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Abstract

We formalize in Isabelle/HOL a framework for splitting [2], a the-
orem proving technique that extends saturation-based calculi with
branching abilities. The framework preserves the completeness of the
original calculus. We focus here on the simplest splitting model de-
scribed in details in the first three sections of "Unifying Splitting" by
Gabriel Ebner, Jasmin Blanchette and Sophie Tourret [3] and pro-
vide an extension of the ordered resolution calculus with a variant of
splitting called Lightweight AVATAR. A paper describing the present
formalization has been accepted at ITP’25 [1].
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1 Limsup of Lazy Lists

theory Lazy-List-Limsup
imports Coinductive. Coinductive-List

begin

1.1 Library

lemma less-llength-ltake: © < llength (ltake k Xs) «— i < k A i < llength Xs
by simp

1.2 Infimum

definition Inf-llist :: <'a set llist = 'a set» where
Inf-llist Xs = ((i € {i. enat i < llength Xs}. Inth Xs i)

lemma Inf-llist-subset-Inth: <enat i < llength Xs = Inf-llist Xs C Inth Xs >
unfolding Inf-llist-def by fast



lemma Inf-llist-imp-ezists-index:
assumes < lnull Xs»
shows «x € Inf-llist Xs = J1i. enat i < llength Xs A\ x € Inth Xs ©
unfolding Inf-llist-def using assms
by (metis INT-E i0-less llength-eq-0 mem-Collect-eq zero-enat-def)

lemma Inf-llist-imp-all-index: <x € Inf-llist Xs = Vi. enat i < llength Xs — x
€ Inth Xs o
unfolding Inf-llist-def by blast

lemma all-index-imp-Inf-llist: <V i. enat i < llength Xs — x € Inth Xs i = x
€ Inf-llist Xs»
unfolding Inf-llist-def by auto

lemma Inf-llist-LNil[simp]: «Inf-llist LNil = UNIV»
unfolding Inf-llist-def by auto

lemma Inf-llist-LCons[simp]: <Inf-llist (LCons X Xs) = X N Inf-llist Xs»
unfolding Inf-llist-def
proof (intro subset-antisym subsetl)
fix z
assume <z € (i € {i. enat i < llength (LCons X Xs)}. Inth (LCons X Xs) i)
then have <enat i < llength (LCons X Xs) — z € Inth (LCons X Xs) > for i
by blast
then have <z € X A (Vi. enat i < llength Xs — z € Inth Xs i)
by (metis Suc-ile-eq iless-Suc-eq llength-LCons Inth-0 Inth-Suc-LCons zero-enat-def
zero-le)
then show <z € X N (i € {i. enat i < llength Xs}. Inth Xs 7))
by blast
next
fix z
assume <z € X N[ (Inth Xs ‘ {i. enat i < llength Xs})
then have <z € X A (Vi. enat ¢ < llength Xs — z € Inth Xs i)»
by simp
then have (Vi. enat i < llength Xs — x € Inth (LCons X Xs) O
by (metis Suc-diff-1 Suc-ile-eq Inth-0 Inth-Suc-LCons neq0-conv)
then show <z € [ (Inth (LCons X Xs) ‘ {i. enat i < llength (LCons X Xs)})»
by simp
qed

lemma [hd-subset-Inf-llist: <— Inull Xs = Inf-llist Xs C lhd Xs»
by (cases Xs) simp-all

1.3 Infimum up-to

definition Inf-upto-ilist :: <'a set llist = enat = 'a set> where
<Inf-upto-llist Xs j = (7 € {i. enat i < llength Xs A enat i < j}. Inth Xs i)

lemma Inf-upto-llist-eq-Inf-llist-ltake: <Inf-upto-llist Xs j = Inf-llist (ltake (eSuc



) Xsp
unfolding Inf-upto-llist-def Inf-llist-def
by (smt (verit, best) Collect-cong Sup.SUP-cong iless-Suc-eq less-llength-ltake
Inth-ltake
mem-Collect-eq)

lemma Inf-upto-llist-enat-0[simp]:
<Inf-upto-llist Xs (enat 0) = (if Inull Xs then UNIV else lhd Xs)»
unfolding Inf-upto-llist-def image-def
by (cases <Inull Xs)) (auto simp: lhd-conv-Inth enat-0 enat-0-iff)

lemma Inf-upto-llist-Suc[simp]:
<Inf-upto-llist Xs (enat (Suc j)) =
Inf-upto-llist Xs (enat j) N (if enat (Suc j) < llength Xs then Inth Xs (Suc j)
else UNIV)»
unfolding Inf-upto-llist-def image-def by (auto intro: le-Sucl elim: le-SucE)

lemma Inf-upto-llist-infinity[simp|: <Inf-upto-llist Xs oo = Inf-llist Xs)
unfolding Inf-upto-llist-def Inf-llist-def by simp

lemma Inf-upto-llist-0[simp]: «Inf-upto-llist Xs 0 = (if Inull Xs then UNIV else
lhd Xs)»
unfolding zero-enat-def by (rule Inf-upto-llist-enat-0)

lemma Inf-upto-llist-eSuc|simp]:
<Inf-upto-llist Xs (eSuc j) =
(case j of
enat k = Inf-upto-llist Xs (enat (Suc k))
| oo = Inf-llist Xs)»
by (auto simp: eSuc-enat split: enat.split)

lemma Inf-upto-llist-anti[simp]: «j < k => Inf-upto-llist Xs k C Inf-upto-llist Xs
JE
unfolding Inf-upto-llist-def by auto

lemma Inf-llist-subset-Inf-upto-llist: <Inf-llist Xs C Inf-upto-llist Xs j»
unfolding Inf-llist-def Inf-upto-llist-def by auto

lemma elem-Inf-llist-imp-Inf-upto-llist:
<z € Inf-llist Xs = z € Inf-upto-llist Xs (enat j)»
unfolding Inf-llist-def Inf-upto-llist-def by blast

lemma Inf-upto-llist-subset-Inth: <j < llength Xs = Inf-upto-llist Xs j C Inth Xs

b
unfolding Inf-upto-llist-def by auto

lemma Inf-llist-imp-Inf-upto-llist:
assumes X C Inf-llist Xs»
shows <X C Inf-upto-llist Xs (enat k)»



using assms elem-Inf-llist-imp-Inf-upto-llist by fast

1.4 Limsup

definition Limsup-llist :: <'a set llist = 'a set> where

<Limsup-llist Xs =

(N7 € {i. enat i < llength Xs}. |Jj € {j. i < j A enat j < llength Xs}. Inth Xs
iy

lemma Limsup-llist-LNil[simp]: <Limsup-llist LNil = UNIV»
unfolding Limsup-llist-def by simp

lemma Limsup-llist-LCons:
<Limsup-llist (LCons X Xs) = (if lnull Xs then X else Limsup-llist Xs)> (is <?lhs
= rhs))
proof (cases Inull Xs)
case nnull: False
show ?thesis
proof
{
fix z
assume (V1. enat i < llength Xs — (3j > i. enat j < llength Xs A x € Inth
(LCons X Xs) j)»
then have «Vi. enat i < llength Xs — (3 > i. enat j < llength Xs \ x €
Inth Xs j)»
by (metis Suc-ile-eq Suc-le-D Suc-le-mono Inth-Suc-LCons)
}

then show «?lhs C ?rhsy
by (auto simp: Limsup-llist-def nnull)

{

fix z
assume (V1. enat i < llength Xs — (3j > 4. enat j < llength Xs A x € Inth
Xs j)
then have Vi. enat i < llength Xs —
(35 > i. enat j < llength Xs A = € Inth (LCons X Xs) j)»
by (metis Suc-ile-eq Suc-le-D iless-Suc-eq llength-LCons Inth-Suc-LCons
nat-le-linear
nnull not-less-eq-eq not-Inull-conv zero-enat-def zero-le)
}

then show ?rhs C ?lhs
by (auto simp: Limsup-llist-def nnull)
qed
qed (simp add: Limsup-llist-def enat-0-iff (1))

lemma [finite-Limsup-llist: <lfinite Xs = Limsup-llist Xs = (if Inull Xs then
UNIV else llast Xs)»
proof (induction rule: lfinite-induct)

case (LCons xs)



then obtain y ys where zs: <zs = LCons y ys»
by (meson not-lnull-conv)
show ?Zcase
unfolding xs by (simp add: Limsup-llist-LCons LCons.IH [unfolded xs, simpli-
fied] llast-LCons)
qed (simp add: Limsup-llist-def)

lemma Limsup-llist-ltl: <= Inull (It Xs) = Limsup-llist Xs = Limsup-llist (It]
Xs)»
by (metis Limsup-llist-LCons lhd-LCons-ltl Inull-It!I)

lemma Inf-llist-subset-Limsup-llist: «Inf-llist Xs C Limsup-llist Xs»
unfolding Limsup-llist-def Inf-llist-def by fast

lemma image-Limsup-llist-subset: <f ¢ Limsup-llist Ns C Limsup-llist (Imap ((*)

f) Ns)»
unfolding Limsup-llist-def by fastforce

lemma Limsup-llist-imp-exists-index:
assumes <~ [null Xs»
shows «x € Limsup-llist Xs = Ji. enat i < llength Xs N\ z € Inth Xs 0>
unfolding Limsup-llist-def using assms
by simp (metis i0-less llength-eq-0 zero-enat-def)

lemma finite-subset-Limsup-llist-imp-exists-index:
assumes
nnil: <= Inull Xs» and
fin: <finite X» and
in-sup: <X C Limsup-llist Xs»
shows «Vi. enat i < llength Xs — X C (Uj € {j. i < j A enat j < llength
Xs}. Inth Xs j)»
using assms unfolding Limsup-llist-def by blast

lemma Limsup-llist-Imap-image:

assumes f-inj: <inj-on f (Inf-llist (Imap g xs))»

shows «Limsup-llist (Imap (Az. f ¢ g x) xs) = f ¢ Limsup-llist (Imap g xs)» (is
«?lhs = ?rhsy)

oops

lemma Limsup-llist-Imap-union:
assumes Vx € lset zs. Vy € lset xs. gz N hy ={}p
shows ¢ Limsup-llist (Imap (Az. g x U h ) zs) =
Limsup-llist (Imap g xs) U Limsup-llist (Imap h zs)> (is < ?lhs = %rhs))
proof (intro equalityl subsetl)
fix z
assume z-in: <z € ?lhs
then have «Vi. enat i < llength xs — (35 > i. enat j < llength xs A
(z € g (Inth zs j) V x € h (Inth zs §)))»
unfolding Limsup-llist-def by auto



then have «(Vi' enat i’ < llength xs — (37 > i’. enat j < llength xs N x € g
(Inth xs j)))
Vv (Vi'. enat i’ < llength zs — (3j > i’. enat j < llength zs A\ z € h (Inth zs
L
using assmslunfolded disjoint-iff-not-equal] by (metis in-lset-conv-Inth)
then show «x € ?rhs)
unfolding Limsup-llist-def by simp
next
fix z
show «x € %rhs = z € ?lhs
using assms unfolding Limsup-llist-def by auto
qed

lemma Limsup-set-filter-commute:
assumes < lnull Xs»
shows «Limsup-llist (Imap (AX. {z € X. p z}) Xs) = {& € Limsup-llist Xs. p
x} (is <%lhs = Zrhsy)
proof (intro equalityl subsetl)
fix z
assume <z € ?[hs)
then show (x € ?rhs»
unfolding Limsup-llist-def
by simp (metis assms i0-less llength-eq-0 zero-enat-def)
qed (simp add: Limsup-llist-def)

1.5 Limsup up-to

definition Limsup-upto-llist :: <'a set llist = enat = 'a set» where
< Limsup-upto-llist Xs k =
(N € {i. enat i < llength Xs A enat i < k}.
Uje{j i <jAenatj < llength Xs A enat j < k}. Inth Xs j)»

lemma Limsup-upto-llist-eq-Limsup-llist-ltake:
«Limsup-upto-llist Xs j = Limsup-llist (ltake (eSuc j) Xs)»
unfolding Limsup-upto-llist-def Limsup-llist-def
by (smt Collect-cong Sup.SUP-cong iless-Suc-eq Inth-ltake less-llength-ltake mem-Collect-eq)

lemma Limsup-upto-llist-enat[simp):

«Limsup-upto-llist Xs (enat k) =

(if enat k < llength Xs then Inth Xs k else if lnull Xs then UNIV else llast Xs)»
proof (cases <enat k < llength Xs»)

case True

then show ?thesis

unfolding Limsup-upto-llist-def by force

next

case k-ge: False

show ?thesis
proof (cases <Inull Xs»)

case nil: True



then show ?thesis
unfolding Limsup-upto-llist-def by simp
next
case nnil: False
then obtain j where
j: «eSuc (enat j) = llength Xs»
using k-ge by (metis eSuc-enat-iff enat-ile le-less-linear lhd-L Cons-Itl llength-LCons)

have fin: «lfinite Xs»
using k-ge not-lfinite-llength by fastforce

have le-k: <enat i < llength Xs N i < k «— enat i < llength Xs» for i
using k-ge linear order-le-less-subst2 by fastforce

have «Limsup-upto-llist Xs (enat k) = llast Xs»
using j nnil lfinite- Limsup-llist[OF fin] nnil

unfolding Limsup-upto-llist-def Limsup-llist-def using llast-conv-Inth[OF j[symmetric]]
by (simp add: le-k)

then show ?thesis
using k-ge nnil by simp

qed

qed

lemma Limsup-upto-llist-infinity[simp|: <Limsup-upto-llist Xs oo = Limsup-llist
Xs»
unfolding Limsup-upto-llist-def Limsup-llist-def by simp

lemma Limsup-upto-llist-0[simp]:
«Limsup-upto-llist Xs 0 = (if Inull Xs then UNIV else lhd Xs)»
unfolding Limsup-upto-llist-def image-def
by (simp add: enat-0[symmetric]) (simp add: enat-0 Inth-0-conv-lhd)

lemma Limsup-upto-llist-eSuc[simp):
«Limsup-upto-llist Xs (eSuc j) =
(case j of
enat k = Limsup-upto-llist Xs (enat (Suc k))
| oo = Limsup-llist Xs)»
by (auto simp: eSuc-enat split: enat.split)

lemma Liminf-upto-llist-imp-elem-Limsup-llist:

assumes 37 < llength Xs. Vj > i. j < llength Xs — x € Limsup-upto-llist Xs
(enat 7)»

shows «x € Limsup-llist Xs»

using assms by (simp add: Limsup-llist-def Limsup-upto-llist-def)

(metis dual-order.strict-implies-order enat-iless enat-less-imp-le enat-ord-simps(1)
not-less)

end

theory FSet-Extra



imports Main HOL— Library.FSet
begin

This theory contains some additional lemmas regarding sets and fi-
nite sets, which were useful in the process of proving some lemmas in
Modular_Splitting_Calculus.thy and Lightweight_Avatar.thy.

lemma finite-because-singleton: «(¥VC1 € S.VC2 € S. C1 = C2) — finite S»
for S
by (metis finite.simps is-singletonl’ is-singleton-the-elem)

lemma finite-union-of-finite-is-finite: <finite E — (VD € E. finite({f C |C. P C
ANgC=D}) =
finite({f C |C. P C A g C € E})»
proof —
assume finite-E: <finite £ and
all-finite: ¥ D € E. finite({f C |C. P C A g C = D})»
have «finite (J{{f C |C. P C A g C = D} |D. DEE}))
using finite-FE all-finite finite-UN-I
by (simp add: setcompr-eq-image)
moreover have <{f C |C. PCANgCe E}CU{{fC|C.PCANgC=D}
|D. DEEDH
by blast
ultimately show ?thesis by (meson finite-subset)
qed

definition list-of-fset :: 'a fset = 'a list where
list-of-fset A = (SOME 1. fset-of-list | = A)»

lemma fin-set-fset: finite A = 3 Af. fset Af = A by (metis finite-list fset-of-list.rep-eq)

lemma fimage-snd-zip-is-snd [simp]:
<length x = length y = (A(z, y). y) || fset-of-list (zip = y) = fset-of-list y»
proof —
assume length-z-eq-length-y: <length x = length y»
have «(A(z, ). y) | fset-of-list A = fset-of-list (map (A(z, y). y) A) for A
by auto
then show ?thesis
using length-x-eq-length-y
by (smt (verit, ccfo-SIG) cond-case-prod-eta map-snd-zip snd-conv)
qed

lemma if-in-ffUnion-then-in-subset: <z |€| ffUnion A = 3 a. a |€] ANz |€| @
by (induct <Ay rule: fset-induct, fastforce+)

lemma fset-ffUnion-subset-iff-all-fsets-subset: «fset (ffUnion A) C B +— fBall A
(A z. fset x C B)»
proof (intro fBalll subsetl iffT)

fix a z



assume [fUnion-A-subset-B: «fset (ffUnion A) C By and
a-in-A: <a |€| A> and
x-in-fset-a: «x € fset a
then have «z €| o
by simp
then have <z |€| ffUnion A»
by (metis a-in-A ffunion-insert funion-iff set-finsert)
then show <z € B)
using ffUnion-A-subset-B by blast
next
fix z
assume all-in-A-subset-B: «fBall A (X z. fset  C B)» and
x € fset (ffUnion A)»
then have <z |€| ffUnion A»
by simp
then obtain a where <« |€| A and
z-in-a: «x |€] )
by (meson if-in-ffUnion-then-in-subset)
then have <fset o C B>
using all-in-A-subset-B
by blast
then show «z € B)
using z-in-a by blast
qed

lemma fBall-fset-of-list-iff-Ball-set: <fBall (fset-of-list A) P <— Ball (set A) P»
by (simp add: fset-of-list.rep-eq)

lemma wf-fsubset: <wfP (|C|)»
proof —
have «wfP (A A B. feard A < feard B))
by (simp add: wfp-if-convertible-to-nat)
then show <wfP (|C|)»
by (simp add: wfP-pfsubset)
qed

lemma non-zero-fecard-of-non-empty-set: <fecard A > 0 +— A # {||
by (metis bot.not-eq-extremum fcard-fempty less-numeral-extra(3) pfsubset-feard-mono)

lemma fimage-of-non-fempty-is-non-fempty: <A # {||} = f |1 A # {||P
unfolding fimage-is-fempty
by blast

lemma Union-empty-if-set-empty-or-all-empty:
ffUnion A ={||} = A={||} VfBall A (A z. z = {||})»
by (metis (mono-tags, lifting) ffunion-insert finsert-absorb funion-fempty-right)

lemma fBall-fimage-is-fBall: <fBall (f || A) P «— fBall A (A z. P (fz))»
by auto
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lemma fset-map2: v € fset A = g (f v) € set (map g (map [ (list-of-fset A)))»
proof —
assume (v € fset A>
then show «g (fv) € set (map g (map f (list-of-fset A)))»
unfolding list-of-fset-def
by (smt (verit, ccfo-SIG) exists-fset-of-list fset-of-list.rep-eq imagel list.set-map
somel-ex)
qed

end

theory Disjunctive-Consequence-Relations
imports Saturation-Framework. Calculus

Propositional-Proof-Systems. Compactness
HOL- Library. Library
HOL- Library. Product-Lexorder
Lazy-List-Limsup
FSet-FExtra

begin

2 Disjunctive Consequence Relations

no-notation Sema.formula-semantics (infix = 51)

locale consequence-relation =

fixes

bot :: 'f and

entails :: 'f set = 'f set = bool (infix | 50)
assumes

bot-entails-empty: {bot} = {} and

entails-reflexive: {C} = {C} and

entails-subsets: M'C M = N'C N = M'EN'=— M E N and

entails-cut: M = NU{C} = M'U{C} =N = M UM'=N U N'and

entails-compactness: M = N = 3 M' N'. (M'C M AN N'C N A finite M' A
finite N N M’ |= N)

begin

definition order-double-subsets :: ('f set x 'f set) = ('f set x 'f set) = bool
(infix <; 50) where
(=Z5) = AC1 C2. fst C1 C fst C2 A snd C1 C snd C2»

definition order-double-subsets-strict :: ('f set = 'f set) = ('f set x 'f set) = bool
(infix <, 50) where

11



(=s) = ACI1 C2. C1 =, C2 A C1 # C2

lemma trivial-induction-order : <C1 C B A C2 C B' — (C1,02) <, (B,B')»
unfolding order-double-subsets-def
by simp

lemma zorn-relation-trans : <v C1 C2 C3. (C1 <, C2) — (C2 <X, C3) — (C1
<s C3)»
proof —
have vV C1 C2 C3. fst C1 C fst C2 — fst C2 C fst C8 — fst C1 C fst
C3)»
by blast
then have V(1 C2 C3. snd C1 C snd C2 — snd C2 C snd C3 — snd
C1 C snd C3»
by blast
then show ?thesis
unfolding order-double-subsets-def
by auto
qed

lemma zorn-strict-relation-trans :
N (C1::'f set x 'f set) C2 C3. (C1 <5 C2) — (C2 <, C3) — (C1 <5 C3)»
by (metis order-double-subsets-def order-double-subsets-strict-def prod.expand sub-
set-antisym
zorn-relation-trans)

lemma zorn-relation-antisym : v C1 C2. (C1 X5 C2) — (C2 =, C1) — (C1
= (C2)
proof —
have <V C1 C2. (fst C1 C fst C2) — (fst C2 C fst C1) — (fst C1 = fst
C2)»
by force
then have <V C1 C2. (snd C1 C snd C2) — (snd C2 C snd C1) — (snd
C1 = snd C2)»
by force
then show ?thesis
unfolding order-double-subsets-def
using dual-order.eq-iff
by auto
qed

lemma entails-supsets : VM’ N'. (M'2 M ANN'DONAM UN'=UNIV) —
M'EN)= MEN
proof (rule ccontr)
assume
not-M-entails-N : <=M |= N» and
hyp-entails-sup : <N M’ N'. (M'"> M ANN'DNAM UN'=UNIV) — M’
E N

12



have contrapos-hyp-entails-sup: <3 M’ N'. (M' 2> M AN N'"D N A M'U N’ =
UNIV) A =M’ N’
proof —
define A :: ('f set * 'f set) set where <4 = {(M',N'). M C M'AN C N'A
-M' = N}
define zorn-relation :: (('f set = 'f set) x ('f set = 'f set)) set where
«zorn-relation = {(C1,02) € A x A. C1=<,02}
define maz-chain :: ('f set x 'f set) set = 'f set x 'f set where
«maz-chain = (AC. if C = {} then (M,N)
else ((U{C1.3C2. (C1,C2) € C}J{C2.3C1. (C1,C2) €
ChHy

have relation-in-A : «\C. C € Chains zorn-relation =V C1 € C. C1 € A
using in-ChainsD zorn-relation-def
by (metis (no-types, lifting) mem-Collect-eq mem-Sigma-iff old.prod.case)
have M-N-in-A : «(M,N) € 4
using not-M-entails-N A-def by simp
then have not-empty-A : <A#{}
by force

have trivial-replacement-order [simp] : <V C1 C2. (C1,C2) € zorn-relation —
(C1 =5 C2)»
unfolding zorn-relation-def by force
moreover have zorn-relation-refl : <v CeA. C X5 C»
proof —
have vV CeA. fst C C fst C N\ snd C C snd C»
by blast
then show ?thesis
unfolding order-double-subsets-def
by simp
qed
moreover have refl-on-zorn-relation : refl-on A zorn-relation
using zorn-relation-refl
by (smt (verit, ccfv-SIG) case-prod-conv mem-Collect-eq mem-Sigma-iff
refl-onl
subrell zorn-relation-def)
moreover have zorn-relation-field-is-A : Field zorn-relation = A
proof —
have <V C0 € A. (M,N) <, C0»
unfolding order-double-subsets-def
using A-def by simp
then have <V C0 € A. (M,N),C0) € zorn-relation>
unfolding zorn-relation-def
using M-N-in-A by simp
then have A C Range zorn-relation
unfolding Range-def by fast
moreover have vV C0. CO € (Range zorn-relation) — C0 € A»
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unfolding Range-iff using refl-on-zorn-relation zorn-relation-def by blast
moreover have <V C0. CO € (Domain zorn-relation) — CO € A»
using zorn-relation-def by blast
ultimately show ?thesis
by (metis Field-def Un-absorbl subrell subset-antisym)
qed
ultimately have zorn-hypothesis-po: Partial-order zorn-relation
proof —
have antisym-zorn-relation : antisym zorn-relation
proof —
have v C1 C2. (C1,C2) € zorn-relation A (C2,C1) € zorn-relation —
(C1 =5 C2) A (C2 =, C1)»
by force
then show ?thesis using zorn-relation-antisym
by (meson antisyml)
qed

moreover have trans zorn-relation
proof —
have Vv C1 C2 C3. (C1,C2) € zorn-relation
— (C2,03) € zorn-relation — (C1 =<5 C2) — (C2 <, C3)»
unfolding zorn-relation-def by blast
then have <V C1€A.V C2€A. (C1 <4, C2) — (C1,C2) € zorn-relation)
unfolding zorn-relation-def by blast
then show ?thesis using zorn-relation-trans
by (metis (no-types, opaque-lifting) Fieldll FieldI2 transl
trivial-replacement-order zorn-relation-field-is-A zorn-relation-trans)
qed

ultimately have preorder-on A zorn-relation
unfolding preorder-on-def refi-on-zorn-relation
using refl-on-zorn-relation
using zorn-relation-def by blast
then have partial-order-on A zorn-relation
unfolding partial-order-on-def
using antisym-zorn-relation by simp
moreover have zorn-relation-field : Field zorn-relation = A
proof —
have <V C0 € A. (M,N) <, C0»
unfolding order-double-subsets-def
using A-def by simp
then have <V C0 € A. (M,N),C0) € zorn-relation>
unfolding zorn-relation-def
using M-N-in-A by simp
then have A C Range zorn-relation
unfolding Range-def by fast
moreover have <V C0. C0 € (Range zorn-relation) — C0O € A»
unfolding Range-iff using refi-on-zorn-relation zorn-relation-def by blast
moreover have v C0. CO0 € (Domain zorn-relation) — C0 € A»
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using zorn-relation-def by blast
ultimately show ?thesis
by (metis Field-def Un-absorbl subrell subset-antisym)
qed

show ?thesis using zorn-relation-field calculation by simp
qed

have maz-chain-is-a-maz : «<\C. C € Chains zorn-relation — ¥ C1€C. (C1
=s maz-chain C)»
proof —
fix C
assume C-is-a-chain : «C' € Chains zorn-relation)
consider (a) C = {} | (b) C # {}
by auto
then show v C1 € C. C1 <4 max-chain C»
proof cases
case a
show ?thesis by (simp add: a)
next
case b
have «C C A
using C-is-a-chain relation-in-A by blast
then have <V C1 € C. 3 (C2,03) € C. C1 = (C2,C8)»
by blast
moreover have (v (C1,02) € C. C1 CJ{C3.3 C4. (C3,C4) € Cp
by blast
moreover have v (C1,02) € C. C2 CJ{C4.3 C3. (C3,C4) € C}h
by blast
moreover have Vv (C1,02) € C.
(C1 € U{Cs.3 C4. (C3,04) € CY A C2 CU{C4. 3 C3.
(C3,04) € C}) —
(C1,02) =<5 (U{C3. 3 C4. (C3,C4) € C}, U{C4. 3 C3.
(C3,C4) € C}))
unfolding order-double-subsets-def
using trivial-induction-order
by simp
ultimately have v (C1,C2) € C.
(C1,02) =<5 (U{Cs. 3 C4. (C3,c4) € CH,U{C4. 3 C3.
(C3,C4) € C})»
by fastforce
then have <V (C1,02) € C. (C1,02) =, maz-chain C»
unfolding mazx-chain-def
by simp
then show v C1 € C. C1 <, maz-chain C»
by fast
qed
qed
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have M-N-less-than-maz-chain : <\C. C € Chains zorn-relation = (M,N)
=5 max-chain C)
proof —
fix C
assume C-chain : «C € Chains zorn-relation)
consider (a) C = {} | (b) C # {}
by blast
then show (M ,N) <, maz-chain C»
proof cases
case a
assume C = {}
then have <maz-chain C = (M,N)»
unfolding maz-chain-def
by simp
then show «(M,N) =<, maxz-chain C»
using M-N-in-A zorn-relation-refl
by simp
next
case b
assume C-not-empty : C # {}
have M-minor-first : <v C1 € C. M C fst C1>»
using A-def C-chain relation-in-A by fastforce
have N-minor-second : v C1 € C. N C snd C1»
using A-def C-chain relation-in-A by fastforce
moreover have «(V C1 € C. (fst C1 C fst (maz-chain C)) A snd C1 C
snd (maz-chain C))»
using order-double-subsets-def C-chain maz-chain-is-a-mazx
by presburger
moreover have «(3C1 € C. (M C fst C1 AN N C snd C1)
— fst C1 C fst (max-chain C) A snd C1 C snd (maz-chain

— M C fst (maz-chain C) AN N C snd (maz-chain C)»
using M-minor-first N-minor-second
by blast
ultimately have <M C fst (maz-chain C) A N C snd (maz-chain C)»
by (meson order-double-subsets-def C-chain C-not-empty ex-in-conv
maz-chain-is-a-mazx)
then show <«(M,N) <s maz-chain C»
unfolding order-double-subsets-def
by simp
qed
qed
moreover have left-U-not-entails-right-U:
«(N\C. C € Chains zorn-relation => — fst (maz-chain C)E= snd (max-chain
)
proof —
fix C
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assume C-chain :«C' € Chains zorn-relation»
consider (a) C = {} | (b) C # {}
by fast
then show <— fst (maz-chain C)E= snd (maz-chain C))
proof cases
case a
then show ?thesis using not-M-entails-N
unfolding maz-chain-def
by simp
next
case b
assume C-not-empty «C # {}
show ?thesis
proof (rule ccontr)
assume <——fst (maz-chain C) = snd (max-chain C)»
then have abs-fst-entails-snd : <fst (maz-chain C) = snd (maz-chain C)»
by auto
then obtain M’ N’ where
abs-maz-chain-compactness : <M’ C fst (maz-chain C)
A N' C snd (maz-chain C)
A finite M’
A finite N’
ANM E NS
using entails-compactness by fastforce
then have not-empty-M'-or-N': «(M' # {}) vV (N’ # {})»
by (meson empty-subset] entails-subsets not-M-entails-N)
then have finite-M'-subset : «(finite M) A M' C |J{C1. 3 C2. (C1,C2)

e Ch
using C-not-empty abs-mazx-chain-compactness mazx-chain-def
by simp
then have M'-in-great-union : <M’ C |J{C1.3C2. (C1,C2) € C A C1
A M £ (D
by blast

then have M ’-in-finite-union :
«JP C{C1.3C2. (C1,02) e C AN CI N M #{}}. finite PN M'C
Ur
by (meson finite-M'-subset finite-subset-Union)
moreover have finite-N'-subset : «(finite N') A N’ C |J{C2. 3 C1.
(C1,02) € Ch
using C-not-empty abs-maz-chain-compactness
using mazx-chain-def
by simp
then have N'-in-great-union : «<N' C |J{C2.3C1. (C1,C2) € C A C2 N
N'£ (D
by blast
then have N’-in-finite-union :
«(3Q C {C2.3C1.(C1,€2) € C AN C2N N'# {}}. finite Q AN N' C
Ue

by (meson finite-N'-subset finite-subset-Union)
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{4

ultimately obtain P () where
P-subset : <P C {C1.3C2. (C1,02) e CANCINM #{}} and
finite-P: <finite Py and
P-supset : <M’ C |JP» and
Q-subset : «Q C {C2.3C1.(C1,C2) e CANC2NN'#{}b
and finite-Q : <finite Q> and @Q-supset : <N' C |J Q»
by auto
have not-empty-P-or-Q : <P # {} V Q # {}
using not-empty-M’-or-N' P-supset Q-supset by blast
have P-linked-C : <V C1€P. 3C2. (C1,02)eC»
using P-subset by auto
then have Q-linked-C : <V C2€Q. 3C1. (C1,C2)eC)
using @Q-subset by auto
then have (3P C C. P = {(C1,02). (C1,C2) € C A C1 € P}
by fastforce

then obtain P where
P-def: <P = {(C1,C2). (C1,C2) € C A C1 € P}
by auto

then have P-in-C : <P C C)
by auto

have P-linked-P : <Y C1€P. 3C2. (C1,C2)€P>
using P-linked-C P-def
by simp

define f where
«f = (AC1.4f (3C2. (C1,C2)€P) then (SOME C2. (C1,C2) € P) else

have «V(C1,C2)eP. C1€P>
using P-def by blast
have f-stability-in-P : <\ C1 C2. (C1,C2)eP = (C1, f C1)eP>
proof —
fix C1 C2
show «(C1,02)eP = (C1, f C1)eP>
proof —
assume C1-C2-in-P : «(C1,C2)eP)
then have <3 C3. (C1,03)eP)
by blast
then have «(C1, f C1) = (C1, SOME C3. (C1,03) € P)»
unfolding f-def by simp
then have «(C1, f C1)eP»
by (metis C1-C2-in-P somel-ex)
then show «(C1,02)eP = (C1, f C1)eP» by blast
qed
qed

define P’ where
P’ ={(C1, f C1)|C1. 3 C2. (C1,C2)eP}>
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then have injectivity-P’ : v C1 C2 C2'.(((C1, C2) € P' A (C1, C2') €
P — C2 = C2')
by auto
have P’-in-P : <P’ C P>
unfolding P’-def
using f-stability-in-P
by blast
then have P’-in-C : <P’ C C»
using P-in-C
by blast
have P’-less-than-P : ¥ C0 € P’. fst CO€P>
unfolding P’-def P-def by fastforce
have P-less-than-P : ¥ C1 € P. 3C2. (C1,C2)eP>
unfolding P-def
using P-linked-C by simp
then have P-less-than-P-reformulated : <V C1 € P. 3C0eP’. (fst CO) =

C1»
unfolding P’-def
by simp
then have union-P-in-union-fst-P': «(JP C J{C1.3C0 € P'. (fst CO)
=C1}h
using Union-mono subsetl
by fastforce
have injectivity-P’-reformulated :
NVCoCo'. ((CoeP'ANCO' eP' ANCO# CO)— (fst CO) # (fst
con)

unfolding P’-def
by force

define bij-P":: ('f set x 'f set) = 'f set where
<bij-P’ = fst>
have injectivity-bij-P' : ¥ COeP’. ¥ C0'eP’. bij-P’' CO = bij-P’' CO' —
co = Ccoh
unfolding bij-P’-def
using injectivity-P’-reformulated by blast
then have bij-P’-injectivity : <inj-on bij-P’ P’
unfolding inj-on-def
by simp
moreover have surjectivity-bij-P’-first-inc : <bij-P' ‘P’ C P>
unfolding bij-P’-def
using P’-less-than-P image-subset-iff by auto
moreover have surjectivity-bij-Q’-second-inc : <P C bij-P’ * P’
unfolding b%j-P’-def
using P-less-than-P-reformulated by auto
ultimately have surjectivity-bij-P’ : <bij-P’ ‘P’ = P»
by blast
then have bij : <bij-betw bij-P’ P’ P>
unfolding bij-betw-def
using bij-P-injectivity by simp
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by auto

{3

then have finite-P’ : «finite P"
using bij-P’-injectivity finite-P inj-on-finite surjectivity-bij-P’-first-inc

moreover have (39 C C. Q = {(C1,02). (C1,C2) e C AN C2 € Qp
by fastforce

then obtain Q where
Q-def: «Q = {(C1,C2). (C1,C2) € C AN C2 € Qp
by auto

then have 9-in-C : <Q C C»
by auto

define g where
g = (AC2.4f (3C1. (C1,02)€Q) then (SOME C1. (C1,02) € Q) else

have <V (C1,C2)eQ. C2€@»
using Q-def by blast
have g-stability-in-Q : <\ C1 C2. (C1,02)eQ — (g C2, C2)ed»
proof —
fix C1 C2
show «(C1,02)eQ = (g C2, C2)eQD)
proof —
assume C1-C2-in-Q : «(C1,02)€Q)
then have <3 C3. (C3,02)eQ»
by blast
then have «(g C2, C2) = ((SOME C1. (C1,C2) € Q), C2)»
unfolding g-def by simp
then have «(g C2, C2)cQ»
by (metis C1-C2-in-Q somel-ex)
then show «((C1,02)eQ = (g C2, C2)cQ» by blast
qed
qed

define Q' where
Q"= {(g C2, C2)|C2.3C1. (C1,02)eQ}
then have injectivity-Q’ : <V C1 C2 C1'.(((C1, C2) € Q" A (C1', C2) €

Q)— C1 =C1")

by auto
have Q’-in-Q : <Q’' C O
unfolding Q’-def
using g-stability-in-Q
by blast
then have Q’-in-C : <Q’' C O»
using Q-in-C
by blast
have Q'-less-than-Q : <V C0 € Q. snd CO€Q»
unfolding Q'-def Q-def by fastforce
have Q-less-than-Q : Vv (C2 € Q. 3C1. (C1,02)eQd»
unfolding Q-def
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using @-linked-C by simp
then have Q-less-than-Q-reformulated ¥ C2 € Q. 3C0€Q’. (snd CO) =

C2»
unfolding Q’-def
by simp
then have union-Q-in-union-fst-Q’: «(JQ C | J{C2. 3 C0 € Q. (snd C0)
=(C2p
using Union-mono subsetl
by fastforce
have injectivity-Q’-reformulated :
NVCOCO'.((Coe Q' NCO'e Q AN CO'# CO) — (snd CO) # (snd
co)»

unfolding Q’-def
by force

define bij-Q": ('f set x 'f set) = 'f set where
<bij-Q’ = snd>
have injectivity-bij-Q’ : <V C0€Q’. ¥V C0’'eQ’. bij-Q’ CO = bij-Q' CO0' —
co = coh
unfolding b7j-Q’-def
using injectivity-Q'-reformulated by blast
then have bij-Q -injectivity : <inj-on bij-Q" Q"
unfolding inj-on-def
by simp
moreover have surjectivity-bij-Q’-first-inc : <bij-Q’ Q' C Q»
unfolding b7j-Q’-def
using Q’-less-than-Q image-subset-iff by auto
moreover have surjectivity-bij-Q’-second-inc : «Q C b3j-Q’ * Q%
unfolding bij-Q’-def
using @Q-less-than-Q-reformulated by auto
ultimately have surjectivity-bij-Q’ : «bij-Q’ * Q' = Q»
by blast
then have bij : «bij-betw bij-Q' Q' Q>
unfolding bij-betw-def
using bij-Q’-injectivity by simp
then have finite-Q’ : «finite Q"
using bij-Q’-injectivity finite-Q inj-on-finite surjectivity-bij-Q’-first-inc
by auto

have not-empty-P-or-Q : <P # {} V Q # {}
using P’-in-P Q'-in-Q surjectivity-bij-P’ surjectivity-bij-Q’ not-empty-P-or-Q

by fastforce
then have not-empty-P’-or-Q" : <P'# {} v Q" £ {}
using not-empty-P-or-Q surjectivity-bij-P’ surjectivity-bij-Q’ by blast

define R’ where (R’ = PUQ"

have vV (C1,C2) € R'. C1€eP Vv C2¢
unfolding R’-def P’-def Q’-def P-def Q-def
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by fastforce
have finite-R’ : «finite R"
unfolding R'-def
using finite-P’ finite-Q’ by simp
moreover have R’-in-C : (R' C C»
unfolding R'-def
using P’-in-C Q'-in-C
by blast
moreover have not-empty-R’: <R’ # {}
using R'-def not-empty-P’-or-Q’ by blast

have maz-R’: 3(M0,NO)ER'. (¥ (M,N)eR'. (M,N) <, (M0,NO))>
proof (rule ccontr)
assume (3 (M0O,NO)eR'. (V(M,N)eR'. (M,N) <, (M0,N0)))»
then have abs-maz-R’: <V (MO,N0O)eR'. (3(M,N)eR'. ~((M,N) =<,
(MO,N0)))»
by auto
have «V(M0,N0)eC. ¥V (M,N)eC.
=((M,N),(M0,N0O))ezorn-relation — ((M0,NO),(M,N))€Ezorn-relation>
unfolding zorn-relation-def
using C-chain
by (smt (verit, best) Chains-def case-prodI2 mem-Collect-eq zorn-relation-def)
then have «V(M0,NO)eC. ¥ (M,N)eC. -~(M,N) <, (M0O,N0) —
(M0,N0) =<, (M,N))
unfolding zorn-relation-def
using trivial-replacement-order
by blast
then have «V(M0,NO)eR'. ¥ (M,N)eR'. =(M,N) <5 (M0O,NO) —
(M0,N0) =<, (M,N))
using R'-in-C
by auto
then have «V(M0,NO)eR'. ¥ (M,N)eR'. =(M,N) <5, (M0,NO) —
(MO,NO) <, (M,N)»
unfolding order-double-subsets-strict-def
by blast
then have abs-maz-R’-reformulated : <V (MO,NO)eR'. (3(M,N)eR".
(MO,NO) <, (M,N))»
using abs-maz-R’
by blast

define find-dif :: ('f set x 'f set) = ('f set x 'f set) where
(find-dif = (\(MO,NO). if (3(M,N)ER'. (MO,NO) <5 (M,N))
then (SOME (M,N). (M,N)eR' A (M0,N0) <,

else ({},{}))
obtain M0 N0 where M(O-NO-def : «(M0,NO)e R"

using not-empty-R’ by auto
define bij-nat :: nat = ('f set x 'f set) where
bij-nat = Ak. (find-dif k) (MO, NO)»
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have bij-nat-in-R' : <bij-nat k € R’ for k
proof (induction k)
case ()
then show ?case
unfolding bij-nat-def
using M0-NO-def
by simp
next
case (Suc k)
assume <bij-nat k € R"
have new-major-k : <3 (M,N)eR’. bij-nat k <5 (M,N)>
using abs-max-R'-reformulated Suc

by simp
then have «(find-dif (bij-nat k) = (SOME (M,N). (M,N)ER' A bij-nat
k <s (M,N))
unfolding find-dif-def
by auto
then have <bij-nat (Suc k) = (SOME (M,N). (M,N)eR’ A bij-nat k

<s (M,N))
unfolding bij-nat-def
by simp
then show ?case
by (metis (mono-tags, lifting) new-major-k case-prod-conv some-eq-imp
surj-pair)
qed
then have new-major-general : <3 (M,N)eR’. (bij-nat k) <5 (M,N)) for

using abs-maz-R'-reformulated
by simp
then have «find-dif (bij-nat k) = (SOME (M,N). (M,N)eR' A bij-nat
k <s (M,N))» for k
unfolding find-dif-def
by auto
then have <bij-nat k < find-dif (bij-nat k) for k
by (metis (mono-tags, lifting) case-prod-conv new-major-general
some-eq-imp surj-pair)
then have bij-nat-croiss: <(bij-nat (k::nat)) <s (bij-nat (Suc k))» for k
using bij-nat-def by simp
have bij-nat-general-croiss : <i < j = bij-nat i <, bij-nat j» for i j
proof —
assume hyp-croiss : <i < j»
have (bij-nat i <5 bij-nat (i+1+(k:nat)) for k
proof (induction k)
case ()
then show ?case using bij-nat-croiss by simp
next
case (Suc k)
have <bij-nat (i+1+k) <5 bij-nat (i+1+(Suc k))»
using bij-nat-croiss by simp
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then show ?case using zorn-strict-relation-trans Suc by blast
qged

then have (bij-nat i <, bij-nat j»

by (metis Suc-eq-plusi-left hyp-croiss add.assoc add.commute less-natF)
then show ?thesis by simp

qed

have <bij-nat i = bij-nat j N\ ~i=j = Fulse> for i j
proof —
assume bij-nat-i-equals-bij-nat-j : <bij-nat i = bij-nat j A —i=j>
then have i < jV j <
by auto
then have (bij-nat i <, bij-nat j V bij-nat j <5 bij-nat >
using bij-nat-general-croiss
by blast
then have <bij-nat i # bij-nat j»
unfolding order-double-subsets-strict-def
by force
then show ?Zthesis
using bij-nat-i-equals-bij-nat-j by simp
qed

then have bij-nat-inj : <bij-nat i = bij-nat j — ¢ = j» for i j
unfolding bij-nat-def
by auto
then have bij-nat-inj-gen : <V 1 j. bij-nat i = bij-nat j — 7 =
by auto
then have <inj-on bij-nat (UNIV :: nat set)»
unfolding inj-on-def
by simp
then have bij-nat-is-a-bij :
<bij-betw bij-nat (UNIV :: nat set) (bij-nat (UNIV :: nat set))»
unfolding bij-betw-def
by simp
then have <finite (UNIV :: nat set) «<— finite (bij-nat (UNIV:: nat
set))»
using bij-betw-finite by auto
moreover have «—(finite (UNIV :: nat set))»
by simp
ultimately have (—finite (bij-nat (UNIV:: nat set))>
by blast
moreover have <bij-nat (UNIV:: nat set) C R"
unfolding bij-nat-def
using R'-in-C bij-nat-in-R’ image-subset-iff bij-nat-def
by blast
ultimately have «—(finite R')»
using finite-subset by blast
then show Fulse using finite-R’ by blast
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qed

then obtain M-max N-mazx where
M-N-maz-def : <«(M-maz,N-maz)eR' A (VY (M,N)eR'. (M,N) =,
(M-mazx,N-maz))»
by auto
then have «VC1eP.3(MO,NO)eR'. M0 = C1 >
using R'-def P-less-than-P-reformulated by fastforce
then have <(JP C |J{CI1.3C0 € R'. (fst C0) = C1}»
unfolding R’-def
by fastforce
moreover have <V C1. (3C0 € R'. (fst C0) = C1 A CO =, (M-maz,N-maz))
— C1 C M-max»
unfolding M-N-max-def order-double-subsets-def
by auto
then have «VC1 € {C1.3C0 € R'. (fst C0) = C1}. C1 C M-mazx »
using M-N-maz-def by auto
then have «(J{C1.3C0 € R'. (fst C0) = C1} C M-max>
by auto
ultimately have union-P-in-M-maz : <JP C M-max>
by blast
moreover have <V C2€Q. 3(M0,NO)eER'. NO = C2 )
using R'-def Q-less-than-Q-reformulated by fastforce
then have «(JQ C U{C2.3C0 € R". (snd CO) = C2}»
unfolding R’-def
by fastforce
moreover have vV C2. (3C0 € R’. (snd C0) = C2 A CO <5 (M-max,N-max))
— C2 C N-max»
unfolding M-N-max-def order-double-subsets-def
by auto
then have V C2 € {C2.3C0 € R'. (snd CO) = C2}. C2 C N-mazx >
using M-N-maz-def by auto
then have <(J{C2. 3C0 € R'. (snd C0) = C2} C N-maz>
by auto
ultimately have union-Q-in-N-maz : <(J @ C N-max»
by blast
have «M' C M-max A N’ C N-maz)
using P-supset Q-supset union-P-in-M-max union-Q-in-N-maz by auto
then have <M-maz | N-maz)
using abs-maz-chain-compactness entails-subsets
by force
moreover have «(M-maz,N-maz) € R’
using M-N-max-def
by simp
then have ((M-maz,N-maz) € C»
using R’-in-C by auto
then have «(M-maz,N-maz) € A>
using C-chain relation-in-A by auto
then have <~ M-maz = N-maz>
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unfolding A-def
by auto
ultimately show Fulse
by simp
qged
qed
qed
moreover have (\C. C € Chains zorn-relation = M C fst (maz-chain C)»
using M-N-less-than-maz-chain order-double-subsets-def fst-eqD
by metis
moreover have «(\C. C € Chains zorn-relation => N C snd (maz-chain C)»
using M-N-less-than-mazx-chain order-double-subsets-def snd-eqD
by metis
ultimately have maz-chain-in-A : <\ \NC. C € Chains zorn-relation => maz-chain
ced
unfolding A-def using M-N-less-than-maz-chain case-prod-beta
by force

then have <\A\C. C € Chains zorn-relation —>
(maz-chain C) € A A (Y CO€C. (CO, max-chain C) € zorn-relation)»
unfolding zorn-relation-def

using zorn-relation-field-is-A max-chain-is-a-maz relation-in-A zorn-relation-def
by fastforce

then have zorn-hypothesis-u :
«NC. C € Chains zorn-relation —> Ju€ Field zorn-relation. ¥V a€C. (a, u) €

zorn-relation»

using zorn-relation-field-is-A maz-chain-is-a-max by auto

then have (3 CmazeField zorn-relation. ¥ C € Field zorn-relation.
(Cmaz, C) € zorn-relation — C = Cmax>
using Zorns-po-lemma zorn-hypothesis-u zorn-hypothesis-po by blast
then have zorn-result : <3 CmazcA. ¥V C€A. (Cmaz, C) € zorn-relation —
C = Cmaz»
using zorn-relation-field-is-A by blast
then obtain Cmaz where
Cmaz-in-A : <Cmaz€A> and
Cmaz-is-maz : ¥ Ce€A. (Cmaz, C) € zorn-relation — C = Cmaz>
by blast

have Cmaz-not-entails : <= fst Cmaz = snd Cmax»
unfolding A-def
using Cmaz-in-A
using A-def by force
have M-less-fst-Cmazx : <M C fst Cmax>
using A-def Cmaz-in-A by force
moreover have N-less-snd-Cmazx : <N C snd Cmazx»
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using A-def Cmaz-in-A by force
have «fst Cmax U snd Cmaxz = UNIV>»
proof (rule ccontr)
assume <—fst Cmax U snd Cmax = UNIV)
then have <3 C0. C0 ¢ fst Cmax U snd Cmax»
by auto
then obtain C0 where CO-def : <C0 ¢ fst Cmaz U snd Cmaz»
by auto
have fst-maz-entailment-extended : <(fst Cmaz) U {C0} = snd Cmax»
proof (rule ccontr)
assume <= (fst Cmaz) U {C0} = snd Cmax»
then have fst-extended-Cmaz-in-A : <((fst Cmazx U {C0}), snd Cmaz) € A»
unfolding A-def
using M-less-fst-Cmax N-less-snd-Cmaz by blast
then have «(Cmaz,((fst Cmaz) U {C0},snd Cmaz)) € zorn-relation)
unfolding zorn-relation-def order-double-subsets-def
using Cmaz-in-A by auto
then have <Cmaz = ((fst Cmaz) U {CO0},snd Cmax)»
using Cmaz-is-maz fst-extended-Cmax-in-A by fastforce
then have «C0 € (fst Cmax)»
by (metis Unl2 fst-eqD singleton-iff)
then show Fualse using C0-def by auto
qed
moreover have snd-maz-entailment-extended : <fst Cmaz = snd Cmaz U
{C0}»
proof (rule ccontr)
assume <—fst Cmaz |= snd Cmaz U {CO}»
then have snd-extended-Cmaz-in-A : «(fst Cmaz,snd Cmaz U {C0}) € A»
unfolding A-def
using M-less-fst-Cmax N-less-snd-Cmaz by blast
then have «(Cmaz,(fst Cmaz,snd Cmazx U {C0})) € zorn-relation)
unfolding zorn-relation-def order-double-subsets-def
using Cmaz-in-A by auto
then have «Cmaz = (fst Cmaxz,snd Cmaz U {CO})»
using Cmaz-is-mazx snd-extended-Cmaz-in-A by fastforce
then have <C0 € (snd Cmaz)>
by (metis Unl2 singleton-iff sndl)
then show Fualse using C0-def by auto
qed
ultimately have <fst Cmaz = snd Cmax>
using entails-cut by force
then have «Cmaz ¢ A»
unfolding A-def
by fastforce
then show Fulse
using Cmaz-in-A by simp
qed
then show %thesis using M-less-fst-Cmax N-less-snd-Cmax Cmaz-not-entails
by auto
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qed
then show Fulse using hyp-entails-sup by auto
qed

lemma entails-each: M = P = VYCeM. N = QU {C} = VDeP. N U {D}
EQ—NEQ
proof —
fix MPN Q
assume m-entails-p: <M |= P»
and n-to-¢-m: <V CeM. N = QU {C}hH
and n-p-to-¢: <Y DeP. N U {D} E
have (NC M'— QC N' = M'UN’= UNIV = M'E= N’ for M’ N’
proof —
fix M' N’
assume n-sub-mp: <M’ D N and
g-sub-np: «<N' D @» and
union-univ: <M’ U N’ = UNIV)
consider (a) -~ (M'NP={})| (D)~ (N'NnM={})|(c) PCN ANMC
M/
using union-univ by auto
then show <M’ = N
proof cases
case a
assume <M'N P # {}
then obtain D where d-in: <D € M’ N P by auto
then have <N U {D} C M’ using n-sub-mp by auto
moreover have <N U {D} E @ using n-p-to-q d-in by blast
ultimately show ?thesis
using entails-subsets|OF - g-sub-np] by blast
next
case b
assume <N'N M # {}
then obtain C where c-in: «<C € M N N’ by auto
then have <Q U {C} C N’ using ¢-sub-np by auto
moreover have (N E Q U {C}) using n-to-¢-m c-in by blast
ultimately show ?Zthesis
using entails-subsets|OF n-sub-mp| by blast
next
case ¢
then show ?thesis
using entails-subsets|OF - - m-entails-p] by simp
qed
qed
then show <N E
using entails-supsets by simp
qed
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lemma entails-bot-to-entails-empty: <{} E {bot} = {} = {}
using entails-reflezive|of bot] entails-each[of {} {bot} {} {}] bot-entails-empty
by auto

abbreviation equi-entails :: 'f set = 'f set = bool where
equi-entails M N = (M = N AN E M)

lemma entails-cond-reflexive: <N # {} = N = N>
using entails-reflexive entails-subsets by (meson bot.extremum from-nat-into in-
sert-subset)

lemma entails-empty-reflerive-dangerous: «({} E {} = M = N»
using entails-subsets[of {} M {} N] by simp

definition entails-conjunctive :: 'f set = 'f set = bool (infix =N 50) where
MENN=VCeN. M = {C}

sublocale Calculus.consequence-relation {bot} (EN)
proof
show {bot} # {} by simp
next
fix BN
assume b-in: B € {bot}
then have b-is: B = bot by simp
show {B} =N N
unfolding entails-conjunctive-def
using entails-subsets[of {B} {B} {}] b-is bot-entails-empty by blast
next
fix M N
assume m-subs: (M :: 'f set) C N
show (N =N M» unfolding entails-conjunctive-def
proof
fix C
assume C € M
then have c-subs: <{C} C N» using m-subs by fast
show «N |= {C}» using entails-subsets|OF c-subs - entails-reflexive[of C]] by
stmp
qed
next
fix M N
assume Y CeM. N =n {C}H
then show <N =N M)
unfolding entails-conjunctive-def by blast
next
fix M N P
assume
transl: <M =N N> and
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trans2: <N EN P
show (M =N P» unfolding entails-conjunctive-def
proof
fix C
assume <C € P»
then have n-to-c: <N |= {C}» using trans2 unfolding entails-conjunctive-def
by simp
have M U {C} = {C}
using entails-subsets|OF - - entails-reflexive[of C], of M U {C} {C}] by fast
then have m-c-to-c: <V De{C}. M U {D} = {C}» by blast
have m-to-c-n: VDeN. M = {C} U {D}
using trans! entails-subsets[of M M| unfolding entails-conjunctive-def by
blast
show <M = {C}h
using entails-each|OF n-to-c m-to-c-n m-c-to-c] unfolding entails-conjunctive-def

qed
qed
end

3 Extension to Negated Formulas
datatype ‘a sign = Pos 'a | Neg 'a

instance sign :: (countable) countable
by (rule countable-classI [of (Azx. case x of Pos © = to-nat (True, to-nat x)
| Neg x = to-nat (False, to-nat z))])
(smt (verit, best) Pair-inject from-nat-to-nat sign.ezhaust sign.simps(5) sign.simps(6))

fun neg :: <'a sign = 'a sign» where
«neg (Pos C) = Neg C» |
<neg (Neg C') = Pos C»

fun to-V :: 'a sign = 'a where
to-V (Pos C) = C |
to-V (Neg C) = C

lemma neg-neg-A-is-A [simp]: <neg (neg A) = A»
by (metis neg.simps(1) neg.simps(2) to-V.elims)

fun is-Pos :: 'a sign = bool where
is-Pos (Pos C) = True |
is-Pos (Neg C) = False

lemma is-Pos-to-V: «is-Pos C = C = Pos (to-V C)»
by (metis is-Pos.simps(2) to-V.elims)

lemma is-Neg-to-V: = is-Pos C = C = Neg (to-V C)»
by (metis is-Pos.simps(1) to-V.elims)
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lemma pos-union-singleton: «{D. Pos D € N U {Pos X}} = {D. Pos D € N} U

{Xp
by blast

lemma tov-set[simp]: {to-V C |C. to-V C € A} = A»
by (smt (verit, del-insts) mem-Collect-eq subsetl subset-antisym to-V.simps(1))

lemma pos-neg-union: <{P C |C. Q C A is-Pos C} U{P C |C. Q@ C A - is-Pos
cy={pPcC|C.QC}hH
by blast

context consequence-relation

begin

definition entails-neg :: 'f sign set = 'f sign set = bool (infix =. 50) where
entails-neg M N = {C. Pos C € M} U {C. Neg C € N} = {C. Pos C € N} U

{C. Neg C € M}

lemma swap-neg-in-entails-neg: <{neg A} =~ {neg B} +— {B} =~ {A}
unfolding entails-neg-def
by (smt (verit, ccfv-threshold) Collect-cong Un-commute mem-Collect-eq neg.simps(1)
neg-neg-A-is-A singleton-conv2)

lemma ext-cons-rel: <consequence-relation (Pos bot) entails-neg
proof
show entails-neg { Pos bot} {}
unfolding entails-neg-def using bot-entails-empty by simp
next
fix C
show <entails-neg {C} {Ch
unfolding entails-neg-def using entails-cond-reflexive
by (metis (mono-tags, lifting) Un-empty empty-Collect-eq insert-iff is-Pos.cases)

next
fix M NP Q
assume
subsl: M C N and
subs2: P C @ and
entailsl: entails-neq M P
have union-subs1: «{C. Pos C € M} U {C. Neg C € P} C {C. Pos C € N} U
{C. Neg C € Qp
using subs! subs2 by auto
have union-subs2: «({C. Pos C € P} U {C. Neg C € M} C {C. Pos C € Q} U
{C. Neg C € N}»
using subs! subs2 by auto
have union-entails1: {C. Pos C € M} U {C. Neg C € P} = {C. Pos C € P}
U {C. Neg C € M}
using entails! unfolding entails-neg-def .
show <entails-neg N @Q»
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using entails-subsets|OF union-subsl union-subs2 union-entails!] unfolding
entails-neg-def .
next
fix MNCM' N’
assume cut-hypothesis-M-N: <M =. N U {C}> and
cut-hypothesis-M'-N" «M' U {C} =~ N’
consider (a) <is-Pos C»> | (b) <—is-Pos C»
by auto
then show <M U M’ . N UN"»
proof (cases)
case a
assume Neg-C': <is-Pos C)
have M-entails-NC"
{D. Pos D e M} U{D. Neg D e NU{C}} E{D. Pos D e N U{C}}
U{D. Neg D € M}»
using cut-hypothesis-M-N entails-neg-def by force
moreover have <{D. Pos D € M} U {D. Neg D € N U {C}} ={D. Pos D €
M} U {D. Neg D € N}»
using Neg-C by force
ultimately have «{D. Pos D € M} U {D. Ney D € N} = {D. Pos D € N U
{C}} U {D. Neg D € M}»
by simp
moreover have «({D. Pos D € N U {C}} U{D. Neg D € M} =
{D. Pos D € N} U{to-V C}U{D. Neg D e M}
using is-Pos-to-V[OF Neg-C| by force
ultimately have M-entails-NC-reformulated:
{D. Pos D e M} U{D. Negy D € N} ={D. Pos D € N} U {to-V C} U
{D. Neg D € M}»
by simp
have M’-entails-N'C:"
{D. PosDe M'"U{C}} U{D. Neg D € N'} = {D. Pos D e N'} U{D.
Neg D e M'U {C}}
using cut-hypothesis-M'-N' entails-neg-def by force
moreover have ({D. Pos D € M'U {C}} U{D. Neg D € N'} =
{D. Pos D € M'} U {to-V C} U{D. Neg D € N'}»
using is-Pos-to-V[OF Neg-C| by force
ultimately have «{D. Pos D € M’} U {to-V C} U {D. Neg D € N’} |=
{D. Pos D € N} U{D. Negy D € M'U {C}}»
by simp
moreover have {D. Pos D € N'} U {D. Ney D € M' U {C}} = {D. Pos D
€ N} U{D. Neg D € M'}»
using Neg-C' by force
ultimately have M '-entails-N'C-reformulated:
«{D. Pos D€ M'} U{to-V C} U{D. Neg D € N’} ={D. Pos D € N'}
U{D. Neg D e M'}»
by simp
have «({D. Pos D € M} U {D. Neg D € N} U{D. Pos D € M'} U {D. Neg
D e N}
{D. Pos D€ Ny U{D. Neg D e M} U{D. Pos D€ N’} U{D. Neg D €
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M}
using M-entails-NC-reformulated M'-entails-N'C-reformulated entails-cut
by (smt (verit, ccfo-threshold) M'-entails-N'C-reformulated
M-entails-NC-reformulated Un-assoc Un-commute)
moreover have «{D. Pos D € M} U{D. Neg D € N} U {D. Pos D € M'}
U{D. Neg D € N'} =
{D. PosDe MUM'}U{D. NgDe NUN'}p
by auto
ultimately have «{D. Pos D € M UM’} U{D. Neg D € NU N’} =
{D. Pos D € N} U{D. Neg D € M} U {D. Pos D € N'} U {D.
Neg D € M'}»
by simp
moreover have <{D. Pos D € N} U{D. Neg D € M} U{D. Pos D € N'} U
{D.Ne¢g D e M'} =
{D. Pos D e NUN?YU{D. NegD € MU M}
by auto
ultimately have «{D. Pos D € M UM’} U{D. NegD € NUN'} =
{D. Pos De NUN'} U{D. NegD e M UM
by simp
then show ?thesis unfolding entails-neg-def by auto
next
case b
assume Neg-C': <—is-Pos C)
have M-entails-NC"
{D. Pos De M} U{D. Neg D e NU{C}} E{D. Pos D€ N U{C}}
U{D. Neg D € M}»
using cut-hypothesis-M-N entails-neg-def by force
moreover have «({D. Pos D € M} U {D. Neg D € N U {C}} =
{D. Pos D € M} U {to-V C} U{D. Neg D € N}
using is-Neg-to-V|OF Neg-C] by force
ultimately have «{D. Pos D € M} U {to-V C} U{D. Neg D € N} =
{D. Pos D € NU{C}}U{D. Neg D € M}
by simp
moreover have «{D. Pos D € N U{C}} U{D. Neg D € M} ={D. Pos D €
N} U {D. Neg D € M}»
using Neg-C by force
ultimately have M-entails-NC-reformulated:
{D. Pos D € M} U {to-VC}U{D. Negy D € N} ={D. Pos D e N} U
{D. Neg D € M}»
by simp
have M’-entails-N'C"
({D. Pos D€ M'U{C}} U{D. NegD € N} |= {D. Pos D € N'} U {D.
Neg D e MU {C}}h
using cut-hypothesis-M'-N' entails-neg-def by force
moreover have <{D. Pos D € M'U {C}} U {D. Neg D € N’} = {D. Pos D
€ M'} U{D. Neg D € N'}»
using Neg-C by force
ultimately have «{D. Pos D € M’} U {D. Neg D € N'} = {D. Pos D € N'}
U{D. NegD e M'U{C}}
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by simp
moreover have {D. Pos D € N’} U{D. Neg D € M'U {C}} =
{D. Pos D € N'} U {to-V C} U{D. Neg D € M'}»
using is-Neg-to-V[OF Neg-C] by force
ultimately have M '-entails-N'C-reformulated:
{D. Pos D e M}y U{D. Neg D € N'} ={D. Pos D € N'} U {to-V C}
U{D. Neg D e M'}p
by simp
have «{D. Pos D € M} U{D. Neg D € N} U {D. Pos D € M’} U {D. Neg
D e N}
{D. Pos D € N} U{D. Neg D € M} U {D. Pos D € N’} U{D. Neg D €
M}
using M-entails-NC-reformulated M'-entails-N'C-reformulated entails-cut
by (smt (verit, ccfv-threshold) M'-entails-N'C-reformulated
M-entails-NC-reformulated Un-assoc Un-commute)
moreover have «{D. Pos D € M} U{D. Neg D € N} U {D. Pos D € M'}
U{D. Neg D € N'} =
{D. Pos D e MUM'} U{D. NegD e NUN'p
by auto
ultimately have «{D. Pos D € M UM’} U{D. Neg D € NU N’} =
{D. Pos D € N} U{D. Neg D € M} U {D. Pos D € N'} U {D.
Neg D € M'}
by simp
moreover have <{D. Pos D € N} U{D. Neg D € M} U {D. Pos D € N'} U
{D.Ne¢g D e M'} =
{D. PosDe NUNYU{D. NegD € MU M}
by auto
ultimately have «{D. Pos D € M UM’} U{D. NegD € NUN'} =
{D. Pos De NUN'} U{D. NegD e M UM
by simp
then show ?thesis unfolding entails-neg-def by auto
qed
next
fix M N
assume M-entails-N: <M . N»
then have «{C. Pos C € M} U {C. Neg C € N} = {C. Pos C € N} U {C.
Neg C € M}»
unfolding entails-neg-def .
then have <3 M/ N’. (M’ C {C. Pos C € M} U{C. Neg C € N} A
N'C{C. Pos C € N} U{C. Neg C € M} A
finite M’ A finite N' AN M’ = N')»
using entails-compactness by auto
then obtain M’ N’ where
M'-def: <M’ C {C. Pos C € M} U {C. Neg C € N}» and
M’-finite: «finite M’y and
N'-def: <N' C {C. Pos C € N} U{C. Neg C € M}» and
N'-finite: <finite Ny and
M'-entails-N". «M' = N
by auto
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define M’-pos where M’'-pos = M' N {C. Pos C € M}
define M’'-neg where M'-neg = M' N {C. Neg C € N}
define N'-pos where N'-pos = N' N {C. Pos C € N}
define N’-neg where N'-neg = N’ N {C. Neg C € M}
have compactness-hypothesis:
<M'-pos U M'-neg = N'-pos U N'-neg>
using inf.absorb-iff1 inf-sup-distribl M'-def N'-def M’-entails-N'
unfolding M '-pos-def M’-neg-def N'-pos-def N’'-neg-def
by (smt (verit))
have M'-pos-finite: <finite M’-pos> using M '-finite unfolding M’-pos-def by
blast
have «finite M'-neg> using M ’-finite unfolding M ’-neg-def by blast
have <finite N'-pos> using N’-finite unfolding N'-pos-def by blast
have <finite N'-neg> using N'’-finite unfolding N’'-neg-def by blast
define M-fin where M-fin = {Pos C |C. Pos C € M AN C € M'} U {Neg C |C.
NegCe MANCeNT}
then have fin-M-fin: <finite M-finy using M '-finite N'-finite by auto
have sub-M-fin: «<M-fin C M>
unfolding M-fin-def by blast
define N-fin where N-fin = {Pos C |C. Pos C € N AN C € N’} U {Neg C |C.
NegCe NANCe M’}
then have fin-N-fin: <finite N-fin) using N'-finite M'-finite by auto
have sub-N-fin: «<N-fin C N»
unfolding N-fin-def by blast
have ({C. Pos C € M-fin} = M'-pos»
unfolding M-fin-def M’-pos-def by blast
moreover have «({C. Neg C € M-fin} = N'-neg
unfolding M-fin-def N'-neg-def by blast
moreover have ({C. Pos C € N-fin} = N'-pos»
unfolding N-fin-def N'-pos-def by blast
moreover have «({C. Neg C € N-fin} = M'-neg»
unfolding N-fin-def M’-neg-def by blast
ultimately have <M-fin =~ N-fin»
unfolding entails-neg-def using compactness-hypothesis by force
then show (3M’' N. M'C M AN N'C N A finite M’ A finite N' N M’ = N’
using fin-M-fin fin-N-fin sub-M-fin sub-N-fin by auto
qed

interpretation neg-ext-cons-rel: consequence-relation Pos bot entails-neg
using ext-cons-rel by simp

lemma pos-neg-entails-bot: <{C} U {neg C} =~ {Pos bot}>»
proof —
have «({C} U {neg C} =~ {}»> unfolding entails-neg-def
by (smt (verit, del-insts) Un-iff empty-subsetl entails-reflexive entails-subsets
insertl1
insert-is-Un insert-subset is-Pos.cases mem-Collect-eq neg.simps(1) neg.simps(2))
then show ?thesis using neg-ext-cons-rel.entails-subsets by blast
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qed

lemma entails-of-entails-iff:
{C} E~ COs = finite Cs = card Cs > 1 =
(Vv C; € Cs. M U{C;} =~ {Pos bot}) = M U {C} =~ {Pos bot}»
proof —
assume {C} . Cs» and
finite-Cs: <finite Cs) and
Cs-not-empty: <card Cs > 1) and
all-C;-entail-bot: <V C; € Cs. M U {C;} =~ {Pos bot}
then have <M U {C} . Cs
using Un-upper? consequence-relation.entails-subsets subsetl
by (metis neg-ext-cons-rel.entails-subsets)
then show <M U {C} =~ {Pos bot}
using Cs-not-empty all-C;-entail-bot
proof (induct rule: finite-ne-induct[OF finite-Cs])
case I
then show ?case
using Cs-not-empty
by force
next
case (2 z)
then show ?case
using consequence-relation.entails-cut ext-cons-rel
by fastforce
next
case insert: (8 z F)

have card-F-ge-1: <card F > 1)
by (meson card-0-eq insert.hyps(1) insert.hyps(2) less-one linorder-not-less)

have <M U {C} =~ {Pos bot, z} U F»
by (smt (verit, ccfo-threshold) Un-insert-left Un-insert-right Un-upper2
consequence-relation.entails-subsets insert.prems(1) insert-is-Un ext-cons-rel)
then have <M U {C} |=- {Pos bot} U {z} U F)»
by (metis insert-is-Un)
moreover have <M U {C} U {z} . {Pos bot} U F)»
by (smt (verit, ccfo-SIG) Un-upper2 consequence-relation.entails-subsets in-
sert.prems(3)
insertCI ext-cons-rel sup-assoc sup-gel sup-left-commute)
ultimately have <M U {C} =~ {Pos bot} U F»
using consequence-relation.entails-cut ext-cons-rel
by fastforce
then have <M U {C} E. B
using consequence-relation.bot-entails-empty consequence-relation.entails-cut
ext-cons-rel
by fastforce
then show ?case
using insert card-F-ge-1
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by blast
qed
qed

end

end

theory Calculi-And-Annotations
imports Disjunctive-Consequence-Relations
begin

4 Calculi and Derivations

context
begin

no-notation Eztended.extended.Pinf (<0o»)

typedef ‘a infinite-llist = «{ 1 :: 'a llist. llength | = co }»
morphisms to-llist Abs-infinite-llist
using llength-inf-llist
by blast

setup-lifting type-definition-infinite-llist

lift-definition llmap :: «('a = 'b) = ’a infinite-llist = 'b infinite-llist) is Imap
by auto

lift-definition linth :: <'a infinite-llist = nat = 'ay is Inth .

lift-definition Liminf-infinite-llist :: <'a set infinite-llist = 'a set> is Liminf-llist

lift-definition Limsup-infinite-llist :: <'a set infinite-llist = 'a sety is Limsup-llist

lift-definition Sup-infinite-llist :: ('a set infinite-llist = 'a set> is Sup-llist .
lift-definition [lhd :: <'a infinite-llist = 'a> is Ihd .
lemma llength-of-to-llist-is-infinite: <llength (to-llist L) = oo»

using to-llist

by auto

end
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locale sound-inference-system =
inference-system Inf + sound-cons: consequence-relation bot entails-sound
for
Inf :: 'f inference set and
bot :: 'f and
entails-sound :: 'f set = 'f set = bool (infix s 50)
+ assumes
sound: ¢ € Inf = set (prems-of ) =s {concl-of ¢}

no-notation [Array.sub (infixl !! 100)

definition is-derivation :: ('f set = 'f set = bool) = ('f set infinite-llist) = bool
where
is-derivation R Ns = Vi. R (linth Ns i) (llnth Ns (Suc 7))

definition terminates :: 'f set infinite-llist = bool where
terminates Ns = 34. Vj>i. llnth Ns j = linth Ns i

abbreviation <lim-inf = Liminf-infinite-llist>
abbreviation limit :: 'f set infinite-llist = 'f set where limit Ns = lim-inf Ns

abbreviation lim-sup :: <'f set infinite-llist = 'f set» where
<lim-sup Ns = Limsup-infinite-llist Ns»

locale calculus = inference-system Inf + consequence-relation bot entails
for
bot :: 'f and
Inf :: ('f inference set) and
entails :: 'f set = 'f set = bool (infix = 50)
+ fixes
Redy :: 'f set = 'f inference set and
Redp :: 'f set = 'f set
assumes
Red-I-to-Inf: Red; N C Inf and
Red-F-Bot: N |= {bot} = N — Redr N = {bot} and
Red-F-of-subset: N € N' = Redr N C Redr N’ and
Red-I-of-subset: N € N’ = Red; N C Red; N’ and
Red-F-of-Red-F-subset: N' C Redp N = Redp N C Redrp (N — N') and
Red-I-of-Red-F-subset: N’ C Redp N = Red; N C Red;r (N — N’) and
Red-I-of-Inf-to-N: « € Inf = concl-of 1 € N = 1 € Red; N
begin

definition saturated :: 'f set = bool where
saturated N <— Inf-from N C Red; N

definition Red;-strict :: 'f set = 'f inference set where
Redy-strict N = {t. « € Red; N V (v € Inf A bot € N)}
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definition Redp-strict :: 'f set = 'f set where
Redp-strict N = {C. C € Redp N V (bot € N A C # bot)}

lemma strict-calc-if-nobot:
V' N. bot ¢ Redp N = calculus bot Inf entails Red;-strict Redp-strict
proof
fix N
show <Red;-strict N C Inf) unfolding Red;-strict-def using Red-I-to-Inf by
blast
next
fix N
assume
bot-notin: ¥V N. bot ¢ Redr N and
entails-bot: <N = {bot}»
show «N — Redp-strict N |= {bot}»
proof (cases bot € N)
assume bot-in: bot € N
have <bot ¢ Redrp N» using bot-notin by blast
then have <bot ¢ Redp-strict N» unfolding Redp-strict-def by blast
then have «Redp-strict N = UNIV — {bot}>
unfolding Redp-strict-def using bot-in by blast
then have <N — Redp-strict N = {bot}> using bot-in by blast
then show (N — Redp-strict N = {bot}» using entails-reflexive[of bot] by
stmp
next
assume <bot ¢ N»
then have (Redp-strict N = Redr N> unfolding Redp-strict-def by blast
then show (N — Redp-strict N |= {bot}» using Red-F-Bot|OF entails-bot] by
stmp
qed
next
fix NN': 'f set
assume (N C N’
then show (Redp-strict N C Redp-strict N
unfolding Redg-strict-def using Red-F-of-subset by blast
next
fix NN': 'f set
assume (N C N’
then show «Red;-strict N C Redr-strict N’
unfolding Red;-strict-def using Red-I-of-subset by blast
next
fix N'N
assume
bot-notin: Y N. bot ¢ Redr N and
subs-red: N’ C Redp-strict N
have <bot ¢ Redp-strict N»
using bot-notin unfolding Red g -strict-def by blast
then have nbot-in: <bot ¢ N') using subs-red by blast
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show (Redp-strict N C Redp-strict (N — N')
proof (cases bot € N)
case True
then have bot-in: bot € N — N’ using nbot-in by blast
then show ?thesis unfolding Redg-strict-def using bot-notin by force
next
case Fulse
then have eq-red: Redp-strict N = Redrp N unfolding Redp-strict-def by
stmp
then have N’ C Redr N using subs-red by simp
then have Redp N C Redp (N — N') using Red-F-of-Red-F-subset by simp
then show ?thesis using eq-red Redp-strict-def by blast
qed
next
fix N'N
assume
V' N. bot ¢ Redp N and
subs-red: N’ C Redp-strict N
then have bot-notin: bot ¢ N’ unfolding Redg-strict-def by blast
then show Redj-strict N C Red-strict (N — N’)
proof (cases bot € N)
case True
then show ?thesis
unfolding Red;-strict-def using bot-notin Red-I-to-Inf by fastforce
next
case Fulse
then show ?thesis
using bot-notin Red-I-to-Inf subs-red Red-I-of-Red-F-subset
unfolding Red;-strict-def Redp-strict-def by simp
qed
next
fix t N
assume ¢ € Inf
then show concl-of « € N = + € Redj-strict N
unfolding Red;-strict-def using Red-I-of-Inf-to-N Red-I-to-Inf by simp
qed

definition weakly-fair :: 'f set infinite-llist = bool where
<weakly-fair Ns = Inf-from (Liminf-infinite-llist Ns) C Sup-infinite-llist (Ilmap
Red; Ns)»

abbreviation fair :: 'f set infinite-llist = bool where fair N = weakly-fair N

definition derive :: 'f set = 'f set = bool (infix > 50) where
M>N= (M- N C Redp N)
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lemma derive-refl: M > M unfolding derive-def by simp

lemma deriv-red-in: <M > N = Redp M C N U Redpr N»
proof —
fix M N
assume deriv: <M > N»
then have «M C N U Redpr N»
unfolding derive-def by blast
then have red-m-in: «Redp M C Redr (N U Redr N)»
using Red-F-of-subset by blast
have (Redr (N U Redp N) C Redr (N U Redp N — (Redp N — N))»
using Red-F-of-Red-F-subset[of Redp N — N N U Redp N]
Red-F-of-subset[of N N U Redr N| by fast
then have <Redr (N U Redp N) C Redp N>
by (metis Diff-subset-conv Red-F-of-subset Un-Diff-cancel lfp.leg-trans subset-refl
sup.commute)
then show (Redp M C N U Redr N> using red-m-in by blast
qed

lemma derive-trans: M > N = N> N'=— M > N’
using deriv-red-in by (smt Diff-subset-conv derive-def subset-trans sup.absorb-iff2)

end

locale sound-calculus = sound-inference-system Inf bot entails-sound +
consequence-relation bot entails
for
bot :: 'f and
Inf :: ('f inference set) and
entails :: 'f set = 'f set = bool (infix = 50) and
entails-sound :: 'f set = 'f set = bool (infix s 50)
+ fixes
Red; :: 'f set = 'f inference set and
Redp :: 'f set = 'f set
assumes
Red-I-to-Inf: Red; N C Inf and
Red-F-Bot: N |= {bot} = N — Redp N |= {bot} and
Red-F-of-subset: N C N’ = Redr N C Redr N'and
Red-I-of-subset: N C N’ = Red; N C Red; N’ and
Red-F-of-Red-F-subset: N' C Redp N => Redp N C Redr (N — N’) and
Red-I-of-Red-F-subset: N’ C Redp N = Red; N C Red;y (N — N’) and
Red-I-of-Inf-to-N: 1 € Inf = concl-of 1 € N = 1+ € Red; N
begin

sublocale calculus bot Inf entails
by (simp add: calculus.intro calculus-azioms.intro Red-F-Bot
Red-F-of-Red-F-subset Red-F-of-subset Red-I-of-Inf-to-N Red-I-of-Red-F-subset
Red-1-of-subset
Red-I-to-Inf consequence-relation-azioms)
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end

locale statically-complete-calculus = calculus +
assumes statically-complete: saturated N = N = {bot} = bot € N
begin

lemma inf-from-subs: M C N = Inf-from M C Inf-from N
unfolding Inf-from-def by blast

lemma nobot-in-Red: <bot ¢ Redp N>
proof —
have «(UNIV = {bot}
using entails-reflexive[of bot] entails-subsets[of {bot} UNIV {bot} {bot}] by
fast
then have non-red-entails-bot: <UNIV — (Redp UNIV) |= {bot}» using Red-F-Bot[of
UNIV] by simp
have <«Inf-from UNIV C Red; UNIV)
unfolding Inf-from-def using Red-I-of-Inf-to-N[of - UNIV| by blast
then have sat-non-red: <saturated (UNIV — Redp UNIV)»
unfolding saturated-def Inf-from-def using Red-I-of-Red-F-subset[of Redp
UNIV UNIV] by blast
have <bot ¢ Redp UNIV»
using statically-complete[OF sat-non-red non-red-entails-bot] by fast
then show ?thesis using Red-F-of-subset[of - UNIV] by auto
qged

interpretation strict-calculus:
statically-complete-calculus bot Inf entails Redy-strict Redp-strict
proof —
interpret strict-calc: calculus bot Inf entails Redy-strict Redp-strict
using strict-calc-if-nobot nobot-in-Red by blast

have (saturated N = strict-calc.saturated N>
unfolding saturated-def strict-calc.saturated-def Redy-strict-def by blast
have «strict-calc.saturated N = N = {bot} = bot € N» for N
proof —
assume
strict-sat: strict-calc.saturated N and
entails-bot: N |= {bot}
have <bot ¢ N = Red;-strict N = Red; N> unfolding Red;-strict-def by
stmp
then have <bot ¢ N = saturated N>
unfolding saturated-def using strict-sat by (simp add: strict-calc.saturated-def)

then have <bot ¢ N = bot € N»

using statically-complete[OF - entails-bot] by simp
then show <bot € N» by auto
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qed
then show «statically-complete-calculus bot Inf entails Redy-strict Redp-strict)
unfolding statically-complete-calculus-def statically-complete-calculus-axioms-def
using strict-calc. calculus-axioms by blast
qed

end

locale dynamically-complete-calculus = calculus +
assumes dynamically-complete:
<is-derivation (>) Ns = fair Ns = llhd Ns |= {bot} = Fi. bot € linth Ns
1)

5 Annotated Formulas and Consequence Relations
datatype ('f, 'v::countable) AF = Pair (F-of: 'f) (A-of: v sign fset)

definition is-interpretation :: 'v sign set = bool where
<s-interpretation J = (Vvled. (Vv2el]. (to-V vl = to-V v2 — vl = v2)))

typedef v propositional-interpretation = {J :: 'v sign set. is-interpretation J}
proof

show «{} € {J. is-interpretation J}» unfolding is-interpretation-def by blast
qed

abbreviation interp-of = Abs-propositional-interpretation
abbreviation strip = Rep-propositional-interpretation

setup-lifting type-definition-propositional-interpretation

lift-definition belong-to :: 'v sign = v propositional-interpretation = bool (infix
S 90)
is (€)::('v sign = 'v sign set = bool) .

definition total :: 'v propositional-interpretation = bool where
<total J = (Vv. (Fvy. vy €5 J Ato-Vuy =)

typedef v total-interpretation = {J :: 'v propositional-interpretation. total J}
proof
show <interp-of (Pos * (UNIV :: 'v set)) € {J. total J}>»
unfolding total-def
proof
show V. 3v;. vy € interp-of (range Pos) A to-V vy = v
proof
fix v
have Pos v € interp-of (range Pos) A to-V (Pos v) = v
by (simp add: Abs-propositional-interpretation-inverse belong-to.rep-eq
is-interpretation-def)
then show Jv;. v; €, interp-of (range Pos) A to-V vy = v by blast
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qed
qed
qed

abbreviation total-interp-of = (Az. Abs-total-interpretation (interp-of x))
abbreviation total-strip = (Az. strip (Rep-total-interpretation x))

lemma neg-notin-total-strip [simp]: «(neg a ¢ total-strip J) = (a € total-strip J)»
proof
assume neg-a-notin: <neg a ¢ total-strip J»
have 3 0b. to-V a = to-V b A b € total-strip J>»
by (metis Rep-total-interpretation belong-to.rep-eq mem-Collect-eq total-def)
then show «a € total-strip J»
using neg-a-notin by (metis neg.simps to-V .elims)
next
assume a-in: <a € total-strip J»
then have <3b. to-V a = to-V b A b ¢ total-strip J»
by (metis Rep-propositional-interpretation is-interpretation-def mem-Collect-eq
sign.stmps(4)
to-V.simps)
then show <neg a ¢ total-strip J»
using a-in by (metis neg.simps to-V .elims)
qed

lemma neg-in-total-strip [simpl: «(neg a € total-strip J) = (a ¢ total-strip J)»
proof
assume neg-a-notin: <neq a € total-strip J»
have «3b. to-V a = to-V b A b ¢ total-strip J»
by (metis Rep-propositional-interpretation is-interpretation-def mem-Collect-eq
sign.simps(4)
to-V.simps)
then show «<a ¢ total-strip J»
using neg-a-notin by (metis neg.simps to-V .elims)
next
assume a-in: <a ¢ total-strip J»
then have <3b. to-V a = to-V b A b € total-strip J»
by (metis Rep-total-interpretation belong-to.rep-eq mem-Collect-eq total-def)
then show <neg a € total-strip J»
using a-in by (metis neg.simps to-V.elims)
qed

setup-lifting type-definition-total-interpretation
lift-definition belong-to-total :: 'v sign = v total-interpretation = bool (infix €,
90)
is (€4)::("v sign = "v propositional-interpretation = bool) .
lemma in-total-to-strip [simpl: <a €; J <— a € total-strip J»

unfolding belong-to-total-def belong-to-def by simp
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lemma neg-prop-interp: «(v::'v sign) €; J = = ((neg v) €5 J)»
proof transfer
fix v J
assume
J-is: <is-interpretation (J:: 'v sign set)» and
v-in: <v € J»
then show <— (neg v) € J»
proof (cases v)
case (Pos ()
then show ?thesis
using is-Pos.simps
by (metis is-interpretation-def j-is neg.simps(1) to-V.simps v-in)
next
case (Neg C)
then show ?thesis
using j-is v-in
using is-interpretation-def by fastforce
qed
qed

lemma neg-total-interp: «(v::'v sign) €, J = = ((neg v) €; J)»
proof transfer
fix v J
assume v-in: v €5 (J 2 'v propositional-interpretation)»
show = neg v €; J»
using neg-prop-interp|OF v-in] by simp
qed

lemma neg-notin-total-interp: <— (v € J) = ((neg v) € J)»
proof transfer
fix v::'v sign and J
assume
tot: <total J» and
not-in: <— v €5 J»
show <neg v €5 J»
using tot not-in unfolding total-def
by (metis belong-to-total.abs-eq eg-onp-def in-total-to-strip neg-in-total-strip tot)
qed

definition to-AF :: 'f = (f, 'vi:countable) AF where
«to-AF C = Pair C {||p

lemma F-of-to-AF: <F-of (to-AF C) = C»
unfolding to-AF-def
by auto

lemma A-of-to-AF: (A-of (to-AF C) = {||b
unfolding to-AF-def

45



by auto

lemma F-of-circ-to-AF-is-id [simp]: <F-of o to-AF = id»
by (fastforce simp: F-of-to-AF)

lemma A-of-circ-to-AF-is-empty-set [simp]: <A-of o to-AF = (XA -. {||})»
by (fastforce simp: A-of-to-AF)

lemma F-of-propositional-clauses [simp]:
«(V z € set N. F-of x = bot) = map F-of N' = map (X -. bot) N»
using map-egq-conv
by blast

lemma F-of-Pair [simp]: <F-of o (\(z, y). AF.Pair z y) = (A(z, y). )
by (smt (verit, ccfo-SIG) AF.sel(1) comp-apply cond-case-prod-eta old.prod.case)

lemma A-of-Pair [simp]: <A-of o (M(z, y). AF.Pair z y) = (Mz, y). y)»
by fastforce

lemma map-A-of-map2-Pair: <length A = length B = map A-of (map2 AF.Pair
AB)=DB
proof —
assume <length A = length B>
then have <map2 (A zy. y) A B = B»
by (metis map-eq-conv map-snd-zip snd-def)
then show ?thesis
by auto
qed

definition Neg-set :: 'v sign set = 'v sign set (~- 55) where
«~V ={negv |v.ve Vh

definition F-of-Inf :: (('f, 'v::countable) AF) inference = 'f inference where
<F-of-Inf tarp = (Infer (map F-of (prems-of tar)) (F-of (concl-of tar)))

6 Lifting Calculi to Add Annotations

locale calculus-with-annotated-consrel = sound-calculus bot Inf entails entails-sound

Red; Redp
for
bot :: 'f and

Inf :: {'f inference sety and
entails :: 'f set = 'f set = bool (infix = 50) and
entails-sound :: 'f set = 'f set = bool (infix s 50) and
Red;y :: 'f set = 'f inference set and
Redp :: 'f set = 'f set
+ fixes
fml =2 <'v i countable = 'f) and
asn :: f sign = v sign set)
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assumes

fml-entails-C: <V a € asn C. sound-cons.entails-neg {map-sign fml a} {C}h
and

C-entails-fml: <V a € asn C. sound-cons.entails-neg {C} {map-sign fml a}>
and

asn-not-empty: <asn C # {}
begin

notation sound-cons.entails-neg (infix <=s.> 50)

lemma equi-entails-if-a-in-asns: <a € asn C = a € asn D = {C} Es. {D} A
(D} s {C
by (smt (verit) C-entails-fml Un-commute consequence-relation.entails-cut fml-entails-C
sound-cons.ext-cons-rel sup-bot-left)

lemma equi-entails-if-neg-a-in-asn:
<a € asn C = neg a € asn D = {C} [=s. {neg D} A {neg D} =s. {C}h
proof (intro conjI)
assume a-in-asn-C: <a € asn C» and
neg-a-in-asn-D: <neg a € asn D)

have fml-neg-is-neg-fml: <map-sign fml (neg ) = neg (map-sign fml x)» for =
by (smt (verit, ccfu-threshold) neg.simps(1) neg-neg-A-is-A sign.simps(10)
sign.simps(9)
to-V .elims)

have «({C} [Es. {map-sign fml a}»
using a-in-asn-C C-entails-fml
by blast
then have ({C} |=s. {neg D, map-sign fml a}>»
by (smt (verit, best) Un-upper2 consequence-relation.entails-subsets insert-is-Un
sound-cons.ext-cons-rel sup-gel)
moreover have {D} Es. {map-sign fml (neg a)}>
using neg-a-in-asn-D C-entails-fml
by blast
then have {neg (neg D)} Es~ {neg (map-sign fml a)}»
by (simp add: fml-neg-is-neg-fml)
then have {map-sign fml a} s~ {neg D}
using sound-cons.swap-neg-in-entails-neg
by blast
then have {map-sign fml a, C'} Es. {neg D}
by (smt (verit, best) consequence-relation.entails-subsets insert-is-Un sound-cons.ext-cons-rel
sup-gel)
ultimately show «({C} |=s. {neg D}»
using consequence-relation.entails-cut
by (smt (verit, ccfv-threshold) Un-commute insert-is-Un sound-cons.ext-cons-rel
sup.idem)
next
assume a-in-asn-C: <a € asn C» and
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neg-a-in-asn-D: <neg a € asn D)

have fml-neg-is-neg-fml: «map-sign fml (neg ) = neg (map-sign fml x)» for =
by (smt (verit, ccfo-threshold) neg.simps(1) neg-neg-A-is-A sign.simps(10)
sign.simps(9)
to-V .elims)

have «{map-sign fml a} Es. {C}
using a-in-asn-C fml-entails-C
by blast
then have «{neg D, map-sign fml a} =s. {C}h
by (smt (verit, best) Un-upper2 consequence-relation.entails-subsets insert-is-Un
sound-cons.ext-cons-rel sup-gel)
moreover have «{map-sign fml (neg a)} =s. {D}
using neg-a-in-asn-D fml-entails-C
by blast
then have {neg (map-sign fml a)} s~ {neg (neg D)}
by (simp add: fml-neg-is-neg-fml)
then have {neg D} =s. {map-sign fml a}»
using sound-cons.swap-neg-in-entails-neg
by blast
then have «{neg D} =s. {map-sign fml a, C}
by (smt (verit, best) consequence-relation.entails-subsets insert-is-Un sound-cons.ext-cons-rel
sup-gel)
ultimately show «{neg D} Es. {C}
using consequence-relation.entails-cut
by (smt (verit, ccfo-threshold) Un-commute insert-is-Un sound-cons. ext-cons-rel
sup.idem,)
qed

definition (F-of :: (’f, 'v) AF inference = 'f inference where
«WF-of v = Infer (List.map F-of (prems-of 1)) (F-of (concl-of (1))

definition propositional-projection :: ('f, 'v) AF set = ('f, 'v) AF set (proj,)
where
«proju N ={C.C € N N F-of C = bot}

lemma prop-proj-in: <proj; N C N>
unfolding propositional-projection-def by blast

definition enabled :: ('f, 'v) AF = 'v total-interpretation = bool where
enabled C J = fset (A-of C) C (total-strip J)

lemma subformula-of-enabled-formula-is-enabled: <A-of C |C| A-of C' = enabled
C'J = enabled C J»

unfolding enabled-def

by (meson less-eq-fset.rep-eq pfsubset-imp-fsubset subset-trans)

lemma enabled-iff: <A-of C = A-of C' = enabled C J +— enabled C' J»
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unfolding enabled-def
by simp

definition enabled-set :: ('f, 'v) AF set = 'v total-interpretation = bool where
<enabled-set N' J = (VCeN. enabled C J)»

lemma enabled-set-singleton [simp|: <enabled-set {C} J «— enabled C J»
by (auto simp add: enabled-set-def)

definition enabled-inf :: ('f, 'v) AF inference = 'v total-interpretation = bool
where
cenabled-inf « J = (VCE set (prems-of ). enabled C J)»

definition enabled-projection :: ('f, 'v) AF set = v total-interpretation = 'f set
(infix proj; 60) where
N proj; J ={F-of C|C.C € N A enabled C J}>

lemma Union-of-enabled-projection-is-enabled-projection: <(|J C € N. {C} proj;
J) =N proj; I»

unfolding enabled-projection-def

by blast

lemma projection-of-enabled-subset:

«fset B C total-strip J = {AF.Pair C (A |U| B)} proj; J = {AF.Pair C A}
projy J»

unfolding enabled-projection-def enabled-def

by auto

lemma Un-of-enabled-projection-is-enabled-projection-of-Un:
(U z. Pz)proj; J = = Pazproj; J)
proof (intro subset-antisym subsetl)
fix z
assume <z € (J z. P z) projy J»
then have <3 y. z = F-of y A enabledy J ANy € (I z. Pzx)
unfolding enabled-projection-def
by blast
then have <3 y. z = F-of y A enabled y J A (3 2. y € P z)
by blast
then have <3 y. 3 2. x = F-of y A\ enabledy J N y € P 2
by blast
then show <z € (|J z. P z proj; J)»
unfolding enabled-projection-def
by blast
next
fix z
assume <z € (|J z. Pz proj; J)»
then have <4 y. x € Py proj; J»
by blast
then have <3 y. 3 2. . = F-of z A enabled z J N z € Py
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unfolding enabled-projection-def
by blast
then show <z € ({J z. P z) proj; J»
unfolding enabled-projection-def
by blast
qed

lemma enabled-projection-of-Int-is-Int-of-enabled-projection:
e () S)projg J =z {zprojs J|z.2e8S}h
unfolding enabled-projection-def
by blast

definition enabled-projection-Inf :: ('f, 'v) AF inference set = 'v total-interpretation
=

'f inference set (infix tproj; 60) where

I wprojy J = {tF-of v|t.v €I A enabled-inf v J}>

fun fml-ext :: 'v sign = 'f sign where
fml-ext (Pos v) = Pos (fml v) |
fml-ext (Neg v) = Neg (fml v)

lemma fmli-ext-is-mapping: <fml-ext v = map-sign fml v»
by (metis fml-ext.cases fmi-ext.simps(1) fmi-ext.simps(2) sign.simps(10) sign.simps(9))

lemma fml-ext-preserves-sign: is-Pos v = is-Pos (fml-ext v)
by (induct v, auto)

lemma to-V-fml-ext [simp]: <to-V (fml-ext v) = fml (to-V v)»
by (induct v, auto)

lemma fml-ext-preserves-val: «to-V vl = to-V v2 = to-V (fml-ext v1) = to-V
(fml-ext v2)»
by simp

definition sound-consistent :: 'v total-interpretation = bool where
<sound-consistent J = — (sound-cons.entails-neg (fml-ext ¢ (total-strip J)) {Pos

bot})»

definition propositional-model :: 'v total-interpretation = ('f, 'v) AF set = bool
(infix =, 50) where
J p N = bot ¢ ((proj. N) projs J)

lemma «J =, {}
unfolding propositional-model-def enabled-projection-def propositional-projection-def
by blast

The definition below is essentially the same as the one above since
term(proj; N') projy J is either empty or contains only bot
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definition propositional-model2 :: 'v total-interpretation = ('f, 'v) AF set = bool
(infix |=,2 50) where
J Ep2 N = ({} = ((proj N) projs J))

lemma subset-model-p2: N’ CN = J 2 N = J E,2 N
by (simp add: enabled-projection-def propositional-model2-def propositional-projection-def

subset-eq)

lemma subset-not-model: <= J =2 N = N = N1 UN; = J EF,2 N1 =

- J ':pg ./\/2)

unfolding propositional-model2-def propositional-projection-def enabled-projection-def
by blast

lemma supset-not-model-p2: \N' CN = = J E,2 N' = = J 5,2 \»
using subset-model-p2 by blast

fun sign-to-atomic-formula :: "v sign = 'v formula where
<sign-to-atomic-formula (Pos v) = Atom v) |

«sign-to-atomic-formula (Neg v) = Not (Atom v)»

definition sign-set-to-formula-set :: 'v sign set = 'v formula set where
<sign-set-to-formula-set A = sign-to-atomic-formula © A»

lemma form-shape-sign-set: v fesign-set-to-formula-set A. Jv. f = Atom v V f
= Not (Atom v)»

unfolding sign-set-to-formula-set-def

by (metis image-iff sign-to-atomic-formula.elims)
definition AF-to-formula-set :: ('f, 'v) AF = 'v formula set where

<AF-to-formula-set C = sign-set-to-formula-set (neg * fset (A-of C))»
definition AF-to-formula :: ('f, 'v) AF = v formula where

(AF-to-formula C = BigOr (map sign-to-atomic-formula (map neg (list-of-fset
(A-of €))))
lemma form-shape-AF: ¥ fe AF-to-formula-set C. Jv. f = Atom v V f = Not
(Atom v)»

using form-shape-sign-set unfolding A F-to-formula-set-def by simp
definition AF-proj-to-formula-set-set :: ('f, 'v) AF set = 'v formula set set where

<AF-proj-to-formula-set-set N' = AF-to-formula-set * (proj, N)»

definition AF-proj-to-formula-set :: ('f, 'v) AF set = 'v formula set where
«AF-proj-to-formula-set N' = AF-to-formula “ (proj;. N)»

definition AF-assertions-to-formula :: ('f, 'v) AF = v formula where
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<AF-assertions-to-formula C = BigAnd (map sign-to-atomic-formula (list-of-fset

(A-of C)))

definition AF-assertions-to-formula-set :: ('f, 'v) AF set = 'v formula set where
<AF-assertions-to-formula-set N' = AF-assertions-to-formula ‘ N

lemma F-to-C-set: <V F'€ AF-proj-to-formula-set-set N'. 3Ceproj, N. F =
sign-to-atomic-formula ‘ neg * fset (A-of C)»
unfolding A F-proj-to-formula-set-set-def AF-to-formula-set-def sign-set-to-formula-set-def
by auto

lemma F-to-C: <V Fe AF-proj-to-formula-set N'. 3Ceproj, N. F =
BigOr (map sign-to-atomic-formula (map neg (list-of-fset (A-of C))))
unfolding AF-proj-to-formula-set-def AF-to-formula-def by auto

lemma C-to-F-set: <VCeproj, N. 3 FeAF-proj-to-formula-set-set N. F =
sign-to-atomic-formula ‘ neg * fset (A-of C)»
unfolding A F-proj-to-formula-set-set-def AF-to-formula-set-def sign-set-to-formula-set-def
by auto

lemma C-to-F: VCeproj, N.3IFeAF-proj-to-formula-set N'. F =
BigOr (map sign-to-atomic-formula (map neg (list-of-fset (A-of C))))»
unfolding A F-proj-to-formula-set-def AF-to-formula-def by auto

lemma form-shape-proj: <V f€|) (AF-proj-to-formula-set-set N'). Jv. f = Atom v
V f = Not (Atom v)»
using form-shape-AF unfolding AF-proj-to-formula-set-set-def by simp

definition to-valuation :: 'v total-interpretation = 'v valuation where
<to-valuation J = (Aa. Pos a €; J)»

lemma val-strip-pos: <to-valuation J a = Pos a € total-strip J»
unfolding to-valuation-def belong-to-total-def belong-to-def by simp

lemma wval-strip-neg: «(— to-valuation J a) = (Neg a € total-strip J)»
proof —
have «(— to-valuation J a) = (= Pos a € total-strip J)»
using val-strip-pos by simp
also have «(— Pos a € total-strip J) = (Neg a € total-strip J)»
proof
fix a J
assume not-pos: <Pos (a::'v) ¢ total-strip J»
have <is-interpretation (total-strip J)»
using Rep-propositional-interpretation by blast
then show <Neg a € total-strip J»
unfolding is-interpretation-def using total-def not-pos
by (metis Rep-total-interpretation belong-to.rep-eq mem-Collect-eq to-V .elims)
next
assume neg: (Neg a € total-strip J»
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have <is-interpretation (total-strip J)»
using Rep-propositional-interpretation by blast
then show «Pos a ¢ total-strip J»
unfolding is-interpretation-def using neg
by (metis sign.distinct(1) to-V.simps(1) to-V.simps(2))
qed
finally show (= to-valuation J a) = (Neg a € total-strip J)» .
qed

lemma equiv-prop-entails: «(J =p N) <— (J Fp2 N)»
unfolding propositional-model-def propositional-model2-def propositional-projection-def
enabled-projection-def
by blast

definition propositional-model3 :: 'v total-interpretation = ('f, 'v) AF set = bool

(infix =,3 50) where

«J Ep3 N = (Y Fe AF-proj-to-formula-set-set N'. 3 fe F. formula-semantics (to-valuation
7

lemma equiv-prop-entail2-sema:
(J Ep2 N) «— (J Ep3 N
unfolding propositional-model3-def propositional-model2-def enabled-projection-def
enabled-def
proof
assume empty-proj: <{} = {F-of C |C. C € proj. N A fset (A-of C) C total-strip
Jb
then have VCeproj, N. Fvefset (A-of C). neg v € total-strip J»
by (smt (verit, ccfo-SIG) empty-iff mem-Collect-eq neg.elims subset]
val-strip-neg val-strip-pos)
show <V F€ AF-proj-to-formula-set-set N'. 3 f€F. formula-semantics (to-valuation
J)
proof
fix F
assume F-in: <F € AF-proj-to-formula-set-set N>
then obtain C where «C € proj, N and F-from-C: «F = sign-to-atomic-formula
“neg ‘ fset (A-of C)»
using F-to-C-set by meson
then have Jvefset (A-of C). v ¢ total-strip J»
using empty-proj by blast
then obtain v where v-in: v € fset (A-of C)» and v-notin: v ¢ total-strip
J> by auto
define f where <f = sign-to-atomic-formula (neg v)»
then have <formula-semantics (to-valuation J) f>
using v-notin
by (smt (23) belong-to.rep-eq belong-to-total.rep-eq formula-semantics.simps
neg.elims
sign-to-atomic-formula.simps to-valuation-def val-strip-neg)
moreover have «f € I
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using F-from-C v-in f-def by blast
ultimately show (3 feF. formula-semantics (to-valuation J) f» by auto
qed
next
assume F-sat: <V F€ AF-proj-to-formula-set-set N'. 3feF. formula-semantics
(to-valuation J) f»
have «VCeproj, N. Jvefset (A-of C). neg v € total-strip J»
proof
fix C
assume <C € proj; N>
then obtain F where (F € AF-proj-to-formula-set-set N> and
F-from-C: <F = sign-to-atomic-formula ‘ neg ‘ fset (A-of C)»
using C-to-F-set by blast
then have <3 feF. formula-semantics (to-valuation J) f»
using F-sat by blast
then obtain f where f-in: <f € F and sat-f: <formula-semantics (to-valuation
J)
by blast
then obtain v where v-is: <f = sign-to-atomic-formula (neg v)> and v-in: (v
€ fset (A-of C)»
using F-from-C by blast
then have (neg v € total-strip J»
using sat-f unfolding to-valuation-def
by (smt (23) belong-to.rep-eq belong-to-total.rep-eq formula-semantics.simps
stgn.exhaust
sign-to-atomic-formula.simps val-strip-neg val-strip-pos)
then show Juvefset (A-of C). neg v € total-strip J»
using v-in by auto
qed
then show «{} = {F-of C |C. C € proji N A fset (A-of C) C total-strip J}»
by (smt (verit, ccfv-threshold) empty-Collect-eq is-Pos.cases neg.simps(1) neg.simps(2)
subsetD
val-strip-neg val-strip-pos)
qed

lemma equiv-prop-entail2-sema2:
(J Ep2 N) «— (Y FEAF-proj-to-formula-set N'. formula-semantics (to-valuation
J) F)
unfolding propositional-model2-def enabled-projection-def enabled-def
proof
assume empty-proj: <{} = {F-of C |C. C € proj. N A fset (A-of C) C total-strip
Jb
show «V Fe AF-proj-to-formula-set N'. formula-semantics (to-valuation J) F»
proof
fix F
assume F-in: <F € AF-proj-to-formula-set N’
then obtain C where «C € proj; N> and
F-from-C: <F = BigOr (map sign-to-atomic-formula (map neg (list-of-fset
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(4-of C))))
using F-to-C by meson
then have Jvefset (A-of C). v ¢ total-strip J»
using empty-proj by blast
then obtain v where v-in: <v € fset (A-of C)> and v-notin: <v ¢ total-strip
J» by auto
define f where <f = sign-to-atomic-formula (neg v)»
then have <formula-semantics (to-valuation J) f»
using v-notin
by (smt (23) belong-to.rep-eq belong-to-total.rep-eq formula-semantics.simps
neg.elims
sign-to-atomic-formula.simps to-valuation-def val-strip-neg)
moreover have «f € set (map sign-to-atomic-formula (map neg (list-of-fset
(4-of C))))
unfolding f-def using fset-map2[OF v-in, of sign-to-atomic-formula neg| .
ultimately have <3 feset (map sign-to-atomic-formula (map neg (list-of-fset
(4-of C)))).
formula-semantics (to-valuation J) f»
by blast
then show <formula-semantics (to-valuation J) F»
using BigOr-semantics|of to-valuation J
map sign-to-atomic-formula (map neg (list-of-fset (A-of C)))] F-from-C
by meson
qed
next
assume F-sat: ¥ F€ AF-proj-to-formula-set N'. formula-semantics (to-valuation
J) F»
have «VCeproj, N. Jvefset (A-of C). neg v € total-strip J»
proof
fix C
assume C-in: «C € proj; N)»
define F where (F' = AF-to-formula C»
then have «F € AF-proj-to-formula-set N
unfolding A F-proj-to-formula-set-def using C-in by blast
then have <formula-semantics (to-valuation J) F using F-sat by blast
then have «3feset (map sign-to-atomic-formula (map neg (list-of-fset (A-of

).
formula-semantics (to-valuation J) f»
using BigOr-semantics|of to-valuation J] unfolding F-def AF-to-formula-def
by simp
then obtain f where
f-in: «f € set (map sign-to-atomic-formula (map neg (list-of-fset (A-of C))))»
and wval-f: «formula-semantics (to-valuation J) f> by blast
obtain v where v-in: (v € fset (A-of C)» and f-is: <f = sign-to-atomic-formula
(neg v)»
using f-in unfolding list-of-fset-def
by (smt (23) exists-fset-of-list fset-of-list.rep-eq image-iff list.set-map somel)
have <neg v € total-strip J»
using f-is val-f unfolding to-valuation-def
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by (metis (mono-tags, lifting) belong-to.rep-eq belong-to-total.rep-eq
formula-semantics.simps(1) formula-semantics.simps(3) sign-to-atomic-formula.cases
sign-to-atomic-formula.simps(1) sign-to-atomic-formula.simps(2) val-f
val-strip-neg)
then show Jvefset (A-of C). neg v € total-strip J»
using v-in by blast
qed
then show «{} = {F-of C |C. C € proji N A fset (A-of C) C total-strip J}>
by (smt (verit, ccfv-threshold) empty-Collect-eq is-Pos.cases neg.simps(1) neg.simps(2)
subsetD
val-strip-neg val-strip-pos)
qed

lemma equiv-prop-entail-sema:
(JEpN) «— (J Ep3 N

using equiv-prop-entails equiv-prop-entail2-sema by presburger

lemma <f ‘ fset A = set (map f (list-of-fset A))»
proof
show «f  fset A C set (map f (list-of-fset A))»
proof
fix v
assume v-in: (v € f ¢ fset A>
then obtain ¢« where a |€| A fa=v
by blast
then show <v € set (map f (list-of-fset A))»
unfolding list-of-fset-def
by (metis fset-map2 list-of-fset-def map-ident)
qed
next
show (set (map f (list-of-fset A)) C f ¢ fset A>
proof
fix v
assume <v € set (map f (list-of-fset A))»
then obtain ¢« where a |€] A fa =
unfolding list-of-fset-def
by (metis (mono-tags, lifting) exists-fset-of-list fimage.rep-eq fimageFE fset-of-list.rep-eq

set-map somel-ex)
then show v € f ¢ fset A>
by blast
qed
qed

lemma equiv-prop-semal-sema2:
(J Ep3 N) +—
(V Fe AF-proj-to-formula-set N'. formula-semantics (to-valuation J) F)»
using equiv-prop-entail2-sema?2 equiv-prop-entail2-sema
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unfolding propositional-model3-def by auto

lemma equiv-enabled-assertions-sema:
<(enabled-set N' J) «— (V F€ AF-assertions-to-formula-set N'. formula-semantics
(to-valuation J) F)»
unfolding enabled-projection-def enabled-def enabled-set-def
proof
assume enab-N: VCeN. fset (A-of C) C total-strip J»
show «V F€AF-assertions-to-formula-set N'. formula-semantics (to-valuation J)
)
proof
fix F
assume F-in: «F € AF-assertions-to-formula-set N
then obtain C where C-in: «<C € N> and
F-from-C: <F = BigAnd (map sign-to-atomic-formula (list-of-fset (A-of C)))»
unfolding A F-assertions-to-formula-def AF-assertions-to-formula-set-def by
auto
have (V feset (map sign-to-atomic-formula (list-of-fset (A-of C))).
formula-semantics (to-valuation J) f»
proof
fix f
assume f-in: f € set (map sign-to-atomic-formula (list-of-fset (A-of C)))»
define L where <L = (list-of-fset (A-of C))»
then obtain a v where f-is: <sign-to-atomic-formula a = > and a-in: <a €
set L»
and v-is: <to-V a = v
using f-in by auto
have <a € fset (A-of C)»
using a-in unfolding L-def by (smt (verit, ccfv-threshold) exists-fset-of-list
fset-of-list.rep-eq list-of-fset-def somel-ex)
then have a-in: <a € total-strip J»
using enab-N C-in by blast
consider (Pos) a = Pos v | (Neg) <a = Neg v»
using v-is is-Neg-to-V is-Pos-to-V by blast
then show «formula-semantics (to-valuation J) f»
proof cases
case Pos
then have «f = Atom v» using f-is by auto
then show ?thesis
using a-in unfolding to-valuation-def belong-to-total-def belong-to-def
by (simp add: Pos)
next
case Neg
then have «f = Not (Atom v)» using f-is by auto
then show ?thesis
using a-in Neg to-valuation-def val-strip-neg by force
qed
qed
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then show «formula-semantics (to-valuation J) F»
using BigAnd-semantics|[of to-valuation J
map sign-to-atomic-formula (list-of-fset (A-of C))] F-from-C by blast
qed
next
assume F-sat: <V F'€ AF-assertions-to-formula-set N'. formula-semantics (to-valuation
J) F»
have (VCeN. V acfset (A-of C). a € total-strip J»
proof clarify
fix C a
assume
C-in: «C € N> and
a-in: <a € fset (A-of C)»
define F where (F = AF-assertions-to-formula C»
then have «F € AF-assertions-to-formula-set N
unfolding AF-assertions-to-formula-set-def using C-in by blast
then have <formula-semantics (to-valuation J) F» using F-sat by blast
then have all-f-sat: <V f€set (map sign-to-atomic-formula (list-of-fset (A-of

0).
formula-semantics (to-valuation J) f»
using BigAnd-semantics|of to-valuation J] unfolding F-def AF-assertions-to-formula-def
by simp
define f where <f = sign-to-atomic-formula a>
then have <f € set (map sign-to-atomic-formula (list-of-fset (A-of C)))»
using a-in fset-map2 by fastforce
then have f-sat: <formula-semantics (to-valuation J) f»
using all-f-sat by auto
then show <a € total-strip J»
using f-def unfolding to-valuation-def
by (metis f-sat belong-to.rep-eq belong-to-total.rep-eq formula-semantics.simps(1)
formula-semantics.simps(8) sign-to-atomic-formula.elims val-strip-neg)
qed
then show VCeN. fset (A-of C) C total-strip J» by blast
qed

definition sound-propositional-model :: v total-interpretation = ('f, 'v) AF set
= bool
(infix =s, 50) where
«J sy N = (bot ¢ ((enabled-projection (propositional-projection N) J)) V
- sound-consistent J)»

definition propositionally-unsatisfiable :: ('f, 'v) AF set = bool where
«propositionally-unsatisfiable N =V J. = (J =, N)»

lemma unsat-simp:
assumes
<= sat (87U S::'v formula set))
<sat S
J (atoms Sy N U (atoms *S) = {p
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shows
- sat Sy
unfolding sat-def
proof
assume contra: <3 A. ¥V FES. formula-semantics A F»
then obtain AS where AS-is: <V F€S. formula-semantics AS F» by blast
obtain AF where AF-is: <V Fe€S'. formula-semantics AF F» using assms(2)
unfolding sat-def by blast
define A where <A = (Aa. if a € |J (atoms ‘ S’) then AF a else AS a)»
have <V F€S’. formula-semantics A F»
using AF-is relevant-atoms-same-semantics unfolding A-def
by (smt (verit, best) UN-I)
moreover have V F'€S. formula-semantics A F)»
using AS-is relevant-atoms-same-semantics assms(3) unfolding A-def
by (smt (verit, del-insts) Int-iff UN-I empty-iff)
ultimately have «V F’'e(S'US). formula-semantics A F'» by blast
then show Fulse
using assms(1) unfolding sat-def by blast
qed

lemma proj-to-form-un: <AF-proj-to-formula-set (A U B) =
AF-proj-to-formula-set A U AF-proj-to-formula-set B>
unfolding A F-proj-to-formula-set-def propositional-projection-def by blast

lemma unsat-AF-simp:
assumes
<= sat (AF-proj-to-formula-set (S’ U S))»
<sat (AF-proj-to-formula-set S')»
{J (atoms ¢ (AF-proj-to-formula-set S")) N |J (atoms * (AF-proj-to-formula-set
$) = {p
shows
<= sat (AF-proj-to-formula-set S)»
using unsat-simp assms proj-to-form-un by metis

lemma set-list-of-fset[simp]: <set (list-of-fset A) = fset A>
unfolding list-of-fset-def
by (smt (verit, del-insts) exists-fset-of-list fset-of-list.rep-eq somel-ex)

lemma vars-in-assertion: <to-V ‘ (set (list-of-fset A)) = to-V * (fset A)»
by simp

lemma atoms-bigor: <atoms (BigOr L) = |J (atoms ‘ (set L))»
unfolding BigOr-def by (induction L) auto

lemma atoms-neg: <atoms (sign-to-atomic-formula (neg A)) = atoms (sign-to-atomic-formula
A)
by (metis formula.simps(92) neg.elims sign-to-atomic-formula.simps(1)
sign-to-atomic-formula.simps(2))

99



lemma set-maps-list-of-fset: <set (map sign-to-atomic-formula (map neg (list-of-fset
A))) =

sign-to-atomic-formula ‘ neg ‘ fset A»

using set-map by auto

lemma atoms-to-V-mono: <atoms (sign-to-atomic-formula A) = {to-V A}
by (metis formula.set(1) formula.set(3) sign-to-atomic-formula.simps(1)
sign-to-atomic-formula.simps(2) to-V.elims)

lemma atoms-to-V: «J (atoms © sign-to-atomic-formula ‘ A) = to-V © A»
proof —
have < (atoms * sign-to-atomic-formula < A) = |J{{to-V a} |a. a € A}
using atoms-to-V-mono by auto
also have «... = to-V * A»
by blast
finally show < (atoms * sign-to-atomic-formula * A) = to-V * A» .
qed

lemma atoms-to-V-AF': <atoms (AF-to-formula (Pair C A)) = to-V * (fset A)»
proof —
have <atoms (AF-to-formula (Pair C A)) = |J (atoms * sign-to-atomic-formula
“fset A)»
using atoms-bigor set-maps-list-of-fset atoms-neg unfolding A F-to-formula-def
by (smt (23) AF.sel(2) image-iff subsetl subset-antisym)
also have «... = to-V  (fset A)»
using atoms-to-V by auto
ultimately show <atoms (AF-to-formula (Pair C A)) = to-V ‘ (fset A)) by simp
qed

lemma atoms-to-V-A-of: <atoms (AF-to-formula C) = to-V ‘ (fset (A-of C))»
using atoms-to-V-AF
by (metis AF.collapse)

lemma atoms-to-V-un: <{J (atoms * AF-to-formula ‘S) = |J{to-V  fset A |A. A
€ A-of ‘Sh
proof —
have «(z € (atoms * AF-to-formula ‘S)) = (z € {to-V ‘ (fset A) |A. A € A-of ¢
S} for z
using atoms-to-V-A-of by blast
then show ?thesis
by (smt (verit, ccfv-SIG) Collect-cong Sup-set-def UNION-singleton-eq-range
mem-Collect-eq)
qed

lemma atoms-simp: <\ (atoms ¢ (AF-proj-to-formula-set S)) = to-V “|J (fset *
(A-of “ (projL S)))
proof —

have <« (atoms ¢ (AF-proj-to-formula-set S)) = |J{to-V ‘fset A | A. A € A-of
“(projL S)p
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unfolding AF-proj-to-formula-set-def using atoms-to-V-un by auto
also have «... = to-V ‘| (fset ‘ (A-of ‘ (proj. S)))
by blast
finally show ?thesis .
qed

lemma val-from-interp: ¥ A. 3J. A = to-valuation J»
proof
fix A
define J-bare where <J-bare = {Pos a |(a::'v). A a} U {Neg a |a. = A a}
then have interp-J-bare: <is-interpretation J-bare»
unfolding is-interpretation-def
by force
then have total-J-bare: <total (interp-of J-bare)»
unfolding total-def using J-bare-def
by (metis (mono-tags, lifting) Abs-propositional-interpretation-inverse Un-iff
belong-to.rep-eq
mem-Collect-eq to-V.simps)
define J where <J = total-interp-of J-bare>
have <A = to-valuation J»
proof
fix a::'v
show «A a = to-valuation J a»
using J-def J-bare-def Abs-propositional-interpretation-inverse
Abs-total-interpretation-inverse interp-J-bare total-J-bare to-valuation-def
val-strip-pos
by fastforce
qed
then show «3J. A = to-valuation J»
by fast
qed

lemma interp-from-val: v J. 3 A. A = to-valuation J»
unfolding to-valuation-def by auto

lemma compactness-unsat: <(— sat (S::'v formula set)) +— (I sCS. finite s A —
sat 8)»
using compactness[of S] unfolding fin-sat-def by blast

lemma never-enabled-finite-subset:
~ J. = enabled-set N' J = IN'CN. finite N' A (¥ J. = enabled-set N/ J)»
proof —
assume not-enab-N: <V J. = enabled-set N J»
then have <— sat (AF-assertions-to-formula-set N')»
unfolding sat-def using equiv-enabled-assertions-semalof N val-from-interp
by metis
then obtain S’ where S’-sub: «S’ C AF-assertions-to-formula ‘ N> and S’-fin:
(finite S"» and
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S’-unsat: <= sat S"
using compactness-unsat unfolding A F-assertions-to-formula-set-def by metis
obtain A/ where N’-sub: <N/ C Ny and N'-fin: «finite N'"»
and S’-im: «S' = AF-assertions-to-formula ‘ N'"
using finite-subset-image[OF S'-fin S’-sub] by blast
have not-enab-N'": <V J. = enabled-set N/ J»
using equiv-enabled-assertions-semalof N''| S’-unsat S'-im interp-from-val
unfolding sat-def AF-assertions-to-formula-set-def by blast
then show 3N’ C N. finite N' A (V. J. = enabled-set N J)»
using N'-sub N'-fin by auto
qged

lemma compactness-AF-proj: «(VJ. = J Ep2 N) +— (AN'CN. finite N' A (V J.
2 N
proof —
define F where «F = AF-proj-to-formula-set N'»
have «(VJ. = J |2 N) «— (VJ. IFeF. = formula-semantics (to-valuation
J) F)
by (simp add: F-def equiv-prop-entail2-sema?2)
also have
«(VJ. IFeF. = formula-semantics (to-valuation J) F) +— (VA. IFEF. =
formula-semantics A F)»
using val-from-interp by metis
also have «(V A. 3FeF. = formula-semantics A F) <— (= sat F)»
unfolding sat-def by blast
also have «(— sat F) «— (3F'CF. finite F' A = sat F')»
using compactness-unsat[of F| .
also have «(3F'CF. finite F' A = sat F') «— (AF'CF. finite F' N (VA
IFeF'. = formula-semantics A F))»
unfolding sat-def by auto
also have ¢... +— (3F'CF. finite F' N (VJ. IFEF'. = formula-semantics
(to-valuation J) F))»
by (metis val-from-interp)
also have «... «+— (AN'CN. finite N' N (VJ. = J =2 N))»
proof
assume 3 F'CF. finite F' A (VJ. IFEF'. = formula-semantics (to-valuation
J) F)
then obtain F’ where F'-sub: «F'CF» and F'-fin: <finite F'» and
Fl-unsat: <V J. IFEF’. = formula-semantics (to-valuation J) F»
by auto
have «V FeF'. 3Ce(proj, N). AF-to-formula C = F»
using F'-sub F-def unfolding AF-proj-to-formula-set-def by blast
then obtain N’ where F’-is-map: «F' = AF-to-formula ‘N> and N'-in-proj:
N’ C proj; Ny and
N'-fin: «finite N'"»
using F'-fin
by (metis AF-proj-to-formula-set-def F'-sub F-def finite-subset-image)
have <proj; N' = N"
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using N'-in-proj unfolding propositional-projection-def by blast
then have F'-is: «(F' = AF-proj-to-formula-set N'»
unfolding AF-proj-to-formula-set-def using F'’-is-map by simp
have N’-sub: <N’/ C N’
using prop-proj-in N'-in-proj by auto
have N'-unsat: <V J. = J =,2 N
using equiv-prop-entail2-sema2[of - N''| F'-is F'-unsat
by blast
show AN'CN. finite N' N (VJ. = J =2 N)»
using N'-sub N'-fin N'-unsat by blast
next
assume AN'CN. finite N' A (VJ. = J Ep2 N')»
then obtain N’ where N’-sub: <N’ C N)> and N'-fin: <finite N> and
N'-unsat: ~VJ. = J Ep2 N
by auto
define 7’ where «(F' = AF-proj-to-formula-set N'»
then have «(F' C F»
using N’-sub unfolding F-def A F-proj-to-formula-set-def propositional-projection-def
by blast
moreover have «finite F'
using F’-def N'-fin unfolding A F-proj-to-formula-set-def propositional-projection-def
by simp
moreover have VJ. 3FeF’. = formula-semantics (to-valuation J) F»
using N’-unsat equiv-prop-entail2-sema2|of - N''] unfolding F’-def by blast
ultimately show (3F'CF. finite F' A (VJ. IFEF’. = formula-semantics
(to-valuation J) F))
by auto
qed
finally show «(VJ. = J =,2 N) «— (QN'CN. finite N' N (VJ. = J .2
N
qed
lemma prop-unsat-compactness:
<propositionally-unsatisfiable A = 3 B C A. finite B A propositionally-unsatisfiable
B

by (meson compactness-AF-proj equiv-prop-entails propositionally-unsatisfiable-def)

definition E-from :: «('f, 'v) AF set = ('f, 'v) AF sety where
«&-from N = {Pair bot {|neg al} |a. ICEN. a € fset (A-of C)}

lemma prop-proj-E-from: <proj, (E-from N) = E-from N
unfolding propositional-projection-def £-from-def by auto

lemma prop-proj-sub: <proj; N = N = N'CN = proj, N'=N"
unfolding propositional-projection-def by blast

lemma prop-proj-distrib: <proj, (A U B) = proj, A U proj, B>
unfolding propositional-projection-def by blast
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lemma v-in-&: <Pair bot {|Pos v|} € E-from NV Pair bot {|Neg v|} € E-from N
=

JCeN. v € to-V “ (fset (A-of C))»

unfolding &-from-def by (smt (verit, ccfv-threshold) AF.sel(2) fthe-felem-eq
image-iff

mem-Collect-eq neg.simps(1) neg.simps(2) to-V.elims to-V.simps(1) to-V.simps(2))

lemma a-in-E: <3J. J =52 E-from N = Pair bot {|neg a|} € E-from N =
= (Pair bot {|a|} € E-from N)»
proof
assume
e-sat: «<3J. J |=p2 E-from N>y and
neg-a-in: <Pair bot {|neg a|} € E-from N> and
a-in: <AF.Pair bot {|a|} € E-from N
obtain J where J-sat-e: <J |=,2 E-from N>
using e-sat by blast
have neg-a-in-J: <neg a € total-strip J»
using a-in J-sat-e unfolding propositional-model2-def & -from-def enabled-projection-def
propositional-projection-def enabled-def by (smt (verit, ccfv-SIG) AF .collapse
AF.inject
bot-fset.rep-eq empty-iff empty-subsetl finsert.rep-eq insert-subset mem-Collect-eq
neg.simps(1) neg.simps(2) to-V.elims val-strip-neg val-strip-pos)
have <neg a € total-strip J = = J =52 E-from N>
using neg-a-in J-sat-e enabled-def
enabled-projection-def prop-proj-E -from propositional-model2-def by fastforce
then show Fulse
using neg-a-in-J J-sat-e by blast
qed

lemma equiv-€ -enabled-N'-
shows ¢J |=,2 E-from N <— enabled-set N J»
unfolding propositional-model2-def enabled-set-def enabled-def propositional-projection-def
enabled-projection-def
proof
assume empty-proj-E: «{} = {F-of C |C. C € {C € E-from N. F-of C = bot} A
fset (A-of C) C total-strip J}»
have VCe&-from N. F-of C = bot) using E-from-def[of N] by auto
then have a-in-E: VCeE-from N. Jacfset (A-of C). a ¢ total-strip J»
using empty-proj-E by blast
then have VCeE-from N. V acfset (A-of C). a & total-strip J»
unfolding &-from-def by fastforce
moreover have VCeN. Y acfset (A-of C). IC'€E-from N. neg a € fset (A-of
'
unfolding £-from-def by fastforce
ultimately have «VCeN. Vacgfset (A-of C). a € total-strip J»
by fastforce
then show «VCeN. fset (A-of C) C total-strip J»
by blast
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next
assume enabled-C: <VCeN. fset (A-of C) C total-strip J»
have VCeE-from N. Y acfset (A-of C). AC'EN . neg a € fset (A-of C')»
unfolding &-from-def
by (smt (verit) AF.ezhaust-sel AF.inject bot-fset.rep-eq empty-iff finsert.rep-eq
insertl)
is-Pos.cases mem-Collect-eq neg.simps)
then have VCe&-from N. V acfset (A-of C). a & total-strip J»
using enabled-C by (meson belong-to.rep-eq neg-prop-interp subsetD)
then have VCe&-from N. (= fset (A-of C) C total-strip J)»
using £-from-def by fastforce
then show «({} = {F-of C |C. C € {C € E-from N. F-of C = bot} A fset (A-of
C) C total-strip J}»
by blast
qed

definition AF-entails :: ('f, 'v) AF set = ('f, 'v) AF set = bool (infix Ear 50)
where
<AF-entails M N = (VJ. (enabled-set N J — M proj; J |E F-of ‘N))»

lemma prop-unsat-to-AF-entails-bot: <propositionally-unsatisfiable M —> M |=ap
{to-AF bot}»
proof —
assume prop-unsat-M: <propositionally-unsatisfiable M>
then show <M |=4p {to-AF bot}»
unfolding AF-entails-def
proof (intro alll impl)
fix J
assume <enabled-set {to-AF bot} J»
have <bot € (proj,. M) proj; J»
using prop-unsat-M
unfolding propositionally-unsatisfiable-def propositional-model-def
by blast
then have <bot € M proj; J»
using enabled-projection-def prop-proj-in
by fastforce
then have <M proj; J |= {bot}>
using bot-entails-empty entails-subsets
by (meson empty-subsetl insert-subset)
then show <M proj; J | F-of ‘ {to-AF bot}»
by (auto simp add: F-of-to-AF)
qed
qed

lemma <enabled-set {} J»
unfolding enabled-set-def by blast

lemma «(VJ. = (enabled-set N J)) = (M Ear N)
unfolding AF-entails-def by blast
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definition AF-entails-sound :: ('f, 'v) AF set = ('f, 'v) AF set = bool (infix
Esar 50) where

«AF-entails-sound M N = (V J. (enabled-set N' J —

sound-cons.entails-neg ((fml-ext ¢ (total-strip J)) U (Pos * (M projy J))) (Pos *
Feof * N)

lemma distrib-proj: <M U N proj; J = (M proj; J) U (N proj; J)
unfolding enabled-projection-def by auto

lemma distrib-proj-singleton: <M U {C} proj; J = (M projy J) U ({C} projs J)»
unfolding enabled-projection-def by auto

lemma enabled-union2: <enabled-set (M U N') J = enabled-set N J»
unfolding enabled-set-def by blast

lemma enabled-unionl: <enabled-set (M U N) J = enabled-set M J»
unfolding enabled-set-def by blast

lemma finite-subset-image-strong:
assumes finite U and
YCeU.3De W.PD=C A QD))
shows I W'CW. finite W ANU =P W' AN (NVD'e W. QD
using assms
proof (induction U rule: finite-induct)
case empty
then show ?Zcase by blast
next
case (insert D' U)
then obtain C’ W' where wpp-and-cp-assms: W' C W finite W' U = P ¢
W'"Vae W" Qa
C'e WPC'=D"QC'
by auto
define W’ where W' = insert C' W"
then have «(insert C' W') CW A finite (insert C' W') A insert D' U = P ¢
(insert C'" W'y A
(Va€(insert C' W'). @ a)
using wpp-and-cp-assms by blast
then show ?case
by blast
qed

lemma all-to-ex: <Vx. Pz = Jz. P x> for P by blast

lemma three-skolems:

assumes (N\U. PU = 3IXYZ QUXY 2

shows «((AX-of Y-of Z-of. (NU. P U = Q U (X-of U) (Y-of U) (Z-of U))
= thesis) = thesis)

using assms
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by metis

lemma finite-subset-with-prop:
assumes 3Js. A = f“Js A (VJeJs. P J) and
<finite C» and

«B=Cn A
shows <3Js. B=f*“Js A (VJeJs. P J) A finite Js»
proof —

have B-fin: «finite B> using assms(2) assms(3) by simp
have B-sub: <B C A using assms(2) assms(3) by auto
obtain Js where A-is: <A = f ‘ Js» and P-Js: <V JeJs. P .J»
using assms(1) by blast
then have <VbeB. 3JeJs. b=fJ AP J»
using B-sub by blast
then obtain Js’ where <B = f ‘ Js"» and «finite Js'» <V JeJs'. P J»
using B-fin by (smt (verit, ccfv-threshold) B-sub assms(1) finite-subset-image
subsetD)
then show (3Js. B=f‘Js A (VYJe€Js. P J) A finite Js»
by blast
qed

lemma to-V-neg [simp]: <to-V (neg a) = to-V a»
by (metis is-Neg-to-V is-Pos-to-V neg.simps(1) neg.simps(2) to-V.simps(1) to-V.simps(2))

sublocale AF-cons-rel: consequence-relation to-AF bot AF-entails
proof
show «{to-AF bot} Ear {P
unfolding to-AF-def AF-entails-def enabled-def enabled-projection-def
using bot-entails-empty by simp
next
fix C
show <{C} ’:AF {C})
unfolding to-AF-def AF-entails-def enabled-def enabled-projection-def enabled-set-def
using entails-reflexive by simp
next
fix MN P Q
assume m-in-n: <M C N> and
p-in-qg: <P C Q) and
m-entails-p: <M Ear P>
show N Ear O
unfolding to-AF-def AF-entails-def enabled-def enabled-projection-def enabled-set-def
proof (rule alll, rule impl)
fix J
assume ¢-enabled: ~VCeQ. fset (A-of C) C total-strip J»
have ({F-of C |C. C € M A fset (A-of C) C total-strip J} C
{F-of C|C.C € N A fset (A-of C) C total-strip J}»
using m-in-n by blast
moreover have (F-of ‘P C F-of ‘- OQ»
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using p-in-q by blast
ultimately show «({F-of C |C. C € N A fset (A-of C) C total-strip J} | F-of
¢ Q>
using m-entails-p entails-subsets
unfolding to-AF-def AF-entails-def enabled-def enabled-projection-def en-
abled-set-def
by (metis (mono-tags, lifting) g-enabled p-in-q subset-iff)
qed
next
fix MN C M' N’
assume
entails-c: <M [Eap N U {C}> and
c-entails: <M' U {C} Ear N
show M UM’ Earp N UND
unfolding AF-entails-def
proof (intro alll impl)
fix J
assume enabled-n: <enabled-set (N U N7) J»
{
assume enabled-c: <enabled-set {C} J»
then have proj-enabled-c: <{C} proj; J = {F-of C}h
unfolding enabled-projection-def using enabled-set-def by blast
have cut-hypl: <M proj; J = F-of ‘N U {F-of C}h
using entails-c enabled-n enabled-c unfolding AF-entails-def by (simp add:
enabled-set-def)
have «(M'U {C}) proj; J = F-of ‘N
using c-entails enabled-union2[of N N’ J, OF enabled-n] unfolding
AF-entails-def by simp
then have cut-hyp2: «(M’ proj; J) U {F-of C} = F-of ‘N
using proj-enabled-c distrib-proj-singleton by metis
have <M U M’ proj; J = F-of * (N UN")
using entails-cut| OF cut-hyp1 cut-hyp2] distrib-proj by (simp add: image-Un)

}

moreover

{

assume not-enabled-c: <— enabled-set {C} J»
then have <M’ U {C} proj; J = M’ proj; J»
unfolding enabled-projection-def enabled-set-def by auto
then have <M’ proj; J | F-of ‘N
using c-entails enabled-n unfolding A F-entails-def by (metis enabled-union?2)

then have <M U M’ proj; J = F-of *(N UN")
using entails-subsets by (metis distrib-proj image-Un sup.cobounded2)
}

ultimately show <M U M’ proj; J = F-of * (N UN")
by blast
qed
next
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fix M N
assume m-entails-n: <M Eap N>
consider (NotEnabled) <V J. - enabled-set N J» | (Enabled) <3 J. enabled-set N
J> by blast
then show (3M’' N'. M' C M A N'C N A finite M' A finite N' N M' =ap
N’
proof cases
case NotFEnabled
then obtain N’ where N'-sub: <N’ C N> and N’-fin: finite N> and
sub-not-enab: V.J. = enabled-set N J»
using never-enabled-finite-subset[of N by blast
obtain M’ where (M’ C M> and «finite M’ and <M’ Esp N
using sub-not-enab unfolding AF-entails-def by blast
then show ?thesis using N’-sub N’-fin by blast
next
case Enabled
then obtain J’ where J'-is: <enabled-set N' J'» by auto
{
fix J
assume enabled-N: <enabled-set N J»
then have <M proj; J = F-of ‘\»
using m-entails-n unfolding AF-entails-def by simp
then obtain M’ N’ where mp-proj: <M’ C M proj; J» and
np-proj: «<N' C F-of * N> and mp-fin: <finite M’y and np-fin: <finite N"
and
mp-entails-np: <M’ = N’
using entails-compactness by metis

have mp-with-f-of: v C € M'. 3C € M. F-of C = C A enabled C J»
using mp-proj unfolding enabled-projection-def by blast

have «(3M'C M. finite M' AN M' = F-of * M’ A enabled-set M’ J»
using finite-subset-image-strong[OF mp-fin mp-with-f-of]
unfolding enabled-set-def by blast

then have m-fin-subset: <3AM’ C M. finite M' AN M’ = M’ proj; J»
unfolding enabled-projection-def enabled-set-def by blast

have np-with-f-of: v C € N'. 3C € N. F-of C = C»
using np-proj unfolding enabled-projection-def by blast

have n-fin-subset: <AN'C N. finite N' N N’ = F-of ‘N
using finite-subset-image| OF np-fin np-proj| .

obtain M’ N’/ where m-n-subs: <M’ C My N’ C N <finite M’ «finite
NS M= M’ proj; J»
(N" = F-of “N"
using m-fin-subset n-fin-subset by blast
then have m-proj: <M’ proj; J | F-of ‘N’
using mp-entails-np by simp

have enabled-N': <enabled-set N'' J»
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using enabled-N m-n-subs(2) unfolding enabled-set-def by blast

let ?M’-sel; = «{C. C € M’ A enabled C J}»
have <?M’-sel; C M’ by simp
have «finite (| {fset (A-of C) |C. C € N'U 2M’-sel;})»
using m-n-subs(3) m-n-subs(4) by auto
then obtain A7 where AJ-is: <fset Ay = |J{fset (A-of C) |C.C e N'U
M -sel s}
by (smt (verit, best) fset-cases mem-Collect-eq)
define J' where «7' = Pair bot Az >
have <V a€fset (A-of T'). a €¢ J>
proof
fix a
assume <a € fset (A-of J')
then have (3CeN' U ?M’-sel;. a € fset (A-of C)»
unfolding J'-def using AJ-is by auto
then show <a €; J»
using enabled-N’ unfolding enabled-set-def enabled-def belong-to-total-def
belong-to-def
by auto
qed
moreover have <F-of J' = bot)
unfolding J'-def
by simp
moreover have VCeN'. fset (A-of C) C fset (A-of T')»
using AJ-is J'-def by auto

ultimately have

AM N T M CMAN'CTN A finite M' A finite N' AN M’ projy J
E F-of ‘N’ A

enabled-set N' J N F-of J' = bot A (VaEfset (A-of T'). a € J) A

(fset (A-of T') = U {fset (A-of C) |C.C € N U {C. C € M’ A enabled C
TH)

using enabled-N' m-n-subs m-proj AJ-is J'-def

by (metis (mono-tags, lifting) AF.sel(2))

}

then obtain M'-of N'-of J'-of where
fsets-from-J: <enabled-set N' J = M'-of J C M A N'-of J C N A finite
(M'-of J) A
finite (N"-of J) A (M'-of J) proj; J = F-of * (N'-of J) A enabled-set (N'-of
I)J A
F-of (J'-of J) = bot N (Y a€fset (A-of (T'-of J)). a € J) A
(fset (A-of (T'-of J)) = U{fset (4-of C) IC.C € (N'-of J) U
{C.C € (M"-of J) N\ enabled C J}})) for J
using three-skolems|[of AU. enabled-set N' U
M MN' T M CMAN'CN A finite M" A finite N' A M proj; J
E F-of ‘N’ A
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enabled-set N' J N\ F-of J' = bot A (Y a€fset (A-of T). a € J) A
(fset (A-of T') = U{fset (A-of C) |C.C € N U {C. C € M' A enabled C

J1})]
by force

let 27 -set = {J'-of J |J. enabled-set N' J}»
have ez-Js: (3 Js. 2T '-set = J'-of “ Js A (V JE€Js. enabled-set N J)»
by blast
have proj-prop-J': <proj, 2J'-set = 27 '-set>
using fsets-from-J unfolding propositional-projection-def by blast
let 2N'-un = (J{N'-of J |J. enabled-set N' J}»
let 2M’-un = (J{{C. C € M'-of J A enabled C J} |J. enabled-set N J}»
have A-of-enabled: <enabled-set N J = (fset (A-of (J'-of J)) =
U{fset (A-of C) |C. C € (N'-of J) U {C. C € (M'-of J) A enabled C J}})»
for J
using fsets-from-J by presburger
have A-of-eq: <\J (fset  A-of © 2T -set) =
U (fset < A-of < 2N"-un) U |J (fset < A-of * 2M’-un)»
proof —
have < (fset “ A-of ¢ 2T "-set) = |J{fset (A-of (T'-of J)) |J. enabled-set N
J
by blast
also have «... = [J{UJ{fset (A-of C) |C. C €
(N'-of J) U {C. C € (M’-of J) A enabled C J}} |J. enabled-set N J}»
using A-of-enabled by (metis (no-types, lifting))
also have «... = |J(fset * A-of * (?N'-un U 2M’-un))» by blast
finally show < (fset © A-of * 2T "-set) =
U (fset < A-of < 2N"-un) U |J (fset © A-of © 2M -un)»
by simp
qed

have «V J. = (enabled-set N' J) — = (J |=p2 (E-from N))»
using equiv-€-enabled-N by blast
then have not-enab-case: <V J. = (enabled-set N' J) — = (J [=p2 2T "-set U
(E-from N))»
using supset-not-model-p2 Un-upper2 by blast
have «V J. enabled-set N' J — = (J |=,2 2T -set)
proof (rule alll, rule impl, rule notl)
fix J
assume
enab-N-loc: <enabled-set N J» and
entails-J: «(J =p2 2T '-set)>
have A-ok: «fset (A-of (J'-of J)) C total-strip J»
using enab-N-loc fsets-from-J by force
then have <proj, {J’-of J} proj; J = {bot}
using enab-N-loc fsets-from-J unfolding propositional-projection-def en-
abled-projection-def
by (simp add: enabled-def)
then have «— J |=,2 27 '-set)
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using A-ok enab-N-loc unfolding propositional-model2-def enabled-def
enabled-projection-def
proj-prop-J' by auto
then show Fulse
using entails-J by auto
qed
then have enab-case: <V J. (enabled-set N J) — = (J |=,2 2T "-set U (E-from
N))»
using supset-not-model-p2 Un-upper2 by blast
have «VJ. = (J E,2 (2T -set U (E-from N)))»
using not-enab-case enab-case by blast

then obtain S§ where S-sub: «<S C 27'-set U (E-from N')» and S-fin: «finite
S» and
S-unsat: VJ. = J Ep2 S
using compactness-AF-proj by meson
have E-sat: <sat (AF-proj-to-formula-set (€-from N))»
unfolding sat-def using J'-is equiv-E-enabled-N  equiv-prop-entail2-sema2
by blast
define S7 where «S7 =S N 27 -set
define Sg where «Sg = S N (E-from N)»
define Sg’ where <S¢’ = {C. C € Sg A (to-V * (fset (A-of C))) C (to-V ‘U
(fset * A-of * S.7)}
define S’ where (S’ =S5 U Sg”
have proj-S’: «proj, S'= 8"
using proj-prop-J’ prop-proj-E-from S-sub prop-proj-sub prop-proj-distrib
unfolding S’-def S-def S¢’-def Se-def
by (smt (verit) Int-iff mem-Collect-eq subsetl)
have S-is: «§ = (Sg — Sg’) U SH
using S-sub S 7-def Sg-def S’-def Sg'-def by blast
have a-from-E-to-J: <neg a € |J (fset “ A-of ‘Se’) = a € |J (fset * A-of ‘S7)»
for a
proof —
fix a
assume nega-in: <neg a € |J (fset * A-of *Sg’)»
then have <to-V (neg a) € to-V “|J(fset * A-of Sz )
unfolding S¢’-def by blast
then have a-or-nega-in: <a € |J(fset * A-of “S7) V neg a € |J(fset < A-of *

Sj)>
by (smt (verit) imageE neg.simps(1) neg.simps(2) to-V .elims)
obtain C7 where «C1 € E-from N and <neg a € fset (A-of C1)»
using nega-in unfolding S¢’-def Sg-def E-from-def by blast
then obtain C where «C € A and <a € fset (A-of C)
unfolding E-from-def by (smt (verit) AF.sel(2) bot-fset.rep-eq empty-iff
finsert.rep-eq
insert-iff mem-Collect-eq neg.simps(1) neg.simps(2) to-V.elims)
then have in-N-in-J: v J. (enabled-set N J — a €, J)»
using in-total-to-strip unfolding enabled-set-def enabled-def by blast
have <b € |J(fset ‘ A-of ‘S7) = (3 J. enabled-set N J AN'b €, J) for b
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proof —
have <z € S; = b |€| A-of © = 3 J. enabled-set N J N b € total-strip
J» for z
proof —
fix C2
assume (C2-in: «C2 € Sy and
b-in: <b € fset (A-of C2)»
obtain J where enab-J: <enabled-set N J» and «C2 = J'-of J»
using C2-in unfolding S 7-def by blast
then have <b € total-strip J»
using b-in fsets-from-J by auto
then show <3J. enabled-set N' J A b € total-strip J»
using enab-J by blast
qed
then show b € |J(fset * A-of ‘S7) = (3 J. enabled-set N J N b € J)»
by clarsimp
qed
then have <= neg a € |J(fset < A-of *Sz)»
using in-N-in-J by fastforce
then show <a € |J (fset < A-of ‘Sz)»
using a-or-nega-in by blast

qed
have empty-inter-in-S: <to-V “|J (fset * A-of ‘ (Sg — Sg’)) N to-V ‘U (fset ¢
Aof ") = {b

proof (rule ccontr)
assume contra: <to-V ‘|J (fset * A-of * (Sg — Sg’)) N to-V ‘U (fset ¢ A-of
"8 £ {h
then obtain v where v-inl: v € to-V ‘| (fset * A-of ‘ (Sg — Sg’))»
and v-in2: <v € to-V ‘|J (fset < A-of *S’)» by blast
obtain C where C-in: «C € Sg — S¢’» and v-in-C: v € to-V * (fset (A-of
)
using v-inl by blast
obtain a where C-is1: «<C = Pair bot {|a|}»
using C-in unfolding S¢-def E-from-def by blast
then have v-is: <v = to-V w»
using v-in-C by simp
obtain C’ where C’-in: «C' € 8’ and v-in-C": v € to-V * (fset (A-of C"))»
using v-in2 by blast
then obtain ¢’ where v-is”: <v = to-V a’» and a’-in: <a’ € fset (A-of C')
by blast
consider (J) «<C'€ Sy | (E') «C' € Sgh
using C’-in S’-def by blast
then show Fulse
proof cases
case J
then have <to-V * (fset (A-of C)) C (to-V ‘U (fset * A-of *S7))
by blast
then have <to-V ‘ (fset (A-of C)) C (to-V ‘| (fset ‘ A-of ‘Sg7))
using C-is1 v-in-C’ v-is by auto
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then have «C € Sg’
unfolding Sg’-def using C-in by blast
then show Fulse
using C-in by blast
next
case E'
then consider (a) «C’' = Pair bot {|a|}> | (nega) «<C' = Pair bot {|neg a|}>
unfolding S¢’-def Sg-def E-from-def using v-in-C’ v-is
AF.sel(2) IntE empty-iff fset-simps(1) fset-simps(2) image-iff insert-iff
mem-Collect-eq neg.simps(1) neg.simps(2) to-V.elims
by (smt (verit, del-insts))
then show Fulse
proof cases
case a
then show ?thesis
using E’ a-in-E Enabled equiv-E-enabled-N' C-in C-is1 unfolding S¢-def
Se'-def
by blast
next
case nega
have «C' € E-from N
using E’ unfolding S¢'-def Se-def by auto
moreover have C € £-from N
using C-in unfolding S¢-def by auto
ultimately show #thesis
using a-in-€ nega C-is1 Enabled equiv-€-enabled-N by blast
ged
qed
qed
then have empty-inter: «(J (atoms ¢ (AF-proj-to-formula-set (Sg — Sg’))) N
U (atoms ¢ (AF-proj-to-formula-set S8")) = {}»
using atoms-simp proj-S’ prop-proj-distrib prop-proj-sub
by (smt (verit, ccfv-threshold) S-sub Un-subset-iff «<S = Sg — Sg’ U S’
proj-prop-J'
prop-proj-E-from)
have sat-rest: «sat (AF-proj-to-formula-set (Sg — Sg’))»
using FE-sat unfolding Sg’-def Sg-def AF-proj-to-formula-set-def
propositional-projection-def sat-def by blast
have S’-unsat: VJ. = J =,2 S)
using unsat-AF-simp|OF - sat-rest empty-inter] S-unsat equiv-prop-entail2-sema2
S-is
val-from-interp unfolding sat-def by metis
have ez-fin-Js: <3Js. S7 = J'-of * Js A (VY JEJs. enabled-set N J) A finite Js)
using finite-subset-with-prop| OF ex-Js S-fin S 7-def] .
then obtain Js where Js-fin: «finite Js» and Js-enab: <V J€Js. enabled-set N
J» and
Js-is: «J'-of ‘ Js = S
by blast
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have fin-inter: «finite (|J (fset * A-of ‘Sz) N U (fset < A-of “N))»
proof
have «finite (| (fset * A-of *S7))
unfolding S 7-def using S-fin image-Int-subset by simp
then show «(finite (| (fset * A-of S7))) V (finite (J (fset < A-of * N)))»
by auto
qed
have Vac(|J (fset * A-of ‘N)). 3CeN. a € fset (A-of C)»
by blast
then obtain f where f-def: «Vae(|J (fset * A-of ‘N)). fa € N A a € fset
(A-of (f a))»
by metis

define N7 where N7 = (f “ (U (fset “ A-of “*S7) N U (fset * A-of ‘N)))»
have nj-fin: <finite N 7>
unfolding N ;-def using fin-inter by blast
have nj-sub: <N 7 C N
unfolding N 7-def using f-def by blast
have nj-as: «(V ac(|J (fset * A-of * S7))N(U (fset © A-of * N)).
a € J(fset “ A-of ‘N 7))
unfolding N 7-def using f-def by fast

define M’ where <M’ = J{M'"-of J |J. J € Js}h
define N/ where N/ = |J{N'-of J |J. J € Js} UN 7>
then have <M’ C M>
unfolding M'-def using fsets-from-J Js-enab by fast
moreover have N/ C A
unfolding N'-def using fsets-from-J Js-enab nj-sub by fast
moreover have «finite M’
unfolding M’-def using fsets-from-J Js-fin Js-enab by auto
moreover have «finite N’
unfolding N'-def using fsets-from-J Js-fin Js-enab nj-fin by auto
moreover have (M’ =4r Ny unfolding AF-entails-def
proof (rule alll, rule impl)
fix J
assume enab-N": <enabled-set N/ J»
then have «J =,2 E-from N
using equiv-€-enabled-N by auto
moreover have <S¢’ C E-from N
proof
fix C
assume C-in: «C € Sg’
then obtain a where C-is: <C = Pair bot {|neg a|}p
unfolding Sg’-def Sg-def E-from-def by blast
then have <neg a € |J(fset “ A-of *Sg’)»
using C-in using image-iff by fastforce
then have a-in-SJ: <a € | (fset  A-of ‘Sz )
using a-from-E-to-J by presburger
have IC'eN. a € fset (A-of C')»
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using C-is C-in unfolding S¢’-def Sg-def by (smt (verit, ccfo-threshold)
AF .sel(2) IntE J'-is E-from-def a-in-E bot-fset.rep-eq empty-iff
equiv-€ -enabled-N
finsert.rep-eq insert-iff mem-Collect-eq to-V .elims to-V-neg)
then have <a € |J(fset * A-of ‘ N')»
by blast
then have <a € |J(fset * A-of ‘N')»
using nj-as a-in-SJ unfolding N'-def by simp
then show «C € &-from N
using C-is unfolding &-from-def by blast
ged
ultimately have «J |=,2 S¢’
unfolding S¢’-def Sg-def using subset-model-p2 by (metis (no-types,
lifting))
then have <= J |=,2 S
using subset-not-model S’-unsat unfolding S’-def by blast
then have <3J’eJs. fset (A-of (T'-of J')) C total-strip J»
unfolding propositional-model2-def S 7-def propositional-projection-def
enabled-projection-def using Js-is
by (smt (verit) Collect-cong Set.empty-def S7-def enabled-def image-iff
mem-Collect-eq)
then obtain J' where J'-in: <J' € Js» and A-of-J'-in: <fset (A-of (J'-of
J") C total-strip J»
by blast
then have enab-nj”: <enabled-set N J"
using Js-enab by blast
then have «(M’-of J') proj; J' = F-of * (N'-of J')
using fsets-from-J by auto
moreover have «((M’-of J') proj; J' C (M’-of J') proj; J»
proof —
have «C € M'-of J' = enabled C J' = enabled C J» for C
proof —
assume C-in: «C € M'-of J"» and
<enabled C J"
then have «fset (A-of C) C fset (A-of (T '-of J'))»
using fsets-from-J[OF enab-nj’] by blast
then show <enabled C J»
using A-of-J’-in unfolding enabled-def by auto
qed
then have «(C € M’-of J' A enabled C J") = (C € M'-of J' A enabled C
J)» for C
by (smt (verit, ccfv-threshold))
then have ({C. C € M'-of J' A enabled C J'} C {C.C € M’-of J' A enabled
CJp
by blast
then show «(M’-of J') proj; J' C (M’-of J') proj; J»
unfolding enabled-projection-def by blast
qed
ultimately have entails-one: «(M’-of J') proj; J = F-of < (N'-of J')»
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using entails-subsets by blast
have subs-M: <M'-of J' proj; J C M’ proj; J»
using J’-in using enabled-projection-def unfolding M'-def by auto
have subs-N: «F-of * (N'-of J') C F-of ‘N
using J'-in unfolding N'-def by blast
show <M’ proj; J |E F-of ‘N
using entails-subsets|OF subs-M subs-N entails-one] .
qed

ultimately show <3IM’' N’/. M'C M AN’ C N A finite M’ A finite N/ A
M Ear N
by blast
qed
qed

sublocale neg-ext-sound-cons-rel: consequence-relation Pos bot sound-cons.entails-neg
using sound-cons.ext-cons-rel by simp

lemma AF-ext-sound-cons-rel: <consequence-relation (to-AF bot) AF-entails-sound»
proof (standard)
show «{to-AF bot} Esar {P
unfolding AF-entails-sound-def enabled-def enabled-projection-def
proof (rule alll, rule impl)
fix J
assume <enabled-set {} J»
have bot-in: «{ Pos bot} C Pos ‘{C. C = F-of (to-AF bot) A fset (A-of (to-AF
bot)) C total-strip J}»
unfolding to-AF-def by simp
have <sound-cons.entails-neg (fml-ext ‘ total-strip J U
Pos “{C. C = F-of (to-AF bot) N\ fset (A-of (to-AF bot)) C total-strip J})
b
using sound-cons.bot-entails-empty sound-cons.entails-subsets bot-in
by (smt (verit, ccfu-threshold) AF.sel(2) Un-iff bot-fset.rep-eq
consequence-relation.bot-entails-empty consequence-relation.entails-subsets
empty-subset]
image-iff mem-Collect-eq sound-cons.ext-cons-rel subset-eq to-AF-def)
then show «fml-ext ‘ total-strip J U
Pos ‘{F-of C |C. C € {to-AF bot} A fset (A-of C) C total-strip J} =s. Pos °
Feof “ b
by clarsimp
qged
next
fix C :: ('f, 'v) AF
have (Pos ‘ {F-of Ca |Ca. Ca € {C} A fset (A-of Ca) C total-strip J} C (Pos
F-of *{C})
by auto
show ({C} Esap {Ch
unfolding A F-entails-sound-def enabled-def enabled-projection-def enabled-set-def
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proof (rule alll, rule impl)
fix J
assume a-of-C-in: <~VCe{C}. fset (A-of C) C total-strip J»
have <sound-cons.entails-neg (Pos (F-of C) > fml-ext ‘ total-strip J) { Pos (F-of
Op
using sound-cons.entails-reflexive[of F-of C]
by (smt (verit, best) Set.insert-mono bot.extremum consequence-relation.entails-reflexive
consequence-relation.entails-subsets sound-cons.ext-cons-rel)
then show «fml-ext ¢ total-strip J U
Pos ‘{F-of C"|C". C" € {C} A fset (A-of C") C total-strip J} [=s~. Pos ‘ F-of
“{ChH
using a-of-C-in by clarsimp
qed
next
fix MN P Q
assume m-in-n: <M C N> and
p-in-qg: <P C Q> and
m-entails-p: <M [Esap P>
show N Esap Q)
unfolding AF-entails-sound-def enabled-def enabled-projection-def enabled-set-def
proof (rule olll, rule impl)
fix J
assume ¢-enabled: ~VCeQ. fset (A-of C) C total-strip J»
have ({F-of C |C.C € M A fset (A-of C) C total-strip J} C
{F-of C|C.C € N A fset (A-of C) C total-strip J}»
using m-in-n by blast
moreover have (F-of ‘P C F-of * OQ»
using p-in-q by blast
ultimately show <sound-cons.entails-neg (fml-ext  total-strip J U
Pos “{F-of C |C.C € N A fset (A-of C) C total-strip J}) (Pos * F-of * Q)»
using m-entails-p sound-cons.entails-subsets m-in-n p-in-q q-enabled
unfolding A F-entails-sound-def enabled-def enabled-projection-def enabled-set-def
by (smt (23) Un-iff consequence-relation.entails-subsets image-iff mem-Collect-eq
sound-cons.ext-cons-rel subset-eq)
qed
next
fix MN C M' N’
assume
entails-c: <M Esap N U {C}» and
c-entails: <M’ U {C} =sar N
show <M U M’ Esarp N UN)
unfolding AF-entails-sound-def
proof (intro alll impl)
fix J
assume enabled-n: <enabled-set (N U N') J»
{
assume enabled-c: <enabled-set {C} J»
then have proj-enabled-c: <{C} proj; J = {F-of C}
unfolding enabled-projection-def using enabled-set-def by blast
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have (sound-cons.entails-neg (fmi-ext ‘ total-strip J U Pos * (M proj; J))
(Pos “ F-of * (N U {C}H))»
using entails-c enabled-n enabled-c unfolding A F-entails-sound-def
by (metis Un-iff enabled-set-def)
then have cut-hyp1: <sound-cons.entails-neg (fml-ext ¢ total-strip J U Pos
(M proj; J))
(Pos * F-of * N U {Pos (F-of C)})»
by force
have <sound-cons.entails-neg (fml-ext ‘ total-strip J U Pos < (M’ U {C} proj;

¢

7))

(Pos ‘ F-of “N')»
using c-entails enabled-n enabled-union?2 unfolding AF-entails-sound-def
by blast

then have cut-hyp2: <sound-cons.entails-neg
(fml-ext © total-strip J U Pos < (M’ proj; J) U {Pos (F-of C)}) (Pos ¢ F-of
ch)>
by (metis Un-empty-right Un-insert-right distrib-proj image-insert proj-enabled-c)
have (sound-cons.entails-neg (fml-ext * total-strip J U Pos * (M U M’ proj;
7))

(Pos “ F-of * (N UN"))
using neg-ext-sound-cons-rel.entails-cut|OF cut-hypl cut-hyp2]  dis-
trib-projlof M M’ J|

image-Un by (smt (verit, del-insts) Un-commute Un-left-absorb Un-left-commute)

moreover
{
assume not-enabled-c: <— enabled-set {C} J»
then have <M’ U {C} proj; J = M’ proj; J»
unfolding enabled-projection-def enabled-set-def by auto
then have <sound-cons.entails-neg (fml-ext ‘ total-strip J U Pos * (M’ proj;
7))
(Pos ‘ F-of “N')»
using c-entails enabled-n enabled-union?2 unfolding AF-entails-sound-def
by metis
then have <sound-cons.entails-neg (fml-ext * total-strip J U Pos * (M U M/’
projs J))
(Pos ‘ F-of * (N UN"))»
using neg-ext-sound-cons-rel.entails-subsets
by (smt (verit, del-insts) Un-iff distrib-proj image-Un subsetl)
}
ultimately
show <sound-cons.entails-neg (fml-ext ¢ total-strip J U Pos * (M U M’ proj;
J))
(Pos “ F-of (N UN"))
by blast
qed
next
fix M N

assume m-entails-n: <M [Esap N>
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consider (NotEnabled) <V J. = enabled-set N J» | (Enabled) <3 J. enabled-set N
J» by blast
then show <(3M’' N. M’ C M A N'C N A finite M’ A finite N' AN M’ Esar
N’
proof cases
case NotFEnabled
then obtain N/ where N'-sub: <N’ C N> and N'-fin: «finite N> and
sub-not-enab: <V J. = enabled-set N/ J»
using never-enabled-finite-subset[of N| by blast
obtain M’ where (M’ C M> and «finite M’ and (M’ Esar N
using sub-not-enab unfolding AF-entails-sound-def by blast
then show ?thesis using N’-sub N'-fin by blast
next
case Enabled
then obtain J’ where J’-is: <enabled-set N' J'» by auto
{
fix J
assume enabled-N: <enabled-set N J»
then have <sound-cons.entails-neg (fml-ext ¢ total-strip J U Pos ‘ (M proj;
J)) (Pos ¢ F-of “N')»
using m-entails-n unfolding A F-entails-sound-def by blast
then obtain MJ' N’ where mj-in: «MJ' C fmi-ext * total-strip J U Pos
(M proj; J)» and
np-proj: <N' C Pos ‘ F-of ‘N> and mjp-fin: <finite MJ"» and np-fin: «finite
N’y and
myjp-entails-np: <sound-cons.entails-neg MJ' N’
using neg-ext-sound-cons-rel.entails-compactness by metis

define M’ where M’ = MJ’ N Pos (M proj; J)
then have mp-fin: (finite M"
using mjp-fin by auto
have mp-with-f-of: <V C € M'. 3C € M. Pos (F-of C) = C A enabled C J»
using mj-in unfolding enabled-projection-def M'-def by blast
have (3 M'C M. finite M’ A M’ = Pos ‘ F-of * M’ A enabled-set M’ J»
using finite-subset-image-strong[of M’ M (Az. Pos (F-of z)) Az. enabled x
J, OF mp-fin mp-with-f-of]
unfolding enabled-set-def by blast
then have ez-mp: «<3M'CM. finite M’ N\ Pos * (M’ proj; J) = M"
unfolding enabled-projection-def enabled-set-def by blast
then obtain M’ where mp-props: <M’ C My «finite M"sy <Pos * (M’ proj;
J) = M’ by auto

let M’-sel; = {C. C € M’ A enabled C J}»
have «?M’-sel; C M’ by simp
have «finite (|J{fset (A-of C) |C. C € 2M’-sel;})»
using mp-props by auto
then obtain Ax.. where AM-is: «fset Ap = (U {fset (A-of C) IC. C €
2M’-selj})»
using fin-set-fset by fastforce
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then have AM-in-J: <fset Apnq C total-strip J»
unfolding enabled-def by blast
define J’' where J' = (MJ' N fml-ext ‘ total-strip J)
then have jp-fin: «finite J'
using mjp-fin by blast
then obtain J’ where jp-props: J' C total-strip J fmil-ext * J' = J’ finite
j/
using J'-def by (metis Int-lower2 finite-subset-image)
then obtain A/ where AJ-is: (fset Az = J"
using fin-set-fset by blast
then have AJ-in-J: <fset A7, C total-strip J»
using jp-props by auto
define J ;' where «7J ;' = Pair bot (Az/ || Apm)
then have Jf-in: <fset (A-of Jy') C total-strip J» using AM-in-J AJ-in-J
by simp
have Jf-bot: <F-of J;' = bot) using J ;'-def by auto
have AM-in-Jf: <VCeM'. enabled C J — fset (A-of C) C fset (A-of T;')
using J s’-def AM-is by auto

have np-with-f-of: v C € N'. 3C € N. Pos (F-of C) = C)
using np-proj unfolding enabled-projection-def by blast
have n-fin-subset: <AN'C N. finite N/ AN N' = Pos ‘ F-of ‘N
using finite-subset-image| OF np-fin, of Ax. Pos (F-of x) N np-proj by auto
then obtain N/ where np-props: <N/ C N «finite N> <N' = Pos * F-of
N
by blast
have enab-np: <enabled-set N/ J»
using enabled-N np-props unfolding enabled-set-def by blast

have mjp-is: <MJ' = Pos ‘* (M’ proj; J) U fmil-ext * J"
using mj-in M'-def J'-def mp-props jp-props by auto
have (sound-cons.entails-neg ((Pos ‘ (M’ proj; J))U fml-ext < J') (Pos ‘ F-of
(N/)>
using np-props mjp-entails-np unfolding mjp-is by blast
then have fin-entail: «sound-cons.entails-neg ((Pos ‘ (M’ proj; J))U fmi-ext
(fset (A-of T47)) (Pos * F-of * N>
using neg-ext-sound-cons-rel.entails-subsets|of
(Pos < (M’ proj; J)U fml-ext * T’ (Pos * (M’ proj; J))U fml-ext ¢ (fset
(A-of T17)
Pos * F-of * N’ Pos ‘ F-of ‘ N'] AJ-is unfolding J ;'-def by (simp add:
image-Un subsetl)

have AM' N'" T M' C M A fset (A-of T') C total-strip J AN’ C N A
finite M’ A finite N' A\ F-of J' = bot A enabled-set N J A
(VCeM'. enabled C J — fset (A-of C) C fset (A-of T')) A
sound-cons.entails-neg ((Pos ¢ (M’ projy J))U fmi-ext * (fset (A-of JT')))
(Pos “ F-of “N'")»
using mp-props np-props fin-entail enab-np Jf-in Jf-bot J ;'-def AJ-is AM-is
AM-in-Jf AF .sel(2) by blast
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}

then obtain M’-of N'-of J'-of where

fsets-from-J: <enabled-set N' J => M'-of J C M A fset (A-of (T'-of J)) C

total-strip J A N''-of J C N A
finite (M’-of J) A finite (N'-of J) A F-of (J'-of J) = bot A enabled-set

(N'-of J) J A

(VCe(M'-of J). enabled C J — fset (A-of C) C fset (A-of (T'-of J))) A

sound-cons.entails-neg (Pos < (M'-of J projy J) U fml-ext * (fset (A-of (J'-of
J)))) (Pos “ F-of ‘N'-of J) » for J

by metis

let 27 "-set = «{T"-of J |J. enabled-set N' J}»
have ex-Js: (3 Js. 2T "-set = J'-of ‘ Js A (VY JEJs. enabled-set N J)»
by blast
have proj-prop-J': <proj, ?J'-set = 27 '-set>
using fsets-from-J unfolding propositional-projection-def by blast
let 2N'-un = (J{N"-of J |J. enabled-set N J}»
let 2M’"-un = (J{{C. C € M’-of J A enabled C J} |J. enabled-set N J}»

have «V J. = (enabled-set N' J) — = (J |Ep2 (E-from N))»
using equiv-€-enabled-N by blast
then have not-enab-case: <V J. = (enabled-set N' J) — = (J [=p2 2T -set U
(E-from N))»
using supset-not-model-p2 Un-upper2 by blast
have «V J. enabled-set N' J — = (J =,2 27T '-set)
proof (rule alll, rule impl, rule notl)
fix J
assume
enab-N-loc: <enabled-set N J» and
entails-J: «(J =p2 2T '-set)>
have A-ok: «fset (A-of (J'-of J)) C total-strip J»
using enab-N-loc fsets-from-J by force
then have <proj, {J’-of J} proj; J = {bot}
using enab-N-loc fsets-from-J unfolding propositional-projection-def en-
abled-projection-def
by (simp add: enabled-def)
then have «— J |=,2 %7 -set
using A-ok enab-N-loc unfolding propositional-model2-def enabled-def
enabled-projection-def
proj-prop-J' by auto
then show Fulse
using entails-J by auto
qed
then have enab-case: <V J. (enabled-set N' J) — = (J [=,2 2T "-set U (E-from
N))»
using supset-not-model-p2 Un-upper2 by blast
have «VJ. = (J E,2 (2T -set U (E-from N)))»
using not-enab-case enab-case by blast
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then obtain & where S-sub: «<S C 27'-set U (E-from N')» and S-fin: «finite
Sy and
S-unsat: NV J. = J Ep2 S
using compactness-AF-proj by meson
have E-sat: <sat (AF-proj-to-formula-set (€-from N))»
unfolding sat-def using J'-is equiv-E-enabled-N  equiv-prop-entail2-sema2
by blast
define S; where «(S7 = S N 27 -set»
define S¢ where <S¢ = S N (E-from N)»
define Sg’ where <S¢’ = {C. C € Sg A (to-V * (fset (A-of C))) C (to-V ‘U
(fset * A-of * S.7)}
define S’ where <S8’ =S5 U Sg”
have proj-S’: «proj, S'= 8"
using proj-prop-J’ prop-proj-E-from S-sub prop-proj-sub prop-proj-distrib
unfolding S’-def S7-def Sg’-def Se-def
by (smt (verit) Int-iff mem-Collect-eq subsetl)
have S-is: «§ = (Sg — Sg’) USH
using S-sub S 7-def Sg-def S’-def Sg'-def by blast
have a-from-E-to-J: <neg a € |J (fset “ A-of ‘Se’) = a € |J (fset * A-of “S7)»
for a
proof —
fix a
assume nega-in: <neg a € |J (fset * A-of *Sg’)»
then have <to-V (neg a) € to-V “|J(fset < A-of *Sg)»
unfolding S¢’-def by blast
then have a-or-nega-in: <a € |J (fset “ A-of ‘S7) V neg a € |J(fset < A-of ¢

SJ))
by (smt (verit) imageE neg.simps(1) neg.simps(2) to-V .elims)
obtain C1 where «C1 € E-from N and <neg a € fset (A-of C1)»
using nega-in unfolding S¢’-def Sg-def E-from-def by blast
then obtain C where «C € A and <a € fset (A-of C)
unfolding E-from-def by (smt (verit) AF.sel(2) bot-fset.rep-eq empty-iff
finsert.rep-eq
insert-iff mem-Collect-eq neg.simps(1) neg.simps(2) to-V.elims)
then have in-N-in-J: V J. (enabled-set N J — a €; J)»
using in-total-to-strip unfolding enabled-set-def enabled-def by blast
have b € |J(fset ‘ A-of ‘S7) = (3 J. enabled-set N J A b €, J) for b
proof —
have «z € S;7 = b |€| A-of t = 3 J. enabled-set N' J A\ b € total-strip
J» for z
proof —
fix C2
assume (C2-in: «C2 € S7» and
b-in: <b € fset (A-of C2)»
obtain J where enab-J: <enabled-set N J» and «C2 = J'-of J»
using C2-in unfolding S 7-def by blast
then have <b € total-strip J»
using b-in fsets-from-J by (meson basic-trans-rules(31))
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then show <3J. enabled-set N' J A b € total-strip J»
using enab-J by blast
qed
then show «b € | (fset ‘ A-of ‘S7) = 3 J. enabled-set N J A b € J»
by clarsimp
qed
then have <= neg a € |J(fset * A-of *Sz)»
using in-N-in-J by fastforce
then show <a € |J(fset ‘ A-of “S7)»
using a-or-nega-in by blast
qed
have empty-inter-in-S: <to-V ‘|J (fset * A-of ‘ (Sg — Sg’)) N to-V ‘Y (fset ¢
Aof *8") = {p
proof (rule ccontr)
assume contra: <to-V ‘|J (fset * A-of * (Se — S&’)) N to-V ‘| (fset ¢ A-of
‘S #AD
then obtain v where v-inl: v € to-V ‘| (fset * A-of ‘ (Sg — Sg’))»
and v-in2: <v € to-V ‘|J (fset < A-of *S’)» by blast
obtain C where C-in: «C € S¢ — Sg’» and v-in-C: v € to-V ‘ (fset (A-of
)
using v-inl by blast
obtain a where C-is1: «<C = Pair bot {|a|}»
using C-in unfolding S¢-def £-from-def by blast
then have v-is: <v = to-V o>
using v-in-C by simp
obtain C’ where C’-in: «C' € 8’ and v-in-C": v € to-V * (fset (A-of C"))»
using v-in2 by blast
then obtain ¢’ where v-is”: <v = to-V a’» and a’-in: <a’ € fset (A-of C')
by blast
consider (J) «<C' € Sy | (E') «C' € Sgh
using C’-in S’-def by blast
then show Fulse
proof cases
case J
then have <to-V * (fset (A-of C)) C (to-V ‘U (fset * A-of *S7))
by blast
then have <to-V ‘ (fset (A-of C)) C (to-V ‘| (fset ‘ A-of ‘Sg))
using C-is1 v-in-C’ v-is by auto
then have «C € Sg’
unfolding S¢’-def using C-in by blast
then show Fulse
using C-in by blast
next
case E’
then consider (a) «C' = Pair bot {|a|}> | (nega) «C' = Pair bot {|neg a|}»
unfolding S¢’-def Sg-def E-from-def using v-in-C’ v-is
AF .sel(2) IntE empty-iff fset-simps(1) fset-simps(2) image-iff insert-iff
mem-Collect-eq neg.simps(1) neg.simps(2) to-V.elims
by (smt (verit, del-insts))
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then show Fulse
proof cases
case a
then show ?thesis
using E’ a-in-E Enabled equiv-E-enabled-N' C-in C-is1 unfolding S¢-def
Se'-def
by blast
next
case nega
have «C' € E-from N
using E’ unfolding S¢'-def Se-def by auto
moreover have C € £-from N
using C-in unfolding S¢-def by auto
ultimately show #thesis
using a-in-€ nega C-is1 Enabled equiv-€-enabled-N by blast
qged
qed
qed
then have empty-inter: «(J (atoms ¢ (AF-proj-to-formula-set (Sg — Sg’))) N
U (atoms ¢ (AF-proj-to-formula-set S")) = {}»
using atoms-simp proj-S’ prop-proj-distrib prop-proj-sub
by (smt (verit, ccfv-threshold) S-sub Un-subset-iff «S = Sg — Sg’ U Sh
proj-prop-J'
prop-proj-E-from)
have sat-rest: «sat (AF-proj-to-formula-set (Sg — Sg’))»
using FE-sat unfolding Sg’-def Sg-def AF-proj-to-formula-set-def
propositional-projection-def sat-def by blast
have S’-unsat: VJ. = J =,2 S)
using unsat-AF-simp[OF - sat-rest empty-inter] S-unsat equiv-prop-entail2-sema2
S-is
val-from-interp unfolding sat-def by metis
have ez-fin-Js: <3Js. S7 = J'-of * Js A (VY JEJs. enabled-set N J) A finite Js)
using finite-subset-with-prop[OF ex-Js S-fin S 7-def] .
then obtain Js where Js-fin: (finite Js» and Js-enab: <V J€Js. enabled-set N
J» and
Js-is: «J'-of ‘ Js = S
by blast

have fin-inter: <finite (|J (fset  A-of “S7) N |J(fset < A-of “N))
proof
have «finite (J (fset * A-of *S7))
unfolding S 7-def using S-fin image-Int-subset by simp
then show «(finite ({J (fset * A-of S7))) V (finite (J (fset < A-of “ N)))»
by auto
qed
have Vae(|J (fset * A-of ‘N)). 3CeN. a € fset (A-of C)»
by blast
then obtain f where f-def: Vae(J (fset * A-of “N)). fa € N A a € fset
(A-of (f a))
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by metis
define N 7 where <N 7 = (f * (U (fset * A-of “‘S7) N U (fset < A-of “N)))»
have nj-fin: <finite N 1>
unfolding N 7-def using fin-inter by blast
have nj-sub: N7 C \»
unfolding N 7-def using f-def by blast
have nj-as: «(Vac(J (fset “ A-of * S7))N(U (fset < A-of * N)).
a € J(fset “ A-of “N 7))
unfolding N 7-def using f-def by fast

define M’ where <M’ = |J{M'-of J |J. J € Js}
define N/ where N/ = J{N"-of J |J. J € Js} UN 7
then have (M’ C M>
unfolding M’-def using fsets-from-J Js-enab by fast
moreover have (N’ C A
unfolding N'-def using fsets-from-J Js-enab nj-sub by fast
moreover have «finite M
unfolding M’-def using fsets-from-J Js-fin Js-enab by auto
moreover have «finite N’
unfolding N'-def using fsets-from-J Js-fin Js-enab nj-fin by auto
moreover have <M’ Esap Ny unfolding AF-entails-sound-def
proof (rule alll, rule impl)
fix J
assume enab-N': <enabled-set N/ J>
then have «J =,2 E-from N
using equiv-€-enabled-N" by auto
moreover have (S¢g’ C E-from N
proof
fix C
assume C-in: «C € Sg’
then obtain a where C-is: <C = Pair bot {|neg a|}p
unfolding S¢’-def Sg-def E-from-def by blast
then have <neg a € |J(fset < A-of *Sg’)»
using C-in using image-iff by fastforce
then have a-in-SJ: <a € | (fset * A-of ‘Sg)»
using a-from-FE-to-J by presburger
have (3C’eN. a € fset (A-of C')»
using C-is C-in unfolding S¢’-def Sg-def by (smt (verit, ccfo-threshold)
AF.sel(2) IntE J'-is E-from-def a-in-E bot-fset.rep-eq empty-iff
equiv-€ -enabled-N
finsert.rep-eq insert-iff mem-Collect-eq to-V .elims to-V-neg)
then have <a € |J (fset < A-of * N')»
by blast
then have <a € | (fset * A-of ‘N')»
using nj-as a-in-SJ unfolding N’-def by simp
then show «C € &-from N
using C-is unfolding &-from-def by blast
qged
ultimately have «J |=,2 S¢”
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unfolding S¢’-def Sg-def using subset-model-p2 by (metis (no-types,
lifting))
then have <= J |=,2 S
using subset-not-model S’-unsat unfolding S’-def by blast
then have <3J’eJs. fset (A-of (T'-of J')) C total-strip J»
unfolding propositional-model2-def S 7-def propositional-projection-def
enabled-projection-def using Js-is
by (smt (verit) Collect-cong Set.empty-def S7-def enabled-def image-iff
mem-Collect-eq)
then obtain J’' where J'-in: <J' € Js» and A-of-J'-in: <fset (A-of (J'-of
J") C total-strip J»
by blast
then have enab-nj”: <enabled-set N J'»
using Js-enab by blast
then have <sound-cons.entails-neg (Pos ‘ (M'-of J' proj; J") U
fmil-ext “ (fset (A-of (J'-of J')))) (Pos ‘ F-of ‘ N''-of J')»
using fsets-from-J by auto
moreover have «(M’-of J') proj; J' C (M’-of J') proj; J»
proof —
have «C € M'-of J' = enabled C J' = enabled C J» for C
proof —
assume C-in: «C € M’-of J"» and
<enabled C J's
then have «fset (A-of C) C fset (A-of (T'-of J'))»
using fsets-from-J[OF enab-nj’] by blast
then show <enabled C J»
using A-of-J'-in unfolding enabled-def by auto
qed
then have «(C € M’-of J' A enabled C J") = (C € M'-of J' A enabled C
J)» for C
by (smt (verit, ccfu-threshold))
then have ({C. C € M'-of J' A enabled C J'} C {C.C € M’-of J' A enabled
CJp
by blast
then show «(M’-of J') proj; J' C (M'-of J') proj; J»
unfolding enabled-projection-def by blast
qed
ultimately have entails-one: <sound-cons.entails-neg
(Pos < (M'-of J" projy J) U fml-ext * (fset (A-of (J’-of J')))) (Pos ‘ F-of
N'-of J')
using sound-cons.entails-subsets
by (smt (verit, ccfv-SIG) Un-absorbl Un-assoc Un-left-commute image-Un
neg-ext-sound-cons-rel.entails-subsets subset-refl sup.coboundedl)
have subs-MJ: «Pos ‘ (M’-of J' proj; J) U
fml-ext * (fset (A-of (T'-of J'))) C Pos ‘(M proj; J) U fml-ext * (total-strip
J)
using J'-in A-of-J'-in using enabled-projection-def unfolding M’-def by
auto
have subs-N: (Pos ‘ F-of ‘ (N''-of J') C Pos ‘ F-of ‘N
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using J'-in unfolding N'-def by blast
show (sound-cons.entails-neg (fml-ext ‘ total-strip J U Pos (M proj; J))
(Pos ‘ F-of *N')»
using neg-ext-sound-cons-rel.entails-subsets| OF subs-MJ subs-N entails-one]
by (simp add: Un-commute)
qed

ultimately
show AM' N M'C M AN'CN A finite M' A finite N' N M’ Esar
N
by blast
qed
qed

interpretation AF-sound-cons-rel: consequence-relation to-AF bot AF-entails-sound
by (rule AF-ext-sound-cons-rel)

lemma f-of-to-AF [simp]: <F-of ‘ to-AF ‘N = N»
unfolding to-AF-def by force

lemma to-AF-proj-J [simp]: <to-AF M proj; J = M)
unfolding to-AF-def enabled-projection-def enabled-def by force

lemma enabled-to-AF-set [simp]: <enabled-set (to-AF “ N) J»
unfolding enabled-set-def enabled-def to-AF-def by simp

lemma pos-not-pos-empty [simp]: «{to-V C |C. C € Pos ‘N A = is-Pos C} = {}
by auto

lemma pos-not-pos-simp [simp]:

{to-V C |C. C € UU Pos *M A = is-Pos C} = {to-V C |C. C € U A — is-Pos
chH

by auto

lemma pos-pos-simp [simp]: <{to-V C |C. C € Pos ‘ F-of * N A is-Pos C} = F-of
“N»
by force

lemma proj-F-of [simp]: <{C. F-of C € M} proj; J = M)
proof (intro equalityl subsetl)

fix z

assume z-in: <z € {C. F-of C € M} proj; J»

define C:(’f,’v) AF where «C = to-AF 1)

then show <z € M»

using z-in unfolding enabled-projection-def enabled-def to-AF-def by auto

next

fix z

assume z-in: <x € M)

define C:(’f,’v) AF where «C = to-AF 1)
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then show <z € {C. F-of C € M} proj; J»
using z-in unfolding enabled-projection-def enabled-def to-AF-def
by (metis (mono-tags, lifting) AF .sel(1) AF.sel(2) bot-fset.rep-eq empty-subset]
mem-Collect-eq)
qed

lemma f-of-F-of [simp]: <F-of ‘{C. F-of C € M} = M»
proof (intro equalityl subsetl)
fix z
assume z-in: x € F-of ‘{C. F-of C € M}»
define C where (C = to-AF x»
then show <z € M>
using z-in by blast
next
fix z
assume z-in: <x € M)
define C where (C = to-AF x)
then show <z € F-of ‘{C. F-of C € M}
using z-in by (smt (28) AF.sel(1) imagel mem-Collect-eq)
qed

lemma set-on-union-triple-split: <{f C |C. C e M UN U gJANICJ} ={fC
|C.Ce MANICJ}U

{fC|C.CeNANICJIU{fCI|C.CegdANICJT}h

by blast

lemma not-enabled-enabled-empty [simp]:
{F-of C|C. C € {C. F-of C € Q" A = enabled C J} A enabled C J} = {}
proof (intro equalityl subsetl)
fix z
assume z-in: <x € {F-of C |C. C € {C. F-of C € Q' A — enabled C' J} A enabled
CJp
then obtain C where <F-of C = 2 and c-in: <C € {C. F-of C € Q' N —
enabled C' J}» and
enab-c: <enabled C J»
by blast
then have (- enabled C J» using c-in by blast
then have <Fualse) using enab-c by auto
then show <z € {}» by auto
qed auto

lemma f-of-simp-enabled [simpl: <{F-of C |C. F-of C € M A enabled C J} = M>
unfolding enabled-def
by (smt (verit, best) AF.sel(1) AF.sel(2) bot-fset.rep-eq empty-subset] mem-Collect-eq
subset]
subset-antisym)

lemma f-of-enabled-simp [simp]: <F-of ‘{C. F-of C € M A enabled C J} = M)
proof —
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have «F-of * {C. F-of C € M A enabled C J} = {F-of C |C. F-of C € M A
enabled C' J}»
by blast
then show ?thesis by simp
qed

lemma «(to-AF ‘M =ap to-AF ‘N) = (M = N)»
unfolding AF-entails-def by simp

sublocale ext-cons-rel-std: consequence-relation Pos (to-AF bot) AF-cons-rel.entails-neg
using AF-cons-rel.ext-cons-rel .

sublocale sound-cons-rel: consequence-relation Pos bot sound-cons.entails-neg
using sound-cons.ext-cons-rel .

lemma pos-in-pos-simp [simp]: <{C. Pos C € Pos * N} = N» by auto

lemma neg-not-in-pos-simp [simp]: <{C. Neg C € Pos ‘ N} = {}» by auto
lemma neg-in-pos-simp [simp]: <{C. Neg C € PV Neg C € Pos ‘ M} = {C. Neg
C € P} by blast

lemma pos-in-pos-partial-simp [simp]: <{C. Pos C € PV Pos C € Pos ‘ M} =
{C. Pos C € P} U M) by auto

lemma «((to-AF ‘ M Esaf to-AF *N) = (M s N)»
proof —
{
fix M N
assume m-to-n: <M s N»
have <to-AF ‘ M Esap to-AF ‘ N»
unfolding AF-entails-sound-def sound-cons.entails-neg-def
proof (rule alll, rule impl)
fix J
have ({C. Pos C € fml-ext ‘ total-strip J} UM s N U {C. Neg C € fmi-ext
“total-strip J}»
proof —
have m-in: <M C {to-V C |C. (C € fml-exat ‘ total-strip J vV C € Pos ‘* M)
A is-Pos C'}h
by force
show <« {C. Pos C € fml-ext ‘ total-strip J} U M |=s
N U {C. Neg C € fml-ext  total-strip J}»
using m-to-n m-in by (meson Un-subset-iff sound-cons.entails-subsets
subset-refl)
qed
then show «{C. Pos C € fmi-ext ‘ total-strip J U Pos ‘ (to-AF * M proj;
J)}u
{C. Neg C € Pos ‘ F-of ‘to-AF ‘ N} |=s {C. Pos C € Pos ‘ F-of ‘ to-AF ¢
N} U
{C. Neg C € fml-ext ‘ total-strip J U Pos ‘ (to-AF * M proj; J)}»
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by simp
qed
} moreover {
fix M N
assume m-af-entails-n: <to-AF ‘M |Esap to-AF “ N»
have <M C M'=—= NCN' = M'UN'= UNIV = M'Es N for M’ N’
proof —
fix M' N’
assume m-in: <M C M’y and
n-in: <N C N’» and
union-mnp-is-univ: <M’ U N’ = UNIV>»
{
assume <M’ N N’ # {}
then have <M’ =5 N’
using sound-cons.entails-reflexive sound-cons.entails-subsets
by (meson Int-lowerl Int-lower2 sound-cons.entails-cond-reflexive)
}
moreover {
assume empty-inter-mp-np: <M’ N N’ = {}h
define Jpos where <Jpos = {v. to-V (fml-ext v) € M' A is-Pos v}»
define Jneg where <Jneg = {v |v. to-V (fml-ext v) ¢ M' A = is-Pos v}
have total-J-pos-neg: <to-V ‘ (Jpos U Jneg) = UNIV)

proof
show <to-V ‘ (Jpos U Jneg) C UNIV» by simp
next
show «UNIV C to-V ¢ (Jpos U Jneg) »
proof
fix vi:'v

define v-p where <v-p = Pos v»
define v-n where (v-n = Neg v»
have (v-p ¢ Jpos = v-n € Jneg
unfolding v-p-def v-n-def Jpos-def Jneg-def by simp
then show v € to-V ‘ (Jpos U Jneg)»
unfolding v-p-def v-n-def by force
qed
qed
define Jstrip where <«Jstrip = Jpos U Jneg>
have interp-Jstrip: <is-interpretation Jstrip
unfolding is-interpretation-def
proof (rule balll, rule balll, rule impl, rule ccontr)
fix vl v2
assume vi-in: <vl € Jstrip) and
v2-in: w2 € Jstripy and
vi2-eq: <to-V vl = to-V v2) and
contra: <vl # v2»
have pos-neg-cases: «(v1 € Jpos A v2 € Jneg) V (vl € Jneg A v2 € Jpos)»
using vi1-in v2-in contra unfolding Jstrip-def Jpos-def Jneg-def
by (smt (23) Collect-mono-iff Collect-subset Un-def is-Neg-to-V is-Pos-to-V
v12-eq)
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then have <to-V (fmli-ext v1) # to-V (fml-ext v2)>
using empty-inter-mp-np unfolding Jneg-def Jpos-def by auto
then show «Fulse)
using fml-ext-preserves-val|OF v12-eq] by blast
qged
then obtain Jinterp where Jinterp-is: strip Jinterp = Jstrip
by (metis Rep-propositional-interpretation-cases mem-Collect-eq)
have <total Jinterp»
unfolding total-def
proof
fix v
define v-p::’v sign where v-p = Pos v
define v-n::'v sign where v-n = Neg v
have v-p € Jpos V v-n € Jneg
unfolding v-p-def v-n-def Jpos-def Jneg-def by simp
then have v-p € Jstrip V v-n € Jstrip
unfolding Jstrip-def by fast
then have <v-p €5 Jinterp V v-n €5 Jinterp>
using Jinterp-is unfolding belong-to-def by simp
then show Jv;. vy €5 Jinterp A to-V vy = v
using v-p-def v-n-def by auto
qged
then obtain Jtotal where Jtotal-is: total-strip Jtotal = Jstrip
using Jinterp-is by (metis Rep-total-interpretation-cases mem-Collect-eq)
have (enabled-set (to-AF “ N) Jtotal
unfolding enabled-set-def to-AF-def enabled-def using Jtotal-is Jstrip-def
Jneg-def
by simp
then have <fml-ext ‘ total-strip Jtotal U Pos ‘ M |=s.. Pos ‘ N»
using m-af-entails-n unfolding AF-entails-sound-def by simp
then have entails-m-n-jtot: <{C. Pos C € fml-ext ‘ total-strip Jtotal} U M
Es
N U {C. Neg C € fml-ext ‘ total-strip Jtotal}»
unfolding sound-cons.entails-neg-def by simp
have {C. Pos C € fml-ext ‘ total-strip Jtotal} T M"
unfolding Jtotal-is Jstrip-def Jpos-def Jneg-def
by (smt (verit, ccfu-threshold) UnE fml-ext-preserves-sign imageFE is-Pos.simps(1)
mem-Collect-eq subset] to-V.simps(1))
then have sub-mp: <{C. Pos C € fml-ext ‘ total-strip Jtotal} U M C M"
using m-in by simp
have ({C. Neg C € fml-ext * total-strip Jtotal} C N’
unfolding Jtotal-is Jstrip-def Jpos-def Jneg-def
proof —
have «{C. Neg C € fml-ext ‘ {v. to-V (fml-ext v) € M’ A is-Pos v}} =
o
using fml-ext-preserves-sign is-Pos.simps(1)
by (smt (verit, ccfv-SIG) empty-iff imageFE is-Pos.simps(2) mem-Collect-eq
subsetl
subset-antisym)
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moreover have {C. Neg C € fml-ext ‘ {v |v. to-V (fmi-ext v) ¢ M’ A —
is-Pos v}} C N’
using fml-ext-preserves-sign is-Pos.simps(2)
proof —
have «{C. Neg C € fmi-ext ‘ {v |v. to-V (fml-ext v) ¢ M’ A = is-Pos
v}} =
{C. Neg C € fml-ext ‘ {v |v. to-V (fml-ext v) € N' A = is-Pos v} }»
using empty-inter-mp-np union-mnp-is-univ by auto
also have ({C. Neg C € fml-ext ‘ {v |v. to-V (fmi-ext v) € N’ A —
is-Pos v}} C N"
using fml-ext-preserves-sign is-Pos.simps(2)
by (smt (verit, best) imageE mem-Collect-eq subset] to-V.simps(2))

finally show {C. Neg C € fml-ext ‘ {v |v. to-V (fml-ext v) ¢ M' N =
is-Pos v}} C N’y .
qed
ultimately show {C. Neg C € fml-ext
({v. to-V (fml-ext v) € M' A is-Pos v} U
{v |v. to-V (fml-ext v) ¢ M' A = is-Pos v})}
C N’
by blast
qged
then have sub-np: <N U {C. Neg C € fmi-ext * total-strip Jtotal} C N’
using n-in by blast
have (M’ =s N’
using sound-cons.entails-subsets|OF sub-mp sub-np entails-m-n-jtot] .
}
ultimately show M’ s N’ by blast
qed
then have supsets-entail: Y M' N'. (M'2 M AN' DN A M UN'= UNIV)
— M’ s N’
by clarsimp
then have <M s N»
using sound-cons.entails-supsets by simp
}

ultimately show «(to-AF ‘ M =sap to-AF ‘N) = (M s N)»
by (smt (verit, best))
qged

lemma strong-entails-bot-cases: <N U {AF.Pair bot A} Esap {AF.Pair bot B}
_—

(V J. fset B C total-strip J —

(fml-ext “ total-strip J U Pos * (N proj; J)) Es~ {Pos bot} V fset A C total-strip
J)
proof —

assume N U {AF.Pair bot A} Esap {AF.Pair bot B}

then have (fset B C total-strip J =

(fml-ext * total-strip J U Pos (N projy J) U Pos ‘ ({AF.Pair bot A}

proj; J))
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Es. {Pos bot}
for J
unfolding AF-entails-sound-def
by (metis (no-types, lifting) AF.sel(1) AF.sel(2) distrib-proj-singleton en-
abled-def
enabled-set-def image-Un image-empty image-insert singletonD sup-assoc)
then have <fset B C total-strip J —
((fml-ext * total-strip J) U Pos * (N proj; J)) [Es~ {Pos bot} V enabled
(AF.Pair bot A) J»
for J
by (smt (verit, ccfo-SIG) enabled-projection-def ex-in-conv image-empty
mem-Collect-eq singletonD sup-bot-right)
then show ?thesis
by (simp add: enabled-def)
qed

lemma strong-entails-bot-cases-Union:
N UM Esap {AF.Pair bot B} = (¥ z € M. F-of z = bot) =
(V J. fset B C total-strip J —
(fml-ext * total-strip J U Pos * (N proj; J)) s~ {Pos bot} V
(3 A€ A-of “ M. fset A C total-strip J))»
proof —
assume N -union-M-entails-Pair-bot-B: <N U M Esap {AF.Pair bot B}» and
& x € M. F-of x = bob»
then show ?thesis
proof (cases <M = {})
case True
then show ?thesis
using AF-entails-sound-def N -union-M-entails-Pair-bot-B enabled-def en-
abled-set-def
by auto
next
case Fulse
then show ?thesis
proof (intro alll impl)
fix J
assume B-in-J: «fset B C total-strip J»
then show «(fml-ext ‘ total-strip J U Pos ‘ (N proj; J)) Es~ {Pos bot} vV
(3 A€ A-of “ M. fset A C total-strip J)»
proof (cases <3 A € A-of * M. fset A C total-strip J»)
case True
then show ?thesis
by blast
next
case Fulse
then have <V A € A-of * M. = fset A C total-strip J>»
by blast
then have <M proj; J = {}
by (simp add: enabled-def enabled-projection-def)
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then show ?thesis
using N -union-M-entails-Pair-bot-Blunfolded AF-entails-sound-def,
rule-format]
B-in-J distrib-proj enabled-def enabled-set-def
by fastforce
qed
qed
qed
qed

lemma AF-entails-sound-right-disjunctive: <«(3 C' € A. M [Esar {C'}) = M
Esar A
proof —
assume <3 C' € A. M [=sar {C'H
then obtain C’ where <M [=ssr {C'}> and
«C'e A
by blast
then show (M |=sap A»
by (meson AF-sound-cons-rel.entails-subsets empty-subsetl insert-subset sub-

set-refl)
qged

6.1 Local saturation

To fully capture completeness for splitting, we need to use weaker notions
of saturation and fairness.

definition locally-saturated :: «('f, 'v) AF set = bool> where
<locally-saturated N' =
to-AF bot € N' vV
(3 J == v total-interpretation. J =, N A saturated (N proj; J))»

definition locally-fair :: <«('f, 'v) AF set infinite-llist = bool> where
<locally-fair N'i =
(3 i. to-AF bot € linth Ni i)
V (3 J :: 'v total-interpretation. J =, lim-inf N'i A
Inf-from (lim-inf Ni proj; J) C (U i. Redr (linth N'i i proj; J)))»

end

locale strong-statically-complete-annotated-calculus =
calculus-with-annotated-consrel bot Inf entails entails-sound Red; Redp fml asn
+ S-calculus: calculus to-AF bot SInf AF-entails SRed; SRedp
for
bot :: 'f and
Inf :: 'f inference set» and
entails :: 'f set = 'f set = bool (infix = 50) and
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entails-sound :: 'f set = 'f set = bool (infix s 50) and
Redy :: 'f set = 'f inference set and
Redp :: 'f set = 'f set and
fml :: <'v iz countable = 'fr and
asn :: 'f sign = v sign set> and
SInf :: ('f, 'v) AF inference set and
SRedy :: ('f, 'v) AF set = ('f, 'v) AF inference set and
SRedp :: ('f, 'v) AF set = ('f, 'v) AF set
+ assumes
strong-static-completeness: <locally-saturated N = N fE=ap {to-AF bot} =
to-AF bot € N

locale strong-dynamically-complete-annotated-calculus =
calculus-with-annotated-consrel bot Inf entails entails-sound Red; Redp fml asn
+ S-calculus: calculus to-AF bot SInf AF-entails SRed; SRedp
for
bot :: 'f and
Inf :: 'f inference set» and
entails :: 'f set = 'f set = bool (infix = 50) and
entails-sound :: 'f set = 'f set = bool (infix s 50) and
Redy :: 'f set = 'f inference set and
Redp :: 'f set = 'f set and
fml =2 <'v i countable = 'f) and
asn :: 'f sign = v sign set» and
SInf :: ('f, 'v) AF inference set and
SRedy :: ('f, 'v) AF set = ('f, 'v) AF inference set and
SRedp :: ('f, 'v) AF set = ('f, 'v) AF set
+ assumes
strong-dynamic-completeness: <is-derivation S-calculus.derive N'i = locally-fair
Ni=
lhd N'i Ear {to-AF bot} = Fi. to-AF bot € linth Ni i

end

7 Lifting to Non-ground Calculi

The section 3.1 to 3.3 of the report are covered by the current section. Var-
ious forms of lifting are proven correct. These allow to obtain the dynamic
refutational completeness of a non-ground calculus from the static refuta-
tional completeness of its ground counterpart.
theory Light-Lifting-to-Non-Ground-Calculi
imports

Saturation-Framework. Intersection- Calculus

Saturation-Framework. Calculus- Variations

Well-Quasi-Orders. Minimal-Elements
begin
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7.1 Standard Lifting

locale light-standard-lifting = inference-system Inf-F +
ground: calculus Bot-G Inf-G entails-G Red-1I-G Red-F-G
for

Inf-F :: {'f inference set) and
Bot-G :: /g sety and
Inf-G :: g inference set) and
entails-G :: g set = g set = bool) (infix =G 50) and
Red-I-G :: <'g set = 'g inference set) and
Red-F-G :: (/g set = 'g set>
+ fixes
Bot-F :: ('f set» and
G-F :: {'f = 'g set» and
G-I :: f inference = 'g inference set option»
assumes
Bot-F-not-empty: Bot-F # {} and
Bot-map-not-empty: «B € Bot-F — G-F B # {}» and
Bot-map: <B € Bot-F = G-F B C Bot-G» and

inf-map: < € Inf-F = G-I 1 # None = the (G-I 1) C Red-I-G (G-F (concl-of

L))
begin

abbreviation G-Fset :: /f set = g set» where
«G-Fset N =J (G-F * N)»

lemma G-subset: <N1 C N2 = G-Fset N1 C G-Fset N2) by auto

abbreviation entails-G :: ('f set = 'f set = bool) (infix =G 50) where
«N1 =G N2 = G-Fset NI =G G-Fset N2)

lemma subs-Bot-G-entails:
assumes
not-empty: «<sB # {}» and
in-bot: «<sB C Bot-G»
shows ¢sB =G N»
proof —
have <3 B. B € sB) using not-empty by auto
then obtain B where B-in: «B € sB) by auto
then have r-trans: <{B} =G N> using ground.bot-entails-all in-bot by auto
have I-trans: «<sB =G {B}» using B-in ground.subset-entailed by auto
then show ?thesis using r-trans ground.entails-trans|of sB {B}] by auto
qed

sublocale consequence-relation Bot-F entails-G
proof

show Bot-F # {} using Bot-F-not-empty .
next
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show «B€Bot-F = {B} =G N)» for B N
proof —
assume (B € Bot-F»
then show «({B} =G N»
using Bot-map ground.bot-entails-all[of - G-Fset N| subs-Bot-G-entails Bot-map-not-empty
by auto
qed
next
fix NI N2 :: ('f sets
assume
«<N2 C NI»
then show (NI =G N2) using G-subset ground.subset-entailed by auto
next
fix N1 N2
assume
Ni-entails-C: <V C € N2. NI =G {C}
show (N1 =G N2) using ground.all-formulas-entailed N1-entails-C
by (smt UN-E UN-I ground.entail-set-all-formulas singletonl)
next
fix NI N2 N3
assume
«N1 EG N2) and <N2 G N3&»
then show (NI =G N3) using ground.entails-trans by blast
qed

definition Red-I-G :: 'f set = 'f inference set where
(Red-I-G N = {v € Inf-F. (G-I + # None A the (G-I 1) C Red-I-G (G-Fset N))
V (G-I v = None A G-F (concl-of 1) C G-Fset N U Red-F-G (G-Fset N))p

definition Red-F-G :: 'f set = 'f set where
(Red-F-G N = {C.VD € G-F C. D € Red-F-G (G-Fset N)}»
end

7.2 Strong Standard Lifting

locale light-strong-standard-lifting = inference-system Inf-F +
ground: calculus Bot-G Inf-G entails-G Red-1I-G' Red-F-G
for

Inf-F :: {'f inference set) and
Bot-G :: /g sety and
Inf-G :: g inference set) and
entails-G 1 g set = g set = bool) (infix =G 50) and
Red-I-G :: <'g set = 'g inference sety and
Red-F-G :: (/g set = 'g set»
+ fixes
Bot-F :: (f sety and
G-F :: {'f = 'g set» and
G-I :: {finference = g inference set option>
assumes
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Bot-F-not-empty: Bot-F # {} and
Bot-map-not-empty: «B € Bot-F — G-F B # {}» and
Bot-map: <B € Bot-F = G-F B C Bot-G» and

strong-inf-map: <¢ € Inf-F = G-I + # None = concl-of * (the (G-I 1)) C
(G-F (concl-of 1))y and

inf-map-in-Inf: « € Inf-F = G-I 1 # None = the (G-I 1) C Inf-G)
begin

sublocale light-standard-lifting Inf-F Bot-G Inf-G (=G) Red-I-G Red-F-G Bot-F
G-F G-I
proof

show Bot-F # {} using Bot-F-not-empty .
next

fix B

assume b-in: B € Bot-F

show G-F B # {} using Bot-map-not-empty[OF b-in] .
next

fix B

assume b-in: B € Bot-F

show G-F B C Bot-G using Bot-map[OF b-in] .

next
fix ¢
assume i-in: ¢ € Inf-F and
some-g: G-I + # None
show the (G-I 1) C Red-I-G (G-F (concl-of 1))
proof
fix .G
assume ig-inl: 1G € the (G-I v)
then have ig-in2: (G € Inf-G using inf-map-in-Inf[OF i-in some-g] by blast
show (G € Red-I-G (G-F (concl-of 1))
using strong-inf-map|OF i-in some-g| ground.Red-I-of-Inf-to-N[OF ig-in2]
ig-inl by blast
qed
qed

end

7.3 Lifting with a Family of Tiebreaker Orderings

locale light-tiebreaker-lifting =
empty-ord?: light-standard-lifting Inf-F' Bot-G Inf-G entails-G Red-1-G Red-F-G
Bot-F G-F G-1
for
Bot-F :: (f sety and
Inf-F :: 'f inference sety and
Bot-G :: /g sety and
entails-G :: 'g set = 'g set = booly (infix =G 50) and
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Inf-G :: <'g inference sety and

Red-I-G :: <'g set = 'q inference sety and
Red-F-G :: <'g set = 'g set» and

G-F :: 'f = g set and

G-I :: 'f inference = 'g inference set option

+ fixes
Prec-F-g :: <'g = 'f = 'f = bool>
assumes
all-wf: minimal-element (Prec-F-g g) UNIV
begin

definition Red-F-G :: 'f set = 'f set where
(Red-F-G N ={C.VD e G-F C. D € Red-F-G (G-Fset N) V (3E € N. Prec-F-g
DECADEG-FE)}

lemma Prec-trans:
assumes
<Prec-F-g D A By and
<Prec-F-g D B C"»
shows
<Prec-F-g D A C»
using minimal-element.po assms unfolding po-on-def transp-on-def by (smt
UNIV-I all-wf)

lemma prop-nested-in-set: D e PC = C € {C.YDe PC.ADV B(CD} =
ADvV BCD
by blast

lemma Red-F-G-equiv-def:
(Red-F-G N = {C.VDi € G-F C. Di € Red-F-G (G-Fset N) V
(3F € (N — Red-F-G N). Prec-F-g Di E C A Di € G-F E)}»
proof
show <local.Red-F-G N C {C.V DieG-F C. Di € Red-F-G (G-Fset N) V
(3EeN — local.Red-F-G N. Prec-F-g Di E C A Di € G-F E)p
proof
fix C
assume C-in: «C € Red-F-G N»
have <Di € G-F C = VF€N — local.Red-F-G N. Prec-F-g Di E C — Di ¢
G-F FE = Di € Red-F-G (G-Fset N)» for Di
proof —
fix D
assume D-in: <D € G-F () and
not-sec-case: <N E € N — Red-F-G N. Prec-F-g DEC — D ¢ G-F E)
have C-in-unfolded: C € {C.V Di € G-F C. Di € Red-F-G (G-Fset N) V
(3EeN. Prec-F-¢g Di EC N Di € G-F E)}
using C-in unfolding Red-F-G-def .
have neg-not-sec-case: <— (3 EEN — Red-F-G N. Prec-F-¢g D EC AN D € G-F
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using not-sec-case by clarsimp
have unfol-C-D: <D € Red-F-G (G-Fset N) V (3E€N. Prec-F-g D E C N D
€ G-FE)
using prop-nested-in-set[of D G-F C \z. x € Red-F-G (I (G-F ‘ N))
Az y.3E € N. Prec-F-g y Ex Ay € G-F E, OF D-in C-in-unfolded] by
blast
show «D € Red-F-G (G-Fset N)»
proof (rule ccontr)
assume contrad: <D ¢ Red-F-G (G-Fset N)»
have non-empty: <3 E€N. Prec-F-g D E C N D € G-F E) using contrad
unfol-C-D by auto
define B where <B = {E € N. Prec-F-g DEC A D € G-F E}p
then have B-non-empty: «(B # {}> using non-empty by auto
interpret minimal-element Prec-F-g D UNIV using all-wf[of D] .
obtain F :: 'f where F: (F = min-elt B> by auto
then have D-in-F: <D € G-F F» unfolding B-def using non-empty
by (smt Sup-UNIV Sup-upper UNIV-I contra-subsetD empty-iff empty-subset]
mem-Collect-eq
min-elt-mem unfol-C-D)
have F-prec: «Prec-F-g D F C» using F min-elt-mem|[of B, OF - B-non-empty|
unfolding B-def by auto
have F-not-in: <F ¢ Red-F-G N)
proof
assume F-in: (F € Red-F-G N»
have unfol-F-D: <D € Red-F-G (G-Fset N) V (3 GeN. Prec-F-¢g D G F A
DeG-FG)y
using F-in D-in-F unfolding Red-F-G-def by auto
then have <3 GeN. Prec-F-g D G F N D € G-F G) using contrad D-in
unfolding Red-F-G-def by auto
then obtain G where G-in: <G € N» and G-prec: <Prec-F-g D G F»
and G-map: <D € G-F G» by auto
have (Prec-F-g D G C) using G-prec F-prec Prec-trans by blast
then have <G € B) unfolding B-def using G-in G-map by auto
then show <(Fulse» using F G-prec min-elt-minimal[of B G, OF -
B-non-empty] by auto
qed
have (F € N» using F by (metis B-def B-non-empty mem-Collect-eq
min-elt-mem top-greatest)
then have (F € N — Red-F-G N) using F-not-in by auto
then show <Fulse)
using D-in-F neg-not-sec-case F-prec by blast
qed
qed
then show <C € {C. VDieG-F C. Di € Red-F-G (G-Fset N) V (3EEN —
local.Red-F-G N. Prec-F-g Di E C AN Di € G-F E)}
by clarsimp
qed
next

show ({C.V DieG-F C. Di € Red-F-G (G-Fset N) V
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(3E€N — local.Red-F-G N. Prec-F-g Di E C A Di € G-F E)} C local.Red-F-G
N>
proof
fix C
assume (C € {C. VDieG-F C. Di € Red-F-G (G-Fset N) V (3EEN —
local.Red-F-G N. Prec-F-g Di E C N Di € G-F E)}
then have only-if: <V DeG-F C. D € Red-F-G (G-Fset N)V (3E€N — Red-F-G
N. Prec-F-g DEC AND € G-FE)
by clarsimp
then show «C € Red-F-G N»
unfolding Red-F-G-def by auto
qed
qed

lemma not-red-map-in-map-not-red: <G-Fset N — Red-F-G (G-Fset N) C G-Fset
(N — Red-F-G N)»
proof
fix D
assume
D-hyp: <D € G-Fset N — Red-F-G (G-Fset N)»
interpret minimal-element Prec-F-g D UNIV using all-wf[of D] .
have D-in: <D € G-Fset N» using D-hyp by blast
have D-not-in: <D ¢ Red-F-G (G-Fset N)» using D-hyp by blast
have exist-C: <3C. C € N AN D € G-F C) using D-in by auto
define B where <B = {C € N. D € G-F C}
obtain C where C: «C' = min-elt B> by auto
have C-in-N: «<C € N»
using exist-C by (metis B-def C empty-iff mem-Collect-eq min-elt-mem top-greatest)
have D-in-C: <D € G-F C)»
using ezist-C by (metis B-def C empty-iff mem-Collect-eq min-elt-mem top-greatest)
have C-not-in: «C ¢ Red-F-G N»
proof
assume C-in: <C € Red-F-G N»
have <D € Red-F-G (G-Fset N) V (3E€N. Prec-F-¢ D E C AN D € G-F E)»
using C-in D-in-C unfolding Red-F-G-def by auto
then show «(Fulse)
proof
assume <D € Red-F-G (G-Fset N)»
then show < Fualse) using D-not-in by simp
next
assume (3 EeN. Prec-F-g DEC AN D € G-F E)
then show «Fulse)
using C by (metis (no-types, lifting) B-def UNIV-I empty-iff mem-Collect-eq
min-elt-minimal top-greatest)
qed
qed
show «D € G-Fset (N — Red-F-G N)» using D-in-C C-not-in C-in-N by blast
qed
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lemma Red-F-Bot-F: <B € Bot-F = N =G {B} = N — Red-F-G N =G {B}p
proof —
fix BN
assume
B-in: «B € Bot-F»> and
N-entails: <N =G {B}
then have to-bot: «G-Fset N — Red-F-G (G-Fset N) EG G-F B»
using ground.Red-F-Bot Bot-map
by (smt cSup-singleton ground.entail-set-all-formulas image-insert image-is-empty
subsetCE)
have from-f: «G-Fset (N — Red-F-G N) =G G-Fset N — Red-F-G (G-Fset N)»
using ground.subset-entailed| OF not-red-map-in-map-not-red] by blast
then have «G-Fset (N — Red-F-G N) =G G-F B> using to-bot ground.entails-trans
by blast
then show (N — Red-F-G N =G {B}> using Bot-map by simp
qed

lemma Red-F-of-subset-F: <N C N' = Red-F-G N C Red-F-G N’
using ground.Red-F-of-subset unfolding Red-F-G-def
by (smt (verit, ccfv-threshold) Collect-mono G-subset subset-iff)

lemma Red-I-of-subset-F: <N C N' = Red-I-G N C Red-I-G N’
using Collect-mono G-subset subset-iff ground. Red-I-of-subset unfolding Red-I1-G-def
by (smt ground.Red-F-of-subset Un-iff)

lemma Red-F-of-Red-F-subset-F: <N’ C Red-F-G N = Red-F-G N C Red-F-G
(N — N
proof
fix NN' C
assume
N'-in-Red-F-N: «<N' C Red-F-G N» and
C-in-red-F-N: «C € Red-F-G N»
have lem8: VD € G-F C. D € Red-F-G (G-Fset N) V (3E € (N — Red-F-G
N). Prec-F-g DEC AN D € G-FE)»
using Red-F-G-equiv-def C-in-red-F-N by blast
show «C € Red-F-G (N — N')) unfolding Red-F-G-def
proof (rule,rule)
fix D
assume <D € G-F C»
then have (D € Red-F-G (G-Fset N) vV (3E € (N — Red-F-G N). Prec-F-g D
ECANDeG-FE)
using lem8 by auto
then show <D € Red-F-G (G-Fset (N — N')) V (3E€N — N'. Prec-F-g D E
C NDegG-FE)
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proof
assume <D € Red-F-G (G-Fset N)»
then have <D € Red-F-G (G-Fset N — Red-F-G (G-Fset N))»
using ground.Red-F-of-Red-F-subset[of Red-F-G (G-Fset N) G-Fset N| by
auto
then have <D € Red-F-G (G-Fset (N — Red-F-G N))»
using ground.Red-F-of-subset| OF not-red-map-in-map-not-red|of N|| by auto
then have <D € Red-F-G (G-Fset (N — N'))»
using N'-in-Red-F-N G-subset|of N — Red-F-G N N — N
by (smt Diff E DiffI ground.Red-F-of-subset subsetCE subsetl)
then show ?thesis by blast
next
assume (3 E€N — Red-F-G N. Prec-F-g D EC N D € G-F E»
then obtain E where
E-in: <EeN — Red-F-G N> and
E-prec-C: <Prec-F-g D E C» and
D-in: <D € G-F E)»
by auto
have <F € N — N’ using F-in N’-in-Red-F-N by blast
then show ?thesis using FE-prec-C D-in by blast
qed
qed
qed

lemma Red-I-of-Red-F-subset-F: <N’ C Red-F-G N = Red-I-G N C Red-I-G (N
— N')»
proof
fix NN’
assume
N'-in-Red-F-N: «<N' C Red-F-G N» and
i-in-Red-I-N: < € Red-1-G N>
have i-in: « € Inf-F» using i-in-Red-I-N unfolding Red-1-G-def by blast
{
assume not-none: G-I + # None
have V.’ € the (G-I t). " € Red-I-G (G-Fset N)»
using not-none i-in-Red-I-N unfolding Red-I-G-def by auto
then have V.’ € the (G-I 1). " € Red-I-G (G-Fset N — Red-F-G (G-Fset N))»
using not-none ground.Red-I-of-Red-F-subset by blast
then have ip-in-Red-I-G: V" € the (G-I i). «' € Red-I-G (G-Fset (N —
Red-F-G N))»
using not-none ground.Red-I-of-subset| OF not-red-map-in-map-not-red|[of NJ|
by auto
then have not-none-in: Vi’ € the (G-I ¢). " € Red-I-G (G-Fset (N — N'))»
using not-none N'-in-Red-F-N
by (meson Diff-mono ground.Red-I-of-subset G-subset subset-iff subset-refl)
then have the (G-I 1) C Red-I-G (G-Fset (N — N)) by blast

}

moreover {
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assume none: G-I . = None
have ground-concl-subs: G-F (concl-of v) C (G-Fset N U Red-F-G (G-Fset N))
using none i-in-Red-I-N unfolding Red-I-G-def by blast
then have d-in-imp12: D € G-F (concl-of 1) = D € G-Fset N — Red-F-G
(G-Fset N) V D € Red-F-G (G-Fset N)
by blast
have d-in-imp1: D € G-Fset N — Red-F-G (G-Fset N) = D € G-Fset (N —
N)
using not-red-map-in-map-not-red N'-in-Red-F-N by blast
have d-in-imp-d-in: D € Red-F-G (G-Fset N) = D € Red-F-G (G-Fset N —
Red-F-G (G-Fset N))
using ground.Red-F-of-Red-F-subset[of Red-F-G (G-Fset N) G-Fset N| by
blast
have g-subsl: G-Fset N — Red-F-G (G-Fset N) C G-Fset (N — Red-F-G N)
using not-red-map-in-map-not-red unfolding Red-F-G-def by auto
have g-subs2: G-Fset (N — Red-F-G N) C G-Fset (N — N')
using N'-in-Red-F-N by blast
have d-in-imp2: D € Red-F-G (G-Fset N) = D € Red-F-G (G-Fset (N —
NY)
using ground.Red-F-of-subset ground.Red-F-of-subset| OF g-subs1|
ground.Red-F-of-subset| OF g-subs2] d-in-imp-d-in by blast
have G-F (concl-of 1) C (G-Fset (N — N') U Red-F-G (G-Fset (N — N')))
using d-in-imp12 d-in-imp1 d-in-imp2
by (smt ground.Red-F-of-Red-F-subset ground.Red-F-of-subset UnCI UnE
Un-Diff-cancel2
ground-concl-subs g-subsl g-subs2 subset-iff)
}

ultimately show <« € Red-I-G (N — N’)» using i-in unfolding Red-I-G-def by
auto
qed

lemma Red-I-of-Inf-to-N-F":
assumes
i-in: <« € Inf-F> and
concl-i-in: <concl-of v € N»
shows
<t € Red-I-G N »
proof —
have « € Inf-F — G-I + # None = the (G-I ) C Red-I-G (G-F (concl-of
t))» using inf-map by simp
moreover have «Red-I-G (G-F (concl-of 1)) C Red-I-G (G-Fset N)»
using concl-i-in ground.Red-I-of-subset by blast
moreover have € Inf-F = G-I « = None = concl-of 1+ € N = G-F
(concl-of 1) C G-Fset N
by blast
ultimately show ¢thesis using i-in concl-i-in unfolding Red-1-G-def by auto
qed
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sublocale calculus Bot-F Inf-F entails-G Red-1-G Red-F-G
proof

fix BNN',

show (Red-I-G N C Inf-F) unfolding Red-I-G-def by blast

show (B € Bot-F = N =G {B} = N — Red-F-G N EG {B}» using
Red-F-Bot-F by simp

show (N C N/ = Red-F-G N C Red-F-G N'> using Red-F-of-subset-F by simp

show <N C N' = Red-I-G N C Red-I-G N'5 using Red-I-of-subset-F by simp

show (N’ C Red-F-G N = Red-F-G N C Red-F-G (N — N')) using Red-F-of-Red-F-subset-F
by simp

show (N’ C Red-F-G N = Red-I-G N C Red-1-G (N — N')) using Red-I-of-Red-F-subset-F
by simp

show « € Inf-F = concl-of 1 € N => 1 € Red-I-G N» using Red-I-of-Inf-to-N-F
by simp
qed

end

lemma wf-empty-rel: minimal-element (A- -. False) UNIV
by (simp add: minimal-element.intro po-on-def transp-onl wfp-on-imp-irreflp-on)

lemma light-standard-empty-tiebreaker-equiv: light-standard-lifting Inf-F Bot-G Inf-G
entails-G Red-I-G
Red-F-G Bot-F G-F G-I = light-tiebreaker-lifting Bot-F Inf-F Bot-G entails-G
Inf-G Red-1-G
Red-F-G G-F G-I (Ag C C". False)
proof —
have light-tiebreaker-lifting-azioms (Ag C C’. False)
unfolding light-tiebreaker-lifting-axioms-def using wf-empty-rel by simp
then show ?thesis
unfolding light-standard-lifting-def light-tiebreaker-lifting-def by blast
qed

context light-standard-lifting
begin

interpretation empt-ord: light-tiebreaker-lifting Bot-F Inf-F Bot-G entails-G
Inf-G Red-1-G

Red-F-G G-F G-I \g C C'. False

using light-standard-empty-tiebreaker-equiv using light-standard-lifting-azioms
by blast

lemma red-f-equiv: empt-ord.Red-F-G = Red-F-G
unfolding Red-F-G-def empt-ord.Red-F-G-def by simp

sublocale calc?: calculus Bot-F Inf-F entails-G Red-1-G Red-F-G
using empt-ord. calculus-axioms red-f-equiv by fastforce

106



lemma grounded-inf-in-ground-inf: « € Inf-F = G-I « # None = the (G-I 1)
C Inf-G
using inf-map ground.Red-I-to-Inf by blast

abbreviation ground-Inf-overapprozimated :: 'f set = bool where
ground-Inf-overapprozimated N = ground.Inf-from (G-Fset N)
C {v. '€ Inf-from N. G-I " # None A v € the (G-I v)} U Red-I-G (G-Fset
N)

lemma sat-inf-imp-ground-red:
assumes
saturated N and
t" € Inf-from N and
G-1 1 # None A 1 € the (G-I ')
shows ¢ € Red-I-G (G-Fset N)
using assms Red-I-G-def unfolding saturated-def by auto

lemma sat-imp-ground-sat:
saturated N => ground-Inf-overapproximated N = ground.saturated (G-Fset
N)
unfolding ground.saturated-def using sat-inf-imp-ground-red by auto

end

context light-tiebreaker-lifting
begin

lemma saturated-empty-order-equiv-saturated:
saturated N = calc.saturated N
by (rule refl)

lemma static-empty-order-equiv-static:
statically-complete-calculus Bot-F Inf-F entails-G Red-1-G Red-F-G =
statically-complete-calculus Bot-F Inf-F entails-G Red-I-G empty-ord. Red-F-G
unfolding statically-complete-calculus-def
by (rule iffI) (standard,(standard)[],simp)+

theorem static-to-dynamic:
statically-complete-calculus Bot-F Inf-F entails-G Red-1-G empty-ord. Red-F-G =
dynamically-complete-calculus Bot-F Inf-F entails-G Red-1-G Red-F-G
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using dyn-equiv-stat static-empty-order-equiv-static
by blast

end

7.4 Lifting with a Family of Redundancy Criteria

locale light-lifting-intersection = inference-system Inf-F +
ground: inference-system-family @ Inf-G-q +
ground: consequence-relation-family Bot-G @ entails-q
for
Inf-F :: 'f inference set and
Bot-G :: 'g set and
Q :: 'q set and
Inf-G-q :: </¢ = 'g inference set) and
entails-q :: 'q = 'g set = 'g set = bool and
Red-I-q :: 'q = g set = 'g inference set and
Red-F-q :: 'q = 'g set = 'g set
+ fixes
Bot-F :: 'f set and
G-F-q:: 'qg = 'f = 'g set and
G-I-q :: "¢ = 'finference = 'g inference set option and
Prec-F-g :: 'g = 'f = 'f = bool
assumes
light-standard-lifting-family:
Vg € Q. light-tiebreaker-lifting Bot-F Inf-F' Bot-G (entails-q q) (Inf-G-q q)
(Red-I-q q)
(Red-F-q q) (G-F-q q) (G-I-q q) Prec-F-g
begin

abbreviation G-Fset-q :: 'q = 'f set = 'g set where
G-Fset-qq N =] (G-F-gq ‘N)

definition Red-I-G-q :: 'q = 'f set = 'f inference set where
Red-1-G-g ¢ N = {v € Inf-F. (G-I-q ¢ . # None A the (G-I-q q t) C Red-I-q q
(G-Fsetq 4 V)
V (G-I-q ¢ © = None N G-F-q q (concl-of ) C (G-Fset-¢ ¢ N U Red-F-q q
(G-Fset-q g N)))}

definition Red-F-G-empty-q :: 'q¢ = 'f set = 'f set where
Red-F-G-empty-g ¢q N = {C.VD € G-F-q q C. D € Red-F-q q (G-Fset-q ¢ N)}

definition Red-F-G-q :: 'q = 'f set = 'f set where

Red-F-G-q q N =

{C.VYD € G-F-qq C. D € Red-F-q q (G-Fset-q ¢ N) V (3E € N. Prec-F-g D
ECANDEeG-F-qqFE)}

abbreviation entails-G-q :: '¢ = 'f set = 'f set = bool where
entails-G-q ¢ N1 N2 = entails-q q (G-Fset-q ¢ N1) (G-Fset-¢ ¢ N2)
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lemma red-crit-lifting-family:
assumes ¢-in: ¢ € @
shows calculus Bot-F Inf-F (entails-G-q q) (Red-1-G-q q) (Red-F-G-q q)
proof —
interpret wf-lift:
light-tiebreaker-lifting Bot-F Inf-F Bot-G entails-q q Inf-G-q q Red-1-q q
Red-F-q q G-F-q ¢ G-1-q q Prec-F-g
using light-standard-lifting-family q-in by metis
have Red-1-G-q q = wf-lift. Red-1-G
unfolding Red-1-G-q-def wf-lift. Red-1-G-def by blast
moreover have Red-F-G-q q = wf-lift. Red-F-G
unfolding Red-F-G-q-def wf-lift. Red-F-G-def by blast
ultimately show ?thesis
using wf-lift.calculus-axioms by simp
qed

lemma red-crit-lifting-family-empty-ord:
assumes ¢-in: ¢ € @
shows calculus Bot-F Inf-F (entails-G-q q) (Red-1-G-q q) (Red-F-G-empty-q q)
proof —
interpret wf-lift:
light-tiebreaker-lifting Bot-F Inf-F Bot-G entails-q q Inf-G-q q Red-1-q q
Red-F-q q G-F-q ¢ G-1-q q Prec-F-g
using light-standard-lifting-family q-in by metis
have Red-1-G-q q = wf-lift. Red-1-G
unfolding Red-1-G-q-def wf-lift. Red-1-G-def by blast
moreover have Red-F-G-empty-q q = wf-lift.empty-ord. Red-F-G
unfolding Red-F-G-empty-q-def wf-lift.empty-ord. Red-F-G-def by blast
ultimately show ?thesis
using wf-lift.calc. calculus-axioms by simp
qed

sublocale consequence-relation-family Bot-F @ entails-G-q
proof (unfold-locales; (intro balll)?)
show Q # {}
by (rule ground.Q-nonempty)
next
fix qi
assume qi-in: qi € @

interpret lift: light-tiebreaker-lifting Bot-F Inf-F Bot-G entails-q qi Inf-G-q qi
Red-1-q qi Red-F-q qi G-F-q qi G-1-q qi Prec-F-g
using qi-in by (metis light-standard-lifting-family)

show consequence-relation Bot-F (entails-G-q qi)

by unfold-locales
qed
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sublocale intersection-calculus Bot-F Inf-F @Q entails-G-q Red-1-G-q Red-F-G-q
by unfold-locales (auto simp: Q-nonempty red-crit-lifting-family)

abbreviation entails-G :: 'f set = 'f set = bool (infix E=NG 50) where
(ENG) = entails

abbreviation Red-I-G :: 'f set = 'f inference set where
Red-I-G = Red-1

abbreviation Red-F-G :: 'f set = 'f set where
Red-F-G = Red-F

lemmas entails-G-def = entails-def
lemmas Red-I-G-def = Red-I-def
lemmas Red-F-G-def = Red-F-def

sublocale empty-ord: intersection-calculus Bot-F Inf-F @ entails-G-q Red-1-G-q
Red-F-G-empty-q
by unfold-locales (auto simp: Q-nonempty red-crit-lifting-family-empty-ord)

abbreviation Red-F-G-empty :: 'f set = 'f set where
Red-F-G-empty = empty-ord. Red-F

lemmas Red-F-G-empty-def = empty-ord. Red-F-def

lemma sat-inf-imp-ground-red-fam-inter:
assumes
sat-n: saturated N and
i’-in: " € Inf-from N and
g-in: ¢ € @ and
grounding: G-I-q q 1" # None A ¢ € the (G-I-q g ")
shows ¢ € Red-1-q q (G-Fset-q ¢ N)
proof —
have " € Red-I-G-q ¢ N
using sat-n i’-in g-in all-red-crit calculus.saturated-def sat-int-to-sat-q
by blast
then have the (G-I-q ¢ ") C Red-I-q q (G-Fset-q ¢ N)
by (simp add: Red-I-G-q-def grounding)
then show ?thesis
using grounding by blast
qed

abbreviation ground-Inf-overapprozimated :: 'q¢ = 'f set = bool where
ground-Inf-overapproximated q N =
ground.Inf-from-q q (G-Fset-q ¢ N)
C {v. '€ Inf-from N. G-I-q q " # None A v € the (G-I-q ¢ .))} U Red-I-q q
(G-Fset-q g N)

abbreviation ground-saturated :: '¢ = 'f set = bool where
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ground-saturated ¢ N = ground.Inf-from-q q (G-Fset-q ¢ N) C Red-I-q q (G-Fset-q
q N)

lemma sat-imp-ground-sat-fam-inter:

saturated N = q € Q = ground-Inf-overapproximated ¢ N => ground-saturated
q N

using sat-inf-imp-ground-red-fam-inter by auto

lemma sat-eq-sat-empty-order: saturated N = empty-ord.saturated N
by (rule refl)

lemma static-empty-ord-inter-equiv-static-inter:
statically-complete-calculus Bot-F Inf-F entails Red-I Red-F =
statically-complete-calculus Bot-F Inf-F entails Red-1 Red-F-G-empty
unfolding statically-complete-calculus-def
by (simp add: empty-ord.calculus-axioms calculus-axioms)

theorem stat-eq-dyn-ref-comp-fam-inter: statically-complete-calculus Bot-F Inf-F
entails Red-I Red-F-G-empty =
dynamically-complete-calculus Bot-F Inf-F entails Red-I Red-F
using dyn-equiv-stat static-empty-ord-inter-equiv-static-inter
by blast

end

end
theory List-Extra

imports Main HOL— Library. Quotient-List
begin

This theory contains some extra lemmas that were useful in proving some
lemmas in Modular_Splitting_Calculus.thy and Lightweight_Avatar.thy.
lemma map2-first-is-first [simpl: <length x = length y = map2 Az y. x) zy =

x>
by (metis fst-def map-eg-conv map-fst-zip)

lemma map2-second-is-second [simp]: «length A = length B = map2 (A z y. y)
AB=5B
by (metis map-eq-conv map-snd-zip snd-def)

lemma list-all-exists-is-exists-list-all2:

assumes <list-all (A z. 3 y. Pz y) zs
shows 3 ys. list-all2 P xs ys»
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using assms
by (induct zs, auto)

lemma ball-set-f-to-ball-set-map: «(V = € set A. P (fz)) «— (Vv = € set (map f
A). P x)
by simp

lemma list-all-ex-to-ex-list-all2:

list-all (A z. 3 y. Pz y) A +— (3 ys. length A = length ys A list-all2 (\ z y.
Pxy) A ys)

by (metis list-all2-conv-all-nth list-all-exists-is-exists-list-all2 list-all-length)

lemma list-all2-to-map:
assumes lengths-eq: <length A = length B>
shows <list-all2 (A z y. P (fzy)) A B +— list-all P (map2 f A B))
proof —
have <list-all2 (A zy. P (fz y)) A B <— list-all (A (2, y). P (fz y)) (zip A B)»
by (simp add: lengths-eq list-all2-iff list-all-iff)
also have «... +— list-all (A z. P z) (map2 f A B)»
by (simp add: case-prod-beta list-all-iff)
finally show ?thesis .
qged

end

theory Modular-Splitting-Calculus
imports
Calculi-And-Annotations
Light-Lifting-to- Non-Ground- Calculi
List-FExtra
FSet-FExtra
begin

8 Core splitting calculus

In this section, we formalize an abstract version of a splitting calculus. We
start by considering only two basic rules:

e BASE performs an inference from our inference system;

e UNSAT replaces a set of prosopositionally unsatisfiable formulas with
1.

locale annotated-calculus = calculus-with-annotated-consrel bot FInf entails en-
tails-sound FRedy

FRedp fml asn

for bot :: 'f and
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FInf :: {'f inference set> and
entails :: <[ 'f set, 'f set | = bool) (infix <= 50) and
entails-sound :: <[ 'f set, 'f set | = bool> (infix <=s» 50) and
FRed; :: ('f set = 'f inference set) and
FRedp :: 'f set = 'f set» and
fml 2 <v 2 countable = 'fr and
asn :: 'f sign = v sign set»
+ assumes

entails-nontrivial: <= {} E {}> and
reducedness: «Inf-between UNIV (FRedrp N) C FRed; N» and
complete: <bot ¢ FRedrp N) and

all-red-to-bot: «C # bot = C € FRedp {bot}
begin

notation sound-cons.entails-neg (infix <=s> 50)

8.1 The inference rules

Every inference rule X is defined using two functions: X_pre and X__inf.
X _inf is the inference rule itself, while X _pre are side-conditions for the
rule to be applicable.

abbreviation base-pre :: <('f, 'v) AF list = 'f = bool> where
<base-pre N' D = Infer (map F-of N') D € FInf»

abbreviation base-inf :: <('f, 'v) AF list = 'f = ('f, 'v) AF inference> where
<base-inf N D = Infer N (Pair D (ffUnion (fset-of-list (map A-of N))))»

abbreviation unsat-pre :: «('f, 'v) AF list = bool> where
cunsat-pre N = (V¥ x € set N. F-of x = bot) A propositionally-unsatisfiable (set
N)»

abbreviation unsat-inf :: «('f, 'v) AF list = ('f, 'v) AF inference> where
cunsat-inf N = Infer N (to-AF bot)»

We consider first only the inference rules BASE and UNSAT. The optional
inference and simplification rules are handled separately in the locales split-
ting-calculus-extensions and splitting-calculus-with-simps respectively.

inductive-set SInf :: «('f, 'v) AF inference set» where
base: <base-pre N' D = base-inf N' D € SInf»
| unsat: <unsat-pre N' => unsat-inf N' € SInf»

The predicates in Splitting-rules form a valid inference system.

interpretation SInf-inf-system: inference-system SInf .
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lemma not-empty-entails-bot: <—{} | {bot}
using entails-bot-to-entails-empty entails-nontrivial
by blast

The proof for Lemma 13 is split into two parts, for each inclusion in the
set equality.

lemma SInf-commutes-Inf1:
<bot ¢ N proj; J = (inference-system.Inf-from Sinf N) vproj; J C Inf-from
(N projs J)
proof (intro subsetl)
fix LS
assume bot-not-in-proj: <bot ¢ N proj; J» and
ts-is-inf: «g € (inference-system.Inf-from SInf N) tproj; J»

have no-enabled-prop-clause-in-N: <V C € N. enabled C J — F-of C # bot»
using bot-not-in-proj
unfolding enabled-projection-def
by blast

obtain (r where 1g-is: «tLg = tF-of tp> and
Lp-is-inf: «Lp € inference-system.Inf-from SInf N> and
Lp-is-enabled: <enabled-inf vp J»
using tg-is-inf enabled-projection-Inf-def
by auto
then have tp-in-S: <«up € SInf>
by (simp add: inference-system.Inf-from-def)
moreover have prems-of-up-subset-N: <set (prems-of tp) C N>
using (p-is-inf
by (simp add: inference-system.Inf-from-def)
moreover have «F-of 1p € FInf)
unfolding ¢ F-of-def
using tp-in-S
proof (cases tp rule: SInf.cases)
case (base N' D)
then show <base-pre (prems-of vr) (F-of (concl-of tp))»
by auto
next
case (unsat N)
moreover have <enabled-inf tp J>
using tp-is-enabled
by fastforce
then have vV C € set N. F-of C # bot»
by (metis enabled-inf-def inference.sel(1) local.unsat(1) no-enabled-prop-clause-in-N
prems-of-tp-subset-N subset-eq)
then have «Fulse)
using not-empty-entails-bot unsat(2) enabled-projection-def prop-proj-in
propositional-model-def propositionally-unsatisfiable-def by auto
ultimately show <base-pre (prems-of tp) (F-of (concl-of tr))»
by blast
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qed
moreover have «set (prems-of (LF-of tp)) C N proj; J»
using ¢ p-is-enabled prems-of-tp-subset-N
by (auto simp add: enabled-inf-def enabled-projection-def (F-of-def)
ultimately have «F-of tp € Inf-from (N proj; J)
by (simp add: Inf-from-def)
then show «g € Inf-from (N proj; J)»
by (simp add: vg-is)
qed

lemma SInf-commutes-Inf2:
<bot ¢ N proj; J = Inf-from (N proj; J) C (inference-system.Inf-from SInf
N) wprojy J»
proof (intro subsetl)
fix LEp
assume bot-not-in-proj: <bot ¢ N proj; J» and
tp-in-inf: «p € Inf-from (N projy J)»

have tp-is-Inf: «p € FInf»
using Inf-if-Inf-from vp-in-inf
by blast
have «set (prems-of tp) C N proj; J»
using Inf-from-def p-in-inf
by blast
then have Vv C € set (prems-of tp). 3 A. Pair C A € N' A enabled (Pair C A)
I
by (smt (verit, ccfv-SIG) AF.collapse enabled-projection-def mem-Collect-eq
subsetD)
then have <list-all (A C. 3 A. Pair C A € N' A\ enabled (Pair C A) J) (prems-of
LF>>
using Ball-set
by blast
then obtain As where
length- As-is-length-prems-tg: <length (prems-of vp) = length Asy and
As-def: v (C, A) € set (zip (prems-of vp) As). Pair C A € N A enabled
(Pair C A) J»
by (smt (verit, del-insts) Ball-set-list-all list-all2-iff list-all-exists-is-exists-list-all2)
define 15 where
s = Infer [ Pair C A. (C, A) < zip (prems-of tp) As ]
(Pair (concl-of tr) (ffUnion (fset-of-list As)))»
have (p-is-Inf2: <Infer (map F-of [ Pair C A. (C, A) < zip (prems-of tr) As])
(concl-of vp) € FInf»
using length-As-is-length-prems-tp
by (auto simp add: ¢p-is-Inf)
then have 1g-is-SInf: «g € SInf»
using SInf.base|OF vp-is-Inf2] length-As-is-length-prems-tp
unfolding (g-def
by auto
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moreover have <set (prems-of ts) C N>
unfolding tg-def
using As-def
by auto
then have «g € inference-system.Inf-from SInf N>
using inference-system.Inf-from-def vg-is-SInf
by blast
moreover have «F-of 1s = 1>
unfolding tg-def (F-of-def
by (simp add: length-As-is-length-prems-tp)
moreover have (enabled-inf 1g J>
unfolding enabled-inf-def 1g-def
using As-def
by auto
ultimately have (3 /. 1p = 1F-of ' A ' € inference-system.Inf-from SInf N
A enabled-inf ' J»
by blast
then show «p € (inference-system.Inf-from SInf N') wproj; J»
unfolding enabled-projection-Inf-def
by simp
qed

We use bot ¢ 9N proj; ?2J = SInf-inf-system.Inf-from ¢N wprojy 2J
C Inf-from (2N projy 2J) and bot ¢ 9N proj; ?J = Inf-from (N proj;
2J) C SInf-inf-system.Inf-from 2N tproj; ?J to put the Lemma 13 together
into a single proof.

lemma SInf-commutes-Inf:

<ot ¢ N proj; J = (inference-system.Inf-from SInf N) vproj; J = Inf-from
(N projy J)

using SInf-commutes-Infl SInf-commutes-Inf2

by blast

theorem SInf-sound-wrt-entails-sound: g € SInf = set (prems-of ts) =sar
{concl-of s}
proof —
assume g € SInf)
then show <set (prems-of tg) Esar {concl-of ts}
proof (cases s rule: SInf.cases)
case (base N' D)
assume <base-pre N' D>
then have inf-is-sound: <set (map F-of N') s {D}
using sound
by fastforce
then show ?thesis
unfolding AF-entails-sound-def sound-cons.entails-neg-def
proof (intro alll impl)
fix J
assume <enabled-set {concl-of s} J»
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then have Pair-D-A-of-N-is-enabled: <enabled-set {concl-of vs} J»
using base
by simp
then have <F-of ‘ {concl-of 15} = {D}
using base
by simp
moreover have (fset (ffUnion (fset-of-list (map A-of N))) C total-strip J>
using Pair-D-A-of-N -is-enabled
unfolding enabled-set-def enabled-def
by (simp add: local.base(1))
then have «fBall (fset-of-list (map A-of N)) (X As. fset As C total-strip J)»
using fset-ffUnion-subset-iff-all-fsets-subset
by fast
then have <V As € set (map A-of N). fset As C total-strip J»
by (meson fset-of-list-elem)
then have <V C € set N. enabled C J>
unfolding enabled-def
by simp
then have <set N proj; J = F-of ‘ set N
unfolding enabled-projection-def
by auto
moreover have <{C. Pos C € fml-ext * total-strip J U Pos * F-of ‘ set N'}
Es {D}
using inf-is-sound
by (smt (verit, ccfv-threshold) UnCI imagel list.set-map mem-Collect-eq
sound-cons.entails-subsets subsetl)
moreover have «({C. Neg C € Pos ‘ F-of ‘ {concl-of 1s}} = {}»
by fast
ultimately show «{C. Pos C € fml-ext ‘ total-strip J U Pos ‘ (set (prems-of
Ls) projy; J)} U
{C. Neg C € Pos ‘ F-of ‘{concl-of 1s5}} Es
{C. Pos C € Pos ‘ F-of ‘{concl-of 1g}} U
{C. Neg C € fml-ext  total-strip J U Pos  (set (prems-of tg)
projy 1)
using base
by (smt (verit, del-insts) UnCI imagel inference.sel(1) inference.sel(2)
mem-Collect-eq
sound-cons.entails-subsets subsetl)
qed
next
case (unsat N)
assume pre-cond: <unsat-pre N
then have heads-of-N -are-bot: <V z € set N. F-of x = bot» and
N -is-prop-unsat: <propositionally-unsatisfiable (set N')»
by blast+
then have «proj, (set N) = set N>
using heads-of-N -are-bot propositional-projection-def
by blast
then have <V J. bot € (set N) proj; J»
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using N -is-prop-unsat propositional-model-def propositionally-unsatisfiable-def
by force

then show ?thesis
unfolding AF-entails-sound-def sound-cons.entails-neg-def
using unsat
by auto
(smt (verit) Un-insert-right insertll insert-absorb sound-cons.bot-entails-empty

sound-cons.entails-subsets subsetl sup-bot-right)
qed
qed

The lifted calculus provides a consequence relation and a sound inference
system.

interpretation AF-sound-cons-rel: consequence-relation <to-AF bot) «(FEsar)
by (rule AF-ext-sound-cons-rel)

interpretation SInf-sound-inf-system: sound-inference-system SInf <to-AF bot>

(Esar)

by (standard, auto simp add: SInf-sound-wrt-entails-sound)

8.2 The redundancy criterion

definition SRedp :: <('f, 'v) AF set = ('f, 'v) AF set» where
«SRedp N = { AF.Pair CA| C ANV J. total-strip J 2 fset A — C € FRedp
(N proj; J) }
U{AF.Pair CA| CA. 3 CeN.Fof C=CAA-of C|C| A}

definition SRed; :: <('f, 'v) AF set = ('f, 'v) AF inference set) where
«SRed; N = { base-inf M C | M C. base-pre M C N
(V J. { base-inf M C } vproj; J C FRed; (N proj; J)) }
U { unsat-inf M | M. unsat-pre M A to-AF bot € N' b

lemma sredI-N -proj-J-subset-redI-proj-J: <to-AF bot ¢ N = (SRed; N') tproj;
J C FRed; (N projy J)
proof —
assume <to-AF bot ¢ N>
then have SRed;-N -is:
(SRed; N' = { base-inf M C | M C. base-pre M C A
(V J. {base-inf M C} wproj; J C FRedr (N proj; J)) b
using SRed;-def
by auto
then show «(SRed; N) vproj; J C FRed; (N proj; J)»
proof (cases <«(SRed; N') wtproj; J = {}»)
case True
then show ?thesis
by fast
next
case Fulse
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then obtain 1 where «g € SRed; N
using enabled-projection-Inf-def
by fastforce

then have {ts} tproj; J C FRed; (N proj; J)
using SRed;-N -is
by auto

then show ?thesis
using SRed;-N -is enabled-projection-Inf-def
by force

qged
qged

lemma bot-not-in-sredF-N: <to-AF bot ¢ SRedp N>
proof —
have (to-AF bot ¢ { AF.Pair C A| C A. ¥ J. total-strip J D fset A — C €
FRedp (N proj; J) b
by (simp add: complete to-AF-def)
moreover have <to-AF bot ¢ { AF.Pair CA| CA.3CeN. F-of C=CA
A-of C|C| A D
by (simp add: to-AF-def)
moreover have <to-AF bot ¢ { AF.Pair CA| CA. Y J. = fset A C total-strip
J b
by (simp add: to-AF-def)
ultimately show ?thesis
using SRed p-def
by auto
qed

We need to set things up for the proof of lemma 18. We first restrict
SRed; to BASE inferences (under the name ARed;) and show that it is a
redundancy criterion. And then we consider the case of UNSAT inferences
separately.

definition ARedp :: <('f, 'v) AF set = ('f, 'v) AF set> where
(ARedr N' = SRedr N>

definition ARed; :: <('f, 'v) AF set = ('f, 'v) AF inference set> where
(ARed; N = { base-inf M C | M C. base-pre M C A
(Vv J. { base-inf M C } vproj; J C FRed; (N proj; J)) b

definition AlInf :: «('f, 'v) AF inference set) where
<AInf = { base-inf N D | N D. base-pre N' D }»

definition G :: (‘v total-interpretation = ('f, 'v) AF = 'f set» where
«Grp J C ={C} proj; I

definition G :: 'v total-interpretation = ('f, 'v) AF inference = 'f inference set»

where

«Gr T v = {1t} eproj; J»
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We define a wellfounded ordering on A-formulas to strengthen ARed;.
Basically, A+~ C 3 A+ C'ifC c C".

definition tiebreaker-order :: <('f, v :: countable) AF rel> where
<tiebreaker-order = { (C, C’). F-of C = F-of C' N A-of C |C| A-of C' }»

abbreviation sgsupset-is-tiebreaker-order (infix <> 50) where
«C 3C'= (C, C') € tiebreaker-order»

lemma tiebreaker-order-is-strict-partial-order: <po-on (2J) UNIV»
unfolding po-on-def irreflp-on-def transp-on-def tiebreaker-order-def
by auto

lemma wfp-on-fsubset: <wfp-on (|C|) UNIV»
using wf-fsubset
by auto

lemma wfp-on-tiebreaker-order: <wfp-on () (UNIV :: ('f, 'v) AF set))
unfolding wfp-on-def
proof (intro notl)
assume <3 f.V i. fi € UNIV A f (Suci) 3 fo
then obtain f where f-is: <V 4. fi € UNIV A f (Suc i) 3 f D
by auto
define f' where <f' = () i. A-of (fi))

have <V i. f' i € UNIV A f' (Suc i) |C| f i
using f-is
unfolding f'-def tiebreaker-order-def
by auto

then show «Fulse)
using wfp-on-fsubset
unfolding wfp-on-def
by blast

qed

We can lift inferences from FRed; to ARed;.

interpretation lift-from-FRed-to-ARed: light-tiebreaker-lifting <{to-AF bot}» Alnf
bot}r <(E=N)
FInf FRed; FRedp «Gp J» <Some o Gr J» <A-. (D)
proof (standard)
fix N
show (FRed; N C FInf»
using Red-I-to-Inf
by presburger
next
fix BN
assume B € {bot}) and
«N E=n {B}
then show <N — FRedrp N =N {B}»
using Red-F-Bot consequence-relation.entails-conjunctive-def consequence-relation-axioms
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by fastforce
next
fix NN’ :: f set>
assume (N C N’
then show (FRedr N C FRedr N
using Red-F-of-subset
by presburger
next
fix N N’ :: f set»
assume (N C N’
then show «FRed; N C FRed; N
using Red-I-of-subset
by presburger
next
fix NN’
assume (N’ C FRedr N>
then show (FRedp N C FRedp (N — N')»
using Red-F-of-Red-F-subset
by presburger
next
fix NN’
assume (N’ C FRedr N>
then show (FRed; N C FRed; (N — N')»
using Red-I-of-Red-F-subset
by presburger
next
fix t N
assume <« € FInf> and
<concl-of L € N»
then show « € FRed; N»
using Red-I-of-Inf-to-N
by blast
next
show «{to-AF bot} # {}
by fast
next
fix B :: «('f, 'v) AF»
assume <B € {to-AF bot}
then show Grp J B # {}
by (simp add: Gp-def enabled-def enabled-projection-def to-AF-def)
next
fix B :: «('f, 'v) AF»
assume B € {to-AF bot}
then show Gr J B C {bot}
using G r-def enabled-projection-def
by (auto simp add: F-of-to-AF)
next
fix LA
assume (4-is-ainf: <«ta € Alnf) and
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«(Some o Gr J) ta # None
have «G; J ta C FRed; (Gr J (concl-of ta))»
proof (intro subsetl)
fix z
assume z-in-Gr-of-ta: <x € Gy J 14>
then obtain N’ D where 14-is: <ty = base-inf N D> and
infer-N-D-is-inf: <base-pre N' D»
using Alnf-def 14-is-ainf
by auto
moreover have 14-is-enabled: <enabled-inf 14 J» and
x-is: «x = tF-of 1>
using Gj-def enabled-projection-Inf-def z-in-Gr-of-t 4
by auto
then have (prems-of 14 = N
using ¢ 4-is
by auto
then have «fBall (fset-of-list (map A-of N)) (X As. fset As C total-strip J)»
using ¢ 4-is 14 -is-enabled
unfolding enabled-inf-def enabled-def
by (simp add: fBall-fset-of-list-iff- Ball-set)
then have «fset (ffUnion (A-of |1 fset-of-list N')) C total-strip J»
by (simp add: fset-ffUnion-subset-iff-all-fsets-subset)
then have <enabled (AF.Pair D (ffUnion (A-of | fset-of-list N'))) J»
unfolding enabled-def
by auto
then have ({AF.Pair D (ffUnion (fset-of-list (map A-of N)))} proj; J =
{D}p
unfolding enabled-projection-def F-of-def
using ¢ 4-is-enabled 1 4-is
by auto
then have <z € FRed; (Gr J (Pair D (ffUnion (fset-of-list (map A-of N)))))»
using z-in-Gr-of-t4 ta-is-enabled z-is infer-N-D-is-inf 1 5-is
unfolding G;-def Gp-def (F-of-def
by (simp add: Red-I-of-Inf-to-N)
then show «x € FRed; (Gr J (concl-of 14))
by (simp add: t4-is)
qged
then show <the ((Some o Gy J) ta) C FRed; (Gr J (concl-of ta))
by simp
next
fix g
show «po-on (J) UNIV»
using tiebreaker-order-is-strict-partial-order
by blast
next
fix g
show (wfp-on (J) UNIV)»
using wfp-on-tiebreaker-order
by blast
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qed

lemma ARedr-is-FRedy: <ARed; N = (| J. lift-from-FRed-to-ARed.Red-1-G J
N)»
proof (intro subset-antisym subsetl)
fix ¢
assume « € ARed; N
then obtain M C where (-is: <« = base-inf M C» and
Infer-M-C-in-Inf: <base-pre M C> and
t-in-FRedr: <N J. { base-inf M C } vproj; J C FRed; (N
proj; J)
using ARed;-def
by fastforce
then have c-is-Alnf: «« € Alnf>
using Alnf-def
by blast
then have <V J. {t} tproj; J C FRed; (J (Gr J ‘N
unfolding G g-def
using t-in-FRed; 1-is Union-of-enabled-projection-is-enabled-projection
by auto
then have <V J. . € lift-from-FRed-to-ARed.Red-1-G J N>
using ¢-is-Alnf
unfolding lift-from-FRed-to-ARed. Red-1-G-def G-def
by auto
then show « € ([ J. lift-from-FRed-to-ARed.Red-1-G J N)»
by blast
next
fix ¢
assume t-in-FRed;-G: « € ([ J. lift-from-FRed-to-ARed.Red-1-G J N')»
then have c-is-AInf: « € Alnfy and
all-J-Gr-subset-FRedr: <Y J. Gr J o C FRed; (U (Gr J ‘N))»
unfolding lift-from-FRed-to-ARed. Red-1-G-def
by auto
then obtain M C where ¢-is: <« = base-inf M C» and
Infer-M-C-is-Inf: <base-pre M C»
using Alnf-def
by auto
then obtain (p where vp-is: <«wp = (F-of v
by auto
then have (3 M C. v = base-inf M C A base-pre M C A
(Vv J. { base-inf M C } wproj; J C FRed; (N projs J))»
using ¢-is Infer-M-C-is-Inf all-J-G-subset-FRed
unfolding G;-def Gp-def
using Union-of-enabled-projection-is-enabled-projection
by fastforce
then show <« € ARed; N
unfolding A Red;-def
by auto
qed
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lemma ARedp-is-FRedp: <ARedrp N = ([ J. lift-from-FRed-to-ARed.Red-F-G J
N)»
proof (intro subset-antisym subsetl)
fix C
assume C-in-ARedr: «C € ARedr N>
then obtain C A where C-is: <C = AF.Pair C A»
unfolding ARedp-def SRedp-def
by blast
consider (a) <V J. fset A C total-strip J — C € FRedpr (N proj; J)» |
(b)) <3 CeN.F-of C=C A A-of C|C| A
using C-in-ARedp C-is
unfolding ARedp-def SRedp-def
by blast
then show «C € ([ J. lift-from-FRed-to-ARed.Red-F-G J N')»
unfolding lift-from-FRed-to-ARed.Red-F-G-def
proof (cases)
case a
then have <V J.V D€ Gr JC. D € FRedr (J (Gr J ‘N))»
unfolding Redp-strict-def Gp-def
using Union-of-enabled-projection-is-enabled-projection C-is enabled-projection-def
C-is complete enabled-projection-def
using enabled-def
by force
then have «C € (N J.{ C.V D€ Gp JC. D € FRedp (U (Gr J ‘N)) })»
by blast
then show «C € (N J.{ C.V De Gr JC. D € FRedp (J (Gr J ‘N)) V
FFEFeN.EaCADeGr JE) })»
by blast
next
case b
then have <v J.V DeGr JC. 3 EeN.EOQCANDEeGr JE)
unfolding G g-def tiebreaker-order-def enabled-projection-def
using subformula-of-enabled-formula-is-enabled

by (smt (verit, ccfo-SIG) AF.sel(1) AF.sel(2) C-is case-prodl mem-Collect-eq
singletonD singletonl)
thenhave <Ce (N J.{C.VDeGr JC. I EcN. EOCANDeGr JE
b
by blast
then show «C € (N J.{ C.V De Gp JC.D € FRedr (U (Gr J ‘N)) V
FEeN.EOCADeGr JE) })
by blast
qed
next
fix C
assume C-in-FRedp-G: «C € (( J. lift-from-FRed-to-ARed.Red-F-G J N)»
then have C-in-FRedp-G-unfolded:
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~ J.VDeGrJC. D€ FRedp (U (GrJN)VEEeN.EOQCAD
eGr J E))
unfolding [lift-from-FRed-to-ARed. Red-F-G-def
by blast
then have C-in-FRedp-G-if-enabled:
vV J. enabled C J — F-of C € FRedr (U (Gr J ‘N))V (3 Ee€N.EOC
A F-of C € Gp JE)
unfolding G r-def enabled-projection-def
by auto
obtain C' A where C-is: «<C = AF.Pair C' A
by (meson AF.ezhaust-sel)
then have
~ J. fset A C total-strip J —
C € FRedp (J (GF J N)V(I EEN.EOQCANCeGr JE)
using C-in-FRed g -G-if-enabled
unfolding enabled-def
by simp
then show «C € ARedr N>
using C-is C-in-FRed p-G-if-enabled
unfolding ARedp-def SRedp-def Gp-def enabled-def tiebreaker-order-def
using Union-of-enabled-projection-is-enabled-projection
by auto
qed

lemma entails-is-entails-G: <M Eap {C} +— (¥ TJ. lift-from-FRed-to-A Red.entails-G
J M {C})
proof (intro iffI alll)
fix J
assume M =4 {CH
then show «lift-from-FRed-to-ARed.entails-G J M {C}»
unfolding Gp-def AF-entails-def enabled-projection-def enabled-set-def en-
tails-conjunctive-def
by (simp add: Union-of-singleton-is-setcompr)
next
assume entails-G-M-C: v J. lift-from-FRed-to-ARed.entails-G J M {C}
show (M =47 {Ch
unfolding Gr-def AF-entails-def enabled-set-def
proof (intro alll impl)
fix J
assume vV C € {C}. enabled C J»
then show «M proj; J = F-of ‘{C}
using entails-G-M-C
unfolding G r-def enabled-projection-def entails-conjunctive-def
by (simp add: Union-of-singleton-is-setcompr)
qed
qed
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lemma SRedr-in-SInf: <SRed;y N C SInf»
using SRed;-def SInf.simps
by force

lemma SRedp-entails-bot: <N =ap {to-AF bot} = N — SRedp N l=ap {to-AF
bot}»
proof —

fix N

have And-to-Union:
<N\ J. N — lift-from-FRed-to-ARed.Red-F-G JN C (I J. N — lift-from-FRed-to-ARed.Red-F-G
JN)
by blast

assume N-entails-bot: <N |=ap {to-AF bot})
have «lift-from-FRed-to-ARed.entails-G J N {to-AF bot} =
lift-from-FRed-to-ARed.entails-G J (N — lift-from-FRed-to-ARed.Red-F-G
J N) {to-AF bot}»
for J
using lift-from-FRed-to-ARed.Red-F-Bot-F
by blast
then have <N |=4p {to-AF bot} = N — ARedp N |=ap {to-AF bot}
proof —
assume <N E=4r {to-AF bot}) and
<N\ J. lift-from-FRed-to-ARed.entails-G J N {to-AF bot} —
lift-from-FRed-to-ARed.entails-G J (N — lift-from-FRed-to-ARed. Red-F-G
J N) {to-AF bot}»
then have FRedr-G-entails-G-bot:
lift-from-FRed-to-ARed.entails-G J (N — lift-from-FRed-to-ARed.Red-F-G J
N) {to-AF bot}>
for J
using entails-is-entails-G
by blast
then have
«lift-from-FRed-to-ARed.entails-G J (J J. N — lift-from-FRed-to-ARed.Red-F-G
J N) {to-AF bot}»
for J
using And-to-Union
by (meson lift-from-FRed-to-ARed.entails-trans lift-from-FRed-to- A Red. subset-entailed)
then show <N — ARedr N Ear {to-AF bot}
using ARedp-is-FRedp entails-is-entails-G
by fastforce
qed
then show <N — SRedp N [=ap {to-AF bot}»
using ARedp-def N-entails-bot
by force
qed
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lemma SRedp-of-subset-F: <N C N' = SRedr N C SRedr N
proof —
fix N N':: «('f, 'v) AF set
assume (N C N’
then show «SRedr N C SRedr N
unfolding SRedp-def enabled-projection-def

by auto
(smt (verit, best) Collect-mono Red-F-of-subset subset-iff)
qed

lemma SRed;-of-subset-F: <N C N’ = SRed; N C SRed; N’
proof —

fix N N':: «('f, 'v) AF set»

assume (N C N’

then show «SRed; N C SRed; N’

unfolding SRed;-def enabled-projection-Inf-def enabled-projection-def enabled-inf-def
LF-of-def

by (auto, (smt (verit, best) Red-I-of-subset mem-Collect-eq subset-iff )+)
qed

lemma SRedp-of-SRedp-subset-F: <N’ C SRedp N =—> SRedp N C SRedp (N
— N')»
proof —
fix NN’
assume N’-subset-SRedp-N: <N’ C SRedr N»
have <N’ C ARedr N = ARedp N C ARedp (N — N’}
using [lift-from-FRed-to-ARed. Red-F-of- Red-F-subset-F
proof —
assume N’-subset-ARedp-N: <N' C ARedr N> and
«(A\ N'"J N. N'C lift-from-FRed-to-ARed.Red-F-G J N —>
lift-from-FRed-to-ARed.Red-F-G J N C lift-from-FRed-to-ARed. Red-F-G
T (N - N
then have <\ N’ N. N' C (| J. lift-from-FRed-to-ARed.Red-F-G J N) =
(N J. lift-from-FRed-to-ARed.Red-F-G J N) C
(N J. lift-from-FRed-to-ARed.Red-F-G J (N — N'))»
by (meson INF-mono’ UNIV-I le-INF-iff)
then show <ARedp N C ARedp (N — N')»
using ARedp-is-FRedr N’-subset-ARedp-N
by presburger
qed
then show «SRedp N C SRedp (N — N')»
by (simp add: ARedp-def N'-subset-SRedp-N)
qed

lemma SRed;-of-SRed p-subset-F: <N’ C SRedp N = SRed; N C SRed; (N —

N')»
proof —
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fix NN’
assume N'’-subset-SRedp-N: «<N' C SRedr N>
have works-for-ARedr: <N’ C ARedrp N = ARed; N C ARed; (N — N')»
using lift-from-FRed-to-A Red. Red-I-of- Red- F-subset-F
proof —
assume N’-subset-ARedp-N: <N' C ARedr N> and
(N N"J N. N’ C lift-from-FRed-to-ARed.Red-F-G J N —>
lift-from-FRed-to-ARed.Red-1-G J N C lift-from-FRed-to-ARed.Red-1-G
J (N = N'))
then have <\ N’ N. N' C (| J. lift-from-FRed-to-ARed.Red-F-G J N) =
(N J. lift-from-FRed-to-ARed.Red-1-G J N) C
(N J. lift-from-FRed-to-ARed.Red-1-G J (N — N"))»
by (metis (no-types, lifting) INF-mono’ UNIV-I le-INF-iff)
then show <ARed; N C ARed;r (N — N')
using ARed;-is-FRed; ARedp-is-FRedr N'-subset-ARedp-N
by presburger
qed
moreover have (unsat-pre N = unsat-inf N' € SRed; (N — N')»
if t-is-redundant: «unsat-inf N € SRed; N»
for N/
using bot-not-in-sredF-N' N'-subset-SRedp-N 1-is-redundant
unfolding SRed;-def SRed r-def

by (smt (verit, del-insts) ARedpr-def ARed;-def Diff-iff N’'-subset-SRedp-N
Un-iff
bot-not-in-sred F-N works-for-ARed; mem-Collect-eq subsetD)
ultimately show <SRed; N C SRed; (N — N')»
using N’-subset-SRed-N bot-not-in-sredF-N°
unfolding SRedp-def ARedp-def SRedr-def ARedy-def

by (smt (verit, del-insts) Collect-cong Diff-iff N'-subset-SRedp-N Un-iff
bot-not-in-sred F-N subset-iff)
qed

lemma SRed;-of-SInf-to-N-F: «vg € SInf = concl-of 1s € N = 15 € SRed;
N>
proof —
fix tg N
assume «g € SInf> and
concl-tg-in-N: <concl-of 1g € N»
then show g € SRed; N»
unfolding SRed;-def
proof (cases tg rule: SInf.cases)
case (base N' D)
obtain M C where 1g-is: <Lg = base-inf M C> and
Infer-M-C-is-Inf: <base-pre M C»
using base
by blast
have <V J. { base-inf M C } vproj; J C FRed; (N projy J)

128



unfolding enabled-projection-Inf-def enabled-projection-def (F-of-def en-
abled-inf-def
proof (intro alll subsetl)
fix J
have VCeset M. enabled C J = Infer (map F-of M) C € FRed; {F-of C
IC.C € N A enabled C J}»
proof —
assume all-enabled-in-M: v C € set M. enabled C J»
then have A-of-M-to-C-in-N: <AF.Pair C (ffUnion (fset-of-list (map A-of
M))) € N»
using tg-is concl-tg-in-N
by auto
moreover have (fBall (fset-of-list M) (X z. fset (A-of z) C total-strip J)»
using all-enabled-in-M
unfolding enabled-def
by (simp add: fset-of-list-elem)
then have <fBall (A-of | fset-of-list M) (X z. fset x C total-strip J)»
by auto
then have <enabled (AF.Pair C (ffUnion (A-of |1 fset-of-list M))) J»
using A-of-M-to-C-in-N
unfolding enabled-def
using fset-ffUnion-subset-iff-all-fsets-subset
by (metis AF.sel(2))
ultimately show <«Infer (map F-of M) C € FRed; {F-of C|C.C € N A
enabled C J}
by (metis (mono-tags, lifting) AF.sel(1) Infer-M-C-is-Inf Red-I-of-Inf-to-N
fset-of-list-map inference.sel(2) mem-Collect-eq)
qed
then show <z € {Infer (map F-of (prems-of 1)) (F-of (concl-of 1)) |e.
¢ € {base-inf M C} N (VCeset (prems-of 1). enabled C J)} =
x € FRedyr {F-of C |C.C € N A enabled C J}» for x
by simp
qed
then have «g € { base-inf M C | M C. base-pre M C A
(V J. { base-inf M C } tproj; J C FRed; (N proj; J))}p»
using tg-is Infer-M-C-is-Inf
by auto
then show «g € { base-inf M C | M C. base-pre M C A
(Vv J. { base-inf M C } wproj; J C FRedy (N proj; J)) } U
{ unsat-inf M | M. unsat-pre M A to-AF bot € N }»
by fast
next
case (unsat N)
then have «g € { unsat-inf M | M. unsat-pre M A to-AF bot € N}»
using concl-tg-in-N
by fastforce
then show «g € { base-inf M C | M C. base-pre M C A
(v TJ. { base-inf M C } vproj; J C FRed; (N proj; J)) } U
{ unsat-inf M | M. unsat-pre M A to-AF bot € N }»
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by fast
qed
qed

end

8.3 Standard completeness

context annotated-calculus
begin

lemmas SRed-rules = SRed g -entails-bot SRed -of-subset-F SRed-of-subset-F SRed g -of-SRed g -subset-F
SRedy-of-SRed p-subset-F SRedp-of-SInf-to-N-F SRed-in-SInf

sublocale S-calculus: calculus <to-AF boty SInf AF-entails SRed; SRedp
by (standard; simp add: SRed-rules)

lemma S-saturated-to-F-saturated: <S-calculus.saturated N = saturated (N proj;
J)
proof —
assume N -is-S-saturated: «S-calculus.saturated N>
then show <saturated (N proj; J)
unfolding saturated-def S-calculus.saturated-def
proof (intro subsetl)
fix vp
assume <«p € Inf-from (N proj; J)
then have (p-is-Inf: «p € FInfy and
prems-of-Lg-in-N-proj-J: «set (prems-of vp) C N proj; JI»
unfolding Inf-from-def
by auto
moreover have v C € set (prems-of vp). 3 C € N. F-of C = C A enabled
cC I
using prems-of-vp-in-N-proj-J
unfolding enabled-projection-def
by blast
then have <list-all (A C.3 C € N. F-of C = C A enabled C J) (prems-of tr)»
using Ball-set
by blast
then have <3 Cs. length Cs = length (prems-of tp) A
list-all2 (A C C.C € N A F-of C = C A enabled C J) (prems-of
tp) Cs»
using list-all-ex-to-ex-list-all2
by (smt (verit, best) Ball-set)
then have <3 As. length As = length (prems-of tp) A
list-all2 (X C' A. AF.Pair C A € N' A enabled (AF.Pair C A) J)
(prems-of 1p) As»
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by (smt (verit, del-insts) AF.exhaust AF.sel(1) list.pred-mono-strong
list-all-ex-to-ex-list-all2)
then have <3 As. length As = length (prems-of tp) A
list-all (A C. C € N' A enabled C J) (map2 AF.Pair (prems-of
LF) AS))
using list-all2-to-map[where f = <A\ C' A. AF.Pair C A))
by (smt (verit) list-all2-mono)
then obtain As :: /v sign fset list
where «V C € set (map2 AF.Pair (prems-of vp) As). C € N A
enabled C J» and
length-As-eq-length-prems: <length As = length (prems-of tp)»
by (metis (no-types, lifting) Ball-set-list-all)
then have set-prems-As-subset-N: «set (map2 AF.Pair (prems-of tp) As) C
N> and
all-enabled: v C € set (map2 AF.Pair (prems-of vp) As). enabled C
I
by auto

let ?prems = <¢map2 AF.Pair (prems-of tp) As

have <set ?prems C N>
using set-prems-As-subset-N .
moreover have <¢length ?prems = length (prems-of tp)
using length-As-eq-length-prems
by simp
then have F-of-dummy-prems-is-prems-of-tg: <map F-of ?prems = prems-of
LE?
by (simp add: length-As-eq-length-prems)
moreover have <V C € set (map A-of (map2 AF.Pair (prems-of tp) As)).
fset C C total-strip J»
using
all-enabled ball-set-f-to-ball-set-map[where P = <\ z. fset x C total-strip J>»
and f = A-of]
unfolding enabled-def
by blast
then have <V C € set As. fset C C total-strip J»
using map-A-of-map2-Pair length-As-eq-length-prems
by metis
then have <fset (ffUnion (fset-of-list As)) C total-strip J»
using all-enabled
unfolding enabled-def|of - J)
by (simp add: fBall-fset-of-list-iff- Ball-set fset-ffUnion-subset-iff-all-fsets-subset)
then have base-inf-enabled: <enabled-inf (base-inf ?prems (concl-of tr)) J>»
using all-enabled enabled-inf-def
by auto
moreover have pre-holds: <base-pre ?prems (concl-of tp)»
using tp-is-Inf F-of-dummy-prems-is-prems-of-tp
by force
moreover have (F-of-base-inf-is-tp: «WF-of (base-inf ?prems (concl-of tp)) =
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L)
using F-of-dummy-prems-is-prems-of-tp tF-of-def
by force
ultimately have tp-in-Inf-N-proj-J: «p € (S-calculus.Inf-from N') vprojy J»
using SInf.base|OF pre-holds)
unfolding enabled-projection-Inf-def S-calculus. Inf-from-def
by (metis (mono-tags, lifting) inference.sel(1) mem-Collect-eq)
then have <3 M D. base-inf M D € S-calculus.Inf-from N' A
tF-of (base-inf M D) = vp A enabled-inf (base-inf M D) J»
using (F-of-base-inf-is-.p
unfolding enabled-projection-Inf-def
by (metis (mono-tags, lifting) Collectl S-calculus.Inf-from-def SInf.base
base-inf-enabled inference.sel(1) pre-holds set-prems-As-subset-N')
then obtain M D where base-inf-in-Inf-N": <base-inf M D € S-calculus.Inf-from
N> and
LF-of-base-inf-is-tp: «WF-of (base-inf M D) = 1p> and
base-inf-enabled: <enabled-inf (base-inf M D) J»
by blast
then have <base-inf M D € SRed; N>
using N -is-S-saturated
unfolding S-calculus.saturated-def
by blast
moreover have (base-pre M D)
using (F-of-base-inf-is-Lp vp-is-Inf
by (simp add: LF-of-def)
ultimately show «p € FRed; (N proj; J)»
using tp-in-Inf-N-proj-J 1F-of-base-inf-is-.r base-inf-enabled
unfolding SRed;-def enabled-projection-Inf-def tF-of-def enabled-def en-
abled-projection-def
by auto
(metis (mono-tags, lifting) AF.sel(2) F-of-to-AF Red-I-of-Inf-to-N bot-fset.rep-eq
empty-subset] inference.sel(2) mem-Collect-eq to-AF-def)
qed
qed

notation AF-cons-rel.entails-conjunctive (infix <=Nap> 50)

theorem S-calculus-statically-complete:
assumes F-statically-complete: «statically-complete-calculus bot FInf () FRed;
FRedF>
shows <statically-complete-calculus (to-AF bot) SInf (Ear) SRed; SRedp»
using F-statically-complete
unfolding statically-complete-calculus-def statically-complete-calculus-azioms-def
proof (intro conjl alll impl; elim conjE)
show <calculus (to-AF bot) SInf (Far) SRed; SRedp>
using S-calculus. calculus-azioms
by force
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next
fix N
assume <calculus bot FInf (=) FRed; FRedp) and
if-F-saturated-and- N-entails-bot-then-bot-in-N:
«V N. saturated N — N = {bot} — bot € N» and
N-is-S-saturated: <S-calculus.saturated N> and
N-entails-bot: <N |Eap {to-AF bot})
then have N-proj-J-entails-bot: ¥ J. N proj; J E {both
unfolding AF-entails-def
using F-of-to-AF[of bot]
by (smt (verit) enabled-to-AF-set image-empty image-insert)
then have N-proj-J-F-saturated: <Y J. saturated (N proj; J)»
using N-is-S-saturated
using S-saturated-to-F-saturated
by blast
then have <V 7. bot € N proj; J>»
using N-proj-J -entails-bot if-F-saturated-and-N-entails-bot-then-bot-in-N
by presburger
then have prop-proj-N-is-prop-unsat: <propositionally-unsatisfiable (proj, N)»
unfolding enabled-projection-def propositional-model-def propositional-projection-def
propositionally-unsatisfiable-def
by fast
then have <proj, N # {}
unfolding propositionally-unsatisfiable-def propositional-model-def
using enabled-projection-def prop-proj-in
by auto
then have <3 M. set M C proj; N A finite (set M) A propositionally-unsatisfiable
(set M)»
by (metis finite-list prop-proj-N-is-prop-unsat prop-unsat-compactness)
then obtain M where M-subset-prop-proj-N: <set M C proj, N» and
M-subset-N: <set M C N» and
«finite (set M)» and
M-prop-unsat: <propositionally-unsatisfiable (set M)» and
M-not-empty: <M # []»
by (smt (verit, del-insts) AF-cons-rel.entails-bot-to-entails-empty
AF-cons-rel.entails-empty-reflexive-dangerous compactness-A F-proj equiv-prop-entails
finite-list image-empty prop-proj-N-is-prop-unsat prop-proj-in propositional-model2-def
propositionally-unsatisfiable-def set-empty2 subset-empty subset-trans to-AF-proj-J)
then have (unsat-inf M € S-calculus.Inf-from N> and
Infer-M-bot-in-SInf: <unsat-inf M € SInf»
using SInf.unsat S-calculus. Inf-from-def propositional-projection-def
by fastforce+
then have (unsat-inf M € SRed; N>
using N-is-S-saturated S-calculus.saturated-def
by blast
then show <to-AF bot € N»
unfolding SRed;-def
proof (elim UnE)
assume <unsat-inf M € { base-inf M C | M C. base-pre M C A
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(Vv J. { base-inf M C } vproj; J C FRedy (N proj; J)) b
then have (unsat-inf M = base-inf M bot»
by (smt (verit, best) AF.exhaust-sel AF.sel(2) F-of-to-AF inference.inject
mem-Collect-eq)
then have <to-AF bot = AF.Pair bot (ffUnion (A-of | fset-of-list M))»
by simp
then have «ffUnion (A-of |1 fset-of-list M) = {||}»
by (metis AF.sel(2) A-of-to-AF)
then consider (M-empty) <A-of | fset-of-list M = {||}> |
(no-assertions-in-M) <fBall (A-of |1 fset-of-list M) (A z. z = {||})»
using Union-empty-if-set-empty-or-all-empty
by auto
then show ?thesis
proof (cases)
case M-empty
then have «fset-of-list M = {||}»
by blast
then have <M =[]
by (metis bot-fset.rep-eq fset-of-list.rep-eq set-empty2)
then show ?thesis
using M-not-empty
by contradiction
next
case no-assertions-in-M
then have «fBall (fset-of-list M) (A z. A-of z = {||})»
using fBall-fimage-is-fBall
by simp
then have <V z € set M. A-of z = {||}»
using fBall-fset-of-list-iff-Ball-set
by fast
then have <to-AF bot € set M>
using M-subset-prop-proj-N M-not-empty
unfolding propositional-projection-def to-AF-def
by (metis (mono-tags, lifting) AF.exhaust-sel CollectD ex-in-conv set-empty
subset-code(1))
then show ?thesis
using M-subset-N
by blast
qed
next
assume unsat-inf M € { unsat-inf M | M. unsat-pre M A to-AF bot € N
b

then show ?thesis
by fastforce

qed
qed

The following proof works as follows.
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We assume that (Inf, (Red;, Redr)) is statically complete. From that
and theorem Calculi-And-Annotations.statically-complete-calculus bot FInf
() FRed; FRedr = Calculi-And-Annotations.statically-complete-calculus
(to-AF bot) SInf (Far) SRed;r SRedp, we obtain that (SInf, (SRedr, SRedr))
is statically complete. This means that for all ' C UNIV, if N is saturated
w.r.t. (SInf, SRed;) and N EUap {L} then L € N. Since FUsp = ENar
when the right hand side is a singleton set, we have that for all ' C UNIV,
if N is saturated w.r.t. (SInf, SRed;) and N' =Ngp {L} then L € N.

Because =N 4F is a consequence relation for the Saturation Framework,
we can derive that (SInf, (SRed;, SRedr)) is dynamically complete (using
the conjunctive entailment). We then proceed as above but in the opposite
way to show that (SInf, (SRed;, SRedr)) is dynamically complete using the
disjunctive entailment U .

corollary S-calculus-dynamically-complete:
assumes F-statically-complete: <statically-complete-calculus bot FInf (=) FRed;
FRedp»
shows (dynamically-complete-calculus (to-AF bot) SInf (Far) SRedr SRedp»
proof —
have «statically-complete-calculus (to-AF bot) SInf (FEar) SRed; SRedp»
using S-calculus-statically-complete F-statically-complete
by blast
then have «statically-complete-calculus-azioms (to-AF bot) SInf (ENar) SRedr»
using entails-conj-is-entails-disj-if-right-singleton[where 7C = <to-AF bot»]
unfolding statically-complete-calculus-def statically-complete-calculus-axioms-def
by blast
then have < Calculus. statically-complete-calculus-azioms {to-AF bot} SInf (FNar)
SRedr»
unfolding statically-complete-calculus-azioms-def
Calculus.statically-complete-calculus-axioms-def
using saturated-equiv
by blast
then have < Calculus. statically-complete-calculus {to-AF bot} SInf (ENar) SRed;
SRedF>
using Calculus. statically-complete-calculus.intro S-with-conj-is-calculus
by blast
then have (Calculus.dynamically-complete-calculus {to-AF bot} SInf (ENar)
SRed;r SRedp)»
using S-with-conj-is-calculus calculus. dyn-equiv-stat
by blast
then have < Calculus. dynamically-complete-calculus-azioms {to-AF bot} SInf (FNar)
SRed; SRedr)»
using Calculus. dynamically-complete-calculus-def
by blast
then have (dynamically-complete-calculus-azioms (to-AF bot) SInf (FENar)
SRed[ SRedF>
unfolding dynamically-complete-calculus-azioms-def
Calculus. dynamically-complete-calculus-azioms-def
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by (metis derivation-equiv fair-equiv llhd.rep-eq linth.rep-eq singletonD single-
tonl)
then have <dynamically-complete-calculus-azioms (to-AF bot) SInf (Far) SRedy
SRCdF>
unfolding dynamically-complete-calculus-azioms-def
using entails-conj-is-entails-disj-if-right-singleton
by presburger
then show <dynamically-complete-calculus (to-AF bot) SInf (F=ar) SRed; SRedp>
by (simp add: dynamically-complete-calculus-def
S-calculus. calculus-azioms)
qged

8.4 Strong completeness

theorem S-calculus-strong-statically-complete:
assumes F-statically-complete: <statically-complete-calculus bot FInf (=) FRedy
FRedr» and
N -locally-saturated: <locally-saturated N> and
N -entails-bot: N E=ap {to-AF bot}»
shows (to-AF bot € N>
using N -locally-saturated
unfolding locally-saturated-def
proof (elim disjE)
show «to-AF bot € N = to-AF bot € N>
by blast
next
assume 3 J. J =, N A saturated (N proj; J)»
then obtain J where J-prop-model-of-N: <J =, N> and
N -proj-J-saturated: <saturated (N proj; J)
by blast
then have N proj; J | {bot}
using N -entails-bot AF-entails-def enabled-to-AF-set
by (metis (no-types, lifting) f-of-to-AF image-insert image-is-empty)
then have <bot € N proj; J»
using N -proj-J-saturated F-statically-complete
by (simp add: statically-complete-calculus.statically-complete)
then show <to-AF bot € N
using J-prop-model-of-N
using enabled-projection-def propositional-model-def propositional-projection-def
by force
qged

lemma locally-fair-derivation-is-saturated-at-liminf:
is-derivation S-calculus.derive N'i = locally-fair N'i = locally-saturated (lim-inf
Ni)»

proof —

136



assume N i-is-derivation: (is-derivation S-calculus.derive N'i> and
<locally-fair N'i»
then show <locally-saturated (lim-inf Ni)»
unfolding locally-fair-def
proof (elim disjE)
assume <3 i. to-AF bot € llnth Ni i
then obtain i where <to-AF bot € linth N'i i)
by blast
then have <to-AF bot € lim-inf N>
using bot-at-i-implies-bot-at-liminf[OF Ni-is-derivation]
by blast
then show ?thesis
unfolding locally-saturated-def
by blast
next
assume 3 J. J |, limit Ni A Inf-from (limit N'i proj; J) C (U 4. FRed;
(Unth N'i i projy J))»
then obtain J where J-prop-model-of-limit: <J |=, limit N4> and
all-inf-of-limit-are-redundant:
Inf-from (limit N'i proj; J) C (U i. FRedy (llnth Ni i proj;

)
by blast
then have <V i. linth N'i i C lim-inf N'i U SRedp (lim-inf Ni)»
using Calculus. calculus.i-in-Liminf-or-Red-F[|OF S-with-conj-is-calculus, of
(to-llist N'i>]
derivation-equiv[of «Ni)]
by (simp add: Liminf-infinite-llist.rep-eq Ni-is-derivation llength-of-to-llist-is-infinite
linth.rep-eq sup-commute)
then have <V i. llnth Ni i proj; J C (lim-inf Ni proj; J) U FRedpr (lim-inf
Ni projy J)»
by (smt (verit, best) SRed-of-lim-inf UN-iff UnE Unll Un-commute
Union-of-enabled-projection-is-enabled-projection subset-iff)
then have FRed;-in-Red-I-of-FRed :
«(U i. FRed; (llnth N'i i proj; J)) C
(U i. FRed ((lim-inf Ni proj; J) U FRedp (lim-inf N'i proj; J)))
by (meson Red-I-of-subset SUP-mono UNIV-I)
then have «(|J i. FRed; (llnth Ni i projy J)) C (U i. FRed; (lim-inf Ni
proj; J))
using Red-I-of-inf-FRed p-subset- Red-I-of-inf
by auto
then show ?thesis
unfolding locally-saturated-def
using J-prop-model-of-limit all-inf-of-limit-are-redundant saturated-def
by force
qed
qed
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theorem S-calculus-strong-dynamically-complete:
assumes F-statically-complete: <statically-complete-calculus bot FInf (=) FRedy
FRedr» and
Ni-is-derivation: <is-derivation S-calculus.derive N'i> and
Ni-is-locally-fair: <locally-fair N'i» and
NiO-entails-bot: <llhd N'i Eap {to-AF bot}»
shows (3 i. to-AF bot € linth N'i ©
proof —
have <llhd Ni C ({ i. linth Ni i)
by (simp add: SUP-upper llhd-is-lInth-0)
then have «(|J 4. llnth Ni i) Eap {to-AF bot}»
using Ni0-entails-bot
by (meson AF-cons-rel.entails-trans AF-cons-rel.subset-entailed
entails-conj-is-entails-disj-if-right-singleton)
then have «(|J i. linth N'i i) — SRedr (J i. linth N'i i) Eap {to-AF bot}»
using SRed p-entails-bot
by blast
moreover have (chain (Calculus.calculus.derive SRedr) (to-llist N'i)»
using derivation-equiv|of «(N'i] Ni-is-derivation
by blast
then have «Sup-llist (to-llist N'i) — Liminf-llist (to-llist N'i) C SRedr (Sup-llist
(to-llist N'i))»
using Calculus.calculus. Red-in-Sup|OF S-with-conj-is-calculus]
by blast
then have «(|J i. linth N'i i) — SRedr (I i. linth N'i i) C lim-inf N'©
by (transfer fizing: FRedp, unfold Sup-llist-def Liminf-llist-def, auto)
ultimately have Ni-inf-entails-bot: <lim-inf N'i Ear {to-AF bot}
by (meson AF-cons-rel.entails-subsets subset-iff)
then have Ni-inf-locally-saturated: <locally-saturated (lim-inf Ni)»
using Ni-is-derivation Ni-is-locally-fair
using locally-fair-derivation-is-saturated-at-liminf
by blast
then have <to-AF bot € lim-inf N
using F-statically-complete S-calculus-strong-statically-complete N i-inf-entails-bot
by blast
then show <3 i. to-AF bot € linth N'i i
by (transfer fizing: bot)
(meson Liminf-llist-imp-exists-index)
qed

end

9 Extensions: Inferences and simplifications

9.1 Simplifications

datatype 'f simplification =
Simplify (S-from: 'f set>) (S-to: <'f set»)
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Simplification rules are said to be sound if every conclusion is entailed
by all premises. We could have also used our conjunctive entailment con-
sequence-relation. entails-conjunctive, but it is defined that way so there is
nothing to worry about.

locale AF-calculus = sc: sound-calculus bot Inf entails entails-sound Red; Redp
for
bot :: ('f, "v :: countable) AF and
Inf =2 «('f, 'v) AF inference set» and
entails :: ('f, 'v) AF set = ('f, 'v) AF set = bool and
entails-sound :: ('f, 'v) AF set = ('f, 'v) AF set = bool and
Redy :: ('f, 'v) AF set = ('f, 'v) AF inference set and
Redp :: ('f, 'v) AF set = ('f, 'v) AF set

locale AF-calculus-extended =
AF-calculus bot Inf entails entails-sound Red; Redp
for bot :: <('f, 'v :: countable) AF» and
Inf :: <('f, 'v) AF inference set> and
entails :: <('f, 'v) AF set = ('f, 'v) AF set = bool> and
entails-sound :: <('f, 'v) AF set = ('f, 'v) AF set = bools (infix (=5 50)
and
Redy : «('f, 'v) AF set = ('f, 'v) AF inference set» and
Redp = <('f, 'v) AF set = ('f, 'v) AF seb»
+ fixes
Simps :: «('f, 'v) AF simplification set» and
OptInfs :: <('f, 'v) AF inference set
assumes
simps-simp: <6 € Simps = (S-from § — S-to §) C Redp (S-to ¢)» and
simps-sound: <6 € Simps = VC € S-to §. S-from § [=s {C}» and

infs-sound: « € OptlInfs = set (prems-of 1) s {concl-of t}»
begin

lemma simp-in-derivations: <§ € Simps =
sc.derive (M U S-from 6) (M U S-to 6)»
unfolding sc.derive-def
proof
fix C
assume d-in: <§ € Simpsy and
«C e MU S-from § — (M U S-to §)»
then have «C € S-from § — S-to &»
by blast
then show «C € Redp (M U S-to 6)»
using simps-simp| OF d-in] by (meson sc. Red-F-of-subset subset-eq sup.cobounded2)
qed

lemma opt-infs-in-derivations: « € OptInfs —
sc.derive (M U set (prems-of 1)) (M U set (prems-of 1) U {concl-of t})
unfolding sc.derive-def

proof
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fix C

assume <« € Optinfs) and
C-in: «C € M U set (prems-of t) — (M U set (prems-of ) U {concl-of ¢})

have <M U set (prems-of 1) — (M U set (prems-of ¢) U {concl-of 1}) = {}p
by blast

then have Fulse using C-in by auto

then show <C' € Redp (M U set (prems-of t) U {concl-of 1})»
by auto

qed

end

Empty sets of simplifications and optional inferences are accepted in
termlocale AF-calculus-extended

context AF-calculus
begin

sublocale empty-simps:
AF-calculus-extended bot Inf entails entails-sound Red; Red g
{} =+ ('f, 'v) AF simplification set {} :: ('f, 'v) AF inference set
by (unfold-locales, auto)

end

Here we extend our basic calculus with simplification rules, one at a time:

e SPLIT performs a n-ary case analysis on the head of the premise;

o COLLECT performs garbage collection on clauses which contain propo-
sitionally unsatisfiable heads;

o TRIM removes assertions which are entailed by others.

9.1.1 The Split Rule

locale AF-calculus-with-split =
base-calculus: AF-calculus-extended bot SInf entails entails-sound SRedy
SRedpr Simps Optlnfs
for bot :: <('f, 'v :: countable) AF> and
SInf :: «('f, 'v) AF inference set> and
entails :: <('f, 'v) AF set = ('f, 'v) AF set = bools (infix «(=4p> 50) and
entails-sound :: <('f, 'v) AF set = ('f, 'v) AF set = booly (infix <FEaps> 50)
and
SRedy :: «('f, 'v) AF set = ('f, 'v) AF inference set> and
SRedp :: «('f, 'v) AF set = ('f, 'v) AF set» and
Simps :: <('f, 'v) AF simplification set» and
Optinfs :: <('f, 'v) AF inference set
+ fixes
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splittable == <«('f, 'v) AF = ('f, 'v) AF fset = bool
assumes

split-soundl: <splittable C Cs =

{C} Ears {AF.Pair (F-of bot) (ffUnion (fimage neg || A-of |9 Cs) |U| A-of
C)}> and

split-sound2: <splittable C Cs =V C’ € fset Cs. {C} Fars {C'}> and

split-simp: <splittable C Cs = C € SRedp

({AF.Pair (F-of bot) (ffUnion ((|) neg || A-of |1 Cs) |J] A-of C)} U fset

Cs)»
begin

Rule definitions follow a similar naming convention to our two inference
rules BASE and UNSAT defined in annotated-calculus: X __simp is the def-
inition of the simplification rule, while X pre is some precondition which
must hold for the rule to be applicable.

abbreviation split-pre :: <('f, 'v) AF = ('f, 'v) AF fset = bool> where
«split-pre C Cs = splittable C Cs»

abbreviation split-res :: «('f, 'v) AF = ('f, 'v) AF fset = ('f, 'v) AF set> where
<split-res C Cs =
(insert (AF.Pair (F-of bot) (ffUnion (fimage neg | A-of | Cs) |U]| A-of C))
(fset Cs))»

abbreviation split-simp :: <('f, 'v) AF = ('f, 'v) AF fset = ('f, 'v) AF simplifi-
cation) where
¢split-simp C Cs = Simplify {C} (split-res C Cs)»

inductive-set Simps-with-Split :: <('f, 'v) AF simplification set> where
split: «split-pre C Cs = split-simp C Cs € Simps-with-Split
| other: <simp € Simps = simp € Simps-with-Splits

theorem Inf-with-split-sound-wrt-entails-sound:
« € Simps-with-Split =V C € S-to t. S-from v Ears {C}p
proof —
assume ¢-is-simp-rule: <v € Simps-with-Split»
then show vV C € S-to v. S-from v Ears {C}h
proof (intro balll)
fix C
assume C-is-consg-of-1: <C € S-to v
show «S-from « Eaps {C}H
using ¢-is-simp-rule
proof (cases rule: Simps-with-Split.cases)
case (split C' Cs)
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have «S-from  Eaps {AF.Pair (F-of bot) (ffUnion (fimage neg |9 A-of |
Cs) |U| A-of C)}b»
using split-soundl split by auto
moreover have VC' € fset Cs. S-from v Ears {C'p
using split-sound?2 split by auto
ultimately show ?Zthesis
using C-is-consg-of-t split(1) unfolding S-to-def by auto
next
case other
then show ?Zthesis
using C-is-consq-of-v base-calculus.simps-sound by auto
qed
qed
qed

lemma split-redundant: <split-pre C Cs = C € SRedp (split-res C Cs)»
proof —
assume pre-cond: <split-pre C Cs»
then show «C € SRedp (split-res C Cs))
using split-simp by simp
qed

lemma simps-with-split-are-simps: < € Simps-with-Split = (S-from ¢ — S-to 1)
C SRedp (S-to 1)
proof
fix C
assume i-in: ¢ € Simps-with-Splity and
C-in: «C € S-from ¢ — S-to v»
then show «C € SRedp (S-to )
proof (cases rule: Simps-with-Split.cases)
case (split C' Cs)
then have (C = C’» using C-in by auto
moreover have «S-to « = split-res C' Cs) using split(1) simplification.sel(2)
by auto
ultimately show Zthesis
using split-redundant[OF split(2)] by presburger
next
case other
then show ?thesis
using base-calculus.simps-simp C-in by blast
qed
qed

sublocale AF-calc-ext: AF-calculus-extended bot SInf entails entails-sound
SRed; SRedpr Simps-with-Split OptInfs
using simps-with-split-are-simps Inf-with-split-sound-wrt-entails-sound
base-calculus.infs-sound by (unfold-locales, auto)
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end

locale splitting-calculus =
core: annotated-calculus bot Inf entails entails-sound Red; Redp fml asn
for bot :: 'f and
Inf :: 'f inference set) and
entails :: 'f set = 'f set = bool> (infix <> 50) and
entails-sound :: <'f set = 'f set = bool> (infix =% 50) and
Redy :: <'f set = 'f inference set» and
Redp :: <f set = 'f sety and
fml 2 <'v i countable = 'f> and
asn :: <'f sign = (v :: countable) sign set)
begin

interpretation AF-sound-cons-rel: consequence-relation <to-AF boty «(|Fsarp)»
by (rule core. AF-ext-sound-cons-rel)

interpretation SInf-sound-inf-system: sound-inference-system core.SInf <to-AF

boty <(Esar)
by (standard, auto simp add: core.SInf-sound-wrt-entails-sound)

Rule definitions follow a similar naming convention to our two inference
rules BASE and UNSAT defined in annotated-calculus: X __simp is the def-
inition of the simplification rule, while X pre is some precondition which
must hold for the rule to be applicable.

definition split-form :: <'f = 'f fset = bool> where
<split-form C Cs «— C # bot N feard Cs > 2
ANA{C} [Es fset Cs A (V C'. C'|€| Cs — C € Redp {C'})

'v) AF fsety where

definition mk-split :: <'f = 'f fset = ('f,
= (X C'. AF.Pair C' {| SOME a. a € asn

«split-form C Cs = mk-split C Cs
(Pos C) |}) |1 Cs»

definition splittable :: <«('f, 'v) AF = ('f, 'v) AF fset = bool» where
«splittable C Cs = split-form (F-of C) (F-of | Cs) A mk-split (F-of C) (F-of |
Cs) =Cs

lemma split-creates-singleton-assertion-sets:

«splittable C Cs = A |€| Cs = (3 a. A-of A={|a|})

using mk-split-def unfolding splittable-def by (metis (no-types, lifting) AF.sel(2)
fimageE)

lemma split-all-assertion-sets-asn:
«splittable C Cs = A |€| Cs = (3 a. A-of A = {|a|} N a € asn (Pos (F-of
AN
proof —
assume pre-cond: <splittable C Cs» and
A-elem-As: <A |€] Cs
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then have pre-cond!: «split-form (F-of C) (F-of | Cs)» and
pre-cond2: «<mk-split (F-of C) (F-of || Cs) =Cs
unfolding splittable-def by auto
have mk-split-applied-def: <mk-split (F-of C) (F-of | Cs) =
(A C'. AF.Pair C' {| SOME a. a € asn (Pos C') |}) | (F-of |1 Cs)»
using mk-split-def pre-cond unfolding splittable-def by (smt (verit, del-insts))
have 3 a. A-of A = {|a|p
using pre-cond A-elem-As by (simp add: split-creates-singleton-assertion-sets)
then obtain ¢ where A-of-A-singleton-a: <A-of A = {|a|}>
by blast
then have <a € asn (Pos (F-of A))»
using pre-cond2 A-elem-As core.asn-not-empty some-in-eq unfolding mk-split-applied-def
by (smt (28) AF.exhaust-sel AF.inject FSet.fsingletonE fimage.rep-eq finsertll
imageE somel-ex)
then show «3 a. A-of A = {|a|} A a € asn (Pos (F-of A))
using A-of-A-singleton-a by blast
qed

lemma split-all-pairs-in-As-in-Cs: «splittable C Cs = (V P. P |€| Cs — F-of P
€] (F-of | Cs))

using mk-split-def

by fastforce

lemma split-all-pairs-in-Cs-in-As:

«splittable C Cs = (¥ C. C |€| (F-of || Cs) — (3 a. AF.Pair C {]a|} |€]|
Cs))

using mk-split-def unfolding splittable-def

by fastforce

lemma split-not-empty: <splittable C Cs = Cs # {||p

unfolding splittable-def split-form-def

by (metis bot-nat-0.extremum feard-fempty fimage-fempty le-antisym nat.simps(3)
numerals(2))

notation core.sound-cons.entails-neg (infix <=s.» 50)

lemma split-soundl: «splittable C Cs —
{C} Esar {AF.Pair bot (ffUnion (fimage neg | A-of || Cs) |U| A-of C)}>
proof —
assume split-cond: <splittable C Cs»
then have split-form: <split-form (F-of C) (F-of | Cs)) and
split-mk: «<mk-split (F-of C) (F-of |9 Cs) = Cs
unfolding splittable-def by auto
define Cs where «(Cs = F-of | Cs»
have Cs-not-empty: <Cs # {||}»
using split-cond split-not-empty unfolding Cs-def by blast
then have Cs-not-empty: «Cs # {||}
using mk-split-def[of <F-of C» <Css] split-mk split-form
fimage-of-non-fempty-is-non-fempty[OF Cs-not-empty] unfolding Cs-def by
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fastforce
have «fcard Cs > 1>
by (simp add: Cs-not-empty Suc-le-eq non-zero-feard-of-non-empty-set)
then have card-fset-Cs-ge-1: <card (Pos * fset Cs) > 1»
by (metis Cs-not-empty bot-fset.rep-eq card-eq-0-iff empty-is-image finite-fset
finite-imagel
fset-cong less-one linorder-not-le)
have ({F-of C} [=s fset Cs»
using split-form unfolding Cs-def split-form-def by blast
then have F-of-C-entails-Cs: <{Pos (F-of C)} s~ Pos ‘ fset Cs»
unfolding core.sound-cons.entails-neg-def
by (smt (verit, del-insts) UnCI imagel mem-Collect-eq singleton-conv
core.sound-cons.entails-subsets subsetl)

have finite-image-Pos-Cs: <finite (Pos * fset Cs)»
using finite-fset by blast

have all-C;-entail-bot: <fset (ffUnion (fimage neg || A-of | Cs) |U| A-of C) C
total-strip J
= AF.Pair C; {|a;|} |€] Cs = (core.fml-ext ‘ total-strip J) U {Pos C;} Es~
{Pos bot}»
for J C; a;
proof —
fix J Cz a;
assume <fset (ffUnion (fimage neg | A-of | Cs) |U| A-of C) C total-strip J»
and
Pair-C;-a;-in-As: <AF.Pair C; {|a;|} |€] Cs»
then have <neg a; € total-strip J»
using mk-disjoint-finsert
by fastforce
then have neg-fml-a;-in-J: <neg (core.fml-ext a;) € core.fml-ext ‘ total-strip J»
by (metis core.fml-ext.simps(1) core.fml-ext.simps(2) image-iff is-Neg-to-V
is-Pos-to-V
neg.simps(1) neg.simps(2))
moreover have a;-in-asn-C;: <a; € asn (Pos C;)»
using split-all-assertion-sets-asn| OF split-cond Pair-C;-a;-in-As)
by auto
moreover have ({Pos C;} Es. {Pos C;}}»
by (meson consequence-relation.entails-reflexive core.sound-cons.ext-cons-rel)
then have «(core.fmi-ext * (total-strip J — {neg a;}) U {Pos C;}) [=s~ {Pos
Ci, Pos bot}»
by (smt (verit, best) Un-upper2 consequence-relation.entails-subsets insert-is-Un
core.sound-cons. ext-cons-rel sup-gel)
ultimately show <core.sound-cons.entails-neg ((core.fml-ext * total-strip J) U
{Pos C;}) {Pos bot}
proof —
have «(core.fml-ext ‘ total-strip J U {core.fml-ext a;}) Es~ ({Pos bot} U {})»
by (smt (28) Bez-def-raw UnCI Un-commute Un-insert-right Un-upper2
neg-fml-a;-in-J
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consequence-relation.entails-subsets insert-is-Un insert-subset
core.sound-cons.ext-cons-rel core.sound-cons.pos-neg-entails-bot)
then show ?thesis
by (smt (verit, ccfv-threshold) core.C-entails-fml Un-commute a;-in-asn-C;
consequence-relation.entails-cut core.fml-ext-is-mapping insert-is-Un
core.sound-cons. ext-cons-rel)
qed
qed
then have <fset (ffUnion (fimage neg | A-of || Cs) |U| A-of C) C total-strip J
N
((core.fml-ext * total-strip J) U {Pos (F-of C)}) l=s~ {Pos bot}» for J
unfolding splittable-def
proof —
fix J
assume <fset (ffUnion (fimage neg |9 A-of |1 Cs) |U| A-of C) C total-strip J»
then have C;-head-of-pair-entails-bot:
CAF.Pair C; {|a;|} |€| Cs = (core.fml-ext ‘ total-strip J) U {Pos C;} Es~
{Pos bot}»
for C; a;
using all-C;-entail-bot
by blast
then have «C; |€| Cs => (core.fml-ext  total-strip J) U {Pos C;} s~ {Pos
bot}»
for C;
proof —
fix Cl
assume <C; |€] Cs
then have <3 a;. AF.Pair C; {|a;|} |€| Cs
using split-all-pairs-in-Cs-in-As[OF split-cond] unfolding Cs-def by pres-
burger
then obtain a; where <AF.Pair C; {|a;|} |€| Cs
by blast
then show «(core.fml-ext ¢ total-strip J) U {Pos C;} s~ {Pos bot}
using C;-head-of-pair-entails-bot by blast
qed
then show «(core.fml-ext * total-strip J) U {Pos (F-of C)} =s~ {Pos bot}
using core.sound-cons.entails-of-entails-iff [OF F-of-C-entails-Cs finite-image-Pos-Cs
card-fset-Cs-ge-1] by blast
qed
then have
fset (ffUnion (fimage neg | A-of |1 Cs) |U| A-of C) C total-strip J =
((core.fml-ext  total-strip J) U Pos ‘ ({C} proj; J)) [Es~ {Pos bot}
for J
using split-cond by (simp add: core.enabled-def core.enabled-projection-def)

then show {C} |=sar {AF.Pair bot (ffUnion (fimage neg || A-of |1 Cs) |U|
A-of C)}»

unfolding core. A F-entails-sound-def using core.enabled-def core.enabled-set-def
by simp
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qed

lemma split-sound2: <splittable C Cs =V C’ € fset Cs. {C} Esar {C'}
proof
fix C’
assume split-cond: «splittable C Cs» and C’-in: «C’ |€| Cs»
have «C" |€| Cs = fset (A-of C'') C total-strip J =
(core.fml-ext ‘ total-strip J) U Pos * ({C} projs J) Es~ {Pos (F-of C"")}»
for J C”
proof —
fix JC"
assume C'-in-As: «C" |€| Cs» and
A-of-C"'-subset-J: «fset (A-of C"") C total-strip J»
then have <3 a;. a; € asn (Pos (F-of C')) AN A-of C" = {] a; |}
using split-all-assertion-sets-asn|OF split-cond C''-in-As| by blast
then obtain a; where a;-in-asn-F-of-C'": <a; € asn (Pos (F-of C'))> and
A-of-C"-is: <A-of C" = {| a; |}»
by blast
then show «(core.fml-ext ‘ total-strip J) U Pos “ ({C} proj; J) Es~ {Pos (F-of
C//)})
by (smt (verit, best) A-of-C'’-subset-J consequence-relation.entails-subsets
empty-subset]
finsert.rep-eq core.fml-entails-C' core.fml-ext-is-mapping image-eql in-
sert-is-Un
insert-subset core.sound-cons.ext-cons-rel sup-gel )
qged
then have unfolded-AF-sound-entails: <C"" € fset Cs = fset (A-of C'") C
total-strip J —
(core.fml-ext * total-strip J) U Pos * ({C} projs J) Es~ {Pos (F-of C""\}»
for J C"
by fast

show ({C} Esar {C'H
unfolding core. AF-entails-sound-def core.enabled-set-def core.enabled-def
using unfolded-AF-sound-entails|OF C’-in] split-cond C'-in by auto

qed

lemma split-simp: <splittable C Cs = C €
core.SRedp ({ AF.Pair bot (ffUnion ((|1]) neg || A-of |9 Cs) |J| A-of C) } U fset
Cs)
proof —
assume split-cond: «splittable C Cs»
define Cs where «Cs = F-of || Cs
then have F-of-C-not-bot: <F-of C # bot> and
<fecard Cs > 2> and
{F-of C} s fset Cs» and
C-red-to-splitted-Cs: ¥ C'. C'|€| Cs — F-of C € Redr {C'}
using split-cond unfolding splittable-def split-form-def
by blast+
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then have vV J. core.enabled C J —
F-of C € Redp (({ AF.Pair bot (ffUnion (fimage neg || A-of | Cs) |U| A-of
C) } projs J)
U (fset Cs projy J))
proof (intro alll impl)
fix J
assume C-enabled: <core.enabled C J»
then show
«F-of C € Redr (({ AF.Pair bot (ffUnion (fimage neg || A-of || Cs) |U| A-of
C) } projy J)
U (fset Cs projy J))»
proof (cases <(3A. A |€| A-of || Cs A (3 a. a|€| AN a € total-strip J)»)
case True
then have ez-C-enabled-in-As: <3 C. C |€| Cs A core.enabled C J»
using core.enabled-def split-creates-singleton-assertion-sets split-cond
by fastforce
then have <3 C. C € fset Cs proj; J»
by (simp add: core.enabled-projection-def)
then show ?thesis
using C-red-to-splitted-Cs split-cond core.Red-F-of-subset[of <fset Cs proj;

J]
mk-split-def by (smt (23) CollectD Cs-def basic-trans-rules(31) core.enabled-projection-def
core.sound-calculus-axioms insert-subset le-sup-iff sound-calculus. Red-F-of-subset
split-all-pairs-in-As-in-Cs sup-bot.right-neutral sup-gel)
next
case Fulse
then have «fset Cs proj; J = {}
using split-creates-singleton-assertion-sets| OF split-cond)
by (smt (verit, del-insts) Collect-empty-eq core.enabled-def core.enabled-projection-def
fimage-finsert finsert.rep-eq finsertCI insert-subset mk-disjoint-finsert)
moreover have vV A. 4 |€| A-of || Cs — (V a. a |€] A — — a € total-strip
J)
using Fualse
by blast
then have <V A. A |€]| A-of |1 Cs — (V a. a |€] A — neg a € total-strip
J)

by auto
then have <fset (ffUnion ((fimage neg o A-of) | Cs)) C total-strip J»
by (smt (verit, best) fimage-iff fset.map-comp fset-ffUnion-subset-iff-all-fsets-subset
subsetl)
then have «fset (ffUnion ((fimage neg o A-of) | Cs) |U| A-of C) C total-strip
I
using C-enabled
by (simp add: core.enabled-def)
then have «({ AF.Pair bot (ffUnion ((fimage neg o A-of) | Cs) |U| A-of C)}
projy J = {bot}
unfolding core.enabled-projection-def core.enabled-def
by auto
ultimately show ?Zthesis
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by (simp add: F-of-C-not-bot core.all-red-to-bot)
qed
qed
then show («C € core.SRedr ({ AF.Pair bot (ffUnion ((|1) neg || A-of |1 Cs)
|U] A-of C) } U fset Cs)»
unfolding core.SRedp-def core.enabled-def
by (intro Unll1) (smt (verit, ccfv-threshold) AF.collapse CollectI core.distrib-proj)
qed

sublocale empty-simps: AF-calculus-extended to-AF bot core.SInf (Ear)
(Esar) core.SRed; core.SRedp {} {}
proof
show <core.SRed; N C core.SInf> for N
using core.SRed-in-SInf .
next
show «N |=ap {to-AF bot} = N — core.SRedrp N =ar {to-AF bot}) for N
using core.SRedp-entails-bot .
next
show (N C N’ = core.SRedr N C core.SRedr N'» for N N’
using core.SRed g-of-subset-F .
next
show (N C N’ = core.SRed; N C core.SRed; N'» for N N’
using core.SRedj-of-subset-F .
next
show «N' C core.SRedrp N = core.SRedp N C core.SRedr (N — N'); for N
N/
using core.SRedp-of-SRedp-subset-F' .
next
show <N’ C core.SRedp N = core.SRed; N C core.SRed; (N — N')» for N
N/
using core.SRedy-of-SRed p-subset-F .
next
show « € core.SInf => concl-of 1 € N = 1 € core.SRed; N> for .+ N
using core.S-calculus. Red-1-of-Inf-to-N .
next
show « € {} = S-from ¢« — S-to v C core.SRedp (S-to ¢)» for ¢
by simp
next
show <« € {} = VCe&S-to ¢. S-from ¢ Esap {C}» for ¢
by blast
next
show « € {} = set (prems-of 1) =sar {concl-of 1}> for ¢
by blast
qed

lemma extend-simps-with-split:
assumes
<A F-calculus-extended (to-AF bot) core.SInf (Far) (Esar) core.SRed
core.SRedr Simps Optlnfs)
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shows

CAF-calculus-with-split (to-AF bot) core.SInf (Far) (FFsar) core.SRedy core.SRedp

Simps Optlnfs
splittable)
proof —
interpret sound-simps: AF-calculus-extended to-AF bot core.SInf (Ear)
(Esar) core.SRed; core.SRedr Simps Optlnfs
using assms .
show ?thesis
proof
show <splittable C Cs —
{C} Esar {AF.Pair (F-of (to-AF bot)) (ffUnion ((|]) neg | A-of | Cs) |U|
A-of C)}» for C Cs
using split-sound! by (simp add: F-of-to-AF)
next
show «splittable C Cs = VC'|€|Cs. {C} [Esar {C'} for C Cs
using split-sound? .
next
show «splittable C Cs = C € core.SRedp
({AF.Pair (F-of (to-AF bot)) (ffUnion ((|) neg |9 A-of | Cs) |U| A-of C)}
U fset Cs)»
for C Cs
using split-simp by (simp add: F-of-to-AF)
qed
qed

interpretation splitting-calc-with-split:
AF-calculus-with-split to-AF bot core.SInf (Far) (Esar) core.SRed; core.SRedp

{} {} splittable
using extend-simps-with-split| OF empty-simps. A F-calculus-extended-azioms] .

end

9.1.2 The Collect Rule

locale AF-calculus-with-collect = base-calculus: AF-calculus-extended bot SInf
entails entails-sound SRed; SRedp Simps Optlnfs
for bot :: <('f, 'v :: countable) AF) and
SInf :: «('f, 'v) AF inference set) and
entails = <('f, 'v) AF set = ('f, 'v) AF set = bool) (infix <(=4p> 50) and
entails-sound :: <('f, 'v) AF set = ('f, 'v) AF set = booly (infix (=sapr 50)
and
SRedy :: «('f, 'v) AF set = ('f, 'v) AF inference set> and
SRedp :: «('f, 'v) AF set = ('f, 'v) AF set> and
Simps :: <('f, 'v) AF simplification set> and
Optinfs :: <('f, 'v) AF inference set
+ assumes
collect-redundant: <F-of C # F-of bot N M |=ap {AF.Pair (F-of bot) (A-of
C)} A
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(V C € M. F-of C = F-of bot) = C € SRedrp M)
begin

interpretation AF-sound-cons-rel: consequence-relation bot <(FEsap)»
using base-calculus.sc.sound-cons.consequence-relation-axioms .

interpretation SInf-sound-inf-system: sound-inference-system SInf bot «(Esar)»
using base-calculus.sc.sound-inference-system-axioms .

abbreviation collect-pre :: «('f, 'v) AF = ('f, v) AF set = bool> where
<collect-pre C M =
F-of C # F-of bot N M |=ap {AF.Pair (F-of bot) (A-of C)} AN (¥ C € M.
F-of C = F-of bot)»

abbreviation collect-simp :: <('f, 'v) AF = ('f, 'v) AF set = ('f, 'v) AF simpli-
fication> where
<collect-simp C M = Simplify (insert C M) M>

inductive-set Simps-with-Collect :: «('f, 'v) AF simplification set> where
collect: <collect-pre C M = collect-simp C M € Simps-with-Collect)
| other: « € Simps => 1 € Simps-with-Collect»

theorem SInf-with-collect-sound-wrt-entails-sound:
< € Simps-with-Collect =V C € S-to t. S-from ¢ |=sar {Ch
proof —
assume ¢-is-simp-rule: <« € Simps-with-Collect)
then show <V C € S-to ¢. S-from ¢ Esar {C}
proof (intro balll)
fix C
assume C-is-consg-of-t: <C € S-to v»
show «S-from ¢ =sar {CP
using ¢-is-simp-rule
proof (cases rule: Simps-with-Collect.cases)
case (collect C' N)
then show ?thesis
using C-is-consg-of-t by (metis base-calculus.sc.sound-cons.entails-conjunctive-def

base-calculus.sc.sound-cons. subset-entailed simplification.sel(1) simplifi-
cation.sel(2)
subset-insertl)
next
case other
then show ?Zthesis
using base-calculus.simps-sound C-is-consg-of-t by auto
qed
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qed
qed

theorem simps-with-collect-are-simps:
« € Simps-with-Collect => (S-from + — S-to 1) C SRedp (S-to 1)»
proof
fix C
assume ¢(-is-simp-rule: <« € Simps-with-Collect) and
C-in: «C € S-from ¢ — S-to v»
then show <«C € SRedp (S-to t)»
proof (cases rule: Simps-with-Collect.cases)
case (collect C' M)
then have C = C%
using C-in by auto
moreover have «S-to . = M»
using collect(1) by simp
ultimately show #thesis
using collect-redundant[OF collect(2)] by blast
next
case other
then show ?thesis
using base-calculus.simps-simp C-in by blast
qed
qed

sublocale AF-calc-ext: AF-calculus-extended bot SInf entails entails-sound SRed;
SR@dF
Simps-with-Collect Optinfs
using simps-with-collect-are-simps SInf-with-collect-sound-wrt-entails-sound
base-calculus.infs-sound by (unfold-locales, auto)

end

context splitting-calculus
begin

lemma collect-redundant: «F-of C # bot N M [=ap {AF.Pair bot (A-of C)} A
(V C € M. F-of C = bot) = C € core.SRedp M)
proof —
assume <F-of C # bot AN M [=ap {AF.Pair bot (A-of C)} A (¥ C € M. F-of C
= bot)»
then have head-C-not-bot: <F-of C # bot) and
M-entails-bot-C: <M [=ap {AF.Pair bot (A-of C)}> and
all-heads-are-bot-in-M: v C € M. F-of C = bot»
by auto
have <A\ J. (3 C' € M. core.enabled C' J) = core.enabled C J
= F-of C € Redp (M proj; J)» and
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N\ J. = (3 C' e M. core.enabled C' J) = core.enabled C J = Fualse>
proof —
fix J
assume C-enabled: <core.enabled C J» and
<3 C' e M. core.enabled C' J»
then have <M proj; J = {bot}
using all-heads-are-bot-in-M unfolding core.enabled-projection-def by fast
then show <F-of C € Redp (M proj; J)»
using core.all-red-to-bot| OF head-C-not-bot] by simp
next
fix J
assume C-enabled: <core.enabled C J» and
= (3 C" e M. core.enabled C' J)»
then have M-proj-J-empty: <M proj; J = {}
unfolding core.enabled-projection-def by blast
moreover have <core.enabled (AF.Pair bot (A-of C)) J»
using C-enabled by (auto simp add: core.enabled-def)
ultimately have {} = {bot}
using M -entails-bot-C using core. AF-entails-def by auto
then show ¢ Fualse)
using core.entails-bot-to-entails-empty core.entails-nontrivial by blast
qed
then show <«C € core.SRedr M)
unfolding core.SRed p-def core.enabled-def by (smt (verit, ccfo-SIG) AF .collapse
CollectI Unll)
qged

lemma extend-simps-with-collect:
assumes
<A F-calculus-extended (to-AF bot) core.SInf (Far) (Esar) core.SRedy
core.SRedr Simps OptInfs)
shows
<A F-calculus-with-collect (to-AF bot) core.SInf (FFar) (FFsar) core.SRed;
core.SRedr Simps Optlnfs»
proof —
interpret sound-simps:
AF-calculus-extended to-AF bot core.SInf (Ear) (Esar) core.SRed;
core.SRedp Simps
using assms .
show ?thesis
proof
fix C M
show (F-of C # F-of (to-AF bot) N M =ar {AF.Pair (F-of (to-AF bot))
(A-of C)} A
(VCeM. F-of C = F-of (to-AF bot)) = C € core.SRedp M)
using collect-redundant by (simp add: F-of-to-AF)
qged
qed
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interpretation splitting-calc-with-collect:
AF-caleulus-with-collect to-AF bot core.SInf (Far) (Fsar) core.SRed; core.SRedp
{ {3

using extend-simps-with-collect| OF empty-simps. A F-calculus-extended-azioms] .

end

9.1.3 The Trim Rule

locale AF-calculus-with-trim = base-calculus: AF-calculus-extended bot SInf
entails entails-sound SRed; SRedp Simps Optlnfs
for bot :: <('f, 'v :: countable) AF> and
SInf :: «('f, 'v) AF inference set> and
entails :: <('f, 'v) AF set = ('f, 'v) AF set = bools (infix «E=4p> 50) and
entails-sound :: <('f, 'v) AF set = ('f, 'v) AF set = booly (infix (=sap» 50)
and
SRedy :: «('f, 'v) AF set = ('f, 'v) AF inference set> and
SRedp :: «('f, 'v) AF set = ('f, 'v) AF set> and
Simps :: «('f, 'v) AF simplification set» and
OptInfs :: «('f, 'v) AF inference set
+ assumes
trim-sound: <A-of C = A |U| B A F-of C # F-of bot A
M U {AF .Pair (F-of bot) A} l=sar {AF.Pair (F-of bot) B} A
(VCeM. F-of C = (F-of bot)) N A|N| B={||} A A #{||}
= insert C M |=sap {AF.Pair (F-of C) B}»> and
trim-redundant: <A-of C = A |U| B A F-of C # F-of bot A
M U {AF .Pair (F-of bot) A} =sar {AF.Pair (F-of bot) B} A
(VCeM. F-of C = (F-of bot)) N A|N| B={||} A A £A{||}
= C € SRedp (M U { AF.Pair (F-of C) B })»

begin

interpretation AF-sound-cons-rel: consequence-relation bot «(|=sap)>
using base-calculus.sc.sound-cons.consequence-relation-axioms .

interpretation SInf-sound-inf-system: sound-inference-system SInf bot «(Esar)»
using base-calculus.sc.sound-inference-system-axioms .

abbreviation trim-pre :: «('f, 'v) AF = 'v sign fset = 'v sign fset = ('f, 'v) AF
set = bool) where
<trim-pre C A B M = A-of C = A |U| B A F-of C # F-of bot A
MU { AF.Pair (F-of bot) A } |Esap { AF.Pair (F-of bot) B
A

(V Ce M. F-of C=(F-of bot)) NAIN| B={||} NA#{||b
abbreviation trim-simp :: <('f, 'v) AF = 'v sign fset = 'v sign fset = ('f, 'v)

AF set =
('f, 'v) AF simplification> where
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<trim-simp C A B M = Simplify (insert C M) (insert (AF.Pair (F-of C) B)
M)

inductive-set Simps-with-Trim :: «('f, 'v) AF simplification set> where
trim: <trim-pre C A B M = trim-simp C A B M € Simps-with-Trim»
| other: « € Simps = ¢ € Simps-with-Trim»

theorem SInf-with-trim-sound-wrt-entails-sound:
< € Simps-with-Trim =V C € S-to v. S-from ¢ l=sar {C}h
proof —
assume ¢-is-simp-rule: <« € Simps-with-Trim»
then show <V C € S-to ¢. S-from ¢ Esar {C}
proof (intro balll)
fix C
assume C-is-consg-of-1: <C € S-to v
show «S-from ¢ =sar {CPH
using ¢-is-simp-rule
proof (cases rule: Simps-with-Trim.cases)
case (trim C' A B N)
then have <A-of C' = A |U| B> and
<F-of C' # F-of bot» and
N -and-Pair-bot-A-entails- Pair-bot-B:
N U {AF.Pair (F-of bot) A} Esar {AF.Pair (F-of bot) B}» and
all-heads-in-N-are-bot: «(V C € N. F-of C = F-of bot)) and
(A |n] B={||p and
A £ {|Ib
by blast+
consider «C = AF.Pair (F-of C') By | <C € N»
using C-is-consq-of-t trim(1) by auto
then show ?thesis
proof cases
case I
then show ?thesis
using trim-sound|OF trim(2)] trim(1) by fastforce
next
case 2
then show ?thesis

using trim(1) by (metis base-calculus.sc.sound-cons.entails-reflexive

base-calculus.sc.sound-cons.entails-subsets empty-subsetl insertl2 in-
sert-subset

stmplification.sel(1) subset-singleton-iff)
qed
next
case other
show ?thesis

using base-calculus.simps-sound[OF other| C-is-consg-of-t by auto
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qed
qed
qed

theorem simps-with-trim-are-simps:
< € Simps-with-Trim = (S-from  — S-to 1) C SRedp (S-to 1)»
proof
fix C
assume <« € Simps-with-Trim) and
C-in: «C € S-from v — S-to v»
then show «C € SRedp (S-to 1)
proof (cases rule: Simps-with-Trim.cases)
case (trim C' A B M)
then have (C’ = C» using C-in by auto
then show ?thesis
using trim-redundant] OF trim(2)] trim(1) by simp
next
case other
then show ?thesis
using base-calculus.simps-simp C-in by auto
qed
qed

sublocale AF-calc-ext: AF-calculus-extended bot SInf entails entails-sound SRed;
SR@dF
Simps-with-Trim OptInfs
using simps-with-trim-are-simps SInf-with-trim-sound-wrt-entails-sound
base-calculus.infs-sound by (unfold-locales, auto)

end

context splitting-calculus
begin

lemma trim-sound: <A-of C' = A |U| B A F-of C' # bot A
N U {AF.Pair bot A} Esar {AF.Pair bot B} A
(VCeN. F-of C = bot) N AN B={||} N AZ£A{}
= C = AF.Pair (F-of C') B=> insert C' N |Esar {C}
proof —
assume <A-of C'= A |U| B A F-of C' # bot A
N U {AF.Pair bot A} =sar {AF.Pair bot B} A
(VCeN. F-of C = bot) N A N| B={|]|} N A#{||p and
C-is: «C = AF.Pair (F-of C') B»
then have A-of-Cp: «A-of C' = A |U| B> and
F-of-Cp: «F-of C' # boty and
A-in-N-entails-B: <AF.Pair bot A > N |=sap {AF.Pair bot B}» and
all-heads-in-N-are-bot: «(¥V C € N. F-of C = bot)) and
A-int-B: <A |n| B = {||}> and

156



A-neq: <A £ {||}
by auto
have N -and-Pair-bot-A-entails- Pair-bot-B: <N U { AF.Pair bot A} =sar {AF.Pair
bot B}»
using A-in-N-entails-B by auto
let %C = «AF.Pair (F-of C') B
have neg-entails-version:
<core.enabled 72C J =
core.fml-ext * total-strip J U Pos * (insert (AF.Pair (F-of C') A) N proj;
J)
Es. {Pos (F-of 2C)}»
for J
proof —
fix J
assume <core.enabled 2C J»
then have B-in-J: «fset B C total-strip J»
by (simp add: core.enabled-def)
then consider (fml-unsat) <core.sound-cons.entails-neg (core.fml-ext ¢ to-
tal-strip J) {Pos bot}) |
(N-unsat) <3 A’ € A-of ‘N fset A’ C total-strip J> |
(A-subset-J) «fset A C total-strip J»
using core.strong-entails-bot-cases| OF N -and-Pair-bot-A-entails- Pair-bot-B,
rule-format,
OF B-in-J]
core. strong-entails-bot-cases- Union[rule-format, OF - - B-in-J]
by (smt (verit, ccfo-SIG) Un-commute core.enabled-def core.enabled-projection-def
equalsOl
image-iff mem-Collect-eq sup-bot-left)
then show
<core.fml-ext * total-strip J U Pos * (insert (AF.Pair (F-of C') A) N proj; J)
Es. {Pos (F-of 2C)}»
proof cases
case fml-unsat
then have «(core.fmi-ext ‘ total-strip J) |=s~ {Pos bot, Pos (F-of C')}»
by (smt (verit, best) Un-absorb consequence-relation.entails-subsets in-
sert-is-Un
core.sound-cons. ext-cons-rel sup-gel)
moreover have «((core.fml-ext ‘ total-strip J) U {Pos bot}) [Es~ {Pos (F-of
chp
by (smt (verit, del-insts) Un-commute Un-upper?2 empty-subsetl insert-subset
mem-Collect-eq core.sound-cons.bot-entails-empty core.sound-cons.entails-neg-def
core.sound-cons.entails-subsets)
ultimately have «(core.fml-ext * total-strip J) =s~. {Pos (F-of C)}p
using consequence-relation.entails-cut core.sound-cons.ext-cons-rel
by fastforce
then show ?thesis
by (smt (verit, best) AF.sel(1) consequence-relation.entails-subsets
insert-is-Un core.sound-cons.ext-cons-rel sup-gel)
next
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case N -unsat
then have <bot € N proj; J»
unfolding core.enabled-projection-def core.enabled-def
using all-heads-in-N -are-bot by fastforce
then have «(Pos * (N proj; J)) Es~ {p
by (smt (verit, del-insts) consequence-relation.bot-entails-empty
consequence-relation. entails-subsets image-insert insert-is- Un mk-disjoint-insert
core.sound-cons. ext-cons-rel sup-bot-right sup-gel)
then show ?thesis
by (smt (verit, ccfv-threshold) Un-upper2 consequence-relation.entails-subsets
core.distrib-proj image-Un insert-is-Un core.sound-cons.ext-cons-rel
sup-assoc)
next
case A-subset-J
then have pair-bot-A-enabled: <core.enabled (AF.Pair bot A) J»
by (simp add: core.enabled-def)
then have «{Pos (F-of C')} E=s. {Pos (F-of C"P
by (meson consequence-relation.entails-reflexive core.sound-cons.ext-cons-rel)
then have «(Pos ¢ ({AF.Pair (F-of C") A} proj; J)) Es~ {Pos (F-of C)}
using pair-bot-A-enabled core.enabled-def core.enabled-projection-def
by force
then show ?thesis
by (smt (verit, ccfv-threshold) AF.sel(1) Un-commute Un-upper2
consequence-relation.entails-subsets core.distrib-proj image-Un insert-is-Un
core.sound-cons. ext-cons-rel)
qged
qed
have trim-assms: «(A-of C' = A |U| B A F-of C' # bot A N U {AF.Pair bot A}
Esar {AF.Pair bot B} A
(VCeN. F-of C=bot) N AN B={|]} N A#A{||b
using A-of-Cp F-of-Cp N -and-Pair-bot-A-entails- Pair-bot-B all-heads-in-N -are-bot
A-int-B A-neq
by blast
have «C'> N =sap {7Ch
unfolding core. AF-entails-sound-def core.enabled-set-def
by (smt (verit, ccfo-threshold) AF.collapse AF.sel(2) A-of-Cp core.distrib-proj
core.enabled-def
core.projection-of-enabled-subset image-empty image-insert insertCI in-
sert-is-Un
neg-entails-version)
then show <insert C' N Esar {ChH
using C-is by auto
qged

theorem trim-redundant: <A-of C = A |U] B A
F-of C # bot A
M U {AF .Pair bot A} Esar {AF.Pair bot B} A
(VCeM. F-of C=bot) NA N B=A{||]} N A#{|]} =
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C € core.SRedp (M U { AF.Pair (F-of C) B })»
proof —
assume <A-of C = A |U| B A F-of C # bot AN M U {AF.Pair bot A} Esar
{AF.Pair bot B} A
(VCeM. F-of C =bot) NA|N| B={||} NA#{||p
then have A-of-C-is: <A-of C = A |U| B> and
<F-of C # bot» and
M-and-A-entail-bot-B: «AF.Pair bot A > M f=sap {AF.Pair bot B}»

and
VC € M. F-of C = bot» and
A-B-disjoint: <A |N| B = {||}> and
A-not-empty: <A # {||p
by auto
then have <3 C' € M U {AF.Pair (F-of C) B}. (F-of C' = F-of C N\ A-of C’
|C| A-of C)»
by auto

then show C € core.SRedr (M U { AF.Pair (F-of C) B })»
unfolding core.SRedp-def
by (smt (verit, del-insts) AF.collapse Collect] Un-iff insert-iff singletonD)
qed

lemma extend-simps-with-trim:
assumes
<AF-calculus-extended (to-AF bot) core.SInf (=ar) (FEsar) core.SRedy
core.SRedr Simps OptInfs)
shows
CAF-calculus-with-trim (to-AF bot) core.SInf (Far) (Fsar) core.SRed; core.SRedp
Simps OptInfs)
proof —
interpret sound-simps:
AF-calculus-extended to-AF bot core.SInf (Ear) (Fsar) core.SRed;y
core.SRedp Simps Optlnfs
using assms .
show ?thesis
proof
fix C A BM
assume <A-of C = A |U| B A
F-of C # F-of (to-AF bot) A
M U {AF.Pair (F-of (to-AF bot)) A} =sar {AF.Pair (F-of (to-AF bot))
B} A
(VCeM. F-of C = F-of (to-AF bot)) N AN| B={||} N A £ {||}
then show «C > M |=sap {AF.Pair (F-of C) B}
using trim-sound F-of-to-AF by metis
next
fix C A BM
assume <A-of C = A |U| B A
F-of C # F-of (to-AF bot) A
M U {AF.Pair (F-of (to-AF bot)) A} Esar {AF.Pair (F-of (to-AF bot))
B} A
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(VCeM. F-of C = F-of (to-AF bot)) N A|N| B={||} N A #{||}
then show «C € core.SRedp (M U {AF.Pair (F-of C) B})»
using trim-redundant F-of-to-AF by metis
qed
qed

interpretation splitting-calc-with-trim:
AF-calculus-with-trim to-AF bot core.SInf (F=ar) (Fsar) core.SRedr core.SRedp
{ {3

using extend-simps-with-trim[OF empty-simps. A F-calculus-extended-azioms] .

end

9.2 Extra Inferences

We extend our basic splitting calculus with new optional rules:

e STRONGUNSAT is a variant of UNSAT which uses the sound entailment
instead of the "normal" entailment;

e APPROX is a very special case for SPLIT where n = 1;

e TAUTO inserts a new formula which is always true.

9.2.1 The StrongUnsat Rule

locale AF-calculus-with-strong-unsat =
base: AF-calculus-extended bot SInf entails entails-sound Red-I Red-F Simps
OptInfs
for bot :: <('f, 'v :: countable) AF) and
SInf :: «('f, 'v) AF inference set> and
entails :: <('f, 'v) AF set = ('f, 'v) AF set = bool> and
entails-sound :: <('f, 'v) AF set = ('f, 'v) AF set = booly (infix <(=sapr 50)
and
Red-I :: «('f, 'v) AF set = ('f, 'v) AF inference set> and
Red-F :: «('f, v) AF set = ('f, 'v) AF set» and
Simps :: <('f, 'v) AF simplification set> and
Optinfs :: <('f, 'v) AF inference set»
begin

We follow the same naming conventions for our new inference rules as
for the two inference rules defined in annotated-calculus. X__inf defines the
inference rule, while X_ pre is the precondition for the application of the
inference rule.

abbreviation strong-unsat-pre :: <('f, 'v) AF list = bool> where
<strong-unsat-pre M = (set M [=sap {bot}) A (¥ z € set M. F-of ¢ = (F-of
bot))»
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abbreviation strong-unsat-inf :: <('f, 'v) AF list = ('f, 'v) AF inference> where
<strong-unsat-inf M = Infer M bot»

Instead of considering an inference system with only the new rule, here
STRONGUNSAT, we instead add it to the inference system provided so that
it is possible to extend the system rule by rule in a modular way.

inductive-set OptInfs-with-strong-unsat :: «('f, 'v) AF inference set» where
strong-unsat: <strong-unsat-pre M = strong-unsat-inf M € Optinfs-with-strong-unsat>
| from-OptInf: <« € Optinfs = + € OptInfs-with-strong-unsat)

theorem OptInf-with-strong-unsat-sound-wrt-entails-sound:
< € Optlnfs-with-strong-unsat = set (prems-of 1) Esar {concl-of 1}
proof —
assume <« € Optlnfs-with-strong-unsat>
then show ?thesis
proof (cases ¢ rule: OptInfs-with-strong-unsat.cases)
case (strong-unsat M)
then show ?thesis
by simp
next
case from-OptInf
then show ?thesis
using base.infs-sound by blast
qed
qed

interpretation AF-sound-cons-rel: consequence-relation bot <(F=sap)
using base.sc.sound-cons.consequence-relation-axioms .

interpretation SInf-sound-inf-system: sound-inference-system SInf bot «(F=sar)>
using base.sc.sound-inference-system-azxioms .

definition Red-I-ext where
(Red-I-ext N' = Red-I N' U { strong-unsat-inf M | M. strong-unsat-pre M A
bot € N' b

interpretation AF-calc-with-strong-unsat:
AF-calculus bot SInf entails entails-sound Red-I Red-F
using base. A F-calculus-axioms .

sublocale AF-calc-ext: AF-calculus-extended bot SInf entails entails-sound Red-1
Red-F

Simps OptInfs-with-strong-unsat

using base.simps-simp base.simps-sound
OptInf-with-strong-unsat-sound-wrt-entails-sound

by (unfold-locales, auto)

end
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context splitting-calculus
begin

lemma extend-infs-with-strong-unsat:
assumes
<A F-calculus-extended (to-AF bot) core.SInf (Far) (FEsar) core.SRedy
core.SRedp Sitmps Optinfs»
shows
<A F-calculus-with-strong-unsat (to-AF bot) core.SInf (Far) (Esar) core.SRed;y
core.SRedp Simps
OptInfs»
using AF-calculus-with-strong-unsat.intro assms by blast

interpretation splitting-calc-with-strong-unsat: AF-calculus-with-strong-unsat to-AF
bot core.SInf
(Ear) (Fsar) core.SRed; core.SRedr {} {}
using
extend-infs-with-strong-unsat| OF empty-simps. A F-calculus-extended-azioms| .

end

9.2.2 The Tauto Rule

locale AF-calculus-with-tauto =
base: AF-calculus-extended bot SInf entails entails-sound Red-I Red-F Simps
OptInfs
for bot :: <('f, 'v :: countable) AF) and
SInf :: «('f, 'v) AF inference set> and
entails :: <('f, 'v) AF set = ('f, 'v) AF set = bool> and
entails-sound :: <('f, 'v) AF set = ('f, 'v) AF set = booly (infix <(=sapr 50)
and
Red-I :: «('f, 'v) AF set = ('f, 'v) AF inference set> and
Red-F :: «('f, v) AF set = ('f, 'v) AF set» and
Simps :: <('f, 'v) AF simplification set> and
Optinfs :: <('f, 'v) AF inference set
begin

abbreviation tauto-pre :: <('f, 'v) AF = bool) where
<tauto-pre C = {} Esar {C b

abbreviation tauto-inf :: <('f, 'v) AF = ('f, 'v) AF inference> where

(tauto-inf C = Infer [| C»

inductive-set OptInfs-with-tauto :: <('f, 'v) AF inference set> where
tauto: <tauto-pre C = tauto-inf C € Optinfs-with-tauto>
| from-Optinfs: <« € OptInfs = 1 € OptInfs-with-tauto
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theorem Optinfs-with-tauto-sound-wrt-entails-sound: <t € OptInfs-with-tauto —>

set (prems-of 1) Esar {concl-of 1}
proof —
assume <« € OptInfs-with-tauto>
then show ?thesis
proof (cases ¢ rule: OptInfs-with-tauto.cases)
case (tauto C)
then show “thesis
by auto
next
case from-Optlnfs
then show ?thesis
using base.infs-sound by blast
qged
qed

sublocale AF-calc-ext: AF-calculus-extended bot SInf entails (=sap) Red-1
Red-F Simps OptInfs-with-tauto
using OptInfs-with-tauto-sound-wrt-entails-sound base.simps-sound base.simps-simp

by (unfold-locales, auto)
end

context splitting-calculus
begin

lemma extend-infs-with-tauto:

assumes

<A F-calculus-extended (to-AF bot) core.SInf (Far) (FEsar) core.SRed
core.SRedp Sitmps Optinfs»

shows

<A F-calculus-with-tauto (to-AF bot) core.SInf (Ear) (Esar) core.SRed; core.SRed p
Simps OptlInfs)

using AF-calculus-with-tauto.intro assms by blast

interpretation splitting-calc-with-tauto:
AF-calculus-with-tauto to-AF bot core.SInf (Far) (Esar) core.SRed; core.SRed
{3 {t

using extend-infs-with-tauto[ OF empty-simps. AF-calculus-extended-azioms| .

end
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9.2.3 The Approx Rule

locale AF-calculus-with-approxr =
base: AF-calculus-extended bot SInf entails entails-sound Red-I Red-F Simps
Optlnfs
for bot :: <('f, 'v :: countable) AF> and
SInf :: «('f, 'v) AF inference set» and
entails = <('f, 'v) AF set = ('f, 'v) AF set = bool> and
entails-sound :: <('f, 'v) AF set = ('f, 'v) AF set = bool> (infix <E=sap> 50)
and
Red-I :: «('f, 'v) AF set = ('f, 'v) AF inference set> and
Red-F :: «('f, 'v) AF set = ('f, 'v) AF set> and
Simps :: <('f, 'v) AF simplification set> and
Optinfs :: <('f, 'v) AF inference set
+ fixes
approximates :: 'v sign = ('f, 'v) AF = bool)
assumes
approz-sound: <approzimates a C = {C} E=sap {AF.Pair (F-of bot) (finsert
(neg a) (A-of C))}
begin

abbreviation approz-pre :: <'v sign = ('f, 'v) AF = bool> where
capproz-pre a C = approximates a C»

abbreviation approz-inf :: «('f, 'v) AF = 'v sign = ('f, 'v) AF inference> where
<approz-inf C a = Infer [C] (AF.Pair (F-of bot) (finsert (neg a) (A-of C)))»

inductive-set OptInfs-with-approz :: <('f, 'v) AF inference set> where
approx: <approz-pre a C = approz-inf C a € OptInfs-with-approz>
| from-OptInfs: <. € OptInfs = 1 € OptInfs-with-approx>

theorem Optinfs-with-approz-sound-wrt-entails-sound:
< € OptInfs-with-appror => set (prems-of 1) Esap {concl-of 1}
proof —
assume <« € Optlnfs-with-approx)
then show ?thesis
proof (cases ¢ rule: OptInfs-with-approz.cases)
case (approz a C)
show ?thesis
using approz-sound[OF approx(2)] approx(1) by simp
next
case from-Optlnfs
show ?thesis
using base.infs-sound|OF from-OptInfs] .
qed
qed

sublocale AF-calc-ext: AF-calculus-extended bot SInf entails (=sap) Red-I Red-F
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Simps
OptInfs-with-approx
using Optnfs-with-approz-sound-wrt-entails-sound base.simps-sound base.simps-simp

by (unfold-locales, auto)
end

context splitting-calculus
begin

definition approzimates :: <'v sign = ('f, 'v) AF = booly where
<approzimates a C = a € asn (Pos (F-of C))»

lemma approz-sound: <approzimates a C = {C} Esar {AF.Pair bot (finsert
(neg a) (A-of C))b
proof —
assume approz-a-C: <approzimates a C»
then have
<core.enabled (AF.Pair bot (finsert (neg a) (A-of C))) J =
(core.fml-ext * total-strip J) U {Pos (F-of C)} s~ {Pos bot})
for J
proof —
fix J
assume <core.enabled (AF.Pair bot (finsert (neg a) (A-of C))) J»
then have <fset (finsert (neg a) (A-of C)) C total-strip J»
unfolding core.enabled-def
by simp
then have neg-fml-ext-in-J: <neg (core.fml-ext a) € core.fml-ext ‘ total-strip J»
by (smt (verit, ccfu-threshold) finsert.rep-eq core.fml-ext.elims core.fml-ext.simps(1)
core.fml-ext.simps(2) image-iff insert-subset neg.simps(1) neg.simps(2))
moreover have «{Pos (F-of C)} =s. {Pos (F-of C)}»
using core.equi-entails-if-a-in-asns approz-a-C unfolding approximates-def
by blast
then have «(core.fmil-ext ¢ (total-strip J — {neg a})) U {Pos (F-of C)} Es~
{Pos bot, Pos (F-of C)}»
by (metis (no-types, lifting) consequence-relation.entails-subsets insert-is-Un
core.sound-cons. ext-cons-rel sup.cobounded?)
ultimately show «(core.fml-ext ‘ total-strip J) U {Pos (F-of C)} s~ {Pos
bot}»
proof —
have (core.fml-ext ¢ total-strip J U {core.fml-ext a} [Es~. ({Pos bot} U {})
by (smt (28) Bex-def-raw UnCI Un-commute Un-insert-right Un-upper2
neg-fml-ext-in-J
consequence-relation.entails-subsets insert-is-Un insert-subset
core.sound-cons.ext-cons-rel core.sound-cons.pos-neg-entails-bot)
then show ?thesis
using approz-a-C unfolding approximates-def
by (smt (verit) Un-commute Un-empty-right core. C-entails-fml core.fml-ext-is-mapping
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core.neg-ext-sound-cons-rel.entails-cut)

qed

qed

then have
<core.enabled-set { AF.Pair bot (finsert (neg a) (A-of C))} J =

core.fml-ext * total-strip J U Pos ‘ ({C} projy J) =s~ {Pos bot}

for J
unfolding core.enabled-projection-def core.enabled-def core.enabled-set-def
by auto

then show «{C} Esar {AF.Pair bot (finsert (neg a) (A-of C))b
unfolding core. AF-entails-sound-def by auto

qed

lemma extend-infs-with-approx:
assumes
<A F-calculus-extended (to-AF bot) core.SInf (Far) (Esar) core.SRedy core.SRedp
Simps
Optinfs»
shows
(A F-calculus-with-approz (to-AF bot) core.SInf (FEar) (Fsar) core.SRedy
core.SRedp Simps
Optlnfs approzimates»
using AF-calculus-with-approx.intro| OF assms| approx-sound
by (simp add: AF-calculus-with-approz-azioms-def F-of-to-AF')

interpretation splitting-calc-with-approx:
AF-calculus-with-approx to-AF bot core.SInf (Far) (FFsar) core.SRedy core.SRedp
It

approximates
using extend-infs-with-approx|OF empty-simps. A F-calculus-extended-azioms] .

end

9.3 Combining all simplifications and optional inferences

We have augmented the core calculus with each simplification and optional
rule separately. We now show how to augment the core calculus with all of
them in succession.

context splitting-calculus
begin

interpretation with-A: AF-calculus-with-approx to-AF bot core.SInf (FFar) (Fsar)
core.SRedy

core.SRedr {} {} approzimates

using extend-infs-with-approx|OF empty-simps. A F-calculus-extended-azioms] .

interpretation with-AT: AF-calculus-with-tauto to-AF bot core.SInf (FFar) (Fsar)
core.SRedy
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core.SRedp {} with-A.Optinfs-with-approx
using
extend-infs-with-tauto| OF with-A.AF-calc-ext. AF-calculus-extended-axioms) .

interpretation with-ATS: AF-calculus-with-strong-unsat to-AF bot core.SInf (Far)
(Fsar)
core.SRedy core.SRedp {} with-AT.OptInfs-with-tauto
using extend-infs-with-strong-unsat[OF
with-AT.AF-calc-ext. AF-calculus-extended-azioms] .

interpretation with-ATS-T: AF-calculus-with-trim to-AF bot core.SInf (Ear)
(Esar) core.SRed;
core.SRedp {} with-ATS. OptInfs-with-strong-unsat
using extend-simps-with-trim[OF
with-ATS. AF-calc-ext. AF-calculus-extended-axioms| .

interpretation with-ATS-TC: AF-calculus-with-collect to-AF bot core.SInf (Far)
(Fsar)
core.SRedy core.SRedp with-ATS-T.Simps-with- Trim with-ATS. Optinfs-with-strong-unsat
using extend-simps-with-collect| OF
with-ATS-T.AF-calc-ext. AF-calculus-extended-azioms] .

interpretation with-all: AF-calculus-with-split to-AF bot core.SInf (FEar) (Fsar)

core.SRed; core.SRedp with-ATS-TC.Sitmps-with-Collect with-ATS. Optinfs-with-strong-unsat
splittable
using extend-simps-with-split| OF
with-ATS-TC.AF-calc-ext. AF-calculus-extended-axioms] .

interpretation full-splitting-calculus: AF-calculus-extended to-AF bot
core.SInf (Ear) (Esar) core.SRedy core.SRedp with-all.Simps-with-Split
with-ATS. OptInfs-with-strong-unsat
using with-all. AF-calc-ext. AF-calculus-extended-axioms .

Simplifications and optional inferences can be integrated in derivations.
This is made obvious by the following two lemmas.

lemma simp-in-derivations: <§ € with-all.Simps-with-Split —>
core.S-calculus.derive (M U S-from §) (M U S-to §)»
unfolding core.S-calculus.derive-def
proof
fix C
assume d-in: 0 € with-all.Simps-with-Splity and
«C e MU S-from § — (M U S-to §)»
then have «C € S-from § — S-to &»
by blast
then show <C € core.SRedp (M U S-to §)»
using with-all. AF-calc-ext.simps-simp[ OF d-in] by (meson core.annotated-calculus-azioms
annotated-calculus. SRed g -of-subset-F in-mono inf-sup-ord(4))
qged
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lemma opt-infs-in-derivations: <t € with-ATS.OptInfs-with-strong-unsat =
core.S-calculus.derive (M U set (prems-of 1)) (M U set (prems-of ¢) U {concl-of
)
unfolding core.S-calculus.derive-def
proof
fix C
assume <« € with-ATS. Optinfs-with-strong-unsat> and
C-in: «C € M U set (prems-of t) — (M U set (prems-of ) U {concl-of ¢})
have <M U set (prems-of 1) — (M U set (prems-of ¢) U {concl-of 1}) = {}p
by blast
then have Fulse using C-in by auto
then show «C € core.SRedp (M U set (prems-of 1) U {concl-of 1})»
by auto
qed

end

9.4 The BinSplit Simplification Rule

For the sake of the Lightweight Avatar calculus, we define the BINSPLIT
simplification rule, and show that it is indeed a sound simplification rule as
in the case of the Split rule.

locale AF-calculus-with-binsplit =
base-calculus: AF-calculus-extended bot SInf entails entails-sound SRedy
SRedr Simps Optlnfs
for bot :: <('f, 'v :: countable) AF> and
SInf :: «('f, 'v) AF inference set> and
entails :: <('f, 'v) AF set = ('f, 'v) AF set = bool) (infix <=4 50) and
entails-sound :: <('f, 'v) AF set = ('f, 'v) AF set = booly (infix (=sap> 50)
and
SRedy :: «('f, 'v) AF set = ('f, 'v) AF inference set» and
SRedp :: «('f, 'v) AF set = ('f, 'v) AF set» and
Simps :: <('f, 'v) AF simplification set» and
OptInfs :: <('f, 'v) AF inference set
+ fixes
bin-splittable :: «('f, 'v) AF = 'f = 'f = ('f, 'v) AF fset = bools
assumes
binsplit-prem-entails-cons: <bin-splittable C C1 C2 Cs =V C' € fset Cs. {C}
Esar {C'}> and
binsplit-simp: <bin-splittable C C1 C2 Cs = C € SRedp (fset Cs)»
begin

We use the same naming convention as for the other rules, where X _pre
is the condition which must hold for the rule to be applicable, X res is its
resultant and X __simp is the simplification rule itself.

abbreviation bin-split-pre :: «('f, 'v) AF = 'f = 'f = ('f, 'v) AF fset = bool)
where
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<bin-split-pre C C1 C2 Cs = bin-splittable C C1 C2 Cs»

abbreviation bin-split-res :: <«('f, 'v) AF = ('f, 'v) AF fset = ('f, 'v) AF set
where
<bin-split-res C Cs = fset Cs»

abbreviation bin-split-simp :: <('f, 'v) AF = ('f, 'v) AF fset = ('f, 'v) AF
simplificationy where
<bin-split-simp C Cs = Simplify {C} (bin-split-res C Cs)»

inductive-set Simps-with-BinSplit :: <('f, "v) AF simplification set) where
binsplit: <bin-split-pre C C'1 C2 Cs = bin-split-simp C Cs € Simps-with-BinSplit)

| other: «<simp € Simps = simp € Simps-with-BinSplits

theorem SInf-with-binsplit-sound-wrt-entails-sound:
« € Simps-with-BinSplit =V C € S-to v. S-from 1 l=sap {Ch
proof —
assume ¢-is-simp-rule: <v € Simps-with-BinSplit»
then show vV C € S-to v. S-from v E=sap {C}
proof (intro balll)
fix C
assume C-is-consg-of-t: <C € S-to v»
show «S-from « =sar {C}H
using ¢-is-simp-rule
proof (cases rule: Simps-with-BinSplit.cases)
case (binsplit C' C1 C2 Cs)
then have <VC' € fset Cs. S-from ¢ Esar {C'}
using binsplit-prem-entails-cons by auto
then show ?thesis
using C-is-consq-of-t binsplit unfolding S-to-def by auto
next
case other
then show ?thesis
using C-is-consq-of-v base-calculus.simps-sound by auto
qed
qed
qed

lemma binsplit-redundant: <bin-split-pre C C1 C2 Cs => C € SRedp (bin-split-res
C Cs)»
proof —
assume pre-cond: <bin-split-pre C C1 C2 Cs»
then show «C € SRedp (bin-split-res C Cs)»
using binsplit-simp by simp
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qed

lemma simps-with-binsplit-are-simps:
< € Simps-with-BinSplit = (S-from ¢ — S-to 1) C SRedp (S-to 1)
proof
fix C
assume i-in: < € Simps-with-BinSplit) and
C-in: «C € S-from ¢ — S-to v»
then show «C € SRedr (S-to 1)
proof (cases rule: Simps-with-BinSplit.cases)
case (binsplit C' C1 C2 Cs)
then have «C = C’ using C-in by auto
moreover have <S-to ¢ = bin-split-res C' Cs» using binsplit(1) simplifica-
tion.sel(2) by auto
ultimately show #thesis
using binsplit-redundant| OF binsplit(2)] by presburger
next
case other
then show ?thesis
using base-calculus.simps-simp C-in by blast
qed
qed

sublocale AF-calc-ext: AF-calculus-extended bot SInf entails entails-sound
SRed; SRedpr Simps-with-BinSplit OptlInfs
using simps-with-binsplit-are-simps SInf-with-binsplit-sound-wrt-entails-sound
base-calculus.infs-sound by (unfold-locales, auto)

end

context splitting-calculus
begin

definition mk-bin-split :: «('f, 'v) AF = 'f = 'f = ('f, 'v) AF fset» where
«split-form (F-of C) {|C1, C2|} = mk-bin-split C C1 C2 =
let a = (SOME a. a € asn (sign.Pos C1))
in {|AF.Pair C1 (finsert a (A-of C)), AF.Pair C2 (finsert (neg a) (A-of C))|}»

definition bin-splittable :: «('f, 'v) AF = 'f = 'f = ('f, 'v) AF fset = bool)
where

<bin-splittable C C1 C2 Cs = split-form (F-of C) {|C1, C2|} N mk-bin-split C C1
C2 =Cs

theorem binsplit-prem-entails-cons: <bin-splittable C C1 C2 Cs = V C' € fset
Cs. {C} Esar {C'H
proof (intro balll)

fix C’
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assume C-u-D-splittable: <bin-splittable C C1 C2 Cs» and

C'-in: <C' |€| Cs»
then have split-fm: <split-form (F-of C) {|C1, C2|}» and

make-split: <mk-bin-split C C1 C2 = Cs

unfolding bin-splittable-def by blast+
have «C’ € (let a = SOME a. a € asn (sign.Pos C1)

in {AF.Pair C1 (finsert a (A-of C)), AF.Pair C2 (finsert (neg a) (A-of
N}

using make-split mk-bin-split-def[OF split-fm| C’-in by (metis bot-fset.rep-eq
fset-simps(2))
then obtain ¢ where
a-in-asn-pos-C1: <a € asn (sign.Pos C1)» and
C'-is: «C' = AF.Pair C1 (finsert a (A-of C)) V C' = AF.Pair C2 (finsert (neg
@) (A-of C))
using core.asn-not-empty insert-iff singletonD some-in-eq by metis
consider (C1) «C' = AF.Pair C1 (finsert a (A-of C))»
| (C2) «C' = AF.Pair C2 (finsert (neg a) (A-of C))»
using C’-is by blast
then show {C} Esar {C'p
unfolding core. AF-entails-sound-def core.enabled-set-def core.enabled-def
proof (cases)
case (1
assume Cp-eq: <C' = AF.Pair C1 (finsert a (A-of C))»
show vV J. (VCe{C'}. fset (A-of C) C total-strip J)
core.fml-ext ‘ total-strip J U Pos * ({C} projs J) Es~ Pos ‘ F-of “{C'}
proof (rule alll, rule impl)
fix J
assume VCe{C'}. fset (A-of C) C total-strip J»
then have <a € total-strip J»
and «(fset (A-of C) C total-strip J»
using Cp-eq by auto
then have <core.fml-ext ¢ total-strip J U sign.Pos * ({C} proj; J) Es~
{sign.Pos C1}»
using a-in-asn-pos-C1 by (smt (verit, best) core.fml-entails-C' core.fml-ext-is-mapping

core.neg-ext-sound-cons-rel.entails-subsets image-eql singletonD subset]
sup-gel)
then show (core.fml-ext  total-strip J U Pos ‘ ({C} projj J) E=s~ Pos ‘ F-of
({Cl}>
by (simp add: Cp-eq)
qed
next
case (2
assume C’-is-C2: «C' = AF.Pair C2 (finsert (neg a) (A-of C))»
show «VJ. (VCe{C'}. fset (A-of C) C total-strip J) —
core.fml-ext * total-strip J U sign.Pos * ({C} proj; J) Es~ sign.Pos ¢ F-of
{c¢p
proof (rule alll, rule impl)
fix J
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assume VCe{C'}. fset (A-of C) C total-strip J»
then have a-notin: <a ¢ total-strip J»
and in-J: (fset (A-of C) C total-strip J»
using C’-is-C2 by auto
have ({F-of C} [=s fset {|C1, C2|}»
using split-fm unfolding split-form-def by blast
then have «{sign.Neg C1} U {sign.Pos (F-of C)} =s~ {sign.Pos C2}»
unfolding core.sound-cons.entails-neg-def by simp
moreover have neg-fml-a-in: <neg (map-sign fml a) € core.fml-ext  total-strip
I
using a-notin by (smt (23) core.fml-ext.elims core.fml-ext.simps(1) core.fml-ext.simps(2)

core. fml-ext-is-mapping image-iff neg.simps(1) neg.simps(2) neg-in-total-strip)
ultimately have neg-fml-a-in-entails:

{neg (map-sign fml a)} U {sign.Pos (F-of C)} [=s~ {sign.Pos C2}»

using core.fml-entails-C core. C-entails-fml

by (metis a-in-asn-pos-C1 consequence-relation.swap-neg-in-entails-neg

core.neg-ext-sound-cons-rel.entails-cut core.sound-cons.consequence-relation-axioms

insert-is-Un neg.simps(1) sup-commute)
have (core.fml-ext * total-strip J U {sign.Pos (F-of C)} Es~ {sign.Pos C2}»
proof —
have f1: V S. neg (map-sign fml a) > S C S U core.fml-ext * total-strip J
using neg-fml-a-in by blast
have VS s Sa. (s::'f sign) > Sa C Sa U (s> 5)
by force
then show ?thesis
using f1
by (metis (no-types) neg-fml-a-in-entails
core.neg-ext-sound-cons-rel.entails-subsets insert-is-Un sup-gel )
qed
moreover have ({C} proj; J = {(F-of C)}»
using in-J unfolding core.enabled-projection-def core.enabled-def by blast
ultimately have <core.fml-ext ¢ total-strip J U sign.Pos ‘ ({C} proj; J) Es~
{sign.Pos C2}»
by simp
then show <core.fml-ext ‘ total-strip J U Pos ‘ ({C} projs J) Es~ Pos ¢ F-of
¢ {C /}>
using C’-is-C2 by auto
qed
qed
qged

theorem binsplit-simp: <bin-splittable C C1 C2 Cs => C € core.SRedp (fset Cs)»
proof —
assume <bin-splittable C C1 C2 Cs»
then have split-fm: «split-form (F-of C) {|C1, C2|}» and
make-split: <mk-bin-split C C1 C2 = Cs»
unfolding bin-splittable-def by blast+
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have F-entailment: <{F-of C} [=s fset {|C1, C2|p
using split-fm unfolding split-form-def by blast
have C-D-make-C-u-D-redundant: <V C'. C’ |€| {|C1, C2|} — F-of C € Redp
{C"}
by (meson split-fm split-form-def)
have a-ex: <3 a € asn (sign.Pos C1).
fset Cs = {AF.Pair C1 (finsert a (A-of C)), AF.Pair C2 (finsert (neg a)
(A-of C))p
by (metis mk-bin-split-def[OF split-fm] bot-fset.rep-eq core.asn-not-empty fin-
sert.rep-eq
make-split some-in-eq)
then obtain a where a-in: <a € asn (sign.Pos C1)» and
Cs-is: «fset Cs = {AF.Pair C1 (finsert a (A-of C)), AF.Pair C2 (finsert (neg

a) (A-of C))}»

by blast
show (C € core.SRedp (fset Cs)»
proof —
have V7. fset (A-of C) C total-strip J — (F-of C) € Redp ((fset Cs) projy
J)
proof (intro alll impl)
fix J

assume A-in-J: «fset (A-of C) C total-strip J»
then have a-or-neg-a-in-J: <a € total-strip J V neg a € total-strip J»
by simp
then have a-or-neg-a-in-J: <fset (finsert a (A-of C)) C total-strip J V
fset (finsert (neg a) (A-of C)) C total-strip J»
by (simp add: A-in-J)
have «(fset Cs) proj; J C {C1, C2}»
using Cs-is core.enabled-projection-def
by auto
moreover have ((fset Cs) proj; J # {}
unfolding core.enabled-projection-def using a-or-neg-a-in-J Cs-is
by (metis (mono-tags, lifting) AF.sel(2) core.enabled-def empty-iff insertCI
mem-Collect-eq)
ultimately show «(F-of C) € Redr ((fset Cs) proj; J)»
using C-D-make-C-u-D-redundant
by (smt (verit, del-insts) core.Red-F-of-subset all-not-in-conv empty-subset]
finsertCI insert-iff insert-subset subsetD)
qed
then show ?thesis
unfolding core.SRedp-def by (smt (verit, ccfo-threshold) AF.collapse UnCI
mem-Collect-eq)
qed
qed

lemma extend-simps-with-binsplit:
assumes
<A F-calculus-extended (to-AF bot) core.SInf (Far) (Esar) core.SRed
core.SRedr Simps Optlnfs)
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shows
(AF-calculus-with-binsplit (to-AF bot) core.SInf (Far) (FEsar) core.SRed;
core.SRedp Simps
OptInfs bin-splittables
proof —
interpret sound-simps: AF-calculus-extended to-AF bot core.SInf (Ear)
(Esar) core.SRed; core.SRedr Simps Optlnfs
using assms .
show ?thesis
proof
show <bin-splittable C C1 C2 Cs = VC'|€|Cs. {C} Esar {C'}» for C C1 C2
Cs
using binsplit-prem-entails-cons .
next
show <bin-splittable C C1 C2 Cs = C € core.SRedr (fset Cs)» for C C1 C2
Cs
using binsplit-simp .
qed
qed

interpretation splitting-calc-with-binsplit: AF-calculus-with-binsplit to-AF bot core.SInf
(Far)

(Esar) core.SRed; core.SRedp {} {} bin-splittable

using extend-simps-with-binsplit| OF empty-simps. A F-calculus-extended-azioms)

end

end

theory Lightweight-Avatar
imports
Main
Modular-Splitting-Calculus
Saturation-Framework-Extensions. FO-Ordered-Resolution- Prover- Revisited
begin

9.5 Ordered Resolution with a Disjunctive Consequence Re-
lation

locale FO-resolution-prover-disjunctive = FO-resolution-prover S subst-atm id-subst
comp-subst
renaming-aparts atm-of-atms mgu less-atm
for
S «(Ya :: wellorder) clause = 'a clauser and
subst-atm :: <'a = 's = 'a) and
id-subst :: «'sy and
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comp-subst :: <'s = 's = 's) and
renaming-aparts :: <'a clause list = 's list» and
atm-of-atms :: <'a list = 'a> and
mgu :: <'a set set = 's option) and
less-atm :: <'a = 'a = bool

begin

no-notation entails-clss (infix ¢|=e» 50)
no-notation Sema.entailment («(- |=/ -)» [53, 53] 53)
no-notation Linear- Temporal-Logic-on-Streams. HLD-nzt (infixr - 65)

notation entails-clss (infix (=nNe> 50)

interpretation gr: ground-resolution-with-selection S-M S M
using selection-axioms by unfold-locales (fact S-M-selects-subseteq S-M-selects-neg-lits)+

interpretation G: Soundness.sound-inference-system G-Inf M {{#}} (J=ne)
proof
fix ¢
assume i-in: ¢ € G-Inf M
moreover
{
fix I
assume I-ent-prems: I |=s set (prems-of i)
obtain CAs AAs As where
the-inf: gr.ord-resolve M CAs (main-prem-of 1) AAs As (concl-of 1) and
CAs: CAs = side-prems-of ¢
using i-in unfolding G-Inf-def by auto
then have I |= concl-of ¢
using gr.ord-resolve-sound[of M CAs main-prem-of + AAs As concl-of ¢ I
by (metis I-ent-prems G-Inf-have-prems i-in insert-is-Un set-mset-mset set-prems-of
true-clss-insert true-clss-set-mset)
}

ultimately show set (inference.prems-of 1) [=Ne {concl-of ¢}
by simp
qed

interpretation G: clausal-counterex-reducing-inference-system G-Inf M gr. INTERP
M
proof
fix N D
assume
{#} ¢ N and
D e N and
- gr.INTERP M N |= D and
NC.C € N= - griNTERPMN | C = D < (C
then obtain CAs AAs As E where
cas-in: set CAs C N and
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n-mod-cas: gr. INTERP M N |=m mset CAs and
ca-prod: NCA. CA € set CAs = gr.production M N CA # {} and
e-res: gr.ord-resolve M CAs D AAs As E and
n-nmod-e: = gr.INTERP M N |= E and
e-lt-d: E < D
using gr.ord-resolve-counterex-reducing by blast
define ¢ where

v = Infer (CAs Q [D]) E

have : € G-Inf M
unfolding (-def G-Inf-def using e-res by auto
moreover have prems-of + # []
unfolding ¢-def by simp
moreover have main-prem-of + = D
unfolding ¢-def by simp
moreover have set (side-prems-of 1) C N
unfolding ¢-def using cas-in by simp
moreover have gr.INTERP M N |=s set (side-prems-of ()
unfolding ¢-def using n-mod-cas ca-prod by (simp add: gr.productive-imp-INTERP
true-clss-def)
moreover have = gr.INTERP M N |= concl-of ¢
unfolding ¢-def using n-nmod-e by simp
moreover have concl-of + < D
unfolding ¢-def using e-li-d by simp
ultimately show 3. € G-Inf M. prems-of ¢ # [| A main-prem-of « = D A set
(side-prems-of 1) C N A
gr. INTERP M N |=s set (side-prems-of ¢) A = gr. INTERP M N |= concl-of ¢
A concl-of v < D
by blast
qed

interpretation G: calculus-with-standard-redundancy < G-Inf M <{{#}}> «(J=ne)»
(<) = 'a clause = 'a clause = booly
using G-Inf-have-prems G-Inf-reductive
by (unfold-locales) simp-all

interpretation G: clausal-counterez-reducing-calculus-with-standard-redundancy G-Inf
M

gr INTERP M

by (unfold-locales)

interpretation G: Calculus.statically-complete-calculus {{#}} G-Inf M (|=Ne)
G.Red-I M G.Red-F

by unfold-locales (use G.clausal-saturated-complete in blast)

sublocale F: lifting-intersection F-Inf {{#}} UNIV G-Inf AN. (J=Ne) G.Red-I
AN. G.Red-F
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{{#}} AN. G-F G-I-opt AD C C". False
proof (unfold-locales; (intro balll)?)
show UNIV # {}
by (rule UNIV-not-empty)
next
show Calculus.consequence-relation {{#}} (|ENe)
by (fact consequence-relation-axioms)
next
show AM. tiebreaker-lifting {{#}} F-Inf {{#}} (|=Ne) (G-Inf M) (G.Red-I M)
G.Red-F G-F (G-TI-opt M)
(AD C C'. False)
proof
fix M ¢
show the (G-I-opt M ) C G.Red-I M (G-F (concl-of v))
unfolding option.sel
proof
fix o/
assume ' € G-I M ¢
then obtain p ps where
s o' = Infer (prems-of v --cl ps) (concl-of ¢ - p) and
0-gr: is-ground-subst o and
o-infer: Infer (prems-of v --cl 9s) (concl-of v - 9) € G-Inf M
unfolding G-I-def by blast

show " € G.Red-I M (G-F (concl-of 1))
unfolding G.Red-I-def G.redundant-infer-def mem-Collect-eq using 1’ o-gr
o-infer
by (metis Calculus.inference.sel(2) G-Inf-reductive empty-iff ground-subst-ground-cls
grounding-of-cls-ground insert-iff subst-cls-eq-grounding-of-cls-subset-eq
true-clss-union)
qed
qed (auto simp: G-F-def ex-ground-subst)
qed

notation F.entails-G (infix [=NGe 50)

sublocale F': sound-inference-system F-Inf {{#}} (JENGe)
proof
fix ¢
assume i-in: ¢t € F-Inf
moreover
{
fix I n
assume
I-entails-prems: ¥V o. is-ground-subst ¢ — I |=s set (prems-of ) -cs o and
n-gr: is-ground-subst 7
obtain CAs AAs As 0 where
the-inf: ord-resolve-rename S CAs (main-prem-of 1) AAs As o (concl-of 1)
and
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CAs: CAs = side-prems-of ¢
using i-in unfolding F-Inf-def by auto
have prems: mset (prems-of 1) = mset (side-prems-of 1) + {#main-prem-of
L}
by (metis (no-types) F-Inf-have-prems|OF i-in] add.right-neutral append-Cons
append-Nil2
append-butlast-last-id mset.simps(2) mset-rev mset-single-iff-right rev-append
rev-is-Nil-conv union-mset-add-mset-right)
have I | concl-of v -
using ord-resolve-rename-sound|OF the-inf, of I n, OF - n-gr]
unfolding CAs prems[symmetric] using I-entails-prems
by (metis set-mset-mset set-mset-subst-cls-mset-subst-clss true-clss-set-mset)
}
ultimately show set (inference.prems-of 1) [ENGe {concl-of ¢}
unfolding F.entails-G-def G-F-def true-Union-grounding-of-cls-iff by auto
qed

lemma F-stat-comp-calc: < Calculus.statically-complete-calculus {{#}} F-Inf (J=NGe)
F.Red-1-G
F.Red-F-G-empty>
proof (rule F.stat-ref-comp-to-non-ground-fam-inter)
have A M. Calculus.statically-complete-calculus {{#}} (G-Inf M) (|=Ne) (G.Red-1
M) G.Red-F
by (fact G.statically-complete-calculus-azioms)
then show <V ¢e UNIV. Calculus.statically-complete-calculus {{#}} (G-Inf q)
(Ene) (G.Red-I q) G.Red-F»
by clarsimp
next
fix N
assume F.saturated N
have F.ground.Inf-from-¢ N (J (G-F ‘ N)) C {¢. 3./ € F.Inf-from N. . € G-I
N '}
U G.Red-I N (lJ (G-F *N))
using G-Inf-overapproxz-F-Inf unfolding F.ground.Inf-from-q-def G-I-def by
fastforce
then show <3¢ UNIV. F.ground.Inf-from-q q (J (G-F ¢ N))
C {v. A'€F.Inf-from N. G-I-opt g ." # None A ¢ € the (G-I-opt ¢ L")} U G.Red-1
¢ (U (G-F M)
by auto
qed

sublocale F': Calculus.statically-complete-calculus {{#}} F-Inf (ENGe) F.Red-1-G
F.Red-F-G-empty
using F-stat-comp-calc by blast

sublocale F: Calculus.statically-complete-calculus {{#}} F-Inf (J=NGe) F.empty-ord.Red-Red-I
F.Red-F-G-empty
using F.empty-ord.reduced-calc-is-calc F.empty-ord.stat-is-stat-red F-stat-comp-calc
by blast
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(FENGe) is a conjunctive entailment, meaning that for M |=NGe N to
hold, each clause in N must be entailed by M. Unfortunately, this clashes
with requirement (D3) [ Disjunctive- Consequence-Relations.consequence-relation
Zbot Zentails; M’ C ?M; ?N’ C ¢N; Zentails M’ ?N'] = ?Zentails ?M
¢N of a splitting calculus.

Therefore, we define a disjunctive version of this entailment by stating
that M |=UGe N iff there is some C € N such that M [=NGe {C}. This
definition is not quite enough because it does not capture (D1) Disjunc-
tive-Consequence-Relations. consequence-relation ?bot Zentails = Zentails
{%bot} {}. More specifically, if N is empty, then there does not exist a C' €
N! But we know that M [=UGe {} if M is unsatisfiable. Hence M [=UGe
N if M is unsatisfiable, or there exists some C' € N such that M |=NGe
{C}. In addition, it is necessary to modify this definition to capture (D5)
the compactness property of disjunctive entailment.

definition entails-G-disj :: <'a clause set = 'a clause set = bools (infix (=UGe
50) where

(M |FUGe N «+— M |=NGe {{#}} vV 3 M'C M. finite M'" N (3 C € N. M’
[FNGe {C}))

lemma entails-G-disj-subsets: <M’ C M — N'C N = M’ |mUGe N' = M
FUGe N»

by (smt (verit, del-insts) F.entails-trans F.subset-entailed entails-G-disj-def or-
der-trans subsetD)

lemma entails-G-disj-compactness:
(M EFUGe N =3 M'N". M'"C MAN'CN A finite M' A finite N' A
M’ |FuUGe N
proof —
assume <M |[FUGe N»
then consider
(M-unsat) <M |=NGe {{#}}> |
(b) <3 M'C M. finite M' N (3 C € N. M' |=nGe {C})»
unfolding entails-G-disj-def
by blast
then show ?thesis
proof cases
case M-unsat
then show ?thesis
using unsat-G-compact|of M]
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unfolding entails-G-disj-def
by blast
next
case b
then show ?thesis
unfolding entails-G-disj-def
by (meson empty-subsetl finite.emptyl finite.insertl insert-subset subset-refl)
qed
qed

lemma entails-G-disj-cut: <M |FUGe N U {C} = M'U {C} |FUGe N' = M
UM’ |FUGe N U N’
proof —
assume M-entails-N-u-C: <M |FUGe N U {C}> and
M'-u-C-entails-N". <M’ U {C} FUGe N
then obtain P P’ where
P-subset-M: <P C M») and
finite-P: <finite Py and
P-entails-N-u-C: <P |=UGe N U {C}» and
P'-subset-M'-u-C: «<P'C M'U {C}» and
finite-P": «finite P’y and
P’-entails-N": <P’ |=UGe N
using entails-G-disj-compactness|OF M-entails-N-u-C)|
entails-G-disj-compactness| OF M'-u-C-entails-N'| entails-G-disj-subsets
by blast

have P-subset-M-u-M": <P C M U M"
using P-subset-M
by blast

show ?thesis
proof (cases <C € P%)
case C-in-P": True

define P’ where
«(P"=P' —{Ch

have P''-subset-M": <P"" C M"
using P’-subset-M’-u-C P"-def
by blast

have finite-P"": «finite P'"s
using finite-P' P''-def
by blast

consider

(M-unsat) <P |=NGe {{#} b
| (M'-u-C-unsat) <P’ |=NGe {{#}p
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| (¢)«(3 C'"e NU{C}. PENGe {C'}) A (3 C'e N". P |=ENGe {C'})»
using P-entails-N-u-C P’-entails-N' finite-P finite-P’
unfolding entails-G-disj-def
by (metis (no-types, lifting) F.entails-trans F.subset-entailed)
then show ?thesis
proof cases
case M-unsat
then have <P |FUGe N U N/
using entails-G-disj-def
by blast
then show ?thesis
using entails-G-disj-subsets[of P <M U M’ <N U N> <N U N, OF
P-subset-M-u-M]
by blast
next
case M’-u-C-unsat
then show ?thesis

by (smt (23) F.subset-entailed F-entails-G-iff M-entails-N-u-C P’-subset-M'"-u-C
UN-Un
Un-insert-right entails-G-disj-def entails-G-disj-subsets insert-iff
sup-bot.right-neutral sup-gel true-clss-union)
next
case ¢
then obtain C1 C2 where
Cl-in-N-u-C: <C1 € N U {C}> and
P-entails-C1: <P |[=NGe {C1}» and
C2-in-N": <C2 € N’y and
P’-entails-C2: <P’ |ENGe {C2}»
by blast
then show ?thesis
proof (cases <C1 = C»)
case C1-is-C: True

show ?thesis
proof (cases «C2 = ()
case True
then have <N U {C} U N'= N U N’
using C2-in-N'
by blast
moreover have <P FUGe N U {C}h
using P-entails-C1 Cl-in-N-u-C finite-P
unfolding entails-G-disj-def
by blast
ultimately show #thesis
using entails-G-disj-subsets| OF P-subset-M-u-M’, of «<N U {C}» «N U
N’
by blast
next
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case (C2-not-C: False
then have <P U P" |=NGe {C2}
by (smt (verit, del-insts) C1-is-C F.entail-union F.entails-trans F.subset-entailed
P'-def P’-entails-C2 P-entails-C1 Un-commute Un-insert-left in-
sert-Diff-single
sup-ge2)
then have <M U M’ |FUGe N
using C2-in-N' P"-subset-M' P-subset-M finite-UnI|OF finite-P finite-P"
by (smt (verit, ccfv-SIG) P-subset-M-u-M' Un-subset-iff Un-upper2
entails-G-disj-def
order-trans)
then show ?thesis
by (meson entails-G-disj-subsets equalityE sup-ge2)
qed
next
case Fulse
then have «C1 € N»
using C1-in-N-u-C
by blast
then have (P |[FUGe N)»
unfolding entails-G-disj-def
using P-entails-C1 finite-P
by blast
then show ?thesis
using entails-G-disj-subsets| OF P-subset-M-u-M']
by blast
qed
qed
next
case Fulse
then have <P’ C M/
using P’-subset-M'"-u-C
by blast
then have <M’ |FUGe N/
using P’-entails-N' entails-G-disj-subsets
by blast
then show ?thesis
using entails-G-disj-subsets[of M' <M U M’y N’ <N U N’]
by blast
qed
qed

lemma entails-G-disj-cons-rel-ext: <consequence-relation {#} (|FUGe)»
proof (standard)
show ({{#}} [FUGe {b
using F.subset-entailed entails-G-disj-def
by blast
show <A\ C. {C} |FUGe {C}
by (meson F.subset-entailed entails-G-disj-def finite.emptyl finite.insertl single-
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tonl
subset-refl)
show (A M’ MN'N. M'C M = N'C N = M’ |=UGe N’ = M |=UGe
N>
by (rule entails-G-disj-subsets)
show <A\ MNCM'N'. M |FUGe N U {C} = M'U{C} FUGe N' = M U
M'|EUGe N U N
by (rule entails-G-disj-cut)
show <A MN. M FUGe N =3 M/’ N. M'"C M AN N'"C N A finite M" A
finite N' A M’ |=UGe N
by (rule entails-G-disj-compactness)
qed

sublocale entails-G-disj-cons-rel: consequence-relation <{#}> «(|FUGe)»
by (rule entails-G-disj-cons-rel-ext)

notation entails-G-disj-cons-rel.entails-neg (infix (F=UGe > 50)

lemma all-redundant-to-bottom: «C # {#} = C € F.Red-F-G-empty {{#}}p

unfolding F.Red-F-G-empty-def F.Red-F-G-empty-q-def G.Red-F-def
proof —

assume C-not-empty: «C # {#}

have D € G-F C = 3DDC{{#}}. (V1. I |=s DD — I |= D) A (V¥ Da€DD.
Da < D)) for D

proof —

fix D :: </a clause

assume <D € G-F C»
then have <D # {#}
using C-not-empty unfolding G-F-def by force
then have «({#} < D»
by auto
moreover have <V I. [ |=s {{#}} — I |= D»
by blast
ultimately show <3 E C {{#}}. VI.I|msE — I =D AN CeE.C
< D)
by blast
qed
then show (C € ((q. {C.VDeG-F C. D € {C. 3DDC (G-F ‘ {{#}}). DD
|=ne {C} A (YWDeDD. D < C)}})»
by simp
qged

lemma bottom-never-redundant: <{#} ¢ F.Red-F-G-empty N>

unfolding F'.Red-F-G-empty-def F.Red-F-G-empty-q-def G.Red-F-def
by auto

lemma «F'.Inf-between UNIV (F.Red-F-G-empty N) C F.empty-ord.Red-Red-I N»
using F.empty-ord.inf-subs-reduced-red-inf .
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end

9.6 Lightweight Avatar without BinSplit

Since the set P of nullary predicates is left unspecified, we cannot define
fml nor asn. Therefore, we keep them abstract and leave it to anybody
instantiating this locale to specify them.

locale LA-calculus = FO-resolution-prover-disjunctive S subst-atm id-subst comp-subst
renaming-aparts
atm-of-atms mgu less-atm
for
S «(Ya :: wellorder) clause = 'a clauser and
subst-atm :: <'a = 's = 'a) and
id-subst :: «'sy and
comp-subst :: <'s = 's = ’s» and
renaming-aparts :: <'a clause list = 's list> and
atm-of-atms :: <'a list = 'a> and
mgu :: <'a set set = 's optiony and
less-atm :: <'a = 'a = bool
+ fixes
asn :: <'a clause sign = ('v :: countable) sign sety and
fml =2 <'v = 'a clause
assumes
asn-not-empty: <asn C # {}> and
fml-entails-C: <a € asn C = {map-sign fml a} [FUGe. {C}» and
C-entails-fml: <a € asn C = {C} |EUGe~, {map-sign fml a}>
begin

interpretation entails-G-disj-sound-inf-system:
Calculi-And-Annotations.sound-inference-system F-Inf «{#}> <«(|FUGe)»
proof standard
have (A 1. v € F-Inf = set (prems-of t) |ENGe {concl-of t}»
using F.sound
by blast
then show <A ¢. « € F-Inf = set (prems-of 1) [FUGe {concl-of t}»
using entails-G-disj-def by blast

qed

interpretation LA-is-calculus: calculus <{#}> F-Inf «(|FUGe)> F.empty-ord. Red-Red-I
F.Red-F-G-empty
proof standard
show «\ N. F.empty-ord.Red-Red-I N C F-Inf»
using F'.Red-I-to-Inf
by blast
show <\ N. N |=UGe {{#}} = N — F.Red-F-G-empty N |=UGe {{#}}D
using F.empty-ord.Red-F-Bot
by (metis (no-types, lifting) entails-G-disj-def sat-G-compact singleton-iff)
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show «(\ NN’ N C N' = F.Red-F-G-empty N C F.Red-F-G-empty N"
using F.empty-ord.Red-F-of-subset
by presburger
show <A NN'. N C N'= F.empty-ord.Red-Red-I N C F.empty-ord.Red-Red-I
N’
using F'.Red-I-of-subset
by presburger
show «(\ N’ N. N'C F.Red-F-G-empty N = F.Red-F-G-empty N C F.Red-F-G-empty
(N — N')
using F.empty-ord.Red-F-of-Red-F-subset
by blast
show «(\ N’ N. N’ C F.Red-F-G-empty N —> F.empty-ord.Red-Red-I N C
F.empty-ord.Red-Red-I (N — N')»
using F''.Red-I-of-Red-F-subset
by presburger
show (A ¢ N. 1 € F-Inf = concl-of . € N = 1 € F.empty-ord.Red-Red-I N»
using F'.Red-I-of-Inf-to-N
by blast
qed

interpretation LA-is-sound-calculus: sound-calculus {#}> F-Inf «(|FUGe)s «(|
EUGe)»
F.empty-ord.Red-Red-1 F.Red-F-G-empty
using LA-is-calculus. Red-1-to-Inf LA-is-calculus. Red-F-Bot LA-is-calculus. Red-F-of-subset

LA-is-calculus. Red-I-of-subset LA-is-calculus. Red-F-of-Red-F-subset
LA-is-calculus. Red-I-of-Red- F-subset L A-is-calculus. Red-I-of-Inf-to-N
by (unfold-locales, presburger+)

interpretation LA-is-AF-calculus: calculus-with-annotated-consrel <{#}> F-Inf (]
EUGe)y «(|FUGe)»
F.empty-ord.Red-Red-I F.Red-F-G-empty fml asn
proof standard
show <A\ C.V a € asn C. {map-sign fml a} [FUGe.. {C}
using fml-entails-C
by blast
show (A C.V a € asn C. {C} |FUGe~ {map-sign fml a}>
using C-entails-fml
by blast
show <\ C. asn C # {}
by (rule asn-not-empty)
qed

interpretation core-LA-calculus: splitting-calculus «{#}> F-Inf <(|FUGe) <(|FUGe)»
F.empty-ord.Red-Red-I F.Red-F-G-empty fml asn
proof standard

show = {} [FUGe {}»
unfolding entails-G-disj-def using empty-not-unsat by blast
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show (A N. F.Inf-between UNIV (F.Red-F-G-empty N) C F.empty-ord.Red-Red-I
N>
using F.empty-ord.inf-subs-reduced-red-inf by blast
show <A\ N. {#} ¢ F.Red-F-G-empty N»
using bottom-never-redundant by blast
show (A C. C # {#} = C € F.Red-F-G-empty {{#}}»
using all-redundant-to-bottom by blast
qed

notation LA-is-AF-calculus. AF-entails-sound (infix <|=sUGearr 50)
notation LA-is-AF-calculus. AF-entails (infix <=UGeary 50)

interpretation AF-calculus-extended <to-AF {#}»
core-LA-calculus.core.SInf «(FUGear)) «(|EsUGear)» core-LA-calculus.core.SRed

core-LA-calculus.core.SRedp {} {}

using core-LA-calculus.empty-simps. A F-calculus-extended-axioms .

9.7 Lightweight Avatar

We now augment the earlier calculus into LA with the simplification rule
BINSPLIT.

interpretation with-BinSplit: AF-calculus-with-binsplit <to-AF {#}» core-LA-calculus.core.SInf
LA-is-AF-calculus. AF-entails LA-is-AF-calculus. AF-entails-sound core-LA-calculus.core.SRed

core-LA-calculus.core.SRedp «{}» <«{}» core-LA-calculus.bin-splittable
using core-LA-calculus. extend-simps-with-binsplit| OF
core-LA-calculus.empty-simps. A F-calculus-extended-azioms] .

sublocale LA: AF-calculus-extended <to-AF {#}»
core-LA-calculus.core.SInf LA-is-AF-calculus. AF-entails LA-is-AF-calculus. AF-entails-sound

core-LA-calculus.core.SRedy core-LA-calculus.core.SRedp with-BinSplit. Simps-with- BinSplit
< >
{ising with-BinSplit. AF-calc-ext. A F-calculus-extended-azxioms .
By Theorem [annotated-calculus ?bot ?FInf ?entails ?entails-sound ?FRed;
?FRedr ?fml ?asn; Calculi-And-Annotations. statically-complete-calculus ?bot
?FInf ?entails YFRed; ?FRedr] = Calculi-And-Annotations. statically-complete-calculus
(to-AF ?bot) (annotated-calculus.SInf ?bot ?FInf) (calculus-with-annotated-consrel. AF-entails
Zentails) (annotated-calculus.SRed; ?bot ?FInf FRedr) (annotated-calculus.SRed p
?FRedr), we can show that LA is statically complete, and therefore dynami-
cally complete by Theorem [annotated-calculus ?bot ?FInf Zentails ?entails-sound
¢FRed; ?FRedr ?fml 2asn; Calculi-And-Annotations.statically-complete-calculus
?bot ?FInf ?entails ?FRed; ?FRedr] = Calculi-And-Annotations.dynamically-complete-calculus
(to-AF ?bot) (annotated-calculus.SInf ?bot ?FInf) (calculus-with-annotated-consrel. AF-entails
Zentails) (annotated-calculus.SRed; ?bot ?FInf ?FRedy) (annotated-calculus.SRed g
?FRed F)
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lemma F-disj-complete: <statically-complete-calculus {#} F-Inf (J=UGe) F.empty-ord.Red-Red-I
F.Red-F-G-empty»
proof
show <A\ N. LA-is-calculus.saturated N = N |FUGe {{#}} = {#} € \»
unfolding LA-is-calculus.saturated-def using F'.saturated-def F'.statically-complete
by (smt (verit, ccfo-SIG) entails-G-disj-def insertll sat-G-compact singletonD)
qed

theorem strong-static-comp:
(LA-is-AF-calculus.locally-saturated N = N EUGeap {to-AF {#}} = to-AF

{#e N>

using core-LA-calculus. core.S-calculus-strong-statically-complete| OF F-disj-complete)

sublocale strong-statically-complete-annotated-calculus <{#}> F-Inf (JFUGe) (|
FUGe)
F.empty-ord.Red-Red-I F.Red-F-G-empty fml asn core-LA-calculus.core.SInf
core-LA-calculus.core.SRedy core-LA-calculus.core.SRed
using strong-static-comp by (unfold-locales, blast)

theorem strong-dynamic-comp: <is-derivation core-LA-calculus.core.S-calculus. derive
Ni =

LA-is-AF-calculus.locally-fair N'i = llhd N'i EUGear {to-AF {#}} —

(3 4. to-AF {#} € linth Ni i)

using core-LA-calculus.core.S-calculus-strong-dynamically-complete]| OF F-disj-complete]

sublocale strong-dynamically-complete-annotated-calculus <{#}» F-Inf (JFUGe) (|
FUGe)
F.empty-ord. Red-Red-1 F.Red-F-G-empty fml asn core-LA-calculus.core.SInf
core-LA-calculus.core.SRed; core-LA-calculus.core.SRed g
using strong-dynamic-comp by (unfold-locales, blast)

end

end

References

[1] G. Bergeron, F. Krasnopol, and S. Tourret. Formalizing splitting in
isabelle/hol. In ITP (to appear in), volume ?7 of LIPIcs, page 7?7 Schloss
Dagstuhl - Leibniz-Zentrum fiir Informatik, 2025.

[2] G. Ebner, J. Blanchette, and S. Tourret. A unifying splitting framework.
In CADE, volume 12699 of Lecture Notes in Computer Science, pages
344-360. Springer, 2021.

187



[3] G. Ebner, J. Blanchette, and S. Tourret. Unifying splitting. J. Autom.
Reason., 67(2):16, 2023.

188



	Limsup of Lazy Lists
	Library
	Infimum
	Infimum up-to
	Limsup
	Limsup up-to

	Disjunctive Consequence Relations
	Extension to Negated Formulas
	Calculi and Derivations
	Annotated Formulas and Consequence Relations
	Lifting Calculi to Add Annotations
	Local saturation

	Lifting to Non-ground Calculi
	Standard Lifting
	Strong Standard Lifting
	Lifting with a Family of Tiebreaker Orderings
	Lifting with a Family of Redundancy Criteria

	Core splitting calculus
	The inference rules
	The redundancy criterion
	Standard completeness
	Strong completeness

	Extensions: Inferences and simplifications
	Simplifications
	The Split Rule
	The Collect Rule
	The Trim Rule

	Extra Inferences
	The StrongUnsat Rule
	The Tauto Rule
	The Approx Rule

	Combining all simplifications and optional inferences
	The BinSplit Simplification Rule
	Ordered Resolution with a Disjunctive Consequence Relation
	Lightweight Avatar without BinSplit
	Lightweight Avatar


