Strict Omega Categories

Anthony Bordg Adrian Dona Mateo

June 6, 2026

Abstract

This theory formalises a definition of strict w-categories and the
strict w-category of pasting diagrams, following [1]. It is the first
step towards a formalisation of weak infinity categories a la Batanin—

Leinster.
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theory Globular-Set
imports HOL— Library. FuncSet

begin

1 Background material on extensional functions
lemma PiE-imp-Pi: f € A g B—=— f € A — B by fast

lemma PiE-iff: f € A g B=(f € A — B A f € extensional A)
by (simp add: PiE-iff Pi-iff)



abbreviation composing (<- o - | - [60,0,60]59)
where go f | D = compose D g f

lemma compose-PiE: f e A - B=—=ge€B—(C=goflAecA—pC
by (metis funcset-compose compose-extensional PiE-iff )

lemma compose-eq-iff: (9o f |l A=koh| A) =Nz e A g(fz)=Fk (hz))
proof (safe)
fix rassume gof | A=koh | Az e A
then show g (fz) = k (h x) by (metis compose-eq)
next
assume Vz € A. g (fz) =k (hz)
hence A\v. 2 € A= (9o fl A) z=(kohl] A) z by (metis compose-eq)
then show go f | A=k o h ] A by (metis extensionalityl compose-extensional)
qed

lemma compose-eq-if: (Nz. 2 € A = g (fz) =k (hz)) = goflA=koh
1A
using compose-eq-iff by blast

lemma compose-compose-eq-iff2: (ho (gofl AL A=h"o(g'of L A) | A=

(Vo e A h (g (fz) =h"(g" (f' z)))
by (simp add: compose-eq compose-eq-iff)

lemma compose-compose-eq-iff1: assumes f € A — Bf'€ A — B

shows (hogl B)oflA=(hog' | B)of'|l A =WNze A h(g(fz) =
h' (9" (f" 7))
proof —

have (hog| B)of| A=ho(goflA)] A

moreover have (h' o g’ | B) o f' | A =
assms(2) compose-assoc)

ultimately have h: (ho gl B)of |l A= (h'og' | B)of'| A) =

(ho(gofl AL A=h"o(g"of" | A) | A) by presburger

then show %thesis by (simp only: h compose-compose-eq-iff2)
qed

by (metis assms(1) compose-assoc)
h'o (9" o f'L A) | A by (metis

lemma compose-compose-eq-ifl: [f € A — B; f' € A — B;Va € A. h (g (fz))
=h"(g' (f'2)] =
(hoglB)oflLA=(h'og L B)of | A

using compose-compose-eq-iff1 by blast
lemma compose-compose-eq-if2: Vz € A. h (g (fz)) =h' (¢ (f' 2)) =
ho(goflA)LA="h"o(g'of | A)]A

using compose-compose-eq-iff2 by blast

lemma compose-restrict-eql: f € A - B = restrictg Bof | A=gof |l A
by (smt (verit) PiE compose-eq-iff restrict-apply’)

lemma compose-restrict-eq2: g o (restrict fA) ] A=gof | A



by (metis (mono-tags, lifting) compose-eq-if restrict-apply’)

lemma compose-Id-eg-restrict: g o (Az € A. z) | A = restrict g A
by (smt (verit) compose-restrict-eql compose-def restrict-apply’ restrict-ext)

2 Globular sets

2.1 Globular sets

We define a locale globular-set that encodes the cell data of a strict w-
category [1, Def 1.4.5]. The elements of X n are the n-cells, and the maps s
and t give the source and target of a cell, respectively.

locale globular-set =
fixes X :: nat = ’a set and s :: nat = ‘a = ‘aand ¢ :: nat = ‘a = 'a
assumes s-fun: sn € X (Sucn) = X n
and tfun: tn € X (Sucn) = Xn
and s-comp: z € X (Suc (Suc n)) = sn (¢t (Sucn) z) = s n (s (Suc n) x)
and t-comp: z € X (Suc (Suc n)) = tn (s (Sucn) z) =t n (t (Sucn) x)
begin

lemma s-comp”: s n ot (Sucn) | X (Suc (Suc n)) = snos (Sucn)l X (Suc
(Suc n))
by (metis (full-types) compose-eq-if s-comp)

lemma t-comp”: t n o s (Suc n) I X (Suc (Suc n)) =t not (Sucn)l X (Suc
(Suc n))
by (metis (full-types) compose-eq-if t-comp)

These are the generalised source and target maps. The arguments are
the dimension of the input and output, respectively. They allow notation
similar to s"~P in [1].

fun s’ :: nat = nat = 'a = 'a where

s"00 =1d|

s" 0 (Suc n) = undefined |

s" (Suc m) n = (if Suc m < n then undefined
else if Suc m = n then id
else 8" mn o sm)

fun t’ :: nat = nat = ’‘a = 'a where

00 =id |

t’ 0 (Suc n) = undefined |

t’ (Suc m) n = (if Suc m < n then undefined
else if Suc m = n then id
else t' mn o tm)

lemma s’-n-n [simpl: s’ n n = id
by (cases n, simp-all)



lemma s’-Suc-n-n [simp]: s’ (Suc n) n=sn
by simp

lemma s’-Suc-Suc-n-n [simp]: s’ (Suc (Suc n)) n = sn o s (Suc n)
by simp

lemma s’-Suc [simp]: n < m = s’ (Sucm) n=s"mnosm
by simp

lemma s’-Suc: n < m = s'"mn=snos" m(Sucn)
proof (induction m arbitrary: n)
case (
then show ?case by blast
next
case (Suc m)
hence n < m by fastforce
show ?case proof (cases n = m, simp)
assume n # m
then show s’ (Suc m) n = s n o s’ (Suc m) (Suc n) using Suc by fastforce
qed
qed

lemma t’-n-n [simp]: t' nn = id
by (cases n, simp-all)

lemma t’-Suc-n-n [simp]: t' (Suc n) n =tn
by simp

lemma t’-Suc-Suc-n-n [simp]: t’ (Suc (Suc n)) n =t n ot (Suc n)
by simp

lemma t'-Suc [simp]: n < m = t' (Sucm)n=t"mnotm
by simp

lemma t’-Suc" n < m = t'mn==tnot' m(Sucn)
proof (induction m arbitrary: n)
case 0
then show ?case by blast
next
case (Suc m)
hence n < m by fastforce
show ?case proof (cases n = m, simp)
assume n £ m
then show ¢’ (Suc m) n =t n o t' (Suc m) (Suc n) using Suc by fastforce
qed
qed

lemma s’-fun: n < m=—=s"mneXm— Xn
proof (induction m arbitrary: n)



case (
thus ?case by force
next
case (Suc m)
thus ?case proof (cases n = Suc m)
case True
then show ?thesis by auto
next
case Fulse
hence n < m using «n < Suc m» by force
thus ?thesis using Suc.IH s-fun s’-Suc by auto
qed
qed

lemma t'-fun: n <m=—=t'mne Xm— Xn
proof (induction m arbitrary: n)
case (
thus ?case by force
next
case (Suc m)
thus ?case proof (cases n = Suc m)
case True
then show ¢thesis by auto
next
case Fulse
hence n < m using «n < Suc m» by force
thus ?thesis using Suc.IH t-fun t'-Suc by auto
qed
qed

lemma s’-comp: [n < m;z € Xm] = sn(t'm (Sucn)z)=s mnz
proof (induction m — n arbitrary: n)
case (
then show ?case by force
next
case [H: (Suc k)
show ?case proof (cases k)
case (
with [H(2) have m = Suc n by fastforce
then show ?thesis using s’-Suc’ by auto
next
case (Suc k')
with <Suc k = m — n> have hle: Suc (Suc n) < m by simp
hence Suc n < m by force
hence Suc (Suc n) < m by fastforce
have s n (t' m (Suc n) z)
=sn (t (Sucn) (t' m (Suc (Suc n)) z)) using t’-Suc’ <Suc n < m» by simp
also have ... = s n (s (Suc n) (t' m (Suc (Suc n)) z))
using t’-fun «Suc (Suc n) < m» s-comp IH(4) by blast



also have ... = s n (s’ m (Suc n) z)
using IH Suc-diff-Suc Suc-inject <Suc n < m» by presburger
finally show ?thesis using «n < m» s’-Suc’ by simp
qed
qed

lemma t’-comp: [n <m;z € Xm] = tn(s"m (Sucn)z)=t'mnz
proof (induction m — n arbitrary: n)
case 0
then show ?case by force
next
case [H: (Suc k)
show ?case proof (cases k)
case 0
with TH(2) have m = Suc n by fastforce
then show ?thesis using IH.prems(1) by auto
next
case (Suc k')
with «(Suc kK = m — n» have hle: Suc (Suc n) < m by simp
hence Suc n < m by force
hence Suc (Suc n) < m by fastforce
have t n (s" m (Suc n) z)
=tn (s (Sucn) (s"m (Suc (Suc n)) x)) using s’-Suc’ <Suc n < m» by simp

also have ... = t n (¢ (Suc n) (s’ m (Suc (Suc n)) z))
using s’-fun «Suc (Suc n) < my t-comp IH(J) by blast
also have ... = ¢t n (¢’ m (Suc n) z)

using IH Suc-diff-Suc Suc-inject <Suc n < m> by presburger
finally show ?thesis using (n < m» t’-Suc’ by simp
qed
qed

The following predicates and sets are needed to define composition in an
w-category.

definition is-parallel-pair :: nat = nat = 'a = 'a = bool where
is-parallel-pairmnzy=n<mAzeXmAyeXmAs mnz=s" mnyA
t!mnz=t"mny

[1, p. 44]

definition is-composable-pair :: nat = nat = 'a = 'a = bool where
is-composable-pair mnyz=n<mAyeXmAzeXmAt' mnz=s mn
Y

definition composable-pairs :: nat = nat = (‘a x 'a) set where
composable-pairs m n = {(y, x). is-composable-pair m n y z}

lemma composable-pairs-empty: m < n = composable-pairs m n = {}
using is-composable-pair-def composable-pairs-def by simp

end



2.2 Maps between globular sets

We define maps between globular sets to be natural transformations of the
corresponding functors [1, Def 1.4.5].

locale globular-map = source: globular-set X sx tx + target: globular-set Y sy ty
for X sy tx Y sy ty +
fixes ¢ :: nat = 'a = 'b
assumes map-fun: ¢ m € X m — Y m
and is-natural-wrt-s: x € X (Suc m) = ¢ m (sx m z) = sy m (¢ (Suc m)
z)

z)

begin

and is-natural-wrt-t: x € X (Suc m) = ¢ m (tx m z) = ty m (¢ (Suc m)

lemma is-natural-wrt-s": [ n < m; z € X m ] = ¢ n (source.s’ m n z) = target.s’
mn (¢ mx)
proof (induction m — n arbitrary: n)
case (
hence m = n by simp
then show “case by fastforce
next
case (Suc k)
hence n < m by force
hence Suc n < m by auto
have ¢ n (source.s’ mn z) = ¢ n (sx n (source.s’ m (Suc n) z))
using source.s’-Suc’ <n < m) by simp

also have ... = sy n (¢ (Suc n) (source.s’ m (Suc n) x))
using source.s’-fun «Suc n < my Suc(1) Suc(4) is-natural-wrt-s by blast
also have ... = sy n (target.s’ m (Suc n) (¢ m x))

using Suc <Suc n < my Suc-diff-Suc Suc-inject <n < m> by presburger
finally show ?case using target.s’-Suc’ «n < m» by simp
qed

lemma is-natural-wrt-t": [ n < m; z € X m | = ¢ n (source.t’ m n z) = target.t’
mn (¢ mz)
proof (induction m — n arbitrary: n)
case 0
hence m = n by simp
then show ?case by fastforce
next
case (Suc k)
hence n < m by force
hence Suc n < m by auto
have ¢ n (source.t’ m n z) = ¢ n (tx n (source.t’ m (Suc n) z))
using source.t’-Suc’ <n < m» by simp

also have ... =ty n (¢ (Suc n) (source.t’ m (Suc n) z))
using source.t’-fun «Suc n < m» Suc(1) Suc(4) is-natural-wrt-t by blast
also have ... = ty n (target.t’ m (Suc n) (¢ m z))

using Suc «Suc n < my Suc-diff-Suc Suc-inject <n < m> by presburger



finally show ?case using target.t’-Suc’ <n < m» by simp
qed

end

The composition of two globular maps is itself a globular map. This
intermediate locale gathers the data needed for such a statement.

locale two-globular-maps = fst: globular-map X sx tx Y sy ty ¢ + snd: globu-
lar-map Y sy ty Z sz tz ¢
fOI‘XSX tX YSY ty ZSZ tz(pw

sublocale two-globular-maps C comp: globular-map X sx tx Z sz tz Am. ¥ m o
o m
proof (unfold-locales)
fix m
show ¥ m o ¢ m € X m — Z m using fst.map-fun snd.map-fun by fastforce
next
fix £ m assume z € X (Suc m)
then show () m o ¢ m) (sx m z) = sz m ((¢p (Suc m) o ¢ (Suc m)) z)
using fst.is-natural-wrt-s snd.is-natural-wrt-s comp-apply fst.map-fun by fast-
force
next
fix £ m assume z € X (Suc m)
then show () m o ¢ m) (tx mz) =tz m ((¢p (Suc m) o ¢ (Suc m)) z)
using fst.is-natural-wrt-t snd.is-natural-wrt-t comp-apply fst.map-fun by fast-
force
qed

sublocale two-globular-maps C compose: globular-map X sx tx Z sz tz Am. ¥
moeml] Xm
proof (unfold-locales)
fix m
show v mo o m | X m € X m — Z m using funcset-compose fst.map-fun
snd.map-fun by fast
next
fix x m assume z € X (Suc m)
then show (¢ mo o m | X m) (sx mz) = sz m (¢ (Suc m) o ¢ (Suc m) |
X (Suc m)) x)
by (metis PiE fst.is-natural-wrt-s snd.is-natural-wrt-s fst.map-fun compose-eq
fst.source.s-fun)
next
fix x m assume z € X (Suc m)
then show (¢ mo o m | X m) (tx mz) =tz m ((¢ (Suc m) o ¢ (Suc m) |
X (Suc m)) x)
by (metis PiE fst.is-natural-wrt-t snd.is-natural-wrt-t fst.map-fun compose-eq
fst.source.t-fun)
qed



2.3 The terminal globular set

The terminal globular set, with a unique m-cell for each m [1, p. 264].

interpretation final-glob: globular-set Am. {()} Am. id Am. id
by (unfold-locales, auto)

context globular-set
begin

1, p. 272]

interpretation map-to-final-glob: globular-map X s t
Am. {()} Am. id Am. id
Am. (Az. ()
by (unfold-locales, simp-all)

end

end
theory Strict-Omega-Category
imports Globular-Set

begin

3 Strict w-categories

First, we define a locale pre-strict-omega-category that holds the data of a
strict w-category without the associativity, unity and exchange axioms [1,
Def 1.4.8 (a) - (b)]. We do this in order to set up convenient notation before
we state the remaining axioms.

locale pre-strict-omega-category = globular-set +
fixes comp :: nat = nat = 'a = 'a = 'a
and i nat = ‘a = 'a
assumes comp-fun: is-composable-pair mn z' x = comp mnz'z € X m
and i-fun: in € X n — X (Suc n)
and s-comp-Suc: is-composable-pair (Suc m) m ¢’ £ = s m (comp (Suc m)
mz'z)=smz
and t-comp-Suc: is-composable-pair (Suc m) m x’ x = t m (comp (Suc m) m
' z)=tmaz’
and s-comp: [is-composable-pair (Suc m) n z’ z; n < m] =
s m (comp (Suc m) nz' z) = comp mn (smaz’) (smuz)
and t-comp: [is-composable-pair (Suc m) n z' z; n < m] =
t m (comp (Suc m) nx’ ) = comp mn (t mz') (smz)
and s-i: z € Xn=sn (inz) ==z
and t-irzc € Xn=tn(inz) ==z
begin

Similar to the generalised source and target maps in globular-set, we
defined a generalised identity map. The first argument gives the dimension



of the resulting identity cell, while the second gives the dimension of the
input cell.

fun i’ :: nat = nat = ’‘a = ’a where

00 = id |

1" 0 (Suc n) = undefined |

i' (Suc m) n = (if Suc m < n then undefined
else if Suc m = n then id
else i m o i’ mn)

lemma ¢’-n-n [simp]: i’ n n = id
by (metis i’.elims i’.simps(1) less-irrefl-nat)

lemma i’-Suc-n-n [simp]: i’ (Suc n) n =in
by simp

lemma i’-Suc [simp]: n < m = i’ (Sucm) n=imoi mn
by fastforce

lemma i’-Suc" n <m =i mn=14m (Sucn)oin
proof (induction m arbitrary: n)
case (
then show ?case by blast
next
case (Suc m)
then show ?case by force
qged

lemma i-fun: n <m=—=i'mneXn—Xm
proof (induction m arbitrary: n)
case ()
then show ?case by fastforce
next
case (Suc m)
thus ?case proof (cases n = Suc m)
case True
then show ?thesis by auto
next
case Fulse
hence n < m using «n < Suc m» by force
thus ?thesis using Suc.IH i-fun by auto
qed
qged

end

Now we may define a strict w-category including the composition, unity
and exchange axioms [1, Def 1.4.8 (c) - (f)].

locale strict-omega-category = pre-strict-omega-category +
assumes comp-assoc: [is-composable-pair m n ' x; is-composable-pair m n '’

10



2] =
comp m n (comp mn z” x') z = comp m nz' (comp m n x' )
and i-comp: [n < m; z € X m] = compmn (i’ mn (' mnz)) =
and comp-i: [n < m;x € X m] = compmnz (i'"mn (s mnz))=
and bin-interchange: [q¢ < p; p < m;
is-composable-pair m p y' y; is-composable-pair m p z’ x;
is-composable-pair m q y’ ' is-composable-pair m q y 2] =
comp m q (comp m py'y) (comp mpx’z)=compmp (compmqy’z')
(comp m q y x)
and null-interchange: [q < p; is-composable-pair p q z’ ] =
comp (Suc p) q (ipa’) (ipx)=1ip (comppqz’x)

xT
T

locale strict-omega-functor = globular-map +
source: strict-omega-category X sx tx compx ix +
target: strict-omega-category Y sy ty compy iy
for compx ix compy iy +
assumes commute-with-comp: is-composable-pair m n ' 1 —
@ m (compx mnz' z) = compy mn (p mz') (p mz)
and commute-with-id: v € X n => ¢ (Suc n) (ix nz) =iy n (¢ n )

end
theory Pasting-Diagram
imports Strict-Omega-Category

begin

4 The category of pasting diagrams
We define the strict w-category of pasting diagrams, 'pd’. We encode its

cells as rooted trees. First we develop some basic theory of trees.

4.1 Rooted trees
datatype tree = Node (subtrees: tree list) — [1, p. 268]

abbreviation Leaf :: tree where
Leaf = Node |]

fun subtree :: tree = nat list = tree («- 1t - [59,60]59) where
it =1t]
t 1t (i#xs) = subtrees (¢ 1t zs) ! i

value Leaf !t ||

value Node [Node [Leaf, Leaf, Leaf], Leaf, Node [Leaf]] !t [0]
value Node [Node [Leaf, Leaf, Leaf], Leaf, Node [Leaf]] 't [2,0]
value Node [Node [Leaf, Leaf, Leaf], Leaf, Node [Leaf]] !t [1]
value Node [Node [Leaf, Leaf, Leaf], Leaf, Node [Leaf]] !t [0,2]

11



lemma subtrees-Leaf: (t = Leaf) = (subtrees t = [])
by (metis tree.collapse tree.sel)

fun is-subtree-index :: tree = nat list = bool where
is-subtree-index t [| = True |
is-subtree-index t (i#txs) = (is-subtree-index t xs A\ i < length (subtrees (t !t xs)))

lemma subtree-append: ts ! i 't zs = Node ts It xs Q [i]
by (induction xs, auto)

lemma is-subtree-index-append [iff]: is-subtree-index (Node ts) (zs Q [i]) =

(i < length ts N is-subtree-index (tsli) ws)
proof

show is-subtree-index (Node ts) (zs Q [i]) = i < length ts A is-subtree-index
(ts ! Q) as

by (induction zs, auto simp: subtree-append)
next

show ¢ < length ts A is-subtree-index (ts ! i) xs = is-subtree-index (Node ts)
(zs @ [1])

by (induction xs, auto simp: subtree-append)
qed

lemma is-subtree-indez-append’ [iff]: is-subtree-index ¢ (zs Q [i]) =
(is-subtree-index t [i] A is-subtree-index (t !t [i]) xs)
by (metis is-subtree-indexz-append is-subtree-index.simps subtree.simps tree.collapse)

lemma maz-set-upt [simp]: Maz {0..<Suc n} = n
by (simp add: Maz-eq-iff)

lemma length-subtrees-eq-Maz: assumes is-subtree-index t xs subtrees (t 1t zs) #
[

shows length (subtrees (t !t xs)) = Suc (Max {i. is-subtree-index t (i # xs)})
proof —

have Ai. is-subtree-index t (i # xs) = (i < length (subtrees (t !t xs))) using
assms(1) by simp

hence {i. is-subtree-index t (i # xzs)} = {0..<length (subtrees (t !t xs))} by
fastforce

moreover have length (subtrees (t !t xs)) > 0 using assms(2) by simp

ultimately show length (subtrees (t !t zs)) = Suc (Max {i. is-subtree-index t (i
# 25)})

by (metis maz-set-upt gro-implies-Suc)

qged

lemma tree-eq-iff-subtree-eq: (t = u) = (length (subtrees t) = length (subtrees u)
N
(Vi < length (subtrees t). t 1t [i] = u !¢ [4]))
by (cases t, cases u, auto simp add: list-eq-iff-nth-eq)
We define the height of a rooted tree. A tree with only one node has
height 0. The trees of height at most n encode the n-cells in 'pd’.

12



fun height :: tree = nat where
height Leaf = 0 |
height (Node ts) = Suc (fold (mazx o height) ts 0)

value height Leaf

value height (Node [Leaf, Leaf])

value height (Node [Node [Leaf, Leaf], Leaf])
value height (Node [Node [Leaf, Node [Leaf]]])

lemma height-Node [simp]: ts # [| = height (Node ts) = Suc (fold (max o height)
ts 0)
by (metis height.simps(2) neg-Nil-conv)

lemma fold-eq-Mazx [simp]: ts # [| = fold (mazx o height) ts 0 = Maz (set (map
height ts))

using Mazx.set-eq-fold fold-map list.exhaust

by (metis (no-types, lifting) fold-simps(2) map-is-Nil-conv maz-nat.right-neutral)

lemma height-Node-Mazx: ts # [| = height (Node ts) = Suc (Mazx (set (map
height ts)))
by simp

lemma height-Node-pos : ts # [| = 0 < height (Node ts)
proof (induction Node ts rule: height.induct)
case 1
then show ?case by blast
next
case (2t ts')
then show ?case by fastforce
qed

lemma height-exists:
assumes height (Node ts) = Suc n
shows 3t. t € set ts A\ height t = n

proof (cases ts = [])

case True

then show ?thesis using assms by simp
next

case Fulse

hence n = Maz (set (map height ts)) using assms height-Node-Mazx by force
hence n € set (map height ts) using Max-in <ts # [> by auto
then show ?thesis by auto

qed

lemma height-lt: assumes t € set ts shows height t < height (Node ts)
proof —

from assms have nemp: ts # [| by fastforce

have height t < Maz (set (map height ts)) using assms by fastforce

also have ... = fold (max o height) ts 0 using nemp fold-eq-Max by simp

13



finally show ?thesis using nemp by simp
qed

lemma height-le-imp-le-Suc:
assumes Vit € set ts. height t < n
shows height (Node ts) < Suc n
proof (cases ts = [])
case True
then show ?thesis by simp
next
case Fulse
hence height (Node ts) = Suc (Max (set (map height ts))) using height-Node-Maz
by blast
also have ... < Suc (Maz (height * set ts)) using set-map by fastforce
finally show ?thesis using <ts # [|» assms by simp
qed

lemma height-zero [simp]: height t = 0 = t = Leaf
by (metis height.cases height-Node-pos less-nat-zero-code)

lemma is-subtree-indezx-length-le: is-subtree-index t s = length xs < height t
proof (induction xs arbitrary: t rule: rev-induct)
case Nil
then show ?case by force
next
case (snoc i xs)
hence hi: i < length (subtrees t) by (metis is-subtree-index-append tree.exhaust-sel)
hence length zs < height (subtrees t ! i)
by (metis snoc is-subtree-indezx-append tree.exhaust-sel)
moreover have subtrees t | i € set (subtrees t) using hi by simp
ultimately show ?case using height-It by fastforce
qed

lemma height-subtree: is-subtree-index t s = height (t !t zs) < height t — length
xs
proof (induction s arbitrary: t rule: rev-induct)
case Nil
then show Zcase by simp
next
case (snoc i xs)
hence is-subtree-index (t !t [i]) zs using is-subtree-indez-append’ by fastforce
hence height (t !t [i] It xs) < height (¢t [i]) — length s using snoc.IH by blast
moreover have height (¢ !t [i]) < height t
by (metis height-lt is-subtree-index.simps(2) is-subtree-index-append’ nth-mem
snoc.prems
subtree.simps tree.collapse)
moreover have ¢ It [{] It zs = t It zs Q [i] using subtree-append by simp
ultimately show ?case by auto
qed
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lemma height-induct: (\t. Vu. height w < height t — Pu = Pt) = Pt
by (metis Nat.measure-induct)

lemma subtree-index-induct [case-names Index Step):
assumes
is-subtree-index t xs
Nzs. [is-subtree-index t xs; Vi < length (subtrees (¢ ¢ xs)). P (i#xs)] = P s
shows P zs
proof —
have hi: length zs < height t by (simp add: assms(1) is-subtree-index-length-le)
then show P zs using assms
proof (induction height t — length xs arbitrary: xs)
case (
hence height (t It xs) = 0 using height-subtree by fastforce
hence Vi < length (subtrees (t 1t xs)). P (i # xs)
by (metis height-zero length-0-conv less-nat-zero-code tree.sel)
then show ?case using 0.prems by blast
next
case (Suc n)
have Vi < length (subtrees (t !t zs)). P (i # xs)
proof (safe)
fix ¢ assume i < length (subtrees (t !t xs))
hence is-subtree-index t (i # xs) using Suc(4) by simp
moreover hence length (i # xs) < height t using is-subtree-index-length-le
by blast
moreover have n = height t — length (i # zs) using Suc(2) by simp
ultimately show P (i # zs) using Suc(1) Suc(5) by blast
qed
then show ?case using Suc.prems by blast
qed
qed

The function trim keeps the first n layers of a tree and removes the
remaining ones.

fun trim :: nat = tree = tree where
trim 0 t = Leaf |
trim (Suc n) (Node ts) = Node (map (trim n) ts)

lemma trim-Leaf [simp]: trim n Leaf = Leaf
by (metis list.simps(8) trim.elims trim.simps(2))

lemma height-trim-le: height (trim n t) < n
proof (induction n t rule: trim.induct)
case (11)
then show ?case by auto
next
case (2 n ts)
hence Vi’ € set (map (trim n) ts). height t' < n by auto
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then show ?case using height-le-imp-le-Suc trim.simps(2) by presburger
qed

lemma trim-const: height t < n = trimnt =1
proof (induction n t rule: trim.induct)
case (11)
then show ?case using height-zero trim-Leaf by blast
next
case (2 n ts)
hence At. t € set ts = trim n t = t using height-lt by fastforce
hence map (trim n) ts = ts using map-idl by blast
then show ?case by fastforce
qed

lemma height-trim-le’: n < height t = height (trim n t) = n
proof (induction n t rule: trim.induct)
case (1t)
then show ?case by fastforce
next
case (2 n ts)
hence 3 m. height (Node ts) = Suc m by presburger
then obtain m where hm: height (Node ts) = Suc m by presburger
then obtain ¢ where hi: t € set ts A height t = m using height-exists by meson
have n < m using 2 hm by fastforce
hence hn: height (trim n t) = n using 2 ht by blast
have trim n t € set (subtrees (trim (Suc n) (Node ts))) using ht by simp
then show ?case using hn height-lt by (metis height-trim-le leD le-SucE tree.collapse)
qed

lemma height-trim: height (trim n t) = (if n < height t then n else height t)
using height-trim-le’ trim-const by auto

value trim 1 Leaf

value trim 1 (Node [Leaf, Leaf])

value trim 2 (Node [Node [Leaf, Leaf], Leaf])

value trim 1 (Node [Node [Leaf, Node [Leaf]], Node [Leaf]])

lemma trim-trim’ [simp]: trim n o trim n = trim n
proof (induction n)
case (
then show ?case by simp
next
case (Suc n)
then show ?case apply (simp add: fun-eg-iff) proof
fix t
show trim (Suc n) (trim (Suc n) t) = trim (Suc n) t
using Suc by (metis list.map-comp tree.exhaust trim.simps(2))
qged
qed
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lemma trim-trim-Suc [simp|: trim n o trim (Suc n) = trim n
proof (induction n)
case (
then show ?case by simp
next
case (Suc n)
then show ?case apply (simp add: fun-eg-iff) proof
fix t
show trim (Suc n) (trim (Suc (Suc n)) t) = trim (Suc n) t
using Suc by (metis list.map-comp tree.exhaust trim.simps(2))
qed
qed

lemma trim-trim [simp]: n < m = trim n o trim m = trim n
proof (induction m arbitrary: n)
case (
then show ?case by force
next
case (Suc m)
then show ?case proof (cases n = Suc m)
case True
then show ¢thesis by auto
next
case Fulse
hence n < m using Suc.prems by auto
hence ih: trim n = trim n o trim m using Suc by presburger
hence trim n o trim (Suc m) = (trim n o trim m) o trim (Suc m) by simp

also have ... = trim n o trim m by (metis fun.map-comp trim-trim-Suc)
finally show ?thesis using th by auto
qed
qed

lemma trim-eq-imp-trim-eq [simp]: [n < m; trim m ¢t = trim m u] = trim n ¢
=trimn u
by (metis trim-trim comp-apply)

lemma trim-1-eq: assumes trim 1 (Node ts) = trim 1 (Node us) shows length ts
= length us
proof —
have Aws. trim 1 (Node vs) = Node (map (Az. Leaf) vs) by force
then show ?thesis using assms map-eq-imp-length-eq by auto
qed

lemma length-subtrees-trim-Suc: length (subtrees (trim (Suc n) t)) = length (subtrees
t)

by (induction t, simp)

lemma trim-eq-Leaf: trim n t = Leaf = n = 0 V t = Leaf

17



by (induction n t rule: trim.induct, simp-all)

lemma map-eq-imp-pairs-eq: map f xs = map g ys = (A\z y. (z, y) € set (zip xs

ys) = fz =g y)
by (metis fst-eqD in-set-zip nth-map snd-eqD)

lemma trim-eq-subtree-eq:
assumes trim (Suc n) (Node ts) = trim (Suc n) (Node us)
shows At u. (¢, u) € set (zip ts us) = trim nt = trim n u
proof —
fix ¢ u assume (¢, u) € set (zip ts us)
moreover from assms have map (trim n) ts = map (trim n) us by fastforce
ultimately show trim n t = trim n u using map-eq-imp-pairs-eq by fast
qed

lemma pairs-eq-imp-map-eq:
assumes length s = length ys V (z, y) € set (zip zs ys). fr =gy
shows map f xs = map g ys
proof —
have Az y. (z, y) € set (zip (map f xs) (map g ys)) = = = y proof —
fix x y assume h: (z, y) € set (zip (map f xs) (map g ys))
hence I n. (map fzs)ln =z A (map g ys)!n = y A n < length s A n < length
ys
by (metis in-set-zip fst-conv length-map snd-conv)
then obtain n where hn: (map f zs)!ln = x (map g ys)!n = y n < length zs n
< length ys
by blast
hence (zsln, ysln) € set (zip zs ys) using in-set-zip by fastforce
with hn assms(2) show z = y by auto
qed
hence V (z, y) € set (zip (map f zs) (map g ys)). x = y by force
with assms(1) list-eq-iff-zip-eq show map f xs = map g ys by fastforce
qed

lemma map-eq-iff-pairs-eq: (map fxs = map g ys) =
(length zs = length ys N (¥ (z, y) € set (zip zs ys). fz = g y))
proof —
have map f s = map g ys = V(x, y) € set (zip xs ys). f ¢ = g y using
map-eq-1mp-pairs-eq
by fast
thus ?thesis by (metis pairs-eq-imp-map-eq length-map)
qged
lemma subtree-eq-trim-eq:
assumes length ts = length us ¥ (t, u) € set (zip ts us). trimnt = trim n u
shows trim (Suc n) (Node ts) = trim (Suc n) (Node us)
by (auto simp add: assms map-eq-iff-pairs-eq)

lemma subtree-trim-1: is-subtree-index t [i] = trim (Suc n) t It [i] = trim n (¢
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e [i])
by (smt (verit) Suc-inject is-subtree-index.simps(2) list.distinct(1) nat.distinct(1)
nth-map
subtree.elims subtree.simps(2) tree.sel trim.elims)

lemma is-subtree-index-trim:
is-subtree-index (trim n t) zs = (is-subtree-index t xs A length zs < n)
proof (induction n t arbitrary: zs rule: trim.induct)
case (11)
then show ?Zcase using is-subtree-indez-length-le by fastforce
next
case (2 n ts)
then show ?case proof (induction xs rule: rev-induct)
case Nil
then show ?case by auto
next
case (snoc z zs)
then show ?case by fastforce
qed
qed

lemma subtree-trim: [is-subtree-index t xs; length xs < n] =
trim n t 1t xs = trim (n — length xzs) (¢ 1t zs)
proof (induction n t arbitrary: zs rule: trim.induct)
case (1 1)
then show ?case by simp
next
case (2 n ts)
then show ?case proof (cases length xs = Suc n)
case True
hence is-subtree-index (trim (Suc n) (Node ts)) xs using is-subtree-index-trim
2 by blast
hence height (trim (Suc n) (Node ts) 1t xs) < 0
by (metis height-subtree height-trim-le True diff-is-0-eq’)
then show %thesis using True height-zero by fastforce
next
case False
then show ?thesis proof (cases xs rule: rev-cases)
case Nil
then show ?thesis by simp
next
case (snoc ys i)
have hi: ts! i € set ts is-subtree-index (ts ! i) ys using snoc 2(2) by simp-all
have hl: length ys < n using snoc 2(3) by simp
have Node (map (trim n) ts) It ys Q [i] = trim n (ts ! 4) It ys
by (metis 2.prems(1) is-subtree-indez-append nth-map snoc subtree-append)
also have ... = trim (n — length ys) (ts ! i !t ys) using 2(1) hi hl by blast
finally show trim (Suc n) (Node ts) !t zs = trim (Suc n — length xzs) (Node
ts 1t xs)
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by (simp add: snoc subtree-append)
qed
qed
qed

lemma length-subtrees-trim: [is-subtree-index t xs; length zs < n] =
length (subtrees (trim n t 1t xs)) = length (subtrees (t !t xs))
by (metis subtree-trim length-subtrees-trim-Suc Suc-diff-Suc less-imp-le-nat)

lemma subtree-trim-Leaf: assumes is-subtree-index (trim n t) xs t |t zs = Leaf
shows trim n t !t s = Leaf
proof (cases length xs < n)
case True
then show ?thesis
using length-subtrees-trim assms is-subtree-indezx-trim subtrees-Leaf by fastforce
next
case Fulse
hence length zs = n using assms(1) by (simp add: is-subtree-index-trim)
then show %thesis using assms(1) is-subtree-index-trim subtree-trim by auto
qed

4.2 The strict w-category of pasting diagrams

The function ¢ acts as both the source and target map in the globular set
of pasting diagrams. It is denoted 0 in Leinster [1, p. 264].

abbreviation 6 where
0 = trim

value 0 1 (Node [Node [Leaf, Leaf, Leaf], Leaf, Node [Leaf]])
value ¢ 2 (Node [Node [Node [Leaf, Leaf]], Node [Leaf, Leaf]])

abbreviation PD :: nat = tree set where
PD n = {t. height t < n}

interpretation pd: globular-set PD § §
by (unfold-locales, auto simp add: height-trim-le)

The generalised source and target maps have simple interpretations in
terms of trim.

lemma s’-eg-trim: assumes n < m height t < m shows pd.s'" mnt = trimn t
using assms
proof (induction m arbitrary: t)
case ()
moreover hence n = 0 by force
ultimately show ?case using pd.s’-n-n trim-const by simp
next
case (Suc m)
then show ?case proof (cases n = Suc m)
case True
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then show ?%thesis using pd.s’-n-n Suc(3) trim-const by simp

next
case Fulse
with Suc(2) have n < m by simp
hence pd.s’ (Suc m) nt = pd.s’ m n (6 m t) using Suc(3) by force
also have ... = ¢ n (6 m t) using Suc.IH height-trim-le <n < m) by blast
finally show ?thesis by (metis trim-trim <n < m» comp-apply)

qed

qed

lemma s’-eq-t": pd.s’ = pd.t’
proof (clarsimp simp add: fun-eq-iff)
fix mnt
show pd.s’ m n t = pd.t' m n t proof (induction m arbitrary: n t)
case (
then show ?case
using pd.s’-n-n pd.t'-n-n pd.s’.simps(2) pd.t'.simps(2) by (cases n, pres-
burger+)
next
case (Suc m)
then show Zcase by (cases Suc m rule: linorder-cases, simp-all)
qed
qed

lemma t’-eq-trim: assumes n < m height t < m shows pd.t' m nt = trim n t
by (metis (mono-tags, lifting) assms s’-eq-trim s’-eq-t’)

Next we define identities and composition [1, p. 266]. The identity of a
tree with height at most n is the same tree seen as a tree of height at most
n + 1.

fun tree-comp :: nat = tree = tree = tree where
tree-comp 0 (Node ts) (Node us) = Node (ts @ us) |
tree-comp (Suc n) (Node ts) (Node us) = Node (map2 (tree-comp n) ts us)

value tree-comp 1
(Node [Node [Leaf, Leaf], Leaf, Node [Leaf]))
(Node [Leaf, Leaf, Node [Leaf, Leaf]])

value tree-comp 0
(Node [Node [Node [Leaf, Leaf]]])
(Node [Node [Leaf, Leaf]])

value tree-comp 0
(tree-comp 0
(tree-comp 1
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(Node [Leaf, Leaf])
(Node [Node [Leaf], Node [Leaf, Leaf, Leaf]]))
(Node [Leaf, Node [Leaf, Leaf]]))
(Node [Leaf, Leaf, Leaf])

lemma tree-comp-0-Leaf1 [simp]: tree-comp 0 Leaf t = ¢
by (metis eq-Nil-appendl tree.exhaust tree-comp.simps(1))

lemma tree-comp-0-Leaf2 [simp]: tree-comp 0t Leaf = ¢
by (metis append-Nil2 tree.ezhaust tree-comp.simps(1))

lemma tree-comp-Suc-Leaf! [simp]: tree-comp (Suc n) Leaf t = Leaf
by (cases t, simp)

lemma tree-comp-Suc-Leaf2 [simp]: tree-comp (Suc n) t Leaf = Leaf
by (cases t, simp)

lemma height-tree-comp-0 [simpl: height (tree-comp 0t u) = max (height t) (height
u)
proof (cases t = Leaf V u = Leaf)

case True

then show ?thesis by auto
next

case False

hence nempt: subtrees t # [] A subtrees u # [] by (metis tree.exhaust-sel)

have height (tree-comp 0t u) = height (Node (subtrees t Q subtrees u))

by (metis tree.collapse tree-comp.simps(1))

also have ... = Suc (Maz (set (map height (subtrees t Q subtrees u))))
using nempt height-Node-Max by blast
also have ... = Suc (Maz (set (map height (subtrees t)) U set (map height
(subtrees u))))
by simp
also have ... = Suc (maz (Maxz (set (map height (subtrees t))))

(Maz (set (map height (subtrees u)))))
using nempt Max-Un by (metis List.finite-set map-is-Nil-conv set-empty2)
also have ... = maz (Suc (Mazx (set (map height (subtrees t)))))
(Suc (Maz (set (map height (subtrees u)))))
by linarith
finally show height (tree-comp 0t u) = max (height t) (height u)
using nempt height-Node-Mazx by (metis tree.collapse)
qged

An alternative description of being composable for trees. Defined so that
tree-comp n t u is defined if and only if composable-tree n t wu.

fun composable-tree :: nat = tree = tree = bool where
composable-tree 0 (Node ts) (Node us) = True |
composable-tree (Suc n) (Node ts) (Node us) = (length ts = length us N
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(Vi < length ts. composable-tree n (tsli) (usli)))

lemma sym-composable-tree: composable-tree n t u = composable-tree n u t
by (induction n t u rule: composable-tree.induct, simp, fastforce)

lemma is-composable-pair-imp-composable-tree: pd.is-composable-pair m n t u —
composable-tree n t u
proof (induction n t u rule: composable-tree.induct)
case (I ts us)
then show ?case by fastforce
next
case (2 n ts us)
with pd.is-composable-pair-def have h: Suc n < m height (Node ts) < m height
(Node us) < m
pd.t" m (Suc n) (Node us) = pd.s’ m (Suc n) (Node ts) by blast+
moreover hence Suc n < m by linarith
ultimately have htrim: trim (Suc n) (Node ts) = trim (Suc n) (Node us)
by (metis (mono-tags, lifting) s’-eq-trim t’-eq-trim)
hence trim 1 (Node ts) = trim 1 (Node us)
by (metis One-nat-def Suc-le-mono le0 trim-eq-imp-trim-eq)
with trim-1-eq have hl: length ts = length us by blast
moreover have Vi < length ts. composable-tree n (ts!i) (us!i) proof (safe)
fix ¢ assume hi: i < length ts
hence height (ts!i) < m using h(2) height-lt nth-mem by fastforce
moreover have height (us!i) < m using hi h(8) height-lt nth-mem hi by
fastforce
moreover have n < m using h(1) by simp
moreover have trim n (tsli) = trim n (us!i) proof —
have map (trim n) ts = map (trim n) us using hirim by auto
thus trim n (tsli) = trim n (us!i) using nth-map hi hi by metis
qed
ultimately have pd.t" m n (usli) = pd.s’ m n (¢s!i)
using s’-eq-trim t’-eq-trim order-less-imp-le[of n m| by presburger
hence pd.is-composable-pair m n (tsli) (us!i)
using pd.is-composable-pair-def «n < my <height (tsli) < my <height (usli) <
m» by blast
with 2(1) hi show composable-tree n (tsli) (us!i) by fast
qed
ultimately show ?case by fastforce
qed

lemma composable-tree-imp-trim-eq: composable-tree n t u —> trim n t = trim n
U
proof (induction n t u rule: composable-tree.induct)
case (1 ts us)
then show ?case by simp
next
case (2 n ts us)
then show ?case
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by (metis (mono-tags, lifting) nth-map trim.simps(2) length-map nth-equalityl
composable-tree.simps(2))
qed

lemma composable-tree-imp-is-composable-pair:
assumes n < m height t < m height v < m composable-tree n t u
shows pd.is-composable-pair m n t u
using assms
proof (induction m arbitrary: n t u)
case (
then show ?Zcase by blast
next
case (Suc m)
hence trim n u = trim n t using composable-tree-imp-trim-eq by presburger
hence pd.t’ (Suc m) n u = pd.s’ (Suc m) nt
using Suc(2—4) s’-eq-trim t’-eq-trim less-imp-le-nat by presburger
with Suc(2—4) pd.is-composable-pair-def show Zcase by blast
qed

lemma is-composable-pair-iff-composable-tree: pd.is-composable-pair m n t u =
(n < m A height t < m A height uw < m A composable-tree n t u)
by (metis (mono-tags, lifting) composable-tree-imp-is-composable-pair
is-composable-pair-imp-composable-tree mem-Collect-eq pd.is-composable-pair-def)

lemma composable-tree-imp-composable-tree-subtrees:

composable-tree (Suc n) (Node ts) (Node us) = V (t, u) € set (zip ts us). com-
posable-tree n t u

by (metis in-set-zip case-prod-beta composable-tree.simps(2))

lemma composable-tree-nth-subtrees:

[composable-tree (Suc n) (Node ts) (Node us); i < length ts] = composable-tree
n (ts!7) (us!i)

by fastforce

lemma is-composable-pair-imp-is-composable-pair-subtrees:
assumes pd.is-composable-pair (Suc m) (Suc n) (Node ts) (Node us)
shows V (t, u) € set (zip ts us). pd.is-composable-pair m n t u
proof
have pd.is-composable-pair m n (fst p) (snd p) if hp: p € set (zip ts us) for p
proof —
have composable-tree (Suc n) (Node ts) (Node us)
using is-composable-pair-iff-composable-tree assms by blast
hence h: composable-tree n (fst p) (snd p)
using hp composable-tree-imp-composable-tree-subtrees by fastforce
have fst p € set ts snd p € set us by (metis hp in-set-zipE prod.exhaust-sel)+
hence height (fst p) < m height (snd p) < m
by (meson hp height-lt assms less-Suc-eq-le order-less-le-trans
is-composable-pair-iff-composable-tree)+
with h is-composable-pair-iff-composable-tree assms
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show pd.is-composable-pair m n (fst p) (snd p) by force
qed
then show Az. z € set (zip ts us) = case ¢ of (t, u) = pd.is-composable-pair
mntu
by force
qed

lemma in-set-map2: (z € set (map2 f s ys)) = (I(x, y) € set (zip zs ys). z = f

z y)
by auto

lemma height-tree-comp-le: [height t < m; height u < m] = height (tree-comp n
tu) <m
proof (induction n t u arbitrary: m rule: tree-comp.induct)
case (1 ts us)
then show ?case using height-tree-comp-0 by presburger
next
case (2 n ts us)
show ?Zcase proof (cases ts # [| A us # [])
case True
hence 3m’. m = Suc m’ using height-zero 2.prems(1) not0-implies-Suc by
auto
then obtain m’ where m = Suc m' by blast
hence Vit € set ts. height t < m’'Vu € set us. height v < m’
using True 2.prems by simp+
hence V (t, u) € set (zip ts us). height (tree-comp n t u) < m’
by (metis (no-types, lifting) 2.1H case-prodI2 set-zip-leftD set-zip-rightD)
then show ?thesis using True ¢m = Suc m”"» by auto
next
case Fulse
then show #“thesis by force
qed
qed

lemma nth-map2 [simp]: [n < length zs; n < length ys] = map2 fasys! n = f

(zs!n) (ys! n)
by fastforce

lemma t¢rim-tree-compl: composable-tree n t uw => trim n (tree-comp n t u) =
trim n t
proof (induction n t u rule: composable-tree.induct)
case (1 ts us)
then show ?case by fastforce
next
case (2 n ts us)
then show ?case by (simp add: list-eg-iff-nth-eq)
qed

lemma t¢rim-tree-comp2: composable-tree n t uw => trim n (tree-comp n t u) =
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trim n u
using trim-tree-compl composable-tree-imp-trim-eq by presburger

lemma map2-map-map’s map2 f (map g xs) (map h ys) = map (A(z, y). f (g z)
(hy)) (zip s ys)
proof (induction xs arbitrary: ys)
case Nil
then show ?case by simp
next
case (Cons a xs)
then show ?case proof (induction ys)
case Nil
then show ?case by simp
next
case (Cons a ys)
then show ?case by auto
qed
qed

lemma trim-tree-comp-commute: trim m (tree-comp n t u) = tree-comp n (trim m
t) (trim m )
proof (induction m arbitrary: n t u)

case ()

then show ?case by (cases n, simp-all)
next

case (Suc m)

then show ?case

by (induction n t u rule: composable-tree.induct, simp-all add: list-eq-iff-nth-eq)

qed

interpretation pd-pre-cat: pre-strict-omega-category PD 6 6 X\ m. tree-comp X\ n.
id
proof (unfold-locales)

fix m n 2’ x assume pd.is-composable-pair m n ' z

then show tree-comp n 2z’ z € PD m

using is-composable-pair-iff-composable-tree height-tree-comp-le by auto

next

fix n show id € PD n — PD (Suc n) by simp
next

fix m z' z assume pd.is-composable-pair (Suc m) m z’ z

then show & m (tree-comp m z' z) = 8§ m x

by (simp add: is-composable-pair-iff-composable-tree trim-tree-comp2 height-tree-comp-le)
next

fix m ¢’ z assume pd.is-composable-pair (Suc m) m z’ x

then show § m (tree-comp m z’ z) = 8§ m z’

by (simp add: is-composable-pair-iff-composable-tree trim-tree-comp1 height-tree-comp-le)
next

fix m n ' x assume pd.is-composable-pair (Suc m) nx’ xn < m

then show § m (tree-comp n x’ x) = tree-comp n (§ m z’) (6 m x)
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by (simp add: is-composable-pair-iff-composable-tree trim-tree-comp-commute
height-tree-comp-le)
next
fix z n assume z € PD n
then show § n (id z) = z using trim-const by auto
qed

lemma tree-comp-assoc: tree-comp n (tree-comp n t u) v = tree-comp n t (tree-comp
nuv)
proof (induction n t u arbitrary: v rule: composable-tree.induct)

case (1 ts us)

then show ?case by (metis append-assoc tree-comp.simps(1) tree.exhaust)
next

case (2 n ts us)

define vs where vs = subtrees v hence hv: v = Node vs by force

let 2k = min (length ts) (min (length us) (length vs))

have Vi < 2. tree-comp n (tree-comp n (tsli) (usli)) (vsli) =

tree-comp n (ts'7) (tree-comp n (uslé) (vslé)) using 2.IH by auto

hence map2 (tree-comp n) (map2 (tree-comp n) ts us) vs =

map2 (tree-comp n) ts (map2 (tree-comp n) us vs) by (simp add: list-eq-iff-nth-eq)

then show ?case using hv by auto
qged

lemma i’-eq-id: n < m = pd-pre-cat.i’ m n = id
proof (induction m)
case (
then show Zcase using pd-pre-cat.i’.simps(1) by blast
next
case (Suc m)
then show ?case by (metis pd-pre-cat.i’-Suc id-comp le-Suc-eq pd-pre-cat.i’-n-n)
qed

lemma composable-tree-trim1: n < m = composable-tree n (trim m t) t
proof (induction n t arbitrary: m rule: trim.induct)

case (1t)

then show Zcase by (metis composable-tree.simps(1) tree.exhaust)
next

case (2 n ts)

hence 3m’. m = Suc m’ by presburger

then obtain m’ where hm: m = Suc m’ n < m’ using 2(2) by blast

moreover hence Vi < length ts. composable-tree n (§ m’ (¢sli)) (tsli) using
2(1) by simp

ultimately show ?case by force
qed

lemma composable-tree-trim2: n < m = composable-tree n t (trim m t)
using sym-composable-tree composable-tree-trim1 by presburger

lemma tree-comp-trim1: tree-comp n (trimn t) t =t
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by (induction n t rule: trim.induct, simp add: tree.exhaust, simp add: list-eq-iff-nth-eq)

lemma tree-comp-trim2: tree-comp nt (trimnt) =t
by (induction n t rule: trim.induct, simp add: tree.exhaust, simp add: list-eq-iff-nth-eq)

lemma tree-comp-exchange:
[g < p; composable-tree p y' y; composable-tree p z' x;
composable-tree q y' x'; composable-tree q y ] =
tree-comp q (tree-comp p y’ y) (tree-comp p ' z) =
tree-comp p (tree-comp q y' z') (tree-comp q y x)
proof (induction p y' y arbitrary: q =’ x rule: composable-tree.induct)
case (1 ys' ys)
then show ?case proof (induction q ' z rule: composable-tree.induct)
case (1 zs’ xs)
then show ?case by blast
next
case (2 q zs’ xs)
then show Zcase by force
qed
next
case (2 p ys’ ys)
then show ?case proof (induction ¢ x’ x rule: composable-tree.induct)
case (1 ts us)
then show ?case by force
next
case (2 n ts us)
then show ?case by (simp add: list-eq-iff-nth-eq)
qed
qed

interpretation pd-cat”: strict-omega-category PD § § X m. tree-comp A n. id
proof (unfold-locales)

fix m n 2’ z '/ assume pd.is-composable-pair m n z’ x pd.is-composable-pair m
n x// ‘,L,/

then show tree-comp n (tree-comp n z'' z’) x = tree-comp n x'’ (tree-comp n z’

x)
using tree-comp-assoc is-composable-pair-iff-composable-tree by force

next

fix n mzassume n < mz € PDm

moreover hence height x < m by simp

ultimately show tree-comp n (pd-pre-cat.i’ m n (pd.t’ m n z)) z = x

by (metis (no-types, lifting) i'-eq-id t'-eq-trim tree-comp-trim1 id-apply nat-less-le)
next

fix n mz assume n < mz € PD m

moreover hence height x < m by simp

ultimately show tree-comp n z (pd-pre-cat.i’ m n (pd.s’ m n z)) = x

by (metis (no-types, lifting) i'-eq-id s’-eq-trim tree-comp-trim2 id-apply nat-less-le)
next

fixgpmy' yz' xassume g < pp<m
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pd.is-composable-pair m p y' y pd.is-composable-pair m p ' x
pd.is-composable-pair m q y' z' pd.is-composable-pair m q y x
then show tree-comp q (tree-comp p y’ y) (tree-comp p z’ z) =
tree-comp p (tree-comp q y' x') (tree-comp q y x)
using is-composable-pair-iff-composable-tree tree-comp-exchange by meson
qed (simp)

end
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