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Abstract

We verify the correctness of Prim’s, Kruskal’s and Bortvka’s min-

imum spanning tree algorithms based on algebras for aggregation and

minimisation.

Contents
1 Overview 1
1.1 Prim’s and Kruskal’s minimum spanning tree algorithms . . . 2
1.2 Borivka’s minimum spanning tree algorithm . . . . .. . .. 2
2 Kruskal’s Minimum Spanning Tree Algorithm 2
3 Prim’s Minimum Spanning Tree Algorithm 15
4 Boruavka’s Minimum Spanning Tree Algorithm 26
4.1 Generalresults . . . ... ..o 26
4.2 Forests modulo an equivalence . . .. ... ... ... .. .. 31
4.3 An operation to select components . . . . .. ... ... ... 40
4.4 m-k-Stone-Kleene relation algebras . . . . .. ... ... ... 40
4.4.1 Components of forests and forests modulo an equivalence 43
4.4.2 Identifying arcs . . . . . . . ... oo L. 51
4.4.3 Comparison of edge weights . . . . . . ... ... ... 67
4.4.4 Maintenance of algorithm invariants . . . . . . .. .. 75
4.5 Formalization and correctness proof . . . ... .. ... ... 104

1 Overview

The theories described in this document prove the correctness of Prim’s,
Kruskal’s and Bortivka’s minimum spanning tree algorithms. Specifications
and algorithms work in Stone-Kleene relation algebras extended by opera-
tions for aggregation and minimisation. The algorithms are implemented in
a simple imperative language and their proof uses Hoare logic. The correct-
ness proofs are discussed in [3, 5, 6, 8].



1.1 Prim’s and Kruskal’s minimum spanning tree algorithms

A framework based on Stone relation algebras and Kleene algebras and
extended by operations for aggregation and minimisation was presented by
the first author in [3, 5] and used to formally verify the correctness of Prim’s
minimum spanning tree algorithm. It was extended in [6] and applied to
prove the correctness of Kruskal’s minimum spanning tree algorithm.

Two theories, one each for Prim’s and Kruskal’s algorithms, prove total
correctness of these algorithms. As case studies for the algebraic framework,
these two theories combined were originally part of another AFP entry [4].

1.2 Bortvka’s minimum spanning tree algorithm

Otakar Boruvka formalised the minimum spanning tree problem and pro-
posed a solution to it [1]. Boruvka’s original paper is written in Czech;
translations of varying completeness can be found in [2, 7].

The theory for Bortivka’s minimum spanning tree algorithm proves par-
tial correctness of this algorithm. This work is based on the same algebraic
framework as the proof of Kruskal’s algorithm; in particular it uses many
theories from the hierarchy underlying [4].

The theory for Bortivka’s algorithm formally verifies results from the
second author’s Master’s thesis [8].

2 Kruskal’s Minimum Spanning Tree Algorithm

In this theory we prove total correctness of Kruskal’s minimum spanning tree
algorithm. The proof uses the following steps [6]. We first establish that the
algorithm terminates and constructs a spanning tree. This is a constructive
proof of the existence of a spanning tree; any spanning tree algorithm could
be used for this. We then conclude that a minimum spanning tree exists.
This is necessary to establish the invariant for the actual correctness proof,
which shows that Kruskal’s algorithm produces a minimum spanning tree.

theory Kruskal
imports HOL— Hoare. Hoare-Logic Aggregation-Algebras. Aggregation-Algebras
begin

context m-kleene-algebra
begin

definition spanning-forest f g = forest f A f < ——g A components g <
forest-components f A regular f

definition minimum-spanning-forest f g = spanning-forest f g A (Y u .
spanning-forest u g — sum (f M g) < sum (u M g))



definition kruskal-spanning-invariant f g h = symmetric g A h = kT A g ——h
= h A spanning-forest f (—h M g)

definition kruskal-invariant f g h = kruskal-spanning-invariant f g h A (Jw .
minimum-spanning-forest w g A f < w U w?)

‘We first show two verification conditions which are used in both correct-
ness proofs.

lemma kruskal-ve-1:
assumes symmetric g
shows kruskal-spanning-invariant bot g g
proof (unfold kruskal-spanning-invariant-def, intro conjl)
show symmetric g
using assms by simp
next
show g = ¢7
using assms by simp
next
show g M ——g =g
using inf.sup-monoid.add-commute selection-closed-id by simp
next
show spanning-forest bot (—g M g)
using star.circ-transitive-equal spanning-forest-def by simp
qged

lemma kruskal-ve-2:
assumes kruskal-spanning-invariant f g h
and h # bot
shows (minarc h < —forest-components f — kruskal-spanning-invariant ((f
M —(top * minarc b * f7*)) U (f N top * minarc h * f7*)T" L minarc h) g (h M
—minarc h 1 —minarc hT)
A card { x . reqular z Nz < ——h Az <
—minarc h A z < —minarc hT } < card { x . reqular x A z < ——h }) A
(= minarc h < —forest-components f — kruskal-spanning-invariant f g
(h 11 —minarc h M —minarc h')
A card { x . reqular t Nz < ——h Az <
—minarc h A x < —minarc hT } < card { = . reqgular x A * < ——h })
proof —
let e = minarc h
let 2f = (f M —(top * Ze = fT*)) U (f M top * Ze * f1*)T L %e
let 2h =h M —% M —27T
let ?F = forest-components f
let ?n1 = card { = . regular x AN z < ——h }
let ?n2 = card { z . reqular x Nz < ——h Az < —%e ANz < -2}
have 1: reqular f A regular %e
by (metis assms(1) kruskal-spanning-invariant-def spanning-forest-def
minarc-reqular)
hence 2: regular ?f A reqular ?F A regular (%)
using reqular-closed-star regular-conv-closed reqular-mult-closed by simp
have 3: = %e < —%¢



using assms(2) inf.orderE minarc-bot-iff by fastforce
have /: n2 < nl
apply (rule psubset-card-mono)
using finite-reqular apply simp
using 1 8 kruskal-spanning-invariant-def minarc-below by auto
show (%e < —%F — kruskal-spanning-invariant 2f g ?h A %n2 < ?n1) A (— %e
< —2F — kruskal-spanning-invariant f g ?h A ?n2 < ?nl)
proof (rule conjI)
have 5: injective ?f
apply (rule kruskal-injective-inv)
using assms(1) kruskal-spanning-invariant-def spanning-forest-def apply
stmp
apply (simp add: covector-mult-closed)
apply (simp add: comp-associative comp-isotone star.right-plus-below-circ)
apply (meson mult-left-isotone order-lesseq-imp star-outer-increasing
top.extremum)
using assms(1,2) kruskal-spanning-invariant-def kruskal-injective-inv-2
minarc-arc spanning-forest-def apply simp
using assms(2) arc-injective minarc-arc apply blast
using assms(1,2) kruskal-spanning-invariant-def kruskal-injective-inv-3
minarc-arc spanning-forest-def by simp
show ?e < —?2F — kruskal-spanning-invariant ?f g ?h A n2 < ?nl
proof
assume 6: %e < —?2F
have 7: equivalence ?F
using assms(1) kruskal-spanning-invariant-def
forest-components-equivalence spanning-forest-def by simp
have %eT  top * %7 = 2eT
using assms(2) by (simp add: arc-top-arc minarc-arc)
hence 2e” x top x 2T < —?F
using 6 7 conv-complement conv-isotone by fastforce
hence 8: 7e x ?F x ?e = bot
using le-bot triple-schroeder-p by simp
show kruskal-spanning-invariant ?f g ?h N n2 < 9ni
proof (unfold kruskal-spanning-invariant-def, intro conjI)
show symmetric g
using assms(1) kruskal-spanning-invariant-def by simp
next
show ?h = ?nT
using assms(1) by (simp add: conv-complement conv-dist-inf
inf-commute inf-left-commute kruskal-spanning-invariant-def)
next
show g M ——%h = ?h
using 1 2 by (metis (opagque-lifting) assms(1)
kruskal-spanning-invariant-def inf-assoc pp-dist-inf)
next
show spanning-forest ?f (—%h M g)
proof (unfold spanning-forest-def, intro conjl)
show injective ?f



using 5 by simp
next
show acyclic ?f
apply (rule kruskal-acyclic-inv)
using assms(1) kruskal-spanning-invariant-def spanning-forest-def
apply simp
apply (simp add: covector-mult-closed)
using 8 assms(1) kruskal-spanning-invariant-def spanning-forest-def
kruskal-acyclic-inv-1 apply simp
using 8 apply (metis comp-associative mult-left-sub-dist-sup-left
star.circ-loop-fixpoint sup-commute le-bot)
using 6 by (simp add: p-antitone-iff)
next
show ?f < ——(—%h T g)
apply (rule kruskal-subgraph-inv)
using assms(1) kruskal-spanning-invariant-def spanning-forest-def
apply simp
using assms(1) apply (metis kruskal-spanning-invariant-def
minarc-below order.trans pp-isotone-inf)
using assms(1) kruskal-spanning-invariant-def apply simp
using assms(1) kruskal-spanning-invariant-def by simp
next
show components (—?h M g) < forest-components ?f
apply (rule kruskal-spanning-inv)
using 5 apply simp
using 1 regular-closed-star reqular-conv-closed regular-mult-closed
apply simp
using 1 apply simp
using assms(1) kruskal-spanning-invariant-def spanning-forest-def by

stmp
next
show regular ?f
using 2 by simp
qed
next
show ?n2 < ni
using 4 by simp
qed
qed
next
show — %e < —9F — kruskal-spanning-invariant f g ?h N %n2 < ?nl
proof

assume — %¢ < —92F
hence 9: %e < ¢?F
using 2 assms(2) arc-in-partition minarc-arc by fastforce
show kruskal-spanning-invariant f g ?h N n2 < nl
proof (unfold kruskal-spanning-invariant-def, intro congl)
show symmetric g
using assms(1) kruskal-spanning-invariant-def by simp



next
show ?h = ?nT
using assms(1) by (simp add: conv-complement conv-dist-inf
inf-commute inf-left-commute kruskal-spanning-invariant-def)
next
show g M ——%h = ?h
using 1 2 by (metis (opaque-lifting) assms(1)
kruskal-spanning-invariant-def inf-assoc pp-dist-inf)
next
show spanning-forest f (—?h M g)
proof (unfold spanning-forest-def, intro conjl)
show injective f
using assms(1) kruskal-spanning-invariant-def spanning-forest-def by

stmp
next
show acyclic f
using assms(1) kruskal-spanning-invariant-def spanning-forest-def by
stmp
next
have f < ——(—h 1 g)
using assms(1) kruskal-spanning-invariant-def spanning-forest-def by
simp

also have ... < ——(—=%2h 1N g)
using comp-inf.mult-right-isotone inf.sup-monoid.add-commute
inf-left-commute p-antitone-inf pp-isotone by presburger
finally show f < ——(—?%h M g)
by simp
next
show components (—%?h M g) < 2F
apply (rule kruskal-spanning-inv-1)
using 9 apply simp
using 1 apply simp
using assms(1) kruskal-spanning-invariant-def spanning-forest-def
apply simp
using assms(1) kruskal-spanning-invariant-def
forest-components-equivalence spanning-forest-def by simp
next
show regular f
using 1 by simp
qed
next
show ?n2 < ?nl
using 4 by simp
qed
qed
qed
qed

The following result shows that Kruskal’s algorithm terminates and con-
structs a spanning tree. We cannot yet show that this is a minimum spanning



tree.

theorem kruskal-spanning:
VARS e f h
[ symmetric g ]
f = bot;
h = g;
WHILE h # bot
INV { kruskal-spanning-invariant f g h }
VAR { card { = . regular z N & < ——h } }
DO e := minarc h;
IF e < —forest-components f THEN
Fi=0nN—(topxex fIXNU(fNtop*xexfI T Le
ELSE
SKIP
FI;
h:=hM —en —e’
oD
[ spanning-forest f g |
apply vcg-tc-simp
using kruskal-vc-1 apply simp
using kruskal-vc-2 apply simp
using kruskal-spanning-invariant-def by auto

Because we have shown total correctness, we conclude that a spanning
tree exists.

lemma kruskal-exists-spanning:
symmetric g = 3 f . spanning-forest f g
using tc-extract-function kruskal-spanning by blast

This implies that a minimum spanning tree exists, which is used in the
subsequent correctness proof.

lemma kruskal-exists-minimal-spanning:
assumes symmetric g
shows 3 f . minimum-spanning-forest f g
proof —
let ?s = { f . spanning-forest f g }
have Ime?s . Vze?s . sum (m M g) < sum (2 M g)
apply (rule finite-set-minimal)
using finite-reqular spanning-forest-def apply simp
using assms kruskal-exists-spanning apply simp
using sum-linear by simp
thus ?thesis
using minimum-spanning-forest-def by simp
qed
Kruskal’s minimum spanning tree algorithm terminates and is correct.
This is the same algorithm that is used in the previous correctness proof,
with the same precondition and variant, but with a different invariant and
postcondition.



theorem kruskal:
VARS e f h
[ symmetric g ]
f = bot;
h:=g;
WHILE h # bot
INV { kruskal-invariant f g h }
VAR { card { = . regular z N & < ——h } }
DO e := minarc h;
IF e < —forest-components f THEN
Fi=0nN—(topxex fINU(fNtopxexfT T Le
ELSE
SKIP
FI;
h:=hM —en —e’
oD
[ minimum-spanning-forest f g ]
proof vcg-tc-simp
assume symmetric g
thus kruskal-invariant bot g g
using kruskal-ve-1 kruskal-exists-minimal-spanning kruskal-invariant-def by
stmp
next
fix fh
let e = minarc h
let 2f = (f M —(top x 2e x fI*)) U (f M top * Ze * f1*)T 1 %e
let 2 = h M —2 M —27
let ?F = forest-components f
let ?n1 = card { = . regular t N z < ——h }
let ?n2 = card { z . reqular x N2 < —h Az < —%e ANz < —%T}
assume 1: kruskal-invariant f g h A h # bot
from I obtain w where 2: minimum-spanning-forest w g A f < w U w”
using kruskal-invariant-def by auto
hence 3: regular f A reqular w A regular %e
using 1 by (metis kruskal-invariant-def kruskal-spanning-invariant-def
minimum-spanning-forest-def spanning-forest-def minarc-regular)
show (%e < —2F — kruskal-invariant ?f g ?h A n2 < n1) A (= %e < —9F
— kruskal-invariant f g ?h N %n2 < ?nl)
proof (rule conjI)
show ?e < —?F — kruskal-invariant ?f g ?h N ?n2 < nl
proof
assume /4: e < —92F
have §: equivalence 7F
using 1 kruskal-invariant-def kruskal-spanning-invariant-def
forest-components-equivalence spanning-forest-def by simp
have ?%eT x top * 2T = 2¢T
using 1 by (simp add: arc-top-arc minarc-arc)
hence ?e” * top x 7T < —2F
using 4 5 conv-complement conv-isotone by fastforce



hence 6: %e x 2F % ?e = bot
using le-bot triple-schroeder-p by simp
show kruskal-invariant 2f g ?h N n2 < 9nl
proof (unfold kruskal-invariant-def, intro conjl)
show kruskal-spanning-invariant ?f g ¢h
using 1 4 kruskal-vc-2 kruskal-invariant-def by simp
next
show 3w . minimum-spanning-forest w g A ?f < w U w’
proof
let %p = w M top * %e x w
let 70 = (w M —(top * %e x w'™)) U 2pT
have 7: regular %p
using 3 regular-closed-star reqular-conv-closed regular-mult-closed by

T %

stmp
have 8: injective ?v
apply (rule kruskal-exchange-injective-inv-1)
using 2 minimum-spanning-forest-def spanning-forest-def apply simp
apply (simp add: covector-mult-closed)
apply (simp add: comp-associative comp-isotone
star.right-plus-below-circ)
using 1 2 kruskal-injective-inv-3 minarc-arc
minimum-spanning-forest-def spanning-forest-def by simp
have 9: components g < forest-components ?v
apply (rule kruskal-exchange-spanning-inv-1)
using § apply simp
using 7 apply simp
using 2 minimum-spanning-forest-def spanning-forest-def by simp
have 10: spanning-forest %v g
proof (unfold spanning-forest-def, intro conjl)
show injective ?v
using § by simp
next
show acyclic v
apply (rule kruskal-exchange-acyclic-inv-1)
using 2 minimum-spanning-forest-def spanning-forest-def apply simp
by (simp add: covector-mult-closed)
next
show %y < ——g
apply (rule sup-least)
using 2 inf.coboundedl1 minimum-spanning-forest-def
spanning-forest-def apply simp
using 1 2 by (metis kruskal-invariant-def
kruskal-spanning-invariant-def conv-complement conv-dist-inf order.trans
inf.absorb2 inf.cobounded! minimum-spanning-forest-def spanning-forest-def)
next
show components g < forest-components ?v
using 9 by simp
next
show regular %v



using 3 regqular-closed-star reqular-conv-closed reqular-mult-closed by

stmp
qed
have 11: sum (%v M g) = sum (w M g)
proof —
have sum (v 1 g) = sum (w M —(top * e *+ w'™*) M g) + sum (?pT M
9)

using 2 by (metis conv-complement conv-top epm-8 inf-import-p
inf-top-right regular-closed-top vector-top-closed minimum-spanning-forest-def
spanning-forest-def sum-disjoint)
also have ... = sum (w M —(top * ?e x w'™*) M g) + sum (?p M g)
using 1 kruskal-invariant-def kruskal-spanning-invariant-def
sum-symmetric by simp

also have ... = sum (((w I —(top * Ze * w?™*)) U ?p) M g)
using inf-commute inf-left-commute sum-disjoint by simp
also have ... = sum (w M g)

using 3 7 madduz-3-11-pp by simp
finally show ?thesis
by simp
qed
have 12: v U %7 = w U w’
proof —
have %0 U 207 = (w1 —2p) U 2pT U (wT 1 —2pT) U 2p
using conv-complement conv-dist-inf conv-dist-sup inf-import-p
sup-assoc by simp
also have ... = w U w?
using 3 7 conv-complement conv-dist-inf inf-import-p maddux-3-11-pp
sup-monoid.add-assoc sup-monoid.add-commute by simp
finally show ?thesis
by simp
qed
have 13: v * %7 = bot
apply (rule kruskal-reroot-edge)
using 1 apply (simp add: minarc-arc)
using 2 minimum-spanning-forest-def spanning-forest-def by simp
have %0 M %e < 20 M top x Ze
using inf.sup-right-isotone top-left-mult-increasing by simp
also have ... < %0 * (top * ?e)T
using covector-restrict-comp-conv covector-mult-closed vector-top-closed
by simp
finally have 14: %v M %e = bot
using 13 by (metis conv-dist-comp mult-assoc le-bot mult-left-zero)
let ?2d = 20 M top * 2eT x 2vT* M 2F x 2eT % top M top * %e x —?F
let 2w = (%0 M —2d) U %e
have 15: regular ?d
using 3 regular-closed-star reqular-conv-closed regular-mult-closed by
simp
have 16: ?F < —?2d
apply (rule kruskal-edge-between-components-1)

10



using 5 apply simp
using 1 conv-dist-comp minarc-arc mult-assoc by simp
have 17: f U fT < (7o —2d 1 —2d7) U (2T 1 —2d 11 —2d7)
apply (rule kruskal-edge-between-components-2)
using 16 apply simp
using 1 kruskal-invariant-def kruskal-spanning-invariant-def
spanning-forest-def apply simp
using 2 12 by (metis conv-dist-sup conv-involutive conv-isotone le-supl
sup-commute)
show minimum-spanning-forest 2w g A 2f < 2w U 2w’
proof (intro conjI)
have 18: ?2¢T < 2v*
apply (rule kruskal-edge-arc-1|where g=g and h=h])
using minarc-below apply simp
using 1 apply (metis kruskal-invariant-def
kruskal-spanning-invariant-def inf-lel)
using 1 kruskal-invariant-def kruskal-spanning-invariant-def apply
stmp
using 9 apply simp
using 13 by simp
have 19: arc ?d
apply (rule kruskal-edge-arc)
using 5 apply simp
using 10 spanning-forest-def apply blast
using ! apply (simp add: minarc-arc)
using 3 apply (metis conv-complement pp-dist-star
regular-mult-closed)
using 2 8 12 apply (simp add: kruskal-forest-components-inf)
using 10 spanning-forest-def apply simp
using 13 apply simp
using 6 apply simp
using 18 by simp
show minimum-spanning-forest ?w g
proof (unfold minimum-spanning-forest-def, intro conjl)
have (?v M —2d) * Zel’ < 2v % 2eT
using inf-lel mult-left-isotone by simp
hence (%v M —?2d) * 2T = bot
using 13 le-bot by simp
hence 20: ?e * (v M —2d)T = bot
using conv-dist-comp conv-involutive conv-bot by force
have 21: injective ?w
apply (rule injective-sup)
using 8 apply (simp add: injective-inf-closed)
using 20 apply simp
using 1 arc-injective minarc-arc by blast
show spanning-forest 2w g
proof (unfold spanning-forest-def, intro conjl)
show injective 2w
using 21 by simp

11



next
show acyclic ?w
apply (rule kruskal-exchange-acyclic-inv-2)
using 10 spanning-forest-def apply blast
using 8 apply simp
using inf.coboundedl1 apply simp
using 19 apply simp
using ! apply (simp add: minarc-arc)
using inf.cobounded? inf.coboundedll apply simp
using 138 by simp
next
have w < 2v U %e
using inf-lel sup-left-isotone by simp
also have ... < ——g ULl %¢
using 10 sup-left-isotone spanning-forest-def by blast
also have ... < ——g LU ——h
by (simp add: le-supI2 minarc-below)
also have ... = ——g
using 1 by (metis kruskal-invariant-def
kruskal-spanning-invariant-def pp-isotone-inf sup.orderE)
finally show ?w < ——g
by simp
next
have 22: 2d < (?v 1 —2d)T* x el x top
apply (rule kruskal-exchange-spanning-inv-2)
using 8 apply simp
using 13 apply (metis semiring.mult-not-zero star-absorb
star-simulation-right-equal)
using 17 apply simp
by (simp add: inf.coboundedl1)
have components g < forest-components ?v
using 10 spanning-forest-def by auto
also have ... < forest-components 2w
apply (rule kruskal-exchange-forest-components-inv)
using 21 apply simp
using 15 apply simp
using 1 apply (simp add: arc-top-arc minarc-arc)
apply (simp add: inf.coboundedll)
using 13 apply simp
using 8 apply simp
apply (simp add: le-infI1)
using 22 by simp
finally show components g < forest-components ?w
by simp
next
show regular ?w
using 3 7 reqular-conv-closed by simp
qged
next

12



have 23: ?e M g # bot
using 1 by (metis kruskal-invariant-def
kruskal-spanning-invariant-def comp-inf.semiring.mult-zero-right
inf.sup-monoid.add-assoc inf.sup-monoid.add-commute minarc-bot-iff
minarc-meet-bot)
have ¢ M —h < (g M —h)*
using star.circ-increasing by simp
also have ... < (——(g N —h))*
using pp-increasing star-isotone by blast
also have ... < 7F
using 1 kruskal-invariant-def kruskal-spanning-invariant-def
inf.sup-monoid.add-commute spanning-forest-def by simp
finally have 2/: g 1 —h < 2F
by simp
have ?d < ——g
using 10 inf.coboundedll spanning-forest-def by blast
hence ?d < ——¢g M —?2F
using 16 inf.boundedl p-antitone-iff by simp

also have ... = ——(g N —¥%F)
by simp
also have ... < ——h

using 2/ p-shunting-swap pp-isotone by fastforce
finally have 25: 2d < ——h
by simp
have ?d = bot — top = bot
using 19 by (metis mult-left-zero mult-right-zero)
hence ?d # bot
using 1 le-bot by auto
hence 26: 2d M h # bot
using 25 by (metis inf.absorb-iff2 inf-commute pseudo-complement)
have sum (?e M g) = sum (e 11 ——h 1 g)
by (simp add: inf.absorbl minarc-below)
also have ... = sum (%e M h)
using 1 by (metis kruskal-invariant-def
kruskal-spanning-invariant-def inf.left-commute inf.sup-monoid.add-commute)
also have ... < sum (¢d M h)
using 19 26 minarc-min by simp
also have ... = sum (¢d M (——h M g))
using 1 kruskal-invariant-def kruskal-spanning-invariant-def
inf-commute by simp
also have ... = sum (%9d M g)
using 25 by (simp add: inf.absorb2 inf-assoc inf-commute)
finally have 27: sum (?e M g) < sum (2d M g)
by simp
have 70 M %e M —2d = bot
using 14 by simp
hence sum (?w M g) = sum (v N —2d M g) + sum (%e M g)
using sum-disjoint inf-commute inf-assoc by simp
also have ... < sum (v M —2d M g) + sum (¢d M g)

13



using 23 27 sum-plus-right-isotone by simp

also have ... = sum (((fv M —2d) U 2d) N g)
using sum-disjoint inf-le2 pseudo-complement by simp
also have ... = sum ((Zo U 2d) M (—2d U ?d) N g)
by (simp add: sup-inf-distrib2)
also have ... = sum ((%v U 2d) N g)
using 15 by (metis inf-top-right stone)
also have ... = sum (%v N g)

by (simp add: inf.sup-monoid.add-assoc)
finally have sum (?w M g) < sum (%v 1 g)
by simp
thus Vu . spanning-forest u g — sum (fw M g) < sum (u I g)
using 2 11 minimum-spanning-forest-def by auto
qed

next

by simp

have ?f < f U fT' L %
using conv-dist-inf inf-lel sup-left-isotone sup-mono by presburger
also have ... < (2o —2d M —2d7) U (2T N —2d 1 —2d7) U ?e
using 17 sup-left-isotone by simp
also have ... < (v —2d) U (2T M —2d N —2d7) U %e
using inf.cobounded1 sup-inf-distrib2 by presburger
also have ... = 2w U (2o 1 —2d N —2d7)
by (simp add: sup-assoc sup-commute)
also have ... < 2w U (#2071 —2d7)
using inf.sup-right-isotone inf-assoc sup-right-isotone by simp
also have ... < %w U 2w”
using conv-complement conv-dist-inf conv-dist-sup sup-right-isotone

finally show 2f < 2w U 2w”
by simp

qed
ged
next
show n2 < nl
using ! kruskal-vc-2 kruskal-invariant-def by auto

qed
qged
next

show

= %e < —2F — kruskal-invariant f g ?h N\ %n2 < 9nl

using 1 kruskal-ve-2 kruskal-invariant-def by auto

qed
next

fix f

assume 28: kruskal-invariant f g bot

hence 29: spanning-forest f g
using kruskal-invariant-def kruskal-spanning-invariant-def by auto

from 28 obtain w where 30: minimum-spanning-forest w g A f < w U w”
using kruskal-invariant-def by auto

hence w = wn ——g
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by (simp add: inf.absorbl minimum-spanning-forest-def spanning-forest-def)
also have ... < w M components g
by (metis inf.sup-right-isotone star.circ-increasing)
also have ... < w I f7* « f*
using 29 spanning-forest-def inf.sup-right-isotone by simp
also have ... < f L fT
apply (rule cancel-separate-6|where z=w and y=wT])
using 30 minimum-spanning-forest-def spanning-forest-def apply simp
using 30 apply (metis conv-dist-inf conv-dist-sup conv-involutive
inf.cobounded2 inf.orderE)
using 30 apply (simp add: sup-commute)
using 30 minimum-spanning-forest-def spanning-forest-def apply simp
using 30 by (metis acyclic-star-below-complement comp-inf.mult-right-isotone
inf-p le-bot minimum-spanning-forest-def spanning-forest-def)
finally have 31: w < f U fT
by simp
have sum (f M g) = sum ((w U w?) M (f N g))
using 30 by (metis inf-absorb2 inf.assoc)
also have ... = sum (w N (f M g)) + sum (w? N (f M g))
using 30 inf.commute acyclic-asymmetric sum-disjoint
minimum-spanning-forest-def spanning-forest-def by simp

also have ... = sum (w N (f M g)) + sum (w1 (f£ 1 g7))
by (metis conv-dist-inf conv-involutive sum-conv)
also have ... = sum (f M (w M g)) + sum (fT 1 (w M g))

using 28 inf.commute inf.assoc kruskal-invariant-def
kruskal-spanning-invariant-def by simp
also have ... = sum ((f U f7) 1 (w N g))
using 29 acyclic-asymmetric inf.sup-monoid.add-commute sum-disjoint
spanning-forest-def by simp
also have ... = sum (w M g)
using 31 by (metis inf-absorb2 inf.assoc)
finally show minimum-spanning-forest f g
using 29 30 minimum-spanning-forest-def by simp
qed

end

end

3 Prim’s Minimum Spanning Tree Algorithm

In this theory we prove total correctness of Prim’s minimum spanning tree
algorithm. The proof has the same overall structure as the total-correctness
proof of Kruskal’s algorithm [6]. The partial-correctness proof of Prim’s
algorithm is discussed in [3, 5].

theory Prim

imports HOL— Hoare. Hoare-Logic Aggregation-Algebras. Aggregation-Algebras
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begin

context m-kleene-algebra
begin

abbreviation component g r = 1 x (——g)*

definition spanning-tree t g r = forest t A t < (component g r)T x (component g
r) M ——g A component g r < rT % t° A regular t

definition minimum-spanning-tree t g r = spanning-tree t g r A (VY u .
spanning-tree u g  — sum (t M g) < sum (u M g))

definition prim-precondition ¢ r = g = g7 A injective r A vector r A regular r
definition prim-spanning-invariant t v g r = prim-precondition ¢ r A vT = 1T
t* A spanning-tree t (v * T M g)r

definition prim-invariant t v g v = prim-spanning-invariant t v g r A (Jw .
minimum-spanning-tree w g v A t < w)

*

lemma span-tree-split:
assumes vector T
shows t < (component g r)T % (component g r) M ——g +— (¢t < (component
gr)T At < component gr At < ——g)
proof —
have (component g r)T x (component g r) = (component g )T M component g r
by (metis assms conv-involutive covector-mult-closed vector-conv-covector
vector-covector)
thus ?thesis
by simp
qed

lemma span-tree-component:
assumes spanning-tree t g r
shows component g r = component t r
using assms by (simp add: order.antisym mult-right-isotone star-isotone
spanning-tree-def)

We first show three verification conditions which are used in both cor-
rectness proofs.

lemma prim-vc-1:
assumes prim-precondition g T
shows prim-spanning-invariant bot r g r
proof (unfold prim-spanning-invariant-def, intro conjl)
show prim-precondition g r
using assms by simp
next
show 7 = 77 % bot*
by (simp add: star-absorb)
next
let %ss=r*rT Mg
show spanning-tree bot ?ss r
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proof (unfold spanning-tree-def, intro conjl)
show injective bot
by simp
next
show acyclic bot
by simp
next
show bot < (component ?ss )
by simp
next
have component ?ss r < component (r * r*) r
by (simp add: mult-right-isotone star-isotone)
also have ... < rT % 1*
using assms by (metis order.eq-iff p-antitone reqular-one-closed star-sub-one
prim-precondition-def)
also have ... = T x bot*
by (simp add: star.circ-zero star-one)
finally show component %ss r < rT % bot*

T % (component ?ss r) M —— ?ss

)

next
show regular bot
by simp
qed
qed

lemma prim-vc-2:
assumes prim-spanning-invariant t v g v
and v * —v” M g # bot
shows prim-spanning-invariant (t U minarc (v * —vT M g)) (v U minarc (v *
T N g)T % top) g T A card { z . regular A x < component gr Az < —(v U
minarc (v * —vT 11 g)T % top)T } < card { z . reqular x A x < component g r A
< —ovT}
proof —
let 2vcv =v* —vT My
let e = minarc vcv
let 9t =1tU %e
let 2v = v U 2eT x top
let c = component g r
let 2g = ——¢g
let ?nl = card { z . reqular x Az < %c AN v < —vT }
let ?n2 = card { z . reqular x Az < %c Ao < —%T }
have 1: reqular v A regular (v * v7) A regular (2v * 2vT) A regular (top x %e)
using assms(1) by (metis prim-spanning-invariant-def spanning-tree-def
prim-precondition-def reqular-conv-closed regular-closed-star reqular-mult-closed
conv-involutive regular-closed-top regular-closed-sup minarc-regular)
hence 2: t < v vT M %g
using assms(1) by (metis prim-spanning-invariant-def spanning-tree-def
inf-pp-commute inf.boundedE)
hence 3: t < v % vT
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by simp
have 4: t < g
using 2 by simp
have 5: %e < v * —vT M %g
using 1 by (metis minarc-below pp-dist-inf regular-mult-closed
regular-closed-p)
hence 6: %e < v *x —v
by simp
have 7: vector v
using assms(1) prim-spanning-invariant-def prim-precondition-def by (simp
add: covector-mult-closed vector-conv-covector)
hence 8: %e < v
using 6 by (metis conv-complement inf.boundedE vector-complement-closed
vector-covector)
have 9: %e x t = bot
using 3 6 7 et(1) by blast
have 10: %e * tT = bot
using 3 6 7 et(2) by simp
have 11: arc 7e
using assms(2) minarc-arc by simp
have rT < T % t*
by (metis mult-right-isotone order-refl semiring.mult-not-zero
star.circ-separate-mult-1 star-absorb)
hence 12: rT < T
using assms(1) by (simp add: prim-spanning-invariant-def)
have 13: vector r A injective r A vl = T x t*
using assms(1) prim-spanning-invariant-def prim-precondition-def
minimum-spanning-tree-def spanning-tree-def reachable-restrict by simp
have g = g7
using assms(1) prim-invariant-def prim-spanning-invariant-def
prim-precondition-def by simp
hence 14: ?2g7 = %g
using conv-complement by simp
show prim-spanning-invariant 2t 2v g r A ?n2 < ?nl
proof (rule conjI)
show prim-spanning-invariant 7t ?v g r
proof (unfold prim-spanning-invariant-def, intro conjl)
show prim-precondition g r
using assms(1) prim-spanning-invariant-def by simp
next
show 20T = rT x 2t
using assms(1) 6 7 9 by (simp add: reachable-inv
prim-spanning-invariant-def prim-precondition-def spanning-tree-def)
next
let G =%+ 2T Ng
show spanning-tree ?t ?G r
proof (unfold spanning-tree-def, intro conjl)
show injective 2t
using assms(1) 10 11 by (simp add: injective-inv

T
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prim-spanning-invariant-def spanning-tree-def)
next
show acyclic %t
using assms(1) 3 6 7 acyclic-inv prim-spanning-invariant-def
spanning-tree-def by simp
next
show 2t < (component ?G )T x (component ?G r) M ——2G
using 1 2 5 7 13 prim-subgraph-inv inf-pp-commute mst-subgraph-inv-2
by auto
next
show component (?v * 20T M g) r < rT % 2t*
proof —
have 15: 7 % (v * vT M 29)* < rT x t*
using assms(1) 1 by (metis prim-spanning-invariant-def
spanning-tree-def inf-pp-commute)
have component (?v x 20T M g) r = 77 % (v x 20T M 29)*
using 1 by simp
also have ... < rT x 2t*
using 2 6 7 11 12 18 14 15 by (metis span-inv)
finally show ?thesis

qged
next
show regular 7t
using assms(1) by (metis prim-spanning-invariant-def spanning-tree-def
regular-closed-sup minarc-regular)
qed
qed
next
have 16: top x ?e < ?c
proof —
have top * %e = top * %eT x %e
using 11 by (metis arc-top-edge mult-assoc)
also have ... < vT % %¢
using 7 8 by (metis conv-dist-comp conv-isotone mult-left-isotone
symmetric-top-closed)
also have ... < v % g
using 5 mult-right-isotone by auto
also have ... = T % t* % %g
using 18 by simp
also have ... < rT x 2g* x 7g
using 4 by (simp add: mult-left-isotone mult-right-isotone star-isotone)
also have ... < ?¢
by (simp add: comp-associative mult-right-isotone star.right-plus-below-circ)
finally show ?thesis
by simp
qed
have 17: top * %e < —vT
using 6 7 by (simp add: schroeder-4-p vTeT)
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have 18: — top x %e < —(top * Ze)
by (metis assms(2) inf.orderE minarc-bot-iff conv-complement-sub-inf inf-p
inf-top.left-neutral p-bot symmetric-top-closed vector-top-closed)
have 19: — 20T = —vT M —(top * ?e)
by (simp add: conv-dist-comp conv-dist-sup)
hence 20: — top * %e < — 2T
using 18 by simp
show ?n2 < ?nl
apply (rule psubset-card-mono)
using finite-reqular apply simp
using 1 16 17 19 20 by auto
qed
qed

lemma prim-vc-3:
assumes prim-spanning-invariant t v g v
and v * —v” M g = bot
shows spanning-tree t g r
proof —
let 9g = ——g
have 1: regular v A reqular (v * vT)
using assms(1) by (metis prim-spanning-invariant-def spanning-tree-def
prim-precondition-def regular-conv-closed reqular-closed-star regular-mult-closed
conv-involutive)
have 2: v x —vT M 29 = bot
using assms(2) pp-inf-bot-iff pp-pp-inf-bot-iff by simp
have 3: vT = T x t* A wector v
using assms(1) by (simp add: covector-mult-closed prim-invariant-def
prim-spanning-invariant-def vector-conv-covector prim-precondition-def)
have 4: t < v x0T M %
using assms(1) 1 by (metis prim-spanning-invariant-def inf-pp-commute
spanning-tree-def inf.boundedFE)
have rT x (v * vT M 29)* < 7T % t*
using assms(1) 1 by (metis prim-spanning-invariant-def inf-pp-commute
spanning-tree-def)
hence 5: component g r = v
using 1 2 8 4 by (metis span-post)
have reqular (v * vT)
using assms(1) by (metis prim-spanning-invariant-def spanning-tree-def
prim-precondition-def reqular-conv-closed regular-closed-star reqular-mult-closed
conv-involutive)
hence 6: t < v * vl M %g
by (metis assms(1) prim-spanning-invariant-def spanning-tree-def
inf-pp-commute inf.boundedE)
show spanning-tree t g r
apply (unfold spanning-tree-def, intro conjl)
using assms(1) prim-spanning-invariant-def spanning-tree-def apply simp
using assms(1) prim-spanning-invariant-def spanning-tree-def apply simp
using 5 6 apply simp

T
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using assms(1) 5 prim-spanning-invariant-def apply simp
using assms(1) prim-spanning-invariant-def spanning-tree-def by simp
qed

The following result shows that Prim’s algorithm terminates and con-
structs a spanning tree. We cannot yet show that this is a minimum spanning
tree.

theorem prim-spanning:

VARS tve

[ prim-precondition g r ]

t .= bot;

vi= Ty

WHILE v x —vT M g # bot
INV { prim-spanning-invariant t v g v }
VAR { card { = . reqular z N\ © < component g v 11 —vT } }
DO e := minarc (v * —vT 1M g);

t:=1U e
vi=ovU el x top
oD

[ spanning-tree t g r ]

apply vcg-te-simp

apply (simp add: prim-ve-1)
using prim-vc-2 apply blast
using prim-vc-3 by auto

Because we have shown total correctness, we conclude that a spanning
tree exists.

lemma prim-exists-spanning:
prim-precondition g r = 31t . spanning-tree t g
using tc-extract-function prim-spanning by blast

This implies that a minimum spanning tree exists, which is used in the
subsequent correctness proof.

lemma prim-exists-minimal-spanning:
assumes prim-precondition g r
shows 3t . minimum-spanning-tree t g r
proof —
let ?s = { ¢ . spanning-tree t g r }
have Ime?s . Vze?s . sum (m M g) < sum (2 M g)
apply (rule finite-set-minimal)
using finite-reqular spanning-tree-def apply simp
using assms prim-ezists-spanning apply simp
using sum-linear by simp
thus ?thesis
using minimum-spanning-tree-def by simp
qed

Prim’s minimum spanning tree algorithm terminates and is correct. This
is the same algorithm that is used in the previous correctness proof, with

21



the same precondition and variant, but with a different invariant and post-
condition.

theorem prim:

VARS tve

[ prim-precondition g v A (3w . minimum-spanning-tree w g ) |

t := bot;

vi= T

WHILE v + —vT M g # bot
INV { prim-invariant t v g r }
VAR { card { = . reqular z A z < component g r 1 —vT } }
DO e := minarc (v * —vT 1M g);

t:=1tU e
vi=ovU el % top
OD

[ minimum-spanning-tree t g T |
proof vcg-te-simp
assume prim-precondition g r A (Jw . minimum-spanning-tree w g r)
thus prim-invariant bot r g r
using prim-invariant-def prim-vc-1 by simp
next
fix tv
let 2vcv =v* —vT My
let 2Zvo=v*xv7 Ny
let ?e = minarc ?vcv
let 9t =t U %e
let 2v = v U 2eT * top
let ?c = component g r
let 9g = ——¢g
let ?ni = card { z . reqular z Az < %c Ao < —oT }
let ?n2 = card { © . reqular t Az < Ze Nz < — %07 }
assume 1: prim-invariant t v g r A 2vcv # bot
hence 2: reqular v A regular (v * vT)
by (metis (no-types, opaque-lifting) prim-invariant-def
prim-spanning-invariant-def spanning-tree-def prim-precondition-def
regular-conv-closed reqular-closed-star reqular-mult-closed conv-involutive)
have 3: t < v x o7 M %
using 1 2 by (metis (no-types, opaque-lifting) prim-invariant-def
prim-spanning-invariant-def spanning-tree-def inf-pp-commute inf.boundedFE)
hence 4: t < v % i
by simp
have 5: t < %g
using 3 by simp
have 6: e < vx —vT M %g
using 2 by (metis minarc-below pp-dist-inf regular-mult-closed
reqular-closed-p)
hence 7: %¢ < v * —v
by simp
have §: vector v
using 1 prim-invariant-def prim-spanning-invariant-def prim-precondition-def

T
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by (simp add: covector-mult-closed vector-conv-covector)
have 9: arc %e
using 1 minarc-arc by simp
from I obtain w where 10: minimum-spanning-tree w g r A t < w
by (metis prim-invariant-def)
hence 11: vector r A injective r A ol =T % t* A forest w ANt < wAw< 2¢T
x 21 29 A rT % (2¢T % 2e 1 2g9)* < T x w*
using 1 2 prim-invariant-def prim-spanning-invariant-def
prim-precondition-def minimum-spanning-tree-def spanning-tree-def
reachable-restrict by simp
hence 12: wx v < v
using predecessors-reachable reachable-restrict by auto
have 13: g = g7
using 1 prim-invariant-def prim-spanning-invariant-def prim-precondition-def
by simp
hence 14: ?2g7 = %g
using conv-complement by simp
show prim-invariant ¢t v g r A n2 < nl
proof (unfold prim-invariant-def, intro conjl)
show prim-spanning-invariant 7t ?v g r
using 1 prim-invariant-def prim-vc-2 by blast
next
show Jw . minimum-spanning-tree w g r N\ 2t < w
proof
let 2f = w M v* —vT M top * %e x w
let %p = wn —v* —vl M top * %e x w
let ?fp = w M —oT M top * %e x w'*
let 2w = (wn —2fp) U 2pT U %e
have 15: reqular ?f N regular ?fp N regular ?w
using 2 10 by (metis reqular-conv-closed regular-closed-star
reqular-mult-closed regular-closed-top regular-closed-inf reqular-closed-sup
minarc-regular minimum-spanning-tree-def spanning-tree-def)
show minimum-spanning-tree 2w g r A 2t < %w
proof (intro conjI)
show minimum-spanning-tree 2w g r
proof (unfold minimum-spanning-tree-def, intro conjl)
show spanning-tree 2w g r
proof (unfold spanning-tree-def, intro conjI)
show injective ?w
using 7 8 9 11 exchange-injective by blast
next
show acyclic ?w
using 7 8 11 12 exchange-acyclic by blast
next
show 2w < 2¢7 % 2¢ 1 ——g
proof —
have 16: w M —?2fp < 2cT % 2 ——¢g
using 10 by (simp add: le-infl1 minimum-spanning-tree-def
spanning-tree-def)

T %
T %
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have %7 < wT

by (simp add: conv-isotone inf.sup-monoid.add-assoc)
also have ... < (¢! % 21 ——g)T

using 11 conv-order by simp
also have ... = 2c¢T  %c M ——g

using 2 14 conv-dist-comp conv-dist-inf by simp
finally have 17: ?pT < 2T % 2¢ 11 ——¢g

have ?%e < 2¢T % 2c M 2g
using 5 6 11 mst-subgraph-inv by auto
thus ?thesis
using 16 17 by simp
qed
next
show %¢c < rT « 2w
proof —
have %¢ < rT % w*
using 10 minimum-spanning-tree-def spanning-tree-def by simp
also have ... < rT % 2w*
using 4 78 10 11 12 15 by (metis mst-reachable-inv)
finally show ?thesis

*

qed
next
show regular ?w
using 15 by simp
qed
next
have 18: ?2f U 2p = ?fp
using 2 8 epm-1 by fastforce
have arc (w M ——v x —vT M top * %e * w
using 5 6 8 9 11 12 reachable-restrict arc-edge by auto
hence 19: arc ?f
using 2 by simp
hence ?f = bot — top = bot
by (metis mult-left-zero mult-right-zero)
hence ?f # bot
using 1 le-bot by auto
hence ?f M v * —vT M 29 # bot
using 2 11 by (simp add: inf.absorbl le-infl1)
hence g M (?f M v x —vT) # bot
using inf-commute pp-inf-bot-iff by simp
hence 20: ?f 1 %vcv # bot
by (simp add: inf-assoc inf-commute)
hence 21: ?f M g = 2f 1 Zvcv
using 2 by (simp add: inf-assoc inf-commute inf-left-commute)
have 22: ?e M g = minarc %vcv N vcv
using 7 by (simp add: inf.absorb2 inf.assoc inf.commute)
hence 23: sum (e M g) < sum (?f N g)

T*)
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using 15 19 20 21 by (simp add: minarc-min)
have ?e # bot
using 20 comp-inf.semiring.mult-not-zero semiring.mult-not-zero by

blast
hence 24: ?e M g # bot
using 22 minarc-meet-bot by auto
have sum (7w M g) = sum (w N —2fp N g) + sum (pT M g) + sum (%e
ng)

using 7 8 10 by (metis sum-disjoint-3 epm-8 epm-9 epm-10
minimume-spanning-tree-def spanning-tree-def)
also have ... = sum (((w M —2fp) U 2pT) M g) + sum (Ze M g)
using 11 by (metis epm-8 sum-disjoint)
also have ... < sum (((w M —2fp) U ?pT) M g) + sum (2f M g)
using 23 2/ by (simp add: sum-plus-right-isotone)

also have ... = sum (w N —2fp M g) + sum (?pT M g) + sum (?f 1 g)
using 11 by (metis epm-8 sum-disjoint)

also have ... = sum (w M —2fp M g) + sum (?p M g) + sum (2f M g)
using 13 sum-symmetric by auto

also have ... = sum (((w N —%fp) U #p U 2f) N g)
using 2 8 by (metis sum-disjoint-3 epm-11 epm-12 epm-13)

also have ... = sum (w M g)

using 2 8 15 18 epm-2 by force
finally have sum (w M g) < sum (w N g)

thus Vu . spanning-tree w g r — sum (2w M g) < sum (u M g)
using 10 order-lesseq-imp minimum-spanning-tree-def by auto
ged
next
show 7t < 2w
using 4 8 10 mst-extends-new-tree by simp
qed
qed
next
show ?n2 < ?nl
using 1 prim-invariant-def prim-vc-2 by auto
qed
next
fix t v
let 2g = ——¢g
assume 25: prim-invariant t v g r A v * —v’ M g = bot
hence 26: regular v
by (metis prim-invariant-def prim-spanning-invariant-def spanning-tree-def
prim-precondition-def reqular-conv-closed regular-closed-star reqular-mult-closed
conv-involutive)
from 25 obtain w where 27: minimum-spanning-tree w g r A t < w
by (metis prim-invariant-def)
have spanning-tree t g r
using 25 prim-invariant-def prim-vc-3 by blast
hence component g r = vT
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by (metis 25 prim-invariant-def span-tree-component
prim-spanning-invariant-def spanning-tree-def)
hence 28: w < v * vT
using 26 27 by (simp add: minimum-spanning-tree-def spanning-tree-def
inf-pp-commute)
have vector r A injective r N\ forest w
using 25 27 by (simp add: prim-invariant-def prim-spanning-invariant-def
prim-precondition-def minimum-spanning-tree-def spanning-tree-def)
hence w =t
using 25 27 28 prim-invariant-def prim-spanning-invariant-def mst-post by
blast
thus minimum-spanning-tree t g r
using 27 by simp
qed

end

end

4 Boruvka’s Minimum Spanning Tree Algorithm

In this theory we prove partial correctness of Bortivka’s minimum spanning
tree algorithm.

theory Boruvka

imports
Aggregation-Algebras. M-Choose-Component
Relational-Disjoint-Set-Forests. Disjoint-Set-Forests
Kruskal

begin

4.1 General results

The proof is carried out in m-k-Stone-Kleene relation algebras. In this
section we give results that hold more generally.

context stone-kleene-relation-algebra
begin

lemma He-eq-He-THe-star:
assumes arc €
and equivalence H
shows H x e = H x e * (top x H * ¢)*
proof —
let 20 = H * ¢
have 1: H x e < H x e x (top x H % e)*
using comp-isotone star.circ-reflexive by fastforce
have H x e x (top * H * e)* = H * e * (top * e)*
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by (metis assms(2) preorder-idempotent surjective-var)
also have ... < H x e *x (1 U top * (e x top)* * e)
by (metis eq-refl star.circ-mult-1)
also have ... < H x e x (1 U top * top * e)
by (simp add: star.circ-left-top)
also have ... = H x e U H x ¢ *x top * e
by (simp add: mult.semigroup-axzioms semiring.distrib-left semigroup.assoc)
finally have 2: H * e x (top * H x e)* < H x e
using assms arc-top-arc mult-assoc by auto
thus ?thesis
using 1 2 by simp
qed

lemma path-through-components:
assumes equivalence H
and arc e
shows (H x (dUe))*=(H+xd)*U (Hxd)*« H=xex (Hx*d)*
proof —
have H x ex (H +x d)* « Hx e < Hxextopx Hxe
by (simp add: comp-isotone)
also have ... = H x ¢ * top * ¢
by (metis assms(1) preorder-idempotent surjective-var mult-assoc)
also have ... = H x ¢
using assms(2) arc-top-arc mult-assoc by auto
finally have 1: H x ex (H+x d)*« H*x e < H x ¢
by simp
have (H «x (dU e€))* = (H *xd U H * e)*
by (simp add: comp-left-dist-sup)
also have ... = (H « d)* U (H « d)* « H * e x (H x d)*
using 1 star-separate-3 by (simp add: mult-assoc)
finally show ?thesis
by simp
qed

lemma simplify-f:
assumes regular p
and regular e
shows (fM—efN—-pu@fn—-enpu(fn—-enplu@n—en
—plfuelfue=fuffueuel
proof —
have (fM—efnM—pu(fn—-enpu@n—-cenplu@fn-e n-
pTuel Ue
=(fn—-en-pu@fn-enpu@fn-cnpHu (N —-cen -
pHYyuel Ue
by (simp add: conv-complement conv-dist-inf)
also have ... =
(FUGN=—eAp) (=T U N—e Np)r(-pu(fn-e np))
BT UG M= en—ph) M(— el (fF M- en—pT) A" U M-
e — 7))
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Uel Ue
by (metis sup-inf-distrib2 sup-assoc)
also have ... =
(FUHNGU-e)NFupn(-e
p)N(=pUf)n(=pU—e)n(=pUp)
DT U G- N (T U - )
eU—pH)m@ UM NE U—en@ U-ph)
Uel Ue
using sup-inf-distrib1 sup-assoc inf-assoc sup-inf-distribl by simp
also have ... =
(FUNN U= )N EUPTEU=—p) N (= UfN(—e u— e
N(=e"Up)n(-=e"U—pN(-pUp)
G(T UM TG U= ) n (T U= p")n(—eufT)n (T upT) (- e
U—e)M(-=eU—phn(-eup)n@p"u-yp)
Uel Ue
by (smt abel-semigroup.commute inf.abel-semigroup-azioms inf.left-commute
sup.abel-semigroup-axioms)
alsohave ... = (fM—elM(—pup)u(ffn—-—en@@ru—-pH)ue Ue
by (smt inf.sup-monoid.add-assoc inf.sup-monoid.add-commute inf-sup-absorb
sup.idem,)

alsohave ... = (fN—eHUu(ffn-euel e
by (metis assms(1) conv-complement inf-top-right stone)
alsohave ... = (fU )M (= el Ue) U (fTUe) N (—ele)

by (metis sup.left-commute sup-assoc sup-inf-distrib2)
finally show ?thesis
by (metis abel-semigroup.commute assms(2) conv-complement inf-top-right
stone sup.abel-semigroup-axioms sup-assoc)
qed

lemma simplify-forest-components-f:
assumes regular p
and regular e
and injective (f M — el M —p U (f 1 — el M p)T U e)
and injective f
shows forest-components (f M — el M —p)u (fNn—el np)T ue) =(fufr
Uelel)*
proof —
have forest-components ((f M — eX' M — p) U (f N —eT 11 p)T U e) = wee ((f M
—ef'n—-pu@fn—-enp?ue
by (simp add: assms(3) forest-components-wcc)
alsohave ... = (fN—elm—-pu@fn—-—cenplueu(fn-en-
P U (1 — e M p) L ety
using conv-dist-sup sup-assoc by auto
alsohave ... = (fN—efMm—-pu@fn—enpu@n—e np?u(f
N—el'n—pTuel ue*
using sup-assoc sup-commute by auto
also have ... = (f U fT U el eT)*
using assms(1, 2, 3, 4) simplify-f by auto
finally show ?thesis
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by simp
qed

lemma components-disj-increasing:
assumes regular p
and regular e
and injective (f M — el M —pU (f 11— el M p)T U e)
and injective f
shows forest-components f < forest-components (f M — el M —pu (f N — ¥
np)’ Ue)
proof —
have 1: forest-components (f M — el M —p)u (fN —ef' M p)T Le) = (f U
ffueueh)*
using simplify-forest-components-f assms(1, 2, 3, 4) by blast
have forest-components f = wcc f
by (simp add: assms(4) forest-components-wec)
also have ... < (f U fT U T U e)*
by (simp add: le-supI2 star-isotone sup-commute)
finally show ?thesis
using 1 sup.left-commute sup-commute by simp
qed

lemma fch-equivalence:
assumes forest h
shows equivalence (forest-components h)
by (simp add: assms forest-components-equivalence)

lemma forest-modulo-equivalence-path-split-1:
assumes arc a
and equivalence H
shows (H x d)* « H x a x top = (H % (d 1 — a))* *x H % a * top
proof —
let YH = H
let 2 = ?H x (d N —a)
let 2y = ?H % a
let ?a = ?H * a * top
let ?2d = ?H % d
have 1: ?2d* * %a < 2% x %a
proof —
have ?2* 2y x 22* x %0 < 22* x %a * %a
by (smt mult-left-isotone star.circ-right-top top-right-mult-increasing
mult-assoc)

also have ... = 22* x Za * a * top
by (metis ex231e mult-assoc)
also have ... = 72* % %a

by (simp add: assms(1) mult-assoc)
finally have 11: %x* %%y * %2* x %0 < ?2* % %q
by simp
have ?d* * 2a = (?H x (d M a) U ?H % (d 1 —a))* x %a
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proof —
have 12: regular a
using assms(1) arc-regular by simp
have ?H x ((d M a) U (d M — a)) = ?H x (d N top)
using 12 by (metis inf-top-right madduz-3-11-pp)
thus ?thesis
using mult-left-dist-sup by auto
qed
also have ... < (%y U %z)* * %a
by (metis comp-inf.coreflexive-idempotent comp-isotone inf.cobounded1
inf.sup-monoid.add-commute semiring.add-mono star-isotone top.extremum,)

also have ... = (%z U %y)* * %a
by (simp add: sup-commute mult-assoc)
also have ... = %z* % %a U (22 * 2y * (%22 x 2y)* % %2%) % %a

by (smt mult-right-dist-sup star.circ-sup-9 star.circ-unfold-sum mult-assoc)
also have ... < 2z* x 2a U (?2* * 2y x (top * 2y)* * 22*) % %a
proof —
have (%z* * 2y)* < (top * %y)*
by (simp add: mult-left-isotone star-isotone)
thus ?thesis
by (metis comp-inf.coreflexive-idempotent comp-inf.transitive-star eq-refl
mult-left-dist-sup top.extremum mult-assoc)
qed
also have ... = %z* % Za U (%2 x %y * 22%) x %a
using assms(1, 2) He-eq-He-THe-star arc-regular mult-assoc by auto
finally have 13: (?H * d)* * %a < %2* % %a U %2* % 2y x 22* % %a
by (simp add: mult-assoc)
have 1/: 2z* x 2y x 22 % 20 < 72" % ?a
using 11 mult-assoc by auto
thus ?thesis
using 13 14 sup.absorbl by auto
qed
have 2: ?2d* x 2a > 22 x%a
by (simp add: comp-isotone star-isotone)
thus ?thesis
using 1 2 order.antisym mult-assoc by simp
qed

lemma dTransHd-le-1:
assumes equivalence H
and univalent (H * d)
shows d7 « H x d < 1
proof —
have dT « HT « Hx d < 1
using assms(2) conv-dist-comp mult-assoc by auto
thus ?thesis
using assms(1) mult-assoc by (simp add: preorder-idempotent)
qed
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lemma HcompaT-le-compHaT:
assumes equivalence H
and injective (a * top)
shows —H x a * top < — (H % a * top)
proof —
have a * top * a’ < 1
by (metis assms(2) conv-dist-comp symmetric-top-closed vector-top-closed
mult-assoc)
hence a * top * o7 * H < H
using assms(1) comp-isotone order-trans by blast
hence a * top * top x ¥ x H < H
by (simp add: vector-mult-closed)
hence a * top * (H * a * top)T < H
by (metis assms(1) conv-dist-comp symmetric-top-closed vector-top-closed
mult-assoc)
thus ?thesis
using assms(2) comp-injective-below-complement mult-assoc by auto
qed

4.2 Forests modulo an equivalence

In the graphical interpretation, the arcs of d are directed towards the root(s)
of the forest-modulo-equivalence.

definition forest-modulo-equivalence © d = equivalence x A\ univalent (x x d) A x
Ndxdl <1 A(z*dtnz< bot

definition forest-modulo-equivalence-path a b H d = arc a A arc b A o * top <
(H = d)* « H % b x top

lemma d-separates-forest-modulo-equivalence-1:
assumes forest-modulo-equivalence  d
shows z x d < —x
proof —
have z * d < (z * d)T
using star.circ-mult-increasing by simp
also have ... < —z
using assms(1) forest-modulo-equivalence-def le-bot pseudo-complement by
blast
finally show ?thesis
by simp
qged

lemma d-separates-forest-modulo-equivalence-2:
shows forest-modulo-equivalence t d = d * © < —=z
using forest-modulo-equivalence-def schroeder-6-p
d-separates-forest-modulo-equivalence-1 by metis

lemma d-separates-forest-modulo-equivalence-3:
assumes forest-modulo-equivalence x d
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shows d < —z
proof —
have 1 <z
using assms(1) forest-modulo-equivalence-def by auto
then have d < z % d
using mult-left-isotone by fastforce
also have ... < (z % d)™
using star.circ-mult-increasing by simp
also have ... < —z
using assms(1) forest-modulo-equivalence-def le-bot pseudo-complement by
blast
finally show ?thesis
by simp
qed

lemma d-separates-forest-modulo-equivalence-4

shows forest-modulo-equivalence v d = d* < —z

using d-separates-forest-modulo-equivalence-3 forest-modulo-equivalence-def
conv-isotone symmetric-complement-closed by metis

lemma d-separates-forest-modulo-equivalence-5-:
shows forest-modulo-equivalence x d = d L dT < —x
using d-separates-forest-modulo-equivalence-3
d-separates-forest-modulo-equivalence-4 sup-least by blast

lemma d-separates-forest-modulo-equivalence-6:
shows forest-modulo-equivalence x d = d x x Uz x d < —x
using d-separates-forest-modulo-equivalence-1
d-separates-forest-modulo-equivalence-2 sup-least by blast

lemma d-separates-forest-modulo-equivalence-7:

shows forest-modulo-equivalence v d = = * (d U d¥) x z < —x

using d-separates-forest-modulo-equivalence-5 forest-modulo-equivalence-def
inf.sup-monoid.add-commute preorder-idempotent pseudo-complement
triple-schroeder-p by metis

lemma d-separates-forest-modulo-equivalence-8:

shows forest-modulo-equivalence z d = (d » )T < —=z

using d-separates-forest-modulo-equivalence-2 forest-modulo-equivalence-def
conv-isotone symmetric-complement-closed by metis

lemma d-separates-forest-modulo-equivalence-9:

shows forest-modulo-equivalence z d = (z * d)T < —=z

by (metis d-separates-forest-modulo-equivalence-1 forest-modulo-equivalence-def
conv-isotone symmetric-complement-closed)

lemma d-separates-forest-modulo-equivalence-10:

shows forest-modulo-equivalence © d = (d x )" < —z
using forest-modulo-equivalence-def le-bot pseudo-complement schroeder-5-p
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star-slide mult-assoc by metis

lemma d-separates-forest-modulo-equivalence-11:
shows forest-modulo-equivalence © d = (z * d)* < —x
using forest-modulo-equivalence-def le-bot pseudo-complement by blast

lemma d-separates-forest-modulo-equivalence-12:

shows forest-modulo-equivalence * d = (d * )T+ < —x

using d-separates-forest-modulo-equivalence-10 forest-modulo-equivalence-def
conv-isotone conv-plus-commute symmetric-complement-closed by metis

lemma d-separates-z-in-forest-13:

shows forest-modulo-equivalence * d = (z * d)T+ < —x

using d-separates-forest-modulo-equivalence-11 forest-modulo-equivalence-def
conv-isotone conv-plus-commute symmetric-complement-closed by metis

lemma irreflexive-d-in-forest-modulo-equivalence:

shows forest-modulo-equivalence x d = irreflexive d

by (metis d-separates-forest-modulo-equivalence-3 forest-modulo-equivalence-def
inf.cobounded2 inf.left-commute inf.orderE pseudo-complement)

lemma univalent-d-in-forest-modulo-equivalence:
assumes forest-modulo-equivalence x d
shows univalent d
proof —
have dT « d < dT x 2T x z % d
using assms(1) forest-modulo-equivalence-def comp-isotone comp-right-one
mult-sub-right-one by metis
also have ... < 1
using assms(1) forest-modulo-equivalence-def comp-associative conv-dist-comp
by auto
finally show ?thesis
by simp
qed

lemma acyclic-d-in-forest-modulo-equivalence:
assumes forest-modulo-equivalence © d
shows acyclic d
proof —
have d* < (z % d)*
using assms(1) forest-modulo-equivalence-def mult-left-isotone
star.circ-circ-mult star.circ-circ-mult-1 star.circ-extra-cire star.left-plus-cire
star-involutive star-isotone star-one star-slide mult-assoc by metis
then have d * d* < d * (z * d)*
using mult-right-isotone by blast
also have ... <z % d x (z x d)*
using assms(1) forest-modulo-equivalence-def eq-refl inf.order-trans
mult-isotone star.circ-circ-mult-1 star-involutive star-one star-outer-increasing
mult-assoc by metis

33



also have ... < —z
using assms d-separates-forest-modulo-equivalence-11 by blast
also have ... < —1
using assms(1) forest-modulo-equivalence-def p-antitone by blast
finally show ?thesis
by simp
qed

lemma acyclic-dt-d-in-forest-modulo-equivalence:

shows forest-modulo-equivalence © d = acyclic (d7)

using acyclic-d-in-forest-modulo-equivalence conv-plus-commute
irreflexive-conv-closed by fastforce

lemma dt-forest-modulo-equivalence-forest:
shows forest-modulo-equivalence © d = forest (d)
using acyclic-dt-d-in-forest-modulo-equivalence
univalent-d-in-forest-modulo-equivalence by simp

lemma var-forest-modulo-equivalence-azxiom:

shows forest-modulo-equivalence x d = d¥ * z + d < 1

using forest-modulo-equivalence-def comp-associative conv-dist-comp
preorder-idempotent by metis

lemma forest-modulo-equivalence-wcc:
assumes forest-modulo-equivalence © d
shows (z * d)* * (z x d)T* = ((z * d) U (z * d)T)*
using assms(1) forest-modulo-equivalence-def fe-wee by force

lemma forest-modulo-equivalence-direction-1:

assumes forest-modulo-equivalence © d

shows (z * d)* M (z * d)T = bot

using assms(1) d-separates-forest-modulo-equivalence-11
forest-modulo-equivalence-def acyclic-star-below-complement-1 order-lesseq-imp
p-antitone-iff by meson

lemma forest-modulo-equivalence-direction-2:

assumes forest-modulo-equivalence © d

shows (z * d)T* M (z * d) < bot

using assms(1) forest-modulo-equivalence-direction-1
comp-inf.idempotent-bot-closed conv-inf-bot-iff conv-star-commute
inf.sup-left-divisibility by metis

lemma forest-modulo-equivalence-separate:
assumes forest-modulo-equivalence x d
shows (z * d)* * (z x d)T* N (z * d)T * (v % d) < 1
proof —
have (z * d)* M (z % )T x (zx d) = (1 U (z % d)F) N (z * d)T x (z % d)
using star-left-unfold-equal by simp
also have ... = (1 M (z % d)T * (z + d)) U ((z * d)F N (2 * d)T * (z % d))
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using comp-inf.semiring.distrib-right by simp
also have ... < 1 U ((z * d)T M (z * d)T * (z * d))
using inf.coboundedl semiring.add-right-mono by blast
also have ... = 1 U ((z * d)* 1 (z * d)T) * (z * d)
using assms(1) forest-modulo-equivalence-def
forest-modulo-equivalence-direction-1 comp-inf.semiring. mult-zero-right
inf .sup-left-divisibility le-infI2 semiring.mult-not-zero sup.orderE by metis
also have ... < 1 U bot
using assms(1) forest-modulo-equivalence-direction-1 by simp
finally have 2: (z x d)* M (z * d)T % (v * d) < 1
by simp
then have 3: (v * d)7* M (z + d)T * (z x d) < 1
using assms(1) forest-modulo-equivalence-def conv-dist-comp conv-dist-inf
conv-involutive conv-star-commute coreflexive-symmetric by metis
have ((z * d)* U (z * d)T) 11 ((z x d)T * (z x d)) < 1
using 2 3 inf-sup-distrib2 by simp
thus ?thesis
using assms(1) le-infI2 forest-modulo-equivalence-def by blast
qed

lemma forest-modulo-equivalence-path-trans-closure:
assumes forest-modulo-equivalence  d
shows (z x dT)T x xx d* 2 x dT < (v *d")*t
proof —
have (z x d)T sz x dxx*x dl = (x+x dV)* s % dV *xz % d*x*d’
using comp-associative star.circ-plus-same by metis
also have ... < (v % dT)* x 2 x 1 x z % dT
using assms(1) forest-modulo-equivalence-def
var-forest-modulo-equivalence-axiom comp-associative mult-left-isotone
mult-right-isotone by metis
also have ... < (z * d7)* x z % d7
using assms(1) forest-modulo-equivalence-def by (simp add:
preorder-idempotent mult-assoc)
finally show ?thesis
using star.circ-plus-same mult-assoc by simp
qed

The forest-modulo-equivalence structure is preserved if d is decreased.

lemma forest-modulo-equivalence-decrease-d:
assumes forest-modulo-equivalence  d
shows forest-modulo-equivalence x (d M ¢)
proof (unfold forest-modulo-equivalence-def, intro conjI)
show reflexive x
using assms(1) forest-modulo-equivalence-def by blast
next
show transitive x
using assms(1) forest-modulo-equivalence-def by blast
next
show symmetric x
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using assms(1) forest-modulo-equivalence-def by blast
next
show univalent (z x (d M ¢))
proof —
have (z x (dMc)T sz (dNe) < (zxd)T xz*d
using conv-order mult-isotone by auto
also have ... < 1
using assms(1) forest-modulo-equivalence-def mult-assoc by auto
finally show ?thesis
using mult-assoc by auto
qed
next
show coreflexive (x 1 ((d M ¢) * (d 1 ¢)T))
proof —
have z M (dMc)* (dNc)l <andxdr
using conv-dist-inf inf.sup-right-isotone mult-isotone by auto
thus ?thesis
using assms(1) forest-modulo-equivalence-def order-lesseq-imp by blast
qed
next
show (z % (d M ¢))* Mz < bot
proof —
have (z x (d M ¢))T < (z x d)T
using comp-isotone star-isotone by simp
thus ?thesis
using assms d-separates-forest-modulo-equivalence-11 dual-order.eq-iff
dual-order.trans pseudo-complement by blast
qed
qed

lemma expand-forest-modulo-equivalence:
assumes forest-modulo-equivalence H d
shows (d7 + H)* x (H + d)* = (d7 « H)* U (H * d)*
proof —
have (H = d)T « H x d < 1
using assms forest-modulo-equivalence-def mult-assoc by auto
hence d¥ « H+« H+d < 1
using assms forest-modulo-equivalence-def conv-dist-comp by auto
thus ?thesis
by (simp add: cancel-separate-eq comp-associative)
qed

lemma forest-modulo-equivalence-path-bot:
assumes arc a
and a < d
and forest-modulo-equivalence H d
shows (d M — a)T * (H x a * top) < bot
proof —
have 1: dT « Hx d < 1
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using assms(3) forest-modulo-equivalence-def dTransHd-le-1 by blast
hence d * — 1 x d¥ < — H
using triple-schroeder-p by force
hence d « — 1 «dT <1 U - H
by (simp add: le-supl2)
hence d«dT Udx—1xdP <1U—-—H
by (metis assms(3) forest-modulo-equivalence-def inf-commute
regular-one-closed shunting-p le-supl)
hence d « I xd' Ud+—1xd' <1U—-H
by simp
hence d x (1 U — 1)*xd"' <1U—-H
using comp-associative mult-right-dist-sup by (simp add: mult-left-dist-sup)
henced*top*dT§1 - H
using reqular-complement-top by auto
hence d * top x T < 1 U — H
using assms(2) conv-isotone dual-order.trans mult-right-isotone by blast
hence d * (a * top)T < 1 U — H
by (simp add: comp-associative conv-dist-comp)
hence d < (1 U — H) * (a * top)
by (simp add: assms(1) shunt-bijective)
hence d < a x top LU — H * a * top
by (simp add: comp-associative mult-right-dist-sup)
also have ... < a x top U — (H * a * top)
using assms(1, 3) HcompaT-le-compHaT forest-modulo-equivalence-def
sup-right-isotone by auto
finally have d < a * top U — (H * a * top)
by simp
hence d M ——( H * a * top) < a * top
using shunting-var-p by auto
hence 2:d M H % a % top < a * top
using inf.sup-right-isotone order.trans pp-increasing by blast
have 3:d M H % a * top < top * a
proof —
have d M H % a x top < (H % a1 d * top?) x (top 1 (H x a)T * d)
by (metis dedekind inf-commute)
alsohave ... = dxtop M H * a * a” « H' * d
by (simp add: conv-dist-comp inf-vector-comp mult-assoc)
alsohave ... < d s top M H x ax d’ « H' x d
using assms(2) mult-right-isotone mult-left-isotone conv-isotone
inf.sup-right-isotone by auto
alsohave ... =dxtopM Hx*axd’ « H xd
using assms(3) forest-modulo-equivalence-def by auto
also have ... < d x top M H % a x 1
using 1 by (metis inf.sup-right-isotone mult-right-isotone mult-assoc)
also have ... < H *x a
by simp
also have ... < top * a
by (simp add: mult-left-isotone)
finally have d M H % a * top < top * a
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by simp
thus ?thesis
by simp
qed
have d M H x a x top < a x top 'l top * a
using 2 & by simp
also have ... = a * top * top * a
by (metis comp-associative comp-inf.star.circ-decompose-9
comp-inf.star-star-absorb comp-inf-covector vector-inf-comp vector-top-closed)
also have ... = a * top * a
by (simp add: vector-mult-closed)
finally have 4:d M H * a % top < a
by (simp add: assms(1) arc-top-arc)
hence d M — a < —(H * a * top)
using assms(1) arc-regular p-shunting-swap by fastforce
hence (d M — a) % top < —(H * a * top)
using mult.semigroup-azxioms p-antitone-iff schroeder-4-p semigroup.assoc by
fastforce
thus ?thesis
by (simp add: schroeder-3-p)
qed

lemma forest-modulo-equivalence-path-split-2:
assumes arc a
and a < d
and forest-modulo-equivalence H d
shows (H x (d M —a))*«x Hxaxtop=(Hx ((dMN —a)U (dN — a)T))* %
H x a *x top
proof —
let ?lhs = (H x (d 1 — a))* %+ H * a * top
have 7: dT « H x d < 1
using assms(3) forest-modulo-equivalence-def dTransHd-le-1 by blast
have 2: H x a * top < ?lhs
by (metis le-iff-sup star.circ-loop-fixpoint star.circ-transitive-equal
star-involutive sup-commute mult-assoc)
have (d M — a)T % (H * (d 1 — a))* * (H * a * top) = (d N — a)T * H x (d 1N
—a)x (H=*(dM — a))* * (H % a * top)
proof —
have (d M — a)T « (H+ (d1 — a))* x (H*ax*top) = (dM —a)T (1 UH
x (dM —a)* (H*(dN — a))*) *x (H % a x top)
by (simp add: star-left-unfold-equal)
alsohave ... = (d M — a)T x H*x ax topU (d1 — a)l «x Hx (dT1 — a) *
(H *(dMN — a))* * (H % a x top)
by (smt mult-left-dist-sup star.circ-loop-fizpoint star.circ-mult-1 star-slide
sup-commute mult-assoc)
also have ... = bot U (d 1 — a)T * H* (d1 —a) * (H* (d1 — a))* * (H *
a * top)
by (metis assms(1, 2, 3) forest-modulo-equivalence-path-bot mult-assoc
le-bot)
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thus ?thesis
by (simp add: calculation)
qed
also have ... < d¥ « H+ d* (H * (d 1 — a))* * (H % a * top)
using conv-isotone inf.coboundedl mult-isotone by auto
also have ... < 1 x (H x (d 1 — a))* x (H * a * top)
using 1 by (metis le-iff-sup mult-right-dist-sup)
finally have 3: (d M — a)T x (H % (d M — a))* * (H * a * top) < ?lhs
using mult-assoc by auto
hence /: H * (d 1 — a)T  (H * (d 11 — a))* * (H * a * top) < ?lhs
proof —
have H * (d M — a)T « (H * (d 1 — a))* * (H % a x top) < H % (H % (d N
—a))* * H * a* top
using 3 mult-right-isotone mult-assoc by auto
also have ... = H « H % ((d M — a) * H)* « H * a * top
by (metis assms(3) forest-modulo-equivalence-def star-slide mult-assoc
preorder-idempotent)
also have ... = H % ((d M — a) * H)* x H x a x top
using assms(3) forest-modulo-equivalence-def preorder-idempotent by
fastforce
finally show ?thesis
by (metis assms(3) forest-modulo-equivalence-def preorder-idempotent
star-slide mult-assoc)
qed
have 5: (H x (dM —a) U H % (dMN — a)?) « (H+ (dN — a))* * H x ax* top
< ?2lhs
proof —
have 51: Hx (dM —a) « (H+ (dM —a))"« Hx*axtop < (Hx(dN—
a))* x H x a * top
using star.left-plus-below-circ mult-left-isotone by simp
have 52: (H * (dM —a)U H * (dM — a)T) « (H+ (dM — a))* « H % a *
top=H x (dMN —a)* (H*(dMN —a))** Hxax*topl Hx*(dN — a)” * (H
x (dM — a))* x H x ax top
using mult-right-dist-sup by auto
hence ... < (H x (dM —a))* * Hxax*topU Hx (dN — a)l x (H* (dn
— a))* * H % a * top
using star.left-plus-below-circ mult-left-isotone sup-left-isotone by auto
thus ?thesis
using 4 51 52 mult-assoc by auto
qed
hence (H * (d M — a) U H * (d 1 — a)T)* x H % a x top < ?lhs
proof —
have (H * (dM — a) U H * (d 1 — o)D)« (H* (d 1 — a))* % H % a x top
< ?lhs
using 5 star-left-induct-mult-iff mult-assoc by auto
thus ?thesis
using star.circ-decompose-11 star-decompose-1 by auto
qged
hence 6: (H * ((dM —a) U (d M — a)T))* « H x a * top < ?lhs

39



using mult-left-dist-sup by auto
have 7: (H * (d 1 — a))* * H x a* top < (H * ((d 1 — a) U (d 1 — a)T))* *
H x a * top
by (simp add: mult-left-isotone semiring.distrib-left star-isotone)
thus ?thesis
using 6 7 by (simp add: mult-assoc)
qed

end

4.3 An operation to select components

This section has been moved to theories Stone-Relation-Algebras. Choose-Component
and Aggregation-Algebras. M-Choose-Component.

4.4 m-k-Stone-Kleene relation algebras

m-k-Stone-Kleene relation algebras are an extension of m-Kleene algebras
where the choose-component operation has been added.

context m-kleene-algebra-choose-component
begin

A selected-edge is a minimum-weight edge whose source is in a compo-
nent, with respect to h, j and g, and whose target is not in that component.

abbreviation selected-edge h j g = minarc (choose-component
(forest-components h) j x — choose-component (forest-components h) 3T 9)

A path is any sequence of edges in the forest, f, of the graph, g, backwards
from the target of the selected-edge to a root in f.

abbreviation path f h j g = top * selected-edge h j g x (f M — selected-edge h j
TN\T %
9°)

definition boruvka-outer-invariant f g =
symmetric g
A forest f
Nf<——g
A regular f
A (Fw . minimum-spanning-forest w g A f < w U w?)

definition boruvka-inner-invariant j fh g d =
boruvka-outer-invariant f g
A g # bot
A reqular d
A regular j A vector j
A regular h A forest h
A forest-components h x j = j
A forest-modulo-equivalence (forest-components h) d
ANdxtop < —3j
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AfUff=nruntudud”
A (V a b . forest-modulo-equivalence-path a b (forest-components h) d N a <
—(forest-components h) M —— g A b < d — sum(b M g) < sum(a M g))

lemma F-is-H-and-d:
assumes f LI f7 = hunrT LUdud”
and injective f
and injective h
shows forest-components f = (forest-components h * (d U dT))*
forest-components h
proof —
have forest-components f = (f U fT)*
using assms(2) cancel-separate-1 by simp
also have ... = (h U AT U d U dT)*
using assms(1) by auto
also have ... = ((h U AT)* % (d U d7))* * (h U BT)*
using star.circ-sup-9 sup-assoc by metis
also have ... = (forest-components h * (d LI dT))* % forest-components h
using assms(3) forest-components-wce by simp
finally show ?thesis
by simp
qged

lemma H-below-F"
assumes f U ff =huhT udud”’
and injective f
and injective h
shows forest-components h < forest-components f
using assms(1, 2, 8) cancel-separate-1 dual-order.trans star.circ-sub-dist by
metis

lemma H-below-reqular-g:
assumes f L fT = hur?T Ududr
and f < ——¢g
and symmetric g
shows h < ——g
proof —
have h < f U fT
using assms(1) sup-assoc by simp
also have ... < ——g
using assms(2, 3) conv-complement conv-isotone by fastforce
finally show ?thesis
using order-trans by blast
qed

lemma expression-equivalent-without-e-complement:

assumes selected-edge h j g < — forest-components f

shows f M — (selected-edge h 7 )T T — (path fh j g) U (f 1 — (selected-edge h
7 9)T 1 (path fhjg))T U (selected-edge h j g)
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=f 1 — (path fhjg) U (f N (path fhjg))T U (selected-edge h j g)
proof —
let ?7p = path fhjg
let ?e = selected-edge h j g
let ?F = forest-components f
have 1: %e < — 2F
by (simp add: assms)
have fT < ¢F
by (metis conv-dist-comp conv-involutive conv-order conv-star-commute
forest-components-increasing)
hence — ?F < — fT
using p-antitone by auto
hence %e < — fT
using 1 dual-order.trans by blast
hence f7 < — %
by (simp add: p-antitone-iff)
hence f77 < — 2T
by (metis conv-complement conv-dist-inf inf.orderE inf.orderI)
hence f < — 2T
by auto
hence f = f 1 — %7
using inf.orderE by blast
hence f M — 2T M — 2puU (fr1— 2T N 2p)T U2e=fn— 2u(fn 77
U %e
by auto
thus “thesis by auto
qged

The source of the selected-edge is contained in j, the vector describing
those vertices still to be processed in the inner loop of Bortvka’s algorithm.

lemma et-below-j:
assumes vector j
and regular j

and j # bot
shows selected-edge h j g x top < j
proof —

let ?e = selected-edge h j g
let ?c = choose-component (forest-components h) j
have ?e * top < ——(?c * —2cT 1 g) * top

using comp-isotone minarc-below by blast

also have ... = (——(?%c * —?¢T) 1 ——g) * top

by simp
also have ... = (¢ x —2¢T' M ——g) * top

using component-is-regular regular-mult-closed by auto
also have ... = (?c 1 —2cT 11 ——g) * top

by (metis component-is-vector conv-complement vector-complement-closed
vector-covector)
also have ... < %c * top
using inf.coboundedl mult-left-isotone order-trans by blast
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also have ... < j x top
by (metis assms(2) comp-inf.star.circ-sup-2 comp-isotone component-in-v)
also have ... = j
by (simp add: assms(1))
finally show ?thesis
by simp
qed

4.4.1 Components of forests and forests modulo an equivalence

We prove a number of properties about forest-modulo-equivalence and for-
est-components.

lemma fc-j-eq-j-inv:
assumes forest h
and forest-components h x j = j
shows forest-components h * (j M — choose-component (forest-components h) j7)
= j M — choose-component (forest-components h) j
proof —
let ?c = choose-component (forest-components h) j
let ?H = forest-components h
have 1:equivalence ?H
by (simp add: assms(1) forest-components-equivalence)
have ?H % (M — %c) = ?H % j N ?H x — %c
using 1 by (metis assms(2) equivalence-comp-dist-inf
inf.sup-monoid.add-commute)
hence 2: ?H x (M — %¢) =47 N ?H x — %c
by (simp add: assms(2))
have 3: jM — %¢ < ?H x — %c
using 1 by (metis assms(2) dedekind-1 dual-order.trans
equivalence-comp-dist-inf inf.cobounded?)
have ?H x ?¢c < ?¢
using component-single by auto
hence ?HT % %2¢ < %¢c
using 1 by simp
hence ?H * — %¢c < — %¢
using component-is-regular schroeder-3-p by force
hence j M ?H x — ¢ < j M — %c
using inf.sup-right-isotone by auto
thus ?thesis
using 2 3 order.antisym by simp
qed

There is a path in the forest-modulo-equivalence between edges a and b
if and only if there is either a path in the forest-modulo-equivalence from a
to b or one from a to ¢ and one from c to b.
lemma forest-modulo-equivalence-path-split-disj:
assumes equivalence H
and arc ¢
and regular a N regular b A reqular ¢ N\ regular d N regular H
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shows forest-modulo-equivalence-path a b H (d U ¢) +—
forest-modulo-equivalence-path a b H d \/ (forest-modulo-equivalence-path a ¢ H d
A forest-modulo-equivalence-path ¢ b H d)
proof —
have 1: forest-modulo-equivalence-path a b H (d U ¢) —
forest-modulo-equivalence-path a b H d \/ (forest-modulo-equivalence-path a ¢ H d
A forest-modulo-equivalence-path ¢ b H d)
proof (rule impI)
assume [1: forest-modulo-equivalence-path a b H (d U ¢)
hence o * top < (H * (d U ¢))* x H * b * top
by (simp add: forest-modulo-equivalence-path-def)
also have ... = (H« d)* U (H *xd)*« H*x cx (H x d)*) « H* b x* top
using assms(1, 2) path-through-components by simp
also have ... = (H x d)* « H x bx top U (H x d)* * H x ¢ x (H % d)* x H %
b x top
by (simp add: mult-right-dist-sup)
finally have 12:a” x top < (H % d)* + H x b x top LU (H * d)* * H x ¢ x (H
x d)* « H x b« top
by simp
have 13: a® x top < (H * d)* x H x b top V a® % top < (H * d)* * H * ¢
x (H = d)* « H = b * top
proof (rule point-in-vector-sup)
show point (aT * top)
using 11 forest-modulo-equivalence-path-def mult-assoc by auto
next
show wvector ((H x d)* « H % b * top)
using vector-mult-closed by simp
next
show regular ((H % d)* * H % b * top)
using assms(3) pp-dist-comp pp-dist-star by auto
next
show a” x top < (H * d)* + H x bx top U (H * d)* * H x ¢ x (H % d)*
H x b x top
using 12 by simp
qed
thus forest-modulo-equivalence-path a b H d \V/ (forest-modulo-equivalence-path
a ¢ Hd A forest-modulo-equivalence-path ¢ b H d)
proof (cases a” * top < (H * d)*  H * b * top)
case True
assume a’ * top < (H » d)* x H * b * top
hence forest-modulo-equivalence-path a b H d
using 11 forest-modulo-equivalence-path-def by auto
thus ?thesis
by simp
next
case Fulse
have 1/: aT x top < (H * d)* x H % ¢ x (H * d)* * H x b  top
using 13 by (simp add: False)
hence 15: a® x top < (H * d)* * H * ¢  top
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by (metis mult-right-isotone order-lesseq-imp top-greatest mult-assoc)
have c? * top < (H * d)* x H * b * top
proof (rule ccontr)
assume — ¢! x top < (H » d)* x H * b * top
hence ¢’ * top < —((H * d)* * H * b * top)
by (meson assms(2, 8) point-in-vector-or-complement reqular-closed-star
regular-closed-top regqular-mult-closed vector-mult-closed vector-top-closed)
hence ¢ x (H * d)* « H % b x top < bot
using schroeder-3-p mult-assoc by auto
thus Fulse
using 13 False sup.absorb-iff1 mult-assoc by auto
qed
hence forest-modulo-equivalence-path a ¢ H d N\
forest-modulo-equivalence-path ¢ b H d
using 11 15 assms(2) forest-modulo-equivalence-path-def by auto
thus ?thesis
by simp
qed
qed
have 2: forest-modulo-equivalence-path a b H d Vv
(forest-modulo-equivalence-path a ¢ H d A forest-modulo-equivalence-path ¢ b H d)
— forest-modulo-equivalence-path a b H (d U ¢)
proof —
have 21: forest-modulo-equivalence-path a b H d —
forest-modulo-equivalence-path a b H (d U ¢)
proof (rule impl)
assume 22:forest-modulo-equivalence-path a b H d
hence a? * top < (H * d)* * H * b * top
using forest-modulo-equivalence-path-def by blast
hence a” * top < (H * (d U ¢))* * H % b * top
by (simp add: mult-left-isotone mult-right-dist-sup mult-right-isotone
order.trans star-isotone star-slide)
thus forest-modulo-equivalence-path a b H (d U ¢)
using 22 forest-modulo-equivalence-path-def by blast
qed
have forest-modulo-equivalence-path a ¢ H d A forest-modulo-equivalence-path
¢ b Hd — forest-modulo-equivalence-path a b H (d U c)
proof (rule impl)
assume 23: forest-modulo-equivalence-path a ¢ H d N
forest-modulo-equivalence-path ¢ b H d
hence a * top < (H * d)* * H * ¢ * top
using forest-modulo-equivalence-path-def by blast
also have ... < (H * d)* * H x ¢ x ¢ ¢ x top
by (metis ex231c comp-inf.star.circ-sup-2 mult-isotone mult-right-isotone
mult-assoc)
also have ... < (H x d)* x H x ¢ x ¢ * top
by (simp add: mult-right-isotone mult-assoc)
also have ... < (H = d)* « H x ¢ x (H % d)* «x H % b x top
using 23 mult-right-isotone mult-assoc by (simp add:

45



forest-modulo-equivalence-path-def)
alsohave ... < (H « d)*« H*x bxtopU (H xd)* « H+cx (H xd)* «x H
* b x top
by (simp add: forest-modulo-equivalence-path-def)
finally have a” x top < (H * (d U ¢))* * H x b * top
using assms(1, 2) path-through-components mult-right-dist-sup by simp
thus forest-modulo-equivalence-path a b H (d U ¢)
using 23 forest-modulo-equivalence-path-def by blast
qed
thus ?thesis
using 21 by auto
qed
thus ?thesis
using 1 2 by blast
qed

lemma dT-He-eq-bot:
assumes vector j
and regular j
and d * top < — j
and forest-components h x j = j

and j # bot
shows d” x forest-components h * selected-edge h j g < bot
proof —

let ?e = selected-edge h j g
let ?H = forest-components h
have 1: %e x top < j
using assms(1, 2, 5) et-below-j by auto
have d” x ?H x %e < (d = top)T x ?H x (?e x top)
by (simp add: comp-isotone conv-isotone top-right-mult-increasing)
also have ... < (d * top)T * ?H * j
using 1 mult-right-isotone by auto
also have ... < (— /)7 * ?H x j
by (simp add: assms(3) conv-isotone mult-left-isotone)

also have ... = (— /)T % j
using assms(4) comp-associative by auto
also have ... = bot

by (simp add: assms(1) conv-complement covector-vector-comp)
finally show ?thesis
using coreflexive-bot-closed le-bot by blast
qed

lemma forest-modulo-equivalence-d-U-e:
assumes forest f
and vector j
and regular j
and forest h
and forest-modulo-equivalence (forest-components h) d
and d * top < — j
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and forest-components h x j = j
and fUff=huUArT UdUd”
and selected-edge h j g < — forest-components f
and j # bot
shows forest-modulo-equivalence (forest-components h) (d U selected-edge h j g)
proof (cases selected-edge h j g = bot)
let ?e = selected-edge h j g
case True
assume ?e = bot
thus %thesis
by (simp add: True assms(5))
next
let ?H = forest-components h
let ?F = forest-components f
let ?e = selected-edge h j g
let 2d' = d U %e
case Fulse
assume e-not-bot: ?e # bot
have forest-modulo-equivalence (forest-components h) (d U selected-edge h j g)
proof (unjfold forest-modulo-equivalence-def, intro conjI)
show 01: reflexive YH
by (simp add: assms(4) forest-components-equivalence)
show 02: transitive ?H
by (simp add: assms(4) forest-components-equivalence)
show 03: symmetric ?H
by (simp add: assms(4) forest-components-equivalence)
have 04: equivalence 7H
by (simp add: 01 02 03)
show univalent (?H * ?d’)
proof —
have (?H * 2d")T x (?H x ?d") = 2d"™" x ?HT x ?H % ?2d’
using conv-dist-comp mult-assoc by auto

also have ... = 2d"" « ?H % ?H % 2d’
by (simp add: conv-dist-comp conv-star-commute)
also have ... = 2d7 x ?H % 2d’

using 01 02 by (metis preorder-idempotent mult-assoc)
finally have 21: univalent (?H * ?d') +— 2T x ?H x d U d7 = ?H x %e U
2T  ?H % 2e U dT * ?H * d < 1
using conv-dist-sup semiring.distrib-left semiring.distrib-right by auto
have 22: ?2eT x ?H x %e < 1
proof —
have 221: %2eT x ?H x %e < 2eT x top x %e
by (simp add: mult-left-isotone mult-right-isotone)
have arc ?e
using e-not-bot minarc-arc minarc-bot-iff by blast
hence ?2e” x top x %e < 1
using arc-expanded by blast
thus ?thesis
using 221 dual-order.trans by blast
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qed
have 2/: d¥ % ?H * %e < 1
by (metis assms(2, 3, 6, 7, 10) dT-He-eq-bot coreflexive-bot-closed le-bot)
hence (d7 * ?H  %e)T < 17
using conv-isotone by blast
hence %e” x ?H” % dTT < 1
by (simp add: conv-dist-comp mult-assoc)
hence 25: 2¢T x ?H x d < 1
using assms(4) feh-equivalence by auto
have 8: d¥ « ?H + d < 1
using 04 assms(5) dTransHd-le-1 forest-modulo-equivalence-def by blast
thus ?thesis
using 21 22 24 25 by simp
qed
show coreflexive (?H 1 2d’  2d'T)
proof —
have coreflerive (?H M 2d’ * 2d'") <— ?H M (d U Ze) x (d¥ U 2eT) < 1
by (simp add: conv-dist-sup)
also have ... «— ?H M (d * d¥ U d * 2T U %e x dT U e x 2eT) < 1
by (metis mult-left-dist-sup mult-right-dist-sup sup.left-commute
sup-commute)
finally have 1: coreflexive (?H M 2d' x 2d'") «— ?H 1 d x d¥ U ?H N d
x 2eT U 2HM 2ex dT U 2H M %e x 2T < 1
by (simp add: inf-sup-distrib1)
have 31: ?H N d x dT < 1
using assms(5) forest-modulo-equivalence-def by blast
have 32: ?H M %e % dT < 1
proof —
have ?e * dT' < ?e * top = (d * top)”
by (simp add: conv-isotone mult-isotone top-right-mult-increasing)
also have ... < e * top x — jT
by (metis assms(6) conv-complement conv-isotone mult-right-isotone)
also have ... < j x — j7
using assms(2, 3, 10) et-below-j mult-left-isotone by auto
also have ... < — ¢?H
using 03 by (metis assms(2, 3, 7) conv-complement conv-dist-comp
equivalence-top-closed mult-left-isotone schroeder-3-p vector-top-closed)
finally have %e x d7 < — ?H
by simp
thus ?thesis
by (metis inf.coboundedll p-antitone-iff p-shunting-swap
regular-one-closed)
qed
have 33: ?H M d x %7 < 1
proof —
have 331: injective h
by (simp add: assms(4))
have (?H M ?%e x d1)T < 1
using 32 coreflexive-conv-closed by auto
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hence ?H 1M (%e + dT)T < 1
using 331 conv-dist-inf forest-components-equivalence by auto
thus ?thesis
using conv-dist-comp by auto
qed
have 34: ?H M %e x ?e’ < 1
proof —
have 3/1:arc ?e A arc (?eT)
using e-not-bot minarc-arc minarc-bot-iff by auto
have ?H M %e x 2T < %e % 2¢T
by auto
thus ?thesis
using 341 arc-injective le-infI2 by blast
qed
thus “thesis
using 1 31 32 33 34 by simp
qed
show /:(?H * (d U ?e))* 1 2H < bot
proof —
have 40: (?H x d)T < —?H
using assms(5) forest-modulo-equivalence-def bot-unique
pseudo-complement by blast
have % < — ?F
by (simp add: assms(9))
hence ?F < — %¢
by (simp add: p-antitone-iff)
hence 9FT x 2F < — %¢
using assms(1) fch-equivalence by fastforce
hence 7FT x 2F %« 9FT < — %¢
by (metis assms(1) fch-equivalence forest-components-star
star.circ-decompose-9)
hence 41: ?F x %e x ?F < — ?F
using triple-schroeder-p by blast
hence 42:(?F x 2F)* x 2F % %e « (?F x ?F)* < — ¢F
proof —
have /3: ?F x ?F = ?F
using assms(1) forest-components-equivalence preorder-idempotent by

auto
hence ?F x %e x ?F = ?F x 9F % ?e % 7F
by simp
also have ... = (?F)* x ?2F % %e x (?F)*
by (simp add: assms(1) forest-components-star)
also have ... = (9F x ?F)* x ?F % %e x (¢F x ?F)*
using 43 by simp
finally show ?thesis
using 41 by simp
qed
hence 44: (?H x d)* « ?H * ?e x (?H = d)* < — ?H
proof —

49



have 45: ?H < ?F
using assms(1, 4, 8) H-below-F by blast
hence 46:?H x ?¢e < 2F x %e
by (simp add: mult-left-isotone)
have d < f U f7
using assms(8) sup.left-commute sup-commute by auto
also have ... < 7F
by (metis forest-components-increasing le-supI2
star.circ-back-loop-fizpoint star.circ-increasing sup.bounded-iff)
finally have d < ?F
by simp
hence ?H x d < ?F x ?F
using 45 mult-isotone by auto
hence 47: (?H * d)* < (?F * ?2F)*
by (simp add: star-isotone)
hence (7H x d)* * ?H * ?e x (?H * d)* < (?H * d)* x 2F * %e x (?H x*

using 46 by (metis mult-left-isotone mult-right-isotone mult-assoc)
also have ... < (9F x )" x F % Ze x (YF % 7[)*
using 47 mult-left-isotone mult-right-isotone by (simp add: comp-isotone)
also have ... < — 2F
using 42 by simp
also have ... < — ?2H
using 45 by (simp add: p-antitone)
finally show ?thesis
by simp
qed
have (?H * (d U ?e))™ = (?H x (d U ?¢))* x (?H * (d U %e¢))
using star.circ-plus-same by auto
also have ... = ((?H * d)* U (?H x d)* = ?H * %e x (?H = d)*) * (?H * (d
U Ze))
using assms(4) e-not-bot forest-components-equivalence minarc-arc
minarc-bot-iff path-through-components by auto
also have ... = (H * d)* = (?H x (d U %e)) U (?H * d)* * ?H % %e x (?H
x d)* x (?H % (d U %e))
using mult-right-dist-sup by auto
also have ... = (?H x d)* * (?H « d U ?H * %e) U (?H = d)* = ?H % %e *
(?H % d)* % (?H % d U ?H * ?e)
by (simp add: mult-left-dist-sup)
also have ... = (H = d)* * ?H « d U (?H * d)* % ?H x %e U (?H * d)*
?H % %e x (?H = d)* = (?H = d U ?H * ?e)
using mult-left-dist-sup mult-assoc by auto
also have ... = (?H * d)™ U (?H = d)* = ?H x ?e U (?H * d)* * ?H * %e *
(?H % d)* % (?H = d U ?H % ?e)
by (simp add: star.circ-plus-same mult-assoc)
also have ... = (?H % d)™ U (?H * d)* * ?H x ?e U (?H % d)* * ?H * e x
(?H % d)* % ?H « d U (?H * d)* x ?H x %e % (?H = d)* * ?H * %e
by (simp add: mult.semigroup-axioms semiring.distrib-left
SUP.SeMIgroup-axrioms Semigroup.assoc)
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also have ... < (?H x d)™ U (?H * d)* * ?H x fe U (?H * d)* x ?H * e x
(?H « d)* % ?H « d U (?H % d)* * ?H % %e
proof —
have %e x (?H x d)* « ?H * %e < %e * top x e
by (metis comp-associative comp-inf.coreflexive-idempotent
comp-inf.coreflexive-transitive comp-isotone top.extremum)
also have ... < %¢
using e-not-bot arc-top-arc minarc-arc minarc-bot-iff by auto
finally have %e x (?H = d)* « ?H * %e < %e
by simp
hence (?H x d)* x ?H * %e * (?H % d)* « ?H x %e < (?H % d)* « ?H * %e
by (simp add: comp-associative comp-isotone)
thus ?thesis
using sup-right-isotone by blast
qed
also have ... = (?H % d)™ U (?H = d)* = ?H x ?e U (?H * d)* * ?H * %e *
(?H = d)* = ?H x d
by (simp add: order.eq-iff ac-simps)

also have ... = (?H % d)™ U (?H * d)* x 2H x fe U (?H % d)* * ?H * ?e x
(?H % d)*
using star.circ-plus-same mult-assoc by auto
also have ... = (?H * d)* U (?H * d)* * ?H * %e x (1 U (?H x d)*)
by (simp add: mult-left-dist-sup sup-assoc)
also have ... = (?H * d)* U (?H % d)* * ?H * %e x (?H * d)*

by (simp add: star-left-unfold-equal)
also have ... < — ?H
using 40 44 assms(5) sup.boundedl by blast
finally show ?thesis
using pseudo-complement by force
qed
qed
thus ?thesis
by blast
qed

4.4.2 Identifying arcs

The expression d M Te' H M (Hd")*Ha'T identifies the edge incoming to
the component that the selected-edge, e, is outgoing from and which is on
the path from edge a to e. Here, we prove this expression is an arc.

lemma shows-arc-z:
assumes forest-modulo-equivalence H d

and forest-modulo-equivalence-path a e H d
and H «d* (H+d*< - H

and - a7 x top < H % e * top

and regular a

and regular e

and regular H

and regular d
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shows arc (d M top * eT * H M (H + dU)* « H x a” * top)
proof —
let 72 = d Mtopx el « HM (H * dV)* « H x aT * top
have I:reqular %z
using assms(5, 6, 7, 8) reqular-closed-star regular-conv-closed
regular-mult-closed by auto
have 2: a7 % top x a < 1
using arc-expanded assms(2) forest-modulo-equivalence-path-def by auto
haveS:e*top*eTgl
using assms(2) forest-modulo-equivalence-path-def arc-expanded by blast
have 4: top * 7z x top = top
proof —
have a” x top < (H * d)* * H x e * top
using assms(2) forest-modulo-equivalence-path-def by blast
also have ... = Hx ex top U (H = d)* * H « d * H % e % top
by (metis star.circ-loop-fixpoint star.circ-plus-same sup-commute mult-assoc)
finally have a” % top < H % e * top U (H * d)* * H + d x H x e x top
by simp
hence a” % top < H x e x top V aT * top < (H » d)* x H x d * H % e * top
using assms(2, 6, 7) point-in-vector-sup forest-modulo-equivalence-path-def
reqular-mult-closed vector-mult-closed by auto
hence a” * top < (H * d)* * H x d x H * e * top
using assms(4) by blast

also have ... = (H « d)* « H x d x (H x e x top M H % e % top)
by (simp add: mult-assoc)
also have ... = (H * d)* « H % (d 11 (H % e x top)”) x H x e x top

by (metis comp-associative covector-inf-comp-3 star.circ-left-top
star.cire-top)

also have ... = (H * d)* x H * (d 1 top” * e «+ HT) x H % e * top
using conv-dist-comp mult-assoc by auto
also have ... = (H * d)* « H * (d M top * e x H) x H x e x top

using assms(1) by (simp add: forest-modulo-equivalence-def)
finally have 2: a” % top < (H * d)* + H x (d M top x eT x H) x H * e * top
by simp
hence e x top < ((H * d)* x H * (d M top x e x H) » H)T x a”  top
proof —
have bijective (e * top) A bijective (a® * top)
using assms(2) forest-modulo-equivalence-path-def by auto
thus ?thesis
using 2 by (metis bijective-reverse mult-assoc)

qed

also have ... = HT x (d M top » eT x H)T « HT x (H x d)*T x a* * top
by (simp add: conv-dist-comp mult-assoc)

also have ... = H * (d M top x e « H)T « H x (H * d)*T % o™ * top
using assms(1) forest-modulo-equivalence-def by auto

also have ... = H * (d M top x el « H)T « H x (d¥ * H)* x aT * top

using assms(1) forest-modulo-equivalence-def conv-dist-comp
conv-star-commute by auto
also have ... = H % (dT M H % e * top) * H * (dT x H)* * a” * top

52



using assms(1) conv-dist-comp forest-modulo-equivalence-def
comp-associative conv-dist-inf by auto

also have ... = H % (dT M H % e * top) * (H » d7)* x H * a® * top
by (simp add: comp-associative star-slide)
also have ... = H x (d¥ 1 H % e * top) x (H * dT)* » H x a¥ x top N (H *

dTY « H % a” * top)
using mult-assoc by auto
also have ... = H % (dT M H % e x top M ((H * d7)* x H * aT * top)T) * (H
* dT)* « H % aT * top
by (smt comp-inf-vector covector-comp-inf vector-conv-covector
vector-top-closed mult-assoc)
also have ... = H * (d¥' 1 (top * T « H)T 1 ((H * d¥)* *+ H x o™ * top)T)
* (H % dT)* x H % aT * top
using assms(1) forest-modulo-equivalence-def conv-dist-comp mult-assoc by
auto
also have ... = H x (d M top x e x H 1 (H x d7)* x H % o™ * top)” * (H *
dTY « H x a” * top
by (simp add: conv-dist-inf)
finally have 3: e x top < H * ?z7 « (H * dT)* x H x o™ * top
by auto
have 2z # bot
proof (rule ccontr)
assume — 2z # bot
hence e * top = bot
using 3 le-bot by auto
thus Fulse
using assms(2, 4) forest-modulo-equivalence-path-def mult-assoc
semiring.mult-zero-right by auto
qed
thus ?thesis
using [ using tarski by blast

qed

have 5: 2z x top * %7 < 1

proof —

have 51: H x (d * H)*d x H x d¥ < 1
proof —

have 511: d x (H x d)* < — H
using assms(1, 3) forest-modulo-equivalence-def preorder-idempotent
schroeder-4-p triple-schroeder-p by fastforce
hence (d « H)* x d < — H
using star-slide by auto
hence H * (d «x H)* < — d
by (smt assms(1) forest-modulo-equivalence-def conv-dist-comp
conv-star-commute schroeder-4-p star-slide)
hence H * (d x H)* < — dT
using 511 by (metis assms(1) forest-modulo-equivalence-def schroeder-5-p
star-slide)
hence H * (d x H)* < — (H x d7T)
by (metis assms(3) p-antitone-iff schroeder-4-p star-slide mult-assoc)
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hence H * (d x H)* 1 H x d¥ < bot
by (simp add: bot-unique pseudo-complement)
hence H * d * (H * (d = H)* M H x dT) < 1
by (simp add: bot-unique)
hence 512: H x d x H x (dx H)* M H «d* H * dT < 1
using univalent-comp-left-dist-inf assms(1) forest-modulo-equivalence-def
mult-assoc by fastforce
hence 513: H x d x H x (d* H)* M d* H x dT < 1
proof —
have d « H x d¥ < H*d x H % d¥
by (metis assms(1) forest-modulo-equivalence-def conv-dist-comp
conv-involutive mult-1-right mult-left-isotone)
thus ?thesis
using 512 by (smt dual-order.trans p-antitone p-shunting-swap
regular-one-closed)
qed
have dT x Hxd< 1U— H
using assms(1) forest-modulo-equivalence-def dTransHd-le-1 le-supll by
blast
hence (— 1 M H) * d¥ * H < — d¥
by (metis assms(1) forest-modulo-equivalence-def dTransHd-le-1
inf.sup-monoid.add-commute le-infI2 p-antitone-iff regular-one-closed
schroeder-4-p mult-assoc)
hence d x (— 1 M H) *d" < - H
by (metis assms(1) forest-modulo-equivalence-def conv-dist-comp
schroeder-3-p triple-schroeder-p)
hence HMdx (— 1 MH)*d <1
by (metis inf.coboundedI1 p-antitone-iff p-shunting-swap regular-one-closed)
hence HMdxd WHMdx* (— 1M H)*d <1
using assms(1) forest-modulo-equivalence-def le-supl by blast
hence H M (d* 1 xdl Udx*(— 1N H)*d') <1
using comp-inf.semiring.distrib-left by auto
hence H M (d* (1 U (— 1M H))xd") <1
by (simp add: mult-left-dist-sup mult-right-dist-sup)
hence514:H|‘|d*H*dT§1
by (metis assms(1) forest-modulo-equivalence-def
comp-inf.semiring. distrib-left inf.le-iff-sup inf.sup-monoid.add-commute
inf-top-right regular-one-closed stone)
thus ?thesis
proof —
have HMd* H+dl UHxdxHx(dx H*MdxHx*d' <1
using 513 514 by simp
hence d x H « d” M (H U H % dx* H * (d x H)*) < 1
by (simp add: comp-inf.semiring.distrib-left
inf.sup-monoid.add-commute)
hence d x H« d' M H * (1 Udx Hx* (d* H*) <1
by (simp add: mult-left-dist-sup mult-assoc)
thus ?thesis
by (simp add: inf.sup-monoid.add-commute star-left-unfold-equal)
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qed
qed
have 7z * top * ?z7 = (d M top * €T x H M (H * d7)* « H x o’ * top) x top
« (dT 11 HT « eTT x top” M top” * o™ « HT  (dTT x HT)*)
by (simp add: conv-dist-comp conv-dist-inf conv-star-commute mult-assoc)
also have ... = (d M top * X « HM (H x d*)* x H * a* x top) * top  (d”
M HxextopMtop*axHx(d* H)*)
using assms(1) forest-modulo-equivalence-def by auto
also have ... = (H * d)* x H x a® % top 1 (d M top * eI x H) x top * (d
M H*extoplMtopxaxH=x*(dx H)*)
by (metis inf-vector-comp vector-export-comp)
also have ... = (H * d¥)* «+ H x a” x top 1 (d M top x eT x H) x top * top *
(dT M H % e x top M top * a x H x (d * H)*)
by (simp add: vector-mult-closed)
also have ... = (H * d1)* x H x a® * top 11 d x ((top * eI x H)T 1M top) *
top * (d¥ T H % e x top M top * a x H x (d x H)*)
by (simp add: covector-comp-inf-1 covector-mult-closed)
also have ... = (H * d¥)* «+ H x a¥ x top 1 d * ((top x e x H)T 1N (H * e *
top)T) x dT M top x a x H x (d  H)*
by (smt comp-associative comp-inf.star-star-absorb comp-inf-vector
conv-star-commute covector-comp-inf covector-conv-vector fe-top star.circ-top
total-conv-surjective vector-conv-covector vector-inf-comp)
also have ... = (H * d7)* « H x a” % top M top * a + H x (d * H)* 1 d *
((top » e x H)T 1 (H * e * top)T) » dT
using inf.sup-monoid.add-assoc inf.sup-monoid.add-commute by auto
also have ... = (H x d1)* x H x a® x top * top x a  H % (d x H)* 1 d x
((top * e « H)T 1 (H * e * top)T) » dT
by (smt comp-inf.star.circ-decompose-9 comp-inf.star-star-absorb
comp-inf-covector fe-top star.circ-decompose-11 star.circ-top vector-export-comp)
also have ... = (H * d¥)* + H x a® x topx ax H * (d x H)* 1 d * (H * e *
top M top * el x H) x dT
using assms(1) forest-modulo-equivalence-def conv-dist-comp mult-assoc by
auto
also have ... = (H + dV)* « H x a” « top x a x H » (d  H)* 1 d x H * e *
top * €T x H x d7
by (metis comp-inf-covector inf-top.left-neutral mult-assoc)
also have ... < (H * dT)* x (H x d)* * H1d x H % e x top x eI * H x d¥
proof —
have (H * d¥)* «+ H x a” s top x a x H * (d * H)* < (H = d7)* x H % 1 *
H =« (d* H)*
using 2 by (metis comp-associative comp-isotone mult-left-isotone
mult-semi-associative star.circ-transitive-equal)
also have ... = (H + d")* « H  (d *+ H)*
using assms(1) forest-modulo-equivalence-def mult.semigroup-azioms
preorder-idempotent semigroup.assoc by fastforce
also have ... = (H x d7)* x (H * d)* x H
by (metis star-slide mult-assoc)
finally show ?thesis
using inf.sup-left-isotone by auto
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qed
also have ... < (H * d")* « (H * d)* * HNd * H % d
proof —
have d x Hx extop* el « Hxd' <dx H=x1x%Hxd"
using 3 by (metis comp-isotone idempotent-one-closed mult-left-isotone
mult-sub-right-one mult-assoc)
also have ... < d « H = dT
by (metis assms(1) forest-modulo-equivalence-def mult-left-isotone
mult-one-associative mult-semi-associative preorder-idempotent)
finally show ?thesis
using inf.sup-right-isotone by auto
qed
also have ... = H * (d¥ « H)* x (H+ d)* « Hd * H x dT
by (metis assms(1) forest-modulo-equivalence-def comp-associative
preorder-idempotent star-slide)
alsohave ... = H * ((d" * H)* U (H * d)*) « HNd + H % d”
by (simp add: assms(1) expand-forest-modulo-equivalence
mult.semigroup-azioms semigroup.assoc)

also have ... = (H * (dT « H)* * H U H % (H x d)* *x H) Nd * H % d*
by (simp add: mult-left-dist-sup mult-right-dist-sup)
alsohave ... = (H xdU)* « HNd* H*d' UHx (d* H*Ndx* Hxd?

by (smt assms(1) forest-modulo-equivalence-def inf-sup-distrib2
mult.semigroup-azioms preorder-idempotent star-slide semigroup.assoc)
also have ... < (H + d")* « HNd+ H x d" U 1
using 51 comp-inf.semiring.add-left-mono by blast
finally have %z * top * %21 < 1
using 51 by (smt assms(1) forest-modulo-equivalence-def conv-dist-comp
conv-dist-inf conv-dist-sup conv-involutive conv-star-commute
equivalence-one-closed mult.semigroup-azxioms sup.absorb2 semigroup.assoc
conv-isotone conv-order)
thus ?thesis
by simp
qed
have 6: 227 x top * %z < 1
proof —
have 727 x top x %z = (dT 1 HT % eTT x top” M top” * ™7 x HT % (dT7
HT)*) x top x (d M top x €T « H 1 (H % d¥)* « H x aT * top)
by (simp add: conv-dist-comp conv-dist-inf conv-star-commute mult-assoc)
also have ... = (d7 M H % e x top M top x a * H  (d x H)*) x top x (d M top
x el « HM (H* dV)* « H x a” * top)
using assms(1) forest-modulo-equivalence-def by auto
also have ... = H x e * top M (d” M top x a x H * (d x H)*) = top * (d M top
x el « HM (H x dF)* « H * aT * top)
by (smt comp-associative inf.sup-monoid.add-assoc
inf.sup-monoid.add-commute star.circ-left-top star.circ-top vector-inf-comp)
also have ... = H * e x top I d * ((top * a x H * (d x H)*)T M top) * (d N
top x eI x H T (H * dU)* x H x a® * top)
by (simp add: covector-comp-inf-1 covector-mult-closed)
also have ... = H * e x top M d¥ % (d x H)*T % H % a7 * top = (d M top *
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el « H (H  d¥)* « H x o™ * top)
using assms(1) forest-modulo-equivalence-def comp-associative
conv-dist-comp by auto
also have ... = H x e x top 11 dT * (d x H)*T « H % o™ * top * (d 1 (H *
dTY* % H x aT x top) M top x T x H
by (smt comp-associative comp-inf-covector inf.sup-monoid.add-assoc
inf.sup-monoid.add-commute)
also have ... = H x e * top M d¥ % (d » H)*T x H % o * (top N ((H * d7)*
x H + al x top)T) « d M top x eI  H
by (metis comp-associative comp-inf-vector vector-conv-covector
vector-top-closed)
also have ... = H x e * top M (H * e x top)T M d¥ % (d + H)*T x H * a” *
((H * dT)* x H x a” * top)T * d
by (smt assms(1) forest-modulo-equivalence-def conv-dist-comp
inf.left-commute inf.sup-monoid.add-commute symmetric-top-closed mult-assoc
inf-top.left-neutral)
also have ... = H * e * top x (H * e * top)” M d" x (d  H*T « H x a7
((H * dT)* % H x a” * top)T x d
using vector-covector vector-mult-closed by auto
also have ... = H x e  top * top” * e « H' M d” « (d « H)*T « H x aT
top” x aTT x HT x (H x dT)*T x d
by (smt conv-dist-comp mult.semigroup-azioms symmetric-top-closed
semigroup.assoc)
also have ... = H x e x top x top * e x H1d" x (H » d7)* » H x a” * top
xax Hx(dx H)**d
using assms(1) forest-modulo-equivalence-def conv-dist-comp
conv-star-commute by auto
also have ... = H x e x top x eI« H M d” % (H * dV)* «+ H x a© * top x a *
Hx(dx H)* xd
using vector-top-closed mult-assoc by auto
also have ... < H M d¥ « (H + dU)* « Hx (d * H)* x d
proof —
have Hxextopx el « H< H=x 1% H
using 3 by (metis comp-associative mult-left-isotone mult-right-isotone)
also have ... = H
using assms(1) forest-modulo-equivalence-def preorder-idempotent by auto
finally have 611: H x e x top x ¢l x H < H
by simp
have d” + (H * d¥)* « H x a7 x topx a x H % (d x H)* x d < d¥ x (H *
dUY*« H*x 1% Hx (d* H)* *d
using 2 by (metis comp-associative mult-left-isotone mult-right-isotone)
also have ... = d7 x (H x d7)* x H x (d * H)* x d
using assms(1) forest-modulo-equivalence-def mult.semigroup-azioms
preorder-idempotent semigroup.assoc by fastforce
finally have d7 x (H * d7)* « H x a” % top x a * H x (d * H)* x d < dT
* (H » dV)* x H* (d+ H)* x d
by simp
thus ?thesis
using 611 comp-inf.comp-isotone by blast
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qed
also have ... = H M (d¥ « H)* + d¥ « H x d  (H x d)*
using star-slide mult-assoc by auto
also have ... < H M (d7 * H)* x (H * d)*
proof —
have (d7 « H)* x d¥ « H x d x (H * d)* < (d7 * H)* x 1 * (H * d)*
by (smt assms(1) forest-modulo-equivalence-def conv-dist-comp
mult-left-isotone mult-right-isotone preorder-idempotent mult-assoc)
also have ... = (d7 * H)* x (H * d)*
by simp
finally show ?thesis
using inf.sup-right-isotone by blast
qed
also have ... = H 1 ((d¥ « H)* U (H * d)*)
by (simp add: assms(1) expand-forest-modulo-equivalence)

also have ... = H M (d¥ « H)* U H N (H * d)*

by (simp add: comp-inf.semiring.distrib-left)
alsohave ... = 1 U H N (d" « H)* U H M (H * d)*t
proof —

have 612: HM (H « d)* =1 U HMN (H % d)*
using assms(1) forest-modulo-equivalence-def reflexive-inf-star by blast
have H M (d¥ « H)* = 1 W H N (d" «+ H)*
using assms(1) forest-modulo-equivalence-def reflexive-inf-star by auto
thus ?thesis
using 612 sup-assoc sup-commute by auto
qged
also have ... < 1
proof —
have 613: H M (H * d)T < 1
by (metis assms(8) inf.coboundedlIl p-antitone-iff p-shunting-swap
regular-one-closed)
hence H M (d7 + H)T < 1
by (metis assms(1) forest-modulo-equivalence-def conv-dist-comp
conv-dist-inf conv-plus-commute coreflexive-symmetric)
thus ?thesis
by (simp add: 613)
qged
finally show ?thesis
by simp
qed
have 7:bijective (?z * top)
using 4 5 6 arc-expanded by blast
have bijective (22T * top)
using 4 5 6 arc-expanded by blast
thus ?thesis
using 7 by simp
qed

To maintain that f can be extended to a minimum spanning forest we
identify an edge, i = v FeT M Te' F, that may be exchanged with the
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selected-edge, e. Here, we show that i is an arc.

lemma boruvka-edge-arc:
assumes equivalence F'
and forest v
and arc e
and regular F
and F < forest-components (F M v)
and regular v
and v * T = bot
and ¢ x F' x ¢ = bot
and e < o*

and e # bot
shows arc (v —F % e * top M top * el x F)
proof —

let %4 =v M —F % extoptops*el «F
have 1: %7 % top x % < 1
proof —
have 77 x top x 2 = (vI Mtop x el x —F 1 F % e x top) * top x (v —F *
e x top M top * el * F)
using assms(1) conv-complement conv-dist-comp conv-dist-inf
mult.semigroup-azioms semigroup.assoc by fastforce
also have ... = F % e * top M (v M top x el + —F) x top + (v —F % e *
top) M top * el x F
by (smt covector-comp-inf covector-mult-closed inf-vector-comp
vector-export-comp vector-top-closed)
also have ... = F x e * top M (vT M top x €T % —F) % top * top * (v —F *
e * top) M top x el x F
by (simp add: comp-associative)
also have ... = F x e * top 1 vT x (top M (top * e x —F)T) x top x (v 11 —F
* e * top) M top * el x F
using comp-associative comp-inf-vector-1 by auto
also have ... = F x e * top [ vl x (top M (top * eI x —F)T) % (top N (—F *
ex top)T) x v top x el % F
by (smt comp-inf-vector conv-dist-comp mult.semigroup-azioms
symmetric-top-closed semigroup.assoc)

also have ... = F x e * top M vT * (top * eI x —F)T % (=F x e x top)T x v
Mtop x e « F
by simp
also have ... = F x e x top M v7 % —FT % 7T « topT * top” * €T « —FT x v

M top x e x F
by (metis comp-associative conv-complement conv-dist-comp)

alsohave ... = Fx ex top M vl « —F % e % top % top * €7 « —F % v [ top *
T
el x F

by (simp add: assms(1))

alsohave ... = Fxex top vl « —F x ex top M top x €7 * —F % v top *
T
el x F

by (metis comp-associative comp-inf-covector inf.sup-monoid.add-assoc
inf-top.left-neutral vector-top-closed)
also have ... = (F M vT x —F) x e x top M top x e x —F x v top el x F
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using assms(3) injective-comp-right-dist-inf mult-assoc by auto
also have ... = (F M vT x —F) % e * top M top * eI x (F N —F x v)
using assms(3) conv-dist-comp inf.sup-monoid.add-assoc
inf.sup-monoid.add-commute mult.semigroup-axioms univalent-comp-left-dist-inf
semigroup.assoc by fastforce
also have ... = (F M vl x —F) x e * top * top * el x (F 1N —F % v)
by (metis comp-associative comp-inf-covector inf-top.left-neutral
vector-top-closed)
also have ... = (F M vl x —F) x e * top x el x (F N —F % v)
by (simp add: comp-associative)
also have ... < (F M vT « —F) * (F 1 —F x v)
by (smt assms(3) conv-dist-comp mult-left-isotone shunt-bijective
symmetric-top-closed top-right-mult-increasing mult-assoc)
also have ... < (F Mol x —F) %« (FMN —F xv) N F
by (metis assms(1) inf.absorbl inf.coboundedl mult-isotone
preorder-idempotent)
also have ... < (F Mol x —F) « (F M —F % v) N (F 1 v)T* % (Fov)*
using assms(5) comp-inf.mult-right-isotone by auto
also have ... < (=F M vl x —Fx —F % (=F M) 1 (F o)™« (Fno*
proof —
have FM ol « —F < (W' M Fx —FT) % —F
by (metis conv-complement dedekind-2 inf-commute)
also have ... = (v7' M —FT) % —F
using assms(1) equivalence-comp-left-complement by simp
finally have F ol « —F < F M (v N —F) x —F
using assms(1) by auto
hence 11: FN vl « —F = F N (=Fnv7) %« —F
by (metis inf.antisym-conv inf.sup-monoid.add-commute
comp-left-subdist-inf inf.boundedE inf.sup-right-isotone)
hence FT 1 —FT x oTT = FT 1 —FT « (=FT n oTT)
by (metis (full-types) assms(1) conv-complement conv-dist-comp
conv-dist-inf)
hence 12: FN —Fxv=F N —F x (=F MNw)
using assms(1) by (simp add: abel-semigroup.commute
inf.abel-semigroup-axioms)
have (F Mol « —F)x (FN —F xv) = (F (=Fnv)« —F)x« (FN -F
x (—F M v))
using 11 12 by auto
also have ... < (=F M v x —F x —F % (—F M)
by (metis comp-associative comp-isotone inf.cobounded?)
finally show ?thesis
using comp-inf.mult-left-isotone by blast
qed
also have ... = ((—F N vT) « —Fx —F x (=F o) N (Fno s« (Fno’™
* (Fo))U ((=Fnol) s —F % —F % (=F o) N (FNov)*)
by (metis comp-associative inf-sup-distribl star.circ-loop-fixpoint)
also have ... = ((=F Nvl) « —F x —F x (=F o) N (Fnoh)« (Fro*
x (Fo))U ((=Fnol) s —Fx —F % (=F o) N (FNov)*)
using assms(1) conv-dist-inf by auto
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also have ... = bot U ((=F M v7) x —F x —F x (—=F N v) 1 (F M v)*)
proof —
have (—F M vT) « —F « —F x (=F o) N (Fnol) s (Fno)™ s (Fn
v)* < bot
using assms(1, 2) forests-bot-2 by (simp add: comp-associative)
thus “thesis
using le-bot by blast
qed
alsohave ... = (=F Mol « —Fx —F % (=Fnv)n(1U(Fnuv*x(Fn

v))
by (simp add: star.circ-plus-same star-left-unfold-equal)
alsohave ... = ((—F N o)« —Fx —Fx (=Fnivo)n1)u((-Fnav?) x
—Fx —Fx (=FnNov) N (FOov*x*(FNov))
by (simp add: comp-inf.semiring.distrib-left)
alsohave ... < 1 U ((=FNvl) %« —F % —F % (=FNov) N (FMuv*x(Fn

v))
using sup-left-isotone by auto
also have ... < 1 U bot
using assms(1, 2) forests-bot-3 comp-inf.semiring.add-left-mono by simp
finally show ?thesis
by simp
qed
have 2: % * top * %7 < 1
proof —
have ?i x top * 27 = (v —F % e * top N top * eI x F) x top * (v M (=F
x e * top)T M (top x el x F)T)
by (simp add: conv-dist-inf)
also have ... = (v —F % e x top M top * €T x F) x top x (vT M top” * €T *
—FT 1 FT 5 eTT « topT)
by (simp add: conv-complement conv-dist-comp mult-assoc)
also have ... = (v —F x e * top M top * eI x F) x top * (vl M top x e x
—F M F x e x top)
by (simp add: assms(1))
also have ... = —F * e * top I (v M top * €T x F) = top * (v!' M top * el *
—F M F x e x top)
by (smt inf.left-commute inf.sup-monoid.add-assoc vector-export-comp)
also have ... = —F % e x top [ (v M top * eI x F) * top x (vT M F * e * top)
M top *x ¥ « —F
by (smt comp-inf-covector inf.sup-monoid.add-assoc
inf.sup-monoid.add-commute mult-assoc)
also have ... = —F % e x top M (v M top * eI * F) x top x top * (vI M F * e
* top) M top * el * —F
by (simp add: mult-assoc)
also have ... = —F x e x top M v * ((top * T x F)T M top) * top x (v N F
x e * top) M top * el * —F
by (simp add: comp-inf-vector-1 mult.semigroup-azioms semigroup.assoc)
also have ... = —F x e x top M v * ((top * eI x F)T M top) * (top N (F * e *
top)T) * o7 M top * e  —F
by (smt comp-inf-vector covector-comp-inf vector-conv-covector
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vector-mult-closed vector-top-closed)

also have ... = —F x e x top M v x (top * e x F)T % (F % e * top)” * vT N
top * el x —F
by simp
also have ... = —F x ex top M v * FT % 77 % top” * top” % €T % FT x o7

Mtop x el x —F
by (metis comp-associative conv-dist-comp)

alsohave ... = —F xex top v F % e x top * top *x e * F x v M top *
T
el x —F

using assms(1) by auto

alsohave ... = —F sxextopM v F % ex top M top * e F x oL M top *
T
et x —F

by (smt comp-associative comp-inf-covector inf.sup-monoid.add-assoc
inf-top.left-neutral vector-top-closed)
also have ... = (=F v F) x ex top [ top x el x Fx v M top x el x —F
using injective-comp-right-dist-inf assms(3) mult.semigroup-azioms
semigroup.assoc by fastforce
also have ... = (=F v F) % e * top M top x eI % (F x o7 M —F)
using injective-comp-right-dist-inf assms(3) conv-dist-comp
inf.sup-monoid.add-assoc mult.semigroup-azxioms univalent-comp-left-dist-inf
semigroup.assoc by fastforce

also have ... = (—F M v x F) x e * top * top * el * (F x v 1 —F)
by (metis inf-top-right vector-export-comp vector-top-closed)
also have ... = (=F v F)* ex* top x el x (Fx vl 1 —F)

by (simp add: comp-associative)
also have ... < (=F v x F)* (F vl N —F)
by (smt assms(3) conv-dist-comp mult.semigroup-azioms mult-left-isotone
shunt-bijective symmetric-top-closed top-right-mult-increasing semigroup.assoc)

also have ... = (=F v F)* (v F)T' 1 —F)
by (simp add: assms(1) conv-dist-comp)
also have ... = (=FMvx F)* (—Fnuvx F)T

using assms(1) conv-complement conv-dist-inf by (simp add:
inf.sup-monoid.add-commute)
also have ... < (=F M) x (FNv)* « (FN o™« (-=F T
proof —
let 2Fo =FNuw
have —FMuvx F < —FNox (Frov™ s (Fno*
using assms(5) inf.sup-right-isotone mult-right-isotone comp-associative
by auto
also have ... < —F M v x (F M v)*
proof —
have v * vT < 1
by (simp add: assms(2))
hence v * vI « F < F
using assms(1) dual-order.trans mult-left-isotone by blast
hence v % vT « FI* « F* < F
by (metis assms(1) mult-1-right preorder-idempotent
star.circ-sup-one-right-unfold star.circ-transitive-equal star-one
star-simulation-right-equal mult-assoc)
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hence v * (F M v)T x FI* « F* < F
by (meson conv-isotone dual-order.trans inf.cobounded?
inf.sup-monoid.add-commute mult-left-isotone mult-right-isotone)
hence v x (F M )T x (FNov)* x (Fnov)* <F
by (meson conv-isotone dual-order.trans inf.cobounded2
inf.sup-monoid.add-commute mult-left-isotone mult-right-isotone comp-isotone
conv-dist-inf inf.coboundedl star-isotone)
hence —F M v * (F 1) « (F 11 o)™ « (F M ov)* < bot
using order.eq-iff p-antitone pseudo-complement by auto
hence (—F Mo x* (FN o)l « (FOo)™ « (FNo)*) Uos* (v F)* <wvx
(v E)*
using bot-least le-bot by fastforce
hence (—F U v (v )N (v (Fro)T « (FNn o™ s (Fnuv*Uow
x (VM F)*) <ovx (v F)*
by (simp add: sup-inf-distrib2)
hence (—F U v (v F))Noux (Fno)l « (Fno™ui1)x(vn F)*
<wvx(vn EF)*
by (simp add: inf.sup-monoid.add-commute mult.semigroup-azioms
mult-left-dist-sup mult-right-dist-sup semigroup.assoc)
hence (—F U v (v ) Nox (FNo)™x(wn F)* <vx (v F)*
by (simp add: star-left-unfold-equal sup-commute)
hence —F v * (FN o)™ (v F)* <wvx* (v F)*
using comp-inf.mult-right-sub-dist-sup-left inf.order-lesseq-imp by blast
thus ?thesis
by (simp add: inf.sup-monoid.add-commute)
qed
also have ... < (v —F x (F 11 0)T*) x (F N v)*
by (metis dedekind-2 conv-star-commute inf.sup-monoid.add-commute)
also have ... < (v M —F % FT*) % (F M v)*
using conv-isotone inf.sup-right-isotone mult-left-isotone mult-right-isotone
star-isotone by auto
also have ... = (v M —F % F) = (F N v)*
by (metis assms(1) equivalence-comp-right-complement mult-left-one
star-one star-simulation-right-equal)
also have ... = (—F M v) = (F 1 v)*
using assms(1) equivalence-comp-right-complement
inf.sup-monoid.add-commute by auto
finally have —F Muv* F < (—F M) x (FNo)*

by simp
hence (—F Mv* F) x (=FMovx )T < (=Fnwv)* (Friov* s ((—FMwv)
* (F o))t
by (simp add: comp-isotone conv-isotone)
also have ... = (=F M) * (FM v« (Fro)T « (-FnovT

by (simp add: comp-associative conv-dist-comp conv-star-commute)
finally show ?thesis
by simp
qed
also have ... < (=F o)« (FNv) U (Fnol*)* (-Fnov?
proof —
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have (F M v)* * (F o)t < F* « FT*
using fc-isotone by auto
also have ... < F x F
by (metis assms(1) preorder-idempotent star.circ-sup-one-left-unfold
star.circ-transitive-equal star-right-induct-mult)
finally have 21: (F M v)* x (F o) < F
using assms(1) dual-order.trans by blast
have (F M v)* * (F 1 v)T* < o* x0T+
by (simp add: fc-isotone)
hence (F M v)* x (F N o)t < Fno* s o>
using 21 by simp
also have ... = F 11 (v* LU vT*)
by (simp add: assms(2) cancel-separate-eq)
finally show ?thesis
by (metis assms(4, 6) comp-associative comp-inf.semiring.distrib-left
comp-isotone inf-pp-semi-commute mult-left-isotone regular-closed-inf)
qed
also have ... < (—F o) * (FN ™)« (=F )T U (=Fno) * (Fno)x*
(—F o)t
by (simp add: mult-left-dist-sup mult-right-dist-sup)
also have ... < (=F M) x (~FNo) T U (=Fnuv)* (-FnuvT
proof —
have (—F Mv) * (F N v™) < (=F o) * (FN o)™« (Fno)*noe’™)
by (simp add: assms(5) inf.coboundedll mult-right-isotone)
also have ... = (=F M v) x (Fn o)t « (Fn o)™ « (Fno)*not*)u
(=F M) * (Fo)* et
by (metis comp-associative comp-inf.mult-right-dist-sup mult-left-dist-sup
star.cire-loop-fixpoint)
also have ... < (=F M v) x (F o) % top U (=F M v) * ((F 1 o)* 1ol
by (simp add: comp-associative comp-isotone inf.coboundedI2
inf.sup-monoid.add-commute le-supll)
also have ... < (=F o) * (F 11 v)T % top U (=F M v) x (v 1 o)
by (smt comp-inf.mult-right-isotone comp-inf.semiring.add-mono
order.eq-iff inf.cobounded? inf.sup-monoid.add-commute mult-right-isotone
star-isotone)
also have ... < bot U (—F M v) * (v* 11 o)
by (metis assms(1, 2) forests-bot-1 comp-associative
comp-inf.semiring.add-right-mono mult-semi-associative vector-bot-closed)
also have ... < —F NMuw
by (simp add: assms(2) acyclic-star-inf-conv)
finally have 22: (=F M v) x (FNo™) < —-Fnw
by simp
have ((—F M) * (F 1 vT)T = (Fnv*) x (=F n )T
by (simp add: assms(1) conv-dist-inf conv-star-commute conv-dist-comp)
hence (F M v*) x (=F )T < (=Fn )T
using 22 conv-isotone by fastforce
thus ?thesis
using 22 by (metis assms(4, 6) comp-associative
comp-inf.pp-comp-semi-commute comp-inf.semiring.add-mono comp-isotone
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inf-pp-commute mult-left-isotone)
qed
also have ... = (=F o) x (=F 1 v)T
by simp
also have ... < v *x v
by (simp add: comp-isotone conv-isotone)
also have ... < 1
by (simp add: assms(2))
thus ?thesis
using calculation dual-order.trans by blast
qed
have 3: top * ?i * top = top
proof —
have 31: regular (e * —F x v % F x e)
using assms(3, 4, 6) arc-reqular regular-mult-closed by auto
have 32: bijective ((top * 7))
using assms(3) by (simp add: conv-dist-comp)
have top * ?i * top = top x (v —F % e * top) * ((top * e x F)T 11 top)
by (simp add: comp-associative comp-inf-vector-1)

T

also have ... = (top M (=F x e x top)T) x v x ((top * T x F)T 1 top)
using comp-inf-vector conv-dist-comp by auto

also have ... = (—F % e * top)T * v * (top * eT x F)T
by simp

also have ... = top” x €T * —FT x v % FT % 7T x top”

by (simp add: comp-associative conv-complement conv-dist-comp)
finally have 33: top * %i * top = top x e/ *x —F x v * F e * top
by (simp add: assms(1))
have top x ?%i x top # bot
proof (rule ccontr)
assume — top x (v — F x e x top [ top * el x F) * top # bot
hence top * e * —F x v« F % e % top = bot
using 33 by auto
hence e’ x —F x v x F x ¢ = bot
using 31 tarski comp-associative le-bot by fastforce
hence top * (—F x v x F x e)T < —(eT)
by (metis comp-associative conv-complement-sub-leq conv-involutive p-bot
schroeder-5-p)
hence top * e + FT x o7 « —FT < —(e7)
by (simp add: comp-associative conv-complement conv-dist-comp)
hencev*F*e*top*eTgF
by (metis assms(1, 4) comp-associative conv-dist-comp schroeder-3-p
symmetric-top-closed)
hence v x F' x ¢ % top * top x eI < F
by (simp add: comp-associative)
hence v * F * e x top < F  (top * €T
using 32 by (metis shunt-bijective comp-associative conv-involutive)
hence v x F x e x top < F % e x top
using comp-associative conv-dist-comp by auto
hence v* x F x e x top < F % e x top

)T
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using comp-associative star-left-induct-mult-iff by auto
hence e” x F % e x top < F x e * top
by (meson assms(9) mult-left-isotone order-trans)
hence el x F % e * top * (e * top)T < F
using 32 shunt-bijective assms(3) mult-assoc by auto
hence 34: ¢ « F % e % top * top x ¢ < F
by (metis conv-dist-comp mult.semigroup-azioms symmetric-top-closed
semigroup. assoc)
hence eI < F
proof —
have e7 < eT % e x ¢
by (metis conv-involutive ex231c)
alsohave ... < eT % F x e x el
using assms(1) comp-associative mult-left-isotone mult-right-isotone by
fastforce
also have ... < el « F % e % top * top = e
by (simp add: mult-left-isotone top-right-mult-increasing
vector-mult-closed)
finally show ?thesis
using 34 by simp
qed
hence 35: e < F
using assms(1) conv-order by fastforce
have top * (F x e)T < — ¢
using assms(8) comp-associative schroeder-4-p by auto
hence top * e « F < — e
by (simp add: assms(1) comp-associative conv-dist-comp)
hence (top x )T x e < — F
using schroeder-3-p by auto
hence ¢ x top x e < — F
by (simp add: conv-dist-comp)
hence e < — F
by (simp add: assms(3) arc-top-arc)
hence e < F 11— F
using 35 inf.boundedl by blast
hence e = bot
using bot-unique by auto
thus Fulse
using assms(10) by auto
qed
thus ?thesis
by (metis assms(3, 4, 6) arc-regular regular-closed-inf regular-closed-top
regular-conv-closed reqular-mult-closed semiring.mult-not-zero tarski)
qed
have bijective (i * top) A bijective (21 x top)
using 1 2 3 arc-expanded by blast
thus ?thesis
by blast
qed

T

T
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4.4.3 Comparison of edge weights

In this section we compare the weight of the selected-edge with other edges
of interest. For example, Theorem e-leg-c-c-complement-transpose-general
is used to show that the selected-edge has its source inside and its target
outside the component it is chosen for.

lemma e-leq-c-c-complement-transpose-general:
assumes e = minarc (v * —(v)T M g)
and regular v

shows e < v * —(v)T
proof —
have e < —— (v x — vT M g)
using assms(1) minarc-below order-trans by blast
also have ... < —— (v x — ov7T)
using order-lesseq-imp pp-isotone-inf by blast
also have ... = v * — vT

using assms(2) regular-mult-closed by auto
finally show ?thesis
by simp
qed

lemma x-leg-c-transpose-general:
assumes vector-classes x v
andaT*topr*e*top
and e < v x —vT
shows a < vT
proof —
have 1: equivalence x
using assms(1) using vector-classes-def by blast
have a < top * a
using top-left-mult-increasing by blast
also have ... < (z * e * top)T
using assms(2) conv-dist-comp conv-isotone by fastforce
also have ... = top * ¢! x z
using 1 by (simp add: conv-dist-comp mult-assoc)
also have ... < top * (v — v)T 5z
by (metis assms(3) conv-dist-comp conv-isotone mult-left-isotone
symmetric-top-closed)
also have ... = top * (—v* v ) x x
by (simp add: conv-complement conv-dist-comp)
also have ... < top * v7 * z
by (metis mult-left-isotone top.extremum mult-assoc)
also have ... = v7 * z
using assms(1) vector-classes-def vector-conv-covector by auto
also have ... = vT
by (metis assms(1) order.antisym conv-dist-comp conv-order dual-order.trans
mult-right-isotone mult-sub-right-one vector-classes-def)
finally show ?thesis
by simp

")
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qed

lemma x-leg-c-complement-general:
assumes vector v
and v x vl < g
and a < o7
and a < —z
shows a < —v
proof —
have ¢ < —z 1 o7
using assms(3, 4) by auto
also have ... < — v
proof —
have v M o7 < z
using assms(1, 2) vector-covector by auto
hence —z M v M oL < bot
using inf.sup-monoid.add-assoc p-antitone pseudo-complement by fastforce
thus ?thesis
using le-bot p-shunting-swap pseudo-complement by blast
qed
finally show ?thesis
by simp
qed

lemma sum-e-below-sum-a-when-outgoing-same-component-general:
assumes e = minarc (v x —(v)T M g)
and symmetric g
and arc a
and ¢ < —xz M —— g
and a” x top < 1 * e * top
and unique-vector-class T v
shows sum (e M g) < sum (a 1M g)
proof —
have I:e < v x — v
using assms(1, 6) e-leg-c-c-complement-transpose-general
unique-vector-class-def vector-classes-def by auto
have 2: ¢ < o7
using 1 assms(5) assms(6) z-leg-c-transpose-general unique-vector-class-def
by blast
hence a < —v
using assms(4, 0) inf.boundedE unique-vector-class-def vector-classes-def
z-leq-c-complement-general by meson
hence ¢ < — v M1 o7
using 2 by simp
hence a < — v *x v
using assms(6) vector-complement-closed vector-covector
unique-vector-class-def vector-classes-def by metis
hence o7 < vTT % — T
using conv-complement conv-dist-comp conv-isotone by metis

T

T
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hence 3: a7 < v % — 0T
by simp
hence a < —— ¢
using assms(4) by auto
hence o < —— ¢

using assms(2) conv-complement conv-isotone by fastforce
hence o’ M v * — v M —— g # bot
using 3 assms(3, 6) inf.orderE semiring.mult-not-zero unique-vector-class-def
vector-classes-def by metis
hence o’ M v *x — v M g # bot
using inf.sup-monoid.add-commute pp-inf-bot-iff by auto
hence sum (minarc (v — vI M g) M (v — vl Mg)) <sum (e’ Movs* — 0
Mg
using assms(3) minarc-min inf.sup-monoid.add-assoc by simp
hence sum (e M v * — vT M g) < sum (a7 Mo * — o7 M g)
using assms(1, 6) inf.sup-monoid.add-assoc by simp
hence sum (e M g) < sum (a® M g)
using 1 3 by (metis inf.orderE)
hence sum (e M g) < sum (a M g)
by (simp add: assms(2) sum-symmetric)
thus ?thesis
by simp
qed

T

lemma sum-e-below-sum-z-when-outgoing-same-component:
assumes symmetric g
and vector j
and forest h
and regular h

and z < — forest-components h M —— g
and 27 * top < forest-components h * selected-edge h j g * top
and j # bot
and arc x
shows sum (selected-edge h j g M g) < sum (z N g)
proof —

let ?e = selected-edge h j g
let ?c = choose-component (forest-components h) j
let ?H = forest-components h
show ?thesis
proof (rule sum-e-below-sum-a-when-outgoing-same-component-general)
next
show ?e = minarc (?c x — 2¢T' 1 g)
by simp
next
show symmetric g
by (simp add: assms(1))
next
show arc z
by (simp add: assms(8))
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next
show z < —¢?H M —— ¢
using assms(5) by auto
next
show 27 x top < ?H x %e * top
by (simp add: assms(6))
next
show unique-vector-class ?H ?c
proof (unfold unique-vector-class-def, unfold vector-classes-def, intro conjl)
next
show regular ?H
by (metis assms(4) conv-complement pp-dist-star reqular-mult-closed)
next
show regqular ?c
using component-is-reqular by auto
next
show reflexive ?H
using assms(3) forest-components-equivalence by blast
next
show transitive H
using assms(3) feh-equivalence by blast
next
show symmetric H
by (simp add: assms(3) fch-equivalence)
next
show vector ?c
by (simp add: assms(2, 6) component-is-vector)
next
show ?H x %c < %c¢
using component-single by auto
next
show ?c¢ # bot
using assms(2, 6 , 7, 8) inf-bot-left le-bot minarc-bot mult-left-zero
mult-right-zero by fastforce
next
show %¢ % 2¢T < ?H
by (simp add: component-is-connected)
qed
qed
qed

If there is a path in the forest-modulo-equivalence from an edge between
components, a, to the selected-edge, e, then the weight of e is no greater
than the weight of a. This is because either,

x the edges a and e are adjacent the same component so that we can use
sum-e-below-sum-z-when-outgoing-same-component, or

* there is at least one edge between a and e, namely z, the edge incoming
to the component that e is outgoing from. The path from a to e is split
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on x using forest-modulo-equivalence-path-split-disj. We show that the
weight of e is no greater than the weight of x by making use of lemma
sum-e-below-sum-x-when-outgoing-same-component. We define = in a
way that we can show that the weight of x is no greater than the
weight of @ using the invariant. Then, it follows that the weight of e
is no greater than the weight of a owing to transitivity.

lemma a-to-e-in-forest-modulo-equivalence:
assumes symmetric g
and f < ——¢
and vector j
and forest h
and forest-modulo-equivalence (forest-components h) d
and fUfT =huhT Udud”
and (Y a b . forest-modulo-equivalence-path a b (forest-components h) d N a <
—(forest-components h) M —— g A b < d — sum(b N g) < sum(a N g))
and regular d
and j # bot
and b = selected-edge h j g
and arc a
and forest-modulo-equivalence-path a b (forest-components h) (d U
selected-edge h j g)
and a < — forest-components h 1 —— g
and regular h
shows sum (b M g) < sum (a M g)
proof —
let ?7p = path fhjg
let ?e = selected-edge h j g
let ?F = forest-components f
let ?H = forest-components h
have sum (b1 g) < sum (a M g)
proof (cases a” * top < ?H * ?e * top)
case True
show al x top < ?H x %e x top = sum (b1 g) < sum (a1 g)
proof—
have sum (%e M g) < sum (a M g)
proof (rule sum-e-below-sum-z-when-outgoing-same-component)
show symmetric g
using assms(1) by auto
next
show wvector j
using assms(3) by blast
next
show forest h
by (simp add: assms(4))
next
show a < — ?HM —— ¢
using assms(13) by auto
next
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show a” * top < 2H % %e x top
using True by auto
next
show j # bot
by (simp add: assms(9))
next
show arc a
by (simp add: assms(11))
next
show regular h
using assms(14) by auto
qed
thus ?thesis
using assms(10) by auto
qed
next
case Fulse
show — aT x top < ?H x ?e x top = sum (b1 g) < sum (a1 g)
proof —
let 2d’'=d U ?e
let 2z = d Mtop * %eT x ?H M (?H * dT)* x ?2H * aT * top
have 61: arc (%z)
proof (rule shows-arc-z)
show forest-modulo-equivalence 7H d
by (simp add: assms(5))
next
show forest-modulo-equivalence-path a ?e ?H d
proof —
have 611: forest-modulo-equivalence-path a b ?H (d U b)
using assms(10, 12) by auto
have 616: regular h
using assms(14) by auto
have reqular a
using 611 forest-modulo-equivalence-path-def arc-regular by fastforce
thus ?thesis
using 616 by (smt forest-modulo-equivalence-path-split-disj assms(4, 8,
10, 12) forest-modulo-equivalence-path-def fch-equivalence minarc-regular
regular-closed-star regular-conv-closed regular-mult-closed)
qed
next
show (?H * d)* < — ?H
using assms(d) forest-modulo-equivalence-def le-bot pseudo-complement
by blast
next
show — a” * top < 2H x %e * top
by (simp add: False)
next
show regular a
using assms(12) forest-modulo-equivalence-path-def arc-regular by auto
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next
show regular ?e
using minarc-regular by auto
next
show regular 7H
using assms(14) pp-dist-star reqular-conv-closed regular-mult-closed by
auto
next
show regular d
using assms(8) by auto
qed
have 62: bijective (a® x top)
by (simp add: assms(11))
have 63: bijective (?z * top)
using 61 by simp
have 64: ?z < (?H x dT)* x ?H x aT * top
by simp
hence %z * top < (?H % d¥)* * ?H  a” * top
using mult-left-isotone inf-vector-comp by auto
hence o * top < ((?H * d1)* x ?H)T x 22 * top
using 62 63 64 by (smt bijective-reverse mult-assoc)

also have ... = ?H * (d x ?H)* x %z x top
using conv-dist-comp conv-star-commute by auto
also have ... = (H * d)* = ?H % %z x top

by (simp add: star-slide)
finally have o’ * top < (?H * d)* * ?H * %z * top
by simp
hence 65: forest-modulo-equivalence-path a ?z ?H d
using 61 assms(12) forest-modulo-equivalence-path-def by blast
have 66: 22 < d
by (simp add: inf.sup-monoid.add-assoc)
hence z-below-a: sum (%2 M g) < sum (a M g)
using 65 forest-modulo-equivalence-path-def assms(7, 13) by blast
have sum (%e M g) < sum (%z M g)
proof (rule sum-e-below-sum-z-when-outgoing-same-component)
show symmetric g
using assms(1) by auto
next
show wvector j
using assms(3) by blast
next
show forest h
by (simp add: assms(4))

next
show 7t < — ?HM —— g
proof —
have 67: %2 < — ?H
proof —

have %2z < d
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using 66 by blast
also have ... < ?H x d
using dual-order.trans star.circ-loop-fixpoint sup.cobounded?
mult-assoc by metis
also have ... < (?H = d)*
using star.circ-mult-increasing by blast
also have ... < — ?2H
using assms(5) bot-unique pseudo-complement
forest-modulo-equivalence-def by blast
thus ?thesis
using calculation inf.order-trans by blast
qed
have %2 < d
by (simp add: conv-isotone inf.sup-monoid.add-assoc)
also have ... < f LI fT
proof —
have h U AT U d U dl = fu fT
by (simp add: assms(6))
thus ?thesis
by (metis (no-types) le-supE sup.absorb-iff2 sup.idem)
qed
also have ... < —— ¢
using assms(1, 2) conv-complement conv-isotone by fastforce
finally have 7z < —— ¢
by simp
thus ?thesis
by (simp add: 67)
qed
next
show 227 x top < ?H x ?e * top
proof —
have %z < top * e’ x ?H
using inf.coboundedI1 by auto
hence 227 < 2H % %e * top
using conv-dist-comp conv-dist-inf conv-star-commute inf.orderl
inf.sup-monoid.add-assoc inf.sup-monoid.add-commute mult-assoc by auto
hence %27 x top < ?H * e x top * top
by (simp add: mult-left-isotone)
thus ?thesis
by (simp add: mult-assoc)
qed
next
show j # bot
by (simp add: assms(9))
next
show arc (%z)
using 61 by blast
next
show regular h

74



using assms(14) by auto
qed
hence sum (%e M g) < sum (a M g)
using z-below-a order.trans by blast
thus ?thesis
by (simp add: assms(10))
qed
qed
thus ?thesis
by simp
qged

4.4.4 Maintenance of algorithm invariants

In this section, most of the work is done to maintain the invariants of the
inner and outer loops of the algorithm. In particular, we use exists-a-w to
maintain that f can be extended to a minimum spanning forest.

lemma boruvka-exchange-spanning-inv:
assumes forest v

and v* * e = €T

and i < v M top * eT * wT™*
and arc i

and arc e

and v < ——g
and w < ——g
and e < ——g
and components g < forest-components v
shows i < (v —9)T* x el x top
proof —
have 1: (v —i M —iT) x (vI' M —in —iT) < 1
using assms(1) comp-isotone order.trans inf.cobounded! by blast
have 2: bijective (i * top) A bijective (el * top)
using assms(4, 5) mult-assoc by auto
have i < v * (top * el * wl*)T
using assms(3) covector-mult-closed covector-restrict-comp-conv
order-lesseq-imp vector-top-closed by blast
also have ... < v * wT*T % 7T % top”
by (simp add: comp-associative conv-dist-comp)
also have ... < v x w* % e * top
by (simp add: conv-star-commute)
also have ... = v * w* *x e x L % e * top
using assms(5) arc-eq-1 by (simp add: comp-associative)
also have ... < v x w* x e x e * top
by (simp add: comp-associative mult-right-isotone)
also have ... < (——g) * (——g)* * (——g) * eI * top
using assms(6, 7, 8) by (simp add: comp-isotone star-isotone)
also have ... < (——g)* * e x top
by (metis comp-isotone mult-left-isotone star.circ-increasing
star. circ-transitive-equal)

75



also have ... < vT* % v* % €T * top
by (simp add: assms(9) mult-left-isotone)
also have ... < v7* x T x top
by (simp add: assms(2) comp-associative)
finally have i < vT* % T top
by simp
hence i * top < vT* x €T * top
by (metis comp-associative mult-left-isotone vector-top-closed)
hence e * top < vT*T % i x top
using 2 by (metis bijective-reverse mult-assoc)
also have ... = v* % 7 % top
by (simp add: conv-star-commute)
also have ... < (v 1 —i M —iT)* % i * top
proof —
have 3: i * top < (v 1 —i I —i1)* % 7 % top
using star.circ-loop-fizpoint sup-right-divisibility mult-assoc by auto
have (v M 4) * (v 11 —i M —iT)* % i % top < i * top * i * top
by (metis comp-isotone inf.coboundedl inf.sup-monoid.add-commute
mult-left-isotone top.extremum)
also have ... < ¢ x top
by simp
finally have 4: (v 1) * (v 1 —i 1 —30)* % i % top < (v M —i M —37)* % i %
top

T *

using 3 dual-order.trans by blast
have 5: (v 1 —i M —i1) % (v M —i M —iT)* % i % top < (v M —i M —iT)* %4
* top
by (metis mult-left-isotone star.circ-increasing star.left-plus-circ)
have vt < —1
by (simp add: assms(1))
hence v x v < —1
by (metis mult-left-isotone order-trans star.circ-increasing
star.circ-plus-same)
hence v x 1 < —v
by (simp add: schroeder-5-p)
hence v < —vT
by simp
hence v M vT < bot
by (simp add: bot-unique pseudo-complement)
hence 7: v M iT < bot
by (metis assms(3) comp-inf.mult-right-isotone conv-dist-inf inf.boundedE
inf le-iff-sup le-bot)
hence (v M 7)) x (v 1 —i M —iT)* % i % top < bot
using le-bot semiring.mult-zero-left by fastforce
hence 6: (v M iT) x (v —i M —iT)* % i % top < (v —i M —iT)* % i * top
using bot-least le-bot by blast
have 8: v = (v 4) U (v 7)) U (v —in —iT)
proof —
have 81: regular i
by (simp add: assms(4) arc-regular)

T
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have (v M 7)) U (v —i N —iT) = (v 11 —4)
using 7 by (metis comp-inf.coreflexive-comp-inf-complement inf-import-p
inf-p le-bot madduz-3-11-pp top.extremum)
hence (v d) U (v i) U (v —in —iT) = (vMid) U (v —i)
by (simp add: sup.semigroup-azioms semigroup.assoc)
also have ... = v
using 81 by (metis madduz-3-11-pp)
finally show ?thesis
by simp
qed
have (v M i) * (v —i M —iT)* % % top U (v 11 iT) x (v —i M —iT)* % 4
top U (v —i M —i7) % (01 —i M —iT)* % i % top < (v —i M —i0)* % 4 % top
using 4 5 6 by simp
hence ((v M 4) U (v M) U (v —i M —iT)) % (v —i M —iT)* % i % top <
(v M —i M —i5)* % i * top
by (simp add: mult-right-dist-sup)
hence v * (v M —i M —i1)* % 4 % top < (v 1 —i M —iT)* % i  top
using 8 by auto
hence i * top Ll v * (v —4i M —i1)* x4 % top < (v 1 —i M —iT)* % i % top
using 3 by auto
hence 9:v* * (v 1 —i M —iT)* % 4 % top < (v M —i M —iL)* % i * top
by (simp add: star-left-induct-mult mult-assoc)
have v* x i * top < v* * (v —i M —iT)* % i * top
using 3 mult-right-isotone mult-assoc by auto
thus ?thesis
using 9 order.trans by blast
qed
finally have e * top < (v —i M —iT)* % i * top
by simp
hence i * top < (v 1 —i M —iT)*T % €T % top
using 2 by (metis bijective-reverse mult-assoc)
also have ... = (v 1 —i 11 —i7)* x €T « top
using comp-inf.inf-vector-comp conv-complement conv-dist-inf
conv-star-commute inf.sup-monoid.add-commute by auto
also have ... < ((v M —i M —i7) U (v 11 —i 1 —4T))* % eT % top
by (simp add: mult-left-isotone star-isotone)
finally have i < ((v7 M —i 1 —iT) U (v 1 —i M —iT))* % €T % top
using dual-order.trans top-right-mult-increasing sup-commute by auto
also have ... = (v7 M —i M —iT)* % (v 1 —i M —i0)* % el top
using 1 cancel-separate-1 by (simp add: sup-commute)
also have ... < (v M —i M —iT)* % v* x e * top
by (simp add: inf-assoc mult-left-isotone mult-right-isotone star-isotone)
also have ... = (v M —i 1 —i7)* % €T « top
using assms(2) mult-assoc by simp
also have ... < (vF' M —iT)* x €T x top
by (metis mult-left-isotone star-isotone inf.cobounded? inf.left-commute
inf.sup-monoid.add-commute)
also have ... = (v 1M —i)T* % e * top
using conv-complement conv-dist-inf by auto
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finally show ?thesis
by simp
qed

lemma exists-a-w:
assumes symmetric g
and forest f
and f < ——¢g
and regular f
and (3w . minimum-spanning-forest w g A f < w U wT)
and vector j
and regular j
and forest h
and forest-modulo-equivalence (forest-components h) d
and d * top < — j
and forest-components h x j = j
and f U fT =hunr” udud’
and (Y a b . forest-modulo-equivalence-path a b (forest-components h) d N a <
—(forest-components h) M —— g A b < d — sum(b M g) < sum(a N g))
and regular d
and selected-edge h j g < — forest-components f
and selected-edge h j g # bot
and j # bot
and regular h
and h < ——g
shows 3 w. minimum-spanning-forest w g A
f 11— (selected-edge h j )T M — (path fh j g) U (f 1 — (selected-edge h j g)T
M (path fh j g))T U (selected-edge b j g) < w L w”
proof —
let %p = path fhjg
let ?e = selected-edge h j g
let of = (f -2 M —2) U (f—2T N 2p)T U 2e
let ?F = forest-components f
let ?H = forest-components h
let %ec = choose-component (forest-components h) j * — choose-component
(forest-components h) j¥ M g
from assms(4) obtain w where 2: minimum-spanning-forest w g A f < w U
w”
using assms(5) by blast
hence 3: reqular w N\ regular f N regular %e
by (metis assms(4) minarc-reqular minimum-spanning-forest-def
spanning-forest-def)
have 5: equivalence ?F
using assms(2) forest-components-equivalence by auto
have %7 x top * %eT = 2eT
by (metis arc-conv-closed arc-top-arc coreflexive-bot-closed
coreflexive-symmetric minarc-arc minarc-bot-iff semiring.mult-not-zero)
hence ?%eT x top x %eT < —2F
using 5 assms(15) conv-complement conv-isotone by fastforce
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hence 6: ?e x ?F x %e = bot
using assms(2) le-bot triple-schroeder-p by simp
let 2¢ = w I top * %e x w’*
let %0 = (w M —(top * %e x w'™*)) U 2¢7
have 7: reqular ?q
using 3 regular-closed-star reqular-conv-closed regular-mult-closed by auto
have 8: injective ?v
proof (rule kruskal-exchange-injective-inv-1)
show injective w
using 2 minimum-spanning-forest-def spanning-forest-def by blast
next
show covector (top * %e x w
by (simp add: covector-mult-closed)
next
show top * %e x wT* x wl < top * %e ¥ w
by (simp add: mult-right-isotone star.right-plus-below-circ mult-assoc)
next
show coreflexive ((top * ?e x wT™)T x (top * %e x wT™) M w? * w)
using 2 by (metis comp-inf.semiring.mult-not-zero forest-bot
kruskal-injective-inv-8 minarc-arc minarc-bot-iff minimum-spanning-forest-def
semiring.mult-not-zero spanning-forest-def)
qed
have 9: components g < forest-components ?v
proof (rule kruskal-exchange-spanning-inv-1)
show injective (w M — (top x%e x wI™*) U (w M top * %e x w
using 8 by simp
next
show regular (w M top * %e x w
using 7 by simp
next
show components g < forest-components w
using 2 minimum-spanning-forest-def spanning-forest-def by blast
qed
have 10: spanning-forest %v g
proof (unfold spanning-forest-def, intro conjl)
show injective %v
using 8 by auto
next
show acyclic ?v
proof (rule kruskal-exchange-acyclic-inv-1)
show pd-kleene-allegory-class.acyclic w
using 2 minimum-spanning-forest-def spanning-forest-def by blast
next
show covector (top * e * w
by (simp add: covector-mult-closed)
qed
next
show %v < ——g
proof (rule sup-least)

T*)

T % T %

T*)T)
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show w M — (top * %e x wT™*) < — — ¢
using 7 inf.coboundedll minimum-spanning-forest-def spanning-forest-def 2
by blast
next
show (w M top % %e x w ——9g
using 2 by (metis assms(1) conv-complement conv-isotone
inf.coboundedI1 minimum-spanning-forest-def spanning-forest-def)
qed
next
show components g < forest-components ?v
using 9 by simp
next
show reqular %v
using 3 regular-closed-star reqular-conv-closed reqular-mult-closed by auto
qed
have 11: sum (v 1 g) = sum (w M g)
proof —
have sum (?v M g) = sum (w M —(top * ?e x w'™*) M g) + sum (2¢* M g)
using 2 by (smt conv-complement conv-top epm-8 inf-import-p inf-top-right
regular-closed-top vector-top-closed minimum-spanning-forest-def
spanning-forest-def sum-disjoint)
also have ... = sum (w M —(top * ?e x w'™*) M g) + sum (?q M g)
by (simp add: assms(1) sum-symmetric)
also have ... = sum (((w I —(top * Ze x w'™*)) U ) M g)
using inf-commute inf-left-commute sum-disjoint by simp
also have ... = sum (w I g)
using 3 7 8 maddux-3-11-pp by auto
finally show ?thesis
by simp
qed
have 12: 2o U 207 = w U w”
proof —
have %v U 207 = (w M —%¢) U 2¢7 U (wT 1 —2¢7) U ?q
using conv-complement conv-dist-inf conv-dist-sup inf-import-p sup-assoc by
stmp
also have ... = w U w”
using 3 7 conv-complement conv-dist-inf inf-import-p maddux-3-11-pp
sup-monoid.add-assoc sup-monoid.add-commute by auto
finally show ?thesis
by simp
qed
have 13: 2v x 2e” = bot
proof (rule kruskal-reroot-edge)
show injective (7eT * top)
using assms(16) minarc-arc minarc-bot-iff by blast
next
show pd-kleene-allegory-class.acyclic w
using 2 minimum-spanning-forest-def spanning-forest-def by simp
qed

T*)T S
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have v M %e < 20 M top x %e
using inf.sup-right-isotone top-left-mult-increasing by simp
also have ... < 2v * (top * %e)T
using covector-restrict-comp-conv covector-mult-closed vector-top-closed by
stmp
finally have 1/: %v M ?e = bot
using 13 by (metis conv-dist-comp mult-assoc le-bot mult-left-zero)
let % = ?v 1 (— ?F) x e * top N top * Zel x ?F
let 2w = (%01 —2%) U %e
have 15: regular 27
using 3 regular-closed-star reqular-conv-closed regular-mult-closed by simp
have 16: ?F < — 2
proof —
have 161: bijective (?e * top)
using assms(16) minarc-arc minarc-bot-iff by auto
have 2 < — 2F x %e x top
using inf.cobounded? inf.coboundedl! by blast
also have ... = — (?2F x ?e x top)
using 161 comp-bijective-complement by (simp add: mult-assoc)
finally have % < — (?F % ?e x top)
by blast
hence 162: 2 M 2F < — (9F x ?e x top)
using inf.coboundedl! by blast
have ?i 1 ?F < ?F 11 (top * el x 7F)
by (meson inf-lel inf-le2 le-infI order-trans)
also have ... < 2F x (top x 2l x ?F)T
by (simp add: covector-mult-closed covector-restrict-comp-conv)
also have ... = 2F % 2FT « 27T « top”
by (simp add: conv-dist-comp mult-assoc)
also have ... = 2F x ?F % %e x top
by (simp add: conv-dist-comp conv-star-commaute)
also have ... = 7F % %e x top
by (simp add: 5 preorder-idempotent)
finally have 2i M ?F < ?F % %e * top
by simp
hence 2i M ?F < 9F x %e % top M — (2F % %e x top)
using 162 inf.bounded-iff by blast
also have ... = bot
by simp
finally show ?thesis
using le-bot p-antitone-iff pseudo-complement by blast
qed
have 17: % < top * el x (?F M 2v 11 —2)T*
proof —
have % < ?v 1 — 2F % ?e * top M top * 2eT * (2F 11 20)T* % (2F 1 2v)*
using 2 8 12 by (smt inf.sup-right-isotone kruskal-forest-components-inf
mult-right-isotone mult-assoc)
also have ... = 20 1 — 2F % ?e x top M top * 2T % (?F M 20)T* x (1 U (?F
M 2u)* x (2F N %))
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using star-left-unfold-equal star.circ-right-unfold-1 by auto
also have ... = 2v M — 2F % ?e * top M (top * %eT * (?F 1 2v)T* U top *
2el % (2F M 20)T* x (2F N 20)* % (?F 1 %))
by (simp add: mult-left-dist-sup mult-assoc)
also have ... = (0 1 — 2F x %e x top M top x %eL x (?F N 20)T*) U (2o 1 —
2F % Ze x top M top * 2T x (PF M 20)T* % (2F 11 2v)*  (2F N %v))
using comp-inf.semiring.distrib-left by blast
also have ... < top * Zel x (2F 1 20)T* U (20 1M — 2F % e * top M top *
Zel % (2F M 20)T* x (2F N 20)* % (?F 1N %))
using comp-inf.semiring.add-right-mono inf-le2 by blast
also have ... < top * ?el x (?F M 2v)T* U (20 M — 2F x e * top I top *
2el % (2FT M 20T)* x (2F N 20)* % (2F 1 #v))
by (simp add: conv-dist-inf)
also have ... < top * Zel x (2F 1 20)T* U (20 1M — 2F % ?e * top M top *
Zel x PFT* x 2F* x (2F 1 %))
proof —
have top * 2eT  (2FT 1 2vT)* x (2F M 20)* % (2F N 20) < top * 2eT *
PET* x 2F* % (2F 1 %)
using star-isotone by (simp add: comp-isotone)
hence ?v M — ?F % ?e * top M top * 2eT x (ZFT 11 2o1)* % (2F M 20)* %
(PF M 20) < 2011 — 2F x 2e x top M top x el x 2FT* x 2F* x (2F 1 ?v)
using inf.sup-right-isotone by blast
thus ?thesis
using sup-right-isotone by blast
qed
also have ... = top * Zel x (2F 1 20)T* U (20 1N — 2F % e * top N top *
2el x 2F* x 2F* x (?F I %v))
using 5 by auto
also have ... = top * Zel % (2F M 20)T* U (v M — 2F % ?e * top M top *
2el x 2F % 2F x (?F N ?v))
by (simp add: assms(2) forest-components-star)
also have ... = top * ?el x (?F M 2v)T* U (20 M — 2F x e * top [ top *
2el x 2F % (2F 1 %))
using 5 mult.semigroup-azioms preorder-idempotent semigroup.assoc by
fastforce
also have ... = top * ?el x (?2F N 2v)T*
proof —
have Ze * top * 7eT < 1
using assms(16) arc-expanded minarc-arc minarc-bot-iff by auto
hence 2F x %e  top * 2T < 2F x 1
by (metis comp-associative comp-isotone mult-semi-associative
star. circ-transitive-equal)
hence %v x 2vT % 2F x %e x top x %7 < 1 % 2F x 1
using 8 by (smt comp-isotone mult-assoc)
hence 171: ?v * 2T % 2F x %e % top * %eT < ?F
by simp
hence ?v x (?F M 20)T % 2F x ?e x top » %7 < ?F
proof —
have v x (2F M 20)T % 2F % %e * top * %eT < 2v * 207 % 2F x ?e * top *
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2eT
by (simp add: conv-dist-inf mult-left-isotone mult-right-isotone)
thus ?thesis
using 171 order-trans by blast
qed
hence 172: —2F x ((?F N 20)T % 2F % %e % top * 2eT)T < — %y
by (smt schroeder-4-p comp-associative order-lesseq-imp pp-increasing)
have —2F x ((?F M 20)T % 2F x %e % top x 2eT)T = —2F % 2eTT « top” «
2el x 2FT x (?F 1 20)TT
by (simp add: comp-associative conv-dist-comp)
also have ... = —2F x %e * top * 2eT x 2F % (?F M ?v)
using 5 by auto
also have ... = —?F x %e x top * top x 2l x ?F % (?F M %v)
using comp-associative by auto
also have ... = —?F % %e x top M top * 7el x ?F x (?F N %)
by (smt comp-associative comp-inf.star.circ-decompose-9
comp-inf.star-star-absorb comp-inf-covector inf-vector-comp vector-top-closed)

finally have —?F * ((?F 1 2v)T % 2F x %e x top x 2eT)T = —2F x %e %
top M top * 2eT % 2F x (2F N %)
by simp

hence —?F * Ze x top M top * ZeT x 2F x (?F N %v) < — v
using 172 by auto
hence ?v M —2F x ?e x top 1 top * el x 2F % (?F M ?v) < bot
by (smt bot-unique inf.sup-monoid.add-commute p-shunting-swap
pseudo-complement)
thus ?thesis
using le-bot sup-monoid.add-0-right by blast
qed
also have ... = top x 2T x (2F M 2p 11 —2§)T*
using 16 by (smt comp-inf.coreflexive-comp-inf-complement inf-top-right
p-bot pseudo-complement top.extremum)
finally show ?thesis
by blast
qed
have 18: % < top * 2T x 2wT™
proof —
have ?i < top x ?eT % (?F M 2o N —2)T*
using 17 by simp
also have ... < top * Zel x (20 1 —2i)T*
using mult-right-isotone conv-isotone star-isotone inf.cobounded?2
inf.sup-monoid.add-assoc by (simp add: inf.sup-monoid.add-assoc order.eq-iff
inf.sup-monoid.add-commute)
also have ... < top * el x (v 11 — %) U 2e)T*
using mult-right-isotone conv-isotone star-isotone sup-gel by simp
finally show ?thesis
by blast
qed
have 19: % < top x 2T x 2vT*
proof —
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have ?i < top * Zel x (?2F M 2v 1 —2i)T*
using 17 by simp
also have ... < top * Zel x (v 1 —2i)T*
using mult-right-isotone conv-isotone star-isotone inf.cobounded?2
inf.sup-monoid.add-assoc by (simp add: inf.sup-monoid.add-assoc order.eq-iff
inf.sup-monoid.add-commute)
also have ... < top * Zel x (?v)T*
using mult-right-isotone conv-isotone star-isotone by auto
finally show ?thesis
by blast
qed
have 20: f U fT < (2o =211 —2T) U (20T 1 —2i 1 —27T)
proof (rule kruskal-edge-between-components-2)
show 7F < — 25
using 16 by simp
next
show injective f
by (simp add: assms(2))
next
show f U fT < w M — (top * Ze x wi™*) U (w M top * e x w!™)T U (wn —
(top * Ze x wl™*) U (w M top * e x wT*)T)T
using 2 12 by (metis conv-dist-sup conv-involutive conv-isotone le-supl
sup-commute)
qed
have minimum-spanning-forest 2w g A 2f < 2w U 2w’
proof (intro conjl)
have 211: ?2¢7 < 2v*
proof (rule kruskal-edge-arc-1[where g=¢g and h=?ec])

show %¢ < —— %ec
using minarc-below by blast
next

show %ec < g
using assms(4) inf.cobounded?2 by (simp add: boruvka-inner-invariant-def
boruvka-outer-invariant-def conv-dist-inf)
next
show symmetric g
by (meson assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def)
next
show components g < forest-components (w M — (top * %e x w'™*) U (w I
top * %e x wi*)T)
using 9 by simp
next
show (w M — (top * Ze * w'*) U (w M top * %e x wT™)T) % 2eT" = bot
using 13 by blast
qed
have 212: arc %i
proof (rule boruvka-edge-arc)
show equivalence ?F
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by (simp add: 5)
next
show forest v
using 10 spanning-forest-def by blast
next
show arc ?e
using assms(16) minarc-arc minarc-bot-iff by blast
next
show reqular ?F
using 3 regular-closed-star reqular-conv-closed reqular-mult-closed by auto
next
show ?7F < forest-components (?F M %v)
by (simp add: 12 2 8 kruskal-forest-components-inf)
next
show regular %v
using 10 spanning-forest-def by blast
next
show %v % 2T = bot
using 13 by auto
next
show ?e¢ x 2F x ?e = bot
by (simp add: 6)
next
show 2eT < 20*
using 211 by auto

next
show ?e # bot
by (simp add: assms(16))
qed
show minimum-spanning-forest 2w g
proof (unfold minimum-spanning-forest-def, intro conjl)
have (?v M —2i) x %eT < 2y x 2eT
using inf-lel mult-left-isotone by simp
hence (v M — %) x ?eT = bot
using 13 le-bot by simp
hence 221: %e x (2o 1 —2i)T = bot
using conv-dist-comp conv-involutive conv-bot by force
have 222: injective ?w
proof (rule injective-sup)
show injective (v M — %)
using 8 by (simp add: injective-inf-closed)
next
show coreflerive (?e x (7v M —2i)7T)
using 221 by simp
next
show injective %e
by (metis arc-injective minarc-arc coreflexive-bot-closed
coreflexive-injective minarc-bot-iff)
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qed
show spanning-forest 2w g
proof (unfold spanning-forest-def, intro conjl)
show injective ?w
using 222 by simp
next
show acyclic ?w
proof (rule kruskal-exchange-acyclic-inv-2)
show acyclic ?v
using 10 spanning-forest-def by blast
next
show injective %v
using 8 by simp
next
show 77 <%y
using inf.coboundedl1 by simp
next
show bijective (27 * top)
using 212 by simp
next
show bijective (?e * top)
using 14 212 by (smt assms(4) comp-inf.idempotent-bot-closed
conv-complement minarc-arc minarc-bot-iff p-bot reqular-closed-bot
semiring.mult-not-zero symmetric-top-closed)
next
show 2 < top * 2eT x%v
using 19 by simp
next
show %v * 2T % top = bot
using 13 by simp
qed
next
have 2w < 20 LU Ze
using inf-lel sup-left-isotone by simp
also have ... < ——g U %e
using 10 sup-left-isotone spanning-forest-def by blast
also have ... < ——g LI ——h
proof —
have 1: ——¢g < ——g U ——h
by simp
have 2: %e < ——g U ——h
by (metis inf.coboundedlIl inf.sup-monoid.add-commute minarc-below
order.trans p-dist-inf p-dist-sup sup.coboundedl)
thus ?thesis
using 1 2 by simp
qed
also have ... < ——¢g
using assms(18, 19) by auto
finally show %w < ——g

T %
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by simp
next
have 223: ?i < (?v 1 —2i)T* x 2T x top
proof (rule boruvka-exchange-spanning-inv)
show forest ?v
using 10 spanning-forest-def by blast
next
show 72v* x 2eT = 2eT
using 13 by (smt conv-complement conv-dist-comp conv-involutive
conv-star-commute dense-pp fe-top regqular-closed-top star-absorb)
next
show 2 < 2u M top * 2T % 2wT™
using 18 inf.sup-monoid.add-assoc by auto
next
show arc ?¢
using 212 by blast
next
show arc ?e
using assms(16) minarc-arc minarc-bot-iff by auto
next
show %v < ——g
using 10 spanning-forest-def by blast
next
show 2w < ——g
proof —
have 2231: %e < ——g
by (metis inf.boundedE minarc-below pp-dist-inf)
have 2w < 20 U %e
using inf-lel sup-left-isotone by simp
also have ... < ——g
using 2231 10 spanning-forest-def sup-least by blast
finally show ?thesis
by blast
qed
next
show %e < ——g
by (metis inf.boundedE minarc-below pp-dist-inf)
next
show components g < forest-components ?v
by (simp add: 9)
qed
have components g < forest-components %v
using 10 spanning-forest-def by auto
also have ... < forest-components ?w
proof (rule kruskal-exchange-forest-components-inv)
next
show injective ((2v M — %) U %e)
using 222 by simp
next
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show regular ?i
using 15 by simp
next
show %e x top x %e = %e
by (metis arc-top-arc minarc-arc minarc-bot-iff semiring.mult-not-zero)
next
show 2 < top * 2eT x ¢
using 19 by blast
next
show v % 2T x top = bot
using 18 by simp
next
show injective %v
using § by simp
next
show 27 < 2p
by (simp add: le-infI1)
next
show 7 < (20 11 —2))T* x 2T x top
using 223 by blast
qged
finally show components g < forest-components ?w
by simp
next
show regular ?w
using 3 7 regular-conv-closed by simp
qed
next
have 224: ?e M g # bot
using assms(16) inf.left-commute inf-bot-right minarc-meet-bot by fastforce
have 225: sum (?e M g) < sum (% M g)
proof (rule a-to-e-in-forest-modulo-equivalence)
show symmetric g
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def
by auto
next
show j # bot
by (simp add: assms(17))
next
show f < —— ¢
by (simp add: assms(3))
next
show wvector j
using assms(6) boruvka-inner-invariant-def by blast
next
show forest h
by (simp add: assms(8))
next
show forest-modulo-equivalence (forest-components h) d

UT*
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by (simp add: assms(9))
next
show fU fT =hruURT LUdUudT
by (simp add: assms(12))
next
show V a b. forest-modulo-equivalence-path a b (?H) d AN a < — ¢?H 1 — —
gAb<d— sum (bM g) < sum (a M g)
by (simp add: assms(13))
next
show regular d
using assms(14) by auto
next
show %e = %e
by simp
next
show arc 7
using 212 by blast
next
show forest-modulo-equivalence-path ?i e ?H (d U ?e)
proof —
have d” x ?H x %e = bot
using assms(6, 7, 10 ,11, 17) dT-He-eq-bot le-bot by blast
hence 251: d¥ * ?H x %e < (?H * d)* * ?H * %e
by simp
hence dT x ?H * ?H x %e < (?H % d)* * ?H * %e
by (metis assms(8) forest-components-star star.circ-decompose-9
mult-assoc)
hence d7 x (?H x d)* x ?H % %e < (?H % d)* = ?H * e
proof —
have dT x ?H x d < 1
using assms(9) forest-modulo-equivalence-def dTransHd-le-1 by blast
hence d” * ?H + d + (?H % d)* * ?H x %e < (?H % d)* * ?H * %e
by (metis mult-left-isotone star.circ-circ-mult star-involutive star-one)
hence d” * ?H * %e Ll d¥ % ?H x d x (?H x d)* x ?H * %e < (?H *
d)* « ?H % %e
using 251 by simp
hence dT * (1 U ?H % d * (?H * d)*) x ?H * ?e < (?H x d)* x ?H * %e
by (simp add: comp-associative comp-left-dist-sup
semiring. distrib-right)
thus ?thesis
by (simp add: star-left-unfold-equal)
ged
hence ?H * d¥ % (?H * d)* * ?H x %e < ?H % (?H x d)* x ?H * ?e
by (simp add: mult-right-isotone mult-assoc)
hence ?H % d¥ + (?H % d)* * ?H x %e < ?H x ?H % (d » ?H)* * e
by (smt star-slide mult-assoc)
hence ?H * d¥ x (?H * d)* * ?H x %e < ?H * (d * ?H)*  %e
by (metis assms(8) forest-components-star star.circ-decompose-9)
hence ?H % d¥ % (?H % d)* * ?H x %e < (?H % d)* * ?H * %e
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using star-slide by auto
hence ?H * d * (?H % d)* * ?H * %e U ?H * d¥ % (?H % d)* * ?H * ?e
< (%H % d)* x 7H x e
by (smt le-supl star.circ-loop-fizpoint sup.cobounded? sup-commute
mult-assoc)
hence (?H x (d U d7)) * (?H % d)* * ?H x ?e < (?H % d)* * ?H x ?e
by (simp add: semiring.distrib-left semiring.distrib-right)
hence (?H x (d U d7))* x (?H x d)* x ?H % %e < (?H x d)*  ?H * e
by (simp add: star-left-induct-mult mult-assoc)
hence 252: (?H * (d U dT))* * ?H x %e < (?H * d)* = ?H * %e
by (smt mult-left-dist-sup star.circ-transitive-equal star-slide star-sup-1
mult-assoc)
have 2 < top * 2eT x 2F
by auto
hence 27 < 2FT % 2¢TT « topT
by (simp add: conv-dist-comp conv-dist-inf mult-assoc)
hence %7 x top < 2FT % 27T «x top” * top
using comp-isotone by blast

also have ... = 2F7T x 2¢7T x top™
by (simp add: vector-mult-closed)
also have ... = 2F % 2¢T7T « topT
by (simp add: conv-dist-comp conv-star-commaute)
also have ... = 2F x Ze x top
by simp
also have ... = (?H * (d U dT))* x ?H  ?e * top

using assms(2, 8, 12) F-is-H-and-d by simp
also have ... < (?H * d)* = ?H x %e * top
by (simp add: 252 comp-isotone)
also have ... < (?H * (d U %e))* « ?H x e x top
by (simp add: comp-isotone star-isotone)
finally have 27 x top < (?H * (d U ?e))* x ?H x e x top
by blast
thus ?thesis
using 212 assms(16) forest-modulo-equivalence-path-def minarc-arc
minarc-bot-iff by blast
qed
next
show 9 < — ?HM —— g
proof —
have forest-components h < forest-components f
using assms(2, 8, 12) H-below-F by blast
then have 241: 721 < —%H
using 16 assms(9) inf.order-lesseq-imp p-antitone-iff by blast
have %t < —— ¢
using 10 inf.coboundedll spanning-forest-def by blast
thus ?thesis
using 241 inf-greatest by blast
qged
next
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show regular h
using assms(18) by auto
qed
have %0 M %e M —% = bot
using 14 by simp
hence sum (w M g) = sum (v N —2 M g) + sum (%e N g)
using sum-disjoint inf-commute inf-assoc by simp
also have ... < sum (v M —% M g) + sum (% M g)
using 224 225 sum-plus-right-isotone by simp

also have ... = sum (((v 1 —=%) U %) M g)
using sum-disjoint inf-le2 pseudo-complement by simp
also have ... = sum ((Pv U %) N (=% U %)M g)
by (simp add: sup-inf-distrib2)
also have ... = sum ((%v U %) M g)
using 15 by (metis inf-top-right stone)
also have ... = sum (%v N g)

by (simp add: inf.sup-monoid.add-assoc)
finally have sum (?w M g) < sum (%v N g)
by simp
thus Vu . spanning-forest u g — sum (2w M g) < sum (u M g)
using 2 11 minimum-spanning-forest-def by auto
qed
next
have 2f < f U fT U %
by (smt conv-dist-inf inf-lel sup-left-isotone sup-mono inf.order-lesseq-imp)
also have ... < (oM =2 M —27) U (2T 11 =211 —2T) U %
using 20 sup-left-isotone by simp
also have ... < (v —%) U (207 M —2i N —2T) U %e
by (metis inf.coboundedl sup-inf-distrib2)
also have ... = 2w U (20T 1 —2i 1 —27T)
by (simp add: sup-assoc sup-commute)
also have ... < 2w U (20T 1 —2T)
using inf.sup-right-isotone inf-assoc sup-right-isotone by simp
also have ... < 2w U 2wT
using conv-complement conv-dist-inf conv-dist-sup sup-right-isotone by simp
finally show ?f < %w U 2w’
by simp
qed
thus ?thesis by auto
qed

lemma boruvka-outer-invariant-when-e-not-bot:
assumes boruvka-inner-invariant j f h g d
and j # bot
and selected-edge h j g < — forest-components f
and selected-edge h j g # bot
shows boruvka-outer-invariant (f M — selected-edge h j g M — path fh j g U (f
M — selected-edge h j g7 M path fh j g)T U selected-edge h j g) g
proof —
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let ?c = choose-component (forest-components h) j
let ?p = path fhjg
let ?F = forest-components f
let ?H = forest-components h
let ?e = selected-edge h j g
let 2f' = fm—27 N —2pu(fn—27n 2%)7 U %
let 2d’ = d U %e
let 2j' =M —%c
show boruvka-outer-invariant ?f' g
proof (unfold boruvka-outer-invariant-def, intro conjl)
show symmetric g
by (meson assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def)
next
show injective 2f’
proof (rule kruskal-injective-inv)
show injective (f M — ?eT)
by (meson assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def injective-inf-closed)
show covector (?p)
using covector-mult-closed by simp
show 7p x (f M — 2e1)T < #p
by (simp add: mult-right-isotone star.left-plus-below-circ star-plus
mult-assoc)
show %e < 7p
by (meson mult-left-isotone order.trans star-outer-increasing top.extremum)
show 7p x (f M — 2e1)T < — 7%
proof —
have ?p  (f 1 — 21T < 2p x fT
by (simp add: conv-dist-inf mult-right-isotone)
also have ... < top x ?e x (f)T* x fT
using conv-dist-inf star-isotone comp-isotone by simp
also have ... < — %e
using assms(1, 4) boruvka-inner-invariant-def boruvka-outer-invariant-def
kruskal-injective-inv-2 minarc-arc minarc-bot-iff by auto
finally show ?thesis .
qed
show injective (?e)
by (metis arc-injective coreflexive-bot-closed minarc-arc minarc-bot-iff
semiring.mult-not-zero)
show coreflexive (7p7 x 2p 11 (f M — 2eT)T x (f 1 — 2eT))
proof —
have (?pT x Zp 11 (f 11— 2eT)T x (f 1 — 2eT)) < 2pT x 2p 1 fT % f
using conv-dist-inf inf.sup-right-isotone mult-isotone by simp
also have ... < (top * %e * f7*)T x (top * %e * f1*) M fT % f
by (metis comp-associative comp-inf.coreflexive-transitive
comp-inf.mult-right-isotone comp-isotone conv-isotone inf.coboundedl inf.idem
inf.sup-monoid.add-commute star-isotone top.extremum)
also have ... < 1
using assms(1, 4) boruvka-inner-invariant-def boruvka-outer-invariant-def
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kruskal-injective-inv-3 minarc-arc minarc-bot-iff by auto
finally show ?thesis
by simp
qed
qed
next
show acyclic ?f'
proof (rule kruskal-acyclic-inv)
show acyclic (f M — Zel)
proof —
have f-intersect-below: (f M — ?eT) < f by simp
have acyclic f
by (meson assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def)
thus ?thesis
using comp-isotone dual-order.trans star-isotone f-intersect-below by blast
qed
next
show covector ?p
by (metis comp-associative vector-top-closed)
next
show (f M — 2eT M 2p)T % (f M — 2eT)* x 2e = bot
proof —
have %e < — (fT* % f*)
by (simp add: assms(3))
hence ?e * top x ?e < — (f1*  f*)
by (metis arc-top-arc minarc-arc minarc-bot-iff semiring.mult-not-zero)
hence 7e” * top x 2eT < — (f7* x )T
by (metis comp-associative conv-complement conv-dist-comp conv-isotone
symmetric-top-closed)
hence 7e’ * top x 2T < — (fI* x f*)
by (simp add: conv-dist-comp conv-star-commute)
hence e * (f1* % f*) * %e < bot
using triple-schroeder-p by auto
hence 1: % x fT* % f* x %e < bot
using mult-assoc by auto
have 2: (f N — 2eT)T* < fT*
by (simp add: conv-dist-inf star-isotone)
have (f M — 2T 1 2p)T « (F M1 — 2eT)* % 2e < (f M 2p)T % (f M — 2eT)*
x Ze
by (simp add: comp-isotone conv-dist-inf inf.orderl
inf.sup-monoid.add-assoc)
also have ... < (f 1 2p)T % f* x %e
by (simp add: comp-isotone star-isotone)
also have ... < (f M top * Ze x (f)T*)T % f* x %e
using 2 by (metis comp-inf.comp-isotone comp-inf.coreflexive-transitive
comp-isotone conv-isotone inf.idem top.extremum)
also have ... = (fT 1 (top * %e * fT)T) x f* x ?e
by (simp add: conv-dist-inf)
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also have ... < top * (f7 1 (top * Ze x fT)T) % f* x %e
using top-left-mult-increasing mult-assoc by auto
also have ... = (top M top * Ze * f7*) * f1 % f* x %
by (smt covector-comp-inf-1 covector-mult-closed order.eq-iff
inf.sup-monoid.add-commute vector-top-closed)
also have ... = top * Ze x f1* x fT % f* x %e
by simp
also have ... < top * %e * fT* % f* % %e
by (smt conv-dist-comp conv-isotone conv-star-commaute mult-left-isotone
mult-right-isotone star.left-plus-below-circ mult-assoc)
also have ... < bot
using 1 covector-bot-closed le-bot mult-assoc by fastforce
finally show ?thesis
using le-bot by auto
qed
next
show Ze x (f M — 2eT)* x %e = bot
proof —
have 1: % < — ?F
by (simp add: assms(3))
have 2: injective f
by (meson assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def)
have 3: equivalence ?F
using 2 forest-components-equivalence by simp
hence 4: %7 = 2T x top = 2T
by (smt arc-conv-closed arc-top-arc covector-complement-closed
covector-conv-vector ex231e minarc-arc minarc-bot-iff pp-surjective
regular-closed-top vector-mult-closed vector-top-closed)
also have ... < — ?F using 1 8 conv-isotone conv-complement calculation
by fastforce
finally have 5: e x 2F x ?e = bot
using 4 by (smt triple-schroeder-p le-bot pp-total regular-closed-top
vector-top-closed)
have (f M — 2eT)* < f*
by (simp add: star-isotone)
hence ?e x (f M — 2eT)* x %e < Pe * f* * e
using mult-left-isotone mult-right-isotone by blast
also have ... < %e x 2F x %¢
by (metis conv-star-commute forest-components-increasing
mult-left-isotone mult-right-isotone star-involutive)
also have 6: ... = bot
using 5 by simp
finally show ?thesis using 6 le-bot by blast
qed
next
show forest-components (f 1 —%eT) < — %e
proof —
have 1: %e < — 2F
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by (simp add: assms(3))
have f M — 2T < f
by simp
hence forest-components (f M — ?el) < ?F
using forest-components-isotone by blast
thus ?thesis
using 1 order-lesseq-imp p-antitone-iff by blast
qed
qed
next
show 7f' < ——¢g
proof —
have 1: (f M — 2eT' M — 2p) < ——g
by (meson assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def inf.coboundedIl)
have 2: (f N — 27 1 p)T < ——¢g
proof —
have (f M — 2eT 1 2p)T < fT
by (simp add: conv-isotone inf.sup-monoid.add-assoc)
also have ... < ——¢g
by (metis assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def conv-complement conv-isotone)
finally show ?thesis
by simp
qed
have 3: %¢ < ——yg
by (metis inf.boundedE minarc-below pp-dist-inf)
show ?thesis using 1 2 3
by simp
qed
next
show regular 2f’
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def
minarc-reqular reqular-closed-star regular-conv-closed reqular-mult-closed by auto
next
show 3 w. minimum-spanning-forest w g A 2f' < w U w”
proof (rule exists-a-w)
show symmetric g
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def by
auto
next
show forest f
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def by
auto
next
show f < ——g
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def by
auto
next
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show regular f
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def by
auto
next
show (3w . minimum-spanning-forest w g A f < w U w?)
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def by
auto
next
show vector j
using assms(1) boruvka-inner-invariant-def by blast
next
show regular j
using assms(1) boruvka-inner-invariant-def by blast
next
show forest h
using assms(1) boruvka-inner-invariant-def by blast
next
show forest-modulo-equivalence (forest-components h) d
using assms(1) boruvka-inner-invariant-def by blast
next
show d x top < — j
using assms(1) boruvka-inner-invariant-def by blast
next
show forest-components h x j = j
using assms(1) boruvka-inner-invariant-def by blast
next
show f U fT =huUn” UdudT
using assms(1) boruvka-inner-invariant-def by blast
next
show (V a b . forest-modulo-equivalence-path a b (forest-components h) d A
a < —(forest-components h) M —— g A b < d — sum(b M g) < sum(a M g))
using assms(1) boruvka-inner-invariant-def by blast
next
show reqular d
using assms(1) boruvka-inner-invariant-def by blast
next
show selected-edge h j g < — forest-components f
by (simp add: assms(3))
next
show selected-edge h j g # bot
by (simp add: assms(4))
next
show j # bot
by (simp add: assms(2))
next
show reqular h
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def by
auto
next
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show h < ——g
using H-below-reqular-g assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def by auto
qed
qged
qed

lemma second-inner-invariant-when-e-not-bot:
assumes boruvka-inner-invariant j f h g d
and j # bot
and selected-edge h j g < — forest-components f
and selected-edge h j g # bot
shows boruvka-inner-invariant
(j M — choose-component (forest-components h) 7)
(f N — selected-edge h j g* M — path fhj g U
(f M — selected-edge h j g% M path fhj g)T U
selected-edge h j g)
h g (d U selected-edge h j g)
proof —
let ?c = choose-component (forest-components h) j
let ?p = path fhjg
let ?F = forest-components f
let ?H = forest-components h
let ?e = selected-edge h j g
let 2f/=fn—2T N —2u(fn—2"n 2T U %
let 2d'=d U %e
let /' =jMN —%
show boruvka-inner-invariant 2§’ ¢f' h g 2d’
proof (unfold boruvka-inner-invariant-def, intro conjl)
show 1: boruvka-outer-invariant ?f' g
using assms(1, 2, 8, 4) boruvka-outer-invariant-when-e-not-bot by blast
next
show ¢ # bot
using assms(1) boruvka-inner-invariant-def by force
next
show regular ?d’
using assms(1) boruvka-inner-invariant-def minarc-reqular by auto
next
show reqular %5’
using assms(1) boruvka-inner-invariant-def by auto
next
show wvector %j’
using assms(1, 2) boruvka-inner-invariant-def component-is-vector
vector-complement-closed vector-inf-closed by simp
next
show reqular h
by (meson assms(1) boruvka-inner-invariant-def)
next
show injective h
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by (meson assms(1) boruvka-inner-invariant-def)
next
show pd-kleene-allegory-class.acyclic h
by (meson assms(1) boruvka-inner-invariant-def)
next
show ?H * ?j' = 2§’
using fc-j-eq-j-inv assms(1) boruvka-inner-invariant-def by blast
next
show forest-modulo-equivalence ?H ?d’
using assms(1, 2, 8) forest-modulo-equivalence-d-U-e
boruvka-inner-invariant-def boruvka-outer-invariant-def by auto
next
show 2d’ * top < —?j'
proof —
have 31: ?d’ x top = d * top L ?e x top
by (simp add: mult-right-dist-sup)
have 32: d * top < —?j'
by (meson assms(1) boruvka-inner-invariant-def inf.coboundedl!
p-antitone-iff)
have regular (?c x — ?cT)
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def
component-is-reqular reqular-conv-closed reqular-mult-closed by presburger
then have minarc(?c * — 2¢T' M g) = minarc(?c M — 2¢T M g)
by (metis component-is-vector covector-comp-inf inf-top.left-neutral
vector-conv-compl)
also have ... < —— (2c 1 — 2¢7' 1 g)
using minarc-below by blast
also have ... < —— ?¢
by (simp add: inf.sup-monoid.add-assoc)
also have ... = %¢c
using component-is-reqular by auto
finally have ?e < ?c
by simp
then have ?e % top < ?¢
by (metis component-is-vector mult-left-isotone)
also have ... < —j U Zc
by simp
also have ... = — (j M — %¢)
using component-is-reqular by auto
finally have 33: e x top < — (j M — %c)
by simp
show ?thesis
using 31 32 33 by auto
qed
next
show 2f'U 2f" = hu R U 2d' U 2d™
proof —
have 7f' U ?fT =fm— 2" m—2pu(fn—27"n 2T U 2U(fn -
2l — 2p)T L (fn— 27 M 2p) L 2eT
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by (simp add: conv-dist-sup sup-monoid.add-assoc)
alsohave ... = (f M — 2T M — Zp) U (F 1 — 2T 1 2p) LU (f 11— 2eT 1
o)l L (fn— 2T — 2p)T U 2eT U Ze
by (simp add: sup.left-commute sup-commute)
also have ... = f U f7' L %e U 2eT
proof (rule simplify-f)
show reqular ?p
using assms(1) boruvka-inner-invariant-def boruvka-outer-invariant-def
minarc-reqular reqular-closed-star regular-conv-closed reqular-mult-closed by auto
next
show regular ?e
using minarc-regular by blast
qed
alsohave ... = h U AT U d U d¥ U Ze U 2eT
using assms(1) boruvka-inner-invariant-def by auto
finally show ?Zthesis
by (smt conv-dist-sup sup.left-commute sup-commute)
qed
next
show V a b . forest-modulo-equivalence-path a b ?H ?d’ N a < — ?HM —— g
ANb< 2d— sum (b g) < sum (a T g)
proof (intro alll, rule impl, unfold forest-modulo-equivalence-path-def)
fix a b
assume 1: (arc a A arc b A aT = top < (?H x 2d')* * ?H = b x top) A a <
—PHMN ——gAb< 2d
thus sum (b1 g) < sum (a N g)
proof (cases b = ?e)
case b-equals-e: True
thus ?thesis
proof (cases a = %e)
case True
thus ?thesis
using b-equals-e by auto
next
case a-ne-e: Fualse
have sum (b1 g) < sum (a M g)
proof (rule a-to-e-in-forest-modulo-equivalence)
show symmetric g
using assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def by auto
next
show j #£ bot
by (simp add: assms(2))
next
show f < —— ¢
using assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def by auto
next
show vector j
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using assms(1) boruvka-inner-invariant-def by blast
next
show forest h
using assms(1) boruvka-inner-invariant-def by blast
next
show forest-modulo-equivalence (forest-components h) d
using assms(1) boruvka-inner-invariant-def by blast
next
show fU fT =hUhT Udud”
using assms(1) boruvka-inner-invariant-def by blast
next
show V a b. forest-modulo-equivalence-path a b (YH) d N a < — ?H N —
—gANb<d— sum (bMN g) < sum (a M g)
using assms(1) boruvka-inner-invariant-def by blast
next
show regular d
using assms(1) boruvka-inner-invariant-def by blast
next
show b = %e
using b-equals-e by simp
next
show arc a
using 1 by simp
next
show forest-modulo-equivalence-path a b ?H ?d’
using 1 forest-modulo-equivalence-path-def by simp
next
show a < — ?HM —— ¢
using 1 by simp
next
show reqular h
using assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def by auto
qed
thus ?thesis
by simp
qged
next
case b-not-equal-e: False
then have b-below-d: b < d
using 1 assms(4) different-arc-in-sup-arc minarc-arc minarc-bot-iff by
metis
thus ?thesis
proof (cases %e < d)
case True
then have forest-modulo-equivalence-path a b ?H d N b < d
using 1 forest-modulo-equivalence-path-def sup.absorbl by auto
thus ?thesis
using 1 assms(1) boruvka-inner-invariant-def by blast
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next
case e-not-less-than-d: Fulse
have 71:equivalence ?H
using assms(1) feh-equivalence boruvka-inner-invariant-def by auto
then have 72: forest-modulo-equivalence-path a b ?H ?d’ <—
forest-modulo-equivalence-path a b ?H d \V (forest-modulo-equivalence-path a %e
¢H d N forest-modulo-equivalence-path %e b ?H d)
proof (rule forest-modulo-equivalence-path-split-disj)
show arc ?e
using assms(4) minarc-arc minarc-bot-iff by blast
next
show regular a A reqular b A regular ?e N regular d N regular ?H
using assms(1) 1 boruvka-inner-invariant-def
boruvka-outer-invariant-def arc-reqular minarc-regular regular-closed-star
reqular-conv-closed regular-mult-closed by auto
qed
thus ?thesis
proof (cases forest-modulo-equivalence-path a b 7H d)
case True
have forest-modulo-equivalence-path a b ?H d N b < d
using I True forest-modulo-equivalence-path-def sup.absorbl by (metis
assms(4) b-not-equal-e minarc-arc minarc-bot-iff different-arc-in-sup-arc)
thus ?thesis
using 1 assms(1) b-below-d boruvka-inner-invariant-def by auto
next
case Fulse
have 73:forest-modulo-equivalence-path a ?e ?H d A
forest-modulo-equivalence-path ?e b ?H d
using 1 72 False forest-modulo-equivalence-path-def by blast
have 7/: %7e < ——g
by (metis inf.boundedE minarc-below pp-dist-inf)
have ?H < ?F
using assms(1) H-below-F boruvka-inner-invariant-def
boruvka-outer-invariant-def by blast
then have %¢ < — ?H
using assms(3) order-trans p-antitone by blast
then have %¢ < — H M ——g
using 74 by simp
then have 75: sum (b1 g) < sum (%e M g)
using assms(1) b-below-d 78 boruvka-inner-invariant-def by blast
have 76: forest-modulo-equivalence-path a ?e ?H 2d’
by (meson 78 forest-modulo-equivalence-path-split-disj assms(1)
forest-modulo-equivalence-path-def boruvka-inner-invariant-def
boruvka-outer-invariant-def fch-equivalence arc-reqular reqular-closed-star
regular-conv-closed regqular-mult-closed)
have 77: sum (?e N g) < sum (a N g)
proof (rule a-to-e-in-forest-modulo-equivalence)
show symmetric g
using assms(1) boruvka-inner-invariant-def
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boruvka-outer-invariant-def by auto
next
show j # bot
by (simp add: assms(2))
next
show f < —— g
using assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def by auto
next
show vector j
using assms(1) boruvka-inner-invariant-def by blast
next
show forest h
using assms(1) boruvka-inner-invariant-def by blast
next
show forest-modulo-equivalence (forest-components h) d
using assms(1) boruvka-inner-invariant-def by blast
next
show fU fT =hruURT LUdUdT
using assms(1) boruvka-inner-invariant-def by blast
next
show Va b. forest-modulo-equivalence-path a b (?H) d N a < — ?H N
——gAb<d— sum (bNg) < sum (a N g)
using assms(1) boruvka-inner-invariant-def by blast
next
show regular d
using assms(1) boruvka-inner-invariant-def by blast
next
show ?e = %¢
by simp
next
show arc a
using 1 by simp
next
show forest-modulo-equivalence-path a ?e 2H 2d’
by (simp add: 76)
next
show a < — H M ——g
using 1 by simp
next
show regular h
using assms(1) boruvka-inner-invariant-def
boruvka-outer-invariant-def by auto
qed
thus ?thesis
using 75 order.trans by blast
qed
qged
qed
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qed
qed
qed

lemma second-inner-invariant-when-e-bot:
assumes selected-edge h j g = bot
and selected-edge h j g < — forest-components f
and boruvka-inner-invariant j fh g d
shows boruvka-inner-invariant
(j M — choose-component (forest-components h) 7)
(f M — selected-edge h j g7 T — path fhj g U
(f M — selected-edge h j g% ™ path fhj g)T U
selected-edge h j g)
h g (d U selected-edge h j g)
proof —
let ?c = choose-component (forest-components h) j
let 9p = path fhjg
let ?F = forest-components f
let ?H = forest-components h
let ?e = selected-edge h j g
let o' =fn—2f n—2pu(fn—2Tn )T U 2
let 2d' = d U %e
let %' =j M —%c
show boruvka-inner-invariant 2§’ 2f' h g 2d’
proof (unfold boruvka-inner-invariant-def, intro conjl)
next
show boruvka-outer-invariant ?f' g
using assms(1) assms(8) boruvka-inner-invariant-def by auto
next
show ¢ # bot
using assms(3) boruvka-inner-invariant-def by blast
next
show regular ?d’
using assms(1) assms(8) boruvka-inner-invariant-def by auto
next
show regular 2§’
using assms(3) boruvka-inner-invariant-def by auto
next
show vector 2§’
by (metis assms(3) boruvka-inner-invariant-def component-is-vector
vector-complement-closed vector-inf-closed)
next
show regular h
using assms(3) boruvka-inner-invariant-def by blast
next
show injective h
using assms(3) boruvka-inner-invariant-def by blast
next
show pd-kleene-allegory-class.acyclic h
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using assms(3) boruvka-inner-invariant-def by blast
next
show ?H * ?2j' = ?j’
using assms(3) fe-j-eq-j-inv boruvka-inner-invariant-def by blast
next
show forest-modulo-equivalence ?H ?d’
using assms(1) assms(8) boruvka-inner-invariant-def by auto
next
show 2d’ * top < —?j'
using assms(1) assms(8) boruvka-inner-invariant-def by (metis order.trans
p-antitone-inf sup-monoid.add-0-right)
next
show 2f'U 2fT =hu BT U 2d'U 2d™
using assms(1, 3) boruvka-inner-invariant-def by auto
next
show VY a b. forest-modulo-equivalence-path a b ?H 2d'’ N a < —¢?H T ——g A b
< 2d" — sum(b M g) < sum(a M g)
using assms(1, 3) boruvka-inner-invariant-def by auto
qed
qed

4.5 Formalization and correctness proof

The following result shows that Bortvka’s algorithm constructs a minimum
spanning forest. We have the same postcondition as the proof of Kruskal’s
minimum spanning tree algorithm. We show only partial correctness.

theorem boruvka-mst:
VARS fjhced
{ symmetric g }
f = bot;
WHILE —(forest-components f) M g # bot
INV { boruvka-outer-invariant f g }

DO
j = top;
h:=f;
d := bot;

WHILE j # bot
INV { boruvka-inner-invariant j f h g d }
DO
¢ := choose-component (forest-components h) j;
e := minarc(c x —cT M g);
IF e < —(forest-components f) THEN
fi=fn—e;
Fi=N—(topxex fI) U (fMtop xex fIT U g
d:=dUe
ELSE
SKIP
FI,
ji=jMN—c

104



oD
0D
{ minimum-spanning-forest f g }
proof vcg-simp
assume [: symmetric g
show boruvka-outer-invariant bot g
using 1 boruvka-outer-invariant-def kruskal-exists-minimal-spanning by auto
next
fix f
let ?F = forest-components f
assume 1: boruvka-outer-invariant f g A — ¢F M g # bot
have 2: equivalence ?F
using 1 boruvka-outer-invariant-def forest-components-equivalence by auto
show boruvka-inner-invariant top f f g bot
proof (unfold boruvka-inner-invariant-def, intro conjl)
show boruvka-outer-invariant f g
by (simp add: 1)
next
show ¢ # bot
using 1 by auto
next
show surjective top
by simp
next
show reqular top
by simp
next
show regular bot
by auto
next
show regular f
using 1 boruvka-outer-invariant-def by blast
next
show injective f
using 1 boruvka-outer-invariant-def by blast
next
show pd-kleene-allegory-class.acyclic f
using 1 boruvka-outer-invariant-def by blast
next
show forest-modulo-equivalence ?F bot
by (simp add: 2 forest-modulo-equivalence-def)
next
show bot x top < — top
by simp
next
show times-top-class.total (7F)
by (simp add: star.circ-right-top mult-assoc)
next
show f U fT = f U fT U bot LI bot™
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by simp
next
show V a b. forest-modulo-equivalence-path a b ?F bot AN a < — ?F M —— g A
b < bot — sum (b1 g) < sum (a M g)
by (metis (full-types) forest-modulo-equivalence-path-def bot-unique
mult-left-zero mult-right-zero top.extremum,)
qed
next
fix fjhd
let ?c = choose-component (forest-components h) j
let ?p =path fhjg
let ?F = forest-components f
let ?H = forest-components h
let ?e = selected-edge h j g
let 2f'=fn -2 n—2u(fn—2"n 2’ U %
let 2d' = d U %e
let 2§/ =j M —%
assume 1: boruvka-inner-invariant j fh g d N j # bot
show (%e < —2F — boruvka-inner-invariant 2§’ 2f' h g 2d’) A (- %e < —¢F
— boruvka-inner-invariant 2§’ fh g d)
proof (intro conjl)
show %e < —?2F — boruvka-inner-invariant ?j' 2f' h g 2d’
proof (cases %e = bot)
case True
thus ?thesis
using 1 second-inner-invariant-when-e-bot by simp
next
case Fulse
thus ?thesis
using 1 second-inner-invariant-when-e-not-bot by simp
qed
next
show — %e < —2F — boruvka-inner-invariant 2§’ f h g d
proof (rule impl, unfold boruvka-inner-invariant-def, intro conjl)
show boruvka-outer-invariant f g
using 1 boruvka-inner-invariant-def by blast
next
show g # bot
using 1 boruvka-inner-invariant-def by blast
next
show wvector %'
using 1 boruvka-inner-invariant-def component-is-vector
vector-complement-closed vector-inf-closed by auto
next
show reqular 2§’
using 1 boruvka-inner-invariant-def by auto
next
show regular d
using 1 boruvka-inner-invariant-def by blast
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next
show reqular h
using 1 boruvka-inner-invariant-def by blast
next
show injective h
using 1 boruvka-inner-invariant-def by blast
next
show pd-kleene-allegory-class.acyclic h
using 1 boruvka-inner-invariant-def by blast
next
show forest-modulo-equivalence 7H d
using 1 boruvka-inner-invariant-def by blast
next
show d * top < —%j/
using 1 by (meson boruvka-inner-invariant-def dual-order.trans
p-antitone-inf)
next
show ?H * 2§/ = 2§’
using 1 fe-j-eq-j-inv boruvka-inner-invariant-def by blast
next
show f U fT =hunr” Udud”
using 1 boruvka-inner-invariant-def by blast
next
show - %e < —%F = Va b. forest-modulo-equivalence-path a b ?H d N a <
—?HM ——g A b<d— sum(b g) < sum(a g)
using 1 boruvka-inner-invariant-def by blast
qed
qed
next
fix fhd
assume boruvka-inner-invariant bot f h g d
thus boruvka-outer-invariant f g
by (meson boruvka-inner-invariant-def)
next
fix f
assume 1: boruvka-outer-invariant f g N\ — forest-components f M g = bot
hence 2:spanning-forest f g
proof (unfold spanning-forest-def, intro conjl)
show injective f
using 1 boruvka-outer-invariant-def by blast
next
show acyclic f
using 1 boruvka-outer-invariant-def by blast
next
show f < ——g
using 1 boruvka-outer-invariant-def by blast
next
show components g < forest-components f
proof —
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let ?F = forest-components f
have —2F M g < bot
by (simp add: 1)
hence ——g < bot LI ——¥9F
using 1 shunting-p p-antitone pseudo-complement by auto
hence ——g < ?F
using 1 boruvka-outer-invariant-def pp-dist-comp pp-dist-star
regular-conv-closed by auto
hence (——g)* < 2F*
by (simp add: star-isotone)
thus ?thesis
using 1 boruvka-outer-invariant-def forest-components-star by auto
qed
next
show regular f
using 1 boruvka-outer-invariant-def by auto
qed
from I obtain w where 3: minimum-spanning-forest w g A f < w U w”
using boruvka-outer-invariant-def by blast
hence w = w N ——g
by (simp add: inf.absorbl minimum-spanning-forest-def spanning-forest-def)
also have ... < w M components g
by (metis inf.sup-right-isotone star.circ-increasing)
also have ... < w n f7* « f*
using 2 spanning-forest-def inf.sup-right-isotone by simp
also have ... < f LI fT
proof (rule cancel-separate-6[where z=w and y=wT])
show injective w
using & minimum-spanning-forest-def spanning-forest-def by simp
next
show fT < w” Uw
using 3 by (metis conv-dist-inf conv-dist-sup conv-involutive inf.cobounded2
inf.orderFE)
next
show f < w” U w
using 8 by (simp add: sup-commute)
next
show injective w
using 3 minimum-spanning-forest-def spanning-forest-def by simp
next
show w M w’™* = bot
using 3 by (metis acyclic-star-below-complement comp-inf.mult-right-isotone
inf-p le-bot minimum-spanning-forest-def spanning-forest-def)
qed
finally have /: w < f U fT
by simp
have sum (f M g) = sum ((w U wT) 1 (f N g))
using 3 by (metis inf-absorb2 inf.assoc)
also have ... = sum (w M (f M g)) + sum (w? 11 (f M g))
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using 3 inf.commute acyclic-asymmetric sum-disjoint
minimum-spanning-forest-def spanning-forest-def by simp

also have ... = sum (w N (f M g)) + sum (w M (ff 1 g"))
by (metis conv-dist-inf conv-involutive sum-conv)

also have ... = sum (f M (w M g)) + sum (fF N (w N g))

proof —

have 51:fT M (wn g) = fF' N (wn g7
using 1 boruvka-outer-invariant-def by auto
have 52:f M (wMg)=wnN (fNg)
by (simp add: inf.left-commute)
thus ?thesis
using 51 52 abel-semigroup.left-commute inf.abel-semigroup-arioms by
fastforce
qed
also have ... = sum ((f U fT) 1 (w M g))
using 2 acyclic-asymmetric inf.sup-monoid.add-commute sum-disjoint
spanning-forest-def by simp
also have ... = sum (w M g)
using 4 by (metis inf-absorb2 inf.assoc)
finally show minimum-spanning-forest f g
using 2 8 minimum-spanning-forest-def by simp
qged

end

end
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