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Abstract

We investigate the relationship between restriction spaces and clas-
sical metric structures by instantiating the former as ultrametric spaces.
This is classically captured by defining the distance as

1 n
dist zx y =  inf -
y zln = yln (2>

but we actually generalize this perspective by introducing a hierarchy
of increasingly refined type classes to systematically relate ultrametric
and restriction-based notions. This layered approach enables a precise
comparison of structural and topological properties. In the end, our
main result establishes that completeness in the sense of restriction
spaces coincides with standard metric completeness, thus bridging the
gap between Restriction_Spaces and Banach’s fixed-point theorem
established in HOL-Analysis.
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1 Definitions on Functions of Metric Space

In this theory, we define the notion of lipschitz map, non-expanding
map and contraction map. We also establish correspondences.

1.1 Definitions
1.1.1 Lipschitz Map

This notion is a generalization of contraction map and non-
expanding map.

definition lipschitz-with-on :: <['a :: metric-space = 'b :: metric-space,
real, 'a set] = bools

where <lipschitz-with-on f « A = 0 < a N (Vz€A. VyeA. dist (fz)
(fy) < ax dist z y)»

abbreviation lipschitz-with :: <['a :: metric-space = 'b :: metric-space,
real] = booly
where <(lipschitz-with [ « = lipschitz-with-on f o UNIV)

lemma lipschitz-with-onl :

qo<asNzy [ze lsye Ly fo# fy]l = dist (fz) (fy)
< ax dist z y] =

lipschitz-with-on [ a A»

(proof)

lemma lipschitz-withl :

Jqo<a;Neyx#y= fo#fy= dist (fz) (fy) <a=x*distx
y] =

lipschitz-with f o

(proof )



lemma lipschitz-with-onD1 : <lipschitz-with-on f « A = 0 <
(proof)

lemma lipschitz-withD1 : <lipschitz-with f a« = 0 <
(proof)

lemma lipschitz-with-onD2 :
lipschitz-with-on f a A = 1€ A = y € A = dist (fz) (fy) <
a x dist T

(proof)

lemma lipschitz-withD2 :
ipschitz-with f o = dist (fz) (fy) < a * dist z
(proof )

lemma lipschitz-with-imp-lipschitz-with-on: «lipschitz-with f o« = lip-
schitz-with-on f a A»
(proof)

lemma lipschitz-with-on-imp-lipschitz-with-on-ge : «lipschitz-with-on f
8 A

if <o < By and <lipschitz-with-on [ a A»
(proof)

theorem lipschitz-with-on-comp-lipschitz-with-on :
lipschitz-with-on (Az. g (fz)) (B * a) A
if <f ¢ A C By <lipschitz-with-on g B B> <lipschitz-with-on f a A>
(proof)

corollary lipschitz-with-comp-lipschitz-with :
[lipschitz-with g B; lipschitz-with [ o] =
lipschitz-with (Az. g (f z)) (B * a)
(proof )

1.1.2 Non-expanding Map

definition non-expanding-on :: <['a :: metric-space = 'b :: metric-space,
‘a set] = booly
where (non-expanding-on f A = lipschitz-with-on f 1 A»

abbreviation non-ezpanding :: <['a :: metric-space = 'b :: metric-space]
= bool
where (non-expanding f = non-expanding-on f UNIV

lemma non-expanding-onl :
Nz y. [z € A yeAsasy fadfy]l= dist (fz) (fy) < dist



zy] =
non-expanding-on f A»

(proof)

lemma non-expandingl :
Az y. £y = fa # fy= dist (fz) (fy) < dist z y] =
non-expanding f>

(proof)

lemma non-expanding-onD :

<non-expanding-on fA = r € A =y € A = dist (fz) (fy) <
dist x >

(proof)

lemma non-expandingD : <non-expanding f = dist (f z) (fy) < dist
T Y
(proof )

lemma non-expanding-imp-non-expanding-on: <non-expanding [ —>
non-expanding-on f A»

(proof)

lemma non-expanding-on-comp-non-expanding-on :
f ¢ A C B; non-expanding-on g B; non-expanding-on f A] =
non-expanding-on (A\z. g (f z)) A
(proof)

corollary non-expanding-comp-non-expanding :

([non-expanding g; non-expanding f] = non-expanding (A\z. g (f
z))

(proof )

1.1.3 Contraction Map

definition contraction-with-on :: «['a :: metric-space = 'b :: met-
ric-space, real, 'a set] = bool»

where <contraction-with-on f o A = a < 1 A lipschitz-with-on f «
A

abbreviation contraction-with :: <['a :: metric-space = b 1 met-
ric-space, real] = bool
where <contraction-with f o = contraction-with-on f o UNIV)

definition contraction-on :: «['a :: metric-space = 'b :: metric-space,
‘a set] = bool»

where (contraction-on f A = Ja. contraction-with-on f a A»

abbreviation contraction :: «['a :: metric-space = 'b :: metric-space]



= bool
where <contraction f = contraction-on f UNIV»

lemma contraction-with-onl :

Jqo<asa< L Nvy [rediyc Aoy foi fy] = dist (f
5) (f4) < o dist 2 ]

= contraction-with-on f o A»

(proof)

lemma contraction-withl :

Jo<aa< LhAzyz#y= fo#tfy=dist (fz) (fy) <«
* dist z y] =

contraction-with f a»

(proof)

lemma contraction-with-onD1 : <contraction-with-on f a« A = 0 <
ol

(proof)

lemma contraction-withD1 : <contraction-with f « = 0 <

(proof)

lemma contraction-with-onD2 : <contraction-with-on f a« A = a <
D

(proof)

lemma contraction-withD2 : <contraction-with f « — o < D>
(proof)

lemma contraction-with-onD3 :
<contraction-with-on f « A = z € A = y € A = dist (fz) (f
y) < a * dist T y»

(proof)

lemma contraction-withD3 : <contraction-with f o = dist (f z) (f y)
< « x dist x

(proof)

lemma contraction-with-imp-contraction-with-on:
<contraction-with f o = contraction-with-on f a A»

(proof)

lemma contraction-imp-contraction-on: <contraction f = contrac-
tion-on f A>
(proof)

lemma contraction-with-on-imp-contraction-on :



<contraction-with-on f o« A = contraction-on f A»

(proof)

lemma contraction-with-imp-contraction: <contraction-with f a =
contraction f»

(proof)

lemma contraction-onkE:
([contraction-on f A; Na. contraction-with-on f o A = thesis] =
thesis

(proof)

lemma contractionE:
[eontraction f; Na. contraction-with f o = thesis] = thesis)

(proof)

lemma contraction-with-on-imp-contraction-with-on-ge :

(Jao < B; B < 1; contraction-with-on f o A] = contraction-with-on
fB A

(proof)

1.2 Properties

lemma contraction-with-on-imp-lipschitz-with-on[simp) :
<contraction-with-on f o A = lipschitz-with-on f o A»
(proof)

lemma non-expanding-on-imp-lipschitz-with-one-on[simp)] :
<non-expanding-on f A = lipschitz-with-on f 1 A»

(proof)

lemma contraction-on-imp-non-expanding-on|simp] :
<contraction-on f A = non-expanding-on f A»
(proof )

lemma contraction-with-on-comp-contraction-with-on :
<contraction-with-on (Az. g (f x)) (B * a) A
if «f “ A C B> «contraction-with-on g 8 B> <contraction-with-on f «
A

(proof)

corollary contraction-with-comp-contraction-with :
[eontraction-with g B; contraction-with f o] = contraction-with
(Az. g (fz)) (B * a)
(proof)



corollary contraction-on-comp-contraction-on :

[f ¢ A C B; contraction-on g B; contraction-on f A] = contrac-
tion-on (Az. g (fz)) A
(proof )

corollary contraction-comp-contraction :
[contraction g; contraction f] = contraction (Az. g (f z))»

(proof)

lemma contraction-with-on-comp-non-expanding-on :
<contraction-with-on (\z. g (f z)) B A»
if <f ©* A C B» <contraction-with-on g By <non-expanding-on f A»

{proof)

corollary contraction-with-comp-non-expanding :

[eontraction-with g B; non-expanding f] = contraction-with (\x.
g (fz)) B

(proof)

corollary contraction-on-comp-non-expanding-on :

(f “ A C B; contraction-on g B; non-expanding-on f A] = contrac-
tion-on (Az. g (f z)) A

(proof)

corollary contraction-comp-non-ezxpanding :
[eontraction g; non-expanding f] = contraction (Az. g (f z))»

(proof)

lemma non-expanding-on-comp-contraction-with-on :
<contraction-with-on (A\z. g (f z)) a A>
if «f “ A C B> <non-expanding-on g By <contraction-with-on f a A»
(proof)

corollary non-expanding-comp-contraction-with :

([non-expanding g; contraction-with f o] = contraction-with (\x.
g (fz))

(proof )

corollary non-expanding-on-comp-contraction-on :

(f “ A C B; non-expanding-on g B; contraction-on f A] = contrac-
tion-on (\z. g (f z)) A

(proof)

corollary non-expanding-comp-contraction :
([non-expanding g; contraction f] = contraction (Az. g (f z))»

(proof)



1.3 Banach’s fixed-point Theorems

We rewrite the Banach’s fixed-point theorems with our new def-
inition.
theorem Banach-fiz-type : <contraction f = Alz. fz =

for f :: <'a :: complete-space = 'a»

(proof)

theorem Banach-fiz:
<contraction-on f s = Jlz. x € s A fz = a if <complete $» <s #

{h«fsCs
{proof)

2 Locales factorizing the proof Work

2.1 Preliminaries on strictly decreasing Sequences

abbreviation strict-decseq :: <(nat = 'a :: order) = bools
where <strict-decseq = monotone (<) (Az y. y < z)»

lemma strict-decseq-def : <strict-decseq X «+— (Vmn. m <n — X
n < X m)

(proof)

lemma strict-decseql : <strict-decseq X» if <An. X (Suc n) < X n»
(proof)

lemma strict-decseqD : <strict-decseqg X —= m < n = Xn < X m

(proof)

lemma strict-decseq-def-bis : «strict-decseq X +— (Vmn. X n < X
m<— m < n)
(proof)

lemma strict-decseg-def-ter : <strict-decseq X «+— (Vmn. X n < X
m — m < n)

(proof)

lemma strict-decseq-imp-decseq : <strict-decseq 0 = decseq o>

(proof)

lemma strict-decseq-Sucl : «(An. X (Suc n) < X n) = strict-decseq
X

(proof)

lemma strict-decseq-SucD : <strict-decseq A = A (Suc i) < A
(proof)



Classically, a restriction space is given the structure of a metric
space by defining dist z y = Inf {(1 / 2) " n|n.zln=yl
n}. This obviously also works if we replace 1 / 2 by any real §
such that 0 < § and § < 1. But more generally, this still works
if we set dist z y = Inf {oc n| n. 2 L n =1y | n} where o is a
sequence of real verifying Vn. 0 < o nand 0 —— 0. As you
would expect, the more structure you have, the more powerful
theorems you get. We explore all these variants in the theory
below.

2.2 The Construction with Locales

Our formalization will extend the class metric-space. But some
proofs are redundant, especially when it comes to the product
type. So first we will be working with locales, and interpret them
with the classes.

locale NonDecseqRestrictionSpace = PreorderRestrictionSpace +
— Factorization of the proof work.
fixes M :: <'a set» and restriction-o :: <nat = realy (<o »)
and restriction-dist :: <'a = 'a = realy (<dist}»)
assumes restriction-o-tendsto-zero : <restriction-c —— 0»
and zero-less-restriction-o [simp] : <0 < restriction-o n»
and dist-restriction-is :
«disty vy = (INF n € restriction-related-set © y. restriction-o n)»
begin

lemma zero-le-restriction-c [simp] : <0 < o n

(proof)

lemma restriction-c-neg-zero [simp] : <o, n # O

(proof)

lemma bounded-range-restriction-o: <bounded (range o)

(proof)

abbreviation restriction-o-related-set :: <'a = 'a = real set>
where <(restriction-o-related-set x y = o) ‘ restriction-related-set x

Y

abbreviation restriction-o-not-related-set :: <'a = 'a = real set»
where (restriction-o-not-related-set x y = o ‘ restriction-not-related-set

x Y



lemma nonempty-restriction-o-related-set :
<restriction-o-related-set z y # {}> (proof)

lemma restriction-o-related-set- Un-restriction-o-not-related-set :
<restriction-o-related-set © y U restriction-o-not-related-set x y =
range o>
(proof)

lemma <bdd-above (restriction-o-related-set x y)»

(proof)

lemma <bdd-above (restriction-o-not-related-set x y)»
(proof)

lemma bounded-restriction-o-related-set: <bounded (restriction-o-related-set
T y)»
(proof)

lemma bounded-restriction-o-not-related-set: <bounded (restriction-o-not-related-set
T y)
(proof)

corollary restriction-space-Inf-properties:
<a € restriction-o-related-set x y = dist) vy < @
JAa. a € restriction-o-related-set t y => b < a] = b < dist| z y»

(proof)

lemma restriction-o-related-set-alt :
<restriction-o-related-set © y = {0 n| n. n € restriction-related-set

Typ
(proof)

lemma exists-less-restriction-o : «<In. m < n Aoy n < o, m

{proof)

lemma «dist; z y = Inf (restriction-o-related-set = y)»
(proof)

lemma not-related-imp-dist-restriction-is-some-restriction-o :
An. disty zy=0, n ANVm<n.zlmIylm)rifc—z Iy

{proof)

lemma not-related-imp-dist-restriction-le-some-restriction-o :
CzSy=3dn disty zy<o,nA(—zl Sucnyl Sucn)A
(Vm<n.zlmZylm)

10



(proof)

lemma restriction-dist-eq-0-iff-related : «dist, zy = 0 +— z S

(proof)

end

locale DecseqRestrictionSpace = NonDecseqRestrictionSpace +
assumes decseq-restriction-o : <decseq o>
begin

lemma dist-restriction-is-bis :

«dist; zy = (if £ 5 y then 0 else o (Sup (restriction-related-set x
v

if <z € M» and <y € M>»

{proof)

lemma not-eq-imp-dist-restriction-is-restriction-o-Sup-restriction-eq :
<disty ¢y = o) (Sup (restriction-related-set x y))»
' m<Sup (restriction-related-set x y). z | m T y | m
' m>Sup (restriction-related-set x y). =z L m S y L m»
if «-z 5 v and <z € M» and <y € M>

(proof)

theorem restriction-dist-tendsto-zero-independent-of-restriction-o :
— Very powerful theorem: the convergence of the distance to 0 is
actually independent from the restriction sequence chosen.
— This is the theorem for which we had to work with locales first.

assumes < DecseqRestrictionSpace () () restriction-o’ restriction-dist’s
and <X € M» and <range 0 C M>

shows «(An. dist; (0 n) ) —— 0 <— (An. restriction-dist’ (o n)

) —— 0

{proof)

end

11



3 Ultrametric Structure of restriction Spaces

This has only be proven with the sort constraint, not inside the
context of the class metric-space ...

context metric-space begin

lemma LIMSEQ-def : <X —— L «— (Yr>0. 3no. Vn>no. dist
(Xn)L<ry
(proof )

lemma LIMSEQ-iff-nz: <X —— L <— (Vr>0. Ino>0. Vn>no.
dist (X n) L < r)
(proof )

lemma metric-LIMSEQ-I: <(\r. 0 < r = I no. Yn>no. dist (X n)
L<r)=X——0D0L

(proof)

lemma metric-LIMSEQ-D: <X —— L — 0 < r = I no. Vn>no.
dist (X n) L <m
(proof )

lemma LIMSEQ-dist-iff:
f —— 1 — (Az. dist (fz) ) —— O

{proof)

lemma Cauchy-converges-subseq:
fixes u::nat = 'a
assumes Cauchy u
strict-mono r
(wor) ——1
shows y —— [

{proof)

end

3.1 The Construction with Classes

class restriction-o = restriction-space +
fixes restriction-o :: 'a itself = nat = realy (<o)

(ML)

12



class non-decseq-restriction-space =
uniformity-dist + open-uniformity + restriction-o +
— We do not assume the restriction sequence to be decseq yet.
assumes restriction-o-tendsto-zero’ : <o, TYPE('a) —— 0
and zero-less-restriction-o’ [simp] : <0 < o TYPE('a) n»

and dist-restriction-is’ : «dist t y = (INFn € {n. z { n =1y | n}.

o, TYPE('a) n)»
begin
sublocale NonDecseqRestrictionSpace «(})» «(=)» <UNIV» <o, TYPE
("a)y dist

(proof)
end
(ML)

We hide duplicated facts oy TYPE(?'a) —— 0
0 <o, TYPE(?a) ?n
dist 2z ?y = Inf (restriction-o-related-set ?z ?y).

hide-fact restriction-o-tendsto-zero’ zero-less-restriction-o’ dist-restriction-is’

context non-decseq-restriction-space begin

subclass ultrametric-space

{proof)

end

context non-decseq-restriction-space begin

lemma restriction-tendsto-self: «(An. x | n) —— o>

(proof)

end

class decseq-restriction-space = non-decseq-restriction-space +
assumes decseg-restriction-o’ : <decseq (0, TYPE('a))»
begin

sublocale DecseqRestrictionSpace <({)> «(=)» <UNIV :: 'a set
<restriction-oc TYPE('a)y dist

13



(proof)
lemmas dist-restriction-is-bis-simplified = dist-restriction-is-bis[simplified]
and not-eq-imp-dist-restriction-is-restriction-o -Sup-restriction-eq-simplified

not-eq-imp-dist-restriction-is-restriction-o -Sup-restriction-eq[simplified]

end

We hide duplicated fact antimono-on UNIV (o, TYPE(?'a)).

hide-fact decseq-restriction-o’

class strict-decseq-restriction-space = non-decseq-restriction-space +
assumes strict-decseg-restriction-o : <strict-decseq (o, TYPE('a))»
begin

subclass decseg-restriction-space

(proof)

end

Generic Properties

lemma (in metric-space) dist-sequences-tendsto-zero-imp-tendsto-iff :
((An. dist (on) (Y n) ——0=0——L— ) — D)

{proof)

lemma (in non-decseq-restriction-space) restricted-sequence-tendsto-iff

(An.onln) —— X0 — 5

{proof)

lemma (in non-decseq-restriction-space) Cauchy-restriction-chain :
«Cauchy o> if <chaing o>

{proof)

lemma (in non-decseg-restriction-space) restriction-tendsto-imp-tendsto

(g — X if <o —|— 3

{proof)

In Decseq Restriction Space

context decseq-restriction-space begin

14



lemma le-dist-to-restriction-eqF :
obtains k where (n < k» <Az y :: ‘a. dist 1 y < oy TYPE('a) k
= zln=ylmnw

(proof)

theorem tendsto-iff-restriction-tendsto : <0 —— X +— 0 —]— ¥

(proof)

corollary convergent-iff-restriction-convergent : <convergent o <—
convergent) o)

(proof)

theorem complete-iff-restriction-complete :

«(Vo. Cauchy 0 — convergent o) <— (Y o. chain, 0 — conver-
genty o))

— The following result shows that we have not lost anything with
our definitions of convergence, completeness, etc. specific to restriction
spaces.

(proof)
end

The following classes will be useful later.

class complete-decseg-restriction-space = decseq-restriction-space +
assumes restriction-chain-imp-restriction-convergent’ : <chain, o

= convergent o>

begin

subclass complete-restriction-space

(proof)

subclass complete-ultrametric-space

{proof)

end

We hide duplicated fact chain; %0 = convergent; %o.

hide-fact restriction-chain-imp-restriction-convergent’

class complete-strict-decseq-restriction-space = strict-decseq-restriction-space
+

assumes restriction-chain-imp-restriction-convergent’ : <chain, o
= convergent, o>

15



begin

subclass complete-decseq-restriction-space

(proof)

end

We hide duplicated fact chain; 20 = convergent; %o.

hide-fact restriction-chain-imp-restriction-convergent’

class restriction-0 = restriction-o +
fixes restriction-6 :: <a itself = real> (¢J»)
assumes zero-less-restriction-0 [simp] : <0 < §; TYPE('a)>
and restriction-§-less-one [simp] : <6, TYPE('a) < D)
begin

lemma zero-le-restriction-6 [simp] : <0 < §; TYPE('a)
and restriction-§-le-one [simp] : <6, TYPE('a) < I)
and zero-le-pow-restriction-§ [simp] : <0 < §; TYPE('a) ~n»

(proof)

lemma pow-restriction-6-le-one [simp] : <6, TYPE('a) "n < D

(proof)

lemma pow-restriction-0-less-one [simp] : <n # 0 = 6, TYPE('a) ~
n <D

(proof)

end

(ML)

class at-least-geometric-restriction-space =
uniformity-dist + open-uniformity + restriction-0 +
assumes zero-less-restriction-o’ : <0 < o, TYPE('a) n
and restriction-o-le :
<o, TYPE('a) (Suc n) <6, TYPE('a) * o, TYPE('a) n»
and dist-restriction-is’ :
Wdistzy=(INFne{n zln=yln} oy TYPE(a) n)

(ML)
context at-least-geometric-restriction-space begin
lemma restriction-o-le-restriction-o-times-pow-restriction-6 :

<oy TYPE('a) (n + k) <oy TYPE('a) n x 6, TYPE('a) " k»
! ( ! 1

16



(proof)

lemma restriction-o-le-pow-restriction-6 :
<o, TYPE('a) n < o, TYPE('a) 0 % §; TYPE('a) ")
(proof)

subclass strict-decseg-restriction-space

{proof)

lemma 0 < §; TYPE('a) ~n» (proof)

end

We hide duplicated facts 0 < o) TYPE(?'a) ?n
dist 2z 2y = Inf (restriction-o-related-set ?z ?y).

hide-fact zero-less-restriction-o’ dist-restriction-is’

class complete-at-least-geometric-restriction-space = at-least-geometric-restriction-space
_|_
assumes restriction-chain-imp-restriction-convergent’ : <chain, o
= convergent, o>
begin

subclass complete-strict-decseq-restriction-space
(proof)

end

We hide duplicated fact chain; 20 = convergent; %o.

hide-fact restriction-chain-imp-restriction-convergent’

(ML)

class geometric-restriction-space = uniformity-dist + open-uniformity
+ restriction-6 +
assumes restriction-o-is : <oy TYPE('a) n =6, TYPE('a) "~ n
and dist-restriction-is’ : «dist x y = (INFn € {n. 2} n=1y | n}.
o, TYPE('a) n)»

17



begin

This is what “restriction space” usually mean in the literature.
The previous classes are generalizations of this concept (even this
one is a generalization, since we usually have 0; TYPE('a) = 1

/ 2).
subclass at-least-geometric-restriction-space
(proof )

lemma <0 < §; TYPE('a) ~n» (proof)

end

(ML)

We hide duplicated fact dist 7z 2y = Inf (restriction-o-related-set

hide-fact dist-restriction-is’

class complete-geometric-restriction-space = geometric-restriction-space
+

assumes restriction-chain-imp-restriction-convergent’ : <chain, o
= convergent, o>
begin

subclass complete-at-least-geometric-restriction-space

(proof)

end

We hide duplicated fact chain; %0 = convergent; %o.

hide-fact restriction-chain-imp-restriction-convergent’

theorem geometric-restriction-space-completel : <convergent o)
if «A\o :: nat = 'a. restriction-chain 0 = IX. Vn. X | n =0 w
and <Cauchy o) for o :: <nat = 'a :: geometric-restriction-space

(proof)

lemma (in non-decseg-restriction-space) restriction-cball-subset-cball

<o, TYPE('a) n < r = B (X, n) C{z. dist Z z <r}h
(proof)

corollary restriction-cball-subset-cball-bis :
<o TYPE('a) n < r = B (%, n) C cball ¥ 1
for ¥ :: ('a :: non-decseq-restriction-spaces
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(proof)

lemma (in non-decseq-restriction-space) restriction-ball-subset-ball :
<o, TYPE('a) n < r = restriction-ball ¥ n C {z. dist ¥ z < rp

(proof)

corollary restriction-ball-subset-ball-bis :
<o, TYPE('a) n < r = restriction-ball ¥ n C ball ¥ r
for ¥ :: (‘a :: non-decseg-restriction-spaces

(proof)

lemma (in strict-decseg-restriction-space)

restriction-cball-is-cball : B (X, n) = {z. dist ¥ z < oy TYPE('a)
nh
(proof )

lemma restriction-cball-is-cball-bis : <By (X, n) = cball ¥ (o) TYPE('a)
n)

for X :: (‘a :: strict-decseq-restriction-space»

(proof)

lemma (in strict-decseg-restriction-space)

restriction-ball-is-ball : <restriction-ball ¥ n = {z. dist ¥ z < o}
TYPE('a) n}»
(proof)

lemma restriction-ball-is-ball-bis : <restriction-ball ¥ n = ball ¥ (o
TYPE('a) n)»

for X :: (‘a :: strict-decseq-restriction-space»

(proof)

lemma isCont-iff-restriction-cont-at : <isCont f ¥ <— restriction-cont-at
f>
for f :: <'a :: decseq-restriction-space = 'b :: decseq-restriction-space’

(proof)

lemma (in strict-decseg-restriction-space)
open-iff-restriction-open : <open U <— openy U

(proof)
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lemma (in strict-decseg-restriction-space)
closed-iff-restriction-closed : <closed U <— closed; U»

(proof)

lemma continuous-on-iff-restriction-cont-on :
<open U = continuous-on U f <— restriction-cont-on f U»
for f :: <a :: decseq-restriction-space = 'b :: decseq-restriction-spaces

(proof)

3.2 Equivalence between Lipschitz Map and Re-
striction shift Map

For a function f::’a = 'b, it is equivalent to have restriction-shift-on
fk A and lipschitz-with-on f (5, TYPE('b))*¥ A when ‘a is of sort
geometric-restriction-space and o) TYPE('d) = o) TYPE('a) ('b
is then necessarily also of sort geometric-restriction-space).

Weaker versions of this result wan be established with weaker
assumptions on the sort, this is what we do below.

lemma restriction-shift-nonneg-on-imp-lipschitz-with-on :
lipschitz-with-on [ (restriction-6 TYPE('b) — k) Ay if <restric-
tion-shift-on f (int k) A»
and le-restriction-o : < \n. restriction-c TYPE('b) n < restriction-o
TYPE('a) n
for f :: <'a :: decseq-restriction-space = 'b :: at-least-geometric-restriction-space)

(proof)

corollary restriction-shift-nonneg-imp-lipschitz-with :
[restriction-shift f (int k); An. restriction-c TYPE('b) n < restric-
tion-c TYPE('a) n]
= lipschitz-with f (restriction-§ TYPE('b) ~ k)»
for f :: <a :: decseq-restriction-space = 'b :: at-least-geometric-restriction-space»

(proof)

lemma lipschitz-with-on-imp-restriction-shift-neg-on :

<restriction-shift-on f (— int k) A» if <lipschitz-with-on f (restriction-6
TYPE('b) powi — int k) A>

and le-restriction-o : (/\n. restriction-c TYPE('a) n < restriction-c
TYPE('b) n»
for f :: <'a :: decseq-restriction-space = 'b :: at-least-geometric-restriction-space)

(proof)

corollary lipschitz-with-imp-restriction-shift-neg :
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[lipschitz-with f (restriction-6 TYPE('b) powi — int k);
An. restriction-o TYPE('a) n < restriction-c TYPE('b) n]
= restriction-shift [ (— int k)»
for f :: <'a :: decseq-restriction-space = 'b :: at-least-geometric-restriction-space»

(proof)

We obtained that restriction-shift implies lipschitz-with when 0
< k and that lipschitz-with implies restriction-shift when k < 0.
To cover the remaining cases, we give move from at-least-geometric-restriction-space
to geometric-restriction-space.
theorem lipschitz-with-on-iff-restriction-shift-on :
lipschitz-with-on f (restriction-6 TYPE('b) powi k) A +— restric-
tion-shift-on f k A>
if same-restriction-o : <restriction-c TYPE('b) = restriction-c TYPE('a)»
for f :: <’a :: decseq-restriction-space = 'b :: geometric-restriction-space)
(proof)

corollary lipschitz-with-iff-restriction-shift
<restriction-c TYPE('D) = restriction-c TYPE('a) =
lipschitz-with f (restriction-d TYPE('b) powi k) <— restriction-shift
fk

for f :: /a :: decseq-restriction-space = 'b :: geometric-restriction-spaces

(proof)

4 Functions

4.1 Restriction Space

instantiation <fun) :: (type, restriction-o) restriction-oc
begin

definition restriction-o-fun :: «('a = 'b) itself = nat = real
where «(restriction-o-fun - = restriction-o TYPE('b))

instance (proof)
end

instantiation <fun) :: (type, non-decseq-restriction-space) non-decseq-restriction-space
begin

definition dist-fun :: (['a = 'b, 'a = 'b] = real
where (dist-fun f g = INF n € restriction-related-set f g. restriction-o
TYPE('a = 'b) n»

definition uniformity-fun :: «((Ya = 'b) x (‘a = 'b)) filter

where <uniformity-fun = INF ec{0 <..}. principal {(z, y). dist x y
<ep
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definition open-fun :: <('a = 'b) set = bool>
where <open-fun U = VzeU. eventually (A\(z', y). z' =2z — y €
U) uniformity

instance (proof)

end

instance <fun) :: (type, decseg-restriction-space) decseq-restriction-space

(proof )

instance <fun) :: (type, strict-decseq-restriction-space) strict-decseq-restriction-space
(proof)

instantiation <fun) :: (type, restriction-d) restriction-0

begin

definition restriction-0-fun :: <('a = 'b) itself = real
where <restriction-d-fun - = restriction-6 TYPE('b)»

instance (proof)

end

instance <fun) :: (type, at-least-geometric-restriction-space) at-least-geometric-restriction-space
{proof )

instance <fun» :: (type, geometric-restriction-space) geometric-restriction-space
(proof )

lemma dist-image-le-dist-fun : <dist (f z) (g x) < dist f ¢
for f g :: <'a = 'b :: non-decseg-restriction-space»

(proof)

lemma Sup-dist-image-le-dist-fun : «(SUP z. dist (fz) (g x)) < dist f
i
for f g :: <'a = 'b :: non-decseg-restriction-space»

(proof)

context fixes f g :: <'a = 'b :: decseq-restriction-space> begin

lemma reached-dist-fun : «<3x. dist f g = dist (f z) (g z)»
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{proof)

lemma dist-fun-eq-Sup-dist-image : <dist f g = (SUP z. dist (f z) (g
z))»

(proof)

lemma fun-restriction-space-Sup-properties :
«dist (fz) (g x) < dist f ¢
(Az. dist (fz) (gz) <b) = dist fg < b
(proof )

end

4.2 Completeness

Actually we can obtain even better: when the instance ‘b of dec-
seq-restriction-space is also an instance of complete-space, the
type ‘a = ’b is an instance of complete-space.

This is because when 'b is an instance of decseg-restriction-space

(and not only non-decseg-restriction-space) the distance between

two functions is reached (see 3 z. dist ?f 29 = dist (?f z) (%g x)).

The only remaining thing is to prove that completeness is pre-

served on higher-order.

instance <fun» :: (type, complete-decseq-restriction-space) complete-decseq-restriction-space

(proof)

instance <funy :: (type, complete-strict-decseg-restriction-space) com-
plete-strict-decseq-restriction-space

(proof)

instance <fun» :: (type, complete-at-least-geometric-restriction-space)
complete-at-least-geometric-restriction-space

(proof)

instance <fun) :: (type, complete-geometric-restriction-space) complete-geometric-restriction-space

(proof)

4.3 Kind of Extensionality

context fixes f :: ¢['a :: metric-space, b :: type] =
‘e 11 decseq-restriction-space> begin

lemma lipschitz-with-simplification:
lipschitz-with f o +— (Vy. lipschitz-with (\z. f z y) a)
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{proof)

lemma non-expanding-simplification :
<non-expanding [ +— (Vy. non-expanding (Az. f z y))»

(proof)

lemma contraction-with-simplification:
<contraction-with f o «— (Vy. contraction-with (A\z. f z y) a)

(proof)

end

5 Product

The product type ‘a x b of to metric spaces is already instan-
tiated as a metric space by setting dist © y = sqrt ((dist (fst
r) (fst y))? + (dist (snd z) (snd y))?). Unfortunately, this
definition is not compatible with the distance required by the
non-decseg-restriction-space.. We first have to define a new prod-
uct type with a trivial typedef.

5.1 Isomorphic Product Construction

5.1.1 Definition and First Properties
typedef (‘a, 'b) prodmaes (<(- Xmaz/ -)» [21, 20] 20) = <UNIV :: (‘a
x 'b) set

morphisms from-prod,,q. to-prody,q. {proof)

declare from-prod,, ,.-inject [simp)
from-prod,, o..-inverse [simp]

lemmas to-prod,, .. -inject-simplified [simp] = to-prod, q.-inject [simplified]

and to-prod,, . -inverse-simplified[simp] = t0-prod,y, . -inverse[simplified)

lemmas t0-prod,, . -induct-simplified = to-prod., .. -induct[simplified)
and to-prod,, q.-cases-simplified = to-prod,q.-cases [simplified]
and from-prod., ... -induct-simplified = from-prod,, .. -induct[simplified]
and from-prod,, . -cases-simplified = from-prod,, .. -cases [simplified]

setup-lifting type-definition-prod,, .
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lift-definition Pair,,q. :: <'a = 'b = 'a X4 b is Pair (proof)

free-constructors case-prod,, ., for Pairyaz fStmaz SNdmaz

(proof)

lemma fst,,q.-def : <fstae = map-fun from-prod,, ... id fst)

(proof)

lemma fst,,q.-rep-eq : fstmaz T = fst (from-prod,q. x)»

(proof)

lemma fst,,q.-abs-eq [simp] : fstmaz (to-prodmas y) = fst v
(proof)

lemma fst,,q-transfer [transfer-rule]: <rel-fun (per-prodmqz (=) (=))
(=) fst fstmaz>
(proof)

lemma snd,,q.-def : <sndpar = map-fun from-prod,, .. id snd»

(proof)

lemma snd,, . -rep-eq : <sndpq. © = snd (from-prod,,q. )

(proof)

lemma snd,,q.-abs-eq [simp] : <sndmaz (t0-pT0dmar y) = snd y»

(proof)

lemma snd,, . -transfer [transfer-rule] : <rel-fun (per-prodmas (=)
(=) (=) snd sndmaz
(proof)

lemma case-prod,,q.-def : <case-prod,.. = map-fun id (map-fun
from-prod . id) case-prod»

(proof)

lemma case-prod,, q.-rep-eq : <case-prod,,q. fp = (case from-prod,, q.
pof (z,y) = fzy)
(proof)

lemma case-prod,, q,-abs-eq [simp] : <case-prodmaz [ (to-prodmas q)
= (case q of (z, y) = fz y)
(proof )

lemma case-prod,,q.-transfer [transfer-rule] : <rel-fun (=) (rel-fun

(per-prodmas (=) (=) (=) case-prod case-prod,, qq>
(proof)
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5.2 Syntactic Sugar

The following syntactic sugar is of course recovered from the
theory HOL. Product- Type.

nonterminal tuple-args,, ., and patterns,, ..

syntax
-tuplemax i 'a = tuple-argsmar = ' Xmas b («(14-,/ D))
-tuple-argmas : 'a = tuple-args,,qx (¢=)
-tuple-argsmaz = 'a = tuple-argsmar = tuple-argsmar  (¢-/ =)
-patternmas i pttrn = patternsmq. = pttrn («{-,/ -0

: pttrn = patternsyaz (¢=)

-patternsma,  : ptlrn = patternsma. = patternsma. (<) =)
translations

{x, y) = CONST Pairmaz ©y

-patternmpa, Ty = CONST Pairpa.: Ty

-patternsmar Ty = CONST Pairpa. Ty

-tuplemar ¢ (-tuple-argsmar ¥ 2) = -tuplemar = (-tuple-argmaz
(_tuplemam ) Z))

Mz, y, zsh. b = CONST case-prodmays (Ax {y, 2s). b)

Mz, yh. b = CONST case-prod, . (Az y. b)

-abs (CONST Pairmaz ©y) t — Mz, y). t

— This rule accommodates tuples in case C ... {(z, yp ... = ...:
The (z, y) is parsed as Pair,,q. = y because it is logic, not pttrn.

With this syntactic sugar, one can write case a of (b, ¢, d, e
= (¢, d), My, u). a, Ma, b). {a, b, ¢, d, e)), Ma, b, c). a, ...
as for the type ‘a x 'b.

lemmas to-prod,,..-tuple [simp] = Pair,qz.abs-eq[symmetric]
and from-prod,, gz -tuplem oz [$imp] = Pairy,q..rep-eq

5.3 Product

We first redo the work of Restriction-Spaces. Restriction-Spaces-Prod.

instantiation prod,,.. :: (restriction, restriction) restriction
begin

lift-definition restriction-prod,,qz 2 ¢'a Xmaz 0 = nat = 'a Xpas

by is «(})» (proof)
lemma restriction-prod,,q.-def’ : <p L n = {fstmaz p 4 1, sndpmaz P
Jnp

(proof)

instance (proof)

end
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instance prod,, .. :: (restriction-space, restriction-space) restriction-space
(proof )

instantiation prod,,.. :: (restriction-o, restriction-o) restriction-oc
begin

definition restriction-c-prodmaz 2 <('a Xmaz 'b) itself = nat = real>
where <restriction-o-prod,, gz - n =
max (restriction-c TYPE('a) n) (restriction-c TYPE('D) n)»

instance (proof)
end

instantiation prod,, ., :: (non-decseq-restriction-space, non-decseg-restriction-space)
non-decseq-restriction-space
begin

definition dist-prod,az 2 <['a Xmaz 'b, 'a Xmaz D] = real>
where «dist-prod,,.. f g = INF n € restriction-related-set f g. re-
striction-c TYPE('a Xqq '0) n

definition uniformity-prodmaz :: <(('a Xmaz '0) X 'a Xmaz 'd) filter
where <uniformity-prod, .. = INF e€{0 <..}. principal {(z, y). dist
Ty < ep

definition open-prod,,q. = <('a Xmaz 'b) set = booly
where <open-prod,,q., U =VzeU. eventually (A(z', y). 2/’ = 2 —
y € U) uniformity

instance

{proof)

end

instance prod,, .. :: (decseg-restriction-space, decseq-restriction-space)
decseq-restriction-space

{proof)

instance prod,, .. :: (strict-decseg-restriction-space, strict-decseg-restriction-space)
strict-decseq-restriction-space

{proof)

instantiation prod,,., :: (restriction-0, restriction-0) restriction-9
begin
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definition restriction-0-prod,,as 2 <('a Xmasz '0) itself = reals
where <restriction-0-prody,q. - = maz (restriction-6 TYPE(’a))
(restriction-6 TYPE('D))»

instance (proof)
end

instance prod,, ., :: (at-least-geometric-restriction-space, at-least-geometric-restriction-space)
at-least-geometric-restriction-space

{proof)

instance prod,, . :: (geometric-restriction-space, geometric-restriction-space)
geometric-restriction-space

(proof)

lemma maz-dist-projections-le-dist-prod,, q - -

<maz (dist (fstmaz p1) (fstmae p2)) (dist (sndmaz p1) ($ndmaz P2))
< dist p1 p2»
(proof )

5.4 Completeness
5.4.1 Preliminaries

default-sort non-decseg-restriction-space — Otherwise we should al-
ways specify.

lemma restriction-o-prod,, .. -commute :

<restriction-c TYPE('b Xpax 'a) = restriction-o TYPE('a Xpmax
b)»

(proof)

definition dist-left-prodyaq ('@ Xmax 'b) itself = 'a = 'a = real>
where «dist-left-prod,,q. - © y = INF n € restriction-related-set x
y. restriction-o TYPE('a Xpaz 'b) W

definition dist-right-prodmaz = <('a Xmaz '0) dtself = b = b =
real)

where <dist-right-prod,,q... - * y = INF n € restriction-related-set
y. restriction-c TYPE('a Xpmaz 'b) W

lemma dist-right-prod,, o -is-dist-left-prod,, 4 :
<dist-right-prodmaz TYPE('b X ez 'a) = dist-left-prod e TYPE('a
Xmaz D)

(proof)
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lemma dist-le-dist-left-prod,, q ¢ <dist zy < dist-left-prod,,q. TYPE('a
Xmaz ') T Y

(proof)

lemma dist-le-dist-right-prod,, a4, : <dist z y < dist-right-prod,, .. TYPE('b
Xmaz @) T Y

(proof)

lemma
fixes pI p2:: <'a :: decseq-restriction-space X ,q5 'b :: decseg-restriction-space)
shows dist-prod,, q»-le-max-dist-left-prod,, o . -dist-right-prod ¢

<dist p1 p2 < mazx (dist-left-prodyae. TYPE('a Xpmaz '0) (ftmaz
p1) (fstmaz p2))

(dist-right-prod,,a. TYPE('a Xmaz '0) (sndmaz

pl) (sndmaz P2))
(proof )

default-sort type — Back to normal.

5.4.2 Complete Restriction Space

When the instances ‘a and ‘b of decseq-restriction-space are also
instances of complete-space, the type ‘a X,,q4» ‘b is an instance
of complete-space.

lemma restriction-chain-prod,, 4. -iff :

<restriction-chain o <— restriction-chain (An. fstmar (0 n)) A
restriction-chain (An. sndmaz (00 n))

(proof)

lemma restriction-tendsto-prod,, q-iff :
0 =)= X — (An. fstimaz (0 1)) —1—= fstmaz 2 N (An. sndpmas
(0 n)) —}— sndpmar X

(proof)

lemma restriction-convergent-prod,, q - -iff :
<restriction-convergent o <— restriction-convergent (An. fstpae (0
n)) A
restriction-convergent (An. sndmaz (00 1))

(proof)

instance prod,, .. :: (complete-decseg-restriction-space, complete-decseq-restriction-space)
complete-decseq-restriction-space

{proof)
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instance prod,, . :: (complete-strict-decseg-restriction-space, complete-strict-decseq-restriction-space)
complete-strict-decseg-restriction-space

(proof)

instance prod,, .. :: (complete-at-least-geometric-restriction-space, com-
plete-at-least-geometric-restriction-space)
complete-at-least-geometric-restriction-space

(proof)

instance prod,, .. :: (complete-geometric-restriction-space, complete-geometric-restriction-space)
complete-geometric-restriction-space

(proof)

When the types ‘a and 'b share the same restriction sequence,

we have the following equality.

lemma same-restriction-o-imp-restriction-o-prod,, q..-is [simp] :
<restriction-c TYPE('b :: non-decseqg-restriction-space) =

restriction-o TYPE('a :: non-decseg-restriction-space) =
restriction-oc TYPE('a Xq. 'b) = restriction-o TYPE('a)»

(proof)

lemma same-restriction-o-imp-dist-prod,, . - -eq-max-dist-projections :

«dist p1 p2 = mazx (dist (fstmaz p1) (fStmax p2)) (dist (sndpmar p1)
(sndmaz p2))

if same-restriction-o [simp] : <restriction-c TYPE('b) = restriction-o
TYPE('a)

for p1 p2:: <'a:: decseq-restriction-space X ,q. 'b :: decseq-restriction-space)
(proof)

Now, one can write things like v {z, y). f {z, y).

We could of course imagine more support for ‘a x,,q.: b type,
but as restriction spaces are intended to be used without recourse
to metric spaces, we have not undertaken this task for the time
being.

6 Main entry Point
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