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Abstract

This work presents a formalization of the Quantum Fourier Trans-
form, a fundamental component of Shor’s factoring algorithm, with
proofs of its correctness and unitarity. The proof is carried out by
induction, relying on the algorithm’s recursive definition. This formal-
ization builds upon the Isabelle Marries Dirac quantum computing
library, developed by A. Bordg, H. Lachnitt, and Y. He.
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imports
Isabelle-Marries-Dirac. Deutsch
begin

1 Some useful lemmas
lemma gate-carrier-mat|simp]:

assumes gate n U
shows U € carrier-mat (27n) (27n)

proof

show dim-row U = 27n using gate-def assms by auto
next

show dim-col U = 27n using gate-def assms by auto
qed

lemma state-carrier-mat|[simp):
assumes state n
shows ¢ € carrier-mat (27n) 1

proof

show dim-row 1» = 27n using state-def assms by auto
next

show dim-col ¢y = 1 using state-def assms by auto
qed

lemma state-basis-carrier-mat|simp):
|state-basis n j) € carrier-mat (27n) 1
by (simp add: ket-vec-def state-basis-def)

lemma left-tensor-id[simp]:
assumes A € carrier-mat nr nc
shows (1,, 1) Q A=A
by auto

lemma right-tensor-id[simp):
assumes A € carrier-mat nr nc
shows A Q (1,, 1) = A
by auto

lemma tensor-carrier-mat|simpl:

assumes A € carrier-mat ra ca

and B € carrier-mat rb cb

shows A Q B € carrier-mat (raxrb) (caxcb)
proof

show dim-row (A @ B) = ra * rb using dim-row-tensor-mat assms by auto

show dim-col (A Q) B) = ca * cb using dim-col-tensor-mat assms by auto
qed

lemma smult-tensor[simp):



assumes dim-col A > 0 and dim-col B > 0
shows (a -y, 4) @ (b - B) = (axb) 1, (A Q B)
proof
fix 7 j:nat
assume ai:i < dim-row (a * b -, (A Q B)) and aj:j < dim-col (a % b -, (4
® B)
show (a -y AQ b B) $3 (4, 5) = ((a x b) -m, (A Q B)) 3% (4, 5)
proof —
define rA cA rB ¢B where rA = dim-row A and cA = dim-col A and rB =
dim-row B
and c¢B = dim-col B
have (a \m, A Q b1 B)$3(7, j) = (a -m A)$$(¢ div rB, j div ¢B)x(b -, B)$3(i
mod B, j mod cB)
proof (rule index-tensor-mat)
show dim-row (a -m A) = rA using rA-def by simp
show dim-col (a -, A) = cA using cA-def by simp
show dim-row (b -, B) = rB using rB-def by simp
show dim-col (b -,,, B) = ¢B using c¢B-def by simp
show i < rA x rB using ai rA-def rB-def smult-carrier-mat tensor-carrier-mat
by auto
show j < cA * c¢B using aj cA-def cB-def smult-carrier-mat tensor-carrier-mat
by auto
show 0 < cA using cA-def assms(1) by simp
show 0 < ¢B using cB-def assms(2) by simp
qed
also have ... = axA$3%(i div rB, j div ¢B)xbxB$$(i mod rB, j mod cB)
using index-smult-mat by (smt (verit) Fuclidean-Rings.div-eq-0-iff
ab-semigroup-mult-class.mult-ac(1) ai aj cB-def dim-col-tensor-mat dim-row-tensor-mat

less-mult-imp-div-less mod-less-divisor mult-0-right not-gr0 rB-def)

also have ... = (axb)x(A$$(i div rB, j div ¢B)xB3%3%(i mod rB, j mod cB)) by
auto

also have ... = (axb)x((A @ B) $$ (i,5))

proof —

have (A @ B) $$ (i,j) = A$3$(i div rB, j div ¢cB)*B$$(i mod rB, j mod c¢B)
using index-tensor-mat rA-def cA-def rB-def cB-def ai aj smult-carrier-mat
tensor-carrier-mat assms by auto
thus ?thesis by simp
qed
also have ... = ((axb) -y, (A @ B)) $$ (i,j) using indez-smult-mat(1)
by (metis ai aj index-smult-mat(2) indez-smult-mat(3))
finally show ?thesis by this
qed
next
show dim-row (a -y, A Q b - B) = dim-row (a x b -y, (A @Q B)) by simp
next
show dim-col (a +y A Q) b -y B) = dim-col (a x b -, (A @ B)) by simp
qed



lemma smult-tensor! [simpl:
assumes dim-col A > 0 and dim-col B > 0

shows a ', (AQ B)=(am A) Q B

proof —
have a -, (A Q B) = (ax1) -, (A Q B) by auto
also have ... = (a 1, A) @ (I -, B) using assms smult-tensor by simp
also have ... = (a 1, 4) @ B

by (metis eq-matl index-smult-mat(1) index-smult-mat(2) index-smult-mat(3)
mult-cancel-right1)
finally show ?thesis by this
qed

lemma set-list:
set [m..<n] = {m..<n}
by auto

lemma sumof2:
O k<(2:nat). fk)y=f0+ f1
by (metis One-nat-def Suc-1 add.left-neutral lessThan-0 sum.empty sum.less Than-Suc)

lemma sumof/:

O k<(4unat). fRy=f0+f1+f2+f3
proof —

have (> k<(4unat). f k) = sum f (set [0..<4]) using set-list atLeast-upt by
presburger

also have ... = f0 + (f (Suc 0) + (f 2 + [ 3)) by simp
alsohave...=f0+ f1 + f2 + f3 by (simp add: add.commute add.left-commute)
finally show ?thesis by this

qed

2 The operator Ry

definition R:: nat = complex Matriz.mat where
R k = mat-of-cols-list 2 [[1, 0],
[0, exp(2xpixi/27k)]]

3 The SWAP gate:

definition SWAP:: complex Matriz.mat where
SWAP = Matriz.mat 4 4 (A(4,§). if i=0 A j=0 then 1 else
if i=1 A j=2 then 1 else
if i=2 A j=1 then 1 else
if i=3 N j=8 then 1 else 0)

lemma SWAP-index:
SWAP $$ (0,0) = 1 A
SWAP $$ (0,1) = 0 A
SWAP $$ (0,2) = 0 A



SWAP $$ (0,3) = 0 A
SWAP $$ (1,0) = 0 A
SWAP $$ (1,1) = 0 A
SWAP $$ (1,2) = 1 A
SWAP $$ (1,8) = 0 A
SWAP $$ (2,0) = 0 A
SWAP $$ (2,1) = 1 A
SWAP $$ (2,2) = 0 A
SWAP $$ (2,8) = 0 A
SWAP $$ (3,0) = 0 A
SWAP $$ (3,1) = 0 A
SWAP $$ (3,2) = 0 A

SWAP $$% (3,3) = 1
by (simp add: SWAP-def)

lemma SWAP-nrows:
dim-row SWAP = 4
by (simp add: SWAP-def)

lemma SWAP-ncols:
dim-col SWAP = /J
by (simp add: SWAP-def)

lemma SWA P-carrier-mat[simpl:
SWAP € carrier-mat 4 4
using SWAP-nrows SWAP-ncols by auto

The SWAP gate indeed swaps the states of two qubits (it is not necessary
to assume unitarity)

lemma SWAP-tensor:
assumes u € carrier-mat 2 1
and v € carrier-mat 2 1
shows SWAP x (u @ v) =v @ u
proof
show dim-row (SWAP % (u Q) v)) = dim-row (v Q) u)
using SWAP-nrows assms(1) assms(2) by auto
next
show dim-col (SWAP x (u Q) v)) = dim-col (v @ u)
using SWAP-ncols assms by auto
next
fix i j:nat assume { < dim-row (v Q u) and j < dim-col (v @ u)
hence a3:7 < 4 and a4:j = 0 using assms by auto
thus (SWAP « (u @ ©v)) 83 (4, 7) = (v Q w) $$ (4, j)

proof —

define u0 where u0 = u $$ (0,0)
define u! where ul = u $$ (1,0)
define v0 where v0 = v $$ (0,0)
define v1 where vi = v $$ (1,0)
have vu0:(v @ u) $$ (0,0) = v0*u0 using index-tensor-mat assms u0-def



v0-def by auto

have vul:(v @ u) $$ (1,0) = v0*ul using index-tensor-mat assms ul-def
v0-def by auto

have vu2:(v @ u) $$ (2,0) = vi*ul using indez-tensor-mat assms u0-def
vi-def by auto

have vu3:(v @ u) $$ (3,0) = vi*ul using index-tensor-mat assms ul-def
vi-def by auto

have w0:(u @ v) $$ (0,0) = u0xv0 using indez-tensor-mat assms u0-def
v0-def by auto

have wvl:(u @ v) $$ (1,0) = u0xvl using indez-tensor-mat assms u0-def
vi-def by auto

have ww2:(u Q v) $% (2,0) = ulxv0 using indez-tensor-mat assms ul-def
v0-def by auto

have wv3:(u @ v) $$ (3,0) = ulxvl using indez-tensor-mat assms ul-def
vi-def by auto

have wvi:Matriz.vec 4 (A i. (v @ v) $$ (¢,0)) $ i = (v @ v) $$ (¢,0)
using a3 indez-vec by blast

have sw:V k<4. Matriz.vec 4 (X j. SWAP $$ (i,j)) $ k = SWAP $$ (i,k)
using a3 index-vec by auto

have s0:(SWAP x (u @ v)) $$ (i,0) = Matriz.vec (dim-col SWAP) (X j.
SWAP $$ (i.5)) -
Matriz.vec (dim-row (u @ v)) (X i. (u @ v) $$ (4,0))
by (metis Matriz.col-def Matriz.row-def SWAP-nrows i < 4> j < dim-col
(v Q@ u) =0

dim-col-tensor-mat index-mult-mat(1) mult.commute)

also have ... = Matriz.vec 4 (A j. SWAP $$ (i,5)) - Matriz.vec 4 (X i. (u @
v) $$ (¢,0))
using SWAP-ncols assms(1) assms(2) by fastforce
also have ... = (Y k<4. (Matriz.vec 4 (X j. SWAP $$ (i,7))) $ k) *

((Matriz.vec 4 (XA i. (v @ v) $$ (4,0))) $ k))

using scalar-prod-def by (metis calculation dim-vec lessThan-atLeast0)

also have ... = SWAP $$ (,0) * (v @ v) $3$ (0,0) +
SWAP $$ (i,1) *x (v @ v) $$ (1,0) +
SWAP $$ (4,2) x (v @ v) $% (2,0) +
SWAP $$ (4,3) * (u @ v) $$ (3,0)
using sumof} by auto
also have ... = SWAP $$ (i,0) * u0 * v0 +

3 (
SWAP $$ (i,1) * u0 = vl +
SWAP $$ (i,2) * ul * v0 +
SWAP 88 (,3) * ul * vl
using w0 wvl uv2 uvd by simp
also have ... = (v ® u) $$ (4,))
proof (rule disjE)
show (=0 V i=1 V {=2 V i=38 using a3 by auto
next
assume 0:1=0
hence SWAP $$ (4,0) * u0 * v0 +



SWAP $8$ (i,1) * u0 * vl +
SWAP $8$ (4,2) * ul = v0 +
SWAP $$ (4,3) * ul * vl =
SWAP $$ (0,0) * u0 * v0 +
SWAP $$ (0,1) * u0 x vl +
SWAP $$ (0,2) x ul * v0 +
SWAP $$ (0,3) * ul * vl by simp
also have ... = (v u) 8% (i, j) using i0 vu0 SWAP-index a4 by simp

finally show ?thesis by this
next
assume disj3:i =1V i=2Vi=3
show ?thesis
proof (rule disjE)
show ¢ = 1 V i = 2 V i = 3 using disj3 by this

next
assume 7/:1=1
hence SWAP $$ (4,0) * u0 * v0 +
SWAP $$ (i,1) * u0 * vl +
SWAP $$ (i,2) * ul * v0 +
SWAP $$ (4,3) * ul * vl =
SWAP $$ (1,0) * u0 * v0 +
SWAP $$ (1,1) * u0 * vl +
SWAP $$ (1,2) * ul * v0 +
SWAP $$ (1,3) * ul * vl by simp
also have ... = (v u) $$ (i, j) using il vul SWAP-index a4 by simp
finally show ?thesis by this
next

assume disj2:i = 2V i =3
show ?thesis
proof (rule disjE)
show ¢ = 2 V { = & using disj2 by this

next
assume 72:7=2
hence SWAP $$ (4,0) * u0 * v0 +
SWAP $$ (i,1) * u0 * vl +
SWAP $$ (i,2) x ul * v0 +
SWAP $$ (i,3) x ul * vl =
SWAP $$ (2,0) * u0 * v0 +
SWAP $$ (2,1) % u0 * vl +
SWAP $$ (2,2) % ul * v0 +
SWAP $$ (2,3) * ul * vl by simp
also have ... = (v @ u) $$ (i, j) using i2 vu2 SWAP-index aj by simp
finally show ?thesis by this
next

assume 13:1=3
hence SWAP $$ (4,0) * u0 *
SWAP $$

*
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SWAP $$ (3,0) * u0 * v0 +
SWAP $$ (3,1) * u0 % vl +
SWAP $$ (3,2) % ul % v0 +
SWAP $$ (3,3) * ul * vl by simp
also have ... = (v @ wu) $$ (7, §) using 8 vu3 SWAP-index a4 by simp
finally show ?thesis by this
qged
qed
qed
finally show ?thesis using a4 by simp
qed
qed

3.1 Downwards SWAP cascade

fun SWAP-down:: nat = complex Matriz.mat where
SWAP-down 0 = 1,, 1

| SWAP-down (Suc 0) = 1., 2

| SWAP-down (Suc (Suc 0)) = SW,

| SWAP-down (Suc (Suc n)) = ((1m ( n)) @ SWAP) % ((SWAP-down (Suc n))

Q (Im 2))

lemma SWA P-down-carrier-mat[simp):
shows SWAP-down n € carrier-mat (27n) (27n) (is 2P n)
proof (induct n rule: SWAP-down.induct)
show ?P 0 by auto
next
show ?P (Suc 0) by auto
next
show ?P (Suc (Suc 0)) using SWAP-carrier-mat by auto
next
fix n:nat
define k::nat where k = Suc n
assume HI:SWAP-down (Suc k) € carrier-mat (27 (Suc k)) (27 (Suc k))
show 2P (Suc (Suc k))
proof
have dim-row (SWAP-down (Suc (Suc k))) =
dim-row (1 (27k)) Q@ SWAP) % ((SWAP-down (Suc k)) @ (1m 2)))
using SWAP-down.simps(4) k- def by simp

also have ... = dim-row (1, (27k)) @ SWAP)) by simp
also have ... = (dim-row ((1,, (27k)))) * (dim-row SWAP) by simp
thus dim-row (SWAP-down (Suc (Suck))) = 2~ Suc (Suc k) using SWAP-nrows

indez-one-mat
by (simp add: calculation)
next
have dim-col (SWAP-down (Suc (Suc k))) =
dim-col (((1m (27k)) @ SWAP) x ((SWAP-down (Suc k)) @ (Im 2)))
using SWAP-down.simps(4) k-def by simp
also have ... = dim-col ((SWAP-down (Suc k)) Q@ (1, 2)) by simp



also have ... = dim-col (SWAP-down (Suc k)) * dim-col (1,, 2) by simp
thus dim-col (SWAP-down (Suc (Suc k))) = 2 ~ Suc (Suc k)
using SWA P-ncols index-one-mat calculation HI by simp
qed
qed

3.2 Upwards SWAP cascade

fun SWAP-up:: nat = complex Matriz.mat where
SWAP-up 0 = 1,, 1
| SWAP-up (Suc 0) = 1, 2
| SWAP-up (Suc (Suc 0)) = SWAP
| SWAP-up (Suc (Suc n)) = (SWAP @ (1m (27n))) * (Im 2) Q@ (SWAP-up
(Suc n)))

lemma SWA P-up-carrier-mat[simp]:

shows SWAP-up n € carrier-mat (27n) (27n) (is 2P n)
proof (induct n rule: SWAP-up.induct)

case I

then show ?case by auto
next

case 2

then show “case by auto
next

case 3

then show ?case by auto
next

case (4 v)

then show ?case using SWAP-nrows by fastforce
qed

4 Reversing qubits

In order to reverse the order of n qubits, we iteratively swap opposite qubits
(swap Oth and (n-1)th qubits, 1st and (n-2)th qubits, and so on).

fun reverse-qubits:: nat = compler Matriz.mat where
reverse-qubits 0 = 1,, 1
| reverse-qubits (Suc 0) = (1, 2)
| reverse-qubits (Suc (Suc 0)) = SWAP
| reverse-qubits (Suc n) = ((reverse-qubits n) Q (1m 2)) * (SWAP-down (Suc n))

lemma reverse-qubits-carrier-mat|[simp):
(reverse-qubits n) € carrier-mat (27n) (27n)

proof (induct n rule: reverse-qubits.induct)
case I
then show ?case by auto

next



case 2

then show ?case by auto
next

case 3

then show ?case by auto
next

case (4 va)

then show ?case

by (metis SWAP-down-carrier-mat carrier-matD(1) carrier-matD(2) carrier-matl
dim-row-tensor-mat

index-mult-mat(2) index-mult-mat(8) index-one-mat(2) power-Suc2 re-

verse-qubits.simps(4))
qed

5 Controlled operations

The two-qubit gate control2 performs a controlled U operation on the first
qubit with the second qubit as control

definition control2:: complex Matriz.mat = complex Matrix.mat where
control2 U = mat-of-cols-list 4 [[1, 0, 0, 0],

[0, U$$(0,0), 0, U$$(1,0)],
[0, 0, 1, 0],
[0, U$$(0,1), 0, U$$(1,1)]]

lemma control2-carrier-mat[simp):
shows control2 U € carrier-mat 4 4
by (simp add: Tensor.mat-of-cols-list-def control2-def numeral-Bit0)

lemma control2-zero:
assumes dim-row v = 2 and dim-col v = 1
shows control2 U x (v Q) |zero)) = v @ |zero)
proof
fix i j:nat
assume i < dim-row (v Q) |zero))
hence ij/:i < 4 using assms tensor-carrier-mat ket-vec-def by auto
assume j < dim-col (v Q) |zero))
hence j0:j = 0 using assms tensor-carrier-mat ket-vec-def by auto
show (control2 U x (v @ |zero))) $$ (i,j) = (v @ |zero)) $$ (i,7)
proof —
have (control2 U * (v @ |zero))) $$ (i,j) =
(>~ k<dim-row (v @ |zero)). control2 U $$ (i, k) * (v @ |zero)) $$ (k,
7))

using assms index-matriz-prod
by (smt (23) One-nat-def Suc-1 Tensor.mat-of-cols-list-def <i < dim-row (v
Q) |Deutsch.zero))»
j < dim-col (v Q) |Deutsch.zero))s add.commute add-Suc-right control2-def
dim-col-mat(1)

10



dim-row-mat(1) dim-row-tensor-mat ket-zero-to-mat-of-cols-list list.size(3)
list.size(4)
mult-2 numeral-Bit0 plus-1-eg-Suc sum.cong)
also have ... = (3 k</. control2 U $$ (i, k) = (v @ |zero)) $$ (k, j))
using assms tensor-carrier-mat ket-vec-def by auto
also have ... = control2 U $$ (i, 0) * (v @ |zero)) $
control2 U $$ (i, 1) * (v Q) |zero)) $% (1
control2 U $$ (i, 2) * (v Q) |zero)) $$ (2,
control2 U $$ (i, 8) * (v @ |zero)) $$ (3
using sumof4 jO by blast
also have ... = (v Q |zero)) $% (4,0)
proof (rule disjE)
show i =0V i=1Vi= 2V i= 3 using i} by auto
next
assume 0:¢ = 0
have c00:control2 U $$ (0,0) = 1
by (simp add: control2-def one-complex.code)
have c01:control2 U $$ (0,1) = 0
by (simp add: control2-def zero-complez.code)
have c02:control2 U $$ (0,2) = 0
by (simp add: control2-def zero-complez.code)
have c03:control2 U $$ (0,3) = 0
by (simp add: control2-def zero-complez.code)
have control2 U $$ (0, 0) x (v @ $
control2 U $$ (0, 1
control2 U $$ (0, 2
control2 U $$ (0, 3
x (v Q |zero)) $%
* (v @ |zero))
0 * (v @ |zero)) $$
x (v Q@ |zero)) $% (
using c00 c01 c02 c03 by simp
also have ... = (v Q |zero)) $3 (0, 0) by auto
finally show control2 U $$ (i, 0) Q) |Deutsch.zero

<

(v
control2 U $$ (i, 1) x (v @
control2 U $$ (i, 2) ®
control2 U $$ (i, 3) ®

*
*

| Deutsch.zero)) $
| Deutsch.zero)) $
| Deutsch.zero)) $

& P L

*
(v
(v
(v

(v @ |Deutsch.zero)) $$

using 0 by simp
next
assume id:i = 1 V ¢
show control2 U $$ (z
(4,
(i
(4,

(4, 0)

3

v

®

| Deutsch.zero)
| Deutsch.zero))
| Deutsch.zero))

| Deutsch.zero))
(v @ |Deutsch. zer> (i, 0)
proof (rule disjE)
show i =1 VvV i= 2V i= 3 using id by this
next

control2 U $$

control2 U $$ 1
i, 2
control2 U $$ 3

0 ) $
) $$
) $$
) $$

®®®

Vi
* (
(v
(v
(v
$$

)
)

~.

11



assume i1:7 = 1
have c10:control2 U $3$ (1,0) = 0
by (simp add: control2-def zero-complez.code)
have t10:(v Q |zero)) $$ (1,0) = 0
using indez-tensor-mat ket-vec-def Tensor.mat-of-cols-list-def
i < dim-row (v @ |Deutsch.zero))y j < dim-col (v Q) |Deutsch.zero))»
il
by fastforce
have c12:control2 U $$ (1,2) = 0
by (simp add: control2-def zero-complex.code)
have t30:(v @ |zero)) $$ (3,0) = 0
proof —
have (v Q) |zero)) $% (3,0) = v $$ (1,0) * |zero) $$ (1,0)
using indez-tensor-mat
by (smt (verit) Euclidean-Rings.div-eq-0-iff H-on-ket-zero-is-state
H-without-scalar-prod One-nat-def Suc-1 < < dim-col (v @
| Deutsch.zero))»
add.commute assms(1) dim-col-tensor-mat dim-row-mat(1) in-
dex-mult-mat(2) 350
ket-zero-is-state mod-less mod-less-divisor mod-mult2-eq mult-2
nat-0-less-mult-iff
numeral-3-eq-8 plus-1-eq-Suc pos2 state.dim-row three-div-two
three-mod-two)

also have ... = 0 by auto
finally show ?thesis by this
qged

show control2 U $$ (i,
control2 U $$ (i, 1
control2 U $$ (i, 2

) * (v | Deutsch.zero)

*k

*
contml? U $$ (i, 3) *

)

0

| Deutsch.zero))

(4, 0) = ( ) $
; (v & 33
(v @ |Deutsch.zero)) $$
(v @ $$
$$

$
(
(
| Deutsch.zero)) (

(i, 0)
by auto

(v @ |Deutsch.zero)
using ¢1 c10 t10 c12 t3
next

assume d2:i =2 V i =3

show control2 U $$ (i, 0) * (v @ |Deutsch.zero)) $$ (0, 0) +
control2 U $$ (i, 1) * (v @Q |Deutsch.zero)) $$ (1, 0) +
control2 U $$ (i, 2) * (v @ |Deutsch.zero)) $$ (2, 0) +
control2 U $$ (i, 3) * (v @ |Deutsch.zero)) $$ (3, 0) =
(v @ |Deutsch.zero)) $$ (i, 0)

proof (rule disjE)
show i =2V i=23
using id2 by this
next
assume 72:7 = 2
have ¢20:control2 U $$ (2,0) = 0
by (simp add: control2-def zero-complez.code)
have c21:control2 U $$ (2,1) = 0
by (simp add: control2-def zero-complex.code)
have ¢22:control2 U $$ (2,2) = 1

12



by (simp add: control2-def one-complex.code)
have ¢23:control2 U $$ (2,3) = 0
by (simp add: control2-def zero-complez.code)

show control2 U $$ (i, 0) * (v @ |Deutsch.zero)) $$ (0, 0) +
control2 U $$ (i, 1) * (v Q |Deutsch.zero)) $$ (1, 0) +
control2 U $$ (i, 2) * (v @ |Deutsch.zero)) $% (2, 0) +
control2 U $$ (i, 3) * (v Q |Deutsch.zero)) $% (3, 0) =

(v @ |Deutsch.zero)) $$ (i, 0)
using 2 c20 c21 c22 c23 by auto
next
assume 3:0 = &
have ¢30:control2 U $$ (3,0) = 0
by (simp add: control2-def zero-complex.code)
have t10:(v Q) |zero)) $$ (1,0) = 0
using indez-tensor-mat ket-vec-def Tensor.mat-of-cols-list-def
i < dim-row (v Q) |Deutsch.zero))y <j < dim-col (v Q) |Deutsch.zero))»
i3
by fastforce
have ¢32:control2 U $$ (5,2) = 0
by (simp add: control2-def zero-complex.code)
have t50:(v @ |zero)) $$ (3,0) = 0
proof —
have (v Q) |zero)) $8 (3,0) = v $3% (1,0) * |zero) $$ (1,0)
using indez-tensor-mat
by (smt (verit) Euclidean-Rings.div-eq-0-iff H-on-ket-zero-is-state
H-without-scalar-prod One-nat-def Suc-1 <j < dim-col (v @
| Deutsch.zero))»
add.commute assms(1) dim-col-tensor-mat dim-row-mat(1) in-
dex-mult-mat(2) 350
ket-zero-is-state mod-less mod-less-divisor mod-mult2-eq mult-2
nat-0-less-mult-iff
numeral-3-eq-3 plus-1-eq-Suc pos2 state.dim-row three-div-two
three-mod-two)

also have ... = 0 by auto
finally show ?thesis by this
qed
show control2 U $$ (i, 0) * (v @ |Deutsch.zero)) $$ (0, 0) +
control2 U $$ (i, 1) * (v @ |Deutsch.zero)) $$ (1, 0) +
control2 U $$ (i, 2) * (v @ |Deutsch.zero)) $% (2, 0) +
control2 U $$ (i, 3) = (v Q |Deutsch.zero)) $% (3, 0) =
$$ (4, 0)

*
(v @ |Deutsch.zero))
0

using i3 ¢30 t10 c32 t30 by auto
qged
qed
qed
finally show ?thesis using j0 by simp
qed
next

show dim-row (control2 U x (v Q) |Deutsch.zero))) = dim-row (v Q) |Deutsch.zero))

13



by (metis assms(1) carrier-matD(1) control2-carrier-mat dim-row-mat(1) dim-row-tensor-mat

index-mult-mat(2) index-unit-vec(3) ket-vec-def num-double numeral-times-numeral)
next
show dim-col (control2 U % (v Q) |Deutsch.zero))) = dim-col (v Q |Deutsch.zero))
using index-mult-mat(3) by blast
qed

lemma vtensorone-index|simp):
assumes dim-row v = 2 and dim-col v = 1
shows (v @ |one)) $$ (0,0) = 0 A

(v Q |one)) $$ (1,0) = v $$ (0,0) A
(v Q |one)) $8 (2,0) =0 A
(v @ |one)) $$ (3,0) = v $$ (1,0)

by (simp add: assms(1) assms(2) ket-vec-def)

lemma control2-one:

assumes dim-row v = 2 and dim-col v = 1 and dim-row U = 2 and dim-col
U=2

shows control2 U x (v @ |one)) = (Uxv) Q |one)
proof

fix i j:nat

assume i < dim-row ((Uxv) Q |one))

hence ilj:i < 4 by (simp add: assms(3) ket-vec-def)

assume j < dim-col ((Uxv) @ |one))

hence j0:j = 0 using assms ket-vec-def by simp

show (control2 U = (v Q |Deutsch.one))) $$ (7, j) = (U * v Q |Deutsch.one))
$$ (i, j)

proof —

have (control2 U * (v @ |one))) $$ (i,j) =
(> k<dim-row (v Q |one)). (control2 U) $$ (i, k) x (v Q |one)) $$ (k,

7))

using assms index-matriz-prod tensor-carrier-mat
proof —
have Am. dim-col (v Q m) = dim-col m
by (simp add: assms(2))
then have i < dim-row (control2 U) A 0 < dim-col (v Q Matriz.mat 2 1
(A(n, n). Deutsch.one $ n)) A dim-row (v Q Matriz.mat 2 1 (A(n, n). Deutsch.one
$ n)) = dim-col (control2 U)
by (smt (23) assms(1) carrier-matD(1) carrier-matD(2) control2-carrier-mat
dim-col-mat(1) dim-row-mat(1) dim-row-tensor-mat il mult-2 numeral-Bit0 zero-less-one-class.zero-less-one)
then show %thesis
by (simp add: j0 ket-vec-def)

qed

also have ... = (3" k</. control2 U $$ (i, k) * (v Q |one)) $3 (k, 7))
using assms tensor-carrier-mat ket-vec-def by auto

also have ... = control2 U $$ (i, 0) x (v Q |one)) $$ (0, 0) +

control2 U $$ (i, 1) x (v Q |one)) $$ (1, 0) +
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control2 U $$ (i, 2) x (v Q |one)) $% (2, 0) +
control2 U $$ (i, 3) * (v @ |one)) $3$ (3, 0)
using sumofj j0 by blast
also have ... = ((Uxv) @ |one)) $$ (4,0)
proof (rule disjE)
show i=0VvVi=1Vi=2Vi= 3 using i} by auto
next
assume 0:¢ = 0

thus control2 U $$ (4, 0) * (v @ |Deutsch.one)) $$ (0, 0) +
control2 U $$ (i, 1) * (v @Q |Deutsch.one)) $$ (1, 0) +
control2 U $$ (i, 2) * (v Q |Deutsch.one)) $$ (2, 0) +
control2 U $$ (i, 3) * (v @ |Deutsch.one)) $$ (3, 0) =

(U * v @ |Deutsch.one)) $$ (i, 0)

using jO control2-def zero-complex.code one-complex.code vtensorone-index

assms by auto
next

assume 3t =1V i=2Vi=3

show control2 U $$ (i, 0) x (v @ |Deutsch.one)) $$ (0, 0) +
control2 U $$ (i, 1) * (v @Q |Deutsch.one)) $$ (1, 0) +
control2 U $$ (i, 2) * (v @ |Deutsch.one)) $$ (2, 0) +
control2 U $$ (i, 8) * (v @ |Deutsch.one)) $$ (3, 0) =
(U x v @ |Deutsch.one)) $$ (i, 0)

proof (rule disjE)
show i = 1 Vi= 2V i{= 3 using id3 by this
next
assume i1:7 = 1
thus control2 U $$ (i, 0) * (v @ |Deutsch.one)) $$ (0, 0) +
control2 U $$ (i, 1) * (v Q |Deutsch.one)) $$ (1, 0) +
control2 U $$ (i, 2) * (v @ |Deutsch.one)) $% (2, 0) +
control2 U $$ (i, 3) * (v Q |Deutsch.one)) $$ (3, 0) =
(U x v @ |Deutsch.one)) $$ (i, 0)
using j0 control2-def zero-complex.code one-complex.code vtensorone-index
assms
by (simp add: sumof2)
next
assume il2:1 =2 Vi= 3
show control2 U $$ (i, 0) n
control2 U $$ (i (v @ |Deutsch.one))
)
)

* +
(4, v
control2 U $$ (i, (v @ |Deutsch.one)
v
e)

(v @ |Deutsch.one)) $$ (0
(1,0
(2, 0
(3,0

~—

i

m++S

) ) )
1) * $$ )
2) * $$ )
control2 U $$ (i, 3) * (v Q |Deutsch.one)) $3$ )

(U % v @ |Deutsch.one)) $$ (i, 0)
proof (rule disjE)

show { = 2 V i = 3 using il2 by this
next

assume 2:7 = 2

thus control2 U $$ (i, 0) (v Q@ |Deutsch.one)) $$ (0,

control2 U $$ (i, 1) * (v Q |Deutsch.one) (1,0
control2 U $$ (i, 2 (2,0
control2 U $$ (i, 3 (3,0

i

S
I+ + 3

)

)
) $$
(v @ |Deutsch.one)) $$
(v @ |Deutsch.one)) $$

~— — —

*
*

)
)
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(U x v Q |Deutsch.one)) $$ (i, 0)
using j0 control2-def zero-complex.code one-complez.code vtensorone-index
assms by auto
next
assume 3:¢ = 3
thus control2 U $$ (i, 0) * (v Q) |Deutsch.one)) $$ (0,
control2 U $$ (i, 1) * (v Q |Deutsch.one)) $3 (1, 0
control2 U $$ (i, 2) = (v Q |Deutsch.one)) $3 (2, 0
control2 U $$ (i, 3) * (v @ |Deutsch.one)) $$ (3, 0
(U x v @ |Deutsch.one)) $$ (i, 0)

using j0 control2-def zero-complex.code one-complex.code vtensorone-index

S
I+ + 5

)

~— — —

assms
by (simp add: sumof2)
qed
qed
qed
finally show #%thesis using j0 by simp
qed
next
show dim-row (control2 U * (v @ |Deutsch.one))) = dim-row (U % v @
| Deutsch.one))
by (metis assms(3) carrier-matD(1) control2-carrier-mat dim-row-mat(1) dim-row-tensor-mat

index-mult-mat(2) indez-unit-vec(3) ket-vec-def mult-2-right numeral-Bit0)
next
show dim-col (control2 U % (v Q) |Deutsch.one))) = dim-col (U * v @ |Deutsch.one))
by simp
qed

Given a single qubit gate U, control n U creates a quantum n-qubit gate that
performs a controlled-U operation on the first qubit using the last qubit as
control.

fun control:: nat = complex Matriz.mat = complex Matriz.mat where
control 0 U = 1, 1
| control (Suc 0) U = 1,, 2
| control (Suc (Suc 0)) U = control2 U
| control (Suc (Suc n)) U =
((1m 2) Q@ SWAP-down (Suc n)) * (control2 U @ (1, (27n))) * (Im 2) @
SWAP-up (Suc n))

lemma control-carrier-mat[simp):
shows control n U € carrier-mat (27n) (27n)
proof (cases n)
case (
then show “thesis by auto
next
case (Suc nat)
then show ?thesis
by (smt (verit, best) One-nat-def SWAP-down-carrier-mat SWAP-up.simps(2)
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SWAP-up.simps(4)
SWA P-up-carrier-mat Suc-1 Zero-not-Suc carrier-matD(1) carrier-matD(2)
carrier-matl
control.elims control2-carrier-mat dim-col-tensor-mat dim-row-tensor-mat
index-mult-mat(2)
index-mult-mat(3) mult-2 numeral-Bit0 power2-eq-square)
qed

6 Quantum Fourier Transform Circuit
6.1 QFT definition

The function kron is the generalization of the Kronecker product to a finite
number of qubits

fun kron:: (nat = complex Matriz.mat) = nat list = complex Matriz.mat where
kron f ] = 1, 1
| kron f (z#xs) = (fz) Q@ (kron f xs)

lemma kron-carrier-mat|simpl:
assumes Vm. dim-row (f m) = 2 A dim-col (f m) = 1
shows kron f zs € carrier-mat (2 (length xs)) 1
proof (induct xs)
case Nil
show ?case
proof
have dim-row (kron f [|) = dim-row (1,, 1) using kron.simps(1) by simp
then show dim-row (kron f []) = 2 ~ length [| by simp
next
have dim-col (kron f [|) = dim-col (1,, 1) using kron.simps(1) by simp
then show dim-col (kron f []) = 1 by simp
qed
next
case (Cons z zs)
assume HI:kron f xs € carrier-mat (2 ~ length zs) 1
have fz € carrier-mat 2 1 using assms by auto
moreover have (f z) @ (kron fxs) € carrier-mat ((2 ~ length xzs) * 2) 1
using tensor-carrier-mat HI calculation by auto
moreover have kron f (z#txs) € carrier-mat (2 ~ (length (z#xs))) 1
using kron.simps(2) length-Cons by (metis calculation(2) power-Suc2)
thus ?case by this
qed

lemma kron-cons-right:
shows kron f (xsQ[z]) = kron fazs Q fz
proof (induct xs)

case Nil
have kron f ([|Q[z]) = kron f [z] by simp
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also have ... = f z using kron.simps by auto

also have ... = kron f [| Q fz by auto
finally show ?case by this
next

case (Cons a xs)

assume [H:kron [ (zsQ[z]) = kron f s
have kron f ((a#zs)Q[z]) = fa (kron f (:rs@[ 1)) using kron.simps by auto
also have ... = fa Q (kron fzs Q fz) using IH by simp
also have ... = kron f (aftzs) Q fx using kron.simps tensor-mat-is-assoc by
auto
finally show ?case by this
qed

We define the QFT product representation

definition QFT-product-representation:: nat = nat = complex Matriz.mat where
QFT-product-representation j n = 1/(sqrt (27n)) -m
(kron (A(l::nat). |zero) + exp (2xixpixj/(271)) 'm
|one))
(map nat [1..n]))

We also define the reverse version of the QFT product representation, which
is the output state of the QFT circuit alone

definition reverse-QF T-product-representation:: nat = nat = complex Matriz.mat
where
reverse-QF T-product-representation j n = 1/(sqrt (27n)) m
(kron (A(I::nat). |zero) + exp (2xixpixj/(271))
m lone))
(map nat (rev [1..n])))

6.2 QFT circuit

The recursive function controlled_rotations computes the controlled- R gates
subcircuit of the QFT circuit at each stage (i.e. for each qubit).

fun controlled-rotations:: nat = complex Matriz.mat where
controlled-rotations 0 = 1,, 1
| controlled-rotations (Suc 0) = 1,, 2
| controlled-rotations (Suc n) = (control (Suc n) (R (Suc n))) x*
((controlled-rotations n) Q (1., 2))

lemma controlled-rotations-carrier-mat[simp):
controlled-rotations n € carrier-mat (27n) (27n)
proof (induct n rule: controlled-rotations.induct)
case I
then show ?case by auto
next
case 2
then show ?case by auto
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next
case 3
then show ?case
by (smt (verit, del-insts) carrier-matD(1) carrier-matD(2) carrier-mat-triv
control-carrier-mat
controlled-rotations.simps(83) dim-col-tensor-mat index-mult-mat(2) in-
dex-mult-mat(3)
index-one-mat(3) mult.commute power-Suc)
qed

The recursive function QFT computes the Quantum Fourier Transform cir-
cuit.

fun QFT:: nat = complex Matriz.mat where
QFT 0 = 1,, 1
| QFT (Suc 0) = H
| QFT (Sucn) = ((1m 2) Q (QFT n)) * (controlled-rotations (Suc n)) * (H &
((1m (27n))))

lemma QFT-carrier-mat[simp]:
QFT n € carrier-mat (2°n) (27n)
proof (induct n rule: QFT.induct)
case I
then show ?Zcase by auto
next
case 2
then show ?case
using H-is-gate One-nat-def QFT.simps(2) gate-carrier-mat by presburger
next
case 3
then show ?case
by (metis H-inv QFT.simps(8) carrier-matD(1) carrier-mat-triv dim-col-tensor-mat
dim-row-tensor-mat indez-mult-mat(2) indez-mult-mat(3) indez-one-mat(2)
index-one-mat(3)
power.simps(2))
qed

ordered_ QFT reverses the order of the qubits at the end of the QFT circuit

definition ordered-QFT:: nat = complex Matriz.mat where
ordered-QFT n = (reverse-qubits n) * (QFT n)

7 QFT circuit correctness

Some useful lemmas:

lemma state-basis-dec:

assumes j < 2~ Suc n

shows [state-basis 1 (j div 27n)) @ |state-basis n (j mod 27n)) = |state-basis
(Suc n) J)
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proof —
define jd jm where jd = j div 2"n and jm = j mod 2™n
hence jml:jm < 27n by auto
have j-dec:j = jd+(27n) + jm using jd-def jm-def by presburger
show ?thesis
proof (rule disjE)
show jd = 0 V jd = 1 using jd-def assms
by (metis One-nat-def less-2-cases less-power-add-imp-div-less plus-1-eq-Suc
power-one-right)
next
assume jd0:jd = 0
hence jjm:j = jm using j-dec by auto
show |state-basis 1 (j div 27n)) Q |state-basis n (j mod 27n)) = |state-basis
(Suc n) 7)
proof
fix 7 ja
assume i < dim-row ( |state-basis (Suc n) j))
and ja-dim:ja < dim-col ( |state-basis (Suc n) j))
hence il:i < 27Suc n using state-basis-carrier-mat ket-vec-def state-basis-def
by simp
have jal:ja < 1 using ja-dim state-basis-carrier-mat state-basis-def ket-vec-def
by simp
hence ja0:ja = 0 by auto
show ( |state-basis 1 (j div 2 " n)) Q |state-basis n (j mod 2 ~ n))) $$ (4,

ja) =
|state-basis (Suc n) j) $$ (i, ja)
proof —
have ( |state-basis 1 (j div 2 " n)) Q |state-basis n (j mod 2 ~ n))) $3$ (i,
ja) =
( |state-basis 1 0) @ |state-basis n jm)) $$ (i,0)
using jm-def jd0 ja0 jd-def by auto
also have ... = |state-basis 1 0) $$
(i div (dim-row |state-basis n jmy}), 0 div (dim-col |state-basis n
jm))) *
|state-basis n jm) $$
(i mod (dim-row |state-basis n jm)), 0 mod (dim-col |state-basis
n jm)))

proof (rule index-tensor-mat)

show dim-row |state-basis 1 0) = 2

using state-basis-carrier-mat state-basis-def ket-vec-def by simp
show dim-col |state-basis 1 0) = 1

using state-basis-carrier-mat state-basis-def ket-vec-def by simp
show dim-row |state-basis n jm) = dim-row |state-basis n jm) by auto
show dim-col |state-basis n jm) = dim-col |state-basis n jm) by auto
show i < 2 x dim-row |state-basis n jm)

using il state-basis-def state-basis-carrier-mat ket-vec-def by simp
show 0 < 1 * dim-col |state-basis n jm)

using state-basis-def state-basis-carrier-mat ket-vec-def by simp
show 0 < (1::nat) using zero-less-Suc One-nat-def by blast
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show 0 < dim-col |state-basis n jm)
using state-basis-def state-basis-carrier-mat ket-vec-def by simp

qed
also have ... = |state-basis 1 0) $$ (i div 27n, 0) * |state-basis n jm) $$ (i
mod 27n, 0)
using state-basis-def state-basis-carrier-mat ket-vec-def by auto
also have ... = (mat-of-cols-list 2 [[1,0]]) $%$ (¢ div 27n, 0) *

|state-basis n jm) $$ (i mod 27n, 0)
using state-basis-def unit-vec-def by auto
also have ... = |state-basis (Suc n) j) $$ (i,0)
proof —
define id im where id = i div 2"n and im = i mod 2™ n
have i-dec:i = id«(27n) + im using id-def im-def by presburger
show ?thesis
proof (rule disjE)
show id = 0 V id = 1 using id-def by (metis One-nat-def il less-2-cases

less-power-add-imp-div-less plus-1-eq-Suc power-one-right)
next
assume 1d0:id = 0
hence @im:i = im using i-dec by presburger
have mat-of-cols-list 2 [[1,0]] $% (¢ div 27n,0) * |state-basis n jm) $$ (i
mod 27n, 0)
= mat-of-cols-list 2 [[1,0]] $% (0,0) = |state-basis n jm) $$ (im,0)
using id-def id0 im-def by simp
also have ... = 1 « |state-basis n jm) $$ (im,0) using mat-of-cols-list-def
by auto
also have ... = |state-basis (Suc n) jm) $$ (im,0) using iim jim
state-basis-def
by (smt (verit, best) il im-def indez-unit-vec(3) indez-vec ket-vec-index
lambda-one
mod-less-divisor pos2 unit-vec-def zero-less-power)

also have ... = |state-basis (Suc n) j) $$ (i,0) using #m jjm by simp
finally show ?thesis by this
next

assume id1:id = 1
hence #id:i = 2" n + im using i-dec by simp
have jma:jm # 2"n + im using jml id by auto
have mat-of-cols-list 2 [[1,0]] $$ (i div 27n,0) * |state-basis n jm) $$ (i
mod 27n,0)
= mat-of-cols-list 2 [[1,0]] $% (1,0) = |state-basis n jm) $$ (im,0)
using id1 id-def im-def by simp

also have ... = 0 using mat-of-cols-list-def by auto
also have ... = |state-basis (Suc n) jm) $$ (27n + im,0)
proof —

have |state-basis (Suc n) jm) $% (27n + im,0) =
|unit-vec (27(Suc n)) jm) $$ (2 n+im,0)
using state-basis-def by simp
also have ... = Matriz.mat (27 (Suc n)) 1 (A4, 7). (unit-vec (27(Suc
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n)) jm) § i)
$$ (27n+im,0)
using ket-vec-def by simp
also have ... = Matriz.mat (27 (Suc n)) 1 (A(4,j). Matriz.vec (27(Suc
n))
(Aj'. if j'=jm then 1 else 0) $ i) $$ (2 n+im,0)
using unit-vec-def by metis

also have ... = 0 using iid il jma by fastforce
finally show ?thesis by auto
qed
also have ... = |state-basis (Suc n) j) $$ (¢,0) using jim iid by simp
finally show ?thesis by this
qed
qed
finally show ?thesis using ja0 by auto
qed
next

show dim-row ( |state-basis 1 (j div 2 " n)) Q |state-basis n (j mod 2 ~n)))

dim-row |state-basis (Suc n) j)
using state-basis-def state-basis-carrier-mat ket-vec-def by auto
next
show dim-col ( |state-basis 1 (j div 2 " n)) Q |state-basis n (j mod 2 ~ n)))

dim-col |state-basis (Suc n) j)
using state-basis-def state-basis-carrier-mat ket-vec-def by auto
qed
next
assume jd1:jd = 1
hence j-dec2:j = 2"n + jm using j-dec by auto
show |state-basis 1 (j div 2 " n)) @ |state-basis n (j mod 2 ~n)) = |state-basis
(Suc n) j)
proof
fix i ja
assume ¢ < dim-row |state-basis (Suc n) j)
hence il:i < 27(Suc n) using state-basis-def state-basis-carrier-mat ket-vec-def
by simp
assume ja < dim-col |state-basis (Suc n) j)
hence jal:ja < 1 using state-basis-def state-basis-carrier-mat ket-vec-def by
stmp
hence ja0:ja = 0 by auto
show ( |state-basis 1 (j div 2 " n)) @ |state-basis n (j mod 2 ~ n))) $$ (4,
ja) =
|state-basis (Suc n) j) $$ (4, ja)
proof —
have ( |state-basis 1 jd) Q) |state-basis n jm))
( |state-basis 1 1) Q) |state-basis n jm)) $
using jd1 by simp
also have ... = |state-basis 1 1) $$
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(¢ div (dim-row |state-basis n jm}), 0 div (dim-col |state-basis n
jm))) *
|state-basis n jm) $$
(i mod (dim-row |state-basis n jm)), 0 mod (dim-col |state-basis
n jm)))
proof (rule index-tensor-mat)
show dim-row |state-basis 1 1) = 2
using state-basis-carrier-mat state-basis-def ket-vec-def by simp
show dim-col |state-basis 1 1) = 1
using state-basis-carrier-mat state-basis-def ket-vec-def by simp
show dim-row |state-basis n jm) = dim-row |state-basis n jm) by auto
show dim-col |state-basis n jm) = dim-col |state-basis n jm) by auto
show i < 2 x dim-row |state-basis n jm)
using state-basis-carrier-mat state-basis-def ket-vec-def il by auto
show 0 < 1 * dim-col |state-basis n jm)
using state-basis-carrier-mat state-basis-def ket-vec-def by auto
show 0 < (1:nat) by simp
show 0 < dim-col |state-basis n jm)
using state-basis-carrier-mat state-basis-def ket-vec-def by auto
qed
also have ... = (mat-of-cols-list 2 [[0,1]]) $% (¢ div 27n,0) *
|state-basis n jm) $% (i mod 27n,0)
using state-basis-carrier-mat state-basis-def ket-vec-def mat-of-cols-list-def
ket-one-to-mat-of-cols-list
by auto
also have ... = |state-basis (Suc n) j) $$ (4,0)
proof —
define id im where id = i div 2" n and im = i mod 2™ n
have i-dec:i = id«(27n) + im using id-def im-def by presburger
show ?thesis
proof (rule disjE)
show id = 0 V id = 1 using id-def il
by (metis One-nat-def less-2-cases less-power-add-imp-div-less plus-1-eq-Suc

power-one-right)
next

assume d0:id = 0

hence @im:i = im using i-dec by presburger

have mat-of-cols-list 2 [[0,1]] $$ (i div 27n,0) * |state-basis n jm) $$ (i

mod 27n,0)
= mat-of-cols-list 2 [[0,1]] $% (0,0) = |state-basis n jm) $$ (im,0)
using id0 id-def im-def by simp

also have ... = 0 using mat-of-cols-list-def by auto
also have ... = |state-basis (Suc n) j) $$ (im,0)
using state-basis-def ket-vec-def j-dec2 assms id0 @im il local.id-def by
force
also have ... = |state-basis (Suc n) j) $$ (¢,0) using #im by simp
finally show ?thesis by this
next
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assume id1:id = 1
hence i2m:i = 2™n + im using i-dec by presburger
have mat-of-cols-list 2 [[0,1]] $$ (i div 27n,0) * |state-basis n jm) $$ (i
mod 27n,0)
= mat-of-cols-list 2 [[0,1]] $$ (1,0) * |state-basis n jm) $$ (im,0)
using id1 id-def im-def by simp
also have ... = |state-basis n jm) $$ (im,0) using mat-of-cols-list-def
by auto
also have ... = |state-basis (Suc n) j) $$ (4,0)
using i2m j-dec2 il assms state-basis-def by auto
finally show ?thesis by this
qed
qged
finally show ( |state-basis 1 (j div 2 " n)) Q) |state-basis n (j mod 2 ~ n)))
$$ (i, ja) =
|state-basis (Suc n) j) $$ (i, ja)
using ja0 jd-def jm-def by auto
qed
next
show dim-row ( |state-basis 1 (j div 2 ~n)) Q) |state-basis n (j mod 2 ~ n)))

dim-row |state-basis (Suc n) j)
using state-basis-def state-basis-carrier-mat ket-vec-def by simp
next
show dim-col ( |state-basis 1 (j div 2 " n)) @Q |state-basis n (j mod 2 ~ n)))

dim-col |state-basis (Suc n) 7)
using state-basis-def state-basis-carrier-mat ket-vec-def by simp
qed
qed
qed

lemma state-basis-dec’:
Vi j< 2  Sucn—
[state-basis n (§ div 2)) Q) |state-basis 1 (j mod 2)) = |state-basis (Suc n) j)
proof (induct n)
case (
show ?case
proof
fix j::nat
show j < 2 = Suc 0 —
|state-basis 0 (j div 2)) @ |state-basis 1 (j mod 2)) = |state-basis (Suc 0)
7)
proof
assume j < 2 ~ Suc 0
hence j2:7 < 2 by auto
hence jd0:j div 2 = 0 by auto
have jmj:j mod 2 = j using j2 by auto
have |state-basis 0 (j div 2)) Q |state-basis 1 (j mod 2)) =
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|state-basis 0 0) @ |state-basis 1 j)
using jmj jd0 by simp

also have ... = (1,, 1) Q |state-basis 1 j)
using state-basis-def unit-vec-def ket-vec-def by auto
also have ... = |state-basis 1 j) using left-tensor-id by blast
finally show |state-basis 0 (j div 2)) Q) |state-basis 1 (j mod 2)) = |state-basis
(Suc 0) j)
by auto
qed
qged
next

case (Suc n)
assume HI:Vj<2 ™ Suc n. |state-basis n (j div 2)) @ |state-basis 1 (j mod 2))

|state-basis (Suc n) j)
define m where m = Suc n
show ?Zcase
proof
fix j::nat
show j < 2 7 Suc (Suc n) —
|state-basis (Suc n) (j div 2)) Q |state-basis 1 (j mod 2)) = |state-basis (Suc
(Suc n)) j)
proof
assume jleg:j < 2~ Suc (Suc n)
define jd2 where jd2 = j div 2
define jm2 where jm2 = j mod 2
define jd2m where jd2m = j div 2”m
define jm2m where jm2m = j mod 2"m
define jmm where jmm = jd2 mod 2™ n
have |state-basis m jd2) @ |state-basis 1 jm2) =
( |state-basis 1 jd2m) @ |state-basis n jmm)) Q) |state-basis 1 jm2)
using jleq state-basis-dec m-def jd2-def jm2-def jd2m-def jmm-def jm2-def
by (metis Suc-eq-plusl div-exp-eq less-power-add-imp-div-less plus-1-eq-Suc
power-one-right)

also have ... = |state-basis 1 jd2m) @ ( |state-basis n jmm) @ |state-basis
1 jm2))
using tensor-mat-is-assoc by presburger
also have ... = |state-basis 1 jd2m) @ |state-basis m jm2m)

using HI jm2m-def jmm-def jm2-def
by (metis Suc-eq-plus1 div-exp-mod-exp-eq jd2-def le-simps(2) less-add-same-cancel?
m-def
mod-less-divisor mod-mod-power-cancel plus-1-eq-Suc pos2 power-one-right
zero-less-Suc
zero-less-power)
also have ... = |state-basis (Suc m) j)
using state-basis-dec m-def jleq jd2m-def jm2m-def by presburger
finally show |state-basis (Suc n) (j div 2)) @ |state-basis 1 (j mod 2)) =
|state-basis (Suc (Suc n)) j)
using jd2-def jm2-def m-def by simp
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qed
qed
qed

Action of the H gate in the circuit

lemma H-on-first-qubit:
assumes j < 2 ~ Sucn
shows ((H Q ((1,, (27n))))) * |state-basis (Suc n) j) =
1/sqrt 2 -, (|zero) + exp(2xixpix(complex-of-nat (j div 27n))/2) -m |one))
&
|state-basis n (j mod 27n))

proof —
define jd jm where jd = j div 2"n and jm = j mod 2™n
have (H @ ((1,, (27n))))) * |state-basis (Suc n) j) =
(HQ ((1m (27n))))) = ( |state-basis 1 jd) @ |state-basis n jm))
using jd-def jm-def state-basis-dec assms by simp
also have ... = (H x |state-basis 1 jd)) @ ((1m (27n)) * |state-basis n jm))
using H-def state-basis-carrier-mat state-basis-def ket-vec-def mult-distr-tensor
by (metis (no-types, lifting) H-without-scalar-prod carrier-matD(1) dim-col-mat(1)

indez-one-mat(3) pos2 power-one-right zero-less-one-class.zero-less-one
zero-less-power)

also have ... = 1 /sqrt 2 -, ( |zero) + exp(2xixpix(compler-of-nat jd)/2) -m
one)) &
|state-basis n jm)
proof —
have 0:1,, (2 7 n) x |state-basis n jm) = |state-basis n jm)

using left-mult-one-mat state-basis-carrier-mat by metis
have H x |state-basis 1 jd) =
1/sqrt 2 -m, ( |zero) + exp(2xixpix(complex-of-nat jd)/2) -m |one))
proof (rule disjE)
show jd = 0 V jd = 1 using jd-def assms by (metis One-nat-def less-2-cases

less-power-add-imp-div-less plus-1-eq-Suc power-one-right)
next
assume jd0:jd = 0
have H x |state-basis 1 0) =
mat-of-cols-list 2 (map (map complez-of-real) [[1 / sqrt 2, 1 ] sqrt 2]])
using H-on-ket-zero state-basis-def by auto
also have ... = 1/sqrt 2 -, ( |zero) + exp(2xixpix(complex-of-nat 0)/2) -,
jone))
proof
fix 7j
assume ai:i < dim-row ((1/sqrt 2) -, (|zero) + exp (2xixpixcomplex-of-nat
0/2) -m |one)))
hence i < 2 using mat-of-cols-list-def smult-carrier-mat ket-vec-def by
stmp
hence i2:7 € {0,1} by auto
assume aj:j < dim-col ((1/sqrt 2) - (|zero) + exp (2xixpixcomplez-of-nat
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0/2) -m |one)))
hence j0:j = 0 using mat-of-cols-list-def smult-carrier-mat ket-vec-def by
stmp
have (mat-of-cols-list 2 (map (map complex-of-real) [[1 ]/ sqrt 2, 1 /| sqrt
2]])) 88 (i,0) =
(mat-of-cols-list 2 [[1/sqrt 2, 1/sqrt 2]]) $$ (i,0)
using map-def by simp
also have ... = 1/sqrt 2 using 2 index-mat-of-cols-list by auto
also have ... = (1/sqrt 2 -, (mat-of-cols-list 2 [[1,1]])) $$ (7,0)
using smult-mat-def mat-of-cols-list-def index-mat-of-cols-list
by (smt (verit, best) Suc-1 i < 2» dim-col-mat(1) dim-row-mat(1)
indez-smult-mat(1)
ket-one-is-state ket-one-to-mat-of-cols-list less-Suc-eq-0-disj less-one
list.size(4)
mult.right-neutral nth-Cons-0 nth-Cons-Suc state-def)

also have ... = (1 /sqrt 2 -, ( |zero) + |one))) $$ (4,0)
proof —
have mat-of-cols-list 2 [[1,1]] = |zero) + |one)
proof
fix i jinat
define s1 s2 where sI = mat-of-cols-list 2 [[1,1]] and s2 = |zero) +
|one)
assume i < dim-row s2 and j < dim-col s2
hence i € {0,1} A j = 0 using indez-add-mat
by (simp add: ket-vec-def less-Suc-eq numerals(2) s2-def)
thus s1 $$ (i,j) = s2 $$ (i,j) using si-def s2-def mat-of-cols-list-def
<i < dim-row s2» ket-one-to-mat-of-cols-list by force
next
define s1 s2 where sI = mat-of-cols-list 2 [[1,1]] and s2 = |zero) +
|one)

thus dim-row s1 = dim-row s2 using mat-of-cols-list-def by (simp add:
ket-vec-def)
next
define s1 s2 where sI = mat-of-cols-list 2 [[1,1]] and s2 = |zero) +
|one)
thus dim-col s1 = dim-col s2 using mat-of-cols-list-def by (simp add:
ket-vec-def)

qed
thus ?thesis by simp
qed
also have ... = (1 /sqrt 2 -, ( |zero) + 1 -, |one))) $$ (i,0)
using smult-mat-def i < 2) ket-one-is-state state-def by force
also have ... = (1/sqrt 2 -, ( |zero) + exp (2xixpix(complex-of-nat 0)/2)
‘m |one))) $8 (4,0)
by auto

finally show Tensor.mat-of-cols-list 2 (map (map complex-of-real)
[[1 / sqrt 2, 1 / sqrt 2]]) $$ (i, j) =
(complex-of-real (1 | sqrt 2) -m ( |Deutsch.zero) +
exp (2 * i * complez-of-real pi *x complez-of-nat 0 | 2) -m
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| Deutsch.one))) $$
(i, )
using j0 i2 ai aj by auto
next
show dim-row (Tensor.mat-of-cols-list 2 (map (map complex-of-real)
[[1 / sqrt 2, 1 / sqrt 2]])) = dim-row (complez-of-real (1 / sqrt 2) -m
( |Deutsch.zero) + exp (2 * 1 x complex-of-real pi * complex-of-nat 0
| Deutsch.one)))
using mat-of-cols-list-def index-mat-of-cols-list smult-carrier-mat ket-vec-def
by auto
next
show dim-col (Tensor.mat-of-cols-list 2 (map (map complex-of-real)
[[1 / sqrt 2, 1 / sqrt 2]])) = dim-col (complex-of-real (1 /| sqrt 2) -m
( |Deutsch.zero) + exp (2 * i x complex-of-real pi * complez-of-nat 0
| Deutsch.one)))
using mat-of-cols-list-def index-mat-of-cols-list smult-carrier-mat ket-vec-def
by auto
qed
finally show ?thesis using jd0 by simp
next
assume jd1:jd = 1
have H x |state-basis 1 1) =
mat-of-cols-list 2 (map (map complex-of-real) [[1 / sqrt 2, — 1 / sqrt 2]])
using H-on-ket-one map-def by (simp add: state-basis-def)
also have ... = (1 / sqrt 2) -m ( |zero) + exp (2xixpixcomplex-of-nat 1 | 2)
m lone))
proof
fix 7j
assume ai:i < dim-row (complex-of-real (1 / sqrt 2) -m, ( |zero) +
exp (2xixcompler-of-real pi xcomplex-of-nat 1 /2) -, |one)))
hence i < 2 using mat-of-cols-list-def smult-carrier-mat ket-vec-def by
stmp
hence i2:7 € {0,1} by auto
assume aj:j < dim-col (complez-of-real (1 / sqrt 2) - ( |zero) +
exp (2xixcomplex-of-real pi xcomplex-of-nat 1 /2) -, |one)))
hence j0:j = 0 using mat-of-cols-list-def smult-carrier-mat ket-vec-def by
stmp
have (mat-of-cols-list 2 (map (map complez-of-real) [[1 / sqrt 2,—1 | sqrt
2])) 88 (i,0) =
(mat-of-cols-list 2 [[1/sqrt 2,— 1/sqrt 2]]) $$ (4,0)
using map-def by simp
also have ... = ((1/sqrt 2) -m (mat-of-cols-list 2 [[1,—1]])) $$ (4,0)
using 2 smult-mat-def index-mat-of-cols-list mat-of-cols-list-def Suc-1 <i
<2
dim-col-mat(1) dim-row-mat(1) index-smult-mat(1) nth-Cons-0 nth-Cons-Suc
ket-one-is-state ket-one-to-mat-of-cols-list
by (smt (23) One-nat-def 1po-to-11 bot-nat-0.not-eq-extremum dim-col-tensor-mat
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less-2-cases-iff list. map(2) list.size(4) mult-0-right mult-1 of-real-1
of-real-divide of-real-minus state-def times-divide-eq-left)

also have ... = (1/sqrt 2 -, ( |zero) — |one))) $$ (4,0)
proof —
define r1 r2 where r1 = mat-of-cols-list 2 [[1,—1]] and r2 = |zero) —

|one)
have r1 $$ (0,0) = 2 $$ (0,0) using ri-def r2-def mat-of-cols-list-def
by (smt (verit, ccfo-threshold) One-nat-def add.commute diff-zero
dim-row-mat(1)
indez-mat(1) index-mat-of-cols-list ket-one-is-state ket-one-to-mat-of-cols-list

ket-zero-to-mat-of-cols-list list.size(3) list.size(4) minus-mat-def
nth-Cons-0
plus-1-eq-Suc pos2 state-def zero-less-one-class.zero-less-one)
moreover have r1 $$ (1,0) = 2 $3$ (1,0)
using ri-def r2-def mat-of-cols-list-def ket-vec-def by simp
ultimately show %thesis using r1-def r2-def i2
by (smt (verit) One-nat-def Tensor.mat-of-cols-list-def <i < 2> add.commute

dim-col-mat(1) dim-row-mat(1) empty-iff index-smult-mat(1) in-
dez-unit-vec(8)

insert-iff ket-vec-def list.size(3) list.size(4) minus-mat-def plus-1-eq-Suc

zero-less-one-class.zero-less-one)

qged
also have ... = (1/sqrt 2 -, (|zero) + (—1) -m |one))) $$ (4,0)
using smult-mat-def <i < 2) ket-one-is-state state-def by force
also have ... = (1/sqrt 2 -, ( |zero) + exp (2xixpixcomplex-of-nat 1 | 2)

‘m |one))) $$ (i,0)
using exp-pi-i’ by auto
finally show mat-of-cols-list 2 (map (map complex-of-real) [[1/sqrt 2,—1/sqrt
2]]) 33 (i.j)
= (complez-of-real (1 / sqrt 2) -m, (|zero) + exp (2xixpixcomplex-of-nat
lone))) $$ (4, §) using i2 ai aj jO by auto
next
show dim-row (Tensor.mat-of-cols-list 2 (map (map complex-of-real)
[[1 / sqrt 2,— 1 ] sqrt 2]])) = dim-row (complezx-of-real (1 / sqrt 2) -m
( |Deutsch.zero) + exp (2 x 1 *x complex-of-real pi x complex-of-nat 1

| Deutsch.one)))
using mat-of-cols-list-def index-mat-of-cols-list smult-carrier-mat ket-vec-def
by auto
next
show dim-col (Tensor.mat-of-cols-list 2 (map (map complex-of-real)
[[1 / sqrt 2,— 1 / sqrt 2]])) = dim-col (complez-of-real (1 / sqrt 2) -m
( |Deutsch.zero) + exp (2 * i x complex-of-real pi * complez-of-nat 1
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| Deutsch.one)))
using mat-of-cols-list-def index-mat-of-cols-list smult-carrier-mat ket-vec-def
by auto
qed
finally show ?thesis using jd1 by simp
qed
hence (H x |state-basis 1 jd)) Q) |state-basis n jm) =
(1/sqrt 2 -y (( |2zero) + exp(2xixpix(complez-of-nat jd)/2) - |one)))) Q
|state-basis n jm)
by simp
thus ?thesis using 0 by presburger
qed
finally show ?thesis using jm-def jd-def by auto
qed

Action of the R gate in the circuit

lemma R-action:
assumes j < 2 ~ Suc n and j mod 2 = 1
shows (R (Suc n)) * ( |zero) + exp (2xixpixcomplex-of-nat (j div 2) / 27n) m
jone)) =
|zero) + exp (2xixpixcomplex-of-nat j / 27 (Suc n)) -m |one)
proof
fix 7 ja::nat
assume i < dim-row ( |zero) + exp (2xixpixcomplex-of-nat j / 27 (Suc n)) -m
jone))
hence il2:i < 2 by (simp add: ket-vec-def)
assume ja < dim-col ( |zero) + exp (2xixpixcomplez-of-nat j /| 27 (Suc n)) -m
|one))
hence ja0:ja = 0 by (simp add: ket-vec-def)
have (R (Suc n)) * ( |zero) + exp (2xixpixcomplez-of-nat (j div 2) / 27n) -m
jone)) =
(mat-of-cols-list 2 [[1, 0,[0, exp(2xpixi/27(Suc n))]]) *
( |zero) + exp (2xixpixcomplez-of-nat (j div 2) | 27n) - |one))
using R-def by simp
also have ... = (mat-of-cols-list 2 [[1, 0],[0, exp(2xpixi/2 (Suc n))]]) *
(mat-of-cols-list 2 [[1,0]] +
exp (2xixpixcomplex-of-nat (j div 2) / 27n) -m mat-of-cols-list 2

[[0,1]])
using ket-one-to-mat-of-cols-list ket-zero-to-mat-of-cols-list by presburger
also have ... = (mat-of-cols-list 2 [[1, 0],[0, exp(2xpixi/2 (Suc n))]]) *
(mat-of-cols-list 2 [[1,0]] +
mat-of-cols-list 2 [[0,exp (2xixpixcomplez-of-nat (§ div 2) / 27n)]])
proof —

have exp (2xixpixcompler-of-nat (j div 2) / 27n) -m mat-of-cols-list 2 [[0,1]]

mat-of-cols-list 2 [[0,exp (2*ixpixcomplez-of-nat (j div 2) / 27n)]|
proof
fix a b::nat
assume a < dim-row (mat-of-cols-list 2 [[0,exp (2xixpixcomplex-of-nat (j div
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2) / 2™n)]])
hence a2:a < 2 by (simp add: Tensor.mat-of-cols-list-def)
assume b < dim-col (mat-of-cols-list 2 [[0,exp (2xixpixcomplex-of-nat (j div
2) / 27n)l])
hence b60:b = 0
by (metis One-nat-def Suc-eq-plusl Tensor.mat-of-cols-list-def dim-col-mat(1)
less-SucO
list.size(8) list.size(4))
have (exp (2xixpixcomplez-of-nat (j div 2) / 27n) -, mat-of-cols-list 2 [[0,1]])
$$ (a,0) =
exp (2xixpixcomplex-of-nat (§ div 2) / 27n) * (mat-of-cols-list 2 [[0,1]]
$$ (a,0))
using indez-smult-mat a2 ket-one-is-state ket-one-to-mat-of-cols-list state-def
by force
also have ... = (mat-of-cols-list 2 [[0,exp (2xixpixcomplex-of-nat (j div 2) /
27n)]]) $9 (a,0)
proof (rule disjE)
show a = 0 V a = 1 using a2 by auto
next
assume al:a = 0
have exp (2xixpikcomplez-of-nat (j div 2) / 27n) * (mat-of-cols-list 2 [[0,1]]
$$ (0,0)) =
exp (2xixpixcomplex-of-nat (j div 2) / 27n) * 0
using indez-mat-of-cols-list by auto
thus exp (2xixpixcomplez-of-nat (j div 2) / 27n) * (mat-of-cols-list 2 [[0,1]]
$$ (a,0)) =
(mat-of-cols-list 2 [[0,exp (2xixpixcomplez-of-nat (j div 2) / 27n)]]) $3$
(a,0)
using a0 by auto
next
assume al:q = 1
have exp (2xixpixcomplez-of-nat (§ div 2) / 27n) * (mat-of-cols-list 2 [[0,1]]
$$ (1,0)) =
exp (2xixpixcomplex-of-nat (j div 2) / 27n) * 1
using indez-mat-of-cols-list by auto
thus exp (2xixpixcomplez-of-nat (j div 2) / 27n) * (mat-of-cols-list 2 [[0,1]]
$$ (a,0)) =
(mat-of-cols-list 2 [[0,exp (2xixpixcomplez-of-nat (j div 2) / 27n)]]) $3
(a,0)
using al by auto
qed
finally show (exp (2xixpixcomplez-of-nat (j div 2) / 27n) - mat-of-cols-list
2 [[0,1]))
$$ (a,b) = (mat-of-cols-list 2 [[0,exp (2xixpixcompler-of-nat (j div 2) /
27n)]]) $$ (a,b)
using b0 by simp
next
show dim-row (exp (2 * 1 % complex-of-real pi * complez-of-nat (j div 2) / 2
TL) ‘m

~
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Tensor.mat-of-cols-list 2 [[0, 1]]) =
dim-row (Tensor.mat-of-cols-list 2 [[0, exp (2 * i *x complex-of-real pi *
complex-of-nat (j div 2) / 2 " n)]])
by (simp add: Tensor.mat-of-cols-list-def)
next
show dim-col (exp (2 * i x complex-of-real pi * complez-of-nat (j div 2) | 2
“ ) o
Tensor.mat-of-cols-list 2 [0, 1]]) =
dim-col (Tensor.mat-of-cols-list 2 [[0, exp (2 * i * complez-of-real pi *
complex-of-nat (j div 2) / 2 " n)]])
by (simp add: mat-of-cols-list-def)

qed
thus ?thesis by auto
qed
also have ... = (mat-of-cols-list 2 [[1, 0],[0, exp(2xpixi/27(Suc n))]]) *
(mat-of-cols-list 2 [[1,exp (2xixpixcomplez-of-nat (j div 2) / 27n)]])
proof —

have mat-of-cols-list 2 [[1,0]] +
mat-of-cols-list 2 [[0,exp (2xixpixcomplex-of-nat (§ div 2) / 27n)]] =
mat-of-cols-list 2 [[1,exp (2xixpixcomplex-of-nat (§ div 2) / 27n)]]
proof
fix a b::nat
assume a < dim-row (mat-of-cols-list 2 [[1,exp (2xixpixcomplex-of-nat (j div
2) / 27n)l])
hence a2:a < 2 using mat-of-cols-list-def by simp
assume b < dim-col (mat-of-cols-list 2 [[1,exp (2xixpixcomplex-of-nat (j div
2) / 2]
hence 00:b = 0 using mat-of-cols-list-def by auto
show (mat-of-cols-list 2 [[1,0]] +
mat-of-cols-list 2 [[0,exp (2xixpixcomplez-of-nat (j div 2) / 27n)]]) $$
(aab) =

(a.b)
proof (rule disjE)
show a = 0 V a = 1 using a2 by auto
next
assume al:a = 0
have (mat-of-cols-list 2 [[1,0]] +
mat-of-cols-list 2 [[0,exp (2xixpixcomplex-of-nat (j div 2) / 27n)]]) $$

(mat-of-cols-list 2 [[1,exp (2xixpixcomplez-of-nat (j div 2) / 27n)]]) $$

(0,0) =
(mat-of-cols-list 2 [[1,exp (2xixpixcomplex-of-nat (j div 2) / 27n)]]) $$
(0,0)
using index-mat-of-cols-list by (simp add: Tensor.mat-of-cols-list-def)
thus (mat-of-cols-list 2 [[1,0]] +
mat-of-cols-list 2 [[0,exp (2xixpixcomplez-of-nat (j div 2) / 27n)]]) $$
(a,b) =
(mat-of-cols-list 2 [[1,exp (2xixpixcomplex-of-nat (j div 2) / 27n)]]) $$
(a,b)
using a0 b0 by simp
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next
assume al:a = 1
show (mat-of-cols-list 2 [[1,0]] +
mat-of-cols-list 2 [[0,exp (2xixpixcomplex-of-nat (j div 2) / 27n)]]) $$
(a7b) =

(a,b)

(mat-of-cols-list 2 [[1,exp (2xi*xpixcomplex-of-nat (j div 2) / 27n)]]) $%

using al b0 index-mat-of-cols-list mat-of-cols-list-def by simp
qed
next
show dim-row (Tensor.mat-of-cols-list 2 [[1, 0]] + Tensor.mat-of-cols-list 2
[[0, exp (2 * 1 * complex-of-real pi * complez-of-nat (j div 2) / 2 " n)]])

dim-row (Tensor.mat-of-cols-list 2 [[1, exp (2 * 1 x complex-of-real pi *
complex-of-nat (j div 2) / 2 " n)]])
by (simp add: Tensor.mat-of-cols-list-def)
next
show dim-col (Tensor.mat-of-cols-list 2 [[1, 0]] + Tensor.mat-of-cols-list 2
[[0, exp (2 * i * complex-of-real pi * complex-of-nat (j div 2) / 2 " n)]])

dim-col (Tensor.mat-of-cols-list 2 [[1, exp (2 * i * complez-of-real pi *
complez-of-nat (§ div 2) / 2 " n)]])
by (simp add: mat-of-cols-list-def)
qed
thus ?thesis by simp
qged
finally have 1:R (Suc n) * ( |Deutsch.zero) + exp (2 * i % complez-of-real pi *
complez-of-nat (j div 2) / 2 " n) -m, |Deutsch.one)) =
Tensor.mat-of-cols-list 2 [[1, 0], [0, exp (complex-of-real (2 % pi) *
i/
2 7 Suc n)]] * Tensor.mat-of-cols-list 2 [[1, exp (2 * i * complex-of-real
pi *
complezx-of-nat (j div 2) / 2 ~ n)]]
by this
show (R (Suc n) * ( |Deutsch.zero) + exp (2 x i pi * complez-of-nat (j div 2)
/ 27n)m
| Deutsch.one))) $$ (4, ja) =
( |Deutsch.zero) + exp (2 x i x complex-of-real pi x complex-of-nat j /| 2~
Suc n) m
| Deutsch.one)) $$ (i, ja)
proof —
have ((R (Suc n) * ( |Deutsch.zero) + exp (2 % i x pi x complez-of-nat (j div
2)/ 27n) m
| Deutsch.one)))) $$ (i, ja) =
(Tensor.mat-of-cols-list 2 [[1, 0], [0, exp (complez-of-real (2 * pi) 1 /
2 7 Suc n)]] * Tensor.mat-of-cols-list 2 [[1, exp (2 * 1 * complex-of-real
pi *
complez-of-nat (j div 2) / 2 " n)]]) $$ (i,ja)
using 1 by simp
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also have ... = mat-of-cols-list 2 [[1,exp (2xixpixcomplez-of-nat j / 27 Suc n)]]
$$ (i,ja)
proof (rule disjE)
show ¢ = 0 V i = 1 using il2 by auto
next
assume i0:7 = 0
have (Tensor.mat-of-cols-list 2 [[1, 0],[0, exp (complex-of-real (2 % pi) * 1/
2 7 Suc n)]]

x Tensor.mat-of-cols-list 2 [[1, exp (2 = i *x complex-of-real pi
complez-of-nat (j div 2) | 2~ )H) $$ (0, 0) =
(3" k<2. (mat-of-cols-list 2 [[1, 0],[0, exp (complex of-real (2 * pi) x1/

2 7 Suc n)]])
$$ (0,k) * (mat-of-cols-list 2 [[1, exp (2 * i * complex-of-real pi *
complez-of-nat (j div 2) / 2 " n)]]) $$ (k,0))
using indez-mult-mat mat-of-cols-list-def by auto
also have ... = (mat-of-cols-list 2 [[1, 0,[0, exp (complex-of-real (2 * pi) *
i/ 27 Sucn)]])
$$ (0,0) * (mat-of-cols-list 2 [[1, exp (2 * i *x complex-of-real pi

*
complez-of-nat (j div 2) / 2 " n)]]) $$ (0,0) +
(mat-of-cols-list 2 [[1, 0],[0, exp (complez-of-real (2 * pi) 1/ 2
~ Suc n)]])
$$ (0,1) * (mat-of-cols-list 2 [[1, exp (2 * i * complez-of-real pi
*
complez-of-nat (j div 2) / 2 " n)]]) $$ (1,0)
by (simp only:sumof2)
also have ... = 1 by auto
also have ... = mat-of-cols-list 2 [[1,exp (2xixpixcomplex-of-nat j | 27 Suc
n)]] 3% (0,0)

using index-mat-of-cols-list by simp
finally show (Tensor.mat-of-cols-list 2 [[1, 0],]0, exp (complex-of-real (2 *
pi) x i/

2 7 Suc n)]] * Tensor.mat-of-cols-list 2 [[1, exp (2 * i x complex-of-real

pi %
complex-of-nat (j div 2) / 2 ~n)]]) $$ (¢, ja) =
(mat-of-cols-list 2 [[1,exp (2xixpixcomplex-of-nat j / 27 Suc n)]])
$$ (i,ja)
using 0 ja0 by simp
next

assume i1:5 = 1
have (Tensor.mat-of-cols-list 2 [[1, 0],[0, exp (complex-of-real (2 % pi) x 1/
2 7 Suc n)]]
x Tensor.mat-of-cols-list 2 [[1, exp (2 = i *x complex-of-real pi *
complez-of-nat (j div 2) /] 2~ )H) $$ (1, 0) =
(>- k<2. (mat-of-cols-list 2 [[1, 0],[0, exp (comple:c—of—real (2 xpi) xi/
2 7 Suc n)]])
$$ (1,k) = (mat-of-cols-list 2 [[1, exp (2 * i x complex-of-real pi *
complez-of-nat (j div 2) / 2 " n)]]) $% (£.,0))
using indez-mult-mat mat-of-cols-list-def by auto
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also have ... = (mat-of-cols-list 2 [[1, 0,[0, exp (complex-of-real (2 * pi) *
i/ 27 Sucn)]])
$8 (1,0) * (mat-of-cols-list 2 [[1, exp (2 * i * complex-of-real pi

*
complez-of-nat (j div 2) / 2 " n)]]) $$ (0,0) +
(mat-of-cols-list 2 [[1, 0],[0, exp (complex-of-real (2 * pi) xi /[ 2
~ Suc n)]])
$8 (1,1) * (mat-of-cols-list 2 [[1, exp (2 * i *x complex-of-real pi
*

complez-of-nat (j div 2) / 2 " n)]]) $$ (1,0)
by (simp only: sumof2)
also have ... = exp (complez-of-real (2 * pi) xi / 2 = Suc n) x
exp (2 i * complex-of-real pi x complex-of-nat (j div 2) / 2 " n)
using index-mat-of-cols-list by auto
also have ... = exp (complez-of-real (2 * pi) x1/ 2~ Sucn +
2 x 1 x complex-of-real pi * complex-of-nat (j div 2) / 2 " n)
using mult-exp-exp by simp
also have ... = exp (2 *i%pi / 2~ Sucn +
2 % 1 % complez-of-real pi x complez-of-nat (j div 2) / 2 " n)
by (simp add: mult.commute)
also have ... = exp (2xixpix(1/27Suc n + complex-of-nat (j div 2)/27n))
by (simp add: distrib-left)
also have ... = exp (2xixpix((1 + 2x(j div 2))/2 Suc n))
by (simp add: add-divide-distrib)
also have ... = exp (2xixpix(j)/2 Suc n)
using assms
by (smt (verit, ccfv-threshold) Suc-eg-plusl div-mult-mod-eq mult.commute
of-real-1
of-real-add of-real-divide of-real-of-nat-eq of-real-power one-add-one
plus-1-eq-Suc
times-divide-eq-right)
also have ... = (mat-of-cols-list 2 [[1,exp (2xixpixcomplex-of-nat j / 27 Suc
n)l]) $8 (1,0)
using indezx-mat-of-cols-list by simp
finally show (Tensor.mat-of-cols-list 2 [[1, 0],[0, exp (complez-of-real (2 *
pi) x i/
2 7 Suc n)]] * Tensor.mat-of-cols-list 2 [[1, exp (2 * i x complex-of-real

pi *
complez-of-nat (j div 2) / 2 " n)]]) $$ (4, ja) =
(mat-of-cols-list 2 [[1,exp (2xixpixcomplex-of-nat j / 27 Suc n)]])
$$ (i,ja)
using i1 ja0 by simp
qed
also have ... = ( |zero) + exp (2xixpixcomplex-of-nat j /| 27Suc n) - |one))
$$ (i,ja)

proof (rule disjE)

show ¢ = 0 V i = 1 using il2 by auto
next

assume 0:7 = 0
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have (mat-of-cols-list 2 [[1,exp (2xixpixcomplez-of-nat j /| 27 Suc n)]]) $$
(0,0) =1
by auto
also have ... = ( |zero) + exp (2xixpixcomplex-of-nat j / 27Suc n) -, |one))
$$ (0,0)
proof —
have |zero) $$ (0,0) = 1 by auto
moreover have (exp (2xixpixcomplex-of-nat j /| 27Suc n) -, |one)) $3$
(0,0) = 0
proof —
have (exp (2xixpixcomplex-of-nat j / 27Suc n) -, |one)) $$ (0,0) =
exp (2xixpixcomplex-of-nat j / 27 Suc n) * |one) $$ (0,0)
using indez-smult-mat using ket-one-is-state state-def by auto
also have ... = 0 by auto
finally show ?thesis by this
qged
ultimately show ?thesis by (simp add: ket-vec-def)
qed
finally show (mat-of-cols-list 2 [[1,exp (2xixpixcomplez-of-nat j / 27 Suc n)]])
$$ (i,ja) =
( |zero) + exp (2xixpixcomplex-of-nat j / 27 Suc n) -m |one)) $$
(i.ja)
using 0 ja0 by simp
next
assume /:¢ = |
have (mat-of-cols-list 2 [[1,exp (2xixpixcomplez-of-nat j / 2" Suc n)]]) $$
(1,0) =
exp (2xixpixcomplex-of-nat j / 27 Suc n) by auto
also have ... = ( |zero) + exp (2xixpixcomplez-of-nat j /| 27Suc n) -, |one))
$$ (1,0)
proof —
have |zero) $$ (1,0) = 0 by auto
moreover have (exp (2xixpixcomplez-of-nat j /| 27Suc n) -, |one)) $3$
(Z ,0) =
exp (2xixpixcomplex-of-nat j / 27 Suc n)
proof —
have (exp (2xixpixcomplez-of-nat j /| 27 Suc n) -, |one)) $$ (1,0) =
exp (2xixpixcomplex-of-nat j / 27Suc n) * |one) $$ (1,0)
using index-smult-mat ket-one-is-state state-def by auto
also have ... = exp (2xixpixcomplez-of-nat j / 2”Suc n) by auto
finally show ?thesis by this
qged
ultimately show ?thesis by (simp add: ket-vec-def)
qed
finally show (mat-of-cols-list 2 [[1,exp (2xixpixcomplez-of-nat j | 27 Suc n)]])
$$ (i,ja) =
(|zero) + exp (2xixpixcomplez-of-nat j /| 27 Suc n) -, |one)) $3
(i.ja)
using i1 ja0 by simp
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qed
finally show ?thesis by this
qed
next
show dim-row (R (Suc n) * ( |Deutsch.zero) + exp (2 x i x complez-of-real pi *
complez-of-nat (j div 2) / 2 " n) -, |Deutsch.one))) =
dim-row ( |Deutsch.zero) + exp (2 * i x complez-of-real pi * complez-of-nat
i/ 2" Sucn) -y,
| Deutsch.one))
by (simp add: R-def Tensor.mat-of-cols-list-def ket-vec-def)
next
show dim-col (R (Suc n) x ( |Deutsch.zero) + exp (2 * i x complez-of-real pi *
complex-of-nat (j div 2) / 2 " n) -p, |Deutsch.one))) =
dim-col ( |Deutsch.zero) + exp (2 x 1 x complex-of-real pi * complex-of-nat
i/ 27" Sucn) m
| Deutsch.one))
by (simp add: R-def Tensor.mat-of-cols-list-def ket-vec-def)
qed

Action of the SWAP cascades in the circuit

lemma SWA P-up-action:
Vi. 5 < 2 (Suc (Suc n)) —
SWAP-up (Suc (Suc n)) * ( |state-basis (Suc n) (j div 2)) @ |state-basis 1 (j
mod 2))) =
|state-basis 1 (j mod 2)) @ |state-basis (Suc n) (j div 2))
proof (induct n)
case 0
show Zcase
proof
fix j
show j < 2 7 Suc (Suc 0) — SWAP-up (Suc (Suc 0)) * ( |state-basis (Suc
0) (G div 2)) @
|state-basis 1 (j mod 2))) =
|state-basis 1 (j mod 2)) @ |state-basis (Suc 0) (j div 2))
proof
assume j < 27 Suc (Suc 0)
show SWAP-up (Suc (Suc 0)) * ( |state-basis (Suc 0) (j div 2)) Q |state-basis
1 (j mod 2)))
= |state-basis 1 (j mod 2)) @ |state-basis (Suc 0) (j div 2))
proof —
have SWAP-up (Suc (Suc 0))x( |state-basis (Suc 0) (j div 2)) Q) |state-basis
1 (j mod 2)))
= SWAP x (|state-basis (Suc 0) (j div 2)) Q |state-basis 1 (j mod 2)))
using SWAP-up.simps by simp
also have ... = |state-basis 1 (j mod 2)) @ |state-basis (Suc 0) (j div 2))
using SWA P-tensor
by (metis One-nat-def power-one-right state-basis-carrier-mat)
finally show ?thesis by this
qed
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qed
qed
next
case (Suc n)
assume HI:Vj<2 ™ Suc (Suc n).
SWAP-up (Suc (Suc n)) x ( |state-basis (Suc n) (j div 2)) Q |state-basis
1 (j mod 2)))
= |state-basis 1 (j mod 2)) @ |state-basis (Suc n) (j div 2))
show Vj<2 = Suc (Suc (Suc n)).
SWAP-up (Suc (Suc (Suc n))) * (|state-basis (Suc (Suc n)) (j div 2)) &Q
|state-basis 1 (j mod 2))) =
|state-basis 1 (j mod 2)) @ |state-basis (Suc (Suc n)) (j div 2))
proof
fix j::nat
show j < 2 7 Suc (Suc (Suc n)) —
SWAP-up (Suc (Suc (Suc n))) * ( |state-basis (Suc (Suc n)) (j div 2)) Q
|state-basis 1 (j mod 2))) =
|state-basis 1 (j mod 2)) @ |state-basis (Suc (Suc n)) (j div 2))
proof
assume jl:;j < 2 7 Suc (Suc (Suc n))
show SWAP-up (Suc (Suc (Suc n))) * ( |state-basis (Suc (Suc n)) (j div 2))
029

|state-basis 1 (j mod 2))) =

|state-basis 1 (j mod 2)) @ |state-basis (Suc (Suc n)) (§ div 2))
proof —

have SWAP-up (Suc (Suc (Suc n))) = ( |state-basis (Suc (Suc n)) (j div 2))
®

|state-basis 1 (j mod 2))) =
) ((SWAP @ (1., (27(Suc n)))) * (Im 2) Q (SWAP-up (Suc (Suc
( |state-basis (Suc (Suc n)) (j div 2)) Q |state-basis 1 (j mod 2)))
using SWA P-up.simps by simp

also have ... = (SWAP @ (1., (27(Suc n)))) * ({m 2) Q (SWAP-up
(Suc (Suc n)))) *

( |state-basis (Suc (Suc n)) (j div 2)) Q |state-basis 1 (j mod
2))))

using assoc-mult-mat

by (smt (verit, ccfv-threshold) Groups.mult-ac(2) Groups.mult-ac(3)
One-nat-def
SWAP-up.simps(3) SWAP-up-carrier-mat carrier-matD(2) carrier-mat]
dim-col-tensor-mat
dim-row-mat(1) dim-row-tensor-mat index-mult-mat(2) index-one-mat(3)

indez-unit-vec(3) ket-vec-def left-mult-one-mat power-Suc2 power-one-right
state-basis-def)

also have ... = (SWAP Q (1., (27(Suc n)))) * ({m 2) Q (SWAP-up
(Suc (Suc n)))) *

(( |state-basis 1 ((j div 2) div 27Suc n)) Q
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|state-basis (Suc n) ((§ div 2) mod 27 Suc n)))
Q) |state-basis 1 (j mod 2))))
using state-basis-dec
by (metis jl less-mult-imp-div-less power-Suc2)
also have ... = (SWAP ® (1 (27(Suc m))) * (1 2) ® (SWAP-up
(Suc (Suc n)))) *
( |state-basis 1 ((j div 2) div 2" Suc n)) @
(' |state-basis (Suc n) ((§ div 2) mod 2" Suc n))
X |state-basis 1 (j mod 2)))))
using tensor-mat-is-assoc state-basis-carrier-mat by auto
also have ... = (SWAP @ (1., (27(Suc n)))) * (1 m 2) Q (SWAP-up
(Suc (Suc n)))) *
( |state-basis 1 ((j div 2) div 2" Suc n)) @
( |state-basis (Suc n) ((j mod 27Suc (Suc n)) div 2))
Q) |state-basis 1 ((j mod 27 Suc (Suc n)) mod 2)))))
using jl power-Suc power-add power-one-right
by (smt (23) Suc-1 add-0 div-Suc div-exp-mod-exp-eq less] mod-less
mod-mod-cancel
mod-mult-self2 n-not-Suc-n odd-Suc-div-two plus-1-eq-Suc)
also have ... = (SWAP @ (1., (27(Suc n)))) *
(((1m 2) * |state-basis 1 ((j div 2) div 27Suc n))) @
((SWAP-up (Suc (Suc n)))) *
( |state-basis (Suc n) ((j mod 27 Suc (Suc n)) div 2)