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Abstract

We formalize two results on Hermitian matrices. First, Sylvester’s
criterion: a Hermitian matrix is positive definite if and only if all
its leading principal submatrices have positive determinant. Second,
Cauchy’s eigenvalue interlacing theorem: given a principal submatrix
B of a Hermitian matrix A, the eigenvalues of B interlace those of A.

Our approach to Sylvester’s criterion is fairly standard, and re-
quired us to formalize Schur’s block matrix determinant formula, which
gives a formula for the determinant of a block matrix (A, B, C, D) when
A is invertible.

Our approach to Cauchy’s eigenvalue interlacing theorem follows
a proof given in a set of lecture notes by Dr. David Bindel [1]. This
approach involved formalizing the Courant-Fischer minimax theorem
(a theorem about the Rayleigh quotient, which we define in this entry).
In our statement of the Courant-Fischer minimax theorem, we refer to
the infimum and supremum instead of the minimum and maximum, as
this simplifies the proof and is sufficient to prove Cauchy’s eigenvalue
interlacing theorem.
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27 Code
theory Misc-Matrix-Results
imports Commuting-Hermitian. Commuting-Hermitian

BenOr-Kozen-Reif . More-Matrix
Jordan-Normal-Form.Spectral- Radius
Jordan-Normal-Form. DL-Rank-Submatrixz
Jordan-Normal-Form.Jordan- Normal- Form- Uniqueness
Jordan-Normal-Form. VS-Connect
QHLProver.Complex-Matriz
Fishers-Inequality. Matrixz- Vector- Extras
Complez-Bounded-Operators. Extra-Jordan-Normal-Form
Hermite-Lindemann. Misc-HLW

begin

hide-type (open)
Finite-Cartesian- Product.vec
Matriz-Legacy.vec
Matriz-Legacy.mat

hide-fact (open)
Matriz-Legacy.mat-def
Finite-Cartesian-Product.mat-def
Finite-Cartesian-Product.row-def
Matriz-Legacy.row-def
Matriz-Legacy.row-def
Matriz-Legacy. col-def
Determinants.det-def
Determinants.det-def
Finite-Cartesian-Product.vec-def
Matriz-Legacy.vec-def
Linear-Algebra.adjoint-def

hide-const (open)
Matriz-Legacy.mat
Finite-Cartesian-Product.mat
Finite-Cartesian-Product.row
Matriz-Legacy.row
Matriz-Legacy.row
Matriz-Legacy.col
Determinants.det
Determinants.det
Finite-Cartesian-Product.vec



Matriz-Legacy.vec
Linear-Algebra.adjoint

no-notation fps-nth (infixl $ 75)

unbundle no inner-syntazx
unbundle no vec-syntax

hide-const (open) Spectral-Radius.spectrum
hide-fact (open) Spectral-Radius.spectrum-def

1 Polynomial Factorization

lemma idom-poly-factor-unique-auz:
fixes rs rs’ :: 'a::idom list
assumes eq: ([[a<rs. [:a, 1:]) = (] a¢1s". [:a, 1:])
shows mset rs C# mset rs’
using eq
by (metis count-list-eq-length-filter count-mset poly-linear-exp-linear-factors
poly-linear-exp-linear-factors-rev subseteq-mset-def)

lemma idom-poly-factor-unique:
fixes rs rs’ :: 'a::idom list
assumes eq: ([[ a<rs. [:a, 1:]) = ([[ ars’. [:a, 1:])
shows mset rs = mset rs’
using idom-poly-factor-unique-auz[OF eq] idom-poly-factor-unique-auz| OF eq[symmetric]|
by order

lemma idom-poly-factor-unique”:
fixes rs rs’ :: 'a::idom list

assumes eq: ([[a<rs. [— a, 1:]) = ([[asrs". [— a, 13])
shows mset rs = mset rs’
proof—
have ([] a+rs. [:— a, 1:]) = ([[ a+(map uminus rs). [:a, 1:])
by (simp add: o-def pCons-def)
moreover have (][] a<rs’. [:— a, 1:]) = ([] a<—(map uminus rs’). [:a, 1:])

by (simp add: o-def pCons-def)
ultimately have mset (map uminus rs) = mset (map uminus rs’)
using idom-poly-factor-unique[of map uminus rs map uminus rs'] eq by argo
moreover have mset (map uminus (map uminus (as::’a list))) = mset as for
as by simp
ultimately show ?thesis using mset-map by metis
qed



2 Vector Normalization

lemma vec-normalize-norm: v € carrier-vec n = v # 0, n => vec-norm (vec-normalize
v) = 1
by (simp add: normalized-vec-norm vec-norm-def)

3 Determinant, Invertability, and Eigenvalues

definition eigvals-of [simp]:
eigvals-of M es «— char-poly M = (][] a+es. [:— a, 1:]) A length es = dim-row
M

lemma eigvals-of-mset-eq:
eigvals-of (A::'a::idom mat) es = eiguals-of A es’ => mset es = mset es’
unfolding eiguals-of by (metis idom-poly-factor-unique’)

lemma det-is-prod-of-eigenvalues:
fixes A :: complex mat
assumes square-mat A
shows Determinant.det A = ([] e + (eigvals A). e)
proof—
define es where es = eigvals A
define n where n = dim-row A
have 1: A € carrier-mat n n using assms n-def by fastforce
have 2: char-poly A = ([ e + es. [[— e, 1:])
unfolding es-def eigvals-def
using 1
by (metis (mono-tags, lifting) eigvals-poly-length somel-ex)
obtain Q Q' B where x: similar-mat-wit A B Q Q' A upper-triangular B N
diag-mat B = es
using schur-decomposition|OF 1 2] by (metis surj-pair)

then have Determinant.det A = Determinant.det (Q * B * @) unfolding
similar-mat-wit-def by metis

also have ... = Determinant.det Q) * Determinant.det B * Determinant.det Q'

by (smt (verit, ccfv-SIG) x 1 det-mult mult-carrier-mat similar-mat-witD2(5)

similar-mat-witD2(6) similar-mat-witD2(7))

also have ... = Determinant.det Q = Determinant.det B * 1/(Determinant.det
Q)

by (smt (verit, ccfo-threshold) * 1 det-mult det-one div-by-0 helper mult-cancel-left1
n-def nonzero-mult-div-cancel-left similar-mat-witD(6) similar-mat-witD(7) simi-
lar-mat-witD2(1))

also have ... = Determinant.det Q x (][] e + diag-mat B. e) * 1 /(Determinant.det
Q)
by (metis * det-upper-triangular list.map-ident similar-mat-witD(5))
also have ... = ([] e « (eiguals A). e)

by (metis (no-types, lifting) = es-def 1 Groups.mult-ac(2) class-field.zero-not-one
det-mult det-one mult-cancel-left2 nonzero-mult-div-cancel-left similar-mat-witD(6)
similar-mat-witD(7) similar-mat-witD2(2))



finally show ?thesis .
qed

lemma eigvals-of-spectrum:

(A::(complex mat)) € carrier-mat n n = eigvals-of A o = Spectral-Radius. spectrum
A = set «

unfolding eigvals-of

using eigenvalue-root-char-poly[of A n]

by (metis Spectral-Radius.spectrum-def equalityl linear-poly-root mem-Collect-eq
root-poly-linear subsetl)

lemma spectrum-connect:
(A::complex mat) € carrier-mat n n = Spectral-Radius.spectrum A = spectrum
A
by (metis eigvals-of eigvals-of-spectrum eigvals-poly-length spectrum-def)

lemma spectrum-shift:
fixes A :: complex mat
assumes dim: A € carrier-mat n n
shows spectrum (A — 1 - 1y n) = {pu — r | p. p € spectrum A} (is ?lhs =
?rhs)
proof
{let PA’=A—r -y I n
fix p assume p: p € ?lhs
then obtain v where v: v € carrier-vec n v # 0, n A" x, v = -, v
by (metis (no-types, lifting) carrier-mat-triv eigenvalue-def eigenvector-def
indez-minus-mat(2,3)
index-one-mat(2,3) index-smult-mat(2,3) spectrum-eigenvalues)
hence 24" x, v =A%, v —1r -, v
using dim
by (smt (verit, best) minus-mult-distrib-mat-vec one-carrier-mat one-mult-mat-vec
smult-carrier-mat smult-mat-mult-mat-vec-assoc)
hence A x, v=p -, v+ r -, v using v(1,3) dim by auto
also have ... = (u + r) -, v using v(1) by (simp add: add-smult-distrib-vec)
finally have p + r € spectrum A
using spectrum-connect| OF dim] v(1,2) dim
by (metis Spectral-Radius.spectrum-def carrier-matD(1) eigenvalue-def eigen-
vector-def mem-Collect-eq)
hence i € ?rhs by force
}
thus ?lhs C ?rhs by blast
next
{let PA’=A —r -y Iy n
fix 1 assume p: p € 9rhs
then obtain p’ where p”s p = p’ — r p’ € spectrum A by blast
then obtain v where v: v € carrier-vec n v # 0, n A %, v =p' -y v
using spectrum-connect|OF dim] dim
by (metis carrier-matD(1) eigenvalue-def eigenvector-def spectrum-eigenvalues)
have 24" x, v =A%, v — 1 -, v



using v(1) dim
by (smt (verit, del-insts) minus-mult-distrib-mat-vec one-carrier-mat one-mult-mat-vec
smult-carrier-mat smult-mat-mult-mat-vec-assoc)
also have ... =y’ -, v — r -, v using v(3) by auto
also have ... = p -, v using dim v(1) u'(1) by (simp add: minus-smult-vec-distrib)
finally have i € spectrum ?A’
using v(1,2) spectrum-connect|OF dim)]
by (smt (verit) Spectral-Radius.spectrum-def carrier-mat-def eigenvalue-def
eigenvector-def
index-minus-mat(2,3) index-one-mat(2,3) index-smult-mat(2,3) mem-Collect-eq
spectrum-connect)
hence u € ?lhs by blast

thus ?rhs C ?lhs by blast
qed

lemma trivial-kernel-imp-nonzero-eigenvalues:

fixes M :: 'a::{idom,ring-1-no-zero-divisors} mat

assumes square-mat M

assumes mat-kernel M C {0, (dim-row M)}

assumes eigenvalue M e

shows ¢ # 0

using assms by (metis (no-types, lifting) carrier-matl carrier-vecD eigenvalue-def
eigenvector-def empty-iff mat-kernell singleton-iff smult-vec-zero square-mat.simps
subset-singletonD)

lemma trivial-kernel-imp-invertible:

fixes M :: complex mat

assumes square-mat M

assumes mat-kernel M C {0, (dim-row M)}

shows invertible-mat M

using assms by (metis carrier-matl det-0-iff-vec-prod-zero-field empty-iff invert-
ible-det mat-kernell singletonD square-mat.elims(2) subset-singletonD)

lemma trivial-kernel-imp-det-nz:
fixes M :: complex mat
assumes square-mat M
assumes mat-kernel M C {0, (dim-row M)}
shows Determinant.det M # 0
using trivial-kernel-imp-invertible] OF assms(1) assms(2)]
using invertible-det assms(1) square-mat.simps
by blast

lemma similar-mats-eigvals:
assumes A € carrier-mat n n
assumes B € carrier-mat n n
assumes similar-mat A B
assumes eigvals-of A es
shows eigvals-of B es



using assms unfolding eigvals-of
by (metis (no-types) char-poly-similar assms(1—38) carrier-matD(1))

lemma scale-eigvals:
fixes A :: 'a::conjugatable-ordered-field mat
assumes square-mat A
assumes B=—c¢ -, A
assumes eigvals-of A es
shows eigvals-of B (map (Az. ¢ * z) es)
proof—
obtain A’ P ) where A-decomp: schur-decomposition A es = (A’, P, Q)
A similar-mat-wit A A" P Q
A upper-triangular A’
A diag-mat A’ = es
using assms(1,3) unfolding eigvals-of square-mat.simps
by (metis carrier-mat-triv old.prod.exhaust schur-decomposition)
define B’ where B'=¢ -, A’

have B’-square: square-mat B’ using A-decomp B’-def similar-mat-witD(5) by
fastforce
have B-decomp: similar-mat-wit B B’ P Q A upper-triangular B’
proof—
have upper-triangular B’
proof—
{ fix i j assume *: j < i i < dim-row B’
hence B'$3(i,j) = ¢ x A'$$(4,j) using B’-def B’-square by auto
also have ... = 0 using A-decomp * unfolding upper-triangular-def by
(simp add: B’-def)
finally have B'$$(i,j) = 0 .
}
thus “thesis by blast
qed
moreover have similar-mat-wit B B’ P Q
proof—
have B=c¢ -, (P x A’ % Q) using A-decomp assms(2) similar-mat-witD2(3)
by blast

also have ... = P x (¢ -y A) x Q
by (metis A-decomp similar-mat-wit-def similar-mat-wit-smult)
also have ... = P x B’ x Q using B’-def by argo

finally have B =P x B’ x () .
thus ?thesis by (smt (verit, best) A-decomp B'-def assms(2) similar-mat-wit-smult)
qed
ultimately show ?thesis by blast
qed

hence char-poly B’ = (][ a+diag-mat B'. [:— a, 1:])

using char-poly-upper-triangular B-decomp B’-square by auto
moreover have length (diag-mat B') = dim-row B' by (simp add: diag-mat-length)
ultimately have eigvals-of B’ (diag-mat B’) using eigvals-of by blast



moreover have diag-mat B' = map (Az. ¢ x z) es
using A-decomp B'-def by (metis diag-mat-map similar-mat-witD(5) smult-mat-def)
ultimately show ?thesis
using similar-mats-eigvals B-decomp assms(2) assms(8) char-poly-similar sim-
tlar-mat-def
by fastforce
qed

lemma neg-mat-eigvals:
fixes A :: complex mat
assumes square-mat A
assumes eigvals-of A es
shows eigvals-of (—A) (rev (map (Az. —z) es))
proof—
have eigvals-of A (rev es)
using assms(2)
unfolding eigvals-of
by (metis length-rev prod-list.rev rev-map)
thus ?thesis
using scale-eigualsjof A —A —1 rev es]
by (metis (lifting) ext assms(1) carrier-mat-triv mult-commute-abs mult-minus1-right
rev-map square-mat.elims(2) uminus-mat)
qed

4 Quadratic Form

definition quadratic-form :: 'a mat = 'a vec = 'a::{conjugatable-ring} where
quadratic-form M x = inner-prod © (M *, x)

abbreviation QF = quadratic-form

declare
quadratic-form-def[simp]

5 Leading Principal Submatrix

definition leading-principal-submatriz :: 'a mat = nat = 'a mat where
[simp]: leading-principal-submatriz A k = submatriz A {..<k} {..<k}

abbreviation Ips = leading-principal-submatriz

lemma leading-principal-submatriz-carrier:
m > n = A € carrier-mat m m = Ips A n € carrier-mat n n
proof—
assume *: m > n A € carrier-mat m m
let ?B=1Ips An
have (card {i. i < dim-row A N i € {..<n}}) =n
by (metis x(1) %(2) Collect-conj-eq Collect-mem-eq card-lessThan carrier-matD(1)



inf.absorb-iff2 lessThan-def less Than-subset-iff)
hence dim-col B = n A dim-row B = n
unfolding leading-principal-submatriz-def submatriz-def
using *(2) by auto
thus ?thesis by blast
qed

lemma pick-n:
assumes 1 < n
shows pick {.n} i =1
using assms
proof (induct 7)
case (
then show “case by force
next
case (Suc 17)
hence Suc i € {..n} by blast
moreover from Suc have Suc i > pick {..n} i by simp
moreover from Suc have Vi’ < Suc i. = (i’e{..n} A i’ > pick {..n} )
using Suc-leD not-less-eq by presburger
ultimately have Suc ¢ = (LEAST a. a€{..n} A a > pick {..n} 7)
by (metis (no-types, lifting) Leastl linorder-not-less not-less-Least order.strict-iff-order)
thus Zcase by (metis DL-Missing-Sublist.pick.simps(2))
qed

lemma pick-n-le:

assumes i < n

shows pick {.<n} i =1{

by (metis assms less Than-Suc-atMost less-Suc-eg-le not0-implies-Suc not-less-zero
pick-n)

lemma leading-principal-submatriz-indez:

assumes A € carrier-mat n n

assumes k < n

assumes i < k

assumes j < k

shows (lps A k)$$(7,5) = A$3(i,5)
proof—

have Ai. i < k = pick {..<k} i = i by (simp add: pick-n-le)

moreover have card {i. i < dim-row A A i € {.<k}} =k

by (metis Collect-conj-eq Collect-mem-eq assms(1) assms(2) card-lessThan

carrier-matD(1) inf.absorb-iff2 lessThan-def less Than-subset-iff)

moreover then have card {j. j < dim-col A A j € {..<k}} = k using assms(1)
by force

moreover have (mat k k (A(¢, j). A$$8(¢,5)))$3(¢,5) = A$$(4,j) using assms(3)
assms(4) by auto

ultimately show ?thesis by (simp add: assms(3) assms(4) submatriz-def)
qed
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lemma nested-leading-principle-submatrices:
assumes A € carrier-mat n n
assumes k1 < ko
assumes ko < n
shows Ips A k1 = Ips (lps A ko) ki (is ?lhs = ?rhs)
proof—
have \ij. i < k1 = j < k1 = ?lhs$$(i,j) = ?rhs$$(i.9)
by (smt (verit, best) assms dual-order.trans leading-principal-submatriz-carrier
leading-principal-submatriz-index order.strict-trans2)
moreover have ?lhs € carrier-mat k1 k1
by (meson assms leading-principal-submatriz-carrier order-trans)
moreover have ?rhs € carrier-mat ki k1
by (meson assms leading-principal-submatriz-carrier)
ultimately show #?thesis by auto
qed

6 Hermitian Matrix

lemma hermitian-real-diag-decomp-eigvals:
fixes A :: complex mat
assumes A € carrier-mat n n
assumes hermitian A
assumes eigvals-of A es
obtains B U where
real-diag-decomp A B U
diag-mat B = es
set es C Reals
B € carrier-mat n n
U € carrier-mat n n
proof—

have es: char-poly A = ([] (e :: complex) < es. [:— e, 1:])
using assms eigvals-poly-length by auto

obtain B U @ where us: unitary-schur-decomposition A es = (B,U,Q)
by (cases unitary-schur-decomposition A es)

hence x: similar-mat-wit A B U (adjoint U) A diagonal-mat B

A diag-mat B = es A unitary U A (Vi < n. B$$(4, i) € Reals)

using hermitian-eigenvalue-real assms es by auto

moreover then have dim-row B = n using assms similar-mat-wit-dim-row|of

A] by auto

ultimately have 1: real-diag-decomp A B U using unitary-diagl|of A]

unfolding real-diag-decomp-def by simp

from x have 2: diag-mat B = es by blast

from x have 3: set es C Reals by (metis <dim-row B = n» diag-elems-real
diag-elems-set-diag-mat)

from * have 4: B € carrier-mat n n by (meson assms(1) similar-mat-witD2(5))

from x have 5: U € carrier-mat n n by (meson assms(1) similar-mat-witD2(6))

11



from that show ?thesis using 1 2 8 4 5 by blast
qed

lemma hermitian-eigvals-of-real: hermitian (A::complex mat) = eigvals-of A es
— set es C R
using hermitian-real-diag-decomp-eigvals[of A - es| hermitian-square by blast

lemma hermitian-is-square: hermitian A = square-mat A
by (metis adjoint-dim-col hermitian-def square-mat.simps)

lemma hermitian-ij-ji-iff:
hermitian A
+— square-mat A N (Vi j. i < dim-row A A j < dim-row A — A$$(i,j) =
conjugate (A$$(4,7)))
by (metis (no-types, lifting) adjoint-dim-col adjoint-dim-row adjoint-eval hermi-
tian-def mat-eq-iff square-mat.simps)

lemma adjoint-is-conjugate-transpose: A¥ = adjoint A
by (simp add: adjoint-def transpose-def cong-mat conjugate-mat-def)

6.1 Locale for Complex Hermitian Matrices

locale cmplx-herm-mat = complex-vec-space n for n +
fixes A :: complex mat
assumes A-dim: A € carrier-mat n n
assumes A-herm: hermitian A

begin

lemma hermitian-quadratic-form-real:
fixes v :: complex vec
assumes v: v € carrier-vec n
shows QF A v € Reals
proof—
have conjugate (QF A v) = inner-prod (A *, v) v
using A-dim v by (metis inner-prod-swap mult-mat-vec-carrier quadratic-form-def)

also have ... = inner-prod v ((adjoint A) *, v)
using A-dim A-herm v by (metis adjoint-def-alter hermitian-def)
also have ... = inner-prod v (A x, v) using A-herm by (simp add: hermi-
tian-def)

finally have conjugate (QF A v) = QF A v by simp
thus ?thesis by (simp add: Reals-cnj-iff)
qed

definition eigenvaluesy :: complex list where
etgenvaluesy = eigvals A

lemma eigenvaluesy-exist: I es. eigvals-of A es using A-dim eigvals-poly-length by
auto
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lemma cigenvaluesy: eigvals-of A eigenvaluesg
using eigenvaluesy-exist unfolding eigvals-of eigenvaluesy-def eiguals-def ..

lemma eigenvaluesg-real: set eigenvaluesy C R
using A-herm eigenvaluesy hermitian-eigvals-of-real
by blast

definition eigenvalues :: complex list where
eigenvalues = rev (sort-key Re eigenvaluesy)

lemma cigenvalues: eigvals-of A eigenvalues
proof—
have mset eigenvalues = mset eigenvaluesy by (simp add: eigenvalues-def)
thus ?thesis
using eigenvalues-def eigvals-of eigenvaluesy
by (metis (mono-tags, lifting) mset-eq-length mset-map prod-mset-prod-list)
qed

lemma eigenvalues-sorted: sorted-wrt (>) eigenvalues
proof—

have V 1 ps. 1 € set eigenvaluesy — po € set eigenvaluesy — (p1 < po —
Re p1 < Re ps)

using eigenvalues-def eigenvaluesg-real by (simp add: complez-is-Real-iff less-eq-complex-def
subset-iff)

hence sorted-wrt (<) (sort-key Re eigenvaluesy)

by (smt (verit, ccfv-threshold) length-map nth-map nth-mem order-trans-rules(19)
set-sort sorted-sort-key

sorted-wrt-iff-nth-less)

thus ?thesis unfolding eigenvalues-def sorted-wrt-rev .

qed

lemma eigenvalues-unique:
assumes es: eigvals-of A es’
assumes es-sorted: sorted-wrt (>) es
shows es’ = eigenvalues
proof—
have mset es’ = mset eigenvalues using es eigenvalues eigvals-of-mset-eq by
blast
moreover have length es’ = length eigenvalues by (metis calculation size-mset)
moreover have sorted (rev (map Re es’))
using es-sorted by (metis less-eq-complex-def sorted-wrt-map-mono sorted-wrt-rev)
moreover have sorted (rev (map Re eigenvalues))
using eigenvalues by (simp add: eigenvalues-def rev-map)
ultimately have rev (map Re es’) = rev (map Re eigenvalues)
by (metis mset-map mset-rev properties-for-sort)
hence map Re es’ = map Re eigenvalues by force
moreover have set es’ C R A set eigenvalues C R
using es A-herm eigenvalues hermitian-eigvals-of-real by blast
ultimately show es’ = eigenvalues by (metis list.inj-map-strong of-real-Re sub-

/
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set-code(1))
qed

lemma eigenvalues-real: set eigenvalues C R
using A-herm hermitian-eigvals-of-real eigenvalues(1) by blast

lemma eigenvalues-set-eq: set eigenvaluesy = set eigenvalues
by (simp add: eigenvalues-def)

lemma hermitian-eigenvalues-real:

assumes e: eigenvalue A e

shows e € Reals

using cpz-sg-mat.hermitian-spectrum-real| OF - A-dim A-herm, of n n €]

using A-dim e

by (metis Projective-Measurements.spectrum-def cpx-sq-mat-axioms.intro cpz-sq-mat-def
eigenvalue-imp-nonzero-dim eigenvalue-root-char-poly eigvals-poly-length fized-carrier-mat.intro
root-poly-linear)

lemma hermitian-spectrum-real: spectrum A C Reals
unfolding spectrum-connect|OF A-dim, symmetric]
by (simp add: Spectral-Radius.spectrum-def hermitian-eigenvalues-real unfold-simps(2))

lemma leading-principal-submatriz-hermitian:
assumes k: k < n
shows hermitian (Ips A k) (is hermitian ?A")
proof—
have A7 j. i < dim-row ?A’ = j < dim-col ?A’ = ?A'$$(i,j) = conjugate
(74'88(7.1))
using k A-dim A-herm
by (metis (no-types, lifting) adjoint-eval carrier-matD(1) carrier-matD(2)
dual-order.strict-trans1 hermitian-def leading-principal-submatriz-carrier leading-principal-submatriz-index)
thus ?thesis
using A-dim k
by (metis (no-types, lifting) adjoint-dim-col adjoint-dim-row adjoint-eval car-
rier-matD(1) carrier-matD(2) eq-matl hermitian-def leading-principal-submatriz-carrier)
qed

lemma hermitian-mat-inv:

assumes A’-dim: A’ € carrier-mat n n

assumes inv: inverts-mat A A’

shows hermitian A’

using A-dim A-herm assms

by (metis (no-types, lifting) ext adjoint-dim’ adjoint-mult adjoint-one

carrier-matD(1,2) hermitian-def invertible-det invertible-mat-def inverts-mat-def
inverts-mat-sym
square-mat.simps vec-space.det-nonzero-congruence)

lemma negative-hermitian: hermitian (—A)
using A-dim A-herm
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by (metis hermitian-minus left-add-zero-mat minus-add-uminus-mat uminus-carrier-iff-mat
zero-carrier-mat zero-hermitian)

lemma principal-submatriz-hermitian:
assumes I: I C {..<n}
shows hermitian (submatriz A I I) (is hermitian ?B)
proof—
have square-mat ?B
using A-dim
by (metis (full-types) carrier-matD(1) carrier-matD(2) dim-submatriz(1) dim-submatriz(2)
square-mat.elims(1))
moreover {
fix 7 j assume x: i < dim-row ?B A j < dim-row ?B
then obtain i’ j' where ?B$$(i,j) = A$8(i’j") A i’ = pick I i A j' = pick Ij
unfolding submatriz-def using A-dim pick-le by auto
moreover then have ?B$$(j,:) = A$3$(j",i’)
unfolding submatriz-def
using A-dim
by (metis (no-types, lifting) Collect-cong * carrier-matD(1) carrier-matD(2)
case-prod-conv dim-submatriz(1) index-mat(1))
ultimately have ?B$$(i,j) = conjugate (?B$$(j,7))
using * A-herm by (metis dim-submatriz(1) hermitian-ij-ji-iff pick-le)
}

ultimately show ?thesis by (metis hermitian-ij-ji-iff)
qed

lemma hermitian-row-col:
assumes i < n
shows row A i = conjugate (col A 1)
using A-dim A-herm assms by (metis adjoint-row carrier-matD(2) hermitian-def)

lemma inner-prod-swap:
assumes v: v € carrier-vec n
assumes w: w € carrier-vec n
shows (A4 *, v) :cw =10 -c (4 %, w)
proof—
have (A4 *, v) -cw = v -c (A %, w)
using assms by (metis adjoint-def-alter adjoint-is-conjugate-transpose A-dim)
also have ... = v +¢ (4 *, w)
using A-herm assms by (simp add: adjoint-is-conjugate-transpose hermitian-def)
finally show ?thesis .
qged

end

7 Matrix Conjugate

lemma conjugate-mat-dist:
fixes A B :: 'a::conjugatable-ring mat
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assumes A € carrier-mat m n

assumes B € carrier-mat n p

shows (conjugate A) x (conjugate B) = conjugate (A * B)

using assms

by (smt (23) carrier-matD(1) carrier-matD(2) col-conjugate conjugate-scalar-prod
dim-col dim-col-conjugate dim-row-conjugate eq-matl indez-mult-mat(1) index-mult-mat(2)
index-mult-mat(3) indez-row(2) mat-indez-conjugate row-conjugate)

lemma conjugate-mat-inv:
fixes A :: 'a::{conjugatable-ring,semiring-1} mat
assumes A € carrier-mat n n
assumes A’ € carrier-mat n n
assumes inverts-mat A A’
shows inverts-mat (conjugate A) (conjugate A’)
proof—
have (conjugate A) x (conjugate A’) = conjugate (A x A’)
using conjugate-mat-dist assms(1) assms(2) by blast

also have ... = conjugate (1,, n)
by (metis assms(1) assms(3) carrier-matD(1) inverts-mat-def)
also have ... =1,, n

by (metis (no-types, lifting) carrier-matl conjugate-id conjugate-mat-dist dim-col-conjugate
dim-row-conjugate index-one-mat(2) index-one-mat(8) left-mult-one-mat’ right-mult-one-mat’)
finally show ?thesis
by (metis indez-mult-mat(2) index-one-mat(2) inverts-mat-def)
qed

lemma conjugate-dist-mult-mat:
fixes A :: 'a::conjugatable-ring mat
assumes A € carrier-mat m n B € carrier-mat n p
shows conjugate (A * B) = conjugate A % conjugate B
(is 2lhs = ?rhs)
proof—
have A\ij. i < m = j < p = ?lhs$$(i,j) = 2rhs$3(4,5)
by (smt (verit, del-insts) assms carrier-matD(1) carrier-matD(2) col-conjugate
conjugate-scalar-prod dim-col dim-col-conjugate dim-row-conjugate index-mult-mat(1)
index-mult-mat(2) index-mult-mat(3) indez-row(2) mat-index-conjugate row-conjugate)

moreover have ?lhs € carrier-mat m p using assms by auto
ultimately show ?thesis using assms carrier-matD(2) by auto
qed

lemma conjugate-dist-add-mat:
fixes A :: 'a::conjugatable-ring mat
assumes A € carrier-mat m n B € carrier-mat m n
shows conjugate (A + B) = conjugate A + conjugate B
(is ?lhs = ?rhs)
proof—
have A\ij. i < m = j < n = ?2hs$$(i,j) = ?rhs$3(i,j)
using assms assms conjugate-dist-add by fastforce
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moreover have ?lhs € carrier-mat m n using assms by auto
ultimately show ?thesis using assms carrier-matD(2) by auto
qed

lemma mat-row-cony:
assumes A € carrier-mat m n
assumes i < m
shows conjugate (row A i) = row (conjugate A) i
using assms
unfolding conjugate-mat-def
by auto

lemma conj-mat-vec-mult:
fixes A :: 'a::{conjugate,conjugatable-ring} mat
fixes v :: 'a vec
assumes A € carrier-mat n n
assumes v € carrier-vec n
shows conjugate (A %, v) = (conjugate A) *, (conjugate v)
(is ?lhs = ?rhs)
proof—
have A\i. i < n = ?lhs$i = ?rhs$i
by (metis assms carrier-matD(1) conjugate-sprod-vec dim-mult-mat-vec dim-row-conjugate
indez-mult-mat-vec mat-row-conj row-carrier-vec vec-indez-conjugate)
moreover have ?lhs € carrier-vec n using assms by force
ultimately show ?thesis using assms(1) by auto
qged

lemma conjugate-vec-first:

assumes v € carrier-vec n

assumes i < n

shows conjugate (vec-first v i) = vec-first (conjugate v) i

by (smt (verit, ccfv-SIG) assms carrier-vecD dim-vec-conjugate dim-vec-first
eq-vecl indez-vec le-less less-trans vec-first-def vec-index-conjugate)

lemma conjugate-vec-last: i < dim-vec v => conjugate (vec-last v i) = vec-last
(conjugate v) i
unfolding vec-last-def by auto

lemma cscalar-prod-symm-cony:
dim-vec (x::('a:{ comm-semiring-0,conjugatable-ring} vec)) = dim-vec (y::'a vec)
= 1 -c y = conjugate (y -c )
by (simp add: conjugate-scalar-prod scalar-prod-comm,)

8 Block Matrix

lemma block-mat-vec-mult:
fixes x
assumes A € carrier-mat nrl ncl
assumes B € carrier-mat nrl nc2
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assumes C € carrier-mat nr2 ncl

assumes D € carrier-mat nr2 nc2

assumes M = four-block-mat A B C D

assumes z € carrier-vec (nel + nc2)

defines 1 = vec-first x ncl

defines 25 = vec-last x nc2

shows M x, x = (A %, 1 + B %, x23) Q, (C *, 1 + D %, x2)

by (smt (verit, ccfv-threshold) assms four-block-mat-mult-vec vec-first-carrier
vec-first-last-append vec-last-carrier)

lemma mat-vec-prod-leading-principal-submatriz:

fixes A :: (‘a :: comm-ring) mat

assumes A € carrier-mat (Suc n) (Suc n)

assumes z € carrier-vec (Suc n)

defines A, = lps A n

defines v,, = vec-first (col A n) n

defines w,, = vec-first (row A n) n

defines a = A $$ (n, n)

defines z,, = vec-first x n

defines b = z$n

shows A x, ¥ = (A, %y T + b - ) Q, (vec I (Ai. (wy, + ) + a % b)) (is
?lhs = ?rhs)
proof

have dim-z,: dim-vec z, = n by (simp add: assms(7))

have dim-w,: dim-vec w,, = n by (simp add: assms(5))

have dim-row-A,,: dim-row A, = n

by (metis assms(1) assms(8) carrier-matD(1) le-add2 leading-principal-submatriz-carrier
plus-1-eq-Suc)

have dim-col-A,,: dim-col A,, = n

by (metis assms(1) assms(3) carrier-matD(2) le-add2 leading-principal-submatriz-carrier
plus-1-eq-Suc)

show dims: dim-vec ?lhs = dim-vec ?rhs using assms(1) v,-def by auto
show Ai. i < dim-vec ?rhs = 2lhs$i = 2rhs$i
proof—

fix ¢ assume *: ¢ < dim-vec ?rhs

hence i: i < Suc n using dims assms(1) by auto

hence dot: ?lhs$i = row A i - z using * dims by fastforce

have row-j: \j. j < Suc n = (row A 0)$j = A$3%(7,j) using assms(1) i by

force

show ?lhs$i = ?rhs$i
proof(cases i < n)
case True
have A,,: \j. j < n = A$3(i,j) = A,,$3(i.j)
by (metis True assms(1) assms(8) le-add?2 leading-principal-submatriz-index
plus-1-eq-Suc)
have A, -row: \j. j < n = A,$%(i,j) = (row A, ©)$j
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by (metis True assms(1) assms(3) carrier-matD(1) carrier-matD(2) in-
dez-row(1) le-add2 leading-principal-submatriz-carrier plus-1-eq-Suc)
have ?2lhs$i = (Ap %y T + b - v,)8
proof—
have ?2lhs$i = (3 j<Suc n. A$$(i,j) * z$5)
unfolding dot scalar-prod-def using row-j assms(2) atLeastOLessThan by
force
moreover have (Y j<n. A$$(i,j) * 2$j) = (O j<n. A,88(i,j) * ©,%5)
by (smt (verit) A, assms(7) index-vec less Than-iff sum.cong vec-first-def)
moreover have (> j<n. A,$8(7,5) * 2,37) = (An *p 2,)8¢
proof—
have (4,, *, x,)%i = (row A, ©) - z,
by (metis True assms(1) assms(3) carrier-matD(1) index-mult-mat-vec
le-add?2 leading-principal-submatriz-carrier plus-1-eq-Suc)
moreover have \j. j < n = A4,%$%(4,j) * z,8j = (row A, ©)$j * 2,35
using A, -row by presburger
ultimately show ?thesis
unfolding scalar-prod-def using atLeastOLessThan dim-z, by fastforce
qed
moreover have (A$$(i,n) * 28n) = (b -, v,)$i
proof—
have z$n = b unfolding b-def by blast
moreover have A$$(i,n) = v,$¢
using assms(1) ¢ by (simp add: True vec-first-def v,,-def)
moreover have (b -, v,)$i = b x (v,$¢) by (simp add: True v,-def)
ultimately show ?thesis by (simp add: mult.commute)
ged
ultimately show ?thesis by (simp add: True assms(4))
qed
thus %thesis by (simp add: True i v,-def)
next
case Fulse
hence *: i = n using ¢ by linarith
hence ?hs$i = (row A n) + x using dot by blast
also have ... = w,, -z, + a * b
proof—
have row A n = w, @, vec-last (row A n) 1
by (metis x wy,-def assms(1) i row-carrier-vec semiring-norm(174)
vec-first-last-append)
moreover have (vec-last (row A n) 1)$0 = (row A n)$n
by (metis x False assms(1) calculation carrier-matD(2) dim-w, grOI i
index-append-vec(1) index-append-vec(2) index-row(2) zero-less-diff)
ultimately have row A n = w, @, (vec 1 (A-. A$$(n,n)))
by (smt (verit, best) x One-nat-def carrier-vecD dim-vec eq-vecl i index-vec
less-SucO row-j vec-last-carrier)
moreover have z = z,, @, (vec 1 (A-. b))
proof
show x: dim-vec t = dim-vec (z, Q, (vec I (A-. b))) by (simp add:
assms(2) dim-zy,)
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have Ai. i < Suc n = z8i = (z, Q, (vec I (A-. D)))$i
proof—
fix i assume i < Suc n
show 28/ = (z, @, (vec 1 (A-. b)))$3
apply (cases i = n)
apply (simp add: append-vec-def assms(8) dim-z,,)
apply (simp add: append-vec-def)
by (smt (verit, best) «i < Suc n» dim-z, index-vec less-antisym
vec-first-def x,,-def)
qged
thus Ai. ¢ < dim-vec (z, @, vec I (A-. b)) = z $ i = (x, @, vec 1 (A\-.
b)) $ ¢
by (metis * assms(2) carrier-vecD)
qed
ultimately have (row A n) - z = (w, - z,,) + ((vec 1 (A-. A$$(n,n))) -
(vec 1 (A-. b))
by (metis assms(5) assms(7) scalar-prod-append vec-carrier vec-first-carrier)
moreover have ((vec 1 (A-. A$$(n,n))) - (vec 1 (A-. D)) =a b
by (simp add: a-def b-def scalar-prod-def)
ultimately show ?thesis by argo
qed
finally show ?thesis by (simp add: x v,-def)
qed
qed
qed

lemma vec-first-index: n < dim-vec v => i < n => v$i = (vec-first v n)$i
unfolding vec-first-def by simp

lemma vec-last-index:
n < dim-vec v = i € {dim-vec v — m..<m} = v$i = (vec-last v m)$(i —
(dim-vec v — m))
unfolding vec-last-def by auto

lemma inner-prod-append:

assumes z € carrier-vec (dim-vec (u @, v))

shows z -¢ (u @, v) = (vec-first  (dim-vec u)) -c u + (vec-last x (dim-vec v))
cv

(v @, v) -cz = u -c (vec-first x (dim-vec u)) + v -¢ (vec-last x (dim-vec v))

proof—

define n where n = dim-vec (v Q, v)

define n, where n, = dim-vec u

define n, where n, = dim-vec v

have dims-add: n,, + n, = n by (simp add: n,-def n,-def n-def)
have n,-prop: \i. i < n, = conjugate (v @, v)$i = (conjugate u)$i by (simp

add: n.,-def)
have n,-prop: A\i. i < n, = conjugate (v @, v)$(i + n,) = (conjugate v)3$i

20



by (simp add: n,-def n,-def)

have n = dim-vec (conjugate (u @, v)) by (simp add: n-def)
hence z ¢ (u @, v) = (3¢ € {0..<n}. 2% * (conjugate (u @, v))$7)
unfolding scalar-prod-def by blast
hence z -¢ (v @Q, v) =
(>"i € {0..<ny}. z8i * (conjugate (u Q, v))$i)
+ (02 i € {ny..<n}. 28 * (conjugate (u Q, v))$7)
by (smt (verit, best) bot-nat-0.extremum index-append-vec(2) n,-def n-def
nat-le-linear nless-le not-add-less1 sum.atLeastLess Than-concat)
moreover have (3.7 € {0..<n,}. 8¢ * (conjugate (v Q, v))$i) = (vec-first =
(dim-vec u)) +c u
proof—
have x: A\i. i € {0..<n,} = 2$i = (vec-first x n,,)%i
by (simp add: vec-first-def)
have (3 i € {0..<ny,}. 38i x (conjugate (v @, v))$i) = >0 € {0..<ny}. z3i
* (conjugate u)$7)
using n,-prop by simp

also have ... = (3" i € {0..<ny}. (vec-first x n,)$i * (conjugate u)3$7)
using * by auto
also have ... = (vec-first x (dim-vec u)) -c u

by (metis (no-types, lifting) dim-vec-conjugate n,-def scalar-prod-def sum.cong)
finally show ?thesis .
qed
moreover have (>i € {n,..<n}. 287 * (conjugate (v Q, v))$i) = (vec-last ©
(dim-vec v)) -c v
proof—
have *: vec-last (v Q, v) n, = v
by (metis append-vec-eq carrier-vecl dims-add n,-def n-def vec-first-carrier
vec-first-last-append)
have Ai. i € {n,..<n} = 28{ = (vec-last  n,)$(i — (n — ny))
unfolding vec-last-def using assms dims-add less-diff-conv2 n-def by simp
moreover have \i. i € {n,..<n}

= (conjugate (u @, v))$i = (vec-last (conjugate (u Q, v)) ny)$(i — (n —
ny))
unfolding vec-last-def using assms dims-add less-diff-conv2 n-def by simp
ultimately have (> i € {n,..<n}. 8¢ = (conjugate (v @, v))$7)
= (321 € {ny..<n}. (vec-last z n,)$(i — (n — ny))
* (vec-last (conjugate (u @, v)) ny,)$(i — (n — ny)))
(is-=0O_ie- ?F1)
by force
also have ... = (3_ i € {0..<n—ny}. (vec-last z n,)$((i + ny) — (n — ny))
* (vec-last (conjugate (u @, v)) 1ny,)$((¢ + ny) — (0 — ny)))
using sum.shift-bounds-nat-ivl[of ?F 0 n, n,| dims-add
by (metis (no-types, lifting) add.commute add-0 add-diff-cancel-left’)
finally show ?thesis
by (smt (verit, ccfv-SIG) * add-diff-cancel-left’ add-diff-cancel-right’ car-
rier-vecl conjugate-vec-last dim-vec-conjugate dims-add le-add2 n,-def n-def scalar-prod-def
sum.cong)
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qed
ultimately show z -¢ (u @, v) = (vec-first x (dim-vec u)) +¢c u + (vec-last x
(dim-vec v)) -c v
by argo

have n,-prop: A\i. i < n, = (u Q, v)${ = u$i by (simp add: n,-def)
have n,-prop: \i. i < n, = (v @, v)$(i + n,) = v$i
by (simp add: n,-def n,-def)

have n = dim-vec (conjugate (u @, v)) by (simp add: n-def)
moreover have dim-vec (conjugate ©) = n using assms n-def by auto
ultimately have (v Q, v) -cz = (3.7 € {0..<n}. (u Q, v)$i * (conjugate x)$7)
unfolding scalar-prod-def by presburger
hence (u @, v) -c z =
i e {0..<ny}. (u @, v)$i * (conjugate z)$7)
+ O2i € {ny..<n}. (v Q, v)$i * (conjugate z)$7)
by (smt (verit, best) bot-nat-0.extremum indez-append-vec(2) ny-def n-def
nat-le-linear nless-le not-add-less1 sum.atLeastLess Than-concat)
moreover have (> i € {0..<n,}. (u @, v)$i * (conjugate £)$i) = u -c (vec-first
z (dim-vec u))
proof—
have x: Ai. i € {0..<n,} = (conjugate ©)$i = (vec-first (conjugate x) n,)$i
by (simp add: vec-first-def)
have (3 i € {0..<ny}. (v @, v)$i * (conjugate z)$7)
= (321 € {0..<ny}. u$i * (conjugate x)$7)
using n,-prop by simp

also have ... = (3 i € {0..<ny}. u$i x (vec-first (conjugate x) n,)$7)
using * by force
also have ... = u -c (vec-first x (dim-vec u))

by (metis (no-types, lifting) add.commute assms conjugate-vec-first dim-vec-first
dims-add le-add2 n.-def n-def scalar-prod-def sum.cong)
finally show ?thesis .
qed
moreover have (> i € {n,..<n}. (v @, v)$i * (conjugate z)$i) = v -c¢ (vec-last
z (dim-vec v))
proof—
have *: vec-last (v Q, v) n, = v
by (metis append-vec-eq carrier-vecl dims-add n,-def n-def vec-first-carrier
vec-first-last-append)
have Ai. i € {n,..<n} = (conjugate z)$i = (vec-last (conjugate z) n,)$(i —
(n — )
unfolding vec-last-def using assms dims-add less-diff-conv2 n-def by simp
moreover have \i. i € {n,..<n}
= (v Q, v)$i = (vec-last (v Q, v) n,)$(i — (n — ny))
unfolding vec-last-def using assms dims-add less-diff-conv2 n-def by simp
ultimately have (} i € {n,..<n}. (v Q, v)$i * (conjugate z)$7)
= (321 € {ny..<n}. (vec-last (u @, v) ny,)$(i — (n — ny))
* (vec-last (conjugate ) ny)$(7 — (n — ny)))
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(is-=0"ie- 2F1)
by force
also have ... = (> i € {0..<n—ny}. (vec-last (u @, v) 1,)$(( + ny) — (n
=)
x (vec-last (conjugate z) ny,)$((7 + ny) — (0 — ny)))
using sum.shift-bounds-nat-ivl[of ?F 0 n, n,| dims-add
by (metis (no-types, lifting) add.commute add-0 add-diff-cancel-left’)
finally show ?thesis
by (smt (verit, best) % <dim-vec (conjugate z) = ny add-diff-cancel-left’
add-diff-cancel-right’ conjugate-vec-last dim-vec-conjugate dim-vec-last dims-add le-add2
scalar-prod-def sum.cong)
qed
ultimately show (u @, v) -c © = u -¢ (vec-first  (dim-vec uv)) + v -¢ (vec-last
z (dim-vec v))
by argo
qed

8.1 Schur’s Formula

proposition schur-formula:
fixes M :: 'a:field mat
assumes (A,B,C,D) = split-block M r ¢
assumes r < dim-row M
assumes ¢ < dim-col M
assumes square-mat M
assumes square-mat A
assumes inverts-mat A’ A
assumes A’-dim: A’ € carrier-mat r r
shows Determinant.det M = Determinant.det A * Determinant.det (D — C x
A’ x B)
proof—
let 2r); = dim-row M
let 2cp; = dim-col M
let 2ry = r
let %cy = ¢
let orp =1r
let %cg = %cpr — %ca
let 2rc = %rp — 274
let %cc = ¢
let rp = %ry — 2ry
let %cp = %cpr — %cqp
let ?IA = lm r
let ?ID = ]m ?’I‘D
let '?OB = Om '.?1"3 '.?CB
let 20¢c = 0,, ?rc ?co
let 2P = four-block-mat ?I4 ?0p (C x A') ?Ip
let ?Q = four-block-mat A ?0p ?0O¢c (D — C % A’ x B)
let R = four-block-mat ?I4 (A’ * B) ?0¢ ?Ip
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have M: M = four-block-mat A B C' D
using Matriz.split-block(5)[of M r ¢ A B C D] by (metis assms(1—3) le-simps(1)
less-eqF)

have M-dim: M € carrier-mat ?ry; Zcpr
by blast
have A-dim: A € carrier-mat v r
using assms(1)
unfolding split-block-def
by (metis Pair-inject assms(5) carrier-mat-triv dim-row-mat(1) square-mat.elims(2))
have square: ?rpyr — %rpa = ey — Pca v = ¢ ry = ep
using M-dim assms(4)
apply (metis A-dim assms(1) assms(5) carrier-matD(1) dim-col-mat(1)
prod.sel(1) split-block-def square-mat.elims(2))
apply (metis A-dim assms(1) carrier-matD(2) dim-col-mat(1) prod.sel(1)
split-block-def)
using assms(4) by force
have C-A’-dim: C x A’ € carrier-mat ?rg ?co
by (smt (verit) A’-dim Pair-inject assms(1) carrier-matD(2) carrier-mat-triv
dim-row-mat(1) indez-mult-mat(2) index-mult-mat(3) split-block-def square(2))
have A’-B-dim: A’ x B € carrier-mat ?rg %cp
by (metis (no-types, lifting) A’-dim Pair-inject assms(1) carrier-matD(1) car-
rier-mat-triv dim-col-mat(1) index-mult-mat(2) indez-mult-mat(3) split-block-def)
have D-min-C-A’-B-dim: D — C x A’ x B € carrier-mat ?cp %cp
by (metis A’-B-dim C-A’-dim carrier-matD(1) carrier-matD(2) carrier-mat-triv
index-mult-mat(2) index-mult-mat(3) minus-carrier-mat square(1))
have P-dim: ?P € carrier-mat ?ry; 2cpr
using assms(2) square(3) by auto
have Q-dim: ?Q € carrier-mat ?ry; ?cpr
by (smt (verit) A-dim D-min-C-A’-B-dim P-dim carrier-matD(1) carrier-matD(2)
carrier-mat-triv indez-mat-four-block(2) index-mat-four-block(3) index-one-mat(3)
square(2) square(3))
have R-dim: ?R € carrier-mat ?ry; 2cpr
using P-dim by fastforce

have M: M = ?P % ?2Q) * ?R
proof—
have B-dim: B € carrier-mat ?rp ?cp
by (metis assms(1) assms(2) assms(3) less-imp-le-nat ordered-cancel-comm-monoid-diff-class. add- diff-inve
split-block(2))
have C-dim: C € carrier-mat ?r¢ r
by (metis assms(1) assms(3) diff-add-inverse less-eqE less-or-eq-imp-le split-block(3)
square(2) square(3))
have D-dim: D € carrier-mat ?rp %cp
using A-dim M square(2) by auto

have 1: ?I o € carrier-mat v r by simp

have 2: ?0Op € carrier-mat ?rg ?cpg by auto
have 3: C x A’ € carrier-mat ?rc r using C-A’-dim square(2) by blast
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have 4: ?Ip € carrier-mat ?ro ?cp using 2 square(1) by auto
have 6: ?Op € carrier-mat v ?cp using 2 square(2) by blast
have 7: ?O¢ € carrier-mat ?cp r using 4 square(2) by auto
have 8: (D — C x A’ x B) € carrier-mat ?cg ?cp
using 4 D-min-C-A’-B-dim square(1) square(2) by auto
have a: (D — C x A’ % B) € carrier-mat ?rp %cp using 8 square(1) by
presburger
have b: ?Ip € carrier-mat ?cg ?cp using 2 square(1) by auto
have ass: (C x A') x A = C x (A" x A) using A-dim A’-dim C-dim by (simp
add: square(2))
have ?P x ?Q = four-block-mat A ?0Op C (D — C % A’ x B)
proof—
have A = 2[4 « A + 20 * ?0¢
using A-dim square(2) square(3) by auto
moreover have ?Op = ?I4 % ?Op + ?0p * (D — C x A’ x B)
by (smt (verit, ccfo-threshold) 1 2 8 D-min-C-A'-B-dim carrier-matD(2)
left-add-zero-mat left-mult-zero-mat right-mult-zero-mat)
moreover have C = (C x A"y« A+ ?Ip x ?0¢
by (metis A’-dim C-dim square(2) Matriz.right-add-zero-mat ass assms(6)
carrier-matD(1) index-zero-mat(2) inverts-mat-def left-mult-one-mat’ right-mult-one-mat)
moreover have (D — C « A’ x B) = ((C x A’) x ?0p) + ?Ip = (D — C *
A’ x B)
by (metis C-A’-dim D-min-C-A’-B-dim left-add-zero-mat left-mult-one-mat
right-mult-zero-mat square(1) square(2))
ultimately show ?Zthesis
using mult-four-block-mat[OF 1 2 8 4 A-dim 6 7 8] by argo
qed
also have ... x ?R = four-block-mat A B C D
proof—
have A = A% 2[4 + 20 * C
using A-dim C-dim square(1) by force
moreover have B = A x (A’ x B) + ?0p x ?Ip
by (smt (verit, ccfo-threshold) inverts-mat-symm A-dim B-dim Matriz.right-add-zero-mat
assms(6) assms(7) assoc-mult-mat b carrier-mat-triv indez-mult-mat(2) inverts-mat-def
left-mult-one-mat left-mult-zero-mat)
moreover have C = C x T4 + (D — C % A" x B) x ?0¢
by (metis 8 C-dim Matriz.right-add-zero-mat right-mult-one-mat right-mult-zero-mat
square(1) square(2))
moreover have D = C x (A’+« B) + (D — C x A’ x B) x ?Ip
proof—
have C * A’ x B € carrier-mat ?rp ?cp
using B-dim C-A’-dim mult-carrier-mat square(2) by blast
moreover have C x (A’ * B) = C * A’ x B using B-dim C-dim assms(7)
by force
ultimately show ?thesis
by (metis (no-types, lifting) 8 D-dim left-add-zero-mat mat-minus-minus
minus-r-inv-mat right-mult-one-mat square(2) square(3))
qed
ultimately show ?Zthesis
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using mult-four-block-mat|OF A-dim 2 C-dim a 1 A’-B-dim 7 b] A-dim
square(2) square(3)

by force
qed
also have ... = M unfolding M by simp
finally show ?%thesis by argo

qed
hence Determinant.det M = Determinant.det ?P x Determinant.det ?Q) * De-
terminant.det 7R
by (smt (verit, best) det-mult P-dim Q-dim R-dim assms(4) mult-carrier-mat
square-mat.elims(2))
moreover have Determinant.det ?P = 1
using det-four-block-mat-upper-right-zero|OF - - C-A’-dim, of 24 ?0p ?Ip]
by (simp add: square)
moreover have Determinant.det ?() = Determinant.det A x Determinant.det
(D— C x A’ x B)
using det-four-block-mat-upper-right-zero[OF A-dim - - D-min-C-A’-B-dim, of
?0p ?0¢]
by (simp add: square)
moreover have Determinant.det R = 1
using det-four-block-mat-lower-left-zero|OF - A’-B-dim, of ?I4 ?O¢ ?Ip]
by (simp add: square)
ultimately show ?thesis by fastforce
qed

9 Positive Definite Matrix

definition positive-definite :: 'a::{ord,conjugatable-field} mat = bool where
positive-definite M <— hermitian M
N Yz € carrier-vec (dim-col M). x # 0, (dim-col M) — QF M z > 0)

lemma leading-principal-submatriz-positive-definite:
fixes A :: 'a::{conjugatable-field,ord} mat
assumes A € carrier-mat n n
assumes positive-definite A
assumes k£ < n
shows positive-definite (Ips A k)
proof—
define B where B = lps A k
have B-carrier: B € carrier-mat k k
using B-def assms(1) assms(3) leading-principal-submatriz-carrier by blast
hence B-dims: dim-row B = k A dim-col B = k by simp
{ fix v :: 'a vec
assume *: v € carrier-vec kv # 0, k
define w where w = vec n (\i. if i < k then v3$i else 0)
hence w # 0, n
by (smt (verit) *(1) *(2) assms(3) carrier-vecD dual-order.strict-transi
eq-vecl indez-vec index-zero-vec(1) index-zero-vec(2))
hence QF A w > 0 using assms(1) assms(2) positive-definite-def vec-carrier
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w-def by blast
moreover have QF A w = QF B v
proof—
have 1: Ai. i € {k..<n} = conjugate (w$i) = 0 using w-def by simp
have 2: A\i. i € {0..<k} = w$i = v${ using assms(3) w-def by auto
hence 3: \i. i € {0..<k} = conjugate (w$i) = conjugate (v$i) by presburger
have 4: A\i. i € {0.<k} = (A %, w)$i = (B *, v)$7
proof—
fix 7 assume *x: i € {0..<k}
have «xx: \j. j € {0..<k} = (row A i)$j = (row B i)$j
proof—
fix j assume j € {0..<k}
moreover then have (row A i)$j = A$$(i,j)
using xx * assms(1) assms(3) by force
ultimately show (row A 9)$j = (row B i)$;j
by (metis (mono-tags, lifting) *x B-def B-dims assms(1) assms(8)
atLeastLess Than-iff index-vec leading-principal-submatriz-index row-def)
qed
have xxxx: row B 7 € carrier-vec k N\ dim-vec v =k
using B-carrier B-dims x by auto
have (A *, w)$i = row A { - w using *x assms(1) assms(3) by force

also have ... = (}_j € {0..<n}. (row A 9)$j * w$j)
by (metis (no-types, lifting) dim-vec scalar-prod-def sum.cong w-def)
also have ... = (>°j € {0..<k}. (row A 9)$j x w$j) + (>°j € {k..<n}.

(row A 0)$j x w$j)
by (simp add: assms(3) sum.atLeastLess Than-concat)

also have ... = (3_j € {0..<k}. (row A i)$j * v$))
using 1 2 by auto

also have ... = (3_j € {0..<k}. (row B 9)$j = v3$7)
using xxx by fastforce

also have ... = (row Bi) - v
using B-carrier sxxxx unfolding scalar-prod-def by blast

also have ... = (B %, v)$i using *x B-carrier by auto

finally show (A x, w)$i = (B *, v)$i .

qed

have 5: v € carrier-vec k by (simp add: (1))
hence 6: B *, v € carrier-vec k A conjugate v € carrier-vec k
by (metis B-def Matriz.carrier-vec-conjugate assms(1) assms(3) lead-
ing-principal-submatriz-carrier mult-mat-vec-carrier)
have QF A w = (A %, w) -¢c w by simp
also have ... = (3" i € {0..<n}. (A %, w)$i * conjugate (w$7))
by (smt (verit, ccfv-SIG) atLeastLessThan-iff dim-vec dim-vec-conjugate
scalar-prod-def sum.cong vec-indez-conjugate w-def)
also have ... = (3°i € {0..<k}. (A %, w)$i x conjugate (w$7))
+ i € {k..<n}. (A *, w)$i * conjugate (w$i))
by (simp add: assms(3) sum.atLeastLessThan-concat)
also have ... = (3" i € {0..<k}. (A *, w)$i * conjugate (w$i)) using 1 by
stmp
also have ... = (3. i € {0..<k}. (B x, v)$i * conjugate (v$i)) using 3 4 by
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force
also have ... = (B %, v) cv
by (smt (verit, best) 5 6 atLeastLessThan-iff carrier-vecD scalar-prod-def
sum.cong vec-index-conjugate)
finally show ?thesis using quadratic-form-def by force
qed
ultimately have QF B v > 0 by argo

thus ?thesis
using assms hermitian-ij-ji-iff cmplz-herm-mat.leading-principal-submatriz-hermitian
B-dims
unfolding positive-definite-def B-def
by (smt (verit, best) carrier-matD(1) leading-principal-submatriz-index or-
der-less-le-trans square-mat.simps)
qed

lemma positive-definite-invertible:
fixes M :: complexr mat
assumes positive-definite M
shows invertible-mat M
proof—
define n where n = dim-row M
have A\z. © € carrier-vecn = z # 0, n = M %, z # 0, n
using assms n-def positive-definite-def hermitian-is-square by force
hence mat-kernel M C {0, n}
unfolding mat-kernel-def n-def
by (metis (mono-tags, lifting) assms hermitian-is-square mem-Collect-eq posi-
tive-definite-def singleton-iff square-mat.simps subsetl)
thus ?thesis
using trivial-kernel-imp-invertible n-def assms positive-definite-def hermitian-is-square
by blast
qed

lemma positive-definite-det-nz:
fixes A :: complex mat
assumes positive-definite A
shows Determinant.det A # 0
using positive-definite-invertible] OF assms] invertible-det invertible-mat-def square-mat.simps
by blast

10 Matrix-Vector Multiplication

lemma diagonal-unit-vec’:
assumes B € carrier-mat n n
assumes diagonal-mat (B::'a::{ring,zero-neq-one} Matriz.mat)
shows B x, (unit-vec n i) = B $$ (i,i) -, (unit-vec n i)
proof —
define v :: ‘a Matriz.vec where v = unit-vec n i
have B %, v = Matriz.vec n (X i. Matriz.scalar-prod (Matriz.row B i) v)
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using assms unfolding mult-mat-vec-def by simp
also have ... = Matriz.vec n (X i. B $3(i,i) *+ Matriz.vec-indez v )
proof —
have Vi < n. (Matriz.scalar-prod (Matriz.row B i) v = B $$(i,5) * Ma-
triz.vec-index v i)
proof (intro alll impl)
fix ¢
assume i < n
have (Matriz.scalar-prod (Matriz.row B i) v) =
(3> j € {0 ..< n}. Matriz.vec-index (Matriz.row B i) j * Matriz.vec-index
v j) using assms
unfolding Matriz.scalar-prod-def v-def by simp
also have ... = Matriz.vec-index (Matriz.row B i) i * Matriz.vec-index v i
proof (rule sum-but-one)
show Vj < n. j # i — Matriz.vec-index (Matriz.row B i) j = 0
proof (intro alll impl)
fix j
assume j < n and j # i
hence Matriz.vec-index (Matriz.row B ) j = B $3$ (4,j) using «i < n» <j
< n) assms
by auto
also have ... = 0 using assms < < n» «j < n» (j# > unfolding
diagonal-mat-def by simp
finally show Matriz.vec-index (Matriz.row B i) j = 0 .

qed
show ¢ < n using «i < n) .
qed
also have ... = B $3%(i,7) * Matriz.vec-index v i using assms i < n) by

auto
finally show (Matriz.scalar-prod (Matriz.row B i) v) = B $$(i,i) * Ma-
triz.vec-index v 7 .

qed
thus ?thesis by auto
qed
also have ... = B 8% (i,7) -, v unfolding v-def unit-vec-def by auto

finally have B %, v = B $$ (i,i) -, v .
thus ?thesis unfolding v-def by simp
qged

lemma mat-vec-idx-disjunct-eq-zero:
assumes A: A € carrier-mat m n
assumes x: T € carrier-vec n
assumes some-zero: Vj < n. (row A ©)$j = 0 V z8j = 0
assumes i: 1 < m
shows (A *, z)$i = 0
proof—
have dim-z: dim-vec x = n using x by simp
have dim-A: dim-row A = m dim-col A = n using A by blast+
have all-zero: Vj < n. (row A 0)$j * 28§ = 0 using some-zero by fastforce
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have (A *, z)$i = (row A ) - = by (rule index-mult-mat-vec, subst dim-A(1),

rule 7)
also have ... = (3" j < n. (row A 9)$j * z8j)
unfolding scalar-prod-def dim-z using atLeastOLessThan by presburger
also have ... = 0 using all-zero by simp
finally show ?thesis .
qed

11 Module Span

context module
begin

lemma mk-coeffs-of-list:
assumes « € (set A — carrier R)
shows ¢ € {0..<length A} — carrier R. Y v € set A. mk-coeff A cv=a v
using assms
proof (induct length A arbitrary: A)
case ()
thus ?case by fastforce
next
case (Suc n)
then obtain ¢ A’ where a: A = A’ @ [a] by (metis length-Suc-conv-rev)
hence a € (set A’ — carrier R) using Suc.prems by simp
moreover from a have len-A": n = length A’ using Suc(2) by auto
ultimately obtain ¢’ where c¢”
¢ € {0..<length A"} — carrier R AN (Vv € set A". mk-coeff A’ ¢’ v = a v)
using Suc.hyps by blast

have len-A’-A: length A’ = length A — 1 using Suc(2) len-A’ by presburger
moreover have [0..<length A] = [0..<length A — 1] Q [length A — 1]
by (metis Suc(2) calculation len-A’ upt-Suc-append zero-order(1))
ultimately have A-A’-int: [0..<length A] = [0..<length A'] Q [length A] by
presburger
show ?Zcase
proof(cases a € set A"
case True
hence A-A’": set A = set A’ using a by auto
define ¢ where ¢ = (\i. if i € {0..<length A’} then ¢’ i else 0)
hence c-carrier: ¢ € {0..<length A} — carrier R using ¢’ by force
moreover have Vv € set A. mk-coeff A cv=a v
proof
fix v assume *: v € set A
show mk-coeff A cv=a v
proof(cases v = a)
case True
hence find-indices v A = (find-indices v A’) Q [length A — 1]
proof—
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from A-A’-int have find-indices v A
= (filter (Mi. AV i =) [0..<length A")) @ (filter (Ni. A ! i = v) [length

unfolding find-indices-def by (metis Suc.hyps(2) filter-append len-A’)
moreover then have (filter (\i. A! i = v) [0..<length A']) = (find-indices

v A’
using a by auto
moreover have filter (A\i. A i = v) [length A'] = [length A’] by (simp
add: True a)
ultimately show ?thesis using len-A’-A by argo
ged
hence map ¢ (find-indices v A) = (map ¢ (find-indices v A’)) @ [c¢ (length
A— 1)
by auto

hence foldr (®) (map ¢ (find-indices v A)) 0O
= foldr (®) (map ¢ (find-indices v A’)) (0 & ¢ (length A — 1))
by (simp add: c-def len-A’-A)
also have ... = (foldr (&) (map ¢ (find-indices v A")) 0) & ¢ (length A —
1)
by (metis R.sumlist-def R.zero-closed c-carrier atLeastLess Than-iff c-def cal-
culation cring-simprules(16) len-A’-A less-irrefl-nat mk-coeff-carrier mk-coeff-def)
finally have mk-coeff A ¢ v = mk-coeff A’ ¢ v ® ¢ (length A — 1)
unfolding mk-coeff-def R.sumlist-def .
moreover have ¢ (length A — 1) = 0 unfolding c-def using len-A’ a by
force
moreover have mk-coeff A’ ¢ v € carrier R
by (smt (verit) Pi-iff ¢’ c-def mk-coeff-carrier)
ultimately have mk-coeff A ¢ v = mk-coeff A’ ¢ v by algebra
moreover have mk-coeff A’ ¢ v = mk-coeff A’ ¢’ v
unfolding mk-coeff-def find-indices-def
by (metis (mono-tags, lifting) c-def list.map-cong mem-Collect-eq set-filter
set-upt)
ultimately show ?thesis by (metis x A-A’ ¢')
next
case v-neq-a: False
hence find-indices v A = find-indices v A’
proof—
from A-A’-int have find-indices v A
= (filter (Mi. Al i =) [0..<length A']) Q (filter (Ai. A ! i = v) [length
A')
unfolding find-indices-def by (metis Suc.hyps(2) filter-append len-A’)
moreover have (filter (Ai. A ! i = v) [0..<length A'|) = find-indices v A’
unfolding find-indices-def
by (smt (verit, ccfo-SIG) a append.right-neutral calculation filter.simps(1)
filter.simps(2) filter-cong find-indices-def find-indices-snoc nth-append-length v-neg-a)

moreover have (filter (A\i. A! i = v) [length A']) = || using a v-neg-a
by auto
ultimately show #thesis by force
qged
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hence mk-coeff A ¢ v = mk-coeff A’ ¢ v unfolding mk-coeff-def by fastforce
also have ... = mk-coeff A’ ¢’ v
unfolding mk-coeff-def find-indices-def c-def
by (smt (verit, best) atLeastLessThan-upt list.map-cong mem-Collect-eq
set-filter)
also have ... = a v using ¢’ x A-A’ by blast
finally show ?thesis .
qed
qed
ultimately show ?thesis by blast
next
case Fulse
hence A-A': set A’ = set A — {a} by (simp add: a)
define ¢ where ¢ = (\i. if i € {0..<length A’} then ¢’ i else o a)
hence ¢ € {0..<length A} — carrier R using Suc.prems a ¢’ by fastforce
moreover have Vv € set A. mk-coeff A cv=a v
proof
fix v assume *: v € set A
show mk-coeff A cv=a v
proof(cases v = a)
case v-eq-a: True
hence filter (Mi. A i = v) [0..<length A] = [length A — 1]
proof—
from A-A’-int have filter (A\i. A i = v) [0..<length A]
= (filter (\i. A i =) [0..<length A']) Q (filter (Xi. A ! i = v) [length
A7)
by (metis Suc.hyps(2) filter-append len-A')
moreover have (filter (Ai. A! i = v) [0..<length A]) = |]
proof—
have Ai. i < length A’ = Ali # v by (metis False a nth-append
nth-mem v-eq-a)
thus ?thesis by fastforce
qed
moreover have (filter (\i. A! i = v) [length A']) = [length A'] by (simp
add: a v-eq-a)
ultimately show ?thesis by (metis Suc.hyps(2) diff-Suc-1 len-A’
self-append-conv2)
qed
hence map ¢ (filter (Mi. A i = v) [0..<length A]) = [c (length A”)]
by (metis len-A’ Suc.hyps(2) diff-Suc-1 list.map(1) list.map(2))
moreover have ¢ (length A") = « v by (simp add: v-eq-a c-def)
ultimately have mk-coeff A ¢ v = a v & 0 unfolding mk-coeff-def
find-indices-def by force
moreover have a v € carrier R using * Suc(3) by blast
ultimately show ?thesis by auto
next
case v-neq-a: False
hence find-indices v A = find-indices v A’
proof—
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from A-A’-int have find-indices v A
= (filter (Mi. AV i =) [0..<length A")) @ (filter (Ni. A ! i = v) [length
A')
unfolding find-indices-def by (metis Suc.hyps(2) filter-append len-A’)
moreover have (filter (Ai. A ! i = v) [0..<length A'|) = find-indices v A’
unfolding find-indices-def
by (smt (verit, ccfo-SIG) a append.right-neutral calculation filter.simps(1)
filter.simps(2) filter-cong find-indices-def find-indices-snoc nth-append-length v-neg-a)

moreover have (filter (A\i. A ! i = v) [length A']) = || using a v-neg-a
by auto
ultimately show #thesis by force
qed
hence mk-coeff A ¢ v = mk-coeff A’ ¢ v unfolding mk-coeff-def by fastforce
also have ... = mk-coeff A’ ¢’ v

unfolding mk-coeff-def find-indices-def c-def
by (smt (verit, best) atLeastLessThan-upt list.map-cong mem-Collect-eq

set-filter)
also have ... = a v by (metis ¢’ x a insert-iff v-neg-a vec-space.append-insert)
finally show ?thesis .
qed
qed
ultimately show ?thesis by blast
qed
qed

lemma span-list-span:
assumes set A C carrier M
shows span-list A = span (set A)
proof—
have span-list A C span (set A)
proof (rule subsetl)
fix z assume z € span-list A
then obtain ¢ where ¢: x = lincomb-list ¢ A N ¢ € {0..<length A} — carrier
R
unfolding span-list-def by blast
hence I: lincomb-list ¢ A = lincomb (mk-coeff A ¢) (set A)
using lincomb-list-as-lincomb|OF assms(1)] by presburger
have mk-coeff A ¢ € (set A) — carrier R by (simp add: ¢ mk-coeff-carrier)
hence 2: lincomb (mk-coeff A ¢) (set A) € span (set A) unfolding span-def
by blast
show z € span (set A) using 1 2 ¢ by argo
qed
moreover have span (set A) C span-list A
proof(rule subsetl)
fix © assume *: z € span (set A)
then obtain « where a: z = lincomb « (set A) A o € (set A — carrier R)
using * finite-span assms by auto
define o’ where a’ = (Av. if v € set A then o v else 0)
hence a-a”s Av. v € set A = o v = a’ v by presburger
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hence z-a”: © = lincomb o’ (set A)
using «
unfolding lincomb-def
by (smt (verit) M.add.finprod-cong’ Pi-iff assms basic-trans-rules(31) car-
rier-is-submodule submoduleE(4))
have 1: o’ € (set A — carrier R) by (simp add: Pi-cong a «'-def)
then obtain ¢ where ¢: ¢ € {0..<length A} — carrier R N (Vv € set A.
mk-coeff A ¢ v =a’ v)
using mk-coeffs-of-list by blast
have mk-coeff A ¢ = o’ unfolding a’-def by (metis mk-coeff-0 ¢ a-a’)
hence lincomb o’ (set A) = lincomb-list ¢ A
using lincomb-list-as-lincomb|OF assms(1), of c|] ¢ by argo

also have ... € span-list A using c in-span-list] by blast
finally show z € span-list A using z-a’ by blast
qed
ultimately show ?thesis by blast
qed
end

12 Module Homomorphism, Linear Combination,
and Span

context mod-hom
begin

lemma lincomb-list-distrib:
assumes set S C carrier M
assumes « € {..<length S} — carrier R
shows f (M.lincomb-list o S) = N.lincomb-list « (map f S)
using assms
proof (induct length S arbitrary: S «)
case (
then show ?case by auto
next
case (Suc n)
then obtain v S’ where v: S = v # S’ by (metis length-Suc-conv)
have 1: n = length S’ using Suc(2) v by auto
have 2: set S’ C carrier M using Suc(3) v by auto
have 3: (o o Suc) € {..<length S’} — carrier R using 1 Suc(4) Suc.hyps(2) by
fastforce

have ih: f (M.lincomb-list (o o Suc) S’) = N.lincomb-list (o o Suc) (map f S”)
using Suc.hyps(1)[OF 1 2 3] .

have %: M.lincomb-list o (v # S') = (o 0 ®pp v) ®py (M.lincomb-list (o o Suc)
S')

using M .lincomb-list-Cons .
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have v € carrier M using Suc.prems(1) v by force

moreover have « 0 € carrier R using Suc(4) Suc.hyps(2) by auto

ultimately have o 0 ©); v € carrier M by blast

moreover have M.lincomb-list (o o Suc) S’ € carrier M

by (metis (no-types, lifting) 1 2 M .lincomb-list-carrier Pi-iff Suc(4) Suc.hyps(2)

Suc-less-eq atLeastLess Than-iff less Than-iff o-apply)

ultimately have f (M.lincomb-list « S) = (f (o 0 ©p7v)) ®n (f (M.lincomb-list
(o 0 Suc) §7))

using f-hom * v unfolding module-hom-def by force

also have ... = (a 0 Oy fv) @y (f (M.lincomb-list (o o Suc) S’))
by (simp add: <« 0 € carrier Ry <v € carrier M»)
also have ... = (a 0 Oy fv) &y (N.lincomb-list (a o Suc) (map fS')) using
ih by argo
also have ... = N.lincomb-list a (map [ 5)

using N.lincomb-list-Cons by (simp add: v)
finally show ?case .
qed

lemma lincomb-distrib:
assumes inj-on f S
assumes S C carrier M
assumes o € S — carrier R
assumes Vv € S. a v = (fv)
assumes finite S
shows f (M.lincomb « S) = N.lincomb 8 (f*S)
proof—
let %0’ = (Av. (@ v) @7 v)
let 728’ = (Av. (B v) ON v)
have *: %o’ € S — carrier M using assms(2,3) by auto
have f (M.lincomb o S) = f (finsum M %a’ S) using M .lincomb-def by pres-
burger

also have ... = (@ yacS. f ((a a) @7 a)) using hom-sum[OF assms(2) | .
also have ... = (@ yacS. (@ a) On (f a))
proof—

have Va € S. a € carrier M using assms(2) by fastforce
moreover have Va € S. a a € carrier R using assms(3) by blast
ultimately show Zthesis
using f-hom unfolding module-hom-def by (simp add: N.M.add.finprod-cong’)
qed
also have ... = (@ yacS. (B (fa)) On (f a))
by (smt (verit, del-insts) N.M.add.finprod-cong’ M.summands-valid PiE Pi-1
assms(2—4) basic-trans-rules(81) f-im f-smult)
also have ... = (@ yac(f‘S). (78" a))
by (smt (verit, best) assms(1,4) M.summands-valid N.M.add.finprod-cong’
N.M.add.finprod-reindex PiE Pi-I assms(2) assms(3) assms(4) basic-trans-rules(31)
f-im f-smult imageE)

also have ... = N.lincomb 8 (f*S) using N.lincomb-def by presburger
finally show ?thesis .
qed
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lemma lincomb-distrib-obtain:
assumes inj-on f S
assumes S C carrier M
assumes a € S — carrier R
assumes Vv € S. a v = (fv)
assumes finite S
obtains 5 where (Vv € S. a v =3 (fv)) A f (M.lincomb o S) = N.lincomb
()
proof—
obtain 8 where 8: Vv € S. « v =3 (fv)
proof—
let 26=MAy.a (THEz. 2 € S A fz =vy)
have Vv e S. av= 28 (fv)
proof
fix v assume v € S
then have v = (THEz. x € S A fz = fv)
using assms(1) by (simp add: inj-on-def the-equality)
thus a v = 28 (f v) by argo
qed
thus ?thesis using that by fast
qed
thus ?thesis using lincomb-distrib that assms by blast
qed

lemma image-span-list:
assumes set vs C carrier M
shows f{(M.span-list vs) = N.span-list (map f vs) (is ?lhs = ?rhs)
proof—
have ?2lhs C ?rhs
proof (rule subsetl)
fix w assume w € ?lhs
then obtain v where v: v € M.span-list vs A f v = w by blast
then obtain a where a: v = M.lincomb-list o vs A « € {..<length vs} —
carrier R
unfolding M .span-list-def by fastforce
hence fv = N.lincomb-list & (map f vs) using lincomb-list-distrib| OF assms(1)]
v by blast
thus w € ?rhs using v o unfolding N.span-list-def by force
qed
moreover have 9rhs C ?lhs
proof (rule subsetl)
fix w assume w € ?rhs
then obtain a where a: w = N.lincomb-list a (map f vs) A a € {..<length
vs} — carrier R
unfolding N.span-list-def by fastforce
hence w = f (M.lincomb-list a vs)
using lincomb-list-distrib| OF assms] by presburger
thus w € ?lhs using « unfolding M.span-list-def by fastforce
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qed
ultimately show ?thesis by blast
qed

lemma image-span:
assumes finite vs
assumes vs C carrier M
shows f{(M.span vs) = N.span (f‘vs)
proof—
obtain vs-list where vs-list: set vs-list = vs using assms(1) finite-list by blast
have fvs = set (map f vs-list) using vs-list by simp
hence N.span (f‘vs) = N.span-list (map f vs-list)
by (metis N.span-list-span M.sum-simp assms(2) f-im image-subset-iff)
moreover have M.span vs = M.span-list vs-list
using M.span-list-span vs-list assms(2) by presburger
ultimately show %thesis using image-span-list assms vs-list by presburger
qed

lemma submodule-image:
assumes submodule R M' M
shows submodule R (f‘M’) N
using assms
by (smt (verit, ccfv-threshold) submodule-def N.module-axioms f0-is-0 f-add f-im
f-smult
imageE rev-image-eql subset-iff)

lemma submodule-restrict:
assumes submodule R M' M
shows mod-hom R (M.md M') (N.md (f‘M")) f
proof—
interpret M module R M.md M’ by (simp add: M.submodule-is-module assms)
interpret N”: module R N.md (f‘M") by (rule submodule-is-module, rule sub-
module-image[ OF assms))
have f € module-hom R (M.md M’) (N.md (f‘M"))
by (simp add: module-hom-def, meson M'.sum-simp assms f-add f-smult sub-
module.subset)
thus ?thesis
apply (simp add: mod-hom-def mod-hom-azioms-def)
using M’.module-azioms N’'.module-axioms by blast
qed

end

13 Vector Summation

lemma complex-vec-norm-sum:
fixes x :: complex vec
assumes r € carrier-vec n
shows vec-norm x = csqrt (D1 € {..<n}. (¢cmod (2$7))72))
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proof—
have *: A\i. i € {..<n} = (conjugate ©)$i = conjugate (x$7)
using assms by auto
have xx: N\i. i € {..<n} = (284) * conjugate (z$:) = (cmod (z%$7)) "2
using mult-conj-cmod-square by blast
have vec-norm x = csqrt (z ¢ x)
by (simp add: vec-norm-def)

also have ... = ¢sqrt (> i € {..<n}. (2$7) * (conjugate x)$7)
by (metis assms atLeastOLess Than carrier-vecD dim-vec-conjugate scalar-prod-def)
also have ... = csqrt (3. i € {..<n}. (2$7) * conjugate (z$7))
by (simp add: *)
also have ... = csqrt (>4 € {..<n}. (cmod (2$i)) "2)) using *x by fastforce
finally show ?thesis .
qed

lemma inner-prod-vec-sum:

assumes v € carrier-vec n

assumes w € carrier-vec n

assumes B C carrier-vec n

assumes finite B

assumes v = finsum-vec TYPE('a::conjugatable-ring) n (Ab. ¢s b -, b) B

shows inner-prod wv = (D_b € B. ¢s b * inner-prod w b)

proof—

let 2vs = Ab. ¢cs b -, b

let 2f = Xi b. if i € {..<n} then (vs b)$i x (conjugate w)$i else 0

have f: Ay. finite {z. ?fzy # 0}

proof—
fix y
have {z. ?fz y # 0} C {..<n} by (simp add: subset-eq)
thus finite {z. ?f z y # 0} using finite-nat-iff-bounded by blast

qed

have vs: %vs € B — carrier-vec n using assms(3) by force

have b-scale: \i b. i € {.<n} = b€ B = (%vs b)${ = c¢s b * b$i
using assms(3) by auto

have assoc: N\i b. (¢s b x b$i) * (conjugate w)$i = cs b * (b3i * (conjugate w)$i)
using Groups.mult-ac(1) by blast

have inner-prod w v = (> 7 € {..<n}. v$i x (conjugate w)$7)
unfolding scalar-prod-def using atLeastOLessThan assms(2) by force
moreover have \i. i € {.<n} = v$i = (3_b € B. (%vs b)$i)
using index-finsum-vec|OF assms(4) - vs] unfolding assms(5) by blast
ultimately have inner-prod w v = (3. ¢ € {.<n}. 3_b € B. (%vs b)$i) *
(conjugate w)$1)

by force

also have ... = (> i € {..<n}. > b € B. (?vs b)$7 * (conjugate w)$7)
by (simp add: sum-distrib-right)

also have ... = (}_i e {.<n}. >.b e B. ?fib)
by fastforce

also have ... = Sum-any (\i. Y. b € B. ?f i b)
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using Sum-any.conditionalize[of {..<n} Ai. (O b € B. ?f i b)]
by (smt (verit, ccfo-SIG) Sum-any.cong finite-nat-iff-bounded subset-eq sum.neutral)

also have ... = (3_b € B. (Sum-any (A\i. 2f i b)))
using Sum-any-sum-swap[OF assms(4) f, of x. ] .
also have ... = (3_b € B. (3] i € {..<n}. (%vs b)$i * (conjugate w)$7))
proof—
have Ab. b € B = (D> i € {..<n}. (?vs b)$i * (conjugate w)$i) = Sum-any
(Ni. 2fib)

using Sum-any.conditionalize[of {..<n}] by blast
thus ?thesis by fastforce

qed

also have ... = (3. b€ B. (5.1 € {..<n}. (cs b * b%7) * (conjugate w)%$7))
using b-scale by simp

also have ... = (3_b e B. (D7 € {..<n}. ¢s b * (b$i * (conjugate w)$7)))
using assoc by force

also have ... = (3 b€ B. cs b * (D> i € {..<n}. b%7 * (conjugate w)$7))
by (simp add: sum-distrib-left)

also have ... = (3 b € B. ¢s b * inner-prod w b)

unfolding scalar-prod-def using atLeastOLessThan assms(2) by force
finally show ?thesis .
qed

lemma sprod-vec-sum:
assumes v € carrier-vec n
assumes w € carrier-vec n
assumes B C carrier-vec n
assumes finite B
assumes v = finsum-vec TYPE('a::{comm-ring}) n (A\b. ¢s b -, b) B
shows w-v= (> b€ B.csbx* (w- b))
proof—
let 2vs = Ab. ¢cs b -, b
let 2f = Ai b. if i € {..<n} then (%vs b)$i x w$i else 0
have f: Ay. finite {z. ?fxz y # 0}
proof—
fix y
have {z. ?fz y # 0} C {..<n} by (simp add: subset-eq)
thus finite {z. ?f z y # 0} using finite-nat-iff-bounded by blast
qed

have vs: %vs € B — carrier-vec n using assms(3) by force

have b-scale: \i b. i € {.<n} = b € B = (%vs b)$i = cs b = b$i
using assms(3) by auto

have assoc: N\i b. (¢s b x b$7) * w$i = cs b * (b$i * wi)
using Groups.mult-ac(1) by blast

have B-dim: A\b. b € B = dim-vec b =n
using assms(3) by fastforce

have w - v = (37 € {..<n}. v$i * w$7)
unfolding scalar-prod-def using atLeastOLessThan|of n] assms(1)
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by (metis (no-types, lifting) Groups.mult-ac(2) carrier-vecD sum.cong)
moreover have A\i. i € {.<n} = v8i = (3_b € B. (%vs b)%$7)

using index-finsum-vec|OF assms(4) - vs] unfolding assms(5) by blast
ultimately have w - v = (3. i € {.<n}. O_b € B. (vs b)$i) * w$i)

by force

also have ... = (3 i € {..<n}. > b € B. (%vs b)$i * w$i)
by (simp add: sum-distrib-right)

also have ... = (3_i e {.<n}. > b€ B. ?fib)
by fastforce

also have ... = Sum-any (\i. Y. b € B. ?fib)

using Sum-any.conditionalize[of {..<n} Ai. (Db € B. ?f i b)]
by (smt (verit, ccfo-SIG) Sum-any.cong finite-nat-iff-bounded subset-eq sum.neutral)

also have ... = (3 b € B. (Sum-any (Ai. 2fib)))

using Sum-any-sum-swap[OF assms(4) f, of Az. ] .
also have ... = (3_b € B. (3_i € {..<n}. (%vs b)$i x w$1i))
proof—

have A\b. b € B= (>_i € {..<n}. (%vs b)$i x w$i) = Sum-any (N\i. 7f i b)
using Sum-any.conditionalize[of {..<n}] by blast
thus ?thesis by fastforce

qed

also have ... = (3_b € B. (3i € {.<n}. (cs b * b$7) * w$i))
using b-scale by simp

also have ... = (3 b€ B. (3 i € {..<n}. cs b = (b%7 x w$7)))
using assoc by force

also have ... = (3_b € B. cs b x (>_i € {..<n}. b$i x w$7))
by (simp add: sum-distrib-left)

also have ... = (3_b € B. cs b x (i € {..<n}. w$i * b$7))
by (metis (no-types, lifting) Groups.mult-ac(2) sum.cong)

also have ... = (D b€ B. cs b * (w - b))

unfolding scalar-prod-def using atLeastOLessThan assms(3) B-dim by fast-
force
finally show ?thesis .
qed

lemma mat-vec-mult-sum:
assumes v € carrier-vec n
assumes A € carrier-mat n n
assumes B C carrier-vec n
assumes finite B
assumes v = finsum-vec TYPFE('a::comm-ring) n (A\b. ¢cs b -, b) B
shows A x, v = finsum-vec TYPE('a::comm-ring) n (Ab. ¢cs b -, (A %, b)) B
(is 2lhs = ?rhs)
proof—
have A\i. i < n = ?lhs$i = ?rhs$i
proof—
fix 7 assume x: { < n
let 9r = row A i
have ?lhs$i = ?r - v using * assms(2) unfolding mult-mat-vec-def by simp
also have ... = (3 b € B. (¢s b * (9r - b))
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using sprod-vec-sum|[OF assms(1) - assms(3) assms(4) assms(5)] assms(2)
by fastforce
also have ... = (3" b € B. (¢s b * ((4 *, 0)$7)))
using * assms(2) unfolding mult-mat-vec-def by simp
also have ... = (Db € B. ((cs by (A %, b))$7))
using assms(2) x by force
also have ... = (finsum-vec TYPE('a::comm-ring) n (Ab. ¢s b -, (A %, b))
B)$i
using index-finsum-vec[OF assms(4) #|
by (smt (verit, best) Pi-I assms(2) carrier-matD(1) carrier-vec-dim-vec
dim-mult-mat-vec indez-smult-vec(2) sum.cong)
finally show ?lhs$i = ?rhs$i by blast
qed
moreover have ?lhs € carrier-vec n using assms(1) assms(2) by force
moreover have ?rhs € carrier-vec n
by (smt (verit, ccfv-SIG) Pi-iff assms(2) assms(3) finsum-vec-closed mult-mat-vec-carrier
smult-carrier-vec subsetD)
ultimately show ?thesis by (metis (no-types, lifting) carrier-vecD eq-vecl)
qed

14 Vector Space

context vectorspace
begin

lemma basis-subset-carrier: basis B = B C carrier V by (simp add: basis-def)

lemma dim-of-lin-indpt-span:
assumes [i: lin-indpt S
assumes carrier: S C carrier V
assumes fin: finite S
shows vectorspace.dim K (vs (span S)) = card S
using dim-span[unfolded mazimal-def, OF carrier fin] li
by fast

lemma subspace-fin-dim:
assumes W: subspace K W V
assumes fin: fin-dim
shows wvectorspace.fin-dim K (vs W)
proof—
have ?thesis if {0y} = W
using W that
by (metis empty-subset] finite.emptyl local.carrier-vs-is-self local.span-empty
span-li-not-depend(1) subspace.submod
subspace-is-vs vectorspace. fin-dim-def)
moreover have ?thesis if +: {0y} # W
proof—
obtain b where b: b € W A b # 0y using W * submodule-def subspace-def
by blast
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let P = AB. B C W A lin-indpt B
have A\B. ?P B = finite B A card B < dim
using W fin by (metis submodule-def subspace-def dual-order.trans li-le-dim(1,2))
moreover have Pb: ?P {b}
proof—
have b ¢ span {} by (simp add: b local.span-empty)
moreover have {b} C carrier V using b W{unfolded subspace-def submod-
ule-def] by fast
ultimately show ?thesis using lindep-span|of {b}, simplified] b by blast
qed
ultimately obtain B where B: finite B A mazimal B ?P by (metis (no-types,
lifting) mazimal-exists)

have (AS. S C W A — LinearCombinations.module.lin-dep K (vs W) S) = 2P
using Blunfolded mazimal-def] span-li-not-depend(2) W by auto
hence vectorspace.basis K (vs W) B
using B vectorspace.max-li-is-basis| OF subspace-is-vs|OF W], of B, simplified]
by argo
thus ?thesis
using Blunfolded mazimal-def)
unfolding vectorspace.fin-dim-def[OF subspace-is-vs| OF W] vectorspace.basis-def[OF
subspace-is-vs|OF W]
by auto
qed
ultimately show #¢thesis by argo
qged

lemma nontriv-obtain:
assumes dim # 0 fin-dim
obtains v where v € carrier V v # 0y
proof—
obtain B where B: basis B A 0 < card B using assms dim-basis finite-basis-exists
by force
then obtain b where b € BA b # Oy
by (metis all-not-in-conv basis-def bot-nat-0.not-eq-extremum card-eq-0-iff vs-zero-lin-dep)
thus ?thesis using that[of b] Blunfolded basis-def] by blast
qed

lemma nontriv-subspace-obtain:

assumes subspace K W V

assumes vectorspace.dim K (vs W) # 0

assumes fin-dim

obtains v where v € W v # 0y,

using assms vectorspace.nontriv-obtain[of K vs W| subspace-fin-dim subspace-is-vs
by auto

lemma nontriv-exists:

assumes dim # 0 fin-dim
shows Jv € carrier V. v # 0y
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using nontriv-obtain[OF assms| by metis

lemma nontriv-subspace-exists:
assumes subspace K WV
assumes vectorspace.dim K (vs W) # 0
assumes fin-dim
shows v € W. v # 0y
using nontriv-subspace-obtain|OF assms| by metis

lemma dim-sum-nontriv-int:
assumes Wi: subspace K Wy V
assumes Wsy: subspace K Wo V
assumes dim: dim < vectorspace.dim K (vs W1) + wvectorspace.dim K (vs Ws)
assumes fin: fin-dim
shows Jv e Wi N Wa. v#0y
proof—
obtain B; where Bj: vectorspace.basis K (vs W1) By finite By
using Wy fin subspace-fin-dim subspace-is-vs vectorspace.finite-basis-exists by
blast
obtain By where Bs: vectorspace.basis K (vs Wy) B finite By
using Wy fin subspace-fin-dim subspace-is-vs vectorspace.finite-basis-exists by
blast

have basis-carriers: By C carrier V By C carrier V
using By W; unfolding vectorspace.basis-def[OF subspace-is-vs|OF W1]| sub-
space-def submodule-def
using By Wy unfolding vectorspace.basis-def[OF subspace-is-vs|OF W]| sub-
space-def submodule-def
by auto

show ?thesis
proof(cases By N By # {})
case True
then obtain b where b € By N By by blast
hence be Wi N Wy Ab#O0y
using B By W1 Wy
using basic-trans-rules(31)[of B1 W1 b] basic-trans-rules(31)[of Ba Wy b]
one-zerol
span-li-not-depend(2)[of By W 1] subspace-is-vs[of W3] subspace-is-vs[of W]
vectorspace.basis-def [of K vs Wy Bs]
vectorspace.basis-def [of K vs W1 Bi] zero-lin-dep|of B1]
by force
thus ?thesis by blast
next
case Fulse
hence card: card (By U Bg) = card By + card By using B1(2) Bz(2)
card-Un-disjoint by blast
hence not-li: — lin-indpt (B1 U Bs)
using li-le-dim(2)[OF fin, of By U By] By By basis-carriers dim
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unfolding vectorspace.dim-basis| OF subspace-is-vs|OF W] B1(2) B1(1)]
unfolding vectorspace.dim-basis| OF subspace-is-vs|OF W] B2(2) Ba(1)]
by auto

~

have {} C By A lin-indpt ({} U B)

by (metis Bo(1) LinearCombinations.module.span-li-not-depend(2) LinearCom-
binations.submodule-def Un-empty-left

VectorSpace.subspace-def Wo empty-subsetl local.module.carrier-vs-is-self

subspace-is-vs vectorspace.basis-def)

then obtain B;’ where By": mazimal By’ (ABy’. By’ C By A lin-indpt (B’
U By))

using B1(2) by (metis (no-types, lifting) mazimal-exists-superset)

have By’ # B,

using B1’ not-li unfolding mazimal-def by fastforce
then obtain b; where b;: by € By — By’

using By’ by (metis (lifting) maximal-def psubset] psubset-imp-ex-mem)
let S = B1' U By

have lin-dep (25 U {b1}) using b; B;' unfolding mazimal-def by auto
hence by-span: b1 € span 25
using B; [unfolded maximal-def]
using lin-dep-iff-in-span[of ¢S b1] basis-carriers False by
by blast
also have ... = subspace-sum (span By') (span Bs)
using span-union-is-sum|of By’ Bs] basis-carriers By'[unfolded mazimal-def]
by force
finally obtain v;’ v, where vs: by = v’ @y va A v1’ € span By’ A vy € span
By
unfolding submodule-sum-def by fast

have vy # 0y,
proof (rule ccontr, clarify)
assume v = 0y
hence b, € span By’
using vs By’ basis-carriers(1)
by (metis (no-types, lifting) M.add.r-one mazimal-def span-closed sub-
set-trans)
moreover have lin-indpt By’
using B’ by (metis (lifting) Un-subset-iff mazimal-def order.refl supset-ld-is-1d)
moreover have — lin-dep (B1' U {b1})
proof—
have Bll U {bl} Q Bl
using B;’ by by (metis (lifting) DiffE insert-subset insert-union mazi-
mal-def)
thus ?thesis
using Bj[unfolded vectorspace.basis-def[OF subspace-is-us[OF W1]]] W1
by (metis VectorSpace.subspace-def local.module. carrier-vs-is-self span-li-not-depend(2)
subset-li-is-1i)
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qed
ultimately show Fulse
using lin-dep-iff-in-spanfof By’ b1] By’ by basis-carriers(1)
by (metis (no-types, lifting) Diff-iff Set.basic-monos(7) basic-trans-rules(23)
maximal-def)
qed
moreover have by Sy v’ = vy
using B1’ by-span basis-carriers vs
by (smt (verit, ccfv-SIG) M.add.m-comm M.r-negl Un-least a-minus-def
basic-trans-rules(23)
local.span-neg mazimal-def span-closed)
moreover have by Sy v’ € span By
proof—
have v1’ € span B,
using vs By’ by (metis (no-types, lifting) mazimal-def span-is-monotone
subsetD)
thus ?thesis
using by basis-carriers calculation(2) vs by (metis Diff-iff local.span-add
span-closed span-mem)
qed
moreover have vs € span Bs using vs by fast
ultimately have vy # 0y A v2 € span By N span Bs
by fastforce
thus ?thesis
using By By W1 Wy
by (metis is-module subspace-is-vs vectorspace.basis-def local.module. carrier-vs-is-self
span-li-not-depend(1))
qed
qed

end

15 Linear Map

context linear-map
begin

lemma inj-image-lin-indpt:
assumes inj-on T (carrier V)
assumes S C carrier V
assumes V.module.lin-indpt S
assumes finite S
shows W.module.lin-indpt (T°S)
proof (rule ccontr)
assume - W.module.lin-indpt (T°S)
then obtain B 5 b where B: finite B
ANBCTS
A (B € (B — carrier K))
A (lincomb 8 B = Oyy)
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A (b € B)
A(Bb#0g)
using W.module.lin-dep-def by auto
define A where A={a€ S. Ta € B}
define oo where a = (Av. 8 (T v))
have 1: inj-on T A
by (metis (no-types, lifting) assms(1,2) inj-on-subset A-def mem-Collect-eq
subsetl)
have 2: A C carrier V using A-def assms(2) by blast
have 3: a € A — carrier K
proof
fix z assume z € A
moreover then have T z € carrier W using 2 by blast
ultimately show « z € carrier K unfolding «-def using B A-def by blast
qed
have 4: VveA. a v = 0 (T v) using «a-def by blast
have 5: finite A using A-def assms(4) by force
have B = T‘A unfolding A-def using B by blast
hence lincomb 8 B = T (V.module.lincomb « A) using lincomb-distrib|OF 1 2
3 4 5] by argo
hence T (V.module.lincomb o« A) = Oy using B by argo
moreover have T (0y) = Oy by auto
ultimately have *: (V.module.lincomb o A) = 0y, using assms(1) by (simp
add: 2 3 inj-onD)
moreover obtain ¢« where T a = b A a € A using B <B =T ‘A by blast
moreover then have o a # O by (simp add: B a-def)
moreover have A C S using A-def by blast
ultimately show False using assms(8) 5 & V.module.lin-dep-def by blast
qed

lemma subspace-restrict:
assumes subspace K V'V
shows linear-map K (V.vs V') (W.ws (TV)) T
using assms submodule-restrict[of V]
by (simp add: field-azioms linear-map-def mod-hom.axioms(1,2) vectorspace-def)

lemma subspace-image:
assumes subspace K V'V
shows subspace K (TV') W
using assms submodule-image[of V'] by (meson subspace-def W .vectorspace-axioms)

lemma inj-subspace-image:
assumes inj: inj-on T (carrier V)
assumes subspace: subspace K V' V
assumes fin: V.fin-dim
shows wvectorspace.dim K (W.vs (T*V")) = vectorspace.dim K (V.vs V')
proof—
interpret restrict: linear-map K V.vs V' W.vs (T“V') T using subspace-restrict| OF
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subspace] .

have inj" inj-on T (carrier (V.vs V')

using inj subspace by (simp add: submodule-def VectorSpace.subspace-def inj-on-subset)

have carrier-im: T‘carrier (V.vs V') = carrier (W.vs (TV"))

using V.carrier-vs-is-self W .carrier-vs-is-self by presburger

show ?thesis

by (rule restrict.dim-eq[OF V .subspace-fin-dim[OF subspace fin] inj’ carrier-im,
symmetric])
qed

end

lemma linear-map-mat:
assumes A € carrier-mat n m
shows linear-map class-ring (module-vec TYPE('a::{field,ring-1}) m) (module-vec
TYPE('a) n) ((x,) A)
(is linear-map ?K ?V ?W ¢T)
proof—
have vectorspace ?K ?V using VS-Connect.vec-vs[of m| by blast
moreover have vectorspace ?K ?W using VS-Connect.vec-vs[of n] by blast
moreover have mod-hom K ?V ?W ¢T
proof—
have V: module ?K ?V by (simp add: vec-module)
moreover have W: module K ?W by (simp add: vec-module)
moreover have ?T € LinearCombinations.module-hom ¢K 2V ?W
proof—
have ?T € carrier 2V — carrier W by (metis Pi-I assms mult-mat-vec-carrier
vec-space.cV)
moreover have Vv, € carrier V.V vy € carrier V. ¢T (v + va) = ¢T
v1 + 2T vg
by (metis module-vec-def assms monoid-record-simps(1) mult-add-distrib-mat-vec)
moreover have Va € carrier 7K. Vv € carrier 2V. 2T (a -, v) = a +, (¢T
v
)
by (metis assms mult-mat-vec vec-space.cV)
ultimately show ?thesis unfolding module-vec-def module-hom-def by force
qed
ultimately show Zthesis
unfolding mod-hom-def mod-hom-azxioms-def by blast
qed
ultimately show ?thesis unfolding linear-map-def by blast
qed

16 Matrix as Linear Map

locale mat-as-linear-map =

fixes A :: 'a:field mat

fixes m n

assumes carrier: A € carrier-mat m n
begin
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abbreviation V = module-vec TYPE(’a) n
abbreviation W = module-vec TYPE('a) m

sublocale linear-map class-ring VW (x,) A
by (rule linear-map-mat[OF carrier])

abbreviation f = (x,) A

end

17 Matrix Isometry

locale isometry-mat = mat-as-linear-map A m n for A :: complex mat and m n
_|_

assumes isom: AH x A=1,, n
begin

lemma preserves-norm: v € carrier-vec n = vec-norm v = vec-norm (f v)
by (metis adjoint-is-conjugate-transpose carrier inner-prod-mult-mat-vec-right
isom one-mult-mat-vec
vec-norm-def)

lemma is-inj: inj-on f (carrier V')
by (smt (verit, ccfv-threshold) adjoint-dim’ adjoint-is-conjugate-transpose as-
soc-mult-mat-vec carrier inj-on-def
isom one-mult-mat-vec vec-space.cV)

end

18 Compression

lemma compression-is-hermitian:
assumes B: B € carrier-mat n m
assumes A: A € carrier-mat n n hermitian A
shows hermitian (B" x A x B) BH x A x B € carrier-mat m m
proof—
have ((B” x A) x B)H = B « (BH x A)H
using A(1) B
by (metis adjoint-dim’ adjoint-is-conjugate-transpose adjoint-mult mult-carrier-mat)
also have ... = B x (AH x pHH)
using A(1) assms(1)
by (metis adjoint-dim’ adjoint-is-conjugate-transpose adjoint-mult)
also have ... = BY + A x B
using A B
by (smt (verit, best) Matriz.transpose-transpose adjoint-dim’ adjoint-is-conjugate-transpose
assoc-mult-mat conjugate-id hermitian-def transpose-conjugate)
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finally show hermitian (BH x A x B)
unfolding hermitian-def adjoint-is-conjugate-transpose[of BY x A x B] .
show BY x A x B € carrier-mat m m
using A(1) B by (meson More-Matriz.carrier-vec-conjugate mult-carrier-mat
transpose-carrier-mat)
qed

19 Submatrix

19.1 Submatrix of Injective Function on Indices, as Com-
pression

Note, with this definition of submatrix, reordering the indices is possible.

definition submatriz-of-inj :: 'a mat = (nat = nat) = (nat = nat) = nat =
nat = 'a mat where
submatriz-of-inj A f g m n = mat m n (A(4,5). A$$(f 4, g j))

lemma submatriz-of-inj-as-compression:

fixes A :: complex mat

fixes f :: nat = nat

assumes A: A € carrier-mat n n

assumes f: f: {.<m} — {.<n}

assumes inj: inj-on f {..<m}

defines B = submatriz-of-inj A f f m m

defines (Q::complex mat) = mat n m (A(4,§). if { = fj then 1 else 0)

shows B = QY x A x Q isometry-mat Q n m Q € carrier-mat n m
proof—

show dim: @ € carrier-mat n m unfolding @-def by simp

note m-leg-n = card-inj[OF f inj, simplified)

let %0 = A\j k. if k= fjthen 1 else 0
have x: \j.j<m = O _k<n.cenj (% jk)x % jk) =1
proof—
fix j assume j: j < m
have fj: fj € {..<n} using fj by blast
have (D k<n. cnj (?p j k) * 20 jk) = O ke {.<n} — {fj} cnj (%p jk) =
Yo j k) + (enj (20§ (f4) * 20§ (f)))
using fj by (subst sum-diff1, simp-all)
thus O k<n. enj (2p jk) = 2p j k) = 1 by simp
qed

have Nijk. i<m=j<m=—i#j=k<n=cnj (% ik)* 2% jk
=0
using inj by (simp add: inj-on-eq-iff)
hence xx: A\iji<m=j<m=i#j= O k<n.cnj (Zpik)x % jk)
=0
by (meson lessThan-iff sum.not-neutral-contains-not-neutral)
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have Q7 « Q= 1,, m
by (rule eg-matl, auto simp: Q-def m-leg-n * *x)
thus isometry-mat Q n m
using dim isometry-mat-azioms-def[of @ m| mat-as-linear-map.introlof Q n m)|
unfolding isometry-mat-def
by blast

have \ij. i <m = j < m = row (Q" x A) i $ (fj) = A$$(f i, f )
proof—
fix 1 jassume i: i < mand j: j < m
have fj: fj < n using f j m-leg-n by blast
have row (QH x A) i $ (fj) = row A (fi) $ (f7)
using i fj A f sum-diffl[of {..<n} k. enj (if k = f i then 1 else 0) * A $$
(k. £5) £
by (subst adjoint-is-conjugate-transpose) (force simp: Q-def row-def ad-
joint-def)
thus row (QH x A) i $ (fj) = A$$(f i, f7)
using A fj by (metis carrier-matD(2) index-vec row-def)
qed
hence \ijhk.i<m=j<m=k<n=row (QF x A) i$kx*col Qj$
k= (if k = fjthen AS$S(f i, fj) else 0)
unfolding Q-def row-def col-def times-mat-def scalar-prod-def by force
hence *: A\ij. i < dim-row Q¥ = j < dim-col Q = B $$ (i, j) = row (Q7
x A) i+ col Qj
using dim m-leg-n f by (auto simp: scalar-prod-def B-def submatriz-of-inj-def)

show B= Q7 x A x Q
apply (rule eg-matl, simp add: x)
using dim A by (simp add: B-def submatriz-of-inj-def )+
qed

lemma submatriz-of-inj-as-compression-obt:
fixes A :: complex mat
fixes f :: nat = nat
assumes A: A € carrier-mat n n
assumes f: f: {.<m} — {..<n}
assumes inj: inj-on f {..<m}
defines B = submatriz-of-inj A f f m m
obtains Q where B = QF % A % Q isometry-mat Q n m Q € carrier-mat n m
using submatriz-of-inj-as-compression|OF assms(1—38), folded B-def] by blast

19.2 Submatrix of pick Function, as Compression

lemma submatriz-ing:
assumes A: A € carrier-mat m n
assumes I: [ C {..<m}
assumes J: J C {.<n}
defines m’ = card I
defines n’ = card J
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defines B = submatriz A I J
defines f = \i. pick I ¢
defines g = \j. pick J j
shows f : {.<m’} = {.<m} g: {.<n’} = {.<n}
inj-on f {..<m'} inj-on g {..<n’}
B = submatriz-of-inj A fgm'n'
proof—
show f : {.<m’} = {..<m} unfolding f-def m’-def using I(1) pick-in-set-le
by fastforce
show ¢ : {.<n’} — {..<n} unfolding g-def n’-def using J(1) pick-in-set-le by
fastforce
show inj-on f {..<m'}
unfolding inj-on-def f-def m’-def by (metis less Than-iff nat-neq-iff pick-mono-le)
show inj-on g {..<n'}
unfolding inj-on-def g-def n’-def by (metis less Than-iff nat-neg-iff pick-mono-le)

have card {i. i < dim-row A N i € I} = card I
using A I(1)
by (smt (verit, del-insts) basic-trans-rules(31) carrier-matD(1) equalityl less Than-iff
mem-Collect-eq subsetl)
moreover have card {j. j < dim-col AN j € J} = card J
using A J(1)
by (smt (verit, del-insts) basic-trans-rules(31) carrier-matD(2) equalityl less Than-iff
mem-Collect-eq subsetl)
ultimately show B = submatriz-of-inj A f g m’ n’
unfolding submatriz-of-inj-def B-def submatriz-def f-def g-def m’-def n'-def by
argo
qed

lemma submatriz-ing-square:
assumes A: A € carrier-mat n n
assumes I: [ C {..<n}
defines m = card 1
defines B = submatriz A I'1
defines f = \i. pick I ¢
shows f : {.<m} — {..<n} inj-on f {.<m} B = submatriz-of-inj A f f m m
by (rule submatriz-inj{[OF A I I, folded m-def B-def f-def])+

lemma submatriz-ing-obt:

assumes A: A € carrier-mat m n

assumes I: I C {..<m}

assumes J: J C {.<n}

defines m’ = card I

defines n’ = card J

defines B = submatriz A I J

obtains f g where f : {_.<m’} — {.<m} g: {.<n’} = {.<n}
inj-on f {..<m'} inj-on g {..<n'}
B = submatriz-of-inj A f g m’' n’

using submatriz-inj[OF A I J| m’-def n'-def B-def by blast
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lemma submatriz-ing-square-obt:

assumes A: A € carrier-mat n n

assumes I: I C {..<n}

defines m = card 1

defines B = submatriz A I'1

obtains f where f : {..<m} — {..<n} inj-on f {..<m} B = submatriz-of-inj A
ffrmm

using submatriz-inj-square[OF A I| m-def B-def by blast

lemma submatriz-as-compression:
fixes A :: complex mat
fixes f :: nat = nat
assumes A: A € carrier-mat n n
assumes I: I C {..<n}
defines m = card 1
defines B = submatriz A I 1
defines (Q::complex mat) = mat n m (A(4,§). if i = pick I j then 1 else 0)
shows B = Qf x A x Q isometry-mat Q n m Q € carrier-mat n m
using submatriz-inj-square[OF A I] submatriz-of-inj-as-compression|OF A]
unfolding m-def B-def Q-def
by presburger+

lemma submatriz-as-compression-obt:
fixes A :: complex mat
assumes A € carrier-mat n n
assumes [ C {..<n}
defines m = card I
defines B = submatriz A I'1
obtains Q where B = QF x A x Q isometry-mat Q n m
using submatriz-as-compression|OF assms(1,2)] m-def B-def by blast

20 Schur Decomposition

context
fixes A A U :: 'a::{conjugatable-field,real-algebra-1,0rd} mat
fixes n
assumes x: real-diag-decomp A A U
defines n = dim-row A
begin

lemma diag-decomp-inverse: inverts-mat U (adjoint U)

using

unfolding real-diag-decomp-def unitary-diag-def unitarily-equiv-def similar-mat-wit-def
using Complez-Matriz.unitary-def by blast

lemma diag-decomp-invertible: invertible-mat U

using diag-decomp-inverse
by (meson Complex-Matrix.unitary-def carrier-matD(2) invertible-mat-def real-diag-decompD(1)
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square-mat.simps unitaryD2
unitary-diagD(3))

lemma diag-decomp-cols-distinct: distinct (cols U)
using diag-decomp-invertible
by (metis carrier-mat-triv invertible-det invertible-mat-def order-less-irrefl square-mat.simps
vec-space.low-rank-det-zero
vec-space.non-distinct-low-rank)

lemma diag-decomp-ortho: corthogonal-mat U
using unitary-is-corthogonal *
unfolding real-diag-decomp-def unitary-diag-def unitarily-equiv-def unitary-def
by blast

private lemma carriers: A € carrier-mat n n U € carrier-mat n n U? € car-
rier-mat n n A € carrier-mat n n
using *[unfolded real-diag-decomp-def unitary-diag-def unitarily-equiv-def simi-
lar-mat-wit-def
folded adjoint-is-conjugate-transpose]
using insert-subset n-def
by metis+

lemma diag-decomp-cols-lin-indpt: module.lin-indpt class-ring (module-vec TYPE('a)
n) (set (cols U))

using * carriers unfolding real-diag-decomp-def unitary-diag-def unitary-def
n-def

by (metis diag-decomp-invertible idom-vec.lin-dep-cols-imp-det-0 invertible-det)

lemma real-diag-decomp-eq: A = U x A + U

using *[unfolded real-diag-decomp-def unitary-diag-def unitarily-equiv-def simi-
lar-mat-wit-def]

by (metis adjoint-is-conjugate-transpose)

private lemma U-unitary: U x U =1, n A Ux U? =1, n

using x[unfolded real-diag-decomp-def unitary-diag-def unitarily-equiv-def uni-
tary-def]

using n-def carriers

by (metis adjoint-is-conjugate-transpose carrier-matD(2) inverts-mat-def simi-
lar-mat-wit-def)

private lemma A-diag: diagonal-mat A
using x real-diag-decompD(1) unitary-diagD(2) by blast

lemma diag-decomp-cols-are-eigenvectors:
assumes ¢ < n
shows eigenvector A (col U i) ((diag-mat A)!P) (is eigenvector A 2v 2u)
proof—
have A x, v = (U * A) =, (U7 %, %)
using * real-diag-decomp-eq carriers assoc-mult-mat-vec[of U * A n n UH n
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?v] by force
also have ... = (U * A) *, (col (1., n) i)
using U-unitary n-def assms carriers
by (metis (mono-tags, lifting) adjoint-is-conjugate-transpose col-mult2)

also have ... = U %, (A *, (unit-vec n 1))
using * real-diag-decomp-eq carriers col-one assms by fastforce
also have ... = U x*, ((diag-mat A)'i -, (unit-vec n 7))

using *[unfolded real-diag-decomp-def unitary-diag-def]
using diagonal-unit-vec'|OF carriers(4) A-diag, of i] assms carriers(4)
unfolding diag-mat-def

by force

also have ... = (diag-mat A)'i -, (U %, (unit-vec n 1))
using carriers(2) by auto

also have ... = (diag-mat A)!i -, (col U 7)

by (simp add: assms carriers(2) mat-unit-vec-col)
finally show ?thesis
unfolding eigenvector-def
using assms carriers(2) n-def
by (metis carrier-matD(1,2) col-dim conjugate-zero-vec corthogonal-matD diag-decomp-ortho
scalar-prod-left-zero)
qed

end

21 Rayleigh Quotient

definition rayleigh-quotient-complex :: complex mat = complex vec = complex
(o) where
0c Mz =(QF M z) / (z -c z)

definition rayleigh-quotient :: complex mat = complex vec = real (9) where
0o Mz = Re (0. M z)

lemma rayleigh-quotient-negative: A € carrier-mat n n = = € carrier-vec n =
oAdz=—-p(— Az
by (simp add: rayleigh-quotient-def rayleigh-quotient-complex-def)

lemma rayleigh-quotient-complex-scale:
fixes k :: real
assumes A € carrier-mat n n
assumes v € carrier-vec n
assumes k # 0
shows o A v =0, A (k -, v)
proof—
have o A v = (k"2 x ((A %y v) ccv)) / (72 % (v -c v))
using assms(3) by (simp add: rayleigh-quotient-complez-def)
also have ... = (((k -, (A %, v)) ¢ (k- v)) / (k-5 v) <c (k- v)))
using assms(1,2) inner-prod-smult-right by force
also have ... = ((((A *y (k -y v))) ¢ (k- ) / (k- v) ¢ (k- v)))
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using assms by (metis mult-mat-vec)

also have ... = g. A (k -, v) by (simp add: rayleigh-quotient-complez-def)
finally show ?thesis .
qed

lemma rayleigh-quotient-scale-complex:
assumes A € carrier-mat n n
assumes v € carrier-vec n
assumes k # 0
shows o A (k -, v) =p A v
proof—
let 2v' = (k -, v)
have (4 %, 2v') -¢c v’ = (cmod k)2 * (QF A v)
using assms(1,2)
by (smt (verit, ccfv-SIG) cross3-simps(11)inner-prod-smult-left-right mult-cong-cmod-square
mult-mat-vec
mult-mat-vec-carrier quadratic-form-def)
moreover have v’ -¢c 20" = (emod k)72 x (v -c v)
using assms(2) complex-norm-square inner-prod-smult-left-right by force
ultimately show 9 A 2v/' = p A v
by (simp add: rayleigh-quotient-def rayleigh-quotient-complez-def assms(3))
qged

lemma rayleigh-quotient-scale-real:

fixes k :: real

assumes A € carrier-mat n n

assumes v € carrier-vec n

assumes k # 0

shows p Av=1p A (k- v)

by (smt (verit, ccfv-SIG) rayleigh-quotient-complez-scale assms Groups.mult-ac(2)
complex-norm-square conjugate-complex-def inner-prod-smult-left-right mult-divide-mult-cancel-left-if
mult-mat-vec mult-mat-vec-carrier norm-of-real of-real-eq-0-iff power-eq-0-iff quadratic-form-def
rayleigh-quotient-complex-def rayleigh-quotient-def)

context cmplz-herm-mat
begin

lemma hermitian-rayleigh-quotient-real:
assumes v € carrier-vec n
assumes v # 0, n
shows o, A v € Reals
proof—
have QF A v € Reals
using hermitian-quadratic-form-real assms by blast
moreover have inner-prod v v € Reals by (simp add: self-inner-prod-real)
moreover have inner-prod v v # 0 using assms by fastforce
ultimately show ?thesis unfolding rayleigh-quotient-complez-def using Re-
als-divide by blast
qed
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lemma rayleigh-quotient-QF:
assumes z: ¢ # 0, n x € carrier-vec n
shows 9 A 2 = (QF A z) / (vec-norm x)?
using hermitian-rayleigh-quotient-real|OF x(2,1)]
unfolding rayleigh-quotient-def rayleigh-quotient-complex-def vec-norm-def
using of-real-Re power2-csqrt
by presburger

end

lemma rayleigh-eigenvector:
assumes eigenvector A v e
shows p Av=c¢e
unfolding rayleigh-quotient-def rayleigh-quotient-complex-def quadratic-form-def
using assms[unfolded eigenvector-def)
by force

end
theory Cauchy-Figenvalue-Interlacing
imports Misc-Matriz- Results

begin

22 Courant-Fischer Minimax Theorem

We took inspiration from the proof given in this set of lecture notes by Dr.
David Bindel: https://www.cs.cornell.edu/courses/cs6210/2019fa /lec/2019-
11-04.pdf. In particular, the approach presented there explicitly obtains
the eigenvector basis via diagonal decomposition, which is conducive to the
theorems we have available.

definition sup-defined :: 'a::preorder set = bool where
sup-defined S «+— S # {} A bdd-above S

definition inf-defined :: 'a::preorder set = bool where
inf-defined S +— S # {} A bdd-below S

locale cf-setup = cmplz-herm-mat n for n
begin

Although the cf-setup locale adds no more assumptions beyond those
from the cmplz-herm-mat locale, we separate the Courant Fischer proof
into a separate locale so that the terms involved in the proof (such as A and
U) don’t pollute the namespace.

definition dimensional :: complex vec set = nat = bool where
dimensional V k «+— subspace class-ring V V A wvectorspace.dim class-ring (vs
V) =k
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lemma dimensional-n: dimensional ¥V k =V C carrier-vec n
unfolding dimensional-def subspace-def submodule-def by auto

lemma dimensional-n-vec: Av. v € ¥V = dimensional V k = v € carrier-vec n
using dimensional-n by fast

Note here that we refer to the Inf and Sup rather than the Min and Max.

definition rayleigh-min where
rayleigh-min V = Inf {0 Av|v.v# 0, n AN v eV}

definition rayleigh-max where
rayleigh-maz V = Sup {o A v | v. v# 0, n AN v €V}

definition mazimin :: nat = real where
mazimin k = Sup {rayleigh-min V | V. dimensional V k}

definition minimaz :: nat = real where
minimaz k = Inf {rayleigh-maz V | V. dimensional V (n — k + 1)}

definition mazimin-defined where
mazimin-defined k <— sup-defined {rayleigh-min V | V. dimensional V k}

definition minimaz-defined where
minimaz-defined k «— inf-defined {rayleigh-maz V | V. dimensional V (n — k
+ 1)}

abbreviation es :: complex list where es = eigenvalues

definition A-U :: complex mat x complex mat where
A-U = SOME (A, U). real-diag-decomp A A U A es = diag-mat A

definition A :: complex mat where
A= fst A-U

definition U :: compler mat where
U= snd A-U

lemma A-decomp: real-diag-decomp A A U and es: es = diag-mat A
proof—
obtain A’ U’ where decomp: real-diag-decomp A A’ U’ diag-mat A' = es
by (meson A-dim A-herm eigenvalues hermitian-real-diag-decomp-eiguvals)
thus real-diag-decomp A A U es = diag-mat A
unfolding A-def U-def A-U-def
by (metis (mono-tags, lifting) somel-ex case-prod-unfold old.prod.case)+
qed

lemma U-carrier: U € carrier-mat n n and A-carrier: A € carrier-mat n n
using A-decomp A-dim
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unfolding real-diag-decomp-def unitary-diag-def unitarily-equiv-def similar-mat-wit-def
by auto+

lemma UH-carrier: U € carrier-mat n n by (simp add: U-carrier)

lemma UH-unitary: unitary UY
by (metis A-decomp U-carrier adjoint-is-conjugate-transpose real-diag-decompD(1)
unitary-adjoint unitary-diagD(3))

lemma len-U-cols: length (cols U) = n using U-carrier by simp

lemma dim: local.dim = n
by (simp add: dim-is-n)

lemma fin-dim: fin-dim by simp

lemma U-cols-orthogonal-span:
assumes [: I C {0..<n}
assumes v: v € span {col Ui | i. i € I}
assumes j: j € {0.<n} — I
shows (U x, v)$j = 0
proof—
let 2B ={col Ui|i i€ I}
have v-carrier: v € carrier-vec n
proof—
have col U i € carrier-vec n if i < n for ¢
using U-carrier col-carrier-vec that by blast
thus ?thesis
using v I by (smt (verit, best) atLeastLessThan-iff mem-Collect-eq span-closed
subset-iff)
qed
have B-carrier: 2B C carrier-vec n using U-carrier col-dim by blast
obtain cs B where cs: finite B B C 7B v = lincomb cs B
using v[unfolded span-def] by blast

have (U x, v)$j = (conjugate (col U j)) - v using j len-U-cols by auto
also have ... = (Db € B. ¢s b * ((conjugate (col U j)) - b))
apply (rule sprod-vec-sum[of v n conjugate (col U j) B cs])
apply (rule v-carrier)
using UH-carrier
apply fastforce
using B-carrier cs(2)
apply order
apply (simp add: cs(1))
by (simp add: ¢s(3) lincomb-def)
also have ... =0
proof—
have b € B = b -c ((col Uj)) = 0 for b
using [ j ¢s(2) len-U-cols A-decomp diag-decomp-ortho

o8



using corthogonal-matD[OF diag-decomp-ortho| OF A-decomp))
by (smt (verit, best) Diff-iff atLeastLessThan-iff cols-length mem-Collect-eq
subsetD)
hence b € B = (conjugate (col U j)) - b= 0 for b
using U-carrier B-carrier cs(2)
by (metis (lifting) carrier-matD(1) col-dim conjugate-vec-sprod-comm subsetD)
thus ?thesis by force
qed
finally show ((UH x, v)$j) = 0 by force
qed

lemma U-cols-basis:
assumes [: I C {0..<n}
defines [simp]: B = {col Ui | i. i € I}
shows B C carrier-vec n
lin-indpt B
card B = card I
vectorspace.dim class-ring (vs (span B)) = card 1
proof—
show carrier: B C carrier-vec n using U-carrier B-def col-dim by blast

have lin-indpt (set (cols U)) using A-dim diag-decomp-cols-lin-indpt[OF A-decomp]
by blast
moreover have B C set (cols U)
unfolding B-def
using I U-carrier len-U-cols
by (smt (verit, best) cols-def cols-length image-iff list.set-map mem-Collect-eq
set-upt subset-iff)
ultimately show [i: lin-indpt B using supset-ld-is-ld by blast

have i€ | = jel = i# j= col Ui # col Ujforij
using I A-decomp U-carrier
by (metis det-identical-cols diag-decomp-invertible invertible-det less Than-atLeast0
lessThan-iff subset-eq)
hence inj-on (col U) I using I inj-on-subset unfolding inj-on-def by blast
moreover have B = (col U)‘I unfolding B-def by blast
ultimately show card B = card I using card-image|of col U I] by argo
thus vectorspace.dim class-ring (vs (span B)) = card I
apply (subst dim-of-lin-indpt-span|OF i carrier])
using I by (simp add: finite-subset)
qed

end

context cmplz-herm-mat
begin

interpretation A?: cf-setup A n by unfold-locales

In the local context, we interpret the cf-setup locale, giving us access
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to the abbreviation es as well as other constants like U and A which form
the decomposition of A. Once the local context is closed, this interpretation
is no longer accessible, so these names do not pollute the cmplz-herm-mat
namespace.

lemma len-eigenvalues: length es = n
by (metis A-carrier es carrier-matD(1) diag-mat-def length-map length-upt verit-minus-simplify(2))

lemma unit-vec-rayleigh-formula:
assumes unit-v: vec-norm v = 1
assumes v-dim: v € carrier-vec n
shows o0 A v = (3.7 € {..<n}. eslj x (cmod ((U" x, v)$j))72)
proof—
have U-A: unitary U A unitary UT A = U x A x UY UM € carrier-mat n n
apply (metis U-carrier A-decomp adjoint-is-conjugate-transpose real-diag-decomp-def
unitarily-equiv-def unitary-adjoint unitary-diag-def)
apply (metis A-decomp adjoint-is-conjugate-transpose real-diag-decomp-def
similar-mat-wit-def unitarily-equiv-def unitary-diag-def)
by (simp add: U-carrier)
have diagonal-mat A using A-decomp unfolding real-diag-decomp-def by fast-
force
hence A-diag-mult: Nz i. © € carrier-vec n => i € {.<n} = (A %, 2)$i =
(A$$(i,7) = 2$7)
using A-carrier diagonal-mat-mult-vec by blast
have A-diag-eigenvals: Ni. i € {..<n} = A$3(i,7) = esli
using A-decomp A-carrier by (simp add: diag-mat-def es)

define z where z = U x, v

hence z-dim: x € carrier-vec n using U-A(3) mult-mat-vec-carrier v-dim by
blast

hence z-conj-dim: conjugate v € carrier-vec n by simp

have z-norm: vec-norm x = 1 using U-A unit-v unitary-vec-norm v-dim x-def
by presburger

have x: \i. i € {.<n} = (conjugate x)$i = conjugate (x$7)
unfolding conjugate-vec-def using z-dim by auto

have v -¢c v = 1 using unit-v csqrt-eq-1 unfolding vec-norm-def by blast
hence QF A v / Complex-Matriz.inner-prod v v = QF A v by simp
hence ¢ A v = complex-of-real (Re (QF A v))
unfolding rayleigh-quotient-def rayleigh-quotient-complex-def by simp
also have ... = QF A v
using hermitian-quadratic-form-real| OF v-dim] by simp
also have ... = inner-prod v (U * A x U) x, v)
unfolding quadratic-form-def using U-A by argo
also have ... = inner-prod v (U *, ((A * UH) %, v))
by (smt (verit, best) A-carrier U-carrier More-Matriz.carrier-vec-conjugate as-
soc-mat-mult-vec’ carrier-dim-vec mat-vec-mult-assoc transpose-carrier-mat v-dim)
also have ... = inner-prod (U x, v) (A x UH) x, v)
by (metis A-carrier U-carrier More-Matriz.carrier-vec-conjugate adjoint-def-alter
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adjoint-is-conjugate-transpose mult-carrier-mat mult-mat-vec-carrier transpose-carrier-mat
v-dim)
also have ... = (A x, z) -cz
by (metis A-carrier U-carrier More-Matriz.carrier-vec-conjugate carrier-vecD
mat-vec-mult-assoc transpose-carrier-mat v-dim z-def)
also have ... = (3 j € {..<n}. (es!j * z8j) x conjugate (z$5))
using A-diag-mult z-dim A-diag-eigenvals atLeastOLessThan z-dim by (simp
add: inner-prod-def scalar-prod-def)
also have ... = (3_j € {..<n}. eslj * (cmod (23;)) "2)
by (smt (verit) cring-simprules(11) mult-conj-cmod-square of-real-mult of-real-sum
sum.cong)
finally show ¢ A v = (3" j € {..<n}. eslj * (cmod (2$7)) 2)
using of-real-eq-iff by blast
qed
lemma rayleigh-bdd-below'”: ¥ v € carrier-vec n. v # 0, n — 0 A v > Min (Re *
set es)
proof—
define m where m = Min (Re ‘ set es)
have o A v > m if x: v € carrier-vec n v # 0, n for v
proof—
define v’ where v’ = vec-normalize v
have v”: vec-norm v/ = 1 A v’ € carrier-vec n
using normalized-vec-norm[of v n| unfolding vec-norm-def v'-def
using * csqrt-1 normalized-vec-dim by presburger
have p Av=1p A’
using A-dim x(1) v’ v'-def
by (metis normalize-zero rayleigh-quotient-scale-complex vec-eg-norm-smult-normalized
VeC-norm-zero)

also have ... = (3" i € {..<n}. esli x (cmod ((UH x, v")$i))72)
using unit-vec-rayleigh-formula * v’ by blast

also have ... > m

proof—

have vec-norm (UH x, v') = 1
by (metis v’ U-carrier A-decomp Complez-Matriz.unitary-def adjoint-dim-row
adjoint-is-conjugate-transpose carrier-matD(2) real-diag-decomp-def unitary-adjoint
unitary-diagD(8) unitary-vec-norm)
moreover have vec-norm (UH x, v') = csqrt (> i € {..<n}. (cmod ((U#
*, v)87))72)
by (metis complex-vec-norm-sum U-carrier carrier-dim-vec carrier-matD(2)
dim-mult-mat-vec dim-row-conjugate indez-transpose-mat(2))
ultimately have norm: (3.4 € {..<n}. (emod (U %, v")$i))72) = 1
by (metis Re-complex-of-real one-complex.sel(1) one-power2 power2-csqrt)

have finite (Re ‘ set es) by simp
hence Vz € Re ‘ set es. m < x using Min-le m-def by blast
moreover have Vi € {..<n}. 3z € Re ‘ set es. z = esli

using es eigenvalues-real len-eigenvalues by (simp add: subsetD)
ultimately have Ai. i € {.<n} = m < esli
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by (metis Im-complez-of-real Re-complex-of-real less-eq-complex-def)

hence ineg: \i. i € {.<n} = m x (emod (U x, v")$i)) 72 < esli *
(ecmod (UM %, v")$i)) 72

by (metis conjugate-square-positive mult-conj-cmod-square mult-right-mono
of-real-hom.hom-mult)

have m < m x (3. i € {..<n}. (cmod (U x, v)$i))"2) using norm by
auto
also have ... = (3)i € {..<n}. m * (cmod ((U¥ x, v")$7)) "2)
by (simp add: mult-hom.hom-sum)
also have ... < (3.7 € {..<n}. esli x (emod ((UH %, v")$i))72)
by (smt (verit, best) of-real-sum sum-mono ineq)
finally show ?thesis
by (metis Im-complez-of-real Re-complez-of-real less-eq-complex-def)
qed
finally show ¢ A v > m by (simp add: less-eq-complex-def)
qed
thus ?thesis unfolding m-def by blast
qed

lemma rayleigh-bdd-below:
assumes dimensional V k
shows 3m.VoeV. v# 0, n —pAv>m
by (meson assms dimensional-n rayleigh-bdd-below’ subsetD)

lemma rayleigh-min-exists:
assumes dimensional V k
shows Vo € {p Av| v v# 0, nAveEV} rayleigh-min V < x
using rayleigh-bdd-below|OF assms]
unfolding rayleigh-min-def
by (smt (verit) bdd-below.I cInf-lower mem-Collect-eq)

lemma courant-fischer-unit-rayleigh-helperl :
assumes dimensional V (k + 1)
shows Jv. vecnormv=1ANv eV Av# 0, nAoAv<eslk
proof—
define B’ where B’ = {col Ui | i. i € {k..<n}}
have V: subspace class-ring V 'V
using assms dimensional-def by blast
have k: k < n
using assms unfolding dimensional-def
using subspace-dim[of V] subspace-fin-dim[of V] fin-dim dim
by linarith
have B’-dim: vectorspace.dim class-ring (vs (span B')) = n — k and carrier-B"
B’ C carrier-vec n
using U-cols-basis[of {k..<n}, folded B'-def] by auto

obtain v where v: v € V N span B’ and nz: v # 0, n
using dim-sum-nontriv-int[OF V span-is-subspace|OF carrier-B'] - fin-dim,
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unfolded B’-dim)]
using assms[unfolded dimensional-def]| dim k
by auto
define v’ where v’ = vec-normalize v
have v”: vec-norm v/ = 1 v/ € V N span B’ v’ € carrier-vec n
proof—
have subspace class-ring (span B') V using carrier-B’ span-is-subspace by
presburger
thus v’ € V N span B’
using v carrier-B’ assms V
unfolding v’-def vec-normalize-def dimensional-def
using assms dimensional-n module-incl-imp-submodule submoduleE(4) sub-
module-is-module
by auto
show vec-norm v' = 1 v’ € carrier-vec n
using v nz assms unfolding v’-def
apply (metis IntE basic-trans-rules(31) csqrt-1 dimensional-n normal-
ized-vec-norm vec-norm-def)
using v nz assms unfolding v'-def
by (meson IntE basic-trans-rules(31) dimensional-n normalized-vec-dim)
qged

have x: i < k = cmod ((UH %, v")$i) = 0 for i
using U-cols-orthogonal-span[of {k..<n} v’ i] k v'(2)[unfolded B'-def] by force
have 9 A v/ = (3] i=0..<n. esli * complex-of-real ((cmod (U x, v")$i))?))
by (rule unit-vec-rayleigh-formula] OF v'(1,3), folded atLeastOLessThan])
also have ... = (3. i=0..<k. esli x complez-of-real ((cmod ((UH x, v")$7))?))
+ (X i=k..<n. esli x complez-of-real ((cmod ((UH x, v")$4))?))
using k by (metis (lifting) le-eg-less-or-eq sum.atLeastLess Than-concat zero-le)
also have ... = (3. i=k..<n. esli * complez-of-real ((cmod (U x, v")$i))?))
using * by fastforce
also have ... < (3 i=k..<n. eslk x complez-of-real ((cmod (U x, v")$7))?))
proof—
have Vi < n. k < i — esli < eslk
using eigenvalues-sorted by (simp add: le-eg-less-or-eq len-eigenvalues sorted-wrt-iff-nth-less)
hence Vi € {k..<n}. esli x complez-of-real ((cmod ((UH x, v")$i))?)
< es ! k x complez-of-real ((cmod (U x, v')$4))?)
apply (clarify, simp add: atLeastLessThan-def lessThan-def atLeast-def)
by (metis conjugate-square-positive mult-conj-cmod-square mult-right-mono
of-real-power)
thus ?thesis by (meson sum-mono)

qed

also have ... = eslk * (3 i=k..<n. ((cmod ((UH x, v")$7))?))
by (simp add: mult-hom.hom-sum)

also have ... = eslk * (vec-norm (UH x, v"))?

proof—

have 1: U x, v’ € carrier-vec n using UH-carrier v'(3) by force
have (vec-norm (U x, v')? = (3 i<n. ((emod (UH x, v)$i))?))
unfolding complez-vec-norm-sum|[OF 1] by force
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also have ... = (3. i=0..<k. ((cmod (U x, v")$:))?)) + (> i=k..<n. ((cmod
(U %, 0)$0))2))

using k by (metis k atLeastOLessThan le-eq-less-or-eq sum.atLeastLess Than-concat
zero-order(1))

also have ... = (3 i=k..<n. ((emod ((UH %, v")$i))?)) using * by simp
finally show ?thesis by simp

qed

also have ... = eslk

using unitary-vec-norm|[OF v'(3) UH-carrier UH-unitary, unfolded v'(1)] by
simp

finally show ?thesis using v’ by (metis IntE field.one-not-zero vec-norm-zero)
qed

lemma courant-fischer-unit-rayleigh-helper2:

assumes k: k < n

defines es-R = map Re es

shows 3V. dimensional V (k + 1) A Vv.v# 0, n AveEY — es-R1E<p
A v)
proof—

let geq = Av. 0 A v > es-Rlk

let 2P =XV v.v#0,nAveEVAvec-normv = 1

let 2Q = A\V. dimensional V (k + 1)

have es-R: map complez-of-real es-R = es
proof—
{ fix { assume *: { < length es
hence esli € Reals using eigenvalues-real by auto
hence complez-of-real (es-Rli) = esli by (simp add: x es-R-def)
}
thus %thesis by (simp add: es-R-def map-nth-eq-conv)
qed

let 2B ={col Ui|i i€ {.<k+ 1}}
define V where V = span 2B
have B-card: card ?B = k + 1 and B-dim: ?B C carrier-vec n and 1: ?2Q V
unfolding dimensional-def V-def
using assms U-carrier U-cols-basis[of {..<k + 1}]
by (simp-all add: span-is-subspace less Than-atLeast0)
moreover have 2: Vv. PV v — Zgeq v
proof clarify
fix v :: complex vec
assume *: v # 0, n and *xx: v € V and **x: vec-norm v = 1

have v-dim: v € carrier-vec n using *x B-dim V-def span-closed by blast

define z where z = U %, v
have z-dim: x € carrier-vec n
by (metis U-carrier More-Matriz.carrier-vec-conjugate mult-mat-vec-carrier
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transpose-carrier-mat v-dim z-def)
have z-norm: vec-norm z = 1
using s
using A-decomplunfolded real-diag-decomp-def unitary-diag-def unitarily-equiv-def]
using z-def z-dim v-dim
by (metis Complex-Matriz.unitary-def adjoint-is-conjugate-transpose car-
rier-vecD dim-mult-mat-vec unitary-adjoint unitary-vec-norm)

have ineq: \j. j € {.<n} = eslk * (cmod (235)) "2 < eslj x (cmod (2$7)) "2
proof—
fix j
assume *: j € {..<n}
show eslk x (cmod (237)) 72 < eslj * (cmod (2$7)) 2
proof(cases j < k)
case True
hence eslk < eslj
using k by (metis len-eigenvalues antisym-convl eigenvalues-sorted nless-le
sorted-wrt-nth-less)
thus “thesis by (simp add: less-eq-complez-def mult-right-mono)
next
case Fulse
hence j > k by simp
hence c¢mod (z$j) = 0
using * xx[unfolded V-def] assms U-cols-orthogonal-span|of {..<k + 1} v
j, folded z-def)
by (metis Diff-iff Suc-eq-plusl atLeastLessThan-iff lessThan-atLeast0
lessThan-subset-iff
less-iff-succ-less-eq norm-zero not-less-eq)
thus ?thesis by fastforce
qed
qed

have unit: (3 j € {..<n}. (¢cmod (2$j)) 2) = 1
by (metis atLeastOLessThan carrier-vecD cpz-vec-length-square of-real-eq-1-iff
power-one vec-norm-sq-cpr-vec-length-sq z-dim z-norm)
have es-Rlk = eslk using k eigenvalues-real es-R len-eigenvalues by (metis
length-map nth-map)
also have ... = eslk x (3°j € {..<n}. (¢cmod (285)) 72) by (simp add: unit)
also have ... = (34 € {..<n}. eslk x (cmod (2%7))72) by (simp add:
mult-hom.hom-sum)
also have ... < (307 € {.<n}. eslj = (cmod (237))72) by (meson ineq
SUM-mono)
also have ... = p A v using unit-vec-rayleigh-formula A-decomp *xx v-dim
z-def by fastforce
finally show %geq v by (simp add: less-eq-complex-def)
qed
ultimately have *: dimensional V (k+ 1) A (Vv. 2PV v — es-R1 k< p A
v) by blast
moreover have Vv. v # 0, n — v €V — 9 A v = p A (vec-normalize v) A
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7PV (vec-normalize v)
proof (clarify, rule conjI)
fix v assume v: v # 0, nv €V
show 7P V (vec-normalize v)
using 1 * v vec-normalize-norm[of v n] submodule-is-module[of V)
using vec-normalize-def[of v] dimensional-def[of V k + 1] subspace-def[of
class-ring V V]
by (metis dimensional-n dimensional-n-vec module-incl-imp-submodule rmult-0
submoduleE(4)
vec-eq-norm-smult-normalized)
show 9 A v = 9 A (vec-normalize v)
unfolding vec-normalize-def
using rayleigh-quotient-scale-complex[OF A-dim, of v 1 | vec-norm v] v *
dimensional-n-vec vec-norm-zero
by auto
qged
ultimately show ?thesis by metis
qed

22.1 Max-Min Statement

proposition courant-fischer-mazximin:
assumes k: k < n
shows es'k = mazimin (k + 1)
mazimin-defined (k + 1)
proof—
define es-R where es-R = map Re es
have es-R: map complex-of-real es-R = es
proof—
{ fix ¢ assume *: { < length es
hence esli € Reals using eigenvalues-real by auto
hence complez-of-real (es-Rli) = esli by (simp add: x es-R-def)

thus ?thesis by (simp add: es-R-def map-nth-eq-conv)
qged
hence es-R-i: \i. i € {.<n} = es-Rli = Re (esli)

using A-dim eigenvalues eiguals-poly-length es-R-def by simp
hence es-R-k: es-Rlk = Re (eslk) by (simp add: k)

let ?leqg = Av. 0 A v < es-Rlk

let geq = Av. 0 A v > es-Rlk

let P =XV v.v# 0, nNvEV
let 7Q = A\V. dimensional V (k + 1)
let 2S5, =XV. {o A v|v. 2PV v}

have 1: AV. 2Q V = (3v. PV v A ?leq v)

using es-R-k by (metis Re-complex-of-real courant-fischer-unit-rayleigh-helperl
less-eq-complex-def)
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have 2: 3V. 2Q V A (Yv. PV v — %geq v)
using courant-fischer-unit-rayleigh-helper2[OF k] unfolding es-R-def by blast

from 2 obtain V' where V' 2Q V' A (Vv. 2P V' v — ?geq v) by blast
from this 1 obtain v’ where v”: 2P V' v’ A ?leq v’ by presburger
moreover have all-v-geq: Vv. P V' v — ?geq v using V' by blast
ultimately have o A v’/ = es-R!k by fastforce
hence es-Rlk € 25, V' using v’ by force
moreover have Vi € 25, V'. & > es-R!k using all-v-geq by blast
ultimately have es-Rlk = Inf (95, V') by (smt (verit) rayleigh-bdd-below
cInf-eq-minimum)
moreover have A\V. 7Q V = Inf (25, V) < es-Rlk
proof—
fix V
assume *: 7Q V
then obtain v where v: PV v A Zleq v using 1 by presburger
then have p A v € 25, V by blast
then have Inf (25, V) <o A v
using rayleigh-min-exists|OF x| k rayleigh-min-def cf-setup-axioms by auto
thus Inf (7S, V) < es-Rlk using v by linarith
qged
ultimately have *: es-Rlk € {Inf (25, V) | V. 2Q V} A (Vz € {Inf (25, V) |
V. ?2Q V}. z < es-Rlk)
using V' by blast
hence Sup {Inf (7S, V) | V. 2Q V} = es-Rlk by (meson cSup-eqg-mazimum,)
moreover have Sup {Inf (25, V) | V. 2Q V} = mazimin (k + 1)
unfolding mazimin-def rayleigh-min-def dimensional-def by blast
ultimately show eslk = mazimin (k + 1)
using k es-R by (metis len-eigenvalues length-map nth-map)
show mazimin-defined (k + 1)
using * unfolding mazimin-defined-def sup-defined-def rayleigh-min-def bdd-above-def
by blast
qed

22.2 Min-Max Statement

interpretation neg: cf-setup —A n
by (unfold-locales, simp add: A-dim, simp add: negative-hermitian)

lemma neg-es: neg.es = rev (map (Az. —z) es)
proof—
let 2l = (map (Az. —z) es)
{ fix i j assume i < jj < length ?I
moreover then have esli > eslj
using eigenvalues-sorted sorted-wrt-iff-nth-less[of (>) es] by force
ultimately have ?lli < ?2l!j by simp
}
hence sorted-wrt (<) ?l by (metis sorted-wrt-iff-nth-less)
thus ?thesis
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using sorted-wrt-rev
by (metis A-herm hermitian-is-square neg.eigenvalues-unique neg-mat-eigvals
rev-rev-tdent
eigenvalues(1))
qed

lemma mazimin-minimax:
assumes k: k < n
shows neg.mazimin (n — k) = — minimaz (k + 1)
neg.mazimin-defined (n — k) = minimaz-defined (k + 1)
proof—
define P where P = \(v::complex vec) V. v # 0, n A v €V
define @ where Q = \V. neg.dimensional V (n — k)

have Inf {Sup {0 A v |v. Pv V} |V. Q V} = — Sup (uminus{Sup {0 A v |v. P
vV Y. Q VY
using Inf-real-def .
moreover have x: uminus{Sup {0 A v |v. PvV} V. Q V} ={— Sup {p A v
lv. Po V} V. QV}
by blast
moreover have xx: {— Sup {0 A v |[v. Pv V} |[V. Q V} = {Inf {0 (—4) v |v.
PouV} V. QV}
proof—
have A\V. QV = — Sup {0 A v |v. PvV} = Inf {0 (—A) v |[v. Pv V}
proof—
fix V assume *x: Q V
have Inf {0 (—A) v |v. P vV} = — Sup (uminus{o (—A) v |v. P v V})
using Inf-real-def by fast
moreover have uminus{p (—A4) v |v. PvV} ={— o (—=4) v |v. Pv V} by
blast
moreover have {— o (—4) v |[v. PvV} ={o A v |v. PvV}
proof—
have A\v. PvV = —p(— A)v=pAv
using * A-dim
unfolding P-def Q-def
by (metis dimensional-n-vec rayleigh-quotient-negative)
thus ?thesis by metis
qed
ultimately show — Sup {0 A v |[v. P vV} = Inf {0 (—A) v |v. P vV} by
presburger
qed
thus %thesis by force
qed
ultimately have — Inf {Sup {0 A v |[v. Pv V} |V. Q V} = Sup {Inf {0 (—A4)
vlv. PvV}H (V. QV}

by auto
moreover have n — (k + 1) + 1 = n — k using k by fastforce
ultimately show cf-setup.mazimin (—A) n (n — k) = — cf-setup.minimaz A n
(k+ 1)
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by (simp add: minimaz-def neg.mazimin-def neg.rayleigh-min-def rayleigh-maz-def

P-def Q-def)

show cf-setup.minimaz-defined A n (k + 1) if cf-setup.mazimin-defined (—A) n
(n — k)
proof—
have {Sup {0 A v |[v. Pv V} |V. Q V} # {}
using that
unfolding neg.mazimin-defined-def sup-defined-def neg.rayleigh-min-def P-def
Q-def
by fast
moreover have bdd-below {Sup {0 A v |v. P vV} |V. Q V}
proof—
have bdd-above {Inf {o (—A) v |[v. Pv V} V. Q V}
using that
unfolding neg.mazximin-defined-def sup-defined-def neg.rayleigh-min-def
P-def Q-def
by argo
hence bdd-above {— Sup {0 A v |v. P vV} |V. Q V} using *x by argo
hence bdd-below {Sup {0 A v |[v. P v V} |V. Q V} by (smt (verit, best) *
bdd-above-uminus)
thus ?thesis by blast
qed
moreover have n — k =n — (k + 1) + 1 using k by simp
ultimately show #thesis
unfolding minimaz-defined-def inf-defined-def rayleigh-maz-def P-def Q-def
by algebra
qed
qed

lemma courant-fischer-minimaz:
assumes k: k < n
shows eslk = minimaz (k + 1) minimaz-defined (k + 1)
proof—
define es’ where es’ = rev (map (Az. —x) es)
have «*: es!(n — k — 1) = neg.mazimin (n — k)
A neg.mazximin-defined (n — k)
using k neg.courant-fischer-maziminof n — k — 1]
using neg.eigenvalues-unique neg-es es’-def
by (metis One-nat-def Suc-diff-Suc Suc-less-eq diff-less-Suc minus-nat.simps(1)
semiring-norm(174)
zero-less-diff)

moreover have eslk = — esl(n — k — 1)
proof—
have n — k — 1 < length es using k A-dim eigenvalues eigvals-poly-length by
force

moreover have length es = n using A-dim eigenvalues by auto
ultimately have eslk = (rev es)!(n — k — 1)
using rev-nth[of n — k — 1 es] by (simp add: Suc-diff-Suc k le-simps(1))
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also have ... = rev (map (A\z. —z) (map (A\z. —z) es))l(n — k — 1)

by simp
also have ... = — es'l(n — k — 1)
by (metis «<n — k — 1 < length es) es’-def length-map length-rev nth-map
rev-map)
finally show ?%thesis .
qed
ultimately show eslk = cf-setup.minimaz A n (k + 1) cf-setup.minimax-defined
An(k+1)
using assms mazimin-minimax by force+

qed

22.3 Theorem Statement

theorem courant-fischer:
assumes k < n
shows eslk = minimaz (k + 1)
eslk = mazimin (k + 1)
minimaz-defined (k + 1)
mazimin-defined (k + 1)
using courant-fischer-minimazx courant-fischer-mazimin mazimin-minimax assms
by algebra+

23 Cauchy Eigenvalue Interlacing Theorem

We follow the proof given in this set of lecture notes by Dr. David Bindel:
https://www.cs.cornell.edu/courses/cs6210/2019fa/lec/2019-11-04.pdf

23.1 Theorem Statement and Proof

lemma cauchy-eigval-interlacing-aux:
fixes W B :: complex mat
fixes o B :: complex list
fixes j m :: nat

defines B= WH « A« W
defines a = eigenvalues
defines 8 = cmplz-herm-mat.eigenvalues B

assumes j: j < nj<m
assumes m: 0 < mm < n

assumes W-dim: W € carrier-mat n m
assumes W-isom: isometry-mat W n m

shows B! < alj set o C R set § C R length o = n length 8 = m

proof—
interpret B: cf-setup B m
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using A-dim A-herm W-dim B-def compression-is-hermitian(1)
by (metis carrier-matD(2) carrier-mat-triv cmplz-herm-mat.intro
cf-setup.intro dim-row-conjugate indez-mult-mat(2,3) index-transpose-mat(2))

show «-real: set « C R
using hermitian-real-diag-decomp-eigvals| OF A-dim A-herm] a-def eigenval-
ues(1) by metis
show B-real: set § C R
using hermitian-real-diag-decomp-eigvals|of B n 3] B.eigenvalues(1) B-def
by (metis B.A-dim B.A-herm hermitian-real-diag-decomp-eiguvals)
show a-length: length « = n using «a-def eigenvalues(1) A-dim a-def by auto
have B € carrier-mat m m by (simp add: B.A-dim)
show (-length: length B = m using B.A-dim B.eigenvalues(1) -def by fastforce

let 251 = {B.rayleigh-min V | V. B.dimensional V (j + 1)}
let 2S5 = {A.rayleigh-min ((*,) W V) |V. B.dimensional V (j + 1)}
let 255 = {A.rayleigh-min V | V. A.dimensional V (Suc j)}

interpret isom: isometry-mat W n m by (rule W-isom)
have x: AV. B.dimensional V (Suc j) = A.dimensional ((x,) W V) (Suc 7)
proof—
fix V assume «*: B.dimensional V (Suc j)
note Bdim =
conjunct! [OF x[unfolded B.dimensional-def]]
conjunct2|OF x[unfolded B.dimensional-def]]
show A.dimensional ((x,) W V) (Suc j)
unfolding A.dimensional-def isom.inj-subspace-image| OF isom.is-inj Bdim(1)
B.fin-dim] Bdim(2)
using isom.subspace-image[OF Bdim(1)]
by blast
qed
hence S5-sub-S3: 255 C 2535 by auto
have bdd-above-S3: bdd-above 253
using j(1) courant-fischer a-def
by (metis (lifting) ext A.mazimin-defined-def Suc-eq-plusl sup-defined-def)
hence bdd-above-So: bdd-above 2S5
using S3-sub-S3 by (meson basic-trans-rules(31) bdd-above-def)
have Sy-ne: 255 # {}
using j(2)
by (metis (mono-tags, lifting) B.courant-fischer-unit-rayleigh-helper2 empty-Collect-eq)

have Re (8!5) = B.mazimin (j + 1)
using B.courant-fischer(2)[OF j(2)] B-def by simp
also have ... < Sup {A.rayleigh-min (Av. W %, v)V) | V. B.dimensional V (j
+ 1)}
proof—
note 1 = bdd-above-So
have 2: Vy € 25,. dz € 25,. y < zx
proof clarify
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fix V assume dim: B.dimensional V (j + 1)

define V' where V' = (x,) WV

have dim-V'": A.dimensional V' (j + 1) using *[OF dim[simplified], folded
V'-def] by fastforce

define z :: real where = = A.rayleigh-min V'
have z € 255 unfolding z-def V’'-def using dim by blast
moreover have B.rayleigh-min V < z
proof—
have le: Az. z € {v. v # 0, n A v € V'} = B.rayleigh-min V < p A x
proof—
fix z assume z: z € {v. v # 0, n Av eV}
then obtain v where zv: z = W %, v and v: v € V and v-nz: v # 0, m
unfolding V’-def using that isom.T0-is-0 by fastforce

have 1: inner-prod (W %, v) (A %, (W %, v)) = inner-prod v (W % A
x W o, v))
proof—
have inner-prod (W *, v) (A %, (W *, v)) = inner-prod v (WH x, (A
2y (W, 0)))
using W-dim v dim
by (meson A-dim B.cmplz-herm-mat-azioms cscalar-prod-conjugate-transpose
B.dimensional-n-vec mult-mat-vec-carrier)
also have ... = inner-prod v (WH x A x W) %, v)
using W-dim A-dim v dim
by (smt (verit, ccfv-SIG) B.dimensional-n-vec More-Matriz.carrier-vec-conjugate
assoc-mult-mat-vec mult-carrier-mat
mult-mat-vec-carrier transpose-carrier-mat)
finally show ¢thesis .
qed
have 2: inner-prod (W #, v) (W %, v) = inner-prod v v
using isom.preserves-norm v dim by (metis B.dimensional-n-vec in-
ner-prod-vec-norm-pow?2)
have bdd: bdd-below {0 Bv |v. v# 0, m A v € V}
using B.rayleigh-bdd-below’ dim[unfolded B.dimensional-def subspace-def
submodule-def]
unfolding bdd-below-def

by auto
have 9 A z = 9o A (W %, v) unfolding zv ..
also have ... = p Bv

unfolding rayleigh-quotient-def rayleigh-quotient-complex-def B-def
quadratic-form-def 1 2 ..
finally show B.rayleigh-min V < o A z
unfolding B.rayleigh-min-def
using v v-nz bdd
by (metis (mono-tags, lifting) cInf-lower mem-Collect-eq)
qed
have ne: {v. v # 0, n AN v eV} £ {}
using dim-V'[unfolded A.dimensional-def] nontriv-subspace-exists by
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fastforce
have set-rw: {p Av|v.v# 0, n ANveEV}I=p A {v.v#0, nANvE
V'} by blast
show ?thesis
unfolding z-def A.rayleigh-min-def set-rw
by (rule cINF-greatest|OF ne, of B.rayleigh-min V Av. o A v], rule le)
qed
ultimately show Jx € ?S5. B.rayleigh-min V < z by blast
qed
have 3: 75, # {} using S2-ne by blast
show ?thesis
apply (simp add: B.mazimin-def)
using 1 2 8 by (metis (lifting) ext Suc-eg-plusl cSup-mono)
qed
also have ... < Sup {A.rayleigh-min V | V. A.dimensional V (j + 1)}
by (metis (no-types, lifting) ext So-ne So-sub-Ss Suc-eq-plusl bdd-above-S3
cSup-subset-mono)
also have ... = Re (alj)
using bdd-above-S3 a-def courant-fischer(2)[OF j(1), unfolded A.mazimin-def]
by force
finally have Re (8!j) < Re (alj) .
moreover have a!j € R using a-real a-length j(1) by fastforce
moreover have §!j € R using S-real S-length j(2) by fastforce
ultimately show f!j < alj by (simp add: complex-is- Real-iff less-eq-complez-def)
qed

theorem cauchy-eigval-interlacing:
fixes W B :: complex mat
fixes o 8 :: complex list
fixes j m :: nat

defines B= W x Ax W
defines a = eigenvalues
defines 5 = cmplz-herm-mat.eigenvalues B

assumes j: j < nj<m

assumes m: 0 < mm <n

assumes W-dim: W € carrier-mat n m
assumes W-isom: isometry-mat W n m

shows al(n — m + j) < Blj flj < alj set & C R set § C R length o = n length
B =m
proof—
interpret B: cf-setup B m
apply unfold-locales
using A-dim A-herm W-dim B-def compression-is-hermitian
by auto
show (!j < alj set a C R set 8 C R and lengths: length o = n length 5 = m
by (rule cauchy-eigval-interlacing-auz[OF j m W-dim W-isom, folded B-def
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a-def B-def])+

define A’ where A'= — A
interpret A’ cf-setup A’ n
using A-dim A-herm negative-hermitian by (unfold-locales, auto simp add:

A'-def)

define B’ where B'= WH « A’ « W

have neg-B: B’ = — B unfolding B’-def A’-def B-def using W-dim A-dim by
force

then interpret B': cf-setup B’ m

by (simp add: B.A-dim B.negative-hermitian cmplz-herm-mat.intro cf-setup.intro)
define o’ where o’ = A'.es

define 3’ where ' = B'.es

let %' =m — j — 1
have j" ?j' < n ?j' < m using m by simp-all

have al(ln —m+ j)=—a'l (m—j— 1)
using lengths(1) m j j' neg-es[folded A’-def] by (simp add: o’'-def a-def rev-nth)
moreover have 8lj = — 8’1 (m —j — 1)

using lengths(2) m j j' neg-es
by (simp add: B’-def B-def B.neg-es Suc-diff-Suc neg-B rev-nth)
ultimately show a!(n — m + j) < glj
using cmplz-herm-mat. cauchy-eigval-interlacing-auz(1)
[ OF A'.cmplz-herm-mat-azioms j' m W-dim W-isom, folded B’-def)
unfolding S'-def o'-def A’-def B'-def
by force
qed

23.2 Principal Submatrix Corollaries (Using pick Function)

corollary submatriz-eigval-interlacing:
fixes I :: nat set

defines B = submatriz A I'1

defines m = card 1

defines a = eigenvalues

defines 5 = cmplz-herm-mat.eigenvalues B

assumes j: j < m
assumes [: [ C {.<n} I # {}

shows a!l(n — m + j) < Bl 815 < «lj set « C R set § C R length o = n length
B8 =m
proof—
obtain Q where Q: B = QY x A x Q isometry-mat Q n m
using A-dim I B-def m-def submatriz-as-compression-obt by blast
have Q-carrier: Q) € carrier-mat n m
using Q(2)[unfolded isometry-mat-def mat-as-linear-map-def] ..
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interpret B: cf-setup B m
apply unfold-locales
using A-dim A-herm B-def Q) compression-is-hermitian(2)
apply (metis Q-carrier)
by (simp add: I(1) B-def principal-submatriz-hermitian)

have 1: j < n
using j m-def I(1)
by (metis atLeastOLess Than dual-order.strict-trans le-eq-less-or-eq subset-eq-atLeast0-less Than-card)
have 2: 0 < m using j by linarith
have 3: m < n
using I(1) m-def atLeastOLessThan subset-eq-atLeast0-lessThan-card by pres-
burger

show al(n — m + j) < Blj flj < alj set « C R set 8 C R length o = n length
pf=m
using cauchy-eigval-interlacing[OF 1§ 2 3 Q-carrier Q(2)]
unfolding Q(1)[symmetric]
by (simp-all add: a-def [-def)
qed

23.3 Principal Submatrix Corollary (as Injective Function
on Indices)

corollary submatriz-eigval-interlacing’:
fixes B :: complexr mat
fixes m :: nat
fixes f :: nat = nat

defines B = submatriz-of-inj A f f m m
defines o = cigenvalues
defines 8 = cmplz-herm-mat.eigenvalues B

assumes f: f: {.<m} — {..<n}
assumes inj: inj-on f {..<m}
assumes j: j < m

shows a!l(n — m + j) < Bl Bl < «!j set « C R set § C R length o = n length
B8 =m
proof—
obtain Q where Q: B = QY x A x Q isometry-mat Q n m
using f inj a-def B-def submatriz-of-inj-as-compression-obt by (metis A-dim)
have Q-carrier: Q) € carrier-mat n m
using Q(2)[unfolded isometry-mat-def mat-as-linear-map-def] ..

interpret B: cf-setup B m
apply unfold-locales
using A-dim A-herm B-def Q) compression-is-hermitian Q-carrier
by meson+
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note & = card-inj[OF f inj, simplified]

hence 1: j < n using j by auto

have 2: 0 < m using j by linarith

show al(n — m + j) < Blj flj < alj set « C R set 8 C R length o = n length
B8 =m

using a-def f-def Q(1) cauchy-eigval-interlacing[OF 1 j 2 8 Q-carrier Q(2)]

by fastforce+
qed

end

24 Theorem Statements (Outside Locale)

theorem courant-fischer:
fixes A :: complex mat

defines es = cmplz-herm-mat.eigenvalues A

assumes carrier: A € carrier-mat n n
assumes herm: hermitian A
assumes k: k< n

shows eslk = cf-setup.minimaz A n (k + 1)
eslk = cf-setup.mazimin A n (k + 1)
cf-setup.minimaz-defined A n (k + 1)
cf-setup.mazimin-defined A n (k + 1)
by (rule cmplz-herm-mat.courant-fischer
[OF c¢cmpla-herm-mat.intro, OF carrier herm k, folded es-def])+

theorem cauchy-eigval-interlacing:
fixes A W B :: complex mat
fixes o B :: complex list
fixes j m n :: nat

defines B= W x A« W
defines a = cmplz-herm-mat.eigenvalues A
defines 8 = cmplz-herm-mat.eigenvalues B

assumes A: A € carrier-mat n n hermitian A
assumes j: j < nj<m

assumes m: 0 < mm <n

assumes W-dim: W € carrier-mat n m
assumes W-isom: isometry-mat W n m

shows al(n — m + j) < Blj flj < alj set & C R set § C R length o = n length
B =m
by (rule cmplz-herm-mat.cauchy-eigval-interlacing
[OF cmpla-herm-mat.intro, OF A j m W-dim W-isom, folded B-def a-def
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B-def])+

corollary submatriz-eigval-interlacing:
fixes A :: complex mat
fixes I :: nat set

defines B = submatriz A I 1

defines m = card I

defines a = cmplz-herm-mat.eigenvalues A
defines 8 = cmplz-herm-mat.eigenvalues B

assumes A: A € carrier-mat n n hermitian A
assumes j: j < m
assumes I: I C {.<n} I # {}

shows a!l(n — m + j) < Bl Bl < a!j set « C R set § C R length o = n length
f=m
by (rule cmplz-herm-mat.submatriz-eigval-interlacing
[OF cmpla-herm-mat.intro, of A n j I, folded B-def m-def a-def B-def, OF A
JI)+

corollary submatriz-eigval-interlacing’:
fixes A B :: complex mat
fixes m :: nat
fixes [ :: nat = nat

defines B = submatriz-of-inj A f f m m
defines o = cmplz-herm-mat.eigenvalues A
defines 5 = cmplz-herm-mat.eigenvalues B

assumes A: A € carrier-mat n n hermitian A
assumes f: f: {.<m} — {.<n}

assumes inj: inj-on f {..<m}

assumes j: j < m

shows al(n — m + j) < Blj flj < alj set & C R set § C R length o = n length
f=m
by (rule cmplz-herm-mat.submatriz-eigval-interlacing’
[OF cmpla-herm-mat.intro, of A n f m, folded B-def a-def -def, OF A f inj
i+

end
theory Sylvester-Criterion
imports
Cauchy-Eigenvalue-Interlacing
Jordan-Normal-Form.Determinant-Impl

begin
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25 Sylvester’s Criterion Setup

definition sylvester-criterion :: ('a::{comm-ring-1,0rd}) mat = bool where
sylvester-criterion A <— (Vk < dim-row A. Determinant.det (lps A k) > 0)

lemma leading-principle-submatriz-sylvester:

assumes A € carrier-mat n n

assumes m < n

assumes sylvester-criterion A

shows sylvester-criterion (lps A m)

using assms nested-leading-principle-submatrices

by (smt (verit, del-insts) atLeastAtMost-iff carrier-matD(1) order.trans lead-
ing-principal-submatriz-carrier sylvester-criterion-def)

lemma sylvester-criterion-positive-det:
assumes A € carrier-mat n n
assumes sylvester-criterion A
shows Determinant.det A > 0
proof—
have A = lps A n
unfolding leading-principal-submatriz-def submatriz-def
using assms(1) pick-n-le
by auto
thus ?thesis using assms unfolding sylvester-criterion-def by force
qed

26 Sylvester’s Criterion

26.1 Forward Implication

lemma (in cmplz-herm-mat) sylvester-criterion-forward:
assumes x € carrier-vec n
assumes sylvester-criterion A
assumes z # 0, n
shows Re (QF A z) > 0
using assms A-dim A-herm
proof (induction n arbitrary: A x)
case (
then show ?Zcase by (metis carrier-vecD eg-vecl not-less-zero zero-carrier-vec)
next
case (Suc n)

have «: \k. k < dim-row A = Determinant.det (leading-principal-submatriz A
k) >0
using Suc(3) unfolding sylvester-criterion-def by blast

define A, where A, = (leading-principal-submatriz A n)

define v, where v,, = vec-first (col A n) n
define v, ¢ where v,,c = conjugate v,
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define w,, where w,, = vec-first (row A n) n
define a where a = A $$ (n, n)

define z,, where z,, = vec-first z n

define z,, ¢ where z,,c = conjugate z,
define b where b = 2$n

define b-conj where b-conj = conjugate b

have carrier-A,: A, € carrier-mat n n
by (metis A, -def Suc(5) le-add2 leading-principal-submatriz-carrier plus-1-eg-Suc)
have herm-A,,: hermitian A,,
using principal-submatriz-hermitian[of {..n}] A,-def Suc A, -def
using cmplz-herm-mat.leading-principal-submatrixz-hermitian cmplz-herm-mat-def
lessI less-or-eq-imp-le
by presburger

have (col A n) = conjugate (row A n)

using Suc(5,6) by (metis adjoint-col carrier-matD(1) hermitian-def lessI)
hence wn-vn-conj: w, = vyc

using Suc(5) vy, -def v, c-def w,-def

by (metis conjugate-vec-first col-carrier-vec conjugate-id le-add2 lessI plus-1-eq-Suc)

have invertible-mat A,,
using Suc(5) * A,-def carrier-A,
by (metis carrier-matD(1) invertible-det le-add2 less-irrefl plus-1-eq-Suc)
then obtain A,’ where An’: inverts-mat A, A, N A, € carrier-mat n n
using A, -def Suc(5)
by (metis (no-types, lifting) invertible-mat-def carrier-matD(1) carrier-matl in-
dex-mult-mat(3) indez-one-mat(3) inverts-mat-def le-add2 leading-principal-submatriz-carrier
plus-1-eq-Suc square-mat.simps)

have zn: z,, € carrier-vec n by (simp add: x,-def)

moreover have An: A, € carrier-mat n n

using leading-principal-submatriz-carrier Suc(5) A, -def by (metis Suc-n-not-le-n
linorder-linear)

ultimately have An-zn: A, *, z, € carrier-vec n by fastforce

have vn: v, € carrier-vec n by (simp add: v,-def)

hence b-vn: b -, v, € carrier-vec n by simp

have (A4,, *, x, + b -, v,) € carrier-vec n using An-zn b-uvn by auto

from herm-A,, have hermitian: hermitian A,,’
by (meson An An' cmplz-herm-mat.hermitian-mat-inv cmpla-herm-mat.intro
inverts-mat-symm)
hence A, -inv-conj: conjugate A,’ = A,"
by (metis conjugate-id hermitian-def adjoint-is-conjugate-transpose)

have #*: (A, *y (Tn + b (A" %y 02))) = (Tnc + b-conj -, (AT *, vy0))
= (QF A, ) + b * (xpc - vy) + b-conj * (zp, + vpc) + (ecmod b) 72 = ((An’

*y Up) * UpC)
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(is ?lhs = ?rhs)

proof—
define E where E = ((A, *, 7,) * (zpc + b-conj -, (A, %, vpc)))
define F where F = ((b -, v,) + (vpc + b-conj - (A, %, v,¢)))

have A, *, (T, + b - (An' %y v)) = (An %4 TR) + b - vy
(is ?lhs’ = -)
proof—
have ?lhs’ = A, *y Tn + An %y (b (An' %y Uy))
by (meson An’ carrier-A,, mult-add-distrib-mat-vec mult-mat-vec-carrier
smult-carrier-vec vn zn)
also have ... = A, *, 2, + (b - ((An x A7) %4y vp))
by (metis An’ assoc-mult-mat-vec carrier-A,, mult-mat-vec mult-mat-vec-carrier
un)
also have ... = (A, %, T,) + b - vy
by (metis An’ carrier-A,, carrier-matD(1) inverts-mat-def inverts-mat-symm
one-mult-mat-vec vn)
finally show ?thesis .
qed
hence ?lhs = ((Ay %y @) + by ) » (T + b-conj -, (AT %, v,c)) by
argo
moreover have ... = F + F
unfolding FE-def F-def
by (metis An’ An-zn Matriz.carrier-vec-conjugate add-carrier-vec add-scalar-prod-distrib
mult-mat-vec-carrier smult-carrier-vec transpose-carrier-mat v, c-def vn x,, c-def xn)
moreover have F = QF A, ©, + b-conj * (z, - vyc)
proof—
have E = ((A, *» ) * Tnc) + ((An %4 Tn) + (b-conj -, (4,7 %, v,0)))
unfolding E-def
by (metis An' An-zn Matriz.carrier-vec-conjugate mult-mat-vec-carrier
scalar-prod-add-distrib smult-carrier-vec transpose-carrier-mat v, c-def vn ,c-def
n)
moreover have ((4, *, z,) - Tnc) = QF A, z, by (simp add: z, c-def)
moreover have ((A,, *, z,) + (b-conj -, (A" *, v,c))) = b-conj * (z, -

UpC)
(is ?lhs = -)
proof—
have ?lhs = b-conj * ((A, %y Tn) + (4,7 %, v,c)) using An An’ by auto
also have ... = b-conj * ((A, *, z,) - (conjugate A’ *, v,c))
using A, -inv-conj by presburger
also have ... = b-conj * (((An' * Ay) *y Tn) » UpC)

by (smt (verit) An An’ conj-mat-vec-mult hermitian hermitian-def in-
ner-prod-mult-mat-vec-right v, c-def vn zn)
also have ... = b-conj * (z,, - vy¢)
by (metis An’ carrier-matD(1) inverts-mat-def one-mult-mat-vec xn)
finally show ?thesis .
qed
ultimately show ?thesis by argo
qed
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moreover have F = b x (z,¢ - v,) + (ecmod b) 2 x ((An %y v) + vpC)
proof—
have F = (b -, v,) - (zn¢) + (b - vy) « (b-conj -, (A7 %, vyc))
unfolding F-def
by (metis An’ Matriz.carrier-vec-conjugate b-vn carrier-matD(2) car-
rier-vec-dim-vec dim-mult-mat-vec index-smult-vec(2) index-transpose-mat(2) scalar-prod-add-distrib
xpc-def xn)
moreover have (b -, v,) + (z,¢) = b * (v, + z,¢) using vn z,c-def zn by
auto
moreover have (b -, v,) + (b-conj -, (4, %, vyc)) = (cmod b) 72 * ((A,’
*y Up) * UnC)
(is ?lhs = -)
proof—
have ?lhs = (cmod b) "2 * (v, - (A, *, vpc))
using An’ vn b-conj-def complez-norm-square by force
also have ... = (cmod b) "2 * ((An" %y vp) * VpC)
by (metis A,-inv-conj An’ adjoint-def-alter conj-mat-vec-mult hermitian
hermitian-def v, c-def vn)
finally show ?thesis .
qed
ultimately show ?thesis by (metis conjugate-vec-sprod-comm vn x, c-def xn)
qed
ultimately show ?thesis by fastforce
qed

let %c, = b - (Ap' %y vy)
have cn: ¢, € carrier-vec n
by (metis An’ An-zn <invertible-mat A,» carrier-vecD carrier-vec-dim-vec
dim-mult-mat-vec indez-mult-mat(3) index-one-mat(8) invertible-mat-def inverts-mat-def
smult-carrier-vec square-mat.simps)

have A € carrier-mat (Suc n) (Suc n)
by (simp add: Suc(5))
moreover have z € carrier-vec (Suc n)
by (simp add: Suc(2))
ultimately have Az: A *x, x = (A, %y Ty + b vy) @, (vec 1 (Ni. (wy + Tp)
+ a b))
(is - = - @, ?Az-last)
using mat-vec-prod-leading-principal-submatriz
unfolding A, -def a-def b-def v,,-def wy,-def z,-def by blast

hence QF A x = ... -c x by force
also have ... = ((A,, *y Ty, + b 4 vy) ¢ 2n) + ((wy » ) + a x b) * b-conj
proof—

have = € carrier-vec (dim-vec ((An %y Tn + b -y vy,) @, 2Az-last))
using Suc(2) vn by force
moreover have (A4, *, T, + b -, v,) -¢ (vee-first © (dim-vec (A, *y T + b
“w Un)))

= (A %y Tn + by vp) rCc Ty
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by (simp add: v,-def ,,-def)
moreover have dim-vec ?Az-last = 1 by simp
moreover have ?Az-last -¢ (vec-last 1) = (wy, « T, + a * b) * b-conj
proof—
have dim-vec ?Ax-last = 1 by simp
moreover have (vec-last x 1)$0 = b
using Suc(2) b-def
by (smt (verit) add.commute add.right-neutral add-diff-cancel-right’ car-
rier-vecD indez-vec plus-1-eq-Suc vec-last-def zero-less-one-class.zero-less-one)
moreover have ?Az-last$0 = (w, - z,, + a * b) by simp
moreover have ?Az-last -¢ (vec-last x 1) = ?Az-last$0 * conjugate ((vec-last
z 1)$0)
unfolding scalar-prod-def by force
ultimately show ?thesis using b-conj-def by presburger
qed
ultimately show ?thesis by (simp add: inner-prod-append(2))
qed
also have ... = QF A,, z,, + ((b - vn) ¢ zpn) + (wn + ,) * b-conj) + (a * b
* b-conj)
using inner-prod-distrib-right[of T, n A, *, Tn b - v,] b-un An-zn
by (simp add: ring-class.ring-distribs(2) zn)
also have ... = QF A, xp, + ((b 4 vn) ¢ ) + ((wy, - T,,) * b-conj) + (a *
(ecmod b)72)
using b-conj-def complex-norm-square by auto
also have ... = QF A, x, + b * (zpc - v,) + b-conj * (z, - vc) + (a * (cmod
b)72)
by (metis conjugate-vec-sprod-comm inner-prod-smult-left mult.commute v, c-def
un wn-vn-conj T, c-def xn)
also have ... = (A, *, (7, + b - (A, %y v))) * (Tnc + b-conj -, (A7 *,
Unc))
— (emod b) 72 x ((An' #y vn) - vpc) + (a * (cmod b)72)
using xx by fastforce
also have ... = (A4, *, (7, + b - (A, %, v))) * (Tnc + b-conj -, (A7 *,
Unc))
+ (emod b) 72 * (a — QF A, vy)
by (simp add: right-diff-distrib v, c-def)
also have ... = QF A, (2, + ?cp,) + (cmod b) 72 * (a — QF A, vy,)
proof—
have conjugate (A, *, v,) = (conjugate Ay’ %, vpc)
by (metis conj-mat-vec-mult adjoint-dim-col carrier-mat-triv carrier-vecD cn
dim-mult-mat-vec hermitian hermitian-def index-smult-vec(2) vy, c-def vn)
thus ?thesis
by (smt (verit, ccfv-threshold) A,-inv-conj b-conj-def cn conjugate-add-vec
conjugate-smult-vec ., c-def zn quadratic-form-def)
qed
finally have eq: QF A ©z = QF A, (zn, + %) + (cmod b) 72 * (a — QF A’
Up) -

have z,-c,: (z, + ?cn) € carrier-vec n using add-carrier-vec ¢cn zn by blast
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have sylvester-criterion A,
using leading-principle-submatriz-sylvester A, -def Suc(3,5)
by (metis Suc-n-not-le-n linorder-linear)
hence 1: Re (QF A, (zp, + %¢,)) > 0 if 2y + %¢,, # 0, 0
using Suc.IH[OF z,-c, - that carrier-A, herm-A,] by blast
have 2: z, + %¢, # 0, nif b= 10
proof—
have %¢c,, = 0, n
by (metis that cn conjugate-square-eq-0-vec inner-prod-smult-left mult-eq-0-iff
smult-smult-assoc)
hence *: z,, + %c, = z,, by (simp add: zn)
show ?thesis
proof (rule ccontr)
assume - T, + %c, # 0, n
hence z,, = 0, n using * by argo
hence Vi < n. z,%i = 0 by fastforce
moreover have Vi < n. z,%i = 2$¢ by (simp add: vec-first-def x,,-def)
moreover have z$n = 0 using that unfolding b-def .
ultimately have Vi < Suc n. 287 = 0 using less-Suc-eq by presburger
thus Fulse using Suc by auto
qed
qed
have 3: a — QF A, v, > 0
proof—
have Determinant.det A = Determinant.det A, x (a — QF A, vy,)
proof—
let B = mat-of-cols n [vy]
let ?C = mat-of-rows n [conjugate v,
let D = mat 1 1 (A-. a)

have (A, ?B, ?C, ?D) = split-block A n n
proof—
have A, = mat n n (($$) A)
using A, -def An An-zn Suc(5)
by (metis carrier-matD(2) carrier-vecD dim-col-mat(1) dim-mult-mat-vec
dim-row-mat(1) indez-mat(1) le-add2 leading-principal-submatriz-index mat-eq-iff
plus-1-eq-Suc)
moreover have ?B = mat n (dim-col A — n) (A(4, j). A $3$ (i, j + n))
(is ?lhs = %rhs)
proof
show dim-row ?lhs = dim-row ?rhs by simp
show dim-col ?lhs = dim-col ?rhs using Suc(5) by force
show A7 j. i < dim-row ?rhs = j < dim-col ?rhs = ?lhs$$(i,j) =
2rhs$$(4,7)
proof—
fix 7 j assume *: ¢ < dim-row ?rhs j < dim-col ?rhs
hence j = 0 using Suc(5) by auto
thus ?2Ihs$$(7,j) = ?rhs$$(i,5)
apply (simp add: v, -def vec-first-def mat-of-cols-def)
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using (1) Suc(5)
by auto
qed
qed
moreover have ?C = mat (dim-row A — n) n (A(4, 7). A $$ (i + n, j))
(is ?lhs = ?rhs)
proof
show dim-row ?lhs = dim-row ?rhs using Suc(5) by force
show dim-col ?lhs = dim-col ?rhs by simp
show Ai j. i < dim-row ?rhs = j < dim-col ?rhs = ?2lhs$$(i,j) =
?rhs$3$(7,5)
proof—
fix 7 j assume *: i < dim-row ?rhs j < dim-col ?rhs
hence | = 0 using Suc(5) by auto
moreover have conjugate (vec n (($) (col A n))) = (vec n (($) (row A
n)))
using Suc(4)
unfolding hermitian-def adjoint-def
by (metis v, -def v, c-def vec-first-def w,,-def wn-vn-conj)
ultimately show ?lhs$$(i,j) = ?rhs$$(i.j)
apply (simp add: v,-def vec-first-def mat-of-cols-def)
using *(2) Suc(5)
by (simp add: mat-of-rows-def)
qed
qed
moreover have ?D = mat (dim-row A — n) (dim-col A — n) (A(4, j). A
$8 (i +n, 5+ n))
(is ?lhs = %rhs)
proof
show row: dim-row ?lhs = dim-row ?rhs and col: dim-col ?lhs = dim-col

?rhs

using Suc(H) by fastforce+

show Aij. i < dim-row ?rhs = j < dim-col ?rhs = ?lhs$3$(i,j) =
2rhs$$(4,5)

proof—
fix 7 j assume *: ¢ < dim-row ?rhs j < dim-col ?rhs
hence i = 0 A j = 0 using Suc(5) by auto
thus ?21hs$$(4,j) = ?rhs$$(i,j)
apply (simp add: a-def)
using col row
by force
ged
qged
ultimately show ?thesis unfolding split-block-def by metis
qed
hence Determinant.det A = Determinant.det A, = Determinant.det (?D —
?7C x A, * ?B)
using schur-formula[of A, ¢B ?C ?D A nn A,'] An’ Suc(5,6) herm-A,

hermitian-is-square
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by (metis carrier-matD(1) carrier-matD(2) lessI)
moreover have Determinant.det (D — 2C x A,' * ¢B) = (a — QF A,," v,,)
proof—
have ?C x A, * ?B =mat 1 1 (A\-. QF A, v,,) (is ?lhs = ?rhs)
proof
have dim: ?C x A,,' x ?B € carrier-mat 1 1 by (simp add: carrier-matl)
thus dim-row ?lhs = dim-row ?rhs dim-col ?lhs = dim-col ?rhs by auto
have col (A" * ?B) 0 = A, *, vy
using An’ vn
by (metis mat-vec-as-mat-mat-mult)
moreover have row C 0 = conjugate v,, using v, c-def w,,-def wn-vn-conj
by auto
moreover have (?C x (A4, * ?B))$$(0,0) = row 2C 0 - col (A, * ?B)
0 by simp
moreover have ?C x (4,,' x ?B) = ?C x A,' * 7B
using An’
by (metis assoc-mult-mat carrier-matl mat-of-cols-carrier(2) mat-of-rows-carrier(3))
ultimately have (?C % A,," x ?B)$$(0,0) = (conjugate v,) » (Ap’ %, vy)
by argo

also have ... = (4, *, v,) ¢ v,
using An’ vn by (metis conjugate-vec-sprod-comm mult-mat-vec-carrier)
also have ... = QF A,,’ v,, by simp
finally show Aij. i < dim-row ?rhs = j < dim-col %rhs = ?1hs$$(i,j)
= 2rhs$$(i,j)
by fastforce
qged

hence ¢D — ?2C « A, * B=mat 1 1 (A-. a — QF A, v,) by fastforce
thus ?thesis by (simp add: det-single)
qed
ultimately show ?thesis by argo
qed
moreover have Determinant.det A > 0 using Suc.prems sylvester-criterion-positive-det
by blast
moreover have Determinant.det A,, > 0 using Suc unfolding A,,-def sylvester-criterion-def
by simp
ultimately show ?thesis by (simp add: less-complex-def zero-less-mult-iff)
qged
have 4: (¢cmod b) "2 > 0 if b # 0 using that by force

have ?case if b = 0
proof—
have Re (QF A, (z, + ?c,,)) > 0 using that 1 2 by blast
thus ?thesis unfolding eq by (simp add: that)
qed
moreover have Zcase if b # 0
proof—
have (cmod b) 72 % (a — QF A" v,) > 0
using 3 /[OF that] by (simp add: less-le square-nneg-complex)
moreover have Re (QF A,, (z, + ?cy,)) > 0 using 1 carrier-A, by fastforce
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ultimately show ?thesis unfolding eq by (simp add: less-complex-def)
qed
ultimately show ?case by blast
qed

26.2 Reverse Implication

lemma prod-list-gz:
fixes [ :: real list
assumes Vz € setl. x > 0
shows prod-list | > 0
using assms by (induct I, auto+)

context cmplz-herm-mat
begin

lemma positive-definite-imp-positive-eigenvalues:
assumes pd: positive-definite A
shows V u € spectrum A. > 0
proof
have square: square-mat A using pd[unfolded positive-definite-def] hermitian-is-square

fix 1 assume p: p € spectrum A
moreover have py > 0
proof—
obtain z where z: z € carrier-vec (dim-row A) A z # 0, (dim-row A) N\ A *,
T=[f oy X
using u pd
by (metis eigenvalue-def eigenvector-def hermitian-square positive-definite-def
spectrum-eigenvalues)
hence p * (z -cx) > 0
using pd = p square
unfolding positive-definite-def
by (metis dim-vec-conjugate quadratic-form-def scalar-prod-smult-left square-mat.simps)
moreover have x -c ¢ > 0 using conjugate-square-greater-0-vec x by blast
ultimately show ?thesis by (simp add: less-complex-def zero-less-mult-iff)
qed
ultimately show p > 0 by (simp add: less-complex-def)
qed

Technically, the following direction is not needed for the final result, but
is useful later.

lemma positive-eigenvalues-imp-positive-definite:
assumes pos-spectrum: ¥ u € spectrum A. p > 0
shows positive-definite A
proof—
have ?thesis if n = 0
using A-dim that unfolding positive-definite-def hermitian-def adjoint-def by
auto
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moreover have %thesis if n-nz: n # 0
proof—
have (Vzecarrier-vec n. © # 0, n — 0 < QF A x)
proof clarify
fix = :: complex vec assume x: z € carrier-vec n x # 0, n
have Min (Re ‘ set eigenvalues) > 0
proof—
have V i € set eigenvalues. > 0
using A-dim cmplz-herm-mat.eigenvalues pos-spectrum
by (metis eigenvalues eigvals-of-spectrum spectrum-connect)
moreover have set eigenvalues C R
using A-herm eigenvalues-real by force
ultimately have YV € Re ‘ set eigenvalues. > 0 using less-complex-def
by fastforce
moreover have set eigenvalues # {} A finite (set eigenvalues)
using cmpla-herm-mat.eigenvalues[unfolded eigvals-of] A-dim n-nz len-eigenvalues
by fastforce
ultimately show ?thesis by auto
qed
hence 0 < ¢ A z using rayleigh-bdd-below’ x by fastforce
moreover have (vec-norm z)?> > 0 using z vec-norm-zero by (simp add:
inner-prod-vec-norm-pow?2)
ultimately have o A z * (vec-norm x)% > 0 by (simp add: less-eq-complez-def
less-le)
thus 0 < QF A z using rayleigh-quotient-QF[OF x(2,1)] vec-norm-zero x
by auto
qed
thus ?thesis unfolding positive-definite-def using A-herm A-dim by blast
qed
ultimately show ¢thesis by blast
qed

lemma positive-definite-imp-positive-eigenvaluesg-Re:
assumes pd: positive-definite A
shows Vi € set (map Re eigenvalues). p > 0
proof
fix p assume p: p € set (map Re eigenvalues)
then obtain ;' where u': p’ € set eigenvalues A u = Re p’ by auto
hence p' > 0
using positive-definite-imp-positive-eigenvalues| OF pd]
using eigenvaluesy-def eigenvalues-set-eq spectrum-def
by auto
moreover hence p’ € R using complez-is-real-iff-compare0 by fastforce
ultimately show p > 0 by (simp add: p’ less-complez-def)
qed

lemma sylvester-criterion-reverse:

assumes pd: positive-definite A
shows sylvester-criterion A

87



unfolding sylvester-criterion-def
proof clarify

fix k assume k: k£ < dim-row A

let 2A’ = Ilps A k

have pd: positive-definite ?A’

using A-dim pd leading-principal-submatriz-positive-definite k by auto

hence det-nz: Determinant.det ?A’ # 0 using positive-definite-det-nz by blast

have square: square-mat ?A’ using pd hermitian-is-square positive-definite-def
by blast

have A’-dim: ?A’ € carrier-mat k k using A-dim k leading-principal-submatriz-carrier
by auto

have prod-list (map Re (eigvals ?47)) > 0
using cmplz-herm-mat.positive-definite-imp-positive-eigenvaluesy-Re[of - ?A]
pd prod-list-gz
using A’-dim cmplz-herm-mat.intro positive-definite-def
by (smt (verit, best) cmplz-herm-mat.positive-definite-imp-positive-eigenvalues
imagekl less-complex-def
list.set-map spectrum-def zero-complez.sel(1))
moreover have prod-list (eigvals ?A’) = prod-list (map Re (eiguals 7A"))
proof—
have Vi < (length (eigvals ?A")). (eigvals ?A’)li = (map Re (eigvals ?A"))!i
proof safe
fix ¢ assume *: i < length (eigvals ?A’)
hence (eigvals ?A")li € Reals
using pd A’-dim
by (metis cmplz-herm-mat.hermitian-eigenvalues-real cmplz-herm-mat-def
nth-mem
positive-definite-def spectrum-def spectrum-eigenvalues)
thus (eigvals ?A")li = (map Re (eigvals ?A"))!i using * by auto
qed
thus ?thesis
by (metis length-map map-nth-eg-conv of-real-hom.hom-prod-list)
qed
ultimately show 0 < Determinant.det ?A’
using det-is-prod-of-eigenvalues|OF square] by (simp add: less-complez-def)
qed

26.3 Theorem Statement

theorem sylvester-criterion:
shows sylvester-criterion A <— positive-definite A
proof
show 1: sylvester-criterion A = positive-definite A
using sylvester-criterion-forward
unfolding positive-definite-def
using A-herm A-dim sylvester-criterion-forward
using complez-is-Real-iff hermitian-quadratic-form-real less-complez-def
by auto
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show 2: positive-definite A = sylvester-criterion A
by (rule sylvester-criterion-reverse)
qed

end

26.4 Theorem Statement (Outside Locale)

theorem sylvester-criterion:

fixes A :: complex mat

assumes hermitian A

shows sylvester-criterion A +— positive-definite A

using assms cmplz-herm-mat.sylvester-criterion cmplz-herm-mat.intro hermi-
tian-square by blast

27 Code

definition rat-of-nat-mat :: nat mat = rat mat where
rat-of-nat-mat A = mat (dim-row A) (dim-col A) (A\(4,5). rat-of-nat (A$%(7,5)))

definition rat-of-int-mat :: int mat = rat mat where
rat-of-int-mat A = mat (dim-row A) (dim-col A) (A(i,j). rat-of-int (A$3(i,5)))

context comm-ring-hom
begin

lemma mat-hom-submatriz:
assumes I: I C {..<dim-row A}
assumes J: J C {..<dim-col A}
shows submatriz (maty, A) I J = maty, (submatriz A I J)
unfolding submatriz-injlof A dim-row A dim-col A, simplified, OF I J]
unfolding submatriz-inj[of (mat, A) dim-row A dim-col A, simplified, OF I J]
apply (simp add: submatriz-of-inj-def map-mat-def)
apply (rule cong-mat|of card I card I card J card J, simplified])
using I J
by (simp add: subset-iff pick-in-set-le)

lemma mat-hom-carrier: A € carrier-mat m n —> mat, A € carrier-mat m n
by simp

end

lemma of-rat-less-complex: © < y <— complex-of-rat x < complex-of-rat y
proof—
have complez-of-rat x = (of-real o of-rat) x complex-of-rat y = (of-real o of-rat)
Y
by (simp-all add: of-rat.rep-eq)
moreover have real-of-rat © < real-of-rat y +— x < y using of-rat-less by blast
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ultimately show %thesis by (simp add: less-complex-def)
qed

lemma sylvester-criterion-rat:
assumes square: A € carrier-mat n n
defines [simp]: (hompy :: rat mat = complex mat) = of-rat-hom.mat-hom
shows sylvester-criterion A «— sylvester-criterion (hompy A)
unfolding sylvester-criterion-def
proof—
have Vk < dim-row A. 0 < Determinant.det (Ips A k) +— 0 < Determinant.det
(Ips (homy A) k)
proof clarify
fix k assume k: & < dim-row A
have Determinant.det (Ips (homg A) k) = complex-of-rat (Determinant.det
(Ips A k))
using of-rat-hom.hom-det[of Ips A k, where 'a = complez]
unfolding homp -def leading-principal-submatriz-def
apply (subst of-rat-hom.mat-hom-submatrizlof {..<k} A {..<k}])
using k square
by simp-all
thus 0 < Determinant.det (lps A k) «<— 0 < Determinant.det (Ips (hompg A)
k)
using of-rat-less-complex k homg-def by (metis of-rat-hom.hom-zero)
qed
thus (Vk < dim-row A. 0 < Determinant.det (Ips A k)) = (Vk < dim-row (homg
A). 0 < Determinant.det (Ips (homy A) k))
by simp
qed

lemma rat-subset-real: Q C (R::complex set)
by (metis Im-complez-of-real Rats-cases’ complex-is- Real-iff of-real-divide of-real-of-int-eq
subset-eq)

lemma conjugate-of-rat: conjugate (of-rat ) = ((of-rat x)::complex)
proof—
have ((of-rat z)::complex) € R using rat-subset-real by fastforce
moreover have Vi € R::complex set. conjugate x = z using Reals-cnj-iff by
force
ultimately show ?thesis by fast
qed

lemma hermitian-rat:
fixes A :: rat mat
shows hermitian A <— hermitian ((of-rat-hom.mat-hom A)::complex mat)
apply standard
unfolding hermitian-ij-ji-iff
apply (simp add: hermitian-ij-ji-iff conjugate-of-rat)
subgoal using conjugate-of-rat by (metis conjugate-complex-def)
subgoal by (metis conjugate-of-rat conjugate-rat-def indez-map-mat(1,2,3) of-rat-eq-iff

90



square-mat.simps)
done

definition compute-lps :: 'a mat = nat = ’'a mat where
[code]: compute-lps A k = mat k k (\(4,5). A$3(7,5))

definition compute-sylvester-criterion :: rat mat = bool where
[code]: compute-sylvester-criterion A <— (Vk € {0..dim-row A}. det-field (compute-lps
Ak)>0)

lemma compute-Ips-correct:
assumes A: A € carrier-mat n n
assumes k: k < n
shows compute-lps A k = lps A k
apply (rule eq-matl)
unfolding compute-Ips-def
subgoal
using k A
apply (simp add: submatriz-def)
by (metis Collect-conj-eq card-lessThan index-mat(1) inf.absorb-iff2 less Than-def
lessThan-subset-iff
pick-n-le)
subgoal using k A by (metis carrier-matD(1) dim-row-mat(1) leading-principal-submatriz-carrier)
subgoal using k A by (metis carrier-matD(2) dim-col-mat(1) leading-principal-submatriz-carrier)
done

lemma compute-sylvester-criterion-correct:
fixes A :: rat mat
assumes A: hermitian A
shows compute-sylvester-criterion A «— sylvester-criterion A
unfolding compute-sylvester-criterion-def sylvester-criterion-def
using compute-Ips-correct|OF hermitian-square[OF Al
by auto

lemma compute-sylvester-criterion-correct:

fixes A :: rat mat

assumes A: hermitian A

assumes square: A € carrier-mat n n

shows compute-sylvester-criterion A <— positive-definite (( of-rat-hom.mat-hom
A)::complex mat)

apply (subst compute-sylvester-criterion-correct| OF A))

apply (subst sylvester-criterion-rat| OF square))

by (rule sylvester-criterion

[ of of-rat-hom.mat-hom A,
unfolded hermitian-rat[of A, symmetric|,

OF A])

definition smallest-eigval-gr :: rat mat = rat = bool where
[code]: smallest-eigual-gr A r = (compute-sylvester-criterion (A — (r m Im
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(dim-row A))))

The function smallest-eigval-gr checks if the smallest eigenvalue of A is
bigger than r.

lemma hermitian-minus-1:
fixes A :: rat mat
assumes A: hermitian A
shows hermitian (A — 1 - 1 (dim-row A))
unfolding hermitian-def adjoint-def
apply (rule eg-matl)
apply simp-all
using A[unfolded hermitian-def adjoint-def, simplified)
by (metis index-transpose-mat(1,8) transpose-mat-def)

context comm-ring-hom
begin

lemma mat-hom-add:
assumes A € carrier-mat m n
assumes B € carrier-mat m n
shows maty, (A + B) = mat, A + mat, B
using assms hom-add by auto

lemma mat-hom-uminus:
shows mat, (—A) = — mat;, A
using hom-uminus by auto

lemma mat-hom-sub:
assumes A € carrier-mat m n
assumes B € carrier-mat m n
shows mat, (A — B) = mat, A — mat, B
using assms mat-hom-add mat-hom-uminus
by (smt (verit, ccfv-threshold) add-uminus-minus-mat comm-ring-hom.mat-hom-add
comm-ring-hom-azioms map-carrier-mat uminus-carrier-mat)

end

lemma smallest-eigval-gr-correct-auz:

fixes A :: rat mat

assumes A: hermitian A

shows smallest-eigual-gr A r «— positive-definite ((of-rat-hom.mat-hom (A — r
‘m Im (dim-row A)))::complex mat)

unfolding smallest-eigval-gr-def

by (rule compute-sylvester-criterion-correct’|OF hermitian-minus-I[OF A]], fast-
force)

lemma smallest-eigval-gr-correct:

fixes A :: rat mat
assumes A: hermitian A
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shows smallest-eigval-gr A r <— (¥ p::complex € spectrum (of-rat-hom.mat-hom
A).r < p)
proof—
let 2A"=A — r -y 1 (dim-row A)
let ?cA’ = (of-rat-hom.mat-hom ?A’)::complex mat
let cA = (of-rat-hom.mat-hom A)::complex mat
have A’-square: square-mat A’ using hermitian-is-square[ OF A| hermitian-minus-I
by auto
have smallest-eigval-gr A v <— positive-definite ?cA’
by (rule smallest-eigval-gr-correct-auz|OF A, of 1))
also have ... «— (Vu € spectrum ?cA’. u > 0)
using cmplz-herm-mat. positive-definite-imp-positive-eigenvalues| OF cmplz-herm-mat.intro,
of 2cA’]
using cmpla-herm-mat. positive-eigenvalues-imp-positive-definite] OF emplz-herm-mat.intro,
of ?cA’|
using A
by (meson hermitian-minus-I hermitian-rat hermitian-square)
also have ... +— (Y € spectrum ?cA. r < )
proof—
obtain n where n: ?cA € carrier-mat n n
using A hermitian-rat hermitian-square by blast
have ?cA’ = of-rat-hom.mat-hom A — of-rat-hom.mat-hom (r -, 1., (dim-row

4))

using A of-rat-hom.mat-hom-sublof A dim-row A dim-row A r -, 1, (dim-row
A)]

by (metis hermitian-square one-carrier-mat smult-carrier-mat)

also have ... = of-rat-hom.mat-hom A — r -, of-rat-hom.mat-hom (1,

(dim-row A))
by fastforce
finally have pu € spectrum ?cA «+— p — r € spectrum ?cA’ for
using spectrum-shift[OF n, of r] n by (simp add: of-rat-hom.mat-hom-one)
thus ?thesis by (metis diff-gt-0-iff-gt add-diff-cancel-right’ diff-gt-0-iff-gt)
qed
finally show ?thesis .
qed

end
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