metis Suc_mono cell.distinct(1) length_replicate nth_append’
nth_append_length nth_replicate tape_of _nat_def)
with F/ have False by auto
then show ?thesis by auto
next
assume a=b
then have False
using <! = []> and <ys = c# ys’> and «<<a> @Q Bk 1[I = <b> @ Bk # <ys> Q Bk
112>
using «<a> @ Bk 1 1l = <a> @ Bk # Bk 1 (1 list.distinct(1) list.inject
same_append_eq self_append_conv2 tape_of _list_empty unique_Bk_postfix_numeral_list Nil
by fastforce
then show ’thesis by auto
qed
qed
qed
qed
next
fix a’::nat
fix xs:: nat list
assume x/ = a'#xs

from major and <yl = b # ys>
have <a # xI> @Q Bk 1 11 = <b # ys> Q Bk 1 12 by auto

from ol = a'#xs> have <a # xl::nat list> = <a> Q Bk # <xI>
by (simp add: tape_of list_def)

with «<a # xI> Q Bk 1 1l = <b # ys> Q Bk 1 12>
have (<a> @ Bk # <xI>) Q Bk 11l = <b # ys> Q@ Bk 1 12 by auto

then have F2: <a> Q [Bk]| @ (<xI> @Q Bk 1 11) = <b # ys> @ Bk 1 12 by auto

then have F3: (<a> @ [Bk] @Q (<xI> @ Bk 1 11))!(Suc a) = Bk
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by (metis Ayl append.simps(1) append.simps(2) length_replicate nth_append_length
tape_of _nat_def)

showa=b Axl=ys
proof (cases ys)
case Nil
then have ys =[] .
then have <b # ys> = <b>
by (simp add: local .Nil tape_of list_def)

with F2
have <a> @ [Bk] @ (<xI> @ Bk 1 l1) = <b> @ Bk 1 12 by auto

havea < bV a=>bV b <aby arith
then have False
proof
assume a < b
then have (<b> @ Bk 1 12)!(Suc a) # Bk
by (simp add: «a < b> nth_append’ tape_of_nat_def)
with F2 and F3 show False
using «<<a> Q [Bk] @ <xI> Q Bk 1 11 = <b> @ Bk 1 (2> by auto
next
assumea=bVb<a
then show False
proof
assume b < a
show False
proof (cases I2)
case 0
then have [2 =0.
then have <b> Q Bk 1 [2 = <b> by auto
with «<a> @ [Bk] @ (<xI> @ Bk 1 11) = <b> Q Bk 1 12>
have <a> Q@ [Bk] @ (<xI> Q Bk 1 1) = <b> by auto

with <! = a'#xs> and b < o>
have length (<a>) < length (<a> @ [Bk] Q (<xI> Q Bk 1 11))

by (metis inj_tape_of list le_addl length_append less_irrefl

nat_less_le nth_append’ nth_equalityl )

with < < a> have b < length (<a> @ [Bk] Q (<xI> @ Bk 1 11))

by (simp add: «<<a> @ [Bk] @ <xI> @Q Bk 11l = <b>> tape_of nat_def)
with «<a> @ [Bk] @ (<xI> @ Bk 1 11) = <b>> show Fulse

using Suc_less_SucD <b < a> <length (<a>) < length (<a> Q [Bk] @ <xI> @ Bk

T1)>
length_replicate not_less_iff_gr_or_eq tape_of_nat_def by auto
next

fix 12’
assume [2 = Suc 12’
with «<a> Q [Bk] Q (<xI> Q Bk 1 11) = <b> @ Bk 1 12>
have <a> @ [Bk] @ (<xI> @ Bk 1 11) = <b> @ [Bk| @ Bk 1 12’ by auto
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from < < a> have (<b> Q [Bk| @ Bk 1 12")!(Suc b) = Bk
by (metis append_Cons length_replicate nth_append_length tape_of _nat_def)

moreover from < < a> have (<a> @ [Bk] Q (<xI> @ Bk 1 11))!(Suc b) # Bk

by (simp add: Suc_mono last_of numeral_is_Oc nth_append ! tape_of _nat_def)
ultimately show False
using «<<a> @ [Bk] @ <xI> @ Bk 111 = <b> Q [Bk] @ Bk 1 I2"> by auto
qed
next
assume a=>b
with «<a> @ [Bk] @ (<xI> @ Bk T 1) = <b> Q Bk 1 12> and «I = a'#xs>
show False
by (metis append_Nil append_eq_append_conv2 list.sel(3) list.simps(3)
local .Nil same_append_eq tape_of _list_empty tl_append?2 tl_replicate
unique_Bk_postfix_numeral_list_Nil)
qed
qed
then show ?thesis by auto
next
fix ¢
fix ys':: nat list
assume ys = c# ys’

from <ys = c# ys> have (<b # ys>) = (<b> Q [Bk] @ <ys>)
by (simp add: Ayl tape_of list_def )

with F2 have <a> Q@ [Bk] @ (<xI> @ Bk 1 1) = <b> Q@ [Bk] @ <ys> Q Bk 1 12 by

auto

havea < bV a=>bV b <aby arith
then showa =b A xl =ys
proof
assume a < b
with <« < bs> have (<b> @ [Bk] @ <ys> @ Bk 1 12) |(Suc a) # Bk
by (simp add: hd_of numeral_is_Oc nth_append’ tape_of nat_def )

with F3 and <<a> Q [Bk] Q (<xI> @Q Bk 1 [1) = <b> Q [Bk] @ <ys> Q Bk 1 12>
have False
by auto
then show ?thesis by auto
next
assumea =bV b <a
then show ’thesis
proof
assume b < a

from «b < a> and «<a> Q@ [Bk] @ (<x[> @Q Bk 1 1) = <b> Q [Bk] @ <ys> Q Bk 1

2>
have (<b> @ [Bk] @ <ys> @ Bk 1 12) ! Suc b = Bk

90



by (metis append_Cons cell.distinct(1) cell.exhaust length_replicate
nth_append_length tape_of _nat_def)

moreover from < < a> and «<a> @ [Bk] @ (<xI> @ Bk 1 lI) = <b> Q@ [Bk] @
<ys> Q Bk 1 12>
have (<a> Q [Bk| @Q (<xI> @Bk 1 11)) ! Suc b # Bk
by (metis Suc_mono cell.distinct(1) length_replicate nth_append’ nth_replicate
tape_of _nat_def)
ultimately have Fualse using <<a> Q [Bk] @ (<xI> Q Bk 1 11) = <b> Q [Bk] @
<ys> Q Bk 112>
by auto
then show ?thesis by auto
next
assume a = b
with «<a> Q [Bk] @ (<xI> @ Bk 1 11) = <b> Q [Bk| @ <ys> Q Bk 1 12>
have <x/> Q Bk 111 = <ys> Q Bk 1 12 by auto
moreover from «/ = a'#xs> have xI # [| by auto
moreover from <ys = c# ys’> have ys # [] by auto
ultimately have x/ = ys using IV by auto
with <« = b> show ?thesis
by auto
qed
qed
qed
qed
qed
with <yl = b # ys> show ?thesis by auto
qed
qed

corollary unique_Bk_postfix_numeral_list: <xl::nat list> @ Bk 1 11 = <yl::nat list> Q Bk 1 12
== xl=yl
by (metis append_Nil tape_of list_def tape_of _list_empty
unique_Bk_postfix_nonempty_numeral_list unique_Bk_postfix_numeral_list_Nil)

Some more lemmas about noDblBKks in lists of numerals.

lemma numeral_list_head_is_Oc: (nl::nat list) # [| = hd (<nl>) = Oc
proof —
assume A: (nl::nat list) # ||
then have (3. <nl> = Oc # r’)
using append_Nil tape_of _list_empty tape_of _nat_list_cases2 unique_Bk_postfix_numeral_list_Nil
by fastforce
then obtain r’ where w_r": <nl> = Oc # r' by blast
then show id (<ni>) = Oc by auto
qed

lemma numeral_list_last_is_Oc: (nl::nat list) # [| => last (<nl>) = Oc
proof —

assume A: (nl::nat list) # [|

then have <nl/> = <rev (rev nl)> by auto
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also have ... = rev (<rev nl>) by (auto simp add: rev_numeral_list)
finally have <nl> = rev (<rev nl>) by auto
moreover from A have hd (<rev nl>) = Oc by (auto simp add: numeral_list_head_is_Oc)
with A have last (rev (<rev nl>)) = Oc
by (simp add: last_rev)
ultimately show ?thesis
by (simp add: <last (rev (<rev nl>)) = Oc>)
qed

lemma noDbIBk_tape_of _nat_list_imp_noDbIBk_tl: noDbIBk (<nl>) = noDbIBk (tl (<nl>))
proof (cases <nl>)
case Nil
then show ’thesis
by (simp add: local.Nil noDbIBk_Nil)
next
fix a nls
assume noDbIBk (<nl>) and <nl> = a # nis
then have noDbIBk (a # nls) by auto
then have Vi. Suc i < length (a # nis) A (a # nls) | i = Bk — (a # nls) ! Suc i = Oc
using noDbIBk_def by auto
then have noDbIBk (nls) using noDbIBk_def by auto
with <<nl> = a # nis> show noDblBk (tl (<nl>)) using noDbIBk_def by auto
qed

lemma noDbIBk_tape_of nat_list_cons_imp_noDbIBk_tl: noDbIBk (a # <nl>) = noDbIBk
(<nl>)
proof —

assume noDbIBk (a # <nl>)

then have Vi. Suc i < length (a # <nl>) A (a # <nl>) i =Bk — (a # <nl>) ! Suc i =
Oc

using noDbIBk_def by auto

then show noDbIBk (<nl>) using noDbIBk_def by auto

qed

lemma noDbIBk_tape_of _nat_list_imp_noDblBk_cons_Bk: (nl::nat list) # [| = noDblBk (|Bk]
Q@ <nl>)
proof —
assume (nl::nat list) # ||
then have major: <(0::nat) # nl> = <0::nat> Q Bk # <nl>
using tape_of _nat_list_cons_eq
by auto
moreover have noDbiBk (< (0::nat) # nl>) by (rule noDbIBk_tape_of nat_list)
ultimately have noDbIBk (<0::nat> @ Bk # <nl>) by auto
then have noDbIBk (Oc # Bk # <nl>)
by (simp add: cell.exhaust noDbIBk_tape_of nat_list tape_of nat_def)
then show ’thesis
using major
by (metis append_eq_Cons_conv empty_replicate list.sel(3) noDblBk_tape_of nat_list_imp_noDbIBk_tl

replicate_Suc self_append_conv2 tape_of nat_def )
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qed
end
theory Numerals_Ex

imports Numerals
begin

1.6.6 About the expansion of the numeral notation

lemma <[]> == [| by auto
lemma <[]::(nat list)> = ([]::(cell list)) by auto

value <0::nat>
value </::nat>

value <[]::(nat list)>

value <[/::nat, 2::nat]>

value <(0::nat)>
value <(/::nat)>

value <(/::nat, 2::nat)>
value <[/::nat, 2::nat, 3::nat]>
value < (/::nat, 2::nat, 3::nat)>

(1::
value < (/::nat, (2::nat, 3::nat))>
value <(/::nat, [2::nat, 3::nat])>

end

1.7 Hoare Rules for Turing Machines

theory Turing_Hoare
imports Numerals
begin
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1.7.1 Hoare_halt and Hoare unhalt for total correctness
1.7.1.1 Definition for Hoare_halt and Hoare_unhalt conditions

type-synonym assert = tape = bool

definition
assert_imp :: assert = assert = bool (<_— _> [0, 0] 100)
where
P Y Yirp)—0r

lemma refl_assert[intro, simp):
P—P
unfolding assert_imp_def by simp

fun
holds_for :: (tape = bool) = config = bool (<_ holds'_for _> 100, 99] 100)
where
P holds_for (s, I, r) =P (I, r)

lemma is_final_holds[simp):
assumes is_final ¢
shows Q holds_for (steps ¢ p n) = Q holds_for c
using assms
by (induct n;cases c,auto)

definition
Hoare_halt :: assert = tprog0 = assert = bool («({(1_)}/ (L)/ {(I12)])> 50)
where
{P} p {O} = (Vtap. P tap — (I n. is_final (stepsO (1, tap) p n) A Q holds_for (stepsO (1,
tap) pn) ))

definition
Hoare_unhalt :: assert = tprog0 = bool (<({({_)[}/ (L)) T 50)
where

{Plp 1 & Vtap. P tap — (¥ n . —(is_final (stepsO (1, tap) p n)))

lemma Hoare_haltl:

assumes A/ r. P (I, r) = I n. is_final (stepsO (1, (I, r)) p n) A Q holds_for (stepsO (1, (I, r))
pn)

shows {P} p {O}

unfolding Hoare_halt_def

using assms by auto
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lemma Hoare_haltE:
assumes {P} p {QO}
and P (I, r)

shows 3 n. is_final (steps0 (1, (I, r)) pn) A Q holds_for (stepsO (1, (I, r)) p n)
using assms by (auto simp add: Hoare_halt_def)

lemma Hoare_unhaltl:
assumes A/ rn. P (I, r) = —is_final (stepsO (1, (1, 1)) p n)
shows {P} p 1
unfolding Hoare_unhalt_def
using assms
by auto

lemma Hoare_unhaltE:
assumes {P} p 1
and P rap
shows — (is_final (stepsO (1, tap) p n))
proof
assume major: is_final (stepsO (1, tap) p n)
from assms(1) have V tap. P tap — (V¥ n . = (is_final (stepsO (1, tap) p n)))
by (auto simp add: Hoare_unhalt_def)
with assms(2) have (V n . — (is_final (stepsO (1, tap) p n))) by blast
with major show False by auto
qed

lemma Hoare_halt_iff:
{P} m {QL
—
(VU rl. P (l1,rl) — (stp 10 r0. stepsO (1, 11,r1) tm stp = (0,10,r0) A Q (10,r0)))
unfolding Hoare_halt_def
proof
show Y rap. P tap — (I n. is_final (stepsO (1, tap) tm n) A Q holds_for steps0 (1, tap) tm n)
=Vl rl.P(,rl)— (3stpl0r0. steps0 (1,11, r1) tm stp = (0, 10, r0) A Q (10, r0))
by (metis holds_for.elims(2) is_final .simps)
next
show V11 rl. P (I1,rl) — (3 stp 10 r0. stepsO (1,11, r1) tm stp = (0, 10, rO) A Q (10, r0))
= Vtap. P tap —> (3 n. is_final (stepsO (1, tap) tm n) A Q holds_for stepsO (1, tap) tm
n
)

by (metis before_final holds_for.simps is_finall old.prod.exhaust)
qed

lemma Hoare_halt_I0:
assumes A/l ri. P(11, rl) = stepsO (1, 11, rI) tm stp = (0, 10, rO) A Q (10, r0)
shows {P} rm {Q[
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using assms Hoare_halt_iff [THEN iffD2]
by blast

lemma Hoare_halt_EO:
assumes major: {P[} tm {Qf}

and P(l1, rl)

shows 3 stp 10 r0. stepsO (1,11, rl) tm stp = (0, 10, rO) A Q(10, r0)
using assms Hoare_halt_iff [THEN iffDI]
by (auto simp add: Hoare_halt_def)

lemma partial_correctness_and_halts_imp_total_correctness’:

assumes partial_corr: (3stp 11 rl. P (11, rl) A is_final (stepsO (1, 11,r]) tm stp)) — {|P}
m {0}

and halts: (3stp L rl. P (11, rl) N is_final (stepsO (1, 11,r1) tm stp))
shows {P} tm { Q[

using halts partial_corr by blast

lemma partial_correctness_and_halts_imp_total_correctness:

assumes partial_corr: V11 rl stp. P (11, rl) A is_final (stepsO (1, 11,r]) tm stp) — {P}} tm
{o}

and halts: (3stp L rl. P (11, rl) N\ is_final (stepsO (1, 11,r1) tm stp))
shows {P} rm { Q[

using halts partial_corr by blast

lemma ( (3stp 1 rl. P (11, rl) A is_final (stepsO (1, 11,rl) tm stp)) — {P} tm {0} )
>
(Vstplrl. (P (U, rl) Ais_final (stepsO (1, 11,r]) tm stp) — {P} tm {Q}}) )
by blast

lemma H()are_consequence:
assumes P’ — P {P} p {O} 0 — Q'

shows {P'} p {Q'}

using assms

unfolding Hoare_halt_def assert_imp_def
by (metis holds_for.simps surj_pair)

1.7.1.2 Relation between Hoare halt and Hoare_unhalt

lemma Hoare_halt_impl_not_Hoare_unhalt:
assumes {P[ p {Q} and P tap

shows —=({P} p 1)
proof

96



assume {P} p
then have V rap. P tap — (V n . — (is_final (stepsO (1, tap) p n)))
by (auto simp add: Hoare_unhalt_def)
with <P tap> have L1: (V n . — (is_final (stepsO (1, tap) p n))) by blast
from assms have (Vtap. P tap — (I n. is_final (stepsO (1, tap) p n) A Q holds_for (stepsO
(1,tap) pn)))
by (auto simp add: Hoare_halt_def)
with <P tap> have (3 n. is_final (stepsO (1, tap) p n) A Q holds_for (stepsO (1, tap) p n) )
by blast
then obtain n where w_n: is_final (stepsO (1, tap) p n) A Q holds_for (stepsO (1, tap) p n) by
blast
then have is_final (stepsO (1, tap) p n) by auto
with L/ show False by auto
qed

lemma Hoare_unhalt_impl_not_Hoare_halt:
assumes {P[} p 1 and P tap
shows ~({P} p {0})
proof
assume {P} p {0}
then have
(Vtap. P tap — (I n. is_final (stepsO (1, tap) p n) A\ Q holds_for (stepsO (1, tap) p n) ))
by (auto simp add: Hoare_halt_def)
with <P tap> have (3 n. is_final (stepsO (1, tap) p n) A\ Q holds_for (stepsO (1, tap) p n) )
by blast
then obtain n where w_n: is_final (stepsO (1, tap) p n) A Q holds_for (stepsO (1, tap) p n) by
blast
then have L1: is_final (stepsO (1, tap) p n) by auto
from assms have Vtap. P tap — (V n . = (is_final (stepsO (1, tap) p n)))
by (auto simp add: Hoare_unhalt_def)
with <P tap> have — (is_final (stepsO (1, tap) p n)) by blast
with L] show False by auto
qed

1.7.1.3 Hoare_halt and Hoare_unhalt for composed Turing Machines

lemma Hoare_plus_halt [case_names A_halt B_halt A_composable]:
assumes A_halt : {P} A {Q
and B_halt : {Of} B {S|
and A_composable : composable_tm (A, 0)
shows {P[ A |+| B {S]}
proof(rule Hoare_haltl)
fix [ r
assume h: P (I, r)
then obtain nl [’ r’
where is_final (stepsO (1,1, r) Anl)
and al: Q holds_for (stepsO (1,1, r) Anl)
and a2: stepsO (1,1, ) Anl = (0,1, r")
using A_halt unfolding Hoare_halt_def
by (metis is_final_eq surj_pair)
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then obtain n2
where stepsO (1,1, r) (A |+| B) n2 = (Suc (length A div 2),1', r')
using A_composable by (rule_tac seq_tm_next)
moreover
from al a2 have Q (I, r') by (simp)
then obtain n3 1" "’
where is_final (steps0 (1,1, r') B n3)
and b1: S holds_for (stepsO (1,1’,r') B n3)
and b2: stepsO (1,1',r") Bn3 = (0,1",r")
using B_halt unfolding Hoare_halt_def
by (metis is_final_eq surj_pair)
then have stepsO (Suc (length A div 2),l',r') (A |+| B) n3=(0,1",r")
using A_composable by (rule_tac seq_tm_final)
ultimately show
An. is_final (stepsO (1,1, r) (A |4+| B) n) A S holds_for (stepsO (1,1, r) (A |+| B) n)
using b1 b2 by (rule_tac x = n2 + n3 in exI) (simp)
qed

lemma Hoare_plus_unhalt [case_names A_halt B_unhalt A_composable):
assumes A_halt: {P} A {Q]}
and B_uhalt: {Q} B 1
and A_composable : composable_tm (A, 0)
shows {P} (A |+|B) t
proof(rule_tac Hoare_unhaltl)
fixnir
assume /: P (I, r)
then obtain n7 [’ r’
where a: is_final (stepsO (1,1, r) Anl)
and b: Q holds_for (steps0 (1,1, r) Anl)
and c: steps0 (1,1, r) Anl = (0,1, r')
using A_halt unfolding Hoare_halt_def
by (metis is_final_eq surj_pair)
then obtain n2 where eq: steps0 (1, 1, r) (A |+| B) n2 = (Suc (length A div 2),l', r')
using A_composable by (rule_tac seq_tm_next)
then show — is_final (stepsO (1,1, r) (A |+]| B) n)
proof(cases n2 < n)
case True
from b c have Q (', r') by simp
then have V n. — is_final (stepsO (1,1',r') B n)
using B_uhalt unfolding Hoare_unhalt_def by simp
then have — is_final (stepsO (1,1, r') B (n — n2)) by auto
then obtain s’ ["' r"’
where steps0 (1,1, r") B (n —n2) = (s"', 1", r")
and — is_final (s", 1", r'") by (metis surj_pair)
then have stepsO (Suc (length A div 2), 1, r') (A |+| B) (n — n2) = (s"'+ length A div 2, 1",
r//)
using A_composable by (auto dest: seq_tm_second simp del: composable_tm.simps)
then have — is_final (stepsO (1,1,r) (A |+| B) (n2 + (n — n2)))
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using A_composable by (simp only: steps_add eq) simp
then show — is_final (stepsO (1,1, r) (A |+| B) n)
using 2 < n> by simp
next
case False
then obtain n3 where n = n2 — n3
using diff_le_self le_imp_diff_is_add nat_le_linear
add.commute by metis
moreover
with eq show — is_final (stepsO (1,1, r) (A |4+| B) n)
by (simp add: not_is_final[where ?nl.0=n2])
qed
qed

1.7.2 Trailing Blanks on the left tape do not matter for Hoare_halt
The following theorems have major impact on the definition of Turing Computability.

lemma Hoare_halt_add_Bks_left_tape_LI:
assumes { ap. tap = ([], r)}} p { (Mtap. 3k . tap = (Bk+ k, CRQ Bk 1 1)) [}
shows Vz. 3sip k1. (stepsO (1, Bktz,r) p stp) = (0, Bk Tk, CR Q Bk 1 1)
proof —
from assms
have Jsip. is_final (stepsO (1, |, r) p stp) A (Map. 3k 1. tap = (Bk 1 k, CR Q Bk 1 1))
holds_for steps0 (1, [], r) p stp
using Hoare_haltE[OF assms] by auto
then obtain szp where
w: is_final (stepsO (1, [], r) p stp) A (Mtap. 3k I. tap = (Bk 1 k, CR @ Bk 1 1)) holds_for
stepsO (1, [], r) p stp by blast
then have 3k I snd(stepsO (1, ][], r) p stp) = (Bk 1k, CRQ Bk 1)
proof (cases stepsO (1, ], r) p stp)
case (fields s’ 1’ r')
then have stepsO (1, (], r) p stp = (s, ', r') .
then show ’thesis
using w holds_for.simps snd_conv by auto
qed
moreover from w have fst (stepsO (1, [|, r) p stp) = 0
by (metis is_final_eq surjective_pairing)
ultimately have 3 stp k [. stepsO (1, [], r) p stp = (0, Bk T k, CR Q Bk 1 )
by (metis surjective_pairing)
then have V z. 3stp k I. (stepsO (1, (Bk1z, r)) p stp) = (0, Bkt k, CR Q Bk 1 I)
using steps_left_tape_Nil_imp_All
by blast
then show ’thesis
by blast
qed

lemma Hoare_halt_add_Bks_left_tape_L2:

assumes V z. I stp k I. (stepsO (1, Bktz,r) p stp) = (0, Bk T k, CR Q Bk 1 [)
shows {(Atap. 3z. tap = (Bktz, )|} p { (Map. (3k!l. tap = (Bk Tk, CRQ Bk 11))) |}
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unfolding Hoare_halt_def
proof
fix tap
show (3z. tap = (Bk 1 z, r)) — (I n. is_final (stepsO (1, tap) p n) A
(Mtap. Ak 1. tap = (Bk 1 k, CR Q Bk 1 1)) holds_for stepsO (1, tap) p n)
proof
assume A: 3z. tap = (Bk 1z, r)
from assms have B: A\z. Isip k 1. stepsO (1, Bk 1z, r) p stp = (0, Bk T k, CR @Q Bk 1 [) by
blast
from A obtain z2 where w_z: tap = (Bk 1 z2, r) by blast
from B obtain sip k [ where w: (stepsO (1, (Bk1z2,r)) p stp) = (0, Bk T k, CR @Q Bk 1 1)
by blast

show 3 n. is_final (stepsO (1, tap) p n) A (Mtap. Ik l. tap = (Bk 1 k, CR @Q Bk 1 1)) holds_for
steps0 (1, tap) p n
proof
show is_final (stepsO (1, tap) p stp) A (Mtap. 3k . tap = (Bk 1 k, CR @ Bk 1 1)) holds_for
steps0 (1, tap) p stp
proof
from w and w_z
show is_final (stepsO (1, tap) p stp) by (auto simp add: is_final_eq)
next
from w and w_z show (Atap. 3k I. tap = (Bk 1 k, CR @ Bk 1 1)) holds_for stepsO (1, tap)
p stp
by auto
qed
qed
qed
qed

theorem Hoare_halt_add_Bks_left_tape:
{(tap.  tap=([] , )} p{ (Atap. (3kl. tap = (Bktk, CRQBk11))) [
=
Vz. {(Atap. tap = (Bk1z, r))} p { (\tap. (3k 1. tap = (Bk T k, CR@Q Bk 11))) |}
using Hoare_halt_add_Bks_left_tape_L1 Hoare_halt_add_Bks_left_tape_L2
by (simp add: Hoare_haltl Hoare_halt_def Pair_inject old.prod.exhaust )

theorem Hoare_halt_del_Bks_left_tape:
{(Atap. 3z. tap = (Bktz, r))}} p { (Mtap. (3k 1. tap = (Bk Tk, CRQ Bk 11))) |}
=

{Oap.  tap = ([ . M)} p{ (Map. (3kL. tap = (Bk + k, CR@ Bk 11))) }
unfolding Hoare_halt_def
by auto

lemma is_final_del_Bks: is_final (stepsO (s, Bk 1 k, r) tm stp) = is_final (stepsO (s, [], r) tm

stp)
proof (cases k)
assume is_final (stepsO (s, Bk 1 k, r) tm stp)
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and k=0
case 0
then show ?thesis

using <is_final (stepsO (s, Bk 1 k, r) tm stp)> replicate_0 by auto

next

fix nat
assume A: is_final (stepsO (s, Bk 1 k, r) tm stp) and k = Suc nat
then have B: 0 <k by auto
have 3 I’ . (stepsO (s, Bk T k, r) tm stp) = (0, I, ')
proof (cases stepsO (s, Bk 1 k, r) tm stp)

case (fields a b c)

then show ?thesis

using A is_final_eq by auto

qed
then obtain [’ r’ where w: stepsO (s, Bk T k, r) tm stp = (0, ', r') by blast
then have stepsO (s, [|QBk 1 k, r) tm stp = (0, ', r') by auto

with B have 3zb CL’. I’ = CL'QBk1zb A stepsO (s,[], r) tm stp = (0,CL’ ")
using steps_left_tape_ShrinkBkCtx_arbitrary_CL
by auto
then obtain zb CL’ where I’ = CL'QBktzb A stepsO (s,[], r) tm stp = (0,CL’,r’) by blast
then show ?thesis by auto
qed

lemma Hoare_unhalt_add_Bks_left_tape_L1:
assumes {Atap. tap = ([J, )} p
shows V z. {\tap. tap = (Bk Tz, r)} p T
proof —
from assms have Astp. = is_final (stepsO (1, ], r) p stp)
using Hoare_unhaltE[OF assms| by auto
then have Asip z. — is_final (stepsO (1, Bk 1 z, r) p stp)
using is_final_del_Bks
by blast
then show ’thesis
by (simp add: Hoare_unhaltl Hoare_unhalt_def)
qed

1.7.3 Halt lemmas with respect to function mk_composable(

theorem Hoare_halt_tm_impl_Hoare_halt_mk_composable0_cell_list: {Atap. tap = (], c)}
tm {Q}} = {Mtap. tap = ([], cl)|} mk_composable0 tm { Q[
unfolding Hoare_halt_def
proof —
assume A: V tap. (tap = ([], cl)) — (I n. is_final (stepsO (1, tap) tm n) A\ Q holds_for stepsO
(1, tap) tm n)
show V tap. (tap = ([], cl)) — (I n. is_final (stepsO (1, tap) (mk_composable0 tm) n) A\ Q
holds_for steps0 (1, tap) (mk_composable0 tm) n)
proof
fix tap
show (rap = ([], ¢l)) — (3n. is_final (stepsO (1, tap) (mk_composableO tm) n) N\ Q
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holds_for steps0 (1, tap) (mk_composable0 tm) n)
proof
assume fap = ([], cl)
with A have (3 n. is_final (stepsO (1, tap) tm n) A\ Q holds_for stepsO (1, tap) tm n)
by auto
then obtain n where w_n: is_final (stepsO (1, tap) tm n) A\ Q holds_for steps0 (1, tap) tm n
by blast

with «ap = ([], cl)> have w_n": is_final (stepsO (1, [], cl) tm n) A Q holds_for steps0 (1, [],
cl) tm n by auto

have 3 n. is_final (stepsO (1, [], cl) (mk_composable0 tm) n) A\ Q holds_for stepsO (1, [], cl)
(mk_composable0 tm) n

proof (cases V stp. steps0 (1,]],cl) (mk_composable0 tm) stp = steps0 (1,]], cl) tm stp)
case True
with w_n"have is_final (stepsO (1, [], cl) (mk_composable0 tm) n) A Q holds_for stepsO
(1, [], ¢l) (mk_composableO tm) n by auto
then show ?thesis by auto
next
case False
then have 3 stp. stepsO (1, [], cl) (mk_composable0 tm) stp # stepsO (1, [], cl) tm stp by
blast
then obtain stp where w_stp: stepsO (1, [|, cl) (mk_composable0 tm) stp # stepsO (1, ||,
cl) tm stp by blast

show Im. is_final (stepsO (1, [], cl) (mk_composableO tm) m) A\ Q holds_for stepsO (1, [],
cl) (mk_composable0 tm) m
proof —
from w_stp have FO: 0 < stp N\
€
snd (stepsO (1, ], cl) tm stp) = (fl, fr) A
(Vi < stp. stepsO (1, [], cl) (mk_composable0 tm) i = stepsO (1, [], cl) tm

(Vj > stp. stepsO (1, ], cl) tm (j) = (0, A1, fr) A
steps0 (1, [], cl) (mk_composable0 tm) j =(0, fl, fr)))
by (rule mk_composable0_tm_at_most_one_diff ')

from FO have 0 < stp by auto

from FO obtain fl fr where w_fl_fr: snd (stepsO (1, [], cl) tm stp) = (fl, fr) A
(Vi < stp. stepsO (1, [], cl) (mk_composable0 tm) i = stepsO (1, [], cl) tm

(Vj > stp. stepsO (1, [], cl) tm (j) = (0, fl, fr) A
steps0 (1, [], cl) (mk_composable0 tm) j =(0, fl, fr)) by blast

have stepsO (1, [], cl) tm (stp+1) = stepsO (1, [], cl) tm n
proof (cases stepsO (1, [], cl) tm n)
case (fields fsn fln frn)
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then have steps0O (1, [], cl) tm n = (fsn, fin, frn) .

with w_n"have is_final (fsn, fin, frn) by auto

with is_final_eq have fsn=0 by auto

with «stepsO (1, [], cl) tm n = (fsn, fin, frn)> have stepsO (1, [], cl) tm n = (0, fin, frn)
by auto

show stepsO (1, [, cl) tm (stp + 1) = stepsO (1, [], cl) tm n
proof (cases n < stp+1)
case True
then have n < stp + 1.
show ?thesis
proof —
from «stepsO (1, [], cl) tm n = (0, fin, frn)> and 1 < stp + 1> have steps0 (1, ], cl)
tm (stp+1) = (0, fin, frn)
by (rule stable_config_after_final_ge_2")
with fsn=0> and <stepsO (1, [], cl) tm n = (fsn, fin, frn)> show ?thesis by auto
qed
next
case False
then have stp + 1 < n by arith
show ?thesis
proof —
from w_fl_fr have stepsO (1, [], cl) tm (stp+1) = (0, fl, fr) by auto
have steps0 (1, [], cl) tmn = (0, fl, fr)
proof (rule stable_config_after_final_ge_2")
from «stepsO (1, [|, cl) tm (stp+1) = (0, fl, fr)> show stepsO (1, [], cl) tm (stp+1) =
(0, A1, fr) by auto
next
from «stp + 1 <n>showstp+ 1 <n.
qed
with «steps0 (1, [], cl) tm (stp+1) = (0, fl, fr)> show thesis by auto
qed
qed
qed

with w_n"have is_final(steps0 (1, [], cl) tm (stp+1)) A Q holds_for stepsO (1, [], cl) tm
(stp+1) by auto
moreover from w_fl_fr have steps0 (1, [], cl) tm (stp+1) = stepsO (1, [], cl) (mk_composableO
tm) (stp+1) by auto
ultimately have is_final(stepsO (1, [], cl) (mk_composable0 tm) (stp+1)) A Q holds_for
stepsO (1, ], cl) (mk_composable0 tm) (stp+1) by auto
then show ’thesis by blast
qed
qed
with «ap = ([], cl)> show 3 n. is_final (stepsO (1, tap) (mk_composableO tm) n) A Q
holds_for stepsO (1, tap) (mk_composable0 tm) n by auto
qed
qed
qed
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theorem Hoare_halt_tm_impl_Hoare_halt_mk_composable0_cell_list_rev: {Atap. tap = ([], )}
mk_composable0 tm {Q} = {tap. tap = ([], )| tm {Q}
unfolding Hoare_halt_def
proof —
assume A: Vtap. tap = ([|, cl) — (I n. is_final (stepsO (1, tap) (mk_composable0 tm) n) N
0 holds_for steps0 (1, tap) (mk_composable0 tm) n)
show Viap. tap = ([], cl) — (I n. is_final (stepsO (1, tap) tm n) A Q holds_for stepsO (1,
tap) tm n)
proof
fix tap
show (tap = ([], cl) — (I n. is_final (stepsO (1, tap) tm n) A Q holds_for stepsO (1, tap) tm
n)
proof
assume fap = ([], cl)
with A have (3 n. is_final (stepsO (1, tap) (mk_composable0 tm) n) A Q holds_for stepsO
(1, tap) (mk_composable0 tm) n)
by auto
then obtain n where w_n: is_final (steps0 (1, tap) (mk_composable0 tm) n) A Q holds_for
stepsO (1, tap) (mk_composable0 tm) n
by blast

with «ap = ([], cl)> have w_n": is_final (stepsO (1, [], cl) (mk_composableO tm) n) A Q
holds_for steps0 (1, [], cl) (mk_composable0 tm) n by auto

have 3n. is_final (stepsO (1, [], cl) tm n) A\ Q holds_for stepsO (1, [], cl) tm n

proof (cases V stp. steps0 (1,]],cl) (mk_composable0 tm) stp = steps0 (1,]], cl) tm stp)
case True
with w_n"have is_final (steps0 (1, [], cl) tm n) A Q holds_for stepsO (1, [], cl) tm n by
auto
then show ?thesis by auto
next
case False
then have 3 stp. stepsO (1, [], cl) (mk_composable0 tm) stp # stepsO (1, [], cl) tm stp by
blast
then obtain stp where w_stp: stepsO (1, [|, cl) (mk_composable0 tm) stp # stepsO (1, ||,
cl) tm stp by blast

show Im. is_final (stepsO (1, [], cl) tm m) A\ Q holds_for stepsO (1, [], cl) tm m
proof —
from w_stp have F0: 0 < stp N\
3
snd (stepsO (1, ], cl) tm stp) = (fl, fr) A
(Vi < stp. stepsO (1, [], cl) (mk_composableO tm) i = stepsO (1, [], cl) tm

(V) > stp. steps0 (1, [}, cl) tm (i) = (0, 1 ) A
steps0 (1, [], cl) (mk_composable0 tm) j =(0, fl, fr)))

by (rule mk_composable0_tm_at_most_one_diff )

from FO have 0 < stp by auto
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from FO obtain fl fr where w_fl_fr: snd (stepsO (1, [], cl) tm stp) = (fl, fr) A
(Vi < stp. stepsO (1, [], cl) (mk_composable0 tm) i = stepsO (1, [], cl) tm
i) A
(V) > stp. steps (1, [}, ct) tm () = (0, , ) A
steps0 (1, [], cl) (mk_composable0 tm) j =(0, fl, fr)) by blast

have steps0 (1, [], cl) (mk_composable0 tm) (stp+1) = stepsO (1, [], cl) (mk_composable0
tm) n
by (metis One_nat_def add_Suc_right is_final.elims(2) less_add_one nat_le_linear
stable_config_after_final_ge w_fl_frw_n")
with w_n"have is_final(stepsO (1, |, cl) (mk_composable0 tm) (stp+1)) A Q holds_for
stepsO (1, ], cl) (mk_composable0 tm) (stp+1) by auto
moreover from w_fl_fr have steps0 (1, [|, cl) tm (stp+1) = stepsO (1, [], cl) (mk_composableO
tm) (stp+1) by auto
ultimately have is_final(stepsO (1, [], cl) tm (stp+1)) A Q holds_for stepsO (1, [], cl) tm
(stp+1) by auto
then show ?thesis by blast
qed
qed
with «ap = ([], cl)> show I n. is_final (stepsO (1, tap) tm n) A Q holds_for stepsO (1, tap)
tm n by auto
qed
qed
qed

lemma Hoare_unhalt_tm_impl_Hoare_unhalt_mk_composable0_cell_list: ({ tap. tap = ([], ¢l
W tm 1) = ({Map. tap = ([], cl) |} (mk_composable0 tm) 1)
unfolding Hoare_unhalt_def
proof —
assume A: Vap. (tap = ([], cl)) — (Vn. = is_final (stepsO (1, tap) tm n))
show Vtap. (tap = ([], cl)) — (VY n. = is_final (stepsO (1, tap) (mk_composableO tm) n))
proof
fix tap
show (tap = ([], ¢l)) — (VY n. = is_final (stepsO (1, tap) (mk_composable0 tm) n))
proof
assume fap = ([], cl)
with A have B: V n. = is_final (stepsO (1, tap) tm n) by auto

show V n. = is_final (stepsO (1, tap) (mk_composable0 tm) n)
proof (cases V stp. stepsO (1,]], cl) (mk_composable0 tm) stp = stepsO (1,[], cl) tm stp)
case True
then have V stp. stepsO (1, ], cl) (mk_composable0 tm) stp = stepsO (1, [], cl) tm stp .
show ?thesis
proof
fix n

from <V stp. stepsO (1, ||, cl) (mk_composable0 tm) stp = stepsO (1, ||, cl) tm stp>
have steps0 (1, [], cl) (mk_composable0 tm) n = stepsO (1, ||, cl) tm n by auto
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moreover from B and <ap = ([], c/)> have — is_final (stepsO (1, [], cl) tm n) by auto
ultimately have — is_final (stepsO (1, [], cl) (mk_composable0 tm) n) by auto
with «ap = ([], cl)> show — is_final (stepsO (1, tap) (mk_composableO tm) n) by auto
qed
next
case False
then have — (V stp. stepsO (1
then have 3 stp. stepsO (1, |
blast
then obtain stp where w_sip: stepsO (1, [|, cl) (mk_composableO tm) stp # stepsO (1, [,
cl) tm stp by blast

, []; ¢l) (mk_composable0 tm) stp = stepsO (1, [], cl) tm stp) .
1, cl) (mk_composable0 tm) stp # stepsO (1, [], cl) tm stp by

show Y n. = is_final (stepsO (1, tap) (mk_composable0 tm) n)
proof —
from w_stp have F0: 0 < stp N\
€
snd (stepsO (1, ], cl) tm stp) = (fl, fr) A
(Vi < stp. stepsO (1, [], cl) (mk_composable0 tm) i = stepsO (1, [], cl) tm

(Vj > stp. stepsO (1, ], cl) tm (j) = (0, A1, fr) A
steps0 (1, [], cl) (mk_composable0 tm) j =(0, fl, fr)))
by (rule mk_composable0_tm_at_most_one_diff ’)
then have (31 fr.
snd (stepsO (1, ], cl) tm stp) = (fl, fr) A
(Vi < stp. stepsO (1, [], cl) (mk_composableO tm) i = stepsO (1, [], cl) tm

(Vj > stp. stepsO (1, [], cl) tm (j) = (0, fl, fr) A
stepsO (1, [], ¢l) (mk_composable0 tm) j =(0, fl, fr))) by auto
then obtain /I fr where w_fl_fr: snd (stepsO (1, [|, cl) tm stp) = (fl, fr) A
(Vi < stp. stepsO (1, [], cl) (mk_composable0 tm) i = stepsO (1, [], cl) tm

(Vj > stp. stepsO (1, ], cl) tm (j) = (0, A, fr) A
steps0 (1, [], cl) (mk_composable0 tm) j =(0, fl, fr)) by blast
then have stepsO (1, [, cl) tm (stp+1) = (0, fl, fr) by auto
then have is_final (stepsO (1, [], cl) tm (stp+1)) by auto
with «ap = ({], cl)> have is_final (stepsO (1, tap) tm (stp+1)) by auto
moreover from B have — is_final (stepsO (1, tap) tm (stp+1)) by blast
ultimately have False by auto
then show ’thesis by auto
qed
qed
qed
qed
qed

corollary Hoare_halt_tm_impl_Hoare_halt_mk_composable0: {tap. tap = ([]::cell list, <nl>)[}
tm {Q} = {Atap. tap = ([], <nl>)[} mk_composable0 tm {Q[
using Hoare_halt_tm_impl_Hoare_halt_mk_composable0_cell_list by auto
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corollary Hoare_unhalt_tm_impl_Hoare_unhalt_mk_composable0: ({\tap. tap = ([], <nl>)}
tm 1) = ({Mtap. tap = ([], <nl>)[} (mk_composable0 tm) 1)
using Hoare_unhalt_tm_impl_Hoare_unhalt_mk_composable0_cell_list by auto

corollary Hoare_halt_tm_impl_Hoare_halt_mk_composable0_pair:
{Atap. tap = ([], <(nll,ni2)>)]} tm {Q} = { Atap. tap = ([], <(nll ,nl2)>)[} mk_composable0
m {Qft

using Hoare_halt_tm_impl_Hoare_halt_mk_composable0_cell_list by auto

corollary Hoare_unhalt_tm_impl_Hoare_unhalt_mk_composable0_pair: ({\tap. tap = ([], <(nll,
ni2)>)} tm 1) = ({Atap. tap = ([], <(ni1,ni2)>)} (mk_composableO tm) 1)
using Hoare_unhalt_tm_impl_Hoare_unhalt_mk_composable0_cell_list by auto

1.8 The Halt Lemma: no infinite descend

lemma halt_lemma:
WfLE;Vn. (=P (fn) — (f (Suc n), (fn)) € LE)] = 3n. P (fn)
by (metis wf_iff_no_infinite_down_chain)

end

1.9 Semild: Turing machines acting as partial identity
functions

theory SemildTM
imports Turing_Hoare
begin

declare adjust.simps[simp del]

declare seq_tm.simps [simp del]
declare shift.simps[simp del]

declare composable_tm.simps[simp del]
declare step.simps[simp del)

declare steps.simps[simp del]

1.9.1 The Turing Machine tm_semi_id_eq0

If the input is Oc 1 I the machine tm_semi_id_eq0 will reach the final state in a standard
configuration with output identical to its input. For other inputs Oc 1 n with 1 # n it
will loop forever.

Please note that our short notation <n> means Oc 1 (n + 1) where 0 < n.
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definition 1m_semi_id_eqO :: instr list
where

def

tm_semi_id_eq0 = [(WB, 1), (R, 2), (L, 0), (L, 1)]

lemma composable_tm0_1/‘m_semi_id_er[intro7 simp]: composable_tm0 tm_semi_id_eq0
by (auto simp: composable_tm.simps tm_semi_id_eq0_def)

lemma m_semi_id_eq0_loops_aux:
(stepsO (1, ], [Oc, Oc]) tm_semi_id_eqO stp = (1, [], [Oc, Oc])) V
(stepsO (1, [], [Oc, Oc]) tm_semi_id_eq0 stp = (2, Oc # ], [Oc]))
by (induct stp) (auto simp: steps.simps step.simps tm_semi_id_eq0_def numeral_eqs_upto_12)

lemma tm_semi_id_eq0_loops_aux':
(stepsO (1, ], [Oc, Oc] @ (Bk 1 q)) tm_semi_id_eq0 stp = (1, [], [Oc,0c] Q@ Bk T q)) V
(stepsO (1, ], [Oc, Oc] @ (Bk 1 q)) tm_semi_id_eq0 stp = (2, Oc # ||, [Oc] @ (Bk 1 q)))
by (induct stp) (auto simp: steps.simps step.simps tm_semi_id_eqO_def numeral_eqs_upto_12)

lemma tm_semi_id_eq0_loops_aux'":
(stepsO (1, [], [Oc, Oc] @ (Oc 1 q) @ (Bk 1 q)) tm_semi_id_eqO stp = (1, [], [Oc,0c] @ (Oc 1
q) @Bk 1 q)) v
(stepsO (1, [], [Oc, Oc] @ (Oc T q) @ (Bk 1 q)) tm_semi_id_eq0 stp = (2, Oc # ], [Oc] @
(OcTq) @ (BkTq)))
by (induct stp) (auto simp: steps.simps step.simps tm_semi_id_eq0_def numeral_eqs_upto_12)

lemma tm_semi_id_eq0_loops_aux'"":
(stepsO (1, ], []) tm_semi_id_eqO stp = (1, ], [])) V
(stepsO (1, [], []) tm_semi_id_eqO stp = (1, [], [Bk]))
by (induct stp) (auto simp: steps.simps step.simps tm_semi_id_eqO_def numeral_eqs_upto_12)

lemma <0::nat> = [Oc] by (simp add: tape_of_nat_def)

lemma Oc?1(0+1) = [Oc] by (simp)

lemma <n::nat> = Oct(n+1) by (auto simp add: tape_of nat_def)
lemma </::nat> = [Oc, Oc] by (simp add: tape_of nat_def)

1.9.1.1 The machine tm_semi_id_eq0 in action

lemma stepsO (1, [], []) tm_semi_id_eq0 0 = (1, ], []) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_eq0_def)
lemma stepsO (1, [], []) tm_semi_id_eq0 1 = (1, [|, [Bk]) by (simp add: step.simps steps.simps
numeral_egs_upto_12 tm_semi_id_eq0_def)
lemma stepsO (1, ], []) tm_semi_id_eq0 2 = (1, [], [Bk]) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_eq0_def)
lemma stepsO (1, [], []) tm_semi_id_eq0 3 = (1, [], [Bk]) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_eq0_def)

108



lemma stepsO (1, [], [Oc]) tm_semi_id_eq0 0= (1, |, [Oc]) by (simp add: step.simps steps.simps
tm_semi_id_eq0_def)

lemma stepsO (1, [], [Oc]) tm_semi_id_eq0 I = (2, [Oc], []) by (simp add: step.simps steps.simps
tm_semi_id_eq0_def)

lemma stepsO (1, [], [Oc]) tm_semi_id_eq0 2 = (0, [|, [Oc]) by (simp add: step.simps steps.simps
numeral_eqgs_upto_12 tm_semi_id_eq0_def)

lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_eq0 0 = (1, [], [Oc, Oc]) by (simp add: step.simps
steps.simps numeral_eqs_upto_12 tm_semi_id_eq0_def)
lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_eq0 1 = (2, [Oc], [Oc]) by (simp add: step.simps
steps.simps numeral_eqs_upto_12 tm_semi_id_eq0_def)
lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_eq0 2 = (1, [], [Oc, Oc]) by (simp add: step.simps
steps.simps numeral_eqs_upto_12 tm_semi_id_eq0_def)
lemma stepsO (1, [], [Oc, Oc)) tm_semi_id_eq0 3 = (2, [Oc], [Oc]) by (simp add: step.simps
steps.simps numeral_eqs_upto_12 tm_semi_id_eq0_def )
lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_eq0 4 = (1, [], [Oc, Oc]) by (simp add: step.simps
steps.simps numeral_eqs_upto_12 tm_semi_id_eq0_def)

1.9.2 The Turing Machine tm_semi_id_gt0

If the input is Oc 1 0 or Oc 1 1 the machine tm_semi_id_gtO (aka dither) will loop
forever. For other non-blank inputs Oc 1" n with I < n it will reach the final state in a
standard configuration with output identical to its input.

Please note that our short notation <n> means Oc 1 (n + 1) where 0 < n.

definition tm_semi_id_gt0 :: instr list
where p
im_semi_id_gt0 L [(WB, 1), (R, 2), (L, 1), (L, 0)]

lemma tm_semi_id_gtO[intro, simp|: composable_tm0 tm_semi_id_gt0
by (auto simp: composable_tm.simps tm_semi_id_gt0_def)

lemma rm_semi_id_gt0_loops_aux:
(stepsO (1, [], [Oc]) tm_semi_id_gt0 stp = (1, [], [Oc])) V
(stepsO (1, ], [Oc]) tm_semi_id_gt0 stp = (2, Oc # [], []))
by (induct stp) (auto simp: steps.simps step.simps tm_semi_id_gt0_def numeral_eqs_upto_12)

lemma rm_semi_id_gt0_loops_aux ’,
(stepsO (1, ], [Oc] @ Bk 1 n) tm_semi_id_gt0 stp = (1, [], [Oc] @ Bk 1 n)) vV
(stepsO (1, ], [Oc] @ Bk 1 n) tm_semi_id_gt0 stp = (2, Oc # ||, Bk 1 n))
by (induct stp) (auto simp: steps.simps step.simps tm_semi_id_gt0_def numeral_eqs_upto_12)
lemma tm_semi_id_gt0_loops_aux'"":
(stepsO (1, ], []) tm_semi_id_gt0 stp = (1, ], [])) V
(stepsO (1, ], []) tm_semi_id_gt0 stp = (1, [], [Bk]))
by (induct stp) (auto simp: steps.simps step.simps tm_semi_id_gt0_def numeral_eqs_upto_12)

109



1.9.2.1 The machine tm_semi_id_gt0 in action

lemma stepsO (1, [|, [|) tm_semi_id_gt0 0 = (1, [], []) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_gt0_def)
lemma stepsO (1, [], []) tm_semi_id_gt0 1 = (1, [], [Bk]) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_gt0_def)
lemma stepsO (1, [], []) tm_semi_id_gt0 2 = (1, [], [Bk]) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_gt0_def)
lemma stepsO (1, [], []) tm_semi_id_gt0 3 = (1, [|, [Bk]) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_gt0_def)

lemma stepsO (1, [], [Oc]) tm_semi_id_gt0 0= (1, [], [Oc]) by (simp add: step.simps steps.simps
tm_semi_id_gi0_def)

lemma stepsO (1, [], [Oc]) tm_semi_id_gt0 1 = (2, [Oc], []) by (simp add: step.simps steps.simps
tm_semi_id_gt0_def)

lemma stepsO (1, [], [Oc]) tm_semi_id_gt02 = (1, [], [Oc]) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_gt0_def)

lemma stepsO (1, [], [Oc]) tm_semi_id_gt0 3 = (2, [Oc], []) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_gt0_def)

lemma stepsO (1, [|, [Oc]) tm_semi_id_gt04 = (1, [], [Oc]) by (simp add: step.simps steps.simps
numeral_eqs_upto_12 tm_semi_id_gt0_def)

lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_gt0 0 = (1, [], [Oc, Oc]) by (simp add: step.simps
steps.simps numeral_eqs_upto_12 tm_semi_id_gt0_def)
lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_gt0 1 = (2, [Oc], [Oc]) by (simp add: step.simps
steps.simps numeral_eqs_upto_12 tm_semi_id_gt0_def)
lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_gt0 2 = (0, [], [Oc, Oc]) by (simp add: step.simps
steps.simps numeral_eqs_upto_12 tm_semi_id_gt0_def)
lemma stepsO (1, [], [Oc, Oc]) tm_semi_id_gt0 3 = (0, [], [Oc, Oc]) by (simp add: step.simps
steps.simps numeral_eqs_upto_12 tm_semi_id_gt0_def)

1.9.3 Properties of the Semild machines

Using Hoare style rules is more elegant since they allow for compositional reason-
ing. Therefore, its preferable to use them, if the program that we reason about can be
decomposed appropriately.

1.9.3.1 Proving properties of tm_semi_id_eq0 with Hoare Rules

lemma rm_semi_id_eq0_loops_Nil:
shows {\ap. tap = ([], [|) |} tm_semi_id_eq0 1
apply(rule Hoare_unhaltl)
using tm_semi_id_eq0_loops_aux'"’
apply(auto simp add: numeral_eqs_upto_12 tape_of_nat_def)
by (metis Suc_neq_Zero is_final_eq)

lemma tm_semi_id_eq0_loops:
shows {\ap. tap = ([], <I::nat>)[} tm_semi_id_eq0 1
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apply(rule Hoare_unhaltl)

using tm_semi_id_eq0_loops_aux

apply(auto simp add: numeral_eqs_upto_12 tape_of _nat_def)
by (metis Suc_neq_Zero is_final_eq)

lemma tm_semi_id_eq0_loops":
shows {\tap. 3 1. tap = ([], [Oc, Oc] @ Bkt )|} tm_semi_id_eq0 1
apply(rule Hoare_unhaltl)
using tm_semi_id_eq0_loops_aux’
apply(auto simp add: numeral_eqs_upto_12 tape_of_nat_def )
by (metis Suc_neq_Zero is_final_eq)

lemma tm_semi_id_eq0_loops'’:
shows {\tap. 3k I. tap = (BkTk, [Oc, Oc] @ Bkt )|} tm_semi_id_eq0 1
apply(rule Hoare_unhaltl)
using tm_semi_id_eq0_loops_aux’
apply(auto simp add: numeral_eqs_upto_12 tape_of _nat_def)
by (metis is_final_del_Bks Zero_neq_Suc is_final_eq)

lemma m_semi_id_eq0_halts_aux:
shows stepsO (1, Bk T m, [Oc]) tm_semi_id_eq0 2 = (0, Bk 1T m, [Oc])
unfolding m_semi_id_eq0_def
by (simp add: steps.simps step.simps numeral_eqs_upto_12)

lemma tm_semi_id_eq0_halts_aux':
shows stepsO (1, Bkt m, [Oc]QBk 1 n) tm_semi_id_eq0 2 = (0, Bk 1 m, [Oc|@QBk 1 n)
unfolding m_semi_id_eq0_def
by (simp add: steps.simps step.simps numeral_eqs_upto_12)

lemma rm_semi_id_eq0_halts:
shows {Aap. tap = ([], <O::nat>)[} tm_semi_id_eq0 {tap. tap = ([], <0::nar>)[}
apply (rule Hoare_haltl)
using tm_semi_id_eq0_halts_aux
apply (auto simp add: tape_of _nat_def)
by (metis (full _types) holds_for.simps is_finall replicate_0)

lemma tm_semi_id_eq0_halts’:

shows {ap. 3 1. tap = ([], [Oc] @ Bk? 1)} tm_semi_id_eq0 {\tap. 31. tap = ([], [Oc] @ Bkt
D

apply(rule Hoare_haltl)

using tm_semi_id_eq0_halts_aux’

apply(auto simp add: tape_of nat_def)

by (metis (mono_tags, lifting) holds_for.simps is_finall numeral_I_eq_Suc_0 numeral_One
replicate_0)

lemma 1m_semi_id_eq0_halts’":

shows { Atap. 3k I. tap = (BkT k, [Oc] @ Bkt 1) |} tm_semi_id_eqO { Atap. 3k I. tap = (Bk?
k,[Oc] @ Bkt 1) |}
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apply(rule Hoare_haltl)

using tm_semi_id_eq0_halts_aux’

apply (auto simp add: tape_of _nat_def)

by (metis (mono_tags, lifting) holds_for.simps is_finall numeral_I_eq_Suc_0 numeral_One)

1.9.3.2 Proving properties of tm_semi_id_gt0 with Hoare Rules

lemma rm_semi_id_gt0_loops_Nil:
shows {Atap. tap = ([], [))|} tm_semi_id_gt0 1t
apply(rule Hoare_unhaltl)
using tm_semi_id_gt0_loops_aux"’
apply(auto simp add: numeral_eqs_upto_12 tape_of nat_def)
by (metis Suc_neq_Zero is_final_eq)

/

lemma rm_semi_id_gt0_loops:
shows {Atap. tap = ([], <O::nar>)[} tm_semi_id_gt0
apply(rule Hoare_unhaltl)
using tm_semi_id_gt0_loops_aux
apply(auto simp add: numeral_eqs_upto_12 tape_of_nat_def)
by (metis Suc_neq_Zero is_final_eq)

lemma tm_semi_id_gt0_loops':
shows {Xwap. 3. tap = ([], [Oc] Q@ Bkt )|} tm_semi_id_gt0 1
apply(rule Hoare_unhaltl)
using tm_semi_id_gt0_loops_aux’
apply(auto simp add: numeral_eqs_upto_12 tape_of _nat_def)
by (metis Suc_neq_Zero is_final_eq)

lemma rm_semi_id_gt0_loops .
shows {Atap. 3k . tap = (BkTk, [Oc] @Q Bkt 1)} tm_semi_id_gt0 1
apply(rule Hoare_unhaltl)
using tm_semi_id_gt0_loops_aux’
apply(auto simp add: numeral_eqs_upto_12 tape_of nat_def)
by (metis is_final_del_Bks Zero_neq_Suc is_final_eq)

lemma rm_semi_id_gt0_halts_aux:
shows stepsO (1, Bk T m, [Oc, Oc]) tm_semi_id_gt0 2 = (0, Bk 1 m, [Oc, Oc])
unfolding m_semi_id_gt0_def
by (simp add: steps.simps step.simps numeral_eqs_upto_12)

lemma rm_semi_id_gt0_halts_aux i
shows stepsO (1, Bk T m, [Oc, Oc|QBk 1 n) tm_semi_id_gt0 2 = (0, Bk T m, [Oc, Oc|@Bk 1 n)
unfolding rm_semi_id_gt0_def
by (simp add: steps.simps step.simps numeral_eqs_upto_12)

lemma rm_semi_id_gt0_halts:
shows {Xap. tap = ([], <I::nat>)[} tm_semi_id_gt0 {Atap. tap = ([], <I::nat>)}
apply(rule Hoare_haltl)
using tm_semi_id_gt0_halts_aux
apply(auto simp add: tape_of nat_def)

112



by (metis (full_types) empty_replicate holds_for.simps is_final_eq numeral_2_eq_2)

lemma tm_semi_id_gt0_halts':

shows {Atap. 31. tap = ([], [Oc, Oc] @ Bkt I)}} tm_semi_id_gt0 { tap. 3. tap = ([], [Oc, Oc]
@ Bkt )

apply(rule Hoare_haltl)

using tm_semi_id_gt0_halts_aux’

apply(auto simp add: tape_of nat_def)

by (metis (mono_tags, lifting) Suc_1 holds_for.simps is_finall numeral_I_eq_Suc_0 numeral_One
replicate_0)

lemma tm_semi_id_gt0_halts'":

shows { \tap. 3k I. tap = (Bk? k, [Oc, Oc] @ Bkt 1)} tm_semi_id_gtO {tap. 3k I. tap =
(Bt k, [Oc, Oc| @ Bkt I)}

apply(rule Hoare_haltl)

using tm_semi_id_gt0_halts_aux’

apply(auto simp add: tape_of nat_def)

by (metis (mono_tags, lifting) Suc_1I holds_for.simps is_finall numeral_1_eq_Suc_0 numeral_One)

end

1.10 Halting Conditions and Standard Halting Config-
uration

theory Turing_HaltingConditions
imports Turing_Hoare
begin

1.10.1 Looping of Turing Machines

definition TMC_loops :: tprog0 = nat list = bool
where
def
TMC _loops p ns def (V' stp.— is_final (stepsO (1, [], <ns::nat list>) p sip))

1.10.2 Reaching the Final State

definition reaches_final :: tprog0 = nat list = bool
where
reaches_final p ns =l {(Atap. tap = ([], <ns>))} p {(Mtap. True)

The definition reaches_final and all lemmas about it are only needed for the special
halting problem KO.

lemma True_holds_for_all: (Atap. True) holds_for ¢
by (cases c¢)(auto)

lemma reaches_final_iff': reaches_final p ns <— (3 n. is_final (stepsO (1, ([], <ns>)) p n))
by (auto simp add: reaches_final_def Hoare_halt_def True_holds_for_all)

Some lemmas about reaching the Final State.
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lemma Hoare_halt_from_init_imp_reaches_final:
assumes {Arap. tap = ([], <ns>)} p {0}
shows reaches_final p ns
proof —
from assms have Vtap. tap = ([|, <ns>) — (I n. is_final (stepsO (1, tap) p n))
using Hoare_halt_def by auto
then show ’thesis
using reaches_final_iff by auto
qed

lemma Hoare_unhalt_impl_not_reaches_final:
assumes {(Aap. tap = ([], <ns>))} p 1
shows —(reaches_final p ns)
proof
assume reaches_final p ns
then have (3 n. is_final (stepsO (1, ([], <ns>)) p n)) by (auto simp add: reaches_final_iff)
then obtain n where w_n: is_final (stepsO (1, ([|, <ns>)) p n) by blast
from assms have ¥ tap. (Mtap. tap = ([], <ns>)) tap — (¥ n . = (is_final (stepsO (1, tap) p

n)))

by (auto simp add: Hoare_unhalt_def)
then have — (is_final (stepsO (1, ([], <ns>)) p n)) by blast
with w_n show False by auto
qed

1.10.3 What is a Standard Tape

A tape is called standard, if the left tape is empty or contains only blanks and the right
tape contains a single nonempty block of strokes (occupied cells) followed by zero or
more blanks..

Thus, by definition of left and right tape, the head of the machine is always scanning
the first cell of this single block of strokes.

We extend the notion of a standard tape to lists of numerals as well.

definition std_tap :: tape = bool
where
std_tap tap =l (3knl. tap = (Bk 1Tk, <n:nat> Q Bk 1 1))

definition std_tap_list :: tape = bool
where
def

std_tap_list tap = (kmll. tap = (Bk Tk, <ml::nat list> Q Bk 1 1))

lemma std_tap tap —> std_tap_list tap
unfolding std_tap_def std_tap_list_def
by (metis tape_of list_def tape_of nat_list.simps(2))

A configuration (st, I, r) of a Turing machine is called a standard configuration, if
the state st is the final state 0 and the (I, r) is a standard tape.

definition 7STD":: config = bool
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where
TSTD' ¢ = ((let (st, [, r) =cin
st=0A (3 m. 1= Bkt(m)) A (3 rsn. r = Oct(Suc rs) @ Bkt (n))))

lemma 7STD' (st, I, r) = ((st = 0) A std_tap (L,r))
unfolding TSTD'_def std_tap_def
proof —
have (let (st, [, r) = (st,l,r)inst =0A (Im. =Bkt m) A (Irsn. r = Oc 1 Suc rs Q@ Bk 1
n)
=(st=0A (3m.l=BkTm) A (3rsn.r= Oc? Suc rs QBk 1 n))
by auto
alsohave ... = (st =0A (3m.l=BkTm) A (Inla. r = (<n::nat> Q Bk 1 la)))
by (auto simp add: tape_of _nat_def)
finally have (let (st,1,r) = (st, I, r) inst =0A (3m.1=Bk 1t m) A (3rsn.r= Oc? Suc rs
@ Bk 1 n))
=(st=0A(3m.l=BktTm) A (3nla.r=(<n:nat> Q Bk 1 la)))
by (auto simp add: tape_of_nat_def)
moreover have (3m. [ =Bkt m) A (3nla. r = <n:nat> Q Bkt la)) = (3knla. (I,r) =
(Bk T k, <n::nat> Q Bk 1 la))
by auto
ultimately show (ler (st, 1, r) = (st, 1, r)
in st=0A (Im.l=Bktm)A (Irsn.r=0c* SucrsQBk 1 n))

(st=0A (3knla.(l,r) = (Bk Tk, <n::nat> Q Bk 1 la)))
by blast
qed

1.10.4 What does Hoare_halt mean in general?

We say in general because the result computed on the right tape is not necessarily a
numeral but some arbitrary component r’ .

lemma Hoare_halt2_iff:
{Xtap. Ikl 1. tap = (Bk 1 kI, r @ Bkt l) |} p { \tap. Jkr Ir. tap = (Bk 1 kr, r’ @ Bk 1 Ir)]}
—

(VL. 3n. is_final (stepsO (1, (Bk 1 kI, r Q Bk 1 1)) p n) A (3 kr Ir. stepsO (1, (Bk 1 ki, r @
Bkt 1)) pn=(0,Bk?kr,r'QBk1Ir)))
proof

assume {tap. Ikl Il. tap = (Bk Y ki, r @ Bk M 1)} p {\tap. Ikr Ir. tap = (Bk t kr, r' @ Bk 1
i)}
then show V kil ll. I n. is_final (stepsO (1, (Bk T ki, r @ Bk 1 1l)) p n) A (Fkr Ir. stepsO (1, (Bk
tkl,rQBk1 1)) pn= (0, Bk kr,r' @Bkt 1Ir))
using Hoare_halt_EO is_finall by force

next

assume V kI ll. An. is_final (stepsO (1, (Bk 1 kI, r @ Bk 1 ll)) p n) A (Fkr Ir. stepsO (1, (Bk 1
kl,r @Bkt 1)) pn=(0,Bk?tkr,r' @Bk 1Ir))

then show {{\rap. Ikl Il. tap = (Bk 1+ ki, r @ Bkt l)} p {\tap. Fkr Ir. tap = (Bk 1 kr, r’' @
Bkt 1Ir)}
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unfolding Hoare_halt_def
using holds_for.simps by fastforce
qed

lemma Hoare_halt_D:

assumes {|\tap. Ikl Il. tap = (Bk t kI, r Q@ Bk M )|} p {Atap. 3 kr Ir. tap = (Bk 1 kr, r' Q Bk
T

shows 3 n. is_final (stepsO (1, (Bk T ki, r @ Bk 1 1)) p n) A (3krir. stepsO (1, (Bk T kI, r @
Bkt ) pn=(0,Bk*tkr,r'QBk1Ir))
proof —

from assms show 3 n. is_final (stepsO (1, (Bk 1 kl, r Q Bk 1 1l)) pn) A (3 krIr. stepsO (1, (Bk
tkl,rQBk1 1)) pn= (0, Bk kr,r' @Bkt 1Ir))

by (simp add: Hoare_halt2_iff is_final_eq)

qed

lemma Hoare_halt_12:

assumes Akl ll. 3n. is_final (stepsO (1, (Bk T kl, r @ Bk 1T ) pn) A (3 krIr. stepsO (1, (Bk 1
kl,r @Bkt 1)) pn=(0,Bk 1 kr,r' QBk1Ir))

shows {{\tap. 3kl Il. tap = (Bk 1 kI, r Q Bk T ll)|} p {Mtap. T kr Ir. tap = (Bk 1 kr, r' @Q Bk 1
i)}

unfolding Hoare_halt_def

using assms holds_for.simps by fastforce

lemma Hoare_halt_D_Nil:
assumes {\ap. tap = ({], r)}} p {Map. Ikr Ir. tap = (Bk 1 kr, r’ Q Bk 1 Ir)|}
shows 3 n. is_final (stepsO (1, ([}, r)) pn) A (Fkrlr. stepsO (1, ([}, r)) pn = (0, Bk t kr, ¥’ @
Bk 1 1r))
proof —
from assms have {tap. tap = (Bk 1 0, r @ Bk 1 0)|} p {\tap. kr Ir. tap = (Bk 1 kr, r' @Q Bk
Tir)}
by simp
then have 3 n. is_final (stepsO (1, (Bk 1 0,r @Bk 1 0)) pn) A (Ikrlr. stepsO (1, (Bk 1T 0, r Q
Bk10)) pn=(0,Bk? kr,r' @Bk 11Ir))
using Hoare_halt_EO append_self _conv assms is_final_eq old.prod.inject prod.inject replicate_0
by force
then show ?thesis by auto
qed

lemma Hoare_halt_I2_Nil:
assumes 3 n. is_final (stepsO (1, ([, r)) pn) A (3krlr. stepsO (1, ([], r)) pn = (0, Bk 1 kr,
r' @ Bk 1))
shows {{\ap. tap = ([], r)|} p {\tap. kr Ir. tap = (Bk t kr, r’ Q Bk 1 Ir)|}
proof —
from assms have 3 n. is_final (stepsO (1, (Bk 10, r Q Bk 1 0)) p n) A (Fkr Ir. stepsO (1, (Bk
10,rQBk*10)) pn=(0,Bktkr,r QBk1Ir))
by auto
then have {\tap. tap = (Bk 1 0, r Q Bk 1 0)|} p {\tap. IkrIr. tap = (Bk 1 kr, r’' Q Bk 1 Ir)|}
using Hoare_halt_iff by auto
then show ’thesis by auto
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qed

lemma Hoare_halt2_Nil_iff:

{Xtap. tap = ([], r)}} p {\tap. Ikr Ir. tap = (Bk 1 kr, ¥’ @ Bk 1 Ir)}

—

(3n. is_final (stepsO (1, ([], r)) pn) A (Ikrlr. stepsO (1, ([], r)) pn = (0, Bk * kr, r’ Q Bk
"))

using Hoare_halt_D_Nil Hoare_halt_I2_Nil by blast

corollary Hoare_halt_left_tape_Nil_imp_All_left_and_right:
assumes {Arap.  tap=([] ,r YW p {Map. 3kl tap = (Bk Tk, r' QBk 1T )|}
shows {Mtap. Ixy.tap = (Bktx,r @Bk 1 y)} p {\tap. Ikl tap = (Bk 1tk ,r' QBk T )|}
proof —
from assms have 3n. is_final (stepsO (1, (], r)) pn) A (3k L. stepsO (1, ([}, r)) pn = (0, Bk
tk, r'QBk1I))
using Hoare_halt_D_Nil by auto
then have Axy. 3n. is_final (stepsO (1, (Bk T x,r @ Bk 1y)) pn) A (k. stepsO (1, (Bk 1 x,
r@QBkty))pn=(0,Bktk, r'QBktI))
using ex_steps_left_tape_Nil_imp_All_left_and_right
using is_final.simps by force
then show ?thesis using Hoare_halt_I2
by auto
qed

1.10.4.1 What does Hoare_halt with a numeral list result mean?
About computations that result in numeral lists on the final right tape.

lemma TMC_has_num_res_list_without_initial_Bks_imp_TMC_has_num_res_list_after_adding_Bks_to_initial_right_tape:
{Atap. tap = ([, <ns:nat list>)|} p {\tap. Ims kr Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk
Il
.
{Mtap. 3. tap = ([], <ns::nat list> @ Bk 1 l)[} p {\tap. 3 ms kr Ir. tap = (Bk 1 kr, <ms::nat
list> Q Bk 1 Ir) |}
proof —
assume A: {Mtap. tap = ([|, <ns::nat list>)[} p {Atap. Ims kr Ir. tap = (Bk 1 kr, <ms::nat
list> @ Bk 1 Ir) |}
then have Jn. is_final (stepsO (1, ([], <ns::nat list>)) p n) A
(I ms krIr. stepsO (1, ([], <ns:nat list>)) p n = (0, Bk 1 kr, <ms::nat list> Q Bk 1
1)

using Hoare_halt_EOQ is_finall by force
then obtain sfp where
w_stp: is_final (stepsO (1, ([], <ns::nat list>)) p stp) A
(3ms kr Ir. stepsO (1, ([], <ns::nat list>)) p stp = (0, Bk 1 kr, <ms::nat list> @ Bk 1
Ir))
by blast

then obtain ms where Jkr Ir. stepsO (1, ([], <ns::nat list>)) p stp = (0, Bk 1 kr, <ms::nat
list> @ Bk 1 Ir) by blast
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then have V [I. 3kr Ir. stepsO (1, ([], <ns::nat list>Q Bk 1 ll)) p stp = (0, Bk 1 kr, <ms::nat
list> @ Bk 1 Ir)
using ex_steps_left_tape_Nil_imp_All_left_and_right steps_left_tape_ShrinkBkCtx_to_NIL
by blast

then have V 1. is_final (stepsO (1, ([|, <ns::nat list>Q Bk 1 Il)) p stp) N
(3ms kr Ir. stepsO (1, ([], <ns::nat list>Q Bk 1 lI)) p stp = (0, Bk T kr, <ms::nat
list> @ Bk 1 Ir))
by (metis is_finall )

then have V rap. (31l. tap = ([], <ns::nat list> Q Bk 1 Il))
— (3 n. is_final (stepsO (1, tap) p n) A
(Atap. Ams kr Ir. tap = (Bk 1 kr, <ms::nat list> @Q Bk 1 Ir)) holds_for stepsO
(1, tap) p n)
using holds_for.simps by force
then show ’thesis
unfolding Hoare_halt_def
by auto
qed

lemma TMC_has_num_res_list_without_initial_Bks_iff TMC_has_num_res_list_after_adding_Bks_to_initial_right_tape:
{Atap.  tap = ([], <ns::nat list>) } p {Xtap. Ims kr Ir. tap = (Bk 1 kr, <ms::nat list>
@Bkt In)}
—
{Mtap. 3. tap = ([], <ns::nat list> Q Bk T l)|} p {Atap. Ims kr Ir. tap = (Bk 1 kr, <ms::nat
list> @ Bk 1 Ir)}
proof
assume {Arap.  tap = ([|, <ns::nat list>) t p {Atap. 3ms kr Ir. tap = (Bk 71 kr,
<ms::nat list> Q Bk 1 Ir) |}
then show {\tap. 3. tap = ([], <ns::nat list> @ Bk 1 ll)[} p { tap. Ims kr Ir. tap = (Bk
kr, <ms::nat list> Q Bk 1 Ir)}
using TMC_has_num_res_list_without_initial_Bks_imp_TMC_has_num_res_list_after_adding_Bks_to_initial_right_tape
by blast
next
assume {\tap. 31l tap = ([], <ns::nat list> Q Bk 1 ll)|} p {\tap. Ims kr Ir. tap = (Bk 71 kr,
<ms::nat list> Q Bk 1 Ir) |}
then show {\tap.  tap = ([], <ns::nat list>) b p { tap. 3ms kr lr. tap = (Bk 1 kr,
<ms::nat list> Q Bk 1 Ir) |}
by (simp add: Hoare_halt_def assert_imp_def)
qed

lemma TMC_has_num_res_list_without_initial_Bks_imp_TMC_has_num_res_list_after_adding_Bks_to_initial_left_and_right_tape
{tap. tap = ([], <ns::nat list>) |} p { tap.3 kr Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk 1 Ir)[}
—
{Atap. 3kl ll. tap = (Bk 1 kl, <ns::nat list> Q Bk 1 ll)[} p {Atap. S kr Ir. tap = (Bk 1 kr,
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<ms::nat list> Q Bk 1 Ir)}
using Hoare_halt_left_tape_Nil_imp_All_left_and_right by auto

lemma TMC_has_num_res_list_without _initial_Bks_iff TMC_has_num_res_list_after_adding_Bks_to_initial_left_and_right_tape:
{Xtap. tap = ([], <ns:nat list>)[} p {\tap.3kr Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk 1 Ir) |}
—
{Atap. 3kl ll. tap = (Bk 1 kl, <ns::nat list> Q Bk 1 ll)[} p {Atap. I kr Ir. tap = (Bk 1 kr,
<ms::nat list> Q Bk 1 Ir)}
proof
assume {\tap. tap = ([], <ns::nat list>)} p {Map.3 kr Ir. tap = (Bk 1 kr, <ms::nat list> Q
Bkt Ir)}
then show {\zap. 3kl Il. tap = (Bk 1 ki, <ns::nat list> @ Bk 1+ ll)}} p {\tap. kr Ir. tap =
(Bk 1 kr, <ms::nat list> @ Bk 1 Ir)[}
using TMC_has_num_res_list_without_initial_Bks_imp_TMC_has_num_res_list_after_adding_Bks_to_initial_left_and_right_tape
by auto
next
assume {Nap. Ikl ll. tap = (Bk 1 kI, <ns::nat list> Q Bk T )|} p {\tap. Ikr Ir. tap = (Bk 1
kr, <ms::nat list> Q Bk 1 Ir)}
then show {{\iap. tap = ([], <ns::nat list>)[} p {Mtap. 3 kr Ir. tap = (Bk 1 kr, <ms::nat list>
@Bkt Ir)}
by (simp add: Hoare_halt_def assert_imp_def)
qed

1.10.5 Halting in a Standard Configuration
1.10.5.1 Definition of Halting in a Standard Configuration

The predicates TMC_has_num_res p ns and TMC_has_num_list_res describe that a run
of the Turing program p on input ns reaches the final state O and the final tape produced
thereby is standard. Thus, the computation of the Turing machine p produced a result,
which is either a single numeral or a list of numerals.

Since trailing blanks on the initial left or right tape do not matter, we may restrict
our definitions to the case where the initial left tape is empty and there are no trailing
blanks on the initial right tape!

definition TMC_has_num_res :: tprog0 = nat list = bool
where
d
TMC_has_num_res p ns :ef

{ Atap. tap = ([], <ns>) | p { Map. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 11)) [}

lemma TMC_has_num_res_iff: TMC_has_num_res p ns
—
(I stp. is_final (stepsO (1, [|,<ns::nat list>) p stp) A
(Fknl. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bk 1 [)))
unfolding TMC_has_num_res_def
proof
assume {Atap. tap = ([], <ns::nat list>)[} p {\tap. Ik n l. tap = (Bk 1 k, <n::nat> @ Bk 1

it
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then show 3 stp. is_final (stepsO (1, [|, <ns::nat list>) p stp) A (k n l. stepsO (1, [|, <ns::nat
list>) p stp = (0, Bk 1 k, <n::nat> Q Bk 1 1))
by (smt (verit, best) Hoare_halt_EO Hoare_halt_impl_not_Hoare_unhalt Hoare_unhalt_def
is_finall tape_of list_def tape_of _nat_def)
next
assume 3 stp. is_final (stepsO (1, [], <ns::nat list>) p sip) A (Ik n 1. stepsO (1, [|, <ns::nat
list>) p stp = (0, Bk 1 k, <n::nat> Q Bk 1))
then show {Aap. tap = ([], <ns::nat list>)} p {Mtap. Ik n l. tap = (Bk 1 k, <n::nar> Q Bk
)
by (metis (mono_tags, lifting) Hoare_halt_def holds_for.simps)
qed

definition TMC_has_num_list_res :: tprog0 = nat list = bool
where
TMC_has_num_list_res p ns d:e
{Atap. tap = ([], <ns::nat list>) | p {\tap. kr ms Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk
Tir)}

lemma TMC_has_num_list_res_iff: TMC_has_num_list_res p ns
—
(I stp. is_final (stepsO (1, [|,<ns::nat list>) p stp) A
(Fk ms L. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <ms::nat list> @ Bk 1 [)))
unfolding TMC_has_num_list_res_def
proof
assume {\tap. tap = ([], <ns::nat list>) [ p {Mtap. Ik ms I. tap = (Bk 1 k, <ms::nat list> Q
Bkt D)}
then show I stp. is_final (stepsO (1, [], <ns::nat list>) p stp) A (Ikms I stepsO (1, [], <ns::nat
list>) p stp = (0, Bk 1 k, <ms::nat list> Q Bk 1 1))
using Hoare_halt_EOQ is_finall by force
next
assume 3 stp. is_final (stepsO (1, [], <ns::nat list>) p stp) A (Fk ms 1. steps0 (1, [|, <ns::nat
list>) p stp = (0, Bk 1 k, <ms::nat list> Q Bk 1 1))
then show {\tap. tap = ([], <ns:nat list>)[} p { tap. Ik ms I. tap = (Bk T k, <ms::nat
list> @ Bk 1 I)}
by (metis (mono_tags, lifting) Hoare_halt_def holds_for.simps)
qed

1.10.5.2 Relation between TMC_has_num_res and TMC_has_num_list_res

A computation of a Turing machine, which started on a list of numerals and halts in
a standard configuration with a single numeral result is a special case of a halt in a
standard configuration that halts with a list of numerals.

theorem TMC_has_num_res_imp_TMC_has_num_list_res:
{Atap. tap = ([], <ns::nat list>)[ p {Atap. Tk n 1. tap = (Bk T k, <n::nat> Q Bk 1 1)}
=
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{Atap. tap = ([|, <ns::nat list>)|} p {\tap. Ikr ms Ir. tap = (Bk 1 kr, <ms::nat list> Q Bk
Rl
proof —

assume A: {Atap. tap = ([|, <ns::nat list>)|} p {\tap. Ik n l. tap = (Bk 1 k, <n::nar> Q Bk

TOb

then have Jstp. is_final (stepsO (1, ([], <ns:nat list>)) p stp) A
(3nkrlr. stepsO (1, ([], <ns::nat list>)) p stp = (0, Bk 1 kr, <n::nat> Q Bk 1 Ir))
using Hoare_halt_EO is_finall by force
then obtain szp where
w_stp: is_final (stepsO (1, ([], <ns::nat list>)) p stp) A
(3nkrlr. stepsO (1, ([], <ns::nat list>)) p stp = (0, Bk 1 kr, <n::nat> Q Bk 1 Ir))
by blast

then have (3 n kr ir. stepsO (1, ([], <ns::nat list>)) p stp = (0, Bk 1 kr, <n::nat> Q Bk 1 Ir))
by auto

then obtain n kr Ir where stepsO (1, ([], <ns::nat list>)) p stp = (0, Bk 1 kr, <n::nat> Q Bk
T1r)
by blast
then have stepsO (1, ([], <ns::nat list>)) p stp = (0, Bk 1 kr, <[n::nat|> @Q Bk 1 Ir)
by (simp add: tape_of list_def)
then have is_final (stepsO (1, ([], <ns::nat list>)) p stp) A (3 kr Ir. (stepsO (1, ([], <ns::nat
list>)) p stp) = (0, Bk 1 kr, <[n::nat]> @ Bk 1 Ir))
by (simp add: is_final_eq)

then have is_final (stepsO (1, ([], <ns::nat list>)) p stp) A (Ims kr Ir. (stepsO (1, ([], <ns::nat
list>)) p stp) = (0, Bk 1 kr, <ms::nat list> Q Bk 1 Ir))
by blast

then show {\ap. tap = ([], <ns::nat list>)[} p {\tap. Fkr ms Ir. tap = (Bk 1 kr, <ms::nat
list> Q Bk 1 Ir) |}
by (metis (mono_tags, lifting) Hoare_halt_def holds_for.simps)
qed

corollary TMC_has_num_res_imp_TMC_has_num_list_res': TMC_has_num_res p ns => TMC_has_num_list_res
pns

unfolding TMC_has_num_res_def TMC_has_num_list_res_def

using TMC_has_num_res_imp_TMC _has_num_list_res

by auto

1.10.5.3 Convenience Lemmas for Halting Problems

lemma Hoare_halt_with_Oc_imp_std_tap:
assumes {(Atap. tap = ([|, <ns::nat list>))[} p {Map. 3k . tap = (Bk 1 k, [Oc] @ Bk 1 )}
shows TMC_has_num_res p ns
unfolding TMC_has_num_res_def
proof —
from assms have FO: {(\tap. tap = ([], <ns::nat list>))} p { tap. Ik 1. tap = (Bk 1 k,
<0::nat> Q Bk 1 1)}
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by (auto simp add: tape_of _nat_def)
show {\tap. tap = ([], <ns::nat list>)[} p { tap. Ik n 1. tap = (Bk T k, <n::nat> Q Bk 1 )|}
using FO Hoare_haltl Hoare_halt_EO Hoare_halt_iff by fastforce
qed

lemma Hoare_halt_with_OcOc_imp_std_tap:
assumes {(Atap. tap = ([], <ns:nat list>))[} p {\ap. Ik I. tap = (Bk 1 k, [Oc, Oc] Q Bk 1
Ol
shows TMC_has_num_res p ns
unfolding TMC_has_num_res_def
proof —
from assms have {(\tap. tap = ([], <ns::nat list>))[} p { tap. Ik I. tap = (Bk 1 k, <I::nat>
@Bkt i)}
by (auto simp add: tape_of _nat_def)
then show {Arap. tap = ([], <ns::nat list>)|} p { tap. 3k n . tap = (Bk 1 k, <n::nat> Q Bk
il
using Hoare_halt_EOQ Hoare_halt_iff by fastforce
qed

1.10.5.4 Hoare_halt on numeral lists with single numeral result

lemma Hoare_halt_on_numeral_imp_result:

assumes {(Atap. tap = ([], <ns::nat list>))[} p {(Mtap. (3kn l. tap = (Bk 1 k, <n::nat> Q@
BET D)}

shows Jstp k n l. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bkt )

using TMC_has_num_res_def TMC_has_num_res_iff assms by blast

lemma Hoare_halt_on_numeral_imp_result_rev:
assumes Jsip k n l. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bkt 1)
shows {(Atap. tap = ([], <ns::nat list>))|} p {(Atap. (3kn . tap = (Bk T k, <n::nat> Q Bk
t)h

using TMC_has_num_res_def TMC_has_num_res_iff assms is_final_eq by force

lemma Hoare_halt_on_numeral_imp_result_iff:
{(Atap. tap = ([], <ns::nat list>))[} p {(Map. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 1 1)))|
“—

(3stp knl. stepsO (1, [],<ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bkt [))

using Hoare_halt_on_numeral_imp_result Hoare_halt_on_numeral_imp_result_rev by blast

1.10.5.5 Hoare_halt on numeral lists with numeral list result

lemma Hoare_halt_on_numeral_imp_list_result:
assumes {(Atap. tap = ([], <ns:nat list>))[} p {(Map. (3k ms I. tap = (Bk 1 k, <ms::nat
list> Q Bk 11)))}
shows Jstp k ms L. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <ms::nat list> Q Bk? )
using TMC_has_num_list_res_def TMC_has_num_list_res_iff assms by blast

lemma Hoare_halt_on_numeral_imp_list_result_rev:

assumes Jsip k ms I. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <ms::nat list> Q Bkt )
shows {(Atap. tap = ([], <ns::nat list>))} p {(Mtap. (3k ms I. tap = (Bk 1 k, <ms::nat list>
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@Bk 1))}
by (metis (mono_tags, lifting) Hoare_haltl assms holds_for.simps is_finall )

lemma Hoare_halt_on_numeral_imp_list_result_iff:

{(\tap. tap = ([], <ns::nat list>))} p {(Mtap. (3 k ms I. tap = (Bk T k, <ms::nat list> Q Bk
)}

<

(3 stp kms 1. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <ms::nat list> Q Bk1 1))

using Hoare_halt_on_numeral_imp_list_result Hoare_halt_on_numeral_imp_list_result_rev
by blast

1.10.6 Trailing left blanks do not matter for computations with re-
sult

lemma TMC_has_num_res_NIL_impl_TMC_has_num_res_with_left_BKs:

{(\tap. tap = ([], <ns::nat list>))} p { Map. (3knl. tap = (Bk 1 k, <n::nat> Q Bk 11)) |}

—

{(Mtap. 3z. tap = (Bktz, <ns>))} p { Map. (3knl. tap = (Bk 1 k, <n:natr> Q Bk 11)) |}
proof —

assume {tap. tap = ([], <ns:nat list>)|} p {\tap. Tk n l. tap = (Bk 1 k, <n::nat> Q Bk 1
ni

then have Jstp k n l. stepsO (1, [|,<ns::nat list>) p stp = (0, Bk 1 k, <n::nat> Q Bkt )

by (rule Hoare_halt_on_numeral_imp_result)

then obtain n where 3 stp k [. stepsO (1, [],<ns::nat list>) p stp = (0, Bk T k, <n::nat> Q
Bk? ) by blast

then have V' z. Isip k [. (stepsO (1, (Bktz, <ns:nat list>)) p stp) = (0, Bk 1 k, <n::nat> Q@
Bk11)
by (rule ex_steps_left_tape_Nil_imp_All)

then have {(\rap. Jz. tap = (Bk{z, <ns::nat list>))} p { (Mtap. (3k I. tap = (Bk 1 k,
<n:nat> Q Bk 11))) |}
by (rule Hoare_halt_add_Bks_left_tape_L2)

then show {\tap. 3z. tap = (Bk 1 z, <ns::nat list>) [} p { \tap. Ik nl. tap = (Bk 1 k, <n::nat>
@BkT |}
using Hoare_halt_iff <V z. Istp k l. stepsO (1, Bk 1 z, <ns>) p stp = (0, Bk T k, <n> Q Bk
1 1)> by fastforce
qed

corollary TMC_has_num_res_NIL_iff TMC_has_num_res_with_left BKs:
{(Atap. tap = ([], <ns::nat list>))|} p { Map. (3knl. tap = (Bk 1 k, <n::nar> Q Bk 1 1)) |}
—
{(Atap. 3 z. tap = (Bktz, <ns>))|} p {| Mtap. (3knl. tap = (Bk T k, <n::nat> Q Bk 1)) |}
proof
assume {{\tap. tap = ([], <ns>)[} p { Map. (3knl. tap = (Bk T k, <n::nat> Q Bk 11)) |}
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then show {Atap. 3z. tap = (Bk T z, <ns>)|} p { Map. (3knl. tap = (Bk 1 k, <n::nar> Q
BT ) )
using TMC_has_num_res_NIL_impl_TMC_has_num_res_with_left_BKs by blast
next
assume {Aap. 3z. tap = (Bk 1 z, <ns>)[ p { Map. (3knl. tap = (Bk 1 k, <n::nat> Q Bk
)}
then show {Xzap. tap = ([], <ns>)|} p { Map. (3knl. tap = (Bk 1k, <n:nar> Q Bk 11)) |
by (simp add: Hoare_halt_def assert_imp_def)
qed

1.10.7 About Turing Computations and the result they yield

definition TMC_yields_num_res :: tprog0 = nat list = nat = bool

where TMC_yields_num_res tm ns n o (3stp k1. (steps0 (1, ([], <ns::nat list>)) tm stp) =

(0, Bk t k, <n::nat> Q Bk 1 1))

definition TMC_yields_num_list_res :: tprog0 = nat list = nat list = bool

de
where TMC_yields_num_list_res tm ns ms =) (Fstp k L. (stepsO (1, ([], <ns:nat list>)) tm

stp) = (0, Bk 1 k, <ms::nat list> Q Bk 1 1))

lemma TMC_yields_num_res_unfolded_into_Hoare_halt:

TMC_yields_num_res tm ns n 4 {(Atap. tap = ([], <ns>))[} tm {(Atap. 3k 1. tap = (Bk T k,
<n:nat> Q Bkt 1))}
by (smt (verit, ccfv_threshold) Hoare_halt_iff TMC_yields_num_res_def)

lemma TMC_yields_num_list_res_unfolded_into_Hoare_halt:

TMC_yields_num_list_res tm ns ms 4 {(Atap. tap = ([], <ns>))} tm {(Atap. Ik . tap =

(Bk T k, <ms::nat list> Q BkT I)) |}
by (smt (verit, ccfv_threshold) Hoare_halt_EO Hoare_halt_def Hoare_halt_iff TMC_yields_num_list_res_def)

lemma TMC_yields_num_res_Hoare_plus_halt:
assumes TMC_yields_num_list_res tml nl rl
and TMC_yields_num_res tm2 rl r2
and composable_tmO0 tml
shows TMC_yields_num_res (tm1 |4| tm2) nl r2
proof —
from assms
have {\tap. tap = ([], <nl::nat list>)} tm1 {Atap. 3k . tap = (Bk 1 k, <rl:nat list> @Q Bk
ol
using TMC_yields_num_list_res_unfolded_into_Hoare_halt
by auto
moreover from assms
have {\iap. tap = ([], <rl>)[} tm2 { tap. Ik I. tap = (Bk T k, <r2> Q@ Bkt )}
using TMC_yields_num_res_unfolded_into_Hoare_halt
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Hoare_halt_def Hoare_halt_iff TMC _yields_num_res_def by blast

ultimately

have {\tap. tap = ([], <nl>)} (tml |+| tm2) {Mtap. 3k . tap = (Bk T k, <r2> Q Bk 1 [)[}
using «composable_tm0 tml>
using Hoare_halt_left_tape_Nil_imp_All_left_and_right Hoare_plus_halt
by (simp add: tape_of list_def)

then show ’thesis
using TMC_yields_num_res_unfolded_into_Hoare_halt by auto

qed

end

1.10.8 tm_onestroke: A Machine for deciding the empty set

theory OneStrokeTM
imports
Turing_Hoare
begin

declare adjust.simps[simp del]

declare seq_tm.simps [simp del]
declare shift.simps[simp del]

declare composable_tm.simps[simp del]
declare step.simps|simp del]

declare steps.simps|[simp del]

1.10.8.1 Definition of the machine tm_onestroke

We can rely on the fact, that on the initial tape, two consecutive blanks mean end of
input (see theorem noDbIBk (< ?nl>)).

Thus, the machine can check both ends of the (initial) tape. Note however, that
this is just a convention for encoding arguments for functions. Nevertheless, the tape
is (potentially) infinite on both sides.

definition tm_onestroke :: instr list
where

im_onestroke “ [(R, 3),(WB.2), (R,1).(R,1), (WO,0),(WB,2)]

1.10.8.2 The machine tm_onestroke in action

value stepsO (1, [], <([]::nat list)>) tm_onestroke 0
value stepsO (1, [], <([]::nat list)>) tm_onestroke 1
value stepsO (1, [], <([]::nat list)>) tm_onestroke 2

lemma steps0 (1, [], <([]::nat list)>) tm_onestroke 2 = (0, [Bk], [Oc])
by (simp add: tape_of nat_def tape_of list_def
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tm_onestroke_def
numeral_eqs_upto_12
step.simps steps.simps)

value stepsO (1, [|, <[0::nat]>) tm_onestroke 0
value steps0 (1, [|, <[0::nat]>) tm_onestroke 1
value stepsO (1, [], <[0::nat]>) tm_onestroke 2
value stepsO (1, [], <[0::nat]>) tm_onestroke 3

(7, [}, <[0:nar]>)

value stepsO nat tm_onestroke 4

’

)

lemma stepsO (1, [], <[0::nat]>) tm_onestroke 4 = (0, Bk, Bk], [Oc])
by (simp add: tape_of nat_def tape_of list_def
tm_onestroke_def
numeral_eqs_upto_12
step.simps steps.simps)

lemma steps0 (1, [), <[0::nat,0>) tm_onestroke 7 = (0, [Bk, Bk, Bk, Bk|, [Oc])
by (simp add: tape_of nat_def tape_of list_def
tm_onestroke_def
numeral_eqs_upto_12
step.simps steps.simps)

lemma stepsO (1, [|, <[I::nat,1]>) tm_onestroke 11 = (0, [Bk, Bk, Bk, Bk, Bk, Bk|, [Oc])
by (simp add: tape_of nat_def tape_of list_def
tm_onestroke_def
numeral_eqs_upto_12
step.simps steps.simps)

1.10.8.3 Partial and Total Correctness of machine tm_onestroke

fun
inv_tm_onestrokel :: tape = bool and
inv_tm_onestroke? :: tape = bool and
inv_tm_onestroke3 :: tape = bool and
inv_tm_onestrokeQ :: tape = bool
where
inv_tm_onestrokel (I, r) =
(noDblBk r N\ | = Bk?1 (lengthl) )
| inv_tm_onestroke2 (I, r) =
(noDbIBk (tl r) A 1 = Bkt (length 1) A (3rs. r = Bk#trs))
| inv_tm_onestroke3 (I, r) =
(noDbIBk r A\ 1 = Bkt (length ) A (r=[| V (3 rs. r = Oc#rs)) )
| inv_tm_onestrokeO (I, r) =
(noDbIBk r N\ | = Bkt (length I) A (r = [Oc]))

fun inv_tm_onestroke :: config = bool
where
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inv_tm_onestroke (s, tap) =
(if s = 0 then inv_tm_onestrokeO tap else
if s = 1 then inv_tm_onestrokel tap else
if s = 2 then inv_tm_onestroke2 tap else
if s = 3 then inv_tm_onestroke3 tap
else False)

lemma tm_onestroke_cases:
fixes s::nat
assumes inv_tm_onestroke (s,l,r)
and s=0 —= P
and s=/ — P
and s=2 — P
and s=3 —= P
shows P
proof —
have s < 4
proof (rule ccontr)
assume — s < 4
with <inv_tm_onestroke (s,l,r)> show False by auto
qed
thenhave s =0V s=1Vs=2Vs=23byauto
with assms show ?thesis by auto
qed

lemma inv_tm_onestroke_step:
assumes inv_tm_onestroke cf
shows inv_tm_onestroke (step0 cf tm_onestroke)
proof (cases cf)
case (fields s I r)
then have cf _cases: ¢f = (s, [, r) .
show inv_tm_onestroke (stepO cf tm_onestroke)
proof (rule tm_onestroke_cases)
from cf _cases and assms
show inv_tm_onestroke (s, [, r) by auto
next
assume s = 0
with ¢f_cases and assms
show ?thesis by (auto simp add: tm_onestroke_def)
next
assume s = /
show ?thesis
proof —
have inv_tm_onestroke (step0 (1, I, r) tm_onestroke)
proof (cases r)
case Nil
then have r =[] .
with assms and c¢f_cases and «s = I> show ?thesis
by (auto simp add: tm_onestroke_def step.simps steps.simps)
next
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case (Cons a rs)
thenhave r =a #rs.
show ?thesis
proof (cases a)
next
case Oc
then have a = Oc .
with assms and < = a # rs> and ¢f_cases and < = >
show ?thesis
by (auto simp add: tm_onestroke_def noDbIBk_def
step.simps steps.simps)
next
case Bk
then have a = Bk .

from assms and cf_cases and <s = I> have noDbIBk r by auto

with < = a # rs> have noDbIBk rs by (auto simp add: noDbIBk_def)

from <r = a # rs> and <a = Bk> and <1oDbIBk r>
have r10 = Bk A (rs =[] V r!(Suc 0) = Oc)

using noDbIBk_def by fastforce
with < = a # rs> have (rs =[] V rs!0 = Oc) by auto
then have (rs =[] V (3rs’. rs = Oc#rs’))

by (metis hd_conv_nth list.collapse)

from <«a = Bk> and < = a # rs> and ¢f_cases and <s = 1>
have inv_tm_onestroke (step0 (1, 1, r) tm_onestroke) =
inv_tm_onestroke (step0 (1, I, Bk#trs) tm_onestroke) by auto
also have ... = inv_tm_onestroke (3, Bk#tl,rs)
by (auto simp add: tm_onestroke_def step.simps steps.simps)

also with assms and <r = a # rs> and «a = Bk> and <« = Bk>
and c¢f _cases and «s = I> and <noDbIBk rs>
and «(rs =[] V (3rs’. rs = Oc#rs"))>
have ... = True
by (auto simp add: tm_onestroke_def numeral_eqs_upto_12)
finally show ?thesis by auto
qed
qed
with c¢f_cases and «s=1> show ?thesis by auto
qed
next
assume s = 2
show inv_rm_onestroke (stepO cf tm_onestroke)
proof —
have inv_tm_onestroke (step0 (2, 1, r) tm_onestroke)
proof (cases r)
case Nil
with assms and ¢f_cases and < = 2> show ?thesis
by (auto simp add: tm_onestroke_def numeral_eqs_upto_12)
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next
case (Cons a rs)
then have r =a #rs.
show ?thesis
proof (cases a)
case Bk
then have a = Bk .
with assms and < = a # rs> and ¢f_cases and < = 2>
show ?thesis
by (auto simp add: tm_onestroke_def numeral_eqs_upto_12
step.simps steps.simps)
next
case Oc
then have a = Oc .
with assms and < = a # rs> and cf_cases and <s = 2>
show ?thesis by (auto simp add: tm_onestroke_def numeral_eqs_upto_12)
qed
qed
with ¢f_cases and «s=2> show ?thesis by auto
qed
next
assume s = 3
show inv_rm_onestroke (stepO cf tm_onestroke)
proof —
have inv_tm_onestroke (step0 (3, I, r) tm_onestroke)
proof (cases r)
case Nil
with assms and c¢f_cases and < = 3> show ?thesis
by (auto simp add: tm_onestroke_def numeral_eqs_upto_12 noDblBk_def
step.simps steps.simps)
next
case (Cons a rs)
then have r =a #rs.
show ?thesis
proof (cases a)
case Oc
with assms and < = a # rs> and ¢f_cases and < = 3>
show ?thesis
by (auto simp add: tm_onestroke_def numeral_eqs_upto_12 noDbIBk_def
step.simps steps.simps)
next
case Bk
then have a« = Bk .
from assms and cf_cases and < = 3>
have (r=[] V (3 rs. r = Oc#rs)) by auto
with «a = Bk> and <« = a # rs> have False by auto
then show ’thesis by auto
qed
qed
with cf_cases and «s=3> show ?thesis by auto
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qed
qed
qed

lemma inv_tm_onestroke_steps:
assumes inv_tm_onestroke cf
shows inv_tm_onestroke (stepsO cf tm_onestroke stp)
proof (induct stp)
case 0
with assms show ?case
by (auto simp add: inv_tm_onestroke_step step.simps steps.simps)
next
case (Suc stp)
with assms show ?case
using inv_tm_onestroke_step step_red by auto
qed

lemma rm_onestroke_partial_correctness:
assumes 3 sip. is_final (stepsO (1, [], <nl:: nat list>) tm_onestroke stp)
shows { Aiap. tap = ([], <nl:: nat list>) |}
tm_onestroke
{ Map. 3k 1. tap = (Bk 1 k, [Oc] @ Bk 1) |}
proof (rule Hoare_consequence)
show (Atap. tap = ([], <nl>)) — (Atap. tap = ([}, <nl>)) by auto
next
show inv_im_onestroke0 — (Atap. 3k I. tap = (Bk 1 k, [Oc] Q Bk 1))
using assert_imp_def by auto
next
show { tap. tap = ([], <nl:: nat list>) [} tm_onestroke { inv_tm_onestroke0 |}
proof (rule Hoare_haltl )
fix I::cell list
fix r:: cell list
assume (I, r) = ([], <nl:: nat list>)
with assms have 3 n. is_final (stepsO (1, 1, r) tm_onestroke n) by auto
then obtain sip where w_n: is_final (stepsO (1, I, r) tm_onestroke sip) by blast

moreover have inv_tm_onestroke0 holds_for stepsO (] R r) tm_onestroke stp
proof —
have h: inv_tm_onestroke (stepsO (1, [|, <nl:: nat list>) tm_onestroke stp)
by (rule inv_tm_onestroke_steps)(auto simp add: noDblBk_tape_of _nat_list)
with <(I, r) = ([], <nl:: nat list>)> show ?thesis
by (metis Pair_inject holds_for.elims(3) inv_tm_onestroke.elims(2) is_final_eq w_n)
qed
ultimately
show 3 n. is_final (stepsO (1, I, r) tm_onestroke n) A
inv_tm_onestroke0 holds_for stepsO (1, 1, r) tm_onestroke n
by auto
qed
qed
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definition measure_tm_onestroke :: (config X config) set
where
measure_tm_onestroke = measures |
As, l r). (if s= 0 then O else 1),
A(s, I, r). length r,
A(s, I, r). count_list r Oc,
A(s, I, 7). (if s = 3 then 0 else 1)

)-
L,r).
)-
)-

lemma wf measure_tm_onestroke: wf measure_tm_onestroke
unfolding measure_tm_onestroke_def
by (auto)

lemma measure_tm_onestroke_induct [case_names Step]:
[An. = P (fn) = (f (Suc n), (fn)) € measure_tm_onestroke] =—> In. P (f n)
using wf_measure_tm_onestroke
by (metis wf_iﬁ‘_no_inﬁnite_down_chain)

lemma m_onestroke_induct_halts: 3 stp. is_final (stepsO (1, [], <nl:: nat list>) tm_onestroke
stp)
proof (induct rule: measure_tm_onestroke_induct)

case (Step sip)

then have —is_final (stepsO (1, [|, <nl>) tm_onestroke stp) .

have inv_tm_onestroke (stepsO (1, [|, <nl>) tm_onestroke stp)
proof (rule_tac inv_tm_onestroke_steps)
show inv_tm_onestroke (1, [], <nl>)
by (auto simp add: noDblBk_tape_of nat_list)
qed

show (stepsO (1, [|, <nl>) tm_onestroke (Suc stp), stepsO (1, [], <nl>) tm_onestroke stp)
€ measure_tm_onestroke
proof (cases steps0 (1, [|, <nl>) tm_onestroke stp)
case (fields s [ r)
then have cf _cases: stepsO (1, [|, <nl>) tm_onestroke stp = (s, 1, r) .

show ’thesis
proof (rule tm_onestroke_cases)
from <inv_tm_onestroke (stepsO (1, [], <nl>) tm_onestroke stp)> and cf_cases
show inv_tm_onestroke (s, 1, r) by auto
next
assume s=0
with cf _cases <—is_final (stepsO (1, [], <nl>) tm_onestroke stp)> show ?thesis by auto
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next
assume s=/
show ?thesis
proof (cases r)
case Nil
then have r =[] .
with ¢f _cases and «s=1> have stepsO (1, [|, <nl>) tm_onestroke stp = (1, 1, []) by auto

have steps0 (1, [|, <nl>) tm_onestroke (Suc stp) =
stepO (stepsO (1,[], <nl>) tm_onestroke stp) tm_onestroke
by (rule step_red)
also with ¢f_cases and <s=1> and « = []> have ... = step0 (1,1,[]) tm_onestroke by auto
also have ... = (3,Bk#L,]])
by (auto simp add: tm_onestroke_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [|, <nl>) tm_onestroke (Suc stp) = (3,Bk#L]]) by auto

with «stepsO (1, [|, <nl>) tm_onestroke stp = (1, 1, [])>
show ?thesis by (auto simp add: measure_tm_onestroke_def)
next
case (Cons a rs)
then have r =a #rs.
show ?thesis
proof (cases a)
case Bk
then have a=Bk .
with ¢f_cases and <s=1> and <r = a # rs>
have steps0 (1, [|, <nl>) tm_onestroke stp = (1, I, Bk#rs) by auto

have stepsO (1, [|, <nl>) tm_onestroke (Suc stp) =
stepO (stepsO (1, [), <nl>) tm_onestroke stp) tm_onestroke

by (rule step_red)
also with c¢f cases and <s=1> and < = a # rs> and <«a=Bk>
have ... = step0 ((1, I, Bk#rs)) tm_onestroke by auto
also have ... = (3,Bk#l,rs)

by (auto simp add: tm_onestroke_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [|, <nl>) tm_onestroke (Suc stp) = (3,Bk#l,rs) by auto

with «stepsO (1, [|, <nl>) tm_onestroke stp = (1, I, Bk#trs)>
show ?thesis by (auto simp add: measure_tm_onestroke_def)
next
case Oc
then have a=0Oc .
with ¢f_cases and <s=1> and <+ = a # rs>
have steps0 (1, [], <nl>) tm_onestroke stp = (1, I, Oc#rs) by auto

have stepsO (1, [], <nl>) tm_onestroke (Suc stp) =
stepO (stepsO (1, [|, <nl>) tm_onestroke stp) tm_onestroke
by (rule step_red)
also with ¢f _cases and <s=1> and « = a # rs> and «a=0c¢>
have ... = step0 ((1, I, Oc#trs)) tm_onestroke by auto
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also have ... = (2,/,Bk#rs)
by (auto simp add: tm_onestroke_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [|, <nl>) tm_onestroke (Suc stp) = (2,1,Bk#rs) by auto

with «stepsO (1, [|, <nl>) tm_onestroke stp = (1, I, Oc#trs)>
show ?thesis by (auto simp add: measure_tm_onestroke_def)
qed
qed
next
assume s=2
show ?thesis
proof —
from ¢f_cases and «s=2> have steps0 (1, [], <nl>) tm_onestroke stp = (2,1, r) by auto
with <nv_tm_onestroke (stepsO (1, [|, <nl>) tm_onestroke stp)> have (3 rs. r = Bk#trs)
by auto
then obtain rs where r = Bk+#rs by blast
with «stepsO (1, [|, <nl>) tm_onestroke stp = (2, 1, r)>
have steps0 (1, [|, <nl>) tm_onestroke stp = (2, I, Bk#rs) by auto

have steps0 (1, [|, <nl>) tm_onestroke (Suc stp) =
stepO (stepsO (1, [], <nl>) tm_onestroke stp) tm_onestroke

by (rule step_red)
also with cf_cases and «=2> and < = Bk+#trs>
have ... = step0 (2,l,Bk#rs) tm_onestroke by auto
also have ... = (1,Bk#l,rs)

by (auto simp add: tm_onestroke_def numeral_eqs_upto_12 step.simps steps.simps)
finally have steps0 (1, [|, <nl>) tm_onestroke (Suc stp) = (1,Bk#l,rs) by auto

with «stepsO (1, [|, <nl>) tm_onestroke stp = (2, I, Bk#trs)>
show ?thesis by (auto simp add: measure_tm_onestroke_def )
qed
next
assume s=3
show ?thesis
proof —
from c¢f _cases and «s=3> have steps0 (1, [|, <nl>) tm_onestroke stp = (3,1
with <nv_tm_onestroke (stepsO (1,[], <nl>) tm_onestroke stp)> have (r= |
Oc#trs)) by auto
then show ’thesis
proof
assume r = ||
with ¢f_cases and «=3> have steps0 (1, [, <nl>) tm_onestroke stp = (3, 1, []) by auto

, r) by auto
|V 3rs.r=

have steps0 (1, [], <nl>) tm_onestroke (Suc stp) =
step0 (stepsO (1, [], <nl>) tm_onestroke stp) tm_onestroke
by (rule step_red)
also with ¢f _cases and «=3> and « = []>
have ... = step0 (3,1,[]) tm_onestroke by auto
also have ... = (0,/,[Oc])
by (auto simp add: tm_onestroke_def numeral_eqs_upto_12 step.simps steps.simps)
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finally have stepsO (1, [|, <nl>) tm_onestroke (Suc stp) = (0,1,[Oc]) by auto

with «stepsO (1, [|, <nl>) tm_onestroke stp = (3, 1, [])>
show ?thesis by (auto simp add: measure_tm_onestroke_def)
next
assume 3r7s. r = Oc # rs
then obtain rs where r = Oc # rs by blast
with ¢f _cases and <s=3> have steps0 (1, [|, <nl>) tm_onestroke stp = (3, [,0c # rs) by
auto
have stepsO (1, [], <nl>) tm_onestroke (Suc stp) =
stepO (stepsO (1, [|, <nl>) tm_onestroke stp) tm_onestroke

by (rule step_red)
also with ¢f_cases and <s=3> and « = Oc # rs>
have ... = step0 (3,1,0c # rs) tm_onestroke by auto
also have ... = (2,/,Bk#rs)

by (auto simp add: tm_onestroke_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [|, <nl>) tm_onestroke (Suc stp) = (2,1,Bk#rs) by auto

with «stepsO (1, [|, <nl>) tm_onestroke stp = (3, 1,0c # rs)>
show ?thesis by (auto simp add: measure_tm_onestroke_def’)
qed
qed
qed
qed
qed

lemma rm_onestroke_total_correctness:
{ Atap. tap = ([, <nl:: nat list>) |} tm_onestroke { Atap. 3k . tap = (Bk 1 k, [Oc] @ Bk 1)

proof (rule tm_onestroke_partial_correctness)
show Js1p. is_final (stepsO (1, [], <nl>) tm_onestroke stp)
using tm_onestroke_induct_halts by auto
qed

end

1.10.9 Machines that duplicate a single Numeral

1.10.9.1 A Turing machine that duplicates its input if the input is a single nu-
meral

The Machine WeakCopyTM does not check the number of its arguments on the initial
tape. If it is provided a single numeral it does a perfect job. However, if it gets no or
more than one argument, it does not complain but produces some result.

theory WeakCopyTM
imports
Turing_HaltingConditions
begin
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declare adjust.simps[simp del]

definition
tm_copy_begin_orig :: instr list
where
. . def
tm_copy_begin_orig =
[(WB,0),(R,2), (R,3),(R.2), (WO,3),(L4), (L4),(L,0)]

fun
inv_begin0 :: nat = tape = bool and
inv_beginl :: nat = tape = bool and
inv_begin2 :: nat = tape = bool and
inv_begin3 :: nat = tape = bool and
inv_begin4 :: nat = tape = bool

where
inv_beginOn (I,r) = ((n> 1A (I,r) = (0c? (n—2), [Oc, Oc, Bk, Oc])) V
(n=1 (4, r) = ([l [BX, Oc, B&, Oc])))
| inv_beginl n (I, r) = ((I, r) = (], Oc 1 n))
| inv_begin2n (I, r)= (3 ij.i>0Ni+j=nA(l,r)=(0c?i, Oc?}j))
| inv_begin3n (I,r) = (n>0A (I,tlr) = (Bk# Oc 1 n,[]))
| inv_begind n (I,r) = (n>0A (I,r) = (Oc 1 n, [Bk, Oc]) V (I, r) = (Oc 1 (n — 1), [Oc, Bk,

0c)))

fun inv_begin :: nat = config = bool
where
inv_begin n (s, tap) =
(if s = O then inv_beginO n tap else
if s = I then inv_beginl n tap else
if s = 2 then inv_begin2 n tap else
if s = 3 then inv_begin3 n tap else
if s = 4 then inv_begin4 n tap
else False)
lemma inv_begin_step_E: [0 < i; 0 < j] =
Jia>0.ia+j— SucO0=i+jANOc+# Oc?Ti=Oc71ia
by (rule_tac x = Suc i in exl, simp)

lemma inv_begin_step:
assumes inv_begin n cf
andn >0
shows inv_begin n (stepO cf tm_copy_begin_orig)
using assms
unfolding mm_copy_begin_orig_def
apply(cases cf)
apply(auto simp: numeral_eqs_upto_12 split: if _splits elim:inv_begin_step_E)
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apply(cases hd (snd (snd cf));cases (snd (snd cf)),auto)
done

lemma inv_begin_steps:
assumes inv_begin n cf
andn > 0
shows inv_begin n (stepsO cf tm_copy_begin_orig stp)
apply (induct stp)
apply (simp add: assms)
apply(auto simp del: steps.simps)
apply(rule_tac inv_begin_step)
apply (simp_all add: assms)
done

lemma begin_partial_correctness:
assumes is_final (stepsO (1, [], Oc 1 n) tm_copy_begin_orig stp)
shows 0 < n = {inv_beginl n|} tm_copy_begin_orig {|inv_begin0 n|}
proof(rule_tac Hoare_haltl)
fix [ r
assume h: 0 < n inv_beginl n (I, r)
have inv_begin n (stepsO (1, [|, Oc 1 n) tm_copy_begin_orig stp)
using i by (rule_tac inv_begin_steps) (simp_all)
then show
stp. is_final (stepsO (1, 1, r) tm_copy_begin_orig stp) A
inv_begin0 n holds_for steps (1, 1, r) (tm_copy_begin_orig, 0) stp
using h assms
apply(rule_tac x = stp in exI)
apply(case_tac (stepsO (1, [|, Oc 1 n) tm_copy_begin_orig stp), simp)
done
qed

fun measure_begin_state :: config = nat
where
measure_begin_state (s, I, r) = (if s = 0 then 0 else 5 — s)

fun measure_begin_step :: config = nat
where
measure_begin_step (s, 1, r) =
(if s = 2 then length r else
if s =3 then (if r =[] V r = [Bk| then I else 0) else
if s = 4 then length |
else 0)

definition
measure_begin = measures [measure_begin_state, measure_begin_step|

lemma wf_measure_begin:
shows wf measure_begin
unfolding measure_begin_def
by auto
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lemma measure_begin_induct [case_names Step:
[An. = P (fn) = (f (Suc n), (fn)) € measure_begin] => In. P (fn)
using wf_measure_begin
by (metis wf_iff_no_infinite_down_chain)

lemma begin_halts:
assumes h: x > 0
shows 3 sip. is_final (stepsO (1, [|, Oc 1 x) tm_copy_begin_orig stp)
proof (induct rule: measure_begin_induct)
case (Step n)
have — is_final (stepsO (1, [|, Oc T x) tm_copy_begin_orig n) by fact
moreover
have inv_begin x (stepsO (1, [], Oc 1 x) tm_copy_begin_orig n)
by (rule_tac inv_begin_steps) (simp_all add: h)
moreover
obtain s [ r where eq: (stepsO (1, [], Oc 1 x) tm_copy_begin_orig n) = (s, 1, r)
by (metis measure_begin_state.cases)
ultimately
have (step0 (s, [, r) tm_copy_begin_orig, s, I, r) € measure_begin
apply(auto simp: measure_begin_def tm_copy_begin_orig_def numeral_eqs_upto_12 split:

if_splits)
apply (subgoal_tac r = [Oc])
apply(auto)
by (metis cell.exhaust list.exhaust list.sel(3))
then

show (stepsO (1, [|, Oc T x) tm_copy_begin_orig (Suc n), steps0 (1, [], Oc 1 x) tm_copy_begin_orig
n) € measure_begin
using eq by (simp only: step_red)
qed

lemma begin_correct:
shows 0 < n = {inv_beginl n|} tm_copy_begin_orig {inv_begin0 n|}
using begin_partial_correctness begin_halts by blast

lemma begin_correct2:
assumes 0 < (n::nat)
shows {\tap. tap = ([]::cell list, Oc 1 n)|}
tm_copy_begin_orig
{Atap. (n > 1 AN tap = (Oc T (n — 2), [Oc, Oc, Bk, Oc])) V
(n=1 A tap = ([]::cell list, [Bk, Oc, Bk, Oc])) }
proof —
from assms have {inv_beginl nf} tm_copy_begin_orig {inv_begin0 n}
using begin_partial_correctness begin_halts by blast
with assms have {\tap. tap = ([|::cell list, Oc 1 n)|} tm_copy_begin_orig {inv_begin0 nl
using Hoare_haltE Hoare_haltl inv_beginl .simps by presburger
with assms show ?thesis
by (smt (verit) Hoare_haltl Hoare_halt_def Pair_inject
holds_for.elims(2) holds_for.simps inv_begin0.simps is_final.elims(2))
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qed

declare seq_tm.simps [simp del]
declare shift.simps[simp del]

declare composable_tm.simps[simp del]
declare step.simps|[simp del)

declare steps.simps|[simp del]

definition
tm_copy_loop_orig :: instr list
where
. def
tm_copy_loop_orig =
[(R,0),(R,2), (R, 3),(WB,2), (R, 3),(R, 4), (WO, 5),(R, 4), (L, 6),(L, 5), (L, 6),(L, 1) ]

fun
inv_loop1_loop :: nat = tape = bool and
inv_loop1_exit :: nat = tape = bool and
inv_loop5_loop :: nat = tape = bool and
inv_loop5_exit :: nat = tape = bool and
inv_loop6_loop :: nat = tape = bool and
inv_loop6_exit :: nat = tape = bool
where
inv_loopl_loopn (I, r)= (3 ij.i+j+1=nA(l,r) = (0cti, Oc#Oc#Bk1j Q Octlj) A j
> 0)
| inv_loopl_exitn (I, r) = (0 < n A (I, r) = ([], Bk#Oc#Bktn Q Octn))
| inv_loop5_loop x (I, r) =
Bijkti4+j=SucxNi>0ONj>0Nk+t=jAt>0A(l,r) = (0Octk@QBk1jQOCTi,
Octt))
| inv_loop5_exit x (I, r) =
Fiji+j=SucxNi>0Nj>0AN(l,r)= (Bkt(j — 1)QOcTi, Bk # Oc1y))
| inv_loop6_loop x (I, r) =
Fijkti+j=SucxNi>0Nk+t+1=jA(l,r)= (Bktk Q Octi, Bkt (Suc t) Q
Octy))
| inv_loop6_exit x (I, r) =
Fiji+j=xNj>0A(,r)=(0cti, Oc#Bktj Q Octy))

fun
inv_loop0 :: nat = tape = bool and
inv_loopl :: nat = tape = bool and
inv_loop?2 :: nat = tape = bool and
inv_loop3 :: nat = tape = bool and
inv_loop4 :: nat = tape = bool and
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inv_loop5 :: nat = tape = bool and
inv_loop6 :: nat = tape = bool
where
inv_loopOn (I, r) = (0 <nA (I, r) = ([Bk], Oc # Bktn @ Octn))
| inv_loopl n (1, r) = (inv_loopl_loop n (1, r) V inv_loopl_exit n (I, r))
| inv_loop2 n (I, r) =3 ijany. i+j=nAn>0Ni>0Nj>0A(lr)=(0cti,
any#BK1jA0Ct))
| inv_loop3n (I, r) =
@ijktitj=nAi>0Aj>0A k+1=SucjA (I, r) = (BktkQOcti, BkHrQOCt)))
| inv_loop4n (I, r) =
Bijkti+j=nNi>0Nj>0N k+t=jA(l,r)=(0ctk @Bkt (Suc j)QOc?i, Octt))
| inv_loop5 n (I, r) = (inv_loop5_loop n (1, r) V inv_loop5_exit n (I, r))
| inv_loop6 n (1, r) = (inv_loop6_loop n (1, r) V inv_loop6_exit n (I, r))

fun inv_loop :: nat = config = bool
where
inv_loop x (s, I, r) =

(if s = 0 then inv_loop0 x (I, r)
else if s = 1 then inv_loopl x (I, r
else if s = 2 then inv_loop2 x (I, r
else if s = 3 then inv_loop3 x (I, r
else if s = 4 then inv_loop4 x (I
else if s = 5 then inv_loop5 x (I
else if s = 6 then inv_loop6 x (I

else False)

)
)
)
7r)
?r)
)

, r

declare inv_loop.simps[simp del] inv_loop1.simps|simp del]
inv_loop2.simps[simp del] inv_loop3.simps|simp del]
inv_loop4.simps[simp del] inv_loop5.simps[simp del)
inv_loop6.simps[simp del]

lemma inv_loop3_Bk_empty_via_2[elim]: [0 < x; inv_loop2 x (b, [])] = inv_loop3 x (Bk #

b, (1)

by (auto simp: inv_loop2.simps inv_loop3.simps)

lemma inv_loop3_Bk_emptylelim]: [0 < x; inv_loop3 x (b, [])] = inv_loop3 x (Bk # b, [])
by (auto simp: inv_loop3.simps)

lemma inv_loop5_Oc_empty_via_4[elim]: [0 < x; inv_loop4 x (b, [])] = inv_loop5 x (b, [Oc])
by (auto simp: inv_loop4.simps inv_loop5.simps;force)

lemma inv_loopl_Bk[elim]: [0 < x; inv_loopl x (b, Bk # list)] = list = Oc # Bk T x @ Oc 1
X

by (auto simp: inv_loop1 .simps)
lemma inv_loop3_Bk_via_2[elim]: [0 < x; inv_loop2 x (b, Bk # list)] = inv_loop3 x (Bk #
b, list)

by (auto simp: inv_loop2.simps inv_loop3.simps;force)

lemma inv_loop3_Bk_movelelim]: [0 < x; inv_loop3 x (b, Bk # list)] = inv_loop3 x (Bk #
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b, list)
apply(auto simp: inv_loop3.simps)
apply (rename_tac i j k t)
apply (rule_tac [!] x = i in exl,
rule_tac '] x = jin exl, simp_all)
apply(case_tac [!] t, auto)
done

lemma inv_loop5_Oc_via_4_Bk[elim]: [0 < x; inv_loop4 x (b, Bk # list)] = inv_loop5 x (b,
Oc # list)
by (auto simp: inv_loop4.simps inv_loop5.simps)

lemma inv_loop6_Bk_via_5[elim]: [0 < x; inv_loop5 x ([], Bk # list)] = inv_loop6 x ([], Bk
4 Bk # list)

by (auto simp: inv_loop6.simps inv_loop5.simps)

lemma inv_loop5_loop_no_Bk[simp): inv_loop5_loop x (b, Bk # list) = False
by (auto simp: inv_loop5.simps)

lemma inv_loop6_exit_no_Bk[simp): inv_loop6_exit x (b, Bk # list) = False
by (auto simp: inv_loop6.simps)

declare inv_loop5_loop.simps|[simp del] inv_loop5_exit.simps[simp del]
inv_loop6_loop.simps[simp del] inv_loop6_exit.simps[simp del]

lemma inv_loop6_loopBk_via_5[elim]:[0 < x; inv_loop5_exit x (b, Bk # list); b # [|; hd b =
BK]
= inv_loop6_loop x (tl b, Bk # Bk # list)
apply (simp only: inv_loop5_exit.simps inv_loop6_loop.simps )
apply(erule_tac exE)+
apply (rename_tac i j)
apply(rule_tac x = i in exl,
rule_tac x = j in exl,
rule_tac x = j — Suc (Suc 0) in exI,
rule_tac x = Suc 0 in exI, auto)
apply(case_tac [!] j, simp_all)
apply(case_tac ['] j—1, simp_all)
done

lemma inv_loop6_loop_no_Oc_Bk[simp]: inv_loop6_loop x (b, Oc # Bk # list) = False
by (auto simp: inv_loop6_loop.simps)

lemma inv_loop6_exit_Oc_Bk_via_5[elim]: [x > 0; inv_loop5_exit x (b, Bk # list); b # [|; hd b
=O0c] =

inv_loop6_exit x (tl b, Oc # Bk # list)

apply (simp only: inv_loop5_exit.simps inv_loop6_exit.simps)

apply(erule_tac exE)+

apply(rule_tac x = x — I in exI, rule_tac x = I in exI, simp)

apply (rename_tac i j)

apply(case_tac j;case_tac j—1, auto)
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done

lemma inv_loop6_Bk_tail_via_5[elim]: [0 < x; inv_loop5 x (b, Bk # list); b # [|]] = inv_loop6
x (tl b, hd b # Bk # list)

apply(simp add: inv_loop5.simps inv_loop6.simps)

apply(cases hd b, simp_all, auto)

done

lemma inv_loop6_loop_Bk_Bk_drop[elim]: [0 < x; inv_loop6_loop x (b, Bk # list); b # [|; hd
b = BK]
= inv_loop6_loop x (tl b, Bk # Bk # list)

apply (simp only: inv_loop6_loop.simps)

apply(erule_tac exE)+

apply(rename_tac i j k t)

apply(rule_tac x = i in ex], rule_tac x = j in exl,

rule_tac x = k — 1 in exI, rule_tac x = Suc t in exI, auto)
apply(case_tac [!] k, auto)
done

lemma inv_loop6_exit_Oc_Bk_via_loop6|elim]: [0 < x; inv_loop6_loop x (b, Bk # list); b # [|;
hd b = 0c]
= inv_loop6_exit x (t b, Oc # Bk # list)

apply(simp only: inv_loop6_loop.simps inv_loop6_exit.simps)

apply(erule_tac exE)+

apply(rename_tac i jkt)

apply(rule_tac x =i — 1 in exI, rule_tac x = j in exI, auto)

apply(case_tac [!] k, auto)

done

lemma inv_loop6_Bk_taillelim]: [0 < x; inv_loop6 x (b, Bk # list); b # []] = inv_loop6 x (tl
b, hd b # Bk # list)

apply (simp add: inv_loop6.simps)

apply(case_tac hd b, simp_all, auto)

done

lemma inv_loop2_Oc_via_I[elim]: [0 < x; inv_loopl x (b, Oc # list)] = inv_loop2 x (Oc #
b, list)

apply(auto simp: inv_loopl.simps inv_loop2.simps force)

done

lemma inv_loop2_Bk_via_Oclelim]: [0 < x; inv_loop2 x (b, Oc # list)] = inv_loop2 x (b, Bk
# list)

by (auto simp: inv_loop2.simps)

lemma inv_loop4_Oc_via_3[elim]: [0 < x; inv_loop3 x (b, Oc # list)] = inv_loop4 x (Oc #
b, list)

apply(auto simp: inv_loop3.simps inv_loop4.simps)

apply(rename_tac i j)

apply (rule_tac [!] x = i in exI, auto)

apply (rule_tac [!] x = Suc O'in ex!, rule_tac [!] x =j — 1 in exI)
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apply(case_tac [!] j, auto)
done

lemma inv_loop4_Oc_move[elim]:
assumes 0 < x inv_loop4 x (b, Oc # list)
shows inv_loop4 x (Oc # b, list)

proof —
from assms[unfolded inv_loop4.simps] obtain i j k t where
i+j=x

0<iO0O<jk+t=j(b,0c# list) = (0Octk@QBk*T SucjQOc1i, Oct1t)
by auto
thus ?thesis unfolding inv_loop4.simps
apply (rule_tac [!] x = i in exl,rule_tac [!] x = j in exI)
apply (rule_tac [!] x = Suc k in exI,rule_tac '] x =1t — 1 in exI)
by (cases t,auto)
qed

lemma inv_loop5_exit_no_Oc[simp]: inv_loop5_exit x (b, Oc # list) = False
by (auto simp: inv_loop5_exit.simps)

lemma inv_loop5_exit_Bk_Oc_via_looplelim]: [inv_loop5_loop x (b, Oc # list); b # []; hd b
= BK]|

= inv_loop5_exit x (il b, Bk # Oc # list)

apply (simp only: inv_loop5_loop.simps inv_loop5_exit.simps)

apply(erule_tac exE)+

apply(rename_tac i j k t)

apply(rule_tac x = i in exI)

apply(case_tac k, auto)

done

PPy

lemma inv_loop5_loop_Oc_Oc_droplelim]: [inv_loop5_loop x (b, Oc # list); b # [|; hd b =
Oc]
= inv_loop5_loop x (tl b, Oc # Oc # list)
apply(simp only: inv_loop5_loop.simps)
apply(erule_tac exE)+
apply(rename_tac i j k t)
apply (rule_tac x = i in exI, rule_tac x = j in exI)
apply(rule_tac x = k — I in exI, rule_tac x = Suc t in exI)
apply(case_tac k, auto)
done

lemma inv_loop5_Oc_tl[elim]: [inv_loop5 x (b, Oc # list); b # [|]] = inv_loop5 x (il b, hd b
# Oc # list)

apply (simp add: inv_loop5.simps)

apply(cases hd b, simp_all, auto)

done

lemma inv_loopl_Bk_Oc_via_6[elim]: [0 < x; inv_loop6 x ([], Oc # list)] = inv_loop1 x ([],

Bk # Oc # list)
by (auto simp: inv_loop6.simps inv_loop1 .simps inv_loop6_loop.simps inv_loop6_exit.simps)
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lemma inv_loopl_Oc_via_6lelim]: [0 < x; inv_loop6 x (b, Oc # list); b # [|]
= inv_loopl x (l b, hd b # Oc # list)
by (auto simp: inv_loop6.simps inv_loop1 .simps inv_loop6_loop.simps inv_loop6_exit.simps)

lemma inv_loop_nonempty|simp:
inv_loopl x (b, []) = False
inv_loop2 x ([], b) = False
inv_loop2 x (I, []) = False
]

(

(
inv_loop3 x (b,

(

(

) = False
inv_loop4 x ([], b) = False
inv_loop5 x ([], list) = False

inv_loop6 x ([], Bk # xs) = False

by (auto simp: inv_loop1 .simps inv_loop2.simps inv_loop3.simps inv_loop4.simps
inv_loop5.simps inv_loop6.simps inv_loop5_exit.simps inv_loop5_loop.simps
inv_loop6_loop.simps)

lemma inv_loop_nonemptyE[elim]:
[inv_loop5 x (b, [])] = RR inv_loop6 x (b, [|) = RR
linv_loopl x (b, Bk # list)] = b =[]
by (auto simp: inv_loop4.simps inv_loop5.simps inv_loop5_exit.simps inv_loop5_loop.simps
inv_loop6.simps inv_loop6_exit.simps inv_loop6_loop.simps inv_loop1 .simps)

lemma inv_loop6_Bk_Bk_drop|elim): [inv_loop6 x ([], Bk # list)] = inv_loop6 x ([], Bk # Bk
# list)
by (simp)

lemma inv_loop_step:
[inv_loop x cf ; x > 0] = inv_loop x (step cf (tm_copy_loop_orig, 0))
apply(cases cf, cases snd (snd cf); cases hd (snd (snd cf)))
apply(auto simp: inv_loop.simps step.simps tm_copy_loop_orig_def numeral_eqs_upto_12
split: if_splits)
done

lemma inv_loop_steps:
[inv_loop x cf; x > 0] = inv_loop x (steps cf (tm_copy_loop_orig, 0) stp)
apply (induct stp, simp add: steps.simps, simp)
apply(erule_tac inv_loop_step, simp)
done

fun loop_stage :: config = nat
where
loop_stage (s, 1, r) = (if s = 0 then 0
else (Suc (length (takeWhile (Aa. a = Oc) (rev 1 @ r)))))

fun loop_state :: config = nat
where
loop_state (s, I, r) = (if s = 2 A hd r = Oc then 0
else if s =1 then 1
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else 10 — s)

fun loop_step :: config = nat
where
loop_step (s, 1, r) = (if s = 3 then length r
else if s = 4 then length r
else if s = 5 then length |
else if s = 6 then length |
else 0)

definition measure_loop :: (config X config) set
where
measure_loop = measures [loop_stage, loop_state, loop_step|

lemma wf_measure_loop: wf measure_loop
unfolding measure_loop_def
by (auto)

lemma measure_loop_induct [case_names Step:
[An. = P (fn) = (f (Suc n), (fn)) € measure_loop] => 3 n. P (fn)
using wf_measure_loop
by (metis wf_iﬁ‘_no_inﬁnite_down_chain)

lemma inv_loop4_not_just_Ocl[elim]:

[inv_loop4 x (I, ]));

length (takeWhile (Aa. a = Oc) (rev 1’ @Q [Oc])) #

length (takeWhile (Aa. a = Oc) (rev 1"))]

= RR

[inv_loop4 x (I', Bk # list);

length (takeWhile (Aa. a = Oc) (rev ' @ Oc # list)) #
length (takeWhile (Aa. a = Oc) (rev 1’ @Q Bk # list))]
= RR

apply(auto simp: inv_loop4.simps)

apply (rename_tac i j)

apply(case_tac [!] j, simp_all add: List.takeWhile_tail)

done

lemma rakeWhile_replicate_append:
P a = takeWhile P (atx Q ys) = atx Q takeWhile P ys
by (induct x, auto)

lemma rakeWhile_replicate:
P a = takeWhile P (atx) = afx
by (induct x, auto)

lemma inv_loop5_Bk_E|elim]:
[inv_loop5 x (I', Bk # list); 1" # [J;
length (takeWhile (Aa. a = Oc) (rev (t11') @ hd I' # Bk # list)) #
length (takeWhile (Aa. a = Oc) (rev ' @ Bk # list))]
= RR
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apply(cases length list;cases length list — 1
,auto simp: inv_loop5.simps inv_loop5_exit.simps
takeWhile_replicate_append takeWhile_replicate)
apply(cases length list — 2; force simp add: List.takeWhile_tail )+
done

lemma inv_loopl_hd_Oc[elim]: [inv_loopl x (I'; Oc # list)] = hd list = Oc
by (auto simp: inv_loop1 .simps)

lemma inv_loop6_not_just_Bk[dest!]:
[length (takeWhile P (rev (t11’) @ hd I’ # list)) #
length (takeWhile P (rev 1’ Q list))]
=1'=]
apply(cases I, simp_all)
done

lemma inv_loop2_OcE|elim]:
[inv_loop2 x (I', Oc # list); I' # [|] =
length (takeWhile (Aa. a = Oc) (rev 1’ Q Bk # list)) <
length (takeWhile (Aa. a = Oc) (rev ' @ Oc # list))
apply(auto simp: inv_loop2.simps takeWhile_tail takeWhile_replicate_append
takeWhile_replicate)
done

lemma loop_halts:
assumes h: n > 0 inv_loopn (1,1, r)
shows 3 sp. is_final (stepsO (1, 1, r) tm_copy_loop_orig stp)
proof (induct rule: measure_loop_induct)
case (Step sip)
have — is_final (stepsO (1, 1, r) tm_copy_loop_orig stp) by fact
moreover
have inv_loop n (stepsO (1, 1, r) tm_copy_loop_orig stp)
by (rule_tac inv_loop_steps) (simp_all only: h)
moreover
obtain s I’ v’ where eq: (stepsO (1, 1, r) tm_copy_loop_orig stp) = (s, I, r')
by (metis measure_begin_state.cases)
ultimately
have (step0 (s, l', r') tm_copy_loop_orig, s, U, r') € measure_loop
using i(7)
apply(cases r';cases hd r')
apply(auto simp: inv_loop.simps step.simps tm_copy_loop_orig_def numeral_eqs_upto_12
measure_loop_def split: if_splits)
done
then
show (stepsO (1,1, r) tm_copy_loop_orig (Suc stp), stepsO (1,1, r) tm_copy_loop_orig stp) €
measure_loop
using eq by (simp only: step_red)
qed

lemma loop_correct:
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assumes 0 < n

shows {inv_loopI nl} tm_copy_loop_orig {inv_loop0 n]}

using assms

proof(rule_tac Hoare_haltl)

fix/r

assume h: 0 < n inv_loopl n (I, r)

then obtain stp where k: is_final (stepsO (1, 1, r) tm_copy_loop_orig stp)
using loop_halts
apply (simp add: inv_loop.simps)
apply(blast)
done

moreover

have inv_loop n (stepsO (1, 1, r) tm_copy_loop_orig stp)
using &
by (rule_tac inv_loop_steps) (simp_all add: inv_loop.simps)

ultimately show
stp. is_final (stepsO (1, 1, r) tm_copy_loop_orig stp) N
inv_loop0 n holds_for steps0 (1, 1, r) tm_copy_loop_orig stp
using (1)
apply(rule_tac x = stp in exI)
apply(case_tac (stepsO (1,1, r) tm_copy_loop_orig stp))
apply (simp add: inv_loop.simps)
done

qed

definition
tm_copy_end_orig :: instr list
where
. def
tm_copy_end_orig =
[ (L, 0),(R,2), (WO, 3),(L,4), (R, 2),(R, 2), (L, 5),(WB, 4), (R, 0),(L, 5) ]

definition
tm_copy_end_new :: instr list
where
def
tm_copy_end_new =

[ (R, 0),(R,2), (WO, 3),(L,4), (R, 2),(R, 2), (L,5),(WB, 4), (R, 0),(L, 5) ]

fun
inv_end5_loop :: nat = tape = bool and
inv_end5_exit :: nat = tape = bool
where
inv_end5_loop x (I, r) =
(Fiji+j=xAx>0ANj>0ANI1=0ctiQ[Bk] A r= OcljQ Bk # Octx)
| inv_end5_exit x (I, r) = (x > 0 Al =[] A r = Bk # Octx Q Bk # Oc?x)
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fun

inv_end0 :: nat = tape = bool and
inv_endl :: nat = tape = bool and
inv_end?2 :: nat = tape = bool and
inv_end3 :: nat = tape = bool and
inv_end4 :: nat = tape = bool and

inv_end5 :: nat = tape = bool

where
inv_endOn (I,r) = (n> 0 A (I, r) = ([Bk], Octn Q Bk # Oc1tn))
|inv_endl n (I, r) = (n> 0N (I, r) = ([Bk], Oc # BkTn @ Oc*Tn))
(1
(1

=3 iji+j=SucnAn>0Al=0ctiQ[Bk| A r=Bklj@Q Octn)

)
)
| inv_end2 n (I, r)
| inv_end3 n (I, r) =
(Fijn>0Ni+j=nAl=0cti@ [Bk] A r= Oc # Bk1j@ Octn)
| inv_end4 n (I, r) = (3 any.n > 0 ANl = Octn Q [Bk] A r = any#Octn)
| inv_end5 n (1, r) = (inv_end5_loop n (I, r) V inv_end5_exitn (1, r))
fun
inv_end :: nat = config = bool
where

inv_endn (s, 1, r) = (if s = O then inv_endOn (I, r)
else if s = 1 then inv_endl n (I, r
else if s = 2 then inv_end2 n (
else if s = 3 then inv_end3 n (
else if s = 4 then inv_end4 n (
else if s = 5 then inv_end5 n (
else False)

Lr)
L)
L)
L)
L)

declare inv_end.simps[simp del] inv_endI .simps[simp del]
inv_end0.simps[simp del] inv_end2.simps[simp del
inv_end3.simps[simp del] inv_end4.simps|[simp del]
inv_end5.simps[simp del]

lemma inv_end_nonempty[simp]:
inv_endl x (b, [|) = Fulse

inv_endl x ([], list) = False
inv_end2 x (b, [|) = False
inv_end3 x (b, [|) = Fulse
inv_end4 x (b, [|) = False
inv_end5 x (b, [|) = False

inv_end5 x ([], Oc # list) = False
by (auto simp: inv_endl .simps inv_end2.simps inv_end3.simps inv_end4.simps inv_end5.simps)

lemma inv_end0_Bk_via_1[elim]: [0 < x; inv_endl x (b, Bk # list); b # []]
= inv_end0 x (t| b, hd b # Bk # list)
by (auto simp: inv_end] .simps inv_end0.simps)

lemma inv_end3_Oc_via_2[elim]: [0 < x; inv_end2 x (b, Bk # list)]

= inv_end3 x (b, Oc # list)
apply(auto simp: inv_end2.simps inv_end3.simps)
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by (metis Cons_replicate_eq One_nat_def Suc_inject Suc_pred add_Suc_right cell.distinct(1)
empty_replicate list.sel(3) neq0_conv self_append_conv2 tl_append? tl_replicate)

lemma inv_end2_Bk_via_3[elim]: [0 < x; inv_end3 x (b, Bk # list)] = inv_end2 x (Bk # b,
list)
by (auto simp: inv_end2.simps inv_end3.simps)

lemma inv_end5_Bk_via_4[elim]: [0 < x; inv_end4 x ([], Bk # list)] =
inv_end5 x ([], Bk # Bk # list)
by (auto simp: inv_end4.simps inv_endS5 .simps)

lemma inv_end5_Bk_tail_via_4[elim]: [0 < x; inv_end4 x (b, Bk # list); b # [|] =
inv_end5 x (tl b, hd b # Bk # list)
apply(auto simp: inv_end4.simps inv_end5.simps)
apply(rule_tac x = 1 in exl, simp)
done

lemma inv_end0_Bk_via_5[elim]: [0 < x; inv_end5 x (b, Bk # list)] = inv_end0 x (Bk # b,
list)
by (auto simp: inv_end5.simps inv_end0.simps gr0_conv_Suc)

lemma inv_end2_Oc_via_l[elim]: [0 < x; inv_endl x (b, Oc # list)] = inv_end2 x (Oc # b,
list)
by (auto simp: inv_end].simps inv_end2.simps)

lemma inv_end4_Bk_Oc_via_2[elim]: [0 < x; inv_end2 x ([, Oc # list)] =
inv_end4 x ([], Bk # Oc # list)
by (auto simp: inv_end2.simps inv_end4.simps)

lemma inv_end4_Oc_via_2[elim]: [0 < x; inv_end2 x (b, Oc # list); b # [|]] =
inv_end4 x (tl b, hd b # Oc # list)

by (auto simp: inv_end?2.simps inv_end4.simps gr0_conv_Suc)

lemma inv_end2_Oc_via_3[elim]: [0 < x; inv_end3 x (b, Oc # list)] = inv_end2 x (Oc # b,
list)
by (auto simp: inv_end2.simps inv_end3.simps)

lemma inv_end4_Bk_via_Oclelim]: [0 < x; inv_end4 x (b, Oc # list)] = inv_end4 x (b, Bk #
list)
by (auto simp: inv_end2.simps inv_end4.simps)

lemma inv_end5_Bk_drop_Oclelim]: [0 < x; inv_end5 x ([], Oc # list)] = inv_end5 x ([], Bk
# Oc # list)

by (auto simp: inv_end2.simps inv_end>5.simps)

declare inv_end5_loop.simps|simp del)
inv_end5_exit.simps[simp del

lemma inv_end5_exit_no_Oc[simp]: inv_end5_exit x (b, Oc # list) = False
by (auto simp: inv_end5_exit.simps)
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lemma inv_end5_loop_no_Bk_Oc|simp]: inv_end5_loop x (tl b, Bk # Oc # list) = False
by (auto simp: inv_end5_loop.simps)

lemma inv_end5_exit_Bk_Oc_via_loop|elim]:
[0 < x; inv_end5_loop x (b, Oc # list); b # [|; hd b = Bk] =
inv_end5_exit x (tl b, Bk # Oc # list)
apply(auto simp: inv_end5_loop.simps inv_end5_exit.simps)
using hd_replicate apply fastforce
by (metis cell.distinct(1) hd_append?2 hd_replicate list.sel(3) self_append_conv2
split_head_repeat(2))

lemma inv_end5_loop_Oc_Oc_droplelim]:
[0 < x; inv_end5_loop x (b, Oc # list); b # [|; hd b = Oc] =
inv_end5_loop x (tl b, Oc # Oc # list)
apply (simp only: inv_end5_loop.simps inv_end5_exit.simps)
apply(erule_tac exE)+
apply(rename_tac i j)
apply(rule_tac x =i — I in ex],
rule_tac x = Suc j in exI, auto)
apply(case_tac [!] i, simp_all)
done

lemma inv_end5_Oc_tail[elim]: [0 < x; inv_end5 x (b, Oc # list); b # [|] =
inv_end5 x (tl b, hd b # Oc # list)
apply (simp add: inv_end2.simps inv_end5.simps)
apply(case_tac hd b, simp_all, auto)
done

lemma inv_end_step:

[x > 0; inv_end x ¢f ] = inv_end x (step cf (tm_copy_end_new, 0))

apply(cases cf, cases snd (snd cf); cases hd (snd (snd cf)))

apply(auto simp: inv_end.simps step.simps tm_copy_end_new_def numeral_eqs_upto_12 split:
if_splits)

apply (simp add: inv_endI .simps)

done

lemma inv_end_steps:
[x > 0; inv_end x ¢f | = inv_end x (steps cf (tm_copy_end_new, 0) stp)
apply (induct stp, simp add:steps.simps, simp)
apply(erule_tac inv_end_step, simp)
done

fun end_state :: config = nat
where
end_state (s, 1, r) =
(if s = 0 then 0
else if s = 1 then 5
elseifs =2V s=3then4
else if s = 4 then 3
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else if s = 5 then 2
else 0)

fun end_stage :: config = nat
where

end_stage (s, 1, r) =
(if s =2V s = 3 then (length r) else 0)

fun end_step :: config = nat
where

end_step (s, l, r) =
(if s = 4 then (if hd r = Oc then I else 0)
else if s = 5 then length |
else if s =2 then 1
else if s = 3 then 0
else 0)

definition end_LE :: (config x config) set
where

end_LE = measures [end_state, end_stage, end_step]

lemma wf_end_le: wf end_LE
unfolding end_LE_def by auto

lemma end_halt:
[x > 0; inv_end x (Suc 0, 1, r)] =
3 stp. is_final (steps (Suc 0, 1, r) (tm_copy_end_new, 0) stp)
proof(rule halt_lemma[OF wf_end_le])
assume great: 0 < x

and inv_start: inv_end x (Suc 0, 1, r)
show V n. = is_final (steps (Suc 0, 1, r) (tm_copy_end_new, 0) n) —

(steps (Suc 0, 1, r) (tm_copy_end_new, 0) (Suc n), steps (Suc 0, 1, r) (tm_copy_end_new, 0)
n) € end_LE

proof(rule_lac alll, rule_tac impl)
fix n
assume notfinal: — is_final (steps (Suc 0, 1, r) (tm_copy_end_new, 0) n)
obtain s’ I’ r’ where d: steps (Suc 0, 1, r) (tm_copy_end_new, 0) n= (s', ', r')

apply(case_tac steps (Suc 0, 1, r) (tm_copy_end_new, 0) n, auto)
done

hence inv_end x (s',l',r') As"#0
using great inv_start notfinal
apply(drule_tac stp = n in inv_end_steps, auto)
done

hence (step (s', ', r') (tm_copy_end_new, 0),s’,I', r') € end_LE
apply(cases r'; cases hd r'")
apply(auto simp: inv_end.simps step.simps tm_copy_end_new_def numeral_eqs_upto_12
end_LE_def split: if _splits)
done

thus (steps (Suc 0, 1, r) (tm_copy_end_new, 0) (Suc n),
steps (Suc 0, 1, r) (tm_copy_end_new, 0) n) € end_LE
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using d
by simp
qed
qed

lemma end_correct:
n > 0= {inv_endl n|} tm_copy_end_new {inv_end0 n}
proof(rule_tac Hoare_haltl)
fix/r
assume /1: 0 < n
inv_endl n (I, r)
then have 3 stp. is_final (stepsO (1,1, r) tm_copy_end_new stp)
by (simp add: end_halt inv_end.simps)
then obtain sip where is_final (stepsO (1,1, r) tm_copy_end_new stp) ..
moreover have inv_end n (steps0 (1, 1, r) tm_copy_end_new stp)
apply(rule_tac inv_end_steps)
using h by(simp_all add: inv_end.simps)
ultimately show
stp. is_final (steps (1,1, r) (tm_copy_end_new, 0) stp) N
inv_end0 n holds_for steps (1, 1, r) (tm_copy_end_new, 0) stp
using i
apply(rule_tac x = stp in exI)
apply(cases (stepsO (1, 1, r) tm_copy_end_new stp))
apply (simp add: inv_end.simps)
done
qed

definition
tm_weak_copy :: instr list
where
def . . .
tm_weak_copy = (tm_copy_begin_orig |+| tm_copy_loop_orig) |+| tm_copy_end_new

lemma [intro):

composable_tm (tm_copy_begin_orig, 0)

composable_tm (tm_copy_loop_orig, 0)

composable_tm (tm_copy_end_new, 0)

by (auto simp: composable_tm.simps tm_copy_end_new_def tm_copy_loop_orig_def tm_copy_begin_orig_def)

lemma composable_tm0_tm_weak_copylintro, simp|: composable_tm0 tm_weak_copy
by (auto simp: tm_weak_copy_def)

lemma m_weak_copy_correct_pre:
assumes 0 < x
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shows {inv_beginl x|} tm_weak_copy {inv_end0 x|}
proof —
have {inv_beginl x|} tm_copy_begin_orig {inv_begin0 x[}
by (metis assms begin_correct)
moreover
have inv_begin0 x — inv_loopl x
unfolding assert_imp_def
unfolding inv_begin0.simps inv_loop I .simps
unfolding inv_loopl_loop.simps inv_loopl_exit.simps
apply(auto simp add: numeral_eqs_upto_12 Cons_eq_append_conv)
by (rule_tac x = Suc 0in exl, auto)
ultimately have {inv_beginl x|} tm_copy_begin_orig {inv_loopl x}
by (rule_tac Hoare_consequence) (auto)
moreover
have {inv_loopl x|} tm_copy_loop_orig {inv_loopO x|}
by (metis assms loop_correct)
ultimately
have {inv_beginl x|} (tm_copy_begin_orig |+| tm_copy_loop_orig) {inv_loop0 x}}
by (rule_tac Hoare_plus_halt) (auto)
moreover
have {inv_endl x|} tm_copy_end_new {inv_end0 x|}
by (metis assms end_correct)
moreover
have inv_loop0 x = inv_endl x
by (auto simp: inv_endI .simps inv_loopl .simps assert_imp_def)
ultimately
show {inv_beginl x|} tm_weak_copy {inv_end0 x|}
unfolding tm_weak_copy_def
by (rule_tac Hoare_plus_halt) (auto)
qed

lemma m_weak_copy_correct:
shows {Atap. tap = ([|::cell list, Oc 1 (Suc n))}} tm_weak_copy {tap. tap= ([Bk], <(n,
n::nat)>) |
proof —
have {inv_beginl (Suc n)[} tm_weak_copy {inv_end0 (Suc n)}}
by (rule tm_weak_copy_correct_pre) (simp)
moreover
have (\tap. tap = ([]::cell list, Oc T (Suc n))) = inv_beginl (Suc n)
by (auto)
moreover
have inv_end0 (Suc n) = (Mtap. tap= ([Bk], <(n, n::nat)>))
unfolding fun_eq_iff
by (auto simp add: inv_end0.simps tape_of _nat_def tape_of _prod_def)
ultimately
show {Atap. tap = ([J::cell list, Oc 1 (Suc n))} tm_weak_copy { tap. tap= ([Bk], <(n,
n::nar)>) |}
by simp
qed
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lemma rm_weak_copy_correct5: {tap. tap = ([], <[n::nat]>)[} tm_weak_copy {Atap. 3k L.
tap = (Bk t k, <[n,n]> @Bk 11) |}
proof —
have {\tap. tap = ([], <n:nat>)} tm_weak_copy {Mtap. tap = (|[Bk], <(n, n)>)[}
using tape_of list_def tape_of_nat_def tape_of _nat_list.simps(2) tm_weak_copy_correct by
auto
then have {\ap. tap = ([|, <n::nat>)} tm_weak_copy {tap. tap = ([Bk], <[n, n]>)}
proof —
assume {\rap. tap = ([], <n>)[ tm_weak_copy {Atap. tap = ([Bk], <(n, n)>)}}
moreover have <(n, n)> = <[n, n|>
by (simp add: tape_of list_def tape_of nat_list.elims tape_of prod_def)
ultimately show ’thesis
by auto
qed
then have {\zap. tap = ([], <[n::nat]>)|} tm_weak_copy { tap. tap = ([Bk|, <[n, n]>)|
by (metis tape_of list_def tape_of nat_list.simps(2))
then show ?thesis
by (smt (verit, del_insts) Hoare_halt_iff append_Nil2 empty_replicate replicate_Suc)
qed

lemma tm_weak_copy_correct6:
{Mtap. 3z4. tap = (Bk T 74, <[n::nat]> Q[Bk])} tm_weak_copy { tap. 3k l. tap = (Bk 1 k,
<[n::nat,n]> QBk 1) |}
proof —
have {Arap. tap = ([|, <[n::nat]>)[ tm_weak_copy {tap. 3k I. tap = (Bk 1 k, <[n::nat, n]>
@Bk}
by (rule tm_weak_copy_correct5)
then have {\rap. Ikl ll. tap = (Bk 1 kl, <[n::nat]> Q Bk 1 Il)[} tm_weak_copy {Atap. I kr Ir.
tap = (Bk 1 kr, <[n::nat, n]> Q Bk 1 Ir)}
using TMC_has_num_res_list_without_initial_Bks_imp_TMC_has_num_res_list_after_adding_Bks_to_initial_left_and_right_tape
by auto
then have {\tap. 3z4. tap = (Bk 1 74, <[n::nat]> Q Bk 1 (Suc 0))[} tm_weak_copy { tap.
krlr. tap = (Bk 1 kr, <[n::nat, n]> @ Bk 1 Ir)}
by (smt (verit) Hoare_haltE Hoare_haltl)
then show ’thesis
by auto
qed

definition
strong_copy_post :: instr list
where
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Q.
g

strong_copy_post [
(WB,5),(R,2), (R,3),(R,2), (WO,3),(L4), (L4),(L,5), (R,11),(R,0),
(R,7), (WB 6), (R,7),(R,8), (W0,9),(R,8), (L,10),(L,9), (L,10),(L,5),
(R,0),(R,12), (WO 13),(L,14), (R,12),(R,12), (L,15),(WB,14), (R,0),(L,15)
]

value stepsO (1, [Bk,Bk], [Bk]) strong_copy_post 3 = (0::nat, [Bk, Bk, Bk, BKk], [])

lemma stepsO (1, [Bk,Bk], [Bk]) strong_copy_post 3 = (0::nat, [Bk, Bk, Bk, Bk], [])
by (simp add: step.simps steps.simps numeral_eqs_upto_12 strong_copy_post_def)

lemma tm_weak_copy_eq_strong_copy_post: tm_weak_copy = strong_copy_post
unfolding mm_weak_copy_def strong_copy_post_def
tm_copy_begin_orig_def tm_copy_loop_orig_def tm_copy_end_new_def
by (simp add: adjust.simps shift.simps seq_tm.simps)

lemma rm_weak_copy_correctl I:

{Atap. tap = ([Bk,Bk], [Bk]) |} tm_weak_copy {\tap. tap = (|Bk,Bk,Bk,Bk],[]) [
proof —

have stepsO (1, [Bk,Bk], [Bk]) strong_copy_post 3 = (0::nat, [Bk, Bk, Bk, Bk], [])

by (simp add: step.simps steps.simps numeral_eqs_upto_12 strong_copy_post_def)

then show ?thesis

by (smt (verit) Hoare_haltl holds_for.simps is_final_eq tm_weak_copy_eq_strong_copy_post)
qed

lemma rm_weak_copy_correctl?2:
{Atap. tap = ([Bk,Bk], [Bk]) |} tm_weak_copy {Atap. 3k l. tap = ( Bk + k, Bk 1) }}
proof —
have Bk + 4 = [Bk, Bk, Bk, BK]|
by (simp add: numeral_eqs_upto_12)
moreover have Bk 1 0 = ||
by (simp add: numeral_eqs_upto_12)
ultimately
have {\tap. tap = ([Bk,Bk], [Bk]) |} tm_weak_copy {Atap. tap = ( Bk + 4, Bk 1 0) [}
using rm_weak_copy_correctl 1
by auto
then show ?thesis
by (metis (no_types, lifting) Hoare_halt_def holds_for.elims(2) holds_for.simps)
qed

lemma rm_weak_copy_correctl 3:
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{Atap. tap = ([], [Bk,Bk])Qr) [} tm_weak_copy {Mtap. tap = (|Bk,Bk], r) [}
proof —
have steps0 (1, [, [Bk,Bk|Qr) strong_copy_post 3 = (0::nat, [Bk,Bk]|, r)
by (simp add: step.simps steps.simps numeral_eqs_upto_12 strong_copy_post_def)
then show ’thesis
by (smt (verit) Hoare_haltl holds_for.simps is_final_eq tm_weak_copy_eq_strong_copy_post)
qed

lemma tm_weak_copy_correctl1":
{Atap. tap = ([Bk,Bk], [BKk]) |} tm_weak_copy {Atap. tap = (|Bk,Bk,Bk,Bk],[]) [
proof —
have {\iap. tap = ([Bk,Bk], [BKk]) |}
(tm_copy_begin_orig |+| tm_copy_loop_orig) |+| tm_copy_end_new
{\tap. tap = ([Bk,Bk,Bk,Bk],[]) |}
proof (rule Hoare_plus_halt)
show composable_tm0 (tm_copy_begin_orig |+| tm_copy_loop_orig)
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps
tm_copy_begin_orig_def tm_copy_loop_orig_def)
next
show {\tap. tap = ([Bk, Bk, Bk, [|)[} tm_copy_end_new {Atap. tap = ([Bk, Bk, Bk, Bk], [])}
proof —
have stepsO (1, [Bk, Bk, Bk], []) tm_copy_end_new I = (0, [Bk, Bk, Bk, BK], [])
by (simp add: step.simps steps.simps numeral_eqs_upto_12 tm_copy_end_new_def)
then show ?thesis
by (smt (verit) Hoare_haltl holds_for.simps is_final_eq tm_weak_copy_eq_strong_copy_post)
qed
next
show {M\tap. tap = ([Bk, Bk], [Bk])[}
tm_copy_begin_orig |+| tm_copy_loop_orig
{Atap. tap = (|Bk, Bk, Bk|, []) |}
proof (rule Hoare_plus_halt)
show composable_tm0 tm_copy_begin_orig
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps
tm_copy_begin_orig_def)
next
show {Atap. tap = ([Bk, Bk], [Bk]) |} tm_copy_begin_orig {\tap. tap = (|Bk, Bk], [Bk])|}
proof —
have stepsO (1, [Bk, Bk|, [Bk]) tm_copy_begin_orig 1 = (0, [Bk, Bk], [Bk])
by (simp add: step.simps steps.simps numeral_eqs_upto_12 tm_copy_begin_orig_def)
then show ?thesis
by (smt (verit) Hoare_haltl holds_for.simps is_final_eq tm_weak_copy_eq_strong_copy_post)
qed
next
show {\iap. tap = (|Bk, Bk], [Bk]) [} tm_copy_loop_orig {tap. tap = ([Bk, Bk, Bk], [])|}
proof —
have stepsO (1, [Bk, Bk|, [Bk]) tm_copy_loop_orig 1 = (0, [Bk, Bk, Bk], [])
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by (simp add: step.simps steps.simps numeral_eqs_upto_12 tm_copy_loop_orig_def)
then show ’thesis
by (smt (verit) Hoare_haltl holds_for.simps is_final_eq tm_weak_copy_eq_strong_copy_post)
qed
qed
qed
then show ’thesis
unfolding rm_weak_copy_def
by auto
qed

lemma tm_weak_copy_correctl3":
{Atap. tap = ([], [Bk,Bk|Qr) [} tm_weak_copy {Mtap. tap = ([Bk,Bk], r) [}
proof —
have {\iap. tap = ([], [Bk,Bk]Qr) |}
(tm_copy_begin_orig |+| tm_copy_loop_orig) |+| tm_copy_end_new
{\tap. tap = ([Bk,Bk], r) |}
proof (rule Hoare_plus_halt)
show composable_tm0 (tm_copy_begin_orig |+| tm_copy_loop_orig)
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps
tm_copy_begin_orig_def tm_copy_loop_orig_def)
next
show {\tap. tap = ([Bk], [Bk] @Q r)} tm_copy_end_new {Atap. tap = ([Bk, Bk], r)[}
proof —
have stepsO (1, [Bk], [Bk] Q@ r) tm_copy_end_new 1 = (0, [Bk, Bk], r)
by (simp add: step.simps steps.simps numeral_eqs_upto_12 tm_copy_end_new_def)
then show ?thesis
by (smt (verit) Hoare_haltl holds_for.simps is_final_eq tm_weak_copy_eq_strong_copy_post)
qed
next
show {M\tap. tap = ([], [Bk, Bk] @ r)}}
tm_copy_begin_orig |+| tm_copy_loop_orig
{Atap. tap = ([Bk], [Bk] @ r)}}
proof (rule Hoare_plus_halt)
show composable_tm0 tm_copy_begin_orig
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps
tm_copy_begin_orig_def)
next
show {\tap. tap = ([], [Bk, Bk] @ r)[} tm_copy_begin_orig {Atap. tap = ([|, [Bk,Bk] Q r)}}
proof —
have steps0O (1, [], [Bk, Bk] @ r) tm_copy_begin_orig 1 = (0, [], [Bk,Bk] @ r)
by (simp add: step.simps steps.simps numeral_eqs_upto_12 tm_copy_begin_orig_def)
then show ’thesis
by (smt (verit) Hoare_haltl holds_for.simps is_final_eq tm_weak_copy_eq_strong_copy_post)
qed
next
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show {\tap. tap = ([], [Bk, Bk] Q r)[} tm_copy_loop_orig {Mtap. tap = ([Bk], [Bk] Q r)|}
proof —
have steps0 (1, [], [Bk,Bk] Q r) tm_copy_loop_orig 1 = (0, [Bk], [Bk] @ r)
by (simp add: step.simps steps.simps numeral_eqs_upto_12 tm_copy_loop_orig_def)
then show ’thesis
by (smt (verit) Hoare_haltl holds_for.simps is_final_eq tm_weak_copy_eq_strong_copy_post)
qed
qed
qed
then show ’thesis
unfolding rm_weak_copy_def
by auto
qed

end

1.10.9.2 A Turing machine that duplicates its input iff the input is a single nu-
meral

theory StrongCopyTM
imports
WeakCopyTM
begin

If we run tm_strong_copy on a single numeral, it behaves like the original weak
version tm_weak_copy. However, if we run the strong machine on an empty list, the
result is an empty list. If we run the machine on a list with more than two numerals,
this strong variant will just return the first numeral of the list (a singleton list).

Thus, the result will be a list of two numerals only if we run it on a singleton list.

This is exactly the property, we need for the reduction of problem K/ to problem
Hli.

definition
tm_skip_first_arg :: instr list
where ,
tm_skip_first_arg =4
[ (L,0),(R.2), (R,3),(R.2), (L,4),(WO,0), (L,5),(L,5), (R,0),(L,5) ]

lemma rm_skip_first_arg_correct_Nil:
{tap. tap = ([], )|} tm_skip_first_arg {Mtap. tap = ([], [BK]) |}
proof —
have steps0 (1, [], [|) tm_skip_first_arg 1 = (0::nat, ||, [Bk])
by (simp add: step.simps steps.simps numeral_eqs_upto_12 tm_skip_first_arg_def)
then show ?thesis
by (smt (verit) Hoare_haltl holds_for.simps is_final_eq)
qed

157



corollary tm_skip_first_arg_correct_Nil ‘.
lengthnl =0
= {\tap. tap = ([], <nl::nat list> )|} tm_skip_first_arg {tap. tap = ([], [Bk]) |}
using tm_skip_first_arg_correct_Nil
by (simp add: tm_skip_first_arg_correct_Nil )

fun
inv_tm_skip_first_arg_len_eq_1_s0 :: nat = tape = bool and
inv_tm_skip_first_arg_len_eq_1_sl :: nat = tape = bool and
inv_tm_skip_first_arg_len_eq_1_s2 :: nat = tape = bool and
inv_tm_skip_first_arg_len_eq_1_s3 :: nat = tape = bool and
inv_tm_skip_first_arg_len_eq_1_s4 :: nat = tape = bool and
inv_tm_skip_first_arg_len_eq_1_s5 :: nat = tape = bool
where
inv_tm_skip_first_arg_len_eq_1_sOn (I,r) = (
I = [Bk] A r = Oc 1 (Suc n) Q [Bk])
| inv_tm_skip_first_arg_len_eq_1_sln (I,r) = (
I=1[ Ar=0c* Sucn)
| inv_tm_skip_first_arg_len_eq_I_s2n (I, r) =
(3nl n2.1=0c?t (Sucnl) A r=0c? n2 A Sucnl + n2 = Suc n)
| inv_tm_skip_first_arg _len_eq_I_s3n (I, r) = (
=Bk # Oc?1 (Sucn) ANr=1))
| inv_tm_skip_first_arg_len_eq 1 _s4n (I,r) = (
= 0c? (Suc n) A r=[Bk])
| inv_tm_skip_first_arg_len_eq_I_s5n (I, r) =
(3nl n2. (I=0c? Suc nl A r= 0Oc? Suc n2 @ [Bk] A\ Suc nl + Suc n2 = Suc n) V
(I=1[ A r=0c? Sucn2 Q [Bk] A Suc n2 = Suc n) V
(I=1[) Ar=Bk# Oc 1 Suc n2 @ [Bk] A Suc n2 = Suc n) )

fun inv_tm_skip_first_arg_len_eq_1I :: nat = config = bool
where
inv_tm_skip_first_arg_len_eq_I n (s, tap) =

(if s = O then inv_tm_skip_first_arg_len_eq_1_sO n tap else
if s = 1 then inv_tm_skip_first_arg_len_eq_1_slI n tap else
if s = 2 then inv_tm_skip_first_arg_len_eq_1_s2 n tap else
if s = 3 then inv_tm_skip_first_arg_len_eq_1_s3 n tap else
if s = 4 then inv_tm_skip_first_arg_len_eq_1_s4 n tap else
if s = 5 then inv_tm_skip_first_arg_len_eq_1_s5 n tap
else False)

lemma rm_skip_first_arg_len_eq_1_cases:
fixes s::nat
assumes inv_tm_skip_first_arg_len_eq_I n (s,l,r)
and s=0 — P
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and s=/ — P
and s=2 =P
and s=3 — P
and s=4 — P
and s=5 =P
shows P
proof —
have s < 6
proof (rule ccontr)
assume — s < 6
with <nv_tm_skip_first_arg_len_eq_1I n (s,1,r)> show False by auto
qed
thenhave s =0V s=1Vs=2Vs=3 Vs=4Vs=>5Dbyauto
with assms show ?thesis by auto
qed

lemma inv_tm_skip_first_arg_len_eq_1_step:
assumes inv_tm_skip_first_arg_len_eq_1 n cf
shows inv_tm_skip_first_arg_len_eq_1 n (stepO cf tm_skip_first_arg)
proof (cases cf)
case (fields s I r)
then have cf _cases: ¢f = (s, [, r) .
show inv_im_skip_first_arg_len_eq_1 n (stepO cf tm_skip_first_arg)
proof (rule tm_skip_first_arg_len_eq_I_cases)
from cf_cases and assms
show inv_rm_skip_first_arg_len_eq_1 n (s, [, r) by auto
next
assume s = 0
with ¢f_cases and assms
show ?thesis by (auto simp add: tm_skip_first_arg_def)
next
assume s = /
show ?thesis
proof —
have inv_tm_skip_first_arg_len_eq_I n (step0 (1, 1, r) tm_skip_first_arg)
proof (cases r)
case Nil
then have r =[] .
with assms and c¢f_cases and «<s = I> show ?thesis
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)
next
case (Cons a rs)
then have r = a # rs.
show ?thesis
proof (cases a)
next
case Bk
then have a = Bk .
with assms and < = a # rs> and ¢f_cases and < = >
show ?thesis
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by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)
next
case Oc
then have a = Oc .
with assms and < = a # rs> and ¢f_cases and <s = 1>
show ?thesis
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)
qed
qed
with ¢f_cases and «s=1> show ?thesis by auto
qed
next
assume s = 2
show ’thesis
proof —
have inv_tm_skip_first_arg_len_eq_I n (step0 (2, 1, r) tm_skip_first_arg)
proof (cases r)
case Nil
then have r =[] .
with assms and c¢f_cases and < = 2>
have inv_tm_skip_first_arg_len_eq_1_s2 n (I, r) by auto
then have (3nl n2.1= Oc 1t (Suc nl) A r=Oc 1 n2 A Suc nl + n2 = Suc n)
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)

then obtain n/ n2 where
w_nl_n2:1= Oc? (Suc nl) A r= Oc 1 n2 A Suc nl + n2 = Suc n by blast

with « = []> have n2 = 0 by auto
then have step0 (2, Oc T (Suc nl), Oc T n2) tm_skip_first_arg = (3, Bk # Oc 1 (Suc nl),
by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)

moreover with <12 = 0> and w_nl_n2
have inv_tm_skip_first_arg_len_eq_1 n (3, Bk # Oc 1 (Suc nl), [])
by fastforce
ultimately show ?thesis using w_nl_n2
by auto
next
case (Cons a rs)
then have r = a # rs.
show ?thesis
proof (cases a)
case Bk
then have a = Bk .
with assms and < = a # rs> and ¢f_cases and < = 2>
show ’thesis
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)
next
case Oc
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then have a = Oc.

with assms and c¢f_cases and < = 2>

have inv_tm_skip_first_arg_len_eq_1_s2 n (I, r) by auto

then have 3nl n2. 1= Oc 1 (Suc nl) A r = Oc T n2 A Suc nl + n2 = Sucn
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)

then obtain n/ n2 where
w_nl_n2:1= Oc? (Suc nl) A r=0c? n2 A Suc nl + n2 = Suc n by blast

with < = a # rs> and <«a = Oc> have Oc # rs = Oc 1 n2 by auto
then have 12 > 0 by (meson Cons_replicate_eq)

then have step0 (2, Oc 1 (Suc nl), Oc 1 n2) tm_skip_first_arg = (2, Oc # Oc 1T (Suc
nl), Oc 1 (n2—1))
by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_rm_skip_first_arg_len_eq_1n (2, Oc # Oc 1 (Suc nl), Oc 1 (n2—1))
proof —
from 12 > 0> and w_nl_n2
have Oc # Oc 1 (Suc nl) = Oc 1 (Suc (Suc nl)) A Oct (n2—1) = Oc T (n2—1) A
Suc (Suc nl) + (n2—1) = Suc n by auto
then have (3nl'n2’. Oc # Oc 1 (Suc nl) = Oc? (Sucnl’) A Oct (n2—1) = Oc T n2’

Suc nl’ + n2' = Suc n) by auto
then show inv_tm_skip_first_arg_len_eq_1 n (2, Oc # Oc 1 (Suc nl), Oc 1 (n2—1))
by auto
qed
ultimately show ?thesis
using assms and < = a # rs> and ¢f_cases and < = 2> and w_nl_n2
by auto
qed
qed
with ¢f_cases and «s=2> show ?thesis by auto
qed
next
assume s = 3
show ?thesis
proof —
have inv_tm_skip_first_arg_len_eq_I n (step0 (3, 1, r) tm_skip_first_arg)
proof (cases r)
case Nil
then have r =[] .
with assms and c¢f_cases and < = 3»
have inv_tm_skip_first_arg_len_eq_1_s3 n (I, r) by auto
then have [/ = Bk # Oc 1 (Suc n) A r={]
by auto
then
have step0 (3, Bk # Oc 1 (Suc n), [|) tm_skip_first_arg = (4, Oc 1 (Suc n), [Bk])
by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)
moreover
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have inv_tm_skip_first_arg_len_eq_1 n (4, Oc 1 (Suc n), [Bk])
by fastforce
ultimately show ?thesis
using < = Bk # Oc 1 (Suc n) A r = []> by auto
next
case (Cons a rs)
then have r =a #rs.

with assms and c¢f_cases and < = 3>
have inv_tm_skip_first_arg_len_eq_1_s3 n (I, r) by auto
then have | = Bk # Oc 1 (Sucn) A r =]

by auto

with < = a # rs> have False by auto
then show ?thesis by auto
qed
with cf cases and «s=3> show ?thesis by auto
qed
next
assume s = 4
show ?thesis
proof —
have inv_tm_skip_first_arg_len_eq_1 n (step0 (4, 1, r) tm_skip_first_arg)
proof (cases r)
case Nil
then have r =[] .
with assms and c¢f_cases and «<s = 4> show ’thesis
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)
next
case (Cons a rs)
then have r =a # rs.
show ’thesis
proof (cases a)
next
case Bk
then have a = Bk .
with assms and < = a # rs> and ¢f_cases and < = 4>
have inv_tm_skip_first_arg_len_eq_I_s4 n (I, r) by auto
then have [ = Oc 1 (Suc n) A r = [Bk] by auto

then have FO: step0 (4, Oc 1 (Suc n), [Bk]) tm_skip_first_arg = (5, Oc T n, Oc T (Suc 0)
Q@ [Bk])

by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)
moreover
have inv_tm_skip_first_arg_len_eq_1_s5n (Oc T n, Oc T (Suc 0) @ [Bk])
proof (cases n)

case 0

then have n=0.

then have inv_tm_skip_first_arg_len_eq_1_s5 0 ([], Oc 1 (Suc 0) Q [Bk])

by auto
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moreover with <:1=0> have (5, Oc 1 n, Oc 1 (Suc 0) @Q [Bk]) = (5, [], Oc 1 (Suc 0) @

[Bk]) by auto

auto

ultimately show ?thesis by auto
next
case (Suc n')
then have n = Sucn’.
then have (5, Oc 1 n, Oc 1 (Suc 0) @Q [Bk]) = (5, Oc 1 Suc n’, Oc 1 (Suc 0) @ [Bk]) by

with i=Suc n’> have Suc n’ + Suc 0 = Suc n by arith
then have (Oc 1 Suc n’ = Oc 1 Suc n’ A Oc 1 (Suc 0) @ [Bk] = Oc t Suc 0 @Q [Bk] A

Suc n’ + Suc 0 = Suc n) by auto

with «(5, Oc 1 n, Oc 1 (Suc 0) @ [Bk]) = (5, Oc 1 Suc n’, Oc 1 (Suc 0) @ [Bk])>
show ?thesis
by (simp add: Suc «Suc n’ + Suc 0 = Suc n>)
qed
then have inv_rm_skip_first_arg_len_eq_1n (5, Oc 1 n, Oc 1 (Suc 0) Q [Bk]) by auto
ultimately show ’thesis
using < = Oc 1 (Suc n) A r = [Bk)> by auto
next
case Oc
then have a = Oc .
with assms and < = a # rs> and ¢f_cases and < = 4>
show ?thesis
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)
qed

qed
with ¢f_cases and «s=4> show ?thesis by auto

qed

next

assume s = 5

show ?thesis

proof —
have inv_tm_skip_first_arg_len_eq_I n (step0 (5, 1, r) tm_skip_first_arg)
proof (cases r)

case Nil
then have r =[] .
with assms and c¢f_cases and < = 5> show ?thesis
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)

next

case (Cons a rs)

then have r = a # rs.
show ?thesis

proof (cases a)

case Bk

then have a = Bk .

with assms and < = a # rs> and ¢f_cases and < = 5>

have inv_tm_skip_first_arg_len_eq_1_s5 n (I, r) by auto

then have 3nl n2. (I = Oc 1 Suc nl A r = Oc 1 Suc n2 @ [Bk] A Suc nl + Suc n2 = Suc
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(I=1[] Ar=0c? Suc n2 Q [Bk] A Suc n2 = Suc n) vV
(I=1[] A r= Bk # Oc 1 Suc n2 Q [Bk] A Suc n2 = Suc n)
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)
then obtain n/ n2 where
w_nl_n2: (I= Oc *t Suc nl A r = Oc 1 Suc n2 @ [Bk] A Suc nl + Suc n2 = Suc n) V
(I=1[ Ar=0c? Sucn2 Q [Bk] A\ Suc n2 = Suc n) V
(I=1[] A r= Bk # Oc 1 Suc n2 @ [Bk] A Suc n2 = Suc n) by blast

with <@ = Bk> and <r = a # rs>
have [ = [| A r = Bk # Oc 1 Suc n2 @Q [Bk| A Suc n2 = Suc n
by auto

then have step0 (5, [], Bk#Oc 1 Suc n2 Q [Bk]) tm_skip_first_arg = (0, [Bk], Oc 1 Suc
n2 Q [Bk])
by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_skip_first_arg_len_eq_I n (0, [Bk], Oc T Suc n @ [Bk])
proof —
have inv_rm_skip_first_arg_len_eq_1_sO n ([Bk], Oc 1 Suc n @ [Bk])
by (simp)
then show inv_tm_skip_first_arg_len_eq_I n (0, [Bk], Oc 1 Suc n Q [Bk])
by auto
qed
ultimately show ?thesis
using assms and <«a = Bk> and <+ = a # rs> and ¢f _cases and s = 5>
and < =[] A r = Bk # Oc 1 Suc n2 Q [Bk] A Suc n2 = Suc n>
by (simp)
next
case Oc
then have a = Oc .
with assms and < = a # rs> and ¢f_cases and < = 5>
have inv_tm_skip_first_arg_len_eq_I_s5 n (I, r) by auto
then have 3nl n2. (I = Oc 1 Suc nl A r = Oc 1 Suc n2 @ [Bk] A Suc nl + Suc n2 = Suc

(I=1[ Ar=0c?* Suc n2 @ [Bk] A Suc n2 = Suc n) V
(I=1[] AN r=Bk+# Oc 1 Suc n2 @ [Bk| A\ Suc n2 = Suc n)
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)
then obtain n/ n2 where
w_nl_n2: (I=0Oc 1 Suc nl A r = Oc* Suc n2 Q [Bk| A\ Suc nl + Suc n2 = Suc n) V
(I=1[ A r=0c? Sucn2 Q [Bk] A Suc n2 = Suc n) V
(I=1] A r= Bk # Oc 1 Suc n2 @ [Bk] A Suc n2 = Suc n) by blast

with « = Oc> and <r = a # rs>
have (I = Oc 1 Suc nl A r = Oc 1 Suc n2 @ [Bk] A Suc nl + Suc n2 = Suc n) V
(I=[) Ar=0c? Suc n2 Q [Bk] A Suc n2 = Suc n) by auto

then show ’thesis
proof
assume / = Oc T Suc nl A r = Oc 1 Suc n2 @ [Bk] A Suc nl + Suc n2 = Sucn
then have step0 (5, I, r) tm_skip_first_arg = (5, Oc 1 nl , Oc 1 Suc (Suc n2) Q [Bk])
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by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_skip_first_arg_len_eq_I n (5, Oc 1 nl , Oc 1 Suc (Suc n2) @

[BK])
proof —
from < = Oc 1 Suc nl A\ r = Oc 1 Suc n2 Q [Bk] A Suc nl + Suc n2 = Suc n>
have inv_tm_skip_first_arg_len_eq_I1_s5n (Oc 1 nl, Oc 1 Suc (Suc n2) @ [Bk])
by (cases nl) auto
then show inv_tm_skip_first_arg_len_eq_1 n (5, Oc T nl , Oc 1 Suc (Suc n2) Q [Bk])
by auto
qed
ultimately show inv_mm_skip_first_arg_len_eq_1 n (step0 (5, I, r) tm_skip_first_arg)
by auto
next
assume [ = [| A r = Oc 1 Suc n2 @ [Bk] A Suc n2 = Suc n
then have step0 (5, I, r) tm_skip_first_arg = (5, ], Bk # Oc 1 Suc n2 Q [Bk])
by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)
moreover have inv_tm_skip_first_arg_len_eq_I n (step0 (5, 1, r) tm_skip_first_arg)
proof —
from < =[] A r = Oc 1 Suc n2 Q [Bk] A Suc n2 = Suc n>
have inv_tm_skip_first_arg_len_eq_1_s5n (I, r)
by simp
then show inv_tm_skip_first_arg_len_eq_I n (step0 (5, 1, r) tm_skip_first_arg)
using < = [] A r = Oc T Suc n2 Q [Bk] A Suc n2 = Suc n>
and <step0 (5, 1, r) tm_skip_first_arg = (3, [], Bk # Oc 1 Suc n2 @ [Bk])>
by simp
qed
ultimately show ?thesis
using assms and <«a = Oc> and <« = a # rs> and ¢f_cases and < = 5>
and < =[] A r = Oc 1 Suc n2 Q [Bk] A Suc n2 = Suc n»
by (simp )
qed
qed
qed
with c¢f_cases and «s=5> show ?thesis by auto
qed
qed
qed

lemma inv_tm_skip_first_arg_len_eq_1_steps:

assumes inv_tm_skip_first_arg_len_eq_1I n cf

shows inv_rm_skip_first_arg_len_eq_1 n (stepsO cf tm_skip_first_arg stp)
proof (induct stp)

case 0

with assms show ?case

by (auto simp add: inv_tm_skip_first_arg_len_eq_I_step step.simps steps.simps)

next
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case (Suc stp)
with assms show ?case
using inv_tm_skip_first_arg_len_eq_1_step step_red by auto
qed

lemma rm_skip_first_arg_len_eq_1_partial_correctness:
assumes 3 sip. is_final (stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp)
shows { Mtap. tap = ([], <[n::nat]>) |}
tm_skip_first_arg
{ Atap. tap = (|Bk], <[n::nat]> Q[Bk]) |
proof (rule Hoare_consequence)
show (Atap. tap = ([], <[n::nat]>)) — (Atap. tap = ([], <[n::nat]>))
by auto
next
show inv_tm_skip_first_arg_len_eq_1_sO n — (Mtap. tap = ([Bk|, <[n::nat]> Q@ [Bk]))
by (simp add: assert_imp_def tape_of list_def tape_of nat_def’)
next
show {Atap. tap = ([], <[n]>)]} tm_skip_first_arg {inv_tm_skip_first_arg_len_eq_I_sO n}
proof (rule Hoare_haltl)
fix [::cell list
fix r:: cell list
assume major: (I, r) = ([], <[n]>)
show T stp. is_final (stepsO (1,1, r) tm_skip_first_arg stp) A
inv_tm_skip_first_arg_len_eq_1_sO n holds_for steps0 (1, 1, r) tm_skip_first_arg stp
proof —
from major and assms have I stp. is_final (stepsO (1,1, r) tm_skip_first_arg stp) by auto
then obtain szp where
w_stp: is_final (stepsO (1, 1, r) tm_skip_first_arg stp) by blast

moreover have inv_rm_skip_first_arg_len_eq_1_s0 n holds_for steps0 (1,1, r) tm_skip_first_arg
stp
proof —
have inv_tm_skip_first_arg_len_eq_I n (1,1, r)
by (simp add: major tape_of list_def tape_of nat_def)

then have inv_tm_skip_first_arg_len_eq_I n (stepsO (1, 1, r) tm_skip_first_arg stp)
using inv_tm_skip_first_arg_len_eq_1_steps by auto

then show ?thesis
by (smt (verit) holds_for.elims(3) inv_tm_skip_first_arg_len_eq_I .simps is_final_eq

w_stp)

qed

ultimately show ?thesis by auto

qed
qed

qed
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definition measure_tm_skip_first_arg_len_eq_1 :: (config X config) set
where
measure_tm_skip_first_arg_len_eq_I = measures [
A(s, I, 7). (ifs = 0then 0 else 5 — s),
A(s, I, r). (if s = 2 then length r else 0),
A(s, I, r). (if s = 5 then length | + (if hd r = Oc then 2 else 1) else 0)

]

lemma wf_measure_tm_skip_first_arg_len_eq_I: wf measure_tm_skip_first_arg_len_eq_1
unfolding measure_tm_skip_first_arg_len_eq_1_def
by (auto)

lemma measure_tm_skip_first_arg_len_eq_1_induct [case_names Step):
[An. = P (fn) = (f (Sucn), (fn)) € measure_tm_skip_first_arg_len_eq_I] => 3 n. P (fn)
using wf_measure_tm_skip_first_arg_len_eq_1
by (metis wf_iff_no_infinite_down_chain)

lemma rm_skip_first_arg_len_eq_I_halts:
Istp. is_final (stepsO (1, [], <[n::nat]>) tm_skip_first_arg stp)
proof (induct rule: measure_tm_skip_first_arg_len_eq_I_induct)
case (Step stp)
then have nor_final: — is_final (stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp) .

have INV: inv_tm_skip_first_arg_len_eq_I n (stepsO (1, [|, <[n::nat]>) tm_skip_first_arg sip)
proof (rule_tac inv_tm_skip_first_arg_len_eq_I_steps)
show inv_tm_skip_first_arg_len_eq_I n (1, |, <[n::nat]>)
by (simp add: tape_of list_def tape_of _nat_def )
qed

have SUC_STEP_RED: steps0 (1, [, <[n::nat]>) tm_skip_first_arg (Suc stp) =
step0 (stepsO (1, [], <[n::nat]>) tm_skip_first_arg stp) tm_skip_first_arg
by (rule step_red)

show ( stepsO (1, [], <[n::nat]>) tm_skip_first_arg (Suc stp),
steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp
) € measure_tm_skip_first_arg_len_eq_1
proof (cases steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp)
case (fields s [ r)
then have ¢f _cases: stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (s, I, r) .

show ?thesis
proof (rule tm_skip_first_arg_len_eq_1_cases)

from INV and cf _cases

show inv_tm_skip_first_arg_len_eq_I n (s, I, r) by auto
next

assume s=0
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with ¢f_cases not_final
show ?thesis by auto
next
assume s=/
show ?thesis
proof (cases r)
case Nil
then have r =[] .

with c¢f_cases and «<s=1>

have steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp = (1,1, [])
by auto

with INV have False by auto

then show ?thesis by auto

next

case (Cons a rs)

thenhave r =a #rs.

show ?thesis

proof (cases a)
case Bk
then have a=Bk .
with ¢f _cases and «<s=1> and <r = a # rs>
have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (1, I, Bk#rs)

by auto

with INV have False by auto
then show ’thesis by auto
next
case Oc
then have a=0Oc .
with ¢f_cases and <s=1> and <+ = a # rs>
have steps0 (1, [], <[n::nat]>) tm_skip_first_arg stp = (1, I, Oc#trs)
by auto

with SUC_STEP_RED
have steps0 (1, [], <[n::nat|>) tm_skip_first_arg (Suc stp) =
step0 (1, 1, Oc#rs) tm_skip_first_arg
by auto

also have ... = (2,0c#l,rs)

by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_I12 step.simps steps.simps)
finally have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) = (2,0c#l,rs)

by auto

with «tepsO (1, [], <[n::nat]>) tm_skip_first_arg stp = (1, I, Oc#trs)>
show ?thesis
by (auto simp add: measure_tm_skip_first_arg_len_eq_1_def)
qed
qed
next
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assume s=2
show ?thesis
proof —
from cf_cases and «<s=2>
have steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp = (2,1, r)
by auto

with cf cases and <s=2> and INV

have (3nl n2.1= Oc 1 (Suc nl) A r= Oc 1 n2 A Suc nl + n2 = Suc n)
by auto

then have (3n2. r = Oc 1 n2) by blast

then obtain n2 where w_n2: r = Oc 1 n2 by blast

show ?thesis

proof (cases n2)
case 0
then have n2 = 0.
with w_n2 have r = [] by auto
with «stepsO (1, ], <[n::nat|>) tm_skip_first_arg stp = (2,1, r)>
have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (2,1, [])

by auto

with SUC_STEP_RED
have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) =
step0 (2, 1, []) tm_skip_first_arg
by auto

also have ... = (3,Bk#1,[])

by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) = (3,Bk#1,]])

by auto

with «stepsO (1, |, <[n::nat]>) tm_skip_first_arg stp = (2,1, [])>
show ?thesis
by (auto simp add: measure_tm_skip_first_arg_len_eq_1_def)
next
case (Suc n2")
then have 1n2 = Suc n2’.

with w_n2 have r = Oc 1 Suc n2’ by auto

with «stepsO (1, |, <[n::nat]>) tm_skip_first_arg stp = (2,1, r)>

have steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp = (2, 1, Oc#Oc 1 n2’)
by auto

with SUC_STEP_RED
have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) =
step0 (2, 1, Oc#Oc 1 n2") tm_skip_first_arg
by auto

also have ... = (2,0c#1,0c 1 n2’)
by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_I12 step.simps steps.simps)
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finally have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) = (2,0c#1,0c + n2")
by auto

with «stepsO (1, [], <[n::nat]>) tm_skip_first_arg stp = (2, I, Oc#Oc 1 n2")
show ?thesis
by (auto simp add: measure_tm_skip_first_arg_len_eq_1_def)
qed
qed
next
assume s=3
show ?thesis
proof —
from cf_cases and <s=3>
have steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp = (3,1, r)
by auto

with ¢f cases and <s=3> and INV

have [ = Bk # Oc 1 (Suc n) A r =]
by auto

with <stepsO (1, [], <[n::nat|>) tm_skip_first_arg stp = (3, 1, r)>
have steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp = (3, Bk # Oc T (Suc n), [])
by auto

with SUC_STEP_RED
have steps0 (1, [|, <[n::nat|>) tm_skip_first_arg (Suc stp) =
step0 (3, Bk # Oc 1 (Suc n), []) tm_skip_first_arg
by auto

also have ... = (4,0c¢ 1 (Suc n),[Bk])
by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [], <[n::nat|>) tm_skip_first_arg (Suc stp) = (4,0c 1 (Suc n),[Bk])
by auto

with «tepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (3, Bk # Oc 1 (Suc n), [])>
show ’thesis
by (auto simp add: measure_tm_skip_first_arg_len_eq_1_def)
qed
next
assume s=4
show ?thesis
proof —
from cf_cases and «s=4>
have steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp = (4,1, r)
by auto

with ¢f_cases and <=4 and INV

have [ = Oc 1 (Suc n) A r = [Bk|
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by auto

with «stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (4,1, r)>
have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (4, Oc T (Suc n), [Bk])
by auto

with SUC_STEP_RED
have stepsO (1, [], <[n::nat]>) tm_skip_first_arg (Suc stp) =
step0 (4, Oc 1 (Suc n), [Bk]) tm_skip_first_arg
by auto

also have ... = (5,0c 1 n,[Oc, Bk])
by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) = (5,0c 1 n,[Oc, Bk])
by auto

with «stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (4, Oc 1 (Suc n), [Bk])>
show ?thesis
by (auto simp add: measure_tm_skip_first_arg_len_eq_1_def)
qed
next
assume s=5
show ’thesis
proof —
from cf_cases and <s=>5>
have steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp = (5,1, r)
by auto

with ¢f cases and <s=5> and INV

(1 ¢ 1 Suc nl A r= Oc* Suc n2 Q [Bk] A Suc nl + Suc n2 = Suc n) V
(I=[ Ar=0c? Sucn2Q [Bk] A\ Suc n2 = Suc n) V
(I=1[] A r=Bk# Oc?1 Suc n2 Q [Bk] A Suc n2 = Suc n) )

::Q

then obtain n/ n2 where
w_nl_n2: (I= 0c 1 Suc nl A r= Oc 1 Suc n2 @ [Bk] A Suc nl + Suc n2 = Suc n) vV
(I=[ Ar=0c? Sucn2Q [Bk] A\ Suc n2 = Suc n) V
(I=1[] A r= Bk # Oc 1 Suc n2 Q [Bk] A Suc n2 = Suc n)
by blast
then show ’thesis
proof
assume [ = Oc 1 Suc nl A r = Oc 1 Suc n2 @ [Bk] A Suc nl + Suc n2 = Suc n

with «stepsO (1, |, <[n::nat]>) tm_skip_first_arg stp = (5,1, r)>
have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (5, Oc 1 Suc nl, Oc 1 Suc n2 @
[BK])
by auto
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[BKk])>

with SUC_STEP_RED
have steps0 (1, [], <[n::nat]>) tm_skip_first_arg (Suc stp) =
step0 (5, Oc 1 Suc nl, Oc 1 Suc n2 @ [Bk]) tm_skip_first_arg
by auto

also have ... = (5,0c 1 nl,0c#O0c T Suc n2 Q [Bk])
by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) =
(5,0¢ 1 n1,0c#0c T Suc n2 Q [Bk])
by auto

with «stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (5, Oc 1 Suc nl, Oc 1 Suc n2 Q

show ’thesis
by (auto simp add: measure_tm_skip_first_arg_len_eq_1_def)

next

assume [ = [| A r = Oc 1 Suc n2 @ [Bk] A Suc n2 = Suc n vV
=[] AN r=Bk+# Oc? Suc n2 Q [Bk] A\ Suc n2 = Suc n
then show ’thesis
proof
assume [ = [| A r = Oc 1 Suc n2 @ [Bk] A Suc n2 = Suc n

with <steps0 (1, [], <[n::nat]>) tm_skip_first_arg stp = (5,1, r)>
have steps0 (1, [], <[n::nat|>) tm_skip_first_arg stp = (5, [], Oc T Suc n2 Q [Bk])
by auto

with SUC_STEP_RED
have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) =
step0 (5, [], Oc 1 Suc n2 @ [Bk]) tm_skip_first_arg
by auto

also have ... = (5,[],Bk#Oc 1 Suc n2 Q [Bk])
by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
finally have steps0 (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) =
(5,[],Bk#Oc T Suc n2 @ [Bk])
by auto

with «steps0 (1, [], <[n::nat]>) tm_skip_first_arg stp = (5, [], Oc 1 Suc n2 Q [Bk])>
show ?thesis
by (auto simp add: measure_tm_skip_first_arg_len_eq_1_def )
next
assume [ = [| A r = Bk # Oc 1 Suc n2 Q [Bk] A Suc n2 = Suc n

with «stepsO (1, [|, <[n::nat]>) tm_skip_first_arg stp = (5, 1, r)>
have steps0 (1, [|, <[n::nat]>) tm_skip_first_arg stp = (5, [|, Bk # Oc 1 Suc n2 Q [Bk])
by auto

with SUC_STEP_RED

have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) =
step0 (5, [], Bk # Oc 1 Suc n2 Q [Bk)) tm_skip_first_arg
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by auto

also have ... = (0,[Bk], Oc 1 Suc n2 Q [Bk])
by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [|, <[n::nat]>) tm_skip_first_arg (Suc stp) =
(0,[BKk], Oc 1 Suc n2 Q [Bk])
by auto

with «tepsO (1, [], <[n::nat]>) tm_skip_first_arg stp = (5, [|, Bk # Oc T Suc n2 @

[BK])>
show ?thesis
by (auto simp add: measure_tm_skip_first_arg_len_eq_1_def)
qed
qed
qed
qed
qed

qed

lemma m_skip_first_arg_len_eq_1_total_correctness:
{ Atap. tap = ([], <[n::nat]>)}
tm_skip_first_arg
{ Atap. tap = ([Bk], <[n::nat]> Q[Bk])}
proof (rule tm_skip_first_arg_len_eq_1_partial_correctness)
show 3 s1p. is_final (stepsO (1, [], <[n]>) tm_skip_first_arg stp)
using tm_skip_first_arg_len_eq_1_halts by auto
qed

lemma tm_skip_first_arg_len_eq_1_total_correctness "
lengthnl =1
= {Atap. tap = ([], <nl::nat list> )|} tm_skip_first_arg { Mtap. tap = ([Bk], <[hd ni]>
a[Bk)}
proof —
assume length nl = 1
then have nl = [hd nl]
by (metis One_nat_def diff Suc_I length_0_conv length_greater_0_conv length_tl list.distinct(1)
list.expand list.sel(1) list.sel(3) list.size(3) zero_neq_one)
moreover have { \ap. tap = ([], <[hd nl]|>)|} tm_skip_first_arg { Atap. tap = ([Bk], <[hd
nl]> Q[Bk])}
by (rule tm_skip_first_arg_len_eq_1_total_correctness)
ultimately show ?thesis
by (simp add: Hoare_haltE Hoare_haltl tape_of list_def)
qed

fun
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inv_tm_skip_first_arg_len_gt _1_s0 :: nat = nat list = tape = bool and
inv_tm_skip_first_arg_len_gt_1_sl :: nat = nat list= tape = bool and
inv_tm_skip_first_arg_len_gt 1_s2 :: nat = nat list=- tape = bool and
inv_tm_skip_first_arg_len_gt_1_s3 :: nat = nat list= tape = bool
where
inv_tm_skip_first_arg_len_gt_1_slnns (I, r) = (
I=[Ar=0ctSucn@ [Bk| @ (<ns::nat list>) )
| inv_tm_skip_first_arg_len_gt 1_s2nns (I, r) =
(3nl n2.1= Oc?t (Sucnl) AN r=Oc*T n2 Q@ [Bk] Q (<ns::nat list>) N
Suc nl + n2 = Suc n)
| inv_tm_skip_first_arg_len_gt 1_s3nns (I,r) = (
I = Bk # Oc 1 (Suc n) A r = (<ns::nat list>)

| inv_tm_skip_first_arg_len_gt_1_sOnns (I,r) = (
I = Bk# Oc 1 (Suc n) A r = (<ns::nat list>)

)

fun inv_tm_skip_first_arg_len_gt 1 :: nat = nat list = config = bool
where
inv_tm_skip_first_arg_len_gt_I n ns (s, tap) =

(if s = O then inv_tm_skip_first_arg_len_gt 1_sO n ns tap else

if s = 1 then inv_tm_skip_first_arg_len_gt_I_sI n ns tap else

if s = 2 then inv_tm_skip_first_arg_len_gt_1_s2 n ns tap else

if s = 3 then inv_tm_skip_first_arg_len_gt 1_s3 n ns tap

else False)

lemma rm_skip_first_arg_len_gt_I_cases:
fixes s::nat
assumes inv_tm_skip_first_arg_len_gt 1 n ns (s,l,r)
and s=0 — P
and s=/ — P
and s=2 — P
and s=3 = P
and s=4 — P
and s=5 — P
shows P
proof —
have s < 6
proof (rule ccontr)
assume - s < 6
with <nv_tm_skip_first_arg_len_gt_I n ns (s,l,r)> show False by auto
qed
thenhave s =0Vs=1Vs=2Vs=3 Vs=4Vs=>5Dbyauto
with assms show ?thesis by auto
qed

lemma inv_tm_skip_first_arg_len_gt_1_step:
assumes length ns > 0
and inv_tm_skip_first_arg_len_gt_I n ns cf
shows inv_rm_skip_first_arg_len_gt_I n ns (stepO cf tm_skip_first_arg)
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proof (cases cf)
case (fields s L r)
then have ¢f _cases: ¢f = (s, 1, r) .
show inv_tm_skip_first_arg_len_gt_I n ns (stepO cf tm_skip_first_arg)
proof (rule tm_skip_first_arg_len_gt_1_cases)
from cf_cases and assms
show inv_tm_skip_first_arg_len_gt_I nns (s, [, r) by auto
next
assume s = 0
with ¢f_cases and assms
show ?thesis by (auto simp add: tm_skip_first_arg_def)
next
assume s = 4
with ¢f_cases and assms
show ?thesis by (auto simp add: tm_skip_first_arg_def)
next
assume s = 5
with ¢f_cases and assms
show ?thesis by (auto simp add: tm_skip_first_arg_def)
next
assume s = /
with ¢f_cases and assms
have ! = [| A r = Oc 1 Suc n @ [Bk] @ (<ns::nat list>)
by auto
with assms and c¢f_cases and < = I> show ?thesis
by (auto simp add: tm_skip_first_arg_def step.simps steps.simps)
next
assume s = 2
with ¢f_cases and assms
have (3nl n2.1= Oc? (Sucnl) A r= Oc 1 n2 Q [Bk] Q (<ns::nat list>) A\ Suc nl + n2 =
Suc n)
by auto
then obtain n/ n2
where w_nl_n2: 1= Oc 1 (Suc nl) A r = Oc 1 n2 Q [Bk] Q (<ns::nat list>) A Suc nl +
n2 = Suc n by blast
show ?thesis
proof (cases n2)
case 0
then have n2 = 0.
with w_nl_n2 have [ = Oc 1 (Suc nl) A r = [Bk] @ (<ns::nat list>) A Suc nl = Suc n
by auto

then have step0 (2, Oc 1 (Suc nl), [Bk] Q (<ns::nat list>)) tm_skip_first_arg = (3, Bk #
Oc 1 (Suc nl), (<ns::nat list>))
by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_skip_first_arg_len_gt_I n ns (3, Bk # Oc 1 (Suc nl), (<ns::nat
list>))
proof —
from < = Oc 1 (Suc nl) A r = [Bk] Q (<ns::nat list>) N Suc nl = Suc n>
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have Oc 1 (Suc nl) = Oc 1 (Suc nl) A\ Bk # Oc 1 (Suc nl) = Bk#Oc#0c 1 nl A\ Suc nl
+ 0 = Suc n by auto
then show inv_rm_skip_first_arg_len_gt_I nns (3, Bk # Oc 1 (Suc nl), (<ns::nat list>))
by auto
qed

ultimately show ?thesis
using assms and c¢f_cases and <s = 2> and w_nl_n2
by auto
next
case (Suc n2")
then have n2 = Suc n2’.
with w_nl_n2 have [ = Oc 1 (Suc nl) A r = Oc 1 Suc n2’ Q [Bk] Q (<ns::nat list>) A\ Suc
nl +n2==Sucn
by auto

then have step0 (2, Oc 1 (Suc nl), Oc 1 Suc n2’ @ [Bk] @ (<ns::nat list>)) tm_skip_first_arg
= (2, Oc # Oc 1 (Suc nl), Oc T n2' @ [Bk] Q (<ns::nat list>))
by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_skip_first_arg_len_gt I nns (2, Oc # Oc 1 (Suc nl), Oc t n2’ @
[Bk] @ (<ns::nat list>))
proof —
from < = Oc 1 (Suc nl) A r = Oc 1 Suc n2’ Q [Bk] @ (<ns::nat list>) A Suc nl + n2 =
Suc n>
have Oc # Oc 1 (Suc nl) = Oc 1 Suc (Suc nl) A Oc 1 n2' @ [Bk] @ (<ns::nat list>)
= Oc 1 n2' Q [Bk| @ (<ns::nat list>) A Suc (Suc nl) + n2' = Suc n
by (simp add: Suc add_Suc_shift)
then show inv_tm_skip_first_arg_len_gt_I n ns (2, Oc # Oc 1 (Suc nl), Oc 1 n2’ Q [Bk|
@ (<ns::nat list>))
by force
qed

ultimately show ?thesis
using assms and c¢f_cases and < = 2> and w_nl_n2
using < = Oc 1 (Suc nl) A r= Oc 1 Suc n2' @ [Bk] @ (<ns::nat list>) A Suc nl + n2 =
Suc n>
by force
qed
next
assume s = 3
with ¢f_cases and assms
have unpackedINV: | = Bk # Oc 1 (Suc n) A\ r = (<ns::nat list>)
by auto
moreover with <ength ns > 0> have (ns::nat list) # [| A hd (<ns::nat list>) = Oc
using numeral_list_head_is_Oc
by force
moreover from rhis have <ns::nat list> = Oc# (il (<ns::nat list>))
by (metis append_Nil list.exhaust_sel tape_of list_empty
unique_Bk_postfix_numeral_list_Nil)
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ultimately have step0 (3, Bk # Oc T (Suc n), (<ns::nat list>)) tm_skip_first_arg
= (0, Bk # Oc 1 (Suc n), (<ns::nat list>))
proof —
from «<ns> = Oc # 1l (<ns>)>
have step0 (3, Bk # Oc 1 (Suc n), (<ns::nat list>)) tm_skip_first_arg
= step0 (3, Bk # Oc 1 (Suc n), Oc # tl (<ns>)) tm_skip_first_arg
by auto
also have ... = (0, Bk # Oc 1 (Suc n), Oc # 1l (<ns>))
by (simp add: tm_skip_first_arg_def step.simps steps.simps numeral_eqs_upto_12)
also with «<ns> = Oc # tl (<ns>)> have ... = (0, Bk # Oc 1 (Suc n), (<ns::nat list>))
by auto
finally show stepO (3, Bk # Oc 1 (Suc n), (<ns::nat list>)) tm_skip_first_arg
= (0, Bk # Oc 1 (Suc n), (<ns::nat list>))
by auto
qed

moreover with < = Bk # Oc 1 (Suc n) A r = (<ns::nat list>)>
have inv_tm_skip_first_arg_len_gt I n ns (0, Bk # Oc 1 (Suc n), (<ns::nat list>))
by auto

ultimately show ?thesis
using assms and cf_cases and < = 3> and unpackedINV
by auto
qed
qed

lemma inv_tm_skip_first_arg_len_gt_1_steps:
assumes length ns > 0
and inv_tm_skip_first_arg_len_gt_I n ns cf
shows inv_rm_skip_first_arg_len_gt_I n ns (stepsO cf tm_skip_first_arg stp)
proof (induct stp)
case 0
with assms show ?case
by (auto simp add: inv_tm_skip_first_arg_len_gt_l_step step.simps steps.simps)
next
case (Suc stp)
with assms show ?case
using inv_tm_skip_first_arg_len_gt _1_step step_red by auto
qed

lemma rm_skip_first_arg_len_gt_1_partial_correctness:
assumes I stp. is_final (stepsO (1, [], Oc 1 Suc n Q [Bk] @ (<ns::nat list>) ) tm_skip_first_arg
stp)
and 0 < length ns
shows {ap. tap = ([], Oc 1 Suc n @ [Bk] Q (<ns::nat list>) ) |}
tm_skip_first_arg
{ Atap. tap = (Bk# Oc 1 Suc n, (<ns::nat list>) ) |}
proof (rule Hoare_consequence)
show (Atap. tap = ([], Oc 1 Suc n Q [Bk] Q (<ns::nat list>)))
— (Atap. tap = ([], Oc 1t Suc n @ [Bk] @ (<ns::nat list>)))
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by (simp add: assert_imp_def tape_of nat_def)
next
show inv_rm_skip_first_arg_len_gt 1_sO n ns — (Atap. tap = (Bk # Oc 1 Suc n, <ns>))
using assert_imp_def inv_tm_skip_first_arg_len_gt_1_s0.simps rev_numeral tape_of_nat_def
by auto
next
show {Atap. tap = ([], Oc 1 Suc n @ [Bk] @ <ns>)[} tm_skip_first_arg {inv_tm_skip_first_arg_len_gt_I_s0
n nsf
proof (rule Hoare_haltl )
fix I::cell list
fix r:: cell list
assume major: (I, r) = ([], Oc 1T Suc n Q [Bk] @ <ns::nat list>)
show T stp. is_final (stepsO (1,1, r) tm_skip_first_arg stp) N\
inv_tm_skip_first_arg_len_gt_1_s0 n ns holds_for steps0 (1, 1, r) tm_skip_first_arg stp
proof —
from major and assms have 3 stp. is_final (stepsO (1, 1, r) tm_skip_first_arg stp) by auto
then obtain stp where
w_stp: is_final (stepsO (1, 1, r) tm_skip_first_arg stp) by blast

moreover have inv_rm_skip_first_arg_len_gt_1_sOn ns holds_for steps0 (1,1, r) tm_skip_first_arg
stp
proof —
have inv_tm_skip_first_arg_len_gt 1nns (1,1, r)
by (simp add: major tape_of list_def tape_of _nat_def)

with assms have inv_tm_skip_first_arg_len_gt_I n ns (stepsO (1, I, r) tm_skip_first_arg
stp)
using inv_tm_skip_first_arg_len_gt_I_steps by auto

then show ?thesis
by (smt (verit) holds_for.elims(3) inv_tm_skip_first_arg_len_gt_I.simps is_final_eq

w_stp)

qed

ultimately show ?thesis by auto

qed
qed

qed

definition measure_tm_skip_first_arg_len_gt_I :: (config X config) set
where
measure_tm_skip_first_arg_len_gt_I = measures [
A(s, I, r). (if s = 0then 0 else 4 — s),
(s, I, r). (if s = 2 then length r else 0)
J
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lemma wf_measure_tm_skip_first_arg_len_gt_I: wf measure_tm_skip_first_arg_len_gt_1
unfolding measure_tm_skip_first_arg_len_gt_1_def
by (auto)

lemma measure_tm_skip_first_arg_len_gt_I_induct [case_names Step]:
[An. =P (fn) = (f (Suc n), (fn)) € measure_tm_skip_first_arg_len_gt_I] => 3n. P (fn)
using wf_measure_tm_skip_first_arg_len_gt_1
by (metis wf_iff_no_infinite_down_chain)

lemma rm_skip_first_arg_len_gt_I_halts:
0 < lengthns => I stp. is_final (steps0 (1, [], Oc 1 Suc n Q [Bk| Q@ <ns::nat list>) tm_skip_first_arg
stp)
proof —
assume A: 0 < length ns
show T stp. is_final (stepsO (1, [|, Oc 1 Suc n @ [Bk] Q <ns::nat list>) tm_skip_first_arg stp)
proof (induct rule: measure_tm_skip_first_arg_len_gt_I_induct)
case (Step sip)
then have nor_final: — is_final (stepsO (1, [|, Oc 1 Suc n @ [Bk] @ <ns>) tm_skip_first_arg
stp) .

have INV: inv_tm_skip_first_arg_len_gt 1 n ns (stepsO (I, [|, Oc T Suc n Q [Bk] @ <ns>)
tm_skip_first_arg stp)
proof (rule_tac inv_tm_skip_first_arg_len_gt _1_steps)
from A show 0 < length ns .
then show inv_tm_skip_first_arg_len_gt 1 nns (1, ], Oc T Suc n @Q [Bk] @ <ns>)
by (simp add: tape_of list_def tape_of nat_def)
qed

have SUC_STEP_RED:
steps0 (1, [), Oc T Suc n Q [Bk] @ <ns>) tm_skip_first_arg (Suc stp) =
stepO (stepsO (1, [], Oc 1 Suc n @ [Bk] @ <ns>) tm_skip_first_arg stp) tm_skip_first_arg
by (rule step_red)

show ( stepsO (1, [], Oc 1 Suc n Q [Bk] Q@ <ns>) tm_skip_first_arg (Suc stp),
stepsO (1, [], Oc 1 Suc n @ [Bk] Q@ <ns>) tm_skip_first_arg stp
) € measure_tm_skip_first_arg_len_gt 1

proof (cases stepsO (1, [|, Oc 1 Suc n Q [Bk] @ <ns>) tm_skip_first_arg stp)
case (fields s [ r2)
then have
cf _cases: stepsO (1, [|, Oc 1 Suc n Q [Bk] @ <ns>) tm_skip_first_arg stp = (s, 1, r2) .
show ?thesis
proof (rule tm_skip_first_arg_len_gt_1_cases)
from INV and cf _cases
show inv_tm_skip_first_arg_len_gt I nns (s, [, r2) by auto
next
assume s=0
with ¢f_cases not_final
show ’thesis by auto
next
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assume s=4
with ¢f _cases not_final INV
show ?thesis by auto
next
assume s=5
with c¢f _cases not_final INV
show ’thesis by auto
next
assume s=/
show ?thesis
proof —
from cf_cases and <s=1>
have steps0 (1, [], Oc 1 Suc n @ [Bk] Q (<ns>)) tm_skip_first_arg stp = (1, 1, r2)
by auto

with ¢f_cases and <s=1> and INV
have unpackedINV: 1 =[] A r2 = Oc 1 Suc n Q [Bk] Q (<ns>)
by auto

with ¢f_cases and «s=1> and SUC_STEP_RED
have steps0 (1, [], Oc 1 Suc n Q [Bk| Q (<ns>)) tm_skip_first_arg (Suc stp) =
step0 (1, [], Oc? Suc n Q [Bk] Q (<ns>)) tm_skip_first_arg

by auto
also have ... = (2,[0c|,0Oc T n @ [Bk] @ (<ns>))

by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [], Oc 1 Suc n Q [Bk| @ (<ns>)) tm_skip_first_arg (Suc stp)

= (2,[0c],0c t n @ [Bk] @ (<ns>))
by auto

with <stepsO (1, [], Oc 1 Suc n Q [Bk] Q (<ns>)) tm_skip_first_arg stp = (1, 1, r2)>
show ’thesis
by (auto simp add: measure_tm_skip_first_arg_len_gt_1_def)

qed

next
assume s=2
show ’thesis
proof —

from cf cases and «<s=2>
have stepsO (1, [|,Oc 1 Suc n Q [Bk] Q (<ns>)) tm_skip_first_arg stp = (2, 1, r2)
by auto

with ¢f_cases and <s=2> and INV
have (3nl n2. 1= Oc? (Suc nl) A r2 = Oc 1 n2 Q [Bk] @ (<ns::nat list>) N\
Suc nl + n2 = Suc n)

by auto
then obtain n/ n2 where

w_nl_n2: 1= Oc? (Suc nl) A r2 = Oc 1 n2 @Q [Bk] @ (<ns::nat list>) A Suc nl + n2

= Suc n by blast

show ’thesis
proof (cases n2)
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case 0
then have n2 = 0.
with w_nl_n2 have r2 = [Bk] Q (<ns::nat list>) by auto
with <stepsO (1, [],0c 1 Suc n @ [Bk] Q (<ns>)) tm_skip_first_arg stp = (2, 1, r2)>
have stepsO (1, [,0c 1 Suc n @ [Bk] @ (<ns>)) tm_skip_first_arg stp = (2, I, [Bk] @
(<ns::nat list>))
by auto

with SUC_STEP_RED
have stepsO (1, [|,0c 1 Suc n Q [Bk] Q (<ns>)) tm_skip_first_arg (Suc stp) =
step0 (2, 1, [Bk] @Q (<ns::nat list>)) tm_skip_first_arg

by auto
also have ... = (3,Bk#l,(<ns>))
by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [|,Oc 1 Suc n @Q [Bk] Q (<ns>)) tm_skip_first_arg (Suc stp) =

(3,Bk#1,(<ns>))
by auto

with <stepsO (1, [],0c 1 Suc n @ [Bk] Q (<ns>)) tm_skip_first_arg stp = (2, I, [Bk] @
(<ns::nat list>))>
show ?thesis
by (auto simp add: measure_tm_skip_first_arg_len_gt_1_def)
next
case (Suc n2")
then have n2 = Suc n2’.
with w_nl_n2 have r2 = Oc 1 Suc n2'@QBk#(<ns>) by auto

with <stepsO (1, [], Oc 1 Suc n @ [Bk] @ (<ns>)) tm_skip_first_arg stp = (2, 1, r2)>
have steps0 (1, [], Oc 1 Suc n @ [Bk] Q (<ns>)) tm_skip_first_arg stp = (2, 1, Oc 1 Suc
n2'QBk#(<ns>))
by auto

with SUC_STEP_RED
have stepsO (1, [|, Oc 1 Suc n @Q [Bk] Q (<ns>)) tm_skip_first_arg (Suc stp) =
step0 (2, 1, Oc 1 Suc n2'@QBk+#(<ns>)) tm_skip_first_arg

by auto
also have ... = (2,0c#1,0c 1 n2'QBk#£(<ns>))
by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
finally have stepsO (1, [], Oc 1 Suc n @Q [Bk] Q (<ns>)) tm_skip_first_arg (Suc stp)

= (2,0c#1,0c t n2'QBk#(<ns>))
by auto

with «stepsO (1, [], Oc 1 Suc n @ [Bk] Q (<ns>)) tm_skip_first_arg stp = (2, I, Oc t
Suc n2'QBk#(<ns>))>
show ?thesis
by (auto simp add: measure_tm_skip_first_arg_len_gt_I_def)
qed
qed
next
assume s=3
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show ?thesis
proof —
from cf_cases and <s=3>
have stepsO (1, [], Oc 1 Suc n @ [Bk] Q (<ns>)) tm_skip_first_arg stp = (3, 1, r2)
by auto

with ¢f_cases and <s=3> and INV

have unpacked_INV: | = Bk # Oc T (Suc n) A r2 = (<ns::nat list>)
by auto
with «stepsO (1, [], Oc 1 Suc n @ [Bk] @ (<ns>)) tm_skip_first_arg stp = (3, 1, r2)>

have stepsO (1, [], Oc 1 Suc n Q [Bk] Q (<ns>)) tm_skip_first_arg stp = (3, Bk # Oc 1
(Suc n), (<ns::nat list>))
by auto

with SUC_STEP_RED
have steps0 (1, [], Oc 1 Suc n Q [Bk| Q (<ns>)) tm_skip_first_arg (Suc stp) =
step0 (3, Bk # Oc 1 (Suc n), (<ns::nat list>)) tm_skip_first_arg
by auto

also have ... = (0, Bk # Oc 1 (Suc n),(<ns::nat list>))
proof —
from <ength ns > 0> have (ns::nat list) # || A hd (<ns::nat list>) = Oc
using numeral_list_head_is_Oc
by force
then have <ns::nat list> = Oc# (1l (<ns::nat list>))
by (metis append_Nil list.exhaust_sel tape_of _list_empty
unique_Bk_postfix_numeral_list_Nil)

then have step0 (3, Bk # Oc 1 (Suc n), (<ns::nat list>)) tm_skip_first_arg
= step0 (3, Bk # Oc 1 (Suc n), Oc#(tl (<ns::nat list>))) tm_skip_first_arg
by auto
also have ... = (0, Bk # Oc 1 (Suc n), Oc#(tl (<ns::nat list>)))
by (auto simp add: tm_skip_first_arg_def numeral_eqs_upto_12 step.simps steps.simps)
also with «<ns::nat list> = Oc#(tl (<ns::nat list>))>
have ... = (0, Bk # Oc T (Suc n), <ns::nat list>)
by auto
finally show step0 (3, Bk # Oc 1 (Suc n), (<ns::nat list>)) tm_skip_first_arg
= (0, Bk # Oc 1 (Suc n), <ns::nat list>) by auto
qed
finally have stepsO (1, [|, Oc 1 Suc n @ [Bk] Q (<ns>)) tm_skip_first_arg (Suc stp) =
(0, Bk # Oc 1 (Suc n),(<ns::nat list>))
by auto

with «stepsO (1, [], Oc 1 Suc n Q [Bk] @ (<ns>)) tm_skip_first_arg stp = (3, Bk # Oc 1
(Suc n), (<ns::nat list>))>
show ?thesis
by (auto simp add: measure_tm_skip_first_arg_len_gt _1_def)
qed
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qed
qed
qed
qed

lemma rm_skip_first_arg_len_gt_1_total_correctness_pre:
assumes 0 < length ns
shows {Atap. tap = ([], Oc 1 Suc n @ [Bk] @ (<ns::nat list>) ) |}
tm_skip_first_arg
{ Atap. tap = (Bk# Oc 1 Suc n, (<ns::nat list>) ) |}
proof (rule tm_skip_first_arg_len_gt_1_partial_correctness)
from assms show 0 < length ns .
from assms show stp. is_final (stepsO (1, [], Oc 1T Suc n @ [Bk] @ (<ns::nat list>) )
tm_skip_first_arg stp)
using rm_skip_first_arg_len_gt_1_halts by auto
qed

lemma rm_skip_first_arg_len_gt 1_total_correctness:
assumes / < length (nl::nat list)
shows {Awp. tap = ([|, <nl::nat list> )} tm_skip_first_arg { Atap. tap = (Bk# <rev [hd
nl)>, <dnl>) |}
proof —
from assms have major: (nl::nat list) = hd nl # l nl
by (metis list.exhaust_sel list.size(3) not_one_less_zero)
from assms have tl nl # ||
using list_length_tl_neq_Nil by auto
from assms have (nl::nat list) # [] by auto

from «(nl::nat list) = hd nl # tl nl>
have <nl::nat list> = <hd nl # tl nl>
by auto
also with </ nl # []> have ... = <hd nl> @ [Bk] @ (<1l nl>)
by (simp add: tape_of nat_list_cons_eq)
also with <(nl::nat list) # []> have ... = Oc 1 Suc (hd nl) @ [Bk] @ (<1l nl>)
using tape_of _nat_def by blast
finally have <nl::nat list> = Oc 1 Suc (hd nl) Q [Bk] @ (<1l nl>)
by auto

from «l nl # []> have 0 < length (1l nl)
using length_greater_0_conv by blast
with assms have
{Xtap. tap = ([], Oc 1 Suc (hd nl) Q [Bk] @ (<tlnl>)) |}
tm_skip_first_arg
{ Mtap. tap = (Bk# Oc 1t Suc (hd nl), (<d nl>)) |
using rm_skip_first_arg_len_gt_I_total_correctness_pre
by force
with «<nl::nat list> = Oc 1 Suc (hd nl) @ [Bk] @ (<tl nl>)> have
{Xtap. tap = ([, <nl::nat list> ) |}
tm_skip_first_arg
{ Mtap. tap = (Bk# Oc 1 Suc (hd nl), (<d nl>)) |
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by force
moreover have <rev [hd nl]> = Oc 1 Suc (hd nl)
by (simp add: tape_of list_def tape_of _nat_def)
ultimately
show ’thesis
by (simp add: rev_numeral rev_numeral_list tape_of list_def )
qed

definition
tm_erase_right_then_dblBk_left :: instr list
where
, . def
tm_erase_right_then_dblBk_left =
[(L,2),(L,2),

I

L2
L3
R, 4
R, 0
R, 6

== —

5
R, S
R,0
R, 6

(L,10),(L,11),

(L,12),(L,11),
(WB,0),(L,11)

184



fun

inv_tm_erase_right_then_dblBk_left_dnp_s0 :: (cell list) = tape = bool and

inv_tm_erase_right_then_dblBk_left_dnp_sl :: (cell list) = tape = bool and

inv_tm_erase_right_then_dblBk_left_dnp_s2 :: (cell list) = tape = bool and

inv_tm_erase_right_then_dblBk_left_dnp_s3 :: (cell list) = tape = bool and
inv_tm_erase_right_then_dblBk_left_dnp_s4 :: (cell list) = tape = bool

where

inv_tm_erase_right_then_dblBk_left_dnp_sO CR =(l= [

| inv_tm_erase_right_then_dbIBk_left_dnp_si CR =(=]

= (=]

= (=]

= (=]

(L, r)=(=[Bk,BkK| ANCR=)
(L,r)=(

| inv_tm_erase_right_then_dblBk_left _dnp_s2 CR (I, r) = (I
(Lr)=(
(,r)=(

] ACR=v)

] Ar=Bk#CR)

] Ar=Bk#BI#CR)
BK| A r=Bk#CR)

| inv_tm_erase_right_then_dblBk_left_dnp_s3 CR
| inv_tm_erase_right_then_dbIBk_left_dnp_s4 CR

fun inv_rm_erase_right_then_dblBk_left_dnp :: (cell list) = config = bool
where
inv_tm_erase_right_then_dblBk_left_dnp CR (s, tap) =

(if s = O then inv_tm_erase_right_then_dblBk_left_dnp_sO CR tap else
if s = 1 then inv_tm_erase_right_then_dblBk_left_dnp_sl CR tap else
if s = 2 then inv_tm_erase_right_then_dblBk_left_dnp_s2 CR tap else
if s = 3 then inv_tm_erase_right_then_dblBk_left _dnp_s3 CR tap else
if s = 4 then inv_tm_erase_right_then_dblBk_left_dnp_s4 CR tap
else False)

lemma rm_erase_right_then_dblBk_left_dnp_cases:
fixes s::nat
assumes inv_tm_erase_right_then_dblBk_left_dnp CR (s,l,r)
and s=0 — P
and s=/ — P
and s=2 =— P
and s=3 — P
and s=4 — P
shows P
proof —
have s < 5
proof (rule ccontr)
assume - s < 5
with <nv_tm_erase_right_then_dblBk_left_dnp CR (s,l,r)> show False by auto
qed
thenhave s =0V s=1Vs=2Vs=3 Vs=4Dbyauto
with assms show ?thesis by auto
qed

lemma inv_tm_erase_right_then_dblBk_left_dnp_step:

assumes inv_tm_erase_right_then_dblBk_left_dnp CR cf

shows inv_tm_erase_right_then_dblBk_left_dnp CR (stepO cftm_erase_ri ght_then_dblBk_left)
proof (cases cf)

case (fields s I r)

then have cf _cases: ¢f = (s, [, r) .

show inv_im_erase_right_then_dblBk_left_dnp CR (stepO cf tm_erase_right_then_dbIBk_left)
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proof (rule tm_erase_right_then_dbIBk_left_dnp_cases)
from cf cases and assms
show inv_rm_erase_right_then_dblBk_left_dnp CR (s, 1, r) by auto
next
assume s = 0
with ¢f_cases and assms
show ?thesis by (auto simp add: tm_erase_right_then_dbIBk_left_def)
next
assume s = /
with ¢f_cases and assms
have [ = ||
by auto
show ?thesis
proof (cases r)
case Nil
then have r =[] .
with assms and c¢f_cases and s = 1> show ?thesis
by (auto simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps)
next
case (Cons ars)
then have r = a # rs .
show ?thesis
proof (cases a)
case Bk
with assms and cf_cases and < = 1> and « = a # rs> show ?thesis
by (auto simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps)
next
case Oc
with assms and cf_cases and < = 1> and <« = a # rs> show ?thesis
by (auto simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps)
qed
qed
next
assume s = 2
with ¢f_cases and assms
have [ = [| A r = Bk#CR by auto

then have step0 (2, [|, Bk#CR) tm_erase_right_then_dblBk_left = (3, [|, Bk# Bk # CR)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_dnp CR (3, [|, Bk# Bk # CR)
proof —

from < =[] A r = Bk#CR>

show inv_tm_erase_right_then_dblBk_left_dnp CR (3, |, Bk# Bk # CR) by auto
qed

ultimately show ’thesis
using assms and cf_cases and <s = 2> and < = [] A r = Bk#CR>
by auto
next
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assume s = 3

with ¢f _cases and assms

have [ = [| A r = Bk#Bk#CR
by auto

then have step0 (3, [|, Bk#Bk#CR) tm_erase_right_then_dblBk_left = (4, [Bk], Bk # CR)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_dnp CR (4, [Bk|, Bk # CR)
proof —

from « =[] A r = Bk#Bk#CR>

show inv_tm_erase_right_then_dblBk_left_dnp CR (4, [Bk|, Bk # CR) by auto
qed

ultimately show ?thesis
using assms and ¢f_cases and <s = 3> and « = [| A r = Bk#Bk#CR>
by auto

next

assume s = 4

with ¢f_cases and assms

have [ = [Bk] A r = Bk#CR
by auto

then have step0 (4, [Bk|, Bk#CR) tm_erase_right_then_dblBk_left = (0, [Bk,Bk], CR)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_dnp CR (0, [Bk,Bk], CR)
proof —

from <« = [Bk] A r = Bk#CR>

show inv_tm_erase_right_then_dblBk_left_dnp CR (0, [Bk,Bk|, CR) by auto
qed

ultimately show ?thesis
using assms and ¢f_cases and <s = 4> and < = [Bk] A r = Bk#CR>
by auto
qed
qed

lemma inv_tm_erase_right_then_dblBk_left_dnp_steps:
assumes inv_tm_erase_right_then_dblBk_left_dnp CR cf
shows inv_tm_erase_right_then_dblBk_left_dnp CR (stepsO cf tm_erase_right_then_dbIBk_left
stp)
proof (induct stp)
case 0
with assms show ?case
by (auto simp add: inv_tm_erase_right_then_dblBk_left_dnp_step step.simps steps.simps)
next
case (Suc stp)
with assms show ?case
using inv_tm_erase_right_then_dblBk_left_dnp_step step_red by auto

187



qed

lemma 1m_erase_right_then_dblBk_left_dnp_partial_correctness:
assumes I sip. is_final (stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp)
shows { Aiap. tap = ([], r) |
tm_erase_right_then_dblBk_left
{ Atap. tap = ([Bk,Bk], r) |}
proof (rule Hoare_consequence)
show (Atap. tap = ([], r) ) — (Mtap. tap = ([], r) )
by auto
next
show inv_tm_erase_right_then_dblBk_left_dnp_sO r — (Mtap. tap = ([Bk,Bk], r))
by (simp add: assert_imp_def tape_of list_def tape_of nat_def)
next
show {ap. tap = ([], r)}
tm_erase_right_then_dblBk_left
{linv_tm_erase_right_then_dbIBk_left dnp_sO r |}
proof (rule Hoare_haltl)
fix I::cell list
fix r'":: cell list
assume major: (I, r'") = ([], r)
show T stp. is_final (stepsO (1,1, r"") tm_erase_right_then_dblBk_left stp) A
inv_tm_erase_right_then_dblBk_left_dnp_sO r holds_for stepsO (1, 1, r”) tm_erase_right_then_dblBk_left
stp
proof —
from major and assms have 3 stp. is_final (stepsO (1,1, r"") tm_erase_right_then_dblBk_left
stp) by auto
then obtain s7p where
w_stp: is_final (stepsO (1,1, r"') tm_erase_right_then_dblBk_left stp) by blast

moreover have inv_tm_erase_right_then_dblBk_left_dnp_sO r holds_for stepsO (I, 1, r”)
tm_erase_right_then_dblBk_left stp
proof —
have inv_tm_erase_right_then_dblBk_left dnp r (1,1, r"")
by (simp add: major tape_of list_def tape_of _nat_def)

then have inv_tm_erase_right_then_dblBk_left_dnp r (stepsO (1,1,r'") tm_erase_right_then_dblBk_left

stp)
using inv_tm_erase_right_then_dblBk_left_dnp_steps by auto

then show ’thesis
by (smt (verit) holds_for.elims(3) inv_tm_erase_right_then_dblBk_left_dnp.simps

is_final_eq w_stp)

qed

ultimately show ?thesis by auto

qed
qed

qed
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definition measure_tm_erase_right_then_dblBk_left_dnp :: (config x config) set
where
measure_tm_erase_right_then_dblBk_left_dnp = measures [
A(s, L, r). (ifs=0then0else 5 — s)

lemma wf_measure_tm_erase_right_then_dblBk_left_dnp: wf measure_tm_erase_right_then_dblBk_left_dnp
unfolding measure_tm_erase_right_then_dblBk_left_dnp_def
by (auto)

lemma measure_tm_erase_right_then_dblBk_left dnp_induct [case_names Step):

[An. = P (fn) = (f (Suc n), (fn)) € measure_tm_erase_right_then_dblBk_left_dnp] —>
In. P (fn)

using wf_measure_tm_erase_right_then_dblBk_left_dnp

by (metis wf_iﬁ‘_no_inﬁnite_down_chain)

lemma rm_erase_right_then_dblBk_left_dnp_halts:
Istp. is_final (stepsO (1, [], r) tm_erase_right_then_dblBk_left stp)
proof (induct rule: measure_tm_erase_right_then_dbIBk_left_dnp_induct)
case (Step stp)
then have nor_final: — is_final (stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp) .

have INV: inv_tm_erase_right_then_dblBk_left_dnp r (stepsO (1, [], r) tm_erase_right_then_dbIBk_left
stp)
proof (rule_tac inv_tm_erase_right_then_dbIBk_left_dnp_steps)
show inv_tm_erase_right_then_dbIBk_left_dnp r (1, [], r)
by (simp add: tape_of list_def tape_of nat_def )
qed

have SUC_STEP_RED: steps0 (1, [, r) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (stepsO (1, [], r) tm_erase_right_then_dblBk_left stp) tm_erase_right_then_dblBk_left
by (rule step_red)

show ( stepsO (1, [], r) tm_erase_right_then_dbIBk_left (Suc stp),
stepsO (1, [, r) tm_erase_right_then_dblIBk_left stp
) € measure_tm_erase_right_then_dblBk_left_dnp

proof (cases stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp)
case (fields s 1 r2)
then have
¢f _cases: stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp = (s, 1, r2) .
show ?thesis
proof (rule tm_erase_right_then_dbIBk_left_dnp_cases)
from INV and ¢f_cases
show inv_im_erase_right_then_dblBk_left dnp r (s, [, r2) by auto
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next
assume s=0
with ¢f _cases not_final
show ?thesis by auto
next
assume s=/
show ?thesis
proof (cases r)
case Nil
then have r =[] .
from cf cases and «s=1>
have steps0 (1, [], r) tm_erase_right_then_dblBk_left stp = (1,1, r2)
by auto
with cf cases and <s=1> and INV
have = [|Ar=r2
by auto
with ¢f_cases and «s=1> and SUC_STEP_RED
have steps0 (1, [], r) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (1, [], r) tm_erase_right_then_dblBk_left
by auto
also with <+ = [[> and < = [| A r = r2> have ... = (2,[],Bk#r2)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)

finally have stepsO (1, [|, r) tm_erase_right_then_dbIBk_left (Suc stp) = (2,[],Bk#r2)
by auto

with «stepsO (1, ], r) tm_erase_right_then_dbIBk_left stp = (1, 1, r2)>
show ’thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_dnp_def)
next
case (Cons a rs)
then have r =a #rs.
then show ’thesis
proof (cases a)
case Bk
then have a = Bk .
from cf cases and «<s=1>
have stepsO (1, [|, r) tm_erase_right_then_dblBk_left stp = (1, 1, r2)
by auto
with ¢f cases and <s=1> and INV
have I =[|Ar=1r2
by auto
with ¢f cases and «s=1> and SUC_STEP_RED
have stepsO (1, [|, r) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (1, [|, r) tm_erase_right_then_dblBk_left
by auto
also with < = a # rs> and «@=Bk> and < = [| A r = r2> have ... = (2,[],Bk#r2)
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
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finally have stepsO (1, [|, r) tm_erase_right_then_dbIBk_left (Suc stp) = (2,[],Bk#r2)
by auto

with «stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp = (1, 1, r2)>
show ’thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_dnp_def)
next
case Oc
then have ¢ = Oc .
from cf cases and «<s=1>
have stepsO (1, [|, r) tm_erase_right_then_dblBk_left stp = (1,1, r2)
by auto
with ¢f cases and <s=1> and INV
have =[] Ar=1r2
by auto
with ¢f_cases and «s=1> and SUC_STEP_RED
have stepsO (1, [|, r) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (1, [], r) tm_erase_right_then_dblBk_left
by auto
also with <+ = a # rs> and «a=0c> and d = [| A r = r2> have ... = (2,[],Bk#712)
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)

finally have stepsO (1, [|, r) tm_erase_right_then_dbIBk_left (Suc stp) = (2,[],Bk#r2)
by auto

with «stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp = (1,1, r2)>
show ’thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_dnp_def)
qed
qed
next
assume s=2
with cf cases
have steps0 (1, [, r) tm_erase_right_then_dblBk_left stp = (2, 1, r2)
by auto

with ¢f_cases and <s=2> and INV
have (I=1[ A r2=Bk#r)
by auto

with ¢f_cases and «s=2> and SUC_STEP_RED
have stepsO (1, [], r) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (2,1, r2) tm_erase_right_then_dblBk_left
by auto

also with <s=2>and «(! =[] A r2 = Bk#tr)> have ... = (3,[],Bk#r2)

by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I12 step.simps
steps.simps)
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finally have stepsO (1, [|, r) tm_erase_right_then_dbIBk_left (Suc stp) = (3,[],Bk#r2)
by auto

with «stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp = (2, I, r2)>
show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_dnp_def)
next
assume s=3
with ¢f_cases
have stepsO (1, [], r) tm_erase_right_then_dblBk_left stp = (3, 1, r2)
by auto

with ¢f_cases and <s=3> and INV
have (=[] A r2 = Bk#Bk#r)
by auto

with ¢f cases and «<s=3> and SUC_STEP_RED
have stepsO (1, [], r) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (3, 1, r2) tm_erase_right_then_dbIBk_left
by auto

also with <s=3> and «(I =[] A r2 = Bk#Bk+#r)> have ... = (4,[Bk|,Bk#r)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)

finally have stepsO (1, [|, r) tm_erase_right_then_dblBk_left (Suc stp) = (4,|Bk|,Bk#r)
by auto

with «tepsO (1, [], r) tm_erase_right_then_dblBk_left stp = (3,1, r2)>
show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_dnp_def)
next
assume s—=4
with cf cases
have steps0 (1, [, r) tm_erase_right_then_dblBk_left stp = (4,1, r2)
by auto

with ¢f_cases and <s=4> and INV
have (I = [Bk] A r2 = Bk#r)
by auto

with ¢f_cases and «<s=4> and SUC_STEP_RED
have stepsO (1, [], r) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (4, 1, r2) tm_erase_right_then_dblBk_left
by auto

also with «<s=4> and «({ = [Bk| A r2 = Bk#r)> have ... = (0,[Bk,Bk]|,r)

by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I12 step.simps
steps.simps)
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finally have stepsO (1, [|, r) tm_erase_right_then_dbIBk_left (Suc stp) = (0,[Bk,Bk],r)
by auto

with «stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp = (4, 1, r2)>
show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_dnp_def)
qed
qed
qed

lemma rm_erase_right_then_dblBk_left _dnp_total_correctness:
§ Map. 1ap = (I, ) }
tm_erase_right_then_dblBk_left
{ \tap. tap = (|Bk,Bk], r) |}
proof (rule tm_erase_right_then_dblBk_left_dnp_partial_correctness)
show T stp. is_final (stepsO (1, [|, r) tm_erase_right_then_dbIBk_left stp)
using tm_erase_right_then_dblBk_left_dnp_halts by auto
qed

fun inv_tm_erase_right_then_dbIBk_left_erp_sl :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_sI CLCR (I, r) =
(I=[Bk,0Oc] @ CL A r = CR)
fun inv_rm_erase_right_then_dbIBk_left_erp_s2 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s2 CLCR (I, r) =
(I=[0c] @CL A r=Bk#CR)
fun inv_tm_erase_right_then_dblBk_left_erp_s3 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s3 CLCR (I, r) =

(1= CL A r = Oc#Bk#CR)

fun inv_rm_erase_right_then_dbIBk_left_erp_s5 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s5 CLCR (I, r) =
(I=[0c] @CL A r=Bk#CR)

fun inv_tm_erase_right_then_dbIBk_left_erp_s6 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s6 CLCR (I, r) =
(I=[Bk,Oc)] @QCLA((CR=[Ar=CR)V(CRZ[AN(r=CRVr=Bk#1tCR))) )
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fun inv_rm_erase_right_then_dbIBk_left_erp_s7 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s7 CLCR (I, r) =
((3lex. I = Bk 1 Suc lex Q [Bk,Oc] @ CL) A (3rs. CR=rs Q) )

fun inv_rm_erase_right_then_dbIBk_left erp_s8 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s8 CLCR (I, r) =
((3lex. I = Bk 1 Suc lex Q [Bk,Oc] @ CL) A
(3rsl rs2. CR=rsl Q [Oc] Q rs2 N\ r = Bk#rs2) )

fun inv_rm_erase_right_then_dbIBk_left erp_s9 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_s9 CLCR (I, r) =
((3lex. I = Bk 1 Suc lex Q [Bk,0c] @ CL) A (3rs. CR=rs Q [Bk| @QrV CR=rs AN r=
M)

fun inv_tm_erase_right _then_dbIBk_left erp_s10 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_sI10 CLCR (I, r) =

(
(Ilex rex. I = Bk 1 lex Q [Bk,Oc] @ CL A r = Bk 1 Suc rex) V
(Frex. 1 =[0c] @ CL A r = Bk 1 Suc rex) V
(Frex. 1= CL A r = Oc # Bk 1 Suc rex)

)

fun inv_rm_erase_right_then_dbIBk_left erp_sl1 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_sIl1 CLCR (l,r) =

(

(Frex. =] Ar=Bk# rev CL Q Oc # Bk 1 Suc rex A (CL =[] V last CL =
Oc)) \Y

(Frex. 1= Ar=revCL @ Oc # Bk 1 Suc rex N CL # [] A last CL = Bk
)V

(T rex. =] ANr=revCL @ Oc # Bk 1 Suc rex N CL # [] A last CL = Oc
)V

(I rex. I=[Bk] Ar=rev[Oc] @ Oc# Bk? Sucrex AN CL=[Oc, Bk]) V

(Frex sl Is2. 1 = Bk#Oc#ls2 N\ r =rev sl @ Oc # Bk 1 Suc rex N CL = Is] @
Bk#Oc#l1s2 N Is1 = [Oc] ) V
(Frexlislis2. 1= Oc#ls2 Nr=revisl  Q Oc # Bk 1 Suc rex N CL = Is] Q Oc#ls2
Nlsl = [Bk]) Vv
(Frexislis2. 1= Oc#lis2 Nr=revisl  Q Oc# Bk 1 Suc rex N CL = Is] Q Oc#ls2
Alsl =[Oc]) V
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(Frexislls2. 1= Is2 Nr=revlisl @ Oc # Bk 1 Suc rex N CL = Is] Q Is2 A
tl sl #])

)

fun inv_tm_erase_right_then_dbIBk_left_erp_si2 :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_sI12 CLCR (I, r) =
(
(Frexisl Is2. 1 =1Is2 AN r=revis]l QOc # Bk 1 Suc rex N CL=1Is]1 QIs2 Atlls] # ||
AlastIsl = Oc) V

(3rex. 1= A r=Bk#rev CL@ Oc # Bk 1 Suc rex N\ CL # [| A last CL = Bk) V
(rex. 1= N r=Bk#Bk#rev CLQ Oc # Bk T Suc rex N\ (CL=[] V last CL = Oc) )
V
False
)

fun inv_tm_erase_right_then_dbIBk_left_erp_sO :: (cell list) = (cell list) = tape = bool
where
inv_tm_erase_right_then_dblBk_left_erp_sO CLCR (I, r) =
(
(3rex.l=1[] A r= [Bk, Bk] Q (rev CL) @Q [Oc, Bk] @ Bk 1 rex A (CL =[] V last CL =
Oc) )V
(Frex. =) A r=[Bk] @ (revCL)@ [Oc, Bk] @ Bk 1 rex N\ CL # [] A last CL = Bk )
)

fun inv_tm_erase_right_then_dblBk_left_erp :: (cell list) = (cell list) = config = bool
where
inv_tm_erase_right_then_dblIBk_left_erp CL CR (s, tap) =
(if s = O then inv_tm_erase_right_then_dblBk_left_erp_sO CL CR tap else
if s = 1 then inv_tm_erase_right_then_dblBk_left_erp_sI CL CR tap else
if s = 2 then inv_tm_erase_right_then_dblBk_left_erp_s2 CL CR tap else
if s = 3 then inv_tm_erase_right_then_dblBk_left_erp_s3 CL CR tap else
if s = 5 then inv_tm_erase_right_then_dblBk_left_erp_s5 CL CR tap else
if s = 6 then inv_tm_erase_right_then_dblBk_left_erp_s6 CL CR tap else
if s = 7 then inv_tm_erase_right_then_dblBk_left_erp_s7 CL CR tap else
if s = 8 then inv_tm_erase_right_then_dblBk_left_erp_s8 CL CR tap else
if s = 9 then inv_tm_erase_right_then_dblBk_left_erp_s9 CL CR tap else
if s = 10 then inv_tm_erase_right_then_dblBk_left_erp_s10 CL CR tap else
if s = 11 then inv_tm_erase_right_then_dblBk_left_erp_sl1 CL CR tap else
if s = 12 then inv_tm_erase_right_then_dblBk_left_erp_s12 CL CR tap
else False)

lemma rm_erase_right_then_dblBk_left_erp_cases:
fixes s::nat
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assumes inv_tm_erase_right_then_dblBk_left_erp CL CR (s,1,r)
and s=0 — P
and s=/ — P
and s=2 — P
and s=3 — P
and s=5— P
and s=6 — P
and s=7 =— P
and s=8 — P
and s=9 — P
and s=/0 = P
and s=// — P
and s=/2 — P
shows P
proof —
haves <4V4<sAs<I3
proof (rule ccontr)
assume - (s <4V 4 <sAs<13)
with «nv_tm_erase_right_then_dblBk_left_erp CL CR (s,l,r)> show False by auto
qed
thenhave s =0V s=1Vs=2Vs=3Vs=5Vs=6Vs=7V
s=8Vs=9Vs=10Vs=1IVs=12
by arith
with assms show ?thesis by auto
qed

lemma inv_tm_erase_right_then_dblBk_left_erp_step:
assumes inv_tm_erase_right_then_dblBk_left_erp CL CR cf
and noDbIBk CL
and noDbIBk CR
shows inv_tm_erase_right_then_dbIBk_left_erp CL CR (stepO cf tm_erase_right_then_dblBk_left)
proof (cases cf)
case (fields s L r)
then have ¢f _cases: ¢f = (s, 1, r) .
show inv_tm_erase_right_then_dblBk_left_erp CL CR (StepO cftm_erase_ri ght_then_dblBk_left)
proof (rule tm_erase_right_then_dbIBk_left_erp_cases)
from cf_cases and assms
show inv_tm_erase_right_then_dblBk_left_erp CL CR (s, I, r) by auto
next
assume s = [
with ¢f_cases and assms
have (I = [Bk,0Oc] @ CL A r = CR) by auto
show ?thesis
proof (cases r)
case Nil
then have r =[] .
with assms and ¢f_cases and < = 1> show ?thesis
by (auto simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps)
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next
case (Cons a rs)
then have r = a # rs .
show ?thesis
proof (cases a)
case Bk
with assms and c¢f_cases and <r = a # rs> and «s = > show ?thesis
by (auto simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps)
next
case Oc
with assms and cf _cases and « = a # rs> and «<s = 1> show ?thesis
by (auto simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps)
qed
qed
next
assume s = 2
with ¢f_cases and assms
have [ = [Oc] @ CL A r = Bk#CR by auto

then have step0 (2, [Oc] @ CL, Bk#CR) tm_erase_right_then_dblBk_left = (3, CL, Oc#
Bk # CR)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (3, CL, Oc# Bk # CR)
by auto

ultimately show ?thesis
using assms and ¢f_cases and <s = 2> and < = [Oc] @ CL A r = Bk#CR>
by auto
next
assume s = 3
with ¢f_cases and assms
have | = CL A\ r = Oc#Bk+#CR by auto

then have step0 (3, CL, Oc#Bk#CR) tm_erase_right_then_dblBk_left = (5, Oc#CL, Bk #
CR)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (5, Oc#CL, Bk # CR)
by auto

ultimately show ’thesis
using assms and c¢f_cases and «<s = 3> and < = CL A\ r = Oc#Bk#CR>
by auto

next

assume s = 5

with ¢f_cases and assms

have [ = [Oc] @ CL A r = Bk#CR by auto

then have szep0 (5, [Oc] @ CL, Bk#CR) tm_erase_right_then_dblBk_left = (6, Bk#Oc#CL,
CR)
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by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (6, Bk#Oc#CL, CR)
proof (cases CR)

case Nil

then show ?thesis by auto
next

case (Cons a cs)

then have CR = a # cs .

with < = [Oc] @ CL A r = Bk#CR> and < = 5> and <CR = a # cs>
have inv_tm_erase_right_then_dblBk_left_erp_s6 CL CR (Bk#Oc#CL, CR)
by simp
with «s=5>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (6, Bk#Oc#CL, CR)
by auto
qed
ultimately show ?thesis
using assms and ¢f_cases and <s = 5 and < = [Oc] @ CL A r = Bk#CR>
by auto
next
assume s = 6
with ¢f_cases and assms
have [ = [Bk,0c] @ CLand ((CR=[| Ar=CR)V (CR#[| A (r=CRV r =Bk # 1l CR))

)

by auto
from «( (CR=[]Ar=CR)V (CR#[| A (r=CRV r =Bk # tl CR)) )> show ?thesis
proof
assume CR =[] Ar=CR
have step0 (6, [Bk,Oc] Q CL, []) tm_erase_right_then_dblBk_left = (7, Bk 1 Suc 0 Q [Bk,Oc|
QctL)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (7, Bk 1 Suc 0 @ [Bk,Oc|
acL )
by auto
ultimately show ?thesis
using assms and cf_cases and <s = 6> and < = [Bk,0Oc] @ CL> and <CR = [| A r = CR>
by auto
next
assume CR # [| A (r= CRV r = Bk # 1l CR)
then have CR # [| and r = CR V r = Bk # 1l CR by auto
from = CR V r = Bk # 1l CR>
show inv_tm_erase_right_then_dbIBk_left_erp CL CR (stepO cf tm_erase_right_then_dblBk_left)
proof
assume r = CR
show inv_tm_erase_right_then_dbIBk_left_erp CL CR (stepO cf tm_erase_right_then_dblBk_left)
proof (cases r)
case Nil
then have r =[] .
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then have szep0 (6, [Bk,Oc] Q CL, []) tm_erase_right_then_dblBk_left = (7, Bk 1 Suc 0
@ [Bk,Oc] @ CL, [])
by (simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_rm_erase_right_then_dblBk_left_erp CL CR (7, Bk T Suc 0 Q [Bk,Oc|
act)
by auto
ultimately show ?thesis
using assms and cf _cases and <s = 6> and « = [Bk,Oc] @ CL> and « = [>
by auto
next
case (Cons ars’)
then have r = a # rs’.
with <+ = CR> have r = a # tl CR by auto
show ?thesis
proof (cases a)
case Bk
then have « = Bk .
then have step0 (6, [Bk,Oc] @ CL, Bk # 1l CR) tm_erase_right_then_dblBk_left = (7,
Bk 1 Suc 0 Q [Bk,Oc] @ CL, 1l CR)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (7, Bk 1 Suc 0 @
[Bk,Oc] @ CL, 1l CR)
proof —
from «CR # []> and <~ = CR> and <« = Bk> and « = a # tl CR> and « = [Bk,0Oc] @
CL>
have inv_tm_erase_right_then_dblBk_left_erp_s7 CL CR (Bk 1 Suc 0 @ [Bk,0Oc] @ CL,
tl CR)
by (metis append.left_neutral append_Cons empty_replicate inv_tm_erase_right_then_dbIBk_left_erp_s7.simps
replicate_Suc )
then show inv_rm_erase_right_then_dblBk_left_erp CL CR (7, Bk 1 Suc 0 @ [Bk,Oc|
@ CL, 1l CR) by auto
qed
ultimately show ?thesis
using <CR # [)> and & = CR> and « = Bk> and < = a # tl CR> and < = [Bk,Oc] @
CL> and «s = 6> and cf _cases
by auto
next
case Oc
then have a = Oc .
then have step0 (6, [Bk,Oc] @ CL, Oc # rs') tm_erase_right_then_dblBk_left = (6,
[Bk,Oc] @ CL, Bk # rs')
by (simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (6, [Bk,0Oc] @ CL, Bk
#rs’)
proof —
from «CR # []> and <+ = CR> and «a = Oc¢> and « = a # tl CR> and « = [Bk,Oc] @
CL>
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have inv_tm_erase_right_then_dbIBk_left_erp_s6 CL CR ([Bk,Oc] @ CL, Bk # rs')
using inv_tm_erase_right_then_dbIBk_left_erp_s6.simps list.sel(3) local.Cons by

blast
then show inv_rm_erase_right_then_dblBk_left_erp CL CR (6, [Bk,Oc] @ CL, Bk #
rs’)
by auto
qed

ultimately show ?thesis
using <«CR # [> and <* = CR> and <«a = Oc> and <« = a # tl CR> and < = [Bk,0Oc] @
CL> and «s = 6> and cf _cases
by auto
qed
qed
next
assume r = Bk # tl CR

have step0 (6, [Bk,Oc] @ CL, Bk # 1l CR) tm_erase_right_then_dblBk_left = (7, Bk 1 Suc
0 Q [Bk,Oc] @Q CL, tl CR)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover with <CR # [)> and < = Bk # t/ CR>
have inv_tm_erase_right_then_dblBk_left_erp CL CR (7, Bk 1 Suc 0 Q [Bk,0Oc] @ CL, tl

CR)
proof —
have (3 lex. Bk 1 Suc 0 Q [Bk,Oc] @ CL = Bk 1 Suc lex @ [Bk,Oc] @ CL) by blast
moreover with <CR # []> have (3rs. CR = rs @1l CR)
by (metis append_Cons append_Nil list.exhaust list.sel(3))
ultimately
show inv_im_erase_right_then_dblBk_left_erp CL CR (7, Bk 1 Suc 0 Q [Bk,Oc] @Q CL, il
CR)
by auto
qed

ultimately show ?thesis
using assms and cf _cases and < = 6> and <CR # []> and <- = Bk # 1l CR> and « =
[Bk,Oc] @ CL> and c¢f _cases
by auto
qed
qed
next
assume s = 7
with ¢f_cases and assms
have (3 lex. | = Bk 1 Suc lex Q [Bk,0Oc] @ CL) A (3rs. CR = rs Q r) by auto
then obtain /ex rs where
w_lex_rs: | = Bk 1 Suc lex Q [Bk,0Oc] @ CL A CR = rs @ r by blast
show ’thesis
proof (cases r)
case Nil
then have r=[] .
with w_lex_rs have CR = rs by auto
have step0 (7, Bk 1 Suc lex Q [Bk,Oc] @ CL, []) tm_erase_right_then_dblBk_left =
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(9, Bk 1 Suc (Suc lex) @ [Bk,0c] @Q CL, [])
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover with <CR = rs>
have inv_tm_erase_right_then_dblBk_left_erp CL CR (9, Bk 1 Suc (Suc lex) Q [Bk,0Oc] @
)
proof —
have (3 lex’. Bk 1 Suc (Suc lex) @ [Bk,Oc] @ CL = Bk 1 Suc lex’ @ [Bk,Oc] @ CL) by blast
moreover have 3rs. CR = rs by auto
ultimately
show inv_tm_erase_right_then_dblBk_left_erp CL CR (9, Bk 1 Suc (Suc lex) @ [Bk,Oc] @
cL, 1)
by auto
qed
ultimately show ?thesis
using assms and cf _cases and <s = 7> and w_lex_rs and <CR = rs> and «=[)>
by auto
next
case (Cons ars’)
then have r = a # rs’.
show ?thesis
proof (cases a)
case Bk
then have a = Bk .
with w_lex_rs and « = a # rs’> have CR = rsQ(Bk#rs') by auto

have step0 (7, Bk 1 Suc lex @ [Bk,Oc| @ CL, Bk#rs') tm_erase_right_then_dblBk_left =
(9, Bk 1 Suc (Suc lex) @ [Bk,Oc] @Q CL, rs’)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover with <CR = rsQ(Bk#rs')>
have inv_tm_erase_right_then_dblBk_left_erp CL CR (9, Bk T Suc (Suc lex) @ [Bk,0c] @
CL, rs")
proof —
have (3 lex’. Bk 1 Suc (Suc lex) Q [Bk,Oc] @ CL = Bk 1 Suc lex' @ [Bk,0Oc] @ CL) by
blast
moreover with <= a # rs’> and «a = Bk> and «CR = rsQ(Bk#rs’)> have 3rs. CR = rs
@ [Bk] @Q rs’ by auto
ultimately
show inv_tm_erase_right_then_dblBk_left_erp CL CR (9, Bk T Suc (Suc lex) @ [Bk,Oc|
QCL,rs")
by auto
qed
ultimately show ?thesis
using assms and cf_cases and < = 7> and w_lex_rs and <«a = Bk> and <+ = a # rs’>
by simp
next
case Oc
then have a = Oc .

with w_lex_rs and < = a # rs’> have CR = rsQ(Oc#rs’) by auto

have step0 (7, Bk 1 Suc lex @Q [Bk,Oc] @ CL, Oc#trs’) tm_erase_right_then_dblBk_left =
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(8, Bk 1 Suc lex @ [Bk,Oc| @ CL, Bk#trs')
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover
have inv_tm_erase_right_then_dblBk_left_erp CL CR (8, Bk 1 Suc lex @ [Bk,0Oc] @ CL,
Bk#rs')
proof —
have (Jlex’. Bk 1 Suc lex @ [Bk,0Oc] @ CL = Bk 1 Suc lex’ @ [Bk,0Oc] @ CL) by blast
moreover with - = a # rs’> and « = Oc> and <CR = rsQ(Oc#rs')>
have 3 rsl rs2. CR = rsl @ [Oc] @ rs2 A Bk#rs’ = Bk#rs2 by auto
ultimately
show inv_tm_erase_right_then_dblBk_left_erp CL CR (8, Bk 1 Suc lex Q [Bk,Oc] Q CL,
Bk#rs')
by auto
qed
ultimately show ?thesis
using assms and cf_cases and < = 7> and w_lex_rs and «a = Oc> and <+ = a # rs’>
by simp
qed
qed
next
assume s = 8
with ¢f_cases and assms
have ((3lex. | = Bk 1 Suc lex @ [Bk,0Oc] @ CL) A (3rsl rs2. CR=rs] Q [Oc] @ rs2 A r =
Bk+#rs2) ) by auto
then obtain /ex rs/ rs2 where
w_lex_rs1_rs2: 1 = Bk 1 Suc lex @ [Bk,0Oc] @ CL A CR = rsl @Q [Oc] @ rs2 N\ r = Bk#rs2
by blast
have step0 (8, Bk 1 Suc lex @ [Bk,Oc] Q CL, Bk#rs2) tm_erase_right_then_dblBk_left = (7,
Bk 1 Suc (Suc lex) @ [Bk,0Oc] @Q CL, rs2)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (7, Bk 1 Suc (Suc lex) @
[Bk,Oc] @ CL, rs2)
proof —
have (3 lex’. Bk 1 Suc (Suc lex) @ [Bk,0c] @ CL = Bk 1 Suc lex’ @ [Bk,0Oc] @ CL) by blast
moreover have 3rs. CR = rs Q [| by auto
ultimately
show inv_tm_erase_right_then_dblBk_left_erp CL CR (7, Bk 1 Suc (Suc lex) @ [Bk,Oc] @
CL, rs2)
using w_lex_rs1_rs2
by auto
qed
ultimately show ?thesis
using assms and c¢f_cases and < = & and w_lex_rs1_rs2
by auto
next
assume s = 9
with ¢f_cases and assms
have (Flex. | = Bk 1 Suc lex Q [Bk,Oc] @ CL) A (3rs. CR=rs Q [BK|]@QrV CR=rs A r
=[]) by auto
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then obtain /ex rs where
w_lex_rs: | = Bk 1 Suc lex @ [Bk,0c] @ CLA (CR=rs Q [Bk]@rV CR=rs Ar=]) by

blast

then have CR = rs Q [Bk] @Q r V CR = rs A r = [] by auto
then show ?thesis
proof
assume CR=rs A r =]
have step0 (9, Bk 1 Suc lex @ [Bk,Oc] @ CL, []) tm_erase_right_then_dbIBk_left
= (10, Bk 1 lex @Q [Bk,Oc] @ CL, [Bk])
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover with <CR=rs Ar=[]>
have inv_tm_erase_right_then_dbIBk_left_erp CL CR (10, Bk 1 lex @Q [Bk,Oc] @ CL, [Bk])
proof —
from w_lex_rs and <CR =rs A r = [)>
have Jlex’ rex. Bk 1 lex @ [Bk,Oc] @ CL = Bk 1 lex' Q [Bk,Oc] @ CL A [Bk] = Bk 1 Suc
rex
by (simp)
then show inv_tm_erase_right_then_dblBk_left_erp CL CR (10, Bk 1 lex @ [Bk,Oc] @ CL,
5]
by auto
qed
ultimately show ?thesis
using assms and ¢f _cases and <s = 9> and w_lex_rs and <CR =rs A r = []>
by auto
next
assume CR = rs Q [Bk] Q r
show ?thesis
proof (cases r)
case Nil
then have r=J] .
have step0 (9, Bk 1 Suc lex @ [Bk,0Oc] @ CL, [|) tm_erase_right_then_dbIBk_left
= (10, Bk 1 lex @ [Bk,Oc] @ CL, [Bk])
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover with <CR = rs Q [Bk] Q r>
have inv_tm_erase_right_then_dbIBk_left _erp CL CR (10, Bk 1 lex Q [Bk,Oc] @ CL, [Bk])
proof —
from w_lex_rs and <CR = rs @ [Bk] Q r»
have Jlex’ rex. Bk 1 lex @ [Bk,Oc] @ CL = Bk 1 lex’ @ [Bk,Oc] @ CL A [Bk] = Bk 1 Suc
rex
by (simp)
with «s=9> show inv_tm_erase_right_then_dbIBk_left_erp CL CR (10, Bk 1 lex @ [Bk,Oc|
@ CL, [Bk])
by auto
qed
ultimately show ?thesis
using assms and cf _cases and <s = 9> and w_lex_rs and =[]
by auto
next
case (Cons ars’)
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then have r = a # rs’.
show ?thesis
proof (cases a)
case Bk
then have a = Bk .
with <CR = rs @Q [Bk] @ r> and < = a # rs’> have CR = rs Q [Bk] Q Bk # rs’ by auto
moreover from assms have noDblBk CR by auto
ultimately have Fualse using hasDbIBk_L1 by auto
then show ?thesis by auto
next
case Oc
then have a = Oc .
with <CR = rs @ [Bk] @ r> and < = a # rs’> have CR = rs Q [Bk] @ Oc # rs' by auto

have step0 (9, Bk 1 Suc lex @ [Bk,Oc] @ CL, Oc # rs') tm_erase_right_then_dbIBk_left
= (8, Bk 1 Suc lex @ [Bk,0Oc] @ CL, Bk # rs')
by (simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover
have inv_tm_erase_right_then_dblBk_left_erp CL CR (8, Bk 1 Suc lex @Q [Bk,Oc] @ CL,
Bk # rs')
proof —
have (3 lex’. Bk 1 Suc lex @ [Bk,0Oc] @ CL = Bk 1 Suc lex’ @Q [Bk,0Oc] @ CL) by blast
moreover with < = a # rs’> and «a = Oc> and <CR = rs @Q [Bk] @ Oc # rs’
have 3 rs] rs2. CR = rsl @ [Oc] @ rs2 A Bk#rs' = Bk#rs2 by auto
ultimately
show inv_rm_erase_right_then_dblBk_left_erp CL CR (8, Bk T Suc lex Q [Bk,0Oc] @ CL,
Bk#rs”)
by auto
qed
ultimately show ?thesis
using assms and c¢f_cases and < = 9> and w_lex_rs and «a = Oc> and < = a # rs’>
by simp
qed
qed
qed
next
assume s = /0
with ¢f_cases and assms
have (3 /ex rex. | = Bk 1 lex @ [Bk,Oc] @ CL A r = Bk 1 Suc rex) V
(Irex. 1= [0c] @ CL A r = Bk 1 Suc rex) V
(Frex. I = CL A r = Oc # Bk 1 Suc rex) by auto
then obtain /ex rex where
w_lex_rex: | = Bk 1 lex Q [Bk,Oc] @ CL A r = Bk 1 Suc rex V
[=1[0c] @ CL A r = Bk* Suc rex V
= CL A r = Oc # Bk T Suc rex by blast
then show ?thesis
proof
assume [/ = Bk 1 lex Q [Bk, Oc] @ CL A r = Bk 1 Suc rex
then have [ = Bk 1 lex @ [Bk, Oc] @ CL and r = Bk 1 Suc rex by auto
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show ?thesis
proof (cases lex)
case 0
with < = Bk 1 lex Q [Bk, Oc] @ CL> have | = [Bk, Oc] @ CL by auto
have step0 (10, [Bk, Oc] @ CL, Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
= (10, [Oc] @ CL, Bk 1 Suc (Suc rex))
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover
have inv_tm_erase_right_then_dbIBk_left_erp CL CR (10, [Oc] @ CL, Bk 1 Suc (Suc rex))
proof —
from </ = [Bk, Oc] @ CL> and « = Bk 1 Suc rex>
have Jrex’. [Oc] @ CL = [Oc] @ CL A Bk *t Suc (Suc rex) = Bk 1 Suc rex’
by blast
with ¢ = [Bk, Oc] @ CL>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (10, [Oc] @ CL, Bk 1 Suc (Suc
rex))
by auto
qed
ultimately show ?thesis
using assms and cf _cases and <« = 10> and < = [Bk, Oc] @ CL> and <r = Bk 1 Suc rex>
by auto
next
case (Suc nat)
then have lex = Suc nat .
with < = Bk 1 lex @Q [Bk, Oc] @ CL> have /= Bk 1 Suc nat @ [Bk, Oc] Q CL by auto
have step0 (10, Bk 1 Suc nat @ [Bk, Oc] @ CL, Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
= (10, Bk 1 nat @ [Bk, Oc] @ CL, Bk 1 Suc (Suc rex))
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover
have inv_tm_erase_right_then_dbIBk_left_erp CL CR (10, Bk 1 nat @ [Bk, Oc] @ CL, Bk
1 Suc (Suc rex))
proof —
from <= Bk 1 Suc nat Q [Bk, Oc] @ CL> and < = Bk 1 Suc rex>
have Jlex’rex’. Bk 1 Suc nat Q [Bk, Oc] @ CL = Bk 1 lex’ @ [Bk,0Oc] @ CL A Bk T Suc
(Suc rex) = Bk 1 Suc rex’
by blast
with <= Bk 1 Suc nat Q [Bk, Oc] @ CL>
show inv_rm_erase_right_then_dblBk_left erp CL CR (10, Bk 1 nat @ [Bk, Oc] @ CL, Bk
1 Suc (Suc rex))
by auto
qed
ultimately show ?thesis
using assms and cf_cases and <s = 10> and </= Bk 1 Suc nat Q [Bk, Oc] @ CL> and <
= Bk 1 Suc rex>
by auto
qed
next
assume [ = [Oc] Q CL A\ r = Bk 1 Suc rex V I = CL A\ r = Oc # Bk 1 Suc rex
then show ?thesis
proof
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assume [ = [Oc] @ CL A r = Bk 1 Suc rex
then have / = [Oc] @ CL and r = Bk 1 Suc rex by auto

have step0 (10, [Oc] @ CL, Bk T Suc rex) tm_erase_right_then_dblBk_left
= (10, CL, Oc# Bk 1 (Suc rex))
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover
have inv_tm_erase_right_then_dbIBk_left_erp CL CR (10, CL, Oc# Bk 1 (Suc rex))
proof —
from « = [Oc] @ CL> and « = Bk 1 Suc rex>
have Jrex’. [Oc] @ CL = [Oc] @ CL A Bk 1 Suc rex = Bk 1 Suc rex’
by blast
with < = [Oc] @ CL>
show inv_rm_erase_right_then_dblBk_left_erp CL CR (10, CL, Oc# Bk 1 (Suc rex))
by auto
qed
ultimately show ?thesis
using assms and cf _cases and < = 10> and < = [Oc] Q CL> and « = Bk 1 Suc rex>
by auto
next
assume /| = CL A r = Oc # Bk 1 Suc rex
then have / = CL and r = Oc # Bk 1 Suc rex by auto
show ’thesis
proof (cases CL)
case Nil
then have CL =[] .
with < = CL> have [ = [| by auto
have step0 (10, [], Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
= (11, [], Bk#Oc# Bk 1 (Suc rex))
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover
have inv_tm_erase_right_then_dblBk_left_erp CL CR (11, [], Bk#Oc# Bk 1 (Suc rex))
proof —

from «CL = [)>
have Jrex’. [| = [| A Bk# Oc# Bk 1 Suc rex = [Bk] @ rev CL @Q Oc # Bk 1 Suc rex' A
(CL=1] V last CL = Oc)
by auto
with < = [
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, [], Bk#Oc# Bk T (Suc rex))

by auto
qed
ultimately show ?thesis
using assms and cf_cases and <s = 10> and </ = []> and < = Oc # Bk 1 Suc rex>
by auto
next
case (Cons a cls)
then have CL = a # cls .
with </ = CL> have | = a # cls by auto
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then show ’thesis
proof (cases a)
case Bk
then have ¢ = Bk .
with < = a # cls> have | = Bk # cls by auto
with «a = Bk> <CL = a # cls> have CL = Bk # cls by auto

have step0 (10, Bk # cls, Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
= (11, cls, Bk# Oc # Bk 1 Suc rex)
by (simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover
have inv_tm_erase_right_then_dblBk_left_erp CL CR (11, cls, Bk# Oc # Bk T Suc rex)

proof (cases cls)
case Nil
then have cls =[] .
with «<CL = Bk # cls> have CL = [Bk] by auto

then have Jrex’. [| = [] A Bk# Oc# Bk T Suc rex = rev CL @ Oc # Bk 1 Suc rex’ A
CL # || A last CL = Bk
by auto

with < = Bk # cls> and <«cls = >
show inv_tm_erase_right_then_dbIBk_left_erp CL CR (11, cls, Bk# Oc # Bk 1 Suc
rex)
by auto
next
case (Cons a cls’)
then have cls = a # cls’.
then show ’thesis
proof (cases a)
case Bk
with «CL = Bk # cls> and <«cls = a # cls’> have CL = Bk# Bk# cls' by auto
with <noDblBk CL> have False using noDblBk_def by auto
then show ?thesis by auto
next
case Oc
then have a = Oc .
with «CL = Bk # cls> and <«ls = a # cls’> and { = Bk # cls>
have CL = Bk# Oc# cls' N1 = Bk # Oc # cls' by auto

with «ls = a # cls’> and «a=0c>
have Jrex’ Is] Is2. Oc#tcls’ = Oc#1s2 N\ Bk# Oc#t Bk 1 Suc rex = rev Is] @ Oc #
Bk 1 Suc rex’ A
CL=Is1 @Oc#ls2 N lsI = [BK]
by auto
with «cls = a # cls’> and «@=0c>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, cls, Bk# Oc # Bk 1 Suc
rex)
by auto
qed
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qed
ultimately show ?thesis
using assms and c¢f_cases and «s = 10> and <« = Bk # cls> and <r = Oc # Bk 1 Suc
rex>
by auto
next
case Oc
then have a = Oc .
with < = a # cls> have [ = Oc # cls by auto
with «a = Oc> <CL = a # cls> have CL = Oc # cls by auto

have step0 (10, Oc # cls, Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
= (11, cls, Oc # Oc # Bk 1 Suc rex)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover
have inv_tm_erase_right_then_dbIBk_left_erp CL CR (11, cls, Oc # Oc # Bk 1 Suc rex)
proof (cases cls)
case Nil
then have cls =[] .
with <CL = Oc # cls> have CL = [Oc| by auto

then have Jrex’. [| = [| A Oc# Oc# Bk 1 Suc rex = rev CL @ Oc # Bk 1 Suc rex' A
CL # [] A last CL = Oc
by auto

with < = Oc # cls> and «ls = >
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, cls, Oc# Oc # Bk 1 Suc
rex)
by auto
next
case (Cons a cls’)
then have cls = a # cls’ .
then show ?thesis
proof (cases a)
case Bk
then have a=Bk .
with <«CL = Oc # cls> and <cls = a # cIs’> and < = Oc # cls>
have CL = Oc# Bk# cls’and [ = Oc # Bk # cls' and CL = [ and «ls = Bk # cls’>
by auto

from «CL = Oc# Bk# cls’> and <noDblBk CL>
have cls’' = [| vV (3 cls”. cls’ = Oc# cls"")
by (metis (full_types) «<CL = Oc # cls> «cls = Bk # cls'> append_Cons append_Nil
cell.exhaust hasDbIBk_L1 neq_Nil_conv)

then show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, cls, Oc # Oc # Bk
1 Suc rex)
proof
assume cls’ = [|
with «CL = Oc# Bk# cls’> and «CL = > and <cls = Bk # cls’>
have CL = Oc# Bk# [] and | = Oc# Bk# [] and cls = [Bk| by auto
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then have Jrex’.  cls = [Bk] A Oc# Oc# Bk 1 Suc rex = rev [Oc] @ Oc # Bk t
Suc rex’ A CL = [Oc, BK]
by auto
with <CL = Oc# Bk# [|> show inv_tm_erase_right_then_dblBk_left_erp CL CR (11,
cls, Oc # Oc # Bk T Suc rex)
by auto
next
assume 3 cls”’. cls’ = Oc # cls"’
then obtain cls’’ where cls’ = Oc # cls'' by blast
with «CL = Oc# Bk# cls’> and «CL = I> and <cls = Bk # cls’>
have CL = Oc# Bk# Oc # cls'' and [ = Oc# Bk# Oc # cls'’ and cls = Bk#Oc
# cls'' by auto

then have Jrex’ Is1 Is2. cls = Bk#Oc#1s2 N Oc# Oc# Bk 1 Suc rex = rev Isl
@ Oc # Bk 1 Suc rex’
A CL = Is1 @Q Bk#Oc#ls2 A Is] = [Oc]
by auto
then show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, cls, Oc # Oc # Bk
1 Suc rex)
by auto
qed

next
case Oc
then have a=Oc .
with «CL = Oc # cls> and «ls = a # cls’> and < = Oc # cls>
have CL = Oc# Oc# cls’and [ = Oc # Oc # cls’ and CL = [ and <cls = Oc #
cls’> by auto

then have Jrex’ Is] Is2. cls = Oc#1s2 A Oc# Oc# Bk 1 Suc rex = rev Is] Q Oc #
Bk 1 Suc rex’ A
CL=Is]1 Q@ Oc#ls2 Nlsl =]0c]
by auto
then show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, cls, Oc # Oc # Bk
T Suc rex)
by auto
qed
qed
ultimately show ?thesis
using assms and c¢f_cases and <s = 10> and < = Oc # cls> and < = Oc # Bk 1 Suc
rex>
by auto
qed
qed
qed
qed
next
assume s = //
with ¢f_cases and assms
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have (3 rex. =1 Ar=Bk# rev CL Q Oc # Bk 1 Suc rex A (CL =[] V last CL
= 0c)) v
(Frex. 1= Ar=rev CL @ Oc # Bk 1 Suc rex N CL # || A last CL = Bk
)V
(F rex. =1 Ar=revCL @ Oc # Bkt Suc rex N\ CL # || A last CL = Oc
)V

(I rex. I=[Bk] Ar=rev[Oc] Q@ Oc# Bk?1 Suc rex N CL = [Oc, Bk]) V

(Frex Isl Is2. 1 = Bk#OcH#lIs2 N r = rev sl @ Oc # Bk 1 Suc rex N CL = Is] @
Bk#Oc#ls2 N Is] = [Oc] ) V
(Frexislis2. 1= Oc#lis2 Nr=revisl  Q Oc # Bk 1 Suc rex N CL = Is] Q Oc#ls2
Nlsl = [Bk]) V
(Brexislis2. 1= Oc#lis2 Nr=revisl Q@ Oc # Bk 1 Suc rex N\ CL = Is] @ Oc#ls2
Alsl =[Oc]) V

(Frexlsl Is2. 1= Is2 Nr=revisl @ Oc # Bk 1 Suc rex N CL = Is] Q Is2 A
tlIs1 # [])

by auto

then have s//_cases:

AP. [ Irex. =1 A r = Bk# rev CL Q@ Oc # Bk 1 Suc rex A (CL =[] V last
CL = Oc) = P;
Jrex. 1= Ar=revCL @ Oc # Bk 1 Suc rex N CL # || A last CL = Bk
= P;
Frex. =] Ar=revCL @ Oc # Bk* Suc rex N CL # || A last CL = Oc
= P;

Frex. I=[Bk] Ar=rev[Oc] @ Oc# Bk?1 Sucrex N CL= [Oc, Bk| = P;

drex Isl Is2. | = Bk#Oc#tls2 N r =rev Is] @ Oc # Bk 1 Suc rex N CL = Is] @
Bk#O0c#l1s2 A sl = [Oc] = P;

drex sl Is2. 1= Oc#ls2 Nr=revlis] @ Oc # Bk T Suc rex N CL = Is] @
Oc#ls2  Nlsl = [Bk| = P;

drex sl Is2. 1= Oc#ls2 Nr=revlis] @ Oc # Bk T Suc rex N CL = Is] @
Oc#ls2  Nlsl =[Oc) = P;

drex sl Is2. 1 = Is2 Nr=revlis] @ Oc # Bk 1 Suc rex N CL = Is1 Q Is2 A
tisl #[] =P
=P
by blast

show ?thesis
proof (rule s11_cases)
assume Jrex Is] Is2. 1 = Bk # Oc # Is2 N r = rev Is] Q Oc # Bk 1 Suc rex N CL = Is] @
Bk # Oc # Is2 N Is1 = [Oc]
then obtain rex Is] Is2 where A_case: | = Bk#Oc#ls2 N r =rev sl @ Oc # Bk 1 Suc
rex A CL = Is] @ Bk#Oc#lis2 A Is] = [Oc] by blast

then have step0 (11, Bk # Oc # Is2, r) tm_erase_right_then_dbIBk_left
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= (11, 0c # Is2, Bk # r)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover
have inv_tm_erase_right_then_dblBk_left_erp CL CR (11, Oc # Is2, Bk # r)
proof —
from A_case
have Jrex’ Is1'1s2'. Oc#1s2 = Is2’ N Bk# Oc# Oc# Bk 1 Suc rex’ = rev Is]’ Q Oc #
Bk 1 Suc rex’ A
CL=1Is1"QIs2' Ntlis]'# ||
by force
with A_case
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, Oc # Is2, Bk # r)
by auto
qed
ultimately show ?thesis
using assms and c¢f_cases and <s = 11> and A_case
by simp
next
assume Jrex Is] Is2. 1 = Oc # Is2 A r=rev Is] Q Oc # Bk 1 Suc rex N CL = Is] @Q Oc #
Is2 A lsl = [Oc]
then obtain rex Is/ Is2 where
A_case: 1= Oc # Is2 Nr=reviIsl Q Oc # Bk 1 Suc rex N CL=1Is]1 @Q Oc # Is2 N Is] =
[Oc] by blast
then have step0 (11, Oc # Is2, r) tm_erase_right_then_dblBk_left
= (11,152, Oc#tr)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover
have inv_tm_erase_right_then_dblBk_left_erp CL CR (11, Is2, Oc#r)
proof (rule noDbIBk_cases)
from noDbIBk CL> show noDbIBk CL .
next
from A_case show CL = [Oc,Oc] Q Is2 by auto
next
assume [s2 = [|

with A_case
have Jrex’. Is2 = [| A [Oc,0c] @ Oc # Bk 1 Suc rex = rev CL @ Oc # Bk 1 Suc rex’
by force
with A_case and «Is2 = []> show inv_tm_erase_right_then_dbIBk_left_erp CL CR (11, Is2,
Oc#tr)
by auto
next
assume [s2 = [Bk]

with A_case
have Jrex’Is1’1s2’. Is2=1s2" A Oc#Oc# Oc# Bkt Suc rex =revisl’ @ Oc
# Bkt Sucrex' NCL=1IsI1'QIs2" Ahdlisl’=O0c Atllsl'# ]
by simp
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with A_case and <Is2 = [Bk]> show inv_tm_erase_right_then_dbIBk_left_erp CL CR (11,
Is2, Oc#r)
by force
next
fix C3
assume [s2 = Bk # Oc # C3

with A_case
have Jrex’Is1’1s2’. Is2=1s2" A Oc#Oc# Oc# Bkt Suc rex =revisl’ Q@ Oc
# Bkt Sucrex' N\CL=1IsI1'QIs2" Ahdlisl’=0cAtllsl'# ]
by simp
with A_case and «s2 = Bk # Oc # C3> show inv_tm_erase_right_then_dblBk_left erp
CL CR (11,152, Oc#r)
by force
next
fix C3
assume [s2 = Oc # C3

with A_case
have Jrex’Is1'1s2". Is2=1s2" A Oc#Oc# Oc# Bk 1 Suc rex =revisl’ @ Oc
# Bkt Sucrex’ N\CL=1Is1"@Is2"  Ahdls]’=O0c ANt sl # ||
by simp
with A_case and «Is2 = Oc # C3> show inv_tm_erase_right_then_dblBk_left_erp CL CR
(11, 1s2, Oc#r)
by force

qed
ultimately show ?thesis

using assms and cf_cases and «<s = 11> and A_case

by simp

next

assume 3 rex. | = [Bk| A r = rev [Oc] @ Oc # Bk 1 Suc rex A CL = [Oc, Bk]
then obtain rex where

A_case: | = [Bk] A r = rev [Oc] Q Oc # Bk 1 Suc rex N\ CL = [Oc, Bk| by blast
then have step0 (11, [Bk] , r) tm_erase_right_then_dblBk_left

= (11, ]], Bk#r)

by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (11, [], Bk#r)
proof —

from A_case

have 3 rex’. 01=1 A Bk#trev [Oc] @ Oc # Bk 1 Suc rex = rev CL Q Oc #
Bk 1 Suc rex’
by simp
with A_case show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, [], Bk#r)
by force
qed
ultimately show ?thesis
using assms and cf_cases and «<s = 11> and A_case
by simp
next
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assume Jrex Is] Is2. [ = Is2 N r = rev Is] Q Oc # Bk T Suc rex N CL = Is] Q [s2 N tl Is]
# 1
then obtain rex [s/ Is2 where
A_case: 1 =1s2 Nr=revisl Q Oc # Bk 1 Suc rex N CL = Is] Q Is2 A\ 1l Is] # [] by blast
then have 3z b bs. Is] = z#bsQ[b]
by (metis Nil_tl list.exhaust_sel rev_exhaust)
then have 3z bs. Is] = z#bsQ[Bk] V Is] = z#bsQ[Oc]
using cell.exhaust by blast
then obtain z bs where w_z_bs: Is] = z#bsQ[Bk] V Is] = z#bsQ[Oc]| by blast
then show inv_tm_erase_right_then_dblBk_left_erp CL CR (stepO cf tm_erase_right_then_dblBk_left)
proof
assume majorl: Is] = z # bs Q [Bk]
then have major2: rev Is] = Bk#(rev bs)Q[z] by auto
show ’thesis
proof (rule noDbIBk_cases)
from 1oDbIBk CL> show noDbIBk CL .
next
from A_case show CL = Is] Q [s2 by auto
next
assume /s2 = ||
with A_case have step0 (11, [| , Bk#(rev bs)Q[z] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
= (12, [, Bk#Bk+#-(rev bs)Q[z] @ Oc # Bk 1 Suc rex )
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover have inv_rm_erase_right_then_dblBk_left_erp CL CR (12, [|, Bk#Bk#(rev
bs)Q[z] @ Oc # Bk 1 Suc rex)
proof —
from A_case <rev Is] = Bk#(rev bs)Q[z)> and ds2 = [)>
have Is] = z#bsQ[Bk] and CL = Is] and r = rev CL @ Oc # Bk 1 Suc rex by auto

with A_case <rev Is] = Bk#(rev bs)Q[z]> and ds2 = []>

have Jrex’. [| =[] A Bk#Bk#(rev bs)Qlz] @ Oc # Bk 1 Suc rex = Bk#trev CL @ Oc
# Bk 1 Suc rex' A CL # || A last CL = Bk
by simp

with A_case «rev Is] = Bk#(rev bs)Q[z)> and «Is2 = []>
show inv_tm_erase_right_then_dbIBk_left_erp CL CR (12, [|, Bk#Bk+#(rev bs)Q[z] @
Oc # Bk 1 Suc rex )
by force
qed
ultimately show ?thesis
using assms and cf _cases and <s = 11> and A_case and <rev Is] = Bk#(rev bs)Q[z]>
and «s2 = H>
by simp
next
assume /s2 = [Bk]

with A_case <rev Is] = Bk#(rev bs)Q][z]> and <Is2 = [Bk]>
have Is] = z#bsQ[Bk] and CL = z#bsQ[Bk|Q|[Bk] by auto
with «10DbIBk CL> have False
by (metis A_case <Is2 = [Bk]> append_Cons hasDblBk_L5 major2)
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then show ?thesis by auto
next
fix C3
assume minor: Is2 = Bk # Oc # C3
with A_case and major2 have CL = z # bs @ [Bk] @Q Bk # Oc # C3 by auto
with <noDbIBk CL> have False
by (metis append.left_neutral append_Cons append_assoc hasDbIBk_LI majorl minor)
then show ?thesis by auto
next
fix C3
assume minor: Is2 = Oc # C3

with A_case have step0 (11, Oc # C3 , Bk#(rev bs)Q[z] @ Oc # Bk 1 Suc rex)
tm_erase_right_then_dblBk_left
= (12, C3, Oc#Bk#(rev bs)Q[z] @ Oc # Bk 1 Suc rex )
by (simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (12, C3, Oc#Bk# (rev
bs)@Q[z] @ Oc # Bk 1 Suc rex )
proof —
from A_case and <rev Is] = Bk # rev bs Q [z]> and <Is2 = Oc # C3> and «Is] = z # bs
Q@ [Bk)>
have Jrex’ Is1'is2'. C3 = Is2' N Oc#Bk# (rev bs)Q[z] @ Oc # Bk T Suc rex = rev
Is" @ Oc # Bk 1 Suc rex’ A
CL=Isl'"QIs2" Nhdlsl’=zAtllsl'# ]| Alastilsl’' = Oc

by simp

with A_case «rev Is] = Bk # rev bs Q [z]> and s2 = Oc # C3> and sl = z # bs @
[BKk]>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (12, C3, Oc#Bk+#(rev bs)Q[z]
@ Oc # Bk 1 Suc rex)
by simp
qed
ultimately show ?thesis
using assms and ¢f_cases and <s = 11> and A_case and <rev Is] = Bk#(rev bs)Q[z]>
and 52 = Oc # C3
by simp
qed
next
assume majorl: Isl = z # bs Q [Oc|
then have major2: rev Is] = Oc#(rev bs)Q|[z] by auto
show ?thesis
proof (rule noDbIBk_cases)
from <noDbIBk CL> show noDblBk CL .
next
from A_case show CL = Is] Q [s2 by auto
next
assume [s2 = [|
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with A_case have step0 (11, [| , Oc# (rev bs)Q[z] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
= (11, [], Bk#Oc+#(rev bs)Q[z] Q@ Oc # Bk T Suc rex)
by (simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (11, [|, Bk#Oc# (rev
bs)@Q[z] @ Oc # Bk 1 Suc rex )
proof —
from A_case <rev Is] = Oc#(rev bs)Q[z]> and ds2 = []>
have Is] = z # bs @ [Oc] and CL = IsI and r = rev CL @ Oc # Bk 1 Suc rex by auto

with A_case <rev Is] = Oc#(rev bs)Q[z)> and ds2 = []>

have Jrex’. [| = [| A Bk#Oc#(rev bs)Q[z] @ Oc # Bk 1 Suc rex = Bk#trev CL @ Oc
# Bk 1 Suc rex’ A (CL =[] V last CL = Oc)
by simp

with A_case <rev Is] = Oc#(rev bs)Q[z]> and s2 = [)>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, [|, Bk#Oc# (rev bs)Q][z] @
Oc # Bk 1 Suc rex )
by force
qed
ultimately show ?thesis
using assms and c¢f _cases and «<s = 11> and A_case and «rev Is] = Oc#(rev bs)Q][z]>
and s2 = H>
by simp
next
assume /s2 = [Bk]

with A_case have siep0 (11, [Bk] , Oc# (rev bs)@Q[z] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
= (11, [], Bk#Oc# (rev bs)Q[z] @ Oc # Bk 1 Suc rex )
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dbIBk_left_erp CL CR (11, [|, Bk#Oc#(rev
bs)@[z] @ Oc # Bk 1 Suc rex )
proof —
from A_case <rev Is] = Oc#(rev bs)Q[z]> and «s2 = [Bk]>
have Is] = z # bs @Q [Oc| and CL = Is]Q[Bk] by auto

with A_case <rev Is] = Oc#(rev bs)Q][z)> and <Is2 = [Bk|>

have Jrex’. [| =[] A Bk#Oc#(rev bs)Q|z] @ Oc # Bk 1 Suc rex = rev CL @ Oc # Bk
1 Suc rex’ A CL # ] A last CL = Bk
by simp

with A_case rev Is] = Oc#(rev bs)Q[z]> and s2 = [Bk)> and <«CL = Is]1Q[Bk]>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, [|, Bk#Oc# (rev bs)Q][z] @
Oc # Bk 1 Suc rex )

by force

qed
ultimately show ’thesis
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using assms and cf _cases and <s = 11> and A_case and <rev Is] = Oc# (rev bs)Q|z]>
and «/s2 = [Bk]>
by simp
next
fix C3
assume minor: Is2 = Bk # Oc # C3

with A_case have step0 (11, Bk # Oc # C3 , Oc # rev bs Q [7] @ Oc # Bk 1 Suc rex)
tm_erase_right_then_dblBk_left
= (11, Oc # C3, Bk#Oc # rev bs Q [z] @ Oc # Bk 1 Suc rex )
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (11, Oc # C3, Bk#Oc
# revbs @Q [z] Q Oc # Bk 1 Suc rex)
proof —
from A_case and <rev Is] = Oc # rev bs @ [z]> and «s2 = Bk # Oc # C3> and sl =
z2# bs Q [Oc]>
have Jrex'Is1'Is2'. Oc # C3 = Is2" A Bk#Oc# (rev bs)@[z] @ Oc # Bk 1 Suc rex =
revisl’ @ Oc # Bkt Suc rex’ A
CL=IslI'"QIs2" ANhdisl'=zAtlisI’# ]
by simp

with A_case <rev IsI = Oc # rev bs Q [z]> and <s2 = Bk # Oc # C3> and sl = z #
bs @Q [Oc]>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, Oc # C3, Bk#Oc # rev bs
@ [z] @ Oc # Bk 1 Suc rex)
by simp
qed
ultimately show ?thesis
using assms and ¢f_cases and <s = 11> and A_case and «rev Is] = Oc # rev bs Q [z]>
and «/s2 = Bk # Oc # C3>
by simp
next
fix C3
assume minor: Is2 = Oc # C3

with A_case have step0 (11, Oc # C3 , Oc#(rev bs)Q[z] @ Oc # Bk 1 Suc rex)
tm_erase_right_then_dblBk_left
= (11, C3, Oc#Oc#(rev bs)Qlz] @ Oc # Bk 1 Suc rex)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (11, C3, Oc#Oc#-(rev
bs)@Q[z] @ Oc # Bk 1 Suc rex )
proof —
from A_case and <rev Is] = Oc # rev bs Q [z]> and s2 = Oc # C3> and «Is] = z # bs
Q@ [Oc)>
have Jrex’Isl'Is2'. C3 = Is2' A Oc#Oc#(rev bs)Q[z] @ Oc # Bk 1 Suc rex = rev
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Is" @ Oc # Bk 1 Suc rex’ A
CL= Is1'"QIs2' ANhdisl'=zAtllsl'# ]
by simp

with A_case rev Is] = Oc # rev bs @ [z)> and «s2 = Oc # C3> and sl = z # bs @
o)
show inv_tm_erase_right_then_dbIBk_left_erp CL CR (11, C3, Oc#Oc+#(rev bs)Qlz]
@ Oc # Bk 1 Suc rex)
by simp
qed
ultimately show ?thesis
using assms and ¢f_cases and «<s = 11> and A_case and «rev Is] = Oc # rev bs Q [z]>
and <s2 = Oc # C3»
by simp
qed
qed
next

assume drex Is] Is2. 1 = Oc # Is2 N\ r =rev Is] Q Oc # Bk 1 Suc rex N CL = Is] @ Oc #
Is2 N Is] = [Bk]
then obtain rex Is] Is2 where
A_case:l = Oc # Is2 N\ r=revis]l Q Oc # Bk 1 Suc rex N\ CL = Is] @Q Oc # Is2 N\ Is] =
[Bk] by blast
then have major2: rev Isl = [Bk] by auto

with A_case have step0 (11, Oc # Is2 , [Bk] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
= (12, Is2, Oc#[Bk] @ Oc # Bk 1 Suc rex )
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (12, Is2, Oc#[Bk] Q Oc #
Bk 1 Suc rex)
proof —
from A_case and «rev Is] = [Bk|>
have Jrex'IsI’'Is2'. Is2 = Is2" A Oc#[Bk] @ Oc # Bk 1 Suc rex = rev Isl’ @Q Oc # Bk 1
Suc rex’ A
CL=1Isl"QIs2' ANtlIs]' # [] Alast Is1' = Oc
by simp

with A_case <rev Is] = [Bk]>
show inv_rm_erase_right_then_dblBk_left_erp CL CR (12, Is2, Oc#[Bk] @ Oc # Bk 1 Suc
rex )
by simp
qed
ultimately show ?thesis
using assms and cf _cases and <s = 11> and A_case and <rev Is] = [Bk]>
by simp
next
assume Jrex. [ = [| A r = Bk # rev CL @ Oc # Bk 1 Suc rex N\ (CL =[] V last CL = Oc)
then obtain rex where
A_case: 1 =[] AN r = Bk # rev CL @Q Oc # Bk 1 Suc rex A (CL =[] V last CL = Oc) by
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blast
then have step0 (11, [] , Bk # rev CL Q Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
= (12, [], Bk#Bk # rev CL @ Oc # Bk T Suc rex )
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (12, [], Bk#Bk # rev CL
@ Oc # Bk 1 Suc rex)
proof —
from A_case
have Jrex’. [| = [| A Bk#Bk # rev CL @ Oc # Bk 1 Suc rex = Bk# Bk # rev CL @Q Oc
# Bk 1 Suc rex' A (CL =[] V last CL = Oc)
by simp

with A_case
show inv_tm_erase_right_then_dbIBk_left_erp CL CR (12, [], Bk#Bk # rev CL @ Oc #
Bk 1 Suc rex )
by force
qed
ultimately show ?thesis
using assms and cf_cases and «<s = 11> and A_case
by simp
next
assume Jrex. [ =[] A r = rev CL Q Oc # Bk 1 Suc rex A CL # [| A last CL = Bk
then obtain rex where
A_case: 1 =[] AN r=rev CLQ Oc # Bk 1 Suc rex A CL # [| A last CL = Bk by blast
then have hd (rev CL) = Bk
by (simp add: hd_rev)
with A_case have step0 (11, ], rev CL @ Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
= (12, ], Bk # rev CL @ Oc # Bk 1 Suc rex )
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover have inv_tm_erase_right_then_dblBk_left _erp CL CR (12, [], Bk # rev CL @ Oc
# Bk 1 Suc rex )
proof —
from A_case
have Jrex’. [| = [] A Bk # rev CL @ Oc # Bk 1 Suc rex = Bk # rev CL @ Oc # Bk 1 Suc
rex' A CL # [] A last CL = Bk
by simp

with A_case
show inv_tm_erase_right_then_dbIBk_left_erp CL CR (12, [], Bk # rev CL Q Oc # Bk 1
Suc rex)
by force

qed
ultimately show ?thesis

using assms and c¢f _cases and <s = 11> and A_case

by simp

next

assume Jrex. [ =[] A r=rev CL Q Oc # Bk 1 Suc rex N CL # [] A last CL = Oc
then obtain rex where

A_case: =[] AN r=rev CLQ Oc # Bk 1 Suc rex N CL # [] A last CL = Oc by blast
then have hd (rev CL) = Oc
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by (simp add: hd_rev)
with A_case have step0 (11, [] , rev CL@Q Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
= (11, ], Bk # rev CL @Q Oc # Bk 1 Suc rex)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover have inv_tm_erase_right_then_dblBk_left_erp CL CR (11, [], Bk # rev CL @ Oc
# Bk 1 Suc rex)
proof —
from A_case
have Jrex’. [| = [] A Bk # rev CL @ Oc # Bk 1 Suc rex = Bk # rev CL @ Oc # Bk 1 Suc
rex' A (CL =] V last CL = Oc)
by simp

with A_case
show inv_tm_erase_right_then_dbIBk_left_erp CL CR (11, [], Bk # rev CL Q Oc # Bk 1
Suc rex )
by force
qed
ultimately show ?thesis
using assms and cf_cases and «<s = 11> and A_case
by simp

qed
next
assume s = /2
with ¢f_cases and assms
have
(Frexisl Is2. 1 =1Is2 Nr=revis]l QOc # Bk 1 Suc rex N CL=1Is] QIs2 Atlls] # ||
A last sl = Oc) V
(T rex. =1 ANr=Bk#revCL @ Oc # Bk 1 Suc rex N CL # || A last CL = Bk) V
(I rex. =] Ar=Bk#Bk#rev CLQ Oc # Bk 1 Suc rex N (CL =] V last CL =
0c))
by auto

then have s/2_cases:
AP. [3rexislls2.1=1s2 ANr=revis] QOc # Bk T Suc rex N\ CL=Is] @ Is2 Ntlls] #
[| AlastIs] = Oc = P;
Jrex. I=1] Ar=Bkftrev CLQ Oc # Bk 1 Suc rex N CL # || A last CL = Bk = P;
Jrex. l=1[] A r = Bk#Bk#rev CL@Q Oc # Bk 1 Suc rex A (CL=[] V last CL = Oc)
= P]
—P
by blast

show ’thesis
proof (rule s12_cases)

assume Jrex sl Is2. 1 = Is2 N r =rev Is] Q Oc # Bk T Suc rex N CL = Is] Q [s2 A tl Is]
# [] A last Is1 = Oc
then obtain rex [s Is2 where
A_case:1=1Is2 Nr=revisl Q Oc # Bk 1 Suc rex N CL = IsI Q [s2A tl Is] # [| A last Is]
= Oc by blast
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then have s/ # [] by auto
with A_case have major: hd (rev Isl) = Oc
by (simp add: hd_rev)
show ’thesis
proof (rule noDbIBk_cases)
from <noDbIBk CL> show noDbIBk CL .
next
from A_case show CL = Is] Q [s2 by auto
next
assume [s2 = [|

from A_case have step0 (12, ], Oc#tl (revisl Q Oc # Bk 1 Suc rex)) tm_erase_right_then_dblBk_left
= (11, [], Bk#Oc#tl (rev Is1 @ Oc # Bk 1 Suc rex))
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover from A_case and major have r = Oc#tl (rev Is] Q Oc # Bk T Suc rex)
by (metis Nil_is_append_conv <Is1 # [|> hd_Cons_tl hd_append? list.simps(3) rev_is_Nil_conv)

ultimately have step0 (12, [] , rev Is] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dblIBk_left
= (11, ], Bk#t rev Is1 @Q Oc # Bk 1 Suc rex)
by (simp add: A_case)

moreover have inv_im_erase_right_then_dblBk_left_erp CL CR (11, [|, Bk# rev Isl @ Oc

# Bk 1 Suc rex)
proof —
from A_case and <s2 = [|> have rev Is] = rev CL by auto
with A_case and «s2 = [)> have Jrex’. [| = [| A Bk# rev is] @ Oc # Bk 1 Suc rex =
Bk#t rev CL @ Oc # Bk 1 Suc rex' A (CL =[] V last CL = Oc)
by simp

with A_case <r = Oc#tl (rev Is] @Q Oc # Bk 1 Suc rex)> and «Is2 = []>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, [], Bk# rev Is] Q Oc # Bk 1
Suc rex)
by force
qed
ultimately show ?thesis
using assms and cf_cases and <s = 12> and A_case and Js2 = [)>
by simp
next
assume /s2 = [Bk|
from A_case have step0 (12, [Bk], Oc#tl (revisl @ Oc # Bk 1 Suc rex)) tm_erase_right_then_dblBk_left
= (11, [], Bk#Oc#tl (rev Is1 @ Oc # Bk 1 Suc rex))
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover from A_case and major have r = Oc#tl (rev Is1 @ Oc # Bk T Suc rex)
by (metis Nil_is_append_conv <sl # []> hd_Cons_tl hd_append?2 list.simps(3) rev_is_Nil_conv)

ultimately have step0 (12, [Bk] , rev Is] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left

= (11, [], Bk# rev Is] Q Oc # Bk 1 Suc rex)
by (simp add: A_case)
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moreover have inv_tm_erase_right_then_dbIBk_left_erp CL CR (11, [|, Bk# rev Is]l @ Oc
# Bk 1 Suc rex)

proof —
from A_case and <Is2 = [Bk]> have CL = Is] @ [Bk| by auto
then have Jrex’. [| =[] A Bk#trev Is] @ Oc # Bk 1 Suc rex = rev CL @ Oc # Bk t
Suc rex’ N CL # [| A last CL = Bk
by simp

with A_case <r = Oc#tl (rev Is] @ Oc # Bk 1 Suc rex)> and «Is2 = [Bk]>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, ||, Bk# rev Is] Q Oc # Bk 1
Suc rex )
by force
qed
ultimately show ?thesis
using assms and c¢f_cases and <s = 12> and A_case and <s2 = [Bk]>
by simp
next
fix C3
assume minor: Is2 = Bk # Oc # C3

from A_case have step0 (12, Bk # Oc # C3, Oc#tl (rev Is] @ Oc # Bk 1 Suc rex))
tm_erase_right_then_dblBk_left
= (11, Oc # C3, Bk#Oc#tl (rev Is] @Q Oc # Bk 1 Suc rex ))
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover from A_case and major have r = Oc#tl (rev Is] Q Oc # Bk T Suc rex)
by (metis Nil_is_append_conv <sl # []> hd_Cons_tl hd_append?2 list.simps(3) rev_is_Nil_conv)

ultimately have step0 (12, Bk # Oc # C3 , rev Is1 @ Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
= (11, Oc # C3, Bk# rev Is1 @ Oc # Bk T Suc rex)
by (simp add: A_case)

moreover have inv_rm_erase_right_then_dblBk_left_erp CL CR (11, Oc # C3, Bk# rev
Is] @Q Oc # Bk 1 Suc rex)
proof —
from A_case and <s2 = Bk # Oc # C3> have CL = Is] @ [Bk] @Q (Oc # C3) and rev
(Is1 Q [Bk]) = Bk # rev IsI by auto
with sl # []>
have Jrex’' Is1'Is2'. Oc # C3 = Is2" A Bk# rev Is1 @ Oc # Bk 1 Suc rex = rev Is1’ Q
Oc # Bkt Suc rex’ N CL=1Is1"QIs2" Nt Is]' # ||
by (simp add: A_case )
with A_case <+ = Oc#tl (rev Is] @ Oc # Bk 1 Suc rex)> and s2 = Bk # Oc # C3>
show inv_tm_erase_right_then_dbIBk_left_erp CL CR (11, Oc # C3, Bk# rev Is] @ Oc
# Bk 1 Suc rex )
by force
qed
ultimately show ?thesis
using assms and c¢f_cases and < = 12> and A_case and <s2 = Bk # Oc # C3>
by simp
next
fix C3
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assume minor: Is2 = Oc # C3

from A_case have step0 (12, Oc # C3 , Oc#tl (rev Isl1 @ Oc # Bk 1 Suc rex))
tm_erase_right_then_dblBk_left
= (11, C3, Oc#O0c#:tl (rev Is] @ Oc # Bk 1 Suc rex ))
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)

moreover from A_case and major have r = Oc#tl (rev Is1 @ Oc # Bk T Suc rex)
by (metis Nil_is_append_conv <sl # []> hd_Cons_tl hd_append?2 list.simps(3) rev_is_Nil_conv)

ultimately have step0 (12, Oc # C3 , rev Is] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
= (11, C3, Oc# rev Is] @Q Oc # Bk 1 Suc rex )
by (simp add: A_case)

moreover have inv_mm_erase_right_then_dblBk_left_erp CL CR (11, C3, Oc# rev Is] @
Oc # Bk 1 Suc rex )
proof —
from A_case and «s2 = Oc # C3> have CL = Is] @ [Oc] @Q (C3) and rev (IsI @ [Oc])
= Oc # rev Isl by auto
with sl # []>
have Jrex’Is1'Is2'. C3 = Is2’ A Oc# rev Is] @ Oc # Bk 1 Suc rex = rev Is1’ Q Oc #
Bk 1 Suc rex' NCL=1s1'Qs2" Ntllsl'# ]
by (simp add: A_case )
with A_case <+ = Oc#tl (rev Is] @ Oc # Bk 1 Suc rex)> and s2 = Oc # C3>
show inv_tm_erase_right_then_dblBk_left_erp CL CR (11, C3, Oc# rev Is] Q Oc # Bk
1 Suc rex)
by force
qed
ultimately show ?thesis
using assms and ¢f_cases and < = 12> and A_case and «Is2 = Oc # C3>
by simp
qed
next

assume Jrex. [ = [| A r = Bk # rev CL @Q Oc # Bk T Suc rex N CL # [] A last CL = Bk
then obtain rex where
A_case: 1 =[] A r=Bk # rev CL Q Oc # Bk 1 Suc rex N CL # || A last CL = Bk by blast
then have step0 (12, [| , Bk # rev CL @ Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
= (0, [], Bk # rev CL Q Oc # Bk 1 Suc rex)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover with A_case have inv_tm_erase_right_then_dbIBk_left_erp CL CR (0, [|, Bk #
rev CL @Q Oc # Bk 1 Suc rex)
by auto
ultimately show ?thesis
using assms and cf_cases and «<s = 12> and A_case
by simp
next

assume 3 rex. [ = [| A r = Bk # Bk # rev CL Q Oc # Bk 1 Suc rex A (CL =[] V last CL =
Oc)
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then obtain rex where
A_case: | =[] N r =Bk # Bk # rev CL @ Oc # Bk 1 Suc rex A\ (CL =[] V last CL = Oc)
by blast
then have step0 (12, [| , Bk # Bk # rev CL Q Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
= (0, [, Bk#t Bk # rev CL @Q Oc # Bk 1 Suc rex)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover with A_case have inv_tm_erase_right_then_dblBk_left_erp CL CR (0, [|, Bk#
Bk # rev CL @ Oc # Bk 1 Suc rex)
by auto
ultimately show ?thesis
using assms and c¢f_cases and <s = 12> and A_case
by simp
qed
next
assume s = 0
with ¢f_cases and assms
have (3rex. [ =[] A r = [Bk, Bk] @ (rev CL) Q [Oc, Bk] @ Bk 1 rex A (CL =[] V last CL =
Oc) )V
(Jrex.l=[] A r=[Bk] @ (rev CL) Q [Oc, Bk] @ Bk 1 rex A CL # [| A last CL = Bk)
by auto
then have s0_cases:
AP.[3rex.l=[ N r= [Bk,Bk] Q (rev CL) @Q [Oc, Bk] @ Bk 1 rex A (CL =[] V last CL
= Oc) = P;
Jrex. =[N r=[Bk] Q (revCL)Q [Oc, Bk| @ Bk 1 rex A CL # [] A last CL = Bk
= P]
— P
by blast

show ?thesis
proof (rule sO_cases)
assume Jrex. | = [| A r = [Bk, Bk| @ rev CL @ [Oc, Bk] @ Bk 1 rex A (CL =[] V last CL
= Oc)
then obtain rex where
A_case: 1 =[] A r=[Bk, Bk] Q rev CL @ [Oc, Bk] @ Bk 1 rex A (CL =] V last CL = Oc)
by blast
then have step0 (0, [ , [Bk, Bk| @ rev CL @ [Oc, Bk] Q Bk 1 rex) tm_erase_right_then_dblBk_left
= (0, [, Bk#t Bk # rev CL @Q Oc # Bk 1 Suc rex)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover with A_case have inv_tm_erase_right_then_dblBk_left_erp CL CR (0, [], Bk#
Bk # rev CL @ Oc # Bk 1 Suc rex)
by auto
ultimately show ?thesis
using assms and c¢f_cases and <s = 0> and A_case
by simp
next
assume Jrex. [ =[] A r = [Bk] @ rev CL @Q [Oc, Bk] @ Bk 1 rex A CL # [] A last CL = Bk
then obtain rex where
A_case: 1 =[] AN r=[Bk] Q rev CL @ [Oc, Bk| @ Bk 1 rex A CL # [] A last CL = Bk by
blast
then have step0 (0, [] , [Bk] @ rev CL @ [Oc, Bk] Q Bk 71 rex) tm_erase_right_then_dbIBk_left
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= (0, [], Bk # rev CL @ Oc # Bk 1 Suc rex)
by (simp add: tm_erase_right_then_dblBk_left_def step.simps steps.simps numeral_eqs_upto_12)
moreover with A_case have inv_tm_erase_right_then_dbIBk_left_erp CL CR (0, [|, Bk #
rev CL @Q Oc # Bk 1 Suc rex)
by auto
ultimately show ?thesis
using assms and cf_cases and < = 0> and A_case
by simp
qed
qed
qed

lemma inv_tm_erase_right_then_dblBk_left_erp_steps:
assumes inv_tm_erase_right_then_dblBk_left_erp CL CR cf
and noDbIBk CL and noDblBk CR
shows inv_tm_erase_right_then_dblBk_left_erp CL CR (stepsO cf tm_erase_right_then_dbIBk_left
stp)
proof (induct stp)
case 0
with assms show ?case
by (auto simp add: inv_tm_erase_right_then_dbIBk_left_erp_step step.simps steps.simps)
next
case (Suc stp)
with assms show ?case
using inv_tm_erase_right_then_dblBk_left_erp_step step_red by auto
qed

lemma 1m_erase_right_then_dblBk_left_erp_partial_correctness_CL_is_Nil:
assumes 3 sip. is_final (stepsO (1, [Bk,0Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp)
and noDblBk CL
and noDblBk CR
and CL = [|
shows { Atap. tap = ([Bk,Oc] @ CL, CR) |}
tm_erase_right_then_dblBk_left
{ Mtap. Irex. tap = ([|, [Bk,Bk] Q (rev CL) @ [Oc, Bk] @ Bk 1 rex ) |}
proof (rule Hoare_consequence)
show ( Atap. tap = ([Bk,0Oc] @ CL, CR) ) — ( Atap. tap = ([Bk,0Oc] Q CL, CR) )
by auto
next
from assms show inv_tm_erase_right_then_dblBk_left_erp_sO CL CR
— ( Mtap. Frex. tap = ([], [Bk,Bk] Q rev CL @ [Oc, Bk| Q Bk 7 rex) )
by (simp add: assert_imp_def tape_of list_def tape_of nat_def)
next
show {\tap. tap = ([Bk, Oc] @Q CL, CR)|}
tm_erase_right_then_dblBk_left
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{linv_tm_erase_right_then_dblBk_left_erp_sO CL CR[}
proof (rule Hoare_haltl )
fix [::cell list
fix r:: cell list
assume major: (I, r) = ([Bk, Oc] @ CL, CR)
show 3 n. is_final (stepsO (1, 1, r) tm_erase_right_then_dblBk_left n) A
inv_tm_erase_right_then_dblBk_left_erp_sO CL CR
holds_for steps0 (1, 1, r) tm_erase_right_then_dblBk_left n
proof —
from major and assms
have 3 sip. is_final (stepsO (1, 1, r) tm_erase_right_then_dblBk_left sip)
by blast
then obtain szp where
w_stp: is_final (stepsO (1, 1, r) tm_erase_right_then_dblBk_left stp) by blast
moreover have inv_tm_erase_right_then_dblBk_left_erp_sO CL CR
holds_for steps0 (1, 1, r) tm_erase_right_then_dblBk_left stp
proof —
have inv_tm_erase_right_then_dblBk_left_erp CL CR (1,1, r)
by (simp add: major tape_of list_def tape_of _nat_def)
with assms
have inv_tm_erase_right_then_dblBk_left_erp CL CR (stepsO (1,1, r) tm_erase_right_then_dblBk_left
stp)
using inv_tm_erase_right_then_dblBk_left_erp_steps by auto
then show ’thesis
by (smt (verit) holds_for.elims(3) inv_tm_erase_right_then_dblBk_left_erp.simps is_final_eq
w_sip)
qed
ultimately show ?thesis by auto
qed
qed
qed

lemma rm_erase_right_then_dblBk_left_erp_partial_correctness_CL_ew_Bk:
assumes 3 sip. is_final (stepsO (1, [Bk,0Oc] @ CL, CR) tm_erase_right_then_dblBk_left stp)
and noDblBk CL
and noDblBk CR
and CL # [|
and last CL = Bk
shows { \rap. tap = ([Bk,Oc] @ CL, CR) |}
tm_erase_right_then_dblBk_left
{ Atap. Irex. tap = (], [Bk] @ (rev CL) @ [Oc, Bk] @ Bk 1 rex ) |}
proof (rule Hoare_consequence)
show ( Atap. tap = ([Bk,0Oc] @ CL, CR) ) — ( Atap. tap = ([Bk,0Oc] @ CL, CR) )
by auto
next
from assms show inv_tm_erase_right_then_dblBk_left_erp_sO CL CR
— ( Map. Frex. tap = ([], [Bk] @ rev CL @ [Oc, Bk] @ Bk 1 rex) )
by (simp add: assert_imp_def tape_of list_def tape_of _nat_def)
next
show {\tap. tap = ([Bk, Oc] @ CL, CR)|}
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tm_erase_right_then_dblBk_left
{linv_tm_erase_right_then_dblBk_left_erp_sO CL CR[}
proof (rule Hoare_haltl )
fix [::cell list
fix r:: cell list
assume major: (I, r) = ([Bk, Oc] @ CL, CR)
show 3 n. is_final (stepsO (1, 1, r) tm_erase_right_then_dblBk_left n) A
inv_tm_erase_right_then_dblBk_left_erp_sO CL CR
holds_for steps0 (1, 1, r) tm_erase_right_then_dblBk_left n
proof —
from major and assms
have 3 sip. is_final (stepsO (1, 1, r) tm_erase_right_then_dblBk_left stp)
by blast
then obtain sp where
w_stp: is_final (stepsO (1, 1, r) tm_erase_right_then_dblBk_left stp) by blast
moreover have inv_tm_erase_right_then_dblBk_left_erp_sO CL CR
holds_for steps0 (1, 1, r) tm_erase_right_then_dblBk_left stp
proof —
have inv_tm_erase_right_then_dblBk_left_erp CL CR (1,1, r)
by (simp add: major tape_of list_def tape_of _nat_def)
with assms
have inv_tm_erase_right_then_dblBk_left_erp CL CR (steps0 (1,1, r) tm_erase_right_then_dblBk_left
stp)
using inv_tm_erase_right_then_dblBk_left_erp_steps by auto
then show ’thesis
by (smt (verit) holds_for.elims(3) inv_tm_erase_right_then_dblBk_left_erp.simps is_final_eq
w_sip)
qed
ultimately show ’thesis by auto
qed
qed
qed

lemma tm_erase_right_then_dblBk_left_erp_partial_correctness_CL_ew_Oc:
assumes 3 sip. is_final (stepsO (1, [Bk,0c] @ CL, CR) tm_erase_right_then_dbIBk_left stp)
and noDbIBk CL
and noDbIBk CR
and CL # ||
and /ast CL = Oc
shows { Atap. tap = ([Bk,Oc] @Q CL, CR) |}
tm_erase_right_then_dblBk_left
{ Atap. Frex. tap = ([], [Bk, Bk] Q (rev CL) @Q [Oc, Bk] Q@ Bk 1 rex ) |}
proof (rule Hoare_consequence)
show ( Atap. tap = ([Bk,0Oc] @ CL, CR) ) — ( Atap. tap = ([Bk,0Oc] @ CL, CR) )
by auto
next
from assms show inv_tm_erase_right_then_dblBk_left _erp_sO CL CR
— ( Atap. Jrex. tap = ([], [Bk, Bk] @ rev CL Q [Oc, Bk] @ Bk 1 rex) )
by (simp add: assert_imp_def tape_of list_def tape_of nat_def’)
next

226



show {\tap. tap = ([Bk, Oc] @Q CL, CR)|}
tm_erase_right_then_dblBk_left
{inv_tm_erase_right_then_dblBk_left_erp_sO CL CR[}
proof (rule Hoare_haltl)
fix [::cell list
fix r:: cell list
assume major: (I, r) = ([Bk, Oc] @ CL, CR)
show 3 n. is_final (stepsO (1, 1, r) tm_erase_right_then_dblBk_left n) N
inv_tm_erase_right_then_dblBk_left erp_sO CL CR
holds_for steps0 (1, 1, r) tm_erase_right_then_dblBk_left n
proof —
from major and assms
have 3 stp. is_final (stepsO (1, 1, r) tm_erase_right_then_dbIBk_left stp)
by blast
then obtain szp where
w_stp: is_final (stepsO (1, 1, r) tm_erase_right_then_dblBk_left stp) by blast
moreover have inv_tm_erase_right_then_dblBk_left _erp_sO CL CR
holds_for steps0 (1, 1, r) tm_erase_right_then_dblBk_left stp
proof —
have inv_tm_erase_right_then_dblBk_left_erp CL CR (1,1, r)
by (simp add: major tape_of list_def tape_of nat_def)
with assms
have inv_tm_erase_right_then_dblBk_left_erp CL CR (steps0 (1,1, r) tm_erase_right_then_dbIBk_left
stp)
using inv_tm_erase_right_then_dblBk_left_erp_steps by auto
then show ’thesis
by (smt (verit) holds_for.elims(3) inv_tm_erase_right_then_dblBk_left_erp.simps is_final_eq
w_sip)
qed
ultimately show ?thesis by auto
qed
qed
qed

definition measure_tm_erase_right_then_dblBk_left_erp :: (config X config) set
where
measure_tm_erase_right_then_dblBk_left_erp = measures [
As, L) (

ifs=20

then 0

elseif s < 6
then 13 — s
else 1),
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Als, L) (
ifs=6
thenif r =[]V (hd r) = Bk
then 1
else 2
else 0),

Als, 7). (
f7<sNs<9
then 2+ length r
else 1),

As, L) (
if7<sANs<9
then
ifr=1[]Vhdr=Bk
then 2
else 3
else 1),

A(s, 1, r).(
if7<sANs<10
then 13 — s
else 1),

Als, 1) (
fl10<s
then 2+ length |
else 1),

A(s, Lr). (
ifl1l1 <s
then if hd r = Oc
then 3
else 2
else 1),

A(s, 1, 1)
if11<s

then 13 — s
else 1)

J

lemma wf_measure_tm_erase_right_then_dblBk_left_erp: wf measure_tm_erase_right_then_dblBk_left_erp
unfolding measure_tm_erase_right_then_dblBk_left_erp_def
by (auto)

lemma measure_tm_erase_right_then_dblBk_left_erp_induct [case_names Step]:
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[An. = P (fn) = (f (Sucn), (fn)) € measure_tm_erase_right_then_dblBk_left_erp]
= 3Jn. P (fn)

using wf_measure_tm_erase_right_then_dblBk_left_erp

by (metis wf_iff_no_infinite_down_chain)

lemma spike_erp_cases:
CL# [| Alast CL=Bk N CL# [| Alast CL= OcV CL =[]
using cell.exhaust by blast

lemma 1m_erase_right_then_dblBk_left_erp_hallts:
assumes noDblBk CL
and noDbIBk CR
shows
stp. is_final (stepsO (1, [Bk,0c] @ CL, CR) tm_erase_right_then_dblBk_left stp)
proof (induct rule: measure_tm_erase_right_then_dblBk_left_erp_induct)
case (Step stp)
then have nor_final: — is_final (stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left
stp) .

have INV: inv_tm_erase_right_then_dblBk_left_erp CL CR (stepsO (1, [Bk,Oc] @ CL, CR)
tm_erase_right_then_dblBk_left stp)
proof (rule_tac inv_tm_erase_right_then_dblBk_left_erp_steps)
show inv_tm_erase_right_then_dblBk_left_erp CL CR (1, [Bk,Oc] @ CL, CR)
by (simp add: tape_of list_def tape_of _nat_def )
next
from assms show noDbIBk CL by auto
next
from assms show noDblBk CR by auto
qed
have SUC_STEP_RED: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc
stp) =
step0 (stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dblBk_left stp) tm_erase_right_then_dblBk_left
by (rule step_red)
show ( stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp),
stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dblBk_left stp
) € measure_tm_erase_right_then_dblBk_left_erp
proof (cases stepsO (1, [Bk,0c] @ CL, CR) tm_erase_right_then_dbIBk_left stp)
case (fields s [ r)
then have
¢f _at_stp: stepsO (1, [Bk,Oc] Q CL, CR) tm_erase_right_then_dblBk_left stp = (s, I, r) .
show ’thesis
proof (rule tm_erase_right_then_dblBk_left_erp_cases)
from INV and cf_at_stp
show inv_tm_erase_right_then_dblBk_left_erp CL CR (s, I, r) by auto
next
assume s=0
with cf_at_stp not_final
show ?thesis by auto
next
assume s=/
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with ¢f_at_stp
have cf at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp =
(1,1,7)
by auto
with ¢f_at_stp and «<s=1> and INV
have unpacked_INV: (I = [Bk,0Oc] @ CL A r = CR)
by auto

show ?thesis
proof (cases CR)
case Nil
then have minor: CR=1] .

with unpacked _INV cf _at_stp and <s=1> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] Q@ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (2,0c#CL, Bk#CR)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(2,0¢#CL, Bk#CR)
by auto

with cf_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dbIBk_left_erp_def)
next
case (Cons a rs)
then have major: CR=a # rs.
then show ’thesis
proof (cases a)
case Bk
with major have minor: CR = Bk+#rs by auto
with unpacked_INV cf_at_stp and <s=1> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left
by auto
also with minor and unpacked_INV
have ... = (2,0c#CL, Bk#CR)
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(2,0c¢#CL, Bk#CR)
by auto

with cf_at_current show ?thesis

by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
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case Oc
with major have minor: CR = Oc#rs by auto
with unpacked_INV cf_at_stp and <s=1> and SUC_STEP_RED
have steps0 (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
stepO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (2,0c#CL, Bk#CR)
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(2,0c#CL, Bk#CR)
by auto

with c¢f_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
qed
qed
next
assume s=2

with c¢f_at_stp
have cf at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp =
(2,1, r)
by auto
with ¢f_at_stp and «<s=2> and INV
have unpacked_INV: (I=[Oc] @ CL A r = Bk#CR)
by auto

then have minor: r = Bk#CR by auto
with unpacked_INV cf_at_stp and «<s=2> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (2, [Oc] @ CL, Bk#CR) tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (3,CL, Oc#Bk#CR)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc| @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(3,CL, Oc#Bk#CR)
by auto

with c¢f_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
assume s=3

with c¢f_at_stp

have ¢f_at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp =
(3, 4,r)
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by auto

with ¢f_at_stp and «<s=3> and INV

have unpacked_INV: (I = CL A\ r = Oc#Bk#CR)
by auto

then have minor: r = Oc#Bk#CR by auto
with unpacked_INV cf_at_stp and «<s=3> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (3, CL, Oc#Bk#CR) tm_erase_right_then_dbIBk_left
by auto
also with minor and unpacked_INV
have ... = (5,[0c] @ CL, Bk#CR)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tin_erase_right_then_dblBk_left (Suc stp) =
(5,[0c] @ CL, Bk#CR)
by auto

with c¢f_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
assume s=5

with c¢f _at_stp
have ¢f_at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp =
(5,1, 7)
by auto
with ¢f_at_stp and «s=5> and INV
have unpacked_INV: (I=[Oc] @ CL A r = Bk#CR)
by auto

then have minor: r = Bk#CR by auto
with unpacked_INV cf_at_stp and «<s=5> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] Q@ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (5, [Oc] @ CL, Bk#CR) tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (6, [Bk,0Oc] @ CL, CR)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) = (6,
[Bk,Oc] @ CL, CR)
by auto
with c¢f_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def )
next

assume s=6

with cf_at_stp
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have ¢f_at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp =
6,1,r)
by auto
with ¢f_at_stp and «s=6> and INV
have unpacked_INV: (I = [Bk,Oc] @ CLA ((CR=[|Ar=CR)V
(CR#[N(r=CRVr=Bk#1tCR))

)

by auto

then have unpacked _INV'. | = [Bk,Oc] @ CLA CR=[]Ar=CRV
I =[Bk,0c) @ CLACR#[|Ar=0c#1tlCRV
I =[Bk,Oc] @ CLACR#[| ANr=Bk#tlCR

by (metis (full_types) cell.exhaust list.sel(3) neq_Nil_conv)
then show ?thesis
proof

assume minor: | = [Bk, Oc] @ CLA CR =[] Ar=CR

with unpacked_INV cf_at_stp and <s=6> and SUC_STEP_RED

have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =

step0 (6, [Bk, Oc] Q CL, CR) tm_erase_right_then_dblBk_left

by auto

also with minor and unpacked_INV

have ... = (7,Bk#[Bk, Oc] @ CL, CR)

by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps

steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(7,Bk#[Bk, Oc] @ CL, CR)
by auto

with c¢f_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def )
next
assume [ = [Bk, Oc] Q CLACR# [ Ar=0c# 1l CRV | = [Bk,Oc] @CL A CR# [ A
r =Bk # tl CR
then show ’thesis
proof
assume minor: | = [Bk, Oc] @ CL A CR # [| A r = Bk # tl CR
with unpacked_INV cf_at_stp and <s=6> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (6, [Bk, Oc] @ CL, Bk # tl CR) tm_erase_right_then_dblBk_left
by auto
also with minor
have ... = (7,Bk#[Bk, Oc] Q CL, tl CR)
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (I, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(7,Bk#[Bk, Oc] @ CL, tl CR)
by auto

with cf_at_current show ?thesis

by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next

233



assume minor: | = [Bk, Oc] @ CL A CR# [] Ar=Oc # tl CR
with unpacked_INV cf_at_stp and <s=6> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (6, [Bk, Oc] @ CL, Oc # tl CR) tm_erase_right_then_dblBk_left
by auto
also with minor
have ... = (6, [Bk, Oc] @ CL, Bk # tl CR)
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(6, [Bk, Oc] @ CL, Bk # 1l CR)
by auto

with ¢f_at_current and minor show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
qed
qed
next
assume s=7

with c¢f _at_stp
have ¢f_at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp =
(7,0, r)
by auto
with ¢f_at_stp and «s=7> and INV
have (3lex. ! = Bk 1 Suc lex Q [Bk,Oc] @ CL) A (3rs. CR=rs Q)
by auto
then obtain /ex rs where
unpacked_INV: | = Bk 1 Suc lex @ [Bk,0Oc] @ CL A CR = rs @ r by blast

show ?thesis
proof (cases r)
case Nil
then have minor: r =[] .
with unpacked_INV cf_at_stp and <s=7> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (7, Bk 1 Suc lex Q [Bk,0Oc] @ CL, r) tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (9, Bk 1 Suc (Suc lex) Q [Bk,0Oc] @ CL, r)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(9, Bk 1 Suc (Suc lex) @ [Bk,0c] @ CL, r)
by auto

with c¢f_at_current and minor show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
case (Cons ars’)
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then have major: r = a # rs’.
then show ’thesis
proof (cases a)
case Bk
with major have minor: r = Bk#trs' by auto

with unpacked_INV cf_at_stp and <s=7> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (7, Bk T Suc lex @ [Bk,Oc] @ CL, r) tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (9, Bk 1 Suc (Suc lex) @ [Bk,0c] @ CL, rs”)
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(9, Bk 1 Suc (Suc lex) @ [Bk,Oc] @ CL, rs')
by auto

with c¢f_at_current and minor show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def’)
next
case Oc
with major have minor: r = Oc#rs’ by auto

with unpacked_INV cf_at_stp and <s=7> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (7, Bk 1 Suc lex @Q [Bk,0Oc] @ CL, Oc#trs') tm_erase_right_then_dbIBk_left
by auto
also with minor and unpacked_INV
have ... = (8, Bk 1 Suc lex @ [Bk,Oc] @ CL, Bk#trs’')
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(8, Bk 1 Suc lex @ [Bk,Oc| @ CL, Bk#trs')
by auto

with ¢f_at_current and minor show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def’)
qed
qed
next
assume s=3§

with cf_at_stp
have cf at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dblBk_left stp =
(8,1, 7r)
by auto
with ¢f_at_stp and =8> and INV
have (Jlex. = Bk 1 Suc lex @Q [Bk,0Oc] @ CL) A (3rsl rs2. CR=rsl Q [Oc] Qrs2 A r=
Bk+trs2)
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by auto
then obtain lex rsI rs2 where
unpacked_INV: | = Bk 1 Suc lex Q [Bk,Oc] @ CL A CR = rsI Q [Oc] Q rs2 A\ r = Bk#rs2
by blast

with ¢f _at_stp and <=8 and SUC_STEP_RED
have steps0 (1, [Bk, Oc] Q CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (8, Bk 1 Suc lex @ [Bk,0Oc] @ CL, Bk#rs2) tm_erase_right_then_dblBk_left

by auto
also with unpacked_INV
have ... = (7, Bk 1 Suc (Suc lex) @ [Bk,Oc] @ CL, rs2)

by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps

steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp)
= (7, Bk 1 Suc (Suc lex) @ [Bk,Oc] @Q CL, rs2)
by auto

with c¢f_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def )
next
assume s=9

with ¢f_at_stp
have cf at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dblBk_left stp =
9,1, r)
by auto
with ¢f_at_stp and <s=9> and INV
have (Jlex. ! = Bk 1 Suc lex Q [Bk,Oc] @ CL) A (3rs. CR=rs@Q [Bk|]@QrV CR=rs A r
=)
by auto
then obtain /ex rs where
I = Bk 1 Suc lex @Q [Bk,0c] @ CL A (CR =rs Q [Bk] @ rV CR = rs A r = []) by blast
then have unpacked INV: | = Bk 1 Suc lex @ [Bk,0c] @ CLACR=rs Q [Bk| Q r V
| = Bk 1 Suc lex @ [Bk,Oc] @ CL A CR = rs A r = [| by auto
then show ?thesis
proof

assume major: | = Bk 1 Suc lex @ [Bk, Oc] @ CLA CR=rs Q [Bk| Q r
show ?thesis
proof (cases r)
case Nil
then have minor: r =[] .
with unpacked_INV cf_at_stp and <s=9> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (9, Bk 1 Suc lex @ [Bk,Oc| Q CL, r) tm_erase_right_then_dbIBk_left
by auto
also with minor and unpacked_INV
have ... = (10, Bk 1 lex @Q [Bk,Oc| @ CL, Bk+#r)
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
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finally have stepsO (I, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(10, Bk 1 lex @ [Bk,Oc] @ CL, Bk+#r)
by auto

with ¢f_at_current and minor show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
case (Cons ars’)
then have major2: r = a # rs’.
then show ?thesis
proof (cases a)
case Bk
with major2 have minor: r = Bk#trs’ by auto
with unpacked_INV cf_at_stp and <s=9> and SUC_STEP_RED
have steps0 (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (9, Bk 1 Suc lex @ [Bk,Oc| @ CL, Bk#trs') tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (10, Bk 1 lex @Q [Bk,Oc] @ CL, Bk#Bk#trs")
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12
step.simps steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(10, Bk 1 lex Q [Bk,Oc] @ CL, Bk#-Bk#rs")
by auto

with ¢f_at_current and minor show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
case Oc
with major2 have minor: r = Oc#rs’ by auto
with unpacked_INV cf_at_stp and <s=9> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (9, Bk 1 Suc lex @ [Bk,Oc] @ CL, Oc#trs’) tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (8, Bk 1 Suc lex @ [Bk,Oc] @ CL, Bk#trs")
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12
step.simps steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(8, Bk * Suc lex @ [Bk,Oc] @ CL, Bk#trs')
by auto

with c¢f_at_current and minor show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
qed
qed
next

assume major: | = Bk 1 Suc lex Q [Bk, Oc] @ CLA CR=rs AN r = ||
with unpacked_INV cf_at_stp and <s=9> and SUC_STEP_RED
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have stepsO (1, [Bk, Oc] Q@ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (9, Bk 1 Suc lex Q [Bk,Oc] @ CL, []) tm_erase_right_then_dbIBk_left
by auto
also with unpacked_INV
have ... = (10, Bk 1 lex @ [Bk,0Oc] @ CL, [Bk])
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(10, Bk 1 lex @ [Bk,Oc] @ CL, [BK))
by auto

with ¢f_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
qed
next
assume s=1/0

with c¢f _at_stp

have ¢f_at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp =

(10,1, 7)

by auto
with ¢f_at_stp and «s=10> and INV
have (3 lex rex. | = Bk 1 lex @Q [Bk,Oc] @ CL A r = Bk 1 Suc rex) V

(Frex. 1 =[0c] @ CL A r = Bk 1 Suc rex) V
(Frex. I = CL A r = Oc # Bk T Suc rex)

by auto
then have s/0_cases:

AP. [ 3lex rex. | = Bk 1 lex Q [Bk,0c] @ CL A\ r = Bk 1 Suc rex => P;

drex. | =[Oc] @ CL A\ r = Bk T Suc rex = P;
drex. | = CL A\ r = Oc # Bk 1 Suc rex = P
|=rpr

by blast
show ?thesis
proof (rule s10_cases)

assume 3 /ex rex. | = Bk 1 lex @ [Bk, Oc] @ CL A\ r = Bk 1 Suc rex

then obtain /ex rex where

unpacked_INV: | = Bk 1 lex Q [Bk, Oc] @ CL A r = Bk 1 Suc rex by blast
with unpacked _INV cf_at_stp and <s=10> and SUC_STEP_RED
have todo_step: stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp)

step0 (10, Bk 1 lex Q [Bk, Oc] @ CL, Bk T Suc rex) tm_erase_right_then_dblIBk_left
by auto
show ?thesis
proof (cases lex)
case 0
then have lex =0.

then have step0 (10, Bk 1 lex Q [Bk, Oc] @ CL, Bk 1 Suc rex) tm_erase_right_then_dblBk_left

= (10, [Oc] @ CL, Bk 1 Suc (Suc rex))
by (simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps numeral_eqs_upto_12)
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with fodo_step
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) = (10,
[Oc] @ CL, Bk 1 Suc (Suc rex))
by auto

with «ex = 0> and c¢f_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
case (Suc nat)
then have lex = Suc nat .

then have step0 (10, Bk 1 lex Q [Bk, Oc] @ CL, Bk 1 Suc rex) tm_erase_right_then_dblBk_left
= (10, Bk 1 nat @ [Bk, Oc] @ CL, Bk 1 Suc (Suc rex))
by (simp add: tm_erase_right_then_dbIBk_left_def step.simps steps.simps numeral_eqs_upto_12)
with fodo_step
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) = (10, Bk
1 nat @Q [Bk, Oc] @ CL, Bk T Suc (Suc rex))
by auto

with <ex = Suc nat> ¢f_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
qed
next
assume Jrex. [ = [Oc] @ CL A\ r = Bk T Suc rex
then obtain rex where
unpacked_INV: | = [Oc] @ CL A r = Bk 1 Suc rex by blast

with unpacked_INV cf_at_stp and «<s=10> and SUC_STEP_RED
have todo_step: steps0 (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp)

step0 (10, [Oc] @ CL, Bk 1 Suc rex) tm_erase_right_then_dblBk_left
by auto
also with unpacked_INV
have ... = (10, CL, Oc# Bk 1 (Suc rex))
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(10, CL, Oc# Bk 1 (Suc rex))
by auto

with c¢f_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
assume Jdrex. [ = CL \ r = Oc # Bk 1 Suc rex
then obtain rex where
unpacked_INV: 1= CL N\ r = Oc # Bk 1 Suc rex by blast
show ’thesis
proof (cases CL)
case Nil
then have minor: CL =[] .
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with unpacked_INV cf_at_stp and <s=10> and SUC_STEP_RED

have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (10, [|, Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (11, [], Bk#Oc# Bk 1 (Suc rex))
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (I, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(11, ], Bk#Oc# Bk 1 (Suc rex))
by auto

with c¢f_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
case (Cons ars’)
then have major2: CL=a # rs’.
then show ’thesis
proof (cases a)
case Bk
with major2 have minor: CL = Bk#trs’ by auto
with unpacked _INV cf_at_stp and «<s=10> and SUC_STEP_RED

have stepsO (1, [Bk, Oc] Q@ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (10, Bk#trs’, Oc # Bk 1t Suc rex) tm_erase_right_then_dblBk_left
by auto
also with minor and unpacked_INV
have ... = (11, rs’, Bk# Oc # Bk 1 Suc rex)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12
step.simps steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(11, rs', Bk# Oc # Bk 1 Suc rex)
by auto

with ¢f_at_current and minor show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def )
next
case Oc
with major2 have minor: CL = Oc#rs’ by auto
with unpacked INV cf_at_stp and «<s=10> and SUC_STEP_RED

have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (10, Oc#rs’, Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
by auto

also with minor and unpacked_INV

have ... = (11, rs’, Oc# Oc # Bk 1 Suc rex)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12

step.simps steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
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(11, rs', Oc#t Oc # Bk 1 Suc rex)
by auto

with c¢f_at_current and minor show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
qed
qed
qed
next
assume s=1/

with ¢f_ar_stp
have ¢f_at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp =

(11,1, 7)
by auto
with ¢f_at_stp and «s=11> and INV
have (3 rex. =1 Ar=Bk# rev CL @ Oc # Bk 1 Suc rex N (CL=[] V last
CL = Oc)) v
(Frex. 1= Ar=revCL @ Oc # Bk 1 Suc rex N CL # [] A last CL = Bk
)V
(F rex. =1 ANr=revCL @ Oc # Bk 1 Suc rex N CL # || A last CL = Oc
)V

(I rex. I=[Bk] Ar=rev[Oc] Q@ Oc# Bk?1 Suc rex N CL = [Oc, Bk]) V

(Frex sl Is2. | = Bk#Oc#ls2 N\ r =rev sl @ Oc # Bk 1 Suc rex N CL = Is] @
Bk#O0c#l1s2 N Is] = [Oc] ) V
(rexlislis2. 1= Oc#ls2 Nr=revisl  Q Oc # Bk 1 Suc rex N CL = Is] Q Oc#ls2
Nlsl =[Bk]) Vv
(Frexislis2. 1= Oc#lis2 Nr=revisl  Q Oc # Bk 1 Suc rex N CL = Is] Q Oc#ls2
Nlsl =[Oc]) V

(Frexisl Is2. 1= Is2 Nr=revlisl @ Oc # Bk 1 Suc rex N CL = Is1 Q Is2 A
tllsl #])

by auto

then have s//_cases:

AP. [ Frex. =1 A r=Bk# rev CL @ Oc # Bk 1 Suc rex A\ (CL =] V last
CL = Oc) = P;
Frex. =] Ar=revCL Q@ Oc # Bk 1 Suc rex N CL # || A last CL = Bk
= P;
Frex. =] Ar=revCL Q@ Oc # Bk Suc rex N CL # || A last CL = Oc
= P;

Frex. I=[Bk] Ar=rev[Oc] @ Oc# Bk Sucrex A CL = [Oc, Bk] = P;

drex Isl Is2. | = Bk#Oc+#tls2 N r =rev Is] @ Oc # Bk 1 Suc rex N CL = Is]1 @
Bk#O0c#l1s2 A sl = [Oc] = P;

drex sl Is2. 1= Oc#ls2 Nr=revlis] @ Oc # Bk T Suc rex N CL = Is] @
Oc#ls2 N lsl = [Bk| = P;
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drex sl Is2. 1= Oc#ls2 Nr =revlis] @ Oc # Bk T Suc rex N CL = Is] @
Oc#ls2  Nlsl =[Oc] = P;

drexisl Is2. 1= Is2 Nr=revisl @Oc# Bkt Sucrex N\CL=1s1 Qls2 A
tlisl #[] =P
=P
by blast
show ?thesis
proof (rule s11_cases)
assume Jrex Is] Is2. ] = Bk # Oc # Is2 AN r = rev Is] Q Oc # Bk 1 Suc rex N CL = Is] Q
Bk # Oc # Is2 A Is] = [Oc]
then obtain rex Is] Is2 where
unpacked_INV: | = Bk#Oc#ls2 N r = rev sl @ Oc # Bk 1 Suc rex N CL = Is]1 @
Bk#Oc#ls2 A Is] = [Oc] by blast
from unpacked INV cf_at_stp and «<s=11> and SUC_STEP_RED
have rodo_step: stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp)

stepO (11, Bk#Oc+#l1s2, r) tm_erase_right_then_dblBk_left
by auto
also with unpacked_INV
have ... = (11, Oc # Is2, Bk # 1)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(11, Oc # Is2, Bk # r)
by auto

with c¢f_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def )
next
assume Jrex sl Is2. 1 = Oc # Is2 AN r = rev Is] Q Oc # Bk T Suc rex N CL = Is] Q Oc
# Is2 N Is] = [Oc]
then obtain rex Is/ [s2 where
unpacked_INV: 1= Oc # Is2 N r =rev sl Q Oc # Bk 1 Suc rex N\ CL = Is] Q Oc # Is2
A Isl = [Oc] by blast
from unpacked_INV cf_at_stp and <s=11> and SUC_STEP_RED
have rodo_step: stepsO (1, [Bk, Oc] Q@ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp)

step0 (11, 1, r) tm_erase_right_then_dbIBk_left
by auto
also with unpacked_INV
have ... = (11, Is2, Oc#r)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(11,152, Oc#tr)
by auto

with ¢f_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
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next
assume 3 rex. [ = [Bk] A r = rev [Oc] Q Oc # Bk 1 Suc rex A CL = [Oc, Bk|
then obtain rex where
unpacked_INV: 1 = [Bk| A\ r = rev [Oc] @ Oc # Bk 1 Suc rex A CL = [Oc, Bk] by blast

from unpacked INV cf_at_stp and «<s=11> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (11,1, r) tm_erase_right_then_dblBk_left
by auto
also with unpacked_INV
have ... = (11, [], Bk#r)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(11,1}, Bk#r)
by auto

with ¢f_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dbIBk_left_erp_def)
next
assume Jrex Is] Is2. I =Is2 N r =revIs]l Q Oc # Bk 1 Suc rex N CL = Is] Q [s2 N tl Is]
#
then obtain rex Is] [s2 where
A_case:1=1s2 Nr=revisl Q Oc # Bk 1 Suc rex N CL=1Is1 Q [s2 A tl Is] # [| by blast

then have 3z b bs. Is] = z#bsQ[b]
by (metis Nil_tl list.exhaust_sel rev_exhaust)
then have 3z bs. Is] = z#bsQ[Bk] V Is] = z#bsQ[Oc|
using cell.exhaust by blast
then obtain z bs where w_z_bs: Is] = z#bsQ[Bk| V Is] = z#bsQ[Oc] by blast
then show ’thesis
proof
assume majorl: Isl = z # bs Q [Bk|
then have major2: rev IsI = Bk#(rev bs)Q|[z] by auto
show ?thesis
proof (rule noDbIBk_cases)
from noDbIBk CL> show noDbIBk CL .
next
from A_case show CL = Is] @ [s2 by auto
next
assume minor: Is2 = [|

with A_case major2 cf_at_stp and «<s=11> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (11, [], Bk#(rev bs)Q[z] Q Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
by auto
also
have ... = (12, [|, Bk#Bk+#(rev bs)Q[z] @ Oc # Bk 1 Suc rex )
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12
step.simps steps.simps)
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finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(12, [], Bk#Bk#(rev bs)Q[z] @ Oc # Bk 1 Suc rex)
by auto

with ¢f_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
assume [s2 = [Bk]
with A_case <rev Is] = Bk# (rev bs)Q]z]> and «Is2 = [Bk]>
have Is] = z#bsQ[Bk] and CL = z#bsQ[Bk]|Q[Bk] by auto
with <noDbIBk CL> have False
by (metis A_case <Is2 = [Bk]> append_Cons hasDbIBk_L5 major2)
then show ?thesis by auto
next
fix C3
assume minor: Is2 = Bk # Oc # C3
with A_case and major2 have CL = z # bs Q [Bk] @ Bk # Oc # C3 by auto
with <1oDbIBk CL> have False
by (metis append.left_neutral append_Cons append_assoc hasDblBk_LI1 majorl minor)
then show ?thesis by auto
next
fix C3
assume minor: Is2 = Oc # C3

with A_case major2 cf_at_stp and «s=11> and SUC_STEP_RED
have steps0 (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (11, Oc # C3 , Bk#(rev bs)Q[z] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
by auto
also
have ... = (12, C3, Oc#Bk+#(rev bs)Q[z] @ Oc # Bk 1 Suc rex)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12
step.simps steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(12, C3, Oc#Bk+#(rev bs)Q[z] @ Oc # Bk 1 Suc rex)
by auto

with A_case minor cf_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
qed
next

assume majorl: Is] = z # bs @ [Oc]
then have major2: rev Is] = Oc#(rev bs)Q|[z] by auto
show ’thesis
proof (rule noDbIBk_cases)

from ¢i0oDbIBk CL> show noDbIBk CL .
next

from A_case show CL = Is] @ [s2 by auto
next

assume minor: Is2 = ||
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with A_case major2 cf_at_stp and «s=11> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (11, [] , Oc#(rev bs)Q[z] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
by auto
also
have ... = (11, [], Bk#Oc#(rev bs)Q[z] @ Oc # Bk 1 Suc rex)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12
step.simps steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(11, [], Bk#Oc#(rev bs)Q[z] @Q Oc # Bk 1 Suc rex)
by auto

with A_case minor major2 cf_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
assume minor: Is2 = [Bk|

with A_case major2 cf_at_stp and «<s=11> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] Q@ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (11, [Bk] , Oc#(rev bs)Q[z] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
by auto
also
have ... = (11, [|, Bk#Oc+#(rev bs)Q[z] @ Oc # Bk 1 Suc rex )
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12
step.simps steps.simps)
finally have stepsO (I, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
(11, [], Bk#Oc# (rev bs)Q[z] @ Oc # Bk 1 Suc rex )
by auto

with A_case minor major2 cf_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def )
next
fix C3
assume minor: Is2 = Bk # Oc # C3

with A_case major2 cf_at_stp and <s=11> and SUC_STEP_RED
have steps0 (1, [Bk, Oc] Q@ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (11, Bk # Oc # C3 , Oc # rev bs Q [z7] @ Oc # Bk 1 Suc rex)
tm_erase_right_then_dblBk_left
by auto
also
have ... = (11, Oc # C3, Bk#Oc # rev bs Q [z] @Q Oc # Bk T Suc rex )
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12
step.simps steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
(11, Oc # C3, Bk#O0c # rev bs Q [z] @ Oc # Bk 1 Suc rex )
by auto

with A_case minor major2 cf_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
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next
fix C3
assume minor: Is2 = Oc # C3

with A_case major2 ¢f_at_stp and «s=11> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (11, Oc # C3 , Oc# (rev bs)@[z] @ Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
by auto
also
have ... = (11, C3, Oc#Oc#(rev bs)Q[z] @ Oc # Bk 1 Suc rex)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12
step.simps steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp)
= (11, C3, Oc#O0c# rev bs)Q[z] @ Oc # Bk 1 Suc rex)
by auto

with A_case minor major2 cf_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
qed
qed
next
assume Jrex Isl Is2. 1 = Oc # Is2 AN r = rev Is] Q Oc # Bk T Suc rex N CL = Is] Q Oc
# Is2 N Is] = [Bk]
then obtain rex Is] [s2 where
unpacked_INV: 1= Oc # Is2 N r =rev Is]l Q Oc # Bk 1 Suc rex N CL = Is] Q Oc # Is2
A Is1 = [Bk] by blast

from unpacked_INV cf_at_stp and <s=11> and SUC_STEP_RED
have steps0O (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (11, 1, r) tm_erase_right_then_dblBk_left
by auto
also with unpacked_INV
have ... = (12, Is2, Oc#[Bk] @ Oc # Bk 1 Suc rex )
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp)
= (12, Is2, Oc#[Bk] @ Oc # Bk 1 Suc rex )
by auto

with c¢f_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
assume Jrex. [ =[] A r = Bk # rev CL Q Oc # Bk 1 Suc rex A (CL =] V last CL = Oc)
then obtain rex where
unpacked_INV: 1= [| A r = Bk # rev CL Q Oc # Bk 1 Suc rex A (CL =[] V last CL =
Oc) by blast

from unpacked_INV cf_at_stp and <s=11> and SUC_STEP_RED

have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (11,1, r) tm_erase_right_then_dblBk_left
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by auto
also with unpacked_INV
have ... = (12, [|, Bk#Bk # rev CL @ Oc # Bk 1 Suc rex )

by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps

steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp)
= (12, ], Bk#Bk # rev CL @ Oc # Bk 1 Suc rex)
by auto

with cf_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
assume Jrex. [ =[] A r=rev CL Q Oc # Bk 1 Suc rex A CL # [] A last CL = Bk
then obtain rex where
unpacked_INV: 1 =[] A r = rev CL @Q Oc # Bk 1 Suc rex A\ CL # [] A last CL = Bk by
blast
then have hd (rev CL) = Bk
by (simp add: hd_rev)

from unpacked INV cf_at_stp and «<s=11> and SUC_STEP_RED
have steps0 (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (11,1, r) tm_erase_right_then_dblBk_left
by auto
also with unpacked_INV and <hd (rev CL) = Bk>
have ... = (12, [], Bk # rev CL @ Oc # Bk 1 Suc rex )
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp)
= (12, [], Bk # rev CL @ Oc # Bk 1 Suc rex)
by auto

with c¢f_at_current and unpacked_INV show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
assume Jrex. [ = [| Ar=rev CL Q Oc # Bk 1 Suc rex A CL # [] A last CL = Oc
then obtain rex where
unpacked_INV: 1 =[] A r =rev CL @ Oc # Bk 1 Suc rex A CL # [| A last CL = Oc by
blast
then have hd (rev CL) = Oc
by (simp add: hd_rev)

from unpacked_INV cf_at_stp and <s=11> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (11,1, r) tm_erase_right_then_dblBk_left
by auto
also with unpacked_INV and <hd (rev CL) = Oc>
have ... = (11, [], Bk # rev CL @ Oc # Bk 1 Suc rex )
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp)
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= (11, ][], Bk # rev CL Q Oc # Bk 1 Suc rex )
by auto

with ¢f_ar_current and unpacked_INV and <hd (rev CL) = Oc> show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
qed
next
assume s=/2

with c¢f_at_stp
have ¢f_at_current: stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left stp =
(12,1, r)
by auto
with ¢f_at_stp and «s=12> and INV
have
(BrexislIs2.1=1s2 AN r=revis]l QOc # Bk 1 Suc rex NCL=1Is]1 Qls2 Ntllsl # ]
AlastIsl = Oc) V
(3 rex. =[] Nr=Bkf#revCL @ Oc # Bk Suc rex N CL # || A last CL = Bk) V
(I rex. I=1] Ar=Bk#Bk#rev CLQ Oc # Bk 1 Suc rex N (CL=1] V last CL =
0c))
by auto

then have s/2_cases:
AP. [ 3rexisl Is2. I =1s2 A r = rev Is] Q Oc # Bk 1 Suc rex N CL = Is] Q Is2 A tl Is]
# [] A last Is] = Oc = P;
Jrex. =1 Ar=Bkftrev CL@Q Oc # Bk 1 Suc rex N CL # || A last CL = Bk = P;
drex. =[] A r = Bk#Bk#rev CLQ Oc # Bk 1 Suc rex A (CL =[] V last CL = Oc)
= P]
— P
by blast
show ?thesis
proof (rule s12_cases)

assume Jdrex Is] Is2. | = Is2 N\ r=revIs] Q Oc # Bk 1 Suc rex N CL = Is] @ Is2 N tl Is]
# [| A last Is] = Oc
then obtain rex Is] Is2 where
unpacked_INV: 1 =1s2 A r=revisl Q Oc # Bk 1 Suc rex N CL = Is] Q Is2\ 1l Is] # |]
A last Is] = Oc by blast
then have Is/ # [| by auto
with unpacked_INV have major: hd (rev Isl) = Oc
by (simp add: hd_rev)
with unpacked_INV and major have minor2: r = Oc#tl ((rev Is1) @ Oc # Bk 1 Suc rex)

by (metis Nil_is_append_conv <Is1 # [|> hd_Cons_tl hd_append? list.simps(3) rev_is_Nil_conv)

show ’thesis
proof (rule noDbIBk_cases)
from 1oDbIBk CL> show noDbIBk CL .
next
from unpacked_INV show CL = Is] @ [s2 by auto
next
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assume minor: Is2 = ||

with unpacked_INV minor minor2 major cf_at_stp and «s=12> and s/ # [}> and
SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (12, ]], Oc#tl ((revisl) @Q Oc # Bk T Suc rex)) tm_erase_right_then_dbIBk_left
by auto
also
have ... = (11, [], Bk#Oc#tl ((rev IsI) @ Oc # Bk 1 Suc rex))
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
also with unpacked_INV and minor2 have ... = (11, [|, Bk# rev Is] @ Oc # Bk 1 Suc
rex )
by auto
finally have stepsO (1, [Bk, Oc] Q CL, CR) tm_erase_right_then_dblBk_left (Suc stp)
= (11, [], Bk#t rev Is1 @Q Oc # Bk 1 Suc rex)
by auto

with unpacked_INV minor major minor2 cf_at_current sl # []> show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
assume minor: Is2 = [BKk]

with unpacked_INV minor minor2 major cf_at_stp and «s=12> and s/ # [}> and
SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (12, [Bk], Oc#tl (revisl @ Oc # Bk 1 Suc rex)) tm_erase_right_then_dbIBk_left
by auto
also have ... = (11, [], Bk#Oc#il (rev Is] @ Oc # Bk 1 Suc rex ))
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp)
= (11, [], Bk#Oc#tl (rev Is] @ Oc # Bk 1 Suc rex ))
by auto

with unpacked_INV minor major minor2 cf_at_current sl # [|> show ?thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
fix C3
assume minor: Is2 = Bk # Oc # C3

with unpacked_INV minor minor2 major cf_at_stp and «s=12> and s/ # [}> and
SUC_STEP_RED
have steps0 (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (12, Bk # Oc # C3 , Oc#tl (rev sl @ Oc # Bk 1 Suc rex)) tm_erase_right_then_dblBk_left
by auto
also have ... = (11, Oc # C3, Bk#Oc#tl (rev Is] @ Oc # Bk 1 Suc rex ))
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp)
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= (11, Oc # C3, Bk#Oc#tl (rev Is] @Q Oc # Bk 1 Suc rex))
by auto

with unpacked_INV minor major minor2 cf_at_current sl # []> show thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def)
next
fix C3
assume minor: Is2 = Oc # C3

with unpacked_INV minor minor2 major ¢f_at_stp and «s=12> and sl # []> and
SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (12, Oc # C3, Oc#tl (revisl Q Oc # Bk 1 Suc rex)) tm_erase_right_then_dbIBk_left
by auto
also have ... = (11, C3, Oc#Oc#tl (rev Is] @ Oc # Bk 1 Suc rex ))
by (auto simp add: tm_erase_right_then_dbIBk_left_def numeral_eqs_upto_12 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp)
= (11, C3, Oc#O0c#tl (rev IsI Q Oc # Bk 1 Suc rex))
by auto

with unpacked_INV minor major minor2 cf_at_current sl # []> show thesis
by (auto simp add: measure_tm_erase_right_then_dblBk_left_erp_def’)
qed
next

assume Jrex. [ =[] A r = Bk # rev CL Q Oc # Bk 1 Suc rex N CL # [| A last CL = Bk
then obtain rex where
unpacked_INV: 1 =[] A r = Bk # rev CL @ Oc # Bk T Suc rex N CL # || A last CL =
Bk by blast

with ¢f_at_stp and «s=12> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dbIBk_left (Suc stp) =
step0 (12, [| , Bk # rev CL @ Oc # Bk 1 Suc rex) tm_erase_right_then_dbIBk_left
by auto

also
have ... = (0, [], Bk # rev CL @ Oc # Bk 1 Suc rex)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp)
= (0, [], Bk # rev CL @ Oc # Bk 1 Suc rex)
by auto

with cf_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dbIBk_left_erp_def)
next
assume Jrex. | = [| A r = Bk # Bk # rev CL Q Oc # Bk 1 Suc rex A (CL =[] V last CL
= Oc)
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then obtain rex where
unpacked_INV: 1 =[] A r = Bk # Bk # rev CL @ Oc # Bk 1 Suc rex A (CL =[] V last
CL = Oc) by blast

with ¢f_at_stp and «s=12> and SUC_STEP_RED
have stepsO (1, [Bk, Oc] Q CL, CR) tm_erase_right_then_dblBk_left (Suc stp) =
step0 (12, [] , Bk # Bk # rev CL Q Oc # Bk 1 Suc rex) tm_erase_right_then_dblBk_left
by auto

also
have ... = (0, [], Bk# Bk # rev CL @ Oc # Bk 1 Suc rex)
by (auto simp add: tm_erase_right_then_dblBk_left_def numeral_eqs_upto_I2 step.simps
steps.simps)
finally have stepsO (1, [Bk, Oc] @ CL, CR) tm_erase_right_then_dblBk_left (Suc stp)
= (0, [], Bk# Bk # rev CL @ Oc # Bk 1 Suc rex)
by auto

with ¢f_at_current show ?thesis
by (auto simp add: measure_tm_erase_right_then_dbIBk_left_erp_def)
qed
qed
qed
qed

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_CL_is_Nil:

assumes noDblBk CL

and noDbIBk CR

and CL =[]

shows { Atap. tap = ([Bk,Oc] @ CL, CR) |}

tm_erase_right_then_dblBk_left
{ Mtap. Irex. tap = ([|, [Bk,Bk] Q (rev CL) @ [Oc, Bk] @ Bk 1 rex ) |}

proof (rule tm_erase_right_then_dbIBk_left_erp_partial_correctness_CL_is_Nil)

from assms show 3 stp. is_final (stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dblBk_left
stp)

using tm_erase_right_then_dblBk_left_erp_halts by auto

next

from assms show noDbIBk CL by auto
next

from assms show noDbIBk CR by auto
next

from assms show CL = [| by auto
qed

lemma rm_erase_right_then_dblBk_left_correctness_CL_ew_Bk:
assumes noDblBk CL
and noDbIBk CR
and CL # [
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and /ast CL = Bk
shows { Atap. tap = ([Bk,Oc] @ CL, CR) |}
tm_erase_right_then_dblBk_left
{ Atap. Frex. tap = ([], [Bk] @Q (rev CL) @ [Oc, Bk] @ Bk 1 rex ) |}
proof (rule tm_erase_right_then_dblBk_left_erp_partial_correctness_CL_ew_Bk)
from assms show I stp. is_final (stepsO (1, [Bk,Oc] @ CL, CR) tm_erase_right_then_dbIBk_left

stp)
using tm_erase_right_then_dblBk_left_erp_halts by auto

next

from assms show noDblBk CL by auto
next

from assms show noDblBk CR by auto
next

from assms show CL # [| by auto
next

from assms show last CL = Bk by auto
qed

lemma 1m_erase_right_then_dblBk_left_erp_total_correctness_CL_ew_Oc:
assumes noDblBk CL
and noDbIBk CR
and CL # |]
and last CL = Oc
shows { Arap. tap = ([Bk,Oc] @ CL, CR) |}
tm_erase_right_then_dblBk_left
{ Atap. 3rex. tap = (][], [Bk, Bk] @ (rev CL) @Q [Oc, Bk] @ Bk 1 rex ) |}
proof (rule tm_erase_right_then_dblBk_left_erp_partial_correctness_CL_ew_Oc)
from assms show I stp. is_final (stepsO (1, [Bk,0Oc] @ CL, CR) tm_erase_right_then_dbIBk_left

stp)
using tm_erase_right_then_dblBk_left_erp_halts by auto

next

from assms show noDbIBk CL by auto
next

from assms show noDbIBk CR by auto
next

from assms show CL # [| by auto
next

from assms show last CL = Oc by auto
qed

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_eq_Nil_n_eq_1_last_eq_0:
assumes (nl::nat list) # ||
and n=1
and n < length nl
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and last (take n nl) =0
shows 3 CL CR.
[Oc] @ CL = rev(<take n nl>) N\ noDblBk CL A CL =[] A
CR = (<drop nnl>) A noDblBk CR
proof —
have rev(<take n nl>) = <rev(take n nl)>
by (rule rev_numeral_list)
also with assms have ... = <rev( butlast (take n nl) Q [last (take n nl)] )>
by (metis append_butlast_last_id take_eq_Nil zero_neq_one)
also have ... = < (rev[(last (take n nl))]) Q (rev ( butlast (take n nl)))>
by simp
also with assms have ... = < (rev [0]) @ (rev ( butlast (take n nl)))> by auto
finally have major: rev(<take nnl>) = <(rev [0]) Q (rev ( butlast (take n nl)))> by auto
with assms have butlast (take n nl) = ||
by (simp add: butlast_take)
then have <(rev [0::nat]) Q (rev ( butlast (take n nl)))> = <(rev [0::nat]) Q (rev [])>
by auto

also have ... = <(rev [0::nat])> by auto
also have ... = <[0::nat]> by auto
also have ... = [Oc]

by (simp add: tape_of list_def tape_of nat_def )
finally have <(rev [0::nat]) @ (rev ( butlast (take n nl)))> = [Oc] by auto
with major have rev(<take n nl>) = [Oc| by auto
then have [Oc] @ [| = rev(<take n nl>) A noDbIBk [| A ([| =[] V [] # [] A last [| = Oc) A
(<drop nnl>) = (<drop nnl>) A noDblBk (<drop n nl>)
by (simp add: noDblBk_Nil noDblBk_tape_of nat_list)
then show ’thesis
by blast
qed

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_eq_1_last_neq_0:
assumes (nl::nat list) # ||
and n=/
and n < length nl
and 0 < last (take n nl)
shows 3 CL CR.
[Oc] @ CL = rev(<take n nl>) A\ noDblBk CL A\ CL # [] A last CL = Oc A
CR = (<drop nnl>) A noDblBk CR
proof —
have minor: rev(<take n nl>) = <rev(take n nl)>
by (rule rev_numeral_list)
also with assms have ... = <rev( butlast (take n nl) Q [last (take n nl)] )>
by simp
also have ... = <(rev[last (take n nl)]) @ (rev (butlast (take n nl)))>
by simp
finally have major: rev(<take n nl>) = <(rev|(last (take n nl))]) Q (rev ( butlast (take n

nl)))>

by auto

moreover from assms have [last (take n nl)] # [| by auto
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moreover from assms have butlast (take n nl) = ||
by (simp add: butlast_take)

ultimately have rev(<take n nl>) = <(rev|(last (take n nl))])>
by auto

also have < (rev|(last (take n nl))])> = Oc? Suc (last (take n nl))
proof —
from assms have <[(last (take n nl))]|> = Oc? Suc (last (take n nl))
by (simp add: tape_of list_def tape_of nat_def)
then show < (rev[(last (take n nl))])> = Oc? Suc (last (take n nl))
by simp
qed
also have ... = Oc# Oc? (last (take n nl)) by auto
finally have rev(<take n nl>) = Oc# Oc? (last (take n nl)) by auto

moreover from assms have Oc? (last (take n nl)) # ||
by auto

ultimately have [Oc] @ (Oc? (last (take n nl))) = rev(<take n nl>) N\
noDbIBk (Oc?t (last (take n nl))) A (Oct (last (take n nl))) # [] A last (Oc? (last
(take n nl))) = Oc A
(<drop n nl>) = (<drop nnl>) A noDbIBk (<drop n nl>) using assms
by (simp add: noDblBk_Bk_Oc_rep noDblBk_tape_of _nat_list)
then show ?thesis by auto
qed

lemma rm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_eq_Nil_last_eq_0 "

assumes / < length (nl:: nat list)

and hd nl = 0
shows 3 CL CR.

[Oc] @ CL = rev(<hd nl>) A noDblBk CL A\ CL =[] A
CR = (<1l nl>) A noDbIBk CR
proof —

from assms
have (nl::nat list) # [] A (1:nat)=1 A 1 < length nl A\ 0 = last (take 1 nl)

by (metis One_nat_def append.simps(1) append_butlast_last_id butlast_take diff Suc_I

hd_take le_numeral_extra(4) length_0_conv less_numeral_extra(1) list.sel(I)
not_one_le_zero take_eq_Nil zero_less_one)

then have 3n. (nl::nat list) # [| An=1 A n < length nl \ 0 = last (take n nl)

by blast
then obtain n where

w_n: (nl::nat list) # [| An=1 A n < length nl A\ 0 = last (take n nl) by blast
then have 3 CL CR.

[Oc] @ CL = rev(<take n nl>) A noDblBk CL A CL =[] A
CR = (<drop nnl>) A noDblBk CR

using tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_eq_Nil_n_eq_1_last_eq 0

by auto
then obtain CL CR where
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w_CL_CR: [Oc] @ CL = rev (<take n ni>) A noDblBk CL A CL = [] A CR = <drop n nl>
A noDblBk CR by blast
with assms w_n show ?thesis
by (simp add: noDbIBk_Nil noDbIBk_tape_of nat_list rev_numeral tape_of _nat_def)
qed

lemma tm_erase_right_then_dbIBk_left_erp_total_correctness_helper_CL_neq_Nil_last_neq_0':
assumes / < length (nl::nat list)
and 0 < hd nl
shows d CL CR.
[Oc] @ CL = rev(<hd nl>) A noDbIBk CL \ CL # || A last CL = Oc N\
CR = (<tlnl>) A noDblBk CR
proof —
from assms
have (nl::nat list) # [] A (1::nat)=1 A 1 < length nl A\ 0 < last (take 1 nl)
by (metis append.simps(1) append_butlast_last_id butlast_take cancel_comm_monoid_add_class.diff_cancel
ex_least_nat_le hd_take le_trans list.sel(1) list.size(3)
neq0_conv not_less not_less_zero take_eq_Nil zero_less_one zero_neq_one)
then have 3 n. (nl::nat list) # [| An=1 A n < lengthnl A\ 0 < last (take n nl)
by blast
then obtain n where
w_n: (nl::nat list) # [| An=1 A n < lengthnl A\ 0 < last (take n nl) by blast
then have 3 CL CR.
[Oc] @ CL = rev(<take n nl>) A noDbiBk CL A CL # || A last CL = Oc A
CR = (<drop nnl>) A noDblBk CR
using rm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_eq_1_last_neq_0
by auto
with assms w_n show ?thesis
by (simp add: drop_Suc take_Suc tape_of list_def )
qed

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_gt_I_last eq_0:
assumes (nl::nat list) # ||
and /<n
and n < length nl
and last (take n nl) =0
shows 3 CL CR.
[Oc] @ CL = rev(<take n nl>) A\ noDblBk CL A CL # [] A last CL = Oc A
CR = (<drop n nl>) N\ noDblBk CR
proof —
have minor: rev(<take n nl>) = <rev(take n nl)>
by (rule rev_numeral_list)
also with assms have ... = <rev( butlast (take n nl) Q [last (take n nl)] )>
by (metis append_butlast_last_id not_one_less_zero take_eq_Nil)
also have ... = < (rev [(last (take n nl))]) Q (rev ( butlast (take n nl)))>
by simp
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also with assms have ... = <(rev [0]) @ (rev ( butlast (take n nl)))> by auto
finally have major: rev(<take n nl>) = <(rev [0]) @Q (rev ( butlast (take n nl)))> by auto

moreover have < (rev [0::nat])> = [Oc]
by (simp add: tape_of list_def tape_of _nat_def )

moreover with assms have not_Nil: rev (butlast (take n nl)) # ||
by (simp add: butlast_take)

ultimately have rev(<take n ni>) = [Oc] Q [Bk] @ <rev (butlast (take n nl))>
using fape_of nat_def tape_of _nat_list_cons_eq by auto

then show ?thesis
using major and minor and not_Nil
by (metis append_Nil append_is_Nil_conv append_is_Nil_conv last_append last_appendR
list.sel(3)
noDbIBk_tape_of _nat_list noDbIBk_tape_of nat_list_imp_noDblBk_tl
numeral_list_last_is_Oc rev.simps(1) rev_append snoc_eq_iff_butlast tl_append2)
qed

lemma tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_gt_1_last_neq_0:
assumes (nl::nat list) # ||
and / <n
and n < length nl
and 0 < last (take n nl)
shows 3 CL CR.
[Oc] @ CL = rev(<take n nl>) A\ noDblBk CL A CL # [] A last CL = Oc A
CR = (<drop nnl>) A noDblBk CR
proof —
have minor: rev(<take n nl>) = <rev(take n ni)>
by (rule rev_numeral_list)
also with assms have ... = <rev( butlast (take n nl) Q [last (take n nl)] )>
by (metis append_butlast_last_id not_one_less_zero take_eq_Nil)
also have ... = <(rev [(last (take n nl))]) @ (rev ( butlast (take n nl)))>
by simp
finally have major: rev(<take n nl>) = <(rev|(last (take n nl))]) Q (rev ( butlast (take n
nD)))>
by auto

moreover from assms have [last (take n nl)] # [| by auto
moreover from assms have butlast (take n nl) # ||
by (simp add: butlast_take)
ultimately have rev(<take n nl>) = <(rev|(last (take n nl))])> Q[Bk] @ < (rev ( butlast (take
nnl)))>
by (metis append_numeral_list rev.simps(] ) rev_rev_ident rev_singleton_conv)

also have < (rev|(last (take n nl))|)> = Oc? Suc (last (take n nl))
proof —
from assms have <[(last (take n nl))]> = Oc? Suc (last (take n nl))
by (simp add: tape_of list_def tape_of nat_def)
then show <(rev|(last (take n nl))])> = Oc? Suc (last (take n nl))
by simp
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qed
also have ... = Oc# Oc? (last (take n nl)) by auto
finally have rev(<take n nl>) = Oc# Oc? (last (take n nl)) Q[Bk] @ <(rev ( butlast (take n
ni)))>
by auto

moreover from assms have Oc?t (last (take n nl)) # ||
by auto

ultimately have [Oc] @ (Oc? (last (take n nl)) Q[Bk] @ <(rev ( butlast (take n nl)))>)
= rev(<take n nl>) N noDblBk (Oc? (last (take n nl)) Q[Bk] @ <(rev ( butlast
(take n nl)))>) A
(Oc? (last (take n nl)) Q[Bk] @ <(rev ( butlast (take n nl)))>) # ||
last (Oc? (last (take n nl)) Q[Bk] @ <(rev ( butlast (take n nl)))>)
(<drop nnl>) = (<drop nnl>) A noDblBk (<drop n nl>)

N
=0c A

using assms
«<rev [last (take n nl)]> = Oc 1 Suc (last (take n nl))>
<Oc 7 Suc (last (take n nl)) = Oc # Oc 1 last (take n nl)>
<butlast (take n nl) # [|> <rev (<take n nl>) = <rev [last (take n nl)]> Q [Bk] Q <rev
(butlast (take n nl))>>
by (smt (verit)
append_Cons append_Nil append_Nil2 append_eq_Cons_conv butlast.simps(1) but-
last.simps(2)
butlast_append last_ConsL last_append last_appendR list.sel(3) list.simps(3) minor
noDbIBk_tape_of _nat_list
noDbIBk_tape_of _nat_list_imp_noDblBk_tl numeral_list_last_is_Oc rev_is_Nil_conv
self_append_conv)
then show ?thesis by auto
qed

lemma rm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_gt_1:
assumes (nl::nat list) # ||
and /<n
and n < length nl
shows 3 CL CR.
[Oc] @ CL = rev(<take n nl>) A\ noDblBk CL A CL # [] A last CL = Oc A
CR = (<drop n nl>) N\ noDbIBk CR
proof (cases last (take n nl))
case 0
with assms show ?thesis
using tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_gt 1_last_eq_0
by auto
next
case (Suc nat)
with assms show ?thesis
using rm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_neq_Nil_n_gt_1_last_neq_0
by auto
qed
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lemma tm_erase_right_then_dblBk_left_erp_total_correctness_one_arg:
assumes / < length (nl::nat list)
shows { Atap. tap = (Bk+# rev(<hd nl>), <tl nl>) |}
tm_erase_right_then_dblBk_left
{ Atap. 3rex. tap = ({], [Bk,Bk] @ (<hd nl>) @Q [Bk] @ Bk 1 rex ) [}
proof (cases hd nl)
case 0
then have hid nl = 0.
with assms
have 3 CL CR.
[Oc] @ CL = rev(<hd nl>) A noDblBk CL A CL =[] A
CR = (<t nl>) N\ noDbIBk CR
using tm_erase_right_then_dblBk_left_erp_total_correctness_helper_CL_eq_Nil_last_eq_0’
by blast
then obtain CL CR where
w_CL_CR: [Oc] @ CL = rev(<hd nl>) A noDblBk CL A\ CL =[] A
CR = (<t nl>) N noDbIBk CR by blast

show ’thesis
proof (rule Hoare_consequence)

from assms and w_CL_CR show (Mtap. tap = (Bk # rev (<hd nl>), <tl nl>)) — (\tap.
tap = ([Bk,Oc] @ CL, CR))
using Cons_eq_appendl append_self conv assert_imp_def by auto
next

from assms and w_CL_CR
show { Atap. tap = ([Bk,Oc] Q CL, CR) |}
tm_erase_right_then_dblBk_left
{ Atap. Frex. tap = (], [Bk,Bk] @Q (rev CL) @Q [Oc, Bk] @ Bk 1 rex) |}
using tm_erase_right_then_dblBk_left_erp_total_correctness_CL_is_Nil
by blast
next

show (Atap. Jrex. tap = ([], [Bk, Bk] @ rev CL @ [Oc, Bk] @ Bk 1 rex)) — (Atap. I rex. tap
= ([], [Bk, Bk] @ <hd nl> Q@ [Bk| Q Bk 1 rex))
using Cons_eq_append_conv assert_imp_def rev_numeral w_CL_CR by fastforce
qed

next
case (Suc nat)
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then have 0 < hd nl by auto
with assms
have 3 CL CR.
[Oc] @ CL = rev(<hd nl>) A noDbIBk CL A CL # [] A last CL = Oc A
CR = (<tlnl>) A noDblBk CR
using tm_erase_right_then_dbIBk_left_erp_total_correctness_helper_CL_neq_Nil_last_neq_0'
by auto
then obtain CL CR where
w_CL_CR: [Oc| @ CL = rev(<hd nl>) N\ noDblBk CL A\ CL # [] A last CL = Oc A
CR = (<tlnl>) A noDblBk CR by blast
show ’thesis
proof (rule Hoare_consequence)

from assms and w_CL_CR show (Atap. tap = (Bk # rev (<hd nl>), <tl nl>)) — (Aiap.
tap = ([Bk,Oc] @ CL, CR))
by (simp add: w_CL_CR assert_imp_def)
next

from assms and w_CL_CR
show { Atap. tap = ([Bk,Oc] @ CL, CR) |}
tm_erase_right_then_dblBk_left
{ Mtap. Irex. tap = ([], [Bk, Bk] @ (rev CL) Q [Oc, Bk] @ Bk T rex ) |}
using tm_erase_right_then_dblBk_left_erp_total_correctness_CL_ew_Oc
by blast
next

show (Mtap. T rex. tap = ([], [Bk, Bk] @Q rev CL @ [Oc, Bk] @ Bk 1 rex)) — (Mtap. I rex. tap
= ({], [Bk, Bk] @ <hd nl> @ [Bk] @Q Bk 7 rex))
using Cons_eq_append_conv assert_imp_def rev_numeral w_CL_CR
by (simp add: assert_imp_def rev_numeral replicate_app_Cons_same tape_of _nat_def)
qed
qed

definition
tm_check_for_one_arg :: instr list
where
tm_check_for_one_arg d:gf tm_skip_first_arg |+| tm_erase_right_then_dblBk_left

lemma rm_check_for_one_arg_total_correctness_Nil:
length nl =0
= {Atap. tap = ([], <nl::nat list>) |} tm_check_for_one_arg {\tap. tap = ([Bk,Bk]|, [Bk] )
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proof —
assume major: length nl = 0
have {Arap. tap = ([], <nl::nat list>) |} (tm_skip_first_arg |+| tm_erase_right_then_dblBk_left)
{Atap. tap = (|Bk,Bk], [BK] ) |}
proof (rule Hoare_plus_halr)
show composable_tmO0 tm_skip_first_arg
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps
tm_skip_first_arg_def tm_erase_right_then_dblBk_left_def)
next
from major show {Atap. tap = ([], <nl::nat list>) |} tm_skip_first_arg {Mtap. tap = ([] ,
B4 ) }
using tm_skip_first_arg_correct_Nil’
by simp
next
from major show {tap. tap = ([|, [Bk|)|} tm_erase_right_then_dblBk_left { tap. tap =
(1BK, B, [BK)}
using tm_erase_right_then_dblBk_left_dnp_total_correctness
by simp
qed
then show ?thesis
unfolding rm_check_for_one_arg_def
by auto
qed

lemma tm_check_for_one_arg_total_correctness_len_eq_1:
lengthnl =1
= {\tap. tap = ([], <nl::nat list>) |} tm_check_for_one_arg {\tap. 3z4. tap = (Bk 1 74,
<nl> @ [Bk])[}
proof —
assume major: length nl = 1
have {\tap. tap = ([, <nl::nat list>) |}
(tm_skip_first_arg |+| tm_erase_right_then_dblBk_left)
{\tap. 3z4. tap = (Bk 1 z4, <nl> Q [Bk])}
proof (rule Hoare_plus_halt)
show composable_tmO0 tm_skip_first_arg
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps
tm_skip_first_arg_def tm_erase_right_then_dblBk_left_def)
next
from major have {Atap. tap = ([], <nl::nat list>) |} tm_skip_first_arg { Mtap. tap = (|Bk],
<[hd nl]> Q[BK])[}
using tm_skip_first_arg_len_eq_1 _total_correctness’
by simp
moreover from major have (nl::nat list) = [hd nl]
by (metis diff_self_eq_0 length_0_conv length_tl list.exhaust_sel zero_neq_one)
ultimately
show {\tap. tap = ([], <nl:nat list>) [} tm_skip_first_arg { Atap. tap = ([Bk], <nl>
Q@[Bk])[} using major
by auto
next
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from major
have {\wp. tap = ([], <nl> Q [Bk])[} tm_erase_right_then_dblBk_left {\tap. tap = ([Bk,
Bk], <nl> Q [Bk])[}
using tm_erase_right_then_dblBk_left_dnp_total_correctness
by simp

with major have I sip. is_final (stepsO (1, [|,<nl::nat list>Q [Bk]) tm_erase_right_then_dblBk_left
stp) A
(stepsO (1, [|,<nl::nat list>Q [Bk]) tm_erase_right_then_dbIBk_left stp = (0,
[Bk, Bk], <nl> Q [Bk]))
unfolding Hoare_halt_def
by (smt (verit) Hoare_halt_def Pair_inject holds_for.elims(2) is_final.elims(2))
then obtain szp where
w_stp: is_final (stepsO (1, [|,<nl::nat list>@ [Bk]) tm_erase_right_then_dblBk_left stp) N
(stepsO (1, [],<nl::nat list>Q [Bk]) tm_erase_right_then_dblBk_left stp = (0, [Bk, Bk],
<nl> @ [Bk])) by blast

then have is_final (stepsO (1, Bk 1 0,<nl::nat list>Q [Bk]) tm_erase_right_then_dblBk_left
stp) A
(stepsO (1, Bk 1 0,<nl::nat list>Q [Bk]) tm_erase_right_then_dblBk_left stp = (0, Bk
12, <nl> Q [Bk]))
by (simp add: is_finall numeral_eqs_upto_12(1))
then have 3z3.z3 <0+ I A
is_final (stepsO (1, Bk 1 (0+1),<nl::nat list>Q [Bk|) tm_erase_right_then_dblBk_left
stp) A
(stepsO (1, Bk 1 (041),<nl::nat list>Q [Bk]) tm_erase_right_then_dblBk_left stp =
(0, Bk 1 (2+23), <nl> Q [Bk]))
by (metis is_finall steps_left_tape_EnlargeBkCix)
then have is_final (stepsO (1, [Bk],<nl::nat list>>Q [Bk]) tm_erase_right_then_dblBk_left stp)
A
(3 z4. stepsO (1, [Bk|,<nl::nat list>Q [Bk]) tm_erase_right_then_dbIBk_left stp =
(0, Bk 1 z4, <nl> Q [Bk]))
by (metis One_nat_def add.left_neutral replicate_0 replicate_Suc)
then have 3 n. is_final (stepsO (1, [Bk],<nl::nat list>Q [Bk]) tm_erase_right_then_dbIBk_left
n) A
(3 z4. stepsO (1, [Bk|,<nl::nat list>Q [Bk]) tm_erase_right_then_dblBk_left n = (0,
Bk 1 z4, <nl> Q [Bk]))
by blast
then show {\ap. tap = ([Bk|, <nl::nat list> @ [Bk]) |}
tm_erase_right_then_dblBk_left
{Atap. 3z4. tap = (Bk 1 z4, <nl::nat list> Q [Bk])}
using Hoare_halt_def Hoare_unhalt_def holds_for.simps by auto
qed
then show ’thesis
unfolding tm_check_for_one_arg_def
by auto
qed
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lemma tm_check_for_one_arg_total_correctness_len_gt_I:
length nl > 1
= {Atap. tap = ([|, <nl::nat list> )} tm_check_for_one_arg { Mtap. 3 1. tap = ([], |Bk,Bk]
Q@ <[hdnl]> @Bk 1) |}
proof —
assume major: length nl > 1
have {Map. tap = ([|, <nl::nat list> )]}
(tm_skip_first_arg |+| tm_erase_right_then_dblBk_left)
{ Atap. 3 1. tap = ([], [Bk,Bk] @ <[hd ni]> QBk 1) }
proof (rule Hoare_plus_halr)
show composable_tm0 tm_skip_first_arg
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps
tm_skip_first_arg_def tm_erase_right_then_dblBk_left_def)
next
from major show {\tap. tap = ([], <nl::nat list> )|} tm_skip_first_arg {| Atap. tap = (Bk#
<rev [hd nl]>, <tl nl>) |}
using tm_skip_first_arg_len_gt_1_total_correctness
by simp
next
from major
have { \tap. tap = (Bk+# rev(<hd nl>), <tl nl>) |} tm_erase_right_then_dblBk_left { Atap.
rex. tap = ([], [Bk,Bk] Q (<hd nl>) @ [Bk] @ Bk 1 rex) |}
using tm_erase_right_then_dblBk_left_erp_total_correctness_one_arg
by simp
then have { \tap. tap = (Bk# <rev [hd nl]>, <tl nl>) |} tm_erase_right_then_dblBk_left {
Atap. T rex. tap = ([], [Bk,Bk] @ <[hd nl]> @ [Bk] Q Bk 1 rex ) [}
by (simp add: rev_numeral rev_numeral_list tape_of _list_def )
then have { \tap. tap = (Bk# <rev [hd nl]>, <tl nl>) |} tm_erase_right_then_dblBk_left {
Atap. T rex. tap = ([], [Bk,Bk] @ <[hd nl|> @ Bk 1 (Suc rex) ) |}
by force
then show {\rap. tap = (Bk # <rev [hd nl]>, <tl nl>)}} tm_erase_right_then_dblBk_left
{Atap. 31. tap = ([], [Bk, Bk] @ <[hd nl]> @ Bk 1 I)}
by (smt (verit) Hoare_haltl Hoare_halt_def holds_for.elims(2) holds_for.simps)
qed
then show ?thesis
unfolding rm_check_for_one_arg_def
by auto
qed

definition
tm_strong_copy :: instr list
where

d
tm_strong_copy :Ef tm_check_for_one_arg |+| tm_weak_copy
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lemma 1m_strong_copy_total_correctness_Nil:

lengthnl =0
= {\tap. tap = ([], <nl::nat list>) |} tm_strong_copy {tap. tap = ([Bk,Bk,Bk,Bk],[]) [
proof —

assume major: length nl = 0

have {\tap. tap = ([, <nl::nat list>) |}
tm_check_for_one_arg |+| tm_weak_copy
{Atap. tap = (|Bk,Bk,Bk,Bk],[]) [

proof (rule Hoare_plus_halr)

show composable_tmO0 tm_check_for_one_arg
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps

tm_weak_copy_def
tm_check_for_one_arg_def
tm_skip_first_arg_def
tm_erase_right_then_dbIBk_left_def)

next
from major show {Atap. tap = ([], <nl::nat list>) [} tm_check_for_one_arg {tap. tap =
(Bk.B], [BK] ) }
using tm_check_for_one_arg_total_correctness_Nil
by simp
next
from major show {\tap. tap = ([Bk, Bk], [Bk])[} tm_weak_copy {Atap. tap = (|Bk, Bk, Bk,
BK), [)}
using tm_weak_copy_correctll’
by simp
qed

then show ?thesis
unfolding tm_strong_copy_def
by auto
qed

lemma rm_strong_copy_total_correctness_len_gt_1:
1 < length nl
= {Mtap. tap = ([], <nl::nat list>) |} tm_strong_copy {| Mtap. 31. tap = ([Bk,Bk|, <[hd
nl]> @Bk 1)}
proof —
assume major: 1 < length nl
have {\tap. tap = ([, <nl::nat list>) |}
tm_check_for_one_arg |+| tm_weak_copy
{ Map. 3 1. tap = (|Bk,Bk], <[hd nl]> @ Bk 1) |}
proof (rule Hoare_plus_halt)
show composable_tmO0 tm_check_for_one_arg
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps
tm_weak_copy_def
tm_check_for_one_arg_def
tm_skip_first_arg_def
tm_erase_right_then_dbIBk_left_def)
next
from major show {|\tap. tap = ([|, <nl::nat list>) |} tm_check_for_one_arg { Mtap. 3 I. tap
= ([], [Bk,Bk]| @ <[hd nl]> Q Bk 1) |
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using tm_check_for_one_arg_total_correctness_len_gt_1
by simp
next
show {Atap. 3. tap = ([], [Bk, Bk] @ <[hd nl|> Q Bk 1 1)} tm_weak_copy {Atap. 3. tap =
([Bk, Bk], <[hd nl]> @Q Bk 1 )}
proof —
have A\r.{\tap. tap = ([], [Bk,Bk|Qr) |} tm_weak_copy {tap. tap = ([Bk,Bk], r) |}
using tm_weak_copy_correct13' by simp
then have Ar. 3 stp. is_final (stepsO (1, [|,[Bk,Bk]Qr) tm_weak_copy stp) N
(stepsO (1, [],[Bk,Bk|Qr) tm_weak_copy stp = (0, [Bk, Bk], r))
unfolding Hoare_halt_def
by (smt (verit) Hoare_halt_def Pair_inject holds_for.elims(2) is_final.elims(2))
then have A\l Jstp. is_final (stepsO (1, [),[Bk,Bk|Q<[hd nl|> Q Bk 1 I) tm_weak_copy stp)
A
(stepsO (1, [],[Bk,Bk|@Q< [hd nl|> @ Bk 1 I) tm_weak_copy stp = (0, [Bk, Bk],
<[hd nl]> @Q Bk 1 1))
by blast
then show ’thesis
using Hoare_halt_def holds_for.simps by fastforce
qed
qed
then show ’thesis
unfolding rm_strong_copy_def
by auto
qed

lemma rm_strong_copy_total_correctness_len_eq_1I:
1 = length nl
= {\tap. tap = ([, <nl::nat list>) |} tm_strong_copy { Atap. 3k l. tap = (Bk 1 k, <[hd nl,
hdnl]> @Bk 1) |}
proof —
assume major: 1 = length nl
have {\tap. tap = ([, <nl::nat list>) |}
tm_check_for_one_arg |+| tm_weak_copy
{ Mtap. 3k . tap = (Bk 1 k, <[hd nl, hd nl]> @ Bk 1 1) [}
proof (rule Hoare_plus_halr)
show composable_tmO0 tm_check_for_one_arg
by (simp add: composable_tm.simps adjust.simps shift.simps seq_tm.simps
tm_weak_copy_def
tm_check_for_one_arg_def
tm_skip_first_arg_def
tm_erase_right_then_dblBk_left_def)
next
from major show {Atap. tap = ([], <nl::nat list>) |} tm_check_for_one_arg {tap. 374. tap
= (Bk 1 z4, <nl> Q [Bk])|}
using tm_check_for_one_arg_total_correctness_len_eq_1
by simp
next
have {\tap. 3z4. tap = (Bk T z4, <[hd nl)> Q[Bk])[} tm_weak_copy {Atap. 3k I. tap = (Bk
Tk, <[hd nl, hd nl]> Q Bk 1 I) |}
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using tm_weak_copy_correct6
by simp
moreover from major have <nl> = <[hd nl]>
by (metis diff_self_eq_0 length_0_conv length_tl list.exhaust_sel zero_neq_one)
ultimately show {\rap. 3z4. tap = (Bk T z4, <nl> Q [Bk])} tm_weak_copy {\tap. Tk .
tap = (Bk 1 k, <[hd nl, hd nl]> @ Bk 1 [)[}
by auto
qed
then show ?thesis
unfolding tm_strong_copy_def
by auto
qed

end

1.11 Turing Decidability

theory TuringDecidable
imports
OneStrokeTM
Turing_HaltingConditions
begin

1.11.1 Turing Decidable Sets and Relations of natural numbers

We use lists of natural numbers in order to model tuples of arity k of natural numbers,
where 0 < k.

Now, we define the notion of Turing Decidable Sets and Relations. In our defini-
tion, we directly relate decidability of sets and relations to Turing machines and do not
adhere to the formal concept of a characteristic function.

However, the notion of a characteristic function is introduced in the theory about
Turing computable functions.

definition turing_decidable :: (nat list) set = bool
where .

turing_decidable nls o (3D. (Vnl.

(nl € nls — {(Mtap. tap = ([], <nl>))[ D {(Mtap. 3k l. tap = (Bk 1 k, <1::nat> Q Bkt

l
))I})/\ (nl ¢ nls — {(Atap. tap = ([], <nl>))} D {(Atap. Ik 1. tap = (Bk 1 k, <0::nat> Q
Bkt 1))

)

lemma ruring_decidable_unfolded_into_TMC_yields_conditions:

turing_decidable nls & (3D. (Vnl.
(nl € nls — TMC_yields_num_res D nl (I::nat) )

A (nl ¢ nls — TMC_yields_num_res D nl (0::nat) )
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)

unfolding TMC_yields_num_res_unfolded_into_Hoare_halt
by (simp add: turing_decidable_def)

1.11.2 Examples for decidable sets of natural numbers

Using the machine OneStrokeTM as a decider we are able to proof the decidability of
the empty set. Moreover, in the theory about Halting Problems, we will show that there
are undecidable sets as well. Thus, the notion of Turing Decidability is not a trivial

concept.

lemma ruring_decidable_empty_set_iff:
turing_decidable {} = (3 D. V (nl:: nat list).
{(Atap. tap = (], <ni>))|} D {(Mtap. 3k I. tap = (Bk 1 k, [Oc] @ Bk 1I))[})
unfolding turing_decidable_def
by (simp add: tape_of nat_def)

theorem furing_decidable_empty_set: turing_decidable {}
by (rule turing_decidable_empty_set_iff THEN iffD2])
(blast intro: tm_onestroke_total_correcmess)

end

1.12 Turing Reducibility

theory TuringReducible
imports
TuringDecidable
StrongCopyTM
begin
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1.12.1 Definition of Turing Reducibility of Sets and Relations of
Natural Numbers

Let A and B be two sets of lists of natural numbers.
The set A is called many-one reducible to set B, if there is a Turing machine tm
such that for all a we have:

1. the Turing machine always computes a list b of natural numbers from the list b
of natural numbers

2. a € A if and only if the value b computed by fm from a is an element of set B.

We generalized our definition to lists, which eliminates the need to encode lists of
natural numbers into a single natural number. Compare this to the theory of recursive
functions, where all values computed must be a single natural number.

Note however, that our notion of reducibility is not stronger than the one used in
recursion theory. Every finite list of natural numbers can be encoded into a single
natural number. Our definition is just more convenient for Turing machines, which are
capable of producing lists of values.

definition turing_reducible :: (nat list) set = (nat list) set = bool
where
turing_reducible A B =l
(Ftm. V nl::nat list. Iml::nat list.
{(\tap. tap = ([], <nl>))|} tm {(Atap. 3k . tap = (Bk 1 k, <ml> @ Bkt I))} A
(nl € A<+— ml€B)

)

lemma ruring_reducible_unfolded_into_TMC_yields_condition:
turing_reducible A B =l
(Ftm. V nl::nat list. Iml::nat list.
TMC _yields_num_list_res tm nl ml N\ (nl cA<+—mle B)
)

unfolding TMC_yields_num_list_res_unfolded_into_Hoare_halt
by (simp add: turing_reducible_def)

1.12.2 Theorems about Turing Reducibility of Sets and Relations
of Natural Numbers

lemma ruring_reducible_A_B_imp_composable_reducer_ex: turing_reducible A B
.
dRed. composable_tm0 Red N\
(V nl::nat list. Iml::nat list. TMC_yields_num_list_res Rednl mi A\ (nl € A +— ml €
B))
proof —
assume furing_reducible A B
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then have 3 1m. V nl::nat list. 3mi::nat list. TMC _yields_num_list_res tm nl mi A\ (nl € A +—
ml € B)
using turing_reducible_unfolded_into_TMC_yields_condition by auto

then obtain Red’ where
w_RedTM ' ¥ nl::nat list. 3ml::nat list. TMC_yields_num_list_res Red' nl mi A (nl € A +—
ml € B)
by blast

then have composable_tm0 (mk_composable0 Red’) N
(Vnl:nat list. Aml::nat list. TMC_yields_num_list_res (mk_composableO Red") nl ml A
(nl € A+—ml €B))
using w_RedTM ' Hoare_halt_tm_impl_Hoare_halt_mk_composable0_cell_list_rev Hoare_halt_tm_impl_Hoare_halt_mk_composc
composable_tm0_mk_composableQ
using TMC_yields_num_list_res_unfolded_into_Hoare_halt by blast

then show 3 Red. composable_tm0 Red N\
(V nl::nat list. 3ml::nat list. TMC_yields_num_list_res Red nlml N\ (nl € A <— ml €
B))
by (rule exI)
qed

theorem ruring_reducible_AB_and_decB_imp_decA:
[[ turing_reducible A B; turing_decidable B ] — turing_decidable A
proof —
assume furing_reducible A B
and turing_decidable B

from <turing_reducible A B>
have 3 Red. composable_tm0 Red N\
(V nl::nat list. Aml::nat list. TMC_yields_num_list_res Red nl ml A (nl cA+—mle
B))
by (rule turing_reducible_A_B_imp_composable_reducer_ex)
then obtain Red where
w_RedTM: composable_tm0O Red N
(V nl::nat list. Aml::nat list. TMC_yields_num_list_res Red nl ml A (nl cA+—mle
B))

by blast

from «turing_decidable B>
have (3 D. (Vnl::nat list.
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(nl € B— TMC_yields_num_res D nl (1::nat))
A (nl ¢ B— TMC _yields_num_res D nl (0::nat))

)

unfolding ruring_decidable_unfolded_into_TMC_yields_conditions by auto

then obtain DB where
w_DB: (Vnl.
(nl € B— TMC _yields_num_res DB nl (1::nat))
A (nl ¢ B— TMC_yields_num_res DB nl (0::nat))
) by blast

define DA where DA = Red |+| DB

show turing_decidable A
unfolding ruring_decidable_unfolded_into_TMC _yields_conditions
proof —
have V nl. (nl € A — TMC_yields_num_res DA nl (1::nat)) A
(nl ¢ A — TMC _yields_num_res DA nl (0::nat))
proof (rule alll)
fix nl
show (nl € A — TMC_yields_num_res DA nl (1::nat)) A
(nl ¢ A — TMC_yields_num_res DA nl (0::nat))
proof
show nl € A — TMC _yields_num_res DA nl (1::nat)
proof
assume nl € A
from «xl € A> and w_RedTM
obtain m/ where w_ml: composable_tm0 Red N\ TMC_yields_num_list_res Red nl ml A\
(nl € A<—ml€B)
by blast
with </ € A> w_DB have TMC_yields_num_res (Red |+| DB) nl (I::nat)
using TMC_yields_num_res_Hoare_plus_halt by auto
then show TMC _yields_num_res DA nl 1
using DA_def by auto
qed
next
show nl ¢ A — TMC_yields_num_res DA nl 0
proof
assume nl/ ¢ A
from il ¢ A> and w_RedTM
obtain m/ where w_ml: composable_tm0 Red N\ TMC_yields_num_list_res Red nl ml N\
(nl€e A<—ml€B)
by blast
with <l ¢ A> w_DB have TMC_yields_num_res (Red |+| DB) nl (0::nat)
using TMC_yields_num_res_Hoare_plus_halt by auto
then show TMC_yields_num_res DA nl 0
using DA_def by auto
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qed
qed
qed
then show 3D.Vnl. (nl € A — TMC _yields_num_res Dnl 1) \ (nl ¢ A — TMC_yields_num_res
D nl 0)
by auto
qed
qed

corollary turing_reducible_AB_and_non_decA_imp_non_decB:
[turing_reducible A B; — turing_decidable A | =—> —turing_decidable B
using turing_reducible_AB_and_decB_imp_decA
by blast

end

1.13 Halting Problems: do Turing Machines for decid-
ing Termination exist?

In this section we will show that there cannot exist Turing Machines that are able to
decide the termination of some other arbitrary Turing Machine.

1.13.1 A simple Godel Encoding for Turing machines

theory SimpleGoedelEncoding
imports
Turing_Halting Conditions
HOL—Library.Nat_Bijection
begin

declare adjust.simps[simp del]

declare seq_tm.simps [simp del]
declare shift.simps|[simp del]

declare composable_tm.simps[simp del]
declare step.simps[simp del]

declare steps.simps[simp del]

1.13.1.1 Some general results on injective functions and their inversion

lemma dec_is_inv_on_A:
dec = (Aw. (if (3t€A. enc t = w) then (THE t. t€A N enc t = w) else (SOME 1. t € A)))
= dec = (Aw. (if (3t€A. enc t = w) then (the_inv_into A enc) w else (SOME t.t € A)))
by (auto simp add: the_inv_into_def)
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lemma encode_decode_A_eq:
[ inj_on (enc::'a ='b) (A::'a set);
(dec::'b = 'a) = (Mw. (if (t€A. enct=w)
then (THE t. t€A N enct = w)
else (SOMEt.t € A)))
] = VYMEeA. dec(enc M) =M
proof
fix M
assume inj_enc: inj_on enc A
and dec_def: dec = (Aw. if 3t€A. enct =wthen THEt.t € A N\ enc t = w else SOME 1. t
€A)
and M_in A:M €A
show dec (enc M) =M
proof —
from dec_def have
dec_def': dec = (Mw. (if (t€EA. enc t = w) then (the_inv_into A enc) w else (SOME t. t €
A))
by (rule dec_is_inv_on_A)
from M_in_A have 3r€A. enc t = (enc M) by auto
with M_in_A inj_enc and dec_def ' show dec (enc M) = M by (auto simp add: the_inv_into_f f)
qed
qed

lemma decode_encode_A_eq:
[ inj_on (enc::'a ='b) (A::'a set);
dec = (Aw. (if (3t€A. enc t = w) then (THE t. t€A N enc t = w) else (SOME 1. t € A)))]
= Vw.w € enc’A — enc(dec(w)) =w
proof
fix w
assume inj_enc: inj_on enc A
and dec_def: dec = (Aw. if 3t€A. enct =wthen THEt.t € A N\ enc t = w else SOME 1. t
€A)
show w € enc ‘A — enc (dec w) =w
proof
assume w € enc ‘A
from dec_def have
dec_def’: dec = (Aw. (if (3t€A. enc t = w) then (the_inv_into A enc) w else (SOME t. t €
A))
by (rule dec_is_inv_on_A)
with «w € enc ‘ A> and inj_enc
show enc (dec w) =w
by (auto simp add: the_inv_into_f f)
qed
qed

lemma dec_in_A:
[inj_on (enc::'a ='b) (A::'a set);
dec = (Aw. if t€A. enct =wthen THEt.t € A Nenct=w else SOME t.t € A);
A#{}]
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= Vw.decwecA
proof
fix w
assume inj_enc: inj_on enc A
and dec_def: dec = (Aw. if 3t€A. enct =wthen THEt.t € A N\ enc t = w else SOME 1. t
€A)
and not_empty_A: A # {}
show decw € A
proof (cases It€A. enct = w)
assume J1€A. enct =w
from dec_def have
dec_def': dec = (Aw. (if (t€A. enc t = w) then (the_inv_into A enc) w else (SOME t. t €
A))
by (rule dec_is_inv_on_A)
with <3¢€A. enc t = w» inj_enc show ?thesis by (auto simp add: the_inv_into_f f)
next
assume —(Jr€A. enct = w)
from dec_def have
dec_def": dec = (Aw. (if (3t€A. enc t = w) then (the_inv_into A enc) w else (SOME t. t €
A))
by (rule dec_is_inv_on_A)
with «=(31€A. enc t = w)> have dec w = (SOME t. t € A) by auto
from not_empty_A have 3x. x € A by auto
then have (SOME t. t € A) € A by (rule somel_ex)
with «dec w = (SOME t. t € A)> show ?thesis by auto
qed
qed

1.13.1.2 Aninjective encoding of Turing Machines into the natural number

We define an injective encoding function from Turing machines to natural numbers.
This encoding function is only used for the proof of the undecidability of the special
halting problem K where we use a locale that postulates the existence of some injective
encoding of the Turing machines into the natural numbers.

fun tm_to_nat_list :: tprog0 = nat list
where
[

tm_to_nat_list || =11

tm_to_nat_list (WB ,s) # is) = 0 # s # tm_to_nat_list is |

tm_to_nat_list (WO ,s) # is) = 1 # s # tm_to_nat_list is |

tm_to_nat_list (L ,s) # is) =2 # s # tm_to_nat _list is |

tm_to_nat_list (R ,s) # is) =3 # s # tm_to_nat_list is |
((Nop s

tm_to_nat_list ((Nop ,s) # is) =4 # s # tm_to_nat_list is

lemma prefix_tm_to_nat_list_cons:
Fuv. tm_to_nat_list (x#txs) = u # v # tm_to_nat_list xs
proof (cases x)
case (Pair a b)
then show ’thesis by (cases a)(auto)
qed
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lemma rm_to_nat_list_cons_is_not_nil: tm_to_nat_list (x#£xs) # tm_to_nat_list ||
proof
assume fm_to_nat_list (x # xs) = tm_to_nat_list [|
moreover have 3 u v. im_to_nat_list (x#xs) = u # v # tm_to_nat_list xs
by (rule prefix_tm_to_nat_list_cons)
ultimately show False by auto
qed

lemma inj_in_fst_arg_tm_to_nat_list:
tm_to_nat_list (x # xs) = tm_to_nat _list (y # xs) = x =1y
proof (cases x, cases y)
case (Pair a b)
fix al sl a2 s2
assume rm_to_nat_list (x # xs) = tm_to_nat_list (y # xs)
and x = (al, sI) and y = (a2, s2)
then show ’thesis by (cases al; cases a2)(auto)
qed

lemma inj_tm_to_nat_list: tm_to_nat_list xs = tm_to_nat_list ys — xs = ys
proof (induct xs ys rule: list_induct2’)
case /
then show ?case by blast
next
case (2 x xs)
then show ’case
proof
assume /m_to_nat_list (x # xs) = tm_to_nat_list [|
then have False using tm_to_nat_list_cons_is_not_nil by auto
then show x # xs = [] by auto
qed
next
case (3 y ys)
then show ’case
proof
assume rm_to_nat_list [| = tm_to_nat_list (y # ys)
then have 1m_to_nat_list (y # ys) = tm_to_nat_list [| by (rule sym)
then have False using tm_to_nat_list_cons_is_not_nil by auto
then show [| =y # ys by auto
qed
next
case (4 x xsy ys)
then have /H: tm_to_nat_list xs = tm_to_nat_list ys —> xs = ys .
show ’case
proof
assume A: tm_to_nat_list (x # xs) = tm_to_nat_list (y # ys)
have Ju v. tm_to_nart_list (x#xs) = u # v # tm_to_nat_list xs
by (rule prefix_tm_to_nat_list_cons)
then obtain u/ v where w_ul_vI: tm_to_nat_list (x#xs) = ul # vl # tm_to_nat_list xs
by blast
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have Ju v. tm_to_nat_list (y#ys) = u # v # tm_to_nat_list ys
by (rule prefix_tm_to_nat_list_cons)

then obtain u2 v2 where w_u2_v2: tm_to_nat_list (y#ys) = u2 # v2 # tm_to_nat_list ys
by blast

from A and w_ul_vI and w_u2_v2 have tm_to_nat_list xs = tm_to_nat_list ys by auto

with /H have xs = ys by auto

moreover with A have x=y using inj_in_fst_arg_tm_to_nat_list by auto

ultimately show x # xs = y # ys by auto

qed
qed

definition tm_to_nat :: tprog0 = nat
where tm_to_nat = (list_encode o tm_to_nat_list)

theorem inj_tm_to_nat: inj tm_to_nat

unfolding tm_to_nat_def
proof (rule inj_compose)

show inj list_encode by (rule inj_list_encode)
next

show inj tm_to_nat_list

unfolding inj_def by (auto simp add: inj_tm_to_nat_list)

qed

fun nat_list_to_tm  :: nat list = tprog0
where
nat_list_to_tm [] = ]

| nat_list_to_tm [ac] = [(Nop, 0)]

| nat_list_to_tm (ac # s # ns) = (
ifac <5
then ([WB,WO,L,R,Nop|lac ,s) # nat_list_to_tm ns
else [(Nop, 0)])

lemma nat_list_to_tm_is_inv_of _tm_to_nat_list: nat_list_to_tm (tm_to_nat_list ns) = ns
proof (induct ns)
case Nil
then show ?case by auto
next
case (Cons a ns)
fix instr ns
assume /V: nat_list_to_tm (tm_to_nat_list ns) = ns
show nat_list_to_tm (tm_to_nat_list (instr # ns)) = instr # ns
proof (cases instr)
case (Pair ac s)
then have instr = (ac, s) .
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with Pair IV show nat_list_to_tm (tm_to_nat_list (instr # ns)) = instr # ns
by (cases ac; cases s) auto
qed
qed

definition nat_to_tm :: nat = tprog0
where nat_to_tm = (nat_list_to_tm o list_decode)

lemma nat_to_tm_is_inv_of tm_to_nat: nat_to_tm (tm_to_nat tm) = tm
by (simp add: nat_list_to_tm_is_inv_of _tm_to_nat_list nat_to_tm_def tm_to_nat_def)

end

1.13.2 Undecidability of Halting Problems

theory HaltingProblems_K_H
imports
SimpleGoedelEncoding
SemildTM
TuringReducible

begin

1.13.2.1 A locale for variations of the Halting Problem

The following locale assumes that there is an injective coding function #2¢ from Turing
machines to natural numbers. In this locale, we will show that the Special Halting
Problem K1 and the General Halting Problem H1 are not Turing decidable.

locale hpk =
fixes 12¢ :: tprog0 = nat
assumes
t2c_inj: inj t2¢

begin
The function tm_to_nat is a witness that the locale hpk is inhabited.

interpretation rm_ro_nat: hpk tm_to_nat :: tprog0 = nat
proof unfold_locales

show inj tm_to_nat by (rule inj_tm_to_nat)
qed

We define the function c2t as the unique inverse of the injective function 2c.

definition c2t :: nat = instr list
where
c2t = (An.if (Ip.2cp=n)
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then (THE p.t2c p = n)
else (SOME p. True) )

lemma 12c_inj": inj_on t2c {x. True}
by (auto simp add: t2c_inj )

lemma c2t_comp_t2c_eq: c2t (2c p) =p
proof —

have V pe{x. True}. c2t (2c p) = p

proof (rule encode_decode_A_eq|OF 12c_inj'])

show c2t = (Aw. if 3r€{x. True}. 12ct = wthen THE t. t € {x. True} N 2c t = w else SOME
t.t € {x. True})
by (auto simp add: c2t_def)

qed

then show ?thesis by auto
qed

1.13.2.2 Undecidability of the Special Halting Problem K1

definition K1 :: (nat list) set
where
k1 ¥ {nl. (3n. nl = [n] A TMC_has_num_res (c2t n) [n]) }

Assuming the existence of a Turing Machine K1D1, which is able to decide the set
K1, we derive a contradiction using the machine tm_semi_id_eq0. Thus, we show that
the Special Halting Problem K1 is not Turing decidable. The proof uses a diagonal
argument.

lemma mk_composable_decider_KIDI:
assumes IKIDI’. (Vnl.
(nl € KI —TMC _yields_num_res KID1' nl (1::nat))
A (nl ¢ KI —TMC _yields_num_res KID1' nl (0::nat) ))

shows IKIDI’. (VY nl. composable_tm0O KIDI' A
(nl € KI —TMC _yields_num_res KID1' nl (I::nat))
A (nl ¢ KI —TMC_yields_num_res KID1' nl (0::nat) ))
proof —
from assms have
3KIDI'. (Vnl.
(nl € KI —{\tap. tap = ([], <nl>)|} KIDI' { tap. 3k l. tap = (Bk 1 k, [Oc,Oc] @ Bk
o)
A (nl ¢ KI —{Map. tap = ([], <n