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Abstract

This entry defines the Ramanujan theta function
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and derives from it the more commonly known Jacobi theta function
on the unit disc
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its version in the complex plane
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as well as its half-period variants 9¥¢1, ¥19, and ¥11.

Notable results formalised include the fact that gy is a solution
to the one-dimensional heat equation aa—;f(z,t) = 4i7r%f(z,t), and
Jacobi’s triple product
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as well as its corollary, Euler’s famous pentagonal number theorem:
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Various important theta nullwert identities are also derived, e.g.
92(9)" +94(g)" = ¥3(q)* and ¥} (q) = P2(q)9s(a)Va(q).
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1 Auxiliary material

theory Theta_Functions_Library
imports

"HOL-Computational_Algebra.Computational_Algebra" "HOL-Analysis.Analysis"
begin

lemma add_in_Ints_iff_left [simp]: "x € Z — x +y € Z +— y € Z"
by (metis Ints_add Ints_diff add_diff_cancel_left’)

lemma add_in_Ints_iff_right [simp]: "y € Z — x +y € Z +— x € Z"
by (subst add.commute) auto

lemma diff_in_Ints_iff_left [simp]: "x € Z — x -y € Z <— y € Z"
by (metis Ints_diff add_in_Ints_iff_ left diff_add_cancel)

lemma diff_in_Ints_iff_right [simpl: "y € Z — x -y € Z +— x €
Z’l
by (metis Ints_minus diff_in_Ints_iff_left minus_diff_eq)

lemmas [simp] = minus_in_Ints_iff

lemma of_int_div_of_int_in_Ints_iff:
"(of_int n / of_int m :: ’a :: field_char 0) € Z <— m = 0 V m dvd
nll
proof
assume *: "(of_int n / of_int m :: ’a) € Z"

{

assume "m # 0"

from * obtain k where k: "(of_int n / of_int m :: ’a) = of_int k"
by (auto elim!: Ints_cases)

hence "of_int n = (of_int k * of_int m :: ’a)"
using <m # 0> by (simp add: field_simps)

also have "... = of_int (k * m)"
by simp

finally have "n = k * m"
by (subst (asm) of_int_eq_iff)
hence "m dvd n" by auto

}

thus "m = 0 V m dvd n" by blast
qed auto

lemma fraction_numeral_not_in_Ints [simp]:

assumes "-(numeral b :: int) dvd numeral a"
shows "numeral a / numeral b ¢ (Z :: ’a :: {division_ring, ring_char_ O}
set)"

using fraction_not_in_Ints[of "numeral b" "numeral a", where 7’a =
’a] assms by simp



lemma fraction_numeral_not_in_Ints’ [simp]:
assumes "b # Num.One"
shows "1 / numeral b ¢ (Z :: ’a :: {division_ring, ring_ char_ O} set)"
using fraction_not_in_Ints[of "numeral b" 1, where 7’a = ’a] assms

by simp

lemmas [simp] = not_in_Ints_imp_not_in_nonpos_Ints minus_in_Ints_iff

lemma of_int_div: "b dvd a = of_int (a div b) = (of_int a / of_int
b :: ’a :: field_char_0)"
by auto

lemma is_square_mult_prime_left_iff:
assumes "prime p"
shows  "is_square (p * x) <— p dvd x A is_square (x div p)"
proof
assume *: "p dvd x A is_square (x div p)"
have [simp]: "p # 0"
using assms by auto
from * obtain y where y: "x =y =~ 2 * p"
by (metis dvd_div_mult_self is_nth_powerE)
have "is_square ((p * y) ~ 2)"
by auto
also have "(p ¥ y) ~ 2 =p * x"
by (simp add: y power2_eq_square algebra_simps)
finally show "is_square (p * x)" .

next
assume *: "is_square (p * x)"
have "p # 0"

using assms by auto
from * obtain y where y: "p ¥ x =y ~ 2"
by (elim is_nth_powerE)
have "p dvd y ~ 2"
by (simp flip: y)
hence "p dvd y"
using <prime p> using prime_dvd_power by blast
then obtain z where z: "y =p * z "
by (elim dvdE)
have 'p * x =p *x (p x z =~ 2)"
by (simp add: y z algebra_simps power2_eq_square)
hence x_eq: "x =p *x z = 2"
using <p # 0> by simp
show "p dvd x A is_square (x div p)"
using <p # 0> by (simp add: x_eq)
qed

lemma is_square_mult2_nat_iff:
"is_square (2 * b :: nat) <— even b A is_square (b div 2)"
by (rule is_square_mult_prime_left_iff) auto



lemma is_square_mult2_int_iff:
"is_square (2 * b :: int) <— even b A is_square (b div 2)"
by (rule is_square_mult_prime_left_iff) auto

end

2 Conversion from the complex plane to the nome

theory Nome
imports "HOL-Complex_Analysis.Complex_Analysis" "HOL-Library.Going To_Filter"
begin

definition to_nome :: "complex = complex"
where "to_nome z = exp (i * of_real pi * z)"

lemma to_nome_nonzero [simp]: "to_nome z # 0"
by (simp add: to_nome_def)

lemma norm_to_nome: "norm (to_nome z) = exp (-pi * Im z)"
by (simp add: to_nome_def)

lemma to_nome_add: "to_nome (z + w) = to_nome z * to_nome w"
by (simp add: to_nome_def ring distribs exp_add)

lemma to_nome_diff: "to_nome (z - w) = to_nome z / to_nome w"
by (simp add: to_nome_def ring distribs exp_diff)

lemma to_nome_minus: "to_nome (-z) = inverse (to_nome z)"
by (simp add: to_nome_def exp_minus field_simps)

lemma to_nome_cnj: "to_nome (cnj z)
by (simp add: to_nome_def exp_cnj)

cnj (to_nome (-z))"

lemma to_nome_power: "to_nome z ~ n = to_nome (of_nat n * z)"
by (simp add: to_nome_def mult_ac flip: exp_of_nat_mult)

lemma to_nome_power_int: "to_nome z powi n = to_nome (of_int n * z)"
by (auto simp: power_int_def to_nome_power simp flip: to_nome_minus)

lemma cis_conv_to_nome: "cis x = to_nome (of_real (x / pi))"
by (simp add: cis_conv_exp to_nome_def)

lemma to_nome_powr:
assumes "Re z € {-1<..1}"
shows "to_nome z powr w = to_nome (z * w)"
proof -
have "to_nome z powr w = exp (w * 1In (exp (i * of_real pi * z)))"
by (simp add: to_nome_def powr_def)



also have "In (exp (i * of_real pi * z)) =1 * of_real pi * z"
using mult_strict_left_mono[of "-1" "Re z" pi]
by (subst Ln_exp) (use assms in auto)
also have "exp (w * ...) = to_nome (z * w)"
by (simp add: to_nome_def mult_ac)
finally show ?thesis .
qed

lemma to_nome_0 [simp]: "to_nome 0 = 1"
by (simp add: to_nome_def)

lemma to_nome_1 [simp]: "to_nome 1 = -1"
and to_nome_negl [simp]: "to_nome (-1) = -1"
by (simp_all add: to_nome_def exp_minus)

lemma to_nome_of_nat [simp]: "to_nome (of_nat n) = (-1) ~ n"
by (simp add: to_nome_def complex_eq iff Re_exp Im_exp)

lemma to_nome_of_int [simp]: "to_nome (of_int n) = (-1) powi n"
by (simp add: to_nome_def complex_eq_iff Re_exp Im_exp)

lemma to_nome_one_half [simp]: "to_nome (1 / 2) = i"
by (simp add: to_nome_def exp_eq_polar)

lemma to_nome_three_halves [simp]: "to_nome (3 / 2) = -i"
proof -
have "to_nome (1 + 1 / 2) = -i"
by (subst to_nome_add) auto
thus ?thesis
by simp
qed

lemma to_nome_eq 1_iff: "to_nome z = 1 <— (dn. even n A z = of_int
n)"
proof -
have "to_nome z = 1 <— (dn. z = complex_of_int (2 * n))"
unfolding to_nome_def by (subst exp_eq_1) (auto simp: complex_eq_ iff)
also have "(dn. z = complex_of_int (2 * n)) <— (dn. even n N z =
of_int n)"
by (metis dvd_def)
finally show ?thesis .

qed
lemma to_nome_eq negl_iff: "to_nome z = -1 <— (dn. odd n A z = of_int
n) n
proof -
have "to_nome z = -1 <— to_nome (z + 1) = 1"

by (simp add: to_nome_add minus_equation_iff[of _ 1] eq_commute[of



"-1"1)
also have "... +— (dn. even n A z + 1 = of_int n)"
by (rule to_nome_eq_1_iff)
also have "(dn. even n A z + 1
Il) "
proof (intro iffI; elim exE)
fix n assume "even n A z + 1 of_int n"
thus "dn. odd n A z = of_int n"
by (intro exI[of _ "n - 1"]) (auto simp: algebra_simps)
next
fix n assume "odd n A z = of_int n"
thus "dn. even n A z + 1 = of_int n"
by (intro exI[of _ "n + 1"]) (auto simp: algebra_simps)
qed
finally show ?thesis .
qed

of_int n) <— (dn. odd n A z = of_int

lemma to_nome_eq 1_iff’: "to_nome z =1 «— (z / 2) € Z"
proof
assume "to_nome z = 1"
then obtain n where "z = of_int n" "even n"
by (subst (asm) to_nome_eq 1_iff) auto
thus "z / 2 € 2"
by (auto elim!: evenE)
next
assume "(z / 2) € 2"
then obtain n where "z / 2 = of_int n"
by (auto elim!: Ints_cases)
hence "z = of_int (2 * n)" "even (2 * n)"
by simp_all
thus "to_nome z = 1"
using to_nome_eq_1_iff[of z] by blast

qed
lemma to_nome_eq negl_iff’:"to_nome z = -1 +— ((z-1) / 2) € Z"
proof

assume "to_nome z = -1"

then obtain n where "z = of_int n" "odd n"
by (subst (asm) to_nome_eq _negl_iff) auto

thus "((z-1) / 2) € 2"
by (auto elim!: oddE)

next

assume "((z-1) / 2) € Z."

then obtain n where "((z-1) / 2) = of_int n"
by (auto elim!: Ints_cases)

hence "z = of_int (2 * n + 1)" "odd (2 * n + 1)"
by (auto simp: algebra_simps)

thus "to_nome z = -1"
using to_nome_eq_negl_iff[of z] by blast



qed

lemma to_nome_neg_one_half [simp]: "to_nome (-(1 / 2)) = -i"
by (simp add: to_nome_def exp_eq_polar)

lemma to_nome_2 [simp]: "to_nome 2 = 1"
by (simp add: to_nome_def exp_eq_polar mult.commute[of pi])

lemma has_field_derivative_to_nome [derivative_intros]:

assumes "(f has_field_derivative f’) (at x within A)"

shows "((A\x. to_nome (f x)) has_field_derivative (i * pi * to_nome
(f x) * £’)) (at x within A)"

unfolding to_nome_def by (auto intro!: derivative_eq_intros assms)

lemma holomorphic_to_nome [holomorphic_intros]:
"f holomorphic_on A —> (A\z. to_nome (f z)) holomorphic_on A"
unfolding to_nome_def by (intro holomorphic_intros)

lemma analytic_to_nome [analytic_intros]:
"f analytic_on A =—> (Az. to_nome (f z)) analytic_on A"
unfolding to_nome_def by (intro analytic_intros)

lemma tendsto_to_nome [tendsto_intros]:
assumes "(f —— w) F"
shows "((Az. to_nome (f z)) —— to_nome w) F"
using assms unfolding to_nome_def by (intro tendsto_intros)

lemma continuous_on_to_nome [continuous_intros]:
assumes "continuous_on A f"
shows "continuous_on A (Az. to_nome (f z))"
using assms unfolding to_nome_def by (intro continuous_intros)

lemma continuous_to_nome [continuous_intros]:
assumes "continuous F f"
shows "continuous F (Az. to_nome (f z))"
unfolding to_nome_def by (intro continuous_intros assms)

lemma tendsto_0O_to_nome:
assumes "filterlim (Ax. Im (f x)) at_top F"
shows "filterlim (A\x. to_nome (f x)) (nhds 0) F"
proof -
have "((A\x. exp (-(pi * x))) —— 0) at_top"
by real_asymp
hence "((\x. exp (- (pi * Im (f x)))) — 0) F"
by (rule filterlim_compose) fact
hence "filterlim (Ax. norm (to_nome (f x))) (nhds 0) F"
by (simp add: norm_to_nome)



thus 7thesis
by (simp only: tendsto_norm_zero_iff)
qed

lemma tendsto_O_to_nome’: "(to_nome —— 0) (Im going_to at_top)"
using tendsto_O_to_nome by fastforce

lemma filterlim_at_O_to_nome:
assumes "filterlim (Ax. Im (f x)) at_top F"
shows "filterlim (A\x. to_nome (f x)) (at 0) F"
by (intro filterlim_atI tendsto_O_to_nome assms) auto

end

3 General theta functions

theory Theta_Functions

imports
Nome
"Combinatorial_(_Analogues.({]_Binomial_Identities"
Theta_Functions_Library

begin

3.1 The Ramanujan theta function

We define the other theta functions in terms of the Ramanujan theta func-

tion:
o0

fla,p) = > a"FI2pn=D2 (for Jab] < 1)
n—=——oo
This is, in some sense, more general than Jacobi’s theta function: Jacobi’s
theta function can be expressed very easily in terms of Ramanujan’s; the
other direction is only straightforward in the real case. Due to the presence
of square roots, the complex case becomes tedious due to branch cuts.

However, even in the complex case, results can be transferred from Jacobi’s
theta function to Ramanujan’s by using the connection on the real line and
then doing analytic continuation.

Some of the proofs below are loosely based on Ramanujan’s lost notebook
(as edited by Berndt [2]).

definition ramanujan_theta :: "’a :: {real_normed_field, banach} = ’a
= ’a" where
"ramanujan_theta a b =
(if norm (a*b) < 1 then (O .on. a powi (n*(n+1) div 2) * b powi (n*(n-1)
div 2)) else 0)"

lemma ramanujan_theta_outside [simp]: "norm (a * b) > 1 = ramanujan_theta
ab=20"



by (simp add: ramanujan_theta_def)

lemma uniform_limit_ramanujan_theta_aux:
fixes A :: "(’a X ’a :: {real_normed_field, banach}) set"
assumes "compact A" "Aa b. (a, b) € A = norm (a * b) < 1"
shows  "uniform_limit A (AX (a,b). > . n€X. a powi (n*(n+1) div 2) *
b powi (n*(n-1) div 2))
(A(a,b). > on. a powi (n*(n+1) div 2) * b powi (n*(n-1)
div 2))
(finite_subsets_at_top UNIV)"
proof (cases "4 = {}")
case False
define f where "f = (An ab. fst ab powi (n*(n+1) div 2) * snd ab powi
(n*(n-1) div 2) :: ’a)"
define y where "y = max (1/2) (Sup ((A(a,b). norm (a * b)) < A))"
define x where "x = max 2 (Sup ((A(a,b). max (norm a) (nmorm b)) ¢ A))"

have le_x: "morm a < x" "norm b < x" if "(a, b) € A" for a b
proof -
have bounded: "bounded ((MA(a,b). max (norm a) (norm b)) ¢ A)"
unfolding case_prod_unfold
by (intro compact_imp_bounded compact_continuous_image continuous_intros
assms)
have "(A(a,b). max (norm a) (norm b)) (a, b) < Sup ((A(a,b). max
(norm a) (norm b)) “ A)"
by (rule cSup_upper imagel)+
(use that bounded in <auto intro: bounded_imp_bdd_above>)
also have "... < x"
unfolding x_def by linarith
finally show "norm a < x" "norm b < x"
by simp_all
qed

have le_y: "norm (a*b) < y" if "(a, b) € A" for a b
proof -
have bounded: "bounded ((MA(a,b). norm (a * b)) ¢ A)"
unfolding case_prod_unfold
by (intro compact_imp_bounded compact_continuous_image continuous_intros
assms)
have "(A(a,b). norm (a * b)) (a, b) < Sup ((A(a,b). norm (a * b))
¢ A) "
by (rule cSup_upper imagel)+
(use that bounded in <auto intro: bounded_imp_bdd_above>)
also have "... < y"
unfolding y_def by linarith
finally show ?thesis
by simp
qed

10



have "x > 1" "y > 0"
unfolding x_def y_def by linarith+

have "y < 1"
proof -
have "Sup ((A(a,b). norm (a * b)) ¢ A) € (A(a,b). norm (a * b)) ¢
A" using <A # {p>
unfolding case_prod_unfold
by (intro closed_contains_Sup compact_imp_closed compact_continuous_image
bounded_imp_bdd_above compact_imp_bounded continuous_intros
assms) auto
with assms show ?thesis
by (auto simp: y_def)
qed

define h where "h = (An. x ~ nat |n| * y ~ nat (min (n*(n+1) div 2)
(n*(n-1) div 2)))"

have "uniform_limit A (AX wq. > .n€X. f n wq) (A\wq. > oon. f n wq) (finite_subsets_at_top
UNIV)"
proof (rule Weierstrass_m_test_general, clarify)
fix n :: int and a b :: ’a
assume ab: "(a, b) € A"
have eq: "n * (n + 1) div 2 =n * (n - 1) div 2 + n"
by (simp add: algebra_simps)
have nonneg: "n * (n - 1) div 2 > 0" "n * (n + 1) div 2 > 0" "n *
(n-1) > 0" "n* (n+ 1) > 0"
by (auto simp: zero_le_mult_iff)

have "norm (f n (a, b)) = norm a powi (n*(n+1) div 2) * norm b powi
(n*(n-1) div 2)"
by (simp add: f_def norm_mult norm_power_int)
also have "(n*(n+1) div 2) = int (nat (n*(n+1) div 2))"
by (auto simp: zero_le_mult_iff)
also have "(n*(n-1) div 2) = int (nat (n*(n-1) div 2))"
by (auto simp: zero_le_mult_iff)
also have "norm a powi int (nat (n*(n+1) div 2)) * norm b powi int
(nat (n*(n-1) div 2)) =
norm a ~ nat (n*(n+1) div 2) * norm b ~ nat (n*(n-1) div
2)"
unfolding power_int_of_nat ..
also have "... = (if n > O then norm a ~ nat |n| * norm (a*b) ~ nat
(n*(n-1) div 2)
else norm b ~ nat |n| * norm (a*b) ~ nat
(n*(n+1) div 2))"
using nonneg(1,2) [[linarith_split_limit = 0]] unfolding eq
by (auto simp flip: power_add simp: power_mult_distrib norm_mult
nat_eq_iff nonneg(3,4)
intro!: arg_conglof _ _ "An. x ~ n" for x] split: if_splits)
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also have "... < x ~ nat |n| * norm (a*b) ~ nat (min (n*(n+1) div
2) (a*(n-1) div 2))"
using le_x[of a b] ab <x > 1> le_ylof a b] <y < 1> [[linarith_split_limit
= 0]]

by (auto intro!: mult_mono power_mono power_decreasing nat_mono)

also have "... < x ~ nat |n| * y ~ nat (min (n*x(n+l) div 2) (n*(n-1)
div 2))"
by (intro mult_left_mono power_mono le_y) (use ab <x > 1> in auto)
also have "... = h n"

by (simp add: h_def)
finally show "norm (f n (a, b)) < h n" .
next
obtain y’ where y’: "y < y’" "y’ < 1"
using <y < 1> dense by blast
have "summable (An. norm (h (int n)))"
proof (rule summable_comparison_test_bigo)
have "(An. x “n * y ~ nat (min (int n * (int n + 1) div 2) (int
n * (int n - 1) div 2))) € 0. y’> ~ )"
using <x > 1> <y > 0> y’ by real_asymp
thus "(An. norm (h (int n))) € 0(An. y’ ~ n)"
unfolding h_def by (simp add: norm_power norm_mult nat_power_eq
power_int_def)
next
show "summable (An. norm (y’ ~ n))"
unfolding norm_power by (rule summable_geometric) (use <y > 0>
y’ in auto)
qed
hence "(An. h (int n)) summable_on UNIV"
by (rule norm_summable_imp_summable_on)
also have "?this +— h summable_on {0..}"
by (rule summable_on_reindex_bij_witness[of _nat int]) auto
finally have *: "h summable_on {0..}" .

from * have "h summable_on {0<..}"
by (rule summable_on_subset) auto
also have "h summable_on {0<..} <— h summable_on {..<0}"
by (rule summable_on_reindex_bij_witness[of _ "An. -n" "An. -n"])

(auto simp: h_def algebra_simps)
finally have "h summable_on {..<O0}" .
from this and * have "h summable_on {..<0} U {0..}"
by (rule summable_on_union)
also have "{..<0} U {0..} = (UNIV :: int set)"
by auto
finally show "h summable_on UNIV" .
qed
thus 7thesis
by (simp add: f_def case_prod_unfold)
qed auto
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lemma uniform_limit_ramanujan_theta:
fixes A :: "(’a X ’a :: {real_normed_field, banach}) set"
assumes "compact A" "Aa b. (a, b) € A = norm (a * b) < 1"
shows  "uniform_limit A (AX (a,b). > .n€X. a powi (n*(n+1) div 2) *
b powi (n*(n-1) div 2))
(A(a,b). ramanujan_theta a b)
(finite_subsets_at_top UNIV)"
proof -
have "uniform_limit A (AX (a,b). > n€X. a powi (n*(n+1) div 2) * b
powi (n*(n-1) div 2))
(A(a,b). > n. a powi (n*(n+1) div 2) * b powi (n*(n-1) div
2))
(finite_subsets_at_top UNIV)"
by (rule uniform_limit_ramanujan_theta_aux) (use assms in auto)
also have "?7this <— 7thesis"
by (intro uniform_limit_cong always_eventually alll balll refl)
(use assms in <auto simp: ramanujan_theta_def>)
finally show 7thesis .
qed

lemma has_sum_ramanujan_theta:

assumes "norm (a*b) < 1"

shows  "((An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)) has_sum
ramanujan_theta a b) UNIV"

using uniform_limit_ramanujan_thetalof "{(a, b)}"] assms by (simp add:
has_sum_def)

lemma ramanujan_theta_commute: "ramanujan_theta a b = ramanujan_theta
b a"
proof (cases "norm (a * b) < 1")
case ab: True
have "((An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)) has_sum
ramanujan_theta a b) UNIV"
by (intro has_sum_ramanujan_theta ab)
also have "?this +— ((An. b powi (n*(n+1) div 2) * a powi (n*(n-1)
div 2)) has_sum ramanujan_theta a b) UNIV"
by (intro has_sum_reindex_bij_witness[of _ uminus uminus]) (auto simp:
algebra_simps)
finally have ...
moreover have "((An. b powi (n*(n+1) div 2) * a powi (n*(n-1) div 2))
has_sum ramanujan_theta b a) UNIV"
by (intro has_sum_ramanujan_theta) (use ab in <simp_all add: norm_mult
mult.commute>)
ultimately show 7?thesis
using has_sum_unique by blast
qed (simp_all add: ramanujan_theta_def mult.commute)

lemma ramanujan_theta_0_left [simp]: "ramanujan_theta O b = 1 + b"
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proof -

have *: "n ¥ (n + 1) div 2 =0 +<— n € {0, -1}" for n :: int
proof -
have "even (n * (n + 1))"
by auto

hence "n * (n + 1) div2 =0 ¢— n * (mn + 1) = 0"
by (elim evenE) simp_all
also have "... «—— n € {0, -1}"
unfolding mult_eq_0_iff by auto
finally show 7thesis .
qed
have "((An. 0 powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)) has_sum
(1 + b)) {0, -1}"
by (rule has_sum_finiteI) auto
also have "?this +— ((An. 0 powi (n*(n+1) div 2) * b powi (n*(n-1)
div 2)) has_sum (1 + b)) UNIV"
by (intro has_sum_cong_neutral) (auto simp: *)
finally have "((An. 0 powi (n*(n+1) div 2) * b powi (n*(n-1) div 2))
has_sum (1 + b)) UNIV" .
moreover have "((An. 0 powi (n*(n+1) div 2) * b powi (n*(n-1) div 2))
has_sum ramanujan_theta O b) UNIV"
by (intro has_sum_ramanujan_theta) auto
ultimately show ?thesis
using has_sum_unique by blast
qed
lemma ramanujan_theta_O_right [simp]: "ramanujan_theta a 0 = 1 + a"
by (subst ramanujan_theta_commute) simp_all

lemma has_sum_ramanujan_thetal:
assumes "norm (a*b) < 1" and [simp]: "a # 0"

shows  "((An. a powi n * (a*b) powi (n*(n-1) div 2)) has_sum ramanujan_theta
a b) UNIV"
proof -

have eq: "n*(n+1) div 2 = n*(n-1) div 2 + n" for n :: int

by (cases "even n") (auto elim!: evenE oddE simp: algebra_simps)
have "((An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)) has_sum
ramanujan_theta a b) UNIV"
by (rule has_sum_ramanujan_theta) (use assms in auto)
thus 7thesis
unfolding eq by (simp add: power_int_mult_distrib power_int_add mult_ac)
qed

lemma has_sum_ramanujan_thetaZ2:
assumes "norm (a * b) < 1"
shows "((An. (a*b) powi (n*(n-1) div 2) * (a powi n + b powi n))
has_sum
(ramanujan_theta a b - 1)) {1..}"
proof (cases "a * b = 0")
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case True
have "((An. (a*b) powi (n*(n-1) div 2) * (a powi n + b powi n)) has_sum
(ramanujan_theta a b - 1)) {1}"
using True by (intro has_sum_finiteI) auto
also have "?this <— 7thesis"
using True by (intro has_sum_cong_neutral) (auto simp: dvd_div_eq_O_iff)

finally show ?7thesis .
next
case False
hence [simp]: "a # 0" "b # 0"
by auto
define S1 where "S1 = () n€{1..}. a powi (n*(n+1) div 2) * b powi
(n*(n-1) div 2))"
define 52 where "S2 = (O n€f{..-1}. a powi (n*(n+1) div 2) * b powi
(n*(n-1) div 2))"
have eq: "n*(n+1) div 2 = n*(n-1) div 2 + n" for n :: int
by (cases "even n") (auto elim!: evenE oddE simp: algebra_simps)

have 1: "((An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)) has_sum
ramanujan_theta a b) UNIV"
by (rule has_sum_ramanujan_theta) (use assms in auto)

have [intro]: "(An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2))
summable_on A" for A
by (rule summable_on_subset_banach, rule has_sum_imp_summable [OF 1])
auto

have S1: "((An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)) has_sum
S1) {1..}"
unfolding S1_def by (rule has_sum_infsum) rule
also have "(An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)) =
(An. (a*b) powi (n*(n-1) div 2) * a powi n)"
unfolding eq by (auto simp: power_int_mult_distrib power_int_add mult_ac)
finally have S1’: "((An. (a * b) powi (n * (n - 1) div 2) * a powi n)
has_sum S1) {1..}" .

have 52: "((An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)) has_sum
s2) {..-1}"
unfolding S2_def by (rule has_sum_infsum) rule
also have "?this +— ((An. b powi (n*(n+1) div 2) * a powi (n*(n-1)
div 2)) has_sum S2) {1..}"
by (rule has_sum_reindex_bij_witness[of _ uminus uminus]) (auto simp:
algebra_simps)
also have "(An. b powi (n*(n+1) div 2) * a powi (n*(n-1) div 2)) =
(An. (a*b) powi (n*(n-1) div 2) * b powi n)"
unfolding eq by (auto simp: power_int_mult_distrib power_int_add mult_ac)
finally have S2’: "((An. (a * b) powi (n * (n - 1) div 2) * b powi n)
has_sum S2) {1..}" .
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have "((An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)) has_sum
(ramanujan_theta a b - 1)) (UNIV-{0})"
using 1 by (rule has_sum_Diff) (auto simp: has_sum_finite_iff)
also have "UNIV - {0::int} = {1..} U {..-1}"
by auto
finally have "((An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2))
has_sum
(ramanujan_theta a b - 1)) ({1..} U {..-1P)" .
moreover have "((An. a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2))
has_sum
(81 +52)) ({1..3y U {..-1H"
by (intro has_sum_Un_disjoint S1 S2) auto
ultimately have "ramanujan_theta a b - 1 = S1 + S2"
using has_sum_unique by blast

moreover have "((An. (a * b) powi (n * (n - 1) div 2) * (a powi n +
b powi n)) has_sum (S1 + S2)) {1..}"
using has_sum_add[0OF S1’ S2°] by (simp add: algebra_simps)
ultimately show "((An. (a*b) powi (n*(n-1) div 2) * (a powi n + b powi
n))
has_sum (ramanujan_theta a b - 1)) {1..}"
by simp
qed

lemma ramanujan_theta_of_real:
"ramanujan_theta (of_real a) (of_real b) = of_real (ramanujan_theta
ab)"
proof (cases "norm (a*b) < 1")
case ab: True
have "((An. of_real (a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2))
’a) has_sum
of_real (ramanujan_theta a b)) UNIV"
by (intro has_sum_of_real has_sum_ramanujan_theta) (use ab in auto)
also have "(An. of_real (a powi (n*(n+1) div 2) * b powi (n*(n-1) div
2)) :: ’a) =
(An. of_real a powi (n*(n+1) div 2) * of_real b powi
(n*(n-1) div 2))" by simp
finally have "((An. of_real a powi (n * (n + 1) div 2) * of_real b powi
(n * (n - 1) div 2)) has_sum
(of_real (ramanujan_theta a b) :: ’a)) UNIV" .
moreover have "((An. of_real a powi (n*(n+1) div 2) * of_real b powi
(n*(n-1) div 2) :: ’a) has_sum
ramanujan_theta (of_real a) (of_real b)) UNIV"
by (rule has_sum_ramanujan_theta) (use ab in <auto simp: norm_mult>)
ultimately show ?thesis
using has_sum_unique by blast
qed (auto simp: ramanujan_theta_def norm_mult abs_mult)
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lemma ramanujan_theta_cnj:

"ramanujan_theta (cnj a) (cnj b) = cnj (ramanujan_theta a b)"
proof (cases "norm (a*b) < 1")

case ab: True

have "((An. cnj (a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2))) has_sum
cnj (ramanujan_theta a b)) UNIV"

unfolding has_sum_cnj_iff by (intro has_sum_ramanujan_theta) (use

ab in auto)

also have "(An. cnj (a powi (n*(n+1) div 2) * b powi (n*(n-1) div 2)))

(An. cnj a powi (n*(n+1) div 2) * cnj b powi (n*(n-1) div
2))"
by simp
finally have "((An. cnj a powi (n*(n+1) div 2) * cnj b powi (n*(n-1)
div 2)) has_sum
cnj (ramanujan_theta a b)) UNIV" .
moreover have "((An. cnj a powi (n*(n+1) div 2) * cnj b powi (n*(n-1)
div 2)) has_sum
ramanujan_theta (cnj a) (cnj b)) UNIV"
by (rule has_sum_ramanujan_theta) (use ab in <auto simp: norm_mult>)
ultimately show ?thesis
using has_sum_unique by blast
qged (auto simp: ramanujan_theta_def norm_mult)

lemma ramanujan_theta_holomorphic [holomorphic_intros]:
assumes "f holomorphic_on A" "g holomorphic_on A"

assumes "Az. z € A = norm (f z * g z) < 1" "open A"
shows  "(\z. ramanujan_theta (f z) (g z)) holomorphic_on A"
proof -

have "(\z. ramanujan_theta (f z) (g z)) analytic_on {z}" if "z € A"
for z
proof -
obtain r where r: "r > 0" "cball z r C A"
using <open A> <z € A> open_contains_cball_eq by blast
define b where "h = (A\X (w,q). Y .n€X. w powi (n*(n+1) div 2) * q
powi (n*(n-1) div 2) :: complex)"
define H where "H = (A(w,q). ramanujan_theta w q :: complex)"

have 1lim: "uniform_limit (cball z r)
(M x. hX (f x, gx)) (Ax. H (f x, g x)) (finite_subsets_at_top
UNIV)"

unfolding h_def H_def
proof (rule uniform_limit_compose’[OF uniform_limit_ramanujan_theta])

show "compact ((A\x. (f x, g x)) ¢ cball z r)" using r

by (intro compact_continuous_image)
(auto intro!: continuous_intros holomorphic_on_imp_continuous_on
assms(1,2) [THEN holomorphic_on_subset])

qed (use r assms(3,4) in auto)
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have "(Ax. H (f x, g x)) holomorphic_on ball z r"
by (rule holomorphic_uniform_limit[OF _ 1im])

(use r in <auto intro!: always_eventually continuous_intros holomorphic_intros
holomorphic_on_imp_continuous_on
assms(1,2) [THEN holomorphic_on_subset]

assms (3)
simp: h_def zero_le_mult_iff>)
also have "?this ¢<— (A\x. ramanujan_theta (f x) (g x)) holomorphic_on
ball z r"
proof (rule holomorphic_cong)
fix w assume "w € ball z r"
hence "w € A"
using r by auto
hence "norm (f w * g w) < 1"
using assms(3) by auto
thus "H (f w, g w) = ramanujan_theta (f w) (g w)"
by (auto simp: H_def ramanujan_theta_def)
qed auto
finally show ?7thesis
using <r > 0> analytic_at_ball by blast
qged
hence "(\z. ramanujan_theta (f z) (g z)) analytic_on A"
using analytic_on_analytic_at by blast
thus 7thesis
using analytic_imp_holomorphic by auto
qed

lemma ramanujan_theta_analytic [analytic_intros]:
assumes "f analytic_on A" "g analytic_on A" "Az. z € A = norm (f
z ¥ gz)<1"
shows  "(\z. ramanujan_theta (f z) (g z)) analytic_on A"
proof -
from assms(1) obtain Bl where Bl: "open B1" "A C B1" "f holomorphic_on
B1"
using analytic_on_holomorphic by metis
from assms(2) obtain B2 where B2: "open B2" "A C B2" "g holomorphic_on
B2Il
using analytic_on_holomorphic by metis
note [holomorphic_intros] = holomorphic_on_subset[0OF B1(3)] holomorphic_on_subset [OF
B2(3)]

define B3 where "B3 = B1 N B2 N (A\z. £ z * g z) -° ball 0 1"
have "open B3" using Bl B2 unfolding B3_def
by (intro continuous_open_preimage holomorphic_on_imp_continuous_on
holomorphic_intros open_halfspace_Im_gt) auto
hence B3: "open B3" "B3 C B1" "B3 C B2" "Az. z € B3 = f z *x g z
€ ball 0 1"
unfolding B3_def by auto
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have "(\z. ramanujan_theta (f z) (g z)) holomorphic_on B3"
using B3 by (auto intro!: holomorphic_intros)

moreover have "A C B3"
using assms(3) B1 B2 by (auto simp: B3_def)

ultimately show ?thesis
using <open B3> analytic_on_holomorphic by metis

qed
lemma tendsto_ramanujan_theta [tendsto_intros]:
fixes f g :: "?a = ’b :: {real_normed_field, banach, heine_borel}"
assumes "(f —— a) F" "(g —— b) F" "norm (a * b) < 1"
shows  "((\z. ramanujan_theta (f z) (g z)) —— ramanujan_theta a
b) F"
proof -

have "isCont (A(w,q). ramanujan_theta w q) z" if z: "norm (fst z * snd
z) < 1" for z :: "’b x ’b"
proof -
have "z € (A\z. (fst z * snd z)) - ball 0 1"
using z by auto
moreover have "open ((Az. (fst z * snd z :: ’b)) - ball 0 1)"
by (intro open_vimage continuous_intros) auto
ultimately obtain r where r: "r > 0" "cball z r C (A\z. (fst z *
snd z)) -¢ ball 0 1"
by (meson open_contains_cball)

have "continuous_on (cball z r) (A(a, b). ramanujan_theta a b)"
proof (rule uniform_ limit_theorem)
show "uniform_limit (cball z r)
(A\X (a, b). > n€X. a powi (n * (n + 1) div 2) * b powi
(n * (n - 1) div 2))
(A(a, b). ramanujan_theta a b)
(finite_subsets_at_top UNIV)"
by (rule uniform_limit_ramanujan_theta) (use r in auto)
qed (auto intro!: always_eventually continuous_intros
simp: case_prod_unfold dist_norm zero_le_mult_iff)
hence "continuous_on (ball z r) (A(a,b). ramanujan_theta a b)"
by (rule continuous_on_subset) auto
thus ?thesis
using <r > 0> centre_in_ball continuous_on_interior interior_ball
by blast
qed
from this[of "(a, b)"] have isCont: "isCont (A(w,q). ramanujan_theta
w q) (a, b)"
using assms by simp
have 1im: "((A\x. (f x, g x)) —— (a, b)) F"
using assms by (intro tendsto_intros)
show 7thesis
using isCont_tendsto_compose[0OF isCont lim] by simp
qed
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lemma continuous_on_ramanujan_theta [continuous_intros]:
fixes f g :: "’a :: topological_space = ’b :: {real_normed_field, banach,
heine_borell}"
assumes "continuous_on A f" "continuous_on A g" "Az. z € A = norm
(f z*xgz) <1"
shows  "continuous_on A (A\z. ramanujan_theta (f z) (g z))"
proof -
have #*: "continuous_on {z. norm (fst z * snd z) < 1} (A(a,b). ramanujan_theta
ab:: ’b)"
unfolding continuous_on by (auto intro!: tendsto_eq_intros simp: case_prod_unfold)
have "continuous_on A ((A(x,y). ramanujan_theta x y) o (Ax. (f x, g
x)))"
by (intro continuous_on_compose continuous_on_subset[0OF *] continuous_intros)
(use assms in auto)
thus 7thesis
by (simp add: o_def)
qed

lemma continuous_ramanujan_theta [continuous_intros]:
fixes f g :: "’a :: t2_space = ’b :: {real_normed_field, banach, heine_borel}"
assumes "continuous F f" "continuous F g" "norm (f (netlimit F) * g
(netlimit F)) < 1"
shows  "continuous F (A\z. ramanujan_theta (f z) (g z))"
unfolding continuous_def
using assms by (auto intro!: tendsto_eq_intros simp: continuous_def)

lemma ramanujan_theta_1_left:
"ramanujan_theta 1 a = 2 * ramanujan_theta a (a ~ 3)"
proof (cases "a # 0 A norm a < 1")
case False
hence "a = 0 V norm a > 1"
by auto
thus 7thesis
proof
assume "norm a > 1"
thus 7?thesis
by (auto simp: ramanujan_theta_def norm_power power_less_one_iff
simp flip: power_Suc2 power_Suc)
qged auto
next
case a: True
hence [simp]: "a # 0"
by auto
define S1 where "S1 = (3 ne{0..}. a powi (n*(n+1) div 2))"
define S2 where "S2 = () ne{..-1}. a powi (n*(n+1) div 2))"

have 1: "((An. a powi (n*(n+1) div 2)) has_sum ramanujan_theta 1 a)
UNIV"
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using has_sum_ramanujan_theta[of a 1] a by (simp add: ramanujan_theta_commute)
have summable: "(An. a powi (n*(n+1) div 2)) summable_on A" for A
by (rule summable_on_subset_banach, rule has_sum_imp_summable[OF 1])
auto

have S1: "((An. a powi (n*(n+1) div 2)) has_sum S1) {0..}"
unfolding S1_def by (rule has_sum_infsum, rule summable)
also have "?this +— ((An. a powi (n*(n+1) div 2)) has_sum S1) {..-1}"
by (intro has_sum_reindex_bij_witness[of _ "An. -n-1" "An. -n-1"])
(auto simp: algebra_simps)
finally have S1’: "((An. a powi (n*(n+1) div 2)) has_sum S1) {..-1}"

have "((An. a powi (n*(n+1) div 2)) has_sum (S1 + S1)) ({..-1}+ U {0..B)"
by (intro has_sum_Un_disjoint S1 S1°’) auto

also have "{..-1} U {0::int..} = UNIV"
by auto

finally have "((An. a powi (n * (n + 1) div 2)) has_sum (2*S1)) UNIV"
by simp

with 1 have "ramanujan_theta 1 a
using has_sum_unique by blast

2 x S1"

define S2 where "S2 = (3 on | n > 0 A even n. a powi (n*(n+1) div
2))"
define S3 where "S3 = (O oon | n > 0 A odd n. a powi (n*(n+1) div 2))"
have "((An. a powi (n*(n+1) div 2)) has_sum (S2 + S3)) ({mn. n > 0 A
even n} U {n. n > 0 A odd n})"
unfolding S2_def S3_def by (intro has_sum_Un_disjoint has_sum_infsum
summable) auto
also have "{n. n > 0 AN even n} U {n. n > 0 A odd n} = {0::int..}"
by auto
finally have "S1 = S2 + S3"
using S1 has_sum_unique by blast

have "((An. a powi (n*(n+1) div 2)) has_sum S2) {n. n > 0O A even n}"
unfolding S2 _def by (intro has_sum_Un_disjoint has_sum_infsum summable)
also have "7this +— ((An. a powi (n*(2#n+1))) has_sum S2) {0..}"
by (intro has_sum_reindex_bij_witness[of _ "An. 2*n" "An. n div 2"])
auto
also have "(An::int. n*(2*n+1)) = (An. (n*(n-1) div 2) + 3*((n*(n+1))
div 2))"
proof
fix n :: int
show "n*(2#n+1) = (n*(n-1) div 2) + 3*((n*(n+1)) div 2)"
by (cases "even n'") (auto elim!: evenE oddE simp: algebra_simps)
qed
also have "(An. a powi ... n) = (An. a powi (n*(n-1) div 2) * (a =~ 3)
powi (n*(n+1) div 2))"
by (simp add: power_int_add power_int_power)
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finally have S2: "((An. a powi (n*(n-1) div 2) * (a ~ 3) powi (n*(n+1)
div 2)) has_sum S2) {0..}" .

have "((An. a powi (n*(n+1) div 2)) has_sum S3) {n. n > O A odd n}"
unfolding S3_def by (intro has_sum_Un_disjoint has_sum_infsum summable)
also have "?7this +— ((An. a powi (n*(2%n-1))) has_sum S3) {1..}"
by (intro has_sum_reindex_bij_witness[of _ "An. 2*n-1" "An. (n+1)
div 2"])
(auto elim!: oddE simp: algebra_simps)
also have "(An::int. n*(2*n-1)) = (An. (n*(n+1) div 2) + 3*(n*(n-1)
div 2))"
proof
fix n :: int
show '"n*(2#n-1) = (n*(n+1) div 2) + 3*(n*(n-1) div 2)"
by (cases "even n") (auto elim!: evenE oddE simp: algebra_simps)
qed
also have "(An. a powi ... n) = (An. a powi (n*(n+1) div 2) * (a~3)
powi (n*(n-1) div 2))"
by (simp add: power_int_add power_int_power)
finally have "((An. a powi (n*(n+1) div 2) * (a”3) powi (n*(n-1) div
2)) has_sum S3) {1..}" .
also have "?this <+— ((An. a powi (n*(n-1) div 2) * (a”3) powi (n*(n+1)
div 2)) has_sum S3) {..-1}"
by (intro has_sum_reindex_bij_witness[of _ "An. -n" "An. -n"]) (auto
simp: algebra_simps)
finally have S3: "((An. a powi (n*(n-1) div 2) * (a”3) powi (n*(n+1)
div 2)) has_sum S3) {..-1}" .

have "((An. a powi (n*(n-1) div 2) * (a”3) powi (n*(n+1) div 2)) has_sum
(52 + 83)) ({0..y U {..-1p"
by (intro has_sum_Un_disjoint S2 S3) auto
also have "{0::int..} U {..-1} = UNIV"
by auto
finally have "((An. (a”3) powi (n*(n+1) div 2) * a powi (n*(n-1) div
2)) has_sum S2 + S3) UNIV"
by (simp add: mult.commute)
moreover have "((An. (a”3) powi (n*(n+1) div 2) * a powi (n*(n-1) div
2)) has_sum
ramanujan_theta (a”3) a) UNIV"
by (intro has_sum_ramanujan_theta)
(use a in <auto simp: norm_power power_less_one_iff simp flip:
power_Suc2>)
ultimately have "ramanujan_theta (a”™3) a = S2 + S3"
using has_sum_unique by blast
also have "S2 + S3 = S1"
by (rule sym) fact
also have "S1 = ramanujan_theta 1 a / 2"
using <ramanujan_theta 1 a = 2 * S1> by (simp add: field_simps)
finally show ?thesis
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by (simp add: field_simps ramanujan_theta_commute)
qed

lemma ramanujan_theta_1_right: "ramanujan_theta a 1 = 2 * ramanujan_theta

a (a”~ 3"
by (subst ramanujan_theta_commute, rule ramanujan_theta_1_left)

lemma ramanujan_theta_negl_left [simp]: "ramanujan_theta (-1) a = 0"
proof (cases "a # 0 A norm a < 1")
case False
hence "a = 0 V norm a > 1"
by auto
thus 7thesis
proof
assume "norm a > 1"

thus ?thesis
by (auto simp: ramanujan_theta_def norm_power power_less_one_iff

simp flip: power_Suc2 power_Suc)

qged auto
next

case a: True

hence [simp]: "a # 0"

by auto

define S1 where "S1 = (O n€{l..}. (-1) powi (n*(n+1) div 2) * a powi
(n*(n-1) div 2))"

define S2 where "S2 = (O n€f{..-2}. (1) powi (n*(n+1) div 2) * a
powi (n*(n-1) div 2))"

have sum: "((An. (-1) powi (n*(n+1) div 2) * a powi (n*(n-1) div 2))
has_sum ramanujan_theta (-1) a) UNIV"
using has_sum_ramanujan_thetalof "-1" a] a by simp
have summable: "(An. (-1) powi (n*(n+1) div 2) * a powi (n*(n-1) div
2)) summable_on A" for A
by (rule summable_on_subset_banach, rule has_sum_imp_summable[OF sum])

auto

have S1: "((An. (-1) powi (n*(n+1) div 2) * a powi (n*(n-1) div 2))
has_sum S1) {1..}"
unfolding S1_def by (rule has_sum_infsum, rule summable)
also have "?this +— ((An. (-1) powi ((n-2)*(n-1) div 2) * a powi (n*(n-1)
div 2)) has_sum S1) {..0}"
by (intro has_sum_reindex_bij_witness[of _ "An. -n+1" "An. -n+1"])
(auto simp: algebra_simps)
also have "(An. (n-2)*(n-1) div 2) = (An::int. n*(n+1) div 2 - 2 * n
+ 1)"
by (auto simp: algebra_simps)
also have "(A\n. (-1) powi (n*(n+1) div 2 - 2*%n + 1)) =
(An. - ((-1) powi (mn*(n+1) div 2) :: ’a))"
by (simp add: power_int_add power_int_diff)
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finally have S1’: "((An. ((-1) powi (n*(n+1) div 2) * a powi (n*(n-1)
div 2))) has_sum (-S1)) {..0}"
by (simp add: has_sum_uminus)

have "((An. ((-1) powi (n*(n+1) div 2) * a powi (n*(n-1) div 2))) has_sum
(-S1 + 81)) ({..0} U {1..H)"
by (intro has_sum_Un_disjoint S1 S1°’) auto
also have "{..0} U {1::int..} = UNIV"
by auto
also have "-S1 + S1 = 0"
by simp
finally show ?thesis
using sum has_sum_unique by blast
qed

lemma ramanujan_theta_negl_right [simp]: "ramanujan_theta a (-1) = 0"
by (subst ramanujan_theta_commute) auto

lemma ramanujan_theta_mult_power_int:
assumes [simp]: "a # 0" "b # 0"
shows  "ramanujan_theta a b =
a powi (m*(m+1) div 2) * b powi (m*(m-1) div 2) *
ramanujan_theta (a * (a*b) powi m) (b * (a*b) powi (-m))"
proof (cases "norm (a * b) < 1")
case False
thus 7thesis
by (simp add: ramanujan_theta_def field_simps power_int_minus)
next
case True
hence [simp]: "a # 0" "b # 0"
by auto
define el e2 where "el = (m*(m+1) div 2)" and "e2 = (m*(m-1) div 2)"
define a’ b’ where "a’ = a*x(a*b) powi m" and "b’ = b*(a*b) powi -m"
have eq: "n * (n + 1) div 2 =n * (n - 1) div 2 + n" for n :: int
by (auto simp: algebra_simps)

have "((An. a powi el * b powi e2 * (a’ powi (n*(n+1) div 2) * b’ powi
(n*(n-1) div 2)))
has_sum (a powi el * b powi e2 * ramanujan_theta a’ b’)) UNIV"
by (intro has_sum_cmult_right has_sum_ramanujan_theta)
(use True in <auto simp: a’_def b’_def power_int_minus field_simps>)

also have "(An. a powi el * b powi e2 * (a’ powi (n*(n+1) div 2) * b’
powi (n*(n-1) div 2))) =
(An. a powi ((n+m)*(n+m+1) div 2) * b powi ((n+m)*(n+m-1)
div 2))" (is "?lhs = ?rhs")
proof
fix n :: int
have "a powi el * b powi e2 * (a’ powi (n*(n+1) div 2) * b’ powi (n*(n-1)
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div 2)) =
a powi (el + (n*(n+1) div 2) + m*(n*(n+1) div 2) - m*(n*(n-1)
div 2)) *
b powi (e2 + (n*(n-1) div 2) + m*(n*(n+1) div 2) - m*(n*(n-1)
div 2))"
unfolding a’_def b’_def
by (simp add: a’_def b’_def power_int_mult_distrib power_int_add
power_int_diff power_int_minus
power_int_divide_distrib field_simps flip: power_int_mult)

also have "el + (n*(n+1) div 2) + m*(n*(n+1) div 2) - m*(n*(n-1) div
2) =
(m * (m+ 1) + 2 *m * n) div 2 + (n*x(n+1) div 2)"

unfolding eq by (simp add: algebra_simps el_def)

also have "... = m * (m + 1) + 2 *m *n +n * (n + 1)) div 2"
by (rule div_add [symmetric]) auto

also have "(m * (m + 1) + 2 *m *n +n * (n + 1)) = (n+m)*(n+m+1)"
by Groebner_ Basis.algebra

also have "e2 + (n*(n-1) div 2) + m*(n*(n+1) div 2) - m*(n*(n-1) div
2) =
(m*(m-1) + 2¥m*n) div 2 + (n*(n-1) div 2)"

unfolding eq by (simp add: algebra_simps e2_def)
also have "... = (m*(m-1) + 2*m*n + n*(n-1)) div 2"

by (rule div_add [symmetric]) auto
also have "m*(m-1) + 2*m*n + n*(n-1) = (n+m)*(n+m-1)"

by Groebner_Basis.algebra

finally show "?l1hs n = ?rhs n" .
qed

also have "((An. a powi ((n+m)*(n+m+1) div 2) * b powi ((n+m)*(n+m-1)
div 2)) has_sum
(a powi el * b powi e2 * ramanujan_theta a’ b’)) UNIV <—

((An. a powi (n * (n + 1) div 2) * b powi (n * (n - 1) div
2)) has_sum
(a powi el * b powi e2 * ramanujan_theta a’ b’)) UNIV"
by (intro has_sum_reindex_bij_witness[of _ "An. n - m" "An. n + m"])
auto
finally have ...
moreover have "((An. a powi (n * (n + 1) div 2) * b powi (n * (n -
1) div 2)) has_sum
ramanujan_theta a b) UNIV"
by (rule has_sum_ramanujan_theta) (use True in auto)
ultimately have "a powi el * b powi e2 * ramanujan_theta a’ b’ = ramanujan_theta
a b"
using has_sum_unique by blast
thus ?thesis
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by (simp add: el_def e2 def a’_def b’_def)
qed

lemma ramanujan_theta_mult:
assumes [simp]: "a # 0" "b # 0"
shows  "ramanujan_theta a b = a * ramanujan_theta (a® * b) (1 / a)"
using ramanujan_theta_mult_power_int[of a b 1]
by (simp add: eval_nat_numeral field_simps)

lemma ramanujan_theta_mult’:
assumes [simp]: "a # 0" "b # 0"
shows  "ramanujan_theta a b = b * ramanujan_theta (1 / b) (a * b2)"
using ramanujan_theta_mult[of b al by (simp add: ramanujan_theta_commute
mult.commute)

3.2 The Jacobi theta function in terms of the nome

Based on Ramanujan’s 9 function, we introduce a version of Jacobi’s ¢
function:

I(w,q)= Y w'q”  (for |q] <1,w #0)

n=—oo

Both parameters are still in terms of the nome rather than the complex
plane. This has some advantages, and we can easily derive the other versions
from it later.

definition jacobi_theta_nome :: "’a :: {real_normed_field,banach} = ’a
= ’a" where
"jacobi_theta_nome w q = (if w = O then 0 else ramanujan_theta (q*w)

(q/w))"

lemma jacobi_theta_nome_0_left [simp]: "jacobi_theta_nome 0 q = 0"
by (simp add: jacobi_theta_nome_def)

lemma jacobi_theta_nome_outside [simp]:

assumes "norm q > 1"

shows  "jacobi_theta_nome w q = 0"
proof (cases "w = 0")

case False

thus 7thesis using assms

by (simp add: jacobi_theta_nome_def norm_mult ramanujan_theta_def
power_less_one_iff norm_power
flip: power2_eq_square)

qged auto

lemma has_sum_jacobi_theta_nome:

assumes "norm q < 1" and [simp]: "w # 0"

shows "((An. w powi n * q powi (n ~ 2)) has_sum jacobi_theta_nome
w q) UNIV"
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proof (cases "q = 0")
case True
have "((A_::int. 1) has_sum jacobi_theta_nome w q) {0}"
by (intro has_sum_finiteI) (use True in <auto simp: jacobi_theta_nome_def>)
also have "?this <— 7thesis"
using True by (intro has_sum_cong _neutral) auto
finally show ?thesis .
next
case False
hence [simp]: "q # 0" "w # 0"
by auto
have "((An. (g*w) powi (n*(n+1) div 2) * (q/w) powi (n*(n-1) div 2))
has_sum ramanujan_theta (q*w) (q/w)) UNIV"
by (rule has_sum_ramanujan_theta)
(use assms in <auto simp: norm_power power_less_one_iff simp flip:
power2_eq_square>)
also have "(An. (gq*w) powi (n*(n+1) div 2) * (q/w) powi (n*(n-1) div
2)) =
(An. w powi ((n*(n+1) div 2) - (n*(n-1) div 2)) * q powi
((n*(n+1) div 2) + (n*(n-1) div 2)))"
by (simp add: power_int_mult_distrib power_int_divide_distrib power_int_add
power_int_diff field_simps)
also have "(An::int. (a*(n+1) div 2) - (n*(n-1) div 2)) = (An. n)"
by (auto simp: fun_eq_iff algebra_simps)
also have "(An::int. (a*(n+1) div 2) + (n*(n-1) div 2)) = (An. n ~ 2)"
by (auto simp: fun_eq_iff algebra_simps power2_eq_square simp flip:
div_add)
finally show ?thesis
by (simp add: jacobi_theta_nome_def)
qed

lemma jacobi_theta_nome_same:
"qg # 0 = jacobi_theta_nome q q = 2 * jacobi_theta_nome (1 / q~2)
(4"
by (simp add: jacobi_theta_nome_def ramanujan_theta_1_right
flip: power_diff power2_eq_square)

lemma jacobi_theta_nome_minus_same: "q # 0 — jacobi_theta_nome (-q)
q=0”
by (simp add: jacobi_theta_nome_def)

lemma jacobi_theta_nome_minus_same’: "q # 0 = jacobi_theta_nome ¢
(-9) = o
by (simp add: jacobi_theta_nome_def)

lemma jacobi_theta_nome_O_right [simp]: "w # 0 —> jacobi_theta_nome

w0 =1"
by (simp add: jacobi_theta_nome_def)
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lemma jacobi_theta_nome_of_real:

"jacobi_theta_nome (of_real w) (of_real q) = of_real (jacobi_theta_nome
wq)"

by (simp add: jacobi_theta_nome_def flip: ramanujan_theta_of_real)

lemma jacobi_theta_nome_cnj:
"jacobi_theta_nome (cnj w) (cnj q) = cnj (jacobi_theta_nome w g)"
by (simp add: jacobi_theta_nome_def flip: ramanujan_theta_cnj)

lemma jacobi_theta_nome_minus_left:
"jacobi_theta_nome (-w) q = jacobi_theta_nome w (-g)"
by (simp add: jacobi_theta_nome_def)

lemma jacobi_theta_nome_quasiperiod’:
assumes [simp]: "w # 0" "gq # 0"

shows "y % q * jacobi_theta_nome (q? * w) q = jacobi_theta_nome W
n

q
proof -

have "jacobi_theta_nome w q = ramanujan_theta (q * w) (q / w)"
by (simp add: jacobi_theta_nome_def)
also have "... = w * q * ramanujan_theta (@ ~ 3 * w) (1 / (q * w))"
using ramanujan_theta_mult[of "g*w" "q/w"]
by (simp add: field_simps eval_nat_numeral)
also have "ramanujan_theta (q ~ 3 * w) (1 / (q * w)) = jacobi_theta_nome
(q2 * W) qu
by (simp add: jacobi_theta_nome_def eval_nat_numeral field_simps)
finally show ?thesis ..
qed

lemma jacobi_theta_nome_ii_left: "jacobi_theta_nome i q = jacobi_theta_nome
(-1 (g~"
proof (cases "norm q < 1")
case q: True
define S where "S = jacobi_theta_nome i q"
have sumi: "((\n. i powi n * q powi n?) has_sum S) UNIV"
unfolding S_def by (rule has_sum_jacobi_theta_nome) (use q in auto)
also have "?this <+— ((A\n. i powi (-n) * q powi (-n)?) has_sum S) UNIV"
by (rule has_sum_reindex_bij_witness[of _ uminus uminus]) auto
finally have sum2: "((An. (-i) powi n * q powi n?) has_sum S) UNIV"
by (simp add: power_int_minus flip: power_int_inverse)
have "((An. (i powi n + (-i) powi n) * q powi n?) has_sum (S + S)) UNIV"

unfolding ring distribs by (intro has_sum_add suml sum2)
also have "?this +— ((An. 2 * i powi n * q powi n?) has_sum (S + S))
{n. even n}"
by (intro has_sum_cong_neutral) auto

also have "... +— ((An. 2 * (i powi (2*n) * q powi (2%n)?)) has_sum
(S + S)) UNIV"
by (intro has_sum_reindex_bij_witness[of _ "An. 2*n" "An. n div 2"])
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auto
finally have sum3: "((An. 2 * (i powi (2*n) * (q~4) powi n ~ 2)) has_sum
(2 * 8)) UNIV"
by (simp flip: mult_2[of S] power_int_mult add: power_int_mult)
have "((An. i powi (2*n) * (q”4) powi n ~ 2) has_sum S) UNIV"
using has_sum_cmult_right [OF sum3, of "1/2"] by simp
also have "(An. i powi (2*n)) = (An. (-1) powi n)"
by (simp add: power_int_mult)
finally have "((An. (-1) powi n * (q~4) powi n?) has_sum S) UNIV" .
moreover have "((An. (-1) powi n * (q~4) powi n?) has_sum jacobi_theta_nome
(-1) (q~4)) UNIV"
by (rule has_sum_jacobi_theta_nome) (use q in <auto simp: norm_power
power_less_one_iff>)
ultimately show 7thesis
using has_sum_unique unfolding S_def by blast
qged (auto simp: norm_power power_less_one_iff)

lemma jacobi_theta_nome_quasiperiod:
assumes [simp]: "w # 0" "q # 0"
shows  "jacobi_theta_nome (q? * w) q = jacobi_theta_nome w q / (w
* q) n
using jacobi_theta_nome_quasiperiod’[of w q] by (simp add: field_simps)

lemma jacobi_theta_nome_holomorphic [holomorphic_intros]:
assumes "f holomorphic_on A" "g holomorphic_on A"
assumes "Az. z € A = norm (f z) # 0" "Az. z € A = norm (g z)
< 1" "open A"
shows  "(\z. jacobi_theta_nome (f z) (g z)) holomorphic_on A"
proof -
have "(\z. ramanujan_theta (g z * £ z) (g z / f z)) holomorphic_on A"
by (intro holomorphic_intros)
(use assms in <auto simp: norm_power power_less_one_iff simp flip:
power2_eq_square>)
also have "?this <— ?7thesis"
by (intro holomorphic_cong) (use assms(3,4) in <auto simp: jacobi_theta_nome_def>)
finally show ?thesis .
qed

lemma jacobi_theta_nome_analytic [analytic_intros]:
assumes "f analytic_on A" "g analytic_on A"
assumes "Az. z € A = fz # 0" "Az. z € A = norm (g z) < 1"
shows  "(\z. jacobi_theta_nome (f z) (g z)) analytic_on A"
proof -
from assms(1) obtain Bl where Bl: "open B1" "A C B1" "f holomorphic_on
B1"
using analytic_on_holomorphic by metis
from assms(2) obtain B2 where B2: "open B2" "A C B2" "g holomorphic_on
B2Il
using analytic_on_holomorphic by metis
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note [holomorphic_intros] = holomorphic_on_subset[0OF B1(3)] holomorphic_on_subset [OF
B2(3)]

define B3 where "B3 = B1 N B2 N (A\z. (f z, g z)) -° ((-{0}) x ball
O 1)!:
have "open B3" using Bl B2 unfolding B3_def
by (intro continuous_open_preimage holomorphic_on_imp_continuous_on
holomorphic_intros continuous_intros open_halfspace_Im_gt)
(auto intro!: open_Times)
hence B3: "open B3" "B3 C Bi" "B3 C B2" "Az. z € B3 = f z # 0
N g z € ball 0 1"
unfolding B3_def by auto

have "(\z. jacobi_theta_nome (f z) (g z)) holomorphic_on B3"
using B3 by (auto intro!: holomorphic_intros)

moreover have "A C B3"
using assms(3,4) Bl B2 by (auto simp: B3_def)

ultimately show 7?thesis
using <open B3> analytic_on_holomorphic by metis

qed
lemma tendsto_jacobi_theta_nome [tendsto_intros]:
fixes f g :: "’a = ’b :: {real_normed_field, banach, heine_borell}"
assumes "(f —— w) F" "(g —— q) F" "w # 0" "norm q < 1"
shows "((A\z. jacobi_theta_nome (f z) (g z)) —— jacobi_theta_nome
W q) E"
proof -

have "((A\z. jacobi_theta_nome (f z) (g z)) —— ramanujan_theta (q
*w) (q / w) F"
proof (rule Lim_transform_eventually)
show "((\z. ramanujan_theta (g z * £ z) (gz / f z)) —
ramanujan_theta (q * w) (q / w)) F"
by (intro tendsto_intros assms)
(use assms(3,4) in <simp_all flip: power2_eq_square add: norm_power
power_less_one_iff>)
next
have "eventually (A\x. f x € -{0}) F"
by (rule topological_tendstoD[OF assms(1)]) (use assms(3) in auto)
thus "eventually (M\z. ramanujan_theta (g z * f z) (g z / £ z) = jacobi_theta_nome
(f z) (g z)) F"
by eventually_elim (simp add: jacobi_theta_nome_def)
qed
thus ?thesis
using assms(3) by (simp add: jacobi_theta_nome_def)
qed

lemma continuous_on_jacobi_theta_nome [continuous_intros]:

fixes f g :: "’a :: topological_space = ’b :: {real_normed_field, banach,
heine_borel}"
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assumes "continuous_on A f" "continuous_on A g"
assumes "Az. z € A = fz # 0" "Az. z € A = norm (g z) < 1"
shows "continuous_on A (Az. jacobi_theta_nome (f z) (g z))"
proof -
have *: "continuous_on {z. fst z # 0 A norm (snd z) < 1} (A(a,b). jacobi_theta_nome
ab:: ’b)"
unfolding continuous_on by (auto intro!: tendsto_eq_intros simp: case_prod_unfold)
have "continuous_on A ((A(x,y). jacobi_theta_nome x y) o (Ax. (f x,
g x)))"
by (intro continuous_on_compose continuous_on_subset[0OF *] continuous_intros)
(use assms in auto)
thus 7thesis
by (simp add: o_def)
qed

lemma continuous_jacobi_theta_nome [continuous_intros]:
fixes f g :: "’a :: t2_space = ’b :: {real_normed_field, banach, heine_borel}"
assumes "continuous F f" "continuous F g" "f (netlimit F) # 0" "norm
(g (netlimit F)) < 1"
shows  "continuous F (Az. jacobi_theta_nome (f z) (g z))"
unfolding continuous_def
using assms by (auto intro!: tendsto_eq_intros simp: continuous_def)

3.3 The Jacobi theta function in the upper half of the com-
plex plane

We now define the more usual version of the Jacobi ¢ function, which takes
two complex parameters z and ¢t where z is arbitrary and ¢ must lie in the
upper half of the complex plane.

definition jacobi_theta_00 :: "complex =- complex =- complex" where
"jacobi_theta_00 z t = jacobi_theta_nome (to_nome z ~ 2) (to_nome t)"

lemma jacobi_theta_00_outside: "Im t < 0 = jacobi_theta_00 z t = 0"
by (simp add: jacobi_theta_00_def mult_le_O_iff to_nome_def)

lemma has_sum_jacobi_theta_00:

assumes "Im t > 0"

shows "((An. to_nome (of_int n ~ 2 * t + 2 * of_int n * z)) has_sum
jacobi_theta_00 z t) UNIV"

using has_sum_jacobi_theta_nome[of "exp (i * of_real pi * t)" "exp (2
* 1 * of_real pi * z)"] assms

by (simp add: jacobi_theta_00_def algebra_simps exp_add exp_power_int
to_nome_def

flip: exp_of_nat_mult)

lemma sums_jacobi_theta_00:

assumes "Im t > 0"
shows "((An. if n = O then 1 else 2 * to_nome t ~ n? *
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cos (2 * of_nat n * of_real pi * z)) sums jacobi_theta_00
z t)"
proof -
define f where "f = (An::int. to_nome (of_int n ~ 2 * t + 2 * of_int
n* z)"
define S1 where "S1 = () ne{l..}. £ n)"
define 52 where "S2 = () nef{..-1}. £ n)"

have sum: "(f has_sum jacobi_theta_00 z t) UNIV"
unfolding f_def by (rule has_sum_jacobi_theta_00) fact
have [simp]: "f summable_on A" for A
by (rule summable_on_subset_banach, rule has_sum_imp_summable[OF sum])
auto

have "(f has_sum S1) {1..}" "(f has_sum S2) {..-1}"
unfolding S1_def S2_def by (rule has_sum_infsum; simp)+

moreover have "(f has_sum 1) {0}"
by (rule has_sum_finiteI) (auto simp: f_def)

ultimately have "(f has_sum (1 + S1 + S2)) ({0} U {1..} U {..-1p)"
by (intro has_sum_Un_disjoint) auto

also have "{0} U {1..} U {..-1::int} = UNIV"
by auto

finally have "(f has_sum 1 + S1 + S2) UNIV" .

with sum have eq: "jacobi_theta_00 z t = 1 + S1 + S2"
using has_sum_unique by blast

note <(f has_sum S2) {..-1}>
also have "(f has_sum S2) {..-1} «<— ((An. f (-n)) has_sum S2) {1..}"
by (intro has_sum_reindex_bij_witness[of _ uminus uminus]) auto
finally have "((An. f n + f (-n)) has_sum (S1 + 82)) {1..}"
using <(f has_sum S1) {1..}> by (intro has_sum_add)
also have "?this <— ((An. f (int n) + f (-int n)) has_sum (S1 + S2))
{1..}"
by (rule has_sum_reindex_bij_witness[of _ int nat]) auto
also have "(An::nat. f (int n) + f (-int n)) =
(An. 2 * to_nome t ~ (n ~ 2) * cos (2 * of_nat n * of_real
pl * Z)) n
by (auto simp: f_def exp_add exp_diff ring distribs to_nome_def mult_ac
cos_exp_eq
simp flip: exp_of_nat_mult)
also have "(... has_sum (S1 + S2)) {1..} +—
((An. if n = 0 then 1 else 2 * to_nome t ~ (n ~ 2) *
cos (2 * of_nat n * of_real pi * z)) has_sum (S1
+582)) {1..}"
by (intro has_sum_cong) auto
finally have "((An. if n = O then 1 else 2 * to_nome t ~ (n ~ 2) * cos
(2 * of_nat n * of_real pi * z))
has_sum (1 + (S1 + S2))) ({0} U {1..P)"
by (intro has_sum_Un_disjoint) (auto intro: has_sum_finiteI)
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also have "1 + (S1 + S2) = jacobi_theta_00 z t"
using eq by (simp add: add_ac)
also have "{0} U {1::nat..} = UNIV"
by auto
finally show 7thesis
by (rule has_sum_imp_sums)
qed

lemma jacobi_theta_00_holomorphic [holomorphic_intros]:
assumes "f holomorphic_on A" "g holomorphic_on A" "Az. z € A = Im
(g z) > 0" "open A"
shows  "(\z. jacobi_theta_00 (f z) (g z)) holomorphic_on A"
unfolding jacobi_theta_00_def using assms(3,4)
by (auto intro!: holomorphic_intros assms(1,2) simp: to_nome_def)

lemma jacobi_theta_00_analytic [analytic_intros]:

assumes "f analytic_on A" "g analytic_on A" "Az. z € A = Im (g z)
> 0"

shows  "(A\z. jacobi_theta_00 (f z) (g z)) analytic_on A"

unfolding jacobi_theta_00_def using assms(3)

by (auto intro!: analytic_intros assms(1,2) simp: to_nome_def)

lemma jacobi_theta_00_plus_half left:

"jacobi_theta_00 (z + 1 / 2) t = jacobi_theta_00 z (t + 1)"
proof -

define g where "q = exp (i * of_real pi * t)"

define w where "w = exp (2 * i * of_real pi * z)"

have "jacobi_theta_00 (z + 1 / 2) t = jacobi_theta_nome (-w) q"

by (simp add: jacobi_theta_00_def w_def q_def algebra_simps exp_add

to_nome_def flip: exp_of_nat_mult)

also have "... = jacobi_theta_nome w (-q)"
by (simp add: jacobi_theta_nome_minus_left)
also have "... = jacobi_theta_00 z (t + 1)"

by (simp add: jacobi_theta_00_def algebra_simps exp_add q_def w_def
to_nome_def flip: exp_of_nat_mult)
finally show ?thesis .
qed

lemma jacobi_theta_00_plus_2 right: "jacobi_theta_00 z (t + 2) = jacobi_theta_00
z t”
by (simp add: jacobi_theta_00_def algebra_simps exp_add to_nome_def)

interpretation jacobi_theta_00_left: periodic_fun_simple’ "Az. jacobi_theta_00
z t"
proof
fix z :: complex
have "jacobi_theta_00 (z + 1) t = jacobi_theta_00 (z + 1/2 + 1/2) t"
by (simp add: add.commute)
also have "... = jacobi_theta_00 z (t + 2)"
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unfolding jacobi_theta_00_plus_half left by (simp add: add.commute)
also have "jacobi_theta_00 z (t + 2) = jacobi_theta_00 z t"
by (rule jacobi_theta_00_plus_2_right)
finally show "jacobi_theta_00 (z + 1) t = jacobi_theta_00 z t" .
qed

lemma jacobi_theta_00_1_plus_left: "jacobi_theta_00 (1 + z) t = jacobi_theta_00
z t”
by (subst add.commute, rule jacobi_theta_00_left.plus_1)

interpretation jacobi_theta_00_right: periodic_fun_simple "At. jacobi_theta_00
z t" 2
proof
fix t :: complex
show "jacobi_theta_00 z (t + 2) = jacobi_theta_00 z t"
by (rule jacobi_theta_00_plus_2_right)
qed

lemma jacobi_theta_00_plus_quasiperiod:

"jacobi_theta_00 (z + t) t = jacobi_theta_00 z t / to_nome (t + 2 *
Z) n
proof -

define q where "q = exp (i * of_real pi * t)"

define w where "w = exp (2 * i * of_real pi * z)"

have "jacobi_theta_00 (z + t) t = jacobi_theta_nome (q°? * w) q"

by (simp add: w_def q_def jacobi_theta_00_def algebra_simps exp_add
to_nome_def
flip: exp_of_nat_mult)

also have "... = jacobi_theta_nome w q / (w * q)"
by (subst jacobi_theta_nome_quasiperiod) (auto simp: w_def q_def)
also have "... = exp (-pi * i * (t + 2 * z)) * jacobi_theta_00 z t"

by (simp add: w_def q_def jacobi_theta_00_def field_simps exp_add
exp_minus exp_diff to_nome_def
flip: exp_of_nat_mult)
finally show ?thesis
by (simp add: exp_minus exp_diff exp_add to_nome_def field_simps)
qed

lemma jacobi_theta_00_quasiperiodic:
"jacobi_theta_00 (z + of_int m + of_int n * t) t =
jacobi_theta_00 z t / to_nome (of_int (n~"2) * t + 2 * of_int n *
z)"
proof -
write jacobi_theta_00 ("9¥")
have "9 (z + of_int m + of_int n * t) t =
Y (z + of_int n * t + of_int m) t"
by (simp add: add_ac)
also have "... =19 (z + of_int n * t) t"
by (rule jacobi_theta_00_left.plus_of_int)
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also have "... =9 z t / to_nome (of_int (n~2) * t + 2 * of_int n *
z)"
proof -
have *: "9 (z + of_ nat n * t) t =19 z t / to_nome (of_nat (n"2) *
t + 2 % of_nat n * z)"
for z :: complex and n :: nat
proof (induction n)
case (Suc n)
have "9 (z + of_nat (Sucn) *t) t =19 (z + of natn * t + t) t"
by (simp add: algebra_simps)
also have "... =9 z t / (to_nome (of_nat (n%) * t + 2 * of_nat
n * z) *
to_nome (t + 2 * (z + of_nat n * t)))"
by (subst jacobi_theta_00_plus_quasiperiod, subst Suc.IH) auto
also have "to_nome (of_nat (n?) * t + 2 # of_nat n * z) * to_nome
(t +2 * (z + of_ natn *xt)) =
to_nome ((of _nat (n?) * t + 2 * of_ nat n * z) + (t +
2 % (z + of_nat n * t)))"
by (rule to_nome_add [symmetric])
also have "(of nat (n?) * t + 2 * of nat n * z) + (t + 2 * (z +
of_ nat n * t)) =
of_nat ((Suc n)?) * t + 2 * of_nat (Suc n) * z"
by (simp add: algebra_simps power2_eq_square)
finally show ?7case .
qed auto
show ?thesis
proof (cases "m > 0")
case True
thus ?thesis
using *[of z "nat n"] by simp
next
case False
thus ?thesis
using *[of "z + of_int n * t" "nat (-n)"] False
by (simp add: field_simps power2_eq_square to_nome_add to_nome_diff
to_nome_minus)
qed
qed
finally show ?thesis .
qed

lemma jacobi_theta_00_onequarter_left:
"jacobi_theta_00 (1/4) t = jacobi_theta_00 (1/2) (4 * t)"
by (simp add: jacobi_theta_00_def to_nome_power jacobi_theta_nome_ii_left)

lemma jacobi_theta_00_eq_0: "jacobi_theta_00 ((t + 1) / 2) t = 0"
proof -

have "jacobi_theta_00 ((t + 1) / 2) t = jacobi_theta_nome (to_nome (t
+ 1)) (to_nome t)"
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by (simp add: jacobi_theta_00_def to_nome_power add_divide_distrib)
also have "... = 0"
by (simp add: to_nome_add jacobi_theta_nome_minus_same)
finally show 7thesis .
qed

lemma jacobi_theta_00_eq_0’: "jacobi_theta_00 ((of_int m + 1/2) + (of_int
n+1/2) *t) t=20"
proof -
have "jacobi_theta_00 ((of_int m + 1/2) + (of_int n + 1/2) * t) t =
jacobi_theta_00 ((t + 1) / 2 + of_int m + of_int n * t) t"
by (simp add: algebra_simps add_divide_distrib)
also have "... = 0"
by (simp only: jacobi_theta_00_quasiperiodic jacobi_theta_00_eq_0)
auto
finally show ?thesis .
qed

lemma tendsto_jacobi_theta_00 [tendsto_intros]:
assumes "(f —— w) F" "(g —— q) F" "Im q > 0"
shows "((Az. jacobi_theta_00 (f z) (g z)) —— jacobi_theta_00 w
q) F"
unfolding jacobi_theta_00_def
by (intro tendsto_intros assms(1,2)) (use assms(3) in <auto simp: norm_to_nome>)

lemma continuous_on_jacobi_theta_00 [continuous_intros]:
assumes "continuous_on A f" "continuous_on A g"
assumes "Az. z € A = Im (g z) > 0"
shows "continuous_on A (A\z. jacobi_theta_00 (f z) (g z))"
unfolding jacobi_theta_00_def
by (intro continuous_intros assms(1,2)) (use assms(3) in <auto simp:
norm_to_nome>)

lemma continuous_jacobi_theta_00 [continuous_intros]:
assumes '"continuous F f" "continuous F g" "Im (g (netlimit F)) > 0"
shows  "continuous F (A\z. jacobi_theta_00 (f z) (g z))"
unfolding jacobi_theta_00_def
by (intro continuous_intros assms(1,2)) (use assms(3) in <auto simp:
norm_to_nome>)

3.4 The auxiliary theta functions in terms of the nome

definition jacobi_theta_nome_00 :: "’a :: {real_normed_field, banach} =
’a = ’a" where
"jacobi_theta_nome_00 w q = jacobi_theta_nome (w~2) q"

definition jacobi_theta_nome_01 :: "’a :: {real_normed_field, banach} =

’a = ’a" where
"jacobi_theta_nome_01 w q = jacobi_theta_nome (-(w~2)) q"
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definition jacobi_theta_nome_10 :: "’a :: {real_normed_field, banach, 1ln}
= ’a = ’a" where

"jacobi_theta_nome_10 w q = w * q powr (1/4) * jacobi_theta_nome (w
-~ 2 * q) qIV

definition jacobi_theta_nome_11 :: "complex = complex = complex" where
"jacobi_theta_nome_11 w q =i * w * q powr (1/4) * jacobi_theta_nome
(-(w = 2) * @ q"

lemmas jacobi_theta_nome_xx_defs =
jacobi_theta_nome_00_def jacobi_theta_nome_01_def
jacobi_theta_nome_10_def jacobi_theta_nome_11_def

lemma jacobi_theta_nome_00_outside [simp]: "norm q > 1 = jacobi_theta_nome_00
wq=0"

and jacobi_theta_nome_01_outside [simp]: "norm q > 1 =—> jacobi_theta_nome_01
wq=0"

and jacobi_theta_nome_10_outside [simp]: "norm q’ > 1 = jacobi_theta_nome_10
w’ qi = 0"

and jacobi_theta_nome_11_outside [simp]: "norm q’’ > 1 = jacobi_theta_nome_11
W’ q}J = 0o"

by (simp_all add: jacobi_theta_nome_xx_defs)

lemma jacobi_theta_nome_01_conv_00: "jacobi_theta_nome_01 w’ q’ = jacobi_theta_nome_00
w’ (_q;)u
and jacobi_theta_nome_11_conv_10: "jacobi_theta_nome_11 w q = jacobi_theta_nome_10
G *w q"
by (simp_all add: jacobi_theta_nome_xx_defs power_mult_distrib jacobi_theta_nome_minus_le

lemma jacobi_theta_nome_00_O_right [simp]: "w # 0 = jacobi_theta_nome_00
wO0=1"
and jacobi_theta_nome_01_0_right [simp]: "w # 0 —> jacobi_theta_nome_01
w0 =1"
and jacobi_theta_nome_10_O_right [simp]: "jacobi_theta_nome_10 w’ 0
0”
and jacobi_theta_nome_11_0_right [simp]: "jacobi_theta_nome_11 w’’ 0
= O’I
by (simp_all add: jacobi_theta_nome_xx_defs)

lemma jacobi_theta_nome_00_of_real:
"jacobi_theta_nome_00 (of_real w :: ’a :: {banach, real_normed_field})
(of_real q) =
of_real (jacobi_theta_nome_00 w g)"
and jacobi_theta_nome_01_of_real:
"jacobi_theta_nome_01 (of_real w :: ’a) (of_real q) = of_real
(jacobi_theta_nome_01 w g)"
and jacobi_theta_nome_10_complex_of_real:
"g > 0 = jacobi_theta_nome_10 (complex_of_real w) (of_real
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Q =
of_real (jacobi_theta_nome_10 w g)"
by (simp_all add: jacobi_theta_nome_xx_defs flip: jacobi_theta_nome_of_real
powr_of_real)

lemma jacobi_theta_nome_00_cnj:
"jacobi_theta_nome_00 (cnj w) (cnj q)

cnj (jacobi_theta_nome_00
W q) n
and jacobi_theta_nome_01_cnj:
"jacobi_theta_nome_01 (cnj w) (cnj q)

cnj (jacobi_theta_nome_01
wq"
and jacobi_theta_nome_10_cnj:
"(Inq =0 = Re q > 0) =
jacobi_theta_nome_10 (cnj w) (cnj q) = cnj (jacobi_theta_nome_10
w g
and jacobi_theta_nome_11_cnj:
"(Imq = 0 = Re q > 0) =
jacobi_theta_nome_11 (cnj w) (cnj q) = -cnj (jacobi_theta_nome_11

174 q) n
by (simp_all add: jacobi_theta_nome_xx_defs cnj_powr flip: jacobi_theta_nome_cnj)

lemma has_sum_jacobi_theta_nome_00:

assumes "norm q < 1" "w #* 0"

shows "((An. w powi (2*n) * q powi n?) has_sum jacobi_theta_nome_00
w q) UNIV"

using has_sum_jacobi_theta_nome[of q "w™2"] assms

by (simp add: jacobi_theta_nome_00_def power_int_mult_distrib power_int_mult
power_mult_distrib)

lemma has_sum_jacobi_theta_nome_01:

assumes "norm q < 1" "w # 0"

shows "((An. (-1) powi n * w powi (2%n) * q powi n?) has_sum jacobi_theta_nome_01
w q) UNIV"

using has_sum_jacobi_theta_nome[of q "-(w~2)"] assms

by (simp add: jacobi_theta_nome_01_def power_int_mult power_mult_distrib

flip: power_int_mult_distrib)

lemma has_sum_jacobi_theta_nome_10’:
assumes q: "norm q < 1" and [simp]: "w # 0" "q # 0"
shows  "((An. w powi (2+#n+1) * q powi (n*(n+1))) has_sum
(jacobi_theta_nome_10 w q / q powr (1/4))) UNIV"
proof -
have "((An. w * ((w? * q) powi n * q powi (n ~ 2))) has_sum
(w * jacobi_theta_nome (w ~ 2 * q) q)) UNIV"
by (intro has_sum_cmult_right has_sum_jacobi_theta_nome) (use g in
auto)
also have "(\n. w * ((w? * q) powi n * q powi (n ~ 2))) = (An. w powi
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(2*n+1) * q powi (n*(n+1)))"
by (simp add: power_int_mult_distrib power_int_power power_int_add
ring_distribs)
(simp_all add: algebra_simps power2_eq_square)?
finally show 7thesis
by (simp add: jacobi_theta_nome_10_def)
qed

lemma has_sum_jacobi_theta_nome_10:
fixes q :: "’a :: {real_normed_field, banach, ln}"
assumes q: "norm q < 1" and [simp]: "w # 0" "exp (1n q) = q"
shows  "((An. w powi (2#n+1) * q powr (of_int n + 1 / 2) ~ 2) has_sum
(jacobi_theta_nome_10 w q)) UNIV"
proof -
have "exp (In q) # 0"
by (rule exp_not_eq_zero)
hence [simp]: "q # 0"
by auto
have "((An. q powr (1/4) * (w powi (2*n+1) * q powi (n*(n+1)))) has_sum
(q powr (1/4) * (jacobi_theta_nome_10 w q / q powr (1/4))))
UNIV"
by (intro has_sum_cmult_right has_sum_jacobi_theta_nome_10’) fact+
also have "(q powr (1/4) * (jacobi_theta_nome_10 w q / q powr (1/4)))
jacobi_theta_nome_10 w q"
by simp
also have "(A\n::int. q powr (1/4) * (w powi (2#n+1) * q powi (n*(n+1))))

(An::int. w powi (2*n+1) * q powr ((of_int n + 1/2) =~ 2))"
proof
fix n :: int
have "q powr (1/4) * (w powi (2*n+1) * q powi (n*(n+1))) =
w powi (2*n+1) * (q powr (1/4) * q powi (m*(n+1)))"
by (simp add: mult_ac)
also have "... = w powi (2#n+1) * (q powr (1/4) * q powr (of_int (n*(n+1))))"
proof -
have "q powr (of_int (n*(n+1))) = exp (of_int (n*(n+1)) * 1n q)"
by (simp add: powr_def)
also have "... = g powi (n * (m + 1))"
by (subst exp_power_int [symmetric]) auto
finally show ?thesis
by simp
qed
also have "q powr (1/4) * q powr of_int (n*(n+1)) =
q powr (1/4 + of_int (n*(n+1)))"
by (simp add: powr_def field_simps flip: exp_add)
also have "1/4 + of_int (n*(n+1)) = (of_int n + 1/2 :: ’a) ~ 2"
by (simp add: field_simps power2_eq_square)
finally show "q powr (1/4) * (w powi (2*n+1) * q powi (n*(n+1))) =
w powi (2#n+1) * q powr ((of_int n + 1/2) =~ 2)" .
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qed
finally show ?thesis .

qed
lemma has_sum_jacobi_theta_nome_11’:
assumes q: "norm q < 1" and [simp]: "w # 0" "q # 0"
shows  "((An. (-1) powi n * w powi (2*n+1) * q powi (n*(n+1))) has_sum
(jacobi_theta_nome_11 w q / (i * q powr (1/4)))) UNIV"

proof -
have "((An. w * ((-(w?) * q) powi n * q powi (n ~ 2))) has_sum
(w * jacobi_theta_nome (-(w ~ 2) * q) q)) UNIV"
by (intro has_sum_cmult_right has_sum_jacobi_theta_nome) (use g in

auto)
also have "(An. (-(w?) * q) powi n) = (An. (-1) powi n * (w ~ 2 * q)

powi n)"
by (subst power_int_mult_distrib [symmetric]) auto
also have "(An. w * ((-1) powi n * (w?> * q) powi n * q powi (n ~ 2)))

(An. (-1) powi n * w powi (2*n+1) * q powi (m*(n+1)))"
by (simp add: power_int_mult_distrib power_int_power power_int_add

ring_distribs)
(simp_all add: algebra_simps power2_eq_square)?

finally show ?thesis
by (simp add: jacobi_theta_nome_11_def mult_ac)

qed

lemma has_sum_jacobi_theta_nome_11:
assumes q: "norm q < 1" and [simp]: "w # 0" "q # 0"
"((An. i * (1) powi n * w powi (2*n+1) * q powr (of_int n +

shows

1/2) = 2) has_sum
(jacobi_theta_nome_11 w q)) UNIV"

proof -
have "((An. (i*w) powi (2*n+1) * q powr (of_int n + 1 / 2) ~ 2) has_sum
(jacobi_theta_nome_10 (i*w) q)) UNIV"

by (intro has_sum_jacobi_theta_nome_10) (use q in auto)
also have "(An. (i*w) powi (2*n+1)) = (An. i * i powi (2%n) * w powi

(2%n+1))"
by (simp add: power_int_mult_distrib power_int_add mult_ac)
also have "(An. i powi (2*n)) = (An. (-1) powi n)"
by (subst power_int_mult) auto
finally show ?thesis

by (simp add: jacobi_theta_nome_11_conv_10)
qed

lemma jacobi_theta_nome_00_holomorphic [holomorphic_intros]:

assumes "f holomorphic_on A" "g holomorphic_on A"
assumes "Az. z € A = norm (f z) # 0" "Az. z € A = norm (g z)

< 1" "open A"
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shows "(Az. jacobi_theta_nome_00 (f z) (g z)) holomorphic_on A"
unfolding jacobi_theta_nome_00_def
by (intro holomorphic_intros assms(1,2)) (use assms(3-) in auto)

lemma jacobi_theta_nome_01_holomorphic [holomorphic_intros]:
assumes "f holomorphic_on A" "g holomorphic_on A"
assumes "Az. z € A = norm (f z) # 0" "Az. z € A = norm (g z)
< 1" "open A"
shows "(Az. jacobi_theta_nome_01 (f z) (g z)) holomorphic_on A"
unfolding jacobi_theta_nome_01_def
by (intro holomorphic_intros assms(1,2)) (use assms(3-) in auto)

lemma jacobi_theta_nome_10_holomorphic [holomorphic_intros]:
assumes "f holomorphic_on A" "g holomorphic_on A"
assumes "Az. z € A = norm (f z) # 0"
assumes "Az. z € A = norm (g z) <1 AN gz ¢ Rcy" "open A"
shows "(Az. jacobi_theta_nome_10 (f z) (g z)) holomorphic_on A"
unfolding jacobi_theta_nome_10_def
by (intro holomorphic_intros assms(1,2)) (use assms(3-) in force)+

lemma jacobi_theta_nome_11_holomorphic [holomorphic_intros]:
assumes "f holomorphic_on A" "g holomorphic_on A"
assumes "Az. z € A = norm (f z) # 0"
assumes "Az. z € A = norm (g z) <1 AN gz ¢ Rcy" "open A"
shows "(Az. jacobi_theta_nome_11 (f z) (g z)) holomorphic_on A"
unfolding jacobi_theta_nome_11_def
by (intro holomorphic_intros assms(1,2)) (use assms(3-) in force)+

lemma jacobi_theta_nome_11_holomorphic’:
assumes "f holomorphic_on A" "Az. z € A = norm (f z) # 0" "norm
g < 1" "open A"
shows "(A\z. jacobi_theta_nome_11 (f z) q) holomorphic_on A"
proof (cases "q = 0")
case False
thus 7thesis
unfolding jacobi_theta_nome_11_def
by (intro holomorphic_intros assms(1,2)) (use assms in auto)
qed auto

lemma jacobi_theta_nome_00_analytic [analytic_intros]:
assumes "f analytic_on A" "g analytic_on A"
assumes "Az. z € A = norm (f z) # 0" "Az. z € A = norm (g z)
< 1"
shows "(Az. jacobi_theta_nome_00 (f z) (g z)) analytic_on A"
unfolding jacobi_theta_nome_00_def
by (intro analytic_intros assms(1,2)) (use assms(3-) in auto)

lemma jacobi_theta_nome_01_analytic [analytic_intros]:
assumes "f analytic_on A" "g analytic_on A"
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assumes "Az. z € A = norm (f z) # 0" "Az. z € A = norm (g z)
< 1"

shows "(Az. jacobi_theta_nome_01 (f z) (g z)) analytic_on A"

unfolding jacobi_theta_nome_01_def

by (intro analytic_intros assms(1,2)) (use assms(3-) in auto)

lemma jacobi_theta_nome_10_analytic [analytic_intros]:
assumes "f analytic_on A" "g analytic_on A"
assumes "Az. z € A = norm (f z) # 0"
assumes "Az. z € A = norm (g z) <1 AN gz ¢ Rcp"
shows "(A\z. jacobi_theta_nome_10 (f z) (g z)) analytic_on A"
unfolding jacobi_theta_nome_10_def
by (intro analytic_intros assms(1,2)) (use assms(3-) in force)+

lemma jacobi_theta_nome_11_analytic [analytic_intros]:
assumes "f analytic_on A" "g analytic_on A"
assumes "Az. z € A = norm (f z) # 0"
assumes "Az. z € A = norm (g z) <1 A gz ¢ Rcp"
shows "(Az. jacobi_theta_nome_11 (f z) (g z)) analytic_on A"
unfolding jacobi_theta_nome_11_def
by (intro analytic_intros assms(1,2)) (use assms(3-) in force)+

lemma jacobi_theta_nome_11_analytic’:
assumes "f analytic_on A" "Az. z € A = norm (f z) # 0" "norm q
< 1"
shows "(A\z. jacobi_theta_nome_11 (f z) q) analytic_on A"
proof (cases "q = 0")
case False
thus ?thesis
unfolding jacobi_theta_nome_11_def
by (intro analytic_intros assms(1,2)) (use assms in auto)
qed auto

lemma tendsto_jacobi_theta_nome_00 [tendsto_intros]:

fixes f g :: "’a = ’b :: {real_normed_field, banach, heine_borell}"

assumes "(f —— w) F" "(g —— q) F" "w # 0" "norm q < 1"

shows "((Az. jacobi_theta_nome_00 (f z) (g z)) —— jacobi_theta_nome_00
W q) Fll

unfolding jacobi_theta_nome_00_def
by (intro tendsto_intros assms(1,2)) (use assms(3,4) in auto)

lemma continuous_on_jacobi_theta_nome_00 [continuous_intros]:
fixes f g :: "’a :: topological_space = ’b :: {real_normed_field, banach,
heine_borel}"
assumes "continuous_on A f" "continuous_on A g"
assumes "Az. z € A = fz # 0" "Az. z € A = norm (g z) < 1"
shows "continuous_on A (Az. jacobi_theta_nome_00 (f z) (g z))"
unfolding jacobi_theta_nome_00_def
by (intro continuous_intros assms(1,2)) (use assms(3,4) in auto)
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lemma continuous_jacobi_theta_nome_00 [continuous_intros]:
fixes f g :: "’a :: t2_space = ’b :: {real_normed_field, banach, heine_borel}"
assumes "continuous F f" "continuous F g" "f (netlimit F) # 0" "norm
(g (netlimit F)) < 1"
shows "continuous F (Az. jacobi_theta_nome_00 (f z) (g z))"
unfolding jacobi_theta_nome_00_def
by (intro continuous_intros assms(1,2)) (use assms(3,4) in auto)

lemma tendsto_jacobi_theta_nome_01 [tendsto_intros]:

fixes f g :: "’a = ’b :: {real_normed_field, banach, heine_borell}"

assumes "(f —— w) F" "(g —— q) F" "w # 0" "norm q < 1"

shows "((Az. jacobi_theta_nome_01 (f z) (g z)) —— jacobi_theta_nome_01
W q) "

unfolding jacobi_theta_nome_01_def
by (intro tendsto_intros assms(1,2)) (use assms(3,4) in auto)

lemma continuous_on_jacobi_theta_nome_01 [continuous_intros]:
fixes £ g :: "’a :: topological_space = ’b :: {real_normed_field, banach,
heine_borell}"
assumes "continuous_on A f" "continuous_on A g"
assumes "Az. z € A = fz # 0" "Az. z € A = norm (g z) < 1"
shows "continuous_on A (A\z. jacobi_theta_nome_01 (f z) (g z))"
unfolding jacobi_theta_nome_01_def
by (intro continuous_intros assms(1,2)) (use assms(3,4) in auto)

lemma continuous_jacobi_theta_nome_01 [continuous_intros]:
fixes f g :: "’a :: t2_space = ’b :: {real_normed_field, banach, heine_borel}"
assumes "continuous F f" "continuous F g" "f (netlimit F) # 0" "norm
(g (netlimit F)) < 1"
shows "continuous F (Az. jacobi_theta_nome_01 (f z) (g z))"
unfolding jacobi_theta_nome_01_def
by (intro continuous_intros assms(1,2)) (use assms(3,4) in auto)

lemma tendsto_jacobi_theta_nome_10_complex [tendsto_intros]:

fixes f g :: "complex = complex"

assumes "(f —— w) F" "(g —— q) F" "w # 0" "norm q < 1" "q ¢
R<o"

shows "((Az. jacobi_theta_nome_10 (f z) (g z)) —— jacobi_theta_nome_10
W q) F"

unfolding jacobi_theta_nome_10_def

by (intro tendsto_intros assms(1,2)) (use assms(3-5) in auto)

lemma continuous_on_jacobi_theta_nome_10_complex [continuous_intros]:
fixes £ g :: "complex = complex"
assumes "continuous_on A f" "continuous_on A g"
assumes "Az. z € A = f z # 0" "Az. z € A = norm (g z) < 1 A
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(Re (g z) >0V Im (g z) # 0)"
shows "continuous_on A (A\z. jacobi_theta_nome_10 (f z) (g z))"
unfolding jacobi_theta_nome_10_def
by (intro continuous_intros assms(1,2); use assms(3,4) in force)

lemma continuous_jacobi_theta_nome_10_complex [continuous_intros]:
assumes "continuous F f" "continuous F g" "f (netlimit F) # 0"
assumes "norm (g (netlimit F)) < 1" "Re (g (netlimit F)) > 0 V Im (g
(netlimit F)) # 0"
shows "continuous F (Az. jacobi_theta_nome_10 (f z) (g z))"
unfolding jacobi_theta_nome_10_def
by (intro continuous_intros assms(1,2); use assms(3-) in force)

lemma tendsto_jacobi_theta_nome_10_real [tendsto_intros]:

fixes £ g :: "real = real"

assumes ”(f - W) F" n(g - q) F" ony 75 0" "norm q < 1" /vq > o"

shows "((Az. jacobi_theta_nome_10 (f z) (g z)) —— jacobi_theta_nome_10
W q) F"

unfolding jacobi_theta_nome_10_def
by (intro tendsto_intros assms(1,2)) (use assms(3-5) in auto)

lemma continuous_on_jacobi_theta_nome_10_real [continuous_intros]:
fixes f g :: "real = real"
assumes "continuous_on A f" "continuous_on A g"
assumes "A\z. z € A = fz £ 0" "Nz. z € A = gz € {0<..<1}"
shows "continuous_on A (A\z. jacobi_theta_nome_10 (f z) (g z))"
unfolding jacobi_theta_nome_10_def
by (intro continuous_intros assms(1,2); use assms(3,4) in force)

lemma continuous_jacobi_theta_nome_10_real [continuous_intros]:

fixes £ g :: "real = real"

assumes "continuous F f" "continuous F g" "f (netlimit F) # 0" "g (netlimit
F) € {0<..<1}"

shows "continuous F (\z. jacobi_theta_nome_10 (f z) (g z))"

unfolding jacobi_theta_nome_10_def

by (intro continuous_intros assms(1,2); use assms(3-) in auto)

lemma tendsto_jacobi_theta_nome_11_complex [tendsto_intros]:

fixes f g :: "complex = complex"

assumes "(f —— w) F" "(g —— q) F" "w # 0" "norm q < 1" "q ¢
IRSQ”

shows "((Az. jacobi_theta_nome_11 (f z) (g z)) —— jacobi_theta_nome_11
w q) F"

unfolding jacobi_theta_nome_11_def

by (intro tendsto_intros assms(1,2)) (use assms(3-5) in auto)

lemma continuous_on_jacobi_theta_nome_11_complex [continuous_intros]:
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fixes f g :: "complex = complex"

assumes "continuous_on A f" "continuous_on A g"

assumes "Az. z € A = f z # 0" "Az. z € A = norm (g z) < 1 A
(Re (g z) >0V Im (g z) # 0)"

shows "continuous_on A (A\z. jacobi_theta_nome_11 (f z) (g z))"

unfolding jacobi_theta_nome_11_def

by (intro continuous_intros assms(1,2); use assms(3,4) in force)

lemma continuous_jacobi_theta_nome_11_complex [continuous_intros]:
assumes "continuous F f" "continuous F g" "f (netlimit F) # 0"
assumes "norm (g (netlimit F)) < 1" "Re (g (metlimit F)) > 0 V Im (g
(netlimit F)) # 0"
shows "continuous F (\z. jacobi_theta_nome_11 (f z) (g z))"
unfolding jacobi_theta_nome_11_def
by (intro continuous_intros assms(1,2); use assms(3-) in force)

lemma tendsto_jacobi_theta_nome_11_real [tendsto_intros]:

fixes f g :: "real = real"

assumes "(f —— w) F" "(g —— q) F" "w # 0" "norm q < 1" "q > 0"

shows "((Az. jacobi_theta_nome_11 (f z) (g z)) —— jacobi_theta_nome_11
W q) F"

unfolding jacobi_theta_nome_11_def
by (intro tendsto_intros assms(1,2)) (use assms(3-5) in auto)

lemma continuous_on_jacobi_theta_nome_11_real [continuous_intros]:
fixes £ g :: "real = real"
assumes "continuous_on A f" "continuous_on A g"
assumes "Az. z € A = fz # 0" "Nz. z € A = gz € {0<..<1}"
shows "continuous_on A (A\z. jacobi_theta_nome_11 (f z) (g z))"
unfolding jacobi_theta_nome_11_def
by (intro continuous_intros assms(1,2); use assms(3,4) in force)

lemma continuous_jacobi_theta_nome_11_real [continuous_intros]:

fixes f g :: "real = real"

assumes "continuous F f" "continuous F g" "f (netlimit F) # 0" "g (netlimit
F) € {0<..<1}"

shows "continuous F (Az. jacobi_theta_nome_11 (f z) (g z))"

unfolding jacobi_theta_nome_11_def

by (intro continuous_intros assms(1,2); use assms(3-) in auto)

3.5 The auxiliary theta functions in the complex plane

definition jacobi_theta_01 :: "complex = complex = complex" where
"jacobi_theta_01 z t = jacobi_theta_00 (z + 1/2) t"

definition jacobi_theta_10 :: "complex =- complex = complex" where
"jacobi_theta_10 z t = to_nome (z + t/4) * jacobi_theta_00 (z + t/2)
tll
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definition jacobi_theta_11 :: "complex = complex = complex" where
"jacobi_theta_11 z t = to_nome (z + t/4 + 1/2) * jacobi_theta_00 (z
+t/2 + 1/2) t"

lemma jacobi_theta_00_conv_nome:
"jacobi_theta_00 z t = jacobi_theta_nome_00 (to_nome z) (to_nome t)"
by (simp add: jacobi_theta_00_def jacobi_theta_nome_00_def)

lemma jacobi_theta_01_conv_nome:
"jacobi_theta_01 z t = jacobi_theta_nome_01 (to_nome z) (to_nome t)"
by (simp add: jacobi_theta_01_def jacobi_theta_nome_01_def jacobi_theta_00_conv_nome

jacobi_theta_nome_00_def to_nome_add power_mult_distrib)

lemma jacobi_theta_10_conv_nome:
assumes "Re t € {-1<..1}"
shows "jacobi_theta_10 z t = jacobi_theta_nome_10 (to_nome z) (to_nome
t)"
using assms
by (simp add: jacobi_theta_10_def jacobi_theta_nome_10_def jacobi_theta_00_conv_nome

jacobi_theta_nome_00_def to_nome_add power_mult_distrib
to_nome_power to_nome_powr)

lemma jacobi_theta_11_conv_nome:
assumes "Re t € {-1<..1}"
shows "jacobi_theta_11 z t = jacobi_theta_nome_11 (to_nome z) (to_nome
t)"
using assms
by (simp add: jacobi_theta_11_def jacobi_theta_nome_11_def jacobi_theta_00_conv_nome

jacobi_theta_nome_00_def to_nome_add power_mult_distrib
to_nome_power to_nome_powr)

lemma has_sum_jacobi_theta_01:
assumes "Im t > 0"
shows "((An. (-1) powi n * to_nome (of_int n ~ 2 * t + 2 * of_int
n * z))
has_sum jacobi_theta_01 z t) UNIV"
proof -
have "((An. to_nome (of_int n ~ 2 * t + 2 * of_intn * (z + 1/ 2)))
has_sum jacobi_theta_01 z t) UNIV"
unfolding jacobi_theta_01_def by (intro has_sum_jacobi_theta_00 assms)
also have "(An. to_nome (of_int n ~ 2 * t + 2 * of_int n * (z + 1 /
2))) =
(An. (-1) powi n * to_nome (of_int n = 2 * t + 2 * of_int
n* z)"
by (simp add: ring_distribs exp_add mult_ac to_nome_add)
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finally show ?thesis .
qed

lemma sums_jacobi_theta_01:
assumes "Im t > 0"

shows "((An. if n = O then 1 else 2 * (-1) ~n * to_nome t ~ n?
*
cos (2 * of_nat n * of_real pi * z)) sums jacobi_theta_01
z t)"
proof -
have [simp]: "sin (of_nat n * of_real pi :: complex) = 0" for n
by (metis of_real O of_real mult of_real_of_nat_eq sin_npi sin_of_real)
have [simp]: "cos (of_nat n * of_real pi :: complex) = (-1) ~ n" for
n
proof -

have "cos (of_nat n * of_real pi) = complex_of_real (cos (real n *
pi))"
by (subst cos_of_real [symmetric]) simp
also have "cos (real n * pi) = (-1) ~ a"
by simp
finally show 7thesis by simp
qed
show ?thesis
using sums_jacobi_theta_00[of t "z + 1/2"] assms
by (simp add: jacobi_theta_01_def ring distribs cos_add mult_ac cong:
if_cong)
qed

interpretation jacobi_theta_01_left: periodic_fun_simple’ "Az. jacobi_theta_01
z t"
proof
fix z :: complex
show "jacobi_theta_01 (z + 1) t = jacobi_theta_01 z t"
using jacobi_theta_00_left.plus_1[of "z + 1/2" t] by (simp add: jacobi_theta_01_def)
qed

interpretation jacobi_theta_01_right: periodic_fun_simple "At. jacobi_theta_01
z t" 2
proof

fix t :: complex

show "jacobi_theta_01 z (t + 2) = jacobi_theta_01 z t"

using jacobi_theta_00_right.plus_period[of "z + 1/2" t] by (simp add:

jacobi_theta_01_def)
qed

lemma jacobi_theta_10_plusl_left: "jacobi_theta_10 (z + 1) t = -jacobi_theta_10

z t”
using jacobi_theta_00_left.plus_1[of "z + t / 2" t]

47



by (simp add: jacobi_theta_10_def to_nome_add algebra_simps)

lemma jacobi_theta_11_plusl_left: "jacobi_theta_11 (z + 1) t = -jacobi_theta_11
z t"

using jacobi_theta_00_left.plus_1[of "z +t / 2 + 1 / 2" t]

by (simp add: jacobi_theta_11_def to_nome_add algebra_simps)

lemma jacobi_theta_11_minusl_left: "jacobi_theta_11 (z - 1) t = -jacobi_theta_11
z t”
using jacobi_theta_11_plusi_left[of "z - 1" t] by simp

lemma jacobi_theta_10_plus2_right: "jacobi_theta_10 z (t + 2) =i * jacobi_theta_10
z t"
using jacobi_theta_00_right.plus_1[of "z + t / 2" t]
jacobi_theta_00_left.plus_1[of "z + t / 2" "t + 2"]
by (simp add: jacobi_theta_10_def to_nome_add algebra_simps add_divide_distrib)

lemma jacobi_theta_11_plus2_right: "jacobi_theta_11 z (t + 2) =i * jacobi_theta_11
z t"
using jacobi_theta_00_right.plus_1[of "z +t / 2 + 1 / 2" t]
jacobi_theta_00_left.plus_1[of "z +t / 2 + 1 / 2" "t + 2"]
by (simp add: jacobi_theta_11_def to_nome_add algebra_simps add_divide_distrib)

lemma jacobi_theta_00_plus_half_left’: "jacobi_theta_00 (z + 1/2) t =
jacobi_theta_01 z t"
by (simp add: jacobi_theta_01_def to_nome_add algebra_simps)

lemma jacobi_theta_01_plus_half left: "jacobi_theta_01 (z + 1/2) t =
jacobi_theta_00 z t"

using jacobi_theta_00_left.plus_1[of z t]

by (simp add: jacobi_theta_01_def to_nome_add algebra_simps)

lemma jacobi_theta_10_plus_half left’: "jacobi_theta_10 (z + 1/2) t =
jacobi_theta_11 z t"
by (simp add: jacobi_theta_10_def jacobi_theta_11_def to_nome_add algebra_simps)

lemma jacobi_theta_11_plus_half left’: "jacobi_theta_11 (z + 1/2) t =
-jacobi_theta_10 z t"

using jacobi_theta_00_left.plus_1[of "z + t / 2" t]

by (simp add: jacobi_theta_10_def jacobi_theta_11_def to_nome_add algebra_simps)

The quasiperiodicity identities for the ¥,,:

lemma jacobi_theta_01_plus_quasiperiod:

"jacobi_theta_01 (z + t) t = -jacobi_theta_01 z t / to_nome (2 * z +
t) n
proof -

have "jacobi_theta_01 (z + t) t = jacobi_theta_00 (z + 1 / 2 + t) t"
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by (simp add: jacobi_theta_01_def add_ac)
also have "... = -jacobi_theta_01 z t / to_nome (2 * z + t)"
by (subst jacobi_theta_00_plus_quasiperiod) (auto simp: add_ac to_nome_add
jacobi_theta_01_def)
finally show ?thesis .
qed

lemma jacobi_theta_10_plus_quasiperiod:
"jacobi_theta_10 (z + t) t = jacobi_theta_10 z t / to_nome (t + 2 *
z)"
proof -
have "jacobi_theta_10 (z + t) t = jacobi_theta 00 (z +t / 2 + t) t
* to_nome (z + 5 *x t / 4)"
by (simp add: jacobi_theta_10_def add_ac)
also have "... = jacobi_theta_00 (z + t / 2) t * (to_nome (z + 5 / 4
* t) / to_nome (2 * t + 2 % z))"
by (subst jacobi_theta_00_plus_quasiperiod)
(auto simp: add_ac to_nome_add to_nome_diff to_nome_minus)
also have "to_nome (z + 5 / 4 * t) / to_nome (2 ¥ t + 2 * z) =
to_nome (z +t / 4 - (t +2 % 2z))"
unfolding to_nome_diff [symmetric] to_nome_minus [symmetric] by (simp
add: algebra_simps)

also have "... = to_nome (z + t / 4) / to_nome (t + 2 * z)"
by (subst to_nome_diff) (auto simp: field_simps)
also have "jacobi_theta_00 (z + t / 2) t * ... = jacobi_theta_10 z t

/ to_nome (t + 2 * z)"
unfolding jacobi_theta_10_def by simp
finally show ?thesis .
qed

lemma jacobi_theta_11_plus_quasiperiod:
"jacobi_theta_11 (z + t) t = -jacobi_theta_11 z t / to_nome (t + 2 *
z)"
proof -
have "jacobi_theta_11 (z + t) t = to_nome (z + (1 / 2+ 5 *x t / 4))
*
jacobi_theta_00 (z +1 / 2+t /2+¢t)t"
by (simp add: jacobi_theta_11_def algebra_simps)
also have "... = to_nome (z + (1 / 2+ 5 *xt / 4)) / to_nome (t + 2
¥ (z+1/2+t/2) %
jacobi_theta_00 (z +t / 2+ 1/ 2) t"
by (subst jacobi_theta_00_plus_quasiperiod) (simp_all add: field_simps)
also have "... = to_nome (z + (1 /2 + 5 %t / 4)) / to_nome (t + 2
* (z+1/2+¢t/2)/
to_nome (z +t / 4 + 1 / 2) * jacobi_theta_11 z t"
unfolding jacobi_theta_11_def by simp

also have "... = to_nome (- 1 -t - 2 * z) * jacobi_theta_11 z t"
unfolding to_nome_diff [symmetric] by simp
also have "... = -jacobi_theta_11 z t / to_nome (t + 2 * z)"
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by (simp add: to_nome_add to_nome_diff field_simps)
finally show ?thesis .
qed

Y11 is odd, the other 9., are even:

lemma jacobi_theta_00_minus [simp]: "jacobi_theta_00 (-z) t = jacobi_theta_00
z t"
by (simp add: jacobi_theta_00_def to_nome_power to_nome_minus jacobi_theta_nome_def
field_simps
ramanujan_theta_commute)

lemma jacobi_theta_01_minus [simp]: "jacobi_theta_01 (-z) t = jacobi_theta_01
z t"
by (simp add: jacobi_theta_00_def jacobi_theta_01_def to_nome_power
to_nome_minus
jacobi_theta_nome_def to_nome_diff to_nome_add power_mult_distrib
power_divide
ramanujan_theta_commute)

lemma jacobi_theta_11_minus [simp]: "jacobi_theta_11 (-z) t = -jacobi_theta_11
z t"
proof -
have *: "2 x z = z + z"
by simp
have "jacobi_theta_11 (-z) t = to_nome (t / 4 - z + 1 / 2) * jacobi_theta_00
(-(z-t/2-1/2)t"
by (simp add: jacobi_theta_11_def algebra_simps)
also have "... = to_nome (t / 4 -z + 1 / 2) * jacobi_theta_00 (z -
t/2-1/2) t"
by (subst jacobi_theta_00_minus) auto
also have "jacobi_theta 00 (z -t / 2 -1/ 2) t = jacobi_theta_00 (z
-t/2-1/2+1)t"
by (rule jacobi_theta_00_left.plus_1 [symmetric])
also have "... = jacobi_theta_00 (z -t /2 -1/ 2+ 1+ t) t * to_nome
(t+2*(z-t/2-1/2+1))"
by (subst jacobi_theta_00_plus_quasiperiod) auto
also have "jacobi_theta 00 (z -t /2 -1/ 2+ 1+ t) t = jacobi_theta_11
zt/tonome (z+t/4+1/2)"
by (simp add: jacobi_theta_11_def algebra_simps)
finally show ?thesis
unfolding to_nome_add to_nome_diff ring distribs * by (simp add: field_simps)
qed

lemma jacobi_theta_10_minus [simp]: "jacobi_theta_10 (-z) t = jacobi_theta_10
z t!l
proof -
have *: "2 x z = z + z"
by simp
have "jacobi_theta_10 (-z) t = to_nome (t / 4 - z) * jacobi_theta_00
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(-(z -t/ 2) t"
by (simp add: jacobi_theta_10_def algebra_simps)
also have "jacobi_theta_00 (-(z - t / 2)) t = jacobi_theta_00 (z - t
/ 2) t"
by (rule jacobi_theta_00_minus)
also have "jacobi_theta_00 (z - t / 2) t = jacobi_theta_00 (z - t /
2+ t) t *x to_nome (t + 2 * (z -t / 2)"
by (subst jacobi_theta_00_plus_quasiperiod) auto
also have "jacobi_theta_00 (z - t / 2 + t) t = jacobi_theta_10 z t /
to_nome (z +t / 4)"
by (simp add: jacobi_theta_10_def algebra_simps)
finally show ?thesis
unfolding to_nome_add to_nome_diff * ring distribs by (simp add: field_simps)
qed

lemma jacobi_theta_11_0_left [simp]: "jacobi_theta_11 0 t = 0"
using jacobi_theta_11_minus[of 0 t] by simp

lemma tendsto_jacobi_theta_01 [tendsto_intros]:
assumes "(f —— w) F" "(g —— q) F" "Im q > 0"
shows "((Az. jacobi_theta_01 (f z) (g z)) —— jacobi_theta_01 w
q) F"
unfolding jacobi_theta_01_def
by (intro tendsto_intros assms(1,2)) (use assms(3) in <auto simp: norm_to_nome>)

lemma continuous_on_jacobi_theta_01 [continuous_intros]:
assumes "continuous_on A f" "continuous_on A g"
assumes "Az. z € A = Im (g z) > 0"
shows "continuous_on A (Az. jacobi_theta_01 (f z) (g z))"
unfolding jacobi_theta_01_def
by (intro continuous_intros assms(1,2)) (use assms(3) in <auto simp:
norm_to_nome>)

lemma continuous_jacobi_theta_01 [continuous_intros]:
assumes '"continuous F f" "continuous F g" "Im (g (netlimit F)) > 0"
shows  "continuous F (A\z. jacobi_theta_01 (f z) (g z))"
unfolding jacobi_theta_01_def
by (intro continuous_intros assms(1,2)) (use assms(3) in <auto simp:
norm_to_nome>)

lemma holomorphic_jacobi_theta_01 [holomorphic_intros]:

assumes "f holomorphic_on A" "g holomorphic_on A" "Az. z € A = Im
(g z) > 0" "open A"

shows  "(\z. jacobi_theta_01 (f z) (g z)) holomorphic_on A"

unfolding jacobi_theta_01_def by (intro holomorphic_intros assms(1,2))
(use assms(3-) in auto)

lemma analytic_jacobi_theta_01 [analytic_intros]:
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assumes "f analytic_on A" "g analytic_on A" "Az. z € A = Im (g z)
> 0"

shows  "(A\z. jacobi_theta_01 (f z) (g z)) analytic_on A"

unfolding jacobi_theta_01_def by (intro analytic_intros assms(1,2))
(use assms(3-) in auto)

lemma tendsto_jacobi_theta_10 [tendsto_intros]:
assumes "(f —— w) F" "(g —— q) F" "Im q > 0"
shows "((A\z. jacobi_theta_10 (f z) (g z)) —— jacobi_theta_10 w
q) F"
unfolding jacobi_theta_10_def
by (intro tendsto_intros assms(1,2)) (use assms(3) in <auto simp: norm_to_nome>)

lemma continuous_on_jacobi_theta_10 [continuous_intros]:
assumes "continuous_on A f" "continuous_on A g"
assumes "Az. z € A = Im (g z) > 0"
shows "continuous_on A (Az. jacobi_theta_10 (f z) (g z))"
unfolding jacobi_theta_10_def
by (intro continuous_intros assms(1,2)) (use assms(3) in <auto simp:
norm_to_nome>)

lemma continuous_jacobi_theta_10 [continuous_intros]:
assumes '"continuous F f" "continuous F g" "Im (g (netlimit F)) > 0"
shows  "continuous F (Az. jacobi_theta_10 (f z) (g z))"
unfolding jacobi_theta_10_def
by (intro continuous_intros continuous_divide assms(1,2))
(use assms(3) in <auto simp: norm_to_nome>)

lemma holomorphic_jacobi_theta_10 [holomorphic_intros]:

assumes "f holomorphic_on A" "g holomorphic_on A" "Az. z € A = Im
(g z) > 0" "open A"

shows "(A\z. jacobi_theta_10 (f z) (g z)) holomorphic_on A"

unfolding jacobi_theta_10_def by (intro holomorphic_intros assms(1,2))
(use assms(3-) in auto)

lemma analytic_jacobi_theta_10 [analytic_intros]:

assumes "f analytic_on A" "g analytic_on A" "Az. z € A = Im (g z)
> 0"

shows  "(\z. jacobi_theta_10 (f z) (g z)) analytic_on A"

unfolding jacobi_theta_10_def by (intro analytic_intros assms(1,2))
(use assms(3-) in auto)

lemma tendsto_jacobi_theta_11 [tendsto_intros]:
assumes "(f —— w) F" "(g —— q) F" "Im q > 0"
shows "((A\z. jacobi_theta_11 (f z) (g z)) —— jacobi_theta_11 w
@ F
unfolding jacobi_theta_11_def
by (intro tendsto_intros assms(1,2)) (use assms(3) in <auto simp: norm_to_nome>)
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lemma continuous_on_jacobi_theta_11 [continuous_intros]:
assumes "continuous_on A f" "continuous_on A g"
assumes "Az. z € A = Im (g z) > 0"
shows "continuous_on A (A\z. jacobi_theta_11 (f z) (g z))"
unfolding jacobi_theta_11_def
by (intro continuous_intros assms(1,2)) (use assms(3) in <auto simp:
norm_to_nome>)

lemma continuous_jacobi_theta_11 [continuous_intros]:
assumes "continuous F f" "continuous F g" "Im (g (netlimit F)) > 0"
shows  "continuous F (A\z. jacobi_theta_11 (f z) (g z))"
unfolding jacobi_theta_11_def
by (intro continuous_intros continuous_divide assms(1,2))
(use assms(3) in <auto simp: norm_to_nome>)

lemma holomorphic_jacobi_theta_11 [holomorphic_intros]:

assumes "f holomorphic_on A" "g holomorphic_on A" "Az. z € A = Im
(g z) > 0" "open A"

shows  "(\z. jacobi_theta_11 (f z) (g z)) holomorphic_on A"

unfolding jacobi_theta_11_def by (intro holomorphic_intros assms(1,2))
(use assms(3-) in auto)

lemma analytic_jacobi_theta_11 [analytic_intros]:

assumes "f analytic_on A" "g analytic_on A" "Az. z € A = Im (g z)
> 0"

shows  "(\z. jacobi_theta_11 (f z) (g z)) analytic_on A"

unfolding jacobi_theta_11_def by (intro analytic_intros assms(1,2))
(use assms(3-) in auto)

The derivatives of ¥, P91, and Y19 at z = 0 vanish since they are even.

lemma deriv_jacobi_theta_00_minus_left:
fixes t :: complex
defines "f = (A\z. jacobi_theta_00 z t)"
assumes "Im t > 0"
shows "deriv f (-z) = -deriv f z"
proof -
have "(f has_field_derivative deriv f z) (at z)" for z
by (rule analytic_derivI) (use assms in <auto simp: f_def intro!:
analytic_intros>)
note [derivative_intros] = DERIV_chain[OF this, unfolded o_def]
have "((Az. -f (-z)) has_field_derivative (deriv f (-z))) (at z)"
by (auto intro!: derivative_eq_intros)
also have "(\z. -f (-z)) = (\z. -f z)"
by (auto simp: f_def)
finally have "((Az. -f z) has_field_derivative (deriv f (-z))) (at z)"

moreover have "((\z. -f z) has_field_derivative (-deriv f z)) (at z)"
by (auto intro!: derivative_eq_intros)
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ultimately show ?thesis
using DERIV_unique by blast
qed

lemma deriv_jacobi_theta_01_minus_left:
fixes t :: complex
defines "f = (A\z. jacobi_theta_01 z t)"
assumes "Im t > 0"
shows "deriv f (-z) = -deriv f z"
proof -
have "(f has_field_derivative deriv f z) (at z)" for z
by (rule analytic_derivI) (use assms in <auto simp: f_def intro!:
analytic_intros>)
note [derivative_intros] = DERIV_chain[OF this, unfolded o_def]
have "((\z. -f (-z)) has_field_derivative (deriv f (-z))) (at z)"
by (auto intro!: derivative_eq_intros)
also have "(\z. -f (-z)) = (\z. -f z)"
by (auto simp: f_def)
finally have "((Az. -f z) has_field_derivative (deriv f (-z))) (at z)"

moreover have "((Az. -f z) has_field_derivative (-deriv f z)) (at z)"
by (auto intro!: derivative_eq_intros)
ultimately show ?thesis
using DERIV_unique by blast
qed

lemma deriv_jacobi_theta_10_minus_left:
fixes t :: complex
defines "f = (A\z. jacobi_theta_10 z t)"
assumes "Im t > 0"
shows "deriv f (-z) = -deriv f z"
proof -
have "(f has_field_derivative deriv f z) (at z)" for z
by (rule analytic_derivI) (use assms in <auto simp: f_def intro!:
analytic_intros>)
note [derivative_intros] = DERIV_chain[OF this, unfolded o_def]
have "((\z. -f (-z)) has_field_derivative (deriv f (-z))) (at z)"
by (auto intro!: derivative_eq_intros)
also have "(\z. -f (-z)) = (A\z. -f z)"
by (auto simp: f_def)
finally have "((\z. -f z) has_field_derivative (deriv f (-z))) (at z)"

moreover have "((Az. -f z) has_field_derivative (-deriv f z)) (at z)"
by (auto intro!: derivative_eq_intros)
ultimately show 7?thesis
using DERIV_unique by blast
qed
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lemma summable_on_nat_imp_summable_on_int_symmetric:
fixes h :: "nat = ’b::topological_ab_group_add"
assumes "h summable_on UNIV"
shows  "(An. h (nat |n|)) summable_on UNIV"
proof -
note <h summable_on UNIV>
also have "h summable_on UNIV <— (An. h (nat |n|)) summable_on {0..}"
by (rule summable_on_reindex_bij_witness[of _ nat int]) auto
finally have 1: "(An. h (nat |n|)) summable_on {0..}" .
also have "?this <— (An. h (nat |n|)) summable_on {..0}"
by (rule summable_on_reindex_bij_witness[of _ uminus uminus]) auto
finally have "(An. h (nat |n|)) summable_on {..0}" .
hence 2: "(An. h (nat |n|)) summable_on ({..0} - {OF)"
by (intro summable_on_cofin_subset) auto
have "(An. h (nat |n|)) summable_on ({..0} - {0} U {0..})"
by (intro summable_on_Un_disjoint 1 2) auto
also have "{..0} - {0} U {0::int..} = UNIV"

by auto
finally show ?thesis .
qed
context
fixes f £’ :: "int set = complex X complex = complex"

defines "f = (AN (z, t). >.n€N. to_nome (of_int n ~ 2 ¥ t + 2 * of_int
n *z))"
defines "f’ = (AN (z, t). Y. n€N. 2 * i * of_real pi * of_int n *
to_nome (of_int n =~ 2 * t + 2 * of_int
n * z))"
begin

lemma uniform_limit_jacobi_theta_00:

fixes A B :: "complex set"

assumes compact: "compact A" "compact B"

assumes B_subset: "B C {t. Im t > O}"

shows "uniform_limit (A x B) f (A(z, t). jacobi_theta_00 z t) finite_sets_at_top"
proof -

define to_ab where "to_ab = (A (z,t). (to_nome t * to_nome (2*z), to_nome
t / to_nome (2%z)))"

define q where "q = (At. to_nome t)"

have AB: "compact (A x B)"

using assms by (auto simp: compact_Times)

define AB’ where "AB’ = to_ab ¢ (A x B)"
have AB’: "compact AB’" "Aa b. (a, b) € AB’ = norm (a*b) < 1"
proof -
show "compact AB’"
unfolding AB’_def to_ab_def case_prod_unfold using AB
by (intro compact_continuous_image continuous_intros) auto
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show "norm (a*b) < 1" if "(a, b) € AB’" for a b
proof -
from that obtain z’ t’ where z’t’: "z’ € A" "t’ € B" "(a, b)
= to_ab (z’, t’)"
unfolding AB’_def by blast
have "norm (a * b) = exp (- (pi * Im t’)) ~ 2"
using z’t’ by (simp add: to_ab_def norm_mult norm_to_nome power2_eq_square)
also have "... = exp (-2*pi*Im t’)"
by (simp flip: exp_of_nat_mult)
also have "Im t’> > 0"
using z’t’ B_subset by auto
hence "exp (-2*pi*Im t’) < 1"
by simp
finally show ?thesis .
qed
qed
have AB_subset: "to_ab ¢ (A x B) C AB’"
by (auto simp: AB’_def)

let ?F = "finite_subsets_at_top UNIV :: int set filter"
have "uniform_limit (A x B) f (A(w,q). > oon. to_nome (of_int n ~ 2
*¥ g + 2 % of_int n * w)) 7F"
using uniform_limit_compose’ [OF uniform_limit_ramanujan_theta_aux[OF
AB’],
where B= "AxB" and h=to_ab]
AB_subset
by (simp add: to_ab_def case_prod_unfold to_nome_power_int power_int_mult_distrib
f def subset_iff
power_int_divide_distrib add_divide_distrib diff_divide_distrib
of_int_div
ring_distribs power2_eq_square mult_ac flip: to_nome_add
to_nome_diff)
also have "?this <— uniform_limit (A x B) f (A(w,q). jacobi_theta_00
w q) 7F"
proof (intro uniform_limit_cong always_eventually alll balll refl, safe)
fix z t assume z: "z € A" and t: "t € B"
from t have "Im t > 0"
using B_subset by blast
show "(3" .on. to_nome ((complex_of_int n)? * t + 2 * complex_of_int
n * z)) = jacobi_theta_00 z t"
using has_sum_jacobi_theta_OO0[OF <Im t > 0>, of z]
by (simp add: has_sum_iff)
qed
finally show ?thesis .
qed

lemma has_sum_deriv_jacobi_theta_00_left:

assumes t: "Im t > 0"
shows "((An. 2 * i * of_real pi * of_int n * to_nome (of_int n ~ 2
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* t + 2 % of_int n * z))
has_sum deriv (\z. jacobi_theta_00 z t) z) UNIV"
proof -
define f’ where
"f’ = (\X z. (O.n€X. 2 *i * pi * of_int n * to_nome ((of_int n)?
* t + 2 % of_int n * z)))"
define r where "r = Im t / 2"
have subset: "cball t r C {t. Im t > O}"
proof
fix u assume u: "u € cball t r"
have "0 < Imt - Im t / 2"
using assms by simp
also have "... < Im t - dist u t"
using u by (intro diff_left_mono) (auto simp: r_def dist_commute)
also have "Im (t - u) < dist t u"
unfolding dist_norm using abs_Im_le_cmod[of "t - u"] by linarith

hence "Im t - dist u t < Im u"
by (simp add: dist_commute)
finally show "u € {t. Im t > 0}"
by simp
qed
have t’: "t € ball t r" "t € cball t r"
using t by (auto simp: r_def)

have ulim: "uniform_ limit (cball z 1 X cball t r) f
(A(w,q). jacobi_theta_00 w q) finite_sets_at_top"
by (rule uniform_limit_jacobi_theta_00) (use subset in auto)
have ulimi: "uniform_limit (cball z 1)
(An z. £ n (z, t)) (\z. jacobi_theta_00 z t) finite_sets_at_top"
using uniform_limit_compose’ [OF ulim, of "Az. (z, t)" "cball z 1"]
tJ
by (auto simp: subset_iff image_def)
hence ulim2: "uniform_ limit (ball z 1)
(An z. £ n (z, t)) (\z. jacobi_theta_00 z t) finite_sets_at_top"
by (rule uniform_limit_on_subset) auto

have "((A\X. (deriv ~~ 1) (Az. £ X (z, t)) =z)
—— (deriv °~ 1) (Az. jacobi_theta_00 z t) z) finite_sets_at_top"
proof (intro higher deriv_complex_uniform_limit[OF ulim2])
have "(Az. f X (z, t)) holomorphic_on ball z 1" for X
unfolding f_def case_prod_unfold by (intro holomorphic_intros) auto
thus "Vp X in finite_sets_at_top. (Az. f X (z, t)) holomorphic_on
ball z 1"

by blast
qged auto
also have "(A\X. (deriv =~ 1) (Az. £ X (z, t)) z) = (A\X. £’ X z)"
proof
fix X :: "int set"
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have "(deriv =~ 1) (\z. f X (z, t)) z = deriv (\z. £ X (z, t)) z"
by simp
also have "deriv (A\z. £ X (z, t)) = £’ X"
proof (rule ext, rule DERIV_imp_deriv)
fix z’ :: complex
show "((Az. f X (z, t)) has_field_derivative (f’ X z’)) (at z’)"
for z’
unfolding f_def f’_def prod.case
by (auto intro!: derivative_eq_intros simp: mult_ac sum_distrib_left
sum_distrib_right)
qed
finally show "(deriv °~ 1) (Az. £ X (z, t)) z =f’ X z"
qed
finally have "((A\X. f’ X z) —— deriv (Az. jacobi_theta_00 z t) z)
finite_sets_at_top"
by simp
thus ?thesis
by (simp add: has_sum_def f’_def)
qed

lemma uniform_limit_deriv_jacobi_theta_00_left:

fixes A B :: "complex set"

assumes compact: "compact A" "compact B"

assumes B_subset: "B C {t. Im t > O}"

shows "uniform_limit (A x B) f’ (A(z, t). deriv (Az. jacobi_theta_00
z t) z) finite_sets_at_top"
proof -

define g where "g = (An (z,t). 2 * i * of_real pi * of_int n * to_nome
(of _int n = 2 ¥ t + 2 x of_int n * z))"

define C1 where "C1 = Inf (Im ¢ insert i B)"

define C2 where "C2 = Sup (abs ¢ Im ¢ insert 0 A)"

define h where "h = (An. 2 * pi * real n / exp (pi * ((of_nat n)? *
Cl - 2 *x of_nat n * C2)))"

have C1: "Vz€eB. Im z > C1" "C1 > 0"
proof -
have compact’: "compact (Im ¢ insert i B)"
by (intro compact_continuous_image continuous_intros compact_insert
compact)
hence bdd: "bdd_below (Im ¢ insert i B)"
by (intro compact_imp_bounded bounded_imp_bdd_below)
show "VzeB. Im z > C1"
using cInf_lower[OF _ bdd, of "Im z" for z] unfolding C1_def by
blast
have "C1 € Im ¢ insert i B"
unfolding C1_def by (intro closed_subset_contains_Inf compact_imp_closed
bdd compact’) auto
thus "C1 > 0"
using B_subset by auto

¢
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qed

have C2: "Vz€A. |Im Z| < c2" "c2 > 0"
proof -
have compact’: "compact (abs ¢ Im ¢ insert 0 A)"
by (intro compact_continuous_image continuous_intros compact_insert
compact)
hence bdd: "bdd_above (abs ¢ Im ¢ insert 0 A)"
by (intro compact_imp_bounded bounded_imp_bdd_above)
show "Vze€A. |Im z| < C2"
using cSup_upper[0F _ bdd, of "|Im z|" for z] unfolding C2_def by
blast
have "C2 € abs ¢ Im ¢ insert 0 A"
unfolding C2_def by (intro closed_subset_contains_Sup compact_imp_closed
bdd compact’) auto
thus "C2 > 0"
by auto
qed

have "uniform_limit (A x B) (AN x. > . ne€N. gn x) (Ax. > on. g 0 X)
finite_sets_at_top"
proof (rule Weierstrass_m_test_general)
fix n :: int and x :: "complex X complex"
assume x: "x € A X B"
obtain z t where [simp]: "x = (z, t)"
by (cases x)
have "norm (g n x) = 2 * pi * real_of_int |n| /
exp (pi * (of_int n = 2 * Im t + 2 * of_int n * Im z))"
by (simp add: g_def norm_mult norm_to_nome exp_minus field_simps
exp_diff exp_add)
also have "... < 2 * pi * of_int |n| / exp (pi * (of_int |n| ~ 2 *
C1 - 2 * of_int |n| * C2))"
proof (intro divide_left_mono exp_mono mult_left_mono mult_pos_pos)
have "-2 * of_int n * Im z < |2 * of_int n * Im z|"
by linarith

also have "... = 2 * of_int |n| * |Im z|"
by (simp add: abs_mult)
also have "... < 2 ¥ of_int |n| * C2"

using x C2 by (intro mult_left_mono) auto
finally have "-2 * real_of_int |n| * C2 < 2 * real_of_int n * Im

z
by linarith
moreover have "of_int |n| ~ 2 * C1 < of_int n ~ 2 * Im t"
by (intro mult_mono) (use x Cl1 in auto)
ultimately show "of_int |n| =~ 2 * C1 - 2 * real_of_int |n| * C2
< of intn - 2 % Imt + 2 * real_of_int n * Im
z"

by linarith
qed auto
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finally show "norm (g n x) < h (nat |n|)"
by (simp add: h_def)
next
have *: "summable h"
proof (rule summable_comparison_test_bigo)
show "h € 0(An. 1 / real n ~ 2)"
unfolding h_def using <C1 > 0> by real_asymp
next
show "summable (An. norm (1 / real n ~ 2))"
using inverse_power_summable[of 2, where 7’a = real] by (simp
add: field_simps)
qed
show "(An. h (nat |n|)) summable_on UNIV"
by (intro summable_on_nat_imp_summable_on_int_symmetric summable_nonneg imp_summable_
*)
(auto simp: h_def)
qed
also have "?this <— uniform_limit (A X B) f’ (Ax. Y .on. g n x) finite_sets_at_top"
unfolding f’_def g_def by (simp add: case_prod_unfold)
also have "... +— ?thesis"
proof (intro uniform_limit_cong)
fix x assume x: "x € A x B"
obtain z t where [simp]: "x = (z, t)"
by (cases x)
from x have t: "Im t > 0"
using B_subset by auto
show "(3 .n. g n x) = (case x of (z, t) = deriv (\z. jacobi_theta_00
z t) z)"
using has_sum_deriv_jacobi_theta_00_left[of t z] t
by (simp add: g_def has_sum_iff)
qed auto
finally show ?thesis .
qed

lemma analytic_deriv_jacobi_theta_00_left [analytic_intros]:
assumes "h analytic_on A" "g analytic_on A" "Ax. x € A = Im (h x)
> 0"
shows  "(\t. deriv (Az. jacobi_theta_00 z (h t)) (g t)) analytic_on
AH
proof -
have "(At. deriv (Az. jacobi_theta_00 z (h t)) (g t)) analytic_on {x}"
if "x € A" for x
proof -
from assms(2) obtain A1 where A1: "open A1" "A C A1" "g holomorphic_on
A1"
by (metis analytic_on_holomorphic)
from assms(1) obtain A2 where A2: "open A2" "A C A2" "h holomorphic_on
A2Il
by (metis analytic_on_holomorphic)

60



note [holomorphic_intros] = holomorphic_on_subset[0OF A1(3)] holomorphic_on_subset [OF

A2(3)]
define A3 where "A3 = (A1 N A2) N ((A\x. Im (h x)) - {0<..})"

have "open A3"

unfolding A3_def
by (intro continuous_open_preimage continuous_intros holomorphic_on_imp_continuous_on

holomorphic_on_subset[OF A1(3)]) (use A1 A2 in auto)
have "x € A3"
using A1 A2 <x € A> assms(3)[of x] by (auto simp: A3_def)
with <open A3> obtain r where r: "r > 0" "cball x r C A3"
using open_contains_cball by blast

define B1 B2 where "Bl = g ¢ cball x r" and "B2 = h ¢ cball x r"

have ulim: "uniform_limit (B1 X B2) f’ (A(z, t). deriv (Az. jacobi_theta_00
z t) z) finite_sets_at_top"
proof (rule uniform_limit_deriv_jacobi_theta_00_left)

show "compact B1" unfolding Bi_def
by (intro compact_continuous_image holomorphic_on_imp_continuous_on

holomorphic_on_subset[OF A1(3)]) (use r in <auto simp:

A3_def>)
next
show "compact B2" unfolding B2 def
by (intro compact_continuous_image holomorphic_on_imp_continuous_on

holomorphic_on_subset[OF A2(3)]) (use r in <auto simp:
A3_def>)
next
show "B2 C {t. Im t > O}"
using r unfolding B2 def A3_def by auto

qed
have ulim’: "uniform_limit (cball x r) (Ax y. £’ x (g y, h y))
(\y. deriv (\z. jacobi_theta_00 z (h y)) (g y)) finite_sets_at_top"
using uniform_limit_compose’ [OF ulim, of "Ax. (g x, h x)" "cball

x ru]
by (auto simp: B1l_def B2_def)

have ev: "V n in finite_sets_at_top.
continuous_on (cball x r) (A\y. £ n (g y, h y)) A
(Ay. £ n (g y, h y)) holomorphic_on ball x r" unfold-

ing f’_def prod.case
by (intro eventually_finite_subsets_at_top_weakI conjI holomorphic_on_imp_continuous_

holomorphic_intros ) (use r in <auto simp: A3_def>)

have "(\y. deriv (Az. jacobi_theta_00 z (h y)) (g y)) holomorphic_on

ball x r"
using holomorphic_uniform_limit[OF ev ulim’] by simp

thus 7?thesis
using <r > 0> analytic_at_ball by blast

61



qed
thus "(\t. deriv (Az. jacobi_theta_00 z (h t)) (g t)) analytic_on A"
by (subst analytic_on_analytic_at) auto
qed

lemma analytic_deriv_jacobi_theta_11_left:
"(At. deriv (Az. jacobi_theta_11 z t) z) analytic_on {t. Im t > O}"
proof -
have "(\t. to_nome (z + t/4 + 1/2) * deriv (\z. jacobi_theta_00 z t)
(z +t/2 + 1/2) +
i * of_real pi * jacobi_theta_11 z t)
analytic_on {t. Im t > O}"
by (intro analytic_intros) (auto simp: open_halfspace_Im_gt)
hence "(A\t. to_nome (z + t/4 + 1/2) * deriv (Az. jacobi_theta_00 z
t) (z + t/2 + 1/2) +
i * of_real pi * jacobi_theta_11 z t)
holomorphic_on {t. Im t > O}"
by (simp add: analytic_on_open open_halfspace_Im_gt)
also have "?this +— (At. deriv (Az. jacobi_theta_11 z t) z) holomorphic_on
{t. Im t > O}"
proof (intro holomorphic_cong refl, goal_cases)
case t: (1 t)
have "deriv (Az. to_nome (z + t/4 + 1/2)) z =1 * pi * to_nome (z
+t/4 + 1/2)"
by (rule DERIV_imp_deriv) (auto intro!: derivative_eq_intros)
hence "deriv (Az. jacobi_theta_11 z t) z =
to_nome (z +t / 4 + 1/ 2) * deriv (\z. jacobi_theta_00
(z +t/2 + 1/2) t) z +
i * pi * jacobi_theta_11 z t"
using t unfolding jacobi_theta_11_def
by (subst complex_derivative_mult_at)
(auto intro!: analytic_intros simp: algebra_simps)
also have '"deriv (Az. jacobi_theta_00 (z + t/2 + 1/2) t) z =
deriv (Az. jacobi_theta_00 z t) (z + t/2 + 1/2)"
by (simp add: deriv_shift_0’ add_ac o_def)
finally show 7case ..
qed
finally show ?thesis
by (simp add: analytic_on_open open_halfspace_Im_gt)
qed

end

3.6 The heat equation

The Jacobi 9 function in the complex plane is a solution of the the partial
differential equation
82

3 5U(2,1) = 4i7rg19(z,t)
z

ot
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This is a one-dimensional heat equation.

theorem jacobi_theta_00_heat_equation:
assumes "Im t > 0"
shows  "(deriv =~ 2) (Az. jacobi_theta_00 z t) z = 4*pi*i * deriv (At.
jacobi_theta_00 z t) t"
proof -
define f where
"f = (Az t. ramanujan_theta (to_nome t * to_nome (2%z)) (to_nome t
/ to_nome (2%z)))"
define to_ab where "to_ab = (A(z,t). (to_nome t * to_nome (2*z), to_nome
t / to_nome (2%z)))"
define q where "q = (At. to_nome t)"
define 4 where "A = cball z 1"
define B where "B = cball t (Im t / 2)"
have AB: "compact (A x B)"
unfolding A_def B_def by (auto simp: compact_Times)
have B: "Im t’ > 0" if "t’ € B" for t’
proof -
have "0 < Imt - Im t / 2"
using assms by simp
also have "... < Im t - dist t’ t"
using that by (intro diff_left_mono) (auto simp: B_def dist_commute)
also have "Im (t - t’) < dist t t’"
unfolding dist_norm using abs_Im_le_cmod[of "t - t’"] by linarith

hence "Im t - dist t’ t < Im t’"
by (simp add: dist_commute)
finally show "Im t’> > 0"
qed

define AB’ where "AB’ = to_ab ¢ (A x B)"
have AB’: "compact AB’" "Aa b. (a, b) € AB’ = norm (a*b) < 1"
proof -
show "compact AB’"
unfolding AB’_def to_ab_def case_prod_unfold
by (intro compact_continuous_image continuous_intros) (auto simp:
compact_Times A_def B_def)
show "norm (a*b) < 1" if "(a, b) € AB’" for a b

proof -
from that obtain z’ t~’
where z’t’: "a = to_nome t’ * to_nome (2%z’)" "b = to_nome t’

/ to_nome (2*z’)"
"dist t’ t < Imt / 2"

by (auto simp: AB’_def B_def to_ab_def to_nome_add dist_commute)
have "norm (a * b) = norm (to_nome (2*t’))"

by (simp add: z’t’(1,2) to_nome_power flip: power2_eq_square)
also have "... < 1"

using B[of t’] z’t’ by (simp add: norm_to_nome B_def dist_commute)
finally show ?thesis .
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qed

qed

have AB_subset: "to_ab ¢ (A x B) C AB’"
by (auto simp: AB’_def)

let ?F = "finite_subsets_at_top UNIV :: int set filter"
define f where "f = (\n (w,q). Y n€n. to_nome (of_int n ~ 2 % q + 2
* of_int n * w))"
have "uniform_limit (A x B) f (A(w,q). D> oon. to_nome (of_int n ~ 2
* q + 2 % of_int n * w)) 7F"
using uniform_limit_compose’ [OF uniform_limit_ramanujan_theta_aux[OF
AB’],
where B= "AXxB" and h=to_ab]
AB_subset
by (simp add: to_ab_def case_prod_unfold to_nome_power_int power_int_mult_distrib
f_def subset_iff
power_int_divide_distrib add_divide_distrib diff_divide_distrib
of _int_div
ring distribs power2_eq_square mult_ac flip: to_nome_add
to_nome_diff)
also have "?this <— uniform_limit (A x B) f (A(w,q). jacobi_theta_00
w q) TF"
proof (intro uniform_limit_cong always_eventually alll balll refl, safe)
fix z t assume z: "z € A" and t: "t € B"
from t have "Im t > 0"
by (rule B)
show "(3" .n. to_nome ((complex_of_int n)? * t + 2 * complex_of_int
n * z)) = jacobi_theta_00 z t"
using has_sum_jacobi_theta_OO0[0OF <Im t > 0>, of z]
by (simp add: has_sum_iff)
qed
finally have ulim: "uniform_limit (ball z 1 X ball t (Im t/2)) f
(A(w,q). jacobi_theta_00 w q) finite_sets_at_top"
by (rule uniform_limit_on_subset) (auto simp: A_def B_def)

have uliml: "uniform limit (ball z 1) (An z. f n (z, t))
(Az. jacobi_theta_00 z t) finite_sets_at_top"
using uniform_limit_compose’ [OF ulim, of "Az. (z, t)" "ball z 1"]
assms
by (auto simp: B_def subset_iff image_def)

have ulim2: "uniform_limit (ball t (Im t / 2))
(An t. £ n (z, t)) (\t. jacobi_theta_00 z t) finite_sets_at_top"
using uniform_limit_compose’ [OF ulim, of "At. (z, t)" "ball t (Im
t/ 2)"]
by (auto simp: A_def subset_iff image_def)

define f’ where
"f' = (AMX z. (O.n€X. 2 *i * pi * of_int n * to_nome ((of_int n)?
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* t + 2 % of_int n * z)))"
define f’’ where
"fr2 = (AX. (O.n€X. i * pi * of_int n ~ 2 * to_nome ((of_int n)? *
t + 2 % of_int n * z)))"

show ?thesis
proof (rule tendsto_unique)
have "((A\X. 4 * pi * i * (deriv =~ 1) (At. £ X (z, t)) t)
— 4 * pi * i * (deriv "~ 1) (jacobi_theta_00 z) t) finite_sets_at_top"
proof (intro tendsto_mult tendsto_const higher_deriv_complex_uniform_limit [OF
ulim2])
have "(At. f X (z, t)) holomorphic_on ball t (Im t / 2)" for X
unfolding f_def case_prod_unfold by (intro holomorphic_intros)
auto
thus "Vp X in finite_sets_at_top. (At. f X (z, t)) holomorphic_on
ball t (Im t / 2)"
by blast
qed (use <Im t > 0> in <auto simp: B_def>)
also have "(AX. 4 * pi * i * (deriv °~ 1) (At. £ X (z, t)) t) = (\X.
4 % pi * ix £°27 X)"
proof
fix X :: "int set"
have *: "((At. f X (z, t)) has_field derivative f’’ X) (at t)"
unfolding f_def f’’_def prod.case by (auto intro!: derivative_eq_intros
simp: mult_ac)
show "4 * pi * i * (deriv "~ 1) (At. £ X (z, t)) t =4 * pi * i
* f£27 X"
using DERIV_imp_deriv[OF *] by (simp add: f’’_def)
qed
finally show "((A\X. 4 * pi *1 * £’° X) ——
4 * pi * i * deriv (jacobi_theta_00 z) t) finite_sets_at_top"
by simp
next
have "((\X. (deriv ~~ 2) (A\z. £ X (z, t)) =z)
—— (deriv ~~ 2) (Az. jacobi_theta_00 z t) z) finite_sets_at_top"
proof (intro higher_deriv_complex_uniform_limit[OF ulim1])
have "(\z. f X (z, t)) holomorphic_on ball z 1" for X
unfolding f_def case_prod_unfold by (intro holomorphic_intros)
auto
thus "V X in finite_sets_at_top. (Az. f X (z, t)) holomorphic_on
ball z 1"
by blast
qed (use <Im t > 0> in <auto simp: B_def>)
also have "(AX. (deriv "~ 2) (A\z. £ X (z, t)) z) = (A\X. 4 * pi * i
* £ X) "
proof
fix X :: "int set"
have "(deriv °~ 2) (Az. f X (z, t)) z = deriv (deriv (A\z. f X (=z,
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t))) z"
by (simp add: numeral_2 eq_2)
also have "deriv (A\z. £ X (z, t)) = £’ X"
proof (rule ext, rule DERIV_imp_deriv)
fix z’ :: complex
show "((Az. f X (z, t)) has_field derivative (f’ X z’)) (at z’)"
for z’
unfolding f_def f’_def prod.case
by (auto intro!: derivative_eq_intros simp: mult_ac sum_distrib_left
sum_distrib_right)
qged
also have "deriv (f’ X) z =4 * pi i x £’ X"
proof (rule DERIV_imp_deriv)
show "(f’ X has_field_derivative (4 * pi * 1 * £°7 X)) (at z)"
unfolding f’_def f’’_def
by (simp add: mult_ac power2_eq_square sum_distrib_left | rule
derivative_eq_intros)+
qed
finally show "(deriv °~ 2) (Az. f X (z, t)) z =4 * pi 1 * £’

X" .
qed
finally show "((AX. 4 * pi *i * £’° X) ——
(deriv =~ 2) (A\z. jacobi_theta_00 z t) z) finite_sets_at_top"
by simp
qged auto
qed

bundle jacobi_theta_notation
begin

notation jacobi_theta_00 ("(<notation=<mixfix jacobi_theta_00>>Uyg’ (_
; ))) II)
notation jacobi_theta_01 ("(<notation=<mixfix jacobi_theta_01>>1¥y1’ (_
;270"
notation jacobi_theta_10 ("(<notation=<mixfix jacobi_theta_10>>¥1¢’ (_
HERODRY)
notation jacobi_theta_11 ("(<notation=<mixfix jacobi_theta_11>>111’° (_

; _ 1)) u)
end

end

4 The Jacobi Triple Product

theory Jacobi_Triple_Product
imports
Theta_Functions

"Lambert_Series.Lambert_Series_Library"
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"Combinatorial_(I_Analogues.Euler_Function"
begin

4.1 Versions for Jacobi’s theta function

unbundle gpochhammer_inf_notation

The following follows the short proof given by Andrews [?], which makes use
of two series expansions for (a;b)s and 1/(a;b)oo due to Euler.

We prove it for Jacobi’s theta function and derive a version for Ramanujan’s
later on. One could possibly also adapt the prove to work for Ramanujan’s
version directly, which makes the transfer to Jacobi’s function a bit easier.
However, I chose to do it for Jacobi’s version first in order to stay closer to
the text by Andrews.

The proof is fairly straightforward; the only messy part is proving the abso-
lute convergence of the double sum (which Andrews does not bother doing).
This is necessary in order to allow the exchange of the order of summation.

theorem jacobi_theta_nome_triple_product_complex:

fixes w q :: complex

assumes "w # 0" "norm q < 1"

shows  "jacobi_theta_nome w q = (g% ; q®)oo * (-g*w ; q%)oo * (-q/w
; q2)oo"
proof -

We first establish the identity for real w and ¢ with the somewhat arbi-

trarily chosen bounds ¢ € (0,1) and w € (3,1). This is considerably more

restrictive than Andrews’s version, but I was not able to prove absolute
convergence of the sum for his bounds.

It does not matter anyway, since we will extend it to the full domain of ¥
by analytic continuation later anyway.

have eq_real: "jacobi_theta_nome w q = (q%; q?)oc * (-q*w; q%)o * (-q/W;
qQ)OOn
if wq: "0 < q" "q < 1/4" "1/2 < w" "w < 1" for q w :: real
proof -
have q2: "q72 < 1"
using wq by (simp add: power_less_one_iff)
define tri where "tri = (An::nat. n*(n+1) div 2)"
have [simp]: "2 * (n * (n - Suc 0) div 2) =n * (n - Suc 0)" for n
by (subst dvd_mult_div_cancel) auto
from wq have [simp]: "w # 0" "q # 0"
by auto
have [simp]: "(gq?; q®)o # 0"
proof
assume "(q%; q%)y = 0"
then obtain n where "q"2 * q = (2*n) = 1"
using g2 wq by (auto simp: gpochhammer_inf_zero_iff power_mult)
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hence "q =~ (2%n + 2) = 1"
by (simp add: eval_nat_numeral)
moreover have "q = (2*n + 2) < 1"
by (subst power_less_one_iff) (use wq in auto)
ultimately show False
by linarith
qed

have "((An. (q?)~(n*(n-1) div 2) * (-w¥q)"n / ([[k=1..n. (q*®)7k -
1)) has_sum (-w*q;q%).,) UNIV"
by (intro norm_summable_imp_has_sum sums_qgpochhammer_ inf_real norm_summable_gpochhamm
(use wq q2 mult_strict_mono[of w 1 q 1] in auto)
hence "((An. q =~ (@a*(m-1)) * (q¢°n * (-w)"n) / ([[k=1..n. q~(2*k)
- 1)) has_sum (-w*q; q2)o.) UNIV"
by (simp add: norm_power power_less_one_iff power_minus’ power_mult_distrib
mult_ac
flip: power_mult)
also have "(An. q = (n*(n-1)) * (g"n * (-w)"n) / (J[k=1..n. q~(2*k)
- 1) =
(An. g = (n72) * wn * (@~ (2*n+2); 9"2) / (@72;972) )"
(is "?1lhs = ?rhs")
proof
fix n :: nat
have "(q? ; g% = ([[k<n. 1 - q~(2%k+2)) * (q~(2#n+2) ; q?)s"
using gpochhammer_inf_mult_power_q[of "q~2" "q~2" n] q2
by (simp add: power_add power2_eq_square power_mult_distrib mult_ac
mult_2_right
gpochhammer_nonneg_def)
also have "([[k<n. 1 - q~(2*k+2)) = (J[][k=1..n. 1 - q~(2*k))"
by (rule prod.reindex_bij_witness[of _ "Ak. k-1" Suc]) auto
also have "([[k=1..n. 1 - g~(2*k)) = (-1)"n * ([[k=1..n. q~(2*k)-1)"
by (subst prod_diff_swap) auto
finally have "?lhs n = q =~ (n¥(n-1)) * q"n * w'n * (q~(2*n+2); q"2)
/ (@72;972) "
by (auto simp: divide_simps power_minus’)
also have "q7(n*(n-1)) * q¢"n = q"(n*(n-1) + n)"
by (simp add: power_add)
also have "n*(n-1) + n = n"2"
by (simp add: power2 eq_square algebra_simps)
finally show "?lhs n = ?rhs n" .
qed
finally have "((\n. (q%; g%)w * (@~ (n"2) * w'n * (g~(2%n+2); q°)
/ (9%2;9%)s0))
has_sum (q%; q*)o * (-w*q;q*)oc) UNIV"
by (rule has_sum_cmult_right)
hence "((An. q~(n"2) * w'n * (q~(2*n+2); q?)s) has_sum (q%;q%)
* (-w*q;q%) o) UNIV"
by simp
also have "7this +— ((An. q powi (n”2) * w powi n * (q powi (2*n+2);
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g%)s) has_sum
(@%;q%)oc * (-wxq;q*)os) 10..3"
by (intro has_sum_reindex_bij_witness[of _ nat int])
(auto simp: power_int_def nat_add_distrib nat_mult_distrib nat_power_eq)
also have "... +— ((An. q powi (n72) * w powi n * (q powi (2#n+2);
g%)s) has_sum
(§%;9%) 00 * (-w*q;q%)s) UNIV"
proof (rule has_sum_cong neutral)
fix n :: int
assume "n € UNIV - {0..}"
hence n: "n < 0"
by simp
define k where "k = nat (-n-1)"
have "q powi (2 * int k) = (¢ =~ 2) ~ k"
by (auto simp: power_int_def power_mult nat_mult_distrib)
hence "q powi (2 * n + 2) * g2 ~ k = q powi (2*(n + 1 + int k))"
by (simp add: power_int_add flip: power_mult power_int_mult)
also have "n + 1 + int k = 0"
using n by (auto simp: k_def)
finally have "3k. q powi (2 *n + 2) * q> ~k = 1"
by (intro exI[of _ k]) auto
thus "q powi (n™2) * w powi n * (q powi (2 * n + 2) ; q?)o = 0"
using g2 by (auto simp: gpochhammer_inf_zero_iff intro!: exI[of
_ =11
qed auto
finally have "((An. q powi (n~2) * w powi n * (q powi (2*n+2); q2)s)
has_sum
(9%2;9%) 00 * (-w*q;q%)s.) UNIV" .

Brace yourselves: now we have to prove absolute convergence of the double
sum. We use a crude bound for the inner sum, at which point the outer sum
is just a geometric one that obviously converges.

have "((A\(n,m). q powi n? * w powi n * ((-1)"m * q powi (m~2+m+2*n*m)
/ (I[i=1..m. 1 - q~(2%i)))) has_sum
(q2%; q¥)o * (-w*q ; q®)so) (UNIV X UNIV)"
proof (rule has_sum_SigmaI; (unfold prod.case)?)
show "((An. q powi (n"2) * w powi n * (q powi (2*n+2); q2)..)
has_sum (g%;q?)oo * (-w*q;q?)oo) UNIV"

by fact
next
fix n :: int

have "((Am. q? =~ (m*(m-1) div 2) * (q powi (2*n+2))°m / ([]k=1..m.
q%°k-1)) has_sum
(q powi (2%n+2);q%)s,) UNIV"
by (intro norm_summable_imp_has_sum sums_gpochhammer_inf_real
norm_summable_qpochhammer_inf) (use g2 in auto)
also have "(\m. (q?) ~ (m*(m-1) div 2) * (q powi (2*n+2))°m / ([[k=1..m.
q*°k-1)) =
(Am. (-1)"m * q powi (m™2+m+2*n+*m) / ([[k=1..m. 1-q~(2*k)))"
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(is "?1hs = ?rhs")
proof
fix m :: nat
have "(g?) ~ (m*(m-1) div 2) * (q powi (2*n+2))°m =
q powi (int m * int (m-1) + int m * (2%n+2))"
by (simp add: power_int_add power_int_nonneg_exp nat_mult_distrib
power_int_power’
power_mult_distrib ring_distribs mult_ac
del: power_Suc flip: power_mult)
also have "int m * int (m-1) + int m * (2*n+2) = int m ~ 2 + int
m+ 2 % n * int m"
by (cases m) (simp_all add: algebra_simps power2_eq_square)
finally have "q?> ~ (m * (m - 1) div 2) * (q powi (2 * n + 2)) ~

q powi (int m =~ 2 + int m + 2 * n * int m)" .
moreover have "([[k=1..m. q?7k-1) = (-1)°m * ([[k=1..m. 1 - q~(2*%k))"
proof -

have "([[k=1..m. q*"k-1) = ([[k=1..m. q~(2%k)-1)"
by (simp add: power_mult)
also have "... = (-1)"m * (J[k=1..m. 1 - q~(2*k))"
by (subst prod_diff_swap) auto
finally show ?thesis .
qed
ultimately show "?lhs m = ?rhs m"
by (simp add: divide_simps)
ged
finally show "((Am. q powi (n"2) * w powi n * ((-1)"m * q powi (m~2+m+2%n*m)
/ ([]k=1..m. 1 - q~(2%k)))) has_sum
(q powi (n~2) * w powi n * (q powi (2*n+2);q%)s))
UNIV"
by (rule has_sum_cmult_right)
next
have "(\(n, m). q powi n? * w powi n * (q powi ((int m)? + int m
+ 2 % n * int m) /
(J[i =1..m. 1 - q ~ (2 ¥ i)))) summable_on UNIV x UNIV"
proof (rule summable_on_comparison_test; (safe)?)
fix n :: int and m :: nat
have "q powi (n?) * w powi n * (q powi (m? + m + 2%n¥m) / ([[i=1..m.
1-g™(2%1))) <
q powi (n?) * w powi n * (q powi (m? + m + 2%n*m) / ([[i=1..m.
1-g~1))"
by (intro mult_left_mono divide_left_mono prod_mono zero_le_power_int
conjIl
diff_left_mono power_decreasing mult_nonneg_nonneg
prod_pos mult_pos_pos)
(use wq in <auto simp: power_less_one_iff power_le_one_iff>)
also have "... = q powi (n?) * w powi n * (q powi (m? + m + 2%nxm)
/ (1-@)"m)"
by simp
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also have "... = g powi (n+m)”2 * w powi n * (q / (1-q)) m"
by (simp add: power2_eq_square algebra_simps power_int_add power_divide)
= q powi (n+m)~2 * w powi (n+m) * (q / (w * (1

n

also have

- q)))™m"
using wq by (simp add: power_int_add divide_simps mult_ac)
also have "... < w powi (n+m)"2 * w powi (n+m) * (q / (w * (1
-q)))"m"
by (rule mult_right_mono power_int_mono)+ (use wq in auto)
w powi ((n+m) 2+(n+m)) * (q/(Gw*(1-q))) "m"

" =

also have
by (simp add: power2_eq_square power_int_add)

finally show "q powi n? * w powi n * (q powi (int m ~ 2 + int

m + 2%n * int m) /
(I[i=1..m. 1-q~(2%i)))
< (case (n, m) of (n, m) = w powi ((n+m)~2+(n+m))

* (q/(wx(1-q))) "m)"
by simp
next
have "(A(n,m). w powi (n~2+n) * (q/(wx(1-q))) m) summable_on UNIV

X UNIV"
proof (rule summable_on_Sigmal; (unfold prod.case)?)

fix n :: int
have "g < (1 / 2) * (3 / 4"
using wq by simp
also have "... < w * (1 - )"
by (intro mult_mono) (use wq in auto)
finally have "(A\m. (q/(w*(1-q)))"m) sums (1 / (1 - q/(wx(1-g))))"
by (intro geometric_sums) (use wq in <auto simp: power_le_one_iff

power_less_one_iff>)
hence "((\m. (q/(wx(1-q)))"m) has_sum (1 / (1 - q/(wx(1-9)))))

UNIV"
by (intro sums_nonneg_imp_has_sum) (use wq in auto)

thus "((\m. w powi (n2 +n) * (q/ (w* (1 - q))) ~m)
has_sum (w powi (n? + n)) * (1/(1-q/(wx(1-g))))) UNIV"

(intro has_sum_cmult_right)

by
next
have "summable (An. w ~ n)"
by (intro summable_mult2 summable_geometric) (use wq in auto)

hence "(An. w ~ n) summable_on UNIV"
by (rule summable_nonneg imp_summable_on) (use wq in auto)
hence "(An. w “"n * (1 / (1 -q/ (w * (1 - q))))) summable_on

UNIV"
by (intro summable_on_cmult_left)
hence "(An. w "n* (1 / (1 -q/ (w* (1 - g))))) summable_on

range (An. n*(n+1))"
by (rule summable_on_subset) auto
also have "?this +— (An. w ~ (a*x(n+1)) * (1 / (1 - q/(w*(1-9)))))

summable_on UNIV"
proof (subst summable_on_reindex)

have "strict_mono (An::nat. n * (n + 1))"
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by (intro strict_monol_Suc) auto
thus "inj (An::nat. n * (n + 1))"
by (rule strict_mono_imp_inj_on)
qged (simp_all only: o_def)
also have "... ¢<— (A\n. w powi (n*(n+1)) * (1 / (1 - q/(wx(1-q)))))
summable_on {0..}"
by (rule summable_on_reindex_bij_witness[of _ nat int])
(auto simp: power_int_def nat_mult_distrib nat_add_distrib)
finally have summablel: "(An. w powi (n*(n+1)) * (1/(1-q/(w*(1-q)))))
summable_on {0..}" .
also have "?this <— (An. w powi (n*(n+1)) * (1/(1-q/(wx(1-q)))))
summable_on {..-1}"
by (rule summable_on_reindex_bij_witness[of _ "An. -n-1"
"An. -n-1"])
(auto simp: algebra_simps)
finally have summable2: "(An. w powi (n*(n+1)) * (1/(1-q/(w*(1-9)))))
summable_on {..-1}" .
have "(An. w powi (n*(n+1)) * (1/(1-q/(wx(1-q))))) summable_on
({..-1} U {o0..H)"
by (intro summable_on_union summablel summable2)
also have "{..-1} U {0::int..} = UNIV"
by auto
finally show "(An. w powi (n~2+n) * (1/(1-q/(wx(1-q))))) summable_on
UNIV"
by (simp add: power2_eq_square algebra_simps)
qed (use wq in auto)
also have "?this +— ((\(n,m). w powi ((n + int m)? + (n + int
m)) * (q/(wx(1-q))) ~ m)
summable_on UNIV x UNIV)"
by (rule summable_on_reindex_bij_witness
[of _ "A(n,m). (n + int m, m)" "A(a,m). (n - int m, m)"])
auto
finally show "(\(n,m). w powi ((n+m)?> + (n+m)) * (q/(wx(1-q))) "m)
summable_on UNIV x UNIV" .
ged (use wq in <auto intro!: mult_nonneg_nonneg divide_nonneg pos
prod_pos
simp: power_less_one_iff>)
hence "(\(n, m). q powi n? * w powi n * ((-1) ~m * q powi ((int
m)? + int m + 2 * n * int m) /
(Hi=1..m. 1 -q - (2 *1i)))) abs_summable_on UNIV x UNIV"
using wq by (simp add: case_prod_unfold abs_mult power_abs
power_int_abs abs_prod power_le_one_iff)
thus "(A\(n, m). q powi n? * w powi n * ((- 1) ~m * q powi ((int
m)?2 + int m + 2 * n * int m) /
([i=1..m. 1 - q ~ (2 * 1)))) summable_on UNIV X UNIV"
by (rule abs_summable_summable)
qed

also have "(\(n,m). q powi n? * w powi n * ((-1)"m * q powi (int m

72



T2+ intm+ 2 % n * int m) /
(ITi=1..m. 1 - q~(2%i)))) =
A@,m). ((-D°m * (@/w)°m / ([[i=1..m. 1 - q~(2%i))) *
(q powi ((n+m)~2) * w powi (n+m)))"
by (simp add: power2_eq_square field_simps power_int_add)
also have "(... has_sum ((q2%; q%)uo * (-w*q; q%)oo)) (UNIV x UNIV)
—
(A (@,m). ((-D°m * (g/w)°m / ([[i=1..m. 1 - q~(2%i)))
* (q powi (n"2) * w powi n))
has_sum ((q2%; 9%)ue * (-w*q; q%)o)) (UNIV x UNIV)"

by (rule has_sum_reindex_bij_witness[of _ "A(n, m). (n - int m,
m)" "AN(n, m). (n + int m, m)"])
auto

finally have sum:
"(A(,m). ((-q/w)°m / ([[i=1..m. 1 - q~(2%i))) * (q powi (n"2)
* w powi n))
has_sum ((q2%; q?)oe * (-w*q; q%)s)) (UNIV x UNIV)"
by (simp add: power_minus’)

have "((An. inverse (-q/w; gq*)s * (q powi (n~2) * w powi n))
has_sum (q%2 ; q%)oo * (- W * q ; q?)oo) UNIV"
proof (rule has_sum_SigmaD[0OF sum]; unfold prod.case)
fix n :: int
have "((Am. (-q/w)°m / ([][i=1..m. 1 - (g?)~i)) has_sum (inverse
(-q/w; q*)oo)) UNIV"
by (intro norm_summable_imp_has_sum sums_inverse_qpochhammer_inf_real
norm_summable_inverse_qpochhammer_inf)
(use g2 wq in <auto simp: norm_divide>)
also have "(\i. (q”2)7i) = (Ai. g~ (2*i))"
by (simp add: power_mult)
finally show "((A\m. ((-g/w)°m / ([[i=1..m. 1 - q~(2%i))) * (q powi
(n"2) * w powi n))
has_sum (inverse (-q/w; q%)s * (q powi (n~2) *
w powi n))) UNIV"
by (rule has_sum_cmult_left)
qed
hence "((\n. (-q/w; q?)o * (inverse (-q/w; q?)oc * (q powi (n"2)
* w powi n)))
has_sum (-q/w;q%) o * ((q%;9%) s * (-w*q;q%)s)) UNIV"
by (rule has_sum_cmult_right)
moreover have "(-q/w; q%)o # 0"
proof
assume "(-q/w; q%)oo = 0"
then obtain n where "q = (2*n+1) / w = -1"
using g2 by (auto simp: gpochhammer_inf_zero_iff power_mult)
have "norm (q =~ (2 * n + 1) / w) =q ~ (2*n+1) / w"
using wq by (simp add: norm_divide norm_power)
also have "... < q ~ 1/ w"
by (intro divide_right_mono power_decreasing) (use wq in auto)
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also have "... < 1"
using wq by simp

also note <q =~ (2*n+1) / w = -1>
finally show False
by simp
qed

ultimately have "((An. w powi n * q powi (n~2)) has_sum
(@%; @B * (-g¥w; g¥)oo * (-q/w; q?)oo) UNIV"
by (simp add: divide_simps mult_ac)
moreover have "((An. w powi n * q powi (n~2)) has_sum jacobi_theta_nome
w q) UNIV"
by (rule has_sum_jacobi_theta_nome) (use wq in auto)
ultimately show "jacobi_theta_nome w q = (q%; q?)os * (-q*w; g%)uso
* (-q/w; g8 0"
using has_sum_unique by blast
qed

We perform analytic continuation to extend the identity to all w:

have eq_real2:
"jacobi_theta_nome w (complex_of_real q) =
(of_real q ~ 2; of_real q ~ 2)o * (-of_real q * w; of_real q
~ ) *
(-of_real q / w; of_real q ~ 2)"
if wq: "w # 0" "q € {0<..<1/4}" for w :: complex and q :: real
proof -
define r where "r = (2/3 :: real)"
have r: "g < r" "1/2 < r" "r < 1"
using wq by (simp_all add: r_def)
define f where
"f = (Aw. jacobi_theta_nome w (complex_of_real q) -
(of _real q ~ 2; of_real q ~ 2)o * (-of_real q * w; of_real
q " D *
(-of_real q / w; of_real q ~ 2)s)"
have "f w = 0"
proof (rule analytic_continuation[of f])
show "f holomorphic_on (-{O})"
unfolding f_def using wq
by (auto intro!: holomorphic_intros simp: norm_power power_less_one_iff)
next
show "of_real ¢ {1/2<..<1} C -{0o}"
using wq by auto
next
show "of_real r islimpt complex_of_real ¢ {1/2<..<1}" using r
by (intro islimpt_isCont_image continuous_intros)
(auto simp: eventually at_filter open_imp_islimpt simp del:
of_real_add)
next
show "f w = 0" if "w € complex_of_real ¢ {1/2<..<1}" for w :: complex
proof -
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from that obtain x where x: "w = complex_of_real x" "x € {1/2<..<1}"
by auto
have "0 = complex_of_real (jacobi_theta_nome x q - (q° ; q%)oo
* (-q*x; q%)oo * (=q/% ; q*)sc)"
by (subst eq_real) (use wq x in auto)
also have "... = f w" using x wq
by (simp add: f_def power_less_one_iff
flip: jacobi_theta_nome_of_real gpochhammer_inf_of_real)
finally show ?thesis ..
qged
qed (use wq r in <auto simp: connected_punctured_universe>)
thus ?thesis
by (simp add: f_def)
qed

And another analytic continuation to extend it to all ¢:

show "jacobi_theta_nome w q = (@ = 2; q ~ 2)oo * (-q * Ww; q ~ 2)o *
(-9 / w; g~ D"
proof -
note wq = assms
define f where
"f = (\q. jacobi_theta_nome w q -
(@ 2,9 " 2D ¥ ((q*w; 9~ 2D * (=q/ w; @~ 2))"
have "f q = 0"
proof (rule analytic_continuation[of f])
show "f holomorphic_on (ball 0 1)"
unfolding f_def using wq

by (auto intro!: holomorphic_intros simp: norm_power power_less_one_iff)

next
show "of _real ¢ {0<..<1/4} C ball (0::complex) 1"
using wq by auto
next
show "of_real (1/8) islimpt complex_of_real ¢ {0<..<1/4}"
by (intro islimpt_isCont_image continuous_intros)
(auto simp: eventually_at_filter open_imp_islimpt complex_eq_iff)

next
show "f q = 0" if "q € complex_of_real ¢ {0<..<1/4}" for q :: complex
proof -
from that obtain x where x: "q = complex_of_real x" "x € {0<..<1/4}"

by auto
have "0 = jacobi_theta_nome w x - (of_real x ~ 2 ; of_real x ~
2) oo *
(-of_real x * w; of_real x =~ 2)y * (-of_real x / w
; of_real x ~ 2)"
by (subst eq_real2) (use wq x in auto)
also have "... = f q" using x wq
by (simp add: f_def power_less_one_iff
flip: jacobi_theta_nome_of_real gpochhammer_inf_of_real)
finally show ?thesis ..
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qed
qed (use wq in auto)
thus 7thesis
by (simp add: f_def)
qed
qed

lemma jacobi_theta_nome_triple_product_real:
fixes w q :: real
assumes "w # 0" "|q| < 1"
shows  "jacobi_theta_nome w q = (g% ; q%)o * (-g*w ; q?)o * (-q/W

; q2)oo”
proof -

define g’ w’ where "q’ = complex_of_real q" and "w’ = complex_of_real
W"

have "complex_of_real (jacobi_theta_nome w q) = jacobi_theta_nome w’
q)ll

by (simp add: jacobi_theta_nome_of_real w’_def q’_def)
also have "... = (q;2 ; q’z)oo * (_q;*w; ; q;2)oo * (_q)/wi ; qlz)oo”
by (rule jacobi_theta_nome_triple_product_complex)
(use assms in <simp_all add: q’_def w’_def>)
also have "... = of_real ((q°? ; 9% * (-q*w ; q%)oe * (-q/W ; q%)oc)"
using assms
by (simp add: q’_def w’_def power_less_one_iff abs_square_less_1 flip:
gpochhammer_inf_of_real)
finally show ?thesis
by (simp only: of_real_eq_iff)
qed

4.2 Version of Ramanujan’s theta function

The triple product for Ramanujan’s theta function, which follows easily from
the above one, has a particularly elegant form:

f(a,b) = (—a;ab) oo (—b; ab) oo (ab; ab)so

It follows directly from the version for Jacobi’s theta function, although I
again have to employ analytic continuation to avoid dealing with the branch
cuts when converting Ramanujan’s theta function to Jacobi’s.

theorem ramanujan_theta_triple_product_complex:

fixes a b :: complex

assumes "norm (a * b) < 1"

shows "ramanujan_theta a b = (-a ; a*b)y,, * (-b ; a*b),, * (a*b ;
a*b) "
proof -

have real_eql: "ramanujan_theta a b = (-a ; a * bl * (-b ; a * bl
* (a *b ; a* b)y"
if ab: "a > 0" "b > 0" "a * b < 1" for a b :: real
proof -
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define w q where "w = sqrt (a/b)" and "q = sqrt (a*b)"
have [simp]: "w # 0"
using ab by (auto simp: w_def sgn_if)
have q: "|g| < 1"
using ab by (simp_all add: q_def abs_mult flip: real_sqrt_abs’)

have "ramanujan_theta a b = jacobi_theta_nome w q"
using ab by (auto simp: sgn_if jacobi_theta_nome_def w_def q_def
real_sqrt_mult real_sqrt_divide)

also have "... = (g2 ; @9 * (=g * W ; @D * (-q/ W ; g¥)s"
by (rule jacobi_theta_nome_triple_product_real) (use q in auto)
also have "... = (-a ; a * b)o * (-b ; a * bl * (a * b ; a * b)"

using ab by (simp add: mult_ac q_def w_def real_sqrt_mult real_sqrt_divide
power_mult_distrib)
finally show 7thesis .
qed

have real_eq2: "ramanujan_theta a b = (-a ; a * b)ox * (b ; a * b)y
* (a * b ; a*bly"

if ab: "a > 0" "norm (a * b) < 1" for a :: real and b :: complex
proof -
define f :: "complex = complex"

where "f = (A\b. ramanujan_theta (of_real a) b - (-of_real a ; of_real
a * b))y, *
(-b ; of_real a * b),, * (of_real a * b ; of_real
a * b)oo)"

have "f b = 0"
proof (rule analytic_continuation[where f = f])
show "f holomorphic_on (ball 0 (1 / a))"
unfolding f_def using ab by (intro holomorphic_intros) (auto
simp: norm_mult field_simps)
next
show "complex_of_real ¢ {0<..<1/a} C ball 0 (1/a)"
and "complex_of_real (1/(2*a)) € ball 0 (1/a)"
using ab by (auto simp: norm_mult norm_divide field_simps)
next
show "complex_of_real (1 / (2 * a)) islimpt
complex_of_real ¢ {0<..<1 / a}"
by (intro islimpt_isCont_image continuous_intros open_imp_islimpt)
(use ab in <auto simp: complex_eq_iff eventually_at_filter
field_simps>)
next
fix b assume "b € complex_of _real ¢ {0<..<1/a}"
then obtain x where x: "b = complex_of_real x" "x € {0<..<1/a}"
by auto
show "f b = 0"
unfolding f_def using real_eql[of a x] x ab
by (simp add: field_simps ramanujan_theta_of_real flip: qpochhammer_inf_of_real)
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qged (use ab in <auto simp: norm_mult field_simps>)
thus ?thesis
by (simp add: f_def)
qed

show "ramanujan_theta a b = (-a ; a * b)oo * (-b ; a * b)), * (a * b
; a * b)y"
proof (cases "b = 0")
case True
thus 7thesis by auto
next
case False
note ab = assms
define f :: "complex = complex"
where "f = (\a. ramanujan_theta a b - (-a ; a * b)) * (-b ; a *
ble * (a * b ; a * b))"

have "f a = 0"
proof (rule analytic_continuation[where f = f])
show "f holomorphic_on (ball O (1 / norm b))"
unfolding f_def using ab <b # 0>
by (intro holomorphic_intros) (auto simp: field_simps norm_mult)
next
show "complex_of_real ¢ {0<..<1/norm b} C ball 0 (1 / norm b)"
and "complex_of_real (1/(2*%norm b)) € ball O (1 / norm b)"
using ab <b # 0> by (auto simp: norm_mult norm_divide field_simps)
next
show "complex_of_real (1 / (2 * norm b)) islimpt
complex_of_real ¢ {0<..<1 / norm b}"
by (intro islimpt_isCont_image continuous_intros open_imp_islimpt)
(use ab <b # 0> in <auto simp: complex_eq_iff eventually at_filter
field_simps>)
next
fix a assume "a € complex_of_real ¢ {0<..<1/norm b}"
then obtain x where x: "a = complex_of_real x" "x € {0<..<1/norm
b}"
by auto
show "f a = 0"
unfolding f_def using real_eq2[of x b] x ab <b #* 0>
by (simp add: norm_mult field_simps ramanujan_theta_of_real flip:
gpochhammer_inf_of_real)
qed (use ab <b # 0> in <auto simp: norm_mult field_simps>)
thus 7?thesis
by (simp add: f_def)
qed
qed

lemma ramanujan_theta_triple_product_real:
fixes a b :: real
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assumes ab: "|la * b| < 1"

shows  "ramanujan_theta a b = (-a ; a * b)s * (b ; @ * bl * (a
*b ; ax*bly"
proof -

define a’ b’ where "a’ = complex_of_real a" and "b’ = complex_of_real
bH
have "complex_of_real (ramanujan_theta a b) = ramanujan_theta a’ b’"
by (simp add: a’_def b’_def ramanujan_theta_of_real)
also have "... = (-a’ ; a’ * b’)s * (-b’ ; a’ * b’)y * (a’ * b’ ; a’
* bl)()o”
by (rule ramanujan_theta_triple_product_complex)
(use assms in <auto simp: a’_def b’_def abs_mult norm_mult>)
also have "... = complex_of_real ((-a ; a * b), * (-b ; a * b)y * (a
¥ b ; a* bly)"
using assms by (simp flip: gpochhammer_inf_of_real add: a’_def b’_def)
finally show ?thesis
by (simp only: of_real_eq_iff)
qed

4.3 A related identity for o(q)?

By instantiating the Jacobi triple product for f(qz,1/z) and differentiating,
we obtain the following identity:

@(Q)S = Z (—1)nnqn(n+1)/2 = Z(—l)”(Qn + 1)qn(n+1)/2
n=-—0o n—0

lemma has_sum_euler_phi_cube_complex:

fixes q :: complex

assumes q: "norm q < 1"

shows "((An. (-1) powi n * of_int n * q powi (n * (n + 1) div 2)) has_sum
euler_phi q ~ 3) UNIV"
proof -

include gpochhammer_inf_notation

define ¢ where "¢ = euler_phi q"

define g where "g = (\z. ramanujan_theta (q * z) (1 / z))"

have lim: "uniform_limit (cball (-1) (1/2)) (MX z. > n€X. q powi (n
* (n + 1) div 2) * z powi n)
g finite_sets_at_top"
proof -
define B where "B = (Az. (q * z, 1 / z)) ¢ cball (-1) (1/2)"
have "uniform_limit (cball (-1) (1/2)) (MX z. case (q*z, 1/z) of (a,
b) =
> neX. a powi (n * (n + 1) div 2) * b powi (n * (n - 1)
div 2))
(Az. case (gq*z, 1/z) of (a, b) = ramanujan_theta a b) finite_sets_at_top"
proof (rule uniform_limit_compose[0OF uniform_limit_ramanujan_theta[of

BI1)
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show "compact B" unfolding B_def
by (intro compact_continuous_image continuous_intros) auto
qed (use g in <auto simp: B_def>)
also have "?this <+— uniform_limit (cball (-1) (1/2))
(AMX z. Y. n€X. g powi (n * (n + 1) div 2) * z powi n)
g finite_sets_at_top"
proof (intro uniform_limit_cong eventually_finite_subsets_at_top_weakl
alll balll, goal_cases)
case (1 X z)
from 1 have [simp]: "z # 0"
by auto
have "(g*z) powi (n * (n + 1) div 2) * (1/z) powi (n * (n - 1) div
2) =
q powi (n*(n+1) div 2) * z powi n" for n
proof -
have "(gq*z) powi (n * (n + 1) div 2) * (1/z) powi (n * (n - 1)
div 2) =
qpowi (n * (n + 1) div 2) * z powi (n * (n + 1) div 2 -
n* (n- 1) div 2)"
by (simp add: power_int_diff power_int_divide_distrib power_int_mult_distrib)
also have "n * (n + 1) div 2 - n * (n - 1) div 2 = n"
by (cases "even n") (auto elim!: evenE oddE simp: algebra_simps)
finally show ?thesis .
qed
thus 7case by simp
qed (simp_all add: g_def)
finally show ?thesis .
qed

have ev: "V X in finite_sets_at_top.
continuous_on (cball (-1) (1/2)) (Az. > n€X. q powi (n
¥ (n + 1) div 2) * z powi n) A
(Vzeball (-1) (1/2). ((Az. Y. n€X. q powi (n * (m + 1)
div 2) * z powi n)
has_field_derivative () n€X. q powi (m * (n + 1) div
2) *n * z powi (n - 1))) (at z))"
proof (intro eventually_finite_subsets_at_top_weakI conjI balll, goal_cases)
case 1
thus ?7case by (auto intro!: continuous_intros)
next
case 2
thus ?case
by (auto intro!: derivative_eq_intros simp: field_simps)
qed

obtain g’ where g’:
"Az. z € ball (-1) (1/2) = (g has_field_derivative g’ z) (at z)"
"Az. z € ball (-1) (1/2) =
((An. q powi (n * (n + 1) div 2) * of_int n * z powi (n - 1)) has_sum
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g’ z) UNIV"
unfolding has_sum_def by (rule has_complex_derivative_uniform_limit [OF
ev 1lim]) auto
note [derivative_intros] = g’(1)

define f where
"f=(Az. gz-p* (1 +1/2) % (-g%2 ; Poo * (-9/2 ; Po)"

have f_eq_0: "f z = 0" if z: "z # 0" for z
proof -
have "f z = ramanujan_theta (q * z) (1 / z) - ¢ * (1 + 1 / z) * (-g*z
; Do * (9/2 5 P
by (simp add: g_def f_def)
also have "ramanujan_theta (q * z) (1 / z) = ¢ * (-q*z ; Qoo * (-1/z
P Qoo
using q z by (subst ramanujan_theta_triple_product_complex)
(auto simp: abs_mult field_simps euler_phi_def ¢_def)
also have "(-1/z ; @)oo = (1 + 1 / 2) * (-9/Z2 ; Q"
using q z by (subst gpochhammer_inf _mult_q) (auto)
also have "y * (-g*z ; Qoo * ... =@ * (1 + 1 / 2) * (-g*2 ; Qo
* (-q9/z ; @oo"
using z by (simp add: field_simps)
finally show "f z = 0"
by simp
qed

have [derivative_intros]:
"((Ax. (-gq*x ; q)oo) has_field_derivative deriv (Ax. (-q*x ; q)oo)
(-1)) (at (-1))"
by (intro analytic_derivI analytic_intros) (use q in auto)
have [derivative_intros]:
"((Ax. (-q/x ; q)oo) has_field_derivative deriv (Ax. (-q/x ; Q)oo)
(-1)) (at (-1))"

by (intro analytic_derivI analytic_intros) (use q in auto)

have "(f has_field_derivative (g’ (1) + ¢ * (@ ; Qoo * (@ ; Qo))
(at (-1))"
unfolding f_def by (rule derivative_eq_intros refl | (simp; fail))+
hence "(f has_field_derivative (g’ (-1) + ¢ ~ 3)) (at (-1))"
by (simp add: power3_eq_cube @_def euler_phi_def)
also have "?this +— ((A_. 0) has_field_derivative (g’ (-1) + ¢ ~ 3))
(at (-1))"
proof (rule DERIV_cong_ev)
have "eventually (A\z. z € -{0}) (nhds (-1 :: complex))"
by (rule eventually_nhds_in_open) auto
thus "eventually (Az. f z = 0) (nhds (-1))"
by eventually_elim (use f_eq_0 in auto)
ged auto
finally have "((A_. 0) has_field_derivative g’ (-1) + ¢ ~ 3) (at (-1))"
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moreover have "((A_. 0) has_field_derivative 0) (at (-1 :: complex))"
by simp

ultimately have "g’ (-1) + ¢ =~ 3 = 0"
by (rule DERIV_unique)

hence "¢ =~ 3 = -g’ (-1)"
by (simp add: add_eq O_iff)

have "((An. -(q powi (n * (n + 1) div 2) * of_int n * (-1) powi (n -
1))) has_sum -g’ (-1)) UNIV"
unfolding has_sum_uminus using g’(2) [of "-1"] by simp
also have "(An. -(q powi (n * (n + 1) div 2) * of_int n * (-1) powi
(n-1)) =
(An. q powi (n * (n + 1) div 2) * of_int n * (-1) powi n)"
by (simp add: power_int_diff)
finally show "((An. (-1) powi n * of_int n * q powi (n * (n + 1) div
2))
has_sum euler_phi q ~ 3) UNIV"
using <p =~ 3 = -g’ (-1)> by (simp add: mult_ac @_def)
qed

lemma has_sum_euler_ phi_cube_real:
fixes q :: real
assumes q: "|q| < 1"
shows "((An. (-1) powi n * of_int n * q powi (n * (n + 1) div 2)) has_sum
euler_phi g ~ 3) UNIV"
proof -
have "((An. (-1) powi n * of_int n * (complex_of_real q) powi (n * (n
+ 1) div 2))
has_sum euler_phi (complex_of_real q) ~ 3) UNIV"
by (rule has_sum_euler_phi_cube_complex) (use q in auto)
also have "(An. (-1) powi n * of_int n * (complex_of_real q) powi (n
* (n + 1) div 2)) =
(An. of_real ((-1) powi n * of_int n * q powi (n * (n + 1)
div 2)))"
by simp
also have "euler_phi (complex_of_real q) ~ 3 = of_real (euler_phi g
3"
using q by (simp add: euler_phi_of_real)
finally show ?thesis
by (subst (asm) has_sum_of_real_iff)
qed

lemma powser_euler_phi_cube_complex:

fixes q :: complex

assumes q: "norm q < 1"

shows "(An. (-1) " n * of_nat (2 *n + 1) *q ~ (n * (n + 1) div 2))
sums euler_phi q ~ 3"
proof -
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have sum: "((An. (-1) powi n * of_int n * q powi (n * (n + 1) div 2))
has_sum euler_phi q ~ 3) UNIV"
by (rule has_sum_euler_phi_cube_complex) fact

define S1 where "S1 = (3 o n€{0..}. (1) powi n * of_int n * q powi
(n* (m+ 1) div 2))"
have "(An. (-1) powi n * of_int n * q powi (n * (n + 1) div 2)) summable_on
{0..}"
by (rule summable_on_subset, rule has_sum_imp_summable[OF sum]) auto
hence sumi: "((An. (-1) powi n * of_int n * q powi (n * (n + 1) div
2)) has_sum S1) {0..}"
using sum unfolding S1_def by simp
also have "?this +— ((An. (-1)"n * of_nat n ¥ q =~ (n * (n + 1) div
2)) has_sum S1) UNIV"
by (rule has_sum_reindex_bij_witness[of _ int nat])
(auto simp: add_ac power_int_def nat_add_distrib nat_mult_distrib
nat_div_distrib)
finally have "((An. (-1)°n * of_nat n * q ~ (n * (n + 1) div 2)) has_sum
S1) UNIV" .
hence sums1: "(An. (-1)"n * of_nat n * q =~ (n * (n + 1) div 2)) sums
sl n
by (rule has_sum_imp_sums)

define S2 where "S2 = (O o, ne€{..-1}. (-1) powi n * of_int n * q powi
(n* (m+ 1) div 2))"
have "(An. (-1) powi n * of _int n * q powi (n * (n + 1) div 2)) summable_on
{..-1}"
by (rule summable_on_subset, rule has_sum_imp_summable[0OF sum]) auto
hence sum2: "((An. (-1) powi n * of_int n * q powi (n * (n + 1) div
2)) has_sum S2) {..-1}"
using sum unfolding S2_def by simp
also have "?this <+— ((An. (-1) powi n * of_int (n+1l) * q powi (n *
(n + 1) div 2)) has_sum S2) {0..}"
by (rule has_sum_reindex_bij_witness[of _ "An. -n-1" "An. -n-1"])
(auto simp: algebra_simps power_int_diff power_int_minus simp flip:
power_int_inverse)
also have "... <— ((An. (-1)"n * of_nat (n+1) * q =~ (n * (n + 1) div
2)) has_sum S2) UNIV"
by (rule has_sum_reindex_bij_witness[of _ int nat])
(auto simp: add_ac power_int_def nat_add_distrib nat_mult_distrib
nat_div_distrib)
finally have "((An. (-1)°n * of_nat (n+1) * q ~ (n * (n + 1) div 2))
has_sum S2) UNIV" .
hence sums2: "(An. (-1)"n * of_nat (n+1) * q ~ (n * (n + 1) div 2))
sums S2"
by (rule has_sum_imp_sums)

have "(An. (-1)"n * of_nat (2*n+1) * q ~ (n * (n + 1) div 2)) sums (S1
+ 82) n
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using sums_add[0OF sumsl sums2] by (simp add: algebra_simps)
also have "S1 + S2 = euler_phi q ~ 3"
proof -
have "((An. (-1) powi n * of_int n * q powi (n * (n + 1) div 2)) has_sum
(81 + 52)) ({0..3 U {..-1H"
by (intro has_sum_Un_disjoint suml sum2) auto
also have "{0..} U {..-1} = (UNIV :: int set)"
by auto
finally have "((An. (-1) powi n * of_int n * q powi (n * (n + 1) div
2)) has_sum (S1 + S2)) UNIV" .
from this and sum show "S1 + S2 = euler_phi q ~ 3"
by (rule has_sum_unique)
qed
finally show ?thesis .
qed

lemma powser_euler_phi_cube_real:
fixes q :: real
assumes q: "|q| < 1"
shows "(An. (-1) " n * real (2 *n+ 1) *q ~ (n * (n + 1) div 2))
sums euler_phi q ~ 3"
proof -
have "(An. (-1) "~ n * of_nat (2 * n + 1) * complex_of_real q ~ (n *
(n + 1) div 2)) sums
euler_phi (of_real q) ~ 3"
by (rule powser_euler_phi_cube_complex) (use q in auto)
also have "(An. (-1) ~n * of_nat (2 * n + 1) * complex_of_real q ~
(n* (n+ 1) div 2)) =
(An. of_real ((-1) " n *real (2 *n+ 1) *q ~ (n* (n +
1) div 2)))"
by simp
also have "euler_phi (complex_of_real q) ~ 3 = of_real (euler_phi q
-3
by (subst euler_phi_of_real) (use q in auto)
finally show ?thesis
by (subst (asm) sums_of_real_ iff)
qed

4.4 (Non-)vanishing of theta functinos

A corollary of the Jacobi triple product: the Jacobi theta function has no
zeros apart from the “obvious” ones, i.e. the ones at the center of the cells
of the lattice generated by the period 1 and the quasiperiod ¢.
corollary jacobi_theta_00_eq_O_iff_complex:

fixes z t :: complex

assumes "Im t > 0"

shows "jacobi_theta_00 z t = 0 <— (dm n. z = (of_int m + 1/2) +
(of_int n + 1/2) * t)"
proof
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assume "dm n. z = (of_int m + 1/2) + (of_int n + 1/2) * t"
then obtain m n where mn: "z = (of_int m + 1/2) + (of_int n + 1/2)
* th
by blast
show "jacobi_theta_00 z t = 0"
unfolding mn by (rule jacobi_theta_00_eq_0’)
next
assume "jacobi_theta_00 z t = 0"
define w q where "w = to_nome (2*z)" and "q = to_nome t"
have [simp]: "w # 0" "q # 0"
by (auto simp: w_def q_def)
have q: "norm q < 1"
using assms by (auto simp: q_def norm_to_nome)
have q2: "norm (q =~ 2) < 1"
by (simp add: norm_power power_less_one_iff q)

note <jacobi_theta_00 z t = 0>
also have "jacobi_theta_00 z t = jacobi_theta_nome w q"
by (simp add: jacobi_theta_00_def w_def q_def to_nome_power)

also have "... = (q% ; q%)oo * (- q * W ; q¥)oo * (- q /W ; q¥)s"
by (rule jacobi_theta_nome_triple_product_complex) (use q in auto)
also have "... = 0 +— ((3n. q~(2*n+2) = 1) V (dn. (wxq~(2¥n+1)) =

-1) V (dn. (g7(2*n+1)/w) = -1))"
using q q2 by (simp add: gpochhammer_inf_zero_iff power_add power_mult
mult.assoc
power2_eq_square power_mult_distrib mult.commute [of

w]
minus_equation_iff[of _ 1] eq_commute[of
"-1"1)
also have "(An. q~(2*n+2) = 1) = (A_. False)"
proof
fix n :: nat

have "norm (q = (2*n+2)) < 1"
unfolding norm_power by (subst power_less_one_iff) (use q in auto)
thus "q~(2#%n+2) = 1 <— False"
by auto
qed
finally show "dm n. z = (of_int m + 1/2) + (of_int n + 1/2) * t"
proof (elim disjE exE FalseE)
fix n :: nat
assume "w * q = (2#n+1) = -1"
also have "w * q = (2*n+1) = to_nome (2 * z + (2 * of_nat n + 1) *
t)"
by (simp add: w_def q_def to_nome_power algebra_simps flip: to_nome_add)
finally have "(2 * z + (2 * of_natn + 1) ¥t - 1) /2 € Z"
unfolding to_nome_eq_negl_iff’ .
then obtain m where m: "(2 * z + (2 * of nat n + 1) *t - 1) / 2
= of_int m"
by (elim Ints_cases)
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have "z = (of_int m + 1/2) + (of_int (-int (n+1)) + 1/2) * t"
by (subst m [symmetric]) (auto simp: field_simps)
thus ?thesis
by blast
next
fix n :: nat
assume "q = (2*%n+1) / w = -1"
also have "q =~ (2#n+1) / w = to_nome (-2 * z + (2 * of_nat n + 1)
* )"
by (simp add: w_def q_def to_nome_power algebra_simps flip: to_nome_add
to_nome_diff)
finally have "(-2 * z + (2 * of nat n + 1) *t - 1) / 2 € Z"
unfolding to_nome_eq_negl_iff’ .
then obtain m where m: "(-2 * z + (2 * of_ nat n + 1) * t - 1) / 2
= of_int m"
by (elim Ints_cases)
have "z = (of_int (-m-1) + 1/2) + (of_int (int n) + 1/2) * t"
unfolding of_int_diff of_int_minus by (subst m [symmetric]) (auto
simp: field_simps)
thus ?thesis
by blast
qed
qed

lemma jacobi_theta_00_nonzero:
assumes z: "Imt > 0" and "Imz /Imt -1/2 ¢ Z"
shows "jacobi_theta_00 z t # 0"
proof
assume "jacobi_theta_00 z t = 0"
then obtain m n where *: "z = (of_int m + 1/2) + (of_int n + 1/2) *
t"
by (subst (asm) jacobi_theta_00_eq_O_iff_complex) (use <Im t > 0>
in auto)
hence "Im z = (of_int n + 1/2) * Im t"
by simp
hence "Im z / Imt - 1 / 2 = of_int n"
using z by (auto simp: field_simps)
also have "... € Z"
by auto
finally show False
using assms by simp
qed
lemma jacobi_theta_00_0_left_nonzero:
assumes "Im t > 0"
shows "jacobi_theta_00 O t # 0"

by (simp add: assms minus_in_Ints_iff jacobi_theta_00_nonzero)

lemma jacobi_theta_nome_nonzero_complex:
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fixes q w :: complex
assumes [simp]: "w # 0" "norm q < 1"
assumes "q = 0 V (1n (norm w) / 1n (norm q) - 1) / 2 ¢ Z"
shows "jacobi_theta_nome w q # 0"
proof (cases "q = 0")
case [simp]: False
define z where "z = -i * In w / pi"
define t where "t = -i * 1In q / pi"
have [simp]: "to_nome z = w" "to_nome t = q"
using assms by (simp_all add: z_def t_def to_nome_def)
have "Im t > 0"
by (auto simp: t_def field_simps)

have *: "Imz / (2 * Im t) - 1 / 2 = (In (norm w) / 1n (norm q) - 1)

/2"
by (auto simp: z_def t_def)
have "jacobi_theta_nome w q = jacobi_theta_00 (z/2) t"
by (simp add: jacobi_theta_00_def to_nome_power)
also have "... # 0"
proof (rule jacobi_theta_00_nonzero)

have "Im (z / 2) / Im t - 1/2 = 1n (norm w) / (2 * 1n (norm q)) -

1/ 2"
by (simp add: z_def t_def)
also have "... = (In (norm w) / 1n (norm q) - 1) / 2"
by (simp add: field_simps)
also have "... ¢ Z"

using assms by auto
finally show "Im (z / 2) / Im t - 1/2 ¢ Z" .
qged (use * <Im t > 0> in auto)
finally show ?thesis .
qged auto

lemma jacobi_theta_nome_q_q_nonzero_complex:
assumes "norm (q::complex) < 1" "gq # 0"
shows "jacobi_theta_nome q q # 0"
proof
assume "jacobi_theta_nome q q = 0"
define t where "t = =i * 1In q / pi"
have [simp]: "to_nome t = q"
using assms by (simp_all add: t_def to_nome_def)
have "Im t > 0"
using assms by (auto simp: t_def field_simps)

note <jacobi_theta_nome q q = 0>
also have "jacobi_theta_nome q q = jacobi_theta_00 (t/2) t"
by (simp add: jacobi_theta_00_def to_nome_power)

finally obtain m n where *: "t / 2 = (of_int m + 1/2) + (of_int n +

1/2) * t"

by (subst (asm) jacobi_theta_00_eq_O_iff_complex) (use <Im t > 0>
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in auto)
have "t = (2 * of_int m + 1) + (2 * of_int n + 1) * t"
using arg_cong[OF *, of "Ax. x * 2"] by (simp add: ring distribs
mult_ac)
hence **: "2 * of_int n * t = =(2 * of_int m + 1)"
by (Groebner_Basis.algebra)
have "n = 0"
using <Im t > 0> arg_cong[OF **, of Im] by simp
with ** have "-2 * complex_of_int m = of_int 1"
by simp
also have "-2 * complex_of_int m = of_int (-2 * m)"
by simp
finally have "-2 * m = 1"
by (simp only: of_int_eq_iff)
thus False
by presburger
qed

lemma jacobi_theta_nome_nonzero_real:
fixes q w :: real
assumes [simp]: "w # 0" "norm q < 1" and "(1n |w| / In |q| - 1) / 2
¢z
shows  "jacobi_theta_nome w q # 0"
proof -
have "jacobi_theta_nome (complex_of_real w) (complex_of_real q) # 0"
by (rule jacobi_theta_nome_nonzero_complex) (use assms in auto)
thus ?thesis
by (simp add: jacobi_theta_nome_of_real)
qed

lemma jacobi_theta_nome_1_left_nonzero_complex:
assumes "norm (q :: complex) < 1"
shows  "jacobi_theta_nome 1 q # 0"
by (simp add: assms minus_in_Ints_iff jacobi_theta_nome_nonzero_complex)
lemma jacobi_theta_nome_1_left_nonzero_real:
assumes "|q::real| < 1"
shows  "jacobi_theta_nome 1 q # 0"
by (metis assms jacobi_theta_nome_1_left_nonzero_complex jacobi_theta_nome_of_real
norm_of_real of_real O of_real_1)

unbundle no gpochhammer_inf_notation

end

5 The theta nullwert functions

theory Theta_Nullwert
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imports "Sum_0f_Squares_Count.Sum_0f_Squares_Count" Jacobi_Triple_Product
begin

The theta nullwert function (nullwert being German for “zero value”) are
the four functions ¥, (z; 7) with z = 0. However, they are very commonly
denoted in terms of the nome instead, corresponding to ¥, (w, ¢) with w = 1.

It is easy to see that ¥11(0;7) = ¥11(1, ¢) is identically zero and therefore un-
interesting. The remaining three functions 91 (0, q), Y00(0, q), and 991 (0, q)
are denoted ¥2(q), ¥3(q), and ¥4(q).

It is also not hard to see that in fact ¥J4(q) = ¥3(—¢q), but we still introduce
separate notation for 94 since it is very commonly used in the literature.

lemma jacobi_theta_nome_11_1_left [simp]: "jacobi_theta_nome_11 1 q =
OH
using jacobi_theta_nome_minus_same[of q] by (auto simp: jacobi_theta_nome_11_def)

abbreviation jacobi_theta_nw_10 :: "’a :: {real_normed_field, banach,
ln} = ’a" where
"jacobi_theta_nw_10 q = jacobi_theta_nome_10 1 q"

abbreviation jacobi_theta_nw_00 :: "’a :: {real_normed_field, banach}
= ’a" where
"jacobi_theta_nw_00 q = jacobi_theta_nome_00 1 q"

abbreviation jacobi_theta_nw_01 :: "’a :: {real_normed_field, banach}
= ’a" where
"jacobi_theta_nw_01 q = jacobi_theta_nome_01 1 q"

The function ¥11(0, q) is identically zero and therefore uninteresting. How-
ever, the derivative of 911 at z = 0 is interesting. We will call it ¥}. Note
that we have a normalization factor of % This is a bit arbitrary, but it is
the one that leads to the “right” identities for 1} on NIST [1, Section 20.4].

definition jacobi_theta_nw_11’ :: "complex = complex" where
"jacobi_theta_nw_11’ q = deriv (Az. jacobi_theta_nome_11 z q) 1 / i"

bundle jacobi_theta_nw_notation
begin

notation jacobi_theta_nw_10 ("92")
notation jacobi_theta_nw_00 ("J3")
notation jacobi_theta_nw_01 ("94")
notation jacobi_theta_nw_11° ("¥;°°")
end

unbundle jacobi_theta_nw_notation

lemma jacobi_theta_nw_10_0 [simp]: "9 0 = 0"
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and jacobi_theta_nw_00_0 [simp]: "¥3 0 = 1"
and jacobi_theta_nw_01_0 [simp]: "¥4 0 = 1"
by simp_all

lemma jacobi_theta_nw_01_conv_00: "9y q = 93 (-g)"
by (simp add: jacobi_theta_nome_01_conv_00)

lemma jacobi_theta_nw_10_of_real:
"y > 0 = vy (complex_of_real y) = of_real (Vo y)"
and jacobi_theta_nw_00_of_real: "v3 (of_real x) = of_real (U3 x)"
and jacobi_theta_nw_01_of_real: "1, (of_real x) = of_real (¥4 x)"
by (simp_all flip: jacobi_theta_nome_10_complex_of_real jacobi_theta_nome_00_of_real
jacobi_theta_nome_01_of_real)

lemma jacobi_theta_nw_10_cnj:
"(Imq = 0 = Re q > 0) = ¥3 (cnj q) = cnj (Y2 q)"
and jacobi_theta_nw_00_cnj: "¥3 (cnj q) = cnj (W3 )"
and jacobi_theta_nw_01_cnj: "¥4 (cnj q) = cnj Uy Q)"
by (simp_all flip: jacobi_theta_nome_10_cnj jacobi_theta_nome_00_cnj

jacobi_theta_nome_01_cnj)

The nullwerte have the following definitions as infinite sums:
a(g) = D g3’

Is(q) = q"

lemma has_sum_jacobi_theta_nw_10_complex:
assumes '"norm (q :: complex) < 1"
shows "((An. q powr ((of_int n + 1 / 2) ~ 2)) has_sum vy q) UNIV"
proof (cases "q = 0")
case [simp]: False
show ?7thesis
using has_sum_jacobi_theta_nome_10[of q 1] assms by simp

qed auto

lemma has_sum_jacobi_theta_nw_10_real:

assumes "q € {0<..<1::real}"”

shows  "((An. q powr ((of_int n + 1 / 2) ~ 2)) has_sum vy q) UNIV"
proof (cases "q = 0")

case [simp]: False

show ?thesis
using has_sum_jacobi_theta_nome_10[of q 1] assms by simp
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qed auto

lemma has_sum_jacobi_theta_nw_00:
assumes "norm q < 1"
shows "((An. q powi (n ~ 2)) has_sum Y3 q) UNIV"
using has_sum_jacobi_theta_nome_00[of q 1] assms by simp

lemma has_sum_jacobi_theta_nw_01:
assumes "norm q < 1"
shows  "((An. (-1) powi n * q powi (n ~ 2)) has_sum 94 q) UNIV"
using has_sum_jacobi_theta_nome_01[of q 1] assms by simp

The theta nullwert functions do not vanish (except for 95 (0) = 0).

lemma jacobi_theta_00_nw_nonzero_complex: "norm (q::complex) < 1 —

U3 q # 0"
by (simp add: jacobi_theta_nome_00_def jacobi_theta_nome_1_left_nonzero_complex)

lemma jacobi_theta_01_nw_nonzero_complex: "norm (q::complex) < 1 —>
194 q ?é o"

by (simp add: jacobi_theta_nw_01_conv_00 jacobi_theta_00_nw_nonzero_complex)

lemma jacobi_theta_10_nw_nonzero_complex:
assumes "q # 0" "norm (q::complex) < 1"
shows "¥5 g # 0"
using jacobi_theta_nome_q_q _nonzero_complex[of q] assms
by (auto simp: jacobi_theta_nome_10_def)

lemma jacobi_theta_00_nw_nonzero_real: "|q::real| < 1 = ¥3 q # 0"
and jacobi_theta_01_nw_nonzero_real: "|q::real| < 1 = ¥4 q # 0"
and jacobi_theta_10_nw_nonzero_real: "q € {0..<1} = q # 0 = s
q # 0"
using jacobi_theta_00_nw_nonzero_complex[of "of_real q"]
jacobi_theta_01_nw_nonzero_complex[of "of_real q"]
jacobi_theta_10_nw_nonzero_complex[of "of_real q"]
by (simp_all add: jacobi_theta_nw_00_of_real jacobi_theta_nw_01_of_real
jacobi_theta_nw_10_of_real)

lemma has_field_derivative_jacobi_theta_nw_11:
assumes "norm q < 1"

shows "((Az. jacobi_theta_nome_11 z q) has_field_derivative (i * ¥;’
q)) (at 1 within A)"
proof -

have "((\z. jacobi_theta_nome_11 z q) has_field_derivative
deriv (Az. jacobi_theta_nome_11 z q) 1) (at 1 within A)"
using assms by (intro analytic_derivI jacobi_theta_nome_11_analytic’)
auto
also have "deriv (A\z. jacobi_theta_nome_11 z q) 1 =1 * ¥;° q"
by (simp add: jacobi_theta_nw_11’_def)
finally show 7thesis
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by simp
qed

lemma jacobi_theta_nw_11’_0 [simp]: "¥;° 0 = 0"
proof -
have "i * ¥;7 0 = 0"
proof (rule DERIV_unique)
show "((\z. jacobi_theta_nome_11 z 0) has_field_derivative 0) (at
"
by auto
next
show "((\z. jacobi_theta_nome_11 z 0) has_field_derivative i * U’
0) (at 1)"
by (rule has_field_derivative_jacobi_theta_nw_11) auto
qed
thus 7thesis
by simp
qed

5.1 The Maclaurin series of ¢; and 9,

It is easy to see from the above infinite sums that ¥3(q) and ¥4(q) have the
Maclaurin series -
142 [Fi. n=i%c"q"
n=1
for c =1 and ¢ = —1, respectively.

In other words, ¥3(q) is the generating function of the number r1(n) of ways
to write an integer n as a square of an integer — 1 forn = 0, 2 if n is a
non-zero perfect square, and 0 otherwise.

Consequently, ¥3(¢)" is the generating function of the number ry(n) of ways
to write an integer n as a square of k integers. The function ri(n) is written
as count_sos k n in Isabelle.

definition fps_jacobi_theta_nw :: "’a :: field = ’a fps" where
"fps_jacobi_theta_nw ¢ = Abs_fps (An. if n = O then 1 else if is_square
n then 2 * ¢ ~ n else 0)"

theorem fps_jacobi_theta_power_eq:

"fps_jacobi_theta_nw ¢ ~ k = Abs_fps (An. of_nat (count_sos k n) * c
~ )
proof (induction k)

case (Suc k)

have "fps_jacobi_theta_nw (c::’a) ~ Suc k =

fps_jacobi_theta_nw ¢ * Abs_fps (An. of_nat (count_sos k n)
* ¢ T n)"
by (simp add: Suc.IH mult.commute)

also have "... = Abs_fps (An. of_nat (count_sos (Suc k) n) * ¢ ~ n)"

(is "?1hs = ?rhs")
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proof (rule fps_ext)
fix n :: nat

have "fps_nth (fps_jacobi_theta_nw (c::’a) * Abs_fps (An. of_nat (count_sos
kn) *c “n)) n=

(>°i=0..n. fps_nth (fps_jacobi_theta_nw c) i * of_nat (count_sos
k(m-1)) ¢~ (n - 1))"

by (simp add: fps_mult_nth sum_distrib_left sum_distrib_right algebra_simps)
also have "... = of_nat (count_sos k n) * ¢ ~ n +

(>-i€{0<..n}. fps_nth (fps_jacobi_theta_nw c) i *

of_nat (count_sos k (n - i)) * ¢ ~ (n
- i))”
(iS n = _ + ?S")

by (subst sum.head) (auto simp: fps_jacobi_theta_nw_def)
also have "?S = (> i | i € {0<..n} A is_square i.
2 * of_nat (count_sos k (n - i)) * ¢ ~ n)"

by (rule sum.mono_neutral_cong_right) (auto simp: fps_jacobi_theta_nw_def
simp flip: power_add)

also have "... = (0_i € {1..floor_sqrt n}.
2 * of_nat (count_sos k (n - i ~ 2)) * ¢ ~ n)"
by (intro sum.reindex_bij_witness[of _ "Ai. i = 2" floor_sqrt])

(auto elim!: is_nth_powerE simp: le_floor_sqrt_iff)
also have "of_nat (count_sos k n) * ¢ ~n + ... = of_nat (count_sos
(Suc k) n) * ¢ ~ n"

by (simp add: count_sos_Suc sum_distrib_left sum_distrib_right power_add
algebra_simps)
finally show "fps_nth ?lhs n = fps_nth ?rhs n"
by simp
qed
finally show ?case .
qed (auto intro!: fps_ext)

corollary fps_jacobi_theta_altdef:
"fps_jacobi_theta_nw ¢ = Abs_fps (\n.

of_nat (count_sos 1 n) * ¢ ~ n)"
using fps_jacobi_theta_power_eq[of c¢ 1] by simp

lemma norm_summable_fps_jacobi_theta:

fixes q :: "’a :: {real_normed_field, banach}"

assumes "norm (c * q) < 1"

shows  "summable (An. norm (fps_nth (fps_jacobi_theta_nw c) n * q
-~ n)) "

proof (rule summable_comparison_test)
show "summable (An. 2 * norm (¢ * q) ~ n)"
by (intro summable_mult summable_geometric) (use assms in auto)
show "JIN. Vn>N. norm (norm (fps_nth (fps_jacobi_theta_nw c) n * q
“n)) < 2 % norm (c ¥ q) ~ n"

by (rule exI[of _ 0]) (auto simp: fps_jacobi_theta_nw_def norm_mult
norm_power power_mult_distrib)

qed

93



lemma summable_fps_jacobi_theta:
fixes q :: "’a :: {real_normed_field, banach}"
assumes "norm (c * q) < 1"
shows  "summable (An. fps_nth (fps_jacobi_theta_nw c¢) n * q ~ n)"
using norm_summable_fps_jacobi_theta[OF assms] by (rule summable_norm_cancel)

lemma summable_ints_symmetric:
fixes £ :: "int = ’a :: {real_normed_vector, banach}"
assumes "summable (An. norm (f (int n)))"
assumes "An. f (-n) = f n"

shows "f abs_summable_on UNIV" and "summable (An. norm ((if n = 0
then 1 else 2) *p f (int n)))"
proof -

show "summable (An. norm ((if n = O then 1 else 2) *r f (int n)))"
proof (rule summable_comparison_test)
show "summable (An. 2 * norm (f n))"
by (intro summable_mult assms)
qged (auto intro!: exI[of _ 0])
next
have "(An. f (int n)) abs_summable_on UNIV"
using assms by (subst summable_on_UNIV_nonneg_real_iff) auto
also have "?this <— f abs_summable_on {0..}"
by (rule summable_on_reindex_bij_witness[of _ nat int]) auto
finally have 1: "f abs_summable_on {0<..}"
by (rule summable_on_subset) auto
also have "?7this <— f abs_summable_on {..<0}"
by (rule summable_on_reindex_bij_witness[of _ uminus uminus]) (use
assms(2) in auto)
finally have "f abs_summable_on ({..<0} U {0} U {0<..P)"
by (intro summable_on_Un_disjoint 1) auto
also have "({..<(0::int)} U {0} U {0<..}) = UNIV"
by auto
finally show "f abs_summable_on UNIV" .
qed

lemma has_sum_ints_symmetric_iff:

fixes £ :: "int = ’a :: {banach, real_normed_vector}"

assumes "An. f (-n) = f n"

shows "(f has_sum S) UNIV +— ((An. (if n = O then 1 else 2) *p
f (int n)) has_sum S) UNIV"
proof

assume *: "((An. (if n = O then 1 else 2) *p f (int n)) has_sum S)
UNIV"

have "((An. (if n = 0 then 1 else 2) *p f (int n)) has_sum (S - f 0))
(UNIV - {ob)"

using has_sum_Diff[OF * has_sum_finite[of "{0}"]] by simp

also have "?this <— ((An. (if n = O then 1 else 2) *r f n) has_sum

(s - f£0)) {o<..}"

94



by (intro has_sum_reindex_bij_witness[of _ nat int]) auto
finally have "((An. (if n = O then 1 else 2) *p f n) has_sum S - £ 0)
{0<..}" .
also have "?this <+— ((An. 2 *p f n) has_sum (S - £ 0)) {0<..}"
by (intro has_sum_cong) auto
also have "... +— (f has_sum (S - f 0) /g 2) {0<..}"
by (rule has_sum_scaleR_iff) auto
finally have 1: "(f has_sum (S - £ 0) /r 2) {0<..}" .

have "(f has_sum (S - £ 0) /g 2) {0<..} <— (f has_sum (S - f 0) /gr
2) {..<0}"
by (intro has_sum_reindex_bij_witness[of _ uminus uminus]) (use assms
in auto)
with 1 have 2: "(f has_sum (S - £ 0) /r 2) {..<0}"
by simp

have "(f has_sum ((S-f0) /R 2+ (S-Ff0) /gr 2+ 0) ({..<0}U
{o<..} U {op"
by (intro has_sum_Un_disjoint 1 2) (auto simp: has_sum_finite_iff)
also have "{..<0} U {0<..} U {0::int} = UNIV"
by auto
also have "(S - f 0) /g 2+ (S -fO0) /g 2+ f0=28"
by (simp flip: mult_2 scaleR_2)
finally show "(f has_sum S) UNIV" .
next
assume *: "(f has_sum S) UNIV"
define S’ where "S’ = (3 one{0<..}. £ n)"
have "f summable_on {0<..}"
by (rule summable_on_subset_banach[of _ UNIV]) (use * in <auto dest:
has_sum_imp_summable>)
hence 1: "(f has_sum S’) {0<..}"
unfolding S’_def by (rule has_sum_infsum)

have "(f has_sum S’) {0<..} +— (f has_sum S’) {..<0}"
by (rule has_sum_reindex_bij_witness[of _ uminus uminus]) (use assms
in auto)
with 1 have 2: "(f has_sum S’) {..<0}"
by simp

have "(f has_sum (S’ + S’ + £ 0)) ({..<0} U {0<..} U {0oP)"
by (intro has_sum_Un_disjoint 1 2) (auto simp: has_sum_finite_iff)
also have "({..<0} U {0<..} U {0::int}) = UNIV"
by auto
also have "S’ + S + f 0 = 2 ¥ S’ + f 0"
by (simp add: algebra_simps flip: scaleR_2)
finally have 3: "S = 2 ¥z S’ + f 0"
using * has_sum_unique by blast

have "((An. 2 *r f n) has_sum (2 *p S’)) {0<..}"

95



by (intro has_sum_scaleR 1)
also have "?this <— ((An. (if n = 0 then 1 else 2) *r f n) has_sum
(2 *p S8?)) {o<..}"
by (intro has_sum_cong) auto
finally have "((An. (if n = O then 1 else 2) *r f n) has_sum (f 0 + 2
*r S°)) ({0} U {o<..H"
by (intro has_sum_Un_disjoint) (auto simp: has_sum_finite_iff)
also have "7this +— ((An. (if n = 0 then 1 else 2) *r f (int n)) has_sum
(f 0 + 2 % S’)) UNIV"
by (rule has_sum_reindex_bij_witness[of _ int nat]) auto
finally show "((An. (if n = O then 1 else 2) *p f (int n)) has_sum S)
UNIV"
using 3 by (simp add: add.commute)
qed

lemma sums_jacobi_theta_nw_00:
assumes "norm q < 1"
shows  "(A\n. fps_nth (fps_jacobi_theta_nw 1) n * g
proof -
define S where "S = () n. if is_square n A n > O then q ~ n else 0)"
have "((An. (if n = 0 then 1 else 2) *p q powi (int n ~ 2)) has_sum
(W3 q)) UNIV"
proof (subst has_sum_ints_symmetric_iff [symmetric])
show "((An. q powi n?) has_sum ¥3 q) UNIV"
by (rule has_sum_jacobi_theta_nw_00) fact
ged auto
also have "?this <+— ((\n. fps_nth (fps_jacobi_theta_nw 1) n * g
n) has_sum

n) sums 93 q"

¥3 q) {n. is_square n}"
by (rule has_sum_reindex_bij_witness[of _ floor_sqrt "Ai. i ~ 2"])
(auto simp: fps_jacobi_theta_nw_def power_int_def scaleR_conv_of_real
nat_power_eq
elim!: is_nth_powerE)
also have "... +— ((\n. fps_nth (fps_jacobi_theta_nw 1) n * q ~ n)
has_sum
¥3 q) UNIV"
by (intro has_sum_cong_neutral) (auto simp: fps_jacobi_theta_nw_def
intro: Nat.gr0I)
finally show ?thesis
by (rule has_sum_imp_sums)
qed

lemma sums_jacobi_theta_nw_01:
assumes "norm q < 1"
shows  "(An. fps_nth (fps_jacobi_theta_nw (-1)) n * q ~ n) sums V4
q”
proof -
have "(An. fps_nth (fps_jacobi_theta_nw 1) n * (-q) ~ n) sums V3 (-q)"
by (rule sums_jacobi_theta_nw_00) (use assms in auto)
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also have "(An. fps_nth (fps_jacobi_theta_nw 1) n * (-q) ~ n) =
(An. fps_nth (fps_jacobi_theta_nw (-1)) n * q ~ n)"
by (auto simp: fun_eq_iff fps_jacobi_theta_nw_def power_minus’)
also have "¥3 (-q) = Y4 q"
by (simp add: jacobi_theta_nw_01_conv_00)
finally show ?thesis .
qed

lemma has_fps_expansion_jacobi_theta_3 [fps_expansion_intros]:
"3 has_fps_expansion fps_jacobi_theta_nw 1"
proof (rule has_fps_expansionI)
have "eventually (Aq. q € ball 0 1) (mhds (0 :: ’a))"
by (rule eventually_nhds_in_open) auto
thus "eventually (Aq. (An. fps_nth (fps_jacobi_theta_nw 1) n * q ~ n
’a) sums ¥3 q) (nhds 0)"
by eventually_elim (rule sums_jacobi_theta_nw_00, auto)
qed

lemma has_fps_expansion_jacobi_theta_4 [fps_expansion_intros]:
"9y has_fps_expansion fps_jacobi_theta_nw (-1)"
proof (rule has_fps_expansionI)
have "eventually (Aq. q € ball 0 1) (nhds (0 :: ’a))"
by (rule eventually_ nhds_in_open) auto
thus "eventually (Aq. (An. fps_nth (fps_jacobi_theta_nw (-1)) n * q
“n :: ’a) sums ¥4 q) (mhds 0)"
by eventually_elim (rule sums_jacobi_theta_nw_01, auto)
qed

lemma fps_conv_radius_jacobi_theta_nw [simp]:
fixes ¢ :: "’a :: {banach, real_normed_field}"
shows "fps_conv_radius (fps_jacobi_theta_nw c) = 1 / ereal (norm c)"
proof -
have "fps_conv_radius (fps_jacobi_theta_nw c) =
inverse (limsup (An. ereal (root n (norm (fps_nth (fps_jacobi_theta_nw
c) n)))))"
by (simp add: fps_conv_radius_def conv_radius_def)
also have "limsup (An. ereal (root n (norm (fps_nth (fps_jacobi_theta_nw
c) n)))) = norm c"
(is "?1hs = _")
proof (rule antisym)
have "?1hs < limsup (An. root n 2 * norm c)"
by (intro Limsup_mono always_eventually)
(auto simp: fps_jacobi_theta_nw_def norm_power real_root_mult
real_root_power)
also have "(An. ereal (root n 2 * norm c)) —— ereal (1 * norm
c)"
by (intro tendsto_intros LIMSEQ root_const) auto
hence "limsup (An. root n 2 * norm c) = ereal (1 * norm c)"
by (intro lim_imp_Limsup) auto
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finally show "?1hs < norm c"
by simp
next
have "limsup ((An. ereal (root n (norm (fps_nth (fps_jacobi_theta_nw
c) n)))) o (An. n =~ 2)) < ?lhs"
by (rule limsup_subseq_mono) (auto intro!: strict_monol power_strict_mono)
also have "limsup ((An. ereal (root n (norm (fps_nth (fps_jacobi_theta_nw
c)n)))) o (An. n~ 2) =
limsup ((An. ereal (root (n~2) 2 * norm c)))"
by (rule Limsup_eq, rule eventually _mono[OF eventually_gt_at_top[of
011)
(auto simp: o_def fps_jacobi_theta_nw_def norm_power real_root_mult
real_root_power)
also have "(An. ereal (root (n~2) 2 * norm c)) —— ereal (1 * norm
)"
by (intro tendsto_intros filterlim_compose[0OF LIMSEQ root_const]
filterlim_subseql[of "An. n ~ 2"] strict_monol power_strict_mono)
auto
hence "limsup (An. ereal (root (n~2) 2 * norm c)) = ereal (1 * norm
c)"
by (intro lim_imp_Limsup) auto
finally show "norm ¢ < ?l1hs"
by simp
qed
finally show ?thesis
by (simp add: divide_ereal_def)
qed

Recall that ¥2(q) = q1/419(q, q). Since the factor ¢*/* has a branch cut, it
is somewhat unpleasant to deal with and we will concentrate only on the
factor ¥(q, q) for now. This is a holomorphic function on the unit disc except
for a removable singularity at ¢ = 0.

For ¢ # 0 and |g| < 1, ¥(q, q) has following the power series expansion:

19((], Q) _ i qn(n-l-l) _ qun(n+1)
n=0

n=—oo

Note that n(n+1) is twice the triangular number n(n+1)/2, so we can also
see this as a series expansion in terms of powers of ¢2.

lemma has_sum_jacobi_theta_nw_10_aux:
assumes q: "norm q < 1" "q # 0"
shows "((An. 2 * q = (n*(n+1))) has_sum jacobi_theta_nome q q) UNIV"
proof -
define S where "S = jacobi_theta_nome q q"
have 1: "((An. q powi (n*(n+1))) has_sum S) UNIV"
using has_sum_jacobi_theta_nome[of q q]
using q by (simp add: algebra_simps power2_eq_square power_int_add
S_def)
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have summable: "(An. q powi (n * (n + 1))) summable_on I" for I
by (rule summable_on_subset_banach, rule has_sum_imp_summable[OF 1])
auto

define S1 where "S1 = (O .n€{0..}. q powi (n*(n+1)))"
have S1: "((An. q powi (n*(n+1))) has_sum S1) {0..}"
unfolding S1_def by (rule has_sum_infsum[OF summable])
have "((An. q powi (n*(n+1))) has_sum S1) {0..} +—
((An. q powi (n*(n+1))) has_sum S1) {..<0}"
by (intro has_sum_reindex_bij_witness[of _ "An. -n-1" "An. -n-1"])
(auto simp: algebra_simps)
with S1 have S1’: "((An. q powi (n*(n+1))) has_sum S1) {..<0}"
by simp
have "((An. q powi (n*(n+1))) has_sum (S1 + S1)) ({..<0} U {0..})"
by (intro has_sum_Un_disjoint S1 S1°’) auto
also have "{..<(0::int)} U {0..} = UNIV"
by auto
finally have 2: "((An. q powi (n*(n+1))) has_sum (2 * S1)) UNIV"
by simp

from this and 1 have 3: "2 * S1 = 3"
using has_sum_unique by blast

have "((An. q powi (n*(n+1))) has_sum S1) {0..} +— ((An. q ~ (a*(n+1)))
has_sum S1) UNIV"
by (rule has_sum_reindex_bij_witness[of _ int nat])
(auto simp: power_int_def algebra_simps power_add nat_add_distrib
nat_mult_distrib)
with S1 show "((An. 2 * q = (n*(n+1))) has_sum S) UNIV"
unfolding 3 [symmetric] by (intro has_sum_cmult_right) auto
qed

lemma sums_jacobi_theta_nw_10_aux:
assumes q: "norm q < 1" "q # 0"
shows  "(An. if Ji. n = i*(i+1) then 2 * q ~ n else 0) sums jacobi_theta_nome

q q n
proof -

have inj: "inj (Ai::nat. 1 * (i + 1))"
by (rule strict_mono_imp_inj_on) (auto simp: strict_mono_Suc_iff)
have "((An. 2 * q = (n*(n+1))) has_sum jacobi_theta_nome q q) UNIV"
by (rule has_sum_jacobi_theta_nw_10_aux) fact+
also have "?this <+— ((An. 2 * q ~ n) has_sum jacobi_theta_nome q q)
(range (A\i. i*(i+1)))"
by (subst has_sum_reindex[OF inj]) (auto simp: o_def)
also have "... +— ((An. if Ji. n = i*(i+1) then 2 ¥ q ~ n else 0)
has_sum jacobi_theta_nome q q) UNIV"
by (rule has_sum_cong_neutral) auto
finally show ?thesis
by (rule has_sum_imp_sums)
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qed

definition fps_jacobi_theta_nw_10 :: "’a :: field fps" where
"fps_jacobi_theta_nw_10 = Abs_fps (An. if Ji. n = i*(i+1) then 2 else
O) n

lemma fps_conv_radius_jacobi_theta_2 [simp]: "fps_conv_radius fps_jacobi_theta_nw_10
= qn
proof -
have "fps_conv_radius (fps_jacobi_theta_nw_10 :: ’a fps) =
inverse (limsup (An. ereal (root n (norm (fps_nth fps_jacobi_theta_nw_10
n :: ’a)))))”
unfolding fps_conv_radius_def conv_radius_def ..
also have "limsup (An. ereal (root n (norm (fps_nth fps_jacobi_theta_nw_10
n:: ’a)))) = 1"
(is "?lhs = _")
proof (rule antisym)
have "?1hs < limsup (An. root n 2)"
by (intro Limsup_mono always_eventually)
(auto simp: fps_jacobi_theta_nw_10_def norm_power real_root_ge_zero)
also have "(An. ereal (root n 2)) —— ereal 1"
by (intro tendsto_intros LIMSEQ root_const) auto
hence "limsup (An. root n 2) = ereal 1"
by (intro lim_imp_Limsup) auto
finally show "?l1hs < 1"
by (simp add: one_ereal_def)
next
define h where "h = (An::nat. n * (n + 1))"
have h: "strict_mono h"
by (rule strict_monoI_Suc) (auto simp: algebra_simps h_def)
have "limsup ((An. ereal (root n (norm (fps_nth fps_jacobi_theta_nw_10
n :: ’a)))) o h) < ?lhs"
using h by (rule limsup_subseq_mono)
also have "limsup ((An. ereal (root n (norm (fps_nth fps_jacobi_theta_nw_10
n :: ’a)))) oh) =
limsup ((An. ereal (root (h m) 2)))"
by (rule Limsup_eq, rule eventually_mono[OF eventually_gt_at_top[of
o011
(auto simp: o_def fps_jacobi_theta_nw_10_def h_def algebra_simps)
also have "(An. ereal (root (h n) 2)) —— ereal 1"
by (intro tendsto_intros filterlim_compose[OF LIMSEQ_ root_const]
filterlim_subseqlof h] h) auto
hence "limsup (An. ereal (root (h n) 2)) = ereal 1"
by (intro lim_imp_Limsup) auto
finally show "1 < ?71hs"
by (simp add: one_ereal_def)
qed
finally show ?thesis
by simp
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qed

lemma has_laurent_expansion_jacobi_theta_2 [laurent_expansion_intros]:
"(\Aq. jacobi_theta_nome q q) has_laurent_expansion fps_to_fls fps_jacobi_theta_nw_10"
unfolding has_laurent_expansion_def
proof safe
show "fls_conv_radius (fps_to_fls fps_jacobi_theta_nw_10 :: complex
fls) > 0"
unfolding fls_conv_radius_fps_to_fls by simp
next
have "eventually (Aq. q € ball 0 1 - {0}) (at (0 :: complex))"
by (rule eventually_at_in_open) auto
thus "eventually (M\q. eval_fls (fps_to_fls fps_jacobi_theta_nw_10) q

jacobi_theta_nome q q) (at (0::complex))"
proof eventually_elim
case q: (elim q)
have "eval_fls (fps_to_fls fps_jacobi_theta_nw_10) q = eval_fps fps_jacobi_theta_nw_10
q”
by (subst eval_fps_to_fls) (use q in auto)
also have "eval_fps fps_jacobi_theta_nw_10 q = ()_n. fps_nth fps_jacobi_theta_nw_10
n*q " n)"
by (simp add: eval_fps_def)
also have "(An. fps_nth fps_jacobi_theta_nw_10 n * q ~ n) =
(An. if Ji. n = i*(i+1) then 2 * q ~ n else 0)"
by (auto simp: fun_eq_iff fps_jacobi_theta_nw_10_def)
also have "(>_n. ... n) = jacobi_theta_nome q q"
using sums_jacobi_theta_nw_10_aux[of q] q by (simp add: sums_iff)
finally show ?case .
qed
qed

For 9(q, q)?, we can find the following expansion into a double sum:

19(q,q)2: Z Z qi(i+1)+j(j+1)

NnN=—00 N=—00

lemma has_sum_jacobi_theta_nw_10_aux_square:
fixes q :: complex
assumes q: "morm q < 1" "g # 0"
shows "((A\(i,j). q powi (i*(i+1) + j*(j+1))) has_sum jacobi_theta_nome
q q " 2) UNIV"
proof -
define S where "S = jacobi_theta_nome q q"
have 1: "((An. q powi (n*(n+1))) has_sum S) UNIV"
using has_sum_jacobi_theta_nome[of q q]
using q by (simp add: algebra_simps power2_eq_square power_int_add
S_def)
have summable: "(An. q powi (n * (n + 1))) summable_on I" for I
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by (rule summable_on_subset_banach, rule has_sum_imp_summable[OF 1])
auto

define S’ where "S’ = jacobi_theta_nome (norm q) (norm q)"
have 2: "((An. norm q powi (n#*(n+1))) has_sum S’) UNIV"
using has_sum_jacobi_theta_nome[of "norm q" "norm q"]
using q by (simp add: algebra_simps power2_eq_square power_int_add
S’_def)

have "((A(i,j). q powi (i*(i+1) + j*(j+1))) has_sum S%) (UNIV x UNIV)"
proof (rule has_sum_SigmaI; (unfold prod.case)?)
show "((\i. S * q powi (i*(i+1))) has_sum S~2) UNIV"
unfolding power2 eq_square by (intro has_sum_cmult_right 1)
next
fix i :: int
show "((Aj. q powi (i * (i + 1) + j * (j + 1))) has_sum S * q powi
(i * (i + 1))) UNIV"
using has_sum_cmult_left[OF 1, of "q powi (i * (i + 1))"] q
by (simp add: power_int_add mult_ac)
next
have "(\ij. norm (case ij of (i,j) = q powi (i * (i + 1) + j * (j
+ 1)))) summable_on UNIV x UNIV"
proof (rule summable_on_SigmaI; (unfold prod.case)?)
show "(\j. S’ * norm q powi (j * (j + 1))) summable_on UNIV"
using has_sum_imp_summable[OF 2] by (intro summable_on_cmult_right)
next
fix i :: int
show "((\j. norm (q powi (i*(i+1) + j*(j+1)))) has_sum (S’ * norm
q powi (i*(i+1)))) UNIV"
using has_sum_cmult_left[OF 2, of "norm q powi (i*(i+1))"] q
by (simp add: norm_power_int norm_mult power_int_add mult_ac)
qged auto
thus "(A\(i, j). qpowi (i * (i + 1) + j * (j + 1))) summable_on UNIV
x UNIV"
by (rule abs_summable_summable)
qed
thus 7thesis
by (simp add: S_def)
qed

With some creative reindexing, we find the following power series expansion:

oo
g(q*,¢%) =Y ra(2n + 1)g*" !
n=0

lemma sums_q_times_jacobi_theta_nw_10_aux_square_square:

fixes q :: complex

assumes q: "q # 0" "norm q < 1"

shows "(An. (if odd n then of_nat (count_sos 2 n) else 0) * q ~ n)
sums
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(q * jacobi_theta_nome (q2?) (q?) ~ 2)"
proof -
define IJ where "IJ = (An. {(i, j). i%? + j? = int n})"
have [simp, intro]: "finite (IJ n)" for n
using bij_betw_finite[0OF bij_betw_sos_decomps_2[of n]] by (simp add:
IJ_def)

have aux: "1 + x # y" if "even x" "even y" for x y :: int
using that by presburger

define S where "S = q * jacobi_theta_nome (q2?) (q?) ~ 2"
have "((\(i,j). (q72) powi (i*(i+1) + j*(j+1))) has_sum jacobi_theta_nome
(@® (g*) ~ 2) UNIV"
by (intro has_sum_jacobi_theta_nw_10_aux_square)
(use q in <auto simp: norm_power power_less_one_iff>)
hence "((A(i,j). q * (q72) powi (i*(i+1) + j*(j+1))) has_sum S) (UNIV
x UNIV)"
unfolding S_def case_prod_unfold by (intro has_sum_cmult_right) auto
also have "((\(i,j). q * (q72) powi (i*(i+1) + j*(j+1)))) =
((A(i,j). q powi (1 + 2 * (i*x(i+1) + j*(j+1)))))" using q
by (auto simp: power_int_add power2_eq_square fun_eq_iff power_int_mult_distrib
algebra_simps)
(auto simp flip: power_int_add simp: algebra_simps)?
also have " (... has_sum S) (UNIV x UNIV) <—
((\N({E,j). gqpowi (i ~ 2+ j ~ 2)) has_sum S) {(i,j). odd
(i"2+j"2)}"
by (rule has_sum_reindex_bij_witness[of _
"A(1,j7). ((j+i-1) div 2, (j-i-1) div 2)" "A(i,j). (i-j,

i+j+1)"1)
(auto elim!: evenE oddE simp: algebra_simps power2_eq_square aux
intro!: arg _conglof _ _ "MAa. q powi a"])
also have "... ¢<— ((A(n,(i,j)). q powi n) has_sum S) (SIGMA n:{n. odd
n}. IJ n)"
proof (rule has_sum_reindex_bij_witness[of _ snd "A(i,j). (nat (i"2+j"2),
(i,3))"1)

fix nij assume nij: "nij € Sigma {n. odd n} IJ"
obtain n i j where [simp]: "nij = (a, (i, j))"
using prod_cases3 by blast
from nij have n: "odd n" and ij: "i ~ 2+ j = 2 = int n"
by (auto simp: IJ_def)
have "odd (int n)"
using n by simp
also have "int n =i ~ 2+ j = 2"
by (rule ij [symmetric])
finally show "snd nij € {(i, j). odd (i? + jZ)}"
by auto
qged (auto simp: IJ_def even_nat_iff)
finally have *: "((\(n, (i,j)). q powi n) has_sum S) (SIGMA n:{n. odd
n}. IJ n)" .
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have "((An. count_sos 2 n * q ~ n) has_sum S) {n. odd n}"
proof (rule has_sum_SigmaD[OF *]; unfold prod.case)
fix n :: nat assume n: "n € {n. odd n}"
have '"count_sos 2 n = card (IJ n)"
by (simp add: IJ_def count_sos_2)
thus "((\(i,j). q powi int n) has_sum complex_of_nat (count_sos 2
n) * q "~ n) (IJ n)"
using q by (simp add: has_sum_finite_iff)
qed
also have "?this <— ((A\n. (if odd n then of_nat (count_sos 2 n) else
0) * q ~ n) has_sum S) UNIV"
by (intro has_sum_cong_neutral) auto
finally show "(An. (An. if odd n then of_nat (count_sos 2 n) else 0)
n * q " n) sums S"
by (rule has_sum_imp_sums)
qed

lemma has_laurent_expansion_q_times_jacobi_theta_nw_10_aux_square_square:
defines "F = Abs_fps (An. if odd n then of_nat (count_sos 2 n) else
0"
shows "(\q. q * jacobi_theta_nome (q?) (q?) ~ 2) has_laurent_expansion
fps_to_fls F"
unfolding has_laurent_expansion_def

proof
have "0 < norm (1/2::complex)"
by simp

also have "fls_conv_radius (fps_to_fls F) > norm (1 / 2 :: complex)"
unfolding fls_conv_radius_fps_to_fls fps_conv_radius_def
by (rule conv_radius_geI) (use sums_q_times_jacobi_theta_nw_10_aux_square_square[of
"1/2"]
in <auto simp: sums_iff F_def>)
finally show "fls_conv_radius (fps_to_fls F) > 0"
by - (simp_all add: zero_ereal_def)
next
have "eventually (A\q. q € ball 0 1 - {0}) (at (0::complex))"
by (rule eventually_at_in_open) auto
thus "Vr q in at 0. eval_fls (fps_to_fls F) q = q * (jacobi_theta_nome
(q%) (q%))2"
proof eventually elim
case q: (elim q)
have "(An. fps_nth Fn * q ~ n) sums (q * (jacobi_theta_nome (q?)
(q2))2)n
using sums_q_times_jacobi_theta_nw_10_aux_square_square[of ql] q
by (simp add: F_def)
thus "eval_fls (fps_to_fls F) q = q * (jacobi_theta_nome (q2) (g?))2"
using eval_fls_eql[of 0 "fps_to_fls F" q "q * (jacobi_theta_nome
(@®) (g*))2"]
by (simp add: fls_subdegree_fls_to_fps_gt0)
qed
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qed

5.2 The nullwert derivative of 1,

From the definition of 911, we directly get the following series representation
for ¥):

91(g) =¢"* Y (-1)"(2n+ )"

n=—oo

lemma has_sum_jacobi_theta_nw_11’_aux1:

fixes q :: complex

defines "c = q powr (1/4)"

assumes q: "norm q < 1"

shows "((An. ¢ * (-1) powi n * (2 * of_int n + 1) * q powi (n * (n
+ 1))) has_sum 91’ q) UNIV"
proof -

define f where "f

Az. (-((gq*z) -~ 2), -1/z"2))"

define g where "g = (A(a,b). ramanujan_theta a b :: complex)"

define h where "h = (An (a,b). a powi (n * (n + 1) div 2) * b powi
(n * (n - 1) div 2) :: complex)"

define h’ where "h’ = (An z. (-1) powi n * q powi (n*(n+1)) * z powi
(2#n))"

define r where "r = (1/2::real)"
have r: "r > 0" "r < 1"
by (auto simp: r_def)

define B where "B = f ¢ cball 1 r"
have "compact B"
using r unfolding B_def f_def by (intro compact_continuous_image
continuous_intros) auto
moreover have "norm (a * b) < 1" if "(a, b) € B" for a b
using that q unfolding B_def
by (auto simp: f_def power mult_distrib norm_power abs_square_less_1)
ultimately have "uniform_limit B (AX z. > . n€X. h n z) g finite_sets_at_top"
unfolding h_def g _def using uniform_limit_ramanujan_theta[of B]
by (auto simp: case_prod_unfold)
hence "uniform_limit (chall 1 r) (AX z. >.n€X. hn (f z)) (\z. g (£
z)) finite_sets_at_top"
by (rule uniform_limit_compose[of _ B]) (auto simp: B_def)
also have "?this <— uniform_limit (cball 1 r) (AX z. ).n€X. h’ n
z) (Az. g (f z)) finite_sets_at_top"
proof (intro uniform_limit_cong eventually_finite_subsets_at_top_weakI
balll sum.cong refl)
fix z :: complex and n :: int
assume z: "z € cball 1 r"
with r have [simp]: "z # 0"
by auto
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have "h n (f z) = (q® * (-z2)) powi (n * (n + 1) div 2) * (- (1 /
z2)) powi (n * (n - 1) div 2)"
using q by (simp add: h_def f_def power_mult_distrib)
also have "... = q powi (n * (n + 1)) * ((-z%) powi (nx*(n+1) div 2)

(- (1 /2%) powi (n * (n - 1) div 2))"
by (subst power_int_mult_distrib) (auto simp: power_int_power)
also have "(-z2) powi (n*(n+1) div 2) = (-z?) powi (n*(n-1) div 2
+ n)"
by (cases "even n") (auto elim!: evenE oddE simp: algebra_simps)
also have "... * (- (1 / z2)) powi (n * (n - 1) div 2) =
((-z%) * (-(1/22%))) powi (n * (n - 1) div 2) * (-z2) powi

by (subst power_int_mult_distrib) (auto simp: power_int_add)
also have "... = (-1) powi n * z powi (2+*n)"
by (simp add: power_int_minus_left power_int_power)
finally show "h n (f z) = h’ n z"
by (simp add: h’_def)
qed
finally have lim: "uniform_limit (cball 1 r) (AX z. Y .n€X. h’ n z) (\z.
g (f z)) finite_sets_at_top" .

have 1im’: "((An. h’ n 1) has_sum (g (£ 1))) UNIV"
using tendsto_uniform_limitI[OF lim, of 1] r by (simp add: has_sum_def)

define d where "d = (An z. 2 * (-1) powi n * of_int n * z powi (2*n-1)
* q powi (n*(n+1)))"
have ev: "Vp X in finite_sets_at_top.
continuous_on (cball 1 r) (Az. > n€X. h’ n z) A
(Vz€ball 1 r. ((Az. >.n€X. h’ n z) has_field_derivative
(- neXx. d n z)) (at z))"
proof (intro eventually_finite_subsets_at_top_weakI balll conjI, goal_cases)
case 1
thus 7case using r q by (auto intro!: continuous_intros simp: h’_def)
next
case (2 X z)
hence "z # 0" using r by auto
thus 7case
unfolding h’_def using r q by (auto intro!: derivative_eq_intros
simp: d_def mult_ac)
qed

obtain D where D:
"Az. z € ball 1 r = ((\z. g (f z)) has_field derivative D z) (at
z)"
"Az. z € ball 1 r = ((An. d n z) has_sum D z) UNIV"
by (rule has_complex_derivative_uniform_limit[OF ev 1im])
(use r in <auto simp: has_sum_def>)
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have "((An. ¢ * (b’ n1 +dn 1)) has_sum (c * (g (f 1) + D 1))) UNIV"
by (intro has_sum_cmult_right has_sum_add lim’ D) (use r in auto)
also have "c * (g (f 1) + D 1) = 91’ q"
proof (rule DERIV_unique)
have "((Az. ¢ * z * g (f z)) has_field_derivative (c * (g (f 1) +
D 1))) (at 1)"
by (rule derivative_eq_intros D(1) refl | use r in <simp; fail>)+
(simp_all add: c_def algebra_simps)?
also have "?this <— ((Az. -i * jacobi_theta_nome_11 z q) has_field_derivative
(c * (g (£ 1) +D 1))) (at 1)"
proof (rule DERIV_cong_ev)
have "eventually (Az. z € ball 1 r) (nhds (1::complex))"
by (rule eventually_nhds_in_open) (use r in auto)
thus "eventually (Az. ¢ * z * g (f z) = -1 * jacobi_theta_nome_11
z q) (nhds 1)"
by eventually_elim
(auto simp: power2_eq_square mult_ac g_def f_def c_def
jacobi_theta_nome_11_def jacobi_theta_nome_def)
qed auto
finally show "((Az. (-i) * jacobi_theta_nome_11 z q) has_field_derivative
c* (g (f1) +D 1)) (at D" .
next
show "((Az. (-i) * jacobi_theta_nome_11 z q) has_field_derivative

917 q) (at 1)"
by (rule derivative_eq_intros refl has_field_derivative_jacobi_theta_nw_11)+

(use q in <auto simp: mult_ac>)
qed
also have "(An. ¢ * (b’ n1 +dn 1)) =
(An. ¢ * (1) powi n * (2 * of_int n + 1) * q powi (n *
(n+ 1))
by (simp add: h’_def d_def algebra_simps)

finally show ?thesis .

qed

We can also derive the following slightly simpler series:

91 (q) =2¢"* D (=1)"ng"" )

n=—oo

The two are equivalent since their difference is

q1/4 Z (_1)nqn(n+1)

n=—oo

which clearly vanishes due to its symmetry under n — —n — 1.

lemma has_sum_jacobi_theta_nw_11’_auxl’:
fixes q :: complex
defines "c = 2 * q powr (1/4)"
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assumes q: "norm q < 1"
shows "((An. ¢ * (-1) powi n * of_int n * q powi (n * (n + 1))) has_sum
917 q) UNIV"
proof (cases "q = 0")
case [simp]: True
have "((An. ¢ * (-1) powi n * of_int n * q powi (n * (n + 1))) has_sum
917 q) UNIV +—>
((An. ¢ * (1) powi n * of_int n * q powi (n * (n + 1))) has_sum
917 q) {-1}"
by (rule has_sum_cong neutral) auto
thus ?thesis
by (simp add: has_sum_finite_iff c_def)
next
case [simp]: False
have *: "((An. q powr (1/4) * ((-1) powi n * q powi (n * (n + 1))))
has_sum 0) UNIV"
using has_sum_cmult_right [OF has_sum_jacobi_theta_nome_11’[of q 1],
of "q powr (1/4)"] q
by (cases "q = 0") auto
show "((An. ¢ * (-1) powi n * of_int n * q powi (n * (n + 1))) has_sum
91’ q) UNIV"
using has_sum_diff [OF has_sum_jacobi_theta_nw_11’_aux1[0F q] *]
by (simp add: field_simps c_def)
qed

lemma has_sum_jacobi_theta_nw_11’_aux2:
fixes q :: complex
defines "c = q powr (1/4)"
assumes q: "norm q < 1" "q # 0"
shows "((An. (-1) powi n * (2 * of_int n + 1) * q powi (n * (n + 1)))
has_sum (91’ q / c)) UNIV"
proof -
from g have [simp]: "c # 0"
by (auto simp: c_def)
have "((An. inverse ¢ * (¢ * (-1) powi n * (2 * of_int n + 1) * q powi
(n* (n+ 1))))
has_sum (inverse c * v¥;’ q)) UNIV"
unfolding c_def by (intro has_sum_cmult_right has_sum_jacobi_theta_nw_11’_aux1)
fact+
also have "(A\n. inverse c¢ * (¢ * (-1) powi n * (2 * of_int n + 1) *
q powi (n * (n + 1)))) =
(An. (-1) powi n * (2 * of_int n + 1) * g powi (n * (n +
D"
by (simp add: mult_ac fun_eq_iff)
also have "inverse c * V1’ q =191’ q / c"
by (simp add: field_simps)
finally show ?thesis .
qed
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lemma has_sum_jacobi_theta_nw_11’_aux2’:
fixes q :: complex
defines "c = 2 * q powr (1/4)"
assumes q: "norm q < 1" "q # 0"
shows "((An. (-1) powi n * of_int n * q powi (n * (n + 1))) has_sum
(W1’ q / c)) UNIV"
proof -
from g have [simp]: "c # 0"
by (auto simp: c_def)
have "((An. inverse ¢ * (c * (-1) powi n * of_int n * q powi (n * (n
+1))))
has_sum (inverse c * ¥y’ q)) UNIV"
unfolding c_def by (intro has_sum_cmult_right has_sum_jacobi_theta_nw_11’_aux1’)
fact+
also have "(\n. inverse c¢ * (c * (-1) powi n * of_int n * q powi (n
* (n+ 1)))) =
(An. (-1) powi n * of_int n * q powi (n * (n + 1)))"
by (simp add: mult_ac fun_eq_iff)
also have "inverse ¢ * V1’ q =191’ q / c"
by (simp add: field_simps)
finally show ?thesis .
qed

lemma has_sum_jacobi_theta_nw_11’:
fixes q :: complex
assumes q: "norm g < 1"
shows "((An. (-1) powi n * (2 * of_int n + 1) * q powr ((of_int n +
1/ 2)%)) has_sum 9¥,° q) UNIV"
proof (cases "q = 0")
case True
thus 7thesis
using has_sum_jacobi_theta_nw_11’_aux1[of 0] by auto
next
case [simp]: False
define ¢ where "c = q powr (1/4)"
have "((An. ¢ * (-1) powi n * (2 * of_int n + 1) * q powi (n * (n +
1))) has_sum vy’ q) UNIV"
unfolding c_def by (rule has_sum_jacobi_theta_nw_11’_auxl) fact+
also have "(An. ¢ * (-1) powi n * (2 * of_int n + 1) * q powi (n * (n

1)) =

+

(An. (-1) powi n * (2 * of_int n + 1) * q powr ((of_int n

+1/ 22"
proof
fix n :: int
have "c * (-1) powi n * (2 * of_int n + 1) * q powi (n * (n + 1))
(-1) powi n * (2 * of_int n + 1) * (q powr (1/4) * q powi (n
* (n o+ 1)))"

by (simp add: c_def mult_ac)
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also have "q powr (1/4) * q powi (n * (n + 1)) = q powr (1/4) * q
powr (of_int (n*(n+1)))"
by (subst complex_powr_of_int) auto
also have "... = q powr (of_int (n*(n+1)) + 1/4)"
by (subst powr_add) (auto simp: mult_ac)
also have "complex_of_int (n*(n+1)) + 1/4 = (of_int n + 1 / 2) ~ 2"
by (simp add: power2_eq_square algebra_simps)
finally show "c * (-1) powi n * (2 * of_int n + 1) * q powi (n * (n
+ 1)) =
(-1) powi n * (2 * of_int n + 1) * q powr ((of_int n
+1 /22" .
qed
finally show ?7thesis .
qed

5.3 Identities

Lastly, we derive a variety of identities between the different theta functions.

Using the Jacobi triple product three times and simplifying the result a bit,
we obtain the following identity:

92(q)93(q)Va(q) = 24" *p(¢*)?

lemma jacobi_theta_nw_10_00_01_conv_euler_phi:
assumes q: "norm (q :: complex) < 1"
shows "9y q * 93 q * ¥y q = 2 * q powr (1/4) * euler_phi (g?) ~
3"
proof (cases "q = 0")
case False
include gpochhammer_inf_notation
have "¥, g * U3 q * ¥4 q = q powr (1/4) * (@% ; q®)o ~ 3 *
((-q% 5 %o * (-1 ; q@%)oo * ((-q9 ; 9% * (@ ; gP)ss) ~ D"
using q False
by (simp add: jacobi_theta_nome_00_def jacobi_theta_nome_01_def jacobi_theta_nome_10_de
jacobi_theta_nome_triple_product_complex mult_ac eval_nat_numeral)
also have "(-q ; q%)o * (@ ; %o = (@72 ; ™D "
using gpochhammer_inf_square[of "q ~ 2" q] q
by (simp add: norm_power abs_square_less_1 mult_ac)
also have "(-q% ; q%)oe * (-1 ; g% =2 * (9% ; q%)o ~ 2"
by (subst (2) gpochhammer_inf mult_gq)
(use q in <auto simp: norm_power abs_square_less_1 simp flip: power2_eq_square>)
also have "q powr (1/4) * (q° ; ¢%)e ~ 3 * (2 * (-9 ; gP)? * (g
;g T D) =
2 * q powr (1/4) * (g% ; 9% * ((@% ; 9P * (4° ; 9D
* (g% ;g " Do) " 2"
by (simp add: mult_ac eval_nat_numeral)
also have "(g% ; q%)oo * (9% ; @ = (@ "4 ; ¢ ~ D"
using gpochhammer_inf_square[of "q ~ 2" "q ~ 2"] q
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by (simp add: norm_power abs_square_less_1 mult_ac)
also have "(q 4 ; ¢ Do * (@2 ; ¢ " Do = (% ;5 gD)x"
using prod_gqpochhammer_inf_group[of "q ~ 2" 2 "q ~ 2"] q
by (simp add: norm_power abs_square_less_1) (simp add: eval_nat_numeral
mult_ac)?
finally show "9y q * 93 q * 94, q =2 * q powr (1 / 4) * euler_phi (q
-2 - 3"
by (simp add: eval_nat_numeral mult_ac euler_phi_def)
qed auto

Combining this with Jacobi’s identity for ¢(q)® and comparing the result
with the series expansion for 9}, we obtain the following identity for ¥]:

91(q) = D2(q)93(q)04(q)

theorem jacobi_theta_nw_10_00_01_conv_11":

assumes q: "norm (q :: complex) < 1"
shows "y’ q = o q * 193 q * Uy q"
proof -

have "((An. 2 * q powr (1/4) * ((-1) powi n * of_int n * q powi (n *
(n + 1)))) has_sum 91’ q) UNIV"
using has_sum_jacobi_theta_nw_11’_aux1’[of q] q by (simp add: mult_ac)
moreover have "((An. 2 * q powr (1/4) * ((-1) powi n * of_int n * q
powi (n * (n + 1)))) has_sum
2% q powr (1/4) * euler_phi (q?) ~ 3) UNIV"
using has_sum_euler_phi_cube_complex[of "q ~ 2"] q
by (intro has_sum_cmult_right) (simp_all add: norm_power abs_square_less_1
power_int_power)
ultimately have "9,’ q = 2 * q powr (1/4) * euler_phi (q2?) ~ 3"
by (rule has_sum_unique)
also have "... =195 q * 935 g * Y4 q"
by (subst jacobi_theta_nw_10_00_01_conv_euler_phi) (use q in <simp_all
add: mult_ac>)
finally show ?thesis .
qed

An equivalent identity for %1911(7:; 7) also follows from this. However, we
need analytic continuation in order to deal with the branch cuts.

lemma deriv_jacobi_theta_11_at_0:

assumes t: "Im t > 0"

shows "deriv (Az. jacobi_theta_11 z t) 0 =

-of_real pi * jacobi_theta_10 0 t * jacobi_theta_00 O t *

jacobi_theta_01 0 t"
proof -

include jacobi_theta_nw_notation

define A where "A = {t. Re t > -1} N {t. Re t < 1} N {t. Im t > O}"

define f where "f = (At. deriv (\z. jacobi_theta_11 z t) 0)"

define g where "g = (A\t. -of_real pi * jacobi_theta_10 O t * jacobi_theta_00
0 t * jacobi_theta_01 0 t)"
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have ana: "f analytic_on {t. Im t > O}"
unfolding f_def by (rule analytic_deriv_jacobi_theta_11_left)

have "f t = g t"
proof (rule analytic_continuation_open[where f = f])
show "f holomorphic_on {t. Im t > O}"
using ana by (simp add: analytic_on_open open_halfspace_Im_gt)
show "g holomorphic_on {t. Im t > O}"
unfolding g_def by (auto intro!: holomorphic_intros open_halfspace_Im_gt)
have "i € A"
by (auto simp: A_def)
thus "4 # {}"
by blast
show "open A"
unfolding A_def by (intro open_Int open_halfspace_Im_gt open_halfspace_Re_gt
open_halfspace_Re_1t)
show "open {t. Im t > O}" "connected {t. Im t > O}"
by (auto simp: open_halfspace_Im_gt connected_halfspace_Im_gt)
show "A C {t. Imt > 0}" and "t € {t. Im t > O}"
using t by (auto simp: A_def)
next
fix t assume t: "t € A"
define q where "q = to_nome t"
have q: "norm q < 1"
using t by (auto simp: q_def norm_to_nome A_def)

note [derivative_intros] = has_field_derivative_jacobi_theta_nw_11
have "(((A\z. jacobi_theta_nome_11 z q) o to_nome) has_field_derivative

G* 917 @ * (pi *1)) (at 0)"
using q by (intro DERIV_chain) (auto intro!: derivative_eq_intros)
also have "7this <— ((\z. jacobi_theta_11 z t) has_field_derivative
(-pi * 91’ q)) (at 0)"
proof (rule DERIV_cong_ev)
have "eventually (Az. z € {z. Re z > -1} N {z. Re z < 1}) (nhds
O) n
by (intro eventually_nhds_in_open open_Int open_halfspace_Re_gt
open_halfspace_Re_1t) auto
thus "V p z in nhds 0. ((Az. jacobi_theta_nome_11 z q) o to_nome)

jacobi_theta_11 z t"
by eventually_elim (use t in <auto simp: jacobi_theta_11_conv_nome

q_def A_def>)

qed (auto simp: algebra_simps)

also have "1’ q =Yy q * ¥3 q * U4 q"

using jacobi_theta_nw_10_00_01_conv_11’[of q] q by simp

also have "... = jacobi_theta_10 O t * jacobi_theta_00 0 t * jacobi_theta_01

0 t" using t
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by (simp add: q_def jacobi_theta_10_conv_nome jacobi_theta_00_conv_nome
jacobi_theta_01_conv_nome A_def)
finally show "f t = g t"
unfolding f_def g def by (intro DERIV_imp_deriv) (auto simp: algebra_simps)

qed
thus ?thesis

qed

by (simp add: f_def g_def)

Next, we focus on some identities between 95, ¥3, and v4.

theorem jacobi_theta_nw_00_plus_01_complex: "¥3 q + ¥4 q = 2 * ¥3 (q

-4 ::

complex)"

proof (cases "norm q < 1")
case q: True

define f :: "complex = complex" where "f = (\q. U3 g + ¥4 q - 2 *
d3 (@ = )"
define F :: "complex fps"

where "F = fps_jacobi_theta_nw 1 + fps_jacobi_theta_nw (-1) -
2 * (fps_jacobi_theta_nw 1 oo fps_X ~ 4)"

have [simp]: "is_square (4 :: nat)"

unfolding is_nth_power_def by (rule exI[of _ 2]) auto

have "fps_jacobi_theta_nw 1 + fps_jacobi_theta_nw (-1 :: complex) =

2 % Abs_fps (An. if n = O then 1 else if even n A is_square n

then 2 else 0)"

by (intro fps_ext) (auto simp: fps_jacobi_theta_nw_def intro: Nat.grOI)

also have "Abs_fps (An. if n = O then 1 else if even n A is_square n
then 2 else 0) =

is_s

fps_compose (fps_jacobi_theta_nw 1) (fps_X =~ 4)"
by (auto simp: fps_eq_iff fps_jacobi_theta_nw_def fps_nth_compose_X_power
quare_mult2_nat_iff
is_nth_power_mult_cancel_left elim!: dvdE)

finally have "F = 0"

by (simp add: F_def)

have "f q = 0"
proof (rule has_fps_expansion_O_analytic_continuation[of £f])

F”

auto

have "(Aq. ¥3 q + 94 q - 2 ¥ (I3 o (A\q. q ~ 4)) q) has_fps_expansion
unfolding F_def by (intro fps_expansion_intros has_fps_expansion_compose)

also have "F = 0"
by fact

finally show "f has_fps_expansion 0"
by (simp add: f_def)

next

powe

show "f holomorphic_on ball 0 1"
unfolding f_def by (auto intro!: holomorphic_intros simp: norm_power
r_less_one_iff)

qged (use g in auto)
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thus 7thesis
by (simp add: f_def)
qged (auto simp: norm_power power_less_one_iff)

lemma jacobi_theta_nw_00_plus_01_real: "¥3 q + ¥4 q = 2 * 93 (@ ~ 4 ::
real)"
by (subst of_real_eq iff [where ?7’a = complex, symmetric],
unfold of_real_add of_real_mult of_real_diff)
(use jacobi_theta_nw_00_plus_01_complex[of q]
in <simp_all flip: jacobi_theta_nome_00_of_real jacobi_theta_nome_01_of_real>)

theorem jacobi_theta_nw_00_plus_01_square_complex:
"9 g T2+ q " 2=2%493 (@~ 2 :: complex) ~ 2"
proof (cases "norm q < 1")
case q: True
define F :: "complex fps"
where "F = 2 * fps_compose (fps_jacobi_theta_nw 1 ~ 2) (fps_X ~ 2)

fps_jacobi_theta_nw 1 ~ 2 - fps_jacobi_theta_nw (-1) ~
2"
have "(A\z. 2 * ((M\z. ¥3 z ~2) o (Az. z =~ 2)) z-03z "2 -9y z~
2) has_fps_expansion F"
unfolding F_def by (intro fps_expansion_intros has_fps_expansion_compose)
auto
also have "F = 0"

proof -
have "2 * fps_compose (Abs_fps (An. of_nat (count_sos 2 n) :: complex))
(fps_X =~ 2) =
Abs_fps (An. if even n then of_nat (2 * count_sos 2 n) else
O) n

by (auto elim!: evenE simp: fps_nth_compose_X_power fps_eq_iff count_sos_2_double)
also have "... = fps_jacobi_theta_nw 1 ~ 2 + fps_jacobi_theta_nw (-1)
~ o
by (auto simp: fps_eq_iff fps_jacobi_theta_power_eq)
also have "Abs_fps (An. of_nat (count_sos 2 n)) = fps_jacobi_theta_nw
1 -~ 2/!
by (simp add: fps_jacobi_theta_power_eq)
finally show "F = 0"
by (simp add: algebra_simps F_def)
qed
finally have "(\z::complex. 2 * U3 (z2) "2 -93 2z " 2-Y4 2z " 2) has_fps_expansion
OI!

by simp
hence "2 * (V3 (g2))% - (W3 @)* - Wy @* = 0"
by (rule has_fps_expansion_0_analytic_continuation[where A = "ball
0 1"1)

(use q in <auto intro!: holomorphic_intros simp: norm_power power_less_one_iff>)
thus ?thesis

114



by (simp add: algebra_simps)
qed (auto simp: norm_power power_less_one_iff)

corollary midpoint_jacobi_theta_nw_00_01_square_complex:
"midpoint (93 q ~ 2) (¥4 q ~ 2) =93 (9@ = 2 :: complex) ~ 2"
using jacobi_theta_nw_00_plus_01_square_complex[of q] by (simp add:
midpoint_def)
lemma jacobi_theta_nw_00_plus_01_square_real: "¥3 q ~ 2 + 94 q = 2 =
2 %93 (@~ 2 :: real) = 2"
by (subst of_real_eq_iff [where 7’a = complex, symmetric],
unfold of_real_add of_real _mult of_real_diff)
(use jacobi_theta_nw_00_plus_01_square_complex[of q]
in <simp_all flip: jacobi_theta_nome_00_of_real jacobi_theta_nome_01_of_real>)

theorem jacobi_theta_nw_00_times_01_complex: "¥s3 q * ¥4 q = (¥4 (q ~
2) = 2 :: complex)"
proof -
have "2 ¥ ¥3 q * 94 q= (W3 q+Y4q@ ~2- (W39~ 2+994q "~ 2"
by Groebner_Basis.algebra
also have "... =2 % (2 x93 (q ~4) ~ 2 -493 (g?) ~ 2)"
unfolding jacobi_theta_nw_00_plus_01_complex jacobi_theta_nw_00_plus_01_square_complex
by Groebner_Basis.algebra
also have "2 * ¥3 (q ~4) ~ 2 -193 (q2) ~ 2 =194 (%) ~ 2"
using jacobi_theta_nw_00_plus_01_square_complex[of "q ~ 2"]
by (simp add: algebra_simps)
finally show ?thesis
by simp
qed

lemma jacobi_theta_nw_00_times_01_real: "¥3 q * ¥4 q = (¥y4 (@ = 2) ~
2 :: real)"
by (subst of_real_eq iff [where ?7’a = complex, symmetric],
unfold of_real_add of_real_mult of_real_diff)
(use jacobi_theta_nw_00_times_01_complex[of q]
in <simp_all flip: jacobi_theta_nome_00_of_real jacobi_theta_nome_01_of_real>)

lemma jacobi_theta_nw_00_plus_10_square_square_aux:
fixes q :: complex
shows "¥3 q = 2 - ¥3 (q%) ~ 2 = q * jacobi_theta_nome (q?) (q?) ~ 2"
proof (cases "q # 0 A norm q < 1")
case True
define f :: "complex = complex"
where "f = (A\q. Y3 q ~ 2 - ((A\q. 93 q ~2) o (\gqg. q ~2)) g -q*
jacobi_theta_nome (q%) (q?) =~ 2)"
define F where "F = (fps_to_fls (fps_jacobi_theta_nw 1))? -
fps_to_fls ((fps_jacobi_theta_nw 1)? oo fps_XQ) -
fps_to_fls (Abs_fps (An. if odd n then complex_of_nat (count_sos 2
n) else 0))"
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have "f has_laurent_expansion F"
unfolding F_def f_def
by (intro laurent_expansion_intros fps_expansion_intros
has_laurent_expansion_q_times_jacobi_theta_nw_10_aux_square_square
has_laurent_expansion_fps) auto
also have "F = fps_to_fls 0"
unfolding F_def fps_to_fls_power [symmetric] fps_to_fls_minus [symmetric]
fps_to_fls_eq_iff
by (auto simp: fps_eq_iff fps_jacobi_theta_power_eq fps_nth_compose_X_power
count_sos_2_double
elim!: evenE)
finally have "f has_laurent_expansion 0"
by simp

have "f q = 0"
proof (rule has_laurent_expansion_0O_analytic_continuation[of f])
show "f has_laurent_expansion 0"
by fact
show "f holomorphic_on ball 0 1 - {0}"
by (auto simp: f_def o_def norm_power power_less_one_iff intro!:
holomorphic_intros)
qged (use True in auto)
thus 7thesis
by (simp add: f_def)
qed (auto simp: norm_power power_less_one_iff)

theorem jacobi_theta_nw_00_plus_10_square_square_complex:
fixes q :: complex
assumes "Re ¢ > 0 A (Re q =0 — Imq > 0)"
shows "¥3 (g?) ~ 2+ Uy (q®) ~ 2 =193 q =~ 2"
proof -
have "¥3 g ~ 2 - ¥3 (q?) ~ 2 = q * jacobi_theta_nome (q2?) (gq2) ~ 2"
by (rule jacobi_theta_nw_00_plus_10_square_square_aux)
also have "q = ((q ~ 2) powr (1 / 4)) ~ 2"
proof -
have "((q =~ 2) powr (1 / 4)) =~ 2 = csqrt (q ~ 2)"
using assms by (auto simp add: powr_def csqrt_exp_Ln simp flip:
exp_of_nat_mult)
also have "csqrt (q = 2) = q"
by (rule csqrt_unique) (use assms in <auto simp: not_less>)
finally show ?thesis ..
qed
hence "q * jacobi_theta_nome (q2) (q2) ~ 2 =15 (¢ = 2) ~ 2"
by (simp add: jacobi_theta_nome_10_def power_mult_distrib)
finally show ?thesis by (Groebner_Basis.algebra)
qed

lemma jacobi_theta_nw_00_plus_10_square_square_real:
assumes "q > (0::real)"
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shows "d3 (g?) ~ 2+ Uy (q?) ~ 2 =193 q =~ 2"
by (subst of_real_eq iff [where ?7’a = complex, symmetric],
unfold of_real_add of_real _mult of_real_diff)
(use jacobi_theta_nw_00_plus_10_square_square_complex[of q] assms

in <simp_all flip: jacobi_theta_nome_00_of_real jacobi_theta_nome_10_complex_of_real

theorem jacobi_theta_nw_00_minus_10_square_square_complex:
assumes "0 < Re g AN (Req =0 — 0 < Imqg)"
shows "¥3 (q?) =~ 2 -y (g?) =~ 2 =194 (q :: complex) ~ 2"
using jacobi_theta_nw_00_plus_01_square_complex[of q]
jacobi_theta_nw_00_plus_10_square_square_complex[OF assms]
by Groebner_Basis.algebra

lemma jacobi_theta_nw_00_minus_10_square_square_real:
assumes "q > (0::real)"
shows "¥3 (g?) ~ 2 -1y (q®) ~2 =19, q ~ 2"
using jacobi_theta_nw_00_plus_01_square_real[of ql
jacobi_theta_nw_00_plus_10_square_square_real [OF assms]
by Groebner_Basis.algebra

The following shows that the theta nullwerte provide a parameterisation of
the Fermat curve X4+ Y4 = 74

theorem jacobi_theta_nw_pow4_complex: "Us q ~ 4 + U4 q ~ 4 = (¥3 q
4 :: complex)"
proof (cases "norm q < 1")
case q: True
define r where "r = csqrt q"
have gq_eq: "g =r =~ 2"
by (simp add: r_def)
have "norm r < 1"
using g by (auto simp: r_def)
have "0 < Rer N (Rer =0 — 0 < Im r)"
using csqrt_principal[of q] by (auto simp: r_def simp del: csqrt.sel)
note r = <norm r < 1> this

have "¥3 q "4 -9 q "4 = (W3 q " 2+vY3q9 "2 x (W39~ 2-1702q
)
by Groebner_Basis.algebra
also have "... = (W3 r * 94 r) ~ 2"
using jacobi_theta_nw_00_plus_10_square_square_complex[OF r(2)]
jacobi_theta_nw_00_minus_10_square_square_complex [0F r(2)]
unfolding q_eq by Groebner_Basis.algebra
also have "¥3 r * 94, r =94 q = 2"
unfolding q_eq using jacobi_theta_nw_00_times_01_complex[of r] .
finally have "¥35 q =~ 4 -5 q ~ 4 =194 q ~ 4"
by simp
thus 7thesis
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by Groebner_Basis.algebra
qged auto

unbundle jacobi_theta_notation

lemma jacobi_theta_xy_O0_pow4_complex:
assumes "Im t > 0"
shows  "910(0; t) ~ 4 + Y91 (0; t) ~ 4 = Ygo(0; t) ~ 4"
proof (rule analytic_continuation_open[where f = "At. ¥19(0; t) ~ 4 +
991 (0; t) ~ 4"])
define A where "A = {z. Im z > 0} N {z. Re z > -1} N {z. Re z < 1}"
show "(At. 1000 ; t) ~ 4 + 991(0 ; t) ~ 4) holomorphic_on {z. Im z
> 0p"
by (auto intro!: holomorphic_intros open_halfspace_Im_gt)
show "(At. Yg9(0; t) ~ 4) holomorphic_on {z. Im z > O}"
by (auto intro!: holomorphic_intros open_halfspace_Im_gt)
have "i € A"
by (auto simp: A_def)
thus "4 # {}"
by blast
show "connected {z. Im z > 0}" "open {z. Im z > O}"
by (auto simp: connected_halfspace_Im_gt open_halfspace_Im_gt)
show "open A"
unfolding A_def by (intro open_Int open_halfspace_Im_gt open_halfspace_Re_gt
open_halfspace_Re_1t)
show "A C {z. Im z > O}"
by (auto simp: A_def)
show "t € {z. Im z > 0}"
using assms by auto
show "¢19(0; t) ~ 4 + 991(0; t) ~ 4 = 1999(0; t) ~ 4" if t: "t € A" for
t
proof -
define q where "q = to_nome t"
show 7thesis
using jacobi_theta_nw_pow4_complex[of q] t
by (auto simp: jacobi_theta_00_conv_nome jacobi_theta_01_conv_nome

jacobi_theta_10_conv_nome A_def q_def)

qed
qed

lemma jacobi_theta_nw_pow4_real: "q > 0 = ¥ q ~ 4 + 104 q = 4 = (U3
q "4 :: real)"
by (subst of_real_eq iff [where ?7’a = complex, symmetric],
unfold of_real_add of_real _mult of_real_diff)
(use jacobi_theta_nw_pow4_complex[of q]

in <simp_all flip: jacobi_theta_nome_00_of_real jacobi_theta_nome_01_of_real

jacobi_theta_nome_10_complex_of_real>)
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5.4 Properties of the nullwert functions on the real line

lemma has_field_derivative_jacobi_theta_nw_00:
fixes q :: "’a :: {real_normed_field,banach}"
assumes q: "norm q < 1"
defines "a = (An. 2 * (of_nat n + 1)2 * g ~ (n * (n + 2)))"
shows "summable a" "(¥3 has_field_derivative () .n. a n)) (at g)"
proof -

define F :: "’a fps" where "F = fps_jacobi_theta_nw 1"
define F’ where [simp]: "F’ = fps_deriv F"
define £’ :: "’a = ’a" where "f’ = eval_fps F"

have [simp]: "fps_conv_radius F = 1"
unfolding F_def using fps_conv_radius_jacobi_theta_nw[of "1::’a"]

by (simp add: one_ereal_def)

have "(An. fps_nth F’ n * q ~ n) sums eval_fps F’ q"
by (rule sums_eval_fps)
(use q in <auto intro!: less_le_trans[OF _ fps_conv_radius_deriv]>)
moreover have "bij_betw (An. (n+1)72 - 1) UNIV {n. is_square (Suc n)}"
by (rule bij_betwI[of _ _ _ "An. floor_sqrt (n+1) - 1"]) (auto elim!:
is_nth_powerE)
moreover have "strict_mono (An::nat. (n+1)°2 - 1)"
by (intro strict_monoI_Suc) (auto simp: power2_eq_square)
ultimately have "(An. fps_nth (fps_deriv F) ((n+1)°2 - 1) * q =~ ((n+1)"2
- 1)) sums
eval_fps (fps_deriv F) q"
by (subst sums_mono_reindex) (auto simp: F_def fps_jacobi_theta_nw_def
bij_betw_def)
also have "(A\n. fps_nth (fps_deriv F) ((n+1)°2 - 1) * q =~ ((n+1)"2 -
1)) =
(An. 2 * (of_nat n + 1)°2 ¥ q ~ ((n+1)"2-1))"
by (auto simp: F_def fps_jacobi_theta_nw_def add_ac)
also have "(An::nat. (n+1) ~ 2 -1) = (An. n * (m + 2))"
by (simp add: algebra_simps power2_eq_square)
finally have "a sums eval_fps (fps_deriv F) q"
by (simp only: a_def)

moreover have " (V3 has_field_derivative (eval_fps F’ q)) (at g)"
proof -
have "ereal (norm q) < fps_conv_radius F"
using q by (auto simp: one_ereal_def)
hence "(eval_fps F has_field_derivative (eval_fps F’ q)) (at q)"
unfolding F’_def by (rule has_field_derivative_eval_fps)
also have "?this <— ?thesis"
proof (intro DERIV_cong_ev)
have "eventually (At. t € ball 0 1) (nhds q)"
by (rule eventually_nhds_in_open) (use q in auto)
thus "eventually (At. eval_fps F t = ¥3 t) (nhds q)"
proof eventually elim
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case (elim t)
thus 7case
using sums_jacobi_theta_nw_00[of t] by (simp add: sums_iff eval_fps_def
F_def)
qed
qed auto
finally show ?thesis .
qed

ultimately show "summable a" "(¥3 has_field_derivative () .n. a n))
(at @)
by (simp_all add: sums_iff)
qed

lemma jacobi_theta_nw_10_le_00:
assumes "q > (0::real)"
shows "y q < ¥3 g"
proof (cases "q < 1")
case True
with assms have q: "q > 0" "q < 1"
by auto
define r where "r = sqrt q"
have "0 < 93 gq"
using has_sum_jacobi_theta_nw_00[of q] by (rule has_sum_nonneg) (use
q in auto)
have "(W3 @)% - (92 q@)? = (W4 r)?"
using jacobi_theta_nw_00_minus_10_square_square_real[of r] q
by (simp add: r_def)

also have "... > 0"
by simp

finally have "(¥3 q)? > (W5 q)?"
by simp

thus "¥3 q > 92 q"
by (rule power2_le_imp_le) (fact <v¥3 q > 0>)
qed auto

lemma jacobi_theta_nw_00_pos:
fixes q :: real
assumes "q € {-1<..<1}"
shows  "¥3 q > 0"
proof -
have pos: "¥3 q > 0" if "q € {0..<1}" for q :: real
using has_sum_0 has_sum_jacobi_theta_nw_00
proof (rule has_sum_strict_mono)
show "0 < q powi 0 ~ 2"
by auto
qged (use that in auto)

have "Y4 q > 0" if q: "q € {0..<1}" for q :: real

120



proof -
have eq: "¥3 q * ¥4 q = Wy (@ ~2) = 2)"
by (rule jacobi_theta_nw_00_times_01_real)
have "¥3 q * 94 q > 0"
by (subst eq) auto
with pos[of q] q have "9, q > 0"
by (simp add: zero_le_mult_iff)

have zero_iff: "9y q = 0 «— Y4 (q =~ 2) = 0" if "q € {0..<1}" for
q :: real
using jacobi_theta_nw_00_times_01_real[of q] pos[of q] that by auto

have "¢, q # 0"
proof
assume "4 q = 0"
have "9y (@ = (2 ~n)) = 0" for n
proof (induction n)
case (Suc n)
have "¥4 (¢ = (2 ~ Sucn)) =Y ((q =~ (2 " n)) ~2)"
by (simp flip: power_mult add: mult_ac)
also have "... =0 +— 94 (@ = (2 “n)) = 0"
by (subst zero_iff [symmetric]) (use q in <auto simp: power_less_one_iff>)
finally show 7case
using Suc.IH by simp
qed (use <¥y q = 0> in auto)
hence "(An. ¥4 (9@ = (2 ~ n))) —— 0"
by simp
moreover have "(An. 94 (@ =~ (2 "~ n))) —— Y4 0"
proof (rule continuous_on_tendsto_compose[of _ U4])
show "continuous_on {0..<1::real} 4"
by (intro continuous_intros) auto
show "(An. ¢ =~ (2 ~n)) —— 0"
proof (cases "q = 0")
case False
thus 7thesis
using q by real_asymp
qed (auto simp: power_0_left)
qged (use g in <auto simp: power_less_one_iff>)
ultimately have "9, (0::real) = 0"
using LIMSER unique by blast
thus False
by simp
qed
with <94 q > 0> show "¥, q > 0"
by simp
qed
from this[of "-q"] and pos[of q] show 7thesis
using assms by (cases "q > 0") (auto simp: jacobi_theta_nw_01_conv_00)
qed
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lemma jacobi_theta_nw_01_pos: "q € {-1<..<1} = ¥4 q > (0::real)"
using jacobi_theta_nw_00_pos[of "-q"]
by (simp add: jacobi_theta_nw_01_conv_00)

lemma jacobi_theta_nw_00_nonneg: "3 q > (0::real)"
using jacobi_theta_nw_00_pos[of q] by (cases "norm q < 1") (auto simp:
abs_less_iff)

lemma jacobi_theta_nw_01_nonneg: "¥4 q > (0::real)"
by (simp add: jacobi_theta_nw_01_conv_00 jacobi_theta_nw_00_nonneg)

lemma strict_mono_jacobi_theta_nw_00: "strict_mono_on {-1<..<1::reall}
93"
proof -
have theta3_less: "3 x < ¥3 y" if xy: "0 < x" "x < y" "y < 1" for x
y :: real
proof (rule has_sum_strict_mono)
show "((An. x powi n?) has_sum ¥3 x) UNIV" "((An. y powi n?) has_sum
Y3 y) UNIV"
by (rule has_sum_jacobi_theta_nw_00; use xy in simp)+
show "x powi (n"2) < y powi (n~2)" for n :: int
by (intro power_int_mono) (use xy in auto)
show "x powi (172) < y powi (172)"
using xy by auto
ged auto

have theta4 less: "¥y x < ¥4 y" if xy: "0 < y" "y < x" "x < 1" for x
y :: real
proof -
include gpochhammer_inf_notation
have "¥, x = jacobi_theta_nome (-1) x"
by (simp add: jacobi_theta_nome_01_def)
also have "... = (x2 ; x2) * ((x ; x%2)) ~ 2"
by (subst jacobi_theta_nome_triple_product_real) (use xy in <simp_all
add: power2_eq_square>)
also have "... < (x2 ; x%) o * ((7 ; D) ~ 2"
proof (intro mult_strict_left_mono power_strict_mono)
show "(x2 ; x2) > 0" "(x ; x%2)o > O"
using xy by (auto intro!: gpochhammer_inf_pos qpochhammer_inf nonneg
simp: power_less_one_iff)
next
show "(x ; %) < (7 5 79"
proof (rule has_prod_less)
show "(An. 1 - x * (x"2)"n) has_prod (x ; x2),"
"(An. 1 - y * (y°2)"n) has_prod (y ; y?)oo"
by (rule has_prod_gpochhammer_inf; use xy in <simp add: power_less_one_iff>)+
next
show "1 - x * (x72)70 < 1 -y * (y~2)70"
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using xy by simp
next
fix n :: nat
have "x * (x2)"n = x~(2*n+1)"
by (simp add: power_mult power_add)
also have "... < 1"
by (subst power_less_one_iff) (use xy in auto)
finally show "1 - x * (x2)™n > 0"

by simp
next
fix n :: nat

have "x~(2#*n+1) > y~(2*%n+1)"
by (intro power_mono) (use xy in auto)
thus "1 - x * (x?) "n < 1-y* (y2) ~n"
by (simp add: power_mult)
qged
qed auto
also have "... < (3% ; 790 * (7 ; %)) ~ 2"
proof (intro mult_right_mono zero_le_power)
show "(y ; y2)OO > 0"
by (intro gpochhammer_inf_nonneg) (use xy in <auto simp: power_less_one_iff>)
next
show "(x2 ; x2) < (y2 ; y2)oo"
proof (rule has_prod_le[OF _ _ conjI])
show "(An. 1 - x2 * (x72)"n) has_prod (x? ; x?)."
"(On. 1 - y? * (y"2)°n) has_prod (y? ; y%)"
by (rule has_prod_qpochhammer_inf; use xy in <simp add: power_less_one_iff>)+
next
fix n :: nat
have "x2 * (x%2)"n = x~(2*n+2)"
by (simp add: power_mult power_add power2_eq_square)
also have "... < 1"
by (subst power_le_one_iff) (use xy in auto)
finally show "1 - x2 * (x2)"n > 0"

by simp
next
fix n :: nat

have "x~(2#n+2) > y~(2*n+2)"
by (intro power_mono) (use xy in auto)
thus "1 - x2 * (x2) " n <1 -y % (y2) "~ n"
by (simp add: power_mult power2_eq_square)
qed
qed
also have "... = jacobi_theta_nome (-1) y"
by (subst jacobi_theta_nome_triple_product_real) (use xy in <simp_all
add: power2_eq_square>)
also have "... =94 y"
by (simp add: jacobi_theta_nome_01_def)
finally show "4, x < 94 y" .
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qed

show "strict_mono_on {-1<..<1::real} ¥3"
proof (rule strict_mono_onI)

fix x y :: real
assume xy: "x € {-1<..<1}" "y € {-1<..<1}" "x < y"
Consider "y Z o" / ny S o" / "y < O" uy > o"

using xy by linarith
thus "3 x < U3 y"
proof cases
assume "x > 0"
thus 7thesis by (intro theta3_less) (use xy in auto)
next
assume "y < 0"
hence "9 (-x) < Y4 (=y)"
by (intro theta4_less) (use xy in auto)
thus 7thesis
by (simp add: jacobi_theta_nw_01_conv_00)
next
assume xy’: "x < 0" "y > 0"
have "9, (-x) < 94 0"
by (rule theta4_less) (use xy xy’ in auto)
moreover have "¥3 0 < 93 y"
by (rule theta3_less) (use xy xy’ in auto)
ultimately show ?thesis
by (simp add: jacobi_theta_nw_01_conv_00)
qed
qed
qed

lemma strict_antimono_jacobi_theta_nw_01: "strict_antimono_on {-1<..<1::real}
794 "
by (auto intro!: monotone_onI strict_mono_onD[0OF strict_mono_jacobi_theta_nw_00]

simp: jacobi_theta_nw_01_conv_00)

lemma jacobi_theta_nw_10_nonneg:
assumes "x > 0"

shows "Yy x > (0::real)"
proof -
consider "x = 0" | "x > 1" | "x € {0<..<1}"

using assms by force
thus 7thesis
proof cases
assume x: "x € {0<..<1}"
show 7thesis
using has_sum_jacobi_theta_nw_10_real
by (rule has_sum_nonneg) (use x in auto)
ged auto
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qed

lemma strict_mono_jacobi_theta_nw_10: "strict_mono_on {0::real..<1} 93"
proof (rule strict_mono_onI)
fix x y :: real
assume xy: "x € {0..<1}" "y € {0..<1}" "x < y"
note mono_rules = strict_mono_jacobi_theta_nw_00 strict_antimono_jacobi_theta_nw_01

have "y x ~ 4 =93 x ~ 4 -9, x = 4"
by (subst jacobi_theta_nw_pow4_real [symmetric]) (use xy in auto)
also have "... <93y ~4 -9, 5y ~ 4"
by (intro diff_strict_mono power_strict_mono mono_rules[THEN monotone_onD]
jacobi_theta_nw_00_nonneg jacobi_theta_nw_01_nonneg)
(use xy in auto)
also have "... =199 y = 4"
by (subst jacobi_theta_nw_pow4_real [symmetric]) (use xy in auto)
finally show "¥5 x < 5 y"
by (rule power_less_imp_less_base) (use xy in <auto intro!: jacobi_theta_nw_10_nonneg>,
qed

lemma jacobi_theta_nw_10_pos:

assumes "x € {0<..<1}"

shows "Yg x > (0::real)”

using strict_mono_onD[0F strict_mono_jacobi_theta_nw_10, of 0 x] assms
by simp

unbundle no jacobi_theta_notation
unbundle no jacobi_theta_nw_notation

end
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