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Abstract

Fixed-point constructions are fundamental to defining recursive and
co-recursive functions. However, a general axiom Y f = f(Y f) leads
to inconsistency, and definitions must therefore be based on theories
guaranteeing existence under suitable conditions. In Isabelle/HOL,
such constructions are typically based on sets, well-founded orders or
domain-theoretic models such as for example HOLCF. In this submission
we introduce Restriction_Spaces, a formalization of spaces equipped
with a so-called restriction, denoted by |, satifying three properties:

zl0=yl]0
rzlnlm=xz] mnnm

r4y=In.zln£yln

They turn out to be cartesian closed and admit natural notions of
constructiveness and completeness, enabling the definition of a fixed-
point operator under verifiable side-conditions. This is achieved in
our entry, from topological definitions to induction principles. Addi-
tionally, we configure the simplifier so that it can automatically solve
both constructiveness and admissibility subgoals, as long as users write
higher-order rules for their operators. Since our implementation relies
on axiomatic type classes, the resulting library is a fully abstract, flex-
ible and reusable framework.
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1 Locales factorizing the proof Work
named-theorems restriction-shift-simpset
named-theorems restriction-shift-introset — Useful for future au-

tomation.

In order to factorize the proof work, we first work with locales

and then with classes.

1.1 Basic Notions for Restriction

locale Restriction =
fixes restriction :: <['a, nat] = ‘a» (infixl <> 60)
and relation  :: «['a, 'a] = bool) (infixl << 50)

assumes restriction-restriction [simp] : <z L n | m = z | min n m)

begin



abbreviation restriction-related-set :: (‘a = 'a = nat set
where «(restriction-related-set zy ={n.z |l n Syl np

abbreviation restriction-not-related-set :: 'a = 'a = nat set
where <restriction-not-related-set t y = {n. ~z L n Ly L nh

lemma restriction-related-set- Un-restriction-not-related-set :
<restriction-related-set x y U restriction-not-related-set x y = UNIV»
by blast

lemma disjoint-restriction-related-set-restriction-not-related-set :
<restriction-related-set x y N restriction-not-related-set x y = {}» by
blast

lemma <bdd-below (restriction-related-set x y)» by (fact bdd-below-bot)

lemma <bdd-below (restriction-not-related-set x y)» by (fact bdd-below-bot)

end

locale PreorderRestrictionSpace = Restriction +
assumes restriction-0-related [simp] : <z L 0 5 y | O
and mono-restriction-related : < z Jy=zlnIylw
and ezx-not-restriction-related : <—z L y=3In.~zlnIylmw
and related-trans : <x L y= Yy 2= 3 2
begin

lemma ezists-restriction-related [simp] : <In. z il n Tyl m
using restriction-0-related by blast

lemma all-restriction-related-iff-related : <«(Vn.z |l n gyl n) +—
<
=Y

using mono-restriction-related ex-not-restriction-related by blast

lemma restriction-related-le : <z | n gy | n if <(n < m) and <z |
mgylm
proof —
from mono-restriction-relatedOF <z | m 5 y | m»] have <z | m |
nSylmlw.
also have <(Az. z | m | n) = (Az. z | n)» by (simp add: <n < my)
finally show <z L n Syl n .
qed

corollary restriction-related-pred : <z | Sucn Tyl Sucn =z ] n
<
Sylmw



by (metis le-add?2 plus-1-eq-Suc restriction-related-le)

lemma all-ge-restriction-related-iff-related : «(Vn>m. z L n 3yl n)
— TSP
by (metis all-restriction-related-iff-related nle-le restriction-related-le)

lemma take-lemma-restriction : «x 3 y»

if<An. [Ak-k<n=12z]lkZ yik]]:>$¢5ucn y | Suc n
proof (subst all-restriction- related-zﬁ related[symmetmc], intro alll)

show <z L n gyl n forn

by (induct n 0 rule: full-nat-induct)
(metis not-less-eq-eq restriction-0-related restriction-related-le that

zero-induct)
qed

lemma ez-not-restriction-related-optimized :
Aln. =zl Suengyl Suen AN (Vm<n.z | mgyl m)if -z

=Y
proof (rule exll)
let 2S = «{n. x| Sucn 3 yJ,Sucn/\(Vm<n rlmg m)p

let ?n = <Inf {n. =z ] Sucn $ y | Sucn A (Vm<n. :Eim yd

mb

from restriction-related-le[of - - z y] take-lemma-restriction|of z y)
xSy

have «?S # {}» by auto

from Inf-nat- defl[OF this] have «%n € 25» .

thus <=z | Suc on g y | Suc on A (Ym<?%n.z | m 5 y ] m) by
blast

thus <wz | Sucen Tyl Suen AN(Vm<n.z |l mgylm)=n
= %ny for n

by (meson not-less-eq-eq order-antisym-conv)

qed

lemma nonempty-restriction-related-set : <restriction-related-set © y

# b

using restriction-0-related by blast

lemma non- UNIV-restriction-not-related-set : <restriction-not-related-set
zy # UNIV»
using restriction-0-related by blast

lemma UNIV-restriction-related-set-iff : <restriction-related-set x y =
UNIV «— z S o
using all-restriction-related-iff-related by blast



lemma empty-restriction-not-related-set-iff : <restriction-not-related-set
ty={}+—z 3y
by (simp add: all-restriction-related-iff-related)

lemma finite-restriction-related-set-iff :
(finite (restriction-related-set © y) «— =z 3 y»
proof (rule iffT)
assume <finite (restriction-related-set x y)»
obtain n where <=z [ n Tyl m
using «finite (restriction-related-set © y)» by fastforce
with mono-restriction-related show «— z < y» by blast
next
assume -z 3 ¥
then obtain n where Vm>n. =z | m Syl m
by (meson all-restriction-related-iff-related less-le-not-le restric-
tion-related-le)
hence «restriction-related-set © y C {0..n}»
by (simp add: subset-iff) (meson linorder-not-le)
thus «finite (restriction-related-set © y)»
by (simp add: subset-eq-atLeast0-atMost-finite)
qed

lemma infinite-restriction-not-related-set-iff :
<anfinite (restriction-not-related-set x y) <+— -z 5y
by (metis empty-restriction-not-related-set-iff finite-restriction-related-set-iff
finite.emptyl finite-Collect-not infinite- UNIV-char-0)

lemma bdd-above-restriction-related-set-iff :
<bdd-above (restriction-related-set  y) <— -z 5 ¥
by (simp add: bdd-above-nat finite-restriction-related-set-iff)

context fixes z y assumes <— z < > begin

lemma Sup-in-restriction-related-set :
«Sup (restriction-related-set © y) € restriction-related-set x y»
using Maz-in[OF finite-restriction-related-set-iff[THEN 1iffD2, OF
-z 3Pl
nonempty-restriction-related-set]
cSup-eq-Maz[OF finite-restriction-related-set-iff THEN iffD2, OF
ST
nonempty-restriction-related-set]
by argo

lemma Inf-in-restriction-not-related-set :
Inf (restriction-not-related-set x y) € restriction-not-related-set x y»
by (metis <— z 5 y» Inf-nat-defl finite.emptyl infinite-restriction-not-related-set-iff)



lemma Inf-restriction-not-related-set-eq-Suc-Sup-restriction-related-set

«Inf (restriction-not-related-set x y) = Suc (Sup (restriction-related-set

zy))
proof —

let 2S-eq = «restriction-related-set x 1>

let 2S-neq = «(restriction-not-related-set x >

from Inf-in-restriction-not-related-set have «Inf ?S-neq € 2S-neq
by blast

from Sup-in-restriction-related-set have <Sup ?S-eq € ?S-eq> by
blast
hence «Suc (Sup ?S-eq) ¢ ?S-eq>
by (metis Suc-n-not-le-n <=z S y> bdd-above-restriction-related-set-iff
cSup-upper)
with restriction-related-set- Un-restriction-not-related-set
have (Suc (Sup ?S-eq) € ?S-neq> by auto
show <Inf 2S-neq = Suc (Sup ?5S-eq)»
proof (rule order-antisym)
show «Inf ?S-neq < Suc (Sup ?5-eq)»
by (fact wellorder-Inf-le1[OF <Suc (Sup ?S-eq) € 2S-ne])
next
from <Inf 2S-neq € ?S-neq> «Sup ?S-eq € ?S-eq> show <Suc (Sup
2S-eq) < Inf ?2S-neq
by (metis (mono-tags, lifting) mem-Collect-eq not-less-eq-eq re-
striction-related-le)
qed
qed

end

lemma restriction-related-set-is-atMost :
<restriction-related-set x y =
(if ¢ < y then UNIV else {..Sup (restriction-related-set = y)})»
proof (split if-split, intro conjl impI)
show <z $ y = restriction-related-set x y = UNIV)
by (simp add: UNIV-restriction-related-set-iff)
next
assume -z J Y
hence * : «Sup (restriction-related-set © y) € restriction-related-set
T Y
by (fact Sup-in-restriction-related-set)
show «(restriction-related-set x y = {..Sup (restriction-related-set x
Yo
proof (intro subset-antisym subsetl)
show «n € restriction-related-set x y = n € {..Sup (restriction-related-set
zy)p for n
by (simp add: «(— z S y» finite-restriction-related-set-iff le-cSup-finite)



next
from * show <n € {..Sup (restriction-related-set x y)} =
n € restriction-related-set z y» for n
by simp (meson mem-Collect-eq restriction-related-le)
qed
qed

lemma restriction-not-related-set-is-atLeast :

<restriction-not-related-set © y =

(if ¢ 5 y then {} else {Inf (restriction-not-related-set © y)..})>

proof (split if-split, intro conjl impl)

from empty-restriction-not-related-set-iff

show «z T y = restriction-not-related-set © y = {}» by blast
next

assume -z $ Y

have <restriction-not-related-set x y = UNIV — restriction-related-set

x 1y by auto
also have (... = UNIV — {..Sup (restriction-related-set © y)}>
by (subst restriction-related-set-is-atMost) (simp add: <— z 3 y»)
also have «... = {Suc (Sup (restriction-related-set z y))..}> by auto

also have <Suc (Sup (restriction-related-set z y)) = Inf (restriction-not-related-set
T y)»
by (simp add: <=z 5 y» flip: Inf-restriction-not-related-set-eq-Suc-Sup-restriction-related-set)
finally show <restriction-not-related-set . y = { Inf (restriction-not-related-set

qed

end

1.2 Restriction shift Maps

locale Restriction-2-PreorderRestrictionSpace =
R1 : Restriction «(J1)» «(Z1)» +
PRS2 : PreorderRestrictionSpace <(12)» «(Z2)
for restriction; :: <'a = nat = ‘a» (infixl <}1> 60)

and relation;  :: <'a = 'a = bool) (infixl << 50)

and restrictions :: <'b = nat = ‘b (infix] <> 60)

and relationg  :: <'b = 'b = booly (infixl <T2» 50)
begin

1.2.1 Definition

This notion is a generalization of constructive map and non-
destructive map.

definition restriction-shift-on :: <['a = 'b, int, 'a set] = bool»
where «(restriction-shift-on fk A =
VeeA. VyecA. V. z i n 1 ydi n— fz Lo nat (int n +
k) S2 fyde nat (int n + k)



definition restriction-shift :: <['a = 'b, int] = bool»
where <restriction-shift f k = restriction-shift-on f k UNIV»

lemma restriction-shift-onl :
(Neyn [redsye b~ faZafy,rdinSiyh n] =
fx Lo nat (int n + k) So fy Lo nat (int n + k))
= restriction-shift-on f k A»
unfolding restriction-shift-on-def
by (metis PRS2.all-restriction-related-iff-related)

corollary restriction-shiftl :
Nzyn. [-frefurhinSiyh n] =
fxla nat (int n + k) T2 fy L2 nat (int n + k))
= restriction-shift f k»
by (unfold restriction-shift-def, rule restriction-shift-onl)

lemma restriction-shift-onD :
([restriction-shift-on fk A; v € Ay y € A; 2z 11 n Sy 1 0]
= fx o nat (int n + k) So fy o nat (int n + k)
by (unfold restriction-shift-on-def) blast

lemma restriction-shiftD :

[restriction-shift fk; x 1 n $1 vy 41 n] = fz L2 nat (int n + k)
<2 fyde nat (int n + k)

unfolding restriction-shift-def using restriction-shift-onD by blast

lemma restriction-shift-on-subset :
<restriction-shift-on f k B = A C B = restriction-shift-on f k A»
by (simp add: restriction-shift-on-def subset-iff)

lemma restriction-shift-imp-restriction-shift-on [restriction-shift-simpset]

<restriction-shift f k = restriction-shift-on f k A»
unfolding restriction-shift-def using restriction-shift-on-subset by
blast

lemma restriction-shift-on-imp-restriction-shift-on-le [restriction-shift-simpset)

<restriction-shift-on f 1 Ay if <I < k» and <restriction-shift-on f k A>
proof (rule restriction-shift-onI)

fixzynassume e b ye b wlinliyhw

from <restriction-shift-on f k Ay[THEN restriction-shift-onD, OF
this]

have «f z |2 nat (int n + k) S fy do nat (int n + k)» .



moreover have <nat (int n + 1) < nat (int n + k)» by (simp add:
nat-mono <l < k)
ultimately show <f z |5 nat (int n + 1) So fy Jo nat (int n + 1))
using PRS2.restriction-related-le by blast
qed

corollary restriction-shift-imp-restriction-shift-le [restriction-shift-simpset]

I < k = restriction-shift f k = restriction-shift f )
unfolding restriction-shift-def
by (fact restriction-shift-on-imp-restriction-shift-on-le)

lemma restriction-shift-on-if-then-else [restriction-shift-simpset, restric-
tion-shift-introset] :
JAz. P x = restriction-shift-on (f z) k A;
Nz. = P & = restriction-shift-on (g z) k A] =
restriction-shift-on (\y. if P x then fz y else g v y) k A>
by (rule restriction-shift-onI) (auto dest: restriction-shift-onD)

corollary restriction-shift-if-then-else [restriction-shift-simpset, restric-
tion-shift-introset] :
A=z Pz = restriction-shift (f z) k;
Nz. = P & = restriction-shift (g z) k] =
restriction-shift (\y. if P x then fx y else g x y) k»
unfolding restriction-shift-def by (fact restriction-shift-on-if-then-else)

1.2.2 Three particular Cases

The shift is most often equal to 0, I or — 1. We provide extra
support in these three cases.

Non-too-destructive Map definition non-too-destructive-on ::
'a ='b, 'a set] = bool>
where (non-too-destructive-on f A = restriction-shift-on f (— 1) A>

definition non-too-destructive :: <['a = 'b] = bool»
where (non-too-destructive f = non-too-destructive-on f UNIV»

lemma non-too-destructive-onl :

<non-too-destructive-on f A»

if<Anzy zed;yed;-fz e fy; ol Suen Z1ydi Sue n]
= frlanZafylamw
proof (unfold non-too-destructive-on-def, rule restriction-shift-onI)

fixxyn

show (z € A;ye A~ fa e fy;zdin Syl n]

= fa 2 nat (int n + — 1) S2 fy b2 nat (int n + — 1)



by (cases <n < 15) (simp-all add: Suc-nat-eq-nat-zadd1 that)
qed

lemma non-too-destructivel :

qAnzy. [ fzSefy;zda Suen S yda Suen] = fzlan So
fyden]

= non-too-destructive f»

by (unfold non-too-destructive-def, rule non-too-destructive-onl)

lemma non-too-destructive-onD :

([non-too-destructive-on f A; x € A; y € A; x |1 Sucn Sy 41 Suc
n] = fzlanTafylamw

unfolding non-too-destructive-on-def using restriction-shift-onD by
fastforce

lemma non-too-destructiveD :

([non-too-destructive f; x |1 Sucn S1 y b1 Sucn] = fz lon o
fylem

unfolding non-too-destructive-def using non-too-destructive-onD
by simp

lemma non-too-destructive-on-subset :

<non-too-destructive-on f B = A C B = non-too-destructive-on f
A

by (meson non-too-destructive-on-def restriction-shift-on-subset)

lemma non-too-destructive-imp-non-too-destructive-on [restriction-shift-simpset]

<non-too-destructive f = non-too-destructive-on f A>
unfolding non-too-destructive-def using non-too-destructive-on-subset
by auto

corollary non-too-destructive-on-if-then-else [restriction-shift-simpset,
restriction-shift-introset):
Az P z = non-too-destructive-on (f z) A; Nz. - P 1 =
non-too-destructive-on (g x) A
= non-too-destructive-on (\y. if P x then fx y else g x y) A»
and non-too-destructive-if-then-else [restriction-shift-simpset, restric-
tion-shift-introset] :
JA\z. Px = non-too-destructive (fz); Az. = P & => non-too-destructive
(9 2)]
= non-too-destructive (Ay. if P x then fx y else g x y)»
by (auto simp add: non-too-destructive-def non-too-destructive-on-def
intro: restriction-shift-on-if-then-else)

Non-destructive Map definition non-destructive-on :: <['a =
b, 'a set] = bool»
where <(non-destructive-on f A = restriction-shift-on f 0 A»

10



definition non-destructive :: <['a = 'b] = bool»
where <(non-destructive f = non-destructive-on f UNIV»

lemma non-destructive-onl :
qAnzy. [n#0;zecdiyec As-foZafyyrdinSyln]
= fzlanZafylen]
= non-destructive-on f A»
by (unfold non-destructive-on-def, rule restriction-shift-onI)
(metis PRS2.restriction-0-related add.right-neutral nat-int)

lemma non-destructivel :
JAnzy. [n# 0~ frefyuzhnZiyvhin]=folanZaf
y 12 n]

= non-destructive f> by (unfold non-destructive-def, rule non-destructive-onlI)

lemma non-destructive-onD :

([non-destructive-on f A; x € A;ye Ay~ fe o fy;clinSiy
hn]=fzlonefylam

by (simp add: non-destructive-on-def restriction-shift-on-def)

lemma non-destructiveD : «[non-destructive f; x |1 n 1 y 41 n] =
felanZafylamw

by (simp add: non-destructive-def non-destructive-on-def restric-
tion-shift-on-def)

lemma non-destructive-on-subset :
<non-destructive-on f B = A C B = non-destructive-on f A»
by (meson non-destructive-on-def restriction-shift-on-subset)

lemma non-destructive-imp-non-destructive-on [restriction-shift-simpset]
<non-destructive f => non-destructive-on f A»
unfolding non-destructive-def using non-destructive-on-subset by

auto

lemma non-destructive-on-imp-non-too-destructive-on [restriction-shift-simpset)
<non-destructive-on f A = non-too-destructive-on f A»
unfolding non-destructive-on-def non-too-destructive-on-def
by (rule restriction-shift-on-imp-restriction-shift-on-le[of <— 1> 0 f

A, simplified])

corollary non-destructive-imp-non-too-destructive [restriction-shift-simpset|
<non-destructive f = non-too-destructive f>»

by (unfold non-destructive-def non-too-destructive-def)
(fact non-destructive-on-imp-non-too-destructive-on)

11



corollary non-destructive-on-if-then-else [restriction-shift-simpset, re-
striction-shift-introset] :
JAz. Px = non-destructive-on (fz) A; Nz. = P x = non-destructive-on
(95) 4]
= non-destructive-on (\y. if P x then fz y else g x y) A»
and non-destructive-if-then-else [restriction-shift-simpset, restric-
tion-shift-introset] :
(JAz. P x = non-destructive (f z); Az. = P & = non-destructive
(9 2)]
= non-destructive (\y. if P x then fz y else g x y)»
by (auto simp add: non-destructive-def non-destructive-on-def
intro: restriction-shift-on-if-then-else)

Constructive Map definition constructive-on :: <['a = 'b, 'a set]
= bool»
where (constructive-on f A = restriction-shift-on f 1 A»

definition constructive :: <['a = 'b] = bools
where <constructive f = constructive-on f UNIV»

lemma constructive-onlI :

qAnzy [zreAye A -foefyzhinSiyhin] = fzols
Suc n Zo fy la Suc n]

= constructive-on f A»

by (simp add: Suc-as-int constructive-on-def restriction-shift-onI)

lemma constructivel :
qAnzy. [~ feZefyzhinZiylin] = fols Sucn o fy
da Suc n]
= constructive f» by (unfold constructive-def, rule construc-
tive-onl)

lemma constructive-onD :

[constructive-on f A; z € A; y e Ayzliniydin] = fzls
Sucn Sa fyda Suc

unfolding constructive-on-def by (metis Suc-as-int restriction-shift-onD)

lemma constructiveD : <[constructive f; x |1 n 1y 41 n] = fz |2
Sucn Zo fyla Suc

unfolding constructive-def using constructive-onD by blast
lemma constructive-on-subset :

<constructive-on f B = A C B = constructive-on f A»

by (meson constructive-on-def restriction-shift-on-subset)

lemma constructive-imp-constructive-on [restriction-shift-simpset] :

12



<constructive f = constructive-on f A»
unfolding constructive-def using constructive-on-subset by auto

lemma constructive-on-imp-non-destructive-on [restriction-shift-simpset]

<constructive-on f A => non-destructive-on f A»
by (rule non-destructive-onl)
(meson PRS2.restriction-related-pred constructive-onD)

corollary constructive-imp-non-destructive [restriction-shift-simpset]

<constructive f = non-destructive f»
unfolding constructive-def non-destructive-def
by (fact constructive-on-imp-non-destructive-on)

corollary constructive-on-if-then-else [restriction-shift-simpset, restric-
tion-shift-introset] :
JAz. P x = constructive-on (f x) A; Ax. = P x = constructive-on
(9 7) 4]
= constructive-on (\y. if P x then fz y else g z y) A
and constructive-if-then-else [restriction-shift-simpset, restriction-shift-introset]

qAz. Pz = constructive (f z); Nx. = P x = constructive (g )]
= constructive (Ay. if Pz then fz y else g z y)»

by (auto simp add: constructive-def constructive-on-def
intro: restriction-shift-on-if-then-else)

end

1.2.3 Properties

locale PreorderRestrictionSpace-2-PreorderRestrictionSpace =
PRS1 : PreorderRestrictionSpace <«(41)> «(Z1)> +
PRS2 : PreorderRestrictionSpace <(12)> «(Z2)
for restriction; :: <'a = nat = 'a> (infixl <}1> 60)

and relation;  :: <'a = 'a = bool) (infixl << 50)

and restrictions :: <'b = nat = ‘b (infix] <] 60)

and relationg  :: <'b = 'b = booly (infixl <Ta» 50)
begin

sublocale Restriction-2-PreorderRestrictionSpace by unfold-locales

lemma restriction-shift-on-restriction-restriction :

f (xd1n) le nat (int n + k) So fzle nat (int n + k)

if <restriction-shift-on fk Ay «x Jine b« e b linSizh
n
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— the last assumption is trivial if (1) is reflexive
by (rule restriction-shift-onD
[OF <restriction-shift-on f k Ay <z |1 n € A «x € A])
(simp add: <x {1 n S1 ¢} m)

corollary restriction-shift-restriction-restriction :
«f (z 41 n) L2 nat (int n + k) So fz Lo nat (int n + k)
if <restriction-shift f k» and <z |1 n S1 @ L1 w

by (rule restriction-shiftD[OF «<restriction-shift f k])
(simp add: <x L1 n 51 ¢} m)

corollary constructive-on-restriction-restriction :
constructive-on fA; x Jin € Az € A;z i n S1 xda 0]
= f (z }1 n) J2a Sucn Zo fola Sucn
using restriction-shift-on-restriction-restriction
restriction-shift-restriction-restriction Suc-as-int
unfolding constructive-on-def by presburger

corollary constructive-restriction-restriction :

cconstructive f =z 1 nSi1zdin= f(zxlin) la Sucnaf
z lo Suc n»

by (simp add: constructive-def constructive-on-restriction-restriction)

corollary non-destructive-on-restriction-restriction :
([non-destructive-on f A; x 1 n€ Ay z € Ay z J1 n S1 11 1
= fhin)lenZe frlaomw
using restriction-shift-on-restriction-restriction
restriction-shift-restriction-restriction
unfolding non-destructive-on-def by (metis add.commute add-0
nat-int)

corollary non-destructive-restriction-restriction :
(non-destructive f =z iy nSiclin=f(zlin) lanafz
2w
by (simp add: non-destructive-def non-destructive-on-restriction-restriction)

corollary non-too-destructive-on-restriction-restriction :
([non-too-destructive-on f A; x 11 Sucn € A; z € A; x |1 Sucn S
z 1 Suc n]
= f(z 1 Sucn)lonSofolomw
using restriction-shift-on-restriction-restriction
restriction-shift-restriction-restriction
unfolding non-too-destructive-on-def by fastforce

corollary non-too-destructive-restriction-restriction :
(non-too-destructive f = = |1 Sucn T1 ¢ 1 Suc n = f (z 11 Suc
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n)iznézfl’iz n)
by (simp add: non-too-destructive-def non-too-destructive-on-restriction-restriction)

end

locale Restriction-2-PreorderRestrictionSpace-2- PreorderRestrictionSpace
R2PRS1 : Restriction-2-PreorderRestrictionSpace <(J1)» «($1)» <«{2)
(22) +
PRS2 : PreorderRestrictionSpace <(13)> «(Z3)
for restrictiony :: <'a = nat = o> (infixl <|1» 60)

and relationy = <'a = 'a = bool (infixl <1 50)

and restrictions :: <'b = nat = ‘b (infix] <]2> 60)

and relationy  :: <'b = 'b = bool> (infixl <T2» 50)

and restrictiong :: (¢ = nat = ‘o> (infixl /3> 60)

and relations  :: <'c = ‘¢ = bool (infixl T3> 50)
begin

interpretation R2PRS2 : Restriction-2-PreorderRestrictionSpace (11)>

(Z1) «(a) «(Z3)
by unfold-locales

interpretation PRS2PRSS : PreorderRestrictionSpace-2-PreorderRestrictionSpace

(({2)> «(Z2) () «(Zs)
by unfold-locales

theorem restriction-shift-on-comp-restriction-shift-on [restriction-shift-simpset)

<R2PRS2.restriction-shift-on (A\z. g (fz)) (k + 1) A
if «f A C B> <PRS2PRS3.restriction-shift-on gl By <R2PRS1.restriction-shift-on
fkA
proof (rule R2PRS2.restriction-shift-onl)
fixzynassumew e HwebwawhinSiyhw
from «R2PRS1.restriction-shift-on f k A> ] THEN R2PRS1.restriction-shift-onD,
OF this]
have «f z |2 nat (int n + k) S fy L2 nat (int n + k) .
moreover from <z € A> <y € A» «f “A C B> have «fz € B) «fy
€ B) by auto
ultimately have <g (f z) |3 nat (int (nat (int n + k)) + 1) <s
g (fy) I3 nat (int (nat (int n + k)) + 1)
using «(PRS2PRS3.restriction-shift-on g | BY[THEN PRS2PRS3.restriction-shift-onD]
by blast
moreover have <nat (int n + (k + 1)) < nat (int (nat (int n + k))
+
by (simp add: nat-mono)
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ultimately show «g (f z) 3 nat (int n + (k + 1)) <3 g (fy) I3 nat
(intn + (kK + 1)
by (metis PRS2.restriction-related-le)
qed

corollary restriction-shift-comp-restriction-shift-on [restriction-shift-simpset)

«PRS2PRS3.restriction-shift g | = R2PRS1.restriction-shift-on f k
A=
R2PRS2.restriction-shift-on (A\z. g (fz)) (k + 1) A
using PRS2PRSS.restriction-shift-imp-restriction-shift-on
restriction-shift-on-comp-restriction-shift-on by blast

corollary restriction-shift-comp-restriction-shift [restriction-shift-simpset)

«PRS2PRS3.restriction-shift g | = R2PRS1.restriction-shift f k —>
R2PRS2.restriction-shift (Az. g (f z)) (k + 1)

by (simp add: R2PRS1.restriction-shift-imp-restriction-shift-on
R2PRS2.restriction-shift-def restriction-shift-comp-restriction-shift-on)

corollary non-destructive-on-comp-non-destructive-on [restriction-shift-simpset]

(f ¢ A C B; PRS2PRSS3.non-destructive-on g B; R2PRS1.non-destructive-on
fA] =
R2PRS2.non-destructive-on (Az. g (f )) A
by (simp add: R2PRS1.non-destructive-on-def R2PRS2.non-destructive-on-def
R2PRS2.restriction-shift-on-def R2PRS1.restriction-shift-on-def)
(meson PRS2.mono-restriction-related PRS2PRSS.non-destructive-onD
image-subset-iff )

corollary non-destructive-comp-non-destructive-on [restriction-shift-simpset]

«PRS2PRS3.non-destructive ¢ => R2PRS1.non-destructive-on f A
=
R2PRS2.non-destructive-on (Az. g (f z)) A>
by (simp add: PRS2PRS3.non-destructiveD R2PRS1.non-destructive-on-def
R2PRS2.non-destructive-on-def R2PRS2.restriction-shift-on-def
R2PRS1.restriction-shift-on-def)

corollary non-destructive-comp-non-destructive [restriction-shift-simpset]
«PRS2PRS3.non-destructive g => R2PRS1.non-destructive f —>
R2PRS2.non-destructive (A\z. g (f x))»

by (simp add: PRS2PRS3.non-destructiveD R2PRS1.non-destructiveD
R2PRS2.non-destructive-def R2PRS2.non-destructive-onl)
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corollary constructive-on-comp-non-destructive-on [restriction-shift-simpset]

([f ¢ A C B; PRS2PRSS.constructive-on g B; R2PRS1.non-destructive-on
fA] =
R2PRS2.constructive-on (Az. g (f z)) A>
by (metis PRS2PRSS. constructive-on-def R2PRS1.non-destructive-on-def
R2PRS2.constructive-on-def add.commute add-cancel-left-right
restriction-shift-on-comp-restriction-shift-on)

corollary constructive-comp-non-destructive-on [restriction-shift-simpset)]

«(PRS2PRS3.constructive g =—> R2PRS1.non-destructive-on f A =
R2PRS2.constructive-on (Az. g (f z)) A>
by (simp add: R2PRS1. Restriction-2- PreorderRestrictionSpace-axioms
PRS2PRS3.constructiveD R2PRS1.non-destructive-on-def R2PRS2. constructive-onl
Restriction-2-PreorderRestrictionSpace.restriction-shift-on-def)

corollary constructive-comp-non-destructive [restriction-shift-simpset]

«PRS2PRSS3.constructive g = R2PRS1.non-destructive f —>

R2PRS2.constructive (Az. g (f z))»

by (simp add: PRS2PRS3.constructiveD R2PRS1.non-destructiveD
R2PRS2.constructivel)

corollary non-destructive-on-comp-constructive-on [restriction-shift-simpset]

[f ‘A C B; PRS2PRS3.non-destructive-on g B; R2PRS1.constructive-on
[4] =
R2PRS2.constructive-on (Az. g (f x)) A
by (simp add: PRS2PRS3.non-destructive-onD R2PRS1.constructive-onD
R2PRS2. constructive-onl image-subset-iff)

corollary non-destructive-comp-constructive-on [restriction-shift-simpset|

«PRS2PRS3.non-destructive g = R2PRS1.constructive-on f A —>
R2PRS2.constructive-on (Az. g (f x)) A>
using PRS2PRS3.non-destructive-def non-destructive-on-comp-constructive-on
by blast

corollary non-destructive-comp-constructive [restriction-shift-simpset]
«PRS2PRS3.non-destructive g = R2PRS1.constructive f —>
R2PRS2.constructive (Az. g (f z))»

using PRS2PRS3.non-destructiveD R2PRS1.constructiveD R2PRS2. constructivel
by presburger

corollary non-too-destructive-on-comp-non-destructive-on [restriction-shift-simpset]
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{[f ¢ A C B; PRS2PRSS3.non-too-destructive-on g B; R2PRS1.non-destructive-on
[A] =
R2PRS2.non-too-destructive-on (Az. g (f z)) A
by (metis PRS2PRS3.non-too-destructive-on-def R2PRS1.non-destructive-on-def
R2PRS2.non-too-destructive-on-def add.commute
add.right-neutral restriction-shift-on-comp-restriction-shift-on)

corollary non-too-destructive-comp-non-destructive-on [restriction-shift-simpset]

«PRS2PRSS3.non-too-destructive g => R2PRS1.non-destructive-on f
A=
R2PRS2.non-too-destructive-on (Ax. g (f z)) A
by (metis PRS2PRS3.non-too-destructive-imp-non-too-destructive-on
non-too-destructive-on-comp-non-destructive-on top-greatest)

corollary non-too-destructive-comp-non-destructive [restriction-shift-simpset)

«PRS2PRS3.non-too-destructive ¢ —> R2PRS1.non-destructive f
N
R2PRS2.non-too-destructive (Azx. g (f z))»
by (simp add: PRS2PRS3.non-too-destructiveD R2PRS1.non-destructiveD
R2PRS2.non-too-destructivel )

corollary non-destructive-on-comp-non-too-destructive-on [restriction-shift-simpset]

[f“A C B; PRS2PRS3.non-destructive-on g B; R2PRS1.non-too-destructive-on
[4] =
R2PRS2.non-too-destructive-on (Az. g (f z)) A»
by (simp add: PRS2PRS3.non-destructive-onD R2PRS1.non-too-destructive-onD
R2PRS2.non-too-destructive-onl image-subset-iff)

corollary non-destructive-comp-non-too-destructive-on [restriction-shift-simpset]

«PRS2PRS3.non-destructive g => R2PRS1.non-too-destructive-on f
A=
R2PRS2.non-too-destructive-on (Az. g (f z)) A»
by (simp add: PRS2PRS3.non-destructiveD R2PRS1.non-too-destructive-onD
R2PRS2.non-too-destructive-onl )

corollary non-destructive-comp-non-too-destructive [restriction-shift-simpset)

«PRS2PRS3.non-destructive g = R2PRSI1.non-too-destructive f

—
R2PRS2.non-too-destructive (Az. g (f z))»

using R2PRS1.non-too-destructive-imp-non-too-destructive-on R2PRS2.non-too-destructive-def
non-destructive-comp-non-too-destructive-on by blast
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corollary non-too-destructive-on-comp-constructive-on [restriction-shift-simpset]

(f ¢ A C B; PRS2PRS3.non-too-destructive-on g B; R2PRS1.constructive-on
fAl =
R2PRS2.non-destructive-on (Az. g (f x)) A
using restriction-shift-on-comp-restriction-shift-on[of f A B g <— D)
1]
by (simp add: PRS2PRS3.non-too-destructive-on-def
R2PRS2.non-destructive-on-def R2PRS1.constructive-on-def )

corollary non-too-destructive-comp-constructive-on [restriction-shift-simpset]

«PRS2PRS3.non-too-destructive g => R2PRS1.constructive-on f A
N
R2PRS2.non-destructive-on (Az. g (f z)) A»
by (metis PRS2PRS3.non-too-destructive-imp-non-too-destructive-on
non-too-destructive-on-comp-constructive-on top-greatest)

corollary non-too-destructive-comp-constructive [restriction-shift-simpset]

«PRS2PRS3.non-too-destructive g = R2PRS1.constructive f —>
R2PRS2.non-destructive (A\z. g (f )
by (simp add: PRS2PRS3.non-too-destructiveD R2PRS1.constructiveD
R2PRS2.non-destructivel)

corollary constructive-on-comp-non-too-destructive-on [restriction-shift-simpset]

([f ¢A C B; PRS2PRSS.constructive-on g B; R2PRS1.non-too-destructive-on
[A] =
R2PRS2.non-destructive-on (Az. g (f x)) A
using restriction-shift-on-comp-restriction-shift-on[of f A B g 1 «—
D)
by (simp add: R2PRS1.non-too-destructive-on-def
PRS2PRS3.constructive-on-def R2PRS2.non-destructive-on-def)

corollary constructive-comp-non-too-destructive-on [restriction-shift-simpset)

«PRS2PRSS3.constructive ¢ = R2PRS1.non-too-destructive-on f A
_—

R2PRS2.non-destructive-on (Az. g (f z)) A>

using PRS2PRS3. constructive-imp-constructive-on constructive-on-comp-non-too-destructive-on
by blast

corollary constructive-comp-non-too-destructive [restriction-shift-simpset]

«PRS2PRSS3.constructive g = R2PRS1.non-too-destructive f —>
R2PRS2.non-destructive (A\z. g (f )
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by (metis R2PRS1.non-too-destructive-imp-non-too-destructive-on
R2PRS2.non-destructivel
R2PRS2.non-destructive-onD UNIV-I constructive-comp-non-too-destructive-on)

end

2 Class Implementation

2.1 Preliminaries

Small lemma from HOL-Library.Infinite_Set to avoid depen-
dency.

lemma INFM-nat-le: <(3on :: nat. P n) «— (Vm. In>m. P n)
unfolding cofinite-eq-sequentially frequently-sequentially by simp

We need to be able to extract a subsequence verifying a predi-
cate.

fun extraction-subseq :: <[nat = 'a, 'a = bool] = nat = nat»
where <eztraction-subseq o0 P 0 = (LEAST k. P (o k))»
| <extraction-subseq o P (Suc n) = (LEAST k. extraction-subseq o
Pn<kAP(ck)

lemma exists-extraction-subseq :
assumes (3 .k. P (o k)
defines f-def : <f = extraction-subseq o P>
shows <strict-mono f> and <P (o (fk))»
proof —
have «fn < f (Suc n) A P (o (fn))» for n
by (cases n, simp-all add: f-def)
(metis (mono-tags, lifting) <3 k. P (o k)>[unfolded INFM-nat-le]
Leastl-ex Suc-le-eq)+
thus <strict-mono f» and «P (o (f k)
by (simp-all add: strict-mono-Suc-iff)
qed

lemma extraction-subseqD :
3 f 2 nat = nat. strict-mono f A (Vk. P (o (fk))) if <Fk. P (o
k)»
proof (rule exl)
show <strict-mono (extraction-subseq o P) A\ (¥ k. P (o ((extraction-subseq
o P) k)
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by (simp add: <3 k. P (0 k)» exists-extraction-subseq)
qed

lemma extraction-subseqF :

— The idea is to abstract the concrete construction of this extraction
function, we only need the fact that there is one.

Jook. P (0 k) = (A\f = nat = nat. strict-mono f = (\k. P (o
(fk))) = thesis) = thesis

by (blast dest: extraction-subseqD)

2.2 Basic Notions for Restriction

class restriction =

fixes restriction :: <['a, nat] = ‘a» (infixl <> 60)
assumes [simp] : <x | n | m =z | min n m
begin

sublocale Restriction «(})» «(=)» by unfold-locales simp
— Just to recover local.restriction-related-set and local.restriction-not-related-set.
end

class restriction-space = restriction +
assumes [simp| 1 «x | 0=y | O
and ex-not-restriction-eq : <x =y = dAn.zlnFyl w
begin

sublocale PreorderRestrictionSpace <(})» (=)
by unfold-locales (simp-all add: ez-not-restriction-eq)

lemma restriction-related-set-commute :
<restriction-related-set x y = restriction-related-set y x» by auto

lemma restriction-not-related-set-commute :
<restriction-not-related-set © y = restriction-not-related-set y z» by
auto

end

context restriction-space begin

sublocale Restriction-2- PreorderRestrictionSpace
«(J) == b = restriction = nat = by (=)
) = 'a = nat = o (=) ..

With this we recover constants like local.restriction-shift-on.

sublocale PreorderRestrictionSpace-2- PreorderRestrictionSpace
«({) =t 'b i restriction-space = nat = 'by (=)
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) e = nat = o (=) ..

With that we recover theorems like [Restriction-2-PreorderRestrictionSpace.constructive
D EW)E % 2] n= 2] 9n) = 2f (22| %n) | Suc

n = ?f 2x | Suc ?n.

sublocale Restriction-2- PreorderRestrictionSpace-2-PreorderRestrictionSpace
«(J) = ‘e = restriction = nat = ‘o (=)
«(J) = b restriction-space = nat = by (=)
() = 'a = nat = 'a» (=) ..

And with that we recover theorems like [?f ¢ A C ¢B; Restric-
tion-2- PreorderRestrictionSpace.constructive-on (1) (=) () (=)
29 ?B; R2PRS1.non-destructive-on ?f ?A] = Restriction-2-PreorderRestrictionSpace.construci
(1) (=) () (=) (. 7 (2 2)) 74,
lemma restriction-shift-const [restriction-shift-simpset] :
<restriction-shift (Az. ¢) ky by (simp add: restriction-shiftl)

lemma constructive-const [restriction-shift-simpset]
<constructive (Az. ¢)» by (simp add: constructivel)

end

lemma restriction-shift-on-restricted [restriction-shift-simpset] :

<restriction-shift-on (Az. fz | n) k A if <restriction-shift-on f k A»
proof (rule restriction-shift-onI)

fix zymassume <z € b «ye HL«xlm=ylm

from restriction-shift-onD|OF <restriction-shift-on f k A this

have <fz | nat (int m + k) = fy | nat (int m + k)» .

hence <fz | nat (int m + k) L n = fy | nat (int m + k) | »» by
arqgo

thus «fz | n ] nat (int m + k) = fyl ndl nat (int m + k)

by (simp add: min.commute)

qed

lemma restriction-shift-restricted [restriction-shift-simpset] :
<restriction-shift f k = restriction-shift (Ax. fz | n) k
using restriction-shift-def restriction-shift-on-restricted by blast

corollary constructive-restricted [restriction-shift-simpset] :
<constructive f = constructive (Az. fz | n)»
by (simp add: constructive-def constructive-on-def restriction-shift-on-restricted)

corollary non-destructive-restricted [restriction-shift-simpset] :
<non-destructive f = non-destructive (Az. fz | n)»
by (simp add: non-destructive-def non-destructive-on-def restric-
tion-shift-on-restricted)
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lemma non-destructive-id [restriction-shift-simpset] :
<non-destructive id> <non-destructive (Az. x)»
by (simp-all add: id-def non-destructivel)

interpretation less-eqRS : Restriction «(})» «(<)» by unfold-locales
— Just to recover less-eqRS.restriction-related-set and less-eqRS.restriction-not-related-set.

class preorder-restriction-space = restriction + preorder +
assumes restriction-0-less-eq [simp] : <z | 0 < y | O»

and mono-restriction-less-eq raxly=zln<ylm

and ez-not-restriction-less-eq - < y=—= dn.~zln<yl
n
begin

sublocale less-eqRS : PreorderRestrictionSpace () :: 'a = nat =
‘ay «(<)»
proof unfold-locales
show <z | 0 < y | O» for z y :: 'a by simp
next
show <z <y=z|n<ylmwforzy: caand n
by (fact mono-restriction-less-eq)
next
show «(mz<y=—=3dn.—nzln<ylmforzy:’a
by (simp add: ex-not-restriction-less-eq)
next
show «(x <y = y < z= 2 < 2 for z y z :: 'a by (fact order-trans)
qed

end

class order-restriction-space = preorder-restriction-space + order
begin

subclass restriction-space
proof unfold-locales
show «z | 0 = y | 0> for z y :: 'a by (rule order-antisym) simp-all
next
show <z #y=dn.zln#ylmforzy:’a
by (metis ex-not-restriction-less-eq order.eq-iff)
qed

end
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context preorder-restriction-space begin

sublocale less-eqRS : Restriction-2-PreorderRestrictionSpace
<) = 'b o {restriction, ord} = nat = by (<)
) e = nat = o (<) ..

With this we recover constants like local.less-eqRS . restriction-shift-on.

sublocale less-eqRS : PreorderRestrictionSpace-2-PreorderRestrictionSpace
«({) i 'b i preorder-restriction-space = nat = by (<)
) e = nat = o (<) ..

With that we recover theorems like [ Restriction-2- PreorderRestrictionSpace.constructive
(1) () (1) (<) #: %o #n < 2z | 2] = 2 (% | #n) | Suc
n < 9f 2¢ | Suc 7n.
sublocale less-eqRS : Restriction-2-PreorderRestrictionSpace-2-PreorderRestrictionSpace
«({) == e i restriction = nat = ‘¢ (=)
<({) i 'b i preorder-restriction-space = nat = by (<)
() = 'a = nat = oy (<)

And with that we recover theorems like [?f ¢ YA C ?B; Re-
striction-2-PreorderRestrictionSpace. constructive-on (1) (<) ()
(<) 29 ?B; local.less-eqRS.R2PRS1.non-destructive-on ?f ?A]
= Restriction-2-PreorderRestrictionSpace.constructive-on ()

(=) () () Az 79 (9f z)) ?A.

end

context order-restriction-space begin

From [%z < ?y; %y < %z] = %z = %y we can obtain stronger
lemmas.

corollary order-restriction-shift-onl :
(Neyn. JreAyye A fatfyyzdn=yln] =
fzl nat (int n + k) < fyl nat (int n + k))
= restriction-shift-on f k A>
by (simp add: order-antisym restriction-shift-onI)

corollary order-restriction-shiftl :
(Neyn [fe#fyzdn=yln] =
fzl nat (int n + k) < fyl nat (int n + k))
= restriction-shift f k»
by (simp add: order-antisym restriction-shiftl)

corollary order-non-too-destructive-onl :
(Nzyn. JreAd;ye A; fa# fy; 2] Suen =yl Sucn] =
frln<fyln)

=> non-too-destructive-on f A»
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by (simp add: order-antisym non-too-destructive-onl)

corollary order-non-too-destructivel :

(Azyn [fz#fyalSuen=ylSuicn] = fzln<fyln
= non-too-destructive f»
by (simp add: order-antisym non-too-destructivel )

corollary order-non-destructive-onl :
(Neyn.In#0zecdiycAfatfyaln=yln] = fz]
n<fyln)
= non-destructive-on f A»
by (simp add: order-antisym non-destructive-onlI)

corollary order-non-destructivel :

(Neyn. [n# 0 fe#fyzln=yln]= fzln<fyln)
= non-destructive f>
by (simp add: order-antisym non-destructivel )

corollary order-constructive-onl :

(Neyn. [reAdjye A fatfyzln=yln] = fal Sucn
< fyl Sucn)

= constructive-on f A»

by (simp add: order-antisym constructive-onl)

corollary order-constructivel :

(Noyn [fo#fyaln=yln] = folSuicn<fyl Sucn)
= constructive f»
by (simp add: order-antisym constructivel )

end

2.3 Definition of the Fixed-Point Operator

2.3.1 Preliminaries

Chain context restriction begin

definition restriction-chain :: <[nat = 'a] = bool> (<chain,»)
where <restriction-chain 0 =Vn. o (Sucn) | n=0c n

lemma restriction-chainl : «(An. o (Suc n) | n = o n) = restric-
tion-chain o>

and restriction-chainD : <restriction-chain 0 = o (Suc n) | n =
o

by (simp-all add: restriction-chain-def)

end
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context restriction-space begin

lemma (in restriction-space) restriction-chain-def-bis:
<restriction-chain o «— (Vnm.n<m —omln=ocn)
proof (rule iffI)
show <Vn m.n < m — o m | n =0 n = restriction-chain o>
by (simp add: restriction-chainl)
next
show <restriction-chain c = Vnm. n<m —ocmln=0cm
proof (intro alll impl)
fix n m
assume restriction : <restriction-chain o>
show «<n<m=—=omln=0cn
proof (induct <m — ny arbitrary: m)
fix m
assume <0 = m — n> and (n < m»
hence Fulse by simp
thus <¢ m | n = o n» by simp
next
fix zm
assume prems : <Suc . = m — ny <n < m
assume hyp :«x=m' —n=n<m'=om'ln=0cmw
for m’
obtain m’ where ¢m = Suc m’ by (meson less-imp-Suc-add
prems(2))
from prems(2) <m = Suc m”» consider (n = m” | <n < m’» by
linarith
thus <o m | n=o0c m
proof cases
show <n=m'=—=omln=0cmw
by (simp add: <m = Suc m’y restriction restriction-chainD)
next
assume n < m”
have x : <o (Suc m’) L n =0 (Suc m") | m’ | n» by (simp
add: <n < m")
from (m = Suc m’s prems(1) have xx : <x = m’ — n» by
linarith
show <c m | n =0 m
by (simp add: * *x ¢m = Suc m”> <n < m’y hyp restriction
restriction-chainD)
qed
qed
qed
qed

lemma restricted-restriction-chain-is :
<restriction-chain 0 = (An. o n | n) = o»
by (rule ext) (metis min.idem restriction-chainD restriction-restriction)
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lemma restriction-chain-def-ter:
<restriction-chain 0 «— (VYnm. n<m — o mJl] n=on)
by (metis le-eq-less-or-eq restricted-restriction-chain-is restriction-chain-def-bis)

lemma restriction-chain-restrictions : <restriction-chain (({) z)»
by (simp add: restriction-chainl)

end

Iterations The sequence of restricted images of powers of a
constructive function is a chain,.

context fixes [ :: <‘a = ’a :: restriction-space> begin

lemma restriction-chain-funpow-restricted [simp):
<restriction-chain (An. (f 7" n) z | n)» if <constructive f»
proof (rule restriction-chainl)
show «(f "~ Sucn) z ] Sucnln=(("n) x|l forn
proof (induct n)
show «(f "~ Suc 0) x| Suc 0L 0= (f " 0) =z | 0> by simp
next
fix n assume «(f “ " Sucn) z ] Sucnln=(""n)zln
from <constructive f>[THEN constructiveD, OF this[simplified]]
show «(f 7~ Suc (Suc n)) z | Suc (Suc n) | Sucn = (f = Suc n)
x | Suc ny by simp
qed
qed

lemma constructive-imp-eq-funpow-restricted :
n<k=n<l= (f "k zdn=(""1 yl n if <constructive
D
proof (induct n arbitrary: k1)
show «((f 7 k)z ] 0= (f 1)yl 0 for k| by simp
next
fixnklassume hyp: in<k=n<l= (f k) zdln=(""
)yl mn for ki
assume <Suc n < k <Sucn <D
then obtain k' I’ where <k = Suc k"> «n < k'y <l = Sucl» <n <1’
by (metis Suc-le-D not-less-eq-eq)
from <constructive | THEN constructiveD, OF hyp|OF <n < k' <n
< 1)
show «(f "7 k) z | Sucn=(f 1) y | Sucnw
by (simp add: <k = Suc k' <l = Suc ")
qed

end

Limits and Convergence context restriction begin
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definition restriction-tendsto :: <[nat = 'a, 'a] = booly («((-)/ —}—
(-)> [59, 59] 59)
where ¢ —|— X =Vn. dn0. Vk>n0. X | n=c k|l m

lemma restriction-tendstol : «(An. In0. Vk>n0. X [ n =0 k | n)
= 0 —|—=
by (simp add: restriction-tendsto-def)

lemma restriction-tendstoD : <0 —|— X =— An0. Vk>n0. ¥ | n =
okl m
by (simp add: restriction-tendsto-def)

lemma restriction-tendstoE :

o0 == 3 = (An0. (Ak-n0 < k=X | n=o0kln) = thesis)
= thesis

using restriction-tendstoD by blast

end

lemma (in restriction-space) restriction-tendsto-unique :
ol Y=0-]>Y=X=%)
by (metis ex-not-restriction-eq restriction-tendstoD nat-le-linear)

context restriction begin

lemma restriction-tendsto-const-restricted :
o == Y= (An.onlk) —l—>X ]k
unfolding restriction-tendsto-def by metis

lemma restriction-tendsto-iff-eventually-in-restriction-eg-set :
0 —}—= 3 — (Vn. In0. YE>n0. n € restriction-related-set ¥ (o
k))»

by (simp add: restriction-tendsto-def)

lemma restriction-tendsto-const : <(An. ) —]— ¥
by (simp add: restriction-tendstol)

lemma (in restriction-space) restriction-tendsto-restrictions : <(An. ¥
In) —l—-5

by (metis restriction-tendstol restriction-chain-def-ter restriction-chain-restrictions)

lemma restriction-tendsto-shift-iff : «(An. o (n + 1)) —]— X +— o
——=
proof (rule iffI)

show «(An. o (n + 1)) —]— S if <0 == 5>
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proof (rule restriction-tendstol)
from <o —]— 3 [THEN restriction-tendstoD)
show 3n0. Vk>n0. £ | n =0 (k+ 1) L n» for n by (meson
trans-le-add1)
qed
next
show o —]— X if <(An. o (n + 1)) —{— 5>
proof (rule restriction-tendstol)
fix n
from «(An. o (n + 1)) —l— Ey[THEN restriction-tendstoD)
obtain n0 where Vk>n0. X Ll n=0c (k+ 1)l n ..
hence Vk>n0+ 1. X | n=0 k] m
by (metis add.commute add-leD2 add-le-imp-le-left le-iff-add)
thus Anl. Vik>nl. X | n=0c k| m ..
qed
qed

lemma restriction-tendsto-shiftl : «c —|— ¥ = (An. o (n + 1))
——=
by (simp add: restriction-tendsto-shift-iff)

lemma restriction-tendsto-shiftD : «(An. o (n + 1)) —]— ¥ = o
——=
by (simp add: restriction-tendsto-shift-iff)

lemma (in restriction-space) restriction-tendsto-restricted-iff-restriction-tendsto

(An.onln) -l Y0
proof (rule iffT)
assume * : <(An. o nl n) ==
show <o —|— 30
proof (rule restriction-tendstol)
fix n
from x restriction-tendstoF obtain n0 where (n0 < k — X | n
=0kl k| n for k by blast
hence <mazn0n < k= ¥ | n=o0 k| n for k by auto
thus <3n0. VEk>n0. ¥ | n = o k | n» by blast
qed
next
assume * : (g —]— X
show «(An.on | n) —{—
proof (rule restriction-tendstol)
fix n
from x restriction-tendstoF obtain n0 where (n0 < k — X | n
=0 k| m for k by blast
hence <mazn0n < k=X | n=0ckl k] n for k by auto
thus <3n0. Vk>n0. X | n=0 k| k] n» by blast
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qed
qed

lemma restriction-tendsto-subseq :

(o o f) —1— Xy if <strict-mono f» and o —]— >
proof (rule restriction-tendstol)

fix n

have «n < fny by (simp add: strict-mono-imp-increasing <strict-mono
)

moreover from (o —|— ) restriction-tendstoE obtain n0 where
in) < k=X | n=0ckl] n for k by blast

ultimately have Vk>n0. X |l n=0 (fk) | »

by (metis le-trans strict-mono-imp-increasing that(1))

thus <In0. Vi>n0. X | n = (0 o f) k | n» by auto

qed

end

context restriction begin

definition restriction-convergent :: <(nat = 'a) = bool> (<convergent,»)
where «(restriction-convergent o = 3%. ¢ —|— 3

lemma restriction-convergentl : <o —|— ¥ = restriction-convergent
o>
by (auto simp add: restriction-convergent-def)

lemma restriction-convergentD’ : (restriction-convergent o =— 3.
o —}—
by (simp add: restriction-convergent-def)

end

context restriction-space begin

lemma restriction-convergentD :

<restriction-convergent o0 = 3%, 0 —|— 3

unfolding restriction-convergent-def using restriction-tendsto-unique
by blast

lemma restriction-convergentE :

<restriction-convergent o =

Ao —l=2= (AX. 0 —|= ¥ = X' =3) = thesis) =
thesis»

using restriction-convergentD by blast

lemma restriction-tendsto-of-restriction-convergent :
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<restriction-convergent 0 = o —|— (THE ¥. 0 —]— X)»
by (simp add: restriction-convergentD thell2)

end

context restriction begin

lemma restriction-convergent-const [simp] : <convergent; (An. X))
unfolding restriction-convergent-def restriction-tendsto-def by blast

lemma (in restriction-space) restriction-convergent-restrictions [simp

<convergenty (An. X | n)
using restriction-convergent-def restriction-tendsto-restrictions by
blast

lemma restriction-convergent-shift-iff :
<convergent; (An. o (n + 1)) «— convergent| o>
by (simp add: restriction-convergent-def restriction-tendsto-shift-iff )

lemma restriction-convergent-shift-shiftl :
<convergent, o = convergent, (An. o (n + [))»
by (simp add: restriction-convergent-shift-iff)

lemma restriction-convergent-shift-shiftD :
<convergent) (An. o (n + 1)) = convergent; o>
by (simp add: restriction-convergent-shift-iff)

lemma (in restriction-space) restriction-convergent-restricted-iff-restriction-convergent

<convergent; (An. o n | n) <— convergent, o»
by (simp add: restriction-convergent-def
restriction-tendsto-restricted-iff-restriction-tendsto)

lemma restriction-convergent-subseq :

«<strict-mono f = restriction-convergent 0 = restriction-convergent
(00 f)

unfolding restriction-convergent-def using restriction-tendsto-subseq
by blast

lemma (in restriction-space)
convergent-restriction-chain-imp-exl : <3!X. Vn. X | n =0 m
and restriction-tendsto-of-convergent-restriction-chain : <o —|—
(THE . ¥Yn. X ]| n=o0n)
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if <restriction-convergent o> and «<restriction-chain o»
proof —
from <restriction-convergent o> restriction-convergentE obtain X
where 0 —|— X (AX. 0 —|—> ¥/ = ¥/ =% by blast

have x : <X | n =0 n for n
proof —
from <o —]— X restriction-tendstoE obtain n0 where <n0 < k
= X |l n=o0k| n for k by blast
hence <X | n = o (mazx n0 n) | n» by simp
thus <X | n =0 m
by (simp add: restriction-chain-def-ter[ THEN iffD1, OF <restric-
tion-chain o))
qed
have xx : Vn. X' | n=0cn=— X' =% for X'
by (metis * ex-not-restriction-eq)
from x xx show «3!13. Vn. X | n = o m» by blast
from thel [OF this| xx have <~ = (THE X.Vn. X | n = o n)) by
stmp
with ¢ —|— ) show <0 —|— (THE . Vn. X | n =0 n)) by
simp
qed

end

2.3.2 Fixed-Point Operator

Our definition only makes sense if such a fixed point exists and is
unique. We will therefore directly add a completeness assump-
tion, and define the fixed-point operator within this context. It
will only be valid when the function f is constructive.

class complete-restriction-space = restriction-space +
assumes restriction-chain-imp-restriction-convergent : <chain, o =
convergent) o>

definition (in complete-restriction-space)

restriction-fix :: «('a = 'a) = ‘o

— We will use a syntax rather than a binder to be compatible with
the product.

where <restriction-fix (Ax. fz) = THE X. (An. (f 7 n) undefined)
——=

syntax -restriction-fiz :: «[pttrn, 'a = 'a] = 'a)

(¢(<indent=3 notation=<binder restriction-fix»rv -./ -)» [0, 10] 10)
syntax-consts -restriction-fic = restriction-fiz
translations v z. f = CONST restriction-fiz (\z. f)
print-translation «

[(const-syntax <restriction-firy, fn ctat => fn [Abs abs] =>
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let val (z, t) = Syntaz-Trans.atomic-abs-tr' ctzt abs
in Syntax.const syntax-const-restriction-firy $ z $ ¢ end)]
» — To avoid eta-contraction of body

context complete-restriction-space begin

The following result is quite similar to the Banach’s fixed point
theorem.

lemma restriction-chain-imp-exl : 3. Vn. X |l n=0c n
and restriction-tendsto-of-restriction-chain : <o —}— (THE X. ¥V n.
Yln=0n)p
if <restriction-chain o»
by (simp-all add: convergent-restriction-chain-imp-ex1
restriction-tendsto-of-convergent-restriction-chain
restriction-chain-imp-restriction-convergent <restriction-chain o)

lemma restriction-chain-is :

«o={)(THE ¥. 0 —|— %)

<0 = (}) (THE ©.¥n. ¥ | n =0 n) if «restriction-chain o>
proof —

from restriction-tendsto-of-restriction-chain[OF «<restriction-chain
o))

have ¢ —|— (THE . Vn. ¥ | n=0 n) .

with restriction-tendsto-of-restriction-convergent

restriction-convergentl restriction-tendsto-unique

have x : ((THE Y. Vn. X |l n=o0n) = (THE X. 0 —|— X)) by

blast

from thel [OF restriction-chain-imp-exl, OF (restriction-chain o]
show o = (}) (THE . Vn. ¥ | n =0 n) by (intro ext) simp
with x show (o0 = (}) (THE X. 0 —]— X)) by auto

qed

end

context
fixes f :: (‘a = 'a :: complete-restriction-space’
assumes < constructive f»

begin

lemma ex!-restriction-fix :
G Ve (An. (f T n) z) —]—
proof —
let %0 = Xazn. (f " n)zlw
from constructive-imp-eq-funpow-restricted OF <constructive f>]
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have (%0 x = %0 1y for z y by blast

moreover have <(restriction-chain (%0 z)» for = by (simp add:
<constructive f»)

ultimately obtain > where Vz. %0 z —|— >

by (metis (full-types) restriction-chain-is(1) restriction-tendsto-restrictions)

with restriction-tendsto-unique have (3. Vz. %0 ¢ —|— ¥ by
blast

thus 31X Va. (An. (f T"n) z) =] 5

by (simp add: restriction-tendsto-restricted-iff-restriction-tendsto)

qged

lemma exi-restriction-fix-bis :
A (An. (f Tn) z) —{— D
using exl-restriction-fix restriction-tendsto-unique by blast

lemma restriction-fiz-def-bis :
vz fz) = (THE 2. (An. (f " n) z) == X)»
proof —
have «(AX. (An. (f 7" n) undefined) —l— X) = (AX. (An. (f " n)
z) —}— X)
by (metis exI-restriction-fix restriction-tendsto-unique)
from arg-cong[where f = The, OF this, folded restriction-fiz-def]
show (v z. fz) = (THE X. (An. (f " " n) z) —=4— X)) .
qed

lemma funpow-restriction-tendsto-restriction-fiz : <«(An. (f =~ n) x)
= (v a fz)»
by (metis ex1-restriction-fir restriction-convergentl
restriction-fix-def-bis restriction-tendsto-of-restriction-convergent)

lemma restriction-restriction-fiz-is : <(v z. fz) I n=(f""n) z |
proof (rule restriction-tendsto-unique)
from funpow-restriction-tendsto-restriction-fix
show «(Ak. (f Tk azln) == (ve fz)lmw
by (simp add: restriction-tendsto-def)
next
from restriction-tendsto-restrictions
have «(Ak. (f " n)azlnlk) —l=> (" n)zlw.
then obtain n0 where x : <Vk>n0. (f " n)zln=("n) x|
nJ k
by (metis restriction-restriction min-def)
show «\k. (f T k)zdn)—l—=(( " nzlmw
proof (rule restriction-tendstol)
fix m
from x have Vi>n +n0+m. (f " n)zlnlm=(""k =z
Inlm
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by (simp add: <constructive f» constructive-imp-eq-funpow-restricted)
thus <3n0. VE>n0. (f " n)azdnlm=(( "k zlnl m.
qed
qed

lemma restriction-fiz-eq : «(v z. fz) = f (v z. fz)
proof (subst restriction-fiz-def, intro thel-equality restriction-tendstol)
show 3!X. (An. (f 7" n) undefined) —{— >
by (simp add: exI-restriction-fiz-bis)
next
have (n < k = f (restriction-fix f) | n = (f " k) undefined | n»
for n k
by (cases n, simp, cases k, simp-all)
(meson <constructive f>| THEN constructiveD] restriction-related-le
restriction-restriction-fiz-is)
thus «In0. Vk>n0. f (restriction-fix f) | n = (f 7 k) undefined |
n» for n by blast
qed

lemma restriction-fiz-unique : <fx =z = (v z. fz) =
by (metis (no-types, opaque-lifting) restriction-fiz-eq <constructive f»
constructiveD dual-order.refl take-lemma-restriction)

lemma restriction-fiz-def-ter : <«(v z. fz) = (THE z. fz = z)»
by (metis (mono-tags, lifting) restriction-fix-eq restriction-fiz-unique
the-equality)

end

3 Product over Restriction Spaces

3.1 Restriction Space

instantiation prod :: (restriction, restriction) restriction
begin

definition restriction-prod :: <'a x 'b = nat = 'a x 'b
where <p L n= (fstp | n, sndpl n)

instance by intro-classes (simp add: restriction-prod-def)
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end

instance prod :: (restriction-space, restriction-space) restriction-space
proof intro-classes
show <p | 0 =q ] O for p q:: <a x 'b
by (simp add: restriction-prod-def)
next
show <p# gq= dn.pln#ql m forpq: ax 'b
by (simp add: restriction-prod-def)
(meson ex-not-restriction-related prod.expand)
qed

instantiation prod :: (preorder-restriction-space, preorder-restriction-space)
preorder-restriction-space
begin

We might want to use lexicographic order :

e p<qg=fstp< fstqV fstp=fstqA sndp < sndq
e p< q=fstp < fstqV fstp=fst g sndp < sndq

but this is wrong since it is incompatible with p | 0 < ¢ | 0, =
p<qg=dn.-pln<glnandp<g=pln<gqgln

definition less-eg-prod :: <'a x 'b = 'a x 'b = bool
where (p < g = fst p < fst ¢ A\ snd p < snd ¢

definition less-prod :: <a x 'b = 'a x 'b = bool
where <(p < ¢g=fstp < fst ¢ A snd p < snd q V fst p < fst ¢ A\ snd
p < snd ¢

instance
proof intro-classes
show (p < g+—=p<gA-qg<pforpgq:<ax'b
by (auto simp add: less-eq-prod-def less-prod-def less-le-not-le)
next
show <p < p» for p :: <'a x b
by (simp add: less-eg-prod-def)
next
show (p < g=g<r=p<mforpgqgr:ax’'b
by (auto simp add: less-eq-prod-def intro: order-trans)
next
show <p |l 0 < q| 0 for p q :: </a x 'b»
by (simp add: less-eg-prod-def restriction-prod-def)
next

36



show «(p < g=pln<gqglmforpgqg:<ax'bvandn
by (simp add: less-eq-prod-def restriction-prod-def mono-restriction-less-eq)
next
show (mp<g¢g=3dn.~pln<qglmforpgqg:<ax 't
by (simp add: less-eq-prod-def restriction-prod-def)
(meson ex-not-restriction-less-eq)
qed

end

instance prod :: (order-restriction-space, order-restriction-space) or-
der-restriction-space
by intro-classes (simp add: less-eq-prod-def order-antisym prod.expand)

3.2 Restriction shift Maps

3.2.1 Domain is a Product

lemma restriction-shift-on-prod-domain-iff :
<restriction-shift-on f k (A x B) «— (Ya€A. restriction-shift-on
(Ay. f (=, 9)) k B) A

y) kA
proof (intro iffl conjI balll)
show «(restriction-shift-on (\y. f (z, y)) k B
if «<restriction-shift-on fk (A x B)» and «z € A for z
proof (rule restriction-shift-onI)
show«yle B=—= y2c B=ylln=9y2|n—
f (z, y1) | nat (int n + k) = f (z, y2) | nat (int n + k) for
yl y2 n
by (rule that(1)[THEN restriction-shift-onD))
(use that(2) in <simp-all add: restriction-prod-def>)

(V yeB. restriction-shift-on (\z. [ (z,

qed
next
show «restriction-shift-on (\z. f (z, y)) k A»
if <restriction-shift-on fk (A x B)) and <y € B) for y
proof (rule restriction-shift-onI)
show «z1 € A —= 22 ¢ A— zl |l n=22] n—
f(z1, y) L nat (int n + k) = f (22, y) | nat (int n + k)» for
zl 22 n
by (rule that(1)[THEN restriction-shift-onD))
(use that(2) in <simp-all add: restriction-prod-def>)
qed
next
assume assm : (VY z€A. restriction-shift-on (My. f (z, y)) k B) A
(Y yeB. restriction-shift-on (Az. f (z, y)) k A)»
show «restriction-shift-on f k (A x B)»
proof (rule restriction-shift-onI)
fixpgnassumepe A X Bh«qe AX Bhpln=qln
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then obtain z1 yI 22 y2
where <p = (z1, y1)» <q¢ = (22, y2)) <zl € A <yl € B>
a2 e w2eB wxlln=z2]mylln=y2|lmnm
by (cases p, cases q, simp add: restriction-prod-def)
have «p = (x1, yI)» by (fact <p = (x1, y1)»)
also have «f (z1, yI) | nat (int n + k) = f (21, y2) | nat (int n
+ k)
by (rule assm|THEN conjunctl, rule-format, OF <x1 € A, THEN
restriction-shift-onD))
(fact <yl € By «y2 € By <yl L n=y2 | m)+
also have «f (z1, y2) | nat (int n + k) = f (22, y2) | nat (int n
+ k)
by (rule assm|THEN conjunct?, rule-format, OF <y2 € By, THEN
restriction-shift-onD)])
(fact <zl € Ay cz2 € Ay <zl |l n=22] )+
also have «(z2, y2) = ¢ by (simp add: <q¢ = (22, y2)»)
finally show «fp | nat (int n + k) = fq | nat (int n + k) .
qed
qed

lemma restriction-shift-prod-domain-iff:
<restriction-shift f k +— (¥ x. restriction-shift (\y. f (z, v)) k) A
(Vy. restriction-shift (Az. f (z, y)) k)
unfolding restriction-shift-def
by (metis UNIV-I UNIV-Times-UNIV restriction-shift-on-prod-domain-iff)

lemma non-too-destructive-on-prod-domain-iff :
<non-too-destructive-on f (A x B) +— (VY z€ A. non-too-destructive-on

(Ay. [ (z, y)) B) A

(z, y)) A)

by (simp add: non-too-destructive-on-def restriction-shift-on-prod-domain-iff)

(V y€B. non-too-destructive-on (A\z. f

lemma non-too-destructive-prod-domain-iff :
<non-too-destructive f +— (V z. non-too-destructive (Ay. f (z, y)))
A
(Vy. non-too-destructive (\z. f (z, y)))»
unfolding non-too-destructive-def
by (metis UNIV-I UNIV-Times- UNIV non-too-destructive-on-prod-domain-iff)

lemma non-destructive-on-prod-domain-iff :
<non-destructive-on f (A x B) «— (Y z€A. non-destructive-on (Ay.

f(z,y)) B) A

A)»
by (simp add: non-destructive-on-def restriction-shift-on-prod-domain-iff)

(Y yeB. non-destructive-on (Az. f (z, y))
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lemma non-destructive-prod-domain-iff :
<non-destructive f <— (¥ z. non-destructive (\y. f (z, y))) A
(Y y. non-destructive (\z. [ (z, y)))
unfolding non-destructive-def
by (metis UNIV-I UNIV-Times-UNIV non-destructive-on-prod-domain-iff)

lemma constructive-on-prod-domain-iff :
cconstructive-on f (A x B) «— (Vz€A. constructive-on (Ay. f (=,
v) B) A
(VY yeB. constructive-on (Az. f (z, y)) A)»
by (simp add: constructive-on-def restriction-shift-on-prod-domain-iff)

lemma constructive-prod-domain-iff :
<constructive f +— (Y z. constructive (Ay. [ (z, y))) A
(Vy. constructive (\z. [ (z, y)))
unfolding constructive-def
by (metis UNIV-I UNIV-Times-UNIV constructive-on-prod-domain-iff)

lemma restriction-shift-prod-domain [restriction-shift-simpset, restric-
tion-shift-introset] :
JA\z. restriction-shift (Ay. f (z, y)) k;
Ny. restriction-shift (Az. f (z, y)) k] = restriction-shift f k»
and non-too-destructive-prod-domain [restriction-shift-simpset, re-
striction-shift-introset] :
(A=z. non-too-destructive (\y. f (z, y));
Ny. non-too-destructive (\z. f (z, y))] = non-too-destructive f»
and non-destructive-prod-domain [restriction-shift-simpset, restric-
tion-shift-introset] :
JAz. non-destructive (A\y. f (z, y));
NAy. non-destructive (Az. f (z, y))] = non-destructive f»
and constructive-prod-domain [restriction-shift-simpset, restriction-shift-introset)

JAz. constructive (\y. f (x, y));
Ny. constructive (\z. f (z, y))] = constructive f»
by (simp-all add: restriction-shift-prod-domain-iff non-too-destructive-prod-domain-iff
non-destructive-prod-domain-iff constructive-prod-domain-iff)

3.2.2 Codomain is a Product

lemma restriction-shift-on-prod-codomain-iff :
<restriction-shift-on f k A <— (restriction-shift-on (Az. fst (f z)) k
A) A
(restriction-shift-on (Ax. snd (f z)) k A)»
by (simp add: restriction-shift-on-def restriction-prod-def) blast
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lemma restriction-shift-prod-codomain-iff:
<restriction-shift f k «— (restriction-shift (Ax. fst (f )) k) A
(restriction-shift (Az. snd (f x)) k)
unfolding restriction-shift-def
by (fact restriction-shift-on-prod-codomain-iff)

lemma non-too-destructive-on-prod-codomain-iff :
<non-too-destructive-on f A +— (non-too-destructive-on (A\z. fst (f
z)) A) A
(non-too-destructive-on (Ax. snd (f z)) A)»
by (simp add: non-too-destructive-on-def restriction-shift-on-prod-codomain-iff)

lemma non-too-destructive-prod-codomain-iff :
<non-too-destructive f «— (non-too-destructive (Az. fst (f z))) A
(non-too-destructive (Ax. snd (f x)))
by (simp add: non-too-destructive-def non-too-destructive-on-prod-codomain-iff)

lemma non-destructive-on-prod-codomain-iff :
<non-destructive-on f A «— (non-destructive-on (Az. fst (f z)) A) A
(non-destructive-on (Az. snd (f z)) A)»

by (simp add: non-destructive-on-def restriction-shift-on-prod-codomain-iff)

lemma non-destructive-prod-codomain-iff :
<non-destructive f <— (non-destructive (\z. fst (f z))) A
(non-destructive (\z. snd (f z)))»
by (simp add: non-destructive-def non-destructive-on-prod-codomain-iff)

lemma constructive-on-prod-codomain-iff :
<constructive-on f A <— (constructive-on (Az. fst (f z)) A) A
(constructive-on (Az. snd (f z)) A)»
by (simp add: constructive-on-def restriction-shift-on-prod-codomain-iff)

lemma constructive-prod-codomain-iff :
<constructive f «— (constructive (A\z. fst (f x))) A
(constructive (Az. snd (f x)))»
by (simp add: constructive-def constructive-on-prod-codomain-iff)

lemma restriction-shift-prod-codomain [restriction-shift-simpset, re-
striction-shift-introset] :
[restriction-shift f k; restriction-shift g k] =
restriction-shift (A\x. (f z, g )) k
and non-too-destructive-prod-codomain [restriction-shift-simpset, re-
striction-shift-introset] :
[non-too-destructive f; non-too-destructive g] = non-too-destructive
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(. (F2, g 2))
and non-destructive-prod-codomain [restriction-shift-simpset, restric-
tion-shift-introset] :
([non-destructive f; non-destructive g] = non-destructive (Az. (f z,
gz)
and constructive-prod-codomain [restriction-shift-simpset, restric-
tion-shift-introset] :
[constructive f; constructive g] = constructive (Az. (f z, g ))»
by (simp-all add: restriction-shift-prod-codomain-iff non-too-destructive-prod-codomain-iff
non-destructive-prod-codomain-iff constructive-prod-codomain-iff)

3.3 Limits and Convergence

lemma restriction-chain-prod-iff :
<restriction-chain o <— restriction-chain (An. fst (o n)) A
restriction-chain (An. snd (o n))»
by (simp add: restriction-chain-def restriction-prod-def)
(metis fst-conv prod.collapse snd-conv)

lemma restriction-tendsto-prod-iff :
0 == X — (An. fst (o0 n)) —=,— fst X A (An. snd (0 n)) —|—
snd %>
by (simp add: restriction-tendsto-def restriction-prod-def)
(meson nle-le order-trans)

lemma restriction-convergent-prod-iff :
(restriction-convergent o «— restriction-convergent (An. fst (o n))
A
restriction-convergent (An. snd (o n))»
by (simp add: restriction-convergent-def restriction-tendsto-prod-iff)

lemma funpow-indep-prod-is :
((Mzyy). (fzo9y) " n) (z,y)=({(f " n)z, (g n)yh
for fg: (a= "o
by (induct n) simp-all

3.4 Completeness

instance prod :: (complete-restriction-space, complete-restriction-space)
complete-restriction-space
proof intro-classes
fix o :: <nat = 'a :: complete-restriction-space X 'b :: complete-restriction-space>
assume <chaing o)
hence <chaing (An. fst (o n))> «chain, (An. snd (o n))»
by (simp-all add: restriction-chain-prod-iff)
hence <convergent; (An. fst (¢ n))» <convergent; (An. snd (o n))»
by (simp-all add: restriction-chain-imp-restriction-convergent)
thus <convergent; o»
by (simp add: restriction-convergent-prod-iff)
qed
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3.5 Fixed Point

lemma restriction-fiz-indep-prod-is :

(v (2, y). (fr,gy)=wa fz, vy gyp

if contructive : <constructive f» <constructive g

for f :: <'a = 'a :: complete-restriction-spaces

and g :: <'b = 'b :: complete-restriction-space>

proof (rule restriction-fix-unique)

from contructive show <constructive (M, y). (fz, g y))»

by (simp add: constructive-prod-domain-iff constructive-prod-codomain-iff
constructive-const)

next
show «(case (v z. fz,vy. gy) of (z,y) = (fz,g9y)) = (va fz
vy gy
by simp (metis restriction-fiz-eq contructive)
qed

lemma non-destructive-fst : <non-destructive fst»
by (rule non-destructivel) (simp add: restriction-prod-def)

lemma non-destructive-snd : <non-destructive snd»
by (rule non-destructivel) (simp add: restriction-prod-def)

lemma constructive-restriction-fiz-right :

<constructive (Az. v y. f (z, y))» if <constructive f»
for f :: <'a :: complete-restriction-space x 'b :: complete-restriction-space
= b
proof (rule constructivel)

fix nand z 2’ :: ‘a assume <z | n=2z' | w

show «(v y. f (z, y)) } Sucn = (vy. f(z,y) ] Sucmw

proof (subst (1 2) restriction-restriction-fix-is)

show <(constructive (Ay. f (z’, y))» and <constructive (\y. f (z,

y))

using <constructive f» constructive-prod-domain-iff by blast+
next
from «x | n =z’ | n» show ((Ay. f (z, y)) 7 Suc n) undefined
d Sucn =
((M\y. f (2’ y)) 7 Suc n) undefined | Suc n»
by (induct n, simp-all)

(use <constructive f> constructiveD restriction-0-related in blast,
metis (no-types, lifting) <constructive f» constructiveD prod.sel
restriction-related-pred restriction-prod-def)

qed
qed
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lemma constructive-restriction-fiz-left :
<constructive (Ay. v z. f (z, y))» if <constructive f»
for f :: <'a :: complete-restriction-space x 'b :: complete-restriction-space
= ‘o
proof (rule constructivel)
fix nand y ¢y’ :: ‘b assume <y | n =y’ | n
show «(v z. f (z, y)) } Sucn = (v z f (z, y) | Suc m
proof (subst (1 2) restriction-restriction-fix-is)
show <(constructive (Az. f (z, y))» and <constructive (\z. f (z,
y))
using <constructive f» constructive-prod-domain-iff by blast+
next
from <y | n =y’ | n» show ((Az. f (z, y)) 7 Suc n) undefined
1l Sucn =
((A\z. f (z,y") = Suc n) undefined | Suc n»
by (induct n, simp-all)

(use restriction-0-related <constructive fr constructiveD in blast,
metis (no-types, lifting) <constructive f» constructiveD prod.sel
restriction-related-pred restriction-prod-def)

qed
qed

— “Bekic’s Theorem” in HOLCF

lemma restriction-fix-prod-is :
(0 p. f9) = (o fot (f (2, v y. snd (F (3, 1)),
vy snd (f (v 5. fot (f (5, v . snd (F (2, 9)), 9))
(is <(v p. fp) = (Pz, 2y)») if <constructive f>
for f :: <'a :: complete-restriction-space x 'b :: complete-restriction-space
= 'a x b
proof (rule restriction-fiz-unique[OF <constructive f»])
have <constructive (Ap. snd (f p))»
by (fact non-destructive-comp-constructive] OF non-destructive-snd
<constructive f+])
hence <constructive (A\z. v y. snd (f (z, y)))»
by (fact constructive-restriction-fiz-right)
hence <non-destructive (A\z. v y. snd (f (z, y)))
by (fact constructive-imp-non-destructive)
hence (non-destructive (Az. (z, v y. snd (f (z, y))))
by (fact non-destructive-prod-codomain|OF non-destructive-id(2)])
hence <constructive (\z. f (z, v y. snd (f (z, v))))
by (fact constructive-comp-non-destructive] OF <constructive f»])
hence * : <constructive (Az. fst (f (z, v y. snd (f (z, y)))))»
by (fact non-destructive-comp-constructive] OF non-destructive-fst))

have «non-destructive (A\z. v x. fst (f (z, v y. snd (f (z, y)))))»
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by (fact constructive-imp-non-destructive] OF constructive-const])
hence <non-destructive (Pair (v z. fst (f (z, v y. snd (f (z, v))))))
by (fact non-destructive-prod-codomain| OF - non-destructive-id(2)])
hence <constructive (Az. f (v z. fst (f (x, v y. snd (f (z, y)))), z))»

by (fact constructive-comp-non-destructive| OF <constructive f>])
hence *x : (constructive (Az. snd (f (v z. fst (f (z, v y. snd (f (z,

Y))), )

by (fact non-destructive-comp-constructive| OF non-destructive-snd))

have «fst (f (%z, %y)) = %
by (rule trans [symmetric, OF restriction-fix-eq|OF x]]) simp
moreover have <snd (f (%z, %y)) = 2y
by (rule trans [symmetric, OF restriction-fiz-eq| OF xx]]) simp
ultimately show «f (?z, ?y) = (?z, ?y)» by (cases <f (?z, 2y)»)
simp
qed

4 Functions towards a Restriction Space

4.1 Restriction Space

instantiation <fun) :: (type, restriction) restriction
begin

definition restriction-fun :: <['a = 'b, nat, 'a] = b
where <f | n= (Az. fz | n)

instance by intro-classes (simp add: restriction-fun-def)

end

instance <fun) :: (type, restriction-space) restriction-space
proof (intro-classes, unfold restriction-fun-def)
show «(A\z. fz ] 0) = (A\z. gz | O)»
for fg:: <a = "b by (rule ext) simp
next
fix fg:: <a= 'b assume f # ¢
then obtain = where <f z # g x> by fast
with ez-not-restriction-related obtain n
where <fz | n # gz | n» by blast
hence «(A\z. fz | n) # (Az. g z | n)» by meson
thus (In. (A\z. fz | n) # (Az. gz | n)
qed
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instance <fun) :: (type, preorder-restriction-space) preorder-restriction-space
proof intro-classes

show <f | 0< gl O for fg: <a="b

by (simp add: le-fun-def restriction-fun-def)

next

show (f < g= fln<glmwfor fg: a= "b» and n

by (simp add: restriction-fun-def le-fun-def mono-restriction-less-eq)
next

show (= f<g=3dn.~fln<glm for fg: (a="b

by (metis ex-not-restriction-less-eq le-funD le-funl restriction-fun-def)
qed

instance <fun» :: (type, order-restriction-space) order-restriction-space

4.2 Restriction shift Maps

lemma restriction-shift-on-fun-iff :
crestriction-shift-on f k A +— (¥ z. restriction-shift-on (A\z. fx z) k
A)»
proof (intro iffI alll)
show <restriction-shift-on (Ax. f z z) k A if <restriction-shift-on f k
A for z
proof (rule restriction-shift-onI)
fix xynassume <z € Ay cxy € Arxxln=ylmn
from restriction-shift-onD[OF <restriction-shift-on f k A this]
show <fz z | nat (int n + k) = fy z | nat (int n + k)
by (unfold restriction-fun-def) (blast dest!: fun-cong)
qed
next
show «(restriction-shift-on f k Ay if <V z. restriction-shift-on (\z. f x
z) k A
proof (rule restriction-shift-onlI)
fixzynassume <z € H e b xxln=ylmn
with (V z. restriction-shift-on (\x. fx z) k Ay restriction-shift-onD
have «fz 2z | nat (int n + k) = fy 2z | nat (int n + k)» for z by
blast
thus <fz | nat (int n + k) = fy | nat (int n + k)
by (simp add: restriction-fun-def)
qed
qed

lemma restriction-shift-fun-iff : <restriction-shift f k <— (¥ z. restric-

tion-shift (Az. fz z) k)»
by (unfold restriction-shift-def, fact restriction-shift-on-fun-iff)

lemma non-too-destructive-on-fun-iff:
<non-too-destructive-on f A «— (¥ z. non-too-destructive-on (Az. f
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zz) A)

by (simp add: non-too-destructive-on-def restriction-shift-on-fun-iff)

lemma non-too-destructive-fun-iff:
<non-too-destructive f «— (¥ z. non-too-destructive (Az. f z z))
by (unfold restriction-shift-def non-too-destructive-def)
(fact non-too-destructive-on-fun-iff)

lemma non-destructive-on-fun-iff:
<non-destructive-on f A «— (V z. non-destructive-on (Az. fz z) A)»
by (simp add: non-destructive-on-def restriction-shift-on-fun-iff)

lemma non-destructive-fun-iff:
<non-destructive f +— (V z. non-destructive (Az. f x 2))»
unfolding non-destructive-def by (fact non-destructive-on-fun-iff)

lemma constructive-on-fun-iff:
<constructive-on f A +— (V z. constructive-on (Az. fz z) A)»
by (simp add: constructive-on-def restriction-shift-on-fun-iff)

lemma constructive-fun-iff:
<constructive f «— (¥ z. constructive (A\z. f z z))»
unfolding constructive-def by (fact constructive-on-fun-iff)

lemma restriction-shift-fun [restriction-shift-simpset, restriction-shift-introset]

«(Nz. restriction-shift (\x. f x z) k) = restriction-shift f k»
and non-too-destructive-fun [restriction-shift-simpset, restriction-shift-introset]

((A\z. non-too-destructive (\x. f x z)) = non-too-destructive f»
and non-destructive-fun [restriction-shift-simpset, restriction-shift-introset]

«(A\z. non-destructive (Az. f x z)) = non-destructive f»
and constructive-fun [restriction-shift-simpset, restriction-shift-introset]

«(A\z. constructive (Az. f x z)) = constructive f»
by (simp-all add: restriction-shift-fun-iff non-too-destructive-fun-iff
non-destructive-fun-iff constructive-fun-iff)

4.3 Limits and Convergence

lemma reached-dist-funk :

fixes f g :: <'a = 'b :: restriction-space) assumes <f £ ¢

obtains = where <f z # g x) «Sup (restriction-related-set f g) = Sup
(restriction-related-set (f z) (g z))»
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— Morally, we say here that the distance between two functions is
reached. But we did not introduce the concept of distance.
proof —
let ?n = «Sup (restriction-related-set f g)»
from Sup-in-restriction-related-set|OF «f # ¢]
have «?n € restriction-related-set f ¢ .
with restriction-related-le have <V m<?%n. f | m = g | m» by blast
moreover have «f | Suc ?n # g | Suc ?n»
using cSup-upper[OF - bdd-above-restriction-related-set-iff [ THEN
iffD2, OF «f # ¢], of «Suc ?n)]
by (metis (mono-tags, lifting) dual-order.refl mem-Collect-eq not-less-eq-eq
restriction-related-le)
ultimately obtain x where x : <Vm<?n. fz l m=gz | m (fzx
4 Suc n # g x| Suc n»
unfolding restriction-fun-def by meson
from *(2) have «f z # g » by auto
moreover from * have «%n = Sup (restriction-related-set (f z) (g
z))»
by (metis (no-types, lifting) Y m<%n. f |l m=g] m
«f | Suc ?n # g | Suc ?ny not-less-eq-eq restriction-related-le)
ultimately show thesis using that by blast
qed

lemma reached-restriction-related-set-funk :
fixes f g :: <a = 'b :: restriction-space)
obtains x where <restriction-related-set f g = restriction-related-set
(F2) (g o)
proof (cases <f = ¢)
from that show «f = g = thesis» by simp
next
from that show «f # g = thesis
by (elim reached-dist-funE) (metis (full-types) restriction-related-set-is-atMost)
qed

lemma restriction-chain-fun-iff :
<restriction-chain o <— (V z. restriction-chain (An. o n z))»
proof (intro iffI alll)
show «restriction-chain o = restriction-chain (An. o n z)» for z
by (auto simp add: restriction-chain-def restriction-fun-def dest!:
fun-cong)
next
show «V z. restriction-chain (An. o n z) = restriction-chain o»
by (simp add: restriction-chain-def restriction-fun-def)
qed
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lemma restriction-tendsto-fun-imp : <o —}— ¥ = (An. o n z) —|—
Y
by (simp add: restriction-tendsto-def restriction-fun-def) meson

lemma restriction-convergent-fun-imp :
<restriction-convergent o == restriction-convergent (An. o n z)»
by (metis restriction-convergent-def restriction-tendsto-fun-imp)

4.4 Completeness

instance <fun» :: (type, complete-restriction-space) complete-restriction-space
proof intro-classes

fix o :: <nat = 'a = 'b :: complete-restriction-space>

assume <restriction-chain o>

hence x : (restriction-chain (An. o n z)) for z
by (simp add: restriction-chain-fun-iff)

from restriction-chain-imp-restriction-convergent| OF this]

have *x : (restriction-convergent (An. o n z)) for z .

then obtain ¥ where xxx : «(An. o nz) —|— X o for z
by (meson restriction-convergent-def)

from * have sxxx : «(An. o nz | n) = (An. o n z)» for z
by (simp add: restricted-restriction-chain-is)

have ¢ —|—

proof (rule restriction-tendstol)
fix n
have Vk>n. Xzl n=0c kx| n for z
by (metis * xx s skkk restriction-related-le restriction-chain-is(1)

restriction-tendsto-of-restriction-convergent restriction-tendsto-unique)

hence Vk>n. X | n =0 k| n by (simp add: restriction-fun-def)
thus <3n0. VEk>n0. ¥ | n = o k | n» by blast

qed

thus (restriction-convergent oy by (fact restriction-convergentl)
qed

5 Topological Notions

named-theorems restriction-cont-simpset — For future automation.

5.1 Continuity

context restriction begin
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definition restriction-cont-at :: «['b :: restriction = 'a, 'b] = bool»
(«conty (-) at (-)» [1000, 1000])
where «cont] fat L =Vo. 0 —|=3 — (An. f (o n)) —4— [

lemma restriction-cont-atl : «(N\o. o —}— X = (An. f (0 n)) —|—
[ X)) = conty fat
by (simp add: restriction-cont-at-def)

lemma restriction-cont-atD : «cont) fat ¥ = 0 —]— X = (An. f

(0 n) —1—f 5
by (simp add: restriction-cont-at-def)

lemma restriction-cont-at-comp [restriction-cont-simpset)] :
<conty fat ¥ = conty g at (f ) = conty (A\z. g (fz)) at >
by (simp add: restriction-cont-at-def restriction-class.restriction-cont-at-def)

lemma restriction-cont-at-if-then-else [restriction-cont-simpset) :
Az Pz = cont; (fz) at &; Nz. =~ P x = conty (g z) at X]
= conty (Ay. if Pz then fz yelse gz y) at 3>
by (auto introl: restriction-cont-atl) (blast dest: restriction-cont-atD)+

definition restriction-open :: <'a set = bool> (<open,»)
where <open; U =VXEeU.Vo.0 —|— X — (In0. Vk>n0. o k
e U)

lemma restriction-openl : (AL 0. ¥ € U = 0 —]— ¥ = Inl.
Vk>n0. 0 k € U) = openy U»
by (simp add: restriction-open-def)

lemma restriction-openD : <open) U = X € U = o0 —|— ¥ =
dn0. Vk>n0. o k € U»
by (simp add: restriction-open-def)

lemma restriction-openkE :

openy U =€ U =0 —|=> X = (An0. (An.n0 <k= o0
k € U) = thesis) = thesis»

using restriction-openD by blast

lemma restriction-open-UNIV [simp] : <openy UNIV»
and restriction-open-empty [simp] : <open; {}>
by (simp-all add: restriction-open-def)

lemma restriction-open-union :
<open; U = open; V = open, (U U V)
by (metis Un-iff restriction-open-def)
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lemma restriction-open-Union :
(ANi. i € I = open; (Ui)) = open (|Jiel. Ui)
by (rule restriction-openl) (metis UN-iff restriction-openD)

lemma restriction-open-inter :
copeny (U N V) if <open, Ur and <openy V>

proof (rule restriction-openl)
fix X cassume <X € UN Vy <0 —|— 2>
from <X € U N Vy have <X € U» and <X € V) by simp-all
from <openy, U» <X € U» <0 —]— %) restriction-openD
obtain n0 where Vk>n0. 0 k € U» by blast
moreover from <open; V) <X € V) <o —]— ¥ restriction-openD
obtain n1 where <Vk>ni. o k € V> by blast
ultimately have Vk>maz nOnl. c k€ UN V) by simp
thus <3n0. Vk>n0. o k € U N V> by blast

qed

lemma restriction-open-finite-Inter :
finite I = (N\i. i € I = open| (U 1)) = openy ((Ni€l. U i)
by (induct I rule: finite-induct)
(simp-all add: restriction-open-inter)

definition restriction-closed :: <'a set = booly (<closed»)
where <closed), S = open, (— S)»

lemma restriction-closedl : «(NX 0. ¥ ¢ § —= 0 —]— ¥ = In0.
Vk>n0. 0 k ¢ S) = closed| S»
by (simp add: restriction-closed-def restriction-open-def)

lemma restriction-closedD : <closed] S =YX ¢ S = 0 —|—> ¥ =
In0.Vk>n0. o k ¢ S
by (simp add: restriction-closed-def restriction-open-def)

lemma restriction-closedE :

<closed) S =3¢ S =0 —-|=>Y= (An0. An.n0 < k=0
k ¢ S) = thesis) = thesis)

using restriction-closedD by blast

lemma restriction-closed-UNIV  [simp] : <closed] UNIV)»
and restriction-closed-empty [simp] : <closed; {}

by (simp-all add: restriction-closed-def)

end
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5.2 Balls

context restriction begin

definition restriction-cball :: <'a = nat = 'a set> (B, '(-, -)»)
where By(a, n) ={z. zln=al np

lemma restriction-cball-mem-iff : <x € By(a, n) ¢«— zln=alm
and restriction-cball-meml |l n=aln= z € B (a, n)
and restriction-cball-memD :<x € Bi(a,n) =z ln=al w
by (simp-all add: restriction-cball-def)

abbreviation (iff) restriction-ball :: <'a = nat = 'a set)
where <restriction-ball a n = By (a, Suc n)

lemma <z € restriction-ball a n <— x| Sucn = a | Suc n
and <z | Sucn = al Suc n = x € restriction-ball a n»
and <z € restriction-ball a n = x | Sucn = a | Suc m
by (simp-all add: restriction-cball-def)

lemma <a € restriction-ball a n»
and center-mem-restriction-cball [simp] : <a € By(a, n)>
by (simp-all add: restriction-cball-memlI)

lemma (in restriction-space) restriction-cball-0-is-UNIV [simp] :
«By(a, 0) = UNIV» by (simp add: restriction-cball-def)

lemma every-point-of-restriction-cball-is-centre :
<b € B(a, n) = By(a, n) = By (b, n)
by (simp add: restriction-cball-def)

lemma <b € restriction-ball a n —> restriction-ball a n = restric-
tion-ball b n»
by (simp add: every-point-of-restriction-cball-is-centre)

definition restriction-sphere :: <'a = nat = 'a set>» (xS,'(-, -'))
where Sy (a, n) ={z.zln=alnAzl Sucn#al Sucn}h
lemma restriction-sphere-mem-iff : <z € Sy(a, n) «—zln=aln

Azl Sucn # al Sucn
and restriction-sphere-meml <z | n=aln=— x ] Sucn # a
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1l Sucn =z € S (a, n)
and restriction-sphere-memD1 : <z € Sy (a,n) =zl n=alw
and restriction-sphere-memD2 : <z € S| (a, n) = z | Suc n # a
3 Suc
by (simp-all add: restriction-sphere-def)

lemma restriction-sphere-is-diff : <S|(a, n) = By(a, n) — B (a, Suc
n)»
by (simp add: set-eq-iff restriction-sphere-mem-iff restriction-cball-mem-iff)

lemma restriction-open-restriction-cball [simp] : <open; By(a, n)
by (metis restriction-cball-mem-iff restriction-tendstoE restriction-openl )

lemma restriction-closed-restriction-cball [simp)] : <closed| B(a, n)»
by (metis restriction-cball-mem-iff restriction-closedl restriction-tendstoE)

lemma restriction-open-Compl-iff : <open; (— S) +— closed; S»
by (simp add: restriction-closed-def)

lemma restriction-open-restriction-sphere [simp) : <openy S| (a, n)>
by (simp add: restriction-sphere-is-diff Diff-eq
restriction-open-Compl-iff restriction-open-inter)

lemma restriction-closed-restriction-sphere : <closed| S(a, n)»
by (simp add: restriction-closed-def restriction-sphere-is-diff)
(simp add: restriction-open-union restriction-open-Compl-iff)

end

context restriction-space begin

lemma restriction-cball-anti-mono : «<n < m = B(a, m) C B, (a,
n)»

by (meson restriction-cball-memD restriction-cball-memlI restric-
tion-related-le subsetl)

lemma inside-every-cball-iff-eq : «(Vn. x € By (X, n)) «— =z =
by (simp add: all-restriction-related-iff-related restriction-cball-mem-iff)

lemma Inf-many-inside-cball-iff-eq : «(Foon. z € BY(X, n)) +— = =
X
by (unfold INFM-nat-le)

(meson inside-every-cball-iff-eq nle-le restriction-cball-anti-mono
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subset-eq)

lemma Inf-many-inside-cball-imp-eq : (oon. v € BY(X, n) = 2 =
DI
by (simp add: Inf-many-inside-cball-iff-eq)

lemma restriction-cballs-disjoint-or-subset :

By(a, n) N By(b, m) = {} V By(a, n) C By(b, m) vV By(b, m)
B, (a, n)»
proof (unfold disj-imp, intro impl)

assume B (a, n) N By(b, m) # {}» <= By(a, n) C By(b, m)»

from B (a, n) N By(b, m) # {}> obtain z where « € B (a, n)
«x € By(b, m)» by blast

with every-point-of-restriction-cball-is-centre

have B (a, n) = B (z, n)» By (b, m) = B (z, m)» by auto

with = B (a, n) C By (b, m)> show B (b, m) C B (a, n)

by (metis nle-le restriction-cball-anti-mono)

qed

N

lemma equal-restriction-to-cball :

<a ¢ By(b,n) = ze€B(byn)=yeB(byn)=zlk=alk
—ylk=alk

by (metis nat-le-linear restriction-cball-memD restriction-cball-memlI
restriction-related-le)

end

context restriction begin

lemma restriction-tendsto-iff-restriction-cball-characterization :
0 == X +— (Vn. 3In0.Vk>n0. o k € B (X, n))
by (metis restriction-cball-mem-iff restriction-tendsto-def)

corollary restriction-tendsto-restriction-cballl : «(An. In0. ¥ k>n0.
ckeB(X, n)=0—-|=>
by (simp add: restriction-tendsto-iff-restriction-cball-characterization)

corollary restriction-tendsto-restriction-cballD : <0 —]— ¥ = A n0.
Vk>n0. o k € B (X, n)
by (simp add: restriction-tendsto-iff-restriction-cball-characterization)

corollary restriction-tendsto-restriction-cballFE :

0 == X = (An0. (Ak. n0 < k= o k € B) (2, n)) = thesis)
= thesis
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using restriction-tendsto-restriction-cballD by blast

end

context restriction begin

theorem restriction-closed-iff-sequential-characterization :
<closed) S +— (VX 0. rangec C S — 0 —|—- X — X € S)
proof (intro iffT alll impl)
show «<restriction-closed S = range 0 C § —= 0 —]—> X = ¥ €
Sy for ¥ o
by (meson le-add1 range-subsetD restriction-closedD)
next
assume * : (VX 0. rangeg C S — o —|—> ¥ — 3 e S
show «closed| S»
proof (rule restriction-closedl, rule ccontr)
fix ¥ o assume X ¢ S) <0 —|— ¥ An0. VE>n0. 0 k ¢ S
from A n0. Vk>n0. o k ¢ Sy INFM-nat-le have <3 k. 0 k € S
by auto
from this[ THEN extraction-subseqD|of \z. z € S]]
obtain f :: (nat = nat» where «strict-mono fy ~Vk. o (fk) € S
by blast
from Vk. o (fk) € S) have <range (o o f) C S) by auto
moreover from (strict-mono f» <0 —]— %> have (o o f) —|—
DI
by (fact restriction-tendsto-subseq)
ultimately have <X € S» by (fact *[rule-format)])
with <X ¢ S» show Fualse ..
qed
qed

corollary restriction-closed-sequentiall :
(A o.rangeoc C S = 0 —|—- 3 = X € §) = closed] S
by (simp add: restriction-closed-iff-sequential-characterization)
corollary restriction-closed-sequentialD :
<closed) S = rangec C S = o0 -] ¥ =X € S

by (simp add: restriction-closed-iff-sequential-characterization)

end

context restriction-space begin

theorem restriction-open-iff-restriction-cball-characterization :
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copen; U +— (VE€U. In. By(X, n) C U)
proof (intro iffI balll)
show <open) U = ¥ € U = In. B(X, n) C U for &
proof (rule ccontr)
assume <open; U> <X € Uy Bn. By(Z, n) C U
from «Bn. B (2, n) C U»> have Vn. 0.0 € B)(X, n) N — U»
by auto
then obtain ¢ where <0 n € B (X2, n)) <c n € — U» for n by
(metis IntE)
from <An. o n € B, (2, n)» have (o0 —|— %)
by (metis restriction-cball-memD restriction-related-le restric-
tion-tendstol )
moreover from <open; U» have <closed| (— U)»
by (simp add: restriction-closed-def)
ultimately have <X € — U
using <An. o n € — U» restriction-closedD by blast
with <X € U) show Fulse by simp
qed
next
show «VXeU. In. By(X, n) C U = openy U»
by (metis center-mem-restriction-cball restriction-open-def
restriction-open-restriction-cball subset-iff)
qed

corollary restriction-open-restriction-cballl :
(ANZ. 2 e U= 3n B(X, n) CU)= open, U»
by (simp add: restriction-open-iff-restriction-cball-characterization)

corollary restriction-open-restriction-cballD :
copeny U =YX € U= 3n. By (X, n) C U»
by (simp add: restriction-open-iff-restriction-cball-characterization)

corollary restriction-open-restriction-cballE :
copen; U =X € U= (An. B (2, n) C U => thesis) = thesis

using restriction-open-restriction-cballD by blast

end

context restriction begin

definition restriction-cont-on :: <['b :: restriction = a, 'b set] = bool»
(ceconty () on (-)» [1000, 1000))
where <cont; fon A = VY€A. cont fat 3>

lemma restriction-cont-onl : «(ANX 0. X € A = 0 —]—= ¥ = (An.

f(on) —l—=fX) = cont fon A
by (simp add: restriction-cont-on-def restriction-cont-atl)
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lemma restriction-cont-onD : <conty fon A = ¥ € A = o0 —|—
Y= (An.f(on) —|=>f5
by (simp add: restriction-cont-on-def restriction-cont-atD)

lemma restriction-cont-on-comp [restriction-cont-simpset] :
<conty fon A = conty gon B= f ‘A C B=> cont) (A\z. g (f
z)) on A»
by (simp add: image-subset-iff restriction-cont-at-comyp
restriction-cont-on-def restriction-class.restriction-cont-on-def)

lemma restriction-cont-on-if-then-else [restriction-cont-simpset] :
Az Pz = cont; (fz) on A; Nz. = P x = cont (g x) on A]
= conty (Ay. if Pz then fz yelse gz y) on A
by (auto introl: restriction-cont-onI) (blast dest: restriction-cont-onD)+

lemma restriction-cont-on-subset [restriction-cont-simpset] :
<cont; fon B= A C B = cont| fon A
by (simp add: restriction-cont-on-def subset-iff)

abbreviation restriction-cont :: <['b :: restriction = 'a] = booly (<cont}»)
where <cont| f = cont, f on UNIV)

lemma restriction-contl : «(A\X 0.0 == X = (An. f (o n)) —{—
[ X) = cont,
by (simp add: restriction-cont-onl)

lemma restriction-contD : <cont) f = 0 —|— ¥ = (An. f (o n))
—1—=f
by (simp add: restriction-cont-onD)

lemma restriction-cont-comp [restriction-cont-simpset] :
<cont; g = cont| f => cont; (Az. g (fz))
by (simp add: restriction-cont-on-comp)

lemma restriction-cont-if-then-else [restriction-cont-simpset] :
Az Pz = cont; (fz); Nz. -~ Pz = conty (g z)]
= conty (A\y. if Pz then fx y else g x y)»

by (auto introl: restriction-contl) (blast dest: restriction-contD)+

end

context restriction-space begin

theorem restriction-cont-at-iff-restriction-cball-characterization :
cconty fat X «— (Vn. k. fB(E, k) C B(f X, n))»
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for f :: <'b :: restriction-space = 'a
proof (intro iffI alll)
show k. f B (2, k) C By(f X, n) if <cont fat ¥» for n
proof (rule ccontr)
assume k. f B (%, k) C By(f &, n)»
hence Vk. 3y. ¢ € fBy(Z, k) A & BL(f X, n)» by auto
then obtain ¢ where x : «p k€ f ‘B (Z, k)» <« k ¢ By(f £, n)
for k by metis
from %(1) obtain o where *x : <0 k € By (%, k) «p k= f (o0 k)
for k
by (simp add: image-iff) metis
have o0 —|— X
by (rule restriction-class.restriction-tendsto-restriction-cballl)
(use xx(1) restriction-space-class.restriction-cball-anti-mono in
blast)
with restriction-cont-atD <restriction-cont-at f >
have «(Ak. f (o k)) —4— f X» by blast
hence ) —|— f ¥ by (fold *x(2))
with *(2) restriction-tendsto-restriction-cballD show False by blast
qed
next
show Vn. k. f “By(X, k) C By (f £, n) = cont; fat %>
by (intro restriction-cont-atl restriction-tendsto-restriction-cballl)
(meson image-iff restriction-class.restriction-tendsto-restriction-cballD
subset-eq)
qed

corollary restriction-cont-at-restriction-cballl :
(An. k. fB(Z, k) CB(f 2, n) = conty fat >
for f :: <'b :: restriction-space = 'a»
by (simp add: restriction-cont-at-iff-restriction-cball-characterization)

corollary restriction-cont-at-restriction-cballD :
ccont) fat ¥ = k. fBy(E, k) C B(f £, n)
for f :: <'b :: restriction-space = 'a»
by (simp add: restriction-cont-at-iff-restriction-cball-characterization)

corollary restriction-cont-at-restriction-cballE :

ccont) fat ¥ = (A\k. [ By(Z, k) C B(f &, n) = thesis) =
thesis»

for f :: <'b :: restriction-space = 'a»

using restriction-cont-at-restriction-cballD by blast

theorem restriction-cont-iff-restriction-open-characterization :
<conty f <— (YU. openy U — openy (f =< U))
for f :: <'b :: restriction-space = 'a
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proof (intro iffT alll impl)
fix U :: </a set» assume <cont| f> <openy U»
show <open (f —° U)»
proof (rule restriction-space-class.restriction-open-restriction-cballl )
fix ¥ assume X € f —“ U»
hence «f ¥ € U» by simp
with <open| U» restriction-open-restriction-cballD
obtain n where B (f ¥, n) C U» by blast
moreover obtain k where «f ‘B (X, k) C B)(f &, n)»
by (meson UNIV-I <cont, f» restriction-cont-at-restriction-cballE
restriction-cont-on-def)
ultimately have B (X, k) C f — U» by blast
thus Gk By(XZ, k) Cf U ..
qed
next
show Y U. open; U — open) (f —¢ U) = cont; f»
by (unfold restriction-cont-on-def, intro balll restriction-cont-at-restriction-cballl)
(simp add: image-subset-iff-subset-vimage restriction-space-class.restriction-open-restriction-cballD)
qed

corollary restriction-cont-restriction-openl :
«(A\U. openy U => open, (f — U)) = cont, f>
for [ :: <'b :: restriction-space = 'a»
by (simp add: restriction-cont-iff-restriction-open-characterization)

corollary restriction-cont-restriction-openD :
<conty f = openy U = openy (f = U)
for f :: <'b :: restriction-space = 'a»
by (simp add: restriction-cont-iff-restriction-open-characterization)

theorem restriction-cont-iff-restriction-closed-characterization :
<conty f <— (VS. closed) S — closedy (f —*5))
for f :: <'b :: restriction-space = 'a
by (metis boolean-algebra-class.boolean-algebra.double-compl local.restriction-closed-def
restriction-class.restriction-closed-def restriction-cont-iff-restriction-open-characterization
vimage-Compl)

corollary restriction-cont-restriction-closedl :
(AU. closedy U => closed (f —¢U)) = conty >
for f :: <'b :: restriction-space = 'a»
by (simp add: restriction-cont-iff-restriction-closed-characterization)

corollary restriction-cont-restriction-closedD :
<conty f = closedy U = closed (f —< U)
for f :: <'b :: restriction-space = 'a»
by (simp add: restriction-cont-iff-restriction-closed-characterization)
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theorem restriction-shift-on-restriction-open-imp-restriction-cont-on :
<cont) fon U if <openy U» and <restriction-shift-on f k U>»
proof (intro restriction-cont-onl restriction-tendstol)
fix ¥ o and n :: nat assume <X € U) 0 —|—
with <open; U»> obtain n0 where <V {>n0. o [ € U
by (meson restriction-class.restriction-openD)
moreover from o —|— X [THEN restriction-class.restriction-tendstoD)
obtain n! where V{>n1. ¥ | nat (int n — k) = o 1 | nat (int n
— k) ..
ultimately have <VI>maz n0 nl. c 1 € U A X | nat (int n — k)
= o 1| nat (int n — k)» by simp
with <X € U» «restriction-shift-on f k U> restriction-shift-onD
have VI>maz n0 nl. f ¥ | nat (int (nat (intn — k) + k) =f (o
1) | nat (int (nat (int n — k)) + k)» by blast
moreover have n < nat (int (nat (int n — k)) + k)» by auto
ultimately have VI>maz n0ni. f X | n=f (o 1) | »» by (meson
restriction-related-le)
thus <3n2.Vi>n2. f X L n=f (o 1) | n» by blast
qed

corollary restriction-shift-imp-restriction-cont [restriction-cont-simpset)

<restriction-shift f k = cont) f»
by (simp add: restriction-shift-def
restriction-shift-on-restriction-open-imp-restriction-cont-on)

corollary non-too-destructive-imp-restriction-cont [restriction-cont-simpset]

<non-too-destructive f = cont| f»
by (simp add: non-too-destructive-def non-too-destructive-on-def
restriction-shift-on-restriction-open-imp-restriction-cont-on)

end

5.3 Compactness

context restriction begin

definition restriction-compact :: <'a set = bool> (<compact,»)
where <compact; K =
Vo. rangec C K —
(3f = nat = nat. 3. X € K A strict-mono f A (o o f) —4—
)

lemma restriction-compactl :
(No. range 0 C K = 3f :: nat = nat. 33. X € K A strict-mono

fA(oof)—l=E)
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= compact; K» by (simp add: restriction-compact-def)

lemma restriction-compactD :
<compact) K = range 0 C K —
3f = nat = nat. 33. ¥ € K A strict-mono f A (o o f) —]— D>
by (simp add: restriction-compact-def)

lemma restriction-compactF :

assumes (compact, K> and <range 0 C K>

obtains f :: (nat = nat> and ¥ where <X € K» «strict-mono f>
(oo f) ==

by (meson assms restriction-compactD)

lemma restriction-compact-empty [simp] : <compact, {}>
by (simp add: restriction-compact-def)

lemma (in restriction-space) restriction-compact-imp-restriction-closed

<closed; K» if <compact; K>
proof (rule restriction-closed-sequentiall )
fix o0 3 assume <range 0 C K») <0 —|— X»
from restriction-compactD <compact; K> <range o C K»
obtain f and ¥’ where <X’ € K) «strict-mono f» <(c o f) —|— X"
by blast
from restriction-tendsto-subseq <strict-mono f> ¢ —|— 3
have (o o f) —]— ¥ by blast
with (o o f) —|— X/ have (¥’ = %) by (fact restriction-tendsto-unique)
with <X/ € K) show <X € K) by simp
qed

lemma restriction-compact-union : <compact; (K U L))
if <compact; K> and (compact; L)
proof (rule restriction-compactl)
fix o :: <nat = -» assume <range 0 C K U L»
{ fix K L and f :: <nat = nat
assume <compact, K> <strict-mono f» <o (fn) € K> for n
from «(An. o (fn) € K)» have <range (o o f) C K> by auto
with <compact), K> restriction-compactD obtain g ¥
where <X € K» <strict-mono ¢» «(o o f o g) —]— X by blast
hence <X € K U L A strict-mono (f o g) A (o o (f o g)) —4— X
by (metis (no-types, lifting) Un-iff <strict-mono f» comp-assoc
monotone-on-o subset-UNIV')
hence (3f X. ¥ € K U L A strict-mono f A (0 o f) —l— ¥ by
blast
} note x = this
have «(Foon.on € K)V (Joon. o n € L)
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proof (rule ccontr)
assume - ((Joon. o n € K) V (Fon. o n € L))
hence (finite {n. o0 n € K} A finite {n. o n € L}
using frequently-cofinite by blast
then obtain n where «<n ¢ {n.one€ K} An¢ {n.onelL}p
by (metis (mono-tags, lifting) INFM-nat-le dual-order.refl
frequently-cofinite le-sup-iff mem-Collect-eq)
hence <0 n ¢ K U L) by simp
with <range 0 C K U Ly show Fualse by blast
qged
thus «(3f X. ¥ € K U L A strict-mono f A (o o f) —]— 3
by (elim disjE extraction-subseqFE)
(use * <compact, K> in blast, metis * Un-iff <compact; L»)
qed

lemma restriction-compact-finite- Union :
Ifinite I; Ni. ¢ € I = compact, (K )] = compact, ((Jiel. K
i)
by (induct I rule: finite-induct)
(simp-all add: restriction-compact-union)

lemma (in restriction-space) restriction-compact-Inter :
<compacty ((i. K i) if <\i. compact; (K i)
proof (rule restriction-compactl)
fix o :: <nat = 'a» assume <range o C [\ (range K)»
hence (range 0 C K i» for i by blast
with (Ai. compact; (K i) restriction-compactD
obtain f ¥ where <strict-mono f> «(o o f) —]— ¥ by blast
from <Ai. compact, (K i)» have <closed; (K i)» for i
by (simp add: restriction-compact-imp-restriction-closed)
moreover from (\i. range 0 C K @ have (range (o o f) C K i
for i by auto
ultimately have <~ € K ) for ¢
by (meson (o o f) —]— ) restriction-closed-sequentialD)
with «strict-mono f» <(o o f) —]— %»
show «3f X. ¥ € (] (range K) A strict-mono f A (o o f) =|— 5>
by blast
qed

lemma finite-imp-restriction-compact : <compact; K> if «finite K»
proof (rule restriction-compactl)
fix 0 :: <nat = - assume <range o C K»
have (XK. A n. o n =%
proof (rule ccontr)
assume - (3Xe€K. Jon. o n =)
hence VX€K. finite {n. o n =X} by (simp add: frequently-cofinite)
with (finite K» have «(finite (JX€K. {n. 0 n = X})» by blast
also from <range o C K» have (| JX€K. {n. o n=3}) = UNIV»
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by auto
finally show Fulse by simp
qed
then obtain ¥ where <X € K» «(d,n. 0 n =% ..
from extraction-subsegD[of - o, OF (3 oon. 0 n = ]
obtain f :: <nat = nat» where <strict-mono f) <o (fn) = X for n
by blast
from <An. o (fn) = ¥ have ((c o f) —]— %)
by (simp add: restriction-tendstol)
with «strict-mono f» (X € K>
show (3f X. ¥ € K A strict-mono f A (0 o f) —]— ) by blast
qed

lemma restriction-compact-restriction-closed-subset : <compact) L»

if <L C K» <compact, K> <closed, L»
proof (rule restriction-compactI)

fix o :: <nat = -» assume <range o C Ly

with <L C K) have <range 0 C K)» by blast

with <compact), K> restriction-compactD

obtain f ¥ where <X € K> <strict-mono f> <(oc o f) —|— X by
blast

from <range o C Ly have <range (o0 o f) C Ly by auto

from restriction-closed-sequentialD <restriction-closed L»

(oo f) —l— ¥ «range (o o f) C Ly have <X € L) by blast

with «strict-mono f» <(o o f) —]— %»

show (3f X. ¥ € L A strict-mono f A (0 o f) —|— X by blast
qed

lemma restriction-cont-image-of-restriction-compact :
<compact, (f * K)» if <compact, K> and <cont; f on K>
proof (rule restriction-compactI)
fix o :: <nat = -» assume <range o C f ‘ K>
hence <Vn.3v.v€ K Ao n=f~y by (meson imageE range-subsetD)
then obtain v :: <nat = -» where <range v C K» <o n = f (v n)»
for n
by (metis image-subsetl)
from restriction-class.restriction-compactD[OF «compact;, K> <range
7 € K]
obtain g ¥ where (X € K» «strict-mono ¢» «(y o g) —{— %) by
blast
from <cont; fon K» ¥ € K»
have <cont f at ¥» by (simp add: restriction-cont-on-def)
with «(y o g) —]— X restriction-cont-atD
have ((An. f ((y o g) n)) —{— f > by blast
also have ((An. f ((y o g) n)) = (o o g
by (simp add: <An. o n = f (v n)» comp-def)
finally have (o0 o g) —]— f X .
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with 3 € K» «<strict-mono g
show (g X. ¥ € f “ K A strict-mono g A\ (0 o g) —]— X by blast
qed

end

5.4 Properties for Function and Product

lemma restriction-cball-fun-is : <By(f,n) ={g.Vz. gz € B (fz, n)}
by (simp add: set-eq-iff restriction-cball-mem-iff restriction-fun-def)
metis

lemma restriction-cball-prod-is :
B (X, n) = By(fst £, n) x By(snd X, n)
by (simp add: set-eq-iff restriction-cball-def restriction-prod-def)

lemma restriction-open-prod-imp-restriction-open-image-fst :
copen (fst < U)» if <openy U
proof (rule restriction-openl)
fix ¥ 0 assume <X € fst ‘ Uy and 0 —|— ¥
from <X € fst * U> obtain v where «(X, v) € U» by auto
from (o —|— % have «(An. (o n, v)) —]— (Z, v)»
by (simp add: restriction-tendsto-prod-iff restriction-tendsto-const)
from restriction-openD[OF <restriction-open U «(X, v) € U this
obtain n0 where Vk>n0. (o k, v) € U> ..
thus 3n0. Vk>n0. o k € fst * Uy by (metis fst-conv imagel)
qed

lemma restriction-open-prod-imp-restriction-open-image-snd :
<open; (snd ¢ U)» if <open; U»
proof (rule restriction-openl)
fix ¥ 0 assume <X € snd ‘ U» and 0 —|—
from (X € snd ‘ U» obtain u where («(u, ) € U» by auto
from (o —|— % have «(An. (u, 0 n)) —L— (u, Z)
by (simp add: restriction-tendsto-prod-iff restriction-tendsto-const)
from restriction-openD|OF <restriction-open Uy «(u, ¥) € U» this]
obtain n0 where Vk>n0. (u, o k) € U» ..
thus 3n0. Vk>n0. o k € snd ‘ Uy by (metis snd-conv imagel)
qed

lemma restriction-open-prod-iff :

copeny (U x V) «— (V. ={} Vopen, U) A (U = {} V open, V)
proof (intro iffI conjI)

show <open) (U x V) = V ={} V open; U»

by (metis fst-image-times restriction-open-prod-imp-restriction-open-image-fst)
next

show <open) (U x V) = U = {} V openy V>

by (metis restriction-open-prod-imp-restriction-open-image-snd snd-image-times)
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next
assume (V = {} V open; U) A (U = {} V open; V)
then consider «U = {} | <V = {}» | <open; U A open, V> by fast
thus <openy (U x V)
proof cases
show «U = {} = open, (U x V)» by simp
next
show <V = {} = open, (U x V)» by simp
next
show <open) (U x V)» if = : <open) U A open) V>
proof (rule restriction-openl)
fix ¥ 0 assume X € U x V) and 0 —]— ¥»
from <X € U x V) have «fst ¥ € U» «<snd X € V» by auto
from <0 —|— %) have «(An. fst (o n)) —L— fst 3> «(An. snd
(o0 n)) —l— snd T
by (simp-all add: restriction-tendsto-prod-iff)
from restriction-openD|OF x[THEN conjunctl] <fst ¥ € U» «(An.
fst (o0 n)) —l— fst I]
obtain n0 where Y k>n0. fst (o k) € U» ..
moreover from restriction-openD[OF *[THEN conjunct2] <snd
Y eV «(An. snd (o n)) —|— snd 3]
obtain nl where Vk>nl. snd (o k) € V> ..
ultimately have Vk>maz n0 nl. o k € U x V» by (simp add:
mem-Times-iff)
thus (An2. Vk>n2. 0 k€ U x V) by blast
qed
qed
qed

lemma restriction-cont-at-prod-codomain-iff:
<conty fat ¥ <— conty (Az. fst (fz)) at £ A conty (Az. snd (f ))
at ¥

by (auto simp add: restriction-cont-at-def restriction-tendsto-prod-iff)
lemma restriction-cont-on-prod-codomain-iff:

cconty fon A «— conty (Az. fst (fz)) on A A conty (Az. snd (f z))
on A»

by (metis restriction-cont-at-prod-codomain-iff restriction-cont-on-def)
lemma restriction-cont-prod-codomain-iff:

<conty f <— conty (Az. fst (f x)) A conty (Az. snd (f z))»
by (fact restriction-cont-on-prod-codomain-iff)

lemma restriction-cont-at-prod-codomain-imp [restriction-cont-simpset]

<conty fat ¥ = cont) (Az. fst (f z)) at >
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<conty fat ¥ => conty (Az. snd (f z)) at >
by (simp-all add: restriction-cont-at-prod-codomain-iff)

lemma restriction-cont-on-prod-codomain-imp [restriction-cont-simpset)

<conty fon A => conty (Az. fst (f z)) on A
<cont; fon A = cont) (Az. snd (fz)) on A>
by (simp-all add: restriction-cont-on-prod-codomain-iff)

lemma restriction-cont-prod-codomain-imp [restriction-cont-simpset]

<conty f = cont, (Az. fst (f z))»
<cont) f = conty (Az. snd (f z))
by (simp-all add: restriction-cont-prod-codomain-iff)

lemma restriction-cont-at-fun-imp [restriction-cont-simpset] :
<conty fat A = cont; (Az. fzy) at A
by (rule restriction-cont-atl)
(metis restriction-cont-atD restriction-tendsto-fun-imp)

lemma restriction-cont-on-fun-imp [restriction-cont-simpset] :
<conty fon A= cont, (Az. fzy) on A
by (simp add: restriction-cont-at-fun-imp restriction-cont-on-def)

corollary restriction-cont-fun-imp [restriction-cont-simpset] :
<cont) f = conty (\z. fz y)
by (fact restriction-cont-on-fun-imp)

lemma restriction-cont-at-prod-domain-imp [restriction-cont-simpset]

cconty fat ¥ = conty (Az. f (z, snd X)) at (fst L)
<conty fat ¥ = conty (Ay. f (fst 3, y)) at (snd )
for f :: <'a :: restriction-space X 'b :: restriction-space = 'c :: re-
striction-space»
by (simp add: restriction-cball-prod-is subset-iff image-iff
restriction-cont-at-iff-restriction-cball-characterization,
meson center-mem-restriction-cball)+

lemma restriction-cont-on-prod-domain-imp [restriction-cont-simpset]

cconty (Az. f (z, y)) on {z. (z, y) € Ap

cconty (Ay. f (z, y)) on {y. (z, y) € A} if <cont; fon A
for f :: <'a :: restriction-space X 'b :: restriction-space = 'c :: restric-
tion-space)
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proof —
show <cont; (A\z. f (z, y)) on {z. (z, y) € Ap
proof (unfold restriction-cont-on-def, rule balll)
fix r assume <z € {z. (z, y) € A}
with <cont; fon A have <cont| f at (z, y)»
unfolding restriction-cont-on-def by simp
thus <cont; (A\z. f (z, y)) at 2
by (fact restriction-cont-at-prod-domain-implof f «(z, y)», simpli-
fied])
qged
next
show <cont; (A\y. f (z, y)) on {y. (z, y) € A}
proof (unfold restriction-cont-on-def, rule balll)
fix y assume <y € {y. (z, y) € A}p
with <cont; fon A have <cont f at (z, y)»
unfolding restriction-cont-on-def by simp
thus <cont; (A\y. f (z, y)) at
by (fact restriction-cont-at-prod-domain-implof f «(x, y)>, simpli-
fied))
qed
qged

lemma restriction-cont-prod-domain-imp [restriction-cont-simpset] :

ccont; f = conty (\z. f (z, y))»

<conty f = cont, (Ay. f (z, y))»
for f :: <'a :: restriction-space X 'b :: restriction-space = 'c :: restric-
tion-space)

by (metis UNIV-I restriction-cont-at-prod-domain-imp(1) restric-
tion-cont-on-def split-pairs)

(metis UNIV-I restriction-cont-at-prod-domain-imp(2) restriction-cont-on-def
split-pairs)

6 Induction in Restriction Space

6.1 Admissibility

named-theorems restriction-adm-simpset — For future automation.
6.1.1 Definition

We start by defining the notion of admissible predicate. The
idea is that if this predicates holds for each value of a convergent
sequence, it also holds for its limit.

context restriction begin
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definition restriction-adm :: «('a = bool) = bool> (<admy»)
where <(restriction-adm P =Vo ¥. 0 —]— ¥ — (Vn. P (o n))
— P

lemma restriction-adml :

(No 2.0 —]—= X = (An. P (6 n)) = P X) = restriction-adm
P»

by (simp add: restriction-adm-def)

lemma restriction-admD :
[restriction-adm P; 0 —|— X; An. P (0 n)] = P %
by (simp add: restriction-adm-def)

6.1.2 Properties

lemma restriction-adm-const [restriction-adm-simpset] :
<admy (Az. t)
by (simp add: restriction-adml)

lemma restriction-adm-conj [restriction-adm-simpset] :
<admy (A\z. P z) = admy (A\z. Q ) = adm; (A\z. Pz A Q z)»
by (fast intro: restriction-adml elim: restriction-admD)

lemma restriction-adm-all [restriction-adm-simpset] :
«(Ay. adm; (Az. Pz y)) = adm; (Az. Vy. Pz y)
by (fast intro: restriction-adml elim: restriction-admD)

lemma restriction-adm-ball [restriction-adm-simpset] :
(Ay.y € A= admy (A\z. Pz y)) = admy (A\z. VyeA. Pz y)
by (fast intro: restriction-adml elim: restriction-admD)

lemma restriction-adm-disj [restriction-adm-simpset)] :
<admy (Az. Pz Vv Q z)» if <adm; (Az. P z)» <admy (Az. Q z)»
proof (rule restriction-adml)
fixocX
assume * : ¢ —|— X <An. P (0 n) V Q (o n)
from x(2) have xx : «(Vi. 35>i. P (0 j)) V (Vi. 35>i. Q (o j))»
by (meson nat-le-linear)

{ fix P assume $ : <adm; (Az. P z)» «Vi. 3j>i. P (o j)
define f where (fi = (LEAST j. i < j A P (o j)) for i
have f1: <\i. ¢ < fi> and f2: <\i. P (o (fi))
using Leastl-ex [OF $(2)[rule-format]] by (simp-all add: f-def)
have f3: «(An. o (fn)) —{— D>
proof (rule restriction-tendstol)
fix n
from <o —|— X restriction-tendstoD obtain n0 where ¥ k>n0.
Xln=o0okl] n by blast
hence Vk>maznOn. ¥ | n=o (fk) ] n» by (meson fI le-trans
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max.boundedFE)
thus <3n0. Vk>n0. X | n =0 (fk) | »» by blast
qed
have <P % by (fact restriction-admD[OF $(1) f3 f2])

}

with sx <adm; (Az. P z)) <adm (Az. @ z)) show <P ¥ V Q ) by
blast
qed

lemma restriction-adm-imp [restriction-adm-simpset] :

<admy (Az. = P z) = admy (A\z. Q ) = adm; (A\z. Pz — @
z)

by (subst imp-conv-disj) (rule restriction-adm-disj)

lemma restriction-adm-iff [restriction-adm-simpset] :

<adm; (Ax. Pz — Q z) = adm) (Az. Q © — P 1) = adm,
(M. Pz +— Q)

by (subst iff-conv-conj-imp) (rule restriction-adm-cony)

lemma restriction-adm-if-then-else [restriction-adm-simpset]:
([P = adm) (Az. Q z); - P = adm, (A\z. R 2)] =
adm) (Az. if P then Q x else R z)»
by (simp add: restriction-adm-def)

end

The notion of continuity is of course strongly related to the no-
tion of admissibility.

lemma restriction-adm-eq [restriction-adm-simpset] :

<admy (Az. fz = g x) if <cont) > and <cont; ¢
for f g :: <a :: restriction = 'b :: restriction-space’
proof (rule restriction-adml)

fix 0 ¥ assume 0 —|— X and «An. f (o n) = g (o n)

from restriction-contD[OF <cont, fr» <o —}— ¥»] have «(An. [ (o
n)) == f 3.

hence «(An. g (o n)) —l— f % by (unfold <An. f (o n) =g (o
n)»)

moreover from restriction-contD][OF <cont; ¢» <0 —|— ¥»] have
((An. g (o n)) —l— g .

ultimately show <(f ¥ = g ¥ by (fact restriction-tendsto-unique)
qed

lemma restriction-adm-subst [restriction-adm-simpset] :
<admy (Az. P (t z))» if <cont; (Az. t z)» and <adm| P>
proof (rule restriction-adml)
fix 0 ¥ assume o —|— % <An. P (t (¢ n)»
from restriction-contD[OF <cont) (Az. t ) <o —|— 3]
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have «(An. t (o n)) —4— t %> .

from restriction-admD[OF <restriction-adm P> «(An. t (o n)) —4—
t 3 <An. P (¢t (o0 n))]

show «P (t X)» .
qed

lemma restriction-adm-prod-domainD [restriction-adm-simpset] :
<admy (Az. P (z, y))» and <adm) (Ay. P (z, y))» if <adm P>
proof —
show <adm, (Az. P (z, y))
proof (rule restriction-adml)
show (P (X, y)» if <¢ —]— % <An. P (6 n, y)» for o &
proof (rule restriction-admD[OF <adm, Py - <An. P (o n, y)])
show «(An. (o n, y)) —I— (2, y)
by (simp add: restriction-tendsto-prod-iff restriction-tendsto-const
0 ——= )
qed
qed
next
show <adm; (Ay. P (z, y))»
proof (rule restriction-adml)
show (P (z, ¥)» if <0 —]— X <An. P (z, 0 n)) for 0 &
proof (rule restriction-admD[OF <adm, Py - <An. P (z, o n)])
show «(An. (z, o n)) —|— (2, T)
by (simp add: restriction-tendsto-prod-iff restriction-tendsto-const
0 ——= )
qed
qed
qed

lemma restriction-adm-restriction-shift-on [restriction-adm-simpset] :
cadmy (Af. restriction-shift-on f k A)»
proof (rule restriction-adml)
fix 0 :: <nat = ‘a = by and X :: (‘a = b
assume (o —— X» and hyp : <restriction-shift-on (o n) k A> for n
show <restriction-shift-on ¥ k A»
proof (rule restriction-shift-onI)
fixzynassume <z € H e hxxln=ylmn
from hyp[THEN restriction-shift-onD, OF this]
have x : <o mz | nat (int n + k) = 0 m y | nat (int n + k) for
m .
show X z | nat (int n + k) = X y | nat (int n + k)
proof (rule restriction-tendsto-unique)
show «(Am. o m z | nat (int n + k)) —4— X z | nat (int n +
k)»

69



by (simp add: <o —|— X restriction-tendsto-const-restricted
restriction-tendsto-fun-imp)
next
show «(Am. o m z | nat (int n + k)) —}— 2 y | nat (int n +
k)
by (simp add: x <0 —|— X restriction-tendsto-const-restricted
restriction-tendsto-fun-imp)
qed
qed
qged

lemma restriction-adm-constructive-on [restriction-adm-simpset] :
<admy (Af. constructive-on f A)»
by (simp add: constructive-on-def restriction-adm-restriction-shift-on)

lemma restriction-adm-non-destructive-on [restriction-adm-simpset] :
<admy (Af. non-destructive-on f A)»
by (simp add: non-destructive-on-def restriction-adm-restriction-shift-on)

lemma restriction-adm-restriction-cont-at [restriction-adm-simpset] :
<admy (Af. conty fat a)
proof (rule restriction-adml)
fix o : <nat = ‘a = b and ¥ :: <'a = b
assume o —]— X and hyp : <cont; (o n) at a> for n
show <cont; ¥ at a>
proof (rule restriction-cont-atl)
fix v assume ¢y —]— @
from hyp[THEN restriction-cont-atD, OF this, THEN restric-
tion-tendstoD)
have <3n0. Vk>n0.c maln=0m (y k) L n for mn .
moreover from o —|— X)[THEN restriction-tendstoD]
have <3n0. Vk>n0. X | n=0 k| n» for n .
ultimately show «(An. ¥ (y n)) —|l— ¥ @
by (intro restriction-tendstol) (metis restriction-fun-def)
qed
qed

lemma restriction-adm-restriction-cont-on [restriction-adm-simpset] :
<admy (Af. conty fon A)
unfolding restriction-cont-on-def
by (intro restriction-adm-ball restriction-adm-restriction-cont-at)

corollary restriction-adm-restriction-shift [restriction-adm-simpset)] :
<admy (Af. restriction-shift f k)
and  restriction-adm-constructive [restriction-adm-simpset] :
<admy (Af. constructive f)»

70



and  restriction-adm-non-destructive [restriction-adm-simpset] :

<admy (Af. non-destructive f)»

and  restriction-adm-restriction-cont [restriction-adm-simpset] :

<admy (Af. conty f)»

by (simp-all add: restriction-adm-simpset restriction-shift-def
constructive-def non-destructive-def)

lemma (in restriction) restriction-adm-mem-restriction-closed [restriction-adm-simpset]

<closed) K = adm) (A\z. z € K)»
by (auto intro!: restriction-adml dest: restriction-closed-sequentialD)

lemma (in restriction-space) restriction-adm-mem-restriction-compact
[restriction-adm-simpset)] :
<compact; K = admy (Az. v € K)»
by (simp add: restriction-adm-mem-restriction-closed restriction-compact-imp-restriction-closed)

lemma (in restriction-space) restriction-adm-mem-finite [restriction-adm-simpset)]

finite S = adm (\z. z € S)»
by (simp add: finite-imp-restriction-compact restriction-adm-mem-restriction-compact)

lemma restriction-adm-restriction-tendsto [restriction-adm-simpset] :
<admy (Ao. o —|— X)»
by (intro restriction-adml restriction-tendstol)
(metis (no-types, opaque-lifting) restriction-fun-def restriction-tendsto-def)

lemma restriction-adm-lim [restriction-adm-simpset] :
<admy (AX. 0 —|— )
by (metis restriction-adml restriction-openD restriction-open-restriction-cball
restriction-tendsto-iff-restriction-cball-characterization)

lemma restriction-restriction-cont-on [restriction-cont-simpset] :
<conty fon A= conty (Az. fz | n) on A
by (rule restriction-cont-onl)
(simp add: restriction-cont-onD restriction-tendsto-const-restricted)

lemma restriction-cont-on-id [restriction-cont-simpset] : <cont; (Az.
z) on A»
by (simp add: restriction-cont-onl)

lemma restriction-cont-on-const [restriction-cont-simpset] : <cont (Az.

c) on A»
by (simp add: restriction-cont-onl restriction-tendstol)
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lemma restriction-cont-on-fun [restriction-cont-simpset| : <cont; (Af.
fz) on A
by (rule restriction-cont-onl) (simp add: restriction-tendsto-fun-imp)

lemma restriction-cont2cont-on-fun [restriction-cont-simpset] :
<conty fon A => cont, (Az. fzy) on A
by (rule restriction-cont-onl)
(metis restriction-cont-onD restriction-tendsto-fun-imp)

6.2 Induction

Now that we have the concept of admissibility, we can formalize
an induction rule for fixed points. Considering a constructive
function f of type ‘a = ‘a (where ‘a is instance of the class com-
plete-restriction-space) and a predicate P which is admissible,
and assuming that :

e P holds for a certain element z

e for any element z, if P holds for z then it still holds for f x
we can have that P holds for the fixed point v z. P .

lemma restriction-fiz-ind’ [case-names constructive adm steps] :
(constructive f = adm; P = (An. P ((f " n)z)) = P (v f
z)»
using restriction-admD funpow-restriction-tendsto-restriction-fix by
blast

lemma restriction-fiz-ind [case-names constructive adm base step] :
(P (v z. fx)» if <constructive f» <adm; P> <P 2> <\x. Px = P (f
)
proof (induct rule: restriction-fiz-ind”’)
show <constructive f> by (fact <constructive f»)
next
show «restriction-adm P) by (fact <restriction-adm P»)
next
show <P ((f "~ n) z)) for n
by (induct n) (simp-all add: <P x> <N\z. Pz = P (f z)»)
qed

lemma restriction-fiz-ind2 [case-names constructive adm base0 basel
step] :
(P (v z. fx) if <constructive > <admy P> <P x» <P (f z)»
Ne. [P P (Fa)] = P (f (Fo))>
proof (induct rule: restriction-fiz-ind’)
show <constructive fr by (fact <constructive f»)
next
show «restriction-adm P> by (fact <restriction-adm P»)
next
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show <P ((f 7" n) z)» for n
by (induct n rule: induct-nat-012) (simp-all add: that(3—5))
qed

We can rewrite the fixed point over a product to obtain this
parallel fixed point induction rule.

lemma parallel-restriction-fiz-ind [case-names constructiveL construc-
tiveR adm base step) :
fixes f :: 'a :: complete-restriction-space = 'a>
and g :: <'b :: complete-restriction-space = b
assumes constructive : <constructive f> <constructive g
and adm : <restriction-adm (Ap. P (fst p) (snd p))»
and base : <Pz y and step : <Az y. Pry = P (fz) (g y)
shows <P (v z. fz) (v y. g y»
proof —
define F' where <F = \(z, y). (fz, g y)»
define ) where «Q = A\(z, y). Pz i

have <P (v z. fz) (vy. gy) = Q (v p. Fp)p
by (simp add: F-def Q-def constructive restriction-fiz-indep-prod-is)
also have «Q (v p. F p)
proof (induct F rule : restriction-fiz-ind)
show <constructive F»
by (simp add: F-def constructive-prod-codomain-iff construc-
tive-prod-domain-iff constructive constructive-const)
next
show <restriction-adm Q>
by (unfold Q-def) (metis (mono-tags, lifting) adm case-prod-beta
restriction-adm-def)
next
show <Q (z, y)> by (simp add: Q-def base)
next
show «Q p = Q (F p)» for p by (simp add: Q-def F-def step
split-beta)
qed
finally show <P (v z. fz) (v y. g y) .
qed

k-steps induction

lemma restriction-fiz-ind-k-steps [case-names constructive adm base-k-steps
step] :
assumes <constructive f»
and <adm; P»
and Vi < k. P ((f ~"4) )
and (A\z. Vi < k. P ((f i) z) = P ((f k) ap
shows (P (v z. f x)»
proof (rule restriction-fiz-ind’)
show <constructive fr> by (fact <constructive f»)
next
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show <adm, P> by (fact <admy P»)
next
have nat-k-induct :
<Py if «Vi<k. P9 and «Vng. (Vi<k. P (ng + i)) — P (no +
k)> for k n :: nat and P
proof (induct rule: nat-less-induct)
fix n assume <Y m<n. P m»
show <P n»
proof (cases <n < k)
from that(1) show <n < k = P n» by blast
next
from «Vm<n. P m) that(2)[rule-format, of <n — k]
show (= n < k = P n» by auto
qed
qed
show «P ((f 7" 4) z)» for ¢
proof (induct rule: nat-k-induct)
show Vi<k. P ((f 7" %) z)» by (simp add: assms(3))
next
show «Vng. (Vi<k. P ((f " (no + 7)) 2)) — P ((f ~"(no + k))
x)»
by (smt (verit, del-insts) add.commute assms(4) funpow-add
o-apply)
qed
qed

7 Entry Point

This is the file Restriction_Spaces should be imported from.

declare

restriction-shift-introset [intro!]
restriction-shift-simpset [simp |
restriction-cont-simpset  [simp |
restriction-adm-simpset  [simp ]

We already have non-destructive (Az. z), and can easily notice
non-destructive (Af. f z), but also non-destructive (\f. f = y),
etc. We add a simproc-setup to enable the simplifier to auto-
matically handle goals of this form, regardless of the number of
arguments on which the function is applied.

simproc-setup apply-non-destructiveness (<non-destructive (\f. E f)»)
=
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K (fn ctat => fn ct =>
let val t = Thm.term-of ct
val foo = case t of - $ foo => foo
in case foo of Abs (-, -, expr) =>
if  fst (strip-comb expr) = Bound 0
(x since <\f. E [ is too permissive, we ensure that the term
is of the
form Af. f ..o (for example <\f. fxy, or <\f. [z,
ete.) )
then let val tac = Metis-Tactic.metis-tac [no-types| combs
ctxt
@{thms non-destructive-fun-iff
non-destructive-id(2)}
val rwrt-ct = HOLogic.mk-judgment (Thm.apply
cterm \lhs. lhs = True» ct)
val rwrt-thm = Goal.prove-internal ctzt [| rwrt-ct

(fn - => tac 1)
in SOME (mk-meta-eq rwrt-thm)
end
else NONE
| - => NONE
end

)

lemma <non-destructive (A\f. fabcdef ' ghijklmmno' pqgrst
UV WY 2)
using [[simp-trace]] by simp — test
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