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Abstract

Large-scale stream processing systems often follow the dataflow
paradigm, which enforces a program structure that exposes a high
degree of parallelism. The Timely Dataflow distributed system sup-
ports expressive cyclic dataflows for which it offers low-latency data-
and pipeline-parallel stream processing. To achieve high expressiveness
and performance, Timely Dataflow uses an intricate distributed proto-
col for tracking the computations progress. We formalize this progress
tracking protocol and verify its safety. Our formalization is described
in detail in the forthcoming ITP’21 paper [3].
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1 Introduction

The dataflow programming model represents a program as a directed graph
of interconnected operators that perform per-tuple data transformations. A
message (an incoming datum) arrives at an input (a root of the dataflow)
and flows along the graph’s edges into operators. Each operator takes the
message, processes it, and emits any resulting derived messages.

In a dataflow system, all messages are associated with a timestamp, and
operator instances need to know up-to-date (timestamp) frontiers—lower
bounds on what timestamps may still appear as their inputs. When informed
that all data for a range of timestamps has been delivered, an operator
instance can complete the computation on input data for that range of
timestamps, produce the resulting output, and retire those timestamps.

A progress tracking mechanism is a core component of the dataflow sys-
tem. It receives information on outstanding timestamps from operator in-
stances, exchanges this information with other system workers (cores, nodes)
and disseminates up-to-date approximations of the frontiers to all operator
instances. This AFP entry formally models and proves the safety of the
progress tracking protocol of Timely Dataflow [1,4], a dataflow program-
ming model and a state-of-the-art streaming, data-parallel, distributed data
processor. Specifically, we prove that the progress tracking protocol com-
putes frontiers that always constitute safe lower bounds on what timestamps
may still appear on the operator inputs. The formalization is described in
detail in the forthcoming ITP’21 paper [3].

The ITP paper [3] closely follows this formalization’s structure. In particu-
lar, the paper’s presentation is split into four main sections each of which is
present in the formalization (each in a separate theory file):

Algorithm /protocol ~ Section in this Sectionin [3] Theory file
proof document

Abadi et al. [2]'s Section 3 Section 3 Exchange Abadi
clocks protocol

Exchange protocol Section 4 Section 4 Exchange

Local propagation Section 7 Section 5 Propagate
algorithm

Combined protocol  Section 8 Section 6 Combined

2 Auxiliary Lemmas

unbundle multiset.lifting

2.1 General

lemma sum-list-hd-tl:



fixes zs :: (- :: group-add) list
shows s # [| = sum-list (tl xs) = (— hd xs) + sum-list zs
{proof)

2.2 Sums

lemma Sum-eq-pick-changed-elem:
assumes finite M
andmeMfm=gm+ A
and An.n#mAneM—=— fn=gn
shows (> zeM. fz) = O zeM. gz) + A
(proof )

lemma sum-pos-ez-elem-pos: (0::int) < (D meM. fm) = ImeM. 0 < fm
(proof)

lemma sum-if-distrib-add: finite A = b € A = (> acA. ifa=bthen X b+ YV
aelse Xa)= (> acA. Xa)+ YD

(proof)

2.3 Partial Orders

lemma (in order) order-finite-set-exists-foundation:

fixes t: 'a

assumes finite M

and te M
shows FseM.s <t A (VueM. -~ u<s)
(proof )
lemma order-finite-set-obtain-foundation:
fixes t: -: order
assumes finite M
and te M
obtains s where s € M s < tVueM. ~u <s
(proof)

2.4 Multisets

lemma finite-nonzero-count: finite {t. count M t > 0}
(proof )

lemma finite-count[simpl: finite {t. count M t > i}
{proof)

2.5 Signed Multisets

lemma zcount-zmset-of-nonneg[simp): 0 < zcount (zmset-of M) ¢
(proof)

lemma finite-zcount-pos[simp): finite {t. zcount M t > 0}



{proof)

lemma finite-zcount-neg[simpl: finite {t. zcount M t < 0}
(proof)

lemma pos-zcount-in-zmset: 0 < zcount M x = x €#, M
(proof )

lemma zmset-elem-nonneg: © €#, M = (A\z. v €#. M = 0 < zcount M z)
= 0 < zcount M z

(proof)

lemma zero-le-sum-single: 0 < zcount (> xeM. {#f x#}.) t
{proof)

lemma mem-zmset-of [simp]: x €#, zmset-of M «— z €# M
(proof)

lemma mset-neg-minus: mset-neg (abs-zmultiset (Mp,Mn)) = Mn—Mp
{proof)

lemma mset-pos-minus: mset-pos (abs-zmultiset (Mp,Mn)) = Mp—Mn
(proof)

lemma mset-neg-sum-set: (Am. m € M = mset-neg (f m) = {#}) = mset-neg
(X meM. fm) = {#}
{proof)

lemma mset-neg-empty-iff: mset-neg M = {#} +— (Vt. 0 < zcount M t)
(proof )

lemma mset-neg-zcount-nonneg: mset-neg M = {#} = 0 < zcount M t

{proof)

lemma in-zmset-conv-pos-neg-disj: * €#, M +— x €# mset-pos M V = €#
mset-neqg M
(proof )

lemma in-zmset-notin-mset-pos[simp|: © €#, M = = ¢# mset-pos M —> x €#
mset-neq M
(proof )

lemma in-zmset-notin-mset-neg[simp|: © €#, M = x ¢# mset-neg M —> ¢ €#
mset-pos M

{proof)

lemma in-mset-pos-in-zmset: x €# mset-pos M = x© €#, M
(proof)



lemma in-mset-neg-in-zmset: v €# mset-neg M —> v €#, M
{proof )

lemma set-zmset-eq-set-mset-union: set-zmset M = set-mset (mset-pos M) U set-mset
(mset-neg M)
(proof )

lemma member-mset-pos-iff-zcount: © €# mset-pos M <— 0 < zcount M x
(proof )

lemma member-mset-neg-iff-zcount: x €# mset-neg M <— zcount M x < 0
(proof)

lemma mset-pos-mset-neg-disjoint[simp]: set-mset (mset-pos A) N set-mset (mset-neg
A)={}

(proof)

lemma zcount-sum: zcount (3. MeMM. f M) t = (> MeMM. zcount (f M) t)
{proof)

lemma zcount-filter-invariant: zcount {# t'e#. M. t'=t #} t = zcount M t
(proof)

lemma in-filter-zmset-in-zmset[simp|: © €#, filter-zmset P M =— z €#, M
(proof )

lemma pos-filter-zmset-pos-zmset[simpl: 0 < zcount (filter-zmset P M) ¢ = 0 <
zcount M x

{proof)

lemma neg-filter-zmset-neg-zmset[simpl: 0 > zcount (filter-zmset P M) © = 0
> zcount M x

{proof)

lift-definition update-zmultiset :: 't zmultiset = 't = int = 't zmultiset is
M A,B) T D.(if D>0 then (A + replicate-mset (nat D) T, B)
else (A,B + replicate-mset (nat (—D)) T))
(proof)

lemma zcount-update-zmultiset: zcount (update-zmultiset M t n) t' = zcount M t’
+ (if t = t’ then n else 0)
{proof)

lemma (in order) order-zmset-exists-foundation:
fixes t:'a
assumes 0 < zcount M ¢

shows Js. s <t A0 < zcount M s A Vu. 0 < zcount M u — = u < s)

{proof)



lemma (in order) order-zmset-ezists-foundation’:
fixes t:'a
assumes 0 < zcount M ¢

shows Js. s <t A0 < zeount M s A (Vu<s. zcount M u < 0)
(proof)

lemma (in order) order-zmset-exists-foundation-neg:
fixes t:'a
assumes zcount M ¢t < 0
shows Js. s <t A zcount M s < 0 AN Vu. zcount M u < 0 — = u < 8)

{proof)

lemma (in order) order-zmset-exists-foundation-neg’:
fixes t:'a
assumes zcount M t < 0
shows Js. s <t A zcount M s < 0 N Vu<s. 0 < zcount M u)

{proof)

lemma (in order) elem-order-zmset-exists-foundation:
fixes z :: a
assumes z €#, M
shows Jsc#. M. s <z A NVue#,M. - u < s)

{proof)

2.5.1 Image of a Signed Multiset

lift-definition image-zmset :: (‘a = 'b) = 'a zmultiset = 'b zmultiset is
A (M, N). (image-mset f M, image-mset f N)
{proof)

syntax (ASCII)

-comprehension-zmset :: 'a = 'b = 'b zmultiset = 'a zmultiset («{#-/. - #=z
#))
syntax

-comprehension-zmset :: 'a = 'b = 'b zmultiset = 'a zmultiset («({#-/. - €#.
)
syntax-consts

-comprehension-zmset = image-zmset
translations

{#e. x €#, M#} = CONST image-zmset (Az. e) M

lemma image-zmset-empty[simp|: image-zmset [ {#}, = {#}.
(proof)

lemma image-zmset-single[simpl: image-zmset f {#a#}, = {#f a#}.
(proof )

lemma image-zmset-union[simp|: image-zmset f (M + N) = image-zmset f M +



image-zmset f N
{proof )

lemma image-zmset-Diff [simp]: image-zmset f (A — B) = image-zmset f A —
image-zmset f B

(proof)

lemma mset-neg-image-zmset: mset-neg M = {#} = mset-neg (image-zmset f
M) = {#}
(proof )

lemma nonneg-zcount-image-zmset[simp|: (A\t. 0 < zcount M t) = 0 < zcount
(image-zmset f M) t
{proof)

lemma image-zmset-add-zmset[simp]: image-zmset f (add-zmset t M) = add-zmset
(f t) (image-zmset f M)
(proof )

lemma pos-zcount-image-zmset[simp): (\t. 0 < zcount M t) = 0 < zcount M t
= 0 < zcount (image-zmset f M) (f t)

{proof)

lemma set-zmset-transfer[transfer-rule:
(rel-fun (per-zmultiset (=)) (rel-set (=)))
(M Mp, Mn). set-mset Mp U set-mset Mn — {z. count Mp © = count Mn z})
set-zmset

{proof)

lemma zcount-image-zmset:
zeount (image-zmset f M) z = (D y € f —°{z} N set-zmset M. zcount M y)

(proof)

lemma zmset-empty-image-zmset-empty: (\t. zcount M t = 0) = zcount (image-zmset
fM)yt=20
(proof )

lemma in-image-zmset-in-zmset: t €#, image-zmset f M —> Jt. t €#, M
(proof)

lemma zcount-image-zmset-zero: (A\m. m €#, M = fm # z) = x ¢4, im-
age-zmset f M
(proof )

lemma image-zmset-pre: t €4, image-zmset f M = Am. m €#, M N fm =t
(proof)

lemma pos-image-zmset-obtain-pre:
(At. 0 < zcount M t) = 0 < zcount (image-zmset f M) t = Im. 0 < zcount



MmAfm=t
(proof )

2.6 Streams

definition relates :: (‘a = ’a = bool) = 'a stream = bool where
relates ¢ s = ¢ (shd s) (shd (stl s))

lemma relatesD[dest]: relates P s => P (shd s) (shd (stl s))
(proof)

lemma alw-relatesD|[dest]: alw (relates P) s => P (shd s) (shd (stl s))
{proof)

lemma relatesI[intro]: P (shd s) (shd (stl s)) = relates P s
{proof)

lemma alw-holds-smap-conv-comp: alw (holds P) (smap f s) = alw (As. (P o f)
(shd s)) s
{proof )

lemma alw-relates: alw (relates P) s <— P (shd s) (shd (stl s)) A alw (relates P)
(stl s)
{proof)

2.7 Notation

no-notation AND (infix <aand> 60)
no-notation OR (infix <or» 60)
no-notation IMPL (infix <imp> 60)

notation AND (infixr <aand> 70)
notation OR (infixr (or) 65)
notation IMPL (infixr <mp> 60)

lifting-update multiset.lifting
lifting-forget multiset.lifting

3 Clocks Protocol

type-synonym 't count-vec = 't multiset
type-synonym 't delta-vec = "t zmultiset

definition vacant-upto :: 't delta-vec = 't :: order = bool where
vacant-upto a t = (Vs. s < t — zcount a s = 0)

abbreviation nonpos-upto :: 't delta-vec = 't :: order = bool where



nonpos-upto a t =Vs. s <t — zcount a s < 0

definition supported-strong :: 't delta-vec = 't :: order = bool where
supported-strong a t = (3s. s < t A zcount a s < 0 N nonpos-upto a )

definition supported :: 't delta-vec = 't :: order = bool where
supported a t = (Is. s < t A zcount a s < 0)

definition upright :: 't :: order delta-vec = bool where
upright a = (V. zcount a t > 0 — supported a t)

lemma upright-alt: upright a <— (Vt. zcount a t > 0 — supported-strong a t)
(proof)

definition beta-upright :: 't :: order delta-vec = 't :: order delta-vec = bool where
beta-upright va vb = (Vt. zcount va t > 0 — (Is. s < t A (zcount va s < 0 V
zcount vh s < 0)))

lemma beta-upright-alt:
beta-upright va vb = (Vt. zcount va t > 0 — (Is. s < t A (zcount va s < 0 V
zcount vb s < 0) A nonpos-upto va S))

{proof)

record ('p, 't) configuration =
c-records :: 't delta-vec
c-temp :: 'p = 't delta-vec
c-msg = 'p = 'p = 't delta-vec list
c-glob :: 'p = 't delta-vec

type-synonym ('p, 't) computation = ('p, 't) configuration stream

definition init-config :: ('p :: finite, 't :: order) configuration = bool where
init-config ¢ =
((Vp. c-temp c p = {#}:) A
(Vpl p2. c-msg ¢ pl p2 =]) A
(Vp. c-glob ¢ p = c-records ¢) A
(Vt. 0 < zcount (c-records ¢) t))

definition next-performop’ :: ('p, 't :: order) configuration = ('p, 't) configuration
= 'p = 't count-vec = "t count-vec = bool where
next-performop’ c0 cl p cr =
(let A = zmset-of v — zmset-of ¢ in
(Vt. int (count ¢ t) < zcount (c-records c0) t)
A upright A
A ¢l = cO(c-records := c-records c0 + A,
c-temp := (c-temp c0)(p := c-temp c0 p + A)])

abbreviation next-performop where
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next-performop s = (Ip (¢ :: 't :: order count-vec) (r::'t count-vec). next-performop’

(shd s) (shd (stl s)) p cr)

definition next-sendupd’ where
next-sendupd’ c0 cl p tt =
(let v = {#t €4, c-temp cO p. t € tI#} in
v # 0
A upright (c-temp c0 p — )
A ¢l = cO(c-msg := (¢c-msg c0)(p := Aq. c-msg ¢0 p ¢ Q [v]),
c-temp := (c-temp c0)(p := c-temp c0 p — 7))

abbreviation nezt-sendupd where
next-sendupd s = (I p tt. next-sendupd’ (shd s) (shd (stl s)) p tt)

definition next-recvupd’ where
next-recvupd’ c0 ¢l p q =
(c-msg c0 p q # ]
A ¢l = c0(c-msg := (c-msg c0)(p := (c-msg c0 p)(q := tl (c-msg c0 p q))),
c-glob := (c-glob ¢0)(q := c-glob ¢0 q + hd (c-msg c0 p q))|)

abbreviation nezt-recvupd where
next-recoupd s = (Ip q. next-recoupd’ (shd s) (shd (stl s)) p q)

definition nezt where
next s = (next-performop s V next-sendupd s V next-recoupd s V (shd (stl s) =

shd s))

definition spec :: ('p :: finite, 't :: order) computation = bool where
spec s = (holds init-config s A alw next s)

abbreviation GlobVacantUpto where
GlobVacantUpto ¢ q t = vacant-upto (c-glob ¢ q) t

abbreviation NrecVacantUpto where
NrecVacantUpto ¢ t = vacant-upto (c-records c) t

definition SafeGlobVacantUptoImpliesStickyNrec :: ('p :: finite, 't :: order) com-
putation = bool where
SafeGlobVacant UptoImpliesStickyNrec s =
(let ¢ = shd s in V't q. GlobVacantUpto ¢ ¢ t — alw (holds (Ac. NrecVacantUpto

ct)) s)

definition SafeStickyNrecVacantUpto :: ('p :: finite, 't :: order) computation =
bool where
SafeStickyNrec VacantUpto s =
(let ¢ = shd s in V't. NrecVacantUpto ¢ t — alw (holds (Ac. NrecVacantUpto

ct))s)

11



definition InvGlobVacantUptoImpliesNrec :: ('p :: finite, 't :: order) configuration
= bool where
InvGlobVacantUptoImpliesNrec ¢ =
(Yt g. vacant-upto (c-glob ¢ q) t — vacant-upto (c-records c) t)

definition InvTempUpright where
InvTemp Upright ¢ = (¥ p. upright (c-temp c p))

lemma init-InvTemp Upright: init-config ¢ = InvTemp Upright c
(proof)

lemma upright-obtain-support:
assumes upright a
and zcount a t > 0
obtains s where s < t zcount a s < 0 nonpos-upto a s

{proof)

lemma upright-vec-add:
assumes upright vl
and upright v2
shows  upright (vl + v2)
(proof)

lemma next-InvTemp Upright: holds InvTempUpright s => next s => nat (holds
InvTempUpright) s
(proof)

lemma alw-InvTempUpright: spec s = alw (holds InvTemp Upright) s
(proof )

definition IncominglInfo where
IncominglInfo ¢ k p q = (sum-list (drop k (c-msg ¢ p q)) + c-temp ¢ p)

definition InvincominglInfoUpright where
InvIncomingInfoUpright ¢ = (Y k p q. upright (IncomingInfo ¢ k p q))

lemma upright-0: upright 0
(proof)

lemma init-InvincomingInfo Upright: init-config ¢ = InvIncominglInfoUpright c
(proof)

lemma next-InvincomingInfo Upright: holds InvIincominglInfoUpright s => neaxt s
= naxt (holds InvIncominglnfoUpright) s

(proof)

lemma alw-InvincomingInfo Upright: spec s = alw (holds InvIncomingInfo Upright)

12



{proof)

definition Globallncominglnfo :: ('p :: finite, 't) configuration = nat = 'p = 'p
= 't delta-vec where

GlobalIncomingInfo ¢ kp ¢ = (3. p’ € UNIV. IncomingInfo ¢ (if p’ = p then k
else 0) p’ q)

abbreviation GloballncomingInfoAt where
GloballncomingInfoAt ¢ ¢ = Globallncominglnfo ¢ 0 q q

definition InvGlobalRecordCount where
InvGlobalRecordCount ¢ = (¥ q. c-records ¢ = GloballncomingInfoAt ¢ g + c-glob

¢ q)

lemma init-InvGlobalRecordCount: holds init-config s = holds InvGlobalRecord-
Count s

{proof)

lemma if-eq-same: (if a = b then f b else fa) = fa
(proof )

lemma next-InvGlobalRecordCount: holds InvGlobalRecordCount s =—> next s —>
nat (holds InvGlobalRecordCount) s

(proof)

lemma alw-InvGlobalRecordCount: spec s = alw (holds InvGlobalRecordCount)
s

(proof)

definition InvGloballncomingInfoUpright where
InvGloballncomingInfoUpright ¢ = (Vk p q. upright (GloballncomingInfo ¢ k p

q))

lemma upright-sum-upright: finite X = V z. upright (A z) = upright (> z€X.
A x)
(proof )

lemma InvIncomingInfo Upright-imp-InvGloballncomingInfo Upright: holds Invin-
cominglInfoUpright s => holds InvGloballncomingInfo Upright s

{proof)

lemma alw-InvGlobalIncominglnfo Upright: spec s = alw (holds InvGloballncoming-
InfoUpright) s
(proof )

13



abbreviation nrec-pos where
nrec-pos ¢ = V' t. zcount (c-records c¢) t > 0

lemma init-nrec-pos: holds init-config s = holds nrec-pos s
(proof )

lemma next-nrec-pos: holds nrec-pos s = next s = nat (holds nrec-pos) s
(proof)

lemma alw-nrec-pos: spec s = alw (holds nrec-pos) s
(proof )

lemma next-performop-vacant:
vacant-upto (c-records (shd s)) t = next-performop s => vacant-upto (c-records
(shd (stl s))) t

(proof)

lemma next-sendupd-vacant:
vacant-upto (c-records (shd s)) t = next-sendupd s = vacant-upto (c-records
(shd (stl s))) t

(proof)

lemma next-recvupd-vacant:
vacant-upto (c-records (shd s)) t = next-recoupd s = vacant-upto (c-records
(shd (stl s))) t

(proof)

lemma spec-imp-SafeStickyNrec VacantUpto-auz: alw next s = alw SafeStickyN-
rec VacantUpto s

{proof)

lemma spec-imp-SafeStickyNrec VacantUpto: spec s = alw SafeStickyNrec Vacan-
tUpto s

{proof)

lemma invs-imp-InvGlobVacantUptoImpliesNrec:
assumes holds InvGloballncominglInfoUpright s
assumes holds InvGlobalRecordCount s
assumes holds nrec-pos s
shows holds InvGlobVacantUptoImpliesNrec s

{proof)

lemma spec-imp-invl: spec s = alw (holds InvGlobVacantUptoImpliesNrec) s
(proof)

lemma safe2-invi-imp-safe: SafeStickyNrecVacantUpto s = holds InvGlobVacan-
tUptoImpliesNrec s => SafeGlobVacantUptoImpliesStickyNrec s

(proof)

14



lemma spec-imp-safe: spec s = alw SafeGlobVacantUptoImpliesStickyNrec s
(proof)

lemma beta-upright-0: beta-upright 0 vb
(proof )

definition PositiveImplies where
PositiveImplies v w = (V. zcount vt > 0 — zcount wt > 0)

lemma betaupright-PositiveImplies: upright (va + vb) = Positivelmplies va (va
+ vb) = beta-upright va vb
(proof )

lemma betaupright-obtain-support:
assumes beta-upright va vb
zcount va t > 0
obtains s where s < t zcount va s < 0 V zcount vb s < 0 nonpos-upto va s

{proof)

lemma betaupright-upright-vut:
assumes beta-upright va vb
and upright vb
and  wvacant-upto (va + vb) t
shows wacant-upto va t

(proof)

lemma beta-upright-add:
assumes upright vb
and upright ve
and beta-upright va vb
shows  beta-upright va (vb + vc)

(proof)
definition InfoAt where

InfoAt ckp g = (if 0 < k N k < length (c-msg ¢ p q) then (c-msg ¢ p q) ! k else
0)

definition InvinfoAtBetaUpright where
InvInfoAtBetaUpright ¢ = (Vk p q. beta-upright (InfoAt ¢ k p q) (Incominglnfo

c(k+1) p q)

lemma init-InvinfoAtBetaUpright: init-config c = InvinfoAtBetaUpright c
(proof )

lemma next-inv[consumes 1, case-names next-performop next-sendupd next-recvupd
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stutter]:
assumes next s
and next-performop s = P
and next-sendupd s =—> P
and next-recvupd s — P
and  shd (stl s) = shd s = P
shows P

{proof)

lemma next-InvinfoAtBetaUpright:
assumes al: next s
and a2: InvinfoAtBetaUpright (shd s)
and a3: InvincomingInfo Upright (shd s)
and a4: InvTempUpright (shd s)
shows InvInfoAtBetaUpright (shd (stl s))
(proof)

lemma alw-InvinfoAtBetaUpright-auz: alw (holds InvTemp Upright) s = alw (holds
InvincomingInfo Upright) s = holds InvInfoAtBetaUpright s = alw next s =
alw (holds InvInfoAtBetaUpright) s

{proof)

lemma alw-InvinfoAtBetaUpright: spec s = alw (holds InvInfoAtBetaUpright) s
(proof )

definition InvGloballnfoAtBetaUpright where
InvGloballnfoAtBetaUpright ¢ = (Y k p q. beta-upright (InfoAt c k p q) (GloballncomingInfo

¢ (k+1) p q)

lemma finite-induct-select [consumes 1, case-names empty select):
assumes finite S
and empty: P {}
and select: NT. finite T = T C S = P T = 3s€S — T. P (inserts T)
shows P S

(proof)

lemma predicate-sum-decompose:
fixes f :: 'a = (b :: ab-group-add)
assumes finite X
and rzeX
and A (fz)
and VZ. B (sum fZ)
and AzZ A(fz)= B(sumfZ)= A (fz+ sumfZ)
and AzZ B (fz) = A(sumfZ)= A (fz+ sum fZ)
shows A (>_zeX. fz)
(proof )

lemma invs-imp-InvGloballnfoAtBeta Upright:
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assumes holds InvinfoAtBetaUpright s
and holds InvGloballncomingInfoUpright s
and holds InvIncominglInfoUpright s
shows holds InvGloballnfoAtBetaUpright s

(proof)

lemma alw-InvGloballnfoAtBetaUpright: spec s = alw (holds InvGloballnfoAt-
BetaUpright) s
(proof )

definition SafeStickyGlobVacantUpto :: ('p :: finite, 't :: order) computation =
bool where

SafeStickyGlobVacantUpto s = (V¥ q t. GlobVacantUpto (shd s) ¢t — alw (holds
(Ae. GlobVacantUpto ¢ q t)) s)

lemma gvutl:

GlobVacantUpto (shd s) g t = next-performop s = GlobVacantUpto (shd (stl
s)) qt

(proof )

lemma gvut2:

GlobVacantUpto (shd s) q¢ t => next-sendupd s => GlobVacantUpto (shd (stl s))
qt

(proof)

lemma gvut3:
assumes

gvu: GlobVacantUpto (shd s) ¢ t and
igouin: InvGlobVacantUptoImpliesNrec (shd s) and
igre: InvGlobalRecordCount (shd s) and
igitu: InvGlobalIncomingInfoUpright (shd s) and
igiabu: InvGloballnfoAtBetaUpright (shd s) and
next: next-recvupd $

shows GlobVacantUpto (shd (stl s)) gt
(proof)

lemma spec-imp-SafeStickyGlobVacantUpto-auz:

assumes
alw (holds (Ac. InuGlobVacantUptoImpliesNrec ¢)) s and
alw (holds (Ae. InuGlobalRecordCount c)) s and
alw (holds (Ae. InvGloballncomingInfoUpright ¢)) s and
alw (holds (Ac. InvGloballnfoAtBetaUpright ¢)) s and
alw next s

shows alw SafeStickyGlobVacantUpto s

{proof)

lemma spec-imp-SafeStickyGlobVacantUpto: spec s = alw SafeStickyGlobVacan-
tUpto s

{proof)
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definition SafeGlobMono where
SafeGlobMono c0 c1 = (Vp t. GlobVacantUpto c0 p t — GlobVacantUpto c1 p

t)

lemma alw-SafeGlobMono: spec s = alw (relates SafeGlobMono) s
{proof )

4 Exchange Protocol

4.1 Specification

record ('p, 't) configuration =
c-temp :: 'p = 't zmultiset
c-msg : 'p = 'p = 't zmultiset list
c-glob :: 'p = "t zmultiset
c-caps :: 'p = 't zmultiset
c-data-msg = ('p x 't) multiset

Description of the configuration: c-msg ¢ p g global, all progress messages
currently in-flight from p to q c-data-msg ¢ global, capabilities carried by
in-flight data messages c-temp ¢ p local, aggregated progress updates of
worker p that haven’t been sent yet c-glob ¢ p local, worker p’s conservative
approximation of all capabilities in the system c-caps ¢ p local, worker p’s
capabilities

global = state of the whole system to which no worker has access local =
state that is kept locally by each worker and which it can access
type-synonym ('p, 't) computation = ('p, 't) configuration stream

context order begin

abbreviation timestamps M = {# t. (x,t) €#. M #}

definition vacant-upto :: 'a zmultiset = 'a = bool where
vacant-upto a t = (Vs. s < t — zcount a s = 0)

definition nonpos-upto :: ‘a zmultiset = 'a = bool where
nonpos-upto a t = (V s. s <t — zcount a s < 0)

definition supported :: 'a zmultiset = 'a = bool where
supported a t = (3s. s < t A zcount a s < 0)

definition supported-strong :: 'a zmultiset = 'a = bool where
supported-strong a t = (Is. s < t A zcount a s < 0 N nonpos-upto a )

definition justified where

Justified C M = (Vt. 0 < zcount M t — supported M ¢t V (Ft'<t. 0 < zcount C
t') V zecount M t < zcount C't)
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lemma justified-alt:
Justified C M = (Vt. 0 < zcount M t — supported-strong M t V (3t'<t. 0 <
zeount C't') V zcount M t < zcount C't)

(proof)

definition justified-with where
justified-with C M N =
(Vt. 0 < zecount M t —
(Fs<t. (zcount M s < 0 V zcount N s < 0)) V
(Fs<t. 0 < zeount C's) V
zeount (M+N) t < zcount C't)

lemma justified-with-alt: justified-with C M N =
(Vt. 0 < zcount M t —
(Fs<t. (zcount M s < 0V zcount N s < 0) A (Vs'<s. zcount M s’ < 0)) V
(Fs<t. 0 < zcount C's) V
zeount (M+N) t < zcount C't)

{proof)

definition Positivelmplies where
Positivelmplies v w = Vt. zcount vt > 0 — zcount wt > 0

— A worker can mint capabilities greater or equal to any owned capability
definition minting-self where
minting-self C M = (Vte#M. t'<t. 0 < zcount C't’)

— Sending messages mints a capability at a strictly greater pointstamp
definition minting-msg where
minting-msg C M = (¥ (p,t)€#M. 3t'<t. 0 < zcount C t')

definition records where
records ¢ = (> p€ UNIV. c-caps ¢ p) + timestamps (zmset-of (c-data-msg c))

definition InfoAt where
InfoAt ckp g = (if 0 < k A k < length (c-msg ¢ p q) then (c-msg ¢ p q) ! k else
{#12)

definition Incominglnfo :: ('p, 'a) configuration = nat = 'p = 'p = 'a zmultiset
where
IncomingInfo ¢ k p ¢ = sum-list (drop k (c-msg ¢ p q)) + c-temp ¢ p

definition GloballncominglInfo :: ('p :: finite, 'a) configuration = nat = 'p = 'p
= 'a zmultiset where

GloballncomingInfo ¢ k p ¢ = > p’ € UNIV. Incominglnfo ¢ (if p’ = p then k
else 0) p’ q

abbreviation GloballncominglnfoAt where
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GloballncomingInfoAt ¢ g = Globallncominglnfo ¢ 0 q q

definition init-config :: (p :: finite, 'a) configuration = bool where
init-config ¢ =
(Vp. c-temp ¢ p = {#}.) A
(Vpl p2. c-msg c pl p2 =1]) A
— Capabilities have non-negative multiplicities
(Vp t. 0 < zcount (c-caps ¢ p) t) A
— The pointstamps in glob are exactly those in records
(Vp. c-glob ¢ p = records ¢) A
— All capabilities are being tracked
c-data-msg ¢ = {#}

definition next-recvcap’ :: ('p :: finite, 'a) configuration = ('p, 'a) configuration
= 'p = 'a = bool where
next-recvcap’ c¢0 ¢l p t = (
(p,t) €# c-data-msg c0
A ¢l = cO(c-caps := (c-caps c0)(p := c-caps c0 p + {#t#}.),
c-data-msg := c-data-msg c0 — {#(p,t)#}]))

abbreviation nezt-recvcap where
next-recvcap c0 c1 = I p t. next-recvcap’ c0 cl p t

Can minting of capabilities be described as a refinement of the Abadi model?
Short answer: No, not in general. Long answer: Could slightly modify Abadi
model, such that a capability always comes with a multiplicity 264 (or sim-
ilar, could be parametrized over arbitrarily large constant). In that case
minting new capabilities can be described as an upright change, dropping
one of the capabilities, to make the change upright. This only works as
long as no capability is required more than the constant number of times.
Issues: - Not fully general, due to the arbitrary constant - Not clear whether
refinement proofs would be easier than simply altering the model to support
the operations

Rationale for the condition on c-caps c0 p: In Abadi, the operation next-performop’
has the premise V¢. int (count Aneg t) < zcount (records c0) t, (records
corresponds to the global field nrec in that model) which means the proces-
sor performing the transition must verify that this condition is met. Since
records c is "global" state, which no processor can know, an implementation
of this protocol has to include some other protocol or reasoning for when it
is safe to do this transition.

Naively using a processor’s c-glob ¢ p to approximate records ¢ and justify
transitions can cause a race condition, where a processor drops a pointstamp,
e.g., Aneg = {#t#}, after which zcount (records c¢) t = 0 but other pro-
cessors might still use the pointstamp to justify the creation of pointstamps
that violate the safety property.
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Instead we model ownership of pointstamps, calling "owned pointstamps"
capabilities, which are tracked in c-caps c¢. In place of nrec we define
records ¢, which is the sum of all capabilities, as well as c-data-msg ¢, which
contains the capabilities carried by data messages. Since ¥ p t. zcount (c-caps
cp) t < zcount (records c) t, our condition V ¢. int (count Aneg t) < zcount
(c-caps c0 p) t implies the one on nrec in Abadi’s model.

Conditions in performop:

The performop transition takes three msets of pointstamps, Aneg, Amint-msg,
and Amint-self Aneg contains dropped capabilities (a subset of c-caps)
Amint-msg contains pairs (p, t), where a data message is sent (i.e. capa-
bility added to the pool), creating a capability at t, owned by p Amint-self
contains pointstamps minted and owned by worker p

Aneg in combination with Amint-msg also allows any upright updates to
be made as in the Abadi model, meaning this definition allows strictly more
behaviors.

The Amint-msg # {#} V zmset-of Amint-self — zmset-of Aneg # {#}.
condition ensures that no-ops aren’t possible. However, it’s still possible
that the combined A is empty. E.g. a processor has capabilities 1 and 2,
uses cap 1 to send a message, minting capability 2. Simultaneously it drops
a capability 2 (for unrelated reasons), cancelling out the overall change but
shifting a capability to the pool, possibly with a different owner than itself.

definition next-performop’ :: ('p:finite, 'a) configuration = ('p, 'a) configuration
= 'p = 'a multiset = ('p x 'a) multiset = 'a multiset = bool where
next-performop’ c0 c1 p Aneg Amint-msg Amint-self =
— Apos contains all positive changes, A the combined positive and negative
changes
(let Apos = timestamps (zmset-of Amint-msg) + zmset-of Amint-self;
A = Apos — zmset-of Aneg
mn
(Amint-msg # {#} V zmset-of Amint-self — zmset-of Aneg # {#}.)

A (V. int (count Aneg t) < zcount (c-caps c0 p) t)

— Pointstamps added in Amint-self are minted at p

A minting-self (c-caps c0 p) Amint-self

— Pointstamps added in Amint-msg correspond to sent data messages

A minting-msg (c-caps c¢0 p) Amint-msg

— Worker immediately knows about dropped and minted capabilities

A ¢l = cO0(c-caps := (c-caps c0)(p := c-caps cO p + zmset-of Amint-self —
zmset-of Aneg),

— Sending a data message creates a capability, once that message arrives. This
is modelled as a pool of capabilities that may (will) appear at processors at some
point.

c-data-msg = c-data-msg c0 + Amint-msg,
c-temp := (c-temp c0)(p := c-temp c0 p + A)))

abbreviation next-performop where
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next-performop c¢0 c1 = (Ip Aneg Amint-msg Amint-self. next-performop’ c0
cl p Aneg Amint-msg Amint-self)

definition next-sendupd’ :: ('p::finite, ‘a) configuration = ('p, ‘a) configuration =
'n = 'a set = bool where
next-sendupd’ c0 cl p tt =
(let v = {#t €, c-temp cO p. t € tI#} in
v # 0
A justified (c-caps c0 p) (c-temp c0p — )
A ¢l = cO(c-msg := (¢c-msg c0)(p := Aq. c-msg c0 p ¢ Q [v]),
c-temp := (c-temp c0)(p := c-temp c0 p — 7))

abbreviation nezt-sendupd where
next-sendupd c0 c1 = (I p tt. next-sendupd’ c0 cl p tt)

definition next-recoupd’ :: ("p:finite, 'a) configuration = ('p, 'a) configuration =
'p = 'p = bool where
next-recoupd’ ¢0 ¢l p q =
c-msg c0p q # ]
A ¢l = cO(c-msg := (¢c-msg c0)(p := (c-msg c0 p)(q := tl (c-msg c0 p q))),
c-glob := (c-glob c0)(q := c-glob ¢0 q + hd (c-msg c0 p q)))

abbreviation nezt-recvupd where
next-recvupd ¢0 ¢l = (I p q. next-recoupd’ c0 c1 p q)

definition next’ where
next’ c0 ¢l = (next-performop c0 c1 V next-sendupd c0 c1 V next-recvupd c0 cl
V next-recveap ¢0 ¢l V ¢l = ¢0)

abbreviation next where
next s = next’ (shd s) (shd (stl s))

definition spec :: ('p :: finite, 'a) computation = bool where
spec s = holds init-config s A\ alw next s

abbreviation GlobVacantUpto where
GlobVacantUpto ¢ q t = vacant-upto (c-glob ¢ q) t

abbreviation GlobNonposUpto where
GlobNonposUpto ¢ q t = nonpos-upto (c-glob ¢ q) t

abbreviation RecordsVacantUpto where
Records VacantUpto ¢ t = vacant-upto (records c) t

definition SafeGlobVacantUptoImpliesStickyNrec :: ('p :: finite, 'a) computation
= bool where
SafeGlobVacantUptoImpliesStickyNrec s =
(let ¢ = shd s in V't q. GlobVacantUpto ¢ q t — alw (holds (Ac. RecordsVa-
cantUpto ¢ t)) s)
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4.2 Auxiliary Lemmas

lemma finite-induct-select [consumes 1, case-names empty select]:
assumes finite S
and empty: P {}
and select: ANT. finite T—= T C S = P T = 3s€S — T. P (insert s T)
shows P §

(proof)

lemma finite-induct-decompose-sum:
fixes f :: ‘¢ = ('b :: comm-monoid-add)
assumes finite X
and reX
and A (fz)
and VZ. B (sumfZ)
and AzZ A(fz)= B (sumfZ)= A (fz+ sum fZ)
and AzZ B (fz) = A(sumfZ)= A (fz+ sum fZ)
shows A (D zeX. fz)
(proof)

lemma minting-msg-add-records: minting-msg C1 M = Vt. 0 < zcount C2 t =
minting-msg (C1+C2) M
(proof)

lemma add-less: (azint) < c = b< 0= a+b<c
(proof)

lemma disj3-split: PV Q V R = (P = thesis) = (- P N Q = thesis) =
(n P = = Q = R = thesis) = thesis
{proof)

lemma filter-zmset-conclude-predicate: 0 < zcount {# = €#, M. Pz #} 2 = 0
< zecount M x — P x

{proof)

lemma alw-holds2: alw (holds P) ss = (P (shd ss) A alw (holds P) (stl ss))
{proof)

lemma zmset-of-removel-mset: © €# M = zmset-of (removel-mset x M) =
zmset-of M — {#a#}.
(proof )

lemma timestamps-zmset-of-pair-image[simp|: timestamps (zmset-of {# (c,t). t
€# M #}) = zmset-of M
(proof)

lemma timestamps-image-zmset-fst[simpl: timestamps {# (f z, t). (z, t) €#. M

#} = timestamps M
(proof)
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lemma lift-invariant-to-spec:
assumes (/\c. init-config c = P ¢)
and (As. holds P s = next s = nat (holds P) s)
shows spec s = alw (holds P) s

(proof )
lemma timestamps-sum-distrib[simp]: (O p € A. timestamps (f p)) = timestamps
(>CpeAfp)

(proof )
lemma timestamps-zmset-of[simp]: timestamps (zmset-of M) = zmset-of {# t.
(p,t) €# M #}

(proof )
lemma wvacant-upto-add: vacant-upto a t = wvacant-upto b t = wvacant-upto
(a+b) t

(proof )
lemma nonpos-upto-add: nonpos-upto a t = nonpos-upto b t = nonpos-upto
(a+Db) t

(proof )

lemma nonzero-lt-gtD: (n::-::linorder) # 0 = 0 < nV n < 0
{proof)

lemma zero-lt-diff: (0:int) < a —b= 0> 0= 0<a
{proof)

lemma zero-lt-add-disj: 0 < (azint) + b= 0<a=0<b=0<aV 0<
b
{proof)

4.2.1 Transition lemmas

lemma next-performopD:
assumes nezt-performop’ c0 cl p Aneg Amint-msg Amint-self
shows
Amint-msg # {#} V zmset-of Amint-self — zmset-of Aneg # {#}.
Vt. int (count Aneg t) < zcount (c-caps c0 p) t
minting-self (c-caps c0 p) Amint-self
minting-msg (c-caps c0 p) Amint-msg
c-temp c1 = (c-temp c0)(p := c-temp c0 p + (timestamps (zmset-of Amint-msg)
+ zmset-of Amint-self — zmset-of Aneg))
c-msg ¢l = c-msg c0
c-glob c¢1 = c-glob c0
c-data-msg c1 = c-data-msg c0 + Amint-msg
c-caps ¢l = (c-caps c0)(p := c-caps c0 p + (zmset-of Amint-self — zmset-of
Aneg))
(proof)
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lemma next-performop-complexD:
assumes nezt-performop’ c¢0 cl p Aneg Amint-msg Amint-self
shows
records ¢l = records c0 + (timestamps (zmset-of Amint-msg) + zmset-of
Amint-self — zmset-of Aneg)
GlobalIncomingInfoAt c1 ¢ = GloballncomingInfoAt c0 q + (timestamps (zmset-of
Amint-msg) + zmset-of Amint-self — zmset-of Aneg)
IncomingInfo c1 kp' q= (if p' = p
then IncomingInfo c0 k p’ q + (timestamps (zmset-of Amint-msg) + zmset-of
Amint-self — zmset-of Aneg)
else IncomingInfo c0 k p’ q)
YV t'<t. zcount (c-caps c0p) t' = 0 = zcount (timestamps (zmset-of Amint-msg))
t=20
InfoAt c1 k p’ q = InfoAt cOk p’ q
(proof )

lemma next-sendupdD:
assumes nezt-sendupd’ c0 ¢l p tt
shows
(#t € c-temp e p. 1 € 11#) £ {#).
Justified (c-caps c0 p) (c-temp cO p — {#t €. c-temp c0 p. t € tt#})
c-temp c1 p' = (if p’ = p then c-temp c0 p — {#t €., c-temp c0 p. t € Lt#}
else c-temp c0 p’)
c-msg ¢l = (Ap' q. if p’ = p then c-msg c0 p q Q [{#t €#, c-temp cOp. t €
tt#}] else c-msg c0 p’ q)
c-glob c¢1 = c-glob c0
c-caps c1 = c-caps c0
c-data-msg c1 = c-data-msg c0
(proof )

lemma nezxt-sendupd-complexD:
assumes nezt-sendupd’ c0 cl p it
shows
records c1 = records c0
IncomingInfo c1 0 = IncominglInfo c0 0
IncomingInfo c1 k p’ ¢ = (if p’ = p A length (c-msg c0p q) < k
then IncomingInfo c0 k p’ q — {#t €. c-temp cOp'. t €
tt#}
else IncomingInfo c0 k p’ q)
k < length (c-msg c0 p q) = Incominglnfo c1 k p’ ¢ = Incominglnfo c0k p’ q
length (c-msg c0p q) < k =
IncomingInfo c1 kp' q= (if p’' = p
then Incominglnfo c0 k p’ q — {#t €#. c-temp cO0p’. t €

tt#}
else IncomingInfo c¢0 k p’ q)
GloballncomingInfoAt c1 q = GloballncomingInfoAt c0 q
InfoAt c1 kp' q= (if p’ = p Ak = length (c-msg c0 p q) then {#t €#, c-temp
c0p'. t € ti#} else InfoAt cO k p’ q)
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(proof)

lemma next-recvupdD:
assumes next-recoupd’ c0 cl p q
shows
c-msg c0 p q # ]
c-temp c1 = c-temp c0
c-msg cl = (Ap' ¢’ if p’ =p A q¢' = q then tl (c-msg c0 p q) else c-msg c0 p’
)
c-glob ¢1 = (c-glob c0)(q := c-glob c0 q + hd (c-msg c0 p q))
c-caps c1 = c-caps c0
c-data-msg ¢l = c-data-msg c0
(proof)

lemma nezt-recvupd-complexD:
assumes next-recvupd’ c0 cl p q
shows
records c¢1 = records c0
IncomingInfo c1 0 p’ ¢’ = (if p’ = p A ¢’ = q then IncominglInfo c0 0 p' ¢’ —
hd (c-msg c0 p q) else IncomingInfo c¢0 0 p’ ¢’)
IncomingInfo c1 kp' ¢' = (ifp’=p AN qg' =¢q
then IncomingInfo c0 (k+1) p’ q’
else IncomingInfo c0 k p’ q)
GloballncomingInfoAt c1 q' = (if ¢’ = q then GloballncomingInfoAt c0 ¢’ — hd
(c-msg c0 p q) else GloballncomingInfoAt c¢0 q’)
InfoAt c1 k p ¢ = InfoAt c0 (k+1) p q
InfoAt c1 kp’' ¢’ = (if p’ = p N ¢/ = q then InfoAt c0 (k+1) p q else InfoAt c0
kp'q’)
(proof

lemma next-recvcapD:
assumes next-recvcap’ c0 cl p t
shows
(p,t) €# c-data-msg c0
c-temp c1 = c-temp c0
c-msg ¢l = c-msg c0
c-glob c¢1 = c-glob c0
c-caps ¢l = (c-caps c0)(p := c-caps c0 p + {#t#}.)
c-data-msg c1 = c-data-msg c0 — {#(p,t)#}
(proof)

lemma next-recvcap-complexD:
assumes next-recveap’ c0 cl p t
shows
records c1 = records c0
IncomingInfo c1 = IncomingInfo c0
GloballncominglInfo c1 = GloballncominglInfo cO
InfoAt c1 k p’ q = InfoAt cOk p’ q
(proof)
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lemma ex-next-recvupd:
assumes c-msg c0 p q # ||
shows dcl. next-recvupd’ c0 cl p q

(proof)

4.2.2 Facts about justified’ness

lemma justified-empty[simp]: justified {#}. {#}.
(proof)

It’s sufficient to show justified for least pointstamps in M.

lemma justified-least!:

assumes Vt. 0 < zcount M t — (Vt'<t. zcount M t' < 0) — supported-strong
Mtv (3t'<t. 0 < zecount C t") V (zcount M t < zcount C't)

shows justified C M

(proof)

lemma justified-add:
assumes justified C1 M1
and justified C2 M2
and V¢t 0 < zcount C1t
and V¢t 0 < zcount C2t
shows justified (C14+C2) (M1+M2)
(proof)

lemma justified-sum:
assumes V peP. justified (f p) (g p)
and VpeP.Vt 0 < zcount (fp) t
shows justified (> peP. fp) O peP. g p)
(proof)

lemma justified-add-records:
assumes justified C M
and V¢t 0 < zcount C't
shows justified (C+C') M
(proof)

lemma justified-add-zmset-records:
assumes justified C M
shows justified (add-zmset t C) M

{proof)

lemma justified-diff:
assumes justified C M
and Vit 0 < zcount C't
and V¢t count At < zcount Ct
shows justified (C — zmset-of A) (M — zmset-of A)
(proof)
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lemma justified-add-msg-delta:
assumes justified C M
and minting-msg C A
and V¢t 0 < zecount Ct
shows justified C (M + timestamps (zmset-of A))
(proof)

lemma justified-add-same:
assumes justified C M
and minting-self C' A
and Vit 0 < zcount C't
shows justified (C + zmset-of A) (M + zmset-of A)
(proof)

4.2.3 Facts about justified-with’ness

lemma justified-with-add-records:
assumes justified-with C1 M N
and V¢t 0 < zcount C2 ¢t
shows justified-with (C14+C2) M N
(proof)

lemma justified-with-leastl:
assumes
(Vt. 0 < zecount M t — (Vt'<t. zcount M t’
(Fs<t. (zcount M s < 0 V zcount N s < 0)
(Fs<t. 0 < zeount C's) V
zeount (M+N) t < zcount C't)
shows justified-with C M N

(proof)

<0) —
A (Vs'<s. zcount M 8" < 0)) V

lemma justified-with-add:
assumes justified-with C1 M N1
and justified C1 N1
and justified C2 N2
and V¢t 0 < zcount C1t
and Vit 0 < zcount C2t
shows justified-with (C1+C2) M (N1+N2)
(proof)

lemma justified-with-sum':
assumes finite X X#{}
and VzeX. justified-with (C z) M (N z)
and VzeX. justified (C z) (N z)
and VzeX. Vi 0 < zeount (Cz) t
shows justified-with (> zeX. Cz) M (3 z€X. N z)

(proof)
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lemma justified-with-sum:
assumes finite X X#{}
and z € X
and justified-with (C z) M (N x)
and VzeX. justified (C z) (N 1)
and VzeX. Vit 0 < zcount (Cz) t
shows justified-with (> z€X. Cz) M (> z€X. N 1)

{proof)

lemma justified-with-add-same:
assumes justified-with C M N
and Vit 0 < zcount C't
shows justified-with (C + zmset-of A) M (N + zmset-of A)
(proof )

lemma justified-with-add-msg-delta:
assumes justified-with C M N
and minting-msg C A
and V¢t 0 < zcount Ct
shows justified-with C M (N + timestamps (zmset-of A))
(proof )

lemma justified-with-diff:
assumes justified-with C M N
and V¢t 0 < zecount Ct
and V¢t count At < zcount C't
and justified C' N
shows justified-with (C — zmset-of A) M (N — zmset-of A)
(proof)

lemma Positivelmplies-justified-with:
assumes justified C (M+N)

and Positivelmplies M (M+N)
shows justified-with C M N

{proof)

lemma justified-with-add-zmset[simp):
assumes justified-with C M N
shows justified-with (add-zmset ¢ C) M N

{proof)

lemma next-performop’-preserves-justified-with:
assumes justified-with (c-caps c0 p) M N
and next-performop’ c0 c1 p Aneg Amint-msg Amint-self
and Vi 0 < zcount (c-caps c0 p) t
and justified (c-caps c0 p) N
shows justified-with (c-caps c0 p + zmset-of Amint-self — zmset-of Aneg) M
(N + zmset-of Amint-self + timestamps (zmset-of Amint-msg) — zmset-of Aneg)
(proof)
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4.3 Invariants

4.3.1 InvRecordCount

InvRecordCount states that for every processor, its local approximation
c-glob ¢ g and the sum of all incoming progress updates Globallncoming-
InfoAt ¢ q together are equal to the sum of all capabilities in the system.

definition InvRecordCount where
InvRecordCount ¢ = ¥ q. records ¢ = GloballncomingInfoAt ¢ q + c-glob ¢ q

lemma init-config-implies-InvRecordCount: init-config ¢ => InvRecordCount c
(proof )

lemma performop-preserves-InvRecordCount:
assumes InvRecordCount c0
and next-performop’ c0 c1 p Aneg Amint-msg Amint-self
shows InvRecordCount c1

(proof)

lemma sendupd-preserves-InvRecordCount:
assumes InvRecordCount c0
and next-sendupd’ c0 cl p tt
shows InvRecordCount cl

(proof)

lemma recvupd-preserves-InvRecordCount:
assumes InvRecordCount c0
and nezt-recvupd’ c0 cl p q
shows InvRecordCount c1

(proof)

lemma recvcap-preserves-InvRecordCount:
assumes InvRecordCount c0
and nezt-recvcap’ c¢0 cl p t
shows InvRecordCount c1

(proof)

lemma nezt-preserves-InvRecordCount: InvRecordCount c0 = next’ c0 c1 =
InvRecordCount c1

(proof)

lemma alw-InvRecordCount: spec s => alw (holds InvRecordCount) s
{proof)

4.3.2 InvCapsNonneg and InvRecordsNonneg

InvCapsNonneg states that elements in a processor’s c-caps ¢ p always have
non-negative cardinality. InvRecordsNonneg lifts this result to records ¢

definition InvCapsNonneg :: ('p :: finite, 'a) configuration = bool where
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InvCapsNonneg ¢ = (Vp t. 0 < zcount (c-caps ¢ p) t)

definition InvRecordsNonneg where
InvRecordsNonneg ¢ = (Vt. 0 < zcount (records c) t)

lemma init-config-implies-InvCapsNonneg: init-config c = InvCapsNonneg ¢
(proof)

lemma performop-preserves-InvCapsNonneg:
assumes InvCapsNonneg c0
and next-performop’ c0 ¢l p Ay, Ap1 Apo
shows InvCapsNonneg cl1
(proof)

lemma sendupd-performs-InvCapsNonneg:
assumes InvCapsNonneg c0
and next-sendupd’ c0 cl p tt
shows InvCapsNonneg cl1

{proof)

lemma recvupd-preserves-InvCapsNonneg:
assumes InvCapsNonneg c0
and next-recvupd’ c0 ¢l p q
shows InvCapsNonneg cl1

{proof)

lemma recvcap-preserves-InvCapsNonneg:
assumes InvCapsNonneg c0
and next-recvcap’ c0 cl p t
shows InvCapsNonneg cl1

(proof)

lemma nezt-preserves-InvCapsNonneg: holds InvCapsNonneg s =—> next s =—> nxt
(holds InvCapsNonneg) s

{proof)

lemma alw-InvCapsNonneg: spec s = alw (holds InvCapsNonneg) s
(proof)

lemma alw-InvRecordsNonneg: spec s = alw (holds InvRecordsNonneg) s
(proof )

4.3.3 Resulting lemmas

lemma pos-caps-pos-records:
assumes InvCapsNonneg c
shows 0 < zcount (c-caps ¢ p) x = 0 < zcount (records c)

(proof)
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4.3.4 SafeRecordsMono

The records in the system are monotonic, i.e. once records ¢ contains no
records up to some timestamp t, then it will stay that way forever.

definition SafeRecordsMono :: ('p :: finite, 'a) computation = bool where
SafeRecordsMono s = (Vt. RecordsVacantUpto (shd s) t — alw (holds (Ac.
RecordsVacantUpto ¢ t)) s)

lemma performop-preserves-Records VacantUpto:
assumes RecordsVacantUpto c0 t
and next-performop’ c0 cl1 p Aneg Amint-msg Amint-self
and InvRecordsNonneg cl
and InvCapsNonneg c0
shows RecordsVacantUpto c1 t

(proof)

lemma next’-preserves-Records Vacant Upto:

fixes c0 :: ('p::finite, 'a) configuration

shows InvCapsNonneg c0 = InvRecordsNonneg c1 = RecordsVacantUpto c0
t = next’ c0 c1 = RecordsVacantUpto cl t

{proof)

lemma alw-next-implies-alw-SafeRecordsMono:
alw next s = alw (holds InvCapsNonneg) s = alw (holds InvRecordsNonneg)
s = alw SafeRecordsMono s

{proof)

lemma alw-SafeRecordsMono: spec s = alw SafeRecordsMono s

(proof)

4.3.5 InvJustifiedII and InvJustified GII

These two invariants state that any net-positive change in the sum of in-
coming progress updates is "justified" by one of several statements being
true.

definition InvJustifiedl] where
InvJustifiedIl ¢ = (Vk p q. justified (c-caps ¢ p) (Incominglnfo ¢ k p q))

definition InvJustified GII where
InvJustifiedGII ¢ = (Vk p q. justified (records ¢) (Globallncominglnfo ¢ k p q))

Given some zmset M justified wrt to caps c0 p, after a performop M + A
is justified wrt to c-caps c1 p. This lemma captures the identical argument
used for preservation of InvTempJustified and InvJustifiedII.
lemma next-performop’-preserves-justified:
assumes justified (c-caps c0 p) M
and next-performop’ c0 c1 p Aneg Amint-msg Amint-self
and InvCapsNonneg c0
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shows  justified (c-caps c1 p) (M + (timestamps (zmset-of Amint-msg) +
zmset-of Amint-self — zmset-of Aneg))
(proof )

lemma InvJustifiedlI-implies-InvJustified GII:
assumes InvJustifiedIl c
and InvCapsNonneg c
shows InvJustifiedGII ¢

{proof)

lemma init-config-implies-InvJustifiedII: init-config ¢ = InvJustifiedll c
(proof)

lemma performop-preserves-InvJustifiedII:
assumes InvJustifiedIl c0
and next-performop’ c0 c1 p Aneg Amint-msg Amint-self
and InvCapsNonneg c0
shows InvJustifiedIl c1

{proof)

lemma sendupd-preserves-InvJustifiedl:
assumes InvJustifiedIl c0
and next-sendupd’ c0 cl p tt
shows InvJustifiedI] c1

{proof)

lemma recvupd-preserves-InvJustifiedII:
assumes InvJustifiedIl c0
and next-recvupd’ c0 cl p q
shows InvJustifiedI] c1

(proof)

lemma recvcap-preserves-InvJustifiedII:
assumes InvJustifiedIl c0
and next-recvcap’ c¢0 cl p t
shows InvJustifiedIl cl1

(proof)

lemma next’-preserves-InvJustifiedll:
InvCapsNonneg c0 = InvJustifiedII c0 = next’ c0 c1 = InvJustifiedll c1

{proof)

lemma alw-InvJustifiedIl: spec s = alw (holds InvJustifiedIl) s
(proof)

lemma alw-InvJustifiedGII: spec s = alw (holds InvJustifiedGII) s
(proof )
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4.3.6 InvTempJustified

definition InvTempJustified where
InvTempJustified ¢ = (V p. justified (c-caps ¢ p) (c-temp ¢ p))

lemma init-config-implies-InvTempJustified: init-config c = InvTempJustified c
(proof)

lemma recvcap-preserves-InvTempJustified:
assumes InvTempJustified c0
and next-recvcap’ c0 cl pt
shows InvTempJustified cl1

{proof)

lemma recvupd-preserves-InvTempJustified:
assumes InvTempJustified c0
and next-recvupd’ c¢0 cl p t
shows InvTempJustified c1

{proof)

lemma sendupd-preserves-InvTempJustified:
assumes InvTempJustified c0
and next-sendupd’ c0 cl p tt
shows InvTempJustified c1

{proof)

lemma performop-preserves-InvTempJustified:
assumes InvTempJustified c0
and next-performop’ c0 cl1 p Aneg Amint-msg Amint-self
and InvCapsNonneg c0
shows InvTempJustified cl1

(proof)

lemma next’-preserves-InvTempJustified:
InvCapsNonneg c0 = InvTempJustified c0 = next’ c0 c1 = InvTempJusti-
fied c1

(proof)

lemma alw-InvTempJustified: spec s = alw (holds InvTempJustified) s
(proof )

4.3.7 InvGlobNonposImpRecordsNonpos

InvGlobNonposImpRecordsNonpos states that each processor’s c-glob ¢ q is
a conservative approximation of records c.

definition InvGlobNonposImpRecordsNonpos :: ('p :: finite, 'a) configuration =
bool where

InvGlobNonposImpRecordsNonpos ¢ = (Vt q. nonpos-upto (c-glob ¢ q) t —
nonpos-upto (records c) t)
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definition InvGlobVacantImpRecordsVacant :: ('p :: finite, 'a) configuration = bool
where

InvGlobVacantImpRecords Vacant ¢ = (V t q. GlobVacantUpto ¢ ¢t — RecordsVa-
cantUpto ¢ t)

lemma invs-imp-InvGlobNonposImpRecordsNonpos:
assumes InvJustifiedGII ¢
and InvRecordCount c
and [InvRecordsNonneg c
shows InvGlobNonposImpRecordsNonpos ¢

{proof)

InvGlobVacantImpRecordsVacant is the one proved in the Abadi paper. We
prove InvGlobNonposImpRecordsNonpos, which implies this.

lemma invs-imp-InvGlobVacantImpRecords Vacant:
assumes InvJustifiedGII ¢
and InvRecordCount c
and InvRecordsNonneg c
shows InvGlobVacantImpRecordsVacant c

(proof)

lemma alw-InvGlobNonposImpRecordsNonpos: spec s = alw (holds InvGlobNon-
posImpRecordsNonpos) s

{proof)

lemma alw-InvGlobVacantImpRecords Vacant: spec s = alw (holds InvGlobVa-
cantImpRecords Vacant) s

{proof)

4.3.8 SafeGlobVacantUptoImpliesStickyNrec

This is the main safety property proved in the Abadi paper.

lemma invs-imp-SafeGlobVacant UptoImpliesStickyNrec:
SafeRecordsMono s = holds InvGlobVacantImpRecordsVacant s = SafeGlob-
VacantUptolmpliesStickyNrec s

{proof)

lemma alw-SafeGlobVacantUptoImpliesStickyNrec:
spec s = alw SafeGlobVacantUptolmpliesStickyNrec s

{proof)

4.3.9 InvGlobNonposEqVacant

The least pointstamps in glob are always positive, i.e. nonpos-upto and
vacant-upto on glob are equivalent.

definition InvGlobNonposEqVacant where
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InvGlobNonposEqVacant ¢ = (V q t. GlobVacantUpto ¢ q t = GlobNonposUpto ¢
qt)

lemma invs-imp-InvGlobNonposEqVacant:
assumes [nvRecordCount c
and InvJustifiedGII ¢
and InvRecordsNonneg c
shows InvGlobNonposEqVacant ¢

(proof)

lemma alw-InvGlobNonposEqVacant: spec s = alw (holds InvGlobNonposEqVa-
cant) s

{proof)

4.3.10 InvInfoJustifiedWithlIl and InvInfoJustified WithGII

definition InvInfoJustified WithIl where
InvInfoJustifiedWithll ¢ = (Vk p q. justified-with (c-caps ¢ p) (InfoAt ¢ k p q)
(Incominglnfo ¢ (k+1) p q))

definition InvinfoJustified WithGII where
InvInfoJustifiedWithGII ¢ = (Vk p q. justified-with (records ¢) (InfoAt ¢ k p q)
(GloballncomingInfo ¢ (k+1) p q))

lemma init-config-implies-InvinfoJustified WithIl: init-config ¢ = InvInfoJusti-
fiedWithlII ¢

{proof)

This proof relies heavily on the addition properties summarized in the lemma
[justified-with (c-caps 2¢0.0 ?p) ?M ?N; next-performop’ 2¢0.0 ?¢1.0 ?p
?Aneg ?Amint-msg ?Amint-self; Vt. 0 < zcount (c-caps ?c0.0 ?p) t; jus-
tified (c-caps 2¢0.0 ?p) ¢?N| = justified-with (c-caps ?¢0.0 ?p + zmset-of
Amint-self — zmset-of ?Aneg) ?M (?N + zmset-of 2Amint-self + times-
tamps (zmset-of ?Amint-msg) — zmset-of ?Aneg)
lemma performop-preserves-InvinfoJustified Withll:
assumes InvInfoJustified WithII c0
and next-performop’ c0 cl p’ Aneg Amint-msg Amint-self
and InvJustifiedll c0

and InvCapsNonneg c0
shows InvinfoJustified WithlI c1

{proof)

lemma sendupd-preserves-InvinfoJustified WithlII:
assumes InvinfoJustified WithII c0
and next-sendupd’ c0 cl1 p' tt
and InvTempJustified c0
shows InvInfoJustified WithlI c1

{proof)
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lemma recvupd-preserves-InvinfoJustified WithII:
assumes InvinfoJustifiedWithIl c0
and next-recvupd’ c0 cl p q
shows  InvInfoJustified WithII c1

(proof)

lemma recvcap-preserves-InvinfoJustified WithlI:
assumes InvinfoJustifiedWithIl c0
and nezt-recvcap’ c¢0 cl p t
shows  InvinfoJustified WithlI c1

(proof)

lemma invs-imp-InvinfoJustified WithGII:
assumes InvinfoJustified WithII c
and InvJustifiedll c
and InvCapsNonneg c
shows InvInfoJustified WithGII c

{proof)

lemma next’-preserves-InvinfoJustified WithlII:
assumes InvinfoJustified WithII c0
and next’ c0 cl
and InvCapsNonneg c0
and InvJustifiedII c0
and InvTempJustified c0
shows InvinfoJustified WithlI c1

{proof)

lemma alw-InvinfoJustifiedWithIl: spec s = alw (holds InvInfoJustified WithII)

S

(proof)

lemma alw-InvinfoJustified WithGII: spec s = alw (holds InvInfoJustified With-
GII) s
{proof )

4.3.11 SafeGlobMono and InvMsgInGlob

The records in glob are monotonic. This implies the corollary InvMsgInGlob;
No incoming message carries a timestamp change that would cause glob to
regress.

definition SafeGlobMono where
SafeGlobMono c0 c1 = (Vp t. GlobVacantUpto c0 p t — GlobVacantUpto c1 p

t)
definition InvMsgInGlob where

InvMsgInGlob ¢ = (Vp qt. cc-msg cp q £ [] — t €#, hd (c-msg ¢ p q) —
(Ft'<t. 0 < zcount (c-glob ¢ q) t))
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lemma not-InvMsgInGlob-imp-not-SafeGlobMono:
assumes — InuMsgInGlob c0
and InvGlobNonposEqVacant c0
shows dci. next-recvupd c0 c1 N — SafeGlobMono c0 c1

(proof)

lemma GIl-eq-GIA: GloballncomingInfo ¢ 1 p q = (if c-msg ¢ p ¢ = || then Glob-
allncomingInfoAt ¢ q else GloballncomingInfoAt ¢ ¢ — hd (c-msg ¢ p q))

{proof)

lemma recvupd-preserves-GlobVacantUpto:
assumes GlobVacantUpto c0 q t
and next-recvupd’ c0 cl p q
and InvInfoJustified WithGII c0
and InvGlobNonposEqVacant cl
and InvGlobVacantImpRecords Vacant c0
and InvRecordCount c0
shows GlobVacantUpto c1 gt

(proof)

lemma recvupd-imp-SafeGlobMono:
assumes next-recoupd’ c0 cl p q
and InvInfoJustifiedWithGII c0
and InvGlobNonposEqVacant c1
and InvGlobVacantImpRecords Vacant c0
and InvRecordCount c0
shows SafeGlobMono c0 c1

{proof)

lemma next’-imp-SafeGlobMono:
assumes next’ c0 cl
and InvinfoJustified WithGII c0
and InvGlobNonposEqVacant cl1
and InvGlobVacantImpRecords Vacant c0
and InvRecordCount c0
shows SafeGlobMono c0 cl1

(proof)

lemma invs-imp-InvMsgInGlob:
fixes c0 :: ('p::finite, 'a) configuration
assumes InvinfoJustified WithGII c0
and InvGlobNonposEqVacant c0
and InvGlobVacantImpRecords Vacant c0
and InvRecordCount c0
and InvJustifiedII c0
and InvCapsNonneg c0
and InvRecordsNonneg c0
shows InuMsgInGlob c0

{proof)
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lemma alw-SafeGlobMono: spec s = alw (relates SafeGlobMono) s
(proof)

lemma alw-InvMsgInGlob: spec s = alw (holds InvMsgInGlob) s
(proof )

lemma SafeGlobMono-preserves-vacant:
assumes YV t'<t. zcount (c-glob c0 q) t' = 0
and (Ac0 cl. SafeGlobMono c0 c1)** c0 cl
shows Vt'<t. zcount (c-glob ¢l q) t' = 0

{proof)

lemma rtranclp-all-imp-rel: r** 2y = Vab. rab—r'ab= r**zy

(proof)

lemma rtranclp-rel-and-invar: r* zy —= Qx = Vab. QaANrab— Pald
ANQb= (Azy. PzyANQuy)*zy
(proof)

lemma rtranclp-invar-conclude-last: Az y. Pz y AN Q) zy —= Qz = Qy
(proof)

lemma InvCapsNonneg-imp-InvRecordsNonneg: InvCapsNonneg ¢ => InvRecord-
sNonneg c

(proof)

lemma invs-imp-msg-in-glob:
fixes c¢ :: ('p::finite, 'a) configuration
assumes M € set (c-msg ¢ p q)
and te#, M
and InvGlobNonposEqVacant ¢
and InvJustifiedlI c
and InvinfoJustified WithII ¢
and InvGlobVacantImpRecordsVacant ¢
and InvRecordCount ¢
and InvCapsNonneg c
and InvMsgInGlob c
shows 3t'<t. 0 < zcount (c-glob ¢ q) t’

(proof)
lemma alw-msg-glob: spec s =
alw (holds (Ae. Vp qt. (M € set (¢c-msg ¢ p q). t €#, M) — (Ft'<t. 0 <

zcount (c-glob ¢ q) t))) s
{proof)

end
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5 Antichains

definition incomparable where
incomparable A= (Vz € AVye A o4y —-z<yAN-y<uz)

lemma incomparable-empty[simp, intro]: incomparable {}
(proof)

typedef (overloaded) ‘a :: order antichain =
{4 :: 'a set. finite A N incomparable A}
morphisms set-antichain antichain

(proof)
setup-lifting type-definition-antichain

lift-definition member-antichain :: 'a :: order = 'a antichain = bool («<(-/ €4 -)»
[51, 51] 50) is Set.member (proof)

abbreviation not-member-antichain :: 'a :: order = 'a antichain = bool («(-/ ¢a

- [61, 51] 50) where
T¢s A=-16€E4 A

lift-definition empty-antichain :: 'a :: order antichain (<{}>) is {} (proof)

lemma mem-antichain-nonempty[simp): s €4 A = A # {}a
{proof)

definition minimal-antichain A = {z € A. =-(Jy € A. y < z)}

lemma in-minimal-antichain: © € minimal-antichain A <— z € A AN =(Fy € A.
y <)
(proof)

lemma in-antichain-minimal-antichain|[simp]: finite M =—> x € 4 antichain (minimal-antichain
M) <— z € minimal-antichain M
{proof)

lemma incomparable-minimal-antichain]simp: incomparable (minimal-antichain A)
(proof)

lemma finite-minimal-antichain[simp]: finite A = finite (minimal-antichain A)
{proof)

lemma finite-set-antichain[simp, intro|: finite (set-antichain A)
(proof)

lemma minimal-antichain-subset: minimal-antichain A C A
(proof)
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lift-definition frontier :: 't :: order zmultiset = 't antichain is
AM. minimal-antichain {t. zcount M t > 0}

{proof)

lemma member-frontier-pos-zmset: t € o frontier M —> 0 < zcount M t
(proof)

lemma frontier-comparable-False[simp|: © € 4 frontier M = y €4 frontier M —>
x < y = Fulse

(proof)

lemma minimal-antichain-idempotent[simp|: minimal-antichain (minimal-antichain
A) = minimal-antichain A

(proof)

instantiation antichain :: (order) minus begin
lift-definition minus-antichain :: 'a antichain = 'a antichain = 'a antichain is
(-)
(proof )
instance (proof)
end

instantiation antichain :: (order) plus begin
lift-definition plus-antichain :: ‘a antichain = 'a antichain = 'a antichain is AM
N. minimal-antichain (M U N)
(proof )
instance (proof)
end

lemma antichain-add-commute: (M :: 'a :: order antichain) + N = N + M

(proof)

lift-definition filter-antichain :: ('a :: order = bool) = 'a antichain = 'a antichain
is Set.filter
(proof)

syntax (ASCII)

-ACCollect :: pttrn = 'a :: order antichain = bool = 'a antichain (<(1{-:4 -./
)
syntax

-ACCollect :: pttrn = 'a :: order antichain = bool = 'a antichain («(1{- €4 -./
)
syntax-consts

-ACCollect == filter-antichain
translations

{z €4 M. P} == CONST filter-antichain (Az. P) M
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declare empty-antichain.rep-eq|simp]

lemma minimal-antichain-empty[simpl: minimal-antichain {} = {}
(proof)

lemma minimal-antichain-singleton|simp|: minimal-antichain {z::- ::order} = {z}
{proof)

lemma minimal-antichain-nonempty:
finite A = (t::-:order) € A = minimal-antichain A # {}
{proof )

lemma minimal-antichain-member:
finite A = (t:-uorder) € A = Jt'. t' € minimal-antichain A At/ < ¢

(proof)

lemma minimal-antichain-union: minimal-antichain ((A:(- :: order) set) U B) C
minimal-antichain (minimal-antichain A U minimal-antichain B)
{proof)

lemma ac-Diff-iff: c €4 A — B+—>c€x ANcé¢a B
(proof )

lemma ac-DiffD2: c €4 A — B=— c€4 B= P
(proof )

lemma ac-notin-Diff: ~x €y A — B=— ~x€4 AV €y B
(proof)

lemma ac-eq-iff: A= B +— (Vz. 2 €4 A +— z €4 B)
(proof )

lemma antichain-obtain-foundation:
assumes t €4 M
obtains s where s €4 M A s <t A (Vu. u€gM — - u < s)

(proof)

lemma set-antichaini[simp]: © € set-antichain X = x €4 X
{proof)

lemma set-antichain2[simp]: * €4 X = z € set-antichain X
{proof)

6 Multigraphs with Partially Ordered Weights

abbreviation (input) FROM where
FROM = A(s, I, t). s
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abbreviation (input) LBL where
LBL = X(s, I, t). 1

abbreviation (input) TO where
TO = Xs, I, t). t

notation subseq (infix <=y 50)

locale graph =
fixes weights :: vtz = finite = vtz = 'lbl :: {order, monoid-add} antichain
assumes zero-le[simp]: 0 < (s::'Ibl)
and plus-mono: (s1::'Ibl) < $2 = s8 < s => sl + 83 < s2 + s/
and summary-self: weights loc loc = {}a
begin

lemma le-plus: (s::'bl) < s + s’ (s":'Ibl) < s + s’
{proof)

6.1 Paths

inductive path :: vtz = vtz = (‘vtz x 'Ibl x 'viz) list = bool where
path0: 11 = 12 = path 11 12 ||
| path: path 11 12 xs = bl € 4 weights 12 13 = path 11 13 (zs @ [(I2, Ibl, 13)])

inductive-cases pathOE: path 11 12 ||
inductive-cases path-AppendE: path 11 13 (zs Q [(12,s,127)])

lemma path-trans: path 11 12 s = path 12 13 ys = path 11 13 (zs Q ys)
(proof)

lemma path-take-from: path 11 12 s = m < length ts = FROM (zs ! m) = 12’
= path 11 12’ (take m xs)

{(proof)

lemma path-take-to: path 11 12 xs = m < length s = TO (zs ! m) = 12/ =
path 11 12’ (take (m+1) xs)
(proof)

lemma path-determines-loc: path 11 12 xs —> path 11 18 s — 12 = I3
(proof)

lemma path-first-loc: path loc loc’ s = s # [ = FROM (xs ! 0) = loc
(proof)

lemma path-to-eg-from: path locl loc2 s = i + 1 < length xs => FROM (zs!

(i+1)) = TO (zs ! 1)
(proof)
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lemma path-singleton[intro, simp|: s €4 weights 11 12 = path 11 12 [(I1,s,12)]
{proof)

lemma path-appendE: path 11 13 (zs @ ys) = F12. path 12 13 ys A path 11 12 zs
(proof )

lemma path-replace-prefix:
path 1113 (zs Q zs) = path 11 12 ys = path 11 12 s = path 11 13 (ys Q zs)
(proof )

lemma drop-subseq: n < length xs = drop n zs = zs
(proof)

lemma take-subseq[simp, intro]: take n zs < xs

(proof)

lemma map-take-subseq[simp, intro|: map f (take n xs) < map f zs
(proof )

lemma path-distinct:
path 11 12 xs = Jxs’. distinct s’ A path 11 12 xs’ A map LBL xs’' < map LBL xs

(proof)

lemma path-edge: (117, Ibl, 12') € set xs = path 11 12 xs => bl €4 weights 11’
2’
(proof )

6.2 Path Weights

abbreviation sum-weights :: 'Ibl list = 'lIbl where
sum-~weights xs = foldr (+) zs 0
abbreviation sum-path-weights s = sum-weights (map LBL xs)

definition path-weightp 11 12 s = (3 xs. path 11 12 xs N s = sum-path-weights xs)

lemma sum-not-less-zero[simp, dest]: (s::'lbl) < 0 = False
{proof)

lemma sum-le-zero[simp]: (s::'Ib]) < 0 +— s =0
{proof)

lemma sum-le-zeroD[dest]: (z::'Ibl) < 0 = z = 0
{proof)

lemma foldr-plus-mono: (n::'Ibl) < m = foldr (+) zs n < foldr (+) xs m
(proof)

lemma sum-weights-append:
sum-weights (ys Q xs) = sum-weights ys + sum-weights zs
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{proof)

lemma sum-summary-prepend-le: sum-path-weights ys < sum-path-weights s =
sum-path-weights (zs Q ys) < sum-path-weights (zs @Q xs)
(proof )

lemma sum-summary-append-le: sum-path-weights ys < sum-path-weights ts —>
sum-path-weights (ys Q zs) < sum-path-weights (zs Q zs)
(proof)

lemma foldr-plus-zero-le: foldr (+) zs (0::'lbl) < foldr (+) zs a
(proof)

lemma subseq-sum-weights-le:
assumes s X ys
shows sum-weights xs < sum-weights ys

(proof)

lemma subseq-sum-path-weights-le:
map LBL xs = map LBL ys = sum-path-weights xs < sum-path-weights ys
(proof )

lemma sum-path-weights-take-le[simp, intro]: sum-path-weights (take i zs) < sum-path-weights
xs
(proof )

lemma sum-weights-append-singleton:
sum-weights (zs @ [z]) = sum-weights zs + x
(proof)

lemma sum-path-weights-append-singleton:
sum-path-weights (zs Q [(l,x,l")]) = sum-path-weights zs + «
(proof )

lemma path-weightp-ex-path:
path-weightp 11 12 s = Jxs.
(let 8" = sum-path-weights zs in s < s A path-weightp 11 12 s’ A distinct xs A
(V(11,s,12) € set xs. s €4 weights 11 12))
(proof )

lemma finite-set-summaries:

finite (A((11,12),s). (11,s,12)) * (Sigma UNIV (A(11,12). set-antichain (weights 1
12))))

(proof )

lemma finite-summaries: finite {zs. distinct xs N (V (1, s, 12) € set xs. s €4
weights 11 12)}

(proof)
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lemma finite-minimal-antichain-path-weightp:
finite (minimal-antichain {z. path-weightp 11 12 x})
{proof)

lift-definition path-weight :: vtz = vtz = 'Ibl antichain
is A1 2. minimal-antichain {x. path-weightp 11 12 z}
(proof)

definition reachable 11 12 = path-weight 11 12 # {} 4

lemma in-path-weight: s € 4 path-weight locl loc2 +— s € minimal-antichain {s.
path-weightp locl loc?2 s}

{proof)

lemma path-weight-refl[simp]: 0 € o path-weight loc loc
(proof)

lemma zero-in-minimal-antichain[simp]: (0::'Ibl) € S = 0 € minimal-antichain
S
{proof)

definition path-weightp-distinct 11 12 s = (Jas. distinct xs A path 1112 zs N s =
sum-path-weights xs)

lemma minimal-antichain-path-weightp-distinct:

minimal-antichain {xs. path-weightp 11 12 s} = minimal-antichain {xs. path-weightp-distinct
112 xs}

(proof)

lemma finite-path-weightp-distinct|[simp, intro|: finite {xs. path-weightp-distinct 11
12 zs}
(proof)

lemma path-weightp-distinct-nonempty:
{zs. path-weightp 11 12 xs} # {} +— {xs. path-weightp-distinct 11 12 zs} # {}
(proof)

lemma path-weightp-distinct-member:

s € {s. path-weightp 11 12 s} = Fu. u € {s. path-weightp-distinct 11 12 s} A u
<s

(proof )

lemma minimal-antichain-path-weightp-member:
s € {zs. path-weightp 11 12 xs} = Fu. u € minimal-antichain {xs. path-weightp
112z} ANu<s

{(proof)

lemma path-path-weight: path 11 12 s = Js. s €4 path-weight 11 12 N s <
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sum-path-weights s
(proof )

lemma path-weight-conv-path:

s €a path-weight 11 12 = Jxs. path 11 12 xs A\ s = sum-path-weights xs N\ (V ys.
path 11 12 ys — — sum-path-weights ys < sum-path-weights xs)

(proof)

abbreviation optimal-path loc1 loc2 zs = path loc1 loc2 xs N
(Vys. path locl loc2 ys — — sum-path-weights ys < sum-path-weights xs)

lemma path-weight-path: s €4 path-weight loc1 loc2 —>

(Azs. optimal-path locl loc2 rs = distinct xs = sum-path-weights s = s =
P)y=— P

(proof )

lemma path-weight-elem-trans:

s €4 path-weight 11 12 = s’ € 4 path-weight 12 13 = Ju. u €4 path-weight 11
BANuw<s+s
(proof)

end

7 Local Progress Propagation

7.1 Specification

record (overloaded) (‘loc, 't) configuration =
c-work :: 'loc = 't zmultiset
c-pts i 'loc = 't zmultiset
c-imp :: 'loc = 't zmultiset

type-synonym (’loc, 't) computation = ('loc, 't) configuration stream

locale dataflow-topology = flow?: graph summary
for summary :: 'loc = ‘loc :: finite = 'sum :: {order, monoid-add} antichain +
fixes results-in :: 't :: order = 'sum = 't
assumes results-in-zero: results-in t 0 =t
and results-in-mono-raw: t1 < t2 —> s1 < 82 = results-in t1 s1 < results-in
t2 s2
and followed-by-summary: results-in (results-in t s1) s2 = results-in t (s1 +
s2)
and no-zero-cycle: path loc loc xs = xs # [| = s = sum-path-weights s =
t < results-in t s
begin

lemma results-in-mono:
t1 < t2 = results-in t1 s < results-in t2 s
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s1 < 82 = results-in t s1 < results-in t s2
(proof)

abbreviation path-summary = path-weight
abbreviation followed-by :: 'sum = 'sum = 'sum where
followed-by = plus

definition safe :: (‘loc, 't) configuration = bool where
safe ¢ = Vlocl loc2 t s. zcount (c-pts ¢ locl) t > 0 A s €4 path-summary locl
loc2
— (Ft'<results-in t s. t' €4 frontier (c-imp ¢ loc2))

Implications are always non-negative.

definition inv-implications-nonneg where
inv-implications-nonneg ¢ = (Vloc t. zcount (c-imp c loc) t > 0)

abbreviation unchanged f c0 c1 = fcl = f c0

abbreviation zmset-frontier where
zmset-frontier M = zmset-of (mset-set (set-antichain (frontier M)))

definition init-config where
init-config ¢ = V loc.
c-imp ¢ loc = {#}. A
c-work ¢ loc = zmset-frontier (c-pts ¢ loc)

definition after-summary :: 't zmultiset = 'sum antichain = 't zmultiset where
after-summary M S = (3. s € set-antichain S. image-zmset (A\t. results-in t s)
M)

abbreviation frontier-changes :: 't zmultiset = 't zmultiset = 't zmultiset where
frontier-changes M N = zmset-frontier M — zmset-frontier N

definition next-change-multiplicity’ :: ('loc, 't) configuration = ('loc, 't) configu-
ration = 'loc = 't = int = bool where
next-change-multiplicity’ c0 cl loc t n =
— n is the non-zero change in pointstamps at loc for timestamp t
n#0A
— change can only happen at timestamps not in advance of implication-frontier
(3t t' €4 frontier (c-imp c0loc) N t' < t) A
— at loc, t is added to pointstamps n times
cl = cO0(c-pts := (c-pts c0)(loc := update-zmultiset (c-pts c0 loc) t n),
— worklist at loc is adjusted by frontier changes
c-work = (c-work c0)(loc := c-work c0 loc +
frontier-changes (update-zmultiset (c-pts c0 loc) t n) (c-pts c0 loc))))

abbreviation next-change-multiplicity :: ('loc, 't) configuration = ('loc, 't) con-
figuration = bool where
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next-change-multiplicity c0 c1 = Floc t n. next-change-multiplicity’ c0 c1 loc t n

lemma cm-unchanged-worklist:
assumes next-change-multiplicity’ c0 cl1 loc t n
and loc’ # loc
shows c-work cl loc’ = c-work c0 loc’

{proof)

definition next-propagate’ :: ('loc, 't) configuration = ('loc, 't) configuration =
"loc = 't = bool where
next-propagate’ c0 cl loc t =
— t is a least timestamp of all worklist entries
(t €4, c-work c0 loc N
(V" loc'. t' €#, c-work c0 loc’ — = t' < t) A
cl = cO(c-imp := (c-imp c0)(loc := c-imp c0 loc + {#t' €#. c-work c0 loc.
—_—
c-work := (Aloc'.
— worklist entries for t are removed from loc’s worklist
if loc’ = loc then {#t' €4, c-work c0 loc'. t' # t#}
— worklists at other locations change by the loc’s frontier change
after adding summaries
else c-work c0 loc’
+ after-summary
(frontier-changes (c-imp c0 loc + {#t' €4, c-work c0
loc. t' = t#}) (c-imp c0 loc))
(summary loc loc"))))

abbreviation next-propagate :: ('loc, 't :: order) configuration = ('loc, 't) config-
uration = bool where
next-propagate c0 c1 = Jloc t. next-propagate’ c0 cl loc t

definition nest’ where
next’ c0 c1 = (next-propagate c0 c1 V next-change-multiplicity c0 c1 V ¢l = ¢0)

abbreviation next where
next s = next’ (shd s) (shd (stl s))

abbreviation cm-valid where
cm-valid = nzt (As. next-change-multiplicity (shd s) (shd (stl s))) impl
(As. next-change-multiplicity (shd s) (shd (stl s))) or nat (holds (Ac.
(V1. ccwork ¢ 1 = {#}.)))

definition spec :: (‘loc, 't :: order) computation = bool where
spec = holds init-config aand alw next

lemma next’-inv[consumes 1, case-names next-change-multiplicity next-propagate
next-finish-init):
assumes next’ c¢0 ¢l P c0
and Aloc t n. P c0 = next-change-multiplicity’ c¢0 c1 loc t n = P c1
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and Aloc t. P c0 = next-propagate’ c0 cl loc t = P c1
shows P cI

{proof)

7.2 Auxiliary

lemma next-change-multiplicity’-unique:
assumes n # 0
and 3t t' €4 frontier (c-imp ¢ loc) Nt/ <t
shows 3J!c¢’. next-change-multiplicity’ ¢ ¢’ loc t n
(proof)

lemma frontier-change-zmset-frontier:
assumes t €4 frontier M1 — frontier MO
shows  zcount (zmset-frontier M1) t = 1 A zcount (zmset-frontier M0) t = 0

{proof)

lemma frontier-empty[simpl: frontier {#}. = {}a
(proof )

lemma zmset-frontier-empty|simp|: zmset-frontier {#}, = {#}.
(proof )

lemma after-summary-empty[simpl: after-summary {#}. S = {#}.
(proof)

lemma after-summary-empty-summary(simp|: after-summary M {} 4 = {#}.
(proof )

lemma mem-frontier-diff:
assumes t € 4 frontier M — frontier N
shows  zcount (frontier-changes M N) t = 1

(proof)

lemma mem-frontier-diff "
assumes t €4 frontier N — frontier M
shows  zcount (frontier-changes M N) t = —1

(proof)

lemma not-mem-frontier-diff:
assumes t ¢4 frontier M — frontier N
and t ¢4 frontier N — frontier M
shows  zcount (frontier-changes M N) t = 0

(proof)

lemma mset-neg-after-summary: mset-neg M = {#} = mset-neg (after-summary
M S) = {#}

(proof )
lemma next-p-frontier-change:
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assumes nezt-propagate’ c0 cl loc t
and summary loc loc’ # {}a
shows c-work cl loc’ =
c-work ¢0 loc’
+ after-summary
(frontier-changes (c-imp c1 loc) (c-imp c0 loc))
(summary loc loc’)
(proof)

lemma after-summary-union: after-summary (M + N) S = after-summary M S
+ after-summary N S
(proof)

7.3 Invariants

7.3.1 Invariant: inv-imps-work-sum

abbreviation union-frontiers :: ('loc, 't) configuration = 'loc = 't zmultiset where
union-frontiers c loc =
(3" loc'€ UNIV . after-summary (zmset-frontier (c-imp ¢ loc’)) (summary loc’
loc))

— Implications + worklist is equal to the frontiers of pointstamps and all preceding
nodes (after accounting for summaries).
definition inv-imps-work-sum :: ('loc, 't) configuration = bool where
nv-tmps-work-sum ¢ =
Y loc. c-imp ¢ loc + c-work ¢ loc
= zmset-frontier (c-pts ¢ loc) + union-frontiers ¢ loc

— Version with zcount is easier to reason with
definition inv-imps-work-sum-zcount :: ('loc, 't) configuration = bool where
nv-imps-work-sum-zcount ¢ =
Vloc t. zecount (c-imp ¢ loc + c-work c loc) t
= zcount (zmset-frontier (c-pts ¢ loc) + union-frontiers c loc) t

lemma inv-imps-work-sum-zcount: inv-imps-work-sum ¢ <— inv-imps-work-sum-zcount
¢
(proof )

lemma union-frontiers-nonneg: 0 < zcount (union-frontiers c loc) t
(proof)

lemma next-p-union-frontier-change:
assumes nezt-propagate’ c0 cl loc t
and summary loc loc’ # {}a
shows union-frontiers c1 loc’ =
union-frontiers c0 loc’
+ after-summary
(frontier-changes (c-imp c1 loc) (c-imp c0 loc))
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(summary loc loc’)
(proof)
lemma init-imp-inv-imps-work-sum: init-config c = inv-imps-work-sum c
(proof )
lemma cm-preserves-inv-imps-work-sum:
assumes nezt-change-multiplicity’ c0 cl1 loc t n
and inv-imps-work-sum c0
shows inv-imps-work-sum cl
(proof)
lemma p-preserves-inv-imps-work-sum:
assumes nezt-propagate’ c0 cl loc t
and inv-imps-work-sum c0
shows inv-imps-work-sum cl
(proof)

lemma nezxt-preserves-inv-imps-work-sum:
assumes next s
and holds inv-imps-work-sum s
shows nzt (holds inv-imps-work-sum) s

{proof)

lemma spec-imp-iiws: spec s = alw (holds inv-imps-work-sum) s
(proof)

7.3.2 Invariant: inv-imp-plus-work-nonneg

There is never an update in the worklist that could cause implications to
become negative.

definition inv-imp-plus-work-nonneg where
inv-imp-plus-work-nonneg ¢ =V loc t. 0 < zcount (c-imp ¢ loc) t + zcount (c-work
¢ loc) t

lemma diws-imp-iipwn:
assumes nv-imps-work-sum c
shows inv-imp-plus-work-nonneg c

(proof)

lemma spec-imp-iipwn: spec s = alw (holds inv-imp-plus-work-nonneg) s
(proof)

7.3.3 Invariant: inv-implications-nonneg

lemma init-imp-inv-implications-nonneg:
assumes init-config c
shows inv-implications-nonneq c

(proof)

lemma cm-preserves-inv-implications-nonneg:
assumes nezt-change-multiplicity’ c0 cl1 loc t n
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and inv-implications-nonneg c0
shows inv-implications-nonneg cl1
{proof )

lemma p-preserves-inv-implications-nonneg:
assumes nezt-propagate’ c0 cl loc t
and inv-implications-nonneg c0
and inv-imp-plus-work-nonneg c0
shows inv-implications-nonneg cl1
(proof )

lemma next-preserves-inv-implications-nonneg:
assumes next s
and holds inv-implications-nonneg s
and holds inv-imp-plus-work-nonneg s
shows nzt (holds inv-implications-nonneg) s

(proof)

lemma alw-inv-implications-nonneg: spec s = alw (holds inv-implications-nonneg)
s

(proof)

lemma after-summary-Diff: after-summary (M — N) S = after-summary M S —
after-summary N S
(proof )

lemma mem-zmset-frontier: x €#, zmset-frontier M <— x €4 frontier M
(proof)

lemma obtain-frontier-elem:
assumes 0 < zcount Mt
obtains v where u €4 frontier M v < t

{proof)

lemma frontier-unionD: t € 4 frontier (M+N) = 0 < zcount Mt V 0 < zcount
Nt

(proof)

lemma ps-frontier-in-imps-wl:
assumes nv-imps-work-sum c
and 0 < zcount (zmset-frontier (c-pts c loc)) t
shows 0 < zcount (c-imp c loc + c-work c loc) ¢

(proof)

lemma obtain-elem-frontier:
assumes 0 < zcount M t
obtains s where s < t A s €4 frontier M

(proof)
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lemma obtain-elem-zmset-frontier:
assumes 0 < zcount M t
obtains s where s < t A 0 < zcount (zmset-frontier M) s

{proof)

lemma ps-in-imps-wl:
assumes nv-imps-work-sum c
and 0 < zcount (c-pts c loc) t
obtains s where s < t A 0 < zcount (c-imp c loc + c-work ¢ loc) s

{(proof)

lemma zero-le-after-summary-single[simp]: 0 < zcount (after-summary {#t#}.
S)
(proof )

lemma one-le-zcount-after-summary: s €4 S = 1 < zcount (after-summary

{#t#}. S) (results-in t s)
{proof)

lemma zero-lt-zcount-after-summary: s €4 S = 0 < zcount (after-summary

{#t#}. S) (results-in t s)
{proof)

lemma pos-zcount-after-summary:
(At. 0 < zcount M t) = 0 < zcount M t = s €4 S = 0 < zcount
(after-summary M S) (results-in t s)

{proof)

lemma after-summary-nonneg: (\t. 0 < zcount M t) = 0 < zcount (after-summary
MS)t
(proof )

lemma after-summary-zmset-of-nonneg[simp, intro|: 0 < zcount (after-summary
(zmset-of M) S) t
{proof )

lemma pos-zcount-union-frontiers:
zcount (after-summary (zmset-frontier (c-imp ¢ 11)) (summary 11 12)) (results-in
ts)
< zcount (union-frontiers c 12) (results-in t s)
(proof)

lemma after-summary-Sum-fun: finite MM = after-summary (>, MeMM. f M)
A= (> MeMM. after-summary (f M) A)
(proof)

lemma after-summary-obtain-pre:

assumes At. 0 < zcount M t
and 0 < zcount (after-summary M S) t
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obtains t’ s where 0 < zcount M t’ results-int' s =ts €y S
(proof )

lemma empty-antichain[dest]: © €4 antichain {} = False
(proof)

definition imp WitnessPath where
imp WitnessPath ¢ locl loc2 xs t = (
path locl loc2 xs N
distinct s N
(3t ¢’ €4 frontier (c-imp ¢ locl) A t = results-in t’ (sum-path-weights xs) A
(Vk<length zs. (3t. t €4 frontier (c-imp ¢ (TO (xzs ! k))) A t = results-in t’
(sum-path-weights (take (k+1) zs))))))

lemma imp WitnessPathEx:
assumes t € 4 frontier (c-imp ¢ loc2)
shows (Flocl zs. impWitnessPath ¢ locl loc2 xs t)

(proof)

definition longestImp WitnessPath where
longestImp WitnessPath ¢ locl loc2 zs t = (
imp WitnessPath ¢ locl loc2 zs t N\
(Vloc” xs’. imp WitnessPath ¢ loc’ loc2 xs' t — length (xs’) < length (xs)))

lemma finite-edges: finite {(loc1,s,loc2). s €4 summary locl loc2}

(proof)

lemma longestImp WitnessPathFEx:
assumes t €4 frontier (c-imp c loc2)
shows (Jlocl xs. longestImp WitnessPath ¢ locl loc2 s t)

{(proof)

lemma path-first-loc: path 11 12 zs = zs # [| = xs ! 0 = (11',8,12") = 11 =
i1’
(proof)

lemma find-witness-from-frontier:
assumes t €4 frontier (c-imp c loc2)
and inv-imps-work-sum c
shows 3t’ locI zs. (path locl loc2 zs N t = results-in t' (sum-path-weights zs) N
(t" €4 frontier (c-pts ¢ locl) V 0 > zcount (c-work ¢ locl) t"))

(proof)

lemma implication-implies-pointstamp:
assumes t €4 frontier (c-imp c loc)
and inv-imps-work-sum c
shows 3t' loc’ s. s €4 path-summary loc’ loc A t > results-in t' s A
(t' €4 frontier (c-pts ¢ loc’) V 0 > zcount (c-work c loc’) t')

(proof)
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7.4 Proof of Safety

lemma results-in-sum-path-weights-append:

results-in t (sum-path-weights (xs Q [(loc2, s, loc3)])) = results-in (results-in t
(sum-path-weights xs)) s

(proof )

context
fixes ¢ :: ('loc, 't) configuration
begin

inductive loc-imps-fw where
loc-imps-fw loc loc (c-imp ¢ loc) || |
loc-imps-fw locl loc2 M zs = s €4 summary loc2 loc8 = distinct (zs Q
[(loc2,s,l0c3)]) =
loc-imps-fw locl loc3 ({# results-in t s. t €#, M #} + c-imp c loc3) (zs Q
[(loc2,s,l0c3)])

end

lemma loc-imps-fw-conv-path: loc-imps-fw c locl loc2 M xs = path loc1 loc2 s
(proof )

lemma path-conv-loc-imps-fw: path loc1 loc2 xs = distinct xs = 3 M. loc-imps-fw
¢ locl loc2 M zs

{(proof)

lemma path-summary-conv-loc-imps-fw:
s € 4 path-summary locl loc2 => 3 M zs. loc-imps-fw ¢ locl loc2 M zs N\ sum-path-weights
xs = s

(proof)

lemma image-zmset-id[simp|: {#z. v €#, M#} = M
{proof)

lemma sum-pos: finite M = VzeM. 0 < fo = y € M = 0 < (f y::-::ordered-comm-monoid-add)
= 0 < (D> zeM. fz)
(proof)

lemma loc-imps-fw-M-in-implications:
assumes loc-imps-fw ¢ locl loc2 M xs
and inv-imps-work-sum c
and inv-implications-nonneg c
and Aloc. c-work ¢ loc = {#}.
and 0 < zcount Mt
shows 3Js. s <t A s €y frontier (c-imp ¢ loc2)

(proof )

lemma loc-imps-fw-M-nonneg[simp):
assumes loc-imps-fw ¢ loc1 loc2 M xs
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and inv-implications-nonneg c
shows 0 < zcount M t
{proof )

lemma loc-imps-fw-implication-in-M:
assumes nu-imps-work-sum c
and inv-implications-nonneg c
and loc-imps-fw ¢ locl loc2 M zs
and 0 < zcount (c-imp ¢ locl) t
shows 0 < zcount M (results-in t (sum-path-weights xs))

(proof)

definition impl-safe :: ('loc, 't) configuration = bool where
impl-safe ¢ = Ylocl loc2 t s. zcount (c-imp ¢ locl) t > 0 A s €4 path-summary
loc1 loc2
— (3t t' €4 frontier (c-imp ¢ loc2) N t' < results-in t )

lemma impl-safe:
assumes nv-imps-work-sum ¢
and inv-implications-nonneg c
and Aloc. c-work c loc = {#}.
shows impl-safe c
(proof)

lemma cm-preserves-impl-safe:
assumes impl-safe c0
and nezxt-change-multiplicity’ c0 c1 loc t n
shows impl-safe c1
(proof)

lemma cm-preserves-safe:
assumes safe c0
and impl-safe c0
and next-change-multiplicity’ c¢0 c1 loc t n
shows safe cl

(proof)

7.5 A Better (More Invariant) Safety

definition worklists-vacant-to :: (‘loc, 't) configuration = 't = bool where
worklists-vacant-to ¢ t =
(Vlocl loc2 s t'. s €4 path-summary locl loc2 N t' €, c-work ¢ locl — —
results-in t' s < t)

definition inv-safe :: ("loc, 't) configuration = bool where
inv-safe ¢ = (Vlocl loc2 t s. 0 < zcount (c-pts ¢ locl) t
A s €4 path-summary locl loc2
A worklists-vacant-to ¢ (results-in t s)
— (3’ < results-in t s. t' €4 frontier (c-imp ¢ loc2)))
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Intuition: Unlike safe, inv-safe is an invariant because it only claims the
safety property t’ €4 frontier (c-imp ¢ loc2) for pointstamps that can’t be
modified by future propagated updates anymore (i.e. there are no upstream
worklist entries which can result in a less or equal pointstamp).

lemma in-frontier-diff: Vye#,N. ~y < x => x €4 frontier (M — N) +— z €4
frontier M
(proof )

lemma worklists-vacant-to-trans:
worklists-vacant-to ¢ t = t' < t = worklists-vacant-to c t’
(proof)

lemma loc-imps-fw-M-in-implications’:
assumes loc-imps-fw ¢ locl loc2 M xs
and inv-imps-work-sum c
and inv-implications-nonneg ¢
and worklists-vacant-to ¢ t
and 0 < zcount Mt
shows 3Js<t. s €4 frontier (c-imp c loc2)

(proof)

lemma inv-safe:
assumes nv-imps-work-sum c
and inv-implications-nonneg c
shows inv-safe c
(proof)

lemma alw-conjl: alw P s = alw Q s = alw (As. Ps A\ Q s) s
(proof )

lemma alw-inv-safe: spec s = alw (holds inv-safe) s

{proof)

lemma empty-worklists-vacant-to: ¥ loc. c-work ¢ loc = {#}, = worklists-vacant-to
ct

(proof)

lemma inv-safe-safe: (N\loc. c-work ¢ loc = {#}.) = inv-safe c = safe ¢
{proof)

lemma safe:
assumes nu-imps-work-sum c
and inv-implications-nonneg c
and Aloc. c-work ¢ loc = {#}.
shows safe ¢

(proof)
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7.6 Implied Frontier

abbreviation zmset-pos where zmset-pos M = zmset-of (mset-pos M)

definition implied-frontier where
implied-frontier P loc = frontier (3. loc’€ UNIV . after-summary (zmset-pos (P
loc”)) (path-summary loc’ loc))

definition implied-frontier-alt where
implied-frontier-alt ¢ loc = frontier (> loc’€e UNIV . after-summary (zmset-frontier
(c-pts ¢ loc’)) (path-summary loc’ loc))

lemma in-frontier-least: © €4 frontier M = Vy. 0 < zcount M y — -y < x
(proof )

lemma in-frontier-trans: 0 < zcount M y = © €4 frontier M — y < z =y
€4 frontier M

{proof)

lemma implied-frontier-alt-least:

assumes b €4 implied-frontier-alt ¢ loc2

shows Vioc a’ s'. a’ €4 frontier (c-pts ¢ loc) — s’ €4 path-summary loc loc2
— = results-in a’ s < b
(proof)

lemma implied-frontier-alt-in-pointstamps:
assumes b € 4 implied-frontier-alt c loc2
obtains a s loc1 where
a €4 frontier (c-pts ¢ locl) s €4 path-summary locl loc2 results-in a s = b

{proof)

lemma in-implied-frontier-alt-in-implication-frontier:
assumes inv-imps-work-sum c
and inv-implications-nonneg c
and worklists-vacant-to ¢ b
and b €4 implied-frontier-alt ¢ loc2
shows b €4 frontier (c-imp ¢ loc2)

(proof)

lemma in-implication-frontier-in-implied-frontier-alt:
assumes nv-imps-work-sum c
and inv-implications-nonneg c
and worklists-vacant-to ¢ b
and b €4 frontier (c-imp c loc2)
shows b €4 implied-frontier-alt ¢ loc2

(proof)
lemma implication-frontier-iff-implied-frontier-alt-vacant:

assumes nv-imps-work-sum c
and inv-implications-nonneg c
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and worklists-vacant-to ¢ b
shows b €4 frontier (c-imp ¢ loc) «— b €4 implied-frontier-alt ¢ loc
(proof )

lemma next-propagate-implied-frontier-alt-def:
next-propagate ¢ ¢! = implied-frontier-alt ¢ loc = implied-frontier-alt ¢’ loc
(proof )

lemma implication-frontier-eq-implied-frontier-alt:
assumes inv-imps-work-sum c
and inv-implications-nonneg ¢
and Aloc. c-work ¢ loc = {#}.
shows frontier (c-imp c loc) = implied-frontier-alt ¢ loc
(proof )

lemma alw-implication-frontier-eq-implied-frontier-alt-empty: spec s =

alw (holds (Ac. (Yloc. c-work ¢ loc = {#}.) — frontier (c-imp ¢ loc) = im-
plied-frontier-alt ¢ loc)) s

{proof)

lemma alw-implication-frontier-eq-implied-frontier-alt-vacant: spec s =

alw (holds (Ac. worklists-vacant-to ¢ b — b €4 frontier (c-imp ¢ loc) <— b €4
implied-frontier-alt ¢ loc)) s

(proof)

lemma antichain-eql: (ANb. b €4 A<— b€y B)=— A=B
{proof)

lemma zmset-frontier-zmset-pos: zmset-frontier A C#, zmset-pos A
(proof )

lemma image-mset-mono-pos:

Vb 0 < zcount A b= Vb. 0 < zcount Bb=—= A CH#, B = image-zmset f A
C#., image-zmset f B

(proof)

lemma sum-mono-subseteq:
(Ni. i€K = [i C#. g i) = (Lick. fi) C#. (Dick. g i)
(proof)

lemma after-summary-zmset-frontier:
after-summary (zmset-frontier A) S C#., after-summary (zmset-pos A) S

{proof)

lemma frontier-eql: Vb. 0 < zcount A b = Vb. 0 < zcount B b =
ACH#, B= (\b. b e#, B= Ja. a €#, AN a < b) = frontier A =
frontier B

(proof)
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lemma implied-frontier-implied-frontier-alt: implied-frontier (c-pts ¢) loc = im-
plied-frontier-alt ¢ loc
(proof)

lemmas alw-implication-frontier-eq-implied-frontier-vacant =
alw-implication-frontier-eq-implied-frontier-alt-vacant|folded implied-frontier-implied-frontier-alt]

lemmas implication-frontier-iff-implied-frontier-vacant =
implication-frontier-iff-implied-frontier-alt-vacant|folded implied-frontier-implied-frontier-alt)

end

8 Combined Progress Tracking Protocol

lemma fold-invar:
assumes finite M
and Pz
and Vz. VzeM. Pz — P (fzz)
and comp-fun-commute f
shows P (Finite-Set.fold f 2 M)

(proof)

8.1 Could-result-in Relation
context dataflow-topology begin

definition cri-less-eq :: ('loc x 't) = ('loc x 't) = bool («-<,-» [51,51] 50) where
cri-less-eq =
(Mloct,t1) (loc2,t2). (3s. s €4 path-summary locl loc2 A results-in t1 s < t2))

definition cri-less :: (loc x 't) = (‘loc x 't) = bool (<-<,-» [51,51] 50) where
cri-lessty = (x <p, y Nz # y)

lemma cri-asyml: ¢z <, y — -y <, T
for x y (proof)

lemma cri-asym2: ¢ <, y —  # y

(proof)

sublocale cri: order cri-less-eq cri-less
(proof )

lemma wf-cri: wf {(1, I'). (I, t) <, (I, t)}
(proof)

end
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8.2 Specification
8.2.1 Configuration

record ('p:finite, 't::order, 'loc) configuration =
exchange-config :: ('p, ('loc x 't)) Exchange.configuration
prop-config :: 'p = ('loc, 't) Propagate.configuration
it :x 'p = bool

type-synonym ('p, 't, 'loc) computation = ('p, 't, 'loc) configuration stream
context dataflow-topology begin

definition the-cm where
the-cm ¢ loc t n = (THE c¢’. next-change-multiplicity’ ¢ ¢’ loc t n)

the-cm is not commutative in general, only if the necessary conditions hold.
It can be converted to apply-cm for which we prove comp-fun-commute.

definition apply-cm where

apply-cm ¢ loc t n =
(let new-pointstamps = (Aloc’.
(if loc’ = loc then update-zmultiset (c-pts ¢ loc’) t n
else c-pts ¢ loc")) in
¢ ( c-pts := new-pointstamps |)
( c-work :=
(Moc'. c-work ¢ loc’ + frontier-changes (new-pointstamps loc’) (c-pts ¢
loc))))

definition ¢m-all’ where
cm-all’ c0 A =
Finite-Set.fold (A(loc, t) c. apply-cm ¢ loc t (zcount A (loc,t))) c0 (set-zmset
A)

definition c¢m-all where
cm-all c0 A =
Finite-Set.fold (M(loc, t) c. the-cm ¢ loc t (zcount A (loc,t))) c0 (set-zmset
A)

definition propagate-all c0 = while-option (Ac. Floc. (c-work ¢ loc) # {#}.)
(Ae. SOME ¢'. Floc t. next-propagate’ ¢ ¢’ loc
t) c0

8.2.2 Initial state and state transitions

definition InitConfig :: ('p::finite, 't::order, 'loc) configuration = bool where
InitConfig ¢ =
((Vp. init ¢ p = False)
A cri.init-config (exchange-config c)
A (Vp loc t. zcount (c-pts (prop-config ¢ p) loc) t
= zeount (c-glob (exchange-config ¢) p) (loc, t))

62



A (Y w. init-config (prop-config c w)))

!

definition NextPerformOp' :: ('p::finite, 't::order, 'loc) configuration = ('p, 't
"loc) configuration
= 'p = ('loc x 't) multiset = ('p x ('loc x 't)) multiset

= (loc x 't) multiset = bool where

NextPerformOp' c0 c1 p Aneg Amint-msg Amint-self = (

cri.next-performop’ (exzchange-config c0) (exzchange-config c1) p Aneg Amint-msg
Amint-self

A unchanged prop-config c0 cl

A unchanged init c¢0 cl1)

abbreviation NextPerformOp where
NeztPerformOp c0 c1 = 3p Aneg Amint-msg Amint-self. NextPerformOp' c0
cl p Aneg Amint-msg Amint-self

definition NextRecvCap’
o ('pifinite, 't:order, 'loc) configuration = ('p, 't, 'loc) configuration = 'p =
‘loc x 't = bool where
NextRecvCap' ¢0 ¢l pt = (
cri.next-recveap’ (exchange-config c0) (exchange-config c1) p t
A unchanged prop-config c0 cl
A unchanged init c0 c1)

abbreviation NeztRecvCap where
NextRecvCap c0 c1 = Ip t. NextRecvCap' c0 cl p t

definition NextSendUpd' :: ('p:finite, 't::order, 'loc) configuration = ('p, 't, 'loc)
configuration
= 'p = ('loc x 't) set = bool where
NextSendUpd' c0 c1 p tt = (
cri.next-sendupd’ (exchange-config c¢0) (exchange-config c1) p tt
A unchanged prop-config c0 cl
A unchanged init c0 c1)

abbreviation NeztSendUpd where
NextSendUpd c0 c1 = I p tt. NextSendUpd’' c0 cl p tt

definition NexztRecvUpd' :: ('p::finite, 't::order, 'loc) configuration = ('p, 't, 'loc)
configuration
= 'p = 'p = bool where
NextRecvUpd' ¢0 ¢l p q = (
init c0 ¢ — Once init is set we are guaranteed that the CM transitions’ premises
are satisfied
A cri.next-recvupd’ (exchange-config c0) (exchange-config c1) p q
A unchanged init c0 cl1
A (Vp'. prop-config ¢l p' =
(if p' = q
then cm-all (prop-config c0 q) (hd (c-msg (exchange-config c0) p q))
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else prop-config c0 p")))

abbreviation NeztRecvUpd where
NextRecvUpd c0 c1 = 3p q. NextRecvUpd' c0 cl p q

definition NextPropagate’ :: ("p:finite, "t::order, 'loc) configuration = ('p, 't, 'loc)
configuration
= 'p = bool where
NezxtPropagate’ c0 c1 p = (
unchanged exchange-config c0 cl
A init ¢l = (init c0)(p := True)
A (Vp'. Some (prop-config c1 p') =
(ifp"=p
then propagate-all (prop-config c0 p’)
else Some (prop-config c0 p’))))

abbreviation NeztPropagate where
NextPropagate c0 c1 = I p. NextPropagate’ c0 cl p

definition Nezt’ where
Next’ c0 c1 = (NextPerformOp c0 c1 V NextSendUpd c0 ¢1 V NextRecvUpd c0
¢l V NextPropagate c0 c1 V NextRecvCap c0 c¢1 V ¢l = ¢0)

abbreviation Next where
Next s = Next' (shd s) (shd (st s))

definition FullSpec :: ('p :: finite, 't :: order, 'loc) computation = bool where
FullSpec s = (holds InitConfig s A\ alw Next s)

lemma NextPerformOpD:
assumes NeztPerformOp’ c0 c1 p Aneg Amint-msg Amint-self
shows
cri.next-performop’ (exchange-config c0) (exchange-config c1) p Aneg Amint-msqg
Amint-self
unchanged prop-config c0 cl
unchanged init c0 cl1

(proof)

lemma NextSendUpdD:
assumes NextSendUpd’ c0 cl p tt
shows
eri.next-sendupd’ (exchange-config c0) (exchange-config c1) p tt
unchanged prop-config c0 cl1
unchanged init c0 cl1

(proof )
lemma NextRecvUpdD:

assumes NextRecvUpd' c0 cl p q
shows
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init c0 q

cri.next-recvupd’ (exchange-config c0) (exchange-config c1) p q

unchanged init c0 cl1

(Vp'. prop-config c1 p’ =
(ifp' = q
then cm-all (prop-config c0 q) (hd (c-msg (exchange-config c0) p q))
else prop-config c0 p"))

(proof)

lemma NextPropagateD:
assumes NeztPropagate’ c0 cl p
shows
unchanged exchange-config c0 cl
init c1 = (init c0)(p := True)
(Vp'. Some (prop-config c1 p') =
(ifp'=p
then propagate-all (prop-config c0 p')
else Some (prop-config c0 p')))
(proof)

lemma NextRecvCapD:
assumes NextRecvCap’ c0 cl p t
shows
cri.next-recveap’ (exchange-config c0) (exchange-config c1) p ¢
unchanged prop-config c0 cl
unchanged init c0 cl1

{proof)

8.3 Auxiliary Lemmas
8.3.1 Auxiliary Lemmas for CM Conversion

lemma apply-cm-is-cm:

3t t' €4 frontier (c-imp c loc) A t' < t = n # 0 = next-change-multiplicity’
¢ (apply-cm ¢ loc t n) loc t n

(proof)

lemma update-zmultiset-commute:

update-zmultiset (update-zmultiset M t' n’) t n = update-zmultiset (update-zmultiset
Mtn)t'n'

(proof)

lemma apply-cm-commute: apply-cm (apply-cm ¢ loc t n) loc’ t' n' = apply-cm
(apply-cm ¢ loc’ t' n') loc t n
(proof )

lemma comp-fun-commute-apply-cm|[simpl: comp-fun-commute (A(loc, t) c. ap-

ply-ecm ¢ loc t (f loc t))
(proof )
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lemma ex-cm-imp-conds:
assumes 3 c’. next-change-multiplicity’ ¢ ¢’ loc t n
shows 3t'. t' €4 frontier (c-imp ¢ loc) ANt' < tn # 0
(proof )

lemma the-cm-eq-apply-cm:
assumes 3 ¢’. next-change-multiplicity’ ¢ ¢’ loc t n
shows the-cm c loc t n = apply-cm c loc t n

(proof)

lemma apply-cm-preserves-cond:
assumes VY (loc,t)€set-zmset A. t'. t' €4 frontier (c-imp c0 loc) N t' < t
shows V (loc,t)€set-zmset A. It'. t' €4 frontier (c-imp (apply-cm c0 loc’ "' n)
loc)y Nt' <t

(proof)

lemma cm-all-eq-cm-all’:
assumes V (loc,t)Eset-zmset A. It'. t' €4 frontier (c-imp c0loc) N t' < ¢
shows cm-all c0 A = em-all’ c0 A
(proof)

lemma cm-eq-the-cm:
assumes next-change-multiplicity’ ¢ ¢’ loc t n
shows the-cm ¢ loc t n = ¢’

(proof)

lemma zcount-ps-apply-cm:

zcount (c-pts (apply-cm ¢ loc t n) loc’) t' = zcount (c-pts ¢ loc’) t' + (if loc =
loc’ Nt =t' then n else 0)

{proof)

lemma zcount-pointstamps-update: zcount (c-pts (c(c-pts:=M|) loc) x = zcount
(M loc) z
(proof)

lemma nop: locl # loc2 V t1 # t2 —
zecount (c-pts (apply-cm ¢ loc2 t2 (zcount A (loc2, t2))) locl) t1 =
zeount (c-pts ¢ locl) t1

{proof)

lemma fold-nop:
zeount (c-pts (Finite-Set.fold (A(loc’, t') c. apply-cm ¢ loc’ t' (zcount A’ (loc’,
t)) c
(set-zmset A — {(loc, t)})) loc) t
= zcount (c-pts c loc) t

(proof)

lemma zcount-pointstamps-cm-all’:
zeount (c-pts (em-all’ ¢ A) loc)
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= zcount (c-pts ¢ loc) x + zcount A (loc,z)
(proof)

lemma implications-apply-cm[simp]: c-imp (apply-cm ¢ loc t n) = c-imp ¢
(proof )

lemma implications-cm-all[simpl:
c-imp (ecm-all’ ¢ A) = c-imp ¢
{proof)

lemma lift-cm-inv-cm-all”:
assumes (A\c0 cl loc t n. P ¢c0 = next-change-multiplicity’ c0 c1 loc t n =
Pecl)
and VY (loc,t)e#,A. t'. ¢’ €4 frontier (c-imp c0loc) Nt/ < t
and P c0
shows P (cm-all’ c0 A)

(proof)

lemma [ift-cm-inv-cm-all:
assumes Ac0 cl loc t n. P ¢c0 = next-change-multiplicity’ c0 c1 loc t n = P
cl
and V(loc,t)e#,A. At'. t' €4 frontier (c-imp c0loc) N t' < t
and P c0
shows P (c¢m-all c0 A)

{proof)

lemma obtain-min-worklist:
assumes (a (loc":(- :: finite))::(('t :: order) zmultiset)) # {#}.
obtains loc t
where t €4, a loc
and Vt' loc’. t' €, aloc’ — = t' < t

{proof)

lemma propagate-pointstamps-eq:
assumes c-work ¢ loc # {#}.
shows c¢-pts ¢ = c-pts (SOME ¢'. Floc t. next-propagate’ ¢ ¢’ loc t)

(proof)

lemma propagate-all-imp-InvGlobPointstampsEq:
Some c1 = propagate-all c0 = c-pts c0 = c-pts cl

(proof )

lemma exists-next-propagate’:
assumes c-work ¢ loc # {#}.
shows dc’ loc t. next-propagate’ ¢ ¢’ loc t

{(proof)

lemma [lift-propagate-inv-propagate-all:
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assumes (A\c0 cl loc t. P ¢c0 = next-propagate’ c0 cl loc t = P c1)
and P c0
and propagate-all c0 = Some c1

shows P cI

(proof)

8.4 Exchange is a Subsystem of Tracker

Steps in the Tracker are valid steps in the Exchange protocol.
lemma next-imp-exchange-next:

Next' c0 c1 = cri.next’ (exchange-config c0) (exchange-config cl1)
{proof )

lemma alw-next-imp-exchange-next: alw Next s = alw cri.next (smap exchange-config
s)

{proof)

Any Tracker trace is a valid Exchange trace

lemma spec-imp-exchange-spec: FullSpec s = cri.spec (smap exchange-config s)
(proof)

lemma [ift-exchange-invariant:
assumes As. cri.spec s = alw (holds P) s
shows  FullSpec s => alw (As. P (exchange-config (shd s))) s

(proof)

Lifted Exchange invariants

lemmas

exch-alw-InvCapsNonneg = lift-exchange-invariant| OF cri.alw-InvCapsNonneg,
unfolded atomize-imp, simplified, folded atomize-imp] and

exch-alw-InvRecord Count = lift-exchange-invariant| OF cri.alw-InvRecordCount,
sitmplified atomize-imp, simplified, folded atomize-imp| and

exch-alw-InvRecordsNonneg = lift-exchange-invariant] OF cri.alw-InvRecordsNonneg,

simplified atomize-imp, simplified, folded atomize-imp] and

exch-alw-InvGlob VacantImpRecords Vacant = lift-exchange-invariant] OF cri.alw-InvGlob VacantImp Records Ve
simplified atomize-imp, simplified, folded atomize-imp] and

exch-alw-InvGlobNonposImpRecordsNonpos = lift-exchange-invariant] OF cri.alw-InvGlobNonposImpRecords!
sitmplified atomize-imp, simplified, folded atomize-imp| and

exch-alw-InvJustified GII = lift-exchange-invariant| OF cri.alw-InvJustified GII
simplified atomize-imp, simplified, folded atomize-imp] and
exch-alw-InvJustifiedI] = lift-exchange-invariant| OF cri.alw-InvJustifiedII
simplified atomize-imp, simplified, folded atomize-imp] and
ezxch-alw-InvGlobNonposEqVacant = lift-exchange-invariant| OF cri.alw-InvGlobNonposEqVacant,
stmplified atomize-imp, simplified, folded atomize-imp| and
exch-alw-InvMsgInGlob = lift-exchange-invariant| OF cri.alw-InvMsgInGlob,
simplified atomize-imp, simplified, folded atomize-imp] and
exch-alw-InvTempJustified = lift-exchange-invariant| OF cri.alw-InvTempJustified,

sitmplified atomize-imp, simplified, folded atomize-imp]
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8.5 Definitions

definition safe-combined :: ('p::finite, 't::order, 'loc) configuration = bool where
safe-combined ¢ = Y locl loc2 t s p.
zcount (cri.records (exchange-config c)) (locl, t) > 0 A s €4 path-summary
loc1 loc2 N init c p
— (3t t' €4 frontier (c-imp (prop-config ¢ p) loc2) A t' < results-in t s)

definition safe-combined? :: ('p::finite, 't::order, 'loc) configuration = bool where
safe-combined? ¢ = Vlocl loc2 t s p1 p2.
zeount (c-caps (exchange-config ¢) p1) (locl, t) > 0 A s €4 path-summary
loc1 loc2 A init ¢ p2
— (3¢, t' €4 frontier (c-imp (prop-config ¢ p2) loc2) A t' < results-in t
s)

definition InvGlobPointstampsEq :: ('p :: finite, 't :: order, 'loc) configuration =
bool where
InvGlobPointstampsEq ¢ = (
(Vp loc t. zcount (c-pts (prop-config ¢ p) loc) t
= zcount (c-glob (exchange-config c) p) (loc, t)))

lemma safe-combined-implies-safe-combined2:
assumes cri.InvCapsNonneg (exchange-config c)
and safe-combined c
shows safe-combined? c

(proof)

8.6 Propagate is a Subsystem of Tracker

8.6.1 CM Conditions

definition InvMsgCMConditions where
InvMsgCMConditions ¢ = (Vp q.
init ¢ ¢ — c-msg (exchange-config ¢) p ¢ # [] —
(V (loc,t) €4, (hd (c-msg (exchange-config ¢) p q)). 3t'. t' €4 frontier (c-imp
(prop-config ¢ q) loc) A t' < t))

Pointstamps in incoming messages all satisfy the CM premise, which is re-
quired during NextRecvUpd’ steps.

lemma msg-is-cm-safe:
fixes ¢ :: ('p::finite, 't::order, 'loc) configuration
assumes safe (prop-config ¢ q)
and InvGlobPointstampsEq ¢
and cri.InoMsgInGlob (exchange-config c)
and c¢-msg (exchange-config ¢) p q # |]
shows V (loc,t) €#, (hd (c-msg (exchange-config ¢) p q)). 3t'. t' €4 frontier
(c-imp (prop-config ¢ q) loc) A t' < t
(proof )
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8.6.2 Propagate Safety and InvGlobPointstampsEq

To be able to use the msg-is-cm-safe lemma at all times and show that
Propagate is a subsystem we need to prove that the specification implies
Propagate’s safe and the InvGlobPointstampsEq. Both of these depend
on the CM conditions being satisfied during the NextRecvUpd’ step and
the safety proof additionally depends on other Propagate invariants, which

means that we need to prove all of these jointly.

abbreviation prop-invs where
prop-invs ¢ = inv-implications-nonneg ¢ A inv-imps-work-sum c

abbreviation prop-safe where
prop-safe ¢ = impl-safe ¢ N\ safe ¢

definition inv-init-imp-prop-safe where

inv-init-imp-prop-safe ¢ = (V¥ p. init ¢ p — prop-safe (prop-config ¢ p))

lemma NextRecvUpd'-preserves-prop-safe:
assumes prop-safe (prop-config c0 q)
and InvGlobPointstampsEq c0
and cri.InoMsgInGlob (exchange-config c0)
and NextRecvUpd' c0 ¢l p q
shows prop-safe (prop-config c1 q)
{proof)

lemma NextRecvUpd'-preserves-InvGlobPointstampsEq:
assumes impl-safe (prop-config c0 q) A safe (prop-config c0 q)
and InvGlobPointstampsEq c0
and cri.InuMsgInGlob (exchange-config c0)
and NextRecvUpd' c0 cl p q
shows InvGlobPointstampsEq cl1
(proof)
lemma NextPropagate’-causes-safe:
assumes NeztPropagate’ c0 cl p
and inv-imps-work-sum (prop-config c1 p)
and inv-implications-nonneg (prop-config c1 p)
shows safe (prop-config c1 p) impl-safe (prop-config c1 p)
(proof)
lemma NextPropagate’-preserves-safe:
assumes NeztPropagate’ c0 cl q
and inv-imps-work-sum (prop-config c1 p)
and inv-implications-nonneg (prop-config c1 p)
and safe (prop-config cO p)
shows safe (prop-config c1 p)
(proof )

lemma NextPropagate’-preserves-impl-safe:
assumes NextPropagate’ c0 cl q
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and inv-imps-work-sum (prop-config c1 p)
and inv-implications-nonneg (prop-config c1 p)
and impl-safe (prop-config c0 p)

shows impl-safe (prop-config c1 p)

(proof )

lemma NextRecvUpd'-preserves-inv-init-imp-prop-safe:
assumes cri. InoMsgInGlob (exchange-config c0)
and inv-init-imp-prop-safe cO
and InvGlobPointstampsEq c0
and NextRecvUpd' c0 cl p q
shows inv-init-imp-prop-safe cl
(proof)

lemma NextRecvUpd'-preserves-prop-invs:
assumes cri.InoMsgInGlob (exchange-config c0)
and inv-init-imp-prop-safe c0
and Vp. prop-invs (prop-config c0 p)
and InvGlobPointstampsEq c0
and NexztRecvUpd' c0 cl p q
shows V p. prop-invs (prop-config c1 p)
(proof)

lemma NextPropagate’-preserves-prop-invs:
assumes prop-invs (prop-config c0 q)
and NextPropagate’ c0 cl p
shows prop-invs (prop-config c1 q)
(proof)

lemma NextPropagate’-preserves-inv-init-imp-prop-safe:
assumes prop-invs (prop-config c0 p)
and inv-init-imp-prop-safe c0
and NextPropagate’ c0 c1 p
shows inv-init-imp-prop-safe c1
(proof)

lemma Next'-preserves-invs:
assumes cri.InoMsgInGlob (exchange-config c0)
and inv-init-imp-prop-safe c0
and InvGlobPointstampsEq c0
and Next’ c0 cl
and Vp. prop-invs (prop-config c0 p)
shows
inu-init-imp-prop-safe cl
Y p. prop-invs (prop-config c1 p)
InvGlobPointstampsEq cl
(proof )

lemma init-imp-InvGlobPointstampsFEq: InitConfig ¢ =—> InvGlobPointstampsEq
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{proof)

lemma init-imp-inv-init-imp-prop-safe: InitConfig ¢ = inv-init-imp-prop-safe c
(proof )

lemma init-imp-prop-invs: InitConfig ¢ = V p. prop-invs (prop-config ¢ p)
(proof)

abbreviation all-invs where
all-invs ¢ = InvGlobPointstampsEq ¢ N inv-init-imp-prop-safe ¢ A (¥ p. prop-invs
(prop—conﬁg c p))

lemma alw-Next’-alw-invs:
assumes holds all-invs s
and alw (holds (Ac. cri.InuMsgInGlob (exchange-config c))) s
and alw Nezxt s
shows alw (holds all-invs) s

{proof)

lemma alw-invs: FullSpec s = alw (holds all-invs) s
(proof)

lemma alw-InvGlobPointstampsEq: FullSpec s = alw (holds InvGlobPointstampsEq)
s

(proof)

lemma alw-inv-init-imp-prop-safe: FullSpec s = alw (holds inv-init-imp-prop-safe)
s
(proof )

lemma alw-holds-conv-shd: alw (holds ¢) s = alw (As. ¢ (shd s)) s
(proof)

lemma alw-prop-invs: FullSpec s => alw (holds (Ac. ¥ p. prop-invs (prop-config c

p))) s

(proof)

lemma nrec-pts-delayed:
assumes cri.InvGlobNonposImpRecordsNonpos (exchange-config c)
and zcount (cri.records (exchange-config ¢)) x > 0
shows 3z’ ©/ <, z A zcount (c-glob (exchange-config c) p) ' > 0

(proof)

lemma help-lemma:
assumes 0 < zcount (c-pts (prop-config c p) loc0) t0
and (loc0, t0) <, (locl, t1)
and s2 €4 path-summary locl loc2
and safe (prop-config ¢ p)
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shows 3 2. (12 < results-in t1 s2
A t2 €4 frontier (c-imp (prop-config ¢ p) loc2))

(proof)
lemma lift-prop-inv-NextPropagate’:

assumes (A\c0 c! loc t. P ¢c0 = next-propagate’ c0 cl loc t = P c1)

shows P (prop-config c0 p’) = NextPropagate’ c¢0 c1 p = P (prop-config cl
p')
(proof)

8.6.3 Propagate is a Subsystem

lemma NextRecvUpd'-next’:
assumes safe (prop-config c0 q)
and InvGlobPointstampsEq c0
and cri.InuMsgInGlob (exchange-config c0)
and NextRecvUpd' c0 cl p q
shows next'™ " (prop-config c0 q’) (prop-config c1 q’)

{proof)

lemma NextPropagate’-next’:
assumes NextPropagate’ c0 cl p
shows next'™ " (prop-config c0 q) (prop-config c1 q)

{proof)

lemma next-imp-propagate-next:
assumes nv-init-imp-prop-safe c0
and InvGlobPointstampsEq c0
and cri.InoMsgInGlob (exchange-config c0)
shows Next’ c0 c1 = next’t (prop-config c0 p) (prop-config c1 p)

{proof)

lemma alw-next-imp-propagate-next:
assumes alw (holds inv-init-imp-prop-safe) s
and alw (holds InvGlobPointstampsEq) s
and alw (holds cri.InuMsgInGlob) (smap exchange-config s)
and alw Nezt s
shows alw (relates (next’™+)) (smap (\s. prop-config s p) s)

{proof)

Any Tracker trace is a valid Propagate trace (using the transitive closure of
next, since tracker may take multiple propagate steps at once).

lemma spec-imp-propagate-spec: FullSpec s = (holds init-config aand alw (relates
(next’vT))) (smap (Ae. prop-config ¢ p) s)
(proof )

8.7 Safety Proofs

lemma safe-satisfied:
assumes cri.InvGlobNonposImpRecordsNonpos (exchange-config c)
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and inv-init-imp-prop-safe c
and InvGlobPointstampsEq ¢
shows safe-combined c

(proof)

lemma alw-safe-combined: FullSpec s = alw (holds safe-combined) s
{proof )

lemma alw-safe-combined?2: FullSpec s = alw (holds safe-combined2) s
(proof )

lemma alw-implication-frontier-eq-implied-frontier:
FullSpec s =
alw (holds (Ac. worklists-vacant-to (prop-config ¢ p) b —
b €4 frontier (c-imp (prop-config ¢ p) loc) «— b €4 implied-frontier (c-pts
(prop-config c p)) loc)) s
(proof)

end
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