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Abstract

We formalize the Legendre’s three squares theorem and its conse-
quences, in particular the following results:

1. A natural number can be represented as the sum of three squares
of natural numbers if and only if it is not of the form 4%(8k + 7),
where a and k are natural numbers.

2. If n is a natural number such that n =3 (mod 8), then n can
be be represented as the sum of three squares of odd natural
numbers.

Consequences include the following:

1. An integer n can be written as n = 22 4+ y? + 22 + 2, where z, y,
z are integers, if and only if n > 0.

2. The Legendre’s four squares theorem: any natural number can
be represented as the sum of four squares of natural numbers.

We follow the book of Melvyn B. Nathanson ‘Additive Number Theory:
The Classical Bases’ [1].

We plan to make use of the first consequence mentioned above in an
upcoming AFP entry on Diophantine equations. More concretely, we intend
to formalize universal pairs over the integers which requires expressing a
natural number as a polynomial in integers while only using few variables.
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1 Properties of residues, congruences, quadratic
residues and the Legendre symbol

theory Residues-Properties
imports HOL— Number-Theory.Quadratic- Reciprocity
begin

1.1 Properties of residues and congruences

lemma mod-diff-eq-nat:

fixes a b m :: nat

assumes a > b

shows (a — b) mod m = (m + (a mod m) — (b mod m)) mod m
proof cases

assume m = 0

thus ?thesis by auto
next

assume 0: m # 0

have (a — b) mod m = nat (int (a — b) mod int m)

unfolding nat-mod-as-int by blast

also have ... = nat ((int a — int b) mod int m)
using assms by (simp add: of-nat-diff)

also have ... = nat ((int a mod int m — int b mod int m) mod int m)
using mod-diff-eq by metis

also have ... = nat ((int a mod int m + (int m — int b mod int m)) mod int m)
by (metis add.left-commute add-uminus-conv-diff mod-add-self1)

also have ... = nat ((int (nat (int a mod int m)) +

(int m — int b mod int m)) mod int m)
by (metis nat-int of-nat-mod)
also have ... = nat ((int (nat (int a mod int m)) +
int (m — nat (int b mod int m))) mod int m)
by (metis 0 less-eq-nat.simps(1) mod-less-divisor
nat-int nat-less-le of-nat-diff zmod-int)
also have ... = nat (int (m + nat (int a mod int m) —
nat (int b mod int m)) mod int m)
by (metis 0 Nat.add-diff-assoc add.commaute bot-nat-0.not-eq-extremum
mod-less-divisor nat-less-le nat-mod-as-int of-nat-add)
also have ... = (m + (a mod m) — (b mod m)) mod m
unfolding nat-mod-as-int by blast
finally show ?thesis .
qed

lemma prime-invertible-int:
fixes a p :: int



assumes prime p

assumes — p dvd a

shows 3b. [a * b = 1] (mod p)

using assms coprime-commute coprime-iff-invertible-int prime-imp-coprime by
blast

lemma power-cong:
fixes x y a m :: nat
assumes coprime a m
assumes [z = y| (mod totient m)
shows [a¢ ~z = a " y] (mod m)
proof —
obtain k :: int where 0: x + totient m x k =y
using assms by (metis cong-iff-lin cong-int-iff)
show ?thesis
proof cases
assume k > 0
hence z + totient m x nat k = y
using 0 by (metis int-eq-iff nat-int-add of-nat-mult)
hence [a "z * (a " totient m) " nat k = a " y| (mod m)
unfolding cong-def by (metis power-add power-mult)
hence [a "z * (a ~ totient m mod m) “nat k = a ~ y] (mod m)
unfolding cong-def by (metis mod-mult-right-eq power-mod)
hence [a "z * (1 mod m) “nat k = a " y] (mod m)
using euler-theorem[OF assms(1)] unfolding cong-def by argo
hence [a "z * 1 “natk = a " y] (mod m)
unfolding cong-def by (metis mod-mult-right-eq power-mod)
thus [a "z = a ~ y| (mod m) by auto
next
assume — k£ > (
hence z = y + totient m * nat (— k)
using 0
by (smt (verit) int-nat-eq nat-int nat-minus-as-int of-nat-add of-nat-mult
right-diff-distrib’)
hence [a "z =a "y * (a " totient m) " nat (— k)] (mod m)
unfolding cong-def by (metis power-add power-mult)
hence [a "z =a "y * (a ~ totient m mod m) ~ nat (— k)] (mod m)
unfolding cong-def by (metis mod-mult-right-eq power-mod)
hence [a "z = a "y * (I mod m) " nat (— k)] (mod m)
using euler-theorem[OF assms(1)] unfolding cong-def by argo
hence [a "z =a "y * I " nat (— k)] (mod m)
unfolding cong-def by (metis mod-mult-right-eq power-mod)
thus [a "z = a " y] (mod m) by auto
qed
qed

lemma power-cong-alt:
fixes z a m :: nat
assumes coprime a m



shows a ~z mod m = a ~ (z mod totient m) mod m
using power-cong[OF assms| cong-def cong-mod-left by blast

1.2 Properties of quadratic residues

lemma QuadRes-cong:
fixes a b p :: int
assumes [a = b] (mod p)
assumes QuadRes p a
shows QuadRes p b
using assms cong-trans unfolding QuadRes-def by blast

lemma QuadRes-mult:
fixes a b p :: int
assumes QuadRes p a
assumes QuadRes p b
shows QuadRes p (a * b)
using assms
unfolding QuadRes-def
by (metis cong-mult mult.assoc mult.commute power2-eq-square)

lemma QuadRes-inv:
fixes a b p :: int
assumes prime p
assumes [a x b = 1] (mod p)
assumes QuadRes p a
shows QuadRes p b
proof —
have 0: = p dvd a
using assms
by (metis cong-dvd-iff dvd-mult2 not-prime-unit)
obtain z where 1: [2? = a] (mod p) using assms unfolding QuadRes-def by
blast
have — p dvd z using 0 1 assms cong-dvd-iff pos2 prime-dvd-power-iff by blast
then obtain y where [z x y = 1] (mod p)
using assms prime-invertible-int by blast
hence 2: [(z * y)? = 1] (mod p) using cong-pow by fastforce
have [22 x b = 1] (mod p) using 1 assms cong-scalar-right cong-trans by blast
hence [y? * (22 * b) = y? * 1] (mod p) using cong-scalar-left by blast
hence [(z * y)? * b = y?] (mod p) by (simp add: algebra-simps)
hence [b = 42] (mod p)
using 2
by (metis cong-def cong-scalar-left mult.commute mult.right-neutral)
hence [y? = b] (mod p) by (rule cong-sym)
thus ?thesis unfolding QuadRes-def by blast
qed

1.3 Properties of the Legendre symbol

lemma Legendre-cong:



fixes a b p :: int

assumes [a = b] (mod p)

shows Legendre a p = Legendre b p

using assms QuadRes-cong|of a b p] QuadRes-cong[of b a p]
unfolding Legendre-def cong-def

by auto

lemma Legendre-one:
fixes p :: int
assumes p > 2
shows Legendre 1 p = 1
using assms
by (smt (verit) Legendre-def QuadRes-def cong-def
cong-less-imp-eg-int one-power2)

lemma Legendre-minus-one:
fixes p :: int
assumes prime p
assumes p > 2
shows Legendre (— 1) p =1 +— [p = 1] (mod 4)
proof —
have Legendre (— 1) p = 1 +— [Legendre (— 1) p = 1] (mod p)
using assms
by (metis Legendre-def QuadRes-def cong-0-iff cong-def not-prime-unit
one-power2)
also have ... +— [(— 1) " ((natp — 1) div 2) = 1] (mod p)
using assms euler-criterion[of nat p — 1]
by (smt (verit) cong-def nat-0-le nat-one-as-int of-nat-add one-add-one
prime-int-nat-transfer zless-nat-eq-int-zless)
also have ... «+— ((— 1 = int) “((natp — 1) div 2)) = 1
using assms
by (simp add: cong-iff-dvd-diff minus-one-power-iff zdvd-not-zless)
also have ... «<— even ((nat p — 1) div 2) by (simp add: minus-one-power-iff)
also have ... +— / dvd (natp — 1)
using assms
by (metis One-nat-def add-Suc-right div-dvd-div even-Suc even-diff-nat
even-numeral even-of-nat group-cancel.rule0 nat-0-le
numeral-Bit0-div-2 prime-int-nat-transfer prime-odd-int)
also have ... +— [p = 1] (mod 4)
using assms
unfolding cong-iff-dvd-diff int-dvd-int-iff [symmetric]
by (simp add: int-ops)
finally show ?thesis .
qed

lemma Legendre-minus-one-alt:
fixes p :: int
assumes prime p
assumes p > 2



shows Legendre (— 1) p = (if [p = 1] (mod 4) then 1 else — 1)
using assms Legendre-minus-one[OF assms]

unfolding Legendre-def cong-def

by (auto simp add: zmod-minusl)

lemma Legendre-two:
fixes p :: int
assumes prime p
assumes p > 2
shows Legendre 2 p =1 «— [p = 1] (mod 8) V [p = 7] (mod 8)
proof —
let on=(p— 1) div2 — (p— 1) div 4
have odd p using assms prime-odd-int by blast
hence 0: 3k.p=8xk+ 1)V (Fk.p=8xk+ 3)V
Bk p=8*xk+5)V(3kp=8xk+7)
by presburger
have 1: (j + 8 x k) div 4 = jdiv 4 + 2 x k for k j :: int by linarith
have 2: GAUSS (nat p) 2
using assms unfolding GAUSS-def cong-def by auto
have Legendre 2p = (— 1) ~ card (GAUSS.E (nat p) 2)
using assms GAUSS.gauss-lemma]OF 2] by auto
also have ... = (— 1) " card
((A\k. kmod p) “ (x) 2 “{0<..(p — 1) div 2} N {(p — 1) div 2<..})
unfolding GAUSS.E-def[OF 2] GAUSS.C-def[OF 2]
GAUSS.B-def|OF 2] GAUSS.A-def[OF 2]
by (simp add: algebra-simps)
also have ... = (— 1) " card
() 2 “{0<..(p — 1) div 2} N {(p — 1) div 2<..})
by (rule arg-conglof - - NA. (— 1) " card (AN {(p — 1) div 2<..})]; force)
also have ... = (— 1) ~ card
{ke(x)2{0<.(p—1)div2} k> (p—1)div2}
by (rule arg-conglof - - NA. (— 1) ~ card A]; blast)
also have ... = (— 1) “card {k € {0<..(p — 1) div 2}. 2 x k > (p — 1) div 2}
apply (rule arg-conglof - - An. (— 1) " n)
apply (rule card-bij-eqlwhere ?f = k. k div 2 and ?g = (x) 2])
subgoal unfolding inj-on-def by auto
subgoal by auto
subgoal by (simp add: inj-on-mult)
subgoal by auto
subgoal by (rule finite-Collect-conjl; auto)
subgoal by (rule finite-Collect-conjl; auto)

done
also have ... = (— 1) Tcard {k € {0<..(p — 1) div 2}. k> (p — 1) div 4}
by (rule arg-conglof - - Mf. (— 1) ~card {k € {0<..(p — 1) div 2}. fk}];
auto)
also have ... = (— 1) “card {(p — 1) div 4<..(p — 1) div 2}
by (rule arg-conglof - - NA. (— 1) ~ card A]; fastforce)
also have ... = (— 1) " (nat %n) by auto

finally have Legendre 2 p = 1 <— even n



unfolding minus-one-power-iff
by (simp add: assms even-nat-iff prime-gt-0-int zdiv-mono2)
also have ... «— [p = 1] (mod 8) V [p = 7] (mod 8) unfolding cong-def
using 0 by (auto simp add: 1)
finally show ?thesis .
qed

lemma Legendre-two-alt:
fixes p :: int
assumes prime p
assumes p > 2
shows Legendre 2 p = (if [p = 1] (mod 8) V [p = 7] (mod 8) then 1 else — 1)
using assms Legendre-two] OF assms]
unfolding Legendre-def cong-def
by (auto simp add: zmod-minusl1)

lemma Legendre-mult:
fixes a b p :: int
assumes prime p
shows Legendre (a * b) p = Legendre a p * Legendre b p
proof cases
assume 0: p = 2
have 1: QuadRes p = (A\z. True) using 0
by (metis QuadRes-def add-0 cong-iff-dvd-diff even-add odd-one power-one
power-zero-numeral uminus-add-conv-diff)
thus “thesis using 0 unfolding 1 Legendre-def cong-0-iff by auto
next
assume p # 2
hence 2: p > 2 using assms by (simp add: order-less-le prime-ge-2-int)
have [Legendre a p = a ~ ((nat p — 1) div 2)] (mod p)
[Legendre b p = b ~ ((nat p — 1) div 2)] (mod p)
[Legendre (a x b) p = (a x b) ~ ((nat p — 1) div 2)] (mod p)
using 2 assms euler-criterion|of nat p a
euler-criterion|of nat p b]
euler-criterion|of nat p a * b]
by auto
hence 3: [Legendre (a * b) p = Legendre a p * Legendre b p] (mod p)
by (smt (verit, best) cong-mult cong-sym cong-trans power-mult-distrib)
have 4: {Legendre a p, Legendre b p, Legendre (a x b) p} C {—1, 0, 1}
unfolding Legendre-def by auto
show ?thesis using 2 3 4 by (auto simp add: cong-iff-dvd-diff zdvd-not-zless)
qged

lemma Legendre-power:
fixes a :: int
fixes n :: nat
fixes p :: int
assumes prime p
assumes p > 2



shows Legendre (a ~n) p = (Legendre a p) " n
proof (induct n)

case ()

thus “case using assms Legendre-one by auto
next

case (Suc n)

thus ?case using assms Legendre-mult by auto
qed

lemma Legendre-prod:

fixes A :: ‘a set

fixes f :: 'a = int

fixes p :: int

assumes prime p

assumes p > 2

shows Legendre (prod f A) p = ([[x€A. Legendre (f z) p)
proof (induct A rule: infinite-finite-induct)

case (infinite A)

thus ?case using assms Legendre-one by auto
next

case empty

thus ?case using assms Legendre-one by auto
next

case (insert z F)

thus ?case using assms Legendre-mult by auto
qged

lemma Legendre-equal:
fixes p q :: int
assumes prime p prime q
assumes p > 2 q > 2
assumes p # ¢
assumes [p = 1] (mod 4) V [¢ = 1] (mod 4)
shows Legendre p ¢ = Legendre q p
proof —
have 0: even (p — 1) even (g — 1) using assms prime-odd-int by auto
have 1: ((p — 1) div 2) x (¢ — 1) div 2) = (p — 1) * (¢ — 1) div 4
using 0 by fastforce
have 2: {Legendre p q, Legendre q p} C {—1, 0, 1}
unfolding Legendre-def by auto
have Legendre p q x Legendre q p =
(— 1) “mnat ((p— 1) div 2) * ((¢ — 1) div 2))
using assms Quadratic-Reciprocity-int[of p |
by fastforce
also have ... = (= 1) "nat ((p — 1) * (¢ — 1) div 4) unfolding 1 by rule
also have ... = 1
using 0 assms even-nat-iff
unfolding minus-one-power-iff cong-iff-dvd-diff
by auto



finally show ?thesis using 2 by auto
qed

lemma Legendre-opposite:
fixes p q :: int
assumes prime p prime q
assumes p > 2q > 2
assumes p # ¢
assumes [p = 8] (mod 4) A [¢ = 8] (mod 4)
shows Legendre p ¢ = — Legendre q p
proof —
have «(p — 1 = 2] (mod 4)» <[¢g — 1 = 2] (mod 4)»
using (p = 3] (mod 4) A [q¢ = 3] (mod 4)»
by (simp-all add: cong-iff-dvd-diff)
from assms have <even (p — 1)» <even (¢ — 1)
using assms by (auto dest: prime-odd-int)
then have x: (p — 1) x (¢ — 1) div 4 = ((p— 1) div 2) x ((¢ — 1) div 2)
by fastforce
have odd ((p — 1) x (¢ — 1) div 4)
using <even (p — 1)) <even (¢ — 1)» <[p — 1 = 2] (mod 4)» <[g — 1 = 2] (mod
7
by (auto elim!: oddE evenE dest: cong-dvd-iff simp add: x)
hence 2: odd (nat (p — 1) * (¢ — 1) div 4))
using assms even-nat-iff pos-imp-zdiv-nonneg-iff by fastforce
have 3: {Legendre p q, Legendre ¢ p} C {—1, 0, 1}
unfolding Legendre-def by auto
have Legendre p q x Legendre q p =
(= 1) “nat (((p — 1) div 2) x ((¢ — 1) div 2))
using assms Quadratic-Reciprocity-int[of p ¢
by fastforce
also have ... = (— 1) “nat ((p — 1) * (¢ — 1) div 4) unfolding * by rule
also have ... = — |
using 2 3
unfolding minus-one-power-iff
by auto
finally show ?thesis using 3 by auto
qed

end

2 Vectors and matrices, determinants and their
properties in dimensions 2 and 3

theory Low-Dimensional-Linear-Algebra
imports HOL— Library. Adhoc-Overloading
begin

datatype vec2 =



vec?
(vec2y : int)
(vec2q : int)

datatype vecd =
vecs
(vec3y : int)
(vec3q : int)
(vec3s : int)

datatype mat2 =
mat2
(mat211 : int) (mat2i2 @ int)
(mat221 : int) (mat2a9 : int)

datatype mat3 =
mat3

(mat311 @ int) (mat312 @ int) (mat3qs :
(mat321 : int) (mat3ag : int) (mat3as :
(mat3s3; : int) (mat3ss @ int) (mat3ss :

instantiation vec2 :: ab-group-add
begin

definition zero-vec2 where
zero-vec2 =

vec?

0

0

definition uminus-vec2 where
uminus-vec2 v =

vec?

(— vec2y v)

(— vec2y v)

definition plus-vec2 where
plus-vec2 vl v2 =
vec2
(vec2q vl + vec2; v2)
(vec2o vl + veclq v2)

definition minus-vec2 where
minus-vec? vl v2 =
vec?
(vec2y vl — vec2y v2)
(vec2o vl — veclq v2)

instance

int)
int)
int)
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apply intro-classes

unfolding zero-vec2-def uminus-vec2-def plus-vec2-def minus-vec2-def
apply simp-all

done

end

instantiation vec3 :: ab-group-add
begin

definition zero-vec8 where
zero-vecsd =

vecd

0

0

0

definition uminus-vec§ where
uminus-vecs v =

vecd

(— vecdy v)

(— vec3q v)

(— vec33 v)

definition plus-vec3 where
plus-vec3 vl v2 =
vecd
(vec8y1 vl + vec3y v2)
(vec8q vl + vec3q v2)
(vec8s vl + vec3s v2)

definition minus-vecs where
minus-vecd vl v2 =
vecd
(vec8q1 vl — vec3y v2)
(vec3s vl — vecls v2)
(vec3s vl — vec83 v2)

instance
apply intro-classes
unfolding zero-vec3-def uminus-vec3-def plus-vec3-def minus-vec3-def
apply simp-all
done

end

instantiation mat2 :: ring-1
begin
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definition zero-mat2 where
zero-mat2 =

mat2

00

00

definition one-mat2 where
one-mat2 =

mat2

10

01

definition uminus-mat?2 where
uminus-mat2 m =
mat2
(— mat211 m) (— mat212 m)
(— mat221 m) (— mat222 m)

definition plus-mat2 where
plus-mat2 m1 m2 =
mat2
(mat211 m1 + mat211 m2) (mat212 m1 + mat212 m2)
(mat221 m1 + mat241 m2) (mat229 ml + mat242 m2

~—

definition minus-mat2 where
minus-mat2 m1 m2 =
mat2
(mat211 m1 — mat211 m2) (mat212 m1 — mat212 m2)
(mat221 m1 — mat241 m2) (mat229 ml — mat222 m2

~—

definition times-mat2 where
times-mat2 m1 m2 =

mat2

(mat211 m1 *x mat211 m2 + mat212 m1 * mat221 m2) (mat211 ml * mat2io
m2 + mat212 ml1 x mat220 m2)

(mat221 m1 * mat211 m2 + mat299 ml * mat22; m2) (mat221 ml * mat2:
m2 + mat229 m1 * mat222 m2)

instance

apply intro-classes

unfolding zero-mat2-def one-mat2-def uminus-mat2-def plus-mat2-def minus-mat2-def
times-mat2-def

apply (simp-all add: algebra-simps)

done

end
instantiation mat3 :: ring-1

begin
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definition zero-mat3 where
zero-mat3 =

matd

000

000

000

definition one-mat3 where
one-mat3 =

mat3

100

010

001

definition uminus-mat3 where
uminus-matd m =
mat3

(— mat311 m) (— mat312 m) (— mat313 m)
(— mat321 m) (— mat822 m) (— mat3a3 m)
(— mat331 m) (— mat332 m) (— mat3s3 m)

definition plus-mat3 where
plus-mat3 m1 m2 =

mat3

(mat311 m1 + mat311 m2) (mat312
m2)

(mat321 m1 + mat3s1 m2) (mat3ao
m2)

(mat331 m1 + mat3s31 m2) (mat3zo
m2)

definition minus-mat3 where
minus-mat3 m1 m2 =

matd

(mat311 m1 — mat311 m2) (mat312
m2)

(mat321 m1 — mat3s1 m2) (mat3ao
m2)

(mat331 m1 — mat331 m2) (mat3so
m2)

definition times-mat3 where
times-mat3 m1 m2 =
mat3

ml + mat81o
ml + mat3ag

ml 4+ mat33o

ml — mat81o
ml — mat8oo

ml — mat33o

m2) (mat313
m2) (mat3a3

m2) (mat3ss

m2) (mat313
m2) (mat8a3

m2) (mat3ss

ml + mats13
ml + mat3s3

ml + mat3sg

ml — mat813
ml — mat3a3

ml — mat33s

(mat811 m1 x mat811 m2 + matS12 ml * matda; m2 + mat313 ml * mat3s;
m2) (mat311 ml % mat312 m2 + mat312 ml * mat3a2 m2 + mat313 mi x*
mat33s m2) (mat311 m1 * mat313 m2 + mat312 ml * matSs3 m2 + matd13 ml

* mat3sz m2)
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(mat321 m1 * mat311 m2 + matlas ml * mat3o1, m2 + mat3a3 ml * mat3s;
m2) (mat321 ml x mat812 m2 + matl22 ml x matla2 m2 + mat3ss ml x*
mat3se2 m2) (mat321 m1 * mat313 m2 + mat3e0 ml x mat3s3 m2 + mat3a3 ml
* mat3sz m2)

(mat331 m1 x mat311 m2 + mat332 ml x mat3a; m2 + mat3zz ml * mat3s;
m2) (mat331 ml x mat812 m2 + matdsza ml x matlas m2 + mat3zs ml x*
mat3se m2) (mat331 ml x mat313 m2 + mat3so ml x mat3s3 m2 + mat3ss ml
* mat333 m2)

instance

apply intro-classes

unfolding zero-mat3-def one-mat3-def uminus-mat3-def plus-mat3-def minus-mat3-def
times-mat3-def

apply (simp-all add: algebra-simps)

done

end
consts vec-dot :: 'a = 'a = int (<-| -> 65)

definition vec2-dot :: vec2 = vec2 = int where
vec2-dot vl v2 = wvec21 vl x vec21 v2 + vecl2q vl * vec2q V2

adhoc-overloading vec-dot vec2-dot

definition vec3-dot :: vecd = vecd = int where
veed-dot vl v2 = wvee8q vl * veed1 v2 + vecdo vl x vecds v2 + vec83 vl * vecds
v2

adhoc-overloading vec-dot vec3-dot

lemma vec2-dot-zero-left [simpl:
fixes v :: vec2
shows <0 | v> =0
unfolding vec2-dot-def zero-vec2-def by auto

lemma vec2-dot-zero-right [simp]:
fixes v :: vec2
shows <v | 0> =0
unfolding vec2-dot-def zero-vec2-def by auto

lemma vec3-dot-zero-left [simpl:
fixes v :: vecd
shows <0 | v> =0
unfolding vec3-dot-def zero-vec3-def by auto

lemma vec3-dot-zero-right [simp]:

fixes v :: vecd
shows <v | 0> =0

14



unfolding vec3-dot-def zero-vec3-def by auto
consts mat-app :: ‘a = ‘b = 'b (infixr $ 65)

definition mat2-app :: mat2 = vec2 = vec2 where
mat2-app m v =
vec?
(mat211 m * vec21 v + mat212 m x vec2q v)
(mat291 m x vec21 v + mat222 m * vecls v)

adhoc-overloading mat-app mat2-app

definition mat3-app :: mat3 = vecd = vec3 where

mat3-app m v =
vecd
(mat311 m x vecd1 v + mat312 m x vec3s v + mat313 m * vec3s v)
(mat321 m x vecd1 v + mat3oa m x vecda v + mat3az m * vecds v)
(mat331 m x vecd1 v + mat3za m x vec3a v + mat3sz m * vecds v)

adhoc-overloading mat-app mat3-app

lemma mat2-app-zero [simp):
fixes m :: mat2
shows m $ 0 = 0
unfolding mat2-app-def zero-vec2-def by auto

lemma mat3-app-zero [simp]:
fixes m :: mat3
shows m $ 0 = 0
unfolding mat3-app-def zero-vec3-def by auto

lemma mat2-app-one [simp):
fixes v :: vec2
shows I $ v="
unfolding mat2-app-def one-mat2-def by auto

lemma mat3-app-one [simp):
fixes v :: vec3
shows I $v="
unfolding mat3-app-def one-mat3-def by auto

lemma mat2-app-mul [simp:
fixes m1 m2 :: mat2
fixes v :: vec2
shows m1 « m2 $ v=m1 $ m2 $ v
unfolding times-mat2-def mat2-app-def by (simp add: algebra-simps)

lemma mat3-app-mul [simp]:
fixes m1 m2 :: mat3
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fixes v :: vecd
shows m1 «x m2 $ v=m1 $m2 $v
unfolding times-mat3-def mat3-app-def by (simp add: algebra-simps)

consts mat-det :: 'a = int

definition mat2-det where
mat2-det m = mat211 m * matl90 m — mat21o m * matl91 M

adhoc-overloading mat-det mat2-det
definition mat3-det where

mat3-det m =
mat311 m *x mat3s2 m x mat333 m

+ mat812 m *x matda3 m *x matds1 m
+ mat313 m x mat3a1 m * matSzs m
— mat811 m x matSo3 m * mat8zo m
— mat812 m *x matSo1 m * mat8zz3 m
— mat813 m x matSoo m * matdz1 m

adhoc-overloading mat-det mat3-det
lemma mat2-mul-det [simp]:
fixes m1 m2 :: mat2
shows mat-det (m1 x m2) = mat-det m1 * mat-det m2
unfolding times-mat2-def mat2-det-def by (simp; algebra)
lemma mat3-mul-det [simp]:
fixes m1 m2 :: mat3
shows mat-det (m1 x m2) = mat-det m1 * mat-det m2
unfolding times-mat3-def mat3-det-def by (simp; algebra)

consts mat-sym :: 'a = bool

definition mat2-sym :: mat2 = bool where
mat2-sym m = (mat212 m = mat291 m)

adhoc-overloading mat-sym mat2-sym

definition mat3-sym :: mat3 = bool where

mat3-sym m = (mat312 m = mat321 m A mat313 m = mat33z1 m A mat3s3 m =
mat33s m)

adhoc-overloading mat-sym mat3-sym

consts mat-transpose = 'a = 'a (-1 [91] 90)

definition mat2-transpose :: mat2 = mat2 where
mat2-transpose m =
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mat2
(mat211 m) (mat221 m)
(mat212 m) (mat222 m)

adhoc-overloading mat-transpose mat2-transpose

definition mat3-transpose :: mat3 = mat3 where
mat3-transpose m =

mat3

(mat311 m) (mat321 m) (mat331 m)

(mat312 m) (mat322 m) (mat3zs m)

(mat313 m) (mat323 m) (mat3ss m)

adhoc-overloading mat-transpose mat3-transpose

lemma mat2-transpose-involution [simp):
fixes m :: mat2

shows (mT)T = m
unfolding mat2-transpose-def
by auto

lemma mat3-transpose-involution [simpl:
fixes m :: mat3

shows (mT)T = m
unfolding mat3-transpose-def
by auto

lemma mat2-sym-criterion:
fixes m :: mat2
shows mat-sym m +— m? =m
unfolding mat2-sym-def mat2-transpose-def
by (cases m; auto)

lemma mat3-sym-criterion:
fixes m :: mat3
shows mat-sym m +— m? =m
unfolding mat3-sym-def mat3-transpose-def
by (cases m; auto)

lemma mat2-transpose-one [simp): (1 :: mat2)T = 1
unfolding mat2-transpose-def one-mat2-def by auto

lemma mat3-transpose-one [simp): (1 :: mat3)T = 1
unfolding mat3-transpose-def one-mat3-def by auto

lemma mat2-transpose-mul [simp):
fixes a b :: mat2
shows (a x b)T = b7 % a7

unfolding mat2-transpose-def times-mat2-def by auto
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lemma mat3-transpose-mul [simp]:
fixes a b :: mat3
shows (a * b)T = b7 x T
unfolding mat3-transpose-def times-mat3-def by auto

lemma vec2-dot-transpose-left:
fixes m :: mat2
fixes u v :: vec2
shows <m” $u | v>=<u|m$ v>
unfolding vec2-dot-def mat2-app-def mat2-transpose-def
by (simp add: algebra-simps)

lemma vec2-dot-transpose-right:
fixes m :: mat2
fixes u v :: vec2
shows <u | mT $ v>=<m $ u | v>
unfolding vec2-dot-def mat2-app-def mat2-transpose-def
by (simp add: algebra-simps)

lemma vec3-dot-transpose-left:
fixes m :: matd
fixes u v :: vecs
shows <m” $u | v>=<u|m$ v>
unfolding vec3-dot-def mat3-app-def mat3-transpose-def
by (simp add: algebra-simps)

lemma vec3-dot-transpose-right:
fixes m :: mat3
fixes u v :: vecd
shows <u | m? $ v>=<m $ u | v>
unfolding vec3-dot-def mat3-app-def mat3-transpose-def
by (simp add: algebra-simps)

lemma mat2-det-tranpose [simp):
fixes m :: mat2
shows mat-det (mT) = mat-det m
unfolding mat2-det-def mat2-transpose-def by auto

lemma mat$-det-tranpose [simp):
fixes m :: mat3
shows mat-det (m1) = mat-det m
unfolding mat3-det-def mat3-transpose-def by auto

consts mat-inverse :: 'a = 'a (-—1 [91] 90)
definition mat2-inverse :: mat2 = mat?2 where

mat2-inverse m =
mat2
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(mat222 m) (— mat212 m)
(— mat221 m) (mat211 m)

adhoc-overloading mat-inverse mat2-inverse

definition mat3-inverse :: mat3 = mat3 where
mat3-inverse m =
mat3
(mat322 m * matS3z m — matSaz3 m * mat3za m) (matd13 m * mat3zs m —
mat312 m * mat33z3 m) (matd12 m * mat3s3 m — mat313 m * mat3ao M)
(mat323 m * mat831 m — mat3a1 m * mat3ss m) (matd11 m x matdsz m —
mat313 m * matlz1 m) (matd13 m * mat3s1 m — mat311 m * mat3a3 m)
(mat321 m * mat83a m — mat322 m * mat331 m) (matl12 m * matls; m —
mat311 m * matfzs m) (mat11 m * mat3aa m — mat312 m * mat3a; m)

adhoc-overloading mat-inverse mat3-inverse

lemma mat2-inverse-cancel:
fixes m :: mat2
assumes mat-det m = 1
shows m«sm '=1m ' s«xm=1
using assms unfolding mat2-det-def mat2-inverse-def times-mat2-def one-mat2-def
by (auto simp add: algebra-simps)

lemma mat3-inverse-cancel:
fixes m :: mat3
assumes mat-det m = 1
shows m+m'=1m'sxm=1
using assms unfolding mat3-det-def mat3-inverse-def times-mat3-def one-mat3-def
by (auto simp add: algebra-simps)

1

lemma mat2-inverse-cancel-left:
fixes m a :: mat2
assumes mat-det m = 1
shows m * (m~ ! xa)=am ' x(mx*a)=a
unfolding mult.assoc[symmetric]
using assms mat2-inverse-cancel
by auto

lemma mat3-inverse-cancel-left:
fixes m a :: mat3
assumes mat-det m = 1
shows m * (m™ ' xa) =am™ % (mx*a) =a
unfolding mult.assoc[symmetric]
using assms mat3-inverse-cancel
by auto
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lemma mat2-inverse-cancel-right:
fixes m a :: mat2
assumes mat-det m = 1

shows a x (m* m™ ') =aa*x (m™ 1 xm)=a
using assms mat2-inverse-cancel
by auto
lemma mat3-inverse-cancel-right:
fixes m a :: mat3
assumes mat-det m = 1
shows a x (m* m™Y) =aax* (m™ ' xm)=a

using assms mat3-inverse-cancel
by auto

lemma mat2-inversable-cancel-left:
fixes m al a2 :: mat2
assumes mat-det m = 1
assumes m *x al = m * a2
shows al = a2
by (metis assms mat2-inverse-cancel-left(2))

lemma mat3-inversable-cancel-left:
fixes m al a2 :: mat3
assumes mat-det m = 1
assumes m * al = m * a2
shows al = a2
by (metis assms mat3-inverse-cancel-left(2))

lemma mat2-inversable-cancel-right:
fixes m al a2 :: mat2
assumes mat-det m = 1
assumes al x m = a2 * m
shows a1 = a2
by (metis assms mat2-inverse-cancel(1) mult.assoc mult.right-neutral)

lemma mat3-inversable-cancel-right:
fixes m al a2 :: mat3
assumes mat-det m = 1
assumes al * m = a2 * m
shows al = a2
by (metis assms mat3-inverse-cancel(1) mult.assoc mult.right-neutral)

lemma mat2-inverse-det [simp]:
fixes m :: mat2
shows mat-det (m~1) = mat-det m
unfolding mat2-inverse-def mat2-det-def
by auto

lemma mat3-inverse-det [simp]:
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fixes m :: mat3

shows mat-det (m~1) = (mat-det m)?

unfolding mat3-inverse-def mat3-det-def power2-eq-square
by (simp add: algebra-simps)

lemma mat2-inverse-transpose:
fixes m :: mat2
shows (mT)~! = (m~1)T
unfolding mat2-inverse-def mat2-transpose-def
by auto

lemma mat3-inverse-transpose:
fixes m :: mat3
shows (mT)~! = (m~1)T
unfolding mat3-inverse-def mat3-transpose-def
by auto

lemma mat2-special-preserves-zero:
fixes u :: mat2
fixes v :: vec2
assumes mat-det u = 1
shows u$v=0+—>0v=20
proof
assume u $ v = 0
hence v ' $ u $ v = 0 by auto
hence (uv=! x u) $ v = 0 by auto
thus v = 0 using assms mat2-inverse-cancel by auto
next
assume v = (
thus u $ v = 0 by auto
qed

lemma mat3-special-preserves-zero:
fixes u :: mat3
fixes v :: vecs
assumes mat-det u = 1
shows u$v=0+—>0v=20
proof
assume u $ v = 0
hence v~ ! $ u $ v = 0 by auto
hence (u=! x u) $ v = 0 by auto
thus v = 0 using assms mat3-inverse-cancel by auto
next
assume v = (
thus v $ v = 0 by auto
qed

end
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3 Properties of quadratic forms and their equiva-
lences

theory Quadratic-Forms
imports Complez-Main Low-Dimensional-Linear-Algebra
begin

consts ¢f-app :: 'a = 'b = int (infix] $$ 65)

definition ¢f2-app :: mat2 = vec2 = int where
qf2-app mv = <v| m$ v>

adhoc-overloading qf-app qf2-app

definition ¢f3-app :: mat3 = vec3 = int where
qf8-app mv = <v | m$ v>

adhoc-overloading qf-app qf3-app

lemma qf2-app-zero [simp]:
fixes m :: mat2
shows m $% 0 = 0
unfolding ¢f2-app-def by auto

lemma qf3-app-zero [simp]:
fixes m :: mat3
shows m $$ 0 = 0
unfolding ¢f3-app-def by auto

consts qf-positive-definite :: 'a = bool

definition ¢f2-positive-definite :: mat2 = bool where
qf2-positive-definite m = (Vv. v # 0 — m $$ v > 0)

adhoc-overloading gf-positive-definite qf2-positive-definite

definition ¢f3-positive-definite :: mat3 = bool where
qf3-positive-definite m = (Vv. v # 0 — m $$ v > 0)

adhoc-overloading qf-positive-definite qf3-positive-definite

lemma ¢f2-positive-definite-positive:
fixes m :: mat2
assumes ¢f-positive-definite m
shows YVv. m $$ v > 0
using assms unfolding qf2-positive-definite-def
by (metis order-less-le order-refl qf2-app-zero)

lemma ¢f3-positive-definite-positive:
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fixes m :: mat3

assumes ¢f-positive-definite m

shows Vou. m $$ v > 0

using assms unfolding ¢f3-positive-definite-def
by (metis order-less-le order-refl qf3-app-zero)

consts gf-action :: 'a = 'a = ’a (infixl - 55)

definition ¢f2-action :: mat2 = mat2 = mat2 where

qf2-action a u = u? * a * u

adhoc-overloading qf-action qf2-action

definition ¢f3-action :: mat3 = mat3 = mat3 where

qf3-action a u = u? * a * u

adhoc-overloading ¢f-action qf3-action

lemma ¢f2-action-id:
fixes a :: mat2
shows a - 1 = a
unfolding qf2-action-def
by simp

lemma ¢f3-action-id:
fixes a :: mat3
shows a - 1 = a
unfolding qf3-action-def
by simp

lemma qf2-action-mul [simp):
fixes a u v :: mat2
shows a - (u*xv) = (a-u) v
unfolding qf2-action-def
by (simp add: algebra-simps)

lemma ¢f3-action-mul [simp):
fixes a u v :: mat3
shows a - (uxv) = (a-u) v
unfolding ¢f3-action-def
by (simp add: algebra-simps)
consts ¢f-equiv :: 'a = 'a = bool (infix ~ 65)

definition ¢f2-equiv :: mat2 = mat2 = bool where
qf2-equiv a b = (Ju. mat-det wu =1 AN a - u =0)

adhoc-overloading ¢f-equiv qf2-equiv
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definition ¢f3-equiv :: mat3 = mat3 = bool where
qf3-equiv a b = (Ju. mat-det wu =1 AN a - u =10)

adhoc-overloading ¢f-equiv qf3-equiv

lemma ¢f2-equiv-sym-impl:
fixes a b :: mat?2
shows a ~ b= b" a
unfolding ¢f2-equiv-def qf2-action-def
proof —
assume Ju. mat-det u =1 A u? xaxu=">
then obtain u where mat-det u = 1 A u” % a x u = b by blast
hence mat-det (u=1) =1 A (u")T) x b* (u™!) =a
unfolding mat2-inverse-transpose[symmetric]
using mat2-inverse-cancel-left[of uT| mat2-inverse-cancel-right
by (auto simp add: algebra-simps)
thus Ju. mat-det u = 1 A u” % b x u = a by blast
qed

lemma ¢f3-equiv-sym-impl:
fixes a b :: mat3
shows ¢ Y b= b "~ a
unfolding ¢f3-equiv-def qf3-action-def
proof —
assume Ju. mat-det u = 1 A ul x axu=>0
then obtain v where mat-det w = 1 A u” * a x u = b by blast
hence mat-det (v™') =1 A (v )T) *xb* (u™!) =a
unfolding mat3-inverse-transpose[symmetric]
using mat3-inverse-cancel-left[of uT| mat3-inverse-cancel-right
by (auto simp add: algebra-simps)
thus Ju. mat-det u =1 A u” % b x u = a by blast
qed

lemma ¢f2-equiv-sym:
fixes a b :: mat?2
shows a ~ b+— b~ a
using ¢f2-equiv-sym-impl by blast

lemma ¢f3-equiv-sym:
fixes a b :: mat3
shows a ~ b+— b~ a
using ¢f3-equiv-sym-impl by blast

lemma ¢f2-equiv-trans:
fixes a b ¢ :: mat2
assumes a ~ b
assumes b ~ ¢
shows a ™~ ¢
using assms by (metis mult-1 mat2-mul-det qf2-action-mul qf2-equiv-def)
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lemma ¢f3-equiv-trans:
fixes a b ¢ :: mat3
assumes a ~ b
assumes b ~ ¢
shows a ™~ ¢
using assms by (metis mult-1 mat3-mul-det qf3-action-mul ¢f3-equiv-def)

lemma gf2-action-app [simpl:
fixes a u :: mat2
fixes v :: vec2
shows (a - u) 38 v = a 88 (u $ v)
unfolding ¢f2-action-def qf2-app-def
using vec2-dot-transpose-right by auto

lemma ¢f3-action-app [simp:
fixes a u :: mats
fixes v :: vec3
shows (a - u) $$ v =10 $$ (v $ v)
unfolding ¢f3-action-def qf3-app-def
using vec3-dot-transpose-right by auto

lemma ¢f2-equiv-preserves-positive-definite:
fixes a b :: mat?2
assumes a ~ b
shows qf-positive-definite a <— qf-positive-definite b
unfolding qf2-positive-definite-def
by (metis assms mat2-special-preserves-zero qf2-action-app

qf2-equiv-def qf2-equiv-sym,)

lemma ¢f3-equiv-preserves-positive-definite:
fixes a b :: mat3
assumes a ~ b
shows ¢f-positive-definite a <— qf-positive-definite b
unfolding ¢f3-positive-definite-def
by (metis assms mat3-special-preserves-zero qf3-action-app
qf3-equiv-def qf3-equiv-sym,)

lemma ¢f2-equiv-preserves-sym:
fixes a b :: mat?2
assumes a ~ b
shows mat2-sym a <— mat2-sym b
proof —
obtain u where mat-det u = 1 u” * a % u = b
using assms unfolding q¢f2-action-def qf2-equiv-def by auto
thus ?thesis
unfolding mat2-sym-criterion
using mat2-inversable-cancel-left[of u”
mat2-inversable-cancel-right[of u a

CLT
T

* Uk ul
al
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by (auto simp add: algebra-simps)
qed

lemma ¢f3-equiv-preserves-sym:
fixes a b :: mat3
assumes a ~ b
shows mat3-sym a <— mat3-sym b
proof —
obtain u where mat-det u = 1 u? * a % u = b
using assms unfolding qf3-action-def qf3-equiv-def by auto
thus ?thesis
unfolding mat3-sym-criterion
using mat3-inversable-cancel-left[of uT o™ * u a * u]
mat3-inversable-cancel-right[of u a* a
by (auto simp add: algebra-simps)
qed

lemma ¢f2-equiv-preserves-det:
fixes a b :: mat?2
assumes a ~ b
shows mat-det a = mat-det b
using assms unfolding qf2-action-def qf2-equiv-def by auto

lemma ¢f3-equiv-preserves-det:
fixes a b :: mat3
assumes a ~ b
shows mat-det a = mat-det b
using assms unfolding gf3-action-def qf3-equiv-def by auto

lemma qf2-equiv-preserves-range-subset:

fixes a b :: mat2

assumes a ~ b

shows range (($%) b) C range (($3) a)
proof —

obtain v where 0: mat-det wu = 1a - u=1>

using assms unfolding ¢f2-equiv-def by auto

show ?thesis unfolding 0[symmetric] image-def by auto

qed

lemma ¢f3-equiv-preserves-range-subset:

fixes a b :: mat3

assumes a ~ b

shows range (($3) b) C range ((33%) a)
proof —

obtain v where 0: mat-det u = 1 a - u=1>5

using assms unfolding ¢f3-equiv-def by auto

show ?thesis unfolding 0[symmetric] image-def by auto

qed
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lemma ¢f2-equiv-preserves-range:
fixes a b :: mat?2
assumes a¢ ~ b
shows range ((3%) a) = range ((3%) b)
using assms qf2-equiv-sym qf2-equiv-preserves-range-subset by blast

lemma ¢f3-equiv-preserves-range:
fixes a b :: mat3
assumes a ~ b
shows range ((3%) a) = range ((3%) b)
using assms qf3-equiv-sym qf3-equiv-preserves-range-subset by blast

Lemma 1.1 from [1].

lemma ¢f2-positive-definite-criterion:
fixes a
assumes mat-sym a
shows ¢f-positive-definite a <— mat211 a > 0 N mat-det a > 0
proof
assume 0: gf-positive-definite a
have vec2 1 0 # 0 — a $$ vec2 1 0 > 0 using 0
unfolding ¢f2-positive-definite-def by blast
hence 1: mat211 a > 0
unfolding zero-vec2-def vec2-dot-def times-mat2-def mat2-app-def qf2-app-def
by auto
let ?v = vec2 (— mat212 a) (Mmat21; a)
have ?v # 0 — a $$ %v > 0 using 0
unfolding ¢f2-positive-definite-def by blast
hence mat211 a * mat-det a > 0 using assms 1
unfolding zero-vec2-def vec2-dot-def times-mat2-def mat2-app-def
mat2-det-def mat2-sym-def qf2-app-def
by (simp add: mult.commute)
hence 2: mat-det a > 0 using I zero-less-mult-pos by blast
show mat21; a > 0 A mat-det a > 0 using 1 2 by blast
next
assume 3: mat211 a > 0 N\ mat-det a > 0
show qf-positive-definite a unfolding qf2-positive-definite-def
proof (rule alll; rule impl)
fix v :: vec2
assume v # ()
hence /: vec21 v # 0 V vec2s v # 0 unfolding zero-vec2-def
by (metis vec2.collapse)
let ?n = (mat211 a * vec2y v + mat212 a * vec2s v)? + (mat-det a) * (vec2s
v)?
have 5: mat211 a * (a $$ v) = ?n
using assms
unfolding vec2-dot-def times-mat2-def mat2-app-def mat2-det-def
mat2-sym-def qf2-app-def power2-eq-square
by (simp add: algebra-simps)
have ?n > 0 using 3 4
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by (metis add.commute add-0 add-pos-nonneg mult-eq-0-iff
mult-pos-pos power-zero-numeral zero-le-power2 zero-less-power2)
thus a $$ v > 0 using 3 5 zero-less-mult-pos by metis
qed
qed

lemma congruence-class-close:
fixes k m :: int
assumes m > 0
shows 3t. 2 x|k + mxt| < m (is3 ¢ ?Pt)
proof —
let s = k divm
have 0: k — m % 2s> 0 ANk — m x ?s < m using assms
by (metis pos-mod-sign pos-mod-bound add.commute add-diff-cancel-right’
div-mod-decomp-int mult.commute)
show ?thesis proof cases
assume 2 x (k. — m * %s) < m
hence ?P (— ?%s) using 0 by auto
thus ?thesis by blast
next
assume — (2 % (k — m * %s) < m)
hence 2 x (kK — m * ?5) > m by auto
hence ?P (— (?s + 1)) using 0 by (simp add: algebra-simps)
thus ?thesis by blast
qed
qged

Lemma 1.2 from [1].

lemma lemma-1-2:
fixes b :: mat2
assumes mat-sym b
assumes ¢f-positive-definite b
shows Ja. a ™~ b A
2 x |mat212 a| < mat211 a A
mat211 a < (2 / sqrt 3) * sqrt (mat-det a) (is Ja. 7P a)
proof —
define a1, where a1 = LEAST y. y > 0 A (Az. int y = b $$ x)
have 0: 3y. y > 0 A (3z. int y = b $$ x)
apply (rule exI[of - nat (b $$ (vec2 1 1))])
using assms(2) unfolding qf2-positive-definite-def zero-vec2-def
apply (metis nat-0-le order-less-le vec2.inject zero-less-nat-eq zero-neg-one)
done
obtain r where 1: a;1 > O int a1 = b $$ r
using a11-def Leastl-ex[OF 0] by auto
let ?h = ged (vec2y 1) (vec2q 1)
have r # 0 using assms(2) 1 by fastforce
hence 2: ?h > 0 by (simp; metis vec2.collapse zero-vec2-def)
let 2r' = vec2 (vec2y r div ?h) (vec2q T div 7h)
have ?r' # ( using 2 unfolding zero-vec2-def
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by (simp add: algebra-simps dvd-div-eq-0-iff)
hence nat (b 8% 2r') > 0 A (3z. int (nat (b $$ 2r')) = b $$ z)
using assms(2) unfolding ¢f2-positive-definite-def by auto
hence x: a1 < nat (b $% ?r’) unfolding a11-def by (rule Least-le)
hence a;; < b $$ ?r’ using 1 by auto
also have x*: ... = (b $$ r) div ?h? proof —
have (b $$ 2r') x ?h? = b $$ r ?h% dvd b $$ r
unfolding ¢f2-app-def vec2-dot-def mat2-app-def power2-eq-square
using 1
by (auto simp add: algebra-simps mult-dvd-mono)
thus b $$ 27’ = (b $$ r) div ?h? using 2 by auto
qed
also have ... = a1, div ?h% using 1 by auto
finally have a;; < ay1 div ?h? .
also have ... < aq; using 1 2
by (metis * *x assms(2) div-le-dividend int-eg-iff nat-div-distrib order-refl
qf2-positive-definite-positive verit-la-disequality)
finally have ?h = [ using 1 2
by (smt (verit) int-div-less-self of-nat-0-less-iff power2-eq-square
zero-less-power zmult-eq-1-iff)
then obtain s; s; where 3: 1 = (vec2y 1) x s — (vec2s 1) * 81
by (metis bezout-int diff-minus-eq-add mult.commute mult-minus-right)
define a’;> where
aI12 =
(mat211 b) * (vec2y 1) * 8
+ (mat212 b) * ((vec21 r) * s + (vec2q 1) * $1)
+ (mat292 b) * (vec2s 1) * So

obtain ¢ where /: 2 x |a’12 + a11 * (¢ :: int)| < ayq
using 1 congruence-class-close by fastforce
define a;5 where a15 = a’15 + a11 * t
define asy where ass = b $8 (vec2 (s1 + (vec2y r) % t) (52 + (vec2s 1) * 1))
let %u =
mat2
(vec2y ) (51 + (vec2y r) * t)
(vec2o 1) (82 + (vec2s 1) * t)

let %a =
mat2
ail G12
a2 a2

have 5: mat-det ?u = 1 unfolding mat2-det-def
using 3 by (simp add: algebra-simps)
have 6: ?a = b - ?u using assms(1) 1
unfolding ¢f2-action-def mat2-transpose-def qf2-app-def vec2-dot-def
mat2-app-def times-mat2-def mat2-sym-def
alg—def alg—def agg—def a’12—def
by (simp add: algebra-simps)
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have b ™~ ?a unfolding ¢f2-equiv-def using 5 6 by auto
hence 7: %a ~ b using qf2-equiv-sym by blast
have 8: 2 x |mat212 %a] < mat211 ?a using / unfolding a,2-def by auto
have a;; < int (nat azs)
unfolding a;1-def asz-def
apply (rule rev-iff D1[OF - nat-int-comparison(3)])
apply (rule wellorder-Least-lemma(2))
using assms(2) 5 unfolding qf2-positive-definite-def zero-vec2-def mat2-det-def
apply (metis add.right-neutral diff-add-cancel mat2.sel
mult-zero-left mult-zero-right nat-0-le order-less-le vec2.inject
zero-less-nat-eq zero-neq-one)
done
hence a11 < asgo using 1 by linarith
hence / * a112 < 4 * a11 * a2 unfolding power2-eg-square using 1 by auto

also have ... = 4 * (mat-det %a + a12°)
unfolding mat2-det-def power2-eq-square by auto
also have ... = / * mat-det ?a + (2 * |a12])?

unfolding power2-eq-square by auto
also have ... < 4 * mat-det ?a + (int a11)?
using 4 power2-le-iff-abs-le unfolding a5-def by (smt (verit))
finally have 3 * a112 < 4 * (mat-det ?a) by auto
hence a11% < (4 / 8) x mat-det ?a by linarith
hence sqrt (a11?) < sqrt ((4 / 8) * mat-det ?a)
using real-sqrt-le-mono by blast
hence a11 < sqrt ((4 / 8) * mat-det ?a) by auto
hence a11 < (sgrt 4) / (sqrt 3) = sqrt (mat-det ?a)
unfolding real-sqrt-mult real-sqrt-divide by blast
hence 9: mat211 %a < (2 / sqrt 3) % sqrt (mat-det ?a) by auto
have ?P %q using 7 8 9 by blast
thus ?thesis by blast
qed

Theorem 1.2 from [1].

theorem ¢f2-det-one-equiv-canonical:
fixes f :: mat2
assumes mat-sym f
assumes ¢f-positive-definite f
assumes mat-det f = 1
shows f ~ 1
proof —
obtain ¢ where
0:f~ a
2 % |[mat212 a| < mat211 a
mat211 a < (2 / sqrt 3) * sqrt (mat-det a)
using assms lemma-1-2[of f] qf2-equiv-sym by auto
have 1: mat-sym a
using assms 0 qf2-equiv-preserves-sym by auto
have 2: ¢f-positive-definite a
using assms 0 qf2-equiv-preserves-positive-definite by auto
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have 3: mat-det a = 1 using assms 0 qf2-equiv-preserves-det by auto
have 4: mat211 a > 1
apply (rule allE[OF 2[unfolded qf2-positive-definite-def], of vec2 1 0])
unfolding zero-vec2-def vec2-dot-def mat2-app-def qf2-app-def
qf2-positive-definite-def
apply auto
done
have 5: mat211 a < 2 using 0 unfolding 3
by (smt (verit, best) divide-le-eq int-less-real-le mult-cancel-left1
of-int-1 real-sqrt-four real-sqrt-le-iff
real-sqrt-mult-self real-sqrt-one)
have 6: mat211 a = 1 using 4 5 by auto
have 7: mat212 a = 0 mat24; a = 0 using 0 1 6 unfolding mat2-sym-def by
auto
have 8: mat2:5 a = 1 using 3 6 7 unfolding mat2-det-def by auto
have a = 1 using 6 7 8§ unfolding one-mat2-def using mat2.collapse by metis
thus ?thesis using 0 by metis
qed

Lemma 1.3 from [1].

lemma lemma-1-3:
fixes a :: mats
assumes mat-sym a
defines o’ =
mat2
(mat311 a x mat3az a — (mat3y1o a)?) (mat311 a x mat3a3 a — mat3iz a *
mat313 a)
(mat311 a x mat3s3 a — matd12 a * mat313 a) (matdy; a * matlzs a —
(mat313 a)?)

defines d’ =
mat-det (
mat2
(mat311 a) (mat312 a)
(mat312 a) (mat3a2 a)

)

shows
mat-det o’ = mat311 a x mat-det a (is ?P)
Nz. mat311 a * (a $$ z) =
(mat311 a * vecd1 T + mat3i2 a x vecSy x + mat3iz a * vecdz x)? +
(a’ 8% (vec2 (vec3s ) (vecds z))) (is Az. 2Q x)
qf-positive-definite a = qf-positive-definite a’
qf-positive-definite a +— mat311 a > 0 A d' > 0 A mat-det a > 0
proof —
show 0: ?P using assms
unfolding a’-def mat2-det-def mat3-det-def mat3-sym-def power2-eq-square
by (simp add: algebra-simps)
show 1: Az. ?Q z using assms
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unfolding a’-def vec2-dot-def vec3-dot-def mat2-app-def mat3-app-def
mat3-sym-def qf2-app-def qf3-app-def power2-eq-square
by (simp add: algebra-simps)
have 2: qf-positive-definite a = mat311 a > 0
proof —
assume 3: gf-positive-definite a
show mat311 a > 0
using allE[OF iffD1|OF qf3-positive-definite-def 3], of vec3 1 0 0]
unfolding zero-vec3-def vec3-dot-def mat3-app-def qf3-app-def
by auto
qed
show 4: ¢f-positive-definite a = qf-positive-definite a’
unfolding ¢f2-positive-definite-def
proof
fix v :: vec?
assume 5: gf-positive-definite a
hence 6: mat311 a > 0 using 2 by blast
have o' $$ v < 0 = v = 0 proof —
assume 7: ¢’ $$ v < 0
obtain z5 z3 where 8: v = vec2 x5 x3 by (rule vec2.exhaust)
define z; where 11 = — (mat312 a x T3 + mat313 a * z3)
have mat311 a * (a 3% (vecd z1 (mat311 a * x2) (Mat311 a * x3))) =
(mat311 a * 1 + mat312 a * matdy1y a * T2 + mat313 a * matdi1 a * v3)>

(a’ $$ (vec2 (mat311 a * z2) (Mmat311 a * z3)))
unfolding 1 by (simp add: algebra-simps)
also have ... = a’ 88 (vec2 (mat311 a * z2) (mat311 a * x3))
unfolding z;-def by (simp add: algebra-simps)
also have ... = (mat311 a)? x (a’ $$ v)
unfolding 8 vec2-dot-def mat2-app-def qf2-app-def power2-eq-square
by (simp add: algebra-simps)
also have ... < 0
using 7 unfolding power2-eq-square by (simp add: mult-nonneg-nonpos)
finally have mat311 a * (a $$ (vec3 1 (mat311 a * x2) (Mmatd11 a * z3)))

hence a $$ (vecd 1 (mat311 a * 12) (Mat311 a % z3)) < 0
using 6 by (simp add: mult-le-0-iff)
hence vecd z1 (mat311 a * x3) (matd11 a x x3) = 0
using 5 unfolding ¢f3-positive-definite-def by fastforce
hence zo = 0 z3 = 0 using 6 unfolding zero-vec3-def by fastforce+
thus v = 0 unfolding 8 zero-vec2-def by blast
qed
thus v # 0 — 0 < a’ $$ v by fastforce
qed
have 9: ¢f-positive-definite a = d’ > 0 N mat-det a > 0
proof —
assume 10: gf-positive-definite a
have 11: mat311 a > 0 using 2 10 by blast
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have gf-positive-definite a’ using 4 10 by blast
hence 12: mat211 a’ > 0 A mat-det a’ > 0
using qf2-positive-definite-criterion
unfolding a’-def mat2-sym-def by fastforce
have 153: d' > 0
using 12 unfolding a’-def d’-def mat2-det-def power2-eq-square by fastforce
have 1/: mat-det a > 0
using 11 12 unfolding 0 by (simp add: zero-less-mult-iff)
show d’ > 0 A (mat-det a) > 0 using 13 1/ by blast
qged
have 15: mat311 a > 0 A d’ > 0 A mat-det a > 0 = qf-positive-definite a
proof —
assume 16: mat311 a > 0 A d’ > 0 A mat-det a > 0
have 17: mat211 o’ > 0
using 16 unfolding a’-def d’-def mat2-det-def power2-eq-square
by (simp add: algebra-simps)
have 18: mat-det a’ > 0 using 16 unfolding 0 by fastforce
have 19: gf-positive-definite o’
using qf2-positive-definite-criterion 17 18
unfolding a’-def mat2-sym-def by fastforce
show qf-positive-definite a
unfolding ¢f3-positive-definite-def
proof
fix z :: vecs
have a $$ z < 0 = z = 0 proof —
assume a $$ z < 0
hence 20: mat311 a * (a $$ z) < 0
using 16 mult-le-0-iff order-less-le by auto
have a’ 8% (vec2 (vec3s x) (vec3s z)) < 0
using 20 unfolding I power2-eq-square by (smt (verit) zero-le-square)
hence 21: a’ $$ (vec2 (vec3s z) (vecds x)) = 0
using 19 qf2-positive-definite-positive
using nle-le by blast
have 22: vec3s x = 0 vec33 x = 0
using 19 21 unfolding zero-vec2-def qf2-positive-definite-def
by (smt (verit) vec2.inject)+
have mat311 a * vecd1 x + mat312 a * vec3s T + mat313 a * vecd3s v = 0
using 20 21 unfolding 1 by fastforce
hence vec3; z = 0 using 16 22 by fastforce
thus z = 0 using 22 unfolding zero-vec3-def by (metis vec3.collapse)
qed
thus z # 0 — 0 < a $$ z by fastforce
qed
qed
show ¢f-positive-definite a <— mat311 a > 0 A d' > 0 A mat-det a > 0
using 2 9 15 by blast
qed

Lemma 1.4 from [1].

33



lemma lemma-1-4:
fixes b :: mat3
fixes v/ :: mat2
fixes r s :: int
assumes mat-sym b
assumes ¢f-positive-definite b
assumes mat-det v/ = 1
defines b’ =
mat2
(mat311 b x mat3a2 b — (mat312 b)?) (mat311 b * mat3e3 b — mat31o b *
mat5’13 b)
(mat311 b x mat323 b — matl12 b x matd13 b) (mat311 b x mat3ss b —
(mat5’13 b)z)

defines a’ = b’ - v’
defines v =
mat3
1rs
0 (mat211 v') (mat212 v’)
0 (mat221 v’) (mat229 v’)

defines a =06 - v
shows
Ny. mat311 b * (b $$ y) =
(mat311 b * vecd1 y + mat31a b x vecds y + matdiz b * vecds y)* +
(b' 3% (vec2 (vecls y) (vecds y))) (is Ay. 2P y)
mat311 a = mat311 b
Nz. mat311 a * (a $$ z) =
(mat311 a x vecd1 x + mat312 a * vec3a x + mat313 a * vecds x)2 +
(a’ 8% (vec2 (vec3s ) (vecds x))) (is Az. ?2Q x)
proof —
show Ay. ?P y using assms
unfolding b’-def vec2-dot-def vec3-dot-def mat2-app-def mat3-app-def
mat3-sym-def qf2-app-def qf3-app-def power2-eq-square
by (simp add: algebra-simps)
show mat811 a = mat311 b
unfolding a-def v-def times-mat3-def mat3-transpose-def qf3-action-def
by force
show Ay. ?Q y using assms
by (simp add: algebra-simps power2-eq-square
a-def v-def a’-def b’-def vec2-dot-def vec3-dot-def
times-mat2-def times-mat3-def mat2-app-def mat3-app-def
mat2-transpose-def mat3-transpose-def mat3-sym-def
qf2-app-def qf3-app-def qf2-action-def qf3-action-def)
qed

Lemma 1.5 from [1].

lemma lemma-1-5:
fixes u11 uo1 us31
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assumes Ged {u11, ug1, us1} = 1
shows Ju. mat311 u = w11 A matde1 u = ugy A matdz1 u = ugz1 A mat-det u
=1
proof —
let 0 = ged uyy w2y
show ?thesis proof cases
assume ?a = 0
hence 0: uj; = 0 uz1 = 0 ugy = 1 V uzy = —1 using assms by auto
let u =
mat3
00 (—1)
0 us1 0
us31 00
show ?thesis
apply (rule exI[of - ?u))
unfolding mat3-det-def using 0 apply auto
done
next
assume [: %a # 0
obtain wuis uso where 2: uj1 * uge — u21 * u12 = %a using bezout-int
by (metis diff-minus-eq-add mult.commute mult-minus-right)
have gcd %a uz; = 1 using assms by (simp add: ged.assoc)
then obtain us3 b where 3: ?a x ugzs — b * ug; = 1 using bezout-int
by (metis diff-minus-eq-add mult.commute mult-minus-right)
let u =
mat3
U1 U2 ((U11 div ?a) * b)
U221 U292 ((U21 div Qa) * b)
uz1 0 uzs
have mat-det ?u =
U1l * U2 * U33
+ U2 * ((U,Q1 div Qa) * b) * U31
— ((u11 div ?a) = b) * ugg * uz;
— Ui2 * U21 * U33
unfolding mat3-det-def by auto
also have ... =
U1l * U22 * U33
+ Ui * (U21 div Qa) * (b * U31)
— ugo x (u11 div 2a) * (b * ugqy)
— Up2 * U1 * U33
by auto
also have ... =
U1l * U2 * U33
+ w12 * (u21 div 2a) * (%a x ugzs — 1)
— ug2 * (u11 div %a) * (%a * ugs — 1)
— U2 * U21 * U33
using 3 by (simp add: algebra-simps)
also have ... =
U1 * U22 * U33
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—+ U9 * ((U21 div ?a) * ?a) * U33
— uy2 * (u21 div 2a)
— ug2 * ((u11 div 2a) * %a) * uss
+ w29 * (u11 div %a)
— Ur2 * U21 * U33
by (simp add: algebra-simps)
also have ... =
— 12 * (u21 div Za)
+ w29 * (u11 div %a)
by (simp add: algebra-simps)
also have ... =
— uy2 * (u21 div 2a)
+ ug9 x uyy div Za
by (metis dvd-div-mult ged-dvdl mult.commute)
also have ... =
— uy2 * (u21 div %a)
+ (%a + w21 * uy12) div %a
using 2 by (simp add: algebra-simps)
also have ... =
— uyg * (ug1 div ?a)
+ 1 + (u21 * ui2) div 2a
using 1 by auto
also have ... = 1 by (simp add: algebra-simps div-mult1-eq)
finally have /: mat-det %u = 1 .
show ?thesis
apply (rule exI[of - ?u))
using 4 apply auto
done
qed
qed

Lemma 1.6 from [1].

lemma lemma-1-6:
fixes c :: mat3
assumes mat-sym c
assumes qf-positive-definite ¢
shows Ja. a ™~ ¢ A
2 x (max |mat312 a| [mat313 a|) < matdi1 a A
mat311 a < (4 / 8) * root 8 (mat-det a)
proof —
define a;; where a1 = LEAST y. y > 0 A (3z. int y = ¢ $3$ z)
have 0: 3y. y > 0 A (3z. int y = ¢ $$ )
apply (rule exI[of - nat (¢ $8 (vecs 1 1 1))])
using assms(2) unfolding ¢f3-positive-definite-def zero-vec3-def
apply (metis nat-0-le order-less-le vec3.inject zero-less-nat-eq zero-neg-one)
done
obtain t where 1: a;1 > Oint a1 = c $$ ¢
using a1-def Leastl-ex|OF 0] by auto
let ?h = Ged {vec3q t, vec3s t, vec3s t}
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have t # 0 using assms(2) 1 by fastforce
hence 2: ?h > 0 by (simp; metis vec3.collapse zero-vec3-def)
let 2t' = vecd (vec31 t div ?h) (vecSs t div ?h) (vec3s t div 7h)
have ?t’ # 0 using 2 unfolding zero-vec3-def
by (auto simp add: algebra-simps dvd-div-eq-0-iff)
hence nat (¢ $8 2¢t') > 0 A (Fz. int (nat (c $$ 2¢')) = ¢ $3$ 1)
using assms(2) unfolding qf3-positive-definite-def by auto
hence a1; < nat (¢ $$ ?¢') unfolding a11-def by (rule Least-le)
hence a11; < ¢ $$ ?¢' using 1 by auto
also have ... = (¢ $$ t) div ?h® proof —
have ?h dvd vec31 t ?h dvd vec3o t ?h dvd vec3s t
by (meson Ged-dvd insertCI)+
then have (¢ $$ 7t/) x ?h? = ¢ $$ ¢ ?h% dvd c $$ ¢
unfolding ¢f3-app-def vec3-dot-def mat3-app-def power2-eq-square
using 1
by (auto simp add: algebra-simps mult-dvd-mono)
thus ¢ $$ ?¢t' = (¢ $$ t) div ?h? using 2 by auto
qed
also have ... = a1, div ?h% using 1 by auto
finally have a;; < ay1 div ?h? .
also have ... < ay; using 1 2
by (metis div-le-dividend nat-div-distrib nat-int nat-le-iff of-nat-0-le-iff)
finally have ?h = [ using 1 2
by (smt (verit) int-div-less-self of-nat-0-less-iff power2-eq-square
zero-less-power zmult-eq-1-iff)
then obtain u where 3: mat311 u = vecd1 t mat321 u = vecda t
mat3s1 u = vecds t mat-det u = 1
using lemma-1-5 by blast
define b where b = ¢ - u
have j: mat-sym b
using 3 assms(1) qf3-equiv-preserves-sym
unfolding b-def qf3-equiv-def
by auto
have 5: qf-positive-definite b
using 3 assms(2) qf3-equiv-preserves-positive-definite
unfolding b-def qf3-equiv-def
by auto
have 6: a11 = (LEAST y. y > 0 A (3z. int y = b $$ 1))
unfolding a;1-def apply (rule arg-cong[of - - Least])
using 3 ¢f3-equiv-preserves-range[of ¢ b
unfolding b-def image-def qf3-equiv-def
apply fast
done
have 7: ail = mat311 b
using 1 3
by (simp add: algebra-simps
b-def times-mat3-def vec3-dot-def mat3-app-def
mat3-transpose-def qf3-app-def qf3-action-def)
define b’ where b’ =
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mat2
(mat311 b * mat3as b — (mat3y1o b)?) (mat311 b * mat3e3 b — mat3io b *
mat313 b)
(mat311 b * mat3s3 b — mat312 b x mat313 b) (mat311 b x mat3z3 b —
(mat313 b)2)

have 8: mat-sym b’ unfolding b’-def mat2-sym-def by auto
have 9: mat-det b’ = mat311 b * mat-det b
Az. mat311 b = (b $8 z) =
(mat311 b * vecd1 x + mat312 b * vecds T + mat3iz b x vec3z x)? +
(b' $$ (vec2 (vec3s ) (vec3s x)))
qf-positive-definite b’
using 4 5 b’-def lemma-1-3 by blast+
obtain o’ v/ where 10: o’ = b’ - v’
mat-det v’ = 1
mat211 o’ < (2 / sqrt 3) * sqrt (mat311 b * mat-det b)
using 8 9 qf2-equiv-sym qf2-equiv-preserves-det lemma-1-2[of b’]
unfolding qf2-equiv-def by metis
obtain 7 s where 11: 2 * |(mat312 b) * (mat21; v') +
(mat813 b) * (mat221 v") + a11 * (r = int)] < a1y
2 x |(mat312 b) * (mat212 v') +
(mat313 b) * (mat2q2 v') + a1 * (s :: int)] < arq
using 1 congruence-class-close by fastforce
define a;5 where a12 = (mat312 b) * (mat211 v’) +
(mat813 b) * (mat2s1 v') + a11 *
define a;35 where a13 = (mat312 b) * (mat212 v’) +
(mat313 b) * (mat22 v') + a1 * s
define v where v =
mat3
1rs
0 (mat211 v’) (mat21 v’)
0 (mat2s1 v') (mat2s9 v’

have 12: mat-det v = 1
using 10 unfolding v-def mat2-det-def mat3-det-def by (simp add: alge-
bra-simps)
define a where a = b - v
have 13: mat-det a = mat-det b
using 12 qf3-equiv-preserves-det
unfolding a-def qf3-equiv-def
by metis
have 14: a;1 = (LEAST y. y > 0 A (3z. int y = a $$ ))
unfolding 6 apply (rule arg-conglof - - Least])
using 12 ¢f3-equiv-preserves-range[of b a]
unfolding a-def image-def qf3-equiv-def
apply fast
done
have 15: mat311 a = mat311 b
Nz. mat311 a * (a $$ z) =
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(mat311 a * vecd1 ¢ + mat312 a x vecds x + mat313 a x vecss 1:)2 +
(a’ 8% (vec2 (vec3s ) (vecds z)))
using 4 5 10 lemma-1-4 unfolding b’-def v-def a-def by blast+
have 16: mat211 a’ = mat311 a * mat3s2 a — (mat3i2 a)?
using 15(2)[of vec3 0 1 0]
unfolding vec3-dot-def vec2-dot-def mat3-app-def mat2-app-def
qf3-app-def qf2-app-def
by simp
define ay; where azs = a $$ (vec3 0 1 0)
have 17: a1; = mat311 a unfolding 7 15 by auto
have 18: a19 = mat312 a a13 = mat313 a azs = mat3og a ass = mat3os a
using 13(1) 17
unfolding a-def v-def a12-def a13-def azs-def
by (auto simp add: algebra-simps
times-mat3-def vec3-dot-def mat3-app-def
mat3-transpose-def qf3-app-def qf3-action-def)
have 19: a ™~ ¢
unfolding ¢f3-equiv-sym[of a |
unfolding a-def b-def qf3-equiv-def qf3-action-mul[symmetric]
using 3 12 by (metis mat3-mul-det mult-1)
have 20: 2 x (mazx |mat312 a| |mat813 al) < mat311 a
using 11 unfolding 17[symmetric] 18 aio-def[symmetric] ay3-def[symmetric]
by auto
have 21: (2 / sqrt 8) ~— 6 = 64 / 27 unfolding power-def by auto
have a;; < int (nat ags)
unfolding a;1-def ass-def
apply (rule rev-iffD1[OF - nat-int-comparison(3)])
apply (rule wellorder-Least-lemma(2))
using assms(2) 5 12
apply (metis a-def b-def nat-0-le nat-int of-nat-0 qf3-action-app
qf3-equiv-def qf3-equiv-preserves-positive-definite
qf3-positive-definite-def qf3-positive-definite-positive
vecd.sel(2) zero-neg-one zero-vec3-def zless-nat-conj)
done
hence a11 < ago using 1 by linarith
hence (mat31; a)? < a11 * azo unfolding power2-eq-square using 1 17 by auto
also have ... = mat211 a’ + a122 using 16 17 18 by auto
also have ... < (2 / sqrt 3) = sqrt (mat311 b * mat-det b) + a12>
using 10 by auto
also have ... < (2 / sqrt 8) * sqrt (mat311 a x mat-det a) + (mat311 a)® / 4
using 11 18 15 17 18 a12-def
power2-le-iff-abs-le[of real-of-int (mat311 a) (mat312 a) * 2]
by auto
finally have (3 / 4) x (mat311 a)? < (2 / sqrt 8) % sqrt (mat311 a x mat-det

)
by (simp add: algebra-simps)
hence (mat311 a)? < (2 / sqrt 8) ~ 3 x sqrt (mat311 a * mat-det a)
unfolding power2-eq-square power3-eq-cube by (simp add: algebra-simps)
hence ((mat311 a)?)? < ((2 / sqrt 8) ~ 8 * sqrt (mat811 a * mat-det a))?
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using (1) unfolding 17[symmetric] power2-eq-square
by (metis of-int-power power2-eg-square power-mono zero-le-square)
hence (mat311 a) ~ 4 < (2 / sqrt 8) ~ 6 * (sqrt (mat311 a * mat-det a))?
by (simp add: power-mult-distrib)
hence (mat311 a) 4 < (2 / sqrt 8) ~ 6 x mat311 a x mat-det a
using 4 5 13 17 lemma-1-3 by auto
hence (mat311 a) ~ 3 < (2 / sqrt 8) ~ 6 * mat-det a
using 1(1) unfolding 17[symmetric]
unfolding power-def apply (simp add: algebra-simps)
apply (metis mult-left-le-imp-le of-nat-0-less-iff times-divide-eq-right)
done
hence (mat311 a) ~ 3 < (64 / 27) * mat-det a using 21 by auto
hence root 3 ((mat311 a) ~ 3) < root 8 ((64 / 27) * mat-det a) by auto
hence root 3 ((mat311 a) ~ 3) < root 8 (64 | 27) * root 3 (mat-det a)
unfolding real-root-mult by auto
hence mat311 a < root 8 (64 / 27) * root 3 (mat-det a)
using odd-real-root-power-cancel by auto
hence 22: mat311 a < (4 / 3) * root 3 (mat-det a)
using real-root-divide by force
show ?thesis using 19 20 22 by blast
qed

Theorem 1.3 from [1].

theorem ¢f3-det-one-equiv-canonical:
fixes f :: mat3
assumes mat-sym f
assumes ¢f-positive-definite f
assumes mat-det f = 1
shows f ~ 1
proof —
obtain a where
0:f~an
2 % (maz |mat312 a| |mat313 a|) < mat311 a A
mat311 a < (4 / 3) x oot 8 (mat-det a)
using assms lemma-1-6[of f] qf3-equiv-sym by auto
have 1: mat-sym a
using assms 0 qf3-equiv-preserves-sym by auto
have 2: qf-positive-definite a
using assms 0 qf3-equiv-preserves-positive-definite by auto
have 3: mat-det a = 1 using assms 0 qf3-equiv-preserves-det by auto
have 4: mat312 a = 0 mat313 a = 0 using 0 3 by auto
have mat311 a > 1
apply (rule allE[OF 2[unfolded qf$-positive-definite-def], of vec3 1 0 0])
unfolding zero-vec3-def vec3-dot-def mat3-app-def qf3-app-def
qf3-positive-definite-def
apply auto
done
hence 6: mat311 a = 1 using 0 3 by auto
define ¢’ where o’ =
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mat2
(mat322 a) (mat3az3 a)
(mat332 a) (mat3ss a)

have 7: mat-det o’ = 1
using 3 / 6 unfolding a’-def mat2-det-def mat3-det-def by auto
have 8: mat-sym o’ using 1 unfolding a’-def mat2-sym-def mat3-sym-def by
auto
have 9: ¢f-positive-definite o’
using 2 unfolding ¢f2-positive-definite-def qf3-positive-definite-def
proof —
assume 10:Vv. v# 0 — a $$ v > 0
show Vv. v# 0 — a’$$ v > 0
proof (rule; rule)
fix v :: vec2
assume v #
hence vec3 0 (vec2y v) (vec2q v) # 0
unfolding zero-vec2-def zero-vec3-def by (metis vec2.collapse vec3.inject)
hence a $$ (vec3 0 (vec2, v) (vec2y v)) > 0 using 10 by auto
thus o’ $$ v > 0
unfolding a’-def vec2-dot-def vec3-dot-def
mat2-app-def mat3-app-def qf2-app-def qf3-app-def
qf2-positive-definite-def qf3-positive-definite-def
by auto
qed
qged
obtain u’ where 11: mat-det v’ = 1 a’' - u' = 1
using 7 8 9 ¢f2-det-one-equiv-canonical|of a’]
unfolding ¢f2-equiv-def
by auto
define v where u =
mat3
100
0 (mat211 u') (mat212 u’)
0 (mat221 u') (mat222 u’)

have 12: mat-det u = 1
using 771 unfolding u-def mat2-det-def mat3-det-def by auto
have 13:a - u =1
using 1 4 6 11
by (simp add: algebra-simps
a’-def u-def one-mat2-def one-mat3-def
times-mat2-def times-mat3-def
mat2-transpose-def mat3-transpose-def
qf2-action-def qf3-action-def mat3-sym-def)
have a ~ 1 using 12 13 unfolding ¢f3-equiv-def by blast
thus ?thesis using 0 qf3-equiv-trans by blast
qed
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end

4 Legendre’s three squares theorem and its con-
sequences

theory Three-Squares
imports Dirichlet-L. Dirichlet- Theorem Residues-Properties Quadratic-Forms
begin

4.1 Legendre’s three squares theorem

definition quadratic-residue-alt :: int = int = bool where
quadratic-residue-alt m a = (3z y. 22 — a = y * m)

lemma quadratic-residue-alt-equiv: quadratic-residue-alt = QuadRes
unfolding quadratic-residue-alt-def QuadRes-def
by (metis cong-iff-dvd-diff cong-modulus-mult dvdE dvd-refl mult.commute)

lemma sg-nat-abs: (nat |v|)? = nat (v?)
by (simp add: nat-power-eq[symmetric])

Lemma 1.7 from [1].

lemma three-squares-using-quadratic-residue:
fixes n d’ :: nat
assumes n > 2
assumes d’ > 0
assumes QuadRes (d'xn — 1) (— d')
shows 3z 9 3. n = 212 + 22 + 232
proof —
define @ where a = d’ x n — 1
from assms(3) obtain z y where 22 + int d' = y x int a
unfolding a-def quadratic-residue-alt-equiv|symmetric]
quadratic-residue-alt-def
by auto
hence Hzy: 22 + d' = y * a by auto
have y > 1
using assms Hzxy
unfolding a-def
by (smt (verit) bot-nat-0.not-eq-extremum mult-le-0-iff of-nat-0-le-iff
of-nat-le-0-iff power2-eq-square zero-le-square)
moreover from Hry have Hrys: d' = y * a — 2° by (simp add: algebra-simps)
define M where M = mat3yz1xza010n
moreover have Msym: mat-sym M
unfolding mat3-sym-def M-def mat3.sel
by simp
moreover have Mdet-eq-1: mat-det M = 1
proof —
have mat-det M = (y x a — 22) * n — a
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unfolding mat3-det-def M-def mat3.sel power2-eq-square
by (simp add: algebra-simps)

also have ... = int d’ * n — a unfolding Hzy, by simp
also have ... = I unfolding a-def using assms int-ops by force
finally show ?thesis .

qed

moreover have mat-det (mat2 y x x a) > 0
using Hzrys assms
unfolding mat2-det-def power2-eq-square
by simp
ultimately have ¢f-positive-definite M
by (auto simp add: lemma-1-3(4))
hence M ™~ 1
using Msym and Mdet-eq-1
by (simp add: qf3-det-one-equiv-canonical)
moreover have M $$ vec3 001 =n
unfolding M-def qf3-app-def mat3-app-def vec3-dot-def mat3.sel vec3.sel
by (simp add: algebra-simps)
hence n € range (($$) M) by (metis rangel)
ultimately have n € range (($$) (1 :: mat3))
using ¢f3-equiv-preserves-range by simp
then obtain u :: vec3 where 1 $$ u = n
by auto
hence <u | u> =n
unfolding ¢f3-app-def mat3-app-def one-mat3-def
by simp
hence 3z T 3. int n = 12 + 222 + 232
unfolding vec3-dot-def power2-eq-square by metis
hence 311 2o 3. n = (nat |1|)? + (nat |22])? + (nat |z3])?
unfolding sg-nat-abs
apply (simp add: nat-add-distrib[symmetric])
apply (metis nat-int)
done
thus 321 22 23. n = 212 + 222 + 232 by blast
qed

lemma prime-linear-combination:

fixes a m :: nat

assumes m > I

assumes coprime a m

obtains j :: nat where prime (a + m x j) A j #£ 0
proof —

assume 0: A\j. prime (a + m % j) A j # 0 = thesis

have 1: infinite {p. prime p A [p = a] (mod m)}
using assms

by (rule Dirichlet-Theorem.residues-nat. Dirichlet[unfolded residues-nat-def])

have 2: finite {j. prime (nat (int a + int m x j)) A j < 0}
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apply (rule finite-subset[of - {— (int a) div (int m)..0}])
subgoal
apply (rule subsetl)
subgoal for j
proof —
assume [: j € {j. prime (nat (int a + int m % j)) A j < 0}
have int a + int m x j > 0 using 1 prime-ge-0-int by force
hence int m x j > — int a by auto
hence j > (— int a) div int m
using assms 1
by (smt (verit) unique-euclidean-semiring-class.cong-def
coprime-crossproduct-nat coprime-iff-invertible-int
coprime-int-iff int-distrib(3) int-ops(2) int-ops(7)
mem-Collect-eq mult-cancel-right! zdiv-monol
nonzero-mult-div-cancel-left of-nat-0-eq-iff
of-nat-le-0-iff prime-ge-2-int prime-nat-iff-prime)
thus j € {— (int a) div (int m)..0} using 1 by auto
qed
done
subgoal by blast
done

have {p. prime p A [p = a] (mod m)} =
{p. prime p A (3j. int p = int a + int m * j)}
unfolding cong-sym-eq|of - a)
unfolding cong-int-iff [symmetric] cong-iff-lin

also have ... = {p. prime p A (3j. p = nat (int a + int m * 7))}
by (metis (opaque-lifting) nat-int nat-eq-iff
prime-ge-0-int prime-nat-iff-prime)
also have ... = (\j. nat (int a + int m * 7))
{j. prime (nat (int a + int m * 7))}
by blast
finally have infinite ((A\j. nat (int a + int m * j))
{j. prime (nat (int a + int m * 5))})
using 1 by metis
hence infinite {j. prime (nat (int a + int m * 7))}
using finite-imagel by blast
hence infinite ({j. prime (nat (int a + int m * j))} —
{j. prime (nat (int a + int m * §)) A j < 0})
using 2 Diff-infinite-finite by blast
hence infinite {j. prime (nat (int a + int m * j)) A j > 0}
by (rule back-subst[of infinite]; auto)
hence infinite (int ‘ {j. prime (nat (int a + int m x j)) A j # (0 :: nat)})
apply (rule back-subst|of infinite])
unfolding image-def using zero-less-imp-eq-int apply auto
done
hence infinite {j. prime (nat (int a + int m * j)) A (§ :: nat) # 0}
using finite-imagel by blast

I3
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hence infinite {j. prime (a + m * j) A j # 0}
apply (rule back-subst|of infinite])
apply (auto simp add: int-ops nat-plus-as-int)
done
thus thesis using 0 not-finite-existsD by blast
qed

Lemma 1.8 from [1].

lemma three-squares-using-mod-four:
fixes n :: nat
assumes n mod 4 = 2
shows 3z 23 3. n = 212 + 222 + 232
proof —
have n > 1 using assms by auto
have coprime (n — 1) (4 * n)
by (smt (verit, del-insts) Suc-pred assms bot-nat-0.not-eg-extremum
coprime-commute coprime-diff-one-right-nat
coprime-mod-right-iff coprime-mult-left-iff
diff-Suc-1 mod-Suc mod-mult-self1-is-0 mult-0-right
numeral-2-eq-2 zero-neg-numeral)
then obtain j where H-j:
prime ((n = 1) + (4 % n) + ) Aj # 0
using prime-linear-combination[of 4 * nn — 1] <n > 1> by auto
have j > 0 using H-j by blast

define d’ where d' = 4 % j + 1
define p where p = d' *x n — 1
have prime p
unfolding p-def d’-def
using conjunct! [OF H-j| apply (rule back-subst[of prime])
using <n > 1) apply (simp add: algebra-simps nat-minus-as-int nat-plus-as-int)
done
have p mod 4 = 1
unfolding p-def
apply (subst mod-diff-eq-nat)
subgoal unfolding d’-def using «n > 15 <j > 0> by simp
subgoal
apply (subst mod-mult-eq[symmetric])
unfolding assms d’-def apply simp
done
done
have d’ * n mod 4 = 2
using assms p-def d’-def <p mod 4 = 1)
by (metis mod-mult-cong mod-mult-self] nat-mult-1)
hence d’ mod 4 = 1 using assms by (simp add: d’-def)

have QuadRes p (— d’)
proof —
have d’-expansion: d’ = ([] q€prime-factors d’. q¢ ~ multiplicity q d’)

45



using prime-factorization-nat unfolding d’-def by auto

have odd d’ unfolding d’-def by simp
hence d’-prime-factors-odd: q € prime-factors d’ = odd q for q
by fastforce

have d’-prime-factors-gt-2: q € prime-factors d’ = q > 2 for ¢
using d’-prime-factors-odd
by (metis even-numeral in-prime-factors-imp-prime
order-less-le prime-ge-2-nat)

have [p = — 1] (mod d’)
unfolding p-def cong-iff-dvd-diff apply simp
using <n > 1) apply (smt (verit) Suc-as-int Suc-pred add-gr-0 d’-def
dvd-nat-abs-iff dvd-triv-left
less-numeral-extra(1) mult-pos-pos
of-nat-less-0-iff order-le-less-trans
zero-less-one-class.zero-le-one)

done
hence d’-prime-factors-2-p-mod:
q € prime-factors d' = [p = — 1] (mod q) for ¢

by (rule cong-dvd-modulus; auto)

have d’ mod 4 = ([] g€prime-factors d'. ¢ ~ multiplicity q d") mod 4
using d’-expansion by argo
also have ... = ([] geprime-factors d'. (¢ mod 4) ~ multiplicity q d’) mod 4
apply (subst mod-prod-eq[symmetric])
apply (subst power-mod|symmetric])
apply (subst mod-prod-eq)
apply blast
done
also have ... = (] ¢€{q € prime-factors d’. [¢ = 8] (mod 4)}.
(g mod 4) ~ multiplicity q d’) mod 4
apply (rule arg-cong[of - - A\x. © mod 4])
apply (rule prod.mono-neutral-right)
subgoal by blast
subgoal by blast
subgoal
unfolding unique-euclidean-semiring-class.cong-def
apply (rule balll)
using d’-prime-factors-odd apply simp
apply (metis One-nat-def dvd-0-right even-even-mod-4-iff
even-numeral mod-ezhaust-less-4)
done
done
also have ... = ([ ¢€{q € prime-factors d’. [¢ = 8] (mod 4)}.
((int q) mod 4) ~ multiplicity q d) mod 4
by (simp add: int-ops)
also have ... = ([] ¢e{q € prime-factors d’. [¢ = 3] (mod 4)}.
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((—= 1) mod 4) ~ multiplicity ¢ d") mod 4
apply (rule arg-cong[of - - A\x.  mod 4])
apply (rule prod.cong|OF refl])
unfolding unique-euclidean-semiring-class.cong-def nat-mod-as-int apply

stmp
apply (metis nat-int of-nat-mod of-nat-numeral)
done
also have ... = ([ ¢€{q € prime-factors d’. [¢ = 8] (mod 4)}.

(— 1) ~ multiplicity q¢ d") mod 4
apply (subst mod-prod-eq[symmetric])
apply (subst power-mod)
apply (subst mod-prod-eq)
apply blast
done
finally have [[] ¢ge{q € prime-factors d'. [¢ = 3] (mod 4)}.
(= 1) 7 multiplicity ¢ d' = 1 :: int] (mod 4)
using «d’ mod 4 = 1»
by (simp add: unique-euclidean-semiring-class.cong-def)
hence prod-prime-factors-minus-one:
(I1 q€{q € prime-factors d’. [¢ = 3] (mod 4)}.
(= 1) ~ multiplicity q¢ d') = (1 :: int)
unfolding power-sum[symmetric]
unfolding minus-one-power-iff unique-euclidean-semiring-class.cong-def
by presburger

have p > 2 using (prime p> <p mod 4 = 15 nat-less-le prime-ge-2-nat by force

have d’-prime-factors-Legendre:
q € prime-factors d' =
Legendre p q = Legendre g p for ¢
proof —
assume ¢ € prime-factors d’
have prime q using <q € prime-factors d’» by blast
have ¢ > 2 using d’-prime-factors-gt-2 «q € prime-factors d’> by blast
show Legendre p ¢ = Legendre q p
using <prime p» <p > 2> <p mod 4 = 1>
<prime q» <q > 2» Legendre-equal[of p |
unfolding unique-euclidean-semiring-class.cong-def
using zmod-int[of p 4]
by auto
qed

have Legendre (— d') p = Legendre (— 1) p * Legendre d’ p
using <prime p> Legendre-multlof p — 1 d’] by auto
also have ... = Legendre d’ p
using <prime p» <p > 2> <p mod 4 = 1» Legendre-minus-one|of p]
unfolding unique-euclidean-semiring-class.cong-def nat-mod-as-int
by auto
also have ... = ([] geprime-factors d'. Legendre (¢ ~ multiplicity q d') p)
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apply (subst d’-expansion)
using <prime p> <p > 2> Legendre-prod|of p] apply auto

done

also have ... = ([] geprime-factors d'. (Legendre q p) ~ multiplicity q d’)
using <prime p> <p > 2> Legendre-power by auto

also have ... = ([] geprime-factors d'. (Legendre p q) ~ multiplicity q d’)
using d’-prime-factors-Legendre by auto

also have ... = ([] g€prime-factors d’'.

(Legendre (— 1) q) ~ multiplicity q d’)
apply (rule prod.cong|OF refl])
using d’-prime-factors-2-p-mod apply (metis Legendre-cong)
done
also have ... = (][] geprime-factors d’'.
(if [¢ = 1] (mod 4) then 1 else — 1) ~ multiplicity q d”)
apply (rule prod.cong|OF refl])
subgoal for ¢
using Legendre-minus-one-alt[of g] d’-prime-factors-gt-2[of q|
by (smt (verit) cong-int-iff in-prime-factors-iff int-eq-iff-numeral
less-imp-of-nat-less numeral-Bit0) numeral-One of-nat-1
prime-nat-int-transfer)
done
also have ... = ([] ¢e{q € prime-factors d’. [¢ = 3] (mod 4)}.
(if [¢ = 1] (mod 4) then 1 else — 1) ~ multiplicity q d’)
apply (rule prod.mono-neutral-right)
subgoal by blast
subgoal by blast
subgoal
unfolding unique-euclidean-semiring-class.cong-def
apply (rule balll)
using d’-prime-factors-odd apply simp
apply (metis One-nat-def dvd-0-right even-even-mod-4-iff
even-numeral mod-ezhaust-less-4)
done
done
also have ... = ([ ¢€{q € prime-factors d’. [¢ = 8] (mod 4)}.
(— 1) " multiplicity q d)
by (rule prod.cong| OF refl);
simp add: unique-euclidean-semiring-class.cong-def)
also have ... = 1 using prod-prime-factors-minus-one .
finally show QuadRes p (— d’)
unfolding Legendre-def
by (metis one-neg-neg-one one-neq-zero)
qed
thus 3z; 29 3. 1 = 112 + 222 + 23>
using «n > 1) three-squares-using-quadratic-residue[of n d’]
unfolding d’-def p-def
by auto
qed
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lemma three-mod-eight-power-iff:
fixes n :: nat
shows (3 :: int) ~ n mod 8 = (if even n then 1 else 3)
proof (induction n)
case (
thus ?case by auto
next
case (Suc n)
thus ?Zcase
apply (cases even n)
subgoal
using mod-mult-left-eqlof 3 8 8 ~ n| apply simp
apply presburger
done
subgoal
using mod-mult-left-eq[of 3 8 3 x 3 ~ n] apply simp
apply presburger
done
done
qed

Lemma 1.9 from [1].

lemma three-squares-using-mod-eight:
fixes n :: nat
assumes n mod 8 € {1, 3, 5}
shows 3z T3 3. n = 212 + 2 + 232
proof cases
assume n = |
hence n = 12 + 02 4+ 0? unfolding power2-eq-square by auto
thus 321 22 3. 1 = 212 + 222 + 232 by blast
next
assume n # 1
hence n > 1 using assms by auto

have H-n:
(nmod 8 =1 = P) =
(nmod 8§ =3 = P) =
(nmod 8§ =5 = P) = P for P
using assms by auto

define c :: nat where ¢ = if n mod 8 = 3 then 1 else 3
have ¢ * n > 1 unfolding c-def using «<n > 1) by auto

obtain k where H-k: 2 x k=c*xn — 1
using H-n
unfolding c-def
by (smt (verit, ccfu-threshold) dvd-mod even-mult-iff even-numeral
odd-numeral odd-one odd-two-times-div-two-nat)
have k-mod-4: k mod 4 = (if n mod 8 = 5 then 3 else 1) (is k mod 4 = %v)
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proof —
have ¢ x n mod 8 = (if n mod 8 = 5 then 7 else 3)
using H-n
proof cases
assume n mod 8 = 1
have 3 * n mod 8§ = 3
using «n mod 8 = 1> mod-mult-right-eq[of 3 n 8]
by auto
thus “thesis unfolding c-def using «<n mod 8 = 1) by auto
next
assume n mod 8§ = 8
thus ?thesis unfolding c-def by auto
next
assume n mod 8§ = 5
have 3 x n mod 8§ = 7
using «n mod 8 = 5) mod-mult-right-eq[of 3 n 8]
by auto
thus ?thesis unfolding c-def using «n mod 8 = 5> by auto
qed
hence 2 x k mod 8 = (if n mod 8 = 5 then 6 else 2)
unfolding H-k using <«c * n > 1) mod-diff-eg-nat by simp
hence 2 x (k mod 4) = 2 % %v by (simp add: mult-mod-right)
thus ?thesis by simp
qed

have coprime k (4 * n)
using k-mod-4 H-k <c xn > 1>
by (metis One-nat-def coprime-Suc-left-nat coprime-commute
coprime-diff-one-right-nat coprime-mod-left-iff
coprime-mult-right-iff mult-2-right numeral-2-eq-2 numeral-3-eq-3
numeral-Bit0 order-less-le-trans zero-less-one zero-neg-numeral)
then obtain j where H-j:
prime (k+ (4 xn) «j) ANj#0
using prime-linear-combination[of k n — 1] <n > 1»
by (metis One-nat-def Suc-lel bot-nat-0.not-eq-extremum mult-is-0
nat-1-eq-mult-iff nat-less-le prime-linear-combination
zero-negq-numeral)
have j > 0 using H-j by blast

define p where p =k + (4 *xn) x j
have prime p
unfolding p-def
using conjunct! [OF H-j| apply (rule back-subst[of prime])
apply (simp add: int-ops nat-plus-as-int)
done
have [p = k] (mod 4 * n)
unfolding p-def unique-euclidean-semiring-class.cong-def by auto

have p > 2

50



using <prime p> <[p = k] (mod 4 x n)) <coprime k (4 * n)»
by (metis cong-dvd-iff cong-dvd-modulus-nat coprime-common-divisor-nat
dvd-mult2 even-numeral le-neg-implies-less odd-one prime-ge-2-nat)

define d’ where d'= 8 * j + ¢
have d’ > 1 unfolding d’-def using <j > 0> by simp
have H-2-p: 2 xp=d' xn — 1
unfolding p-def d’-def
using <c x n > 1» H-k
by (smt (verit, del-insts) Nat.add-diff-assoc add.commute
add-mult-distrib mult.commute mult-2 numeral-Bit0)

have QuadRes p (— d’)
proof —
have d’-expansion: d' = ([] q€prime-factors d'. ¢ ~ multiplicity q d’)
using «j > 0» prime-factorization-nat unfolding d’-def by auto

have odd d’ unfolding c-def d’-def by simp
hence d’-prime-factors-odd: q € prime-factors d’ => odd q for ¢
by fastforce

have d’-prime-factors-gt-2: q € prime-factors d’ = q > 2 for ¢
using d’-prime-factors-odd
by (metis even-numeral in-prime-factors-imp-prime
order-less-le prime-ge-2-nat)

have [2 * p = — 1] (mod d’)
using «n > 1) <d’ > 1>
unfolding H-2-p cong-iff-dvd-diff
by (simp add: int-ops less-1-mult order-less-imp-not-less)
hence d’-prime-factors-2-p-mod:
q € prime-factors d' = [2 x p = — 1] (mod q) for q
by (rule cong-dvd-modulus; auto)

have ¢ € prime-factors d’ = coprime (2 * int p) q for ¢
using d’-prime-factors-2-p-mod
by (metis cong-imp-coprime cong-sym coprime-1-left
coprime-minus-left-iff mult-2 of-nat-add)
hence d’-prime-factors-coprime:
q € prime-factors d' = coprime (int p) q for ¢
using d’-expansion by auto

have Legendre-using-quadratic-reciprocity:

Legendre (— d) p =

(IT geprime-factors d’. (Legendre p q) ~ multiplicity q d’)
proof cases

assume n mod 8 € {1, 8}

have k mod 4 = 1 using <n mod 8 € {1, 8}> k-mod-4 by auto
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hence p mod / = 1

using «[p = k| (mod 4 * n)»

by (metis unique-euclidean-semiring-class.cong-def cong-modulus-mult-nat)
hence [int p = 1] (mod 4)

by (metis cong-mod-left cong-refl int-ops(2) int-ops(8) of-nat-mod)

have d’-prime-factors-Legendre:
q € prime-factors d' =
Legendre p ¢ = Legendre q p for ¢
proof —
assume q € prime-factors d’
have prime ¢ using <q € prime-factors d’» by blast
have ¢ > 2 using d’-prime-factors-gt-2 <q € prime-factors d’> by blast
show Legendre p ¢ = Legendre q p
using «prime p> <p > 2> «[int p = 1] (mod 4)»
<prime ¢ <q > 2> Legendre-equallof p q]
by auto
qed

have Legendre (— d’) p = Legendre (— 1) p * Legendre d' p
using <prime p> Legendre-mult[of p — 1 d'] by auto
also have ... = Legendre d’ p
using <prime p> <p > 2) «[int p = 1] (mod 4)» Legendre-minus-one
by auto
also have ... = ([] ¢eprime-factors d’. Legendre (¢ ~ multiplicity q d') p)
apply (subst d’-expansion)
using <prime p» <p > 2» Legendre-prod|of p] apply auto
done

also have ... = ([] ¢eprime-factors d’. (Legendre q p) ~ multiplicity q d’)
using <prime p> <p > 2> Legendre-power by auto
also have ... = ([] geprime-factors d’. (Legendre p q) ~ multiplicity q d”)

using d’-prime-factors-Legendre by auto
finally show ?thesis .

next

assume n mod 8 ¢ {1, 8}
hence n mod 8§ = 5 using assms by auto

have [p = 3] (mod 4)
using «n mod 8 = 5> k-mod-4 «[p = k] (mod 4 * n)»
by (metis cong-mod-right cong-modulus-mult-nat)
have [d' = 3] (mod 8)
using <n mod 8 = 5»
unfolding d’-def c-def cong-iff-dvd-diff
by (simp add: unique-euclidean-semiring-class.cong-def)
have [d' = — 1] (mod 4)
using «[d’ = 3] (mod 8)) cong-modulus-mult[of d’ 3 4 2]
unfolding unique-euclidean-semiring-class.cong-def nat-mod-as-int
by auto
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have d’-prime-factors-cases:

q € prime-factors d' =

multiplicity ¢ d' = 0 V [q¢ = 1] (mod 4) V [¢ = 3] (mod 4) for ¢
proof —

assume q € prime-factors d’

consider [¢ = 0] (mod 4)

| [¢ = 1] (mod 4)
| g = 2] (mod 4)
| [g = 3] (mod 4)

unfolding unique-euclidean-semiring-class.cong-def by (simp; linarith)
thus multiplicity ¢ d’ = 0 V [¢ = 1] (mod 4) V [¢ = 3] (mod 4)
proof cases
assume [¢ = 0] (mod 4)
hence Fulse
using d’-prime-factors-odd <q € prime-factors d’s
by (meson cong-0-iff dvd-trans even-numeral)
thus multiplicity ¢ d' = 0 V [q = 1] (mod 4) V [q = 3] (mod 4)
by blast
next
assume [¢ = 1] (mod 4)
thus multiplicity ¢ d' = 0 V [q = 1] (mod 4) V [q = 3] (mod 4)
by blast
next
assume [¢ = 2| (mod 4)
hence ¢ = 2
using d’-prime-factors-odd <q € prime-factors d’s
by (metis unique-euclidean-semiring-class.cong-def
dvd-mod-iff even-numeral)
thus multiplicity ¢ d' = 0 V [¢ = 1] (mod 4) V [¢ = 3] (mod 4)
by (simp add: <odd d’» not-dvd-imp-multiplicity-0)
next
assume [¢ = 3] (mod 4)
thus multiplicity ¢ d' = 0 V [q = 1] (mod 4) V [q = 3] (mod 4)
by blast
qed
qed

have d’ = (][] ge{q€prime-factors d’. True}. q ~ multiplicity g d’)
using d’-expansion by auto
also have ... = ([] ¢e{g€prime-factors d'.
multiplicity ¢ d' = 0 V [¢ = 1] (mod 4) V [¢ = 3] (mod 4)}.
q ~ multiplicity q d”)
using d’-prime-factors-cases by meson
also have ... = ([] ¢e{qe€prime-factors d'. multiplicity ¢ d’ = 0} U
{qeprime-factors d'. [¢ = 1] (mod 4) V
[¢ = 3] (mod 4)}. ¢ ~ multiplicity q d”)
by (rule prod.cong; blast)
also have ... = (][] ¢e{qeprime-factors d'. [¢ = 1] (mod 4) V
[¢ = 3] (mod 4)}. ¢ ~ multiplicity q d’)
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by (rule prod.mono-neutral-left[symmetric]; auto)
also have ... = ([ ge{q€prime-factors d'. [¢ = 1] (mod 4)} U
{qeprime-factors d'. [¢ = 3] (mod 4)}.
q ~ multiplicity q d”)
by (rule prod.cong; blast)
also have ... = ([] ¢e{qe€prime-factors d'. [¢ = 1] (mod 4)}.
q ~ multiplicity q d’) =
(TT ge{qeprime-factors d'. [¢ = 3] (mod 4)}.
q ~ multiplicity q d’)
by (rule prod.union-disjoint;
auto simp add: unique-euclidean-semiring-class.cong-def)
finally have d’-expansion-mod-/:
d" = (I] qe{qeprime-factors d'. [¢ = 1] (mod 4)}.
q ~ multiplicity q d’) =
(I qe{ geprime-factors d’. [¢ = 3] (mod 4)}.
q ~ multiplicity q d’) .

have int d’ mod 4 = int ((I] ¢€{q€prime-factors d’. [¢ = 1] (mod 4)}.
q ~ multiplicity q d’) =
(IT qe{q€prime-factors d'. [q¢ = 8] (mod 4)}.
q ~ multiplicity q d') mod 4)
using d’-expansion-mod-4
by presburger
also have ... = ((I] ¢e{g€prime-factors d'. [¢ = 1] (mod 4)}.
((g mod 4) ~ multiplicity q d’) mod 4) mod /) *
(I ge{geprime-factors d’. [¢ = 3] (mod 4)}.
((g mod 4) ~ multiplicity q d’) mod 4) mod 4) mod 4
unfolding mod-mult-eq mod-prod-eq power-mod ..
also have ... = int ((([] ¢e{qg€prime-factors d’. [¢ = 1] (mod 4)}.
(1 ~ multiplicity q d’) mod 4) mod /) *
(I ge{g€prime-factors d'. [¢ = 3] (mod 4)}.
(8 ™ multiplicity q d") mod 4) mod 4) mod 4)
unfolding unique-euclidean-semiring-class.cong-def by auto
also have ... = ((I] ¢e{g€prime-factors d'. [¢ = 3] (mod 4)}.
(((int 8) mod 4) ~ multiplicity g d') mod 4) mod 4) mod 4
by (simp add: int-ops)
also have ... = ((I] ¢e{g€prime-factors d'. [¢ = 3] (mod 4)}.
(((—= 1) mod 4) ~ multiplicity q d") mod 4) mod 4) mod /
by auto
also have ... = ([ ge{qeprime-factors d’. [¢ = 8] (mod 4)}.
((— 1) ™~ multiplicity q d’)) mod 4
unfolding power-mod mod-prod-eq mod-mod-trivial ..
finally have [d' = [] ¢e{q€prime-factors d'. [¢ = 3] (mod 4)}.
((= 1) ~ multiplicity q d")] (mod 4)
unfolding unique-euclidean-semiring-class.cong-def .
hence [[] ge{qeprime-factors d’. [¢ = 3] (mod 4)}.
((—= 1) ™ multiplicity ¢ d") = — 1 == int] (mod 4)
using ¢[d' = — 1] (mod 4)»
unfolding unique-euclidean-semiring-class.cong-def
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by argo
hence prod-d’-prime-factors-q-3-mod-4-minus-one:
(T ge{qeprime-factors d’. [¢ = 3] (mod 4)}.
((— 1) ~ multiplicity ¢ d')) = (— 1 :: int)
unfolding power-sum[symmetric]
unfolding minus-one-power-iff unique-euclidean-semiring-class.cong-def
by auto

have d’-prime-factors-q-1-mod-/-Legendre:
q € prime-factors d' =
lqg = 1] (mod 4) =
Legendre p ¢ = Legendre q p for q
proof —
assume ¢ € prime-factors d’
assume [¢ = 1] (mod 4)
have prime q using <q € prime-factors d’s by blast
have ¢ > 2 using d’-prime-factors-gt-2 <q € prime-factors d’> by blast
show Legendre p ¢ = Legendre q p
using «prime p) <p > 2> «[p = 8] (mod 4)> <[q = 1] (mod 4)»
<prime ¢ <q > 2> Legendre-equallof p q]
unfolding unique-euclidean-semiring-class.cong-def
using zmod-int[of q 4]
by auto
qed

have d’-prime-factors-q-3-mod-4-Legendre:
q € prime-factors d' =
lq = 8] (mod 4) —
Legendre p ¢ = — Legendre q p for q
proof —
assume ¢ € prime-factors d’
assume [¢ = 3] (mod 4)
have prime ¢ using <q € prime-factors d’s by blast
have ¢ > 2 using d’-prime-factors-gt-2 <q € prime-factors d’> by blast
have p # ¢
using d’-prime-factors-coprime[of q] <q € prime-factors d’s <prime p»
by auto
show Legendre p ¢ = — Legendre q p
using «prime p> <p > 2> «([p = 3] (mod 4)» g = 3] (mod 4)»
<prime @y <q > 2> <p # ¢ Legendre-opposite[of p q]
unfolding unique-euclidean-semiring-class.cong-def
using zmod-int[of p 4] zmod-int[of q 4]
by fastforce
qed

have d’-prime-factors-q-0-2-mod-4:
q € prime-factors d' =
(lg = 0] (mod 4) v [q = 2] (mod 4)) =
Legendre p ¢ = 1 for g
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unfolding unique-euclidean-semiring-class.cong-def
using d’-prime-factors-odd mod-mod-cancel|of 2 4 q]
by fastforce

have Legendre (— d') p = Legendre (— 1) p * Legendre d' p
using <prime p> Legendre-mult[of p — 1 d'] by auto
also have ... = — Legendre d' p
using <prime p» <p > 2 ([p = 8] (mod 4)» Legendre-minus-one[of p]
unfolding unique-euclidean-semiring-class.cong-def nat-mod-as-int
by (auto simp add: cong-0-iff Legendre-def)
also have ... = — ([ ge{geprime-factors d’. [¢ = 1] (mod 4)}.
(Legendre q p) ~ multiplicity q d’) *
(IT qe{geprime-factors d’. [¢ = 8] (mod 4)}.
(Legendre q p) ~ multiplicity q d’)
apply (subst d’-expansion-mod-4)
using <prime p> <p > 2> Legendre-mult[of p]
Legendre-prod[of p Aq. ¢ ~ multiplicity q d'] Legendre-power|of p|
apply simp
done
also have ... = — ([ ¢e{qeprime-factors d’. [¢ = 1] (mod 4)}.
(Legendre p q) ~ multiplicity q d’) =
(I ge{qeprime-factors d’. [q = 3] (mod 4)}.
(= Legendre p q) ~ multiplicity q d’)
using d’-prime-factors-q-1-mod-4-Legendre
d’-prime-factors-q-3-mod-/4-Legendre

by auto
also have ... = — ([ ge{geprime-factors d’. [¢ = 1] (mod 4)}.
(Legendre p q) ~ multiplicity q d') =
(IT qe{qeprime-factors d’. [¢ = 8] (mod 4)}.
(Legendre p q * (— 1)) ~ multiplicity q d’)
by auto
also have ... = — ([] ¢e{q€prime-factors d'. [¢ = 1] (mod 4)}.

(Legendre p q) ~ multiplicity q d') =
(IT qe{qeprime-factors d’. [¢ = 8] (mod 4)}.
(Legendre p q) ~ multiplicity q d’) =
(IT ge{qgeprime-factors d'. [q¢ = 3] (
(= 1) 7 multiplicity q d’)
unfolding power-mult-distrib prod.distrib by auto
also have ... = ([ ¢e{g€prime-factors d'. [¢ = 1] (mod 4)}.
(Legendre p q) ~ multiplicity q d’) =
(I1 qe{q€prime-factors d'. [¢ = 3] (mod 4)}.
(Legendre p q) ~ multiplicity q d”)
unfolding prod-d’-prime-factors-q-3-mod-4-minus-one by auto
also have ... = ([] ¢e{g€prime-factors d'. [¢ = 0] (mod 4)}.
(Legendre p q) ~ multiplicity q d’) =

mod 4)}.

(T ge{qeprime-factors d'. [¢ = 1] (mod 4)}
(Legendre p q) ~ multiplicity q d’)
(T1 ge{q€prime-factors d'. [¢ = 2] (mod 4)}
(Legendre p q) ~ multiplicity q d’) =
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(IT e{geprime-factors d'. [q¢ = 3] (mod 4)}.
(Legendre p q) ~ multiplicity q d”)
using d’-prime-factors-q-0-2-mod-4 by auto
also have ... = ([ ge{qeprime-factors d'. [¢ = 0] (mod 4)} U
{q€prime-factors d'. [¢ = 1] (mod 4)}.
(Legendre p q) ~ multiplicity q d’) =
(IT ge{q€prime-factors d'. [¢ = 2] (mod 4)} U
{q€prime-factors d'. [¢ = 3] (mod 4)}.
(Legendre p q) ~ multiplicity q d”)
using prod.union-disjoint[of {gq€prime-factors d’. [¢ = 0] (mod 4)}
{qeprime-factors d'. [¢ = 1] (mod 4)}
Ag. (Legendre p (int q)) —
multiplicity q d’]
prod.union-disjoint[of {gE€prime-factors d’. [¢ = 2] (mod 4)}
{geprime-factors d'. [¢ = 8] (mod 4)}
Ag. (Legendre p (int q)) —
multiplicity q d’)
by (fastforce simp add: unique-euclidean-semiring-class.cong-def)
also have ... = (][] ¢e({g€prime-factors d'. [¢ = 0] (mod 4)} U
{q€prime-factors d'. [¢ = 1] (mod 4)}) U
({geprime-factors d’. [¢ = 2] (mod 4)} U
{g€prime-factors d’. [¢ = 3] (mod 4)}).
(Legendre p q) ~ multiplicity q d’)
by (rule prod.union-disjoint[symmetric];
auto simp add: unique-euclidean-semiring-class.cong-def)
also have ... = ([] ¢e{g€prime-factors d'.
lo = 0] (mod 4) v [q = 1] (mod £) v
[ = 2] (mod 4) v [g = 3] (mod £)}.
(Legendre p q) ~ multiplicity q d’
by (rule prod.cong; auto)
also have ... = ([] geprime-factors d’. (Legendre p q) ~ multiplicity q d”)
by (rule prod.cong;
auto simp add: unique-euclidean-semiring-class.cong-def)
finally show ?thesis .
qed

have ¢ € prime-factors d’ = Legendre 4 ¢ = 1 for ¢
proof —
assume ¢ € prime-factors d’
have ¢ dvd 4 = q < 4 by (simp add: dvd-imp-le)
hence ¢ dvd , = q € {0, 1, 2, 3, 4} by auto
hence ¢ dvd 4 = q € {1, 2, 4} by auto
hence - ¢ dvd 4 using <q € prime-factors d’s d’-prime-factors-odd|[of q]
by (metis empty-iff even-numeral in-prime-factors-imp-prime
insert-iff not-prime-1)
hence — int q dvd 4 by presburger
thus Legendre 4 q = 1
unfolding Legendre-def QuadRes-def cong-0-iff power2-eq-square
by (metis cong-refl mult-2 numeral-Bit0)
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qed
hence Legendre (— d') p = ([] g€prime-factors d’.
(Legendre (2 % 2) q * Legendre p q) ~ multiplicity q d’)
using Legendre-using-quadratic-reciprocity by auto
also have ... = ([] ¢eprime-factors d’'.
(Legendre 2 q * Legendre (2 x p) q) — multiplicity q d’)
apply (rule prod.cong[OF refl])
using d’-prime-factors-gt-2 Legendre-mult in-prime-factors-imp-prime
by (metis int-ops(7) of-nat-numeral prime-nat-int-transfer mult.assoc)
also have ... = ([] geprime-factors d’'.
(Legendre 2 q * Legendre (— 1) q) ~ multiplicity q d”)
apply (rule prod.cong[OF refl])
using d’-prime-factors-2-p-mod Legendre-cong
unfolding unique-euclidean-semiring-class.cong-def
apply metis
done
also have ... = ([ geprime-factors d’'.
((if [¢ = 1] (mod 8) V [q = 7] (mod 8) then 1 else — 1) x
(if [¢ = 1] (mod 4) then 1 else — 1)) ~ multiplicity q d’)
apply (rule prod.cong|OF refl])
subgoal for ¢
apply (rule arg-cong2[of - - - - Aa b. (a = b) ~ multiplicity q d'])
subgoal
using Legendre-two-alt[of q| d’-prime-factors-gt-2|of q]
unfolding unique-euclidean-semiring-class.cong-def nat-mod-as-int
by force
subgoal
using Legendre-minus-one-alt[of q| d’-prime-factors-gt-2|of ¢
unfolding unique-euclidean-semiring-class.cong-def nat-mod-as-int
by force
done
done
also have ... = ([] geprime-factors d’.
((if [¢ = 5] (mod 8) V [q = 7] (mod 8) then — 1 else 1)) ~
multiplicity q d’)
apply (rule prod.cong)
subgoal by blast
subgoal for ¢
apply (rule arg-cong[of - - Aa. a ~ multiplicity q d'])
unfolding unique-euclidean-semiring-class.cong-def apply (simp; pres-
burger)
done
done
also have ... = ([] geprime-factors d’.
(if [q = 5] (mod 8) V [g = 7] (mod 8)
then (— 1) ~ multiplicity q d' else 1))
by (rule prod.cong; auto)
also have ... = ([] ¢e{qeprime-factors d'. [¢ = 5] (mod 8) V [q = 7] (mod
8)}.
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(— 1) ~ multiplicity ¢ d")

using prod.inter-filter[symmetric] by fast

also have ... = (— 1) ~ (> qe{qeprime-factors d’.
[¢ = 5] (mod 8) V [¢ = 7] (mod 8)}.
multiplicity q d’)

by (simp add: power-sum)
finally have Legendre-using-sum:

Legendre (— d’) p =

(— 1) (O qe{qeprime-factors d’. [¢ = 5] (mod 8) V [¢ = 7] (mod 8)}.
multiplicity q d’) .

have [> qe{qeprime-factors d’. [¢ = 5] (mod 8) V [¢ = 7] (mod 8)}.
multiplicity ¢ d' = 0] (mod 2)
proof —
have d’ = (][] ¢e{q € prime-factors d’.
[¢ = 1] (mod 8) V [q¢ = 3] (mod 8) V
[¢ = 5] (mod 8) V [q = 7] (mod 8)}. ¢ ~ multiplicity q d’)
apply (subst d’-expansion)
apply (rule prod.cong)
subgoal
apply (rule Set.set-eql)
subgoal for ¢
apply (rule iffI)
subgoal
using d’-prime-factors-odd|of q]
unfolding unique-euclidean-semiring-class.cong-def

apply simp
apply presburger
done
subgoal by blast
done
done
subgoal by blast
done
also have ... = ([ ¢€({q € prime-factors d'. [¢ = 1] (mod 8)} U
{q € prime-factors d'. [¢ = 3] (mod 8)}) U
({q € prime-factors d’. [¢ = 5] (mod 8)} U
{q € prime-factors d'. [¢ = 7] (mod 8)}).
q ~ multiplicity q d’)
by (rule prod.cong; auto)
also have ... = ([ ¢e({q € prime-factors d'. [¢ = 1] (mod 8)} U
{q € prime-factors d'. [¢ = 8] (mod 8)}).

q ~ multiplicity q d’) =
(IT ¢e({q € prime-factors d’. [¢ = 5] (mod 8)} U
{q € prime-factors d'. [¢ = 7] (mod 8)}).
q ~ multiplicity q d’)
by (rule prod.union-disjoint;
force simp add: unique-euclidean-semiring-class.cong-def)
also have ... = ([] ¢€{q € prime-factors d’. [¢ = 1] (mod 8)}.
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q ~ multiplicity q d’) =
(H q€{q € prime-factors d’. [¢ = 8] (mod 8)}.
q ~ multiplicity q d') =
(H q€{q € prime-factors d’. [¢ = 5] (mod 8)}.
q ~ multiplicity q d’) =
(I1 g€{q € prime-factors d'. [¢ = 7] (mod 8)}.
q ~ multiplicity q d’)
using prod.union-disjoint[of {q€prime-factors d’. [¢ = 1] (mod 8)}
{g€prime-factors d'. [¢ = 8] (mod 8)}
Aq. q ~ multiplicity q d’]
prod.union-disjoint[of {gE€prime-factors d’. [¢ = 5] (mod 8)}
{q€prime-factors d'. [¢ = 7] (mod 8)}
Aq. q " multiplicity q d’]
by (force simp add: unique euclidean-semiring-class.cong-def)
finally have int (d’ mod 8) = ([[ ge{q € prime-factors d'. [¢ = 1] (mod 8)}.
“ multiplicity q d’) *
(H qe{q € prime-factors d’. [¢ = 3] (mod 8)}.
q ~ multiplicity q d') =
(IT ¢€{q € prime-factors d'. [¢ = 5] (mod 8)}.
~ multiplicity q d') *
(IT ¢€{q € prime-factors d’. [¢ = 7] (mod 8)}.
“ multiplicity q¢ d') mod 8
by auto
also have ... = ((J] ¢€{q € prime-factors d’. [¢ = 1] (mod 8)}.
q ~ multiplicity q d') mod 8) x*
((I1 ¢e{q € prime-factors d’. [¢ = 3] (mod 8)}.
“ multiplicity q¢ d') mod 8) *
((TT ¢€{q € prime-factors d’. [¢ = 5] (mod 8)}.
q ~ multiplicity q d') mod 8) x*
((IT ge{q € prime-factors d’. [¢ = 7] (mod 8)}.
q ~ multiplicity q d') mod 8) mod 8
by (metis (no-types, lifting) mod-mult-eq mod-mod-trivial)
also have ... = (([] ¢€{q € prime-factors d'. [¢ = 1] (mod 8)}.
(¢ ~ multiplicity g d') mod 8) mod 8) x*
((IT ¢e{q € prime-factors d’. [¢ = 3] (mod 8)}.
(¢ ~ multiplicity q¢ d') mod 8) mod 8) *
((I1 ¢€{q € prime-factors d’. [¢ = 5] (mod 8)}.
(¢ ~ multiplicity q d’) mod 8) mod 8) *
((IT ¢e{q € prime-factors d’. [¢ = 7] (mod 8)}.
(¢ ~ multiplicity g d") mod 8) mod 8) mod 8
unfolding mod-prod-eq ..
also have ... = ((J] ¢€{q € prime-factors d’. [¢ = 1] (mod 8)}.
((g mod 8) ~ multiplicity q d') mod 8) mod 8) =
((TT ¢€{q € prime-factors d’. [¢ = 3] (mod 8)}.
((g mod 8) ~ multiplicity q d’) mod 8) mod 8) *
((IT ge{q € prime-factors d’. [¢ = 5] (mod 8)}.
((g mod 8) ~ multiplicity q d') mod 8) mod 8) *
((I1 ¢€{q € prime-factors d’. [q = 7] (mod 8)}.
((g mod 8) ~ multiplicity q d") mod 8) mod 8) mod 8
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unfolding power-mod ..
also have ... = ((J] ¢&{q € prime-factors d’. [¢ = 1] (mod 8)}.
(((int q) mod 8) ~ multiplicity ¢ d") mod 8) mod 8) =
((I1 ¢€{q € prime-factors d’. [¢ = 3] (mod 8)}.
(((int q) mod 8) ~ multiplicity q d") mod 8) mod 8)
)
)

(((int q) mod 8) ~ multiplicity q d") mod 8) mod 8)
((IT ¢e{q € prime-factors d’. [¢ = 7] (mod 8)}.
(((int q) mod 8) ~ multiplicity q d") mod 8) mod 8) mod 8
by (simp add: int-ops)
also have ... = ((J] ¢e{q € prime-factors d’. [¢ = 1] (mod 8)}.
((1 mod 8) ~ multiplicity q d’) mod 8) mod 8) x*
((IT1 ¢€{q € prime-factors d’. [¢ = 3] (mod 8)}.
((8 mod 8) ~ multiplicity q d') mod 8) mod 8) x*
((I1 ¢€{q € prime-factors d’. [¢ = 5] (mod 8)}.
(((— 8) mod 8) ~ multiplicity q d’) mod 8) mod 8)
((TT ¢€{q € prime-factors d’. [¢ = 7] (mod 8)}.

(((= 1) mod 8) ~ multiplicity ¢ d") mod 8) mod 8) mod 8
unfolding cong-int-iff [symmetric] unique-euclidean-semiring-class.cong-def
by auto

also have ... = ((J] ¢€{q € prime-factors d’. [¢ = 1] (mod 8)}.

(1 ™ multiplicity q d') mod 8) mod 8)

((IT ¢e{q € prime-factors d’. [¢ = 3] (mod 8)}.

(8 ™ multiplicity q d’) mod 8) mod 8) x*

((IT g€{q € prime-factors d’. [¢ = 5] (mod 8)}.

((— 3) 7 multiplicity q d") mod 8) mod 8)

((I1 ge{q € prime-factors d’. [q = 7] (mod 8)}.
((— 1) ~ multiplicity q d") mod 8) mod 8) mod 8
unfolding power-mod ..
also have ... = ((I] ¢€{q € prime-factors d’. [¢ = 1] (mod 8)}.
1 7 multiplicity q d’) mod 8) x*
((IT ¢€{q € prime-factors d’. [¢ = 3] (mod 8)}.
3 ~ multiplicity q d’) mod 8) x
((IT ¢e{q € prime-factors d’. [¢ = 5] (mod 8)}.

(= 3) " multiplicity q d’) mod 8) x*

((I1 ¢e{q € prime-factors d’. [¢ = 7] (mod 8)}.

(= 1) 7 multiplicity ¢ d") mod 8) mod 8
unfolding mod-prod-eq ..

also have ... = ([] ¢€{q¢ € prime-factors d’. [¢ = 1] (mod 8)}.

1 = multiplicity q d’) *

(IT g€{q € prime-factors d’. [¢ = 3] (mod 8)}.
3~ multiplicity q d') =
(IT ¢€{q € prime-factors d’. [¢ = 5] (mod 8)}.

(= 3) ~ multiplicity q d’) *

(IT ¢€{q € prime-factors d’. [¢ = 7] (mod 8)}.

(= 1) ~ multiplicity q d") mod 8
by (metis (no-types, lifting) mod-mult-eq mod-mod-trivial)

also have ... = (][ ¢e{q € prime-factors d’. [¢ = 8] (mod 8)}.
3~ multiplicity q d’) =

]
((T] ge{q € prime-factors d’. [q = 5] (mod 8)}.
]
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(IT ¢€{q € prime-factors d’. [q¢ = 5] (mod 8)}.
(— 3) ~ multiplicity q d') =
(1T ¢€{q € prime-factors d'. [¢ = 7] (mod 8)}.
(= 1) " multiplicity q¢ d") mod 8
by auto
also have ... = (] ¢e{q € prime-factors d'. [¢ = 3] (mod 8)}.
3~ multiplicity q d’) =
(IT ¢€{q € prime-factors d'. [¢ = 5] (mod 8)}.
3 " multiplicity q d’ x (— 1) ~ multiplicity q d’) *
(IT ¢€{q € prime-factors d’. [¢ = 7] (mod 8)}.
(= 1) " multiplicity q¢ d') mod 8
unfolding power-mult-distrib[symmetric] by auto
also have ... = ((J] ¢€{q € prime-factors d’. [¢ = 3] (mod 8)}.
3 7 multiplicity q d’)
(IT q€{q € prime-factors d’. [q¢ = 5] (mod 8)}.
3 " multiplicity q d')) *
((TT ¢€{q € prime-factors d’. [¢ = 5] (mod 8)}.
(— 1) ~ multiplicity q d') *
(IT ¢€{q € prime-factors d’. [¢ = 7] (mod 8)}.
(= 1) " multiplicity q d")) mod 8
unfolding prod.distrib by (simp add: algebra-simps)
also have ... = (] ¢{q € prime-factors d’. [¢ = 8] (mod 8)} U
{q € prime-factors d’. [¢ = 5] (mod 8)}.
3 " multiplicity q d’)
(IT ¢€{q € prime-factors d'. [¢ = 5] (mod 8)} U
{q € prime-factors d’. [¢ = 7] (mod 8)}.
(= 1) " multiplicity q d')) mod 8
apply (subst
prod.union-disjoint[of {gEprime-factors d'. [¢ = 5] (mod 8)}
{qeprime-factors d'. [¢ = 7] (mod 8)}
Ag. (— 1) 7 multiplicity q d]
)
apply ((force simp add: unique-euclidean-semiring-class.cong-def)+)[3]
apply (subst
prod.union-disjoint[of {gE€prime-factors d'. [¢ = 8] (mod 8)}
{q€prime-factors d'. [¢ = 5] (mod 8)}
Ag. 3 7 multiplicity q d’]
)
apply ((force simp add: unique-euclidean-semiring-class.cong-def)+)[3]
apply blast

done
also have ... = (([] ¢€{q € prime-factors d'.
[¢ = 3] (mod 8) V [q = 5] (mod 8)}.
3~ multiplicity q d’)
(IT g€{q € prime-factors d’.
[¢ = 5] (mod 8) V [q = 7] (mod 8)}.
(= 1) ~ multiplicity q d")) mod 8
by (rule arg-cong2lof - - - - AA B. ([ ¢€A. - q) *x (][ ¢€B. - q)) mod 8];
auto)
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also have ... = (((I] ¢e{q € prime-factors d’'.
[¢ = 3] (mod 8) V [¢ = 5] (mod 8)}.
3 " multiplicity q d’) mod 8) *
((T] ge{q € prime-factors d'.
[¢ = 5] (mod 8) V [¢ = 7] (mod 8)}.
(= 1) ~ multiplicity q d') mod 8)) mod 8
unfolding mod-mult-eq ..
also have ... = ((8 ~ (3 q€{q € prime-factors d’.
[¢ = 8] (mod 8) V [¢ = 5] (mod 8)}.
multiplicity q d') mod 8) *
((—= 1) = (O qe{q € prime-factors d’.
[¢ = 5] (mod 8) V [¢ = 7] (mod 8)}.
multiplicity q d') mod 8)) mod 8
unfolding power-sum ..
also have ... =
int (case (3 qe{q € prime-factors d’.
[¢ = 3] (mod 8) V [q = 5] (mod 8)}.
multiplicity q d') mod 2,
(3" qe{q € prime-factors d’.
[¢ = 5] (mod 8) V [¢ = 7] (mod 8)}.
multiplicity q d') mod 2) of
0o ,0 )=>1
| (0, Suc0)=7
| (Suc 0,0 )= 3
| (Suc 0, Suc 0) = 5) (is - = int ?d’-mod-8)
unfolding three-mod-eight-power-iff minus-one-power-iff
by (simp; simp add: odd-iff-mod-2-eq-one)
finally have d’-mod-8: d’ mod 8 = ?d’-mod-8by linarith

have [d' = ] (mod 8) V [d' = 8] (mod 8)
unfolding d’-def c-def unique-euclidean-semiring-class.cong-def
using assms
by auto
hence ?d’-mod-8 = 1 V ?2d’-mod-8 = 3
unfolding unique-cuclidean-semiring-class.cong-def d’-mod-8 by auto
thus ?thesis
unfolding unique-euclidean-semiring-class.cong-def
by (smt (verit) Collect-cong One-nat-def cong-exp-iff-simps(11)
even-mod-2-iff even-numeral nat.case(2) numeral-eq-iff
numerals(1) old.nat.simps(4) parity-cases prod.simps(2)
semiring-norm(84))
qed
hence Legendre (— d') p = 1
using Legendre-using-sum
unfolding minus-one-power-iff cong-0-iff
by argo
thus QuadRes p (— d)
unfolding Legendre-def
by (metis one-neg-neg-one one-neq-zero)
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qed

from <QuadRes p (— d’)> obtain zy y where 29> — (— d’) = y * (int p)
unfolding quadratic-residue-alt-equiv[symmetric]
quadratic-residue-alt-def
by auto
hence (int p) dvd (29> — — d') by simp

define z :: int where x = if odd o then xq else (xg + p)
have even (4 * int n * j) by simp

moreover have odd k using <coprime k (4 * n)» by auto
ultimately have odd (int p) unfolding p-def by simp
have odd z unfolding z-def using <odd (int p)> by auto
have QuadRes (2 % p) (— d)

unfolding quadratic-residue-alt-equiv[symmetric]
quadratic-residue-alt-def

proof —
have 2 dvd (2> — — d') unfolding d’-def c-def using <odd ©> by auto
moreover from «((int p) dvd (1o®> — — d’)»
have (int p) dvd (z* — — d)

unfolding z-def power2-eq-square
apply (simp add: algebra-simps)
unfolding add.assoc[symmetric, of d' xo * x|

apply auto
done
moreover have coprime 2 (int p) using <odd (int p)> by auto
ultimately have (int (2 * p)) dvd (2> — — d’) by (simp add: divides-mult)
hence (z? — — d’) mod (int (2 * p)) = 0 by simp
hence Jy. 12 — — d’ = int (2 * p) * y by auto
hence Jy. 12 — — d' = y * int (2 x p) by (simp add: algebra-simps)
thus 3z y. 22 — — d' = y * int (2 * p) by (rule exl[where ?z=z])
qed

have n > 2 using <1 < n» by auto
moreover have 0 < nat d’ unfolding d’-def using <j > 0) by simp
moreover have QuadRes (int (nat d’x n — 1)) (— d)
using «d’ > 1> H-2-p <QuadRes (2 x p) (— d')» by (simp add: int-ops)
ultimately show Jz; z2 23. n = 212 + 22° + 232
using three-squares-using-quadratic-residuelof n nat d’]
by auto
qed

lemma power-two-mod-eight:
fixes n :: nat
shows n? mod 8 € {0, 1, 4}
proof —
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have 0: n? mod 8 = (n mod 8)* mod 8
unfolding power2-eg-square by (simp add: mod-mult-eq)
have n mod 8 € {0, 1, 2, 3, 4, 5, 6, 7} by auto
hence (n mod 8)? mod 8 € {0, 1, 4}
unfolding power2-eq-square by auto
thus n? mod 8 € {0, 1, 4} unfolding 0 .
qed

lemma power-two-mod-four:
fixes n :: nat
shows n? mod 4 € {0, 1}
using power-two-mod-eight[of n] mod-mod-cancel[of 4 8 n?] by auto

Theorem 1.4 from [1].

theorem three-squares-iff:
fixes n :: nat
shows (321 72 73. n = 712 + 2% + 132) ¢— Pak.-n=4 "ax (8xk+ 7))
proof
assume 3z To Tg. 0= 12 + T2 + z3°
then obtain z; zo z3 where 0: n = 212 + 222 + 232 by blast
show flak.n=4 "ax(8xk+7)
proof
assume dak.n=4 "ax (8xk+ 7)
then obtain a k where 1: n =/ “a x (8 x k + 7) by blast
from 0 1 show Fulse
proof (induction a arbitrary: n x1 zo x3 rule: nat.induct)
fix n 21 22 23 :: nat
assume 2: n = x1° + 9% + 32
assume n =4 0 (8xk+ 7)
hence 3: n mod 8 = 7 unfolding 1 by auto
have (212 mod 8 + z2% mod 8 + z32 mod 8) mod 8 = 7
unfolding 2 3[symmetric]
by (meson mod-add-cong mod-mod-trivial)
thus Fulse
using power-two-mod-eight[of 1]
power-two-mod-eight[of x3]
power-two-mod-eight|of 3]
by auto
next
fix a’ n z1 2o x3 2 nat
assume /: An' z1’ 22" 3’ :: nat.
n'=x21? + 2% + 137 = n'=/ "a' *x(8*k+ 7) = Fulse
assume 5: n = ;2 + 252 + 232
assume n = 4 ~ Suca’x (8 x k+ 7)
hence n =4 x (4 “a'x (8xk+ 7)) (isn= 4 * ?m) by auto
hence 6: 4 * ?m = 112 + 292 + 232 unfolding 5 by auto
have (712 + 122 + 232) mod 4 = 0 using 6 by presburger
hence ((z1%2 mod 4) + (222 mod 4) + (3% mod 4)) mod 4 = 0
by presburger
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hence 2,2 mod 4 = 0 A 222 mod 4 = 0 A x3%2 mod 4 = 0
using power-two-mod-four|of x1]
power-two-mod-four|of x3]
power-two-mod-four|of x3]
by (auto; presburger)
hence even 1 A even zo9 N even 3
by (metis dvd-0-right even-even-mod-4-iff even-power)
hence / * ?m = 4 * ((z1 div 2)® + (32 div 2)? + (z3 div 2)?)
unfolding 6 by fastforce
hence ?m = (z1 div 2)? + (22 div 2)? + (z3 div 2)? by auto
thus Fulse using 4 by blast
qed
qed
next
assume 7: flak.n=4 "ax (8 *xk+ 7)
show 321 29 3. 1 = 112 + 232 + 32
proof cases
assume n = (
thus 3z 22 23. n = 212 + 222 + 232 by auto
next
assume 8: n # 0
haven > 0 = Jam.n=4 "a*xmA — 4 dvd m
proof (induction n rule: less-induct)
fix n :: nat
assume 9: An’. n’<n=n'">0=3Ja'm' . n"=4 "a’'xm'A— 4 dvd

m
assume 10: n > 0
show dam.n=/4 "a*xmA - 4 dvdm
proof cases
assume 171: 4 dvd n
have n div 4 < nn div 4 > 0 using 10 11 by auto
then obtain ¢’ m’ where 12: ndiv4 = 4 " a’'* m' A= 4 dvd m’
using 9 by blast
have n = / ~ (Suc a’) * m’ A = 4 dvd m’
using 11 12 by auto
thus 3am. n =4 " a* m A - 4 dvd m by blast
next
assume - 4 dvd n
hence n = / ~ 0 x n A = 4 dvd n by auto
thus 3am. n =4 " a* m A - 4 dvd m by blast
qed
qed

then obtain a m where 13: n =/ ~a * m — 4 dvd m using 8 by auto
have 14: m mod 8 # 7
proof
assume m mod 8§ = 7
then obtain k where m = 8 * k + 7 by (metis div-mod-decomp mult.commute)
hence n = 4 ~a * (8 * k + 7) unfolding 13 by blast
thus Fulse using 7 by blast
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qed

have m mod 4 = 2V m mod 8 € {1, 3, 5, 7}
using 13 by (simp; presburger)

hence m mod 4 = 2V m mod 8 € {1, 3, 5}
using 14 by blast

hence 3z 73 3. m = 212 + 222 + z3°
using three-squares-using-mod-four three-squares-using-mod-eight
by blast

hence 371 2o 73. n = (2 “a* 21)%> + (2 "a * 22)2 + (2 " a * 23)2
unfolding 13 power2-eq-square
unfolding mult.assoc[of 2 ~ a]
unfolding mult.commute[of 2 ~ a]
unfolding mult.assoc
unfolding power-add[symmetric]
unfolding mult-2[symmetric]
unfolding power-mult
unfolding mult.assoc[symmetric]
unfolding add-mult-distrib[symmetric)
unfolding mult.commute[of 4 ~ a]
by simp

thus 3z 22 23. n = 212 + 222 + 232 by blast

qed
qed

Theorem 1.5 from [1].

theorem odd-three-squares-using-mod-eight:
fixes n :: nat
assumes n mod § = 3
shows 321 z3 3. odd 1 A odd o A odd 3 A n = x1° + 3% + 3>
proof —
obtain z; z5 z3 where 0: n = 12 + 222 + z3°
using assms three-squares-using-mod-eight by blast
have (:v12 mod 8 + z22 mod 8 + z32 mod 8) mod 8 = 3
unfolding 0 assms[symmetric]
by (meson mod-add-cong mod-mod-trivial)
hence 712 mod 8 = 1 A 232 mod 8 = 1 A 232 mod 8 = 1
using power-two-mod-eight|of x1]
power-two-mod-eight|of 2]
power-two-mod-eight|of T3]
by auto
hence odd 1 A odd x5 N odd x5
by (metis dvd-mod even-numeral even-power odd-one pos2)
hence odd z1 A odd o A odd 3 A n = 212 + 292 + 232 using 0 by blast
thus 31 T2 23. odd z1 A odd 2o A odd 25 A n = 212 + 222 + z3° by blast
qed

4.2 Consequences

lemma four-decomposition:
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fixes n :: nat
shows 3z yz. n=22+ 92+ 22 + 2
proof —
have (4 * n 4+ 1) mod 8 € {1, 8, 5} by (simp; presburger)
then obtain z y z where 0: 4 x n + 1 = 22 + y?> + 22
using three-squares-using-mod-eight by blast
hence 1: 1 = (22 + 4? + 22) mod /
by (metis Suc-0-mod-numeral(2) Suc-eg-plusl mod-add-left-eq
mod-mult-self1-is-0)
show ?thesis
proof cases
assume even
then obtain 2z’ where H-z: © = 2 x x’ by blast
show ?thesis
proof cases
assume even y
then obtain y’ where H-y: y = 2 x y' by blast
show ?thesis
proof cases
assume even z
then obtain 2z’ where H-z: z = 2 * 2’ by blast
show ?thesis using 1 unfolding H-x H-y H-z by auto
next
assume odd z
then obtain 2z’ where H-z: z = 2 % 2’ + 1 using oddE by blast
have n = 2”2 + y? + 22 + 2/
using 0 unfolding H-x H-y H-z power2-eq-square by auto
thus ?thesis by blast
qed
next
assume odd y
then obtain y’ where H-y: y = 2 x y' + 1 using oddE by blast
show ?thesis
proof cases
assume even z
then obtain 2z’ where H-z: z = 2 * 2’ by blast
have n = 2 + 2% + y? + 3/
using 0 unfolding H-x H-y H-z power2-eq-square by auto
thus ?thesis by blast
next
assume odd z
then obtain z’ where H-z: z = 2 % 2z’ + 1 using oddE by blast
show ?thesis
using 1
unfolding H-x H-y H-z power2-eq-square
by (metis dvd-mod even-add even-mult-iff even-numeral odd-one)
qed
qed
next

68



assume odd z
then obtain z’ where H-z: x = 2 x 2’ + 1 using oddE by blast
show ?thesis
proof cases
assume even y
then obtain y’ where H-y: y = 2 x y’ by blast
show ?thesis
proof cases
assume even z
then obtain 2z’ where H-z: z = 2 * 2’ by blast
have n = y? + 2? + z” + 2/
using 0 unfolding H-x H-y H-z power2-eq-square by auto
thus ?thesis by blast
next
assume odd z
then obtain z’ where H-z: z = 2 % 2/ + 1 using oddE by blast
show ?thesis
using 1
unfolding H-x H-y H-z power2-eq-square
by (metis dvd-mod even-add even-mult-iff even-numeral odd-one)
qed
next
assume odd y
then obtain y’ where H-y: y = 2 x y' + 1 using oddE by blast
show ?thesis
proof cases
assume even z
then obtain 2z’ where H-z: z = 2 * 2’ by blast
show ?thesis
using 1
unfolding H-x H-y H-z power2-eq-square
by (metis dvd-mod even-add even-mult-iff even-numeral odd-one)
next
assume odd z
then obtain 2’ where H-z: 2 = 2 * 2’ + 1 using oddFE by blast
show ?thesis
using 1
unfolding H-x H-y H-z power2-eq-square
by (simp add: mod-add-eq[symmetric])
qed
qed
qed
qed

theorem four-decomposition-int:

fixes n :: int

shows (zyzn=2>+ >+ 22 +2)«—n>0
proof

assume dzyz. n =122+ y? + 22 + 2
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then obtain z y z where 0: n = 22 + y? + 2? + 2 by blast
show n > 0
unfolding 0 power2-eq-square
by (smt (verit) div-pos-neg-trivial mult-le-0-iff
nonzero-mult-div-cancel-right sum-squares-ge-zero)
next
assume n > (
thus 3z yz. n=2a>+ 92 + 22 + 2
using four-decomposition|[of nat n]
by (smt (verit) int-eq-iff int-plus of-nat-power)
qged

theorem four-squares:
fixes n :: nat
shows 321 z9 23 24. 1 = 212 + T2° + 3% + 4>
proof cases
assume da k. n=4 "ax*x (8 xk+ 7)
then obtain a k where n =/ ~a % (8 x k + 7) by blast
hence 0: n =4 “ax (8 xk+ 6)+ (2 " a)?
by (metis add-mult-distrib left-add-mult-distrib mult.commute mult-numeral-1
numeral-Bit0 numeral-plus-numeral power2-eq-square power-mult-distrib
semiring-norm(5))
have Ba' k. 4 "a*x (8 xk+ 6) =4 "a'x (8*k'+ 7)
proof
assume Ja' k' / Tax (8xk+6)=4"a x(8xk'+ 7)
then obtain o’ k' where 1: 4 "ax (8 xk+ 6)=4 "a'x(8xk'+ 7)
by blast
show Fulse
proof (cases rule: linorder-cases|of a a'])
assume a < a’
hence 2: ' = a + (a’ — a) ¢’ — a > 0 by auto
have 3: 4 “ax (8xk+6)=4 "ax4 (o' —a)x(8xk'+ 7)
using 1 2 by (metis power-add)
have 2 = (8 x k + 6) mod 4 by presburger

also have ... = (4 ~(a’ — a) * (8 x k' + 7)) mod 4 using 3 by auto
also have ... = 0 using 2 by auto
finally show Fulse by auto

next

assume a = a’
hence 8§ x k + 6 = 8 x k' + 7 using I by auto
thus False by presburger
next
assume a > a’
hence 4: a = a’ + (a — a’) a — a’ > 0 by auto
have 5: 4 Ta'x 4 "(a—a)x (8xk+6)=4 "a'x(8xk'+7)
using 1 4 by (metis power-add)
have 0 = (/ " (a — a’) x (8 * k + 6)) mod / using 4 by auto
also have ... = (8 x k' + 7) mod 4 using 5 by auto
also have ... = 3 by presburger
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finally show Fulse by auto
qed
qed
then obtain z; z3 23 where / "a x (8 x k + 6) = 212 + 292 + z32
using three-squares-iff by blast
thus 31 22 23 24. 1 = 212 + 2% + 232 + 242 unfolding 0 by auto
next
assume fa k. n=4 "ax (8 xk+7)
hence 3z, 22 3. n = 212 + 222 + 232 using three-squares-iff by blast
thus 321 75 13 14. n = 212 + 122 + 132 + 242 by (metis zero-power2 add-0)
qed

end
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