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Abstract

SCL(FOL) (i.e., Simple Clause Learning for First-Order Logic with-
out equality) is known to be able to simulate the derivation of nonre-
dundant clauses by the ground ordered resolution calculus [1]. Due
to the space constraints of a 16-pages paper, the published proof is
monolithic and hard to comprehend. In this work, we reuse the exist-
ing strategy for ground ordered resolution and present a new, simpler
strategy for SCL(FOL). We prove a stronger bisimulation theorem be-
tween these two strategies (i.e., they both simulate each other). Our
proof is modular: it consists of ten refinement steps focusing on differ-
ent aspects of the two strategies.
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theory Isabelle-2024-Compatibility
imports
Main
HOL- Library. Multiset
begin

lemmas wfP-def = wfp-def

lemmas wfP-if-convertible-to-wfP = wfp-if-convertible-to-wfp
lemmas wfP-imp-asymp = wfp-imp-asymp

lemmas wfP-induct-rule = wfp-induct-rule

lemmas wfP-multp = wfp-multp

end
theory Ground-Ordered-Resolution
imports

Saturation-Framework. Calculus
Saturation-Framework-Extensions. Clausal-Calculus
Isabelle-2024-Compatibility
First-Order-Clause.IsaFoR-Ground-Context
First-Order-Clause. HOL-Extra
First-Order-Clause. Transitive-Closure- Extra
Min-Mazx-Least-Greatest. Min-Mazx-Least- Greatest-FSet
Min-Mazx-Least- Greatest. Min-Mazx- Least- Greatest- Multiset
First-Order-Clause. Multiset- Extra
Superposition-Calculus. Relation-Extra

begin

abbreviation (input) GHole (\Og») where
GHole = 0O

hide-type Inference-System.inference
hide-const
Inference-System.Infer
Inference-System.prems-of
Inference-System.concl-of
Inference-System.main-prem-of
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primrec mset-lit :: 'a literal = 'a multiset where
mset-lit (Pos A) = {#A#} |
mset-lit (Neg A) = {#A, A#}

type-synonym 't atom = 't

1 Ground Resolution Calculus

locale ground-ordered-resolution-calculus =
fixes
less-trm :: 'f gterm = 'f gterm = bool (infix <; 50) and
select = 'f gterm atom clause = 'f gterm atom clause
assumes
transp-less-trm[simp]: transp (<:) and
asymp-less-trm[intro]: asymp (<:) and
wfP-less-trm[intro|: wfP (<;) and
totalp-less-trmlintro]: totalp (<;) and
less-trm-compatible-with-gctxt[simp]: Nctat tt'. t <4 t' = ctat(t)g < ctat(ta
and
less-trm-if-subterm[simp]: Nt ctzt. ctot # O = t <4 ctat(t)e and
select-subset: \C. select C C# C and
select-negative-lits: NC L. L €# select C = is-neg L
begin

lemma irrefip-on-less-trm[simp]: irreflp-on A (<¢)
by (metis asympD asymp-less-trm irreflp-onl)

abbreviation lesseg-trm (infix <; 50) where
lesseq-trm = (<¢)==

lemma lesseq-trm-if-subtermeq: t <, ctrt(t)a
using less-trm-if-subterm
by (metis intp-actzt.simps(1) reflclp-iff)

definition less-lit ::
'f gterm atom literal = 'f gterm atom literal = bool (infix <; 50) where
less-lit L1 L2 = multp (<) (mset-lit L1) (mset-lit L2)

abbreviation lesseg-lit (infix <; 50) where
lesseq-lit = (<)==

abbreviation less-cls ::
'f gterm atom clause = 'f gterm atom clause = bool (infix <. 50) where
less-cls = multp (<)

abbreviation lesseg-cls (infix <. 50) where
lesseq-cls = (<)~



lemma transp-on-less-lit[simp|: transp-on A (<;)
by (smt (verit, best) less-lit-def transpE transp-less-trm transp-multp transp-onl)

corollary transp-less-lit: transp (<)
by simp

lemma transp-less-cls[simp]: transp (<)
by (simp add: transp-multp)

lemma asymp-on-less-lit[simp]: asymp-on A (<)
by (metis asympD asymp-less-trm asymp-multpg o asymp-onl less-lit-def multp-eq-multp g o
transp-less-trm)

corollary asymp-less-lit[simp]: asymp (<)
by simp

lemma asymp-less-cls[simp|: asymp (<.)
by (simp add: asymp-multpg o multp-eg-multpy o)

lemma irrefip-on-less-lit[simp]: irreflp-on A (<))
by (simp only: asymp-on-less-lit irreflp-on-if-asymp-on)

lemma wfP-less-lit[simp]: wfP (<)
unfolding less-lit-def
using wfP-less-trm wfp-multp wfp-if-convertible-to-wfp by meson

lemma wfP-less-cls[simp]: wfP (<.)
using wfP-less-lit wfp-multp by blast

lemma totalp-on-less-lit[simp]: totalp-on A (<)
proof (rule totalp-onlI)

fix L1 L2 :: 'f gterm atom literal

assume LI # L2

show L1 <; L2 v L2 <; L1
unfolding less-lit-def
proof (rule totalp-multp| THEN totalpD))
show totalp (<4)
using totalp-less-trm .
next
show transp (<)
using transp-less-trm .
next
show mset-lit L1 # mset-lit L2
using «L1 # L2»
by (cases L1; cases L2) (auto simp add: add-eq-conv-ex)
qed
qed



corollary totalp-less-lit: totalp (<;)
by simp

lemma totalp-less-cls[simp]: totalp (<.)
proof (rule totalp-multp)
show totalp (<)
by simp
next
show transp (<)
by simp
qged

interpretation term-order: linorder lesseq-trm less-trm
proof unfold-locales
show Az y. (z <; y) = (z ¢ y A~y =4 )
by (metis asympD asymp-less-trm reflclp-iff)
next
show Az. z <, z
by simp
next
show Nz yz. 2 =y = y St 2 = 2 =t 2
by (meson transpE transp-less-trm transp-on-reficlp)
next
show A\zy. 2 sy —=yhe=z=y
by (metis asympD asymp-less-trm reficlp-iff)
next
show Azy. z <, yVy=yz
by (metis reflclp-iff totalpD totalp-less-trm)
qed

interpretation literal-order: linorder lesseq-lit less-lit
proof unfold-locales
show Azy. (z <1 y)=(z 1y A=y = x)
by (metis asympD asymp-less-lit reflclp-iff)
next
show Az. z < z
by simp
next
show A\eyz z <, y=—=y=1z2=12 =2
by (meson transpE transp-less-lit transp-on-reficlp)
next
show \ey. s 5y = yic=z=y
by (metis asympD asymp-less-lit reflclp-iff)
next
show A\zy. z <, yVy=z
by (metis reflclp-iff totalpD totalp-less-lit)
qed

interpretation clause-order: linorder lesseq-cls less-cls



proof unfold-locales
show Az y. (z <. y) = (z 2.y A=y 2. x)
by (metis asympD asymp-less-cls reflclp-iff)
next
show Az. z <. z
by simp
next
show A\zyz z <,y = y=.2=12=.2
by (meson transpE transp-less-cls transp-on-reficlp)
next
show Az y. z X,y = y<.c=z=y
by (metis asympD asymp-less-cls reflclp-iff)
next
show Az y. 2 <. yVy=.z
by (metis reflclp-iff totalpD totalp-less-cls)
qed

lemma less-lit-simps[simp]:
Pos A1 <; Pos Ay <— A1 <4 Ay
Pos A1 <; Neg Ay +— Ay =4 Ao
Neg A1 <; Neg Ay +— Ay <4 As
Neg A1 <; Pos Ay +— Ay <; As
by (auto simp add: less-lit-def)

1.1 Ground Rules

abbreviation is-mazimal-lit :: 'f gterm literal = 'f gterm clause = bool where
is-maximal-lit L M = is-mazimal-in-mset-wrt (<;) M L

abbreviation is-strictly-mazimal-lit :: 'f gterm literal = 'f gterm clause = bool
where
is-strictly-mazimal-lit L M = is-greatest-in-mset-wrt (<;) M L

inductive ground-resolution ::
'f gterm atom clause = 'f gterm atom clause = 'f gterm atom clause = bool
where
ground-resolutionl:
Py = add-mset (Neg t) P1' =
Py = add-mset (Pos t) Py! =
Py <. P =
select Py = {#} A is-mazximal-lit (Neg t) Py V Neg t €4 select Py =
select Py = {#} =
is-strictly-mazimal-lit (Pos t) Py =
C=P'+ P =
ground-resolution Py Py C

inductive ground-factoring :: 'f gterm atom clause = 'f gterm atom clause = bool
where
ground-factoringl:



P = add-mset (Pos t) (add-mset (Pos t) P') =
select P = {#} =

is-mazimal-lit (Pos t) P =

C = add-mset (Pos t) P! =

ground-factoring P C

1.2 Ground Layer

definition G-Inf :: 'f gterm atom clause inference set where
G-Inf =
{Infer [P2, P1] C | Py Py C. ground-resolution Py Py C} U
{Infer [P] C | P C. ground-factoring P C'}

abbreviation G-Bot :: 'f gterm atom clause set where

G-Bot = {{#}}

definition G-entails :: 'f gterm atom clause set = 'f gterm atom clause set = bool
where
G-entails Ny No <— (V(I 2 'f gterm set). I |=s Ny — I |=s Na)

1.3 Correctness

lemma soundness-ground-resolution:
assumes
step: ground-resolution P1 P2 C
shows G-entails {P1, P2} {C}
using step
proof (cases P1 P2 C rule: ground-resolution.cases)
case (ground-resolutionl t P1’ Py’

show ?thesis
unfolding G-entails-def true-clss-singleton
unfolding true-clss-insert
proof (intro alll impI, elim conjE)
fix I :: 'f gterm set
assume I |= P! and I |= P2
then obtain K1 K2 : 'f gterm atom literal where
K1 €# P1 and I |=l K1 and K2 €# P2 and I |=] K2
by (auto simp: true-cls-def)

show [ |= C
proof (cases K1 = Neg t)
case Ki-def: True
hence I |=l Neg t
using <I |=l K1) by simp

show ?thesis

proof (cases K2 = Pos t)
case K2-def: True
hence I |l Pos t



using I =l K2» by simp
hence Fulse
using «I |=l Neg t» by simp
thus “thesis ..
next
case Fulse
hence K2 €# Py’
using (K2 €# P2
unfolding ground-resolutionl by simp
hence I |= Py’
using I |=l K2) by blast
thus ?thesis
unfolding ground-resolutionl by simp
qed
next
case Fulse
hence K1 €# Py’
using (K1 €# P1»
unfolding ground-resolutionl by simp
hence I |= Py’
using I |=l K1» by blast
thus ?thesis
unfolding ground-resolutionl by simp
qed
qed
qed

lemma soundness-ground-factoring:
assumes step: ground-factoring P C
shows G-entails {P} {C}
using step
proof (cases P C rule: ground-factoring.cases)
case (ground-factoringl t P’)
show ?thesis
unfolding G-entails-def true-clss-singleton
proof (intro alll impI)
fix I :: 'f gterm set
assume [ |= P
then obtain K : 'f gterm atom literal where
Ke# Pand I |FI K
by (auto simp: true-cls-def)

show [ |= C
proof (cases K = Pos t)
case True
hence I |=l Pos ¢
using <I |=l K» by metis
thus “thesis
unfolding ground-factoringl



by (metis true-cls-add-mset)
next
case Fulse
hence K €# P’
using <K €# P»
unfolding ground-factoringl
by auto
hence K €# C
unfolding ground-factoringl
by simp
thus ?thesis
using </ |=l K> by blast
qed
qed
qed

interpretation G: sound-inference-system G-Inf G-Bot G-entails
proof unfold-locales
show G-Bot # {}
by simp
next
show AB N. B € G-Bot = G-entails {B} N
by (simp add: G-entails-def)
next
show AN2 NI1. N2 C NI = G-entails NI N2
by (auto simp: G-entails-def elim!: true-clss-mono[rotated))
next
fix N1 N2 assume ball-G-entails: ¥ C € N2. G-entails N1 {C}
show G-entails N1 N2
unfolding G-entails-def
proof (intro alll impI)
fix I :: 'f gterm set
assume [ |=s N1
hence VC € N2. I |Es {C}
using ball-G-entails by (simp add: G-entails-def)
then show [ |=s N2
by (simp add: true-clss-def)
qed
next
show AN1 N2 N3. G-entails NI N2 = G-entails N2 N3 = G-entails N1 N3
using G-entails-def by simp
next
show Av. v € G-Inf = G-entails (set (prems-of 1)) {concl-of 1}
unfolding G-Inf-def
using soundness-ground-resolution
using soundness-ground-factoring
by (auto simp: G-entails-def)
qed
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1.4 Redundancy Criterion

lemma ground-resolution-smaller-conclusion:
assumes
step: ground-resolution P1 P2 C
shows C' <. P1
using step
proof (cases P1 P2 C rule: ground-resolution.cases)
case (ground-resolutionl t Py’ Py’
have Vke#P>'. k <; Pos t
using <is-strictly-maximal-lit (Pos t) P2y <P2 = add-mset (Pos t) Py"
by (simp add: literal-order.is-greatest-in-mset-iff)
moreover have \A. Pos A <; Neg A
by (simp add: less-lit-def)
ultimately have Vke#Ps". k <; Neg t
by (metis transp-def transp-less-lit)
hence Py’ <. {#Neg t#}
using one-step-implies-multp[of {#Neg t#} P2’ (<;) {#}] by simp
hence Py’ + Py’ <. add-mset (Neg t) Py’
using multp-cancellof (<;) P1’ P2’ {#Neg t#}] by simp
thus ?thesis
unfolding ground-resolutionl
by (simp only: add.commute)
qed

lemma ground-factoring-smaller-conclusion:
assumes step: ground-factoring P C
shows C' <. P
using step
proof (cases P C rule: ground-factoring.cases)
case (ground-factoringl t P’)
then show ?thesis
by (metis add-mset-add-single mset-subset-eg-exists-conv multi-self-add-other-not-self
multp-subset-supersetl totalpD totalp-less-cls transp-less-lit)
qed

interpretation G: calculus-with-finitary-standard-redundancy G-Inf G-Bot G-entails
(<e)
proof unfold-locales
show transp (<)
using transp-less-cls .
next
show wfP (<.)
using wfP-less-cls .
next
show Av. ¢ € G-Inf = prems-of ¢ # |
by (auto simp: G-Inf-def)
next
fix ¢
have concl-of + <. main-prem-of ¢

11



if t-def: « = Infer [P, P1] C and
infer: ground-resolution Py Py C
for Py P, C
unfolding ¢-def
using infer
using ground-resolution-smaller-conclusion
by simp

moreover have concl-of v <. main-prem-of ¢
if ¢-def: « = Infer [P] C and
infer: ground-factoring P C
for P C
unfolding ¢-def
using infer
using ground-factoring-smaller-conclusion
by simp

ultimately show ¢ € G-Inf = concl-of ¢+ <. main-prem-of ¢
unfolding G-Inf-def
by fast
qed

1.5 Refutational Completeness

context
fixes N : 'f gterm atom clause set
begin

function production :: 'f gterm atom clause = 'f gterm set where
production C = {A | A C".
CeNA
C = add-mset (Pos A) C' A
select C = {#} A
is-strictly-mazimal-lit (Pos A) C' A
- (UD e {D e N. D <. C}. production D) |= C}
by simp-all

termination production
proof (relation {(z, y). z <. y})
show wf {(z, y). T <. y}
using wfP-less-cls
by (simp add: wfp-def)
next
show ACD. De {De N.D <. C} = (D, C) € {(z, y). z <. y}
by simp
qed

declare production.simps[simp del]

12



end

lemma Unig-striclty-maximal-lit-in-ground-cls:
3 <1 L. is-strictly-mazimal-lit L C
proof (rule Unig-is-greatest-in-mset-wrt)
show transp-on (set-mset C) (<))
by (auto intro: transp-on-subset transp-less-lit)
next
show asymp-on (set-mset C') (<)
by (auto intro: asymp-on-subset asymp-less-lit)
next
show totalp-on (set-mset C) (<)
by (auto intro: totalp-on-subset totalp-less-lit)
qed

lemma production-eq-empty-or-singleton:
production N C' = {} Vv (3 A. production N C = {A})
proof —
have 3 <1 A. is-strictly-mazimal-lit (Pos A) C
using Unig-striclty-maximal-lit-in-ground-cls
by (metis (mono-tags, lifting) Unig-def literal.inject(1))
hence 3<1A. 3C". C = add-mset (Pos A) C' A is-strictly-mazimal-lit (Pos A)
C
by (simp add: Unig-def)
hence Unig-production: 3<1A. 3C".
CeNA
C = add-mset (Pos A) C' A
select C = {#} A
is-strictly-mazimal-lit (Pos A) C' A
- (UD€ {D e N. D <. C}. production N D) |= C
using Unig-antimono’
by (smt (verit) Unig-def Uniq-prodl case-prod-conv)
show ?thesis
unfolding production.simps[of N C]
using Collect-eq-if-Uniq| OF Unig-production)
by (smt (verit, best) Collect-cong Collect-empty-eq Unig-def Unig-production
case-prod-conv
insertCI mem-Collect-eq)
qed

lemma production-eq-singleton-if-atom-in-production:
assumes A € production N C
shows production N C = {A}
using assms production-eq-empty-or-singleton
by force

definition interp where
interp NC = (JD € {D € N. D <. C}. production N D)

13



lemma interp-mempty[simpl: interp N {#} = {}
proof —
have 3 C. C <. {#}
by (metis clause-order.order.asym subset-implies-multp subset-mset.gr-zerol )
hence {D € N. D <. {#}} = {}
by simp
thus ?thesis
unfolding interp-def by auto
qed

lemma production-unfold: production N C = {A | A C".
CeNA
C = add-mset (Pos A) C' A
select C = {#} A
is-strictly-mazimal-lit (Pos A) C' A
- interp N C |= C}
by (simp add: production.simps[of N C] interp-def)

lemma production-unfold”: production N C = {A | A.
CeNA
select C = {#} A
is-strictly-maximal-lit (Pos A) C' A
- interp N C |= C}
unfolding production-unfold
by (metis (mono-tags, lifting) literal-order.explode-greatest-in-mset)

lemma mem-productionk:
assumes C-prod: A € production N C
obtains C’ where
C € N and
C = add-mset (Pos A) C' and
select C = {#} and
is-strictly-mazimal-lit (Pos A) C and
—interp N C |= C
using C-prod
unfolding production.simps[of N C| mem-Collect-eq Let-def interp-def
by (metis (no-types, lifting))

lemma production-subset-if-less-cls: C' <. D = production N C C interp N D
unfolding interp-def
using production-unfold by blast

lemma Unig-production-eg-singleton: 3<1 C. production N C = {A}
proof (rule Unig-I)
fix C D
assume production N C' = {A}
hence A € production N C
by simp
then obtain C’ where

14



CeN

C = add-mset (Pos A) C’
is-strictly-mazimal-lit (Pos A) C
—interp N C |E= C

by (auto elim!: mem-productionE)

assume production N D = {A}
hence A € production N D
by simp
then obtain D’ where
DeN
D = add-mset (Pos A) D'
is-strictly-maximal-lit (Pos A) D
- interp ND |= D
by (auto elim!: mem-productionE)

have = (C <. D)
proof (rule notl)
assume C <. D
hence production N C C interp N D
using production-subset-if-less-cls by metis
hence A € interp N D
unfolding <production N C = {A}> by simp
hence interp ND |= D
unfolding <D = add-mset (Pos A) D’y by simp
with - interp N D |= D» show False
by metis
qed

moreover have = (D <. C)
proof (rule notl)
assume D <. C
hence production N D C interp N C
using production-subset-if-less-cls by metis
hence A € interp N C
unfolding <production N D = {A}» by simp
hence interp N C |= C
unfolding «C' = add-mset (Pos A) C'y by simp
with - interp N C |= C» show Fulse
by metis
qed

ultimately show C = D
by order
qed

lemma singleton-eq-CollectD: {z} = {y. Py} = Pz
by blast

15



lemma subset-Union-mem-Collect]: Px = fx C (Jy € {z. P z}. fy)
by blast

lemma interp-subset-if-less-cls: C <. D = interp N C' C interp N D
by (smt (verit, best) UN-iff mem-Collect-eq interp-def subsetl transpD transp-less-cls)

lemma interp-subset-if-less-cls’: C <. D = interp N C C interp N D U produc-
tion N D
using interp-subset-if-less-cls by blast

lemma split- Union-production:
assumes D-in: D € N
shows (|J C € N. production N C) =
interp N D U production N D U (JC € {C € N. D <. C}. production N C)
proof —
have N={C e N. C <. D} U{D}u{C e N.D <. C}
proof (rule partition-set-around-element)
show totalp-on N (<.)
using totalp-less-cls totalp-on-subset by blast
next
show D € N
using D-in by simp
qed
hence (|JC € N. production N C) =
(UC e {C e N. C <. D}. production N C) U production N D U (|JC € {C
€ N. D <. C}. production N C)
by auto
thus (| C € N. production N C) =
interp N D U production N D U (JC € {C € N. D <. C}. production N C')
by (simp add: interp-def)
qed

lemma split-Union-production’:

assumes D-in: D € N

shows (|J C € N. production N C) = interp NDU (|JC € {C € N. D <. C}.
production N C)

using split-Union-production|OF D-in] D-in by auto

lemma split-interp:

assumes C € N and D-in: D € N and D <, C

shows interp N C = interp ND U (|JC' € {C'e N.D <. C' A C" <. C}.
production N C)
proof —

have {D e N. D <. C} =

{lye{DeN.D=<.C}.y=<.D}u{D}u{ye{DeN.D=<.C}. D=,

y}

proof (rule partition-set-around-element)

show totalp-on {D € N. D <. C} (<.)
using totalp-less-cls totalp-on-subset by blast

16



next

from D-in <D <. C» show D € {D e N. D <. C}

by simp
qed
alsohave ... ={z e N. 2 <. CAhz <. D}U{D}U{z e N. D <.z Az,
C}
by auto
alsohave ... ={z e N.z <. D} U{D}U{zeN.D <.z ANz =< C}

using <D <. C» transp-less-cls
by (metis (no-types, opaque-lifting) transpD)
finally have Collect-N-lt-C: {x € N. 2 <. C} ={z € N.z <. D} U {z € N.
D=.zANz=<.C}
by auto

have interp N C = (|JC' € {D € N. D <. C}. production N C")
by (simp add: interp-def)
also have ... = (JC' € {z € N. z <. D}. production N C') U (JC' € {z €
N. D <.z A z <. C}. production N C")
unfolding Collect-N-it-C' by simp
finally show interp N C' = interp N D U |J (production N *{C" € N. D <. C’
A C' <. C}H)
unfolding interp-def by simp
qed

lemma less-imp-Interp-subseteq-interp: C <. D = interp N C U production N
C Cinterp N D

using interp-subset-if-less-cls production-subset-if-less-cls

by (simp add: interp-def)

lemma not-interp-to-Interp-imp-le: A ¢ interp N C = A € interp N D U pro-
duction ND — C <. D

using less-imp-Interp-subseteq-interp

by (metis (mono-tags, opaque-lifting) subsetD sup2CI totalpD totalp-less-cls)

lemma produces-imp-in-interp:
assumes Neg A €# C and D-prod: A € production N D
shows A € interp N C
proof —
from D-prod have Pos A €# D and is-strictly-mazimal-lit (Pos A) D
by (auto elim: mem-productionE)

have D <. C
proof (rule multp-if-mazimal-of-lhs-is-less)
show Pos A €# D
using (Pos A €# D> .
next
show Neg A €# C
using «Neg A €# C)» .
next
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show Pos A <; Neg A
by (simp add: less-lit-def subset-implies-multp)
next
show is-mazimal-lit (Pos A) D
using <is-strictly-mazimal-lit (Pos A) Dy by auto
qed simp-all
hence - (<.)== C D
by (metis asympD asymp-less-cls reflclp-iff)
thus ?thesis
proof (rule contrapos-np)
from D-prod show A ¢ interp N C = (<.)== C D
using not-interp-to-Interp-imp-le by simp
qed
qed

lemma neg-notin-Interp-not-produce:

Neg A e# C = A ¢ interp N D U production ND — C <. D = A ¢
production N D'

using interp-subset-if-less-cls’

by (metis Un-iff produces-imp-in-interp reflclp-iff sup.orderE)

lemma lift-interp-entails:
assumes
D-in: D € N and
D-entailed: interp N D |= D and
C-in: C € N and
D-lt-C: D <. C
shows interp N C |= D
proof —
from D-entailed obtain L A where
L-in: L €e# D and
L-eq-disj-L-eq: L = Pos AN A € interp NDV L = Neg AN A ¢ interp ND
unfolding true-cls-def true-lit-iff by metis

have interp N D C interp N C
using interp-subset-if-less-cls|OF D-1t-C| .

from L-eq-disj-L-eq show interp N C |= D
proof (elim disjE conjFE)
assume L = Pos A and A € interp N D
thus interp N C |= D
using L-in <nterp N D C interp N C) by auto
next
assume L = Neg A and A ¢ interp N D
hence A ¢ interp N C
using neg-notin-Interp-not-produce
by (smt (verit, ccfv-threshold) L-in UN-E interp-def produces-imp-in-interp)
thus interp N C |= D
using L-in <L = Neg A» by blast
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qed
qed

lemma [lift-interp-entails-to-interp-production-entails:
assumes
C-in: C € N and
D-in: D € N and
C-lt-D: D <. C and
D-entailed: interp N C' |= D
shows interp N C' U production N C' |= D
proof —
from D-entailed obtain L A where
L-in: L €# D and
L-eq-disj-L-eq: L = Pos AN A € interp NCV L= Neg AN A ¢ interp N C
unfolding true-cls-def true-lit-iff by metis

from L-eq-disj-L-eq show interp N C' U production N C' |= D
proof (elim disjE conjFE)
assume L = Pos A and A € interp N C
thus interp N C' U production N C |= D
using L-in by blast
next
assume L = Neg A and A ¢ interp N C
hence A ¢ interp N C U production N C
using neg-notin-Interp-not-produce
by (metis (no-types, opaque-lifting) C-lt-D L-in Un-iff interp-subset-if-less-cls
produces-imp-in-interp subsetD)
thus interp N C U production N C |= D
using L-in <L = Neg A) by blast
qed
qed

lemma lift-entailment-to- Union:
fixes N D
assumes
D-in: D € N and
Rp-entails-D: interp N D |= D
shows
(UC € N. production N C) |= D
using lift-interp-entails
by (smt (verit, best) D-in Rp-entails-D UN-iff produces-imp-in-interp split-Union-production’
subsetD sup-gel true-cls-def true-lit-iff)

lemma
assumes
D <. C and
C-prod: A € production N C and
L-in: L €# D
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shows
lesseq-trm-if-pos: is-pos L = atm-of L =; A and
less-trm-if-neg: is-neg L = atm-of L <; A
proof —
from C-prod obtain C'’ where
C-def: C = add-mset (Pos A) C’' and
C-maz-lit: is-strictly-mazimal-lit (Pos A) C
by (auto elim: mem-productionE)

have Pos A <; L if is-pos L and — atm-of L <; A
proof —
from that(2) have A <; atm-of L
using totalp-less-trm[THEN totalpD] by auto
hence multp (<) {#A#} {#atm-of L#}
by (smt (verit, del-insts) add.right-neutral empty-iff insert-iff one-step-implies-multp
set-mset-add-mset-insert set-mset-empty transpD transp-less-trm union-mset-add-mset-right)
with that(1) show Pos A <; L
by (cases L) (simp-all add: less-lit-def)
qed

moreover have Pos A <; L if is-neg L and — atm-of L <; A
proof —
from that(2) have A =<; atm-of L
using totalp-less-trm[THEN totalpD] by auto
hence multp (<) {#A#} {#atm-of L, atm-of L#}
by (smt (23) add-mset-add-single add-mset-remove-trivial add-mset-remove-trivial-iff
empty-not-add-mset insert-Diff M insert-noteqg-member one-step-implies-multp
reflclp-iff
transp-def transp-less-trm union-mset-add-mset-left union-mset-add-mset-right)
with that(1) show Pos A <; L
by (cases L) (simp-all add: less-lit-def)
qed

moreover have Fualse if Pos A <; L
proof —
have C <. D
proof (rule multp-if-mazimal-of-lhs-is-less)
show Pos A €# C
by (simp add: C-def)
next
show L e# D
using L-in by simp
next
show is-maximal-lit (Pos A) C
using C-maz-lit by auto
next
show Pos A <; L
using that by simp
qed simp-all
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with <D <. C) show Fulse
by (metis asympD reflclp-iff wfp-imp-asymp wfP-less-cls)
qed

ultimately show is-pos L = atm-of L <; A and is-neg L —> atm-of L <; A
by metis+
qed

lemma less-trm-iff-less-cls-if-mem-production:
assumes C-prod: Ac € production N C and D-prod: Ap € production N D
shows Ac <y Ap «— C <. D
proof —
from C-prod obtain C’ where
C € N and
C-def: C = add-mset (Pos Ac) C' and
is-strictly-maximal-lit (Pos Ac) C
by (elim mem-productionE) simp
hence VL €# C'. L <, Pos Ac
by (simp add: literal-order.is-greatest-in-mset-iff)

from D-prod obtain D’ where
D € N and
D-def: D = add-mset (Pos Ap) D' and
is-strictly-mazimal-lit (Pos Ap) D
by (elim mem-productionE) simp
hence VL €# D'. L <; Pos Ap
by (simp add: literal-order.is-greatest-in-mset-iff )

show ?thesis
proof (rule iff)
assume Ac <; Ap
hence Pos Ac <; Pos Ap
by (simp add: less-lit-def)
moreover hence VL €# C'. L <; Pos Ap
using VL €# C'. L <, Pos Ac»
by (meson transp-less-lit transpD)
ultimately show C <. D
using one-step-implies-multp[of D C - {#}]
by (simp add: D-def C-def)
next
assume C <. D
hence production N C C (|J (production N ‘{z € N. z <. D}))
using «C' € N» by auto
hence Ac € (IJ (production N ‘{z € N. x <. D}))
using C-prod by auto
hence A¢ # Ap
by (metis D-prod interp-def mem-productionE true-cls-add-mset true-lit-iff )
moreover have - (Ap <; A¢)
by (metis C-def D-prod «C <. D) asympD asymp-less-trm lesseq-trm-if-pos
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literal.disc(1)
literal.sel(1) reflclp-iff union-single-eq-member)
ultimately show A¢c <; Ap
using totalp-less-trm[THEN totalpD)|
using C-def D-def by auto
qed
qed

lemma false-cls-if-productive-production:
assumes C-prod: A € production N C and D € N and C <. D
shows — interp N D |= C — {#Pos A#}
proof —
from C-prod obtain C’ where
C-in: C € N and
C-def: C' = add-mset (Pos A) C’ and
select C = {#} and
Poz-A-max: is-strictly-mazimal-lit (Pos A) C and
—interp N C |= C
by (rule mem-productionE) blast

from <D € N» <C <. D> have A € interp N D
using C-prod production-subset-if-less-cls by auto

from <D € N» have interp N D C (D € N. production N D)
by (auto simp: interp-def)

have - interp N D |= C’
unfolding true-cls-def Set.bex-simps
proof (intro balll)
fix L assume L-in: L €# C’
hence L €# C
by (simp add: C-def)

have C’' <. C

by (simp add: C-def subset-implies-multp)
hence C' <, C

by order

show — interp N D |=1 L
proof (cases L)
case (Pos Ay)
moreover have A; ¢ interp N D
proof —
have Vye#C’. y <, Pos A
using Poz-A-maz
by (simp add: C-def literal-order.is-greatest-in-mset-iff)
with Pos have Ay ¢ insert A (interp N C)
using L-in <— interp N C |= C» C-def
by blast
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moreover have A, ¢ (UD' € {D'€ N. C <. D' A D' <. D}. production
N D)
proof —
have A;, <; A
using Pos lesseq-trm-if-pos|OF «C' <. C» C-prod <L €# C"]
by simp
thus ?thesis
using less-trm-iff-less-cls-if-mem-production
using C-prod calculation interp-def by fastforce
ged

moreover have interp N D =
insert A (interp N C) U (UD' € {D'e€ N. C <. D' A D' <. D}. production
N DY)
proof —
have interp ND = (UD' € {D' € N. D’ <. D}. production N D’)
by (simp only: interp-def)
alsohave ... = (D' e {D'e{ye N.y<. CtUu{Ctu{ye N. C <,
y}. D' <. D}. production N D’)
using partition-set-around-element[of N (<.), OF - <C € N)]
totalp-on-subset| OF totalp-less-cls, simplified)
by simp
also have ... = (D' e{ye N.y<. CAy=<.D}U{CU{y e N.
C <.y Ay <. D}. production N D)
using «C' <. D) by auto
alsohave ... = (D' e {ye N.y <. CtU{CtU{ye N. C <. yAy
< D}. production N D)
by (metis (no-types, opaque-lifting) assms(3) transpD transp-less-cls)
also have ... = interp N C U production N C U (UD' € {y € N. C <.
y Ay <c D}. production N D’)
by (auto simp: interp-def)
finally show ?thesis
using C-prod
by (metis (no-types, lifting) empty-iff insertE insert-is-Un
production-eq-empty-or-singleton sup-commaute)
qged

ultimately show ?thesis
by simp
qed
ultimately show ?thesis
by simp
next
case (Neg Ayp)
moreover have Ay € interp N D
using Neg <L €# C) «C <. Dy <= interp N C |= C) interp-subset-if-less-cls
by blast
ultimately show ?Zthesis
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by simp
qed
qed
thus — interp N D |= C — {#Pos A#}
by (simp add: C-def)
qed

lemma production-subset- Union-production:
ANC N. C € N = production N C C (D € N. production N D)
by auto

lemma interp-subset-Union-production:
NCN.C e N = interp NC C (UD € N. production N D)
by (simp add: split-Union-production’)

lemma model-construction:
fixes
N :: 'f gterm atom clause set and
C :: 'f gterm atom clause
assumes G.saturated N and {#} ¢ N and C-in: C € N
shows
production N C = {} +— interp N C |= C
(UD € N. production N D) |= C
DeN= C<.D=interp ND |=C
unfolding atomize-conj atomize-imp
using wfP-less-cls C-in
proof (induction C arbitrary: D rule: wfp-induct-rule)
case (less C)
note IH = less.IH

from ({#} ¢ N» «C € N»> have C # {#}
by metis

define I :: 'f gterm set where
I = interp N C

have i: interp N C |= C <— (production N C = {})
proof (rule iffI)
show interp N C' |= C = production N C = {}
by (smt (23) Collect-empty-eq interp-def production.elims)
next
assume production N C' = {}
show interp N C |E= C
proof (cases 3A. Neg A €# C A (Neg A €4 select C V select C = {#} A
is-mazimal-lit (Neg A) C))
case ex-neg-lit-sel-or-max: True
then obtain A where
Neg A €# C and
sel-or-maz: Neg A €4 select C V select C' = {#} A is-mazimal-lit (Neg A)
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by metis

then obtain C’ where
C-def: C = add-mset (Neg A) C’
by (metis mset-add)

show ?thesis
proof (cases A € interp N C)
case True
then obtain D where
A € production ND and D € N and D <. C
unfolding interp-def by auto
then obtain D’ where
D-def: D = add-mset (Pos A) D' and
sel-D: select D = {#} and
max-t-t": is-strictly-mazimal-lit (Pos A) D and
- interp N D |= D
by (elim mem-productionE) fast

have reso: ground-resolution C D (C’ + D)
proof (rule ground-resolutionl)
show C = add-mset (Neg A) C'
by (simp add: C-def)
next
show D = add-mset (Pos A) D’
by (simp add: D-def)
next
show D <, C
using <D <. C> .
next
show select C = {#} A is-maximal-lit (Neg A) C vV Neg A €# select C
using sel-or-maz by auto
next
show select D = {#}
using sel-D by blast
next
show is-strictly-mazimal-lit (Pos A) D
using maz-t-t’ .
qed simp-all

define ¢ :: 'f gterm clause inference where
v = Infer [D, C] (C' + D’)

have « € G-Inf
using reso

by (auto simp only: -def G-Inf-def)

moreover have At. t € set (prems-of 1) =t € N
using <«C € N» <D € N»
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by (auto simp add: t-def)

ultimately have ¢ € G.Inf-from N
by (auto simp: G.Inf-from-def)
hence « € G.Red-I N
using < G.saturated N>
by (auto simp: G.saturated-def)
then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-CD: G-entails (insert D DD) {C' 4+ D'} and
ball-DD-t-C: ¥ DeDD. D <. C
unfolding G.Red-I-def G.redundant-infer-def mem-Collect-eq
by (auto simp: t-def)

moreover have YV D¢ insert D DD. interp N C |= D
using IH[THEN conjunct2, THEN conjunct2, rule-format, of - C]
using «C' € N> <D € Ny <D <. C» DD-subset ball-DD-It-C
by (metis in-mono insert-iff)

ultimately have interp N C' |= C' + D’
using DD-entails-CD
unfolding G-entails-def
by (simp add: I-def true-clss-def)

moreover have - interp N D |= D’
using - interp N D |= D»
using D-def by force

moreover have D’ <. D
unfolding D-def
by (simp add: subset-implies-multp)

moreover have — interp N C |= D’
using false-cls-if-productive-production|OF - <C € N> <D <. C)]
by (metis D-def <A € production N Dy removel-mset-add-mset-If)

ultimately show interp N C |= C
unfolding C-def by fast
next
case Fulse
thus ?thesis
using «Neg A €# C»
by (auto simp add: true-cls-def)
qed
next
case Fulse
hence select C = {#}
using select-subset select-negative-lits

26



by (metis (no-types, opaque-lifting) Neg-atm-of-iff mset-subset-eqD multi-
set-nonemptyE)

from Fulse obtain A where Pos-A-in: Pos A €# C and maz-Pos-A:
is-maximal-lit (Pos A) C

using ex-mazximal-in-mset-wrt| OF transp-on-less-lit asymp-on-less-lit «C #+
{#D]

using is-mazimal-in-mset-wrt-iff[OF transp-on-less-lit asymp-on-less-lit]
by (metis Neg-atm-of-iff <select C = {#}» is-pos-def)

then obtain C’ where C-def: C = add-mset (Pos A) C'
by (meson mset-add)

show ?thesis
proof (cases interp N C |= C)
case True
then show ?thesis
using C-def by force
next
case Fulse
show ?thesis
proof (cases is-strictly-mazimal-lit (Pos A) C')
case strictly-maximal: True
then show ?thesis
using <production N C = {}» «select C = {#}> less.prems
unfolding production-unfold[of N C] Collect-empty-eq
using C-def by blast
next
case Fulse
hence count C (Pos A) > 2
using maz-Pos-A

by (simp add: literal-order.count-ge-2-if-mazximal-in-mset-and-not-greatest-in-mset)

then obtain C’ where C-def: C' = add-mset (Pos A) (add-mset (Pos A)
)
by (metis two-le-countE)

define ¢ :: 'f gterm clause inference where
v = Infer [C] (add-mset (Pos A) C")

have eg-fact: ground-factoring C' (add-mset (Pos A) C)
proof (rule ground-factoringl)
show C = add-mset (Pos A) (add-mset (Pos A) C")
by (simp add: C-def)
next
show select C = {#}
using (select C = {#} .
next
show is-maximal-lit (Pos A) C
using max-Pos-A .
qed simp-all
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hence « € G-Inf
by (auto simp: i-def G-Inf-def)

moreover have A\t. t € set (prems-of 1) =t € N
using <C' € N»
by (auto simp add: t-def)

ultimately have ¢ € G.Inf-from N
by (auto simp: G.Inf-from-def)
hence «+ € G.Red-I N
using < G.saturated N>
by (auto simp: G.saturated-def)
then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-concl: G-entails DD {add-mset (Pos A) C'} and
ball-DD-1t-C: Y DeDD. D <. C
unfolding G.Red-I-def G.redundant-infer-def mem-Collect-eq
by (auto simp: -def)

moreover have V DeDD. interp N C |= D
using IH[THEN conjunct2, THEN conjunct2, rule-format, of - C]
using <C' € N» DD-subset ball-DD-lt-C
by blast

ultimately have interp N C' |= add-mset (Pos A) C’
using DD-entails-concl
unfolding G-entails-def
by (simp add: I-def true-clss-def)

then show ?thesis
by (simp add: C-def joinI-right pair-imagel)

ged
qed
qed
qed

moreover have ia: (J (production N * N)) |= C
using production-eg-empty-or-singleton|of N C)|
proof (elim disjE exF)
assume production N C = {}
hence interp N C |= C
by (simp only: )
thus ?thesis
using lift-entailment-to-Union|OF <C € N»] by argo
next
fix A
assume production N C = {A}
hence prod: A € production N C
by simp
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from prod have Pos A €# C
unfolding production.simps[of N C] mem-Collect-eq
by force

moreover from prod have A € |J (production N ¢ N)
using «C' € N» production-subset-Union-production
by fast

ultimately show ?Zthesis
by blast
qed

moreover have iib: interp ND |= Cif D € N and C <. D
using production-eg-empty-or-singleton[of N C, folded ]
proof (elim disjE exF)
assume production N C' = {}
hence interp N C |= C
unfolding ¢ by simp
thus ?thesis
using lift-interp-entails| OF «C € N> - that] by argo
next
fix A assume production N C = {A}
thus ?thesis
by (metis Un-insert-right insertCI insert-subset less-imp-Interp-subseteg-interp
mem-productionE pos-literal-in-imp-true-cls that(2) union-single-eq-member)
qed

ultimately show ?case
by argo
qed

lemma
assumes clause-order.is-least-in-fset N C and A € production (fset N) C
shows NA". A" <, A = A’ ¢ (IUD € fset N. production (fset N) D)
using assms less-trm-iff-less-cls-if-mem-production clause-order.is-least-in-fset-iff
by auto

lemma lesser-atoms-not-in-previous-interp-are-not-in-final-interp-if-productive:

assumes A € production (fset N) C

shows NA'. A’ <, A = A’ ¢ interp (fset N) C = A’ ¢ (UD € fset N.
production (fset N) D)

using assms production-subset-if-less-cls less-trm-iff-less-cls-if-mem-production
by fastforce

lemma lesser-atoms-not-in-previous-interp-are-not-in-final-interp-if-not-productive:
assumes literal-order.is-mazimal-in-mset C' L and production (fset N) C = {}
shows NA'. A’ <; atm-of L = A’ ¢ interp (fset N) C = A’ ¢ (D € fset
N. production (fset N) D)
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using assms
by (metis (no-types, lifting) UN-E UnCI less-trm-if-neg lesseq-trm-if-pos
literal-order.is-mazimal-in-mset-iff term-order.less-imp-not-less term-order.not-le
not-interp-to-Interp-imp-le)

lemma lesser-atoms-not-in-previous-interp-are-not-in-final-interp:
fixes A
assumes
L-maz: literal-order.is-maximal-in-mset C' L and
A-less: A <¢ atm-of L and
A-no-in: A ¢ interp (fset N) C
shows A ¢ (|JD € fset N. production (fset N) D)
proof (cases production (fset N) C = {})
case True
thus ?thesis
using L-max A-less A-no-in
using lesser-atoms-not-in-previous-interp-are-not-in-final-interp-if-not-productive
by metis
next
case Fulse
then obtain A’ where C-produces-A”: A’ € production (fset N) C
by auto
hence is-strictly-mazimal-lit (Pos A') C
unfolding production-unfold mem-Collect-eq by metis
hence literal-order.is-mazimal-in-mset C' (Pos A’)
using literal-order.is-mazimal-in-mset-if-is-greatest-in-mset by metis
hence L = Pos A’
using L-max
by (metis Unig-D literal-order. Unig-is-mazimal-in-mset)
hence atm-of L € production (fset N) C
using C-produces-A’ by simp
thus ?thesis
using L-mazx A-less A-no-in
using lesser-atoms-not-in-previous-interp-are-not-in-final-interp-if-productive
by metis
qed

lemma lesser-atoms-in-previous-interp-are-in-final-interp:

fixes A

assumes
L-max: literal-order.is-mazimal-in-mset C' L and
A-less: A <¢ atm-of L and
A-in: A € interp N C

shows A € (lUD € N. production N D)

using A-in interp-def by fastforce

lemma interp-fixed-for-smaller-literals:

fixes A
assumes
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L-max: literal-order.is-mazimal-in-mset C' L and
A-less: A <¢ atm-of L and
C =<.D
shows A € interp N C <— A € interp N D
proof (rule iffI)
show A € interp N C = A € interp N D
using assms(3) interp-subset-if-less-cls by auto
next
assume A € interp N D

then obtain £ where A € production N E and F € N and F <. D
unfolding interp-def by auto

hence literal-order.is-greatest-in-mset E (Pos A)
by (auto elim: mem-productionE)

moreover have Pos A <; L
by (metis A-less Neg-atm-of-iff less-lit-simps(1) less-lit-simps(2)
literal-order.dual-order.strict-trans term-order.order-eq-iff literal.collapse(1))

ultimately have F <. C
using L-max
using literal-order.multp i o -if-maximal-less-that-maximal multpp ps-imp-multp
multp g o -imp-multpp pr
by blast

hence production N E C interp N C
by (simp add: production-subset-if-less-cls)

thus A € interp N C
using <A € production N E> by auto
qed

lemma neg-lits-not-in-model-stay-out-of-model:
assumes
L-in: L €# C and
L-neg: is-neg L and
atm-L-not-in: atm-of L ¢ interp N C
shows atm-of L ¢ (|JD € N. production N D)
using assms produces-imp-in-interp by force

lemma neg-lits-already-in-model-stay-in-model:
assumes
L-in: L €# C and
L-neg: is-neg L and
atm-L-not-in: atm-of L € interp N C
shows atm-of L € (|JD € N. production N D)
using atm-L-not-in interp-def by auto
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lemma image-eq-imagel:
assumes A\z. 2 € X = fz =gz
shows f ‘X =g ‘X
using assms by auto

lemma production-swap-clause-set:
assumes
agree: {D € N1.D <. C} ={D € N2. D <. C}
shows production N1 C = production N2 C
using agree
proof (induction C rule: wfp-induct-rule]OF wfP-less-cls])
case hyps: (1 C)
from hyps have AAA: C € NI +— C € N2
by auto

from hyps have {D € N1. D <. C} = {D € N2. D <. C}
by blast

have production N1 ‘{D € N2. D <. C} = production N2 ‘{D € N2. D <. C}
proof (rule image-eq-imagel)
fix z assume z € {D € N2. D <. C}
hence z € N2 and z <. C
by simp-all
moreover have {D € NI. (<.)== Dz} ={D € N2. (<.)== Dz}
using hyps.prems «x <. C» clause-order.order.strict-trans1 by blast
ultimately show production N1 x = production N2 x
using hyps.IH [rule-format, of x] by metis
qed
hence BBB: interp N1 C = interp N2 C
unfolding interp-def <{D € N1. D <. C} ={D € N2. D <. Ch
by argo

show ?Zcase
unfolding production-unfold
unfolding AAA BBB
by simp
qed

lemma interp-swap-clause-set:
assumes agree: {D € N1. D <. C} ={D € N2. D <. C}
shows interp N1 C = interp N2 C
proof —
have BBB: production N1 ‘{D € N2. D <. C} = production N2 ‘{D € N2. D
<. C}
proof (intro image-eq-imagel production-swap-clause-set)
fix z
assume 1 € {D € N2. D <. C}
thus {D € NI1. (<)== Dz} ={D € N2. (<.)~= Dz}
using agree clause-order.le-less-trans by blast
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qed

show ?thesis
unfolding interp-def
unfolding agree BBB
by argo
qed

definition interp’ where
interp’ N = (U C € N. production N C)

lemma interp-eq-interp’: interp N D = interp’ {C € N. C <. D}
proof —
have interp N D = interp {C € N. C <. D} D
proof (rule interp-swap-clause-set)
show {Da € N. Da <. D} = {Da € {C € N. C <. D}. Da <. D}
by blast
qed

also have ... = interp’ {C € N. C <. D}
unfolding interp-def interp’-def by blast

finally show ?thesis .
qed

lemma production-unfold’: production N C = {A | A.
C € N A select C = {#} A
is-strictly-mazimal-lit (Pos A) C' A
- interp’ {B € N. B<. C} | C}
unfolding production-unfold interp-eq-interp’
using literal-order.explode-greatest-in-mset
by metis

lemma Interp-swap-clause-set:
assumes agree: {D € N1. D <. C} ={D € N2. D <. C}
shows interp N1 C U production N1 C = interp N2 C U production N2 C
using production-swap-clause-set| OF agree]
using interp-swap-clause-set
using agree
by blast

lemma production-insert-greater-clause:
assumes C <. D
shows production (insert D N) C = production N C
proof (rule production-swap-clause-set)
show {Da € insert D N. (<.)== Da C} ={D € N. (X.)== D C}
using «C' <. D» by auto
qed
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lemma interp-insert-greater-clause-strong:
assumes C <. D
shows interp (insert D N) C = interp N C
proof (rule interp-swap-clause-set)
show {z € insert D N. x <. C} = {z € N. z <. C}
using «C' <. D) by auto
qed

lemma interp-insert-greater-clause:
assumes C <. D
shows interp (insert D N) C = interp N C
proof (rule interp-swap-clause-set)
show {z € insert D N. x <. C} ={z € N. z <. C}
using «C' <. D> by auto
qed

lemma Interp-insert-greater-clause:

assumes C <. D

shows interp (insert D N) C U production (insert D N) C = interp N C' U
production N C
proof (rule Interp-swap-clause-set)

show {Da € insert D N. (<.)== Da C} = {D € N. (<.)== D C}

using «C' <. D» by auto

qed

lemma production-add-irrelevant-clause-to-set0:
assumes
fin: finite N and
D-irrelevant: E € N E C# D set-mset D = set-mset F and
no-select: select E = {#}
shows production (insert D N) D = {}
proof —
from D-irrelevant have F <. D
using subset-implies-multp by metis
hence prod-E-subset: production (insert D N) E C interp (insert D N) D
using production-subset-if-less-cls by metis

show ?thesis
proof (cases production (insert D N) E = {})
case True
hence (7 A. is-strictly-mazimal-lit (Pos A) E) V interp (insert D N) E |= E
unfolding production-unfold
using no-select
by (smt (verit, del-insts) Collect-empty-eq «E € N diff-single-eq-union insertI2
literal-order.is-greatest-in-mset-iff)
hence (# A. is-strictly-mazimal-lit (Pos A) D) V interp (insert D N) D |= D
proof (elim disjE)
assume P A. is-strictly-mazimal-lit (Pos A) E
hence 3 A. is-strictly-mazimal-lit (Pos A) D
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proof (rule contrapos-nn)
show 3 A. is-strictly-mazimal-lit (Pos A) D = 3 A. is-strictly-mazimal-lit
(Pos A) E
using (£ C# D) <set-mset D = set-mset E)»
unfolding literal-order.is-greatest-in-mset-iff
by (metis (no-types, opaque-lifting) add-mset-remove-trivial-eq
insert-union-subset-iff )
qed
thus ?thesis ..
next
assume interp (insert D N) E |= E
hence interp (insert D N) D |= D
using lift-interp-entails <E € Ny <E <. D»
by (metis <set-mset D = set-mset E) insert-iff true-cls-def)
thus %thesis ..
qed
thus ?thesis
unfolding production-unfold by auto
next
case Fulse
hence interp (insert D N) D |= D
using prod-E-subset
by (metis <set-mset D = set-mset Ey mem-productionE production-eq-empty-or-singleton
insertCI insert-subset literal-order.is-greatest-in-mset-iff
pos-literal-in-imp-true-cls)
thus ?thesis
unfolding production-unfold by simp
qed
qed

lemma production-add-irrelevant-clause-to-set:
assumes
fin: finite N and
C-in: ¢ € N and
D-irrelevant: 3E € N. E C# D A set-mset D = set-mset E and
no-select: \C. select C = {#}
shows production (insert D N) C = production N C
using wfP-less-cls C-in
proof (induction C rule: wfp-induct-rule)
case (less C)
hence C-in-iff: C € insert D N «— C € N
by simp

have interp-insert-eq: interp (insert D N) C = interp N C
proof (cases D <. C)
case True
hence {z € insert D N. z <. C} = insert D {x € N. z <. C}
by auto
hence |J (production (insert D N) ‘{x € insert D N. z <. C}) =
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production (insert D N) D U |J (production (insert D N) ‘{D € N. D <,
)
by simp
also have ... = |J (production (insert D N) ‘{D € N. D <. C})
using production-add-irrelevant-clause-to-set0
using D-irrelevant fin no-select by force
also have ... = |J (production N *{D € N. D <. C})
using less.IH by simp
finally show ?thesis
unfolding interp-def .
next
case Fulse
then show ?thesis
unfolding interp-def
by (smt (verit, best) Collect-cong image-eg-imagel insert-iff less.IH mem-Collect-eq)
qged

show ?Zcase
unfolding production-unfold C-in-iff interp-insert-eq by argo
qed

lemma production-add-irrelevant-clauses-to-set0:
assumes
fin: finite N finite N’ and
D-in: D € N’ and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
no-select: N\C. select C = {#}
shows production (N U N') D = {}
using «finite N> D-in irrelevant
proof (induction N' rule: finite-induct)
case empty
hence Fulse
by simp
thus ?case ..
next
case (insert z F)
then show ?case
using production-add-irrelevant-clause-to-set(
by (metis UnCI fin(1) finite-Un finite-insert production-add-irrelevant-clause-to-set
no-select)
qed

lemma production-add-irrelevant-clauses-to-set:
assumes
fin: finite N finite N’ and
C-in: C € N and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
no-select: \C. select C = {#}
shows production (N U N') C = production N C
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using «finite Ny irrelevant
proof (induction N' rule: finite-induct)
case empty
show ?Zcase
by simp
next
case (insert z F)
then show ?case
using production-add-irrelevant-clause-to-set
by (metis C-in Unll Un-insert-right fin(1) finite-Un insertCI no-select)
qged

lemma interp-add-irrelevant-clauses-to-set:
assumes
fin: finite N finite N’ and
C-in: C € N and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
no-select: \C. select C = {#}
shows interp (N U N') C = interp N C
proof —
have interp (N U N’) C = (production (N UN') ‘{De€ NUN'" D <. C})
unfolding interp-def ..

also have ... = |J (production (N UN') ‘{D e N. D <. C} U
production (N U N') “{D € N'. D <. C})
by auto

also have ... = |J (production (N U N’) ‘{D € N. D <. C})

using production-add-irrelevant-clauses-to-set0[OF fin - irrelevant no-select] by
stmp
also have ... = |J (production N ‘{D € N. D <. C})
using production-add-irrelevant-clauses-to-set|OF fin - - no-select] irrelevant
using subset-mset.less-le by fastforce
also have ... = interp N C
unfolding interp-def ..
finally show ?thesis .
qed

lemma interp-add-irrelevant-clauses-to-set’:
assumes
fin: finite N finite N’ and
C-in: C € N and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
no-select: \C. select C = {#}
shows interp (N U N') C = interp N C

proof —
define N/’ where
N"=N'-N

from fin(2) have finite N’
unfolding N''-def by simp

37



moreover from irrelevant have VD € N”. 3E € N. E C# D A set-mset E =
set-mset D
unfolding N"-def
by (metis Diff-iff subset-mset.le-less)

moreover have N UN'= N U N"
unfolding N’-def by simp

ultimately show “thesis
using assms interp-add-irrelevant-clauses-to-set by metis
qed

lemma lesser-entailed-clause-stays-entailed:

assumes C <. D and D-lt: D <. F and C-entailed: interp N D U production
ND[EC

shows interp N E |= C
proof —

from C-entailed obtain L where L €# C and interp N D U production N D
)

by (auto simp: true-cls-def)

show ?thesis
proof (cases L)
case (Pos A)
hence A € interp N D U production N D
using <interp N D U production N D |=l Ly by simp
moreover from D-it have interp N D U production N D C interp N E
using less-imp-Interp-subseteq-interp by blast
ultimately have A € interp N E
by auto
thus ?thesis
using Pos <L €# C»> by auto
next
case (Neg A)
then show ?thesis
using neg-lits-not-in-model-stay-out-of-model
by (smt (verit, best) UN-E Un-iff <L €# C» <interp N D U production N D
=l Ly assms(1)
interp-def clause-order.antisym-conv neg-literal-notin-imp-true-cls
not-interp-to-Interp-imp-le produces-imp-in-interp true-lit-simps(2))
qed
qed

lemma lesser-entailed-clause-stays-entailed:

assumes C-le: C <. D and D-lt: D <. E and C-entailed: interp N D U pro-
duction N D |= C

shows interp N E U production N E |= C
proof —
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from C-entailed obtain L where L €# C and interp N D U production N D

i L

by (auto simp: true-cls-def)

show ?thesis
proof (cases L)
case (Pos A)
hence A € interp N D U production N D
using <interp N D U production N D |=l Ly by simp
moreover from D-lt have interp N D U production N D C interp N E U
production N E
using less-imp-Interp-subseteq-interp by blast
ultimately have A € interp N E U production N E
by auto
thus ?thesis
using Pos <L €# C» by auto
next
case (Neg A)
then show ?thesis
using neg-lits-not-in-model-stay-out-of-model
by (smt (verit, best) UN-E Un-iff <L €# C» <interp N D U production N D
=l Ly assms(1)
interp-def clause-order.antisym-conv neg-literal-notin-imp-true-cls
not-interp-to-Interp-imp-le produces-imp-in-interp true-lit-simps(2))
qed
qged

lemma entailed-clause-stays-entailed:
assumes C-lt: C <. D and C-entailed: interp N C' U production N C |= C
shows interp N D |= C
using lesser-entailed-clause-stays-entailed |OF clause-order.order-refl assms| .

lemma entailed-clause-stays-entailed:
assumes C-lt: C <. D and C-entailed: interp N C U production N C |= C
shows interp N D U production N D |= C
using lesser-entailed-clause-stays-entailed| OF clause-order.order-refl assms] .

lemma multp-if-all-left-smaller: M2 # {#} = Vke#MI1. Fje#M2. Rk j —
multp R M1 M2

using one-step-implies-multp

by (metis add-0)

lemma
fixes
P1 :: 'f gterm and
C1 :: 'f gterm clause and
N :: 'f gterm clause set
defines
C1 = {#Neg P14} and
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N = {C1}
assumes
no-select: \C. select C = {#}
shows
Fulse
proof —
have interp N C1 = {}
unfolding interp-def N-def by simp
have production N C1 = {}
unfolding production-unfold <interp N C1 = {}» Cl1-def by simp
hence interp N C1 U production N C1 |= C1
unfolding <interp N C1 = {}» <production N C1 = {}»
by (simp add: C1-def)
oops

lemma

fixes
P1 P2 :: 'f gterm and
C1 :: 'f gterm clause and
N = 'f gterm clause set

defines
C1 = {#Pos P1, Neg P24} and
N = {C1}

assumes
term-order: P1 <; P2 and
no-select: \C. select C = {#}

shows Fulse

proof —

have lit-order: Pos P1 <; Neg P1 Neg P1 <; Pos P2 Pos P2 <; Neg P2
using term-order by simp-all

have interp N C1 = {}
unfolding interp-def N-def by simp

have production N C1 = {}
unfolding production-unfold
using C1-def <interp N C1 = {}» by simp

hence interp N C1 U production N C1 |= C1
unfolding <interp N C1 = {}» <production N C1 = {}»
by (simp add: C1-def)

oops

lemma
fixes
P1 P2 P3 Pj :: 'f gterm and
C1 C2 C3 C4 C5 :: 'f gterm clause and
N :: 'f gterm clause set
defines
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C1 = {#Neg P1, Neg P24} and
C2 = {#Pos P2, Neg P3#} and
C8 = {#Pos P1, Pos P2, Pos Pj#} and
C4 = {#Pos P2, Pos P3, Pos Pj#} and
C5 = {#Pos P2, Neg P4#} and

N ={C1, C2, C3, C4, C5}
assumes
term-order: P1 <; P2 P2 <; P3 P3 <; P4 and
no-select: \C. select C = {#}
shows
Cl <. C20C2<.C380C8 <,0C4C}) <.0Ch
proof —
have lit-order: Pos P1 <; Neqg P1 Neg P1 <; Pos P2 Pos P2 <; Neq P2 Neg P2
<1 Pos P3
Pos P3 <; Neg P3 Neg P3 <; Pos P4 Pos P4 <; Neg P4
using term-order by simp-all

show C1 <. C2
unfolding C1-def C2-def
proof (rule multp-if-all-left-smaller)
show {#Pos P2, Neg P3#} # {#}
by simp
next
show V ke#{#Neg P1, Neg P2#}. 3je#{#Pos P2, Neg P3#}. k <, j
using lit-order by simp
qged

moreover show C2 <. C3
unfolding C2-def C3-def
proof (rule multp-if-all-left-smaller)
show {#Pos P1, Pos P2, Pos Pj#} # {#}
by simp
next

show V ke#{# Pos P2, Neg P3#}. 3je#{#Pos P1, Pos P2, Pos P,#}. k <,

using lit-order by auto
qged

moreover show C3 <. Cj
proof —
have {#Pos P1, Pos P2#} <. {#Pos P2, Pos P3#}
proof (rule multp-if-all-left-smaller)
show {#Pos P2, Pos P3#} # {#}
by simp
next
show V ke#{# Pos P1, Pos P2#}. 3je#{#Pos P2, Pos P3#}. k <; j
using lit-order by simp
qed
thus ?thesis
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unfolding C38-def C4-def
by (smt (verit, ccfo-SIG) add-mset-commute irreflp-on-less-lit multp-cancel-add-mset
transp-less-lit)
qed

moreover show C/ <. C5
unfolding C4-def C5-def
proof (rule multp-if-all-left-smaller)
show {#Pos P2, Neg Pj#} #+ {#}
by simp
next

show V ke#{# Pos P2, Pos P3, Pos P4#}. 3je#{#Pos P2, Neg PL#}. k <,

using lit-order by auto
qed

note cls-order = calculation this

have interp N C1 = {}
unfolding interp-def N-def
using cls-order
by (smt (verit, best) Collect-empty-eq bot-fset.rep-eq ccSUP-empty finsertCI
fset-simps(2)
clause-order.dual-order. strict-implies-not-eq clause-order.is-minimal-in-fset-finsertl
clause-order.is-minimal-in-fset-iff singletonD)
hence production N C1 = {}
unfolding production-unfold C1-def by simp
hence interp N C1 U production N C1 |= C1
unfolding <interp N C1 = {}» <production N C1 = {}
unfolding C1-def
unfolding true-cls-def true-lit-def
by (simp add: C1-def)

have {D € N. D <. C2} = {C1}
unfolding N-def
using cls-order by auto
hence interp N C2 = interp N C1 U production N C1
unfolding <interp N C1 = {}»
unfolding interp-def
by simp
hence interp N C2 = {}
unfolding <interp N C1 = {}» <production N C1 = {}> by simp
hence production N C2 = {}
unfolding production-unfold
by (simp add: C2-def)
hence interp N C2 U production N C2 |= C2
using <interp N C2 = {}»
by (simp add: C2-def)
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have {D € N. D <. C3} = {C1, C2}
unfolding N-def
using cls-order by auto
hence interp N C8 = interp N C2 U production N C2
unfolding <interp N C2 = {}»
unfolding interp-def
by (simp add: <production N C1 = {}»)
hence interp N C3 = {}
unfolding <interp N C2 = {}» <production N C2 = {}> by simp
have production N C3 = {P/}
proof —
have C3 €¢ N
by (simp add: N-def)
moreover have 3 C3'. C8 = add-mset (Pos P4) C3'
by (auto simp: C3-def)
moreover have is-strictly-mazimal-lit (Pos P4) C3
unfolding C3-def literal-order.is-greatest-in-mset-iff
using lit-order by auto
moreover have - interp N C3 |= C3
unfolding <interp N C3 = {}
unfolding C38-def
by simp
ultimately have P4 € production N C3
unfolding production-unfold
using no-select
by simp
thus ?thesis
using production-eq-empty-or-singleton by fastforce
qed
hence interp N C3 U production N C3 |= C3
using <interp N C3 = {}
by (simp add: C3-def)

have {D € N. D <. C}} = {C1, C2, C3}
unfolding N-def
using cls-order by auto
hence interp N C4 = interp N C3 U production N C3
unfolding <interp N C3 = interp N C2 U production N C2)»
unfolding <interp N C2 = interp N C1 U production N C1)
unfolding <interp N C1 = {}»
unfolding interp-def
by auto
hence interp N C4 = {P}}
using <interp N C8 = {}» <production N C3 = {P4}» by simp
hence interp N C4 |= CY
using CJ-def by simp
hence production N C4 = {}
unfolding production-unfold by simp
hence interp N C4 U production N C4 |= C4
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using <interp N C4 = {P4}
by (simp add: C4-def)

have {D € N. D <, C5} = {C1, C2, C3, C4}
unfolding N-def
using cls-order by auto
hence interp N C5 = interp N C4 U production N Cj
unfolding <interp N C4 = interp N C3 U production N C3»
unfolding <interp N C8 = interp N C2 U production N C2>»
unfolding <interp N C2 = interp N C1 U production N C1»
unfolding <interp N C1 = {}»
unfolding interp-def
by auto
hence interp N C5 = {P4}
using <interp N C4 = {P4}> «production N C4 = {}» by simp
have production N C5 = {}
proof —
have is-strictly-mazimal-lit (Neg P4) C5
unfolding C5-def literal-order.is-greatest-in-mset-iff
using lit-order by auto
hence AA. — is-strictly-mazimal-lit (Pos A) C5
by (meson Unig-D literal-order. Unig-is-greatest-in-mset literal.distinct(1))
thus ?thesis
unfolding production-unfold by simp
qed
hence — interp N C5 U production N C5 |= C5
unfolding <interp N C5 = {P4}» <production N C5 = {}»
unfolding C5-def
using term-order
by simp
qed

interpretation G: statically-complete-calculus G-Bot G-Inf G-entails G.Red-I G.Red-F
proof unfold-locales
fix B :: 'f gterm atom clause and N :: 'f gterm atom clause set
assume B € G-Bot and G.saturated N
hence B = {#}
by simp

assume G-entails N {B}

hence {#} € N
unfolding «<B = {#}

proof (rule contrapos-pp)
assume {#} ¢ N

define I :: 'f gterm set where
I = (UD € N. production N D)
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show — G-entails N G-Bot
unfolding G-entails-def not-all not-imp
proof (intro exl conjI)
show I |=s N
unfolding I-def
using model-construction(2)[OF <G.saturated Ny «{#} ¢ N»]
by (simp add: true-clss-def)
next
show — I |=s G-Bot
by simp
qed
qed
thus 3 B’€eG-Bot. B’ € N
by auto
qed

end

end

theory Lower-Set
imports Main

begin

definition is-lower-set-wrt :: ('a = 'a = bool) = 'a set = 'a set = bool where
transp-on X R = asymp-on X R —=
is-lower-set-wrt RL X +— LC X AN(NVle€ L Vee X.Ral—z€L)

definition is-strict-lower-set-wrt :: ('a = 'a = bool) = 'a set = 'a set = bool
where
transp-on X R = asymp-on X R —
is-strict-lower-set-wrt RL X «+— L C X AN (Vle LVze X. Rzl — z € L)

lemma is-lower-set-wrt-empty:
fixes X :: ‘a set and R :: 'a = 'a = bool
assumes transp-on X R and asymp-on X R
shows is-lower-set-wrt R {} X
unfolding is-lower-set-wrt-def[OF assms] by simp

lemma is-lower-set-wrt-refi:
fixes X :: ‘a set and R :: 'a = 'a = bool
assumes transp-on X R and asymp-on X R
shows is-lower-set-wrt R X X
unfolding is-lower-set-wrt-def[OF assms] by simp

lemma is-lower-set-wrt-trans:
fixes X Y7 :: 'a set and R :: 'a = 'a = bool
assumes
transp-on Z R and asymp-on Z R and
is-lower-set-wrt R X Y and is-lower-set-wrt R Y Z
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shows is-lower-set-wrt R X Z
proof —
have Y C Z and Y-lower: VieY. VazeZ. Rzl — x € Y
using <is-lower-set-wrt R 'Y Z»
unfolding is-lower-set-wrt-def[OF <transp-on Z Ry <asymp-on Z R)]
unfolding atomize-conj .

have transp-on Y R and asymp-on Y R
unfolding atomize-conj
using <transp-on Z Ry <asymp-on Z R» <Y C 7
by (metis asymp-on-subset transp-on-subset)

have X C Y and X-lower: VIieX. V2zeY. Rzl — 2z € X
using <is-lower-set-wrt R X Y
unfolding is-lower-set-wrt-def[OF <transp-on Y R <asymp-on Y R
unfolding atomize-conj .

have X C 7
using <X C Y» <Y C Z) by order

moreover have (VIeX.VzeZ. Rzl — z € X)
using <X C Y» X-lower Y-lower by blast

ultimately show ?thesis
unfolding is-lower-set-wrt-def[OF <transp-on Z R» <asymp-on Z R)] ..
qged

lemma is-lower-set-wrt-antisym:
fixes X Y :: ‘a set and R :: 'a = 'a = bool
assumes
transp-on Y R and asymp-on Y R and
is-lower-set-wrt R X Y and is-lower-set-wrt R Y X
shows X = Y
proof —
have X C Y
using <is-lower-set-wrt R X Y
unfolding is-lower-set-wrt-def[OF <transp-on Y Ry <asymp-on Y R)] ..

have transp-on X R and asymp-on X R
unfolding atomize-conj
using <transp-on Y R) <asymp-on Y Ry <X C Y)»
by (metis asymp-on-subset transp-on-subset)

have ¥ C X
using <is-lower-set-wrt R 'Y X
unfolding is-lower-set-wrt-def[OF <transp-on X Ry <asymp-on X R)] ..

show X = Y
using <X C Y» <Y C X» by (metis subset-antisym)
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qed

lemma order-is-lower-set-wrt:
fixes R :: 'a = 'a = bool
assumes transp R and asymp R
shows class.order (is-lower-set-wrt R) (is-strict-lower-set-wrt R)
proof unfold-locales
have trans: AA. transp-on A R
using <transp Ry by (metis subset-UNIV transp-on-subset)

have asym: NA. asymp-on A R
using <asymp R» by (metis subset-UNIV asymp-on-subset)

show Az y. is-strict-lower-set-wrt R x y = (is-lower-set-wrt R © y A — is-lower-set-wrt
R y x)
unfolding is-lower-set-wrt-def [ OF trans asym)]
unfolding is-strict-lower-set-wrt-def[OF trans asym)]
by (metis order-le-less subset-not-subset-eq)

show Az. is-lower-set-wrt R z
using is-lower-set-wrt-refl[OF trans asym] .

show Az y z. is-lower-set-wrt R © y = is-lower-set-wrt R y 2 = is-lower-set-wrt
Rzz
using is-lower-set-wrt-trans|OF trans asym] .

show Az y. is-lower-set-wrt R x y = is-lower-set-wrt R yxt = x =y
using is-lower-set-wrt-antisym|[OF trans asym] .
qed

lemma is-lower-set-wrt-insertl:
assumes transp-on (insert x X) R and asymp-on (insert © X) R and
re XandVwe X. Rwz — w € L and is-lower-set-wrt R L X
shows is-lower-set-wrt R (insert © L) X
proof —
have transp-on X R and asymp-on X R
unfolding atomize-conj
using <transp-on (insert z X) R> <asymp-on (insert x X) R»
by (metis asymp-on-subset subset-insertl transp-on-subset)

have is-lower-set-wrt R (insert x L) X +—
insert t L C X A (Vieinsert x L. Vza€X. R za | — za € insert x L)
unfolding is-lower-set-wrt-def[OF <transp-on X Ry <asymp-on X R»] ..
also have ... «— 2z € X ALC X A (Vicinsert x L. Vza€X. R za | — za €
insert x L)

by simp

alsohave ... +— 2 € X ANLC XA VweX. Rwz — w € insert L) A
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(VieL.VzaeX. R za l — za € insert z L)
by simp

alsohave ... +— 2 € X ANLC XA VweX. Rwz — we L) A
(VieL.VyeX. Ryl — y € insert x L)
using (asymp-on (insert x X) Ry by (smt (verit) asymp-onD insertCI insertE)

also have ... «— 2z € X AN VweX. Rwzx — w € L) A is-lower-set-wrt R L
X
using <is-lower-set-wrt R L X»
unfolding is-lower-set-wrt-def[OF <transp-on X R <asymp-on X R
by blast

finally show ?thesis
using assms(3—) by argo
qed

lemma lower-set-wrt-appendl:
assumes
trans: transp-on (set (xs Q ys)) R and
asym: asymp-on (set (xs Q ys)) R and
sorted: sorted-wrt R (zs Q ys)
shows is-lower-set-wrt R (set zs) (set (xs Q ys))
unfolding is-lower-set-wrt-def [ OF trans asym)|
proof (intro conjl)
show set zs C set (zs Q ys)
by simp
next
show Vleset xs. Vaeset (xs Q ys). Rxl — z € set s
using sorted
by (metis Un-iff asym asymp-on-def set-append sorted-wrt-append)
qed

lemma sorted-and-lower-set-wrt-appendD-left:

assumes transp-on A R and asymp-on A R and

sorted-wrt R (zs @ ys) and is-lower-set-wrt R (set (zs @ ys)) A

shows sorted-wrt R zs and is-lower-set-wrt R (set xs) A

unfolding atomize-conj

using assms

by (smt (verit) Un-iff asymp-on-def is-lower-set-wrt-def le-sup-iff set-append
sorted-wrt-append

subsetD)

lemma sorted-and-lower-set-wrt-appendD-right:
assumes transp-on A R and asymp-on A R and
sorted-wrt (Azx y. R y z) (xs Q ys) and is-lower-set-wrt R (set (xs Q ys)) A
shows sorted-wrt (Ax y. R y ) ys and is-lower-set-wrt R (set ys) A
unfolding atomize-conj
using assms
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by (smt (verit, ccfo-threshold) Un-iff asymp-onD is-lower-set-wrt-def le-sup-iff
set-append
sorted-wrt-append subsetD)

lemma not-in-lower-set-wrtl:
fixes R :: 'a = 'a = bool
assumes trans: transp-on Y R and asym: asymp-on Y R
shows is-lower-set-wrt RXY — y¢ X —=yeY —=Ryz— 2¢ X
unfolding is-lower-set-wrt-def[ OF trans asym)|
by blast

abbreviation (in preorder) is-lower-set where
is-lower-set = is-lower-set-wrt (<)

lemmas (in preorder) is-lower-set-iff =
is-lower-set-wrt-def[OF transp-on-less asymp-on-less]

context linorder begin

sublocale is-lower-set: order is-lower-set-wrt (<) is-strict-lower-set-wrt (<)
proof (rule order-is-lower-set-wrt)
show transp (<)
using transp-on-less .
next
show asymp (<)
using asymp-on-less .
qed

end

lemmas (in preorder) is-lower-set-empty[simp] =
is-lower-set-wrt-empty[ OF transp-on-less asymp-on-less]

lemmas (in preorder) is-lower-set-insert] =
is-lower-set-wrt-insert] [OF transp-on-less asymp-on-less]

lemmas (in preorder) lower-set-appendl =
lower-set-wrt-appendI [OF transp-on-less asymp-on-less|

lemmas (in preorder) sorted-and-lower-set-appendD-left =
sorted-and-lower-set-wrt-appendD-left| OF transp-on-less asymp-on-less]

lemmas (in preorder) sorted-and-lower-set-appendD-right =
sorted-and-lower-set-wrt-appendD-right[OF transp-on-less asymp-on-less]

lemmas (in preorder) not-in-lower-setl =
not-in-lower-set-wrtI[OF transp-on-less asymp-on-less]
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end
theory HOL-FEztra-Ezxtra

imports First-Order-Clause. HOL-Extra
begin

no-notation restrict-map (infixl |* 110)

lemma
assumes J<iz. Pz
shows finite {z. P x}
using assms Collect-eq-if-Uniq by fastforce

lemma finite-if- Uniq-Unigq:
assumes
= <1Z. Pz
Vz. 3<1y. Qry
shows finite {y. 3z. Px A Q z y}
using assms
by (smt (verit, best) Collect-eq-if-Uniq Uniql Unig-D finite.emptyl finite-insert)

lemma finite-if-finite-finite:
assumes
finite {z. P x}
V. finite {y. Q z y}
shows finite {y. 3z. Pz A Q z y}
using assms by auto

lemma (in order) greater-wfp-on-finite-set: finite X —> Wellfounded.wfp-on X

(>)

using strict-partial-order-wfp-on-finite-set| OF transp-on-greater asymp-on-greater)

lemma (in order) less-wfp-on-finite-set: finite X — Wellfounded.wfp-on X (<)
using strict-partial-order-wfp-on-finite-set| OF transp-on-less asymp-on-less| .

lemma distinct-if-sorted-wrt-asymp:
assumes asymp-on (set zs) R and sorted-wrt R xs
shows distinct s
using assms
proof (induction zs)
case Nil
show ?Zcase
unfolding distinct.simps ..
next
case (Cons z zs)

have R-z-asym: Vy € set zs. R vy — — R y z and asymp-on (set zs) R
using Cons.prems(1)
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unfolding atomize-conj
by (metis asymp-on-def list.set-intros(1) list.set-intros(2))

have R-z: Vy € set xs. R x y and sorted-wrt R xs
using Cons.prems(2)
unfolding atomize-conj sorted-wrt.simps
by argo

have z ¢ set xs
proof (intro notl)
assume z-in: & € set xs

have R z z
using R-z z-in by metis

moreover hence - Rz x
using R-z-asym z-in by metis

ultimately show Fulse
by contradiction
qged

moreover have distinct s
using Cons.IH <asymp-on (set xs) Ry <sorted-wrt R xs» by argo

ultimately show “case
unfolding distinct.simps by argo
qed

lemma drop While-append-eq-rhs:
fixes zs ys :: 'a list and P :: 'a = bool
assumes

N\z. z € set zs = P z and

Ny. y € set ys=— = Py
shows drop While P (zs @ ys) = ys
using assms by simp

lemma mem-set-drop While-conv-if-list-sorted-and-pred-monotone:
fixes R :: ‘a = 'a = bool and zs :: 'a list and P :: 'a = bool
assumes sorted-wrt R s and monotone-on (set zs) R (>) P
shows z € set (dropWhile P zs) «+— - Pz A xz € set xs
using assms
proof (induction xs)
case Nil
show ?Zcase

by simp

next

case (Cons y xs)
have Vz € set xs. R y z and sorted-wrt R xs
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using <sorted-wrt R (y # xs)» by simp-all

moreover have monotone-on (set zs) R (>) P
using (monotone-on (set (y # zs)) R (>) P»
by (metis monotone-on-subset set-subset-Cons)

ultimately have IH: (z € set (dropWhile P xzs)) = (= Pz A © € set xs)
using Cons.IH <sorted-wrt R zsy by metis

show ?Zcase
proof (cases P y)
case True
thus ?thesis
unfolding drop While.simps
unfolding if-P[OF True]
using IH by auto
next
case Fulse
then show ?thesis
unfolding drop While.simps
unfolding if-not-P[OF False]
by (metis (full-types) Cons.prems(1) Cons.prems(2) le-boolD list.set-intros(1)
monotone-on-def
set-ConsD sorted-wrt.simps(2))
qed
qged

lemma ball-set-drop While-if-sorted-wrt-and-monotone-on:

fixes R :: ‘a = 'a = bool and zs :: 'a list and P :: 'a = bool

assumes sorted-wrt R xs and monotone-on (set xs) R (>) P

shows Vz € set (dropWhile P zs). = P x

using mem-set-drop While-conv-if-list-sorted-and-pred-monotone[ OF assms] by
metis

lemma filter-set-eq-filter-set-minus-singleton:
assumes - Py
shows {zr € X. Pz} ={z € X — {y}. Pz}
using assms by blast

lemma ex!-subset-eq-image-if-bij-betw:
fixes f :: 'a= 'band X :: 'a set and Y :: 'b set
assumes bij-betw f X YV and Y/ C Y
shows 31X X' CXANY' =f‘X'
using assms
by (metis bij-betw-def inv-into-image-cancel subset-image-iff)

lemma Collect-eq-image-filter- Collect-if-bij-betw:

fixes f : '/a = 'band X :: ‘a set and Y :: b set
assumes bij: bij-betw f X YV and sub: {y. Py} C Y
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shows {y. Py} =f‘{z. 2 € X AP (fz)}
using exI-subset-eq-image-if-bij-betw| OF bij sub]
by (smt (verit, best) Collect-cong image-def in-mono mem-Collect-eq)

lemma restrict-map-ident-if-dom-subset: dom M C A = restrict-map M A =
M

by (metis domlIff ext in-mono restrict-map-def)

1.6 Move to HOL. Transitive-Closure

lemma relpowp-right-unique:
fixes R :: ‘a = 'a = booland n :: nat and z y 2z :: 'a
assumes runique: Nt yz. Ry — Rzrz— y =z
shows (R " n)zy= (R " n)rzz=y=2
proof (induction n arbitrary: © y z)
case ()
thus ?Zcase
by simp
next
case (Suc n’)
then obtain z’ :: ‘a where
(R n')zaz’and Rz’ yand R z' 2
by auto
thus y = 2
using runique by simp
qed

lemma Unig-relpowp:
fixes n :: nat and R :: ‘a = ‘a = bool
assumes runiq: Vz. 3<1y. Rz y
shows 3<1y. (R " n)zy
proof (rule Unig-I)
fix y 2z
assume (R " n)zyand (R " n)zz
show y = 2
proof (rule relpowp-right-unique)
show Az yz Rry— Razz—=— y=12
using runiq by (auto dest: Unig-D)
next
show (R ""n)zy
using «(R " n) z y» .
next
show (R " " n) z z
using «(R " n) z 2 .
qed
qed

lemma relpowp-plus-of-right-unique:
assumes
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right-unique R
(R 7" m) zy and
(R™7™(m+mn))zz
shows (R " "n) y 2z
using assms(2,3)
proof (induction m arbitrary: x)
case ()
thus ?case
by simp
next
case (Suc m)
then show ?case
by (metis add-Suc assms(1) relpowp-Suc-E2 right-uniqueD)
qed

lemma relpowp-plusD:
assumes (R " (m + n)) z 2
shows Jy. (R " m) zy A (R
using assms

proof (induction m arbitrary: x)
case 0
thus Zcase

by simp

next

case (Suc m)

n)yz

obtain y where Rz y and (R "~ (m + n)) y 2
using Suc.prems by (metis add-Suc relpowp-Suc-D2)

obtain y’ where (R "~ m) yy’and (R " n) y' z
using Suc.IH[OF «(R "~ (m + n)) y 2] by metis

show ?Zcase
proof (intro exl conjI)
show (R 7~ Suc m) z y’
using <R z y <«(R 7" m) y y"» by (metis relpowp-Suc-12)
next
show (R " n) y' z
using «(R 7" n) y' o .
qed
qed

lemma relpowp-Suc-of-right-unique:
assumes
right-unique R
R z y and
(R 7" Sucn)zz
shows (R 7" n) y 2
using assms
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by (metis relpowp-Suc-D2 right-uniqueD)

lemma tranclp-if-relpowp: n # 0 = (R " " n)zy = R T zy
by (meson bot-nat-0.not-eq-extremum tranclp-power)

lemma transp-on-singleton[simpl: transp-on {z} R
by (simp add: transp-on-def)

lemma rtranclp-rtranclp-compose-if-right-unique:
assumes runique: right-unique R and R** a b and R** a ¢
shows R** a bA R** bcV R** acANR*cb
using assms(2,3)
proof (induction b arbitrary: ¢ rule: rtranclp-induct)
case base
thus ?case
by simp
next
case (step a’ b)
with runique show ?case
by (metis converse-rtranclpE right-uniqueD rtranclp.rtrancl-into-rtrancl)
qed

lemma right-unique-terminating-rtranclp:
assumes right-unique R
shows right-unique Az y. R** 2y A (2. Ry 2))
unfolding right-unique-def
using rtranclp-rtranclp-compose-if-right-unique[OF <right-unique R»]
by (metis converse-rtranclpFE)

end

theory The-Optional
imports Main

begin

definition The-optional :: (‘a = bool) = 'a option where
The-optional P = (if 3!x. P x then Some (THE z. P x) else None)

lemma The-optional-eq-SomeD: The-optional P = Some x — P«
unfolding The-optional-def

by (metis option.discl option.inject thel-unique)

lemma Some-eq- The-optionalD: Some x = The-optional P — P«
using The-optional-eq-SomeD by metis

lemma The-optional-eq-NoneD: The-optional P = None = Alz. P x
unfolding The-optional-def
by (metis option.discl)

lemma None-eq-The-optionalD: None = The-optional P = Alz. P
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unfolding The-optional-def
by (metis option.discl)

lemma The-optional-eq-Somel:
assumes 3<;z. Pz and Pz
shows The-optional P = Some z
using assms by (metis The-optional-def thel-equality’)

end
theory Full-Run
imports
VeriComp. Transfer- Extras
HOL-FEztra-Extra
begin

definition full-run where
fullrun R vy +— R* zy A (2. Ry 2)

lemma Unig-full-run:
assumes Unig-R: N\z. 3<1y. Rz y
shows 3 <1y. full-run R z y
unfolding full-run-def
using assms
by (smt (verit, best) Unig-I right-unique-iff- Uniq rtranclp-complete-run-right-unique)

lemma ex!-full-run:
assumes Unig-R: A\z. 3<1y. R z y and wfP-R: wfP R~}
shows Ily. full-run R z y
proof —
have 3<; y. fullrun R z y
using Unig-full-runfof R x| Unig-R by argo

moreover have Jy. full-run R z y
using ex-terminating-rtranclp[OF wfP-R, of x, folded full-run-def] .

ultimately show ?thesis
using Unig-implies-exl by metis
qed

lemma full-run-preserves-invariant:
assumes
run: full-run R x y and
P-init: P z and
R-preserves-P: N\ y. Rz y— Px = Py
shows P y
proof —
from run have R** z y
unfolding full-run-def by simp
thus Py
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using P-init
proof (induction x rule: converse-rtranclp-induct)
case base
thus ?case
by assumption
next
case (step z z')
then show ?case
using R-preserves-P by metis
qged
qged

end
theory Background
imports

Simple-Clause-Learning.SCL-FOL
Simple- Clause-Learning. Correct- Termination
Simple-Clause-Learning. Initial- Literals- Generalize- Learned- Literals
Simple-Clause-Learning. Termination
Ground-Ordered-Resolution
Min-Maz-Least- Greatest. Min-Maz- Least- Greatest- FSet
First-Order-Clause. Multiset- Extra
VeriComp. Compiler
HOL— ex.Sketch-and-FExplore
HOL— Library. FuncSet
Lower-Set
HOL-Ezxtra-Extra
The-Optional
Full-Run

begin

lemma I |=l L +— (is-pos L <— atm-of L € I)
by (cases L) simp-all

2 Move to HOL— Library. Multiset

lemmas strict-subset-implies-multp = subset-implies-multp
hide-fact subset-implies-multp

lemma subset-implies-reflclp-multp: A C# B = (mullp R)== A B
by (metis reflclp-iff strict-subset-implies-multp subset-mset.le-imp-less-or-eq)

lemma member-mset-repeat-msetD: L €# repeat-mset n M — L €# M
by (induction n) auto

lemma member-mset-repeat-mset-Suc[simpl: L €# repeat-mset (Suc n) M «— L

EH# M
by (metis member-mset-repeat-msetD repeat-mset-Suc union-iff)
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lemma image-msetl: © €# M = fx €# image-mset f M
by (metis imagel in-image-mset)

lemma inj-image-mset-mem-iff: inj f = fx €# image-mset f M +— © €# M
by (simp add: inj-image-mem-iff)

3 Move to HOL— Library.FSet

declare wfP-pfsubset[intro]

syntax
-FFilter :: pttrn = 'a fset = bool = 'a fset ((1{|- |€| -./ -|}))

translations
{]z |€| X. P|} == CONST ffilter (A\xz. P) X

lemma fimage-ffUnion: f | ffUnion SS = ffUnion ((|1) f 19 SS)
proof (intro fsubset-antisym fsubsetl)
fix z assume z |€| f | ffUnion SS
then obtain y where y |€| ffUnion SS and =z = fy
by auto
thus z |€| ffUnion ((|9) f ]9 SS)
unfolding fmember-ffUnion-iff
by (metis UN-E ffUnion.rep-eq fimage-eql)
next
fix x assume z |€| ffUnion ((|) f |1 S9)
then obtain S where S |€| SS and z |€]| f |9 S
unfolding fmember-ffUnion-iff by auto
then show z |€| f | ffUnion SS
by (metis [fUnion-fsubset-iff fimage-mono fin-mono fsubsetl)
qged

lemma ffilter-eq-ffilter-minus-singleton:
assumes - Py
shows {|z [€| X. P z[} = {|z [e] X — {[y[}. Pzl}
using assms by (induction X) auto

lemma fun-upd-fimage: f(z := y) || A = (if = |€| A then finsert y (f || (A —
{lal})) else £ |1 A)

using fun-upd-image

by (smt (verit) bot-fset.rep-eq finsert.rep-eq fset.set-map fset-cong minus-fset.rep-eq)

lemma ffilter-fempty[simp): ffilter P {||} = {||}
by (metis ex-fin-conv ffmember-filter)

lemma fstrict-subset-iff-fset-strict-subset-fset:
fixes X' ) :: - fset
shows X |C| Y <— fset X C fset Y
by blast
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lemma (in linorder) exl1-sorted-list-for-fset:
Ilzs. sorted-wrt (<) xs A fset-of-list s = X
using exl-sorted-list-for-set-if-finite
by (metis finite-fset fset-cong fset-of-list.rep-eq)

lemma (in linorder) is-least-in-fset-ffilterD:
assumes is-least-in-fset-wrt (<) (ffilter P X) x
shows z |€| X P x
using assms

by (simp-all add: is-least-in-fset-wrt-iff)

4 Move to VeriComp.Simulation

locale forward-simulation-with-measuring-function =
L1: semantics stepl finall +
L2: semantics step2 final2
for
stepl :: 'statel = 'statel = bool and
step2 :: 'state2 = 'state2 = bool and
finall :: 'statel = bool and
final2 :: 'state2 = bool +
fixes
match :: 'statel = ’'state2 = bool and
measure :: 'statel = 'inder and

order :: "index = "index = bool (infix T 70)
assumes

wfp-order:

wfp (C) and
match-final:

match s1 s2 = finall s1 = final2 s2 and
simulation:

match s1 s2 = stepl sl s1' —>

(Fs2'. step2t™ s2 82" A match s1’ s2') V (match s1’ s2 N measure s1' C
measure s1)

begin

sublocale forward-simulation where

stepl = stepl and step2 = step2 and finall = finall and final2 = final2 and
order = order and

match = i x y. © = measure x N\ match x y
proof unfold-locales

show Ai sl s2. i = measure s1 N match sl s2 = finall s1 = final2 s2

using match-final by metis
next

show Ai sl s2 s1'. i = measure s1 A match sl s2 = stepl sl s1' =
(Fi’ s2'. step2tt 52 s2' A\ i’ = measure s1' A\ match s1’ s2') V
(i’ (i = measure s1’ N\ match s1' s2) A i’ C 7)
using simulation by metis
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next
show wfp (C)
using wfp-order .
qed

end

locale backward-simulation-with-measuring-function =
L1: semantics stepl finall +
L2: semantics step2 final2
for
stepl :: 'statel = 'statel = bool and
step2 :: 'state2 = 'state2 = bool and
finall :: 'statel = bool and
final2 :: 'state2 = bool +
fixes
match :: 'statel = 'state2 = bool and
measure :: 'state2 = 'indexr and
order :: 'index = 'index = bool (infix T 70)
assumes
wfp-order:
wfp (C) and
match-final:
match s1 s2 = final2 s2 = finall s1 and
simulation:
match s1 s2 = step2 s2 s2' —
(Fs1’. step1 ™ s1 81’ A match s1' s2') V (match s1 s2' N\ measure s2' C
measure $2)
begin

sublocale backward-simulation where
stepl = stepl and step2 = step2 and finall = finall and final2 = final2 and
order = order and
match = i ¢ y. © = measure y \ match x y
proof unfold-locales
show Ai sl s2. i = measure s2 A match sl s2 = final2 s2 = finall sl
using match-final by metis
next
show Ail s1 s2 s2'. il = measure s2 A match s1 s2 = step2 s2 s2' =
(Fi2 s1’. stepl ™t s1 s1’ A i2 = measure s2' A\ match s1’ s2') v
(342. (i2 = measure s2’ N match s1 s2') N i2 T il)
using simulation by metis
next
show wfp (C)
using wfp-order .
qed

end
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5 Move to Simple-Clause-Learning.SCL-FOL

definition trail-true-lit :: (- literal x - option) list = - literal = bool where
trail-true-lit U L «— L € fst ‘ set T

definition trail-false-lit :: (- literal X - option) list = - literal = bool where
trail-false-lit T' L <+— — L € fst ‘set T’

definition trail-true-cls :: (- literal x - option) list = - clause = bool where
trail-true-cls I' C «+— (3L €# C. trail-true-lit I' L)

definition trail-false-cls :: (- literal x - option) list = - clause = bool where
trail-false-cls T C «— (VL €# C. trail-false-lit T' L)

lemma trail-false-cls-mempty[simpl: trail-false-cls T {#}
by (simp add: trail-false-cls-def)

definition trail-defined-lit :: (- literal X - option) list = - literal = bool where
trail-defined-lit T L «— (L € fst “set 'V — L € fst ‘ set I)

lemma trail-defined-lit-iff: trail-defined-lit I' L <— atm-of L € atm-of ¢ fst ‘ set
r
by (simp add: atm-of-in-atm-of-set-iff-in-set-or-uminus-in-set trail-defined-lit-def)

definition trail-defined-cls :: (- literal x - option) list = - clause = bool where
trail-defined-cls I' C' <— (VL €# C. trail-defined-lit I L)

lemma trail-defined-lit-iff-true-or-false:
trail-defined-lit I' L <— trail-true-lit ' L V trail-false-lit T' L
unfolding trail-defined-lit-def trail-false-lit-def trail-true-lit-def by (rule refl)

lemma trail-true-or-false-cls-if-defined:
trail-defined-cls I' C = trail-true-cls T' C V trail-false-cls T' C
unfolding trail-defined-cls-def trail-false-cls-def trail-true-cls-def
unfolding trail-defined-lit-iff-true-or-false
by blast

lemma subtrail-falsel:
assumes tr-false: trail-false-cls ((L, Cl) # T') C and L-not-in: —L ¢# C
shows trail-false-cls ' C
unfolding trail-false-cls-def
proof (rule balll)
fix M
assume M-in: M €# C

from M-in L-not-in have M-neq-L: M # —L by auto

from M-in tr-false have tr-false-lit-M: trail-false-lit ((L, Cl) # T') M
unfolding trail-false-cls-def by simp
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thus trail-false-lit ' M
unfolding trail-false-lit-def
using M-neq-L
by (cases L; cases M) (simp-all add: trail-interp-def trail-false-lit-def)
qed

inductive trail-consistent :: ('a literal x 'b option) list = bool where

Nil[simp]: trail-consistent || |

Cons: = trail-defined-lit ' L = trail-consistent I' = trail-consistent ((L, u) #
I)

lemma distinct-lits-if-trail-consistent:
trail-consistent I' = distinct (map fst T')
by (induction I' rule: trail-consistent.induct)
(simp-all add: image-comp trail-defined-lit-def)

lemma trail-true-lit-if-trail-true-suffiz:
suffir T/ T = trail-true-lit T'' K = trail-true-lit T K
by (meson image-mono set-mono-suffiz subsetD trail-true-lit-def)

lemma trail-true-cls-if-trail-true-suffiz:
suffit T' T = trail-true-cls T'' C = trail-true-cls ' C
using trail-true-cls-def trail-true-lit-if-trail-true-suffiz by metis

lemma trail-false-lit-if-trail-false-suffix:
suffit T'' T = trail-false-lit T/ K = trail-false-lit T K
by (meson image-mono set-mono-suffix subsetD trail-false-lit-def)

lemma trail-false-cls-if-trail-false-suffix:
suffix T/ T = trail-false-cls T' C = trail-false-cls T' C
using trail-false-cls-def trail-false-lit-if-trail-false-suffic by metis

lemma trail-defined-lit-if-trail-defined-suffiz:
suffix T/ T = trail-defined-lit T/ K = trail-defined-lit T K
unfolding trail-defined-lit-def
by (metis (no-types) Un-iff image-Un set-append suffiz-def)

lemma trail-defined-cls-if-trail-defined-suffiz:
suffit T' T = trail-defined-cls T'' C = trail-defined-cls T' C
unfolding trail-defined-cls-def by (metis trail-defined-lit-if-trail-defined-suffiz)

lemma not-trail-true-lit-and-trail-false-lit:

fixes I :: (‘a literal x 'b option) list and L :: 'a literal

shows trail-consistent I' = = (trail-true-lit ' L A trail-false-lit T L)
proof (induction T rule: trail-consistent.induct)

case Nil

show ?Zcase

by (simp add: trail-true-cls-def trail-false-cls-def trail-true-lit-def trail-false-lit-def)
next
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case (Cons I' K annot)
then show ?case
unfolding trail-defined-lit-def trail-false-lit-def trail-true-lit-def
by (metis (no-types, opaque-lifting) fst-conv image-insert insertE list.simps(15)
uminus-not-id’
uminus-of-uminus-id)
qed

lemma not-trail-true-cls-and-trail-false-cls:
fixes I :: (‘a literal x 'b option) list and C :: 'a clause
shows trail-consistent T => — (trail-true-cls T C' A trail-false-cls T C)
proof (induction T rule: trail-consistent.induct)
case Nil
show ?Zcase
by (simp add: trail-true-cls-def trail-false-cls-def trail-true-lit-def trail-false-lit-def)
next
case (Cons T' L u)
thus ?case
using not-trail-true-lit-and-trail-false-lit
by (metis trail-consistent. Cons trail-false-cls-def trail-true-cls-def)
qed

lemma not-lit-and-comp-lit-false-if-trail-consistent:
assumes trail-consistent I'
shows - (trail-false-lit T' L A trail-false-lit T (— L))
using assms
proof (induction T")
case Nil
show ?Zcase
by (simp add: trail-false-lit-def)
next
case (Cons T' K u)
show ?Zcase
proof (cases K = LV K = — L)
case True
thus ?thesis
unfolding trail-false-lit-def uminus-of-uminus-id
unfolding de-Morgan-conj list.set image-insert prod.sel
by (metis Cons.hyps(1) insertE trail-defined-lit-def uminus-not-id’ umi-
nus-of-uminus-id)
next
case Fulse
thus ?thesis
unfolding trail-false-lit-def uminus-of-uminus-id
by (metis (no-types, lifting) Cons.IH fst-conv image-iff set-ConsD trail-false-lit-def
uminus-of-uminus-id)
qed
qed
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lemma not-both-lit-and-comp-lit-in-false-clause-if-trail-consistent:
assumes ['-consistent: trail-consistent I' and C-false: trail-false-cls T' C
shows = (L €# C AN — L e# ()

proof (rule notl)
assume L €# C AN — Le# C

hence trail-false-lit T' L A trail-false-lit T' (— L)
using C-false unfolding trail-false-cls-def by metis

thus Fulse
using ['-consistent not-lit-and-comp-lit-false-if-trail-consistent by metis
qed

6 Move to ground ordered resolution

lemma (in ground-ordered-resolution-calculus) unique-ground-resolution:
shows 3 <, C. ground-resolution P1 P2 C
proof (intro Unig-I)
fix C C’
assume ground-resolution P1 P2 C and ground-resolution P1 P2 C'
thus ¢ = C'
unfolding ground-resolution.simps
apply (elim exE conjFE)
apply simp
by (metis asymp-on-less-lit is-mazimal-in-mset-wrt-if-is-greatest-in-mset-wrt
is-mazximal-in-mset-wri-iff literal.inject(1) totalpD totalp-on-less-lit transp-on-less-lit
union-single-eq-diff)
qed

lemma (in ground-ordered-resolution-calculus) unique-ground-factoring:
shows 3 <, C. ground-factoring P C
proof (intro Unig-I)
fix PCC’
assume ground-factoring P C and ground-factoring P C’
thus C = C’
unfolding ground-factoring.simps
by (metis asymp-on-less-lit is-mazximal-in-mset-wrt-iff totalpD totalp-less-lit
transp-on-less-lit union-single-eq-diff)
qed

lemma (in ground-ordered-resolution-calculus) termination-ground-factoring:
shows wfP ground-factoring=!~!
proof (rule wfp-if-convertible-to-wfp)
show Az y. ground-factoring™' =t zy = 1 <. ¥y
using ground-factoring-smaller-conclusion by simp
next
show wfP (<.)
by simp
qed
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lemma (in ground-ordered-resolution-calculus) atms-of-concl-subset-if-ground-resolution:
assumes ground-resolution Py Py C
shows atms-of C' C atms-of P1 U atms-of Po
using assms by (cases Py Po C rule: ground-resolution.cases) (auto simp add:
atms-of-def)

lemma (in ground-ordered-resolution-calculus) strict-subset-mset-if-ground-factoring:
assumes ground-factoring P C
shows C' C# P
using assms by (cases P C rule: ground-factoring.cases) simp

lemma (in ground-ordered-resolution-calculus) set-mset-eq-set-mset-if-ground-factoring:
assumes ground-factoring P C
shows set-mset P = set-mset C
using assms by (cases P C rule: ground-factoring.cases) simp

lemma (in ground-ordered-resolution-calculus) atms-of-concl-eq-if-ground-factoring:
assumes ground-factoring P C
shows atms-of C' = atms-of P
using assms by (cases P C rule: ground-factoring.cases) simp

lemma (in ground-ordered-resolution-calculus) ground-factoring-preserves-mazimal-literal:
assumes ground-factoring P C
shows is-mazimal-lit L P = is-mazimal-lit L C
using assms by (cases P C rule: ground-factoring.cases) (simp add: is-mazimal-in-mset-wrt-iff)

lemma (in ground-ordered-resolution-calculus) ground-factorings-preserves-mazimal-literal:
assumes ground-factoring** P C
shows is-mazimal-lit L P = is-maximal-lit L C
using assms
by (induction P rule: converse-rtranclp-induct)
(simp-all add: ground-factoring-preserves-mazximal-literal)

lemma (in ground-ordered-resolution-calculus) ground-factoring-reduces-mazimal-pos-lit:
assumes ground-factoring P C' and is-pos L and
is-mazimal-lit L P and count P L = Suc (Suc n)
shows is-mazimal-lit L C' and count C' L = Suc n
unfolding atomize-conj
using <ground-factoring P C)»
proof (cases P C rule: ground-factoring.cases)
case (ground-factoringl t P’)
then show is-mazimal-lit L C' N\ count C' L = Suc n
by (metis assms(1) assms(3) assms(4) asymp-on-less-lit count-add-mset
ground-factoring-preserves-maximal-literal is-maximal-in-mset-wrt-iff nat.inject
totalpD
totalp-less-lit transp-on-less-lit)
qed
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lemma (in ground-ordered-resolution-calculus) ground-factorings-reduces-mazximal-pos-lit:
assumes (ground-factoring = m) P C and m < Suc n and is-pos L and
is-mazimal-lit L P and count P L = Suc (Suc n)
shows is-mazimal-lit L C and count C' L = Suc (Suc n — m)
unfolding atomize-conj
using «(ground-factoring =~ m) P C» <m < Suc n»
proof (induction m arbitrary: C)
case (
hence P = C
by simp
then show Zcase
using assms(4,5) by simp
next
case (Suc m’)
then show ?case
by (metis Suc-diff-le Suc-leD assms(3) diff-Suc-Suc ground-factoring-reduces-mazimal-pos-lit(2)
ground-factorings-preserves-mazimal-literal relpowp-Suc-E relpowp-imp-rtranclp)
qed

lemma (in ground-ordered-resolution-calculus) full-ground-factorings-reduces-mazximal-pos-lit:
assumes steps: (ground-factoring = Suc n) P C and L-pos: is-pos L and
L-mazx: is-mazximal-lit L P and L-count: count P L = Suc (Suc n)
shows is-maximal-lit L C and count C L = Suc 0
unfolding atomize-conj
using steps L-mazx L-count
proof (induction n arbitrary: P)
case (
then show ?case
using L-pos ground-factorings-reduces-mazimal-pos-lit[of Suc 0 P C 0] by simp
next
case (Suc n)
from Suc.prems obtain P’ where
ground-factoring P P' and (ground-factoring = Suc n) P’ C
by (metis relpowp-Suc-D2)

from Suc.prems have is-mazimal-lit L P’ and count P’ L = Suc (Suc n)
using ground-factoring-reduces-maximal-pos-lit|OF <ground-factoring P P"
L-pos] by simp-all
thus ?case

using Suc.IH[OF <(ground-factoring ~~ Suc n) P’ C»] by metis
qed

7 Move somewhere?

lemma true-cls-imp-neg-mempty: T |= C = C # {#}
by blast

lemma [lift-tranclp-to-pairs-with-constant-fst:
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(Ra)™ yz= (M=, y) (2", 2). s =" ANRzy2)" (z,9) (z, 2)
by (induction z arbitrary: rule: tranclp-induct) (auto simp: tranclp.trancl-into-trancl)

abbreviation (in preorder) is-lower-fset where
is-lower-fset X Y = is-lower-set-wrt (<) (fset X) (fset Y)

lemma lower-set-wrt-prefizl:
assumes
trans: transp-on (set zs) R and
asym: asymp-on (set zs) R and
sorted: sorted-wrt R zs and
prefix: prefix xs zs
shows is-lower-set-wrt R (set xs) (set zs)
proof —
obtain ys where zs = zs @ ys
using prefiz by (auto elim: prefixE)

show ?thesis
using trans asym sorted
unfolding <zs = xs Q ys»
by (metis lower-set-wrt-appendl )
qged

lemmas (in preorder) lower-set-prefiz] =
lower-set-wrt-prefix][OF transp-on-less asymp-on-less]

lemma lower-set-wrt-suffixl:
assumes
trans: transp-on (set zs) R and
asym: asymp-on (set zs) R and
sorted: sorted-wrt R~'~1 zs and
suffix: suffiz ys zs
shows is-lower-set-wrt R (set ys) (set zs)
proof —
obtain zs where zs = zs Q ys
using suffizx by (auto elim: sufficE)

show ?thesis
using trans asym sorted
unfolding «zs = zs @Q ys»
by (smt (verit, del-insts) Un-iff <zs = xs @Q ys» asymp-onD asymp-on-conversep
conversepl
is-lower-set-wrt-def set-append set-mono-suffix sorted-wrt-append suffix)
qed

lemmas (in preorder) lower-set-suffiz] =
lower-set-wrt-suffiz][OF transp-on-less asymp-on-less)
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lemma true-cls-repeat-mset-Suc[simp|: I |= repeat-mset (Suc n) C <— I |= C
by (induction n) simp-all

lemma (in backward-simulation)
assumes match i S1 S2 and — L1.inf-step S1
shows — L2.inf-step S2
using assms match-inf by metis

lemma (in scl-fol-calculus) grounding-of-clss-ground:
assumes is-ground-clss N
shows grounding-of-clss N = N
proof —
have grounding-of-clss N = (|J C € N. grounding-of-cls C)
unfolding grounding-of-clss-def by simp
also have ... = (|J C € N. {C})
using <is-ground-clss N»
by (simp add: is-ground-clss-def grounding-of-cls-ground)

also have ... = N
by simp
finally show ?thesis .
qed

lemma (in scl-fol-calculus) propagatel:
Cle| N Ul U= C = add-mset L C' = is-ground-cls (C - v) =
VK e# C - . atm-of K <p f =
Co={#K e# C. K l~v#Llv#} = C1 ={#Ke# C . K-ly=1L"
VH# =
SCL-FOL.trail-false-cls T' (Cy - v) = = SCL-FOL.trail-defined-lit T (L -1 )
_—
is-imgu p {atm-of ‘ set-mset (add-mset L C1)} =
I = trail-propagate T (L -l p) (Co - p) v =
propagate N 8 (T', U, None) (I, U, None)
using propagatel by metis

lemma (in scl-fol-calculus) decidel”:
is-ground-lit (L -l v) = — SCL-FOL.trail-defined-lit T' (L -l v) = atm-of L -a
¥ 2B =
' = trail-decide T (L -l v) =
decide N (', U, None) (I, U, None)
by (auto introl: decidel)

lemma is-ground-atm-eq-ground[iff]: is-ground-atm = ground
proof (rule ext)
fix t :: (v, 'f) Term.term
show is-ground-atm t = ground t
by (simp only: is-ground-atm-iff-vars-empty ground-vars-term-empty)
qed

definition lit-of-glit :: 'f gterm literal = ('f, 'v) term literal where
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lit-of-glit = map-literal term-of-gterm

definition glit-of-lit where
glit-of-lit = map-literal gterm-of-term

definition cls-of-gcls where
cls-of-gcls = image-mset lit-of-glit

definition gcls-of-cls where
gcls-of-cls = image-mset glit-of-lit

lemma inj-lit-of-glit: inj lit-of-glit
proof (rule injI)

fix L K

show lit-of-glit L = lit-of-glit K = L = K

by (metis lit-of-glit-def literal. expand literal.map-disc-iff literal.map-sel term-of-gterm-inv)
qed

lemma atm-of-lit-of-glit-conv: atm-of (lit-of-glit L) = term-of-gterm (atm-of L)
by (cases L) (simp-all add: lit-of-glit-def)

lemma ground-atm-of-lit-of-glit[simp]: ground (atm-of (lit-of-glit L))
by (simp add: atm-of-lit-of-glit-conv)

lemma is-ground-lit-lit-of-glit[simp]: is-ground-lit (lit-of-glit L)
by (simp add: is-ground-lit-def atm-of-lit-of-glit-conv)

lemma is-ground-cls-cls-of-gcls[simp]: is-ground-cls (cls-of-gcls C)
by (auto simp add: is-ground-cls-def cls-of-gcls-def)

lemma glit-of-lit-lit-of-glit[simp]: glit-of-lit (lit-of-glit L) = L
by (simp add: glit-of-lit-def lit-of-glit-def literal.map-comp comp-def literal.map-ident)

lemma gcls-of-cls-cls-of-gcls[simp): gcls-of-cls (cls-of-gcels L) = L
by (simp add: gcls-of-cls-def cls-of-gcls-def multiset.map-comp comp-def multi-
set.map-ident)

lemma lit-of-glit-glit-of-lit-ident[simp): is-ground-lit L = lit-of-glit (glit-of-lit L)
=17
by (simp add: is-ground-lit-def lit-of-glit-def glit-of-lit-def literal.map-comp lit-
eral.expand
literal.map-sel)

lemma cls-of-gcls-gcls-of-cls-ident[simpl: is-ground-cls D = cls-of-gcls (gcls-of-cls
Dy=D

by (simp add: is-ground-cls-def cls-of-gcls-def gcls-of-cls-def)
lemma vars-lit-lit-of-glit[simp]: vars-lit (lit-of-glit L) = {}

by (metis ground-atm-of-lit-of-glit ground-vars-term-empty)
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lemma vars-cls-cls-of-gcls[simp]: vars-cls (cls-of-gcls C) = {}
by (metis is-ground-cls-cls-of-gcls is-ground-cls-iff-vars-empty)

definition atms-of-cls :: 'a clause = 'a fset where
atms-of-cls C = atm-of | fset-mset C

definition atms-of-clss :: 'a clause fset = ’a fset where
atms-of-clss N = ffUnion (atms-of-cls || N)

lemma atms-of-clss-fempty[simp]: atms-of-clss {||} = {||}
unfolding atms-of-clss-def by simp

lemma atms-of-clss-finsert|simp]:
atms-of-clss (finsert C' N) = atms-of-cls C |U| atms-of-clss N
unfolding atms-of-clss-def by simp

definition lits-of-clss :: 'a clause fset = 'a literal fset where
lits-of-clss N = ffUnion (fset-mset | N)

definition lit-occures-in-clss where
lit-occures-in-clss L N <— fBex N (\C. L €# ()

inductive constant-context for R where
R C D D' = constant-context R (C, D) (C, D)

lemma rtranclp-constant-context: (R C)** D D’ = (constant-context R)** (C, D)

(€, D)

by (induction D’ rule: rtranclp-induct) (auto intro: constant-context.intros rtran-

clp.intros)

lemma tranclp-constant-context: (R C)*+ D D’ = (constant-context R)T+ (C,

D) (C, D)

by (induction D’ rule: tranclp-induct) (auto intro: constant-context.intros tran-

clp.intros)

lemma right-unique-constant-context:
assumes R-ru: A\C. right-unique (R C)
shows right-unique (constant-context R)
proof (rule right-uniquel)
fixzyz

show constant-context R x y = constant-context R x z = y = 2

using R-ru[THEN right-uniqueD]
by (elim constant-context.cases) (metis prod.inject)
qed

lemma safe-state-constant-context-if-invars:

fixes N s
assumes
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R-preserves-L:
ANss " RNss'"— I Ns=— 17 N s'and
ex-R-if-not-final:
ANs. - F(N,s) =TI Ns=3Js" R Nss'
assumes invars: I N s
shows safe-state (constant-context R) F (N, )
proof —

fix S’
assume (constant-context R)** (N, s) S’ and stuck-state (constant-context R)
S/
then obtain s’ where S’ = (N, s’) and (R N)** s s’and Z N s’
using invars
proof (induction (N, s) arbitrary: N s rule: converse-rtranclp-induct)
case base
thus ?case by simp
next
case (step z)
thus ?case
by (metis (no-types, opaque-lifting) Pair-inject R-preserves-I constant-context.cases
converse-rtranclp-into-rtranclp)
qed
hence - F (N, s') = 3s”. R Ns's”
using ez-R-if-not-final[of N s'| by argo
hence - F S/ = 38" constant-context R S’ S
unfolding «S’ = (N, s')» using constant-context.intros by metis
hence F S’
by (metis <stuck-state (constant-context R) S”» stuck-state-def)
}

thus ?thesis
by (metis (no-types) safe-state-def stuck-state-def)
qed

primrec trail-atms :: (- literal x -) list = - fset where
trail-atms [| = {||} |
trail-atms (Ln # T') = finsert (atm-of (fst Ln)) (trail-atms T")

lemma fset-trail-atms: fset (trail-atms T') = atm-of ‘ fst ‘ set T
by (induction T') simp-all

lemma trail-defined-lit-iff-trail-defined-atm:

trail-defined-lit T L <— atm-of L |€| trail-atms T
proof (induction T")

case Nil

show ?Zcase

by (simp add: trail-defined-lit-def)

next

case (Cons Ln T)
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have trail-defined-lit (Ln # T') L +— L= fst Ln V — L = fst Ln V trail-defined-lit
L
unfolding trail-defined-lit-def by auto

also have ... «— atm-of L = atm-of (fst Ln) V trail-defined-lit T' L
by (cases L; cases fst Ln) simp-all

also have ... «— atm-of L = atm-of (fst Ln) V atm-of L |€| trail-atms T’
unfolding Cons.IH ..

also have ... «— atm-of L |€| trail-atms (Ln # T)
by simp

finally show ?Zcase .
qed

lemma trail-atms-subset-if-suffix:
assumes suffiz I'' T
shows trail-atms T |C| trail-atms T
proof —
obtain I'y where I' =T, @ I'’
using assms unfolding suffiz-def by metis

show ?thesis
unfolding <I' =Ty @ ')
by (induction Ty) auto
qed

lemma dom-model-eg-trail-interp:
assumes
VA C. M A= Some C +— map-of T' (Pos A) = Some (Some C) and
VIn € set .V L. Ln = (L, None) — is-neg L
shows dom M = trail-interp T’
proof —
have dom M = {A. 3C. M A = Some C}
unfolding dom-def by simp

also have ... = {A. 3C. map-of T (Pos A) = Some (Some C)}
using assms(1) by metis
also have ... = {A. Jopt. map-of T' (Pos A) = Some opt}

proof (rule Collect-cong)
show AA. (3C. map-of T (Pos A) = Some (Some C)) +— (3 opt. map-of T
(Pos A) = Some opt)
using assms(2)
by (metis literal.disc(1) map-of-SomeD option.exhaust)

qed
also have ... = trail-interp T’
proof (induction T')

case Nil

thus ?case
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by (simp add: trail-interp-def)
next
case (Cons Ln T)

have {A. Jopt. map-of (Ln # T') (Pos A) = Some opt} =
{A. Jopt. map-of [Ln] (Pos A) = Some opt} U {A. Fopt. map-of T (Pos A)
= Some opt}
by auto

also have ... = {A. Pos A = fst Ln} U trail-interp T
unfolding Cons.IH by simp

also have ... = trail-interp [Ln] U trail-interp T
by (cases fst Ln) (simp-all add: trail-interp-def)

also have ... = trail-interp (Ln # T)
unfolding trail-interp-Cons[of Ln T ..

finally show ?case .
qed
finally show ?thesis .
qed

type-synonym 'f gliteral = 'f gterm literal
type-synonym 'f gclause = 'f gterm clause

locale simulation-SCLFOL-ground-ordered-resolution =
reNAMINg-apart renaming-vars
for renaming-vars :: 'v set = v = v +
fixes
less-trm :: 'f gterm = 'f gterm = bool (infix <; 50)
assumes
transp-less-trm[simpl: transp (<:) and
asymp-less-trm[intro]: asymp (<¢) and
wfP-less-trmlintro|: wfP (<:) and
totalp-less-trm[introl: totalp (<;) and
finite-less-trm: A\B. finite {z. © <; B} and
less-trm-compatible-with-gctat[simp]: Nctat t t'. t <; t/ = ctat(t)q < ctat(t')a
and
less-trm-if-subterm[simp]: Nt ctzt. ctot # O = t <4 ctat(t)q

8 Ground ordered resolution for ground terms

context simulation-SCLFOL-ground-ordered-resolution begin
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sublocale ord-res: ground-ordered-resolution-calculus (<¢) A-. {#}
by unfold-locales auto

sublocale linorder-trm: linorder (=) (<¢)
proof unfold-locales
show Azy. (z <, y) =z Ly Ay =<4 o)
by (metis asympD asymp-less-trm reflclp-iff)
next
show Az. z <;
by simp
next
show Az yz 2z y=—=y 1 z2= 2 = 2
by (meson transpE transp-less-trm transp-on-reflclp)
next
show Az y. 2 sy =y e = z=y
by (metis asympD asymp-less-trm reflclp-iff)
next
show A\zy. 2z X, yVy=z
by (metis reflclp-iff totalpD totalp-less-trm)
qed

sublocale linorder-lit: linorder (=) (<)
proof unfold-locales
show Az y. (z <1 y) = (2 21y AN -y =)
by (metis asympD ord-res.asymp-less-lit reflclp-iff)
next
show Az. z < z
by simp
next
show Az yz. 2 5 y=y=1z2= 2z =X 2
by (meson transpE ord-res.transp-less-lit transp-on-reficlp)
next
show A\ y. z <,y =y =z=y
by (metis asympD ord-res.asymp-less-lit reflclp-iff)
next
show Az y. 2 5, yVy =z
by (metis reflclp-iff totalpD ord-res.totalp-less-lit)
qged

sublocale linorder-cls: linorder (<.) (<.)
proof unfold-locales
show Az y. (z <. y) = (2 =2y AN~y <. 2)
by (metis asympD ord-res.asymp-less-cls reflclp-iff)
next
show Az. z <. z
by simp
next
show Az yz. 2 .y = y=c 2= 1 3.2
by (meson transpE ord-res.transp-less-cls transp-on-reficlp)
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next
show A\zy. z X,y = y<.,c=z=y
by (metis asympD ord-res.asymp-less-cls reflclp-iff)
next
show Az y. z <. yVy=.z
by (metis reflclp-iff totalpD ord-res.totalp-less-cls)
qed

declare linorder-trm.is-least-in-fset-ffilterD[no-atp]
declare linorder-lit.is-least-in-fset-ffilterD[no-atp)
declare linorder-cls.is-least-in-fset-ffilterD[no-atp]

end

9 Common definitions and lemmas

context simulation-SCLFOL-ground-ordered-resolution begin

abbreviation ord-res-Interp where
ord-res-Interp N C = ord-res.interp N C U ord-res.production N C

definition is-least-false-clause where
is-least-false-clause N C' <—
linorder-cls.is-least-in-fset {|C' |€| N. = ord-res-Interp (fset N) C |= C|} C

lemma is-least-false-clause-finsert-smaller-false-clause:
assumes
D-least: is-least-false-clause N D and
C <. D and
C-false: — ord-res-Interp (fset (finsert C N)) C |= C
shows is-least-false-clause (finsert C N) C
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro congl balll impl)
show C |€| finsert C N
by simp
next
show — ord-res-Interp (fset (finsert C N)) C |= C
using assms by metis
next
fix y
assume y |€| finsert C N and y # C and y-false: — ord-res-Interp (fset (finsert
CN) gy
hence y |€| N
by simp

have - (y <. C)
proof (rule notl)
assume y <. C
hence ord-res-Interp (fset (finsert C N)) y = ord-res-Interp (fset N) y

75



using ord-res.Interp-insert-greater-clause by simp

hence — ord-res-Interp (fset N) y = y
using y-false by argo

moreover have y <. D
using <y <. C» <C <. D) by order

ultimately show Fulse
using D-least
by (metis (mono-tags, lifting) <y |€| N> linorder-cls.is-least-in-ffilter-iff
linorder-cls.less-asym’ is-least-false-clause-def)
qed
thus C <. y
using <y # C» by order
qed

lemma is-least-false-clause-swap-swap-compatible-fsets:
assumes {|z |€| NI. z =, C|} = {|z |€| N2. z <. C|}
shows is-least-false-clause N1 C' +— is-least-false-clause N2 C
proof —
have is-least-false-clause N2 C' if
subsets-agree: {|z |€| N1.z <. C|} = {|z |€| N2. z <. C|} and
C-least: is-least-false-clause N1 C for N1 N2 C
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro conjl balll impl)
have C |€| NI
using C-least
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by argo
thus C |€| N2
using subsets-agree by auto
next
have — ord-res-Interp (fset N1) C |= C
using C-least
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by argo
moreover have ord-res-Interp (fset N1) C = ord-res-Interp (fset N2) C
using subsets-agree by (auto introl: ord-res.Interp-swap-clause-set)
ultimately show — ord-res-Interp (fset N2) C |= C
by argo
next
fix y assume y |€| N2 and y # C
show — ord-res-Interp (fset N2) y |y = C <.y
proof (erule contrapos-np)
assume - C <. y
hence y <. C
by order
hence y |€| NI
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using <y |€| N2» using subsets-agree by auto
hence — ord-res-Interp (fset N1) y |y — C <. y
using <is-least-false-clause N1 C» <y # C)
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by metis
moreover have ord-res-Interp (fset N1) y = ord-res-Interp (fset N2) y
proof (rule ord-res.Interp-swap-clause-set)
show {D. D |€| NI A (<)== Dy} ={D. D |g]| N2 A (<)== Dy}
using subsets-agree <y <. C» by fastforce
qed
ultimately show ord-res-Interp (fset N2) y |= y
using <y <. C» by auto
qed
qed
thus ?thesis
using assms by metis
qed

lemma Unig-is-least-false-clause: 3<1 C. is-least-false-clause N C
proof (rule Unig-I)
show Az y z. is-least-false-clause © y = is-least-false-clause x z = y = z
unfolding is-least-false-clause-def
by (meson Unig-D linorder-cls. Unig-is-least-in-fset)
qed

lemma mempty-lesseq-cls[simp]: {#} <. C for C
by (cases C) (simp-all add: strict-subset-implies-multp)

lemma is-least-false-clause-mempty: {#} |€| N = is-least-false-clause N {#}
using is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff mempty-lesseq-cls
by fastforce

lemma production-union-unproductive-strong:
assumes
fin: finite N1 finite N2 and
N2-unproductive: Yz € N2 — NI1. ord-res.production (N1 U N2) z = {} and
C-in: C € N1
shows ord-res.production (N1 U N2) C = ord-res.production N1 C
using ord-res.wfP-less-cls C-in
proof (induction C rule: wfp-induct-rule)
case (less O)
hence C-in-iff: C € NI U N2 +— C € N1
by simp

have interp-eq: ord-res.interp (N1 U N2) C = ord-res.interp N1 C
proof —
have ord-res.interp (N1 U N2) C = (ord-res.production (N1 U N2) ‘{D €
N1 UN2.D <. C})
unfolding ord-res.interp-def ..
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also have ... = |J (ord-res.production (N1 U N2) ‘{D € N1. D <. C} U
ord-res.production (N1 U N2) ‘{D € N2 — N1. D <. C})

by auto

also have ... = |J (ord-res.production (N1 U N2) ‘{D € N1. D <. C})
using N2-unproductive by simp

also have ... = |J (ord-res.production N1 ‘{D € NI1. D <. C})
using less.IH by simp

also have ... = ord-res.interp N1 C

unfolding ord-res.interp-def ..
finally show ord-res.interp (N1 U N2) C = ord-res.interp N1 C .
qed

show ?Zcase
unfolding ord-res.production-unfold C-in-iff interp-eq by argo
qed

lemma production-union-unproductive:
assumes
fin: finite N1 finite N2 and
N2-unproductive: ¥V z € N2. ord-res.production (N1 U N2) x = {} and
C-in: C € N1
shows ord-res.production (N1 U N2) C = ord-res.production N1 C
using production-union-unproductive-strong assms by simp

lemma interp-union-unproductive:
assumes
fin: finite N1 finite N2 and
N2-unproductive: Y& € N2. ord-res.production (N1 U N2) z = {}
shows ord-res.interp (N1 U N2) = ord-res.interp N1
proof (rule ext)
fix C
have ord-res.interp (N1 U N2) C = |J (ord-res.production (N1 U N2) ‘{D €
N1 UN2.D <. C})
unfolding ord-res.interp-def ..

also have ... = |J (ord-res.production (N1 U N2) ‘{D € NI1.D <. C} U
ord-res.production (N1 U N2) ‘{D € N2. D <. C})
by auto
also have ... = |J (ord-res.production (N1 U N2) ‘{D € N1. D <. C})
using N2-unproductive by simp
also have ... = |J (ord-res.production N1 ‘{D € N1. D <. C})
using production-union-unproductive| OF fin N2-unproductive] by simp
also have ... = ord-res.interp N1 C

unfolding ord-res.interp-def ..
finally show ord-res.interp (N1 U N2) C = ord-res.interp N1 C .
qed

lemma Interp-union-unproductive:

assumes
fin: finite N1 finite N2 and
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N2-unproductive: Yz € N2. ord-res.production (N1 U N2) z = {}
shows ord-res-Interp (N1 U N2) C = ord-res-Interp N1 C
unfolding interp-union-unproductive| OF assms]
using production-union-unproductive| OF assms]
using N2-unproductive[rule-format]
by (metis (no-types, lifting) Un-iff empty-Collect-eq ord-res.production-unfold)

lemma Interp-insert-unproductive:
assumes
fin: finite N1 and
z-unproductive: ord-res.production (insert x N1) z = {}
shows ord-res-Interp (insert x N1) C' = ord-res-Interp N1 C
using assms Interp-union-unproductive
by (metis Un-commute finite.emptyl finite.insertl insert-is-Un singletonD)

lemma extended-partial-model-entails-iff-partial-model-entails:
assumes
fin: finite N finite N’ and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
C-in: C € N
shows ord-res-Interp (N U N') C |= C <— ord-res-Interp N C |= C
using ord-res.interp-add-irrelevant-clauses-to-set|OF fin C-in irrelevant]
using ord-res.production-add-irrelevant-clauses-to-set| OF fin C-in irrelevant]
by metis

lemma nex-strictly-maximal-pos-lit-if-factorizable:
assumes ord-res.ground-factoring C C’
shows 3 L. is-pos L A ord-res.is-strictly-mazimal-lit L C
by (metis Unig-D add-mset-remove-trivial assms linorder-lit. Unig-is-mazimal-in-mset
linorder-lit. dual-order.order-iff-strict linorder-lit.is-greatest-in-mset-iff
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset linorder-lit.not-less
ord-res.ground-factoring.cases union-single-eq-member)

lemma unproductive-if-nex-strictly-maximal-pos-lit:
assumes P L. is-pos L A ord-res.is-strictly-mazimal-lit L C
shows ord-res.production N C = {}
using assms by (simp add: ord-res.production-unfold)

lemma ball-unproductive-if-nex-strictly-mazximal-pos-lit:
assumes V C € N'. A L. is-pos L A ord-res.is-strictly-mazimal-lit L C
shows V C € N'. ord-res.production (N U N') C = {}
using assms unproductive-if-nex-strictly-maximal-pos-lit by metis

lemma is-least-false-clause-finsert-cancel:
assumes
C-unproductive: ord-res.production (fset (finsert C N)) C' = {} and
C-entailed-by-smaller: 3D |€| N. D <. C A {D} |=e {C}
shows is-least-false-clause (finsert C N) = is-least-false-clause N
proof (intro ext iffT)
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fix £
assume E-least: is-least-false-clause (finsert C N) E
hence
E-in: E |€| finsert C N and
E-false: — ord-res-Interp (fset (finsert C N)) E |= E and
E-least: (Vy |€| finsert C N. y # E — — ord-res-Interp (fset (finsert C N)) y
Ey— E <)
unfolding atomize-conj is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by metis

obtain D where
D |€e| N and D <. C and {D} |Fe {C}
using C-entailed-by-smaller by metis

show is-least-false-clause N E
proof (cases C = E)
case True

have F <. D
proof (rule E-least[rule-format])
show D |€| finsert C N
using «D |€| N» by simp
next
show D # FE
using <D <. C» «C = E» by order
next
show — ord-res-Interp (fset (finsert C N)) D |= D
using FE-false
proof (rule contrapos-nn)
assume ord-res-Interp (fset (finsert C N)) D |= D
thus ord-res-Interp (fset (finsert C N)) E | E
using <D <. C» «C = E» ({D} |=e {C}> ord-res.entailed-clause-stays-entailed
by auto
qed
qed
hence Fulse
using <D <. C» <C = E) by order
thus %thesis ..
next
case Fulse
show ?thesis
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro conjl balll impl)

show E |€| N
using F-in «C # E» by simp
next

have ord-res-Interp (fset (finsert C N)) E = ord-res-Interp (fset N) E
using C-unproductive Interp-insert-unproductive by simp
thus — ord-res-Interp (fset N) E |= E
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using FE-false by argo
next
show A\y. y |€| N = y # E = — ord-res-Interp (fset N) y |y = E <,

using F-least C-unproductive Interp-insert-unproductive by auto

qed

qed

next

fix F

assume is-least-false-clause N E

hence
E-in: E |€| N and
E-false: — ord-res-Interp (fset N) E |= E and
E-least: (Vy |€| N. y # E — — ord-res-Interp (fset N) y =y — E <. y)
unfolding atomize-conj is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by metis

show is-least-false-clause (finsert C N) E
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro conjl balll impl)
show E |€| finsert C N
using F-in by simp
next
show — ord-res-Interp (fset (finsert C N)) E |= F
using F-least E-false C-unproductive Interp-insert-unproductive by simp
next
fix y
assume y |€| finsert C N and y # F and — ord-res-Interp (fset (finsert C' N))
vl
show E <. y
proof (cases y = C)
case True
thus ?thesis
using E-least <— ord-res-Interp (fset (finsert C N)) y |= v
by (metis (no-types, lifting) C-entailed-by-smaller C-unproductive Interp-insert-unproductive
finite-fset fset-simps(2) linorder-cls.dual-order.strict-trans
ord-res.entailed-clause-stays-entailed true-clss-singleton)
next
case Fulse
thus ?thesis
using F-least <y |€| finsert C N> <y # E» <= ord-res-Interp (fset (finsert C
M)y
using C-unproductive Interp-insert-unproductive by auto
qed
qed
qed

lemma is-least-false-clause-funion-cancel-right-strong:
assumes
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VC |€| N2 — N1.V U. ord-res.production U C = {} and
VC |€| N2 — N1.3D |€| N1. D <. C A {D} |Fe {C}
shows is-least-false-clause (N1 |U| N2) = is-least-false-clause N1
using assms
proof (induction N2)
case empty
thus Zcase
by simp
next
case (insert C N2)

have IH: is-least-false-clause (N1 |U| N2) = is-least-false-clause N1
proof (rule insert.IH)
show V C|€|N2 |—| N1.V U. ord-res.production U C = {}
using insert.prems(1) by auto
next
show V C|€|N2 |—-| N1. 3D|€|N1. D <. C A {D} |=e {C}
using insert.prems(2) by auto
qed

show Zcase
proof (cases C' |€| N1)

case True
hence is-least-false-clause (N1 |U| finsert C N2) = is-least-false-clause (N1 |U|
N2)
by (simp add: finsert-absorb)
also have ... = is-least-false-clause N1
using /H .
finally show ?thesis .
next
case False

then show ?thesis
using is-least-false-clause-finsert-cancel IH
by (metis finsertCI fminusl funionll funion-finsert-right insert.prems(1)
insert.prems(2))
qed
qed

lemma is-least-false-clause-funion-cancel-right:
assumes
vV C |€| N2.V U. ord-res.production U C = {} and
VC |e| N2.3D |€| Ni. D <. C A {D} |=e {C}
shows is-least-false-clause (N1 |U| N2) = is-least-false-clause N1
using assms is-least-false-clause-funion-cancel-right-strong by simp

definition ez-false-clause where
ex-false-clause N = (3C € N. — ord-res.interp N C' U ord-res.production N C

= C)
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lemma obtains-least-false-clause-if-ex-false-clause:
assumes ez-false-clause (fset N)
obtains C where is-least-false-clause N C
using assms
by (metis (mono-tags, lifting) bot-fset.rep-eq emptyE ex-false-clause-def ffmem-
ber-filter
linorder-cls. ex-least-in-fset is-least-false-clause-def)

lemma ex-false-clause-if-least-false-clause:
assumes is-least-false-clause N C
shows ezx-false-clause (fset N)
using assms
by (metis (no-types, lifting) ex-false-clause-def is-least-false-clause-def
linorder-cls.is-least-in-fset-ffilterD(1) linorder-cls.is-least-in-fset-ffilterD(2))

lemma ez-false-clause-iff: ex-false-clause (fset N) +— (3 C. is-least-false-clause
N CO)

using obtains-least-false-clause-if-ex-false-clause ex-false-clause-if-least-false-clause
by metis

definition ord-res-model where
ord-res-model N = (|JD € N. ord-res.production N D)

lemma ord-res-model-eg-interp-union-production-of-greatest-clause:
assumes C-greatest: linorder-cls.is-greatest-in-set N C
shows ord-res-model N = ord-res.interp N C U ord-res.production N C
proof —
have ord-res-model N = (|JD € N. ord-res.production N D)
unfolding ord-res-model-def ..

also have ... = (UD € {D € N. D <. C}. ord-res.production N D)
using C-greatest linorder-cls.is-greatest-in-set-iff by auto
also have ... = (UD € {D € N. D <. C} U {C}. ord-res.production N D)
using C-greatest linorder-cls.is-greatest-in-set-iff by auto
alsohave...=(JD € {D € N. D <. C}. ord-res.production N D) U ord-res.production
NC
by auto
also have ... = ord-res.interp N C U ord-res.production N C

unfolding ord-res.interp-def ..
finally show ?thesis .
qed

lemma ord-res-model-entails-clauses-if-nex-false-clause:
assumes finite N and N # {} and — ez-false-clause N
shows ord-res-model N |=s N
unfolding true-clss-def
proof (intro balll)
from «— ex-false-clause N> have ball-true:
Y C € N. ord-res.interp N C' U ord-res.production N C' |= C
by (simp add: ez-false-clause-def)
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from «finite N> <N # {}> obtain D where
D-greatest: linorder-cls.is-greatest-in-set N D
using linorder-cls.ex-greatest-in-set by metis

fix ¢ assume C € N
hence ord-res.interp N C' U ord-res.production N C' |= C
using ball-true by metis

moreover have C <. D
using «C € N» D-greatest[unfolded linorder-cls.is-greatest-in-set-iff | by auto

ultimately have ord-res.interp N D U ord-res.production N D |= C
using ord-res.entailed-clause-stays-entailed by auto

thus ord-res-model N |= C

using ord-res-model-eg-interp-union-production-of-greatest-clause| OF D-greatest)
by argo
qed

lemma pos-lit-not-greatest-if-maximal-in-least-false-clause:
assumes
C-least: linorder-cls.is-least-in-fset {|C |€| N. = ord-res-Interp (fset N) C |=
C|} C and
C-maz-lit: ord-res.is-mazimal-lit (Pos A) C
shows - ord-res.is-strictly-mazimal-lit (Pos A) C
proof —
from C-maz-lit obtain C’ where C-def: C' = add-mset (Pos A) C’
by (meson linorder-lit.is-mazimal-in-mset-iff mset-add)

from C-least have
C-in: C |€| N and
C-false: = ord-res-Interp (fset N) C' |= C and
C-lt: Vy |€| N. y # C — — ord-res-Interp (fset N) y |y — C <. y
unfolding linorder-cls.is-least-in-ffilter-iff by auto

have A A. A € ord-res.production (fset N) C
proof (rule notl, elim exE)
fix A assume A-in: A € ord-res.production (fset N) C
have Pos A €# C
using A-in by (auto elim: ord-res.mem-productionE)
moreover have A € ord-res-Interp (fset N) C
using A-in C-in by blast
ultimately show Fulse
using C-false by auto
qed
hence C-unproductive: ord-res.production (fset N) C' = {}
using ord-res.production-eg-empty-or-singleton|[of fset N C] by simp
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have {D € fset N. D <. C} ={D € fset N. D <. C} U{D € fset N. D = C}
by fastforce
with C-unproductive have
ord-res-Interp (fset N) C = ord-res.interp (fset N) C
by simp
with C-false have C-false”: — ord-res.interp (fset N) C |= C
by simp

from C-unproductive have A ¢ ord-res.production (fset N) C
by simp
thus ?thesis
proof (rule contrapos-nn)
assume ord-res.is-strictly-mazimal-lit (Pos A) C
then show A € ord-res.production (fset N) C
unfolding ord-res.production-unfold[of fset N C| mem-Collect-eq
using C-in C-def C-false’
by metis
qed
qed

lemma ex-ground-factoringl:
assumes
C-maz-lit: ord-res.is-mazximal-lit (Pos A) C and
C-not-maz-lit: = ord-res.is-strictly-mazimal-lit (Pos A) C
shows 3 C'. ord-res.ground-factoring C C’'
proof —
from C-maz-lit C-not-maz-lit have count C (Pos A) > 2
using linorder-lit. count-ge-2-if-mazximal-in-mset-and-not-greatest-in-mset by
metis
then obtain C’ where C-def: C' = add-mset (Pos A) (add-mset (Pos A) C)
by (metis two-le-countE)

show ?thesis
proof (rule exI)
show ord-res.ground-factoring C' (add-mset (Pos A) C')
using ord-res.ground-factoringl[of C A C]
using C-def C-maz-lit by metis
qed
qed

lemma true-cls-if-true-lit-in: L e# ¢ = I FIL =1 |= C
by auto

lemma bez-smaller-productive-clause-if-least-false-clause-has-negative-mazx-lit:
assumes
C-least-false: is-least-false-clause N C' and
Neg-A-maz: ord-res.is-mazximal-lit (Neg A) C
shows fBex N (AD. D <. C A ord-res.is-strictly-mazimal-lit (Pos A) D A
ord-res.production (fset N) D = {A})
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proof —
from C-least-false have

C-in: C |€| N and
C-false: = ord-res-Interp (fset N) C' |= C and
C-min:Vy |€]| N. y # C — — ord-res-Interp (fset N) y |y — C <. y
unfolding atomize-conj is-least-false-clause-def
unfolding linorder-cls.is-least-in-ffilter-iff
by argo

have # A. A € ord-res.production (fset N) C
proof (rule notl, elim exE)
fix A assume A-in: A € ord-res.production (fset N) C
have Pos A €# C
using A-in by (auto elim: ord-res.mem-productionE)
moreover have 4 € ord-res-Interp (fset N) C
using A-in C-in by blast
ultimately show Fulse
using C-false by auto
qed
hence C-unproductive: ord-res.production (fset N) C = {}
using ord-res.production-eg-empty-or-singleton|of fset N C] by simp

from Neg-A-max have Neg A €# C
by (simp add: linorder-lit.is-mazimal-in-mset-iff )

from C-false have — ord-res-Interp (fset N) C |=l Neg A
using true-cls-if-true-lit-in[OF <Neg A €# C)]

by meson

hence A € ord-res-Interp (fset N) C
by simp

with C-unproductive have A € ord-res.interp (fset N) C
by blast

then obtain D where
D-in: D |€| N and D-lt-C: D <. C and D-productive: A € ord-res.production

(fset N) D
unfolding ord-res.interp-def by auto

from D-productive have ord-res.is-strictly-mazimal-lit (Pos A) D
using ord-res.mem-productionF by metis

moreover have ord-res.production (fset N) D = {A}
using D-productive ord-res.production-eq-empty-or-singleton by fastforce

ultimately show ?thesis
using D-in D-lt-C by metis
qed

lemma bez-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit":
assumes
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C-least-false: is-least-false-clause N C' and
L-maz: ord-res.is-mazimal-lit L C and
L-neg: is-neg L
shows fBex N (AD. D <. C A ord-res.is-strictly-mazimal-lit (— L) D A
ord-res.production (fset N) D = {atm-of L})
using bex-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit| OF
C-least-false]
by (simp add: L-maz L-neg uminus-literal-def)

lemma ex-ground-resolutionl:
assumes
C-maz-lit: ord-res.is-maximal-lit (Neg A) C and
D-lt: D <. C and
D-maaz-lit: ord-res.is-strictly-mazimal-lit (Pos A) D
shows 3 CD. ord-res.ground-resolution C D CD
proof —
from C-maz-lit obtain C’ where C-def: C' = add-mset (Neg A) C’
by (meson linorder-lit.is-mazimal-in-mset-iff mset-add)

from D-maz-lit obtain D’ where D-def: D = add-mset (Pos A) D’
by (meson linorder-lit.is-greatest-in-mset-iff mset-add)

show ?thesis
proof (rule exI)
show ord-res.ground-resolution C D (C’ + D)
using ord-res.ground-resolutionI[of C' A C’ D D]
using C-def D-def D-lt C-max-lit D-mazx-lit by metis
qed
qed

lemma
fixes N N’
assumes
fin: finite N finite N’ and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
C-in: C € N and
C-not-entailed: — ord-res.interp N C U ord-res.production N C' |= C
shows — ord-res.interp (N U N’) C' U ord-res.production (N U N') C' |= C
using C-not-entailed
proof (rule contrapos-nn)
assume ord-res.interp (N U N') C' U ord-res.production (N U N') C |= C
then show ord-res.interp N C'U ord-res.production N C' |= C
using ord-res.interp-add-irrelevant-clauses-to-set| OF fin C-in irrelevant]
using ord-res.production-add-irrelevant-clauses-to-set[OF fin C-in irrelevant]
by metis
qed

lemma trail-consistent-if-sorted-wrt-atoms:
assumes sorted-wrt (Az y. atm-of (fst y) <¢ atm-of (fst z)) T
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shows trail-consistent T’
using assms
proof (induction T")
case Nil
show ?Zcase
by simp
next
case (Cons Ln T)

obtain L opt where
Ln = (L, opt)
by fastforce

show ?Zcase
unfolding <Ln = (L, opt)»
proof (rule trail-consistent. Cons)
have Vzeset T'. atm-of (fst ©) <; atm-of (fst Ln)
using Cons.prems by simp

hence Vzeset T'. atm-of (fst z) # atm-of L
unfolding «Ln = (L, opt)s by fastforce

thus — trail-defined-lit I' L
unfolding trail-defined-lit-def by fastforce
next
show trail-consistent T
using Cons by simp
qed
qed

lemma mono-atms-lt: monotone-on (set T') (Az y. atm-of (fst y) < atm-of (fst
z)) (Az y. y < =)

(Az. atm-of K =; atm-of (fst x)) for K
proof (intro monotone-onl, unfold le-bool-def, intro impl)

fix zy

assume atm-of (fst y) < atm-of (fst x) and atm-of K <; atm-of (fst y)

thus atm-of K =< atm-of (fst x)

by order

qed

lemma in-trail-atms-drop Whilel :
assumes
sorted-wrt R I' and
monotone-on (set I') R (>) (Az. P (atm-of (fst z))) and
- P A and
A |€| trail-atms T
shows A |€| trail-atms (dropWhile (ALn. P (atm-of (fst Ln))) T")
using assms(1,2,4)
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proof (induction T')
case Nil
thus “case
by simp
next
case (Cons Ln T)
show ?case
proof (cases P (atm-of (fst Ln)))
case True

have A |€| trail-atms (drop While (ALn. P (atm-of (fst Ln))) T')
proof (rule Cons.IH)
show sorted-wrt R T’
using Cons.prems(1) by simp
next
show monotone-on (set T') R Az y. y < z) (Az. P (atm-of (fst x)))
using Cons.prems(2) by (meson monotone-on-subset set-subset-Cons)
next
have - P A
using assms by metis
hence A # atm-of (fst Ln)
using True by metis
moreover have A |€| trail-atms (Ln # T)
using Cons.prems(3) by metis
ultimately show A |€| trail-atms T
by (simp add: trail-defined-lit-def)
qed

thus ?thesis
using True by simp
next
case Fulse
thus ?thesis
using Cons.prems(3) by simp
qed
qed

lemma trail-defined-lit-drop Whilel :
assumes
sorted-wrt R T" and
monotone-on (set T') R (>) (Az. P (fst z)) and
-~ PLA-P(—L)and
trail-defined-lit T' L
shows trail-defined-lit (drop While (ALn. P (fst Ln)) T") L
using assms in-trail-atms-drop Whilel
by (smt (verit) imageE image-eql mem-set-drop While-conv-if-list-sorted-and-pred-monotone
trail-defined-lit-def trail-defined-lit-iff-trail-defined-atm)

lemma trail-defined-cls-drop Whilel :
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assumes
sorted-wrt R T and
monotone-on (set I') R (>) (Az. P (fst z)) and
VL e# C.ﬁPL/\ﬁP(—L)and
trail-defined-cls T' C
shows trail-defined-cls (dropWhile (ALn. P (fst Ln)) T') C
using assms trail-defined-lit-drop Whilel
by (metis trail-defined-cls-def)

lemma nbez-less-than-least-in-fset: = (Jw |€] X. w <. z)
if linorder-cls.is-least-in-fset X z for X x
using that unfolding linorder-cls.is-least-in-fset-iff by auto

lemma clause-le-if-lt-least-greater:
fixes N U.. F CD
defines
C = The-optional (linorder-cls.is-least-in-fset (ffilter ((<.) D) N))
assumes
C-lt: NE. C = Some E = C <. F and
C-in: C |€| N
shows C <. D
proof (cases C)
case None

hence — (3 E. linorder-cls.is-least-in-fset (ffilter ((<.) D) N) E)
using C-def
by (metis None-eq-The-optionalD Unig-D linorder-cls. Unig-is-least-in-fset)

hence - (3E |€| N. D <. E)
by (metis femptyE ffmember-filter linorder-cls.ex1-least-in-fset)

thus ?thesis
using C-in linorder-cls.less-linear by blast
next
case (Some E)

hence linorder-cls.is-least-in-fset (ffilter ((<.) D) N) E
using C-def by (metis Some-eq-The-optionalD)

hence C <. DV C =D
by (metis C-in C-lt Some ffmember-filter linorder-cls.neqE nbex-less-than-least-in-fset)

thus ?thesis
by simp
qed

end
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10 Lemmas about going between ground and first-
order terms

context simulation-SCLFOL-ground-ordered-resolution begin

lemma exI-gterm-of-term:
fixes t :: 'f gterm
shows 31(t' :: (’f, 'v) term). ground t' A t = gterm-of-term t'
proof (rule ex1I)
show ground (term-of-gterm t) A t = gterm-of-term (term-of-gterm t)
by simp
next
fix t' :: ('f, 'v) term
show ground t' A t = gterm-of-term t' = t’ = term-of-gterm t
by (induction t’) (simp-all add: map-idl)
qed

lemma binj-betw-gterm-of-term: bij-betw gterm-of-term {t. ground t} UNIV
unfolding bij-betw-def
proof (rule conjI)
show inj-on gterm-of-term {t. ground t}
by (metis gterm-of-term-inj mem-Collect-eq)
next
show gterm-of-term ‘ {t. ground t} = UNIV
proof (rule Set.subset-antisym)
show gterm-of-term ‘ {t. ground t} C UNIV
by simp
next
show UNIV C gterm-of-term  {t. ground t}
by (metis (mono-tags, opaque-lifting) ground-term-of-gterm image-iff mem-Collect-eq
subset]
term-of-gterm-inv)
qged
qed

end

11 SCL(FOL) for first-order terms

context simulation-SCLFOL-ground-ordered-resolution begin

definition less-B where
less-B x y <— ground A ground y N gterm-of-term x < gterm-of-term y

sublocale order-less-B: order less-B== less-B
by unfold-locales (auto simp add: less-B-def)

sublocale scl-fol: scl-fol-calculus renaming-vars less-B
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proof unfold-locales
fix 8 ('f, 'v) term

have Collect-gterms-eq: \P. {y. P y} = gterm-of-term ¢ {¢t. ground t N P
(gterm-of-term t)}

using Collect-eq-image-filter-Collect-if-bij-betw|[ OF binj-betw-gterm-of-term sub-
set-UNIV]

by auto

have {tq. t¢ <: gterm-of-term 8} = gterm-of-term ‘{x. ground x A gterm-of-term
x <t gterm-of-term B}
using Collect-gterms-eqlof Atg. ta <: gterm-of-term (] .
hence finite (gterm-of-term ¢ {z. ground = A gterm-of-term x <; gterm-of-term
8})
using finite-less-trm[of gterm-of-term (3] by metis
moreover have inj-on gterm-of-term {x. ground x A gterm-of-term x <; gterm-of-term
B}
by (rule gterm-of-term-inj) simp
ultimately have finite {z. ground = A gterm-of-term x <; gterm-of-term B}
using finite-imageD by blast
thus finite {x. less-B z B}
unfolding less-B-def
using not-finite-existsD by force
qed

end

lemma trail-atms-eq-trail-atms-if-same-lits:
assumes list-all2 (A\z y. fst = fst y) T'g I'1g
shows trail-atms I'g = trail-atms I'1g
using assms
proof (induction Ty T'1g rule: list.rel-induct)
case Nil
show ?Zcase
by (simp add: trail-atms-def)
next
case (Cons Lng Ty’ Lnyg T'1o’)
thus ?case
by (simp add: trail-atms-def)
qed

lemma trail-false-lit-eq-trail-false-lit-if-same-lits:
assumes list-all2 (A\x y. fst z = fst y) Tg T'1g
shows trail-false-lit I'g = trail-false-lit T'1q
using assms

proof (induction T'g T'1g rule: list.rel-induct)
case Nil
show ?Zcase
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by (simp add: trail-false-lit-def)
next
case (Cons Lng T'g’ Lnyg T'1o)
thus ?case
unfolding trail-false-lit-def
unfolding list.set image-insert
by (metis insert-iff)
qed

lemma trail-false-cls-eq-trail-false-cls-if-same-lits:
assumes list-all2 (A\x y. fst z = fst y) Tg T'1g
shows trail-false-cls I'g = trail-false-cls T'1¢
unfolding trail-false-cls-def
unfolding trail-false-lit-eq-trail-false-lit-if-same-lits| OF assms] ..

lemma trail-defined-lit-eq-trail-defined-lit-if-same-lits:
assumes list-all2 (A\x y. fst z = fst y) Tg T'1g
shows trail-defined-lit T'g = trail-defined-lit T'1g
using assms
proof (induction T'g T'1g rule: list.rel-induct)
case Nil
show ?Zcase
by (simp add: trail-defined-lit-def)
next
case (Cons Lng T'g’ Lnyo T'1o”)
thus ?case
unfolding trail-defined-lit-def
unfolding list.set image-insert
by (metis (no-types, opaque-lifting) insert-iff)
qed

lemma trail-defined-cls-eq-trail-defined-cls-if-same-lits:
assumes list-all2 (A\x y. fst z = fst y) Tg T'1g
shows trail-defined-cls I'g = trail-defined-cls T'1¢
unfolding trail-defined-cls-def
unfolding trail-defined-lit-eq-trail-defined-lit-if-same-lits| OF assms] ..

end
theory ORD-RES

imports Background
begin

12 ORD-RES

context simulation-SCLFOL-ground-ordered-resolution begin

lemma ex-false-clause N «— — (V C € N. ord-res-Interp N C' |= C)
unfolding ez-false-clause-def by metis
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lemma - ez-false-clause N «— (¥ C € N. ord-res-Interp N C' |= C)
unfolding ez-false-clause-def by metis

definition ord-res-final where
ord-res-final N <— {#} |€] N V = ex-false-clause (fset N)

inductive ord-res where
factoring: {#} |¢| N = ex-false-clause (fset N) =
— Maybe write — ord-res-final N instead?
P |€| N = ord-res.ground-factoring P C —>
N’ = finsert C N =
ord-res N N’ |

resolution: {#} |¢| N = ex-false-clause (fset N) =
P1 |€| N = P2 |€| N = ord-res.ground-resolution P1 P2 C =
N’ = finsert C N =
ord-res N N’

inductive ord-res-load where
N # {||} = ord-res-load N N

sublocale ord-res-semantics: semantics where
step = ord-res and
final = ord-res-final
proof unfold-locales
fix N :: 'f gterm clause fset
assume ord-res-final N
thus finished ord-res N
unfolding ord-res-final-def
proof (elim disjE)
show {#} |€| N = finished ord-res N
by (simp add: finished-def ord-res.simps)
next
show — ex-false-clause (fset N) = finished ord-res N
by (simp add: finished-def ord-res.simps)
qed
qed

sublocale ord-res-language: language where
step = ord-res and
final = ord-res-final and
load = ord-res-load
by unfold-locales

end
end

theory ORD-RES-1
imports ORD-RES

94



begin

13 ORD-RES-1 (deterministic)
context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-1 where
factoring:

is-least-false-clause N C =
linorder-lit.is-maximal-in-mset C L —
is-pos L =
ord-res.ground-factoring C C' —
N’ = finsert C' N =
ord-res-1 N N |

resolution:
is-least-false-clause N C —
linorder-lit.is-maximal-in-mset C L =
is-neg L =
D|e| N =
D <. C=
ord-res.production (fset N) D = {atm-of L} =
ord-res.ground-resolution C D CD —
N’ = finsert CD N =
ord-res-1 N N'

lemma
assumes ord-res.ground-resolution C D CD
shows D <. C
using assms
by (auto simp add: ord-res.ground-resolution.simps)

lemma right-unique-ord-res-1: right-unique ord-res-1
proof (rule right-uniquel)
fix NN’ N" :: 'f gterm clause fset
assume stepl: ord-res-1 N N’ and step2: ord-res-1 N N’
from step! show N'= N
proof (cases N N’ rule: ord-res-1.cases)
case hypsl: (factoring C1 L1 C1')
from step2 show ?thesis
proof (cases N N rule: ord-res-1.cases)
case hyps2: (factoring C2 L2 C2')
from hyps! hyps2 have C1 = C2
by (meson Uniq-D Unig-is-least-false-clause)
with hyps! hyps2 have C1' = C2'
by (metis (no-types, lifting) Unig-D ord-res.unique-ground-factoring)
with hypsi hyps2 show ?thesis
by argo
next
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case hyps2: (resolution C2 L2 D2 CD2)
from hyps! hyps2 have C1 = C2
by (meson Unig-D Unig-is-least-false-clause)
with hyps1 hyps2 have L1 = L2
by (meson Uniq-D linorder-lit. Unig-is-mazimal-in-mset)
with hyps! hyps2 have False
by metis
thus ?thesis ..
qed
next
case hypsl: (resolution C1 L1 D1 CD1)
from step2 show ?thesis
proof (cases N N rule: ord-res-1.cases)
case hyps2: (factoring C2 L2 C2')
from hypsi hyps2 have C1 = C2
by (meson Uniq-D Uniq-is-least-false-clause)
with hyps! hyps2 have L1 = L2
by (meson Unig-D linorder-lit. Unig-is-mazimal-in-mset)
with hypsi hyps2 have Fulse
by metis
thus ?thesis ..
next
case hyps2: (resolution C2 L2 D2 CD2)
from hyps! hyps2 have C1 = C2
by (meson Unig-D Uniqg-is-least-false-clause)
with hyps! hyps2 have L1 = L2
by (meson Uniq-D linorder-lit. Unig-is-mazximal-in-mset)
with hypsi hyps2 have DI = D2
by (metis (mono-tags) Unig-D ord-res. Unig-production-eq-singleton)
with hyps! hyps2 have CD1 = CD2
by (metis (no-types, lifting) Unig-D «C1 = C2) ord-res.unique-ground-resolution)
with hyps! hyps2 show ?thesis
by argo
qed
qed
qed

definition ord-res-1-final where
ord-res-1-final N <— ord-res-final N

inductive ord-res-1-load where
N # {||} = ord-res-1-load N N

sublocale ord-res-1-semantics: semantics where
step = ord-res-1 and
final = ord-res-1-final
proof unfold-locales
fix N :: 'f gterm clause fset
assume ord-res-1-final N
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thus finished ord-res-1 N
unfolding ord-res-1-final-def ord-res-final-def
proof (elim disjE)
assume {#} |€| N
have Fulse if ord-res-1 N N’ for N’
using that
proof (cases N N’ rule: ord-res-1.cases)
case hyps: (factoring C L C”)
from hyps «({#} |€| N» have C = {#}
unfolding is-least-false-clause-def
by (metis (no-types, lifting) emptyE ffmember-filter linorder-cls. dual-order.strict-trans
linorder-cls.is-least-in-fset-iff linorder-cls.less-irrefi
ord-res.multp-if-all-left-smaller set-mset-empty true-cls-empty)
moreover from hyps have L €# C
using linorder-lit.is-mazximal-in-mset-iff by blast
ultimately show Fulse
by simp
next
case hyps: (resolution C L D CD)
from hyps «{#} |€| N» have C = {#}
unfolding is-least-false-clause-def
by (metis (no-types, lifting) emptyE ffmember-filter linorder-cls. dual-order.strict-trans
linorder-cls.is-least-in-fset-iff linorder-cls.less-irrefi
ord-res.multp-if-all-left-smaller set-mset-empty true-cls-empty)
moreover from hyps have L €# C
using linorder-lit.is-mazximal-in-mset-iff by blast
ultimately show Fulse
by simp
qed
thus finished ord-res-1 N
unfolding finished-def by metis
next
assume — ez-false-clause (fset N)
have Fulse if ord-res-1 N N’ for N’
using that
proof (cases N N’ rule: ord-res-1.cases)
case (factoring C L C’)
with - ezx-false-clause (fset N)» show False
unfolding ez-false-clause-def is-least-false-clause-def
using linorder-cls.is-least-in-fset-iff by force
next
case (resolution C' L D CD)
with - ezx-false-clause (fset N)» show False
unfolding ez-false-clause-def is-least-false-clause-def
using linorder-cls.is-least-in-fset-iff by force
qed
thus finished ord-res-1 N
unfolding finished-def by metis
qed
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qed

sublocale ord-res-1-language: language where
step = ord-res-1 and
final = ord-res-1-final and
load = ord-res-1-load
by unfold-locales

lemma ex-ord-res-1-if-not-final:
assumes — ord-res-1-final N
shows I N'. ord-res-1 N N’
proof —
from assms have {#} |¢| N and ez-false-clause (fset N)
unfolding ord-res-1-final-def ord-res-final-def by argo+

obtain C where C-least-false: is-least-false-clause N C

using <ex-false-clause (fset N)» obtains-least-false-clause-if-ex-false-clause by
metis

hence C # {#}
using {4} |¢ N>
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by metis

then obtain L where C-max: linorder-lit.is-maximal-in-mset C' L
using linorder-lit.ex-maximal-in-mset by metis

show ?thesis
proof (cases L)
case (Pos A)

hence — linorder-lit.is-greatest-in-mset C L
using pos-lit-not-greatest-if-mazimal-in-least-false-clause
using C-least-false is-least-false-clause-def by blast

then obtain C'’ where ord-res.ground-factoring C' C'
using ez-ground-factoringl C-max Pos by metis

thus ?thesis
using ord-res-1.factoring
by (metis <is-least-false-clause N C» is-pos-def ord-res.ground-factoring.cases)
next
case (Neg A)
then obtain D where
D |€| N and
D <. C and
ord-res.is-strictly-mazimal-lit (Pos A) D and
ord-res.production (fset N) D = {A}
using bex-smaller-productive-clause-if-least-false-clause-has-negative-max-lit
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using C-least-false C-max by metis

moreover then obtain CD where
ord-res.ground-resolution C'D CD
using ez-ground-resolutionl C-mazx Neg by metis

ultimately show ¢thesis
using ord-res-1.resolution[of N C L D CD finsert CD N|
using C-least-false C-max Neg by auto
qged
qed

corollary ord-res-1-safe: ord-res-1-final N V (3N'. ord-res-1 N N’)
using ex-ord-res-1-if-not-final by metis

end

end

theory FEzxhaustive-Factorization
imports Background

begin

14 Function for full factorization

context simulation-SCLFOL-ground-ordered-resolution begin

definition efac :: 'f gterm clause = 'f gterm clause where
efac C = (THE C'. ord-res.ground-factoring** C C' A (} C"'. ord-res.ground-factoring
C/ C//))

The function efac performs exhaustive factorization of its input clause.

lemma exI-efac-eq-factoring-chain:
310" efac C = C' A ord-res.ground-factoring** C C' A\ (# C". ord-res.ground-factoring
C/ C//)
proof —
have right-unique (\z y. ord-res.ground-factoring™* z y A (# z. ord-res.ground-factoring
y2))
using ord-res.unique-ground-factoring right-unique-terminating-rtranclp right-unique-iff-Uniq
by blast
moreover obtain C’where ord-res.ground-factoring** C C' A (# C". ord-res.ground-factoring
C' C”)
using ez-terminating-rtranclp| OF ord-res.termination-ground-factoring]

by metis

ultimately have efac C = C’'
by (simp add: efac-def right-unique-def the-equality)

then show ?Zthesis
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using (ord-res.ground-factoring** C C' A (B C". ord-res.ground-factoring C'
C'")» by blast
qed

lemma efac-eq-disj:

efac C = C Vv (31C". efac C = C' A ord-res.ground-factoring** C C' A (HC".
ord-res.ground-factoring C' C'"))

using exI-efac-eq-factoring-chain

by (metis is-pos-def)

lemma member-mset-if-count-eq-Suc: count X x = Sucn = z €# X
by (simp add: count-inI)

lemmas member-fsetE = mset-add

lemma ord-res-ground-factoring-iff: ord-res.ground-factoring C C’ <—
(3 A. ord-res.is-mazimal-lit (Pos A) C A (I n. count C (Pos A) = Suc (Suc n)
A C'= C — {#Pos A#}))
proof (rule iffI)
assume ord-res.ground-factoring C C’
thus 3 A. ord-res.is-mazimal-lit (Pos A) C A (In. count C' (Pos A) = Suc (Suc
n) A C'= C — {#Pos A#})
proof (cases C C' rule: ord-res.ground-factoring.cases)
case (ground-factoringl A P’)
show ?thesis
proof (intro exl congl)
show ord-res.is-mazximal-lit (Pos A) C
using <ord-res.is-mazimal-lit (Pos A) C» .
next
show count C (Pos A) = Suc (Suc (count P’ (Pos A)))
unfolding «C' = add-mset (Pos A) (add-mset (Pos A) P’)> by simp
next
show C’ = removel-mset (Pos A) C
unfolding «C = add-mset (Pos A) (add-mset (Pos A) P')y «C' = add-mset
(Pos A) Py by simp
qed
qged
next
assume 3 A. ord-res.is-mazimal-lit (Pos A) C N
(3n. count C (Pos A) = Suc (Suc n) AN C' = C — {#Pos A#})
then obtain A n where
ord-res.is-mazimal-lit (Pos A) C and
count C' (Pos A) = Suc (Suc n) and
C'= C — {#Pos A#}
by metis

have Pos A €# C

using (count C (Pos A) = Suc (Suc n)> member-mset-if-count-eq-Suc by metis
then obtain C' where C = add-mset (Pos A) C"'
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by (auto elim: member-fsetE)
with <count C' (Pos A) = Suc (Suc n)» have count C'" (Pos A) = Suc n
by simp
hence Pos A €# C"
using member-mset-if-count-eq-Suc by metis
then obtain C’" where C'' = add-mset (Pos A) C'"
by (auto elim: member-fsetE)

show ord-res.ground-factoring C C’
proof (rule ord-res.ground-factoringl)
show C = add-mset (Pos A) (add-mset (Pos A) C'")
using «C = add-mset (Pos A) C"» <C'" = add-mset (Pos A) C'"y by metis
next
show ord-res.is-mazimal-lit (Pos A) C
using <ord-res.is-mazimal-lit (Pos A) C) .
next
show C’ = add-mset (Pos A) C'"
using «C' = C — {#Pos A#}» «C = add-mset (Pos A) C' <C"" = add-mset
(Pos A) C'"y by simp
qed simp-all
qed

lemma tranclp-ord-res-ground-factoring-iff:
ord-res.ground-factoringtt C C' A (B C". ord-res.ground-factoring C' C'") <—
(3 A. ord-res.is-mazimal-lit (Pos A) C' A (I n. count C (Pos A) = Suc (Suc n) A
C' = C — replicate-mset (Suc n) (Pos A)))
proof (intro iffI; elim exE conjF)
assume ord-res.ground-factoringtt C C’ and (3 C". ord-res.ground-factoring
c’c’
then show 3 A. ord-res.is-mazimal-lit (Pos A) C A (In. count C (Pos A) =
Suc (Suc n) A
C’' = C — replicate-mset (Suc n) (Pos A))
proof (induction C rule: converse-tranclp-induct)
case (base C)
from base.hyps obtain A n where
ord-res.is-maximal-lit (Pos A) C and
count C (Pos A) = Suc (Suc n) and
C' = removel-mset (Pos A) C
unfolding ord-res-ground-factoring-iff by auto

moreover have n = 0
proof (rule ccontr)
assume n # 0
then obtain C' where C' = add-mset (Pos A) (add-mset (Pos A) C”)
by (metis (no-types, lifting) Zero-not-Suc calculation(2,3) count-add-mset
count-inl
diff-Suc-1 insert-DiffM)
hence ord-res.ground-factoring C' (add-mset (Pos A) C")
using ord-res.ground-factoringl
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by (metis calculation(1,3) linorder-lit.is-mazximal-in-mset-iff more-than-one-mset-mset-diff
union-single-eq-member)
with base.prems show Fulse
by metis
qed

ultimately show ?case

by (metis replicate-mset-0 replicate-mset-Suc)
next

case (step C' C")

from step.IH step.prems obtain A n where
ord-res.is-maximal-lit (Pos A) C'"" and
count C'"" (Pos A) = Suc (Suc n) and
C' = C" — replicate-mset (Suc n) (Pos A)
by metis

from step.hyps(1) obtain A’ m where
ord-res.is-mazimal-lit (Pos A') C' and
count C' (Pos A’) = Suc (Suc m) and
C"" = removel-mset (Pos A') C
unfolding ord-res-ground-factoring-iff by metis

have A’ = A

using <ord-res.is-mazimal-lit (Pos A) C"" <ord-res.is-mazimal-lit (Pos A’)

(o)
by (metis «C"" = removel-mset (Pos A') C» <count C' (Pos A’) = Suc (Suc

m)»
add-mset-remove-trivial-eq count-add-mset count-greater-zero-iff diff-Suc-1
linorder-lit.antisym-conv3 linorder-lit.is-mazimal-in-mset-iff literal.inject(1)

zero-less-Suc)

have m = Suc n
using <count C'" (Pos A) = Suc (Suc n)» <count C' (Pos A') = Suc (Suc m)»
unfolding «C’"" = removel-mset (Pos A") C» (A’ = A»
by simp

show ?case
proof (intro exl conjI)
show ord-res.is-mazimal-lit (Pos A) C
using (ord-res.is-mazimal-lit (Pos A") C» <A’ = As by metis
next
show count C (Pos A) = Suc (Suc m)
using <count C (Pos A’) = Suc (Suc m)» <A’ = Ay by metis
next
show C' = C — replicate-mset (Suc m) (Pos A)
unfolding «C' = C" — replicate-mset (Suc n) (Pos A)y «C"" = removel-mset
(Pos A') C)
A=A «m = Suc w
by simp
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qed
qed
next
fix A n assume ord-res.is-mazimal-lit (Pos A) C
thus count C' (Pos A) = Suc (Suc n) = C’' = C — replicate-mset (Suc n) (Pos
A) =
ord-res.ground-factoringtt C C' A (B C". ord-res.ground-factoring C' C"")
proof (induction n arbitrary: C')
case (
hence (ord-res.is-mazximal-lit (Pos A) C' A
(count C (Pos A) = Suc (Suc 0) A
C’ = removel-mset (Pos A) C))
by (metis replicate-mset-0 replicate-mset-Suc)
hence ord-res.ground-factoring C C' A (# a. ord-res.ground-factoring C' a)
unfolding ord-res-ground-factoring-iff
by (metis Zero-not-Suc add-mset-remove-trivial-eq count-add-mset count-inl
linorder-lit.antisym-conv3 linorder-lit.is-mazximal-in-mset-iff nat.inject)
thus Zcase
by blast
next
case (Suc n)
have ord-res.ground-factoringt ™ (C — {#Pos A#}) C' A (} a. ord-res.ground-factoring
C’ a)
proof (rule Suc.IH)
show count (removel-mset (Pos A) C) (Pos A) = Suc (Suc n)
using Suc.prems by simp
next
show C’ = removel-mset (Pos A) C — replicate-mset (Suc n) (Pos A)
using Suc.prems by simp
next
show ord-res.is-mazimal-lit (Pos A) (removel-mset (Pos A) C)
using Suc.prems
by (smt (verit, ccfv-SIG) Zero-not-Suc add-diff-cancel-left’ add-mset-remove-trivial-eq
count-add-mset count-inl linorder-lit.is-mazimal-in-mset-iff plus-1-eq-Suc)
qed

moreover have ord-res.ground-factoring C (C — {#Pos A#})
unfolding ord-res-ground-factoring-iff
proof (intro exl conjI)
show ord-res.is-mazimal-lit (Pos A) C
using Suc.prems by metis
next
show count C' (Pos A) = Suc (Suc (Suc n))
using Suc.prems by metis
next
show removel-mset (Pos A) C = removel-mset (Pos A) C ..
qed

ultimately show Zcase
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by auto
qed
qed

lemma minus-mset-replicate-mset-eq-add-mset-filter-mset:
assumes count X x = Suc n
shows X — replicate-mset n x = add-mset v {#y €# X. y # a#}
using assms
by (metis add-diff-cancel-left’ add-mset-diff-bothsides filter-mset-eq filter-mset-neq
multiset-partition replicate-mset-Suc union-mset-add-mset-right)

lemma minus-mset-replicate-mset-eq-add-mset-add-mset-filter-mset:
assumes count X x = Suc (Suc n)
shows X — replicate-mset n x = add-mset x (add-mset z {#y €# X. y # z#})
using assms
by (metis add-diff-cancel-left” add-mset-diff-bothsides filter-mset-eq filter-mset-neq
multiset-partition replicate-mset-Suc union-mset-add-mset-right)

lemma rtrancl-ground-factoring-iff:
shows ord-res.ground-factoring** C C' A (B C". ord-res.ground-factoring C’ C'"")
—
(B A. ord-res.is-mazimal-lit (Pos A) C A count C (Pos A) > 2) A C = C'V
(3 A. ord-res.is-mazimal-lit (Pos A) C N C' = add-mset (Pos A) {#L €# C.
L # Pos A#})
proof (intro iffI; elim exE conjE disjE)
show ord-res.ground-factoring** C C' = A C". ord-res.ground-factoring C' C"'
_—
(A A. ord-res.is-mazimal-lit (Pos A) C A 2 < count C (Pos A)) A C = C'V
(3 A. ord-res.is-mazimal-lit (Pos A) C N C' = add-mset (Pos A) {#L €# C.
L # Pos A#})
proof (induction C rule: converse-rtranclp-induct)
case base
thus ?case
by (metis add-2-eq-Suc le-Suc-ex ord-res-ground-factoring-iff')
next
case (step y z)
hence ord-res.ground-factoring™ y C' A (}x. ord-res.ground-factoring C' x)
by simp
thus ?case
unfolding tranclp-ord-res-ground-factoring-iff
by (metis minus-mset-replicate-mset-eq-add-mset-filter-mset)
qed
next
assume 7 A. ord-res.is-maximal-lit (Pos A) C A 2 < count C (Pos A) and C
= ('
thus ord-res.ground-factoring** C C' A (B C". ord-res.ground-factoring C' C'"")
by (metis One-nat-def Suc-1 Suc-le-eq Suc-le-mono ord-res-ground-factoring-iff
rtranclp.rtrancl-refl zero-less-Suc)
next
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fix A assume ord-res.is-mazimal-lit (Pos A) C
then obtain n where count C (Pos A) = Suc n
by (meson in-countE linorder-lit.is-mazimal-in-mset-iff)
with <ord-res.is-mazimal-lit (Pos A) C»> show C' = add-mset (Pos A) {#L €#
C. L # Pos A#} =
ord-res.ground-factoring** C C' A (B C". ord-res.ground-factoring C' C'")
proof (induction n arbitrary: C')
case (

have (B a. ord-res.ground-factoring C a)
proof (intro notl, elim exE)
fix D assume ord-res.ground-factoring C D
thus Fulse
proof (cases rule: ord-res.ground-factoring.cases)
case (ground-factoringl A’ P)
hence A’ = A
using <ord-res.is-mazimal-lit (Pos A) C»
using linorder-lit. Uniq-is-maximal-in-mset
by (metis Unig-D literal.inject(1))
thus Fulse
using <count C (Pos A) = Suc 0» «C = add-mset (Pos A’) (add-mset
(Pos A") Py by simp
qed
qed
thus ?case
by (metis 0.prems(1) 0.prems(3) diff-zero
minus-mset-replicate-mset-eq-add-mset-filter-mset replicate-mset-0 rtran-
clp.rtrancl-refl)
next
case (Suc z)
then show ?Zcase
by (metis minus-mset-replicate-mset-eq-add-mset-filter-mset tranclp-into-rtranclp
tranclp-ord-res-ground-factoring-iff )
qed
qed

lemma efac-spec: efac C = C' V
(3 A. ord-res.is-maximal-lit (Pos A) C A efac C' = add-mset (Pos A) {#L €#
C. L # Pos A#})
using efac-eq-disj[of C]
proof (elim disjE)
assume efac C = C
thus efac C = C Vv
(3 A. ord-res.is-mazimal-lit (Pos A) C A efac C = add-mset (Pos A) {#L €#
C. L # Pos A#})
by metis
next
assume 3!C". efac C = C’ A ord-res.ground-factoring** C C' A
(A C". ord-res.ground-factoring C' C")
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then obtain C'’ where
efac C = C' and
ord-res.ground-factoring** C C' A (B C". ord-res.ground-factoring C' C"")
by metis
thus efac C = C Vv
(3 A. ord-res.is-mazximal-lit (Pos A) C A efac C = add-mset (Pos A) {#L €#
C. L # Pos A#})
unfolding rtrancl-ground-factoring-iff
by metis
qged

lemma efac-spec-if-pos-lit-is-maximal:
assumes L-pos: is-pos L and L-mazx: ord-res.is-mazximal-lit L C
shows efac C = add-mset L {#K €# C. K # L#}
proof —
from assms obtain C’ where
efac C = C’ and
ord-res.ground-factoring** C C' A (B C". ord-res.ground-factoring C' C'"")
using exl-efac-eq-factoring-chain by metis
thus ?thesis
unfolding rtrancl-ground-factoring-iff
proof (elim disjE conjF)
assume hyps: B A. ord-res.is-mazimal-lit (Pos A) C A 2 < count C (Pos A)
c=c
with assms have count C' L = 1
by (metis One-nat-def in-countE is-pos-def le-less-linear less-2-cases-iff
linorder-lit.is-mazximal-in-mset-iff nat-less-le zero-less-Suc)
hence C = add-mset L {#K €# C. K # L#}
by (metis One-nat-def diff-zero minus-mset-replicate-mset-eq-add-mset-filter-mset
replicate-mset-0)
thus efac C = add-mset L {#K €# C. K # L#}
using <efac C = C') <C = C’ by argo
next
assume 3 A. ord-res.is-maximal-lit (Pos A) C N C' = add-mset (Pos A) {#L
e# C. L # Pos A#}
thus efac C = add-mset L {#K €# C. K # L#}
by (metis L-max Unig-D <efac C = Cy linorder-lit. Uniq-is-maximal-in-mset)
qed
qed

lemma efac-mempty[simp]: efac {#} = {#}
by (metis empty-iff linorder-lit.is-mazximal-in-mset-iff set-mset-empty efac-spec)

lemma set-mset-efac[simp): set-mset (efac C) = set-mset C
using efac-spec[of C)|
proof (elim disjE exE conjFE)
show efac C = C = set-mset (efac C) = set-mset C
by simp
next

106



fix A
assume ord-res.is-mazimal-lit (Pos A) C
hence Pos A €# C
by (simp add: linorder-lit.is-mazimal-in-mset-iff )

assume efac-C-eq: efac C = add-mset (Pos A) {#L €# C. L # Pos A#}
show set-mset (efac C) = set-mset C
proof (intro Set.subset-antisym Set.subsetl)
fix L assume L €# efac C
then show L €# C
unfolding efac-C-eq
using «(Pos A €# C) by auto
next
fix L assume L €# C
then show L €# efac C
unfolding efac-C-eq
by simp
qed
qed

lemma efac-subset: efac C C# C
using efac-spec[of C)|
proof (elim disjE exE conjFE)
show efac C = C = efac C C# C
by simp
next
fix A
assume ord-res.is-maximal-lit (Pos A) C and
efac-C-eq: efac C = add-mset (Pos A) {#L €# C. L # Pos A#}
then show efac C C# C
by (smt (verit, ccfv-SIG) filter-mset-add-mset insert-Diff M insert-subset-eq-iff
linorder-lit.is-mazximal-in-mset-iff multiset-filter-subset)
qed

lemma true-cls-efac-iff [simp]:
fixes Z :: 'f gterm set and C :: 'f gclause
shows 7 |= efac C +— T |= C
by (metis set-mset-efac true-cls-iff-set-mset-eq)

lemma obtains-positive-greatest-lit-if-efac-not-ident:
assumes efac C' # C
obtains L where is-pos L and linorder-lit.is-greatest-in-mset (efac C) L
proof —
from <efac C' # C»> obtain A where
Pos-A-mazimal: linorder-lit.is-mazimal-in-mset C (Pos A) and
efac-C-eq: efac C = add-mset (Pos A) {#L €# C. L # Pos A#}

using efac-spec by metis

assume hyp: AL. is-pos L = linorder-lit.is-greatest-in-mset (efac C) L =
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thesis
show thesis
proof (rule hyp)
show is-pos (Pos A)
by simp
next
show linorder-lit.is-greatest-in-mset(efac C) (Pos A)
unfolding efac-C-eq linorder-lit.is-greatest-in-mset-iff
using Pos-A-mazimal[unfolded linorder-lit.is-mazimal-in-mset-iff|
by auto
qed
qed

lemma mempty-in-image-efac-iff [simp]: {#} € efac * N +— {#} € N
by (metis empty-iff imageFE image-eql linorder-lit.is-maximal-in-mset-iff set-mset-empty
set-mset-efac efac-spec)

lemma greatest-literal-in-efacl:
assumes is-pos L and C-maz-lit: linorder-lit.is-mazximal-in-mset C L
shows linorder-lit.is-greatest-in-mset (efac C) L
unfolding efac-spec-if-pos-lit-is-mazimal| OF assms] linorder-lit.is-greatest-in-mset-iff
proof (intro conjl balll)
show L €# add-mset L {#K €# C. K # L#}
by simp
next
fix y :: 'f gterm literal
assume y €# removel-mset L (add-mset L {#K €# C. K # L#})
then show y <; L
using C-maz-lit[unfolded linorder-lit.is-mazimal-in-mset-iff]
by auto
qed

lemma linorder-lit.is-mazimal-in-mset (efac C) L <— linorder-lit.is-mazximal-in-mset
CL
by (simp add: linorder-lit.is-mazimal-in-mset-iff )

lemma
assumes s-pos L
shows linorder-lit.is-greatest-in-mset (efac C) L <— linorder-lit.is-maximal-in-mset
CL
by (metis (no-types, opaque-lifting) Unig-D assms efac-spec greatest-literal-in-efacl
linorder-lit. Unig-is-greatest-in-mset linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset
literal.disc(1))

lemma factorizable-if-neg-efac:
assumes C # efac C
shows 3 C'. ord-res.ground-factoring C C’
using assms
by (metis converse-rtranclpE exl-efac-eq-factoring-chain)
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lemma nex-strictly-mazximal-pos-lit-if-neq-efac:

assumes C # efac C

shows B L. is-pos L A ord-res.is-strictly-mazimal-lit L C

using assms factorizable-if-neg-efac nex-strictly-maximal-pos-lit-if-factorizable by
metis

lemma efac-properties-if-not-ident:
assumes efac C' # C
shows efac C <. C and {efac C} |=e {C}
proof —
have efac C C# C
using efac-subset .
hence efac C <. C
using subset-implies-reficlp-multp by blast
thus efac C <. C
using <efac C # C) by order

show {efac C} |Fe {C}

using <efac C C# C) true-clss-subclause by metis

qed
end
end
theory ORD-RES-2
imports
ORD-RES
FExhaustive-Factorization
begin

15 ORD-RES-2 (full factorization)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-2 where
factoring:
is-least-false-clause (N |U| U, |U| Uey) C =
linorder-lit.is-maximal-in-mset C L —>
is-pos L —>
Uey' = finsert (efac C) Uey =
ord-res-2 N (U, Ues) (Up, Ueys') |

resolution:
is-least-false-clause (N |U| U, |U| Uey) C =
linorder-lit.is-maximal-in-mset C L —>
is-neg L —
Dlel N |U| Uy U] Ues =
D <. C=
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ord-res.production (fset (N |J| U, |U| Uey)) D = {atm-of L} =
ord-res.ground-resolution C D CD —>

U,' = finsert CD U, =

ord-res-2 N (U, Ues) (U,', Uey)

inductive ord-res-2-step where
ord-res-2 N S S’ = ord-res-2-step (N, S) (N, S’)

inductive ord-res-2-final where
ord-res-final (N |U] U, |U| Uey) = ord-res-2-final (N, (U, Uey))

inductive ord-res-2-load where
N #{[|} = ord-res-2-load N (N, ({[|}, {[[}))

sublocale ord-res-2-semantics: semantics where
step = ord-res-2-step and
final = ord-res-2-final
proof unfold-locales
fix S :: 'f gterm clause fset x 'f gterm clause fset x 'f gterm clause fset

obtain N U, Uy :: 'f gterm clause fset where
S-def: S = (N, (U, Uef))
by (metis prod.exhaust)

assume ord-res-2-final S
hence {#} |€| N U] U, |U| Ues V = ex-false-clause (fset (N |U| U, |U| Uey))
by (simp add: S-def ord-res-2-final.simps ord-res-final-def)
thus finished ord-res-2-step S
proof (elim disjE)
assume {#} |€| N |U| U, |U| Ues
have False if ord-res-2 N (U,, U.y) z for
using that[unfolded S-def]
proof (cases N (U, Ucy) x rule: ord-res-2.cases)
case hyps: (factoring C' L Ueys’)
from hyps have C = {#}
using is-least-false-clause-mempty[OF {#} |€| N |U| U, |U| Uep]
by (metis Unig-D Unig-is-least-false-clause)
moreover from hyps have L €# C
using linorder-lit.is-maximal-in-mset-iff by blast
ultimately show Fulse
by simp
next
case hyps: (resolution C' L D CD U,y
from hyps «({#} |€] N |U] U, |U| Ueyp> have C = {#}
using is-least-false-clause-mempty[OF {#} |€| N U] U, U] Ueyp]
by (metis Unig-D Unig-is-least-false-clause)
moreover from hyps have L €# C
using linorder-lit.is-mazximal-in-mset-iff by blast
ultimately show Fulse
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by simp
qed
thus finished ord-res-2-step S
unfolding finished-def ord-res-2-step.simps S-def
by (metis prod.inject)
next
assume no-false-cls: - ex-false-clause (fset (N |U| U, |U| Ucy))
have Fulse if ord-res-2 N (U,, U.y) « for «
using that[unfolded S-def]
proof (cases N (U, Ucy) x rule: ord-res-2.cases)
case hyps: (factoring C' L Uey’)
thus Fulse
using no-false-cls[unfolded ex-false-clause-def]
using is-least-false-clause-def linorder-cls.is-least-in-fset-iff by auto
next
case hyps: (resolution C' L D CD U.;’)
thus Fulse
using no-false-cls[unfolded ex-false-clause-def]
using is-least-false-clause-def linorder-cls.is-least-in-fset-iff by auto
qed
thus finished ord-res-2-step S
unfolding finished-def ord-res-2-step.simps S-def
by (metis prod.inject)
qed
qed

sublocale ord-res-2-language: language where
step = ord-res-2-step and
final = ord-res-2-final and
load = ord-res-2-load
by unfold-locales

lemma is-least-in-fset-with-irrelevant-clauses-if-is-least-in-fset:
assumes
irrelevant: VD |€] N'. 3E |€] N. E C# D A set-mset D = set-mset E and
C-least: linorder-cls.is-least-in-fset {|C |€|] N. = ord-res-Interp (fset N) C |=
Ccly C
shows linorder-cls.is-least-in-fset {|C |€| N |J| N'. = ord-res-Interp (fset (N |U|
N)) ClClyC
proof —
have
C-in: C |€| N and
C-not-entailed: — ord-res-Interp (fset N) C |= C and
C-lt:Vz |€| N. ¢ # C — = ord-res-Interp (fset N) x |z — C <. z
using C-least linorder-cls.is-least-in-ffilter-iff by simp-all

have C |€| N |U| N’
using C-in by simp
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moreover have — ord-res-Interp (fset (N |U| N)) C |= C
using extended-partial-model-entails-iff-partial-model-entails|
of fset N fset N', OF finite-fset finite-fset irrelevant)
using C-in C-not-entailed
by simp

moreover have C <. z
if
z-in: z |€| N |U| N' and
z-neq: r # C and
x-not-entailed: — ord-res-Interp (fset (N |U| N) z |= =
for z
proof —

from z-in have z |€| N V z |€| N’
by simp

thus C <. z

proof (elim disjE)
assume z-in: z |€| N

moreover have — ord-res-Interp (fset N) = |= «
using extended-partial-model-entails-iff-partial-model-entails]|
of fset N fset N', OF finite-fset finite-fset irrelevant z-in)
using z-not-entailed by simp

ultimately show C <. z
using C-lt[rule-format, of z] z-neq by argo
next
assume z |€| N’
then obtain z’ where z’ |€| N and 2’ C# z set-mset ' = set-mset ©
using irrelevant by metis

have z/ <. z
using <z’ C# x> by (metis strict-subset-implies-multp)

moreover have C <, z’
proof (cases ' = ()
case True
thus ?thesis
by order
next
case Fulse

have C <. 2’
proof (rule C-lt[rule-format])
show z’ || N
using «z’ |€| N» .
next

show z’ # C

112



using Fulse .
next
have — ord-res-Interp (fset (N |U] N')) z |= 2’
using z-not-entailed <set-mset ' = set-mset x»
by (metis true-cls-def)
hence — ord-res-Interp (fset (N |U| N)) z’ | =’
by (metis <z’ <. x> ord-res.entailed-clause-stays-entailed)
thus — ord-res-Interp (fset N) z’ |= 2’
using extended-partial-model-entails-iff-partial-model-entails|
of fset N fset N’ z', OF finite-fset finite-fset irrelevant)
using <z’ |€| N» by simp
qed
thus ?thesis
by order
qed

ultimately show C <. z
by order
qed
qed

ultimately show linorder-cls.is-least-in-fset {|C |€| N |U| N'.
= ord-res-Interp (fset (N |U| N)) C |= C|} C
using C-in C-not-entailed
unfolding linorder-cls.is-least-in-ffilter-iff by metis
qged

primrec fset-upto :: nat = nat = nat fset where
fset-upto ¢ 0 = (if i = 0 then {|0|} else {||}) |
fset-upto i (Suc n) = (if i < Suc n then finsert (Suc n) (fset-upto i n) else {||})

lemma
fset-upto 0 0 = {|0|}
fset-upto 0 1 = {0, 1|}
fset-upto 0 2 = {|0, 1, 2|}
fset-upto 0 8 = {0, 1, 2, 3|}
fset-upto 1 8 = {|1, 2, 3|}
fset-upto 2 3 = {|2, 3|}
fset-upto 3 3 = {|3]|}
fset-upto 4 3 = {|[}
unfolding numeral-2-eq-2 numeral-3-eq-3
by auto

lemma i < 1 + j = List.upto i (1 + j) = List.upto i j @Q [1 + j]
using upto-rec2 by simp

lemma fset-of-append-singleton: fset-of-list (xs Q [z]) = finsert x (fset-of-list xs)
by simp
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lemma fset-of-list (List.upto (int ©) (int j)) = int || fset-upto i j
proof (induction j)
case ()
show ?Zcase
by simp
next
case (Suc j)
show ?Zcase
proof (cases i < Suc j)
case True
hence AAA: inti < 1 + intj
by presburger

from True show ?thesis
apply simp
unfolding Suc.TH[symmetric]
unfolding upto-rec2|OF AAA] fset-of-append-singleton
by simp
next
case Fulse
thus ?thesis
by simp
qed
qed

lemma fset-fset-upto[simp]: fset (fset-upto m n) = {m..n}
apply (induction n)
apply simp
apply simp
using atLeastAtMostSuc-conv by presburger

lemma minus-mset-replicate-strict-subset-minus-msetl:
assumes m < n and n < count C' L
shows C' — replicate-mset n L C# C — replicate-mset m L
proof —
from ¢(m < m»> obtain k! where n-def: n = m + Suc k1
using less-natE by auto

with <n < count C' Ly obtain k2 where
count-eq: count C L = m + Suc kI + Suc k2
by (metis add.commute add-Suc group-cancel.addl less-natE)

define Cy where

Co = {#K e# C. K # L#}

have C-eq: C = Cy + replicate-mset m L + replicate-mset (Suc k1) L + repli-
cate-mset (Suc k2) L
using Cy-def count-eq
by (metis (mono-tags, lifting) filter-mset-eq group-cancel.addl replicate-mset-plus
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union-filter-mset-complement)

have C — replicate-mset n L = Cy + replicate-mset (Suc k2) L
unfolding C-eq n-def
by (simp add: replicate-mset-plus)

also have ... C# Cqo + replicate-mset (Suc k1) L + replicate-mset (Suc k2) L
by simp

also have ... = C' — replicate-mset m L
unfolding C-eq
by (simp add: replicate-mset-plus)

finally show ?thesis .

qed

lemma factoring-all-is-between-efac-and-original-clause:
fixes z
assumes
is-pos L and ord-res.is-mazimal-lit L C and count C L = Suc (Suc n)
m’ < n and
z-in: z |€| (Ai. C — replicate-mset i L) | fset-upto 0 m’
shows efac C C# z and z C# C
proof —
from z-in obtain 7 where
i < m'and
z-def: z = C' — replicate-mset i L
by auto

have i < n

using i < m”» «m’ < n» by presburger
hence i < count C' L

using <count C' L = Suc (Suc n)» by presburger
thus 2z C# C

unfolding z-def by simp

show efac C C# 2
proof —
have efac C = add-mset L {#K €# C. K # L#}
using efac-spec-if-pos-lit-is-maximal| OF <is-pos Ly <ord-res.is-mazximal-lit L
).
also have ... C# add-mset L (add-mset L {#K €# C. K # L#})
by simp
also have ... = C — replicate-mset n L
using minus-mset-replicate-mset-eq-add-mset-add-mset-filter-mset|
OF <count C' L = Suc (Suc n)] ..
also have ... C# C — replicate-mset i L
using i < n» by (simp add: subseteg-mset-def)
also have ... = 2
using z-def ..
finally show ?thesis .
qed
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qed

lemma
assumes
linorder-cls.is-least-in-fset {|z |€| N1. P N1 z|} = and
linorder-cls.is-least-in-fset N2 y and
Vz |€] N2. z <, z and
P (N1 |U] N2) y and
Vz|€| NI.z<.x — — P (NI |Ul N2) z
shows linorder-cls.is-least-in-fset {|z |€] NI |U| N2. P (N1 |U| N2) z|} y
proof —
show ?thesis
unfolding linorder-cls.is-least-in-ffilter-iff
proof (intro congl balll impl)
from assms(2) show y |€| N1 |U| N2
unfolding linorder-cls.is-least-in-fset-iff by simp
next
from assms(4) show P (NI |U] N2) y
by argo
next
fix z
assume z-in: z |€] NI |U| N2 and z # y and P (N1 |U| N2) z
show y <, z
using z-in[unfolded funion-iff]
proof (elim disjE)
from assms(2,3,5) show z |€| NI = y <. z
by (metis <P (N1 |U| N2) 25 <z # y» linorder-cls. dual-order.not-eq-order-implies-strict
linorder-cls.is-least-in-fset-iff linorder-cls.less-linear
linorder-cls.order.strict-trans)
next
from assms(2) show z |€] N2 = y <. z
using <z # > linorder-cls.is-least-in-fset-iff by blast
qed
qed
qed

lemma ground-factoring-preserves-efac:
assumes ord-res.ground-factoring P C
shows efac P = efac C
using assms
by (smt (verit, ccfv-threshold) filter-mset-add-mset is-pos-def ord-res.ground-factoring.cases
ord-res.ground-factoring-preserves-mazximal-literal efac-spec-if-pos-lit-is-maximal)

lemma ground-factorings-preserves-efac:
assumes ord-res.ground-factoring** P C
shows efac P = efac C
using assms
by (induction P rule: converse-rtranclp-induct)
(simp-all add: ground-factoring-preserves-efac)
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lemma ex-ord-res-2-if-not-final:
assumes - ord-res-2-final S
shows 35'. ord-res-2-step S S’
proof —
from assms obtain N U, U.; where
S-def: S = (N, (U,, Uey)) and
[#} |¢] N U/ U, U] Ues and
ex-false-clause (fset (N |U] U, |U| Uey))
by (metis ord-res-2-final.intros ord-res-final-def surj-pair)

obtain C where C-least-false: is-least-false-clause (N |U| U, |J]| Uey) C
using <ez-false-clause (fset (N |U] U, |U| Uey))> obtains-least-false-clause-if-ex-false-clause
by metis

hence C # {#}
using ({#} ¢| N U] U, |U] U.p>
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by metis

then obtain L where C-max: linorder-lit.is-maximal-in-mset C' L
using linorder-lit.ex-mazimal-in-mset by metis

show ?thesis
proof (cases L)
case (Pos A)
thus ?thesis
using ord-res-2.factoring|OF C-least-false C-mazx] S-def is-pos-def
by (metis ord-res-2-step.intros)
next
case (Neg A)
then obtain D where
D|e| N U U, |U| Uey and
D <. C and
ord-res.is-strictly-mazimal-lit (Pos A) D and
ord-res.production (fset (N |J| U, |U| Ues)) D = {A}
using bex-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit
using C-least-false C-max by metis

moreover then obtain CD where
ord-res.ground-resolution C'D CD
using ez-ground-resolutionl C-mazx Neg by metis

ultimately show #thesis
using ord-res-2.resolution|OF C-least-false C-maz]
by (metis Neg S-def literal.disc(2) literal.sel(2) ord-res-2-step.intros)
qged
qed
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corollary ord-res-2-step-safe: ord-res-2-final S vV (3 S'. ord-res-2-step S S”)
using ex-ord-res-2-if-not-final by metis

lemma is-least-false-clause-if-is-least-false-clause-in-union-unproductive:
assumes
N2-unproductive: ¥ C' |€| N2. ord-res.production (fset (N1 |U| N2)) C = {}
and
C-in: C |€| NI and
C-least-false: is-least-false-clause (N1 |U| N2) C
shows is-least-false-clause N1 C
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro congl balll impl)

show C' |€| NI
using C-in .
next

have — ord-res-Interp (fset (N1 |U| N2)) C |= C
using C-least-false[unfolded is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff]
by argo
thus — ord-res.interp (fset N1) C U ord-res.production (fset N1) C' |= C
unfolding Interp-union-unproductive[of fset N1 fset N2, folded union-fset,
OF finite-fset finite-fset N2-unproductive] .
next
fix D
have VD |€| NI |U| N2. D # C — — ord-res-Interp (fset (N1 |U| N2)) D |=
D— C=<.D
using C-least-false[unfolded is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff]
by argo

moreover assume D |€| NI and D # C and — ord-res-Interp (fset N1) D |=
D

ultimately show C <. D
using Interp-union-unproductive|of fset N1 fset N2, folded union-fset,
OF finite-fset finite-fset N2-unproductive]
by simp
qed

lemma ground-factoring-replicate-mazx-pos-lit:
ord-res. ground-factoring
(Co + replicate-mset (Suc (Suc n)) (Pos A))
(Co + replicate-mset (Suc n) (Pos A))
if ord-res.is-mazimal-lit (Pos A) (Co + replicate-mset (Suc (Suc n)) (Pos A))
for A Cy n
proof (rule ord-res.ground-factoringl)
show Cy + replicate-mset (Suc (Suc n)) (Pos A) =
add-mset (Pos A) (add-mset (Pos A) (Cy + replicate-mset n (Pos A)))
by simp
next
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show ord-res.is-mazimal-lit (Pos A) (Co + replicate-mset (Suc (Suc n)) (Pos
4))
using that .
next
show Cy + replicate-mset (Suc n) (Pos A) =
add-mset (Pos A) (Co + replicate-mset n (Pos A))
by simp
qed simp

lemma ground-factorings-replicate-maz-pos-lit:
assumes
ord-res.is-maximal-lit (Pos A) (Co + replicate-mset (Suc (Suc n)) (Pos A))
shows m < Suc n = (ord-res.ground-factoring = m)
(Co + replicate-mset (Suc (Suc n)) (Pos A))
(Co + replicate-mset (Suc (Suc n — m)) (Pos A))
proof (induction m)
case (
show ?Zcase
by simp
next
case (Suc m’)
then show ?case
apply (cases m’)
using assms ground-factoring-replicate-maz-pos-lit apply auto[1]
by (metis (no-types, lifting) Suc-diff-le Suc-leD assms diff-Suc-Suc
ground-factoring-replicate-mazx-pos-lit ord-res.ground-factorings-preserves-mazimal-literal
relpowp-Suc-I relpowp-imp-rtranclp)
qed

lemma ord-res-Interp-entails-if-greatest-lit-is-pos:
assumes C-in: C € N and L-greatest: linorder-lit.is-greatest-in-mset C' L and
L-pos: is-pos L
shows ord-res-Interp N C' |= C
proof (cases ord-res.interp N C |= C)
case True
hence ord-res.production N C = {}
by (simp add: ord-res.production-unfold)
with True show ?thesis
by simp
next
case Fulse

from L-pos obtain A where L-def: L = Pos A
by (cases L) simp-all

from L-greatest obtain C’ where C-def: C = add-mset L C'

unfolding linorder-lit.is-greatest-in-mset-iff
by (metis insert-Diff M)
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with C-in L-greatest have A € ord-res.production N C
unfolding L-def ord-res.production-unfold
using False
by (simp add: linorder-lit.is-greatest-in-mset-iff multi-member-split)
thus ?thesis
by (simp add: true-cls-def C-def L-def)
qed

lemma right-unique-ord-res-2: right-unique (ord-res-2 N)
proof (rule right-uniquel)
fix s s’ s” . 'f gterm clause fset x 'f gterm clause fset
assume stepl: ord-res-2 N s s’ and step2: ord-res-2 N s s"’
show s’ = s
using step1
proof (cases N s s’ rule: ord-res-2.cases)
case hypsl: (factoring U,1 Uyl C1 L1 Ues'l)
show ?thesis
using step2
proof (cases N s s rule: ord-res-2.cases)
case (factoring U,2 Uep2 C2 L2 Ucy'2)
with hyps! show ?thesis
by (metis Unig-D Unig-is-least-false-clause prod.inject)
next
case (resolution U, U.y C' L D CD U,’)
with hyps1 have Fulse
by (metis Pair-inject Uniq-is-least-false-clause linorder-lit. Unig-is-maximal-in-mset
thel-equality”)
thus ?thesis ..
qed
next
case hypsl: (resolution U,1 U.y1 C1 L1 D1 CD1 U,'1)
show ?thesis
using step?2
proof (cases N s s rule: ord-res-2.cases)
case (factoring U,2 Uep2 C2 L2 Ucy'2)
with hyps! have Fulse
by (metis Pair-inject Unig-is-least-false-clause linorder-lit. Unig-is-mazimal-in-mset
thel-equality”)
thus ?thesis ..
next
case (resolution U, U.y C' L D CD U,’)
with hyps! show ?thesis
by (metis (mono-tags, lifting) Uniq-is-least-false-clause
linorder-lit. Unig-is-maximal-in-mset ord-res. Unig-production-eq-singleton
ord-res.unique-ground-resolution prod.inject thel-equality’)
qed
qed
qed
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lemma right-unique-ord-res-2-step: right-unique ord-res-2-step
proof (rule right-uniquel)
fixxyz
show ord-res-2-step x y = ord-res-2-step © z —> y = 2
apply (cases x; cases y; cases z)
apply (simp add: ord-res-2-step.simps)
using right-unique-ord-res-2[ THEN right-uniqueD)
by blast
qed

end

end

theory FExhaustive-Resolution
imports Background

begin

16 Function for full resolution

context simulation-SCLFOL-ground-ordered-resolution begin

definition ground-resolution where
ground-resolution D C' CD = ord-res.ground-resolution C' D CD

lemma Unig-ground-resolution: 3<1DC. ground-resolution D C DC
by (simp add: ground-resolution-def ord-res.unique-ground-resolution)

lemma ground-resolution-terminates: wfP (ground-resolution D)~1~1
proof (rule wfp-if-convertible-to-wfp)

show wfP (<.)

using ord-res.wfP-less-cls .

next

show Az y. (ground-resolution D)1= 2y = z <. y

unfolding ground-resolution-def conversep-iff

using ord-res.ground-resolution-smaller-conclusion by metis
qed

lemma not-ground-resolution-mempty-left: = ground-resolution {#} C
by (auto simp: ground-resolution-def elim: ord-res.ground-resolution.cases)

lemma not-ground-resolution-mempty-right: — ground-resolution C {#} x
by (auto simp: ground-resolution-def elim: ord-res.ground-resolution.cases)

lemma not-tranclp-ground-resolution-mempty-left: — (ground-resolution {#})*T
Cux

by (metis not-ground-resolution-mempty-left tranclpD)

lemma not-tranclp-ground-resolution-mempty-right: = (ground-resolution C)*+ {#}
T
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by (metis not-ground-resolution-mempty-right tranclpD)

lemma left-premise-lt-right-premise-if-ground-resolution:
ground-resolution D C DC = D <. C
by (auto simp: ground-resolution-def elim: ord-res.ground-resolution.cases)

lemma left-premise-lt-right-premise-if-tranclp-ground-resolution:
(ground-resolution D)*+ C DC = D <. C
by (induction DC rule: tranclp-induct)
(auto simp add: left-premise-lt-right-premise-if-ground-resolution)

lemma resolvent-lt-right-premise-if-ground-resolution:
ground-resolution D C DC = DC <. C
by (simp add: ground-resolution-def ord-res.ground-resolution-smaller-conclusion)

lemma resolvent-it-right-premise-if-tranclp-ground-resolution:
(ground-resolution D)*+ C DC = DC <. C
proof (induction DC rule: tranclp-induct)
case (base y)
thus ?Zcase
by (simp add: resolvent-lt-right-premise-if-ground-resolution)
next
case (step y 2)
have z <. y
using step.hyps resolvent-Ilt-right-premise-if-ground-resolution by metis
thus ?case
using step.IH by order
qed

Exhaustive resolution

definition eres where
eres D C = (THE DC. full-run (ground-resolution D) C DC)

The function eres performs exhaustive resolution between its two input
clauses. The first clause is repeatedly used, while the second clause is only
use to start the resolution chain.

lemma eres-ident-iff: eres D C = C +— ($ DC. ground-resolution D C DC)
proof (rule iff)
assume eres D C = C
thus A DC. ground-resolution D C DC
unfolding eres-def
by (metis Unig-full-run Unig-ground-resolution full-run-def ground-resolution-terminates
ex1-full-run thel-equality’)
next
assume stuck: 3 DC. ground-resolution D C DC
have (ground-resolution D)** C C
by auto

with stuck have full-run (ground-resolution D) C C
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unfolding full-run-def by argo

moreover have Uniq: 3<1 y. full-run (ground-resolution D) C'y
by (metis Unig-ground-resolution Unig-full-run)

ultimately show eres D C' = C
unfolding eres-def by (metis thel-equality’)
qed

lemma
assumes
stepl: ground-resolution D C DC and
stuck: #DDC. ground-resolution D DC DDC
shows eres D C = DC
proof —
from step! have (ground-resolution D)** C DC
by auto

with stuck have full-run (ground-resolution D) C DC
unfolding full-run-def by argo

moreover have Unig: <1 y. full-run (ground-resolution D) C'y
by (metis Unig-ground-resolution Unig-full-run)

ultimately show ?thesis
unfolding eres-def by (metis thel-equality’)
qed

lemma
assumes
stepl: ground-resolution D C' DC and
step2: ground-resolution D DC DDC and
stuck: # DDDC. ground-resolution D DDC DDDC
shows eres D C' = DDC
proof —
from step! have (ground-resolution D)** C DC
by auto

with step2 have (ground-resolution D)** C DDC
by (metis rtranclp.simps)

with stuck have full-run (ground-resolution D) C DDC
unfolding full-run-def by argo

moreover have Uniq: <1 y. full-run (ground-resolution D) C'y
by (metis Unig-ground-resolution Unig-full-run)

ultimately show ?thesis
unfolding eres-def by (metis thel-equality’)
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qed

lemma
assumes
stepl: ground-resolution D C DC and
step2: ground-resolution D DC DDC and
step3: ground-resolution D DDC DDDC' and
stuck: # DDDDC. ground-resolution D DDDC DDDDC
shows eres D C = DDDC
proof —
from step! have (ground-resolution D)** C DC
by auto

with step2 have (ground-resolution D)** C DDC
by (metis rtranclp.simps)

with step3 have (ground-resolution D)** C DDDC
by (metis rtranclp.simps)

with stuck have full-run (ground-resolution D) C DDDC
unfolding full-run-def by argo

moreover have Unig: <1 y. full-run (ground-resolution D) C'y
by (metis Unig-ground-resolution Unig-full-run)

ultimately show “thesis
unfolding eres-def by (metis thel-equality’)
qed

lemma eres-mempty-left[simp]: eres {#} C = C
unfolding eres-def
by (metis Unig-full-run Unig-ground-resolution full-run-def not-ground-resolution-mempty-left
rtranclp.rtrancl-refl thel-equality’)

lemma eres-mempty-right[simp|: eres C {#} = {#}
unfolding eres-def
by (metis Unig-full-run Unig-ground-resolution full-run-def not-ground-resolution-mempty-right
rtranclp.rtrancl-refl thel-equality’)

lemma ex!-eres-eq-full-run-ground-resolution: 3!DC. eres D C = DC A full-run
(ground-resolution D) C DC

using exI-full-run[of ground-resolution D C]

by (metis Unig-ground-resolution eres-def ground-resolution-terminates thel”)

lemma eres-le: eres D C <. C
proof —
have full-run (ground-resolution D) C (eres D C)
using exl-eres-eq-full-run-ground-resolution by metis
thus ?thesis
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proof (rule full-run-preserves-invariant)
show C <. C
by simp
next
show Az y. ground-resolution Dzt y —= ¢ <. C = y <. C
unfolding ground-resolution-def
using ord-res.ground-resolution-smaller-conclusion by fastforce
qed
qed

lemma clause-lt-clause-if-max-lit-comp:
assumes F-maz-lit: linorder-lit.is-maximal-in-mset E L and L-neg: is-neg L and
D-maaz-lit: linorder-lit.is-mazimal-in-mset D (— L)
shows D <. F
proof —
have — L <; L
using L-neg by (cases L) simp-all

thus ?thesis
using D-maz-lit E-maz-lit
by (metis linorder-lit. multp-if-maximal-less-that-mazimal)
qged

lemma eres-lt-if:
assumes FE-maz-lit: ord-res.is-maximal-lit L E and L-neg: is-neg L and
D-max-lit: linorder-lit.is-greatest-in-mset D (— L)
shows eres D F <. F
proof —
have eres D E # FE
unfolding eres-ident-iff not-not ground-resolution-def
proof (rule ex-ground-resolutionl)
show ord-res.is-mazximal-lit (Neg (atm-of L)) E
using E-maz-lit L-neg by (cases L) simp-all
next
show D <. E
using E-maz-lit D-maz-lit L-neg
by (metis clause-lt-clause-if-max-lit-comp
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset)
next
show ord-res.is-strictly-maximal-lit (Pos (atm-of L)) D
using D-maz-lit <is-neg L»
by (cases L) simp-all
qed

thus eres D E <. E
using eres-le[of D E] by order
qed

lemma eres-eq-after-ground-resolution:
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assumes ground-resolution D C DC

shows eres D C = eres D DC

using assms

by (metis (no-types, opaque-lifting) Unig-def Unig-full-run Unig-ground-resolution
converse-rtranclpE ex1-eres-eq-full-run-ground-resolution full-run-def)

lemma eres-eq-after-rtranclp-ground-resolution:
assumes (ground-resolution D)** C DC
shows eres D C = eres D DC
using assms
by (induction DC rule: rtranclp-induct) (simp-all add: eres-eq-after-ground-resolution)

lemma eres-eq-after-tranclp-ground-resolution:
assumes (ground-resolution D)™+ C DC
shows eres D C' = eres D DC
using assms
by (induction DC rule: tranclp-induct) (simp-all add: eres-eq-after-ground-resolution)

lemma resolvable-if-neq-eres:
assumes C # eres D C
shows 3!DC. ground-resolution D C DC
using assms exI-eres-eq-full-run-ground-resolution
by (metis (no-types, opaque-lifting) Uniq-def Unig-full-run Unig-ground-resolution
full-run-def
rtranclp.rtrancl-refl)

lemma nex-mazimal-pos-lit-if-resolvable:
assumes ground-resolution D C DC
shows 3 L. is-pos L A ord-res.is-mazimal-lit L C
using assms unfolding ground-resolution-def
by (metis Unig-D empty-iff is-pos-def linorder-lit. Unig-is-mazimal-in-mset
literal.simps(4) ord-res.ground-resolution.cases set-mset-empty)

corollary nez-strictly-mazximal-pos-lit-if-resolvable:
assumes ground-resolution D C DC
shows 3 L. is-pos L A ord-res.is-strictly-mazimal-lit L C
using assms nex-mazimal-pos-lit-if-resolvable by blast

corollary nez-mazimal-pos-lit-if-neq-eres:
assumes C # eres D C
shows 3 L. is-pos L A ord-res.is-mazimal-lit L C
using assms resolvable-if-neq-eres nex-mazximal-pos-lit-if-resolvable by metis

corollary nez-strictly-mazimal-pos-lit-if-neq-eres:

assumes C # eres D C

shows 3 L. is-pos L A ord-res.is-strictly-mazimal-lit L C

using assms resolvable-if-neq-eres nex-strictly-mazximal-pos-lit-if-resolvable by
metis
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lemma ground-resolutionD:
assumes ground-resolution D C DC
shows 3m A D’ C".
linorder-lit.is-greatest-in-mset D (Pos A) A
linorder-lit.is-mazimal-in-mset C' (Neg A) A
D = add-mset (Pos A) D’ A
C = replicate-mset (Suc m) (Neg A) + C' N Neg A ¢# C' A
DC = D’ + replicate-mset m (Neg A) + C’
using assms
unfolding ground-resolution-def
proof (cases C D DC rule: ord-res.ground-resolution.cases)
case (ground-resolution] A C' D’)

then obtain m where count C' (Neg A) = Suc m
by simp

define C'' where

C" = {#L €# C. L # Neg A#}

have C = replicate-mset (Suc m) (Neg A) + C”’
using <count C' (Neg A) = Suc m» C"'-def
by (metis filter-eg-replicate-mset union-filter-mset-complement)

show ?thesis
proof (intro exl conjI)
show linorder-lit.is-greatest-in-mset D (Pos A)
using «linorder-lit.is-greatest-in-mset D (Pos A)> .
next
show linorder-lit.is-maximal-in-mset C (Neg A)
using ground-resolutionl by simp
next
show D = add-mset (Pos A) D’
using <D = add-mset (Pos A) D’y .
next
show C' = replicate-mset (Suc m) (Neg A) + C"'
using «C = replicate-mset (Suc m) (Neg A) + C"» .
next
show Neg A ¢# C"'
by (simp add: C"'-def)
next
show DC = D' + replicate-mset m (Neg A) + C"
using «<DC = C'+ D" «C = add-mset (Neg A) C’» «C = replicate-mset (Suc
m) (Neg A) + C"»
by simp
qed
qed

lemma relpowp-ground-resolutionD:
assumes n # 0 and (ground-resolution D ~ " n) C DnC
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shows 3m A D' C'. Sucm > n A
linorder-lit.is-greatest-in-mset D (Pos A) A
linorder-lit.is-mazimal-in-mset C' (Neg A) A
D = add-mset (Pos A) D' A
C = replicate-mset (Suc m) (Neg A) + C' N Neg A ¢# C' A
DnC = repeat-mset n D' + replicate-mset (Suc m — n) (Neg A) + C’
using assms
proof (induction n arbitrary: C)
case 0
hence False
by simp
thus Zcase ..
next
case (Suc n')
then obtain DC' where
ground-resolution D C DC and (ground-resolution D ~ n’) DC DnC
by (metis relpowp-Suc-E2)

then obtain m A D' C'’ where
linorder-lit.is-greatest-in-mset D (Pos A) and
linorder-lit.is-mazimal-in-mset C' (Neg A)
D = add-mset (Pos A) D’ and
C = replicate-mset (Suc m) (Neg A) + C' and
Neg A ¢4 C' and
DC = D’ + replicate-mset m (Neg A) + C’
using <ground-resolution D C DC»[THEN ground-resolutionD] by metis

have Neg A ¢# D’
using <linorder-lit.is-greatest-in-mset D (Pos A)»
unfolding <D = add-mset (Pos A) D’
unfolding linorder-lit.is-greatest-in-mset-iff
by auto

show ?case
proof (cases n’)
case (
hence DnC = DC
using «(ground-resolution D ~ " n') DC DnC» by simp

show ?thesis
unfolding 0 <DnC = DC)
unfolding repeat-mset-Suc repeat-mset-0 empty-neutral
unfolding diff-Suc-Suc minus-nat.diff-0
using «C = replicate-mset (Suc m) (Neg A) + C' <D = add-mset (Pos A)
D’
«DC = D' + replicate-mset m (Neg A) + C’» <Neg A ¢# C"
linorder-lit.is-greatest-in-mset D (Pos A)) <linorder-lit.is-maximal-in-mset
C (Neg A)»

using linorder-lit.is-greatest-in-mset-iff
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by blast
next
case (Suc n'’)
hence n’ # 0
by presburger
then obtain m’ A’ D" DC’ where n’ < Suc m’ and
ord-res.is-strictly-mazimal-lit (Pos A") D and
ord-res.is-mazimal-lit (Neg A") DC and
D = add-mset (Pos A’) D" and
DC = replicate-mset (Suc m’) (Neg A") + DC’ and
Neg A’ ¢4 DC’ and
DnC = repeat-mset n’ D' + replicate-mset (Suc m’ — n') (Neg A’) + DC’
using Suc.IH[OF - «(ground-resolution D ~ " n') DC DnC)]
by metis

have A’ = A
using <ord-res.is-strictly-mazimal-lit (Pos A") Dy <ord-res.is-strictly-mazimal-lit
(Pos A) D»
by (meson Unig-D linorder-lit. Unig-is-mazimal-in-mset
linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset literal.inject(1))

hence D" = D’
using <D = add-mset (Pos A') D'y «D = add-mset (Pos A) D’ by auto

have m = Suc m’
using «DC = D’ + replicate-mset m (Neg A) + C’» «DC = replicate-mset
(Suc m’) (Neg A") + DC"
(Neg A ¢4 D> <Neg A ¢# C'» <Neg A’ ¢# DC"
unfolding <A’ = A»
by (metis add-0 count-eq-zero-iff count-replicate-mset count-union union-commute)

hence DC’' = D' + C’
using «DC = D’ + replicate-mset m (Neg A) + C'» «<DC = replicate-mset
(Suc m’) (Neg A") + DC"
by (simp add: <A’ = A»)

show ?thesis
proof (intro exl conjI)
show Suc n’ < Suc (Suc m’)
using «n’ < Suc m’y by presburger
next
show ord-res.is-strictly-mazimal-lit (Pos A) D
using <ord-res.is-strictly-mazimal-lit (Pos A) D> .
next
show ord-res.is-mazimal-lit (Neg A) C
using <ord-res.is-mazimal-lit (Neg A) C» by metis
next
show D = add-mset (Pos A) D’
using <D = add-mset (Pos A) D’ .
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next
show C' = replicate-mset (Suc (Suc m')) (Neg A) + C’
using <C' = replicate-mset (Suc m) (Neg A) + C’ «<m = Suc m”» by argo
next
show Neg A ¢# C’
using «Neg A ¢# C'y .
next
show DnC = repeat-mset (Suc n’) D' + replicate-mset (Suc (Suc m') — Suc
n’) (Neg A) + C'
using «DnC = repeat-mset n' D' + replicate-mset (Suc m’ — n') (Neg A"
+ DCh
unfolding <A’ = A> «<D"" = D" diff-Suc-Suc «<DC' = D’ + C"
by simp
qed
qed
qed

lemma tranclp-ground-resolutionD:
assumes (ground-resolution D)™+ C DnC
shows 3nm A D' C'. Suc m > Sucn A
linorder-lit.is-greatest-in-mset D (Pos A) N\
linorder-lit.is-mazimal-in-mset C' (Neg A) A
D = add-mset (Pos A) D' A
C = replicate-mset (Suc m) (Neg A) + C’ A Neg A ¢# C' A
DnC = repeat-mset (Suc n) D’ + replicate-mset (Suc m — Suc n) (Neg A) +
C/
proof —
from assms obtain n :: nat where
(ground-resolution D ~~ Suc n) C DnC
by (metis Suc-pred tranclp-power)
thus ?thesis
using assms relpowp-ground-resolutionD
by (meson nat.discl)
qed

lemma eres-not-identD:
assumes eres D C # C
shows 3m A D' C".
linorder-lit.is-greatest-in-mset D (Pos A) A
linorder-lit.is-mazximal-in-mset C' (Neg A) A
D = add-mset (Pos A) D' A
C = replicate-mset (Suc m) (Neg A) + C' N Neg A ¢# C' A
eres D C = repeat-mset (Suc m) D' + C’
proof —
have An. Suc n # 0
by presburger

obtain n where
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steps: (ground-resolution D~ Suc n) C (eres D C') and
stuck: Px. ground-resolution D (eres D C) x

using <eres D C # C» exl-eres-eq-full-run-ground-resolution
by (metis full-run-def gr0-conv-Suc rtranclpD tranclp-power)

obtain m A D’ C’ where

Suc n < Suc m and

D-maz-lit: ord-res.is-strictly-mazimal-lit (Pos A) D and

C-maz-lit: ord-res.is-mazximal-lit (Neg A) C' and

D-eq: D = add-mset (Pos A) D' and

C-eq: C' = replicate-mset (Suc m) (Neg A) + C’ and

Neg A ¢# C’ and

eres-eq: eres D C' = repeat-mset (Suc n) D’ + replicate-mset (Suc m — Suc n)
(Neg A) + C’

using relpowp-ground-resolutionD|of Suc n, OF <Suc n # 0> steps] by metis

from stuck have count (eres D C) (Neg A) = 0
proof (rule contrapos-np)
assume count (eres D C) (Neg A) # 0
then obtain FRES' where eres D C' = add-mset (Neg A) ERES’
by (meson count-eg-zero-iff mset-add)

moreover have ord-res.is-mazimal-lit (Neg A) (eres D C)
unfolding linorder-lit.is-maximal-in-mset-iff
proof (intro conjl balll impl)
show Neg A €4 eres D C
unfolding <eres D C = add-mset (Neg A) ERES"y by simp
next
fix L
assume L €# eres D C and L # Neg A
hence L €# repeat-mset (Suc n) D'V L e# C’
unfolding eres-eq
by (metis Zero-not-Suc count-replicate-mset in-countE union-iff)
thus = Neg A <; L
proof (elim disjE)
assume L €# repeat-mset (Suc n) D’
hence L €# D’
using member-mset-repeat-msetD by metis
hence L <; Pos A
using D-maz-lit
unfolding D-eq linorder-lit.is-greatest-in-mset-iff by simp
also have Pos A <; Neg A
by simp
finally show ?thesis
by order
next
assume L €# C’
thus ?thesis

using C-eq <L # Neg Ay C-maz-lit linorder-lit.is-mazimal-in-mset-iff by
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auto
qed
qed

moreover have D <. eres D C
using D-max-lit
using <ord-res.is-mazimal-lit (Neg A) (eres D C)»
using linorder-lit. multp g o -if-mazimal-less-that-mazimal[of D Pos A eres D
C Neg A, simplified)
using multpp pr-imp-multp multpg o-imp-multpp pr by blast

ultimately show Jz. ground-resolution D (eres D C) x
unfolding ground-resolution-def
using D-eq D-max-lit
using ord-res.ground-resolutionl[of eres D C A ERES’ D D' ERES’ + D]
by metis
qed

hence m = n
using <eres D C' = repeat-mset (Suc n) D' + replicate-mset (Suc m — Suc n)
(Neg A) + C"
using <Suc n < Suc m» by auto

show ?thesis
proof (intro exl conjI)
show ord-res.is-strictly-mazimal-lit (Pos A) D
using D-maz-lit .
next
show ord-res.is-mazimal-lit (Neg A) C
using C-maz-lit .

next
show D = add-mset (Pos A) D’
using D-eq .
next
show C' = replicate-mset (Suc m) (Neg A) + C’
using C-eq .
next

show Neg A ¢# C’
using «Neg A ¢# C'y .
next
show eres D C = repeat-mset (Suc m) D'+ C’
using eres-eq unfolding <m = n) by simp
qed
qed

lemma [it-in-one-of-resolvents-if-in-eres:
fixes L :: 'f gterm literal and C D :: 'f gclause
assumes L €# eres C' D
shows L e# CV L €# D
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proof (cases eres C D = D)
assume eres C D = D
thus Le# C Vv Le# D
using <L €# eres C' D> by argo
next
assume eres C D # D
thus Le# CV L e# D
using <L €# eres C D»
by (metis eres-not-identD member-mset-repeat-msetD repeat-mset-distrib-add-mset
union-iff )
qged

lemma strong-lit-in-one-of-resolvents-if-in-eres:
fixes L :: 'f gterm literal and C D :: 'f gclause
assumes
D-maa-lit: linorder-lit.is-maximal-in-mset D L and
K-in: K €# eres C' D
shows K €# C NK # —LV K €# D
proof (cases eres C D = D)
assume eres C D = D
thus K e# CANK # —-LV K €# D
using K-in by argo
next
assume eres C D # D
then obtain m :: nat and A :: 'f gterm and C’ D’ :: 'f gterm literal multiset
where
C-maz-lit: ord-res.is-strictly-maximal-lit (Pos A) C and
D-maz-lit". ord-res.is-maximal-lit (Neg A) D and
C-eq: C' = add-mset (Pos A) C' and
D-eq: D = replicate-mset (Suc m) (Neg A) + D' and
Neg A ¢4# D' and
eres C D = repeat-mset (Suc m) C'+ D’
using eres-not-identD by metis

have L-eq: L = Neg A
using D-max-lit D-max-lit' by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)

have K €4 repeat-mset (Suc m) C'+ D’
using K-in unfolding <eres C' D = repeat-mset (Suc m) C'+ D's .

hence K €# repeat-mset (Suc m) C'V K €# D’
unfolding Multiset.union-iff .

hence K €# C'V K €# D’
unfolding member-mset-repeat-mset-Suc .

thus K €4 CANK # LV K €# D

proof (elim disjE)
assume K €# C'
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hence K e# C N K # — L
using C-max-lit
unfolding C-eq L-eq linorder-lit.is-greatest-in-mset-iff by auto

thus K e CANK # - LV K e# D ..
next
assume K €# D’

hence K €# D
unfolding D-eq by simp

thus K e## CANK # - LV K e# D ..
qed
qed

lemma stronger-lit-in-one-of-resolvents-if-in-eres:
fixes K L :: 'f gterm literal and C D :: 'f gclause
assumes eres C D # D and
D-maz-lit: linorder-lit.is-mazimal-in-mset D L and
K-in-eres: K €# eres C' D
shows K e# CANK #—-LVKe# DNKF#L

proof —
obtain m :: nat and A :: 'f gterm and C' D' :: 'f gterm literal multiset where

C-maz-lit: ord-res.is-strictly-mazimal-lit (Pos A) C and
C-def: C' = add-mset (Pos A) C’ and

D = replicate-mset (Suc m) (Neg A) + D’ and

Neg A ¢# D’ and

eres C D = repeat-mset (Suc m) C' + D’

using <eres C D # D)[THEN eres-not-identD] by metis

have L = Neg A
using assms(1) D-maz-lit C-maz-lit
by (metis ground-resolutionD linorder-lit. Unig-is-greatest-in-mset
linorder-lit. Unig-is-mazimal-in-mset resolvable-if-neg-eres thel-equality’ umi-

nus-Pos)

have K €4 repeat-mset (Suc m) C'+ D’
using K-in-eres unfolding <eres C D = repeat-mset (Suc m) C'+ D'y .

hence K €# repeat-mset (Suc m) C'V K €# D’
unfolding Multiset.union-iff .

hence K €# C'V K €# D’
unfolding member-mset-repeat-mset-Suc .

thus K e CANK# - LVKe# DAK £ L

proof (elim disjE)
assume K €# C'
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hence K e# C N K # — L
using C-maz-lit|unfolded linorder-lit.is-greatest-in-mset-iff]

unfolding «C = add-mset (Pos A) C'y <L = Neg A»
by auto

thus ?thesis
by argo
next
assume K €# D’

hence K ¢# DN K # L
unfolding <D = replicate-mset (Suc m) (Neg A) + D’ <L = Neg 4>
using (Neg A ¢# D"
by auto

thus ?thesis
by argo
qed
qed

lemma [it-in-eres-lt-greatest-lit-in-grestest-resolvant:
fixes K L :: 'f gterm literal and C D :: 'f gclause
assumes eres C D # D and
D-maz-lit: linorder-lit.is-mazimal-in-mset D L and
— L ¢# D and
K-in-eres: K €# eres C' D
shows atm-of K <; atm-of L

proof —
obtain m :: nat and A :: 'f gterm and C' D' :: 'f gterm literal multiset where

C-maz-lit: ord-res.is-strictly-mazimal-lit (Pos A) C and
C-def: C = add-mset (Pos A) C’' and

D = replicate-mset (Suc m) (Neg A) + D’ and

Neg A ¢# D' and

eres C' D = repeat-mset (Suc m) C' + D’

using <eres C D # D)[THEN eres-not-identD] by metis

have L = Neg A
using assms(1) D-maz-lit C-maz-lit
by (metis ground-resolutionD linorder-lit. Unig-is-greatest-in-mset
linorder-lit. Uniq-is-mazimal-in-mset resolvable-if-neg-eres thel-equality’ umi-

nus-Pos)

have K €# repeat-mset (Suc m) C’' + D’
using K-in-eres unfolding <eres C D = repeat-mset (Suc m) C' + D’ .

hence K €# repeat-mset (Suc m) C'V K €# D’
unfolding Multiset.union-iff .
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hence K €# C'V K €# D’
unfolding member-mset-repeat-mset-Suc .

thus atm-of K < atm-of L
proof (elim disjE)
assume K €# C'
hence K <; Pos A
using C-mazx-lit C-def <L = Neg A»
unfolding linorder-lit.is-greatest-in-mset-iff
by simp
thus atm-of K <; atm-of L
unfolding «L = Neg A» literal.sel
by (cases K) simp-all
next
assume K €# D’
hence K <; Neg A

by (metis D-maz-lit <D = replicate-mset (Suc m) (Neg A) + D> <L = Neg
Ay «Neg A ¢# D"

linorder-lit.is-mazimal-in-mset-iff linorder-lit.neqE union-iff)

moreover have K # Pos A
using «<— L ¢# D»

using <D = replicate-mset (Suc m) (Neg A) + D’y <K €# D"y <L = Neg A»
by fastforce

ultimately have K <; Pos A

by (metis linorder-lit.less-asym linorder-lit.less-linear literal.exhaust
ord-res.less-lit-simps(1) ord-res.less-lit-simps(3) ord-res.less-lit-simps(4))

thus atm-of K <; atm-of L
unfolding <L = Neg A» literal.sel
by (cases K) simp-all

qed
qed

lemma eres-entails-resolvent:
fixes C' D :: 'f gterm clause
assumes (ground-resolution C)T™+ Dy D
shows {eres C Do} |=e {D}
unfolding true-clss-singleton
proof (intro alll impl)
have eres C Dy = eres C D

using assms eres-eq-after-tranclp-ground-resolution by metis

obtain n m :: nat and A :: 'f gterm and C’ Dy’ :: 'f gterm clause where

Suc n < Suc m and
ord-res.is-strictly-mazimal-lit (Pos A) C and
ord-res.is-mazimal-lit (Neg A) Dy and

C = add-mset (Pos A) C' and
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Dy = replicate-mset (Suc m) (Neg A) + Dy’ and

Neg A ¢# Dy’ and

D = repeat-mset (Suc n) C' + replicate-mset (Suc m — Suc n) (Neg A) + Dy’

using «(ground-resolution C)*+ Dy Dy[THEN tranclp-ground-resolutionD)] by
metis

fix I :: 'f gterm set
assume [ |= eres C Dy
show [ |= D
proof (cases eres C Dy = D)

case True

thus ?thesis
using <[ |= eres C Dy> by argo

next

case Fulse

then obtain k :: nat and D' :: 'f gterm clause where
ord-res.is-strictly-mazimal-lit (Pos A) C and
C = add-mset (Pos A) C’ and
D = replicate-mset (Suc k) (Neg A) + D’ and
Neg A ¢# D’ and
eres C D = repeat-mset (Suc k) C' + D’
unfolding <eres C Dy = eres C' D»
using eres-not-identD
using <ord-res.is-strictly-mazimal-lit (Pos A) C» «C = add-mset (Pos A) C
by (metis Unig-D add-mset-remove-trivial linorder-lit. Unig-is-greatest-in-mset

literal.sel(1))

have [ |= repeat-mset (Suc k) C' + D’
using I |= eres C' Dy»
unfolding <eres C Dy = eres C D) <eres C' D = repeat-mset (Suc k) C' +

D' .

hence I |= D'V I |= repeat-mset (Suc k) C’
by auto

thus I | D
proof (elim disjE)
assume [ |= D’
thus I |= D
unfolding «D = replicate-mset (Suc k) (Neg A) + D
by simp
next
assume I |= repeat-mset (Suc k) C’
thus I |= D
using «D = replicate-mset (Suc k) (Neg A) + D"
using <D = repeat-mset (Suc n) C' + replicate-mset (Suc m — Suc n) (Neg
A) + DO !y
by (metis member-mset-repeat-msetD repeat-mset-Suc true-cls-def true-cls-union)
qed
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qed
qed

lemma clause-true-if-resolved-true:
assumes
(ground-resolution D)** C DC and
D-productive: ord-res.production N D # {} and
C-true: ord-res-Interp N DC' |= DC
shows ord-res-Interp N C |= C
proof —
obtain n where
steps: (ground-resolution D =~ Suc n) C DC
using «(ground-resolution D)*+ C DC)»
by (metis less-not-refl not0-implies-Suc tranclp-power)

obtain m A D’ ¢/ where
n < m and
ord-res.is-strictly-mazimal-lit (Pos A) D and
ord-res.is-mazximal-lit (Neg A) C and
D = add-mset (Pos A) D’ and
C = replicate-mset (Suc m) (Neg A) + C' and
Neg A ¢4 C' and
DC = repeat-mset (Suc n) D' + replicate-mset (m — n) (Neg A) + C’
using relpowp-ground-resolutionD[OF Suc-not-Zero steps]
by (metis diff-Suc-Suc Suc-le-mono)

have Neg A ¢# D’
by (metis <D = add-mset (Pos A) D’ <ord-res.is-strictly-mazimal-lit (Pos A)
D
ord-res.less-lit-simps(4) linorder-lit.is-greatest-in-mset-iff linorder-trm.eq-refl
linorder-trm.leD removel-mset-add-mset-If)

have DC <, C
proof (cases m = n)
case True
show ?thesis
proof (intro one-step-implies-multp[of - - - {#}, simplified] balll)
show C # {#}
by (simp add: «C = replicate-mset (Suc m) (Neg A) + C")
next
fix L
assume L €# DC
hence L €# D'V L e# C’
unfolding «DC = repeat-mset (Suc n) D' + replicate-mset (m — n) (Neg
A+ ChHm=mw
using member-mset-repeat-msetD by fastforce
hence L <; Neg A
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using <ord-res.is-strictly-maximal-lit (Pos A) D» <ord-res.is-mazimal-lit (Neg
A) Oy
unfolding <D = add-mset (Pos A) D’y «C = replicate-mset (Suc m) (Neg
Ay + Ch
unfolding linorder-lit.is-maximal-in-mset-iff linorder-lit.is-greatest-in-mset-iff
by (metis <Neg A ¢# C"» add-mset-remove-trivial ord-res.less-lit-simps(4)
linorder-lit.antisym-convd linorder-lit.dual-order.strict-trans
linorder-trm.dual-order.asym union-iff)

moreover have Neg A €# C
by (simp add: «C = replicate-mset (Suc m) (Neg A) + C")

ultimately show 3K €# C. L <; K
by metis
qed
next
case Fulse
hence n < m
using «n < m» by presburger

have multpgo (<;) DC C
proof (rule linorder-lit.multp g o -if-same-maximal-and-count-It)
show ord-res.is-mazimal-lit (Neg A) DC
unfolding linorder-lit.is-maximal-in-mset-iff
proof (intro conjl balll implI)
show Neg A €# DC
unfolding «DC = repeat-mset (Suc n) D' + replicate-mset (m — n) (Neg
A) + Ch
using «n < m» by simp
next
fix L
assume L €# DC and L # Neg A
hence L €# D'V L e# C'
unfolding «DC = repeat-mset (Suc n) D’ + replicate-mset (m — n) (Neg
A)+ Ch
by (metis in-replicate-mset member-mset-repeat-msetD union-iff)
thus — Neg A <; L
using (ord-res.is-strictly-maximal-lit (Pos A) D> <ord-res.is-maximal-lit
(Neg A) C»
unfolding «D = add-mset (Pos A) D"y «C = replicate-mset (Suc m) (Neg
Ay + Ch
unfolding linorder-lit.is-maximal-in-mset-iff linorder-lit.is-greatest-in-mset-iff
by (metis <L # Neg Ay add-mset-diff-bothsides diff-zero
linorder-lit. dual-order.strict-trans linorder-trm.less-irrefl
ord-res.less-lit-simps(4 ) union-iff)
qed
next
show ord-res.is-mazximal-lit (Neg A) C
using <ord-res.is-mazimal-lit (Neg A) C» .
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next
have count DC (Neg A) = count (repeat-mset (Suc n) D’) (Neg A) +
count (replicate-mset (m — n) (Neg A)) (Neg A) + count C'' (Neg A)
unfolding «DC = repeat-mset (Suc n) D’ + replicate-mset (m — n) (Neg
A) + C" by simp

also have ... = count D' (Neg A) * Suc n + count {#Neg A#} (Neg A) x
(m — n) + count C' (Neg A)
by simp
alsohave ... =0 % Sucn+ 1 x (m —n) + 0
by (simp add: «<Neg A ¢# C"» <Neg A ¢# D’ count-eg-zero-iff)
also have ... =m — n
by presburger
also have ... < Sucm
by presburger
also have ... =1 % Sucm + 0
by presburger
also have ... = count {#Neg A#} (Neg A) x Suc m + count C' (Neg A)
by (simp add: «Neg A ¢# C"» count-eq-zero-iff)
also have ... = count (replicate-mset (Suc m) (Neg A)) (Neg A) + count C’
(Neg A)
by simp
also have ... = count C' (Neg A)

unfolding «C' = replicate-mset (Suc m) (Neg A) + C"» by simp
finally show count DC (Neg A) < count C' (Neg A) .
qed
thus ?thesis
by (simp add: multpp pr-imp-multp multp g o-imp-multpp ar)
qed

with C-true have ord-res-Interp N C' |= DC
using ord-res.entailed-clause-stays-entailed by metis

thus ord-res-Interp N C |= C
unfolding true-cls-def
proof (elim bexE)
fix L
assume
L-in: L €# DC and
L-true: ord-res-Interp N C |=l L

from L-in have L €# D'V L = Neg AV L €4 C'
unfolding «DC = repeat-mset (Suc n) D' + replicate-mset (m — n) (Neg A)
+ Ch
by (metis in-replicate-mset member-mset-repeat-msetD union-iff)

moreover have L ¢# D’

proof (rule notl)
assume L €# D’
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moreover have — ord-res.interp N (add-mset (Pos A) D') |&= add-mset (Pos
A) D’
using D-productive[unfolded «D = add-mset (Pos A) D"]
unfolding ord-res.production-unfold
by fast

ultimately have — ord-res.interp N (add-mset (Pos A) D') |=l L
by auto

have L <; Pos A
using <D = add-mset (Pos A) D’y <L €# D"s <ord-res.is-strictly-mazimal-lit
(Pos A) D»
linorder-lit.is-greatest-in-mset-iff by fastforce

have — ord-res-Interp N C |=l L
proof (cases L)
case (Pos B)
hence B ¢ ord-res.interp N (add-mset (Pos A) D’)
using «— ord-res.interp N (add-mset (Pos A) D') |El Ly by simp

moreover have add-mset (Pos A) D' <. C

by (metis <D = add-mset (Pos A) D"y <Athesis. (Am A D’ C'. [n
< m; ord-res.is-strictly-mazimal-lit (Pos A) D; ord-res.is-mazimal-lit (Neg A) C;
D = add-mset (Pos A) D', C = replicate-mset (Suc m) (Neg A) + C'; Neg
A ¢# C'; DC = repeat-mset (Suc n) D' + replicate-mset (m — n) (Neg A)
+ C'] = thesis) = thesis» linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset
linorder-lit.multp g o -if-maximal-less-that-mazimal multp p pr-imp-multp multp g o -imp-multpp pr
ord-res.less-lit-simps(2) reflclp-iff)

ultimately have B ¢ ord-res.interp N C
using <L <; Pos A>[unfolded Pos, simplified)
using ord-res.interp-fized-for-smaller-literals
by (metis <D = add-mset (Pos A) D'y <ord-res.is-strictly-maximal-lit (Pos
A) Dy
linorder-lit.is-mazximal-in-mset-if-is-greatest-in-mset literal.sel(1))

moreover have B ¢ ord-res.production N C

by (metis Unig-D <ord-res.is-mazimal-lit (Neg A) C» ground-ordered-resolution-calculus.mem-production.
linorder-lit. Unigq-is-maximal-in-mset linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset
literal.simps(4) ord-res.ground-ordered-resolution-calculus-azioms)

ultimately show ?thesis
unfolding Pos by simp
next
case (Neg B)
hence B € ord-res.interp N (add-mset (Pos A) D)
using «— ord-res.interp N (add-mset (Pos A) D') |El Ly by simp

moreover have add-mset (Pos A) D' <. C
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by (metis <D = add-mset (Pos A) D"y <Athesis. (Am A D’ C'. [n
< m; ord-res.is-strictly-mazimal-lit (Pos A) D; ord-res.is-mazximal-lit (Neg A) C;
D = add-mset (Pos A) D', C = replicate-mset (Suc m) (Neg A) + C'; Neg
A ¢# C'; DC = repeat-mset (Suc n) D' + replicate-mset (m — n) (Neg A)
+ C'] = thesis) = thesis» linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset
linorder-lit.multp g o -if-maximal-less-that-mazimal multp p pr-imp-multp multp g o -imp-multpp pr
ord-res.less-lit-simps(2) reflclp-iff)

ultimately have B € ord-res.interp N C
by (metis Un-iff ord-res.not-interp-to-Interp-imp-le linorder-cls.leD)

then show ?thesis
unfolding Neg
by simp
qed

with L-true show Fulse
by contradiction
qed

ultimately have L €# C
unfolding «C' = replicate-mset (Suc m) (Neg A) + C’> by simp

with L-true show 3L €# C. ord-res-Interp N C |=l L
by metis
qged
qged

lemma clause-true-if-eres-true:
assumes
(ground-resolution D1)*+ D2 C and
C # eres D1 C' and
eres-C-true: ord-res-Interp N (eres D1 C) |= eres D1 C
shows ord-res-Interp N C' |= C
proof —
obtain n where
steps: (ground-resolution D1 ~ Suc n) D2 C
using «(ground-resolution D1)*+ D2 C»
by (metis less-not-refl not0-implies-Suc tranclp-power)

obtain m A D’ C’ where
n < m and
ord-res.is-strictly-mazimal-lit (Pos A) DI and
ord-res.is-maximal-lit (Neg A) D2 and
D1 = add-mset (Pos A) D' and
D2 = replicate-mset (Suc m) (Neg A) + C' and
Neg A ¢4 C' and
C = repeat-mset (Suc n) D’ + replicate-mset (m — n) (Neg A) + C’
using relpowp-ground-resolutionD[OF Suc-not-Zero steps]
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by (metis diff-Suc-Suc Suc-le-mono)

have Neg A ¢# D’
by (metis «<D1 = add-mset (Pos A) D'y <ord-res.is-strictly-mazimal-lit (Pos A)
D1»
ord-res.less-lit-simps(4) linorder-lit.is-greatest-in-mset-iff linorder-trm.eq-refl
linorder-trm.leD removel-mset-add-mset-If)

obtain m’ C'"’ where
C = replicate-mset (Suc m’) (Neg A) + C'" and
Neg A ¢# C" and
eres D1 C = repeat-mset (Suc m') D' + C”’
using «C' # eres D1 C» eres-not-identD
using <ord-res.is-strictly-maximal-lit (Pos A) D15 linorder-lit. Unig-is-greatest-in-mset
using «DI! = add-mset (Pos A) D"
by (metis Unig-D add-mset-remove-trivial literal.inject(1))

have m — n = Suc m’
proof —
have count C (Neg A) = count (repeat-mset (Suc n) D) (Neg A) +
count (replicate-mset (m — n) (Neg A)) (Neg A) 4+ count C' (Neg A)
using «C' = repeat-mset (Suc n) D' + replicate-mset (m — n) (Neg A) + C"
by simp

also have ... = count D’ (Neg A) x Suc n + count {#Neg A#} (Neg A) x (m
- n) +
count C' (Neg A)
by simp
alsohave ... =0 % Sucn+ 1 x(m —n) + 0

using <Neg A ¢# D’ «Neg A ¢# C"» by (simp add: count-eq-zero-iff)
also have ... =m — n

by presburger
finally have count C' (Neg A) = m — n .

have count C (Neg A) = count (replicate-mset (Suc m") (Neg A)) (Neg 4) +
count C'"" (Neg A)

using «C = replicate-mset (Suc m’) (Neg A) + C') by simp

also have ... = count {#Neg A#} (Neg A) x Suc m’ 4+ count C'"" (Neg A)
by simp

also have ... = 1 x Sucm’/ + 0
using (Neg A ¢# C'") by (simp add: count-eq-zero-iff)

also have ... = Suc m’

by presburger
finally have count C' (Neg A) = Suc m’.

show ?thesis
using <count C' (Neg A) = m — n» <count C (Neg A) = Suc m”» by argo
qed

hence C'"' = repeat-mset (Suc n) D' + C’

143



using «C = repeat-mset (Suc n) D’ + replicate-mset (m — n) (Neg A) + C"
«C = replicate-mset (Suc m’) (Neg A) + C"
by simp

hence eres-D1-C-eq: eres D1 C = repeat-mset (Suc m’ + Suc n) D' + C'
using <eres DI C = repeat-mset (Suc m') D' + C"» by simp

have ord-res-Interp N (eres D1 C) |= eres D1 C
using eres-C-true .

moreover have eres DI C <. C
using eres-le[of D1 C] «C # eres D1 C) by order

ultimately have ord-res-Interp N C' |= eres D1 C
using ord-res.entailed-clause-stays-entailed by metis

thus ord-res-Interp N C |= C
unfolding true-cls-def
proof (elim bezE)
fix L
assume
L-in: L €# eres D1 C' and
L-true: ord-res-Interp N C |=l L

from L-in have L €# D'V L €# C'
unfolding eres-D1-C-eq
using member-mset-repeat-msetD by fastforce
hence L €# C
by (auto simp: <C' = repeat-mset (Suc n) D' + replicate-mset (m — n) (Neg
A) + Ch)
with L-true show 3L €# C. ord-res-Interp N C' |=l L
by metis
qed
qed

end

end
theory ORD-RES-3
imports
ORD-RES
Ezhaustive-Factorization
Ezhaustive- Resolution
begin

17 ORD-RES-3 (full resolve)

context simulation-SCLFOL-ground-ordered-resolution begin
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inductive ord-res-3 where
factoring:
is-least-false-clause (N |U| Uer |U] Uey) C =
linorder-lit.is-maximal-in-mset C L —
is-pos L =
Uep' = finsert (efac C) Uy =
ord-res-8 N (Uep, Ues) (Uer, Ues’) |

resolution:
is-least-false-clause (N |U| Ue, U] Uey) C =
linorder-lit.is-maximal-in-mset C L —
is-neg L —
D|g| N U Uer U] Uep =
D <. C—=
ord-res.production (fset (N |U| Uer |U| Uey)) D = {atm-of L} =
Uer' = finsert (eres D C) Uep =
ord-res-8 N (Uer, Ues) (Uer', Uey)

inductive ord-res-3-step where
ord-res-3 N s s' = ord-res-3-step (N, s) (N, s’)

inductive ord-res-3-final where
ord-res-final (N |J| Uy |U] Uey) = ord-res-3-final (N, (Urr, Uey))

inductive ord-res-3-load where
N #{|[} = ord-res-5-load N (N, ({|[}, {|[}))

sublocale ord-res-3-semantics: semantics where
step = ord-res-3-step and
final = ord-res-3-final
proof unfold-locales
fix S3 :: 'f gterm clause fset x 'f gterm clause fset x 'f gterm clause fset

obtain N U,, Uy :: 'f gterm clause fset where
S53-def: S3 = (N, (Urr, Ucy))
by (metis prod.exhaust)

assume ord-res-3-final S3
hence {#} |€| N U] U, |U| Ues V = ex-false-clause (fset (N |U| Uyp |U| Uey))
by (simp add: S3-def ord-res-3-final.simps ord-res-final-def)
thus finished ord-res-3-step S3
proof (elim disjE)
assume {#} |€| N || U, |U| Uey
hence is-least-false-clause (N |U| Uy, || Uey) {#}
using is-least-false-clause-mempty by metis
hence # C L. is-least-false-clause (N |U| U, |U| Uey) C A linorder-lit.is-mazimal-in-mset
CL
by (metis Unig-D Unig-is-least-false-clause bot-fset.rep-eq fBex-fempty
linorder-lit.is-mazximal-in-mset-iff set-mset-empty)
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hence fz. ord-res-3 N (U,p, Uey) z
by (auto simp: S3-def elim: ord-res-3.cases)
thus ?thesis
by (simp add: finished-def ord-res-3-step.simps S3-def)
next
assume - ez-false-clause (fset (N |U| U,y U] Uey))
hence 7 C. is-least-false-clause (N |U| U, |U| Uey) C
unfolding ex-false-clause-def is-least-false-clause-def
by (metis (no-types, lifting) linorder-cls.is-least-in-fset-ffilterD(1)
linorder-cls.is-least-in-fset-ffilterD(2))
hence P z. ord-res-3 N (U, Uep)
by (auto simp: S3-def elim: ord-res-3.cases)
thus ?thesis
by (simp add: finished-def ord-res-3-step.simps S3-def)
qed
qed

sublocale ord-res-3-language: language where
step = ord-res-3-step and
final = ord-res-3-final and
load = ord-res-3-load
by unfold-locales

lemma is-least-false-clause-conv-if-partial-resolution-invariant:
assumes V C |€| Upy. 3D1 |€| N |U| Uer |U| Uey. ID2 |€| N |U| Uer |U| Uey.
(ground-resolution D1)*+ D2 C A C # eres D1 D2 A eres D1 D2 |€| U,
shows is-least-false-clause (N |U| Upy |U| Uer U] Uey) = is-least-false-clause
(N U] Uer [U] Uey)
proof —
have is-least-false-clause (N |U] Upy |U| Uer |U| Uey) = is-least-false-clause (N
U] Uer U] Ueg [U] Upr)
by (simp add: sup-commute sup-left-commute)
also have ... = is-least-false-clause (N |U| Uer |U| Uey)
proof (rule is-least-false-clause-funion-cancel-right)
show V C |€| U,,. Y U. ord-res.production U C' = {}
proof (intro balll)
fix C
assume C |€| Up,
hence 3D |€| N |U| Ue, U] Uey. (3 C'. ground-resolution D C C”)
using assms by (metis eres-eq-after-tranclp-ground-resolution resolvable-if-neg-eres)
hence 3 L. is-pos L A ord-res.is-strictly-maximal-lit L C
using nez-strictly-mazimal-pos-lit-if-resolvable by metis
thus V U. ord-res.production U C' = {}
using unproductive-if-nez-strictly-mazimal-pos-lit by metis
qed
next
show V C |€| Upy. 3D |€| N |U| Uer |U| Uey. D <. C AN {D} |=e {C}
proof (intro balll)
fix C
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assume C |€| Up,

then obtain D! D2 where
D1|e|N |U] Uer |U| Uy and
D2|€|N |U] Ueyp |U| Uey and
(ground-resolution D1)*™+ D2 C and
C # eres D1 D2 and
eres D1 D2 |€| U,
using assms by metis

have eres D1 D2 = eres D1 C
using «(ground-resolution D1)*T D2 C» eres-eq-after-tranclp-ground-resolution
by metis

show 3D |€| N |U| Uer |U| Uey. D <. C A {D} |=e {C}
proof (intro bexl conjI)
have eres DI C <. C
using eres-le .
thus eres D1 D2 <. C
using <C # eres D1 D2» <eres D1 D2 = eres D1 C» by order
next
show {eres DI D2} |=e {C}
using «(ground-resolution D1)*T D2 C» eres-entails-resolvent by metis
next
show eres DI D2 |€| N |U| Uer U] Uey
using <eres D1 D2 |€| Ue,» by simp
qed
qed
qed
finally show ?thesis .
qed

lemma right-unique-ord-res-3: right-unique (ord-res-3 N)
proof (rule right-uniquel)
fix s s’ 8" 2 'f gterm clause fset x 'f gterm clause fset
assume stepl: ord-res-3 N s s’ and step2: ord-res-3 N s s’/
show s’ = 5"
using step1
proof (cases N s s’ rule: ord-res-3.cases)
case hypsl: (factoring Uyl Uepl C1 L1 Ueypl')
show ?thesis
using step2
proof (cases N s s’ rule: ord-res-3.cases)
case (factoring U2 U2 C2 L2 Ues2')
with hypsi show ?thesis
by (metis Unig-D Unig-is-least-false-clause prod.inject)
next
case (resolution U2 Ues2 C2 L2 D2 U, 2’)
with hyps! have Fulse
by (metis Pair-inject Unig-is-least-false-clause linorder-lit. Unig-is-mazimal-in-mset
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thel-equality’)
thus ?thesis ..
qed
next
case hypsl: (resolution U1 Uoyl C1 L1 D1 U,pp 1)
show ?thesis
using step2
proof (cases N s s rule: ord-res-3.cases)
case (factoring U,,2 Ucp2 C2 L2 Ucs2')
with hyps! have Fulse
by (metis Unig-is-least-false-clause linorder-lit. Unig-is-mazimal-in-mset
prod.inject thel-equality’)
thus ?thesis ..
next
case hyps2: (resolution U2 U2 C2 L2 D2 U, 2")

have x: Uyl = Upp2 Uepl = Ueyf?2
using hyps! hyps2 by simp-all

have xx: C1 = C2
using hyps! hyps2
unfolding *
by (metis Unig-is-least-false-clause thel-equality’)

have #xx: L1 = L2
using hyps! hyps2
unfolding * #x
by (metis linorder-lit. Unig-is-mazimal-in-mset thel-equality’)

have s#xxx: DI = D2
using hyps1 hyps?2
unfolding * #x sk
by (metis linorder-cls.less-irrefl linorder-cls.linorder-cases
ord-res.less-trm-iff-less-cls-if-mem-production singletonl)

show ?thesis
using hyps! hyps2
unfolding s sk soksk soksok
by argo
qed
qed
qged

lemma right-unique-ord-res-3-step: right-unique ord-res-3-step
proof (rule right-uniquel)
fixzyz
show ord-res-3-step x y = ord-res-3-step © 2 = y = z
apply (cases x; cases y; cases z)
apply (simp add: ord-res-3-step.simps)
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using right-unique-ord-res-3[ THEN right-uniqueD)
by blast
qed

lemma ex-ord-res-3-if-not-final:
assumes — ord-res-3-final S
shows 35'. ord-res-3-step S S’
proof —
from assms obtain N U, U.; where
S-def: S = (N, (U, Ues)) and
[#)1¢| N |U| U, U] U,y and
ex-false-clause (fset (N |U] U, U] Uey))
by (metis ord-res-3-final.intros ord-res-final-def surj-pair)

obtain C' where C-least-false: is-least-false-clause (N |U| U, |U] Uey) C
using <ez-false-clause (fset (N |U] U, |U| Uey))> obtains-least-false-clause-if-ex-false-clause
by metis

hence C # {#}
using ({#} |¢| N U] U, [U] Uep>
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by metis

then obtain L where C-max: linorder-lit.is-mazimal-in-mset C' L
using linorder-lit.ex-mazximal-in-mset by metis

show ?thesis
proof (cases L)
case (Pos A)
thus ?thesis
using ord-res-3.factoring|OF C-least-false C-max] S-def is-pos-def
by (metis ord-res-3-step.intros)
next
case (Neg A)
then obtain D where
D |e| N |U| Uy |U| Uey and
D <. C and
ord-res.is-strictly-mazimal-lit (Pos A) D and
ord-res.production (fset (N |U| U, |U| Ues)) D = {A}
using bex-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit
using C-least-false C-max by metis

moreover then obtain DC where
full-run (ground-resolution D) C DC
using ez-ground-resolutionl C-max Neg
using exl-eres-eq-full-run-ground-resolution by blast

ultimately show %thesis
using ord-res-3.resolution[OF C-least-false C-max)
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by (metis Neg S-def literal.disc(2) literal.sel(2) ord-res-3-step.intros)
qed
qed

corollary ord-res-3-step-safe: ord-res-3-final S vV (3S’. ord-res-3-step S S”)
using ez-ord-res-3-if-not-final by metis

end

end
theory Implicit- Exhaustive- Factorization
imports
Exhaustive-Factorization
FExhaustive- Resolution
begin

18 Function for implicit full factorization

context simulation-SCLFOL-ground-ordered-resolution begin

definition iefac where
iefac F C = (if C |€| F then efac C else C)

lemma iefac-mempty|simp]:
fixes F :: 'f gclause fset

shows iefac F {#} = {#}
by (metis efac-mempty iefac-def)

lemma fset-mset-iefac|[simp):
fixes F :: 'f gclause fset and C : 'f gclause
shows fset-mset (iefac F C) = fset-mset C
proof (cases C |€| F)
case True
hence iefac F C = efac C
unfolding iefac-def by simp
thus %thesis
by auto
next
case Fulse
hence iefac F C = C
unfolding iefac-def by simp
thus ?thesis by simp
qed

lemma atms-of-cls-iefac[simp):
fixes F :: 'f gclause fset and C : 'f gclause
shows atms-of-cls (iefac F C) = atms-of-cls C
by (simp add: atms-of-cls-def)
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lemma iefac-le:
fixes F :: 'f gclause fset and C :: 'f gclause
shows iefac F C <. C
by (metis efac-subset iefac-def reflclp-iff subset-implies-reflelp-multp)

lemma true-cls-iefac-iff [simp]:
fixes 7 :: 'f gterm set and F :: 'f gclause fset and C :: 'f gclause
shows Z |= iefac F C +— 1 |= C
by (metis iefac-def true-cls-efac-iff)

lemma funion-funion-eq-funion-funion-fimage-iefac-if:
assumes Uc.¢-eq: Uey = defac F || {|C |€| N |U| Ue,. iefac F C # C|}
shows N |U| U, |U| Uey = N U] Uep || (iefac F | (N |U] Uer))
proof (intro fsubset-antisym fsubsetl)
fix C :: 'f gterm clause
assume C |€| N |U| U, |U| Uey
hence C |€| N |U| Uer V C |€] Uey
by simp
thus C |€| N |U| Ue, |U] (iefac F | (N |U] Uep))
proof (elim disjE)
assume C |€| N |U| U,
thus ?thesis
by simp
next
assume C |€| Uy
hence C |€| iefac F | {|C |€| N |U| Ueyr. tefac F C # C|}
using U.f-eq by argo
then obtain Cj :: f gterm clause where
Co |€] N |U| Uer and iefac F Cy # Cp and C = iefac F Cy
by auto
thus ?thesis
by simp
qed
next
fix C :: 'f gterm clause
assume C |€| N |U| U., |U] (iefac F | (N |U] Uer))
hence C |€| N |U| U V C |€]| iefac F | (N |U] Uer)
by simp
thus C |€| N |U| U, |U| Uey
proof (elim disjE)
assume C |€| N |U| U,
thus ?thesis
by simp
next
assume C |€| iefac F || (N |U| Uer)
then obtain Cq :: f gterm clause where
Co |€| N |U| U and C = iefac F Co
by auto
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show ?thesis
proof (cases iefac F Coy = C)
case True
hence C = C
using «C' = iefac F Cy> by argo
thus ?thesis
using «Cy |€| N |U| Ueyr» by simp
next
case False
hence C |€| U,y
unfolding U, ¢-eq
using <Cy |€| N |U| Uerr <C = iefac F Cy» by simp
thus ?thesis
by simp
qed
qed
qed

lemma clauses-for-iefac-are-unproductive:
VC |€| N || iefac F || N.V U. ord-res.production U C = {}
proof (intro balll alll)
fix CU
assume C |€| N |—| iefac F || N
hence C |€| N and C |¢| iefac F || N
by simp-all
hence iefac F C # C
by (metis fimage-iff)
hence efac C # C
by (metis iefac-def)
hence 3 L. is-pos L A ord-res.is-strictly-maximal-lit L C
using nez-strictly-mazimal-pos-lit-if-neq-efac by metis
thus ord-res.production U C = {}
using unproductive-if-nex-strictly-mazimal-pos-lit by metis
qed

lemma clauses-for-iefac-have-smaller-entailing-clause:
VC |€| N |—-| iefac F || N. 3D |€| iefac F || N. D <. C A {D} |EFe {C}
proof (intro balll alll)
fix C
assume C |€| N |—| iefac F || N
hence C |€| N and C |¢| iefac F || N
by simp-all
hence iefac F C # C
by (metis fimage-iff)
hence efac C # C
by (metis iefac-def)
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show 3D |€| iefac F || N. D <. C A {D} |=e {C}
proof (intro bexl conjI)
show efac C <. C and {efac C} |=e {C}
using efac-properties-if-not-ident[OF <efac C' # C)] by simp-all
next
show efac C |€| iefac F || N
using «C |€| N» defac F C # C» by (metis fimagel iefac-def)
qed
qed

lemma is-least-false-clause-with-iefac-conv:
is-least-false-clause (N |U] Uer |U| defac F | (N U] Ue,)) =
is-least-false-clause (iefac F | (N |U] Uer))
using is-least-false-clause-funion-cancel-right-strong| OF clauses-for-iefac-are-unproductive
clauses-for-iefac-have-smaller-entailing-clause]
by (simp add: sup-commute)

lemma MAGICY:
fixes N F ' U., U.,’
defines
N1 = iefac F |1 (N |U| Ue,) and
N2 = defac F' | (N |U| Ue,")
assumes
subsets-agree: {|z |€| N1.z <. C|} = {|z |€| N2. z <. C|} and
1s-least-false-clause N1 D and
is-least-false-clause N2 E and
C <.D
shows C <. F
proof —
have - F <. C
proof (rule notl)
assume F <. ('

have is-least-false-clause N2 E <— is-least-false-clause {|z |€| N2. z <. E|}
E
proof (rule is-least-false-clause-swap-swap-compatible-fsets)
show {|z |€| N2. (<)== z E|} = {|z |€| {|z |€| N2. (=)= z E|}. (%)==
using <F <. C) by force
qed

also have ... +— is-least-false-clause {|z |€| N1.z <. E|} E
proof (rule is-least-false-clause-swap-swap-compatible-fsets)
show {|z |€| {|z |€| N2. (%)== z E|}. (Re)™" ¢z E|} =
{lo I€] {Jz €] N1. (<)== = B[}. (<)== 2 B|}
using subsets-agree «<E <. C» by fastforce
qed

also have ... <— is-least-false-clause N1 E
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proof (rule is-least-false-clause-swap-swap-compatible-fsets)
show {|z |€| {|z |€| N1. (=)= z E|}. (=)= z E|} = {|z |€|] N1. (=)=~
using (E <. C» by fastforce
qed

finally have is-least-false-clause N1 E
using <(is-least-false-clause N2 E) by argo

hence D = FE
using <is-least-false-clause N1 D»
by (metis Unig-is-least-false-clause thel-equality’)

thus Fulse
using (E <. C» «C <. D) by order
qged
thus C <. F
by order
qed

lemma atms-of-clss-fimage-iefac[simp):
atms-of-clss (iefac F || N) = atms-of-clss N
proof —
have atms-of-clss (iefac F || N) = ffUnion (atms-of-cls || iefac F | N)
unfolding atms-of-clss-def ..

also have ... = ffUnion ((atms-of-cls o iefac F) |9 N)
by simp
also have ... = ffUnion (atms-of-cls || N)

unfolding comp-def atms-of-cls-iefac ..

also have ... = atms-of-clss N
unfolding atms-of-clss-def ..

finally show ?thesis .
qed

lemma atm-of-in-atms-of-clssl:
assumes L-in: L €# C and C-in: C |€| iefac F || N
shows atm-of L |€| atms-of-clss N
proof —
have atm-of L |€| atms-of-cls C
unfolding atms-of-cls-def
using L-in by simp

hence atm-of L |€| atms-of-clss (iefac F || N)

unfolding atms-of-clss-def
using C-in by (metis fmember-ffUnion-iff)
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thus atm-of L |€| atms-of-clss N
by simp
qed

lemma clause-almost-almost-definedl:
fixesI' D K
assumes
D-in: D |€| iefac F |9 (N |J| U.,) and
D-maa-lit: ord-res.is-maximal-lit K D and
no-undef-atm: — (3 A|€|atms-of-clss (N |U| Ue,). A <¢ atm-of K N A |¢|
trail-atms T)
shows trail-defined-cls T {#L €# D. L # K N L # — K#}
unfolding trail-defined-cls-def
proof (intro balll)
have K €# D and lit-in-D-le-K: NAL. Le# D — L <, K
using D-maz-lit
unfolding atomize-imp atomize-all atomize-conj linorder-lit.is-mazximal-in-mset-iff
using linorder-lit.lel by blast

fix L :: 'f gterm literal
assume L €# {#L e# D. L # K N L # — K#}

hence L €# Dand L # K and L # — K
by simp-all

have atm-of L |€| atms-of-clss (N |U] Uey)
using <L €# D) D-in by (metis atm-of-in-atms-of-clssI)

hence atm-of L <; atm-of K = atm-of L |€| trail-atms T
using no-undef-atm by metis

moreover have atm-of L <; atm-of K
using lit-in-D-le-K[OF <L €4 D] <L # K» <L # — K>
by (cases L; cases K) simp-all

ultimately show trail-defined-lit I’ L
using trail-defined-lit-iff-trail-defined-atm by auto
qed

lemma clause-almost-definedl:
fixesI' D K
assumes
D-in: D |€| iefac F |9 (N |U| Ue,) and
D-maz-lit: ord-res.is-mazimal-lit K D and
no-undef-atm: — (3 A|€|atms-of-clss (N |U| Ue,). A <¢ atm-of K N A |¢]
trail-atms T') and
K-defined: trail-defined-lit T K
shows trail-defined-cls T {#Ka €# D. Ka # K#}
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using clause-almost-almost-definedl[OF D-in D-maz-lit no-undef-atm]

using K-defined

unfolding trail-defined-cls-def trail-defined-lit-def

by (metis (mono-tags, lifting) mem-Collect-eq set-mset-filter uminus-lit-swap)

lemma eres-not-in-known-clauses-if-trail-false-cls:
fixes
F i 'f gclause fset and
T :: ('f gliteral x 'f gclause option) list
assumes
I'-consistent: trail-consistent I' and
clauses-lt-E-true: ¥ C' |€| iefac F || (N U] Uer). C <. E — trail-true-cls T
C and
eres D F <. F and
trail-false-cls T' (eres D E)
shows eres D E |¢| N |U| U,
proof (rule notl)
have iefac F (eres D E) <. eres D E
using iefac-le by metis
hence iefac F (eres D E) <. E
using <eres D E <. E) by order

moreover assume eres D E |€] N |U] U,

ultimately have trail-true-cls T' (iefac F (eres D E))
using clauses-lt-E-true[rule-format, of iefac F (eres D E)]
by (simp add: iefac-def linorder-lit.is-mazimal-in-mset-iff )

hence trail-true-cls T’ (eres D F)
unfolding trail-true-cls-def
by (metis fset-fset-mset fset-mset-iefac)

thus False
using I'-consistent <trail-false-cls T' (eres D E)»
by (metis not-trail-true-cls-and-trail-false-cls)
qed

lemma no-undefined-atom-le-maz-lit-of-false-clause:
assumes
I-lower-set: linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Uey))
and
D-in: D |€| iefac F |9 (N |U| U,,) and
D-false: trail-false-cls T' D and
D-maz-lit: linorder-lit.is-maximal-in-mset D L
shows — (3 A|€|atms-of-clss (N |U| Uer). A =¢ atm-of L N A |¢] trail-atms T')
proof —
have trail-false-lit T L
using D-false D-max-lit
unfolding trail-false-cls-def linorder-lit.is-mazimal-in-mset-iff by simp
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hence trail-defined-lit T' L
unfolding trail-false-lit-def trail-defined-lit-def by argo

hence atm-of L |€| trail-atms T
unfolding trail-defined-lit-iff-trail-defined-atm .

thus ?thesis
using I'-lower-set

using linorder-trm.not-in-lower-setl by blast
qged

lemma trail-defined-if-no-undef-atom-le-maz-lit:
assumes
C-in: C |€| iefac F |9 (N |J| Ue,) and
C-maz-lit: linorder-lit.is-mazimal-in-mset C' K and
no-undef-atom-le-K:
- (FA|€|atms-of-clss (N |U| Uey). A Z¢ atm-of K N A |¢| trail-atms T")
shows trail-defined-cls T' C
proof —

have Az. z €# C = atm-of x <; atm-of K
using C-in C-maz-lit
unfolding linorder-lit.is-mazimal-in-mset-iff
by (metis linorder-trm.le-cases linorder-trm.le-less-linear literal.exhaust-sel
ord-res.less-lit-simps(1) ord-res.less-lit-simps(2) ord-res.less-lit-simps(3)
ord-res.less-lit-simps(4))

hence A\z. z €# C = trail-defined-lit T x
using C-in no-undef-atom-le-K
by (meson atm-of-in-atms-of-clssI trail-defined-lit-iff-trail-defined-atm)

thus trail-defined-cls I C
unfolding trail-defined-cls-def
by metis

qed

lemma no-undef-atom-le-maz-lit-if-lt-false-clause:
assumes

[-lower-set: linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Uey))
and

D-in: D |€| iefac F |9 (N |U| U,,) and

D-false: trail-false-cls T' D and

D-max-lit: linorder-lit.is-maximal-in-mset D L and
C-in: C |€| iefac F | (N |U| Ue,) and

C-maz-lit: linorder-lit.is-mazximal-in-mset C K and
C-lit: C <. D

shows - (3 A|€|atms-of-clss (N |U| Uer). A =¢ atm-of K A A |¢| trail-atms T)
proof —
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have K <; L
using C-lt C-maxz-lit D-maz-lit
using linorder-cls.less-imp-not-less linorder-lit. multp-if-maximal-less-that-mazimal
linorder-lit.nle-le by blast

hence atm-of K =; atm-of L
by (cases K; cases L) simp-all

thus — (3 A|€|atms-of-clss (N |U| Ueyr). A 2t atm-of K A A || trail-atms T')
using no-undefined-atom-le-maz-lit-of-false-clause| OF assms(1,2,3,4)]
by fastforce
qed

lemma bez-trail-false-cls-simp:
fixes F N T
shows fBez (iefac F || N) (trail-false-cls T') <— fBex N (trail-false-cls T')
proof (rule iffI ; elim bexFE)
fix C :: 'f gclause
assume C-in: C |€| iefac F |1 N and C-false: trail-false-cls T C
thus fBex N (trail-false-cls T')
by (smt (verit, ccfv-SIG) fimage-iff iefac-def set-mset-efac trail-false-cls-def)
next
fix C :: 'f gclause
assume C |€| N and trail-false-cls T' C
thus fBex (iefac F | N) (trail-false-cls T')
by (metis fimagel iefac-def set-mset-efac trail-false-cls-def)

qged
end
end
theory ORD-RES-/
imports
ORD-RES

Implicit- Exhaustive- Factorization
Erhaustive- Resolution
begin

19 ORD-RES-4 (implicit factorization)
context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-4 where
factoring:
NN = iefac F || (N U] Uer) =
is-least-false-clause NN C =
linorder-lit.is-maximal-in-mset C L —>
is-pos L =
F' = finsert C F =
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ord-res-4 N (Uery, F) (Uer, F') |

resolution:
NN = iefac F || (N U] Uep) =
is-least-false-clause NN C =
linorder-lit.is-maximal-in-mset C' L —>
is-neg L —
D |€| NN =
D <. C =
ord-res.production (fset NN) D = {atm-of L} =
Uer' = finsert (eres D C) Uep =
ord-res-4 N (Uer, F) (Uer'y F)

inductive ord-res-4-step where
ord-res-4 N s s' = ord-res-4-step (N, s) (N, s’)

inductive ord-res-4-final where
ord-res-final (iefac F || (N |U| Ueyr)) = ord-res-4-final (N, Uer, F)

sublocale ord-res-4-semantics: semantics where
step = ord-res-4-step and
final = ord-res-4-final
proof unfold-locales
fix 54 :: 'f gterm clause fset x 'f gterm clause fset x 'f gterm clause fset

obtain N U,, F :: 'f gterm clause fset where
S4-def: S4 = (N, (Uer, F))
by (metis prod.exhaust)

assume ord-res-4-final S4
hence {#} |€| iefac F || (N |U] Uep) V — ea-false-clause (fset (iefac F || (N
U] Uer)))
by (simp add: S4-def ord-res-4-final.simps ord-res-final-def)
thus finished ord-res-4-step S/
proof (elim disjE)
assume {#} |€| iefac F || (N |U| Uer)
hence is-least-false-clause (iefac F |9 (N |U| Uer)) {#}
using is-least-false-clause-mempty by metis
hence A C L. is-least-false-clause (iefac F || (N |U| Uey)) C A linorder-lit.is-mazimal-in-mset
CL
by (metis Unig-D Unig-is-least-false-clause bot-fset.rep-eq fBex-fempty
linorder-lit.is-mazimal-in-mset-iff set-mset-empty)
hence P z. ord-res-4 N (Ue,, F)
by (auto simp: S4-def elim: ord-res-4.cases)
thus ?thesis
by (simp add: S4-def finished-def ord-res-4-step.simps)
next
assume — ez-false-clause (fset (iefac F | (N |U| Uer)))
hence 7 C. is-least-false-clause (iefac F | (N |U] Uey)) C
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unfolding ex-false-clause-def is-least-false-clause-def
by (metis (no-types, lifting) linorder-cls.is-least-in-fset-ffilterD(1)
linorder-cls.is-least-in-fset-ffilterD(2))

hence # . ord-res-4 N (U, F) z
by (auto simp: S4-def elim: ord-res-4 .cases)

thus ?thesis
by (simp add: S4-def finished-def ord-res-4-step.simps)

qed
qed

lemma right-unique-ord-res-4: right-unique (ord-res-4 N)
proof (rule right-uniquel)
fix s s’ 8" :: 'f gterm clause fset x 'f gterm clause fset
assume stepl: ord-res-4 N s s’ and step2: ord-res-4 N s s’
show s’ = s
using stepl
proof (cases N s s' rule: ord-res-4.cases)
case hypsl: (factoring NN1 F1 Ue.1 C1 L1 F1')
show ?thesis
using step?2
proof (cases N s s’ rule: ord-res-4.cases)
case (factoring NN2 F2 U..2 C2 L2 F2/)
with hypsi show ?thesis
by (metis Unig-D Unig-is-least-false-clause prod.inject)
next
case (resolution NN2 F2 U,..2 C2 L2 D2 U.,.2’)
with hyps! have Fulse
by (metis Pair-inject Unig-is-least-false-clause linorder-lit. Unig-is-mazimal-in-mset
thel-equality’)
thus ?thesis ..
qed
next
case hypsl: (resolution NN1 F1 Ugr1 C1 L1 D1 U,,1’)
show ?thesis
using step?2
proof (cases N s s’ rule: ord-res-4.cases)
case (factoring NN F U, C L F')
with hyps! have Fulse
by (metis Pair-inject Unig-is-least-false-clause linorder-lit. Unig-is-mazimal-in-mset
thel-equality’)
thus ?thesis ..
next
case (resolution NN F Ue,. C L D U,,.")
with hypsi show ?thesis
by (metis (mono-tags, lifting) Uniq-D Uniq-is-least-false-clause
ord-res.less-trm-iff-less-cls-if-mem-production insertl1 linorder-cls.neq-iff
linorder-lit. Unig-is-mazimal-in-mset prod.inject)
qed
qed
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qed

lemma right-unique-ord-res-4-step: right-unique ord-res-4-step
proof (rule right-uniquel)
fixzyz
show ord-res-4-step x y = ord-res-4-step x z = y = 2
using right-unique-ord-res-4 [ THEN right-uniqueD)
by (elim ord-res-4-step.cases) (metis prod.inject)
qed

lemma ex-ord-res-4-if-not-final:
assumes — ord-res-4-final S
shows 35'. ord-res-4-step S S’
proof —
from assms obtain N U,, F where
S-def: S = (N, (Uepr, F)) and
{#} |¢| icfac F |1 (N (0] U,,) and
ex-false-clause (fset (iefac F || (N |U| Uer)))
by (metis ord-res-4-final.intros ord-res-final-def surj-pair)

obtain C where C-least-false: is-least-false-clause (iefac F || (N |U| Uer)) C
using <ezx-false-clause (fset (iefac F | (N |U| Uer)))
obtains-least-false-clause-if-ex-false-clause
by metis

hence C # {#}
using (#} |¢] iefac F | (N |U] Uep):
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by metis

then obtain L where C-max: linorder-lit.is-maximal-in-mset C L
using linorder-lit.ex-maximal-in-mset by metis

show ?thesis
proof (cases L)
case (Pos A)
thus ?thesis
using ord-res-4.factoring| OF refl C-least-false C-mazx] S-def is-pos-def
by (metis ord-res-4-step.intros)
next
case (Neg A)
then obtain D where
D |€| iefac F | (N |U| Uer) and
D <. C and
ord-res.is-strictly-mazimal-lit (Pos A) D and
ord-res.production (fset (iefac F |9 (N |U| Uer))) D = {A}
using bex-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit
using C-least-false C-max by metis
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thus ?thesis
using ord-res-4 .resolution| OF refl C-least-false C-max]
by (metis Neg S-def literal.disc(2) literal.sel(2) ord-res-4-step.simps)
qed
qed

corollary ord-res-4-step-safe: ord-res-4-final S V (3S'. ord-res-4-step S S”)
using ex-ord-res-4-if-not-final by metis

end

end
theory ORD-RES-5
imports
Background
Implicit- Exhaustive- Factorization
Ezhaustive- Resolution
begin

20 ORD-RES-5 (explicit model construction)

type-synonym ’f ord-res-5 = 'f gclause fset x'f gclause fset x 'f gclause fset x
('f gterm = 'f gclause option) x 'f gclause option

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-5 where
skip:
(dom M) |= C =
C' = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Ue,).
C <. D|}) =
ord-res-5 N (Uer, F, M, Some C) (Uer, F, M, C") |

production:
= (dom M) | C =
linorder-lit.is-mazimal-in-mset C' L —>
is-pos L =
linorder-lit.is-greatest-in-mset C' L —>
M’ = M(atm-of L := Some C) =
C' = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F |9 (N |U| Uer).
C <. D|}) =
ord-res-5 N (Uer, F, M, Some C) (Uer, F, M', C") |

factoring:
= (dom M) | C =
linorder-lit.is-maximal-in-mset C L =
is-pos L =
= linorder-lit.is-greatest-in-mset C L —
F' = finsert C F =
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M’ = (A-. None) =
C' = The-optional (linorder-cls.is-least-in-fset (iefac F' || (N |U| Uer))) =
ord-res-5 N (Uer, F, M, Some C) (Uer, F', M, C’) |

resolution:
= (dom M) | C =
linorder-lit.is-maximal-in-mset C L —>
is-neg L —
M (atm-of L) = Some D =
Uer' = finsert (eres D C) U, =
M’ = (A-. None) =
C’ = The-optional (linorder-cls.is-least-in-fset (iefac F || (N U] Ue,'))) =
ord-res-5 N (Uer, F, M, Some C) (Ue,';, F, M, C’)

inductive ord-res-5-step :: 'f ord-res-5 = 'f ord-res-5 = bool where
ord-res-5 N s s’ = ord-res-5-step (N, s) (N, s')

lemma tranclp-ord-res-5-step-if-tranclp-ord-res-5:
(ord-res-5 N)tT s s’ = ord-res-5-step™™* (N, s) (N, s’)
by (induction s’ rule: tranclp-induct)
(auto intro: ord-res-5-step.intros tranclp.intros)

inductive ord-res-5-final :: 'f ord-res-5 = bool where

model-found:
ord-res-5-final (N, Uer, F, M, None) |

contradiction-found:
ord-res-5-final (N, Ue,, F, M, Some {#})

sublocale ord-res-5-semantics: semantics where
step = ord-res-5-step and
final = ord-res-5-final
proof unfold-locales
fix 95 :: 'f gclause fset x'f gclause fset x 'f gclause fset x
('f gterm = 'f gclause option) x 'f gclause option

obtain
N U, F :: 'f gterm clause fset and
M 2 'f gterm = 'f gclause option and
C :: 'f gclause option where
S5-def: S5 = (N, (Uer, F, M, C))
by (metis prod.exhaust)

assume ord-res-5-final S5
hence C = None vV C = Some {#}
by (simp add: S5-def ord-res-5-final.simps)
hence B . ord-res-5 N (U.,, F, M, C) z
by (auto simp: linorder-lit.is-mazimal-in-mset-iff elim: ord-res-5.cases)
thus finished ord-res-5-step S5

163



by (simp add: S5-def finished-def ord-res-5-step.simps)
qed

lemma right-unique-ord-res-5: right-unique (ord-res-5 N)
proof (rule right-uniquel)
fix s 8" s"
assume stepl: ord-res-5 N s s’ and step2: ord-res-5 N s s"’
show s’ = 5"
using step1
proof (cases N s s’ rule: ord-res-5.cases)
case hypsl: (skip M1 C1 C1' F1 Ul,,)
with step2 show ?thesis
by (cases N s s’ rule: ord-res-5.cases) simp-all
next
case hypsl: (production M1 C1 L1 M1'C1' F1 Ul.,)
show ?thesis
using step?2
proof (cases N s s rule: ord-res-5.cases)
case (skip M2 C2 C2' F2 U2.,)
with hyps! show ?thesis
by simp
next
case hyps2: (production M2 C2 L2 M2'C2' F2 U2.,)
have C1 = C2
using hypsl1 hyps2 by simp
hence L1 = L2
using hypsl hyps2
by (metis linorder-lit. Unig-is-mazimal-in-mset Unig-D)
thus ?thesis
using hyps1 hyps2 by simp
next
case hyps2: (factoring M2 C2 L2 F2 F2' M2'C2' U2.,)
have C1 = C2
using hyps! hyps2 by simp
hence L1 = L2
using hyps1 hyps?2
by (metis linorder-lit. Unig-is-mazimal-in-mset Unig-D)
thus ?thesis
using hyps! hyps2 by simp

next
case hyps2: (resolution M2 C2 L2 D2 U2.," U2, M2'C2' F2)
have C1 = (2

using hypsl hyps2 by simp
hence L1 = L2
using hypsl hyps?2
by (metis linorder-lit. Unig-is-mazimal-in-mset Unig-D)
thus “thesis
using hyps! hyps2 by simp
qed
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next
case hypsl: (factoring M1 C1 L1 F1 F1' M1'C1' Ul,,)
show ?thesis
using step?2
proof (cases N s s’ rule: ord-res-5.cases)
case (skip M2 C2 C2' F2 U2.,)
with hypsi show ?thesis
by simp
next
case hyps2: (production M2 C2 L2 M2'C2' F2 U2.,)
have C1 = C2
using hyps! hyps2 by simp
hence L1 = L2
using hyps1 hyps?2
by (metis linorder-lit. Unig-is-mazimal-in-mset Unig-D)
thus ?thesis
using hyps! hyps2 by simp
next
case hyps2: (factoring M2 C2 L2 F2 F2' M2'C2' U2,,)
have C1 = C2
using hypsl hyps2 by simp
thus ?thesis
using hyps! hyps2 by simp
next
case hyps2: (resolution M2 C2 L2 D2 U2.," U2, M2'C2' F2)
have C1 = (2
using hyps! hyps2 by simp
hence L1 = L2
using hyps! hyps?2
by (metis linorder-lit. Unig-is-mazimal-in-mset Unig-D)
hence Fulse
using hyps! hyps2 by argo
thus ?thesis ..
qed
next
case hypsl: (resolution M1 C1 L1 D1 Ule.' Uler M1'C17 F1)
show ?thesis
using step?2
proof (cases N s s”' rule: ord-res-5.cases)
case (skip M2 C2 C2' F2 U2.,)
with hypsi show ?thesis
by simp
next
case hyps2: (production M2 C2 L2 M2'C2' F2 U2.,)
have C1 = C2
using hyps! hyps2 by simp
hence L1 = L2
using hypsl hyps2
by (metis linorder-lit. Unig-is-mazimal-in-mset Unig-D)
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thus ?thesis
using hyps! hyps2 by simp
next
case hyps2: (factoring M2 C2 L2 F2 F2' M2'C2' U2,,)
have C1 = (2
using hyps! hyps2 by simp
hence L1 = L2
using hyps! hyps?2
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)
hence Fulse
using hyps! hyps2 by argo
thus ?thesis ..

next
case hyps2: (resolution M2 C2 L2 D2 U2.,." U2, M2'C2' F2)

have Ul., = U2, F1 = F2 M1 = M2C1 = C2
using hyps! hyps2 by simp-all
hence L1 = L2
using hyps! hyps?2
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)
hence DI = D2
using <M1 (atm-of L1) = Some D1y <M2 (atm-of L2) = Some D2» «M1
= M2
by simp

have U1.,' = U2,.,’
using (Ul.,' = finsert (eres D1 C1) Ul or <U2¢." = finsert (eres D2 C2)

U2,
«D1 = D2y <C1 = C2) <Uleyr = U2¢p»
by argo

moreover have M1’ = M2’
using <M1’ = (A-. None)» <M2' = (\-. None)»
by argo

moreover have C1’' = C2’
using hyps! hyps2 «F1 = F2» «Ul..' = U2, by simp

ultimately show ?Zthesis
using s’ = (Ul.,', F1, M1', C1") <s" = (U2.,.', F2, M2', C2"))
«F1=F2
by argo
qed
qed
qed

lemma right-unique-ord-res-5-step: right-unique ord-res-5-step
proof (rule right-uniquel)

fixzyz

show ord-res-5-step ©x y = ord-res-5-step v z = y = 2
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using right-unique-ord-res-5[ THEN right-uniqueD)
by (elim ord-res-5-step.cases) (metis prod.inject)
qed

definition nezt-clause-in-factorized-clause where

next-clause-in-factorized-clause N s <—
VUer FM C.s=(Uer, F, M, Some C) — C |€| iefac F || (N |U| Uer))

lemma next-clause-in-factorized-clause:
assumes step: ord-res-5 N s s’
shows next-clause-in-factorized-clause N s’
using step
proof (cases N s s’ rule: ord-res-5.cases)
case (skip M C C' F Uer)
thus ?thesis
unfolding next-clause-in-factorized-clause-def
by (metis Pair-inject The-optional-eq-SomeD linorder-cls.is-minimal-in-fset-eq-is-least-in-fset
linorder-cls.is-minimal-in-fset-ffilter-iff )
next
case (production M C L M'C' F U.,)
thus ?thesis
unfolding next-clause-in-factorized-clause-def
by (metis Pair-inject The-optional-eq-SomeD linorder-cls.is-minimal-in-fset-eq-is-least-in-fset
linorder-cls.is-minimal-in-fset-ffilter-iff )
next
case (factoring M CLF' F M'C’ U,,)
thus ?thesis
unfolding nezt-clause-in-factorized-clause-def
by (metis Pair-inject The-optional-eq-SomeD linorder-cls.is-least-in-fset-iff)
next
case (resolution M CL D U,,' Ugr M'C' F)
thus ?thesis
unfolding next-clause-in-factorized-clause-def
by (metis Pair-inject The-optional-eq-SomeD linorder-cls.is-least-in-fset-iff)
qed

definition implicitly-factorized-clauses-subset where
implicitly-factorized-clauses-subset N s <—
NVUep FMC.s=(Ugp, F, M, C) — F |C| N |U| Ue,)

lemma ord-res-5-preserves-implicitly-factorized-clauses-subset:
assumes
step: ord-res-5 N s s’ and
movars:
implicitly-factorized-clauses-subset N s and
next-clause-in-factorized-clause N s
shows implicitly-factorized-clauses-subset N s
using step
proof (cases N s s’ rule: ord-res-5.cases)

/
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case (skip M C C'F U.,)
thus ?thesis
using invars
by (simp add: implicitly-factorized-clauses-subset-def)
next
case (production M CL M'C' F U,,)
thus ?thesis
using invars
by (simp add: implicitly-factorized-clauses-subset-def)
next
case (factoring M CLF'F M'C' Ue,)
thus ?thesis
using invars
by (smt (verit) Pair-inject assms(3) fimage-iff finsert-fsubset iefac-def
implicitly-factorized-clauses-subset-def literal.collapse(1)
next-clause-in-factorized-clause-def ex1-efac-eq-factoring-chain ex-ground-factoringl)
next
case (resolution M CL D U.,.' Ug M'C' F)
thus ?thesis
using invars
by (simp add: fsubset-funion-eq implicitly-factorized-clauses-subset-def)
qged

lemma interp-eq-Interp-if-least-greater:
assumes
C-in: C' |€| NN and
D-least-gt-C: linorder-cls.is-least-in-fset (ffilter ((<X.) C) NN) D
shows ord-res.interp (fset NN) D = ord-res.interp (fset NN) C' U ord-res.production
(fset NN) C
proof —
have nez-between-C-and-D: = (3CD |€| NN. C <. CD A CD <. D)
using D-least-gt-C
unfolding linorder-cls.is-least-in-ffilter-iff by auto

have ord-res.interp (fset NN) D = ord-res.interp (fset {|B |€| NN. B <. C|})
D
proof (rule ord-res.interp-swap-clause-set)
have NN = {|B |€| NN. B <. C|} |U| {|E |€| NN. D =<, E|}
using nez-between-C-and-D by force
show {Da. Da |€] NN A Da <. D} = {Da. Da |€| {|B |€| NN. (<.)== B C|}
A Da <. D}
using (NN = {|B |€| NN. (<)== B C|} |U| ffilter ((=X.)== D) NN>»
linorder-cls.leD by auto
qed

also have ... = |J (ord-res.production (fset {|B |€| NN. (<.)== B C|}) *

{Da. Da |€| {|B |€| NN. (<.)== B C|} A Da <. D})
unfolding ord-res.interp-def ..
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also have ... = |J (ord-res.production (fset {|B |€| NN. (<.)== B C|}) ¢
{Da € fset NN. (<.)== Da C A Da <. D})

by auto

also have ... = |J (ord-res.production (fset {|B |€] NN. (<.)== B C|}) ¢
{Da € fset NN. (<.)== Da C})

proof —

have {|Da |€| NN. Da <. C' A Da <. D|} = {|Da |€|] NN. Da <. C|}
using nez-between-C-and-D
by (metis (no-types, opaque-lifting) D-least-gt-C linorder-cls.is-least-in-fset-ffilterD(2)
linorder-cls.le-less-trans)
thus ?thesis
by fastforce
qed

also have ... = |J (ord-res.production (fset {|B |€] NN. (<.)== B C|}) ¢
{Da € fset NN. Da <. C}) U ord-res.production (fset {|B |€| NN. (<.)== B
cly) ¢
proof —
have {Da. Da |€| NN A (<.)== Da C} = insert C {Da. Da |€| NN A Da <.
C}
using C-in by auto
thus ?thesis

by blast
qed
also have ... = ord-res-Interp (fset {|B |€| NN. (<.)== B C|}) C
unfolding ord-res.interp-def by auto
also have ... = ord-res-Interp (fset NN) C
proof —

have ord-res.interp (fset {|B |€| NN. (<.)== B C|}) C = ord-res.interp (fset
NN) C
using ord-res.interp-swap-clause-set|of fset {|B |€| NN. (<)== B C|} C fset
NN
by auto

moreover have ord-res.production (fset {|B |€| NN. (<x.)== B C|}) C =
ord-res.production (fset NN) C

using ord-res.production-swap-clause-set|of fset {|B |€| NN. (<.)== B C|}
C fset NN|

by auto

ultimately show ¢thesis
by simp
qed

finally show ?thesis .
qed
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lemma interp-eq-empty-if-least-in-set:
assumes linorder-cls.is-least-in-set N C
shows ord-res.interp N C = {}
using assms
unfolding ord-res.interp-def
unfolding linorder-cls.is-least-in-set-iff
by auto

definition model-eq-interp-upto-next-clause where
model-eq-interp-upto-next-clause N s «—
NVUep FMC.s=(Uep, F, M, Some C) —
dom M = ord-res.interp (fset (iefac F || (N |U| Uer))) C)

lemma model-eq-interp-upto-next-clause:
assumes step: ord-res-5 N s s’ and
movars:
model-eq-interp-upto-next-clause N s
next-clause-in-factorized-clause N s
shows model-eq-interp-upto-next-clause N s’
using step
proof (cases N s s’ rule: ord-res-5.cases)
case step-hyps: (skip M C C' F Ue,)

have dom M = ord-res.interp (fset (iefac F |9 (N |U| Ue,))) D if C' = Some
D for D
proof —
have dom M = ord-res.interp (fset (iefac F || (N |U| Uer))) C
using invars(1)[unfolded model-eg-interp-upto-next-clause-def, rule-format,

OF s = (Uer, F, M, Some C)] .

also have ... = ord-res-Interp (fset (iefac F || (N |U| Uey))) C
proof —
have ord-res.production (fset (iefac F |9 (N |U] Uer))) C = {}
using <dom M |= C»
unfolding invars(1)[unfolded model-eq-interp-upto-next-clause-def, rule-format,
OF s = (Uep, F, M, Some C))]
by (simp add: ord-res.production-unfold)
thus ?thesis
by simp
qed

also have ... = ord-res.interp (fset (iefac F | (N |U| Uer))) D
proof (rule interp-eq-Interp-if-least-greater[symmetric])
show C |€| iefac F | (N |U| Uer)
using invars(2)[unfolded next-clause-in-factorized-clause-def, rule-format,
OF <s = (Uer, F, M, Some C)] .
next

show linorder-cls.is-least-in-fset (ffilter ((<.) C) (iefac F |9 (N |U| Uer)))
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using step-hyps(3—) that by (metis Some-eq-The-optionalD)
qed

finally show ?thesis .
qed

thus ?thesis
using step-hyps by (simp add: model-eg-interp-upto-next-clause-def)
next
case step-hyps: (production M C L M'C' F Ue,,)

have dom M’ = ord-res.interp (fset (iefac F | (N |U| Uer))) D if C' = Some
D for D
proof —
have dom M’ = dom M U {atm-of L}
unfolding <M’ = M(atm-of L — C)) by simp

also have ... = ord-res.interp (fset (iefac F || (N |U| Uey))) C U {atm-of L}
unfolding invars(1)[unfolded model-eq-interp-upto-next-clause-def , rule-format,
OF <s = (Uer, F, M, Some C)] ..

also have ... = ord-res.interp (fset (iefac F | (N |U| Ueyr))) C U
ord-res.production (fset (iefac F |9 (N |U| Uer))) C
proof —

have - ord-res.interp (fset (iefac F || (N |U| Uer))) C | C
using (- dom M | O
unfolding invars(1)[unfolded model-eg-interp-upto-next-clause-def, rule-format,
OF <s = (Uer, F, M, Some C)] .
hence atm-of L € ord-res.production (fset (iefac F |9 (N |U] Uey))) C
using <is-pos Ly <ord-res.is-strictly-mazximal-lit L C»
using invars(2)[unfolded next-clause-in-factorized-clause-def, rule-format,
OF <s = (Uer, F, M, Some C)]
unfolding ord-res.production-unfold mem-Collect-eq
by (metis linorder-lit.is-greatest-in-mset-iff literal.collapse( 1) multi-member-split)
hence ord-res.production (fset (iefac F |9 (N |U| Uer))) C = {atm-of L}
by (metis empty-iff insertE ord-res.production-eq-empty-or-singleton)
thus ?thesis
by argo
qed

also have ... = ord-res.interp (fset (iefac F || (N |U| Ue,))) D
proof (rule interp-eq-Interp-if-least-greater[symmetric])

show C |€| iefac F | (N |U| Uer)

using invars(2)[unfolded next-clause-in-factorized-clause-def, rule-format,
OF <s = (Uer, F, M, Some C)] .

next

show linorder-cls.is-least-in-fset (ffilter ((<.) C) (iefac F || (N |U| Uer)))

D
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using step-hyps(3—) that by (metis Some-eq-The-optionalD)
qed

finally show ?thesis .
qed

thus ?thesis
using step-hyps by (simp add: model-eq-interp-upto-next-clause-def)
next
case step-hyps: (factoring M C L F'F M'C’' U.,)

have dom M’ = ord-res.interp (fset (iefac F' | (N |U| Uer))) D if C' = Some
D for D
proof —
have dom M’ = {}
using step-hyps(3—) by simp
also have ... = ord-res.interp (fset (iefac F' || (N |U| Uer))) D
proof (rule interp-eq-empty-if-least-in-set[symmetric])
show linorder-cls.is-least-in-set (fset (iefac F' || (N |U| Uer))) D
using step-hyps(3—) that
by (metis Some-eq-The-optionalD linorder-cls.is-least-in-fset-iff
linorder-cls.is-least-in-set-iff )
qed
finally show ?thesis .
qed

thus ?thesis
using step-hyps by (simp add: model-eq-interp-upto-next-clause-def)
next
case step-hyps: (resolution M C L D U Uer M'C' F)

have dom M’ = ord-res.interp (fset (iefac F | (N |U] U.."))) D if C' = Some
D for D
proof —
have dom M' = {}
using step-hyps(3—) by simp
also have ... = ord-res.interp (fset (iefac F || (N |U| Ue,"))) D
proof (rule interp-eq-empty-if-least-in-set[symmetric))
show linorder-cls.is-least-in-set (fset (iefac F | (N |U] Uey'))) D
using step-hyps(3—) that
by (metis Some-eq-The-optionalD linorder-cls.is-least-in-fset-iff
linorder-cls.is-least-in-set-iff )
qed
finally show ?thesis .
qed

thus ?thesis

using step-hyps by (simp add: model-eq-interp-upto-next-clause-def)
qed
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definition all-smaller-clauses-true-wrt-respective-Interp where
all-smaller-clauses-true-wrt-respective-Interp N s <—
(VUer FMC.s=(Uepr, F, M, C) —
(V C |€]| iefac F || (N |U| Uer). (WVD. C = Some D — C <. D) —
ord-res-Interp (fset (iefac F |4 (N |U| Uey))) C |= C))

lemma all-smaller-clauses-true-wrt-respective-Interp:
assumes step: ord-res-5 N s s’ and
tnoars:
all-smaller-clauses-true-wrt-respective-Interp N s
model-eq-interp-upto-next-clause N s
next-clause-in-factorized-clause N s
shows all-smaller-clauses-true-wrt-respective-Interp N s’
using step
proof (cases N s s’ rule: ord-res-5.cases)
case step-hyps: (skip M D C' F U,,)

have D-true: ord-res-Interp (fset (iefac F || (N |U| Uer))) D |= D
using invars(2) ord-res.production-unfold step-hyps(1) step-hyps(3)
by (auto simp: model-eq-interp-upto-next-clause-def)

have ord-res-Interp (fset (iefac F | (N |U| Uey))) C |= C
if C' = Some E and C-in: C |€| iefac F || (N |U| Uer) and C <. E for C F
proof —
have linorder-cls.is-least-in-fset (ffilter (<) D) (iefac F || (N |U]| Uer))) E
using step-hyps «C' = Some E» by (metis Some-eq- The-optionalD)
hence C <. D
using C-in <C <. E»
by (metis asympD linorder-cls.is-least-in-ffilter-iff linorder-cls.le-less-linear
ord-res.asymp-less-cls)
thus ?thesis
using D-true
using invars(1)[unfolded all-smaller-clauses-true-wrt-respective-Interp-def,
rule-format,
OF <s = (Uer, F, M, Some D)) C-in] by auto
qged

moreover have ord-res-Interp (fset (iefac F | (N |U| Uey))) C |= C
if C' = None and C-in: C |€| iefac F |9 (N |U| Ue,) for C
proof —
have # z. linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F |9 (N |U| Uer)))

using step-hyps «C' = None»
by (metis (no-types, opaque-lifting) None-eq-The-optionalD linorder-cls. Uniq-is-least-in-fset
thel-equality’)
hence - (Fz |€] iefac F || (N U] Uep). D <. z)
by (metis femptyE ffmember-filter linorder-cls.ex1-least-in-fset)
hence C <. DV C =D
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using C-in by force
thus ?thesis
proof (elim disjE)
assume C <. D
then show ?thesis
using invars(1) «<s = (Uer, F, M, Some D)» C-in
by (auto simp: all-smaller-clauses-true-wrt-respective-Interp-def)
next
assume C = D
then show ?Zthesis
using D-true by argo
qed
qed

ultimately show “thesis
using step-hyps
by (smt (verit, best) all-smaller-clauses-true-wrt-respective-Interp-def old.prod.inject
option.ezhaust)
next
case step-hyps: (production M D K M'C' F U.,)

have K €# D
using step-hyps(3—) by (metis linorder-lit.is-greatest-in-mset-iff )

have - ord-res.interp (fset (iefac F |9 (N |U| Uer))) D |= D
using <~ dom M |= D»
unfolding invars(2)[unfolded model-eq-interp-upto-next-clause-def , rule-format,
OF <s = (Uer, F, M, Some D)] .
hence atm-of K € ord-res.production (fset (iefac F || (N |U| Uer))) D
using <is-pos K> <ord-res.is-strictly-mazximal-lit K Dy <K €# D>
using invars(3)[unfolded next-clause-in-factorized-clause-def, rule-format,
OF s = (Uer, F, M, Some D))]
unfolding ord-res.production-unfold mem-Collect-eq
by (metis literal.collapse(1) multi-member-split)
hence prod-D-eq: ord-res.production (fset (iefac F || (N |U| Uer))) D = {atm-of
K}
by (metis empty-iff insertE ord-res.production-eq-empty-or-singleton)
hence ord-res-Interp (fset (iefac F || (N |U| Uer))) D EI K
using <is-pos K» by force
hence D-true: ord-res-Interp (fset (iefac F |9 (N |U| Uer))) D |= D
using (K €# D) by auto

have dom M’ = dom M U {atm-of K}
unfolding <M’ = M(atm-of K — D)) by simp

also have ... = ord-res.interp (fset (iefac F |9 (N |U| Uer))) D U {atm-of K}

unfolding invars(2)[unfolded model-eq-interp-upto-next-clause-def , rule-format,
OF s = (Uer, F, M, Some D)] ..
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also have ... = ord-res.interp (fset (iefac F | (N |U| Ueyr))) D U
ord-res.production (fset (iefac F |9 (N |U| Uer))) D
using prod-D-eq by argo

finally have dom-M’-eq: dom M’ = ord-res-Interp (fset (iefac F || (N |U|
Uer))) D .

have ord-res-Interp (fset (iefac F | (N |U| Uey))) C |= C
if ¢’ = Some E and C-in: C |€| iefac F |4 (N |U| Uer) and C <. E for C E
proof —
have linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F || (N |U| Uer))) E
using step-hyps «C' = Some E» by (metis Some-eq- The-optionalD)
hence C <. D
using C-in «C <. E»
by (metis asympD linorder-cls.is-least-in-ffilter-iff linorder-cls.le-less-linear
ord-res.asymp-less-cls)
thus ?thesis
using D-true
using invars(1)[unfolded all-smaller-clauses-true-wrt-respective-Interp-def,
rule-format,
OF s = (Uer, F, M, Some D)» C-in] by auto
qed

moreover have ord-res-Interp (fset (iefac F || (N |U| Uer))) C |= C
if C' = None and C-in: C |€| iefac F |9 (N |U| Ue,) for C

proof —
have 7 z. linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F || (N |U] Uer)))

using step-hyps «C' = None»
by (metis (no-types, opaque-lifting) None-eq-The-optionalD linorder-cls. Unig-is-least-in-fset
thel-equality’)
hence - (3z |€| iefac F || (N |U] Uer). D <. 1)
by (metis femptyE [fmember-filter linorder-cls.ex1-least-in-fset)
hence C <. DVv C =D
using C-in by force
thus ?thesis
proof (elim disjE)
assume C <. D
then show ?thesis
using invars(1) <s = (Uer, F, M, Some D)> C-in
by (auto simp: all-smaller-clauses-true-wrt-respective-Interp-def)
next
assume C = D
thus ?thesis
using D-true by argo
qed
qed

ultimately show %thesis

175



unfolding step-hyps(2) all-smaller-clauses-true-wrt-respective-Interp-def
by (metis prod.inject option.exhaust)
next
case step-hyps: (factoring M D K F' F M'C’ U,,)
have D |€| iefac F | (N |U| Uer)
using invars(2—) «s = (Uer, F, M, Some D))
by (metis next-clause-in-factorized-clause-def)
hence D |€| N |U| Ue,
using step-hyps(3—)
by (smt (verit, ccfv-threshold) fimage-iff iefac-def literal.collapse(1)
ex1-efac-eq-factoring-chain ex-ground-factoringl)
hence iefac F' D |€| iefac F' | (N |U] Uer)
unfolding «F' = finsert D F» by simp
hence C’ # None
using step-hyps(3—)
by (metis The-optional-eq-NoneD finsert-not-fempty linorder-cls.ex1-least-in-fset
set-finsert)
then obtain F where
C'= Some E
by auto

have - (3 C |€| iefac F' || (N |U] Uer). C <. E)
using «C’' = Some E) step-hyps(9)
by (metis The-optional-eq-SomeD linorder-cls.is-least-in-fset-iff
linorder-cls.less-imp-not-less)

thus ?thesis
unfolding step-hyps(1,2) all-smaller-clauses-true-wrt-respective-Interp-def
using «C’ = Some E) by simp
next
case step-hyps: (resolution M C L D Uep' Uer M'C' F)
hence eres D C' |€| N |U| Ue,'
by simp
hence iefac F (eres D C) |€] iefac F || (N |U] Uer')
by simp
hence C’ # None
using step-hyps(3—)
by (metis The-optional-eq-NoneD finsert-not-fempty linorder-cls.ex1-least-in-fset
set-finsert)
then obtain E where
C'= Some E
by auto

have - (3 C |€| iefac F || (N |U| Uer'). C <. E)
using «C’' = Some E) step-hyps(9)
by (metis The-optional-eq-SomeD linorder-cls.is-least-in-fset-iff
linorder-cls.less-imp-not-less)

thus ?2thesis
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unfolding step-hyps(1,2) all-smaller-clauses-true-wrt-respective-Interp-def
using «C’ = Some E) by simp
qed

lemma all-smaller-clauses-true-wrt-model:
assumes
mnoars:
all-smaller-clauses-true-wrt-respective-Interp N s
model-eq-interp-upto-next-clause N s
shows VU, F M D. s = (Uer, F, M, Some D) —
(V C |€]| iefac F || (N |U| Uep). C <. D — dom M |= C)
proof (intro alll impI balll)
fix Uey FMDC
assume
s-def: s = (Uer, F, M, Some D) and
C-in: C |€| iefac F |9 (N |U| Ue,) and
C-lit: C <. D

hence C-true: ord-res-Interp (fset (iefac F |9 (N |U]| Uey))) C | C
using invars(1)[unfolded all-smaller-clauses-true-wrt-respective-Interp-def s-def]
by auto

moreover have dom M = ord-res.interp (fset (iefac F |9 (N |U| Uer))) D
using invars(2) s-def by (metis model-eg-interp-upto-next-clause-def)

ultimately show dom M |= C
using ord-res.entailed-clause-stays-entailed’ C-lt by metis
qed

definition model-eq-sublocale where
model-eq-sublocale N s +—
VU FM.s=(Uep, F, M, None) —
(let NN = fset (iefac F || (N |U]| Ueyr)) in dom M = |J (ord-res.production
NN ¢ NN)))

lemma all-smaller-clauses-true-wrt-model-strong:
assumes
tnoars:
all-smaller-clauses-true-wrt-respective-Interp N s
model-eq-interp-upto-next-clause N s
model-eq-sublocale N s
shows VU, FMC. s=(Ug, F, M, C) —
(Vv C |€| iefac F | (N |U| Uer). (VD.C = Some D — C <. D) — dom M
= C)
proof (intro alll impI balll)
fix Ue, FMCC
assume
s-def: s = (Uer, F, M, C) and
C-in: C |€| iefac F |9 (N |U| Ue,) and
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C-it:VD.C = Some D — C <. D
hence C-true: ord-res-Interp (fset (iefac F | (N |U] Uer))) C |= C
using invars(1) by (metis all-smaller-clauses-true-wrt-respective-Interp-def)

show dom M |= C
proof (cases C)
case C-def: None
have let NN = fset (iefac F || (N |U| Uey)) in dom M = |J (ord-res.production
NN ¢ NN)
using invars(3) s-def C-def
by (metis model-eq-sublocale-def)
then show ?thesis
using C-true
by (smt (verit, ccfv-SIG) C-in UN-I insertCI linorder-lit.is-greatest-in-mset-iff
ord-res.lift-entailment-to- Union ord-res.mem-productionF
ord-res.production-eq-empty-or-singleton pos-literal-in-imp-true-cls
sup-bot.right-neutral)

next
case C-def: (Some D)
have C <. D

using C-lt C-def by metis
moreover have dom M = ord-res.interp (fset (iefac F || (N |U| Uer))) D
using invars(2) s-def C-def by (metis model-eg-interp-upto-next-clause-def)
ultimately show ¢thesis
using ord-res.entailed-clause-stays-entailed’ C-true by metis
qged
qged

lemma next-clause-lt-least-false-clause:
assumes
tmoars:
all-smaller-clauses-true-wrt-respective-Interp N s
model-eq-interp-upto-next-clause N s
shows VU, FM C. s = (Uegpr, F, M, Some C) —
(V D. is-least-false-clause (iefac F || (N |U| Uer)) D — C <. D)
proof (intro alll impl balll)
fix Ugp FMCD
assume
s-def: s = (Uer, F, M, Some C) and
D-least-false: is-least-false-clause (iefac F | (N U] Uer)) D
then show C <. D
using invars[unfolded model-eq-interp-upto-next-clause-def
all-smaller-clauses-true-wrt-respective-Interp-def , rule-format, OF s-def,
sitmplified)
by (metis (no-types, lifting) fimage.rep-eq is-least-false-clause-def
linorder-cls.is-least-in-fset-ffilterD(1) linorder-cls.is-least-in-fset-ffilterD(2)
linorder-cls.le-less-linear sup-fset.rep-eq)
qed
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definition atoms-in-model-were-produced where
atoms-in-model-were-produced N s <—
NVUep FMC.s=(Uepr, F, M, C) — (VA C. M A = Some C —
A € ord-res.production (fset (iefac F |9 (N |U| Ue,))) C))

lemma atoms-in-model-were-produced:
assumes step: ord-res-5 N s s’ and
mnuars:
atoms-in-model-were-produced N s
model-eq-interp-upto-next-clause N s
next-clause-in-factorized-clause N s
shows atoms-in-model-were-produced N s’
using step
proof (cases N s s’ rule: ord-res-5.cases)
case (skip M C C' F U,,)
thus ?thesis
using invars(1) by (simp add: atoms-in-model-were-produced-def)
next
case (production M C L M'C' F U,,)
obtain A where L = Pos A
using <is-pos Ly by (cases L) simp-all

have atm-of L € ord-res.production (fset (iefac F | (N |U] Uer))) C
unfolding ord-res.production-unfold mem-Collect-eq
proof (intro exl conjI)
show atm-of L = A
unfolding <L = Pos A» literal.sel ..
next
show C |€| iefac F || (N |U| Uer)
using invars(3)[unfolded next-clause-in-factorized-clause-def, rule-format,
OF <s = (Uer, F, M, Some C)] .
next
have L €# C
using <linorder-lit.is-maximal-in-mset C' L)
unfolding linorder-lit.is-maximal-in-mset-iff ..
thus C = add-mset (Pos A) (C — {#Pos A#})
unfolding <L = Pos A> by simp
next
show ord-res.is-strictly-mazimal-lit (Pos A) C
using <ord-res.is-strictly-maximal-lit L C»
unfolding <L = Pos A .
next
show — ord-res.interp (fset (iefac F || (N |U| Uer))) C |= C
using «— dom M | O
unfolding invars(2)[unfolded model-eg-interp-upto-next-clause-def, rule-format,
OF s = (Uer, F, M, Some C)] .
qed simp-all

thus ?2thesis
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using invars(1)
by (simp add: atoms-in-model-were-produced-def
s = (Uep, Fy, M, Some C)y <s' = (Ueyp, F, M', C')y <M’ = M(atm-of L
— C))
qed (simp-all add: atoms-in-model-were-produced-def)

definition all-produced-atoms-in-model where
all-produced-atoms-in-model N s <—
VUer FMD.s=(Ug, F, M, Some D) — WVC A. C <. D —
A € ord-res.production (fset (iefac F || (N |U] Uer))) C — M A = Some
)

lemma all-produced-atoms-in-model:
assumes step: ord-res-5 N s s’ and
tmoars:
all-produced-atoms-in-model N s
model-eq-interp-upto-next-clause N s
next-clause-in-factorized-clause N s
shows all-produced-atoms-in-model N s’
using step
proof (cases N s s’ rule: ord-res-5.cases)
case (skip M C C' F U,,)
have ord-res.production (fset (iefac F | (N |U| Uer))) C = {}
using invars
by (metis ex-in-conv model-eg-interp-upto-next-clause-def local.skip(1) local.skip(3)
ord-res.mem-productionF)
thus ?thesis
using invars(1) <s = (Uer, F, M, Some C)»
unfolding all-produced-atoms-in-model-def
by (smt (verit, del-insts) Pair-inject The-optional-eq-SomeD empty-iff
linorder-cls.is-least-in-ffilter-iff linorder-cls.not-less-iff-gr-or-eq local.skip(2)
local.skip(4) ord-res.mem-productionF)
next
case step-hyps: (production M C L M'C' F Ue,,)
obtain A where L = Pos A
using <is-pos Ly by (cases L) simp-all

have atm-of L € ord-res.production (fset (iefac F || (N |U]| Uer))) C
unfolding ord-res.production-unfold mem-Collect-eq
proof (intro exl conjI)
show atm-of L = A
unfolding <L = Pos A» literal.sel ..
next
show C |€| iefac F || (N |U| Uer)
using invars <s = (U.,, F, M, Some C)> by (metis next-clause-in-factorized-clause-def)
next
have L €# C
using <linorder-lit.is-maximal-in-mset C L»
unfolding linorder-lit.is-maximal-in-mset-iff ..
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thus C = add-mset (Pos A) (C — {#Pos A#})
unfolding (L = Pos A> by simp
next
show ord-res.is-strictly-mazimal-lit (Pos A) C
using <ord-res.is-strictly-mazimal-lit L C)»
unfolding <L = Pos A» .
next
show — ord-res.interp (fset (iefac F || (N |U| Uer))) C |= C
using <— dom M |= )
using invars <s = (Uer, F, M, Some C)» by (metis model-eq-interp-upto-next-clause-def)
qed simp-all

thus ?thesis
using invars <s = (Ueyp, F, M, Some C)»
unfolding all-produced-atoms-in-model-def
using (s’ = (Uer, F, M', C)» <M’ = M(atm-of L — C)»
using prod.inject
by (smt (verit, del-insts) Some-eq- The-optionalD asympD ord-res.mem-productionE
linorder-cls.antisym-conv8 linorder-cls.is-least-in-ffilter-iff
linorder-trm.not-less-iff-gr-or-eq step-hyps(8) map-upd-Some-unfold
ord-res.asymp-less-cls ord-res.less-trm-iff-less-cls-if-mem-production)
next
case step-hyps: (factoring M C L F' F M’'C' U,,)
have - (3 C |€| iefac F' |1 (N |U| Uer). C <. D) if C' = Some D for D
proof (rule nbez-less-than-least-in-fset)
show linorder-cls.is-least-in-fset (iefac F' || (N |U| Uer)) D
using step-hyps that by (metis The-optional-eq-SomeD)
qed
thus ?thesis
unfolding all-produced-atoms-in-model-def
by (metis step-hyps(2) ord-res.mem-productionE prod.inject)
next
case step-hyps: (resolution M C L D U’ Uer M'C' F)
have - (3 C |€] iefac F || (N |U| Ue'). C <. D) if C' = Some D for D
proof (rule nbex-less-than-least-in-fset)
show linorder-cls.is-least-in-fset (iefac F | (N |U| Ue,')) D
using step-hyps that by (metis The-optional-eq-SomeD)
qed
thus ?thesis
unfolding all-produced-atoms-in-model-def
by (metis step-hyps(2) ord-res.mem-productionE prod.inject)
qged

definition ord-res-5-invars where
ord-res-5-invars N s «—
next-clause-in-factorized-clause N s A
implicitly-factorized-clauses-subset N s A\
model-eq-interp-upto-next-clause N s A
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all-smaller-clauses-true-wrt-respective-Interp N s A
atoms-in-model-were-produced N s N
all-produced-atoms-in-model N s

lemma ord-res-5-invars-initial-state:
assumes
F-subset: F |C| N |U| U, and
C-least: linorder-cls.is-least-in-fset (iefac F || (N |U| Ueyr)) C
shows ord-res-5-invars N (Uer, F, Map.empty, Some C)
unfolding ord-res-5-invars-def
proof (intro conjI)
show next-clause-in-factorized-clause N (Uep, F, Az. None, Some C)
unfolding next-clause-in-factorized-clause-def
using C-least[unfolded linorder-cls.is-least-in-fset-iff| by simp
next
show implicitly-factorized-clauses-subset N (Uep, F, Az. None, Some C)
unfolding implicitly-factorized-clauses-subset-def
using F-subset by simp
next
have ord-res.interp (iefac F * (fset N U fset U,,)) C = {}
using C-least[unfolded linorder-cls.is-least-in-fset-iff]
by (simp add: interp-eq-empty-if-least-in-set linorder-cls.is-least-in-set-iff )
thus model-eg-interp-upto-next-clause N (Ue,, F, Ax. None, Some C)
unfolding model-eg-interp-upto-next-clause-def by simp
next
have —(3 Ca |€| iefac F | (N |U] Uer). Ca <. C)
using C-least[unfolded linorder-cls.is-least-in-fset-iff]
by (metis linorder-cls.less-asym)
thus all-smaller-clauses-true-wri-respective-Interp N (Ue,, F, Ax. None, Some
C)
unfolding all-smaller-clauses-true-wrt-respective-Interp-def by simp
next
show atoms-in-model-were-produced N (Ue,, F, Az. None, Some C)
unfolding atoms-in-model-were-produced-def by simp
next
have V Ca. Ca <. C — Ca |¢| iefac F | (N |U| Uer)
using C-least[unfolded linorder-cls.is-least-in-fset-iff]
by (metis linorder-cls.order.asym)
thus all-produced-atoms-in-model N (U, F, Ax. None, Some C)
unfolding all-produced-atoms-in-model-def
by (simp add: ord-res.production-unfold)
qged

lemma ord-res-5-preserves-invars:
assumes step: ord-res-5 N s s’ and invars: ord-res-5-invars N s
shows ord-res-5-invars N s’
proof —
obtain U., F M C where s-def: s = (U, F, M, C)
by (metis prod.exhaust)
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then show ?thesis

unfolding ord-res-5-invars-def

using invars[unfolded ord-res-5-invars-def]

using next-clause-in-factorized-clause[ OF step]
ord-res-5-preserves-implicitly-factorized-clauses-subset| OF step]
model-eg-interp-upto-next-clause[ OF step]
all-smaller-clauses-true-wrt-respective-Interp| OF step)
atoms-in-model-were-produced| OF step]
all-produced-atoms-in-model| OF step)

by metis

qed

lemma rtranclp-ord-res-5-preserves-invars:
assumes steps: (ord-res-5 N)** s s’ and invars: ord-res-5-invars N s
shows ord-res-5-invars N s’
using steps invars
by (induction s rule: converse-rtranclp-induct) (auto intro: ord-res-5-preserves-invars)

lemma tranclp-ord-res-5-preserves-invars:
assumes steps: (ord-res-5 N)*+ s s’ and invars: ord-res-5-invars N s
shows ord-res-5-invars N s’
using rtranclp-ord-res-5-preserves-invars
by (metis invars steps tranclp-into-rtranclp)

lemma le-least-false-clause:
fixes Ns Uo,, F M CD
assumes
invars: ord-res-5-invars N s and
s-def: s = (Uep, F, M, Some C) and
D-least-false: is-least-false-clause (iefac F | (N |U| Uer)) D
shows C <. D
proof —
have D-in: D |€| iefac F || (N |U| Uer)
using D-least-false
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by argo

show C <. D
proof (rule next-clause-lt-least-false-clause[rule-format])
show is-least-false-clause (iefac F || (N |U| Ue,)) D
using D-least-false .
next
show (U.,, F, M, Some C) = (Uer, F, M, Some C) ..
next
show all-smaller-clauses-true-wrt-respective-Interp N (Uep, F, M, Some C)
using invars by (metis s-def ord-res-5-invars-def)
next
show model-eg-interp-upto-next-clause N (Ue,., F, M, Some C)
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using invars by (metis s-def ord-res-5-invars-def)
qed
qed

lemma ex-ord-res-5-if-not-final:
assumes
not-final: = ord-res-5-final S and
invars: YN s. S = (N, s) — ord-res-5-invars N s
shows 35'. ord-res-5-step S S’
proof —
from not-final obtain N U.,. F M C where
S-def: S = (N, (Uer, F, M, Some C)) and C # {#}
unfolding ord-res-5-final.simps de-Morgan-disj not-ex
by (metis option.exhaust surj-pair)

note invars’ = invars[unfolded ord-res-5-invars-def, rule-format, OF S-def]

have 3s'. ord-res-5 N (U, F, M, Some C) s’
proof (cases dom M |= C)
case True
thus ?thesis
using ord-res-5.skip by metis
next
case C-false: Fulse
obtain L where L-max: linorder-lit.is-maximal-in-mset C L
using linorder-lit.ex-mazimal-in-mset|OF «C # {#}] ..

show ?thesis
proof (cases L)
case (Pos A)
hence L-pos: is-pos L
by simp
show ?thesis
proof (cases ord-res.is-strictly-mazimal-lit L C')
case True
then show ?thesis
using ord-res-5.production|OF C-false L-maz L-pos] by metis
next
case L-not-striclty-maz: False
thus ?thesis
using ord-res-5.factoring|OF C-false L-mazx L-pos L-not-striclty-maz - refl
refl] by metis
qed
next
case (Neg A)
hence L-neg: is-neg L
by simp

have C-least-false: is-least-false-clause (iefac F || (N |U]| Uer)) C
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unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro conjI balll impl)
show C |€] iefac F || (N |U| Uer)
using invars’ by (metis next-clause-in-factorized-clause-def)
next
have — ord-res.interp (fset (iefac F || (N |U] Uer))) C | C
using invars’ C-false by (metis model-eq-interp-upto-next-clause-def)
moreover have ord-res.production (fset (iefac F |9 (N |U| Uer))) C = {}
proof —
have A L. is-pos L A ord-res.is-strictly-mazimal-lit L C
using L-maz L-neg
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset
linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset)
thus ?thesis
using unproductive-if-nex-strictly-mazimal-pos-lit by metis
qged
ultimately show — ord-res-Interp (fset (iefac F | (N |U] Uer))) C |= C
by simp
next
fix D
assume D-in: D |€| iefac F || (N |U| Uer) and D # C and
C-false: — ord-res-Interp (fset (iefac F || (N |U| Ue,))) D |= D
have - D <. C
using C-false
using invars’ D-in
unfolding all-smaller-clauses-true-wrt-respective-Interp-def
by auto
thus C <. D
using <D # C» by order
qed
then obtain D where D|€|iefac F |1 (N |U| U,,) and
D <. C and
ord-res.is-strictly-mazimal-lit (Pos A) D and
D-prod: ord-res.production (fset (iefac F |4 (N |U] Uer))) D = {A}
using bex-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit
L-maz[unfolded Neg] by metis

have M (atm-of L) = Some D
using invars’
by (metis Neg <D <. C» all-produced-atoms-in-model-def D-prod insertl!
literal.sel(2))

then show ?thesis
using ord-res-5.resolution| OF C-false L-max L-neg] by metis
qed
qed
thus ?thesis
using S-def ord-res-5-step.simps by metis
qed
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lemma ord-res-5-safe-state-if-invars:
fixes N s
assumes invars: ord-res-5-invars N s
shows safe-state ord-res-5-step ord-res-5-final (N, s)
proof —
{
fix S’
assume ord-res-5-semantics.eval (N, s) S’ and stuck: stuck-state ord-res-5-step
S/
then obtain s’ where S’ = (N, s’) and (ord-res-5 N)** s s’
proof (induction (N, s) arbitrary: N s rule: converse-rtranclp-induct)
case base
thus “case by simp
next
case (step z)
thus ?case
by (smt (verit, ccfo-SIG) converse-rtranclp-into-rtranclp ord-res-5-step.cases
prod.inject)
qed
hence ord-res-5-invars N s’
using invars rtranclp-ord-res-5-preserves-invars by metis
hence — ord-res-5-final S’ = 38". ord-res-5-step S’ S’
using ez-ord-res-5-if-not-final[of S’] <S' = (N, s)) by blast
hence ord-res-5-final S’
using stuck[unfolded stuck-state-def] by argo

thus ?thesis
unfolding safe-state-def stuck-state-def by metis
qed

lemma MAGIC1I:
assumes invars: ord-res-5-invars N (Ue,, F, M, C)
shows IM’' C’. (ord-res-5 N)** (Uepr, F, M, C) (Uep, F, M'; C') A
(Fm"C". ord-res-5 N (Uer, F, M', C") (Ueyp, F, M", C"))
proof —
define R where
R = (WM, C) (M’ C". ord-res-5 N (Uep, F, M, C) (Uepr, F, M’ C"))

define f :: ('f gterm = 'f gclause option) x 'f gclause option = 'f gclause fset
where
f= (WM, C). case C of None = {||} | Some C = finsert C {|D |€| iefac F
[ (N U] Uer). C = DI})

have Wellfounded.wfp-on {z'. R** (M, C) '} R='~!
proof (rule wfp-on-if-convertible-to-wfp-on)
have wfp (|C|)
by auto
thus Wellfounded.wfp-on (f ‘ {z’. R** (M, C) z'}) (|C|)
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using Wellfounded.wfp-on-subset subset-UNIV by metis
next
fix x y :: ('f gterm = 'f gclause option) x 'f gclause option

obtain M, C, where z-def: © = (M, C,)
by force

obtain M, C, where y-def: y = (M,, Cy)
by force

have rtranclp-with-constsD: (A(y, z) (y', 2/). R (z, y, 2) (z, y', 2"))** (y, 2) (v,
2y =
R** (z, y, 2) (z, 9y, 2)) for Rz yzy’ 2’
proof (induction (y, z) arbitrary: y z rule: converse-rtranclp-induct)
case base
show ?case
by simp
next
case (step w)
thus ?case
by force
qed

assume z € {z’. R** (M, C) 2’} and y € {z’. R** (M, C) 2’}
hence
(ord-res-5 N)** (Uer, F, M, C) (Uer, F, My, C,) and
(ord-res-5 N)** (Uep, F, M, C) (Uer, F, My, Cy)
unfolding atomize-conj mem-Collect-eq R-def x-def y-def
by (auto intro: rtranclp-with-constsD)
hence
x-tnvars: ord-res-5-invars N (Uep, F, My, C;) and
y-invars: ord-res-5-invars N (Uer, F, My, Cy)
using invars by (metis rtranclp-ord-res-5-preserves-invars)+

assume R~17! y 2

hence ord-res-5 N (Uep, F, My, Cy) (Uer, F, My, Cy)
unfolding conversep-iff R-def z-def y-def prod.case .

thus fy |[C| fz

proof (cases N (Uer, F, My, Cy) (Uer, F, My, Cy))
case step-hyps: (skip C)

have fy |C[ {|D |€| iefac F || (N |U] Uer). C <c DI}
proof (cases Cy)
case None
thus ?thesis
unfolding f-def y-def prod.case by simp
next

case Cy-def: (Some D)
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have D-least: linorder-cls.is-least-in-fset (ffilter ((<.) C) (iefac F |9 (N |U|
Uer))) D
using step-hyps C,-def by (metis The-optional-eq-SomeD)
hence f-y-eq: fy = {|E |€| iefac F || (N |U| Uer). D <. E|}
unfolding f-def y-def prod.case C,-def option.case linorder-cls.is-least-in-ffilter-iff
by auto

show ?thesis
unfolding f-y-eq subset-ffilter
using D-least
unfolding linorder-cls.is-least-in-ffilter-iff

by auto
qed
also have ... |C| finsert C {|D |€| iefac F || (N |U| Ue). C <. D|}
by auto
also have ... = fz

unfolding f-def z-def y-def prod.case step-hyps option.case by metis

finally show ?thesis .
next
case step-hyps: (production C L)

have fy |C| {|D |€| iefac F || (N |U] Uer). C <c DI}
proof (cases Cy)
case None
thus ?thesis
unfolding f-def y-def prod.case by simp
next
case Cy-def: (Some D)

have D-least: linorder-cls.is-least-in-fset (ffilter ((<.) C) (iefac F | (N |U|
Uer))) D
using step-hyps C,-def by (metis The-optional-eq-SomeD)
hence f-y-eq: fy = {|E |€| iefac F || (N |U| Uer). D <. E|}
unfolding f-def y-def prod.case C,-def option.case linorder-cls.is-least-in-ffilter-iff
by auto

show ?thesis
unfolding f-y-eq subset-ffilter
using D-least
unfolding linorder-cls.is-least-in-ffilter-iff
by auto
qed

also have ... |C| finsert C {|D |€| iefac F || (N |U| Uer). C <. D|}
by auto
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also have ... = fz
unfolding f-def z-def y-def prod.case step-hyps option.case by metis

finally show ?thesis .
next
case step-hyps: (factoring C L)

have C |€| iefac F | (N |U| Uer)
using z-invars unfolding «C, = Some C)
by (metis next-clause-in-factorized-clause-def ord-res-5-invars-def)
hence C |¢| F
using step-hyps(3,4,5)
by (smt (verit, ccfo-SIG) fimage-iff iefac-def literal.collapse(1)
ex1-efac-eq-factoring-chain ex-ground-factoringl)
moreover have C |€] F
using «F = finsert C' F» by auto
ultimately have Fulse
by contradiction
thus ?thesis ..
next
case step-hyps: (resolution C' L D)

have D-productive: atm-of L € ord-res.production (fset (iefac F |1 (N |U|
Uer))) D

using z-invars step-hyps

by (metis ord-res-5-invars-def atoms-in-model-were-produced-def)

hence 3 DC'. ground-resolution D C DC
unfolding ground-resolution-def
using step-hyps
by (metis Neg-atm-of-iff ord-res.mem-productionE linorder-cls.le-less-linear
linorder-lit.is-maximal-in-mset-iff linorder-trm.dual-order.order-iff-strict
linorder-trm.not-less ord-res.less-trm-if-neg ex-ground-resolutionl)

hence eres D C # C
unfolding eres-ident-iff by metis

have eres D C |¢| U,
proof (rule notl)
assume eres D C |€] U,y
hence iefac F (eres D C) |€| defac F || (N |U] Uer)
by simp

moreover have iefac F (eres D C) <. C
proof —
have iefac F C <. D if C <. D for F C D
proof (cases C' |€| F)
case True
hence iefac F C = efac C
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by (simp add: iefac-def)
also have ... <. C
by (metis efac-subset subset-implies-reflclp-multp)
also have ... <. D
using that .
finally show ?thesis .
next
case Fulse
thus ?thesis
using that by (simp add: iefac-def)
qed

moreover have eres D C <, C
proof —
have eres D C <X, C
using eres-le by metis
thus eres D C <, C
using <eres D C # C» by order
qed

ultimately show ?thesis
by metis
qged

ultimately have ord-res-Interp (fset (iefac F || (N |U| Uey))) (iefac F

(eres D C)) |= iefac F (eres D C)

using z-invars unfolding «C, = Some C»

unfolding ord-res-5-invars-def all-smaller-clauses-true-wrt-respective-Interp-def

by fast

)

metis

hence ord-res.interp (fset (iefac F |9 (N |U| Uer))) C |= iefac F (eres D
using ord-res.entailed-clause-stays-entailed’ <iefac F (eres D C) <. C» by
hence ord-res.interp (fset (iefac F || (N |U| Uer))) C |= eres D C

proof (rule true-cls-iff-set-mset-eq| THEN iffD1, rotated))
show set-mset (iefac F (eres D C')) = set-mset (eres D C)

using iefac-def by auto
qed

hence ord-res.interp (fset (iefac F |9 (N |U| Uer))) C |E C

proof —
obtain m A D’ C' where
ord-res.is-strictly-mazimal-lit (Pos A) D and
D-def: D = add-mset (Pos A) D' and

C-def: C = replicate-mset (Suc m) (Neg A) + C' and

Neg A ¢# C' and

eres-D-C-eq: eres D C = repeat-mset (Suc m) D' + C’
using <eres D C' # CY[THEN eres-not-identD)] by metis

hence
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atm-of L = A and
D-in: D |€| iefac F | (N |U| Ue,r) and
D-false: — ord-res.interp (fset (iefac F | (N |U| Uer))) D |= D
unfolding atomize-conj
using D-productive
unfolding ord-res.production-unfold mem-Collect-eq
by (metis linorder-lit. Uniq-is-greatest-in-mset literal.inject(1) thel-equality’)

have D’-false: = ord-res.interp (fset (iefac F || (N |U| Ue,))) D |= D’
using D-false D-def by fastforce

have D <. C
using <3 DC. ground-resolution D C DC left-premise-lt-right-premise-if-ground-resolution

by blast
let ?I = ord-res.interp (fset (iefac F || (N |U| Uer))) C

assume ?I |= eres D C
hence ?/ |= D'V ?I |= C’
unfolding eres-D-C-eq true-cls-union true-cls-repeat-mset-Suc .

moreover have - 2] |= D’
using <D <. C»
by (smt (verit) D-def D-productive <ord-res.is-strictly-mazimal-lit (Pos
A) Dy

diff-single-eq-union ord-res.mem-productionE linorder-lit.is-greatest-in-mset-iff
ord-res. Unig-striclty-mazimal-lit-in-ground-cls
ord-res. false-cls-if-productive-production ord-res-5-invars-def

next-clause-in-factorized-clause-def step-hyps(1) thel-equality’ z-invars)

ultimately show ?I |= C
by (simp add: C-def)
qed
hence dom M, |= C
using z-invars «C, = Some C»
by (metis model-eg-interp-upto-next-clause-def ord-res-5-invars-def)
thus Fulse
using «— dom M, |= C» by contradiction
qed
hence Fulse
using «U,, = finsert (eres D C) U.,» by auto
thus ?thesis ..
qed
qed

then obtain M’ C’ where R** (M, C) (M',C") and Bz. R (M’ C') »

using ez-terminating-rtranclp-strong by (metis surj-pair)

show ?thesis
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proof (intro exl conjI)
show (ord-res-5 N)** (Uer, F, M, C) (Uer, F, M’, C’)
using <R** (M, C) (M, C")»
by (induction (M, C) arbitrary: M C rule: converse-rtranclp-induct) (auto
simp: R-def)
next
show AM" C". ord-res-5 N (Uer, F, M', C") (Uep, F, M", C")
using fz2. R (M', C") »
by (simp add: R-def)
qged
qged

lemma MAGIC2:
assumes invars: ord-res-5-invars N (Uer, F, M, Some C)
assumes C # {#}
shows 3s'. ord-res-5 N (Ue., F, M, Some C) s’
proof (cases (dom M) |= C)
case C-true: True
thus ?thesis
using ord-res-5.skip by metis
next
case C-false: Fulse
obtain L where L-maz: linorder-lit.is-mazximal-in-mset C L
using «C # {#}> linorder-lit.ex-mazimal-in-mset by metis

show ?thesis
proof (cases L)
case (Pos A)
hence L-pos: is-pos L
by simp

show ?thesis
proof (cases linorder-lit.is-greatest-in-mset C L)
case L-greatest: True
thus ?thesis
using C-false L-max L-pos ord-res-5.production by metis
next
case L-not-greatest: False
thus ?thesis
using C-false L-max L-pos ord-res-5.factoring by metis
qed
next
case (Neg A)
hence L-neg: is-neg L
by simp

have is-least-false-clause (iefac F || (N |U] Ue,)) C

unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro congl balll impI)
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show C |€| iefac F | (N |U| Uer)
using invars unfolding ord-res-5-invars-def next-clause-in-factorized-clause-def
by metis
next
have dom M = ord-res.interp (fset (iefac F |9 (N |U] Ue,))) C
using invars unfolding ord-res-5-invars-def model-eg-interp-upto-next-clause-def
by metis

moreover have ord-res.production (fset (iefac F || (N |U| Uer))) C = {}
proof —
have A L. is-pos L A ord-res.is-strictly-mazimal-lit L C
using L-max L-neg
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset
linorder-lit.is-mazximal-in-mset-if-is-greatest-in-mset)
thus ?thesis
using unproductive-if-nex-strictly-mazimal-pos-lit by metis
qed

ultimately show — ord-res-Interp (fset (iefac F |9 (N |U| Uer))) C | C

using C-false model-eq-interp-upto-next-clause-def by simp
next

fix D

assume
D |€| iefac F || (N |U| Ueyr) and
D # C and
= ord-res-Interp (fset (iefac F | (N |U| Uer))) D |= D

moreover have V B |€| iefac F || (N |U| Uey). B <. C —
ord-res-Interp (fset (iefac F || (N |U| Uer))) B |= B
using invars

unfolding ord-res-5-invars-def all-smaller-clauses-true-wrt-respective-Interp-def
by simp

ultimately show C <. D
by force
qed
then obtain D where D|€|iefac F |9 (N |U|] U,.,) and
D <. C and
ord-res.is-strictly-mazimal-lit (Pos A) D and
D-prod: ord-res.production (fset (iefac F || (N |U| Uer))) D = {4}
using bex-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit
L-maz[unfolded Neg] by metis

have M (atm-of L) = Some D
using invars
unfolding ord-res-5-invars-def all-produced-atoms-in-model-def

by (metis Neg <D <. C» D-prod insertll literal.sel(2))

thus ?2thesis
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using ord-res-5.resolution C-false L-max L-neg by metis
qed
qed

lemma MAGICS:
assumes invars: ord-res-5-invars N (Ue,., F, M, C) and
steps: (ord-res-5 N)** (Uep, F, M, C) (Uey, F, M’, C') and
no-more-steps: (A M'" C". ord-res-5 N (Uer, F, M', C") (Uep, F, M", C"))
shows (V C. C' = Some C <— is-least-false-clause (iefac F |4 (N |U| Uer)) C)
proof —
have invars”: ord-res-5-invars N (Uer, F, M', C")
using steps invars rtranclp-ord-res-5-preserves-invars by metis

show “thesis
proof (cases C’)
case None

moreover have 7 C. is-least-false-clause (iefac F || (N |U| Ue,)) C
proof (rule notl, elim exFE)
fix C

have all-smaller-clauses-true-wrt-respective-Interp N (Uep, F, M, C)
using invars’ unfolding ord-res-5-invars-def by metis
hence (V C|€liefac F || (N |U| Uey). ord-res-Interp (fset (iefac F || (N |U|
Uer))) C |= C)

by (simp add: «C' = None all-smaller-clauses-true-wrt-respective-Interp-def)
moreover assume is-least-false-clause (iefac F || (N |U| Uer)) C

ultimately show Fulse
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff by metis
qed

ultimately show #thesis
by simp
next
case (Some D)

moreover have is-least-false-clause (iefac F || (N |U| Uer)) D
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro conjl balll impl)
show D |€| iefac F || (N |U| Uer)
using invars’ «C' = Some D>
unfolding ord-res-5-invars-def next-clause-in-factorized-clause-def
by metis
next
have D # {#} = 35’ ord-res-5 N (U,, F, M’, Some D) s’
using MAGIC?2 invars’ «C' = Some D> by metis
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thus — ord-res-Interp (fset (iefac F || (N |U| Uer))) D |= D
by (smt (verit) Pair-inject Un-empty-right Unig-D calculation empty-iff
invars’
linorder-lit. Uniq-is-mazximal-in-mset
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset no-more-steps op-
tion.inject
ord-res-5.cases set-mset-empty model-eq-interp-upto-next-clause-def
ord-res-5-invars-def
true-cls-def unproductive-if-nezx-strictly-mazimal-pos-lit)
next
fix F
assume
E |€| iefac F |9 (N |U] Uer) and
E # D and
= ord-res-Interp (fset (iefac F || (N |U| Uer))) E | E

moreover have V C |€] iefac F || (N |U| Uep). C < D —
ord-res-Interp (fset (iefac F || (N |U]| Ueyr))) C |= C
using invars’ «C' = Some D»

unfolding ord-res-5-invars-def all-smaller-clauses-true-wrt-respective-Interp-def
by simp

ultimately show D <. F
by force
qed

ultimately show #thesis
by (metis Unig-D Unig-is-least-false-clause option.inject)
qed
qed

lemma ord-res-5-construct-model-upto-least-false-clause:
assumes invars: ord-res-5-invars N (Ue,, F, M, C)
shows IM’' C’. (ord-res-5 N)** (Uep, F, M, C) (Uep, F, M'; C') A
(VC.C"= Some C +— is-least-false-clause (iefac F | (N |U| Ueyr)) C)
using MAGIC1[OF invars] MAGIC3|OF invars] by metis

end
end
theory ORD-RES-6
imports
ORD-RES-5
begin

21 ORD-RES-6 (model backjump)

context simulation-SCLFOL-ground-ordered-resolution begin
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inductive ord-res-6 where
skip:
(dom M) |= C =
C’ = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F | (N |U| Uey).
C <. D|}) =
ord-res-6 N (Uep, F, M, Some C) (Ue,, F, M, C) |

production:
= (dom M) | C =
linorder-lit.is-mazimal-in-mset C' L —>
is-pos L =
linorder-lit.is-greatest-in-mset C' L —>
M’ = M(atm-of L := Some C) =
C' = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Ue,).
C <. D|}) =
ord-res-6 N (Uer, F, M, Some C) (U, F, M/, C') |

factoring:
= (dom M) | C =
linorder-lit.is-mazimal-in-mset C' L —>
is-pos L =
= linorder-lit.is-greatest-in-mset C L —
F' = finsert C F =
ord-res-6 N (Uer, F, M, Some C) (Uer, F', M, Some (efac C)) |

resolution-bot:
= (dom M) | C =
linorder-lit.is-maximal-in-mset C L —>
is-neg L —
M (atm-of L) = Some D =
Uer' = finsert (eres D C) U, =
eres D C = {#} =
M’ = (A-. None) =
ord-res-6 N (Uer, F, M, Some C) (Ue,', F, M’, Some {#}) |

resolution-pos:
= (dom M) | C =
linorder-lit.is-maximal-in-mset C' L —>
is-neg L —
M (atm-of L) = Some D =
Uer' = finsert (eres D C) U, =
eres D C # {#} =
M’ = restrict-map M {A. A <; atm-of K} =
linorder-lit.is-maximal-in-mset (eres D C) K =
is-pos K —
ord-res-6 N (Uep, F, M, Some C) (U,,', F, M’, Some (eres D C)) |

resolution-neg:

= (dom M) | C =
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linorder-lit.is-maximal-in-mset C L —

is-neqg L —

M (atm-of L) = Some D =

Uer' = finsert (eres D C) U, =

eres D C # {#} =

M’ = restrict-map M {A. A <, atm-of K} =
linorder-lit.is-mazimal-in-mset (eres D C) K =

is-neg K —>

M (atm-of K) = Some E =

ord-res-6 N (Uer, F, M, Some C) (U, F, M’, Some E)

inductive ord-res-6-step where
ord-res-6 N s s' = ord-res-6-step (N, s) (N, s’)

lemma tranclp-ord-res-6-step-if-tranclp-ord-res-6:
(ord-res-6 N)tT s s’ = ord-res-6-step™ (N, s) (N, s')
by (induction s’ rule: tranclp-induct)
(auto intro: ord-res-6-step.intros tranclp.intros)

lemma right-unique-ord-res-6: right-unique (ord-res-6 N)
proof (rule right-uniquel)

fix s 8" s"

assume stepl: ord-res-6 N s s’ and step2: ord-res-6 N s s"’

thus s’ = s”

by (smt (verit) Pair-inject linorder-lit. Unig-is-mazximal-in-mset option.inject
ord-res-6.cases
thel-equality’)

qed

lemma right-unique-ord-res-6-step: right-unique ord-res-6-step
proof (rule right-uniquel)
fixzyz
show ord-res-6-step ©x y = ord-res-6-step v z = y = 2
using right-unique-ord-res-6[ THEN right-uniqueD)
by (elim ord-res-6-step.cases) (metis prod.inject)
qed

inductive ord-res-6-final where
model-found:
ord-res-6-final (N, Uer, F, M, None) |

contradiction-found:
ord-res-6-final (N, Uer, F, M, Some {#})

sublocale ord-res-6-semantics: semantics where
step = ord-res-6-step and
final = ord-res-6-final
proof unfold-locales
fix S :: 'f gclause fset x'f gclause fset x 'f gclause fset X
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('f gterm = 'f gclause option) x 'f gclause option

obtain
N U, F :: 'f gterm clause fset and
M 'f gterm = 'f gclause option and
C :: 'f gclause option where
S-def: S = (N, (Uer, F, M, C))
by (metis prod.ezhaust)

assume ord-res-6-final S
hence C = None V C = Some {#}
by (simp add: S-def ord-res-6-final.simps)
hence A z. ord-res-6 N (U, F, M, C)
by (auto simp: linorder-lit.is-mazimal-in-mset-iff elim: ord-res-6.cases)
thus finished ord-res-6-step S
by (simp add: S-def finished-def ord-res-6-step.simps)
qed

lemma ord-res-6-preserves-invars:
assumes step: ord-res-6 N s s’ and invars: ord-res-5-invars N s
shows ord-res-5-invars N s’
using step
proof (cases N s s’ rule: ord-res-6.cases)
case (skip M C C' F U,,)
thus ?thesis
by (metis invars ord-res-5-preserves-invars ord-res-5.skip)
next
case (production M CL M'C'F U.,)
thus ?thesis
by (metis invars ord-res-5.production ord-res-5-preserves-invars)
next
case step-hyps: (factoring M C L F' F Ue,)

have efac C # C
by (metis ex1-efac-eq-factoring-chain is-pos-def ex-ground-factoringl step-hyps(4,5,6))
moreover have efac C <. C
by (metis efac-subset subset-implies-reflclp-multp)
ultimately have efac C' <. C
by order

show ?thesis
unfolding step-hyps(1,2) ord-res-5-invars-def
proof (intro conjI)
have C |€] iefac F | (N |U| Uey)
using invars step-hyps
by (metis next-clause-in-factorized-clause-def ord-res-5-invars-def)
hence C |€| N |U| U,
using <efac C # C)
by (smt (verit, best) fimage-iff iefac-def ex1-efac-eq-factoring-chain
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factorizable-if-neg-efac)
hence efac C' |€]| iefac F' | (N |U] Uey)
using step-hyps(3—)
using iefac-def by auto
thus next-clause-in-factorized-clause N (Uep, F', M, Some (efac C))
unfolding next-clause-in-factorized-clause-def by simp

have F |C| N |U| U,,
using invars

unfolding step-hyps(1,2) ord-res-5-invars-def implicitly-factorized-clauses-subset-def
by metis

hence F' |C| N |U| U,
using «C |€| N |U| Uep» «(F' = finsert C F»r by simp

thus implicitly-factorized-clauses-subset N (Uer, F', M, Some (efac C))
unfolding implicitly-factorized-clauses-subset-def by simp

have dom-M-eq: dom M = ord-res.interp (fset (iefac F || (N |U| Uer))) C
using invars step-hyps
by (simp add: model-eq-interp-upto-next-clause-def ord-res-5-invars-def)

have efac C |¢| iefac F || (N U] Uer)
proof (rule notl)
assume efac C |€| iefac F || (N |U| Uer)
show False
proof (cases atm-of L € ord-res.production (fset (iefac F || (N |U| Uer)))

(efac C))

assume atm-of L € ord-res.production (fset (iefac F || (N |U] Uer))) (efac

hence atm-of L € ord-res.interp (fset (iefac F || (N |U| Uer))) C
using <efac C <. C» ord-res.production-subset-if-less-cls by blast
hence dom M |= C
using step-hyps
by (metis dom-M-eq linorder-lit.is-mazimal-in-mset-iff literal.collapse(1)
pos-literal-in-imp-true-cls)
thus Fulse
using <= dom M |= C) by contradiction
next
assume atm-of L ¢ ord-res.production (fset (iefac F || (N |U| Uer))) (efac

hence ord-res.interp (fset (iefac F | (N |U| Ue,))) (efac C) |= efac C
unfolding ord-res.production-unfold mem-Collect-eq
using <efac C |€| iefac F || (N |U| Uer )
by (metis Pos-atm-of-iff <efac C # C) insert-Diff M
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset
linorder-lit.is-maximal-in-mset-iff linorder-lit.neqF
obtains-positive-greatest-lit-if-efac-not-ident set-mset-efac step-hyps(4))
hence ord-res.interp (fset (iefac F |9 (N |U| Uer))) C | efac C
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using «C |€| iefac F || (N |U| Uer ) <efac C <. C» <efac C |€| iefac F
[ (N 1] Uer)
ord-res.lift-interp-entails by metis

hence ord-res.interp (fset (iefac F | (N |U| Ue,))) C |= C
by (simp add: true-cls-def)

hence dom M |= C
using dom-M-eq by argo

thus False
using «— dom M |= C) by contradiction

qed
qed

have iefac F' || (N |U| Uer) = finsert (iefac F' C) (iefac F | (N |U] Uer))
—-{lc
proof (intro fsubset-antisym fsubsetl)
fix x :: 'f gclause
assume z |€| iefac F' | (N |U] Uey)
thus z |€] finsert (iefac F' C) (iefac F || (N |U]| Uer)) |—| {IC]}
by (smt (verit) <efac C # C) factorizable-if-neg-efac fimage-iff finsert-iff
fminusl
fsingletonE iefac-def ex1-efac-eq-factoring-chain step-hyps(7))
next
fix = :: 'f gclause
assume z-in: z |€| finsert (iefac F' C) (iefac F | (N |U]| Uer)) || {IC]}
hence z = iefac F' C V z |€| (iefac F | (N |U| Uer)) || {IC|}
by blast
thus z |€| iefac F' | (N |U| Uer)
proof (elim disjE)
assume z = icefac F' C
thus z |€]| iefac F' | (N |U]| Uey)
using «C |€| N |U| U.,> by blast
next
assume z |€| iefac F || (N |U]| Uer) |-| {|IC|}
hence z |€| iefac F || (N |U| Uer) and z # C
by simp-all
then obtain z’ where z’ |€| N |U| U., and z = iefac F z’
by auto
moreover have z' # C
using <z # C» «x = iefac F z's
by (metis <efac C |¢| iefac F || (N |U| Uer)r < |€]| iefac F || (N |U]
Uer)r iefac-def)
ultimately show z |€| iefac F' || (N |U] Uer)
using iefac-def step-hyps(7) by simp
qed
qed

have ord-res.interp (fset (iefac F' || (N |U] Uer))) (efac C) =

ord-res.interp (fset (iefac F || (N |U| Uey))) (efac C)
proof (rule ord-res.interp-swap-clause-set)
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show {D. D |€| iefac F' || (N |U| Uer) A D <. efac C} =
{D. D |€| iefac F || (N |U| Uer) A D <. efac C}
unfolding <iefac F' |9 (N |U| Ue,) = finsert (iefac F' C) (iefac F || (N
Ul Uer)) = {ICIH
using <efac C <. C»
using iefac-def by force
qed

also have ... = ord-res.interp (fset (iefac F || (N |U| Ueyr))) C
proof —
have Vz |€| iefac F || (N |U] Uep). 2 <. C —
ord-res-Interp (fset (iefac F || (N |U| Uer))) z |= z
using invars[unfolded ord-res-5-invars-def step-hyps(1)
all-smaller-clauses-true-wrt-respective-Interp-def , simplified)
by simp
then have ord-res.production (fset (iefac F |4 (N U] Uer))) z = {}
if z |€| iefac F || (N |U| Uer) and efac C <. z and z <. C for z
proof —
have z <, y Ay = 2
if X <. Yand Y <. Z and
linorder-lit.is-maximal-in-mset X z and
linorder-lit.is-maximal-in-mset 'Y y and
linorder-lit.is-maximal-in-mset Z z
forxyzXYZ
using that
unfolding linorder-lit.is-mazimal-in-mset-iff
by (metis ord-res.asymp-less-lit ord-res.transp-less-lit linorder-cls.leD
linorder-lit.lel linorder-lit.multp iy o -if-mazximal-less-that-mazximal
multp-eqg-multp o
that(3) that(4) that(5))

hence y = z

if X <., Yand Y <, Z and
linorder-lit.is-maximal-in-mset X x and
linorder-lit.is-maximal-in-mset Y y and
linorder-lit.is-mazximal-in-mset Z x

forzy XY Z

using that

by (metis linorder-lit.order.ordering-azioms ordering.antisym)

hence y = «
if X <. Yand Y <. Z and
linorder-lit.is-maximal-in-mset X x and
linorder-lit.is-maximal-in-mset Y y and
linorder-lit.is-maximal-in-mset Z x
forzy XY Z
using that by blast

hence K = L
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if efac C <. z and = <. C' and
linorder-lit.is-mazimal-in-mset (efac C) L and
linorder-lit.is-maximal-in-mset x K and
linorder-lit.is-maximal-in-mset C L

for K

using that by metis

hence K = L
if linorder-lit.is-mazximal-in-mset © K
for K
using that
using <ord-res.is-maximal-lit L C»
using <efac C <. v «x <. C) exl-efac-eq-factoring-chain
ord-res. ground-factorings-preserves-mazimal-literal by blast

hence ord-res.is-mazximal-lit L x
by (metis linorder-cls.leD linorder-lit. ex-mazimal-in-mset mempty-lesseq-cls

that(2))

have 1 A. A € ord-res.production (fset (iefac F | (N |U] Uer)))
proof (rule notl | elim exFE)
fix A :: 'f gterm
assume A € ord-res.production (fset (iefac F | (N |U| Uer)))
then obtain z’ where
z |€| defac F || (N |U] Ue,) and
x = add-mset (Pos A) z’ and
ord-res.is-strictly-mazimal-lit (Pos A) z and
= ord-res.interp (fset (iefac F || (N |U| Uer))) z |=
by (metis ord-res.mem-productionE)

have A € ord-res.interp (fset (iefac F |4 (N |U| Uer))) C
using <A € ord-res.production (fset (iefac F || (N |U] Uer))) o
ord-res.production-subset-if-less-cls that(3) by fastforce

moreover have L = Pos A
using <ord-res.is-maximal-lit L x> <ord-res.is-strictly-mazimal-lit (Pos A)
x>
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset
linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset)

moreover have L €# C
using step-hyps linorder-lit.is-mazximal-in-mset-iff by metis

ultimately have ord-res.interp (fset (iefac F |9 (N |U] U.,))) C |= C
by auto

hence dom M |= C
using dom-M-eq by argo
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thus False
using - dom M |= C) by contradiction
qed

thus ?thesis
by simp
qed

moreover have {z. z |€| iefac F || (N |U| Uer) Az <. C} =
{z. z |€| iefac F || (N |U] Uer) A z <. efac C} U
{z. z |€| iefac F || (N |U| Uer) A efac C <.z ANz <. C}
proof —
have {w € NN. w <., 2z} ={w € NN. w <.z} U{y € NN. 2z <. y A\ y =<,
z}
if ¢ NN and z <. z for NN z z
proof —
have {w € NN. w <. 2z} ={w e NN. w X,z V & <, w A w <. z}
using that(2) by auto

alsohave ... ={w e NN. w <, 2V z <. w A w <, 2z}
using that(1) by auto
also have ... ={w e NN. w <.z} U{y € NN. z <. y A y <. z}
by auto
finally show ?thesis .
qed

thus ?thesis
using <efac C <. C» <efac C |¢] iefac F || (N |U| Uey)> by (simp only:)
qed

ultimately show ?thesis
unfolding ord-res.interp-def by auto
qed

finally show model-eq-interp-upto-next-clause N (Uer, F'; M, Some (efac C))
unfolding model-eq-interp-upto-next-clause-def
using dom-M-eq
by simp

have ord-res-Interp (fset (iefac F' || (N |U| Uer))) z |F z
if z |€| iefac F' | (N |U| Uer) and z <. efac C for z
proof —
have z |€| iefac F || (N |U| Ue,)
using that
by (metis <iefac F' || (N |U| Uer) = finsert (iefac F' C) (iefac F | (N
U] Uer)) |- {IC]}
finsert-iff fminusE iefac-def linorder-cls.neq-iff)

moreover have z <, C
using «x <. efac C» <efac C <. C» by order
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ultimately have ord-res-Interp (fset (iefac F | (N U] Uer))) z = =
using invars
unfolding ord-res-5-invars-def
unfolding all-smaller-clauses-true-wrt-respective-Interp-def step-hyps(1,2)
by blast

moreover have ord-res-Interp (fset (iefac F | (N |U] Uer))) z =
ord-res-Interp (fset (iefac F' || (N |U] Uer)))
proof (rule ord-res.Interp-swap-clause-set)
show {D. D |€| iefac F || (N |U| Uer) A (<)== Dz} =
{D. D |€| iefac F' || (N |U| Uer) A (%)== D z}
unfolding <iefac F' || (N |U| Uey) = finsert (iefac F' C) (iefac F | (N
U] Uer)) |- {ICI}>
using <x <. efac C» «x <. C
by (metis (no-types, opaque-lifting) finsertCI finsertE fminusE fminusl
fsingleton-iff
iefac-def linorder-cls.less-le-not-le)
qed

ultimately show Zthesis
by argo
qed

thus all-smaller-clauses-true-wrt-respective-Interp N (U, F', M, Some (efac
o)

unfolding all-smaller-clauses-true-wrt-respective-Interp-def by blast

have linorder-lit.is-greatest-in-mset (efac C') L
using <linorder-lit.is-mazximal-in-mset C L»
by (metis <efac C # C» exl-efac-eq-factoring-chain linorder-lit. Unig-is-maximal-in-mset
linorder-lit.is-greatest-in-mset-iff-is-maximal-and-count-eq-one
ord-res. ground-factorings-preserves-mazimal-literal
obtains-positive-greatest-lit-if-efac-not-ident thel-equality’)

have A € ord-res.production (fset (iefac F' || (N |U| Uer))) D
if M A= Some D for A D
proof —
have A € dom M
using <M A = Some D by blast

hence A € ord-res.interp (fset (iefac F | (N |U| Uey))) C
using dom-M-eq by argo

have A € ord-res.production (fset (iefac F |4 (N |U| Uer))) D
using invars <M A = Some D>
unfolding ord-res-5-invars-def step-hyps(1,2)
unfolding atoms-in-model-were-produced-def
by simp
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hence linorder-lit.is-greatest-in-mset D (Pos A)
by (metis ord-res.mem-productionFE)

moreover have Pos A <; L
using <A € ord-res.interp (fset (iefac F || (N |U| Uer))) C»
by (smt (verit, del-insts) UN-E <A € ord-res.production (fset (iefac F |
(N U] Ue)) D>

calculation dom-M-eq ord-res.interp-def ord-res.less-lit-simps(1)
ord-res.totalp-less-lit linorder-cls.less-trans
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset
linorder-lit.is-maximal-in-mset-iff linorder-lit.less-irrefl
linorder-lit.multp-if-mazimal-less-that-mazimal mem-Collect-eq
ord-res.less-trm-iff-less-cls-if-mem-production
pos-literal-in-imp-true-cls step-hyps(3) step-hyps(4) totalpD)

ultimately have D <. efac C
using <linorder-lit.is-greatest-in-mset (efac C) L»
by (metis ord-res.asymp-less-lit ord-res.transp-less-lit
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset
linorder-lit. multp gy o -if-mazimal-less-that-mazimal multp-eq-multpr o)

have ord-res.production (fset (iefac F || (N |U| Uey))) D =
ord-res.production (fset (iefac F' | (N |U| Uer))) D
proof (rule ord-res.production-swap-clause-set)
have D <. C
using <D <. efac C) <efac C' <. C» by order
thus {Da. Da |€| iefac F || (N |U] Uer) A (Xe)== Da D} =
{Da. Da |€| iefac F' || (N |U| Uer) A (<)== Da D}
using <D <. efac C)
unfolding <iefac F' |9 (N |U| Ue,) = finsert (iefac F' C) (iefac F || (N
Ul Uer)) |- {ICTD
by (metis (no-types, opaque-lifting) finsertE finsertI2 fminus-iff fsingleton-iff
iefac-def linorder-cls.leD)
qed

thus 2thesis
using (A € ord-res.production (fset (iefac F || (N |U| Ue,))) D> by argo
qed

thus atoms-in-model-were-produced N (U, F'; M, Some (efac C))
unfolding atoms-in-model-were-produced-def by simp

have M A = Some x
if x <. efac C and A € ord-res.production (fset (iefac F' |9 (N |U] Uer))) z
for z A
proof —
have z <. C
using «x <. efac C» <efac C <. C» by order
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moreover have A € ord-res.production (fset (iefac F || (N |U| Uer))) z
proof —
have ord-res.production (fset (iefac F' |9 (N |U| Uer))) z =
ord-res.production (fset (iefac F | (N |U] Uer)))
proof (rule ord-res.production-swap-clause-set)
show {D. D |€| iefac F' || (N |U] Uer) A (%)== Dz} = {D. D |€| iefac
F I (N Ul Uey) A (<)== D}
using (x <. efac C» «x <. C
unfolding <iefac F' |9 (N |U| Ue,) = finsert (iefac F' C) (iefac F |
(N U] Uer)) |- {IC1}>
by (metis (no-types, opaque-lifting) finsert-iff fminus-iff fsingleton-iff
iefac-def
linorder-cls.dual-order. strict-iff-not)
qed

thus ?thesis
using <A € ord-res.production (fset (iefac F'|{ (N |U| Uer))) x> by argo
qed

ultimately show Zthesis
using invars
unfolding ord-res-5-invars-def step-hyps(1,2)
unfolding all-produced-atoms-in-model-def
by simp
qed

thus all-produced-atoms-in-model N (U, F', M, Some (efac C))
unfolding all-produced-atoms-in-model-def by simp
qed
next
case step-hyps: (resolution-bot M DL C U..' Uer M’ F)
have F |C| N |U] U,,
using invars
unfolding step-hyps(1,2) ord-res-5-invars-def implicitly-factorized-clauses-subset-def
by metis

hence F |C| N |U| U’
using step-hyps by blast

moreover have linorder-cls.is-least-in-fset (iefac F |9 (N |U| Ue,")) {#}
using step-hyps linorder-cls.is-least-in-fset-iff mempty-lesseq-cls by fastforce

ultimately show %thesis
using step-hyps
using ord-res-5-invars-initial-state
by (metis ord-res-5-invars-initial-state)
next
case step-hyps: (resolution-pos M E L D Ue,' U M’ K F)
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hence
L-max: ord-res.is-maximal-lit L £ and
L-neg: is-neg L
using step-hyps by simp-all

have F-subset: F |C| N |U| Ue,
using invars

unfolding step-hyps(1,2) ord-res-5-invars-def implicitly-factorized-clauses-subset-def
by metis

have eres D E # E
using step-hyps by (metis linorder-lit. Unig-is-maximal-in-mset thel-equality’)

moreover have eres D £ <. FE
using eres-le .

ultimately have eres D F <. F
by order

have V F. is-least-false-clause (iefac F || (N |U| Uey)) F — E <. F
using invars
unfolding ord-res-5-invars-def step-hyps(1,2)
using next-clause-lt-least-false-clause[of N (Uer, F, M, Some E)]
by simp

have E-least-false: is-least-false-clause (iefac F || (N U] Uer)) E
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro congl balll impl)
show E |€| iefac F | (N |U] Uey)
using invars
unfolding ord-res-5-invars-def step-hyps(1,2)
by (metis next-clause-in-factorized-clause-def)
next
have — ord-res.interp (fset (iefac F || (N |U| Ueyr))) E |= E
using invars
unfolding ord-res-5-invars-def step-hyps(1,2)
using - dom M |= E» by (metis model-eq-interp-upto-next-clause-def)

moreover have ord-res.production (fset (iefac F || (N |U| Uer))) E = {}
proof —
have A L. is-pos L A ord-res.is-strictly-mazimal-lit L E
using (ord-res.is-mazimal-lit L E> <is-neg L»
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset
linorder-lit.is-mazximal-in-mset-if-is-greatest-in-mset)
thus ?thesis
using unproductive-if-nez-strictly-mazimal-pos-lit by metis
qed

ultimately show — ord-res-Interp (fset (iefac F || (N |U| Uer))) E | E

207



by simp
next
fix F
assume F-in: F |€]| iefac F || (N |U| Uer) and F # E and
F-false: = ord-res-Interp (fset (iefac F || (N |U| Ue,))) F = F

have - F <. F
using invars
unfolding ord-res-5-invars-def step-hyps(1,2)
unfolding all-smaller-clauses-true-wrt-respective-Interp-def
using F-in F-false
by (metis option.inject)

thus £ <. F
using «F' # E» by order
qged

have L-prod-by-D: atm-of L € ord-res.production (fset (iefac F |9 (N |U| Uer)))
D
using invars
unfolding ord-res-5-invars-def step-hyps(1,2)
by (metis atoms-in-model-were-produced-def step-hyps(6))

hence D-prod: ord-res.production (fset (iefac F || (N |U| Ueyr))) D # {}
by (metis empty-iff)

have ord-res.is-mazimal-lit (—L) D
using L-prod-by-D L-neg
by (metis linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset literal. collapse(2)
ord-res.mem-productionE uminus-Neg)

moreover have —L <; L
using L-neg
by (metis Neg-atm-of-iff atm-of-uminus linorder-lit.not-less-iff-gr-or-eq
linorder-trm.less-imp-not-eq literal.collapse(1) ord-res.less-lit-simps(4) wmi-
nus-not-id)

ultimately have D <. F
using L-max linorder-lit. multp-if-maximal-less-that-mazimal by metis

have eres D E |¢| iefac F || (N |U] Ue,)
proof (rule notl)
assume eres D E |€| iefac F || (N |U| Uer)
moreover have - (E <. eres D E)
using <eres D E <. E» by order
ultimately have ord-res-Interp (fset (iefac F || (N |U| Ue,))) (eres D E) |=
eres D E
using FE-least-false <eres D E # E»
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
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by metis
then show Fulse
by (metis (no-types, lifting) D-prod E-least-false clause-true-if-resolved-true
exl-eres-eq-full-run-ground-resolution full-run-def is-least-false-clause-def
linorder-cls.is-least-in-fset-ffilterD(2) rtranclpD)
qed

moreover have efac (eres D E) |¢| iefac F || (N |U] Uer)
proof (rule notl)
have efac (eres D E) <. eres D E
by (meson efac-subset subset-implies-reflclp-multp)
hence — (E <. efac (eres D E))
using <eres D E <. E» by order
moreover assume efac (eres D E) |€| iefac F | (N |U] Uer)
moreover have efac (eres D E) # E
by (metis <eres D E <. E» efac-properties-if-not-ident(1) linorder-cls.not-less-iff-gr-or-eq)
ultimately have ord-res-Interp (fset (iefac F | (N |U| Uer))) (efac (eres D
E)) | efac (eres D E)
using FE-least-false
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by metis
hence ord-res-Interp (fset (iefac F | (N |U| Uey))) (eres D E) |= eres D E
using (efac (eres D E) <. eres D E» ord-res.entailed-clause-stays-entailed by
fastforce
hence ord-res-Interp (fset (iefac F || (N |U| Uer))) E |= E
using clause-true-if-resolved-true
by (smt (verit) D-prod ex1-eres-eq-full-run-ground-resolution full-run-def rtran-
clpD)
moreover have — ord-res-Interp (fset (iefac F || (N |U| Uer))) E |= E
using E-least-false is-least-false-clause-def linorder-cls.is-least-in-fset-ffilterD(2)
by blast
ultimately show Fulse
by contradiction
qed

ultimately have eres D F |¢| N |U| Ue,
unfolding iefac-def by fastforce

hence iefac F (eres D E) = eres D E
unfolding iefac-def
using F-subset by auto

hence iefac F | (N |U| U.,') = finsert (eres D E) (iefac F || (N |U| Uer))
unfolding «U.," = finsert (eres D E) U.,» by simp

show ?thesis

unfolding ord-res-5-invars-def step-hyps(1,2)
proof (intro conjI)

have eres D E |€| iefac F || (N |U| Ue,’)
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unfolding <iefac F || (N |U| U.,') = finsert (eres D E) (iefac F || (N |U|
Uer))» by simp

thus next-clause-in-factorized-clause N (U.,.', F, M'; Some (eres D E))
unfolding next-clause-in-factorized-clause-def by simp

have 7 |C| N |U] U.,'
unfolding «U.,’ = finsert (eres D E) Upgr»
using «F |C| N |U| U.,» by blast

thus implicitly-factorized-clauses-subset N (U.,.', F, M, Some (eres D F))
unfolding implicitly-factorized-clauses-subset-def by simp

have dom-M-eq: dom M = ord-res.interp (fset (iefac F || (N |U| Uer))) E
using invars

unfolding step-hyps(1,2) ord-res-5-invars-def model-eq-interp-upto-next-clause-def
by metis

have Vi €# E. = dom M |=lx
using - dom M |= E» by (simp add: true-cls-def)

moreover have Vz €# D. z # —L — - dom M |Elz
proof —
have Vo €# D. v # —L — — ord-res.interp (fset (iefac F || (N |U| Uer)))
DElz
using L-prod-by-D by (metis ord-res.mem-productionE true-cls-def)
moreover have Vx €# D. © # —L — atm-of x <¢ atm-of (— L)
using <ord-res.is-mazimal-lit (—L) D> L-neg
by (smt (verit, best) L-prod-by-D atm-of-eq-atm-of linorder-cls.order-refl
linorder-trm.antisym-convl ord-res.less-trm-if-neg ord-res.lesseq-trm-if-pos)
ultimately have Vz €# D. © # —L — — ord-res.interp (fset (iefac F ||
(N U] Uo)) E [l
using ord-res.interp-fized-for-smaller-literals]
OF <ord-res.is-mazimal-lit (—L) D> - <D <. Eb]
by fastforce

then show %thesis
unfolding dom-M-eq[symmetric] .
qed

moreover have K €# eres D E
using <ord-res.is-mazimal-lit K (eres D E)»

using linorder-lit.is-mazximal-in-mset-iff by metis

moreover have Vz €# eres D E. v €# DV x €# E
using lit-in-one-of-resolvents-if-in-eres by metis

moreover have Vz €# eres DE. © # — L
proof (intro balll notl)
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fix x assume z €# eres D Ex = — L
obtain m A D' E' where
ord-res.is-strictly-mazimal-lit (Pos A) D and
D = add-mset (Pos A) D' and
E = replicate-mset (Suc m) (Neg A) + E' and
Neg A ¢# E’ and
eres D E = repeat-mset (Suc m) D' + E’
using <eres D E # E»[THEN eres-not-identD] by metis

have L = Neg A
using <ord-res.is-strictly-mazimal-lit (Pos A) D>
by (metis L-neg L-prod-by-D Unig-D ord-res.mem-productionE
linorder-lit. Uniq-is-greatest-in-mset literal.collapse(2) uminus-Pos)

have x €# D'V z c¢# E'
using «x €# eres D E)»
unfolding <eres D E = repeat-mset (Suc m) D' + E'
by (metis member-mset-repeat-mset-Suc union-iff)
thus Fulse
proof (elim disjE)
assume z €# D’
hence Pos A €# D’
unfolding «x = — Ly <L = Neg A> by simp
hence — ord-res.is-strictly-maximal-lit (Pos A) D
using <D = add-mset (Pos A) D"
using linorder-lit.is-greatest-in-mset-iff by auto
thus Fulse
using <ord-res.is-strictly-mazimal-lit (Pos A) D) by contradiction
next
assume z €# E’'
hence Pos A €# E'
unfolding <z = — Ly <L = Neg A> by simp
hence Pos A €¢# E
unfolding <E = replicate-mset (Suc m) (Neg A) + E'» by simp
hence ord-res.production (fset (iefac F || (N |U| Uer))) D |=l Pos A
using L-prod-by-D <L = Neg A» by auto
hence ord-res.interp (fset (iefac F || (N |U| Uer))) E |=l Pos A
by (metis <L = Neg Ay dom-M-eq linorder-lit.is-mazimal-in-mset-iff
neg-literal-notin-imp-true-cls step-hyps(3) step-hyps(4) true-lit-simps(1))
hence ord-res.interp (fset (iefac F || (N |U| Uer))) E = E
using «(Pos A €# E» by blast
hence dom M |= E
using dom-M-eq by argo
thus Fulse
using - dom M |= E» by contradiction
qed
qed

ultimately have — dom M |l K
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by metis

have dom M’ = ord-res.interp (fset (iefac F | (N |U| Ue."))) (eres D E)
proof (intro subset-antisym subsetl)

fix A :: 'f gterm

assume A € dom M’

hence A € dom M and A <; atm-of K
unfolding <M’ = restrict-map M {A. A <; atm-of K}» by simp-all

have A € ord-res.interp (fset (iefac F || (N |U| Ue,))) E
using <A € dom M>
unfolding «dom M = ord-res.interp (fset (iefac F | (N |U| Ueyr))) E» .

hence A € ord-res.interp (fset (iefac F || (N U] Uer))) (eres D E)
using ord-res.interp-fized-for-smaller-literals <ord-res.is-mazimal-lit K (eres

D E)
<A <, atm-of K» <eres D E <. E»
by metis
thus A € ord-res.interp (fset (iefac F | (N |U| Uer’))) (eres D E)

unfolding <iefac F | (N |U| Ue,') = finsert (eres D E) (iefac F || (N |U|
Uer))
using ord-res.interp-insert-greater-clause-strong by simp
next

fix A :: 'f gterm
assume A € ord-res.interp (fset (iefac F | (N |U| Ue."))) (eres D E)

hence A € ord-res.interp (fset (iefac F |9 (N |U| Ue,))) (eres D E)
unfolding <iefac F | (N |U| Ue,') = finsert (eres D E) (iefac F |9 (N |U

Uer))
using ord-res.interp-insert-greater-clause-strong by simp
hence A € ord-res.interp (fset (iefac F | (N U] Uer))) E
using <eres D E <. E) ord-res.interp-subset-if-less-cls by blast

hence 4 € dom M
unfolding <dom M = ord-res.interp (fset (iefac F | (N |U| Uey))) E» .

moreover have A <; atm-of K
proof —
obtain C where

C |€| iefac F | (N |U| Ue,) and
C <. eres D E and
A-prod-by-C: A € ord-res.production (fset (iefac F | (N |U| Ueyr))) C
using <A € ord-res.interp (fset (iefac F || (N |U| Uer))) (eres D E)»
unfolding ord-res.interp-def by blast

have ord-res.is-mazximal-lit (Pos A) C
using A-prod-by-C ord-res.mem-productionE by blast

hence A =<; atm-of K
using <ord-res.is-mazimal-lit K (eres D E)» «C <. eres D E»
by (metis linorder-cls. dual-order.asym linorder-lit. multp-if-maximal-less-that-maximal

linorder-trm.not-le-imp-less literal.collapse(1) ord-res.less-lit-simps(1)
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step-hyps(11))

moreover have A # atm-of K
using <A € dom M» <= dom M |=l K> <is-pos K» by force

ultimately show ?thesis
by order
qed

ultimately show A € dom M’
unfolding <M’ = restrict-map M {A. A <, atm-of K}» by simp
qed

thus model-eg-interp-upto-next-clause N (U,,', F, M’, Some (eres D E))
unfolding model-eqg-interp-upto-next-clause-def by simp

have V C |€| iefac F || (N |U| Ueyr). C <. eres D E —»
ord-res-Interp (iefac F * (fset N U fset Ue,")) C |= C
by (smt (verit, ccfv-threshold) E-least-false Unig-def Unig-is-least-false-clause
ceres D E <. E» <iefac F || (N |U] Ue,') = finsert (eres D E) (iefac F
1 (VU] Uen))
finite-fset finsert.rep-eq finsertE finsert-absorb
fset.set-map ord-res.transp-less-cls
is-least-false-clause-finsert-smaller-false-clause linorder-cls.mazx.strict-order-iff
ord-res.interp-insert-greater-clause ord-res.production-insert-greater-clause
transpE
true-cls-iefac-iff union-fset)

hence V C |€| iefac F | (N |U| Uer'). C <. eres D E —
ord-res-Interp (iefac F * (fset N U fset U.,")) C |= C
unfolding <eres D E <. E» <efac F | (N |U| Ue,') = finsert (eres D E)
(iefac F |7 (N |U] Uer))
by simp

thus all-smaller-clauses-true-wrt-respective-Interp N (U, F, M’ Some (eres
D E))
unfolding all-smaller-clauses-true-wrt-respective-Interp-def by simp

have A € ord-res.production (fset (iefac F | (N |U] Uer))) C
if M’ A = Some C for A C
proof —
have M A = Some C and A <; atm-of K
unfolding atomize-conj
using <M’ A = Some C) <M’ = restrict-map M {A. A <; atm-of K}»
by (metis Int-iff domI dom-restrict mem-Collect-eq restrict-in)

hence A-prod-by-C: A € ord-res.production (fset (iefac F |9 (N |U| Uer))) C

using invars
unfolding step-hyps(1,2) ord-res-5-invars-def atoms-in-model-were-produced-def
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by metis

moreover have ord-res.production (fset (iefac F || (N |U| Ue,))) C =
ord-res.production (fset (iefac F |4 (N |U| Ue,"))) C
proof (rule ord-res.production-swap-clause-set)
have ord-res.is-strictly-mazimal-lit (Pos A) C
using A-prod-by-C ord-res.mem-productionE by metis
moreover have Pos A <; K
using <A <; atm-of K>
by (metis Pos-atm-of-iff ord-res.less-lit-simps(1) step-hyps(11))
ultimately have C' <. eres D E
using linorder-lit. multp-if-mazimal-less-that-maximal step-hyps(10) by
blast
thus {D. D |€| iefac F || (N U] Uer) A (%)== D C} =
{D. D |€| iefac F || (N |U| Uer) A (<)== D C}
unfolding <iefac F | (N |U| U,,’) = finsert (eres D E) (iefac F | (N
Ul Uer))
by auto
qed

ultimately show ?thesis
by argo
qed

thus atoms-in-model-were-produced N (U.,', F, M, Some (eres D E))
unfolding atoms-in-model-were-produced-def by simp

have M’ A = Some C
if ¢ <. eres D E and A-in: A € ord-res.production (fset (iefac F || (N |U|
Uer)) C
for C A
proof —
have C <. F
using «C' <. eres D E» <eres D E <. E» by order

moreover have A-prod-by-C: A € ord-res.production (fset (iefac F |9 (N |U|
Uer))) C
proof —
have ord-res.production (fset (iefac F || (N |U| Uer))) C =
ord-res.production (fset (iefac F |4 (N |U] Uer"))) C
proof (rule ord-res.production-swap-clause-set)
show {D. D |€| iefac F | (N |U| Uer) A (<)== D C} =
{D. D |€g| iefac F | (N |U| Uer) A (%)== D C}
unfolding <iefac F | (N |U] Ue,') = finsert (eres D E) (iefac F | (N
Ul Uer))»
using «C' <. eres D E)»
by (metis (no-types, opaque-lifting) finsert-iff linorder-cls.less-le-not-le)
qged
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thus ?thesis
using A-in by argo
qed

ultimately have M A = Some C
using invars

unfolding step-hyps(1,2) ord-res-5-invars-def all-produced-atoms-in-model-def
by metis

moreover have A <; atm-of K
proof —
have A € dom M
using <M A = Some C) by auto

have ord-res.is-maximal-lit (Pos A) C
using A-prod-by-C ord-res.mem-productionE by blast

hence A =<; atm-of K
using <ord-res.is-mazimal-lit K (eres D E)» «C <. eres D E»
by (metis linorder-cls. dual-order.asym linorder-lit. multp-if-mazimal-less-that-mazimal
linorder-trm.not-le-imp-less literal.collapse(1) ord-res.less-lit-simps(1)
step-hyps(11))

moreover have A # atm-of K
using <A € dom M» <= dom M |=l K> <is-pos K> by force

ultimately show ?thesis
by order
qed

ultimately show M’ A = Some C
unfolding <M’ = restrict-map M {A. A <; atm-of K}» by simp
qed

thus all-produced-atoms-in-model N (U.,';, F, M', Some (eres D E))
unfolding all-produced-atoms-in-model-def by simp
qged
next

case step-hyps: (resolution-neg M EL D Ug,' Uer M' K C F)

obtain A; where L-def: L = Neg Ap,
using <is-neg Ly by (cases L) simp-all

have Ay, € ord-res.production (fset (iefac F |4 (N |U| Uer))) D
using invars <M (atm-of L) = Some D»

unfolding step-hyps(1,2) ord-res-5-invars-def atoms-in-model-were-produced-def
unfolding L-def literal.sel
by metis
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hence D |€| iefac F || (N |U| Uer) and
ord-res.is-strictly-mazimal-lit (Pos Ar) D and
D-false: — ord-res.interp (fset (iefac F || (N |U| Uer))) D |= D
unfolding atomize-conj by (metis ord-res.mem-productionF)

obtain Ay where K-def: K = Neg Ak
using <is-neg K» by (cases K) simp-all

have Ax € ord-res.production (fset (iefac F || (N |U| Uer))) C
using invars <M (atm-of K) = Some C»

unfolding step-hyps(1,2) ord-res-5-invars-def atoms-in-model-were-produced-def
unfolding K-def literal.sel
by metis

hence C |€| iefac F |1 (N |U| Ue,) and
ord-res.is-strictly-mazimal-lit (Pos Ag) C and
C-false: = ord-res.interp (fset (iefac F || (N |U| Uer))) C |= C
unfolding atomize-conj by (metis ord-res.mem-productionE)

have D <. FE
using <ord-res.is-strictly-mazimal-lit (Pos Ap) D) <ord-res.is-mazximal-lit L
Er[unfolded L-def]
using linorder-lit.multp-if-mazimal-less-that-mazimal ord-res.less-lit-simps(2)
by blast

have eres D E # E
using <ord-res.is-strictly-maximal-lit (Pos Ap) Dy <ord-res.is-mazimal-lit L
Er[unfolded L-def]
by (metis L-def eres-ident-iff ex-ground-resolutionl is-pos-def

linorder-lit.is-greatest-in-mset-iff-is-mazximal-and-count-eq-one
linorder-lit. multp-if-mazximal-less-that-mazimal linorder-lit.neq-iff
linorder-trm.dual-order.asym ord-res.less-lit-simps(4) ground-resolution-def

step-hyps(5))

moreover have eres D £ <, FE
using eres-le .

ultimately have eres D E <. E
by order

have iefac F (eres D E) = eres D E
by (metis (mono-tags, lifting) Unig-D efac-spec iefac-def is-pos-def
linorder-lit. Unig-is-mazimal-in-mset step-hyps(10) step-hyps(11))

hence iefac F || (N |U| Ue,’) = finsert (eres D E) (iefac F | (N |U] Uer))
unfolding «U.,’ = finsert (eres D E) Ue,> by simp

hence {|C |€| iefac F || (N |U| Uer'). C <. eres D E|} =
{|C |€] iefac F | (N |U| Uep). C <. eres D E|}
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by auto

show ?thesis
unfolding step-hyps(1,2) ord-res-5-invars-def
proof (intro conjl)
have C |€| iefac F | (N |U| Ue,.")
using «C' |€| iefac F || (N |U] Uer )
unfolding <iefac F |9 (N |U| U.,') = finsert (eres D E) (iefac F || (N |U|
Uer))
by simp

thus next-clause-in-factorized-clause N (U.,.', F, M', Some C)
unfolding next-clause-in-factorized-clause-def by simp

have F |C| N |U] Ug,
using invars

unfolding step-hyps(1,2) ord-res-5-invars-def implicitly-factorized-clauses-subset-def
by metis

hence F |C| N |U| U’
unfolding «U.,’ = finsert (eres D E) U, by blast

thus implicitly-factorized-clauses-subset N (U, F, M', Some C)
unfolding implicitly-factorized-clauses-subset-def by simp

have Pos Ax <; Neg Ak
by simp

hence C <. eres D E
using <ord-res.is-strictly-maximal-lit (Pos Ag) C»
cord-res.is-maximal-lit K (eres D E)>[unfolded K-def]
using linorder-lit.multp-if-maximal-less-that-mazimal by blast

have C <. F
using <C <. eres D E» <eres D E <. E» by order

have {|z |€| iefac F || (N |U]| Uer'). z <. C|} = {|z |€| tefac F | (N |Y|
Uer). ¢ <. C|}
using «C <. eres D F)»
unfolding <iefac F |9 (N |U| U.,') = finsert (eres D E) (iefac F || (N |U|
Uer))
by (metis ffilter-eq-ffilter-minus-singleton finsert-absorb fminus-finsert-absorb
linorder-cls.less-asym)

hence ord-res.interp (fset (iefac F || (N |U| Ue,"))) C =
ord-res.interp (fset (iefac F |9 (N |U| Uer))) C
using <C <. eres D E)»
by (simp add: <efac F || (N |U| Ue,') = finsert (eres D E) (iefac F | (N
Ul Uer))

217



ord-res.interp-insert-greater-clause)

have dom-M-eq: dom M = ord-res.interp (fset (iefac F || (N |U| Uer))) E
using invars

unfolding step-hyps(1,2) ord-res-5-invars-def model-eq-interp-upto-next-clause-def
by metis

have Vi €# E. = dom M |[=lx
using - dom M |= E» by (simp add: true-cls-def)

moreover have Vz €# D. z # —L — - dom M |Elz
proof —
have Vz €# D. v # —L — — ord-res.interp (fset (iefac F || (N |U| Uer)))
DElz
using D-false by blast
moreover have Vx €# D. © # —L — atm-of x <; atm-of (— L)
unfolding L-def uminus-Neg literal.sel
using <ord-res.is-strictly-mazimal-lit (Pos Ay) D»
by (metis Pos-atm-of-iff <Ay € ord-res.production (fset (iefac F |9 (N |U|
Uer))) D>
ord-res.less-trm-if-neg ord-res.lesseq-trm-if-pos reflclp-iff)
ultimately have Vz €# D. x # —L — — ord-res.interp (fset (iefac F ||
(N U] U.))) E i o
using ord-res.interp-fized-for-smaller-literals
using <ord-res.is-strictly-mazimal-lit (Pos Ap) Dy <D <. E»
using L-def by fastforce
thus ?thesis
unfolding dom-M-eq[symmetric] .
qed

moreover have K €# eres D F
using <ord-res.is-mazimal-lit K (eres D E)»
using linorder-lit.is-mazximal-in-mset-iff by metis

moreover have Vo €# eres D E. v €# DV z €# E
using lit-in-one-of-resolvents-if-in-eres by metis

moreover have Vx €# eres DE. x # — L
proof (intro balll notl)
fix x assume ¢ €# eres D Ex = — L
obtain m A D' E' where
ord-res.is-strictly-mazimal-lit (Pos A) D and
D = add-mset (Pos A) D’ and
E = replicate-mset (Suc m) (Neg A) + E' and
Neg A ¢# E’ and
eres D E = repeat-mset (Suc m) D' + E’
using <eres D E # E»[THEN eres-not-identD] by metis

have L = Neg A
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using <ord-res.is-strictly-mazimal-lit (Pos A) D
by (metis L-def Uniq-D <ord-res.is-strictly-mazimal-lit (Pos Ay) D
linorder-lit. Uniq-is-greatest-in-mset literal.inject(1))

have x €¢# D'V zv c¢# E'
using <z €# eres D E»
unfolding <eres D E = repeat-mset (Suc m) D' + E)
by (metis member-mset-repeat-mset-Suc union-iff)
thus Fulse
proof (elim disjE)
assume z €# D’
hence Pos A €# D’
unfolding «x = — Ly <L = Neg A> by simp
hence — ord-res.is-strictly-maximal-lit (Pos A) D
using «D = add-mset (Pos A) D"
using linorder-lit.is-greatest-in-mset-iff by auto
thus Fulse
using <ord-res.is-strictly-mazimal-lit (Pos A) D) by contradiction
next
assume 1 €# E'
hence Pos A €# E’
unfolding «x = — Ly <L = Neg A> by simp
hence Pos A €¢# E
unfolding <E = replicate-mset (Suc m) (Neg A) + E'» by simp
hence ord-res.production (fset (iefac F |9 (N |U| Uer))) D |=l Pos A
using L-def <Ay € ord-res.production (fset (iefac F || (N |U| Uer))) D>
<L = Neg A>
by blast
hence ord-res.interp (fset (iefac F || (N |U| Uer))) E |=l Pos A
by (metis <L = Neg A> dom-M-eq linorder-lit.is-mazimal-in-mset-iff
neg-literal-notin-imp-true-cls step-hyps(3) step-hyps(4) true-lit-simps(1))
hence ord-res.interp (fset (iefac F || (N |U| Uer))) E |E E
using (Pos A €# E» by blast
hence dom M |= E
using dom-M-eq by argo
thus Fulse
using - dom M |= E» by contradiction
qed
qed

ultimately have = dom M |=l K
by metis

have dom M’ = ord-res.interp (fset (iefac F | (N |U] Ue,'))) C
proof (intro subset-antisym subsetl)
fix A :: 'f gterm
assume A € dom M’
hence A € dom M and A <; atm-of K
unfolding <M’ = restrict-map M {A. A <; atm-of K}» by simp-all
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have A € ord-res.interp (fset (iefac F | (N U] Uer))) E
using <A € dom M>
unfolding <dom M = ord-res.interp (fset (iefac F | (N |U| Uer))) E» .
hence A € ord-res.interp (fset (iefac F | (N |U] Uer))) C
using ord-res.interp-fized-for-smaller-literals <ord-res.is-maximal-lit K (eres
D E)
<A <y atm-of K> «C <. E»
by (smt (verit, del-insts) K-def
(A € ord-res.production (fset (iefac F || (N |U]| Uey))) C» <eres D E
< E»
literal.sel(2) ord-res.lesser-atoms-in-previous-interp-are-in-final-interp
ord-res.lesser-atoms-not-in-previous-interp-are-not-in-final-interp-if-productive)
thus A € ord-res.interp (fset (iefac F || (N |U] Uer'))) C
unfolding <iefac F | (N |U| Ue,') = finsert (eres D E) (iefac F || (N |U|
Uer))
using ord-res.interp-insert-greater-clause-strong
by (simp add: «C <. eres D E»)
next
fix A :: 'f gterm
assume A € ord-res.interp (fset (iefac F || (N |U| Uer"))) C
hence A € ord-res.interp (fset (iefac F || (N |U] Uer))) C
unfolding <iefac F | (N |U| Ue,') = finsert (eres D E) (iefac F |9 (N |U|
Uer))»
using ord-res.interp-insert-greater-clause-strong by (simp add: «C <. eres
D E»)
hence A € ord-res.interp (fset (iefac F | (N U] Uer))) E
using «C' <. E) ord-res.interp-subset-if-less-cls by blast
hence A € dom M
unfolding «dom M = ord-res.interp (fset (iefac F || (N |U] Uer))) E» .

moreover have A <; atm-of K
proof —
obtain B where

B |€| iefac F || (N |U] Uer) and
B <. C and
A-prod-by-B: A € ord-res.production (fset (iefac F || (N |U| Uer))) B
using <A € ord-res.interp (fset (iefac F || (N |U]| Uer))) C»
unfolding ord-res.interp-def by blast

have ord-res.is-mazimal-lit (Pos A) B
using A-prod-by-B ord-res.mem-productionE by blast

hence A =<; atm-of K
using <ord-res.is-mazimal-lit K (eres D E)» «C <. eres D E)»
by (metis K-def «B <. C» asympD
linorder-cls.less-trans linorder-lit. multp-if-mazimal-less-that-mazximal
linorder-trm.le-less-linear literal.sel(2)
ord-res.asymp-less-cls ord-res.less-lit-simps(4))
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moreover have A # atm-of K
using <A € dom M) = dom M |=l K>
unfolding K-def
by (metis <A € ord-res.interp (fset (iefac F || (N |U| Uer))) C»
<Ak € ord-res.production (fset (iefac F | (N |U| Uey))) C> atm-of-uminus
linorder-lit.is-greatest-in-mset-iff literal.sel(1) ord-res.mem-productionE
pos-literal-in-imp-true-cls uminus-Neg)

ultimately show ?thesis
by order
qed

ultimately show A € dom M’
unfolding <M’ = restrict-map M {A. A <; atm-of K}» by simp
qed

thus model-eg-interp-upto-next-clause N (U,,.'; F, M’', Some C)
unfolding model-eqg-interp-upto-next-clause-def by simp

have Vz |€| iefac F || (N |U] Uer). & <. E —
ord-res-Interp (fset (iefac F || (N |U| Uer))) z |E =
using invars

unfolding step-hyps(1,2) ord-res-5-invars-def all-smaller-clauses-true-wrt-respective-Interp-def
by simp

hence Vz |€]| iefac F || (N |U| Uep). z <. C —>
ord-res-Interp (fset (iefac F || (N |U| Uer))) z |E =
using «C' <. E»> by simp

moreover have Vz |€| iefac F || (N |U| Uep). z <. C —

ord-res-Interp (fset (iefac F | (N |U| Ueyr))) z =

ord-res-Interp (fset (iefac F | (N |U| Uer))) z

unfolding <iefac F | (N |U| Ue,') = finsert (eres D E) (iefac F | (N |U|
Uer))

by (metis (no-types, lifting) «C <. eres D E» finite-fset finsert.rep-eq

linorder-cls.dual-order.strict-trans2 ord-res.Interp-insert-greater-clause

sup2CI)

ultimately have Vz |€]| iefac F || (N U] Uep). 2 <. C —
ord-res-Interp (iefac F ¢ (fset N U fset U,")) z |= =
by simp

hence Vz |€] iefac F || (N U] Uep'). z <. C —
ord-res-Interp (iefac F ¢ (fset N U fset Ue,')) z |= =
unfolding <iefac F |9 (N |U| U.,') = finsert (eres D E) (iefac F || (N |U|
Uer))
using «C' <. eres D E) by auto
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thus all-smaller-clauses-true-wrt-respective-Interp N (Ue,.', F, M', Some C)
unfolding all-smaller-clauses-true-wrt-respective-Interp-def
by simp

have A € ord-res.production (fset (iefac F | (N |U] Ue,"))) C
if M" A = Some C for A C
proof —
have M A = Some C and A <; atm-of K
unfolding atomize-conj
using (M’ A = Some C» <M’ = restrict-map M {A. A <, atm-of K}»
by (metis Int-iff domI dom-restrict mem-Collect-eq restrict-in)

hence A-prod-by-C: A € ord-res.production (fset (iefac F || (N |U| Uer))) C
using invars

unfolding step-hyps(1,2) ord-res-5-invars-def atoms-in-model-were-produced-def
by metis

moreover have ord-res.production (fset (iefac F | (N |U| Uer))) C
ord-res.production (fset (iefac F |4 (N |J]| Ue'))) C

proof (rule ord-res.production-swap-clause-set)
have ord-res.is-strictly-mazimal-lit (Pos A) C

using A-prod-by-C ord-res.mem-productionE by metis
moreover have Pos A <; K

using <A <; atm-of K>
by (simp add: K-def)
ultimately have C' <. eres D E
using linorder-lit. multp-if-maximal-less-that-maximal step-hyps(10) by
blast
thus {D. D |€| iefac F || (N U] Uer) A (Re)™= D C} =
{D. D |€| iefac F || (N |U| Uer) A (<)== D C}

unfolding <iefac F | (N |U| U.,’) = finsert (eres D E) (iefac F | (N
U] Uer))

by auto
qed

ultimately show ?Zthesis
by argo
qed

thus atoms-in-model-were-produced N (U.,', F, M', Some C)
unfolding atoms-in-model-were-produced-def by simp

have M’ A = Some B

if B <. C and A-in: A € ord-res.production (fset (iefac F || (N |U]| Uer')))
B

for B A
proof —
have B <. eres D E
using (B <. C» «C <. eres D E) by order
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hence B <. F
using <eres D E <. E» by order

moreover have A-prod-by-B: A € ord-res.production (fset (iefac F | (N |U|
Uer)) B
proof —
have ord-res.production (fset (iefac F || (N |U| Uer))) B =
ord-res.production (fset (iefac F |9 (N |U| Ue,"))) B
proof (rule ord-res.production-swap-clause-set)
show {D. D |g| iefac F |1 (N |U| Uer) A (<)== D B} =
{D. D |e] iefac F |1 (N 0] Uer) A (<)== D B}
unfolding <iefac F | (N |U] Ue,') = finsert (eres D E) (iefac F | (N
Ul Uer))
using <B <. eres D E)»
by (metis (no-types, opaque-lifting) finsert-iff linorder-cls.less-le-not-le)
qged

thus ?thesis
using A-in by argo
qed

ultimately have M A = Some B
using invars

unfolding step-hyps(1,2) ord-res-5-invars-def all-produced-atoms-in-model-def
by metis

moreover have A <; atm-of K
proof —
have A € dom M
using <M A = Some B)> by auto

have ord-res.is-mazximal-lit (Pos A) B
using A-prod-by-B ord-res.mem-productionE by blast

hence A =<; atm-of K
using <ord-res.is-mazimal-lit K (eres D E)» «<B <. eres D E)»
by (metis K-def asympD linorder-lit. multp-if-mazimal-less-that-mazimal
linorder-trm.le-less-linear literal.sel(2) ord-res.asymp-less-cls
ord-res.less-lit-simps(4))

moreover have A # atm-of K
using <A € dom M <= dom M |=l K»
using <M A = Some B> step-hyps(12) that(1) by force
ultimately show ?thesis
by order
qed

ultimately show M’ A = Some B
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unfolding <M’ = restrict-map M {A. A <; atm-of K}»> by simp
qed

thus all-produced-atoms-in-model N (Ue,', F, M’, Some C)
unfolding all-produced-atoms-in-model-def by simp
qed
qed

lemma rtranclp-ord-res-6-preserves-invars:
assumes steps: (ord-res-6 N)** s s’ and invars: ord-res-5-invars N s
shows ord-res-5-invars N s’
using steps invars
by (induction s rule: converse-rtranclp-induct) (auto intro: ord-res-6-preserves-invars)

lemma ex-ord-res-6-if-not-final:
assumes
not-final: = ord-res-6-final S and
invars: YN s. S = (N, s) — ord-res-5-invars N s
shows 3 5’. ord-res-6-step S S’
proof —
from not-final obtain N U., F M C where
S-def: S = (N, (Uep, F, M, Some C)) and C # {#}
unfolding ord-res-6-final.simps de-Morgan-disj not-ex
by (metis option.exhaust surj-pair)

note invars’ = invars[unfolded ord-res-5-invars-def, rule-format, OF S-def]

have 3s’. ord-res-6 N (Uer, F, M, Some C) s’
proof (cases dom M |= C)
case True
thus ?thesis
using ord-res-6.skip by metis
next
case C-false: False
obtain L where L-maz: linorder-lit.is-mazximal-in-mset C L
using linorder-lit.ex-mazimal-in-mset| OF «C # {#})] ..

show ?thesis
proof (cases L)
case (Pos A)
hence L-pos: is-pos L
by simp
show ?thesis
proof (cases ord-res.is-strictly-mazimal-lit L C')
case True
then show ?thesis
using ord-res-6.production|OF C-false L-maz L-pos] by metis
next
case L-not-striclty-mazx: False
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thus ?thesis
using ord-res-6.factoring|OF C-false L-max L-pos L-not-striclty-maz refl]
by metis
qed
next
case (Neg A)
hence L-neg: is-neg L
by simp

have C-least-false: is-least-false-clause (iefac F || (N |U] Uer)) C
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro conjl balll impl)
show C |€| iefac F || (N |U| Uer)
using invars’ by (metis next-clause-in-factorized-clause-def)
next
have — ord-res.interp (fset (iefac F || (N |U]| Uer))) C | C
using invars’ C-false by (metis model-eq-interp-upto-next-clause-def)
moreover have ord-res.production (fset (iefac F || (N |U| Uer))) C = {}
proof —
have A L. is-pos L A ord-res.is-strictly-mazimal-lit L C
using L-max L-neg
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset
linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset)
thus ?thesis
using unproductive-if-nex-strictly-mazimal-pos-lit by metis
qged
ultimately show — ord-res-Interp (fset (iefac F || (N |U] Uer))) C | C
by simp
next
fix D
assume D-in: D |€| iefac F || (N |U| Uer) and D # C and
C-false: = ord-res-Interp (fset (iefac F || (N |U| Uer))) D |= D
have - D <. C
using C-false
using invars’ D-in
unfolding all-smaller-clauses-true-wrt-respective-Interp-def
by auto
thus C <. D
using <D # C» by order
qed
then obtain D where D|€|iefac F || (N |U| U,,) and
D <. C and
ord-res.is-strictly-mazimal-lit (Pos A) D and
D-prod: ord-res.production (fset (iefac F | (N |U| Uer))) D = {4}
using bex-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit
L-maz[unfolded Neg] by metis

hence 3 DC'. ground-resolution D C DC
unfolding ground-resolution-def
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using L-maz Neg ex-ground-resolutionl by blast

hence eres D C # C
unfolding eres-ident-iff by metis

hence eres D C <. C
using eres-le[of D C| by order

have M (atm-of L) = Some D
using invars’
by (metis Neg <D <. C» all-produced-atoms-in-model-def D-prod insertll
literal.sel(2))

show ?thesis
proof (cases eres D C = {#})
case True
then show ?thesis
using ord-res-6.resolution-bot|OF C-false L-max L-neg <M (atm-of L) =
Some D»] by metis
next
case Fulse
then obtain K where K-maz: ord-res.is-mazimal-lit K (eres D C)
using linorder-lit.ex-mazximal-in-mset by metis
show ?thesis
proof (cases K)
case K-def: (Pos Ak)
hence is-pos K
by simp
thus ?thesis
using ord-res-6.resolution-pos
using C-false L-maz L-neg <M (atm-of L) = Some D <eres D C # {#}
K-maz by metis
next
case K-def: (Neg Ak)
hence K-neg: is-neqg K
by simp

have — ord-res-Interp (fset (finsert (eres D C) (iefac F || (N |U] Uey))))
(eres D C) |= eres D C
by (smt (verit) C-least-false D-prod Interp-insert-unproductive K-max
K-neg Uniq-D
ceres D C # C)» clause-true-if-resolved-true exl-eres-eq-full-run-ground-resolution
finite-fset fset-simps(2) full-run-def insert-not-empty is-least-false-clause-def
linorder-cls.is-least-in-fset-ffilterD(2) linorder-lit. Unig-is-mazimal-in-mset
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset rtranclpD
unproductive-if-nez-strictly-mazimal-pos-lit)

hence eres-least:
is-least-false-clause (finsert (eres D C) (iefac F | (N |U| Uer))) (eres
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D C)
using C-least-false <eres D C <. C»
by (metis is-least-false-clause-finsert-smaller-false-clause)

then obtain E where E |€| finsert (eres D C') (iefac F | (N |U| Uer))
and
E <. eres D C and
ord-res.is-strictly-mazimal-lit (Pos Ax) E and
E-prod: ord-res.production (fset (finsert (eres D C) (iefac F | (N |U|
Vo)) E = {Ax)
using bex-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit
K-mazx K-def
by metis

have ord-res.production (fset (iefac F || (N |U| Ue,))) E =
ord-res.production (fset (finsert (eres D C) (iefac F || (N |U]| Uer)))) E
proof (rule ord-res.production-swap-clause-set)
have eres D C |¢| iefac F || (N |U| Uer)
proof (rule notl)
assume eres D C |€] iefac F || (N |U| Uey)
hence finsert (eres D C) (iefac F | (N |U| Uer)) = iefac F || (N |U|

Uer)
by blast
hence is-least-false-clause (iefac F | (N |U| Ueyr)) (eres D C)
using eres-least by argo
thus Fulse
using C-least-false <eres D C # C»
by (metis Unig-D Unig-is-least-false-clause)
qed
thus {D. D |€| iefac F || (N |U| Uer) A (%)== D E} =
{Da. Da |€| finsert (eres D C) (iefac F || (N |U| Uer)) A (<e)== Da
r}
by (metis (mono-tags, lifting) <E <. eres D C» finsert-iff linorder-cls.leD)
qed
also have ... = {Ax}

using F-prod .

finally have ord-res.production (fset (iefac F || (N |U| Ue,))) E = {Ak}

hence M (atm-of K) = Some E
using invars’
unfolding ord-res-5-invars-def all-produced-atoms-in-model-def
by (metis K-def <E <. eres D C) eres-le insertll linorder-cls.dual-order.strict-trans1
literal.sel(2))

thus ?2thesis
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using ord-res-6.resolution-neg
using C-false L-maz L-neg <M (atm-of L) = Some D» <eres D C # {#}»
K-max K-neg by metis
qed
qed
qed
qed
thus ?thesis
using S-def ord-res-6-step.simps by metis
qed

lemma ord-res-6-safe-state-if-invars:

safe-state ord-res-6-step ord-res-6-final (N, s) if invars: ord-res-5-invars N s for
N s
proof —

fix S’
assume ord-res-6-semantics.eval (N, s) S" and stuck: stuck-state ord-res-6-step
SI
then obtain s’ where S’ = (N, s’) and (ord-res-6 N)** s s’
proof (induction (N, s) arbitrary: N s rule: converse-rtranclp-induct)
case base
thus ?case by simp
next
case (step z)
thus ?case
by (smt (verit, ccfv-SIG) converse-rtranclp-into-rtranclp ord-res-6-step.cases
prod.inject)
qed
hence ord-res-5-invars N s’
using invars rtranclp-ord-res-6-preserves-invars by metis
hence — ord-res-6-final S’ = 38". ord-res-G-step S’ S’
using ex-ord-res-6-if-not-final[of S'] <S’ = (N, s')» by blast
hence ord-res-6-final S’
using stuck[unfolded stuck-state-def] by argo

thus ?thesis
unfolding safe-state-def stuck-state-def by metis
qed

lemma ex-model-build-from-least-clause-to-any-less-than-least-false:
assumes
F-subset: F |C| N |U| U, and
C-least: linorder-cls.is-least-in-fset (iefac F | (N |U| U.,)) C and
D-in: D |€| iefac F |9 (N |U| Ue,) and
D-lt-least-false: ¥ E. is-least-false-clause (iefac F | (N |U| Uer)) E — D =,
E and
C =.D
shows I M. (ord-res-5 N)** (Uer, F, Map.empty, Some C) (Uer, F, M, Some
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D)

using ord-res.wfP-less-cls D-in «C <. D) D-lt-least-false
proof (induction D rule: wfp-induct-rule)

case (less D)

have invars: ord-res-5-invars N (U.,, F, Map.empty, Some C)
using ord-res-5-invars-initial-state F-subset C-least by metis

define clauses-lt-D :: 'f gclause fset where
clauses-lt-D = {|C |€| iefac F | (N U] Uer). C <. D|}

show ?Zcase
proof (cases clauses-lt-D = {||})
case True
hence C = D
unfolding clauses-lt-D-def
using C-least <C' <. D»
by (metis fempty-iff [fmember-filter linorder-cls.antisym-convs
linorder-cls.is-least-in-fset-iff linorder-cls.less-le-not-le)
thus ?thesis
by blast
next
case Fulse

obtain z where z-greatest: linorder-cls.is-greatest-in-fset clauses-lt-D x
using False linorder-cls.ex-greatest-in-fset by metis

have z <. D and z |€| iefac F | (N |U] Uer)
using z-greatest by (simp-all add: clauses-lt-D-def linorder-cls.is-greatest-in-fset-iff )

moreover have C <, z
using z-greatest C-least
by (metis clauses-lt-D-def [fmember-filter linorder-cls.is-greatest-in-fset-iff
linorder-cls.not-less nbex-less-than-least-in-fset)

moreover have A\E. is-least-false-clause (iefac F || (N |U| Ue,)) E = z <,
using <z <. D» less.prems by force

ultimately obtain M where
IH: (ord-res-5 N)** (Uer, F, Map.empty, Some C) (Uer, F, M, Some z)
using less.IH by blast

moreover have I M’ ord-res-5 N (Uer, F, M, Some z) (Uer, F, M’, Some
D)
proof —
have linorder-cls.is-least-in-fset (ffilter ((<.) z) (iefac F | (N |U] Uer))) D
using z-greatest[unfolded clauses-lt-D-def]
by (smt (verit) ffmember-filter less.prems(1) linorder-cls.is-greatest-in-fset-iff
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linorder-cls.is-least-in-ffilter-iff linorder-cls.not-less-iff-gr-or-eq)
hence next-clause-eq: The-optional (linorder-cls.is-least-in-fset
(ffilter ((=c) z) (iefac F | (N |U| Uer)))) = Some D
by (metis linorder-cls. Uniq-is-least-in-fset The-optional-eq-Somel)

have z-true: ord-res-Interp (fset (iefac F || (N |U] Uer))) z |E z
using less.prems
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff

by (metis <\E. is-least-false-clause (iefac F || (N |U| Uep)) E = z <,
Ey «x |€]| iefac F | (N |U] Uer)
ex-false-clause-iff finsert-absorb is-least-false-clause-finsert-smaller-false-clause
linorder-cls.order.irrefl ex-false-clause-def)

show ?thesis
proof (cases dom M |= x)
case True
thus ?thesis
using ord-res-5.skip next-clause-eq by metis
next
case Fulse
hence — ord-res.interp (fset (iefac F || (N |U| Uer))) z |= z
using rtranclp-ord-res-5-preserves-invars| OF IH invars, unfolded ord-res-5-invars-def,
simplified]
by (simp add: model-eq-interp-upto-next-clause-def)

thus ?thesis
using ord-res-5.production|OF False] next-clause-eq
using z-true
by (metis Un-empty-right linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset
unproductive-if-nex-strictly-mazximal-pos-lit)
qed
qed

ultimately show #thesis
by (smt (verit) rtranclp.rtrancl-into-rtrancl)
qged
qged

lemma full-rtranclp-ord-res-5-run-upto:
assumes
ord-res-6 N (Uer, F, M, Some E) (U.,', F', M’, Some D) and
invars: ord-res-5-invars N (Ue,', F';, M’, Some D) and
M'-def: M' = restrict-map M {A. K. linorder-lit.is-mazimal-in-mset D K A
A < atm-of K} and
C-least: linorder-cls.is-least-in-fset (iefac F' | (N |U] Uer)) C
shows (ord-res-5 N)** (U,,', F', Map.empty, Some C) (Ue,', F', M, Some D)
proof —
have D-in: D |€| iefac F' | (N |U| Ue,')
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using invars
by (metis next-clause-in-factorized-clause-def ord-res-5-invars-def)

have 7' |C| N |U| U’
using ‘nvars
by (metis implicitly-factorized-clauses-subset-def ord-res-5-invars-def)

moreover have C <. D
using C-least D-in
by (metis linorder-cls.dual-order.strict-iff-order linorder-cls.is-least-in-fset-iff
linorder-cls.le-cases)

moreover have V F. is-least-false-clause (iefac F' || (N |U| Uer')) F — D =<,
F

using invars le-least-false-clause by metis

ultimately obtain M’ where
steps: (ord-res-5 N)** (Ue,', F', Map.empty, Some C) (U, F', M, Some
D)
using C-least D-in
by (metis ex-model-build-from-least-clause-to-any-less-than-least-false)

have ord-res-5-invars N (U.,', F', Map.empty, Some C)
using «F' |C| N |U| Ue,"» C-least ord-res-5-invars-initial-state by metis

hence ord-res-5-invars N (U.,.', F', M"', Some D)
using «(ord-res-5 N)** (Ue,.'; F', Ax. None, Some C) (Ue,.';, F', M, Some
D)
rtranclp-ord-res-5-preserves-invars by metis

hence M ''-spec:
dom M = ord-res.interp (fset (iefac F' || (N |U] Ue."))) D
VA C. M" A= Some C — A € ord-res.production (fset (iefac F' | (N |U|
Uer)) C
VCA. C <. D — A € ord-res.production (fset (iefac F' |1 (N |U] Ue,"))) C
— M"” A = Some C
unfolding ord-res-5-invars-def
unfolding model-eg-interp-upto-nezt-clause-def atoms-in-model-were-produced-def
all-produced-atoms-in-model-def

by metis+

have M’ = M"

proof (cases D = {#})
case True
have M’ = Map.empty
proof —

have A K. ord-res.is-maximal-lit K D A A <4 atm-of K for A
unfolding «D = {#}
by (simp add: linorder-lit.is-mazximal-in-mset-iff )

231



hence {A. K. ord-res.is-mazimal-lit K D N A <; atm-of K} = {}
by simp
thus ?thesis
unfolding M'-def by auto
qed

also have Map.empty = M
proof —
have ord-res.interp (fset (iefac F' || (N |U] Ue,")) D = {}
unfolding <D = {#}» by simp
thus ?thesis
using M"’-spec(1) by simp
qed

finally show ?thesis .
next
case Fulse
then obtain K where ord-res.is-maximal-lit K D
using linorder-lit.ex-mazximal-in-mset by metis
hence {A. 3 K. ord-res.is-mazimal-lit K D N A <, atm-of K} = {A. 4 <
atm-of K}
by (metis (no-types, lifting) linorder-lit. Unig-is-mazximal-in-mset thel-equality’)
hence M'-def’: M’ = restrict-map M {A. A <4 atm-of K}
unfolding M’-def by argo

show ?thesis
proof (intro ext)
fix z
have M '-spec:
dom M’ = ord-res.interp (fset (iefac F' || (N |U| Ue,"))) D
VA C. M'A = Some C — A € ord-res.production (fset (iefac F' |9 (N
U Uer)) C
VCA. C <. D— A € ord-res.production (fset (iefac F' || (N |U] Ue.")))
C — M’ A= Some C
using invars
unfolding ord-res-5-invars-def
unfolding model-eq-interp-upto-nezt-clause-def atoms-in-model-were-produced-def
all-produced-atoms-in-model-def
by metis+

have dom M’ = dom M"
using M’-spec(1) M"-spec(1) by argo

moreover have VA C. M’ A = Some C «— M'" A = Some C
using M '-spec(2) M"-spec(2)
by (smt (verit, del-insts) calculation domD doml linorder-cls.less-irrefl
linorder-cls.neqF
ord-res.less-trm-iff-less-cls-if-mem-production)
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ultimately show M’z = M" z
by (metis domD domlff)
qed
qed

thus ?thesis
using <(ord-res-5 N)** (Ue,', F', Map.empty, Some C) (Ue,.';, F', M"', Some
D)) by argo
qed

end

end
theory ORD-RES-7
imports
Background
Implicit- Exhaustive- Factorization
Ezhaustive- Resolution
begin

22 ORD-RES-7 (clause-guided literal trail construc-
tion)
context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-7 where
decide-neg:
= trail-false-cls T’ C =
linorder-lit.is-mazximal-in-mset C L =
linorder-trm.is-least-in-fset {|A |€| atms-of-clss (N |U| Uey).
A <y atm-of L N A |¢| trail-atms |} A =
I'" = (Neg A, None) # I' =
ord-res-7T N (Uep, F, T, Some C) (Ue,, F, I'', Some C) |

skip-defined:
= trail-false-cls ' C =
linorder-lit.is-maximal-in-mset C' L —>
—(3 4 |€| atms-of-clss (N |U| Uer). A <y atm-of L N A |¢| trail-atms T') =
trail-defined-lit I' L —
C' = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F | (N |U| Uey).
C <. D|}) =
ord-res-7 N (Uer, F, T, Some C) (Ug,, F, T, C’) |

skip-undefined-neg:
= trail-false-cls T’ C =
linorder-lit.is-mazimal-in-mset C' L —>
—(3 4 |€| atms-of-clss (N |U| Uey). A <t atm-of L N A |¢| trail-atms T') =
= trail-defined-lit ' L —

233



is-neg L —=

I'= (L, None) # I =

C' = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Ue,).
C <. D|}) =

ord-res-7 N (Uer, F, T, Some C) (Uer, F, T, C') |

skip-undefined-pos:
= trail-false-cls T’ C =
linorder-lit.is-mazimal-in-mset C' L —>
—(3 A |€| atms-of-clss (N |U] Uer). A <; atm-of L A A |¢| trail-atms T') =
= trail-defined-lit ' L —
1s-pos L —>
= trail-false-cls T {#K €# C. K # L#} —
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Uer). C <. D|} D =
ord-res-7T N (Uer, F, T, Some C) (Uep, F, T, Some D) |

skip-undefined-pos-ultimate:
= trail-false-cls T’ C =
linorder-lit.is-maximal-in-mset C' L —
—(3 A |€| atms-of-clss (N |U] Uer). A <4 atm-of L A A |¢| trail-atms T') =
= trail-defined-lit ' L —
is-pos L =—
= trail-false-cls T {#K €# C. K # L#} —
I'= (- L, None) # I’ =
—(3D |€| iefac F || (N |U| Uep). C <. D) =
ord-res-7 N (Uer, F, T, Some C) (Ueyr, F, '/, None) |

production:

= trail-false-cls T’ C =

linorder-lit.is-mazimal-in-mset C' L —

- (3 A |€| atms-of-clss (N |U| Uer). A <¢ atm-of L A A |¢] trail-atms T') =

= trail-defined-lit ' L —

1s-pos L —

trail-false-cls T' {#K €# C. K # L#} —

linorder-lit.is-greatest-in-mset C L =

I'= (L, Some C) # I’ =

C’ = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F | (N |U| Uey).
C <. Dl}) =

ord-res-7 N (Uep, F, T, Some C) (Ue,, F, T, C’) |

factoring:
= trail-false-cls ' C =
linorder-lit.is-maximal-in-mset C' L =
- (3 A |€| atms-of-clss (N |U] Uer). A <¢ atm-of L A A |¢] trail-atms T') =
= trail-defined-lit ' L —
is-pos L —>
trail-false-cls T {#K €# C. K # L#} —
= linorder-lit.is-greatest-in-mset C L —
F' = finsert C F =
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ord-res-7T N (Uep, F, T, Some C) (Ue,, F', T, Some (efac C)) |

resolution-bot:
trail-false-cls ' E =
linorder-lit.is-maximal-in-mset E L —>
is-neg L —
map-of T' (— L) = Some (Some D) =
Uer' = finsert (eres D E) Ugp =
eres D E = {#} =
=[] =
ord-res-7T N (Uer, F, T, Some E) (U,,', F, T'', Some {#}) |

resolution-pos:
trail-false-cls T' B —
linorder-lit.is-mazimal-in-mset £ L —
is-neg L —
map-of T' (— L) = Some (Some D) =
Uer' = finsert (eres D E) Uep =
eres D E #+ {#} =
' = dropWhile (ALn. atm-of K =; atm-of (fst Ln)) I =
linorder-lit.is-mazimal-in-mset (eres D E) K —
is-pos K —
ord-res-7T N (Uer, F, T, Some E) (U,,', F, T/, Some (eres D E)) |

resolution-neg:
trail-false-cls ' E =
linorder-lit.is-maximal-in-mset E L —>
is-neg L —
map-of I' (— L) = Some (Some D) =
Uer' = finsert (eres D E) Ugp =
eres D E # {#} =
' = dropWhile (ALn. atm-of K <, atm-of (fst Ln)) T =
linorder-lit.is-maximal-in-mset (eres D E) K —
is-neg K —>
map-of I' (— K) = Some (Some C) =
ord-res-7T N (Uer, F, T, Some E) (U,,.', F, T/, Some C)

lemma right-unique-ord-res-7:
fixes N :: 'f gclause fset
shows right-unique (ord-res-7 N)
proof (rule right-uniquel)
fixzyz
assume stepl: ord-res-7 N x y and step2: ord-res-7 N z z
show y = 2
using step1
proof (cases N z y rule: ord-res-7.cases)
case step-hyps!: (decide-neg T' C L Ue, AT F)
show ?thesis
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using step?2
unfolding step-hyps1 (1)
proof (cases N (Uer, F, I', Some C) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'2’)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of C, THEN Unig-D] by metis
have A2 = A
using step-hypsl step-hyps2
unfolding <L2 = L»
using linorder-trm. Unig-is-least-in-fset| THEN Unig-D] by presburger
have I'2’' =T
using step-hyps1 step-hyps2
unfolding L2 = Ly <A2 = A) by metis
show ?thesis
unfolding step-hyps1(2) step-hyps2(1)
unfolding I'2’' =T ..

next
case step-hyps2: (skip-defined L2 C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have False

using step-hyps1 step-hyps2

unfolding «L2 = L»

unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (skip-undefined-neg L2 T2’ C2’)
have L2 = L

using step-hypsl step-hyps?2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding <L2 = L»

unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos L2 D2)
have L2 = L

using step-hypsl step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..
next
case step-hyps2: (skip-undefined-pos-ultimate L2 T'2")
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have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have False

using step-hyps1 step-hyps2

unfolding L2 = L»

unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (production L2 T'2' C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset[of C, THEN Uniq-D] by metis
have Fulse

using step-hypsl step-hyps?2

unfolding <L2 = L»

unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (factoring L2 F2')
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of C, THEN Unig-D] by metis
have Fulse
using step-hypsl step-hyps2
unfolding <L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..
next
case step-hyps2: (resolution-bot L2 D2 U..2' T'2)
have False
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-pos L2 D2 U,..2' T2’ K2)
have False
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-neg L2 D2 U..2' T2’ K2 C2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
qed
next
case step-hypsl: (skip-defined T C' L U, C' F)
show ?thesis
using step?2
unfolding step-hyps1 (1)
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proof (cases N (Uer, F, T, Some C) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'2')
have L2 = L
using step-hypsl step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of C, THEN Uniq-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding «L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (skip-defined L2 C2')
have L2 = L

using step-hypsl step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have C2' = C’

using step-hyps1 step-hyps2 by argo
show ?thesis

unfolding step-hyps1(2) step-hyps2(1)

unfolding «C2' = C) ..

next
case step-hyps2: (skip-undefined-neg L2 T'2' C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding L2 = L»

unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos L2 D2)
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Uniq-D] by metis
have False

using step-hyps1 step-hyps2

unfolding L2 = L»

unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos-ultimate L2 T'2")
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hypsl step-hyps?2

unfolding <L2 = L»

unfolding linorder-trm.is-least-in-ffilter-iff by metis
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then show ?thesis ..

next
case step-hyps2: (production L2 T'2' C27)
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-maximal-in-mset[of C, THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (factoring L2 F2')
have L2 = L

using step-hypsl step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of C, THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding <L2 = L) by argo
then show ?thesis ..
next
case step-hyps2: (resolution-bot L2 D2 U..2' T'27)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-pos L2 D2 U,,.2' T2’ K2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-neg L2 D2 U.,.2' T2’ K2 C2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
qed
next
case step-hypsl1: (skip-undefined-neg T C L U,,. T’ C' F)
show ?thesis
using step?2 unfolding step-hypsi (1)
proof (cases N (Uer, F, I, Some C) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'2’)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding <L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..
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next
case step-hyps2: (skip-defined L2 C2')
have L2 = L
using step-hypsl step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding (L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-neg L2 T'2' C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Uniq-D] by metis
have I'2’' =T

using step-hyps1 step-hyps2

unfolding L2 = L» by argo
have C2' = C’

using step-hyps1 step-hyps2 by argo
show ?thesis

unfolding step-hyps1(2) step-hyps2(1)

unfolding «C2' = C’ I'2' =T ..

next
case step-hyps2: (skip-undefined-pos L2 D2)
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding «L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..
next
case step-hyps2: (skip-undefined-pos-ultimate L2 T'2")
have L2 = L
using step-hypsl step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding «L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (production L2 T'2' C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2
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unfolding L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (factoring L2 F2')
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hypsl step-hyps2
unfolding <L2 = L) by argo
then show ?thesis ..
next
case step-hyps2: (resolution-bot L2 D2 U..2' T'2)
have Fulse
using step-hypsl step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-pos L2 D2 U,..2' T2’ K2)
have Fulse
using step-hypsl step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-neg L2 D2 U.,.2' T2’ K2 C2)
have Fulse
using step-hypsl step-hyps2 by argo
then show ?thesis ..
qed
next
case step-hypsl1: (skip-undefined-pos ' C' L U, F D)
show ?thesis
using step2 unfolding step-hypsi (1)
proof (cases N (Ue,., F, T, Some C) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'2")
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (skip-defined L2 C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Uniq-D] by metis
have False

using step-hyps1 step-hyps2

unfolding L2 = L) by argo
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then show ?thesis ..

next
case step-hyps2: (skip-undefined-neg L2 T'2' C2’)
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos L2 D2)
have L2 = L

using step-hypsl step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have D2 = D

using step-hyps1 step-hyps2

unfolding L2 = L»

by (meson Unig-D linorder-cls. Unig-is-least-in-fset)
show ?thesis

unfolding step-hyps1(2) step-hyps2(1)

unfolding «D2 = D ..

next

case step-hyps2: (skip-undefined-pos-ultimate L2 T')
have Fulse

using step-hyps1 step-hyps2

by (metis linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..

next
case step-hyps2: (production L2 T'2' C27)
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (factoring L2 F2')
have L2 = L

using step-hypsl step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding (L2 = L) by argo
then show ?thesis ..
next
case step-hyps2: (resolution-bot L2 D2 U..2' T'2")
have Fulse
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using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-pos L2 D2 U,..2' T2’ K2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-neg L2 D2 U..2' T2’ K2 C2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
qed
next
case step-hypsl: (skip-undefined-pos-ultimate T' C' L U, T'' F)
show ?thesis
using step?2 unfolding step-hypsi (1)
proof (cases N (Uer, F, I, Some C) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'2’)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding «L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (skip-defined L2 C2')
have L2 = L

using step-hypsl step-hyps?2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-neg L2 T'2' C2')
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding <L2 = L) by argo
then show ?thesis ..
next
case step-hyps2: (skip-undefined-pos L2 D2)
have Fulse
using step-hyps1 step-hyps2
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by (metis linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
next
case step-hyps2: (skip-undefined-pos-ultimate L2 T'2”)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have I'2’' =T
using step-hypsl step-hyps2
unfolding <L2 = L) by argo
show ?thesis
unfolding step-hyps1(2) step-hyps2(1)
unfolding I'2' =T'" ..

next
case step-hyps2: (production L2 T'2' C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hypsl step-hyps2

unfolding <L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (factoring L2 F2')
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding L2 = L) by argo
then show ?thesis ..
next
case step-hyps2: (resolution-bot L2 D2 U..2' T'2")
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-pos L2 D2 U,,.2' T2’ K2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-neg L2 D2 U..2' T2' K2 C2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
qed
next
case step-hyps1: (production T C' L U, TV C' F)
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show ?thesis
using step2
unfolding step-hyps1 (1)
proof (cases N (Uer, F, T, Some C) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'27)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of C, THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (skip-defined L2 C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hypsl step-hyps2

unfolding <L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-neg L2 T2’ C2’)
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos L2 D2)
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding <L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos-ultimate L2 T'2")
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hypsl step-hyps?2

unfolding <L2 = L) by argo
then show ?thesis ..
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next
case step-hyps2: (production L2 T'2' C2')
have L2 = L
using step-hypsl step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of C, THEN Uniq-D] by metis
have I'2’' =T
using step-hyps1 step-hyps2
unfolding (L2 = L) by argo
have C2' = C’
using step-hyps1 step-hyps2 by argo
show ?thesis
unfolding step-hyps1(2) step-hyps2(1)
unfolding <I'2' =T «C2' =C) .

next
case step-hyps2: (factoring L2 F2')
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of C, THEN Unig-D] by metis
have Fulse
using step-hypsl step-hyps2
unfolding <L2 = L»
unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..
next
case step-hyps2: (resolution-bot L2 D2 U..2' T'2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-pos L2 D2 U,..2' T2’ K2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-neg L2 D2 U..2' T2’ K2 C2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
qed
next
case step-hypsl: (factoring T C L U, F'F)
show ?thesis
using step?2
unfolding step-hyps1 (1)
proof (cases N (Uer, F, I, Some C) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'2’)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-maximal-in-mset[of C, THEN Unig-D] by metis
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have Fulse

using step-hyps1 step-hyps2

unfolding <L2 = L»

unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..

next
case step-hyps2: (skip-defined L2 C2')
have L2 = L

using step-hypsl step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding (L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-neg L2 T'2' C2")
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Uniq-D] by metis
have False

using step-hyps1 step-hyps2

unfolding «L2 = L» by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos L2 D2)
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hypsl step-hyps2

unfolding <L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos-ultimate L2 T'2")
have L2 = L

using step-hypsl step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (production L2 T'2' C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset[of C, THEN Unig-D] by metis
have False

using step-hyps1 step-hyps2

unfolding «L2 = L»
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unfolding linorder-trm.is-least-in-ffilter-iff by metis
then show ?thesis ..
next
case step-hyps2: (factoring L2 F2')
have F2' = F'
using step-hyps1 step-hyps2
by argo
show ?thesis
unfolding step-hyps1(2) step-hyps2(1)
unfolding «F2' = F"’ ..
next
case step-hyps2: (resolution-bot L2 D2 U..2' T'2")
have Fulse
using step-hypsl step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-pos L2 D2 U,,.2' T2’ K2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-neg L2 D2 U..2' T2' K2 C2)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
qged
next
case step-hypsl1: (resolution-bot T' E L D U.,.' U, T'' F)
show ?thesis
using step2
unfolding step-hyps1 (1)
proof (cases N (Ue,., F, T, Some E) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'2")
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..

next
case step-hyps2: (skip-defined L2 C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding <L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-neg L2 T2’ C2’)
have L2 = L

using step-hyps1 step-hyps2
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using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding <L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos L2 D2)
have L2 = L

using step-hypsl step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding (L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos-ultimate L2 T'2")
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Uniq-D] by metis
have False
using step-hyps1 step-hyps2
unfolding «L2 = L» by argo
then show ?thesis ..
next
case step-hyps2: (production L2 T'2' C27)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (factoring L2 F2')
have False
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (resolution-bot L2 D2 U..2' T'2)
have U.,2' = U,,’
using step-hyps1 step-hyps2

by argo

have I'2’' =T
using step-hyps1 step-hyps2
by argo

show ?Zthesis
unfolding step-hyps1(2) step-hyps2(1)
unfolding <U.,.2' = U,,» <I'2' =T ..

next
case step-hyps2: (resolution-pos L2 D2 U,..2' T2’ K2)
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-maximal-in-mset|of E, THEN Unig-D] by metis
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have D2 = D
using step-hyps1 step-hyps2
unfolding <L2 = L»
by (metis option.inject)
have Fulse
using step-hyps1 step-hyps2
unfolding <D2 = D»
by argo
then show ?thesis ..
next
case step-hyps2: (resolution-neg L2 D2 U.,.2' T2' K2 C2)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of E, THEN Uniq-D] by metis
have D2 = D
using step-hyps1 step-hyps2
unfolding L2 = L»
by (metis option.inject)
have Fulse
using step-hypsl step-hyps2
unfolding <D2 = D>
by argo
then show ?thesis ..
qed
next
case step-hypsl: (resolution-pos ' E L D U.,.' U, T'' K F)
show ?thesis
using step?2
unfolding step-hyps1 (1)
proof (cases N (Uer, F, I', Some E) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'2’)
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..

next
case step-hyps2: (skip-defined L2 C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hypsl step-hyps2

unfolding <L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-neqg L2 T2’ C2)
have L2 = L

using step-hypsl step-hyps?2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have False
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using step-hyps1 step-hyps2
unfolding <L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos L2 D2)
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Uniq-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding «L2 = L» by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos-ultimate L2 T'2’)
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding (L2 = L) by argo
then show ?thesis ..
next
case step-hyps2: (production L2 T'2' C2')
have Fulse
using step-hypsl step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (factoring L2 F2')
have Fulse
using step-hypsl step-hyps2 by argo
then show ?thesis ..

next
case step-hyps2: (resolution-bot L2 D2 U..2' T'2")
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of E, THEN Unigq-D] by metis
have D2 = D
using step-hyps1 step-hyps2
unfolding L2 = L»
by (metis option.inject)
have Fulse
using step-hyps1 step-hyps2
unfolding <D2 = D»
by argo
then show ?thesis ..
next
case step-hyps2: (resolution-pos L2 D2 U,..2' T2’ K2)
have L2 = L
using step-hyps1 step-hyps2
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using linorder-lit. Unig-is-mazimal-in-mset[of E, THEN Unig-D] by metis
have D2 = D
using step-hyps1 step-hyps2
unfolding <L2 = L»
by (metis option.inject)
have K2 = K
using step-hyps1 step-hyps2
unfolding <D2 = D»
using linorder-lit. Unig-is-mazximal-in-mset|[of eres D E, THEN Unig-D] by
metis
have U,,.2' = U,,’
using step-hyps1 step-hyps2
unfolding <D2 = D»
by argo
have I'2’' =T
using step-hyps1 step-hyps2
unfolding «<K2 = K>
by argo
show ?thesis
unfolding step-hyps1(2) step-hyps2(1)
unfolding <U..2' = U.,.» <I'2' =T <D2 = D) ..

next
case step-hyps2: (resolution-neg L2 D2 U.,.2' T2’ K2 C2)
have L2 = L

using step-hypsl step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of E, THEN Unigq-D] by metis
have D2 = D
using step-hyps1 step-hyps2
unfolding «L2 = L»
by (metis option.inject)
have K2 = K
using step-hyps1 step-hyps2
unfolding «D2 = D
using linorder-lit. Unig-is-mazimal-in-mset|of eres D E, THEN Unig-D] by
metis
have False
using step-hyps1 step-hyps2
unfolding (K2 = K>
by argo
then show ?thesis ..
qed
next
case step-hypsl!: (resolution-neg U E L D U.,' U, T' K C F)
show ?thesis
using step?2
unfolding step-hyps1 (1)
proof (cases N (Uer, F, T, Some E) z rule: ord-res-7.cases)
case step-hyps2: (decide-neg L2 A2 T'27)
have Fulse
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using step-hyps1 step-hyps2 by argo
then show ?thesis ..

next
case step-hyps2: (skip-defined L2 C2')
have L2 = L

using step-hyps1 step-hyps2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hypsl step-hyps2

unfolding <L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-neqg L2 T2’ C2’)
have L2 = L

using step-hypsl step-hyps?2

using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse

using step-hyps1 step-hyps2

unfolding L2 = L) by argo
then show ?thesis ..

next
case step-hyps2: (skip-undefined-pos L2 D2)
have L2 = L

using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hyps1 step-hyps2
unfolding <L2 = L) by argo
then show ?thesis ..
next
case step-hyps2: (skip-undefined-pos-ultimate L2 T'2”)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset| THEN Unig-D] by metis
have Fulse
using step-hypsl step-hyps2
unfolding L2 = L» by argo
then show ?thesis ..
next
case step-hyps2: (production L2 T'2' C2')
have Fulse
using step-hyps1 step-hyps2 by argo
then show ?thesis ..
next
case step-hyps2: (factoring L2 F2')
have Fulse
using step-hypsl step-hyps2 by argo
then show ?thesis ..
next
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case step-hyps2: (resolution-bot L2 D2 U..2' T'2)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of E, THEN Unigq-D] by metis
have D2 = D
using step-hyps1 step-hyps2
unfolding L2 = L»
by (metis option.inject)
have Fulse
using step-hyps1 step-hyps2
unfolding «D2 = D
by argo
then show ?thesis ..
next
case step-hyps2: (resolution-pos L2 D2 U,,.2' T2’ K2)
have L2 = L
using step-hyps1 step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset|of E, THEN Unig-D] by metis
have D2 = D
using step-hypsl step-hyps2
unfolding <L2 = L»
by (metis option.inject)
have K2 = K
using step-hyps1 step-hyps2
unfolding «D2 = D
using linorder-lit. Unig-is-mazximal-in-mset[of eres D E, THEN Unig-D] by
metis
have Fulse
using step-hyps1 step-hyps2
unfolding (K2 = K>
by argo
then show ?thesis ..
next
case step-hyps2: (resolution-neqg L2 D2 U.,.2' T2’ K2 C2)
have L2 = L
using step-hypsl step-hyps2
using linorder-lit. Unig-is-mazimal-in-mset[of E, THEN Unigq-D] by metis
have D2 = D
using step-hyps1 step-hyps2
unfolding «L2 = L»
by (metis option.inject)
have K2 = K
using step-hyps1 step-hyps2
unfolding <D2 = D»
using linorder-lit. Unig-is-mazimal-in-mset|of eres D E, THEN Unig-D] by
metis
have U.,2' = U,,’
using step-hyps1 step-hyps2
unfolding «D2 = D
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by argo

have I'2’' =T
using step-hyps1 step-hyps2
unfolding K2 = K>
by argo

have C2 = C
using step-hyps1 step-hyps2
unfolding «(K2 = K»
by (metis option.inject)

show ?thesis
unfolding step-hyps1(2) step-hyps2(1)
unfolding «U.,2' = U,,» <I'2' =T «C2 = C> ..

qed
qed
qed

inductive ord-res-7-final where
model-found:
ord-res-T-final (N, Uer, F, T, None) |

contradiction-found:
ord-res-7-final (N, Ue,, F, T, Some {#})

sublocale ord-res-7-semantics: semantics where
step = constant-context ord-res-7 and
final = ord-res-7-final
proof unfold-locales
fix S :: 'f gclause fset X'f gclause fset x 'f gclause fset x
('f gterm literal x 'f gterm literal multiset option) list x
'f gterm literal multiset option

obtain
N U, F :: 'f gterm clause fset and
T :: ('f gterm literal x 'f gterm literal multiset option) list and
C :: 'f gclause option
where
S-def: S = (N, Uep, F, T, C)
by (metis prod.ezhaust)

assume ord-res-7-final S

hence #z. ord-res-7 N (U, F,T,C) z
unfolding S-def
proof (cases (N, Uer, F, ', C) rule: ord-res-7-final.cases)
case model-found
thus ?thesis
by (auto elim: ord-res-7.cases)
next
case contradiction-found

255



thus ?thesis
by (auto simp: linorder-lit.is-mazimal-in-mset-iff elim: ord-res-7.cases)
qed

thus finished (constant-context ord-res-7) S
by (simp add: S-def finished-def constant-context.simps)
qed

inductive ord-res-7-invars for N where
ord-res-T-invars N (Uer, F, T, C) if
FI|C| N |U|] Uer and
(VC.C = Some C — C |€| iefac F || (N |U| U.r)) and
(VD.C = Some D —
(V C |€| iefac F | (N |U| Uer). C <. D —
(V L. linorder-lit.is-mazximal-in-mset C' Lo —
= trail-defined-lit T' Lo — (trail-true-cls T {#K €# C. K # Lo#}
A is-pos L¢)))) and
(VC |€| iefac F || (N |U| Uer). (VD. C = Some D — C <. D) —
trail-true-cls ' C') and
(V C |€]| iefac F || (N |U| Uer). (WD. C = Some D — C <. D) —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (A |€| atms-of-clss (N |U| Uer). A <¢ atm-of K N A |¢| trail-atms
I))) and
sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst )) T' and
linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U|] U,,)) and
(C = None — trail-atms T' = atms-of-clss (N |U| U.,)) and
(VC.C = Some C —
(VA |€] trail-atms T'. 3 L. linorder-lit.is-mazimal-in-mset C L A A =<4 atm-of
L)) and
(VLn € set I'. is-neg (fst Ln) <— snd Ln = None) and
(VLn € set I'. snd Ln = None —
(V C |€| iefac F | (N |U| Uer). C < {#fst Ln#} — trail-true-cls T' C))
and
(VLn € set T'. VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln)) and
(VLn € setT.V C. snd Ln = Some C — C' |€| iefac F || (N |U] Ue,)) and
(VI'1 L CTy. T =Ty @Q (L, Some C) # T'y — trail-false-cls Ty {#K €#
C. K # L#}) and
(VFl LD I'p. T'=1"4 @ (L, Some D) # Iy —
(V C |€| defac F || (N |U]| Uep). C <¢ D — trail-true-cls Ty C))

lemma clause-almost-defined-if-lt-next-clause:

assumes ord-res-7-invars N (Ue,, F, T, C)

shows V C |€| iefac F | (N |U| Uer). (VD. C = Some D — C <. D) —

(V K. linorder-lit.is-maximal-in-mset C K — trail-defined-cls T {#L €# C. L

# K#})
proof (intro balll impl alll)

fix C :: 'f gclause and K :: 'f gliteral

assume
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C-in: C |€| iefac F |9 (N |U| Ue,) and
C-lt:VD.C = Some D — C <. D and
C-maz-lit: ord-res.is-mazimal-lit K C

show trail-defined-cls T {#L €# C. L # K#}
using assms

proof (cases N (Uer, F, T, C) rule: ord-res-7-invars.cases)
case invars: 1

have — (3 A|€|atms-of-clss (N |U| Uer). A <¢ atm-of K A\ A || trail-atms I')
using invars C-in C-lt C-maz-lit by metis

hence C-almost-almost-defined: trail-defined-cls T' {#L €# C. L # K N L #

- K#}
using clause-almost-almost-definedI[OF C-in C-maz-lit] by blast

show ?thesis
proof (cases trail-defined-lit T’ K)
case True
hence trail-defined-lit T' (— K)
unfolding trail-defined-lit-def uminus-of-uminus-id by argo
then show ?thesis
using C-almost-almost-defined
unfolding trail-defined-cls-def
by auto
next
case Fulse
show ?thesis
proof (cases C)
case None
hence trail-atms T' = atms-of-clss (N |U] Ug,)
using invars by argo
then show ?thesis
by (metis C-in C-maz-lit False atm-of-in-atms-of-clssl linorder-lit.is-maximal-in-mset-iff
trail-defined-lit-iff-trail-defined-atm)
next
case (Some D)
hence C <. D
using C-lt by simp
then show ?thesis
using invars
by (smt (verit, ccfo-SIG) C-almost-almost-defined C-in C-maz-lit False
Some
(- (FA|€latms-of-clss (N |U| Uer). A <¢ atm-of K N A |¢| trail-atms
)
atm-of-in-atms-of-clssl atm-of-uminus filter-mset-cong0
linorder-lit.is-greatest-in-set-iff linorder-lit.is-maximal-in-mset-iff
linorder-lit.is-maximal-in-set-eq-is-greatest-in-set
linorder-lit.is-maximal-in-set-iff literal.collapse(1) literal.exhaust-sel
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ord-res.less-lit-simps(4) trail-defined-lit-iff-trail-defined-atm)
qed
qed
qed
qged

lemma ord-res-7-invars-def:
ord-res-7-invars N s <—
VU FTC. s = (Uer, F, T, C) —»
FIC| N |U| Uer A
(VC.C = Some C — C |€]| iefac F || (N |U]| Ueyr)) A
(VD.C = Some D —»
(V C |€| iefac F || (N |U| Uer). C < D —
(V Le. linorder-lit.is-mazimal-in-mset C Lo —
- trail-defined-lit T Lo — (trail-true-cls T {#K €# C. K # Lo#}
A is-pos L¢)))) A
(Vv C |€| iefac F | (N |U| Uer). (VD. C = Some D — C <. D) —
trail-true-cls T' C) A
(V C |€| iefac F | (N |U| Uer). (VD.C = Some D — C <. D) —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (34 |€| atms-of-clss (N |U| Uer). A <¢ atm-of K N A |¢| trail-atms
) A

sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst )) T A
linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Uer)) A
(C = None — trail-atms T' = atms-of-clss (N |U| Ue,)) A
(VC.C = Some C —
(V A |€| trail-atms T. 3 L. linorder-lit.is-mazimal-in-mset C L AN A <; atm-of
L)) A
(VLn € set I'. is-neg (fst Ln) <— snd Ln = None) A
(VLn € set T'. snd Ln = None —
(V C |€| iefac F | (N |U| Uer). C < {#fst Ln#} — trail-true-cls T C))
A
(VLn € set T. ¥V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Lm)) A
(VLn € set T.V C. snd Ln = Some C — C |€]| iefac F || (N |U| Uer)) A
(VI'1 L CTy. T =Ty @ (L, Some C) # T'y — trail-false-cls Ty {#K €#
C. K # L#}) A
(VFl LDTy.I'=1T;@ (L, Some D) # Iy —
(V C |€] iefac F || (N |U| Uer). C <. D — trail-true-cls Ty C)))
(is PNICE N s <— ?UGLY N s)
proof (rule iffI)
show ?NICE N s = ?UGLY N s
apply (intro alll impI)
subgoal premises prems for U.,. F ' C
using prems(1) unfolding prems(2)
by (cases N (Uer, F, T, C) rule: ord-res-7-invars.cases) (simp only:)
done
next
assume ?UGLY N s
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obtain U., F T C where s-def: s = (U, F, T, C)
by (metis prod.ezhaust)
show ?NICE N s
using (?UGLY N s[rule-format, OF s-def]
unfolding s-def
by (intro ord-res-7-invars.intros) simp-all
qed

lemma ord-res-7-invars-implies-trail-consistent:
assumes ord-res-7-invars N (Uer, F, T, C)
shows trail-consistent T
using assms unfolding ord-res-7-invars-def
by (metis trail-consistent-if-sorted-wrt-atoms)

lemma ord-res-7-invars-implies-propagated-clause-almost-false:
assumes invars: ord-res-7-invars N (Ue,, F, T, C) and (L, Some C) € set T’
shows trail-false-cls T {#K €# C. K # L#}
proof —
obtain I'y Ty where I'-eq: I' =Ty @ (L, Some C) # Ty
using «(L, Some C) € set I's by (metis split-list)

hence trail-false-cls Ty {#K €# C. K # L#}
using invars by (simp-all add: ord-res-7-invars-def)

moreover have suffic T'g I’
using I'-eq by (simp add: suffiz-def)

ultimately show ?thesis
by (metis trail-false-cls-if-trail-false-suffix)
qed

lemma ord-res-7-preserves-invars:
assumes step: ord-res-7 N s s’ and invar: ord-res-7-invars N s
shows ord-res-7-invars N s’
using step
proof (cases N s s’ rule: ord-res-7.cases)
case step-hyps: (decide-negT' D L U, AT’ F)

note D-mazx-lit = <ord-res.is-maximal-lit L D>

have
A |€| atms-of-clss (N |U| Ue,) and
A <y atm-of L and
A |¢]| trail-atms T
using step-hyps unfolding atomize-conj linorder-trm.is-least-in-ffilter-iff by
argo

have suffiz T T’
using step-hyps unfolding suffiz-def by simp
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have
F-subset: F |C| N |U| U, and
D-in: D |€| iefac F |9 (N |U| Ue,) and
clauses-It-D-seldomly-have-undef-maz-lit:
Vv C |€] iefac F || (N |U| Uep). C <. D —>
(V Le. linorder-lit.is-mazimal-in-mset C' Lo —
= trail-defined-lit T Lo — (trail-true-cls T {#K €# C. K # Lo#} A
is-pos L¢)) and
clauses-lt-D-true: ¥ C |€] iefac F || (N |U]| Ueyr). C <. D — trail-true-cls T
C and
no-undef-atm-lt-maz-lit-if-t-D: ¥ C' |€| iefac F |9 (N |U| Uer). C <. D —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (34 |€| atms-of-clss (N |U| Uep). A <¢ atm-of K AN A |¢| trail-atms T))
and
T-sorted: sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst £)) T and
T-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U] Uey))
and
trail-atms-le0: Y A |€| trail-atms T'. 3 L. ord-res.is-mazimal-lit L D N (A =,
atm-of L) and
I-deci-iff-neg: V Ln € set T'. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥ Ln € set I'. snd Ln = None —»
(VC |€] iefac F | (N |U| Uer). C < {#fst Ln#} — trail-true-cls T C)
and
T-prop-in: VLn € set T'. VC. snd Ln = Some C — C |€| iefac F | (N |U|
U.r) and
I'-prop-greatest:
VIn € set I'. VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln) and
I'-prop-almost-false:
VI L CTy.T'=T4 @ (L, Some C) # Ty — trail-false-cls Ty {#K €# C.
K # L#} and
[-prop-ball-lt-true: (VI'y L DTy. T =T @ (L, Some D) # Ty —
(V C €] iefac F || (N |U| Uer). C <. D — trail-true-cls Ty C))
using invar by (simp-all add: <s = (U, F, I, Some D) ord-res-7-invars-def)

have trail-atms-le: ¥V A |€| trail-atms T. A =<; atm-of L
using trail-atms-le0 <ord-res.is-mazximal-lit L D)
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)

have clauses-lt-D-almost-defined: ¥ C' |€| iefac F | (N |U| Uep). C <. D —
(V K. linorder-lit.is-maximal-in-mset C K — trail-defined-cls T {#L €# C. L
# K#})

using invar|unfolded <s = (Uer, F, T, Some D))] clause-almost-defined-if-lt-next-clause
by simp

have F |C| N |U] U,
using F-subset .
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moreover have V C’. Some D = Some C' — C' |€| iefac F || (N |U| Uer)
using D-in by simp

moreover have trail-true-cls T {#K €# C. K # Loc#} N is-pos Lo
if Some D = Some E and
C-in: C |€] iefac F |9 (N |U] Uer) and
C-lt: C <. F and
C-maz-lit: linorder-lit.is-mazimal-in-mset C' Lo and
Le-undef: — trail-defined-lit T L¢
for £ C LC
proof —
have F = D
using that by simp
hence C <. D
using C-lt by argo

moreover have — trail-defined-lit I' Lo
using Lo-undef <suffiz T T''»
using trail-defined-lit-if-trail-defined-suffiz by blast

ultimately have trail-true-cls T {#K €# C. K # Lo#} A is-pos Lo
using clauses-lt-D-seldomly-have-undef-max-lit[rule-format, OF C-in - C-maz-lit]
by metis

thus ?thesis

using «suffiz I' T'y trail-true-cls-if-trail-true-suffiz by blast
qed

moreover have
trail-true-cls TV C
AK. linorder-lit.is-maximal-in-mset C K —>
- (3 A |€] atms-of-clss (N U] Uep). A <¢ atm-of K N A |¢| trail-atms T")
if C-lt: AD'. Some D = Some D' = C <. D’ and C |€| iefac F || (N |U|
Ue.) for C
proof —
have C <. D
using C-lt by metis

hence trail-true-cls I' C

using clauses-lt-D-true <C |€| iefac F || (N |U| Uer)> by metis
thus trail-true-cls T C

using <suffix ' T

by (metis trail-true-cls-if-trail-true-suffix)

fix K
assume C-maz-lit: linorder-lit.is-maximal-in-mset C K

have — (3 A |€| atms-of-clss (N |U| Uer). A <4 atm-of K N A |¢] trail-atms
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I)
using no-undef-atm-lt-max-lit-if-it-D
using <C |€| iefac F || (N |U| Uer)» <C <. Dy C-maz-lit by metis

thus — (3 A |€| atms-of-clss (N |U] Uer). A <t atm-of K N A |¢| trail-atms
)
using step-hyps(6) by auto
qed
moreover have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) T/
proof —
have Vz |€]| trail-atms T'. © <; A
using step-hyps(5)[unfolded linorder-trm.is-least-in-ffilter-iff , simplified)
by (metis T-lower linorder-trm.antisym-conv3 linorder-trm.is-lower-set-iff)

hence Vzeset T. atm-of (fst z) <¢ A
by (simp add: fset-trail-atms)

thus ?thesis
using I'-sorted by (simp add: <I'" = (Neg A, None) # I'})
qged

moreover have linorder-trm.is-lower-fset (trail-atms I'') (atms-of-clss (N |U|
U.r)
proof —
have linorder-trm.is-lower-set (insert A (fset (trail-atms T')))
(fset (atms-of-clss (N |U| Uey)))
proof (rule linorder-trm.is-lower-set-insertl )
show A |€| atms-of-clss (N |U] Uey)
using step-hyps(5)[unfolded linorder-trm.is-least-in-ffilter-iff, simplified]
by argo
next
show V w|€|atms-of-clss (N |U| Uer). w <¢ A — w |€]| trail-atms T
using step-hyps(5)[unfolded linorder-trm.is-least-in-ffilter-iff , simplified]
by fastforce
next
show linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue.,))
using I'-lower .
qed

moreover have trail-atms T'' = finsert A (trail-atms T')
by (simp add: <T'" = (Neg A, None) # I'))

ultimately show ¢thesis
by simp
qed
moreover have VA |€| trail-atms T'. 3 L. ord-res.is-mazimal-lit L D N (A =4

atm-of L)
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proof (intro balll exI conjI)
show ord-res.is-mazximal-lit L D
using <ord-res.is-maximal-lit L Dy .
next
fix x assume z |€| trail-atms T’

hence z = A V z |€| trail-atms T
unfolding «I'"" = (Neg A, None) # I'» by simp

thus z <; atm-of L
proof (elim disjE)
assume z = A
thus z <; atm-of L
using step-hyps(5) by (simp add: linorder-trm.is-least-in-ffilter-iff)
next
assume z |€| trail-atms T
thus z <X; atm-of L
using trail-atms-le by metis
qed
qed

moreover have V Ln € set T'. snd Ln = None +— is-neg (fst Ln)
unfolding I'' = (Neg A, None) # I'
using I'-deci-iff-neg by simp

moreover have trail-true-cls T C
if Ln € set T" and snd Ln = None and C |€| iefac F | (N |U| Ue,) and C
<c {#fst Ln#}
for Ln C
proof —
have Ln = (Neg A, None) V Ln € set T’
using <Ln € set T') unfolding I'"' = (Neg A, None) # I') by simp

hence trail-true-cls I' C
proof (elim disjE)
assume Ln = (Neg A, None)

hence fst Ln <; L
by (metis <A <; atm-of Ly fst-conv literal.exhaust-sel ord-res.less-lit-simps(8)
ord-res.less-lit-simps(4))

moreover have linorder-lit.is-mazximal-in-mset {#fst Ln#} (fst Ln)
unfolding linorder-lit.is-maximal-in-mset-iff by simp

ultimately have {#fst Ln#} <. D
using D-max-lit

using linorder-lit.multp-if-maximal-less-that-mazimal by metis

hence C' <. D
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using «C <. {#fst Ln#}> by order

thus trail-true-cls T' C
using «C |€| iefac F || (N |U| Ueyp)»
using clauses-lt-D-true by blast
next
assume Ln € set T’

thus trail-true-cls I' C
using I'-deci-ball-lt-true <snd Ln = None> <C |€| iefac F | (N |U] Uer)»
(C <c {#fst Ln#}>
by metis
qed

thus trail-true-cls T C
using <suffix ' Ty by (metis trail-true-cls-if-trail-true-suffix)
qed

moreover have VLn € set I'. V C. snd Ln = Some C — C' |€| iefac F || (N
Ul Uer)
unfolding I'' = (Neg A, None) # I'y using I'-prop-in by simp

moreover haveV Ln € set I'. V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset
C (fst Ln)
unfolding «I'' = (Neg A, None) # T'» using I'-prop-greatest by simp

moreover have VI'y L C Ty. TV =T, @Q (L, Some C) # Ty — trail-false-cls
To (#K €# C. K # L#)
unfolding I'" = (Neg A, None) # Iy using I'-prop-almost-false
by (metis (no-types, lifting) append-eq-Cons-conv list.inject option.discl prod.inject)

moreover have (VI'y L DT,. TV =T4 @ (L, Some D) # T'y —
(V C €] iefac F || (N |U| Uepr). C <. D — trail-true-cls Ty C))
using I'-prop-ball-lt-true
unfolding I'' = (Neg A, None) # I')
by (smt (verit, best) append-eq-Cons-conv list.inject option.discl snd-conv)

ultimately show %thesis
by (auto simp add: <s' = (Uer, F, T, Some D)) ord-res-7-invars-def)
next
case step-hyps: (skip-defined T' D K U, C' F)

note D-max-lit = <ord-res.is-maximal-lit K D)

have
F-subset: F |C| N |U| U, and
D-in: D |€| iefac F |9 (N |U| Ue,) and
clauses-It-D-seldomly-have-undef-maz-lit:
Vv C |€]| iefac F || (N |U| Uep). C <. D —>
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(V Le. linorder-lit.is-maximal-in-mset C' Lo —
= trail-defined-lit T Lo — (trail-true-cls T {#K €# C. K # Lo#} A
is-pos L¢)) and
clauses-lt-D-true: ¥ C |€] iefac F || (N |U]| Ueyr). C <. D — trail-true-cls T
C and
no-undef-atm-lt-maz-lit-if-1t-D: ¥ C' |€| iefac F || (N |U| Ueyr). C <. D —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (A |€| atms-of-clss (N |U| Uer). A <4 atm-of K N A |¢| trail-atms T))
and
T-sorted: sorted-wrt (Ax y. atm-of (fst y) <¢ atm-of (fst z)) T and
C-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |J]| Uer))
and
trail-atms-le0: ¥ A |€| trail-atms T'. 3 L. ord-res.is-maximal-lit L D N (A =4
atm-of L) and
I-deci-iff-neg: V Ln € set T'. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥ Ln € set I'. snd Ln = None —»
(V C |€] defac F | (N |JU| Uer). C <c {#fst Ln#} — trail-true-cls T' C)
and
T-prop-in: VLn € set T'. VC. snd Ln = Some C — C |€| defac F |4 (N |U|
U.r) and
I'-prop-greatest:
VIn € set I'. VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln) and
I'-prop-almost-false:
VI'1 L CTy.T'=T4 @ (L, Some C) # Ty — trail-false-cls Ty {#K €# C.
K # L#} and
[-prop-ball-lt-true: (VI'y L DTy. T =T @ (L, Some D) # Ty —
(V C |€] iefac F || (N |U| Uer). C <. D — trail-true-cls Ty C))
using invar by (simp-all add: <s = (U, F, I, Some D) ord-res-7-invars-def)

have clauses-lt-D-almost-defined: ¥ C' |€| iefac F | (N |U| Uey). C <. D —
(V K. linorder-lit.is-maximal-in-mset C K — trail-defined-cls T {#L €# C. L
# K#})

using invar|unfolded <s = (Uer, F, ', Some D))] clause-almost-defined-if-lt-next-clause

by simp

have I'-consistent: trail-consistent T"
using trail-consistent-if-sorted-wrt-atoms I'-sorted by metis

have K €# D and lit-in-D-le-K: N\L. L e# D —= L <, K
using <ord-res.is-maximal-lit K D>

unfolding atomize-imp atomize-all atomize-conj linorder-lit.is-mazximal-in-mset-iff
using linorder-lit.lel by blast

hence atm-of K |€| atms-of-clss (N |U| Uey)
using D-in atm-of-in-atms-of-clssI by metis

have trail-atms-le: ¥ A |€| trail-atms T. A <; atm-of K
using trail-atms-le0 <ord-res.is-mazimal-lit K D>
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by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)

have trail-defined-cls T {#Ka €# D. Ka # K#}
using step-hyps(4,5,6) D-in by (metis clause-almost-definedI)

show ?thesis
unfolding <s' = (U,,, F, [, C')»
proof (intro ord-res-7T-invars.intros)
show F |C| N |U]| Ue,
using F-subset .

show V C'. C' = Some C' — C' |€| iefac F || (N |U| Uer)
using step-hyps(7) by (metis linorder-cls.is-least-in-ffilter-iff Some-eq- The-optionalD)

have trail-true-cls T {#K €# C. K # Lo#} A is-pos L¢
if C' = Some FE and
C-in: C |€| iefac F | (N |U] Ueyr) and
C-lt: C <. F and
C-maz-lit: linorder-lit.is-maximal-in-mset C Lo and
Lo-undef: — trail-defined-lit T' Lo
for £ C LC
proof —
have linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F | (N |U| Ueyr))) E
using (C’' = Some E) step-hyps by (metis Some-eq-The-optionalD)
hence C <. DV C =D
unfolding linorder-cls.is-least-in-ffilter-iff
using C-lt by (metis C-in linorder-cls.not-less-iff-gr-or-eq)
thus ?thesis
proof (elim disjE)
assume C <. D
thus %thesis
using clauses-lt- D-seldomly-have-undef-max-lit[rule-format, OF C-in -
C-maz-lit Lo-undef]
by argo
next
assume C' = D
hence Lo = K
using C-maz-lit D-maz-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)
hence Fulse
using Lo -undef <trail-defined-lit T' K> by argo
thus “thesis ..
qed
qed

thus VD. C' = Some D — (V¥ C|€liefac F || (N |U] Uep). C <. D —
(V Le. ord-res.is-mazimal-lit Lo C — — trail-defined-lit T Le —
trail-true-cls T' {#K €# C. K # Lc#} A is-pos L¢))
by metis
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have
trail-true-cls T' C
AK. linorder-lit.is-maximal-in-mset C K —>
- (3 A |€] atms-of-clss (N |U] Uey). A <t atm-of K A A |¢| trail-atms T)
if C-lt: NE. C' = Some E = C <. E and C-in: C |€| iefac F | (N |U]
Ue.) for C
proof —
have C <. D
using step-hyps that by (metis clause-le-if-lt-least-greater)

hence C <. DVv C =D
by simp

thus trail-true-cls T' C
proof (elim disjE)
assume C <. D
thus trail-true-cls ' C
using clauses-lt-D-true «C' |€| iefac F || (N |U| Uer)> by metis
next
assume C = D

have trail-defined-cls T' D
using «trail-defined-lit T' K> <trail-defined-cls ' {#Ka €# D. Ka # K#}»
unfolding trail-defined-cls-def by auto

hence trail-true-cls I' D
using I'-consistent <= trail-false-cls I' D)
by (metis trail-true-or-false-cls-if-defined)

thus trail-true-cls T C
using «C' = Dy by simp
qed

fix K.
assume C-maz-lit: linorder-lit.is-mazimal-in-mset C K,
thus — (3 A |€| atms-of-clss (N |U| Uey). A <¢ atm-of K. N A || trail-atms

using <C' <, DV C = D
proof (elim disjE)
assume C <. D
thus %thesis
using no-undef-atm-lt-maz-lit-if-lt-D <C' |€| defac F || (N |U| Uer )
C-max-lit by metis
next
assume C = D
thus %thesis
by (metis C-max-lit D-maz-lit Unig-D linorder-lit. Uniq-is-mazximal-in-mset
step-hyps(5))
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qed
qed

thus
v C|€liefac F || (N |U| Ueyr). (VD.C'= Some D — C <. D) — trail-true-cls
rc
v C|€liefac F || (N |U]| Uer). (VD.C' = Some D — C <. D) —
(V K. ord-res.is-mazimal-lit K C —
- (3 A|€|atms-of-clss (N |U| Ueyr). A <4 atm-of K N A || trail-atms T'))
unfolding atomize-conj by metis

show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T
using I'-sorted .

show linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Uey))
using I'-lower .

have trail-atms I' = atms-of-clss (N |U| U,,.) if C' = None
proof (intro fsubset-antisym)
show trail-atms T' |C| atms-of-clss (N |U| Ug,)
using I'-lower unfolding linorder-trm.is-lower-set-iff by blast
next
have nbez-gt-D: = (3 E |€| iefac F | (N U] Uer). D <. E)
using step-hyps «C' = None>
by (metis clause-le-if-lt-least-greater linorder-cls.leD option.simps(3))

have — (3 A|€|atms-of-clss (N |U| Ue,). atm-of K <; A)
proof (intro notl , elim bexE)

fix A :: 'f gterm

assume A4 |€| atms-of-clss (N |J| Ue,) and atm-of K <; A

hence A |€| atms-of-clss (iefac F || (N |U| Uer))
by simp

then obtain £ L where E-in: E |€]| iefac F || (N |U| U.,) and L €# E
and A = atm-of L
unfolding atms-of-clss-def atms-of-cls-def
by (smt (verit, del-insts) fimage-iff fmember-{fUnion-iff fset-fset-mset)

have K <; L
using <atm-of K <; A> <A = atm-of L»
by (cases K; cases L) simp-all

hence D <. F
using D-max-lit <L €# E»
by (metis empty-iff linorder-lit. ex-mazimal-in-mset linorder-lit.is-maximal-in-mset-iff
linorder-lit.less-linear linorder-lit.less-trans
linorder-lit. multp-if-mazimal-less-that-mazimal set-mset-empty)
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thus Fulse
using F-in nbex-gt-D by metis
qed

hence — (3 A|€|atms-of-clss (N |U| Ue,). A |¢]| trail-atms T')
using step-hyps(5) step-hyps(6)
by (metis linorder-trm.linorder-cases
trail-defined-lit-iff-trail-defined-atm)

then show atms-of-clss (N |U| Uer) |C| trail-atms T
by blast
qed

thus C' = None — trail-atms I' = atms-of-clss (N |U| Ue,)
by metis

show V D. C' = Some D — (V A |€| trail-atms T.
3 L. ord-res.is-mazimal-lit L D N A <; atm-of L)
proof (intro alll impI balll)
fix E :: 'f gterm literal multiset and A :: 'f gterm
assume C’' = Some FE and A |€| trail-atms T

have linorder-cls.is-least-in-fset (ffilter ((<.) D) (tefac F | (N |U| Ueyr))) E
using step-hyps(7) «C' = Some E» by (metis Some-eq-The-optionalD)

hence D <. FE
unfolding linorder-cls.is-least-in-ffilter-iff by argo

obtain L where linorder-lit.is-maximal-in-mset E L
by (metis <D <. E» linorder-cls.leD linorder-lit. ex-mazimal-in-mset mempty-lesseq-cls)

show 3 L. ord-res.is-maximal-lit L E N A <; atm-of L
proof (intro exI conjI)
show ord-res.is-mazximal-lit L E
using <ord-res.is-maximal-lit L E» .
next
have K <; L
using step-hyps(4) <ord-res.is-mazimal-lit L E>
by (metis <D <. E» linorder-cls.less-asym linorder-lit.le]
linorder-lit. multp-if-mazimal-less-that-mazimal)

hence atm-of K <; atm-of L
by (cases K; cases L) simp-all

moreover have A <; atm-of K
using (A |€| trail-atms T trail-atms-le by blast

ultimately show A =, atm-of L
by order
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qed
qed

show V Lneset T'. is-neg (fst Ln) = (snd Ln = None)
using ['-deci-iff-neg by metis

show V Ln € set I'. snd Ln = None —
(V C |€| iefac F || (N |U| Uer). C <. {#fst Ln#} — trail-true-cls T C)
using I'-deci-ball-lt-true .

show V Ln € set I. VC. snd Ln = Some C — C |€] iefac F |9 (N |U| Uey)
using I'-prop-in by simp

show VILn € set I'. VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset
C (fst Ln)
using ['-prop-greatest by simp

show VI'y L CTy. T =T @Q (L, Some C) # 'y — trail-false-cls Ty {#K
e# C. K # L#}

using I'-prop-almost-false .

show (VI'y LDT,.T'=T4 @Q (L, Some D) # T'y —
(V C €] iefac F || (N |U| Uer). C <. D — trail-true-cls Ty C))
using I'-prop-ball-lt-true .
qed
next
case step-hyps: (skip-undefined-neg T' D K U, T/ C' F)

note D-mazx-lit = <ord-res.is-maximal-lit K D)

have suffiz T' T’
using step-hyps unfolding suffiz-def by simp

have
F-subset: F |C| N |U| U, and
D-in: D |€| iefac F |9 (N |J| Ue,) and
clauses-It-D-seldomly-have-undef-maz-lit:
v C |€] iefac F || (N |U| Uep). C <. D —>
(V Le. linorder-lit.is-maximal-in-mset C' Lo —
= trail-defined-lit T' Lo — (trail-true-cls T' {#K €# C. K # Lo#} A
is-pos L¢)) and
clauses-lt-D-true: ¥ C |€] iefac F || (N |U]| Ueyr). C <. D — trail-true-cls T
C and
no-undef-atm-lt-maz-lit-if-t-D: ¥ C' |€| iefac F |9 (N |U| Uer). C <. D —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (34 |€| atms-of-clss (N |U| Uep). A <¢ atm-of K A A |¢| trail-atms T))
and
T-sorted: sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst £)) T and
T-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Uey))
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and
trail-atms-le0: ¥ A |€| trail-atms T'. 3 L. ord-res.is-maximal-lit L D N (A =4
atm-of L) and
I-deci-iff-neg: ¥V Ln € set T'. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥ Ln € set I'. snd Ln = None —
(VC |€| iefac F || (N |U| Uer). C < {#fst Ln#} — trail-true-cls T C)
and
I-prop-in: VLn € set I'. V C. snd Ln = Some C — C |€| iefac F | (N |U|
U.r) and
I'-prop-greatest:
VIn € set I'. VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln) and
I'-prop-almost-false:
VI L CTy.T'=T4 @ (L, Some C) # Ty — trail-false-cls Ty {#K €# C.
K # L#} and
T-prop-ball-lt-true: (VT'y L DTy. T =T @ (L, Some D) # Ty —
(V C €] iefac F || (N |U| Uer). C <. D — trail-true-cls Ty C))
using invar by (simp-all add: <s = (Uer, F, I, Some D) ord-res-7-invars-def)

have clauses-lt-D-almost-defined: ¥ C |€| iefac F || (N |U| Uer). C <. D —
(V K. linorder-lit.is-maximal-in-mset C K — trail-defined-cls T {#L €# C. L
# K#})

using invar|unfolded <s = (Uer, F, T, Some D))] clause-almost-defined-if-lt-next-clause
by simp

have TI'-consistent: trail-consistent T’
using trail-consistent-if-sorted-wrt-atoms I'-sorted by metis

have K €# D
using <ord-res.is-maximal-lit K D»
unfolding linorder-lit.is-mazximal-in-mset-iff by argo

hence atm-of K |€| atms-of-clss (N |U| Uey)
using D-in atm-of-in-atms-of-clssI by metis

have trail-atms-le: ¥V A |€| trail-atms T. A <; atm-of K
using trail-atms-le0 <ord-res.is-mazimal-lit K D>
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)

have F |C| N |U| Uer
using F-subset .

moreover have V C'. C' = Some C' — C' |€| iefac F || (N |U| Uer)
using step-hyps(9) by (metis linorder-cls.is-least-in-ffilter-iff Some-eq- The-optionalD)

moreover have trail-true-cls T {#K €# C. K # Lc#} A is-pos Lo
if C' = Some FE and
C-in: C |€] iefac F | (N |U] Uer) and
C-lt: C <. E and
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C-max-lit: linorder-lit.is-mazximal-in-mset C Lo and
Le-undef: — trail-defined-lit T L¢
for £ C L¢
proof —
have linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F | (N U] Uer))) E
using «C' = Some E) step-hyps by (metis Some-eq- The-optionalD)
hence C <. DVv C =D
unfolding linorder-cls.is-least-in-ffilter-iff
using C-lt by (metis C-in linorder-cls.not-less-iff-gr-or-eq)
thus ?thesis
proof (elim disjE)
assume C <. D

moreover have — trail-defined-lit I' Lo
using L¢o-undef <suffiz T T')
using trail-defined-lit-if-trail-defined-suffiz by blast

ultimately have trail-true-cls I' {#K €# C. K # Lc#} A is-pos Lo
using clauses-lt-D-seldomly-have-undef-maz-lit[rule-format, OF C-in -
C-maz-lit] by metis

thus ?thesis
using <suffiz I' I'y trail-true-cls-if-trail-true-suffiz by blast
next
assume C = D
hence Lo = K
using C-max-lit D-max-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)
moreover have trail-defined-lit T'' K
by (simp add: step-hyps(8) trail-defined-lit-def)
ultimately have False
using L¢c-undef by argo
thus ?thesis ..
qed
qed

moreover have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst xz)) T/
proof —
have atm-of K |¢| trail-atms T
using <— trail-defined-lit I' K>
by (simp add: trail-defined-lit-iff-trail-defined-atm)

have z <; atm-of K if z-in: x |€| trail-atms T for z
proof —
have z <; atm-of K
using z-in trail-atms-le by metis

moreover have r # atm-of K
using z-in <atm-of K |¢| trail-atms T'> by metis
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ultimately show ?thesis
by order
qed

hence Vzeset T'. atm-of (fst x) <¢ atm-of K
by (simp add: fset-trail-atms)

thus %thesis
using I'-sorted <I'' = (K, None) # I') by simp
qed

moreover have I''-lower: linorder-trm.is-lower-fset (trail-atms T'') (atms-of-clss
(N [U] Uey))
proof —
have linorder-trm.is-lower-set (insert (atm-of K) (fset (trail-atms T')))
(fset (atms-of-clss (N |U| Uer)))
proof (rule linorder-trm.is-lower-set-insertl )
show atm-of K |€| atms-of-clss (N |U] Uer)
using «atm-of K |€| atms-of-clss (N |J]| Uey ) -
next
show YV w|€|atms-of-clss (N |U| Uer). w < (atm-of K) — w |€| trail-atms

using step-hyps(5)[unfolded linorder-trm.is-least-in-ffilter-iff, simplified]
by fastforce
next
show linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |J]| Ue,))
using I'-lower .
qed

moreover have trail-atms T'' = finsert (atm-of K) (trail-atms T')
by (simp add: <I'" = (K, None) # I')

ultimately show #thesis
by simp
qed

moreover have trail-atms T'' = atms-of-clss (N |U| U.,.) if C' = None
proof (intro fsubset-antisym)
show trail-atms I'" |C| atms-of-clss (N |U] Uer)
using I'’-lower unfolding linorder-trm.is-lower-set-iff by blast
next
have nbez-gt-D: = (3 E |€| iefac F || (N U] Ueyr). D <. E)
using step-hyps «C' = None»
by (metis clause-le-if-lt-least-greater linorder-cls.leD option.simps(3))

have - (3 A|€|atms-of-clss (N |U]| Ue,). atm-of K <, A)

proof (intro notl , elim bexE)
fix A :: 'f gterm
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assume A4 |€| atms-of-clss (N |U| Ue,) and atm-of K <; A

hence A |€| atms-of-clss (iefac F || (N |U] Ue,))
by simp

then obtain F L where E-in: E |€| iefac F || (N |U] U.,) and L €# E
and A = atm-of L
unfolding atms-of-clss-def atms-of-cls-def
by (smt (verit, del-insts) fimage-iff fmember-ffUnion-iff fset-fset-mset)

have K <; L
using (atm-of K <; Ay <A = atm-of L»
by (cases K; cases L) simp-all

hence D <. F
using D-maz-lit <L €# E»
by (metis empty-iff linorder-lit. ex-mazimal-in-mset linorder-lit.is-mazimal-in-mset-iff
linorder-lit.less-linear linorder-lit.less-trans
linorder-lit. multp-if-mazimal-less-that-mazimal set-mset-empty)

thus Fulse
using FE-in nbez-gt-D by metis
qed

hence — (3 A|€|atms-of-clss (N |U] Ue,). A |¢]| trail-atms IT'')
using step-hyps
by (metis finsert-iff linorder-trm.antisym-conv3 prod.sel(1) trail-atms.simps(2))

then show atms-of-clss (N |U| Ue,) |C| trail-atms T’
by blast
qed

moreover have VD. C' = Some D — (V A |€| trail-atms T"".
3 L. ord-res.is-mazimal-lit L D AN A <y atm-of L)

proof (intro alll impI balll)
fix E :: 'f gterm literal multiset and A :: 'f gterm
assume C’' = Some E and A |€| trail-atms T

have linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F || (N |U]| Uer))) E
using step-hyps(9) «C' = Some E» by (metis Some-eq-The-optionalD)

hence D <. FE
unfolding linorder-cls.is-least-in-ffilter-iff by argo

obtain L where linorder-lit.is-maxzimal-in-mset E L
by (metis <D <. E» linorder-cls.leD linorder-lit. ex-mazimal-in-mset mempty-lesseq-cls)

show 3 L. ord-res.is-maximal-lit L E N A <; atm-of L
proof (intro exl congl)
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show ord-res.is-maximal-lit L FE
using <ord-res.is-maximal-lit L F» .
next
have K <; L
using step-hyps(4) <ord-res.is-mazimal-lit L E»
by (metis <D <. E» linorder-cls.less-asym linorder-lit.lel
linorder-lit. multp-if-mazimal-less-that-mazimal)

hence atm-of K <; atm-of L
by (cases K; cases L) simp-all

moreover have A <; atm-of K
proof —
have A = atm-of K V A |€| trail-atms T
using (A |€| trail-atms T
unfolding I'' = (K, None) # I
by (metis (mono-tags, lifting) finsertE prod.sel(1) trail-atms.simps(2))

thus A =<; atm-of K
using trail-atms-le by blast
qed

ultimately show A =; atm-of L
by order
qed
qged

moreover have V Ln € set I'. snd Ln = None <— is-neg (fst Ln)
unfolding I'' = (K, None) # I
using I'-deci-iff-neg <is-neg K> by simp

moreover have trail-true-cls T'' C
if Ln € set T'" and snd Ln = None and C |€| iefac F | (N |U| Uer) and C
<o {#fst Ln#}
for Ln C
proof —
have Ln = (K, None) V Ln € set T
using <Ln € set Ty unfolding "' = (K, None) # I't by simp

hence trail-true-cls I' C
proof (elim disjE)
assume Ln = (K, None)

henceVz c# C. z < K
using «C <. {#fst Ln#}>
unfolding multp-singleton-right[ OF linorder-lit.transp-on-less]
by simp

hence C' <. D
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using D-mazx-lit
by (metis <K €# Dy empty-iff ord-res.multp-if-all-left-smaller set-mset-empty)

thus trail-true-cls T' C'
using «C |€| iefac F || (N |U| Uep)»
using clauses-lt-D-true by blast
next
assume Ln € set I

thus trail-true-cls I' C
using T'-deci-ball-lt-true «snd Ln = None» <C |€| iefac F | (N |U] Uer)?
«C <. {#fst Ln#}
by metis
qed

thus trail-true-cls T/ C
using <suffix ' T'y by (metis trail-true-cls-if-trail-true-suffix)
qed

moreover have VLn € set I'. V C. snd Ln = Some C — C' |€| iefac F || (N
Ul Uer)
using I'-prop-in <I'" = (K, None) # T') by simp

moreover haveV Ln € set I''. V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset
C (fst Ln)
using I'-prop-greatest <I'' = (K, None) # T'» by simp

moreover have VI'y L C Ty. TV =T, @ (L, Some C) # Ty — trail-false-cls
To {#K e# C. K # L#}
unfolding I'" = (K, None) # I') using I'-prop-almost-false
by (metis (no-types, lifting) append-eq-Cons-conv list.inject option.discl prod.inject)

moreover have (VI'y L DT,. IV =T, @ (L, Some D) # T'y —
(V C |€] iefac F || (N |U| Uer). C <. D — trail-true-cls Ty C))
unfolding I'" = (K, None) # T'» using I'-prop-ball-lt-true
by (smt (verit, ccfv-SIG) append-eq-Cons-conv list.inject option.discl prod.inject)

ultimately show %thesis
unfolding s’ = (U.,, F, I/, C')
proof (intro ord-res-T-invars.intros)
have trail-true-cls T C
AKc. linorder-lit.is-mazimal-in-mset C Ko —>
- (3 A |€] atms-of-clss (N |U| Ueyr). A <t atm-of Ko A A |¢| trail-atms T)
if C-lt: NE. C' = Some E — C <. E and C-in: C |€| iefac F | (N |U]
Ue.) for C
proof —
have C <. D
using step-hyps that by (metis clause-le-if-lt-least-greater)
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hence C <. DV C =D
by simp

thus trail-true-cls I’ C
proof (elim disjE)
assume C <. D

hence trail-true-cls I' C
using clauses-lt-D-true «C' |€| iefac F || (N |U| Uer)> by metis

thus trail-true-cls T C
using <suffix T' Ty by (metis trail-true-cls-if-trail-true-suffix)
next
assume C = D

have trail-true-lit T K
unfolding I'' = (K, None) # I trail-true-lit-def by simp

thus trail-true-cls T C
unfolding «C = D) trail-true-cls-def
using <K €# D) by metis
qed

fix Kc
assume C-maz-lit: linorder-lit.is-mazimal-in-mset C K¢
show — (3 A |€| atms-of-clss (N |U| Ue,). A <; atm-of Ko N A |¢| trail-atms
r’)
using <C' <., DV C = D
proof (elim disjE)
assume C <. D

hence — (34 |€| atms-of-clss (N |U|] Uer). A <t atm-of Ko N A |¢|
trail-atms T)
using no-undef-atm-lt-maz-lit-if-lt-D «C |€| defac F || (N |U| Uer )
C-maz-lit by metis

thus - (34 |€| atms-of-clss (N |U] Uer). A < atm-of Ko A\ A |¢] trail-atms

)
by (metis finsert-iff step-hyps(8) trail-atms.simps(2))
next
assume C' = D
thus - (34 |€] atms-of-clss (N |U] Uer). A < atm-of Ko A A |¢] trail-atms
)

by (metis (mono-tags, lifting) C-maz-lit D-maz-lit Unig-D T''-lower finsert-iff
linorder-lit. Unig-is-maximal-in-mset linorder-trm.not-in-lower-setl
prod.sel(1)
step-hyps(8) trail-atms.simps(2))
qed
qed

277



thus
V C|€liefac F || (N |U| Uer). (VD.C'= Some D — C <. D) — trail-true-cls
r’'c
v C|€liefac F || (N |U]| Uer). (VD.C'= Some D — C <. D) —
(V K. ord-res.is-mazimal-lit K C —
- (FA|€|atms-of-clss (N |U| Uer). A <4 atm-of K N A |¢| trail-atms T'))
unfolding atomize-conj by metis
qed simp-all
next
case step-hyps: (skip-undefined-pos ' D K U, F E)

note D-max-lit = <ord-res.is-mazimal-lit K D>
note E-least = <linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F || (N |U|
Uer))) E»

have D <. F
using F-least unfolding linorder-cls.is-least-in-ffilter-iff by argo

have
F-subset: F |C| N |U| U,, and
D-in: D |€| iefac F |9 (N |U| Ue,) and
clauses-lt-D-seldomly-have-undef-mazx-lit:
vV C |€| iefac F || (N |U| Uer). C < D —
(Y Le. linorder-lit.is-mazimal-in-mset C' Lo —
- trail-defined-lit T Lo — (trail-true-cls T {#K €# C. K # Lo#} A
is-pos L¢)) and
clauses-lt-D-true: ¥ C |€] iefac F | (N |U]| Ueyr). C <. D — trail-true-cls T
C and
no-undef-atm-lt-max-lit-if-lt-D: ¥ C' |€| iefac F | (N |U| Uer). C <. D —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (A |€] atms-of-clss (N |U| Ueyr). A <t atm-of K N A |¢]| trail-atms T'))
and
I-sorted: sorted-wrt (Ax y. atm-of (fst y) <¢ atm-of (fst )) I' and
I-lower: linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U] Uey))
and
trail-atms-le0: ¥ A |€| trail-atms T. 3 L. ord-res.is-maximal-lit L D N (A =
atm-of L) and
[-deci-iff-neg: ¥V Ln € set T'. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥ Ln € set I'. snd Ln = None —
(VC |€| iefac F || (N |U| Uer). C < {#fst Ln#} — trail-true-cls T' C')
and
T-prop-in: VLn € set T'. ¥ C. snd Ln = Some C — C |€| defac F | (N |U|
Uer) and
I'-prop-greatest:
VIn € set . VC. snd Ln = Some C' — linorder-lit.is-greatest-in-mset C
(fst Ln) and
I-prop-almost-false:
VI'y LCTy. T =T @ (L, Some C) # T'y — trail-false-cls Tog {#K €# C.
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K # L#} and
-prop-ball-lt-true: (VI'y L DTy. T' =T @ (L, Some D) # T'y —
(V C |€| iefac F | (N |U| Uer). C < D — trail-true-cls Ty C))
using invar by (simp-all add: <s = (U, F, T, Some D)) ord-res-7-invars-def)

have clauses-lt-D-almost-defined: ¥ C |€| iefac F || (N |U| Uer). C <. D —>
(V K. linorder-lit.is-maximal-in-mset C K — trail-defined-cls T {#L €# C. L
# K#})

using invar|unfolded <s = (U.,, F, T, Some D))] clause-almost-defined-if-lt-next-clause
by simp

have I'-consistent: trail-consistent T"
using trail-consistent-if-sorted-wrt-atoms I'-sorted by metis

have K €# D
using <ord-res.is-maximal-lit K D>
unfolding linorder-lit.is-maximal-in-mset-iff by argo

hence atm-of K |€| atms-of-clss (N |U| Ue,)
using D-in atm-of-in-atms-of-clssI by metis

have trail-defined-cls T {#L €# D. L # K N L # — K#}
using clause-almost-almost-definedI[OF D-in step-hyps(4,5)] .

moreover have — K ¢# D
using <is-pos K> D-maz-lit
by (metis (no-types, opaque-lifting) is-pos-def linorder-lit.antisym-conv3
linorder-lit.is-mazximal-in-mset-iff linorder-trm.less-imp-not-eq ord-res.less-lit-simps(4 )
uminus-Pos uminus-not-id)

ultimately have D-almost-defined: trail-defined-cls T {#L €# D. L # K#}
unfolding trail-defined-cls-def by auto

hence trail-true-cls T {#L €# D. L # K#}
using - trail-false-cls T {#L €# D. L # K#}
using trail-true-or-false-cls-if-defined by metis

hence D-true: trail-true-cls I' D
unfolding trail-true-cls-def by auto

have trail-atms-le: ¥ A |€| trail-atms T'. A <, atm-of K
using trail-atms-le0 D-maz-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)

obtain L where E-max-lit: linorder-lit.is-maximal-in-mset E L
by (metis <D <. E> linorder-cls.leD linorder-lit. ex-maximal-in-mset mempty-lesseq-cls)

have F |C| N |U] U,,
using F-subset .
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moreover have V C'. Some E = Some C' — C' |€| iefac F || (N |U] Uey)
using step-hyps unfolding linorder-cls.is-least-in-ffilter-iff by simp

moreover have trail-true-cls T {#K €# C. K # Lo#} A is-pos Lo
if Some E = Some E’ and
C-in: C |€] iefac F | (N |U] Uer) and
C-lt: C <. E' and
C-maz-lit: linorder-lit.is-maximal-in-mset C Lo and
Le-undef: — trail-defined-lit T' Lo

for E' C L¢
proof —
have F' = E

using that by simp
hence linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F |9 (N |U] Uer))) E
using step-hyps by metis
hence C <. DVv C =D
unfolding linorder-cls.is-least-in-ffilter-iff
using C-lt <E' = E» by (metis C-in linorder-cls.not-less-iff-gr-or-eq)
thus ?thesis
proof (elim disjE)
assume C <. D
thus trail-true-cls T {#K €# C. K # Lo#} A is-pos Lo
using clauses-lt-D-seldomly-have-undef-maz-lit[rule-format, OF C-in -
C-maz-lit Le-undef]

by metis
next
assume C = D
hence Lo = K

using C-maz-lit D-maz-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)
thus ?thesis
using «C = D» <trail-true-cls T {#L €# D. L # K#}» <is-pos K> by metis
qed
qed

moreover have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T
using ['-sorted .

moreover have linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U|

U@T))
using I'-lower .

moreover have V D. Some E = Some D — (¥ A |€| trail-atms T.
3 L. ord-res.is-mazimal-lit L D AN A < atm-of L)
proof —
have V A |€| trail-atms T'. 3 L. ord-res.is-mazimal-lit L E N A =<; atm-of L
proof (intro balll)
fix A :: 'f gterm

280



assume A |€| trail-atms T'
show 3 L. ord-res.is-mazimal-lit L E N A <; atm-of L
proof (intro exl conjI)
show ord-res.is-mazimal-lit L E
using FE-maz-lit .
next
have K <X, L
using D-maz-lit E-maz-lit
by (metis <D <. E» linorder-cls.less-asym linorder-lit.le]
linorder-lit. multp-if-maximal-less-that-mazimal)

hence atm-of K <; atm-of L
by (cases K; cases L) simp-all

moreover have A =<; atm-of K
using <A |€| trail-atms Ty trail-atms-le by metis

ultimately show A <; atm-of L
by order
qed
qed

thus ?thesis
by simp
qed

moreover have V Ln € set T'. snd Ln = None <+ is-neg (fst Ln)
using I'-deci-iff-neg .

moreover have VILn € set I'. snd Ln = None —

(V C |€| iefac F || (N |U| Uer). C <. {#fst Ln#} — trail-true-cls T C)
using I'-deci-ball-lt-true .

moreover have VIn € set I'. VC. snd Ln = Some C — C' |€] iefac F || (N
Ul Uer)

using I'-prop-in .

moreover haveV Ln € set .V C. snd Ln = Some C' — linorder-lit.is-greatest-in-mset
C (fst Ln)

using I'-prop-greatest .

moreover have VI'y L C Ty. ' =T Q (L, Some C) # T'v — trail-false-cls
Ty {(#K e C. K # L#}

using I'-prop-almost-false .
moreover have (VI L DT,.I' =T @ (L, Some D) # I'g —

(V C |€]| iefac F |1 (N |U| Uer). C <o D — trail-true-cls Ty C))
using ['-prop-ball-lt-true .
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ultimately show ?thesis
unfolding <s’ = (U.,, F, I', Some E)»
proof (intro ord-res-7-invars.intros)
have trail-true-cls I' C
AKc. linorder-lit.is-mazimal-in-mset C Ko —
- (3 A |€] atms-of-clss (N |U| Uer). A <t atm-of Ko A A |¢]| trail-atms T)
if C-it: NE'. Some E = Some E' = C <. E' and C-in: C |€| iefac F |
(N |U| Uey) for C
proof —
have C <. F
using C-It by simp

hence C <. DV C =D
using FE-least C-in
by (metis linorder-cls.is-least-in-ffilter-iff linorder-cls.less-imp-triv
linorder-cls.linorder-cases)

thus trail-true-cls T' C
proof (elim disjE)
assume C <. D
thus trail-true-cls T C
using clauses-lt-D-true <C |€| iefac F | (N |U| Uer)» by metis
next
assume C = D
thus trail-true-cls T C
using D-true by argo
qed

fix Kc
assume C-mazx-lit: linorder-lit.is-mazximal-in-mset C K¢
show — (3 A |€| atms-of-clss (N |U| Ue,). A <; atm-of Ko N A |¢| trail-atms
r)
using <C' <., DV C = D
proof (elim disjE)
assume C <. D
thus - (3 A4 |€| atms-of-clss (N |U] Uer). A <y atm-of Ko A\ A |¢] trail-atms
r)
using no-undef-atm-lt-maz-lit-if-lt-D «C |€| iefac F | (N |U| Uep)»
C-max-lit by metis
next
assume C' = D
thus - (34 |€] atms-of-clss (N |U] Uer). A < atm-of Ko A A |¢] trail-atms
r)
by (metis C-max-lit D-maz-lit Unig-D linorder-lit. Unig-is-mazimal-in-mset
step-hyps(5))
qed
qed

thus
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v C|€liefac F || (N |U| Uer). (Y D. Some E = Some D — C <. D) —
trail-true-cls T C
vV Cl€liefac F |9 (N |U]| Uer). (VD. Some E = Some D — C <. D) —
(V K. ord-res.is-mazimal-lit K C —
- (3 Al€|atms-of-clss (N |U| Uer). A <¢ atm-of K A A |¢| trail-atms T))
unfolding atomize-conj by metis
qed simp-all
next
case step-hyps: (skip-undefined-pos-ultimate T' D K U., T'' F)

note D-max-lit = <ord-res.is-maximal-lit K D)

have suffiz ' T’
using (I'' = (— K, None) # I’y by (simp add: suffiz-def)

have
F-subset: F |C| N |U| U, and
D-in: D |€| iefac F |9 (N |U| Ue,) and
clauses-It-D-seldomly-have-undef-maz-lit:
v C |€| iefac F || (N |U| Uer). C <. D —
(V Le. linorder-lit.is-maximal-in-mset C Lo —
= trail-defined-lit T Lo — (trail-true-cls T {#K €# C. K # Lo#} A
is-pos L¢)) and
clauses-lt-D-true: ¥ C' |€| iefac F || (N |U| Uer). C <. D — trail-true-cls T’
C and
no-undef-atm-lt-max-lit-if-it-D: ¥V C' |€| iefac F || (N |U| Uer). C <o D —
(VY K. linorder-lit.is-mazimal-in-mset C K —
- (A |€] atms-of-clss (N |U| Uep). A <; atm-of K N A |¢]| trail-atms T'))
and
I-sorted: sorted-wrt (A\x y. atm-of (fst y) <, atm-of (fst z)) I' and
T-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue,))
and
trail-atms-le0: ¥ A |€| trail-atms T'. 3 L. ord-res.is-maximal-lit L D N (A =4
atm-of L) and
I-deci-iff-neg: ¥V Ln € set I'. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥V Ln € set I'. snd Ln = None —
(VC |€g| iefac F | (N |U| Uer). C <. {#fst Ln#} — trail-true-cls T C')
and
-prop-in: VLn € set I'. ¥V C. snd Ln = Some C — C |€| iefac F | (N |U|
Uer) and
I'-prop-greatest:
VIn € set I'. VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln) and
I'-prop-almost-false:
VIM L CTy. T =T @ (L, Some C) # I'y — trail-false-cls Ty {#K €# C.
K # L#} and
T-prop-ball-lt-true: (VI'y L DTy. T' =Ty Q (L, Some D) # Ty —
(V C |g| iefac F || (N |U]| Uer). C <. D — trail-true-cls Ty C))
using invar by (simp-all add: <s = (Uer, F, T, Some D)y ord-res-7-invars-def)

283



have clauses-lt-D-almost-defined: ¥ C |€| iefac F | (N |U| Uep). C <. D —
(V K. linorder-lit.is-maximal-in-mset C K — trail-defined-cls T' {#L €# C. L
# K+#})

using invar[unfolded <s = (U.,, F, T, Some D))] clause-almost-defined-if-lt-next-clause
by simp

have I'-consistent: trail-consistent T’
using trail-consistent-if-sorted-wrt-atoms I'-sorted by metis

have K €# D
using <ord-res.is-maximal-lit K D>
unfolding linorder-lit.is-maximal-in-mset-iff by argo

hence atm-of K |€| atms-of-clss (N |U| Ue,)
using D-in atm-of-in-atms-of-clssl by metis

have trail-defined-cls T {#L €# D. L # K N L # — K+#}
using clause-almost-almost-defined[OF D-in step-hyps(4,5)] .

moreover have — K ¢# D
using <is-pos K> D-maz-lit
by (metis (no-types, opaque-lifting) is-pos-def linorder-lit.antisym-conv3
linorder-lit.is-mazximal-in-mset-iff linorder-trm.less-imp-not-eq ord-res.less-lit-simps(4 )
uminus-Pos uminus-not-id)

ultimately have D-almost-defined: trail-defined-cls T {#L €# D. L # K#}
unfolding trail-defined-cls-def by auto

hence trail-true-cls T {#L €# D. L # K#}
using - trail-false-cls T {#L €# D. L # K#}
using trail-true-or-false-cls-if-defined by metis

hence D-true: trail-true-cls I' D
unfolding trail-true-cls-def by auto

have trail-atms-le: ¥ A |€| trail-atms T. A <; atm-of K
using trail-atms-le0 D-maz-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)

have F |C| N |U| U,
using F-subset .

moreover have V C'. None = Some C' — C’ |€]| iefac F | (N |U] Uey)
by simp

moreover have trail-true-cls T/ {#K €# C. K # Loc#} A is-pos Lo

if None = Some E’ and
C-in: C |€] iefac F |9 (N |U] Uer) and
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C-lt: C <. E' and
C-maz-lit: linorder-lit.is-mazimal-in-mset C' Lo and
Le-undef: — trail-defined-lit T L¢
for E' C L¢
using that by simp
moreover have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T/
proof —
have Vzeset T'. atm-of (fst ) <; atm-of K
by (metis image-eql linorder-trm.less-linear linorder-trm.not-le step-hyps(6)

trail-atms-le
trail-defined-lit-def trail-defined-lit-iff-trail-defined-atm)

thus ?thesis
unfolding I'' = (— K, None) # It
using I'-sorted by simp
qed

moreover have I''-lower: linorder-trm.is-lower-fset (trail-atms T'') (atms-of-clss
(N U] Uer))
proof —
have atm-of K |€| atms-of-clss (N |U| Ue,)
using <atm-of K |€| atms-of-clss (N |U| Uer)> -

moreover have YV w|€|atms-of-clss (N |U] Ue,). w <, atm-of K — w |€]
trail-atms T’
using step-hyps(5) by blast

ultimately show #thesis
using I'-lower by (simp add: <I'' = (— K, None) # T'» linorder-trm.is-lower-set-insert])
qed

moreover have trail-atms I'' = atms-of-clss (N |U| Uer)
proof (intro fsubset-antisym)
show trail-atms I |C| atms-of-clss (N |U] Uer)
using I'’-lower unfolding linorder-trm.is-lower-set-iff by blast
next
have nbez-gt-D: = (3 E |€| iefac F || (N U] Uer). D <. E)
using step-hyps by argo

have — (3 A|€|atms-of-clss (N |U| Ue). atm-of K <, A)
proof (intro notl , elim bexE)

fix A :: 'f gterm
assume A |€| atms-of-clss (N |U| Ue,) and atm-of K <; A

hence A |€| atms-of-clss (iefac F || (N |U] Ue,))
by simp

then obtain F L where E-in: E |€| iefac F || (N |U| U.,) and L €# E
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and A = atm-of L
unfolding atms-of-clss-def atms-of-cls-def
by (smt (verit, del-insts) fimage-iff fmember-{fUnion-iff fset-fset-mset)

have K <; L
using (atm-of K <; Ay <A = atm-of L»
by (cases K; cases L) simp-all

hence D <. F
using D-max-lit <L €# E»
by (metis empty-iff linorder-lit.ex-mazimal-in-mset linorder-lit.is-mazimal-in-mset-iff
linorder-lit.less-linear linorder-lit.less-trans
linorder-lit. multp-if-mazimal-less-that-mazimal set-mset-empty)

thus Fualse
using F-in nbez-gt-D by metis
qed

hence — (3 A|€|atms-of-clss (N |U] Ue,). A |¢]| trail-atms I'')
using step-hyps
by (metis atm-of-uminus finsert-iff fst-conv linorder-trm.antisym-convs trail-atms.simps(2))

then show atms-of-clss (N |U| Uer) |C| trail-atms T’
by blast
qed

moreover have V D. None = Some D — (V A |€| trail-atms T.
3 L. ord-res.is-mazimal-lit L D A A <y atm-of L)
by simp

moreover have V Ln € set T''. snd Ln = None «— is-neg (fst Ln)
using I'-deci-iff-neg <is-pos K>
by (simp add: <I'' = (— K, None) # I'y is-pos-neg-not-is-pos)

moreover have trail-true-cls T C
if Ln € set T'' and snd Ln = None and C |€| iefac F | (N |U| U.r) and C
< {#fst Ln#}
for Ln C
proof —
have Ln = (— K, None) V Ln € set T’
using <Ln € set 'y unfolding I'' = (— K, None) # I'» by simp

hence trail-true-cls I' C
proof (elim disjE)
assume Ln = (— K, None)

henceVz c# C.z < — K

using «C <. {#fst Ln#}
unfolding multp-singleton-right[ OF linorder-lit.transp-on-less|
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by simp

hence C <. D
using D-max-lit step-hyps
using linorder-cls.lel that(3) by blast

thus trail-true-cls T’ C'
using «C |€| iefac F || (N |U| Uer)» D-true
using clauses-lt-D-true by blast
next
assume Ln € set T"

thus trail-true-cls I' C
using T-deci-ball-lt-true <snd Ln = Noner <C |€] iefac F || (N |U| Uer)
(C <c {#fst Ln#}>
by metis
qed

thus trail-true-cls T C
using <suffiz T' Ty by (metis trail-true-cls-if-trail-true-suffiz)
qged

moreover have VIn € set I'. V C. snd Ln = Some C — C' |€| iefac F || (N
U] Uer)
using I'-prop-in by (simp add: <T'' = (= K, None) # T")

moreover haveV Ln € set I'.V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset
C (fst Ln)
using I'-prop-greatest by (simp add: <I'' = (— K, None) # I)

moreover have VI'y L C Ty. I'' =T @ (L, Some C) # 'y — trail-false-cls
Do {#K €# C. K # L#)
using ['-prop-almost-false
unfolding I'" = (— K, None) # Iy
by (metis (no-types, lifting) append-eq-Cons-conv list.inject option.discl prod.inject)

moreover have (VI'y L DT,. TV =T4 @ (L, Some D) # Ty —
(V C |€] iefac F | (N |U| Uer). C <. D — trail-true-cls Ty C))
using I'-prop-ball-lt-true
unfolding I'" = (— K, None) # I'
by (metis D-true clauses-lt-D-true linorder-cls.neg-iff list.inject step-hyps(10)
suffiz-Cons
suffiz-def)

ultimately show ?thesis
unfolding s’ = (U.,, F, I'’, None))
proof (intro ord-res-7-invars.intros)
have trail-true-cls '’ C
NKc. linorder-lit.is-maximal-in-mset C Ko =
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Ue

- (A |€| atms-of-clss (N |U| Uer). A <t atm-of Ko A A |¢]| trail-atms T')
if C-lt: AE. None = Some E = C <. E and C-in: C |€| iefac F | (N |U|

r) for C

proof —
have None = The-optional (linorder-cls.is-least-in-fset
(ffilter ((=c) D) (iefac F [ (N [U] Uer))))
using step-hyps
by (metis (no-types, opaque-lifting) Some-eq-The-optionalD
linorder-cls.is-least-in-ffilter-iff not-Some-eq)

hence C' <. D
using step-hyps that by (metis clause-le-if-lt-least-greater)

hence C <. DV C =D
by simp

hence trail-true-cls ' C
proof (elim disjE)
assume C <. D
thus trail-true-cis T' C
using clauses-lt-D-true «C' |€| iefac F || (N |U| Uer)> by metis
next
assume C = D
thus trail-true-cis T' C
using D-true by argo
qed

thus trail-true-cls T C
using <suffiz T' Ty by (metis trail-true-cls-if-trail-true-suffiz)

fix KC
assume C-maz-lit: linorder-lit.is-maximal-in-mset C K¢
thus - (3 A4 |€| atms-of-clss (N |U| Uer). A <¢ atm-of Ko N A || trail-atms

using «C <. DV C = Dy
proof (elim disjE)
assume C <. D
hence — (3 A|€|atms-of-clss (N |U| Uer). A <¢ atm-of Ko A A |¢] trail-atms

using no-undef-atm-lt-maz-lit-if-lt-D C-in C-maz-lit by force
thus ?thesis
using step-hyps(9) by force
next
assume C =D
thus ?thesis
by (metis C-maz-lit D-maz-lit finsert-iff linorder-cls.order.irrefl
linorder-lit.antisym-convd linorder-lit. multp-if-maximal-less-that-mazimal
step-hyps(5) step-hyps(9) trail-atms.simps(2))
qed
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qed

thus
vV C|€liefac F || (N |U| Uer). (VD. None = Some D — C <. D) —
trail-true-cls T/ C
v C|€liefac F || (N |U| Uer). (VD. None = Some D — C <. D) —
(VK. ord-res.is-mazimal-lit K C —
- (FA|€|atms-of-clss (N |U| Uer). A <¢ atm-of K N A |¢| trail-atms T"'))
unfolding atomize-conj by metis
qed simp-all
next
case step-hyps: (production T' D K U,, '/ C' F)

note D-maz-lit = <ord-res.is-maximal-lit K D)

have suffiz T T’
using step-hyps by (simp add: suffiz-def)

have
F-subset: F |C| N |U| Ue, and
D-in: D |€| iefac F |9 (N |U| Ue,) and
clauses-It-D-seldomly-have-undef-maz-lit:
vV C |€| iefac F || (N |U| Uer). C < D —
(V Le. linorder-lit.is-mazimal-in-mset C' Lo —
= trail-defined-lit T Lo — (trail-true-cls T {#K €# C. K # Lo#} A
is-pos L¢)) and
clauses-lt-D-true: ¥ C |€| iefac F || (N |U| Uer). C <. D — trail-true-cls T
C and
no-undef-atm-lt-maz-lit-if-t-D: ¥ C' |€| iefac F |9 (N |U| Uer). C <. D —
(VY K. linorder-lit.is-mazimal-in-mset C K —
- (A |€] atms-of-clss (N |U| Uep). A <t atm-of K N A |¢] trail-atms T'))
and
T-sorted: sorted-wrt (Ax y. atm-of (fst y) <¢ atm-of (fst )) T' and
T-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Uey))
and
trail-atms-le0: ¥ A |€| trail-atms T. 3 L. ord-res.is-maximal-lit L D N (A =
atm-of L) and
[-deci-iff-neg: ¥V Ln € set T. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥ Ln € set I'. snd Ln = None —
(VC |€| iefac F || (N |U| Uer). C < {#fst Ln#} — trail-true-cls T' C')
and
T-prop-in: VLn € set T'. ¥ C. snd Ln = Some C — C |€| defac F | (N |U|
Ue,) and
I'-prop-greatest:
VIn € set . VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln) and
I-prop-almost-false:
VI L CTy.T'=T4 @ (L, Some C) # Ty — trail-false-cls Ty {#K €# C.
K # L#} and
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[-prop-ball-lt-true: (VI'y L DTy. T =T @ (L, Some D) # Ty —
(V C |€| iefac F || (N |U]| Uer). C <c D — trail-true-cls Ty C))
using invar by (simp-all add: <s = (U, F, I, Some D) ord-res-7-invars-def)

have clauses-lt-D-almost-defined: ¥ C |€| iefac F || (N |U| Uer). C <. D —
(V K. linorder-lit.is-mazimal-in-mset C K — trail-defined-cls T' {#L €# C. L
# K#})
using invar|unfolded <s = (U.,, F, T, Some D))] clause-almost-defined-if-lt-next-clause
by simp

have K €# D
using <ord-res.is-maximal-lit K D>
unfolding linorder-lit.is-maximal-in-mset-iff by argo

hence atm-of K |€| atms-of-clss (N |U| Ue,)
using D-in atm-of-in-atms-of-clssl by metis

have atm-of K |¢| trail-atms T
using <— trail-defined-lit I' K>
by (metis trail-defined-lit-iff-trail-defined-atm)

hence trail-atms-it: V A |€| trail-atms T'. A <; atm-of K
using trail-atms-le0 <ord-res.is-mazximal-lit K D>
by (metis Unig-D linorder-lit. Unig-is-maximal-in-mset linorder-trm.antisym-convl )

have F |C| N |U] U,,
using F-subset .

moreover have V C'. C' = Some C' — C' |€| iefac F || (N |U| Uer)
using step-hyps(11) by (metis linorder-cls.is-least-in-ffilter-iff Some-eq- The-optionalD)

moreover have trail-true-cls T'' {#K €# C. K # Loc#} A is-pos L¢
if C’' = Some FE and
C-in: C |€] iefac F | (N |U] Ueyr) and
C-lit: C <., E and
C-maz-lit: linorder-lit.is-maximal-in-mset C Lo and
Le-undef: — trail-defined-lit T Lo
for £ C L¢
proof —
have linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F || (N |U]| Uer))) E
using «C’' = Some E) step-hyps by (metis Some-eq-The-optionalD)
hence C <. DVv C =D
unfolding linorder-cls.is-least-in-ffilter-iff
using C-lt by (metis C-in linorder-cls.not-less-iff-gr-or-eq)
thus ?thesis
proof (elim disjE)
assume C <. D

moreover have — trail-defined-lit I' L¢
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using L¢c-undef <suffiz T T
using trail-defined-lit-if-trail-defined-suffiz by blast

ultimately have trail-true-cls T {#K €# C. K # Loc#} A is-pos Lo
using clauses-lt-D-seldomly-have-undef-maz-lit[rule-format, OF C-in -
C-maz-lit] by metis

thus ?thesis
using «suffizx T' Ty trail-true-cls-if-trail-true-suffiz by blast
next
assume C = D
hence Lo = K
using C-max-lit D-max-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)
moreover have trail-defined-lit I K
by (simp add: step-hyps trail-defined-lit-def)
ultimately have Fulse
using L¢c-undef by argo
thus ?thesis ..
qed
qged
moreover have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T/
proof —
have z <; atm-of K if z-in: z |€| trail-atms I' for z
using z-in trail-atms-lt by metis

hence Vzeset T'. atm-of (fst ) <y atm-of K
by (simp add: fset-trail-atms)

thus %thesis
using I'-sorted
by (simp add: <I'" = (K, Some D) # I)
qed

moreover have I'-lower: linorder-trm.is-lower-fset (trail-atms T'’) (atms-of-clss
(N U] Uer)
proof —
have linorder-trm.is-lower-set (insert (atm-of K) (fset (trail-atms T')))
(fset (atms-of-clss (N |U| Uer)))
proof (rule linorder-trm.is-lower-set-insertl )
show atm-of K |€| atms-of-clss (N |U] Ue,)
using <atm-of K |€| atms-of-clss (N |U| Uer)> .
next
show YV w|€|atms-of-clss (N |U| Uer). w <¢ (atm-of K) — w |€| trail-atms
r
using step-hyps(5)[unfolded linorder-trm.is-least-in-ffilter-iff, simplified]
by fastforce
next
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show linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U] Ue,))
using I'-lower .
qed

moreover have trail-atms I'' = finsert (atm-of K) (trail-atms T')
by (simp add: <I'" = (K, Some D) # I'))

ultimately show ?thesis
by simp
qged

moreover have trail-atms I'' = atms-of-clss (N |U] U.,) if C’ = None
proof (intro fsubset-antisym)
show trail-atms I'" |C| atms-of-clss (N |U] Uer)
using I'’-lower unfolding linorder-trm.is-lower-set-iff by blast
next
have nbez-gt-D: = (3 E |€| iefac F || (N |U] Uer). D <. E)
using step-hyps «C' = None>
by (metis clause-le-if-lt-least-greater linorder-cls.leD option.simps(3))

have - (3 A|€|atms-of-clss (N |U| Uer). atm-of K <, A)
proof (intro notl , elim bexE)

fix A :: 'f gterm

assume A |€| atms-of-clss (N |U| U.,) and atm-of K <; A

hence A |€| atms-of-clss (iefac F || (N |U] Ue,))
by simp

then obtain F L where E-in: E |€| iefac F || (N |U|] Ue,) and L €# E
and A = atm-of L
unfolding atms-of-clss-def atms-of-cls-def
by (smt (verit, del-insts) fimage-iff fmember-ffUnion-iff fset-fset-mset)

have K <; L
using <atm-of K <y A» <A = atm-of L»
by (cases K; cases L) simp-all

hence D <. FE
using D-max-lit <L €# E>»
by (metis empty-iff linorder-lit. ex-mazimal-in-mset linorder-lit.is-mazimal-in-mset-iff
linorder-lit.less-linear linorder-lit.less-trans
linorder-lit. multp-if-mazimal-less-that-mazximal set-mset-empty)

thus Fulse
using FE-in nbex-gt-D by metis
qed

hence — (3 Al€|atms-of-clss (N |U] Ue,). A |¢]| trail-atms T')
using step-hyps
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by (metis finsert-iff fst-conv linorder-trm.antisym-conv3 trail-atms.simps(2))

then show atms-of-clss (N |U| Ue,) |C| trail-atms T’
by blast
qed

moreover have VD. C' = Some D — (VA |€| trail-atms T"".
3 L. ord-res.is-mazimal-lit L D AN A < atm-of L)

proof (intro alll impl balll)
fix F :: 'f gterm literal multiset and A :: 'f gterm
assume C' = Some E and A |€| trail-atms T

have linorder-cls.is-least-in-fset (ffilter ((<.) D) (iefac F || (N |U]| Uer))) E
using step-hyps(11) «C' = Some E» by (metis Some-eq-The-optionalD)

hence D <. FE
unfolding linorder-cls.is-least-in-ffilter-iff by argo

obtain L where linorder-lit.is-mazimal-in-mset E L
by (metis <D <. E» linorder-cls.leD linorder-lit. ex-mazimal-in-mset mempty-lesseq-cls)

show 3 L. ord-res.is-maximal-lit L E N A <; atm-of L
proof (intro exl conjI)
show ord-res.is-mazimal-lit L E
using <ord-res.is-maximal-lit L F» .
next
have K <; L
using step-hyps(4) <ord-res.is-maximal-lit L E»
by (metis <D <. E» linorder-cls.less-asym linorder-lit.le]
linorder-lit. multp-if-mazimal-less-that-mazimal)

hence atm-of K <; atm-of L
by (cases K; cases L) simp-all

moreover have A <; atm-of K
proof —
have A = atm-of K V A |€| trail-atms T
using <A |€| trail-atms T
unfolding I"' = (K, Some D) # I
by simp

thus A =<; atm-of K
using trail-atms-It by blast
qed

ultimately show A =; atm-of L
by order
qed
qed
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moreover have V Ln € set I''. snd Ln = None «— is-neg (fst Ln)
unfolding I'' = (K, Some D) # I'
using I'-deci-iff-neg <is-pos K> by simp

moreover have trail-true-cls T'' C
if Ln € set ' and snd Ln = None and C |€| iefac F | (N |U| Uer) and C
=e {#/st Ln#}
for Ln C
proof —
have Ln = (K, Some D) V Ln € set T
using <Ln € set I'y unfolding I'' = (K, Some D) # I'y by simp

hence trail-true-cls I' C
proof (elim disjE)
assume Ln = (K, Some D)
hence Fulse
using <snd Ln = None> by simp
thus %thesis ..
next
assume Ln € set T’

thus trail-true-cls T’ C'
using I'-deci-ball-lt-true <snd Ln = None> <C |€| iefac F | (N |U| Uer)»
(C <. {#fst Ln#}
by metis
qed

thus trail-true-cls T C
using <suffiz T' Ty by (metis trail-true-cls-if-trail-true-suffiz)
qed

moreover have VIn € set I''. V C. snd Ln = Some C — C' |€| iefac F || (N
Ul Uer)
using I-prop-in step-hyps(10) <D |€| iefac F || (N |U] Uer)» by simp

moreover haveV Ln € set I''.V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset
C (fst Ln)
using I'-prop-greatest step-hyps(8,9,10) by simp

moreover have VI'y L C Ty. I'' =T @ (L, Some C) # 'y — trail-false-cls
Do {#K €# C. K # L#)
unfolding I'' = (K, Some D) # I
using I'-prop-almost-false <trail-false-cls T {#x €# D. v # K#}
by (metis (no-types, lifting) append-eq-Cons-conv list.inject option.inject prod.inject)

moreover have (VI'y L DT,. T =T4 @ (L, Some D) # Ty —

(V C |€| iefac F || (N |U| Uer). C <. D — trail-true-cls Ty C))
proof —
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have V C |€| iefac F || (N |U| Uer). C <¢ D — trail-true-cls T C
proof (intro balll impI)
fix C :: 'f gterm literal multiset
assume C' |€| iefac F || (N |U| Uer) and C <. D
thus trail-true-cls I' C
using clauses-lt-D-true by metis
qed

thus %thesis
unfolding I'' = (K, Some D) # Ty
by (smt (verit, ccfvo-SIG) T-prop-ball-lt-true append-eq-Cons-conv list.inject
option.inject
prod.inject)
qed

ultimately show ?thesis
unfolding s’ = (U.,, F, '/, C')
proof (intro ord-res-T-invars.intros)
have trail-true-cls T C
AKc. linorder-lit.is-mazimal-in-mset C Ko =
- (A |€| atms-of-clss (N |U]| Uer). A <t atm-of Ko A A |¢| trail-atms T)
if C-lt: NE. C' = Some E = C <. E and C-in: C |€| iefac F | (N |U]
Ue.) for C
proof —
have C <. D
using step-hyps that by (metis clause-le-if-lt-least-greater)

hence C <. DVv C =D
by simp

thus trail-true-cls T C
proof (elim disjE)
assume C <. D

hence trail-true-cls I' C
using clauses-lt-D-true «C' |€| iefac F || (N |U| Uer)> by metis

thus trail-true-cls T C
using <suffix T' Ty by (metis trail-true-cls-if-trail-true-suffix)
next
assume C = D

have trail-true-lit '’ K
using I'' = (K, Some D) # Ty <is-pos K>
unfolding trail-true-lit-def by (cases K) simp-all

thus trail-true-cls T C

unfolding «C' = D) trail-true-cls-def
using <K €# D) by metis

295



qed

fix Kc
assume C-maz-lit: linorder-lit.is-mazximal-in-mset C K¢
show — (3 4 |€] atms-of-clss (N |U| Uey). A <4 atm-of Ko A A |¢| trail-atms
r’)
using <C' <, DV C = D
proof (elim disjE)
assume C <. D
hence — (3 A|€|atms-of-clss (N |U| Uer). A <¢ atm-of Ko A A |€] trail-atms
)
using no-undef-atm-lt-maz-lit-if-lt-D C-in C-maz-lit by force
thus ?thesis
using step-hyps by force
next
assume C =D
thus ?thesis
by (metis C-maz-lit D-maz-lit <suffiz T Ty linorder-lit. Unig-is-mazimal-in-mset
literal.sel(2) step-hyps(5) thel-equality’ trail-defined-lit-if-trail-defined-suffix
trail-defined-lit-iff-trail-defined-atm)
qed
qed

thus
V C|€liefac F || (N |U| Uer). (VD.C'= Some D — C <. D) — trail-true-cls
r'c
vV C|€liefac F | (N |U| Uer). (VD.C' = Some D — C <. D) —
(V K. ord-res.is-mazimal-lit K C —
- (FA|€|atms-of-clss (N |U| Uer). A <¢ atm-of K N A |¢| trail-atms T"'))
unfolding atomize-conj by metis
qed simp-all
next
case step-hyps: (factoring T D K U, F' F)

note D-maz-lit = <ord-res.is-maximal-lit K D)

have
F-subset: F |C| N |U| Ue, and
D-in: D |€| iefac F |9 (N |U| Ue,) and
clauses-It-D-seldomly-have-undef-maz-lit:
vV C |€| iefac F |9 (N |U] Uer). C <. D —
(V Le. linorder-lit.is-maximal-in-mset C Lo —
= trail-defined-lit T' Lo — (trail-true-cls T' {#K €# C. K # Lo#} A
is-pos L¢)) and
clauses-lt-D-true: ¥ C |€] iefac F || (N |U]| Uer). C <. D — trail-true-cls T
C and
no-undef-atm-lt-max-lit-if-it-D: ¥V C' |€| iefac F || (N |U| Uer). C <. D —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (3 A |€] atms-of-clss (N |U| Uer). A <t atm-of K N A |¢] trail-atms T'))
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and
I-sorted: sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst z)) I' and
I-lower: linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U] Uey))
and
trail-atms-le0: ¥ A |€| trail-atms T'. 3 L. ord-res.is-mazimal-lit L D A (A =
atm-of L) and
[-deci-iff-neg: ¥V Ln € set T'. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥ Ln € set I'. snd Ln = None —
(V C |€]| defac F | (N |U| Uer). C <. {F#fst Ln#} —> trail-true-cls T C)
and
T-prop-in: ¥V Ln € set T. V D. snd Ln = Some D — D |€| iefac F || (N |U
Uer) and
I'-prop-greatest:
VIn € set I'. VD. snd Ln = Some D — linorder-lit.is-greatest-in-mset D
(fst Ln) and
I-prop-almost-false:
VI'y LCTy. T =T @ (L, Some C) # T'y — trail-false-cls Ty {#K €# C.
K # L#} and
I-prop-ball-lt-true: (VI'y L DTy. T' =T @Q (L, Some D) # I'y —
(V C |€]| iefac F || (N |U]| Uer). C <. D — trail-true-cls Ty C))
using invar by (simp-all add: <s = (Uer, F, T, Some D)y ord-res-7-invars-def)

have clauses-lt-D-almost-defined: ¥ C |€| iefac F || (N |U| Uer). C <. D —>
(V K. linorder-lit.is-maximal-in-mset C K — trail-defined-cls T' {#L €# C. L
# K#})
using invar[unfolded <s = (U.,, F, T, Some D))] clause-almost-defined-if-lt-next-clause
by simp

have atm-of K |¢| trail-atms T
using <— trail-defined-lit I' K>
by (metis trail-defined-lit-iff-trail-defined-atm)

hence trail-atms-lt: ¥V A |€| trail-atms T'. A <; atm-of K
using trail-atms-le0 <ord-res.is-mazximal-lit K D>
by (metis Unig-D linorder-lit. Unig-is-maximal-in-mset linorder-trm.antisym-convl )

have efac D # D
using <= ord-res.is-strictly-mazximal-lit K Dy D-maz-lit <is-pos K>
by (metis ex1-efac-eq-factoring-chain ex-ground-factoringl is-pos-def)

hence efac D <. D
by (metis efac-properties-if-not-ident(1))

hence D-in-strong: D |€] N |U| U., and D |¢| F
using D-in <efac D # D»
unfolding atomize-conj iefac-def

by (smt (verit) factorizable-if-neq-efac fimage-iff iefac-def ex1-efac-eq-factoring-chain)

have 7' |C| N |U| Ue,
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unfolding «F' = finsert D F»
using F-subset D-in-strong by simp

moreover have V C'. Some (efac D) = Some C' — C’ |€] iefac F' | (N |U|
Uer)
proof —
have efac D |€| iefac F' | (N |U| Uer)
using D-in-strong by (simp add: iefac-def «F' = finsert D F>)

thus ?thesis
by simp
qed

moreover have trail-true-cls T {#K €# C. K # Lo#} A is-pos Lo
if Some (efac D) = Some E and
C-in: C |€] iefac F' |9 (N |U|] U.,) and
C-lt: C <. E and
C-maz-lit: linorder-lit.is-maximal-in-mset C' Lo and
Le-undef: — trail-defined-lit T' Lo
for £ C Lo
proof —
have E = efac D
using that by simp
hence C <. efac D
using C-lt by order
hence C # efac D
by order
hence C |€| iefac F | (N |U| Uer)
using C-in iefac-def step-hyps(10) by auto
moreover have C <. D
using «C' <. efac D) <efac D <. D> by order
ultimately show trail-true-cls T {#K €# C. K # Lo#} A is-pos Lo
using clauses-lt-D-seldomly-have-undef-maz-lit C-maz-lit Lc-undef by metis
qed

moreover have trail-true-cis I' C
NK . linorder-lit.is-mazimal-in-mset C Ko = trail-defined-cls T {#L €# C.

L # Kc#}
if C-lt: NE. Some (efac D) = Some E = C <. E and C-in: C |€| iefac F'
[l (N U] Ueyr) for C
proof —
have C <. efac D
using C-lt by metis

hence C # efac D
by order

hence C |€| iefac F | (N |U| Uer)
using C-in by (auto simp: <F' = finsert D F> iefac-def)
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moreover have C <. D
using <C <. efac D) <efac D <. D> by order

ultimately show trail-true-cls I' C
using clauses-lt-D-true by metis

fix KC
assume C-maz-lit: linorder-lit.is-maximal-in-mset C Ko
show trail-defined-cls T {#L €# C. L # Kc#}
using clauses-lt-D-almost-defined <C' |€| iefac F || (N |U| Uer)r <C <. D»
C-max-lit
by metis
qed

moreover have sorted-wrt (\z y. atm-of (fst y) <¢ atm-of (fst z)) T
using I'-sorted .

moreover have linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U|

Uer))
using I'-lower .

moreover have V D'. Some (efac D) = Some D' — (V A |€| trail-atms T.
3 L. ord-res.is-mazximal-lit L D' A A <; atm-of L)
proof —
have V A |€| trail-atms T. 3 L. ord-res.is-mazimal-lit L (efac D) N A =; atm-of
L
using trail-atms-It
using exI-efac-eq-factoring-chain step-hyps(4)
ord-res. ground-factorings-preserves-mazimal-literal by blast

thus ?thesis
by simp
qed

moreover have V Ln € set I'. snd Ln = None +— is-neg (fst Ln)
using ['-deci-iff-neg .

moreover have trail-true-cls I' C
if Ln € set I and snd Ln = None and C |€| iefac F' |9 (N |U| U.,) and C
=c {#/st Ln#}
for Ln C
proof —
have C = efac DV C |€| iefac F | (N |U| Uer)
using «C |€| iefac F' || (N |U| Uey)» by (auto simp: iefac-def «F' = finsert
D F»)

thus trail-true-cls I' C
proof (elim disjE)
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assume C = efac D

hence linorder-lit.is-greatest-in-mset C' K
using D-mazx-lit <is-pos K>
by (metis greatest-literal-in-efacl)

hence K <; fst Ln

using <C' <. {#/fst Ln#}
by (simp add: linorder-lit.is-greatest-in-mset-iff)

hence atm-of K <; atm-of (fst Ln)
by (cases K; cases fst Ln) simp-all

moreover have atm-of (fst Ln) |€]| trail-atms T
using <Ln € set Iy by (simp add: fset-trail-atms)

moreover have atm-of K |€| atms-of-clss (N |U| Uey)
by (meson D-in D-maz-lit atm-of-in-atms-of-clssI linorder-lit.is-mazimal-in-mset-iff )

ultimately have atm-of K |€| trail-atms T
using I'-lower
unfolding linorder-trm.is-lower-set-iff
by fastforce

hence Fulse
using <atm-of K |¢| trail-atms T» by contradiction

thus trail-true-cls ' C ..

next
assume C |€| iefac F || (N |U| Ue,)
thus trail-true-cls I' C
using I'-deci-ball-lt-true <Ln € set Ty <snd Ln = None> «C <. {#fst Ln#}>

by metis
qed
qed

moreover have C |€| iefac F' || (N |U| Ue,) if Ln € set T and snd Ln =
Some C for Ln C
proof —
have atm-of (fst Ln) <; atm-of K
using trail-atms-lt[unfolded fset-trail-atms, simplified] <Ln € set Ty by metis

hence atm-of (fst Ln) # atm-of K
by order

hence fst Ln # K
by (cases fst Ln; cases K) simp-all

moreover have ord-res.is-mazimal-lit (fst Ln) C
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using ['-prop-greatest <Ln € set I'y <snd Ln = Some C» by blast

ultimately have C # D
using <ord-res.is-mazimal-lit K Ds by (metis Unig-D linorder-lit. Unig-is-maximal-in-mset)

moreover have C |€] iefac F | (N |U| Ue,)
using ['-prop-in <Ln € set I'y <snd Ln = Some C) by metis

ultimately show #thesis
by (auto simp: «F' = finsert D F» iefac-def)
qed

moreover have V Ln € set I'.V D. snd Ln = Some D — linorder-lit.is-greatest-in-mset
D (fst Ln)
using I'-prop-greatest by simp

moreover have VI'y L C Th. ' =T Q (L, Some C) # I'vc — trail-false-cls
Ty {#K €4 C. K # L#}

using I'-prop-almost-false .

moreover have (VI'y L DT,.T' =T @Q (L, Some D) # T'y —
(V C |€] iefac F' | (N |U| Uer). C <. D — trail-true-cls Ty C))
proof (intro alll impI balll)
fix
Ty Tg = ('f gliteral x 'f gclause option) list and
L :: 'f gliteral and
Co C1 2 'f gclause
assume
F-eq: ' =T @ (L, Some C1) # I'y and
Co-in: Cy |€] iefac F' |9 (N |U] Ue,) and
Coy <. C1

have Cy = efac D vV Cy |€] iefac F || (N |U] Uey)
using Cg-in by (auto simp: iefac-def «<F' = finsert D F»)

thus trail-true-cls T'y Cy
proof (elim disjE)

assume Cy = efac D

have atm-of L |€| trail-atms T
using I'-eq unfolding fset-trail-atms by simp

hence atm-of L <; atm-of K
using trail-atms-It by metis

hence L <; K
by (cases L; cases K) simp-all

moreover have linorder-lit.is-greatest-in-mset Cy L
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using ['-eq I'-prop-greatest by simp

moreover have linorder-lit.is-greatest-in-mset (efac D) K
using <is-pos K» D-max-lit by (metis greatest-literal-in-efacl)

ultimately have C; <. efac D
by (metis linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset
linorder-lit. multp-if-mazimal-less-that-mazimal)

hence Fulse
using «Cy = efac Dy <Cy <. C1» by order

thus ?thesis ..
next
assume Cy |€| defac F || (N |U] Uer)
thus ?thesis
using I'-prop-ball-it-true I'-eq «Coy <. C1> by metis
qed
qed

ultimately show ?thesis
unfolding s’ = (U,,, F', ', Some (efac D))»
proof (intro ord-res-T-invars.intros)
have trail-true-cls I' C
AKc. linorder-lit.is-mazimal-in-mset C Ko =
- (3 A |€| atms-of-clss (N |U| Ueyr). A <t atm-of Ko A A |¢]| trail-atms T')
if C-lt: NE. Some (efac D) = Some E = C <. E and C-in: C |€| iefac F’
(N U] Uer)
for C
proof —
have C <. efac D
using C-lt by metis

hence C # efac D
by order

hence C |€| iefac F || (N |U| Uer)
using C-in by (auto simp: <F' = finsert D F» iefac-def)

moreover have C <. D
using <C' <. efac D) <efac D <. D) by order

ultimately show trail-true-cls I' C
using clauses-lt-D-true by metis

fix Kc

assume C-maz-lit: linorder-lit.is-mazximal-in-mset C K¢
thus - (3 A4 |€| atms-of-clss (N |U| Uey). A <¢ atm-of Ko N A |¢| trail-atms
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using no-undef-atm-lt-maz-lit-if-it-D <C' |€| iefac F || (N |U] Uer)» <C <,
D) by metis
qed

thus
vV C|€liefac F' | (N |U| Uey). (VY Da. Some (efac D) = Some Da — C <,
Da) —
trail-true-cls I' C
vV C|€liefac F' || (N |U| Uer). (¥ Da. Some (efac D) = Some Da — C <.
Da) —
(VK. ord-res.is-mazimal-lit K C —
- (3 Al€|atms-of-clss (N |U] Uer). A <¢ atm-of K N A |¢| trail-atms T))
unfolding atomize-conj by metis
qed simp-all
next
case step-hyps: (resolution-bot T E K D U,,.' Ue, T'' F)

have
F-subset: F |C| N |U| Uer and
E-in: E |€| iefac F || (N |U| Ue,) and
clauses-It- E-seldomly-have-undef-maz-lit:
v C |€| iefac F || (N |U| Uer). C <. E —
(V Le. linorder-lit.is-maximal-in-mset C' Lo —>
= trail-defined-lit T' Lo — (trail-true-cls ' {#K €# C. K # Lo#} A
is-pos L¢)) and
clauses-lt-E-true: ¥ C' |€| iefac F || (N U] Ueyr). C <. E — trail-true-cls T
C and
no-undef-atm-lt-maz-lit-if-t-E: ¥ C |€| iefac F || (N |U| Uer). C <. E —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (34 |€| atms-of-clss (N |U| Uep). A <¢ atm-of K A A |¢| trail-atms T))
and
T-sorted: sorted-wrt (Ax y. atm-of (fst y) <¢ atm-of (fst z)) T and
T-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Uey))
and
trail-atms-le0: ¥ A |€| trail-atms T'. 3 L. ord-res.is-maximal-lit L E N (A <
atm-of L) and
I-deci-iff-neg: V Ln € set T'. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥V Ln € set I'. snd Ln = None —
(VC |€| iefac F || (N |U| Uer). C < {#fst Ln#} — trail-true-cls T C')
and
T-prop-in: VLn € set T'. VC. snd Ln = Some C — C |€| defac F | (N |U|
U.r) and
I'-prop-greatest:
VIn € set I'. VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln) and
I'-prop-almost-false:
VI'1 L CTy.T'=T4 @ (L, Some C) # Ty — trail-false-cls Ty {#K €# C.
K # L#} and
[-prop-ball-lt-true: VT'y L DTy. T =T @ (L, Some D) # T'y —
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(V C |€] iefac F | (N |U| Uep). C <. D — trail-true-cls Ty C)
using invar by (simp-all add: <s = (U, F, I, Some E)> ord-res-7-invars-def)

have clauses-lt-E-almost-defined: ¥ C |€| iefac F | (N |U] Uer). C <. E —
(V K. linorder-lit.is-mazimal-in-mset C' K — trail-defined-cls T {#L €# C.
L # K#))
using invar|unfolded <s = (Uep, F, T, Some E))] clause-almost-defined-if-lt-next-clause
by simp

have F |C| N |U]| U’
unfolding «U.,.’ = finsert (eres D E) Ug,»
using F-subset by blast

moreover have V C'. Some {#} = Some C' — C’ |€| iefac F | (N |U| Ue,’)
by (simp add: <eres D E = {#}> <Ue,' = finsert (eres D E) Ugr»)

moreover have trail-true-cls T {#K €# C. K # Lc#} A is-pos Lo
if Some {#} = Some E and
C-in: C |€] iefac F | (N |U| U.,) and
C-lt: C <, F and
C-maz-lit: linorder-lit.is-maximal-in-mset C Lo and
Leo-undef: — trail-defined-lit T/ Lo

for £ C Lo
proof —
have E = {#}

using that by simp
hence Fulse
using C-lt linorder-cls.leD mempty-lesseq-cls by blast
thus ?thesis ..
qed

moreover have trail-defined-cls T/ {#L €# z. L # K, #}
if Some {#} = Some y and z-in: z |€| iefac F || (N |U| Ue,') and z <. y
and
r-max-lit: linorder-lit.is-maximal-in-mset ¢ K, for z y K,
proof —
have Fulse
using linorder-cls.leD mempty-lesseq-cls that(1) that(3) by blast
thus ?thesis ..
qed

moreover have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) T/
unfolding I'' = [ by simp

moreover have linorder-trm.is-lower-fset (trail-atms T'') (atms-of-clss (N |U|
U.)

unfolding I'' = []»

by (simp add: linorder-trm.is-lower-set-iff)
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moreover have V D. Some {#} = Some D — (V A |€| trail-atms T''.
3 L. ord-res.is-mazimal-lit L D A A <y atm-of L)
unfolding I'' = []> by simp

moreover have V Ln € set T'. snd Ln = None +— is-neg (fst Ln)
unfolding I'' = [|» by simp

moreover have V Ln € set I''. snd Ln = None —
(V C |€| defac F || (N |U| Uer’). C < {#fst Ln#} — trail-true-cls T' C)
using I'" = [ by simp

moreover have V Ln € set I'. snd Ln = None —»
—(3C |€| iefac F || (N |U] Uep'). linorder-lit.is-mazimal-in-mset C' (— (fst
Ln)))

using ' = [» by simp

moreover have VLn € set I''. VD. snd Ln = Some D —
—(3C |€| iefac F || (N |U| Uer"). C <. D A fst Ln €# C)
using ' = [» by simp

moreover have VLn € set I'. V C. snd Ln = Some C — C' |€| defac F || (N
Ul Uer)
using I'' = [|» by simp

moreover haveV Ln € set I''. V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset
C (fst Ln)
using I'" = [ by simp

moreover have VI'y L C Ty. I =T @Q (L, Some C) # 'y — trail-false-cls
To {#K €4 C. K # L#}
using I'" = [ by simp

moreover have VI'y L DT,. IV =T4 @Q (L, Some D) # T'y —
(V C |€]| defac F || (N |U| Uer”). C <c D — trail-true-cls Ty C)
using ' = [» by simp

ultimately show %thesis
unfolding s’ = (U.,.’, F, T, Some {#})
proof (intro ord-res-T-invars.intros)
have trail-true-cls T/ x
NAK . linorder-lit.is-maximal-in-mset © K, —
- (3 A |€| atms-of-clss (N |U| Ue,"). A <¢ atm-of K, N\ A |¢]| trail-atms T)
if C-lt: NE. Some {#} = Some E = z <. F and C-in: z |€| iefac F || (N
U] Uer')
for z
proof —
have z <. {#}
using C-lt by metis
hence Fulse
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using linorder-cls.leD mempty-lesseq-cls by blast
thus
trail-true-cls T x
NAK .. linorder-lit.is-maximal-in-mset © K, —
- (A |€| atms-of-clss (N |U| Uer'). A <t atm-of K, N A |¢| trail-atms
r’)
by argo+
qed

thus
V C\€liefac F | (N |U| Uer’). (¥ D. Some {#} = Some D — C <. D) —
trail-true-cls T C
v Cleliefac F || (N |U| Uey'). (Y D. Some {#} = Some D — C <. D) —
(VK. ord-res.is-mazimal-lit K C —
- (FA|€|atms-of-clss (N |U]| Uer'). A <t atm-of K A A |¢| trail-atms T))
unfolding atomize-conj by metis
qed simp-all
next
case step-hyps: (resolution-pos T' E L D U, Ugr TV K F)

note E-max-lit = <ord-res.is-mazximal-lit L E)»
note eres-mazx-lit = <ord-res.is-mazimal-lit K (eres D E)»

have
F-subset: F |C| N |U| Ue, and
E-in: E |€| iefac F || (N |U| Ue,) and
clauses-It-D-seldomly-have-undef-maz-lit:
vV C |€| iefac F || (N |U| Uer). C <. E —
(V Le. linorder-lit.is-mazimal-in-mset C Lo —
= trail-defined-lit T Lo — (trail-true-cls T {#K €# C. K # Lo#} A
is-pos L¢)) and
clauses-lt-E-true: ¥ C' |€| iefac F || (N U] Uep). C <. E — trail-true-cls T
C and
no-undef-atm-lt-maz-lit-if-t-E: ¥ C |€| iefac F || (N |U| Uer). C <. E —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (3 A |€| atms-of-clss (N |U| Ueyp). A <¢ atm-of K A A |€| trail-atms T))
and
T-sorted: sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst )) T' and
T-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Uey))
and
trail-atms-le0: ¥V A |€| trail-atms T'. 3 L. ord-res.is-mazimal-lit L E N (A =4
atm-of L) and
[-deci-iff-neg: ¥V Ln € set T. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥ Ln € set I'. snd Ln = None —>
(VC |€| iefac F || (N |U| Uer). C < {#fst Ln#} — trail-true-cls T' C')
and
T-prop-in: VLn € set T'. V¥ C. snd Ln = Some C — C |€| defac F | (N |U|
Ue,) and
I'-prop-greatest:
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VIn € set I'. VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln) and
I'-prop-almost-false:
VI'1 L CTy.T'=T4 @ (L, Some C) # Ty — trail-false-cls Ty {#K €# C.
K # L#} and
[-prop-ball-lt-true: VT'y L D Ty. T =T @Q (L, Some D) # T'y —
(V C |€] iefac F || (N |U| Uep). C <. D — trail-true-cls Ty C)
using invar by (simp-all add: <s = (U, F, ', Some E)> ord-res-7-invars-def)

have clauses-lt-E-almost-defined: ¥ C |€| iefac F || (N |U] Uer). C <. E —
(V K. linorder-lit.is-mazimal-in-mset C' K — trail-defined-cls T {#L €# C.
L # K#})

using invar|unfolded <s = (Uep, F, T, Some E))] clause-almost-defined-if-lt-next-clause
by simp

have I'-consistent: trail-consistent T’
using trail-consistent-if-sorted-wrt-atoms I'-sorted by metis

have trail-atms-le: V A |€| trail-atms I'. A <, atm-of L
using trail-atms-le0 E-maz-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)

have (— L, Some D) € set T’
using (map-of ' (— L) = Some (Some D)) by (metis map-of-SomeD)

hence D-in: D |€| iefac F || (N |U] Uer)
using ['-prop-in by simp

have D-maz-lit: linorder-lit.is-greatest-in-mset D (— L)
using I'-prop-greatest «(— L, Some D) € set Iy by fastforce

have suffiz T'T
using step-hyps(9) suffix-drop While by metis

hence atms-of-cls (eres D E) |C| atms-of-cls D |U| atms-of-cls E
using lit-in-one-of-resolvents-if-in-eres
unfolding atms-of-cls-def by fastforce

moreover have atms-of-cls D |C| atms-of-clss (N |U| Ue,)
using «D |€] iefac F || (N |U]| Ueyr)
by (metis atms-of-clss-fimage-iefac atms-of-clss-finsert finsert-absorb funion-upperl )

moreover have atms-of-cls E |C| atms-of-clss (N |U| Ue,)
using «F |€| iefac F | (N |U] Uer)»

by (metis atms-of-clss-fimage-iefac atms-of-clss-finsert finsert-absorb funion-upperl)

ultimately have atms-of-clss (N |U| Ue,) = atms-of-clss (N |U| Ue,”)
unfolding «U.,’" = finsert (eres D E) Ue,> atms-of-clss-def by auto
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obtain A; where L-def: L = Neg A,
using <is-neg Ly by (cases L) simp-all

have D <. FE
using clause-lt-clause-if-maz-lit-comp
using F-max-lit <is-neg Ly D-max-lit
by (metis linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset)

have eres D E <. F
using eres-lt-if
using F-max-lit <is-neg Ly D-max-lit by metis

hence eres D E # FE
by order

have L €e# E

using F-maz-lit unfolding linorder-lit.is-mazimal-in-mset-iff by metis

hence — L ¢# F
using not-both-lit-and-comp-lit-in-false-clause-if-trail-consistent
using ['-consistent <trail-false-cls T' E» by metis

hence VK €# eres D E. atm-of K <; atm-of L
using lit-in-eres-li-greatest-lit-in-grestest-resolvant| OF <eres D E # E» E-maz-lit)
by metis

hence VK e# eres DE. K # LNK # — L
by fastforce

moreover have VL €¢# eres DE. L e# DV L €# FE
using lit-in-one-of-resolvents-if-in-eres by metis

moreover have D-almost-false: trail-false-cls T {#K €# D. K # — L#}
using ord-res-7-invars-implies-propagated-clause-almost-false
using «(— L, Some D) € set Ty invar[unfolded <s = (Uer, F, T, Some E))]
by metis

ultimately have trail-false-cls T (eres D E)
using «<trail-false-cls I' F> unfolding trail-false-cls-def by fastforce

hence trail-false-lit ' K
using eres-maz-lit unfolding linorder-lit.is-maximal-in-mset-iff trail-false-cls-def
by metis

have eres D E |¢| N |U| U,
using eres-not-in-known-clauses-if-trail-false-cls
using T'-consistent clauses-lt-E-true <eres D E <. E» <trail-false-cls T' (eres D
E)» by metis
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hence eres D E |¢| F
using F-subset by blast

hence iefac F (eres D E) = eres D E
by (simp add: iefac-def)

hence iefac F | (N |U| Ue,’) = finsert (eres D E) (iefac F || (N |U]| Ueyr))
unfolding «U.,’ = finsert (eres D E) Ue,> by simp

have trail-false-lit ' K
by (meson <trail-false-cls T (eres D E)» linorder-lit.is-mazimal-in-mset-iff
step-hyps(10)
trail-false-cls-def)

have mem-set-I"'-iff: (Ln € set T'') = (- atm-of K =; atm-of (fst Ln) A Ln €
set T') for Ln
unfolding «I'" = drop While (ALn. atm-of K <; atm-of (fst Ln)) I'»
proof (rule mem-set-drop While-conv-if-list-sorted-and-pred-monotone)
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using I'-sorted .
next
show monotone-on (set T') (Az y. atm-of (fst y) <¢ atm-of (fst z)) Az y. y <
)

(ALn. atm-of K =; atm-of (fst Ln))
by (rule monotone-onl) auto
qged

hence atms-in-T''-lt-atm-K: ¥ z |€| trail-atms T'. © <, atm-of K
by (auto simp add: fset-trail-atms)

have F |C| N |U| U,,’
unfolding «U.,.’ = finsert (eres D E) Ug,»
using F-subset by blast

moreover have V C'. Some (eres D E) = Some C' — C'|€| iefac F || (N |U|
Uer/)
proof —
have eres D E |€| iefac F | (N |U] Ue,')
using <iefac F (eres D E) = eres D E)»
by (simp add: <U,,' = finsert (eres D E) Ugp»)

thus ?thesis
by simp
qed

/

moreover have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using I'-sorted step-hyps(9) by (metis sorted-wrt-drop While)

moreover have I''-lower: linorder-trm.is-lower-fset (trail-atms T'') (atms-of-clss

309



(N Ul Uer))
proof —
have linorder-trm.is-lower-fset (trail-atms T'') (trail-atms T)
unfolding linorder-trm.is-lower-set-iff
proof (intro congl balll impI)
show fset (trail-atms T'') C fset (trail-atms T')
unfolding fset-trail-atms using «suffic T/ T') by (metis image-mono
set-mono-suffiz)
next
obtain I’ where I' =T Q T’
using (suffiz T'' T» unfolding suffiz-def by metis

fixlz
assume [ |€| trail-atms I'" and z |€| trail-atms T’ and = <; 1

have z |€| trail-atms T V z |€] trail-atms T
using <z |€| trail-atms T unfolding «I' = ' Q I'y fset-trail-atms by auto

thus z |€| trail-atms T’
proof (elim disjE)
assume z |€| trail-atms T

hence [ <; z
using I'-sorted <l |€| trail-atms '
unfolding I' = T'"" @ I''y sorted-wrt-append fset-trail-atms by blast

hence Fulse
using <z <; I» by order

thus z |€| trail-atms T/ ..
next
assume z |€| trail-atms T’
thus z |€| trail-atms T .
qed
qed

thus ?thesis
using I'-lower
unfolding <atms-of-clss (N |U| Ue,) = atms-of-clss (N |U] Uer ')
by order
qed

moreover have ¥V DE. Some (eres D E) = Some DE — (V A |€]| trail-atms T"'.
3 L. ord-res.is-mazimal-lit L DE N A <; atm-of L)
using atms-in-I''-lt-atm-K eres-mazx-lit by blast

moreover have V Ln € set T''. snd Ln = None «— is-neg (fst Ln)

using I'-deci-iff-neg «suffizx T/ T
by (metis (no-types, opaque-lifting) in-set-conv-decomp suffizE suffiz-appendD)
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moreover have trail-true-cls T'' C
if Ln € set I and snd Ln = None and C |€| iefac F || (N |U| U.,’) and C
< {#fst Ln#}
for Ln C
proof —
have Ln € set T’
using <Ln € set Ty <suffix T/ Ty set-mono-suffiz by blast

have C = eres D E VvV C |€]| iefac F || (N |U] Uey)
using «C |€| defac F || (N |U] Uer')
unfolding <iefac F || (N |U| U.,') = finsert (eres D E) (iefac F || (N |U|
Uer))
by simp

thus trail-true-cls T'' C
proof (elim disjE)
assume C = eres D E

hence K <; fst Ln
using «C' <. {#fst Ln#}> eres-max-lit
by (simp add: linorder-lit.is-mazimal-in-mset-iff )

hence atm-of K =, atm-of (fst Ln)
by (cases K; cases fst Ln) simp-all

moreover have atm-of (fst Ln) |€| trail-atms T’
using «Ln € set I')y by (simp add: fset-trail-atms)

moreover have atm-of K |€| atms-of-clss (N |U| Ue,’)
by (metis <iefac F || (N |U| Ue,’) = finsert (eres D E) (iefac F | (N |U|
Uer))

atm-of-in-atms-of-clssl eres-maz-lit finsert-iff linorder-lit.is-mazimal-in-mset-iff )

ultimately have atm-of K |€| trail-atms T’
using I''-lower
unfolding linorder-trm.is-lower-set-iff
by fastforce

moreover have atm-of K |¢| trail-atms T/
using atms-in-I"'-lt-atm-K by blast

ultimately show trail-true-cls T'' C
by contradiction
next
assume C |€| iefac F || (N |U| Uer)

hence trail-true-cls ' C'
using I'-deci-ball-lt-true «Ln € set T'y <snd Ln = Noney «C <. {#fst Ln#}
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by metis

then obtain Lo where Lo €# C and trail-true-lit I' Lo
unfolding trail-true-cls-def by auto

hence Vz €# C. x <; fst Ln
using «C <. {#fst Ln#}>
unfolding multp-singleton-right[ OF linorder-lit.transp-on-less]
by simp

hence Lo < fst Ln
using «(Lc €# C» by metis

hence atm-of Lc =< atm-of (fst Ln)
by (cases L¢; cases fst Ln) simp-all

moreover have atm-of (fst Ln) <; atm-of K
using atms-in-I"'-lt-atm-K
by (simp add: fset-trail-atms that(1))

ultimately have atm-of Lo <; atm-of K
by order

have Lo € fst “set T’
using <trail-true-lit I' Lo
unfolding trail-true-lit-def .

hence L¢ € fst “ set T
using mem-set-I'"-iff
using <atm-of Lo <4 atm-of K) linorder-trm.not-le by auto

hence trail-true-lit I'' Lo
unfolding trail-true-lit-def .

thus trail-true-cls T/ C
using <L €4# C)
unfolding trail-true-cls-def by auto
qed
qed

moreover have VILn € set I''. V C. snd Ln = Some C — C' |€| iefac F || (N
U] Uer')

using T'-prop-in <suffiz T' T set-mono-suffix <Ue,' = finsert (eres D E) Ugp»
by blast

moreover haveV Ln € set I''. V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset

C (fst Ln)
using I'-prop-greatest <suffiz T'' Ty set-mono-suffiz by blast
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moreover have VI'y L C Ty. IV =T @Q (L, Some C) # I'c — trail-false-cls
To {#K e# C. K # L#}
using I'-prop-almost-false <suffiz T/ T'
by (metis (no-types, lifting) append.assoc suffiz-def)

moreover have VI'y L DT,. I =T, @Q (L, Some D) # T'y —
(V C |€] iefac F | (N |U| Uer”). C <. D — trail-true-cls Ty C)
proof (intro alll impI balll)
fix
Ty Tg =2 ('f gliteral x 'f gclause option) list and
L :: 'f gliteral and
Co C1 2 'f gclause
assume
I'-eq: T/ =Ty Q (L, Some C1) # T'yp and
Co-in: Cy |€] iefac F | (N |U| U.,') and
CO <ec Cl

have Cy = eres D E vV Cy |€] iefac F | (N |U| Uey)
using Cy-in
unfolding <iefac F || (N |U| U.,') = finsert (eres D E) (iefac F || (N |U|
Uer))
by simp

thus trail-true-cls T'y Cy
proof (elim disjE)
assume Cy = eres D E

have — atm-of K =; atm-of (fst (L, Some C1)) and (L, Some C;) € set T
unfolding atomize-conj
using I'-eq «I'" = dropWhile (ALn. atm-of K =; atm-of (fst Ln)) T
using mem-set-drop While-conv-if-list-sorted-and-pred-monotone| OF T'-sorted
mono-atms-It]
by (metis in-set-conv-decomyp)

then have — atm-of K <; atm-of L
by simp

hence atm-of L <; atm-of K
by order

moreover have linorder-lit.is-greatest-in-mset Cy L
using T'-prop-greatest (L, Some C1) € set I'y by fastforce

ultimately have Fulse
using <Cy <. Cp»
by (metis Neg-atm-of-iff <Co = eres D E» asympD eres-max-lit
linorder-lit.is-greatest-in-mset-iff-is-mazximal-and-count-eq-one
linorder-lit. multp-if-mazimal-less-that-mazximal literal.collapse(1)
ord-res.asymp-less-cls ord-res.less-lit-simps(1) ord-res.less-lit-simps(4)
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step-hyps(11))

thus trail-true-cls Ty Cy ..
next
assume Cy |€| iefac F | (N |U| Uer)
thus trail-true-cls I'y Cy
using I'-prop-ball-lt-true T''-eq «Cy <. C1»
by (metis (no-types, opaque-lifting) «suffix T' T') append-assoc suffizF)
qed
qged

ultimately show ?thesis
unfolding s’ = (Ue,', F, I, Some (eres D E))»
proof (intro ord-res-7T-invars.intros)
have clause-true-in-I''-if: trail-true-cls T'' x and
NAK . linorder-lit.is-maximal-in-mset © K, —>
- (A |€| atms-of-clss (N |U| Ue,'). A <¢ atm-of K, N A |¢] trail-atms T)
if z-it: ADE. Some (eres D E) = Some DE — z <. DE and z-in: z |€|
iefac F |9 (N |U]| Uep')
for z
proof —
have z <. eres D E
using z-lt by metis

hence z # eres D E
by order

hence z-in": z |€| iefac F || (N |U| Uer)
using z-in <iefac F (eres D E) = eres D E)
by (simp add: «U.,' = finsert (eres D E) Uc,»)

have z <. F
using <z <. eres D E» <eres D E <. E> by order

have z-true: trail-true-cls I' x
using clauses-lt-E-true z-in’ <z <. E) by metis

have (— K, None) € set T
using <trail-false-lit I' K»
using <is-pos K>
using I'-deci-iff-neg
by (metis is-pos-neg-not-is-pos map-of-SomeD map-of-eq-None-iff not-Some-eq
prod.collapse
prod.inject trail-false-lit-def)

obtain L, where L, €# x and L,-true: trail-true-lit I L,
using z-true unfolding trail-true-cls-def by metis

moreover have L, # K
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using T'-consistent <trail-false-cls T' (eres D E)» L,-true eres-maz-lit
by (metis linorder-lit.is-mazimal-in-mset-iff not-trail-true-cls-and-trail-false-cls
trail-true-cls-def)

moreover have L, # — K
using eres-max-lit <z <. eres D E» <L, # K» <L, €# x
by (smt (verit, del-insts) empty-iff linorder-cls.less-not-sym
linorder-lit. ex-maximal-in-mset linorder-lit.is-mazximal-in-mset-iff
linorder-lit.less-trans linorder-lit.multp-if-maximal-less-that-mazimal
linorder-lit.neqE
linorder-trm.not-less-iff-gr-or-eq literal.collapse(1) ord-res.less-lit-simps(4)
set-mset-empty step-hyps(11) uminus-literal-def)

ultimately have atm-of L, # atm-of K
by (simp add: atm-of-eg-atm-of)

moreover have L, <; K
proof (rule linorder-lit.less-than-mazimal-if-multpy o[ OF eres-maz-lit - <L,
e# 1))
show multpgo (<)) = (eres D E)
using <z <. eres D E»
by (simp add: multp-imp-multpg o)
qed

ultimately have atm-of L, <; atm-of K
by (cases L,; cases K) simp-all

hence trail-true-lit I'' L,
unfolding «I'’ = drop While (ALn. atm-of K =, atm-of (fst Ln)) T)
using L.-true
unfolding trail-true-lit-def
using mem-set-drop While-conv-if-list-sorted-and-pred-monotone| OF T'-sorted
mono-atms-lt)
by (metis (no-types, lifting) image-iff linorder-trm.not-le)

thus trail-true-cls T/ z
using <L, €# z»> unfolding trail-true-cls-def by metis

fix K,
assume z-maz-lit: ord-res.is-mazximal-lit K, x

hence K, <, K

using <z <. eres D E) eres-maz-lit
using linorder-lit.multp-if-maximal-less-that-mazimal by fastforce

hence atm-of K, =; atm-of K
by (cases K.; cases K) simp-all
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have A |€| trail-atms T
if A-lt: A <, atm-of K, and A-in: A |€| atms-of-clss (N |U| Ue,,) for A
unfolding «I'’ = drop While (ALn. atm-of K =; atm-of (fst Ln)) T)
proof (rule in-trail-atms-drop Whilel)
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) T
using ['-sorted .
next
show monotone-on (set I') (Az y. atm-of (fst y) < atm-of (fst z)) Az y. y
< z) (Az. atm-of K =; atm-of (fst x))
using mono-atms-It .
next
show — atm-of K <; A
using A-lt <atm-of K, =; atm-of K> by order
next
have — (3 A|€|atms-of-clss (N |U]| Uer). A <4 atm-of K, A A |¢| trail-atms
r)
using no-undef-atm-lt-maz-lit-if-t-F <z |€| iefac F || (N |U]| Uer)r <& <c
E) z-maz-lit
by metis

thus A |€| trail-atms T
using A-in A-lt by metis
qed

thus — (3 A |€| atms-of-clss (N |U| Uep). A <t atm-of K, A A |¢| trail-atms
r’
using <atms-of-clss (N |U| Ue,) = atms-of-clss (N |U] U.,.")» by metis
qed

thus
vV C\€liefac F || (N |U| Uer”). (VDE. Some (eres D E) = Some DE — C
<. DE) —
trail-true-cls T/ C
vV C|€liefac F || (N |U]| Uer'). (VDE. Some (eres D E) = Some DE — C
<. DE) —
(VK. ord-res.is-mazimal-lit K C —
- (FA|€|atms-of-clss (N |U]| Uer'). A <t atm-of K A A |¢| trail-atms T"))
unfolding atomize-conj by metis

have trail-true-cls T/ {#K €# C. K # Loc#} A is-pos Lo
if Some (eres D E) = Some DE and
C-in: C |€| iefac F | (N |U] U.,’) and
C-lt: C <. DE and
C-maz-lit: linorder-lit.is-mazximal-in-mset C Lo and
Lo-undef: — trail-defined-lit T/ L¢
for DE C L¢
proof —
have DE = eres D E
using that by simp
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hence C <, eres D E
using C-lt by order
hence C # eres D E
by order
hence C |€| iefac F || (N |U| Uer)
using C-in <efac F || (N |U| Ue,') = finsert (eres D E) (iefac F | (N
Ul Uer))
by simp
moreover have C <. F
using <C' <. eres D E» <eres D E <. E» by order

have Lo =<, K
using «C <. eres D Ey C-max-lit eres-max-lit
by (meson linorder-cls.dual-order.asym linorder-lit.lel
linorder-lit. multp-if-mazimal-less-that-mazimal)
hence Lo < KV Lg = K
by simp

thus ?thesis
proof (elim disjE)
assume Lo <; K
hence atm-of Lc <¢ atm-of K
using <is-pos K»
by (cases L¢; cases K) simp-all

have trail-defined-lit T’ Lc
unfolding I'' = drop While (ALn. atm-of K =< atm-of (fst Ln)) T
proof (intro trail-defined-lit-drop Whilel balll)
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using I'-sorted .
next
show monotone-on (set T') (Az y. atm-of (fst y) <¢ atm-of (fst z)) (\z y.
y < 1)
(Az. atm-of K =; atm-of (fst x))
using mono-atms-It .
next
have — atm-of K <; atm-of L¢
using <atm-of Lc <¢ atm-of K» by order
thus — atm-of K =; atm-of Lc N — atm-of K =< atm-of (— L¢)
by simp
next
have trail-defined-lit T' K
using <trail-false-lit I' K>
using trail-defined-lit-iff-true-or-false by blast
moreover have atm-of K |€| atms-of-clss (N |U| Ue,)
by (metis (atms-of-clss (N |U| Ue,) = atms-of-clss (N [U| Ue,')
defac F |9 (N |U| Ue.) = finsert (eres D E) (iefac F | (N |U
Uer))

atm-of-in-atms-of-clssl eres-maz-lit finsertl1 linorder-lit.is-mazimal-in-mset-iff )
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moreover have atm-of Lo |€| atms-of-clss (N |U| Uer)
using «C |€| iefac F || (N |U| Uer)> C-maz-lit atm-of-in-atms-of-clssl
unfolding linorder-lit.is-mazimal-in-mset-iff
by metis

ultimately show trail-defined-lit I' Lo
using <atm-of Lo <¢ atm-of K» T'-lower
unfolding trail-defined-lit-iff-trail-defined-atm
by (meson linorder-trm.is-lower-set-iff)

qed

hence Fulse
using Lg-undef by contradiction

thus %thesis ..
next
have trail-true-cls T C
using clause-true-in-I""-if C-in <C <. eres D E» by blast
hence trail-true-cls T/ {#K €# C. K # Lo#}
using L¢-undef
by (smt (verit, best) mem-Collect-eq set-mset-filter trail-defined-lit-iff-true-or-false
trail-true-cls-def)
moreover assume Lo = K
ultimately show trail-true-cls T/ {#K €# C. K # Lc#} A is-pos Lo
using <is-pos K> by metis
qed
qged

thus V Da. Some (eres D E) = Some Da —
(V Clegliefac F || (N |U| Uer”). C <. Da — (¥ L¢. ord-res.is-mazximal-lit
Lco C —
= trail-defined-lit T Le — trail-true-cls T {#K €# C. K # Le#} A
is-pos L¢))
by metis
qed simp-all
next
case step-hyps: (resolution-neg U EL D U,,' Uer T K C F)

note E-max-lit = <ord-res.is-maximal-lit L E)»
note eres-maz-lit = <ord-res.is-mazximal-lit K (eres D E)»

have
F-subset: F |C| N |U| U,, and
E-in: E |€| iefac F || (N |U| Ue,) and
clauses-lt-D-seldomly-have-undef-maz-lit:
vV C |€| iefac F || (N |U| Uer). C <. E —
(V Le. linorder-lit.is-mazimal-in-mset C' Lo —
= trail-defined-lit T Lo — (trail-true-cls T {#K €# C. K # Lo#} A
is-pos L¢)) and

clauses-lt-E-true: ¥ C' |€| iefac F || (N U] Uer). C <. E — trail-true-cls T’
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C and
no-undef-atm-lt-maz-lit-if-t-E: ¥ C |€| iefac F || (N |U| Uer). C <. E —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (A |€] atms-of-clss (N |U| Uep). A <t atm-of K N A |¢]| trail-atms T'))
and
[-sorted: sorted-wrt (\z y. atm-of (fst y) <¢ atm-of (fst z)) T’ and
T-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U] Uey))
and
trail-atms-le0: ¥ A |€| trail-atms T. 3 L. ord-res.is-maximal-lit L E N (A =
atm-of L) and
[-deci-iff-neg: ¥V Ln € set T. snd Ln = None <— is-neg (fst Ln) and
I'-deci-ball-lt-true: ¥ Ln € set I'. snd Ln = None —
(VC |€| iefac F || (N |U| Uer). C < {#fst Ln#} — trail-true-cls T' C')
and
T-prop-in: VLn € set T'. ¥ C. snd Ln = Some C — C |€| defac F | (N |U|
Ue,) and
I'-prop-greatest:
VIn € set . VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln) and
I-prop-almost-false:
VI L CTy.T'=T4 @ (L, Some C) # Ty — trail-false-cls Ty {#K €# C.
K # L#} and
[-prop-ball-lt-true: (VI'y L DTy. T' =T @ (L, Some D) # T'y —
(V C |€]| defac F || (N |U] Uer). C <¢ D — trail-true-cls Ty C)) and
T-prop-ball-lt-true: YVT'1y L D Ty. T =T @Q (L, Some D) # 'y —
(V C |€]| iefac F || (N |U| Ueyr). C <. D — trail-true-cls Ty C)
using invar by (simp-all add: <s = (U, F, T, Some E)> ord-res-7-invars-def)

have clauses-lt-E-almost-defined: ¥ C |€| iefac F || (N U] Uer). C <. E —
(V K. linorder-lit.is-mazimal-in-mset C' K — trail-defined-cls T {#L €# C.
L # K#})

using invar[unfolded <s = (U.,, F, T, Some E))] clause-almost-defined-if-lt-next-clause
by simp

have I'-consistent: trail-consistent T’
using trail-consistent-if-sorted-wrt-atoms I'-sorted by metis

have trail-atms-le: V A |€| trail-atms T. A <, atm-of L
using trail-atms-le0 E-max-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)

have (— L, Some D) € set T
using <map-of T' (— L) = Some (Some D)» by (metis map-of-SomeD)

hence D-in: D |€| iefac F || (N |U] Uer)
using I'-prop-in by simp

have D-maz-lit: linorder-lit.is-greatest-in-mset D (— L)
using I'-prop-greatest «(— L, Some D) € set Ty by fastforce
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have D <. E
using clause-lt-clause-if-maz-lit-comp
using F-maz-lit <is-neg Ly D-max-lit
by (metis linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset)

have eres D E <. FE
using eres-lt-if
using F-maz-lit <is-neg Ly D-maz-lit by metis

hence eres D E # E
by order

have (— K, Some C) € set T’
using (map-of T (— K) = Some (Some C)» by (metis map-of-SomeD)

hence C-in: C |€| iefac F || (N |U] Uer)
using I'-prop-in by simp

have C-maz-lit: linorder-lit.is-greatest-in-mset C (— K)
using I'-prop-greatest «(— K, Some C) € set I'» by fastforce

hence C <. eres D E
using <ord-res.is-mazimal-lit K (eres D E)» (is-neg L»
by (metis Neg-atm-of-iff Pos-atm-of-iff linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset
linorder-lit. multp-if-mazximal-less-that-mazimal linorder-lit.not-less-iff-gr-or-eq
linorder-trm.less-irrefl ord-res.less-lit-simps(4) step-hyps(11) uminus-Neg)

have suffiz T'' T
using step-hyps(9) suffiz-drop While by metis

hence atms-of-cls (eres D E) |C| atms-of-cls D |J| atms-of-cls E
using lit-in-one-of-resolvents-if-in-eres
unfolding atms-of-cls-def by fastforce

moreover have atms-of-cls D |C| atms-of-clss (N |U| Uey)
using D-in
by (metis atms-of-clss-fimage-iefac atms-of-clss-finsert finsert-absorb funion-upperl)

moreover have atms-of-cls E |C| atms-of-clss (N |U| Ue.,)
using F-in

by (metis atms-of-clss-fimage-iefac atms-of-clss-finsert finsert-absorb funion-upperl )

ultimately have atms-of-clss (N |U| Ue,) = atms-of-clss (N |U]| Ue,”)
unfolding «U.,.' = finsert (eres D F) Ue,> atms-of-clss-def by auto

have L €# E
using F-maz-lit unfolding linorder-lit.is-maximal-in-mset-iff by metis
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hence — L ¢# F
using not-both-lit-and-comp-lit-in-false-clause-if-trail-consistent
using I'-consistent <trail-false-cls T' E» by metis

hence VK €# eres D E. atm-of K <; atm-of L
using lit-in-eres-lt-greatest-lit-in-grestest-resolvant| OF <eres D E # E) E-maz-lit]
by metis

hence VK e# eres DE. K # LNK # — L
by fastforce

moreover have VL €¢# eres DE. Le# DV L €# FE
using lit-in-one-of-resolvents-if-in-eres by metis

moreover have D-almost-false: trail-false-cls T {#K €# D. K # — L#}
using ord-res-7-invars-implies-propagated-clause-almost-false
using «(— L, Some D) € set Iy invar[unfolded <s = (Uer, F, I, Some E))]
by metis

ultimately have trail-false-cls T (eres D E)
using <trail-false-cls I' Ey unfolding trail-false-cls-def by fastforce

have eres D E |¢| N |U| U,
using eres-not-in-known-clauses-if-trail-false-cls
using I'-consistent clauses-lt-E-true <eres D E <. E» <trail-false-cls T (eres D
E)» by metis

hence eres D E |¢| F
using F-subset by blast

hence iefac F (eres D E) = eres D E
by (simp add: iefac-def)

hence iefac F || (N |U| Ue.’) = finsert (eres D E) (iefac F | (N |U] Uer))
by (simp add: «U.,' = finsert (eres D E) Ue,»)

have mem-set-I"'-iff: (Ln € set T'') = (= atm-of K =; atm-of (fst Ln) A Ln €
set T') for Ln
unfolding I'' = drop While (ALn. atm-of K =<y atm-of (fst Ln)) T'
proof (rule mem-set-drop While-conv-if-list-sorted-and-pred-monotone)
show sorted-wrt (Az y. atm-of (fst y) <; atm-of (fst z)) T
using I'-sorted .
next
show monotone-on (set T') (A\z y. atm-of (fst y) < atm-of (fst z)) A\xy. y <
)

(ALn. atm-of K =; atm-of (fst Ln))

by (rule monotone-onl) auto
qged
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have atms-in-TI"'-lt-atm-K: ¥V A |€| trail-atms T''. A <; atm-of K
proof —
have 3 L. ord-res.is-mazimal-lit L C N x <, atm-of L if z |€| trail-atms T'’ for
z
proof (intro exl congl)
show ord-res.is-mazimal-lit (— K) C
using C-maz-lit by blast
next
show z <; atm-of (— K)
using <z |€| trail-atms Ty mem-set-I'"-iff unfolding fset-trail-atms by
fastforce
qed

hence V A|€|trail-atms I''. A <; atm-of (— K)
using C-maz-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset)

thus ?thesis
by (metis atm-of-uminus)
qged

have 7 |C| N |U| U’
unfolding «U.,’ = finsert (eres D E) Ugy»
using F-subset by blast

moreover have V C'. Some C = Some C' — C' |€] iefac F || (N |U] Ue,')
using C-in by (simp add: <Ue,' = finsert (eres D E) Ugp»)

moreover have
NAK .. linorder-lit.is-mazimal-in-mset © K, = trail-defined-cls T/ {#L €# =.
L # K,#} and
clause-true-in-I''-if: trail-true-cls T''
if z-lt: Ay. Some C = Some y = = <. y and z-in: z |€| iefac F || (N |U|
Ue,') for z
proof —
have z <. C
using z-lt by metis

hence z <. eres D E
using «C' <. eres D E) by order

hence z # eres D E
by order

have z <. E
using <z <. eres D E» <eres D E <. E»> by order

moreover have z-in”: = |€| iefac F || (N |U| Uer)
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using z-in «x # eres D E»

unfolding <iefac F |9 (N |U| Ue,') = finsert (eres D E) (iefac F | (N |U|
Uer))

by simp

ultimately have z-true: trail-true-cls T z
using clauses-lt-E-true by metis

then obtain L, where L, €# x and trail-true-lit ' L,
unfolding trail-true-cls-def by metis

have L, <; — K
using C-maz-lit <x <. C) <L, €# >
by (smt (verit, ccfo-threshold) asympD empty-not-add-mset ord-res.transp-less-lit
insert-Diff M
linorder-lit.is-greatest-in-set-iff linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset
linorder-lit.is-maximal-in-mset-iff linorder-lit.is-maximal-in-set-eq-is-greatest-in-set
linorder-lit.is-maximal-in-set-iff linorder-lit.lel ord-res.asymp-less-cls
ord-res.multp-if-all-left-smaller transpFE)

have mono-atms-lt: monotone-on (set ') (Az y. atm-of (fst y) < atm-of (fst
7)) Az y. y < )
(Az. atm-of K =; atm-of (fst x))
proof (intro monotone-onl, unfold le-bool-def, intro impI)
fix zy
assume atm-of (fst y) < atm-of (fst x) and atm-of K <; atm-of (fst y)
thus atm-of K =<; atm-of (fst z)
by order
qed

obtain I'; Ty where I'-eq: T' =T @ (— K, Some C) # T
using «(— K, Some C) € set Iy by (metis split-list)

hence trail-true-cls I'g x
using I'-prop-ball-lt-true z-in’ <x <. C)> by metis

then obtain L, where L, €# x and L,-true: trail-true-lit 'y L,
unfolding trail-true-cls-def by auto

moreover have I'' = Ty
proof —
have T'' = dropWhile (ALn. atm-of K =; atm-of (fst Ln)) ((I'y @ [(— K,
Some C)]) @ T'y)
unfolding I'" = drop While (ALn. atm-of K =<; atm-of (fst Ln)) T'» T'-eq
by simp

also have ... = dropWhile (ALn. atm-of K =<; atm-of (fst Ln)) Ty

proof (rule drop While-append?2)
fix Ln :: 'f gterm literal x 'f gclause option
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assume Ln € set (T'; Q [(— K, Some C)))

moreover have Vzeset I'1. atm-of K <; atm-of (fst x)
using I'-sorted by (simp add: T-eq sorted-wrt-append)

ultimately show atm-of K <; atm-of (fst Ln)
using <is-neg K» by auto
qed

also have ... =Ty
proof (cases T'g)
case Nil
thus ?thesis
by (simp add: drop While-eq-self-iff)
next
case (Cons Ln Ty’

hence atm-of (fst Ln) <; atm-of K
using I'-sorted by (simp add: I'-eq sorted-wrt-append)

hence — atm-of K =< atm-of (fst Ln)
by order

hence — atm-of K =< atm-of (fst (hd T'yp))
by (simp add: Ty = Ln # Ty")

thus ?thesis
by (simp add: drop While-eq-self-iff)
qed

finally show ?thesis .
qed

ultimately have trail-true-lit I'' L,
by argo

thus trail-true-cls I'' z
using <L, €# z» unfolding trail-true-cls-def by metis

fix K, assume z-mazx-lit: ord-res.is-maximal-lit K, x
show trail-defined-cls T/ {#L €# z. L # K,#}
unfolding «I' = drop While (ALn. atm-of K =; atm-of (fst Ln)) I'
proof (intro trail-defined-cls-drop Whilel balll)
show sorted-wrt (A\z y. atm-of (fst y) <¢ atm-of (fst z)) T
using I'-sorted .
next
show monotone-on (set T') (Ax y. atm-of (fst y) <+ atm-of (fst x)) Az y. y
< 1)
(Az. atm-of K <4 atm-of (fst x))
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using mono-atms-It .
next
fix L,
assume L, €# {#L €# x. L # K,#}

hence L, €# z and L, # K,
by simp-all

hence L, <; K,
using z-maz-lit <L, €# x> <L; # K> unfolding linorder-lit.is-mazximal-in-mset-iff
by fastforce

moreover have K, <; K
using <z <. eres D E)»

using linorder-lit. multp-if-mazimal-less-that-mazimal| OF eres-max-lit x-maz-lit)
by fastforce

ultimately have atm-of L, <; atm-of K

using <is-neg K»

by (metis C-maz-lit Pos-atm-of-iff <z <. C» linorder-cls.dual-order.asym
linorder-lit.dual-order.strict-trans1

linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset linorder-lit.less-le-not-le

linorder-lit. multp-if-mazximal-less-that-maximal linorder-trm.linorder-cases
literal.collapse(2) ord-res.less-lit-simps(3) ord-res.less-lit-simps(4) umi-
nus-Neg

x-maz-lit)

hence — atm-of K =<; atm-of L,
by order

thus - atm-of K <; atm-of L, A — atm-of K <; atm-of (— L)
unfolding atm-of-uminus conj-absorb .
next
show trail-defined-cls T {#L €# z. L # K,#}
using clauses-lt-E-almost-defined z-in' <x <. E> z-max-lit by metis
qed
qged

moreover have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T/
using I'-sorted step-hyps(9) by (metis sorted-wrt-drop While)

moreover have I''-lower: linorder-trm.is-lower-fset (trail-atms T'’) (atms-of-clss
(N || Uer))
proof —
have linorder-trm.is-lower-fset (trail-atms T'') (trail-atms T)
unfolding linorder-trm.is-lower-set-iff
proof (intro congl balll impl)
show fset (trail-atms T'') C fset (trail-atms T')
unfolding fset-trail-atms using «suffic T/ T'» by (metis image-mono
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set-mono-suffiz)
next
obtain I' where I' =T @QT"’
using (suffiz '/ T» unfolding suffiz-def by metis

fixlz
assume [ |€| trail-atms ' and z |€| trail-atms I’ and = <; [

have z |€| trail-atms T V z |€]| trail-atms T
using <z |€] trail-atms T» unfolding I' = T Q T'y fset-trail-atms by auto

thus z |€]| trail-atms T
proof (elim disjE)
assume z |€| trail-atms T'"

hence [ <; z
using I'-sorted <l |€| trail-atms T
unfolding I' = ' @ I'y sorted-wrt-append fset-trail-atms by blast

hence Fulse
using <z < > by order

thus z |€] trail-atms T ..
next
assume z |€| trail-atms I
thus z |€| trail-atms T .
qed
qed

thus Zthesis
using I'-lower
unfolding <atms-of-clss (N |U| U.,) = atms-of-clss (N |U| Uer')
by order
qed

moreover have V DE. Some C = Some DE — (V A |€| trail-atms T'".
3 L. ord-res.is-mazimal-lit L DE N A <; atm-of L)
using atms-in-I''-lt-atm-K C-maz-lit by fastforce

moreover have V Ln € set I''. snd Ln = None «— is-neg (fst Ln)
using I'-deci-iff-neg «suffiz T/ T
by (metis (no-types, opaque-lifting) in-set-conv-decomp suffixE suffiz-appendD)

moreover have trail-true-cls T'' C
if Ln € set I’ and snd Ln = None and C |€| iefac F || (N |U| U.,’) and C
=c {#fst Ln#}
for Ln C
proof —
have Ln € set T’
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using «Ln € set T'y <suffix T’ Ty set-mono-suffiz by blast

have C = eres D E VvV C |€]| iefac F || (N |U] Ueyr)
using «C |€| defac F || (N |U] Ue,r')
unfolding <iefac F || (N |U| U.,') = finsert (eres D E) (iefac F || (N |U|
Uer))
by simp

thus trail-true-cls T'' C
proof (elim disjE)
assume C = eres D F

hence K < fst Ln
using <C' <. {#/fst Ln#}> eres-max-lit
by (simp add: linorder-lit.is-mazximal-in-mset-iff )

hence atm-of K <, atm-of (fst Ln)
by (cases K; cases fst Ln) simp-all

moreover have atm-of (fst Ln) |€| trail-atms T’
using «Ln € set Ty by (simp add: fset-trail-atms)

moreover have atm-of K |€| atms-of-clss (N |U| Ue,’)
by (metis <iefac F || (N |U] Ue,') = finsert (eres D E) (iefac F |9 (N |U|
UCT)))
atm-of-in-atms-of-clssI eres-maz-lit finsert-iff linorder-lit.is-mazximal-in-mset-iff )

ultimately have atm-of K |€| trail-atms T/
using I''-lower
unfolding linorder-trm.is-lower-set-iff
by fastforce

moreover have atm-of K |¢| trail-atms T’
using atms-in-I"'-lt-atm-K by blast

ultimately show trail-true-cls T'' C
by contradiction
next

assume C' |€| iefac F || (N |U] Uer)

hence trail-true-cls ' C
using I'-deci-ball-lt-true <Ln € set Ty <snd Ln = None> «C <. {#fst Ln#}>
by metis

then obtain Lo where Lo €# C and trail-true-lit I' Lo
unfolding trail-true-cls-def by auto

hence Vz €# C. x <; fst Ln
using «C <. {#fst Ln#}>
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unfolding multp-singleton-right[ OF linorder-lit.transp-on-less|
by simp

hence Lo < fst Ln
using «(L¢c €# C) by metis

hence atm-of Lc =< atm-of (fst Ln)
by (cases L¢; cases fst Ln) simp-all

moreover have atm-of (fst Ln) <; atm-of K
using atms-in-I''-lt-atm-K
by (simp add: fset-trail-atms that(1))

ultimately have atm-of Lo < atm-of K
by order

have Lc € fst ‘set T’
using <trail-true-lit I' Lo
unfolding trail-true-lit-def .

hence L¢ € fst “ set T’
using mem-set-I""-iff
using <atm-of Lo <¢ atm-of K» linorder-trm.not-le by auto

hence trail-true-lit I'' Lo
unfolding trail-true-lit-def .

thus trail-true-cls T C
using Lo €# C»
unfolding trail-true-cls-def by auto
qed
qed

moreover have VIn € set I'. V C. snd Ln = Some C — C' |€| iefac F || (N
U] Uer)

using T'-prop-in <suffic T/ Ty set-mono-suffix «U.,' = finsert (eres D E) Uy
by blast

moreover haveV Ln € set I'. V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset
C (fst Ln)
using I'-prop-greatest <suffiz T'' Ty set-mono-suffiz by blast

moreover have VI'y L C Ty. TV =T, @Q (L, Some C) # Ty — trail-false-cls

To (#K c# C. K # L#)
using I'-prop-almost-false «suffiz T/ T"
by (metis (no-types, lifting) append.assoc suffiz-def)

moreover have VI'y L DT,. I =T4 @ (L, Some D) # Ty —
(V C |€] iefac F | (N |U| Ue”). C <. D — trail-true-cls Ty C)
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proof (intro alll impI balll)

fix
Ty T :: ('f gliteral x 'f gclause option) list and
L :: 'f gliteral and
Co C1 2 'f gclause

assume
T'-eq: T =T; @ (L, Some C1) # 'y and
Co-in: Cy |€] iefac F || (N |U| U.,') and
Coy <. C1

have Cy = eres D E vV Cy |€] iefac F | (N |U| Ue,)
using Cy-in
unfolding <iefac F |9 (N |U| Ue,') = finsert (eres D E) (iefac F | (N |U|

U@T‘)) ’
by simp

thus trail-true-cls I'y Cy
proof (elim disjE)
assume Cy = eres D E

have - atm-of K =; atm-of (fst (L, Some C1)) and (L, Some C;) € set T
unfolding atomize-conj
using I''-eq <I'' = dropWhile (ALn. atm-of K =< atm-of (fst Ln)) T)
using mem-set-drop While-conv-if-list-sorted-and-pred-monotone| OF T'-sorted
mono-atms-t]
by (metis in-set-conv-decomp)

then have — atm-of K =<; atm-of L
by simp

hence atm-of L <; atm-of K
by order

moreover have linorder-lit.is-greatest-in-mset Cy L
using I'-prop-greatest «(L, Some C1) € set I'y by fastforce

ultimately have False

using «Cy <. C»

by (smt (verit) «Co = eres D E» eres-maz-lit linorder-cls.dual-order.asym
linorder-lit.dual-order.strict-trans
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset

linorder-lit.multp-if-mazimal-less-that-mazximal linorder-lit. not-less-iff-gr-or-eq
literal.collapse(1) literal.collapse(2) ord-res.less-lit-simps(1)
ord-res.less-lit-simps(4))

thus trail-true-cls 'y Cy ..

next
assume Cy |€| iefac F | (N |U| Uer)
thus trail-true-cls T'g Cy
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using I-prop-ball-lt-true T''-eq «Cy <. C1»
by (metis (no-types, opaque-lifting) <suffic T' T'y append-assoc suffixE)
qed
qed

ultimately show %thesis
unfolding s’ = (U.,., F, '/, Some C)»
proof (intro ord-res-7T-invars.intros)
have clause-true-in-I''-if: trail-true-cls T'' x and
NAK .. linorder-lit.is-maximal-in-mset © K, —
= (3 A |€| atms-of-clss (N |U| Ue,'). A <¢ atm-of K, N A |¢]| trail-atms T)
if 2-lt: ADE. Some C = Some DE — z <. DE and z-in: © |€| iefac F |
(N U] Uer)
for z
proof —
have z <. C
using z-lt by metis

hence z <. eres D E
using <C' <. eres D E» by order

hence z # eres D E
by order

have z <. F
using <z <. eres D E) <eres D E <. E) by order

moreover have z-in": z |€| iefac F || (N |U| Uer)
using z-in «x # eres D E»
unfolding <iefac F |4 (N |U] Ue,') = finsert (eres D E) (iefac F || (N |U|
Uer))
by simp

ultimately have z-true: trail-true-cls I' x
using clauses-lt-E-true by metis

then obtain L, where L, €# z and trail-true-lit ' L,
unfolding trail-true-cls-def by metis

have L, <; — K
using C-maz-lit <x <. C» <L, €#
by (smt (verit, ccfu-threshold) asympD empty-not-add-mset ord-res.transp-less-lit
insert-Diff M
linorder-lit.is-greatest-in-set-iff linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset
linorder-lit.is-maximal-in-mset-iff linorder-lit.is-maximal-in-set-eq-is-greatest-in-set
linorder-lit.is-maximal-in-set-iff linorder-lit.lel ord-res.asymp-less-cls
ord-res.multp-if-all-left-smaller transpE)

have mono-atms-lt: monotone-on (set ') (Az y. atm-of (fst y) <; atm-of (fst
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z)) (Az y. y < =)
(Az. atm-of K =; atm-of (fst x))
proof (intro monotone-onl, unfold le-bool-def, intro impl)
fix zy
assume atm-of (fst y) < atm-of (fst x) and atm-of K <; atm-of (fst y)
thus atm-of K <; atm-of (fst z)
by order
qed

obtain I'; Ty where I'-eq: T' =T Q (— K, Some C) # Ty
using «(— K, Some C) € set 'y by (metis split-list)

hence trail-true-cls 'y x
using I-prop-ball-lt-true z-in’ <x <. C» by metis

then obtain L, where L, €# x and L,-true: trail-true-lit 'y L,
unfolding trail-true-cls-def by auto

moreover have I'' =T,
proof —
have I'' = dropWhile (ALn. atm-of K <; atm-of (fst Ln)) (T'y @ [(— K,
Some C)]) @ T'y)
unfolding I'' = drop While (ALn. atm-of K <; atm-of (fst Ln)) I'y I'-eq
by simp

also have ... = dropWhile (ALn. atm-of K <; atm-of (fst Ln)) Ty
proof (rule drop While-append2)

fix Ln :: 'f gterm literal x 'f gclause option

assume Ln € set (I'1 Q [(— K, Some C)))

moreover have Vizeset I'y. atm-of K <; atm-of (fst x)
using I'-sorted by (simp add: T-eq sorted-wrt-append)

ultimately show atm-of K <; atm-of (fst Ln)
using <is-neg K» by auto
qed

also have ... =1y
proof (cases T'y)
case Nil
thus ?thesis
by (simp add: drop While-eg-self-iff)
next
case (Cons Ln Ty’

hence atm-of (fst Ln) <; atm-of K
using T'-sorted by (simp add: T'-eq sorted-wrt-append)

hence — atm-of K =<; atm-of (fst Ln)
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by order

hence — atm-of K =< atm-of (fst (hd I'y))
by (simp add: <To = Ln # Ty")

thus ?thesis
by (simp add: drop While-eg-self-iff)
qed

finally show ?thesis .
qed

ultimately have trail-true-lit T'' L,
by argo

thus trail-true-cls T/ z
using <L, €# x> unfolding trail-true-cls-def by metis

fix K,
assume z-mazx-lit: ord-res.is-maximal-lit K, x

hence K, <; K
using <z <. eres D E) eres-maz-lit
using linorder-lit.multp-if-maximal-less-that-mazimal by fastforce

hence atm-of K, =; atm-of K
by (cases K.; cases K) simp-all

have 4 |€| trail-atms T’
if A-lt: A <; atm-of K, and A-in: A |€| atms-of-clss (N |U| Ue,) for A
unfolding «I'! = drop While (ALn. atm-of K =< atm-of (fst Ln)) T)
proof (rule in-trail-atms-drop Whilel)
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) T’
using I'-sorted .
next
show monotone-on (set T') (Az y. atm-of (fst y) <+ atm-of (fstx)) Az y. y
< z) (\z. atm-of K =; atm-of (fst x))
using mono-atms-It .
next
show — atm-of K <; A
using A-lt <atm-of K, =<¢ atm-of K)> by order
next
have - (3 A|€|atms-of-clss (N |U| Uer). A <t atm-of K, AN A |¢| trail-atms
r)
using no-undef-atm-lt-maz-lit-if-It-E <z |€| iefac F | (N |U] Uer)r < <
E) z-maz-lit
by metis

332



thus A |€| trail-atms T
using A-in A-lt by metis
qed

thus - (3 4 |€| atms-of-clss (N |U| Uer'). A <¢ atm-of K, N A |¢] trail-atms
r’)
using <atms-of-clss (N |U| Ue,) = atms-of-clss (N |U| Ue,')> by metis
qed

thus
vV z|€liefac F || (N |U| Ue,"). (VDE. Some C = Some DE — z <. DE)
N
trail-true-cls T x
Vz|€liefac F | (N |U]| Uer'). (YVDE. Some C = Some DE — z <. DE)
%
(VK. ord-res.is-mazimal-lit K x —>
= (FA|€latms-of-clss (N |U| Ue,'). A <¢ atm-of K N A |&| trail-atms T'))
unfolding atomize-conj by metis

have trail-true-cls T' {#K €# B. K # Lp#} A is-pos Lp
if Some C = Some C' and
B-in: B |€| iefac F | (N |U| Ue,’) and
B-lt: B <. C' and
B-maz-lit: linorder-lit.is-mazximal-in-mset B Lp and
Lp-undef: — trail-defined-lit T Lpg

for C' B LB
proof —
have C' = C

using that by simp
hence B <. C
using B-lt by order
hence B <. eres D E
using <C' <. eres D E» by order
hence B # eres D E
by order
hence B |€| iefac F | (N |U] Uer)
using B-in <iefac F || (N |U| Ue,") = finsert (eres D E) (iefac F |1 (N
U] Uer))
by simp
moreover have B <. F
using «B <. eres D E» <eres D E <. E> by order

have LB jl - K
using <B <. C» B-maz-lit C-max-lit
by (metis asympD linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset
linorder-lit.le]
linorder-lit. multp-if-mazximal-less-that-mazximal ord-res.asymp-less-cls)
hence Ly <, — KV Lg=—- K
by simp
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thus ?thesis
proof (elim disjE)
assume Lp <; — K
hence atm-of Lp <; atm-of K
using (is-neg K>
by (cases Lp; cases K) simp-all

have trail-defined-lit T Ly
unfolding I'' = drop While (ALn. atm-of K =< atm-of (fst Ln)) T
proof (intro trail-defined-lit-drop Whilel balll)
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T
using I'-sorted .
next
show monotone-on (set T') (Ax y. atm-of (fst y) <: atm-of (fst x)) (Az y.
y < x)
(Az. atm-of K <t atm-of (fst x))
using mono-atms-It .
next
have — atm-of K <; atm-of Lp
using <atm-of L <: atm-of K» by order
thus - atm-of K <; atm-of Lg N — atm-of K =< atm-of (— Lg)
by simp
next
have trail-defined-lit T' K
by (metis map-of-eq-None-iff option.discl step-hyps(12) trail-defined-lit-def)
moreover have atm-of K |€| atms-of-clss (N |U| Ue,)
by (metis <atms-of-clss (N |U| Ue,) = atms-of-clss (N [U| Ue,')
defac F || (N |U| Uer) = finsert (eres D E) (iefac F |4 (N |U|

Uer))

atm-of-in-atms-of-clssl eres-maz-lit finsertl1 linorder-lit.is-mazimal-in-mset-iff)

moreover have atm-of Lp |€| atms-of-clss (N |U| Ue.)
using B |€| iefac F || (N |U| Uer)» B-maz-lit atm-of-in-atms-of-clssl
unfolding linorder-lit.is-mazximal-in-mset-iff
by metis

ultimately show trail-defined-lit I' Lg
using <atm-of Lp <+ atm-of K> I'-lower
unfolding trail-defined-lit-iff-trail-defined-atm
by (meson linorder-trm.is-lower-set-iff)

qed

hence Fulse
using Lp-undef by contradiction

thus ?thesis ..
next
have trail-true-cls '’ B
using clause-true-in-I'"-if B-in «<B <. C) by blast
hence trail-true-cls T/ {#K €# B. K # Lp#}
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using Lp-undef
by (smt (verit, best) mem-Collect-eq set-mset-filter trail-defined-lit-iff-true-or-false
trail-true-cls-def)
moreover assume Lg = — K
ultimately show trail-true-cls T/ {#K €# B. K # Lp#} A is-pos Lp
using (is-neg K>
by (cases K) simp-all
qed
qed

thus V Da. Some C' = Some Da —

(Vz|€liefac F | (N |U| Uer’). £ <c Da — (¥ L¢. ord-res.is-maximal-lit Lo
r —

= trail-defined-lit T'' Lo — trail-true-cls T {#K €# z. K # Le#} A is-pos
Lc))

by metis

qed simp-all

qed

lemma rtranclp-ord-res-7-preserves-ord-res-7-invars:
assumes
step: (ord-res-7 N)** s s’ and
invars: ord-res-7-invars N s
shows ord-res-7-invars N s’
using step invars ord-res-7-preserves-invars
by (smt (verit, del-insts) rtranclp-induct)

lemma tranclp-ord-res-7-preserves-ord-res-7-invars:
assumes
step: (ord-res-7 N)™t s s’ and
invars: ord-res-7-invars N s
shows ord-res-7-invars N s’
using step invars ord-res-T-preserves-invars
by (smt (verit, del-insts) tranclp-induct)

lemma propagating-clause-almost-false:
assumes invars: ord-res-7-invars N (Uer, F, T, C) and (L, Some C) € set T
shows trail-false-cls T {#K €# C. K # L#}
proof —
have VI'y L C Ty. ' =T @ (L, Some C) # 'y — trail-false-cls Ty {#K €#
C. K # L#}

using invars unfolding ord-res-7-invars-def by metis
hence 3T T'p. ' =Ty @ (L, Some C) # Ty A trail-false-cls Tg {#K €# C. K
# L#}

using «(L, Some C) € set I'y unfolding in-set-conv-decomp by metis

thus trail-false-cls T {#K €# C. K # L#}
by (metis suffizl suffiz-ConsD trail-false-cls-if-trail-false-suffiz)
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qed

lemma ex-ord-res-7-if-not-final:
assumes
not-final: — ord-res-7-final (N, s) and
invars: ord-res-7-invars N s
shows Js’. ord-res-7 N s s’
proof —
obtain U.,. F T C where s = (U, F, T, C)
by (metis surj-pair)

note invars’ = invars[unfolded ord-res-7-invars-def, rule-format, OF <s = (U,

F, T, C)]

have TI'-sorted: sorted-wrt (Az y. atm-of (fst y) <¢ atm-of (fst z)) T
using invars’ by argo

have I'-consistent: trail-consistent T"
using I'-sorted trail-consistent-if-sorted-wrt-atoms by metis

have distinct (map fst T')
proof (rule distinct-if-sorted-wrt-asymp)
have sorted-wrt (A\z y. fst y <; fst x) T
proof (rule sorted-wrt-mono-rel)
show sorted-wrt (Az y. atm-of (fst y) <¢ atm-of (fst z)) T
using I"-sorted .
next
fix z y :: 'f gterm literal x 'f gterm literal multiset option
assume atm-of (fst y) <¢ atm-of (fst z)
thus fst y <; fst z
by (cases fst x; cases fst y) (simp-all only: literal.sel ord-res.less-lit-simps)
qed

thus sorted-wrt (Az y. y < ) (map fst T')
unfolding sorted-wrt-map .
next
show asymp-on (set (map fst T)) (Az y. y <; )
using linorder-lit.asymp-on-greater .
qed

hence map-of-T'-eq-Somel: Az y. (z, y) € set T' = map-of T z = Some y
by (metis map-of-is-Somel)

have I'-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Uer))
using invars’ by argo

obtain E where C = Some F and FE # {#}

using not-final[unfolded <s = (Uer, F, T, C)» ord-res-7-final.simps, simplified]
by metis
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have E-in: E |€| iefac F | (N |U| Uer)
using invars’ «C = Some E) by metis

obtain L where E-max-lit: ord-res.is-maximal-lit L E
using «F # {#}» linorder-lit.ex-mazimal-in-mset by metis

show ?thesis
proof (cases trail-false-cls T' E)
case FE-false: True

hence L-false: trail-false-lit I' L
using F-maz-lit unfolding linorder-lit.is-maximal-in-mset-iff trail-false-cls-def
by metis

hence Jopt. (— L, opt) € set T
by (auto simp: trail-false-lit-def)

have — is-pos L
proof (rule notl)
assume %s-pos L

hence is-neg (— L)
by (metis <is-pos L) is-pos-neg-not-is-pos)

hence (— L, None) € set T
using invars’ <3 opt. (— L, opt) € set T'y by (metis prod.sel)

moreover have E <, {#— L#}
using E-maz-lit <is-pos L»
by (smt (verit, best) Neg-atm-of-iff add-mset-remove-trivial empty-iff
ord-res.less-lit-simps(4 ) linorder-cls.less-irrefl linorder-lit.is-greatest-in-mset-iff
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset linorder-lit.less-linear
linorder-lit. multp-if-mazimal-less-that-mazimal literal.collapse(1)
ord-res.less-lit-simps(1) set-mset-empty uminus-literal-def union-single-eq-member)

ultimately have trail-true-cls I' E
using invars’ E-in by force

hence — trail-false-cls T' E
by (metis T'-consistent not-trail-true-cls-and-trail-false-cls)

thus Fulse
using FE-false by contradiction

qed

hence L-neg: is-neg L
by argo
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then obtain D where (— L, Some D) € set T
using invars’ <is-neg Ly < opt. (— L, opt) € set T
by (metis prod.sel is-pos-neg-not-is-pos not-Some-eq)

hence map-of T' (— L) = Some (Some D)
using map-of-I'-eq-Somel by metis

have 3T’y I'g. I' =T’y @ (— L, Some D) # T’y A trail-false-cls To {#K €# D.
K+ - L#)
using invars’ «(— L, Some D) € set Ty propagating-clause-almost-false
unfolding in-set-conv-decomp by metis

have D-almost-false: trail-false-cls T {#K €# D. K # — L#}
using invars <s = (Ugp, F, I, C)» <«(— L, Some D) € set 'y propagat-
ing-clause-almost-false
by metis

show ?thesis
proof (cases eres D E = {#})
case True
thus “thesis
unfolding <s = (U,,, F, T, C)» <C = Some E)»
using E-false E-maz-lit L-neg <map-of T' (— L) = Some (Some D)»
using ord-res-7.resolution-bot by metis
next
case Fulse

then obtain K where eres-max-lit: ord-res.is-mazimal-lit K (eres D E)
using linorder-lit.ex-mazimal-in-mset by metis

hence K €# eres D K
unfolding linorder-lit.is-maximal-in-mset-iff by argo

hence K €e# DANK # - LV K €# E
using strong-lit-in-one-of-resolvents-if-in-eres| OF E-maz-lit] by metis

hence K-false: trail-false-lit T' K
using D-almost-false E-false unfolding trail-false-cls-def by auto

hence Jopt. (— K, opt) € set T’
by (auto simp: trail-false-lit-def)

show ?thesis
proof (cases K)

case (Pos Ak)

hence is-pos K
by simp
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thus ?thesis
unfolding <s = (U,,, F, ', C)» <C = Some E)»
using E-false E-maz-lit L-neg <map-of T' (— L) = Some (Some D)» False
eres-max-lit
using ord-res-7.resolution-pos by metis
next

case (Neg Ak)

hence is-neg K
by simp

then obtain C' where (— K, Some C) € set T
using invars’ <is-neg Ly Jopt. (— K, opt) € set T
by (metis prod.sel is-pos-neg-not-is-pos not-Some-eq)

hence map-of T' (— K) = Some (Some C)
using map-of-I'-eq-Somel by metis

thus ?thesis
unfolding <s = (Uer, F, T, C)» <C = Some E)»
using F-false E-maz-lit L-neg <map-of T (— L) = Some (Some D)) False
eres-max-lit
<is-neg K»
using ord-res-7.resolution-neg by metis
qed
qged
next
case E-not-false: False
show ?thesis
proof (cases 3 A|€|atms-of-clss (N |U] Uer). A <¢ atm-of L N A |¢] trail-atms

r)
case True
then obtain A where A-least: linorder-trm.is-least-in-fset
{|A |€| atms-of-clss (N |U] Uer). A <4 atm-of L N A |¢| trail-atms T|} A
by (metis (no-types, lifting) bot-fset.rep-eq empty-iff ffmember-filter
linorder-trm.ex-least-in-fset)
show ?thesis
unfolding <s = (U,,, F, I, C)» <C = Some E)»
using ord-res-7.decide-neg| OF E-not-false E-max-lit A-least refl, of F)
by metis
next

case nezr-undef-atm-lt-L: False
show ?thesis
proof (cases trail-defined-lit ' L)
case True
thus ?thesis
unfolding <s = (U,,, F, T, C)» <C = Some E)»
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using ord-res-7.skip-defined|OF E-not-false E-maz-lit nex-undef-atm-lt-L]
by metis
next
case L-undef: Fulse
show ?thesis
proof (cases L)
case L-eq: (Pos Ay)

hence L-pos: is-pos L
by simp

show ?thesis
proof (cases trail-false-cls ' {#K €# E. K # L#})
case FE-almost-false: True
show ?thesis
proof (cases ord-res.is-strictly-mazimal-lit L E)
case True
thus ?thesis
unfolding <s = (Uer, F, I', C)» <C = Some E»
using ord-res-7.production| OF E-not-false E-max-lit nex-undef-atm-lt-L
L-undef L-pos
E-almost-false]
by metis
next
case Fulse
thus ?thesis
unfolding <s = (U,,, F, T, C)» <C = Some E»
using ord-res-7.factoring| OF E-not-false E-maz-lit nez-undef-atm-It-L
L-undef L-pos
E-almost-false]
by metis
qed
next
case E-not-almost-false: False
show ?thesis
proof (cases 3 D|€liefac F || (N |U| Uer). E <. D)
case True

then obtain F' where linorder-cls.is-least-in-fset
(ffilter ((=c) E) (iefac F |1 (N [U] Uer))) F
by (metis bot-fset.rep-eq empty-iff ffmember-filter linorder-cls.ex1-least-in-fset)

thus ?thesis
unfolding <s = (U,,, F, T, C)» <C = Some E»
using ord-res-7.skip-undefined-pos| OF E-not-false E-maz-lit nez-undef-atm-It-L
L-undef
L-pos E-not-almost-false]
by metis
next

340



case Fulse
thus ?thesis
unfolding <s = (Ue,, F, I', C)» <C = Some E»
using ord-res-7.skip-undefined-pos-ultimate| OF E-not-false E-max-lit
nez-undef-atm-lt-L L-undef L-pos E-not-almost-false]
by metis
qed
qed
next
case L-eq: (Neg Ar)

hence is-neg L
by simp

thus ?thesis
unfolding <s = (U,,., F, T, C)» <C = Some E»
using ord-res-7.skip-undefined-neg| OF E-not-false E-maz-lit nex-undef-atm-lt-L
L-undef]
by metis
qed
qed
qed
qed
qed

lemma ord-res-7-safe-state-if-invars:
fixes N :: 'f gclause fset and s
assumes invars: ord-res-7-invars N s
shows safe-state (constant-context ord-res-7) ord-res-7-final (N, s)
using safe-state-constant-context-if-invarsjwhere
R = ord-res-7 and F = ord-res-7-final and Z = ord-res-7-invars]
using ord-res-7-preserves-invars ex-ord-res-7-if-not-final invars by metis

end

end
theory Clause-Could-Propagate
imports
Background
Implicit- Exhaustive- Factorization
begin

context simulation-SCLFOL-ground-ordered-resolution begin
definition clause-could-propagate where
clause-could-propagate I' C' L «+— — trail-defined-lit ' L N
linorder-lit.is-mazimal-in-mset C' L A trail-false-cls T {#K €# C. K # L#}

lemma trail-false-if-could-have-propagatated:
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clause-could-propagate T' C L = trail-false-cls ((— L, n) # T') C
unfolding clause-could-propagate-def trail-false-cls-def trail-false-lit-def by auto

lemma atoms-of-trail-lt-atom-of-propagatable-literal:
assumes
T-lower: linorder-trm.is-lower-set (fset (trail-atms T')) A and
C-prop: clause-could-propagate I' C' L and
atm-of L € A
shows V A |€| trail-atms T'. A <4 atm-of L
proof —
have atm-of L |¢| trail-atms T
using C-prop
unfolding clause-could-propagate-def trail-defined-lit-iff-trail-defined-atm
by argo

then show ?thesis
using I'-lower <atm-of L € A»
by (metis linorder-trm.is-lower-set-iff linorder-trm.neqE)
qed

lemma trail-false-cls-filter-mset-iff:

trail-false-cls T {#Ka €# C. Ka # K#} +— (VLe#C. L # K — trail-false-lit
rL

unfolding trail-false-cls-def by auto

lemma clause-could-propagate-iff: clause-could-propagate I' C K +—

= trail-defined-lit T K A ord-res.is-mazimal-lit K C N (VLe#C. L # K —
trail-false-lit T L)

unfolding clause-could-propagate-def trail-false-cls-filter-mset-iff ..

lemma clause-could-propagate-efac: clause-could-propagate T' (efac C) = clause-could-propagate
rc
proof (rule ext)
fix L
show clause-could-propagate T' (efac C) L +— clause-could-propagate T' C' L
unfolding clause-could-propagate-def
by (metis (mono-tags, lifting) exl-efac-eq-factoring-chain mem-Collect-eq
ord-res. ground-factorings-preserves-mazimal-literal set-mset-efac set-mset-filter
trail-false-cls-def)
qed

lemma bez-clause-could-propagate-simp:
fixes F NI' L
shows fBez (iefac F || N) (AC. clause-could-propagate I' C' L) +—
fBex N (AC. clause-could-propagate T' C' L)
sketch (rule iffI; elim bexE)
proof (rule iffI ; elim bexE)
fix C :: 'f gclause
assume C |€| iefac F || N and clause-could-propagate T' C' L

342



thus 3 C |€| N. clause-could-propagate T' C' L
by (metis clause-could-propagate-efac fimageE iefac-def)
next
fix C :: 'f gclause
assume C' |€| N and clause-could-propagate T' C' L
thus 3 C|€liefac F | N. clause-could-propagate T C' L
by (metis clause-could-propagate-efac fimagel iefac-def)
qed

end

end
theory ORD-RES-8
imports

Background
Implicit- Exhaustive- Factorization
Ezhaustive- Resolution
Clause-Could-Propagate

begin

23 ORD-RES-8 (atom-guided literal trail construc-
tion)

type-synonym 'f ord-res-8-state =
'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-§ where
decide-neg:
- (3C |€| iefac F | (N |U| Uer). trail-false-cls T C) =
linorder-trm.is-least-in-fset {|Aa |€| atms-of-clss (N |U] Uer).
V Ay |€]| trail-atms T'. Ay <4 As]} A =
- (3C |€]| tefac F | (N |U| Ueyr). clause-could-propagate I' C' (Pos A)) =
I'" = (Neg A, None) # I’ =
ord-res-8 N (Uer, F, T) (Uer, F, T) |

propagate:

- (3C |g| iefac F || (N |U| Uep). trail-false-cls T' C) =

linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Ue,).
YV Ay |€] trail-atms T. Ay < 42|} A =

linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U] Uer).
clause-could-propagate T' C' (Pos A)|} C =

linorder-lit.is-greatest-in-mset C' (Pos A) =

I'" = (Pos A, Some C) # T =

ord-res-8 N (Uer, F, T) (Uer, F, T) |
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factorize:

- (3C |€| iefac F | (N |U] Uer). trail-false-cls T' C) =

linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U] Ugy).
YV Ay |€] trail-atms T. Ay < 43|} A =

linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U| Uep).
clause-could-propagate T' C' (Pos A)|} C =

= linorder-lit.is-greatest-in-mset C (Pos A) =

F' = finsert C F =

ord-res-8 N (Uep, F, T) (Uer, F', T) |

resolution:
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Uey). trail-false-cls T' D|}
D =
linorder-lit.is-mazimal-in-mset D (Neg A) =
map-of T' (Pos A) = Some (Some C') =
Uer' = finsert (eres C D) U, =
I'" = dropWhile (A\Ln. V K.
linorder-lit.is-maximal-in-mset (eres C D) K — atm-of K =, atm-of (fst
In)) T =
ord-res-8 N (Uep, F, T) (Ue,', F, T)

lemma right-unique-ord-res-8:
fixes N :: 'f gclause fset
shows right-unique (ord-res-8 N)
proof (rule right-uniquel)
fixzyz
assume stepl: ord-res-8 N x y and step2: ord-res-8 N = z
show y = 2
using step1
proof (cases N x y rule: ord-res-8.cases)
case stepl-hyps: (decide-neg F Uer T' A T)
show ?thesis
using step?2 unfolding <z = (U.,, F, ')
proof (cases N (Uer, F, ') z rule: ord-res-8.cases)
case (decide-neg A T')
with stepl-hyps show ?thesis
by (metis (no-types, lifting) linorder-trm.dual-order.asym linorder-trm.is-least-in-fset-iff)
next
case (propagate A2 C2 T'27)
with stepl-hyps have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-fset-ffilterD(1)
linorder-cls.is-least-in-fset-ffilterD(2) linorder-trm.dual-order.asym
linorder-trm.is-least-in-fset-iff )
thus ?thesis ..
next
case (factorize A2 C2 F2')
with stepi-hyps have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-fset-ffilterD(1)
linorder-cls.is-least-in-fset-ffilterD(2) linorder-trm.dual-order.asym
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linorder-trm.is-least-in-fset-iff )
thus ?thesis ..
next
case (resolution D2 A2 C2 U.,.2'T2')
with stepl-hyps have Fulse
by (metis linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
qed
next
case stepl-hyps: (propagate F U.. T A C TV)
show ?thesis
using step?2 unfolding <z = (U.,, F, ')
proof (cases N (Uer, F, ') z rule: ord-res-8.cases)
case (decide-neg A2 T'27)
with stepi-hyps have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-fset-ffilterD(1)
linorder-cls.is-least-in-fset-ffilterD(2) linorder-trm.dual-order.asym
linorder-trm.is-least-in-fset-iff )
thus ?thesis ..
next
case (propagate A2 C2 T'27)
with stepIl-hyps show ?thesis
by (metis (no-types, lifting) linorder-cls. Unig-is-least-in-fset
linorder-trm.dual-order.asym linorder-trm.is-least-in-fset-iff The-optional-eq-Somel)
next
case (factorize A2 C2 F2')
with stepl-hyps have Fulse
by (metis (no-types, lifting) linorder-cls. Unig-is-least-in-fset
linorder-trm. Unig-is-least-in-fset thel-equality’)
thus ?thesis ..
next
case (resolution D2 A2 C2 U,,.2' T2
with stepl-hyps have Fulse
by (metis linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
qed
next
case stepl-hyps: (factorize F U.. T A C F')
show ?thesis
using step?2 unfolding <z = (U.,, F, I')»
proof (cases N (Ueyr, F, T') z rule: ord-res-8.cases)
case (decide-neg A2 T'27)
with stepl-hyps have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-fset-ffilterD(1)
linorder-cls.is-least-in-fset-ffilterD(2) linorder-trm.dual-order.asym
linorder-trm.is-least-in-fset-iff )
thus ?thesis ..
next
case (propagate A2 C2 T'2)
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with stepl-hyps have Fulse
by (metis (no-types, lifting) linorder-cls. Unig-is-least-in-fset
linorder-trm. Unig-is-least-in-fset thel-equality’)
thus ?thesis ..
next
case (factorize A2 C2 F2')
with stepl-hyps show ?thesis
by (metis (no-types, lifting) linorder-cls. Unig-is-least-in-fset
linorder-trm. Unig-is-least-in-fset thel-equality’)
next
case (resolution D2 A2 C2 U,,.2' T2
with stepl-hyps have Fulse
by (metis linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
qed
next
case stepl-hyps: (resolution T' F U, D A C U.,'T")
show ?thesis
using step?2 unfolding <z = (U.,, F, I')»
proof (cases N (Uer, F, T') z rule: ord-res-8.cases)
case (decide-neg A T')
with stepl-hyps have Fulse
by (metis (no-types, opaque-lifting) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
next
case (propagate A C' T)
with stepl-hyps have Fulse
by (metis (no-types, opaque-lifting) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
next
case (factorize A C' F')
with stepl-hyps have Fulse
by (metis (no-types, opaque-lifting) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
next
case step2-hyps: (resolution D2 A2 C2 U..2' T2
have D2 = D
using <linorder-cls.is-least-in-fset (ffilter (trail-false-cls T') (iefac F | (N
Ul Uer))) D>
using <linorder-cls.is-least-in-fset (ffilter (trail-false-cls T') (iefac F |9 (N
U] Uer))) D2
by (metis linorder-cls. Unig-is-least-in-fset Unig-D)

have A2 = A
using «linorder-lit.is-mazimal-in-mset D (Neg A)»
using «linorder-lit.is-maximal-in-mset D2 (Neg A2)»
unfolding <D2 = D»
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset literal.sel(2))
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have C2 = C
using stepI-hyps(5) step2-hyps(4)
unfolding (A2 = A»
by simp

show ?thesis
unfolding <y = (U.,.', F, ')y <z = (U 2', F, T'2")) prod.inject
proof (intro conjI)
show U,,' = U..2’'
unfolding «U,.,’ = finsert (eres C D) Uegps <Ucr2' = finsert (eres C2 D2)

Uer»
unfolding «<D2 = Dy <C2 = C) ..
next
show F = F ..
next

show I'' = T2’
using stepI-hyps(7) step2-hyps(6)
unfolding «D2 = Dy «C2 = C»
by argo
qed
qed
qed
qed

inductive ord-res-8-final :: 'f ord-res-8-state = bool where
model-found:
- (3 A |€| atms-of-clss (N |U| Uer). A |¢] trail-atms T') =
- (3C |€] tefac F || (N |U| Uey). trail-false-cls T' C) =
ord-res-8-final (N, Uer, F, T) |

contradiction-found:
{#} |€l iefac F | (N U] Uer) =
ord-res-8-final (N, Uer, F, T)

sublocale ord-res-8-semantics: semantics where
step = constant-context ord-res-8 and
final = ord-res-8-final

proof unfold-locales
fix S :: 'f ord-res-8-state

obtain
N U, F :: 'f gterm clause fset and
T :: ('f gterm literal x 'f gterm literal multiset option) list where
S-def: S = (N, Uer, F, T)
by (metis prod.ezhaust)

assume ord-res-8-final S

hence #z. ord-res-8 N (U, F, ') x

347



unfolding S-def
proof (cases (N, Uer, F, I') rule: ord-res-8-final.cases)
case model-found

have 7 A. linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U] Ue,).
V Ay |€]| tradl-atms T'. Ay <y As|} A
using «— (F A|€|atms-of-clss (N |U| Uey). A |€| trail-atms T)»
using linorder-trm.is-least-in-ffilter-iff by fastforce

moreover have 7 C. linorder-cls.is-least-in-fset
(ffilter (trail-false-cls T') (iefac F || (N |U| Ueyr))) C
using - fBez (iefac F || (N |U| Ueyr)) (trail-false-cls T')»
by (metis linorder-cls.is-least-in-ffilter-iff)

ultimately show ¢thesis
unfolding ord-res-8.simps by blast
next
case contradiction-found

hence 3 C |€| iefac F || (N |U| Ue,). trail-false-cls T C
using trail-false-cls-mempty by metis

moreover have 1 D A. linorder-cls.is-least-in-fset (ffilter (trail-false-cls T")
(iefac F || (N |U| Uer))) D A ord-res.is-mazimal-lit (Neg A) D
by (metis empty-iff linorder-cls.is-least-in-ffilter-iff linorder-cls.leD
linorder-lit.is-maximal-in-mset-iff local.contradiction-found(1) mempty-lesseq-cls
set-mset-empty trail-false-cls-mempty)

ultimately show #thesis
unfolding ord-res-8.simps by blast
qed

thus finished (constant-context ord-res-8) S
by (simp add: S-def finished-def constant-context.simps)
qed

definition trail-is-sorted where
trail-is-sorted N s +—
NVUer FT. 8= (Uep, F, T) —
sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst z)) T')

lemma ord-res-8-preserves-trail-is-sorted:
assumes
step: ord-res-8 N s s’ and
invar: trail-is-sorted N s
shows trail-is-sorted N s’
using step
proof (cases N s s’ rule: ord-res-8.cases)
case step-hyps: (decide-neg F Uer I' A T)
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have Vz |€| trail-atms T'. © <; A
using step-hyps unfolding linorder-trm.is-least-in-ffilter-iff by simp

hence Vz € set I'. atm-of (fst z) < A
by (simp add: fset-trail-atms)

moreover have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using invar by (simp add: <s = (Uer, F, ')y trail-is-sorted-def)

ultimately have sorted-wrt (A\z y. atm-of (fst y) <¢ atm-of (fst z)) T’
by (simp add: <I'' = (Neg A, None) # I'})

thus ?thesis
by (simp add: <s' = (Uer, F, T'')» trail-is-sorted-def)
next
case step-hyps: (propagate F U.. T A C TV)

have Vz |€| trail-atms T'. © <, A
using step-hyps unfolding linorder-trm.is-least-in-ffilter-iff by simp

hence Vz € set I. atm-of (fst z) <, A
by (simp add: fset-trail-atms)

moreover have sorted-wrt (Az y. atm-of (fst y) <; atm-of (fst z)) T’
using invar by (simp add: <s = (Uer, F, I')» trail-is-sorted-def)

ultimately have sorted-wrt (A\z y. atm-of (fst y) <¢ atm-of (fst z)) '’
by (simp add: <T'' = (Pos A, Some C) # T')

thus ?thesis
by (simp add: <s' = (Uer, F, T') trail-is-sorted-def)
next

case (factorize F Uer T' A C F')

have sorted-wrt (A\z y. atm-of (fst y) <, atm-of (fst z)) T’
using invar by (simp add: <s = (Uer, F, I')» trail-is-sorted-def)

thus ¢thesis
by (simp add: <s' = (Uer, F', T')) trail-is-sorted-def)
next
case step-hyps: (resolution T' F U, D A C U.,'T")

have sorted-wrt (Az y. atm-of (fst y) <+ atm-of (fst z)) T’
using invar by (simp add: <s = (Uep, F, T')» trail-is-sorted-def)

hence sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) T
unfolding step-hyps(7) by (rule sorted-wrt-drop While)
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thus ?thesis
by (simp add: <s' = (U, F, T'')> trail-is-sorted-def)
qed

inductive trail-annotations-invars
for N :: 'f gterm literal multiset fset
where
Nil:
trail-annotations-invars N (Uer, F, []) |
Cons-None:
trail-annotations-invars N (Ue,, F, (L, None) # T)
if trail-annotations-invars N (Uer, F, T') |
Cons-Some:
trail-annotations-invars N (Ueyp, F, (L, Some D) # T))
if linorder-lit.is-greatest-in-mset D L and
D |€| iefac F | (N |U] Uer) and
trail-false-cls T {#K €# D. K # L#} and
linorder-cls.is-least-in-fset
{ID |€| iefac F | (N |U| Uey). clause-could-propagate I' D L|} D and
trail-annotations-invars N (Uep, F, T)

lemma
assumes
linorder-lit.is-greatest-in-mset C' L and
trail-false-cls T {#K €# C. K # L#} and
= trail-defined-cls T' C
shows clause-could-propagate I' C' L
unfolding clause-could-propagate-iff
proof (intro conjI)
show linorder-lit.is-mazximal-in-mset C' L
using <linorder-lit.is-greatest-in-mset C L»
by (metis linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset)

hence L €# C
unfolding linorder-lit.is-maximal-in-mset-iff ..

show VK €# C. K # L — trail-false-lit T K
using <trail-false-cls T {#K €# C. K # L#}»
unfolding trail-false-cls-def
by simp

hence VK €# C. K # L — trail-defined-lit ' K
using trail-defined-lit-iff-true-or-false by metis

thus — trail-defined-lit T' L
using <— trail-defined-cls T' C)y <L €# C»
unfolding trail-defined-cls-def
by metis
qed
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lemma propagating-clause-in-clauses:
assumes trail-annotations-invars N (Ue,, F, T') and map-of I' L = Some (Some
)
shows C |€| iefac F || (N |U| Uer)
using assms
proof (induction (U, F, T') arbitrary: T rule: trail-annotations-invars.induct)
case Nil
hence Fulse
by simp
thus “case ..
next
case (Cons-None I' K)
thus Zcase
by (metis map-of-Cons-code(2) option.discl option.inject)
next
case (Cons-Some D K T')
thus Zcase
by (metis map-of-Cons-code(2) option.inject)
qed

lemma trail-annotations-invars-mono-wrt-trail-suffix:
assumes suffiz I'' T' trail-annotations-invars N (U, F, T')
shows trail-annotations-invars N (U, F, I"')
using assms(2,1)
proof (induction (Uer, F, T) arbitrary: T T rule: trail-annotations-invars.induct)
case Nil
thus ?case
by (simp add: trail-annotations-invars.Nil)
next
case (Cons-None I' L)
have I'' = (L, None) # T' V suffiz T'T
using Cons-None.prems unfolding suffiz-Cons .
thus ?case
using Cons-None.hyps
by (metis trail-annotations-invars. Cons-None)
next
case (Cons-Some C L T)
have I'' = (L, Some C) # ' V suffix T'T
using Cons-Some.prems unfolding suffiz-Cons .
then show ?case
using Cons-Some.hyps
by (metis trail-annotations-invars. Cons-Some)
qed

lemma ord-res-§-preserves-trail-annotations-invars:
assumes
step: ord-res-8 N s s’ and
movars:
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trail-annotations-invars N s
trail-is-sorted N s
shows trail-annotations-invars N s’
using step
proof (cases N s s’ rule: ord-res-8.cases)
case step-hyps: (decide-neg F U, T' AT)
show ?thesis
unfolding s’ = (U.,, F, I'')» <I'" = (Neg A, None) # I';
proof (rule trail-annotations-invars. Cons-None)
show trail-annotations-invars N (U, F, T')
using invars(1) by (simp add: <s = (Uer, F, T'))
qed
next
case step-hyps: (propagate F U.. T' A C T")
show ?thesis
unfolding s’ = (U, F, ')y <I'" = (Pos A, Some C) # Ty
proof (rule trail-annotations-invars. Cons-Some)
show ord-res.is-strictly-mazimal-lit (Pos A) C
using step-hyps by argo
next
show C |€| iefac F | (N |U| Uer)
using step-hyps(5)
by (simp add: linorder-cls.is-least-in-fset-iff)
next
show trail-false-cls T {#K €# C. K # Pos A#}
using step-hyps(5)
by (simp add: linorder-cls.is-least-in-fset-iff clause-could-propagate-def)
next
show linorder-cls.is-least-in-fset
{1C |€| iefac F | (N |U| Uer). clause-could-propagate I' C' (Pos A)|} C
using step-hyps by argo
next
show trail-annotations-invars N (U, F, T')
using invars(1) by (simp add: <s = (Uer, F, T'))
qed
next
case step-hyps: (factorize F U, T' A E F')

hence efac E # F
by (metis (no-types, lifting) exl-efac-eq-factoring-chain ex-ground-factoringl
linorder-cls.is-least-in-ffilter-iff clause-could-propagate-iff)

moreover have clause-could-propagate T' E (Pos A)
using step-hyps unfolding linorder-cls.is-least-in-ffilter-iff by metis

ultimately have ord-res.is-strictly-mazimal-lit (Pos A) (efac E)
unfolding clause-could-propagate-def
using exl-efac-eq-factoring-chain ex-ground-factoringl
ord-res.ground-factorings-preserves-mazimal-literal by blast
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have F |C| F’
unfolding «F' = finsert E F» by auto

have trail-annotations-invars N (Uey, F, T)
using invars(1) by (simp add: <s = (Uep, F, T'))

moreover have V A; |€| trail-atms T'. 41 <; A
using step-hyps unfolding linorder-trm.is-least-in-ffilter-iff by blast

ultimately show %thesis
unfolding <s’' = (U.,, F', T')»
proof (induction (U, F, T') arbitrary: T rule: trail-annotations-invars.induct)
case Nil
show Zcase
by (simp add: trail-annotations-invars. Nil)
next
case (Cons-None I' L)
show ?Zcase
proof (rule trail-annotations-invars. Cons-None)
have ¥ 4, |€| trail-atms T'. A; <, A
using Cons-None.prems by (simp add: fset-trail-atms)

thus trail-annotations-invars N (Uep, F', T)
using Cons-None.hyps by argo
qged
next
case (Cons-Some C L T)

have
clause-could-propagate T' C' L and
C-least: ¥ y|€liefac F || (N |U| Uer). y # C — clause-could-propagate T y
L — C<=<.y
using Cons-Some.hyps(4) unfolding linorder-cls.is-least-in-ffilter-iff by
metis+

hence ord-res.is-mazximal-lit L C
unfolding clause-could-propagate-def by argo

show ?Zcase
proof (rule trail-annotations-invars. Cons-Some)
show ord-res.is-strictly-maximal-lit L C
using (ord-res.is-strictly-maximal-lit L C» .

have efac C = C
using Cons-Some
by (metis (no-types, opaque-lifting) efac-spec is-pos-def linorder-lit. Unig-is-mazximal-in-mset
linorder-lit.is-greatest-in-mset-iff-is-mazximal-and-count-eq-one
nex-strictly-mazximal-pos-lit-if-neq-efac thel-equality’)
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hence C |€| iefac F' || (N |U] Uer)
using «C |€]| iefac F || (N |U| Uer )y <F |C| Fh
by (smt (verit, best) assms fimage-iff fsubsetD iefac-def)

show C |€| iefac F' |9 (N |U| Uer)
using «C |€| iefac F' || (N |U] Uer)

show trail-false-cls T {#z €# C. z # L#}
using <trail-false-cls T {#x €# C. z # L#} .

show linorder-cls.is-least-in-fset
{IC |€| iefac F' || (N |U| Ueyr). clause-could-propagate I' C L|} C
unfolding linorder-cls.is-least-in-ffilter-iff
proof (intro conjl balll implI)
show C' |€] iefac F' | (N |U| Uer)
using «C |€| iefac F' || (N |U| Uer)
next
show clause-could-propagate I' C' L
using <clause-could-propagate I' C' L .
next
fix D :: 'f gterm literal multiset
assume D |€| iefac F' || (N |U| Uer) and D # C and clause-could-propagate
I'DL

have atm-of L <; A
using Cons-Some.prems by (simp add: fset-trail-atms)

hence L <; Pos A
by (cases L) simp-all

moreover have ord-res.is-mazximal-lit L D
using <clause-could-propagate I' D Ly unfolding clause-could-propagate-iff
by metis

ultimately have D <. efac E
using <ord-res.is-strictly-mazimal-lit (Pos A) (efac E)»
by (metis linorder-lit.is-mazimal-in-mset-if-is-greatest-in-mset
linorder-lit. multp-if-mazimal-less-that-mazimal)

hence D |€| iefac F | (N |U| Ue,)
using <D |€| iefac F' | (N |U] Uer)»
unfolding «F' = finsert E F»
using iefac-def by force

thus C <. D

using C-least <D # C) <clause-could-propagate T' D Ly by metis
qed
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have V A; |€| trail-atms T. Ay <; A
using Cons-Some.prems by (simp add: fset-trail-atms)

thus trail-annotations-invars N (Uep, F', T')
using Cons-Some.hyps by argo
qed
qed
next
case step-hyps: (resolution T' F U, E A D U,,.'T)

show ?thesis
proof (cases eres D E = {#})
case True
hence 3 K. ord-res.is-mazximal-lit K (eres D E)
by (simp add: linorder-lit.is-mazimal-in-mset-iff)
hence I'' = |]
unfolding step-hyps by simp
thus ?thesis
unfolding «s’ = (U.,’, F, T'')»
using trail-annotations-invars.Nil by metis
next
case Fulse

then obtain K where eres-maz-lit: linorder-lit.is-mazimal-in-mset (eres D E)
K
using linorder-lit.ex-maximal-in-mset by metis

have T'"-eq: T'' = drop While (ALn. atm-of K =<; atm-of (fst Ln)) T’
unfolding step-hyps(7)
proof (rule drop While-cong)
show I' =T ..
next
fix x :: 'f gterm literal x 'f gterm literal multiset option
assume z € set I'
show (V K. ord-res.is-mazimal-lit K (eres D E) — atm-of K <; atm-of (fst
z)) =
(atm-of K =; atm-of (fst x))
unfolding case-prod-beta
using eres-maz-lit
by (metis Unig-D linorder-lit. Unig-is-mazimal-in-mset)
qed

have trail-annotations-invars N (Ue., F, T')
using invars(1) by (simp add: <s = (Uer, F, T'))

moreover have suffiz I'' T

unfolding step-hyps
using suffiz-drop While by metis
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moreover have V Ln € set I'". = (atm-of K =< atm-of (fst Ln))
unfolding I'-eq
proof (rule ball-set-drop While-if-sorted-wrt-and-monotone-on)
have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) T
using invars(2)
by (simp add: <s = (Uey, F, T')s trail-is-sorted-def sorted-wrt-map)

thus sorted-wrt (A\z y. fsty <; fst ) T
proof (rule sorted-wrt-mono-rel[rotated))
show Az y. atm-of (fst y) <¢ atm-of (fst x) = fsty <; fst
by (metis (no-types, lifting) linorder-lit.antisym-conv3 linorder-trm.dual-order.asym
literal. exhaust-sel ord-res.less-lit-simps(1) ord-res.less-lit-simps(3)
ord-res.less-lit-simps(4))
qed
next
show monotone-on (set T') (Az y. fst y <, fst ) (ALn y. y < Ln)
(ALn. atm-of K < atm-of (fst Ln))
apply (simp add: monotone-on-def)
by (smt (verit, best) Neg-atm-of-iff Pos-atm-of-iff linorder-lit.order.asym
linorder-trm.less-linear linorder-trm.order.strict-trans ord-res.less-lit-simps(1)
ord-res.less-lit-simps(3) ord-res.less-lit-simps(4))
qed

ultimately show ¢thesis
unfolding s’ = (U,,’, F, T')»
proof (induction (Uer, F,T') arbitrary: T T/ rule: trail-annotations-invars.induct)
case Nil
thus ?Zcase
by (simp add: trail-annotations-invars. Nil)
next
case (Cons-None T' L)
thus “case
by (metis insert-iff list.simps(15) suffiz-Cons suffiz-order.dual-order.refl
trail-annotations-invars. Cons-None)
next
case (Cons-Some C L T)

have
clause-could-propagate I' C' L and
C-least: Y y|€liefac F || (N |U| Uep). y # C — clause-could-propagate T'
yL — C <.y
using Cons-Some.hyps(4) unfolding linorder-cls.is-least-in-ffilter-iff by
metis+

hence C-maz-lit: ord-res.is-mazximal-lit L C
unfolding clause-could-propagate-def by argo

obtain I'” where (L, Some C) # T =T" Q@ T’
using Cons-Some.prems by (auto elim: suffizE)
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show ?case
proof (cases T'")
case Nil
hence I'' = (L, Some C) # T’
using «(L, Some C) # T =T" @ T by simp

show ?thesis
unfolding I'' = (L, Some C) # I
proof (rule trail-annotations-invars. Cons-Some)
show ord-res.is-strictly-maximal-lit L C
using <ord-res.is-strictly-maximal-lit L C» .

show C' |€] iefac F | (N |U| Ue,')
using «C |€| iefac F || (N |U]| Uer)> «Uep’ = finsert (eres D E) Uep»
by simp

show trail-false-cls T {#K €# C. K # L#}
using <trail-false-cls T {#K €# C. K # L#}» .

show linorder-cls.is-least-in-fset {|C |€| iefac F |9 (N |U] Ue,’).
clause-could-propagate T C L|} C
unfolding linorder-cls.is-least-in-ffilter-iff
proof (intro congl balll impl)
show C' |€| iefac F |9 (N |U] Uer))
using «C |€| iefac F || (N |U| Ue,')
next
show clause-could-propagate I' C' L
using Cons-Some.hyps(4) unfolding linorder-cls.is-least-in-ffilter-iff
by metis
next
fix x :: 'f gterm literal multiset
assume z |€| iefac F || (N |U| Uer’)
and z # C
and clause-could-propagate I x L

have linorder-lit.is-maximal-in-mset x L
using «clause-could-propagate I' z Ly unfolding clause-could-propagate-def
by argo

moreover have L <; K
using <V Ln € set T'. = (atm-of K =; atm-of (fst Ln))»
unfolding I'' = (L, Some C) # I
apply simp
by (metis Neg-atm-of-iff linorder-lit.antisym-conv3 linorder-trm.less-linear
literal.collapse(1) ord-res.less-lit-simps(1) ord-res.less-lit-simps(3)
ord-res.less-lit-simps(4))

ultimately have set-mset x # set-mset (eres D E)
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using eres-maz-lit
by (metis linorder-lit.is-mazimal-in-mset-iff linorder-lit.neq-iff)

hence z # iefac F (eres D E)
using iefac-def by auto

hence z |€| iefac F |9 (N |U| Ue)
using <z |€| iefac F || (N |U] Uer')
unfolding «U.,’ = finsert (eres D E) Upgp»
by simp

then show C <. z
using C-least «x # C» <clause-could-propagate T' x Ly by metis
qed

show trail-annotations-invars N (U.,', F, T)
using Cons-Some
by (simp add: <I'" = (L, Some C) # I)
qed
next
case (Cons a list)
then show ?thesis
by (metis Cons-Some.hyps(6) Cons-Some.prems «(L, Some C) # T =T"
QT empty-iff
list.set(1) list.set-intros(1) self-append-conv? suffiz-Cons)
qed
qed
qed
qed

definition trail-is-lower-set where
trail-is-lower-set N s «—
VU FT. 8= (Uep, F, T) —
linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Uer)))

lemma atoms-not-in-clause-set-undefined-if-trail-is-sorted-lower-set:
assumes invar: trail-is-lower-set N (Uer, F, T')
shows V A. A |¢| atms-of-clss (N |U| Ue,.) — A |¢| trail-atms T
using invar|unfolded trail-is-lower-set-def, simplified]
by (metis Un-iff linorder-trm.is-lower-set-iff sup.absorb?2)

lemma ord-res-8-preserves-atoms-in-trail-lower-set:
assumes
step: ord-res-8 N s s’ and
mnuvars:
trail-is-lower-set N s
trail-annotations-invars N s
trail-is-sorted N s
shows trail-is-lower-set N s’
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using step
proof (cases N s s’ rule: ord-res-8.cases)
case step-hyps: (decide-neg F Uer T' A T)

have
A-in: A |€] atms-of-clss (N |U| U.,) and
A-gt: ¥z |€| trail-atms T. z <, A and
A-least: Yz |€| atms-of-clss (N |U| Uer). (Vw |€] trail-atms T'. w < ) — x
#A— A=<z
using step-hyps unfolding linorder-trm.is-least-in-ffilter-iff by simp-all

have trail-atms T'' = finsert A (trail-atms T")
using step-hyps by simp

have
invl: sorted-wrt (Axz y. atm-of (fst y) <+ atm-of (fst z)) I' and
inv2: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue,))
using invars(1,3)
by (simp-all only: <s = (Uer, F, I') trail-is-lower-set-def trail-is-sorted-def)

have sorted-wrt (Az y. atm-of (fst y) <+ atm-of (fst z)) '’
unfolding I'' = (Neg A, None) # T list.map sorted-wrt.simps
proof (intro conjl balll)
fix z
assume z € set I’
hence atm-of (fst z) |€| trail-atms T
by (auto simp: fset-trail-atms)
hence atm-of (fst ) <¢ atm-of (Neg A)
using A-gt by simp
thus atm-of (fst ©) <; atm-of (fst (Neg A, None))
unfolding comp-def prod.sel .
next
show sorted-wrt (A\z y. atm-of (fst y) <¢ atm-of (fst z)) T
using invl .
qed

moreover have linorder-trm.is-lower-fset (trail-atms T'') (atms-of-clss (N |U|
Uer))
unfolding <trail-atms T'' = finsert A (trail-atms T')» finsert.rep-eq
proof (rule linorder-trm.is-lower-set-insertl )
show A |€| atms-of-clss (N |U] Ue,)
using A-in .
next
show Vw |€] atms-of-clss (N |U] Uey). w <¢ A — w |€] trail-atms T
using A-least inv2
by (metis linorder-trm.is-lower-set-iff linorder-trm.not-less-iff-gr-or-eq)
next
show linorder-trm.is-lower-fset (trail-atms T')
(atms-of-clss (N |U| Ue.))
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using nv? .
qed

ultimately show “thesis
by (simp add: <s' = (Uer, F, I'')» trail-is-lower-set-def)
next
case step-hyps: (propagate F U.. T A C TV)

have
A-in: A |€| atms-of-clss (N |U| U.,) and
A-gt: Yz |€| trail-atms T. z <; A and
A-least: ¥V x |€] atms-of-clss (N |U| Uer). (Vw |€] trail-atms T'. w <4 ) —
#A— A=<z
using step-hyps unfolding linorder-trm.is-least-in-ffilter-iff by simp-all

have trail-atms T/ = finsert A (trail-atms T")
using step-hyps by simp

have
invl: sorted-wrt (Ax y. atm-of (fst y) <¢ atm-of (fst z)) I' and
inv2: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue,))
using invars(1,3)
by (simp-all only: <s = (Uer, F, I') trail-is-lower-set-def trail-is-sorted-def)

have sorted-wrt (Az y. atm-of (fst y) <¢ atm-of (fst z)) I’
unfolding «I'" = (Pos A, Some C) # T's list.map sorted-wrt.simps
proof (intro conjI balll)
fix z
assume z € set I’
hence atm-of (fst ) |€| trail-atms T’
by (auto simp: fset-trail-atms)
hence atm-of (fst ) <¢ atm-of (Pos A)
using A-gt by simp
thus atm-of (fst ) <; atm-of (fst (Pos A, Some C))
unfolding comp-def prod.sel .
next
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T
using invl .
qed

moreover have linorder-trm.is-lower-fset (trail-atms T'') (atms-of-clss (N |U]
Uor)
unfolding <trail-atms T = finsert A (trail-atms T')» finsert.rep-eq
proof (rule linorder-trm.is-lower-set-insertl )
show A |€| atms-of-clss (N |U] Uer)
using A-in .
next
show VY w|€|atms-of-clss (N U] Uer). w <¢ A — w |€| trail-atms T
using A-least inv2
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by (metis linorder-trm.is-lower-set-iff linorder-trm.not-less-iff-gr-or-eq)
next
show linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Ue,))
using nv2 .
qed

ultimately show ?thesis
by (simp add: <s’ = (Uer, F, T')» trail-is-lower-set-def)
next
case (factorize F Uer T' A C' F')
thus ?thesis
using invars(1) by (simp add: trail-is-lower-set-def fset-trail-atms)
next
case step-hyps: (resolution T' F U, D A C U.,.' T)

have suffiz T'T
using step-hyps suffiz-drop While by blast

then obtain I'" where I' =T/ @ I’
unfolding suffiz-def by metis

have atms-of-clss (N |U| U.,') = atms-of-clss (finsert (eres C D) (N |U| Ue,))
unfolding «U.,." = finsert (eres C D) U.,» by simp

also have ... = atms-of-cls (eres C D) |U| atms-of-clss (N |U| Uer)
unfolding atms-of-clss-finsert ..

also have ... = atms-of-clss (N |U| Ue,,)

proof —

have V A |€| atms-of-cls (eres C' D). A |€| atms-of-cls C vV A |€| atms-of-cls D
using lit-in-one-of-resolvents-if-in-eres
by (smt (verit, best) atms-of-cls-def fimage-iff fset-fset-mset)

moreover have C |€] iefac F || (N |U| Ue,)
using invars(2)[unfolded <s = (Uer, F, I')3] step-hyps(5)
by (metis propagating-clause-in-clauses)

moreover have D |€| iefac F || (N |U] Uer)
using linorder-cls.is-least-in-ffilter-iff step-hyps(3) by blast

ultimately have V A |€| atms-of-cls (eres C D). A |€| atms-of-clss (iefac F
[ (N U] Uer))
by (metis atms-of-clss-finsert funion-iff mk-disjoint-finsert)

hence V A |€| atms-of-cls (eres C' D). A |€| atms-of-clss (N |U| Ue,)
unfolding atms-of-clss-fimage-iefac .

thus ?thesis
by blast
qged
finally have atms-of-clss (N |U| Ue,') = atms-of-clss (N |U]| Ue,) .
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have
invl: sorted-wrt (Az y. atm-of (fst y) <¢ atm-of (fst z)) I' and
inv2: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue,))
using invars(1,3)
by (simp-all only: <s = (Uer, F, T') trail-is-lower-set-def trail-is-sorted-def)

have sorted-wrt (Az y. y <¢ =) (map (atm-of o fst) T')
using invl by (simp add: sorted-wrt-map)

hence sorted-wrt (Az y. y <¢ z) (map (atm-of o fst) T'' @ map (atm-of o fst)
r’)
by (simp add: <I' =T" QT")

moreover have linorder-trm.is-lower-set (set (map (atm-of o fst) ' Q map
(atm-of o fst) T'))
(fset (atms-of-clss (N |U| Uer)))
using inv2 < =T" QT
by (metis image-comp list.set-map map-append fset-trail-atms)

ultimately have linorder-trm.is-lower-fset (trail-atms T'’) (atms-of-clss (N |U|
Uer'))
using linorder-trm.sorted-and-lower-set-appendD-right
using <atms-of-clss (N |U| U.,') = atms-of-clss (N |U| Uer )
by (metis (no-types, lifting) image-comp list.set-map fset-trail-atms)

thus ?thesis
by (simp add: <s' = (Ue,'y, F, T'') trail-is-lower-set-def)
qed

definition false-cls-is-mempty-or-has-neg-maz-lit where
false-cls-is-mempty-or-has-neg-maz-lit N s <—
NVUer FT. 8= (U, F, T) — (VC |€] iefac F || (N |U| Uey).
trail-false-cls T C — C = {#} Vv (3 A. linorder-lit.is-maximal-in-mset C
(Neg A))))

lemma ord-res-8-preserves-false-cls-is-mempty-or-has-neg-maz-lit:
assumes
step: ord-res-8 N s s’ and
mnuars:
false-cls-is-mempty-or-has-neg-maz-lit N s
trail-is-lower-set N s
trail-is-sorted N s
shows false-cls-is-mempty-or-has-neg-maz-lit N s’
using step
proof (cases N s s’ rule: ord-res-8.cases)
case step-hyps: (decide-neg F Uer T' A TY)

have T'-lower: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue.))
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using <trail-is-lower-set N s)[unfolded trail-is-lower-set-def,

rule-format, OF <s = (Uer, F, T')] .

have TI'-sorted: sorted-wrt (Az y. atm-of (fst y) <¢ atm-of (fst z)) T
using <trail-is-sorted N s»[unfolded trail-is-sorted-def,
rule-format, OF <s = (Uep, F, T')] .

have trail-consistent T’
using trail-consistent-if-sorted-wrt-atoms| OF T'-sorted) .

hence trail-consistent T’
unfolding I"' = (Neg A, None) # I'
proof (rule trail-consistent. Cons [rotated))
show - trail-defined-lit T' (Neg A)
unfolding trail-defined-lit-iff-trail-defined-atm
using linorder-trm.is-least-in-fset-ffilterD(2) linorder-trm.less-irrefl step-hyps(4)
trail-defined-lit-iff-trail-defined-atm by force
qed

have atm-defined-iff-lt-A: z |€| trail-atms T +— x <4 A
if z-in: x |€| atms-of-clss (N |U] U,,) for z
proof (rule iffI)
assume z |€| trai-atms T’
thus z <; A
using step-hyps(4)
unfolding linorder-trm.is-least-in-ffilter-iff
by blast
next
assume z <; A
thus z |€| trail-atms T
using step-hyps(4 )[unfolded linorder-trm.is-least-in-ffilter-iff]
using I'-lower[unfolded linorder-trm.is-lower-set-iff]
by (metis linorder-trm.dual-order.asym linorder-trm.neq-iff z-in)
qed

have - trail-false-cls T'' C if C-in: C |€] iefac F | (N |U| U.,) for C
proof —
have — trail-false-cls T' C'
using C-in step-hyps(3) by metis
hence trail-true-cls I' C V = trail-defined-cls T' C
using trail-true-or-false-cls-if-defined by metis
thus — trail-false-cls T'' C
proof (elim disjE)
assume trail-true-cls I' C
hence trail-true-cls T/ C
unfolding «I'" = (Neg A, None) # Ty trail-true-cls-def
by (metis image-insert insert-iff list.set(2) trail-true-lit-def)
thus - trail-false-cls T'' C
using «<trail-consistent T'"y
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by (metis not-trail-true-cls-and-trail-false-cls)
next
assume - trail-defined-cls ' C
then obtain L where L-maz: ord-res.is-mazimal-lit L C
by (metis <— trail-false-cls T' C» linorder-lit. ex-mazximal-in-mset trail-false-cls-mempty)

have L €# C
using L-maz linorder-lit.is-mazimal-in-mset-iff by metis

have atm-of L |€| atms-of-clss (N |U| Ue,)
using C-in <L €# C) by (metis atm-of-in-atms-of-clssI)

show - trail-false-cls T C
proof (cases atm-of L = A)
case True

have — trail-defined-lit T' (Pos A)
using step-hyps(4)

unfolding trail-defined-lit-iff-trail-defined-atm linorder-trm.is-least-in-ffilter-iff
by auto

hence (3K €# C. K # Pos A N\ = trail-false-lit T K) V
= ord-res.is-mazximal-lit (Pos A) C
using step-hyps(5) C-in
unfolding clause-could-propagate-iff
unfolding bez-simps de-Morgan-conj not-not by blast

thus ?thesis
proof (elim disjE bexE conjE)

fix K :: 'f gterm literal

assume K €# C and K # Pos A and — trail-false-lit T' K

thus — trail-false-cls T'' C

by (smt (verit) fst-conv image-iff insertE list.simps(15) step-hyps(6)
trail-false-cls-def trail-false-lit-def uminus-Pos uminus-lit-swap)

next

assume - ord-res.is-mazimal-lit (Pos A) C

hence L = Neg A
using <atm-of L = Ay L-maz by (metis literal.exhaust-sel)

thus — trail-false-cls T C
unfolding I'' = (Neg A, None) # I’
unfolding trail-false-cls-def trail-false-lit-def
using <L €# C)[unfolded <L = Neg Aj]
by (metis «— trail-defined-cls T C» fst-conv image-insert insertE
list.simps(15)
trail-defined-cls-def trail-defined-lit-def uminus-lit-swap uminus-not-id’)
qged
next

364



case Fulse

moreover have — atm-of L <; A
proof (rule notl)
assume atm-of L <; A
moreover have VK c# C. atm-of K =, atm-of L
using L-max linorder-lit.is-maximal-in-mset-iff
by (metis Neg-atm-of-iff linorder-trm.le-less-linear linorder-trm.linear
literal.collapse(1) ord-res.less-lit-simps(1) ord-res.less-lit-simps(2)
ord-res.less-lit-simps(3) ord-res.less-lit-simps(4))
ultimately have VK €# C. atm-of K <; A
by (metis linorder-trm.antisym-convl linorder-trm.dual-order.strict-trans)
moreover have VK €# C. atm-of K |€| atms-of-clss (N |U| Ue,)
using C-in by (metis atm-of-in-atms-of-clssI)
ultimately have VK €# C. atm-of K |€| trail-atms T
using atm-defined-iff-lt-A by metis
hence VK €# C. trail-defined-lit I' K
using trail-defined-lit-iff-trail-defined-atm by metis
hence trail-defined-cls T' C
unfolding trail-defined-cls-def by argo
thus Fulse
using <= trail-defined-cls I' C by contradiction
qged

ultimately have A <; atm-of L
by order

hence atm-of L |¢| trail-atms T’
unfolding I'" = (Neg A, None) # I't
unfolding trail-atms.simps prod.sel literal.sel
using atm-defined-iff-lt-A[OF <atm-of L |€| atms-of-clss (N |U| Uey )]
using - atm-of L <; A> by simp

hence — trail-defined-lit I'' L
using trail-defined-lit-iff-trail-defined-atm by blast

hence — trail-false-lit T'' L
using trail-defined-lit-iff-true-or-false by blast

thus — trail-false-cls T/ C
unfolding trail-false-cls-def
using <L €# C» by metis

qed
qed
qed

hence V C|€|iefac F |9 (N |U| Uey). trail-false-cls T/ C —

C = {#} V (3 A. ord-res.is-mazximal-lit (Neg A) C)
by metis
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thus ?thesis
unfolding false-cls-is-mempty-or-has-neg-maz-lit-def «s’ = (U, F, T'')» by
stmp
next
case step-hyps: (propagate F U.. T A C TV)

have F = {#} Vv (3 A. ord-res.is-mazimal-lit (Neg A) E)
if E-in: E |€| iefac F || (N |U| U.,) and E-false: trail-false-cls T'' E for E
proof (cases A € atm-of * set-mset E)
case True
have — trail-false-cls ' £
using - fBex (iefac F || (N |U| Ueyr)) (trail-false-cls T')» E-in by metis

hence Neg A €# E
using E-false[unfolded <I'' = (Pos A, Some C) # I

by (metis subtrail-falsel uminus-Pos)

have atm-of L |€| trail-atms I'" if L €# E for L
using F-false <L €# E»
by (simp add: atm-of-in-atm-of-set-iff-in-set-or-uminus-in-set fset-trail-atms
trail-false-cls-def trail-false-lit-def)

moreover have z <; A if z |€]| trail-atms T for z
using step-hyps(4) that
by (simp add: linorder-trm.is-least-in-ffilter-iff)

ultimately have atm-of L <; A if L €# E for L
unfolding «I'" = (Pos A, Some C) # Iy trail-atms.simps prod.sel literal.sel
using <L €# E) by blast

hence L <; Neg Aif L €# E for L
using <L €# E»
by (metis linorder-lit.lel linorder-trm.leD literal.collapse(1) literal.collapse(2)
ord-res.less-lit-simps(3) ord-res.less-lit-simps(4))

hence 3 A. ord-res.is-mazximal-lit (Neg A) E
using (Neg A €# E»
by (metis <— trail-false-cls T' E» linorder-lit.ex-mazimal-in-mset
linorder-lit.is-mazimal-in-mset-iff reflclp-iff trail-false-cls-mempty)

thus ?thesis ..
next
case Fulse
hence trail-false-cls I' E
using E-false[unfolded <I'" = (Pos A, Some C) # I']
by (metis atm-of-in-atm-of-set-iff-in-set-or-uminus-in-set literal.sel(1) sub-
trail-falsel)
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moreover have — trail-false-cls ' £
using - fBex (iefac F || (N |U| Ueyr)) (trail-false-cls T')» E-in by metis

ultimately have Fulse
by contradiction

thus ?2thesis ..
qed

thus %thesis
unfolding false-cls-is-mempty-or-has-neg-maz-lit-def «s’ = (Uep, F, I'')y by
stmp
next
case step-hyps: (factorize F U, ' A C F')

have trail-false-cls T' (iefac F C) «— trail-false-cls T C'if C |€| N |U| U, for
FC
using that by (simp add: iefac-def trail-false-cls-def)

hence V C|€liefac F' || (N |U| Ue,).
trail-false-cls T C — C = {#} Vv (F A. ord-res.is-mazximal-lit (Neg A) C)
using step-hyps(3) by force

thus ?thesis
by (simp add: <s' = (Uer, F', T)» false-cls-is-mempty-or-has-neg-max-lit-def)
next
case step-hyps: (resolution T' F Uy D A C Ug,.' T)

have false-wrt-I'-if-false-wrt-T'": trail-false-cls T’ E if trail-false-cls T'' E for E
using that
unfolding step-hyps(7) trail-false-cls-def trail-false-lit-def
using image-iff set-drop WhileD by fastforce

have iefac F E = {#} V (3 A. ord-res.is-mazimal-lit (Neg A) (iefac F E))
if £ |€| N |U| Ue,' trail-false-cls T (iefac F E) for E

proof (cases E = eres C' D)
case True

show ?thesis
proof (cases eres C D = {#})
case True
thus ?thesis
by (simp add: <E = eres C D»)
next
case Fulse
then obtain K where K-maz: ord-res.is-mazimal-lit K (eres C' D)
using linorder-lit.ex-mazximal-in-mset by metis

have I'' = dropWhile (Az. atm-of K =; atm-of (fst z)) T
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unfolding step-hyps(7)
proof (rule drop While-cong)
show I' =T ..
next
fix Ln :: 'f gterm literal x 'f gterm literal multiset option
obtain L annot where Ln = (L, annot)
by force
have (V K. ord-res.is-mazimal-lit K (eres C D) — atm-of K < atm-of L)
—
(atm-of K =; atm-of L)
using K-maz by (metis linorder-lit. Unig-is-mazimal-in-mset thel-equality”)
thus (V K. ord-res.is-mazimal-lit K (eres C D) — atm-of K <¢ atm-of (fst
Ln)) +—
(atm-of K =; atm-of (fst Ln))
unfolding <Ln = (L, annot)> prod.case prod.sel .
qed

have K €# eres C D
using K-max linorder-lit.is-maximal-in-mset-iff by metis

moreover have — trail-defined-lit T/ K
proof —
have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T
using invars[unfolded <s = (Uep, F, I')» trail-is-sorted-def]
by (simp add: sorted-wrt-map)

have V Ln € set I'". = (atm-of K =; atm-of (fst Ln))
unfolding I'' = drop While (Az. atm-of K =<y atm-of (fst z)) T
proof (rule ball-set-drop While-if-sorted-wrt-and-monotone-on)
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using invars[unfolded <s = (Uep, F, T') trail-is-sorted-def]
by (simp add: sorted-wrt-map)
next
show monotone-on (set T') (Az y. atm-of (fst y) < atm-of (fst x)) (>)
(Az. atm-of K =, atm-of (fst x))
by (rule monotone-onl) auto
qged

hence V Ln € set T''. atm-of (fst Ln) <; atm-of K
by auto

hence atm-of K |¢| trail-atms T’
by (smt (verit, best) fset-trail-atms image-iff linorder-trm.dual-order.asym,)

thus ?thesis
using trail-defined-lit-iff-trail-defined-atm by metis
qed

ultimately have — trail-false-cls T (eres C' D)
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using trail-defined-lit-iff-true-or-false trail-false-cls-def by metis

hence — trail-false-cls T'' E
unfolding (E = eres C' D» .

hence — trail-false-cls T (iefac F E)
unfolding trail-false-cls-def by (metis iefac-def set-mset-efac)

thus ?thesis
using <trail-false-cls T (iefac F E)»
by contradiction
qed
next
case Fulse
hence E |€| N |U| U,
using step-hyps(6) that(1) by force

moreover hence iefac F E # {#}
using step-hyps(3—)
by (metis (no-types, opaque-lifting) empty-iff linorder-cls.is-least-in-ffilter-iff
linorder-cls.not-less linorder-lit.is-mazimal-in-mset-iff mempty-lesseq-cls
rev-fimage-eql
set-mset-empty trail-false-cls-mempty)

moreover have trail-false-cls T’ (iefac F E)
using <trail-false-cls T/ (iefac F E)» false-wrt-T-if-false-wrt-T'’ by metis

ultimately have 3 A. ord-res.is-mazimal-lit (Neg A) (iefac F E)
using invars(1)[unfolded <s = (U.r, F, ') false-cls-is-mempty-or-has-neg-maz-lit-def
by auto

thus ?2thesis ..
qed

thus ?thesis
by (simp add: <s' = (Ue.', F, T'') false-cls-is-mempty-or-has-neg-maz-lit-def)
qed

definition decided-literals-all-neg where
decided-literals-all-neg N s <—
(VUer FT.5=(Uep, F, T) —
(VLn € set T. VL. Ln = (L, None) —> is-neg L))

lemma ord-res-8-preserves-decided-literals-all-neg:
assumes
step: ord-res-8 N s s’ and
invar: decided-literals-all-neg N s
shows decided-literals-all-neg N s’
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using step
proof (cases N s s’ rule: ord-res-8.cases)
case (decide-neg F U, I' AT)

have V Lneset T'. VL. Ln = (L, None) —> is-neg L
using invar by (simp add: <s = (Uep, F, T')» decided-literals-all-neg-def)

hence V Lneset I''. VL. Ln = (L, None) —» is-neg L
unfolding I'' = (Neg A, None) # I'» by simp

thus ?thesis
by (simp add: <s' = (Uer, F, T'')y decided-literals-all-neg-def)
next
case (propagate F U.. T' A C T")

have V Lneset T'. VL. Ln = (L, None) —> is-neg L
using invar by (simp add: <s = (Uer, F, T')» decided-literals-all-neg-def)

hence V Lneset I''. VL. Ln = (L, None) — is-neg L
unfolding I'' = (Pos A, Some C) # I's by simp

thus ?thesis
by (simp add: <s' = (Uer, F, ')y decided-literals-all-neg-def)
next
case (factorize F U., ' A C F’)

have V Lneset T'. VL. Ln = (L, None) — is-neg L
using invar by (simp add: <s = (Uep, F, T')» decided-literals-all-neg-def)

thus ?thesis
by (simp add: <s' = (Uer, F', T')» decided-literals-all-neg-def)
next
case step-hyps: (resolution T' F Uy D A C U,,.' T)

have V Lneset I'. VL. Ln = (L, None) — is-neg L
using invar by (simp add: <s = (Uer, F, T')y decided-literals-all-neg-def)

moreover have set I'' C set T’
unfolding I"' = drop While - T’
by (meson set-mono-suffix suffiz-drop While)

ultimately have V Lne€set I'. VL. Ln = (L, None) —> is-neg L
by blast

thus ?thesis
by (simp add: <s’ = (Ue,', F, ')y decided-literals-all-neg-def)
qed

definition ord-res-8-invars where
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ord-res-8-invars N s <—
trail-is-sorted N s A\
trail-is-lower-set N s N\
false-cls-is-mempty-or-has-neg-mazx-lit N s A
trail-annotations-invars N s N\
decided-literals-all-neg N s

lemma ord-res-8-preserves-invars:

assumes
step: ord-res-8 N s s’ and
invars: ord-res-8-invars N s

shows ord-res-8-invars N s’

using invars

unfolding ord-res-8-invars-def

using
ord-res-8-preserves-trail-is-sorted| OF step]
ord-res-8-preserves-atoms-in-trail-lower-set| OF step)
ord-res-8-preserves-false-cls-is-mempty-or-has-neg-maz-lit[ OF step)
ord-res-8-preserves-trail-annotations-invars| OF step)
ord-res-8-preserves-decided-literals-all-neg| OF step)

by metis

lemma rtranclp-ord-res-8-preserves-invars:
assumes
step: (ord-res-8 N)** s s’ and
invars: ord-res-8-invars N s
shows ord-res-8-invars N s’
using step invars ord-res-8-preserves-invars
by (smt (verit, del-insts) rtranclp-induct)

lemma tranclp-ord-res-8-preserves-invars:
assumes
step: (ord-res-8 N)*T s s’ and
invars: ord-res-8-invars N s
shows ord-res-8-invars N s’
using step invars ord-res-8-preserves-invars
by (smt (verit, del-insts) tranclp-induct)

lemma ex-ord-res-8-if-not-final:
assumes
not-final: — ord-res-8-final (N, s) and
invars: ord-res-8-invars N s
shows Js’. ord-res-8 N s s’
proof —
obtain U., F I' where s = (U,,, F, I')
by (metis surj-pair)

note invars’ = invarsjunfolded «s = (Uer, F, T')» ord-res-8-invars-def]
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have
undef-atm-or-false-cls:
(Fz |€| atms-of-clss (N |U| Uey). x |€] trail-atms T') A
- (3z |€] iefac F | (N |U| Uey). trail-false-cls T' x)V
3z |€] iefac F | (N |U| Uep). trail-false-cls T' z) and
{#) 1] defac F |1 (N U] Uer)
unfolding atomize-conj
using not-final[unfolded ord-res-8-final.simps] <s = (Uer, F, T')» by metis

show ?thesis
using undef-atm-or-false-cls
proof (elim disjE conjFE)
assume
ez-undef-atm: Iz |€| atms-of-clss (N |U| Ue,). z |¢| trail-atms T and
no-conflict: = (I z|€liefac F || (N |U| Uer). trail-false-cls T' 1)

moreover have {|A4y |€| atms-of-clss (N |U| Ue,). ¥ Ay |€| trail-atms T'. Ay
<¢ A2} # {1}
proof —
obtain A; :: 'f gterm where
Ag-in: Ay |€] atms-of-clss (N |U] U.,) and
Ag-undef: As || trail-atms T
using ez-undef-atm by metis

have Ay <; As if Ay-in: Ay |€| trail-atms T for A; :: 'f gterm
proof —
have A; # A,
using Ai-in As-undef by metis

moreover have linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N
Ul Uer))
using invars’unfolded trail-is-lower-set-def, simplified] by argo

ultimately show ?thesis
by (meson As-in Ag-undef linorder-trm.is-lower-set-iff linorder-trm.linorder-cases
that)
qed

thus ?thesis
using As-in
by (smt (verit, ccfv-threshold) femptyE ffmember-filter)
qed

ultimately obtain A :: 'f gterm where
A-least: linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Uep).
YV Ay |€| trail-atms T. Ay <; As|} A
using ez-undef-atm linorder-trm.ex-least-in-fset by presburger

372



show Js’. ord-res-8 N s s’
proof (cases 3 C|€liefac F | (N |U] Ueyr). clause-could-propagate T C (Pos
4))
case True
hence {|C |€| iefac F | (N |U| Uey). clause-could-propagate T' C (Pos A)|}
# Il
by force

then obtain C where
C-least: linorder-cls.is-least-in-fset
{1C |€| iefac F || (N |U| Uer). clause-could-propagate T C' (Pos A)|} C

using linorder-cls.ex1-least-in-fset by meson

show ?thesis
unfolding <s = (U, F, ')
using ord-res-8.propagate] OF no-conflict A-least C-least)]
using ord-res-8.factorize] OF no-conflict A-least C-least]
by metis
next
case Fulse
thus ?thesis
unfolding <s = (U.,, F, ')
using ord-res-8.decide-neg| OF no-conflict A-least] by metis
qed
next
assume Jz|€liefac F || (N |U| Uer). trail-false-cls T x
then obtain D :: f gclause where
D-least: linorder-cls.is-least-in-fset
(ffilter (trail-false-cls T') (iefac F | (N |U| Uer))) D
by (metis femptyE ffmember-filter linorder-cls.ex-least-in-fset)

hence D |€| iefac F || (N |U| U.,) and trail-false-cls T D
unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by argo

moreover have D # {#}
using «D |€| iefac F || (N |U| Uer)r {#} |¢| iefac F || (N U] Uer)» by
metis

ultimately obtain A where Neg-A-mazx: linorder-lit.is-mazimal-in-mset D
(Neg A)
using invars’ false-cls-is-mempty-or-has-neg-maz-lit-def by metis

hence trail-false-lit T' (Neg A)
using <trail-false-cls T' D»

by (metis linorder-lit.is-mazimal-in-mset-iff trail-false-cls-def)

hence Pos A € fst ‘set T’
unfolding trail-false-lit-def by simp
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hence 3 C. (Pos A, Some C) € set T
using invars’[unfolded decided-literals-all-neg-def, simplified]
by fastforce

then obtain C :: 'f gclause where
map-of T' (Pos A) = Some (Some C)

by (metis invars’ is-pos-def map-of-SomeD not-Some-eq decided-literals-all-neg-def

weak-map-of-Somel )

thus 3s’. ord-res-8 N s s’
unfolding <s = (U, F, ')
using ord-res-8.resolution D-least Neg-A-maz by blast
qed
qed

lemma ord-res-8-safe-state-if-invars:
fixes N s
assumes invars: ord-res-8-invars N s
shows safe-state (constant-context ord-res-8) ord-res-8-final (N, s)
using safe-state-constant-context-if-invarsjwhere
R = ord-res-8 and F = ord-res-8-final and Z = ord-res-8-invars]
using ord-res-8-preserves-invars ex-ord-res-8-if-not-final invars by metis

end
end
theory ORD-RES-9
imports
ORD-RES-8
begin

24 ORD-RES-9 (factorize when propagating)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-9 where
decide-neg:
- (3C |€| iefac F | (N |U] Uer). trail-false-cls T' C) =
linorder-trm.is-least-in-fset {|Aa |€| atms-of-clss (N |U] Uer).
V Ay |€]| trail-atms T'. Ay <y As|} A =
- (3C |€] iefac F || (N |U| Uey). clause-could-propagate I' C' (Pos A)) =
I'"= (Neg A, None) # I’ =
ord-res-9 N (Uep, F, T) (Uer, F, T) |

propagate:
- (3C |g| iefac F || (N |U| Uep). trail-false-cls T' C) =
linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Ue,).
YV A |€] trail-atms T. Ay < 42|} A =
linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U] Uer).
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clause-could-propagate T' C' (Pos A)|} C =
I'" = (Pos A, Some (efac C)) # T =
F' = (if linorder-lit.is-greatest-in-mset C' (Pos A) then F else finsert C F) =
ord-res-9 N (Uer, F, T') (Uer, F', T7) |

resolution:
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Uey). trail-false-cls T' D|}
D =
linorder-lit.is-mazimal-in-mset D (Neg A) =
map-of T' (Pos A) = Some (Some C') =
Uer' = finsert (eres C D) U, =
I'" = dropWhile (A\Ln. V K.
linorder-lit.is-maximal-in-mset (eres C D) K — atm-of K <, atm-of (fst
In)) T =
ord-res-9 N (Uer, F, T) (Uer'y, F, T)

lemma right-unique-ord-res-9:
fixes N :: 'f gclause fset
shows right-unique (ord-res-9 N)
proof (rule right-uniquel)
fixzyz
assume stepl: ord-res-9 N x y and step2: ord-res-9 N z z
show y = 2
using step1
proof (cases N z y rule: ord-res-9.cases)
case hypsl: (decide-neg F U, T' A1 T17)
show ?thesis
using step?2 unfolding <z = (U.,, F, ')
proof (cases N (Uer, F, I') z rule: ord-res-9.cases)
case (decide-neg A T')
with hyps! show ?thesis
by (metis (no-types, lifting) linorder-trm.dual-order.asym
linorder-trm.is-least-in-fset-iff )
next
case (propagate A C T F)
with hyps! have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff
linorder-trm.dual-order.asym linorder-trm.is-least-in-[filter-iff)
thus ?thesis ..
next
case (resolution D A C U,,' T")
with hyps! have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
qed
next
case hypsl: (propagate F Uer T' Ay C1 T/ Fr')
show ?thesis
using step?2 unfolding <z = (U,,, F, ')
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proof (cases N (Uer, F, T') z rule: ord-res-9.cases)
case (decide-neg A T')
with hyps1 have Fulse
by (metis (no-types, lifting) Unig-D linorder-cls.is-least-in-ffilter-iff
linorder-trm. Unig-is-least-in-fset)
thus ?thesis ..
next
case (propagate A C T F')
with hypsi show ?thesis
by (metis (no-types, lifting) linorder-cls.dual-order.asym
linorder-cls.is-least-in-ffilter-iff linorder-trm.dual-order.asym
linorder-trm.is-least-in-fset-iff )
next
case (resolution D A C U,,' T")
with hyps! have Fulse
by (metis (no-types) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
qed
next
case hypsl: (resolution T F U D1 Ay C1 Uer1’' T1Y)
show ?thesis
using step?2 unfolding <z = (U.,, F, ')
proof (cases N (Uer, F, T') z rule: ord-res-9.cases)
case (decide-neg A T')
with hyps1 have Fulse
by (metis (no-types) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
next
case (propagate A C T' F')
with hyps! have Fulse
by (metis (no-types) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..

next
case hyps2: (resolution D A C U,,'T')
have D; = D

using hyps1 hyps?2
by (metis (no-types) Uniq-D linorder-cls. Uniq-is-least-in-fset)
have C; = C
using hyps! hyps2
unfolding <D, = D)
by (metis (no-types) Unig-D linorder-lit. Unig-is-mazimal-in-mset option.inject
uminus-Neg)
show ?thesis
using hyps! hyps2
unfolding <D, = Dy «Cy = C»
by argo
qed
qged
qed
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lemma ord-res-9-is-one-or-two-ord-res-9-steps:
fixes N s s’

assumes step: ord-res-9 N s s’

shows ord-res-8 N s s’V (ord-res-8 N OO ord-res-8 N) s s’
using step

proof (cases N s s’ rule: ord-res-9.cases)

case step-hyps: (decide-neg F Uer T' A T)
show ?thesis

proof (rule disjI1)
show ord-res-8 N s s’
using step-hyps ord-res-8.decide-neg by (simp only:)
qed
next
case step-hyps: (propagate F U.. T' A C T/ F’)

have

C-in: C |€| iefac F | (N |U| Ue,) and

C-could-prop: clause-could-propagate ' C (Pos A) and
C-lt: VD |€] iefac F | (N |U| Uep).

D # C — clause-could-propagate T' D (Pos A) — C <. D

using step-hyps unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by
argo

hence C-maz-lit: ord-res.is-maximal-lit (Pos A) C
unfolding clause-could-propagate-def by argo

show ?thesis

proof (cases ord-res.is-strictly-mazimal-lit (Pos A) C')
case True

hence efac C = C
using nez-strictly-mazimal-pos-lit-if-neq-efac by force
thus ?Zthesis
using True step-hyps ord-res-8.propagate by simp
next
case Fulse

have F' = finsert C F
using Fualse step-hyps by simp
have efac C # C
using Fualse C-maz-lit by (metis greatest-literal-in-efacl literal.disc(1))

hence C-in”: C |€| N |U| U,
using C-in

by (smt (verit, ccfo-threshold) fimage-iff iefac-def ex1-efac-eq-factoring-chain
factorizable-if-neq-efac)
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have C |¢| F
by (smt (verit, ccfv-threshold) C-in <efac C # C» factorizable-if-neg-efac
fimage-iff

exl-efac-eq-factoring-chain iefac-def)

have fimage-iefac-F'-eq:
iefac F' |1 (N U] Uer) = finsert (efac C) ((iefac F | (N |U] Uer)) — {IC1})
proof (intro fsubset-antisym fsubsetl)
fix x :: 'f gclause
assume z |€| iefac F' | (N |U] Uey)
then obtain z’ where z’ |€| N |U| U,, and z = iefac F' z’
by blast
thus z |€| finsert (efac C) ((iefac F || (N U] Uer)) |—| {ICI})
proof (cases ' = ()
case True
hence z = efac C
using «z = iefac F' z'» by (simp add: «<F' = finsert C F» iefac-def)
thus ?thesis
using <efac C # C) by simp
next
case Fulse
hence z = iefac F x’
using <z = iefac F' z'y by (auto simp add: «F' = finsert C F» iefac-def)
then show ?thesis
by (metis (no-types, lifting) False <z’ |€| N |U| U.,> exl-efac-eg-factoring-chain
factorizable-if-neg-efac fimage-eql finsertCI fminus-iff fsingletonE
iefac-def)
qed
next
fix x :: 'f gclause
assume z-in: z |€]| finsert (efac C) (iefac F | (N |U| Uer) |—| {IC]})
hence z = efac C V z |€]| (iefac F || (N |U] Uer) |—| {IC|})
by blast
thus z |€| iefac F' || (N |U| Uer)
proof (elim disjE)
assume z = efac C
hence z = iefac F' C
by (simp add: <F' = finsert C F» iefac-def)
thus z |€]| iefac F' |9 (N |U]| Uer)
using «C |€| N |U| U.,> by blast
next
assume z |€| iefac F || (N |U]| Uer) |-| {|IC|}
hence z |€| iefac F || (N |U| Uer) and z # C
by simp-all
then obtain 2z’ where 2z’ |€| N |U| U, and z = iefac F z’
by auto
moreover have z' # C
using <z # C) «x = iefac F =/
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using «C |¢| F>» iefac-def by force
ultimately show z |€| iefac F' || (N |U] Uer)
by (simp add: «F' = finsert C F> iefac-def)
qed
qed

have first-step8: ord-res-8 N (Uer, F, T') (Uer, F', T)
using Fulse step-hyps ord-res-8.factorize by simp

moreover have ord-res-8 N (U, F', T) (Uer, F', T)
proof (rule ord-res-8.propagate)
have — trail-false-cls T' C
using step-hyps using C-in by metis

hence - trail-false-cls T (efac C)
by (simp add: trail-false-cls-def)

thus - (3 C |€]| defac F' || (N |U| Uer). trail-false-cls T C)
using step-hyps unfolding fimage-iefac-F'-eq by blast
next
show linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U| Uey).
V Aq|€ltrail-atms T'. Ay <4 Ag|} A
using step-hyps by argo
next
show linorder-cls.is-least-in-fset {|C |€| iefac F' || (N |U] Uer).
clause-could-propagate T' C' (Pos A)|} (efac C)
unfolding linorder-cls.is-least-in-ffilter-iff
proof (intro conjI balll impl)
show efac C |€] iefac F' |9 (N |U| Ue.)
unfolding fimage-iefac-F'-eq by simp
next
show clause-could-propagate T' (efac C) (Pos A)
using C-could-prop
unfolding clause-could-propagate-def
by (simp add: trail-false-cls-def greatest-literal-in-efacl
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset)
next
fix D :: 'f gterm literal multiset
assume
D |€| iefac F' |1 (N |U| Ue,) and
D # efac C and
clause-could-propagate T' D (Pos A)
thus efac C' <. D
using C-lt
by (metis (no-types, opaque-lifting) C-in efac-properties-if-not-ident(1)
fimage-iefac-F'-eq finsert-fminus finsert-iff linorder-cls.less-trans)
qed
next
show ord-res.is-strictly-mazimal-lit (Pos A) (efac C)
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using step-hyps
by (simp add: clause-could-propagate-def greatest-literal-in-efacl
linorder-cls.is-least-in-ffilter-iff)
next
show I' = (Pos A, Some (efac C)) # T
using step-hyps by argo
qed

ultimately have (ord-res-8 N OO ord-res-8 N) s s’
using step-hyps by blast

thus ?thesis
by argo
qed
next
case step-hyps: (resolution T' F Ue D A C Ug,.' T)
show ?thesis
proof (rule disjl1)
show ord-res-8 N s s’
using step-hyps ord-res-8.resolution by (simp only:)
qged
qged

lemma ord-res-9-preserves-invars:
assumes
step: ord-res-9 N s s’ and
invars: ord-res-8-invars N s
shows ord-res-8-invars N s’
using invars ord-res-9-is-one-or-two-ord-res-9-steps
by (metis local.step ord-res-8-preserves-invars relcomppE)

lemma rtranclp-ord-res-9-preserves-ord-res-8-invars:
assumes
step: (ord-res-9 N)** s s’ and
invars: ord-res-8-invars N s
shows ord-res-8-invars N s’
using step invars ord-res-9-preserves-invars
by (smt (verit, del-insts) rtranclp-induct)

lemma ex-ord-res-9-if-not-final:
assumes
not-final: — ord-res-8-final (N, s) and
invars: ord-res-8-invars N s
shows Js’. ord-res-9 N s s’
proof —
obtain U., F I' where s = (U,,, F, I')
by (metis surj-pair)

note invars’ = invarsjunfolded «s = (Uer, F, T')» ord-res-8-invars-def]
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have
undef-atm-or-false-cls:
(Fz |€| atms-of-clss (N |U| Uey). x |€] trail-atms T') A
- (3z |€] iefac F | (N |U| Uey). trail-false-cls T' x)V
3z |€] iefac F | (N |U| Uep). trail-false-cls T' z) and
{#) 1] defac F |1 (N U] Uer)
unfolding atomize-conj
using not-final[unfolded ord-res-8-final.simps] <s = (Uer, F, T')» by metis

show ?thesis
using undef-atm-or-false-cls
proof (elim disjE conjFE)
assume
ez-undef-atm: Iz |€| atms-of-clss (N |U| Ue,). z |¢| trail-atms T and
no-conflict: = (I z|€liefac F || (N |U| Uer). trail-false-cls T' 1)

moreover have {|A4y |€| atms-of-clss (N |U| Ue,). ¥ Ay |€| trail-atms T'. Ay
<¢ A2} # {1}
proof —
obtain A; :: 'f gterm where
Ag-in: Ay |€] atms-of-clss (N |U] U.,) and
Ag-undef: As || trail-atms T
using ez-undef-atm by metis

have Ay <; As if Ay-in: Ay |€| trail-atms T for A; :: 'f gterm
proof —
have A; # A,
using Ai-in As-undef by metis

moreover have linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N
Ul Uer))
using invars’unfolded trail-is-lower-set-def, simplified] by argo

ultimately show ?thesis
by (meson As-in Ag-undef linorder-trm.is-lower-set-iff linorder-trm.linorder-cases
that)
qed

thus ?thesis
using As-in
by (smt (verit, ccfv-threshold) femptyE ffmember-filter)
qed

ultimately obtain A :: 'f gterm where
A-least: linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Uep).
YV Ay |€| trail-atms T. Ay <; As|} A
using ez-undef-atm linorder-trm.ex-least-in-fset by presburger
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show 3s’. ord-res-9 N s s’
proof (cases 3 C|€liefac F | (N |U] Ueyr). clause-could-propagate T C (Pos
4))
case True
hence {|C |€| iefac F | (N |U| Uey). clause-could-propagate T' C (Pos A)|}
# Il
by force

then obtain C where
C-least: linorder-cls.is-least-in-fset
{1C |€| iefac F || (N |U| Uer). clause-could-propagate T C' (Pos A)|} C

using linorder-cls.ex1-least-in-fset by meson

show ?thesis
unfolding <s = (U, F, ')
using ord-res-9.propagate] OF no-conflict A-least C-least)]
by metis
next
case Fulse
thus ?thesis
unfolding «s = (U, F, ')
using ord-res-9.decide-neg| OF no-conflict A-least] by metis
qed
next
assume Jz|€liefac F || (N |U| Ue,). trail-false-cls T'
then obtain D :: 'f gclause where
D-least: linorder-cls.is-least-in-fset
(ffilter (trail-false-cls T') (iefac F | (N |U| Uer))) D
by (metis femptyE [fmember-filter linorder-cls.ex-least-in-fset)

hence D |€| iefac F || (N |U| Ue,) and trail-false-cls T D
unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by argo

moreover have D # {#}
using <D |€| iefac F || (N |U| Uer)r {#} €| iefac F || (N |U] Uer)» by
metis

ultimately obtain A where Neg-A-mazx: linorder-lit.is-mazimal-in-mset D
(Neg A)
using invars’ false-cls-is-mempty-or-has-neg-maz-lit-def by metis

hence trail-false-lit T' (Neg A)
using <trail-false-cls I' D>
by (metis linorder-lit.is-mazimal-in-mset-iff trail-false-cls-def)

hence Pos A € fst “ set T’
unfolding trail-false-lit-def by simp

hence 3 C. (Pos A, Some C) € set T

382



using invars’[unfolded decided-literals-all-neg-def, simplified]
by fastforce

then obtain C :: 'f gclause where
map-of T' (Pos A) = Some (Some C')
by (metis invars’ is-pos-def map-of-SomeD not-Some-eq decided-literals-all-neg-def
weak-map-of-Somel )

thus 3s’. ord-res-9 N s s’
unfolding <s = (U, F, ')
using ord-res-9.resolution D-least Neg-A-maz by blast
qed
qed

lemma ord-res-9-safe-state-if-invars:
fixes N s
assumes invars: ord-res-8-invars N s
shows safe-state (constant-context ord-res-9) ord-res-8-final (N, s)
using safe-state-constant-context-if-invarsjwhere
R = ord-res-9 and F = ord-res-8-final and Z = ord-res-8-invars]
using ord-res-9-preserves-invars ex-ord-res-9-if-not-final invars by metis

sublocale ord-res-9-semantics: semantics where
step = constant-context ord-res-9 and
final = ord-res-8-final
proof unfold-locales
fix S :: 'f gclause fset xX'f gclause fset x 'f gclause fset x
('f gliteral x 'f gclause option) list

obtain
N U, F :: 'f gterm clause fset and
T :: ('f gterm literal x 'f gterm literal multiset option) list where
S-def: § = (N, Upy, F, T)
by (metis prod.ezhaust)

assume ord-res-8-final S

hence P z. ord-res-9 N (U,,, F,T)
unfolding S-def

proof (cases (N, Uer, F, I') rule: ord-res-8-final.cases)
case model-found

have 3 A. linorder-trm.is-least-in-fset {| Ay |€| atms-of-clss (N |U| Ue,).
YV Ay |€| trail-atms T. Ay <; As|} A
using «— (I A|€|atms-of-clss (N |U| Uey). A |€| trail-atms T)»
using linorder-trm.is-least-in-ffilter-iff by fastforce

moreover have 3 C. linorder-cls.is-least-in-fset
(ffilter (trail-false-cls T') (iefac F || (N |U| Uer))) C
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using «— fBez (iefac F || (N |U| Uer)) (trail-false-cls T')»
by (metis linorder-cls.is-least-in-ffilter-iff)

ultimately show ?thesis
unfolding ord-res-9.simps by blast
next
case contradiction-found

hence 3 C |€| iefac F | (N |U| Uer). trail-false-cls T C
using trail-false-cls-mempty by metis

moreover have 1 D A. linorder-cls.is-least-in-fset (ffilter (trail-false-cls T")
(iefac F || (N |U| Uer))) D A ord-res.is-mazimal-lit (Neg A) D
by (metis empty-iff linorder-cls.is-least-in-ffilter-iff linorder-cls.leD
linorder-lit.is-maximal-in-mset-iff local.contradiction-found(1) mempty-lesseq-cls
set-mset-empty trail-false-cls-mempty)

ultimately show #thesis
unfolding ord-res-9.simps by blast
qed

thus finished (constant-context ord-res-9) S
by (simp add: S-def finished-def constant-context.simps)
qed

end

end

theory ORD-RES-10
imports ORD-RES-8

begin

25 ORD-RES-10 (propagate iff a conflict is pro-
duced)

type-synonym 'f ord-res-10-state =
'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-10 where
decide-neg:
- (3C |€| iefac F || (N |U] Uer). trail-false-cls T' C) =
linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U] Ugy).
YV Ay |€] trail-atms T. Ay < 43|} A =
- (3C |€| iefac F | (N U] Uer). clause-could-propagate T' C (Pos A)) =
I'" = (Neg A, None) # I' =
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ord-res-10 N (Uer, F, T') (Uer, F, T} |

decide-pos:
- (3C |g| iefac F || (N |U| Uep). trail-false-cls T' C) =
linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Ue,).
V Ay |€]| tradl-atms T'. Ay <y As]} A =
linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U] Uer).
clause-could-propagate I' C' (Pos A)|} C =
I'" = (Pos A, None) # I’ =
- (3C |€| iefac F | (N |U] Uer). trail-false-cls T C') =
F' = (if linorder-lit.is-greatest-in-mset C' (Pos A) then F else finsert C F) =
ord-res-10 N (Uer, F, T') (Uer, F', T) |

propagate:

- (3C |€| iefac F | (N U] Uep). trail-false-cls T C) =

linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Ue,).
YV Ay |€] trail-atms T. Ay <, As|} A =

linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U] Uer).
clause-could-propagate I' C' (Pos A)|} C =

I'" = (Pos A, Some (efac C)) # T =

(3C |€| iefac F | (N |U] Uer). trail-false-cls T' C) =

F' = (if linorder-lit.is-greatest-in-mset C' (Pos A) then F else finsert C F) =

ord-res-10 N (Uer, F, T') (Uer, F', T) |

resolution:
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Ue,). trail-false-cls T' D|}
D =
linorder-lit.is-mazimal-in-mset D (Neg A) =
map-of T' (Pos A) = Some (Some C) =
Uer' = finsert (eres C D) Uepr =
' = dropWhile (A\Ln. V K.
linorder-lit.is-mazximal-in-mset (eres C D) K — atm-of K =; atm-of (fst
In)) T =
ord-res-10 N (Uep, F, T) (Ue,', F, TV)

lemma right-unique-ord-res-10:
fixes N :: 'f gclause fset
shows right-unique (ord-res-10 N)
proof (rule right-uniquel)
fixxyz
assume stepl: ord-res-10 N x y and step2: ord-res-10 N x z
show y = 2
using stepl
proof (cases N z y rule: ord-res-10.cases)
case hypsl: (decide-neg F U, T' A1 T'1')
show ?thesis
using step2 unfolding «x = (U.,, F, T')
proof (cases N (Uer, F, T') z rule: ord-res-10.cases)
case (decide-neg A T'')
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with hypsi show ?thesis
by (metis (no-types, lifting) linorder-trm.dual-order.asym
linorder-trm.is-least-in-ffilter-iff)
next
case (decide-pos A C T F')
with hyps! have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff
linorder-trm.dual-order.asym linorder-trm.is-least-in-ffilter-iff)
thus ?thesis ..
next
case (propagate A C T F)
with hyps1 have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff
linorder-trm.dual-order.asym linorder-trm.is-least-in-ffilter-iff)
thus %thesis ..
next
case (resolution D A C U,,'T")
with hyps1 have Fulse
by (metis (no-types, opaque-lifting) linorder-cls.is-least-in-ffilter-iff)
thus %thesis ..
qed
next
case hypsl: (decide-pos F U., I' A1 C1 T1'F1')
show ?thesis
using step2 unfolding <z = (U.,, F, I')»
proof (cases N (Uer, F, T') z rule: ord-res-10.cases)
case (decide-neg A T')
with hyps! have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff
linorder-trm.dual-order.asym linorder-trm.is-least-in-ffilter-iff)
thus %thesis ..
next
case (decide-pos A C T F')
with hypsl show ?thesis
by (metis (no-types, lifting) linorder-cls. Unig-is-least-in-fset
linorder-trm. Unig-is-least-in-fset thel-equality’)

next
case hyps2: (propagate A C T' F')
have A1 = A

using hyps! hyps?2
by (metis (no-types, lifting) linorder-trm.dual-order.asym
linorder-trm.is-least-in-ffilter-iff)
hence trail-false-cls T'1' = trail-false-cls T
using hyps! hyps2
unfolding trail-false-cls-def trail-false-lit-def
by simp
hence Fulse
using hyps! hyps2 by argo
thus ?thesis ..
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next
case (resolution D A C U.,'T)
with hyps1 have Fulse
by (meson linorder-cls.is-least-in-ffilter-iff )
thus ?thesis ..
qed
next
case hypsl: (propagate F U, I' A1 C1 T1' F1')
show ?thesis
using step2 unfolding <z = (U, F, ')
proof (cases N (Ue,., F, ') z rule: ord-res-10.cases)
case (decide-neg A T')
with hyps1 have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff
linorder-trm.dual-order.asym linorder-trm.is-least-in-ffilter-iff)
thus ?thesis ..

next
case hyps2: (decide-pos A C T F’)
have A1 = A

using hyps1 hyps?2
by (metis (no-types, lifting) linorder-trm.dual-order.asym
linorder-trm.is-least-in-ffilter-iff )
hence trail-false-cls I'1’ = trail-false-cls T’
using hyps! hyps?2
unfolding trail-false-cls-def trail-false-lit-def
by simp
hence Fulse
using hyps! hyps2 by argo
thus ?thesis ..
next
case (propagate A C T F')
with hyps! show ?thesis
by (metis (no-types, lifting) linorder-cls. Unig-is-least-in-fset
linorder-trm. Unig-is-least-in-fset thel-equality’)
next
case (resolution D A C U,,'T")
with hyps! have Fulse
by (meson linorder-cls.is-least-in-[filter-iff)
thus ?thesis ..
qed
next
case hypsl: (resolution T F U.. DI A1 C1 U,.1'T1")
show ?thesis
using step?2 unfolding <z = (U.,, F, ')
proof (cases N (Uer, F, ') z rule: ord-res-10.cases)
case (decide-neg A T')
with hypsi have Fulse
by (meson linorder-cls.is-least-in-[filter-iff)
thus ?thesis ..
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next
case (decide-pos A C T F’)
with hyps1 have Fulse
by (meson linorder-cls.is-least-in-ffilter-iff )
thus ?thesis ..
next
case (propagate A C T'' F')
with hypsl have Fualse
by (meson linorder-cls.is-least-in-[filter-iff)
thus %thesis ..

next
case hyps2: (resolution D A C U,,'T")
have DI = D

using hyps1 hyps?2

by (metis (no-types, opaque-lifting) linorder-cls. Unig-is-least-in-fset Unig-D)

have A1 = A
using hyps! hyps2
unfolding <D1 = D»

by (metis (mono-tags, opaque-lifting) Unig-D linorder-lit. Unig-is-mazimal-in-mset

literal.sel(2))

have C1 = C
using hyps! hyps2
unfolding (A1 = A»
by simp

show ?thesis
using hyps! hyps2
unfolding <D1 = Dy <A1 = Ay «C1 = O»
by argo

qed
qed
qed

sublocale ord-res-10-semantics: semantics where
step = constant-context ord-res-10 and
final = ord-res-8-final

proof unfold-locales
fix S :: 'f ord-res-10-state

obtain
N Ue, F :: 'f gclause fset and
T :: ('f gliteral x 'f gclause option) list where
S-def: S = (N, Uep, F, T)
by (metis prod.ezhaust)

assume ord-res-8-final S
hence B x. ord-res-10 N (U, F, ')

unfolding S-def
proof (cases (N, Uer, F, I') rule: ord-res-8-final.cases)
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case model-found

have 7 A. linorder-trm.is-least-in-fset {| Ay |€| atms-of-clss (N |U| Uey).
YV Ay |€| trail-atms T. Ay <; As|} A
using «— (3 A|€|atms-of-clss (N |U| Uer). A |¢]| trail-atms T')»
using linorder-trm.is-least-in-ffilter-iff by fastforce

moreover have 3 C. linorder-cls.is-least-in-fset
(ffilter (trail-false-cls T) (iefac F | (N |U| Uer))) C
using «— fBex (iefac F | (N |U| Uey)) (trail-false-cls T')»
by (metis linorder-cls.is-least-in-ffilter-iff)

ultimately show #thesis
unfolding ord-res-10.simps by blast
next
case contradiction-found

hence 3 C |€| iefac F || (N |U] Uey). trail-false-cls T C
using trail-false-cls-mempty by metis

moreover have #1 D A. linorder-cls.is-least-in-fset (ffilter (trail-false-cls T')
(iefac F || (N |U| Uer))) D A ord-res.is-mazximal-lit (Neg A) D
by (metis empty-iff linorder-cls.is-least-in-ffilter-iff linorder-cls.leD
linorder-lit.is-mazximal-in-mset-iff local.contradiction-found(1) mempty-lesseq-cls
set-mset-empty trail-false-cls-mempty)

ultimately show #thesis
unfolding ord-res-10.simps by blast
qed

thus finished (constant-context ord-res-10) S
by (simp add: S-def finished-def constant-context.simps)
qed

inductive ord-res-10-invars for N where
ord-res-10-invars N (Ue,, F, T) if

sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst z)) T and

VILIn € set T.VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C (fst
Ln) and

linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Ue,,)) and

VInT'.T =Ln#T' —

(snd Ln # None «+— (3 C |€| iefac F | (N |U]| Uey). trail-false-cls T C))

(snd Ln # None — is-pos (fst Ln)) A
(VC. snd Ln = Some C — C' |€] iefac F | (N |U] Uer)) A
(V C. snd Ln = Some C — clause-could-propagate T'' C' (fst Ln)) A
(Vz € set T'. snd = None) and
VI Lnfofzfl@Ln#Fo—>
snd Ln = None — —(3 C |€| iefac F || (N |U| Uer). trail-false-cls (Ln #
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lemma ord-res-10-preserves-invars:
assumes
step: ord-res-10 N s s’ and
invars: ord-res-10-invars N s
shows ord-res-10-invars N s’
using invars
proof (cases N s rule: ord-res-10-invars.cases)
case invars: (1 T Uy F)

note I'-sorted = <sorted-wrt (Az y. atm-of (fst y) <¢ atm-of (fst z)) I
note I'-lower = <linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U
Uer))

have trail-consistent T’
using ['-sorted trail-consistent-if-sorted-wrt-atoms by metis

show ?thesis
using step unfolding «s = (U, F, T')»

proof (cases N (Ue,, F, T') s’ rule: ord-res-10.cases)
case step-hyps: (decide-neg A T")

have
A-in: A |€| atms-of-clss (N |J] U.,) and
A-gt: ¥V Aq|€|trail-atms T'. A1 <, A and
A-lt: Y y|€|atms-of-clss (N |U]| Uey).
y# A — (VA€|trail-atms T. Ay <¢ y) — A <1 y
using <linorder-trm.is-least-in-fset - A>
unfolding atomize-conj linorder-trm.is-least-in-ffilter-iff
by argo

have trail-atms T'' = finsert A (trail-atms T")
unfolding I"' = (Neg A, -) # I by simp

show ?thesis
unfolding s’ = (-, -, -)»
proof (intro ord-res-10-invars.intros alll impl conjI)
show sorted-wrt (A\z y. atm-of (fst y) <¢ atm-of (fst z)) T/
unfolding «I'" = (Neg A, None) # I sorted-wrt.simps
proof (intro conjl balll)
fix Ln :: 'f gliteral x 'f gclause option
assume Ln € set I’

hence atm-of (fst Ln) |€| trail-atms T
by (simp add: fset-trail-atms)

thus atm-of (fst Ln) <; atm-of (fst (Neg A, None))
unfolding prod.sel literal.sel
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using A-gt by metis
next
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using I'-sorted .
qed

show V Lneset T'. V C. snd Ln = Some C — ord-res.is-strictly-mazimal-lit
(fst Lm) C
unfolding ' = (-, None) # I';
using invars by simp

show linorder-trm.is-lower-fset (trail-atms I'') (atms-of-clss (N |U| Uer))
unfolding «trail-atms T'' = finsert A (trail-atms T')» finsert.rep-eq
proof (intro linorder-trm.is-lower-set-insertl balll impl)
show A |€| atms-of-clss (N |U]| Ue,)
using A-in .
next
fix w :: 'f gterm
assume w |€] atms-of-clss (N |U] U.,) and w <; A
thus w |€| trail-atms T
by (metis A-lt T-lower linorder-trm.dual-order.asym linorder-trm.neq-iff
linorder-trm.not-in-lower-setI)
next
show linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Uey))
using I'-lower .
qed

{
fix

Ln :: 'f gliteral x 'f gclause option and
T ('f gliteral x 'f gclause option) list

assume I'' = Ln # I'”

have snd Ln = None
using «I'' = Ln # I'’ step-hyps by auto

moreover have - (3 C|€liefac F || (N |U| Uey). trail-false-cls ((Neg A,
None) # T) C)
proof (rule notl | elim bexE)
fix C :: 'f gclause
assume
C-in: C |€] iefac F | (N |U] Ueyr) and
C-false: trail-false-cls ((Neg A, None) # T') C

have clause-could-propagate T' C' (Pos A)
unfolding clause-could-propagate-def
proof (intro conjI)
show — trail-defined-lit T' (Pos A)
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unfolding trail-defined-lit-iff-trail-defined-atm literal.sel
by (metis A-gt linorder-trm.less-irrefl)
next

show ord-res.is-mazimal-lit (Pos A) C
unfolding linorder-lit.is-maximal-in-mset-iff

proof (intro conjl balll impl)
have — trail-false-cls T' C

using step-hyps C-in by metis

thus Pos A €# C
using C-false by (metis subtrail-falsel uminus-Neg)
next

fix L :: 'f gliteral
assume L-in: L €# C and L-neq: L # Pos A

have trail-false-lit ((Neg A, None) # T') L
using C-false L-in unfolding trail-false-cls-def by metis

hence — L € fst ‘set I
unfolding trail-false-lit-def
using L-neq
by (cases L) simp-all

hence trail-defined-lit T' L
unfolding trail-defined-lit-def by argo

hence atm-of L |€| trail-atms T
unfolding trail-defined-lit-iff-trail-defined-atm .

moreover have V Ay |€|trail-atms T. A1 <; A
using step-hyps unfolding linorder-trm.is-least-in-ffilter-iff by argo

ultimately have atm-of L <; A
by metis

hence L <; Pos A
by (cases L) simp-all

thus — Pos A <; L
by order
qed
next
show trail-false-cls T {#K €# C. K # Pos A#}
using C-false
unfolding trail-false-cls-def trail-false-lit-def
by (smt (verit, ccfv-SIG) mem-Collect-eq set-mset-filter subtrail-falsel
trail-false-cls-def trail-false-lit-def uminus-Neg)
qed
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moreover have — clause-could-propagate T' C' (Pos A)
using C-in step-hyps by metis

ultimately show Fulse
by contradiction
qged

ultimately show (snd Ln # None) = (3 C |€| iefac F || (N |U] Uep).
trail-false-cls T' C')
unfolding I'' = (Neg A, None) # I's by argo

show snd Ln # None = is-pos (fst Ln)
using <snd Ln = None> by argo

have — fBex (iefac F |9 (N |U| Ue,)) (trail-false-cls T')
using step-hyps by argo

hence Vzeset I'. snd x = None
using invars by (metis list.set-cases)

thus Vz € set I''. snd x = None
using I"" = Ln # ' <I'" = (Neg A, None) # I') by simp

show AC. snd Ln = Some C = clause-could-propagate T'"" C (fst Ln)
using I'" = Ln # T'"» <I'' = (Neg A, None) # I's by force

show AD. snd Ln = Some D = D |€| iefac F || (N |U]| Uer)
using I'" = Ln # T <I'' = (Neg A, None) # I's by force
}

have - (3 C|€liefac F || (N |U| Uer). trail-false-cls ((Neg A, None) # T') C')
proof (intro notl , elim bexE)
fix C :: 'f gclause
assume
C-in: C |€| iefac F |4 (N |U| Ue,) and
C-false: trail-false-cls ((Neg A, None) # T) C

have clause-could-propagate T' C' (Pos A)
unfolding clause-could-propagate-def
proof (intro conjl)
show — trail-defined-lit T (Pos A)
unfolding trail-defined-lit-iff-trail-defined-atm
by (metis A-gt linorder-trm.less-irrefl literal.sel(1))
next
have — trail-false-cls T' C
using C-in step-hyps by metis

thus trail-false-cls T {#K €# C. K # Pos A#}
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by (smt (verit) C-false mem-Collect-eq set-mset-filter subtrail-falsel
trail-false-cls-def uminus-Neg)

show ord-res.is-maximal-lit (Pos A) C
unfolding linorder-lit.is-mazimal-in-mset-iff
proof (intro congl balll impl)
show Pos A €# C
by (metis C-false «— trail-false-cls T' C» subtrail-falsel uminus-Neg)
next
fix L
assume L €# C and L # Pos A
hence atm-of L |€| trail-atms T
using <trail-false-cls T {#K €# C. K # Pos A#}»
using trail-defined-lit-iff-trail-defined-atm trail-defined-lit-iff-true-or-false
trail-false-cls-filter-mset-iff by blast
hence atm-of L <; A
using A-gt by metis
hence L <; Pos A
by (cases L) simp-all
thus - Pos A <; L
by order
qed
qged

moreover have — clause-could-propagate I' C (Pos A)
using C-in step-hyps by metis

ultimately show Fulse
by contradiction
qed

thus AI'1 Ln Tg. T/ =17 Q Ln # T'y = snd Ln = None =
- (3 Cleliefac F | (N |U| Uer). trail-false-cls (Ln # Ty) C)
unfolding ' = (-, None) # I';
by (metis suffizl trail-false-cls-if-trail-false-suffix)
qed
next
case step-hyps: (decide-pos A C T'' F')

have
A-in: A |€| atms-of-clss (N |J] U.,) and
A-gt: ¥V Aq|€|trail-atms T'. A1 <, A and
A-lt: Y y|€|atms-of-clss (N |U]| Uey).
y# A — (VA|€|trail-atms T. Ay <¢ y) — A <t y
using <linorder-trm.is-least-in-fset - A>
unfolding atomize-conj linorder-trm.is-least-in-ffilter-iff
by argo

have trail-atms T'' = finsert A (trail-atms T")
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unfolding I'' = (Pos A, -) # I') by simp

show ?thesis
unfolding s’ = (-, -, -)»
proof (intro ord-res-10-invars.intros alll impl conjl)
show sorted-wrt (\z y. atm-of (fst y) <¢ atm-of (fst z)) T/
unfolding «I'' = (Pos A, None) # I'y sorted-wrt.simps
proof (intro conjl balll)
fix Ln :: 'f gliteral x 'f gclause option
assume Ln € set I’

hence atm-of (fst Ln) |€| trail-atms T
by (simp add: fset-trail-atms)

thus atm-of (fst Ln) <, atm-of (fst (Pos A, None))
unfolding prod.sel literal.sel
using A-gt by metis
next
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using ['-sorted .
qed

show V Lneset T'. V C. snd Ln = Some C — ord-res.is-strictly-mazimal-lit
(fst Lm) C
unfolding ' = (-, None) # I';
using invars by simp

show linorder-trm.is-lower-fset (trail-atms I'') (atms-of-clss (N |U| Uer))
unfolding «trail-atms T'' = finsert A (trail-atms T')» finsert.rep-eq
proof (intro linorder-trm.is-lower-set-insertl balll impl)
show A |€| atms-of-clss (N |J]| Ue,)
using A-in .
next
fix w :: 'f gterm
assume w |€]| atms-of-clss (N |U] U.,) and w <4 A
thus w |€| trail-atms T
by (metis A-lt T-lower linorder-trm.dual-order.asym linorder-trm.neq-iff
linorder-trm.not-in-lower-setI)
next
show linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Uey))
using I'-lower .
qed

{
fix Ln and T""

assume I'' = Ln # I'”

have snd Ln = None
using «I'' = Ln # T'’ step-hyps by auto
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moreover have — (3 C|€liefac F' | (N |U| U,,). trail-false-cls ((Pos A4,
None) # T') C)
proof (rule notl , elim bexFE)
fix D :: 'f gclause
assume D-in: D |€]| iefac F' | (N |U| Uer)

hence D = efac C VvV D |€| iefac F || (N |U| Uer)
unfolding «F' = (if ord-res.is-strictly-mazimal-lit (Pos A) C then F else
finsert C F)»

by (smt (23) fimage-iff finsert-iff iefac-def)

hence — trail-false-cls T D
proof (elim disjE)
assume D = efac C

hence trail-false-cls T' D +— trail-false-cls T'' C
by (simp add: trail-false-cls-def)

moreover have — trail-false-cls T'' C
using step-hyps unfolding linorder-cls.is-least-in-ffilter-iff by metis

ultimately show — trail-false-cls I'' D
by argo
next
assume D |€| iefac F | (N |U] Uer)
thus — trail-false-cls T'' D
using step-hyps by metis
qed

moreover assume trail-false-cls ((Pos A, None) # I') D

ultimately show Fulse
unfolding I'' = (Pos A, None) # I'
by contradiction
qed

ultimately show snd Ln # None «—
(3 Cl€liefac F' || (N |U| Ue,). trail-false-cls T C)
unfolding I'" = (Pos A, None) # I') by argo

show snd Ln # None = is-pos (fst Ln)
using «snd Ln = None> by argo

have — fBex (iefac F | (N |U| Uer)) (trail-false-cls T')
using step-hyps by argo

hence Vzcset I'. snd x = None
using invars by (metis list.set-cases)
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thus Vzeset T''. snd x = None
using I'" = Ln # T'"» <I'' = (Pos A, None) # 'y by simp

show AC. snd Ln = Some C = clause-could-propagate T'"" C (fst Ln)
using I'" = Ln # T'"» T = (Pos A, None) # T'» by force

show AD. snd Ln = Some D = D |€| iefac F' |9 (N |U| Ue.)
using I'" = Ln # T'"» <I'' = (Pos A, None) # I'y by force
}

show ATy LnTy. T/ =T @Q Ln # 'y = snd Ln = None =
- (3 Cleliefac F' [ (N |U| Uey). trail-false-cls (Ln 4 T'g) C)
using step-hyps
unfolding bez-trail-false-cls-simp
by (meson suffiz] trail-false-cls-if-trail-false-suffiz)
qed
next
case step-hyps: (propagate A C T F’)

have
A-in: A |€] atms-of-clss (N |U] U.,) and
A-gt: ¥V Aq|€|trail-atms T'. Ay <; A and
A-lt: V y|€latms-of-clss (N |U] Uer).
y# A — (VA|€|trail-atms T. Ay <z y) — A <t y
using <linorder-trm.is-least-in-fset - A»
unfolding atomize-conj linorder-trm.is-least-in-ffilter-iff
by argo

have
C-in: C |€| iefac F |9 (N |U| Ue,) and
C-prop: clause-could-propagate T' C' (Pos A) and
C-lt: ¥ D |€| iefac F |4 (N |U| Uep).
D # C — clause-could-propagate T' D (Pos A) — C <. D
using <linorder-cls.is-least-in-fset - C"
unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by argo

have trail-atms T'' = finsert A (trail-atms T")
unfolding I'' = (Pos A, -) # I') by simp

show ?thesis
unfolding s’ = (-, -, -)»
proof (intro ord-res-10-invars.intros alll impl conjl)
show sorted-wrt (A\z y. atm-of (fst y) <¢ atm-of (fst z)) T’
unfolding «I'' = (Pos A, -) # I's sorted-wrt.simps
proof (intro conjl balll)
fix Ln :: 'f gliteral x 'f gclause option
assume Ln € set I’
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hence atm-of (fst Ln) |€| trail-atms T
by (simp add: fset-trail-atms)

thus atm-of (fst Ln) <, atm-of (fst (Pos A, Some (efac C)))
unfolding prod.sel literal.sel
using A-gt by metis
next
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using ['-sorted .
qed

show V Lneset T'. V C. snd Ln = Some C — ord-res.is-strictly-mazimal-lit
(fst Lm) C
unfolding «I'' = (Pos A, Some (efac C)) # I'
using invars step-hyps
by (simp add: clause-could-propagate-def greatest-literal-in-efacl
linorder-cls.is-least-in-ffilter-iff)

show linorder-trm.is-lower-fset (trail-atms I'') (atms-of-clss (N |U]| Uey))
unfolding «trail-atms T'' = finsert A (trail-atms T')» finsert.rep-eq
proof (intro linorder-trm.is-lower-set-insertl balll impI)
show A |€| atms-of-clss (N |U] Ue,)
using A-in .
next
fix w :: 'f gterm
assume w |€| atms-of-clss (N U] U.,) and w <; A
thus w |€| trail-atms T
by (metis A-lt T-lower linorder-trm.dual-order.asym linorder-trm.neq-iff
linorder-trm.not-in-lower-setI)
next
show linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Uey))
using I'-lower .
qed

{
fix Ln and I'”

assume I'' = Ln # I
hence Ln = (Pos A, Some (efac C)) and T'"' =T
using I'" = (Pos A, Some (efac C)) # I'y by simp-all

obtain D where D-in: D |€]| iefac F || (N |U| U.,) and D-false:
trail-false-cls T'' D
using step-hyps by metis

have (3 C|€liefac F' || (N |U] Uey). trail-false-cls T'' C)
proof (rule bexl)
show trail-false-cls T D
using D-false .
next
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have - trail-false-cls T C
by (metis clause-could-propagate-def linorder-cls.is-least-in-[filter-iff
linorder-lit.is-mazimal-in-mset-iff ord-res.less-lit-simps(2) reflclp-iff
step-hyps(2,4,5) subtrail-falsel uminus-Pos uminus-not-id’)

hence D # C
using D-false by metis

thus D |€| iefac F' || (N |U] Uer)
unfolding «F' = (if ord-res.is-strictly-mazimal-lit (Pos A) C then F else
finsert C' F)»
using D-in iefac-def by auto
qged

moreover have snd Ln # None
using «I'' = Ln # I’ step-hyps by auto

ultimately show snd Ln # None «—
(3 C|€liefac F' || (N |U| Uey). trail-false-cls T'' C)
by argo

show snd Ln # None = is-pos (fst Ln)
using «Ln = (Pos A, Some (efac C))» by auto

show Vzeset I'". snd © = None
unfolding I'"' =T
using invars by (meson list.set-cases step-hyps(2))

have clause-could-propagate T' (efac C) (Pos A)
using C-prop clause-could-propagate-efac by metis

thus A\C. snd Ln = Some C = clause-could-propagate T'"" C (fst Ln)
using I'" = Ln # T'"» <I'' = (Pos A, Some (efac C)) # I'y
by force

have efac C |€| iefac F' || (N |U| Uey)
proof (cases ord-res.is-strictly-mazimal-lit (Pos A) C')
case True
thus ?thesis
unfolding «F' = -
using C-in
by (metis (mono-tags, opaque-lifting) literal.discI(1)
nex-strictly-maximal-pos-lit-if-neg-efac)
next
case Fulse
then show ?thesis
unfolding «F' = -
using C-in
by (smt (23) fimage-iff finsert-iff iefac-def nex-strictly-mazimal-pos-lit-if-neq-efac
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obtains-positive-greatest-lit-if-efac-not-ident)
qged

thus AD. snd Ln = Some D = D |€| iefac F' || (N |U| Uer)
using I'" = Ln # T <I'' = (Pos A, Some (efac C)) # T'» by force
}

show AI'y Ln Tg. T/ =T Q Ln # 'y = snd Ln = None =
- (3 Cleliefac F'|| (N |U] Uer). trail-false-cls (Ln # Tg) C)
unfolding ' = (-, Some -) # I
using invars
unfolding bex-trail-false-cls-simp
by (metis list.inject not-None-eq split-pairs suffiz-Cons suffiz-def)
qed
next
case step-hyps: (resolution D A C U,,' T)

note D-maz-lit = <ord-res.is-maximal-lit (Neg A) D»
have C-maz-lit: <ord-res.is-strictly-mazimal-lit (Pos A) C»
using invars by (metis map-of-SomeD split-pairs step-hyps(4))

have
D-in: D |€| iefac F | (N |U| Ue,) and
D-false: trail-false-cls T' D and
D-lit: VE |€| iefac F || (N |U| Uep). E # D — trail-false-cls T E — D <,

using <linorder-cls.is-least-in-fset - D>
unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by argo

have 4 |€| atms-of-clss (N |U| Ue,)
using D-in D-mazx-lit
by (metis atm-of-in-atms-of-clssI linorder-lit.is-maximal-in-mset-iff literal.sel(2))

have ord-res.ground-resolution D C ((D — {#Neg A#}) + (C — {#Pos A#}))
proof (rule ord-res.ground-resolutionI)
show D = add-mset (Neg A) (D — {#Neg A#})
using D-maz-lit unfolding linorder-lit.is-maximal-in-mset-iff by simp
next
show C = add-mset (Pos A) (C — {#Pos A#})
using C-mazx-lit unfolding linorder-lit.is-greatest-in-mset-iff by simp
next
show C <. D
using C-max-lit D-max-lit
by (simp add: clause-lt-clause-if-max-lit-comp
linorder-lit.is-greatest-in-mset-iff-is-mazimal-and-count-eq-one)
next
show {#} = {#} A ord-res.is-maximal-lit (Neg A) D V Neg A €# {#}
using D-max-lit by argo
next
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show {#} = {#}
by argo
next
show ord-res.is-strictly-mazimal-lit (Pos A) C
using C-maz-lit .
next
show removel-mset (Neg A) D + removel-mset (Pos A) C = (D — {#Neg

A#}) + (C — {#Pos A#})

qed
hence eres C D # D
unfolding eres-ident-iff not-not ground-resolution-def by metis

obtain I', where I' = (Pos A, Some C) # T,
using <map-of T' (Pos A) = Some (Some C)» invars
by (metis list.set-cases map-of-SomeD not-Some-eq snd-conv)

have A |€| trail-atms T’
unfolding I" = (Pos A, Some C) # Ty trail-atms-def by simp

moreover have A |¢| trail-atms T’
proof (cases eres C D = {#})
case True

hence # K. ord-res.is-mazximal-lit K (eres C D)
unfolding linorder-lit.is-maximal-in-mset-iff by simp

hence I'' = drop While (ALn. True) T
using step-hyps(6) by simp

also have ... = ||
by simp

finally show ?thesis
using «I' = (Pos A, Some C) # T'y» by simp
next
case Fulse

then obtain K where eres-max-lit: ord-res.is-mazimal-lit K (eres C' D)
using linorder-lit.ex-mazximal-in-mset by presburger

have atm-of K <; atm-of (Neg A)
proof (rule lit-in-eres-lt-greatest-lit-in-grestest-resolvant [of C D))
show eres C D # D
using <eres C D # D .
next
show ord-res.is-maximal-lit (Neg A) D
using D-maax-lit .
next
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show — Neg A ¢# D
using D-false <trail-consistent T
by (meson D-maz-lit linorder-lit.is-mazimal-in-mset-iff
not-both-lit-and-comp-lit-in-false-clause-if-trail-consistent)
next
show K €# eres C' D
using eres-max-lit unfolding linorder-lit.is-mazximal-in-mset-iff by argo
qed

hence atm-of K <; A
unfolding literal.sel .

hence atm-of K <; A
by order

have T'' = drop While (ALn. atm-of K =<; atm-of (fst Ln)) T
using step-hyps(6) eres-maz-lit
by (smt (verit, ccfo-threshold) Unig-D drop While-cong linorder-lit. Unig-is-mazimal-in-mset)

also have ... = dropWhile (ALn. atm-of K =< atm-of (fst Ln)) T'y
unfolding «I' = (Pos A, Some C) # T'y»
unfolding drop While.simps prod.sel literal.sel
using <atm-of K <; A> by simp

finally have I'' = drop While (ALn. atm-of K =<; atm-of (fst Ln)) Ty .

hence trail-atms T |C| trail-atms T
by (simp only: suffiz-drop While trail-atms-subset-if-suffizr)

moreover have A |¢| trail-atms T,
proof (rule notl)
assume A |€| trail-atms T'y
then obtain Ln where Ln € set T, and atm-of (fst Ln) = A
unfolding fset-trail-atms by blast
moreover have Vyeset I'y. atm-of (fst y) <: A
using I'-sorted[unfolded <I' = (Pos A, Some C) # T3] by simp
ultimately have 4 <; A
by metis
thus Faulse
by order
qed

moreover have trail-atms Ty, |C| trail-atms T
proof (rule trail-atms-subset-if-suffiz)
show suffiz T, T
by (simp only: <I' = (Pos A, Some C) # I'y> suffiz-Consl)
qed

ultimately show ?Zthesis
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by fast
qed

ultimately have I'' # T’
by metis

have C-in: C |€| iefac F | (N |U| Uer)
using invars

by (meson «I' = (Pos A, Some C) # T'y> snd-conv)

define P :: 'f gliteral x 'f gclause option = bool where
P = ALn. V K. ord-res.is-mazimal-lit K (eres C D) — atm-of K =<; atm-of
(fst Ln)

have ' = takeWhile P T @ T’
unfolding take While-drop While-id
unfolding P-def «I'' = drop While - T’y by simp

hence suffiz T'' T
unfolding suffiz-def by metis

show ?thesis
unfolding s’ = (-, -, -)»
proof (intro ord-res-10-invars.intros alll impl conjI)
show T'-sorted: sorted-wrt (Ax y. atm-of (fst y) <¢ atm-of (fst z)) T’
by (metis (no-types, lifting) T-sorted <suffix T/ Ty sorted-wrt-append suf-
fiz-def)

show V Lneset T''. V C. snd Ln = Some C — ord-res.is-strictly-mazimal-lit
(fst Ln) C

using <suffiz T/ T invars(3) set-mono-suffiz by blast

have Auzs. fset (trail-atms xs) = atm-of  fst * set zs
unfolding fset-trail-atms ..

also have Azs. atm-of * fst ‘ set xs = set (map (atm-of o fst) xs)
by (simp add: image-comp)

finally have Aws. fset (trail-atms xs) = set (map (atm-of o fst) xs) .

have atms-of-clss (N |U| Ue,') = atms-of-cls (eres C D) |U| atms-of-clss (N
U] Uer)
unfolding «U.,.' = finsert (eres C' D) U,,» by simp

also have ... = atms-of-clss (N |U| Ue,)
proof —

have atms-of-cls (eres C' D) |C| atms-of-cls C |U| atms-of-cls D

by (smt (verit, best) atms-of-cls-def fimage-iff fset-fset-mset fsubsetl
funionCI

lit-in-one-of-resolvents-if-in-eres)
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moreover have atms-of-cls C |C| atms-of-clss (N |U| Uer)
using C-in
by (metis atms-of-clss-fimage-iefac atms-of-clss-finsert finsert-absorb fsub-
set-funion-eq)

moreover have atms-of-cls D |C| atms-of-clss (N |U] Ue,)
using D-in
by (metis atms-of-clss-fimage-iefac atms-of-clss-finsert finsert-absorb fsub-
set-funion-eq)

ultimately show ?thesis
by blast
qed

finally have atms-of-clss (N |U] Ue,') = atms-of-clss (N |U| Ue,) .

show T'-lower: linorder-trm.is-lower-fset (trail-atms T'') (atms-of-clss (N |U|
Uer'))
unfolding «fset (trail-atms T'') = set (map (atm-of o fst) T'')
proof (rule linorder-trm.sorted-and-lower-set-appendD-right(2))
have sorted-wrt (Az y. y <¢ =) (map (atm-of o fst) T')
using I'-sorted by (simp add: sorted-wrt-map)

thus sorted-wrt (Ax y. y <; ) (map (atm-of o fst) (takeWhile P T') @ map
(atm-of o fst) T)
using «I' = takeWhile PT @Q I'’s
by (metis map-append)
next

show linorder-trm.is-lower-set
(set (map (atm-of o fst) (takeWhile P T') @ map (atm-of o fst) ')
(fset (atms-of-clss (N |U| Uer’)))
unfolding map-append[symmetric]
unfolding «I" = takeWhile P T Q T'"y[symmetric]
using I'-lower
unfolding <fset (trail-atms I') = set (map (atm-of o fst) T')
unfolding <atms-of-clss (N |U| Ue,’) = atms-of-clss (N |U| Ue, )

qed

have no-false-cls-in-I'": =~ (3 C|€liefac F || (N |U| Ue,”). trail-false-cls T'' C)
if eres-maz-lit: ord-res.is-mazimal-lit K (eres C' D)
for K
proof —
have FOO: \Ln.
(VK. ord-res.is-maximal-lit K (eres C D) — atm-of K =, atm-of (fst
Ln)) +—
atm-of K =i atm-of (fst Ln)
using eres-maz-lit
by (metis linorder-lit. Unig-is-mazimal-in-mset thel-equality’)
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have YV € set I'. atm-of (fst x) <; atm-of K
using I'' = drop While - T>[unfolded FOO] T-sorted
by (metis linorder-trm.not-le mem-set-drop While-conv-if-list-sorted-and-pred-monotone
mono-atms-It)

hence Vz € set I'. atm-of (fst x) # atm-of K
by fastforce

hence atm-of K |¢| trail-atms T’
unfolding fset-trail-atms by auto

hence — trail-defined-lit T'' K
unfolding trail-defined-lit-iff-trail-defined-atm .

hence — trail-false-lit T/ K
by (metis trail-defined-lit-iff-true-or-false)

hence — trail-false-cls T' (eres C' D)
using eres-max-lit
unfolding linorder-lit.is-mazimal-in-mset-iff trail-false-cls-def
by metis

show — (3 C|€liefac F || (N |U| Ue,'). trail-false-cls T C)
unfolding «U.,’" = finsert (eres C' D) Ugy»
proof (rule notl , elim bexFE)
fix E :: 'f gclause
assume
E-in: E |€| iefac F |1 (N |U| finsert (eres C D) U,,) and
E-false: trail-false-cls T'' E

have E = iefac F (eres C D) V E |€| iefac F | (N |U| Uer)
using F-in by simp

thus Fulse
proof (elim disjE)
assume F = iefac F (eres C' D)

hence trail-false-cls T’ (eres C' D)
using F-false
by (simp add: iefac-def trail-false-cls-def)

thus Fulse
using <« trail-false-cls T/ (eres C D)» by contradiction
next
assume F |€| iefac F || (N |U| Uer)

moreover have trail-false-cls I' E
using E-false <suffix T' Ty by (metis trail-false-cls-if-trail-false-suffix)
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by blast

ultimately have D <. F
using D-lt E-false by fast

then obtain L where L €# F and Neg A <; L
using D-max-lit
by (metis empty-iff linorder-cls.leD linorder-lit.is-maximal-in-mset-iff
linorder-lit.leI ord-res.multp-if-all-left-smaller set-mset-empty)

hence A =<; atm-of L
by (cases L) simp-all

moreover have A |€] atms-of-clss (N |U] Ue,”)
using <A |€| atms-of-clss (N |U| Ue,)»
using <atms-of-clss (N |U| Ue,") = atms-of-clss (N |U| Uer )
by (simp only:)

ultimately have atm-of L |¢| trail-atms T’
using linorder-trm.not-in-lower-setI[OF T''-lower] <A |¢| trail-atms '
hence — trail-defined-lit T/ L

unfolding trail-defined-lit-iff-trail-defined-atm .

hence - trail-false-lit T'' L
by (metis trail-defined-lit-iff-true-or-false)

moreover have trail-false-lit T’ L
using F-false <L €# E» unfolding trail-false-cls-def by metis

ultimately show Fualse
by contradiction

qed
qed

qed

have ez-max-lit-in-eres-if: K. ord-res.is-mazimal-lit K (eres C' D)
if I = Fl @ Ln # FO for Ln and Fl Fo
proof —
have 3z zs. I'' = © # xs
using that neq-Nil-conv by blast

hence 3z. - (VK. ord-res.is-mazximal-lit K (eres C D) — atm-of K =

atm-of (fst x))
unfolding step-hyps(6) drop While-eq-Cons-conv by auto

thus ?thesis
by metis

qed
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{
fix Ln and T'"

assume I'' = Ln # I'”

then obtain K where
eres-max-lit: ord-res.is-mazimal-lit K (eres C' D)
using ez-maz-lit-in-eres-if [of [|, simplified] by metis

have — (3 C|€liefac F | (N |U| Ue,"). trail-false-cls T' C)

using no-false-cls-in-I'’ eres-maz-lit by metis

moreover have snd Ln = None
using invars <" # Ty «suffic T/ T
by (metis <I' = (Pos A, Some C) # T'y» <I'' = Ln # T'"y in-set-conv-decomp
suffiz-Cons
suffiz-def)

ultimately show snd Ln # None +— (3 C|€liefac F || (N |U| Ue,").
trail-false-cls T' C')
by argo

show snd Ln # None = is-pos (fst Ln)
using <snd Ln = None> by argo

show Vzeset I'''. snd z = None
using invars I'' # Ty «suffiz T/ T
by (metis <I' = (Pos A, Some C) # T'yy <I'' = Ln # T set-mono-suffix
subsetD suffiz-ConsD2)

show AC. snd Ln = Some C = clause-could-propagate T'"" C (fst Ln)
by (simp add: <snd Ln = None»)

show AE. snd Ln = Some E = E |€| iefac F | (N |U] Uer')
by (simp add: <snd Ln = Noney)
}

show AI'y Ln Tg. T/ =T; Q Ln # 'y = snd Ln = None =
- (3 Cle€liefac F || (N |U| Ue,'). trail-false-cls (Ln # T'g) C)
using ex-maz-lit-in-eres-if no-false-cls-in-I"’
by (metis suffix] trail-false-cls-if-trail-false-suffix)
qed
qed
qed

lemma rtranclp-ord-res-10-preserves-invars:
assumes
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step: (ord-res-10 N)** s s’ and

invars: ord-res-10-invars N s
shows ord-res-10-invars N s’
using step invars ord-res-10-preserves-invars
by (smt (verit, del-insts) rtranclp-induct)

lemma ex-ord-res-10-if-not-final:
assumes
not-final: — ord-res-8-final (N, s) and
invars: ord-res-10-invars N s
shows Js’. ord-res-10 N s s’
using invars
proof (cases N s rule: ord-res-10-invars.cases)
case invars” (1 T Uy F)

have
undef-atm-or-false-cls:
(3 |€| atms-of-clss (N |U] Uey). z |¢| trail-atms I') A
- (Fz |€| defac F || (N |U| Uer). trail-false-cls T' z)V
(3z |€| iefac F | (N |U| Uer). trail-false-cls I' z) and
{#} €| iefac F |1 (N U] Uer)
unfolding atomize-conj
using not-final[unfolded ord-res-8-final.simps] <s = (Uer, F, I')) by metis

show ?thesis
using undef-atm-or-false-cls
proof (elim disjE conjF)
assume
ez-undef-atm: Jz |€] atms-of-clss (N |U| Uer). x |¢| trail-atms T’ and
no-conflict: = (z|€liefac F || (N |U| Uer). trail-false-cls T x)

moreover have {|A4y |€| atms-of-clss (N |U| U.,). V A1 |€| trail-atms T. Ay
< Aol £ I}
proof —
obtain A, :: 'f gterm where
Ag-in: Ay |€] atms-of-clss (N |J] Ue,) and
Ag-undef: As |¢| trail-atms T
using ez-undef-atm by metis

have Ay <; As if Ay-in: Ay |€| trail-atms T for Ay :: 'f gterm
proof —
have Al 75 A2
using Ai-in As-undef by metis

moreover have linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N
Ul Uer))

using invars’[unfolded trail-is-lower-set-def, simplified] by argo

ultimately show ?thesis
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by (meson As-in Ag-undef linorder-trm.is-lower-set-iff linorder-trm.linorder-cases
that)
qed

thus ?thesis
using As-in
by (smt (verit, ccfu-threshold) femptyE ffmember-filter)
qed

ultimately obtain A :: 'f gterm where
A-least: linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U]| Uer).
YV Ay |€| trail-atms T. Ay <; As|} A
using ez-undef-atm linorder-trm.ez-least-in-fset by presburger

show 3s’. ord-res-10 N s s’
proof (cases 3 C|€liefac F | (N |U] Ueyr). clause-could-propagate T C (Pos
)
case True
hence {|C |€| iefac F || (N |U| Uey). clause-could-propagate I' C' (Pos A)|}

# A}
by force

then obtain C' where
C-least: linorder-cls.is-least-in-fset
{IC |€| iefac F |1 (N |U] Uer). clause-could-propagate I' C (Pos A)|} C
using linorder-cls.ex1-least-in-fset by meson

show ?thesis
proof (cases 3 D|€liefac F | (N |U]| Uer). trail-false-cls ((Pos A, Some (efac
C)) # 1) D)
case True
then show ?thesis
unfolding <s = (U, F, I')»
using ord-res-10.propagate| OF no-conflict A-least C-least|

by metis
next
case Fulse
hence — (3 Cl€|iefac F || (N |U| Uer). trail-false-cls ((Pos A, None) # T)
0)
by (simp add: trail-false-cls-def trail-false-lit-def)
then show ?Zthesis
unfolding <s = (Uer, F, T')
using ord-res-10.decide-pos|OF no-conflict A-least C-least)]
by metis
qed
next
case Fulse

thus ?thesis
unfolding <s = (U.,, F, ')
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using ord-res-10.decide-neg[ OF no-conflict A-least]
by metis
qed
next
assume Jz|€liefac F || (N |U| Uer). trail-false-cls T z

then obtain D :: 'f gclause where
D-least: linorder-cls.is-least-in-fset
(ffilter (trail-false-cls T') (iefac F |9 (N |U| Uer))) D
by (metis femptyE ffmember-filter linorder-cls.ex-least-in-fset)

hence D-in: D |€| iefac F || (N |U| U.,) and D-false: trail-false-cls T' D
unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by argo

have D # {#}
using D-in «{#} |¢]| iefac F || (N |U| Uer)> by metis

hence I" # []
using D-false
by (auto simp add: trail-false-cls-def trail-false-lit-def)

then obtain Ln I'' where I' = Ln # T'/
using neq-Nil-conv by metis

hence snd Ln # None
using invars’ <3 z|€liefac F | (N |U| Uep). trail-false-cls T' x» by presburger

have V zeset T''. snd © = None
using invars’ «<I' = Ln # T’y by metis

have —(3z|€|iefac F || (N |U| Uer). trail-false-cls T x)
proof (cases I'')
case Nil
thus ?thesis
using (#} |¢] iefac F |1 (N |U] Uer)s
by (simp add: trail-false-cls-def trail-false-lit-def)
next
case (Cons z xs)
hence snd x = None
using «Vz€eset I''. snd z = None)» by simp
then show ?thesis
using <VI'y InTyg. ' =17 Q Ln # ' — snd Ln = None —
= (3C |€| - trail-false-cls (Ln # To) C)s[rule-format, of [Ln] z xs,
sitmplified)
using Cons <I' = Ln # T')» by blast
qed

hence - trail-false-cls T/ D
using D-in by metis
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hence — fst Ln €# D
using D-false <I' = Ln # T')y by (metis eq-fst-iff subtrail-falsel)

moreover have is-pos (fst Ln)
using invars’ <I' = Ln # T'y «<snd Ln # None> by metis

moreover have VL €# D. atm-of L |€| trail-atms T'
using D-false
unfolding trail-false-cls-def
using trail-defined-lit-iff-true-or-false[of T
using trail-defined-lit-iff-trail-defined-atm|[of T
by metis

moreover have Vz |€| trail-atms T''. z <, atm-of (fst Ln)
using <sorted-wrt (A\x y. atm-of (fst y) <+ atm-of (fst z)) I|
unfolded <I' = Ln # Ty sorted-wrt.simps]
by (simp add: fset-trail-atms)

ultimately have linorder-lit.is-mazimal-in-mset D (— fst Ln)
unfolding linorder-lit.is-maximal-in-mset-iff
by (smt (verit, best) <I' = Ln # T’y finsertE ord-res.less-lit-simps(4)
linorder-lit.not-less-iff-gr-or-eq literal.exhaust-sel ord-res.less-lit-simps(8)
trail-atms.simps(2) uminus-literal-def)

moreover obtain A where fst Ln = Pos A
using <is-pos (fst Ln)» by (cases fst Ln) simp-all

ultimately have eres-maz-lit: ord-res.is-mazimal-lit (Neg A) D
by simp

obtain C :: 'f gclause where
map-of T' (Pos A) = Some (Some C')
unfolding I = Ln # T')»
using <fst Ln = Pos A> <snd Ln # None> by force

thus 3s’. ord-res-10 N s s’
unfolding <s = (U, F, ')
using ord-res-10.resolution| OF D-least eres-max-lit] by blast
qed
qed

lemma ord-res-10-safe-state-if-invars:
fixes N s
assumes invars: ord-res-10-invars N s
shows safe-state (constant-contest ord-res-10) ord-res-8-final (N, s)
using safe-state-constant-context-if-invarsjwhere
R = ord-res-10 and F = ord-res-8-final and T = ord-res-10-invars]
using ord-res-10-preserves-invars ex-ord-res-10-if-not-final invars by metis
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end

end

theory ORD-RES-11
imports ORD-RES-10

begin

26 ORD-RES-11 (SCL strategy)

type-synonym 'f ord-res-11-state =
'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list x
'f gclause option

context simulation-SCLFOL-ground-ordered-resolution begin

lemma
fixes NU.,. FT A
assumes
no-false-cls: = (3 C |€| iefac F | (N |U| Uer). trail-false-cls T C') and
A-least: linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U] Ue,).
VA |€] trail-atms T'. Ay <; Az|} A and
C-least: linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U| Uey).
clause-could-propagate I' C' (Pos A)|} C
defines
I'" = (Pos A, None) # T and
F' = (if linorder-lit.is-greatest-in-mset C' (Pos A) then F else finsert C' F)
shows
(3 C €] iefac F || (N |U| Uep). trail-false-cls T' C) <—
(3 C |€]| iefac F' | (N |U]| Uey). trail-false-cls T' C)
by (meson bex-trail-false-cls-simp)

inductive ord-res-11 where
decide-neg:
- (3C |€| iefac F | (N U] Uep). trail-false-cls T C) =
linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Uey).
YV Ay |€] trail-atms T. Ay <, As|} A =
- (3C |€| iefac F || (N |U] Uer). clause-could-propagate I' C (Pos A)) =
I'"= (Neg A, None) # I' =
ord-res-11 N (Uer, F, T, None) (Uer, F, '/, None) |

decide-pos:
- (3C |€| iefac F | (N |U] Uer). trail-false-cls T' C) =
linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U] Ugy).
V Ay |€]| trail-atms T'. Ay <y As]} A =
linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U| Uep).
clause-could-propagate T' C' (Pos A)|} C =
I'" = (Pos A, None) # I’ =
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- (3C |€| iefac F | (N |U] Uer). trail-false-cls T C) =
F' = (if linorder-lit.is-greatest-in-mset C (Pos A) then F else finsert C F) =
ord-res-11 N (Uep, F, I, None) (Uer, F', T/, None) |

propagate:

- (3C |€| iefac F | (N |U| Uer). trail-false-cls T C) =

linorder-trm.is-least-in-fset {|Aa |€| atms-of-clss (N |U] Uer).
V Ay |€| trail-atms T'. Ay <y As]} A =

linorder-cls.is-least-in-fset {|C |€| iefac F |4 (N |U| Uep).
clause-could-propagate T' C' (Pos A)|} C =

'’ = (Pos A, Some (efac C)) # T =

(3C €| iefac F || (N |U] Uey). trail-false-cls I'" C) =

F' = (if linorder-lit.is-greatest-in-mset C' (Pos A) then F else finsert C F) =

ord-res-11 N (Uer, F, T, None) (Uer, F', T, None) |

conflict:
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Uey). trail-false-cls T' D|}
D =
ord-res-11 N (Uep, F, T, None) (U, F, ', Some D) |

skip: — L ¢# C =
ord-res-11 N (U, F, (L, n) # T, Some C) (Ue,, F, T, Some C) |

resolution:
I'=(L, Some D) #T" = — L e# C =
ord-res-11 N (Uer, F, T, Some C) (Uep, F, T, Some ((C — {#— L#}) + (D
— {#L#}))) |

backtrack:
I'=(L, None) # I = — L e€# C =
ord-res-11 N (Uer, F, T, Some C) (finsert C Uer, F, '/, None)

lemma right-unique-ord-res-11:
fixes N :: 'f gclause fset
shows right-unique (ord-res-11 N)
proof (rule right-uniquel)
fixzyz
assume stepl: ord-res-11 N z y and step2: ord-res-11 N x z
show y = 2
using step1
proof (cases N x y rule: ord-res-11.cases)
case hypsl: (decide-neg F U., I' A1 T'1')
show ?thesis
using step2 unfolding «x = -
proof (cases N (U.,, F, T', None :: 'f gclause option) z rule: ord-res-11.cases)
case (decide-neg A T)
with hyps! show ?thesis
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by (metis (no-types, lifting) linorder-trm.dual-order.asym
linorder-trm.is-least-in-fset-iff )
next
case (decide-pos A C T F’)
with hyps! have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff
linorder-trm.dual-order.asym linorder-trm.is-least-in-ffilter-iff)
thus ?thesis ..
next
case (propagate A C T F')
with hyps! have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff
linorder-trm.dual-order.asym linorder-trm.is-least-in-[filter-iff)
thus ?thesis ..
next
case (conflict D)
with hypsi have Fulse
by (metis (no-types) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
qed
next
case hypsl: (decide-pos F U.. T A1 C1 T1' F1')
show ?thesis
using step?2 unfolding «x = -
proof (cases N (U.,, F, T, None :: 'f gclause option) z rule: ord-res-11.cases)
case (decide-neg A T')
with hyps! have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff
linorder-trm.dual-order.asym linorder-trm.is-least-in-ffilter-iff)
thus ?thesis ..
next
case (decide-pos A C T F')
with hyps! show ?thesis
by (metis (no-types, lifting) linorder-cls. Unig-is-least-in-fset
linorder-trm. Unig-is-least-in-fset thel-equality’)

next
case hyps2: (propagate A C T'' F')
have A1 = A

using <linorder-trm.is-least-in-fset - A1» <linorder-trm.is-least-in-fset - A»
by (metis (no-types) linorder-trm. Unig-is-least-in-fset Unig-D)
hence trail-false-cls T'1' = trail-false-cls T
unfolding I'1’' = - # Ih I = - # I
unfolding trail-false-cls-def trail-false-lit-def
by simp
hence Fulse
using hyps! hyps2 by argo
thus %thesis ..
next
case (conflict D)
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with hyps1 have Fulse
by (metis (no-types) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
qed
next
case hypsl: (propagate F U.. T A1 C1 T1' F1’)
show ?thesis
using step?2 unfolding «x = -
proof (cases N (U.,, F, T', None :: 'f gclause option) z rule: ord-res-11.cases)
case (decide-neg A T')
with hyps! have Fulse
by (metis (no-types, lifting) linorder-cls.is-least-in-ffilter-iff
linorder-trm.dual-order.asym linorder-trm.is-least-in-[filter-iff)
thus ?thesis ..

next
case hyps2: (decide-pos A C T'' F')
have A1 = A

using <linorder-trm.is-least-in-fset - A1y <linorder-trm.is-least-in-fset - A»
by (metis (no-types) linorder-trm. Unig-is-least-in-fset Unig-D)
hence trail-false-cls T'1' = trail-false-cls T
unfolding I'1’' = - # Ih (I = - # I
unfolding trail-false-cls-def trail-false-lit-def
by simp
hence Fulse
using hyps1 hyps2 by argo
thus %thesis ..
next
case (propagate A C T'' F')
with hypsl show ?thesis
by (metis (no-types, lifting) linorder-cls. Unig-is-least-in-fset
linorder-trm. Unig-is-least-in-fset thel-equality’)
next
case (conflict D)
with hyps1 have Fulse
by (metis (no-types) linorder-cls.is-least-in-[filter-iff)
thus %thesis ..
qged
next
case hypsl: (conflict T' F U, DI1)
show ?thesis
using step2 unfolding <z = -
proof (cases N (U.,, F, T', None :: 'f gclause option) z rule: ord-res-11.cases)
case (decide-neg A T')
with hyps1 have Fulse
by (metis (no-types) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
next
case (decide-pos A C T F')
with hyps! have Fulse
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by (metis (no-types) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
next
case (propagate A C T F')
with hyps! have Fulse
by (metis (no-types) linorder-cls.is-least-in-ffilter-iff)
thus ?thesis ..
next
case (conflict D)
with hyps! show ?thesis
by (metis (no-types) linorder-cls. Unig-is-least-in-fset Uniq-D)
qed
next
case hyps!: (skip L C Uppr F n 1)
show ?thesis
using step2 unfolding «x = -
proof (cases N (Uer, F, (L, n) # T, Some C) z rule: ord-res-11.cases)
case skip
with hypsi show ?thesis
by argo
next
case (resolution L' D' T")
with hyps1 have Fulse
by simp
thus ?thesis ..
next
case (backtrack K T)
with hyps! have Fulse
by simp
thus ?thesis ..
qed
next
case hypsl: (resolution T' L1 D1 T'1' C U, F)
show ?thesis
using step?2 unfolding «x = -
proof (cases N (Uer, F, T, Some C) z rule: ord-res-11.cases)
case (skip L n T)
with hyps! have Fulse
by simp
thus ?thesis ..
next
case (resolution L D T)
with hyps! show ?thesis
by simp
next
case (backtrack K T)
with hypsi have Fulse
by simp
thus ?thesis ..
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qed
next
case hypsl: (backtrack T LT C U, F)
show ?thesis
using step2 unfolding «x = -
proof (cases N (Ue,, F, T, Some C) z rule: ord-res-11.cases)
case (skip L n T)
with hypsl have Fualse
by simp
thus %thesis ..
next
case (resolution L D T)
with hyps1 have Fulse
by simp
thus %thesis ..
next
case (backtrack K T")
with hypsi show ?thesis
by simp
qed
qged
qged

inductive ord-res-11-final :: 'f ord-res-11-state = bool where
model-found:
- (3 A |€| atms-of-clss (N |U| Uer). A |¢] trail-atms T') =
- (3C |€] tefac F || (N |U| Uey). trail-false-cls T' C) =
ord-res-11-final (N, Uer, F, I, None) |

contradiction-found:
ord-res-11-final (N, Uer, F, [], Some {#})

sublocale ord-res-11-semantics: semantics where
step = constant-context ord-res-11 and
final = ord-res-11-final

proof unfold-locales
fix S :: 'f ord-res-11-state

assume ord-res-11-final S

thus finished (constant-context ord-res-11) S

proof (cases S rule: ord-res-11-final.cases)
case (model-found N U, T F)

have 7 A. linorder-trm.is-least-in-fset {| Ay |€| atms-of-clss (N |U| Uey).
V Ay |€| trail-atms T'. Ay <¢ As|} A
using «— (3 A|€|atms-of-clss (N |U| Uer). A |¢]| trail-atms T')»
unfolding linorder-trm.is-least-in-ffilter-iff
by blast
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moreover have 7 D. linorder-cls.is-least-in-fset
(ffilter (trail-false-cls T') (iefac F || (N |U| Uer))) D
using «— (3 C|€liefac F || (N |U| Uey). trail-false-cls T C)»
unfolding linorder-cls.is-least-in-ffilter-iff
by metis

ultimately have A z. ord-res-11 N (U.,, F, T, None) z
by (auto elim: ord-res-11.cases)

thus ?thesis
by (simp add: «S = - finished-def constant-context.simps)
next
case (contradiction-found N U, F)
hence B x. ord-res-11 N (Ue,., F, [|, Some {#}) z
by (auto elim: ord-res-11.cases)
thus ?thesis
by (simp add: «S = - finished-def constant-context.simps)
qed
qed

inductive ord-res-11-invars where

ord-res-11-invars N (Uer, F, T, C) if
ord-res-10-invars N (U, F, ') and
{#} |el N Ju] Uer — T =[] and
VC.C = Some C — atms-of-cls C' |C| atms-of-clss (N |U| U.,) and
VC.C = Some C — trail-false-cls I' C' and
atms-of-clss Ue, |C| atms-of-clss N and
YV C |e| F. 3L. is-pos L A linorder-lit.is-mazimal-in-mset C L

lemma ord-res-11-invars-initial-state: ord-res-11-invars N ({||}, {||}, [], None)
by (intro ord-res-11-invars.intros ord-res-10-invars.intros) simp-all

lemma mempty-in-fimage-iefac[simp]: {#} |€| iefac F || N <— {#} |€| N
using iefac-def by auto

lemma ord-res-11-preserves-invars:
assumes
step: ord-res-11 N s s’ and
invars: ord-res-11-invars N s
shows ord-res-11-invars N s’
using ‘nvars
proof (cases N s rule: ord-res-11-invars.cases)
case more-invars: (1 Uer F T C)
show ?thesis
using <ord-res-10-invars N (Uep, F, T')
proof (cases N (Uer, F, T') rule: ord-res-10-invars.cases)
case invars: 1
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note I'-sorted = <sorted-wrt (Axz y. atm-of (fst y) <+ atm-of (fst z)) I
note I'-lower = (linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U|

Uer))

have trail-consistent T’
using I'-sorted trail-consistent-if-sorted-wrt-atoms by metis

show ?thesis
using step unfolding «<s = (U.,, F, I, C)»

proof (cases N (Uer, F, T, C) s’ rule: ord-res-11.cases)
case step-hyps: (decide-neg A TV)

have
A-in: A |€| atms-of-clss (N |U| U.,) and
A-gt: ¥V Aq|€|trail-atms T. A1 <, A and
A-lt: V y|€|atms-of-clss (N |U| Ue,).
y# A — (VA|€|trail-atms T. Ay <¢ y) — A <t y
using <linorder-trm.is-least-in-fset - A»
unfolding atomize-conj linorder-trm.is-least-in-ffilter-iff
by argo

have trail-atms T'' = finsert A (trail-atms T)
unfolding I'' = (Neg A, -) # I') by simp

show ?thesis
unfolding s’ = (-, -, -)»
proof (intro ord-res-11-invars.intros ord-res-10-invars.intros alll impl conjl)
show sorted-wrt (Az y. atm-of (fst y) <; atm-of (fst xz)) '’
unfolding I'' = (Neg A, None) # I'y sorted-wrt.simps
proof (intro conjl balll)
fix Ln :: 'f gliteral x 'f gclause option
assume Ln € set I’

hence atm-of (fst Ln) |€| trail-atms T
by (simp add: fset-trail-atms)

thus atm-of (fst Ln) <; atm-of (fst (Neg A, None))
unfolding prod.sel literal.sel
using A-gt by metis
next
show sorted-wrt (Az y. atm-of (fst y) <; atm-of (fst z)) T’
using I'-sorted .
qged

show V Lneset T'. V C. snd Ln = Some C — ord-res.is-strictly-mazimal-lit
(fst Ln) C
unfolding I'' = (-, None) # I
using invars by simp

419



show linorder-trm.is-lower-fset (trail-atms I'") (atms-of-clss (N |U| Uey))
unfolding <trail-atms T/ = finsert A (trail-atms T')) finsert.rep-eq
proof (intro linorder-trm.is-lower-set-insertl balll impl)
show A |€| atms-of-clss (N |J] Ue)
using A-in .
next
fix w :: 'f gterm
assume w |€| atms-of-clss (N |U] U.r) and w <; A
thus w |€| trail-atms T
by (metis A-it T-lower linorder-trm.dual-order.asym linorder-trm.neq-iff
linorder-trm.not-in-lower-setl)
next
show linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Uey))
using I'-lower .
qed

{
fix

Ln :: 'f gliteral x 'f gclause option and
T ('f gliteral x 'f gclause option) list

assume I'' = Ln # T'”

have snd Ln = None
using «I'' = Ln # '’y step-hyps by auto

moreover have — (3 C|€liefac F | (N |U| Uey). trail-false-cls ((Neg A,
None) # T) C)
proof (rule notl , elim bezE)
fix C :: 'f gclause
assume
C-in: C |€| tefac F | (N |U| U.,) and
C-false: trail-false-cls ((Neg A, None) # T') C

have clause-could-propagate T' C' (Pos A)
unfolding clause-could-propagate-def
proof (intro conjI)
show — trail-defined-lit T' (Pos A)
unfolding trail-defined-lit-iff-trail-defined-atm literal.sel
by (metis A-gt linorder-trm.less-irrefl)
next
show ord-res.is-maximal-lit (Pos A) C
unfolding linorder-lit.is-mazimal-in-mset-iff
proof (intro congl balll impI)
have — trail-false-cls T' C
using step-hyps C-in by metis

thus Pos A €¢# C
using C-false by (metis subtrail-falsel uminus-Neg)
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next

fix L :: 'f gliteral
assume L-in: L €# C and L-neq: L # Pos A

have trail-false-lit ((Neg A, None) # T') L
using C-false L-in unfolding trail-false-cls-def by metis

hence — L € fst ‘set T
unfolding trail-false-lit-def
using L-neq
by (cases L) simp-all

hence trail-defined-lit T' L
unfolding trail-defined-lit-def by argo

hence atm-of L |€| trail-atms T
unfolding trail-defined-lit-iff-trail-defined-atm .

moreover have V Ay |€|trail-atms T'. A1 <4 A
using step-hyps unfolding linorder-trm.is-least-in-ffilter-iff by argo

ultimately have atm-of L <; A
by metis

hence L <; Pos A
by (cases L) simp-all

thus - Pos A <; L
by order
qed
next
show trail-false-cls T {#K €# C. K # Pos A#}
using C-false
unfolding trail-false-cls-def trail-false-lit-def
by (smt (verit, ccfu-SIG) mem-Collect-eq set-mset-filter subtrail-falsel
trail-false-cls-def trail-false-lit-def uminus-Neg)
qed

moreover have — clause-could-propagate I' C (Pos A)
using C-in step-hyps by metis

ultimately show Fulse
by contradiction
qed

ultimately show (snd Ln # None) = (3 C |€] iefac F |9 (N |U| Uer).

trail-false-cls T C)
unfolding I'' = (Neg A, None) # I's by argo
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show snd Ln # None = is-pos (fst Ln)
using <snd Ln = None> by argo

have — fBex (iefac F | (N |U| Uer)) (trail-false-cls T')
using step-hyps by argo

hence Vzeset I'. snd x = None
using invars by (metis list.set-cases)

thus Vz € set I'". snd z = None
using I'" = Ln # '’ <I'" = (Neg A, None) # I'» by simp

show AC. snd Ln = Some C = clause-could-propagate T'"" C (fst Ln)
using I'" = Ln # '’ <T'" = (Neg A, None) # T'» by force

show AD. snd Ln = Some D = D |€| iefac F || (N |U] Uer)
using I'" = Ln # T'"» <I'' = (Neg A, None) # I'y by force

}

have — (3 C|€liefac F || (N |U| Uer). trail-false-cls ((Neg A, None) # T)
)
proof (intro notl , elim bezE)
fix C :: 'f gclause
assume
C-in: C |€| iefac F |9 (N |U| Ue,) and
C-false: trail-false-cls ((Neg A, None) # T') C

have clause-could-propagate T' C' (Pos A)
unfolding clause-could-propagate-def
proof (intro conjl)
show - trail-defined-lit T' (Pos A)
unfolding trail-defined-lit-iff-trail-defined-atm
by (metis A-gt linorder-trm.less-irrefl literal.sel(1))
next
have — trail-false-cls T' C
using C-in step-hyps by metis

thus trail-false-cls T {#K €# C. K # Pos A#}
by (smt (verit) C-false mem-Collect-eq set-mset-filter subtrail-falsel
trail-false-cls-def uminus-Neg)

show ord-res.is-mazimal-lit (Pos A) C
unfolding linorder-lit.is-maximal-in-mset-iff
proof (intro conjI balll impl)
show Pos A e# C
by (metis C-false < trail-false-cls T C subtrail-falsel uminus-Neg)
next

fix L
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assume L €# C and L # Pos A
hence atm-of L |€| trail-atms T
using «<trail-false-cls T {#K €# C. K # Pos A#}>
using trail-defined-lit-iff-trail-defined-atm trail-defined-lit-iff-true-or-false
trail-false-cls-filter-mset-iff by blast
hence atm-of L <; A
using A-gt by metis
hence L <; Pos A
by (cases L) simp-all
thus = Pos A <; L
by order
qed
qed

moreover have — clause-could-propagate T C (Pos A)
using C-in step-hyps by metis

ultimately show Fulse
by contradiction
qed

thus AI'y LnTy. T/ =T @Q Ln # 'y = snd Ln = None —
- (3 Cleliefac F || (N U] Uep). trail-false-cls (Ln # To) C)
unfolding I'' = (-, None) # I'»
by (metis suffiz] trail-false-cls-if-trail-false-suffiz)

show {#} |€| N U] U., = T =]
using bex-trail-false-cls-simp more-invars(3) step-hyps(3) trail-false-cls-mempty
by blast
next
show A C. None = Some C = atms-of-cls C' |C| atms-of-clss (N |U| Uer)
by simp
next
show AC. None = Some C = trail-false-cls I'' C
by simp
next
show atms-of-clss U, |C| atms-of-clss N
using more-invars by argo
next
show V C|€|F. 3 L. is-pos L A ord-res.is-mazimal-lit L C
using more-invars by argo
qed
next
case step-hyps: (decide-pos A C T F')

have
A-in: A |€| atms-of-clss (N |U| U.,) and
A-gt: ¥ Aq|€|trail-atms T'. A; <; A and
A-lt: V y|€|atms-of-clss (N |U]| Ue,).
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y# A — (VAl€|trail-atms T. Ay <z y) — A <1 y
using <linorder-trm.is-least-in-fset - A»

unfolding atomize-conj linorder-trm.is-least-in-ffilter-iff
by argo

have trail-atms T'' = finsert A (trail-atms T)
unfolding I'' = (Pos A, -) # I') by simp

show ?thesis
unfolding s’ = (-, -, -)»
proof (intro ord-res-11-invars.intros ord-res-10-invars.intros alll impl conjl)
show sorted-wrt (Az y. atm-of (fst y) <; atm-of (fst z)) '’
unfolding I'" = (Pos A, None) # T sorted-wrt.simps
proof (intro conjl balll)
fix Ln :: 'f gliteral x 'f gclause option
assume Ln € set I’

hence atm-of (fst Ln) |€| trail-atms T
by (simp add: fset-trail-atms)

thus atm-of (fst Ln) <; atm-of (fst (Pos A, None))
unfolding prod.sel literal.sel
using A-gt by metis
next
show sorted-wrt (Az y. atm-of (fst y) <; atm-of (fst z)) T
using I'-sorted .
ged

show V Lneset T'. V C. snd Ln = Some C — ord-res.is-strictly-mazimal-lit
(fst Ln) C
unfolding I'' = (-, None) # I
using invars by simp

show linorder-trm.is-lower-fset (trail-atms I'") (atms-of-clss (N |U]| Uey))
unfolding <trail-atms T/ = finsert A (trail-atms T')» finsert.rep-eq
proof (intro linorder-trm.is-lower-set-insertl balll impI)
show A |€| atms-of-clss (N |U] Uer)
using A-in .
next
fix w :: 'f gterm
assume w |€| atms-of-clss (N |U] Ue,) and w <; A
thus w |€| trail-atms T
by (metis A-lt T-lower linorder-trm.dual-order.asym linorder-trm.neg-iff
linorder-trm.not-in-lower-setI)
next
show linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Ue,))
using I'-lower .
qged
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{
fix Ln and T""

assume I'' = Ln # I'”

have snd Ln = None
using «I'' = Ln # T’ step-hyps by auto

moreover have — (3 C|€liefac F' || (N |U| Ue.). trail-false-cls ((Pos A,
None) # T') O)
proof (rule notl , elim bexE)
fix D :: 'f gclause
assume D-in: D |€| iefac F' || (N |U| Uer)

hence D = efac C vV D |€| iefac F | (N |U| Uer)
unfolding «F’ = (if ord-res.is-strictly-mazximal-lit (Pos A) C then F
else finsert C' F)»
by (smt (23) fimage-iff finsert-iff iefac-def)

hence — trail-false-cls T'' D
proof (elim disjE)
assume D = efac C

hence trail-false-cls T/ D «— trail-false-cls T C
by (simp add: trail-false-cls-def)

moreover have — trail-false-cls T'' C
using step-hyps unfolding linorder-cls.is-least-in-ffilter-iff by metis

ultimately show — trail-false-cls T D
by argo
next
assume D |€| iefac F | (N |U| Uer)
thus - trail-false-cls T' D
using step-hyps by metis
qed

moreover assume trail-false-cls ((Pos A, None) # T') D

ultimately show Fulse
unfolding «I'"" = (Pos A, None) # I
by contradiction
ged

ultimately show snd Ln # None <—
(3 C|€liefac F' || (N |U| Uey). trail-false-cls T'' C)
unfolding I'' = (Pos A, None) # I'» by argo

show snd Ln # None = is-pos (fst Ln)
using <snd Ln = None»> by argo
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have — fBex (iefac F | (N |U| Uer)) (trail-false-cls T')
using step-hyps by argo

hence Vzcset I'. snd x = None

using invars by (metis list.set-cases)
thus Vz€set T''. snd = None

using I'" = Ln # T'"» <I'" = (Pos A, None) # I') by simp

show AC. snd Ln = Some C = clause-could-propagate T'"" C (fst Ln)
using I'" = Ln # '’ <I'" = (Pos A, None) # I'y by force

show AD. snd Ln = Some D = D |€| iefac F' || (N |U| Ue,)
using I'" = Ln # T <I'' = (Pos A, None) # I't by force
}

show AT'; Ln Tg. IV =T7 @Q Ln # T'y = snd Ln = None =
- (3 Cleliefac F' [ (N |U| Uey). trail-false-cls (Ln 4 T'g) C)
using step-hyps
unfolding bez-trail-false-cls-simp

by (meson suffizl trail-false-cls-if-trail-false-suffiz)
show {#} |€| N |U| Uep, = T

I

by (meson bex-trail-false-cls-simp step-hyps(3) trail-false-cls-mempty)
next

show A C. None = Some C = atms-of-cls C' |C| atms-of-clss (N |U| Uer)
by simp

next
show AC. None = Some C = trail-false-cls "' C
by simp
next

show atms-of-clss U, |C| atms-of-clss N

using more-invars by argo
next

have 3 L. is-pos L N ord-res.is-maximal-lit L C
using step-hyps

by (metis (no-types, lifting) clause-could-propagate-def
linorder-cls.is-least-in-ffilter-iff literal.discI(1))

thus V C|€|F’. 3 L. is-pos L A ord-res.is-maximal-lit L C

using more-invars «<F' = (if - then F else finsert C F)» by simp
qed
next

case step-hyps: (propagate A C T F)
have

A-in: A |€| atms-of-clss (N |U| U.,) and
A-gt: ¥ Aq|€|trail-atms T'. A; <; A and

426



A-lt: ¥ y|€|atms-of-clss (N |U| Uer).

y# A — (VA€|trail-atms T. Ay <, y) — A < y
using <linorder-trm.is-least-in-fset - A»

unfolding atomize-conj linorder-trm.is-least-in-ffilter-iff
by argo

have
C-in: C |€| iefac F || (N |U] Uer) and
C-prop: clause-could-propagate T C' (Pos A) and
C-lt: VD |€| iefac F |9 (N |U| Uey).
D # C — clause-could-propagate T' D (Pos A) — C <. D
using <linorder-cls.is-least-in-fset - C»
unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by argo

have trail-atms T’ = finsert A (trail-atms T")
unfolding I'' = (Pos A, -) # I's by simp

show ?thesis
unfolding s’ = (-, -, -)»
proof (intro ord-res-11-invars.intros ord-res-10-invars.intros alll impl conjl)
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) T/
unfolding I'' = (Pos A, -) # I'y sorted-wrt.simps
proof (intro conjl balll)
fix Ln :: 'f gliteral x 'f gclause option
assume Ln € set T’

hence atm-of (fst Ln) |€| trail-atms T
by (simp add: fset-trail-atms)

thus atm-of (fst Ln) <, atm-of (fst (Pos A, Some (efac C)))
unfolding prod.sel literal.sel
using A-gt by metis
next
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T
using I'-sorted .
qed

show V Lneset I''. V C. snd Ln = Some C — ord-res.is-strictly-mazimal-lit
(fst Lm) C
unfolding I'' = (Pos A, Some (efac C)) # I
using invars step-hyps
by (simp add: clause-could-propagate-def greatest-literal-in-efacl
linorder-cls.is-least-in-ffilter-iff)

show linorder-trm.is-lower-fset (trail-atms ') (atms-of-clss (N |U| Ue,))
unfolding <trail-atms T’ = finsert A (trail-atms T')) finsert.rep-eq
proof (intro linorder-trm.is-lower-set-insertl balll impI)
show A |€| atms-of-clss (N |U| Uey)
using A-in .
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next
fix w :: 'f gterm
assume w |€| atms-of-clss (N |U] U.r) and w <; A
thus w |€| trail-atms T
by (metis A-it T-lower linorder-trm.dual-order.asym linorder-trm.neq-iff
linorder-trm.not-in-lower-setI)
next
show linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Uey))
using I'-lower .
qged

{
fix Ln and T""

assume I'' = Ln # I'”
hence Ln = (Pos A, Some (efac C)) and T =T
using I'' = (Pos A, Some (efac C)) # 'y by simp-all

obtain D where D-in: D |€| iefac F || (N |U| Ue,r) and D-false:
trail-false-cls T'' D
using step-hyps by metis

have (3 Cl€liefac F' | (N |U| Uer). trail-false-cls T' C)
proof (rule bexl)

show trail-false-cls T D

using D-false .

next

have - trail-false-lit T'' (Pos A)
by (metis C-prop map-of-Cons-code(2) map-of-eq-None-iff clause-could-propagate-def

step-hyps(6) trail-defined-lit-def trail-false-lit-def uminus-not-id)

moreover have Pos A €# C
using C-prop

unfolding clause-could-propagate-def linorder-lit.is-maximal-in-mset-iff
by argo

ultimately have — trail-false-cls T/ C
unfolding trail-false-cls-def by metis

hence D # C
using D-false by metis

thus D |€| iefac F' || (N |U| Ue,)
unfolding «F' = (if ord-res.is-strictly-mazimal-lit (Pos A) C then F
else finsert C' F)»
using D-in iefac-def by auto
qed

moreover have snd Ln # None
using «I'' = Ln # T’y step-hyps by auto
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ultimately show snd Ln # None <—
(3 C|eliefac F' || (N |U| Uey). trail-false-cls T'' C)
by argo

show snd Ln # None = is-pos (fst Ln)
using «Ln = (Pos A, Some (efac C))» by auto

show Vz€set I''. snd x = None
unfolding I'"' =T
using invars by (meson list.set-cases step-hyps)

have clause-could-propagate T' (efac C) (Pos A)
using C-prop clause-could-propagate-efac by metis

thus AC. snd Ln = Some C = clause-could-propagate T'"" C (fst Ln)
using I'" = Ln # ' <I'' = (Pos A, Some (efac C)) # T
by force

have efac C |€| iefac F' || (N |U| Ue,)
proof (cases ord-res.is-strictly-maximal-lit (Pos A) C)
case True
thus ?thesis
unfolding «F' = -»
using C-in
by (metis (mono-tags, opaque-lifting) literal.discI(1)
nex-strictly-maximal-pos-lit-if-neg-efac)
next
case Fulse
then show ?thesis
unfolding «F’ = -
using C-in
by (smt (23) fimage-iff finsert-iff iefac-def nex-strictly-mazimal-pos-lit-if-neq-efac
obtains-positive-greatest-lit-if-efac-not-ident)
qed

thus AD. snd Ln = Some D = D |€| iefac F' | (N |U] Uer)
using I'" = Ln # '’ <T'' = (Pos A, Some (efac C)) # I'» by force
}

show AT'; InTy. TV =T @ Ln # 'y = snd Ln = None =
- (3 Cleliefac F' || (N |U] Uer). trail-false-cls (Ln # T'o) C)
unfolding I'' = (-, Some -) # I'y
using invars
unfolding bez-trail-false-cls-simp
by (metis list.inject not-None-eq split-pairs suffiz-Cons suffiz-def)

show {#} |€| N U] U., = T =]
by (meson bez-trail-false-cls-simp step-hyps(3) trail-false-cls-mempty)
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next
show A\ C. None = Some C = atms-of-cls C' |C| atms-of-clss (N |U| Uer)
by simp
next
show AC. None = Some C = trail-false-cls T C
by simp
next
show atms-of-clss U, |C| atms-of-clss N
using more-invars by argo
next
have 3 L. is-pos L N ord-res.is-mazximal-lit L C
using step-hyps
by (metis (no-types, lifting) clause-could-propagate-def
linorder-cls.is-least-in-ffilter-iff literal.discI(1))

thus V C|€|F’. L. is-pos L A ord-res.is-mazimal-lit L C
using more-invars «F' = (if - then F else finsert C F)» by simp
qed
next
case step-hyps: (conflict D)
show ?thesis
unfolding <s’' = -
proof (intro ord-res-11-invars.intros alll impI)
show ord-res-10-invars N (U, F, T)
using more-invars by argo
next
show {#} |€| N |U| Uer =T = |]
using more-invars by argo
next
show AC. Some D = Some C = atms-of-cls C' |C| atms-of-clss (N |U|
Uer)
by (metis atm-of-in-atms-of-clssI atms-of-cls-def fimage-fsubsetl fset-fset-mset
linorder-cls.is-least-in-ffilter-iff option.inject step-hyps(3))
next
show AC. Some D = Some C = trail-false-cls T' C
using <linorder-cls.is-least-in-fset - D>
unfolding linorder-cls.is-least-in-ffilter-iff
by simp
next
show atms-of-clss U, |C| atms-of-clss N
using more-invars by argo
next
show V C|€|F. I L. is-pos L A ord-res.is-mazximal-lit L C
using more-invars by argo
qed
next
case step-hyps: (skip L C n T")

have Azs. fset (trail-atms xs) = atm-of  fst ‘ set zs
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unfolding fset-trail-atms ..

also have Azs. atm-of * fst ¢ set xs = set (map (atm-of o fst) xs)
by (simp add: image-comp)

finally have Awxs. fset (trail-atms xs) = set (map (atm-of o fst) xs) .

show ?thesis
unfolding s’ = (U.,, F, '/, Some C)»
proof (intro ord-res-11-invars.intros ord-res-10-invars.intros balll alll impl
congl)
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) T/
using invars unfolding I' = (L, n) # T')y by simp
next
fix Ln :: 'f gliteral x 'f gclause option and C :: 'f gclause
assume Ln € set I'' and snd Ln = Some C
then show ord-res.is-strictly-mazimal-lit (fst Ln) C
using invars unfolding I = (L, n) # I'» by simp
next
show linorder-trm.is-lower-fset (trail-atms ') (atms-of-clss (N |U| Ue,))
unfolding «fset (trail-atms T'') = set (map (atm-of o fst) T'')»
proof (rule linorder-trm.sorted-and-lower-set-appendD-right(2))
have sorted-wrt (Az y. y <¢ =) (map (atm-of o fst) T')
using I'-sorted by (simp add: sorted-wrt-map)

thus sorted-wrt (Az y. y <¢ z) ([atm-of L] @ map (atm-of o fst) I'')

unfolding I' = - # I'y by simp
next

have set ([atm-of L] @ map (atm-of o fst) T'') = fset (trail-atms T)
unfolding append-Cons append-Nil list.set

unfolding «(fset (trail-atms T'') = set (map (atm-of o fst) T'')»[symmetric|
unfolding I" = - # I'’) trail-atms.simps prod.sel
by simp

thus linorder-trm.is-lower-set (set ([atm-of L] @ map (atm-of o fst) T''))
(fset (atms-of-clss (N |U| Uer)))
using I'-lower
by (simp only:)
qged
next
fix
Ln :: 'f gliteral x 'f gclause option and
T ('f gliteral x 'f gclause option) list
assume I'' = Ln # I'”

have snd Ln = None
by (metis <I'' = Ln # T in-set-conv-decomp invars(4) step-hyps(1)
suffizE suffiz-Cons)
show (snd Ln # None) = (3 C|€|iefac F || (N |U| Uer). trail-false-cls T’
)
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using <snd Ln = None)
by (metis <I'' = Ln # T'"y invars(5) step-hyps(1) suffizE suffiz-Cons)

show snd Ln # None = is-pos (fst Ln)
using <snd Ln = None» by simp

show AC. snd Ln = Some C = clause-could-propagate T'"" C (fst Ln)
using <snd Ln = None)> by simp

show AC. snd Ln = Some C = C' |€| iefac F | (N |U] Uer)
using <snd Ln = None)> by simp

show Az. z € set I''' = snd z = None
by (simp add: <T'' = Ln # T invars(4) step-hyps(1))
next
fix
Ln :: 'f gliteral x 'f gclause option and
'y Do 2 ('f gliteral x 'f gclause option) list
assume I'' =11 @Q Ln # I'g and snd Ln = None
thus - (3 Cl€liefac F || (N |U| Ue,). trail-false-cls (Ln # T'g) C)
by (metis append-Cons invars(5) step-hyps(1))
next
show {#} |€| N |U| U, = T/ =]
using step-hyps(1) more-invars(3) by fastforce
next
show AD. Some C = Some D = atms-of-cls D |C| atms-of-clss (N |U|
Uer)
using more-invars(4) step-hyps(2) by presburger
next
show AD. Some C = Some D = trail-false-cls T'' D
using more-invars «<C = Some C» <I' = (L, n) # T')y «<— L ¢# C»
using subtrail-falsel by auto
next
show atms-of-clss U., |C| atms-of-clss N
using more-invars by argo
next
show AC. C |€| F = T L. is-pos L A ord-res.is-mazimal-lit L C
using more-invars by metis
qed
next
case step-hyps: (resolution L D T C)

have D-max-lit: ord-res.is-strictly-mazximal-lit L D
using invars <I' = (L, Some D) # T')y by simp

show ?thesis
unfolding s’ = -

proof (intro ord-res-11-invars.intros alll impI)
show ord-res-10-invars N (U, F, T)
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using more-invars by argo
next
show {#} |€| N |U| Uer =T = |
using more-invars by argo
next
have D |€| iefac F || (N |U| Uey)
using invars <I' = (L, Some D) # T'')
by (metis snd-conv)

hence atms-of-cls D |C| atms-of-clss (N |U| Ue,)
by (metis atms-of-clss-fimage-iefac atms-of-clss-finsert finsert-absorb fu-
nion-upperl)

moreover have atms-of-cls C |C| atms-of-clss (N |U| Ue,)
by (smt (verit) add-mset-add-single atms-of-cls-def dual-order.trans fim-
age-fsubsetl
fimage-iff fset-fset-mset more-invars(4) step-hyps(1) union-iff)

ultimately show AE. Some (removel-mset (— L) C + removel-mset L
D) = Some F =
atms-of-cls E |C| atms-of-clss (N |U| Uer)
by (smt (verit, ccfo-threshold) add-mset-add-single atms-of-cls-def diff-single-trivial
fimage-iff fset-fset-mset fsubsetl fsubset-funion-eq funionll insert-Diff M
option.inject union-iff’)
next
fix E :: 'f gclause
assume Some (removel-mset (— L) C + removel-mset L D) = Some E

hence E = removel-mset (— L) C + removel-mset L D
by simp

show trail-false-cls T' £
unfolding trail-false-cls-def
proof (intro balll)
fix K :: 'f gliteral
assume K €# FE

hence K €# removel-mset (— L) C V K €# removel-mset L D
unfolding <F = -» by simp

thus trail-false-lit T K
proof (elim disjE)

assume K €# removel-mset (— L) C

moreover have trail-false-cls T' C
using more-invars «<C = Some C» by metis

ultimately show trail-false-lit ' K
unfolding trail-false-cls-def
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by (metis in-diffD)
next
assume K-in: K €# removel-mset L D

have clause-could-propagate T/ D L
using invars <I' = (L, Some D) # T')y by simp

hence trail-false-cls T {#K €# D. K # L#}
by (simp only: clause-could-propagate-def)

hence trail-false-cls T {#K €# D. K # L#}
unfolding I" = (L, Some D) # T'
by (simp add: trail-false-cls-def trail-false-lit-def)

moreover have K €# {#K €# D. K # L#}
using D-maz-lit K-in in-diffD linorder-lit.is-greatest-in-mset-iff by
fastforce

ultimately show trail-false-lit T' K
unfolding trail-false-cls-def by metis
qed
qged
next
show atms-of-clss U, |C| atms-of-clss N
using more-invars by argo
next
show V C' |€| F. 3 L. is-pos L A ord-res.is-mazximal-lit L C
using more-invars by metis
qed
next
case step-hyps: (backtrack L T C)

have {#} [¢| N [U] Uer
using more-invars step-hyps(3) by fastforce

hence {#} |¢| iefac F || (N |U| Uer)
unfolding mempty-in-fimage-iefac .

hence —(3 C|€liefac F || (N |U| Uey). trail-false-cls T' C)
using invars «<I' = - # T'
by (metis (no-types, opaque-lifting) split-pairs)

hence —(3 C|€liefac F || (N |U| Uey). trail-false-cls T C)
by (metis append.simps(1) step-hyps(3) suffiz-ConsD suffiz-def
trail-false-cls-if-trail-false-suffix)

moreover have — trail-false-cls T'' C

by (metis <trail-consistent ' fst-conv list.distinct(1) list.inject step-hyps(3,4)
trail-consistent.simps trail-defined-lit-def trail-false-cls-def trail-false-lit-def
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uminus-lit-swap)
ultimately have —(3 C|€liefac F |9 (N |U| finsert C U.,). trail-false-cls T
by (simp add: iefac-def trail-false-cls-def)

have Auzs. fset (trail-atms xs) = atm-of  fst ‘ set s
unfolding fset-trail-atms ..

also have Azs. atm-of * fst ‘ set xs = set (map (atm-of o fst) xs)
by (simp add: image-comp)

finally have Aws. fset (trail-atms xs) = set (map (atm-of o fst) xs) .

have atms-of-cls C |C| atms-of-clss (N |U| Ue,)
using more-invars «<C = Some C» by metis

hence atms-of-clss (N |U| finsert C U,,.) = atms-of-clss (N |U| Uer)
by auto

show ?thesis
unfolding «s’ = (finsert C U.,, F, '/, None)»
proof (intro ord-res-11-invars.intros ord-res-10-invars.intros balll olll impl
congl)
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) I/
using invars unfolding I" = - # I'"y by simp
next
fix Ln :: 'f gliteral x 'f gclause option and C :: 'f gclause
assume Ln € set I'' and snd Ln = Some C
then show ord-res.is-strictly-mazimal-lit (fst Ln) C
using invars unfolding I' = - # I'"» by simp
next
show linorder-trm.is-lower-fset (trail-atms T'') (atms-of-clss (N |U]| finsert
C Uer))
unfolding <fset (trail-atms T'') = set (map (atm-of o fst) T'')»
unfolding (atms-of-clss (N |U| finsert C U.,) = atms-of-clss (N |U| Uer )
proof (rule linorder-trm.sorted-and-lower-set-appendD-right(2))
have sorted-wrt (Az y. y <¢ =) (map (atm-of o fst) T')
using I'-sorted by (simp add: sorted-wrt-map)

thus sorted-wrt (Az y. y <¢ ) ([atm-of L] @ map (atm-of o fst) T'')

unfolding I' = - # I'y by simp
next

have set ([atm-of L] @ map (atm-of o fst) T'') = fset (trail-atms T)
unfolding append-Cons append-Nil list.set

unfolding «fset (trail-atms T'') = set (map (atm-of o fst) T'')»[symmetric]
unfolding I" = - # I'') trail-atms.simps prod.sel
by simp

thus linorder-trm.is-lower-set (set ([atm-of L] @ map (atm-of o fst) T''))
(fset (atms-of-clss (N |U| Uey)))
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using I'-lower
by (simp only:)
qed
next
fix
Ln :: 'f gliteral x 'f gclause option and
L7 ('f gliteral x 'f gclause option) list
assume '/ = Ln # I'”

have snd Ln = None
by (simp add: <I'' = Ln # T'""s invars(4) step-hyps(3))

thus (snd Ln # None) <— (3 C|€|iefac F || (N |U] finsert C Uey).
trail-false-cls T' C')

using (3 C|€liefac F |9 (N |U] finsert C U,,). trail-false-cls T C)»

by argo

show snd Ln # None = is-pos (fst Ln)
using <snd Ln = None) by simp

show AC. snd Ln = Some C = clause-could-propagate T'"" C (fst Ln)
using <snd Ln = None)> by simp

show AD. snd Ln = Some D = D |€| iefac F || (N |U| finsert C U.,)
using <snd Ln = None) by simp

show Az. z € set T'"' = snd x = None
by (simp add: <I'' = Ln # T'"s invars(4) step-hyps(3))
next
fix
Ln :: 'f gliteral x 'f gclause option and
'y T iz ('f gliteral x 'f gclause option) list
assume '’ =T Q Ln # 'y and snd Ln = None
thus - (3 C|€liefac F || (N |U] finsert C U,,). trail-false-cls (Ln # T'y) C)
using «—(3 C|€liefac F | (N || finsert C U.,.). trail-false-cls T' C')»
by (metis suffiz] trail-false-cls-if-trail-false-suffiz)
next

have C # {#}
using «(— L €# C» by force

hence {#} |¢| N |U| finsert C U,
using ({#} |¢| N |U| Uer> by simp

thus {#} |€| N |U| finsert C U, = T'' = |]
by contradiction
next
show AD. None = Some D = atms-of-cls D |C| atms-of-clss (N |U] finsert
CUey)
by simp
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next
show AC. None = Some C = trail-false-cls T'' C
by simp
next
have atms-of-cls C |C| atms-of-clss N
by (smt (verit, ccfv-threshold) <atms-of-cls C |C| atms-of-clss (N |U| Uegr)?
atms-of-clss-def fin-mono fmember-ffUnion-iff fsubsetl funion-iff
more-invars(6))

thus atms-of-clss (finsert C Ue,) |C| atms-of-clss N
using <atms-of-clss U, |C| atms-of-clss Ny by simp
next
show AC. C |€| F = J L. is-pos L N ord-res.is-mazimal-lit L C
using more-invars by metis
qed
qed
qed
qed

lemma rtranclp-ord-res-11-preserves-invars:
assumes
step: (ord-res-11 N)** s s’ and
invars: ord-res-11-invars N s
shows ord-res-11-invars N s’
using step invars ord-res-11-preserves-invars
by (smt (verit, del-insts) rtranclp-induct)

lemma tranclp-ord-res-11-preserves-invars:
assumes
step: (ord-res-11 N)T%+ s s’ and
invars: ord-res-11-invars N s
shows ord-res-11-invars N s’
using step invars ord-res-11-preserves-invars
by (smt (verit, del-insts) tranclp-induct)

lemma ex-ord-res-11-if-not-final:
assumes
not-final: — ord-res-11-final (N, s) and
invars: ord-res-11-invars N s
shows Js’. ord-res-11 N s s’
using invars
proof (cases N s rule: ord-res-11-invars.cases)
case more-invars: (1 Ug,. F T C)
show ?thesis
using <ord-res-10-invars N (Uep, F, T')
proof (cases N (Uey, F, T') rule: ord-res-10-invars.cases)
case invars: 1

show ?thesis
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proof (cases C)
case None
show ?thesis
proof (cases 3 C |€| iefac F || (N |U| Ue,). trail-false-cls T C)
case True

then obtain (' where
linorder-cls.is-least-in-fset (ffilter (trail-false-cls T') (iefac F | (N |U|
Uer))) C

using linorder-cls.ex-is-least-in-ffilter-iff by metis

thus ?thesis
unfolding <s = (U,,, F, I, C)» <C = None»
using ord-res-11.conflict by metis
next
case no-false-cls: False

hence 3 Ay |€| atms-of-clss (N |U| Ueyr). ¥V A1 |€]| trail-atms T'. Ay <¢ A
using not-final
unfolding <s = (Ue,, F, T, C)» <C = None»
by (smt (verit) invars(8) linorder-trm.antisym-conv3 linorder-trm.not-in-lower-setl
ord-res-11-final.model-found)

then obtain A where
A-least: linorder-trm.is-least-in-fset
{|A2 |€| atms-of-clss (N |U| Uer). V Ay |€| trail-atms T. A1 <¢ As|} A
using linorder-trm.ex-is-least-in-ffilter-iff by presburger

show ?thesis
proof (cases 3 C|€liefac F || (N |U| Uer). clause-could-propagate I' C' (Pos
4))

case True

then obtain C' where
C-least: linorder-cls.is-least-in-fset
{IC |€| iefac F | (N |U] Uey). clause-could-propagate T' C' (Pos A)|}

using linorder-cls. ex-is-least-in-ffilter-iff by presburger
show ?thesis
proof (cases 3 C|€liefac F || (N |U| Uey). trail-false-cls ((Pos A, None)
# 1) C)
case True
moreover have trail-false-cls ((Pos A, None) # T') =
trail-false-cls ((Pos A, Some (efac C)) # T)
unfolding trail-false-cls-def trail-false-lit-def by simp

ultimately show ?Zthesis
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unfolding <s = (U,,, F, I, C)» <C = None
using ord-res-11.propagate[ OF no-false-cls A-least C-least]
by metis
next
case Fulse
thus ?thesis
unfolding <s = (U.,, F, I, C)» <C = None
using ord-res-11.decide-pos| OF no-false-cls A-least C-least]
by metis
qged
next
case Fulse
thus ?thesis
unfolding <s = (U.,, F, ', C)» <C = None
using ord-res-11.decide-neg[OF no-false-cls A-least] by metis
qged
qed
next
case (Some D)

hence D-false: trail-false-cls T' D
using more-invars by metis

show ?Zthesis
proof (cases D = {#})
case True

hence I" # []
using not-final
unfolding <s = (Uer, F, T, C)» <C = Some D»
unfolding ord-res-11-final.simps by metis

then obtain L n I' where I' = (L, n) # I’
by (metis list.exhaust prod.ezhaust)

moreover have — L ¢# D
unfolding <D = {#}» by simp

ultimately show ?thesis
unfolding <s = (U,,, F, I, C)» <C = Some D>
using ord-res-11.skip by metis
next
case Fulse

then obtain L n T'' where I' = (L, n) # I'’
using D-false[unfolded trail-false-cls-def trail-false-lit-def)
by (metis eq-fst-iff image-iff list.set-cases multiset-nonemptyE)

show ?thesis
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proof (cases — L €# D)
case True
show ?thesis
proof (cases n)
case None
show ?thesis
proof (cases — L €# D)
case True
thus ?thesis
unfolding <s = (U, F, T, C)» <I' = (L, n) # 'y <n = Noner «<C =
Some D)
using ord-res-11.backtrack by metis
next
case Fulse
thus %thesis
using ord-res-11.skip
unfolding «<s = (U, F, T, C)» <I' = (L, n) # T')y <n = None) «C =
Some D) by metis
qed
next
case (Some C)
thus ?thesis
unfolding <s = (U, F, I, C)» <I' = (L, n) # T'» <n = Some C» «C
= Some D»
using ord-res-11.resolution|OF - <— L €# D»| by metis
ged
next
case Fulse
thus ?thesis
using ord-res-11.skip
unfolding ¢<s = (Ue,, F, I, C)» <I' = (L, n) # 'y <C = Some D> by
metis
qed
qed
qed
qed
qed

lemma ord-res-11-safe-state-if-invars:
fixes N s
assumes invars: ord-res-11-invars N s
shows safe-state (constant-context ord-res-11) ord-res-11-final (N, s)
using safe-state-constant-context-if-invarsjwhere
R = ord-res-11 and F = ord-res-11-final and T = ord-res-11-invars]
using ord-res-11-preserves-invars ex-ord-res-11-if-not-final invars by metis

lemma rtrancl-ord-res-11-all-resolution-steps:

assumes C-mazx-lit: ord-res.is-strictly-mazimal-lit K C
shows (ord-res-11 N)** (U, F, (K, Some C) # T", Some D) (U, F, (K, Some
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C) # T, Some (eres C D))
proof —

obtain CD where eres C D = CD and run: full-run (ground-resolution C) D
CD

using exl-eres-eq-full-run-ground-resolution by metis

have (ord-res-11 N)** (U, F, (K, Some C) # T, Some D) (U, F, (K, Some C)
# T, Some CD)
proof (rule full-run-preserves-invariant| OF run))
show (ord-res-11 N)** (U, F, (K, Some C) # T, Some D) (U, F, (K, Some
C) # T, Some D)
by simp
next
fix zy
assume ground-resolution C x y

hence ord-res-11 N (U, F, (K, Some C) # T, Some z) (U, F, (K, Some C)
# T, Some y)

unfolding ground-resolution-def
proof (cases © C' y rule: ord-res.ground-resolution.cases)
case res-hyps: (ground-resolution] A Py’ Py’)

have K = — Neg A
using C-max-lit
by (metis ord-res. Unig-striclty-mazimal-lit-in-ground-cls res-hyps(6) thel-equality’
uminus-Neg)

hence — K €# =z
by (simp add: <x = add-mset (Neg A) P1")

moreover have y = removel-mset (— K) z + removel-mset K C
using res-hyps «K = — Neg A» by force

ultimately show ?thesis
using ord-res-11.resolution|OF refl, of K x N U F C T
by metis
qged

moreover assume (ord-res-11 N)**
(U, F, (K, Some C) # T, Some D)
(U, F, (K, Some C) # T, Some z)

ultimately show (ord-res-11 N)**
(U, F, (K, Some C) # T, Some D)
(U, F, (K, Some C) # T, Some y)
by simp

qed

then show ?thesis
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unfolding <eres C D = CD»
by argo
qed

lemma rtrancl-ord-res-11-all-skip-steps:
(ord-res-11 N)** (U, F, T, Some C) (U, F, dropWhile (ALn. — fst Ln ¢# C)
T, Some C)
proof (induction T")
case Nil
show ?case by simp
next
case (Cons Ln T)
show ?Zcase
proof (cases — fst Ln €# C)
case True
hence dropWhile (ALn. — fst Ln ¢# C) (Ln # ') = Ln # T
by simp
thus ?thesis
by simp
next
case Fulse
hence *: dropWhile (\Ln. — fst Ln ¢4 C) (Ln # T') = dropWhile (ALn. — fst
Ln ¢# C)T
by simp

obtain L C where Ln = (L, C)
by (metis prod.ezhaust)

have ord-res-11 N (U, F, Ln # T, Some C) (U, F, T, Some C)
unfolding <Ln = (L, C)»
proof (rule ord-res-11.skip)
show — L ¢# C
using False unfolding «Ln = (L, C)) by simp
qed

thus ?thesis
unfolding x
using Cons.IH
by simp
qed
qed

end

end
theory Simulation-SCLFOL-ORDRES
imports
Background
ORD-RES
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ORD-RES-1
ORD-RES-2
ORD-RES-3
ORD-RES-4
ORD-RES-5
ORD-RES-6
ORD-RES-7
ORD-RES-8
ORD-RES-9
ORD-RES-10
ORD-RES-11
Clause-Could-Propagate
begin

27 ORD-RES-1 (deterministic)
type-synonym 'f ord-res-1-state = 'f gclause fset
context simulation-SCLFOL-ground-ordered-resolution begin

sublocale backward-simulation-with-measuring-function where
stepl = ord-res and
step2 = ord-res-1 and
finall = ord-res-final and
final2 = ord-res-1-final and
order = A- -. Fualse and
match = (=) and
measure = A-. ()
proof unfold-locales
show wfP (\- -. False)
by simp
next
show ANI N2. NI = N2 = ord-res-1-final N2 = ord-res-final N1
unfolding ord-res-1-final-def by metis
next
fix N1 N2 N2’ :: 'f ord-res-1-state
assume match: NI = N2 and step2: ord-res-1 N2 N2’
show (IN1'. ord-rest™ N1 N1’ A N1’ = N2') v NI = N2' A Fulse
proof (intro disjl1 exl conjl)

have mempty-no-in: {#} |¢| N2
if C-least: linorder-cls.is-least-in-fset {|C' |€| N2.
= ord-res.interp (fset N2) C U ord-res.production (fset N2) C |= C|} C and
L-maz: linorder-lit.is-mazimal-in-mset C' L
for C' L
proof (rule notl)
assume {#} |€| N2
moreover have — ord-res.interp (fset N2) {#} U ord-res.production (fset

N2) {#} |+ {#}
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by simp
moreover have \C. {#} <. C
using mempty-lesseq-cls by metis
ultimately have C = {#}
using C-least
by (metis (no-types, lifting) ffmember-filter linorder-cls.is-least-in-fset-iff
linorder-cls.less-le-not-le)
moreover have L €# C
using L-maz by (simp add: linorder-lit.is-mazimal-in-mset-iff )
ultimately show Fulse
by simp
qed

have ord-res N2 N2'
using step?2
proof (cases N2 N2’ rule: ord-res-1.cases)
case hyps: (factoring C L C")
show ?thesis
proof (rule ord-res.factoring)
show {#} |¢| N2
using hyps mempty-no-in is-least-false-clause-def by simp
next
show ez-false-clause (fset N2)
unfolding ex-false-clause-def
using hyps is-least-false-clause-def
by (metis (no-types, lifting) linorder-cls.is-least-in-fset-ffilterD)
next
show C |€| N2
using hyps is-least-false-clause-def linorder-cls.is-least-in-fset-ffilterD(1)
by blast
next
show ord-res.ground-factoring C' C'
using hyps by argo
next
show N2’ = finsert C' N2
using hyps by argo
qed
next
case hyps: (resolution C L D CD)
show ?thesis
proof (rule ord-res.resolution)
show {#} |¢| N2
using hyps mempty-no-in is-least-false-clause-def by simp
next
show ez-false-clause (fset N2)
unfolding ex-false-clause-def
using hyps is-least-false-clause-def
by (metis (no-types, lifting) linorder-cls.is-least-in-fset-ffilterD)
next
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show C |€| N2
using hyps is-least-false-clause-def linorder-cls.is-least-in-fset-ffilterD(1)
by blast
next
show D |€| N2
using hyps by argo
next
show ord-res.ground-resolution C' D CD
using hyps by argo
next
show N2’ = finsert CD N2
using hyps by argo
qed
qed
thus ord-rest™ N1 N2’
unfolding match by simp
next
show N2’ = N2'..
qed
qed

end

28 ORD-RES-2 (full factorization)

type-synonym 'f ord-res-2-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset

context simulation-SCLFOL-ground-ordered-resolution begin

fun ord-res-1-matches-ord-res-2
o 'f ord-res-1-state = - = bool where
ord-res-1-matches-ord-res-2 S1 (N, (U, Uey)) «— (3 Uy.
S1 =N Ul Uy Ul Uep |U] Ugp A
(VCyle| Up. 3C |€| N |U| Uy |U| Uey. ord-res.ground-factoring™ C Cy A
Cy # efac Cy N
(efac Cy |€| Ues V is-least-false-clause (N |J] U, |U| Uey) C)))

lemma ord-res-1-matches-ord-res-2-simps’:
ord-res-1-matches-ord-res-2 S1 (N, (Ur, Ucy)) «—
(3Us. S1 =N Ul Uy |U| Ueg [U] Ug A
(VCys €| Uys. C # efac Cy AN (IC |€| N |U] U, |U| Uey. ord-res.ground-factoring™*
CCr A
(efac Cy |€| Ues V is-least-false-clause (N |U| U, |J| Uey) C))))
unfolding ord-res-1-matches-ord-res-2.simps by metis

lemma ord-res-1-matches-ord-res-2-simps’”:

ord-res-1-matches-ord-res-2 S1 (N, (U, Uey)) <—
(3Us. S1 =N Ul Uy U] Ueg [V Us A
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(VCysle| Uys. Cg # efac Cy AN (IC |€| N |U] U, |U| Uey. ord-res.ground-factoring™®*
C Cf A
(efac C |€| Uey V is-least-false-clause (N |U| U, |U| Uey) C))))
unfolding ord-res-1-matches-ord-res-2-simps’
by (metis ground-factorings-preserves-efac tranclp-into-rtranclp)

lemma ord-res-1-final-iff-ord-res-2-final:
assumes match: ord-res-1-matches-ord-res-2 S1 So
shows ord-res-1-final S1 +— ord-res-2-final S
proof —
obtain N U, U.; where Sy = (N, (U,, Uey))
by (metis prod.exhaust)
with match obtain U; where
Si-def: S1 = N |U| U, || Uey |U| Uy and
Ujg-spec: ¥V Cy |€| Uyp. 3C |€] N |U| U, |U| Uey. ord-res.ground-factoring™*
CCy N Cyr # efac Cy N
(efac Cy |€| Ues V is-least-false-clause (N |U| U, |J| Uey) C)
by auto

have U f-unproductive: ¥ Cy |€| Uy. ord-res.production (fset (N |U| U, |U| Uey
Ul Up) Cr = {)
proof (intro balll)
fix Cf
assume Cy |€| Uy
hence C; # efac Cy
using U f-spec by metis
hence A L. is-pos L A ord-res.is-strictly-mazimal-lit L Cy
using nez-strictly-mazimal-pos-lit-if-neq-efac by metis
thus ord-res.production (fset (N |U| U, |U| Ues |U| Uy)) Cy = {}
using unproductive-if-nex-strictly-mazimal-pos-lit by metis
qed

have Interp-eq: \C. ord-res-Interp (fset (N |U] U, U] Ues |U| Uy)) C =
ord-res-Interp (fset (N |U] U, |U| Uey)) C
using Interp-union-unproductive|of fset (N |U| U, |U| Uecy) fset Uy, folded
union-fset,
OF finite-fset finite-fset U j-unproductive] .

have {#} |€] N U] Uy |U] Ues U] Uy — {#} €] N U] U, 1U] Uy
proof (rule iff)
assume {#} |€| N |U| U, |U| Uey |U] Uy
hence {£} €| N U] U, U] Ues v {#} |e] U
by simp
thus {#} €] N |U| U, U] U,
proof (elim disjE)
assume {#} |€| N |U| U, |U| Ues
thus {#} €| N |U] U, U] U.
by assumption
next
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assume {#} |€| Uy
hence {#} # efac {#}
using U ¢-spec[rule-format, of {#}] by metis
hence Fulse
by simp
thus {#} €] N |U] U, U] Uef -
qed
next
assume {#} |€| N |U| U, |U| Ues
thus {£} €] ¥ |U] U, [U] Ues U] Uy
by simp
qed

moreover have — ex-false-clause (fset (N |U| U, |U|] Uey |U] Uy)) +—
- ex-false-clause (fset (N |U| U, |U| Uey))
proof (rule iffT; erule contrapos-nn)
assume ez-false-clause (fset (N |U| U, |U| Uey))
thus ex-false-clause (fset (N |U| U, || Uey |U| Uy))
unfolding ex-false-clause-def Interp-eq by auto
next
assume ez-false-clause (fset (N |U| U, |U] Ueyp |U| Uy))
then obtain C' where
Cle| N Ul Uy |U| Uey |U| Uy and
C-false: = ord-res-Interp (fset (N |U| U, |U| Uey)) C |= C
unfolding ex-false-clause-def Interp-eq by metis
hence C |€| N |U| U, |U| Uey Vv C |€| Uy
by simp
thus ez-false-clause (fset (N |U| U, |U| Ucy))
proof (elim disjE)
assume C |€| N |U| U, |U| Uey
thus ez-false-clause (fset (N |U| U, |U| Ucy))
unfolding ex-false-clause-def using C-false by metis
next
assume C |€| Uy
then obtain C’ where C’|e| N |U| U, |U| U.s and
ord-res.ground-factoringt* C' C and
C # efac C and
efac C |€] Ues V is-least-false-clause (N |J| U, || Uey) C'
using U j-spec[rule-format, of C] by metis
thus ex-false-clause (fset (N |U| U, |U]| Uey))
proof (elim disjE exE conjE)
assume efac C |€| Uey

show ex-false-clause (fset (N |J| U, |U]| Uey))
proof (cases ord-res-Interp (fset (N |U| U, |U] Uey)) (efac C) |= efac C)
case efac-C-true: True
have efac C C# C
using efac-subset[of C] .
hence efac C <. C
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using subset-implies-reficlp-multp by metis
hence ord-res-Interp (fset (N |U| U, |U] Uey)) C |= efac C
using efac-C-true ord-res.entailed-clause-stays-entailed by fastforce
hence ord-res-Interp (fset (N |J| U, |U| Ues)) C |= C
using efac-C-true by (simp add: true-cls-def)
with C-false have Fulse
by contradiction
thus ?thesis ..
next
case Fulse

moreover have efac C |€| N U] U, |U| Uey
using <efac C |€| Uep» by simp

ultimately show ex-false-clause (fset (N |U| U, |U| Uey))
unfolding ex-false-clause-def by metis
qged
next
assume is-least-false-clause (N |U| U, |U| Uey) C'
hence C' |€| N |U] U, |U| Ucy and — ord-res-Interp (fset (N |U| U, |U]
Ues)) C' | €
using linorder-cls.is-least-in-ffilter-iff is-least-false-clause-def by simp-all
thus ex-false-clause (fset (N |J] U, |U| Uey))
unfolding ex-false-clause-def by metis
qed
qged
qed

ultimately show ?thesis
by (simp add: S1-def <So = (N, Uy, Ucy)» ord-res-1-final-def ord-res-2-final.simps
ord-res-final-def)
qed

lemma safe-states-if-ord-res-1-matches-ord-res-2:
assumes match: ord-res-1-matches-ord-res-2 S1 So
shows safe-state ord-res-1 ord-res-1-final S1 A safe-state ord-res-2-step ord-res-2-final
So
proof —
have safe-state ord-res-1 ord-res-1-final Sq
using safe-state-if-all-states-safe ord-res-1-safe by metis

moreover have safe-state ord-res-2-step ord-res-2-final So
using safe-state-if-all-states-safe ord-res-2-step-safe by metis

ultimately show ?thesis
by argo
qed

definition ord-res-1-measure where

448



ord-res-1-measure s1 =
(¢f 3 C. is-least-false-clause s1 C then
The (is-least-false-clause s1)
else

{#})

lemma forward-simulation:
assumes match: ord-res-1-matches-ord-res-2 s1 s2 and
stepl: ord-res-1 s1 s1’
shows (3s2'. ord-res-2-step™™ s2 s2' A ord-res-1-matches-ord-res-2 s1' s2') V
ord-res-1-matches-ord-res-2 s1' s2 A ord-res-1-measure s1' C# ord-res-1-measure
sl
proof —
let
?match = ord-res-1-matches-ord-res-2 and
?measure = ord-res-1-measure and
Porder = (C#)

obtain N U, U,y :: 'f gterm clause fset where
s2-def: s2 = (N, (U, Uey))
by (metis prod.exhaust)

from match obtain Uy where
sl-def: s1 = N |U| U, |U| Uey |U] Uy and
Ug-spec: ¥V Cy |€| Up. 3C |€] N |U| U, |U| Uey. ord-res.ground-factoring™*
CCsy N Cyr # efac C¢ N
(efac Cy |€| Uey V is-least-false-clause (N |U| U, |J| Uey) C)
unfolding s2-def ord-res-1-matches-ord-res-2.simps by metis

have U s-unproductive: ¥ Cy |€| Uy. ord-res.production (fset (N |U| U, |U| Uey
Ul Up) Cr = {)
proof (intro balll)
fix Cy
assume Cy |€| Uy
hence Cy # efac Cy
using Uy-spec by metis
hence 3 L. is-pos L A ord-res.is-strictly-maximal-lit L Cy
using nez-strictly-mazimal-pos-lit-if-neq-efac by metis
thus ord-res.production (fset (N |U| U, |U| Ues |U| Uy)) Cy = {}
using unproductive-if-nex-strictly-mazimal-pos-lit by metis
qed

have Interp-eq: \C. ord-res-Interp (fset (N |U] U, U] Ues |U| Uy)) C =
ord-res-Interp (fset (N |U] U, |U| Uey)) C
using Interp-union-unproductiveof fset (N |U| U, |U| Ucy) fset Uy, folded
union-fset,
OF finite-fset finite-fset U g-unproductive] .

show (3s2'. ord-res-2-stept ™ s2 s2' A ?match s1’ s2') v
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?match s1' s2 N ?order (?measure s1') (?measure s1)
using step1

proof (cases s1 s1’ rule: ord-res-1.cases)
case (factoring C L C)

have C-least-false: is-least-false-clause (N |U] U, U] Ues |U| Uy) C
using factoring
unfolding is-least-false-clause-def s1-def by argo

hence C-in: C |€| N |U| U, |U| Uey |U| Uy
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff s1-def by
argo
hence C-in-disj: C || N |U| U, |U] Uer vV C |€| Uy
by simp

show ?thesis
proof (cases C' = efac C)
case True
let ?s2’ = (N, (U, finsert C' U.y))

have ord-res-2-step™t s2 7252/
proof (rule tranclp.r-into-trancl)
show ord-res-2-step s2 (N, U,, finsert C' Ucy)
using C-in-disj
proof (elim disjE)
assume C |€| N |U| U, |U| Uy
show ?thesis
unfolding s2-def
proof (intro ord-res-2-step.intros ord-res-2.factoring)
show is-least-false-clause (N |U| U, |U| Ues) C
using is-least-false-clause-if-is-least-false-clause-in-union-unproductive|
OF U y-unproductive <C |€| N U] U, |U| Uey> C-least-false]
unfolding is-least-false-clause-def .
next
show ord-res.is-mazximal-lit L C
using <ord-res.is-maximal-lit L C» .
next
show is-pos L
using <is-pos L» .
next
show finsert C' U.y = finsert (efac C) Uey
using True factoring ground-factoring-preserves-efac by metis
qed
next
assume C |€| Uy
then obtain = where
z €| N |U| U, || Usy and
ord-res.ground-factoringt™ z C and
C # efac C and
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efac C |€| Ues V is-least-false-clause (N |U| U, |U| Uey) x
using U f-spec by metis

show ?thesis
unfolding s2-def
proof (intro ord-res-2-step.intros ord-res-2.factoring)
have <efac C |¢| Uep>
proof (rule notl)
have efac C <. C
using efac-subset[of C| subset-implies-reflclp-multp by metis
hence efac C' <. C
using «C # efac C) by order

moreover assume efac C' |€| U.y

ultimately show Fulse
using C-least-false[unfolded is-least-false-clause-def
linorder-cls.is-least-in-ffilter-iff]
by (metis <C # efac C» funionCI linorder-cls.not-less-iff-gr-or-eq
ord-res.entailed-clause-stays-entailed set-mset-efac true-cls-def)
qed
thus is-least-false-clause (N |U] U, |U| Uey)
using <efac C |€| Uey V is-least-false-clause (N |U| U, |U| Uey) o>
by argo
next
show ord-res.is-mazximal-lit L x
using <ord-res.ground-factoringt ™ z C» <ord-res.is-mazimal-lit L C»
using ord-res.ground-factorings-preserves-mazimal-literal
by (metis tranclp-into-rtranclp)
next
show is-pos L
using <is-pos L» .
next
show finsert C' Uy = finsert (efac ) Uey
using <ord-res.ground-factoring™™ x C) <ord-res.ground-factoring C C'"»
using True ground-factorings-preserves-efac ground-factoring-preserves-efac
by (metis tranclp-into-rtranclp)
qed
qed
qed

moreover have ?match s1’ 252’
proof —
have s1'= N |U] U, |U| finsert C' Uy |J] Uy
unfolding <s1’ = finsert C' s1» si-def by simp

moreover have 3C |€| N |U| U, |U]| finsert C" U,y.

ord-res.ground-factoring™™ C Cy A Cy # efac C N
(efac Cy |€| finsert C' Uey V is-least-false-clause (N |J| U, |U| finsert C’
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Uef) 0)
if Cf |€| Uf for Cf
proof —

obtain z where
z|€| N |U| U, |U| Uey and
ord-res.ground-factoring™ z C'y and
Cy # efac Cy and
efac Cy |€| Ues V is-least-false-clause (N |U| U, |U| Uey)
using «Cy |€| Uy» Ug-spec by metis

show ?thesis
proof (intro bexl conjI)
show z |€| N |U] U, |U]| finsert C' Uey
using <z |€| N |U| U, |U| Uqp> by simp
next
show ord-res.ground-factoring™* z Cy
using <ord-res.ground-factoringt* z Cy» .
next
show Cf # efac Cy
using «C'y # efac Cy» .
next
show efac Cy |€| finsert C' Uy V is-least-false-clause (N |U] U, |U|
finsert C' Uey)
using <efac Cy |€| Ues V is-least-false-clause (N |J| U, |U| Uey) 2
proof (elim disjE)
assume efac Cy |€| Uey
thus ?thesis
by simp
next
assume is-least-false-clause (N |U| U, |U| Uey)
show ?thesis
proof (cases C' = efac x)
case True
moreover have efac x = efac Cy
using <ord-res.ground-factoringt* z Cy» ground-factorings-preserves-efac
by (metis tranclp-into-rtranclp)
ultimately show %thesis
by simp
next
case Fulse
show ?thesis
using C-in-disj
proof (elim disjE)
assume C |€| N |U| U, |U| Uey
then show ?thesis
by (smt (verit) C-least-false True U -unproductive
cis-least-false-clause (N |J| U, |U| Uey) 2> <ord-res.ground-factoring™™
x Cf)
finsert-iff ground-factoring-preserves-efac ground-factorings-preserves-efac
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linorder-cls. Unig-is-least-in-fset local.factoring(4)
is-least-false-clause-def
is-least-false-clause-if-is-least-false-clause-in-union-unproductive
thel-equality’ tranclp-into-rtranclp)
next
assume C |€| Uy
then show ?thesis
using C-least-false
using is-least-false-clause-if-is-least-false-clause-in-union-unproductive|
OF U y-unproductive]
by (smt (28) True Ug-spec <is-least-false-clause (N |J| U, |U|

Uef) x>
cord-res.ground-factoring™™ z C»> finsert-absorb finsert-iff
ground-factoring-preserves-efac ground-factorings-preserves-efac
linorder-cls. Unig-is-least-in-fset local.factoring(4)
is-least-false-clause-def thel-equality’ tranclp-into-rtranclp)
qed
qed
qed
qed
qged

ultimately show ?thesis
by auto
qed

ultimately show ?Zthesis
by metis
next
case Fulse
let ?U;' = finsert C' Uy

have ?match s1’ s2
proof —
have finsert C' s1 = N |U| U, |U| Uey |U| 2U’
unfolding si-def by simp

moreover have 3C |€| N |U| U, |U]| Uey.
ord-res.ground-factoring™ C Cy AN Cy # efac Cy N
(efac Cy |€| Ues V is-least-false-clause (N |J| U, |U| Uey) C)
if Cf |€| ?Uf/fOI‘ Cf
proof —
from <Cy |€| ?U;"» have Cy = C'V Cy |€| Uy
by simp
thus ?thesis
proof (elim disjE)
assume Cy = C’
thus ?thesis
using C-in-disj
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proof (elim disjE)
assume C |€| N |[U| U, |U] Uey
show ?thesis
proof (intro bexI conjl)
show C |€| N |U| U, |U| Uey
using «C |€| N |U| U, |U| Uey» -
next
show ord-res.ground-factoring™ C Cy
using <ord-res.ground-factoring C C"» «Cy = C'» by simp
next
show Cf # efac Cy
using False <Cy = C'» by argo
next
have is-least-false-clause (N |U| U, |U| Ugy) C
using factoring
using Interp-eq «C |€| N |U] U, |U| Uey» linorder-cls.is-least-in-ffilter-iff
by (simp add: s1-def is-least-false-clause-def)
thus efac Cy |€| Ues V is-least-false-clause (N U] U, |U| Uey) C ..
qed
next
assume C |€| Uy
then obtain z where
z|€| N |U| U, |U| Uey and
ord-res.ground-factoringt™ z C' and
C # efac C' and
efac C €| Uy V is-least-false-clause (N |U| U, |U| Uey)
using U ¢-spec by metis

show ?thesis
proof (intro bexl conjl)
show z || N |U] U, |U| Uey
using <z |€| N |U] U, U] Ueyr .
next
show ord-res.ground-factoringt* z Cy
using <ord-res.ground-factoringt ™ z C» <ord-res.ground-factoring C
ch «Cy=0Ch
by simp
next
show C'y # efac Cy
using Fulse <Cy = C'» by argo
next
show efac Cy |€| Uey V is-least-false-clause (N U] U, |U| Uey) =
using <efac C |€| Ues V is-least-false-clause (N |U| U, |U| Ues) o>
proof (elim disjE)
assume efac C |€| Uy

moreover have cfac C = efac Cy

unfolding «Cy = C"
using <ord-res.ground-factoring C' C'"y ground-factoring-preserves-efac
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by metis

ultimately show ?thesis
by argo
next
assume is-least-false-clause (N |U] U, U] Uey)
thus ?thesis
by argo
qed
qged
qed
next
assume Cy |€| Uy
thus ?thesis
using U-spec by metis
qed
qged

ultimately have ord-res-1-matches-ord-res-2 (finsert C' s1) (N, (U, Ucy))
unfolding ord-res-1-matches-ord-res-2.simps by metis
thus ?thesis
unfolding s2-def <s1’ = finsert C' s1» by simp
qed

moreover have ?order (?measure s1’) (?measure s1)

proof —
have ?measure s1 = C
unfolding ord-res-1-measure-def

using C-least-false[folded s1-def)
by (metis (mono-tags, lifting) linorder-cls. Unig-is-least-in-fset
is-least-false-clause-def thel-equality’ the-equality)

moreover have ?measure s1' = C’

proof —

have C' <. C
using factoring ord-res.ground-factoring-smaller-conclusion by metis

have unproductive: ¥ x€{C'}. ord-res.production (fset s1 U {C'}) z = {}

using «C' # efac C)
by (simp add: nez-strictly-mazimal-pos-lit-if-neq-efac
unproductive-if-nez-strictly-mazimal-pos-lit)

have Interp-eq: \D. ord-res-Interp (fset s1) D = ord-res-Interp (fset

(finsert C' s1)) D
using Interp-union-unproductive|of fset s1 {C'}, folded union-fset,

OF finite-fset - unproductive]
by simp

have is-least-false-clause (finsert C' s1) C'
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unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro congl balll impl)
have — ord-res-Interp (fset s1) C |= C
using C-least-false s1-def is-least-false-clause-def
linorder-cls.is-least-in-ffilter-iff by simp
thus — ord-res-Interp (fset (finsert C' s1)) C' |= C’
by (metis Interp-eq <C' <. C» local.factoring(4)
ord-res.entailed-clause-stays-entailed
ord-res.set-mset-eq-set-mset-if-ground-factoring subset-refl true-cls-mono)
next
fix y
assume y |€| finsert C' s1 and y # C' and
y-false: = ord-res-Interp (fset (finsert C' s1)) y |= y
hence y |€| s!
by simp

moreover have — ord-res-Interp (fset s1) y = y
using y-false
unfolding Interp-eq .

ultimately have C <. y
using C-least-false[folded s1-def, unfolded is-least-false-clause-def]
unfolding linorder-cls.is-least-in-ffilter-iff
by force
thus C’ <. y
using «C' <. C» by order
qed simp
thus ?thesis
unfolding ord-res-1-measure-def «s1’ = finsert C' s1»
by (metis (mono-tags, lifting) linorder-cls. Unig-is-least-in-fset
is-least-false-clause-def thel-equality’ the-equality)
ged

moreover have C' C# C
using factoring ord-res.strict-subset-mset-if-ground-factoring by metis

ultimately show ?thesis
unfolding si-def by simp
qed

ultimately show ?Zthesis
by argo
qed
next
case (resolution C' L D CD)

have is-least-false-clause s1 C

using resolution unfolding is-least-false-clause-def by argo
hence

456



C |€| s1 and

— ord-res-Interp (fset s1) C' |= C and

YV |€| s1. - ord-res-Interp (fset s1) s |z — 2 # C — C <. x
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff by simp-all

have C |¢| Uy
proof (rule notl)

assume C |€| Uy

then show Fulse

by (metis Us-spec Unig-D is-pos-def linorder-lit. Unig-is-mazimal-in-mset
local.resolution(2)
local.resolution(3) efac-spec)

qed
hence C |€| N |U| U, |U| Uey

using «C |€| s1» by (simp add: s1-def)

have C-least-false: is-least-false-clause (N |U] U, U] Ues U] Uy) C
using resolution s1-def by metis
hence C-least-false’: is-least-false-clause (N |U| U, |U| Uey) C
using is-least-false-clause-if-is-least-false-clause-in-union-unproductive|
OF U y-unproductive <C' |€| N |U| U, |U| U, ] by argo

define s2’ where
52" = (N, (finsert CD U,, Ucy))

have ord-res-2-steptt 52 52/
proof —
have D |¢| Uy
proof (rule notl)
assume D |€| Uy
thus Fulse
using <ord-res.production (fset s1) D = {atm-of L}
using U s-unproductive s1-def by simp
qed
hence D-in: D || N U] U, |U| Uey
using <D |€]| s1y[unfolded s1-def] by simp

have ord-res-2 N (U,, Ueys) (finsert CD U,, Ucy)
proof (rule ord-res-2.resolution)
show is-least-false-clause (N |U| U, |U| Uey) C
using C-least-false’ .
next
show ord-res.is-maximal-lit L C
using resolution by argo
next
show is-neg L
using resolution by argo
next
show D |€| N |U| U, |U| Ues
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using D-in .
next
show D <. C
using resolution by argo
next
show ord-res.production (fset (N |U| U, |U| Ues)) D = {atm-of L}
using resolution
unfolding si1-def
using production-union-unproductive[OF finite-fset finite-fset - D-in)]
U ¢-unproductive
by (metis (no-types, lifting) union-fset)
next
show ord-res.ground-resolution C' D CD
using resolution by argo
qed simp-all
thus ?thesis
by (auto simp: s2-def s2'-def ord-res-2-step.simps)
qed

moreover have ?match s1’ s2’
proof —
have finsert CD (N |U| U, |U| Uy |U] Uy) = N |U]| finsert CD U, |U| Uey
Ul Us
by simp

moreover have 3 C |€| N |U| finsert CD U, |J]| Ucy.
ord-res.ground-factoring™ C Cy A C¢ # efac Cy A
(efac Cy |€| Ues V is-least-false-clause (N |J| finsert CD U, |U| Ucys) C)
if Cy |€| Uy for Cf
proof —
obtain z where
z|€| N |U| U, |U| Ue; and
ord-res.ground-factoring™™ z C'y and
Cy # efac Cy and
efac Cy |€| Uey V is-least-false-clause (N |U| U, |U| Uey)
using <Cy |€| Uy» Ug-spec by metis
show ?thesis
proof (intro bexl conjI)
show z |€| N |U| finsert CD U, |U| Uey
using «z |€| N |U] U, U] Uep» by simp
next
show ord-res.ground-factoringt* = C
using <ord-res.ground-factoringt ™ z Cy» .
next
show Cy # efac Cy
using «C'y # efac Cy» .
next
show <efac Cy |€| Ues V is-least-false-clause (N |U| finsert CD U, |U|
Uef) x>
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using <efac Cy |€| Uey V is-least-false-clause (N |U| U, |U| Uey) o <z
el N |U| Uy |U] Uep>
by (metis (no-types, lifting) C-least-false’ Unig-D <ord-res.ground-factoring™ ™
xT Cf>
1s-least-false-clause-def is-pos-def linorder-cls. Uniq-is-least-in-fset
linorder-lit. Unig-is-mazimal-in-mset local.resolution(2) local.resolution(3)
ord-res.ground-factoring.cases tranclpD)
qed
qed

ultimately show ?Zthesis
unfolding sI-def resolution s2'-def by auto
qed

ultimately show Zthesis
by metis
qed
qed

theorem bisimulation-ord-res-1-ord-res-2:
defines match = \i sl s2. i = ord-res-1-measure s1 A ord-res-1-matches-ord-res-2
s1 s2
shows 3 (MATCH :: nat x nat = 'f ord-res-1-state = 'f ord-res-2-state = bool)
Rs Rp.
bisimulation ord-res-1 ord-res-1-final ord-res-2-step ord-res-2-final MATCH R
Ry
proof (rule ex-bisimulation-from-forward-simulation)
show right-unique ord-res-1
using right-unique-ord-res-1 .
next
show right-unique ord-res-2-step
using right-unique-ord-res-2-step .
next
show V s1. ord-res-1-final s1 — (51", ord-res-1 s1 s1")
using ord-res-1-semantics.final-finished
by (simp add: finished-def)
next
show V s2. ord-res-2-final s2 — (P s2'. ord-res-2-step s2 s2")
using ord-res-2-semantics.final-finished
by (simp add: finished-def)
next
show Vi s1 s2. match i s1 s2 — ord-res-1-final s1 = ord-res-2-final s2
using ord-res-1-final-iff-ord-res-2-final
by (simp add: match-def)
next
show Vi s1 s2. match ¢ s1 s2 —
safe-state ord-res-1 ord-res-1-final s1 A
safe-state ord-res-2-step ord-res-2-final s2
proof (intro alll impl)
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fix 1 s1 52
assume match i s1 S2

then obtain N s2 where
S2-def: S2 = (N, s2) and
1 = ord-res-1-measure s1 and
match: ord-res-1-matches-ord-res-2 s1 S2
unfolding match-def
by (metis prod.ezhaust)

show safe-state ord-res-1 ord-res-1-final s1 N safe-state ord-res-2-step ord-res-2-final
S2
using safe-states-if-ord-res-1-matches-ord-res-2|OF match] .
qed
next
show wfP (C#)
using wfp-subset-mset .
next
show Vi sl s2 s1’. match i sl s2 — ord-res-1 s1 s1’ —
(34’ s2'. ord-res-2-stept T 52 s2' A match i’ s1' s2') Vv (i’ match i’ s1' s2 A
i CH# 1)
proof (intro alll impI)
fix ¢ s1 52 s1'
assume match i s1 S2
then obtain N s2 where
S2-def: S2 = (N, s2) and i = ord-res-1-measure s1 and ord-res-1-matches-ord-res-2
s1 52
unfolding match-def
by (metis prod.ezhaust)

moreover assume ord-res-1 s1 s1’

ultimately have (3 52'. ord-res-2-step™™ 52 S2' A ord-res-1-matches-ord-res-2
s1'827) v
ord-res-1-matches-ord-res-2 s1' S2 A ord-res-1-measure s1’ C# ord-res-1-measure
s
using forward-simulation by metis

thus (34’ S2'. ord-res-2-step™ S2 S2' A match i’ s1’ S2') v (Fi’. match i’
s1' 82 A i C# )
unfolding S2-def prod.case
using lift-tranclp-to-pairs-with-constant-fst[of ord-res-2 N s2]
by (metis (mono-tags, lifting) <i = ord-res-1-measure s1» match-def)
qed
qed

end
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29 ORD-RES-3 (full resolve)

type-synonym 'f ord-res-3-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-2-matches-ord-res-3 :: - = 'f ord-res-3-state = bool where
(VC|g| Upr. 3D1 |€]| N |U| Ueyp |U| Uey. 3D2 €| N |U| Ueyr |U| Uey.
(ground-resolution D1)*+ D2 C N C # eres D1 D2 A eres D1 D2 |€| U.,)
=
ord-res-2-matches-ord-res-8 (N, (Upy |U| Uer, Ues)) (N, (Uer, Uey))

lemma ord-res-2-final-iff-ord-res-3-final:
assumes match: ord-res-2-matches-ord-res-3 So S3
shows ord-res-2-final Sy +— ord-res-3-final S3
using match

proof (cases So S3 rule: ord-res-2-matches-ord-res-3.cases)
case match-hyps: (1 Upyr N Ueyr Uey)

note invars = match-hyps(3—)

have U,,-spec: ¥ C|€|Up,. ADI|E|N |U| Uep |U| Ueyp. 3D2|E|N |U| Uer |U|
Uey.
(ground-resolution D1)*™+ D2 C A C # eres DI D2 A eres D1 D2 |€| U,
using invars by argo

have least-false-spec: is-least-false-clause (N |U| Upy |U| Uep |U| Uey) =
is-least-false-clause (N |U] Ue, U] Uey)

using invars is-least-false-clause-conv-if-partial-resolution-invariant by metis

have Up,-unproductive: ¥V C |€| U,,. ord-res.production (fset (N |U| U, |U| Uey

Ul Upr)) € = {}
proof (intro balll)
fix C

assume C |€| Up,
hence 3 L. is-pos L A ord-res.is-strictly-mazimal-lit L C
using U,,.-spec
by (metis eres-eq-after-tranclp-ground-resolution nex-strictly-maximal-pos-lit-if-neg-eres)
thus ord-res.production (fset (N |U| Uep U] Uey |U| Upyr)) C = {}
using unproductive-if-nex-strictly-mazximal-pos-lit by metis
qed

hence Interp-N-U,-U,-eq-Interp-N-Uer-U,y: NC.
ord-res-Interp (fset (N |U] Upy |U| Uer |U| Uey)) C =
ord-res-Interp (fset (N |U| Ue, |U| Uey)) C
using Interp-union-unproductive| OF finite-fset finite-fset, folded union-fset,
of Upr N |U| Uep |U| Uey]
by (simp add: funion-left-commute sup-commute)
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have ex-false-clause (fset (N |U| Upy |U| Uer |U| Uey)) +—
ez-false-clause (fset (N |U] Uep |U| Uey))
proof (rule iffI)
assume ez-false-clause (fset (N |U| Upy U] Uer U] Uey))
then obtain C where is-least-false-clause (N |U] Up, |U] Uer |U] Uey) C
using obtains-least-false-clause-if-ex-false-clause by metis
thus ez-false-clause (fset (N |U| U, [U| Uey))
using least-false-spec ex-false-clause-iff by metis
next
assume ez-false-clause (fset (N |U| Uep U] Uey))
thus ez-false-clause (fset (N |U| Upy U] Uer U] Uey))
unfolding ex-false-clause-def
unfolding Interp-N-U,-U.s-eq-Interp-N-Uey-Uey
by auto
qged

moreover have {#} |€| N |U| Up, U] Uep |U]| Ues «— {#} |€| N |U| Uer |U|
Uey
proof (rule iffI)
assume {#} |€| N |U| Uy, |U| Uer U] Ues
hence {#} €] N U] Ues V {#} |€] Uy U] Uer
by auto
thus {#} |€| N |U| Uer U] Ues
proof (elim disjE)
assume {#} |€| N |U| Uey
thus ?thesis
by auto
next
have {#} |¢| Upr
using U,,-spec[rule-format, of {#}]
by (metis eres-eq-after-tranclp-ground-resolution eres-mempty-right)
moreover assume {#} |€| U, |U| U,
ultimately show ?thesis
by simp
qed
next
assume {#} |€| N |U]| Ue, |U| Uey
then show {#} |€| N U] Up, |U| Uer |U] Uey
by auto
qed

ultimately have ord-res-final (N |U| Upy |U| Uer |U| Uey) = ord-res-final (N
|U| Uer |U| Uef)
unfolding ord-res-final-def by argo

thus ord-res-2-final So <— ord-res-3-final S3

unfolding match-hyps(1,2)
by (simp add: ord-res-2-final.simps ord-res-3-final.simps sup-assoc)

462



qed

definition ord-res-2-measure where
ord-res-2-measure S1 =
(let (N, (U, Uey)) = S1in
(if 3 C. is-least-false-clause (N |J]| U, |U| Uey) C then
The (is-least-false-clause (N |U| U, U] Uey))
else

{#1))

definition resolvent-at where
resolvent-at C' D i = (THE CD. (ground-resolution C ~ i) D CD)

lemma resolvent-at-0[simp]: resolvent-at C D 0 = D
by (simp add: resolvent-at-def)

lemma resolvent-at-less-cls-resolvent-at:
assumes reso-at: (ground-resolution C ~ " n) D CD
assumes i < jand j < n
shows resolvent-at C' D j <. resolvent-at C D 1
proof —
obtain j’ where
j=1i+ Sucj’
using «i < j» by (metis less-iff-Suc-add nat-arith.sucl)

obtain n’ where
n=j+n’
using <j < n by (metis le-add-diff-inverse)

obtain CD; CD; CD, where
(ground-resolution C' "~ i) D CD; and
(ground-resolution C = Suc j') CD; CD;
(ground-resolution C "~ n’) CD; CD,,
using reso-at <n = j + n’» <j = i + Suc j» by (metis relpowp-plusD)

have *: resolvent-at C' D i = CD;
unfolding resolvent-at-def
using <(ground-resolution C ~" i) D CD;»
by (simp add: Unig-ground-resolution Unig-relpowp thel-equality’)

have (ground-resolution C ~ j) D CD;
unfolding <j = ¢ + Suc j"
using «(ground-resolution C ~ i) D CD;» «(ground-resolution C' ~ Suc j")
CDZ' CDj)
by (metis relpowp-trans)
hence xx: resolvent-at C D j = CD;
unfolding resolvent-at-def
by (simp add: Unig-ground-resolution Unig-relpowp thel-equality’)
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have (ground-resolution C')*+ CD; CD,
using «(ground-resolution C ~ Suc j') CD; CDj»
by (metis Zero-not-Suc tranclp-if-relpowp)
hence CD; <. CD;
using resolvent-lt-right-premise-if-tranclp-ground-resolution by metis
thus ?thesis
unfolding * *x .
qed

lemma
assumes reso-at: (ground-resolution C ~ " n) D CD and i < n
shows
left-premisse-lt-resolvent-at: C' <. resolvent-at C' D i and
maz-lit-resolvent-at:
ord-res.is-mazimal-lit L D = ord-res.is-mazimal-lit L (resolvent-at C D 1)
and
nex-pos-strictly-maz-lit-in-resolvent-at:
B L. is-pos L A ord-res.is-strictly-mazimal-lit L (resolvent-at C D i) and
ground-resolution-resolvent-at-resolvent-at-Suc:
ground-resolution C (resolvent-at C' D i) (resolvent-at C D (Suc 7)) and
relpowp-to-resolvent-at: (ground-resolution C ~ 1) D (resolvent-at C' D 1)
proof —
obtain j where n-def: n = i + Suc j
using i < n) less-natE by auto

obtain CD’ where (ground-resolution C' ™ ¢) D CD’ and (ground-resolution C
~" Suc j) CD' CD
using reso-at n-def by (metis relpowp-plusD)

have resolvent-at C D i = CD’
unfolding resolvent-at-def
using «(ground-resolution C =" i) D CD"
by (simp add: Unig-ground-resolution Unig-relpowp thel-equality’)

have C <. CD’
proof (rule left-premise-lt-right-premise-if-tranclp-ground-resolution)
show (ground-resolution C)*+ CD’' CD
using «(ground-resolution C = Suc j) CD' CD»
by (metis Zero-not-Suc tranclp-if-relpowp)
qed
thus C <. resolvent-at C D i
unfolding <resolvent-at C' D i = CD’> by argo

show ord-res.is-maximal-lit L (resolvent-at C' D i) if ord-res.is-mazimal-lit L D
unfolding <resolvent-at C D i = CD"
using that
using «(ground-resolution C' "~ i) D CD"
by (smt (verit, ccfv-SIG) Unig-ground-resolution Unig-relpowp Zero-not-Suc
«Nthesis. (NCD'. [(ground-resolution C ~ " 4) D CD’; (ground-resolution C
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“7 Suc j) CD' CD] = thesis) = thesis)
linorder-lit. Unig-is-greatest-in-mset linorder-lit. Unig-is-mazximal-in-mset lit-
eral.sel(1)
n-def relpowp-ground-resolutionD reso-at thel-equality’ zero-eq-add-iff-both-eq-0)

show A L. is-pos L A ord-res.is-strictly-mazimal-lit L (resolvent-at C D 1)
unfolding <resolvent-at C D i = CD"
by (metis Zero-not-Suc «(ground-resolution C ~~ Suc j) CD’ CD)
nex-strictly-mazimal-pos-lit-if-resolvable tranclpD tranclp-if-relpowp)

show ground-resolution C (resolvent-at C' D i) (resolvent-at C' D (Suc 1))
proof —
obtain CD' where ground-resolution C CD’ CD'" and (ground-resolution C
~"j) CD" CD
using «¢(ground-resolution C' ™ Suc j) CD' CD» by (metis relpowp-Suc-D2)
hence (ground-resolution C =~ Suc i) D CD"
using «(ground-resolution C =" {) D CD"» by auto
hence resolvent-at C D (Suc i) = CD"
unfolding resolvent-at-def
by (meson Unig-ground-resolution Unig-relpowp thel-equality’)

show ?thesis
unfolding «resolvent-at C D i = CD"s <resolvent-at C' D (Suc i) = CD')
using <ground-resolution C CD' CD"" .
qed

show (ground-resolution C' =" i) D (resolvent-at C' D 1)
using «(ground-resolution C =" i) D CD"y <resolvent-at C D i = CD’y by argo
qed

definition resolvents-upto where
resolvents-upto C D n = resolvent-at C' D || fset-upto (Suc 0) n

lemma resolvents-upto-0[simpl:
resolvents-upto C' D 0 = {||}
by (simp add: resolvents-upto-def)

lemma resolvents-upto-Suc[simp]:

resolvents-upto C' D (Suc n) = finsert (resolvent-at C D (Suc n)) (resolvents-upto
C D n)

by (simp add: resolvents-upto-def)

lemma resolvent-at-fmember-resolvents-upto:
assumes k # 0
shows resolvent-at C' D k |€| resolvents-upto C D k
unfolding resolvents-upto-def
proof (rule fimagel)
show k |€] fset-upto (Suc 0) k
using assms by simp
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qed

lemma backward-simulation-2-to-3:
fixes match measure less
defines match = ord-res-2-matches-ord-res-3
assumes
match: match S2 S8 and
step2: ord-res-3-step S3 S3'
shows (352", ord-res-2-step™* S2 52’ A match S2' S3")
using matchlunfolded match-def]
proof (cases S2 S8 rule: ord-res-2-matches-ord-res-3.cases)
case match-hyps: (1 Upyr N Ueyr Uey)
note invars = match-hyps(3—)

have Uy, -spec: ¥ C|€|Up,. AD1|€|N |U| Uep |U| Ues. ID2|€|N |U| Uep U
Ues.
(ground-resolution D1)*™+ D2 C A C # eres DI D2 A eres D1 D2 |€| U,
using invars by argo

hence C-not-least-with-partial: — is-least-false-clause (N |U] Upy |U| Uer |U|
Uey) C
if C-in: C |€| Up, for C
proof —
obtain D1 D2 where
D1 |e| N |U| Ueyp |U| Uey and
D2 €| N |U| Uer |U| Uy and
(ground-resolution D1)*™+ D2 C and
C # eres D1 D2 and
eres D1 D2 |€| U,y
using U,,-spec C-in by metis

have eres D1 C = eres D1 D2
using «(ground-resolution D1)TT D2 C» eres-eq-after-tranclp-ground-resolution
by metis
hence eres D1 C <. C
using eres-le[of D1 C] «C # eres DI D2) by order

show ?thesis
proof (cases ord-res-Interp (fset (N |U] Up, |U| Uer |U| Uey)) (eres D1 D2)
|= eres D1 D2)
case True
then show ?thesis
by (metis (no-types, lifting) «(ground-resolution D1)T+ D2 C) <eres D1 C
= eres D1 D2,
clause-true-if-eres-true is-least-false-clause-def
linorder-cls.is-least-in-fset-ffilterD(2))
next
case Fulse
then show ?thesis

466



by (metis (mono-tags, lifting) Un-iff <eres D1 C' = eres D1 D2» <eres D1
C <. O
<eres D1 D2 |€| U,y is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
linorder-cls.not-less-iff-gr-or-eq sup-fset.rep-eq)
qed
qed

have least-false-conv: is-least-false-clause (N |U| Upy |U| Uer |U| Uey) =
is-least-false-clause (N |U| Uer [U] Uey)
using invars is-least-false-clause-conv-if-partial-resolution-invariant by metis

have U,,-unproductive: AN.V C |€| Up,. ord-res.production N C = {}
proof (intro balll)
fix C
assume C |€| Uy,
hence 3D |€| N |U| Ue, |U| Uey. (3 C'. ground-resolution D C C”)
using U,-spec by (metis eres-eq-after-tranclp-ground-resolution resolvable-if-neg-eres)
hence A L. is-pos L A ord-res.is-strictly-mazimal-lit L C
using nez-strictly-mazimal-pos-lit-if-resolvable by metis
thus AN. ord-res.production N C' = {}
using unproductive-if-nezx-strictly-mazimal-pos-lit by metis
qed

hence Interp-N-U,-U,s-eq-Interp-N-Uer-Uey:
NC. ord-res-Interp (fset (N |U] Up, |U| Uer |U| Uey)) C = ord-res-Interp (fset
(N U] Uep U] Uey)) C
using Interp-union-unproductive| OF finite-fset finite-fset, folded union-fset,
of U;m" N |U| Uer |U| Uef]
by (simp add: funion-left-commute sup-commute)

have Uy, -have-generalization: ¥ Ca |€| Upyr. 3D |€| Uep. D <. Ca N {D} |=e
{Ca}
proof (intro balll)
fix Ca
assume Ca |€| U,
then obtain D1 D2 where
D1|€|N |U| Uy |U| Uey and
D2|€|N |U| Uy |U| Uey and
(ground-resolution D1)*+ D2 Ca and
Ca # eres D1 D2 and
eres D1 D2 |€| Uk,
using U,,-spec by metis

have eres D1 D2 = eres D1 Ca
using «(ground-resolution D1)™T D2 Ca» eres-eg-after-tranclp-ground-resolution
by metis

show 3D |€| Uep. D <. Ca A {D} |Ee {Ca}
proof (intro bexI conjI)
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have eres D1 Ca <. Ca
using eres-le .
thus eres D1 D2 <. Ca
using (Ca # eres D1 D2) <eres D1 D2 = eres D1 Ca> by order
next
show {eres D1 D2} |=e {Ca}
using «(ground-resolution D1)*T D2 Ca> eres-entails-resolvent by metis
next
show eres D1 D2 |€| Ue,
using <eres D1 D2 |€| U, by simp
qed
qed

from step2 obtain s3’ where S3’-def: S3' = (N, s3’) and ord-res-8 N (U,
Uef) 83/
by (auto simp: match-hyps(1,2) elim: ord-res-3-step.cases)

show ?thesis
using <ord-res-3 N (Uer, Ues) s3"

proof (cases N (Uer, Ucy) 3’ rule: ord-res-3.cases)
case (factoring C' L Ue;’)

define S2’ where
S2" = (N, (Upy |U| Uey, finsert (efac C) Uey))

have ord-res-2-stept S2 52’
unfolding match-hyps(1,2) S2’-def
proof (intro tranclp.r-into-trancl ord-res-2-step.intros ord-res-2.factoring)
show is-least-false-clause (N |U| (Upy U] Uer) U] Uey) C
using <is-least-false-clause (N |U| Uer |U| Uey) C»
using least-false-conv
by (metis sup-assoc)
next
show ord-res.is-mazimal-lit L C
using factoring by metis
next
show is-pos L
using factoring by metis
next
show finsert (efac C) U,y = finsert (efac C) Uey
by argo
qed

moreover have match S2' S3'
unfolding S2'-def S3'-def
unfolding factoring
unfolding match-def
proof (rule ord-res-2-matches-ord-res-3.intros)
show V Ca|€|U,,.
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AD1|€|N |U| Uer |U| finsert (efac C) Uey. AD2IE|N |U| Uer |U| finsert
(efac C) Uey.
(ground-resolution D1)*+ D2 Ca A Ca # eres D1 D2 A eres DI D2 |€| U,y
using U,,-spec by auto
qed

ultimately show ¢thesis
by metis
next
case (resolution C L D U,,")

have (ground-resolution D)** C (eres D C) . ground-resolution D (eres D
C)zx
unfolding atomize-conj
by (metis exi-eres-eq-full-run-ground-resolution full-run-def)

moreover have Jz. ground-resolution D C' x
unfolding ground-resolution-def
using resolution
by (metis Neg-atm-of-iff ex-ground-resolutionl ord-res.mem-productionE sin-
gletonl)

ultimately have (ground-resolution D)t C (eres D C)
by (metis rtranclpD)

then obtain n where (ground-resolution D ~ Suc n) C (eres D C)
by (metis not0-implies-Suc not-gr-zero tranclp-power)

hence resolvent-at D C (Suc n) = eres D C
by (metis Unig-ground-resolution Unig-relpowp resolvent-at-def thel-equality’)

have steps: k < Suc n => (ord-res-2-step ~ k)
(N, Upr U] Uer, Uey) (N, Upy |U| Uer |U] resolvents-upto D C'k, Uey) for

proof (induction k)
case (
show ?case
by simp
next
case (Suc k)
have k < Suc n
using <Suc k < Suc n> by presburger
hence k£ < Suc n
by presburger
hence (ord-res-2-step k) (N, Upr |U| Uer, Ucy)
(N, Upr |U| Uer U] resolvents-upto D C'k, Ucy)
using Suc.IH by metis

moreover have ord-res-2-step
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(N, Upy |U| Uep |U| resolvents-upto D C'k, Uey)
(N, Upy |U| Uep |U| resolvents-upto D C (Suc k), Uey)
unfolding resolvents-upto-Suc
proof (intro ord-res-2-step.intros ord-res-2.resolution)
show is-least-false-clause (N |U] (Up, |U| Uer |U| resolvents-upto D C k)
Ul Uey)
(resolvent-at D C' k)
using <k < Suc n»
proof (induction k)
case 0
have is-least-false-clause (N U] Up, |U]| Uer |U] Uey) C
using <is-least-false-clause (N |U| Uer |U| Uey) C»
unfolding least-false-conv .
thus ?Zcase
unfolding funion-fempty-right funion-assoc[symmetric]
by simp
next
case (Suc k')

have Az. ord-res-Interp (fset (N |U| (Upy |U| Uer |U| resolvents-upto D
C (Suc B) |U] Uep) o =
ord-res-Interp (fset (N |U| Uer U] Uey) U fset (Upy |U| resolvents-upto
D C (Suc k")) =
by (simp add: funion-left-commute sup-assoc sup-commute)
also have Az. ord-res-Interp (fset (N |U| Uep |U| Uey) U fset (Upr U]
resolvents-upto D C (Suc k') z =
ord-res-Interp (fset (N |U] Uer |U| Uey))
proof (intro Interp-union-unproductive balll)
fix z y assume y |€| U,, |U| resolvents-upto D C (Suc k')
hence y |€| U,, V y |€| resolvents-upto D C (Suc k')
by blast
thus ord-res.production (fset (N |U] Uer |U| Ues) U fset (Upy |U|
resolvents-upto D C (Suc k")) y = {}
proof (elim disjE)
assume y |€| Up,
thus ?thesis
using U,,-unproductive by metis
next
assume y |€| resolvents-upto D C' (Suc k')
then obtain ¢ where i |€| fset-upto (Suc 0) (Suc k') and y =
resolvent-at D C' 4
unfolding resolvents-upto-def by blast

have 7 L. is-pos L A ord-res.is-strictly-mazimal-lit L (resolvent-at D C
proof (rule nex-pos-strictly-maz-lit-in-resolvent-at)
show (ground-resolution D ™ Suc n) C (eres D C)

using «(ground-resolution D =" Suc n) C (eres D C)» .
next
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have i < Suc k’
using < |€] fset-upto (Suc 0) (Suc k') by auto
thus i < Suc n
using «Suc k' < Suc ny by presburger
qged

then show ?thesis
using «y = resolvent-at D C'i» unproductive-if-nezx-strictly-maximal-pos-lit
by metis
qed
qed simp-all
finally have Interp-simp: \z.
ord-res-Interp (fset (N |U| (Upy |U] Uer |U| resolvents-upto D C' (Suc
) 1] Uep)) @ =
ord-res-Interp (fset (N |U| Uer |U| Uey)) z .

show ?Zcase
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro conjl balll impl)
have resolvent-at D C (Suc k') |€| resolvents-upto D C' (Suc k')
using resolvent-at-fmember-resolvents-upto by simp
thus resolvent-at D C (Suc k') |€] N |U| (Up, |U] Uep |U| resolvents-upto
D C (Suc k') |JU]| Uey
by simp
next

show — ord-res-Interp (fset (N |U| (Upy |U| Uer |U| resolvents-upto D
C (Suc k) U] Uey))
(resolvent-at D C' (Suc k') |= resolvent-at D C' (Suc k')
unfolding Interp-simp
by (metis (no-types, lifting) Suc.prems Zero-not-Suc
«(ground-resolution D =" Sucn) C (eres D C)» clause-true-if-resolved-true
insert-not-empty is-least-false-clause-def
linorder-cls.is-least-in-fset-ffilterD(2) local.resolution(2) lo-
cal.resolution(7)
relpowp-to-resolvent-at tranclp-if-relpowp)
next
fix y
assume y # resolvent-at D C (Suc k')
assume — ord-res-Interp (fset (N |U| (Upyr |U| Uer |U| resolvents-upto
D C (Suc k) U] Uep)) 3 = v
hence — ord-res-Interp (fset (N |U] Uer U] Ues)) y = y
unfolding Interp-simp .
hence — ord-res-Interp (fset (N U] Upy |U] Uer U] Uey)) ¥y =y
using Interp-N-U,-U.y-eg-Interp-N-Uc,.-U.y by metis

assume y |€| N |U| (Upy U] Uer U] resolvents-upto D C' (Suc k') |U|

Uey
hence y |€| N U] U,y |U| Uer |U] Ueys V y |€]| resolvents-upto D C' (Suc
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by auto
thus resolvent-at D C (Suc k') <. y
proof (elim disjE)
assume y |€| N |U| UPT ‘U| Uer |U| Uef
have C' <. y
proof (cases y = C)
case True
thus %thesis
by order
next
case Fulse
thus ?thesis
using <y |€| N |U| Up, |U| Uer U] Uep>
using <~ ord-res-Interp (fset (N |U] Upy |U| Uer |U| Ues)) y |= »
using <is-least-false-clause (N |U| Uep |U] Uey) C
unfolding least-false-conv[symmetric)

unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
by simp
qed

moreover have resolvent-at D C (Suc k') <. C
by (metis Suc.prems <(ground-resolution D =~ Suc n) C (eres D C)»
less-or-eq-imp-le

resolvent-at-less-cls-resolvent-at resolvent-at-0 zero-less-Suc)

ultimately show resolvent-at D C (Suc k') <. y
by order
next
assume y |€| resolvents-upto D C' (Suc k')
then obtain 7 where
i-in: © |€| fset-upto (Suc 0) (Suc k') and y-def: y = resolvent-at D C'i
unfolding resolvents-upto-def by blast

hence i < Suc k'

using (y # resolvent-at D C (Suc k')
by auto

show resolvent-at D C (Suc k') <. y
unfolding y-def
proof (rule resolvent-at-less-cls-resolvent-at)
show (ground-resolution D ™ Suc n) C (eres D C)

using «(ground-resolution D =~ Suc n) C (eres D C)» .
next

show ¢ < Suc &k’

using <y # resolvent-at D C (Suc k’)» i-in y-def by auto
next

show Suc k&’ < Suc n
using «Suc k’ < Suc ny by presburger
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qed
qed
qed
qed
next
show ord-res.is-maximal-lit L (resolvent-at D C' k)
proof (rule max-lit-resolvent-at)
show (ground-resolution D = Suc n) C (eres D C)
using «(ground-resolution D ~~ Suc n) C (eres D C)» .
next
show &k < Suc n
using <k < Suc n» .
next
show ord-res.is-maximal-lit L C
using <ord-res.is-mazximal-lit L C» .
qged
next
show is-neg L
using <is-neg L» .
next
show D |€| N |U| (Up, |U] Uer |U| resolvents-upto D C k) |J]| Uey
using <D |€| N |U| U, |U| Ueypr by auto
next
show D <. resolvent-at D C k
proof (rule left-premisse-lt-resolvent-at)
show (ground-resolution D ™ Suc n) C (eres D C)
using «(ground-resolution D =~ Suc n) C (eres D C)» .
next
show k < Suc n
using <k < Suc n» .
qed
next
have ord-res.production (fset (N |U| (Up, |U| Uer |U| resolvents-upto D C
B) |0l Uep) D =
ord-res.production (fset (N |U| Ue, |U] Uey) U fset (U, |U| resolvents-upto
DCE)D
by (simp add: funion-left-commute sup-assoc sup-commute)

also have ... = ord-res.production (fset (N |U| Ue, |U| Uey)) D
proof (intro production-union-unproductive balll)
fix z

assume z |€| Uy, |U| resolvents-upto D C'k
hence 3 L. is-pos L A ord-res.is-strictly-maximal-lit L

unfolding funion-iff
proof (elim disjE)

assume z |€| U,

thus ?thesis

using U,,.-spec

by (metis eres-eq-after-tranclp-ground-resolution nex-strictly-maximal-pos-lit-if-neg-eres)
next
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assume z |€| resolvents-upto D C'k
then obtain ¢ where i |€| fset-upto (Suc 0) k and z-def: x = resolvent-at
D Ci
unfolding resolvents-upto-def by auto

have 0 < 7and ¢ < k
using «i |€| fset-upto (Suc 0) k> by simp-all

show ?thesis
unfolding z-def
proof (rule nex-pos-strictly-maz-lit-in-resolvent-at)
show (ground-resolution D =~ Suc n) C (eres D C)
using «(ground-resolution D ~ Suc n) C (eres D C)» .
next
show ¢ < Suc n
using i < b <k < Suc n» by presburger
qed
qed
thus ord-res.production (fset (N |U] Uer |U| Uey) U
fset (Upy U] resolvents-upto D C'k)) z = {}
using unproductive-if-nex-strictly-mazimal-pos-lit by metis
next
show D |€| N |U| Uer |U] Uey
using <D €| N |U| U, |U| Ueyr .
qed simp-all
finally show ord-res.production (fset (N |U] (Up, |U| Ue,r |U| resolvents-upto
D CR) U Uep)) D =
{atm-of L}
using <ord-res.production (fset (N |U] Uer |U| Uey)) D = {atm-of L} by
argo
next
show ord-res.ground-resolution (resolvent-at D C k) D (resolvent-at D C
(Suc k))
unfolding ground-resolution-def[symmetric]
proof (rule ground-resolution-resolvent-at-resolvent-at-Suc)
show (ground-resolution D ™ Suc n) C (eres D C)
using «(ground-resolution D =~ Suc n) C (eres D C)» .
next
show k < Suc n
using <k < Suc n» .

qed
next
show U,, U] Ue, |U| finsert (resolvent-at D C (Suc k)) (resolvents-upto D
Ck) =
finsert (resolvent-at D C (Suc k)) (Upr |U] Uer |U| resolvents-upto D C' k)
by simp
qed

ultimately show ?Zcase
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by (meson relpowp-Suc-I)
qed

hence (ord-res-2-step = Suc n) S2 (N, Uy, |U| Uer |U| resolvents-upto D C
(Suc n), Uey)
unfolding match-hyps(1,2) by blast

moreover have match (N, Uy, |U| Uer |U| resolvents-upto D C' (Suc n), Uey)
S8’
proof —
have 1: 3’ = (N, finsert (eres D C) Uer, Uey)
unfolding S3'-def «s3' = (U,,', Uey)> Uy’ = finsert (eres D C) Uer» ..

have 2: U,, |U| Ue, |U| resolvents-upto D C (Suc n) =
Upr U] resolvents-upto D C'n |U] finsert (eres D C') U,
by (auto simp: <resolvent-at D C (Suc n) = eres D C»)

show “thesis
unfolding match-def 1 2
proof (rule ord-res-2-matches-ord-res-3.intros)
show V E|€|U,, |U| resolvents-upto D C n.
AD1|e|N |U]| finsert (eres D C) Ueyr |U| Uey. AD2|E|N |U]| finsert (eres
D C) Uy |U] Uey.
(ground-resolution D1)** D2 E N E # eres D1 D2 A eres D1 D2 |€|
finsert (eres D C) Uk,
proof (intro balll)
fix Ca
assume Ca |€| Up, |U| resolvents-upto D C'n
hence Ca |€| U,, V Ca |€| resolvents-upto D C'n
by simp
thus 3 D1|€|N |U| finsert (eres D C) Uer |U| Uey. ID2|€|N |U] finsert
(eres D C) Uey U] Uey.
(ground-resolution D1)*+ D2 Ca A Ca # eres D1 D2 A eres DI D2 |€|
finsert (eres D C) Uy
proof (elim disjE)
show Ca |€| U,, = ?thesis
using U,,-spec by auto
next
assume Ca |€| resolvents-upto D C n
then obtain ¢ where i-in: ¢ |€| fset-upto (Suc 0) n and Ca-def:Ca =
resolvent-at D C ¢
unfolding resolvents-upto-def by auto

from i-in have 0 < ii < n
by simp-all

show ?Zthesis

proof (intro bexl conjI)
have (ground-resolution D " i) C Ca
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unfolding «Ca = resolvent-at D C i»
proof (rule relpowp-to-resolvent-at)
show (ground-resolution D ~ Suc n) C (eres D C)
using «(ground-resolution D ~ Suc n) C (eres D C)» .
next
show ¢ < Suc n
using <i < ny by presburger
qed
thus (ground-resolution D)™+ C Ca
using <0 < @ by (simp add: tranclp-if-relpowp)
next
show Ca # eres D C
by (metis Ca-def «(ground-resolution D ~~ Suc n) C (eres D C)»
P z. ground-resolution D (eres D C) x> i < n»
ground-resolution-resolvent-at-resolvent-at-Suc less-Suc-eq-le)
next
show eres D C |€| finsert (eres D C) Ue,
by simp
next
show D |€| N |U| finsert (eres D C) Uer |U| Uey
using resolution by simp
next
have C |€| N |U| Uy |U| Uey
using resolution
by (simp add: is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff )
thus C |€| N |U| finsert (eres D C) Uep |U| Uey
by simp
qed
qed
qed
qed
qed

ultimately have 352". (ord-res-2-step = Suc n) S2 S2' A match S2' 58’
by metis

thus 352'. ord-res-2-step™ S2 S2' A match 52’ 53’
by (metis Zero-neg-Suc tranclp-if-relpowp)
qed
qed

lemma safe-states-if-ord-res-2-matches-ord-res-3:
assumes match: ord-res-2-matches-ord-res-3 S5 Ss
shows
safe-state ord-res-2-step ord-res-2-final S
safe-state ord-res-3-step ord-res-3-final S3
proof —
show safe-state ord-res-2-step ord-res-2-final S
using safe-state-if-all-states-safe ord-res-2-step-safe by metis
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show safe-state ord-res-3-step ord-res-3-final Ss
using safe-state-if-all-states-safe ord-res-3-step-safe by metis
qed

theorem bisimulation-ord-res-2-ord-res-3:
defines match = \- S2 §3. ord-res-2-matches-ord-res-3 S2 S3
shows 3 (MATCH :: nat x nat = 'f ord-res-2-state = 'f ord-res-3-state = bool)
Ryf Ry.
bisimulation ord-res-2-step ord-res-2-final ord-res-3-step ord-res-3-final MATCH
Rs Ry
proof (rule ex-bisimulation-from-backward-simulation)
show right-unique ord-res-2-step
using right-unique-ord-res-2-step .
next
show right-unique ord-res-3-step
using right-unique-ord-res-3-step .
next
show V s1. ord-res-2-final s1 — (fs1'. ord-res-2-step s1 s1”)
by (metis finished-def ord-res-2-semantics. final-finished)
next
show V s2. ord-res-3-final s2 — (P s2'. ord-res-3-step s2 s2")
by (metis finished-def ord-res-3-semantics. final-finished)
next
show Vi s1 s2. match i s1 s2 — ord-res-2-final s1 = ord-res-3-final s2
unfolding match-def
using ord-res-2-final-iff-ord-res-3-final by metis
next
show Vi s1 s2. match i s1 s2 —
safe-state ord-res-2-step ord-res-2-final s1 N\ safe-state ord-res-3-step ord-res-3-final
s2
unfolding match-def
using safe-states-if-ord-res-2-matches-ord-res-3 by metis
next
show wfP (A- -. False)
by simp
next
show Vi s1 s2 s2’.
match © s1 s2 —
ord-res-3-step s2 s2' —
(3i’ s1'. ord-res-2-step™ ™ s1 s1’' A match i’ s1' s2') v (3i’. match i’ s1 52’
A False)
unfolding match-def
using backward-simulation-2-to-3 by metis
qed

end
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30 ORD-RES-4 (implicit factorization)

type-synonym ’f ord-res-4-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-3-matches-ord-res-4 :: 'f ord-res-3-state = 'f ord-res-4-state =
bool where
FIC| N U| Uer = Uey = iefac F || {|C |€| N |U| Ueyr. tefac F C # C|} =
ord-res-3-matches-ord-res-4 (N, (Uer, Ucy)) (N, Uer, F)

lemma ord-res-3-final-iff-ord-res-4-final:
assumes match: ord-res-3-matches-ord-res-4 53 S4
shows ord-res-3-final S3 <— ord-res-4-final S4
using match

proof (cases S3 S4 rule: ord-res-3-matches-ord-res-4 .cases)
case match-hyps: (1 F N Uer Uey)
note invars = match-hyps(3—)

have {#} |€| N |U| Uer |U] Uey <— {#} |€| iefac F || (N |U] Uey)
using invars by (auto simp: iefac-def)

moreover have ez-false-clause (fset (N |U| Ueyp |U| Uey)) <—
ex-false-clause (fset (iefac F || (N |U| Uer)))
unfolding ex-false-clause-iff
unfolding funion-funion-eq-funion-funion-fimage-iefac-if [OF invars(2)]
unfolding is-least-false-clause-with-iefac-conv ..

ultimately have ord-res-final (N |U| Ue, |U| Uey) <— ord-res-final (iefac F
[ (VU] Uer))
unfolding ord-res-final-def by argo

thus ?thesis
unfolding match-hyps(1,2)
by (simp add: ord-res-3-final.simps ord-res-4-final.simps)
qed

lemma forward-simulation-between-3-and-4:
assumes
match: ord-res-3-matches-ord-res-4 S3 S and
step: ord-res-3-step S3 83’
shows (354". ord-res-4-step™™ S4 S4' A ord-res-3-matches-ord-res-4 S3' S4")
using match
proof (cases S3 S4 rule: ord-res-3-matches-ord-res-4 .cases)
case match-hyps: (1 F N Uer Uey)
note match-invars = match-hyps(3—)

from step obtain s3’ where step” ord-res-3 N (Ue,, Ucy) s3' and S8’ = (N,
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53"
unfolding match-hyps(1,2)
by (auto elim: ord-res-3-step.cases)

from step’ show ?thesis
proof (cases N (Uey, Uey) 83’ rule: ord-res-3.cases)
case (factoring C' L Uey’)

have — ord-res.is-strictly-maximal-lit L C
using (is-least-false-clause (N |U| Ue, |U] Ueyp) C» <ord-res.is-mazimal-lit L
C» <is-pos Ly
by (metis (no-types, lifting) is-least-false-clause-def is-pos-def
pos-lit-not-greatest-if-mazimal-in-least-false-clause)

have C |€| N |U| U,
proof —
have C |€] N |U| U, |U| Uey
using (is-least-false-clause (N |U| Uer |U] Uey) C»
by (simp add: is-least-false-clause-def linorder-cls.is-least-in-[filter-iff)
moreover have C |¢| U,y
proof (rule notl)
assume C |€| Uy
then obtain Cy where C = iefac F Cp and Cy |€| N |U| U, and iefac
F Co # Co
using match-invars(2) by force
then show Fulse
by (metis Unig-D <~ ord-res.is-strictly-mazimal-lit L C» iefac-def
linorder-lit. Unig-is-maximal-in-mset
linorder-lit.is-mazximal-in-mset-if-is-greatest-in-mset local.factoring(3)
obtains-positive-greatest-lit-if-efac-not-ident)
qed
ultimately show ?thesis
by simp
qed

show ?thesis
proof (intro exI conjl)
show ord-res-4-step™ S4 (N, U, finsert C F)
unfolding match-hyps(1,2)
proof (intro tranclp.r-into-trancl ord-res-4-step.intros ord-res-4.factoring)
have is-least-false-clause (N |U] Uep |U| Uey) C
using factoring by argo
hence is-least-false-clause (N |U| Ue, |U| iefac F || (N |U| Uer)) C
unfolding funion-funion-eq-funion-funion-fimage-iefac-if [OF match-invars(2)]

thus is-least-false-clause (iefac F | (N |U| Uer)) C
unfolding is-least-false-clause-with-iefac-conv .
next
show ord-res.is-maximal-lit L C
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using <ord-res.is-mazximal-lit L C» .
next
show is-pos L
using <is-pos L» .
qed (rule refl)+
next
show ord-res-3-matches-ord-res-4 S3' (N, Uy, finsert C F)
unfolding «<S3’' = (N, s3')) «s3' = (Uer, Ues')» <Ucy' = finsert (efac C)
U€f>
proof (rule ord-res-3-matches-ord-res-4 .intros)
show finsert C F |C| N |U| Uer
using match-invars «C |€| N |U| Uer> by simp
next
have 3 C'. ord-res.ground-factoring C C’
using <ord-res.is-mazximal-lit L C <is-pos L»
by (metis «— ord-res.is-strictly-mazimal-lit L C» ex-ground-factoringl
is-pos-def)
hence efac C # C
by (metis ex1-efac-eq-factoring-chain)
hence iefac (finsert C F) C # C
by (simp add: iefac-def)

have {|Ca |€| N |U| Ue,. iefac (finsert C F) Ca # Cal} =
finsert C {|Ca |€| N |U| Ueyr. iefac F Ca # Cal}
proof (intro fsubset-antisym fsubsetl)
fix z
assume z |€| {|Ca |€|] N |U| Ue,. iefac (finsert C F) Ca # Cal}
hence z |€| N |U| U,, and iefac (finsert C F) z # x
by simp-all
then show z |€| finsert C {|Ca |€| N |U| Ue,. iefac F Ca # Cal}
by (smt (verit, best) ffmember-filter finsert-iff iefac-def)
next
fix z
assume z |€| finsert C {|Ca |€| N |U| Ue,. tefac F Ca # Cal}
hence z = C V z |€| N U] Uer A iefac F z # x
by auto
thus z |€] {|Ca |€| N |U| Ue,. iefac (finsert C F) Ca # Cal}
proof (elim disjE conjFE)
assume z = C
thus ?thesis
using <C |€| N |U| U <iefac (finsert C F) C # C» by auto
next
assume z |€| N |U| U,, and iefac F = # x
thus ?thesis
by (smt (verit, best) ffmember-filter finsertCI iefac-def)
qed
qed
thus finsert (efac C) Uey =
iefac (finsert C F) | {|Ca |€| N |U| Uer. iefac (finsert C F) Ca # Cal}
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using iefac-def match-invars(2) by auto
qed
qed
next
case (resolution C L D U,,")

have D |€| iefac F |1 (N |U| Uer)
proof —
have D |€| N |U| Uer |U| Uey
using resolution by argo
hence D |€| N |U| Ue, |U| iefac F || (N |U] Uer)
unfolding funion-funion-eq-funion-funion-fimage-iefac-if[OF match-invars(2)]

moreover have D |¢| N |U| U, — iefac F | (N |U| Uer)
by (metis clauses-for-iefac-are-unproductive insert-not-empty local.resolution(7))
ultimately show ?thesis
by blast
qed

show ?thesis
proof (intro exI congl)
show ord-res-4-step™ S4 (N, finsert (eres D C) Uep, F)
unfolding match-hyps(1,2)
proof (intro tranclp.r-into-trancl ord-res-4-step.intros ord-res-4 .resolution)
have is-least-false-clause (N |U| Uer |U| Ues) C
using resolution by argo
hence is-least-false-clause (N |U| Ue, |U| iefac F | (N |U| Uer)) C
unfolding funion-funion-eq-funion-funion-fimage-iefac-if [OF match-invars(2)]

thus is-least-false-clause (iefac F || (N |U] Ue,)) C
unfolding is-least-false-clause-with-iefac-conv .
next
show ord-res.is-maximal-lit L C
using resolution by argo
next
show is-neg L
using resolution by argo
next
show D |€| iefac F || (N |U| Uer)
using <D |€]| iefac F || (N (U] Uer)s «
next
show D <. C
using resolution by argo

next
have ord-res.production (fset (N |U| Uer U] Uey)) D =
ord-res.production (fset (N |U]| Uep |U| defac F || (N |U] Uer))) D
unfolding funion-funion-eq-funion-funion-fimage-iefac-if[OF match-invars(2)]

also have ... = ord-res.production (fset (iefac F || (N |U] Uer)) U fset
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(N |U] Uer)) D
by (simp add: sup.commute)
also have ... = ord-res.production (fset (iefac F || (N |U| Uer))) D
proof (rule production-union-unproductive-strong)
show Vz € fset (N |U| Uer) — fset (iefac F || (N |U| Ueyr)).
ord-res.production (fset (iefac F || (N |U| Uer)) U fset (N |U] Uey)) x

using clauses-for-iefac-are-unproductive[of N |U| U., F| by simp
next
show D |€| iefac F || (N |U] Uer)
using «D |€| iefac F || (N |U| Uep)s «
qed (rule finite-fset)+

finally show ord-res.production (fset (iefac F || (N |U| Ueyr))) D =
{atm-of L}
using resolution by argo
qed (rule refl)+
next
show ord-res-3-matches-ord-res-4 S8’ (N, finsert (eres D C) Uey, F)
unfolding «S3' = (N, s8')) «s3' = (Uy,/, Uey)» «<Uypr' = finsert (eres D
C) Uegr
proof (rule ord-res-3-matches-ord-res-4 .intros)
show F |C| N |U| finsert (eres D C) Ugr
using match-invars by auto
next
show U.; = iefac F | {|C |€| N |U| finsert (eres D C) U, iefac F C #
Cl}
proof (cases eres D C |€| F)
case True
then show ?thesis
using «F |C| N |U| Uep
using match-invars by force
next
case Fulse
hence iefac F (eres D C) = eres D C
by (simp add: iefac-def)
hence {|C |€| N |U]| finsert (eres D C) Ue,. iefac F C # C|} = {|C |€]|
N |U| Uey. iefac F C # C|}
using ffilter-eq-ffilter-minus-singleton by auto
thus ?thesis
using match-invars by argo
qged
qed
qed
qed
qed

theorem bisimulation-ord-res-3-ord-res-4 :
defines match = \- S8 S4. ord-res-3-matches-ord-res-4 S3 S/
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shows 3 (MATCH :: nat x nat = 'f ord-res-3-state = 'f ord-res-4-state = bool)
Rs Rp.
bisimulation ord-res-3-step ord-res-3-final ord-res-4-step ord-res-4-final MATCH
Ry R
proof (rule ex-bisimulation-from-forward-simulation)
show right-unique ord-res-3-step
using right-unique-ord-res-3-step .
next
show right-unique ord-res-4-step
using right-unique-ord-res-4-step .
next
show V s1. ord-res-3-final s1 — (fs1'. ord-res-3-step s1 s1)
by (metis finished-def ord-res-3-semantics. final-finished)
next
show V s2. ord-res-4-final s2 — (P s2'. ord-res-4-step s2 s2")
by (metis finished-def ord-res-4-semantics.final-finished)
next
show Vi sl s2. match i s1 s2 — ord-res-3-final s1 «— ord-res-4-final s2
unfolding match-def
using ord-res-3-final-iff-ord-res-4-final by metis
next
show Vi s1 s2. match i s1 s2 —
safe-state ord-res-3-step ord-res-3-final s1 A safe-state ord-res-4-step ord-res-4-final
s2
using ord-res-3-step-safe ord-res-4-step-safe
by (simp add: safe-state-if-all-states-safe)
next
show wfP (\i’ i. False)
by simp
next
show Vi sl s2 s1'. match ¢ s1 s2 — ord-res-3-step sl s1’ —
(34’ 82'. ord-res-4-stept T s2 82’ A match i’ s1' s2') V (Fi'. match i’ s1' 82 A
False)
unfolding match-def
using forward-simulation-between-3-and-4 by metis
qed

end

31 ORD-RES-5 (explicit model construction)

type-synonym 'f ord-res-5-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset x
('f gterm = 'f gclause option) x 'f gclause option

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-4-matches-ord-res-5 :: 'f ord-res-4-state = 'f ord-res-5-state =
bool where
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ord-res-5-invars N (Uer, F, M, C) =
(VC.C = Some C +— is-least-false-clause (iefac F | (N |U| U.,)) C) =
ord-res-4-matches-ord-res-5 (N, Uer, F) (N, Uer, F, M, C)

lemma ord-res-4-final-iff-ord-res-5-final:
assumes match: ord-res-4-matches-ord-res-5 S4 S5
shows ord-res-4-final S4 <— ord-res-5-final S5
using match

proof (cases S4 S5 rule: ord-res-4-matches-ord-res-5.cases)
case match-hyps: (1 N Ue, F M C)

show ?thesis
unfolding match-hyps(1,2,3)
proof (intro iffl ord-res-5-final.intros)
assume ord-res-4-final (N, Uep, F)
hence {#} |€| iefac F || (N |U| Uer) V = ex-false-clause (fset (iefac F | (N
U] Uer)))
by (simp add: ord-res-4-final.simps ord-res-final-def)
thus ord-res-5-final (N, Uer, F, M, C)
proof (elim disjE)
assume {#} |€| iefac F || (N |U| Uey)
hence is-least-false-clause (iefac F | (N |U| Uer)) {#}
using is-least-false-clause-mempty by metis
hence C = Some {#}
by (smt (verit) all-smaller-clauses-true-wrt-respective-Interp-def is-least-false-clause-def
linorder-cls.is-least-in-ffilter-iff linorder-cls.le-imp-less-or-eq match-hyps(3)
mempty-lesseg-cls ord-res-5-invars-def)
thus ?thesis
using ord-res-5-final.contradiction-found by metis
next
assume — ez-false-clause (fset (iefac F |4 (N |U| Uep)))
hence C = None
using match-hyps(2—)
by (metis ex-false-clause-if-least-false-clause option.exhaust)
thus ?thesis
using ord-res-5-final.model-found by metis
qged
next
assume ord-res-5-final (N, Ugp, F, M, C)
thus ord-res-4-final (N, Uep, F)
proof (cases (N, Uer, F, M, C) rule: ord-res-5-final.cases)
case model-found
have all-smaller-clauses-true-wrt-respective-Interp N (Uer, F, M, C)
using <ord-res-5-invars N (Uer, F, M, C)
unfolding ord-res-5-invars-def by metis
hence V C |€] iefac F | (N |U| Uey). ord-res-Interp (iefac F  (fset N U fset
Ue)) C = C
by (simp add: model-found all-smaller-clauses-true-wrt-respective-Interp-def)
hence — ez-false-clause (fset (iefac F || (N |U| Uer)))
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by (simp add: ex-false-clause-def)
then show ?thesis
by (metis ord-res-4-final.intros ord-res-final-def)
next
case contradiction-found
hence {#} |€| iefac F || (N |U| Uer)
using <ord-res-5-invars N (Uer, F, M, C)
by (metis next-clause-in-factorized-clause-def ord-res-5-invars-def)
then show ?thesis
by (metis ord-res-4-final.intros ord-res-final-def)
qed
qed
qed

lemma forward-simulation-between-4-and-5:
fixes S4 S4' S5
assumes match: ord-res-4-matches-ord-res-5 S4 S5 and step: ord-res-4-step S4
S’
shows 355", ord-res-5-step™ ™ S5 S5’ A\ ord-res-4-matches-ord-res-5 S/’ S5’
using match
proof (cases S4 S5 rule: ord-res-4-matches-ord-res-5.cases)
case match-hyps: (1 N Uo F M C)
hence
S4-def: S4 = (N, Ue,, F) and
S5-def: S5 = (N, Uer, F, M, C)
unfolding atomize-conj by metis

have dom-M-eq: NC. C = Some C = dom M = ord-res.interp (fset (iefac F
[ (N U] Uer))) C

using match-hyps unfolding ord-res-5-invars-def model-eq-interp-upto-next-clause-def
by simp

obtain s/’ where S4’-def: S4' = (N, s4') and step”: ord-res-4 N (Uer, F) 84’
using step unfolding S4-def by (auto simp: ord-res-4-step.simps)

show ?thesis
using step’
proof (cases N (Uey, F) s4' rule: ord-res-4.cases)
case step-hyps: (factoring NN C L F')
have C = Some C
using match-hyps(3—) step-hyps by metis

define M’ :: 'f gterm = 'f gterm literal multiset option where
M’ = (A-. None)

define C' :: 'f gclause option where
C’' = The-optional (linorder-cls.is-least-in-fset (iefac F' || (N |U| Uer)))

have ord-res-5-step: ord-res-5 N (Ue,., F, M, Some C) (Uer, F';, M', C')
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proof (rule ord-res-5.factoring)
have is-least-false-clause (iefac F || (N |U| Uer)) C
using step-hyps by argo
then show — dom M |= C
using dom-M-eq[OF «C = Some C)]
by (metis (mono-tags, lifting) is-least-false-clause-def
linorder-cls.is-least-in-ffilter-iff ord-res-Interp-entails-if-greatest-lit-is-pos
unproductive-if-nez-strictly-mazimal-pos-lit sup-bot.right-neutral)
next
show ord-res.is-mazximal-lit L C
using step-hyps by metis
next
show is-pos L
using step-hyps by metis
next
show — ord-res.is-strictly-maximal-lit L C
using step-hyps
by (metis (no-types, lifting) is-least-false-clause-def literal.collapse(1)
pos-lit-not-greatest-if-maximal-in-least-false-clause)
next
show F' = finsert C F
using step-hyps by metis
qed (simp-all add: M'-def C’-def)

moreover have IM"' C".
(ord-res-5 N)** (Uer, F', M', C") (Uer, F', M”, C") A
(VC. (C" = Some C) «— is-least-false-clause (iefac F' |9 (N |U| Uer)) C)
proof (rule ord-res-5-construct-model-upto-least-false-clause)
show ord-res-5-invars N (Ue,, F', M’, C)
using ord-res-5-step <ord-res-5-invars N (Uer, F, M, C)» <C = Some C)
by (metis ord-res-5-preserves-invars)
qed

ultimately obtain M’ C"" where
s5-steps: (ord-res-5 N)*+ (Uep, F, M, Some C) (Uep, F';, M”, C") and
next-clause-least-false:
(VC. (C" = Some C) «— is-least-false-clause (iefac F' | (N |U]| Ue,)) C)
by (meson rtranclp-into-tranclp2)

have ord-res-5-step™ S5 (N, Uy, F', M, C")
unfolding S5-def «C = Some C)»
using s5-steps by (metis tranclp-ord-res-5-step-if-tranclp-ord-res-5)

moreover have ord-res-4-matches-ord-res-5 S4' (N, Uep, F', M C')
unfolding S4'-def <s4' = (Uer, F')
proof (intro ord-res-4-matches-ord-res-5.intros)
show ord-res-5-invars N (Ugp, F', M C")
using s-steps «C = Some C» <ord-res-5-invars N (Uer, F, M, C)»
by (smt (verit, best) ord-res-5-preserves-invars tranclp-induct)
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next
show V C. (C" = Some C) = is-least-false-clause (iefac F' || (N |U] Ue,)) C
using nezt-clause-least-false .
qed

ultimately show %thesis
by metis
next
case step-hyps: (resolution NN C' L D U.,")
have C = Some C
using match-hyps(3—) step-hyps by metis

define M’ :: 'f gterm = 'f gterm literal multiset option where
M’ = (X-. None)

define C' :: 'f gclause option where
C' = The-optional (linorder-cls.is-least-in-fset (iefac F || (N |U| Uer"))

have ord-res-5-step: ord-res-5 N (Uep, F, M, Some C) (U,,', F, M’, C)
proof (rule ord-res-5.resolution)
have is-least-false-clause (iefac F || (N |U| Uer)) C
using step-hyps by argo
then show — dom M |= C
using dom-M-eq[OF «C = Some C)]
by (metis (mono-tags, lifting) is-least-false-clause-def
linorder-cls.is-least-in-ffilter-iff ord-res-Interp-entails-if-greatest-lit-is-pos
unproductive-if-nex-strictly-mazimal-pos-lit sup-bot.right-neutral)
next
show ord-res.is-mazximal-lit L C
using step-hyps by metis
next
show is-neg L
using step-hyps by metis
next
show M (atm-of L) = Some D
using step-hyps
by (smt (verit) «C = Some C» all-produced-atoms-in-model-def insertl1
match-hyps(8)
ord-res-5-invars-def)
next
show U.,' = finsert (eres D C) U,,
using step-hyps by metis
qed (simp-all add: M'-def C’-def)

moreover have I M’ C".

(ord-res-5 N)** (Ug', F, M, C') (Uer', F, M7, C") A

(VC. (C" = Some C) «— is-least-false-clause (iefac F |9 (N |U| Ue,")) C)
proof (rule ord-res-5-construct-model-upto-least-false-clause)

show ord-res-5-invars N (U.,.", F, M’, C’)
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using ord-res-5-step <ord-res-5-invars N (Uer, F, M, C)y <C = Some C)
by (metis ord-res-5-preserves-invars)
qed

ultimately obtain M'' C"" where
s5-steps: (ord-res-5 N)T+ (U, F, M, Some C) (Uey', F, M", C'") and
next-clause-least-false:
(VC. (C" = Some C) «— is-least-false-clause (iefac F || (N |U| Ue,")) C)
by (meson rtranclp-into-tranclp2)

have ord-res-5-step™ S5 (N, Ue,';, F, M, C")
unfolding S5-def «C = Some C»
using sj-steps by (metis tranclp-ord-res-5-step-if-tranclp-ord-res-5)

moreover have ord-res-4-matches-ord-res-5 S4' (N, Ue,', F, M, C")
unfolding S/’'-def <s4' = (Ue,', F)»
proof (intro ord-res-4-matches-ord-res-5.intros)
show ord-res-5-invars N (Ue,.';, F, M", C")
using s-steps «C = Some C» <ord-res-5-invars N (Uery, F, M, C)»
by (smt (verit, best) ord-res-5-preserves-invars tranclp-induct)
next
show V C. (C"" = Some C) = is-least-false-clause (iefac F | (N |U| Ue,")) C
using nezt-clause-least-false .
qed

ultimately show ¢thesis
by metis
qed
qed

theorem bisimulation-ord-res-4-ord-res-5:
defines match = A-. ord-res-4-matches-ord-res-5
shows 3 (MATCH :: nat x nat = 'f ord-res-4-state = 'f ord-res-5-state = bool)
Rs Rp.
bisimulation ord-res-4-step ord-res-4-final ord-res-5-step ord-res-5-final MATCH
Ry Ry
proof (rule ex-bisimulation-from-forward-simulation)
show right-unique ord-res-4-step
using right-unique-ord-res-4-step .
next
show right-unique ord-res-5-step
using right-unique-ord-res-5-step .
next
show V s. ord-res-4-final s — (P s'. ord-res-4-step s s)
by (metis finished-def ord-res-4-semantics. final-finished)
next
show V s. ord-res-5-final s — (Bs'. ord-res-5-step s s')
by (metis finished-def ord-res-5-semantics.final-finished)
next
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show Vi s} s5. match i s4 s5 — ord-res-4-final s4 <— ord-res-5-final s5
unfolding match-def
using ord-res-4-final-iff-ord-res-5-final by metis
next
show V¢ S/ S5. match i S4 S5 —
safe-state ord-res-4-step ord-res-4-final S4 N safe-state ord-res-5-step ord-res-5-final
S5
proof (intro alll impl conjI)
fix ¢ 54 S5
show safe-state ord-res-4-step ord-res-4-final S/
using ord-res-4-step-safe safe-state-if-all-states-safe by metis

assume match i S4 S5
thus safe-state ord-res-5-step ord-res-5-final S5
using <match i S4 S5»
using ord-res-5-safe-state-if-invars
using match-def ord-res-4-matches-ord-res-5.cases by metis
qed
next
show wfp (A- -. False)
by simp
next
show Vi s1 s2 s1’.
match © s1 s2 —
ord-res-4-step sl s1' —
(34’ s2'. ord-res-5-stept T 52 s2' A\ match i’ s1' s2') vV (3i’. match i’ 51’ 52
A False)
unfolding match-def
using forward-simulation-between-4-and-5 by metis
qed

end

32 ORD-RES-6 (model backjump)

type-synonym 'f ord-res-6-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset x
('f gterm = 'f gclause option) x 'f gclause option

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-5-matches-ord-res-6 :: 'f ord-res-5-state = 'f ord-res-6-state =
bool where
ord-res-5-invars N (Uer, F, M, C) =
ord-res-5-matches-ord-res-6 (N, Uer, F, M, C) (N, Uer, F, M, C)

lemma ord-res-5-final-iff-ord-res-6-final:

fixes 7 S5 S6
assumes match: ord-res-5-matches-ord-res-6 S5 S6

489



shows ord-res-5-final S5 <— ord-res-6-final S6
using match
proof (cases S5 S6 rule: ord-res-5-matches-ord-res-6.cases)
case (I N U, F MC)
thus ?thesis
by (metis (no-types, opaque-lifting) ord-res-5-final.simps ord-res-6-final.cases
ord-res-6-final.contradiction-found ord-res-6-final.model-found)
qed

lemma backward-simulation-between-5-and-6:
fixes S5 56 S6'
assumes match: ord-res-5-matches-ord-res-6 S5 S6 and step: ord-res-6-step S6
S6’
shows 355", ord-res-5-step™™ S5 S5’ A ord-res-5-matches-ord-res-6 S5’ S6'
using match
proof (cases S5 S6 rule: ord-res-5-matches-ord-res-6.cases)
case match-hyps: (1 N Ue F M C)
hence S5-def: S5 = (N, U,,, F, M, C) and S6-def: S6 = (N, Ue,, F, M, C)
by metis+

obtain s6’ where S6’-def: S6' = (N, s6") and step”: ord-res-6 N (U, F, M,
C) s6’
using step unfolding S6-def
using ord-res-6-step.simps by auto

show %thesis
using step’

proof (cases N (Uer, F, M, C) s6' rule: ord-res-6.cases)
case step-hyps: (skip C C')

define S5’ where
S6'= (N, Ugp, F, M, C)

show ?thesis
proof (intro exl conjl)
have step5: ord-res-5 N (Uep, F, M, Some C) (Uer, F, M, C’)
using ord-res-5.skip step-hyps by metis
hence ord-res-5-step S5 S5’
unfolding S5-def S5'-def
by (metis ord-res-5-step.simps step-hyps(1))
thus ord-res-5-stept+ S5 S5’
by simp

have ord-res-5-invars N (U, F, M, C’)
using step5 match-hyps(8) ord-res-5-preserves-invars step-hyps(1) by metis
thus ord-res-5-matches-ord-res-6 S5’ S6’
unfolding S5'-def S6'-def «s6’ = (Uer, F, M, C')
using ord-res-5-matches-ord-res-6.intros by metis
qed
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next
case step-hyps: (production C L M’ C’)

define S5’ where
S5'= (N, Ugp, F, M', C)

show ?thesis
proof (intro exl conjI)
have steps: ord-res-5 N (Ugr, F, M, Some C) (Uey, F, M’, C)
using ord-res-5.production step-hyps by metis
hence ord-res-5-step S5 S5’
unfolding S5-def S5'-def
by (metis ord-res-5-step.simps step-hyps(1))
thus ord-res-5-stept+ S5 S5/
by simp

have ord-res-5-invars N (Uep, F, M, C)
using step5 match-hyps(8) ord-res-5-preserves-invars step-hyps(1) by metis
thus ord-res-5-matches-ord-res-6 S5’ S6’
unfolding S5'-def S6'-def <s6’ = (Uer, F, M', C')»
using ord-res-5-matches-ord-res-6.intros by metis
qed
next
case step-hyps: (factoring D K F')

define S5’ where
§5" = (Nv Uer, ]:/, M, Some (efac D))

have D |€| iefac F | (N |U| Uer)
by (metis match-hyps(3) next-clause-in-factorized-clause-def ord-res-5-invars-def
step-hyps(1))
hence iefac F' | (N U] Uer) # {||}
by blast
then obtain C' where C-least: linorder-cls.is-least-in-fset (iefac F' | (N ||
Uer)) C

by (metis linorder-cls.ex1-least-in-fset)

have efac D # D
by (metis ex1-efac-eq-factoring-chain is-pos-def ex-ground-factoringl step-hyps(4,5,6))

show ?thesis
proof (intro exI congl)
have The-optional (linorder-cls.is-least-in-fset (iefac F' | (N |U| Ue,))) =
Some C
proof (rule The-optional-eq-Somel)
show 3 <1 z. linorder-cls.is-least-in-fset (iefac F' |9 (N |U] Uer)) @
by blast
next
show linorder-cls.is-least-in-fset (iefac F' | (N |U| Uer)) C
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using C-least .
qed
hence step5: ord-res-5 N (Uer, F, M, Some D) (Uer, F', Map.empty, Some

using ord-res-5.factoring step-hyps by metis
moreover have (ord-res-5 N)** ... (Uep, F';, M, Some (efac D))
proof (rule full-rtranclp-ord-res-5-run-upto)
show ord-res-6 N (Ue,, F, M, Some D) (U, F', M, Some (efac D))
using step’ S6-def S6’-def <s6’ = (Uer, F', M, Some (efac D)) «C =
Some D) by argo
next
show ord-res-5-invars N (Uer, F', M, Some (efac D))
using match-hyps(3) ord-res-6-preserves-invars step’ step-hyps(2) by blast
next
have iefac F D = D and D |€| N |U| U,
unfolding atomize-conj
using <efac D # Dy <D |€| iefac F || (N |U| Uey)r[unfolded fimage-iff)
unfolding iefac-def
by (metis ex1-efac-eq-factoring-chain factorizable-if-neg-efac)

have iefac-F'-eq: iefac F' = (iefac F)(D := efac D)
unfolding «F' = finsert D F» iefac-def by auto

have fimage-iefac-F'-eq:
iefac F' | (N |U] Uer) = finsert (efac D) (iefac F || (N |U| Uer —
{IDI})

unfolding iefac-F'-eq
unfolding fun-upd-fimage|of iefac F D efac D] <D |€| N |U| Uep
using <D |€| N |U| U, by argo

have {|C |€| iefac F' || (N |U| Uer). C <. efac D|} =
{|C |€| finsert (efac D) (iefac F || (N |U| Uer — {|D|})). C <. efac D|}
unfolding fimage-iefac-F'-eq ..

also have ... = {|C |€| iefac F || (N || Uer — {|D|}). C <. efac D|}
by auto
also have ... = {|C |€| iefac F || (N |U| Uer). C <. efac D|}

by (smt (verit, ccfo-SIG) <iefac F D = Dy efac-properties-if-not-ident(1)
Hilter-eq-ffilter-minus-singleton fimage-finsert finsertll finsert-fminusi
finsert-fminus-single linorder-cls.less-imp-not-less)

finally have {|C |€| iefac F' || (N |U|] Uey). C <. efac D|} =
{IC |€| iefac F || (N |U] Ueyp). C <. efac D|} .
next
have dom-M-eq: dom M = ord-res.interp (fset (iefac F || (N |U] Uer)))

using <ord-res-5-invars N (Uep, F, M, C)» <C = Some D>
unfolding ord-res-5-invars-def model-eg-interp-upto-next-clause-def
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by metis

have atm-of K ¢ dom M
by (metis linorder-lit.is-mazimal-in-mset-iff literal.collapse(1)
pos-literal-in-imp-true-cls step-hyps(8) step-hyps(4) step-hyps(5))

have A <; atm-of K if A € dom M for A

proof —
obtain C where

C |€| iefac F || (N |U] Ue,) and
C <. D and
A € ord-res.production (fset (iefac F || (N |U| Ueyr))) C
using (A € dom M) unfolding dom-M-eq
unfolding ord-res.interp-def UN-iff
by blast

hence ord-res.is-strictly-mazimal-lit (Pos A) C
using ord-res.mem-productionFE by metis

hence Pos A <; K
using <ord-res.is-maximal-lit K Dy <«C' <. D»
by (metis ord-res.asymp-less-lit ord-res.transp-less-lit linorder-cls.less-asym
linorder-lit.is-maximal-in-mset-if-is-greatest-in-mset linorder-lit.lel
linorder-lit. multp g o -if-mazimal-less-that-mazimal multp-eq-multp g o)

hence A =<; atm-of K
by (metis literal.collapse(1) literal.sel(1) ord-res.less-lit-simps(1) reflclp-iff

step-hyps(5))

moreover have A # atm-of K
using <atm-of K ¢ dom M> <A € dom M> by metis

ultimately show ?thesis
by order

qed
hence dom M C {A. K. ord-res.is-mazimal-lit K (efac D) N A <; atm-of

K}
using linorder-lit.is-mazimal-in-mset-iff step-hyps(4) by auto
thus M = restrict-map M {A. 3K. ord-res.is-mazimal-lit K (efac D) N A
<t atm-of K}
using restrict-map-ident-if-dom-subset by fastforce
next

show linorder-cls.is-least-in-fset (iefac F' | (N |U] Ue,)) C
using C-least .

qed
ultimately have stepss: (ord-res-5 N)** (Uer, F, M, Some D) (Uey, F/,

M, Some (efac D))
by simp
thus ord-res-5-stept+ S5 S5/
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using S5'-def S5-def step-hyps(1) tranclp-ord-res-5-step-if-tranclp-ord-res-5
by metis

have ord-res-5-invars N (Ueyp, F', M, Some (efac D))
using steps5 match-hyps(3) tranclp-ord-res-5-preserves-invars step-hyps(1)
by metis
thus ord-res-5-matches-ord-res-6 S5’ S6'
unfolding S5'-def S6'-def «s6’' = (Uer, F';, M, Some (efac D))
using ord-res-5-matches-ord-res-6.intros by metis
qed
next
case step-hyps: (resolution-bot C L D U,,.' M)

define S5’ :: - x - x - x ('f gterm = 'f gclause option) X 'f gclause option
where

S5" = (N, Ueg', F, M’, Some {#})

show ?thesis
proof (intro exl conjl)
have {#} |€| iefac F | (N |U] Uer')
using (U,,' = finsert (eres D C) Ugy» <eres D C = {#}»
using iefac-def by simp

hence linorder-cls.is-least-in-fset (iefac F || (N |U] Uer’)) {#}
by (metis linorder-cls.is-minimal-in-fset-eq-is-least-in-fset
linorder-cls.is-minimal-in-fset-iff linorder-cls.leD mempty-lesseg-cls)

hence The-optional (linorder-cls.is-least-in-fset (iefac F || (N |U]| Uer'))) =
Some {#}

by (metis linorder-cls. Unig-is-least-in-fset The-optional-eq-Somel)

hence step5: ord-res-5 N (U, F, M, Some C) (U.,', F, M, Some {#})
using ord-res-5.resolution step-hyps by metis

thus ord-res-5-step™™ S5 55/
unfolding S5-def «C = Some C» S5'-def
by (simp only: ord-res-5-step.intros tranclp.r-into-trancl)

show ord-res-5-matches-ord-res-6 S5’ 567
using stepd
by (metis S5'-def S6'-def match-hyps(3) ord-res-5-matches-ord-res-6.intros
ord-res-5-preserves-invars step-hyps(1) step-hyps(2))
qed
next
case step-hyps: (resolution-pos E L D Ue.' M’ K)

define S5/ :: - x - x - x ('f gterm = 'f gclause option) x 'f gclause option

where
S5' = (N, U,y F, M’, Some (eres D E))
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hence iefac F || (N U] Uer”) # {lI}
using (U,,' = finsert (eres D E) U.,» by simp
then obtain C where C-least: linorder-cls.is-least-in-fset (iefac F || (N |U]
Ue))) C
by (metis linorder-cls.ex1-least-in-fset)

show ?thesis
proof (intro exl conjl)
have The-optional (linorder-cls.is-least-in-fset (iefac F || (N |U]| Ue,))) =
Some C
proof (rule The-optional-eq-Somel)
show 3 <1 z. linorder-cls.is-least-in-fset (iefac F | (N |U| Uer')) x
by blast
next
show linorder-cls.is-least-in-fset (iefac F | (N |U] Ue,')) C
using C-least .
qed

hence step5: ord-res-5 N (U, F, M, Some E) (U.,', F, Map.empty, Some
C)

using ord-res-5.resolution step-hyps by metis

moreover have (ord-res-5 N)** ... (U.,', F, M, Some (eres D E))
proof (rule full-rtranclp-ord-res-5-run-upto)
show ord-res-6 N (Ue,, F, M, Some E) (U.,';, F, M, Some (eres D E))
using step’ «C = Some E» <s6' = (Ue,', F, M', Some (eres D E))» by
argo
next
show ord-res-5-invars N (U.,';, F, M, Some (eres D E))
using match-hyps(3) ord-res-6-preserves-invars step’ step-hyps(2) by blast
next
have eres D E # F
using step-hyps by (metis linorder-lit. Unig-is-mazimal-in-mset thel-equality’)

moreover have eres D F <. F
using eres-le .

ultimately have eres D F <. E
by order

have YV F. is-least-false-clause (iefac F || (N |U| Ueyp)) F — E =, F
using <ord-res-5-invars N (Uer, F, M, C)»
unfolding ord-res-5-invars-def «C = Some E»
using nezxt-clause-lt-least-false-clause[of N (Uer, F, M, Some E)]
by simp

have E-least-false: is-least-false-clause (iefac F || (N |U| Uer)) E
unfolding is-least-false-clause-def linorder-cls.is-least-in-ffilter-iff
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proof (intro congl balll impl)
show E |€| iefac F || (N |U| Uer)
using <ord-res-5-invars N (Uer, F, M, C)»
unfolding ord-res-5-invars-def «C = Some E»
by (metis next-clause-in-factorized-clause-def)
next
have — ord-res.interp (fset (iefac F || (N |U| Uer))) E |E E
using <ord-res-5-invars N (Uer, F, M, C)»
unfolding ord-res-5-invars-def «C = Some E»
using <— dom M |= E» by (metis model-eg-interp-upto-next-clause-def)
moreover have ord-res.production (fset (iefac F || (N U] Uer))) E = {}
proof —
have 3 L. is-pos L A ord-res.is-strictly-mazimal-lit L E
using <ord-res.is-maximal-lit L FE»> <is-neg L»
by (metis Unig-D linorder-lit. Unig-is-mazximal-in-mset
linorder-lit.is-mazximal-in-mset-if-is-greatest-in-mset)
thus ?thesis
using unproductive-if-nex-strictly-maximal-pos-lit by metis
qed
ultimately show — ord-res-Interp (fset (iefac F || (N |U| Uer))) E |E E
by simp
next
fix F
assume F-in: F' |€| iefac F || (N |U] Uer) and F # E and
F-false: = ord-res-Interp (fset (iefac F || (N U] Uer))) F | F
have - F <. F
using <ord-res-5-invars N (Uer, F, M, C)»
unfolding ord-res-5-invars-def «C = Some E»
unfolding all-smaller-clauses-true-wrt-respective-Interp-def
using F-in F-false
by (metis option.inject)
thus F <. F
using «F' # E) by order
qed

have D-prod: ord-res.production (fset (iefac F | (N |U| Uer))) D # {}
using <ord-res-5-invars N (Uer, F, M, C)»
unfolding ord-res-5-invars-def «C = Some E»
by (metis atoms-in-model-were-produced-def empty-iff step-hyps(6))

have iefac F (eres D E) = eres D E

using F-least-false D-prod

by (smt (verit, ccfo-threshold)
NV F. is-least-false-clause (iefac F |9 (N |U| Uer)) F — (<)== E F»

ceres D E <. E» clause-true-if-resolved-true ex1-eres-eq-full-run-ground-resolution
fimage-finsert finsert-absorb finsert-iff full-run-def funion-finsert-right
is-least-false-clause-def is-least-false-clause-finsert-smaller-false-clause
linorder-cls.is-least-in-fset-ffilterD(2) linorder-cls.leD match-hyps(3)

next-clause-in-factorized-clause-def ord-res-5-invars-def ord-res-6-preserves-invars
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rtranclpD step’ step-hyps(2) step-hyps(7))

hence {|C |€]| iefac F || (N |U| Ue,). C <. eres D E|} =
{1C |€]| iefac F || (N |U| Uep). C <. eres D E|}
unfolding «U.,’ = finsert (eres D E) Ue,» by auto
next
show M’ = restrict-map M {A. K. ord-res.is-maximal-lit K (eres D E)
N A <y atm-of K}
using <M’ = restrict-map M {A. A <; atm-of K}
by (smt (verit, ccfv-SIG) Collect-cong linorder-lit. Unig-is-mazimal-in-mset
step-hyps(10)
thel-equality’)
next
show linorder-cls.is-least-in-fset (iefac F | (N |U| U.,)) C
using C-least .
qed

ultimately have stepss: (ord-res-5 N)*+ (Uep, F, M, Some E) (U, F,
M/, Some (eres D E))
by simp

thus ord-res-5-step™ S5 S5/
unfolding S5-def «C = Some E> S5'-def
by (metis tranclp-ord-res-5-step-if-tranclp-ord-res-5)

show ord-res-5-matches-ord-res-6 S5 S6'
unfolding S5'-def S6'-def <s6’' = (Ue,', F, M’, Some (eres D E))»
using stepsd
using match-hyps(3) ord-res-5-matches-ord-res-6.intros ord-res-6-preserves-invars
step’
step-hyps(2) by metis
qed
next
case step-hyps: (resolution-neg E L D U..' M' K C)

define S5/ :: - x - x - x ('f gterm = 'f gclause option) x 'f gclause option
where
S5 = (N, U, F, M', Some C)

hence iefac F || (N U] Uer’) # {lI}
using (U,,' = finsert (eres D E) U.,» by simp
then obtain B where B-least: linorder-cls.is-least-in-fset (iefac F |4 (N |U|
Ue')) B

by (metis linorder-cls.ex1-least-in-fset)

show ?thesis
proof (intro exl conjl)
have The-optional (linorder-cls.is-least-in-fset (iefac F || (N |U| Ue,"))) =
Some B
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proof (rule The-optional-eq-Somel)
show 3 < z. linorder-cls.is-least-in-fset (tefac F |9 (N |U| Ue,'))
by blast
next
show linorder-cls.is-least-in-fset (iefac F | (N |U| U.,")) B
using B-least .
qed

hence step5: ord-res-5 N (U, F, M, Some E) (U.,', F, Map.empty, Some
using ord-res-5.resolution step-hyps by metis

moreover have (ord-res-5 N)** ... (U..', F, M, Some C)
proof (rule full-rtranclp-ord-res-5-run-upto)
show ord-res-6 N (U, F, M, Some E) (U.,', F, M, Some C')
using step’ «C = Some E» <s6' = (U,,.'; F, M’, Some C)) by argo
next
show ord-res-5-invars N (Ue,.';, F, M’, Some C)
using match-hyps(3) ord-res-6-preserves-invars step’ step-hyps(2) by blast
next
have ord-res.is-strictly-mazimal-lit (Pos (atm-of K)) C
using <M (atm-of K) = Some C»
<ord-res-5-invars N (Uer, F, M, C)>[unfolded ord-res-5-invars-def
atoms-in-model-were-produced-def, simplified)
using ord-res.mem-productionF by blast

moreover have Pos (atm-of K) <; K
using <is-neg K» by (cases K) simp-all

ultimately have C' <. eres D E
using <ord-res.is-mazimal-lit K (eres D E)»
by (metis ord-res.asymp-less-lit ord-res.transp-less-lit
linorder-lit.is-mazximal-in-mset-if-is-greatest-in-mset
linorder-lit. multp g o -if-maximal-less-that-mazimal multp-eq-multpp o)

hence C <. FE
using eres-le[of D E] by order

have C <. efac (eres D E)
by (metis Unig-D <C <. eres D E» efac-spec is-pos-def linorder-lit. Unig-is-mazimal-in-mset
step-hyps(10) step-hyps(11))

moreover have efac (eres D E) <. eres D E
by (metis efac-subset subset-implies-reflclp-multp)

ultimately have C <. iefac F (eres D E)
unfolding iefac-def by auto

hence {|Ca |€| iefac F || (N |U| Uer"). Ca <. C|} =
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{|Ca |€| iefac F | (N |U| Uep). Ca <. C|}
unfolding «U.,.' = finsert (eres D E) Ue,» by auto

have (3 K. ord-res.is-maximal-lit K C N A <; atm-of K) +— A <; atm-of
K for A
using <ord-res.is-strictly-mazimal-lit (Pos (atm-of K)) C»
by (metis Unig-def linorder-lit. Unig-is-mazimal-in-mset
linorder-lit.is-mazximal-in-mset-if-is-greatest-in-mset literal.sel(1))

hence {A. 3K. ord-res.is-maximal-lit K C N A <, atm-of K} = {A. A <,
atm-of K}
by metis

thus M’ = restrict-map M {A. K. ord-res.is-mazimal-lit K C N A <4
atm-of K}
using <M’ = restrict-map M {A. A <¢ atm-of K}» by argo
next
show linorder-cls.is-least-in-fset (iefac F || (N |U| U.,")) B
using B-least .
qed

ultimately have steps5: (ord-res-5 N)*+ (U, F, M, Some E) (U,,.', F,
M, Some C)
by simp

thus ord-res-5-stept S5 S5/
unfolding S5-def «C = Some E» S5'-def
by (metis tranclp-ord-res-5-step-if-tranclp-ord-res-5)

show ord-res-5-matches-ord-res-6 S5’ S6'
unfolding S5'-def S6'-def «s6' = (U.,', F, M', Some C)»
using stepsd
using match-hyps(3) ord-res-5-matches-ord-res-6.intros ord-res-6-preserves-invars
step’
step-hyps(2) by metis
qed
qged
qged

theorem bisimulation-ord-res-5-ord-res-6:
defines match = A-. ord-res-5-matches-ord-res-6
shows 3 (MATCH :: nat x nat = 'f ord-res-5-state = 'f ord-res-6-state = bool)
Rt Re.
bisimulation ord-res-5-step ord-res-5-final ord-res-6-step ord-res-6-final MATCH
Ry Re
proof (rule ex-bisimulation-from-backward-simulation)
show right-unique ord-res-5-step
using right-unique-ord-res-5-step .
next
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show right-unique ord-res-6-step
using right-unique-ord-res-6-step .
next
show V s. ord-res-5-final s — (Bs'. ord-res-5-step s s')
by (metis finished-def ord-res-5-semantics.final-finished)
next
show V s. ord-res-6-final s — (s’ ord-res-6-step s s)
by (metis finished-def ord-res-6-semantics. final-finished)
next
show Vi S5 S6. match i S5 S6 — ord-res-5-final S5 +— ord-res-6-final S6
unfolding match-def
using ord-res-5-final-iff-ord-res-6-final by metis
next
show Vi S5 56.
match i S5 S6 —
safe-state ord-res-5-step ord-res-5-final S5 N safe-state ord-res-6-step ord-res-6-final
S6
proof (intro alll impI conjI)
fix ¢ S5 56
assume match i S5 S6
show safe-state ord-res-5-step ord-res-5-final S5
using <match i S5 56>
using ord-res-5-safe-state-if-invars
using match-def ord-res-5-matches-ord-res-6.cases by metis
show safe-state ord-res-6-step ord-res-6-final S6
using «match i S5 S6>
using ord-res-6-safe-state-if-invars
using match-def ord-res-5-matches-ord-res-6.cases by metis
qed
next
show wfp (A- -. False)
by simp
next
show Vi S5 S6 S6'.
match i S5 S6 —
ord-res-6-step S6 S6' —
(34’ S5'. ord-res-5-step™ S5 S5’ A match i’ S5' S6") v (3i’. match i’ S5
S6' N False)
unfolding match-def
using backward-simulation-between-5-and-6 by metis
qed

end

33 ORD-RES-7 (clause-guided literal trail construc-
tion)

type-synonym 'f ord-res-7-state =
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'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list x
'f gclause option

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-6-matches-ord-res-7 ::

'f gterm fset = 'f ord-res-G-state = 'f ord-res-7-state = bool where

ord-res-5-invars N (Uery, F, M, C) =
ord-res-T-invars N (Uer, F, T, C) =
(VA C. M A = Some C <— map-of T (Pos A) = Some (Some C)) =
(VA. M A = None <— map-of T' (Neg A) # None V A |¢| trail-atms T') =
i = atms-of-clss (N |U| Uer) — trail-atms I' =
ord-res-6-matches-ord-res-7 i (N, Uepr, F, M, C) (N, Uy, F, T, C)

lemma ord-res-6-final-iff-ord-res-7-final:
fixes i S6 S7
assumes match: ord-res-6-matches-ord-res-7 i S6 S7
shows ord-res-6-final S6 <— ord-res-7-final S7
using match

proof (cases i S6 S7 rule: ord-res-6-matches-ord-res-7.cases)
case match-hyps: (1 N Uer. F M CT)

show ord-res-6-final S6 <— ord-res-7-final S7
proof (rule iffI)
assume ord-res-60-final S6
thus ord-res-7-final S7
unfolding «S6 = (N, U.,, F, M, C)
proof (cases (N, Uer, F, M, C) rule: ord-res-6-final.cases)
case model-found
thus ord-res-7-final S7
unfolding «S7 = (N, U,,, F, T, C)
using ord-res-7-final.model-found
by metis
next
case contradiction-found
thus ord-res-7-final S7
unfolding <S7 = (N, U,,, F, T, C)
using ord-res-7-final.contradiction-found
by metis
qed
next
assume ord-res-7-final S7
thus ord-res-6-final S6
unfolding <S7 = (N, Ue,, F, T, C)»
proof (cases (N, Uer, F, I, C) rule: ord-res-7-final.cases)
case model-found
thus ord-res-6-final S6
unfolding «S6 = (N, U.,, F, M, C)
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using ord-res-6-final.model-found
by metis
next
case contradiction-found
thus ord-res-6-final S6
unfolding «S6 = (N, U.,, F, M, C)
using ord-res-6-final.contradiction-found
by metis
qed
qged
qged

lemma backward-simulation-between-6-and-7:
fixes i 56 S7 S7’
assumes match: ord-res-6-matches-ord-res-7 1 S6 S7 and step: constant-context
ord-res-7 S7 87’
shows
(Fi’ S6'. ord-res-6-step™t S6 S6’ A ord-res-6-matches-ord-res-7 i’ S6' S7') V
(3i’. ord-res-6-matches-ord-res-7 1" S6 S7' N i’ |C| i)
using match
proof (cases i S6 S7 rule: ord-res-6-matches-ord-res-7.cases)
case match-hyps: (1 N Uer. F M CT)

note S6-def = <S6 = (N, Uer, F, M, C)

note invars-6 = <ord-res-5-invars N (Uer, F, M, C)»

note invars-7 = <ord-res-7-invars N (U, F, T, C)]
unfolded ord-res-7-invars-def, rule-format, OF refl]

have I'-sorted: sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using invars-7 by argo

have TI'-consistent: trail-consistent T’
using invars-7 by (metis trail-consistent-if-sorted-wrt-atoms)

hence I'-distinct-atoms: distinct (map fst T")
using distinct-lits-if-trail-consistent by iprover

have clause-true-wrt-model-if-true-wrt-I': dom M |= D
if D-true: trail-true-cls I' D for D
proof —
obtain L where L €# D and L-true: trail-true-lit T' L
using D-true unfolding trail-true-cls-def by auto

have 3C. (L, C) € set T
using L-true unfolding trail-true-lit-def by auto

show Zthesis

proof (cases L)
case (Pos A)
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then obtain C' where (Pos A, Some C) € set T’
using invars-7 «3C. (L, C) € set T)
by (metis fst-conv literal.disc(1) not-None-eq snd-conv)

hence map-of T' (Pos A) = Some (Some C)
using T'-distinct-atoms by (metis map-of-is-Somel )

hence M A = Some C
using VA C. (M A = Some C) = (map-of T' (Pos A) = Some (Some C))»
by metis

hence A € dom M
by blast

then show ?thesis
using <L €# D) <L = Pos A> by blast
next
case (Neg A)

hence (Neg A, None) € set T
using invars-7 <3C. (L, C) € set T»
by (metis fst-conv literal.disc(2) snd-conv)

hence map-of T' (Neg A) # None
by (simp add: weak-map-of-Somel)

hence M A = None
using <V A. (M A = None) = (map-of ' (Neg A) # None V A |¢| trail-atms
')y by metis

hence A ¢ dom M
by blast

then show ?Zthesis
using <L €# Dy <L = Neg Ay by blast
qged
qed

have clause-false-wrt-model-if-false-wrt-I': = dom M |= D
if D-false: trail-false-cls I' D for D
unfolding true-cls-def
proof (intro notl , elim bexE)
fix L :: 'f gterm literal
assume L €# D and dom M |=l L

have trail-false-lit T' L
using <L €# D) D-false unfolding trail-false-cls-def by metis
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hence — trail-true-lit I' L and trail-defined-lit ' L
unfolding atomize-conj
using I'-consistent <L €4 Dy not-trail-true-cls-and-trail-false-cls that
trail-defined-lit-iff-true-or-false trail-true-cls-def by blast

show False
proof (cases L)
case (Pos A)

hence M A # None
using <dom M |=l Ly by blast

hence map-of T' (Pos A) # None
using (VA C. (M A = Some C) = (map-of T' (Pos A) = Some (Some C))»
by blast

hence Pos A € fst ‘ set I’
by (simp add: map-of-eq-None-iff)

hence trail-true-lit I' (Pos A)
unfolding trail-true-lit-def .

moreover have — trail-true-lit T' (Pos A)
using <— trail-true-lit I' Ly <L = Pos A by argo

ultimately show Fulse
by contradiction
next
case (Neg A)

hence M A = None
using <dom M |=l Ly by blast

hence map-of I' (Neg A) # None V A |¢| trail-atms T’
using <V A. (M A = None) = (map-of I' (Neg A) # None V A |¢| trail-atms
I')» by blast

hence trail-true-lit ' (Neg A) V — trail-defined-lit T (Neg A)
unfolding map-of-eq-None-iff not-not
unfolding trail-true-lit-def trail-defined-lit-iff-trail-defined-atm literal.sel

then show ?thesis
using <— trail-true-lit T Ly <trail-defined-lit ' Ly <L = Neg A> by argo
qed
qed

obtain s7’ where
S7"= (N, s7') and

504



step”s ord-res-7T N (Ue,, F, T, C) s7'
using step unfolding «S7 = (N, U.,, F, T, C)
by (auto elim: constant-context.cases)

have invars-s7': ord-res-7-invars N s7’
using ord-res-7-preserves-invars|OF step’ <ord-res-7-invars N (Uer, F, T, C)]

show ?thesis
using step’

proof (cases N (Ue,., F, T, C) s7’ rule: ord-res-7.cases)
case step-hyps: (decide-neg C L AT")

define i’ where
i’ = atms-of-clss (N |U| Uer) |—| trail-atms T

have A |€| atms-of-clss (N |U| U,,) and A <; atm-of L and A |¢| trail-atms
r
using step-hyps unfolding atomize-conj linorder-trm.is-least-in-ffilter-iff by
argo

have ord-res-6-matches-ord-res-7 i’ S6 S7’
unfolding S6-def «C = Some C) <S7" = (N, s7") <s7' = (Uep, F, T, Some
Q)
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (Uer, F, M, Some C)
using invars-6 unfolding «C = Some C) .
next
show ord-res-7-invars N (Uep, F, T, Some C)
using invars-s7’ unfolding «s7’' = (Uep, F, '/, Some C)) .
next
show VA C. (M A = Some C) = (map-of T/ (Pos A) = Some (Some C))
using match-hyps unfolding I'' = (Neg A, None) # 'y by simp
next
show V A. (M A = None) = (map-of T'' (Neg A) # None V A |¢| trail-atms
r
unfolding «I'"" = (Neg A, None) # I
using match-hyps <A |¢| trail-atms Ty by force
next
show i’ = atms-of-clss (N |U| Ue,) |—| trail-atms I
unfolding i’-def ..
qed

moreover have i’ |C| 7
proof —
have i = finsert A i’
unfolding match-hyps i’-def
using <A |€] atms-of-clss (N |U| Uer)r <A || trail-atms Ty step-hyps(6) by
force
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moreover have A |¢| i’
unfolding i’-def
using step-hyps(6) by fastforce

ultimately show ?Zthesis
by auto
qed

ultimately show ?Zthesis
by metis
next
case step-hyps: (skip-defined C' L C')

define S6’ where
S6' = (N, Ugpr, F, M, C)

have C-almost-defined: trail-defined-cls T' {#x €# C. x # L#}
using step-hyps by (metis clause-almost-definedI invars-7)

hence C-defined: trail-defined-cls T' C
using step-hyps unfolding trail-defined-cls-def by auto

hence C-true: trail-true-cls I' C
using step-hyps by (metis trail-true-or-false-cls-if-defined)

have step6: ord-res-6 N (Uer, F, M, Some C) (Uep, F, M, C’)
proof (rule ord-res-6.skip)
show dom M |= C
using clause-true-wrt-model-if-true-wrt-I'|OF C-true] .
next
show C’ = The-optional (linorder-cls.is-least-in-fset
(fitter (<) C) (iefac F |1 (N U] Uer))
using step-hyps by argo
qed

hence ord-res-6-step™ S6 S6'
using S6-def «C = Some C» S6'-def ord-res-6-step.intros by blast

moreover have ord-res-6-matches-ord-res-7 i S6’ S7'
unfolding S6'-def «S7' = (N, s7") <s7' = (Uer, F, T, C')
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (Ue,., F, M, C’)
using invars-6 unfolding «C = Some C»
using ord-res-6-preserves-invars| OF stepG] by argo
next
show ord-res-7-invars N (Uer, F, T, C')
using invars-s7’ unfolding <s7’' = (U, F, T, C) .
next
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show VA C. (M A = Some C) = (map-of T' (Pos A) = Some (Some C))
using match-hyps by argo
next
show V A. (M A = None) = (map-of T' (Neg A) # None V A |¢| trail-atms
)
using match-hyps by argo
next
show i = atms-of-clss (N |U| Ue,) |—| trail-atms T
using match-hyps by argo
qed

ultimately show ¢thesis
by metis
next
case step-hyps: (skip-undefined-neg C L T C’)

define S6’ where
S6’ = (N, Uep, F, M, C’)

define i’ where
i' = atms-of-clss (N |U| Uer) |—| trail-atms T

have trail-true-lit T L
unfolding «I'" = (L, None) # I's by (simp add: trail-true-lit-def)

hence C-true: trail-true-cls '’ C
using step-hyps unfolding linorder-lit.is-maximal-in-mset-iff trail-true-cls-def

by metis

have step6: ord-res-6 N (U, F, M, Some C) (Ugr, F, M, C’)
proof (rule ord-res-6.skip)
show dom M |= C
using C-true
by (metis domlIff linorder-lit.is-maximal-in-mset-iff literal. collapse(2) match-hyps(6)
step-hyps(4) step-hyps(6) step-hyps(7) trail-defined-lit-iff-trail-defined-atm
true-cls-def true-lit-simps(2))
next
show C’ = The-optional (linorder-cls.is-least-in-fset
(Filter ((<c) C) (iefac F | (N U] U.,))))
using step-hyps by argo
qed

hence ord-res-6-step™ S6 S6'
using S6-def «C = Some C» S6'-def ord-res-6-step.intros by blast

moreover have ord-res-6-matches-ord-res-7 i’ S6' S7’
unfolding S6'-def <S7' = (N, s7")» «s7' = (Uep, F, T/, C')»
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (U, F, M, C)
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using invars-6 unfolding «C = Some C»
using ord-res-6-preserves-invars| OF stepG] by argo
next
show ord-res-7-invars N (Ue,, F, T/, C)
using invars-s7’ unfolding «s7' = (U, F, T/, C')> .
next
show VA C. (M A = Some C) = (map-of T'' (Pos A) = Some (Some C))
using match-hyps
unfolding «I'' = (L, None) # I')
by (metis literal.disc(1) map-of-Cons-code(2) step-hyps(7))
next
show VA. (M A = None) = (map-of T'' (Neg A) # None V A |¢| trail-atms
)
using match-hyps
unfolding "' = (L, None) # I')
by (metis finsert-iff literal.collapse(2) literal.sel(2) map-of-Cons-code(2)
option.discl
prod.sel(1) step-hyps(6) step-hyps(7) trail-atms.simps(2)
trail-defined-lit-iff-trail-defined-atm)
next
show i’ = atms-of-clss (N |U| Ue.) |—| trail-atms T’
using i’-def .
qed

ultimately show #thesis
by metis
next
case step-hyps: (skip-undefined-pos C L D)

define S6’ where
S6' = (N, Uer, F, M, Some D)

have trail-defined-cls T {#x €# C.z # L N © # — L#}
proof (rule clause-almost-almost-definedl)
show C |€| iefac F | (N U] Uey)
using invars-7 step-hyps by metis
next
show ord-res.is-mazimal-lit L C
using step-hyps by argo
next
show — (3 A|€|atms-of-clss (N |U| Ue,). A <¢ atm-of L A A |¢| trail-atms T')
using step-hyps by argo
qed

moreover have — L ¢# C
by (metis atm-of-uminus is-pos-def linorder-lit.is-maximal-in-mset-iff linorder-lit.neqF
linorder-trm.less-irrefl literal. collapse(2) literal.sel(1) ord-res.less-lit-simps(4 )
step-hyps(4) step-hyps(7) uminus-not-id”)
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ultimately have trail-defined-cls T' {#xz €# C. z # L#}
unfolding trail-defined-cls-def by auto

hence trail-true-cls T {#z €# C. z # L#}
using - trail-false-cls T {#K €# C. K # L#}» by (metis trail-true-or-false-cls-if-defined)

hence C-true: trail-true-cls I' C
by (auto simp: trail-true-cls-def)

have step6: ord-res-6 N (U, F, M, Some C) (Ue, F, M, Some D)
proof (rule ord-res-6.skip)
show dom M |= C
using clause-true-wrt-model-if-true-wrt-I'|OF C-true] .
next
show Some D = The-optional (linorder-cls.is-least-in-fset
(ffilter ((<c) C) (iefac F [ (N U] Uer))))
using linorder-cls. Unig-is-least-in-fset step-hyps(9) The-optional-eq-Somel
by fastforce
qed

hence ord-res-6-step™ S6 S6'
using S6-def «C = Some C» S6'-def ord-res-6-step.intros by blast

moreover have ord-res-6-matches-ord-res-7 i S6’ S7'
unfolding S6'-def <S7' = (N, $7")» «<s7" = (Uer, F, T, Some D)»
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (Ue,., F, M, Some D)
using invars-6 unfolding «C = Some C»
using ord-res-6-preserves-invars| OF stepG]| by argo
next
show ord-res-7-invars N (Ue,, F, T, Some D)
using invars-s7’ unfolding <s7’ = (U, F, ', Some D)) .
next
show VA C. (M A = Some C) = (map-of T' (Pos A) = Some (Some C))
using match-hyps by argo
next
show VA. (M A = None) = (map-of T' (Neg A) # None V A |¢| trail-atms
)
using match-hyps by argo
next
show i = atms-of-clss (N |U| Ue,) |—| trail-atms T
using match-hyps by argo
qed

ultimately show #thesis
by metis
next
case step-hyps: (skip-undefined-pos-ultimate C' L T")
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define S6’ where
S6’ = (N, Uepr, F, M, None :: 'f gclause option)

define i’ where
i' = atms-of-clss (N |U| Uer) |—| trail-atms T

have trail-defined-cls T {#x €¢# C.z # L N © # — L#}
proof (rule clause-almost-almost-definedl)
show C |€| iefac F | (N |U| Uey)
using invars-7 step-hyps by metis
next
show ord-res.is-mazximal-lit L C
using step-hyps by argo
next
show — (3 A|€|atms-of-clss (N |U| Ue,). A <¢ atm-of L A A |¢| trail-atms T')
using step-hyps by argo
qed

moreover have — L ¢# C
by (metis atm-of-uminus is-pos-def linorder-lit.is-mazimal-in-mset-iff linorder-lit.neqEl
linorder-trm.less-irrefl literal.collapse(2) literal.sel(1) ord-res.less-lit-simps(4 )
step-hyps(4) step-hyps(7) uminus-not-id”)

ultimately have trail-defined-cls I’ {#xz €# C. x # L#}
unfolding trail-defined-cls-def by auto

hence trail-true-cls T {#z €# C. © # L#}
using < trail-false-cls T {#K €# C. K # L#}» by (metis trail-true-or-false-cls-if-defined)

hence C-true: trail-true-cls I' C
by (auto simp: trail-true-cls-def)

have step6: ord-res-6 N (Uer, F, M, Some C) (U.,, F, M, None)
proof (rule ord-res-6.skip)
show dom M |= C
using clause-true-wrt-model-if-true-wrt-I'[OF C-true] .
next
have — (3 D. linorder-cls.is-least-in-fset (ffilter ((<.) C) (iefac F |9 (N |U|
Uer))) D)
using «— fBezx (iefac F || (N |U| Uer)) ((=e) C)
by (meson linorder-cls.is-least-in-[filter-iff)

thus None = The-optional (linorder-cls.is-least-in-fset
(Filter (=) C) (iefac F |1 (N U] Uey)))
unfolding The-optional-def by metis
qed

hence ord-res-6-step™ S6 S6'
using S6-def «C = Some C» S6'-def ord-res-6-step.intros by blast
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moreover have ord-res-6-matches-ord-res-7 i’ S6' S7’
unfolding S6'-def «S7' = (N, s7")y 87" = (Uer, F, T/, None)
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (Ue,, F, M, None)
using invars-6 unfolding «C = Some C»
using ord-res-6-preserves-invars| OF step6] by argo
next
show ord-res-7-invars N (Uer, F, T', None)
using invars-s7’ unfolding «s7' = (U.,, F, T'/, None)) .
next
show VA C. (M A = Some C) = (map-of T'' (Pos A) = Some (Some C))
using match-hyps(3—)
unfolding «I'"" = (— L, None) # I
by (metis is-pos-neg-not-is-pos literal.disc(1) map-of-Cons-code(2) step-hyps(7))
next
show VA. (M A = None) = (map-of T'' (Neg A) # None V A |¢| trail-atms
)
using match-hyps(3—)
unfolding «I'' = (— L, None) # I
by (metis (no-types, opaque-lifting) atm-of-eq-atm-of eq-fst-iff fset-simps(2)
insertCI
insertE literal.discI(2) literal.sel(2) map-of-Cons-code(2) option.distinct(1)
trail-defined-lit-iff-trail-defined-atm step-hyps(6) step-hyps(7) trail-atms.simps(2))
next
show i’ = atms-of-clss (N |U| Ue,) |—| trail-atms T’
using i’-def .
qed

ultimately show #thesis
by metis
next
case step-hyps: (production C L T/ C’)

define S6’ where
S6’ = (N, Uer, F, M(atm-of L — C), C)

define i’ where
i" = atms-of-clss (N |U| Ueyr) |—| trail-atms T

have L €# C
using step-hyps unfolding linorder-lit.is-maximal-in-mset-iff by argo

have step6: ord-res-6 N (U,,., F, M, Some C) (Ue, F, M(atm-of L — C),
ch
proof (rule ord-res-6.production)
have atm-of L |¢| trail-atms T
using <— trail-defined-lit T' L»
unfolding trail-defined-lit-iff-trail-defined-atm .
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hence M (atm-of L) = None
using match-hyps(3—) by metis

hence atm-of L ¢ dom M
unfolding dom-def by simp

hence -~ dom M |=l L
using <is-pos Ly unfolding true-lit-def by metis

moreover have - dom M |= {#K €# C. K # L#}
using clause-false-wrt-model-if-false-wrt-T[|OF <trail-false-cls T {#K €# C.

K # L#})] .

ultimately show - dom M | C
using <L €# C»
unfolding true-cls-def by auto
next
show ord-res.is-mazximal-lit L C
using step-hyps by argo
next
show is-pos L
using step-hyps by argo
next
show ord-res.is-strictly-maximal-lit L C
using step-hyps by argo
next
show M(atm-of L — C) = M(atm-of L — C) ..
next
show C’ = The-optional (linorder-cls.is-least-in-fset
(ffitter ((=c) C) (iefac F || (N |U] Uer))))
using step-hyps by argo
qed

hence ord-res-6-step™™ S6 S6'
using S6-def «C = Some C» S6’-def ord-res-6-step.intros by blast

moreover have ord-res-6-matches-ord-res-7 i’ S6" S7’
unfolding S6'-def <S7' = (N, s7")y «s7'= (Uer, F, T/, C')»
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (Uer, F, M(atm-of L — C), C’)
using invars-6 unfolding «C = Some C)
using ord-res-6-preserves-invars|OF step6] by argo
next
show ord-res-7-invars N (U, F, T/, C’)
using invars-s7’ unfolding «s7' = (U, F, T/, C')> .
next
show VA D. (M(atm-of L — C)) A = Some D) = (map-of T/ (Pos A) =
Some (Some D))
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using match-hyps(3—)
unfolding «I'' = (L, Some C) # I
using step-hyps(7) by auto
next
show V A. (M(atm-of L — C)) A = None) = (map-of T'' (Neg A) # None
vV A |¢| trail-atms T')
using match-hyps(3—)
unfolding «I'' = (L, Some C) # I
by (metis (no-types, opaque-lifting) domlI domlff finsert-iff fun-upd-apply
literal.collapse(1) literal.discI(2) map-of-Cons-code(2) map-of-eq-None-iff
prod.sel(1)
step-hyps(6) step-hyps(7) trail-atms.simps(2) trail-defined-lit-def umi-
nus-Pos)
next
show i’ = atms-of-clss (N |U| Ue,) |—| trail-atms T’
using i’-def .
qed

ultimately show #thesis
by metis
next
case step-hyps: (factoring C L F')

define S6’ where
S6"= (N, Ueyp, F', M, Some (efac C))

have L €# C
using step-hyps unfolding linorder-lit.is-mazximal-in-mset-iff by argo

have step6: ord-res-6 N (Ue,, F, M, Some C) (Ue,, F', M, Some (efac C))
proof (rule ord-res-6.factoring)
have atm-of L |¢| trail-atms T
using «<— trail-defined-lit ' L»
unfolding trail-defined-lit-iff-trail-defined-atm .

hence M (atm-of L) = None
using match-hyps(3—) by metis

hence atm-of L ¢ dom M
unfolding dom-def by simp

hence - dom M |=l L
using <is-pos Ly unfolding true-lit-def by metis

moreover have - dom M |= {#K €# C. K # L#}
using clause-false-wrt-model-if-false-wrt-T[OF «<trail-false-cls T {#K €4 C.
K # L#)b] .

ultimately show — dom M |= C

513



using <L €# C)
unfolding true-cls-def by auto
next
show ord-res.is-mazximal-lit L C
using step-hyps by argo
next
show is-pos L
using step-hyps by argo
next
show — ord-res.is-strictly-maximal-lit L C
using step-hyps by argo
next
show F' = finsert C F
using step-hyps by argo
qed

hence ord-res-6-step™ 56 S6'
using S6-def «C = Some C» S6'-def ord-res-6-step.intros by blast

moreover have ord-res-6-matches-ord-res-7 i S6' S7'
unfolding S6'-def <S7' = (N, s7")» «s7' = (Ueyr, F', T, Some (efac C))»
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (Uer, F', M, Some (efac C))
using invars-6 unfolding «C = Some C»
using ord-res-6-preserves-invars|OF step6] by argo
next
show ord-res-7-invars N (Ue,., F', T, Some (efac C))
using invars-s7’ unfolding «s7’ = (Ue., F', T, Some (efac C))> .
next
show VA C. (M A = Some C) = (map-of ' (Pos A) = Some (Some C))
using match-hyps(3—) by argo
next
show V A. (M A = None) = (map-of T' (Neg A) # None V A |¢| trail-atms
)
using match-hyps(3—) by argo
next
show i = atms-of-clss (N |U| Ue,) |—| trail-atms T
using match-hyps(3—) by argo
qed

ultimately show #thesis
by metis
next
case step-hyps: (resolution-bot E L D U.,' T)

define S6’ where

S6' = (N, Ue', F, (A-. None) :: 'f gterm = 'f gclause option, Some ({#} ::
'f gclause))
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define i’ where
i" = atms-of-clss (N |U| Ue.") |—| trail-atms T’

have step6: ord-res-6 N (U,,, F, M, Some E) (U, F, A-. None, Some {#})
proof (rule ord-res-6.resolution-bot)
show = dom M |= E
using clause-false-wrt-model-if-false-wrt-T'[OF <trail-false-cls T E»] .
next
show ord-res.is-mazimal-lit L E
using step-hyps by argo
next
show is-neg L
using step-hyps by argo
next
show M (atm-of L) = Some D
by (metis literal.collapse(2) match-hyps(5) step-hyps(5) step-hyps(6) umi-
nus-Neg)
next
show U.,' = finsert (eres D E) U.,
using step-hyps by argo
next
show eres D E = {#}
using step-hyps by argo
next
show ((A-. None)) = (A-. None) ..
qged

hence ord-res-6-step™ 56 S6'
using S6-def «C = Some E» S6'-def ord-res-6-step.intros by blast

moreover have ord-res-6-matches-ord-res-7 i’ S6" S7’
unfolding S6'-def <S7' = (N, s7")y «s7" = (Ue.', F, T, Some {#})»
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (Ue,', F, A-. None, Some {#})
using invars-6 unfolding «C = Some E»
using ord-res-6-preserves-invars|OF step6] by argo
next
show ord-res-7-invars N (U.,.', F, T/, Some {#})
using invars-s7’ unfolding <s7’ = (U, F, I'/, Some {#})> .
next
show VA C. (None = Some C) = (map-of T'' (Pos A) = Some (Some C))
unfolding I'' = []) by simp
next
show V A. (None = None) = (map-of I'' (Neg A) # None V A |¢| trail-atms
)
unfolding I = []> by simp
next
show i’ = atms-of-clss (N |U| Ue,") |—| trail-atms T/
using i’-def .
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qed

ultimately show #thesis
by metis
next
case step-hyps: (resolution-pos E L D U,,' T K)

define S6’ where
S6" = (N, U.,', F, restrict-map M {A. A <; atm-of K}, Some (eres D E))

define i’ where
i' = atms-of-clss (N |U| Ue,’) |—| trail-atms T’

have mem-set-I'"-iff: Az. (z € set T'') = (atm-of (fst ) <, atm-of K A z €
set T')
unfolding I'" = drop While (ALn. atm-of K =< atm-of (fst Ln)) T)
unfolding mem-set-drop While-conv-if-list-sorted-and-pred-monotone[ OF T'-sorted
mono-atms-lt)
by auto

have step6: ord-res-6 N (Uer, F, M, Some E) (U.,', F, restrict-map M {A.
A < atm-of K}, Some (eres D E))
proof (rule ord-res-6.resolution-pos)
show - dom M |= E
using clause-false-wrt-model-if-false-wrt-T'[OF <trail-false-cls T E»] .
next
show ord-res.is-mazimal-lit L E
using step-hyps by argo
next
show is-neg L
using step-hyps by argo
next
show M (atm-of L) = Some D
by (metis literal.collapse(2) match-hyps(5) step-hyps(5) step-hyps(6) umi-
nus-Neg)
next
show U.,' = finsert (eres D E) U.,
using step-hyps by argo
next
show eres D E # {#}
using step-hyps by argo
next
show restrict-map M {A. A <; atm-of K} = restrict-map M {A. A <; atm-of
K}

next
show ord-res.is-mazimal-lit K (eres D E)
using step-hyps by argo
next
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show is-pos K
using step-hyps by argo
qed

hence ord-res-6-step™ S6 S6'
using S6-def «C = Some E> S6'-def ord-res-6-step.intros by blast

moreover have ord-res-6-matches-ord-res-7 i’ S6' S7’
unfolding S6’-def <S7' = (N, s7') «s7"' = (U,,', F, T/, Some (eres D E))»
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (U.,’, F, restrict-map M {A. A <; atm-of K},
Some (eres D E))
using invars-6 unfolding «C = Some E»
using ord-res-6-preserves-invars|OF step6] by argo
next
show ord-res-7-invars N (U,,.’;, F, T, Some (eres D E))
using invars-s7’ unfolding «s7’' = (U,,.'; F, I/, Some (eres D E))» .
next
show VA C. (restrict-map M {A. A < atm-of K} A = Some C) =
(map-of T/ (Pos A) = Some (Some C))
proof (intro alll)
fix A :: 'f gterm and C : 'f gclause
show restrict-map M {A. A <, atm-of K} A = Some C <— map-of T’
(Pos A) = Some (Some C)
proof (cases A € dom M A A <, atm-of K)
case True
have restrict-map M {A. A <, atm-of K} A = Some C +— M A =
Some C
using True by simp

also have ... +— map-of ' (Pos A) = Some (Some C)
using match-hyps(3—) by metis

also have ... +— map-of I'' (Pos A) = Some (Some C)
proof —
have Pos A € fst ‘set T
using True
by (metis domlIff map-of-eq-None-iff match-hyps(5) not-None-eq)

hence 3C. (Pos A, C) € set T’
by fastforce

hence 3C. (Pos A, C) € set T' A (Pos A, C) € set T/
using True unfolding mem-set-I''-iff prod.sel literal.sel by metis

moreover have distinct (map fst T'')
using I'-distinct-atoms

proof (rule distinct-suffiz)
show suffiz (map fst T') (map fst T)
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using map-mono-suffiz step-hyps(9) suffiz-drop While by blast
qed

ultimately have map-of T' (Pos A) = map-of T'' (Pos A)
using I'-distinct-atoms by (auto dest: map-of-is-Somel)

thus ?thesis
by argo
qed

finally show ?thesis .
next
case Fulse
have restrict-map M {A. A <, atm-of K} A = None
using False unfolding restrict-map-def by auto

moreover have map-of I'' (Pos A) # Some (Some C)
using False unfolding de-Morgan-conj

proof (elim disjE)
assume A4 ¢ dom M

hence AC. (Pos A, C) ¢ set T’
using match-hyps(5)
by (metis (no-types, opaque-lifting) domlff fst-eqD invars-7 is-pos-def
map-of-SomeD
not-None-eq snd-conv weak-map-of-Somel)

hence AC. (Pos A, C) ¢ set T/
unfolding mem-set-I''-iff by simp

then show map-of T/ (Pos A) # Some (Some C)
by (meson map-of-SomeD)
next
assume — A <; atm-of K

hence AC. (Pos A, C) ¢ set T’
unfolding mem-set-I''-iff by simp

then show map-of T/ (Pos A) # Some (Some C)
by (meson map-of-SomeD)
qed

ultimately show #thesis
by simp
qed
qed
next
show V A. (restrict-map M {A. A <; atm-of K} A = None) =
(map-of T (Neg A) # None V A |¢| trail-atms T"')

518



proof (intro alll)
fix A :: 'f gterm
show (restrict-map M {A. A < atm-of K} A = None) =
(map-of T/ (Neg A) # None V A |¢| trail-atms T"')
proof (cases A <; atm-of K)
case True

have restrict-map M {A. A <; atm-of K} A = None +— M A = None
using True by simp

also have ... «— map-of T' (Neg A) # None V A |¢| trail-atms T
using match-hyps(6) by metis

also have ... +— map-of I'' (Neg A) # None V A |¢| trail-atms T
using True mem-set-I"'-iff
by (metis eq-fst-iff literal.sel(2) map-of-SomeD not-None-eq weak-map-of-Somel)

also have ... +— map-of I'' (Neg A) # None V A |¢| trail-atms T’
using True mem-set-I"'-iff
by (smt (verit, best) fset-trail-atms image-iff)

finally show ?thesis .
next
case Fulse

have restrict-map M {A. A < atm-of K} A = None
using Fulse by simp

moreover have A |¢| trail-atms T’
using False mem-set-I''-iff

by (smt (verit, ccfv-threshold) fset-trail-atms image-iff)

ultimately show ?thesis

by metis
qed
qed
next
show i’ = atms-of-clss (N |U| Ue,') |—| trail-atms T/
using ¢’-def .
qed
ultimately show ?thesis
by metis
next

case step-hyps: (resolution-neg E L D U,.,.'T' K C)

define S6’ where
S6" = (N, Ue,', F, restrict-map M {A. A <; atm-of K}, Some C)
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define i’ where
i" = atms-of-clss (N |U| Ue.") |—| trail-atms T’

have mem-set-T''-iff: Ax. (x € set T'') = (atm-of (fst ) <; atm-of K N z €
set T')
unfolding I'" = drop While (ALn. atm-of K =< atm-of (fst Ln)) T)
unfolding mem-set-drop While-conv-if-list-sorted-and-pred-monotone[ OF T'-sorted
mono-atms-lt]
by auto

have step6: ord-res-6 N (U, F, M, Some E) (U.,', F, restrict-map M {A.
A <y atm-of K}, Some C)
proof (rule ord-res-6.resolution-neg)
show = dom M |= E
using clause-false-wrt-model-if-false-wrt-I'[OF <trail-false-cls T E»] .
next
show ord-res.is-mazimal-lit L E
using step-hyps by argo
next
show is-neg L
using step-hyps by argo
next
show M (atm-of L) = Some D
by (metis literal.collapse(2) match-hyps(5) step-hyps(5) step-hyps(6) umi-
nus-Neg)
next
show U.,’ = finsert (eres D E) U,,
using step-hyps by argo
next
show eres D E # {#}
using step-hyps by argo
next
show restrict-map M {A. A <; atm-of K} = restrict-map M {A. A <; atm-of
K}

next
show ord-res.is-mazimal-lit K (eres D E)
using step-hyps by argo
next
show is-neqg K
using step-hyps by argo
next
show M (atm-of K) = Some C
using match-hyps(3—)
by (metis (mono-tags, lifting) step-hyps(11) step-hyps(12) uminus-literal-def)
qed

hence ord-res-6-step™ S6 S6'
using S6-def «C = Some E» S6'-def ord-res-6-step.intros by blast
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moreover have ord-res-6-matches-ord-res-7 i’ S6' S7’
unfolding S6'-def «S7' = (N, s7") «s7' = (U.,', F, '/, Some C)»
proof (rule ord-res-6-matches-ord-res-7.intros)
show ord-res-5-invars N (U.,’, F, restrict-map M {A. A <; atm-of K},
Some (')
using invars-6 unfolding «C = Some E»
using ord-res-6-preserves-invars|OF step6] by argo
next
show ord-res-7-invars N (U,,’, F, T, Some C)
using invars-s7’' unfolding «s7’' = (U,,.’;, F, T, Some C)» .
next
show VA C. (restrict-map M {A. A <; atm-of K} A = Some C) =
(map-of T (Pos A) = Some (Some C))
proof (intro alll)
fix A :: 'f gterm and C : 'f gclause
show restrict-map M {A. A <, atm-of K} A = Some C <— map-of T
(Pos A) = Some (Some C)
proof (cases A € dom M N A <, atm-of K)
case True
have restrict-map M {A. A <, atm-of K} A = Some C +— M A =
Some C
using True by simp

also have ... +— map-of ' (Pos A) = Some (Some C)
using match-hyps(3—) by metis

also have ... «— map-of '’ (Pos A) = Some (Some C)
proof —
have Pos A € fst ‘ set T’
using True
by (metis domlIff map-of-eq-None-iff match-hyps(5) not-None-eq)

hence 3C. (Pos A, C) € set T’
by fastforce

hence 3C. (Pos A, C) € set T' A (Pos A, C) € set T
using True unfolding mem-set-I''-iff prod.sel literal.sel by metis

moreover have distinct (map fst T'')
using I'-distinct-atoms
proof (rule distinct-suffiz)
show suffiz (map fst T'') (map fst T)
using map-mono-suffiz step-hyps(9) suffiz-drop While by blast
qed

ultimately have map-of T' (Pos A) = map-of T'' (Pos A)
using I'-distinct-atoms by (auto dest: map-of-is-Somel)
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thus ?thesis
by argo
qed

finally show ?thesis .
next
case Fulse
have restrict-map M {A. A <; atm-of K} A = None
using False unfolding restrict-map-def by auto

moreover have map-of T'' (Pos A) # Some (Some C)
using Fualse unfolding de-Morgan-conj

proof (elim disjE)
assume A ¢ dom M

hence AC. (Pos A, C) ¢ set T’
using match-hyps(5)
by (metis (no-types, opaque-lifting) domlff fst-eqD invars-7 is-pos-def
map-of-SomeD
not-None-eq snd-conv weak-map-of-Somel)

hence AC. (Pos A, C) ¢ set T/
unfolding mem-set-I''-iff by simp

then show map-of T/ (Pos A) # Some (Some C)
by (meson map-of-SomeD)
next
assume — A <; atm-of K

hence AC. (Pos A, C) ¢ set T’
unfolding mem-set-I''-iff by simp

then show map-of T/ (Pos A) # Some (Some C)
by (meson map-of-SomeD)
qed

ultimately show ?thesis
by simp
qed
qed
next
show V A. (restrict-map M {A. A <; atm-of K} A = None) =
(map-of T (Neg A) # None V A |¢| trail-atms T"')
proof (intro alll)
fix A :: 'f gterm
show (restrict-map M {A. A < atm-of K} A = None) =
(map-of T/ (Neg A) # None V A |¢| trail-atms T"')
proof (cases A <; atm-of K)
case True
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have restrict-map M {A. A <, atm-of K} A = None +— M A = None
using True by simp

also have ... +— map-of ' (Neg A) # None V A |¢| trail-atms T
using match-hyps(6) by metis

also have ... +— map-of I'' (Neg A) # None V A |¢| trail-atms T
using True mem-set-I"'-iff
by (metis eq-fst-iff literal.sel(2) map-of-SomeD not-None-eq weak-map-of-Somel )

also have ... «— map-of I'' (Neg A) # None V A |¢| trail-atms T/
using True mem-set-I''-iff
by (smt (verit, best) fset-trail-atms image-iff)

finally show ?thesis .
next
case Fulse

have restrict-map M {A. A < atm-of K} A = None
using Fulse by simp

moreover have A |¢| trail-atms T’
using False mem-set-I''-iff

by (smt (verit, ccfv-threshold) fset-trail-atms image-iff)

ultimately show #thesis

by metis
qed
qed
next
show i’ = atms-of-clss (N |U| Ue,") |—| trail-atms T’
using i’-def .
qed
ultimately show ?thesis
by metis
qed
qed

theorem bisimulation-ord-res-6-ord-res-7:

defines match = ord-res-6-matches-ord-res-7

shows 3 (MATCH :: nat X nat = 'f ord-res-6-state = 'f ord-res-7-state = bool)

Ry Re.

bisimulation ord-res-6-step ord-res-6-final (constant-context ord-res-7) ord-res-7-final
MATCH Ry Ry

proof (rule ex-bisimulation-from-backward-simulation)

show right-unique ord-res-6-step
using right-unique-ord-res-6-step .
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next
show right-unique (constant-context ord-res-7)
using right-unique-constant-context right-unique-ord-res-7 by metis
next
show V S. ord-res-6-final S — (#S'. ord-res-6-step S S)
by (metis finished-def ord-res-6-semantics.final-finished)
next
show V S. ord-res-7-final S — (B S". constant-context ord-res-7 S S')
by (metis finished-def ord-res-7-semantics. final-finished)
next
show Vi S6 S7. match i S6 S7 — ord-res-6-final S6 <— ord-res-7-final S7
unfolding match-def
using ord-res-6-final-iff-ord-res-7-final by metis
next
show Vi S6 S7. match i S6 S7T —
safe-state ord-res-6-step ord-res-6-final S6 A
safe-state (constant-context ord-res-7) ord-res-7-final S7
proof (intro alll impI conjI)
fix ¢ 56 S7
assume match i S6 S7
show safe-state ord-res-6-step ord-res-6-final S6
using <match i S6 S7s[unfolded match-def]
using ord-res-6-safe-state-if-invars
using ord-res-6-matches-ord-res-7.simps by auto

show safe-state (constant-context ord-res-7) ord-res-7-final S7
using «match i S6 S7>[unfolded match-def]
using ord-res-7-safe-state-if-invars
using ord-res-6-matches-ord-res-7.simps by auto
qed
next
show ufp (|C|)
using wfP-pfsubset .
next
show Vi S6 S7 S7'. match i S6 S7 — constant-context ord-res-7 S7 S7' —
(34’ S6'. ord-res-6-step™™t S6 S6' A match i’ S6' S7') Vv
(3i’. match i’ S6 S7' A i’ |C| i)
unfolding match-def
using backward-simulation-between-6-and-7 by metis
qed

end

34 ORD-RES-8 (atom-guided literal trail construc-
tion)

context simulation-SCLFOL-ground-ordered-resolution begin
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inductive ord-res-8-can-decide-neg where
= trail-false-cls ' C =
linorder-lit.is-mazimal-in-mset C L =
linorder-trm.is-least-in-fset {|A |€| atms-of-clss (N |U| Uey).
A <y atm-of L N A |¢| trail-atms |} A =
ord-res-8-can-decide-neg N U, F T C

inductive ord-res-8-can-skip-undefined-neq where
= trail-false-cls T' C =
linorder-lit.is-mazimal-in-mset C' L —>
—(3 A |€| atms-of-clss (N |U| Ue). A <¢ atm-of L A A |¢] trail-atms T') =
= trail-defined-lit ' L —
is-neg L =
ord-res-8-can-skip-undefined-neg N U, F I' C

inductive ord-res-8-can-skip-undefined-pos-ultimate where
= trail-false-cls I' C =

linorder-lit.is-maximal-in-mset C L =
—(3 A |€| atms-of-clss (N |U] Uey). A <4 atm-of L N A |¢| trail-atms ') =
= trail-defined-lit ' L =
is-pos L =
= trail-false-cls T {#K €# C. K # L#} —
—(3D |€| iefac F || (N U] Uey). C <. D) =
ord-res-8-can-skip-undefined-pos-ultimate N U, F T' C

inductive ord-res-8-can-produce where
= trail-false-cls I' C =

linorder-lit.is-maximal-in-mset C' L —
- (A |€| atms-of-clss (N |U] Ueyp). A <4 atm-of L AN A |¢| trail-atms T') =
= trail-defined-lit ' L —
is-pos L =
trail-false-cls T {#K €# C. K # L#} —
linorder-lit.is-greatest-in-mset C' L —>
ord-res-8-can-produce N Uy F T C

inductive ord-res-8-can-factorize where
= trail-false-cls I' C =

linorder-lit.is-maximal-in-mset C' L —>
- (A |€| atms-of-clss (N |U] Ueyp). A <4 atm-of L A A |¢| trail-atms T') =
= trail-defined-lit ' L —
is-pos L —>
trail-false-cls T {#K €# C. K # L#} —
= linorder-lit.is-greatest-in-mset C L —
ord-res-8-can-factorize N Ug. F T C

definition is-least-nonskipped-clause where
is-least-nonskipped-clause N U, F I’ C +—
linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U| Uer).
trail-false-cls T' C' V
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ord-res-8-can-decide-neg N Ue, F T C V
ord-res-8-can-skip-undefined-neg N Ug. F T C V
ord-res-8-can-skip-undefined-pos-ultimate N Uy, F T C V
ord-res-8-can-produce N Ug. F T C V
ord-res-8-can-factorize N U., F T C|} C

lemma is-least-nonskipped-clause-mempty:
assumes bot-in: {#} |€] iefac F || (N |U| Uey)
shows is-least-nonskipped-clause N U, F T’ {#}
unfolding is-least-nonskipped-clause-def linorder-cls.is-least-in-ffilter-iff
proof (intro congl balll impI)
show {#} |€| iefac F || (N |U| Uey)
using bot-in .
next
show trail-false-cls T' {#} V
ord-res-8-can-decide-neg N U., F T {#} V
ord-res-8-can-skip-undefined-neg N U, F T' {#} V
ord-res-8-can-skip-undefined-pos-ultimate N U, F T {#} V
ord-res-8-can-produce N U.. F T {#} V ord-res-8-can-factorize N U F T
{#}
by simp
next
fix C :: 'f gclause
assume C # {#}
thus {#} <. C
using mempty-lesseq-cls by blast
qged

lemma nex-is-least-nonskipped-clause-if :
assumes
no-undef-atom: — (3 A|€|atms-of-clss (N |U| Ue,). A |¢| trail-atms T') and
no-false-clause: = fBex (iefac F || (N |U| Uey)) (trail-false-cls T)
shows 3 C. is-least-nonskipped-clause N Up,, F T C
unfolding not-ex
proof (intro alll notl)
fix C :: 'f gclause
assume is-least-nonskipped-clause N U, F T' C

hence C-in: C |€| iefac F | (N |U| Uer) and
ord-res-8-can-decide-neg N Uo. F T' C V
ord-res-8-can-skip-undefined-neg N Ue,. F T C Vv
ord-res-8-can-skip-undefined-pos-ultimate N Ue. F T C V
ord-res-8-can-produce N U, F T C V
ord-res-8-can-factorize N Ue. F T C
unfolding atomize-conj
unfolding is-least-nonskipped-clause-def
unfolding linorder-cls.is-least-in-ffilter-iff
using no-false-clause by metis
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hence 3 L. linorder-lit.is-maximal-in-mset C L N\ — trail-defined-lit T' L
proof (elim disjE)
assume ord-res-8-can-decide-neq N U F T' C
then show ?thesis
by (metis (mono-tags, lifting) assms(1) linorder-trm.is-least-in-ffilter-iff
ord-res-8-can-decide-neg.cases)
qed (auto elim:
ord-res-8-can-skip-undefined-neg.cases
ord-res-8-can-skip-undefined-pos-ultimate. cases
ord-res-8-can-produce.cases
ord-res-8-can-factorize.cases)

hence 3 L. atm-of L |€| atms-of-clss (N |U] Uer) A atm-of L |¢| trail-atms T
using C-in

unfolding linorder-lit.is-maximal-in-mset-iff trail-defined-lit-iff-trail-defined-atm
by (metis atm-of-in-atms-of-clssl)

thus Fulse
using no-undef-atom by metis
qed

lemma MAGICS:
assumes invars: ord-res-7-invars N (U, F, T, C) and
no-more-steps: C’. ord-res-7 N (Uep, F, T, C) (Uep, F, T, C’)
shows (V C. C = Some C +— is-least-nonskipped-clause N U, F T C)
proof (cases C)
case None

have trail-atms I' = atms-of-clss (N |U| Uey)
using None invars[unfolded ord-res-7-invars-def] by simp

have V C |€| iefac F | (N |U| Uey). trail-true-cls T C

using None invars[unfolded ord-res-T-invars-def] by simp

hence no-false: V C |€| iefac F || (N |U| Uey). - trail-false-cls T' C
using invars[unfolded ord-res-7-invars-def]
by (meson invars not-trail-true-cls-and-trail-false-cls
ord-res-T-invars-implies-trail-consistent)

have 3 C. is-least-nonskipped-clause N U, F T C
proof (rule notl, elim exE)

fix C

assume is-least-nonskipped-clause N U, F T' C

hence
C-in: C |€] iefac F |9 (N |U| Ue,) and
C-spec-disj:
ord-res-8-can-decide-neg N U F T C V
ord-res-8-can-skip-undefined-neg N U, F I C'V
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ord-res-8-can-skip-undefined-pos-ultimate N U, F T C' V
ord-res-8-can-produce N Ue. F T C V
ord-res-8-can-factorize N Uo, F T' C

unfolding atomize-conj

unfolding is-least-nonskipped-clause-def

unfolding linorder-cls.is-least-in-ffilter-iff

using no-false by metis

thus Fulse
proof (elim disjE)
assume ord-res-8-can-decide-neg N Ue,. F T C
thus ?thesis
using «trail-atms T = atms-of-clss (N |U| Uer )
using ord-res-8-can-decide-neg.cases
by (metis (no-types, lifting) linorder-trm.is-least-in-ffilter-iff)
next
assume ord-res-8-can-skip-undefined-neg N Ue,, F T' C
thus ?thesis
using (trail-atms T = atms-of-clss (N |U| Uer )
using ord-res-8-can-skip-undefined-neg.cases
by (metis C-in atm-of-in-atms-of-clssI linorder-lit.is-mazximal-in-mset-iff
trail-defined-lit-iff-trail-defined-atm)
next
assume ord-res-8-can-skip-undefined-pos-ultimate N Ug,. F T' C
thus ?thesis
using <trail-atms T = atms-of-clss (N |U| Uer )
using ord-res-8-can-skip-undefined-pos-ultimate. cases
by (metis C-in atm-of-in-atms-of-clssI linorder-lit.is-mazimal-in-mset-iff
trail-defined-lit-iff-trail-defined-atm)
next
assume ord-res-8-can-produce N Ue,. F T C
thus Fulse
using <trail-atms T' = atms-of-clss (N |U| Uer )
using ord-res-8-can-produce.cases
by (metis C-in atm-of-in-atms-of-clssI linorder-lit.is-mazimal-in-mset-iff
trail-defined-lit-iff-trail-defined-atm)
next
assume ord-res-8-can-factorize N Ue. F T C
thus Fulse
using (trail-atms T = atms-of-clss (N |U| Uer )
using ord-res-8-can-factorize.cases
by (metis C-in atm-of-in-atms-of-clssI linorder-lit.is-mazximal-in-mset-iff
trail-defined-lit-iff-trail-defined-atm)
qed
qed

thus ?thesis
using None by simp

next
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case (Some D)

have D-in: D |€| iefac F || (N |U| Uer)
using Some invars[unfolded ord-res-7-invars-def] by simp

have is-least-nonskipped-clause N Uy F T' D
proof (cases D = {#})
case True
thus %thesis
using D-in is-least-nonskipped-clause-mempty by metis
next
case Fulse

then obtain Lp where D-max-lit: linorder-lit.is-maximal-in-mset D Lp
using linorder-lit.ex-mazximal-in-mset by presburger

show ?thesis
unfolding is-least-nonskipped-clause-def
unfolding linorder-cls.is-least-in-ffilter-iff
proof (intro conjl balll impl)
show D |€| iefac F || (N |U| Uer)
using D-in .
next
show trail-false-cls T' D Vv
ord-res-8-can-decide-neg N Ue. F T DV
ord-res-8-can-skip-undefined-neg N Ue,. F T' D V
ord-res-8-can-skip-undefined-pos-ultimate N U.,. F I' D V
ord-res-8-can-produce N U, F I' D V ord-res-8-can-factorize N U, F T' D
proof (cases trail-false-cls T’ D)
case True
then show ?thesis
by metis
next
case D-not-false: Fualse

then obtain L where D-max-lit: linorder-lit.is-mazximal-in-mset D L
by (metis linorder-lit. ex-maximal-in-mset trail-false-cls-mempty)

show ?thesis
proof (cases 3 A|€|atms-of-clss (N |U| Uer). A <¢ atm-of L AN A |¢| trail-atms
I)
case True

hence ord-res-8-can-decide-neg N U, F I' D
using ord-res-8-can-decide-neg.intros| OF D-not-false D-maz-lit]
by (metis (no-types, lifting) equalsffemptyD ffmember-filter linorder-trm.ex-least-in-fset)

thus ?thesis
by argo
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next
case no-undef-atm: False
show ?thesis
proof (cases trail-defined-lit T' L)
case L-defined: True

hence 3C’. ord-res-7 N (Uer, F, T, C) (U, F, T, C)
unfolding «C = Some D
using ord-res-7.skip-defined| OF D-not-false D-maz-lit no-undef-atm]
by metis

hence Fulse
using no-more-steps by contradiction

thus ?thesis ..
next
case L-undef: Fualse
show ?thesis
proof (cases L)
case (Pos A)

hence L-pos: is-pos L
by simp

show ?thesis
proof (cases trail-false-cls T' {#K €# D. K # L#})
case D-almost-false: True
thus ?thesis
using ord-res-8-can-factorize.intros|
OF D-not-false D-maz-lit no-undef-atm L-undef L-pos]
using ord-res-8-can-produce.intros|
OF D-not-false D-maz-lit no-undef-atm L-undef L-pos]
by metis
next
case D-not-flagrantly-false: False
show ?thesis
proof (cases IE |€| iefac F || (N |U| Uer). D <. E)
case True

hence 3C’. ord-res-7 N (Uer, F, T, C) (Uer, F, T, C')
unfolding «C = Some D
using ord-res-7.skip-undefined-pos|
OF D-not-false D-maz-lit no-undef-atm L-undef L-pos
D-not-flagrantly-false]
by (metis femptyE ffmember-filter linorder-cls. ex-least-in-fset)

hence Fulse
using no-more-steps by contradiction
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thus ?2thesis ..
next
case Fulse

hence ord-res-8-can-skip-undefined-pos-ultimate N U, F T' D
using ord-res-8-can-skip-undefined-pos-ultimate.intros|
OF D-not-false D-maz-lit no-undef-atm L-undef L-pos
D-not-flagrantly-false]
by metis

thus ?thesis
by argo
qed
qed
next
case (Neg A)
hence L-neg: is-neg L
by simp

hence ord-res-8-can-skip-undefined-neg N U.,, F T' D
unfolding «C = Some D)
using ord-res-8-can-skip-undefined-neg.intros|
OF D-not-false D-maz-lit no-undef-atm L-undef]
by metis

thus ?thesis
by argo
qed
qed
qed
qed

fix E :: 'f gterm literal multiset

assume
E-in: E |€| iefac F || (N |U| Ue,) and
E-neq: E # D and
E-spec: trail-false-cls T E V
ord-res-8-can-decide-neg N U, F T EV
ord-res-8-can-skip-undefined-neg N U, F T E V
ord-res-8-can-skip-undefined-pos-ultimate N U.. F I' E V
ord-res-8-can-produce N Ue. F T E V
ord-res-8-can-factorize N Uo, F T E

have true-cls-if-lt-D:
vV C |€| iefac F || (N |U| Uep). C <. D — trail-true-cls T’ C
using invars[unfolded ord-res-7-invars-def] Some by simp
have T'-lower-set: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N

U] Uer))
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using invars[unfolded ord-res-7-invars-def] by simp

have FOO:
v C\€liefac F | (N |U| Uep). C < D —
(VK. ord-res.is-mazimal-lit K C —
= (A |€| atms-of-clss (N |U| Ueyr). A <¢ atm-of K N\ A |¢| trail-atms T))
using invars[unfolded ord-res-7-invars-def] Some E-in by simp

hence BAR:
vV C |€| defac F || (N |U| Ueyr). C <. D —
(V K. linorder-lit.is-mazimal-in-mset C K —»
= trail-defined-lit T' K — (trail-true-cls T {#xz €# C. x # K#} A is-pos

K)
using invars[unfolded ord-res-7-invars-def] Some by simp
show D <. F
using FE-spec
proof (elim disjE)
assume trail-false-cls T' E
hence — trail-true-cls I' £
using invars not-trail-true-cls-and-trail-false-cls
ord-res-T-invars-implies-trail-consistent by blast
thus D <. FE
using F-in E-neq true-cls-if-it-D by force
next
assume ord-res-8-can-decide-neg N Ug, F I E
thus D <. F
proof (cases N U., F T' E rule: ord-res-8-can-decide-neg.cases)
case (I Ly A)
hence 3 A|€|atms-of-clss (N |U| Uey). A <y atm-of Lg N A |¢| trail-atms
r
unfolding linorder-trm.is-least-in-ffilter-iff by metis
thus ?thesis
using FOO|[rule-format, OF E-in - <ord-res.is-mazimal-lit Ly E>] E-in
E-neq
by force
qged
next
assume ord-res-8-can-skip-undefined-neg N U.,, F I' E
thus D <. FE

proof (cases N U, F T E rule: ord-res-8-can-skip-undefined-neg.cases)
case hyps: (1 Lg)
thus ?thesis
using BAR|[rule-format, OF E-in - <ord-res.is-mazimal-lit Ly E>]
using invars|unfolded ord-res-7-invars-def Some, rule-format, OF refl]
Some E-in
using F-neq by fastforce
qged
next
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assume ord-res-8-can-skip-undefined-pos-ultimate N U., F I' E
thus D <. FE
proof (cases N U., F I' E rule: ord-res-8-can-skip-undefined-pos-ultimate. cases)
case (1 L)
then show ?thesis using E-neq D-in by force
qged
next
assume ord-res-8-can-produce N U, F T' E
hence — trail-true-cls I' £
proof (cases N U, F T' E rule: ord-res-8-can-produce.cases)
case (1 L)
then show ?thesis
using invars|THEN ord-res-7-invars-implies-trail-consistent]
by (smt (verit, ccfv-SIG) mem-Collect-eq not-trail-true-cls-and-trail-false-cls
set-mset-filter trail-defined-lit-iff-true-or-false trail-true-cls-def)
qged
thus D <. F
using F-in E-neq true-cls-if-lt-D by force
next
assume ord-res-8-can-factorize N U, F I' E
hence - trail-true-cls T' E
proof (cases N U, F T E rule: ord-res-8-can-factorize.cases)
case (1 L)
then show ?thesis
using invars| THEN ord-res-7-invars-implies-trail-consistent]
by (smt (verit, ccfv-SIG) mem-Collect-eq not-trail-true-cls-and-trail-false-cls
set-mset-filter trail-defined-lit-iff-true-or-false trail-true-cls-def)
qed
thus D <. FE
using F-in E-neq true-cls-if-it-D by force
qed
qed
qed

moreover have Uniq (is-least-nonskipped-clause N U., F T')
unfolding is-least-nonskipped-clause-def
using linorder-cls. Unig-is-least-in-fset
by simp

ultimately show ?thesis
using Some
by (metis (no-types) The-optional-eq-SomeD The-optional-eq-Somel)
qged

lemma MAGICG:
assumes invars: ord-res-7-invars N (Uer, F, T, C)
shows 3C". (ord-res-7 N)** (Uep, F, T, C) (Uey, F, T, C') A
(Ac”. ord-res-7 N (U, F, T, C") (Uer, F, T, C"))
proof —
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define R where
R=(CC" ord-res-7TN (U, F, T,C) (Uepr, F, T, C")

define f :: 'f gclause option = 'f gclause fset where
f = (XC. case C of None = {||} | Some C = {|D |€| iefac F |9 (N |U| Uer).
C = DJ})

let Zless-f = (|C|)

have Wellfounded.wfp-on {z’. R** C 2’} R=171
proof (rule wfp-on-if-convertible-to-wfp-on)
have wfp (/C])
by auto
thus Wellfounded.wfp-on (f * {z’. R** C x'}) ?less-f
using Wellfounded.wfp-on-subset subset-UNIV by metis
next
fix C, Cy :: 'f gclause option

have rtranclp-with-constsD: (A\y y'. R (z, y) (=, y"))** yy' =
R (z,y) (z,y') for Rzyy’
proof (induction y arbitrary: rule: converse-rtranclp-induct)
case base
show ?case
by simp
next
case (step w)
thus ?case
by force
qed

assume C, € {z. R** C z'} and C, € {z". R** C z'}
hence
(ord-res-7 N)** (Uer, F, T, C) (Uer, F, T, Cz) and
(ord-res-7 N)** (Uer, F, T, C) (Uer, F, T, Cy)
unfolding atomize-conj mem-Collect-eq R-def
by (auto intro: rtranclp-with-constsD)
hence
x-invars: ord-res-T-invars N (Uer, F, T, C;) and
y-invars: ord-res-7-invars N (Ue,, F, T, Cy)
using ord-res-7-preserves-invars
using invars by (metis rtranclp-ord-res-7-preserves-ord-res-T-invars)+

have I'-consistent: trail-consistent T’
using z-invars by (metis ord-res-7-invars-implies-trail-consistent)

have less-f-if: ?less-f (f Cy) (f Ca)
if C, = Some C and
Cy-disj: C,, = None V C, = Some D N C' <. D and
C-in: C |€] iefac F || (N |U| Uer)
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for C D
proof —
have f-z: f C, = {|D |€| iefac F |1 (N |U| Ue,). C <. D|}
by (auto simp add: <C, = Some C» f-def)

moreover have C |€| f C,
using C-in f-z by simp

moreover have C |¢| f C, A fCy |C| f Cy
using C,-disj
proof (elim disjE conjE; intro conjl)
assume C, = None
thus C |¢| fCyand f C, || f C,
unfolding f-x
by (simp-all add: f-def)
next
assume C, = Some D and C' <. D

have Az. D <.z = C <.z
using «C' <. D» by auto

moreover have fst-f-y: f C, = {|E |€| iefac F || (N |U| Uer). D <. E|}
by (auto simp add: «C, = Some D) f-def)

ultimately show f C, |C| f C,
using f-z by auto

show C |¢| f Cy
using «C' <. D fst-f-y by auto
qed

ultimately have f C, |C| f C,
by blast

thus ?thesis
by (simp add: lex-prodp-def)
qged

have eres-not-in-if: eres D E |¢| U,y
if C, = Some E and E-false: trail-false-cls ' E and
E-max-lit: ord-res.is-maximal-lit L E and L-neg: is-neg L
map-of T' (— L) = Some (Some D)
for DEL
proof —
have
clauses-lt- E-true:
vV C |€| defac F || (N |U| Ueyr). C <. E —> trail-true-cls T C' and
I'-prop-greatest:
VIn e setI'.VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
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(fst Ln)

using z-invars unfolding «C, = Some E) ord-res-7-invars-def by simp-all

have (— L, Some D) € set T
using <map-of T' (— L) = Some (Some D)» by (metis map-of-SomeD)

hence D-greatest-lit: linorder-lit.is-greatest-in-mset D (— L)
using I'-prop-greatest by fastforce

have eres D E <. FE
using eres-lt-if
using E-maz-lit L-neg D-greatest-lit
by metis

hence eres D E # E
by order

have L e# FE
using F-mazx-lit unfolding linorder-lit.is-maximal-in-mset-iff by metis

hence — L ¢# E
using not-both-lit-and-comp-lit-in-false-clause-if-trail-consistent
using ['-consistent E-false by metis

hence VK €# eres D E. atm-of K <; atm-of L
using lit-in-eres-lt-greatest-lit-in-grestest-resolvant[OF <eres D E # E)»
E-maax-lit]
by metis

hence VK c¢# eres DE. K # LN K # — L
by fastforce

moreover have VL €# eres DE. L e# DV L e# E
using lit-in-one-of-resolvents-if-in-eres by metis

moreover have D-almost-false: trail-false-cls T {#K €# D. K # — L#}
using ord-res-7-invars-implies-propagated-clause-almost-false
using «(— L, Some D) € set I'» x-invars
by metis

ultimately have trail-false-cls T (eres D E)
using F-false unfolding trail-false-cls-def by fastforce

have eres D E |¢| N |U| Ue,
using eres-not-in-known-clauses-if-trail-false-cls
using I'-consistent clauses-lt-E-true <eres D E <. E) <trail-false-cls T (eres
D E)»
by metis

536



thus eres D E |¢| U,
by blast
qed

assume R~'71 C, C,
hence ord-res-7 N (Uep, F, T, Cp) (Uer, F, T, Cy)
unfolding conversep-iff R-def .
thus ?less-f (f Cy) (f Cz)
proof (cases N (Uep, F, T, Cy) (Uer, F, T, Cy) rule: ord-res-7.cases)
case step-hyps: (decide-neg C' L A)
hence Fulse by simp
thus ?thesis ..
next
case step-hyps: (skip-defined C L)

have C |€] iefac F | (N |U| Uey)
using ord-res-7-invars-def step-hyps(1) z-invars by presburger

moreover have 3D. C, = None V Cy = Some D A C <. D
proof (cases Cy)
case None
thus ?thesis
by simp
next
case (Some D)
thus %thesis
using step-hyps
by (metis linorder-cls.is-least-in-ffilter-iff Some-eq-The-optionalD)
qed

ultimately show ?Zthesis
using less-f-if step-hyps by metis
next
case step-hyps: (skip-undefined-neg C' L)
hence Fulse by simp
thus ?thesis ..
next
case step-hyps: (skip-undefined-pos C L D)

have C |€| iefac F || (N U] Uer)
using ord-res-7-invars-def step-hyps(1) x-invars by presburger

moreover have 3D. C;, = None V Cy = Some D A C <. D
using step-hyps by (metis linorder-cls.is-least-in-[filter-iff)

ultimately show ?Zthesis
using less-f-if step-hyps by metis
next
case step-hyps: (skip-undefined-pos-ultimate C' L)

537



hence Fulse by simp
thus ?thesis ..
next
case step-hyps: (production C L)
hence Fulse by simp
thus ?thesis ..
next
case step-hyps: (factoring C L)

have C |€] iefac F | (N |U| Uey)
using ord-res-7-invars-def step-hyps(1) z-invars by presburger

moreover have efac C # C
using step-hyps by (metis greatest-literal-in-efacl)

ultimately have C |¢| F
by (smt (verit, ccfv-threshold) fimage-iff iefac-def exl-efac-eq-factoring-chain
factorizable-if-neq-efac)

hence Fulse
using «F = finsert C' F> by blast

thus ?thesis ..
next
case step-hyps: (resolution-bot E L D)
hence eres D E |¢| U,
using eres-not-in-if by metis
hence Fulse
using «U,, = finsert (eres D E) U,,» by blast
thus ?thesis ..
next
case (resolution-pos E L D K)
hence eres D E |¢| U,
using eres-not-in-if by metis
hence Fulse
using (U, = finsert (eres D E) U.,» by blast
thus %thesis ..
next
case (resolution-neg E L D K C)
hence eres D E |¢| U,
using eres-not-in-if by metis
hence Fulse
using «U,, = finsert (eres D E) U.,» by blast
thus ?thesis ..
qed
qed

then obtain C’ where R** C C' and #2. RC' 2

using ez-terminating-rtranclp-strong by metis
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show ?thesis
proof (intro exl conjI)
show (ord-res-7 N)** (Uer, F, T, C) (Uer, F, T, C"
using «(R** C C"
by (induction C rule: converse-rtranclp-induct) (auto simp: R-def)
next
show AC". ord-res-7 N (U, F, T,C") (Uer, F, T, C")
using Bz RC' »
by (simp add: R-def)
qed
qed

inductive ord-res-7-matches-ord-res-8 :: 'f ord-res-7-state = 'f ord-res-8-state =
bool where
ord-res-T-invars N (Uer, F, T, C) =
ord-res-8-invars N (Uer, F, T') =
(VC.C = Some C < is-least-nonskipped-clause N U, F T' C) =
ord-res-7-matches-ord-res-8 (N, Uy, F, ', C) (N, Uep, F, T')

lemma ord-res-7-final-iff-ord-res-8-final:
fixes S7 S8
assumes match: ord-res-7-matches-ord-res-8 S7 S8
shows ord-res-7-final S7 <— ord-res-8-final S8
using match

proof (cases S7 S8 rule: ord-res-7-matches-ord-res-8.cases)
case match-hyps: (1 N U F T C)

note invars7 = <ord-res-7-invars N (Ue,, F, I', C)s[unfolded ord-res-7-invars-def,
rule-format, OF refl)

have I'-consistent: trail-consistent I
using invars7 by (metis trail-consistent-if-sorted-wrt-atoms)

show ord-res-7-final S7 <— ord-res-8-final S8
proof (rule iffI)
assume ord-res-7-final S7
thus ord-res-8-final S8
unfolding <S7 = (N, Ue,, F, T, C)
proof (cases (N, Uer, F, T, C) rule: ord-res-7-final.cases)
case model-found
show ord-res-8-final S8
unfolding «S8 = (N, Ue,, F, ')
proof (rule ord-res-8-final.model-found)
have C = None — trail-atms I' = atms-of-clss (N |U| Ug,)
using invars7 by argo

hence trail-atms I' = atms-of-clss (N |U] Ug,)
using model-found by argo
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thus — (3 A|€|atms-of-clss (N U] Uer). A |¢| trail-atms T')
by metis
next
have V C |€| iefac F || (N |U| Uey). trail-true-cls T C
using invars7 model-found by simp

moreover have — (trail-true-cls ' C' A trail-false-cls T' C') for C
using not-trail-true-cls-and-trail-false-cls| OF T'-consistent] .

ultimately show — (3 Cl|€|iefac F || (N |U| Ue,). trail-false-cls T C)
by metis
qed
next
case contradiction-found
show ord-res-8-final S8
unfolding <S8 = (N, U.,, F, ')
proof (rule ord-res-8-final.contradiction-found)
show {#} |€| iefac F | (N |U] Uer)
using invars7 «C = Some {#}> by metis
qed
qed
next
assume ord-res-8-final S8
thus ord-res-7-final S7
unfolding <S8 = (N, U, F, T')
proof (cases (N, Uer, F, ') rule: ord-res-8-final.cases)
case model-found

hence 3 C. is-least-nonskipped-clause N U, F T' C
using nez-is-least-nonskipped-clause-if by metis

hence C = None
using match-hyps by simp

thus ord-res-7-final S7
unfolding «S7 = (N, U, F, T, C)
using ord-res-7-final.model-found by metis
next
case contradiction-found

hence is-least-nonskipped-clause N U, F T {#}
using is-least-nonskipped-clause-mempty by metis

hence C = Some {#}
using match-hyps by presburger

thus ord-res-7-final S7
unfolding «S7 = (N, U,,, F, T, C)
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using ord-res-7-final.contradiction-found by metis
qed
qed
qed

lemma backward-simulation-between-7-and-8§:

fixes 1 S7 S8 S8’

assumes match: ord-res-7-matches-ord-res-8 S7 S8 and step: constant-context
ord-res-8 S8 S8’

shows 3 57". (constant-context ord-res-7)*+ S757' A ord-res-7-matches-ord-res-8
S7' 88’

using match
proof (cases S7 S8 rule: ord-res-7-matches-ord-res-8.cases)

case match-hyps: (1 N U.,, F T C)

note S7-def = <87 = (N, Ue,, F, T, C)

note invars7 = <ord-res-7-invars N (Ue,, F, I', C)s[unfolded ord-res-7-invars-def,
rule-format, OF refl)

have T'-sorted: sorted-wrt (Az y. atm-of (fst y) <¢ atm-of (fst z)) T
using invars7 by argo

have I'-consistent: trail-consistent T’
using trail-consistent-if-sorted-wrt-atoms| OF T'-sorted) .

have T'-lower-set: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U|

Uer))
using invars7 by argo

have C-eq-None-implies-all-atoms-defined: C = None — trail-atms I' = atms-of-clss
(N U] Uer)
using invars7 by argo

obtain s8’ where
S8'-def: S8" = (N, s8') and
step”: ord-res-8 N (Uegyr, F, T') s8'
using step unfolding «S8 = (N, U.,., F, ')
by (auto elim: constant-context.cases)

have invars-s8”: ord-res-8-invars N s8’

using ord-res-8-preserves-invars|OF step’ <ord-res-8-invars N (Uer, F, T')] .
show ?thesis

using step’
proof (cases N (Uey, F, T') s8' rule: ord-res-8.cases)

case step-hyps: (decide-neg A T")

have
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A-in: A |€] atms-of-clss (N |U] U.,) and

A-undef: A |¢| trail-atms T" and

A-least: ¥V y|€|atms-of-clss (N |U] Uegr). y # A — (V A1|€|trail-atms T'. Ay
<iy) — A=<y

using step-hyps(3) unfolding linorder-trm.is-least-in-fset-iff by auto

have C # None
using C-eq-None-implies-all-atoms-defined A-in A-undef by metis

then obtain D :: 'f gclause where C = Some D
by blast

hence D-in: D |€| iefac F || (N |U| Uer)
by (metis «C = Some D> invars7)

have is-least-nonskipped-clause N U, F T' D
using match-hyps «C = Some D) by metis

moreover have D-not-false: — trail-false-cls T' D
using D-in step-hyps by metis

moreover have — ord-res-8-can-produce N U, F I' D
proof (rule notl)
assume ord-res-8-can-produce N Ue,. F T' D
thus Fulse
proof (cases N U., F T' D rule: ord-res-8-can-produce.cases)
case (1 L)
thus ?thesis
by (metis A-in A-least A-undef D-in atm-of-in-atms-of-clssl
atoms-of-trail-lt-atom-of-propagatable-literal clause-could-propagate-def
tmovars7
linorder-lit.is-mazximal-in-mset-iff literal.collapse(1) step-hyps(4))
qed
qed

moreover have — ord-res-8-can-factorize N Ue,. F T' D
proof (rule notl)
assume ord-res-8-can-factorize N Ug,. F T' D
thus Fulse
proof (cases N U.r F I' D rule: ord-res-8-can-factorize.cases)
case (1 L")
thus Fulse
by (metis A-in A-least A-undef D-in atm-of-in-atms-of-clssl
atoms-of-trail-lt-atom-of-propagatable-literal clause-could-propagate-def
invars7
linorder-lit.is-mazximal-in-mset-iff literal.collapse(1) step-hyps(4))
qed
qed
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ultimately have ord-res-8-can-decide-neg N Ue,. F T' DV
ord-res-8-can-skip-undefined-neg N Uy F T D V
ord-res-8-can-skip-undefined-pos-ultimate N Ug, F T' D
unfolding is-least-nonskipped-clause-def
unfolding linorder-cls.is-least-in-ffilter-iff
by argo

then obtain C’ where first-step7: ord-res-7 N (U, F, T, Some D) (U, F,
T/, C’
proof (elim disjE; atomize-elim)
assume ord-res-8-can-decide-neg N Ue,. F I’ D
thus 3C’". ord-res-7 N (Uer, F, T, Some D) (U, F, T, C)
proof (cases N U., F I' D rule: ord-res-8-can-decide-neg.cases)
case hyps: (1 L A')
hence A’ = A
by (smt (verit, del-insts) T'-lower-set linorder-trm.is-least-in-ffilter-iff
linorder-trm.neg-iff linorder-trm.not-in-lower-setl linorder-trm.order.strict-trans
step-hyps(3))
thus ?thesis
using hyps <I'" = (Neg A, None) # Iy
using ord-res-7.decide-neglof T D - N U, AT’ F] by blast
qed
next
assume ord-res-8-can-skip-undefined-neg N U F T' D
thus 3C". ord-res-7 N (Uer, F, T, Some D) (Uer, F, T, C")
proof (cases N U., F T' D rule: ord-res-8-can-skip-undefined-neg.cases)
case hyps: (1 L)
hence L = Neg A
by (smt (verit) A-in A-least A-undef D-in T'-lower-set atm-of-in-atms-of-clssI
linorder-lit.is-maximal-in-mset-iff linorder-trm.antisym-conv3
linorder-trm.not-in-lower-setl literal.disc(2) literal.expand literal.sel(2)
trail-defined-lit-iff-trail-defined-atm,)
thus ?thesis
using hyps <I'" = (Neg A, None) # I
using ord-res-7.skip-undefined-neg by blast
qed
next
assume ord-res-8-can-skip-undefined-pos-ultimate N U., F ' D
thus 3C’". ord-res-7 N (Uer, F, T, Some D) (U, F, T, C)
proof (cases N U., F I' D rule: ord-res-8-can-skip-undefined-pos-ultimate. cases)
case hyps: (1 L)
hence L = Pos A
by (smt (verit, best) A-in A-least A-undef D-in atm-of-in-atms-of-clssl
invars7
linorder-lit.is-maximal-in-mset-iff linorder-trm.antisym-conv3
linorder-trm.not-in-lower-setl literal.disc(1) literal.expand literal.sel(1)
trail-defined-lit-iff-trail-defined-atm)
thus ?thesis
using hyps <I'" = (Neg A, None) # IT»
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using ord-res-7.skip-undefined-pos-ultimate by fastforce
qed
qed

moreover have ord-res-7-invars N (Ue,., F, T, C’)
using «C = Some D first-step7 match-hyps(3) ord-res-7-preserves-invars by
blast

ultimately obtain C’’ where
following-steps7: (ord-res-7 N)** (Uep, F, T/, C’) (Uer, F, T/, C") and
no-more-step7: (AC""". ord-res-7 N (Uey, F, T', C"") (Uep, F, T, C""))
using MAGIC6 by metis

show ?thesis
proof (intro exI conjl)
have (ord-res-7 N)™+ (Ugp, F, T, C) (Ugr, F, TV, C")
unfolding «C = Some D>
using first-step7 following-steps7 by simp

thus (constant-context ord-res-7)*+ S7 (N, U, F, ', C")
unfolding S7-def by (simp add: tranclp-constant-context)

show ord-res-7-matches-ord-res-8 (N, Ue,, F, T/, C') 58’
unfolding S8'-def <s8' = (Uer, F, T'')»
proof (intro ord-res-7-matches-ord-res-8.intros alll)
show ord-res-7-invars N (Uer, F, T/, C"')
using <ord-res-7-invars N (Uer, F, T, C')» following-steps7
rtranclp-ord-res-7-preserves-ord-res-7-invars by blast

show ord-res-8-invars N (Uep, F, I')
using invars-s8' step-hyps(1) by blast

fix C :: 'f gclause
show C" = Some C <— is-least-nonskipped-clause N U.. F T’ C
using MAGICS5 <ord-res-T-invars N (Uer, F, T/, C"')y no-more-step7 by
metis
qed
qed
next

case step-hyps: (propagate A C T")

have
A-in: A |€] atms-of-clss (N |U] U.,) and
A-undef: A |¢| trail-atms T' and
A-least: ¥ y|€|atms-of-clss (N |U| Uer). y # A — (Y A1|€|trail-atms T'. Ay
<ty — A=<y
using step-hyps(3) unfolding linorder-trm.is-least-in-fset-iff by auto

have
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C-in: C |€] iefac F | (N |U] Uer) and
C-can-prop: clause-could-propagate T' C (Pos A) and
C-least: V D |€| iefac F || (N |U| Uep).
D # C — clause-could-propagate T' D (Pos A) — C <. D
using step-hyps unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by
argo

hence
Pos-A-undef: = trail-defined-lit I (Pos A) and
C-maz-lit: linorder-lit.is-mazximal-in-mset C (Pos A) and
C-almost-false: trail-false-cls T' {#K €# C. K # Pos A#}
unfolding atomize-conj clause-could-propagate-def by argo

have is-least-nonskipped-clause N U, F I' C
unfolding is-least-nonskipped-clause-def
unfolding linorder-cls.is-least-in-ffilter-iff
proof (intro conjl balll impl)
show C |€| iefac F | (N |U| Uer)
using C-in .
next
have ord-res-8-can-produce N U, F T' C
proof (rule ord-res-8-can-produce.intros)
show — trail-false-cls ' C
using step-hyps C-in by metis
next
show ord-res.is-maximal-lit (Pos A) C
using step-hyps by blast
next
show — (3 Aa|€|atms-of-clss (N |U| Ueyr). Aa <4 atm-of (Pos A) A Aa |¢|
trail-atms T")
unfolding literal.sel
using step-hyps
by (smt (verit, ccfo-threshold) T'-lower-set linorder-trm.dual-order.asym
linorder-trm.is-least-in-ffilter-iff linorder-trm.is-lower-set-iff
linorder-trm.neg-iff)
next
show — trail-defined-lit T (Pos A)
using A-undef unfolding trail-defined-lit-iff-trail-defined-atm literal.sel .
next
show is-pos (Pos A)
by simp
next
show trail-false-cls T {#K €# C. K # Pos A#}
using <clause-could-propagate ' C' (Pos A)»
unfolding clause-could-propagate-def by argo
next
show ord-res.is-strictly-mazximal-lit (Pos A) C
using step-hyps by argo
qed
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thus trail-false-cls T' C' v
ord-res-8-can-decide-neg N Ug. F T C V
ord-res-8-can-skip-undefined-neg N U.. F T C V
ord-res-8-can-skip-undefined-pos-ultimate N U, F T C' Vv
ord-res-8-can-produce N Uy, F T' C V ord-res-8-can-factorize N U, F T' C
by argo
next
fix D :: 'f gclause
assume
D-in: D |€| iefac F | (N |U] U.,) and
D-neq: D # C and
D-spec-disj: trail-false-cls T' D V
ord-res-8-can-decide-neg N Uo, F T D V
ord-res-8-can-skip-undefined-neg N U, F T' DV
ord-res-8-can-skip-undefined-pos-ultimate N Ue,. F T D V
ord-res-8-can-produce N U, F T' DV
ord-res-8-can-factorize N Ugr F T D

hence
ord-res-8-can-decide-neg N Ug. F T D V
ord-res-8-can-skip-undefined-neg N Ue. F T DV
ord-res-8-can-skip-undefined-pos-ultimate N Ug. F T D V
ord-res-8-can-produce N Uo, F T DV
ord-res-8-can-factorize N Ue. F T'' D
using step-hyps D-in by metis

thus C <. D
proof (elim disjE)
assume ord-res-§-can-decide-neg N U F T' D
thus C <. D
proof (cases N U.. F T' D rule: ord-res-8-can-decide-neg.cases)
case hyps: (1 L A)
hence A = A’
using step-hyps
by (smt (verit, del-insts) T'-lower-set linorder-trm.antisym-convs
linorder-trm.dual-order.strict-implies-not-eq linorder-trm.dual-order. strict-trans
linorder-trm.is-least-in-ffilter-iff linorder-trm.not-in-lower-setl)
hence A <; atm-of L
using hyps
unfolding linorder-trm.is-least-in-ffilter-iff
by argo
hence Pos A <; L
by (cases L) simp-all
thus ?thesis
using C-maz-lit <linorder-lit.is-maximal-in-mset D L»
by (metis linorder-lit. multp-if-mazimal-less-that-mazimal)
qged
next
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assume ord-res-8-can-skip-undefined-neg N U, F I' D
thus C <. D
proof (cases N U.. F T' D rule: ord-res-8-can-skip-undefined-neg.cases)
case hyps: (1 L)
hence atm-of L = A
using step-hyps
by (smt (verit, best)
A-in A-least A-undef D-in I'-lower-set atm-of-in-atms-of-clssl
linorder-lit.is-maximal-in-mset-iff linorder-trm.antisym-convd
linorder-trm.not-in-lower-setl trail-defined-lit-iff-trail-defined-atm)
hence Pos A <; L
using <is-neg Ly by (cases L) simp-all
thus ?thesis
using C-maz-lit <linorder-lit.is-maximal-in-mset D L»
by (metis linorder-lit. multp-if-mazimal-less-that-mazimal)
qged
next
assume ord-res-8-can-skip-undefined-pos-ultimate N U, F T' D
thus C <. D
proof (cases N U, F T’ D rule: ord-res-8-can-skip-undefined-pos-ultimate.cases)
case hyps: (1 L)
thus ?thesis
by (meson C-in D-neq linorder-cls.linorder-cases)
qed
next
assume ord-res-8-can-produce N Uy, F T' D

then obtain L where

D-maz-lit: ord-res.is-mazimal-lit L D and

- (3 A|€latms-of-clss (N |J| Uep). A < atm-of L A A || trail-atms T')
and

L-undef: — trail-defined-lit I' L and

D-almost-false: trail-false-cls T {#K €# D. K # L#} and

is-pos L

by (auto elim: ord-res-8-can-factorize.cases ord-res-8-can-produce.cases)

hence atm-of L = A
using step-hyps
by (smt (verit, ccfo-SIG) A-in A-least A-undef D-in T'-lower-set
linorder-lit.is-maximal-in-mset-iff linorder-trm.antisym-conv3
linorder-trm.not-in-lower-setl atm-of-in-atms-of-clssl
trail-defined-lit-iff-trail-defined-atm,)

hence L = Pos A
using <is-pos Ly by (cases L) simp-all

hence clause-could-propagate T' D (Pos A)

unfolding clause-could-propagate-def
using D-almost-false D-max-lit L-undef by metis
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thus C <. D
using D-in D-neq C-least by metis
next
assume ord-res-8-can-factorize N Ug,. F T' D

then obtain L where
D-maz-lit: ord-res.is-mazximal-lit L D and
- (3 A|€|atms-of-clss (N |U| Ueyr). A <¢ atm-of L A A |¢| trail-atms T')

and

L-undef: — trail-defined-lit I' L and

D-almost-false: trail-false-cls T {#K €# D. K # L#} and

i$-pos L

by (auto elim: ord-res-8-can-factorize.cases ord-res-8-can-produce.cases)

hence atm-of L = A
using step-hyps
by (smt (verit, ccfo-SIG) A-in A-least A-undef D-in T'-lower-set
linorder-lit.is-maximal-in-mset-iff linorder-trm.antisym-conv3
linorder-trm.not-in-lower-setl atm-of-in-atms-of-clssl

trail-defined-lit-iff-trail-defined-atm,)

hence L = Pos A
using <is-pos Ly by (cases L) simp-all

hence clause-could-propagate T D (Pos A)
unfolding clause-could-propagate-def
using D-almost-false D-maz-lit L-undef by metis

thus C <. D
using D-in D-neq C-least by metis
qed
qed

hence C = Some C
using match-hyps by metis

define C’ where
C' = The-optional (linorder-cls.is-least-in-fset

(ffitter ((=c) C) (iefac F [ (N |U] Uer))))

have first-step7: ord-res-7 N (U, F, T, Some C) (Ue,, F, T, C)
proof (rule ord-res-7.production)
show — trail-false-cls T' C'
using C-in step-hyps(2) by blast
next
show ord-res.is-mazimal-lit (Pos A) C
using C-maz-lit by force
next

548



show — (3 Aal€|atms-of-clss (N |U| Uer). Aa <¢ atm-of (Pos A) A Aa |¢|
trail-atms T")
by (metis A-least T'-lower-set linorder-trm.dual-order.asym linorder-trm.neq-iff
linorder-trm.not-in-lower-setl literal.sel(1))
next
show - trail-defined-lit T' (Pos A)
using Pos-A-undef .
next
show is-pos (Pos A)
by simp
next
show trail-false-cls T {#K €# C. K # Pos A#}
using C-almost-false .
next
show ord-res.is-strictly-mazimal-lit (Pos A) C
using step-hyps by argo
next
show I'' = (Pos A, Some C) # T’
using step-hyps by argo
next
show C’ = The-optional (linorder-cls.is-least-in-fset (ffilter ((<.) C) (iefac
F TN Ul Uer))))
using C'-def .
qed

moreover have ord-res-7-invars N (Ue,, F, T, C’)
using «C = Some C» first-step7 match-hyps(83) ord-res-7T-preserves-invars by
blast

ultimately obtain C’’ where
following-steps7: (ord-res-7 N)** (Uep, F, T/, C’) (Uer, F, T/, C") and
no-more-step7: (AC""". ord-res-7 N (Uey, F, T', C"") (Uep, F, T, C""))
using MAGIC6 by metis

show ?thesis
proof (intro exI conjl)
have (ord-res-7 N)** (U.,, F, T, C) (Uer, F, T/, C")
unfolding «C = Some C»
using first-step7 following-steps7 by simp

thus (constant-context ord-res-7)*+ S7 (N, Uey, F, T, C")
unfolding S7-def by (simp add: tranclp-constant-context)

show ord-res-7-matches-ord-res-8 (N, Ue,, F, T/, C') 58’
unfolding S8'-def <s8' = (Uer, F, T'')»
proof (intro ord-res-7-matches-ord-res-8.intros alll)
show ord-res-7-invars N (U, F, T, C"')
using <ord-res-7-invars N (Uep, F, T, C')» following-steps7
rtranclp-ord-res-7-preserves-ord-res-7-invars by blast
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show ord-res-8-invars N (Uep, F, I')
using invars-s8' step-hyps(1) by blast

fix C :: 'f gclause
show C" = Some C <+— is-least-nonskipped-clause N U, F I'' C
using MAGICS <ord-res-7-invars N (Ue,, F, I'', C'")> no-more-step7 by
metis
qed
qed
next

case step-hyps: (factorize A C F')

have
A-in: A |€] atms-of-clss (N |U] U.,) and
A-undef: A |¢| trail-atms T’ and
A-least: ¥ y|€|atms-of-clss (N |U| Uer). y # A — (Y A1|€|trail-atms T'. 44
<ty — A=<y
using step-hyps(3) unfolding linorder-trm.is-least-in-fset-iff by auto

have
C-in: C |€] iefac F | (N |U] Uer) and
C-can-prop: clause-could-propagate T' C (Pos A) and
C-least: ¥ D |€| iefac F || (N |U]| Uer).
D # C — clause-could-propagate T' D (Pos A) — C <. D
using step-hyps unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by
argo

hence
Pos-A-undef: = trail-defined-lit I (Pos A) and
C-maz-lit: linorder-lit.is-mazximal-in-mset C (Pos A) and
C-almost-false: trail-false-cls T' {#K €# C. K # Pos A#}
unfolding atomize-conj clause-could-propagate-def by argo

have C-not-false: = trail-false-cls T' C
using C-in step-hyps by metis

have no-undef-atm-lt-A:
= (3 Aa|€|atms-of-clss (N |U| Uer). Aa <¢ A A Aa |¢] trail-atms T')
by (metis A-least I'-lower-set linorder-trm.dual-order.asym linorder-trm.neq-iff
linorder-trm.not-in-lower-setI)

have is-least-nonskipped-clause N U, F T C
unfolding is-least-nonskipped-clause-def
unfolding linorder-cls.is-least-in-ffilter-iff

proof (intro conjl balll impl)
show C |€| iefac F | (N |U| Uey)

using C-in .
next
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have ord-res-8-can-factorize N U, F T' C
proof (intro ord-res-8-can-factorize.intros)
show - trail-false-cls T' C
using C-not-false .
next
show ord-res.is-maximal-lit (Pos A) C
using C-maz-lit .
next
show — (3 Aa|€|atms-of-clss (N |U| Ue,). Aa <4 atm-of (Pos A) A\ Aa |¢|
trail-atms T)
using no-undef-atm-lt-A by simp
next
show — trail-defined-lit T' (Pos A)
using Pos-A-undef .
next
show is-pos (Pos A)
by simp
next
show trail-false-cls T {#K €# C. K # Pos A#}
using C-almost-false .
next
show — ord-res.is-strictly-mazimal-lit (Pos A) C
using step-hyps by argo
qed

thus trail-false-cls T C' Vv
ord-res-8-can-decide-neg N Ue. F T C V
ord-res-8-can-skip-undefined-neg N Ue. F T' C V
ord-res-8-can-skip-undefined-pos-ultimate N Ug. F T C' V
ord-res-8-can-produce N Ue. F T C V
ord-res-8-can-factorize N Uo. F T' C
using <ord-res-8-can-factorize N U, F I' C» by argo
next
fix D :: 'f gclause
assume
D-in: D |€| iefac F |9 (N |U] Ue,) and
D-neq: D # C and
D-spec-disj: trail-false-cls T' D V
ord-res-8-can-decide-neg N U, F T' D V
ord-res-8-can-skip-undefined-neg N Ug. F T DV
ord-res-8-can-skip-undefined-pos-ultimate N Ug. F T D V
ord-res-8-can-produce N Uy F T DV
ord-res-8-can-factorize N Ue. F T' D

hence
ord-res-8-can-decide-neg N U.. F T' DV
ord-res-8-can-skip-undefined-neg N Ue. F T DV
ord-res-8-can-skip-undefined-pos-ultimate N U, F I' D V
ord-res-8-can-produce N U, F I' D V
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ord-res-8-can-factorize N U, F T' D
using step-hyps D-in by metis

thus C <. D
proof (elim disjE)
assume ord-res-8-can-decide-neg N U, F T' D
thus C <. D
proof (cases N Uer F T' D rule: ord-res-8-can-decide-neg.cases)
case hyps: (1 L A’)
hence 4 = A’
using step-hyps
by (smt (verit, del-insts) I'-lower-set linorder-trm.antisym-conv3
linorder-trm.dual-order.strict-implies-not-eq linorder-trm.dual-order.strict-trans
linorder-trm.is-least-in-ffilter-iff linorder-trm.not-in-lower-setl)
hence A <; atm-of L
using hyps
unfolding linorder-trm.is-least-in-ffilter-iff
by argo
hence Pos A <; L
by (cases L) simp-all
thus ?thesis
using C-max-lit <linorder-lit.is-maximal-in-mset D L»
by (metis linorder-lit. multp-if-maximal-less-that-maximal)
qed
next
assume ord-res-8-can-skip-undefined-neg N Ug, F I' D
thus C <. D
proof (cases N U.,. F T' D rule: ord-res-8-can-skip-undefined-neg.cases)
case hyps: (1 L)
hence atm-of L = A
using step-hyps
by (smt (verit, best)
A-in A-least A-undef D-in T'-lower-set atm-of-in-atms-of-clssl
linorder-lit.is-maximal-in-mset-iff linorder-trm.antisym-conv3
linorder-trm.not-in-lower-setl trail-defined-lit-iff-trail-defined-atm)
hence Pos A <; L
using <is-neg Ly by (cases L) simp-all
thus ?thesis
using C-maz-lit <linorder-lit.is-maximal-in-mset D L»
by (metis linorder-lit. multp-if-maximal-less-that-maximal)
qed
next
assume ord-res-8-can-skip-undefined-pos-ultimate N U, F T' D
thus C <. D
proof (cases N U, F ' D rule: ord-res-8-can-skip-undefined-pos-ultimate. cases)
case hyps: (1 L)
thus ?thesis
by (meson C-in D-neq linorder-cls.linorder-cases)
qged
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next
assume ord-res-8-can-produce N U.,. F T' D

then obtain L where

D-maa-lit: ord-res.is-maximal-lit L D and

- (FA|€|atms-of-clss (N |U| Uep). A <¢ atm-of L A A |¢| trail-atms T')
and

L-undef: — trail-defined-lit I' L and

D-almost-false: trail-false-cls T {#K €# D. K # L#} and

is-pos L

by (auto elim: ord-res-8-can-factorize.cases ord-res-8-can-produce.cases)

hence atm-of L = A
using step-hyps
by (smt (verit, ccfv-SIG) A-in A-least A-undef D-in T'-lower-set
linorder-lit.is-maximal-in-mset-iff linorder-trm.antisym-conv3
linorder-trm.not-in-lower-setl atm-of-in-atms-of-clssl

trail-defined-lit-iff-trail-defined-atm,)

hence L = Pos A
using <is-pos Ly by (cases L) simp-all

hence clause-could-propagate T' D (Pos A)
unfolding clause-could-propagate-def
using D-almost-false D-maz-lit L-undef by metis

thus C <. D
using D-in D-neq C-least by metis
next
assume ord-res-8-can-factorize N Ue,. F T' D

then obtain L where

D-max-lit: ord-res.is-maximal-lit L D and

- (FAl€|atms-of-clss (N |U| Uer). A <4 atm-of L N A |¢] trail-atms T)
and

L-undef: — trail-defined-lit I' L and

D-almost-false: trail-false-cls T {#K €# D. K # L#} and

is-pos L

by (auto elim: ord-res-8-can-factorize.cases ord-res-8-can-produce.cases)

hence atm-of L = A
using step-hyps
by (smt (verit, ccfo-SIG) A-in A-least A-undef D-in T'-lower-set
linorder-lit.is-maximal-in-mset-iff linorder-trm.antisym-conv3
linorder-trm.not-in-lower-setl atm-of-in-atms-of-clssl
trail-defined-lit-iff-trail-defined-atm)

hence L = Pos A
using <is-pos Ly by (cases L) simp-all
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hence clause-could-propagate T' D (Pos A)
unfolding clause-could-propagate-def
using D-almost-false D-maz-lit L-undef by metis

thus C <. D
using D-in D-neq C-least by metis
qed
qed

hence C = Some C
using match-hyps by metis

define C’ where
C’ = Some (efac C)

have first-step7: ord-res-7 N (Uer, F, T, Some C) (Ue,, F', T, C)
unfolding C’-def
proof (rule ord-res-7.factoring)
show — trail-false-cls T' C
using C-not-false .
next
show ord-res.is-mazimal-lit (Pos A) C
using C-max-lit .
next
show — (3 Aa|€|atms-of-clss (N |U| Ue,). Aa <4 atm-of (Pos A) N\ Aa |¢|
trail-atms T)
using no-undef-atm-lt-A by simp
next
show - trail-defined-lit I' (Pos A)
using Pos-A-undef .
next
show is-pos (Pos A)
by simp
next
show trail-false-cls T {#K €# C. K # Pos A#}
using C-almost-false .
next
show — ord-res.is-strictly-mazimal-lit (Pos A) C
using step-hyps by argo
next
show F' = finsert C F
using step-hyps by argo
qed

moreover have ord-res-7-invars N (U, F', T, C’)

using «C = Some C» first-step7 match-hyps(3) ord-res-7-preserves-invars by
blast
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ultimately obtain C’’ where
following-steps7: (ord-res-7 N)** (Uep, F', T, C") (Uer, F', T, C") and
no-more-step7: (AC"". ord-res-7 N (Uer, F', T, C") (Uer, F', T, C""")
using MAGIC6 by metis

show ?thesis
proof (intro exl conjI)
have (ord-res-7 N)*™+ (Ugp, F, T, C) (Ugr, F', T, C")
unfolding «C = Some C»
using first-step7 following-steps7 by simp

thus (constant-context ord-res-7)*+ S7 (N, Uer, F', T, C")
unfolding S7-def by (simp add: tranclp-constant-context)

show ord-res-7-matches-ord-res-8 (N, Uer, F', T, C") S8’
unfolding S8'-def <s8' = (Uer, F', ')
proof (intro ord-res-7-matches-ord-res-8.intros alll)
show ord-res-7-invars N (U, F', T, C"")
using <ord-res-7-invars N (Uep, F', T', C')» following-steps7
rtranclp-ord-res-7-preserves-ord-res-7-invars by blast

show ord-res-8-invars N (U, F', T)
using invars-s8' step-hyps(1) by blast

fix C :: 'f gclause
show C" = Some C <— is-least-nonskipped-clause N U., F'T"' C
using MAGICS <ord-res-7-invars N (Ue,, F', T, C'")> no-more-step7 by
metis
qed
qed
next

case step-hyps: (resolution E A D U,.,.'T)

note E-maax-lit = <ord-res.is-mazimal-lit (Neg A) E»

have

E-in: E |€| iefac F |1 (N |U| U,,) and

E-false: trail-false-cls T' E and

E-least: VF |€| iefac F || (N |U| Ueyr). F # E — trail-false-clsT' F — E
<. F

using step-hyps

unfolding atomize-conj

unfolding linorder-cls.is-least-in-ffilter-iff

by argo

have is-least-nonskipped-clause N Ue, F T E
unfolding is-least-nonskipped-clause-def
unfolding linorder-cls.is-least-in-ffilter-iff

proof (intro congl balll impI)
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show F |€| iefac F |9 (N |U| Ue,)
using F-in .
next
show trail-false-cls ' E Vv
ord-res-8-can-decide-neg N Uo. F T E V
ord-res-8-can-skip-undefined-neg N U, F T' EV
ord-res-8-can-skip-undefined-pos-ultimate N Uy, F T E V
ord-res-8-can-produce N Ue. F T E V
ord-res-8-can-factorize N Ue, F T E
using FE-false by argo
next
fix F :: 'f gclause
assume
F-in: F |€| iefac F || (N |U] Ue,) and
F-neq: F # FE and
D-spec-disj: trail-false-cls T F Vv
ord-res-8-can-decide-neg N Ue, F T' F' V
ord-res-8-can-skip-undefined-neg N Uo. F I' F V
ord-res-8-can-skip-undefined-pos-ultimate N Ue,, F T' F V
ord-res-8-can-produce N Ue. F T F V
ord-res-8-can-factorize N Ug. F T' F

show F <. F
using D-spec-disj
proof (elim disjE)
assume trail-false-cls T' F
thus F <. F
using F-least F-in F-neq by metis
next
assume ord-res-8-can-decide-neg N U, F T' F
thus £ <. F
proof (cases N U, F T F rule: ord-res-8-can-decide-neg.cases)
case hyps: (1 L' A')
thus ?thesis
using no-undef-atom-le-maz-lit-if-lt-false-clause]
OF T-lower-set E-in E-false E-max-lit F-in <ord-res.is-mazximal-lit L'
]
by (metis (no-types, lifting) F-neq linorder-cls.neg-iff
linorder-trm.is-least-in-ffilter-iff reflclp-iff)
qed
next
assume ord-res-8-can-skip-undefined-neg N Uy, F T F
thus F <. F
proof (cases N U, F T F rule: ord-res-8-can-skip-undefined-neg.cases)
case (1 L)
thus ?thesis
using no-undef-atom-le-maz-lit-if-lt-false-clause]
OF T-lower-set E-in E-false E-max-lit F-in <ord-res.is-mazximal-lit L'
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by (metis F-in F-neq atm-of-in-atms-of-clssl linorder-cls.not-less-iff-gr-or-eq
linorder-lit.is-maximal-in-mset-iff reflclp-iff
trail-defined-lit-iff-trail-defined-atm)
qed
next
assume ord-res-8-can-skip-undefined-pos-ultimate N U, F T' F
thus £ <. F
proof (cases N U, F I' F rule: ord-res-8-can-skip-undefined-pos-ultimate. cases)
case (1 L)
thus ?thesis
using no-undef-atom-le-maz-lit-if-lt-false-clause]
OF T-lower-set E-in E-false E-max-lit F-in <ord-res.is-mazimal-lit L'
)
by (metis F-in F-neq atm-of-in-atms-of-clssI linorder-cls.not-less-iff-gr-or-eq
linorder-lit.is-maximal-in-mset-iff reflclp-iff
trail-defined-lit-iff-trail-defined-atm,)
qged
next
assume ord-res-8-can-produce N Ue,. F T' F
thus £ <. F
proof (cases N U, F T' F rule: ord-res-8-can-produce.cases)
case (1 L)
thus ?thesis
using no-undef-atom-le-maz-lit-if-lt-false-clause]
OF T-lower-set E-in E-false E-max-lit F-in <ord-res.is-mazximal-lit L'
]
by (metis F-in F-neq atm-of-in-atms-of-clssI linorder-cls.not-less-iff-gr-or-eq
linorder-lit.is-maximal-in-mset-iff reflclp-iff
trail-defined-lit-iff-trail-defined-atm)
qed
next
assume ord-res-8-can-factorize N Ug,, F I' F
thus F <. F
proof (cases N Uer F T' F rule: ord-res-8-can-factorize.cases)
case (1 L)
thus ?thesis
using no-undef-atom-le-maz-lit-if-lt-false-clause]
OF T-lower-set E-in E-false E-max-lit F-in <ord-res.is-mazximal-lit L'
)
by (metis F-in F-neq atm-of-in-atms-of-clssI linorder-cls.not-less-iff-gr-or-eq
linorder-lit.is-maximal-in-mset-iff reflclp-iff
trail-defined-lit-iff-trail-defined-atm,)
qged
qed
qed

hence C = Some E
using match-hyps by metis
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obtain C’ where first-step7: ord-res-7 N (Uer, F, T, Some E) (U.,', F, T/,
ch
proof atomize-elim
have (Pos A, Some D) € set T’
using <map-of T' (Pos A) = Some (Some D)) by (metis map-of-SomeD)

hence D-almost-false: trail-false-cls T {#K €# D. K # Pos A#}
using ord-res-7-invars-implies-propagated-clause-almost-false
cord-res-T-invars N (Uer, F, I', C)» by metis

have eres-false: trail-false-cls T' (eres D E)
unfolding trail-false-cls-def
proof (intro balll)
fix K :: 'f gliteral
assume K €# eres D E
hence K €¢# D AN K # Pos AV K e# FE
using strong-lit-in-one-of-resolvents-if-in-eres| OF E-maz-lit] by simp
thus trail-false-lit I’ K
proof (elim disjE conjFE)
assume K €# D and K # Pos A
thus trail-false-lit T K
using D-almost-false unfolding trail-false-cls-def by simp
next
assume K €# F
thus trail-false-lit T K
using F-false unfolding trail-false-cls-def by simp
ged
qed

show 3C’. ord-res-7 N (U,, F, T, Some E) (U.,', F, T, C')
proof (cases eres D E = {#})
case True
hence ALn. VK. ord-res.is-mazimal-lit K (eres D E) — atm-of K =
atm-of (fst Ln)
unfolding linorder-lit.is-mazimal-in-mset-iff
by simp
hence I'' = drop While (ALn. True) T
using step-hyps by meson
hence I'' = |]
by simp
show ?thesis
proof (intro exl)
show ord-res-7 N (Uey, F, T, Some E) (U.,', F, T/, Some {#})
using ord-res-7.resolution-bot| OF E-false E-maz-lit]
<map-of T' (Pos A) = Some (Some D)) <U,,' = finsert (eres D E) Ugy»
True I = []»
by simp
qged
next
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case Fulse
then obtain K where eres-maz-lit: ord-res.is-mazimal-lit K (eres D E)
using linorder-lit.ex-mazximal-in-mset by presburger
hence ALn. (VK. ord-res.is-mazimal-lit K (eres D E) — atm-of K =
atm-of (fst Ln)) <—
atm-of K <, atm-of (fst Ln)
by (metis linorder-lit. Unig-is-mazimal-in-mset thel-equality’)
hence I'-eq: T'' = dropWhile (ALn. atm-of K =; atm-of (fst Ln)) T
using step-hyps by meson
show ?thesis
proof (cases K)
case (Pos Ag)
hence K-pos: is-pos K
by simp

then show ?thesis
using ord-res-7.resolution-pos|OF E-false E-max-lit - - - False T''-eq
eres-maz-lit K-pos]
using step-hyps by fastforce
next
case (Neg Ak)

hence K-neg: is-neqg K
by simp

have trail-false-lit ' K
using eres-false eres-maz-lit
unfolding linorder-lit.is-mazximal-in-mset-iff trail-false-cls-def by metis

hence Jopt. (— K, opt) € set T’
unfolding trail-false-lit-def by auto

moreover have V Lneset I'. is-neg (fst Ln) = (snd Ln = None)
using invars7 by argo

ultimately obtain C where (— K, Some C) € set T’
unfolding Neg uminus-Neg by fastforce

hence map-of I' (— K) = Some (Some C)
proof (rule map-of-is-Somel[rotated))
show distinct (map fst I')
using I'-consistent
by (metis distinct-lits-if-trail-consistent)
qed

then show ?thesis
using ord-res-7.resolution-neg|OF E-false E-max-lit - - - False T''-eq
eres-max-lit K-neg|
using step-hyps by fastforce
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qged
qed
qed

moreover have ord-res-7-invars N (U,,.’, F, T', C’)
using «C = Some E) first-step7 match-hyps(8) ord-res-7-preserves-invars by
blast

ultimately obtain C’’ where
following-steps7: (ord-res-7 N)** (U.,', F, T/, C") (Ue', F, T/, C") and
no-more-step7: (AC""". ord-res-7 N (Ue,', F, T/, C") (Ue,', F,T', C""))
using MAGIC6 by metis

show ?thesis
proof (intro exI conjl)
have (ord-res-7 N)*+ (U, F, T, C) (U, F, T, C")
unfolding «C = Some E»
using first-step7 following-steps7 by simp

thus (constant-context ord-res-7)*+ S7 (N, U.,', F, T, C")
unfolding S7-def by (simp add: tranclp-constant-context)

show ord-res-7-matches-ord-res-8 (N, U,,', F, "', C'") S8’
unfolding S8'-def <s8' = (Ue,', F, T'')
proof (intro ord-res-7-matches-ord-res-8.intros alll)
show ord-res-7-invars N (U, F, T, C")
using <ord-res-7-invars N (Ue,', F, T/, C')» following-steps7
rtranclp-ord-res-7-preserves-ord-res-7-invars by blast

show ord-res-8-invars N (U.,', F, I")
using invars-s8' step-hyps(1) by blast

fix C :: 'f gclause
show C" = Some C <— is-least-nonskipped-clause N U.,.’ F T C
using MAGIC5 <ord-res-7-invars N (U.,', F, T/, C")» no-more-step7 by
metis
qed
qed
qed

qed

theorem bisimulation-ord-res-7-ord-res-8:
defines match = X-. ord-res-7-matches-ord-res-8
shows 3 (MATCH :: nat x nat = 'f ord-res-7-state = 'f ord-res-8-state = bool)
Ry Ry.
bisimulation
(constant-context ord-res-7) ord-res-7-final
(constant-context ord-res-8) ord-res-8-final
MATCH Ry Ry,
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proof (rule ex-bisimulation-from-backward-simulation)
show right-unique (constant-context ord-res-7)
using right-unique-constant-context right-unique-ord-res-7 by metis
next
show right-unique (constant-context ord-res-8)
using right-unique-constant-context right-unique-ord-res-8 by metis
next
show V S. ord-res-7-final S — (B S". constant-context ord-res-7 S S')
by (metis finished-def ord-res-7-semantics. final-finished)
next
show V S. ord-res-8-final S — (3 S'. constant-conteat ord-res-8 S S')
by (metis finished-def ord-res-8-semantics.final-finished)
next
show Vi S7 S8. match i S7 S8 — ord-res-7-final S7 +— ord-res-8-final S8
unfolding match-def
using ord-res-7-final-iff-ord-res-8-final by metis
next
show Vi S7 S8. match i S7 S8 —
safe-state (constant-contexst ord-res-7) ord-res-7-final S7 N
safe-state (constant-context ord-res-8) ord-res-8-final S8
proof (intro alll impI conjI)
fix ¢ S7 S8
assume match: match i S7 S8
show safe-state (constant-context ord-res-7) ord-res-7-final S7
using match|unfolded match-def]
using ord-res-7-safe-state-if-invars
using ord-res-7-matches-ord-res-8.simps by auto

show safe-state (constant-context ord-res-8) ord-res-8-final S8
using match|unfolded match-def]
using ord-res-8-safe-state-if-invars
using ord-res-7-matches-ord-res-8.simps by auto
qed
next
show wfp (A- -. False)
by simp
next
show Vi 57 S8 S8'. match i S7 S8 — constant-context ord-res-8 S8 S8’ —»
(Fi’ S7'. (constant-context ord-res-7)"+ S7 87" A match i’ S7" S8") v
(34" match i’ S7 58" A Fualse)
unfolding match-def
using backward-simulation-between-7-and-8 by metis
qed

end

35 ORD-RES-9 (factorize when propagating)

type-synonym 'f ord-res-9-state =
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'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-8-matches-ord-res-9 :: 'f ord-res-8-state = 'f ord-res-9-state =
bool where
ord-res-8-invars N (Uer, F, ') =
ord-res-8-matches-ord-res-9 (N, Uepr, F, T) (N, Uep, F, T)

lemma ord-res-8-final-iff-ord-res-9-final:
fixes S8 S9
assumes match: ord-res-8-matches-ord-res-9 S8 S9
shows ord-res-8-final S8 +— ord-res-8-final S9
using match
proof (cases S8 S9 rule: ord-res-8-matches-ord-res-9.cases)
case (I N U, FT)
then show ?thesis
by argo
qed

lemma backward-simulation-between-8§-and-9:

fixes S8 59 59’

assumes match: ord-res-8-matches-ord-res-9 S8 S9 and step: constant-context
ord-res-9 S9 S9’

shows 3 58". (constant-context ord-res-8)*+ S8 S8’ A ord-res-8-matches-ord-res-9
S8" 89’

using match
proof (cases S8 S9 rule: ord-res-8-matches-ord-res-9.cases)

case match-hyps: (1 N U, FT)

note S8-def = <S8 = (N, Uep, F, IT')
note S9-def = <S9 = (N, Uep, F, IT')
note invars = <ord-res-8-invars N (Uer, F, T')

obtain s9’ where S9'-def: S9’ = (N, s9') and step”: ord-res-9 N (Uer, F, T)
s9’
using step unfolding S59-def
using constant-context.cases by blast

have ord-res-8 N (U, F, T') 89’V (ord-res-8 N OO ord-res-8 N) (U, F, T)
59’
using step’ ord-res-9-is-one-or-two-ord-res-9-steps by metis

hence steps8: (ord-res-8 N)** (Uep, F, T) s9’
by auto

show ?thesis
proof (intro exI congl)
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show (constant-context ord-res-8)*+ S8 (N, s9’)
unfolding S8-def
using steps8 by (simp add: tranclp-constant-context)
next
have ord-res-8-invars N s9'
using invars steps8 tranclp-ord-res-8-preserves-invars by metis

thus ord-res-8-matches-ord-res-9 (N, s9') S9’
unfolding S9'-def
by (metis ord-res-8-matches-ord-res-9.intros prod-cases3)
qed
qed

theorem bisimulation-ord-res-8-ord-res-9:
defines match = A-. ord-res-8-matches-ord-res-9
shows 3 (MATCH :: nat X nat = 'f ord-res-8-state = 'f ord-res-9-state = bool)
Rs Rp.
bisimulation
(constant-context ord-res-8) ord-res-8-final
(constant-context ord-res-9) ord-res-8-final
MATCH Ry Ry
proof (rule ex-bisimulation-from-backward-simulation)
show right-unique (constant-context ord-res-8)
using right-unique-constant-context right-unique-ord-res-8 by metis
next
show right-unique (constant-context ord-res-9)
using right-unique-constant-context right-unique-ord-res-9 by metis
next
show V S. ord-res-8-final S — (P S". constant-context ord-res-8 S S')
by (metis finished-def ord-res-8-semantics. final-finished)
next
show V S. ord-res-8-final S — (3 S'. constant-context ord-res-9 S S’
by (metis finished-def ord-res-9-semantics.final-finished)
next
show Vi S8 59. match i S8 S9 — ord-res-8-final S8 <— ord-res-8-final S9
unfolding match-def
using ord-res-8-final-iff-ord-res-9-final by metis
next
show Vi S8 §9. match i S8 S9 —
safe-state (constant-contexst ord-res-8) ord-res-8-final S8 A
safe-state (constant-context ord-res-9) ord-res-8-final S9
proof (intro alll impI conjl)
fix ¢ S8 59
assume match: match i S8 S9
show safe-state (constant-context ord-res-8) ord-res-8-final S8
using match|unfolded match-def]
using ord-res-8-safe-state-if-invars
using ord-res-8-matches-ord-res-9.simps by auto
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show safe-state (constant-context ord-res-9) ord-res-8-final S9
using match[unfolded match-def]
using ord-res-9-safe-state-if-invars
using ord-res-8-matches-ord-res-9.simps by auto
qed
next
show wfp (A- -. False)
by simp
next
show Vi S8 S9 S9'. match i S8 S9 — constant-context ord-res-9 S9 59’ —
(34" 88'. (constant-context ord-res-8)T+ S8 S8’ A match i’ S8' S9') v
(3" match i’ S8 S9' A False)
unfolding match-def
using backward-simulation-between-8-and-9 by metis
qed

end

36 ORD-RES-10 (propagate iff a conflict is pro-
duced)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-9-matches-ord-res-10 :: 'f ord-res-9-state = 'f ord-res-10-state
= bool where
ord-res-8-invars N (Ueyr, F, Tg) =
ord-res-10-invars N (Uer, F, T'10) =
list-all2 (A\z y. fst x = fst y) Tg o =
list-all2 (Az y. snd y # None — z = y) I'g ') =
ord-res-9-matches-ord-res-10 (N, Uer, F, Tg) (N, Uer, F, T'10)

lemma ord-res-9-final-iff-ord-res-10-final:
fixes S9 S10
assumes match: ord-res-9-matches-ord-res-10 S9 S10
shows ord-res-8-final S9 +— ord-res-8-final S10
using match
proof (cases S9 S10 rule: ord-res-9-matches-ord-res-10.cases)
case match-hyps: (1 N U, F T'g I'1g)
then show ?thesis
using trail-atms-eq-trail-atms-if-same-lits|OF <list-all2 (Az y. fst x = fst y) Ty
F10>]
using trail-false-cls-eg-trail-false-cls-if-same-lits| OF <list-all2 (Az y. fst x = fst
y) Lo T1o0]
unfolding ord-res-8-final.simps
by simp
qed

lemma backward-simulation-between-9-and-10:
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fixes S9 S10 S10'
assumes
match: ord-res-9-matches-ord-res-10 §9 S10 and
step: constant-context ord-res-10 S10 S10'
shows 359", (constant-context ord-res-9)T+ 59 59" A ord-res-9-matches-ord-res-10
59" S10'
using match
proof (cases S9 S10 rule: ord-res-9-matches-ord-res-10.cases)
case match-hyps: (1 N U F Tg T'q9)

note S9-def = <S9 = (N, Uer, F, Tg)»

note S10-def = <S10 = (N, Uer, F, T1o)

note invars9 = <ord-res-8-invars N (Uer, F, ')
note invars10 = <ord-res-10-invars N (Uer, F, T'10)

have trail-atms I'g = trail-atms I' g
using «list-all2 (Az y. fst x = fst y) T'g T'1o> trail-atms-eq-trail-atms-if-same-lits
by metis

have trail-false-lit T'g = trail-false-lit T'1q
using <list-all2 (Az y. fst x = fsty) T'g T'10» trail-false-lit-eq-trail-false-lit-if-same-lits
by metis

have trail-false-cls I'g = trail-false-cls T'1g
using «list-all2 (Az y. fst x = fsty) Tg T'1o> trail-false-cls-eq-trail-false-cls-if-same-lits
by metis

have trail-defined-lit T'g = trail-defined-lit T'1q
using <list-all2 (A\z y. fst ¢ = fst y) Tg T'10
trail-defined-lit-eq-trail-defined-lit-if-same-lits by metis

have trail-defined-cls T'g = trail-defined-cls T'1¢
using <list-all2 (A\z y. fst v = fst y) Tg T'1o
trail-defined-cls-eq-trail-defined-cls-if-same-lits by metis

have clause-could-propagate I'g = clause-could-propagate I'1q
unfolding clause-could-propagate-def
unfolding «<trail-defined-lit I'g = trail-defined-lit T'1¢>
unfolding <trail-false-cls I'g = trail-false-cls T'1¢> ..

have I'g-sorted: sorted-wrt (Az y. atm-of (fst y) <, atm-of (fst x)) T'g
using invars9[unfolded ord-res-8-invars-def trail-is-sorted-def, simplified] by
argo

obtain s10’ where S10’ = (N, s10’) and step10: ord-res-10 N (U, F, I'10)
s10'

using step unfolding S10-def by (auto elim: constant-context.cases)

show ?thesis
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using step10
proof (cases N (Uer, F, T'10) s10' rule: ord-res-10.cases)
case step-hyps: (decide-neg A T'1¢")

define I'q’ where
Ty’ = (Neg A, None) # T'g

show ?thesis
proof (intro exl conjl)
have step9: ord-res-9 N (Uep, F, Tg) (Uer, F, T'y’)
proof (rule ord-res-9.decide-neg)
show — (3 C|€liefac F || (N |U| Uey). trail-false-cls Ty C)
using step-hyps <trail-false-cls I'g = trail-false-cls I'1o> by argo
next
show linorder-trm.is-least-in-fset
{|A2 |€| atms-of-clss (N |U| Uer). V Ay |€| trail-atms Tg. A1 <; As|} A
using step-hyps <trail-atms I'g = trail-atms I'1¢> by metis
next
show - (3 C|€liefac F | (N |U] Uer). clause-could-propagate T'g C' (Pos
)

using step-hyps <clause-could-propagate I'g = clause-could-propagate T'1¢>
by metis
next
show Iy’ = (Neg A, None) # Ty
using I'y’-def .
qed

thus (constant-context ord-res-9)*+ S9 (N, U, F, Ty’
unfolding S9-def by (auto intro: constant-context.intros)

show ord-res-9-matches-ord-res-10 (N, Uer, F, I'g’) 510’
unfolding <510’ = (N, s10")» <s10' = (Uer, F, T'10")
proof (rule ord-res-9-matches-ord-res-10.intros)
show ord-res-8-invars N (Uer, F, T'g’)
using invars9 step9 ord-res-9-preserves-invars by metis
next
show ord-res-10-invars N (Uer, F, T'10")
using invars10 step10 ord-res-10-preserves-invars <s10' = (Uer, F, T10')
by metis
next
show list-all2 (\z y. fst x = fst y) Ty’ T'1o’
unfolding I'y’ = (Neg A, None) # T'g» <TI'19’ = (Neg A, None) # T'1¢»
using <list-all2 (A\z y. fst v = fst y) Tg T'19> by simp
next
show list-all2 (Az y. snd y # None — z = y) Ty’ T'1¢’
unfolding I'y’ = (Neg A, None) # T'g» <I'19’ = (Neg A, None) # T'1¢»
using <list-all2 (Az y. snd y # None — z = y) Tg I'1»
by simp
qed
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qed
next
case step-hyps: (decide-pos A C T'19' F)

define I'q’ where
Ty’ = (Pos A, Some (efac C)) # Ty

show ?thesis
proof (intro exl conjl)
have step9: ord-res-9 N (Uer, F, T'g) (Uer, F', To”")
proof (rule ord-res-9.propagate)
show — (3 C|€liefac F || (N |U| Uey). trail-false-cls Ty C)
using step-hyps <trail-false-cls I'g = trail-false-cls I'1o> by argo
next
show linorder-trm.is-least-in-fset
{|A2 |€| atms-of-clss (N |U| Uer). V Ar|€|trail-atms T'g. Ay <¢ A2|} A
using step-hyps <trail-atms I'g = trail-atms I'1¢> by metis
next
show linorder-cls.is-least-in-fset
{1C |€| iefac F || (N |U| Uer). clause-could-propagate I'9 C' (Pos A)|} C
using step-hyps <clause-could-propagate I'g = clause-could-propagate T'1¢>
by metis
next
show I'y" = (Pos A, Some (efac C)) # I'y
using I'y’-def .
next
show F' = (if ord-res.is-strictly-mazimal-lit (Pos A) C then F else finsert
CF)
using step-hyps by argo
qed

thus (constant-context ord-res-9)*+ S9 (N, U, F', Ty’
unfolding S9-def by (auto intro: constant-context.intros)

show ord-res-9-matches-ord-res-10 (N, U, F', T'g’) S10’
unfolding «S10’ = (N, s10")s «<s10" = (Uer, F', T10")
proof (rule ord-res-9-matches-ord-res-10.intros)
show ord-res-8-invars N (Ue,., F', Ty’
using invars9 step9 ord-res-9-preserves-invars by metis
next
show ord-res-10-invars N (Uer, F’, T'19")
using invars10 step10 ord-res-10-preserves-invars <s10’ = (Uep, F', T'10")
by metis
next
show list-all2 (A\z y. fst z = fst y) Ty’ T'1o’
unfolding 'y’ = (Pos A, Some (efac C)) # T'g> <I'1o’ = (Pos A, None)
# 1o
using <list-all2 (A\x y. fst v = fst y) Tg T'19> by simp
next
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show list-all2 (Ax y. snd y # None — z = y) 9’ T'1o’
unfolding 'y’ = (Pos A, Some (efac C)) # T'g> <I'1¢’ = (Pos A, None)
# '
using «<list-all2 (Az y. snd y # None — z = y) T'g I'1»
by simp
qed
qed
next
case step-hyps: (propagate A C T'1o' F')

define I'y’ where
Ty’ = (Pos A, Some (efac C)) # T'g

show ?thesis
proof (intro exI conjl)
have step9: ord-res-9 N (Uer, F, Tg) (Uer, F', Tg')
proof (rule ord-res-9.propagate)
show — (3 C|€liefac F || (N |U| Uey). trail-false-cls Ty C)
using step-hyps <trail-false-cls T'g = trail-false-cls I'1o> by argo
next
show linorder-trm.is-least-in-fset
{|42 |€]| atms-of-clss (N |U| Ue,). V¥ A1|€|trail-atms Tg. A1 <¢ As|} A
using step-hyps <trail-atms I'g = trail-atms I'1o> by metis
next
show linorder-cls.is-least-in-fset
{1C |€] iefac F || (N |U| Uer). clause-could-propagate T'9 C (Pos A)|} C
using step-hyps <clause-could-propagate I'g = clause-could-propagate I'1¢»
by metis
next
show I'y" = (Pos A, Some (efac C)) # I'g
using T'g’-def .
next
show F' = (if ord-res.is-strictly-mazimal-lit (Pos A) C then F else finsert
CF)
using step-hyps by argo
qed

thus (constant-context ord-res-9)*+ S9 (N, Uer, F', Ty’
unfolding S9-def by (auto intro: constant-context.intros)

show ord-res-9-matches-ord-res-10 (N, U, F', T'g’) S10’
unfolding «S10’' = (N, s10")y «s10' = (Uep, F', T10')
proof (rule ord-res-9-matches-ord-res-10.intros)
show ord-res-8-invars N (Uer, F', T'y’)
using invars9 step9 ord-res-9-preserves-invars by metis
next
show ord-res-10-invars N (Uer, F’, T'19")
using invars10 step10 ord-res-10-preserves-invars <s10’' = (Uep, F', T'10”)
by metis
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next
show list-all2 (A\z y. fst z = fst y) Ty’ T'1o’
unfolding 'y’ = (Pos A, Some (efac C)) # T'g» <I'19’ = (Pos A, Some
(efac C)) # TI'o>
using «list-all2 (Az y. fst x = fst y) T'g T'10> by simp
next
show list-all2 (Ax y. snd y # None — z = y) 9’ T'1o’
unfolding 'y’ = (Pos A, Some (efac C)) # T'g» <I'1o’ = (Pos A, Some
(efac C)) # I'o>
using <list-all2 (Az y. snd y # None — z = y) T'g I'1»
by simp
qed
qed
next
case step-hyps: (resolution D A C U,,.' T'1p")

have VIn I'. T1g = Ln # T/ —
(snd Ln # None) = fBex (iefac F || (N |U| Ueyr)) (trail-false-cls T'19) A
(Vzeset T''. snd x = None)
using invars10 by (simp add: ord-res-10-invars.simps)

then obtain I'1"" where I'1g = (Pos A, Some C) # T'1o”’
using map-of T'1o (Pos A) = Some (Some C)»
by (metis list.set-cases map-of-SomeD not-Some-eq snd-conv)

then obtain 'y’ where I'g = (Pos A, Some C) # T'y"
using «list-all2 (Az y. snd y # None — z = y) I'g 1o
by (smt (verit, best) list-all2-Cons2 option.discl snd-conv)

define I'y’ where
Ty’ = drop While (ALn. V K. ord-res.is-mazimal-lit K (eres C D) —
atm-of K =, atm-of (fst Ln)) T'g

show ?thesis
proof (intro exl conjl)
have step9: ord-res-9 N (Uer, F, Tg) (Uer', F, Ty')
proof (rule ord-res-9.resolution)
show linorder-cls.is-least-in-fset (ffilter (trail-false-cls T'9) (iefac F | (N
U] Uer))) D
using step-hyps <trail-false-cls I'g = trail-false-cls I'1o> by argo
next
show ord-res.is-maximal-lit (Neg A) D
using step-hyps by argo
next
show map-of T'g (Pos A) = Some (Some C)
unfolding I'g = (Pos A, Some C) # T'y’"» by simp
next
show U.,.' = finsert (eres C D) U,
using step-hyps by argo
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next
show I'g’ = drop While (ALn. ¥V K. ord-res.is-maximal-lit K (eres C D) —
atm-of K =, atm-of (fst Ln)) I'y
using T'y’-def .
qed

thus (constant-context ord-res-9)*+ S9 (N, U.,', F, Ty’
unfolding S9-def by (auto intro: constant-context.intros)

show ord-res-9-matches-ord-res-10 (N, U.,', F, T'g’) S10’
unfolding «S10’ = (N, s10")y <s10' = (Ue.', F, T10')
proof (rule ord-res-9-matches-ord-res-10.intros)
show ord-res-8-invars N (Ue,', F, T'g")
using invars9 step9 ord-res-9-preserves-invars by metis
next
show ord-res-10-invars N (U, F, T'10”)
using invars10 step10 ord-res-10-preserves-invars <s10’ = (U.,.', F, T'10”)
by metis
next
define P :: 'f gterm literal x 'f gterm literal multiset option = bool where
P = \Ln.V K. ord-res.is-mazimal-lit K (eres C D) — atm-of K <; atm-of
(fst Ln)

have length (take While P T'g) = length (takeWhile P T'1)
using <list-all2 (Ax y. fst x = fst y) T'g T'10>
proof (induction T'g T'1g rule: list.rel-induct)
case Nil
show ?Zcase
by simp
next
case (Cons z zs y ys)
then show ?case
by (simp add: P-def)
qed

moreover have I'g = takeWhile P T'g Q T'y’
unfolding take While-drop While-id
unfolding P-def I'g’ = drop While - T'g> by simp

moreover have I'1y = takeWhile P T'1y @ I'1o’
unfolding take While-drop While-id
unfolding P-def «I'1o’ = dropWhile - T'1¢» by simp

ultimately have A Q. list-all2 Q Tg9 I'1g «—
(list-all2 Q (takeWhile P T'g) (takeWhile P T'19) A list-all2 Q T'9’ T'1¢”)
using list-all2-append by metis

thus
list-all2 (Az y. fst . = fst y) T’ T'1o’

570



list-all2 (Az y. snd y # None — z = y) T'g’ T'1o’
unfolding atomize-conj
using <list-all2 (A\z y. fst ¢ = fst y) T'g I'1o»
using «<list-all2 (Az y. snd y # None — z = y) T'g I'1»
by (simp only:)
qed
qed
qed
qed

theorem bisimulation-ord-res-9-ord-res-10:
defines match = \-. ord-res-9-matches-ord-res-10
shows 3 (MATCH :: nat x nat = 'f ord-res-8-state = 'f ord-res-9-state = bool)
Rs Rp.
bisimulation
(constant-context ord-res-9) ord-res-8-final
(constant-context ord-res-10) ord-res-8-final
MATCH Ry Rp
proof (rule ex-bisimulation-from-backward-simulation)
show right-unique (constant-context ord-res-9)
using right-unique-constant-context right-unique-ord-res-9 by metis
next
show right-unique (constant-context ord-res-10)
using right-unique-constant-context right-unique-ord-res-10 by metis
next
show V S. ord-res-8-final S — (B S'. constant-context ord-res-9 S S')
by (metis finished-def ord-res-9-semantics.final-finished)
next
show V S. ord-res-8-final S — (3 S". constant-context ord-res-10 S S’)
by (metis finished-def ord-res-10-semantics.final-finished)
next
show Vi 59 510. match 1 S9 §10 — ord-res-8-final S9 <— ord-res-8-final S10
unfolding match-def
using ord-res-9-final-iff-ord-res-10-final by metis
next
show Vi S9 S10. match i S9 S10 —
safe-state (constant-context ord-res-9) ord-res-8-final S9 A
safe-state (constant-context ord-res-10) ord-res-8-final S10
proof (intro alll impI conjI)
fix 1 .59 S10
assume match: match i 59 510
show safe-state (constant-context ord-res-9) ord-res-8-final S9
using matchlunfolded match-def]
using ord-res-9-safe-state-if-invars
using ord-res-9-matches-ord-res-10.simps by auto

show safe-state (constant-context ord-res-10) ord-res-8-final S10

using matchlunfolded match-def]
using ord-res-10-safe-state-if-invars
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using ord-res-9-matches-ord-res-10.simps by auto
qed
next
show wfp (A- -. False)
by simp
next
show Vi 59 S10 S10’. match i S9 S10 — constant-context ord-res-10 S10 S10'
ﬁ
(34’ S9'. (constant-context ord-res-9)TT 59 S9’ A match i’ S9’ S10") v
(34’ match i’ S9 S10' A False)
unfolding match-def
using backward-simulation-between-9-and-10 by metis
qed

end

37 ORD-RES-11 (SCL strategy)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-10-matches-ord-res-11 :: 'f ord-res-10-state = 'f ord-res-11-state
= bool where
ord-res-10-invars N (Uep10, F, ') =

ord-res-11-invars N (Uep11, F, T, C) =

Ue'r‘ll = Ue'rlO - {H#}‘} =

if {#} |€| iefac F || (N |U| Uer1o) then T' =[] A C = Some {#} else C =
None =

ord-res-10-matches-ord-res-11 (N, Uer10, F, I') (N, Uer11, F, T, C)

lemma ord-res-10-final-iff-ord-res-11-final:
fixes S10 S11
assumes match: ord-res-10-matches-ord-res-11 510 S11
shows ord-res-8-final S10 <— ord-res-11-final S11
using match
proof (cases S10 S11 rule: ord-res-10-matches-ord-res-11.cases)
case match-hyps: (I N Uer10 F T Uer11 C)
show ?thesis
proof (rule iffT)
assume ord-res-8-final S10
thus ord-res-11-final S11
unfolding <S10 = -
proof (cases (N, Uer10, F, I') rule: ord-res-8-final.cases)
case model-found
hence {#} |¢| iefac F | (N |U] Uerto)
using trail-false-cls-mempty by blast
hence C = None
using match-hyps by argo
moreover have U..11 = Uegrio
using match-hyps
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by (metis {#} |¢] iefac F || (N |U| Uer10) fimage-eql finsert-fminus!
finsert-iff
fminus-finsert-absorb funionlI2 iefac-mempty)
ultimately show ?thesis
unfolding (<S11 = -
using model-found
using ord-res-11-final.model-found
by metis
next
case contradiction-found
hence I' = [| A C = Some {#}
using match-hyps by argo
thus ?thesis
unfolding «S11 = -
using ord-res-11-final.contradiction-found by metis
qed
next
assume ord-res-11-final S11
thus ord-res-8-final S10
unfolding «S11 = -
proof (cases (N, Uer11, F, I, C) rule: ord-res-11-final.cases)
case model-found
show ?thesis
unfolding <S10 = -»
proof (rule ord-res-8-final.model-found)
show — (3 4 |€| atms-of-clss (N |U| Uerio)- A |€| trail-atms T')
by (metis (no-types, lifting) fimage-iff fminus-finsert-absorb fminus-idemp
funionCI
iefac-mempty local.model-found(1,2) match-hyps(5,6) option.simps(3))
next
show — (3 C |€| iefac F || (N |U| Uerio). trail-false-cls T' C)
by (metis finsertCI finsert-fminus1 fminus-finsert-absorb funionl2 iefac-mempty
local.model-found(1,3) match-hyps(5,6) option.simps(3) rev-fimage-eql)
qed
next
case contradiction-found
show ?thesis
unfolding «S10 = -
proof (rule ord-res-8-final.contradiction-found)
show {#} |€| iefac F || (N |U| Uerio)
using match-hyps contradiction-found
by auto
qed
qed
qed
qed

lemma forward-simulation-between-10-and-11:
fixes S10 S11 S10'
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assumes
match: ord-res-10-matches-ord-res-11 §10 S11 and
step: constant-context ord-res-10 S10 S10'
shows 3 511". (constant-context ord-res-11)*+ S11 S11' A ord-res-10-matches-ord-res-11
S10' S11'
using match
proof (cases S10 S11 rule: ord-res-10-matches-ord-res-11.cases)
case match-hyps: (1 N Ugr10 F T Uer11 C)

note S10-def = «S10 = (N, Ucpi10, F, T')

note S11-def = <S11 = (N, Uer11, F, T, C)»

note invars10 = <ord-res-10-invars N (Uer10, F, T')
note invarsl11 = <ord-res-11-invars N (Uer11, F, T, C)»

have mempty-not-in-if-no-false-cls: {#} |¢| iefac F || (N |U| Uecrio0)
if = fBex (iefac F | (N |U| Ueri0)) (trail-false-cls T')
using that by force

have C-eq-None-if-no-false-cls: C = None
if = fBex (iefac F | (N |U| Uecri0)) (trail-false-cls T')
using match-hyps mempty-not-in-if-no-false-cls[OF that] by argo

have mempty-not-in-if: {#} |¢| N |U| Uerio
if = fBex (iefac F | (N |U| Ueri0)) (trail-false-cls T')
using that
by (metis (no-types, opaque-lifting) fimagel iefac-mempty trail-false-cls-mempty)

have Uerll'eq'Uerlo'if: Uerll = UerlO
if = fBex (iefac F | (N |U| Ueri0)) (trail-false-cls T')
using mempty-not-in-if[OF that] <Uecr11 = Uerio |—| {{#}H}P
by (metis (no-types, opaque-lifting) finsertll finsert-ident fminusD2 funionCI
funion-fempty-right funion-finsert-right funion-fminus-cancel2)

obtain s10’ where S10’ = (N, s10’) and step10: ord-res-10 N (U190, F, ')
510’
using step unfolding S10-def by (auto elim: constant-context.cases)

show ?thesis
using step10

proof (cases N (Ucpi0, F, I') 10’ rule: ord-res-10.cases)
case step-hyps: (decide-neg A T")

have C = None
using step-hyps C-eq-None-if-no-false-cls by argo

have {#} |¢| N |U| Ucr10
using step-hyps mempty-not-in-if by argo

have Uerll = UerlO
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using step-hyps Uer11-€q-Uer10-if by argo

show ?thesis
proof (intro exl conjl)
have step11: ord-res-11 N (U¢r11, F, I', None) (Uer11, F, T'', None)
proof (rule ord-res-11.decide-neg)
show — (3 C|€liefac F | (N |U| Uer11). trail-false-cls T C)
using step-hyps unfolding «U..11 = U¢r10> by argo
next
show linorder-trm.is-least-in-fset
{|A2 |€| atms-of-clss (N |U| Uer11). V Ar|€|trail-atms T. A1 <: As|} A
using step-hyps unfolding «U..11 = Uer100 by argo
next
show — (3 C|€liefac F || (N |U| Uer11). clause-could-propagate I' C' (Pos

using step-hyps unfolding «U..11 = Uer10> by argo
next
show I'" = (Neg A, None) # T’
using step-hyps by argo
qed

thus (constant-context ord-res-11)*+ S11 (N, Uerr1, F, T, None)
unfolding S11-def «<C = None> by (auto intro: constant-context.intros)

show ord-res-10-matches-ord-res-11 S10' (N, Ucr11, F, T/, None)
unfolding «S10' = (N, s10')y <s10' = -
proof (rule ord-res-10-matches-ord-res-11.intros)
show ord-res-10-invars N (Ue¢r10, F, T')
using step10 <s10' = - invars10 ord-res-10-preserves-invars by metis
next
show ord-res-11-invars N (Uer11, F, T, None)
using step11 invarsi1 <C = Noney ord-res-11-preserves-invars by metis
next
show Uerll = UerlO If‘ {‘{#H}
unfolding <U¢r11 = Uer10?
using ({#} |¢| N |U| Uer10> by simp
next
have {#} |¢| iefac F [ (N |U| Ucrio)
using ({#} |¢| N |U| Uer10> by (simp add: iefac-def)
thus if {#} |€| iefac F || (N |U] Uer1o) then I'' =[] A None = Some {#}
else None = None
by argo
qed
qed
next
case step-hyps: (decide-pos A C T F’)

have C = None
using step-hyps C-eq-None-if-no-false-cls by argo
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have {#} [¢| N [U] Uerio
using step-hyps mempty-not-in-if by argo

have Uerll = UerlO
using step-hyps Uer11-€q-Uer10-if by argo

show ?thesis
proof (intro exl conjl)
have stepl1: ord-res-11 N (Ugr11, F, I, None) (Uer11, F', T, None)
proof (rule ord-res-11.decide-pos)
show — (3 C|€liefac F | (N |U| Uer11). trail-false-cls T C)
using step-hyps unfolding «U..11 = Uer10> by argo
next
show linorder-trm.is-least-in-fset
{|A2 |€| atms-of-clss (N |U| Uer11). V Ar|€|trail-atms T. A1 <¢ As|} A
using step-hyps unfolding «U..11 = Uer100 by argo
next
show linorder-cls.is-least-in-fset
{1C |€| iefac F || (N U] Uer11). clause-could-propagate T' C' (Pos A)|} C
using step-hyps unfolding «U..11 = Uer10> by argo
next
show I'' = (Pos A, None) # T’
using step-hyps by argo
next
show — (3 C|€liefac F | (N |U| Uer11). trail-false-cls T C)
using step-hyps unfolding «U..11 = Uer10> by argo
next
show F’' = (if ord-res.is-strictly-mazimal-lit (Pos A) C then F else finsert
C F)
using step-hyps by argo
qed

thus (constant-context ord-res-11)*+ S11 (N, Uer11, F', I'', None)
unfolding S11-def «<C = None> by (auto intro: constant-context.intros)

show ord-res-10-matches-ord-res-11 S10’ (N, Uer11, F', T/, None)
unfolding «S10’ = (N, s107)» <s10' = -
proof (rule ord-res-10-matches-ord-res-11 .intros)
show ord-res-10-invars N (Uegr10, F', T)
using step10 <s10’' = -» invars10 ord-res-10-preserves-invars by metis
next
show ord-res-11-invars N (Ugr11, F', T, None)
using step11 invars1l «C = None) ord-res-11-preserves-invars by metis
next
show Ucp11 = Uerio [=| {[{#}}
unfolding <Uer11 = Uer10>
using «({#} |¢| N |U| Uer10> by simp
next
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have {#} [¢| iefac F/ | (N |U] Uerro)
using ({#} |¢| N |U| Uer10> by (simp add: iefac-def)
thus if {#} |€| iefac F' || (N |U] Uepi0) then TV =[] A None = Some
{#?} else None = None
by argo
qed
qed
next
case step-hyps: (propagate A C T F’)

have C = None
using step-hyps C-eq-None-if-no-false-cls by argo

have {#} |¢| N |U| Ucr10
using step-hyps mempty-not-in-if by argo

have Uerll = UerlO
using step-hyps Ucr11-€q-Uer10-if by argo

show ?thesis
proof (intro exI congl)
have step11: ord-res-11 N (Ugr11, F, T, None) (Uer11, F', T/, None)
proof (rule ord-res-11.propagate)
show — (3 C|€liefac F || (N |U| Uer11). trail-false-cls T' C)
using step-hyps unfolding <U..11 = Ugr10> by argo
next
show linorder-trm.is-least-in-fset
{|Az |€| atms-of-clss (N |U| Uer11). V Ar|€|trail-atms T. A1 <4 As|} A
using step-hyps unfolding «U..11 = Uer10> by argo
next
show linorder-cls.is-least-in-fset
{1C |€| iefac F || (N |U| Uer11). clause-could-propagate ' C' (Pos A)|} C
using step-hyps unfolding «U..11 = Uer10> by argo
next
show I'' = (Pos A, Some (efac C)) # T
using step-hyps by argo
next
show 3 C|€liefac F |9 (N |U| Ueri11). trail-false-cls T/ C
using step-hyps unfolding «U..11 = Uer10> by argo
next
show F’' = (if ord-res.is-strictly-mazimal-lit (Pos A) C then F else finsert
C F)
using step-hyps by argo
qed

thus (constant-context ord-res-11)*+ S11 (N, Uer11, F', ', None)
unfolding S11-def «C = Noner by (auto intro: constant-context.intros)

show ord-res-10-matches-ord-res-11 S10’ (N, Uer11, F', T/, None)

o577



unfolding «S10’ = (N, s107)» <s10' = -
proof (rule ord-res-10-matches-ord-res-11 .intros)
show ord-res-10-invars N (Ugr10, F', T)
using stepl10 <s10’' = -» invars10 ord-res-10-preserves-invars by metis
next
show ord-res-11-invars N (Ugr11, F', T, None)
using step11 invarsll «C = None) ord-res-11-preserves-invars by metis
next
show Ugri1 = Uerio |_‘ ﬂ{#}'}
unfolding <Uer11 = Uer10>
using ({#} |¢| N |U| Uer10> by simp
next
have {#} [¢| iefac F' |1 (N |U] Uerio)
using «{#} |¢| N |U| Uer10> by (simp add: iefac-def)
thus if {#} |€| iefac F' |9 (N |U] Uerio) then TV =[] A None = Some
{#} else None = None
by argo
qed
qed
next
case step-hyps: (resolution D A C Ugpr1o' T)

note D-maz-lit = <ord-res.is-mazimal-lit (Neg A) D>

have {#} |¢| iefac F || (N [U] Uerio)
using <linorder-cls.is-least-in-fset - Dy <linorder-lit.is-maximal-in-mset D -
unfolding linorder-cls.is-least-in-ffilter-iff linorder-lit.is-maximal-in-mset-iff
by (metis (no-types, lifting) empty-iff linorder-cls.leD mempty-lesseq-cls
set-mset-empty
trail-false-cls-mempty)

have C = None
using match-hyps {#} |¢| iefac F || (N |U| Uer10)> by argo

have Ucr11 = Uerio
using match-hyps {#} |¢| iefac F |9 (N |U| Uer10) by force

have stepl1-conf: ord-res-11 N (Ugr11, F, I', None) (Uer11, F, I', Some D)
proof (rule ord-res-11.conflict)
show linorder-cls.is-least-in-fset
(ffilter (trail-false-cls T') (iefac F |9 (N |U]| Uer11))) D
using step-hyps unfolding <U.,.11 = Ugr10> by argo
qed

have I'-spec: VIn TV. T = Ln # T/ —
(snd Ln # None) = fBex (iefac F || (N |U| Uerio)) (trail-false-cls T') A
(Vzeset T'. snd x = None)
using invars10 by (simp add: ord-res-10-invars.simps)
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then obtain I''” where I' = (Pos A, Some C) # T''"
using «map-of T' (Pos A) = Some (Some C)»
by (metis list.set-cases map-of-SomeD not-Some-eq snd-conv)

have C-maz-lit: linorder-lit.is-greatest-in-mset C (Pos A)
using invars10 by (simp add: ord-res-10-invars.simps <I' = (Pos A, Some C')

- F'”>)

have ord-res.ground-resolution D C' ((D — {#Neg A#}) + (C — {#Pos A#}))
proof (rule ord-res.ground-resolutionl)
show D = add-mset (Neg A) (D — {#Neg A#})
using D-maz-lit unfolding linorder-lit.is-maximal-in-mset-iff by simp
next
show C = add-mset (Pos A) (C — {#Pos A#})
using C-maz-lit unfolding linorder-lit.is-greatest-in-mset-iff by simp
next
show C <. D
using C-max-lit D-max-lit
by (simp add: clause-lt-clause-if-maz-lit-comp
linorder-lit.is-greatest-in-mset-iff-is-mazximal-and-count-eq-one)
next
show {#} = {#} A ord-res.is-mazimal-lit (Neg A) D V Neg A €# {#}
using D-maz-lit by argo
next
show {#} = {#}
by argo
next
show ord-res.is-strictly-mazimal-lit (Pos A) C
using C-max-lit .
next
show removel-mset (Neg A) D + removel-mset (Pos A) C = (D — {#Neg

A##}) + (C = {#Pos Ad#})

qed

hence eres C D # D
unfolding eres-ident-iff not-not ground-resolution-def by metis

have D-false: trail-false-cls T' D
using step-hyps unfolding linorder-cls.is-least-in-ffilter-iff by argo

have clause-could-propagate T C (Pos A)
using invars10 U = (Pos A, Some C) # T'""y by (simp add: ord-res-10-invars.simps)

hence trail-false-cls T {#L €# C. L # Pos A#}
unfolding clause-could-propagate-def by argo

hence C-almost-false: trail-false-cls T {#L €# C. L # Pos A#}
unfolding I" = (Pos A, Some C) # T''""
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by (meson suffiz-ConsD suffiz-order.dual-order.refl trail-false-cls-if-trail-false-suffir)

have eres-false: trail-false-cls T' (eres C D)
unfolding trail-false-cls-def
proof (intro balll)
fix K :: 'f gliteral
assume K €# eres C' D
hence K €# C N K # Pos AV K €# D
using strong-lit-in-one-of-resolvents-if-in-eres| OF D-maz-lit] by simp
thus trail-false-lit T' K
proof (elim disjE conjFE)
assume K €# C and K # Pos A
thus trail-false-lit T' K
using C-almost-false unfolding trail-false-cls-def by simp
next
assume K €# D
thus trail-false-lit T' K
using D-false unfolding trail-false-cls-def by simp
qed
qed

have VIn € set I'. VC. snd Ln = Some C — ord-res.is-strictly-mazimal-lit

(fst Lm) C

using invars10 by (simp add: ord-res-10-invars.simps)

hence C-maz-lit: ord-res.is-strictly-mazimal-lit (Pos A) C
unfolding «I" = (Pos A, Some C) # T'""y by simp

have steps11-reso: (ord-res-11 N)** (Uer11, F, Iy Some D) (Uer11, F, T, Some

(eres C D))

unfolding «I" = (Pos A, Some C) # T'""")
using C-maz-lit rtrancl-ord-res-11-all-resolution-steps by metis

define strict-P :: 'f gterm literal x 'f gterm literal multiset option = bool where
strict-P = ALn. ¥ K. ord-res.is-mazimal-lit K (eres C D) — atm-of K <

atm-of (fst Ln)

have VK €# eres C D. — K € fst ‘ set '
using eres-false unfolding trail-false-cls-def trail-false-lit-def .

moreover have I'-sorted: sorted-wrt (Ax y. atm-of (fst y) < atm-of (fst x)) T
using invars10 by (simp add: ord-res-10-invars.simps)

ultimately have drop While strict-P T' = dropWhile (ALn. — fst Ln ¢# eres

CD)T

proof (induction I")
case Nil
show ?case by simp
next
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case (Cons Ln T')

show “Zcase
proof (cases eres C D = {#})
case True
thus ?thesis
unfolding strict-P-def linorder-lit.is-maximal-in-mset-iff by simp
next
case Fulse

then obtain L where eres-maz-lit: ord-res.is-maximal-lit L (eres C' D)
using linorder-lit.ex-mazximal-in-mset by metis

hence strict-P-Ln-iff: strict-P Ln <— atm-of L <; atm-of (fst Ln)
unfolding strict-P-def
by (metis linorder-lit. Unig-is-mazimal-in-mset thel-equality’)

show ?thesis
proof (cases atm-of L <; atm-of (fst Ln))
case True

moreover have — fst Ln ¢# eres C' D
using True
by (smt (verit, best) atm-of-uminus eres-maz-lit linorder-lit. dual-order.strict-trans
linorder-lit.is-maximal-in-mset-iff linorder-lit.neq-iff linorder-trm.order.irrefl
literal. exhaust-sel ord-res.less-lit-simps(4))

moreover have drop While strict-P T' = dropWhile (ALn. — fst Ln ¢4
eres C D) T’
proof (rule Cons.IH)
show V Ke#eres CD. — K € fst ‘set T’
using Cons.prems True <— fst Ln ¢4 eres C' D>
using image-iff by fastforce
next
show sorted-wrt (Az y. atm-of (fst y) < atm-of (fst z)) T’
using Cons.prems by simp
qged

ultimately show ¢thesis
unfolding drop While.simps
unfolding strict-P-Ln-iff
by simp
next
case Fulse

hence atm-of (fst Ln) =; atm-of L
by order

hence atm-of (fst Ln) = atm-of L
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using Cons.prems
using atm-of-eq-atm-of eres-max-lit linorder-lit.is-maximal-in-mset-iff
by fastforce

hence L = fst Ln V L = — fst Ln
by (metis atm-of-eg-atm-of)

moreover have — fst Ln ¢ fst ‘ set T’
using «sorted-wrt (Azx y. atm-of (fst y) <, atm-of (fst x)) (Ln # T')»
by fastforce

moreover have — L € fst ‘ (set (Ln # TI))
using Cons.prems(1) eres-max-lit linorder-lit.is-mazimal-in-mset-iff by

blast

ultimately have — fst Ln €# eres C D
using eres-max-lit linorder-lit.is-maximal-in-mset-iff by auto

then show ?thesis
unfolding drop While.simps
unfolding strict-P-Ln-iff
using Fulse
by argo

qed
qed
qged

hence steps11-skip: (ord-res-11 N)**
(Uer11, F, T, Some (eres C D))
(Uer11, F, dropWhile strict-P T', Some (eres C D))
using rtrancl-ord-res-11-all-skip-steps by metis

have most-steps11: (ord-res-11 N)*+ (Uer11, F, T, None)
(Uer11, F, dropWhile strict-P T', Some (eres C D))
using stepl1-conf stepsli-reso stepsii-skip by simp

show ?thesis
proof (cases eres C' D = {#})
case True

hence drop While strict-P T = ||
unfolding strict-P-def <eres C D = {#}
unfolding linorder-lit.is-maximal-in-mset-iff
by simp

have I'' = [|
unfolding '’ = dropWhile - T <eres C D = {#}
unfolding linorder-lit.is-maximal-in-mset-iff
by simp
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show ?thesis
proof (intro exl conjI)
show (constant-context ord-res-11)*+ S11 (N, Uer11, F, [], Some {#})
unfolding S11-def «C = None»
using most-steps11[unfolded <dropWhile strict-P T = []» <eres C D =

{#D]

using tranclp-constant-context by metis

show ord-res-10-matches-ord-res-11 S10' (N, Uer11, F, [], Some {#})
unfolding «S10' = (N, s10")) «<s10' = - <I'' = [
proof (rule ord-res-10-matches-ord-res-11 .intros)
show ord-res-10-invars N (Uer10’, F, [])
using step10 <s10' = - I'" = []» invars10 ord-res-10-preserves-invars
by metis
next
show ord-res-11-invars N (Uer11, F, [], Some {#})
using most-steps11 invarsl1

unfolding «C = None> «dropWhile strict-P T = [|» <eres C D = {#}
by (metis tranclp-ord-res-11-preserves-invars)
next

show Ucr11 = Uerio’ |_| {H#}‘}
unfolding <Uer11 = Uer10® ¢Uer10’ = finsert (eres C D) Uer10> <eres
CD = {#
using «({#} |¢| iefac F [ (N [U] Uerio)
by force
next
show if {#} |€| iefac F || (N |U]| Uerio’) then
[ =[] A Some {#} = Some {#} else Some {#} = None
unfolding «U.,.19’ = finsert (eres C' D) Uegr1o> <eres C D = {#}
by simp
ged
qed
next
case Fulse

then obtain L where eres-maz-lit: ord-res.is-mazximal-lit L (eres C' D)
using linorder-lit.ex-maximal-in-mset by metis

hence L €# eres C' D
unfolding linorder-lit.is-maximal-in-mset-iff by argo

hence L €# C AN L # Pos AV L €# D N L # Neg A
using stronger-lit-in-one-of-resolvents-if-in-eres <eres C' D # D)y D-maz-lit
by (metis uminus-Neg)

hence L <; Neg A

using C-maz-lit D-max-lit
unfolding linorder-lit.is-greatest-in-mset-iff linorder-lit.is-mazximal-in-mset-iff
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by (metis C-maz-lit D-maz-lit <L €# eres C Dy eres-lt-if ord-res.asymp-less-lit
ord-res.less-lit-simps(3,4) ord-res.transp-less-lit in-removel-mset-neq
linorder-lit.less-than-mazimal-if-multp g o linorder-lit.order.not-eq-order-implies-strict
literal.disc(2) multp-eqg-multpg o uminus-Neg)

have dropWhile strict-P T' = drop While (ALn. atm-of L <, atm-of (fst Ln))

T
unfolding strict-P-def
using eres-maz-lit
by (metis (no-types) Uniq-D linorder-lit. Unig-is-mazimal-in-mset)
also have ... = (— L, None) # dropWhile (ALn. atm-of L <; atm-of (fst
Ln)) T
proof —
have — L # Pos A
using <L <; Neg A> by (cases L) simp-all
hence — L € fst “ set I'""
using eres-false <L €# eres C' D»
unfolding trail-false-cls-def trail-false-lit-def
unfolding «I" = (Pos A, Some C) # T'""")
by auto
hence (— L, None) € set I'""
using I'-spec unfolding «I' = (Pos A, Some C) # T'"""y by auto
then obtain I'y I'; where I'""' =T @ (— L, None) # Ty
by (meson split-list)
hence I' = (Pos A, Some C) # I'y @ (— L, None) # Iy
unfolding <" = (Pos A, Some C) # T'""y by (simp only:)
have AAA: V Ln € set ((Pos A, Some C) # T'1). atm-of L <; atm-of (fst
Ln)
using I'-sorted unfolding «I' = (Pos A, Some C) # I'1 @Q (— L, None)
# Lo

by (simp add: sorted-wrt-append)

hence BBB: V Ln € set ((Pos A, Some C) # I'y Q [(— L, None)]). atm-of
L < atm-of (fst Ln)
by simp

have V Ln € set T'g. atm-of (fst Ln) <; atm-of L
using I'-sorted unfolding «I' = (Pos A, Some C) # I'1 @Q (— L, None)

# Lo
by (simp add: sorted-wrt-append)

hence CCC: ¥ Ln € set T'g. = atm-of L =; atm-of (fst Ln)
using linorder-trm.leD by blast
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have drop While (ALn. atm-of L < atm-of (fst Ln)) I' = (— L, None) # T'y
unfolding I" = (Pos A, Some C) # I'y @ (— L, None) # L'y
using drop While-append2 AAA by simp

also have ... = (— L, None) # dropWhile (ALn. atm-of L =; atm-of (fst
L’Il)) F()
using CCC by simp
also have ... = (— L, None) # dropWhile (ALn. atm-of L =< atm-of (fst
Ln)) T

unfolding I" = (Pos A, Some C) # I'y @ (— L, None) # T'p»
using drop While-append2 BBB by simp

finally show ?thesis .
qed

also have ... = (— L, None) # T’/
unfolding I'' = drop While - T
using eres-maz-lit
by (metis (no-types) Uniq-D linorder-lit. Unig-is-mazimal-in-mset)

finally have drop While strict-P T' = (— L, None) # I'.

have step10-back: ord-res-11 N
(Uer11, F, dropWhile strict-P T, Some (eres C' D))
(finsert (eres C' D) Ugr11, F, I'', None)
unfolding «drop While strict-P T' = (— L, None) # T'’
proof (rule ord-res-11.backtrack)
show (— L, None) # I'' = (— L, None) # T'' ..
next
show — (— L) €# eres C D
unfolding uminus-of-uminus-id
using eres-max-lit
unfolding linorder-lit.is-maximal-in-mset-iff by argo
qed

hence all-stepsi1: (ord-res-11 N)™+ (Ugpq1, F, T, None)
(finsert (eres C' D) Uegr11, F, I'', None)
using most-steps11 by simp

show ?thesis
proof (intro exI conjI)
show (constant-context ord-res-11)** S11 (N, finsert (eres C D) Uegr11,
F, T None)
unfolding S11-def «C = None»
using all-steps11 tranclp-constant-context by metis

have {#} |¢[ iefac F [ (N [U] Uer10”)
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by (smt (verit, del-insts) False «({#} |¢| iefac F || (N |U| Uerio)
fimage.rep-eq

fimageE fimagel finsertE funion-iff iefac-def mempty-in-image-efac-iff
step-hyps(5))

show ord-res-10-matches-ord-res-11 S10' (N, finsert (eres C D) Ueri1, F,
T'’, None)
unfolding <510’ = (N, s10")» «s10’ = -
proof (rule ord-res-10-matches-ord-res-11 .intros)
show ord-res-10-invars N (Uer10’, F, T')
using step10 <s10’' = -» invars10 ord-res-10-preserves-invars by metis
next
show ord-res-11-invars N (finsert (eres C D) Uer11, F, ', None)
using all-stepsi1 invarsl1
unfolding «C = None»
by (metis tranclp-ord-res-11-preserves-invars)
next
show finsert (eres C D) Uer11 = Uerio’ |—| {{#}}
unfolding «Ucr11 = Uer10> <Uerio’ = finsert (eres C D) Uegrio)
using «({#} |¢| iefac F || (N |U] Uep10’)
using False <Uer11 = Uer10® Uer11 = Ueri0 |—| {|{#}}> by auto
next
show if {#} |€| iefac F || (N |U]| Uerio’) then
I' =[] A None = Some {#} else None = None
using {#} |¢| iefac F || (N |U| Uer10’)> by simp
qged
qed
qed
qed
qed

theorem bisimulation-ord-res-10-ord-res-11:
defines match = A-. ord-res-10-matches-ord-res-11
shows 3 (MATCH :: nat x nat = 'f ord-res-10-state = 'f ord-res-11-state =
bOOl) Rf Rb.
bisimulation
(constant-context ord-res-10) ord-res-8-final
(constant-context ord-res-11) ord-res-11-final
MATCH Ry Rp
proof (rule ex-bisimulation-from-forward-simulation)
show right-unique (constant-context ord-res-10)
using right-unique-constant-context right-unique-ord-res-10 by metis
next
show right-unique (constant-context ord-res-11)
using right-unique-constant-context right-unique-ord-res-11 by metis
next
show V S. ord-res-8-final S — (B 8. constant-context ord-res-10 S S
by (metis finished-def ord-res-10-semantics.final-finished)
next
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show V S. ord-res-11-final S — (3 S'. constant-context ord-res-11 S S’
by (metis finished-def ord-res-11-semantics.final-finished)
next
show Vi 510 S11. match i S10 S11 — ord-res-8-final S10 +— ord-res-11-final
S11
unfolding match-def
using ord-res-10-final-iff-ord-res-11-final by metis
next
show Vi S10 S11. match i S10 S11 —
safe-state (constant-context ord-res-10) ord-res-8-final S10 A
safe-state (constant-context ord-res-11) ord-res-11-final S11
proof (intro alll impI conjI)
fix ¢ S10 S11
assume match: match i 510 S11
show safe-state (constant-context ord-res-10) ord-res-8-final S10
using match|unfolded match-def]
using ord-res-10-safe-state-if-invars
unfolding ord-res-10-matches-ord-res-11.simps by auto

show safe-state (constant-context ord-res-11) ord-res-11-final S11
using matchlunfolded match-def]
using ord-res-11-safe-state-if-invars
using ord-res-10-matches-ord-res-11.simps by auto
qed
next
show wfp (A- -. False)
by simp
next
show Vi S10 S11 S10’. match i S10 S11 — constant-context ord-res-10 S10
S10" —
(34’ S11". (constant-context ord-res-11)*+ S11 S11' A match i’ S10' S117) Vv
(3¢". match i’ S10’ S11 N False)
unfolding match-def
using forward-simulation-between-10-and-11 by metis
qed

end

type-synonym bisim-indez-1-2 = nat X nat

type-synonym bisim-indez-1-3 = bisim-index-1-2 x (nat X nat)
type-synonym bisim-indez-1-4 = bisim-indez-1-3 X (nat x nat)
type-synonym bisim-index-1-5 = bisim-index-1-4 X (nat x nat)
type-synonym bisim-indez-1-6 = bisim-index-1-5 X (nat X nat)
type-synonym bisim-indez-1-7 = bisim-index-1-6 x (nat X nat)
type-synonym bisim-indexz-1-8 = bisim-index-1-7 x (nat X nat)
type-synonym bisim-indez-1-9 = bisim-index-1-8 x (nat X nat)

n
type-synonym bisim-index-1-10 = bisim-indez-1-9 X (nat X nat)
type-synonym bisim-index-1-11 = bisim-indez-1-10 x (nat X nat)
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context simulation-SCLFOL-ground-ordered-resolution begin

theorem bisimulation-ord-res-1-ord-res-11:
obtains
MATCH :: bisim-index-1-11 = 'f ord-res-1-state = 'f ord-res-11-state = bool
and
Ry Ry 2 bisim-index-1-11 = bisim-index-1-11 = bool
where
bisimulation
ord-res-1 ord-res-1-final
(constant-context ord-res-11) ord-res-11-final
MATCH Ry Rp
apply atomize-elim
using bisimulation-ord-res-1-ord-res-2
bisimulation-ord-res-2-ord-res-3
bisimulation-ord-res-3-ord-res-4
bisimulation-ord-res-4-ord-res-5
bisimulation-ord-res-5-ord-res-6
bisimulation-ord-res-6-ord-res-7
bisimulation-ord-res-7-ord-res-8
bisimulation-ord-res-8-ord-res-9
bisimulation-ord-res-9-ord-res-10
bisimulation-ord-res-10-ord-res-11
using bisimulation-composition by meson

theorem
obtains
MATCH :: bisim-index-1-11 = 'f ord-res-1-state = 'f ord-res-11-state = bool
and
Ry Ry 2 bisim-index-1-11 = bisim-index-1-11 = bool
where
bisimulation
ord-res-1 ord-res-1-final
(constant-context ord-res-11) ord-res-11-final
MATCH Ry Ry and
N\j S1 S11. MATCH j S1 S11 = ord-res-1-final S1 <— ord-res-11-final S11
using bisimulation-ord-res-1-ord-res-11 bisimulation.agree-on-final
by (metis (no-types, opaque-lifting))

38 ORD-RES-11 is a regular SCL strategy

definition gtrailelem-of-trailelem where
gtrailelem-of-trailelem = \(L, opt).
(lit-of-glit L, map-option (AC. (cls-of-gcls {#K €# C. K # L#}, lit-of-glit L,
Var)) opt)

fun state-of-gstate :: - = ('f, 'v) SCL-FOL.state where

state-of-gstate (Ug, -, T'q, Cg) =
(let
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I' = map gtrailelem-of-trailelem T'g;

U = cls-of-gcls || Ug;

C = map-option (ACq. (cls-of-gcls Cq, Var)) Cq
in (T, U, C))

lemma fst-case-prod-simp: fst (case p of (z, y) = (fz, gz y)) = f (fst p)
by (cases p) simp

lemma trail-false-cls-nonground-iff-trail-false-cls-ground:
fixes I'¢ and D¢ :: 'f gclause
fixes ' :: ('f, 'v) SCL-FOL.trail and D :: ('f, 'v) term clause
defines I' = map gtrailelem-of-trailelem I'¢ and D = cls-of-gcls Dg
shows trail-false-cls I' D +— trail-false-cls T'¢ Dg
proof —
have trail-false-cls T D «— (VL €# D. trail-false-lit T' L)
unfolding trail-false-cls-def ..
also have ... «— (VLg €# Dg. trail-false-lit T (lit-of-glit L))
unfolding D-def cls-of-gcls-def by simp
also have ... «— (VLg €# Dg. trail-false-lit I'c L)
proof —
have trail-false-lit T (lit-of-glit Lg) <— trail-false-lit T'¢ Lg
for Lqg :: 'f gterm literal
proof —
have trail-false-lit T' (lit-of-glit L) +— — lit-of-glit Lg € fst “ set T
unfolding trail-false-lit-def ..
also have ... +—
— (lit-of-glit Le == (’f, 'v) term literal) € set (map (Az. lit-of-glit (fst x))
I¥e)
unfolding I'-def image-set list.map-comp
unfolding gtrailelem-of-trailelem-def
unfolding list.map-comp
unfolding comp-def fst-case-prod-simp ..
also have ... «— (lit-of-glit (— Lg) :: ('f, 'v) term literal) € lit-of-glit * fst
‘set I'a
by (cases Lg) (auto simp: lit-of-glit-def)
also have ... +— — Lg € fst ‘set I'g
using inj-image-mem-iff inj-lit-of-glit by metis
also have ... «— trail-false-lit I'¢ Lq
unfolding trail-false-lit-def ..
finally show trail-false-lit T' (lit-of-glit Lg) = trail-false-lit T Lg .
qed
thus ?thesis by metis
qed
also have ... +— trail-false-cls I'¢ Dg
unfolding trail-false-cls-def ..
finally show ?thesis .
qed
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theorem ord-res-11-is-strategy-for-regular-scl:
fixes
Ng = 'f gclause fset and
N :: ('f, 'v) term clause fset and
Ba :: 'f gterm and
B = ('f, 'v) term and
Sa Sa’  'f gclause fset x 'f gelause fset x ('f gliteral x 'f gclause option) list
x 'f gclause option and
S S":: ('f, 'v) SCL-FOL.state
defines
N = cls-of-gcls || Ng and
B = term-of-gterm Bg and
S = state-of-gstate Sg and
S’ = state-of-gstate Sg'
assumes
ball-le-fc: ¥ Ag |€| atms-of-clss Ng. Ag =t Be and
run: (ord-res-11 Ng)** ({II}, {ll}, [], None) S¢ and
step: ord-res-11 Ng Sg Sg'
shows
scl-fol.reqular-scl N 3 S S’
proof —
have ord-res-11-invars Ng ({||}, {II}, [, None)
using ord-res-11-invars-initial-state .

hence ord-res-11-invars Ng Sq
using run rtranclp-ord-res-11-preserves-invars by metis

obtain Ug F I'¢ Cg where Sg-def: S¢ = (Ug, F, T'a, Ca)
by (metis surj-pair)

obtain I' U C where S-def: S = (T, U, C)
by (metis surj-pair)

have I'-def: I' = map gtrailelem-of-trailelem T'g
using S-def Sg-def «S = state-of-gstate Sg» by simp

have U-def: U = cls-of-gcls || Ug
using S-def Sg-def «S = state-of-gstate Sg» by simp

have C-def: C = map-option (AC¢q. (cls-of-gcls Cq, Var)) Cq
using S-def Sg-def «S = state-of-gstate Sg> by simp

obtain 7’ Ug’ :: 'f gclause fset and T'¢’ :: - list and Cg' :: - option where
Sg'-def: S¢' = (Ug', F', I'c’, Ca')
by (metis surj-pair)

obtain I'' :: - list and U’ :: - fset and C' :: - option where

S'-def: "= (T, U, C’)
by (metis surj-pair)
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have I''-def: I'' = map gtrailelem-of-trailelem '’
using S'-def Sg'-def «S’ = state-of-gstate Sg’y by simp

have U'-def: U’ = cls-of-gcls || Ug'’
using S'-def Sg'-def «S’ = state-of-gstate Sg’y by simp

have C’-def: C' = map-option (A\Cgq. (cls-of-gcls Cg, Var)) Cg’
using S'-def Sg'-def «S’ = state-of-gstate Sg’» by simp

have atms-of-clss Ug |C| atms-of-clss Ng
using <ord-res-11-invars Ng Sg>[unfolded Sg-def]
unfolding ord-res-11-invars.simps by simp

have atms-of-clss (Ng |U| Ug) = atms-of-clss N |U| atms-of-clss Ug
by (simp add: atms-of-clss-def fimage-funion)

also have ... = atms-of-clss Ng
using <atms-of-clss Ug |C| atms-of-clss N> by auto

finally have atms-of-clss (Ng |U| Ug) = atms-of-clss Ng .

have clauses-in-F -have-pos-maz-lit: ¥ C|€|F. I L. is-pos L A ord-res.is-mazimal-lit
LC
using <ord-res-11-invars N¢g Sqi[unfolded S¢g-def ord-res-11-invars.simps)
by simp

have nex-conflict-if-nbezx-trail-false:
= fBex (iefac F || (Ng |U| Ug)) (trail-false-cls I'q) = — Ex (scl-fol.conflict
N g 8S)
proof (elim contrapos-nn exE)
fix z :: ('f, 'v) state
assume scl-fol.conflict N 5 S x
hence fBex (N¢ |U| Ug) (trail-false-cls T'c)
unfolding S-def
proof (cases N g (T, U, C) z rule: scl-fol.conflict.cases)
case (conflict] D ~)

obtain Dg where D¢ |€| Ng |U] Ug and D-def: D = cls-of-gels Dg
using <D |€| N U] U>
unfolding N-def U-def by blast

moreover have trail-false-cls I'¢ Dg
proof —
have is-ground-cls D
using <D = cls-of-gcls Dg> by simp
hence D -~v =D
by simp
hence trail-false-cls I' D
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using conflict]

unfolding SCL-FOL.trail-false-cls-def trail-false-cls-def
unfolding SCL-FOL.trail-false-lit-def trail-false-lit-def
by argo

thus ?thesis
unfolding I'-def D-def
unfolding trail-false-cls-nonground-iff-trail-false-cls-ground .
qed
ultimately show ?thesis by metis
qed

thus fBex (iefac F || (Ng |U| Ug)) (trail-false-cls T'c)
unfolding bez-trail-false-cls-simp .
qed

have nex-conflict-if-alread-in-conflict: Cq = Some C¢ = — Ex (scl-fol.conflict
N g 8S) for Cq
unfolding S-def C-def by (simp add: scl-fol.conflict.simps)

have nex-conflict-if-no-clause-could-propagate-comp:
- Ex (scl-fol.conflict N 8 ((lit-of-glit Lg, None) # T, U, C))
if
nex-false-clause-wrt-I'q: = fBex (iefac F || (Ng |U| Ug)) (trail-false-cls T'q)
and
ball-lt-atm-Lg: Vo |€] trail-atms Tg. x < atm-of Lg and
nex-clause-that-propagate: = (3 C |€| iefac F | (Ng |U| Ug).
clause-could-propagate T'e C (— Lg))
for Lg
proof (intro notl, elim exFE)
fix S" :: ('f, 'v) SCL-FOL.state
assume scl-fol.conflict N 8 ((lit-of-glit Lg, None) # T, U, C) S"
thus Fulse
proof (cases N 8 ((lit-of-glit Lg, None) # T, U, C) S"' rule: scl-fol.conflict.cases)
case (conflict] D =)

obtain Dg where D¢ |€| Ng U] Ug and D-def: D = cls-of-gcls D¢
using <D |€| N |U| U> N-def U-def by blast

have (lit-of-glit Lg :: ('f, 'v) term literal, None) # T =
(map gtrailelem-of-trailelem ((Lg, None) # T'g) = ('f, 'v) SCL-FOL.trail)
by (simp add: T-def gtrailelem-of-trailelem-def)

moreover have D - v = cls-of-gcls Dg
unfolding D-def by simp

ultimately have trail-false-cls

(map gtrailelem-of-trailelem ((Lg, None) # T'q) = ('f, 'v) SCL-FOL.trail)
(cls-of-gcls Dg)
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using «SCL-FOL.trail-false-cls ((lit-of-glit Lg, None) # T') (D - )
unfolding SCL-FOL.trail-false-cls-def trail-false-cls-def

unfolding SCL-FOL.trail-false-lit-def trail-false-lit-def

by metis

hence trail-false-cls ((Lg, None) # ') D¢
using trail-false-cls-nonground-iff-trail-false-cls-ground by blast

hence trail-false-cls T {#Kg €# Dg. K¢ # — Lo#}
unfolding trail-false-cls-def trail-false-lit-def
by auto

moreover have ord-res.is-mazimal-lit (— Lg) Dg
unfolding linorder-lit.is-maximal-in-mset-iff
proof (intro conjl balll implI)
show — Lg €# D¢
using D¢ |€] Ng |U| Ug» <trail-false-cls ((Lg, None) # T'¢) Dg»
subtrail-falsel
nex-false-clause-wrt-I' ¢
unfolding bez-trail-false-cls-simp
by blast
next
fix Kg assume Kg €# Dg and Kg # — Lg
hence trail-false-lit ' Kq
using «<trail-false-cls Tq {#Kg €# Dg. K¢ # — Le#}p
unfolding trail-false-cls-def by simp
hence trail-defined-lit T'¢ Kg
by (simp add: trail-defined-lit-iff-true-or-false)
hence atm-of K¢ |€| trail-atms T'¢
unfolding trail-defined-lit-iff-trail-defined-atm .
hence atm-of Ko <; atm-of Lg
using ball-lt-atm-Lg by metis
hence K <; — Lg
by (cases Lg; cases K¢g) simp-all
thus - — Lg <; K¢
by order
qed

moreover have — trail-defined-lit T'¢ (— Lg)
by (metis atm-of-uminus linorder-trm.less-irrefl that(2)

trail-defined-lit-iff-trail-defined-atm)

ultimately have clause-could-propagate T Dg (— Lg)
unfolding clause-could-propagate-def by argo

hence 3 Cl€| Ng |U| Ug. clause-could-propagate I'¢ C (— Lg)
using <Dg |€| N |U| Ug» by metis

hence Fulse
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using nezx-clause-that-propagate
unfolding bex-clause-could-propagate-simp
by contradiction

thus ?thesis .
qed
qed

show ?thesis
using step unfolding Sg-def Sg'-def

proof (cases Ng (Ug, F,Tqg, Cq) (Ug', F',Tg’, Cg’) rule: ord-res-11.cases)
case step-hyps: (decide-neg Ag)

define A :: ('f, 'v) term where
A = term-of-gterm Ag

let ?f = gtrailelem-of-trailelem
have I'' = map ?f I'g’
unfolding I''-def ..

also have ... = map ?f ((Neg Ag, None) # I'c)
unfolding I'¢’ = (Neg Ag, None) # Ty ..

also have ... = ?f (Neg Ag, None) # map ?f T'q
unfolding list.map ..

also have ... = ?f (Neg A, None) # T’
unfolding I'-def ..

also have ... = (lit-of-glit (Neg Ag), None) # T
unfolding gtrailelem-of-trailelem-def prod.case option.map ..

also have ... = (Neg (term-of-gterm Ag), None) # T’
unfolding lit-of-glit-def literal.map ..

also have ... = (Neg A, None) # T

unfolding A-def ..
finally have I'' = decide-lit (Neg A) # T’
unfolding decide-lit-def .

have U' = U
unfolding U’-def «Ug' = Ug» U-def ..

have - Ex (scl-fol.conflict N 8 S)
using - fBez (iefac F || (Ng |U| Ug)) (trail-false-cls T'¢)» nex-conflict-if-nbex-trail-false
by metis

moreover have scl-fol.reasonable-scl N § S S’
unfolding scl-fol.reasonable-scl-def
proof (intro conjl impI notl ; (elim exE) ?)
have scl-fol.decide N 3 S S’
unfolding S-def S’-def «<U’ = U» C-def C'-def «Cq = Noner «<Cg’ = None»
option.map
proof (rule scl-fol.decidel )
show is-ground-lit (Neg A -1 Var)
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by (simp add: A-def)
next
have Vz |€| trail-atms T'q. z <; Ag
using step-hyps linorder-trm.is-least-in-ffilter-iff by simp
hence A¢g |¢| trail-atms T'q
by blast
hence Ag ¢ atm-of ‘ fst ‘ set T'q
unfolding fset-trail-atms .
hence term-of-gterm Ag ¢ term-of-gterm  atm-of * fst ¢ set T'q
using inj-image-mem-iff inj-term-of-gterm by metis
hence term-of-gterm Ag ¢ set (map (A\z. term-of-gterm (atm-of (fst x)))

I¥e)
unfolding image-set list. map-comp comp-def .
hence A ¢ set (map (Az. atm-of (lit-of-glit (fst x))) T'q)
unfolding A-def atm-of-lit-of-glit-conv .
hence A ¢ atm-of * fst ‘ set T
unfolding image-set list.map-comp comp-def I'-def gtrailelem-of-trailelem-def
fst-case-prod-simp .
hence A |¢| trail-atms T’
unfolding fset-trail-atms .
hence - trail-defined-lit T' (Neg A -1 Var)
by (simp add: trail-defined-lit-iff-trail-defined-atm)
thus — SCL-FOL.trail-defined-lit T' (Neg A -1 Var)
by (simp add: SCL-FOL.trail-defined-lit-def trail-defined-lit-def)
next
have Ag |€| atms-of-clss (Ng |U| Ug)
using step-hyps linorder-trm.is-least-in-ffilter-iff by blast
hence A¢g |€| atms-of-clss Ng
unfolding <atms-of-clss (Ng |U| Ug) = atms-of-clss Ng» .
hence Ag = Ba
using ball-le-Bg by metis
moreover have gterm-of-term A = Ag
by (simp add: A-def)
moreover have gterm-of-term 8 = Bg
by (simp add: B-def)
ultimately have gterm-of-term A =<; gterm-of-term (3
by argo
thus less-B== (atm-of (Neg A) -a Var)
using inj-term-of-gterm[THEN injD]
by (auto simp: less-B-def A-def [-def)
next
show T"/ = trail-decide T' (Neg A -1 Var)
using I'" = decide-lit (Neg A) # T’
unfolding subst-lit-id-subst .
qed
thus scl-fol.scl N 8 S S’
unfolding scl-fol.scl-def by argo
next
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fix S :: ('f, 'v) SCL-FOL.state
assume scl-fol.conflict N 3 §' S"

moreover have A 8", scl-fol.conflict N 3 S’ S"
proof —
have — Ex (scl-fol.conflict N 8 ((lit-of-glit (Neg Ag), None) # T, U, C))
proof (rule nezx-conflict-if-no-clause-could-propagate-comp)
show — fBex (iefac F || (Ng |U| Ug)) (trail-false-cls T'q)
using step-hyps by argo
next
show Vz |€| trail-atms Tg. x <¢ atm-of (Neg Ag)
unfolding literal.sel
using step-hyps linorder-trm.is-least-in-fset-iff by simp
next
show - (3 C |€| iefac F | (Ng |U| Ug). clause-could-propagate T'c C
(= Neg Ac))
using step-hyps by simp
qed
moreover have lit-of-glit (Neg Ag) = Neg A
unfolding A-def lit-of-glit-def literal.map ..
ultimately show ?thesis
unfolding S'-def I'' = decide-lit (Neg A) # Ty decide-lit-def
using C’-def C-def «<U' = U» step-hyps(1,4) by argo
qed

ultimately show Fulse
by metis
qed

ultimately show #thesis
unfolding scl-fol.reqular-scl-def by argo
next
case step-hyps: (decide-pos Ag)

define A :: ('f, 'v) term where
A = term-of-gterm Ag

let ?f = gtrailelem-of-trailelem
have I'' = map ?f I'g’
unfolding I''-def ..

also have ... = map ?f ((Pos Ag, None) # T'g)
unfolding «I'¢’ = (Pos Ag, None) # T'g) ..
also have ... = ?f (Pos Ag, None) # map ?f T'q
unfolding list.map ..
also have ... = ?f (Pos Ag, None) # T’
unfolding I'-def ..
also have ... = (lit-of-glit (Pos Ag), None) # T
unfolding prod.case option.map gtrailelem-of-trailelem-def ..
also have ... = (Pos (term-of-gterm Ag), None) # T’
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unfolding lit-of-glit-def literal.map ..
also have ... = (Pos A, None) # T’
unfolding A-def ..
finally have I'' = decide-lit (Pos A) # T’
unfolding decide-lit-def .

have U' = U
unfolding U’-def «Ug’' = Ug> U-def ..

have — Ex (scl-fol.conflict N 3 S)
using step-hyps nez-conflict-if-nbezx-trail-false by metis

moreover have scl-fol.reasonable-scl N 3 S S’
unfolding scl-fol.reasonable-scl-def
proof (intro conjl impl notl ; (elim exE) ?)
have scl-fol.decide N 8 S S’
unfolding S-def S'-def «U’' = U» C-def C'-def «Cq = None> «<Cg' = None»
option.map
proof (rule scl-fol.decidel”)
show is-ground-lit (Pos A -l Var)
by (simp add: A-def)
next
have Vz |€]| trail-atms T'q. x < Ag
using step-hyps linorder-trm.is-least-in-ffilter-iff by simp
hence A¢g |¢| trail-atms T
by blast
hence Ag ¢ atm-of * fst ‘ set T'q
unfolding fset-trail-atms .
hence term-of-gterm Ag ¢ term-of-gterm ‘ atm-of * fst ¢ set '
using inj-image-mem-iff inj-term-of-gterm by metis
hence term-of-gterm Ag ¢ set (map (Az. term-of-gterm (atm-of (fst x)))
I¥e)
unfolding image-set list. map-comp comp-def .
hence A ¢ set (map (Az. atm-of (lit-of-glit (fst z))) T'q)
unfolding A-def atm-of-lit-of-glit-conv .
hence A ¢ atm-of ¢ fst “ set T
unfolding image-set list. map-comp comp-def T'-def gtrailelem-of-trailelem-def
fst-case-prod-simp .
hence A |¢| trail-atms T
unfolding fset-trail-atms .
hence - trail-defined-lit T' (Pos A -1 Var)
by (simp add: trail-defined-lit-iff-trail-defined-atm)
thus — SCL-FOL.trail-defined-lit T (Pos A -1 Var)
by (simp add: SCL-FOL.trail-defined-lit-def trail-defined-lit-def)
next
have Ag |€| atms-of-clss (Ng |U| Ug)
using step-hyps linorder-trm.is-least-in-ffilter-iff by simp
hence Ag |€| atms-of-clss Ng
unfolding <atms-of-clss (Ng |U| Ug) = atms-of-clss Ng» .
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hence Ag =: B¢
using ball-le-Ba by metis
moreover have gterm-of-term A = Ag
by (simp add: A-def)
moreover have gterm-of-term f = Bg
by (simp add: B-def)
ultimately have gterm-of-term A <; gterm-of-term (3
by argo
thus less-B== (atm-of (Pos A) -a Var) g
using inj-term-of-gterm[ THEN injD]
by (auto simp: less-B-def A-def [-def)
next
show I'' = trail-decide T (Pos A -1 Var)
using I'' = decide-lit (Pos A) # T'y
unfolding subst-lit-id-subst .
qed

thus scl-fol.scI N 8 S S’
unfolding scl-fol.scl-def by argo
next
fix S :: ('f, 'v) SCL-FOL.state
assume scl-fol.conflict N 3 8" S"

moreover have 35" scl-fol.conflict N 5 S’ S"
proof —
have — Ex (scl-fol.conflict N B ((lit-of-glit (Pos Ag), None) # T, U, C))
proof (rule nex-conflict-if-no-clause-could-propagate-comp)
show — fBex (iefac F || (Ng |U| Ug)) (trail-false-cls T'c)
using step-hyps by argo
next
show V z|€| trail-atms Tq. © <; atm-of (Pos Ag)
unfolding literal.sel
using step-hyps linorder-trm.is-least-in-ffilter-iff by simp
next
have clause-could-propagate T'c C (Neg Ag) = trail-false-cls T’ C for

unfolding «I'¢’ = (Pos Ag, None) # ')
using trail-false-if-could-have-propagatated by fastforce

thus — (3 C |€| iefac F || (Ng |U| Ug). clause-could-propagate T' C (—
Pos Ag))
unfolding uminus-Pos
using step-hyps by metis
qed
moreover have lit-of-glit (Pos Ag) = Pos A
unfolding A-def lit-of-glit-def literal.map ..
ultimately show ?thesis
unfolding S'-def I'' = decide-lit (Pos A) # Ty decide-lit-def
using C’-def C-def «U’ = U» step-hyps(1) step-hyps(3) by argo
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qed

ultimately show Fulse by metis
qed

ultimately show %thesis
unfolding scl-fol.reqular-scl-def by argo
next
case step-hyps: (propagate Ag Cg)

have Cg |€| iefac F || (Ng |U| Ug) and Cg-prop: clause-could-propagate T'q
Cq (Pos Ag)
using step-hyps linorder-cls.is-least-in-fset-iff by simp-all

define A :: ('f, 'v) term where
A = term-of-gterm Ag

define C :: ('f, 'v) term clause where
C = cls-of-gcls Cg

have ord-res.is-mazximal-lit (Pos Ag) Cg and trail-false-cls T {#K €# Cgq.
K # Pos Ag#}
using <clause-could-propagate ' Cg (Pos Ag)»
unfolding clause-could-propagate-def by metis+

then obtain Cg’ where Cg = add-mset (Pos Ag) Cqg’
by (metis linorder-lit.is-mazimal-in-mset-iff mset-add)

define C' :: ('f, 'v) term clause where
C' = cls-of-gcls Cg’

let ?f = gtrailelem-of-trailelem
have I'' = map ?f I'g’
unfolding I'’-def ..

also have ... = map ?f ((Pos Ag, Some (efac Cg)) # T'a)
unfolding «I'¢’ = (Pos Ag, Some -) # Tg» ..
also have ... = ?f (Pos Ag, Some (efac Cg)) # map ?f T'q
unfolding list.map ..
also have ... = ?f (Pos Ag, Some (efac Cq)) # T
unfolding I'-def ..
also have ... = (lit-of-glit (Pos Ag),
Some (cls-of-gcls {#K €# efac Cq. K # Pos Ag#}, lit-of-glit (Pos Ag),
Var)) # T
unfolding gtrailelem-of-trailelem-def prod.case option.map ..
also have ... = (lit-of-glit (Pos Ag),
Some (cls-of-gels {#K €# add-mset (Pos Ag) {#K €# Cq. K # Pos Ag#}.
K # Pos Ag#},
lit-of-glit (Pos Ag), Var)) # T
proof —
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have is-pos (Pos Ag)
by simp

moreover have linorder-lit.is-mazimal-in-mset C'c (Pos Ag)
using Cg-prop unfolding clause-could-propagate-def by argo

ultimately show ?thesis
using efac-spec-if-pos-lit-is-mazximal by metis
qed
also have ... = (lit-of-glit (Pos Ag),
Some (cls-of-gcls {#K €# Cq. K # Pos Ag#}, lit-of-glit (Pos Ag), Var))
#T
by (simp add: filter-filter-mset)

also have ... = (Pos A, Some (cls-of-gcls {#K €# Cq. K # Pos Ag#}, Pos
A, Var)) # T
by (simp add: A-def lit-of-glit-def)
also have ... = (Pos A, Some (cls-of-gcls {#L €# Cg. lit-of-glit L # Pos

A#}, Pos A, Var)) # T
by (metis A-def glit-of-lit-lit-of-glit lit-of-glit-def literal.simps(9))
also have ... = (Pos A, Some ({#L €# cls-of-gcls Ci. L # Pos A#}, Pos A,
Var)) # T
unfolding cls-of-gcls-def
unfolding image-mset-filter-mset-swap|of lit-of-glit AL. L # Pos A C¢]
unfolding cls-of-gcls-def[symmetric] ..

also have ... = (Pos A -l Var, Some ({#L €# cls-of-gcls Cq. L # Pos A#},
Pos A, Var)) # T
by simp
also have ... = (Pos A -l Var, Some ({#L €# C. L # Pos A#}, Pos A, Var))
4T

unfolding C-def ..
finally have I/ = propagate-lit (Pos A) {#L €# C. L # Pos A#} Var # T
unfolding propagate-lit-def .

have U' = U
unfolding U’-def «Ug’' = Ug> U-def ..

obtain Cgo where Cgq |€| N |U| Ug and Cg = iefac F Cgo
using «Cq |€| iefac F || (Ng |U|] Ug)> by blast

define Cy :: ('f, "v) term clause where
Co = cls-of-gcls Cao

have ord-res.is-mazimal-lit (Pos Ag) Cao
using <ord-res.is-mazimal-lit (Pos Ag) Cg» «Cq = iefac F Cgo?

by (metis iefac-def linorder-lit.is-mazimal-in-mset-iff set-mset-efac)

have — Ex (scl-fol.conflict N 8 S)
using step-hyps nez-conflict-if-nbezx-trail-false by metis
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moreover have scl-fol.reasonable-scl N 8 S S’
unfolding scl-fol.reasonable-scl-def
proof (intro conjl impl notl ; (elim exE) ?)
have scl-fol.propagate N 3 S S’
unfolding S-def S’-def «U' = U» C-def C'-def «Cq = None> «<Cg' = None»
option.map
proof (rule scl-fol.propagatel’)
show Cy |€| N |U| U
unfolding Cy-def N-def U-def
using <Cgo |€| Ng |U| Ua»
by blast
next
show is-ground-cls (Cy - Var)
by (simp add: Cy-def)

have Pos A €# Cy
unfolding A-def Cy-def
by (metis (no-types, lifting) «Cqe = iefac F Cgo> <ord-res.is-mazimal-lit
(Pos Ag) Cg»
cls-of-gcls-def iefac-def image-eql linorder-lit.is-maximal-in-mset-iff
lit-of-glit-def literal.map(1) multiset.set-map set-mset-efac)

then show Cy = add-mset (Pos A) (Coy — {#Pos A#})
by simp

have Ag |€| atms-of-clss (Ng |U| Ug)
using step-hyps linorder-trm.is-least-in-ffilter-iff by simp
hence A¢g |€| atms-of-clss Ng
unfolding <atms-of-clss (Ng |U| Ug) = atms-of-clss Ng» .
hence Ag = Ba
using ball-le-Bg by metis
moreover have gterm-of-term A = Ag
by (simp add: A-def)
moreover have gterm-of-term 8 = Bg
by (simp add: B-def)
ultimately have gterm-of-term A =<; gterm-of-term (3
by argo
hence less-B== A 8
by (auto simp: less-B-def A-def [-def)

show VK €# Cy - Var. less-B== (atm-of K)
unfolding subst-cls-id-subst
proof (intro balll)
fix K :: ('f, 'v) Term.term literal
assume K €# Cy
then obtain K where K €# Cgo and K-def: K = lit-of-glit K¢
unfolding Cq-def cls-of-gcls-def by blast

have Kg <; Pos Ag
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using <ord-res.is-mazimal-lit (Pos Ag) Cqo» <Kg €# Cao»
unfolding linorder-lit.is-maximal-in-mset-iff by fastforce

hence atm-of Ko = Ag
by (metis literal.collapse(1) literal.collapse(2) literal.sel(1)
ord-res.less-lit-simps(1) ord-res.less-lit-simps(4) reflclp-iff)

hence less-B== (atm-of K) A
by (auto simp: less-B-def K-def A-def atm-of-lit-of-glit-conv)

then show less-B== (atm-of K) 8
using <less-B== A [y by order
qged

show {#K €# Cy. K # Pos A#} = {#K €# removel-mset (Pos A) Cl.
K -l Var # Pos A -l Var#}
by simp

show {#K €# removel-mset (Pos A) Co. K = Pos A#} =
{#K €# removel-mset (Pos A) Co. K -l Var = Pos A -l Var#}
by simp

have trail-false-cls T ({#Ka €# Cgo. K # Pos Ag#})
by (smt (verit, ccfo-threshold) «Cq = iefac F Cgo>
<trail-false-cls T {#K €# Cq. K # Pos Ag#}» iefac-def mem-Collect-eq
set-mset-efac
set-mset-filter trail-false-cls-def)

moreover have (cls-of-gcls {#Kqg €# Cgo. Ko # Pos Ag#} == ('f, v)
term clause) =
{#K €# Co. K # Pos A#}
by (smt (verit) A-def Co-def cls-of-gcls-def filter-mset-cong0 glit-of-lit-lit-of-glit
image-mset-filter-mset-swap lit-of-glit-def literal.map(1))

ultimately have trail-false-cls T ({#K €# Co. K # Pos A#} - Var)
unfolding subst-cls-id-subst
using trail-false-cls-nonground-iff-trail-false-cls-ground[ THEN iffD2]
by (metis T'-def)

thus SCL-FOL.trail-false-cls T' ({#K €# Co. K # Pos A#} - Var)
unfolding SCL-FOL.trail-false-cls-def trail-false-cls-def
unfolding SCL-FOL.trail-false-lit-def trail-false-lit-def
by argo

have Vz |€]| trail-atms T'q. x < Ag

using step-hyps linorder-trm.is-least-in-ffilter-iff by simp
hence Ag |¢| trail-atms T

by blast
hence Ag ¢ atm-of ‘ fst ‘ set T'q
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unfolding fset-trail-atms .
hence term-of-gterm Ag ¢ term-of-gterm ‘ atm-of * fst ‘ set T
using inj-image-mem-iff inj-term-of-gterm by metis
hence term-of-gterm Ag ¢ set (map (Az. term-of-gterm (atm-of (fst x)))
I¥e)
unfolding image-set list. map-comp comp-def .
hence A ¢ set (map (Az. atm-of (lit-of-glit (fst z))) T'q)
unfolding A-def atm-of-lit-of-glit-conv .
hence A ¢ atm-of ¢ fst “ set T
unfolding image-set list. map-comp comp-def T'-def gtrailelem-of-trailelem-def
fst-case-prod-simp .
hence A |¢| trail-atms T
unfolding fset-trail-atms .
hence - trail-defined-lit T' (Pos A -1 Var)
by (simp add: trail-defined-lit-iff-trail-defined-atm)
thus — SCL-FOL.trail-defined-lit T (Pos A -1 Var)
by (simp add: SCL-FOL.trail-defined-lit-def trail-defined-lit-def)

have set-mset (add-mset (Pos A) {#K €# removel-mset (Pos A) Cy. K
= Pos A#}) =
{Pos A}
by (smt (verit) Collect-cong insert-compr mem-Collect-eq set-mset-add-mset-insert
set-mset-filter singletonD)
hence is-unifier Var (atm-of © set-mset
(add-mset (Pos A) {#K €# removel-mset (Pos A) Cy. K = Pos A#}))
by (metis (no-types, lifting) finite-imagel finite-set-mset image-empty
image-insert
is-unifier-alt singletonD)
hence is-unifiers Var {atm-of ¢ set-mset
(add-mset (Pos A) {#K €# removel-mset (Pos A) Co. K = Pos A#})}
unfolding SCL-FOL.is-unifiers-def by simp
thus SCL-FOL.is-imgu Var {atm-of * set-mset
(add-mset (Pos A) {#K €# removel-mset (Pos A) Co. K = Pos A#})}
unfolding SCL-FOL.is-imgu-def by simp

have {#K €# Cqo. K # Pos Ag#} = {#K €# Cq. K # Pos Ag#}
using <ord-res.is-mazimal-lit (Pos Ag) Cg»
using <ord-res.is-mazimal-lit (Pos Ag) Cgo>
unfolding «C¢ = iefac F Cgo>
by (metis add-mset-remove-trivial efac-spec-if-pos-lit-is-mazximal
exl-efac-eq-factoring-chain factorizable-if-neg-efac iefac-def literal.disc(1))

hence {#K €# Cy. K # Pos A#} = {#K €# C. K # Pos A#}
unfolding Cg-def C-def
by (smt (verit, ccf-SIG) A-def cls-of-gcls-def filter-mset-cong0 glit-of-lit-lit-of-glit
image-mset-filter-mset-swap lit-of-glit-def literal.map(1))

thus I'' = trail-propagate T (Pos A -1 Var) ({#K €# Cy. K # Pos A#} -
Var) Var
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unfolding subst-cls-id-subst subst-lit-id-subst
using I'' = propagate-lit (Pos A) {#L €# C. L # Pos A#} Var # )
by argo

qed

thus scl-fol.sct N g S S’
unfolding scl-fol.scl-def by argo
next
fix S :: ('f, 'v) SCL-FOL.state
assume scl-fol.decide N 8 S S’
thus Fulse
unfolding S-def S’-def
proof (cases N 8 (T, U, C) (T, U’, C') rule: scl-fol.decide.cases)
case (decidel L )
show Fulse
using I'" = decide-lit (L -1 ~v) # )
using I'" = propagate-lit (Pos A) {#L €# C. L # Pos A#} Var # Iy
unfolding decide-lit-def propagate-lit-def
by blast
qed
qed

ultimately show #thesis
unfolding scl-fol.reqular-scl-def by argo
next
case step-hyps: (conflict Cg)

have I'' =T
unfolding I'-def <I'q’ = I'q> T'-def ..

have U' = U
unfolding U’-def «Ug’' = Ug> U-def ..

have
Cg-in: Cg |€| iefac F || (Ng |U| Ug) and
Ca-false: trail-false-cls T'¢ C¢ and
Cg-lt: VEg |€] iefac F || (Ng |U| Ug). E¢ # Cq — trail-false-cls T Eq
— Ca <c Eg
using <linorder-cls.is-least-in-fset - C'g»
unfolding atomize-conj linorder-cls.is-least-in-ffilter-iff by argo

have 3 L. is-pos L A ord-res.is-mazimal-lit L C¢
proof (rule notl , elim exE conjE)

fix L :: 'f gliteral
assume is-pos L and Cg-max-lit: ord-res.is-maximal-lit L Cq

have {#} |¢| iefac F || (Ng |U| Ug)
using Cg-lt
by (metis (full-types) Cg-max-lit bot-fset.rep-eq fBex-fempty linorder-cls.leD
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linorder-lit.is-maximal-in-mset-iff mempty-lesseq-cls set-mset-empty
trail-false-cls-mempty)

have trail-false-lit T L
using Cg-mazx-lit Cg-false
unfolding linorder-lit.is-maximal-in-mset-iff trail-false-cls-def
by metis

then obtain Ln 'y where I'q = Ln # T'go
unfolding trail-false-lit-def
by (metis (no-types) List.insert-def image-iff insert-Nil neg-Nil-conv)

moreover have
AAA:Vzxxs. Tg =x # s —
((snd z # None) «— fBezx (iefac F || (Ng |U| Ug)) (trail-false-cls (z #
xs))) A
(snd x # None —> is-pos (fst z)) A
(Vz € set xs. snd x = None) and
BBB: (VI';y InTy. T =11 @Q Ln # I'y — snd Ln = None —
- fBex (iefac F || (Ng |U| Ug)) (trail-false-cls (Ln # Ty))) and
Tg-sorted: sorted-wrt (Axz y. atm-of (fst y) <+ atm-of (fst z)) I
using <ord-res-11-invars N Sr[unfolded Sg-def ord-res-11-invars.simps
ord-res-10-invars.simps]
by simp-all

moreover have fBex (iefac F | (Ng |U| Ug)) (trail-false-cls T'q)
using Cg-in Cg-false by metis

ultimately have snd Ln # None and is-pos (fst Ln) and Vz € set I'go. snd
x = None
unfolding atomize-conj by metis

have — fBex (iefac F | (Ng |U| Ug)) (trail-false-cls T o)
proof (cases I'go)
case Nil
then show ?thesis
using ({#} |¢| iefac F || (Ng |U| Ug)
unfolding trail-false-cls-def trail-false-lit-def
by simp
next
case (Cons z xs)
then show ?thesis
using I'g = Ln # T'gp
using Vz € set I'gg. snd x = None»
using BBB|rule-format, of [Ln], unfolded append-Cons append-Nil]
by simp
qed

hence — trail-false-cls T'gy Cg
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using Cg-in by metis

hence fst Ln = — L
using Cg-false Cg-max-lit Tg-sorted[unfolded <I'c = Ln # T o> sorted-wrt.simps]
by (smt (verit, ccfv-SIG) Neg-atm-of-iff (T'c = Ln # T'go> atm-of-uminus
ord-res.less-lit-simps(4 ) imageE image-insert insertE
linorder-lit.dual-order.strict-trans linorder-lit.is-mazximal-in-mset-iff
linorder-lit.neg-iff linorder-trm.order.irrefl list.simps(15) literal.collapse(1)
ord-res. ground-ordered-resolution-calculus-axioms trail-false-cls-def
trail-false-lit-def)

hence — is-pos L
using <is-pos (fst Ln)»
by (simp add: is-pos-neg-not-is-pos)

thus Fulse
using <is-pos L) by contradiction
qed

hence C¢g |€| Ng ‘U| Ug
proof —
obtain C where C |€| Ng |U| Ug and Cg = iefac F C
using Cg-in by blast

hence Cqg = C
using A L. is-pos L A ord-res.is-mazimal-lit L C g
by (metis clauses-in-F -have-pos-max-lit ex1-efac-eq-factoring-chain iefac-def
ord-res.ground-factorings-preserves-mazimal-literal)

thus ?thesis
using <C |€| Ng |U] Ug» by simp
qed

have scl-fol.conflict N 8 S S’
unfolding S-def S’-def <I'' =T» «<U’ = Uy C-def C’-def «Cq = None> «Cg'
= Some C¢> option.map
proof (rule scl-fol.conflict])
show cls-of-gcls Cq |€| N |U| U
unfolding N-def U-def
using «Cq |€| Ng U] Ug» by auto
next
show is-ground-cls (cls-of-gcls Cq - (Var:'v = ('f, -) Term.term))
by simp
next
have trail-false-cls T'¢ Cq
using <trail-false-cls I'q Cg> .

hence trail-false-cls T (cls-of-gcls Cq - Var)
unfolding I'-def subst-cls-id-subst
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using trail-false-cls-nonground-iff-trail-false-cls-ground by metis

thus SCL-FOL.trail-false-cls T' (cls-of-gcls Cq - Var)
unfolding SCL-FOL.trail-false-cls-def trail-false-cls-def
unfolding SCL-FOL.trail-false-lit-def trail-false-lit-def
by argo
qed

thus ?thesis
unfolding scl-fol.reqular-scl-def by argo
next
case step-hyps: (skip Lg Ca ng)

have I' = gtrailelem-of-trailelem (Lg, ng) # T’
unfolding T'-def T''-def <T'¢ = (Lg, ng) # I'c” by simp

have U' = U
unfolding U’-def «Ug' = Ug> U-def ..

have — Ex (scl-fol.conflict N 8 S)
using «Cg = Some C¢g» nex-conflict-if-alread-in-conflict by metis

moreover have scl-fol.reasonable-scl N 8 S S’
unfolding scl-fol.reasonable-scl-def
proof (intro conjl impl notl ; (elim exE) )
have scl-fol.skip N 8 S S’
unfolding S-def S'-def «U’ = U) C-def C'-def «Cq = Some Cgy «Cg' =
Some Cg» option.map
unfolding I = - # 'y gtrailelem-of-trailelem-def prod.case
proof (rule scl-fol.skipI)
have — lit-of-glit Lg = lit-of-glit (— L¢g)
by (cases Lg) (simp-all add: lit-of-glit-def)
show — lit-of-glit Lg ¢4 cls-of-gcls Cg - Var
unfolding subst-cls-id-subst
unfolding <— lit-of-glit Lg = lit-of-glit (— L)
unfolding cls-of-gcls-def
using «— Lg ¢# C¢» inj-image-mset-mem-iff [OF ing-lit-of-glit)
by metis
qed

thus scl-fol.scl N 8 S S’
unfolding scl-fol.scl-def by argo
next
fix S :: ('f, 'v) SCL-FOL.state
assume scl-fol.conflict N 3 S’ S"

moreover have 8", scl-fol.conflict N 3 S' S"
unfolding S'-def C'-def «Cq' = Some Cg» by (simp add: scl-fol.conflict.simps)
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ultimately show Fulse
by metis
qed

ultimately show Zthesis
unfolding scl-fol.regular-scl-def by argo
next
case step-hyps: (resolution Lg Cq T'c” Dg)

have '’ =T
unfolding T''-def T'g’ = T T-def ..

have U' = U
unfolding U’-def «Ug' = Ug> U-def ..

have C = Some (cls-of-gcls Dg, Var)
unfolding C-def «Cg = Some Dg»> option.map ..

hence C-eq: C = Some
(add-mset (— lit-of-glit Lg) (removel-mset (— lit-of-glit Lg) (cls-of-gcls Dg)),
Var)
by (smt (verit, best) add-mset-remove-trivial atm-of-eq-atm-of atm-of-lit-of-glit-conv
cls-of-gcls-def glit-of-lit-lit-of-glit image-mset-add-mset insert-DiffM step-hyps(7)
uminus-not-id")

have C’ = Some (
removel-mset (— (lit-of-glit Lg)) (cls-of-gcls Dg) +
removel-mset (lit-of-glit La) (cls-of-gcls Cq), Var)
unfolding C’-def «Cg' = Some -» option.map
apply (simp add: cls-of-gcls-def)
by (smt (verit, ccfv-threshold) add-diff-cancel-right’ add-mset-add-single atm-of-eq-atm-of
atm-of-lit-of-glit-conv diff-single-trivial glit-of-lit-lit-of-glit
image-mset-removel-mset-if insert-Diff M is-pos-neg-not-is-pos msed-map-invR)
hence C’-eq: C' = Some (
(removel-mset (— (lit-of-glit L)) (cls-of-gcls D) - Var +
removel-mset (lit-of-glit Lg) (cls-of-gcls Cg) - Var) - Var, Var)
by simp

have linorder-lit.is-greatest-in-mset Cg La
using <ord-res-11-invars Ng Sq[unfolded Sg-def <T'c = (Lg, Some Cg) #
Te'h]
unfolding ord-res-11-invars.simps ord-res-10-invars.simps
by simp

hence add-mset Lg {#y €# Cq. y # La#} = Cq
using linorder-lit.explode-greatest-in-mset by metis

hence Cg — {#Lg#} = {#K €# Cq. K # Lo#}

by (metis add-mset-remove-trivial)
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hence cls-of-gcls (Ca — {#La#}) = cls-of-gcls {#K €# Cq. K # Lo#}
by argo

moreover have cls-of-gcls (Cq — {#Lg#}) = cls-of-gcls Co — cls-of-gcls
{#Lc#}
unfolding cls-of-gcls-def
proof (rule image-mset-Diff)
show {#Lc#} C# Cq
by (metis <ord-res.is-strictly-maximal-lit Lg Cg> linorder-lit.is-greatest-in-mset-iff
single-subset-iff)
qed

ultimately have cls-of-gcls Co — {#lit-of-glit La#} = cls-of-gcls {#K €#
Ca. K # Lo#}
by (metis <add-mset Lg {#y €# Cq. y # Le#} = Cg» cls-of-gels-def
image-mset-removel-mset-if
union-single-eq-member)

have — Ex (scl-fol.conflict N 8 S)
using «Cg = Some - nex-conflict-if-alread-in-conflict by metis

moreover have scl-fol.reasonable-scl N 8 S S’
unfolding scl-fol.reasonable-scl-def
proof (intro conjl impl notl ; (elim exE) )
have scl-fol.resolve N 3 S S’
unfolding S-def S'-def <T''=T» «U' = U»
unfolding C-eq C'-eq
proof (rule scl-fol.resolvel)
show T" = trail-propagate (map gtrailelem-of-trailelem T'g")
(lit-of-glit Lg) (removel-mset (lit-of-glit Le) (cls-of-gels Cg)) Var
unfolding I'-def T'¢ = (Lg, Some Cg) # Ta') gtrailelem-of-trailelem-def
list.map prod.case
unfolding propagate-lit-def subst-lit-id-subst option.map
unfolding <removel-mset (lit-of-glit Lg) (cls-of-gcls Cq) = cls-of-gcls
(#K e# Ca. K # La#h
by argo
next
show lit-of-glit Lg -l Var = — (= lit-of-glit Lg -1 Var)
by simp
next
show SCL-FOL.is-renaming Var
by simp
next
show SCL-FOL.is-renaming Var
by simp
next
show
vars-cls (add-mset (— lit-of-glit Lg)
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(removel-mset (— lit-of-glit Lg) (cls-of-gcls D)) - Var) N
vars-cls (add-mset (lit-of-glit L)
(removel-mset (lit-of-glit Lg) (cls-of-gcls Cg)) - Var) =
{}
by (metis (no-types, lifting) boolean-algebra.conj-zero-right cls-of-gcls-def
diff-single-trivial image-mset-add-mset insert-Diff M subst-cls-id-subst
vars-cls-cls-of-gcls)
next
show SCL-FOL.is-imgu Var
{{atm-of (= lit-of-glit Lg) -a Var, atm-of (lit-of-glit Lg) -a Var}}
by (simp add: SCL-FOL.is-imgu-def SCL-FOL.is-unifiers-def SCL-FOL.is-unifier-def)
next
show is-grounding-merge Var
(vars-cls
(add-mset (— lit-of-glit Lg) (removel-mset (— lit-of-glit Le) (cls-of-gcls
D¢)) - Var))
(rename-subst-domain Var Var)
(vars-cls
(add-mset (lit-of-glit Lg) (removel-mset (lit-of-glit Lg) (cls-of-gcls Ca))
- Var))
(rename-subst-domain Var Var)
by (simp add: is-grounding-merge-def)
qed

thus scl-fol.scl N 8 S S’
unfolding scl-fol.scl-def by argo
next
fix S :: ('f, 'v) SCL-FOL.state
assume scl-fol.conflict N 3 §' S"

moreover have 8", scl-fol.conflict N 3 S’ S"
unfolding S’-def C’-def «Cq' = Some - by (simp add: scl-fol.conflict.simps)

ultimately show Fulse
by metis
qed

ultimately show %thesis
unfolding scl-fol.reqular-scl-def by argo
next

case step-hyps: (backtrack Lo Cg)

define K :: ('f, 'v) term literal where
K = — lit-of-glit Lg

define D :: ('f, 'v) term clause where
D = cls-of-gcls Co — {#K#}

have add-mset K D = cls-of-gcls Cq
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by (smt (verit, best) D-def K-def add-mset-remove-trivial atm-of-eq-atm-of
atm-of-lit-of-glit-conv cls-of-gcls-def glit-of-lit-lit-of-glit image-mset-add-mset
insert-Diff M step-hyps(6) uminus-not-id’)

have U’ = finsert (add-mset K D) U
unfolding U-def U'-def <Ug’ = finsert Cqg Ug»
by (smt (verit, ccfv-SIG) D-def K-def add-mset-remove-trivial atm-of-eq-atm-of
atm-of-lit-of-glit-conv cls-of-gcls-def fimage-finsert glit-of-lit-lit-of-glit
image-mset-add-mset insert-Diff M step-hyps(6) uminus-not-id’)

have C = Some (add-mset K D, Var)
by (smt (verit) D-def K-def C-def add-mset-remove-trivial atm-of-eq-atm-of
atm-of-lit-of-glit-conv cls-of-gcls-def glit-of-lit-lit-of-glit image-mset-add-mset
insert-Diff M option.map(2) step-hyps(1,6) uminus-not-id’)

have C’' = None
unfolding C’-def «Cg’ = None> option.map ..

have - Ex (scl-fol.conflict N 8 §)
using «Cg = Some -) nex-conflict-if-alread-in-conflict by metis

moreover have scl-fol.reasonable-scl N 5 S S’
unfolding scl-fol.reasonable-scl-def
proof (intro conjl impl notl ; (elim exE) ?)
have scl-fol.backtrack N 3 S S’
unfolding S-def S’-def
unfolding U’ = finsert (add-mset K D) U «C = Some (add-mset K D,
Var)y <C' = None)
proof (rule scl-fol.backtrackl)
show T' = trail-decide ([] @ T'’) (lit-of-glit Lg)
unfolding append-Nil
unfolding decide-lit-def
unfolding I'-def U = - # -» list.map T'’-def[symmetric]
unfolding gtrailelem-of-trailelem-def prod.case option.map

next
show lit-of-glit L = — (K -1 Var)
unfolding K-def by simp
next

have sorted-wrt (Az y. atm-of (fst y) < atm-of (fst xz)) '
using <ord-res-11-invars Ng Sqgy[unfolded S¢g-def]
unfolding ord-res-11-invars.simps ord-res-10-invars.simps
by fast

hence trail-consistent I'g
using trail-consistent-if-sorted-wrt-atoms by metis

hence - trail-defined-lit T’ (— Lg)
by (metis trail-consistent.cases atm-of-eq-atm-of list.distinct(1) list.inject
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prod.sel(1) step-hyps(5) trail-defined-lit-iff-trail-defined-atm)

hence - trail-false-lit T’ (— L)
using trail-defined-lit-iff-true-or-false by metis

hence — trail-false-cls T’ Cq
using «(— Lg €# Co»
unfolding trail-false-cls-def by metis

hence — trail-false-cls T (add-mset K D)
unfolding I''-def <add-mset K D = cls-of-gcls Cg»
unfolding trail-false-cls-nonground-iff-trail-false-cls-ground .

moreover have is-ground-cls (add-mset K D)
using C-def «C = Some (add-mset K D, Var)) step-hyps(1) by auto

ultimately have 7. is-ground-cls (add-mset K D - ) A trail-false-cls T/
(add-mset K D - )
by simp

thus A~. is-ground-cls (add-mset K D - v) A SCL-FOL.trail-false-cls T"'
(add-mset K D - )
unfolding SCL-FOL.trail-false-cls-def trail-false-cls-def
unfolding SCL-FOL.trail-false-lit-def trail-false-lit-def
by argo
qed

thus scl-fol.scIl N 3 S S’
unfolding scl-fol.scl-def by argo
next
fix S" :: ('f, 'v) SCL-FOL.state
assume scl-fol.decide N 8 S S’
thus Fulse
unfolding S-def «C = Some -»
by (auto elim!: scl-fol.decide.cases)
qed

ultimately show %thesis
unfolding scl-fol.reqular-scl-def by argo
qed
qed

end

lemma wfp-on-antimono-stronger:
fixes
A :: 'a set and B :: 'b set and
f:'a= "band
R:'b= 'b= bool and Q :: 'a = 'a = bool
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assumes
wf: wfp-on B R and
sub: f A C B and
mono: N\ey. 1€ A=y A= Qrzy= R (fz) (fy)
shows wfp-on A @
unfolding wfp-on-iff-ex-minimal
proof (intro alll impl)
fix A’ :: 'a set
assume A’ C A and A’ # {}
have f ‘A’ C B
using <A’ C Ay sub by blast
moreover have f ¢ A’ # {}
using (A’ # {}> by blast
ultimately have 3zef ‘A’ Vy. Ryz — y ¢ f* A’
using wf wfp-on-iff-ex-minimal by blast
hence 32€A". Vy. R (fy) (fz) — y ¢ A’
by blast
thus 32€A’. Vy. Quz — y ¢ A’
using <A’ C A> mono by blast
qed

For AFP-devel, delete [wfp-on ?B ¢?R; ?f * YA C ?B; Nz y. [z € ?4; y €
?4; ?Q z y] = R (?f z) (?f y)] = wfp-on ?A ?Q) as it is available in
HOL. Wellfounded.

corollary (in scl-fol-calculus) termination-projectable-strategy:
fixes
N :: ('f, 'v) Term.term clause fset and
B ('f, 'v) Term.term and
strategy and strategy-init and proj
assumes strategy-restricts-reqular-scl:
NS S'. strategy*™ strategy-init S = strategy S S’ = regular-scl N 8 (proj S)
(proj S') and
initial-state: proj strategy-init = initial-state
shows wfp-on {S. strategy** strategy-init S} strategy™
proof (rule wfp-on-antimono-stronger)
show wfp-on {proj S | S. strategy** strategy-init S} (regular-scl N
proof (rule wfp-on-subset)
show wfp-on {S. (regular-scl N B)** initial-state S} (regular-scl N §)~171
using termination-regular-scl by metis
next
show {proj S | S. strategy** strategy-init S} C {S. (regular-scl N B)** ini-
tial-state S}
proof (intro Collect-mono impl, elim exE conjE)
fix s S assume s = proj S and strategy™* strategy-init S
show (regular-scl N B)** initial-state s
unfolding (s = proj S»
using <strategy™* strategy-init S»
proof (induction S rule: rtranclp-induct)
case base

1-1

)-1-1
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thus ?case
unfolding initial-state by simp
next
case (step y 2)
thus Zcase
using strategy-restricts-regular-scl
by (meson rtranclp.simps)
qed
qed
qged
next
show proj ‘ {S. strategy™* strategy-init S} C {proj S |S. strategy™ strategy-init
S}
by blast
next
show A\S’S. S € {S. strategy** strategy-init S} = strategy=*=* §' S =
(regular-scl N B)~1=1 (proj S') (proj S)
using strategy-restricts-reqular-scl by simp
qed

For AFP-devel, delete [scl-fol-calculus ?renaming-vars ?less-B; \S S'. [ ?strategy™*
strategy-init S; ?strateqy S S| = scl-fol-calculus.regular-scl ?less-B 2N

28 (?proj S) (?proj S); ?proj ?strategy-init = initial-state] = wfp-on

{S. ?strategy** ?strategy-init S} ?strategy™'~! as it is available in Sim-
ple-Clause-Learning. Termination.

corollary (in simulation-SCLFOL-ground-ordered-resolution) ord-res-11-termination:

fixes N :: 'f gclause fset

shows wfp-on {S. (ord-res-11 N)** ({||}, {I|}, [, None) S} (ord-res-11 N)~1~1
proof (rule scl-fol.termination-projectable-strategy)

fix § 5’

assume run: (ord-res-11 N)** ({||}, {ll}, [], None) S and step: ord-res-11 N S
Sl

define 8 :: 'f gterm where
B = (THE A. linorder-trm.is-greatest-in-fset (atms-of-clss N) A)

show scl-fol.regular-scl (cls-of-gcls || N) (term-of-gterm ) (state-of-gstate S)
(state-of-gstate S”)
proof (rule ord-res-11-is-strategy-for-regular-scl)
show V A¢ |€| atms-of-clss N. Ag =: B
proof (cases atms-of-clss N = {||})
case True
thus ?thesis
by simp
next
case Fulse
then show ?thesis
unfolding S-def
by (metis (full-types) linorder-trm. Unig-is-greatest-in-fset

614



linorder-trm.ez-greatest-in-fset linorder-trm.is-greatest-in-fset-iff sup2CI
thel-equality’)
qed
next
show (ord-res-11 N)** ({||}, {ll}, [], None) S
using run .
next
show ord-res-11 N S S’
using step .
qged
next
show state-of-gstate ({||}, {||}, [|, None) = SCL-FOL.initial-state
by simp
qed

corollary (in scl-fol-calculus) static-non-subsumption-projectable-strategy:
fixes strategy and strategy-init and proj
assumes
run: strateqy™* strategy-init S and
step: backtrack N 8 (proj S) S’ and
strategy-restricts-reqular-scl:
NS S’. strategy™* strategy-init S = strateqy S S’ = regular-scl N 8 (proj
S) (proj S’) and
initial-state: proj strategy-init = initial-state
defines
U = state-learned (proj S)
shows 3 C +. state-conflict (proj S) = Some (C, v) A = (3D || N |U| U.
subsumes D C')
proof —
have (regular-scl N 3)** initial-state (proj S)
using run
proof (induction S rule: rtranclp-induct)
case base
thus ?case
unfolding initial-state by simp
next
case (step y 2)
thus ?case
using strategy-restricts-reqular-scl
by (meson rtranclp.simps)
qed

moreover have backtrack N 8 (proj S) S’
using step by simp

ultimately show ?thesis
unfolding U-def
using static-non-subsumption-regular-scl
by simp
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qed

For AFP-devel, delete [scl-fol-calculus ?renaming-vars ?less-B; ?strategy™*
strategy-init 2S; scl-fol-calculus.backtrack ?N 28 (?proj 2S) 2S'; NS S’
[ ?strategy™* ?strategy-init S; ?strategy S S| = scl-fol-calculus.reqular-scl
Zless-B ¢N 28 (?proj S) (?proj S'); ?proj ?strategy-init = initial-state]
= 3C ~. state-conflict (?proj 2S) = Some (C, v) A = (ID|€|?N |U|
state-learned (?proj 2S). subsumes D (') as it is available in Simple-Clause-Learning. Non- Redundancy.

corollary (in simulation-SCLFOL-ground-ordered-resolution) ord-res-11-non-subsumption:

fixes Ng :: 'f gclause fset and s :: - X - X - X -
defines

B = (THE A. linorder-trm.is-greatest-in-fset (atms-of-clss N¢g) A)
assumes

run: (ord-res-11 Ng)** ({|I}, {l|}, [], None) s and
step: scl-fol.backtrack (cls-of-gcls || Ng) (term-of-gterm B) (state-of-gstate s)
s/
shows 3U., FI' D. s = (U, F, T, Some D) A = (3C |€| Ng |U| U,,. C C#
D)
proof —
have 3 C ~. state-conflict (state-of-gstate s) = Some (C, v) A
= (3D|€] cls-of-gcls || Ng |U| state-learned (state-of-gstate s). subsumes D
)
proof (rule scl-fol.static-non-subsumption-projectable-strategy|
of ord-res-11 N¢g - - - - state-of-gstate , OF run step))
fix 585’
assume run: (ord-res-11 Ng)** ({||}, {l|}, [, None) S and step: ord-res-11
Ng S S/
show scl-fol.regular-scl (cls-of-gcls || Ng) (term-of-gterm B)
(state-of-gstate S) (state-of-gstate S’)
proof (intro ord-res-11-is-strategy-for-reqular-scl balll)
fix Ag :: 'f gterm
assume Ag |€| atms-of-clss N
show Ag =<; B
proof (cases atms-of-clss Ng = {||})
case True
thus ?thesis
using <Ag |€| atms-of-clss Ng»
by simp
next
case Fulse
then show ?thesis
using <Ag |€| atms-of-clss Ng»
unfolding S-def
by (metis (full-types) linorder-trm. Unig-is-greatest-in-fset
linorder-trm.ex-greatest-in-fset linorder-trm.is-greatest-in-fset-iff sup2CI
thel-equality’)
qed
next
show (ord-res-11 Ng)** ({I|}, {lI}, [], None) S
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using run .
next
show ord-res-11 Ng S S’
using step .
qed
next
show state-of-gstate ({||}, {||}, [], None) = initial-state
by simp
qed

moreover obtain Ug F I' D where s = (Ug, F, I, Some D)
proof atomize-elim
obtain Ug F T' C where s = (Ug, F, T, C)
by (metis prod.ezhaust)

moreover obtain D where C = Some D
using step
by (auto simp: <s = (Ug, F, T, C)» elim: scl-fol.backtrack.cases)

ultimately show 3U.. FT' D. s = (U.,, F, ', Some D)
by metis
qed

ultimately have - (3 C |€| Ng |U|Ug.
subsumes (cls-of-gcls C :: ('f, 'v) term clause) (cls-of-gels D))
by auto

hence = (3 C |€| N¢ |U|Ug. (cls-of-gcls C :: ('f, 'v) term clause) C# (cls-of-gcls
D))
by (simp add: subsumes-def)

hence - (3C |€| Ng |U|Ug. C C# D)

by (metis cls-of-gcls-def image-mset-subseteqg-mono)
thus ?thesis
unfolding <s = (Ug, F, T, Some D)) by metis
qed

end
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