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Abstract

This entry formalizes a quotient-oriented proof of the classical
Seifert—van Kampen theorem in Isabelle/HOL. For open subsets U
and V of a topological space with zop € U NV and path-connected
intersection, it proves that the fundamental group of U UV at xzg
is in bijection with the carrier-based amalgamated free product of
the fundamental groups of U and V over the fundamental group
of U NV. The development also provides reusable infrastructure
for explicit path homotopies, pushout-style quotients, free-product
words, carrier-based amalgamated free products, and the abstract
encode/decode interface used to organize the final argument. Al
assistance was used for proof engineering. The final definitions,
statements, and proofs are checked by Isabelle.

1 Overview

The main unconditional result of the entry is the theorem classical_
seifert_van_kampen_bij_betw in Classical_Seifert_Van_Kampen.thy.
It establishes the classical open-union form of Seifert—van Kampen through
a quotient-level bijection between the fundamental group of U UV and the
carrier-based amalgamated free product assembled from the fundamental
groups of U, V, and U NV.

Supporting theories package the quotient-level encode/decode interface
and the topological pushout constructions used by the classical proof. These
auxiliary layers are internal to the entry; the completed headline result re-
mains the classical open-union theorem above.

2 Development structure

The theories are organized in three layers:

o Quotients and pushouts: Equivalence_Quotients.thy, Pushout_
Scaffold.thy, Binary_Sum_Topology.thy, and Topological_



Pushout_Scaffold.thy isolate the generic equivalence-class and
topological-pushout constructions.

The algebraic target: Free_Product_Words.thy, Amalgamated_
Free_Product. thy, Carrier_Group_Scaffold.thy, Carrier_
Amalgamated_Free_Product.thy, and Carrier_Amalgamated_Free_
Product_Eval.thy provide the word calculus, carrier-group locales,
and evaluation map for the carrier-based amalgamated free product.

The topological argument: Explicit_Path_Homotopy_Scaffold.thy,
Explicit_Fundamental_Group_Scaffold.thy, and Fundamental_
Group_Scaffold.thy develop the quotient view of the fun-
damental  group, while Seifert_Van_Kampen_Scaffold.thy,
Topological_Seifert_Van_Kampen.thy, and Classical_Seifert_
Van_Kampen.thy package the abstract interface and its classical
open-union instantiation.

3 Sources

The informal mathematics follows the classical theorem due to Seifert and
van Kampen [3, 4] and standard textbook presentations in algebraic topol-
ogy, especially Hatcher [2] and Brown [1].
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4 Equivalence classes as quotient infrastructure

The later pushout and fundamental-group constructions are phrased in
terms of explicit equivalence classes and quotient carriers. This small theory
keeps that quotient infrastructure elementary and reusable, so subsequent
theories can concentrate on the specific relations that matter for Seifert—van

Kampen.

definition equiv-class :: ('a => 'a => bool) => 'a => 'a set where

equiv-class R © = {y. R y x}

definition quotient-space :: ('a => 'a => bool) => 'a set set where

quotient-space R = equiv-class R ¢ UNIV

lemma quotient-spacel:
equiv-class R © € quotient-space R
unfolding quotient-space-def by blast

lemma equiv-class-iff [simp]:
y € equiv-class Rx +— R yzx
unfolding equiv-class-def by simp

locale equivalence-relation =
fixes R :: ‘a => 'a => bool
assumes refl [intro!, simp|: R = x



and sym: Rz y==> Ry«x
and transitive: Rxy ==> Ryz==> Rz z
begin

lemma equiv-class-eql:
assumes R z y
shows equiv-class R x = equiv-class R y
using assms sym transitive
unfolding equiv-class-def
by blast

lemma equiv-class-eq-iff:
equiv-class R ©x = equiv-class R y +— Rz y
proof
assume h : equiv-class R x = equiv-class R y
have = € equiv-class R «
unfolding equiv-class-def by simp
with h show R z y
unfolding equiv-class-def by simp
next
assume R z y
then show equiv-class R © = equiv-class R y
by (rule equiv-class-eql)
qed

lemma quotient-spaceE:
assumes ) € quotient-space R
obtains z where @) = equiv-class R x
using assms unfolding quotient-space-def by blast

end

end

theory Free-Product- Words
imports Main

begin

5 Free-product words

Encodings of loops in the Seifert—van Kampen argument are expressed as
words that alternate between generators from the left and right factors.
This theory provides the basic word combinators, reversal operations, and
reduction-oriented bookkeeping used by the later amalgamation quotients.
datatype (‘a, 'b) free-product-word =
WordNil
| WordLeft 'a ('a, 'b) free-product-word
| WordRight b ('a, 'b) free-product-word



primrec fpw-concat ::
("a, ') free-product-word => ('a, 'b) free-product-word => (‘a, 'b)
free-product-word
where
fow-concat WordNil w2 = w2
| fow-concat (WordLeft a rest) w2 = WordLeft a (fpw-concat rest w2)
| fow-concat (WordRight b rest) w2 = WordRight b (fpw-concat rest w2)

primrec fpw-length :: (‘a, 'b) free-product-word => nat where
fow-length WordNil = 0

| fow-length (WordLeft a rest) = Suc (fpw-length rest)

| fow-length (WordRight b rest) = Suc (fpw-length rest)

primrec fpw-reverse :: (‘a, 'b) free-product-word => ('a, 'b) free-product-word
where

fow-reverse WordNil = WordNil

| fow-reverse (WordLeft a rest) = fpw-concat (fpw-reverse rest) (WordLeft a Word-
Nil)

| fow-reverse (WordRight b rest) = fpw-concat (fpw-reverse rest) (WordRight b
WordNil)

primrec fpw-map ::
(l'a => '¢c) => (b => 'd) => ('a, 'b) free-product-word => ('c, 'd)
free-product-word
where
fow-map fl fr WordNil = WordNil
| fow-map fl fr (WordLeft a rest) = WordLeft (fl a) (fpw-map fl fr rest)
| fow-map fl fr (WordRight b rest) = WordRight (fr b) (fpw-map fl fr rest)

lemma fpw-concat-nil-right [simp]:
fow-concat w WordNil = w
by (induction w) simp-all

lemma fpw-concat-assoc [simp):
fow-concat (fpw-concat v v) w = fpw-concat u (fpw-concat v w)
by (induction u) simp-all

lemma fpw-reverse-concat [simpl:
fow-reverse (fpw-concat u v) = fpw-concat (fpw-reverse v) (fpw-reverse u)
by (induction u) simp-all

lemma fpw-reverse-reverse [simp]:
fow-reverse (fpw-reverse w) = w
by (induction w) simp-all

fun fpw-reduced :: (‘a, 'b) free-product-word => bool where
fow-reduced WordNil = True

| fow-reduced (WordLeft a WordNil) = True

| fow-reduced (WordLeft a (WordLeft b rest)) = False



WordLeft a (WordRight b rest)) = fpw-reduced (WordRight b rest)
WordRight b WordNil) = True

WordRight b (WordRight ¢ rest)) = False

WordRight b (WordLeft a rest)) = fpw-reduced (WordLeft a rest)

| fow-reduced
| fow-reduced
| fow-reduced
| fow-reduced

NN N

fun fpw-inverse ::
("a::group-add, 'b::group-add) free-product-word =>
("a, 'b) free-product-word
where
frw-inverse WordNil = WordNil
| fow-inverse (WordLeft a rest) =
fow-concat (fpw-inverse rest) (WordLeft (— a) WordNil)
| fow-inverse (WordRight b rest) =
fow-concat (fpw-inverse rest) (WordRight (— b) WordNil)

lemma fpw-inverse-concat:
fow-inverse (fpw-concat u v) = fpw-concat (fpw-inverse v) (fpw-inverse u)
by (induction u) simp-all

lemma fpw-inverse-inverse [simp):
fow-inverse (fpw-inverse w) = w
by (induction w) (simp-all add: fpw-inverse-concat)

inductive fpw-reduction-step ::
('a::group-add, 'b::group-add) free-product-word =>
("a, ') free-product-word => bool
where
combine-left:
fpw-reduction-step
(WordLeft a (WordLeft b rest))
(WordLeft (a + b) rest)
| combine-right:
fpw-reduction-step
(WordRight o (WordRight b rest))
(WordRight (a + b) rest)
| remove-left-zero:
fow-reduction-step (WordLeft 0 rest) rest
| remove-right-zero:
fpw-reduction-step (WordRight 0 rest) rest
| context-left:
fow-reduction-step u v ==>
fow-reduction-step (WordLeft a u) (WordLeft a v)
| context-right:
fpw-reduction-step v v ==>

fow-reduction-step (WordRight b u) (WordRight b v)

inductive fpw-reduction ::
('a::group-add, 'b::group-add) free-product-word =>
("a, 'b) free-product-word => bool



where
refl [introl, simp|: fpw-reduction w w

| sym: fpw-reduction uw v ==> fpw-reduction v u
| trans: fpw-reduction u v ==> fpw-reduction v w ==> fpw-reduction u w
| step: fpw-reduction-step v v ==> fpw-reduction u v

lemma fpw-reduction-left-context:

assumes fpw-reduction u v

shows fpw-reduction (WordLeft a u) (WordLeft a v)

using assms
proof (induction rule: fpw-reduction.induct)

case (refl w)

then show ?case by simp
next

case (sym u v)

then show Zcase by (meson fpw-reduction.sym)
next

case (trans u v w)

then show ?case by (meson fpw-reduction.trans)
next

case (step u v)

then show ?case

by (meson fpw-reduction.step fpw-reduction-step.context-left)

qed

lemma fpw-reduction-right-context:

assumes fpw-reduction u v

shows fpw-reduction (WordRight b u) (WordRight b v)

using assms
proof (induction rule: fpw-reduction.induct)

case (refl w)

then show ?case by simp
next

case (sym u v)

then show ?case by (meson fpw-reduction.sym)
next

case (trans u v w)

then show ?case by (meson fpw-reduction.trans)
next

case (step u v)

then show ?case

by (meson fpw-reduction.step fpw-reduction-step.context-right)

qed

end
theory Amalgamated-Free-Product

imports Fquivalence-Quotients Free-Product- Words
begin



6 Amalgamation quotients of free-product words

This is the purely algebraic target of the later topological theorem. Starting
from free-product words, the theory quotients by the relations induced by
the common interface and packages the resulting equivalence classes as the
abstract amalgamated free product.

inductive amalgam-step ::
('h => "a) => ("h => 'b) =>
("a, 'b) free-product-word => ('a, 'b) free-product-word => bool
for i1 :: 'h => 'a and 2 :: 'h =>"b
where
identify:
amalgam-step i1 i2 (WordLeft (i1 h) rest) (WordRight (i2 h) rest)

inductive amalgam-equiv ::
('h =>"a) => ("h => 'b) =>
("a, 'b) free-product-word => ('a, 'b) free-product-word => bool
for i1 = 'h=> 'aand i2 :: 'h =>"b

where
refl [intro!, simp|: amalgam-equiv il i2 w w
| sym: amalgam-equiv i1 i2 u v ==> amalgam-equiv i1 i2 v u

| trans: amalgam-equiv i1 i2 w v ==> amalgam-equiv i1 i2 v w ==> amalgam-equiv
1112 uw
| step: amalgam-step il i2 uw v ==> amalgam-equiv il i2 u v
| left-context:

amalgam-equiv il i2 w v ==> amalgam-equiv i1 i2 (WordLeft a u) (WordLeft
av)
| right-context:

amalgam-equiv i1 i2 uw v ==> amalgam-equiv i1 i2 (WordRight b u) (WordRight
bv)

interpretation amalgam-equiv-equiv: equivalence-relation amalgam-equiv i1 2
proof
show amalgam-equiv i1 i2 xz x for z
by (rule amalgam-equiv.refl)

next
show amalgam-equiv i1 i2 x y ==> amalgam-equiv i1 12 y = for = y
by (rule amalgam-equiv.sym)
next
show amalgam-equiv i1 i2 x y ==> amalgam-equiv i1 i2 y z ==> amalgam-equiv

ili2zzforzyz
by (rule amalgam-equiv.trans)
qed

definition amalgam-class ::
('h =>"a) => ("h => 'b) =>
("a, 'b) free-product-word => (('a, ') free-product-word) set
where
amalgam-class i1 i2 w = equiv-class (amalgam-equiv i1 i2) w



definition amalgamated-free-product-space ::
('h =>"a) => ("h => 'b) =>
(("a, 'b) free-product-word) set set
where
amalgamated-free-product-space i1 i2 = quotient-space (amalgam-equiv i1 i2)

lemma amalgam-class-eq-iff:
amalgam-class i1 12 v = amalgam-class i1 i2 v <— amalgam-equiv i1 i2 u v
unfolding amalgam-class-def
by (rule amalgam-equiv-equiv. equiv-class-eq-iff)

inductive full-amalg-equiv ::
('h => 'a::group-add) => ('h => 'b::group-add) =>
("a, 'b) free-product-word => ('a, 'b) free-product-word => bool
for i1 :: 'h => 'aand i2 :: 'h => b

where
refl [introl, simp|: full-amalg-equiv il i2 w w

| sym: full-amalg-equiv i1 i2 v v ==> full-amalg-equiv i1 i2 v u
| trans:

full-amalg-equiv i1 i2 w v ==> full-amalg-equiv i1 i2 v w ==> full-amalg-equiv
i1 2 uw
| of-amalg:

amalgam-equiv i1 i2 v v ==> full-amalg-equiv i1 12 u v
| of-reduction:

frw-reduction v v ==> full-amalg-equiv 11 i2 u v

interpretation full-amalg-equiv-equiv: equivalence-relation full-amalg-equiv i1 2
proof
show full-amalg-equiv i1 i2 x = for z
by (rule full-amalg-equiv.refl)
next
show full-amalg-equiv i1 i2 x y ==> full-amalg-equiv i1 i2 y x for z y
by (rule full-amalg-equiv.sym)
next
show
full-amalg-equiv i1 i2 x y ==> full-amalg-equiv i1 i2 y z ==> full-amalg-equiv
i1i2zz
for z y 2
by (rule full-amalg-equiv.trans)
qed

definition full-amalg-class ::
('h => 'a::group-add) => ("h => 'b::group-add) =>
("a, 'b) free-product-word => (('a, 'b) free-product-word) set
where
full-amalg-class i1 i2 w = equiv-class (full-amalg-equiv il i2) w

definition full-amalgamated-free-product-space ::



('h => 'a::group-add) => ('h => 'b::group-add) =>
(("a, 'b) free-product-word) set set
where
full-amalgamated-free-product-space il i2 =
quotient-space (full-amalg-equiv i1 i2)

lemma full-amalg-class-eq-iff:
full-amalg-class i1 i2 v = full-amalg-class i1 i2 v +— full-amalg-equiv i1 i2 u v
unfolding full-amalg-class-def
by (rule full-amalg-equiv-equiv. equiv-class-eq-iff)

lemma full-amalg-class-in-space [intro]:
full-amalg-class i1 i2 w € full-amalgamated-free-product-space i1 i2
unfolding full-amalg-class-def full-amalgamated-free-product-space-def quo-
tient-space-def
by blast

definition full-amalg-one ::
('h => 'a::group-add) => ('h => 'b::group-add) =>
(("a, 'b) free-product-word) set
where
full-amalg-one i1 i2 = full-amalg-class i1 i2 WordNil

end

theory Carrier-Amalgamated-Free- Product
imports Amalgamated-Free- Product

begin

7 Carrier-based amalgamated free products

The abstract amalgamated free product is refined here to words whose letters
lie in fixed carrier sets. That carrier-level control matches the way loop rep-
resentatives are produced on the topological side and is what eventually lets
the Seifert—van Kampen theorem talk about concrete fundamental-group
carriers.

fun fpw-in-space :: 'a set => 'b set => (’a, 'b) free-product-word => bool where
frw-in-space G H WordNil = True

| fow-in-space G H (WordLeft a rest) = (a € G A fpw-in-space G H rest)

| fow-in-space G H (WordRight b rest) = (b € H A fpw-in-space G H rest)

definition carrier-fpw-space :: 'a set => 'b set => (('a, 'b) free-product-word) set
where
carrier-fpw-space G H = {w. fpw-in-space G H w}

lemma carrier-fpw-space-iff [simpl:

w € carrier-fpw-space G H <— fpw-in-space G H w
unfolding carrier-fpw-space-def by simp

10



inductive carrier-amalgam-step ::
'h set => ("h => 'a) => ("h => 'b) =>
("a, 'b) free-product-word => ('a, 'b) free-product-word => bool
for K :: 'h set and il :: 'h => ‘a and i2 :: 'h=>"b
where
identify:
he K=
carrier-amalgam-step K i1 i2
(WordLeft (il h) rest)
(WordRight (i2 h) rest)

inductive carrier-amalgam-equiv ::
'h set => ("h => 'a) => ("h => 'b) =>
("a, ') free-product-word => ('a, 'b) free-product-word => bool
for K :: 'h set and il :: 'h => ‘a and i2 :: 'h=>"b
where
refl [intro!, simp|: carrier-amalgam-equiv K i1 i2 w w
| sym:
carrier-amalgam-equiv K i1 i2 v v =
carrier-amalgam-equiv K i1 12 v u
| trans:
carrier-amalgam-equiv K i1 i2 v v =
carrier-amalgam-equiv K i1 i2 v w =
carrier-amalgam-equiv K i1 i2 v w
| step:
carrier-amalgam-step K i1 12 v v =
carrier-amalgam-equiv K i1 i2 u v
| left-context:
carrier-amalgam-equiv K i1 i2 v v =
carrier-amalgam-equiv K i1 12 (WordLeft a u) (WordLeft a v)
| right-context:
carrier-amalgam-equiv K i1 i2 v v =
carrier-amalgam-equiv K i1 i2 (WordRight b u) (WordRight b v)

interpretation carrier-amalgam-equiv-equiv:
equivalence-relation carrier-amalgam-equiv K i1 i2
proof
show carrier-amalgam-equiv K i1 i2 x x for z
by (rule carrier-amalgam-equiv.refl)
next
show carrier-amalgam-equiv K i1 i2 x y = carrier-amalgam-equiv K i1 i2 y x
for z y
by (rule carrier-amalgam-equiv.sym)
next
show
carrier-amalgam-equiv K i1 i2 x y =
carrier-amalgam-equiv K i1 12 y 2 =
carrier-amalgam-equiv K i1 i2 © z for z y z
by (rule carrier-amalgam-equiv.trans)

11



qed

definition carrier-amalgam-class ::
'h set => ("h => 'a) => ("h => 'b) =>
("a, 'b) free-product-word => (('a, 'b) free-product-word) set
where
carrier-amalgam-class K i1 i2 w =
equiv-class (carrier-amalgam-equiv K i1 i2) w

lemma carrier-amalgam-class-eq-iff:
carrier-amalgam-class K i1 i2 u = carrier-amalgam-class K il i2 v
+— carrier-amalgam-equiv K i1 i2 v v
unfolding carrier-amalgam-class-def
by (rule carrier-amalgam-equiv-equiv. equiv-class-eq-iff)

inductive carrier-fpw-reduction-step ::
‘a set => 'b set =>

(la=>"a=>"da) =>"a=>("b=>"b=>"b) => b =>

("a, 'b) free-product-word => ('a, 'b) free-product-word => bool

for G1 :: 'a set and G2 :: 'b set

and mult! :: 'a => 'a => 'a and onel :: 'a

and mult2 :: 'b => b => 'b and one2 :: b

where
combine-left:

[a € GI; b e GI; multl a b € GI1; fpw-in-space G1 G2 rest] =
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordLeft a (WordLeft b rest))

(WordLeft (multl a b) rest)
| combine-right:

[a € G2; b e G2; mult2 a b € G2; fpw-in-space G1 G2 rest] =
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordRight a (WordRight b rest))

(WordRight (mult2 a b) rest)
| remove-left-one:

[onel € G1; fpw-in-space G1 G2 rest] =
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordLeft onel rest) rest

| remove-right-one:

[one2 € G2; fpw-in-space G1 G2 rest] =
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordRight one2 rest) rest

| context-left:

[a € G1; carrier-fpw-reduction-step G1 G2 multl onel mult2 one2 u v] =

carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordLeft a u) (WordLeft a v)
| context-right:

[b € G2; carrier-fpw-reduction-step G1 G2 multl onel mult2 one2 u v] =

carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordRight b u) (WordRight b v)

12



inductive carrier-fpw-reduction ::
‘a set => 'b set =>
(la=>"a=>"a)=>"a=>("b=>"b=>"b) => b =>
("a, 'b) free-product-word => ('a, 'b) free-product-word => bool
for G1 :: 'a set and G2 :: 'b set
and mult! :: 'a => 'a => 'a and onel :: 'a
and mult2 :: 'b => 'b => 'b and one2 :: 'b
where
refl [intro!, simpl: carrier-fpw-reduction G1 G2 multl onel mult2 one2 w w
| sym:
carrier-fpw-reduction G1 G2 multl onel mult2 one2 u v —>
carrier-fpw-reduction G1 G2 multl onel mult2 one2 v u
| trans:
carrier-fpw-reduction G1 G2 multl onel mult2 one2 u v =
carrier-fpw-reduction G1 G2 mult! onel mult2 one2 v w =
carrier-fpw-reduction G1 G2 multl onel mult2 one2 v w
| step:
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2 v v =
carrier-fpw-reduction G1 G2 multl onel mult2 one2 u v

lemma carrier-fpw-reduction-left-context:

assumes carrier-fpw-reduction G1 G2 multl onel mult2 one2 u v

and a € G1

shows carrier-fpw-reduction G1 G2 mult! onel mult2 one2 (WordLeft a u)
(WordLeft a v)

using assms
proof (induction rule: carrier-fpw-reduction.induct)

case (refl w)

then show ?case by simp
next

case (sym u v)

then show ?case by (meson carrier-fpw-reduction.sym)
next

case (trans u v w)

then show ?case by (meson carrier-fpw-reduction.trans)
next

case (step u v)

then show ?case

by (meson carrier-fpw-reduction.step carrier-fpw-reduction-step.context-left)

qed

lemma carrier-fpw-reduction-right-context:
assumes carrier-fpw-reduction G1 G2 multl onel mult2 one2 u v
and b € G2
shows carrier-fpw-reduction G1 G2 mult! onel mult2 one2 (WordRight b u)
(WordRight b v)
using assms
proof (induction rule: carrier-fpw-reduction.induct)

13



case (refl w)

then show ?case by simp
next

case (sym u v)

then show ?case by (meson carrier-fpw-reduction.sym)
next

case (trans u v w)

then show ?case by (meson carrier-fpw-reduction.trans)
next

case (step u v)

then show ?case

by (meson carrier-fpw-reduction.step carrier-fpw-reduction-step. context-right)

qed

lemma carrier-fpw-reduction-step-preserves-space:
assumes step: carrier-fpw-reduction-step G1 G2 multl onel mult2 one2 u v
shows fpw-in-space G1 G2 u and fpw-in-space G1 G2 v
using step
proof (induction rule: carrier-fpw-reduction-step.induct)
case (combine-left a b rest)
then show fpw-in-space G1 G2 (WordLeft a (WordLeft b rest))
by simp
show fpw-in-space G1 G2 (WordLeft (multl a b) rest)
using combine-left by simp
next
case (combine-right a b rest)
then show fpw-in-space G1 G2 (WordRight a (WordRight b rest))
by simp
show fpw-in-space G1 G2 (WordRight (mult2 a b) rest)
using combine-right by simp
next
case (remove-left-one rest)
then show fpw-in-space G1 G2 (WordLeft onel rest)
by simp
show fpw-in-space G1 G2 rest
using remove-left-one by simp
next
case (remove-right-one rest)
then show fpw-in-space G1 G2 (WordRight one2 rest)
by simp
show fpw-in-space G1 G2 rest
using remove-right-one by simp
next
case (context-left a u v)
then show fpw-in-space G1 G2 (WordLeft a u)
by simp
show fpw-in-space G1 G2 (WordLeft a v)
using context-left by simp
next

14



case (context-right b u v)
then show fpw-in-space G1 G2 (WordRight b u)
by simp
show fpw-in-space G1 G2 (WordRight b v)
using context-right by simp
qed

lemma carrier-fpw-reduction-step-preserves-space-iff:
assumes step: carrier-fpw-reduction-step G1 G2 multl onel mult2 one2 u v
shows fpw-in-space G1 G2 u <— fpw-in-space G1 G2 v
using carrier-fpw-reduction-step-preserves-space| OF step] by blast

lemma carrier-fpw-reduction-preserves-space-iff:
assumes rel: carrier-fpw-reduction G1 G2 multl onel mult2 one2 u v
shows fpw-in-space G1 G2 u <— fpw-in-space G1 G2 v
using rel
proof (induction rule: carrier-fpw-reduction.induct)
case (refl w)
then show ?case by simp
next
case (sym u v)
then show Zcase by simp
next
case (trans u v w)
then show ?case by blast
next
case (step u v)
then show ?case
by (rule carrier-fpw-reduction-step-preserves-space-iff)
qed

inductive carrier-full-amalg-equiv ::
‘a set => 'b set => 'h set => ("h => 'a) => ('h => 'b) =>
(la=>"'a=>"da)=>"a=>("b=>"b=>"b) => b =>
("a, 'b) free-product-word => ('a, 'b) free-product-word => bool
for G1 :: 'a set and G2 :: 'b set
and K :: 'h set and il :: 'h => ‘a and i2 :: 'h =>"b
and mult! :: 'a => 'a => 'a and onel :: 'a
and mult2 :: 'b => b => 'b and one2 :: 'b
where
refl [intro!, simp:
carrier-full-amalg-equiv G1 G2 K i1 i2 mult] onel mult2 one2 w w
| sym:
carrier-full-amalg-equiv G1 G2 K il i2 multl onel mult2 one2 v v —
carrier-full-amalg-equiv G1 G2 K i1 i2 multl onel mult2 one2 v u
| trans:
carrier-full-amalg-equiv G1 G2 K i1 i2 multl onel mult2 one2 u v =
carrier-full-amalg-equiv G1 G2 K i1 i2 multl onel mult2 one2 v w =
carrier-full-amalg-equiv G1 G2 K il i2 multl onel mult2 one2 u w
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| of-amalg:
carrier-amalgam-equiv K i1 i2 v v =
carrier-full-amalg-equiv G1 G2 K i1 i2 mult] onel mult2 one2 u v
| of-reduction:
carrier-fpw-reduction G1 G2 mult! onel mult2 one2 u v =
carrier-full-amalg-equiv G1 G2 K i1 i2 multl onel mult2 one2 u v

interpretation carrier-full-amalg-equiv-equiv:
equivalence-relation
carrier-full-amalg-equiv G1 G2 K i1 12 multl onel mult2 one2
proof
show carrier-full-amalg-equiv G1 G2 K i1 i2 multl onel mult2 one2 z z for x
by (rule carrier-full-amalg-equiv.refl)
next
show
carrier-full-amalg-equiv G1 G2 K i1 i2 multl onel mult2 one2 x y —
carrier-full-amalg-equiv G1 G2 K i1 i2 multl onel mult2 one2 y z for z y
by (rule carrier-full-amalg-equiv.sym,)
next
show
carrier-full-amalg-equiv G1 G2 K i1 i2 multl onel mult2 one2 x y —>
carrier-full-amalg-equiv G1 G2 K il i2 multl onel mult2 one2 y z —
carrier-full-amalg-equiv G1 G2 K i1 i2 multl onel mult2 one2 x z for z y z
by (rule carrier-full-amalg-equiv.trans)
qed

definition carrier-full-amalg-class ::
‘a set => 'b set => 'h set => ("h => 'a) => ("h => 'b) =>
(la=>"a=>"a)=>"a=>("b=>"b=>"b) => b =>
("a, ') free-product-word => (('a, ') free-product-word) set
where
carrier-full-amalg-class G1 G2 K i1 i2 multl onel mult2 one2 w =
equiv-class (carrier-full-amalg-equiv G1 G2 K i1 i2 mult! onel mult2 one2) w

definition carrier-full-amalgamated-free-product-space ::
'a set => 'b set => 'h set => ('h => 'a) => ('h => 'b) =>
(la=>"a=>"a)=>"a=>("b=>"b=>"b) => b =>
(("a, 'b) free-product-word) set set
where
carrier-full-amalgamated-free-product-space G1 G2 K i1 2 multl onel mult2 one2

carrier-full-amalg-class G1 G2 K i1 i2 mult] onel mult2 one2 * carrier-fpw-space
G1 G2

lemma carrier-full-amalg-class-eq-iff:
carrier-full-amalg-class G1 G2 K i1 i2 multl onel mult2 one2 u =
carrier-full-amalg-class G1 G2 K i1 12 multl onel mult2 one2 v
+— carrier-full-amalg-equiv G1 G2 K il i2 multl onel mult2 one2 u v
unfolding carrier-full-amalg-class-def

16



by (rule carrier-full-amalg-equiv-equiv. equiv-class-eq-iff)

lemma carrier-full-amalg-class-in-space [intro:

assumes fpw-in-space G1 G2 w

shows

carrier-full-amalg-class G1 G2 K i1 12 multl onel mult2 one2 w €
carrier-full-amalgamated-free-product-space G1 G2 K i1 i2 multl onel mult2

one?

using assms

unfolding carrier-full-amalgamated-free-product-space-def

by simp

definition carrier-full-amalg-one ::
‘a set => 'b set => 'h set => ('h => 'a) => ('h => 'b) =>
(la=>"a=>"a) =>"a=>("b=>"b=>"b) => b =>
(("a, 'b) free-product-word) set
where
carrier-full-amalg-one G1 G2 K i1 i2 multl onel mult2 one2 =
carrier-full-amalg-class G1 G2 K i1 i2 multl onel mult2 one2 WordNil

end

theory Carrier-Group-Scaffold
imports Main

begin

8 Groups on carriers

The main Seifert—van Kampen statement is formulated on concrete carrier
sets rather than on type-class groups. This locale package isolates the car-
rier algebra laws and homomorphism notions that the amalgamation and
fundamental-group constructions need later on.

locale carrier-group =
fixes G :: 'a set
and mult :: 'a => 'a => 'a
and one :: ‘a
and inv :: 'a => 'a
assumes one-closed [intro, simpl: one € G
and mult-closed [intro]: [z € G; y € G] = mult z y € G
and inv-closed [intro]: © € G = invzx € G
and mult-assoc: [z € G; y € G; z € G] = mult (mult z y) z = mult © (mult
y 2)
and mult-one-left: x € G = mult one v = x
and mult-one-right: x € G = mult © one = z
and mult-inv-left: © € G = mult (inv z) © = one
and mult-inv-right: x € G = mult z (inv ) = one
begin

lemma left-cancel:
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assumes z: ¢ € G
and y: y € G
and z: z € G
and eq: mult x y = mult x 2
shows y = 2
proof —
have mult (inv x) (mult  y) = mult (inv z) (mult x 2)
using eq by simp
moreover have mult (inv z) (mult z y) = y
proof —
have mult (inv ) (mult © y) = mult (mult (inv z) ©) y
using z y inv-closed[OF ] by (simp add: mult-assoc[symmetric])
also have ... = y
using z y by (simp add: mult-inv-left mult-one-left)
finally show ?thesis .
qged
moreover have mult (inv z) (mult © 2) = 2
proof —
have mult (inv ) (mult  2) = mult (mult (inv z) ) 2
using z z inv-closed|OF x] by (simp add: mult-assoc[symmetric))
also have ... = 2
using z z by (simp add: mult-inv-left mult-one-left)
finally show ?thesis .
qed
ultimately show ?thesis
by simp
qged

lemma right-cancel:
assumes z: ¢ € G
and y: y € G
and z: z € G
and eq: mult y x = mult z
shows y = 2
proof —
have mult (mult y x) (inv ) = mult (mult z z) (inv z)
using eq by simp
moreover have mult (mult y z) (invz) =y
proof —
have mult (mult y z) (inv z) = mult y (mult z (inv ))
using z y inv-closed|OF x| by (simp add: mult-assoc)
also have ... = y
using z y by (simp add: mult-inv-right mult-one-right)
finally show ?thesis .
qed
moreover have mult (mult z ) (inv z) = 2
proof —
have mult (mult z x) (inv ) = mult z (mult © (inv 1))
using z z inv-closed|OF z] by (simp add: mult-assoc)
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also have ... = z
using z z by (simp add: mult-inv-right mult-one-right)
finally show ?thesis .
qed
ultimately show ?thesis
by simp
qed

lemma left-inverse-unique:
assumes z: ¢ € G
and y: y € G
and eq: mult y x = one
shows y = inv x
proof (rule right-cancel|OF z y inv-closed|OF z]])
show mult y © = mult (inv x) =
using eq z by (simp add: mult-inv-left)
qed

lemma right-inverse-unique:
assumes z: ¢ € G
and y: y € G
and eq: mult x y = one
shows y = inv x
proof (rule left-cancel|OF x y inv-closed|OF z]])
show mult © y = mult = (inv x)
using eq x by (simp add: mult-inv-right)
qged

end

locale carrier-group-hom =
G: carrier-group G mult one inv +
H: carrier-group H mult’ one’ inv’
for G :: 'a set and mult :: 'a => 'a => 'a and one :: 'a and inv :: 'a => 'a
and H :: 'b set and mult’:: 'b => 'b => 'b and one’ :: 'b and inv’:: 'b =>"'b
and b :: 'a => b +
assumes map-closed: t € G — hz € H
and map-mult: [z € G; y € G] = h (mult zy) = mult’ (b x) (hy)
begin

lemma map-one:
h one = one’
proof —
have h-one-closed: h one € H
using G.one-closed by (rule map-closed)
have h-one-idem: h one = mult’ (h one) (h one)
proof —
have h one = h (mult one one)
using G.one-closed by (simp add: G.mult-one-left)
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also have ... = mult’ (h one) (h one)
using G.one-closed G.one-closed by (rule map-mult)
finally show ?thesis .
qed
have mult’ one’ (h one) = mult’ (h one) (h one)
using h-one-closed h-one-idem by (simp add: H.mult-one-left)
then have one’ = h one
by (rule H.right-cancel|OF h-one-closed H.one-closed h-one-closed))
then show ?thesis
by simp
qged

lemma map-inv:
assumes z: ¢ € G
shows h (inv z) = inv’ (h z)
proof —
have hz: hz € H
using z by (rule map-closed)
have hinvz: b (inv ) € H
using = G.inv-closed[OF z] by (auto intro: map-closed)
have eg-left: mult’ (h z) (h (inv z)) = one’
proof —
have h (mult z (inv z)) = mult’ (h z) (b (inv ))
using z G.inv-closed[OF z] by (rule map-mult)
then have mult’ (h z) (h (inv x)) = h (mult z (inv z))

by simp
also have ... = h one

using z by (simp add: G.mult-inv-right)
also have ... = one’

by (rule map-one)
finally show ?thesis .
qed
have eq: mult’ (h z) (h (inv x)) = mult’ (b z) (inv’ (h z))
using eg-left hz by (simp add: H.mult-inv-right)
show ?thesis
by (rule H.left-cancel|OF hx hinvx H.inv-closed|OF hz] eq))
qed

end
end
theory Carrier-Amalgamated-Free- Product-FEval

imports Carrier-Amalgamated-Free- Product Carrier-Group-Scaffold
begin
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9 Evaluating carrier amalgamated free-product
words

Once the carrier-side amalgamated words have been defined, one still needs
a way to evaluate them in a target carrier group. The evaluation locale
proved here is the algebraic engine behind the later decoding maps in both
the topological and classical Seifert—van Kampen statements.

locale carrier-full-amalg-word-eval =
Grpl: carrier-group G1 multl onel invl +
Grp2: carrier-group G2 mult2 one2 inv2 +
Cod: carrier-group K multK oneK invK +
J1: carrier-group-hom G1 mult! onel invl K multK oneK invK jl +
J2: carrier-group-hom G2 mult2 one2 inv2 K multK oneK invK j2
for G1 :: 'a set
and mult] :: 'a => 'a => 'a
and onel :: 'a
and invl :: 'a => 'a
and G2 :: 'b set
and mult2 :: 'b => b => b
and one2 :: b
and nv2 :: 'b => b
and H :: 'h set
and il : 'h=>"a
and 2 :: 'h =>'b

and K :: 'k set
and multK : 'k => "k => 'k
and oneK :: 'k

and invK 'k => "k
and j1 :: 'a => 'k
and j2 :: b => 'k +
assumes il-closed: h € H = il h € G1
and i2-closed: h € H = i2 h € G2
and agree: h € H = j1 (il h) = j2 (i2 h)
begin

fun carrier-full-amalg-eval :: ("a, 'b) free-product-word => 'k where
carrier-full-amalg-eval WordNil = oneK
| carrier-full-amalg-eval (WordLeft a rest) =
multK (§1 a) (carrier-full-amalg-eval rest)
| carrier-full-amalg-eval (WordRight b rest) =
multK (j2 b) (carrier-full-amalg-eval rest)

lemma carrier-full-amalg-eval-in-carrier:
assumes fpw-in-space G1 G2 w
shows carrier-full-amalg-eval w € K
using assms

proof (induction w)
case WordNil
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then show ?case
by simp
next
case (WordLeft a rest)
then have a-in: ¢ € G1 and rest-in: fpw-in-space G1 G2 rest
by auto
have eval-rest-in: carrier-full-amalg-eval rest € K
by (rule WordLeft.IH|OF rest-in])
then show ?case
using a-in eval-rest-in by (simp add: Cod.mult-closed J1.map-closed)
next
case (WordRight b rest)
then have b-in: b € G2 and rest-in: fpw-in-space G1 G2 rest
by auto
have eval-rest-in: carrier-full-amalg-eval rest € K
by (rule WordRight.IH[OF rest-in])
then show ?case
using b-in eval-rest-in by (simp add: Cod.mult-closed J2.map-closed)
qed

lemma carrier-amalgam-step-preserves-space-iff:

assumes step: carrier-amalgam-step H i1 i2 u v

shows fpw-in-space G1 G2 u <— fpw-in-space G1 G2 v

using step
proof cases

case (identify h rest)

then show ?thesis

using il-closed[OF <h € H»] i2-closed|OF <h € H»] by simp

qed

lemma carrier-amalgam-equiv-preserves-space-iff :
assumes rel: carrier-amalgam-equiv H i1 i2 u v
shows fpw-in-space G1 G2 u <— fpw-in-space G1 G2 v
using rel
proof (induction rule: carrier-amalgam-equiv.induct)
case (refl w)
then show ?case
by simp
next
case (sym u v)
then show Zcase
by simp
next
case (trans u v w)
then show ?case
by blast
next
case (step u v)
then show ?case
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by (rule carrier-amalgam-step-preserves-space-iff)
next
case (left-context u v a)
then show ?case
by simp
next
case (right-context u v b)
then show ?case
by simp
qed

lemma carrier-amalgam-step-preserves-eval:
assumes step: carrier-amalgam-step H i1 12 u v
shows carrier-full-amalg-eval u = carrier-full-amalg-eval v
using step
proof cases
case (identify h rest)
then show ?thesis
using agree[OF <h € H)]
by (simp add: JI.map-closed J2.map-closed)
qed

lemma carrier-amalgam-equiv-preserves-eval:
assumes rel: carrier-amalgam-equiv H i1 i2 u v
shows carrier-full-amalg-eval v = carrier-full-amalg-eval v
using rel
proof (induction rule: carrier-amalgam-equiv.induct)
case (refl w)
then show ?case
by simp
next
case (sym u v)
then show ?case
by simp
next
case (trans u v w)
then show ?case
by simp
next
case (step u v)
then show ?case
by (rule carrier-amalgam-step-preserves-eval)
next
case (left-context u v a)
then show ?case
by auto
next
case (right-context u v b)
then show ?case
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by auto
qed

lemma carrier-fpw-reduction-step-preserves-eval:
assumes step: carrier-fpw-reduction-step G1 G2 multl onel mult2 one2 u v
shows carrier-full-amalg-eval w = carrier-full-amalg-eval v
using step
proof (induction rule: carrier-fpw-reduction-step.induct)
case (combine-left a b rest)
have a-in: ¢ € G1 and b-in: b € G1 and rest-in: fpw-in-space G1 G2 rest
using combine-left by auto
have eval-rest-in: carrier-full-amalg-eval rest € K
by (rule carrier-full-amalg-eval-in-carrier| OF rest-in))
have ja-in: j1 a € K
by (rule JI1.map-closed|OF a-in])
have jb-in: j1 b € K
by (rule J1.map-closed|OF b-in])
show ?Zcase
using a-in b-in eval-rest-in ja-in jb-in
by (simp add: J1.map-mult Cod.mult-assoc[symmetric])
next
case (combine-right a b rest)
have a-in: a € G2 and b-in: b € G2 and rest-in: fpw-in-space G1 G2 rest
using combine-right by auto
have eval-rest-in: carrier-full-amalg-eval rest € K
by (rule carrier-full-amalg-eval-in-carrier| OF rest-in))
have ja-in: j2a € K
by (rule J2.map-closed|OF a-in])
have jb-in: j2b € K
by (rule J2.map-closed[OF b-in))
show ?Zcase
using a-in b-in eval-rest-in ja-in jb-in
by (simp add: J2.map-mult Cod.mult-assoc[symmetric])
next
case (remove-left-one rest)
have rest-in: fpw-in-space G1 G2 rest
using remove-left-one by auto
have eval-rest-in: carrier-full-amalg-eval rest € K
by (rule carrier-full-amalg-eval-in-carrier| OF rest-in])
show ?Zcase
using eval-rest-in
by (simp add: JI.map-one Cod.mult-one-left)
next
case (remove-right-one rest)
have rest-in: fpw-in-space G1 G2 rest
using remove-right-one by auto
have eval-rest-in: carrier-full-amalg-eval rest € K
by (rule carrier-full-amalg-eval-in-carrier|OF rest-in))
show ?Zcase
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using eval-rest-in
by (simp add: J2.map-one Cod.mult-one-left)
next
case (context-left a u v)
then show ?case
by simp
next
case (context-right b u v)
then show ?case
by simp
qged

lemmas carrier-fpw-reduction-space-iff =
Carrier-Amalgamated- Free- Product. carrier-fpw-reduction-preserves-space-iff

lemma carrier-fpw-reduction-preserves-space-iff :
assumes rel: carrier-fpw-reduction G1 G2 multl onel mult2 one2 u v
shows fpw-in-space G1 G2 u «— fpw-in-space G1 G2 v
proof —
show ?thesis
by (rule carrier-fpw-reduction-space-iff [OF rel])
qged

lemma carrier-fpw-reduction-preserves-eval:
assumes rel: carrier-fpw-reduction G1 G2 multl onel mult2 one2 u v
shows carrier-full-amalg-eval u = carrier-full-amalg-eval v
using rel
proof (induction rule: carrier-fpw-reduction.induct)
case (refl w)
then show ?case
by simp
next
case (sym u v)
then show ?case
by simp
next
case (trans u v w)
then show ?case
by simp
next
case (step u v)
then show ?case
by (rule carrier-fpw-reduction-step-preserves-eval)
qed

lemma carrier-full-amalg-equiv-preserves-space-iff :
assumes rel: carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 u v
shows fpw-in-space G1 G2 u <— fpw-in-space G1 G2 v
using rel
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proof (induction rule: carrier-full-amalg-equiv.induct)
case (refl w)
then show Zcase
by simp
next
case (sym u v)
then show Zcase
by simp
next
case (trans u v w)
then show ?case
by blast
next
case (of-amalg u v)
then show ?Zcase
by (rule carrier-amalgam-equiv-preserves-space-iff)
next
case (of-reduction u v)
then show ?Zcase
by (rule carrier-fpw-reduction-preserves-space-iff)
qed

lemma carrier-full-amalg-equiv-preserves-eval:
assumes rel: carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 u v
shows carrier-full-amalg-eval v = carrier-full-amalg-eval v
using rel
proof (induction rule: carrier-full-amalg-equiv.induct)
case (refl w)
then show ?case
by simp
next
case (sym u v)
then show ?case
by simp
next
case (trans u v w)
then show ?case
by simp
next
case (of-amalg u v)
then show ?case
by (rule carrier-amalgam-equiv-preserves-eval)
next
case (of-reduction u v)
then show ?case
by (rule carrier-fpw-reduction-preserves-eval)
qed

definition carrier-full-amalg-has-good-rep :: ('a, 'b) free-product-word => bool
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where
carrier-full-amalg-has-good-rep w <—>
(v. carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 w v
A fpw-in-space G1 G2 v)

definition carrier-full-amalg-some-good-rep ::
("a, 'b) free-product-word => ('a, 'b) free-product-word
where
carrier-full-amalg-some-good-rep w =
(SOME w. carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2 w v
A fpw-in-space G1 G2 v)

definition carrier-full-amalg-decode :: ('a, 'b) free-product-word => 'k where
carrier-full-amalg-decode w =
(if carrier-full-amalg-has-good-rep w
then carrier-full-amalg-eval (carrier-full-amalg-some-good-rep w)
else oneK)

lemma carrier-full-amalg-has-good-repl:
assumes fpw-in-space G1 G2 w
shows carrier-full-amalg-has-good-rep w
using assms unfolding carrier-full-amalg-has-good-rep-def by auto

lemma carrier-full-amalg-some-good-rep:
assumes carrier-full-amalg-has-good-rep w
shows carrier-full-amalg-equiv G1 G2 H i1 i2 mult! onel mult2 one2
w (carrier-full-amalg-some-good-rep w)
and fpw-in-space G1 G2 (carrier-full-amalg-some-good-rep w)
proof —
from assms obtain v where
carrier-full-amalg-equiv G1 G2 H i1 i2 mult]l onel mult2 one2 w v
and fpw-in-space G1 G2 v
unfolding carrier-full-amalg-has-good-rep-def by blast
then have ex:
Jw. carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2 w v
A fpw-in-space G1 G2 v
by blast
then have
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
w (carrier-full-amalg-some-good-rep w)
A fpw-in-space G1 G2 (carrier-full-amalg-some-good-rep w)
unfolding carrier-full-amalg-some-good-rep-def
by (rule somel-ex)
then show
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
w (carrier-full-amalg-some-good-rep w)
and fpw-in-space G1 G2 (carrier-full-amalg-some-good-rep w)
by auto
qed
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lemma carrier-full-amalg-has-good-rep-respects:
assumes uv: carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 u v
shows carrier-full-amalg-has-good-rep u «— carrier-full-amalg-has-good-rep v
proof
assume carrier-full-amalg-has-good-rep u
then obtain w where
ww: carrier-full-amalg-equiv G1 G2 H il 2 multl onel mult2 one2 u w
and w-in: fpw-in-space G1 G2 w
unfolding carrier-full-amalg-has-good-rep-def by blast
have carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2 v w
using uv uw
by (meson carrier-full-amalg-equiv.sym carrier-full-amalg-equiv.trans)
then show carrier-full-amalg-has-good-rep v
using w-in unfolding carrier-full-amalg-has-good-rep-def by blast
next
assume carrier-full-amalg-has-good-rep v
then obtain w where
vw: carrier-full-amalg-equiv G1 G2 H il 2 multl onel mult? one2 v w
and w-in: fpw-in-space G1 G2 w
unfolding carrier-full-amalg-has-good-rep-def by blast
have carrier-full-amalg-equiv G1 G2 H il i2 mult] onel mult2 one2 u w
using uv vw
by (meson carrier-full-amalg-equiv.trans)
then show carrier-full-amalg-has-good-rep u
using w-in unfolding carrier-full-amalg-has-good-rep-def by blast
qged

lemma carrier-full-amalg-decode-in-carrier:
carrier-full-amalg-decode w € K
proof (cases carrier-full-amalg-has-good-rep w)
case True
then have good-rep:
fow-in-space G1 G2 (carrier-full-amalg-some-good-rep w)
by (rule carrier-full-amalg-some-good-rep)
show ?thesis
unfolding carrier-full-amalg-decode-def
using True carrier-full-amalg-eval-in-carrier|OF good-rep] by simp
next
case Fulse
then show ?thesis
unfolding carrier-full-amalg-decode-def by simp
qed

lemma carrier-full-amalg-decode-respects:
assumes uv: carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2 u v
shows carrier-full-amalg-decode v = carrier-full-amalg-decode v

proof (cases carrier-full-amalg-has-good-rep )
case Fulse
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then have — carrier-full-amalg-has-good-rep v
using carrier-full-amalg-has-good-rep-respects| OF uwv| by blast
then show ?thesis
unfolding carrier-full-amalg-decode-def using Fualse by simp
next
case True
then have v-has: carrier-full-amalg-has-good-rep v
using carrier-full-amalg-has-good-rep-respects| OF uv] by blast
have u-rep-rel:
carrier-full-amalg-equiv G1 G2 H i1 12 multl onel mult2 one2
u (carrier-full-amalg-some-good-rep u)
using True by (rule carrier-full-amalg-some-good-rep)+
have v-rep-rel:
carrier-full-amalg-equiv G1 G2 H i1 12 multl onel mult2 one2
v (carrier-full-amalg-some-good-rep v)
using v-has by (rule carrier-full-amalg-some-good-rep)+
have rep-eq:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(carrier-full-amalg-some-good-rep u)
(carrier-full-amalg-some-good-rep v)
using u-rep-rel v-rep-rel uv
by (meson carrier-full-amalg-equiv.sym carrier-full-amalg-equiv.trans)
have eval-eq:
carrier-full-amalg-eval (carrier-full-amalg-some-good-rep u) =
carrier-full-amalg-eval (carrier-full-amalg-some-good-rep v)
by (rule carrier-full-amalg-equiv-preserves-eval]| OF rep-eq])
show ?thesis
unfolding carrier-full-amalg-decode-def
using True v-has eval-eq by simp
qed

lemma carrier-full-amalg-decode-eq-eval:
assumes w-in: fpw-in-space G1 G2 w
shows carrier-full-amalg-decode w = carrier-full-amalg-eval w
proof —
have has: carrier-full-amalg-has-good-rep w
by (rule carrier-full-amalg-has-good-repI [OF w-in))
have rep-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
w (carrier-full-amalg-some-good-rep w)
using has by (rule carrier-full-amalg-some-good-rep)+
have eval-eq:
carrier-full-amalg-eval w =
carrier-full-amalg-eval (carrier-full-amalg-some-good-rep w)
by (rule carrier-full-amalg-equiv-preserves-eval[OF rep-rel])
show ?thesis
unfolding carrier-full-amalg-decode-def
using has eval-eq by simp
qed
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end

end

theory FExplicit- Path-Homotopy-Scaffold
imports HOL— Analysis. Homotopy

begin

10 Explicit-topology paths and homotopies

HOL-Analysis already provides paths and homotopies for subsets of a type.
For the pushout-oriented development, however, it is convenient to work
directly with arbitrary topologies. This theory therefore rephrases the basic
path and homotopy notions in explicit-topology form.

definition loopin-space ::
‘a topology = 'a = (real = 'a) set
where
loopin-space X x = {p. pathin X p Ap 0 =2 ANpl =z}

definition homotopic-pathsin ::
'a topology = (real = 'a) = (real = 'a) = bool
where
homotopic-pathsin X p q =
homotopic-with (Ar. 70 =p 0 A r 1 =p 1) (top-of-set {0..1}) X p ¢

definition homotopic-loopsin ::
'a topology = (real = 'a) = (real = 'a) = bool
where
homotopic-loopsin X p q =
homotopic-with (Ar. r 1 = r 0) (top-of-set {0..1}) X p ¢

definition reversepathin :: (real = 'a) = real = 'a
where
reversepathin p = (A\t. p (I — t))

definition joinpathin :: (real = ’a) = (real = 'a) = real = 'a
where
joinpathin p ¢ = (At. if t < 1 / 2thenp (2 xt) else q (2 %t — 1))

definition subpathin :: real = real = (real = ’a) = real = 'a
where

subpathin uvp = (At. p ((v — w) * t + u))
lemma reversepathin-eq-reversepath [simp]:

reversepathin p = reversepath p

unfolding reversepathin-def reversepath-def by simp

lemma reversepathin-reversepathin [simpl:
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reversepathin (reversepathin p) = p
unfolding reversepathin-def by (rule ext) simp

lemma joinpathin-eq-joinpaths [simp]:
joinpathin p ¢ = p +++ ¢
unfolding joinpathin-def joinpaths-def by simp

lemma subpathin-image:
subpathin w v p ‘{0..1} = p * closed-segment u v
by (simp add: subpathin-def image-image closed-segment-real-eq algebra-simps)

lemma subpathin-image-eq:
assumes u < v
shows subpathin v vp ‘{0..1} = p ‘{u..v}
using assms by (simp add: subpathin-image closed-segment-eq-real-ivl)

lemma subpathin-0-1 [simp]:
subpathin 0 1 p = p
unfolding subpathin-def by (rule ext) simp

lemma joinpathin-subpathin-middle [simp]:
joinpathin (subpathin 0 (1 / 2) p) (subpathin (1 / 2) 1p) =p
unfolding joinpathin-def subpathin-def
by (rule ext) (auto simp: field-simps)

lemma continuous-map-top01-id:
continuous-map (top-of-set {0..1}) euclideanreal id
by (rule continuous-map-into-fulltopology[OF continuous-map-id))

lemma loopin-spacel:
assumes pathin X p
and p 0 =z
and p 1 ==z
shows p € loopin-space X x
using assms unfolding loopin-space-def by blast

lemma loopin-spaceE:
assumes p € loopin-space X x
obtains pathin X pp 0 =zp 1 ==z
using assms unfolding loopin-space-def by blast

lemma constant-loopin-in-space:
assumes z € topspace X
shows (A-. ) € loopin-space X
using assms unfolding loopin-space-def by auto

lemma pathin-image-subset-topspace:

assumes pathin X p
shows p “{0..1} C topspace X
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proof —
have p € {0..1} — topspace X
using assms by (rule path-image-subset-topspace)
then show ?thesis
by auto
qed

lemma pathin-reversepathin:
assumes pathin X p
shows pathin X (reversepathin p)
proof —
have rev-cont: continuous-map (top-of-set {0..1}) (top-of-set {0..1}) (At::real.
1 -1t
by (intro continuous-map-into-subtopology continuous-intros) auto
have continuous-map (top-of-set {0..1}) X (p o (At::real. 1 — t))
using rev-cont assms unfolding pathin-def by (rule continuous-map-compose)
then show ?thesis
unfolding pathin-def reversepathin-def by (simp add: o-def)
qed

lemma pathin-joinpathin:
assumes p: pathin X p
and ¢: pathin X q
and pg:p 1 =q 0
shows pathin X (joinpathin p q)
proof —
let ?T01 = subtopology euclideanreal {0..1}
have p-cont: continuous-map ?T01 X p
using p unfolding pathin-def .
have g¢-cont: continuous-map ?T01 X q
using ¢ unfolding pathin-def .
have left-scale-eu:
continuous-map (subtopology ?T01 {x € topspace ?T01. 2 x x < 1}) euclidean-
real (Ax::real. 2 * x)
proof —
have continuous-map ?T01 euclideanreal (Az::real. 2 * x)
by (simp add: continuous-map-iff-continuous continuous-intros)
then show ?thesis
by (rule continuous-map-from-subtopology)
qed
have left-scale-range:

(Ax:ireal. 2 * x) € topspace (subtopology ?T01 {x € topspace ¢T01. 2 x x <
1}) — {0..1}
proof
fix x :: real
assume z-in: z € topspace (subtopology ?T01 {z € topspace ?T01. 2 x x <

13)
then have z01: z € {0..1} and z-half: 2 x ¢ < 1
by auto
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from 201 have z-ge0: 0 < z
by auto
have lower: 0 < 2 x z
using z-ge0 by linarith
show 2 x z € {0..1}
using lower z-half by simp
qed
have left-scale-cont:
continuous-map (subtopology ?T01 {z € topspace ?T01. 2 x x < 1}) ?T01
(Az::real. 2 * 1)
by (rule continuous-map-into-subtopology| OF left-scale-eu left-scale-range])
have left-cont-comp:
continuous-map (subtopology ¢T01 {x € topspace ?T01. 2 x x < 1}) X
(p o (Azzreal. 2 x 1))
by (rule continuous-map-compose[OF left-scale-cont p-cont])
have left-eq:
(p o (Azureal. 2 % 1)) = (Azzireal. p (2 * x))
by (auto simp: fun-eq-iff o-def)
from left-cont-comp have left-cont:
continuous-map (subtopology ?T01 {z € topspace ¢T01. 2 x x < 1}) X (Ax::real.
p (2 * z))
by (simp only: left-eq)
have right-shift-eu:
continuous-map (subtopology ?T01 {z € topspace ?T01. 1 < 2 x z}) euclidean-
real (Ax::real. 2 x x — 1)
proof —
have continuous-map ?T01 euclideanreal (Az::real. 2 x © — 1)
by (simp add: continuous-map-iff-continuous continuous-intros)
then show ?thesis
by (rule continuous-map-from-subtopology)
qed
have right-shift-range:
(Azzreal. 2 x x — 1) € topspace (subtopology ?T01 {x € topspace ?T01. 1 <
2 xz}) — {0..1}
proof
fix = :: real
assume z-in: ¥ € topspace (subtopology ?T01 {x € topspace ?T01. 1 < 2 x
z})
then have z01: z € {0..1} and z-half: 1 < 2 * x
by auto
from z01 have z-lel: z < 1
by auto
have lower: 0 < 2 x 2 — 1
using z-half by linarith
have upper: 2 x z — 1 < 1
using z-lel by linarith
show 2 xz — 1 € {0..1}
using lower upper by simp
qed
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have right-shift-cont:
continuous-map (subtopology ¢T01 {x € topspace ?T01. 1 < 2 x x}) ?T01
(Azzreal. 2 x ¢ — 1)
by (rule continuous-map-into-subtopology| OF right-shift-eu right-shift-range))
have right-cont-comp:
continuous-map (subtopology ¢T01 {x € topspace ¢T01. 1 < 2 x z}) X
(q o (Azureal. 2 x x — 1))
by (rule continuous-map-compose|OF right-shift-cont g-cont])
have right-eq:
(g o (Azureal. 2 x ¢ — 1)) = (Azureal. ¢ (2 x . — 1))
by (auto simp: fun-eq-iff o-def)
from right-cont-comp have right-cont:
continuous-map (subtopology ¢T01 {x € topspace ?T01. 1 < 2 x x}) X (Az::real.
q(2xz—1))
by (simp only: right-eq)
have cont-if:
continuous-map ?T01 X (Ax:real. if 2 x x < 1 then p (2 x z) else ¢ (2 * x —
1)
proof (rule continuous-map-cases-lejlwhere p = Ax::real. 2 * z and ¢ = A-. 1])
show continuous-map ?T01 euclideanreal (Az::real. 2 * x)
by (simp add: continuous-map-iff-continuous continuous-intros)
show continuous-map ?T01 euclideanreal (A-. 1)
by simp
show continuous-map (subtopology ?T01 {x € topspace ?T01. 2 x x < 1}) X
(Azzireal. p (2 * )
by (rule left-cont)
show continuous-map (subtopology ?T01 {x € topspace ?T01. 1 < 2 x z}) X
(Azzireal. ¢ (2 x z — 1))
by (rule right-cont)
show p (2 x2)=¢q (2xxz— 1)
if x € topspace ?T01 (Az::real. 2 * ) x = (A-. 1) z for x
using pq that by simp
qed
have cont-join: continuous-map ¢?T01 X (joinpathin p q)
proof (rule continuous-map-eq|OF cont-if])
fix z :: real
assume z-in: x € topspace ?T01
show (Az::real. if 2 x x < 1 then p (2 * 1) else ¢ (2 * x — 1)) z = joinpathin
pqu
using z-in by (simp add: joinpathin-def field-simps)
qed
show ?thesis
using cont-join unfolding pathin-def .
qed

lemma pathin-subpathin:

assumes p: pathin X p
and w: u € {0..1}
and v: v € {0..1}
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shows pathin X (subpathin u v p)
proof —
have aff-cont:
continuous-map (top-of-set {0..1}) (top-of-set {0..1}) (Mt::real. (v — u) x ¢t +
u)

proof —
have aff-cont-eu:
continuous-map (top-of-set {0..1}) euclideanreal (At:real. (v — u) * ¢t + u)
by (simp add: continuous-map-iff-continuous continuous-intros)
have aff-range:
(Mtreal. (v — u) * t + u) € topspace (top-of-set {0..1}) — {0..1}
proof
fix z :: real
assume z-in: x € topspace (top-of-set {0..1})
have z01: z € {0..1}
using z-in by simp
have nonneg: 0 < zx v+ (I — z) * u
using u v z01 by (intro add-nonneg-nonneg mult-nonneg-nonneg) auto
moreover have lel: z x v+ (I — z) x u < 1
using u v 201 by (intro convex-bound-le) auto
ultimately show ((v — u) * z + u) € {0..1}
by (simp add: algebra-simps)
qed
show ?thesis
using aff-cont-eu aff-range by (auto simp: continuous-map-in-subtopology)
qged
have continuous-map (top-of-set {0..1}) X (p o (Atureal. (v — u) * ¢t + u))
using aff-cont p unfolding pathin-def by (rule continuous-map-compose)
then show ?thesis
unfolding pathin-def subpathin-def by (simp add: o-def)
qed

lemma pathin-subdivision-open-cover:
assumes p: pathin X p
and cover: p “{0..1} C JU
and openU: N\U. U € U = openin X U
shows Jn:inat. 0 < n A
(Vi<n. JUU.
subpathin (real i / real n) (real (Suc i) / realn) p “{0..1} C U)
proof —
have U-nonempty: U # {}
proof
assume U = {}
moreover have p 0 € p ‘{0..1}
by auto
ultimately show Fulse
using cover by auto
qged
define W where
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WU=(SOMET. open TAN{te€{0..1}. pte U} ={0..1} n T) for U
have pre-open: openin (top-of-set {0..1}) {t € {0..1}. pt € U} if U-in: U € U
for U
using p openU[OF U-in]
unfolding pathin-def continuous-map-def
by auto
have W-spec:
open (W U)
{te{0.1}.pte U} ={0..1} n WU
if U-in: U € U for U
proof —
from pre-open|OF U-in] obtain T where
T-open: open T
and T-eq: {t € {0..1}. pt € U} ={0..1} N T
by (auto simp: openin-open)
have open (WU)A{t€{0..1}.pte U} ={0..1} n WU
unfolding W-def
by (rule somel-ex) (use T-open T-eq in blast)
then show open (W U) {t € {0..1}. pt € U} ={0..1} n WU
by auto
qged
have interval-cover: {0..1} C |J(W ‘U)
proof
fix t :: real
assume t-in: t € {0..1}
have pt € p ‘{0..1}
using t-in by blast
then obtain U where U-in: U € U and pU: pt € U
using cover by blast
have {t € {0..1}. pt € U} ={0..1} N WU
by (rule W-spec(2)[OF U-in])
then have t € W U
using ¢-in pU by auto
then show ¢t € |J(W ‘U)
using U-in by blast

qed
have open-W-image: open B if B € W ‘U for B
proof —
from that obtain U where U-in: U € U and B-eq: B= W U
by blast

show open B
unfolding B-eq by (rule W-spec(1)[OF U-in])
qed
have W-nonempty: W ‘U # {}
using U-nonempty by auto
have compact01: compact ({0..1::real})
by (rule compact-Icc)
from Lebesque-number-lemma|OF compact01 W-nonempty interval-cover
open- W-image]
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obtain § where d-pos: 0 < §
and J-cover:
AT. T C{0..1} = diameter T < 6 = IBeW ‘U. T C B
by blast
obtain m where m: inverse (of-nat (Suc m)) < §
using reals-Archimedean|OF §-pos] by blast
let ?n = Suc m
have segment-cover:
I Uel. subpathin (real i / real ?n) (real (Suc i) / real ?n) p ‘{0..1} C U
if i-lt: i < %n for i
proof —
let %a = real i / real ?n
let ?b = real (Suc i) / real %n
let T = {%a..7b}
have a01: %a € {0..1}
using i-lt by auto
have b01: ?b € {0..1}
using i-lt by auto
have ab: %0 < %b
using i-lt by (simp add: field-simps)
have T-subset: T C {0..1}
using a01 b01 by auto
have diameter ?T = ?b — %a
using ab by simp

also have ... = 1 / real ?n
by (simp add: field-simps)
also have ... < ¢

using m by (simp add: divide-inverse)
finally have T-small: diameter 7T < § .
from 0-cover|OF T-subset T-small] obtain B where
B-in: Be WU
and T-B: ?T C B
by blast
obtain U where U-in: U € U and B-eq: B= W U
using B-in by blast
have pre-eq: {t € {0..1}. pt e U} ={0..1} n WU
by (rule W-spec(2)[OF U-in])
have subpath-subset: subpathin ?a ?bp ‘{0..1} C U
proof
fix z
assume z-in: x € subpathin ?a ?bp ‘{0..1}
then obtain ¢ where t-in: t € {0..1} and z-eq: x = subpathin ?a ?b p t

by blast
have s-in-T: ((¢b — %a) x t + %a) € ?T
proof —
from t-in have t-ge0: 0 < t and t-lel: t < 1
by auto

have diff-nonneg: 0 < 2b — %a
using ab by linarith
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have term-nonneg: 0 < (?b — %a) * t
by (rule mult-nonneg-nonneg|OF diff-nonneg t-ge0))
have term-le: (?b — %a) x t < (%b — %a) * 1
using t-lel diff-nonneg by (rule mult-left-mono)
have lower: %a < (%0 — %a) x t + ?a
using term-nonneg by linarith
have upper: (2b — %a) x t + %a < %b
using term-le by simp
show ?thesis
using lower upper by simp
qed
have s-in-unit: ((?b — %a) x t + %a) € {0..1}
using s-in-T T-subset by blast
have s-in-W: ((?b — %a) x t + %a) € WU
using s-in-T T-B B-eq by auto
have ((?b — %a) x t + %a) € {t € {0..1}. pt € U}
using s-in-unit s-in-W pre-eq by auto
then show z € U
using z-eq by (simp add: subpathin-def)
qed
then show ?thesis
using U-in by blast
qed
show ?thesis
by (rule exI[of - ?n]) (use segment-cover in auto)
qged

lemma loopin-space-joinpathin:
assumes p: p € loopin-space X x
and ¢: ¢ € loopin-space X x
shows joinpathin p q € loopin-space X x
proof —
from p obtain p-in where p-in: pathin X pp 0 =zp 1 ==z
by (rule loopin-spaceE)
from ¢ obtain ¢-in where g¢-in: pathin X qq 0 =2q1 =2z
by (rule loopin-spaceE)
have pathin X (joinpathin p q)
by (rule pathin-joinpathin[OF p-in(1) ¢-in(1)]) (simp add: p-in g-in)
moreover have joinpathin p q 0 = z joinpathin p ¢ 1 = x
by (simp-all add: joinpathin-def p-in g¢-in)
ultimately show ?thesis
by (rule loopin-spacel)
qed

lemma homotopic-pathsin-top-of-set [simp]:
homotopic-pathsin (top-of-set S) p q <— homotopic-paths S p q
unfolding homotopic-pathsin-def homotopic-paths-def
by (simp add: pathstart-def pathfinish-def)
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lemma homotopic-loopsin-top-of-set [simpl:
homotopic-loopsin (top-of-set S) p q «— homotopic-loops S p q
unfolding homotopic-loopsin-def homotopic-loops-def
by (simp add: pathstart-def pathfinish-def)

lemma homotopic-pathsin-imp-pathin:
assumes homotopic-pathsin X p q
shows pathin X p pathin X q
using assms unfolding homotopic-pathsin-def pathin-def
by (auto dest: homotopic-with-imp-continuous-maps)

lemma homotopic-pathsin-imp-endpoints:
assumes homotopic-pathsin X p q
shows ¢ 0 =p0ql1 =1p1
using assms unfolding homotopic-pathsin-def
by (auto dest: homotopic-with-imp-property)

lemma homotopic-pathsin-refl [simp):
homotopic-pathsin X p p <— pathin X p
unfolding homotopic-pathsin-def pathin-def
by (simp add: homotopic-with-refl)

lemma homotopic-pathsin-sym:
assumes homotopic-pathsin X p q
shows homotopic-pathsin X q p
proof —
have ¢ 0 =p0qg1 =p1
using assms by (rule homotopic-pathsin-imp-endpoints)+
with assms show ?thesis
unfolding homotopic-pathsin-def
by (simp add: homotopic-with-sym)
qed

lemma homotopic-pathsin-trans:
assumes homotopic-pathsin X p q
and homotopic-pathsin X q r
shows homotopic-pathsin X p r
proof —
have ¢: q0=p0ql1 =p1
using assms(1) by (rule homotopic-pathsin-imp-endpoints)—+
have pg: homotopic-with (As. s 0 = p 0 A s 1 = p 1) (top-of-set {0..1}) X p q
using assms(1) unfolding homotopic-pathsin-def .
have ¢r: homotopic-with (As. s 0 = p 0 AN s 1 = p 1) (top-of-set {0..1}) X qr
using assms(2) ¢ unfolding homotopic-pathsin-def by simp
from pq gr show ?thesis
unfolding homotopic-pathsin-def by (rule homotopic-with-trans)
qed

lemma homotopic-pathsin-eq:
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assumes pathin X p
and A\t. t € {0..1} = pt=qt
shows homotopic-pathsin X p q
proof —
have continuous-map (top-of-set {0..1}) X p
using assms(1) unfolding pathin-def by simp
moreover have V z€topspace (top-of-set {0..1}). pz = qz
using assms(2) by simp
ultimately show ?thesis
unfolding homotopic-pathsin-def
by (intro homotopic-with-equal) auto
qed

lemma continuous-map-homotopic-joinpathin-lemma:
fixes p ¢ :: real = real = 'a
assumes p:
continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1})) X
(Ay. p (fst y) (snd y))
and ¢:
continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1})) X
(Ay. ¢ (fst y) (snd y))
and pg: Nt. t € {0..1} = pt1=qt0
shows
continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1})) X
(Ay. joinpathin (p (fst y)) (q (fst y)) (snd y))
proof —
let ?T01 = subtopology euclideanreal {0..1}
let YA = prod-topology ?T01 ?T01
have sect:
(At p (fst t) (2 = snd t)) = (Ay. p (fst y) (snd y)) o (A\y. (fsty, 2 x snd y))
(Mt g (fstt) (2xsndt — 1)) = (Ay. q (fsty) (sndy)) o (Ay. (fsty, 2 x sndy
- 1)
by force+
show ?thesis
unfolding joinpathin-def
proof (rule continuous-map-cases-le)
show continuous-map ?A euclideanreal snd
by (rule continuous-map-into-fulltopology[OF continuous-map-snd))
show continuous-map ?A euclideanreal (A-. 1 | 2)
by simp
have left-pair-cont:
continuous-map (subtopology ?A {y € topspace ?A. sndy < 1 / 2}) ?A
(At. (fst t, 2 x snd t))
proof (rule continuous-map-pairedI)
show continuous-map (subtopology ?A {y € topspace ?A. snd y < 1 / 2})
2701 fst
by (rule continuous-map-from-subtopology|OF continuous-map-fst])
show continuous-map (subtopology ?A {y € topspace ?A. sndy < 1 / 2})
?2T01 (M. 2 = snd t)
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proof —
have snd-cont:
continuous-map (subtopology ?A {y € topspace ?A. snd y < 1 | 2})
euclideanreal snd
by (rule continuous-map-into-fulltopology[OF  continu-
ous-map-subtopology-snd))
have scale-cont:
continuous-map (subtopology ?A {y € topspace ?A. snd y < 1 | 2})
euclideanreal
(At. 2 x snd t)
using snd-cont by (intro continuous-intros)
have scale-range:
(At. 2 x snd t) €
topspace (subtopology ?A {y € topspace ?A. sndy < 1 / 2}) — {0..1}
proof
fix ¢ :: real x real
assume (-in: t € topspace (subtopology ?A {y € topspace ?A. snd y < 1
/ 2})
then have tA: t € topspace ?A and t-half: snd t < 1 / 2
by auto
have snd01: snd t € {0..1}
using tA by (auto simp: topspace-prod-topology)
from snd01 have snd-ge0: 0 < snd t and snd-lel: snd t < 1
by auto
have lower: 0 < 2 x (snd t :: real)
using snd-ge0 by linarith
have upper: 2 x (snd t :: real) < 1
using t-half by linarith
have bounds: 0 < 2 x (snd t :: real) A 2 x (snd t :: real) < 1
using lower upper by blast
show 2 x (snd t :: real) € {0..1}
proof —
from bounds have lower”: 0 < 2 x (snd t :: real) and upper”: 2 % (snd
t:: real) < 1
by auto
show ?thesis
using lower’ upper’ by (auto simp: atLeastAtMost-iff)
qed
qed
show ?thesis
by (rule continuous-map-into-subtopology|OF scale-cont scale-rangel)
qed
qed
have left-comp:
continuous-map (subtopology ?A {y € topspace ?A. sndy < 1/ 2}) X
(((Ay- p (fst y) (snd y)) o (Ay. (fst y, 2 * snd y))))
by (rule continuous-map-compose[OF left-pair-cont p])
show continuous-map (subtopology ?A {y € topspace ?A. sndy < 1 / 2}) X
(At. p (fst t) (2 % snd t))
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using left-comp by (simp add: o-def)
have right-pair-cont:
continuous-map (subtopology ?A {y € topspace ?A. 1 | 2 < snd y}) ?A
(At. (fst t, 2 x sndt — 1))
proof (rule continuous-map-pairedI)
show continuous-map (subtopology ?A {y € topspace ?A. 1 | 2 < snd y})
2T01 fst
by (rule continuous-map-from-subtopology|OF continuous-map-fst])
show continuous-map (subtopology ?A {y € topspace ?A. 1 | 2 < snd y})
?T01 (At. 2 % (snd t :: real) — 1)
proof —
have snd-cont:
continuous-map (subtopology ?A {y € topspace ?A. 1 |/ 2 < snd y})
euclideanreal snd
by (rule continuous-map-into-fulltopology[OF  continu-
ous-map-subtopology-snd))
have affine-cont:
continuous-map (subtopology ?A {y € topspace ?A. 1 |/ 2 < snd y})
euclideanreal
(At. 2 = (snd t :: real) — 1)
using snd-cont by (intro continuous-intros)
have affine-range:
(At. 2 % (snd t :: real) — 1) €
topspace (subtopology ?A {y € topspace ?A. 1 | 2 < snd y}) — {0..1}
proof
fix t :: real X real
assume t-in: t € topspace (subtopology ?A {y € topspace ?A. 1 | 2 < snd

y})
then have tA: t € topspace A and t-half: 1 / 2 < snd t
by auto
have snd01: snd t € {0..1}
using tA by (auto simp: topspace-prod-topology)
from snd01 have snd-ge0: 0 < snd t and snd-lel: snd t < 1
by auto
have lower: 0 < 2 x (snd t :: real) — 1
using t-half by linarith
have upper: 2 % (snd t :: real) — 1 < 1
using snd-lel by linarith
show 2 x (snd t :: real) — 1 € {0..1}
using lower upper by (auto simp: atLeastAtMost-iff)
qed
show ?thesis
by (rule continuous-map-into-subtopology| OF affine-cont affine-range])
qed
qed

have right-comp:
continuous-map (subtopology ?A {y € topspace ?A. 1 | 2 < snd y}) X
((Ay- q (fst y) (snd y)) o (Ay. (fsty, 2 * sndy — 1))))

by (rule continuous-map-compose| OF right-pair-cont q))
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show continuous-map (subtopology ?A {y € topspace ?A. 1 /| 2 < snd y}) X
(Mt g (fstt) (2 xsndt — 1))
using right-comp by (simp add: o-def)
show p (fsty) (2 x sndy) = q (fsty) (2 xsndy — 1)
if y € topspace A sndy =1/ 2 for y
proof —
have fst01: fst y € {0..1}
using that(1) by (auto simp: topspace-prod-topology)
have midi: 2 x sndy = 1
using that(2) by simp
have mid0: 2 x sndy — 1 = 0
using that(2) by simp
have p (fsty) 1 = q (fsty) 0
by (rule pq[OF fst01])
then show ?thesis
using midl mid0 by simp
qed
qed
qed

lemma homotopic-pathsin-continuous-image:
assumes pq: homotopic-pathsin X p q
and h: continuous-map X Y f
shows homotopic-pathsin Y (f o p) (f o q)
proof —
have pq": homotopic-with (Ar. 70 =p 0 A r1 =p 1) (top-of-set {0..1}) X p ¢
using pg unfolding homotopic-pathsin-def .
show ?thesis
unfolding homotopic-pathsin-def
by (rule homotopic-with-compose-continuous-map-left|OF pq’ h)) simp
qed

lemma homotopic-pathsin-reversepathin-D:
assumes homotopic-pathsin X p q
shows homotopic-pathsin X (reversepathin p) (reversepathin q)
proof —
have rev-cont: continuous-map (top-of-set {0..1}) (top-of-set {0..1}) (At::real.
1 -1t
by (intro continuous-map-into-subtopology continuous-intros) auto
have pq”:
homotopic-with (Ar. 70 =p 0 ANr 1 =p 1) (top-of-set {0..1}) X p q
using assms unfolding homotopic-pathsin-def .
have homotopic-with (Ar. r 0 = reversepathin p 0 N\ r 1 = reversepathin p 1)
(top-of-set {0..1}) X (p o (Mtreal. 1 — t)) (g o (Atreal. 1 — t))
proof (rule homotopic-with-compose-continuous-map-right|OF pq’ rev-cont))
fix j :: real = 'a
assume j-end: j 0 =p 0 Njl=pl1
show (Ar. r 0 = reversepathin p 0 A r 1 = reversepathin p 1)
(j o (Atreal. 1 — 1))
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using j-end by (simp add: reversepathin-def)
qed
then show ?thesis
unfolding homotopic-pathsin-def reversepathin-def o-def .
qed

lemma homotopic-pathsin-reversepathin:
homotopic-pathsin X (reversepathin p) (reversepathin q) <— homotopic-pathsin

Xpyq
using homotopic-pathsin-reversepathin-D by force

lemma homotopic-pathsin-joinpathin:
assumes pp’: homotopic-pathsin X p p’
and qq": homotopic-pathsin X q q'
and pg: p1 =q 0
shows homotopic-pathsin X (joinpathin p q) (joinpathin p’ q’)
proof —
let ?T01 = subtopology euclideanreal {0..1}
let YA = prod-topology ?T01 ?T01
obtain Al :: real x real = 'a where
h1-cont: continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1}))
X hi
and hi1-0:Vz. hi1 (0,z) =px
and h1-1:Vz. hl (1,z)=p'z
and hi-prop: Vit€{0..1}. h1 (¢, 0) =p O ANhl (t, 1) =p I
using pp’ unfolding homotopic-pathsin-def homotopic-with-def by auto
obtain A2 :: real x real = 'a where
h2-cont: continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1}))
X h2
and h2-0:Vz. h2 (0,z) =qx
and h2-1:Vz. h2 (1,z2) =q'z
and h2-prop: Vit€{0..1}. h2 (¢, 0) = ¢ 0 AN h2 (¢, 1) = q 1
using qq’ unfolding homotopic-pathsin-def homotopic-with-def by auto
define k1 where k1 t z = hi (¢, z) for ¢tz
define k2 where k2 ¢tz = h2 (¢, z) for t z
have kI-cont: continuous-map ?A X (Ay. k1 (fst y) (snd y))
proof —
have (\y. kI (fst y) (snd y)) = hi
unfolding k1-def by (auto simp: fun-eg-iff)
then show ?thesis
using hl-cont by simp
qed
have k2-cont: continuous-map A X (Ay. k2 (fst y) (snd y))
proof —
have (Ay. k2 (fsty) (snd y)) = h2
unfolding k2-def by (auto simp: fun-eg-iff)
then show ?thesis
using h2-cont by simp
qed
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have k1-0:Vz. k1 0z =px
unfolding kI-def using h1-0 by simp
have k1-1:Vz. ki 1x=p'x
unfolding ki-def using hi1-1 by simp
have k2-0:Vz. k2 0z = qzx
unfolding k2-def using h2-0 by simp
have k2-1:Vx. k2 1z =q' z
unfolding k2-def using h2-1 by simp
have kl-prop: Vt€{0..1}. k1t 0 =p 0 ANkit1=p1
unfolding ki-def using hl-prop by simp
have k2-prop: Vite{0..1}. k2t 0 =q0 Nk2t1 =¢q 1
unfolding k2-def using h2-prop by simp
have mid-eq: k1t 1 =k2t0ift € {0..1} for t
using k1-prop[rule-format, OF that] k2-prop[rule-format, OF that] pq by auto
show ?thesis
unfolding homotopic-pathsin-def homotopic-with-def
proof (rule exI[where z = \y. joinpathin (k1 (fsty)) (k2 (fst y)) (snd y)], intro
congl)
show continuous-map ?A X (Ay. joinpathin (k1 (fst y)) (k2 (fst y)) (snd y))
by (rule continuous-map-homotopic-joinpathin-lemma|OF k1-cont k2-cont))
(rule mid-eq)
show Vz::real. (Ay. joinpathin (k1 (fst y)) (k2 (fst y)) (snd y)) (0, ) =
joinpathin p q x
proof
fix z :: real
show (\y. joinpathin (k1 (fst y)) (k2 (fst y)) (snd y)) (0, ) = joinpathin p
gz
using k1-0 k2-0 by (cases © < 1 / 2) (auto simp: joinpathin-def)
qed
show Vaz:real. (Ay. joinpathin (k1 (fst y)) (k2 (fst y)) (snd y)) (1, z) =
joinpathin p’ q'
proof
fix z :: real
show (Ay. joinpathin (k1 (fst y)) (k2 (fst y)) (snd y)) (1, z) = joinpathin p’
q'z
using k1-1 k2-1 by (cases x < 1 / 2) (auto simp: joinpathin-def)
qged
show Vte{0..1}. (A\r. r 0 = joinpathin p ¢ 0 AN v 1 = joinpathin p q 1)
(Az. (Ay. joinpathin (k1 (fsty)) (k2 (fst y)) (snd y)) (¢, z))
proof
fix ¢ :: real
assume t: t € {0..1}
have k1t0: k1t 0 =p 0
using kI-prop[rule-format, OF t] by auto
have k2t1: k2t 1 =q 1
using k2-prop[rule-format, OF t] by auto
show (Ar. r 0 = joinpathin p ¢ 0 A r 1 = joinpathin p q 1)
(Az. (Ay. joinpathin (k1 (fst y)) (k2 (fst y)) (snd y)) (¢, z))
using k1t0 k2t1 by (simp add: joinpathin-def)

45



qed
qed
qed

lemma homotopic-pathsin-reparametrize:
assumes p: pathin X p
and contf: continuous-map (top-of-set {0..1}) (top-of-set {0..1}) f
and f01: f € {0..1} — {0..1}
and [simpl: fO=0f1 =1
and ¢: At. t € {0..1} = qt=p (f?)
shows homotopic-pathsin X p q
proof —
have pf: pathin X (p o f)
using contf p unfolding pathin-def by (rule continuous-map-compose)
have ¢f": homotopic-pathsin X (p o f) ¢
using pf ¢ by (intro homotopic-pathsin-eq) auto
have ¢f: homotopic-pathsin X q (p o f)
by (rule homotopic-pathsin-sym[OF qf])
have fp: homotopic-pathsin X (p o f) p
unfolding homotopic-pathsin-def homotopic-with-def
proof (rule exI[where z = p o (Ay. (I — fsty) = ((f o snd) y) + fst y x snd
y)], intro conjl)
have snd-cont:
continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1}))
(top-of-set {0..1}) snd
by (rule continuous-map-snd)
have fst-cont:
continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1}))
(top-of-set {0..1}) fst
by (rule continuous-map-fst)
have fsnd-cont:
continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1}))
(top-of-set {0..1}) (f o snd)
by (rule continuous-map-compose[OF snd-cont contf])
have param-cont-eu:
continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1})) eu-
clideanreal
(Ay. (1 = fsty) = ((f o snd) y) + fst y * snd y)
using fst-cont snd-cont fsnd-cont
by (intro continuous-intros
continuous-map-into-fulltopology| OF fst-cont]
continuous-map-into-fulltopology| OF snd-cont]
continuous-map-into-fulltopology| OF fsnd-cont))
have param-range:
(Ay. (1 = fsty) = ((f o snd) y) + fsty = snd y) €
topspace (prod-topology (top-of-set {0..1}) (top-of-set {0..1})) — {0..1}
proof
fix y :: real x real
assume y-in: y € topspace (prod-topology (top-of-set {0..1}) (top-of-set
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{0..1}))
have fst01: fst y € {0..1} and snd01: snd y € {0..1}

using y-in by (auto simp: topspace-prod-topology)
have fsnd01: f (snd y) € {0..1}
using f01 snd01 by auto
have nonneg: 0 < (1 — fst y) = (f (snd y)) + fst y x snd y
using fst01 snd01 fsnd01 by (intro add-nonneg-nonneg mult-nonneg-nonneg)
auto
moreover have lel: (1 — fsty) = (f (snd y)) + fsty x sndy < I
using fst01 snd01 fsnd01 by (intro convez-bound-le) auto
ultimately show ((I — fst y) * ((f o snd) y) + fsty x snd y) € {0..1}
by simp
qed
have param-cont:
continuous-map (prod-topology (top-of-set {0..1}) (top-of-set {0..1}))
(top-of-set {0..1}) (Ay. (1 — fsty) = ((f o snd) y) + fst y * snd y)
using param-cont-eu param-range by (simp add: continu-
ous-map-in-subtopology)
show continuous-map
(prod-topology (top-of-set {0..1}) (top-of-set {0..1})) X
(0o (Ay. (1 — fst y) * ((F o snd) y) + fot y * snd y))
using p unfolding pathin-def by (rule continuous-map-compose[OF
param-cont))
show Vz::real. (p o (Ay. (1 — fsty) = ((f o snd) y) + fsty « snd y)) (0, z) =
(pof)=
proof
fix z :: real

show (p o (Ay. (1 — fsty) = ((f o snd) y) + fsty x snd y)) (0, ) = (p o f)

by (simp add: o-def algebra-simps)
qed
show Vz::real. (p o (A\y. (1 — fsty) * ((f o snd) y) + fsty * snd y)) (1, ) =
pT
proof
fix = :: real
show (p o (Ay. (1 — fsty) = ((f o snd) y) + fst y = snd y)) (1, z) =pa
by (simp add: o-def algebra-simps)
qed
show Vite{0..1}. Ar. 70 =(pof) O AT 1 =(pof)1)
(Az. (p o (Ay. (I — fsty) * ((f o snd) y) + fst y = snd y)) (¢, z))
proof
fix ¢ :: real
assume t: t € {0..1}
show Ar.70=(pof)OANT1=(pof)1)
(Azzreal. (p o (Ay. (1 — fsty) * ((f o snd) y) + fst y x snd y)) (¢, z))
proof —
have end0: (Az::real. (p o (A\y. (1 — fsty) * ((f o snd) y) + fst y = snd y))
(t,2)) 0= (pof) 0
by (simp add: o-def algebra-simps)
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have end!: (Az:real. (p o (Ay. (1 — fsty) % ((f o snd) y) + fst y = snd y))
(b)) 1 = (pof) 1
by (simp add: o-def algebra-simps)
from end0 endl show ?Zthesis
by (simp add: o-def)
qed
qed
qed
have homotopic-pathsin X q p
by (rule homotopic-pathsin-trans|OF qf fp])
then show ?thesis
by (rule homotopic-pathsin-sym)
qed

lemma homotopic-pathsin-rid-const:
assumes p: pathin X p
shows homotopic-pathsin X (joinpathin p (A-. p 1)) p
proof —
have contf: continuous-map (top-of-set {0..1}) (top-of-set {0..1})
(Mtreal. if t < 1/ 2 then 2 x t else 1)
proof (rule continuous-map-into-subtopology)
show continuous-map (top-of-set {0..1}) euclideanreal
(Mtreal. if t < 1/ 2 then 2 x t else 1)
proof (rule continuous-map-cases-lefwhere p = At:real. t and ¢ = A-. 1 / 2])
show continuous-map (top-of-set {0..1}) euclideanreal (At::real. t)
by (simp add: continuous-map-iff-continuous)
show continuous-map (top-of-set {0..1}) euclideanreal (A-. 1 ] 2)
by simp
show continuous-map (subtopology (top-of-set {0..1}) {z € topspace (top-of-set
{0..1}). 2 <1/ 2})
euclideanreal (Mt::real. 2 * t)
proof —
have continuous-map (top-of-set {0..1}) euclideanreal (Mt::real. 2 * t)
by (simp add: continuous-map-iff-continuous continuous-intros)
then show ?thesis
by (rule continuous-map-from-subtopology)
qed
show continuous-map (subtopology (top-of-set {0..1}) {z € topspace (top-of-set
{0..1}). 1/ 2 < z})
euclideanreal (A-::real. 1)
by simp
show 2 x x = (1::real) if x € topspace (top-of-set {0..1}) v =1 / 2 for x
using that by simp
qed
show (At:real. if t < 1/ 2 then 2 x t else 1) € topspace (top-of-set {0..1})
—{0..1}
by auto
qged
show ?thesis
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apply (rule homotopic-pathsin-sym)

apply (rule homotopic-pathsin-reparametrizelwhere f = At::real. if t < 1 / 2
then 2 x t else 1])

using p contf

apply (auto simp: joinpathin-def)

done
qed

lemma homotopic-pathsin-lid-const:
assumes p: pathin X p
shows homotopic-pathsin X (joinpathin (A-. p 0) p) p
proof —
have contf: continuous-map (top-of-set {0..1}) (top-of-set {0..1})
(Mtreal. if t < 1/ 2 then O else 2 x t — 1)
proof (rule continuous-map-into-subtopology)
show continuous-map (top-of-set {0..1}) euclideanreal
(Mtreal. if t < 1/ 2 then Oelse 2 x t — 1)
proof (rule continuous-map-cases-lejlwhere p = At::real. t and ¢ = A-. 1 / 2])
show continuous-map (top-of-set {0..1}) euclideanreal (Mt::real. t)
by (simp add: continuous-map-iff-continuous)
show continuous-map (top-of-set {0..1}) euclideanreal (A-. 1 ] 2)
by simp
show continuous-map (subtopology (top-of-set {0..1}) {z € topspace (top-of-set
{0..1}). 2 <1/ 2})
euclideanreal (A-::real. 0)
by simp
show continuous-map (subtopology (top-of-set {0..1}) {z € topspace (top-of-set
{0..1}). 1 ] 2 < z})
euclideanreal (Mt::real. 2 x t — 1)
proof —
have continuous-map (top-of-set {0..1}) euclideanreal (At::real. 2 x t — 1)
by (simp add: continuous-map-iff-continuous continuous-intros)
then show ?thesis
by (rule continuous-map-from-subtopology)
qed
show (0::real) = 2 x x — 1 if z € topspace (top-of-set {0..1}) z =1 / 2 for

using that by simp
qed
show (At:real. if t < 1/ 2then Oelse 2 x t — 1) € topspace (top-of-set {0..1})
— {0..1}
by auto
qed
show ?thesis
apply (rule homotopic-pathsin-sym)
apply (rule homotopic-pathsin-reparametrizelwhere f = At:real. if t < 1/ 2
then 0 else 2 x t — 1))
using p contf
apply (auto simp: joinpathin-def)
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done
qed

lemma homotopic-pathsin-assoc:
assumes p: pathin X p
and q: pathin X q
and r: pathin X r
and pg:p 1 =q 0
and qr: ¢ 1 =120
shows homotopic-pathsin X (joinpathin p (joinpathin q r)) (joinpathin (joinpathin
pq )
proof —
let 2f = At:real. if t < 1/ 2 then inverse 2 x telseift < 8 / Jthent — 1 / 4
else 2 x t — 1
have contf-on: continuous-on {0..1} ?f
proof (rule continuous-on-cases-1)
show continuous-on {t € {0..1}. t < 1/ 2} (M::real. inverse 2 * t)
by (intro continuous-intros)
show continuous-on {t € {0..1}. 1 |/ 2 < t}
(Mtreal. if t < 3 )/ Jthent — 1/ felse 2 xt — 1)
proof (rule continuous-on-cases-1)
show continuous-on {t € {t € {0..1}. 1 / 2 < t}. t < 8/ 4} (Mtreal. t —
1/ 4)
by (intro continuous-intros)
show continuous-on {t € {t € {0..1}. 1 /] 2 < t}. 8/ 4 < t} (Mureal. 2 %
t— 1)
by (intro continuous-intros)
show (3 / 4ureal) € {t € {0..1}. (1 / 2:real) < t} =
(8 /) 4ureal) — 1 /] 4 =2%(8/4)— 1
by simp
qed
show (1 / 2:real) € {0..1} =
inverse 2 x (1 | 2:real) =
(if (1 ) 2:real) < 8/ 4thenl |2 — 1/ 4else2x(1/2)—1)
by simp
qed
have contf-eu: continuous-map (top-of-set {0..1}) euclideanreal ?f
using contf-on by simp
have contf:
continuous-map (top-of-set {0..1}) (top-of-set {0..1}) 2f
using contf-eu by (rule continuous-map-into-subtopology) auto
have join-pq: pathin X (joinpathin p q)
by (rule pathin-joinpathin[OF p q pq])
have join-qr: pathin X (joinpathin q r)
by (rule pathin-joinpathin[OF q r gr])
have join-pg-end: joinpathin p ¢ 1 = r 0
using ¢r by (simp add: joinpathin-def)
have join-pg-r: pathin X (joinpathin (joinpathin p q) r)
by (rule pathin-joinpathin| OF join-pq r join-pg-end))

50



have join-pg-r-expanded:
pathin X (\t. if t x 2 < 1
then if 2 x t % 2 < Ithenp (2% (2 xt)) elseq (2 x(2xt)— 1)
elser (2 xt— 1))
using join-pg-r by (simp add: joinpathin-def)
show ?thesis
apply (rule homotopic-pathsin-sym)
apply (rule homotopic-pathsin-reparametrize|
where f = ?f])
using contf join-pg-r-expanded join-pg-r join-pq r qr join-qr p q pq
apply (auto simp: joinpathin-def field-simps algebra-simps)
apply (rule arg-cong[where f = ¢l)
apply (simp add: field-simps)
done
qed

lemma homotopic-pathsin-rinv-const:
assumes p: pathin X p
shows homotopic-pathsin X (joinpathin p (reversepathin p)) (A-. p 0)
proof —
let ?T01 = subtopology euclideanreal {0..1}
let ?A = prod-topology ?T01 ?T01
let ¢h =
Ay ifsndy <1/ 2
then p (fst y * (2 * snd y))
elsep (fsty* (1 — (2 xsndy — 1)))
have p-cont: continuous-map ?T01 X p
using p unfolding pathin-def .
have h-cont: continuous-map ?A X ?h
proof (rule continuous-map-cases-le)
show continuous-map ?A euclideanreal snd
by (rule continuous-map-into-fulltopology[OF continuous-map-snd))
show continuous-map ?A euclideanreal (A-. 1 | 2)
by simp
have left-param-cont-eu:
continuous-map (subtopology ?A {y € topspace ?A. sndy < 1 / 2}) euclidean-
real
(At. fst t x (2 x snd t))
by (intro continuous-intros
continuous-map-into-fulltopology| OF continuous-map-subtopology-fst]
continuous-map-into-fulltopology| OF continuous-map-subtopology-snd])
have left-param-cont:
continuous-map (subtopology ?A {y € topspace ?A. sndy < 1 | 2}) ?T01
(At. fst t = (2 x snd t))
proof —
have left-param-range:
(At fstt % (2 % snd t)) €
topspace (subtopology ?A {y € topspace ?A. sndy < 1/ 2}) — {0..1}
proof
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fix t :: real x real
assume t-in: t € topspace (subtopology ?A {y € topspace ?A. sndy < 1 /
2})
then have tA: t € topspace ?A and t-half: sndt <1/ 2
by auto
have fst01: fst t € {0..1} and snd01: snd t € {0..1}
using tA by (auto simp: topspace-prod-topology)
from snd01 have snd-ge0: 0 < snd t and snd-lel: snd t < 1
by auto
have scale01: 2 % (snd t :: real) € {0..1}
proof —
have lower: 0 < 2 x (snd t :: real)
using snd-ge0 by linarith
have upper: 2 x (snd t :: real) < 1
using t-half by linarith
show 2 * (snd ¢ :: real) € {0..1}
using lower upper by auto

qed
show fst ¢t x (2 x (snd t :: real)) € {0..1}
proof —
from fst01 have fst-ge0: 0 < fst t and fst-lel: fst t < 1
by auto

from scale01 have scale-ge0: 0 < 2 x (snd t :: real) and scale-lel: 2 *
(snd t :: real) < 1
by auto
have lower: 0 < fstt * (2 % (snd t :: real))
by (rule mult-nonneg-nonneg[OF fst-ge0 scale-ge0])
have upper: fst t « (2 % (snd t :: real)) < 1
by (rule mult-le-one[OF fst-lel scale-ge0 scale-lel])
have bounds:
0 < fsttx (2% (sndt: real)) A fsttx (2 % (sndt:: real)) < 1
using lower upper by blast
show fst ¢t x (2  (snd t :: real)) € {0..1}
proof —
from bounds have lower’: 0 < fst t * (2
and upper”: fst t x (2 * (snd t :: real))
by auto
show ?thesis
using lower’ upper’ by (auto simp: atLeastAtMost-iff)
qed
qed
qed
show ?thesis
by (rule continuous-map-into-subtopology[OF left-param-cont-eu
left-param-range])
qed
show continuous-map (subtopology ?A {y € topspace ?A. sndy < 1 / 2}) X
(Mt p (fst ¢t * (2 = snd t)))
proof —

* (snd t :: real))
<1
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have left-comp:
continuous-map (subtopology ?A {y € topspace ?A. sndy <1/ 2}) X
(po (At fstt x (2 % sndt)))
by (rule continuous-map-compose|OF left-param-cont p-cont])
have left-eq: (At. p (fstt % (2 x snd t))) = p o (At. fst ¢t x (2 * snd t))
by (auto simp: fun-eq-iff)
show ?thesis
using left-comp left-eq by simp
qed
have right-param-cont-eu:
continuous-map (subtopology ?A {y € topspace ?A. 1 | 2 < snd y}) euclidean-
real
(M. fsttx (1 — (2%sndt — 1))
by (intro continuous-intros
continuous-map-into-fulltopology| OF continuous-map-subtopology-fst]
continuous-map-into-fulltopology| OF continuous-map-subtopology-snd])
have right-param-cont:
continuous-map (subtopology ?A {y € topspace ?A. 1 | 2 < snd y}) ?T01
(Mt fsttx (1 — (2%sndt — 1))
proof —
have right-param-range:
(Mt fsttx (1 — (2 *xsndt — 1)) €
topspace (subtopology ?A {y € topspace ?A. 1 | 2 < snd y}) — {0..1}
proof
fix ¢ :: real X real
assume t-in: t € topspace (subtopology ?A {y € topspace ?A. 1 / 2 < snd
y})
then have tA: t € topspace ?A and t-half: 1 / 2 < snd t
by auto
have fst01: fst t € {0..1} and snd01: snd t € {0..1}
using tA by (auto simp: topspace-prod-topology)
from snd01 have snd-ge0: 0 < snd t and snd-lel: snd t < 1
by auto
have scale01: 1 — (2 * (snd t :: real) — 1) € {0..1}
proof —
have lower: 0 < 1 — (2 = (snd t :: real) — 1)
using snd-lel by linarith
have upper: 1 — (2 * (snd t :: real) — 1) < 1
using t-half by linarith
show I — (2 % (snd t :: real) — 1) € {0..1}
using lower upper by force

qged
show fst t x (1 — (2 * (snd t :: real) — 1)) € {0..1}
proof —
from fst01 have fst-ge0: 0 < fst t and fst-lel: fst t < 1
by auto

from scale01 have scale-ge0: 0 < 1 — (2 x (snd t :: real) — 1)
and scale-lel: 1 — (2 x (snd t :: real) — 1) < 1
by auto
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have lower: 0 < fstt * (1 — (2 * (snd t :: real) — 1))
by (rule mult-nonneg-nonneg| OF fst-ge0 scale-ge0))
have upper: fst t « (1 — (2 * (snd t :: real) — 1)) < 1
by (rule mult-le-one[OF fst-lel scale-ge0 scale-lel])
show fst ¢ x (1 — (2 * (snd t :: real) — 1)) € {0..1}
using lower upper by force
qged
qed
show ?thesis
using right-param-cont-eu right-param-range by (simp add: continu-
ous-map-in-subtopology)
qed
show continuous-map (subtopology ?A {y € topspace ?A. 1 | 2 < snd y}) X
(M.p (fsttx (1 —(2*sndt— 1))
proof —
have right-comp:
continuous-map (subtopology ?A {y € topspace ?A. 1 | 2 < snd y}) X
(po (At fsttx (1 —(2*sndt— 1))))
by (rule continuous-map-compose| OF right-param-cont p-cont))
have right-eq:
M.p(fsttx (1 —(2x*xsndt—1)))) =
po (At fsttx (1 —(2«sndt— 1))
by (auto simp: fun-eq-iff)
show ?thesis
using right-comp right-eq by simp
qged
show p (fst y x (2 % sndy)) =p (fstyx (I — (2% sndy — 1)))
if y € topspace ?A sndy =1/ 2 for y
proof —
have midl: 2 x snd y = (1::real)
using that(2) by simp
have mid0: 2 x sndy — 1 = (0::real)
using that(2) by simp
show ?thesis
using midl mid0 by simp
qed
qged
have hom-const-join: homotopic-pathsin X (A-. p 0) (joinpathin p (reversepathin
p))
unfolding homotopic-pathsin-def homotopic-with-def
proof (rule exI[where z = ?h], intro conjl)
show continuous-map ?A X ?h
by (rule h-cont)
show Vz:real. ?h (0, 2) = (A-. p 0) =
by simp
show V z::real. ?h (1, x) = joinpathin p (reversepathin p) x
by (auto simp: joinpathin-def reversepathin-def)
show Vite{0..1}. Ar.r0=p 0 Ar1=p0)(Ax. ?h(t, x))
by simp
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qed
show ?thesis
by (rule homotopic-pathsin-sym[OF hom-const-join))
qed

lemma homotopic-pathsin-linv-const:
assumes p: pathin X p
shows homotopic-pathsin X (joinpathin (reversepathin p) p) (A-. p 1)
proof —
have homotopic-pathsin X (joinpathin (reversepathin p) (reversepathin
(reversepathin p)))
(A-. reversepathin p 0)
using pathin-reversepathin[OF p| by (rule homotopic-pathsin-rinv-const)
then show ?thesis
by (simp add: reversepathin-def)
qed

lemma homotopic-loopsin-imp-pathin:
assumes homotopic-loopsin X p q
shows pathin X p pathin X q
using assms unfolding homotopic-loopsin-def pathin-def
by (auto dest: homotopic-with-imp-continuous-maps)

lemma homotopic-loopsin-imp-loop:
assumes homotopic-loopsin X p q
shows p1 =p0q1=4q0
using assms unfolding homotopic-loopsin-def
by (auto dest: homotopic-with-imp-property)

lemma homotopic-loopsin-refl [simp):
homotopic-loopsin X p p <— pathin X p Ap 1 =p0
unfolding homotopic-loopsin-def pathin-def
by (simp add: homotopic-with-refl)

lemma homotopic-loopsin-sym:
assumes homotopic-loopsin X p q
shows homotopic-loopsin X q p
using assms unfolding homotopic-loopsin-def
by (simp add: homotopic-with-sym)

lemma homotopic-loopsin-trans:
assumes homotopic-loopsin X p q
and homotopic-loopsin X q r
shows homotopic-loopsin X p r
using assms unfolding homotopic-loopsin-def
by (blast intro: homotopic-with-trans)

lemma loopin-space-reversepathin:
assumes p € loopin-space X x
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shows reversepathin p € loopin-space X x
proof —
from assms obtain p-in where p-in: pathin X pp 0 =zp 1 =2
by (rule loopin-spaceE)
have path-rev: pathin X (reversepathin p)
using p-in(1) by (rule pathin-reversepathin)
have start-rev: reversepathin p 0 = z
using p-in(3) by (simp add: reversepathin-def)
have finish-rev: reversepathin p 1 = x
using p-in(2) by (simp add: reversepathin-def)
show ?thesis
unfolding loopin-space-def using path-rev start-rev finish-rev by blast
qed

end
theory Fundamental-Group-Scaffold

imports HOL— Analysis. Homotopy Carrier-Group-Scaffold
begin

11 Fundamental-group quotients

This is the set-based counterpart to the explicit-topology quotient develop-
ment. It works directly with subsets of a topological space and the standard
HOL-Analysis path notions, which is exactly the level needed for the final
classical theorem about open sets U and V.

definition loop-space ::
'a::topological-space set => 'a => (real => 'a) set
where
loop-space S x =
{p. path p A path-image p C S A pathstart p = x A pathfinish p = x}

definition loop-class ::

'a::topological-space set => 'a => (real => 'a) => (real => 'a) set
where

loop-class Sz p = {q. q € loop-space S x N homotopic-paths S q p}

definition fundamental-group-space ::

'a::topological-space set => 'a => ((real => 'a) set) set
where

fundamental-group-space S x = loop-class S = * loop-space S x

definition some-loop ::

'a::topological-space set => 'a => (real => 'a) set => (real => 'a)
where

some-loop S Q = (SOME p. p € loop-space S & N @ = loop-class S x p)

definition fundamental-group-one ::
'a::topological-space set => 'a => (real => 'a) set
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where
fundamental-group-one S © = loop-class S © (\-. x)

definition fundamental-group-mult ::
'a::topological-space set => 'a =>
(real => 'a) set => (real => 'a) set => (real => 'a) set
where
fundamental-group-mult S © A B =
loop-class S z (some-loop S x A +++ some-loop S = B)

definition fundamental-group-inv ::
'a::topological-space set => 'a =>
(real => 'a) set => (real => 'a) set
where
fundamental-group-inv S x A = loop-class S © (reversepath (some-loop S x A))

definition loop-image ::
('a::topological-space => 'b::topological-space) =>
(real => 'a) => (real => 'b)
where
loop-image h p = h o p

definition fundamental-group-map ::
'a::topological-space set => 'a =>
'b::topological-space set => 'b =>
("a => 'b) => (real => 'a) set => (real => 'b) set
where
fundamental-group-map Sz Ty h A =
loop-class T y (loop-image h (some-loop S = A))

lemma loop-spacel:
assumes path p
and path-image p C S
and pathstart p = «
and pathfinish p = x
shows p € loop-space S x
using assms unfolding loop-space-def by blast

lemma constant-loop-in-space:
assumes z € S
shows (A-. ) € loop-space S
proof (rule loop-spacel)
show path (\-. x)
by (simp add: path-def)
show path-image (A-. z) C S
using assms by (auto simp: path-image-def)
show pathstart (A-. z) = z
by (simp add: pathstart-def)
show pathfinish (A-. ) = z
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by (simp add: pathfinish-def)
qed

lemma loop-class-in-space:
assumes p € loop-space S x
shows loop-class S © p € fundamental-group-space S x
using assms unfolding fundamental-group-space-def by blast

lemma fundamental-group-spacekE:
assumes @ € fundamental-group-space S x
obtains p where p € loop-space S () = loop-class S x p
using assms unfolding fundamental-group-space-def by blast

lemma some-loop-spec:
assumes @ € fundamental-group-space S x
shows some-loop S x Q € loop-space S x
and @ = loop-class S = (some-loop S x Q)
proof —
from assms obtain p where p: p € loop-space S x Q) = loop-class S x p
by (rule fundamental-group-spaceF)
have ez: p. p € loop-space S x A Q = loop-class S = p
using p by blast
have some-loop S x Q € loop-space S x N @ = loop-class S x (some-loop S = Q)
unfolding some-loop-def by (rule somel-ex|OF ex])
then show some-loop S z () € loop-space S x
and Q = loop-class S = (some-loop S x Q)
by auto
qed

lemma loop-class-eql:
assumes p: p € loop-space S &
and q: q € loop-space S z
and pq: homotopic-paths S p q
shows loop-class S © p = loop-class S x q
proof (auto simp: loop-class-def)
fix r
assume homotopic-paths S r p
then show homotopic-paths S r q
using pq by (rule homotopic-paths-trans)
next
fix r
assume homotopic-paths S r q
moreover have homotopic-paths S q p
using pq by (rule homotopic-paths-sym)
ultimately show homotopic-paths S r p
by (rule homotopic-paths-trans)
qed

lemma loop-class-eq-iff:
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assumes p: p € loop-space S x
and ¢: ¢ € loop-space S x
shows loop-class S © p = loop-class S x q <— homotopic-paths S p q
proof
assume h: loop-class S © p = loop-class S x q
have p € loop-class S © p
proof —
from p have p-props: path p path-image p C S
unfolding loop-space-def by auto
have homotopic-paths S p p
using p-props by simp
with p show ?thesis
unfolding loop-class-def by auto
qed
with h show homotopic-paths S p q
unfolding loop-class-def by blast
next
assume homotopic-paths S p q
then show loop-class S = p = loop-class S z q
by (rule loop-class-eqI[OF p ql)
qed

lemma loop-space-join:
assumes p: p € loop-space S x
and ¢: ¢ € loop-space S x
shows p +++ ¢ € loop-space S x
proof —
from p have p-props:
path p path-image p C S pathstart p = x pathfinish p = x
unfolding loop-space-def by auto
from ¢ have ¢-props:
path q path-image ¢ C S pathstart ¢ = x pathfinish ¢ = x
unfolding loop-space-def by auto
show ?thesis
proof (rule loop-spacel)
show path (p +++ q)
using p-props g-props by simp
show path-image (p +++ ¢q) C S
using p-props(2) g¢-props(2) by (rule subset-path-image-join)
show pathstart (p +++ q) = x
using p-props by simp
show pathfinish (p +++ ¢q) = z
using g-props by simp
qed
qed

lemma loop-space-reversepath:

assumes p € loop-space S x
shows reversepath p € loop-space S x
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proof —
from assms have p-props:
path p path-image p C S pathstart p = x pathfinish p = x
unfolding loop-space-def by auto
show ?thesis
proof (rule loop-spacel)
show path (reversepath p)
using p-props by simp
show path-image (reversepath p) C S
using p-props by simp
show pathstart (reversepath p) = x
using p-props by simp
show pathfinish (reversepath p) = x
using p-props by simp
qed
qed

lemma loop-space-continuous-image:
assumes p: p € loop-space S &
and cont-h: continuous-on S h
and map-h: he S — T
and hx: hz =y
shows loop-image h p € loop-space T y
proof —
from p have p-props:
path p path-image p C S pathstart p = x pathfinish p = z
unfolding loop-space-def by auto
show ?thesis
unfolding loop-image-def
proof (rule loop-spacel)
show path (h o p)
using p-props(1) continuous-on-subset| OF cont-h p-props(2)]
by (rule Path-Connected.path-continuous-image)
show path-image (h o p) C T
using p-props(2) map-h
by (auto simp: path-image-def)
show pathstart (h o p) =y
using p-props(8) hx by (simp add: pathstart-compose)
show pathfinish (h o p) =y
using p-props(4) hz by (simp add: pathfinish-compose)
qed
qged

lemma loop-image-join:
loop-image h (p +++ ¢) = loop-image h p +++ loop-image h q
unfolding loop-image-def
by (rule ext) (simp add: joinpaths-def)

lemma loop-image-reversepath:
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loop-image h (reversepath p) = reversepath (loop-image h p)
unfolding loop-image-def reversepath-def
by (rule ext) simp

lemma loop-class-join-eql:
assumes p: p € loop-space S x
and p” p’ € loop-space S x
and ¢: ¢ € loop-space S x
and q”: ¢’ € loop-space S z
and pp”: homotopic-paths S p p’
and qq”: homotopic-paths S q q’
shows loop-class S z (p +++ q) = loop-class S = (p’ +++ ¢’)
proof (rule loop-class-eql)
show p +++ ¢ € loop-space S
using p ¢ by (rule loop-space-join)
show p’ +++ ¢’ € loop-space S x
using p’ ¢’ by (rule loop-space-join)
from p have pz: pathfinish p = x
unfolding loop-space-def by auto
from ¢ have qz: pathstart ¢ = x
unfolding loop-space-def by auto
show homotopic-paths S (p +++ q) (p’ +++ ¢')
proof (rule homotopic-paths-join)
show homotopic-paths S p p’
by (rule pp’)
show homotopic-paths S q q’
by (rule qq’)
show pathfinish p = pathstart q
using px qr by simp
qed
qed

lemma loop-class-reverse-eql:
assumes p: p € loop-space S x
and ¢: ¢ € loop-space S x
and pq: homotopic-paths S p q
shows loop-class S © (reversepath p) = loop-class S z (reversepath q)
proof (rule loop-class-eql)
show reversepath p € loop-space S x
using p by (rule loop-space-reversepath)
show reversepath q € loop-space S x
using ¢ by (rule loop-space-reversepath)
from pq show homotopic-paths S (reversepath p) (reversepath q)
by (rule homotopic-paths-reversepath-D)
qed

lemma homotopic-paths-rid-const:

assumes path p
and path-image p C S
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shows homotopic-paths S (p +++ (A-. pathfinish p)) p
proof —
let ?f = Atureal. if t < 1/2 then 2 xg t else 1
have contf: continuous-on {0..1} ?f
unfolding split-01
by (rule continuous-on-cases continuous-intros | auto)—+
have f01: ?f € {0..1} — {0..1}
by auto
have homotopic-paths S p (p +++ (A-. pathfinish p))
proof (rule homotopic-paths-reparametrize[where f = 2f])
show path p
by (rule assms(1))
show path-image p C S
by (rule assms(2))
show continuous-on {0..1} 2f
by (rule contf)
show ?f € {0..1} — {0..1}
by (rule f01)
show 2f0 =0 %1 =1
by simp-all
show (p +++ (A-. pathfinish p)) t = p (?ft) if t € {0..1} for ¢
using that by (auto simp: joinpaths-def pathfinish-def)
qed
then show ?thesis
by (rule homotopic-paths-sym)
qged

lemma homotopic-paths-lid-const:
assumes path p
and path-image p C S
shows homotopic-paths S ((A-. pathstart p) +++ p) p
proof —
let ?2f = At:real. if t < 1/2 then 0 else 2 xg t — 1
have contf: continuous-on {0..1} ?f
unfolding split-01
by (rule continuous-on-cases continuous-intros | auto)+
have f01: ?f € {0..1} — {0..1}
by auto
have homotopic-paths S p ((A-. pathstart p) +++ p)
proof (rule homotopic-paths-reparametrize[where f = ?2f])
show path p
by (rule assms(1))
show path-image p C S
by (rule assms(2))
show continuous-on {0..1} 2f
by (rule contf)
show ?f € {0..1} — {0..1}
by (rule f01)
show 20 =071 =1
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by simp-all
show ((A-. pathstart p) +++ p) t =p (?f¢t)if t € {0..1} for ¢
using that by (auto simp: joinpaths-def pathstart-def)
qed
then show ?thesis
by (rule homotopic-paths-sym)
qed

lemma homotopic-paths-rinv-const:
assumes path p
and path-image p C S
shows homotopic-paths S (p +++ reversepath p) (A-. pathstart p)
proof —
let A =1{0..1} x {0..1}
let ?h =
My if sndy < 1/2
then p (fst y * (2 * snd y))
elsep (fsty* (1 — (2 xsndy — 1)))
define H where H = ?h
have p-cont: continuous-on {0..1} p
using assms by (auto simp: path-def)
have h-cont: continuous-on YA H
unfolding H-def
proof (rule continuous-on-cases-le)
show continuous-on {x € ?A. sndx < 1/2} (At. p (fst t = (2 * snd t)))
continuous-on {x € ?A. 1/2 < snd x} (At. p (fstt x (I — (2 % snd ¢t —
0))

continuous-on ?A snd
by (intro continuous-on-compose2 [OF p-cont] continuous-intros; auto simp:
mult-le-one)+
qged (auto simp: algebra-simps)
have h-subset: H € ?A — §
proof
fix y :: real x real
assume y: y € 74
with assms show Hy € S
unfolding H-def
by (force simp: path-image-def mult-le-one)
qed
have h0: Vze{0..1}. H (0, z) = (A-. pathstart p)
unfolding H-def by (simp add: pathstart-def)
have hi:Vze{0..1}. H (1, x) = (p +++ reversepath p) x
unfolding H-def by (auto simp: joinpaths-def reversepath-def)
have hends:
Vte{0..1}. pathstart (H o Pair t) = pathstart (A-. pathstart p) A
pathfinish (H o Pair t) = pathfinish (A-. pathstart p)
proof
fix t :: real
assume t € {0..1}
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show pathstart (H o Pair t) = pathstart (A-. pathstart p) A
pathfinish (H o Pair t) = pathfinish (A-. pathstart p)
proof
show pathstart (H o Pair t) = pathstart (A-. pathstart p)
unfolding H-def by (simp add: pathstart-def)
show pathfinish (H o Pair t) = pathfinish (A-. pathstart p)
unfolding H-def by (simp add: pathstart-def pathfinish-def)
qed
qed
have hom-const:
homotopic-paths S (A\-. pathstart p) (p +++ reversepath p)
apply (rule iffD2[OF homotopic-paths])
apply (rule-tac
z=(Ay. ifsndy < 1/2
then p (fst y * (2 % snd y))
elsep (fstyx (1 — (2 xsndy — 1))))
in exl)
using h-cont h-subset h0 h1 hends
unfolding H-def
apply blast
done
show ?thesis
using hom-const by (rule homotopic-paths-sym,)
qed

lemma homotopic-paths-linv-const:
assumes path p
and path-image p C S
shows homotopic-paths S (reversepath p +++ p) (A-. pathfinish p)
using homotopic-paths-rinv-const [of reversepath p S] assms
by simp

lemma fundamental-group-one-in-space:
assumes z € S
shows fundamental-group-one S x € fundamental-group-space S x
unfolding fundamental-group-one-def
using constant-loop-in-space| OF assms] by (rule loop-class-in-space)

lemma fundamental-group-mult-eql:
assumes A-in: A € fundamental-group-space S x
and B-in: B € fundamental-group-space S x
and p: p € loop-space S x
and q: q € loop-space S z
and A: A = loop-class S z p
and B: B = loop-class S x q
shows fundamental-group-mult S © A B = loop-class S = (p +++ q)
proof —
have repA: some-loop S x A € loop-space S x A = loop-class S z (some-loop S x

4)
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using some-loop-spec[OF A-in| by auto
have repB: some-loop S x B € loop-space S © B = loop-class S z (some-loop S x
B)
using some-loop-spec|OF B-in] by auto
have homoA’: homotopic-paths S p (some-loop S z A)
using repA p A by (simp add: loop-class-eq-iff)
have homoA: homotopic-paths S (some-loop S x A) p
using homoA’ by (rule homotopic-paths-sym)
have homoB': homotopic-paths S q (some-loop S x B)
using repB ¢ B by (simp add: loop-class-eq-iff)
have homoB: homotopic-paths S (some-loop S x B) ¢
using homoB’ by (rule homotopic-paths-sym)
have loop-class S x (some-loop S x A +++ some-loop S x B) = loop-class S = (p
4+ q)
by (rule loop-class-join-eqI[OF repA(1) p repB(1) q homoA homoB])
then show ?thesis
unfolding fundamental-group-mult-def .
qed

lemma fundamental-group-mult-in-space:
assumes A € fundamental-group-space S x
and B € fundamental-group-space S x
shows fundamental-group-mult S x A B € fundamental-group-space S x
proof —
have repA: some-loop S © A € loop-space S x
using some-loop-spec[OF assms(1)] by auto
have repB: some-loop S © B € loop-space S ©
using some-loop-spec[OF assms(2)] by auto
show ?thesis
unfolding fundamental-group-mult-def
using loop-space-join[OF repA repB] by (rule loop-class-in-space)
qed

lemma fundamental-group-inv-eql:
assumes A-in: A € fundamental-group-space S x
and p: p € loop-space S x
and A: A = loop-class S z p
shows fundamental-group-inv S x A = loop-class S z (reversepath p)
proof —
have repA: some-loop S x A € loop-space S © A = loop-class S = (some-loop S x
A4)
using some-loop-spec[OF A-in] by auto
have homoA": homotopic-paths S p (some-loop S x A)
using repA p A by (simp add: loop-class-eq-iff)
have homoA: homotopic-paths S (some-loop S x A) p
using homoA’ by (rule homotopic-paths-sym)
have loop-class S = (reversepath (some-loop S x A)) = loop-class S z (reversepath

p)
by (rule loop-class-reverse-eqI[OF repA(1) p homoA])
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then show ?thesis
unfolding fundamental-group-inv-def .
qed

lemma fundamental-group-inv-in-space:
assumes A € fundamental-group-space S x
shows fundamental-group-inv S © A € fundamental-group-space S x
proof —
have repA: some-loop S © A € loop-space S x
using some-loop-spec[OF assms| by auto
show ?thesis
unfolding fundamental-group-inv-def
using loop-space-reversepath[OF repA] by (rule loop-class-in-space)
qed

lemma fundamental-group-map-eql:
assumes A-in: A € fundamental-group-space S x
and p: p € loop-space S x
and A: A = loop-class S z p
and cont-h: continuous-on S h
and map-h: he S — T
and hx: hz =y
shows fundamental-group-map S T y h A = loop-class T y (loop-image h p)
proof —
have repA: some-loop S x A € loop-space S © A = loop-class S © (some-loop S x
4)
using some-loop-spec[OF A-in] by auto
have homo":
homotopic-paths S p (some-loop S xz A)
using repA(1) p repA(2) A
by (simp add: loop-class-eq-iff)
have homo:
homotopic-paths S (some-loop S x A) p
using homo’ by (rule homotopic-paths-sym)
have map-rep: loop-image h (some-loop S © A) € loop-space T y
by (rule loop-space-continuous-image|OF repA(1) cont-h map-h hz))
have map-p: loop-image h p € loop-space T y
by (rule loop-space-continuous-image[OF p cont-h map-h hx))
have map-homo:
homotopic-paths T (loop-image h (some-loop S = A)) (loop-image h p)
unfolding loop-image-def
by (rule homotopic-paths-continuous-image[OF homo cont-h map-h])
have
loop-class T y (loop-image h (some-loop S © A)) =
loop-class T y (loop-image h p)
by (rule loop-class-eqI[OF map-rep map-p map-homo))
then show ?thesis
unfolding fundamental-group-map-def .
qed
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lemma fundamental-group-map-in-space:
assumes A-in: A € fundamental-group-space S x
and cont-h: continuous-on S h
and map-h: he S — T
and hx: hz =y
shows fundamental-group-map Sz T y h A € fundamental-group-space T y
proof —
have repA: some-loop S © A € loop-space S x
using some-loop-spec[OF A-in] by auto
have loop-image h (some-loop Sz A) € loop-space T y
by (rule loop-space-continuous-image[OF repA cont-h map-h hx])
then show ?thesis
unfolding fundamental-group-map-def by (rule loop-class-in-space)
qed

lemma fundamental-group-map-mult:
assumes A-in: A € fundamental-group-space S x
and B-in: B € fundamental-group-space S x
and cont-h: continuous-on S h
and map-h: he S — T
and hx: hz =y
shows
fundamental-group-map S = T y h (fundamental-group-mult S ¢ A B) =
fundamental-group-mult T y
(fundamental-group-map Sz T y h A)
(fundamental-group-map S T y h B)
proof —
have repA: some-loop S x A € loop-space S © A = loop-class S = (some-loop S x
4)
using some-loop-spec[OF A-in] by auto
have repB: some-loop S x B € loop-space S x B = loop-class S z (some-loop S x
B)
using some-loop-spec[OF B-in] by auto
have AB-in: fundamental-group-mult S * A B € fundamental-group-space S x
by (rule fundamental-group-mult-in-space[ OF A-in B-in))
have AB-eq:
fundamental-group-mult S x A B =
loop-class S z (some-loop S © A +++ some-loop S x B)
by (rule fundamental-group-mult-eqI[OF A-in B-in repA(1) repB(1) repA(2)
repB(2)])
have map-A-in:
fundamental-group-map S © T y h A € fundamental-group-space T y
by (rule fundamental-group-map-in-space[OF A-in cont-h map-h hz])
have map-B-in:
fundamental-group-map S x T y h B € fundamental-group-space T y
by (rule fundamental-group-map-in-space|OF B-in cont-h map-h hx])
have map-A-eq:
fundamental-group-map S« Ty h A =
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loop-class T y (loop-image h (some-loop S = A))
by (rule fundamental-group-map-eqI[OF A-in repA(1) repA(2) cont-h map-h
hz])
have map-B-eq:
fundamental-group-map Sz T y h B =
loop-class T y (loop-image h (some-loop S z B))
by (rule fundamental-group-map-eqI[OF B-in repB(1) repB(2) cont-h map-h
hz])
have left-eq:
fundamental-group-map S « T y h (fundamental-group-mult S x A B) =
loop-class T y (loop-image h (some-loop S x A +++ some-loop S = B))
by (rule fundamental-group-map-eqIl[OF AB-in loop-space-join[OF repA(1)
repB(1)] AB-eq cont-h map-h hx])
have map-loop-A: loop-image h (some-loop S x A) € loop-space T y
by (rule loop-space-continuous-image|OF repA(1) cont-h map-h hz))
have map-loop-B: loop-image h (some-loop S x B) € loop-space T y
by (rule loop-space-continuous-image[OF repB(1) cont-h map-h hz])
have right-eq:
Sfundamental-group-mult T y
(fundamental-group-map Sz T y h A)
(fundamental-group-map S T y h B) =
loop-class T y
(loop-image h (some-loop S © A) +++ loop-image h (some-loop S x B))
by (rule fundamental-group-mult-eqI[OF map-A-in map-B-in map-loop-A
map-loop-B map-A-eq map-B-eq])
have
loop-class T y (loop-image h (some-loop S x A +++ some-loop S z B)) =
loop-class T y (loop-image h (some-loop S x A) +++ loop-image h (some-loop
S z B))
by (rule arg-conglwhere f = loop-class T y|, simp add: loop-image-join)
then show ?thesis
using left-eq right-eq by simp
qed

lemma fundamental-group-map-id:
assumes A-in: A € fundamental-group-space S x
shows fundamental-group-map S xSz id A = A
proof —
have repA: some-loop S x A € loop-space S x A = loop-class S = (some-loop S x
4)
using some-loop-spec|OF A-in] by auto
have fundamental-group-map S S x id A =
loop-class S x (loop-image id (some-loop S x A))
by (rule fundamental-group-map-eqI[OF A-in repA(1) repA(2)]) simp-all
then show ?thesis
using repA(2) by (simp add: loop-image-def)
qed

lemma fundamental-group-map-one:
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assumes z-in: £ € S
and cont-h: continuous-on S h
and map-h: he S - T
and hz: hx =y
shows
fundamental-group-map S = T y h (fundamental-group-one S z) =
fundamental-group-one T y
proof —
have one-in: fundamental-group-one S x € fundamental-group-space S x
by (rule fundamental-group-one-in-space[OF z-in])
have const-in: (A-. ) € loop-space S x
by (rule constant-loop-in-space| OF z-in))
have fundamental-group-map S z T y h (fundamental-group-one S z) =
loop-class T y (loop-image h (\-. z))
by (rule fundamental-group-map-eqI[OF one-in const-in]) (simp-all add: fun-
damental-group-one-def cont-h map-h hx)
then show ?thesis
by (simp add: fundamental-group-one-def loop-image-def hx)
qed

lemma fundamental-group-map-compose:
assumes A-in: A € fundamental-group-space S x
and cont-h: continuous-on S h
and map-h: he S - T
and hz: hx =y
and cont-k: continuous-on T k
and map-k: ke T — U
and ky: ky = 2
shows
fundamental-group-map T y U z k (fundamental-group-map Sz T y h A) =
fundamental-group-map S x U z (ko h) A
proof —
have repA: some-loop S x A € loop-space S x A = loop-class S © (some-loop S x
4)
using some-loop-spec|OF A-in] by auto
have map-A-in:
Sfundamental-group-map S © T y h A € fundamental-group-space T y
by (rule fundamental-group-map-in-space[OF A-in cont-h map-h hz])
have map-A-eq:
fundamental-group-map Sx Ty h A =
loop-class T y (loop-image h (some-loop S = A))
by (rule fundamental-group-map-eqI[OF A-in repA(1) repA(2) cont-h map-h
hz])
have left-eq:
fundamental-group-map T y U z k (fundamental-group-map Sz T y h A) =
loop-class U z (loop-image k (loop-image h (some-loop S z A)))
by (rule fundamental-group-map-eqI[OF map-A-in
loop-space-continuous-image| OF repA(1) cont-h map-h hx] map-A-eq cont-k
map-k ky))
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have comp-cont: continuous-on S (k o h)
proof —
have hs: h ‘S C T
using map-h by auto
have hk: continuous-on (h ©S) k
using cont-k hs by (rule continuous-on-subset)
from cont-h hk show ?thesis
by (rule continuous-on-compose)
qed
have comp-map: (ko h) € S — U
using map-h map-k by auto
have right-eq:
fundamental-group-map S U z (ko h) A =
loop-class U z (loop-image (k o h) (some-loop S z A))
by (rule fundamental-group-map-eqI[OF A-in repA(1) repA(2) comp-cont
comp-map))
(simp add: hx ky)
have
loop-class U z (loop-image k (loop-image h (some-loop S x A))) =
loop-class U z (loop-image (k o h) (some-loop S z A))
by (rule arg-cong[where f = loop-class U z]) (simp add: loop-image-def o-assoc)
then show ?thesis
using left-eq right-eq by simp
qed

lemma fundamental-group-mult-one-left:
assumes r € S
and A € fundamental-group-space S x
shows fundamental-group-mult S z (fundamental-group-one S x) A = A
proof —
have const: (A-. x) € loop-space S x
using constant-loop-in-space| OF assms(1)] .
have repA: some-loop S x A € loop-space S x A = loop-class S © (some-loop S x
4)
using some-loop-spec|OF assms(2)] by auto
have loopA:
path (some-loop Sz A)
path-image (some-loop S x A) C S
pathstart (some-loop Sz A) = x
pathfinish (some-loop S © A) = z
using repA(1) unfolding loop-space-def by auto
have mult-eq:
fundamental-group-mult S = (fundamental-group-one S z) A =
loop-class S x ((A-. z) +++ some-loop S = A)
proof (rule fundamental-group-mult-eqI)
show fundamental-group-one S x© € fundamental-group-space S x
by (rule fundamental-group-one-in-space[OF assms(1)])
show A € fundamental-group-space S x
by (rule assms(2))
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show (A-. z) € loop-space S z
by (rule const)
show some-loop S x A € loop-space S x
by (rule repA(1))
show fundamental-group-one S x = loop-class S © (\-. x)
by (simp add: fundamental-group-one-def)
show A = loop-class S © (some-loop S x A)
by (rule repA(2))
qed
have join-loop: (A-. x) +++ some-loop S x A € loop-space S x
using const repA(1) by (rule loop-space-join)
have hom: homotopic-paths S ((A-. ) +++ some-loop Sz A) (some-loop S x A)
using homotopic-paths-lid-const|OF loopA(1) loopA(2)] loopA(3) by simp
have class-eq:
loop-class S © (M- ) +++ some-loop S z A) = loop-class S z (some-loop S x
4)
by (rule loop-class-eqI[OF join-loop repA(1) hom])
show ?thesis
using mult-eq class-eq repA(2) by simp
qed

lemma fundamental-group-mult-one-right:
assumes € S
and A € fundamental-group-space S z
shows fundamental-group-mult S © A (fundamental-group-one S z) = A
proof —
have const: (\-. z) € loop-space S x
using constant-loop-in-space| OF assms(1)] .
have repA: some-loop S x A € loop-space S © A = loop-class S = (some-loop S x
4)
using some-loop-spec[OF assms(2)] by auto
have loopA:
path (some-loop S x A)
path-image (some-loop Sz A) C S
pathstart (some-loop S © A) = x
pathfinish (some-loop S x A) = x
using repA(1) unfolding loop-space-def by auto
have mult-eq:
fundamental-group-mult S © A (fundamental-group-one S x) =
loop-class S © (some-loop Sz A +++ (A-. z))
proof (rule fundamental-group-mult-eql)
show A € fundamental-group-space S x
by (rule assms(2))
show fundamental-group-one S x € fundamental-group-space S x
by (rule fundamental-group-one-in-space[OF assms(1)])
show some-loop S x A € loop-space S x
by (rule repA(1))
show (\-. z) € loop-space S x
by (rule const)
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show A = loop-class S © (some-loop S x A)
by (rule repA(2))
show fundamental-group-one S © = loop-class S © (\-. x)
by (simp add: fundamental-group-one-def)
qged
have join-loop: some-loop S x A +++ (A-. z) € loop-space S x
using repA(1) const by (rule loop-space-join)
have hom: homotopic-paths S (some-loop S © A +++ (A-. z)) (some-loop S x A)
using homotopic-paths-rid-const| OF loopA(1) loopA(2)] loopA(4) by simp
have class-eq:
loop-class S x (some-loop S x A +++ (A-. x)) = loop-class S x (some-loop S x
4)
by (rule loop-class-eql[OF join-loop repA(1) hom])
show ?thesis
using mult-eq class-eq repA(2) by simp
qed

lemma fundamental-group-mult-assoc:
assumes A-in: A € fundamental-group-space S x
and B-in: B € fundamental-group-space S x
and C-in: C € fundamental-group-space S x
shows fundamental-group-mult S © A (fundamental-group-mult S = B C) =
fundamental-group-mult S z (fundamental-group-mult S = A B) C
proof —
have repA: some-loop S x A € loop-space S © A = loop-class S © (some-loop S x
4)
using some-loop-spec[OF A-in] by auto
have repB: some-loop S x B € loop-space S x B = loop-class S z (some-loop S x
B)
using some-loop-spec|OF B-in] by auto
have repC': some-loop S x C € loop-space S © C = loop-class S z (some-loop S x
0)
using some-loop-spec[OF C-in] by auto
have BC-eq:
fundamental-group-mult S B C =
loop-class S x (some-loop S x B +++ some-loop S z C)
proof (rule fundamental-group-mult-eql)
show B € fundamental-group-space S x
by (rule B-in)
show C € fundamental-group-space S x
by (rule C-in)
show some-loop S © B € loop-space S x
by (rule repB(1))
show some-loop S x C' € loop-space S x
by (rule repC(1))
show B = loop-class S © (some-loop S z B)
by (rule repB(2))
show C = loop-class S x (some-loop S = C)
by (rule repC(2))
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qed
have AB-eq:
fundamental-group-mult S A B =
loop-class S © (some-loop S x A +++ some-loop S = B)
proof (rule fundamental-group-mult-eql)
show A € fundamental-group-space S x
by (rule A-in)
show B € fundamental-group-space S x
by (rule B-in)
show some-loop S © A € loop-space S x
by (rule repA(1))
show some-loop S x B € loop-space S z
by (rule repB(1))
show A = loop-class S © (some-loop S © A)
by (rule repA(2))
show B = loop-class S x (some-loop S © B)
by (rule repB(2))
qed
have join-BC': some-loop S © B +++ some-loop S x C € loop-space S x
using repB(1) repC(1) by (rule loop-space-join)
have join-AB: some-loop S © A +++ some-loop S © B € loop-space S x
using repA(1) repB(1) by (rule loop-space-join)
have left-eq:
fundamental-group-mult S z A (fundamental-group-mult Sz B C) =
loop-class S x (some-loop S & A +++ (some-loop S x B +++ some-loop S x
@)
proof (rule fundamental-group-mult-eqI)
show A € fundamental-group-space S x
by (rule A-in)
show fundamental-group-mult S x B C' € fundamental-group-space S x
by (rule fundamental-group-mult-in-space[ OF B-in C-in))
show some-loop Sz A € loop-space S x
by (rule repA(1))
show some-loop S x B +++ some-loop S © C' € loop-space S x
by (rule join-BC')
show A = loop-class S © (some-loop S © A)
by (rule repA(2))
show fundamental-group-mult Sz B C' =
loop-class S z (some-loop S © B +++ some-loop S x C)
by (rule BC-eq)
qed
have right-eq:
fundamental-group-mult S x (fundamental-group-mult S A B) C =
loop-class S z ((some-loop S x A +++ some-loop S z B) +++ some-loop S x
)
proof (rule fundamental-group-mult-eql)
show fundamental-group-mult S © A B € fundamental-group-space S x
by (rule fundamental-group-mult-in-space| OF A-in B-in))
show C € fundamental-group-space S x
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by (rule C-in)
show some-loop S x A +++ some-loop S x B € loop-space S x
by (rule join-AB)
show some-loop S x C' € loop-space S x
by (rule repC(1))
show fundamental-group-mult S x A B =
loop-class S = (some-loop S © A +++ some-loop S x B)
by (rule AB-eq)
show C = loop-class S © (some-loop S z C)
by (rule repC(2))
qed
have left-loop: some-loop S © A +++ (some-loop S © B +++ some-loop S z C)
€ loop-space S x
using repA(1) join-BC by (rule loop-space-join)
have right-loop: (some-loop S © A +++ some-loop S z B) +++ some-loop S z C
€ loop-space S x
using join-AB repC(1) by (rule loop-space-join)
have hom-assoc:
homotopic-paths S (some-loop S © A +++ (some-loop S © B +++ some-loop S
2 C))
((some-loop S © A +++ some-loop S x B) +++ some-loop S z C)
using repA(1) repB(1) repC(1)
unfolding loop-space-def
by (auto intro: homotopic-paths-assoc)
have class-eq:
loop-class S x (some-loop S © A +++ (some-loop S © B +++ some-loop S z
Q) =
loop-class S z ((some-loop S x A +++ some-loop S z B) +++ some-loop S x
)
by (rule loop-class-eql[OF left-loop right-loop hom-assoc])
show ?thesis
using left-eq right-eq class-eq by simp
qed

lemma fundamental-group-mult-inv-right:
assumes z € S
and A € fundamental-group-space S x
shows fundamental-group-mult S x A (fundamental-group-inv S © A) = funda-
mental-group-one S
proof —
have const: (A-. z) € loop-space S x
using constant-loop-in-space| OF assms(1)] .
have repA: some-loop S x A € loop-space S x A = loop-class S z (some-loop S x
4)
using some-loop-spec[OF assms(2)] by auto
have loopA:
path (some-loop S x A)
path-image (some-loop S x A) C S
pathstart (some-loop Sz A) = x
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pathfinish (some-loop S © A) = x
using repA(1) unfolding loop-space-def by auto
have inv-eq:
fundamental-group-inv S x A = loop-class S z (reversepath (some-loop S x A))
by (rule fundamental-group-inv-eqI[OF assms(2) repA(1) repA(2)])
have mult-eq:
fundamental-group-mult S © A (fundamental-group-inv S x A) =
loop-class S © (some-loop S © A +++ reversepath (some-loop S z A))
proof (rule fundamental-group-mult-eql)
show A € fundamental-group-space S x
by (rule assms(2))
show fundamental-group-inv S © A € fundamental-group-space S x
by (rule fundamental-group-inv-in-space[ OF assms(2)])
show some-loop S x A € loop-space S x
by (rule repA(1))
show reversepath (some-loop S x A) € loop-space S x
by (rule loop-space-reversepath| OF repA(1)])
show A = loop-class S © (some-loop S x A)
by (rule repA(2))
show fundamental-group-inv S © A = loop-class S x (reversepath (some-loop S
7 4))
by (rule inv-eq)
qed
have join-loop: some-loop S x A +++ reversepath (some-loop S x A) € loop-space
Sz
using repA(1) loop-space-reversepath|OF repA(1)] by (rule loop-space-join)
have hom: homotopic-paths S (some-loop S x A +++ reversepath (some-loop S
z A)) (A z)
using homotopic-paths-rinv-const| OF loopA(1) loopA(2)] loopA(3) by simp
have class-eq:
loop-class S x (some-loop S & A +++ reversepath (some-loop S x A)) = loop-class
Sz (A x)
by (rule loop-class-eqI[OF join-loop const hom)])
show ?thesis
using mult-eq class-eq unfolding fundamental-group-one-def by simp
qed

lemma fundamental-group-mult-inv-left:
assumes € S
and A € fundamental-group-space S z
shows fundamental-group-mult S = (fundamental-group-inv S z A) A = funda-
mental-group-one S x
proof —
have const: (A-. z) € loop-space S
using constant-loop-in-space| OF assms(1)] .
have repA: some-loop S x A € loop-space S © A = loop-class S = (some-loop S x
4)
using some-loop-spec[OF assms(2)] by auto
have loopA:
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path (some-loop S x A)
path-image (some-loop Sz A) C S
pathstart (some-loop S © A) = x
pathfinish (some-loop S x A) = x
using repA(1) unfolding loop-space-def by auto
have inv-eq:
fundamental-group-inv S © A = loop-class S x (reversepath (some-loop S x A))
by (rule fundamental-group-inv-eqI|OF assms(2) repA(1) repA(2)])
have mult-eq:
fundamental-group-mult S © (fundamental-group-inv Sz A) A =
loop-class S = (reversepath (some-loop S x A) +++ some-loop S z A)
proof (rule fundamental-group-mult-eqI)
show fundamental-group-inv S © A € fundamental-group-space S x
by (rule fundamental-group-inv-in-space| OF assms(2)])
show A € fundamental-group-space S x
by (rule assms(2))
show reversepath (some-loop S x A) € loop-space S x
by (rule loop-space-reversepath| OF repA(1)])
show some-loop S x A € loop-space S x
by (rule repA(1))
show fundamental-group-inv S © A = loop-class S x (reversepath (some-loop S
7 4))
by (rule inv-eq)
show A = loop-class S © (some-loop S z A)
by (rule repA(2))
qged
have join-loop: reversepath (some-loop S x A) +++ some-loop S © A € loop-space
Sz
using loop-space-reversepath[OF repA(1)] repA(1) by (rule loop-space-join)
have hom: homotopic-paths S (reversepath (some-loop S x A) +++ some-loop S
z A) (M- z)
using homotopic-paths-linv-const[OF loopA(1) loopA(2)] loopA(4) by simp
have class-eq:
loop-class S x (reversepath (some-loop S x© A) +++ some-loop S z A) = loop-class
Sz (A z)
by (rule loop-class-eqI[OF join-loop const hom)])
show ?thesis
using mult-eq class-eq unfolding fundamental-group-one-def by simp
qed

lemma trivial-loop-class-in-space:
assumes z € S
shows loop-class S z (A-. x) € fundamental-group-space S x
using constant-loop-in-space| OF assms| by (rule loop-class-in-space)

lemma fundamental-group-carrier-group:
assumes z-in: © € S
shows carrier-group
(fundamental-group-space S x)
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(fundamental-group-mult S x)
(fundamental-group-one S x)
(fundamental-group-inv S x)
proof
show fundamental-group-one S © € fundamental-group-space S
using z-in by (rule fundamental-group-one-in-space)
next
fix A B
assume A € fundamental-group-space S x B € fundamental-group-space S x
then show fundamental-group-mult S x A B € fundamental-group-space S x
by (rule fundamental-group-mult-in-space)
next
fix A
assume A € fundamental-group-space S x
then show fundamental-group-inv S © A € fundamental-group-space S x
by (rule fundamental-group-inv-in-space)
next
fix A BC
assume A-in: A € fundamental-group-space S x
and B-in: B € fundamental-group-space S x
and C-in: C € fundamental-group-space S x
show
fundamental-group-mult S z (fundamental-group-mult Sz A B) C =
fundamental-group-mult S © A (fundamental-group-mult S z B C)
by (rule sym, rule fundamental-group-mult-assoc|OF A-in B-in C-in])
next
fix A
assume A-in: A € fundamental-group-space S x
show fundamental-group-mult S z (fundamental-group-one S z) A = A
by (rule fundamental-group-mult-one-left|OF z-in A-in))
next
fix A
assume A-in: A € fundamental-group-space S
show fundamental-group-mult S © A (fundamental-group-one S ) = A
by (rule fundamental-group-mult-one-right|OF z-in A-in])
next
fix A
assume A-in: A € fundamental-group-space S x
show fundamental-group-mult S = (fundamental-group-inv S © A) A = funda-
mental-group-one S x
by (rule fundamental-group-mult-inv-left| OF z-in A-in))
next
fix A
assume A-in: A € fundamental-group-space S x
show fundamental-group-mult S x A (fundamental-group-inv S ¢ A) = fundamen-
tal-group-one S x
by (rule fundamental-group-mult-inv-right[OF z-in A-in])
qed
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lemma fundamental-group-map-carrier-group-hom:
assumes z-in: © € S
and cont-h: continuous-on S h
and map-h: he S > T
and hz: hx =y
shows carrier-group-hom
(fundamental-group-space S x)
(fundamental-group-mult S x)
(fundamental-group-one S )
(fundamental-group-inv S )
(fundamental-group-space T y)
(fundamental-group-mult T y)
(fundamental-group-one T y)
(fundamental-group-inv T y)
(fundamental-group-map S« T y h)
proof —
have y-in: y € T
using z-in map-h hz by auto
show ?thesis
proof unfold-locales
show fundamental-group-one S © € fundamental-group-space S x
by (rule fundamental-group-one-in-space[OF z-in))
next
fix A B
assume A-in: A € fundamental-group-space S x
and B-in: B € fundamental-group-space S x
show fundamental-group-mult S x A B € fundamental-group-space S x
by (rule fundamental-group-mult-in-space[ OF A-in B-in])
next
fix A
assume A-in: A € fundamental-group-space S x
show fundamental-group-inv S © A € fundamental-group-space S x
by (rule fundamental-group-inv-in-space[ OF A-in))
next
fix ABC
assume A-in: A € fundamental-group-space S x
and B-in: B € fundamental-group-space S x
and C-in: C € fundamental-group-space S x
show fundamental-group-mult S z (fundamental-group-mult Sz A B) C =
fundamental-group-mult S z A (fundamental-group-mult S x B C)
by (rule sym, rule fundamental-group-mult-assoc[OF A-in B-in C-in))
next
fix A
assume A-in: A € fundamental-group-space S x
show fundamental-group-mult S z (fundamental-group-one S z) A = A
by (rule fundamental-group-mult-one-left| OF z-in A-in])
next
fix A
assume A-in: A € fundamental-group-space S x
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show fundamental-group-mult S z A (fundamental-group-one S ) = A
by (rule fundamental-group-mult-one-right|OF z-in A-in])
next
fix A
assume A-in: A € fundamental-group-space S x
show fundamental-group-mult S z (fundamental-group-inv S z A) A =
fundamental-group-one S x
by (rule fundamental-group-mult-inv-left|OF z-in A-in))
next
fix A
assume A-in: A € fundamental-group-space S x
show fundamental-group-mult S = A (fundamental-group-inv S z A) =
fundamental-group-one S x
by (rule fundamental-group-mult-inv-right[OF z-in A-in])
next
show fundamental-group-one T y € fundamental-group-space T y
by (rule fundamental-group-one-in-space[OF y-in])
next
fix A B
assume A-in: A € fundamental-group-space T y
and B-in: B € fundamental-group-space T y
show fundamental-group-mult T y A B € fundamental-group-space T vy
by (rule fundamental-group-mult-in-space[ OF A-in B-in])
next
fix A
assume A-in: A € fundamental-group-space T y
show fundamental-group-inv T y A € fundamental-group-space T y
by (rule fundamental-group-inv-in-space[OF A-in])
next
fix ABC
assume A-in: A € fundamental-group-space T y
and B-in: B € fundamental-group-space T y
and C-in: C € fundamental-group-space T y
show fundamental-group-mult T y (fundamental-group-mult Ty A B) C =
fundamental-group-mult T y A (fundamental-group-mult T y B C)
by (rule sym, rule fundamental-group-mult-assoc[OF A-in B-in C-in))
next
fix A
assume A-in: A € fundamental-group-space T y
show fundamental-group-mult T y (fundamental-group-one T y) A = A
by (rule fundamental-group-mult-one-left| OF y-in A-in))
next
fix A
assume A-in: A € fundamental-group-space T y
show fundamental-group-mult T y A (fundamental-group-one T y) = A
by (rule fundamental-group-mult-one-right|OF y-in A-in])
next
fix A
assume A-in: A € fundamental-group-space T y
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show fundamental-group-mult T y (fundamental-group-inv T y A) A =
fundamental-group-one T y
by (rule fundamental-group-mult-inv-left| OF y-in A-in))
next
fix A
assume A-in: A € fundamental-group-space T y
show fundamental-group-mult T y A (fundamental-group-inv T y A) =
fundamental-group-one T y
by (rule fundamental-group-mult-inv-right[OF y-in A-in))
next
fix A
assume A-in: A € fundamental-group-space S x
show fundamental-group-map S T y h A € fundamental-group-space T y
by (rule fundamental-group-map-in-space| OF A-in cont-h map-h hz])
next
fix A B
assume A-in: A € fundamental-group-space S x
and B-in: B € fundamental-group-space S x
show fundamental-group-map S = T y h (fundamental-group-mult S ¢ A B) =
fundamental-group-mult T y
(fundamental-group-map Sz T y h A)
(fundamental-group-map S x T y h B)
by (rule fundamental-group-map-mult|OF A-in B-in cont-h map-h hz])
qed
qed

end
theory FExplicit- Fundamental-Group-Scaffold

imports Ezplicit- Path-Homotopy-Scaffold Fundamental-Group-Scaffold
begin

12 Explicit-topology fundamental-group quo-
tients

Building on the explicit-topology path layer, this theory forms loop classes,
quotient carriers, and induced maps for arbitrary topological spaces. It is
the main bridge from point-set topology to the carrier-group algebra used
in the Seifert—van Kampen interface.

definition loopin-class ::
'a topology = 'a = (real = 'a) = (real = 'a) set
where
loopin-class X = p = {q. q € loopin-space X x N homotopic-pathsin X q p}

definition fundamental-groupin-space ::
‘a topology = 'a = ((real = 'a) set) set
where
fundamental-groupin-space X x = loopin-class X = ‘ loopin-space X x
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definition some-loopin ::
‘a topology = 'a = (real = 'a) set = (real = 'a)
where
some-loopin X x @ = (SOME p. p € loopin-space X © N Q = loopin-class X z p)

definition fundamental-groupin-one ::
‘a topology = 'a = (real = 'a) set
where
fundamental-groupin-one X © = loopin-class X x (A-. x)

definition fundamental-groupin-mult ::
'a topology = 'a =
(real = 'a) set = (real = 'a) set = (real = 'a) set
where
fundamental-groupin-mult X x A B =
loopin-class X z (joinpathin (some-loopin X © A) (some-loopin X x B))

definition fundamental-groupin-inv ::
‘a topology = 'a = (real = 'a) set = (real = 'a) set
where
fundamental-groupin-inv X x A = loopin-class X x (reversepathin (some-loopin X

z A))

definition loopin-image ::

('a = 'b) = (real = 'a) = (real = 'b)
where

loopin-image h p = h o p

definition fundamental-groupin-map ::
'a topology = 'a = 'b topology = 'b =
('a = 'b) = (real = 'a) set = (real = 'b) set
where
fundamental-groupin-map X z Yy h A =
loopin-class Y y (loopin-image h (some-loopin X x A))

lemma loopin-class-in-space:
assumes p € loopin-space X x
shows loopin-class X = p € fundamental-groupin-space X x
using assms unfolding fundamental-groupin-space-def by blast

lemma fundamental-groupin-spacekE:
assumes @ € fundamental-groupin-space X x
obtains p where p € loopin-space X = @ = loopin-class X = p
using assms unfolding fundamental-groupin-space-def by blast

lemma some-loopin-spec:

assumes @ € fundamental-groupin-space X z
shows some-loopin X z Q € loopin-space X z
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and @ = loopin-class X x (some-loopin X z Q)
proof —
from assms obtain p where p: p € loopin-space X © Q@ = loopin-class X x p
by (rule fundamental-groupin-spaceFE)
have ez: Ip. p € loopin-space X x N @ = loopin-class X = p
using p by blast
have some-loopin X x @ € loopin-space X © A @ = loopin-class X = (some-loopin
X1 Q)
unfolding some-loopin-def by (rule somel-ex|OF ex])
then show some-loopin X x @ € loopin-space X x
and @ = loopin-class X x (some-loopin X z Q)
by auto
qed

lemma loopin-class-eql:
assumes p: p € loopin-space X ©
and q: ¢ € loopin-space X x
and pq: homotopic-pathsin X p q
shows loopin-class X x p = loopin-class X x q
proof (auto simp: loopin-class-def)
fix r
assume homotopic-pathsin X r p
then show homotopic-pathsin X r q
using pq by (rule homotopic-pathsin-trans)
next
fix r
assume homotopic-pathsin X r g
moreover have homotopic-pathsin X q p
using pq by (rule homotopic-pathsin-sym)
ultimately show homotopic-pathsin X r p
by (rule homotopic-pathsin-trans)
qed

lemma loopin-class-eq-iff:
assumes p: p € loopin-space X x
and ¢: ¢ € loopin-space X x
shows loopin-class X © p = loopin-class X © q <— homotopic-pathsin X p q
proof
assume h: loopin-class X x p = loopin-class X x q
have p € loopin-class X = p
using p by (auto simp: loopin-class-def elim: loopin-spaceFE)
then have p € loopin-class X x q
using h by simp
then show homotopic-pathsin X p q
unfolding loopin-class-def using p by auto
next
assume pq: homotopic-pathsin X p q
show loopin-class X © p = loopin-class X x q
by (rule loopin-class-eqI[OF p q pq])
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qed

lemma fundamental-groupin-one-in-space:

assumes z € topspace X

shows fundamental-groupin-one X © € fundamental-groupin-space X x
unfolding fundamental-groupin-one-def
by (rule loopin-class-in-space, Tule constant-loopin-in-space, fact assms)

lemma fundamental-groupin-mult-eql:

assumes A-in: A € fundamental-groupin-space X x
and B-in: B € fundamental-groupin-space X x

and p: p € loopin-space X x
and q: ¢ € loopin-space X x
and A: A = loopin-class X = p
and B: B = loopin-class X x q

shows fundamental-groupin-mult X x A B = loopin-class X z (joinpathin p q)

proof —

have repA: some-loopin X © A € loopin-space X x A

(some-loopin X z A)

using some-loopin-spec|OF A-in] by auto
have repB: some-loopin X =z B € loopin-space X = B

(some-loopin X x B)

using some-loopin-spec|OF B-in] by auto

have homoA’: homotopic-pathsin X p (some-loopin X z A)
using repA p A by (simp add: loopin-class-eq-iff)

have homoA: homotopic-pathsin X (some-loopin X x A) p
using homoA’ by (rule homotopic-pathsin-sym)

have homoB’: homotopic-pathsin X q (some-loopin X © B)
using repB ¢ B by (simp add: loopin-class-eq-iff)

have homoB: homotopic-pathsin X (some-loopin X z B) q
using homoB’ by (rule homotopic-pathsin-sym)

have join-hom:
homotopic-pathsin X

(joinpathin (some-loopin X x A) (some-loopin X x B))

(joinpathin p q)
proof —

have repA-end: some-loopin Xz A 1 =z
using repA(1) by (auto elim: loopin-spaceF)

have repB-start: some-loopin X x B 0 = z
using repB(1) by (auto elim: loopin-spaceFE)

show Zthesis

loopin-class X x

loopin-class X x

by (rule homotopic-pathsin-joinpathin[OF homoA homoB]) (simp add:

repA-end repB-start)
qed

have loopin-class X = (joinpathin (some-loopin X z A) (some-loopin X z B)) =

loopin-class X z (joinpathin p q)

by (rule loopin-class-eqI[OF loopin-space-joinpathin[OF repA(1) repB(1)]

loopin-space-joinpathin|OF p q| join-hom])

then show ?thesis
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unfolding fundamental-groupin-mult-def .
qed

lemma fundamental-groupin-mult-in-space:
assumes A € fundamental-groupin-space X z
and B € fundamental-groupin-space X x
shows fundamental-groupin-mult X x A B € fundamental-groupin-space X x
proof —
have repA: some-loopin X x A € loopin-space X x
using some-loopin-spec| OF assms(1)] by auto
have repB: some-loopin X x B € loopin-space X x
using some-loopin-spec| OF assms(2)] by auto
show ?thesis
unfolding fundamental-groupin-mult-def
using loopin-space-joinpathin|OF repA repB| by (rule loopin-class-in-space)
qed

lemma fundamental-groupin-inv-eql:
assumes A-in: A € fundamental-groupin-space X x
and p: p € loopin-space X x
and A: A = loopin-class X z p
shows fundamental-groupin-inv X x A = loopin-class X = (reversepathin p)
proof —
have repA: some-loopin X © A € loopin-space X x A = loopin-class X z
(some-loopin X z A)
using some-loopin-spec|OF A-in] by auto
have homoA": homotopic-pathsin X p (some-loopin X z A)
using repA p A by (simp add: loopin-class-eq-iff)
have homoA: homotopic-pathsin X (some-loopin X © A) p
using homoA’ by (rule homotopic-pathsin-sym)
have rev-hom:
homotopic-pathsin X (reversepathin (some-loopin X x A)) (reversepathin p)
using homoA by (rule homotopic-pathsin-reversepathin-D)
have loopin-class X x (reversepathin (some-loopin X x A)) = loopin-class X =
(reversepathin p)
by (rule loopin-class-eqI[OF loopin-space-reversepathin[OF repA(1)]
loopin-space-reversepathin| OF p| rev-hom)])
then show ?thesis
unfolding fundamental-groupin-inv-def .
qed

lemma fundamental-groupin-inv-in-space:
assumes A € fundamental-groupin-space X x
shows fundamental-groupin-inv X ¢ A € fundamental-groupin-space X x
proof —
have repA: some-loopin X x A € loopin-space X x
using some-loopin-spec| OF assms] by auto
show ?thesis
unfolding fundamental-groupin-inv-def
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using loopin-space-reversepathin[OF repA] by (rule loopin-class-in-space)
qed

lemma loopin-image-in-space:
assumes p: p € loopin-space X ©
and h: continuous-map X Y f

and fr: fz =y
shows loopin-image f p € loopin-space Y y
proof —

from p obtain p-in where p-in: pathin X pp 0 =z p 1 ==z
by (rule loopin-spaceE)
have pathin Y (loopin-image f p)
using p-in(1) h unfolding loopin-image-def by (rule pathin-compose)
moreover have loopin-image fp 0 = y loopin-image fp 1 =y
using p-in fr unfolding loopin-image-def by simp-all
ultimately show ?thesis
unfolding loopin-space-def by blast
qed

lemma fundamental-groupin-map-rep:
assumes A: A € fundamental-groupin-space X x
and p: p € loopin-space X x
and rep: A = loopin-class X z p
and h: continuous-map X Y f

and fr: fz =y
shows fundamental-groupin-map X x Y y f A = loopin-class Y y (loopin-image f
p)
proof —

have sp: some-loopin X x A € loopin-space X x
using A by (rule some-loopin-spec)
have A" A = loopin-class X z (some-loopin X © A)
using A by (rule some-loopin-spec)
have class-eq: loopin-class X x (some-loopin X © A) = loopin-class X x p
using A’ rep by simp
have hom: homotopic-pathsin X (some-loopin X © A) p
using sp p class-eq by (simp add: loopin-class-eq-iff)
have img-some: loopin-image f (some-loopin X x A) € loopin-space Y y
by (rule loopin-image-in-space[OF sp h fx])
have img-p: loopin-image f p € loopin-space Y y
by (rule loopin-image-in-space|OF p h fz])
have img-hom: homotopic-pathsin Y (loopin-image f (some-loopin X z A))
(loopin-image f p)
using hom h unfolding loopin-image-def by (rule homo-
topic-pathsin-continuous-image)
have loopin-class Y y (loopin-image f (some-loopin X x A)) = loopin-class Y y
(loopin-image f p)
by (rule loopin-class-eqI[OF img-some img-p img-hom])
then show ?thesis
unfolding fundamental-groupin-map-def by simp
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qed

lemma fundamental-groupin-map-in-space:
assumes A: A € fundamental-groupin-space X x
and h: continuous-map X Y f
and fr: fz =1y
shows fundamental-groupin-map X x Y y f A € fundamental-groupin-space Y y
proof —
have sp: some-loopin X x A € loopin-space X x
using A by (rule some-loopin-spec)
have img: loopin-image f (some-loopin X x A) € loopin-space Y y
by (rule loopin-image-in-space[OF sp h fx))
show ?thesis
unfolding fundamental-groupin-map-def by (rule loopin-class-in-space[OF
img])
qed

lemma loopin-image-joinpathin [simp]:

loopin-image h (joinpathin p q) = joinpathin (loopin-image h p) (loopin-image h
)

unfolding loopin-image-def joinpathin-def by (rule ext) simp

lemma loopin-image-reversepathin [simp):
loopin-image h (reversepathin p) = reversepathin (loopin-image h p)
unfolding loopin-image-def reversepathin-def by (rule ext) simp

lemma fundamental-groupin-map-mult:
assumes A-in: A € fundamental-groupin-space X x
and B-in: B € fundamental-groupin-space X z
and h: continuous-map X Y f
and fr: fz =y
shows fundamental-groupin-map X x Y y f (fundamental-groupin-mult X x A B)

fundamental-groupin-mult Y y
(fundamental-groupin-map X z Y y f A)
(fundamental-groupin-map X Y y f B)
proof —
have repA: some-loopin X =z A € loopin-space X © A = loopin-class X z
(some-loopin X z A)
using some-loopin-spec|OF A-in| by auto
have repB: some-loopin X x B € loopin-space X © B = loopin-class X =z
(some-loopin X = B)
using some-loopin-spec|OF B-in] by auto
have AB-in: fundamental-groupin-mult X x A B € fundamental-groupin-space X
x
by (rule fundamental-groupin-mult-in-space[OF A-in B-in))
have AB-eq:
fundamental-groupin-mult X x A B =
loopin-class X x (joinpathin (some-loopin X x A) (some-loopin X x B))
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by (rule fundamental-groupin-mult-eqI[OF A-in B-in repA(1) repB(1) repA(2)
repB(2)])
have map-A-in:
fundamental-groupin-map X x Y y f A € fundamental-groupin-space Y y
by (rule fundamental-groupin-map-in-space[OF A-in h fz))
have map-B-in:
fundamental-groupin-map X z Y y f B € fundamental-groupin-space Y y
by (rule fundamental-groupin-map-in-space|OF B-in h fz])
have map-A-eq:
fundamental-groupin-map X x Yy f A =
loopin-class Y y (loopin-image f (some-loopin X x A))
by (rule fundamental-groupin-map-rep| OF A-in repA(1) repA(2) h fx])
have map-B-eq:
fundamental-groupin-map X z Yy f B =
loopin-class Y y (loopin-image | (some-loopin X z B))
by (rule fundamental-groupin-map-rep| OF B-in repB(1) repB(2) h fz])
have left-eq:
fundamental-groupin-map X z Y y f (fundamental-groupin-mult X © A B) =
loopin-class Y y (loopin-image f (joinpathin (some-loopin X = A) (some-loopin
Xa B))
by (rule fundamental-groupin-map-rep|OF AB-in loopin-space-joinpathin|OF
repA(1) repB(1)] AB-eq h fx])
have map-loop-A: loopin-image [ (some-loopin X x A) € loopin-space Y y
by (rule loopin-image-in-space|OF repA(1) h fz])
have map-loop-B: loopin-image f (some-loopin X x B) € loopin-space Y y
by (rule loopin-image-in-space| OF repB(1) h fx])
have right-eq:
fundamental-groupin-mult Y y
(fundamental-groupin-map X z Y y f A)
(fundamental-groupin-map X ¢ Yy f B) =
loopin-class Y y
(joinpathin (loopin-image f (some-loopin X z A))
(loopin-image f (some-loopin X x B)))
by (rule fundamental-groupin-mult-eql[OF map-A-in map-B-in map-loop-A
map-loop-B map-A-eq map-B-eq])
then show ?thesis
using left-eq by simp
qged

lemma fundamental-groupin-mult-one-left:
assumes z-in: & € topspace X
and A-in: A € fundamental-groupin-space X x
shows fundamental-groupin-mult X x (fundamental-groupin-one X ) A = A
proof —
have const: (A-. z) € loopin-space X ©
by (rule constant-loopin-in-space[OF x-in))
have repA: some-loopin X x A € loopin-space X © A = loopin-class X =«
(some-loopin X x A)
using some-loopin-spec|OF A-in] by auto
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have loopA: pathin X (some-loopin X x A) some-loopin X © A 0 = x some-loopin
XzAl=zx
using repA(1) by (auto elim: loopin-spaceFE)
have mult-eq:
fundamental-groupin-mult X = (fundamental-groupin-one X z) A =
loopin-class X x (joinpathin (A-. x) (some-loopin X z A))
proof (rule fundamental-groupin-mult-eql)
show fundamental-groupin-one X x € fundamental-groupin-space X x
by (rule fundamental-groupin-one-in-space| OF x-in))
show A € fundamental-groupin-space X z
by (rule A-in)
show (A-. z) € loopin-space X x
by (rule const)
show some-loopin X © A € loopin-space X x
by (rule repA(1))
show fundamental-groupin-one X x = loopin-class X = (A-. x)
by (simp add: fundamental-groupin-one-def)
show A = loopin-class X x (some-loopin X x A)
by (rule repA(2))
qed
have join-loop: joinpathin (A-. x) (some-loopin X z A) € loopin-space X x
by (rule loopin-space-joinpathin[OF const repA(1)])
have hom: homotopic-pathsin X (joinpathin (A-. x) (some-loopin X z A))
(some-loopin X z A)
using homotopic-pathsin-lid-const| OF loopA(1)] loopA(2) by simp
have class-eq:
loopin-class X z (joinpathin (A-. x) (some-loopin X x A)) = loopin-class X
(some-loopin X z A)
by (rule loopin-class-eqI[OF join-loop repA(1) hom))
show ?thesis
using mult-eq class-eq repA(2) by simp
qed

lemma fundamental-groupin-mult-one-right:
assumes z-in: & € topspace X
and A-in: A € fundamental-groupin-space X x
shows fundamental-groupin-mult X x A (fundamental-groupin-one X z) = A
proof —
have const: (A-. z) € loopin-space X ©
by (rule constant-loopin-in-space[OF x-in))
have repA: some-loopin X © A € loopin-space X x A = loopin-class X
(some-loopin X x A)
using some-loopin-spec|OF A-in] by auto
have loopA: pathin X (some-loopin X x A) some-loopin X z A 0 = x some-loopin
XzAl=zx
using repA(1) by (auto elim: loopin-spaceFE)
have mult-eq:
fundamental-groupin-mult X z A (fundamental-groupin-one X z) =
loopin-class X x (joinpathin (some-loopin X x A) (A-. ))
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proof (rule fundamental-groupin-mult-eql)
show A € fundamental-groupin-space X x
by (rule A-in)
show fundamental-groupin-one X © € fundamental-groupin-space X x
by (rule fundamental-groupin-one-in-space| OF x-in))
show some-loopin X © A € loopin-space X x
by (rule repA(1))
show (A-. z) € loopin-space X x
by (rule const)
show A = loopin-class X x (some-loopin X x A)
by (rule repA(2))
show fundamental-groupin-one X x = loopin-class X = (A-. z)
by (simp add: fundamental-groupin-one-def)
qed
have join-loop: joinpathin (some-loopin X x A) (A-. z) € loopin-space X x
by (rule loopin-space-joinpathin| OF repA(1) const])
have hom: homotopic-pathsin X (joinpathin (some-loopin X z A) (A-. 1))
(some-loopin X z A)
using homotopic-pathsin-rid-const| OF loopA(1)] loopA(3) by simp
have class-eq:
loopin-class X x (joinpathin (some-loopin X x© A) (A-. x)) = loopin-class X x
(some-loopin X x A)
by (rule loopin-class-eqI[OF join-loop repA(1) hom))
show ?thesis
using mult-eq class-eq repA(2) by simp
qged

lemma fundamental-groupin-mult-assoc:
assumes A-in: A € fundamental-groupin-space X x
and B-in: B € fundamental-groupin-space X z
and C-in: C € fundamental-groupin-space X z
shows fundamental-groupin-mult X = A (fundamental-groupin-mult X B C) =
fundamental-groupin-mult X = (fundamental-groupin-mult X x A B) C
proof —
have repA: some-loopin X © A € loopin-space X x A = loopin-class X
(some-loopin X z A)
using some-loopin-spec|OF A-in] by auto
have repB: some-loopin X z B € loopin-space X © B = loopin-class X x
(some-loopin X x B)
using some-loopin-spec|OF B-in] by auto
have repC: some-loopin X x C € loopin-space X © C = loopin-class X z
(some-loopin X x C)
using some-loopin-spec|OF C-in] by auto
have loopA: pathin X (some-loopin X x A) some-loopin X z A 0 = x some-loopin
XzAl=zx
using repA(1) by (auto elim: loopin-spaceFE)
have loopB: pathin X (some-loopin X x B) some-loopin X © B 0 = x some-loopin
XzB1=x=x
using repB(1) by (auto elim: loopin-spaceF)

89



have loopC: pathin X (some-loopin X x C') some-loopin X x C 0 = z some-loopin
XzCl=zx
using repC(1) by (auto elim: loopin-spaceE)
have BC-eq:
Sfundamental-groupin-mult X x B C =
loopin-class X z (joinpathin (some-loopin X z B) (some-loopin X z C))
by (rule fundamental-groupin-mult-eqI[OF B-in C-in repB(1) repC(1) repB(2)
repC(2)))
have AB-eq:
fundamental-groupin-mult X x A B =
loopin-class X x (joinpathin (some-loopin X x A) (some-loopin X x B))
by (rule fundamental-groupin-mult-eqI[OF A-in B-in repA(1) repB(1) repA(2)
repB(2)))
have join-BC': joinpathin (some-loopin X x B) (some-loopin X x C') € loopin-space
Xz
by (rule loopin-space-joinpathin| OF repB(1) repC(1)])
have join-AB: joinpathin (some-loopin X x A) (some-loopin X x B) € loopin-space
Xz
by (rule loopin-space-joinpathin]OF repA(1) repB(1)])
have left-eq:
fundamental-groupin-mult X z A (fundamental-groupin-mult X © B C) =
loopin-class X x
(joinpathin (some-loopin X x A) (joinpathin (some-loopin X x B) (some-loopin
X ()))
proof (rule fundamental-groupin-mult-eql)
show A € fundamental-groupin-space X x
by (rule A-in)
show fundamental-groupin-mult X x B C € fundamental-groupin-space X x
by (rule fundamental-groupin-mult-in-space[OF B-in C-in])
show some-loopin X © A € loopin-space X x
by (rule repA(1))
show joinpathin (some-loopin X z B) (some-loopin X z C) € loopin-space X x
by (rule join-BC')
show A = loopin-class X x (some-loopin X x A)
by (rule repA(2))
show fundamental-groupin-mult X x B C =
loopin-class X x (joinpathin (some-loopin X x B) (some-loopin X = C))
by (rule BC-eq)
qed
have right-eq:
fundamental-groupin-mult X z (fundamental-groupin-mult X x A B) C =
loopin-class X x
(joinpathin (joinpathin (some-loopin X x A) (some-loopin X z B)) (some-loopin
Xz (0))
proof (rule fundamental-groupin-mult-eql)
show fundamental-groupin-mult X x A B € fundamental-groupin-space X z
by (rule fundamental-groupin-mult-in-space[ OF A-in B-in])
show C € fundamental-groupin-space X x
by (rule C-in)
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show joinpathin (some-loopin X z A) (some-loopin X x B) € loopin-space X x
by (rule join-ADB)
show some-loopin X © C' € loopin-space X x
by (rule repC(1))
show fundamental-groupin-mult X t A B =
loopin-class X x (joinpathin (some-loopin X x A) (some-loopin X x B))
by (rule AB-eq)
show C = loopin-class X x (some-loopin X z C)
by (rule repC(2))
qged
have left-loop:
joinpathin (some-loopin X z A) (joinpathin (some-loopin X x B) (some-loopin
X z C)) € loopin-space X x
by (rule loopin-space-joinpathin| OF repA(1) join-BC|)
have right-loop:
joinpathin (joinpathin (some-loopin X x A) (some-loopin X z B)) (some-loopin
X z C) € loopin-space X
by (rule loopin-space-joinpathin|OF join-AB repC(1)])
have hom-assoc:
homotopic-pathsin X
(joinpathin (some-loopin X x A) (joinpathin (some-loopin X x B) (some-loopin
Xz 0)))
(joinpathin (joinpathin (some-loopin X x A) (some-loopin X x B)) (some-loopin
Xz 0))
by (rule homotopic-pathsin-assoc[OF loopA(1) loopB(1) loopC(1)]) (simp-all
add: loopA loopB loopC)
have class-eq:
loopin-class X x
(joinpathin (some-loopin X x A) (joinpathin (some-loopin X x B) (some-loopin
Xz () =
loopin-class X x
(joinpathin (joinpathin (some-loopin X x A) (some-loopin X x B)) (some-loopin
Xz (0))
by (rule loopin-class-eqI [OF left-loop right-loop hom-assoc])
show ?thesis
using left-eq right-eq class-eq by simp
qed

lemma fundamental-groupin-mult-inv-right:
assumes z-in: & € topspace X
and A-in: A € fundamental-groupin-space X x
shows fundamental-groupin-mult X z A (fundamental-groupin-inv X x A) = fun-
damental-groupin-one X x
proof —
have const: (A-. z) € loopin-space X ©
by (rule constant-loopin-in-space[OF x-in))
have repA: some-loopin X x A € loopin-space X © A = loopin-class X =«
(some-loopin X x A)
using some-loopin-spec|OF A-in] by auto
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have loopA: pathin X (some-loopin X x A) some-loopin X © A 0 = x some-loopin
XzAl=zx
using repA(1) by (auto elim: loopin-spaceFE)
have inv-eq:
fundamental-groupin-inv X x A = loopin-class X x (reversepathin (some-loopin
X z A))
by (rule fundamental-groupin-inv-eql[OF A-in repA(1) repA(2)])
have mult-eq:
fundamental-groupin-mult X z A (fundamental-groupin-inv X z A) =
loopin-class X x (joinpathin (some-loopin X x A) (reversepathin (some-loopin
X o 4)))
proof (rule fundamental-groupin-mult-eql)
show A € fundamental-groupin-space X x
by (rule A-in)
show fundamental-groupin-inv X z A € fundamental-groupin-space X x
by (rule fundamental-groupin-inv-in-space] OF A-in))
show some-loopin X © A € loopin-space X x
by (rule repA(1))
show reversepathin (some-loopin X z A) € loopin-space X z
by (rule loopin-space-reversepathin[OF repA(1)])
show A = loopin-class X x (some-loopin X x A)
by (rule repA(2))
show fundamental-groupin-inv X © A = loopin-class X z (reversepathin
(some-loopin X x A))
by (rule inv-eq)
qged
have join-loop: joinpathin (some-loopin X x A) (reversepathin (some-loopin X
A)) € loopin-space X x
by (rule loopin-space-joinpathin] OF repA(1) loopin-space-reversepathin][OF
repA(1)])
have hom:
homotopic-pathsin X
(joinpathin (some-loopin X x A) (reversepathin (some-loopin X z A)))
(M- z)
using homotopic-pathsin-rinv-const[ OF loopA(1)] loopA(2) by simp
have class-eq:
loopin-class X x (joinpathin (some-loopin X x A) (reversepathin (some-loopin X
v A))) =
loopin-class X z (\-. x)
by (rule loopin-class-eqI[OF join-loop const hom])
show ?thesis
using mult-eq class-eq unfolding fundamental-groupin-one-def by simp
qged

lemma fundamental-groupin-mult-inv-left:
assumes z-in: & € topspace X
and A-in: A € fundamental-groupin-space X x
shows fundamental-groupin-mult X z (fundamental-groupin-inv X z A) A =
fundamental-groupin-one X z
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proof —
have const: (A-. z) € loopin-space X ©
by (rule constant-loopin-in-space[OF x-in))
have repA: some-loopin X © A € loopin-space X © A = loopin-class X z
(some-loopin X x A)
using some-loopin-spec|OF A-in] by auto
have loopA: pathin X (some-loopin X x A) some-loopin X © A 0 = x some-loopin
XzAl=x
using repA(1) by (auto elim: loopin-spaceE)
have inv-eq:
fundamental-groupin-inv X x A = loopin-class X z (reversepathin (some-loopin
X z A))
by (rule fundamental-groupin-inv-eql [OF A-in repA(1) repA(2)])
have mult-eq:
fundamental-groupin-mult X = (fundamental-groupin-inv X © A) A =
loopin-class X x (joinpathin (reversepathin (some-loopin X z A)) (some-loopin
X z A))
proof (rule fundamental-groupin-mult-eql)
show fundamental-groupin-inv X © A € fundamental-groupin-space X x
by (rule fundamental-groupin-inv-in-space] OF A-in))
show A € fundamental-groupin-space X x
by (rule A-in)
show reversepathin (some-loopin X z A) € loopin-space X x
by (rule loopin-space-reversepathin[OF repA(1)])
show some-loopin X © A € loopin-space X x
by (rule repA(1))
show fundamental-groupin-inv X © A = loopin-class X x (reversepathin
(some-loopin X x A))
by (rule inv-eq)
show A = loopin-class X z (some-loopin X x A)
by (rule repA(2))
qed
have join-loop: joinpathin (reversepathin (some-loopin X x A)) (some-loopin X z
A) € loopin-space X x
by (rule loopin-space-joinpathin[OF loopin-space-reversepathin|OF repA(1)]
repA(1))
have hom:
homotopic-pathsin X
(joinpathin (reversepathin (some-loopin X z A)) (some-loopin X z A))
(A-. z)
using homotopic-pathsin-linv-const| OF loopA(1)] loopA(8) by simp
have class-eq:
loopin-class X x (joinpathin (reversepathin (some-loopin X x A)) (some-loopin
Xz A)) =
loopin-class X © (\-. x)
by (rule loopin-class-eqI[OF join-loop const hom])
show ?thesis
using mult-eq class-eq unfolding fundamental-groupin-one-def by simp
qed
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lemma fundamental-groupin-carrier-group:
assumes z-in: & € topspace X
shows carrier-group
(fundamental-groupin-space X x)
(fundamental-groupin-mult X x)
(fundamental-groupin-one X x)
(fundamental-groupin-inv X x)
proof
show fundamental-groupin-one X = € fundamental-groupin-space X x
by (rule fundamental-groupin-one-in-space[OF z-in])
next
fix A B
assume A € fundamental-groupin-space X © B € fundamental-groupin-space X x
then show fundamental-groupin-mult X © A B € fundamental-groupin-space X
x
by (rule fundamental-groupin-mult-in-space)
next
fix A
assume A € fundamental-groupin-space X x
then show fundamental-groupin-inv X © A € fundamental-groupin-space X x
by (rule fundamental-groupin-inv-in-space)
next
fix A BC
assume A-in: A € fundamental-groupin-space X x
and B-in: B € fundamental-groupin-space X x
and C-in: C € fundamental-groupin-space X x
show
fundamental-groupin-mult X = (fundamental-groupin-mult X x A B) C =
fundamental-groupin-mult X z A (fundamental-groupin-mult X z B C)
by (rule sym, rule fundamental-groupin-mult-assoc|OF A-in B-in C-in])
next
fix A
assume A-in: A € fundamental-groupin-space X x
show fundamental-groupin-mult X z (fundamental-groupin-one X z) A = A
by (rule fundamental-groupin-mult-one-left|OF xz-in A-in])
next
fix A
assume A-in: A € fundamental-groupin-space X x
show fundamental-groupin-mult X A (fundamental-groupin-one X z) = A
by (rule fundamental-groupin-mult-one-right| OF x-in A-in))
next
fix A
assume A-in: A € fundamental-groupin-space X x
show fundamental-groupin-mult X z (fundamental-groupin-inv X z A) A = fun-
damental-groupin-one X x
by (rule fundamental-groupin-mult-inv-left| OF z-in A-in])
next
fix A
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assume A-in: A € fundamental-groupin-space X x
show fundamental-groupin-mult X A (fundamental-groupin-inv X z A) = fun-
damental-groupin-one X x
by (rule fundamental-groupin-mult-inv-right| OF x-in A-in])
qed

lemma fundamental-groupin-map-carrier-group-hom:
assumes z-in: & € topspace X
and h: continuous-map X Y f
and fr: fz =y
shows carrier-group-hom
(fundamental-groupin-space X x)
(fundamental-groupin-mult X x)
(fundamental-groupin-one X x)
(fundamental-groupin-inv X x)
(fundamental-groupin-space Y )
(fundamental-groupin-mult 'Y y)
(fundamental-groupin-one Y y)
(fundamental-groupin-inv Y y)
(fundamental-groupin-map X z Y y f)
proof —
have y-in: y € topspace Y
using z-in h fr unfolding continuous-map-def by blast
show ?thesis
proof (rule carrier-group-hom.intro)
show carrier-group
(fundamental-groupin-space X x)
(fundamental-groupin-mult X x)
(fundamental-groupin-one X x)
(fundamental-groupin-inv X x)
by (rule fundamental-groupin-carrier-group|OF z-in])
show carrier-group
(fundamental-groupin-space Y y)
(fundamental-groupin-mult Y y)
(fundamental-groupin-one Y y)
(fundamental-groupin-inv Y y)
by (rule fundamental-groupin-carrier-group|OF y-in])
show carrier-group-hom-azxioms
(fundamental-groupin-space X x)
(fundamental-groupin-mult X x)
(fundamental-groupin-space Y y)
(fundamental-groupin-mult Y y)
(fundamental-groupin-map X = Y y f)
proof (rule carrier-group-hom-azioms.intro)
fix A
assume A-in: A € fundamental-groupin-space X x
show fundamental-groupin-map X x Y y f A € fundamental-groupin-space Y

by (rule fundamental-groupin-map-in-space[OF A-in h fx])
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next
fix A B
assume A-in: A € fundamental-groupin-space X x
and B-in: B € fundamental-groupin-space X x
show fundamental-groupin-map X © Y y f (fundamental-groupin-mult X = A
B) =
fundamental-groupin-mult Y y
(fundamental-groupin-map X z Yy f A)
(fundamental-groupin-map X z Yy f B)
by (rule fundamental-groupin-map-mult|OF A-in B-in h fx))
qed
qed
qed

lemma loopin-space-top-of-set [simpl:

loopin-space (top-of-set S) = = loop-space S x

unfolding loopin-space-def loop-space-def

by (auto simp: pathin-canon-iff pathstart-def pathfinish-def path-image-def im-
age-subset-iff-funcset)

lemma loopin-class-top-of-set [simp]:
loopin-class (top-of-set S) x p = loop-class S x p
unfolding loopin-class-def loop-class-def by simp

lemma fundamental-groupin-space-top-of-set [simpl:
fundamental-groupin-space (top-of-set S) x = fundamental-group-space S x
unfolding fundamental-groupin-space-def fundamental-group-space-def by simp

lemma fundamental-groupin-one-top-of-set [simp]:
fundamental-groupin-one (top-of-set S) & = fundamental-group-one S x
unfolding fundamental-groupin-one-def fundamental-group-one-def by simp

lemma loopin-image-eq-loop-image [simp]:
loopin-image h p = loop-image h p
unfolding loopin-image-def loop-image-def by simp

end

theory Pushout-Scaffold
imports Fquivalence-Quotients

begin

13 Pushout-style quotients of disjoint sums

The pushout of two maps is first presented here as a quotient of the disjoint
sum by the obvious glue relation. This algebraic infrastructure is inde-
pendent of any topology; the topological quotient is added later, once the
point-set infrastructure is in place.

inductive pushout-rel :
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('e => 'a) => (e => 'b) => (‘a + 'b) => ('a + 'b) => bool
for f::'c=>"'aand g :: 'c=>"b
where
refl [intro!, simpl: pushout-rel f g x x
| sym: pushout-rel f g x y ==> pushout-rel f gy x
| trans: pushout-rel f g x y ==> pushout-rel f g y 2z ==> pushout-rel f g z 2
| glue [intro]: pushout-rel f g (Inl (f ¢)) (Inr (g ¢))

interpretation pushout-equiv: equivalence-relation pushout-rel f g
proof
show pushout-rel f g z = for z
by (rule pushout-rel.refl)
next
show pushout-rel f g © y ==> pushout-rel f gy z for z y
by (rule pushout-rel.sym)
next
show pushout-rel f g x y ==> pushout-rel f g y z ==> pushout-rel f g x z for z
Yz
by (rule pushout-rel.trans)
qed

definition pushout-class ::

('e =>"a) => (e =>"b) => (Ya + 'b) => ('a + 'b) set
where

pushout-class f g x = equiv-class (pushout-rel f g) x

definition pushout-space ::

('e =>"a) => (e => 'b) => (‘a + 'b) set set
where

pushout-space f g = quotient-space (pushout-rel f g)

definition pushout-inl ::

('e =>"a) => (e => 'b) => 'a => ("a + 'b) set
where

pushout-inl f g a = pushout-class f g (Inl a)

definition pushout-inr ::

('e =>"a) => (e => "b) => b => (‘a + 'b) set
where

pushout-inr f g b = pushout-class f g (Inr b)

lemma pushout-class-eq-iff:
pushout-class f g x = pushout-class f g y «— pushout-rel f gz y
unfolding pushout-class-def
by (rule pushout-equiv.equiv-class-eq-iff)

lemma pushout-inl-in-space [introl:

pushout-inl f g a € pushout-space f g
unfolding pushout-inl-def pushout-space-def pushout-class-def quotient-space-def
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by blast

lemma pushout-inr-in-space [intro):
pushout-inr f g b € pushout-space f g
unfolding pushout-inr-def pushout-space-def pushout-class-def quotient-space-def
by blast

lemma pushout-glue:
pushout-inl f g (f ¢) = pushout-inr f g (g )
by (simp add: pushout-class-eq-iff pushout-inl-def pushout-inr-def
pushout-rel. glue)

definition pushout-case-compatible ::

('e => 'a) => (e => 'b) => (Ya => 'd) => ('b => 'd) => bool
where

pushout-case-compatible f g left right +— (V c. left (f ¢) = right (g ¢))

lemma pushout-rel-case-cong:
assumes compat: pushout-case-compatible f g left right
and rel: pushout-rel f gz y
shows case-sum left right © = case-sum left right y
using rel
proof (induction rule: pushout-rel.induct)
case (refl )
then show ?case by simp
next
case (sym z y)
then show Zcase by simp
next
case (trans z y z2)
then show ?case by simp
next
case (glue c)
then show ?case
using compat unfolding pushout-case-compatible-def by simp
qed

definition pushout-rec ::
('e=>"a) => (e =>"b) => (la =>"d) => ('b=>"d) => ("a + 'b) set =>
I
d
where
pushout-rec f g left right X =
(THE 2. 3z. X = pushout-class f g x N z = case-sum left right x)

lemma pushout-rec-well-defined:
assumes compat: pushout-case-compatible f g left right
and X-in: X € pushout-space f g
shows 3! 2. Jx. X = pushout-class f g x N z = case-sum left right x
proof —
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from X-in obtain rep where X-rep: X = pushout-class f g rep
unfolding pushout-space-def quotient-space-def pushout-class-def by blast
show ?thesis
proof (rule ex1I[of - case-sum left right rep))
show Jdz. X = pushout-class f g © N\ case-sum left right rep = case-sum left
right x
by (rule exI[where z = rep|, simp add: X-rep)
next
fix 2z
assume hz: 3x. X = pushout-class f g t N z = case-sum left Tight x
from hz obtain z where
z: X = pushout-class f g x z = case-sum left right x
by blast
have pushout-rel f g = rep
using X-rep z(1) by (simp add: pushout-class-eq-iff)
then have rel-rep-z: pushout-rel f g rep z
by (rule pushout-rel.sym)
from compat rel-rep-x have case-sum left right rep = case-sum left right x
by (rule pushout-rel-case-cong)
with z show z = case-sum left right rep
by simp
qed
qed

lemma pushout-rec-inl:
assumes compat: pushout-case-compatible f g left right
shows pushout-rec [ g left right (pushout-inl f g a) = left a
proof —
have uniq:
31 z. Jz. pushout-inl f g a = pushout-class f g x N z = case-sum left right
using pushout-rec-well-defined[OF compat pushout-inl-in-space|of f g al] .
have witness:
Jz. pushout-inl f g a = pushout-class f g x N left a = case-sum left right x
unfolding pushout-inl-def by (intro exI[of - Inl a]) simp
show ?thesis
unfolding pushout-rec-def
by (rule thel-equality[OF uniq witness])
qged

lemma pushout-rec-inr:
assumes compat: pushout-case-compatible f g left right
shows pushout-rec f g left right (pushout-inr f g b) = right b
proof —
have uniq:
3! z. Jx. pushout-inr f g b = pushout-class f g x N z = case-sum left right
using pushout-rec-well-defined|OF compat pushout-inr-in-spacelof f g b]] .
have witness:
Jx. pushout-inr f g b = pushout-class f g © A right b = case-sum left right
unfolding pushout-inr-def by (intro exI[of - Inr b]) simp
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show ?thesis
unfolding pushout-rec-def
by (rule thel-equality|OF uniq witness])
qed

end
theory Seifert- Van- Kampen-Scaffold

imports Pushout-Scaffold Carrier-Amalgamated-Free-Product
begin

14 Conditional Seifert—van Kampen interface

This theory packages a general quotient-level Seifert—van Kampen argument
behind explicit encode/decode obligations. Once a decoding map factors
through the full amalgamation quotient, and once the usual round-trip laws
are available, the quotient-level bijection follows abstractly.

locale svk-encode-decode-interface =
fixes il :: 'h => 'a::group-add
and 2 :: 'h => 'bugroup-add
and encode :: 'pil-pushout =>
('a, 'b) free-product-word
and decode :: ('a, 'b) free-product-word => "pil-pushout
assumes decode-respects:
full-amalg-equiv i1 i2 v v ==> decode u = decode v
and decode-encode:
decode (encode x) = x
and encode-decode:
full-amalg-equiv i1 i2 (encode (decode w)) w
begin

definition svk-quotient-map ::

'pil-pushout => (('a, 'b) free-product-word) set
where

svk-quotient-map x = full-amalg-class i1 i2 (encode x)

lemma svk-quotient-map-in-space:
svk-quotient-map x € full-amalgamated-free-product-space i1 2
unfolding svk-quotient-map-def by (rule full-amalg-class-in-space)

lemma svk-quotient-map-injective:
assumes svk-quotient-map x = svk-quotient-map y
shows z = y
proof —
have full-amalg-equiv i1 i2 (encode x) (encode y)
using assms
unfolding svk-quotient-map-def
by (simp add: full-amalg-class-eg-iff)
then have decode (encode z) = decode (encode y)
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by (rule decode-respects)
then show ?thesis
by (simp add: decode-encode)
qed

lemma svk-quotient-map-surjective:
assumes @ € full-amalgamated-free-product-space i1 2
shows 3 z. svk-quotient-map © = @
proof —
from assms obtain w where Q-rep: Q = full-amalg-class i1 i2 w
unfolding full-amalgamated-free-product-space-def quotient-space-def
full-amalg-class-def
by blast
have svk-quotient-map (decode w) = Q
unfolding svk-quotient-map-def Q-rep
by (simp add: full-amalg-class-eq-iff encode-decode)
then show ?thesis
by blast
qed

theorem seifert-van-kampen-bij-betw:
bij-betw svk-quotient-map UNIV (full-amalgamated-free-product-space i1 i2)
unfolding bij-betw-def
proof
show inj-on svk-quotient-map UNIV
unfolding inj-on-def
using svk-quotient-map-injective by blast
next
show svk-quotient-map * UNIV = full-amalgamated-free-product-space il i2
proof
show svk-quotient-map ¢ UNIV C full-amalgamated-free-product-space il i2
using svk-quotient-map-in-space by blast
next
show full-amalgamated-free-product-space il i2 C svk-quotient-map < UNIV
using svk-quotient-map-surjective by blast
qed
qed

end

locale carrier-svk-encode-decode-interface =
fixes G1 :: 'a set
and G2 :: b set
and H :: 'h set
and il :: 'h=>"a
and 2 :: 'h =>'b
and mult! = 'a => 'a => 'a
and onel :: 'a
and mult2 :: 'b=>"b=>"b
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and one2 :: b
and encode :: 'pil-pushout => (‘a, 'b) free-product-word
and decode :: ('a, 'b) free-product-word => "pil-pushout
assumes encode-in-space:
fow-in-space G1 G2 (encode x)
and decode-respects:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 u v ==> decode
u = decode v
and decode-encode:
decode (encode x) = x
and encode-decode:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 (encode (decode
begin

definition carrier-svk-quotient-map ::
'pil-pushout => (('a, ') free-product-word) set
where
carrier-svk-quotient-map x =
carrier-full-amalg-class G1 G2 H il i2 multl onel mult2 one2 (encode x)

lemma carrier-svk-quotient-map-in-space:
carrier-svk-quotient-map x €
carrier-full-amalgamated-free-product-space G1 G2 H il 12 multl onel mult2
one2
unfolding carrier-svk-quotient-map-def
by (rule carrier-full-amalg-class-in-space| OF encode-in-space])

lemma carrier-svk-quotient-map-injective:
assumes carrier-svk-quotient-map © = carrier-svk-quotient-map y
shows z = y
proof —
have carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 (encode x)
(encode y)
using assms
unfolding carrier-svk-quotient-map-def
by (simp add: carrier-full-amalg-class-eq-iff)
then have decode (encode z) = decode (encode y)
by (rule decode-respects)
then show ?thesis
by (simp add: decode-encode)
qged

lemma carrier-svk-quotient-map-surjective:
assumes
Q € carrier-full-amalgamated-free-product-space G1 G2 H i1 i2 multl onel
mult2 one2
shows dz. carrier-svk-quotient-map x = Q
proof —
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from assms obtain w where
w € carrier-fpw-space G1 G2
and Q-rep: Q = carrier-full-amalg-class G1 G2 H i1 i2 mult! onel mult2 one2
w
unfolding carrier-full-amalgamated-free-product-space-def
by blast
have carrier-svk-quotient-map (decode w) = Q
unfolding carrier-svk-quotient-map-def Q-rep
by (simp add: carrier-full-amalg-class-eq-iff encode-decode)
then show ?thesis
by blast
qed

theorem carrier-seifert-van-kampen-bij-betw:
bij-betw carrier-svk-quotient-map UNIV
(carrier-full-amalgamated-free-product-space G1 G2 H il i2 multl onel mult2
one2)
unfolding bij-betw-def
proof
show inj-on carrier-svk-quotient-map UNIV
unfolding inj-on-def
using carrier-svk-quotient-map-injective by blast
next
show carrier-svk-quotient-map ¢ UNIV =
carrier-full-amalgamated-free-product-space G1 G2 H il i2 multl onel mult2
onel
proof
show carrier-svk-quotient-map < UNIV C
carrier-full-amalgamated-free-product-space G1 G2 H i1 i2 multl onel mult2
onel
using carrier-svk-quotient-map-in-space by blast
next
show carrier-full-amalgamated-free-product-space G1 G2 H il i2 multl onel
mult2 one2
C carrier-svk-quotient-map ¢ UNIV
using carrier-svk-quotient-map-surjective by blast
qged
qged

end

end
theory Classical-Seifert- Van-Kampen
imports
Carrier-Amalgamated-Free- Product- Eval
Explicit-Fundamental- Group-Scaffold
Seifert- Van-Kampen-Scaffold
begin
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15 Classical Seifert—van Kampen for open unions

This theory specializes the general encode/decode interface to the classical
open-cover hypotheses. Its long middle portion constructs encodings of loops
by subdividing them into pieces that lie in U or V, proves invariance under
refinement and homotopy, and then packages the resulting quotient as the
carrier-based amalgamated free product of the three relevant fundamental
groups.

lemma path-top-of-setl:
assumes path p
and path-image p C S
shows pathin (top-of-set S) p
using assms
by (auto simp: pathin-canon-iff path-image-def image-subset-iff-funcset)

locale classical-svk-setup =
fixes U :: 'a::topological-space set
and V :: 'a set
and z0 :: 'a
assumes U-open: open U
and V-open: open V
and z0-in: z0 € UN 'V
and UV-path-connected: path-connected (U N V)
begin

abbreviation W where W = U U V

abbreviation GI where G1 = fundamental-group-space U z0
abbreviation G2 where G2 = fundamental-group-space V z0
abbreviation H where H = fundamental-group-space (U N V) z0

abbreviation mult! where multl = fundamental-group-mult U z0
abbreviation one! where onel = fundamental-group-one U z0
abbreviation mult2 where mult2 = fundamental-group-mult V z0
abbreviation one2 where one2 = fundamental-group-one V z0
abbreviation multW where multW = fundamental-group-mult W z0
abbreviation oneWW where oneW = fundamental-group-one W x0

abbreviation i/ where il = fundamental-group-map (U N V) z0 U x0 id
abbreviation i2 where 2 = fundamental-group-map (U N V) 20 V 20 id
abbreviation jI where jI = fundamental-group-map U 20 W 20 id
abbreviation j2 where j2 = fundamental-group-map V 20 W z0 id

15.1 Carrier-side setup

The first part of the theory fixes the inclusion-induced maps between the
three fundamental groups and packages them into the carrier-side evaluation
locale used by the later decode map. This isolates the algebraic compatibility
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conditions that are immediate from the open-union inclusions.

lemma z0-in-U [simp]: 20 € U
using z0-in by blast

lemma z0-in-V [simp]: 20 € V
using z0-in by blast

lemma z0-in-W [simp]: 20 € W
using z0-in by blast

lemma z0-in-UV [simp]: 20 € U NV
using z0-in by blast

lemma i1-in-G1:
assumes h € H
shows i1 h € G1
by (rule fundamental-group-map-in-space[ OF assms]) auto

lemma 72-in-G2:
assumes h € H
shows 2 h € G2

by (rule fundamental-group-map-in-space[ OF assms]) auto

lemma union-fundamental-group-maps-agree:
assumes h-in: h € H
shows j1 (i1 h) = j2 (i2 h)
proof —
have left-comp:
fundamental-group-map U z0 W z0 id
(fundamental-group-map (U N V) z0 U x0 id h) =
fundamental-group-map (U N V) 20 W 20 (id o id) h
by (rule fundamental-group-map-compose[OF h-in]) auto
have right-comp:
fundamental-group-map V z0 W z0 id
(fundamental-group-map (U N V) 20 V 20 id h) =
fundamental-group-map (U N V) 20 W 20 (id o id) h
by (rule fundamental-group-map-compose[OF h-in]) auto
show ?thesis
using left-comp right-comp by simp
qed

lemma decode-locale:
carrier-full-amalg-word-eval
G1 mult! onel (fundamental-group-inv U z0)
G2 mult2 one2 (fundamental-group-inv V z0)
H il 42
(fundamental-group-space W z0) multW oneW (fundamental-group-inv W z0)
jt j2
proof (rule carrier-full-amalg-word-eval.intro)
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show carrier-group
(fundamental-group-space U z0)
(fundamental-group-mult U z0)
(fundamental-group-one U z0)
(fundamental-group-inv U z0)
by (rule fundamental-group-carrier-group|OF z0-in-U])
show carrier-group
(fundamental-group-space V z0)
(fundamental-group-mult 'V z0)
(fundamental-group-one V z0)
(fundamental-group-inv V z0)
by (rule fundamental-group-carrier-group| OF z0-in-V])
show carrier-group
(fundamental-group-space W x0)
(fundamental-group-mult W z0)
(fundamental-group-one W z0)
(fundamental-group-inv W z0)
by (rule fundamental-group-carrier-group[OF z0-in- W)
show carrier-group-hom
(fundamental-group-space U z0)
(fundamental-group-mult U z0)
(fundamental-group-one U x0)
(fundamental-group-inv U z0)
(fundamental-group-space W z0)
(fundamental-group-mult W z0)
(fundamental-group-one W x0)
(fundamental-group-inv W z0)
(fundamental-group-map U z0 W z0 id)
by (rule fundamental-group-map-carrier-group-hom|OF z0-in-U]) auto
show carrier-group-hom
(fundamental-group-space V z0)
(fundamental-group-mult V z0)
(fundamental-group-one V z0)
(fundamental-group-inv V z0)
(fundamental-group-space W z0)
(fundamental-group-mult W x0)
(fundamental-group-one W x0)
(fundamental-group-inv W z0)
(fundamental-group-map V 20 W z0 id)
by (rule fundamental-group-map-carrier-group-hom|OF z0-in-V]) auto
show carrier-full-amalg-word-eval-azioms G1 G2 H il i2 j1 j2
proof (rule carrier-full-amalg-word-eval-azioms.intro)
show h € H = il h € GI for h
by (rule i1-in-G1)
show h € H = i2 h € G2 for h
by (rule i2-in-G2)
show h € H = jI (il h) = j2 (i2 h) for h
by (rule union-fundamental-group-maps-agree)
qed
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qed

interpretation decode:

carrier-full-amalg-word-eval
G1 multl onel fundamental-group-inv U z0
G2 mult2 one?2 fundamental-group-inv V x0
H il i2
fundamental-group-space W x0 multW oneW fundamental-group-inv W z0
jl1 2

by (rule decode-locale)

abbreviation svk-word-eval where svk-word-eval = decode. carrier-full-amalg-eval
abbreviation svk-decode where svk-decode = decode. carrier-full-amalg-decode

lemma svk-decode-in-space:
svk-decode w € fundamental-group-space W x0
by (rule decode.carrier-full-amalg-decode-in-carrier)

lemma svk-decode-respects:
assumes carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 u v
shows svk-decode u = svk-decode v
using assms by (rule decode.carrier-full-amalg-decode-respects)

lemma svk-decode-eq-eval:
assumes fpw-in-space G1 G2 w
shows svk-decode w = svk-word-eval w
using assms by (rule decode.carrier-full-amalg-decode-eq-eval)

lemma carrier-full-amalg-equiv-left-context:
assumes rel: carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult? one2 u v
and a-in: a € G1
shows carrier-full-amalg-equiv G1 G2 H i1 i2 mult! onel mult2 one2
(WordLeft a u) (WordLeft a v)
using rel a-in
proof (induction rule: carrier-full-amalg-equiv.induct)
case (refl w)
then show ?case by simp
next
case (sym u v)
then show ?case
by (meson carrier-full-amalg-equiv.sym)
next
case (trans u v w)
then show ?case
by (meson carrier-full-amalg-equiv.trans)
next
case (of-amalg u v)
then show ?case
by (meson carrier-amalgam-equiv.left-context carrier-full-amalg-equiv. of-amalg)
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next
case (of-reduction u v)
then show ?case
by (meson carrier-fpw-reduction-left-context
rier-full-amalg-equiv. of-reduction)
qed

lemma carrier-full-amalg-equiv-right-context:

car-

assumes rel: carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 u v

and b-in: b € G2
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight b u) (WordRight b v)
using rel b-in
proof (induction rule: carrier-full-amalg-equiv.induct)
case (refl w)
then show ?Zcase by simp
next
case (sym u v)
then show ?case
by (meson carrier-full-amalg-equiv.sym)
next
case (trans u v w)
then show ?case
by (meson carrier-full-amalg-equiv.trans)
next
case (of-amalg u v)
then show ?case
by (meson carrier-amalgam-equiv.right-context
rier-full-amalg-equiv. of-amalg)
next
case (of-reduction u v)
then show ?case
by (meson carrier-fpw-reduction-right-context
rier-full-amalg-equiv. of-reduction)
qed

lemma carrier-full-amalg-equiv-left-pair-eq:
assumes a-in: a € G1
and b-in: b € G1
and ab-in: mult! a b € G1
and c-in: ¢ € G1
and d-in: d € G1
and cd-in: mult! ¢ d € G1
and rest-in: fpw-in-space G1 G2 rest
and eq: multl a b = multl c d
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft a (WordLeft b rest))
(WordLeft ¢ (WordLeft d rest))
proof —
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have step-left:
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordLeft a (WordLeft b rest))
(WordLeft (multl a b) rest)
proof (rule carrier-fpw-reduction-step.combine-left)
show a € GI by (rule a-in)
show b € G1 by (rule b-in)
show mult! a b € GI by (rule ab-in)
show fpw-in-space G1 G2 rest by (rule rest-in)
qged
have red-left:
carrier-fpw-reduction G1 G2 multl onel mult2 one2
(WordLeft a (WordLeft b rest))
(WordLeft (multl a b) rest)
by (rule carrier-fpw-reduction.step| OF step-left])
have step-right:
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordLeft ¢ (WordLeft d rest))
(WordLeft (multl ¢ d) rest)
proof (rule carrier-fpw-reduction-step.combine-left)
show ¢ € G1 by (rule c-in)
show d € G1 by (rule d-in)
show mult! ¢ d € G1 by (rule cd-in)
show fpw-in-space G1 G2 rest by (rule rest-in)
qed
have red-right:
carrier-fpw-reduction G1 G2 mult! onel mult2 one2
(WordLeft ¢ (WordLeft d rest))
(WordLeft (multl ¢ d) rest)
by (rule carrier-fpw-reduction.step| OF step-right))
have rel-left:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft a (WordLeft b rest))
(WordLeft (multl a b) rest)
by (rule carrier-full-amalg-equiv.of-reduction|OF red-left])
have rel-right:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft ¢ (WordLeft d rest))
(WordLeft (multl a b) rest)
using eq by (simp add: carrier-full-amalg-equiv. of-reduction| OF red-right))
show ?thesis
by (rule carrier-full-amalg-equiv.trans[OF rel-left])
(rule carrier-full-amalg-equiv.sym[OF rel-right])
qed

lemma carrier-full-amalg-equiv-right-pair-eq:
assumes a-in: a € G2
and b-in: b € G2
and ab-in: mult2 a b € G2
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and c-in: c € G2
and d-in: d € G2
and cd-in: mult2 ¢ d € G2
and rest-in: fpw-in-space G1 G2 rest
and eq: mult2 a b = mult2 c d
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight a (WordRight b rest))
(WordRight ¢ (WordRight d rest))
proof —
have step-left:
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordRight o (WordRight b rest))
(WordRight (mult2 a b) rest)
proof (rule carrier-fpw-reduction-step.combine-right)
show a € G2 by (rule a-in)
show b € G2 by (rule b-in)
show mult2 a b € G2 by (rule ab-in)
show fpw-in-space G1 G2 rest by (rule rest-in)
qed
have red-left:
carrier-fpw-reduction G1 G2 mult! onel mult2 one2
(WordRight a (WordRight b rest))
(WordRight (mult2 a b) rest)
by (rule carrier-fpw-reduction.step| OF step-left])
have step-right:
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordRight ¢ (WordRight d rest))
(WordRight (mult2 ¢ d) rest)
proof (rule carrier-fpw-reduction-step.combine-right)
show ¢ € G2 by (rule c-in)
show d € G2 by (rule d-in)
show mult2 ¢ d € G2 by (rule cd-in)
show fpw-in-space G1 G2 rest by (rule rest-in)
qed
have red-right:
carrier-fpw-reduction G1 G2 multl onel mult2 one2
(WordRight ¢ (WordRight d rest))
(WordRight (mult2 ¢ d) rest)
by (rule carrier-fpw-reduction.step[OF step-right])
have rel-left:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight a (WordRight b rest))
(WordRight (mult2 a b) rest)
by (rule carrier-full-amalg-equiv.of-reduction|OF red-left])
have rel-right:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight ¢ (WordRight d rest))
(WordRight (mult2 a b) rest)
using eq by (simp add: carrier-full-amalg-equiv.of-reduction| OF red-right])
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show ?thesis
by (rule carrier-full-amalg-equiv.trans| OF rel-left])
(rule carrier-full-amalg-equiv.sym[OF rel-right])
qed

lemma loop-subdivision-by-cover:
assumes p-loop: p € loop-space W x0
shows In:inat. 0 < n A
(Vi<n.
subpathin (real i [ real n) (real (Suc i) / realn) p “{0..1} C U
subpathin (real i / real n) (real (Suc i) / realn) p “{0..1} C V)
proof —
have p-path: path p
using p-loop unfolding loop-space-def by auto
have p-img: path-image p C W
using p-loop unfolding loop-space-def by auto
have p-pathin: pathin (top-of-set W) p
by (rule path-top-of-setI[OF p-path p-img])
have cover: p ‘{0..1} C U{U, V}
using p-img by (auto simp: path-image-def)
have open-cover: openin (top-of-set W) S if S € {U, V} for S
using that U-open V-open by (auto simp: openin-open)
from pathin-subdivision-open-cover|OF p-pathin cover open-cover]
obtain n :: nat where n-pos: 0 < n
and n-cover:
Vi<n. 35€{U, V}.
subpathin (real i / real n) (real (Suc i) [/ realn) p “{0..1} C S
by blast
show ?thesis
using n-pos n-cover by auto
qed

V

definition connector :: 'a = real = 'a where
connector a =
(if a = 20 then (A-. 20)
else (SOME p. path p A path-image p C U NV A pathstart p = 20 N pathfinish
p = a))

lemma connector-z0 [simp]:
connector z0 = (A-. 20)
unfolding connector-def by simp

lemma connector-witness:

assumes a-in: a € UNV

shows Jdp. path p A path-image p C U NV A pathstart p = x0 A pathfinish p =
a
proof (cases a = z0)

case True

have path (A-. z0) A
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path-image (A-. 20) C U NV A
pathstart (A-. x0) = z0 N
pathfinish (A-. 20) = a
using a-in True by (auto simp: path-def path-image-def pathstart-def pathfin-
ish-def)
then show ?thesis by blast
next
case Fulse
then show ?thesis
using UV-path-connected x0-in-UV a-in unfolding path-connected-def by blast
qged

lemma connector-path:
assumes a-in: a € UNV
shows path (connector a)
proof (cases a = z0)
case True
then show ?thesis
by (simp add: connector-def path-def)
next
case Fulse
have some:
path (SOME p. path p A path-image p C U NV A pathstart p = 20 A pathfinish
p=a)A
path-image (SOME p. path p A path-image p C U N V A pathstart p = z0 A
pathfinish p = a) C U NV A
pathstart (SOME p. path p A path-image p C U NV A pathstart p = z0 A
pathfinish p = a) = z0 A
pathfinish (SOME p. path p A path-image p C U NV A pathstart p = z0 A
pathfinish p = a) = a
by (rule somel-ex[OF connector-witness|OF a-in]])
then show ?thesis
using Fualse by (simp add: connector-def)
qed

lemma connector-image-subset:
assumes a-in: a € UNV
shows path-image (connector a) C U NV
proof (cases a = z0)
case True
then show ?thesis
using a-in by (auto simp: connector-def path-image-def)
next
case Fulse
have some:
path (SOME p. path p N\ path-image p C U NV A pathstart p = 20 A pathfinish
p=a)A
path-image (SOME p. path p A path-image p C U N V A pathstart p = z0 A
pathfinish p = a) CUN V A
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pathstart (SOME p. path p A path-image p C U NV A pathstart p = z0 A
pathfinish p = a) = z0 A
pathfinish (SOME p. path p A path-image p C U NV A pathstart p = z0 A
pathfinish p = a) = a
by (rule somel-ex[OF connector-witness|OF a-in]])
then show ?thesis
using Fualse by (simp add: connector-def)
qed

lemma connector-start:
assumes a-in: a € UNV
shows pathstart (connector a) = z0
proof (cases a = z0)
case True
then show ?thesis
by (simp add: connector-def pathstart-def)
next
case Fulse
have some:
path (SOME p. path p A path-image p C U NV A pathstart p = 20 A pathfinish
p=a)A
path-image (SOME p. path p A path-image p C U NV A pathstart p = z0 A
pathfinish p = a) CU NV A
pathstart (SOME p. path p A path-image p C U NV A pathstart p = z0 A
pathfinish p = a) = 0 A
pathfinish (SOME p. path p A path-image p C U N V A pathstart p = 20 A
pathfinish p = a) = a
by (rule somel-ex[OF connector-witness|OF a-in]])
then show ?thesis
using False by (simp add: connector-def)
qed

lemma connector-finish:
assumes a-in: a € UNV
shows pathfinish (connector a) = a
proof (cases a = z0)
case True
then show ?thesis
by (simp add: connector-def pathfinish-def)
next
case Fulse
have some:
path (SOME p. path p A path-image p € U NV A pathstart p = x0 A pathfinish
p=a)A
path-image (SOME p. path p A path-image p C U NV A pathstart p = z0 A
pathfinish p = a) C U NV A
pathstart (SOME p. path p A path-image p C U NV A pathstart p = 20 A
pathfinish p = a) = 20 A
pathfinish (SOME p. path p A path-image p C U NV A pathstart p = z0 A
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pathfinish p = a) = a
by (rule somel-ex[OF connector-witness|OF a-in]])
then show ?thesis
using Fualse by (simp add: connector-def)
qed

lemmas connector-spec = connector-path connector-image-subset connector-start
connector-finish

definition segment-loop :: (real = 'a) = real = real = real = 'a where
segment-loop p u v =
(connector (p u) +++ subpathin u v p) +++ reversepath (connector (p v))

lemma segment-loop-in-set:
assumes p-path: path p
and p-image: path-image p C W
and wiil: uwe {0.1} ve {0..1}
and puv-in: pue UNVpuveUNYV
and conn-u: path-image (connector (p u)) C S
and conn-v: path-image (connector (p v)) C S
and seg-in: subpathin w v p ‘{0..1} C S
and z0S: 20 € S
shows segment-loop p u v € loop-space S z0
proof —
have cu-path: path (connector (p u))
using puv-in connector-spec(1)[of p u] by blast
have cv-path: path (connector (p v))
using puv-in connector-spec(1)[of p v] by blast
have cu-start: pathstart (connector (p u)) = x0
using puv-in connector-spec(3)[of p u] by blast
have cu-finish: pathfinish (connector (p v)) = p u
using puv-in connector-spec(4)[of p u] by blast
have cu-start: pathstart (connector (p v)) = z0
using puv-in connector-spec(3)[of p v] by blast
have cv-finish: pathfinish (connector (p v)) = p v
using puv-in connector-spec(4)[of p v] by blast
have p-pathin: pathin (top-of-set W) p
by (rule path-top-of-setI|OF p-path p-image])
have subpath-pathin: pathin (top-of-set W) (subpathin u v p)
by (rule pathin-subpathin| OF p-pathin uv01])
have subpath-path: path (subpathin u v p)
using subpath-pathin by (simp add: pathin-canon-iff)
have subpath-start: pathstart (subpathin u v p) = p u
by (simp add: pathstart-def subpathin-def)
have subpath-finish: pathfinish (subpathin v v p) = p v
by (simp add: pathfinish-def subpathin-def)
have first-join: path (connector (p u) +++ subpathin u v p)
using cu-path subpath-path cu-finish subpath-start by simp
have first-finish: pathfinish (connector (p u) +++ subpathin w v p) = p v
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using first-join subpath-finish by simp
have rev-cv-path: path (reversepath (connector (p v)))
using cv-path by simp
have rev-cv-start: pathstart (reversepath (connector (p v))) = p v
using cv-finish by simp
have second-join:
path ((connector (p u) +++ subpathin u v p) +++ reversepath (connector (p
o)
using first-join rev-cv-path first-finish rev-cv-start by simp
show ?thesis
proof (rule loop-spacel)
show path (segment-loop p u v)
using second-join unfolding segment-loop-def by simp
show path-image (segment-loop p u v) C S
proof —
have seg-img: path-image (subpathin v v p) C S
using seg-in by (simp add: path-image-def)
have left-img: path-image (connector (p u) +++ subpathin u v p) C S
by (rule subset-path-image-join| OF conn-u seg-img])
have right-img: path-image (reversepath (connector (p v))) C S
using conn-v by simp
show ?thesis
unfolding segment-loop-def by (rule subset-path-image-join[OF left-img
right-img])
qed
show pathstart (segment-loop p u v) = z0
unfolding segment-loop-def using cu-start by simp
show pathfinish (segment-loop p u v) = z0
unfolding segment-loop-def using cv-start by simp
qed
qed

lemma segment-loop-in-U:
assumes p-path: path p
and p-image: path-image p C W
and wl01: v € {0..1} v e {0..1}
and puv-in: pue UNVpuveUNYV
and seg-in: subpathin wvp ‘{0..1} C U
shows segment-loop p u v € loop-space U z0
proof (rule segment-loop-in-set[where S = UJ)
show path p
by (rule p-path)
show path-image p C W
by (rule p-image)
show u € {0..1} ve {0..1}
by (rule uwvw01)+
showpue UNVpoveUNV
by (rule puv-in)+
show path-image (connector (p u)) C U
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using connector-spec(2)[OF puv-in(1)] by blast
show path-image (connector (p v)) C U

using connector-spec(2)[OF puv-in(2)] by blast
show subpathin wvp ‘{0..1} C U

by (rule seg-in)
show z0 € U

by simp

qed

lemma segment-loop-in-V:
assumes p-path: path p
and p-image: path-image p C W
and ww01: uw € {0..1} v e {0..1}
and puv-in: pue UNVpouveUNYV
and seg-in: subpathin uvp ‘{0.1} C V
shows segment-loop p u v € loop-space V z0
proof (rule segment-loop-in-set[where S = V1)
show path p
by (rule p-path)
show path-image p C W
by (rule p-image)
show v € {0..1} v € {0..1}
by (rule uwvw01)+
showpue UNVpoveUNYV
by (rule puv-in)+
show path-image (connector (p u)) C V
using connector-spec(2)[OF puv-in(1)] by blast
show path-image (connector (p v)) C V
using connector-spec(2)[OF puv-in(2)] by blast
show subpathin wvp ‘{0..1} CV
by (rule seg-in)
show z0 € V
by simp
qed

lemma segment-loop-in-W:
assumes p-path: path p
and p-image: path-image p C W
and ww01: uw e {0..1} ve {0..1}
and puv-in: pu e UNVpouveUNYV
and seg-in: subpathin uvyp ‘{0..1} C W
shows segment-loop p u v € loop-space W z0
proof (rule segment-loop-in-set[where S = W])
show path p
by (rule p-path)
show path-image p C W
by (rule p-image)
show v € {0..1} ve {0..1}
by (rule uww01)+
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showpue UNVpovelUNV
by (rule puv-in)+
show path-image (connector (p u)) C W
using connector-spec(2)[OF puv-in(1)] by blast
show path-image (connector (p v)) € W
using connector—spec( )[OF puv-in(2)] by blast
show subpathin wvp ‘{0.1} C W
by (rule seg-in)
show z0 ¢ W
by simp
qged

lemma path-subpathin:
assumes path p
and v € {0..1}
and v € {0..1}
shows path (subpathin u v p)
proof —
have pathin (top-of-set (path-image p)) p
by (rule path-top-of-setI[OF assms(1)]) auto
then have pathin (top-of-set (path-image p)) (subpathin u v p)
by (rule pathin-subpathin[OF - assms(2,3)])
then show ?thesis
by (simp add: pathin-canon-iff)
qed

lemma path-image-subpathin-subset:
assumes u € {0..1}
and v € {0..1}
shows path-image (subpathin u v p) C path-image p
proof —
have closed-segment u v C {0..1}
using assms by (auto simp: closed-segment-eq-real-ivl)
then show ?thesis
by (simp add: path-image-def subpathin-image image-mono)
qed

lemma reversepath-subpathin [simp]:
reversepath (subpathin v v p) = subpathin v u p
unfolding reversepath-def subpathin-def by (rule ext) (simp add: algebra-simps)

lemma subpathin-refl [simp]:
subpathin v u p = (A-. p u)
unfolding subpathin-def by (rule ext) simp

fun svk-partition :: (real = ’a) = real list = bool list = bool where

svk-partition p [| bs = False
| svk-partition p [t] [ = (t=1Apte UNYV)
| svk-partition p [t] (b # bs) = False
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| svk-partition p (t # u # ts) [| = False
| svk-partition p (t # u # ts) (b # bs) =
(tef{0..1}ApteUNVAue{0.1} Nt<uA
(if b then subpathin t uwp ‘{0..1} C U else subpathin t up ‘{0..1} C V) A
svk-partition p (u # ts) bs)

15.2 Partitions and encoded loop words

A loop is encoded by subdividing the unit interval into pieces whose images
lie entirely in U or entirely in V. The resulting bitstring records which side
each segment uses, and the partition word records the corresponding loop
classes in the two factors of the amalgamated free product.

definition wvalid-partition :: (real = 'a) = real list = bool list = bool where
valid-partition p ts bs «— ts # [| A hd ts = 0 N svk-partition p ts bs

fun cover-partition :: (real = 'a) = real list = bool list = bool where
cover-partition p [t] [| = (t = 1)
| cover-partition p (t # u # ts) (b # bs) =
(te{0.1}ANuef{0.1} Nt<uA
(if b then subpathin t wp ‘{0..1} C U else subpathin t up ‘{0..1} C V) A
cover-partition p (u # ts) bs)
| cover-partition p ts bs = False

fun rectangle-partition ::
((real x real) = 'a) = real = real = real list = bool list = bool
where
rectangle-partition h ¢ d [t] [| = (t = 1)
| rectangle-partition h ¢ d (t # u # ts) (b # bs) =
(te{0. 1}y ANuef{0.1} Nt <uA
(if b then b * ({t..u} x {c..d}) C Uelse h * ({t.u} x {c..d}) C V) A
rectangle-partition h ¢ d (u # ts) bs)
| rectangle-partition h ¢ d ts bs = False

fun alternating-bits :: bool list = bool where
alternating-bits [| = True
| alternating-bits [b] = True
| alternating-bits (b # ¢ # bs) = (b # ¢ A alternating-bits (¢ # bs))

fun partition-word ::
(real = 'a) = real list = bool list =
((real = 'a) set, (real = 'a) set) free-product-word
where
partition-word p (t # u # ts) (b # bs) =
(if b then WordLeft (loop-class U x0 (segment-loop p t u))
else WordRight (loop-class V x0 (segment-loop p t u)))
(partition-word p (u # ts) bs)
| partition-word p ts bs = WordNil

fun partition-word-with-tail ::
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(real = 'a) = real list = bool list =
((real = 'a) set, (real = 'a) set) free-product-word =
((real = 'a) set, (real = 'a) set) free-product-word
where
partition-word-with-tail p (t # u # ts) (b # bs) tail =
(if b then WordLeft (loop-class U x0 (segment-loop p t u))
else WordRight (loop-class V x0 (segment-loop p t u)))
(partition-word-with-tail p (u # ts) bs tail)
| partition-word-with-tail p ts bs tail = tail

fun bridge-word ::
bool = (real = 'a) set =
((real = 'a) set, (real = 'a) set) free-product-word =
((real = 'a) set, (real = 'a) set) free-product-word
where
bridge-word True h rest = WordLeft (il h) rest
| bridge-word False h rest = WordRight (i2 h) rest

fun partition-loop :: (real = 'a) = real list = real = 'a where

partition-loop p (t # u # ts) = segment-loop p t u +++ partition-loop p (u #
ts)
| partition-loop p ts = (A-. z0)

lemma partition-word-with-tail-nil [simp:
partition-word-with-tail p ts bs WordNil = partition-word p ts bs
by (induction p ts bs
WordNil :: ((real = 'a) set, (real = 'a) set) free-product-word
rule: partition-word-with-tail.induct) simp-all

lemma subpathin-joinpaths-left-half [simp]:
subpathin 0 (1 / 2) (p +++4 ¢q) ‘{0..1} = p “{0..1}
proof
show subpathin 0 (1 / 2) (p +++ q) “{0..1} Cp “{0..1}
by (auto simp: subpathin-def joinpaths-def)
next
show p “{0..1} C subpathin 0 (1 / 2) (p +++ q) ‘{0..1}
proof
fix z
assume z € p ‘{0..1}
then obtain ¢ where t01: t € {0..1} and z-eq: x = p ¢
by blast
have z-eq”: x = subpathin 0 (1 | 2) (p +++ q) t
using z-eq t01 by (simp add: subpathin-def joinpaths-def)
show z € subpathin 0 (1 / 2) (p +++ ¢q) ‘{0..1}
using t01 z-eq’ by blast
qed
qed

lemma affine-unit-interval:
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fixes u v t :: real
assumes u01: u € {0..1}
and v01: v € {0..1}
and t01: t € {0..1}
shows (v — u) x t + v € {0..1}
proof —
have t-bounds: 0 < tt < 1
using t01 by auto
have u-bounds: 0 < v u < 1
using u0! by auto
have v-bounds: 0 < v v < I
using v0! by auto
have one-minus-t-nonneg: 0 < 1 — t
using t-bounds by linarith
have lower!: 0 < (I — t) x u
using one-minus-t-nonneg u-bounds by (intro mult-nonneg-nonneg) auto
have lower2: 0 < t*x v
using t-bounds v-bounds by (intro mult-nonneg-nonneg) auto
have lower: 0 < (1 —t)*xu+t=*wv
using lowerl lower2 by simp
have upperl: (1 —t) «xu < (I —t) * 1
using one-minus-t-nonneg u-bounds by (intro mult-left-mono) auto
have upper2: t x v < t % 1
using t-bounds v-bounds by (intro mult-left-mono) auto
have upper: (I — t) x u + t x v < 1
using upperl upper2 by simp
have (v —u)xt+u=(1 —t)*xu+t*xv
by (simp add: algebra-simps)
then show ?thesis
using lower upper by auto
qed

lemma subpathin-joinpaths-tail-scaled-pointwise:
assumes q0: pathstart ¢ = pathfinish p
and uw0I: v € {0..1}
and v01: v € {0..1}
and t01: t € {0..1}
shows subpathin ((1 + u) / 2) (1 +v) / 2) (p +++ q) t = subpathin v v q ¢
proof —
let 9s = (v —u) xt + u
have s01: ?s € {0..1}
by (rule affine-unit-interval|OF u01 v01 t01])
have param-eq:
((I4+v)/2—-(1+uw)/2)xt+({L+uw)/2=(+%)/2
by (simp add: field-simps algebra-simps)
show ?thesis
proof (cases 2s = 0)
case True
then show ?thesis
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using g0 by (simp add: subpathin-def joinpaths-def pathstart-def pathfinish-def
param-eq)
next
case Fualse
then have s-pos: 0 < %s
using s01 by auto
then have param-gt:
1/2<((1+v)/2—(1+u)/2)%t+(1+u)/2
by (simp add: param-eq)
have param-not-le:
(T +v)/2—-(H+u)/2)xt+ (1 +u)/2<1/2)
using param-gt by simp
then show ?thesis
proof —
have subpathin (1 + u) / 2) (1 +v) / 2) (p +++ q) t =
G (25 ((1+0) /2 (1+u)/2)xt+(L+u)/2) 1)
using param-not-le by (simp add: subpathin-def joinpaths-def)
also have ... = ¢ %s
proof —
have 2 % (1 +v) /2 - (L 4+u)/2)*t+ (1 +u) /2 —1=7%
by (simp add: field-simps algebra-simps)
then show ?thesis
by simp
qed
also have ... = subpathin v v q t
by (simp add: subpathin-def)
finally show ?thesis .
qed
qed
qed

lemma subpathin-joinpaths-tail-scaled [simp]:
assumes q0: pathstart ¢ = pathfinish p
and uw0I: v € {0..1}
and v01: v € {0..1}
shows subpathin (1 + w) / 2) (1 +v) / 2) (p +++ q) ‘{0..1} = subpathin
wvgq‘{0.1}
proof
show subpathin (1 + u) / 2) (1 +v) / 2) (p +++ ¢q) ‘{0..1} C subpathin u
vq‘{0..1}
proof
fix z
assume z-in: T € subpathin (I + u) / 2) (1 +v) / 2) (p +++ q) ‘{0..1}
then obtain ¢t where t01: t € {0..1}
and z-eq: x = subpathin (1 +u) / 2) (1 +v) / 2) (p +++ ¢) ¢
by blast
have z-eq’: v = subpathin w v q t
using z-eq subpathin-joinpaths-tail-scaled-pointwise[OF q0 w01 v01 t01] by
simp
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show z € subpathin v v q ‘{0..1}
using t01 z-eq’ by blast
qed
next
show subpathin uw v q “{0..1} C subpathin (1 +u) / 2) ((1 +v) / 2) (p +++
0 0.1}
proof
fix z
assume z-in: ¢ € subpathin u v q ‘{0..1}
then obtain ¢ where t01: t € {0..1} and z-eq: x = subpathin v v g t
by blast
have z-eq”: & = subpathin ((1 +u) / 2) (1 +v)/2) (p+++ 9 ¢
using z-eq subpathin-joinpaths-tail-scaled-pointwise]OF q0 w01 v01 t01] by
stmp
show z € subpathin (1 +u) / 2) (1 +v)/ 2) (p +++ ¢q) ‘{0..1}
using t01 z-eq’ by blast
qed
qed

lemma homotopic-paths-join-left:
assumes qr: homotopic-paths S q r
and p-path: path p
and p-img: path-image p C S
and pq: pathfinish p = pathstart q
shows homotopic-paths S (p +++ q) (p +++ 1)
proof (rule homotopic-paths-join)
show homotopic-paths S p p
using p-path p-img by simp
show homotopic-paths S q r
by (rule gr)
show pathfinish p = pathstart q

by (rule pq)
qed

lemma homotopic-paths-join-right:
assumes pq: homotopic-paths S p q
and r-path: path r
and r-img: path-image r C S
and qr: pathfinish p = pathstart r
shows homotopic-paths S (p +++ 1) (¢ +++ 1)
proof (rule homotopic-paths-join)
show homotopic-paths S p q
by (rule pq)
show homotopic-paths S r r
using r-path r-img by simp
show pathfinish p = pathstart r
by (rule gr)
qed
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lemma homotopic-paths-cancel-middle-local:
assumes r-path: path r
and r-img: path-image r C S
and c-path: path c
and c-img: path-image ¢ C S
and s-path: path s
and s-img: path-image s C S
and rc: pathfinish v = pathfinish c
and cs: pathstart s = pathfinish c
shows homotopic-paths S ((((r +++ reversepath ¢) +++ ¢) +++ 3)) (r +++
s)
proof —
have revc-path: path (reversepath c)
using c-path by simp
have revc-img: path-image (reversepath ¢) C S
using c-img by simp
have mid-path: path (reversepath ¢ +++ c)
using revc-path c-path by simp
have mid-img: path-image (reversepath ¢ +++ ¢) C S
by (rule subset-path-image-join| OF revc-img c-img|)
have hom-cancel0: homotopic-paths S (reversepath ¢ +++ ¢) (A-. pathfinish c)
by (rule homotopic-paths-linv-const[ OF c-path c-img])
have hom-cancell:
homotopic-paths S (((reversepath ¢ +++ ¢) +++ s)) (((A-. pathfinish ¢) +++
s))
proof (rule homotopic-paths-join-right| OF hom-cancel0 s-path s-img])
show pathfinish (reversepath ¢ +++ ¢) = pathstart s
using cs by (simp add: pathstart-def pathfinish-def joinpaths-def re-
versepath-def)
qed
have hom-cancel2: homotopic-paths S (((A-. pathfinish ¢) +++ s)) s
using homotopic-paths-lid-const|OF s-path s-img] cs by (simp add: path-
start-def)
have hom-cancel: homotopic-paths S (((reversepath ¢ +++ ¢) +++ s)) s
by (rule homotopic-paths-trans|OF hom-cancell hom-cancel2])
have hom-left:
homotopic-paths S (r +++ ((reversepath ¢ +++ ¢) +++ s)) (r +++ s)
proof (rule homotopic-paths-join-left| OF hom-cancel r-path r-img])
show pathfinish r = pathstart ((reversepath ¢ +++ ¢) +++ s)
using rc by (simp add: pathstart-def pathfinish-def joinpaths-def re-
versepath-def)
qed
have assoc!:
homotopic-paths S (((r +++ reversepath ¢) +++ ¢)) (r +++ (reversepath ¢
T4+ ¢)
proof —
have homotopic-paths S (r +++ (reversepath ¢ +++ ¢)) (((r +++ reversepath
c) +++ ¢))
by (rule homotopic-paths-assoc|OF r-path r-img revc-path reve-img c-path
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c-img]) (use rc in simp-all)
then show ?thesis
by (rule homotopic-paths-sym)
qed
have assoc1-join:
homotopic-paths S ((((r +++ reversepath ¢) +++ ¢) +++ s)) (((r +++
(reversepath ¢ +++ ¢)) +++ 3))
proof (rule homotopic-paths-join-right| OF assocl s-path s-img])
show pathfinish ((r +++ reversepath c) +++ ¢) = pathstart s
using rc ¢s by (simp add: pathstart-def pathfinish-def joinpaths-def re-
versepath-def)
qed
have assoc2:
homotopic-paths S (((r +++ (reversepath ¢ +++ ¢)) +++ s)) (r +++
((reversepath ¢ +++ ¢) +++ s))
proof —
have homotopic-paths S (r +++ ((reversepath ¢ +++ ¢) +++ s)) (((r +++
(reversepath ¢ +++ ¢)) +++ 3))
by (rule homotopic-paths-assoc|OF r-path r-img mid-path mid-img s-path
s-img]) (use rc cs in simp-all)
then show “thesis
by (rule homotopic-paths-sym)
qed
have homotopic-paths S ((((r +++ reversepath ¢) +++ ¢) +++ s)) (r +++
((reversepath ¢ +++ ¢) +++ 3))
by (rule homotopic-paths-trans|OF assoc1-join assoc2])
then show ?thesis
by (rule homotopic-paths-trans|OF - hom-left))
qed

lemma segment-loop-base-full-in-set:
assumes p-loop: p € loop-space S x0
shows homotopic-paths S (segment-loop p 0 1) p
proof —
have p-path: path p
and p-img: path-image p C S
and p0: p 0 = z0
and pl:p 1 = z0
using p-loop unfolding loop-space-def pathstart-def pathfinish-def by auto
have z0-in-S: z0 € S
using p-img p0 by (auto simp: path-image-def)
have const-path: path (A-. z0)
by (simp add: path-def)
have const-img: path-image (A-. z0) C S
using z0-in-S by (auto simp: path-image-def)
have hom-lid: homotopic-paths S ((A-. z0) +++ p) p
using homotopic-paths-lid-const|OF p-path p-img] p0 by (simp add: path-
start-def)
have hom-join:
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homotopic-paths S (((A-. 20) +++ p) +++ (A-. 20))) (p +++ (A-. 20))
proof (rule homotopic-paths-join-right| OF hom-lid const-path const-img|)
show pathfinish ((A-. 20) +++ p) = pathstart (A-. z0)
using p0 p1 by (simp add: pathstart-def pathfinish-def joinpaths-def)
qed
have hom-rid: homotopic-paths S (p +++ (A-. z0)) p
using homotopic-paths-rid-const[OF p-path p-img] pl by (simp add: pathfin-
ish-def)
have conn0: connector (p 0) = (A-. z0)
using p0 by (simp add: connector-def fun-eq-iff)
have connl: reversepath (connector (p 1)) = (A-. z0)
using p! by (simp add: connector-def reversepath-def fun-eq-iff)
have seg-eq: segment-loop p 0 1 = ((A-. z0) +++ p) +++ (A-. 20))
unfolding segment-loop-def using conn0 connl by simp
have homotopic-paths S (segment-loop p 0 1) (p +++ (A-. 20))
unfolding seg-eq by (rule hom-join)
then show ?thesis
by (rule homotopic-paths-trans|OF - hom-rid)])
qed

lemma segment-loop-joinpaths-head [simp]:
assumes p-loop: p € loop-space S x0
and g¢-loop: q € loop-space W z0
shows segment-loop (p +++ ¢q) 0 (1 / 2) = segment-loop p 0 1
proof —
have p0: p 0 = z0 and pl: p 1 = =0
using p-loop unfolding loop-space-def pathstart-def pathfinish-def by auto
show ?thesis
proof
fix t
show segment-loop (p +++ q) 0 (1 / 2) t = segment-loop p 0 1t
proof (casest < 1/ 4)
case True
then show ?thesis
unfolding segment-loop-def
using p0 pl
by (simp add: connector-def joinpaths-def subpathin-def reversepath-def
field-simps algebra-simps)
next
case Fulse
show ?thesis
proof (casest < 1/ 2)
case True
have mid-gt: = (2 xt < 1 / 2)
using Fualse by linarith
have sub-le: (/ «t—1)/2<1/2
proof —
have 4 xt — 1 < 1
using True by linarith
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then show ?thesis
by (simp add: divide-right-mono)
qed
have start-eq: (p +++ q) 0 = z0
using p0 by (simp add: joinpaths-def)
have mid-eq: (p +++ ¢) (1 / 2) = 20
using p! by (simp add: joinpaths-def)
have conn-start: connector ((p +++ ¢q) 0) = (A-. 20)
using start-eq by (simp add: connector-def fun-eq-iff)
have conn-mid: reversepath (connector ((p +++ ¢q) (1 / 2))) = (A-. 20)
using mid-eq by (simp add: connector-def reversepath-def fun-eq-iff)
have arg-eq: (8 *t — 2) / 2 2 real) = 4 %t — 1
proof —
have (8 xt — 2)/ 2 = real) = (8 xt) / 2 — (2 :: real) | 2
by (simp add: diff-divide-distrib)

also have ... = / xt — 1
by simp
finally show ?thesis .
qed
have lhs-eq: segment-loop (p +++ q) 0 (1 / 2)t=p (4 xt — 1)
proof —

have segment-loop (p +++ ¢q) 0 (1 / 2) t
(A= 20) +++ subpathin 0 (1 / 2) (p +++ q)) +++ (A-. 20)) ¢
unfolding segment-loop-def
using conn-start conn-mid by simp
also have ... = subpathin 0 (1 / 2) (p +++ q) (4 xt — 1)
using False True mid-gt
by (simp add: joinpaths-def field-simps algebra-simps)

also have ... = (p+++ q) (4 xt — 1) / 2)

by (simp add: subpathin-def)
also have ... = p (8 xt — 2) / 2)

using sub-le by (simp add: joinpaths-def field-simps algebra-simps)
also have ... =p (4 xt — 1)

by (subst arg-eq) simp
finally show ?thesis .
qed
have rhs-eq: segment-loopp 0 1t =p (4 xt — 1)
unfolding segment-loop-def
using p0 p1 False True mid-gt
by (simp add: connector-def joinpaths-def subpathin-def reversepath-def
field-simps algebra-simps)
show ?thesis
using lhs-eq Ths-eq by simp
next
case Fulse
then show ?thesis
unfolding segment-loop-def
using p0 p1
by (simp add: connector-def joinpaths-def subpathin-def reversepath-def
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field-simps algebra-simps)
qed
qed
qed
qed

lemma segment-loop-joinpaths-tail-scaled [simp]:
assumes p-loop: p € loop-space W z0
and g¢-loop: q € loop-space W z0
and w01: u € {0..1}
and v01: v € {0..1}
shows segment-loop (p +++ ¢) (1 + u) / 2) (I + v) / 2) = segment-loop q
u
proof —
have pl: p 1 = z0 and q0: q 0 = z0
using p-loop g-loop unfolding loop-space-def pathfinish-def pathstart-def by
auto
have pq: pathstart ¢ = pathfinish p
using p-loop ¢-loop unfolding loop-space-def by auto
have start-eq: (p +++ q) (I +u) / 2) =qu
proof (cases u = 0)
case True
then show ?thesis
using p1 ¢0 by (simp add: joinpaths-def)
next
case Fulse
then have (1 / 2 :: real) < (1 +u) / 2
using u0! by auto
then show ?thesis
by (simp add: joinpaths-def field-simps algebra-simps)
qed
have finish-eq: (p +++ ¢) (1 +v) / 2) = qv
proof (cases v = 0)
case True
then show ?thesis
using p1 ¢0 by (simp add: joinpaths-def)
next
case Fulse
then have (1 / 2 :: real) < (1 +v) / 2
using v0!1 by auto
then show ?thesis
by (simp add: joinpaths-def field-simps algebra-simps)
qed
show ?thesis
proof
fix ¢ :: real
show segment-loop (p +++ ¢q) (1 +u) / 2) (1 + v) / 2) t = segment-loop
quovt
proof (casest < 1/ 4)
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case True
then show ?thesis
unfolding segment-loop-def
using start-eq finish-eq
by (simp add: joinpaths-def field-simps algebra-simps)
next
case Fulse
show ?thesis
proof (casest < 1/ 2)
case True
have s01: 4 xt — 1 € {0..1}
using False True by auto
have sub-eq:
subpathin (1 +w) / 2) (1 +v)/2) (p+++q) 4 xt—1)=
subpathin v v q (4 x t — 1)
by (rule subpathin-joinpaths-tail-scaled-pointwise] OF pq u01 v01 s01])
show ?thesis
unfolding segment-loop-def
using False True start-eq finish-eq sub-eq
by (simp add: joinpaths-def field-simps algebra-simps)
next
case Fulse
then show ?thesis
unfolding segment-loop-def
using finish-eq
by (simp add: joinpaths-def field-simps algebra-simps)
qed
qed
qed
qed

fun word-loop ::
((real = 'a) set, (real = 'a) set) free-product-word = real = 'a
where
word-loop WordNil = (A-. z0)
| word-loop (WordLeft a rest) =
(if rest = WordNil then some-loop U z0 a else some-loop U z0 a +++ word-loop
rest)
| word-loop (WordRight b rest) =
(if rest = WordNil then some-loop V z0 b else some-loop V 20 b +++ word-loop
rest)

fun word-partition-times ::
((real = 'a) set, (real = 'a) set) free-product-word = real list
where
word-partition-times WordNil = [0, 1]
| word-partition-times (WordLeft a rest) =
(if rest = WordNil
then [0, 1]
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else 0 # map (M. (1 + t) / 2) (word-partition-times rest))
| word-partition-times (WordRight b rest) =

(if rest = WordNil

then [0, 1]

else 0 # map (Mt. (1 + t) / 2) (word-partition-times rest))

fun word-partition-bits ::
((real = 'a) set, (real = 'a) set) free-product-word = bool list
where
word-partition-bits WordNil = [True]
| word-partition-bits (WordLeft a rest) =
(if rest = WordNil then [True] else True # word-partition-bits rest)
| word-partition-bits (WordRight b rest) =
(if rest = WordNil then [False] else False # word-partition-bits rest)

lemma joinpaths-tail-scaled-point [simp]:
assumes p-loop: p € loop-space W x0
and g¢-loop: q € loop-space W z0
and t01: ¢t € {0..1}
shows (p +++¢) (1 +1t)/ 2)=qt
proof (cases t = 0)
case True
then show ?thesis
using p-loop q-loop
unfolding loop-space-def pathstart-def pathfinish-def joinpaths-def
by simp
next
case Fulse
have t-pos: 0 < t
using Fulse t01 by auto
then have param-gt: (1 +t)/2>1/ 2
by (simp add: field-simps)
have param-not-le: = (1 +t) /2 <1/ 2)
using param-gt by simp
have arg-eq: 2 % ((1 +t) / 2) — 1 = (t :: real)
by (simp add: field-simps algebra-simps)
have (p ++-+ ) (1 +1) / 2) = q (2 (1 + ) / 2) — 1)
using param-not-le by (simp add: joinpaths-def algebra-simps)
also have ... = g ¢
by (subst arg-eq) simp
finally show ?thesis .
qged

lemma word-loop-in-W:
assumes w-in: fpw-in-space G1 G2 w
shows word-loop w € loop-space W x0
using w-in

proof (induction w)
case WordNil
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then show ?case
by (simp add: constant-loop-in-space| OF z0-in-W])
next
case (WordLeft a rest)
then have a-in: ¢ € G1 and rest-in: fpw-in-space G1 G2 rest
by auto
have a-loopU: some-loop U z0 a € loop-space U x0
using some-loop-spec|OF a-in] by auto
have a-loopW: some-loop U x0 a € loop-space W x0
using a-loop U unfolding loop-space-def by auto
show ?Zcase
proof (cases rest = WordNil)
case True
then show ?thesis
using a-loopW by simp
next
case Fulse
have tail-loop: word-loop rest € loop-space W x0
by (rule WordLeft. IH|OF rest-in])
have a-path: path (some-loop U x0 a)
and a-img: path-image (some-loop U z0 a) C W
and a-start: pathstart (some-loop U z0 a) = z0
and a-finish: pathfinish (some-loop U z0 a) = z0
using a-loop W unfolding loop-space-def by auto
have tail-path: path (word-loop rest)
and tail-img: path-image (word-loop rest) C W
and tail-start: pathstart (word-loop rest) = z0
and tail-finish: pathfinish (word-loop rest) = z0
using tail-loop unfolding loop-space-def by auto
have join-loop: some-loop U 20 a +++ word-loop rest € loop-space W z0
proof —
have join-path: path (some-loop U x0 a +++ word-loop rest)
using a-path tail-path a-finish tail-start by simp
have join-img: path-image (some-loop U z0 a +++ word-loop rest) C W
by (rule subset-path-image-join| OF a-img tail-img])
show ?thesis
unfolding loop-space-def
using join-path join-img a-start tail-finish by simp
qed
then show ?thesis
using Fualse by simp
qed
next
case (WordRight b rest)
then have b-in: b € G2 and rest-in: fpw-in-space G1 G2 rest
by auto
have b-loopV: some-loop V z0 b € loop-space V x0
using some-loop-spec[OF b-in] by auto
have b-loopW: some-loop V 20 b € loop-space W z0
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using b-loopV unfolding loop-space-def by auto
show ?Zcase
proof (cases rest = WordNil)
case True
then show ?thesis
using b-loopW by simp
next
case Fulse
have tail-loop: word-loop rest € loop-space W x0
by (rule WordRight.IH|OF rest-in])
have b-path: path (some-loop V 20 b)
and b-img: path-image (some-loop V 20 b) C W
and b-start: pathstart (some-loop V 20 b) = z0
and b-finish: pathfinish (some-loop V 20 b) = x0
using b-loop W unfolding loop-space-def by auto
have tail-path: path (word-loop rest)
and tail-img: path-image (word-loop rest) C W
and tail-start: pathstart (word-loop rest) = x0
and tail-finish: pathfinish (word-loop rest) = z0
using tail-loop unfolding loop-space-def by auto
have join-loop: some-loop V 20 b +++ word-loop rest € loop-space W x0
proof —
have join-path: path (some-loop V 20 b +++ word-loop rest)
using b-path tail-path b-finish tail-start by simp
have join-img: path-image (some-loop V 0 b +++ word-loop rest) C W
by (rule subset-path-image-join| OF b-imyg tail-img))
show ?thesis
unfolding loop-space-def
using join-path join-img b-start tail-finish by simp
qed
then show ?thesis
using Fulse by simp
qed
qed

lemma svk-partition-joinpaths-tail-scaled:
assumes p-loop: p € loop-space W z0
and ¢-loop: q € loop-space W z0
and ¢-part: svk-partition q ts bs
shows svk-partition (p +++ q) (map (At. (1 +t) / 2) ts) bs
using ¢-part
proof (induction ts arbitrary: bs)
case Nil
then show Zcase by simp
next
case (Cons t ts)
show ?Zcase
proof (cases ts)
case Nil
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have bs-nil: bs = []
using Cons.prems Nil by (cases bs) simp-all
have t1: t =1
using Cons.prems Nil bs-nil by simp
have ¢tiUV:qg1 € UNYV
using Cons.prems Nil bs-nil t1 by simp
have qtUV:qt e UN YV
using t1 qt1UV by simp
have t01: t € {0..1}
using t1 by simp
have joined-tUV: (p +++ ¢q) (1 +t) / 2) e UNV
using qtUV joinpaths-tail-scaled-point[ OF p-loop q-loop t01] by simp
show ?thesis
using Nil bs-nil t1 joined-tUV by simp
next
case (Cons u us)
then obtain b bs’ where bs: bs = b # bs’
using Cons.prems by (cases bs) auto
have t01: t € {0..1} and ¢tUV: gt € UNV
and u01: u € {0..1} and tu: t < u
and seg-side: (if b then subpathin t w q < {0..1} C U else subpathin t u q
{0..1} C V)
and g-tail: svk-partition q (u # us) bs’
using Cons.prems bs Cons by simp-all
have pq: pathstart ¢ = pathfinish p
using p-loop g-loop unfolding loop-space-def by auto
have scaled-seg-side:
(if b
then subpathin ((1 +t) / 2) (1 +u) / 2) (p +++ ¢q) ‘{0..1} C U
else subpathin ((1 +t) / 2) (1 +wu) / 2) (p +++ ¢q) “{0..1} C V)
using seg-side by (simp add: subpathin-joinpaths-tail-scaled|OF pq t01 u01])
have g-tail-ts: svk-partition q ts bs’
using g-tail Cons by simp
have tail-scaled-ts:
svk-partition (p +++ q) (map (M\t. (1 +t) / 2) ts) bs’
by (rule Cons.IH[OF g-tail-ts])
have tail-scaled:
svk-partition (p +++ q) (map (M. (1 +t) / 2) (u # us)) bs’
using tail-scaled-ts Cons by simp
have joined-tUV: (p +++ ¢) (1 +t) / 2) e UNV
using qtUV joinpaths-tail-scaled-point[ OF p-loop g-loop t01] by simp
show ?thesis
using bs Cons t01 joined-tUV w01 tu scaled-seg-side tail-scaled
by simp
qed
qed

lemma word-loop-valid-partition:
assumes w-in: fpw-in-space G1 G2 w
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shows valid-partition (word-loop w) (word-partition-times w) (word-partition-bits
w)
using w-in
proof (induction w)
case WordNil
have const-subU: (A-. z0) ‘{0..1} C U
using z0-in-UV by auto
then show ?case
unfolding valid-partition-def
using z0-in-UV const-subU
by (auto simp: path-image-def subpathin-def)
next
case (WordLeft a rest)
then have a-in: a € G1 and rest-in: fpw-in-space G1 G2 rest
by auto
have a-loopU: some-loop U z0 a € loop-space U x0
using some-loop-spec[OF a-in] by auto
have a-loopW: some-loop U z0 a € loop-space W z0
using a-loopU unfolding loop-space-def by auto
show ?Zcase
proof (cases rest = WordNil)
case True
then show ?thesis
using a-loopU z0-in-UV
unfolding valid-partition-def loop-space-def
by (auto simp: pathstart-def pathfinish-def path-image-def)
next
case Fulse
have rest-valid:
valid-partition (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
by (rule WordLeft.IH|OF rest-in])
have rest-svk:
svk-partition (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
using rest-valid unfolding valid-partition-def by auto
have tail-scaled:
svk-partition (some-loop U z0 a +++ word-loop rest)
(map (A\t. (1 4+ t) / 2) (word-partition-times rest))
(word-partition-bits rest)
by (rule svk-partition-joinpaths-tail-scaled|OF a-loop W word-loop-in-W|[OF
rest-in] rest-svk])
have headU:
subpathin 0 (1 / 2) (some-loop U z0 a +++ word-loop rest) ‘{0..1} C U
using a-loopU by (simp add: loop-space-def path-image-def)
have startUV: (some-loop U 20 a +++ word-loop rest) 0 € U N V
using a-loopU z0-in-UV unfolding loop-space-def pathstart-def joinpaths-def
by simp
have midUV: (some-loop U 20 a +++ word-loop rest) (1 / 2) e UN V
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using a-loopU z0-in-UV unfolding loop-space-def pathfinish-def joinpaths-def
by simp
have rest-times-nonempty: word-partition-times rest # [|
using rest-valid unfolding valid-partition-def by auto
have rest-times-hd: hd (word-partition-times rest) = 0
using rest-valid unfolding valid-partition-def by auto
have rest-times: word-partition-times rest = 0 # tl (word-partition-times rest)
proof (cases word-partition-times rest)
case Nil
with rest-times-nonempty show ?thesis
by simp
next
case (Cons s ss)
have s = 0
using rest-times-hd Cons by simp
then show ?thesis
using Cons by simp
qed
have scaled-times:
map (At. (1 + t) / 2) (word-partition-times rest) =
1/ 2 # map (At. (1 +t)/ 2) (H (word-partition-times rest))
proof —
have map (At. (1 + t) / 2) (word-partition-times rest) =
map (At. (1 +t) / 2) (0 # tl (word-partition-times rest))
using rest-times by simp

also have ... = 1 / 2 # map (M\t. (1 + t) / 2) (8 (word-partition-times
rest))
by simp
finally show ?thesis .
qed

have tail-scaled”:
svk-partition (some-loop U z0 a +++ word-loop rest)
(1 /2 # map (M. (1 +t)/ 2) (t (word-partition-times rest)))
(word-partition-bits rest)
using tail-scaled scaled-times by simp
have step-svk:
svk-partition (some-loop U 20 a +++ word-loop rest)
(0# 1/ 2# map (At. (1 +t)/ 2) (H (word-partition-times rest)))
(True # word-partition-bits rest)
using False tail-scaled’ headU startUV midUV
by simp
have step-svk”:
svk-partition (some-loop U z0 a +++ word-loop rest)
(0 # map (At. (1 + t) / 2) (word-partition-times rest))
(True # word-partition-bits rest)
using step-svk scaled-times by simp
show ?thesis
unfolding valid-partition-def
using False step-svk’
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by simp
qed
next
case (WordRight b rest)
then have b-in: b € G2 and rest-in: fpw-in-space G1 G2 rest
by auto
have b-loopV': some-loop V 20 b € loop-space V x0
using some-loop-spec|OF b-in] by auto
have b-loopW: some-loop V z0 b € loop-space W x0
using b-loopV unfolding loop-space-def by auto
show ?Zcase
proof (cases rest = WordNil)
case True
then show ?thesis
using b-loopV z0-in-UV
unfolding valid-partition-def loop-space-def
by (auto simp: pathstart-def pathfinish-def path-image-def)
next
case Fulse
have rest-valid:
valid-partition (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
by (rule WordRight.IH[OF rest-in])
have rest-svk:
svk-partition (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
using rest-valid unfolding valid-partition-def by auto
have tail-scaled:
svk-partition (some-loop V 20 b +++ word-loop rest)
(map (\t. (1 4+ t) / 2) (word-partition-times rest))
(word-partition-bits rest)
by (rule svk-partition-joinpaths-tail-scaled[OF b-loopW word-loop-in-W[OF
rest-in] rest-svk])
have headV:
subpathin 0 (1 / 2) (some-loop V 20 b +++ word-loop rest) “{0..1} C V
using b-loopV by (simp add: loop-space-def path-image-def)
have startUV: (some-loop V 20 b +++ word-loop rest) 0 € U NV
using b-loopV x0-in-UV unfolding loop-space-def pathstart-def joinpaths-def
by simp
have midUV: (some-loop V 20 b +++ word-loop rest) (1 / 2) € UN V
using b-loop V z0-in-UV unfolding loop-space-def pathfinish-def joinpaths-def
by simp
have rest-times-nonempty: word-partition-times rest # [|
using rest-valid unfolding valid-partition-def by auto
have rest-times-hd: hd (word-partition-times rest) = 0
using rest-valid unfolding valid-partition-def by auto
have rest-times: word-partition-times rest = 0 # tl (word-partition-times rest)
proof (cases word-partition-times rest)
case Nil
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with rest-times-nonempty show ?thesis
by simp
next
case (Cons s ss)
have s = 0
using rest-times-hd Cons by simp
then show ?thesis
using Cons by simp
qed
have scaled-times:
map (At. (1 + t) / 2) (word-partition-times rest) =
1/ 2 # map (M. (1 +t)/ 2) (H (word-partition-times rest))
proof —
have map (\t. (

+1)/
map (At. (1 + )

b

=1

t)y /2
/2)(
y simp
/ 2 # m

) (word-partition-times rest) =
0 # tl (word-partition-times rest))
using rest-times
also have ...
rest))
by simp
finally show ?thesis .
qed
have tail-scaled”:
svk-partition (some-loop V 20 b +++ word-loop rest)
(1 /2 # map (M. (1 +t)/ 2) (t (word-partition-times rest)))
(word-partition-bits rest)
using tail-scaled scaled-times by simp
have step-svk:
svk-partition (some-loop V 20 b +++ word-loop rest)
(0# 1/ 2# map (At. (1 +t) / 2) (H (word-partition-times rest)))
(False # word-partition-bits rest)
using False tail-scaled’ headV startUV midUV
by simp
have step-svk”:
svk-partition (some-loop V 20 b +++ word-loop rest)
(0 # map (At. (1 + t) / 2) (word-partition-times rest))
(False # word-partition-bits rest)
using step-svk scaled-times by simp
show ?thesis
unfolding valid-partition-def
using False step-svk’
by simp
qed
qged

p (At. (1 +t) / 2) (H (word-partition-times

lemma partition-word-joinpaths-tail-scaled:
assumes p-loop: p € loop-space W z0
and g-loop: q € loop-space W x0
and g¢-part: svk-partition q ts bs
shows partition-word (p +++ q) (map (At. (1 + t) / 2) ts) bs = partition-word
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q ts bs
using g-part
proof (induction ts arbitrary: bs)
case Nil
then show ?case
by simp
next
case (Cons t ts)
show ?Zcase
proof (cases ts)
case Nil
then show ?thesis
using Cons.prems by (cases bs) simp-all
next
case (Cons u us)
then obtain b bs’ where bs: bs = b # bs’
using Cons.prems by (cases bs) auto
have tail: svk-partition q (u # us) bs’
using Cons.prems Cons bs by simp
have t01: t € {0..1} and vw01: u € {0..1}
using Cons.prems Cons bs by simp-all
have tail-ts: svk-partition q ts bs’
using tail Cons by simp
have ih0:
partition-word (p +++ q) (map (At. (1 + t) / 2) ts) bs’ =
partition-word q ts bs’
by (rule Cons.IH|[of bs', OF tail-ts])
have ih:
partition-word (p +++ q) (map (At. (I + 1) / 2) (u # us)) bs' =
partition-word q (u # us) bs’
using ih0 Cons by simp
have seg-eq:
segment-loop (p +++ ¢q) (1 +¢t) / 2) (1 + u) / 2) = segment-loop q t u
by (rule segment-loop-joinpaths-tail-scaled[OF p-loop g-loop t01 u01])
show ?thesis
using Cons bs ih seg-eq
by simp
qed
qed

lemma segment-loop-some-loop-left-class:
assumes a-in: a € G1
shows loop-class U 20 (segment-loop (some-loop U x0 a) 0 1) = a
proof —
have p-loop: some-loop U z0 a € loop-space U z0
and a-eq: a = loop-class U z0 (some-loop U z0 a)
using some-loop-spec|OF a-in] by auto
have p-path: path (some-loop U x0 a)
and p-imgU: path-image (some-loop U 20 a) C U
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and p0: some-loop U 0 a 0 = x0
and pI: some-loop U 0 a 1 = x0
using p-loop unfolding loop-space-def pathstart-def pathfinish-def by auto
have segU: segment-loop (some-loop U z0 a) 0 1 € loop-space U z0
proof (rule segment-loop-in-U[OF p-path])
show path-image (some-loop U 20 a) C W
using p-imgU by auto
show (0::real) € {0..1}
by simp
show (1:real) € {0..1}
by simp
show some-loop U 20 a 0 € U N V some-loop Uz0a 1 € UNV
using p0 p1 z0-in-UV by simp-all
show subpathin 0 1 (some-loop U z0a) ‘{0..1} C U
using p-imgU by (simp add: path-image-def)
qged
have seg-eq:
loop-class U z0 (segment-loop (some-loop U z0 a) 0 1) =
loop-class U 0 (some-loop U z0 a)
by (rule loop-class-eqI[OF segU p-loop segment-loop-base-full-in-set[OF p-loop]])
show ?thesis
using seg-eq a-eq by simp
qed

lemma segment-loop-some-loop-right-class:
assumes b-in: b € G2
shows loop-class V 20 (segment-loop (some-loop V 20 b) 0 1) = b
proof —
have p-loop: some-loop V z0 b € loop-space V x0
and b-eq: b = loop-class V z0 (some-loop V 20 b)
using some-loop-spec[OF b-in] by auto
have p-path: path (some-loop V z0 b)
and p-imgV: path-image (some-loop V z0 b) C V
and p0: some-loop V 20 b 0 = z0
and pl: some-loop V20 b 1 = z0
using p-loop unfolding loop-space-def pathstart-def pathfinish-def by auto
have segV': segment-loop (some-loop V 20 b) 0 1 € loop-space V x0
proof (rule segment-loop-in-V|[OF p-path])
show path-image (some-loop V 20 b) C W
using p-imgV by auto
show (0::real) € {0..1}
by simp
show (1:real) € {0..1}
by simp
show some-loop V20 b 0 € UN Vsome-loop Vadb1 e UNYV
using p0 p1 z0-in-UV by simp-all
show subpathin 0 1 (some-loop V 20b) ‘{0..1} C V
using p-imgV by (simp add: path-image-def)
qed
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have seg-eq:
loop-class 'V z0 (segment-loop (some-loop V 20 b) 0 1) =
loop-class V 0 (some-loop V 20 b)
by (rule loop-class-eqI[OF segV p-loop segment-loop-base-full-in-set[OF p-loop]])
show ?thesis
using seg-eq b-eq by simp
qed

lemma partition-word-word-loop-equiv:
assumes w-in: fpw-in-space G1 G2 w
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (word-loop w) (word-partition-times w) (word-partition-bits w))
w
using w-in
proof (induction w)
case WordNil
have nil-loopU: word-loop WordNil € loop-space U x0
by (simp add: constant-loop-in-space| OF z0-in-U|)
have nil-segU: segment-loop (word-loop WordNil) 0 1 € loop-space U x0
proof (rule segment-loop-in-U)
show path (word-loop WordNil)
using nil-loopU unfolding loop-space-def by simp
show path-image (word-loop WordNil) C W
using nil-loopU unfolding loop-space-def by simp
show (0::real) € {0..1}
by simp
show (1:real) € {0..1}
by simp
show word-loop WordNil 0 € U N V word-loop WordNil 1 €¢ U NV
using z0-in-UV by simp-all
show subpathin 0 1 (word-loop WordNil) ‘{0..1} C U
proof
fix y
assume y € subpathin 0 1 (word-loop WordNil) “{0..1}
then obtain ¢ where ¢ € {0..1} and y-eq: y = subpathin 0 1 (word-loop
WordNil) t
by blast
have y = 20
using y-eq by (simp add: word-loop.simps subpathin-def)
then show y € U
using z0-in-U by simp
qed
qed
have nil-hom:
homotopic-paths U (segment-loop (word-loop WordNil) 0 1) (word-loop WordNil)
by (rule segment-loop-base-full-in-set| OF nil-loopU])
have nil-class:
loop-class U z0 (segment-loop (word-loop WordNil) 0 1) = onel
proof —
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have loop-class U 0 (segment-loop (word-loop WordNil) 0 1) =
loop-class U 0 (word-loop WordNil)
by (rule loop-class-eql[OF nil-seqU nil-loopU nil-hom))
then show ?thesis
unfolding word-loop.simps fundamental-group-one-def by simp
qed
have onel-in: onel € G1
by (rule fundamental-group-one-in-space|OF z0-in-U])
have red:
carrier-fpw-reduction G1 G2 multl onel mult2 one2
(WordLeft onel WordNil) WordNil
by (rule carrier-fpw-reduction.step,
rule carrier-fpw-reduction-step.remove-left-one[OF onel-in|, simp)
show ?Zcase
using nil-class red
by (simp add: carrier-full-amalg-equiv.of-reduction)
next
case (WordLeft a rest)
then have a-in: a € G1 and rest-in: fpw-in-space G1 G2 rest
by auto
have a-loopU: some-loop U z0 a € loop-space U x0
using some-loop-spec[OF a-in] by auto
have a-loopW: some-loop U z0 a € loop-space W z0
using a-loopU unfolding loop-space-def by auto
show ?Zcase
proof (cases rest = WordNil)
case True
then show ?thesis
using segment-loop-some-loop-left-class|OF a-in)
by simp
next
case Fulse
have rest-loopW: word-loop rest € loop-space W x0
by (rule word-loop-in-W|[OF rest-in|)
have rest-valid:
valid-partition (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
by (rule word-loop-valid-partition] OF rest-in))
have rest-svk:
svk-partition (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
using rest-valid unfolding valid-partition-def by auto
have rest-times-nonempty: word-partition-times rest # [|
using rest-valid unfolding valid-partition-def by auto
have rest-times-hd: hd (word-partition-times rest) = 0
using rest-valid unfolding valid-partition-def by auto
have rest-times: word-partition-times rest = 0 # tl (word-partition-times rest)
proof (cases word-partition-times rest)
case Nil
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with rest-times-nonempty show ?thesis
by simp
next
case (Cons s ss)
have s = 0
using rest-times-hd Cons by simp
then show ?thesis
using Cons by simp
qed
have scaled-times:
map (At. (1 + t) / 2) (word-partition-times rest) =
1/ 2 # map (M. (1 +t)/ 2) (H (word-partition-times rest))
proof —
have map (\t. (

+ (word-partition-times rest) =
map (At. (1 + )

b

=1

)
0 # tl (word-partition-times rest))

t)y/ 2
/2)(
y simp
/ 2 # m

using rest-times
also have ...
rest))
by simp
finally show ?thesis .
qed
have tail-eq:
partition-word (some-loop U z0 a +++ word-loop rest)
(map (At. (1 4+ t) / 2) (word-partition-times rest))
(word-partition-bits rest) =
partition-word (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
by (rule partition-word-joinpaths-tail-scaled[OF a-loop W rest-loop W rest-svk))
have head-eq:
loop-class U z0
(segment-loop (some-loop U z0 a +++ word-loop rest) 0 (1 /| 2)) =
using segment-loop-some-loop-left-class|OF a-in]
by (simp add: segment-loop-joinpaths-head[OF a-loopU rest-loop W)
have tail-eq”:
partition-word (some-loop U z0 a +++ word-loop rest)
(1 /2 # map (At. (1 +t)/ 2) (H (word-partition-times rest)))
(word-partition-bits rest) =
partition-word (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
using tail-eq scaled-times by simp
have step-eq:
partition-word (word-loop (WordLeft a rest))
(word-partition-times (WordLeft a rest))
(word-partition-bits (WordLeft a rest)) =
WordLeft a

p (At. (1 +t) / 2) (H (word-partition-times

(partition-word (word-loop rest) (word-partition-times rest)
(word-partition-bits rest))
proof —
have partition-word (word-loop (WordLeft a rest))

141



(word-partition-times (WordLeft a rest))
(word-partition-bits (WordLeft a rest)) =
WordLeft (loop-class U x0
(segment-loop (some-loop U x0 a +++ word-loop rest) 0 (1 / 2)))
(partition-word (some-loop U x0 a +++ word-loop rest)
(1 /2 # map (M. (1 +t)/ 2) (8 (word-partition-times rest)))
(word-partition-bits rest))
using Fualse scaled-times by simp
also have ... =
WordLeft a
(partition-word (word-loop rest) (word-partition-times rest)
(word-partition-bits rest))
using head-eq tail-eq’ by simp
finally show ?Zthesis .
qed
have tail-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (word-loop rest) (word-partition-times rest)
(word-partition-bits rest))
rest
by (rule WordLeft.IH|[OF rest-in))
have
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft a
(partition-word (word-loop rest) (word-partition-times rest)
(word-partition-bits rest)))
(WordLeft a rest)
by (rule carrier-full-amalg-equiv-left-context[ OF tail-rel a-in])
then show ?thesis
by (subst step-eq) simp
qed
next
case (WordRight b rest)
then have b-in: b € G2 and rest-in: fpw-in-space G1 G2 rest
by auto
have b-loopV': some-loop V 20 b € loop-space V x0
using some-loop-spec[OF b-in] by auto
have b-loopW: some-loop V z0 b € loop-space W x0
using b-loopV unfolding loop-space-def by auto
show ?Zcase
proof (cases rest = WordNil)
case True
then show ?thesis
using segment-loop-some-loop-right-class|OF b-in]
by simp
next
case Fulse
have rest-loopW: word-loop rest € loop-space W x0
by (rule word-loop-in-W|[OF rest-in))

142



have rest-valid:
valid-partition (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
by (rule word-loop-valid-partition] OF rest-in))
have rest-svk:
svk-partition (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
using rest-valid unfolding valid-partition-def by auto
have rest-times-nonempty: word-partition-times rest # [|
using rest-valid unfolding valid-partition-def by auto
have rest-times-hd: hd (word-partition-times rest) = 0
using rest-valid unfolding valid-partition-def by auto
have rest-times: word-partition-times rest = 0 # tl (word-partition-times rest)
proof (cases word-partition-times rest)
case Nil
with rest-times-nonempty show ?thesis
by simp
next
case (Cons s ss)
have s = 0
using rest-times-hd Cons by simp
then show ?thesis
using Cons by simp
qed
have scaled-times:
map (At. (1 + t) / 2) (word-partition-times rest) =
1/ 2 # map (M. (1 +t)/ 2) (H (word-partition-times rest))
proof —
have map (At. ( +1t)/2
map (At (1 + 1) / 2) (
using rest-times by simp
— 1/ 2#m

) (word-partition-times rest) =
0 # tl (word-partition-times rest))

also have ...
rest))

p (At. (1 + t) / 2) (H (word-partition-times

by simp
finally show ?thesis .
qed
have tail-eq:
partition-word (some-loop V z0 b +++ word-loop rest)
(map (At. (1 4+ t) / 2) (word-partition-times rest))
(word-partition-bits rest) =
partition-word (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
by (rule partition-word-joinpaths-tail-scaled| OF b-loop W rest-loop W rest-svk])
have head-eq:
loop-class 'V z0
(segment-loop (some-loop V 20 b +++ word-loop rest) 0 (1 / 2)) = b
using segment-loop-some-loop-right-class|OF b-in)
by (simp add: segment-loop-joinpaths-head|OF b-loopV rest-loop W)
have tail-eq”:
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partition-word (some-loop V z0 b +++ word-loop rest)
(1 /2 # map (M. (1 +t)/ 2) (t (word-partition-times rest)))
(word-partition-bits rest) =
partition-word (word-loop rest) (word-partition-times rest) (word-partition-bits
rest)
using tail-eq scaled-times by simp
have step-eq:
partition-word (word-loop (WordRight b rest))
(word-partition-times (WordRight b rest))
(word-partition-bits (WordRight b rest)) =
WordRight b
(partition-word (word-loop rest) (word-partition-times rest)
(word-partition-bits rest))
proof —
have partition-word (word-loop (WordRight b rest))
(word-partition-times (WordRight b rest))
(word-partition-bits (WordRight b rest)) =
WordRight (loop-class V 0
(segment-loop (some-loop V z0 b +++ word-loop rest) 0 (1 / 2)))
(partition-word (some-loop V 20 b +++ word-loop rest)
(1 /2 # map (Mt. (1 + t) / 2) (tl (word-partition-times rest)))
(word-partition-bits rest))
using Fualse scaled-times by simp
also have ... =
WordRight b
(partition-word (word-loop rest) (word-partition-times rest)
(word-partition-bits rest))
using head-eq tail-eq’ by simp
finally show ?thesis .
qed
have tail-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word  (word-loop rest) (word-partition-times rest)
(word-partition-bits rest))
rest
by (rule WordRight.IH|OF rest-in])
have
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight b
(partition-word (word-loop rest) (word-partition-times rest)
(word-partition-bits rest)))
(WordRight b rest)
by (rule carrier-full-amalg-equiv-right-context| OF tail-rel b-in))
then show ?thesis
by (subst step-eq) simp
qed
qed

lemma valid-partition-hd:
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assumes valid-partition p ts bs
shows ts # [| hd ts = 0
using assms unfolding valid-partition-def by auto

lemma valid-partition-cases:
assumes valid-partition p (t # ts) bs
shows ¢ = 0 and svk-partition p (t # ts) bs
using assms unfolding valid-partition-def by auto

lemma svk-partition-head-props:
assumes svk-partition p (t # ts) bs
shows t € {0..1}and pte UNV
proof —
show ¢t € {0..1}
proof (cases ts)
case Nil
then show ?thesis
using assms by (cases bs) auto
next
case (Cons u us)
then show ?thesis
using assms by (cases bs) auto
qed
next
show pte UNV
proof (cases ts)
case Nil
then show ?thesis
using assms by (cases bs) auto
next
case (Cons u us)
then show ?thesis
using assms by (cases bs) auto
qed
qed

lemma svk-partition-tail:
assumes svk-partition p (t # u # ts) (b # bs)
shows svk-partition p (u # ts) bs
using assms by simp

lemma svk-partition-step-props:
assumes svk-partition p (t # u # ts) (b # bs)
shows t € {0..1}
andpte UNYV
and v € {0..1}
and t < u
and (if b then subpathin t up “{0..1} C U else subpathin t up ‘{0..1} C V)
using assms by simp-all
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lemma svk-partition-next-in-intersection:
assumes svk-partition p (t # u # ts) (b # bs)
showspue UNV
proof —
have svk-partition p (u # ts) bs
using assms by simp
then show ?thesis
by (rule svk-partition-head-props(2))
qed

lemma svk-partition-nonempty:
assumes svk-partition p ts bs
shows ts # ||
using assms by (cases ts) simp-all

lemma svk-partition-last-eq-one:
assumes part: svk-partition p ts bs
shows last ts = 1
using part
proof (induction ts arbitrary: bs)
case Nil
then show ?case
by simp
next
case (Cons t ts)
show ?Zcase
proof (cases ts)
case Nil
then show ?thesis
using Cons.prems by (cases bs) auto
next
case (Cons u us)
then obtain b bs’ where bs: bs = b # bs’
using Cons.prems by (cases bs) auto
have tail: svk-partition p (u # us) bs’
using Cons.prems Cons bs by simp
from Cons.IH][of bs’] Cons tail show ?thesis
by simp
qed
qed

lemma svk-partition-last-in-intersection:
assumes part: svk-partition p ts bs
shows p (last ts) e UN V
using part

proof (induction ts arbitrary: bs)
case Nil
then show ?case
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by simp
next
case (Cons t ts)
show ?Zcase
proof (cases ts)
case Nil
then show ?thesis
using Cons.prems by (cases bs) auto
next
case (Cons u us)
then obtain b bs’ where bs: bs = b # bs’
using Cons.prems by (cases bs) auto
have tail: svk-partition p (u # us) bs’
using Cons.prems Cons bs by simp
from Cons.IH[of bs] Cons tail show ?thesis
by simp
qed
qed

lemma svk-partition-last-props:
assumes part: svk-partition p ts bs
shows ts # [| and last ts = 1 and p (last ts) e UN V
using svk-partition-nonempty|OF part)
svk-partition-last-eq-one[ OF part)
svk-partition-last-in-intersection| OF part)
by auto

lemma valid-partition-last-props:
assumes valid-partition p ts bs
shows ts # || and last ts = 1 and p (last ts) € UN V
proof —
have ts-ne: ts # ||
using assms unfolding valid-partition-def by auto
have part: svk-partition p ts bs
using assms unfolding valid-partition-def by auto
show ts # |]
by (rule ts-ne)
from svk-partition-last-props|OF part] ts-ne
show last ts = 1 and p (last ts) e UN V
by auto
qed

lemma subpathin-endpoints-in-set:
assumes seg-in: subpathin uvp ‘{0..1} C S
shows pu e Sand pv € S
proof —
have u-in: subpathin uvp 0 € S
using seg-in by auto
then show p u € §
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by (simp add: subpathin-def)
have v-in: subpathin uvp 1 € S
using seg-in by auto
then show pv € §
by (simp add: subpathin-def)
qed

lemma subpathin-image-subset-union:
assumes tu: t < u
and uwv: u < v
shows subpathin t v p ‘ {0..1} C subpathin t wp {0..1} U subpathin v v p *
{0..1}
proof —
have seg-subset: closed-segment t v C closed-segment t v U closed-segment u v
using tu wv by (auto simp: closed-segment-eq-real-ivl)
show ?thesis
using seg-subset by (auto simp: subpathin-image)
qed

lemma subpathin-image-subset-trans:
assumes tu: t < u
and wv: v < v
and left: subpathin t up ‘{0..1} C S
and right: subpathin wuvp ‘{0..1} C S
shows subpathin t vp ‘{0..1} C S
using subpathin-image-subset-union|OF tu uv, of p] left right by blast

lemma cover-partition-step-props:

assumes cover-partition p (t # u # ts) (b # bs)

shows t € {0..1}
and u € {0..1}
and t < u
and (if b then subpathin t wp ‘{0..1} C U else subpathin t up ‘{0..1} C V)
and cover-partition p (u # ts) bs

using assms by simp-all

lemma cover-partition-consl:

assumes ¢t € {0..1}
and v € {0..1}
and t < u
and (if b then subpathin t uwp “{0..1} C U else subpathin t up *{0..1} C V)
and cover-partition p (u # ts) bs

shows cover-partition p (t # u # ts) (b # bs)

using assms by simp

lemma cover-partition-switch-point:
assumes cp: cover-partition p (t # u # v # ts) (b # ¢ # bs)
and diff: b # ¢
shows pue UNV
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proof (cases b)
case True
then have leftU: subpathin t up ‘{0..1} C U
using cp by simp
from diff True have c-false: = ¢
by simp
then have rightV: subpathin v vp ‘{0..1} C V
using cp by simp
show ?thesis
using subpathin-endpoints-in-set(2)[OF leftU] sub-
pathin-endpoints-in-set(1)[OF rightV]
by blast
next
case Fulse
then have leftV: subpathin t up ‘{0..1} C V
using cp by simp
from diff False have c-true: ¢
by simp
then have rightU: subpathin wvp ‘{0..1} C U
using cp by simp
show ?thesis
using subpathin-endpoints-in-set(1)[OF rightU) sub-
pathin-endpoints-in-set(2)[OF leftV]
by blast
qed

lemma cover-partition-pair-svk-partition:
assumes cp: cover-partition p [t, u] [b]
and ptUV:pte UNV
and puUV:puec UNYV
shows svk-partition p [t, u] [b]
proof —
have t01: t € {0..1}
using cp by simp
have uw01: v € {0..1}
using cp by simp
have tu: t < u
using cp by simp
have ui: v =1
using cp by simp
have seg: (if b then subpathin t w p *{0..1} C U else subpathin t uw p “{0..1} C
V)
proof (cases b)
case True
then show ?thesis
using cp ul by simp
next
case Fulse
then show ?thesis
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using cp ul by simp
qed
have tail: svk-partition p [u] []
using ul puUV by simp
show ?thesis
proof (cases b)
case True
then show ?thesis
using t01 ptUV u01 tu seg ul puUV by simp
next
case Fulse
then show ?thesis
using t01 ptUV u01 tu seqg ul puUV by simp
qed
qed

lemma cover-partition-compress-svk-partition:
assumes cp: cover-partition p (t # ts) bs
and ptUV:pte UNV
and plastUV: p (last (t # ts)) e UNV
shows Jts’ bs'. svk-partition p (t # ts’) bs’
using assms
proof (induction length bs arbitrary: bs t ts rule: less-induct)
case less
show ?Zcase
proof (cases bs)
case Nil
show ?thesis
proof (cases ts)
case Nil-ts: Nil
then have t1: t = 1
using less.prems(1) Nil by simp
have svk-partition p [t] []
using t1 less.prems(2) by simp
show ?thesis
proof
show 3 bs’. svk-partition p (t # []) bs’
proof
show svk-partition p (t # []) []
using t1 less.prems(2) by simp
qed
qed
next
case (Cons u us)
then have Fulse
using less.prems(1) Nil by simp
then show ?thesis
by simp
qed
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next
case (Cons b bs0)
note bs-cons = Cons
show ?thesis
proof (cases bs0)
case Nil
then obtain u where ts: ts = [u]
proof (cases ts)
case Nil
then have Fulse
using less.prems(1) bs-cons Nil by simp
then show thesis
by simp
next
case (Cons u ts0)
note ts-cons = Cons
then show thesis
proof (cases ts0)
case Nil
have ts-single: ts = [u]
using ts-cons Nil by simp
from ts-single show thesis
by (rule that[of u])
next
case (Cons v us)
then have Fulse
using less.prems(1) bs-cons Nil ts-cons by simp
then show thesis
by simp
qed
qed
have puUV:pue UNYV
using less.prems(3) unfolding ts by simp
have t01: t € {0..1}
using less.prems(1) bs-cons Nil ts by simp
have uw01: uw € {0..1}
using less.prems(1) bs-cons Nil ts by simp
have tu: t < u
using less.prems(1) bs-cons Nil ts by simp
have ul: v =1
using less.prems(1) bs-cons Nil ts by simp
have seg-tu: (if b then subpathin t w p ‘ {0..1} C U else subpathin t u p
{0.1} C V)
proof (cases b)
case True
then show ?thesis
using less.prems(1) bs-cons Nil ts ul by simp
next
case Fulse
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then show ?thesis
using less.prems(1) bs-cons Nil ts ul by simp
qed
have part-tu: svk-partition p [t, u] [b]
proof (cases b)
case True
then show ?thesis
using t01 less.prems(2) u01 tu seg-tu ul puUV by simp
next
case Fulse
then show ?thesis
using t01 less.prems(2) u01 tu seg-tu ul puUV by simp
qed
show ?thesis
proof
show 3 bs’. svk-partition p (t # [u]) bs’
proof
show svk-partition p (t # [u]) [b]
by (rule part-tu)
qed
qed
next
case (Cons c bs’)
note bs0-cons = Cons
have bs-eq: bs = b # c # bs’
using bs-cons bs0-cons by simp
then obtain u v us where ts: ts = u # v # us
proof (cases ts)
case Nil
then have Fulse
using less.prems(1) bs-cons bs0-cons by simp
then show thesis
by simp
next
case (Cons u ts0)
note ts-cons = Cons
then show thesis
proof (cases ts0)
case Nil
then have Fulse
using less.prems(1) bs-cons bs0-cons ts-cons by simp
then show thesis
by simp
next
case (Cons v us)
have ts-long: ts = u # v # us
using ts-cons Cons by simp
from ts-long show thesis
by (rule that[of u v us])
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qged
qed
have cp-step: cover-partition p (t # u # v # us) (b # ¢ # bs’)
using less.prems(1) bs-cons bs0-cons ts by simp
have 01: t € {0..1} and u01: v € {0..1} and tu: t < u
and seg-tu: (if b then subpathin t w p ‘ {0..1} C U else subpathin t u p
(0.1} C V)
and cp-tail: cover-partition p (u # v # us) (¢ # bs’)
using cp-step by (rule cover-partition-step-props)+
show ?thesis
proof (cases b = ¢)
case True
note bits-eq = True
have wv: u < v
using cp-tail by simp
have tu-le: t < u
using tu by simp
have uv-le: v < v
using uv by simp
have seg-tv: (if b then subpathin t v p {0..1} C U else subpathin t v p *
{0.1}y C V)
proof (cases b)
case True
then have leftU: subpathin t up ‘{0..1} C U
using seg-tu by simp
have rightU: subpathin uvp ‘{0..1} C U
using cp-tail bits-eq True by simp
have seg-U: subpathin t vp ‘{0..1} C U
by (rule subpathin-image-subset-trans[OF tu-le uv-le leftU rightU])
then show ?thesis
using True by simp
next
case Fulse
then have leftV: subpathin t up ‘{0..1} C V
using seg-tu by simp
have rightV: subpathin wvp ‘{0..1} C V
using cp-tail bits-eq False by simp
have seg-V: subpathin t vp “{0..1} C V
by (rule subpathin-image-subset-trans[OF tu-le uv-le leftV rightV])
then show ?thesis
using Fualse by simp
qged
have cp-merged: cover-partition p (t # v # us) (b # bs’)
using cp-tail t01 seg-tv tu u01 by simp
have shorter: length (b # bs') < length bs
using bs-eq by simp
have plast-merged: p (last (t # v # us)) € UNV
using less.prems(3) unfolding ¢s by simp
have merged-part: Its’ bs”. svk-partition p (t # ts’) bs"
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by (rule less.hyps[of b # bs’ t v # us]) (use shorter cp-merged less.prems(2)
plast-merged in simp-all)
from merged-part obtain ts’ bs”’ where svk-partition p (t # ts’) bs
by blast
then show ?thesis
by blast
next
case Fulse
have puUV:pue UNYV
by (rule cover-partition-switch-point| OF cp-step False])
have shorter: length (¢ # bs’) < length bs
using bs-eq by simp
have plast-tail: p (last (u # v # us)) e UN V
using less.prems(8) unfolding ¢s by simp
have tail-exists: Jus’ bs”. svk-partition p (u # us’) bs"
by (rule less.hyps[of ¢ # bs" u v # us]) (use shorter cp-tail puUV plast-tail
in simp-all)
from tail-ezists obtain us’ bs” where tail-part: svk-partition p (u # us’)

1

bs 12
by blast
have svk-partition p (t # u # us’) (b # bs”)
using t01 w01 tu seg-tu less.prems(2) puUV tail-part by simp
then show ?thesis
by blast
qed
qged
qed
qed

lemma cover-partition-last-eq-one:
assumes cp: cover-partition p ts bs
and ts-ne: ts # ||
shows last ts = 1
using cp ts-ne
proof (induction ts arbitrary: bs)
case Nil
then show ?case
by simp
next
case (Cons t ts)
show ?Zcase
proof (cases ts)
case Nil
then show ?thesis
using Cons.prems by (cases bs) simp-all
next
case (Cons u us)
then obtain b bs’ where bs: bs = b # bs’
using Cons.prems by (cases bs) auto
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have tail: cover-partition p (u # us) bs’
using Cons.prems Cons bs by simp
have ts-ne-tail: ts # ||
using Cons by simp
have last-ts: last ts = 1
by (rule Cons.IH[of bs']) (use tail ts-ne-tail Cons in simp-all)
have last-tail: last (u # us) = 1
using last-ts Cons by simp
then show ?thesis
using Cons by simp
qed
qed

lemma nat-real-div-in-unit-interval:
assumes n-pos: 0 < n
and i-le: 1 < n
shows real i / real n € {0..1}
proof —
have n-real-pos: 0 < real n
proof —
have real 0 < real n
using n-pos by (rule less-imp-of-nat-less)
then show ?thesis
by simp
qed
have lower: 0 < real i / real n
using n-real-pos by (simp add: zero-le-divide-iff’)
have i-real-le: real i < real n
using i-le by simp
have upper: real i / real n < 1
proof —
have real i / real n < real n / real n
using i-real-le n-real-pos by (intro divide-right-mono) simp-all
then show ?thesis
using n-real-pos by simp
qed
show ?thesis
using lower upper by auto
qed

lemma nat-real-div-strict-mono:
assumes n-pos: 0 < n
and i-lt: i < n
shows real i / real n < real (Suc i) / real n
proof —
have real i < real (Suc )
by simp
then show ?thesis
using n-pos by (simp add: divide-strict-right-mono)
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qed

fun subdivision-times :: nat = nat = real list where
subdivision-times n 0 = [1]
| subdivision-times n (Suc k) = real (n — Suc k) / real n # subdivision-times n k

fun subdivision-bits :: (nat = bool) = nat = nat = bool list where
subdivision-bits side n 0 = []
| subdivision-bits side n (Suc k) = side (n — Suc k) # subdivision-bits side n k

lemma cover-partition-subdivision-from:
assumes n-pos: 0 < n
and k-le: k < n
and cover: Ni.n —k<i—= i<n=—=
(if side @
then subpathin (real i / real n) (real (Suc i) / realn) p “{0..1} C U
else subpathin (real i / real n) (real (Suc i) / realn) p “{0..1} C V)
shows cover-partition p (subdivision-times n k) (subdivision-bits side n k)
using k-le cover
proof (induction k)
case (
then show “case
by simp
next
case (Suc k)
have k-le-n: k < n
using Suc.prems by simp
have i0-lt-n: n — Suc k < n
using Suc.prems n-pos by arith
have i0-le-n: n — Suck < n
by arith
have il-le-n:n — k< n
by arith
have nk: n — k = Suc (n — Suc k)
using Suc.prems by arith
have t01: real (n — Suc k) / real n € {0..1}
by (rule nat-real-div-in-unit-interval| OF n-pos i0-le-n])
have u01: real (n — k) / real n € {0..1}
by (rule nat-real-div-in-unit-interval| OF n-pos i1-le-n])
have tu: real (n — Suc k) / real n < real (n — k) / real n
unfolding nk by (rule nat-real-div-strict-mono[ OF n-pos i0-lt-n])
have seg-side-suc:
(if side (n — Suc k)
then subpathin (real (n — Suc k) / real n) (real (Suc (n — Suc k)) / real n)
p {01} CU
else subpathin (real (n — Suc k) / real n) (real (Suc (n — Suc k)) / real n) p
0.1}y C V)
by (rule Suc.prems(2)[of n — Suc k]) (use i0-lt-n in simp-all)
have seg-side:
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(if side (n — Suc k)

then subpathin (real (n — Suc k) / real n) (real (n — k) / real n) p < {0..1}

cvU
else subpathin (real (n — Suc k) / real n) (real (n — k) / real n) p <{0..1}
cv)
proof (cases side (n — Suc k))
case True

then show ?thesis
using seg-side-suc nk by simp
next
case Fulse
then show ?thesis
using seg-side-suc nk by simp
qed
have tail-cover:
Nin—k<i=i<n=
(if side @
then subpathin (real i / real n) (real (Suc @) / realn) p ‘{0..1} C U
else subpathin (real i / real n) (real (Suc i) / real n) p “{0..1} C V)
proof —
fix i
assume -lb: n — k < ¢
and -lt: i < n
have i-lb": n — Suc k < i
using ¢-lb by arith
show (if side i
then subpathin (real i / real n) (real (Suc i) / realn) p “{0..1} C U
else subpathin (real i / real n) (real (Suc i) / realn) p “{0..1} C V)
by (rule Suc.prems(2)[OF i-lb’ i-lt])
qed

have tail-cp: cover-partition p (subdivision-times n k) (subdivision-bits side n k)

by (rule Suc.IH[OF k-le-n tail-cover))
show Zcase
proof (cases k)
case (
have t0-nonneg: 0 < real (n — Suc 0) / real n
and t0-lel: real (n — Suc 0) / real n < 1
using t01 0 by auto
have tu0: real (n — Suc 0) / real n < 1
using tu 0 n-pos by simp
have seg0-raw:
(if side (n — Suc 0)

then subpathin (real (n — Suc 0) / real n) (real (n — 0) / real n) p ‘{0..1}

U

N

else subpathin (real (n — Suc 0) / real n) (real (n — 0) / realn) p *{0..1}

N

V)
using seg-side
unfolding 0
by simp
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have end-eq: real (n — 0) / real n = 1
using n-pos by simp
have seg0:
(if side (n — Suc 0)
then subpathin (real (n — Suc 0) [/ realn) 1 p ‘{0..1} C U
else subpathin (real (n — Suc 0) / realn) 1 p ‘{0..1} C V)
using seg0-raw end-eq by (cases side (n — Suc 0)) simp-all
have tail0: cover-partition p [1] ||
using tail-cp 0 by simp
then show ?thesis
unfolding 0 subdivision-times.simps subdivision-bits.simps
using t0-nonneg t0-lel tu0 seg0 tail0
by simp
next
case (Suc j)
have t01-suc: real (n — Suc (Suc j)) / real n € {0..1}
using t01 by (simp only: Suc)
have u01-suc: real (n — Suc j) / realn € {0..1}
using u0! by (simp only: Suc)

have tu-suc: real (n — Suc (Suc 7)) / real n < real (n — Suc j) / real n

using tu by (simp only: Suc)
have seg-suc:
(if side (n — Suc (Suc 7))

then subpathin (real (n — Suc (Suc 7)) / real n) (real (n — Suc j) / real n)

p ‘{0.1}CU

else subpathin (real (n — Suc (Suc j)) / real n) (real (n — Suc j) / real n)

p ‘{0..1} C V)
using seg-side by (simp only: Suc)
have tail-suc:
cover-partition p
(real (n — Suc j) / real n # subdivision-times n j)
(side (n — Suc j) # subdivision-bits side n j)

using tail-cp by (simp only: Suc subdivision-times.simps subdivi-

sion-bits.simps)
have times-suc:
subdivision-times n (Suc (Suc 7)) =

real (n — Suc (Suc 7)) / real n # real (n — Suc j) / real n # subdivision-times

nj
by simp
have bits-suc:
subdivision-bits side n (Suc (Suc j)) =

side (n — Suc (Suc j)) # side (n — Suc j) # subdivision-bits side n j

by simp
show ?thesis
unfolding Suc times-suc bits-suc

by (rule cover-partition-consI[OF t01-suc u01-suc tu-suc seg-suc tail-suc))

qed
qed
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lemma subdivision-times-start:
assumes n-pos: 0 < n
shows subdivision-times n n = 0 # subdivision-times n (n — 1)
using n-pos by (cases n) simp-all

lemma loop-has-valid-partition:
assumes p-loop: p € loop-space W x0
shows dts bs. valid-partition p ts bs
proof —
obtain n :: nat where n-pos: 0 < n
and n-cover:
Vi<n.
subpathin (real i / real n) (real (Suc i) / realn) p “{0..1} C U V
subpathin (real i / real n) (real (Suc @) / realn) p *{0..1} CV
using loop-subdivision-by-cover[OF p-loop] by blast
let ?side = \i. subpathin (real i / real n) (real (Suc i) [ realn) p ‘{0..1} C U
have raw: cover-partition p (subdivision-times n n) (subdivision-bits ?side n n)
proof (rule cover-partition-subdivision-from|OF n-pos le-refl])
fix ¢
assume n —n < ¢and i-lt: i < n
from n-cover[rule-format, OF i-lt]
show (if ?side i
then subpathin (real i / real n) (real (Suc i) / realn) p “{0..1} C U
else subpathin (real i / real n) (real (Suc i) / realn) p “{0..1} C V)
by auto
qged
have times0: subdivision-times n n = 0 # subdivision-times n (n — 1)
by (rule subdivision-times-start|OF n-pos])
have times-ne: subdivision-times n n # ]
using times0 by simp
have last!: last (subdivision-times n n) = 1
by (rule cover-partition-last-eq-one[OF raw times-ne])
have p0UV:p 0 e UN Vand piUV:p1 € UNV
using p-loop z0-in-UV unfolding loop-space-def pathstart-def pathfinish-def by
auto
have raw0: cover-partition p (0 # subdivision-times n (n — 1)) (subdivision-bits
?side n n)
using raw times0 by simp
have plastUV: p (last (0 # subdivision-timesn (n — 1)) e UN V
using p1UV last! timesO by simp
from cover-partition-compress-svk-partition| OF raw0 p0UV plastUV]
obtain ts’ bs’ where part: svk-partition p (0 # ts') bs’
by blast
have valid-partition p (0 # ts') bs’
unfolding valid-partition-def using part by simp
then show ?thesis
by blast
qed
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lemma svk-partition-partition-word-in-space:
assumes p-loop: p € loop-space W x0
and part: svk-partition p ts bs
shows fpw-in-space G1 G2 (partition-word p ts bs)
using part
proof (induction ts arbitrary: bs)
case Nil
then show ?case
by simp
next
case (Cons t ts)
from p-loop have p-path: path p and p-image: path-image p C W
unfolding loop-space-def by auto
show ?Zcase
proof (cases ts)
case Nil
then show ?thesis
using Cons.prems by (cases bs) simp-all
next
case (Cons u us)
then obtain b bs’ where bs: bs = b # bs’
using Cons.prems by (cases bs) auto
have tail: svk-partition p (u # us) bs’
using Cons.prems Cons bs by simp
have tail-in: fpw-in-space G1 G2 (partition-word p (u # us) bs’)
using p-loop Cons.IH[of bs’] Cons tail by simp
have t01: t € {0..1} and ptUV:pt € UN V
using Cons.prems Cons bs by simp-all
have u01: v € {0..1} and seg-side:
(if b then subpathin t u p ‘{0..1} C U else subpathin t up ‘{0..1} C V)
using Cons.prems Cons bs by simp-all
have puUV:pue UNYV
using svk-partition-next-in-intersection[of p t u us b bs’] Cons.prems Cons bs
by simp
show ?thesis
proof (cases b)
case True
have seqU: segment-loop p t u € loop-space U x0
by (rule segment-loop-in-U[OF' p-path p-image t01 u01 ptUV puUV]) (use
seg-side True in simp)
have loop-class U z0 (segment-loop p t u) € G1
by (rule loop-class-in-space| OF segU])
then show ?thesis
using tail-in True bs Cons by simp
next
case Fulse
have segV': segment-loop p t u € loop-space V x0
by (rule segment-loop-in-V[OF p-path p-image t01 w01 ptUV puUV]) (use
seg-side False in simp)
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have loop-class V z0 (segment-loop p t u) € G2
by (rule loop-class-in-space[OF segV])
then show ?thesis
using tail-in False bs Cons by simp
qed
qed
qed

lemma valid-partition-partition-word-in-space:
assumes p-loop: p € loop-space W z0
and part: valid-partition p ts bs
shows fpw-in-space G1 G2 (partition-word p ts bs)
using assms unfolding valid-partition-def
by (auto intro: svk-partition-partition-word-in-space)

lemma svk-partition-partition-loop-in-W:
assumes p-loop: p € loop-space W x0
and part: svk-partition p ts bs
shows partition-loop p ts € loop-space W z0
using part
proof (induction ts arbitrary: bs)
case Nil
then show ?case
by (simp add: constant-loop-in-space| OF z0-in- W)
next
case (Cons t ts)
from p-loop have p-path: path p and p-image: path-image p C W
unfolding loop-space-def by auto
show ?Zcase
proof (cases ts)
case Nil
then show ?thesis
by (simp add: constant-loop-in-space| OF z0-in- W)
next
case (Cons u us)
then obtain b bs’ where bs: bs = b # bs’
using Cons.prems by (cases bs) auto
have tail: svk-partition p (u # us) bs’
using Cons.prems Cons bs by simp
have tail-loop: partition-loop p (u # us) € loop-space W z0
using p-loop Cons.IH|of bs’] Cons tail by simp
have t01: t € {0..1} and ptUV:pte UNV
using Cons.prems Cons bs by simp-all
have u01: v € {0..1} and puUV:puec UNV
using Cons.prems Cons bs svk-partition-next-in-intersection[of p t u us b bs’]
by simp-all
have segW:
segment-loop p t u € loop-space W z0
proof (rule segment-loop-in-W[OF p-path p-image t01 u01 ptUV puUV])
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have sub-imgW: path-image (subpathin t u p) C W
using p-image path-image-subpathin-subset|OF t01 u01, of p] by blast
show subpathin t up ‘{0..1} C W
using sub-imgW by (simp add: path-image-def)
qed
have joined-loop:
segment-loop p t u +++ partition-loop p (u # us) € loop-space W z0
by (rule loop-space-join|OF segW tail-loop])
show ?thesis
using joined-loop Cons by simp
qed
qed

lemma valid-partition-partition-loop-in-W:
assumes p-loop: p € loop-space W z0
and part: valid-partition p ts bs
shows partition-loop p ts € loop-space W z0
using assms unfolding valid-partition-def
by (auto intro: svk-partition-partition-loop-in- W)

lemma i1-loop-class-eq:
assumes p-loop: p € loop-space (U N V) z0
shows i1 (loop-class (U N V) z0 p) = loop-class U z0 p
proof —
have A-in: loop-class (U N V) z0 p € fundamental-group-space (U N V) z0
by (rule loop-class-in-space[OF p-loop))
have i1 (loop-class (U N V) z0 p) = loop-class U x0 (loop-image id p)
proof (rule fundamental-group-map-eql)
show loop-class (U N V) z0 p € fundamental-group-space (U N V) z0
by (rule A-in)
show p € loop-space (U N V) z0
by (rule p-loop)
show loop-class (U N V) 20 p = loop-class (U N V) z0 p
by simp
show continuous-on (U N V) id
by simp
show id € (U N V) = U
by auto
show id 20 = z0
by simp
qed
then show ?thesis
by (simp add: loop-image-def)
qed

lemma i2-loop-class-eq:

assumes p-loop: p € loop-space (U N V) z0

shows 2 (loop-class (U N V) z0 p) = loop-class V z0 p
proof —
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have A-in: loop-class (U N V) 20 p € fundamental-group-space (U N V) z0
by (rule loop-class-in-space[ OF p-loop])
have 2 (loop-class (U N V) 20 p) = loop-class V 0 (loop-image id p)
proof (rule fundamental-group-map-eql)
show loop-class (U N V) 20 p € fundamental-group-space (U N V) x0
by (rule A-in)
show p € loop-space (U N V) x0
by (rule p-loop)
show loop-class (U N V) z0 p = loop-class (U N V) 20 p
by simp
show continuous-on (U N V) id
by simp
show id e (UNV)—=V
by auto
show id 20 = z0
by simp
qed
then show ?thesis
by (simp add: loop-image-def)
qed

lemma ji-segment-loop-eq:
assumes seqU: segment-loop p t u € loop-space U z0
shows j1 (loop-class U z0 (segment-loop p t u)) =
loop-class W z0 (segment-loop p t u)
proof —
have A-in: loop-class U z0 (segment-loop p t u) € fundamental-group-space U z0
by (rule loop-class-in-space] OF segU))
have j1 (loop-class U z0 (segment-loop p t u)) =
loop-class W z0 (loop-image id (segment-loop p t u))
proof (rule fundamental-group-map-eql)
show loop-class U z0 (segment-loop p t u) € fundamental-group-space U x0
by (rule A-in)
show segment-loop p t u € loop-space U x0
by (rule seqU)
show loop-class U z0 (segment-loop p t u) =
loop-class U x0 (segment-loop p t u)
by simp
show continuous-on U id
by simp
show id e U - W
by auto
show id 20 = z0
by simp
qed
then show ?thesis
by (simp add: loop-image-def)
qed
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lemma j2-segment-loop-eq:
assumes segV: segment-loop p t u € loop-space V z0
shows j2 (loop-class V z0 (segment-loop p t u)) =
loop-class W z0 (segment-loop p t u)
proof —
have A-in: loop-class V 20 (segment-loop p t u) € fundamental-group-space V z0
by (rule loop-class-in-space| OF segV])
have j2 (loop-class V z0 (segment-loop p t u)) =
loop-class W z0 (loop-image id (segment-loop p t u))
proof (rule fundamental-group-map-eql)
show loop-class V z0 (segment-loop p t u) € fundamental-group-space V x0
by (rule A-in)
show segment-loop p t u € loop-space V x0
by (rule segV)
show loop-class V z0 (segment-loop p t u) =
loop-class V 20 (segment-loop p t u)
by simp
show continuous-on V id
by simp
show ide V - W
by auto
show id z0 = z0
by simp
qed
then show ?thesis
by (simp add: loop-image-def)
qged

lemma svk-partition-eval-partition-word:
assumes p-loop: p € loop-space W z0
and part: svk-partition p ts bs
shows svk-word-eval (partition-word p ts bs) =
loop-class W x0 (partition-loop p ts)
using part
proof (induction ts arbitrary: bs)
case Nil
then show ?case
by (simp add: fundamental-group-one-def)
next
case (Cons t ts)
from p-loop have p-path: path p and p-image: path-image p C W
unfolding loop-space-def by auto
show ?Zcase
proof (cases ts)
case ts-nil: Nil
then show ?thesis
proof (cases bs)
case bs-nil: Nil
have pw: partition-word p (t # ts) bs = WordNil
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using ts-nil bs-nil by simp
have pl: partition-loop p (t # ts) = (A-. z0)
using ts-nil by simp
have eval-nil0: svk-word-eval WordNil = oneW
by (rule decode.carrier-full-amalg-eval.simps(1))
have eval-nil: svk-word-eval WordNil = loop-class W 0 (A-. z0)
using eval-nil0 by (simp add: fundamental-group-one-def)
have svk-word-eval (partition-word p (t # ts) bs) = svk-word-eval WordNil
using pw by simp

also have ... = loop-class W 20 (A-. z0)
by (rule eval-nil)
also have ... = loop-class W z0 (partition-loop p (t # ts))

using pl by simp
finally show ?thesis

next
case bs-cons: (Cons b bs’)
then show ?thesis
using Cons.prems ts-nil by simp
qed
next
case (Cons u us)
then obtain b bs’ where bs: bs = b # bs’
using Cons.prems by (cases bs) auto
have tail: svk-partition p (u # us) bs’
using Cons.prems Cons bs by simp
have tail-ts: svk-partition p ts bs’
using Cons tail by simp
have tail-eval-ts:
svk-word-eval (partition-word p ts bs") =
loop-class W z0 (partition-loop p ts)
by (rule Cons.IH[OF tail-ts])
have tail-eval:
svk-word-eval (partition-word p (u # us) bs’) =
loop-class W z0 (partition-loop p (u # us))
using Cons tail-eval-ts by simp
have tail-loop: partition-loop p (u # us) € loop-space W 0
by (rule svk-partition-partition-loop-in-W[OF p-loop tail])
have t01: t € {0..1} and ptUV:pt e UNV
using Cons.prems Cons bs by simp-all
have w01: v € {0..1} and puUV: pue UNYV
using Cons.prems Cons bs svk-partition-next-in-intersection[of p t u us b bs’]
by simp-all
have seg-side:
(if b then subpathin t wp “{0..1} C U else subpathin t up ‘{0..1} C V)
using Cons.prems Cons bs by simp
have segW:
segment-loop p t u € loop-space W z0
proof (rule segment-loop-in-W[OF p-path p-image t01 u01 ptUV puUV])

165



have sub-imgW: path-image (subpathin t u p) C W
using p-image path-image-subpathin-subset|OF t01 u01, of p] by blast
show subpathin t up ‘{0..1} C W
using sub-imgW by (simp add: path-image-def)
qed
have segW-in: loop-class W z0 (segment-loop p t u) € fundamental-group-space
W z0
by (rule loop-class-in-space[ OF segW])
have tail-in: loop-class W z0 (partition-loop p (u # us)) € fundamen-
tal-group-space W x0
by (rule loop-class-in-space] OF tail-loop))
have mult-eq:
multW (loop-class W x0 (segment-loop p t u))
(loop-class W 0 (partition-loop p (u # us))) =
loop-class W z0 (segment-loop p t u +++ partition-loop p (u # us))
by (rule fundamental-group-mult-eqI[OF segW-in tail-in segW tail-loop])
simp-all
show ?thesis
proof (cases b)
case True
have seqU: segment-loop p t u € loop-space U x0
by (rule segment-loop-in-U[OF p-path p-image t01 u01 ptUV puUV]) (use
seg-side True in simp)
have jI-eq:
j1 (loop-class U z0 (segment-loop p t u)) =
loop-class W z0 (segment-loop p t u)
by (rule j1-segment-loop-eqOF seqU])
show ?thesis
proof —
have svk-word-eval (partition-word p (t # ts) (True # bs’)) =
multW (j1 (loop-class U z0 (segment-loop p t u)))
(svk-word-eval (partition-word p (u # us) bs’))
using Cons by simp
also have ... =
multW (loop-class W x0 (segment-loop p t u))
(loop-class W z0 (partition-loop p (u # us)))
using jI-eq tail-eval by simp
also have ... =
loop-class W x0 (segment-loop p t u +++ partition-loop p (u # us))
by (rule mult-eq)
also have ... = loop-class W z0 (partition-loop p (t # ts))
using Cons by simp
finally have branch-true:
svk-word-eval (partition-word p (t # ts) (True # bs’)) =
loop-class W x0 (partition-loop p (t # ts)) .
have bs-true: bs = True # bs'
using bs True by simp
show ?thesis
unfolding bs-true using branch-true .
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qed
next
case Fulse
have segV': segment-loop p t u € loop-space V x0
by (rule segment-loop-in-V[OF p-path p-image t01 w01 ptUV puUV]) (use
seg-side False in simp)
have j2-eq:
72 (loop-class V x0 (segment-loop p t u)) =
loop-class W z0 (segment-loop p t u)
by (rule j2-segment-loop-eq[OF segV])
show ?thesis
proof —
have svk-word-eval (partition-word p (t # ts) (False # bs’)) =
multW (j2 (loop-class V 20 (segment-loop p t u)))
(svk-word-eval (partition-word p (u # us) bs’))
using Cons by simp
also have ... =
multW (loop-class W x0 (segment-loop p t u))
(loop-class W z0 (partition-loop p (u # us)))
using j2-eq tail-eval by simp
also have ... =
loop-class W x0 (segment-loop p t u +++ partition-loop p (u # us))
by (rule mult-eq)
also have ... = loop-class W x0 (partition-loop p (t # ts))
using Cons by simp
finally have branch-false:
svk-word-eval (partition-word p (t # ts) (False # bs')) =
loop-class W x0 (partition-loop p (t # ts)) .
have bs-false: bs = False # bs’
using bs Fualse by simp
show ?thesis
unfolding bs-false using branch-false .
qed
qed
qed
qed

lemma valid-partition-eval-partition-word:
assumes p-loop: p € loop-space W x0
and part: valid-partition p ts bs
shows svk-word-eval (partition-word p ts bs) =
loop-class W z0 (partition-loop p ts)
proof —
have svk-part: svk-partition p ts bs
using part unfolding valid-partition-def by auto
show ?thesis
by (rule svk-partition-eval-partition-word[OF p-loop svk-part])
qed

167



lemma valid-partition-decode-partition-word:
assumes p-loop: p € loop-space W x0
and part: valid-partition p ts bs
shows svk-decode (partition-word p ts bs) =
loop-class W z0 (partition-loop p ts)
proof —
have in-space: fpw-in-space G1 G2 (partition-word p ts bs)
by (rule valid-partition-partition-word-in-space[ OF p-loop part))
show ?thesis
using valid-partition-eval-partition-word[ OF p-loop part]
by (simp add: svk-decode-eg-eval| OF in-space])
qed

lemma pair-interval-member:
fixes = y :: real X real and z1 z2 yI y2 u v :: real
assumes z: ¢ = (21, 22)
and y: y = (y1, y2)
and mizl: u *g x1 + v xg yl € {0..1}
and miz2: u xp 22 + v *g y2 € {0..1}
shows u g z + v*g y € {0..1} x {0..1}
proof —
have pair-form:
U *XR T + V*Rp Yy =
(uxp ol + v g yl, u xg 22 + v *xg y2)
using z y by simp
have pair-in-Q:
(u*r o1 +vxg yl, u*p 22 + v*r y2) € {0..1} x {0..1}
using miz! miz2 by auto
from pair-in-Q) show ?thesis
by (subst pair-form) simp
qed

lemma affine-closed-segment-member:
fixes a b u :: real
assumes u0I: u € {0..1}
shows (b — a) * u + a € closed-segment a b
proof —
have (b — a) * u + a = linepath a b u
by (simp add: linepath-def algebra-simps)
moreover have linepath a b u € closed-segment a b
using u0! by (rule linepath-in-path)
ultimately show “thesis
by simp
qed

lemma affine-subinterval-member:
fixes a b u :: real
assumes ab: a < b
and uw01: v € {0..1}
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shows (b — a) * u + a € {a..b}
proof —
have (b — a) * u + a € closed-segment a b
by (rule affine-closed-segment-member|OF u01])
also have closed-segment a b = {a..b}
by (rule closed-segment-eq-real-ivll [OF ab])
finally show ?thesis .
qed

lemma affine-unit-interval-member:
fixes a b u :: real
assumes a0l: a € {0..1}
and b01: b € {0..1}
and ab: a < b
and w01: u € {0..1}
shows (b — a) x u + a € {0..1}
proof —
have (b — a) * u + a € {a..b}
by (rule affine-subinterval-member|OF ab u01])
moreover have {a..b} C {0..1}
using a01 b01 ab by auto
ultimately show %thesis
by blast
qed

lemma square-edge-homotopic:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set S) h
shows homotopic-paths S
(At b (t, 0)) +++ (At h (1, 1))
(At h (0, 1)) ++4 (At b (t, 1)))
proof —
let ?g = linepath (0::real, 0::real) (1, 0) +++ linepath (1, 0) (1, 1)
let 2k = linepath (0::real, 0::real) (0, 1) +++ linepath (0, 1) (1, 1)
have hk:
homotopic-paths ({0..1} x {0..1}) %g %
proof (rule homotopic-paths-linear)
show path ?g path 2k
by simp-all
show pathstart 2k = pathstart ?qg pathfinish 2k = pathfinish %g
by simp-all
show closed-segment (?g t) (?kt) C {0..1} x {0..1} if t € {0..1} for ¢
proof (rule closed-segment-subset)
show ?g¢t € {0..1} x {0..1} %kt € {0..1} x {0..1}
using that by (auto simp: joinpaths-def linepath-def)
show convex (({0::real..1}) x ({0:real..1}))
by (intro convex-Times) auto
qed
qed
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from h-cont have h-on: continuous-on ({0..1} x {0..1}) h
and h-into: h € ({0..1} x {0..1}) = S
by simp-all
have img:
homotopic-paths S (h o 2g) (h o %k)
by (rule homotopic-paths-continuous-image| OF hk h-on h-intol)
have g-eq: h o 29 = ((At. b (¢, 0)) +++ (AL. h (1, t)))
by (rule ext) (simp add: joinpaths-def linepath-def)
have k-eq: h o ?k = ((At. h (0, t)) +++ (At. h (t, 1)))
by (rule ext) (simp add: joinpaths-def linepath-def)
show ?thesis
using img unfolding g-eq k-eq .
qed

lemma rectangle-edge-homotopic:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set S) h
and a01: a € {0..1} and b01: b € {0..1}
and c0I: c € {0..1} and d01: d € {0..1}
and ab: a < band cd: ¢ < d
shows homotopic-paths S
(subpathin a b (At. h (¢, ¢)) +++ (At. h (b, (d — ¢) x t + ¢)))
((Mt. b (a, (d = ¢) x t + c)) +++ subpathin a b (At. h (¢, d)))
proof —
let 7Q = {0..1} x {0..1}
let ?r = Az:ireal x real. (b — a) x fst 2 + a, (d — ¢) x snd z + ¢)
have r-on: continuous-on ?Q ?r
by (intro continuous-intros)
have r-into: ?r € 2Q — ?0Q
proof
fix z i real x real
assume z-in: z € ?Q
then have z1: fst z € {0..1} and 22: snd z € {0..1}
by auto
have z-in: (b — a) * fst 2z + a € {0..1}
by (rule affine-unit-interval-member|OF a01 b01 ab z1])
have y-in: (d — ¢) * snd z + ¢ € {0..1}
by (rule affine-unit-interval-member|OF c¢01 d01 cd 22])
show ?r z € 2Q)
using z-in y-in by simp
qed
from h-cont have h-on: continuous-on ?Q) h and h-into: h € 2QQ — S
by simp-all
have hr-on: continuous-on ¢Q (h o r)
proof —
have continuous-on 7Q (Az. h (?r x))
proof (rule continuous-on-compose2[OF h-on))
show continuous-on ?Q 7r
by (rule r-on)
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show ?2r < 2Q) C ?2Q
using r-into by auto
qed
then show ?thesis
by (simp add: comp-def)
qed
have hr-into: (ho %r) € 2Q — S
proof
fix z i real x real
assume z-in: z € 7@
obtain z y where 2: z = (z, y)
by (cases z)
have 201: z € {0..1} and y01: y € {0..1}
using z-in z by auto
have rz-in: (b — a) x z + a € {0..1}
by (rule affine-unit-interval-member|OF a01 b01 ab z01))
have ry-in: (d — ¢) x y + c € {0..1}
by (rule affine-unit-interval-member|OF c¢01 d01 cd y01])
have rz-in: ?r z € 2Q
using z rz-in ry-in by simp
have hz-in: h (9r z) € S
using h-into rz-in by auto
show (ho 9r) z € S
using hz-in by (simp add: comp-def)
qed
have hr-cont: continuous-map (top-of-set Q) (top-of-set S) (h o 2r)
using hr-on hr-into by simp
have base:
homotopic-paths S
(M. (ho ?r) (t, 0)) +++ (At. (ho 2r) (1, 1))
((At. (ho ?2r)(0,t) +++ (At. (ho ?r) (t, 1)))
by (rule square-edge-homotopic|OF hr-cont))
have left-eq:
((At. (ho 2r) (¢, 0)) +++ (At. (R o ?r) (1,1))) =
(subpathin a b (At. h (t, ¢)) +++ (At. b (b, (d — ¢) x t + ¢)))
by (rule ext) (simp add: subpathin-def joinpaths-def)
have right-eq:
((Mt. (ho 2r) (0, t)) +++ (M. (ho ?r) (8, 1)) =
((Mt. b (a, (d = ¢) x t + c)) +++ subpathin a b (At. h (t, d)))
by (rule ext) (simp add: subpathin-def joinpaths-def)
show ?thesis
proof (subst left-eq[symmetric], subst right-eq[symmetric))
show homotopic-paths S
(((At. (ho ?r) (t, 0)) +++ (At. (h o ?r) (1, 1))))
((Mt. (ho 2r) (0, 1) +++ (At. (ho 2r) (¢, 1))))
by (rule base)
qed
qed
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lemma rectangle-edge-homotopic-in-set:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and a01: a € {0..1} and b01: b € {0..1}
and c01: c € {0..1} and d01: d € {0..1}
and ab: a < band cd: ¢ < d
and rectS: h ‘ ({a..b} x {c..d}) C S
shows homotopic-paths S
(subpathin a b (At. h (t, ¢)) +++ (At. b (b, (d — ¢) * t + ¢)))
((At. b (a, (d — ¢) x t + ¢)) +++ subpathin a b (At. h (¢, d)))
proof —
let 7Q ={0..1} x {0..1}
let R = {a..b} x {c..d}
let ?r = Azureal X real. (b — a) * fst 2z + a, (d — ¢) * snd z + ¢)
have r-on: continuous-on 2Q ?r
by (intro continuous-intros)
have r-into: ?r € 2Q — ?Q
proof
fix z i real x real
assume z-in: z € ?Q
then have z1: fst z € {0..1} and 22: snd z € {0..1}
by auto
have z-in: (b — a) * fst z + a € {0..1}
by (rule affine-unit-interval-member|OF a01 b01 ab z1])
have y-in: (d — ¢) * snd z + ¢ € {0..1}
by (rule affine-unit-interval-member|OF c¢01 d01 cd z2])
show 2r z € 2Q)
using z-in y-in by simp
qed
have r-rect: ?r < 2Q) C ?R
proof
fix z
assume z € ?r ‘ 7(Q)
then obtain z where z-in: z € ?Q and z-eq: x = ?r 2
by blast
have z1: (b — a) % fst z + a € {a..b}
by (rule affine-subinterval-member[OF ab]) (use z-in in auto)
have z2: (d — ¢) * snd z + ¢ € {c..d}
by (rule affine-subinterval-member|OF cd]) (use z-in in auto)
show z € 7R
using z1 z2 z-eq by simp
qed
from h-cont have h-on: continuous-on ?Q h
and h-intoW: h € 20 - W
by simp-all
have hr-on: continuous-on ?Q (h o ?r)
proof —
have continuous-on ?Q (Az. h (9r z))

172



proof (rule continuous-on-compose2[OF h-on))
show continuous-on ?@Q ?r
by (rule r-on)
show 7r < 2QQ C 2Q)
using 7-into by auto
qed
then show ?thesis
by (simp add: comp-def)
qed
have hr-into: (ho 7r) € 2Q — S
proof
fix z :: real X real
assume z-in: z € 2@
then have rz-in: %r z € 7R
proof —
have r z € 2r ¢ 7Q)
using z-in by blast
then show ?thesis
using r-rect by blast
qed
show (ho ?r) z € S
using rectS rz-in by auto
qed
have hr-cont: continuous-map (top-of-set ?Q)) (top-of-set S) (h o ?r)
using hr-on hr-into by simp
have base:
homotopic-paths S
((At. (ho ?r)(t, 0)) +++ (At. (ho ?r) (1, 1))
(M. (ho ?2r) (0,t) +++ (At. (ho 2r) (¢, 1)))
by (rule square-edge-homotopic[OF hr-cont])
have left-eq:
((At. (ho 2r) (¢, 0)) +++ (At. (ho ?r) (1,1))) =
(subpathin a b (At. h (¢, ¢)) +++ (At. h (b, (d — ¢) * t + ¢)))
by (rule ext) (simp add: subpathin-def joinpaths-def)
have right-eq:
((At. (ho 2r) (0, 1)) +++ (At. (ho ?r) (¢, 1)) =
((At. b (a, (d — ¢) x t + ¢)) +++ subpathin a b (At. h (t, d)))
by (rule ext) (simp add: subpathin-def joinpaths-def)
show ?thesis
using base unfolding left-eq right-eq .
qed

definition vertical-strip-path ::

((real x real) = 'a) = real = real = real = real = 'a
where

vertical-strip-path h t ¢ d = (Au. h (t, (d — ¢) * u + ¢))

definition bridge-loop ::
((real x real) = 'a) = real = real = real = real = 'a
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where
bridge-loop h t ¢ d =
(connector (h (t, ¢)) +++ wvertical-strip-path h t ¢ d) +++
reversepath (connector (h (t, d)))

lemma bridge-loop-eq-segment-loop [simp]:
bridge-loop h t ¢ d = segment-loop (vertical-strip-path h t ¢ d) 0 1
unfolding bridge-loop-def vertical-strip-path-def segment-loop-def subpathin-def
by (rule ext) simp

lemma vertical-strip-path-image-subset:
assumes cd: ¢ < d
shows wvertical-strip-path h t ¢ d “{0..1} C h * ({t} x {c..d})
proof
fix z
assume z-in: © € vertical-strip-path ht ¢ d “{0..1}
then obtain v where u01: u € {0..1} and z-eq: © = vertical-strip-path h t ¢ d
u
by blast
have yc: (d — ¢) * u + ¢ € {c..d}
by (rule affine-subinterval-member[OF cd u01])
show z € h ‘ ({t} x {c..d})
using yc z-eq unfolding vertical-strip-path-def by auto
qed

lemma rectangle-segment-loop-bridge-homotopic:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and a01: a € {0..1} and b01: b € {0..1}
and c01: ¢ € {0..1} and d01: d € {0..1}
and ab: a < band cd: ¢ < d
and rectS: h ‘ ({a..b} x {c..d}) C S
and leftUV: h ‘ ({a} X {c.d}) CUNV
and rightUV: h * ({b} x {c.d})) CUNV
and UVS: UnNnVCS
shows homotopic-paths S
(segment-loop (At. b (t, ¢)) a b +++ bridge-loop h b c d)
(bridge-loop h a ¢ d +++ segment-loop (A\t. b (t, d)) a b)
proof —
let ?pc = At. h (¢, ¢)
let ?pd = At. h (t, d)
let ?la = vertical-strip-path h a ¢ d
let ?lb = wvertical-strip-path h b ¢ d
let %ac = connector (h (a, c))
let ?ad = connector (h (a, d))
let ?bc = connector (h (b, c))
let 2bd = connector (h (b, d))
let ?bot = subpathin a b ?pc
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let ?top = subpathin a b ?pd

have h-on: continuous-on ({0..1} x {0..1}) h
and h-intoW: h € ({0..1} x {0..1}) - W
using h-cont by simp-all

have z0S: z0 € S
using z0-in-UV UVS by blast

have acUV: h (a,c) e UNV
using leftUV cd by auto
have adUV: h (a,d) e UNV
using leftUV cd by auto
have bcUV: h (b, c) e UNV
using rightUV cd by auto
have bdUV: h (b,d) e UNV
using rightUV cd by auto

have pc-path: path ?pc
proof —
have continuous-on {0..1} %pc
proof (rule continuous-on-compose2[OF h-on))
show continuous-on {0..1} (At. (t, c))
by (intro continuous-intros)
show (\t. (¢, ¢)) “{0..1} C {0..1} x {0..1}
using c0! by auto
qed
then show “thesis
by (simp add: path-def)
qed
have pd-path: path ?pd
proof —
have continuous-on {0..1} ?pd
proof (rule continuous-on-compose2[OF h-on))
show continuous-on {0..1} (At. (¢, d))
by (intro continuous-intros)
show (\t. (¢, d)) “{0..1} C{0..1} x {0..1}
using d01 by auto
qged
then show “thesis
by (simp add: path-def)
qed
have la-path: path ?la
proof —
have continuous-on {0..1} ?la
proof —
have continuous-on {0..1} (Au. h (a, (d — ¢) * u + ¢))
proof (rule continuous-on-compose2[OF h-on])
show continuous-on {0..1} (Au. (a, (d — ¢) * u + ¢))
by (intro continuous-intros)
show (Au. (a, (d — ¢) xu + ¢)) “{0..1} C{0..1} x {0..1}
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proof
fix z
assume z € (Au. (a, (d — ¢) * u + ¢)) ‘{0..1}
then obtain « where u01: v € {0..1} and z-eq: z = (a, (d — ¢) * u +

¢)
by blast
have y-in: (d — ¢) x u+ c € {0..1}
by (rule affine-unit-interval-member|OF c01 d01 cd u01])
show z € {0..1} x {0..1}
using a01 y-in z-eq by auto
ged
qed
then show ?thesis
by (simp add: vertical-strip-path-def)
qed
then show ?thesis
by (simp add: vertical-strip-path-def path-def)
qed
have [b-path: path ?Ib
proof —
have continuous-on {0..1} ?lb
proof —
have continuous-on {0..1} (Au. h (b, (d — ¢) * u + ¢))
proof (rule continuous-on-compose2[OF h-on])
show continuous-on {0..1} (Au. (b, (d — ¢) x u + ¢))
by (intro continuous-intros)
show (Au. (b, (d — ¢) x u+ ¢)) ‘{0..1} € {0..1} x {0..1}
proof
fix z
assume z € (Au. (b, (d — ¢) x u+ ¢)) “{0..1}
then obtain u where u01: v € {0..1} and 2-eq: z = (b, (d — ¢) * u +
c)

by blast
have y-in: (d — ¢) x u+ c € {0..1}
by (rule affine-unit-interval-member|OF ¢01 d01 cd u01])
show z € {0..1} x {0..1}
using 001 y-in z-eq by auto
qed
qed
then show ?thesis
by (simp add: vertical-strip-path-def)
qed
then show ?thesis
by (simp add: vertical-strip-path-def path-def)
qed

have pc-imgW: path-image ?pc C W

using h-intoW ¢01 by (auto simp: path-image-def)
have pd-imgW: path-image ?pd C W
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using h-intoW d01 by (auto simp: path-image-def)
have bot-imgS: ?bot {0..1} C S
using rectS ab cd by (auto simp: subpathin-image-eq)
have top-imgS: ?top ‘{0..1} C S
using rectS ab c¢d by (auto simp: subpathin-image-eq)
have la-imgS: path-image ?la C S
proof —
have vs-subset: vertical-strip-path h a ¢ d *{0..1} C h * ({a} x {c..d})
by (rule vertical-strip-path-image-subset| OF cd])
have path-image ?la C U NV
using vs-subset leftUV by (auto simp: path-image-def)
then show ?thesis
using UVS by blast
qed
have [b-imgS: path-image ?l1b C S
proof —
have vs-subset: vertical-strip-path h b ¢ d “{0..1} C h “ ({b} x {c..d})
by (rule vertical-strip-path-image-subset| OF cd])
have path-image 2Ib C U NV
using vs-subset rightUV by (auto simp: path-image-def)
then show ?thesis
using UVS by blast
qed
have la-imgUV: path-image ?la C U NV
proof —
have vs-subset: vertical-strip-path h a ¢ d *{0..1} C h * ({a} x {c..d})
by (rule vertical-strip-path-image-subset| OF cd])
show ?thesis
using vs-subset leftUV by (auto simp: path-image-def)
qed
have [b-imgUV': path-image ?1b C U NV
proof —
have vs-subset: vertical-strip-path h b ¢ d “{0..1} C h “ ({b} x {c..d})
by (rule vertical-strip-path-image-subset| OF cd])
show ?thesis
using vs-subset rightUV by (auto simp: path-image-def)
qged

have ac-path: path ?ac and ac-imgS: path-image ?ac C S

using connector-path|OF acUV] connector-image-subset|OF acUV] UVS by

blast+
have ad-path: path ?ad and ad-imgS: path-image %ad C S

using connector-path[OF adUV] connector-image-subset| OF adUV] UVS by

blast+
have bc-path: path ?bc and be-imgS: path-image ?bc C S

using connector-path|OF bcUV] connector-image-subset|OF bcUV] UVS by

blast+
have bd-path: path ?bd and bd-imgS: path-image ?bd C S

using connector-path|OF bdUV| connector-image-subset|OF bdUV]| UVS by
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blast+

have segc-loop: segment-loop ?pc a b € loop-space S x0
proof (rule segment-loop-in-set[where S = S])
show path ?pc
by (rule pc-path)
show path-image ?pc C W
by (rule pc-imgW)
show a € {0..1} b e {0..1}
by (rule a01, rule b01)
show pca e UN Vé%cbe UNYV
using acUV bcUV by simp-all
show path-image (connector (?pc a)) C S
using connector-image-subset| OF acUV] UVS by blast
show path-image (connector (?pc b)) C S
using connector-image-subset| OF beUV] UVS by blast
show ?bot * {0..1} C S
by (rule bot-imgsS)
show z0 € S
by (rule z0S)
qged
have segd-loop: segment-loop ?pd a b € loop-space S x0
proof (rule segment-loop-in-set[where S = S])
show path ?pd
by (rule pd-path)
show path-image ?pd C W
by (rule pd-imgW)
show a € {0..1} b e {0..1}
by (rule a01, rule b01)
show ?pda c UNV %dbec UNV
using adUV bdUV by simp-all
show path-image (connector (?pd a)) C S
using connector-image-subset| OF adUV] UVS by blast
show path-image (connector (?pd b)) C S
using connector-image-subset| OF bdUV] UVS by blast
show %top “{0..1} C S
by (rule top-imgS)
show z0 € S
by (rule z0S)
qed
have bridge-a-loop: bridge-loop h a ¢ d € loop-space S z0
unfolding bridge-loop-eq-segment-loop
proof (rule segment-loop-in-set[where S = S])
show path ?la
by (rule la-path)
show path-image ?la C W
using la-imgUV by blast
show (0::real) € {0..1}
by simp
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show (1::real) € {0..1}
by simp
show ?la 0 e UNV 2%al e UNYV
using acUV adUV by (simp-all add: vertical-strip-path-def)
show path-image (connector (?la 0)) C S
using connector-image-subset| OF acUV]| UVS by (simp add: verti-
cal-strip-path-def; blast)
show path-image (connector (?la 1)) C S
using connector-image-subset|OF adUV] UVS by (simp add: verti-
cal-strip-path-def; blast)
have edge-S: h ‘ ({a} x {c..d}) C S
by (rule order-trans[OF leftUV UVS])
have la-imgS’: vertical-strip-path h a ¢ d “{0..1} C S
by (rule order-trans[OF wvertical-strip-path-image-subset| OF c¢d] edge-S))
have la-eq: ?la = vertical-strip-path h a ¢ d
by simp
show subpathin 0 1 ?la “{0..1} C S
using la-imgS’ by simp
show z0 € S
by (rule z0S)
qged
have bridge-b-loop: bridge-loop h b ¢ d € loop-space S x0
unfolding bridge-loop-eq-segment-loop
proof (rule segment-loop-in-set[where S = )
show path ?lb
by (rule lb-path)
show path-image ?1b C W
using lb-imgUV by blast
show (0::real) € {0..1}
by simp
show (I::real) € {0..1}
by simp
show ?2lb0 e UNV?2b1eUNYV
using bcUV bdUV by (simp-all add: vertical-strip-path-def)
show path-image (connector (?lb 0)) C S
using connector-image-subset[OF bcUV] UVS by (simp add: verti-
cal-strip-path-def; blast)
show path-image (connector (?lb 1)) C S
using connector-image-subset| OF bdUV] UVS by (simp add: verti-
cal-strip-path-def; blast)
have edge-S: h ‘ ({b} x {c..d}) C S
by (rule order-trans[OF rightUV UVS])
have [b-imgS": vertical-strip-path h b ¢ d *{0..1} C §
by (rule order-trans[OF vertical-strip-path-image-subset| OF c¢d] edge-S))
have [b-eq: ?lb = vertical-strip-path h b ¢ d
by simp
show subpathin 0 1 ?Ib “{0..1} C S
using lb-imgS’ by simp
show z0 € S
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by (rule z0S)
qed

have segc-path: path (segment-loop ?pc a b) and segc-imgS: path-image
(segment-loop ?pc a b) C S
using segc-loop unfolding loop-space-def by auto
have segd-path: path (segment-loop ?pd a b) and segd-imgS: path-image
(segment-loop ?pd a b) C S
using segd-loop unfolding loop-space-def by auto
have bridge-a-path: path (bridge-loop h a ¢ d) and bridge-a-imgS: path-image
(bridge-loop h a ¢ d) C S
using bridge-a-loop unfolding loop-space-def by auto
have bridge-b-path: path (bridge-loop h b ¢ d) and bridge-b-imgS: path-image
(bridge-loop h b ¢ d) C S
using bridge-b-loop unfolding loop-space-def by auto
have segc-finish: pathfinish (segment-loop ?pc a b) = z0
using segc-loop unfolding loop-space-def by auto
have bridge-b-start: pathstart (bridge-loop h b ¢ d) = z0
using bridge-b-loop unfolding loop-space-def by auto
have bc-start: pathstart ?bc = z0
using connector-start|OF bcUV] by simp
have be-finish: pathfinish 2bc = h (b, c)
using connector-finish|OF bcUV] by simp

have edge-hom:
homotopic-paths S (?bot +++ ?2Ib) (?la +++ ?top)
unfolding vertical-strip-path-def
by (rule rectangle-edge-homotopic-in-set[ OF h-cont a01 b01 c01 d01 ab cd rectS))

have [b-finish: pathfinish ?l1b = h (b, d)
using c¢d by (simp add: vertical-strip-path-def pathfinish-def)
have [b-start: pathstart ?lb = h (b, c)
by (simp add: vertical-strip-path-def pathstart-def)
have rev-bd-path: path (reversepath ?bd)
using bd-path by simp
have rev-bd-imgS: path-image (reversepath ?bd) C S
using bd-imgS by simp
have rev-bd-start: pathstart (reversepath ?bd) = h (b, d)
using connector-finish[OF bdUV] by simp
have s-b-path: path (?lb +++ reversepath ?bd)
using lb-path bd-path lb-finish rev-bd-start by simp
have s-b-imgS: path-image (?lb +++ reversepath ?bd) C S
by (rule subset-path-image-join| OF lb-imgS]) (use bd-imgS in simp)
have ac-finish: pathfinish ?ac = h (a, c)
using connector-finish|OF acUV| by simp
have bot-start: pathstart ?bot = h (a, c)
by (simp add: pathstart-def subpathin-def)
have pc-pathin: pathin (top-of-set W) ?pc
by (rule path-top-of-setI[OF pc-path pe-imgW])
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have bot-path: path ?bot
proof —
have pathin (top-of-set W) %bot
by (rule pathin-subpathin|OF pc-pathin]) (use a01 b01 in auto)
then show ?thesis
by (simp add: pathin-canon-iff)
qed
have r-b-path: path (?ac +++ %bot)
using ac-path bot-path ac-finish bot-start by simp
have bot-finish: pathfinish ?bot = h (b, c)
by (simp add: pathfinish-def subpathin-def)
have r-b-finish: pathfinish (?ac +++ ?bot) = h (b, c)
using r-b-path bot-finish by simp
have bot-path-imgS: path-image ?bot C S
using bot-imgS by (simp add: path-image-def)
have pd-pathin: pathin (top-of-set W) ?pd
by (rule path-top-of-setl[OF pd-path pd-imgW])
have r-b-imgS: path-image (2ac +++ ?bot) C S
proof (rule subset-path-image-join[OF ac-imgS])
show path-image ?bot C S
using bot-imgS by (simp add: path-image-def)
qed
have assoc-bridge-b:
homotopic-paths S (bridge-loop h b ¢ d) (?bc +++ (2lb +++ reversepath 7bd))
proof —
have bc-lb: pathfinish ?bc = pathstart 21b
using bc-finish lb-start by simp
have [b-bd: pathfinish ?lb = pathstart (reversepath 2bd)
using [b-finish rev-bd-start by simp
have rev-bd-path: path (reversepath ?bd)
using bd-path by simp
have rev-bd-imgS: path-image (reversepath 2bd) C S
using bd-imgS by simp
have homotopic-paths S (?bc +++ (2lb +++ reversepath ?bd)) (((?bc +++
2lb) +++ reversepath ?bd))
by (rule homotopic-paths-assoc| OF be-path be-imgS b-path 1b-imgS rev-bd-path
rev-bd-imgS be-1b 1b-bd))
then show ?thesis
unfolding bridge-loop-def by (rule homotopic-paths-sym)
qed
have s-b-start: pathstart (?lb +++ reversepath ?bd) = h (b, ¢)
using [b-start by simp
have [hs-step!:
homotopic-paths S
(segment-loop ?pc a b +++ bridge-loop h b ¢ d)
(segment-loop ?pc a b +++ (2bc +++ (?lb +++ reversepath 7bd)))
by (rule homotopic-paths-join-left| OF assoc-bridge-b segc-path segc-imgS)) (use
segc-finish bridge-b-start in simp)
have lhs-step2:
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homotopic-paths S
(segment-loop ?pc a b +++ (2bc +++ (2lb +++ reversepath 2bd)))
(((segment-loop ?pc a b +++ 2bc) +++ (?lb +++ reversepath 2bd)))
by (rule homotopic-paths-assoc| OF segc-path segc-imgS be-path be-imgS s-b-path
s-b-imgS))
(use sege-finish be-start be-finish s-b-start in simp-all)
have segc-be-path: path (segment-loop ?pc a b +++ %bc)
using segc-path be-path sege-finish be-start by simp
have segc-be-imgS: path-image (segment-loop ?pc a b +++ 2bc) C S
by (rule subset-path-image-join| OF segc-imgS]) (use bc-imgS in simp)
have lhs-step3:
homotopic-paths S
(((segment-loop ?pc a b +++ 2bc) +++ (%lb +++ reversepath 2bd)))
((((Pac +4++ ?bot) +++ reversepath ?bc) +++ ?2bc) +++ (2lb +++ re-
versepath ?bd))
proof (rule homotopic-paths-eq|OF - -])
show path (((segment-loop ?pc a b +++ ?bc) +++ (2lb +++ reversepath 2bd)))
using segc-bc-path s-b-path be-finish s-b-start by simp
show path-image (((segment-loop ?pc a b +++ ?bc) +++ (?lb +++ reversepath
?bd))) C S
by (rule subset-path-image-join|OF segc-be-imgS]) (use s-b-imgS in simp)
show ((segment-loop ?pc a b +++ 2bc) +++ (2lb +++ reversepath ?bd)) t =
((((2ac +4++ %bot) +++ reversepath ?bc) +++ ?bc) +++ (21b +++
reversepath 2bd)) t
if t € {0..1} for ¢t
using that by (simp add: segment-loop-def)
qed
have lhs-stepj:
homotopic-paths S
((((Pac +4++ ?bot) +++ reversepath ?bc) +++ ?2bc) +++ (2lb +++ re-
versepath 2bd))
((Pac +++ 2bot) +++ (2lb +++ reversepath 2bd))
by (rule homotopic-paths-cancel-middle-local|OF r-b-path r-b-imgS be-path
be-imgS s-b-path s-b-imgS))
(use r-b-finish be-finish s-b-start in simp-all)
have assoc-ac-bot-1b:
homotopic-paths S (((?ac +++ 2bot) +++ ?Ib)) (2ac +++ (?bot +++ ?Ib))
proof —
have homotopic-paths S (?ac +++ (2bot +++ 2Ib)) (((Yac +++ %bot) +++
?ib))
by (rule homotopic-paths-assoc[OF ac-path ac-imgS bot-path bot-path-imgS
Ib-path 1b-imgS])
(use ac-finish bot-start bot-finish lb-start in simp-all)
then show ?thesis
by (rule homotopic-paths-sym)
qed
have assoc-r-b-1b:
homotopic-paths S
((2ac +++ ?bot) +++ (?lb +++ reversepath ?bd))
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((((2ac +4++ 2bot) +++ 2Ib) +++ reversepath 2bd))
by (rule homotopic-paths-assoc[OF r-b-path r-b-imgS lb-path 1b-imgS rev-bd-path
rev-bd-imgS|)
(use r-b-finish lb-start Ib-finish rev-bd-start in simp-all)
have assoc-ac-bot-lb-join:
homotopic-paths S
((((2ac +4++ 2bot) +++ 2Ib) +++ reversepath ?bd))
((2ac +++ (2bot +++ 9Ib)) +++ reversepath ?bd)
by (rule homotopic-paths-join-right| OF assoc-ac-bot-lb rev-bd-path rev-bd-imgS))
(use lb-finish rev-bd-start in simp-all)
have lhs-step5:
homotopic-paths S
((fac +++ ?bot) +++ (2lb +++ reversepath ?bd))
((Pac +++ (2bot +++ ?2Ib)) +++ reversepath 7bd)
by (rule homotopic-paths-trans|OF assoc-r-b-lb assoc-ac-bot-lb-join))
have [hs-to-boundary:
homotopic-paths S
(segment-loop ?pc a b +++ bridge-loop h b ¢ d)
((2ac +++ (?bot +++ ?Ib)) +++ reversepath ?bd)
by (rule homotopic-paths-trans[OF lhs-step1])
(rule homotopic-paths-trans|OF lhs-step2],
rule homotopic-paths-trans|OF lhs-step3],
rule homotopic-paths-trans|OF lhs-step/ lhs-step5))

have top-path: path ?top
proof —
have pathin (top-of-set W) %top
by (rule pathin-subpathin|OF pd-pathin]) (use a01 b01 in auto)
then show ?thesis
by (simp add: pathin-canon-iff)
qed
have top-start: pathstart ?top = h (a, d)
by (simp add: pathstart-def subpathin-def)
have top-finish: pathfinish ?top = h (b, d)
by (simp add: pathfinish-def subpathin-def)
have top-path-imgS: path-image ?top C S
using top-imgS by (simp add: path-image-def)
have s-a-path: path (?top +++ reversepath 2bd)
using top-path bd-path top-finish rev-bd-start by simp
have s-a-imgS: path-image (?top +++ reversepath ?bd) C S
by (rule subset-path-image-join|OF top-path-imgS rev-bd-imgS])
have la-start: pathstart ?la = h (a, )
by (simp add: vertical-strip-path-def pathstart-def)
have la-finish: pathfinish ?la = h (a, d)
by (simp add: vertical-strip-path-def pathfinish-def)
have ad-start: pathstart ?ad = x0
using connector-start|OF adUV] by simp
have ad-finish: pathfinish ?ad = h (a, d)
using connector-finish|OF adUV] by simp
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have rev-ad-path: path (reversepath ?ad)
using ad-path by simp
have rev-ad-imgS: path-image (reversepath ?ad) C S
using ad-imgS by simp
have rev-ad-start: pathstart (reversepath ?ad) = h (a, d)
using connector-finish|OF adUV] by simp
have rev-ad-finish: pathfinish (reversepath ?ad) = z0
using ad-start by simp
have r-a-path: path (?ac +++ ?la)
using ac-path la-path ac-finish la-start by simp
have r-a-imgS: path-image (?ac +++ %la) C S
by (rule subset-path-image-join[OF ac-imgS la-imgS))
have r-a-rev-path: path ((?ac +++ ?la) +++ reversepath ?ad)
using r-a-path rev-ad-path la-finish rev-ad-start by simp
have r-a-rev-imgS: path-image ((?ac +++ ?la) +++ reversepath 2ad) C S
by (rule subset-path-image-join|OF r-a-imgS rev-ad-imgS])
have assoc-bridge-a:
homotopic-paths S (bridge-loop h a ¢ d) (?ac +++ (?la +++ reversepath ?ad))
proof —
have homotopic-paths S (?ac +++ (?la +++ reversepath %ad)) (((?ac +++
?la) +++ reversepath ?ad))
by (rule homotopic-paths-assoc|OF ac-path ac-imgS la-path la-imgS rev-ad-path
rev-ad-imgsS])
(use ac-finish la-start la-finish rev-ad-start in simp-all)
then show ?thesis
unfolding bridge-loop-def by (rule homotopic-paths-sym)
qed
have bridge-a-finish: pathfinish (bridge-loop h a ¢ d) = z0
using bridge-a-loop unfolding loop-space-def by auto
have segd-start: pathstart (segment-loop ?pd a b) = x0
using segd-loop unfolding loop-space-def by auto
have rhs-step!:
homotopic-paths S
(bridge-loop h a ¢ d +++ segment-loop ?pd a b)
((fac +++ (?la +++ reversepath ?ad)) +-++ segment-loop ?pd a b)
by (rule homotopic-paths-join-right| OF assoc-bridge-a segd-path segd-imgS))
(use bridge-a-finish segd-start in simp-all)
have rhs-step2:
homotopic-paths S
((2ac +++ (?la +++ reversepath ?ad)) +-++ segment-loop ?pd a b)
(((?ac +++ ?la) +++ reversepath ?ad) +++ segment-loop ?pd a b)
by (rule homotopic-paths-join-right|
OF homotopic-paths-assoc[OF ac-path ac-imgS la-path la-imgS rev-ad-path
rev-ad-imgS| segd-path segd-imgS))
(use ac-finish la-start la-finish rev-ad-start ad-start bridge-a-finish segd-start
in simp-all)
have rhs-step3:
homotopic-paths S
(((ac +++ ?la) +++ reversepath ?ad) +++ segment-loop ?pd a b)
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((((2ac +++ ?la) +++ reversepath ?ad) +++ %ad) +++ (?top +++ re-
versepath ?bd))
proof —
have segd-assoc:
homotopic-paths S (segment-loop ?pd a b) (?ad +++ (?top +++ reversepath
7bd))
proof —
have homotopic-paths S (?ad +++ (?top +-++ reversepath ?bd)) (segment-loop
?pd a b)
unfolding segment-loop-def
by (rule homotopic-paths-assoc|OF ad-path ad-imgS top-path top-path-imgS
rev-bd-path rev-bd-imgS))
(use ad-finish top-start top-finish rev-bd-start in simp-all)
then show ?thesis
by (rule homotopic-paths-sym)
qed
have step1:
homotopic-paths S
(((2ac +++ ?la) +++ reversepath ?ad) +-++ segment-loop ?pd a b)
(((2ac +++ ?la) +++ reversepath ?ad) +++ (%ad +++ (%top +++
reversepath 2bd)))
by (rule homotopic-paths-join-left|OF segd-assoc r-a-rev-path r-a-rev-imgsS|)
(use segd-start ad-start rev-ad-finish in simp-all)
have step2:
homotopic-paths S
(((2ac +++ ?la) +++ reversepath %ad) +++ (%ad +++ (%top +++
reversepath 2bd)))
((((2ac +++ ?la) +++ reversepath ?ad) +++ %ad) +++ (ftop +++
reversepath 7bd))
by (rule homotopic-paths-assoc|OF r-a-rev-path r-a-rev-imgS ad-path ad-imgS
s-a-path s-a-imgSY)
(use rev-ad-finish ad-start ad-finish top-start in simp-all)
show ?thesis
by (rule homotopic-paths-trans|OF stepl step2])
qed
have rhs-step:
homotopic-paths S
((((?ac +++ ?la) +++ reversepath ?ad) +++ %ad) +++ (?top +++ re-
versepath 2bd))
((2ac +++ ?la) +++ (2top +++ reversepath 2bd))
by (rule homotopic-paths-cancel-middle-local|OF r-a-path r-a-imgS ad-path
ad-imgS s-a-path s-a-imgS])
(use la-finish ad-finish top-start in simp-all)
have rhs-step5:
homotopic-paths S
((Pac +4++ ?la) +++ (2top +++ reversepath ?2bd))
((2ac +++ (?la +++ ?top)) +++ reversepath 2bd)
proof —
have step5a:
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homotopic-paths S
((2ac +4++ ?la) +++ (Ztop +++ reversepath 2bd))
(((2ac +++ ?la) +++ ?Ztop) +++ reversepath ?bd)
by (rule homotopic-paths-assoc[OF r-a-path r-a-imgS top-path top-path-imgS
rev-bd-path rev-bd-imgS])
(use la-finish top-start top-finish rev-bd-start in simp-all)
have inner:
homotopic-paths S
(((2ac +++ ?la) +++ “top))
(%ac +++ (?la +++ ?Ztop))
proof —
have homotopic-paths S
(?ac +++ (?la +++ ?top))
(((%ac +++ 2la) +++ %top))
by (rule homotopic-paths-assoc[OF ac-path ac-imgS la-path la-imgS top-path
top-path-imgS))
(use ac-finish la-start la-finish top-start in simp-all)
then show ?thesis
by (rule homotopic-paths-sym)
qed
have step5b:
homotopic-paths S
(((2ac +4++ ?la) +++ ?top) +++ reversepath 2bd)
((2ac +4++ (%la +++ ?top)) +++ reversepath ?bd)
by (rule homotopic-paths-join-right| OF inner rev-bd-path rev-bd-imgS])
(use top-finish rev-bd-start in simp-all)
show ?thesis
by (rule homotopic-paths-trans|OF stepba step5b))
qed
have boundary-to-rhs:
homotopic-paths S
((2ac +++ (%la +++ ?top)) +++ reversepath 2bd)
(bridge-loop h a ¢ d +++ segment-loop ?pd a b)
proof —
have homotopic-paths S (bridge-loop h a ¢ d +++ segment-loop ?pd a b)
((2ac +++ (?la +++ ?top)) +++ reversepath 2bd)
by (rule homotopic-paths-trans|OF rhs-step1])
(rule homotopic-paths-trans|OF rhs-step2],
rule homotopic-paths-trans[OF rhs-step3],
rule homotopic-paths-trans|OF rhs-step rhs-step5))
then show ?thesis
by (rule homotopic-paths-sym)
qed

have edge-boundary:
homotopic-paths S
((Pac +++ (2bot +++ ?2Ib)) +++ reversepath 2bd)
((2ac +++ (%la +++ ?top)) +++ reversepath ?bd)
proof —
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have pre:
homotopic-paths S (?ac +++ (?bot +++ ?Ib)) (%ac +++ (?la +++ ?Ztop))
by (rule homotopic-paths-join-left|OF edge-hom ac-path ac-imgS]) (use
ac-finish bot-start la-start in simp-all)
show ?thesis
proof (rule homotopic-paths-join-right[OF pre rev-bd-path rev-bd-imgS])
show pathfinish (2ac +++ (%bot +++ ?2Ib)) = pathstart (reversepath ?bd)
using Ilb-finish rev-bd-start by simp
qed
qged

show ?thesis
by (rule homotopic-paths-trans[OF' lhs-to-boundary))
(rule homotopic-paths-trans|OF edge-boundary boundary-to-rhs))
qed

lemma horizontal-rectangle-segment-loop-in-set:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and a0I: a € {0..1} and b01: b € {0..1} and c01: c € {0..1}
and ab: a < b
and segS: h ‘ ({a..b} x {c}) C S
and acUV:h (a,c) e UNV
and bcUV:h (b,c) e UNV
and UVS: UNnV CS
shows segment-loop (At. h (t, ¢)) a b € loop-space S z0
proof —
have h-on: continuous-on ({0..1} x {0..1}) h
and h-intoW: h € ({0..1} x {0..1}) - W
using h-cont by simp-all
have pc-path: path (At. h (i, ¢))
proof —
have continuous-on {0..1} (At. h (t, c))
proof (rule continuous-on-compose2[OF h-on))
show continuous-on {0..1} (At. (t, ¢))
by (intro continuous-intros)
show (At. (t, ¢)) ‘{0..1} C{0..1} x {0..1}
using c01 by auto
qed
then show ?thesis
by (simp add: path-def)
qed
have pc-imgW: path-image (At. h (t, ¢)) C W
using h-intoW ¢01 by (auto simp: path-image-def)
have seg-imgS: subpathin a b (At. h (¢, ¢)) “{0..1} C S
using segS ab by (auto simp: subpathin-image-eq)
have z0S: z0 € S
using z0-in-UV UVS by blast
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show ?thesis
proof (rule segment-loop-in-set[where S = S])
show path (\t. h (¢, ¢))
by (rule pc-path)
show path-image (At. h (¢, ¢)) C W
by (rule pc-imgW)
show a € {0..1} b e {0..1}
by (rule a01, rule b01)
show (M\t. h (t,¢)) ac UNV (M. h(t,e)beUNV
using acUV bcUV by simp-all
show path-image (connector ((At. h (t, ¢)) a)) C S
using connector-image-subset|OF acUV] UVS by blast
show path-image (connector ((At. h (t, ¢)) b)) C S
using connector-image-subset| OF beUV| UVS by blast
show subpathin a b (A\t. h (t, ¢)) “{0..1} C S
by (rule seg-imgS)
show z0 € S
by (rule z0S)
qed
qed

lemma vertical-bridge-loop-in-set:
fixes h :: (real X real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and t01: t € {0..1} and ¢01: ¢ € {0..1} and d01: d € {0..1}
and cd: ¢ < d
and edgeUV: h “ ({t} x {c.d}) CUNV
and UVS: UNV CS
shows bridge-loop h t ¢ d € loop-space S z0
proof —
have h-on: continuous-on ({0..1} x {0..1}) h
and h-intoW: h € ({0..1} x {0..1}) - W
using h-cont by simp-all
have vt-path: path (vertical-strip-path h t ¢ d)
proof —
have continuous-on {0..1} (vertical-strip-path h t ¢ d)
proof —
have continuous-on {0..1} (Au. h (¢, (d — ¢) * u + ¢))
proof (rule continuous-on-compose2[OF h-on])
show continuous-on {0..1} (Au. (¢, (d — ¢) * u + ¢))
by (intro continuous-intros)
show (\u. (t, (d —¢) *u+¢)) ‘{0..1} C{0..1} x {0..1}
proof
fix z
assume z € (Au. (¢, (d — ¢) x u + ¢)) “{0..1}
then obtain v where u01: v € {0..1} and z-eq: x = (¢, (d — ¢) x u +

by blast
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have y-in: (d — ¢) x u+ c € {0..1}
by (rule affine-unit-interval-member|OF c01 d01 cd u01])
show z € {0..1} x {0..1}
using t01 y-in x-eq by auto
qged
qed
then show ?thesis
by (simp add: vertical-strip-path-def)
qed
then show ?thesis
by (simp add: vertical-strip-path-def path-def)
qed
have vt-imgW': path-image (vertical-strip-path h t ¢ d) C W
proof
fix z
assume z-in: ¢ € path-image (vertical-strip-path h t ¢ d)
then obtain v where u01: u € {0..1} and z-eq: x = vertical-strip-path h t ¢
du
unfolding path-image-def by blast
have yu01: (d — ¢) * u + ¢ € {0..1}
by (rule affine-unit-interval-member|OF c01 d01 cd u01])
have point-in: (t, (d — ¢) * u + ¢) € {0..1} x {0..1}
using t01 yu01 by auto
show z €¢ W
using h-intoW point-in z-eq by (auto simp: vertical-strip-path-def)
qged
have vt-imgS: vertical-strip-path ht ¢ d {0..1} C S
proof —
have vs-subset: vertical-strip-path b t ¢ d *{0..1} C h * ({t} x {c..d})
by (rule vertical-strip-path-image-subset| OF cd])
show ?thesis
using vs-subset edgeUV UVS by blast
qed
have tcUV: h (t,c) e UN Vand tdUV: h (t,d) e UNV
using edgeUV cd by auto
have 20S: 20 € S
using z0-in-UV UVS by blast
have segment-loop (vertical-strip-path h t ¢ d) 0 1 € loop-space S x0
proof (rule segment-loop-in-set[where S = S])
show path (vertical-strip-path h t ¢ d)
by (rule vt-path)
show path-image (vertical-strip-path h t ¢ d) C W
by (rule vt-imgW)
show 0 € {0::real..1}
by auto
show 1 € {0::real..1}
by auto
show wvertical-strip-path ht cd 0 € U NV
using tcUV by (simp add: vertical-strip-path-def)
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show wvertical-strip-path ht cd 1 € UNV
using tdUV by (simp add: vertical-strip-path-def)
show path-image (connector (vertical-strip-path h t ¢ d 0)) C S
using connector-image-subset[OF tcUV] UVS by (simp add: verti-
cal-strip-path-def; blast)
show path-image (connector (vertical-strip-path h t ¢ d 1)) C S
using connector-image-subset|OF tdUV] UVS by (simp add: verti-
cal-strip-path-def; blast)
show subpathin 0 1 (vertical-strip-path ht ¢ d) {0..1} C S
using vt-imgS by (simp add: subpathin-def)
show z0 € S
by (rule z0S)
qed
then show ?thesis
by simp
qed

lemma rectangle-segment-loop-bridge-class-eq:
fixes h :: (real X real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and a01: a € {0..1} and b01: b € {0..1}
and c01: c € {0..1} and d01: d € {0..1}
and ab: a < band cd: ¢ < d
and rectS: h ‘ ({a..b} x {c..d}) C S
and leftUV: h ‘ ({a} x {c..d}) CUNV
and rightUV: h * ({b} x {c..d}) CUNV
and UVS: UnNnVCS
shows fundamental-group-mult S 0
(loop-class S z0 (segment-loop (At. h (¢, ¢)) a b))
(loop-class S z0 (bridge-loop h b ¢ d)) =
Sfundamental-group-mult S =0
(loop-class S z0 (bridge-loop h a ¢ d))
(loop-class S z0 (segment-loop (At. h (t, d)) a b))
proof —
have acUV: h (a,c) e UNV
using leftUV cd by auto
have bcUV: h (b,c) e UNV
using rightUV cd by auto
have adUV: h (a,d) e UNV
using leftUV cd by auto
have bdUV: h (b, d) e UNV
using rightUV cd by auto

have segc-in-S: h “ ({a..b} x {c¢}) C S
proof
fix »
assume z-in: z € h ‘ ({a..b} x {c})
then obtain aa where aa-in: aa € {a..b} and z-eq: z = h (aa, )
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by auto
have (aq, ¢) € {a..b} x {c..d}
using aa-in cd by auto
then show z € S
using rectS z-eq by blast
qed
have segd-in-S: h ‘ ({a..b} x {d}) C S
proof
fix x
assume z-in: ¢ € h ‘ ({a..b} x {d})
then obtain aa where aa-in: aa € {a..b} and z-eq: z = h (aa, d)
by auto
have (aq, d) € {a..b} x {c..d}
using aa-in cd by auto
then show z € §
using rectS z-eq by blast
qed
have segc-loop: segment-loop (At. h (t, ¢)) a b € loop-space S z0
by (rule horizontal-rectangle-segment-loop-in-set|OF h-cont a01 b01 c01 ab])
(use sege-in-S acUV beUV UVS in auto)
have segd-loop: segment-loop (At. h (t, d)) a b € loop-space S 0
by (rule horizontal-rectangle-segment-loop-in-set[OF h-cont a01 b01 d01 ab))
(use segd-in-S adUV bdUV UVS in auto)
have bridge-b-loop: bridge-loop h b ¢ d € loop-space S z0
by (rule vertical-bridge-loop-in-set|OF h-cont b01 ¢01 d01 cd]) (use rightUV
UVS in auto)
have bridge-a-loop: bridge-loop h a ¢ d € loop-space S z0
by (rule vertical-bridge-loop-in-set| OF h-cont a01 c01 d01 cd]) (use leftUV UVS
in auto)

have left-join-loop:
segment-loop (At. h (t, ¢)) a b +++ bridge-loop h b ¢ d € loop-space S x0
by (rule loop-space-join[OF segc-loop bridge-b-loop))

have right-join-loop:
bridge-loop h a ¢ d +++ segment-loop (At. h (t, d)) a b € loop-space S z0
by (rule loop-space-join|OF bridge-a-loop segd-loop])

have segc-in: loop-class S z0 (segment-loop (At. h (t, ¢)) a b) € fundamen-
tal-group-space S z0
by (rule loop-class-in-space| OF segc-loop))
have segd-in: loop-class S z0 (segment-loop (At. h (¢, d)) a b) € fundamen-
tal-group-space S 0
by (rule loop-class-in-space| OF segd-loop))
have bridge-a-in: loop-class S z0 (bridge-loop h a ¢ d) € fundamental-group-space
S z0
by (rule loop-class-in-space| OF bridge-a-loop])
have bridge-b-in: loop-class S z0 (bridge-loop h b ¢ d) € fundamental-group-space
S z0
by (rule loop-class-in-space[ OF bridge-b-loop))
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have left-mult:
fundamental-group-mult S x0
(loop-class S z0 (segment-loop (At. h (t, ¢)) a b))
(loop-class S z0 (bridge-loop h b ¢ d)) =
loop-class S z0 (segment-loop (At. h (L, ¢)) a b +++ bridge-loop h b ¢ d)
by (rule fundamental-group-mult-eqgI[OF segc-in bridge-b-in segc-loop
bridge-b-loop)) simp-all
have right-mult:
Sfundamental-group-mult S z0
(loop-class S z0 (bridge-loop h a ¢ d))
(loop-class S x0 (segment-loop (At. h (t, d)) a b)) =
loop-class S z0 (bridge-loop h a ¢ d +++ segment-loop (At. h (t, d)) a b)
by (rule fundamental-group-mult-eqI[OF bridge-a-in segd-in bridge-a-loop
segd-loopl) simp-all

have joined-hom:
homotopic-paths S
(segment-loop (At. b (1, ¢)) a b +++ bridge-loop h b c d)
(bridge-loop h a ¢ d +++ segment-loop (At. h (t, d)) a b)
by (rule rectangle-segment-loop-bridge-homotopic[OF h-cont a01 b01 c01 d01 ab
cd rectS leftUV right UV UVS])
have joined-eq:
loop-class S z0 (segment-loop (At. h (t, ¢)) a b +++ bridge-loop h b ¢ d) =
loop-class S z0 (bridge-loop h a ¢ d +++ segment-loop (At. h (¢, d)) a b)
by (rule loop-class-eqI[OF left-join-loop right-join-loop joined-hom])

show ?thesis
using left-mult right-mult joined-eq by simp
qed

lemma bridge-word-identify:
assumes h-in: h € H
shows carrier-full-amalg-equiv G1 G2 H i1 2 multl onel mult2 one2
(bridge-word True h rest) (bridge-word False h rest)
and carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(bridge-word False h rest) (bridge-word True h rest)
proof —
have step:
carrier-amalgam-equiv H i1 12 (bridge-word True h rest) (bridge-word False h
rest)
using h-in
by (auto simp: bridge-word.simps intro: carrier-amalgam-equiv.step car-
rier-amalgam-step.identify)
show carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(bridge-word True h rest) (bridge-word False h rest)
by (rule carrier-full-amalg-equiv.of-amalg| OF step))
then show carrier-full-amalg-equiv G1 G2 H i1 2 multl onel mult2 one2
(bridge-word False h rest) (bridge-word True h rest)
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by (rule carrier-full-amalg-equiv.sym,)
qed

lemma rectangle-partition-step-props:

assumes rectangle-partition h ¢ d (t # u # ts) (b # bs)

shows t € {0..1}
and v € {0..1}
and t < u
and (if b then h “ ({t..u} x {c..d}) C Uelse h “ ({t..u} x {c..d}) C V)
and rectangle-partition h ¢ d (u # ts) bs

using assms by simp-all

lemma rectangle-partition-switch-edge:
assumes rp: rectangle-partition h ¢ d (t # u # v # ts) (b # e # bs)
and diff: b # e
shows h ‘ ({u} x {c.d}) CUNV
proof (cases b)
case True
have step: rectangle-partition h ¢ d (u # v # ts) (e # bs)
by (rule rectangle-partition-step-props(5)[OF rp))
have tu: t < v and uv: u < v
using rp step by simp-all
have leftU: h * ({t.u} x {c..d}) C U
using rectangle-partition-step-props(4)[OF rp] True by simp
from diff True have e-false: - e
by simp
then have rightV: h “ ({u..v} x {c..d}) C V
using rectangle-partition-step-props(4)[OF step] by simp
show ?thesis
proof
fix z
assume z-in: ¢ € h ‘ ({u} x {c..d})
then obtain y where y-cd: y € {c..d} and z-eq: © = h (u, y)
by auto
have u-tu: v € {t..u} and uw-uv: u € {u..v}
using tu uwv by auto
have 2U: 2 € U
using leftU z-eq u-tu y-cd by auto
have 2V:z € V
using rightV z-eq u-uv y-cd by auto
showz e UNV
using zU zV by blast
qed
next
case Fulse
have step: rectangle-partition h ¢ d (u # v # ts) (e # bs)
by (rule rectangle-partition-step-props(5)[OF rp))
have tu: t < v and uv: u < v
using rp step by simp-all
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have leftV: h ‘ ({t.u} x {c.d}) C V
using rectangle-partition-step-props(4)[OF rp] False by simp
from diff False have e-true: e
by simp
then have rightU: h ‘ ({u..v} x {c..d}) C U
using rectangle-partition-step-props(4)[OF step] by simp
show ?thesis
proof
fix z
assume z-in: ¢ € h ‘ ({u} x {c..d})
then obtain y where y-cd: y € {c..d} and z-eq: © = h (u, y)
by auto
have u-tu: v € {t..u} and u-uv: v € {u..v}
using tu uwv by auto
have zU: z € U
using 7ightU z-eq u-uv y-cd by auto
have 2V:z € V
using leftV x-eq u-tu y-cd by auto
showz e UNV
using zU zV by blast
qged
qged

lemma carrier-full-amalg-equiv-side-context:
assumes rel: carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 u v
and a-in: (if b then a € G1 else a € G2)
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(if b then WordLeft a u else WordRight a u)
(if b then WordLeft a v else WordRight a v)
using rel a-in
by (cases b) (auto intro:  carrier-full-amalg-equiv-left-context — car-
rier-full-amalg-equiv-right-context)

lemma bridge-word-switch:
assumes h-in: h € H
and bc: b # ¢
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(bridge-word b h rest) (bridge-word c h rest)
using h-in be bridge-word-identify
by (cases b; cases c) auto

lemma rectangle-segment-bridge-left-equiv:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and a01: a € {0..1} and b01: b € {0..1}
and c01: ¢ € {0..1} and d01: d € {0..1}
and ab: a < band cd: ¢ < d
and rectU: h “ ({a..b} x {c..d}) C U
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and leftUV: h ‘ ({a} x {c..d}) CUNV
and rightUV: h * ({b} x {c.d})) CUNV
and rest-in: fpw-in-space G1 G2 rest
shows carrier-full-amalg-equiv G1 G2 H i1 2 multl onel mult2 one2
(WordLeft (loop-class U x0 (segment-loop (At. h (t, ¢)) a b))
(bridge-word True (loop-class (U N V) z0 (bridge-loop h b ¢ d)) rest))
(bridge-word True (loop-class (U N V) z0 (bridge-loop h a ¢ d))
(WordLeft (loop-class U z0 (segment-loop (At. h (t, d)) a b)) rest))
proof —
define bottom where
bottom = loop-class U z0 (segment-loop (At. h (t, ¢)) a b)
define top where
top = loop-class U z0 (segment-loop (At. h (¢, d)) a b)
define ga where
ga = loop-class (U N V) z0 (bridge-loop h a ¢ d)
define gb where
gb = loop-class (U N V) 20 (bridge-loop h b ¢ d)

have acUV: h (a,c) e UNV
using leftUV cd by auto
have bcUV: h (b,c) e UNV
using rightUV cd by auto
have adUV: h (a,d) € UNV
using leftUV cd by auto
have bdUV: h (b,d) e UNV
using rightUV cd by auto

have segc-in-U: h ‘ ({a..b} x {c}) C U
proof
fix x
assume z-in: ¢ € h ‘ ({a..b} x {c})
then obtain aa where aa-in: aa € {a..b} and z-eq: z = h (aa, ¢)
by auto
have (aq, ¢) € {a..b} x {c..d}
using aa-in cd by auto
then show z € U
using rectU z-eq by blast
qed
have segd-in-U: h ‘ ({a..b} x {d}) C U
proof
fix x
assume z-in: ¢ € h ‘ ({a..b} x {d})
then obtain aa where aa-in: aa € {a..b} and z-eq: z = h (aa, d)
by auto
have (aq, d) € {a..b} x {c..d}
using aa-in cd by auto
then show z € U
using rectU z-eq by blast
qed
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have segc-loop: segment-loop (At. h (L, ¢)) a b € loop-space U z0
by (rule horizontal-rectangle-segment-loop-in-set| OF h-cont a01 b01 c01 ab))
(use segc-in-U acUV beUV in auto)
have segd-loop: segment-loop (At. h (t, d)) a b € loop-space U z0
by (rule horizontal-rectangle-segment-loop-in-set[ OF h-cont a01 b01 d01 ab))
(use segd-in-U adUV bdUV in auto)
have bridge-a-loop: bridge-loop h a ¢ d € loop-space (U N V) z0
by (rule vertical-bridge-loop-in-set| OF h-cont a01 c¢01 d01 cd leftUV]) simp
have bridge-b-loop: bridge-loop h b ¢ d € loop-space (U N V) z0
by (rule vertical-bridge-loop-in-set|OF h-cont b01 c01 d01 cd rightUV]) simp

have bottom-in: bottom € G1

unfolding bottom-def by (rule loop-class-in-space[OF segc-loop))
have top-in: top € G1

unfolding top-def by (rule loop-class-in-space][OF segd-loop))
have ga-in-H: ga € H

unfolding ga-def by (rule loop-class-in-space| OF bridge-a-loop))
have gb-in-H: gb € H

unfolding gb-def by (rule loop-class-in-space|OF bridge-b-loop))
have ga-in: il ga € G1

by (rule i1-in-G1[OF ga-in-H])
have gb-in: i1 gb € G1

by (rule i1-in-G1[OF gb-in-H))
have ab-in: mult! bottom (il gb) € G1

by (rule fundamental-group-mult-in-space| OF bottom-in gb-in))
have cd-in: mult! (il ga) top € G1

by (rule fundamental-group-mult-in-space[OF ga-in top-in))

have ga-eq: i1 ga = loop-class U z0 (bridge-loop h a ¢ d)
unfolding ga-def
by (subst i1-loop-class-eq| OF bridge-a-loop]) simp
have gb-eq: i1 gb = loop-class U z0 (bridge-loop h b ¢ d)
unfolding gb-def
by (subst i1-loop-class-eq[OF bridge-b-loop]) simp
have mult-eq: multl bottom (i1 gb) = multl (il ga) top
unfolding bottom-def top-def ga-eq gb-eq
by (rule rectangle-segment-loop-bridge-class-eq[OF h-cont a01 b01 c01 d01 ab
cd rectU leftUV rightUV])
auto
have pair-eq:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft bottom (WordLeft (il gb) rest))
(WordLeft (i1 ga) (WordLeft top rest))
by (rule carrier-full-amalg-equiv-left-pair-eq[OF bottom-in gb-in ab-in ga-in
top-in cd-in rest-in mult-eq|)

show “thesis

using pair-eq
by (simp only: bottom-def top-def bridge-word.simps ga-def gb-def)
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qed

lemma rectangle-segment-bridge-right-equiv:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and a01: a € {0..1} and b01: b € {0..1}
and c0I: ¢ € {0..1} and d01: d € {0..1}
and ab: a < band cd: ¢ < d
and rectV: h ¢ ({a..b} x {c..d}) C V
and leftUV: h ‘ ({a} x {c..d}) CUNV
and rightUV: h “ ({b} x {c.d}) CUNV
and rest-in: fpw-in-space G1 G2 rest
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V 20 (segment-loop (At. h (t, ¢)) a b))
(bridge-word False (loop-class (U N V) z0 (bridge-loop h b ¢ d)) rest))
(bridge-word False (loop-class (U N V) z0 (bridge-loop h a ¢ d))
(WordRight (loop-class V z0 (segment-loop (At. h (t, d)) a b)) rest))
proof —
define bottom where
bottom = loop-class V z0 (segment-loop (At. h (¢, ¢)) a b)
define top where
top = loop-class V z0 (segment-loop (At. h (¢, d)) a b)
define ga where
ga = loop-class (U N V) z0 (bridge-loop h a ¢ d)
define gb where
gb = loop-class (U N V) z0 (bridge-loop h b ¢ d)

have acUV: h (a,c) e UNV
using leftUV cd by auto
have bcUV: h (b,c) e UNV
using rightUV cd by auto
have adUV: h (a,d) € UNV
using leftUV cd by auto
have bdUV: h (b,d) e UNV
using rightUV cd by auto

have segc-in-V: h ‘ ({a..b} x {c}) C V
proof
fix
assume z-in: € h ‘ ({a..b} x {c})
then obtain aa where aa-in: aa € {a..b} and 2-eq: z = h (aa, ¢)
by auto
have (aq, ¢) € {a..b} x {c..d}
using aa-in cd by auto
then show z € V
using rectV x-eq by blast
qged
have segd-in-V: h ‘ ({a..b} x {d}) C V
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proof
fix z
assume z-in: € h ‘ ({a..b} x {d})
then obtain aa where aa-in: aa € {a..b} and 2-eq: z = h (aa, d)
by auto
have (aq, d) € {a..b} x {c..d}
using aa-in cd by auto
then show z € V
using rectV x-eq by blast
qged
have segc-loop: segment-loop (At. h (L, ¢)) a b € loop-space V z0
by (rule horizontal-rectangle-segment-loop-in-set| OF h-cont a01 b01 c01 ab))
(use segc-in-V acUV beUV in auto)
have segd-loop: segment-loop (At. h (t, d)) a b € loop-space V z0
proof —
have UVV: UNV CV
by blast
show ?thesis
by (rule horizontal-rectangle-segment-loop-in-set|OF h-cont a01 b01 d01 ab
segd-in-V adUV bdUV UVV])
qged
have bridge-a-loop: bridge-loop h a ¢ d € loop-space (U N V) z0
by (rule vertical-bridge-loop-in-set|OF h-cont a01 c01 d01 cd leftUV]) simp
have bridge-b-loop: bridge-loop h b ¢ d € loop-space (U N V) z0
by (rule vertical-bridge-loop-in-set|OF h-cont b01 c01 d01 cd rightUV]) simp

have bottom-in: bottom € G2

unfolding bottom-def by (rule loop-class-in-space[OF segc-loop))
have top-in: top € G2

unfolding top-def by (rule loop-class-in-space|OF segd-loop))
have ga-in-H: ga € H

unfolding ga-def by (rule loop-class-in-space[OF bridge-a-loop))
have gb-in-H: gb € H

unfolding gb-def by (rule loop-class-in-space[OF bridge-b-loop))
have ga-in: i2 ga € G2

by (rule i2-in-G2[OF ga-in-H))
have gb-in: i2 gb € G2

by (rule i2-in-G2[OF gb-in-H))
have ab-in: mult2 bottom (i2 gb) € G2

by (rule fundamental-group-mult-in-space| OF bottom-in gb-in))
have cd-in: mult2 (i2 ga) top € G2

by (rule fundamental-group-mult-in-space[OF ga-in top-in))

have ga-eq: i2 ga = loop-class V z0 (bridge-loop h a ¢ d)
unfolding ga-def
by (subst i2-loop-class-eq| OF bridge-a-loop]) simp
have gb-eq: i2 gb = loop-class V z0 (bridge-loop h b ¢ d)
unfolding g¢b-def
by (subst i2-loop-class-eq[OF bridge-b-loop]) simp
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have mult-eq: mult2 bottom (i2 gb) = mult2 (i2 ga) top
unfolding bottom-def top-def ga-eq gb-eq
by (rule rectangle-segment-loop-bridge-class-eq|OF h-cont a01 b01 c01 d01 ab
cd rectV leftUV rightUV])
auto
have pair-eq:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight bottom (WordRight (i2 gb) rest))
(WordRight (i2 ga) (WordRight top rest))
by (rule carrier-full-amalg-equiv-right-pair-eq[OF bottom-in gb-in ab-in ga-in
top-in cd-in rest-in mult-eq))

show ?thesis
using pair-eq
by (simp only: bottom-def top-def bridge-word.simps ga-def gb-def)
qed

lemma rectangle-partition-partition-word-with-tail-in-space:
fixes h :: (real X real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and c01: ¢ € {0..1} and d01: d € {0..1} and cd: ¢ < d
and y-in: y € {c, d}
and part: rectangle-partition h c d ts bs
and edgeUV: A\t. t € setts = h ‘({t} x {c.d}) CUNV
and tail-in: fpw-in-space G1 G2 rest
shows fpw-in-space G1 G2 (partition-word-with-tail (At. h (t, y)) ts bs rest)
using part edgeUV
proof (induction ts arbitrary: bs)
case Nil
then show ?case
by (cases bs) (simp-all add: tail-in)
next
case (Cons t ts)
show ?Zcase
proof (cases ts)
case Nil
then show ?thesis
using Cons.prems tail-in by (cases bs) simp-all
next
case (Cons u us)
obtain b bs’ where bs: bs = b # bs’
using Cons.prems Cons by (cases bs) auto
have tail-part: rectangle-partition h ¢ d (u # us) bs
using Cons.prems Cons bs by simp
have tail-edgeUV:
Ne.x € set (u# us) = h ({2} x {cd}) CUNV
using Cons.prems Cons by auto
have tail-in":

/
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bs

fow-in-space G1 G2 (partition-word-with-tail (At. h (¢, y)) (u # us) bs’ rest)
using h-cont c01 d01 cd y-in Cons.IH [of bs’| Cons tail-part tail-edgeUV tail-in

by simp

have t01: t € {0..1} and w01: v € {0..1} and tu: t < u
and rect-side:
(if b then b “ ({t.u} x {c..d}) C Uelse h * ({t..u} x {c..d}) C V)
using Cons.prems Cons bs by simp-all
have y01: y € {0..1}
using y-in c01 d01 by auto
have y-cd: y € {c..d}
using y-in cd by auto
have tu-le: t < u
using tu by simp
have tyUV: h (t,y) e UNV
proof —
have t-edge: h “ ({t} x {c..d})) CUNV
using Cons.prems(2)[of t] Cons by simp
moreover have (¢, y) € {t} x {c..d}
using y-cd by auto
ultimately show ?Zthesis
using t-edge
by blast
qed
have uyUV: h (u, y) e UNV
proof —
have u-edge: b * ({u} x {c.d}) CUNV
using Cons.prems(2)[of u] Cons by simp
moreover have (u, y) € {u} x {c..d}
using y-cd by auto
ultimately show ?thesis
using u-edge
by blast
qed

show ?thesis
proof (cases b)
case True
have segyU: h “ ({t..u} x {y}) C U
proof
fix 2
assume z-in: z € h ‘ ({t.u} x {y})
then obtain a where a-in: a € {t..u} and z-eq: z = h (a, y)
by auto
have (a, y) € {t..u} x {c..d}
using a-in y-cd by auto
then have z-strip: z € h * ({t..u} x {c..d})
using z-eq by blast
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have stripU: h ‘ ({t..u} x {c..d}) C U
using rect-side True by simp
then show z € U
using z-strip by blast
qed
have seqU: segment-loop (At. h (¢, y)) t u € loop-space U z0
by (rule horizontal-rectangle-segment-loop-in-set|OF h-cont t01 w01 y01
tu-le])
(use segyU tyUV wyUV in auto)
have seg-in: loop-class U z0 (segment-loop (At. h (t, y)) t u) € G1
by (rule loop-class-in-space| OF segU])
show ?thesis
using True seg-in tail-in’ bs Cons by simp
next
case Fulse
have segyV: h ‘ ({t.u} x {y}) C V
proof
fix z
assume z-in: z € h * ({t..u} x {y})
then obtain a where a-in: a € {¢..u} and z-eq: z = h (a, y)
by auto
have (a, y) € {t..u} x {c..d}
using a-in y-cd by auto
then have z-strip: z € h “ ({t..u} x {c..d})
using z-eq by blast
have stripV: h ‘ ({t.u} x {c.d}) C V
using rect-side Fualse by simp
then show z € V
using z-strip by blast
qed
have segV': segment-loop (At. h (¢, y)) t u € loop-space V z0
by (rule horizontal-rectangle-segment-loop-in-set|OF h-cont t01 u01 y01
tu-le])
(use seqyV tyUV uyUV in auto)
have seg-in: loop-class V z0 (segment-loop (At. h (¢, y)) t u) € G2
by (rule loop-class-in-space[OF segV])
show ?thesis
using False seg-in tail-in’ bs Cons by simp
qed
qed
qed

lemma rectangle-partition-partition-word-with-tail-equiv:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and c01: c € {0..1} and d01: d € {0..1} and cd: ¢ < d
and part: rectangle-partition h ¢ d (t # u # ts) (b # bs)
and edgeUV: N\z. z € set (t # uw# ts) = h ‘({z} x{e.d})) CUNV
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and rest-in: fpw-in-space G1 G2 rest
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail (Az. h (z, ¢)) (t # u # ts) (b # bs)
(bridge-word (last (b # bs))
(loop-class (U N V) z0 (bridge-loop h (last (t # u # ts)) ¢ d)) rest))
(bridge-word b (loop-class (U N V) z0 (bridge-loop h t ¢ d))
(partition-word-with-tail (Ax. h (z, d)) (t # u # ts) (b # bs) rest))
using part rest-in edgeUV
proof (induction bs arbitrary: t u ts b rest)
case Nil
have ts-nil: ts = ||
proof (cases ts)
case Nil
then show ?thesis .
next
case (Cons v vs)
with Nil.prems(1) show ?thesis
by simp
qed
have ui: v =1
using Nil.prems(1) ts-nil by simp
have t01: t € {0..1} and w01: v € {0..1} and tu: t < u
using Nil.prems(1) ts-nil by simp-all
have tu-le: t < u
using tu by simp
have rect-side: (if b then h “ ({t..u} x {c..d}) C Uelse h ‘ ({t..u} x {c..d}) C
V)
using Nil.prems(1) ts-nil ul by simp
have t-in: t € set (t # u # ts)
by simp
have u-in: u € set (t # u # ts)
by simp
have leftUV: h * ({t} x {c.d}) CUNV
by (rule Nil.prems(3)[OF t-in])
have rightUV: h * ({u} x {c.d}) CUNV
by (rule Nil.prems(3)[OF u-in])
show Zcase
proof (cases b)
case True
have rectU: h ‘ ({t..u} x {c..d}) C U
using rect-side True by simp
have rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft (loop-class U z0 (segment-loop (Ax. h (z, ¢)) t u))
(bridge-word True (loop-class (U N V) 0 (bridge-loop h u ¢ d)) rest))
(bridge-word True (loop-class (U N V) 0 (bridge-loop h t ¢ d))
(WordLeft (loop-class U z0 (segment-loop (Axz. h (z, d)) t u)) rest))
by (rule rectangle-segment-bridge-left-equiv|
where h = hand a =tand b = vand ¢ = c and d = d and rest =
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rest,
OF h-cont t01 u01 ¢01 d01 tu-le cd rectU leftUV right UV Nil.prems(2)])
have lhs-eq:
partition-word-with-tail (Az. h (z, ¢)) (t # u # ts) [b]
(bridge-word (last [b])
(loop-class (U N V) 20 (bridge-loop h (last (t # u # ts)) ¢ d)) rest) =
WordLeft (loop-class U z0 (segment-loop (Ax. h (z, ¢)) t u))
(bridge-word True (loop-class (U N V) 20 (bridge-loop h u ¢ d)) rest)
using True ts-nil by simp
have rhs-eq:
bridge-word b (loop-class (U N V) z0 (bridge-loop h t ¢ d))
(partition-word-with-tail (Az. h (z, d)) (t # u # ts) [b] rest) =
bridge-word True (loop-class (U N V) 0 (bridge-loop h t ¢ d))
(WordLeft (loop-class U z0 (segment-loop (Az. h (z, d)) t u)) rest)
using True ts-nil by simp
show ?thesis
unfolding lhs-eq Ths-eq by (rule rel)
next
case Fulse
have rectV: h ¢ ({t.u} x {c..d}) C V
using rect-side Fualse by simp
have rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V z0 (segment-loop (Az. h (z, ¢)) t u))
(bridge-word False (loop-class (U N V) z0 (bridge-loop h u ¢ d)) rest))
(bridge-word False (loop-class (U N V) z0 (bridge-loop h t ¢ d))
(WordRight (loop-class V z0 (segment-loop (Az. h (z, d)) t u)) rest))
by (rule rectangle-segment-bridge-right-equiv|
where h =hand e =tand b = vand ¢ = cand d = d and rest =
rest,
OF h-cont t01 u01 ¢01 d01 tu-le cd rectV leftUV right UV Nil.prems(2)])
have [hs-eq:
partition-word-with-tail (Az. h (z, ¢)) (t # u # ts) []
(bridge-word (last [b])
(loop-class (U N V) 0 (bridge-loop h (last (t # u # ts)) ¢ d)) rest) =
WordRight (loop-class V 20 (segment-loop (Az. h (z, ¢)) t u))
(bridge-word False (loop-class (U N V) x0 (bridge-loop h u ¢ d)) rest)
using False ts-nil by simp
have rhs-eq:
bridge-word b (loop-class (U N V) x0 (bridge-loop h t ¢ d))
(partition-word-with-tail (Az. h (z, d)) (t # u # ts) [b] rest) =
bridge-word False (loop-class (U N V) z0 (bridge-loop h t ¢ d))
(WordRight (loop-class V z0 (segment-loop (Az. h (z, d)) t u)) rest)
using False ts-nil by simp
show ?thesis
unfolding lhs-eq Ths-eq by (rule rel)
qed
next
case (Cons cflag bs’)

203



obtain v us where ts: ts = v # us
using Cons.prems(1) by (cases ts) simp-all
have t01: t € {0..1} and w01: v € {0..1} and tu: t < u
and rect-side: (if b then h < ({t..u} x {c..d}) C Uelse h * ({t..u} x {c..d}) C
V)
and tail-part: rectangle-partition h ¢ d (u # v # us) (cflag # bs’)
using Cons.prems(1) ts by simp-all
have tu-le: t < u
using tu by simp
have t-in: t € set (t # u # ts)
by simp
have u-in: u € set (t # u # ts)
by simp
have leftUV: h * ({t} x {c.d}) CUNV
by (rule Cons.prems(3)[OF t-in))
have midUV: h ‘ ({u} x {c..d}) CUNV
by (rule Cons.prems(3)[OF u-in))
have top-tail-in:
fow-in-space G1 G2
(partition-word-with-tail (Az. h (z, d)) (u # v # us) (cflag # bs’) rest)
by (rule rectangle-partition-partition-word-with-tail-in-space[ OF h-cont c¢01 d01
cd))
(use tail-part Cons.prems(8) Cons.prems(2) ts in auto)
have gu-loop: bridge-loop h u ¢ d € loop-space (U N V) z0
by (rule vertical-bridge-loop-in-set|OF h-cont w01 ¢01 d01 cd)) (use midUV in
auto)
have gu-in-H: loop-class (U N V) z0 (bridge-loop h v ¢ d) € H
by (rule loop-class-in-space[OF gu-loop])
have tail-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail (Az. h (z, ¢)) (u # v # us) (cflag # bs’)
(bridge-word (last (cflag # bs’))
(loop-class (U N V) 0 (bridge-loop h (last (u # v # us)) ¢ d)) rest))
(bridge-word cflag (loop-class (U N V) x0 (bridge-loop h u ¢ d))
(partition-word-with-tail (Az. h (z, d)) (u # v # us) (cflag # bs’) rest))
by (rule Cons.IH|[OF tail-part])
(use h-cont c01 d01 cd Cons.prems(8) Cons.prems(2) ts in auto)
have tail-switched:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail (Axz. h (z, ¢)) (u # v # us) (cflag # bs’)
(bridge-word (last (cflag # bs’))
(loop-class (U N V) z0 (bridge-loop h (last (u # v # us)) ¢ d)) rest))
(bridge-word b (loop-class (U N V) z0 (bridge-loop h u ¢ d))
(partition-word-with-tail (Az. h (z, d)) (u # v # us) (cflag # bs’) rest))
proof (cases b = cflag)
case True
then show ?thesis
using tail-rel by simp
next
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case Fulse
have switch:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(bridge-word cflag (loop-class (U N V) x0 (bridge-loop h u ¢ d))
(partition-word-with-tail (Az. h (z, d)) (u # v # us) (cflag # bs’) rest))
(bridge-word b (loop-class (U N V) z0 (bridge-loop h u ¢ d))
(partition-word-with-tail (A\z. h (z, d)) (u # v # us) (cflag # bs’) rest))
by (rule carrier-full-amalg-equiv.sym[OF bridge-word-switch[OF gu-in-H
False]])
show ?thesis
by (rule carrier-full-amalg-equiv.trans|OF tail-rel switch])
qed
show Zcase
proof (cases b)
case True
have seg-in: loop-class U x0 (segment-loop (Az. h (z, ¢)) t u) € G1
proof —
have line-subset: {t..u} x {c} C {t..u} x {c..d}
using c01 cd by auto
have rectU: h “ ({t..u} x {c..d}) C U
using rect-side True by simp
have seqU-line: h ‘ ({t..u} x {c}) C U
by (rule order-trans|OF image-mono[OF line-subset] rectU])
have tcUV: h (t,c) e UNV
by (rule subsetD[OF leftUV]) (use cd in auto)
have ucUV: h (u,c) e UNV
by (rule subsetD[OF midUV]) (use cd in auto)
have seg-loop: segment-loop (Az. h (z, ¢)) t u € loop-space U z0
by (rule horizontal-rectangle-segment-loop-in-set| OF h-cont t01 u01 c01 tu-le
segU-line tcUV ucUV]) auto
show ?Zthesis
by (rule loop-class-in-space[OF seg-loop))
qed
have pref-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft (loop-class U z0 (segment-loop (Ax. h (z, ¢)) t u))
(partition-word-with-tail (Az. h (z, ¢)) (u # v # us) (cflag # bs’)
(bridge-word (last (cflag # bs’))
(loop-class (U N V) z0 (bridge-loop h (last (u # v # us)) c d)) rest)))
(WordLeft (loop-class U z0 (segment-loop (Ax. h (z, ¢)) t u))
(bridge-word True (loop-class (U N V) xz0 (bridge-loop h u ¢ d))
(partition-word-with-tail (Az. h (x, d)) (u # v # us) (cflag # bs’) rest)))
proof —
have tail-true:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail (Az. h (z, ¢)) (u # v # us) (cflag # bs’)
(bridge-word (last (cflag # bs’))
(loop-class (U N V) z0 (bridge-loop h (last (u # v # us)) c¢ d)) rest))
(bridge-word True (loop-class (U N V) z0 (bridge-loop h u ¢ d))
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(partition-word-with-tail (Az. h (z, d)) (u # v # us) (cflag # bs’) rest))
using tail-switched True by simp
show ?thesis
by (rule carrier-full-amalg-equiv-left-context| OF tail-true seg-in])
qed
have cell-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft (loop-class U z0 (segment-loop (Ax. h (z, ¢)) t u))
(bridge-word True (loop-class (U N V) xz0 (bridge-loop h u ¢ d))
(partition-word-with-tail (Az. h (x, d)) (u # v # us) (cflag # bs’) rest)))
(bridge-word True (loop-class (U N V) z0 (bridge-loop h t ¢ d))
(WordLeft (loop-class U x0 (segment-loop (Az. h (z, d)) t u))
(partition-word-with-tail (Az. h (x, d)) (u # v # us) (cflag # bs’) rest)))
by (rule rectangle-segment-bridge-left-equiv|OF h-cont t01 u01 c01 d01 tu-le
cd])
(use rect-side True leftUV midUV top-tail-in in auto)
have lhs-eq:
partition-word-with-tail (Az. h (z, ¢)) (t # u # ts) (b # cflag # bs’)
(bridge-word (last (b # cflag # bs'))
(loop-class (U N V) 20 (bridge-loop h (last (t # u # t3)) ¢ d)) rest) =
WordLeft (loop-class U z0 (segment-loop (Ax. h (z, ¢)) t u))
(partition-word-with-tail (A\z. h (z, ¢)) (u # v # us) (cflag # bs’)
(bridge-word (last (cflag # bs’))
(loop-class (U N V) 20 (bridge-loop h (last (v # v # us)) ¢ d)) rest))
using True ts by simp
have rhs-eq:
bridge-word b (loop-class (U N V) z0 (bridge-loop h t ¢ d))
(partition-word-with-tail (Ax. h (z, d)) (¢t # u # ts) (b # cflag # bs’) rest)

bridge-word True (loop-class (U N V) 0 (bridge-loop h t ¢ d))
(WordLeft (loop-class U z0 (segment-loop (Ax. h (z, d)) t u))
(partition-word-with-tail (Axz. h (z, d)) (u # v # us) (cflag # bs’) rest))
using True ts by simp
show ?thesis
unfolding lhs-eq rhs-eq by (rule carrier-full-amalg-equiv.trans|OF pref-rel
cell-rel])
next
case False
have seg-in: loop-class V z0 (segment-loop (Az. h (z, ¢)) t u) € G2
proof —
have line-subset: {t..u} x {c} C {t..u} x {c..d}
using c01 cd by auto
have rectV: h ‘ ({t.u} x {c..d}) C V
using rect-side False by simp
have segV-line: h “ ({t.u} x {c}) C V
by (rule order-trans|OF image-mono[OF line-subset] rectV])
have tcUV: h (t,c) e UNYV
by (rule subsetD[OF leftUV]) (use cd in auto)
have ucUV: h (u, ¢c) e UNV
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by (rule subsetD[OF midUV]) (use cd in auto)
have seg-loop: segment-loop (Az. h (z, ¢)) t u € loop-space V z0
by (rule horizontal-rectangle-segment-loop-in-set| OF h-cont t01 u01 c01 tu-le
segV-line tcUV ucUV]) auto
show ?thesis
by (rule loop-class-in-space| OF seg-loop])
qed
have pref-rel:
carrier-full-amalg-equiv G1 G2 H i1 12 multl onel mult2 one2
(WordRight (loop-class V 20 (segment-loop (Az. h (z, ¢)) t u))
(partition-word-with-tail (A\z. h (z, ¢)) (u # v # us) (cflag # bs’)
(bridge-word (last (cflag # bs’))
(loop-class (U N V) z0 (bridge-loop h (last (u # v # us)) c d)) rest)))
(WordRight (loop-class V 20 (segment-loop (Az. h (z, ¢)) t u))
(bridge-word False (loop-class (U N V) z0 (bridge-loop h u ¢ d))
(partition-word-with-tail (Ax. h (z, d)) (u # v # us) (cflag # bs’) rest)))
proof —
have tail-false:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail (Az. h (z, ¢)) (u # v # us) (cflag # bs’)
(bridge-word (last (cflag # bs’))
(loop-class (U N V) 20 (bridge-loop h (last (u # v # us)) ¢ d)) rest))
(bridge-word False (loop-class (U N V) x0 (bridge-loop h u ¢ d))
(partition-word-with-tail (Az. h (z, d)) (u # v # us) (cflag # bs’) rest))
using tail-switched Fualse by simp
show ?thesis
by (rule carrier-full-amalg-equiv-right-context| OF tail-false seg-in])
qed
have cell-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V 20 (segment-loop (Az. h (z, ¢)) t u))
(bridge-word False (loop-class (U N V) z0 (bridge-loop h u ¢ d))
(partition-word-with-tail (Az. h (z, d)) (u # v # us) (cflag # bs’) rest)))
(bridge-word False (loop-class (U N V) x0 (bridge-loop h t ¢ d))
(WordRight (loop-class V z0 (segment-loop (Az. h (z, d)) t u))
(partition-word-with-tail (Az. h (x, d)) (u # v # us) (cflag # bs’) rest)))
by (rule rectangle-segment-bridge-right-equiv| OF h-cont t01 w01 c01 d01 tu-le
cd])
(use rect-side False leftUV midUV top-tail-in in auto)
have lhs-eq:
partition-word-with-tail (Az. h (z, ¢)) (t # u # ts) (b # cflag # bs’)
(bridge-word (last (b # cflag # bs'))
(loop-class (U N V) 20 (bridge-loop h (last (t # u # ts)) ¢ d)) rest) =
WordRight (loop-class V z0 (segment-loop (Az. h (z, c)) t u))
(partition-word-with-tail (Az. h (z, ¢)) (u # v # us) (cflag # bs’)
(bridge-word (last (cflag # bs’))
(loop-class (U N V) 20 (bridge-loop h (last (u # v # us)) ¢ d)) rest))
using Fulse ts by simp
have rhs-eq:
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bridge-word b (loop-class (U N V) x0 (bridge-loop h t ¢ d))
(partition-word-with-tail (Axz. h (z, d)) (¢t # u # ts) (b # cflag # bs’) rest)

bridge-word False (loop-class (U N V) z0 (bridge-loop h t ¢ d))
(WordRight (loop-class V 20 (segment-loop (Az. h (z, d)) t u))
(partition-word-with-tail (Az. h (z, d)) (u # v # us) (cflag # bs’) rest))
using Fualse ts by simp
show ?thesis
unfolding lhs-eq rhs-eq by (rule carrier-full-amalg-equiv.trans|OF pref-rel
cell-rel])
qed
qed

lemma homotopic-paths-join-subpathin:
assumes p-path: path p
and p-img: path-image p C S
and uw01: v € {0..1}
and v01: v € {0..1}
and w01: w € {0..1}
and wv: ©u < v
and vw: v < w
shows homotopic-paths S (subpathin v v p +++ subpathin v w p) (subpathin u
w p)
proof (cases w = u)
case True
then have wvw: v = v v =w
using uv vw by linarith+
have pu-in: pu € S
using p-img w01 by (auto simp: path-image-def)
have const-join: subpathin v v p +++ subpathin v w p = (A-. p u)
using wvw by (simp add: fun-eq-iff joinpaths-def subpathin-def)
have const-subpath: subpathin v wp = (A-. p u)
using wvw by (simp add: fun-eq-iff subpathin-def)
show ?thesis
unfolding const-join const-subpath
using pu-in by (simp add: path-def)
next
case Fulse
define ¢ where a = (v — u) / (w — u)
have wu-pos: 0 < w — u
using False uv vw by linarith
have a-nonneg: 0 < a
unfolding a-def using uv wu-pos by (simp add: field-simps)
have a-lel: a < 1
unfolding a-def using uwv vw wu-pos by (simp add: field-simps)
have a01: a € {0..1}
using a-nonneg a-lel by auto
let 2f = Atureal. if t < 1/ 2then 2 xaxtelsea+ (1 —a)*x(2*t—1)
have f-eq: ?f = subpathin 0 a id +++ subpathin a 1 id
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by (rule ext) (simp add: joinpaths-def subpathin-def)
have contf: continuous-on {0..1} ?f
proof —
have id-path: path id
by (simp add: path-def)
have left-path: path (subpathin 0 a id)
by (rule path-subpathin[OF id-path]) (use a0l in auto)
have right-path: path (subpathin a 1 id)
by (rule path-subpathin|OF id-path]) (use a0 in auto)
have join-path: path (subpathin 0 a id +++ subpathin a 1 id)
using left-path right-path a01
by (simp add: pathstart-def pathfinish-def subpathin-def)
show ?thesis
unfolding f-eq
using join-path by (simp add: path-def)
qged
have f01: ?f € {0..1} — {0..1}
proof
fix t :: real
assume t01: ¢t € {0..1}
show ?ft € {0..1}
proof (casest < 1/ 2)
case True
have t-nonneg: 0 < t
using t01 by auto
have two-t-lel: 2 x t < 1
using t01 True by linarith
have lower: 0 < 2 x a x t
using a-nonneg t-nonneg by (intro mult-nonneg-nonneg) auto
have upperl: a x (2 xt) < a * 1
using a-nonneg two-t-lel by (intro mult-left-mono) auto
have upper: 2 x a x t < 1
using upperl a-lel by (simp add: algebra-simps)
show ?thesis
using True lower upper by auto
next
case Fulse
have two-t-minusl-nonneg: 0 < 2 x t — 1
using t01 False by linarith
have two-t-minusi-lel: 2 x t — 1 < 1
proof —
have t-lel: t < I
using t01 by auto
then show ?thesis
by linarith
qed
have one-minus-a-nonneg: 0 < 1 — a
using a-le! by linarith
have lower: 0 < a+ (1 —a)* (2%t — 1)
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using a-nonneg one-minus-a-nonneg two-t-minusl-nonneg

by (intro add-nonneg-nonneg mult-nonneg-nonneg)
have upperl: (1 —a) x (2xt— 1)< (1 —a)* 1

using one-minus-a-nonneg two-t-minusl-lel by (intro mult-left-mono) auto
have upper: a + (1 —a) x (2 xt — 1) < 1
proof —

have a + (I —a)* (2t —1)<a+ (I —a)* 1

using upper! by linarith

also have ... = 1
by simp
finally show ?thesis .
qed

show ?thesis
using False lower upper by auto
qed
qged
have sub-uw-path: path (subpathin u w p)
by (rule path-subpathin[OF p-path u01 w01])
have sub-uw-img: path-image (subpathin v w p) C S
using p-img path-image-subpathin-subset| OF w01 w01, of p] by blast
show ?thesis
proof (rule homotopic-paths-sym[OF homotopic-paths-reparametrizelwhere p =
subpathin v w p and f = ?f]])
show path (subpathin u w p)
by (rule sub-uw-path)
show path-image (subpathin v w p) C S
by (rule sub-uw-img)
show continuous-on {0..1} 2f
by (rule contf)
show ?f € {0..1} — {0..1}
by (rule f01)

show 2f 0 = 0
by simp
show ?f1 =1

using a-nonneg a-lel by simp
show (subpathin u v p +++ subpathin v w p) t = subpathin u w p (7f 1)
if t01: t € {0..1} for ¢
proof (casest < 1/ 2)
case True
have (subpathin u v p +++ subpathin v wp) t = p (u + (v — u) * (2 x 1))
using True by (simp add: joinpaths-def subpathin-def algebra-simps)
also have ... =p (v + (w — u) * (2 * a * t))
proof —
have wa-eq: (w — u) * a =v — u
unfolding a-def using wu-pos by (simp add: field-simps algebra-simps)
have scale-eq: (w — u) * (2 xaxt) = (v — u) *x (2 x 1)
proof —
have (w — u) * (2 x a x t) = (w — u) x a) * (2 * t)
by (simp add: algebra-simps)
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also have ... = (v — u) % (2 % t)
using wa-eq by simp
finally show ?thesis .
qed
have arg-eq: u + (v —u) * (2% t) =u + (w — u) * (2 % a x 1)
using scale-eq by linarith
show ?thesis
by (subst arg-eq) simp
qed
also have ... = subpathin u w p (?f t)
using True by (simp add: subpathin-def algebra-simps)
finally show ?thesis .
next
case Fulse
have (subpathin v v p +++ subpathin vwp) t =p (v + (w — v) * (2 * t —
1)
using t01 False by (simp add: joinpaths-def subpathin-def algebra-simps)
alsohave ... =p(u+ (w—u) * (a+ (I —a)*x (2 xt— 1))
proof —
have one-minus-a: 1 — a = (w — v) / (w — u)
unfolding a-def using wu-pos by (simp add: field-simps)
have ua-eq: u + (w — u) x a = v
unfolding a-def using wu-pos by (simp add: field-simps)
have tail-eq: (w — u) * (I — a) = w — v
using one-minus-a wu-pos by (simp add: field-simps)
have arg-eq: u + (w —u) * (a + (I —a)x (2xt— 1)) =v+ (w— v) *
(2xt—1)
proof —
have u + (w —u) x (a + (I —a)*x (2%t — 1)) =
(u+(w—u)*xa)+ (w—u)*(1 —a)*x(2xt—1)
by (simp add: algebra-simps)
alsohave ... = v+ (w—v) *x (2%t — 1)
using ua-eq tail-eq by simp
finally show ?thesis .
qed
show ?thesis
using arg-eq by simp
qed
also have ... = subpathin v w p (?f t)
using False by (simp add: subpathin-def algebra-simps)
finally show ?Zthesis .
qed
qed
qed

lemma subpathin-full [simp]:

subpathin 0 1 p = p
unfolding subpathin-def by (rule ext) simp
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lemma segment-loop-refi:
assumes puUV:pue UNV
shows homotopic-paths W (segment-loop p u u) (A-. z0)
proof —
let ?c = connector (p u)
have c-path: path ?c
by (rule connector-path|OF puUV])
have c-img: path-image ?¢ C W
using connector-image-subset| OF puUV] by blast
have rev-c-path: path (reversepath ?c)
using c-path by simp
have rev-c-img: path-image (reversepath ?¢) C W
using c-img by simp
have hom-rid: homotopic-paths W (¢ +++ (A-. p u)) e
using homotopic-paths-rid-const|OF c-path c-img| connector-finish|OF puUV]
by (simp add: pathfinish-def)
have hom-join:
homotopic-paths W (((?c +++ (A-. p u)) +++ reversepath ?c)) (¢ +++
reversepath ?c)
proof (rule homotopic-paths-join-right| OF hom-rid rev-c-path rev-c-img|)
show pathfinish (¢ +++ (A-. p u)) = pathstart (reversepath ?c)
using connector-finish[OF puUV]
by (simp add: pathstart-def pathfinish-def joinpaths-def reversepath-def)
qed
have hom-inv: homotopic-paths W (?c +++ reversepath ?c) (A-. z0)
using homotopic-paths-rinv-const|OF c-path c-img] connector-start|OF puUV]
by simp
have homotopic-paths W (segment-loop p u u) (?c +++ reversepath ?c)
unfolding segment-loop-def by (simp add: hom-join)
then show ?thesis
by (rule homotopic-paths-trans|OF - hom-inv])
qed

lemma segment-loop-full:
assumes p-loop: p € loop-space W z0
shows homotopic-paths W (segment-loop p 0 1) p
by (rule segment-loop-base-full-in-set[OF p-loop))

lemma homotopic-paths-cancel-middle:

assumes r-path: path r
and r-img: path-image r C S
and c-path: path c
and c-img: path-image ¢ C S
and s-path: path s
and s-img: path-image s C S
and rc: pathfinish v = pathfinish c
and cs: pathstart s = pathfinish c

shows homotopic-paths S ((((r +++ reversepath ¢) +++ ¢) +++ 3)) (r +++

s)
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proof —
have revc-path: path (reversepath c)
using c-path by simp
have revc-img: path-image (reversepath ¢) C S
using c-img by simp
have mid-path: path (reversepath ¢ +++ c)
using revc-path c-path by simp
have mid-img: path-image (reversepath ¢ +++ ¢) C S
by (rule subset-path-image-join| OF revc-img c-img|)
have hom-cancel0: homotopic-paths S (reversepath ¢ +++ ¢) (A-. pathfinish c)
by (rule homotopic-paths-linv-const|OF c-path c-img])
have hom-cancell:
homotopic-paths S (((reversepath ¢ +++ ¢) +++ s)) (((A-. pathfinish ¢) +++
s))
proof (rule homotopic-paths-join-right| OF hom-cancel0 s-path s-img])
show pathfinish (reversepath ¢ +++ ¢) = pathstart s
using c¢s by (simp add: pathstart-def pathfinish-def joinpaths-def re-
versepath-def)
qed
have hom-cancel2: homotopic-paths S (((A-. pathfinish ¢) +++ 5)) s
using homotopic-paths-lid-const|OF s-path s-img] cs by (simp add: path-
start-def)
have hom-cancel: homotopic-paths S (((reversepath ¢ +++ ¢) +++ s)) s
by (rule homotopic-paths-trans|OF hom-cancell hom-cancel2])
have hom-left:
homotopic-paths S (r +++ ((reversepath ¢ +++ ¢) +++ 3)) (r +++ 3)
proof (rule homotopic-paths-join-left| OF hom-cancel r-path r-img])
show pathfinish r = pathstart ((reversepath ¢ +++ ¢) +++ s)
using rc by (simp add: pathstart-def pathfinish-def joinpaths-def re-
versepath-def)
qed
have assoc!:
homotopic-paths S (((r +++ reversepath ¢) +++ ¢)) (r +++ (reversepath ¢
4+ ¢))
proof —
have homotopic-paths S (r +++ (reversepath ¢ +++ c)) (((r +++ reversepath
c) +++ ¢))
by (rule homotopic-paths-assoc|OF r-path r-img revc-path revc-img c-path
c-img]) (use rc in simp-all)
then show ?thesis
by (rule homotopic-paths-sym)
qed
have assoc1-join:
homotopic-paths S ((((r +++ reversepath ¢) +++ ¢) +++ s)) (((r +++
(reversepath ¢ +++ ¢)) +++ 3))
proof (rule homotopic-paths-join-right| OF assocl s-path s-img])
show pathfinish ((r +++ reversepath c) +++ ¢) = pathstart s
using rc c¢s by (simp add: pathstart-def pathfinish-def joinpaths-def re-
versepath-def)
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qed
have assoc2:
homotopic-paths S (((r +++ (reversepath ¢ +++ ¢)) +++ ) (r +++
((reversepath ¢ +++ ¢) +++ s))
proof —
have homotopic-paths S (r +++ ((reversepath ¢ +++ ¢) +++ s)) (((r +++
(reversepath ¢ +++ ¢)) +++ 3))
by (rule homotopic-paths-assoc|OF r-path r-img mid-path mid-img s-path
s-img]) (use rc cs in simp-all)
then show ?thesis
by (rule homotopic-paths-sym)
qed
have homotopic-paths S ((((r +++ reversepath ¢) +++ ¢) +++ s)) (r +++
((reversepath ¢ +++ ¢) +++ 3))
by (rule homotopic-paths-trans|OF assoc1-join assoc2])
then show ?thesis
by (rule homotopic-paths-trans|OF - hom-left))
qed

lemma segment-loop-join:
assumes p-path: path p
and p-img: path-image p C W
and uw0!: v € {0..1}
and v01: v € {0..1}
and w0l: w € {0..1}
and uwv: u < v
and vw: v < w
and puUV:puec UNYV
and poUV:pve UNYV
and pwUV:pwe UNV
shows homotopic-paths W (segment-loop p u v +++ segment-loop p v w)
(segment-loop p u w)
proof —
let ?cu = connector (p u)
let ?cv = connector (p v)
let cw = connector (p w)
let ?suv = subpathin v v p
let ?svw = subpathin v w p
let Zsuw = subpathin u w p
let ?head = %cu +++ Zsuv
let ?tail = ?svw +—++ reversepath ?cw

have cu-path: path ?cu

by (rule connector-path[OF puUV])
have cv-path: path ?cv

by (rule connector-path|OF pvUV])
have cw-path: path ?cw

by (rule connector-path|OF pwUV])
have cu-img: path-image ?cu C W
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using connector-image-subset|OF puUV] by blast
have cv-img: path-image ?cv C W

using connector-image-subset|OF pvUV|] by blast
have cw-img: path-image ?cw C W

using connector-image-subset| OF pwUV] by blast

have suv-path: path ?suv
by (rule path-subpathin[OF p-path w01 v01])
have svw-path: path ?svw
by (rule path-subpathin[OF p-path v01 w01])
have suw-path: path ?suw
by (rule path-subpathin[OF p-path u01 w01])
have suv-img: path-image ?suv C W
using p-img path-image-subpathin-subset| OF w01 v01, of p] by blast
have svw-img: path-image ?svw C W
using p-img path-image-subpathin-subset| OF v01 w01, of p] by blast
have suw-img: path-image ?suw C W
using p-img path-image-subpathin-subset| OF w01 w01, of p] by blast
have suv-start: pathstart ?suv = p u
by (simp add: pathstart-def subpathin-def)
have svw-start: pathstart ?svw = p v
by (simp add: pathstart-def subpathin-def)
have svw-finish: pathfinish ?svw = p w
by (simp add: pathfinish-def subpathin-def)
have rev-cw-path: path (reversepath ?cw)
using cw-path by simp
have rev-cw-img: path-image (reversepath ?cw) C W
using cw-img by simp
have rev-cw-start: pathstart (reversepath ?cw) = p w
using connector-finish|OF pwUV] by simp

have head-path: path ?head
using cu-path suv-path connector-finish[OF puUV] suv-start by simp
have head-img: path-image ?head C W
by (rule subset-path-image-join| OF cu-img suv-img|)
have tail-path: path ?tail
using svw-path rev-cw-path svw-finish rev-cw-start by simp
have tail-img: path-image ?tail C W
by (rule subset-path-image-join[OF svw-img rev-cw-img))

have seg-uv-loop: segment-loop p u v € loop-space W z0
proof (rule segment-loop-in-W[OF p-path p-img w01 v01 puUV pvUV])

show subpathin wvp ‘{0.1} C W

using suv-img by (simp add: path-image-def)
qed
then have seg-uv-path: path (segment-loop p u v) and seg-uv-img: path-image
(segment-loop p u v) C W
unfolding loop-space-def by auto
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have seg-vw-assoc:
homotopic-paths W (segment-loop p v w) (?cv +++ Ztail)
proof —
have homotopic-paths W (?cv +++ (Zsvw +++ reversepath ?cw)) ((Zcv +++
Zsvw) +++ reversepath ?cw)
by (rule homotopic-paths-assoc[OF cuv-path cv-img svw-path svw-img
rev-cw-path rev-cw-img))
(use connector-finish|OF pvUV| svw-start svw-finish rev-cw-start in simp-all)
then show ?thesis
unfolding segment-loop-def by (rule homotopic-paths-sym)
qed

have seg-join-start: pathfinish (segment-loop p u v) = pathstart (segment-loop p
v w)
using pvUV by (simp add: segment-loop-def connector-start connector-finish)
have stepi:
homotopic-paths W (segment-loop p u v +++ segment-loop p v w) (segment-loop
pu v +++ (Zev +4++ ?tail))
by (rule homotopic-paths-join-left|OF seg-vw-assoc seg-uv-path seg-uv-img
seg-join-start])

have seg-cv-start: pathfinish (segment-loop p u v) = pathstart ?cv
using pvUV by (simp add: segment-loop-def connector-start connector-finish)
have cv-tail-start: pathfinish ?cv = pathstart ?tail
using connector-finish|OF pvUV]| svw-start by simp
have step2:
homotopic-paths W (segment-loop p uw v +++ (Zcv +++ ?2tail)) ((segment-loop
puv+++ Zev) +++ %tail)
by (rule homotopic-paths-assoc[OF seg-uv-path seg-uv-img cv-path cv-img
tail-path tail-img seg-cv-start cu-tail-start))

have subpath-uv-finish: pathfinish (subpathin v v p) = p v
by (simp add: subpathin-def pathfinish-def)
have head-finish-pv: pathfinish ?head = p v
using connector-finish|OF puUV| subpath-uv-finish
by (simp add: segment-loop-def connector-start connector-finish)
have head-cv-finish: pathfinish ?head = pathfinish ?cv
using head-finish-pv connector-finish[OF pvUV] by simp
have tail-cv-start: pathstart ?tail = pathfinish ?cv
using connector-finish|OF pvUV]| svw-start by simp
have step3-raw:
homotopic-paths W ((((?head +++ reversepath ?cv) +++ 2cv) +++ ?2tail))
(?head +++ ?tail)
by (rule homotopic-paths-cancel-middle| OF head-path head-img cv-path cv-img
tail-path tail-img head-cv-finish tail-cv-start])
have step3:
homotopic-paths W ((segment-loop p u v +++ ?2cv) +++ 2tail) (?head +++
2tail)
unfolding segment-loop-def using step3-raw by simp
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have suv-finish: pathfinish ?suv = p v
by (simp add: subpathin-def pathfinish-def)
have svw-start-eq: pathstart ?svw = p v
by (simp add: subpathin-def pathstart-def)
have svw-finish: pathfinish ?svw = p w
by (simp add: subpathin-def pathfinish-def)
have head-svw-start: pathfinish ?head = pathstart ?svw
using connector-finish|OF puUV] suv-finish svw-start-eq
by (simp add: connector-start connector-finish)
have svw-revcw-start: pathfinish ?svw = pathstart (reversepath ?cw)
using connector-finish[OF pwUV| svw-finish by simp
have stepja:
homotopic-paths W (2head +++ %tail) (((?cu +++ Zsuv) +++ Zsow) +++
reversepath ?cw)
by (rule homotopic-paths-assoc[OF head-path head-img svw-path svw-img
rev-cw-path rev-cw-img head-svw-start svw-revew-start))
have stepjb-inner:
homotopic-paths W (((?cu +++ Zsuv) +++ Zsvw)) (Pcu +++ (Zsuv +++
Zsvw))
proof —
have cu-suv-start: pathfinish ?cu = pathstart ?suv
using connector-finish[OF puUV] by (simp add: subpathin-def pathstart-def)
have suv-svw-start: pathfinish ?suv = pathstart ?svw
by (simp add: subpathin-def pathstart-def pathfinish-def)
have homotopic-paths W (Zcu +++ (Zsuv +++ Zsvw)) (((cu +4++ Zsuv)
+++ Zsvw))
by (rule homotopic-paths-assoc|OF cu-path cu-img suv-path suv-img svw-path
svw-imyg cu-suv-start suv-svw-start])
then show ?thesis
by (rule homotopic-paths-sym)
qed
have step/b:
homotopic-paths W ((((?cu +++ Zsuv) +++ Zsvw) +++ reversepath ?cw))
(((Zcu +++ (%suv +++ Zsvw)) +++ reversepath Zcw))
proof —
have cusuv-svw-finish: pathfinish (((?cu +++ Zsuv) +++ Zsvw)) = p w
using connector-finish|OF puUV] suv-finish svw-finish
by (simp add: connector-start connector-finish)
have cusuv-svw-revcw-start: pathfinish (((?cu +++ ?suv) +++ ?svw)) = path-
start (reversepath ?cw)
using cusuv-svw-finish connector-finish[OF pwUV] by simp
show ?thesis
by (rule homotopic-paths-join-right|OF step4b-inner rev-cw-path rev-cw-img
cusuv-svw-revew-start])
qed
have step4:
homotopic-paths W (%head +++ %tail) (((?cu +++ (Zsuv +++ Zsvw)) +++
reversepath ?cw))
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by (rule homotopic-paths-trans|OF step4a step4b])

have step5-inner0: homotopic-paths W (%suv +++ Zsvw) Zsuw
by (rule homotopic-paths-join-subpathin|OF p-path p-img w01 v01 w01 uv vw))
have step5-innerl:
homotopic-paths W (Zcu +++ (?suv +++ Zsvw)) (Zcu +++ Zsuw)
proof —
have cu-suvsvw-start: pathfinish ?cu = pathstart (?suv +++ Zsvw)
proof —
have cu-finish: pathfinish ?cu = p u
using connector-finish[OF puUV] by simp
have suvsvw-start: pathstart (?suv +++ ?sow) = p u
by (simp add: joinpaths-def subpathin-def pathstart-def)
show ?thesis
using cu-finish suvsvw-start by simp
qed
show ?thesis
by (rule homotopic-paths-join-left|OF step5-inner0) cu-path cu-img
cu-suvsvw-start))
qed
have steps:
homotopic-paths W (((?cu +++ (Zsuv +++ ?Zsvw)) +++ reversepath ?cw))
(segment-loop p u w)
proof —
have cu-suvw-finish: pathfinish (?cu +++ (Zsuv +++ Zsvw)) = p w
using connector-finish|OF puUV| suv-finish svw-finish
by (simp add: connector-start connector-finish)
have cu-suvw-revcw-start: pathfinish (?cu +++ (Zsuv +++ svw)) = pathstart
(reversepath ?cw)
using cu-suvw-finish connector-finish|OF pwUV| by simp
have step5-raw:
homotopic-paths W (((?cu +++ (Zsuv +++ Psvw)) +++ reversepath ?cw))
(((Pcu +++ ?Zsuw) +++ reversepath ?cw))
proof (rule homotopic-paths-join-right|OF stepb-innerl rev-cw-path
rev-cw-img|)
show pathfinish (?cu +++ (?suv +++ Zsvw)) = pathstart (reversepath ?cw)
by (rule cu-suvw-revcw-start)
qed
have step5-assoc:
homotopic-paths W (((?cu ++4 Zsuw) +++ reversepath ?cw))
(Zcu +++ (?suw +—++ reversepath ?cw))
proof —
have cu-suw-start: pathfinish ?cu = pathstart ?suw
using connector-finish|OF puUV] by (simp add: subpathin-def pathstart-def)
have suw-revcw-start: pathfinish ?suw = pathstart (reversepath ?cw)
using connector-finish|OF pwUV] by (simp add: subpathin-def pathfinish-def)
have homotopic-paths W (?cu +++ (Zsuw +++ reversepath ?cw))
(((Pcu +++ ?suw) +++ reversepath ?cw))
by (rule homotopic-paths-assoc|OF cu-path cu-img suw-path suw-img
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rev-cw-path rev-cw-img cu-suw-start suw-revew-start))
then show ?thesis
by (rule homotopic-paths-sym)
qed
have stepb-assoc’:
homotopic-paths W (((?cu +++ Zsuw) +++ reversepath ?cw))
(connector (p u) +++ (subpathin u w p +++ reversepath (connector (p
w))))

using steps-assoc by simp
have step5-final:
homotopic-paths W (((?cu +++ (Zsuv +++ Zsvw)) +++ reversepath ?cw))
(connector (p u) +++ (subpathin w w p +++ reversepath (connector (p

by (rule homotopic-paths-trans|OF steps-raw step5-assoc’])
show ?thesis
unfolding segment-loop-def
by (rule step5-raw)
qed

have homotopic-paths W (segment-loop p u v +++ segment-loop p v w)
((segment-loop p u v +++ Pcv) +++ tail)
by (rule homotopic-paths-trans|OF stepl step2])
then have homotopic-paths W (segment-loop p u v +++ segment-loop p v w)
(?head +++ ?tail)
by (rule homotopic-paths-trans|OF - step3])
then have homotopic-paths W (segment-loop p v v +++ segment-loop p v w)
(((Pcu +++ (?suv +++ ?svw)) +++ reversepath ?cw))
by (rule homotopic-paths-trans|OF - step])
then show ?thesis
by (rule homotopic-paths-trans[OF - step5])
qed

lemma segment-loop-join-in-set:
assumes p-path: path p
and p-imgS: path-image p C S
and SW: S C W
and UVS: UnNnV CS
and uw01: v € {0..1}
and v01: v € {0..1}
and w0l: w e {0..1}
and wv: u < v
and vw: v < w
and puUV:pue UNYV
and pUV:pve UNYV
and pwUV:pwe UNV
shows homotopic-paths S (segment-loop p u v +++ segment-loop p v w)
(segment-loop p u w)
proof —
let Zcu = connector (p u)
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let ?cv = connector (p v)

let cw = connector (p w)

let ?suv = subpathin v v p

let ?svw = subpathin v w p

let ?suw = subpathin u w p

let %head = %cu +++ Zsuv

let ?tail = ?svw +++ reversepath ?cw

have p-imgW: path-image p C W
using p-imgS SW by blast

have cu-path: path ?cu

by (rule connector-path|OF puUV])
have cv-path: path ?cv

by (rule connector-path|OF pvUV])
have cw-path: path ?cw

by (rule connector-path|OF pwUV])
have cu-img: path-image ?cu C S

using connector-image-subset| OF puUV] UVS by blast
have cv-img: path-image ?cv C S

using connector-image-subset|OF pvUV] UVS by blast
have cw-img: path-image ?cw C S

using connector-image-subset|OF pwUV] UVS by blast

have suv-path: path ?suv
by (rule path-subpathin[OF p-path w01 v01])
have svw-path: path ?svw
by (rule path-subpathin[OF p-path v01 w01])
have suw-path: path ?suw
by (rule path-subpathin[OF p-path w01 w01])
have suv-img: path-image ?suv C S
using p-imgS path-image-subpathin-subset|OF u01 v01, of p] by blast
have svw-img: path-image ?svw C S
using p-imgS path-image-subpathin-subset| OF v01 w01, of p] by blast
have suw-img: path-image ?suw C S
using p-imgS path-image-subpathin-subset[OF u01 w01, of p] by blast
have suv-start: pathstart ?suv = p u
by (simp add: pathstart-def subpathin-def)
have svw-start: pathstart ?svw = p v
by (simp add: pathstart-def subpathin-def)
have svw-finish: pathfinish ?svw = p w
by (simp add: pathfinish-def subpathin-def)
have rev-cw-path: path (reversepath ?cw)
using cw-path by simp
have rev-cw-img: path-image (reversepath ?cw) C S
using cw-img by simp
have rev-cw-start: pathstart (reversepath ?cw) = p w
using connector-finish|OF pwUV] by simp
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have head-path: path ?head
using cu-path suv-path connector-finish[OF puUV] suv-start by simp
have head-img: path-image ?head C S
by (rule subset-path-image-join| OF cu-img suv-img|)
have tail-path: path ?tail
using svw-path rev-cw-path svw-finish rev-cw-start by simp
have tail-img: path-image ?tail C S
by (rule subset-path-image-join| OF svw-img rev-cw-img|)

have seg-uv-loop: segment-loop p u v € loop-space S z0
proof (rule segment-loop-in-set[where S = S])
show path p
by (rule p-path)
show path-image p C W
by (rule p-imgW)
show v € {0..1} v € {0..1}
by (rule u01, rule v01)+
showpue UNVpoeUNnV
by (rule puUV, rule poUV)+
show path-image (connector (p u)) C S
by (rule cu-img)
show path-image (connector (p v)) C S
by (rule cv-img)
show subpathin wvp ‘{0..1} C S
using suv-img by (simp add: path-image-def)
show z0 € S
using z0-in-UV UVS by blast
qed
then have seg-uv-path: path (segment-loop p u v)
and seg-uv-img: path-image (segment-loop p u v) C S
unfolding loop-space-def by auto

have seg-vw-assoc:
homotopic-paths S (segment-loop p v w) (?cv +++ ?2tail)
proof —
have homotopic-paths S (?cv +++ (?svw +++ reversepath Zcw)) ((Zcv +++
Zsvw) +++ reversepath ?cw)
by (rule homotopic-paths-assoc[OF cv-path cv-img svw-path svw-img
rev-cw-path rev-cw-img|)
(use connector-finish|OF pvUV| svw-start svw-finish rev-cw-start in simp-all)
then show ?thesis
unfolding segment-loop-def by (rule homotopic-paths-sym)
qed

have seg-join-start: pathfinish (segment-loop p u v) = pathstart (segment-loop p
v w)
using pvUV by (simp add: segment-loop-def connector-start connector-finish)
have stepi:
homotopic-paths S (segment-loop p u v +++ segment-loop p v w) (segment-loop
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puv+++ (fev +++ %tail))
by (rule homotopic-paths-join-left[OF seg-vw-assoc seg-uv-path seg-uv-img
seg-join-start])

have seg-cv-start: pathfinish (segment-loop p u v) = pathstart ?cv
using pvUV by (simp add: segment-loop-def connector-start connector-finish)
have cv-tail-start: pathfinish ?cv = pathstart ?tail
using connector-finish|OF pvUV]| svw-start by simp
have step2:
homotopic-paths S (segment-loop p u v +++ (Pcv +++ ?2tail)) ((segment-loop
puv+++ Zev) +++ “tail)
by (rule homotopic-paths-assoc[OF seg-uv-path seg-uv-img cv-path cv-img
tail-path tail-img seg-cv-start cv-tail-start])

have subpath-uv-finish: pathfinish (subpathin v v p) = p v
by (simp add: subpathin-def pathfinish-def)
have head-finish-pv: pathfinish ?head = p v
using connector-finish|OF puUV| subpath-uv-finish
by (simp add: segment-loop-def connector-start connector-finish)
have head-cv-finish: pathfinish ?head = pathfinish ?cv
using head-finish-pv connector-finish|OF pvUV] by simp
have tail-cv-start: pathstart ?tail = pathfinish ?cv
using connector-finish[OF pvUV| svw-start by simp
have step3-raw:
homotopic-paths S ((((?head +++ reversepath ?cv) +++ cv) +++ %tail))
(?head ++4+ ?tail)
by (rule homotopic-paths-cancel-middle[OF head-path head-img cv-path cv-img
tail-path tail-img head-cv-finish tail-cv-start])
have step3:
homotopic-paths S ((segment-loop p u v +++ 2cv) +++ 2tail) (?head +++
?tail)
unfolding segment-loop-def using step3-raw by simp

have suv-finish: pathfinish ?suv = p v
by (simp add: subpathin-def pathfinish-def)
have svw-start-eq: pathstart ?svw = p v
by (simp add: subpathin-def pathstart-def)
have svw-finish: pathfinish ?svw = p w
by (simp add: subpathin-def pathfinish-def)
have head-svw-start: pathfinish ?head = pathstart ?svw
using connector-finish|OF puUV] suv-finish svw-start-eq
by (simp add: connector-start connector-finish)
have svw-revcw-start: pathfinish ?svw = pathstart (reversepath ?cw)
using connector-finish[|OF pwUV| svw-finish by simp
have stepja:
homotopic-paths S (2head +++ ?2tail) (((?cu +++ Zsuv) +++ Zsvw) +++
reversepath ?cw)
by (rule homotopic-paths-assoc|OF head-path head-img svw-path svw-img
rev-cw-path rev-cw-img head-svw-start svw-revew-start))

222



have step/b-inner:
homotopic-paths S (((?cu +++ Zsuwv) +++ Zsvw)) (Ycu +++ (Psuv +++
Zsvw))
proof —
have cu-suv-start: pathfinish ?cu = pathstart ?suv
using connector-finish[OF puUV] by (simp add: subpathin-def pathstart-def)
have suv-svw-start: pathfinish ?suv = pathstart ?svw
by (simp add: subpathin-def pathstart-def pathfinish-def)
have homotopic-paths S (?cu +++ (Zsuv +++ Zsvw)) (((cu +++ Zsuv) +++
?svw))
by (rule homotopic-paths-assoc|OF cu-path cu-img suv-path suv-img svw-path
svw-imyg cu-suv-start suv-svw-start])
then show ?thesis
by (rule homotopic-paths-sym)
qed
have stepjb:
homotopic-paths S ((((?cu +++ Psuv) +++ Psvw) +++ reversepath ?cw))
(((Zcu +++ (%suv +++ Zsvw)) +++ reversepath Zcw))
proof —
have cusuv-svw-finish: pathfinish (((?cu +++ Zsuv) +++ Zsvw)) = p w
using connector-finish|OF puUV] suv-finish svw-finish
by (simp add: connector-start connector-finish)
have cusuv-svw-revcw-start: pathfinish (((?cu +++ ?suv) +++ Zsvw)) = path-
start (reversepath ?cw)
using cusuv-svw-finish connector-finish|OF pwUV] by simp
show ?thesis
by (rule homotopic-paths-join-right|OF step4b-inner rev-cw-path rev-cw-img
cusuv-svw-revew-start])
qed
have stepy:
homotopic-paths S (?head +++ ?tail) (((?cu +++ (Zsuv +++ Zsow)) +++
reversepath ?cw))
by (rule homotopic-paths-trans|OF step4a step4b])

have step5-inner0: homotopic-paths S (?suv +++ Zsvw) Zsuw
by (rule homotopic-paths-join-subpathin| OF p-path p-imgS w01 v01 w01 uv vw))
have step5-innerl:
homotopic-paths S (?cu +++ (2suv +++ Zsvw)) (Pcu +++ Zsuw)
proof —
have cu-suvsvw-start: pathfinish ?cu = pathstart (?suv +++ Zsvw)
proof —
have cu-finish: pathfinish ?cu = p u
using connector-finish[OF puUV] by simp
have suvsvw-start: pathstart (?suv +++ ?svw) = p u
by (simp add: joinpaths-def subpathin-def pathstart-def)
show ?thesis
using cu-finish suvsvw-start by simp
qed
show ?thesis
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by (rule homotopic-paths-join-left|OF step5-inner0 cu-path cu-img
cu-suvsvw-start])
qed
have step):
homotopic-paths S (((7cu +++ (Zsuv +++ Zsvw)) +++ reversepath ?cw))
(segment-loop p u w)
proof —
have cu-suvw-finish: pathfinish (¢cu +++ (Zsuv +++ svw)) = p w
using connector-finish|OF puUV| suv-finish svw-finish
by (simp add: connector-start connector-finish)
have cu-suvw-revew-start: pathfinish (?cu +++ (Zsuv +++ ?svw)) = pathstart
(reversepath Zcw)
using cu-suvw-finish connector-finish[OF pwUV]| by simp
have step5-raw:
homotopic-paths S (((?cu +++ (Psuv +++ ?svw)) +++ reversepath ?cw))
(((Pcu +++ Zsuw) +++ reversepath ?cw))
proof (rule homotopic-paths-join-right{OF step5-innerl rev-cw-path
rev-cw-img|)
show pathfinish (?cu +++ (Zsuv +++ ?svw)) = pathstart (reversepath ?cw)
by (rule cu-suvw-revcw-start)
qed
have step5-assoc:
homotopic-paths S (((?cu +4++ ?suw) +++ reversepath ?cw))
(Pcu +++ (Zsuw +++ reversepath Zcw))
proof —
have cu-suw-start: pathfinish ?cu = pathstart ?suw
using connector-finish|OF puUV] by (simp add: subpathin-def pathstart-def)
have suw-revcw-start: pathfinish ?suw = pathstart (reversepath ?cw)
using connector-finish|OF pwUV] by (simp add: subpathin-def pathfinish-def)
have homotopic-paths S (?cu +++ (Zsuw +++ reversepath ?cw))
(((Pcu +++ ?Psuw) +++ reversepath ?cw))
by (rule homotopic-paths-assoc[OF cu-path cu-img suw-path suw-img
rev-cw-path rev-cw-img cu-suw-start suw-revcw-start))
then show ?thesis
by (rule homotopic-paths-sym)
qed
have steps-assoc’:
homotopic-paths S (((?cu +++ ?suw) +++ reversepath ?cw))
(connector (p u) +++ (subpathin u w p +++ reversepath (connector (p
w))))

using steps-assoc by simp
have step5-final:
homotopic-paths S (((Zcu +++ (Zsuv +++ ?svw)) +++ reversepath ?cw))
(connector (p u) +++ (subpathin w w p +++ reversepath (connector (p
w))

by (rule homotopic-paths-trans|OF step5-raw step5-assoc’])
show ?thesis

unfolding segment-loop-def

by (rule step5-raw)
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qed

have homotopic-paths S (segment-loop p uw v +++ segment-loop p v w)
((segment-loop p u v +++ Pcv) +++ Ptail)
by (rule homotopic-paths-trans|OF stepl step2])
then have homotopic-paths S (segment-loop p u v +++ segment-loop p v w)
(?head +++ ?tail)
by (rule homotopic-paths-trans[OF - step3])
then have homotopic-paths S (segment-loop p u v +++ segment-loop p v w)
(((Zcu +++ (Zsuv +++ ?Zsvw)) +++ reversepath ?cw))
by (rule homotopic-paths-trans|OF - step4])
then show ?thesis
by (rule homotopic-paths-trans|OF - step5])

qed

lemma partition-loop-nil [simp]:
partition-loop p [] = (A-. z0)
by simp

lemma partition-loop-singleton [simp):
partition-loop p [t] = (A-. 20)
by simp

lemma svk-partition-partition-loop-homotopic-segment-loop:
assumes p-loop: p € loop-space W z0
and part: svk-partition p (¢t # ts) bs
shows homotopic-paths W (partition-loop p (t # ts)) (segment-loop p t 1)
using part
proof (induction ts arbitrary: t bs)
case Nil
have t1: t = 1
using svk-partition-last-eq-one[OF Nil.prems] by simp
have ptUV:pte UNYV
by (rule svk-partition-head-props(2)[OF Nil.prems])
have homotopic-paths W (segment-loop p t 1) (A-. 20)
using t1 ptUV by (simp add: segment-loop-refl)
then show ?case
by (simp add: homotopic-paths-sym)
next
case (Cons u us)
from p-loop have p-path: path p and p-img: path-image p C W
unfolding loop-space-def by auto
obtain b bs’ where bs: bs = b # bs’
using Cons.prems by (cases bs) auto
have tail: svk-partition p (u # us) bs’
using Cons.prems bs by simp
have tail-hom:
homotopic-paths W (partition-loop p (u # us)) (segment-loop p u 1)
by (rule Cons.IH|[OF tail])
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have t01: t € {0..1} and ptUV:pt e UNV
using Cons.prems bs by simp-all
have uw01: v € {0..1} and tu: t < u
using Cons.prems bs by simp-all
have puUV:pue UNYV
using Cons.prems bs svk-partition-next-in-intersection[of p t u us b bs’] by simp
have seg-in:
subpathin t up {0..1} C W
by (cases b) (use Cons.prems bs in auto)
have oneUV:p1 € UNYV
using svk-partition-last-in-intersection[OF tail] svk-partition-last-eq-one| OF
tail] by simp
have seg-tu-loop: segment-loop p t u € loop-space W z0
by (rule segment-loop-in-W|[OF p-path p-img t01 u01 ptUV puUV seg-in])
then have seg-tu-path: path (segment-loop p t u)
and seg-tu-img: path-image (segment-loop p t u) C W
unfolding loop-space-def by auto
have tail-loop: partition-loop p (u # us) € loop-space W z0
by (rule svk-partition-partition-loop-in- W|[OF p-loop tail])
have join-hom:
homotopic-paths W (segment-loop p t u +-++ partition-loop p (u # us))
(segment-loop p t u +++ segment-loop p u 1)
proof (rule homotopic-paths-join-left[ OF tail-hom seg-tu-path seg-tu-img))
show pathfinish (segment-loop p t u) = pathstart (partition-loop p (u # us))
using seg-tu-loop tail-loop unfolding loop-space-def by simp
qged
have step1:
homotopic-paths W (partition-loop p (t # u # us)) (segment-loop p t v +++
segment-loop p u 1)
using join-hom by simp
have step2:
homotopic-paths W (segment-loop p t u +++ segment-loop p u 1) (segment-loop
pti)
by (rule segment-loop-join[OF p-path p-img t01 u01]) (use u01 tu oneUV ptUV
puUV in auto)
show ?case
by (rule homotopic-paths-trans|OF stepl step2])
qged

lemma valid-partition-partition-loop-homotopic-segment-loop:
assumes p-loop: p € loop-space W z0
and part: valid-partition p ts bs
shows homotopic-paths W (partition-loop p ts) (segment-loop p 0 1)
proof —
obtain ¢ ts’ where ts: ts = t # ts'
using valid-partition-hd(1)[OF part] by (cases ts) auto
have valid-ts: valid-partition p (t # ts') bs
using part unfolding ts by simp
have t0: t = 0
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by (rule valid-partition-cases(1)[OF wvalid-ts])
have svk: svk-partition p (t # ts') bs
by (rule valid-partition-cases(2)[OF valid-ts])
have homotopic-paths W (partition-loop p (t # ts’)) (segment-loop p t 1)
by (rule svk-partition-partition-loop-homotopic-segment-loop| OF p-loop svk])
then show ?thesis
using ts t0 by simp
qed

lemma valid-partition-partition-loop-homotopic:
assumes p-loop: p € loop-space W z0
and part: valid-partition p ts bs
shows homotopic-paths W (partition-loop p ts) p
proof —
have step!: homotopic-paths W (partition-loop p ts) (segment-loop p 0 1)
by (rule valid-partition-partition-loop-homotopic-segment-loop| OF p-loop part])
have step2: homotopic-paths W (segment-loop p 0 1) p
by (rule segment-loop-full|OF p-loop])
show ?thesis
by (rule homotopic-paths-trans|OF stepl step2])
qed

lemma valid-partition-partition-loop-eq:
assumes p-loop: p € loop-space W z0
and part: valid-partition p ts bs
shows loop-class W x0 (partition-loop p ts) = loop-class W z0 p
proof —
have part-loop: partition-loop p ts € loop-space W x0
by (rule valid-partition-partition-loop-in-W[OF p-loop part))
have hom: homotopic-paths W (partition-loop p ts) p
by (rule valid-partition-partition-loop-homotopic| OF p-loop part))
show ?thesis
by (rule loop-class-eqI[OF part-loop p-loop hom))
qed

lemma valid-partition-decode-partition-word-eq-loop-class:
assumes p-loop: p € loop-space W z0
and part: valid-partition p ts bs
shows svk-decode (partition-word p ts bs) = loop-class W z0 p
using valid-partition-decode-partition-word[OF p-loop part]
valid-partition-partition-loop-eq| OF p-loop part)
by simp

lemma subpathin-image-subset-left:
assumes t01: t € {0..1}
and uw0I: v € {0..1}
and v01: v € {0..1}
and tu: t < u
and uv: v < v
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shows subpathin t wp “{0..1} C subpathin t vp ‘{0..1}
proof —
have closed-segment t u C closed-segment t v
using t01 w01 v01 tu uv by (auto simp: closed-segment-eq-real-ivl)
then show ?thesis
by (auto simp: subpathin-image)
qed

lemma subpathin-image-subset-right:
assumes t01: t € {0..1}
and w01: u € {0..1}
and v01: v € {0..1}
and tu: t < wu
and wv: ©u < v
shows subpathin uw v p {0..1} C subpathin t vp ‘{0..1}
proof —
have closed-segment u v C closed-segment t v
using t01 w01 v01 tu uv by (auto simp: closed-segment-eq-real-ivl)
then show ?thesis
by (auto simp: subpathin-image)
qed

lemma subpathin-subpathin:
subpathin a b (subpathin u v p) =
subpathin (((v — u) * a) + u) (((v — u) * b) + u) p
unfolding subpathin-def by (rule ext) (simp add: algebra-simps)

lemma segment-loop-subpathin:
segment-loop (subpathin w v p) a b =
segment-loop p (v — u) * a) + u) ((v — u) * b) + u)
unfolding segment-loop-def subpathin-subpathin subpathin-def
by (rule ext) (simp add: algebra-simps)

lemma segment-loop-mult-eq-left:
assumes p-path: path p
and p-imgW': path-image p C W
and t01: t € {0..1}
and uw01: v € {0..1}
and v01: v € {0..1}
and tu: t < u
and uv: u < v
and ptUV:pte UNYV
and puUV:pue UNYV
and pUV:pve UNYV
and seg-tvU: subpathin t vp ‘{0..1} C U
shows mult! (loop-class U z0 (segment-loop p t u))
(loop-class U x0 (segment-loop p u v)) =
loop-class U z0 (segment-loop p t v)
proof —
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define ¢ where ¢ = subpathin t v p
define a where a = (u — t) / (v — )

have tv: t < v
using tu uv by linarith
have a01: a € {0..1}
unfolding a-def using tu uv tv by (auto simp: field-simps)
have ¢-path: path q
unfolding ¢-def by (rule path-subpathin|OF p-path t01 v01])
have ¢-imgU: path-image ¢ C U
unfolding ¢-def using seg-tvU by (simp add: path-image-def)
have q0UV: q0 € UNV
unfolding ¢-def using ptUV by (simp add: subpathin-def)
have qaUV:qac UNV
proof —
have qga-eq: qa=pu
proof —
have ta-eq: t + (v — 1) x a = u
unfolding a-def using tv by (simp add: field-simps)
show ?thesis
unfolding ¢-def subpathin-def using ta-eq by (simp add: algebra-simps)
qed
then show ?thesis
using puUV by simp
qed
have q1UV:q1 € UNV
unfolding ¢-def using pvUV by (simp add: subpathin-def)
have join-hom-q:
homotopic-paths U (segment-loop q 0 a +++ segment-loop q a 1) (segment-loop
q01)
by (rule segment-loop-join-in-set|OF ¢-path q-imgU]) (use a01 qOUV qaUV
q1UV in auto)

have seg-tu-eq: segment-loop q 0 a = segment-loop p t u
proof —
have ta-eq: (v — t) x a) + t = u
unfolding a-def using tv by (simp add: field-simps algebra-simps)
show ?thesis
unfolding ¢-def using ta-eq by (simp add: segment-loop-subpathin)
qed
have seg-uv-eq: segment-loop q a 1 = segment-loop p u v
proof —
have ta-eq: (v —t) x a) + t = u
unfolding a-def using tv by (simp add: field-simps algebra-simps)
show ?thesis
unfolding ¢-def using ta-eq by (simp add: segment-loop-subpathin)
qed
have seg-tv-eq: segment-loop q 0 1 = segment-loop p t v
unfolding ¢-def by (simp add: segment-loop-subpathin)
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have seg-tuU: subpathin t wp ‘{0..1} C U
by (rule order-trans|OF subpathin-image-subset-left|OF 01 w01 v01]]) (use tu
uv seg-toU in auto)
have seg-uvU: subpathin wvp ‘{0..1} C U
by (rule order-trans|OF subpathin-image-subset-right| OF t01 w01 v01]]) (use tu
uv seg-tvU in auto)

have loop-tu: segment-loop p t u € loop-space U x0

by (rule segment-loop-in-U[OF p-path p-imgW t01 w01 ptUV puUV seg-tuU])
have loop-uv: segment-loop p u v € loop-space U z0

by (rule segment-loop-in-U[OF p-path p-imgW w01 v01 puUV pvUV seg-uvU])
have loop-tv: segment-loop p t v € loop-space U x0

by (rule segment-loop-in-U[OF p-path p-imgW t01 v01 ptUV pvUV seg-tvU))

have class-tu-in: loop-class U z0 (segment-loop p t u) € G1
by (rule loop-class-in-space] OF loop-tu))

have class-uv-in: loop-class U z0 (segment-loop p u v) € G1
by (rule loop-class-in-space[ OF loop-uv])

have join-loop: segment-loop p t u +++ segment-loop p v v € loop-space U z0
by (rule loop-space-join[OF loop-tu loop-uv])

have mult-eq-join:
multl (loop-class U z0 (segment-loop p t u))
(loop-class U x0 (segment-loop p u v)) =
loop-class U z0 (segment-loop p t u ++—+ segment-loop p u v)
by (rule fundamental-group-mult-eqI[OF class-tu-in class-uv-in loop-tu loop-uv))
simp-all
have join-eq:
loop-class U z0 (segment-loop p t u +++ segment-loop p u v) =
loop-class U z0 (segment-loop p t v)
proof —
have join-eq-q:
loop-class U z0 (segment-loop q 0 a +++ segment-loop q a 1) =
loop-class U 20 (segment-loop q 0 1)
proof (rule loop-class-eql)
show segment-loop q 0 a +++ segment-loop q a 1 € loop-space U x0
unfolding seg-tu-eq seg-uv-eq by (rule join-loop)
show segment-loop q 0 1 € loop-space U x0
using seg-tv-eq loop-tv by simp
show homotopic-paths U (segment-loop q 0 a +++ segment-loop q a 1)
(segment-loop q 0 1)
by (rule join-hom-q)
qed
show ?thesis
using join-eq-q by (simp only: seg-tu-eq seg-uv-eq seg-tv-eq)
qed
show ?thesis
using mult-eq-join join-eq by simp
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qed

lemma segment-loop-mult-eq-right:
assumes p-path: path p
and p-imgW: path-image p C W
and t01: t € {0..1}
and uw0I: v € {0..1}
and v01: v € {0..1}
and tu: t < u
and uv: u < v
and ptUV:pte UNV
and puUV:puec UNYV
and poUV:pve UNYV
and seg-tvV: subpathin t vp ‘{0..1} C V
shows mult2 (loop-class V x0 (segment-loop p t u))
(loop-class V z0 (segment-loop p u v)) =
loop-class V z0 (segment-loop p t v)
proof —
define ¢ where ¢ = subpathin t v p
define a where a = (u — t) / (v — 1)

have tv: t < v
using tu uv by linarith
have a01: a € {0..1}
unfolding a-def using tu uv tv by (auto simp: field-simps)
have ¢-path: path g
unfolding ¢-def by (rule path-subpathin|OF p-path t01 v01])
have ¢-imgV': path-image ¢ C 'V
unfolding ¢-def using seg-tvV by (simp add: path-image-def)
have q0UV: q0 € UNV
unfolding ¢-def using ptUV by (simp add: subpathin-def)
have qaUV:qaec UNV
proof —
have ga-eq: ga =p u
proof —
have ta-eq: t + (v — t) x a = u
unfolding a-def using tv by (simp add: field-simps)
show ?thesis
unfolding ¢-def subpathin-def using ta-eq by (simp add: algebra-simps)
qed
then show ?thesis
using puUV by simp
qed
have q1UV:q1 €¢ UNV
unfolding ¢-def using pvUV by (simp add: subpathin-def)
have join-hom-q:
homotopic-paths V (segment-loop q 0 a +++ segment-loop q a 1) (segment-loop
q01)
by (rule segment-loop-join-in-set|OF g-path q-imgV]) (use a01 qOUV qaUV
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q1UV in auto)

have seg-tu-eq: segment-loop q 0 a = segment-loop p t u
proof —
have ta-eq: (v —t) x a) + t = u
unfolding a-def using tv by (simp add: field-simps algebra-simps)
show ?thesis
unfolding ¢-def using ta-eq by (simp add: segment-loop-subpathin)
qed
have seg-uv-eq: segment-loop q a 1 = segment-loop p u v
proof —
have ta-eq: (v — t) x a) + t = u
unfolding a-def using tv by (simp add: field-simps algebra-simps)
show ?thesis
unfolding ¢-def using ta-eq by (simp add: segment-loop-subpathin)
qged
have seg-tv-eq: segment-loop q 0 1 = segment-loop p t v
unfolding ¢-def by (simp add: segment-loop-subpathin)

have seg-tuV: subpathin t up ‘{0..1} C V
by (rule order-trans|OF subpathin-image-subset-left[OF t01 u01 v01]]) (use tu
uv seg-tvV in auto)
have seg-uvV: subpathin wvp ‘{0..1} C V
by (rule order-trans|OF subpathin-image-subset-right|OF t01 w01 v01]]) (use tu
uv seg-tvV in auto)

have loop-tu: segment-loop p t u € loop-space V z0

by (rule segment-loop-in-V[OF p-path p-imgW t01 w01 ptUV puUV seg-tuV])
have loop-uv: segment-loop p u v € loop-space V z0

by (rule segment-loop-in-V[OF p-path p-imgW w01 v01 puUV pvUV seg-uvV])
have loop-tv: segment-loop p t v € loop-space V x0

by (rule segment-loop-in-V[OF p-path p-imgW t01 v01 ptUV pvUV seg-tvV])

have class-tu-in: loop-class V 20 (segment-loop p t u) € G2
by (rule loop-class-in-space| OF loop-tu))

have class-uv-in: loop-class V x0 (segment-loop p u v) € G2
by (rule loop-class-in-space| OF loop-uv))

have join-loop: segment-loop p t uw +++ segment-loop p v v € loop-space V z0
by (rule loop-space-join[OF loop-tu loop-uv])

have mult-eg-join:
mult2 (loop-class V z0 (segment-loop p t u))
(loop-class V z0 (segment-loop p u v)) =
loop-class V z0 (segment-loop p t u +++ segment-loop p u v)
by (rule fundamental-group-mult-eqI[OF class-tu-in class-uv-in loop-tu loop-uv))
stmp-all
have join-eq:
loop-class V z0 (segment-loop p t u +++ segment-loop p u v) =
loop-class V 0 (segment-loop p t v)
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proof —
have join-eq-q:
loop-class V z0 (segment-loop q 0 a +++ segment-loop q a 1) =
loop-class V x0 (segment-loop q 0 1)
proof (rule loop-class-eqI)
show segment-loop q 0 a +++ segment-loop q a 1 € loop-space V x0
unfolding seg-tu-eq seg-uv-eq by (rule join-loop)
show segment-loop q 0 1 € loop-space V x0
using seg-tv-eq loop-tv by simp
show homotopic-paths V (segment-loop q 0 a +++ segment-loop q a 1)
(segment-loop q 0 1)
by (rule join-hom-q)
qed
show ?thesis
using join-eq-q by (simp only: seg-tu-eq seg-uv-eq seg-tv-eq)
qged
show ?thesis
using mult-eq-join join-eq by simp
qed

lemma segment-word-split-left-equiv:
assumes p-loop: p € loop-space W z0
and t01: t € {0..1}
and u01: u € {0..1}
and v01: v € {0..1}
and tu: t < u
and uv: u < v
and ptUV:pte UNV
and puUV:pue UNYV
and pUV:pve UNYV
and seg-tvU: subpathin tvp “{0..1} C U
and rest-in: fpw-in-space G1 G2 rest
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft (loop-class U z0 (segment-loop p t u))
(WordLeft (loop-class U 0 (segment-loop p u v)) rest))
(WordLeft (loop-class U x0 (segment-loop p t v)) rest)
proof —
from p-loop have p-path: path p and p-imgW: path-image p C W
unfolding loop-space-def by auto
have seg-tuU: subpathin t wp ‘{0..1} C U
by (rule order-trans|OF subpathin-image-subset-left|OF t01 u01 v01]]) (use tu
uv seg-toU in auto)
have seg-uvU: subpathin wvp ‘{0..1} C U
by (rule order-trans|OF subpathin-image-subset-right| OF t01 u01 v01]]) (use tu
uv seg-tvU in auto)
have loop-tu: segment-loop p t u € loop-space U z0
by (rule segment-loop-in-U[OF p-path p-imgW t01 w01 ptUV puUV seg-tuU])
have loop-uv: segment-loop p u v € loop-space U z0
by (rule segment-loop-in-U[OF p-path p-imgW w01 v01 puUV pvUV seg-uvU])
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have class-tu-in: loop-class U 20 (segment-loop p t u) € G1
by (rule loop-class-in-space] OF loop-tu))
have class-uv-in: loop-class U z0 (segment-loop p u v) € G1
by (rule loop-class-in-space| OF loop-uv))
have mult-in:
mult] (loop-class U z0 (segment-loop p t u))
(loop-class U x0 (segment-loop p u v)) € G1
by (rule fundamental-group-mult-in-space| OF class-tu-in class-uv-in))
have mult-eq:
mult! (loop-class U z0 (segment-loop p t u))
(loop-class U z0 (segment-loop p u v)) =
loop-class U z0 (segment-loop p t v)
by (rule segment-loop-mult-eq-left{OF p-path p-imgW t01 w01 v01 tu uv ptUV
puUV poUV seg-tvU])

have step:
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2

(WordLeft (loop-class U z0 (segment-loop p t u))
(WordLeft (loop-class U 0 (segment-loop p u v)) rest))
(WordLeft (multl (loop-class U z0 (segment-loop p t u))
(loop-class U x0 (segment-loop p uw v))) rest)
proof (rule carrier-fpw-reduction-step.combine-left)
show loop-class U z0 (segment-loop p t u) € G1
by (rule class-tu-in)
show loop-class U z0 (segment-loop p u v) € G1
by (rule class-uv-in)
show mult1 (loop-class U xz0 (segment-loop p t u)) (loop-class U z0 (segment-loop
puv)) € GI
by (rule mult-in)
show fpw-in-space G1 G2 rest
by (rule rest-in)
qed

have red:
carrier-fpw-reduction G1 G2 multl onel mult2 one2

(WordLeft (loop-class U z0 (segment-loop p t u))
(WordLeft (loop-class U 0 (segment-loop p u v)) rest))
(WordLeft (multl (loop-class U 20 (segment-loop p t u))
(loop-class U x0 (segment-loop p u v))) rest)
by (rule carrier-fpw-reduction.step| OF step))

have rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2

(WordLeft (loop-class U x0 (segment-loop p t u))
(WordLeft (loop-class U x0 (segment-loop p u v)) rest))
(WordLeft (mult! (loop-class U z0 (segment-loop p t u))
(loop-class U z0 (segment-loop p u v))) rest)
by (rule carrier-full-amalg-equiv.of-reduction| OF red])
show ?thesis
using rel mult-eq by simp
qged
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lemma segment-word-split-right-equiv:
assumes p-loop: p € loop-space W x0
and t01: ¢t € {0..1}
and w0I: u € {0..1}
and v01: v e {0..1}
and tu: t < u
and uv: u < v
and ptUV:pte UNV
and puUV:pue UNV
and pvUV:pove UNYV
and seg-tvV: subpathin t vp ‘{0..1} C V
and rest-in: fpw-in-space G1 G2 rest
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V 20 (segment-loop p t u))
(WordRight (loop-class V 20 (segment-loop p u v)) rest))
(WordRight (loop-class V x0 (segment-loop p t v)) rest)
proof —
from p-loop have p-path: path p and p-imgW: path-image p C W
unfolding loop-space-def by auto
have seg-tuV: subpathin t up ‘{0..1} C V
by (rule order-trans|OF subpathin-image-subset-left[OF t01 u01 v01]]) (use tu
uv seg-tvV in auto)
have seg-uvV: subpathin wvp ‘{0..1} C V
by (rule order-trans|OF subpathin-image-subset-right|OF t01 w01 v01]]) (use tu
uv seg-tvV in auto)
have loop-tu: segment-loop p t u € loop-space V z0
by (rule segment-loop-in-V[OF p-path p-imgW t01 u01 ptUV puUV seg-tuV])
have loop-uv: segment-loop p u v € loop-space V z0
by (rule segment-loop-in-V[OF p-path p-imgW u01 v01 puUV pvUV seg-uvV])
have class-tu-in: loop-class V z0 (segment-loop p t u) € G2
by (rule loop-class-in-space] OF loop-tu))
have class-uv-in: loop-class V x0 (segment-loop p u v) € G2
by (rule loop-class-in-space| OF loop-uv])
have mult-in:
mult2 (loop-class V z0 (segment-loop p t u))
(loop-class V z0 (segment-loop p u v)) € G2
by (rule fundamental-group-mult-in-space[OF class-tu-in class-uv-in))
have mult-eq:
mult2 (loop-class V z0 (segment-loop p t u))
(loop-class V x0 (segment-loop p u v)) =
loop-class V z0 (segment-loop p t v)
by (rule segment-loop-mult-eq-right| OF p-path p-imgW t01 w01 v01 tu uv ptUV
puUV pvUV seg-tvV])
have step:
carrier-fpw-reduction-step G1 G2 multl onel mult2 one2
(WordRight (loop-class V 20 (segment-loop p t u))
(WordRight (loop-class V 20 (segment-loop p u v)) rest))
(WordRight (mult2 (loop-class V x0 (segment-loop p t u))
(loop-class V 20 (segment-loop p u v))) rest)
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proof (rule carrier-fpw-reduction-step.combine-right)
show loop-class V 20 (segment-loop p t u) € G2
by (rule class-tu-in)
show loop-class V 20 (segment-loop p u v) € G2
by (rule class-uv-in)
show mult2 (loop-class V z0 (segment-loop p t u)) (loop-class V z0 (segment-loop
puv)) € G2
by (rule mult-in)
show fpw-in-space G1 G2 rest
by (rule rest-in)
qed
have red:
carrier-fpw-reduction G1 G2 multl onel mult2 one2
(WordRight (loop-class V 20 (segment-loop p t u))
(WordRight (loop-class V 20 (segment-loop p u v)) rest))
(WordRight (mult2 (loop-class V x0 (segment-loop p t u))
(loop-class V x0 (segment-loop p u v))) rest)
by (rule carrier-fpw-reduction.step[OF step))
have rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V z0 (segmenit-loop p t u))
(WordRight (loop-class V z0 (segment-loop p u v)) rest))
(WordRight (mult2 (loop-class V z0 (segment-loop p t u))
(loop-class V x0 (segment-loop p u v))) rest)
by (rule carrier-full-amalg-equiv.of-reduction[ OF red))
show %thesis
using rel mult-eq by simp
qed

lemma segment-word-switch:
assumes p-path: path p
and p-imgW: path-image p C W
and t01: t € {0..1}
and uw0I: v € {0..1}
and tu: t < u
and ptUV:pte UNYV
and puUV:pue UNV
and seqgUV: subpathin t up ‘{0.1} CUNV
and rest-in: fpw-in-space G1 G2 rest
and be: b # ¢
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(if b then WordLeft (loop-class U x0 (segment-loop p t w)) rest
else WordRight (loop-class V xz0 (segment-loop p t w)) rest)
(if ¢ then WordLeft (loop-class U 0 (segment-loop p t u)) rest
else WordRight (loop-class V 20 (segment-loop p t u)) rest)
proof —
have conn-t-img: path-image (connector (p t)) CU NV
using connector-image-subset| OF ptUV] by blast
have conn-u-img: path-image (connector (p u)) C U NV
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using connector-image-subset|OF puUV] by blast
have segH: segment-loop p t u € loop-space (U N V) z0
by (rule segment-loop-in-set[where S = U N V)
(use p-path p-imgW t01 w01 ptUV puUV seqUV z0-in-UV conn-t-img
conn-u-img in auto)
have h-in: loop-class (U N V) 20 (segment-loop p t u) € H
by (rule loop-class-in-space] OF segH))
have base:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(bridge-word b (loop-class (U N V) 20 (segment-loop p t u)) rest)
(bridge-word ¢ (loop-class (U N V) z0 (segment-loop p t u)) rest)
by (rule bridge-word-switch[OF h-in bc])
show ?thesis
using base
by (cases b; cases c) (simp-all add: i1-loop-class-eq| OF segH| i2-loop-class-eq[OF
segH])
qed

lemma svk-partition-split-head:
assumes part: svk-partition p (t # v # us) (b # bs)
and tu: t < u
and uv: u < v
and puUV:pue UNYV
shows svk-partition p (t # u # v # us) (b # b # bs)
proof —
have t01: t € {0..1} and v01: v € {0..1}
and seg-tv:
(if b then subpathin t vp “{0..1} C U else subpathin t vp ‘{0..1} C V)
and tail: svk-partition p (v # us) bs
using part by simp-all
have ptUV:pte UNYV
using part by simp
have poUV:pove UNV
using tail by (cases us; cases bs) simp-all
have uw01: v € {0..1}
using t01 v01 tu uv by auto
have seg-tu:
(if b then subpathin t uwp {0..1} C U else subpathin t up ‘{0..1} C V)
proof (cases b)
case True
have subpathin t w p ‘{0..1} C subpathin tvyp ‘{0..1}
by (rule subpathin-image-subset-left[ OF t01 u01 v01]) (use tu uv in auto)
then show ?thesis
using seg-tv True by auto
next
case Fulse
have subpathin t w p ‘{0..1} C subpathin t vp ‘{0..1}
by (rule subpathin-image-subset-left[ OF t01 u01 v01]) (use tu uv in auto)
then show ?thesis
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using seg-tv False by auto
qed
have seg-uv:
(if b then subpathin uw v p {0..1} C U else subpathin wvp ‘{0..1} C V)
proof (cases b)
case True
have subpathin v v p {0..1} C subpathin t vp ‘{0..1}
by (rule subpathin-image-subset-right|OF t01 w01 v01]) (use tu uv in auto)
then show ?thesis
using seg-tv True by auto
next
case Fulse
have subpathin v v p ‘{0..1} C subpathin t vp ‘{0..1}
by (rule subpathin-image-subset-right|OF t01 w01 v01]) (use tu uv in auto)
then show ?thesis
using seg-tv False by auto
qed
show ?thesis
using t01 ptUV u01 tu seg-tu puUV v01 pvUV uv seg-uv tail by simp
qed

lemma svk-partition-same-start-equiv:
assumes p-loop: p € loop-space W x0
and part!: svk-partition p (t # ts) bs
and part2: svk-partition p (t # us) cs
shows carrier-full-amalg-equiv G1 G2 H i1 i2 mult! onel mult2 one2
(partition-word p (t # ts) bs)
(partition-word p (t # us) cs)
using assms
proof (induction length bs + length cs arbitrary: t ts bs us cs rule: less-induct)
case less
note p-loop = less.prems(1)
note part! = less.prems(2)
note part2 = less.prems(3)

from p-loop have p-path: path p and p-imgW: path-image p C W
unfolding loop-space-def by auto

show ?Zcase
proof (cases bs)
case Nil
have ts-nil: ts = []
using part! Nil by (cases ts) simp-all
have t1: t =1
using svk-partition-last-eq-one| OF partl] ts-nil by simp
show ?thesis
proof (cases cs)
case Nil
then show ?thesis
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using ts-nil by simp
next
case (Cons ¢ cs’)
obtain v us’ where us: us = v # us’
using part2 Cons by (cases us) auto
have v01: v € {0..1}
using part2 Cons us by simp
have t < v
using part2 Cons us by simp
then have Fulse
using t1 v01 by auto
then show ?thesis
by simp
qed
next
case (Cons b bs’)
note bs-cons = Cons
obtain u ts’ where ts: ts = u # ts’
using part! Cons by (cases ts) auto
have t01: t € {0..1} and ptUV:pte UNV
and u01: u € {0..1} and tu: t < u
and seg-tu:
(if b then subpathin t wp ‘{0..1} C U else subpathin t up ‘{0..1} C V)
and taill: svk-partition p (u # ts’) bs’
using part! Cons ts by simp-all
have puUV:pue UNYV
by (rule svk-partition-next-in-intersection| OF partl [unfolded ts Consl])
have first-ini:
(if b then loop-class U z0 (segment-loop p t u) € G1
else loop-class V z0 (segment-loop p t u) € G2)
proof (cases b)
case True
have seg-loop: segment-loop p t u € loop-space U z0
by (rule segment-loop-in-U[OF p-path p-imgW t01 w01 ptUV puUV]) (use
seg-tu True in auto)
show ?thesis
using True by (auto intro: loop-class-in-space[OF seg-loop))
next
case Fulse
have seg-loop: segment-loop p t u € loop-space V z0
by (rule segment-loop-in-V|[OF p-path p-imgW t01 w01 ptUV puUV]) (use
seg-tu False in auto)
show ?thesis
using False by (auto intro: loop-class-in-space][OF seg-loop))
qed

show Zthesis

proof (cases cs)
case Nil
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have us-nil: us = ||
using part2 Nil by (cases us) simp-all
have t1: t = 1
using svk-partition-last-eq-one[OF part2] us-nil by simp
have contradiction: False
using tu t1 w01 by auto
from contradiction show ?thesis
by simp
next
case (Cons c cs')
obtain v us’ where us: us = v # us’
using part2 Cons by (cases us) auto
have v01: v € {0..1} and tv: t < v
and seg-tv:
(if ¢ then subpathin t vp ‘{0..1} C U else subpathin t vp ‘{0..1} C V)
and tail2: svk-partition p (v # us’) cs’
using part2 Cons us by simp-all
have pvUV:pv e UNV
using tail2 by (cases us’; cases cs') simp-all
have tail2-in:
fow-in-space G1 G2 (partition-word p (v # us’) cs’)
by (rule svk-partition-partition-word-in-space| OF p-loop tail2])

show ?thesis
proof (cases u = v)
case True
note uv-eq = True
have smaller: length bs’ 4+ length cs’ < length (b # bs’) + length (¢ # cs’)
by simp
have tail-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (u # ts’) bs’)
(partition-word p (u # us’) cs’)
proof —
have tail2’: svk-partition p (u # us’) cs
using tail2 True by simp
have smaller’: length bs’ + length cs’ < length (b # bs') + length cs
using smaller Cons by simp
have bs-eq: bs = b # bs’
by (rule bs-cons)
have smaller’”: length bs’ + length cs’ < length bs + length cs
using smaller’ bs-eq by simp
have ih:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (u # ts) bs’)
(partition-word p (u # us’) cs’)
by (rule less.hyps|OF smaller’ p-loop taill tail2’))
show ?thesis
by (rule ih)

!
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qged
have pref-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # u # ts’) (b # bs’))
(if b then WordLeft (loop-class U x0 (segment-loop p t u))
(partition-word p (u # us’) cs’)
else WordRight (loop-class V z0 (segment-loop p t w))
(partition-word p (u # us’) cs’))
proof (cases b)
case True
have class-in: loop-class U x0 (segment-loop p t u) € G1
using first-inl True by simp
have rel”:
carrier-full-amalg-equiv G1 G2 H i1 12 multl onel mult2 one2
(WordLeft (loop-class U x0 (segment-loop p t u))
(partition-word p (u # ts’) bs’))
(WordLeft (loop-class U x0 (segment-loop p t u))
(partition-word p (u # us’) cs’))
by (rule carrier-full-amalg-equiv-left-context| OF tail-rel class-in])
then show ?thesis
using rel’ ts True by simp
next
case Fulse
have class-in: loop-class V x0 (segment-loop p t u) € G2
using first-in1 Fualse by simp
have rel”:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V 20 (segment-loop p t u))
(partition-word p (u # ts') bs'))
(WordRight (loop-class V x0 (segment-loop p t u))
(partition-word p (u # us’) cs’))
by (rule carrier-full-amalg-equiv-right-context| OF tail-rel class-in))
then show ?thesis
using rel’ ts False by simp
qed
show ?thesis
proof (cases b = ¢)
case True
note bc-eq = True
show ?thesis
proof (cases b)
case True
then show ?thesis
using pref-rel be-eq True ts us uv-eq bs-cons Cons by simp
next
case Fulse
then show ?thesis
using pref-rel be-eq False ts us uv-eq bs-cons Cons by simp
qed
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next
case Fulse
have seqUV: subpathin t up “{0..1} CUNV
using seg-tu seg-tv True False by (cases b; cases ¢) auto
have tail2’: svk-partition p (u # us’) cs’
using tail2 uv-eq by simp
have rest-in:
fow-in-space G1 G2 (partition-word p (u # us’) cs’)
by (rule svk-partition-partition-word-in-space| OF p-loop tail2”))
have bc-ne: b # ¢
by (rule False)
have switch-raw:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(if b then WordLeft (loop-class U x0 (segment-loop p t u))
(partition-word p (u # us’) cs’)
else WordRight (loop-class V 20 (segment-loop p t u))
(partition-word p (u # us’) cs’))
(if ¢ then WordLeft (loop-class U z0 (segment-loop p t u))
(partition-word p (u # us’) cs’)
else WordRight (loop-class V x0 (segment-loop p t u))
(partition-word p (u # us’) cs’))
by (rule segment-word-switch[where rest = partition-word p (u # us’)
cs’,
OF p-path p-imgW t01 u01 tu ptUV puUV seqUV rest-in bc-ne))
have switch:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(if b then WordLeft (loop-class U x0 (segment-loop p t u))
(partition-word p (u # us’) cs’)
else WordRight (loop-class V 20 (segment-loop p t u))
(partition-word p (u # us’) cs’))
(partition-word p (t # u # us’) (¢ # cs'))
using switch-raw by (cases ¢) simp-all
have step:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # u # ts’) (b # bs’))
(partition-word p (t # u # us’) (¢ # ¢s'))
by (rule carrier-full-amalg-equiv.trans|OF pref-rel switch])
show ?thesis
using step True ts us uv-eq bs-cons Cons by simp
qed
next
case Fulse
show ?thesis
proof (cases u < v)
case True
note wv-lt = True
have part2-tv: svk-partition p (t # v # us’) (¢ # c¢s’)
using part2 Cons us by simp
have split2: svk-partition p (t # u # v # us’) (¢ # ¢ # c¢s')
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by (rule svk-partition-split-head[OF part2-tv tu True puUV])
have split-tail2: svk-partition p (u # v # us’) (¢ # cs’)
using split2 by simp
have split-tail2-in:
fow-in-space G1 G2 (partition-word p (u # v # us’) (¢ # cs'))
by (rule svk-partition-partition-word-in-space| OF p-loop split-tail2])
have tail2-in:
fow-in-space G1 G2 (partition-word p (v # us’) cs’)
by (rule svk-partition-partition-word-in-space| OF p-loop tail2])
have split2-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # u # v # us’) (¢ # ¢ # ¢s’))
(partition-word p (t # v # us’) (¢ # cs’))
proof (cases c)
case True
have seg-tvU: subpathin tvp ‘{0..1} C U
using seg-tv True by auto
have raw:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft (loop-class U x0 (segment-loop p t u))
(WordLeft (loop-class U x0 (segment-loop p u v))
(partition-word p (v # us’) ¢s’)))
(WordLeft (loop-class U x0 (segment-loop p t v))
(partition-word p (v # us’) cs’))
by (rule segment-word-split-left-equiv|OF p-loop t01 w01 v01 tu wv-lt
ptUV puUV poUV seg-toU tail2-in])
then show ?thesis
using True by simp
next
case Fulse
have seg-tvV: subpathin t vp ‘{0..1} C V
using seg-tv False by auto
have raw:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V 0 (segment-loop p t w))
(WordRight (loop-class V 20 (segment-loop p u v))
(partition-word p (v # us’) ¢s’)))
(WordRight (loop-class V z0 (segment-loop p t v))
(partition-word p (v # us’) ¢s’))
by (rule segment-word-split-right-equiv[OF p-loop t01 w01 v01 tu uv-lt
ptUV puUV poUV seg-tvV tail2-in])
then show ?thesis
using Fulse by simp
qed
have smaller: length bs’ + length (¢ # cs’) < length (b # bs’) + length (c
4 cs)
by simp
have tail-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
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(partition-word p (u # ts') bs’)
(partition-word p (u # v # us’) (¢ # cs'))
proof —
have smaller’: length bs' + length (¢ # cs’) < length (b # bs’) + length
cs
using smaller Cons by simp
have bs-eq: bs = b # bs’
by (rule bs-cons)
have smaller'”: length bs’ + length (¢ # cs’) < length bs + length cs
using smaller’ bs-eq by simp
have ih:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (u # ts') bs’)
(partition-word p (u # v # us’) (¢ # ¢s'))
by (rule less.hyps|OF smaller' p-loop taill split-tail2])
show ?thesis
by (rule ih)
qed
have pref-rel:
carrier-full-amalg-equiv G1 G2 H i1 12 multl onel mult2 one2
(partition-word p (t # u # ts’) (b # bs’))
(if b then WordLeft (loop-class U x0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # cs’))
else WordRight (loop-class V 20 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # ¢s')))
proof (cases b)
case True
have class-in: loop-class U z0 (segment-loop p t u) € G1
using first-inl1 True by simp
have rel”:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft (loop-class U z0 (segment-loop p t u))
(partition-word p (u # ts’) bs'))
(WordLeft (loop-class U z0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # ¢s')))
by (rule carrier-full-amalg-equiv-left-context| OF tail-rel class-in])
from rel’ show ?thesis
using True ts by simp
next
case Fulse
have class-in: loop-class V z0 (segment-loop p t u) € G2
using first-in1 False by simp
have rel”:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V 0 (segment-loop p t u))
(partition-word p (u # ts) bs’))
(WordRight (loop-class V z0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # ¢s')))
by (rule carrier-full-amalg-equiv-right-context[ OF tail-rel class-in))
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then show ?thesis
using Fualse ts by simp
qed
show ?thesis
proof (cases b = ¢)
case True
have pref-to-split:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(if b then WordLeft (loop-class U z0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # cs'))
else WordRight (loop-class V z0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # c¢s')))
(partition-word p (t # u # v # us’) (¢ # ¢ # cs'))
using True by simp
have step:
carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2
(partition-word p (t # u # ts') (b # bs’))
(partition-word p (t # u # v # us’) (¢ # ¢ # cs'))
by (rule carrier-full-amalg-equiv.trans|OF pref-rel pref-to-split))
have final:
carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2
(partition-word p (t # u # ts') (b # bs’))
(partition-word p (t # v # us’) (¢ # cs’))
by (rule carrier-full-amalg-equiv.trans|OF step split2-rel])
show ?thesis
using final ts us bs-cons Cons by simp
next
case Fulse
have segUV: subpathin t up ‘{0..1}y CUNV
using seg-tu split2 False by (cases b; cases ¢) auto
have switch-raw:
carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2
(if b then WordLeft (loop-class U z0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # cs'))
else WordRight (loop-class V z0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # ¢s')))
(if ¢ then WordLeft (loop-class U z0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # c¢s’))
else WordRight (loop-class V z0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # ¢s')))
by (rule segment-word-switch[where rest = partition-word p (u # v #
us’) (¢ # cs’),
OF p-path p-imgW t01 u01 tu ptUV puUV seqUV split-tail2-in
False])
have switch:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(if b then WordLeft (loop-class U z0 (segment-loop p t u))
(partition-word p (u # v # us’) (¢ # c¢s'))
else WordRight (loop-class V x0 (segment-loop p t u))
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(partition-word p (u # v # us’) (¢ # c¢s')))
(partition-word p (t # u # v # us’) (¢ # ¢ # cs'))
using switch-raw by (cases c) simp-all
have step:
carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2
(partition-word p (t # u # ts') (b # bs’))
(partition-word p (t # u # v # us’) (¢ # ¢ # cs'))
by (rule carrier-full-amalg-equiv.trans|OF pref-rel switch])
have final:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # u # ts') (b # bs’))
(partition-word p (t # v # us’) (¢ # cs’))
by (rule carrier-full-amalg-equiv.trans| OF step split2-rel))
show ?thesis
using final ts us bs-cons Cons by simp
qed
next
case Fulse-lt: Fualse
have vu: v < u
using False Fualse-lt by linarith
have parti-tu: svk-partition p (t # u # ts’) (b # bs’)
using part! bs-cons ts by simp
have split1: svk-partition p (t # v # u # ts’) (b # b # bs’)
by (rule svk-partition-split-head|OF partl-tu tv vu pvUV])
have split-taill: svk-partition p (v # u # ts’) (b # bs’)
using split! by simp
have split1-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # v # u # ts') (b # b # bs’))
(partition-word p (t # u # ts’) (b # bs’))
proof (cases b)
case True
have seg-tuU: subpathin t wp ‘{0..1} C U
using seg-tu True by simp
have raw:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft (loop-class U x0 (segment-loop p t v))
(WordLeft (loop-class U z0 (segment-loop p v u))
(partition-word p (u # ts’) bs')))
(WordLeft (loop-class U 0 (segment-loop p t u))
(partition-word p (u # ts) bs’))
by (rule segment-word-split-left-equiv[where rest = partition-word p (u
# ts') bs’,
OF p-loop t01 v01 w01 tv vu ptUV pvUV pulUV seg-tulU
svk-partition-partition-word-in-space| OF p-loop taill]])
then show ?thesis
using True by simp
next
case Fulse
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have seg-tuV: subpathin t wp ‘{0..1} C V
using seg-tu Fualse by simp
have raw:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V z0 (segment-loop p t v))
(WordRight (loop-class V z0 (segment-loop p v u))
(partition-word p (u # ts’) bs')))
(WordRight (loop-class V 0 (segment-loop p t u))
(partition-word p (u # ts) bs’))
by (rule segment-word-split-right-equiv[where rest = partition-word p
(u # ts') bs’,
OF p-loop t01 v01 w01 tv vu ptUV pvUV pulUV seg-tuV
svk-partition-partition-word-in-space| OF p-loop taill]])
then show ?thesis
using False by simp
qed
have smaller: length (b # bs’) + length cs’ < length (b # bs’) + length (c
4 cs)
by simp
have tail-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (v # u # ts') (b # bs’))
(partition-word p (v # us’) cs’)
proof —
have smaller’: length (b # bs’) + length cs’ < length bs + length (¢ #
cs’)
using smaller bs-cons by simp
have cs-eq: ¢cs = ¢ # cs’
by (rule Cons)
have smaller' length (b # bs’) + length cs’ < length bs + length cs
using smaller’ cs-eq by simp
have ih:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (v # u # ts') (b # bs’))
(partition-word p (v # us’) cs’)
by (rule less.hyps|OF smaller' p-loop split-taill tail2])
show ?thesis
by (rule ih)
qed
have first-in2:
(if ¢ then loop-class U x0 (segment-loop p t v) € G1
else loop-class V 20 (segment-loop p t v) € G2)
proof (cases ¢)
case True
have seg-loop: segment-loop p t v € loop-space U z0
by (rule segment-loop-in-U[OF p-path p-imgW t01 v01 ptUV poUV])
(use seg-tv True in auto)
show ?thesis
using True by (auto intro: loop-class-in-space[ OF seg-loop])
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next
case Fulse
have seg-loop: segment-loop p t v € loop-space V z0
by (rule segment-loop-in-V[OF p-path p-imgW t01 v01 ptUV poUV])
(use seg-tv False in auto)
show ?thesis
using False by (auto intro: loop-class-in-space][ OF seg-loop))
qed
show ?thesis
proof (cases b = ¢)
case True
from True have be: b= ¢ .
have pref-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # v # u # ts") (b # b # bs’))
(partition-word p (t # v # us’) (¢ # cs’))
proof (cases b)
case True
have class-in: loop-class U z0 (segment-loop p t v) € G1
using first-in2 bc True by simp
from bc True have c-true: ¢
by simp
have tail-rel’:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (v # u # ts’) (True # bs'))
(partition-word p (v # us’) c¢s’)
using tail-rel True c-true by simp
have ctz-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 mult! onel mult2 one2
(WordLeft (loop-class U x0 (segment-loop p t v))
(partition-word p (v # u # ts’) (True # bs")))
(WordLeft (loop-class U z0 (segment-loop p t v))
(partition-word p (v # us’) ¢s’))
by (rule carrier-full-amalg-equiv-left-context[ OF tail-rel’ class-in))
show ?thesis
using bc True ctz-rel by simp
next
case Fulse
have class-in: loop-class V z0 (segment-loop p t v) € G2
using first-in2 bc False by simp
from bc Fulse have c-false: — ¢
by simp
have tail-rel’:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (v # u # ts’) (False # bs’))
(partition-word p (v # us’) c¢s”)
using tail-rel False c-false by simp
have ctz-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
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(WordRight (loop-class V z0 (segment-loop p t v))
(partition-word p (v # u # ts’) (False # bs’)))
(WordRight (loop-class V 20 (segment-loop p t v))
(partition-word p (v # us’) c¢s’))
by (rule carrier-full-amalg-equiv-right-context[ OF tail-rel’ class-in])
show ?thesis
using bc Fualse ctz-rel by simp
qed
have from-orig:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # u # ts') (b # bs’))
(partition-word p (t # v # u # ts") (b # b # bs"))
by (rule carrier-full-amalg-equiv.sym[OF split1-rel])
have step:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # u # ts') (b # bs’))
(partition-word p (t # v # us’) (¢ # cs’))
by (rule carrier-full-amalg-equiv.trans|OF from-orig pref-rel|)
show ?thesis
using step us ts bs-cons Cons by simp
next
case Fulse
have pref-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # v # u # ts') (b # b # bs’))
(if b then WordLeft (loop-class U z0 (segment-loop p t v))
(partition-word p (v # us’) cs’)
else WordRight (loop-class V 20 (segment-loop p t v))
(partition-word p (v # us’) cs’))
proof —
have first-in-split:
(if b then loop-class U z0 (segment-loop p t v) € G1
else loop-class V z0 (segment-loop p t v) € G2)
using split! by (cases b) (auto intro: loop-class-in-space
segment-loop-in-U[OF p-path p-imgW t01 v01 ptUV poUV]
segment-loop-in-V[OF p-path p-imgW t01 v01 ptUV pvUV])
show ?thesis
proof (cases b)
case True
have class-in: loop-class U xz0 (segment-loop p t v) € G1
using first-in-split True by simp
have tail-rel’”:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (v # u # ts’) (True # bs'))
(partition-word p (v # us’) c¢s’)
using tail-rel True by simp
have ctz-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft (loop-class U xz0 (segment-loop p t v))
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(partition-word p (v # u # ts') (True # bs’)))
(WordLeft (loop-class U xz0 (segment-loop p t v))
(partition-word p (v # us’) c¢s’))
by (rule carrier-full-amalg-equiv-left-context| OF tail-rel’ class-in))
show ?thesis
using True ctz-rel by simp
next
case Fulse
have class-in: loop-class V 20 (segment-loop p t v) € G2
using first-in-split False by simp
have tail-rel’”:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (v # u # ts') (False # bs’))
(partition-word p (v # us’) c¢s’)
using tail-rel False by simp
have ctz-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V 20 (segment-loop p t v))
(partition-word p (v # u # ts’) (False # bs’)))
(WordRight (loop-class V 20 (segment-loop p t v))
(partition-word p (v # us’) cs’))
by (rule carrier-full-amalg-equiv-right-context| OF tail-rel’ class-in])
show ?thesis
using False ctz-rel by simp
qed
qed
have segUV: subpathin tvp ‘{0..1} CUNV
using splitl seg-tv False by (cases b; cases ¢) auto
have switch-raw:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(if b then WordLeft (loop-class U z0 (segment-loop p t v))
(partition-word p (v # us’) c¢s’)
else WordRight (loop-class V x0 (segment-loop p t v))
(partition-word p (v # us’) cs’))
(if ¢ then WordLeft (loop-class U z0 (segment-loop p t v))
(partition-word p (v # us’) c¢s’)
else WordRight (loop-class V x0 (segment-loop p t v))
(partition-word p (v # us’) cs’))
by (rule segment-word-switch|where rest = partition-word p (v # us’)

~

cs’,
OF p-path p-imgW t01 v01 tv ptUV poUV seqUV tail2-in False])
have switch:
carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2
(if b then WordLeft (loop-class U z0 (segment-loop p t v))
(partition-word p (v # us’) c¢s’)
else WordRight (loop-class V z0 (segment-loop p t v))
(partition-word p (v # us’) cs’))
(partition-word p (t # v # us’) (¢ # cs’))
using switch-raw by (cases ¢) simp-all
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have from-orig:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # u # ts’) (b # bs’))
(partition-word p (t # v # u # ts') (b # b # bs’))
by (rule carrier-full-amalg-equiv.sym|OF split1-rel])
have step1:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # u # ts’) (b # bs’))
(if b then WordLeft (loop-class U z0 (segment-loop p t v))
(partition-word p (v # us’) c¢s’)
else WordRight (loop-class V 20 (segment-loop p t v))
(partition-word p (v # us’) ¢s’))
by (rule carrier-full-amalg-equiv.trans|OF from-orig pref-rel])
have final:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # u # ts') (b # bs’))
(partition-word p (t # v # us’) (¢ # cs’))
by (rule carrier-full-amalg-equiv.trans|OF stepl switch))
show ?thesis
using final ts us bs-cons Cons by simp
qed
qged
qed
qed
qed
qged

lemma valid-partition-same-loop-partition-word-equiv:
assumes p-loop: p € loop-space W x0
and partl: valid-partition p ts bs
and part2: valid-partition p us cs
shows carrier-full-amalg-equiv G1 G2 H i1 i2 mult! onel mult2 one2
(partition-word p ts bs) (partition-word p us cs)
proof —
obtain ¢ ts’ where ts: ts = t # ts'
using valid-partition-hd(1)[OF partl] by (cases ts) auto
obtain u us’ where us: us = u # us’
using valid-partition-hd(1)[OF part2] by (cases us) auto
have wvalid-ts: valid-partition p (t # ts’) bs
using part! unfolding ts by simp
have t0: t = 0
by (rule valid-partition-cases(1)[OF valid-ts])
have part1’: svk-partition p (¢t # ts’) bs
by (rule valid-partition-cases(2)[OF wvalid-ts])
have valid-us: valid-partition p (u # us’) cs
using part2 unfolding us by simp
have u0: v = 0
by (rule valid-partition-cases(1)[OF wvalid-us])
have part2’. svk-partition p (u # us’) cs
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by (rule valid-partition-cases(2)[OF wvalid-us])
have rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p (t # ts') bs)
(partition-word p (u # us’) cs)
proof —
have part1-0: svk-partition p (0 # ts') bs
using partl’ t0 by simp
have part2-0: svk-partition p (0 # us’) cs
using part2’ u0 by simp
show ?thesis
by (subst t0, subst u0, rule svk-partition-same-start-equiv|OF p-loop part1-0
part2-0])
qed
then show ?thesis
using ts us t0 u0 by simp
qed

lemma strip-neighbourhood:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and a01: a € {0..1}
and b01: b € {0..1}
and y0-01: y0 € {0..1}
and ab: a < b
and rowS: h ¢ ({a..b} x {y0}) C S
and openS: open S
shows 3 N. openin (top-of-set {0..1}) N N y0 € NAh‘({a.b} x N)C S
proof —
have h-on: continuous-on ({0..1} x {0..1}) h
using h-cont by simp
have strip-subset: {a..b} x {0..1} C {0..1} x {0..1}
using a01 b01 ab by auto
have strip-cont: continuous-on ({a..b} x {0..1}) h
by (rule continuous-on-subset[OF h-on strip-subset])
have strip-open:
openin (top-of-set ({a..b} x {0..1}))
(({a..b} x {0..1}) N h —*5)
by (rule continuous-openin-preimage-gen|OF strip-cont openS])
have line-in:
(Az. (z, y0)) ‘{a..b} C (({a..b} x {0..1}) N h —*9)
using rowS y0-01 by auto
obtain N where N-open: openin (top-of-set {0..1}) N
and yON: y0 € N
and stripN: {a..b} x N C (({a..b} x {0..1}) N h =*5)
proof —
have strip-open-prod:
openin (prod-topology (top-of-set {a..b}) (top-of-set {0..1}))
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(({a..b} x {0..1}) N h —*8)
using strip-open by simp
have line-in-prod:
{a..b} x {y0} C (({a..b} x {0..1}) N h —*89)
using line-in by auto
have compact-ab: compactin (top-of-set {a..b}) {a..b}
using compact-Icc by simp
obtain M N where M-open: openin (top-of-set {a..b}) M
and N-open: openin (top-of-set {0..1}) N
and M-cover: {a..b} C M
and yON: y0 € N
and MN-strip: M x N C ({a..b} x {0..1}) n h =*5)
proof —
have local-bozes:
I M N. openin (top-of-set {a..b}) M A openin (top-of-set {0..1}) N A
teMANYy e NAM x N C (({a..b} x {0..1}) nh —=*5)
if z-in: z € {a..b} for z
proof —
have zy-pair: (z, y0) € {a..b} x {y0}
using z-in by auto
have zy-in: (z, y0) € (({a..b} x {0..1}) " h —°5)
by (rule subsetD[OF line-in-prod xy-pair])
show ?thesis
using strip-open-prod zy-in by (metis openin-prod-topology-alt)
qed
then obtain U V where UV:
Nz. z € {a..b} =
openin (top-of-set {a..b}) (U z) A
openin (top-of-set {0..1}) (V z) A
xe Uz Nyl e VA
Uzrx VzC({a.b} x{0.1}) nh =°5)
by metis
then obtain D where D: finite D D C {a..b} {a..b} C|J (U ‘D)
using compactinD[OF compact-ab, of U ‘{a..b}]
by (smt (verit) UN-I finite-subset-image imageE subsetl)
show ?thesis
proof (intro that[of |J (U ‘D) (V ‘D))
show openin (top-of-set {a..b}) (U (U * D))
using D UV by blast
show openin (top-of-set {0..1}) (| (V ¢ D))
proof (rule openin-Inter)
show finite (V ¢ D)
using D by simp
show V ‘D # {}
proof
assume V ‘D = {}
then have D = {}
by auto
with D(3) ab show False
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by simp
qed
show openin (top-of-set {0..1}) T if T € V D for T
proof —
from that obtain x where zD: ¢ € D and T-def: T = Vx
by auto
show ?thesis
using D(2) UV zD T-def by blast
qed
qged
show {a..b} C|J (U ‘D)
using D by blast
show y0 € " (V ‘D)
using D UV by force
show (J (U ‘D)) x (N (VD)) C ({a..b} x {0..1}) n h —*5)
proof
fix zy
assume zy-in: 2y € (J (U * D)) x (N (V D))
then obtain z y where zy-eq: zy = (z, y)
and z-in: z € |J (U ‘D)
and y-in: y € () (V ‘D)
by blast
obtain d where dD: d € D and zUd: z € U d
using z-in by auto
have yVd: y € V d
using y-in dD by auto
have UdVd-strip: Ud x Vd C (({a..b} x {0..1}) N h —*5)
using D(2) UV dD by blast
have (z,y) €e Ud x Vd
using zUd yVd by auto
then have (z, y) € (({a..b} x {0..1}) N h —*5)
using UdVd-strip by blast
then show zy € (({a..b} x {0..1}) N h —*5)
using zy-eq by simp
qed
qed
qged
have stripNO: {a..b} x N C (({a..b} x {0..1}) N h —*8)
using M-cover MN-strip by blast
show thesis
by (rule that[of N|, rule N-open, rule yON, use stripNO in auto)
qed
show ?thesis
proof (intro exl conjI)
show openin (top-of-set {0..1}) N
by (rule N-open)
show y0 € N
by (rule yON)
show h ¢ ({a..b} x N) C S
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using stripN by auto
qed
qed

lemma svk-partition-local-neighbourhood:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and y0-01: y0 € {0..1}
and part: svk-partition (Az. h (x, y0)) ts bs
shows I N. openin (top-of-set {0..1}) N A y0 € N A
(Vazeset ts. h *{z} x N) CUN V) A
Vy z.y < z— {y..2} C N — rectangle-partition h y z ts bs)
using part
proof (induction ts arbitrary: bs)
case Nil
then show ?case
by simp
next
case (Cons t ts)
show ?case
proof (cases ts)
case Nil
have bs-nil: bs = ||
using Cons.prems Nil by (cases bs) simp-all
have t1: t =1
using Cons.prems Nil bs-nil by simp
have t01: t € {0..1}
using tI by simp
have tt: t < ¢
by simp
have point-row: h  ({t..t} x {y0}) CUNV
using Cons.prems Nil bs-nil y0-01 by auto
have UV-open: open (U N V)
using U-open V-open by auto
have point-neigh:
IN. openin (top-of-set {0..1}) N AN y0 € N AN h “({t..t} x N) C
by (rule strip-neighbourhood[where a = t and b =t and S = U
h-cont t01 t01 y0-01 ¢t point-row UV-open))
then obtain N where N-open: openin (top-of-set {0..1}) N
and yON: y0 € N
and pointN: h “ ({t.t} x N)CUNV
by blast
show ?thesis
proof (intro exI congl balll alll impl)
show openin (top-of-set {0..1}) N
by (rule N-open)
show y0 € N
by (rule yON)

Vv

Un
NV, OF
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show h ‘ ({z} x N) CUN Vifze set (t #ts) for z
using that Nil pointN by auto
show rectangle-partition h y z (t # ts) bs if y < z {y..2} C N for y z
using t1 Nil bs-nil by simp
qed
next
case (Cons u us)
obtain b bs’ where bs: bs = b # bs’
using Cons.prems Cons by (cases bs) auto
have t01: t € {0..1} and w01: v € {0..1} and tu: t < u
and seg-side:
(if b
then subpathin t u (Az. h (z, y0)) ‘{0..1} C U
else subpathin t uw (A\z. h (z, y0)) ‘{0..1} C V
and tail: svk-partition (Ax. h (z, y0)) (u # us) bs’
and ptUV: h (t, y0) e UNV
using Cons.prems Cons bs by simp-all
have seg-row: h “ ({t..u} x {y0}) C (if b then U else V)
proof —
have seg-image: (A\z. h (x, y0)) ‘ {t..u} C (if b then U else V)
using seg-side tu by (cases b) (auto simp: subpathin-image-eq)
show ?thesis
proof
fix z
assume z-in: z € h ‘ ({t.u} x {y0})
then obtain z where z-in: z € {t..u} and z-eq: z = h (z, y0)
by auto
have h (z, y0) € (if b then U else V)
proof (cases b)
case True
then show ?thesis
using seg-image x-in by auto
next
case Fulse
then show ?thesis
using seg-image z-in by auto
qged
then show z € (if b then U else V)
using z-eq by simp
qed
qed
have point-row: h “ ({t..t} x {y0}) CUNV
using ptUV by auto
obtain Nseg where Nseg-open: openin (top-of-set {0..1}) Nseg
and y0ONseg: y0 € Nseg
and segN: h “ ({t..u} x Nseg) C (if b then U else V)
proof (cases b)
case True
have seg-rowU: h “ ({t..u} x {y0}) C U
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using seg-row True by simp
obtain Nseg where Nseg-open0: openin (top-of-set {0..1}) Nseg
and y0ONseg0: y0 € Nseg
and segNO: h “ ({t..u} x Nseg) C U
using strip-neighbourhood[OF h-cont t01 u01 y0-01 less-imp-le[OF tu]
seg-rowU U-open| by blast
show thesis
proof (rule that[of Nseg])
show openin (top-of-set {0..1}) Nseg
by (rule Nseg-open0)
show y0 € Nseg
by (rule yONseg0)
show h ¢ ({t..u} x Nseg) C (if b then U else V)
using True segNO by simp
qed
next
case Fulse
have seg-rowV: h * ({t.u} x {y0}) C V
using seg-row False by simp
obtain Nseg where Nseg-open0: openin (top-of-set {0..1}) Nseg
and y0Nseg0: y0 € Nseg
and segNO: h ‘ ({t..u} x Nseg) C V
using strip-neighbourhood|OF h-cont t01 w01 y0-01 less-imp-le[OF tu]
seg-rowV V-open] by blast
show thesis
proof (rule that[of Nseg])
show openin (top-of-set {0..1}) Nseg
by (rule Nseg-open0)
show y0 € Nseg
by (rule yONseg0)
show h ¢ ({t..u} x Nseg) C (if b then U else V)
using False segNO by simp
qed
qed
obtain Nt where Nt-open: openin (top-of-set {0..1}) Nt
and yONt: y0 € Nt
and pointN: h “ ({t..t} x Nty CUNV
using strip-neighbourhood[ OF h-cont t01 t01 y0-01 order-refl point-row] U-open
V-open by blast
obtain Ntail where Ntail-open: openin (top-of-set {0..1}) Ntail
and y0ONtail: y0 € Ntail
and tail-points-raw: V z€set ts. h * ({a} x Ntail) CU NV
and tail-rect-raw:
Vyz. y < z— {y..2} C Ntail — rectangle-partition h y z ts bs’
proof —
have tail-ts: svk-partition (A\z. h (z, y0)) ts bs’
using tail Cons by simp
obtain N where N-open: openin (top-of-set {0..1}) N
and yON: y0 € N

257



and pointsN: Vae€set ts. h ‘({z} x N)CUNV
and rectN:
Vyz. y <z— {y.z} C N — rectangle-partition h y z ts bs’
using Cons.IH[OF tail-ts] by blast
show thesis
proof (rule that[of NJ)
show openin (top-of-set {0..1}) N
by (rule N-open)
show y0 € N
by (rule yON)
show Vzesetts. h ‘({z} x N)CUNYV
by (rule pointsN)
show Vy 2. y < z — {y..2} C N — rectangle-partition h y z ts bs’
by (rule rectN)
qed
qed
have tail-points: Vz€set (u # us). h * ({z} x Ntail) C U NV
using tail-points-raw Cons by simp
have tail-rect:
Vyz y<z— {y.z} C Ntail — rectangle-partition h y z (u # us) bs’
using tail-rect-raw Cons by simp
let YN = Nseg N Nt N Ntail
have N-open: openin (top-of-set {0..1}) ?N
by (intro openin-Int Nseg-open Nt-open Ntail-open)
have yON: y0 € ?N
using y0ONseg yONt yONtail by auto
have points:
h“{z} x 2N) C U N Vif z-in: z € set (¢t # u # us) for z
proof (cases z = t)
case True
have point-t: h * ({t..t} x Nty CUNV
by (rule pointN)
have subset-t: {z} x N C {t..t} x Nt
using True by auto
have img-subset-t: h * ({z} x ?N) C h * ({t..t} x Ni)
by (rule image-mono[OF subset-t])
show ?thesis
using img-subset-t point-t by blast
next
case Fulse
then have z € set (u # us)
using z-in by auto
then have point-z: h * ({z} X Ntail) CU NV
using tail-points by blast
have subset-z: {z} x ?N C {z} X Ntail
by auto
have img-subset-z: h “ ({z} x ?N) C h ‘ ({z} x Ntail)
by (rule image-mono[OF subset-x))
show ?thesis
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using img-subset-r point-x by blast
qed
have rect:
rectangle-partition h y z (t # u # us) (b # bs’)
if y2: y < z and yzN: {y..z} C ?N for y 2
proof —
have yzNseg: {y..z} C Nseg
using yzN by auto
have seg-rect: h ‘ ({t..u} x {y..z}) C (if b then U else V)
proof (cases b)
case True
have prod-subset: {t..u} x {y..z} C {t..u} x Nseg
using yzNseg by auto
have h ‘ ({t.u} x {y..2}) C h * ({t..u} x Nseg)
by (rule image-mono|OF prod-subset])
also have ... C U
using segN True by simp
finally show ?thesis
using True by simp
next
case Fulse
have prod-subset: {t..u} x {y..z} C {t..u} x Nseg
using yzNseg by auto
have h ‘ ({t.u} x {y..2z}) C h ‘ ({t..u} x Nseg)
by (rule image-mono|OF prod-subset])
also have ... C V
using segN Fulse by simp
finally show ?thesis
using False by simp
qed
have tail-rect”: rectangle-partition h y z (u # us) bs’
by (rule tail-rect[rule-format, OF yz]) (use yzN in auto)
show ?thesis
using t01 u01 tu seg-rect tail-rect’ by (cases b) simp-all
qed
show ?thesis
proof (intro exI conjl balll alll impl)
show openin (top-of-set {0..1}) ¢N
by (rule N-open)
show y0 € ?N
by (rule yON)
show h ‘ ({z} x ?N) C UN Vifz e set (t#ts) for z
using that Cons points by simp
show rectangle-partition h y z (t # ts) bs if y < z {y..z} C ¢N for y 2
using rect[OF that] Cons bs by simp
qed
qed
qed
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lemma rectangle-partition-svk-partition-row:
fixes h :: (real x real) = 'a
assumes part: rectangle-partition h ¢ d ts bs
and edgeUV: Az. z € set ts = h ‘({z} x {e.d}) CUNV
and y-in: y € {c..d}
shows svk-partition (Az. h (x, y)) ts bs
using part edgeUV
proof (induction ts arbitrary: bs)
case Nil
then show ?case
by simp
next
case (Cons t ts)
show ?Zcase
proof (cases ts)
case Nil
have bs-nil: bs = []
using Cons.prems Nil by (cases bs) simp-all
have t1: t =1
using Cons.prems Nil bs-nil by simp
have ptUV: h (t,y) e UNV
proof —
have t-edge: h “ ({t} x {c..d})) CUNV
using Cons.prems(2)[of t| Nil by simp
have (¢, y) € {t} x {c..d}
using y-in by auto
then show ?thesis
using t-edge by auto
qed
then show ?thesis
using Nil bs-nil t1 by simp
next
case (Cons u us)
obtain b bs’ where bs: bs = b # bs’
using Cons.prems Cons by (cases bs) auto
have t01: t € {0..1} and u01: w € {0..1} and tu: t < u
and rect-side: (if b then h * ({t..u} x {c..d}) C Uelse h ‘ ({t..u} x {c..d})
cv)
and tail: rectangle-partition h ¢ d (u # us) bs
using Cons.prems Cons bs by simp-all
have edge-t: b * ({t} x {e.d}) CUNV
using Cons.prems(2)[of t] Cons by simp
have ptUV: h (t,y) e UNV
proof —
have (t, y) € {t} x {c..d}
using y-in by auto
then show ?thesis
using edge-t by auto
qed

/
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have seg-side:
(if b
then subpathin t u (Az. h (z, y)) {0..1} C U
else subpathin t w (Az. h (z, y)) “{0..1} C V)
proof —
have row-subset: {t..u} x {y} C {t..u} x {c..d}
using y-in by auto
have row-rect: h “ ({t..u} x {y}) C (if b then U else V)
proof (cases b)
case True
have h ‘ ({t.u} x {y}) C b ‘ ({t..u} x {c..d})
by (rule image-mono[OF row-subset))
also have ... C U
using rect-side True by simp
finally show ?thesis
using True by simp
next
case Fulse
have h ‘ ({t.u} x {y}) C b ({t..u} x {c..d})
by (rule image-mono[OF row-subset))
also have ... C V
using rect-side False by simp
finally show ?thesis
using Fualse by simp
qed
then show ?thesis
using tu by (cases b) (auto simp: subpathin-image-eq)
qed
have tail-svk-ts: svk-partition (Az. h (z, y)) ts bs’
proof (rule Cons.IH[where bs = bs])
show rectangle-partition h c d ts bs’
using tail Cons by simp
show Az. z € setts = h ‘({z} x {e.d}) CUNV
proof —
fix
assume z-in: T € set ts
have z € set (t # ts)
using z-in by simp
then show & ‘ ({z} x {c.d}) CUNV
using Cons.prems(2) by blast
qed
qed
have tail-svk: svk-partition (Az. h (z, y)) (u # us) bs’
using tail-svk-ts Cons by simp
have step-svk: svk-partition (Az. h (z, y)) (t # u # us) (b # bs’)
using t01 u01 tu seg-side ptUV tail-svk by simp
show ?thesis
using step-svk Cons bs by simp
qed
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qed

lemma rectangle-partition-valid-partition-row:
fixes h :: (real x real) = 'a
assumes part: rectangle-partition h ¢ d ts bs
and edgeUV: Az. x € set ts = h ‘ ({z} x {c..d}) CUNV
and y-in: y € {c..d}
and ts-ne: ts # ||
and hd0: hd ts = 0
shows walid-partition (Az. h (z, y)) ts bs
unfolding valid-partition-def
using rectangle-partition-svk-partition-row|OF part edgeUV y-in] ts-ne hd0 by
simp

lemma homotopy-row-in-loop-space:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and y01: y € {0..1}
and start: h (0, y) = 20
and finish: h (1, y) = 20
shows (A\z. h (z, y)) € loop-space W z0
proof —
have h-on: continuous-on ({0..1} x {0..1}) h
and h-into: h € ({0..1} x {0..1}) - W
using h-cont by simp-all
have row-cont: continuous-on {0..1} (Az. h (z, y))
proof (rule continuous-on-compose2[OF h-on))
show continuous-on {0..1} (Az. (z, y))
by (intro continuous-intros)
show (\z. (z, y)) “{0..1} C {0..1} x {0..1}
using y0! by auto
qed
have row-path: path (Az. h (z, y))
using row-cont by (simp add: path-def)
have row-img: path-image (Az. h (z, y)) C W
using h-into y01 by (auto simp: path-image-def)
show ?thesis
unfolding loop-space-def pathstart-def pathfinish-def
using row-path row-img start finish by simp
qed

lemma bridge-word-one-equiv:
assumes rest-in: fpw-in-space G1 G2 rest
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(bridge-word b (fundamental-group-one (U N V) x0) rest) rest
proof (cases b)
case True
have il-one: i1 (fundamental-group-one (U N V) z0) = onel
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by (rule fundamental-group-map-one[OF z0-in-UV]) auto
have onel-in: onel € G1

by (rule fundamental-group-one-in-space|OF z0-in-U])
have red:

carrier-fpw-reduction G1 G2 multl onel mult2 one2

(WordLeft onel rest) rest
by (rule carrier-fpw-reduction.step,
rule carrier-fpw-reduction-step.remove-left-one| OF onel-in|, rule rest-in)

show ?thesis

using True il-one by (simp add: carrier-full-amalg-equiv.of-reduction]| OF red))

next

case Fulse
have i2-one: i2 (fundamental-group-one (U N V) z0) = one2

by (rule fundamental-group-map-one[OF z0-in-UV]) auto
have one2-in: one2 € G2

by (rule fundamental-group-one-in-space|OF z0-in-V])
have red:

carrier-fpw-reduction G1 G2 multl onel mult2 one2

(WordRight one2 rest) rest
by (rule carrier-fpw-reduction.step,
rule carrier-fpw-reduction-step.remove-right-one| OF one2-in], rule rest-in)

show ?thesis

using False i2-one by (simp add: carrier-full-amalg-equiv. of-reduction] OF red])

qed

lemma partition-word-with-tail-respects:
assumes p-loop: p € loop-space W z0
and part: svk-partition p ts bs
and rel: carrier-full-amalg-equiv G1 G2 H il 2 multl onel mult2 one2 r s
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail p ts bs r)
(partition-word-with-tail p ts bs s)
using part rel
proof (induction ts arbitrary: bs r s)
case Nil
then show ?case
by simp
next
case (Cons t ts)
from p-loop have p-path: path p and p-img: path-image p C W
unfolding loop-space-def by auto
show ?Zcase
proof (cases ts)
case Nil
have bs-nil: bs = []
using Cons.prems Nil by (cases bs) simp-all
have pw-r: partition-word-with-tail p (t # ¢s) bsr = r
using Nil bs-nil by simp
have pw-s: partition-word-with-tail p (t # ts) bs s = s

263



using Nil bs-nil by simp
show ?thesis
unfolding pw-r pw-s
by (rule Cons.prems(2))
next
case (Cons u us)
obtain b bs’ where bs: bs = b # bs’
using Cons.prems(1) Cons by (cases bs) auto
have tail: svk-partition p (u # us) bs’
using Cons.prems(1) Cons bs by simp
have ts-eq: ts = u # us
using Cons by simp
have tail-rel-ts:
carrier-full-amalg-equiv G1 G2 H i1 12 multl onel mult2 one2
(partition-word-with-tail p ts bs’ 1)
(partition-word-with-tail p ts bs’ s)
by (rule Cons.IH) (use tail Cons.prems(2) ts-eq in simp-all)
have tail-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail p (u # us) bs’ r)
(partition-word-with-tail p (u # us) bs’ s)
using tail-rel-ts ts-eq by simp
have i1-back: fundamental-group-map (U N V) 20 U z0 id = il
by simp
have i2-back: fundamental-group-map (U N V) 20 V 20 id = i2
by simp
have t01: t € {0..1} and ptUV:pt € UN V
using Cons.prems(1) Cons bs by simp-all
have u01: v € {0..1} and seg-side:
(if b then subpathin t u p ‘{0..1} C U else subpathin t up ‘{0..1} C V)
using Cons.prems(1) Cons bs by simp-all
have puUV:pue UNYV
using Cons.prems(1) Cons bs svk-partition-next-in-intersection[of p t u us b
bs’] by simp
show ?thesis
proof (cases b)
case True
have seqU: segment-loop p t u € loop-space U x0
by (rule segment-loop-in-U[OF p-path p-img t01 w01 ptUV puUV]) (use
seg-side True in auto)
have class-in: loop-class U z0 (segment-loop p t u) € G1
by (rule loop-class-in-space| OF segU])
have ctz-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordLeft (loop-class U z0 (segment-loop p t u))
(partition-word-with-tail p (u # us) bs’ r))
(WordLeft (loop-class U x0 (segment-loop p t u))
(partition-word-with-tail p (u # us) bs’ s))
by (rule carrier-full-amalg-equiv-left-context| OF tail-rel class-in])
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show ?thesis
using True ts-eq ctz-rel
by (subst i1-back, subst i2-back, simp add: bs)
next
case Fulse
have segV': segment-loop p t u € loop-space V x0
by (rule segment-loop-in-V[OF p-path p-img t01 w01 ptUV puUV]) (use
seg-side False in auto)
have class-in: loop-class V z0 (segment-loop p t u) € G2
by (rule loop-class-in-space[OF segV])
have ctz-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(WordRight (loop-class V 0 (segment-loop p t u))
(partition-word-with-tail p (u # us) bs’ r))
(WordRight (loop-class V x0 (segment-loop p t u))
(partition-word-with-tail p (u # us) bs’ s))
by (rule carrier-full-amalg-equiv-right-context[ OF tail-rel class-in))
show ?thesis
using Fualse ts-eq ctx-rel
by (subst i1-back, subst i2-back, simp add: bs)
qed
qed
qed

lemma valid-partition-tail-bridge-one-equiv:
assumes p-loop: p € loop-space W z0
and part: valid-partition p (t # u # ts) (b # bs)
shows carrier-full-amalg-equiv G1 G2 H i1 2 multl onel mult2 one2
(partition-word-with-tail p (t # u # ts) (b # bs)
(bridge-word (last (b # bs)) (fundamental-group-one (U N V) z0) WordNil))
(partition-word p (t # u # ts) (b # bs))
proof —
have svk: svk-partition p (t # u # ts) (b # bs)
using part by (rule valid-partition-cases(2))
have tail-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail p (t # u # ts) (b # bs)
(bridge-word (last (b # bs)) (fundamental-group-one (U N V) z0) WordNil))
(partition-word-with-tail p (t # u # ts) (b # bs) WordNil)
by (rule partition-word-with-tail-respects| OF p-loop svk bridge-word-one-equiv))
stmp
then show ?thesis
by simp
qed

lemma bridge-loop-constant-one:

fixes h :: (real x real) = 'a

assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
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and t01: t € {0..1}
and c01: ¢ € {0..1}
and d01: d € {0..1}
and cd: ¢ < d
and const: Vye{c..d}. h (¢, y) = =0
shows loop-class (U N V) z0 (bridge-loop h t ¢ d) = fundamental-group-one (U
NnV)zo
proof —
have edgeUV: h * ({t} x {c.d}) CUNV
using const ©0-in-UV by auto
have bridge-loop-in: bridge-loop h t ¢ d € loop-space (U N V) z0
by (rule vertical-bridge-loop-in-set| OF h-cont t01 c¢01 d01 cd edgeUV]) simp
have he: h (t, ¢) = 20 and hd: h (¢, d) = 20
using const cd by auto
have conn-c-img: path-image (connector (h (t, ¢))) C {z0}
using hc by (auto simp: path-image-def connector-def)
have conn-d-img: path-image (reversepath (connector (h (t, d)))) C {z0}
using hd by (auto simp: path-image-def connector-def reversepath-def)
have vert-img: path-image (vertical-strip-path h t ¢ d) C {z0}
proof —
have vert-img-raw: vertical-strip-path h t ¢ d *{0..1} C {z0}
proof
fix z
assume z € vertical-strip-path h t ¢ d “{0..1}
then obtain « where u01: u € {0..1} and z-eq: x = vertical-strip-path h t
cdu
by blast
have (d — ¢) * u + ¢ € {c..d}
by (rule affine-subinterval-member[OF cd u01])
then show z € {z0}
using const z-eq by (auto simp: vertical-strip-path-def)
qed
from vert-img-raw show ?thesis
by (simp add: path-image-def)
qed
have join-img:
path-image (connector (h (t, c)) +-++ wvertical-strip-path h t ¢ d) C {z0}
by (rule subset-path-image-join| OF conn-c-img vert-img])
have bridge-img-single: path-image (bridge-loop h t ¢ d) C {z0}
unfolding bridge-loop-def by (rule subset-path-image-join[OF join-img
conn-d-img])
have bridge-path: path (bridge-loop h t ¢ d)
and bridge-img: path-image (bridge-loop htcd) C U NV
using bridge-loop-in unfolding loop-space-def by auto
have bridge-const:
homotopic-paths (U N V) (bridge-loop h t ¢ d) (A-. z0)
proof (rule homotopic-paths-eq| OF bridge-path bridge-img])
fix u :: real
assume ull: v € {0..1}
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then have bridge-loop h t ¢ d u € path-image (bridge-loop h t ¢ d)
by (auto simp: path-image-def)
then show bridge-loop h t ¢ d u = x0
using bridge-img-single by auto
qged
show ?thesis
unfolding fundamental-group-one-def
by (rule loop-class-eqI[OF bridge-loop-in constant-loop-in-space[OF x0-in-UV]
bridge-const))
qged

lemma rectangle-partition-partition-word-equiv:
fixes h :: (real X real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and c01: c € {0..1}
and d01: d € {0..1}
and cd: ¢ < d
and part: rectangle-partition h ¢ d ts bs
and ts-ne: ts # ||
and hd0: hd ts = 0
and edgeUV: N\z. z € set ts = h ‘({z} x {e.d}) CUNV
and end0: Vye{c..d}. h (0, y) = 20
and end!: Vye{c..d}. h (1, y) = 20
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Az. h (z, c)) ts bs)
(partition-word (\z. h (z, d)) ts bs)
proof —
have rowc-loop: (Az. h (z, ¢)) € loop-space W z0
by (rule homotopy-row-in-loop-space[OF h-cont c01]) (use end0 endl cd in
auto)
have rowd-loop: (Az. h (x, d)) € loop-space W z0
by (rule homotopy-row-in-loop-space|OF h-cont d01]) (use end0 end! cd in
auto)
have wvalid-c: valid-partition (Ax. h (z, c)) ts bs
by (rule rectangle-partition-valid-partition-row[OF part edgeUV - ts-ne hd0])
(use ¢01 cd in auto)
have wvalid-d: valid-partition (\x. h (z, d)) ts bs
by (rule rectangle-partition-valid-partition-row|OF part edgeUV - ts-ne hd0])
(use d01 c¢d in auto)
obtain ¢ ts’ where ts: ts = t # ts'
using ts-ne by (cases ts) auto
have wvalid-c-ts: valid-partition (Az. h (z, ¢)) ts bs
using valid-c by simp
have t0: t = 0
using valid-c-ts unfolding ts by (rule valid-partition-cases(1))
have svk-c: svk-partition (Az. h (z, ¢)) (t # ts') bs
using valid-c-ts unfolding ts by (rule valid-partition-cases(2))
have ts'-ne: ts’ # |]
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proof
assume ts’ = ||
with svk-c 10 show Fulse
by (cases bs) auto
qged
obtain u us where ts”: ts' = u # us
using ts’-ne by (cases ts') auto
obtain b bs’ where bs: bs = b # bs’
using svk-c ts’ by (cases bs) auto
have part-shape: rectangle-partition h ¢ d (t # u # us) (b # bs’)
using part unfolding ts ts’ bs by simp
have last1: last (t # u # us) = 1
using valid-partition-last-props| OF valid-c] unfolding ts ts’ by simp
have rowd-in:
fow-in-space G1 G2 (partition-word (Az. h (z, d)) (t # u # us) (b # bs'))
by (rule valid-partition-partition-word-in-space[OF rowd-loop)) (use valid-d ts
ts’ bs in simp)
have edgeUV-shape:
Ne.ze€set (t# u#u)=h {2} x{cd}) SUNV
using edgeUV unfolding ts ts’ by simp
have wordnil-in: fpw-in-space G1 G2 WordNil
by simp
have rect-rel-raw:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail (Az. h (z, ¢)) (t # u # us) (b # bs’)
(bridge-word (last (b # bs’))
(loop-class (U N V) z0 (bridge-loop h (last (t # u # us)) ¢ d)) WordNil))
(bridge-word b (loop-class (U N V) z0 (bridge-loop h t ¢ d))
(partition-word-with-tail (Az. h (z, d)) (t # uw # us) (b # bs’) WordNil))
by (rule rectangle-partition-partition-word-with-tail-equiv| OF h-cont ¢01 d01 cd
part-shape edge UV-shape wordnil-in))
have rect-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail (Az. h (z, ¢)) (t # u # us) (b # bs’)
(bridge-word (last (b # bs’))
(loop-class (U N V) 20 (bridge-loop h (last (t # u # us)) ¢ d)) WordNil))
(bridge-word b (loop-class (U N V) z0 (bridge-loop h t ¢ d))
(partition-word (Azx. b (z, d)) (t # u # us) (b # bs")))
using rect-rel-raw by simp
have start-one:
loop-class (U N V) z0 (bridge-loop h t ¢ d) = fundamental-group-one (U N V)
z0
by (subst t0, rule bridge-loop-constant-one[OF h-cont]) (use c01 d01 cd end0
in auto)
have end-one:
loop-class (U N V) z0 (bridge-loop h (last (t # u # us)) ¢ d) =
fundamental-group-one (U N V) x0
by (subst last1, rule bridge-loop-constant-one| OF h-cont]) (use c01 d01 cd end1
in auto)
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have rect-rel’:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail (Az. h (z, ¢)) (t # u # us) (b # bs’)
(bridge-word (last (b # bs’)) (fundamental-group-one (U N V) z0) WordNil))
(bridge-word b (fundamental-group-one (U N V) z0)
(partition-word (Az. b (z, d)) (t # u # us) (b # bs")))
proof (cases b)
case True
then show ?thesis
using rect-rel start-one end-one by simp
next
case Fulse
then show ?thesis
using rect-rel start-one end-one by simp
qed
have tail-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word-with-tail (Az. h (z, ¢)) (t # u # us) (b # bs’)
(bridge-word (last (b # bs")) (fundamental-group-one (U N V) z0) WordNil))
(partition-word (Az. h (z, ¢)) (t # u # us) (b # bs’))
by (rule valid-partition-tail-bridge-one-equiv[OF rowc-loop]) (use valid-c ts ts’
bs in simp)
have prefiz-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(bridge-word b (fundamental-group-one (U N V) z0)
(partition-word (Az. h (z, d)) (t # u # us) (b # bs’)))
(partition-word (Az. h (z, d)) (t # u # us) (b # bs"))
by (rule bridge-word-one-equiv]| OF rowd-in])
have step1:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Az. h (z, ¢)) (t # uw # us) (b # bs’))
(partition-word-with-tail (Az. h (z, ¢)) (t # u # us) (b # bs')
(bridge-word (last (b # bs’)) (fundamental-group-one (U N V') z0) WordNil))
by (rule carrier-full-amalg-equiv.sym|[OF tail-rel])
have step2:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Azx. h (z, ¢)) (t # u # us) (b # bs’))
(bridge-word b (fundamental-group-one (U N V) z0)
(partition-word (Azx. h (z, d)) (t # u # us) (b # bs")))
by (rule carrier-full-amalg-equiv.trans|OF stepl rect-rel’])
have step3:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Az. h (z, ¢)) (t # u # us) (b # bs'))
(partition-word (Az. h (z, d)) (t # u # us) (b # bs’))
by (rule carrier-full-amalg-equiv.trans|OF step2 prefiz-rel])
then show ?thesis
using ts ts’ bs by simp
qged

269



lemma valid-partition-nearby-partition-word-equiv:
fixes h :: (real x real) = 'a
assumes h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W)
h
and end0: Vye{0..1}. h (0, y) = z0
and end!: Vye{0..1}. h (1, y) = 20
and y0-01: y0 € {0..1}
and part0: valid-partition (Az. h (z, y0)) ts bs
shows Je>0.V2€{0..1}. dist z y0 < e —>
valid-partition (Az. h (z, 2)) ts bs A
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Az. h (z, y0)) ts bs)
(partition-word (Az. h (z, 2)) ts bs)
proof —
obtain t ts’ where ts: ts = t # ts’
using valid-partition-hd(1)[OF part0] by (cases ts) auto
have hd-ts0: hd ts = 0
by (rule valid-partition-hd(2)[OF part0])
have valid-ts: valid-partition (Azx. h (z, y0)) ts bs
using part0 by simp
have t0: t = 0
using valid-ts unfolding ts by (rule valid-partition-cases(1))
have svk0: svk-partition (Az. h (z, y0)) (¢t # ts’) bs
using valid-ts unfolding t¢s by (rule valid-partition-cases(2))
have local-neigh:
IN. openin (top-of-set {0..1}) N A y0 € N A
(Vazeset (t # ts"). h “({z} x N)CUNV)A
Vy z. y < z — {y..2} C N — rectangle-partition h y z (t # ts') bs)
by (rule svk-partition-local-neighbourhood[ OF h-cont y0-01 svk0))
obtain N where N-open: openin (top-of-set {0..1}) N
and yON: y0 € N
and pointN: Va€set ts. h “({z} x Ny CUNV
and rectN: Vy z. y < 2 — {y..2} C N — rectangle-partition h y z ts bs
using local-neigh unfolding ts by blast
from openin-euclidean-subtopology-iff[THEN iffD1, OF N-open] yON
obtain e where e-pos: e > 0
and e-ball: Vz€{0..1}. dist zy0 < e — z € N
by blast
show ?thesis
proof (intro exl congl balll impl)
show e > 0
by (rule e-pos)
fix z
assume 201: z € {0..1}
and dz: dist z y0 < e
have zN: z € N
by (rule e-ball[rule-format, OF 201 dz])
have dyz: dist y0 z < e
using dz by (simp add: dist-commute)
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have seg-ball: closed-segment y0 z C ball y0 e
by (rule closed-segment-subset) (use y0-01 z01 e-pos dyz in auto)
have seg-unit: closed-segment y0 z C {0..1}
by (rule closed-segment-subset) (use y0-01 z01 in auto)
have segN: closed-segment y0 z C N
proof
fix w
assume wseqg: w € closed-segment y0 z
have w01: w € {0..1}
using seg-unit wseg by auto
have w-ball: w € ball y0 e
using seg-ball wseg by auto
have dist w y0 < e
using w-ball unfolding ball-def by (simp add: dist-commute)
then show w € N
by (rule e-ball[rule-format, OF w01])
qed
have intervalN: {min y0 z.maz y0 z} C N
proof
fix y
assume y-in: y € {min y0 z..max y0 z}
have y € closed-segment y0 z
proof (cases y0 < z)
case True
with y-in show ?thesis
by (simp add: closed-segment-eq-real-ivl)
next
case Fulse
with y-in show ?thesis
by (simp add: closed-segment-eq-real-ivl)
qed
then show y € N
using segN by blast
qed
have edgeUV-interval:
h “({z} x {min y0 z.mazx y0 z}) C U N V if z-in: x € set ts for z
proof —
have edgeN: h ‘ {z} x N)CUNV
using pointN z-in by auto
have subset-z: {z} x {min y0 z..maz y0 z} C {2} x N
using intervalN by auto
show ?thesis
by (rule order-trans|OF image-mono|OF subset-z] edgeN])
qed
have rect:
rectangle-partition h (min y0 z) (maz y0 z) ts bs
by (rule rectN[rule-format]) (use intervalN in auto)
have wvalid-z: valid-partition (\z. h (z, 2)) ts bs
by (rule rectangle-partition-valid-partition-row[OF rect edgeUV-interval -
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valid-partition-hd(1)[OF part0] hd-ts0])
auto
have min01: min y0 z € {0..1}
using y0-01 201 by auto
have maz01: maz y0 z € {0..1}
using y0-01 201 by auto
have interval01: {min y0 z..maz y0 z} C {0..1}
using y0-01 201 by auto
have end0-interval: ¥V ye{min y0 z..maz y0 z}. h (0, y) = z0
proof
fix y
assume y-in: y € {min y0 z..mazx y0 z}
then have y01: y € {0..1}
using interval01 by blast
show h (0, y) = x0
using end0 y01 by blast
qed
have endi-interval: ¥V ye{min y0 z..maz y0 z}. h (1, y) = z0
proof
fix y
assume y-in: y € {min y0 z..max y0 z}
then have y01: y € {0..1}
using interval01 by blast
show h (1, y) = 20
using endl y01 by blast
qged
have part-rel-raw:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Az. h (z, min y0 z)) ts bs)
(partition-word (Az. b (z, maz y0 z)) ts bs)
by (rule rectangle-partition-partition-word-equiv|
OF h-cont min01 mazx01 - rect valid-partition-hd(1)[OF part0] hd-ts0
edgeUV-interval end0-interval end1-interval])
stmp
have part-rel:
carrier-full-amalg-equiv G1 G2 H i1 12 multl onel mult2 one2
(partition-word (Az. h (z, y0)) ts bs)
(partition-word (Az. h (x, 2)) ts bs)
proof (cases y0 < z)
case True
then show ?thesis
using part-rel-raw by simp
next
case Fulse
then have carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2
(partition-word (Az. h (z, 2z)) ts bs)
(partition-word (Az. h (z, y0)) ts bs)
using part-rel-raw by simp
then show ?thesis
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by (rule carrier-full-amalg-equiv.sym)
qed
show walid-partition (A\zx. h (z, 2)) ts bs
using valid-z by simp
show carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Az. h (z, y0)) ts bs)
(partition-word (Az. h (z, 2)) ts bs)
using part-rel by simp
qed
qed

definition some-valid-partition :: (real = 'a) = real list x bool list where
some-valid-partition p =
(SOME tb. case tb of (ts, bs) = walid-partition p ts bs)

lemma some-valid-partition-spec:
assumes p-loop: p € loop-space W x0
shows wvalid-partition p
(fst (some-valid-partition p))
(snd (some-valid-partition p))
proof —
have ez: 3tb. case tb of (ts, bs) = wvalid-partition p ts bs
using loop-has-valid-partition]| OF p-loop] by force
have case some-valid-partition p of (ts, bs) = valid-partition p ts bs
unfolding some-valid-partition-def by (rule somel-ex[OF ex))
then show ?thesis
by (cases some-valid-partition p) auto
qed

15.3 Homotopy invariance of the partition encoding

The central technical step is that different valid partitions of homotopic loops
produce equivalent words in the carrier-side amalgamated free product. The
proof uses a rectangular decomposition of a homotopy and keeps the word
encoding stable while moving from one boundary loop to the other.

lemma valid-partition-homotopic-partition-word-equiv:
assumes p-loop: p € loop-space W x0
and g¢-loop: q € loop-space W z0
and pq: homotopic-paths W p q
and p-part: valid-partition p ts bs
and g¢-part: valid-partition q us cs
shows carrier-full-amalg-equiv G1 G2 H i1 2 multl onel mult2 one2
(partition-word p ts bs) (partition-word q us cs)
proof —
obtain %0 :: real x real = 'a where h0-cont: continuous-on ({0..1} x {0..1})
ho
and h0-into: h0 € ({0..1} x {0..1}) = W
and h0-p: Az. h0 (0, z) =p=x
and h0-¢: A\z. h0 (1,z) =gz
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and hO-left: N\y. y € {0..1} = h0 (y, 0) =p 0
and hO-right: \y. y € {0..1} = h0 (y, 1) = p 1
using pq
by (auto simp: homotopic-paths-def homotopic-with-def
pathstart-def pathfinish-def image-subset-iff-funcset)
define h where h = (Azy. h0 (snd xy, fst xy))
let %row = A\y. \z. h (z, y)
let Zenc = Ay. case some-valid-partition (?row y) of (vs, ds) = partition-word
(Prow y) vs ds
let 7P =
{y € {0..1}. carrier-full-amalg-equiv G1 G2 H il i2 mult! onel mult2 one2
(Zenc 0) (%enc y)}
have p-start: pathstart p = x0 and p-finish: pathfinish p = z0
using p-loop unfolding loop-space-def by auto
have h-cont: continuous-map (top-of-set ({0..1} x {0..1})) (top-of-set W) h
proof —
have swap-cont:
continuous-on ({0..1} x {0..1}) (Azy. (snd zy, fst zy))
by (intro continuous-intros)
have swap-in:
(Azy. (snd zy, fst zy)) < ({0..1} x {0..1}) € ({0..1} x {0..1})
by auto
have h-on: continuous-on ({0..1} x {0..1}) h
proof —
have continuous-on ({0..1} x {0..1}) (Azy. h0 (snd zy, fst zy))
by (rule continuous-on-compose2[OF h0-cont]) (use swap-cont swap-in in
auto)
then show ?thesis
unfolding h-def .
qed
have h-into: h € ({0..1} x {0..1}) - W
using h0-into unfolding h-def by auto
show ?thesis
using h-on h-into by simp

qed
have end0: Vye{0..1}. h (0, y) = z0
proof

fix y :: real

assume y01: y € {0..1}
have h0 (y, 0::real) = p 0
by (rule h0-left[OF y01))
then show & (0, y) = z0
using p-start unfolding h-def pathstart-def by simp

qed
have end1: Vye{0..1}. h (1, y) = 20
proof

fix y :: real

assume y01: y € {0..1}
have h0 (y, 1::real) = p 1
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by (rule hO-right|OF y01])
then show & (1, y) = z0
using p-finish unfolding h-def pathfinish-def by simp
qed
have row-loop: ?row y € loop-space W z0 if y01: y € {0..1} for y
by (rule homotopy-row-in-loop-space]OF h-cont y01]) (use end0 endl y01 in
auto)
have openP-local: ¥V y0€?P. e>0.V z€{0..1}. dist z y0 < e — z € 2P
proof
fix y0
assume y0P: y0 € 7P
then have y0-01: y0 € {0..1}
by simp
obtain vs ds where tb0: some-valid-partition (?row y0) = (vs, ds)
by (cases some-valid-partition (?row y0)) auto
have part0: valid-partition (?row y0) vs ds
using some-valid-partition-spec[OF row-loop[OF y0-01]] unfolding tb0 by
stmp
obtain e where e-pos: e > 0
and near:
Vze{0..1}. dist z y0 < e —
valid-partition (?row z) vs ds A
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Zrow y0) vs ds)
(partition-word (?row z) vs ds)
using valid-partition-nearby-partition-word-equiv| OF h-cont end0 endl y0-01
part0]
by blast
have nearP: Vz€{0..1}. dist z y0 < e — z € 7P
proof
fix z :: real
assume z01: z € {0..1}
show dist z y0 < e — z € ?P
proof
assume dz: dist z y0 < e
have z-part: valid-partition (?row z) vs ds
and fized-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Zrow y0) vs ds)
(partition-word (row z) vs ds)
using near[rule-format, OF 201 dz] by blast+
obtain us’ c¢s’ where thz: some-valid-partition (?row z) = (us’, cs’)
by (cases some-valid-partition (?row z)) auto
have chosen-z: valid-partition (?row z) us’ cs’
using some-valid-partition-spec[OF row-loop|OF z01]] unfolding tbz by
stmp
have z-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (?row z) vs ds) (?enc z)
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using valid-partition-same-loop-partition-word-equiv| OF row-loop[OF 201]
z-part chosen-z]
unfolding tbz by simp
have y0-eq: ?enc y0 = partition-word (?row y0) vs ds
unfolding tb0 by simp
have base-rel0:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(Zenc 0) (Zenc y0)
using y0OP by simp
have base-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(Zenc 0) (partition-word (Zrow y0) vs ds)
using base-rel0 unfolding y0-eq by simp
have carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(Zenc 0) (?enc z)
by (rule carrier-full-amalg-equiv.trans|OF base-rel])
(rule carrier-full-amalg-equiv.trans|OF fized-rel z-rel))
then show 2z € 2P
using 201 by simp
qed
qed
have witness: e > 0 A (V2€{0..1}. dist z y0 < e — z € ?P)
proof
show e > 0
by (rule e-pos)
show Vze{0..1}. dist zy0 < e — z € 7P
by (rule nearP)
qed
have ez-witness: Jeps. eps > 0 N (Vz€{0..1}. dist z y0 < eps — z € ?P)
proof (rule exI[where z = ¢|, rule conjl)
show e > 0
using witness by simp
show Vze{0..1}. dist zy0 < e — z € ?P
using witness by simp
qed
have ez-witness-set: Jeps. eps € {0<..} N (Vze{0..1}. dist z y0 < eps — z
€ ?P)
proof —
from ez-witness obtain eps where
eps-pos: eps > 0 and eps-near: ¥ z€{0..1}. dist z y0 < eps — z € P
by auto
show ?thesis
proof (rule exI[where x = eps|, rule conjl)
show eps € {0<..}
using eps-pos by simp
show Vze{0..1}. dist z y0 < eps — z € ?P
by (rule eps-near)
qed
qed
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show Je>0.Vze{0..1}. dist zy0 < e — z € ?P
proof —
from ex-witness
show ?thesis
unfolding Bez-def greaterThan-def
by blast
qed
qed
have P-subset: 7P C {0..1}
by auto
have openP: openin (top-of-set {0..1}) ?P
using openP-local P-subset by (auto simp: openin-euclidean-subtopology-iff)
have open-notP-local:
Vy0e{0..1} — ?P. Fe>0.V2€{0..1}. dist zy0 < e — z € {0..1} — ?P
proof
fix y0
assume y0-notP: y0 € {0..1} — P
then have y0-01: y0 € {0..1} and y0-not: y0 ¢ ?P
by auto
obtain vs ds where tb0: some-valid-partition (Zrow y0) = (vs, ds)
by (cases some-valid-partition (?row y0)) auto
have part0: valid-partition (?row y0) vs ds
using some-valid-partition-spec[OF row-loop[OF y0-01]] unfolding tb0 by
stmp
obtain e where e-pos: e > 0
and near:
Vze{0..1}. dist z y0 < e —
valid-partition (¢row z) vs ds A
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (?row y0) vs ds)
(partition-word (?row z) vs ds)
using valid-partition-nearby-partition-word-equiv| OF h-cont end0 endl y0-01
part0]
by blast
have near-notP: V z€{0..1}. dist z y0 < e — z € {0..1} — ?P
proof
fix z :: real
assume 201: z € {0..1}
show dist z y0 < e — z € {0..1} — ?P
proof
assume dz: dist z y0 < e
have z-part: valid-partition (?row z) vs ds
and fized-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (Zrow y0) vs ds)
(partition-word (?row z) vs ds)
using near[rule-format, OF 201 dz] by blast+
obtain us’ c¢s’ where tbz: some-valid-partition (?row z) = (us’, cs’)
by (cases some-valid-partition (?row z)) auto
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have chosen-z: valid-partition (?row z) us’ cs’
using some-valid-partition-spec[OF row-loop|OF z01]] unfolding tbz by
stmp
have z-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (frow z) vs ds) (Zenc z)
using valid-partition-same-loop-partition-word-equiv| OF row-loop[OF 201]
z-part chosen-z]
unfolding tbz by simp
have y0-eq: ?enc y0 = partition-word (?row y0) vs ds
unfolding tb0 by simp
show z € {0..1} — 7P
proof
show z € {0..1}
by (rule z01)
show z ¢ 7P
proof
assume zP: z € ?P
have base-to-z:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 (?enc 0)
(Zenc 2)
using zP by simp
have 2z-to-y0:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 (%enc z)

(Zenc y0)
proof —
have step1:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(%enc z) (partition-word (?row z) vs ds)
by (rule carrier-full-amalg-equiv.sym[OF z-rel])
show ?thesis
unfolding y0-eq
by (rule carrier-full-amalg-equiv.trans|OF step1])
(rule carrier-full-amalg-equiv.sym|[OF fized-rel])
qed

have carrier-full-amalg-equiv G1 G2 H i1 i2 mult] onel mult2 one2 (?Zenc
0) (?enc y0)
by (rule carrier-full-amalg-equiv.trans[OF base-to-z z-to-y0])
then show Fulse
using y0-not y0-01 by simp
qed
qged
qed
qed
have witness: e > 0 A (Vz€{0..1}. dist zy0 < e — z € {0..1} — ?P)
proof
show e > 0
by (rule e-pos)
show Vze{0..1}. dist zy0 < e — z € {0..1} — ?P
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by (rule near-notP)

qed
have ez-witness: Jeps. eps > 0 N (Vz€{0..1}. dist z y0 < eps — z € {0..1}
— ?P)
proof (rule exI[where z = ¢|, rule conjI)
show e > 0

using witness by simp
show Vze{0..1}. dist zy0 < e — z € {0..1} — 2P
using witness by simp

qed

have ez-witness-set: Jeps. eps € {0<..} N (Vze{0..1}. dist z y0 < eps — z
€{0..1} — ?P)

proof —

from ez-witness obtain eps where
eps-pos: eps > 0 and eps-near: ¥V z€{0..1}. dist z y0 < eps — z € {0..1}
— 2P
by auto
show ?thesis
proof (rule exlI[where = = eps|, rule conjl)
show eps € {0<..}
using eps-pos by simp
show Vze{0..1}. dist z y0 < eps — z € {0..1} — 7P
by (rule eps-near)
qed
qed
show Je>0.Vze{0..1}. dist zy0 < e — z € {0..1} — 2P
proof —
from ez-witness
show ?thesis
unfolding Bez-def greaterThan-def
by blast
qed
qed
have open-notP: openin (top-of-set {0..1}) ({0..1} — ?P)
using open-notP-local by (auto simp: openin-euclidean-subtopology-iff)
have closedP: closedin (top-of-set {0..1}) ¢P
proof —
have {0..1} — ({0..1} — ?P) = 2P
using P-subset by auto
with open-notP show ?thesis
by (auto simp: openin-closedin-eq)

qed
have P-all: 7P = {0..1}
proof —
have connected ({0..1} :: real set)
by simp

then have P-cases: 7P = {} V 7P = {0..1}
using openP closedP unfolding connected-clopen by blast
have (0::real) € 7P
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by (auto intro: carrier-full-amalg-equiv.refl)
then have P-nonempty: ?P # {}
by blast
from P-cases P-nonempty show ?thesis
by blast
qed
have row0-eq: ?row 0 = p
proof
fix = :: real
show %row 0 x = p z
using h0-p[of z] unfolding h-def by simp
qed
have rowi-eq: ?row 1 = ¢
proof
fix = :: real
show %row 1 ¢ = q =z
using h0-q[of z] unfolding h-def by simp
qed
have row0-hom: homotopic-paths W (¢row 0) p
proof —
have row0-path: path (?row 0) and row0-img: path-image (?row 0) C W
using row-loop[of 0] unfolding loop-space-def by auto
show ?thesis
proof (rule homotopic-paths-eq| OF row0-path row0-img])
fix ¢ :: real
assume t01: t € {0..1}
show ?row 0t =pt
proof —
from row0-eq have ?row 0t = pt
by (rule fun-cong)
then show ?thesis .
qed
qed
qed
have rowi1-hom: homotopic-paths W (¢row 1) q
proof —
have rowi-path: path (?row 1) and rowl-img: path-image (frow 1) C W
using row-loop[of 1] unfolding loop-space-def by auto
show ?thesis
proof (rule homotopic-paths-eq| OF rowl-path rowl-img])
fix ¢ :: real
assume t01: t € {0..1}
show 2row 1t = qt
proof —
from rowi-eq have ?row 1t =gt
by (rule fun-cong)
then show ?thesis .
qed
qed
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qed
obtain vs0 ds0 where tb0: some-valid-partition (?row 0) = (vs0, ds0)
by (cases some-valid-partition (¢row 0)) auto
obtain vs! dsi where tb1: some-valid-partition (?row 1) = (vsl, dsl)
by (cases some-valid-partition (¢row 1)) auto
have tb0-p: some-valid-partition p = (vs0, ds0)
using tb0 row0-eq by simp
have tb1-q: some-valid-partition ¢ = (vs1, ds1)
using tb1 rowl-eq by simp
have enc0-eq: ?enc 0 = partition-word p vs0 ds0
using tb0 row0-eq by simp
have encl-eq: ?enc 1 = partition-word q vsl dsl
using tb1 rowl-eq by simp
have part-row0: valid-partition p vs0 dsO
using some-valid-partition-spec|OF p-loop] unfolding tb0-p by simp
have part-rowl: valid-partition q vsl dsli
using some-valid-partition-spec[OF g-loop] unfolding tb1-q by simp
have p-to-row0:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word p ts bs) (Zenc 0)
using wvalid-partition-same-loop-partition-word-equiv|OF  p-loop p-part
part-rowl]
using enc0-eq by simp
have rowi1-to-q:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(Zenc 1) (partition-word q us cs)
using valid-partition-same-loop-partition-word-equiv| OF g-loop part-rowl g-part]
using encl-eq by simp
have row0-to-row1:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2 (%enc 0) (Zenc
1)

proof —
have (1::real) € 7P
using P-all by simp
then show ?thesis
by simp
qged
show ?thesis
by (rule carrier-full-amalg-equiv.trans|OF p-to-row())
(rule carrier-full-amalg-equiv.trans|OF row0-to-rowl rowl-to-q)
qed

lemma valid-partition-loop-class-partition-word-equiv:
assumes p-loop: p € loop-space W x0
and g¢-loop: q € loop-space W z0
and eq: loop-class W z0 p = loop-class W z0 q
and p-part: valid-partition p ts bs
and g¢-part: valid-partition q us cs
shows carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
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(partition-word p ts bs) (partition-word q us cs)
proof —
have hom: homotopic-paths W p q
using p-loop g-loop eq by (simp add: loop-class-eq-iff)
show ?thesis
by (rule valid-partition-homotopic-partition-word-equiv|OF p-loop q-loop hom
p-part g-part])
qed

lemma svk-decode-word-loop:
assumes w-in: fpw-in-space G1 G2 w
shows svk-decode w = loop-class W z0 (word-loop w)
proof —
have w-loop: word-loop w € loop-space W x0
by (rule word-loop-in-W[OF w-in))
have w-part:
valid-partition (word-loop w) (word-partition-times w) (word-partition-bits w)
by (rule word-loop-valid-partition| OF w-in))
have decode-part:
svk-decode  (partition-word (word-loop w) (word-partition-times w)
(word-partition-bits w)) =
loop-class W x0 (word-loop w)
by (rule valid-partition-decode-partition-word-eg-loop-class|OF w-loop w-part])
have rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (word-loop w) (word-partition-times w) (word-partition-bits
by (rule partition-word-word-loop-equiv| OF w-in])
have svk-decode (partition-word (word-loop w) (word-partition-times w)
(word-partition-bits w)) =
svk-decode w
by (rule svk-decode-respects|OF rel])
then show ?thesis
using decode-part by simp
qed

15.4 Encoding, decoding, and the final bijection

With existence, refinement invariance, and homotopy invariance in place,
the encode/decode pair can now be defined directly on loop classes. The re-
maining lemmas verify the round-trip laws required by the abstract interface
and turn them into the classical Seifert—van Kampen bijection.

definition svk-encode ::
(real = 'a) set = ((real = 'a) set, (real = 'a) set) free-product-word
where
svk-encode A =
(let p = some-loop W z0 A;
tb = some-valid-partition p
in case tb of (ts, bs) = partition-word p ts bs)
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lemma svk-encode-in-space:
assumes A-in: A € fundamental-group-space W z0
shows fpw-in-space G1 G2 (svk-encode A)
proof —
have p-loop: some-loop W 20 A € loop-space W z0
and A-eq: A = loop-class W z0 (some-loop W x0 A)
using some-loop-spec|OF A-in] by auto
have part: valid-partition (some-loop W 20 A)
(fst (some-valid-partition (some-loop W z0 A)))
(snd (some-valid-partition (some-loop W z0 A)))
by (rule some-valid-partition-spec[OF p-loop))
show ?thesis
unfolding svk-encode-def Let-def
using valid-partition-partition-word-in-space| OF p-loop part)
by (cases some-valid-partition (some-loop W z0 A)) simp-all
qed

lemma svk-decode-encode:
assumes A-in: A € fundamental-group-space W z0
shows svk-decode (svk-encode A) = A
proof —
have p-loop: some-loop W z0 A € loop-space W x0
and A-eq: A = loop-class W z0 (some-loop W z0 A)
using some-loop-spec[OF A-in] by auto
have part: valid-partition (some-loop W 20 A)
(fst (some-valid-partition (some-loop W z0 A)))
(snd (some-valid-partition (some-loop W z0 A)))
by (rule some-valid-partition-spec[OF p-loop))
show ?thesis
unfolding svk-encode-def Let-def
using valid-partition-decode-partition-word-eg-loop-class| OF p-loop part] A-eq
by (cases some-valid-partition (some-loop W z0 A)) simp-all
qed

lemma svk-encode-decode:
assumes w-in: fpw-in-space G1 G2 w
shows carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2
(svk-encode (svk-decode w)) w
proof —
let ?p = some-loop W z0 (svk-decode w)
let ?tb = some-valid-partition ?p
obtain ts bs where th: ?th = (is, bs)
by (cases ?th) auto
have p-loop: ?p € loop-space W x0
and p-class: svk-decode w = loop-class W z0 ?p
using some-loop-spec|OF svk-decode-in-space] by auto
have p-part: valid-partition ?p ts bs
using some-valid-partition-spec| OF p-loop] unfolding tb by simp
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have w-loop: word-loop w € loop-space W x0
by (rule word-loop-in-W[OF w-in))
have w-part:
valid-partition (word-loop w) (word-partition-times w) (word-partition-bits w)
by (rule word-loop-valid-partition| OF w-in))
have same-class: loop-class W 0 ?p = loop-class W z0 (word-loop w)
using p-class svk-decode-word-loop[OF w-in] by simp
have part-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word ?p ts bs)
(partition-word (word-loop w) (word-partition-times w) (word-partition-bits
w))

by (rule wvalid-partition-loop-class-partition-word-equiv[OF p-loop w-loop
same-class p-part w-part))
have word-rel:
carrier-full-amalg-equiv G1 G2 H i1 i2 multl onel mult2 one2
(partition-word (word-loop w) (word-partition-times w) (word-partition-bits
by (rule partition-word-word-loop-equiv| OF w-in])
have encode-word: svk-encode (svk-decode w) = partition-word ?p ts bs
unfolding svk-encode-def Let-def tb by simp
show ?thesis
unfolding encode-word
by (rule carrier-full-amalg-equiv.trans|OF part-rel word-rel])
qed

lemma svk-decode-surjective:
assumes A-in: A € fundamental-group-space W z0
shows Jw. fpw-in-space G1 G2 w N svk-decode w = A
using svk-encode-in-space| OF A-in] svk-decode-encode|OF A-in] by blast

theorem svk-decode-image:
svk-decode ‘ {w. fpw-in-space G1 G2 w} = fundamental-group-space W x0
proof
show svk-decode ‘ {w. fpw-in-space G1 G2 w} C fundamental-group-space W 0
using svk-decode-in-space by blast
next
show fundamental-group-space W x0 C svk-decode ‘ {w. fpw-in-space G1 G2 w}
using svk-decode-surjective by blast
qed

definition classical-svk-quotient-map ::
(real = 'a) set =
(((real = 'a) set, (real = 'a) set) free-product-word) set
where
classical-svk-quotient-map A =
carrier-full-amalg-class G1 G2 H i1 i2 multl onel mult2 one2 (svk-encode A)

lemma classical-svk-quotient-map-in-space:
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assumes A-in: A € fundamental-group-space W z0
shows classical-svk-quotient-map A €
carrier-full-amalgamated-free-product-space G1 G2 H il 12 multl onel mult2
onel
unfolding classical-svk-quotient-map-def
by (rule carrier-full-amalg-class-in-space| OF svk-encode-in-space[ OF A-in]])

lemma classical-svk-quotient-map-injective:
assumes AB: classical-svk-quotient-map A = classical-svk-quotient-map B
and A-in: A € fundamental-group-space W x0
and B-in: B € fundamental-group-space W z0
shows A = B
proof —
have carrier-full-amalg-equiv G1 G2 H i1 i2 mult! onel mult2 one2
(svk-encode A) (svk-encode B)
using AB unfolding classical-svk-quotient-map-def
by (simp add: carrier-full-amalg-class-eq-iff)
then have svk-decode (svk-encode A) = svk-decode (svk-encode B)
by (rule svk-decode-respects)
then show ?thesis
using A-in B-in by (simp add: svk-decode-encode)
qged

lemma classical-svk-quotient-map-surjective:
assumes Q-in:
Q € carrier-full-amalgamated-free-product-space G1 G2 H il i2 multl onel
mult2 one2
shows 3 A € fundamental-group-space W x0. classical-svk-quotient-map A = Q
proof —
from @Q-in obtain w where w-in: fpw-in-space G1 G2 w
and Q-rep: Q = carrier-full-amalg-class G1 G2 H i1 i2 multl onel mult2 one2
w
unfolding carrier-full-amalgamated-free-product-space-def by auto
have A-in: svk-decode w € fundamental-group-space W z0
by (rule svk-decode-in-space)
have classical-svk-quotient-map (svk-decode w) = @
unfolding classical-svk-quotient-map-def Q-rep
by (simp add: carrier-full-amalg-class-eg-iff svk-encode-decode| OF w-in))
then show ?thesis
using A-in by blast
qed

At this point the encoding and decoding maps satisfy the abstract round-
trip laws from the interface theory. The final theorem therefore presents
the classical Seifert—van Kampen statement as a bijection between the fun-
damental group of U U V at z0 and the carrier-based amalgamated free
product assembled from U, V,and U N V.

theorem classical-seifert-van-kampen-bij-betw:
bij-betw classical-svk-quotient-map (fundamental-group-space W x0)
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(carrier-full-amalgamated-free-product-space G1 G2 H il i2 multl onel mult2
one2)
unfolding bij-betw-def
proof
show inj-on classical-svk-quotient-map (fundamental-group-space W x0)
unfolding inj-on-def
using classical-svk-quotient-map-injective by blast
next
show classical-svk-quotient-map ¢ fundamental-group-space W z0 =
carrier-full-amalgamated-free-product-space G1 G2 H il i2 multl onel mult2
one2
proof
show classical-svk-quotient-map * fundamental-group-space W z0 C
carrier-full-amalgamated-free-product-space G1 G2 H i1 i2 multl onel mult2
onel
using classical-svk-quotient-map-in-space by blast
next
show carrier-full-amalgamated-free-product-space G1 G2 H i1 i2 multl onel
mult2 one2
C classical-svk-quotient-map © fundamental-group-space W x0
using classical-svk-quotient-map-surjective by blast
qed
qed

end

end
theory Binary-Sum-Topology

imports HOL— Analysis. Abstract-Topology
begin

16 Binary coproduct topology

Topological pushouts are constructed by first equipping the disjoint sum
with its coproduct topology and only then quotienting by the glue relation.
This short theory records that coproduct topology together with the basic
continuity lemmas used by the later pushout arguments.

definition binary-sum-topology :: 'a topology => 'b topology => (‘a + 'b) topology
where
binary-sum-topology X Y =
topology (AU.
U C Inl ‘ topspace X U Inr ‘ topspace Y A
openin X {z. Inl x € U} A
openin Y {y. Inr y € U})

lemma is-binary-sum-topology:

istopology (\U.
U C Inl ‘ topspace X U Inr ‘ topspace Y A
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openin X {z. Inlz € U} A
openin Y {y. Inry € U})
proof —

have inl-Int: {z. Inlz € SN T} ={z. Inlz € S} N{z. Inlz € T} for ST
by auto

have inr-Int: {y. Inry € SN T} ={y. Inry € S} N{y. Inrye T} for ST
by auto

have inl-Union: {z. Inl z € UK} = (JUeK. {z. Inlz € U}) for K
by auto

have inr-Union: {y. Inry € UK} = (UUeK. {y. Inry € U}) for K
by auto
show ?thesis
unfolding istopology-def inl-Int inr-Int inl-Union inr-Union
by blast
qed

lemma openin-binary-sum-topology:
openin (binary-sum-topology X Y) U +—
U C Inl ‘ topspace X U Inr ‘ topspace Y N
openin X {z. Inlz € U} A
openin Y {y. Inry € U}
by (auto simp: binary-sum-topology-def is-binary-sum-topology)

lemma topspace-binary-sum-topology [simp]:
topspace (binary-sum-topology X Y) = Inl ‘ topspace X U Inr  topspace Y
proof
have top-open: openin (binary-sum-topology X Y) (topspace (binary-sum-topology
X Y))
by simp
show topspace (binary-sum-topology X Y) C Inl ‘ topspace X U Inr ‘ topspace Y
using top-open unfolding openin-binary-sum-topology by blast
have e¢X: {z. Inl x € Inl ‘ topspace X U Inr ‘ topspace Y} = topspace X
by auto

have eqY: {y. Inr y € Inl ‘ topspace X U Inr ‘ topspace Y} = topspace Y
by auto
have openin (binary-sum-topology X Y) (Inl ¢ topspace X U Inr ‘ topspace Y)
unfolding openin-binary-sum-topology eqX eqY by simp
then show Inl ‘ topspace X U Inr ‘ topspace Y C topspace (binary-sum-topology
XY)
by (rule openin-subset)
qed

lemma subset-topspace-binary-sum-inl:
(Inl :: 'a = 'a 4+ 'b) ‘ topspace X C topspace (binary-sum-topology X Y)
by simp

lemma subset-topspace-binary-sum-inr:

(Inr = 'b = 'a + 'b) topspace Y C topspace (binary-sum-topology X Y')
by simp
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lemma continuous-map-binary-sum-inl:
continuous-map X (binary-sum-topology X Y) (Inl :: 'a = 'a + 'b)
proof —
have image: (Inl :: 'a = 'a + 'b) * topspace X C topspace (binary-sum-topology
XY)
by simp
have preimage:
YV U. openin (binary-sum-topology X Y) U — openin X {z € topspace X. Inl
z e U}
proof (intro alll impl)
fix U
assume U: openin (binary-sum-topology X Y) U
have openU: openin X {z. Inl z € U}
using U by (simp add: openin-binary-sum-topology)
have subsetX: {z. Inl x € U} C topspace X
using openU by (rule openin-subset)
have eq: {z € topspace X. Inlz € U} = {z. Inlz € U}
using subsetX by auto
have openin X {z € topspace X. Inl z € U}
unfolding eq using openlU by simp
then show openin X {z € topspace X. Inl z € U} .
qed
from image preimage show ?thesis
by (simp add: continuous-map)
qged

lemma continuous-map-binary-sum-inr:
continuous-map Y (binary-sum-topology X Y) (Inr :: 'b = 'a + 'b)
proof —
have image: (Inr :: 'b = 'a + 'b) * topspace Y C topspace (binary-sum-topology
X Y)
by simp
have preimage:
YV U. openin (binary-sum-topology X Y) U — openin Y {y € topspace Y. Inr
y € U}
proof (intro alll impl)
fix U
assume U: openin (binary-sum-topology X Y) U
have openU: openin Y {y. Inr y € U}
using U by (simp add: openin-binary-sum-topology)
have subsetY: {y. Inr y € U} C topspace Y
using openU by (rule openin-subset)
have eq: {y € topspace Y. Inry € U} = {y. Inr y € U}
using subsetY by auto
have openin Y {y € topspace Y. Inr y € U}
unfolding eq using openU by simp
then show openin Y {y € topspace Y. Inr y € U} .
qed
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from image preimage show ?Zthesis
by (simp add: continuous-map)
qed

lemma open-map-binary-sum-inl:
open-map X (binary-sum-topology X Y) (Inl :: 'a = 'a + ')
unfolding open-map-def openin-binary-sum-topology
using openin-subset openin-subopen by (force simp: image-iff)

lemma open-map-binary-sum-inr:
open-map Y (binary-sum-topology X Y) (Inr :: 'b = 'a + ')
unfolding open-map-def openin-binary-sum-topology
using openin-subset openin-subopen by (force simp: image-iff)

lemma continuous-map-from-binary-sum-topology:
assumes f: continuous-map X Z f
and g: continuous-map Y Z g
shows continuous-map (binary-sum-topology X Y) Z (case-sum f g)
proof —
from f have f-image: f ‘ topspace X C topspace Z
by (simp add: continuous-map)
from g have g-image: g ‘ topspace Y C topspace Z
by (simp add: continuous-map)
have case-image:
case-sum f g ¢ topspace (binary-sum-topology X Y) = f ¢ topspace X U g *
topspace Y
proof
show case-sum f g ‘ topspace (binary-sum-topology X Y') C f “ topspace X U g
‘ topspace Y
by (auto simp: topspace-binary-sum-topology)
show f ¢ topspace X U g ¢ topspace Y C case-sum f g ° topspace
(binary-sum-topology X Y)
proof
fix z
assume z € f ‘ topspace X U g ‘ topspace Y
then consider
(left) x where z € topspace X z = fx
| (right) y where y € topspace Y z = gy
by auto
then show z € case-sum f g ‘ topspace (binary-sum-topology X Y)
proof cases
case (left x)
have Inl z € topspace (binary-sum-topology X Y)
using left by (auto simp: topspace-binary-sum-topology)
then have case-sum f g (Inl z) € case-sum f g  topspace (binary-sum-topology
XY)
by (rule imagel)
then show ?thesis
using left by simp
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next
case (right y)
have Inr y € topspace (binary-sum-topology X Y')
using right by (auto simp: topspace-binary-sum-topology)
then have case-sum f g (Inr y) € case-sum f g ‘ topspace (binary-sum-topology
XY)
by (rule imagel)
then show ?thesis
using right by simp
qed
qed
qed
have image: case-sum f g ‘ topspace (binary-sum-topology X Y) C topspace Z
proof —
have case-subset: f ¢ topspace X U g ‘ topspace Y C topspace Z
using f-image g-image by blast
from case-image case-subset show ?thesis
by blast
qed
have preimage:
Y U. openin Z U —
openin (binary-sum-topology X Y) {z € topspace (binary-sum-topology X Y).
case-sum f gz € U}
proof (intro alll impl)
fix U
assume U: openin Z U
from f U have openX: openin X {z € topspace X. fx € U}
by (simp add: continuous-map)
from g U have openY: openin Y {y € topspace Y. gy € U}
by (simp add: continuous-map)
let ?W = {z € topspace (binary-sum-topology X Y). case-sum f g z € U}
have subsetW: ¢W C topspace (binary-sum-topology X Y)

by auto

have e¢X: {z. Inlxz € ?W} = {z € topspace X. fz € U}
by auto

have eqY: {y. Inry € ?W} = {y € topspace Y. gy € U}
by auto

show openin (binary-sum-topology X Y) ¢W
unfolding openin-binary-sum-topology eqX eqY
using subsetW openX openY by simp
qed
from image preimage show ?thesis
by (simp add: continuous-map)
qed

end
theory Topological- Pushout-Scaffold

imports Binary-Sum-Topology Pushout-Scaffold
begin
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17 Topological pushouts

The quotient-level pushout relation from Pushout-Scaffold becomes a gen-
uine topological pushout here. The theory defines the quotient topology on
the glued disjoint sum and proves the universal maps from the two sum-
mands into that topological pushout.

definition pushout-topspace ::

'a topology => 'b topology => ('c => 'a) => (¢ => 'b) => ('a + 'b) set set
where

pushout-topspace X Y f g = pushout-class f g * topspace (binary-sum-topology X
Y)

definition pushout-topology :
‘a topology => 'b topology => ('c => 'a) => (e => 'b) => (('a + 'b) set)
topology
where
pushout-topology X Y f g =
topology (AU.
U C pushout-topspace X Y f g A
openin (binary-sum-topology X Y)
{z € topspace (binary-sum-topology X Y). pushout-class f g z € U})

lemma pushout-topspace-alt:
pushout-topspace X Y f g = pushout-inl f g * topspace X U pushout-inr f g ¢
topspace Y
unfolding pushout-topspace-def — pushout-inl-def  pushout-inr-def
topspace-binary-sum-topology
by auto

lemma pushout-topspace-subset-pushout-space:
pushout-topspace X Y f g C pushout-space f g
unfolding pushout-topspace-def pushout-space-def pushout-class-def quo-
tient-space-def
by blast

lemma is-pushout-topology:
istopology (\U.
U C pushout-topspace X Y f g A
openin (binary-sum-topology X Y)
{z € topspace (binary-sum-topology X Y). pushout-class f g z € U})
proof —
have Int-eq:
{z € topspace (binary-sum-topology X Y). pushout-class fgz € SN T} =
{z € topspace (binary-sum-topology X Y). pushout-class f g z € S} N
{z € topspace (binary-sum-topology X Y). pushout-class f g z € T} for S T
by auto
have Union-eq:
{z € topspace (binary-sum-topology X Y). pushout-class f g z € UK} =
(U UeK. {z € topspace (binary-sum-topology X Y). pushout-class f g z € U})
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for
by auto
show ?thesis
unfolding istopology-def pushout-topspace-def Int-eq Union-eq
by blast
qed

lemma openin-pushout-topology:
openin (pushout-topology X Y f g) U +—
U C pushout-topspace X Y f g N
openin (binary-sum-topology X Y)
{z € topspace (binary-sum-topology X Y). pushout-class f g z € U}
proof —
have openin (pushout-topology X Y fg) U =
(U C pushout-topspace X Y f g A
openin (binary-sum-topology X Y)
{z € topspace (binary-sum-topology X Y). pushout-class f g z € U})
unfolding pushout-topology-def
by (subst topology-inverse’|OF is-pushout-topology]) simp
then show ?thesis
by simp
qged

lemma topspace-pushout-topology [simp]:
topspace (pushout-topology X Y f g) = pushout-topspace X Y f g
proof
have top-open: openin (pushout-topology X Y f g) (topspace (pushout-topology X
Yfg))
by simp
show topspace (pushout-topology X Y f g) C pushout-topspace X Y f g
using top-open unfolding openin-pushout-topology by blast
have preimage-space:
{z € topspace (binary-sum-topology X Y). pushout-class f g z € pushout-topspace
XYfgh=
topspace (binary-sum-topology X Y)
unfolding pushout-topspace-def by auto
have open-top: openin (binary-sum-topology X Y) (topspace (binary-sum-topology
X v)
by (rule openin-topspace)
have openin (pushout-topology X Y f g) (pushout-topspace X Y f g)
unfolding openin-pushout-topology preimage-space
using open-top by simp
then show pushout-topspace X Y f g C topspace (pushout-topology X Y f g)
by (rule openin-subset)
qed

lemma quotient-map-pushout-class:

quotient-map (binary-sum-topology X Y) (pushout-topology X Y [ g)
(pushout-class f g)
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proof (unfold quotient-map-def, intro conjl alll impl)
show pushout-class f g ¢ topspace (binary-sum-topology X Y) = topspace
(pushout-topology X Y [ g)
by (auto simp: pushout-topspace-alt pushout-inl-def pushout-inr-def image-Un)
next
fix U
assume U: U C topspace (pushout-topology X Y [ g)
then have U’ U C pushout-topspace X Y [ g
by simp
show openin (binary-sum-topology X Y)
{z € topspace (binary-sum-topology X Y). pushout-class f gz € U} =
openin (pushout-topology X Y f g) U
using U’ by (simp add: openin-pushout-topology)
qed

lemma continuous-map-pushout-class:
continuous-map (binary-sum-topology X Y) (pushout-topology X Y f g)
(pushout-class f g)
using quotient-map-pushout-class by (rule quotient-imp-continuous-map)

lemma pushout-inl-in-topspace:
assumes a € topspace X
shows pushout-inl f g a € pushout-topspace X Y f g
using assms
unfolding pushout-topspace-def pushout-inl-def topspace-binary-sum-topology
by auto

lemma pushout-inr-in-topspace:
assumes b € topspace Y
shows pushout-inr f g b € pushout-topspace X Y f g
using assms
unfolding pushout-topspace-def pushout-inr-def topspace-binary-sum-topology
by auto

lemma continuous-map-pushout-inl [continuous-intros|:
continuous-map X (pushout-topology X Y f g) (pushout-inl f g)
proof —
have continuous-map X (pushout-topology X Y f g)
(pushout-class f g o (Inl :: 'a = 'a + 'b))
using continuous-map-binary-sum-inl continuous-map-pushout-class
by (rule continuous-map-compose)
then show ?thesis
unfolding pushout-inl-def o-def
by (rule continuous-map-eq) auto
qed

lemma continuous-map-pushout-inr [continuous-intros|:

continuous-map Y (pushout-topology X Y f g) (pushout-inr f g)
proof —
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have inr-cont: continuous-map Y (binary-sum-topology X Y) (Ab. Inr b)
using continuous-map-binary-sum-inr
by (rule continuous-map-eq) auto

have continuous-map Y (pushout-topology X Y f g)

(pushout-class f g o (Ab. Inr b))

using inr-cont continuous-map-pushout-class
by (rule continuous-map-compose)

then show ?thesis
unfolding pushout-inr-def o-def
by (rule continuous-map-eq) auto

qged

lemma pushout-rec-pushout-class:
assumes compat: pushout-case-compatible f g left right
and z-in: x € topspace (binary-sum-topology X Y)
shows pushout-rec [ g left right (pushout-class f g x) = case-sum left right =
proof —
from 2-in have (Jactopspace X. © = Inl a) V (3 bEtopspace Y. x = Inr b)
by (auto simp: topspace-binary-sum-topology)
then show ?thesis
proof
assume Jactopspace X. z = Inl a
then obtain a where a € topspace X x = Inl a
by blast
then show ?thesis
using pushout-rec-inl[OF compat, of al
unfolding pushout-inl-def by simp
next
assume J betopspace Y. x = Inr b
then obtain b where b € topspace Y z = Inr b
by blast
then show ?thesis
using pushout-rec-inr[OF compat, of b
unfolding pushout-inr-def by simp
qed
qed

lemma continuous-map-pushout-rec:
assumes compat: pushout-case-compatible f g left right
and left-cont: continuous-map X Z left
and right-cont: continuous-map Y Z right
shows continuous-map (pushout-topology X Y f g) Z (pushout-rec f g left right)
proof —
have sum-cont: continuous-map (binary-sum-topology X Y) Z (case-sum left
right)
using left-cont right-cont by (rule continuous-map-from-binary-sum-topology)
have comp-eq:
((pushout-rec f g left right) o pushout-class f g) x = case-sum left right =
if z € topspace (binary-sum-topology X Y) for z
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using pushout-rec-pushout-class|OF compat that] by (simp add: o-def)
have comp-eq”:
case-sum left right © = ((pushout-rec f g left right) o pushout-class f g)
if © € topspace (binary-sum-topology X Y) for z
using comp-eq[OF that] by simp
have comp-cont:
continuous-map (binary-sum-topology X Y) Z ((pushout-rec f g left right) o
pushout-class f g)
using sum-cont comp-eq’ by (rule continuous-map-eq)
show ?thesis
using  quotient-map-pushout-class  comp-cont by (rule continu-
ous-compose-quotient-map)
qed

lemma pushout-rec-universal:

assumes compat: pushout-case-compatible f g left right
and left-cont: continuous-map X Z left
and right-cont: continuous-map Y Z right

shows continuous-map (pushout-topology X Y f g) Z (pushout-rec f g left right)
and Aa. pushout-rec f g left right (pushout-inl f g a) = left a
and Ab. pushout-rec f g left right (pushout-inr f g b) = right b

using assms

by (auto intro: continuous-map-pushout-rec simp: pushout-rec-inl pushout-rec-inr)

end
theory Topological-Seifert- Van-Kampen
imports

Carrier-Amalgamated-Free- Product- Eval
Explicit-Fundamental- Group-Scaffold
Topological- Pushout-Scaffold
Seifert- Van-Kampen-Scaffold

begin

18 Concrete decode data for topological pushouts

Once the pushout topology and the carrier-side amalgamation evaluator are
available, the remaining task is to package a concrete decoding map back
into the fundamental group of the pushout. This theory shows how such
decode data yields the abstract carrier-level Seifert—van Kampen bijection
in the topological pushout setting.
lemma loopin-image-compose [simp]:

loopin-image ¢ (loopin-image f p) = loopin-image (g o f) p

unfolding loopin-image-def by (rule ext) simp

lemma fundamental-groupin-map-eq:
assumes A-in: A € fundamental-groupin-space X x
and f-cont: continuous-map X Y f
and g-cont: continuous-map X Y g
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and fr: fz =y
and gx: g =y
and fg: Au. fu=gu
shows fundamental-groupin-map X x Y y f A = fundamental-groupin-map X z
YygA
proof —
have repA: some-loopin X © A € loopin-space X x A = loopin-class X z
(some-loopin X z A)
using some-loopin-spec|OF A-in| by auto
have left-eq:
fundamental-groupin-map X x Yy f A =
loopin-class Y y (loopin-image f (some-loopin X x A))
by (rule fundamental-groupin-map-rep|OF A-in repA(1) repA(2) f-cont fx])
have right-eq:
fundamental-groupin-map X x Yy g A =
loopin-class Y y (loopin-image g (some-loopin X z A))
by (rule fundamental-groupin-map-rep|OF A-in repA(1) repA(2) g-cont gz])
have loopin-image f (some-loopin X z A) = loopin-image g (some-loopin X z A)
using fg by (simp add: loopin-image-def fun-eq-iff)
then show ?thesis
using left-eq right-eq by simp
qged

lemma fundamental-groupin-map-compose:
assumes A-in: A € fundamental-groupin-space X x
and f-cont: continuous-map X Y f
and g-cont: continuous-map Y Z g
and fr: fz =y
and gy: gy = 2
shows fundamental-groupin-map Y y Z z g (fundamental-groupin-map X ¢ Yy f

A) =
fundamental-groupin-map X © Z z (g o f) A
proof —
have repA: some-loopin X © A € loopin-space X x A = loopin-class X z

(some-loopin X z A)
using some-loopin-spec|OF A-in] by auto
have mapA-in: fundamental-groupin-map X z Y y f A € fundamen-
tal-groupin-space Y y
by (rule fundamental-groupin-map-in-space|OF A-in f-cont fx])
have mapA-eq:
fundamental-groupin-map X x Yy f A =
loopin-class Y y (loopin-image f (some-loopin X z A))
by (rule fundamental-groupin-map-rep|OF A-in repA(1) repA(2) f-cont fx])
have map-loop-in: loopin-image f (some-loopin X = A) € loopin-space Y y
by (rule loopin-image-in-space[OF repA(1) f-cont fx])
have left-eq:
fundamental-groupin-map Y y Z z g (fundamental-groupin-map X z Y y f A) =
loopin-class Z z (loopin-image g (loopin-image f (some-loopin X x A)))
by (rule fundamental-groupin-map-rep| OF mapA-in map-loop-in mapA-eq g-cont
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9y])

have comp-cont: continuous-map X Z (g o f)
using f-cont g-cont by (rule continuous-map-compose)

have right-eq

fundamental-groupin-map X © Z z (g o f) A =
loopin-class Z z (loopin-image (g o f) (some-loopin X x A))
by (rule fundamental-groupin-map-rep[OF A-in repA(1) repA(2) comp-cont])
(simp add: fx gy)

show “thesis

using left-eq right-eq by simp

qed

locale topological-svk-setup =
fixes X :: ‘a topology

and Y = b
and 7 :: 'c

topology
topology

and f :: 'c='a
and g:: ‘c='b

and 20 :: ‘¢

assumes z0-in: 20 € topspace Z

and f-cont:
and g-cont:
begin

abbreviation
abbreviation
abbreviation

continuous-map Z X f
continuous-map Z Y g

0 where 20 = f 20
y0 where y0 = g 20
P where P = pushout-topology X Y f g

abbreviation p0 where p0 = pushout-inl f g z0

abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation
abbreviation

abbreviation
abbreviation

G1 where G1 = fundamental-groupin-space X 0

G2 where G2 = fundamental-groupin-space Y y0

H where H = fundamental-groupin-space Z z0

mult] where mult] = fundamental-groupin-mult X z0
onel where onel = fundamental-groupin-one X x0
mult?2 where mult2 = fundamental-groupin-mult Y y0
one2 where one2 = fundamental-groupin-one Y y0
multP where multP = fundamental-groupin-mult P p0
oneP where oneP = fundamental-groupin-one P p0

11 where i1 = fundamental-groupin-map Z 20 X x0 f
12 where 2 = fundamental-groupin-map Z 20 Y y0 g

abbreviation jI where jI = fundamental-groupin-map X z0 P p0 (pushout-inl f

9)

abbreviation j2 where j2 = fundamental-groupin-map Y y0 P p0 (pushout-inr

f9)

lemma z0-in [simp]: 20 € topspace X
using 20-in f-cont unfolding continuous-map-def by blast
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lemma y0-in [simp]: y0 € topspace Y
using 20-in g-cont unfolding continuous-map-def by blast

lemma pushout-basepoint-eq [simp):
pushout-inr f g y0 = p0
by (simp add: pushout-glue)

lemma pushout-basepoint-in [simp]:
p0 € topspace P
by (simp add: pushout-inl-in-topspace[ OF x0-in))

lemma pushout-fundamental-group-maps-agree:
assumes h-in: h € H
shows j1 (i1 h) = j2 (i2 h)
proof —
have left-comp:
j1 (i1 h) = fundamental-groupin-map Z z0 P p0 ((pushout-inl f g) o f) h
by (simp add: fundamental-groupin-map-compose[OF h-in f-cont continu-
ous-map-pushout-inl))
have right-comp:
72 (i2 h) = fundamental-groupin-map Z 20 P p0 ((pushout-inr f g) o g) h
by (simp add: fundamental-groupin-map-compose|OF h-in g-cont continu-
ous-map-pushout-inr))
have left-cont: continuous-map Z P ((pushout-inl f g) o f)
by (rule continuous-map-compose[OF f-cont continuous-map-pushout-inl))
have right-cont: continuous-map Z P ((pushout-inr f g) o g)
by (rule continuous-map-compose[OF g-cont continuous-map-pushout-inr])
have left-20: ((pushout-inl f g) o f) 20 = p0
by simp
have right-z0: ((pushout-inr f g) o g) 20 = p0
by simp
have comp-fun-eq: ((pushout-inl f g) o f) u = ((pushout-inr f g) o g) u for u
by (simp add: pushout-glue)
have comp-eq:
fundamental-groupin-map Z 20 P p0 ((pushout-inl f g) o f) h =
fundamental-groupin-map Z 20 P p0 ((pushout-inr f g) o g) h
by (rule fundamental-groupin-map-eq[OF h-in left-cont right-cont left-z0 right-z0
comp-fun-eq))
show ?thesis
using left-comp right-comp comp-eq by simp
qed

lemma i1-in-G1:
assumes h € H
shows il h € G1
by (rule fundamental-groupin-map-in-space|OF assms f-cont]) simp

lemma 72-in-G2:
assumes h € H
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shows i2 h € G2
by (rule fundamental-groupin-map-in-space[OF assms g-cont]) simp

lemma decode-locale:
carrier-full-amalg-word-eval
G1 mult! onel (fundamental-groupin-inv X x0)
G2 mult2 one2 (fundamental-groupin-inv Y y0)
H il i2
(fundamental-groupin-space P p0) multP oneP (fundamental-groupin-inv P p0)
1 j2
proof (rule carrier-full-amalg-word-eval.intro)
show carrier-group
(fundamental-groupin-space X z0)
(fundamental-groupin-mult X x0)
(fundamental-groupin-one X z0)
(fundamental-groupin-inv X z0)
by (rule fundamental-groupin-carrier-group|OF z0-in])
show carrier-group
(fundamental-groupin-space Y y0)
(fundamental-groupin-mult 'Y y0)
(fundamental-groupin-one Y y0)
(fundamental-groupin-inv Y y0)
by (rule fundamental-groupin-carrier-group[OF y0-in])
show carrier-group
(fundamental-groupin-space P p0) multP oneP (fundamental-groupin-inv P
p0)
by (rule fundamental-groupin-carrier-group| OF pushout-basepoint-in))
show carrier-group-hom
(fundamental-groupin-space X z0)
(fundamental-groupin-mult X x0)
(fundamental-groupin-one X z0)
(fundamental-groupin-inv X z0)
(fundamental-groupin-space P p0) multP oneP (fundamental-groupin-inv P
p0)
(fundamental-groupin-map X x0 P p0 (pushout-inl f g))
by (rule fundamental-groupin-map-carrier-group-hom[OF xz0-in continu-
ous-map-pushout-inl]) simp
show carrier-group-hom
(fundamental-groupin-space Y y0)
(fundamental-groupin-mult Y y0)
(fundamental-groupin-one Y y0)
(fundamental-groupin-inv Y y0)
(fundamental-groupin-space P p0) multP oneP (fundamental-groupin-inv P
p0)
(fundamental-groupin-map Y y0 P p0 (pushout-inr f g))
by (rule fundamental-groupin-map-carrier-group-hom[OF y0-in continu-
ous-map-pushout-inr]) simp
show carrier-full-amalg-word-eval-azioms G1 G2 H il i2 j1 j2
proof (rule carrier-full-amalg-word-eval-azioms.intro)
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show h € H = i1 h € G1I for h
by (rule i1-in-G1)

show h € H = i2 h € G2 for h
by (rule i2-in-G2)

show h € H = j1 (il h) = j2 (i2 h) for h
by (rule pushout-fundamental-group-maps-agree)

qed
qed

interpretation decode:

carrier-full-amalg-word-eval
G1 multl onel fundamental-groupin-inv X =0
G2 mult2 one2 fundamental-groupin-inv Y y0
H il i2
fundamental-groupin-space P p0 multP oneP fundamental-groupin-inv P p0
jt j2

by (rule decode-locale)

abbreviation svk-word-eval where svk-word-eval = decode. carrier-full-amalg-eval
abbreviation svk-decode where svk-decode = decode. carrier-full-amalg-decode

lemma svk-decode-in-space:
svk-decode w € fundamental-groupin-space P p0
by (rule decode.carrier-full-amalg-decode-in-carrier)

lemma svk-decode-respects:
assumes carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2 u v
shows svk-decode u = svk-decode v
using assms by (rule decode.carrier-full-amalg-decode-respects)

lemma svk-decode-eq-eval:
assumes fpw-in-space G1 G2 w
shows svk-decode w = svk-word-eval w
using assms by (rule decode.carrier-full-amalg-decode-eq-eval)

end

locale topological-svk-open-cover =
topological-svk-setup X Y Z f g 20
for X :: 'a topology
and Y :: 'b topology
and Z :: ‘c topology
and f :: 'c = 'a
and g::'c="b
and 20 :: 'c +
assumes left-open: openin P (pushout-inl f g ‘ topspace X)
and right-open: openin P (pushout-inr f g ¢ topspace Y)
begin
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lemma loopin-subdivision-by-summands:
assumes p-loop: p € loopin-space P p0
shows In:inat. 0 < n A
(Vi<n.
subpathin (real i / real n) (real (Suc i) / realn) p *{0..1}
C pushout-inl f g ‘ topspace X V
subpathin (real i / real n) (real (Suc i) / realn) p <{0..1}
C pushout-inr f g ‘ topspace Y)
proof —
let ?L = pushout-inl f g ¢ topspace X
let YR = pushout-inr f g ‘ topspace Y
from p-loop obtain p-path where p-path: pathin P p
by (rule loopin-spaceE)
have p-img: p *{0..1} C topspace P
by (rule pathin-image-subset-topspace[OF p-path])
have cover: p ‘{0..1} C ?L U ?R
using p-img by (auto simp: pushout-topspace-alt)
have cover”: p “{0..1} C U{?L, ?R}
using cover by auto
have open-cover: openin P U if U € {?L, ?R} for U
using that left-open right-open by auto
have subdiv:
Jninat. 0 < n A
(Vi<n. 3Ue{?L, ?R}.
subpathin (real i / real n) (real (Suc i) [/ realn) p “{0..1} C U)
by (rule pathin-subdivision-open-cover|OF p-path cover’ open-cover])
then obtain n :: nat where n-pos: 0 < n
and n-cover:
Vi<n. 3Ue{?L, ?R}.
subpathin (real i / real n) (real (Suc ) / realn) p *{0..1} C U
by blast
show ?thesis
using n-pos n-cover by auto
qed

end

locale topological-svk =

topological-svk-setup X Y Z f g 20

for X :: 'a topology
and Y :: 'b topology
and Z :: ‘c topology
and f :: 'c = 'a
and g::'c="b
and 20 :: 'c +

fixes encode

assumes encode-in-space: fpw-in-space G1 G2 (encode A)
and decode-encode: svk-decode (encode A) = A
and encode-decode:
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carrier-full-amalg-equiv G1 G2 H il i2 mult] onel mult2 one2 (encode
(svk-decode w)) w
begin

lemma svk-locale:
carrier-svk-encode-decode-interface
G1 G2 H il i2 multl onel mult2 one2 encode svk-decode
proof (rule carrier-svk-encode-decode-interface.intro)
show fpw-in-space G1 G2 (encode z) for x
by (fact encode-in-space)
show carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2 v v =
svk-decode u = svk-decode v for u v
by (rule svk-decode-respects)
show svk-decode (encode z) = z for z
by (fact decode-encode)
show carrier-full-amalg-equiv G1 G2 H il i2 multl onel mult2 one2 (encode
(svk-decode w)) w for w
by (fact encode-decode)
qed

interpretation svk: carrier-svk-encode-decode-interface
G1 G2 H il i2 mult] onel mult2 one2 encode svk-decode
by (rule svk-locale)

The theorem below isolates the topological conclusion once an encoding
map has been supplied and the usual round-trip laws have been verified. The
classical open-union theorem later instantiates this interface by constructing
that encoding from loop partitions subordinate to U and V.

theorem topological-seifert-van-kampen-bij-betw:
bij-betw svk.carrier-svk-quotient-map UNIV
(carrier-full-amalgamated-free-product-space G1 G2 H il i2 multl onel mult2
one2)
by (rule svk.carrier-seifert-van-kampen-bij-betw)

end

end
theory Seifert-Van-Kampen
imports
Classical-Seifert- Van- Kampen
Topological-Seifert- Van- Kampen
begin

19 Top-level entry point

This session formalizes a quotient-oriented version of the classical Seifert—
van Kampen theorem in Isabelle/HOL. It develops reusable infrastructure
for pushout glue relations, free-product words, carrier-based amalgamated
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free products, and explicit path/homotopy quotients. The unconditional
classical open-union theorem is proved in Classical-Seifert- Van-Kampen.

Auxiliary theories package the abstract encode/decode interface and the
pushout-level constructions used internally by the proof. The headline the-
orem exported by this entry is the classical result for open unions.

end
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