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Abstract

We formally define sunflowers and provide a formalization of the
sunflower lemma of Erdds and Rado: whenever a set of size-k-sets has
a larger cardinality than (r — 1)* - k!, then it contains a sunflower of
cardinality r.

1 Sunflowers

Sunflowers are sets of sets, such that whenever an element is contained in
at least two of the sets, then it is contained in all of the sets.

theory Sunflower
imports Main
HOL— Library.FuncSet
begin

definition sunflower :: 'a set set = bool where
sunflower S =¥ z. (3 AB. A€ SABeSANA#BA
x € ANz € B)
— VA Ae S —ze i)

lemma sunflower-subset: F' C G = sunflower G = sunflower F

(proof)

lemma pairwise-disjnt-imp-sunflower:
pairwise disjnt F =—> sunflower F
{proof )

lemma card2-sunflower: assumes finite S and card S < 2
shows sunflower S

(proof )

lemma empty-sunflower: sunflower {}
(proof )

lemma singleton-sunflower: sunflower {A}
{proof)



lemma doubleton-sunflower: sunflower {A,B}
(proof )

lemma sunflower-imp-union-intersect-unique:
assumes sunflower S

andz e (Y S) - (N 9)
shows 3! 4. Ae SAze A

(proof)

lemma union-intersect-unique-imp-sunflower:
assumes Az.ze€ (U S)—(NS)=3<1 A AcSAnzeA
shows sunflower S

{proof)

lemma sunflower-iff-union-intersect-unique:
sunflower S +— VY zelJ S—() S. 1A A SAzed
(is 21l = %r)

(proof)

lemma sunflower-iff-intersect-Uniq:
sunflower S «+— (VY z. z€ ()1 SV (3<1 A A SAzed)
(is 2l = %r)

(proof)

If there exists sunflowers whenever all elements are sets of the same
cardinality 7, then there also exists sunflowers whenever all elements are
sets with cardinality at most r.

lemma sunflower-card-subset-lift: fixes F :: 'a set set
assumes sunflower: \ G :: ("a + nat) set set.
(V A e G. finite AN card A = k) = card G > ¢
=3 5.5 C G A sunflower S A\ card S = r
and kF:V A € F. finite AN card A < k
and cardF: card F > ¢
shows 3 S. S C F A sunflower S A card S = r

(proof)

We provide another sunflower lifting lemma that ensures non-empty
cores. Here, all elements must be taken from a finite set, and the bound
is multiplied the cardinality.

lemma sunflower-card-core-lift:
assumes finE: finite (E :: 'a set)
and sunflower: \ G :: 'a set set.
(V A€ G. finite AN card A < k) = card G > ¢
=3 5.5 C G A sunflower S A\ card S = r
and F:V Ac F.ACEANs<card AN card A <k
and cardF: card F > (card E choose s) x ¢
and s: s # 0
and : r # 0



shows 3 S. S C F A sunflower S A card S =1 A card ([ S) > s
(proof)

lemma sunflower-nonempty-core-lift:
assumes finE: finite (E :: 'a set)
and sunflower: \ G :: 'a set set.
(V A€ G. finite AN card A < k) = card G > ¢
=3 5.5 C G A sunflower S N\ card S = r
and F:V A€ F.ACEANcard A<k
and empty: {} ¢ F
and cardF: card F' > card E * ¢
shows 3 S. S C F A sunflower S A card S =r A () S) # {}

(proof)

end

2 The Sunflower Lemma

We formalize the proof of the sunflower lemma of Erdds and Rado [2], as it
is presented in the textbook [3, Chapter 6]. We further integrate Exercise
6.2 from the textbook, which provides a lower bound on the existence of
sunflowers.

theory FErdos-Rado-Sunflower
imports
Sunflower
begin

When removing an element from all subsets, then one can afterwards
add these elements to a sunflower and get a new sunflower.

lemma sunflower-remove-element-lift:
assumes S: S C{ A —{a} |A. A€ FAac A}
and sf: sunflower S
shows 3 Sa. sunflower Sa N Sa C F A card Sa = card S N\ Sa = insert a * S

(proof)

The sunflower-lemma of Erdés and Rado: if a set has a certain size and
all elements have the same cardinality, then a sunflower exists.

lemma FErdos-Rado-sunflower-same-card:
assumes V A € F. finite A N\ card A = k
and card F > (r — 1)7k * fact k
shows 3 S. S C F A sunflower S A card S =r AN{} ¢ S

(proof)
Using sunflower-card-subset-lift we can easily replace the condition that

the cardinality is exactly k£ by the requirement that the cardinality is at
most k. However, then {} ¢ S cannot be ensured. Consider r = 1 A 0 < k

AF={{}}



lemma FErdos-Rado-sunflower:
assumes V A € F. finite A N\ card A < k
and card F > (r — 1)7k * fact k
shows 3 5. S C F A sunflower S A card S = r

(proof)

We further provide a lower bound on the existence of sunflowers, i.e.,
Exercise 6.2 of the textbook [3]. To be more precise, we prove that there is
a set of sets of cardinality (r — 1)¥, where each element is a set of cardinality
k, such that there is no subset which is a sunflower with cardinality of at
least r.

lemma sunflower-lower-bound:
assumes inf: infinite (UNIV :: 'a set)
and m: r # 0
and rk:r =1 =k +# 0
shows 3 F.
card F = (r — 1)7k A finite F A
(V A€ F. finite (A :: 'a set) A card A = k) A
(3 S. S C F A sunflower S A card S > r)
(proof)

The difference between the lower and the upper bound on the existence
of sunflowers as they have been formalized is fact k. There is more recent
work with tighter bounds [1], but we only integrate the initial result of Erdds
and Rado in this theory.

We further provide the Erdds Rado lemma lifted to obtain non-empty
cores or cores of arbitrary cardinality.

lemma FErdos-Rado-sunflower-card-core:
assumes finite £
andV Aec F. ACEANs<card AN card A <k
and card F > (card E choose s) % (r — 1)k * fact k
and s # 0
and r # 0
shows 3 S. S C F A sunflower S A card S =1 A card ([ S) > s

{proof)

lemma FErdos-Rado-sunflower-nonempty-core:
assumes finite £
andV A€ F.ACEANcard A<k
and {} ¢ F
and card F > card E x (r — 1)k * fact k
shows 3 S. S C F A sunflower S A card S =r A S # {}

{proof)

end
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