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Abstract

This development provides a formalization of planarity based on
combinatorial maps and proves that Kuratowski’s theorem implies
combinatorial planarity. Moreover, it contains verified implementa-
tions of programs checking certificates for planarity (i.e., a combinato-
rial map) or non-planarity (i.e., a Kuratowski subgraph).

The development is described in [1].
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theory Graph-Genus

imports
HOL—- Combinatorics. Permutations
Graph-Theory. Graph-Theory

begin

lemma nat-diff-mod-right:

fixes a b ¢ :: nat

assumes b < a

shows (a — b) mod ¢ = (a — b mod ¢) mod ¢
proof —

from assms have b-mod: b mod ¢ < a

by (metis mod-less-eq-dividend linear not-le order-trans)
have int ((a — b) mod ¢) = (int a — int b mod int ¢) mod int ¢
using assms by (simp add: zmod-int of-nat-diff mod-simps)

also have ... = int ((a — b mod ¢) mod c)
using assms b-mod by (simp add: zmod-int)
finally show ?thesis by simp
qed

lemma inj-on-f-imagel:
assumes inj-on fS N\t. t€e T =t C S
shows inj-on ((9) f) T

using assms by (auto simp: inj-on-image-eq-iff intro: inj-onI)

1 Combinatorial Maps

lemma (in bidirected-digraph) has-dom-arev:
has-dom arev (arcs G)
using arev-dom by (auto simp: has-dom-def)

record b pre-map =
edge-rev :: 'b = b
edge-succ :: 'b = b

definition edge-pred :: 'b pre-map = 'b = 'b where

edge-pred M = inv (edge-succ M)

locale pre-digraph-map = pre-digraph + fixes M :: 'b pre-map



locale digraph-map = fin-digraph G

+ pre-digraph-map G M

+ bidirected-digraph G edge-rev M for G M +

assumes edge-succ-permutes: edge-succ M permutes arcs G

assumes edge-succ-cyclic: \v. v € verts G = out-arcs G v # {} = cyclic-on
(edge-succ M) (out-arcs G v)

lemma (in fin-digraph) digraph-mapl:
assumes bidi: Na. a ¢ arcs G = edge-rev M a = a
Na. a € arcs G = edge-rev M a # a
Na. a € arcs G = edge-rev M (edge-rev M a) = a
Na. a € arcs G = tail G (edge-rev M a) = head G a
assumes edge-succ-permutes: edge-succ M permutes arcs G
assumes edge-succ-cyclic: \v. v € verts G = out-arcs G v # {} = cyclic-on
(edge-succ M) (out-arcs G v)
shows digraph-map G M
using assms by unfold-locales auto

lemma (in fin-digraph) digraph-mapl-permutes:
assumes bidi: edge-rev M permutes arcs G
Na. a € arcs G = edge-rev M a # a
Na. a € arcs G = edge-rev M (edge-rev M a) = a
Na. a € arcs G = tail G (edge-rev M a) = head G a
assumes edge-succ-permutes: edge-succ M permutes arcs G
assumes edge-succ-cyclic: \v. v € verts G = out-arcs G v # {} = cyclic-on
(edge-succ M) (out-arcs G v)
shows digraph-map G M
proof —
interpret bidirected-digraph G edge-rev M using bidi by unfold-locales (auto
simp: permutes-def)
show ?thesis
using edge-succ-permutes edge-succ-cyclic by unfold-locales
qed

context digraph-map
begin
lemma digraph-map|introl: digraph-map G M by unfold-locales

lemma permutation-edge-succ: permutation (edge-succ M)
by (metis edge-succ-permutes finite-arcs permutation-permutes)

lemma edge-pred-succ|simp|: edge-pred M (edge-succ M a) = a
by (metis edge-pred-def edge-succ-permutes permutes-inverses(2))

lemma edge-succ-pred[simp|: edge-succ M (edge-pred M a) = a
by (metis edge-pred-def edge-succ-permutes permutes-inverses(1))



lemma edge-pred-permutes: edge-pred M permutes arcs G
unfolding edge-pred-def using edge-succ-permutes by (rule permutes-inv)

lemma permutation-edge-pred: permutation (edge-pred M)
by (metis edge-pred-permutes finite-arcs permutation-permutes)

lemma edge-succ-eg-iff [simp]: Nz y. edge-succ M x = edge-succ My «— z =y
by (metis edge-pred-succ)

lemma edge-rev-in-arcs[simp]: edge-rev M a € arcs G «— a € arcs G
by (metis arev-arev arev-permutes-arcs permutes-not-in)

lemma edge-succ-in-arcs[simp|: edge-succ M a € arcs G «— a € arcs G
by (metis edge-pred-succ edge-succ-permutes permutes-not-in)

lemma edge-pred-in-arcs|simp|: edge-pred M a € arcs G +— a € arcs G
by (metis edge-succ-pred edge-pred-permutes permutes-not-in)

lemma tail-edge-succl[simp]: tail G (edge-succ M a) = tail G a
proof cases
assume a € arcs G
then have tail G a € verts G by auto
moreover
then have out-arcs G (tail G a) # {}
using <a € arcs G by auto
ultimately
have cyclic-on (edge-suce M) (out-arcs G (tail G a))
by (rule edge-succ-cyclic)
moreover
have a € out-arcs G (tail G a)
using <a € arcs G by simp
ultimately
have edge-succ M a € out-arcs G (tail G a)
by (rule cyclic-on-inI)
then show #?thesis by simp
next
assume a ¢ arcs G then show ?thesis using edge-succ-permutes by (simp
add: permutes-not-in)
qed

lemma tail-edge-pred[simp|: tail G (edge-pred M a) = tail G a
by (metis edge-succ-pred tail-edge-succ)

lemma bij-edge-succ[intro|: bij (edge-succ M)
using edge-succ-permutes by (simp add: permutes-conv-has-dom,)

lemma edge-pred-cyclic:
assumes v € verts G out-arcs G v # {}
shows cyclic-on (edge-pred M) (out-arcs G v)



proof —
obtain a where orb-a-eq: orbit (edge-succ M) a = out-arcs G v
using edge-succ-cyclic[OF assms] by (auto simp: cyclic-on-def)
have cyclic-on (edge-pred M) (orbit (edge-pred M) a)
using permutation-edge-pred by (rule cyclic-on-orbit’)
also have orbit (edge-pred M) a = orbit (edge-succ M) a
unfolding edge-pred-def using permutation-edge-succ by (rule orbit-inv-eq)
finally show cyclic-on (edge-pred M) (out-arcs G v) by (simp add: orb-a-eq)
qed

definition (in pre-digraph-map) face-cycle-succ :: 'b = 'b where
face-cycle-succ = edge-succ M o edge-rev M

definition (in pre-digraph-map) face-cycle-pred :: 'b = 'b where
face-cycle-pred = edge-rev M o edge-pred M

lemma face-cycle-pred-succ[simp]:
shows face-cycle-pred (face-cycle-succ a) = a
unfolding face-cycle-pred-def face-cycle-succ-def by simp

lemma face-cycle-succ-pred[simp):
shows face-cycle-succ (face-cycle-pred a) = a
unfolding face-cycle-pred-def face-cycle-succ-def by simp

lemma tail-face-cycle-succ: a € arcs G = tail G (face-cycle-succ a) = head G
a
by (auto simp: face-cycle-succ-def)

lemma funpow-prop:
assumes A\z. P (fz) +— Pux
shows P ((f " n)z)«— Pz
using assms by (induct n) auto

lemma face-cycle-succ-no-arc[simp|: a ¢ arcs G = face-cycle-succ a = a
by (auto simp: face-cycle-succ-def permutes-not-in|OF arev-permutes-arcs)
permutes-not-in| OF edge-succ-permutes))

lemma funpow-face-cycle-succ-no-arc[simp]:
assumes a ¢ arcs G shows (face-cycle-succ ~ " n) a = a
using assms by (induct n) auto

lemma funpow-face-cycle-pred-no-arc|simp):
assumes a ¢ arcs G shows (face-cycle-pred " n) a = a
using assms
by (induct n) (auto simp: face-cycle-pred-def permutes-not-in| OF arev-permutes-arcs]
permutes-not-in| OF edge-pred-permutes))

lemma face-cycle-suce-closed|simp:
face-cycle-succ a € arcs G <— a € arcs G



by (metis comp-apply edge-rev-in-arcs edge-succ-in-arcs face-cycle-succ-def)

lemma face-cycle-pred-closed|simp]:
face-cycle-pred a € arcs G <— a € arcs G
by (metis face-cycle-succ-closed face-cycle-succ-pred)

lemma face-cycle-succ-permutes:
face-cycle-succ permutes arcs G
unfolding face-cycle-succ-def
using arev-permutes-arcs edge-succ-permutes by (rule permutes-compose)

lemma permutation-face-cycle-succ: permutation face-cycle-succ
using face-cycle-succ-permutes finite-arcs by (metis permutation-permutes)

lemma bij-face-cycle-succ: bij face-cycle-succ
using face-cycle-succ-permutes by (simp add: permutes-conv-has-dom,)

lemma face-cycle-pred-permutes:
face-cycle-pred permutes arcs G
unfolding face-cycle-pred-def
using edge-pred-permutes arev-permutes-arcs by (rule permutes-compose)

definition (in pre-digraph-map) face-cycle-set :: 'b = 'b set where
face-cycle-set a = orbit face-cycle-succ a

definition (in pre-digraph-map) face-cycle-sets :: 'b set set where
face-cycle-sets = face-cycle-set ‘ arcs G

lemma face-cycle-set-altdef: face-cycle-set a = {(face-cycle-succ =~ n) a | n.
True}

unfolding face-cycle-set-def

by (intro orbit-altdef-self-in permutation-self-in-orbit permutation-face-cycle-succ)

lemma face-cycle-set-self[simp, intro]: a € face-cycle-set a
unfolding face-cycle-set-def using permutation-face-cycle-succ by (rule per-
mutation-self-in-orbit)

lemma empty-not-in-face-cycle-sets: {} ¢ face-cycle-sets
by (auto simp: face-cycle-sets-def)

lemma finite-face-cycle-set[simp, introl: finite (face-cycle-set a)
using face-cycle-set-self unfolding face-cycle-set-def by (simp add: finite-orbit)

lemma finite-face-cycle-sets[simp, intro|: finite face-cycle-sets
by (auto simp: face-cycle-sets-def)

lemma face-cycle-set-induct[case-names base step, induct set: face-cycle-set):
assumes consume: a € face-cycle-set x
and ih-base: P x



and ih-step: N\y. y € face-cycle-set 1 = P y = P (face-cycle-succ y)
shows P a
using consume unfolding face-cycle-set-def
by induct (auto simp: ih-step face-cycle-set-def[symmetric] ih-base )

lemma face-cycle-succ-cyclic:
cyclic-on face-cycle-suce (face-cycle-set a)
unfolding face-cycle-set-def using permutation-face-cycle-suce by (rule cyclic-on-orbit”)

lemma face-cycle-eq:
assumes b € face-cycle-set a shows face-cycle-set b = face-cycle-set a
using assms unfolding face-cycle-set-def
by (auto intro: orbit-swap orbit-trans permutation-face-cycle-succ permuta-
tion-self-in-orbit)

lemma face-cycle-succ-in-arcsl: Na. a € arcs G = face-cycle-succ a € arcs G
by (auto simp: face-cycle-succ-def)

lemma face-cycle-succ-inl: Nz y. © € face-cycle-set y = face-cycle-succ © €
face-cycle-set y
by (metis face-cycle-succ-cyclic cyclic-on-inl)

lemma face-cycle-succ-inD: Nz y. face-cycle-succ x € face-cycle-set y = z €
face-cycle-set y
by (metis face-cycle-eq face-cycle-set-self face-cycle-succ-inl)

lemma face-cycle-set-parts:
face-cycle-set a = face-cycle-set b V' face-cycle-set a N face-cycle-set b = {}
by (metis disjoint-iff-not-equal face-cycle-eq)

definition fc-equiv :: 'b = ‘b = bool where
fe-equiv a b = a € face-cycle-set b

lemma refip-fc-equiv: reflp fe-equiv
by (rule refipl) (simp add: fc-equiv-def)

lemma symp-fc-equiv: symp fe-equiv
using face-cycle-set-parts
by (intro sympl) (auto simp: fc-equiv-def)

lemma transp-fc-equiv: transp fc-equiv
using face-cycle-set-parts
by (intro transpl) (auto simp: fc-equiv-def)

lemma equivp fc-equiv
by (intro equivpl refip-fe-equiv symp-fe-equiv transp-fc-equiv)

lemma in-face-cycle-setD:
assumes y € face-cycle-set x © € arcs G shows y € arcs G



using assms
by (auto simp: face-cycle-set-def dest: permutes-orbit-subset[OF face-cycle-succ-permutes])

lemma in-face-cycle-setsD:
assumes z € face-cycle-sets shows = C arcs G
using assms by (auto simp: face-cycle-sets-def dest: in-face-cycle-setD)

end

definition (in pre-digraph) isolated-verts :: 'a set where
isolated-verts = {v € verts G. out-arcs G v = {}}

definition (in pre-digraph-map) euler-char :: int where
euler-char = int (card (verts G)) — int (card (arcs G) div 2) + int (card
face-cycle-sets)

definition (in pre-digraph-map) euler-genus :: int where
euler-genus = (int (2 * card sccs) — int (card isolated-verts) — euler-char) div 2

definition comb-planar :: ('a,’d) pre-digraph = bool where
comb-planar G = 3 M. digraph-map G M N pre-digraph-map.euler-genus G M =
0

Number of isolated vertices is a graph invariant

context
fixes G hom assumes hom: pre-digraph.digraph-isomorphism G hom
begin

interpretation wf-digraph G using hom by (auto simp: pre-digraph.digraph-isomorphism-def)

lemma isolated-verts-app-iso[simpl:
pre-digraph.isolated-verts (app-iso hom G) = iso-verts hom * isolated-verts
using hom
by (auto simp: pre-digraph.isolated-verts-def iso-verts-tail inj-image-mem-iff
out-arcs-app-iso-eq)

lemma card-isolated-verts-iso[simp):
card (iso-verts hom * pre-digraph.isolated-verts G) = card isolated-verts
apply (rule card-image)

using hom apply (rule digraph-isomorphism-inj-on-verts| THEN inj-on-subset])
apply (auto simp: isolated-verts-def)
done

end

context digraph-map begin



lemma face-cycle-succ-neq:
assumes a € arcs G tail G a # head G a shows face-cycle-succ a # a
proof —
from assms have edge-rev M a € arcs G
by (subst edge-rev-in-arcs) simp
then have cyclic-on (edge-succ M) (out-arcs G (tail G (edge-rev M a)))
by (intro edge-succ-cyclic) (auto dest: tail-in-verts simp: out-arcs-def intro:
exl[where z=edge-rev M a)
then have edge-succ M (edge-rev M a) € (out-arcs G (tail G (edge-rev M a)))
by (rule cyclic-on-inI) (auto simp: <edge-rev M a € -)[simplified])
moreover have tail G (edge-succ M (edge-rev M a)) = head G a
using assms by auto
then have edge-succ M (edge-rev M a) # a using assms by metis
ultimately show #thesis
using assms by (auto simp: face-cycle-succ-def)
qged

end

2 Maps and Isomorphism

definition (in pre-digraph)
wrap-iso-arcs hom f = perm-restrict (iso-arcs hom o f o iso-arcs (inv-iso hom))
(arcs (app-iso hom G))

definition (in pre-digraph-map) map-iso :: ('a,’d,’a2,’b2) digraph-isomorphism =
'b2 pre-map where

map-iso f =

( edge-rev = wrap-iso-arcs [ (edge-rev M)

, edge-succ = wrap-iso-arcs f (edge-succ M)

J

lemma funcsetl-permutes:
assumes f permutes S shows f € S — S
by (metis assms funcsetl permutes-in-image)

context
fixes G hom assumes hom: pre-digraph.digraph-isomorphism G hom
begin

interpretation wf-digraph G using hom by (auto simp: pre-digraph.digraph-isomorphism-def)
lemma wrap-iso-arcs-iso-arcs[simp]:

assumes z € arcs G

shows wrap-iso-arcs hom f (iso-arcs hom x) = iso-arcs hom (f x)

using assms hom by (auto simp: wrap-iso-arcs-def perm-restrict-def)

lemma inj-on-wrap-iso-arcs:
assumes dom: \f. f € F = has-dom f (arcs G)
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assumes funcset: F C arcs G — arcs G
shows inj-on (wrap-iso-arcs hom) F
proof (rule inj-onl)
fix fgassume F: f € F g € F and eq: wrap-iso-arcs hom f = wrap-iso-arcs
hom g
{ fix z assume z ¢ arcs G
then have fz = x g x = z using F dom by (auto simp: has-dom-def)
then have fz = g by simp
}
moreover
{ fix z assume z € arcs G
then have fz € arcs G g x € arcs G using F funcset by auto
with digraph-isomorphism-inj-on-arcs|OF hom)] -
have iso-arcs hom (f x) = iso-arcs hom (gz) = fz =gz
by (rule inj-onD)
then have fz =gz
using assms hom <x € arcs G» eq
by (auto simp: wrap-iso-arcs-def fun-eq-iff perm-restrict-def split: if-splits)

ultimately show f = g by auto
qged

lemma inj-on-wrap-iso-arcs-f:
assumes A C arcs G f € A — A B = iso-arcs hom ‘ A
assumes inj-on f A shows inj-on (wrap-iso-arcs hom f) B
proof (rule inj-onl)
fix z y
assume in-hom-A: x € By € B
and wia-eq: wrap-iso-arcs hom f x = wrap-iso-arcs hom [y
from in-hom-A <B = -» obtain z0 where z0: x = iso-arcs hom xz0 20 € A by
auto
from in-hom-A «B = - obtain y0 where y0: y = iso-arcs hom y0 y0 € A
by auto
have arcs-0: 0 € arcs G y0 € arcs G fx20 € arcs G fy0 € arcs G
using z0 y0 <A C - <f € - by auto

have (iso-arcs hom o f o iso-arcs (inv-iso hom)) x = (iso-arcs hom o f o iso-arcs
(inv-iso hom)) y
using in-hom-A wia-eq assms(1) «<B = - by (auto simp: wrap-iso-arcs-def
perm-restrict-def split: if-splits)
then show z = y
using hom assms digraph-isomorphism-inj-on-arcs[OF hom| x0 y0 arcs-0
<ing-on f Ay <A C -
by (auto dest!: inj-onD)
qed

lemma wrap-iso-arcs-in-funcsetl:

assumes A Carcs Gf€ A — A
shows wrap-iso-arcs hom f € iso-arcs hom ‘A — iso-arcs hom ‘ A

11



proof
fix  assume z € iso-arcs hom ‘ A
then obtain z0 where z = iso-arcs hom z0 x0 € A by blast
then have fz0 € A using <f € -» by auto
then show wrap-iso-arcs hom f x € iso-arcs hom ‘ A
unfolding <z = -» using «z0 € A) assms hom by (auto simp: wrap-iso-arcs-def
perm-restrict-def)
qed

lemma wrap-iso-arcs-permutes:
assumes A C arcs G f permutes A
shows wrap-iso-arcs hom f permutes (iso-arcs hom * A)
proof —
{ fix z assume A: z ¢ iso-arcs hom ‘ A
have wrap-iso-arcs hom fz = x
proof cases
assume z € iso-arcs hom ‘ arcs G
then have iso-arcs (inv-iso hom) © ¢ A x € arcs (app-iso hom G)
using A hom by (metis arcs-app-iso image-eql pre-digraph.iso-arcs-iso-inv,
sitmp)
then have [ (iso-arcs (inv-iso hom) ) = (iso-arcs (inv-iso hom) x)
using «f permutes Ay by (simp add: permutes-not-in)
then show ?thesis using hom assms <z € arcs -
by (simp add: wrap-iso-arcs-def perm-restrict-def)
next
assume z ¢ iso-arcs hom ‘ arcs G
then show ?thesis
by (simp add: wrap-iso-arcs-def perm-restrict-def)
qed
} note not-in-id = this

have f € A — A using assms by (intro funcsetl-permutes)
have inj-on-wrap: inj-on (wrap-iso-arcs hom f) (iso-arcs hom * A)
using assms f € A — Ay by (intro inj-on-wrap-iso-arcs-f) (auto intro:
inj-on-subset permutes-inj)
have woa-in-fs: wrap-iso-arcs hom f € iso-arcs hom ¢ A — iso-arcs hom ‘ A
using assms «f € A — A by (intro wrap-iso-arcs-in-funcsetl)

{ fix z y assume wrap-iso-arcs hom f x = wrap-iso-arcs hom [y
then have z = y
apply (cases z € iso-arcs hom  A; cases y € iso-arcs hom ‘ A)
using woa-in-fs inj-on-wrap by (auto dest: inj-onD simp: not-in-id)
} note uniqueD = this

note <f permutes A»

moreover

note not-in-id

moreover

{ fix y have Jz. wrap-iso-arcs hom fz =y

12



proof cases
assume y € iso-arcs hom ¢ A
then obtain y0 where y0 € A iso-arcs hom y0 = y by blast
with «f permutes A> obtain 20 where z0 € A f 20 = y0 unfolding
permutes-def by metis
moreover
then have Az. z € arcs G = iso-arcs hom ©0 = iso-arcs hom ¥ = x0

using assms hom by (auto simp: digraph-isomorphism-def dest: inj-onD)
ultimately
have wrap-iso-arcs hom f (iso-arcs hom z0) = y
using ¢- = y» assms hom by (auto simp: wrap-iso-arcs-def perm-restrict-def)
then show ?thesis ..
qged (metis not-in-id)

}

ultimately

show ?thesis unfolding permutes-def by (auto simp: dest: uniqueD)

qed

end

lemma (in digraph-map) digraph-map-isol:
assumes digraph-isomorphism hom shows digraph-map (app-iso hom G) (map-iso
hom)
proof —
interpret (G: fin-digraph app-iso hom G using assms by (rule fin-digraphl-app-iso)
show ?thesis
proof (rule iG.digraph-mapI-permutes)
show edge-rev (map-iso hom) permutes arcs (app-iso hom G)
using assms unfolding map-iso-def by (simp add: wrap-iso-arcs-permutes
arev-permutes-arcs)
next
show edge-succ (map-iso hom) permutes arcs (app-iso hom G)
using assms unfolding map-iso-def by (simp add: wrap-iso-arcs-permutes
edge-succ-permutes)
next
fix a assume A: a € arcs (app-iso hom G)
show tail (app-iso hom G) (edge-rev (map-iso hom) a) = head (app-iso hom
G) a
using A assms
by (cases rule: in-arcs-app-iso-cases) (auto simp: map-iso-def iso-verts-tail
iso-verts-head)
show edge-rev (map-iso hom) (edge-rev (map-iso hom) a) = a
using A assms by (cases rule: in-arcs-app-iso-cases) (auto simp: map-iso-def)
show edge-rev (map-iso hom) a # a
using A assms by (auto simp: map-iso-def arev-neq)
next
fix v assume v € verts (app-iso hom G) and oa-hom: out-arcs (app-iso hom

G)v#{}
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then obtain v0 where v0 € verts G v = iso-verts hom v0 by auto
moreover
then have oa: out-arcs G v0 # {}

using assms oa-hom by (auto simp: out-arcs-def iso-verts-tail)
ultimately
have cyclic-on-v0: cyclic-on (edge-succ M) (out-arcs G v0)

by (intro edge-succ-cyclic)

from oa-hom obtain a where a € out-arcs (app-iso hom G) v by blast
then obtain a0 where a0 € arcs G a = iso-arcs hom a0 by auto
then have a0 € out-arcs G v0

using v = - (w0 € -) <a € - assms by (simp add: iso-verts-tail)

show cyclic-on (edge-succ (map-iso hom)) (out-arcs (app-iso hom G) v)
proof (rule cyclic-on-singlel)

show a € out-arcs (app-iso hom G) v by fact
next

have out-arcs (app-iso hom G) v = iso-arcs hom ‘ out-arcs G v0

unfolding v = -» by (rule out-arcs-app-iso-eq) fact+
also have out-arcs G v0 = orbit (edge-succ M) a0
using cyclic-on-v0 <a0 € out-arcs G v0» unfolding cyclic-on-alldef by

simp
also have iso-arcs hom ‘... = orbit (edge-succ (map-iso hom)) a
proof —
have Az. z € orbit (edge-succ M) a0 = = € arcs G
using <out-arcs G v0 = - by auto
then show ?thesis using <out-arcs G v0 = -
unfolding <a = -» using a0 € out-arcs G v0> assms
by (intro orbit-inverse) (auto simp: map-iso-def)
qed
finally show out-arcs (app-iso hom G) v = orbit (edge-succ (map-iso hom))
a.
qed
qed
qed
end
theory List-Auz
imports
List—Index.List-Index
begin

3 Auxiliary List Lemmas

lemma nth-rotate-conv-nthi-conv-nth:
assumes m < length zs
shows rotatel zs ! m = xs ! (Suc m mod length xs)
using assms

proof (induction xs arbitrary: m)
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case (Cons z zs)

show ?Zcase

proof (cases m < length xs)
case Fualse
with Cons.prems have m = length xs by force
then show %thesis by (auto simp: nth-append)

qed (auto simp: nth-append)

qed simp

lemma nth-rotate-conv-nth:
assumes m < length zs
shows rotate n xs ! m = zs ! ((m 4+ n) mod length xs)
using assms
proof (induction n arbitrary: m)
case () then show ?case by simp
next
case (Suc n)
show ?Zcase
proof cases
assume m + 1 < length xs
with Suc show ?thesis using Suc by (auto simp: nth-rotate-conv-nthl-conv-nth)
next
assume —(m + 1 < length xs)
with Suc have m + 1 = length zs 0 < length zs by auto

moreover
{ have Suc (m + n) mod length xs = (Suc m + n) mod length s
by auto
also have ... = n mod length zs using «<m + 1 = -» by simp
finally have Suc (m + n) mod length ts = n mod length zs .}
ultimately

show ?thesis by (auto simp: nth-rotate-conv-nthl-conv-nth Suc.IH)
qed
qed

end

4 Permutations as Products of Disjoint Cycles

theory FEzxecutable-Permutations
imports
HOL— Combinatorics. Permutations
Graph-Theory. Auxiliary
List-Auz
begin

4.1 Cyclic Permutations

definition list-succ :: 'a list = 'a = 'a where
list-succ xs © = (if x € set xs then xs | ((index zs x + 1) mod length xs) else x)
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We demonstrate the functions on the following simple lemmas
list-succ [1, 2, 8] 1 = 2 list-succ [1, 2, 3] 2 = 3 list-succ [1, 2, 3] 3 = 1

lemma list-succ-altdef:

list-succ xs © = (let n = index xs x in if n + 1 = length xs then zs ! 0 else if n
+ 1 < length xs then zs | (n + 1) else x)

using index-le-size|of zs x| unfolding list-succ-def index-less-size-conv[symmetric]
by (auto simp: Let-def)

lemma list-succ-Nil:
list-suce [| = id
by (simp add: list-succ-def fun-eq-iff)

lemma list-succ-singleton:
list-succ [x] = list-succ ||
by (simp add: fun-eq-iff list-succ-def)

lemma list-succ-short:

assumes length xs < 2 shows list-succ xs = id

using assms

by (cases zs) (rename-tac [2] y ys, case-tac [2] ys, auto simp: list-succ-Nil
list-succ-singleton)

lemma list-succ-simps:
index xs x + 1 = length rs = list-succ zs ¢ = zs ! 0
index xs © + 1 < length xs = list-succ xs x = zs | (index zs x + 1)
length zs < index xs © = list-succ xs ¢ = «
by (auto simp: list-succ-altdef)

lemma list-succ-not-in:
assumes z ¢ set zs shows list-succ s ¢ = «
using assms by (auto simp: list-succ-def)

lemma list-succ-list-succ-rev:
assumes distinct zs shows list-succ (rev xs) (list-succ zs ) = x
proof —
{ assume index zs z + 1 < length xs
moreover then have length zs — Suc (Suc (length zs — Suc (Suc (indexr xs
z)))) = index zs x
by linarith
ultimately have ?thesis using assms
by (simp add: list-succ-def indez-rev index-nth-id rev-nth)
}

moreover
{ assume A: index zs x + 1 = length s
moreover
from A have zs # [| by auto
moreover

with A have last s = zs | index zs = by (cases length zs) (auto simp:
last-conv-nth)
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ultimately
have ?thesis
using assms
by (auto simp add: list-succ-def rev-nth index-rev index-nth-id last-conv-nth)
}
moreover
{ assume A: index zs x > length zs
then have z ¢ set xs by (metis indezx-less less-irrefl)
then have ?thesis by (auto simp: list-succ-def) }
ultimately show ?thesis
by linarith
qed

lemma inj-list-succ: distinct s = inj (list-succ xs)
by (metis injl list-succ-list-succ-rev)

lemma inv-list-succ-eq: distinct s = inv (list-succ zs) = list-succ (rev xs)
by (metis distinct-rev inj-imp-inv-eq inj-list-succ list-succ-list-succ-rev)

lemma bij-list-succ: distinct s = bij (list-succ xs)
by (metis bij-def inj-list-succ distinct-rev list-succ-list-succ-rev surj-def)

lemma list-succ-permutes:

assumes distinct xs shows list-succ rs permutes set xs

using assms by (auto simp: permutes-conv-has-dom bij-list-succ has-dom-def
list-succ-def)

lemma permutation-list-succ:
assumes distinct s shows permutation (list-succ xs)
using list-succ-permutes| OF assms] by (auto simp: permutation-permutes)

lemma list-succ-nth:

assumes distinct xs n < length xs shows list-succ xs (zs ! n) = zs ! (Suc n mod
length xs)

using assms by (auto simp: list-succ-def index-nth-id)

lemma list-succ-last][simp]:
assumes distinct zs s # [] shows list-succ zs (last xs) = hd zs
using assms by (auto simp: list-succ-def hd-conv-nth)

lemma list-succ-rotatel [simp]:
assumes distinct zs shows list-succ (rotatel xs) = list-succ xs
proof (rule ext)
fix y show list-succ (rotatel xs) y = list-succ zs y
using assms
proof (induct xs)
case Nil then show ?case by simp
next
case (Cons z zs)
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show ?case
proof (cases T = y)
case True
then have index (zs @ [y]) y = length zs
using «(distinct (z # xs)» by (simp add: index-append)
with True show ?thesis by (cases zs=[]) (auto simp: list-succ-def nth-append)
next
case Fulse
then show ?thesis
apply (cases index xs y + 1 < length xs)
apply (auto simp:list-succ-def index-append nth-append)
by (metis Suc-lessI index-less-size-conv mod-self nth-Cons-0 nth-append
nth-append-length)
qed
qed
qed

lemma list-succ-rotate[simp]:
assumes distinct zs shows list-succ (rotate n zs) = list-succ s
using assms by (induct n) auto

lemma list-succ-in-conuv:
list-succ xs © € set xs «— = € set xs
unfolding list-succ-def using length-pos-if-in-set by force

lemma [list-succ-in-convl:
assumes A N set zs = {}
shows list-succ zsx € A +— x € A
by (metis assms disjoint-iff-not-equal list-succ-in-conv list-succ-not-in)

lemma list-succ-commute:
assumes set zs N set ys = {}
shows list-succ zs (list-succ ys x) = list-succ ys (list-succ zs x)
proof —
have Az. © € set xs = list-succ ys x = x
Nz. © € set ys = list-succ sz = x
using assms by (blast intro: list-succ-not-in)+
then show ?thesis
by (cases x € set xs U set ys) (auto simp: list-succ-in-conv list-succ-not-in)
qed

4.2 Arbitrary Permutations

fun lists-succ :: 'a list list = 'a = 'a where
lists-succ || x = x
| lists-succ (xzs # xss) x = list-succ xs (lists-succ xss x)

definition distincts :: 'a list list = bool where
distincts xss = distinct xss N (Vxs € set xss. distinct xs N zs # [|) A (Vas € set
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xss. Y ys € set xss. xs # ys — set xs N set ys = {})

lemma distincts-distinct: distincts xss —> distinct zss
by (auto simp: distincts-def)

lemma distincts-Nil[simp): distincts []
by (simp add: distincts-def)

lemma distincts-single: distincts [xs] +— distinct xs A\ xs # |]
by (auto simp add: distincts-def)

lemma distincts-Cons: distincts (xzs # xss)
> s # [| A distinct xs A distincts xss A (set zs N (Jys € set zss. set ys)) =
{} (is L +— ?R)
proof
assume ?L then show ?R by (auto simp: distincts-def)
next
assume 7R
then have distinct (zs # xss)
apply (auto simp: disjoint-iff-not-equal distincts-distinct)
apply (metis length-greater-0-conv nth-mem)
done
moreover
from ¢?R)> have Vs € set (zs # zss). distinct zs N xs # ||
by (auto simp: distincts-def)
moreover
from (?R) have Vs’ € set (xs # xss). Vys € set (zs # xss). xs’ # ys —> set
xzs' N set ys = {}
by (simp add: distincts-def) blast
ultimately show ?L unfolding distincts-def by (intro conjl)
qed

lemma distincts-Cons’”: distincts (zs # xss)

> xs # || A distinct zs A distincts zss A (Vys € set xss. set zs N set ys = {})
(is 2L «— ?R)
unfolding distincts-Cons by blast

lemma distincts-rev:
distincts (map rev xss) <— distincts xss
by (simp add: distincts-def distinct-map)

lemma length-distincts:
assumes distincts xss
shows length xss = card (set  set xss)
using assms
proof (induct xss)
case Nil then show ?Zcase by simp
next
case (Cons zs ss)
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then have set zs ¢ set * set zss
using equalsOI[of set xzs| by (auto simp: distincts-Cons disjoint-iff-not-equal )
with Cons show ?case by (auto simp add: distincts-Cons)
qed

lemma distincts-removel : distincts xss = distincts (removel xs ss)
by (auto simp: distincts-def)

lemma distinct-Cons-removel:
z € set xs = distinct (x # removel x xs) = distinct xs
by (induct zs) auto

lemma set-Cons-removel :
T € set s = set (x # removel x xs) = set s
by (induct zs) auto

lemma distincts-Cons-removel :
zs € set xss = distincts (zs # removel zs xss) = distincts xss
by (simp only: distinct-Cons-removel set-Cons-removel distincts-def)

lemma distincts-inj-on-set:
assumes distincts 1ss shows inj-on set (set xss)
by (rule inj-onl) (metis assms distincts-def inf.idem set-empty)

lemma distincts-distinct-set:
assumes distincts xss shows distinct (map set xss)
using assms by (auto simp: distinct-map distincts-distinct distincts-inj-on-set)

lemma distincts-distinct-nth:
assumes distincts zss n < length xss shows distinct (zss ! n)
using assms by (auto simp: distincts-def)

lemma lists-succ-not-in:
assumes z ¢ (|Jxs€set xss. set xs) shows lists-succ 1ss v = ©
using assms by (induct zss) (auto simp: list-succ-not-in)

lemma lists-succ-in-conv:
lists-succ zss x € (| xs€set xss. set xs) +— x € (|J zsEset xss. set xs)
by (induct zss) (auto simp: list-succ-in-conv lists-succ-not-in list-succ-not-in)

lemma [lists-succ-in-convl:
assumes A N (|Jzs€set xss. set xs) = {}
shows lists-succ zssx € A <+— z € A

by (metis Int-iff assms emptyE lists-succ-in-conv lists-succ-not-in)

lemma lists-succ-Cons-pf: lists-succ (zs # xss) = list-succ xs o lists-succ ss
by auto

lemma lists-succ-Nil-pf: lists-succ [| = id
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by (simp add: fun-eq-iff)
lemmas lists-succ-simps-pf = lists-succ-Cons-pf lists-succ-Nil-pf

lemma lists-succ-permutes:
assumes distincts xss
shows lists-succ xss permutes (|Jxs € set xss. set xs)
using assms
proof (induction xss)
case Nil then show ?case by auto
next
case (Cons zs ss)
have list-succ xzs permutes (set xs)
using Cons by (intro list-succ-permutes) (simp add: distincts-def)
moreover
have lists-succ zss permutes (|Jys € set xss. set ys)
using Cons by (auto simp: Cons distincts-def)
ultimately show lists-succ (zs # xss) permutes (|Jys € set (xs # xss). set ys)
using Cons by (auto simp: lists-succ-Cons-pf intro: permutes-compose per-
mutes-subset)
qed

lemma bij-lists-succ: distincts xss = bij (lists-succ zss)
by (induct xss) (auto simp: lists-succ-simps-pf bij-comp bij-list-succ distincts-Cons)

lemma lists-succ-snoc: lists-succ (xzss Q [xs]) = lists-succ zss o list-succ s
by (induct zss) auto

lemma inv-lists-succ-eq:
assumes distincts zss
shows inv (lists-succ xss) = lists-succ (rev (map rev xss))

proof —
have *: Af g. inv (\b. f (g b)) = inv (f o g) by (simp add: o-def)
have xx: lists-succ [| = id by auto

show ?thesis
using assms by (induct xss) (auto simp: * xx lists-succ-snoc lists-suce-Cons-pf
o-inv-distrib
inv-list-succ-eq distincts-Cons bij-list-succ bij-lists-succ)
qed

lemma lists-succ-removel:
assumes distincts xss s € set xss
shows lists-succ (xs # removel xs xss) = lists-succ xss
using assms
proof (induct xss)
case Nil then show ?Zcase by simp
next
case (Cons ys xss)
show ?Zcase
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proof cases
assume zs = ys then show ?case by simp
next
assume 1s # ys
with Cons.prems have inter: set s N set ys = {} and zs € set xss
by (auto simp: distincts-Cons)
have dists:
distincts (zs # removel s xss)
distincts (xs # ys # removel xs xss)
using «distincts (ys # xss)y «xs € set xss» by (auto simp: distincts-def)

have list-succ xs o (list-succ ys o lists-succ (removel s xss))
= list-succ ys o (list-succ zs o lists-succ (removel s xss))
using inter unfolding fun-eq-iff comp-def
by (subst list-succ-commute) auto

also have ... = list-succ ys o (lists-succ (zs # removel s xss))
using dists by (simp add: lists-succ-Cons-pf distincts-Cons)
also have ... = list-succ ys o lists-succ xss

using «zs € set xss) «distincts (ys # zss)»
by (simp add: distincts-Cons Cons.hyps)
finally
show lists-succ (zs # removel s (ys # xss)) = lists-succ (ys # xss)
using Cons dists by (auto simp: lists-succ-Cons-pf distincts-Cons)
qed
qed

lemma lists-succ-no-order:
assumes distincts xzss distincts yss set xss = set yss
shows lists-succ xss = lists-succ yss
using assms
proof (induct zss arbitrary: yss)
case Nil then show ?case by simp
next
case (Cons zs 1ss)
have zs ¢ set zss xs € set yss using Cons.prems
by (auto dest: distincts-distinct)
have lists-succ zss = lists-succ (removel s yss)
using Cons.prems <xs ¢ -
by (intro Cons.hyps) (auto simp add: distincts-Cons distincts-removel dis-
tincts-distinct)
then have lists-succ (xs # xzss) = lists-succ (xs # removel xs yss)
using Cons.prems <xs € -»
by (simp add: lists-succ-Cons-pf distincts-Cons-removel )
then show ?case
using Cons.prems <xs € -» by (simp add: lists-succ-removel )
qed
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5 List Orbits

Computes the orbit of z under f

definition orbit-list :: ('a = 'a) = 'a = 'a list where
orbit-list f © = iterate 0 (funpow-distl fx z) fz

partial-function (tailrec)

orbit-list-impl :: ('a = 'a) = 'a = 'a list = 'a = 'a list
where

orbit-list-impl f s acc © = (let x' = fz in if x’ = s then rev (z # acc) else
orbit-list-impl f s (z # acc) z’)

context notes [simp| = length-minus-list-mset begin

Computes the list of orbits

fun orbits-list :: ('a = 'a) = 'a list = 'a list list where
orbits-list f [ = |]
| orbits-list f (x # xs) =
orbit-list f x # orbits-list f (minus-list-mset xs (orbit-list f x))

fun orbits-list-impl :: ('a = 'a) = 'a list = 'a list list where
orbits-list-impl f || = |]
| orbits-list-impl f (z # zs) =
(let fc = orbit-list-impl f x || x in fc # orbits-list-impl f (minus-list-mset s fc))

declare orbit-list-impl.simps|code]
end

abbreviation sset :: ‘a list list = 'a set set where
sset xss = set ‘ set xss

lemma iterate-funpow-step:
assumes fx # yy € orbit fz
shows iterate 0 (funpow-distl f xy) fx = x # iterate 0 (funpow-dist! f (f z) y)
f(fz)
proof —
from assms have A: y € orbit f (f ) by (simp add: orbit-step)
have iterate 0 (funpow-distl f z y) fx = x # iterate 1 (funpow-distl fz y) fz
(is - = - # ?it)
unfolding iterate-def by (simp add: upt-rec)
also have ?2it = map (An. (f 7" n) z) (map Suc [0..<funpow-dist f (f z) y])
unfolding iterate-def map-Suc-upt by simp

also have ... = map (An. (f " n) (fz)) [0..<funpow-dist f (f z) y]
by (simp add: funpow-swapl)
also have ... = iterate 0 (funpow-distl f (fz) y) f (f x)

unfolding iterate-def
unfolding iterate-def by (simp add: funpow-dist-step| OF assms(1) A])
finally show ?thesis .
qed
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lemma orbit-list-impl-conv:
assumes y € orbit fz
shows orbit-list-impl f y acc x = rev acc Q iterate 0 (funpow-distl fz y) fx

using assms
proof (induct n=funpow-distl f x y arbitrary: x acc)

case (Suc )

show ?Zcase
proof cases
assume fz =y
then show ?thesis by (subst orbit-list-impl.simps) (simp add: Let-def iterate-def
Junpow-dist-0)
next
assume not-y :f r # y

have y-in-succ: y € orbit f (f z)
by (intro orbit-step Suc.prems not-y)

have orbit-list-impl f y acc © = orbit-list-impl f y (x # acc) (f z)

using not-y by (subst orbit-list-impl.simps) simp
also have ... = rev (z # acc) Q iterate 0 (funpow-distl f (fz) y) f (fz) (is -
= %rev @ ?%it)

by (intro Suc funpow-dist-step not-y y-in-succ)
also have ... = rev acc @ iterate 0 (funpow-distl fzy) fz
using not-y Suc.prems by (simp add: iterate-funpow-step)

finally show ?%thesis .

qed
qed

lemma orbit-list-conv-impl:
assumes x € orbit fx
shows orbit-list f © = orbit-list-impl fz [| ©
unfolding orbit-list-impl-conv|OF assms| orbit-list-def by simp

lemma set-orbit-list:
assumes z € orbit fz
shows set (orbit-list f x) = orbit f z
by (simp add: orbit-list-def orbit-conv-funpow-dist1[OF assms| set-iterate)

lemma set-orbit-list”:
assumes permutation f shows set (orbit-list f x) = orbit f x

using assms by (simp add: permutation-self-in-orbit set-orbit-list)

lemma distinct-orbit-list:
assumes z € orbit fz

shows distinct (orbit-list f x)
by (simp del: upt-Suc add: orbit-list-def iterate-def distinct-map inj-on-funpow-dist! [OF
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assms|)

lemma distinct-orbit-list”:
assumes permutation f shows distinct (orbit-list f x)
using assms by (simp add: permutation-self-in-orbit distinct-orbit-list)

lemma orbits-list-conv-impl:
assumes permutation f
shows orbits-list f xs = orbits-list-impl f xs
proof (induct length xs arbitrary: xs rule: less-induct)
case less show ?case
using assms by (cases xs) (auto simp: assms less less-Suc-eg-le length-minus-list-mset
orbit-list-conv-impl permutation-self-in-orbit Let-def)
qed

lemma orbit-list-not-nil[simpl: orbit-list f x # []
by (simp add: orbit-list-def)

lemma sset-orbits-list:
assumes permutation f shows sset (orbits-list f xs) = (orbit f) * set xs
proof (induct length xs arbitrary: xs rule: less-induct)
case less
show Zcase
proof (cases xs)
case Nil then show ?thesis by simp
next
case (Cons z' zs)
let %xs"’ = minus-list-mset xs’ (orbit-list f )
have A: sset (orbits-list f ?zs'") = orbit f * set ?xs’”’
using Cons by (simp add: less-Suc-eg-le length-minus-list-mset less.hyps)
have B: set (orbit-list f ') = orbit f x’
by (rule set-orbit-list) (simp add: permutation-self-in-orbit assms)

have orbit f ¢ set (minus-list-mset zs' (orbit-list f z')) C orbit f ¢ set xs’
using minus-list-mset-subset|of zs’] by auto
moreover
have orbit f “ set xzs’ — {orbit f '} C (orbit f * set (minus-list-mset xs’ (orbit-list
f2%)) (s 7L C 7R)
proof
fix A assume A € 7L
then obtain y where A = orbit fy y € set s’ by auto
have A # orbit f 2’ using (A € ?L) by auto
from <A = -» <A # - have y ¢ orbit fz’
by (meson assms cyclic-on-orbit orbit-cyclic-eq8 permutation-permutes)
with <y € - have y € set (minus-list-mset xs’ (orbit-list f z'))
using minus-list-set-subset-minus-list-mset
by (fastforce simp: set-orbit-list permutation-self-in-orbit assms)
then show A € ?R using <A = - by auto
qed
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ultimately
show ?thesis by (auto simp: A B Cons)
qed
qed

5.1 Relation to cyclic-on

lemma list-succ-orbit-list:
assumes s € orbit fs Nz. x ¢ orbit fs = fz ==z
shows list-succ (orbit-list f s) = f
proof —
have distinct (orbit-list f s) Nz. © ¢ set (orbit-list fs) = z = fx
using assms by (simp-all add: distinct-orbit-list set-orbit-list)
moreover
have Ai. i < length (orbit-list f s) = orbit-list f s | (Suc i mod length (orbit-list
fs)) = f (orbit-list f s ! 7)
using funpow-dist1-prop|OF <s € orbit f $»] by (auto simp: orbit-list-def fun-
pow-mod-eq)
ultimately show ?thesis
by (auto simp: list-succ-def fun-eq-iff)
qed

lemma [list-succ-funpow-conv:

assumes A: distinct s © € set s

shows (list-succ zs = n) z = zs | ((index zs x + n) mod length xs)
proof —

have zs # [] using assms by auto

then show ?thesis

by (induct n) (auto simp: hd-conv-nth A index-nth-id list-succ-def mod-simps)

qed

lemma orbit-list-succ:

assumes distinct xs x € sel xs

shows orbit (list-succ xs) x = set s
proof (intro set-eql iffI)

fix y assume y € orbit (list-succ xs)

then show y € set zs

by induct (auto simp: list-succ-in-conv <x € set xs))

next

fix y assume y € set zs

moreover

{ fix i j have i < length xs = j < length xs = In. zs ! j = zs ! ((i + n) mod
length xs)

using assms by (auto simp: exl[where z=j + (length zs — i)])
}

ultimately
show y € orbit (list-succ xs) «
using assms by (auto simp: orbit-altdef-permutation permutation-list-succ
list-succ-funpow-conv index-nth-id in-set-conv-nth)
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qed

lemma cyclic-on-list-succ:
assumes distinct zs s # [| shows cyclic-on (list-succ xs) (set xs)
using assms last-in-set by (auto simp: cyclic-on-def orbit-list-succ)

lemma obtain-orbit-list-func:
assumes s € orbit fs N\z. z ¢ orbit fs = fz ==z
obtains zs where f = list-succ zs set xs = orbit f s distinct xs hd s = s
proof —
{ from assms have f = list-succ (orbit-list f s) by (simp add: list-succ-orbit-list)
moreover
have set (orbit-list f s) = orbit f s distinct (orbit-list f s)
by (auto simp: set-orbit-list distinct-orbit-list assms)
moreover have hd (orbit-list f s) = s
by (simp add: orbit-list-def iterate-def hd-map del: upt-Suc)
ultimately have Jzs. f = list-succ s N set xs = orbit f s N\ distinct xs N\ hd
zs = s by blast
} then show ?thesis by (metis that)
qed

lemma cyclic-on-obtain-list-succ:

assumes cycliccon fS N\z. 2 ¢ S = fz ==z

obtains zs where f = list-succ xs set xs = § distinct xs
proof —

from assms obtain s where s: s € orbit fs Nu. © ¢ orbit fs = fe =2 S =
orbit f s

by (auto simp: cyclic-on-def)

then show %thesis by (metis that obtain-orbit-list-func)

qed

lemma cyclic-on-obtain-list-succ”:
assumes cyclic-on S f permutes S
obtains zs where f = list-succ zs set s = S distinct zs
using assms unfolding permutes-def by (metis cyclic-on-obtain-list-succ)

lemma [list-succ-unique:
assumes s € orbit fs Nz. x ¢ orbit fs = fz ==z
shows Flzs. f = list-succ zs A distinct xs N hd zs = s N\ set xs = orbit f s
proof —
from assms obtain zs where zs: [ = list-succ zs distinct zs hd s = s set s =
orbit f s
by (rule obtain-orbit-list-func)
moreover
{ fix zs
assume A: f = list-succ zs distinct zs hd zs = s set zs = orbit f s
then have zs # [] using s € orbit f $» by auto
from <distinct xsy <distinct zs) <set xs = orbit f s «set zs = orbit f s»
have len: length xs = length zs by (metis distinct-card)
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{ fix n assume n < length xs
then have zs | n=as ! n
proof (induct n)
case 0 with A zs <zs # [|> show %case by (simp add: hd-conv-nth
nth-rotate-conv-nth)
next
case (Suc n)
then have list-succ zs (zs | n) = list-succ xs (zs! n)
using «f = list-succ xzs> <f = list-succ zs» by simp
with «(Suc n < -» show ?case
by (simp add:list-succ-nth len <distinct xsy <distinct zs»)
qed }
then have zs = xs by (metis len nth-equalityl) }
ultimately show ¢thesis by metis
qed

lemma distincts-orbits-list:
assumes distinct as permutation f
shows distincts (orbits-list f as)
using assms(1)
proof (induct length as arbitrary: as rule: less-induct)
case less
show Zcase
proof (cases as)
case Nil then show ?thesis by simp
next
case (Cons a as’)
let ?as’ = fold removel (orbit-list f a) as’
from Cons less.prems have A: distincts (orbits-list f (minus-list-mset as
(orbit-list f a)))
by (intro less) (auto simp: distinct-minus-list-mset length-minus-list-mset
less-Suc-eq-le)

/

have B: set (orbit-list f a) N | (sset (orbits-list f (minus-list-mset as’ (orbit-list
fa) ={}
proof —
have orbit f a N set (minus-list-mset as’ (orbit-list f a)) = {}
using assms less.prems Cons by (simp add: set-minus-list-mset-distinct
set-orbit-list”)
then have orbit fa N |J (orbit f * set (minus-list-mset as’ (orbit-list f a))) =
{
by auto (metis assms(2) cyclic-on-orbit disjoint-iff-not-equal permuta-
tion-self-in-orbit|OF assms(2)] orbit-cyclic-eq3 permutation-permutes)
then show ?thesis using assms
by (auto simp: set-orbit-list’ sset-orbits-list disjoint-iff-not-equal)
qed

show ?thesis
using A B assms by (auto simp: distincts-Cons Cons distinct-orbit-list”)
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qed
qed

lemma cyclic-on-lists-succ’:
assumes distincts xss
shows A € sset xss = cyclic-on (lists-succ zss) A
using assms
proof (induction xss arbitrary: A)
case Nil then show ?case by auto
next
case (Cons zs xss A)
then have inter: set xs N (|Jys€set xss. set ys) = {} by (auto simp: dis-
tincts-Cons)

note pcp[OF - - inter] = permutes-comp-preserves-cyclicl permutes-comp-preserves-cyclic2
from Cons show cyclic-on (lists-succ (zs # xss)) A
by (cases A = set xs)
(auto intro: pep simp: cyclic-on-list-succ list-succ-permutes
lists-succ-permutes lists-succ-Cons-pf distincts-Cons)
qed

lemma cyclic-on-lists-succ:
assumes distincts xss
shows Awzs. zs € set xss = cyclic-on (lists-succ xss) (set xs)
using assms by (auto intro: cyclic-on-lists-succ’)

lemma permutes-as-lists-succ:
assumes distincts xss
assumes ls-eq: \xs. zs € set xss = list-succ xs = perm-restrict f (set xs)
assumes | permutes (| (sset zss))
shows f = lists-succ xss
using assms
proof (induct xss arbitrary: f)
case Nil then show ?Zcase by simp
next
case (Cons zs ss)
let ?sets = Axss. |Jys € set xzss. set ys

have zs: distinct zs xs # || using Cons by (auto simp: distincts-Cons)

have f-zs: perm-restrict f (set xs) = list-succ xs
using Cons by simp

have co-zs: cyclic-on (perm-restrict f (set xs)) (set xs)
unfolding f-zs using zs by (rule cyclic-on-list-succ)

have perm-zs: perm-restrict f (set xs) permutes set xs
unfolding f-zs using <distinct xs> by (rule list-succ-permutes)
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have perm-zss: perm-restrict f (?sets xss) permutes (?sets xss)

proof —
have perm-restrict f (?sets (zs # xss) — set xs) permutes (?sets (zs # xss) —

set xs)
using Cons co-zs by (intro perm-restrict-diff-cyclic) (auto simp: cyclic-on-perm-restrict)
also have ?sets (ws # xss) — set xs = ?sels s
using Cons by (auto simp: distincts-Cons)

finally show ?thesis .

qed
have f-zss: perm-restrict f (?sets xss) = lists-succ zss
proof —
have x: A\zs. zs € set zss = ((|J z€set xss. set x) N set xs) = set xs
by blast

with perm-zss Cons.prems show ?thesis
by (intro Cons.hyps) (auto simp: distincts-Cons perm-restrict-perm-restrict *)
qed

from Cons.prems show f = lists-succ (zs # xss)
by (simp add: lists-succ-Cons-pf distincts-Cons f-xss[symmetric]
perm-restrict-union perm-rs perm-ss)
qged

lemma cyclic-on-obtain-lists-succ:
assumes
permutes: f permutes S and
S: S = J(sset css) and
dists: distincts css and
cyclic: Ncs. ¢s € set css = cyclic-on | (set cs)
obtains zss where f = lists-succ xss distincts xss map set xss = map set css
map hd xss = map hd css
proof —
let ?fc = Acs. perm-restrict f (set cs)
define some-list where some-list cs = (SOME zs. ?fc ¢s = list-succ s N set xs
= set ¢s A distinct s A\ hd zs = hd cs) for cs
{ fix cs assume cs € set css
then have cyclic-on (?fc cs) (set cs) Nz. © ¢ set cs = ?fc cs x = x hd ¢s €
set cs
using cyclic dists by (auto simp add: cyclic-on-perm-restrict perm-restrict-def
distincts-def)
then have hd cs € orbit (?fc ¢s) (hd cs) Az. z ¢ orbit (?fc cs) (hd cs) =
?fc cs © = x hd cs € set cs set cs = orbit (?fc ¢cs) (hd cs)
by (auto simp: cyclic-on-alldef)
then have Jzs. ?fc cs = list-succ xs N set xs = set cs A distinct xs A hd s =
hd cs
by (metis obtain-orbit-list-func)
then have ?fc cs = list-succ (some-list cs) N set (some-list cs) = set cs A
distinct (some-list ¢s) N hd (some-list ¢s) = hd cs
unfolding some-list-def by (rule somel-ex)
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then have ?fc cs = list-succ (some-list cs) set (some-list ¢s) = set cs distinct
(some-list cs) hd (some-list cs) = hd cs
by auto
} note sl-cs = this

have Acs. cs € set css => cs # || using dists by (auto simp: distincts-def)
then have some-list-ne: \cs. cs € set css = some-list ¢s # |]
by (metis set-empty sl-cs(2))

have set: map set (map some-list css) = map set css map hd (map some-list css)
= map hd css
using sl-¢s(2,4) by (auto simp add: map-idl)

have distincts: distincts (map some-list css)
proof —
have c-dist: N\zs ys. [zs€set css; ys€set css; xs # ys] = set xs N set ys = {}
using dists by (auto simp: distincts-def)

have distinct (map some-list css)
proof —
have inj-on some-list (set css)
using sl-cs(2) c-dist by (intro inj-onl) (metis inf.idem set-empty)
with <distincts cssy» show ?thesis
by (auto simp: distincts-distinct distinct-map)
qed
moreover
have V zs€set (map some-list css). distinct xs N\ xs # ||
using sl-cs(3) some-list-ne by auto
moreover
from c-dist have (Vzs€set (map some-list css). ¥V ys€set (map some-list css).
xs # ys — set xs N set ys = {})
using sl-cs(2) by auto
ultimately
show ?thesis by (simp add: distincts-def)
qed

have f: f = lists-succ (map some-list css)
using distincts
proof (rule permutes-as-lists-succ)
fix xs assume xs € set (map some-list css)
then show list-succ ts = perm-restrict f (set xs)
using sl-cs(1) sl-cs(2) by auto
next
have S = (|Jzs€set (map some-list css). set xs)
using S sl-cs(2) by auto
with permutes show f permutes | J (sset (map some-list css))
by simp
qged

31



from f distincts set show %thesis ..
qed

5.2 Permutations of a List

lemma length-removel-less:

assumes z € set s shows length (removel x xs) < length xs
proof —

from assms have 0 < length xs by auto

with assms show ?thesis by (auto simp: length-removel)
qed
context notes [simp| = length-removel-less begin
fun permutations :: 'a list = ’a list list where

permutations-Nil: permutations [| = [[]]
| permutations-Cons:

permutations s = [y # ys. y <— xs, ys <— permutations (removel y xs)]

end

declare permutations-Cons[simp del]

The function above returns all permutations of a list. The function below
computes only those which yield distinct cyclic permutation functions (cf.
list-succ).

fun cyc-permutations :: 'a list = 'a list list where
cyc-permutations [| = [[]]
| cyc-permutations (x # xs) = map (Cons z) (permutations xs)

lemma nil-in-permutations[simpl: [| € set (permutations xs) «— s = ||
by (induct xs) (auto simp: permutations-Cons)

lemma permutations-not-nil:

assumes s # ||

shows permutations zs = concat (map (Az. map ((#) z) (permutations (removel
x xs))) xs)

using assms by (cases zs) (auto simp: permutations-Cons)

lemma set-permutations-step:
assumes s # ||
shows set (permutations zs) = ((Jz € set zs. Cons x ‘ set (permutations (removel

x z8)))

using assms by (cases xzs) (auto simp: permutations-Cons)

lemma in-set-permutations:

assumes distinct s

shows ys € set (permutations zs) <— distinct ys N set xs = set ys (is ?L xs ys
> 7R zs ys)

using assms
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proof (induct length xs arbitrary: s ys)
case 0 then show ?case by auto
next
case (Suc n)
then have zs # [] by auto

show ?Zcase
proof
assume ?L s ys
then obtain y ys’ where ys = y # ys' y € set xs ys' € set (permutations
(removel (hd ys) xs))
using «zs # [|» by (auto simp: permutations-not-nil)
moreover
then have ?R (removel y xs) ys’
using Suc.prems Suc.hyps(2) by (intro Suc.hyps(1)[THEN iffD1]) (auto simp:
length-removel )
ultimately show 7R xs ys
using Suc by auto
next
assume ?R s ys
with «zs # []> obtain y ys’ where ys = y # ys’ y € set xs by (cases ys) auto
moreover
then have ys’ € set (permutations (removel y xs))
using Suc «?R xs ys» by (intro Suc.hyps(1)[THEN iffD2]) (auto simp:
length-removel )
ultimately
show ?L xs ys
using «zs # [|» by (auto simp: permutations-not-nil)
qed
qed

lemma in-set-cyc-permutations:

assumes distinct s

shows ys € set (cyc-permutations xs) <— distinct ys A set zs = set ys A hd ys
= hd xs (is YL zs ys «— 7R zs ys)
proof (cases xs)

case (Cons z zs) with assms show ?Zthesis

by (cases ys) (auto simp: in-set-permutations introl: imagel)

qged auto

lemma in-set-cyc-permutations-obtain:
assumes distinct xs distinct ys set s = set ys
obtains n where rotate n ys € set (cyc-permutations xs)
proof (cases xs)
case Nil with assms have rotate 0 ys € set (cyc-permutations zs) by auto
then show ?thesis ..
next
case (Cons z xs’)
let %ys’ = rotate (index ys ) ys
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have ys # [| = € set ys
using Cons assms by auto

then have distinct ?ys’ N\ set zs = set ?ys’ A hd ?ys’ = hd xs
using assms Cons by (auto simp add: hd-rotate-conv-nth)

with «distinct zs» have ?ys’ € set (cyc-permutations xs)
by (rule in-set-cyc-permutations] THEN iffD2])

then show ?thesis ..

qed

lemma [list-succ-set-cyc-permutations:

assumes distinct xs xs # ||

shows list-succ * set (cyc-permutations xs) = {f. f permutes set zs A cyclic-on f
(set xs)} (is 7L = ?R)
proof (intro set-eql iffI)

fix f assume f € ?L

moreover have A\ys. set s = set ys = s # [| = ys # [| by auto

ultimately show f € 7R

using assms by (auto simp: in-set-cyc-permutations list-succ-permutes cyclic-on-list-succ)
next

fix f assume f € 7R

then obtain ys where ys: list-succ ys = f distinct ys set ys = set ws

by (auto elim: cyclic-on-obtain-list-succ’)
moreover
with <distinct zs» obtain n where rotate n ys € set (cyc-permutations xs)
by (auto elim: in-set-cyc-permutations-obtain)

then have list-succ (rotate n ys) € ?L by simp

ultimately

show f € ?L by simp
qed

5.3 Enumerating Permutations from List Orbits

definition cyc-permutationss :: 'a list list = 'a list list list where
cyc-permutationss = product-lists o map cyc-permutations

lemma cyc-permutationss-Nil[simp]: cyc-permutationss [| = [[]]
by (auto simp: cyc-permutationss-def)

lemma in-set-cyc-permutationss:
assumes distincts xss
shows yss € set (cyc-permutationss xss) <+— distincts yss N\ map set xss = map
set yss A map hd xss = map hd yss
proof —
{ assume A: list-all2 (\z ys. x € set ys) yss (map cyc-permutations zss)
then have length yss = length xzss by (auto simp: list-all2-lengthD)
then have | (sset zss) = | (sset yss) distincts yss map set xss = map set yss
map hd ss = map hd yss
using A assms
by (induct yss xss rule: list-induct2) (auto simp: distincts-Cons in-set-cyc-permutations)
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} note X = this
{ assume A: distincts yss map set xss = map set yss map hd zss = map hd yss
then have length yss = length xss by (auto dest: map-eq-imp-length-eq)
then have list-all2 (\z ys. © € set ys) yss (map cyc-permutations xss)
using A assms
by (induct yss xss rule: list-induct2) (auto simp: distincts-Cons in-set-cyc-permutations)
} note Y = this
show ?thesis
unfolding cyc-permutationss-def
by (auto simp: product-lists-set intro: X Y)
qged

lemma lists-succ-set-cyc-permutationss:
assumes distincts xss
shows lists-succ * set (cyc-permutationss xss) = {f. f permutes |J (sset xss) A
(V¢ € sset xss. cyclic-on f ¢)} (is ?L = ?R)
using assms
proof (intro set-eql iffI)
fix f assume f € 7L
then obtain yss where yss € set (cyc-permutationss zss) f = lists-succ yss by
(rule imageE)
moreover
from <yss € - assms have set (map set zss) = set (map set yss)
by (auto simp: in-set-cyc-permutationss)
then have sset rss = sset yss by simp
ultimately
show f € 7R
using assms
by (auto simp: in-set-cyc-permutationss cyclic-on-lists-succ’) (metis lists-succ-permutes)
next
fix f assume f € 7R
then have [ permutes | (sset xss) Ncs. cs € set xss = cyclic-on f (set cs)
by auto
from this(1) refl assms this(2)
obtain yss where f = lists-succ yss distincts yss map set yss = map set xss map
hd yss = map hd xss
by (rule cyclic-on-obtain-lists-succ)
with assms show f € ?L by (auto intro!: imagel simp: in-set-cyc-permutationss)
qed

5.4 Lists of Permutations

definition permutationss :: 'a list list = 'a list list list where
permutationss = product-lists o map permutations

lemma permutationss-Nil[simp]: permutationss [| = [[]]
by (auto simp: permutationss-def)

lemma permutationss-Cons:
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permutationss (xs # xss) = concat (map (Ays. map (Cons ys) (permutationss
xss)) (permutations xs))
by (auto simp: permutationss-def)

lemma in-set-permutationss:
assumes distincts xss
shows yss € set (permutationss xss) <— distincts yss A map set xss = map set
YS$
proof —
{ assume A: list-all2 (\z ys. x € set ys) yss (map permutations xss)
then have length yss = length xss by (auto simp: list-all2-lengthD)
then have | (sset zss) = | (sset yss) distincts yss map set xss = map set yss
using A assms
by (induct yss xss rule: list-induct2) (auto simp: distincts-Cons in-set-permutations)
} note X = this
{ assume A: distincts yss map set £ss = map set yss
then have length yss = length xss by (auto dest: map-eq-imp-length-eq)
then have list-all2 (Az ys. x € set ys) yss (map permutations xss)
using A assms
by (induct yss xzss rule: list-induct2) (auto simp: in-set-permutations dis-
tincts-Cons)
} note Y = this
show ?thesis
unfolding permutationss-def
by (auto simp: product-lists-set intro: X Y)
qged

lemma set-permutationss:

assumes distincts xss

shows set (permutationss xss) = {yss. distincts yss N map set xss = map set
yss}

using in-set-permutationss|OF assms] by blast

lemma permutationss-complete:
assumes distincts zss distincts yss zss # ||
and set ‘ set xss = set ‘ set yss
shows set yss € set ‘ set (permutationss xss)
proof —
have length xss = length yss
using assms by (simp add: length-distincts)
from «<sset xss = -
have Jyss’. set yss' = set yss A map set yss' = map set xss
using assms(1—2)
proof (induct xss arbitrary: yss)
case Nil then show ?case by simp
next
case (Cons zs xss)
from <sset (zs # xss) = sset yss»
obtain ys where ys: ys € set yss set ys = set xs

36



by auto (metis imageE insertll)
with <distincts yss) have set ys ¢ sset (removel ys yss)
by (fastforce simp: distincts-def)
moreover
from «distincts (xs # xss)> have set zs ¢ sset xss
by (fastforce simp: distincts-def)
ultimately have sset zss = sset (removel ys yss)
using «distincts yssy (sset (zs # xss) = sset yss)
apply (auto simp: distincts-distinct <set ys = set xs)[symmetric])
apply (smt Diff-insert-absorb <ys € set yss» image-insert insert-Diff rev-image-eql)
by (metis <ys € set yss» image-eql insert-Diff insert-iff)
then obtain yss’ where set yss’ = set (removel ys yss) A map set yss’ = map
set x8s
using Cons by atomize-elim (auto simp: distincts-Cons distincts-removel )
then have set (ys # yss’) = set yss A map set (ys # yss’) = map set (zs #
x8s)
using ys set-removel-eq <distincts yss» by (auto simp: distincts-distinct)
then show ?case ..
qed
then obtain yss’ where set yss’ = set yss map set yss' = map set xss by blast
then have distincts yss’ using <distincts xss> <distincts yss»
unfolding distincts-def
by simp-all (metis <length xss = length yss) card-distinct distinct-card length-map)
then have set yss’ € set ‘ set (permutationss xss)
using «distincts xss> <map set yss' = -»
by (auto simp: set-permutationss)
then show ?thesis using <set yss’ = -» by auto
qed

lemma permutations-complete:

assumes distinct xs distinct ys set xs = set ys

shows ys € set (permutations s)

using assms
proof (induct length xs arbitrary: zs ys)

case 0 then show ?case by simp
next

case (Suc n)

from Suc.hyps have zs # [| by auto

then obtain y ys’ where [simp]: ys = y # ys' y € set xs using Suc.prems by
(cases ys) auto

have ys’ € set (permutations (removel y xs))

using Suc.prems <Suc n = -» by (intro Suc.hyps) (simp-all add: length-removel

)

then show ?case using <xzs # [|» by (auto simp: set-permutations-step)
qed

end
theory Digraph-Map-Impl
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imports

Graph-Genus

Executable- Permutations

Transitive— Closure. Transitive- Closure-Impl
begin

6 Enumerating Maps

definition grouped-by-fst :: (‘a x 'b) list = (‘a x 'b) list list where
grouped-by-fst s = map (Au. filter (A\z. fst x = u) xs) (remdups (map fst xs))

fun grouped-out-arcs :: 'a list x ('a x 'a) list = (‘a x 'a) list list where
grouped-out-arcs (vs,as) = grouped-by-fst as

definition all-maps-list :: (‘a list x ('a x 'a) list) = ('a x 'a) list list list where
all-maps-list G-list = (cyc-permutationss o grouped-out-arcs) G-list

definition list-digraph-ext ext G-list = (| pverts = set (fst G-list), parcs = set
(snd G-list), ... = ext |
abbreviation list-digraph = list-digraph-ext ()

code-datatype list-digraph-ext

lemma list-digraph-simps:
pverts (list-digraph G-list) = set (fst G-list)
parcs (list-digraph G-list) = set (snd G-list)
by (auto simp: list-digraph-ext-def)

lemma union-grouped-by-fst:
(Uzs € set (grouped-by-fst ys). set xs) = set ys
by (auto simp: grouped-by-fst-def)

lemma union-grouped-out-arcs:
(Uzs € set (grouped-out-arcs G-list). set xs) = set (snd G-list)
by (cases G-list) (simp add: union-grouped-by-fst)

lemma nil-not-in-grouped-out-arcs: || ¢ set (grouped-out-arcs G-list)
apply (cases G-list) apply (auto simp: grouped-by-fst-def )
by (metis (mono-tags) filter-empty-conv fst-conv)

lemma set-grouped-out-arcs:
assumes pair-wf-digraph (list-digraph G-list)
shows set  set (grouped-out-arcs G-list) = {out-arcs (list-digraph G-list) v | v.
v € puerts (list-digraph G-list) N out-arcs (list-digraph G-list) v # {} }
(is 7L = ?R)
proof —
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interpret pair-wf-digraph list-digraph G-list by fact
define vs where vs = remdups (map fst (snd G-list))
have set vs = {v. out-arcs (list-digraph G-list) v # {}}
by (auto simp: out-arcs-def list-digraph-ext-def vs-def intro: rev-image-eql )
then have vs: set vs = {v € pverts (list-digraph G-list). out-arcs (list-digraph
G-list) v # {}}
by (auto dest: in-arcsD1)
have goa: grouped-out-arcs G-list = map (Au. filter (A\z. fst x = u) (snd G-list))
vs
by (cases G-list) (auto simp: grouped-by-fst-def vs-def)
have filter: set o (Au. filter (\z. fst x = u) (snd G-list)) = out-arcs (list-digraph
G-list)
by (rule ext) (auto simp: list-digraph-ext-def)

have set (map set (grouped-out-arcs G-list)) = ¢R by (auto simp add: goa filter
vS)

then show ?thesis by simp
qed

lemma distincts-grouped-by-fst:
assumes distinct s shows distincts (grouped-by-fst xs)
proof —
have list-eq-setD: N\zs ys. xs = ys = set xs = set ys by auto
have inj: inj-on (Au. filter (\z. fst = u) xs) (fst ‘ set xs)
by (rule inj-onl) (drule list-eq-setD, auto)
with assms show ?thesis
by (auto simp: grouped-by-fst-def distincts-def distinct-map filter-empty-conv)
qed

lemma distincts-grouped-arcs:
assumes distinct (snd G-list) shows distincts (grouped-out-arcs G-list)
using assms by (cases G-list) (simp add: distincts-grouped-by-fst)

lemma distincts-in-all-maps-list:
distinct (snd X) = zss € set (all-maps-list X) = distincts xss
by (simp add: all-maps-list-def distincts-grouped-arcs in-set-cyc-permutationss)

definition to-map :: (‘a x ‘a) set = (‘a x 'a = 'a x 'a) = (‘a x 'a) pre-map
where
to-map A f = ( edge-rev = swap-in A, edge-succ = f )

abbreviation to-map’ as zss = to-map (set as) (lists-succ xss)

definition all-maps :: 'a pair-pre-digraph = ('a x 'a) pre-map set where
all-maps G = to-map (arcs G) “{f. f permutes arcs G N (Vv € verts G. out-arcs
G v # {} — cyclic-on f (out-arcs G v))}

39



definition maps-all-maps-list :: ('a list x ('a x 'a) list) = ('a x 'a) pre-map list
where

maps-all-maps-list G-list = map (to-map (set (snd G-list)) o lists-succ) (all-maps-list
G-list)

lemma (in pair-graph) all-maps-correct:
shows all-maps G = {M. digraph-map G M}
proof (intro set-eql iffI)
fix M assume A:M € all-maps G
then have [simp]: edge-rev M = swap-in (arcs G) edge-succ M permutes parcs
G
by (auto simp: all-maps-def to-map-def)

have digraph-map G M
proof (rule digraph-mapI)
fix a assume a ¢ parcs G then show edge-rev M a = a by (auto simp:
swap-in-def)
next
fix ¢ assume a € parcs G
then show edge-rev M (edge-rev M a) = a fst (edge-rev M a) = snd a edge-rev
Ma# a
by (case-tac [!] a) (auto intro: arcs-symmetric simp: swap-in-def dest: no-loops)
next
show edge-succ M permutes parcs G by simp
next
fix v assume v € pverts G out-arcs (with-proj G) v # {}
then show cyclic-on (edge-succ M) (out-arcs (with-proj G) v)
using A unfolding all-maps-def by (auto simp: to-map-def)
qed
then show M € {M. digraph-map G M} by simp
next
fix M assume A: M € {M. digraph-map G M}
then interpret M: digraph-map G M by simp
from A4 have Az. fst (edge-rev M z) = fst (swap-in (arcs G) x)
Nz. snd (edge-rev M x) = snd (swap-in (arcs G) x)
using M .tail-arev M.head-arev by (auto simp: fun-eq-iff swap-in-def M .arev-eq)
then have edge-rev M = swap-in (arcs G)
by (metis prod.collapse fun-eq-iff)
then show M € all-maps G
using M.edge-succ-permutes M .edge-succ-cyclic
unfolding all-maps-def
by (auto simp: to-map-def intro!: image-eql [where z=edge-succ M])
qed

lemma set-maps-all-maps-list:
assumes pair-wf-digraph (list-digraph G-list) distinct (snd G-list)
shows all-maps (list-digraph G-list) = set (maps-all-maps-list G-list)
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proof —
let ¢G = list-digraph G-list

{ fix
have (Vz€set (grouped-out-arcs G-list). cyclic-on f (set 1))
+—— (Vz€set * set (grouped-out-arcs G-list). cyclic-on fz) (is 2alll = -)
by simp
also have ... «— (Vvepverts ?G. out-arcs ¢G v # {} — cyclic-on f (out-arcs
?G v)) (is - = %all2)
using assms by (auto simp: set-grouped-out-arcs)
finally have %alll = ?all2 .
} note all-eq = this

have lists-succ * set (all-maps-list G-list)
= {f. f permutes arcs ?G N (Y v € pverts ?G. out-arcs ?G v # {} — cyclic-on
f (out-arcs ?G v))}
unfolding all-maps-list-def using assms all-eq
by (simp add: lists-succ-set-cyc-permutationss distincts-grouped-arcs union-grouped-out-arcs
list-digraph-simps)
then have x: lists-succ ‘ set (all-maps-list G-list) = {f. f permutes set (snd
G-list) N (Y veset (fst G-list). out-arcs (with-proj (pverts = set (fst G-list), parcs
= set (snd G-list))) v # {} — cyclic-on f (out-arcs (with-proj (pverts = set (fst
G-list), parcs = set (snd G-list)])) v))}
by (auto simp add: maps-all-maps-list-def all-maps-def list-digraph-simps list-digraph-ext-def)
then have xx: \f. = (f permutes set (snd G-list) A (Va. a € set (fst G-list)
— out-arcs (with-proj (pverts = set (fst G-list), parcs = set (snd G-list)) a #
{} — cyclic-on f (out-arcs (with-proj (pverts = set (fst G-list), parcs = set (snd
G-list)])) a))) V f € lists-succ * set (all-maps-list G-list)
by force
from * show ?thesis
by (auto simp add: maps-all-maps-list-def all-maps-def list-digraph-simps list-digraph-ext-def)
(use *x in blast)
qed

7 Compute Face Cycles

definition lists-fc-succ :: (‘a x 'a) list list = (‘a x 'a) = (a X 'a) where
lists-fe-succ xss = (let sxss = | (sset xss) in (Az. lists-succ xss (swap-in stss x)))

locale lists-digraph-map =
fixes G-list :: 'b list x ('b x 'b) list
and xss = (b x 'b) list list
assumes digraph-map: digraph-map (list-digraph G-list) (to-map’ (snd G-list)
xss
)
assumes no-loops: Na. a € parcs (list-digraph G-list) = fst a # snd a
assumes distincts-zss: distincts xss
assumes parcs-ss: parcs (list-digraph G-list) = | (sset xss)
begin
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abbreviation (input)

G = list-digraph G-list
abbreviation (input) M

= to-map’ (snd G-list) zss
lemma edge-rev-simps:

assumes (u,v) € parcs G shows edge-rev M (u,v) = (v,u)

using assms

unfolding to-map-def list-digraph-ext-def by (auto simp: swap-in-def to-map-def)

end

sublocale lists-digraph-map C digraph-map G M by (rule local.digraph-map)

sublocale lists-digraph-map C pair-graph G
proof
fix e assume ¢ € parcs G
then have e € arcs G by simp
then have head G e € verts G tail G e € verts G by (blast dest: wellformed)+
then show fst e € puverts G snd e € pverts G by auto
next
fix e assume e € parcs G then show fst e # snd e using no-loops by simp
next
show finite (pverts G) finite (parcs G)
unfolding list-digraph-ext-def by simp-all
next
{ fix u v assume (u,v) € parcs G
then have edge-rev M (u,v) € parcs G
using edge-rev-in-arcs by simp
then have (v,u) € parcs G using ((u,v) € - by (simp add: edge-rev-simps) }
then show symmetric G
unfolding symmetric-def by (auto intro: syml)
qed

context lists-digraph-map begin
definition lists-fcs = orbits-list (lists-fc-succ xss)

lemma M-simps:
edge-succ M = lists-succ xss
unfolding to-map-def by (cases G-list) auto

lemma lists-fe-succ-permutes: lists-fe-suce xss permutes (| (sset zss))
proof —
have V (u,v) € | (sset zss). (v,u) € | (sset zss)
using sym-arcs unfolding parcs-zss[symmetric] symmetric-def by (auto elim:
symE)
then have swap-in (| (sset xss)) permutes | (sset xss)
using distincts-zss
apply (auto simp: permutes-def split: if-splits)
unfolding swap-in-def
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apply (simp-all split: if-splits prod.splits)
apply metis+
done
moreover
have lists-succ zss permutes (| (sset xss))
using lists-succ-permutes| OF distincts-zss] by simp
moreover
have lists-fc-succ xss = lists-succ xss o swap-in (| (sset zss))
by (simp add: fun-eq-iff lists-fc-succ-def)
ultimately
show ?thesis by (metis permutes-compose)
qed

lemma permutation-lists-fe-succlintro, simpl: permutation (lists-fc-suce ss)
using lists-fc-succ-permutes by (auto simp: permutation-permutes)

lemma face-cycle-succ-conv: face-cycle-succ = lists-fe-succ zss
using parcs-zss unfolding face-cycle-succ-def
by (simp add: fun-eg-iff to-map-def lists-fc-succ-def swap-in-def list-digraph-ext-def)

lemma sset-lists-fcs:
sset (lists-fcs as) = {face-cycle-set a | a. a € set as}
by (auto simp: lists-fes-def sset-orbits-list face-cycle-set-def face-cycle-succ-conv)

lemma distincts-lists-fcs: distinct as =>distincts (lists-fcs as)
by (simp add: lists-fcs-def distincts-orbits-list)

lemma face-cycle-set-ss: a € parcs G = face-cycle-set a C parcs G
using in-face-cycle-setD with-proj-simps(2) by blast

lemma face-cycle-succ-neq:
assumes a € parcs G shows face-cycle-succ a # a
using assms no-loops by (intro face-cycle-succ-neq) auto

lemma card-face-cycle-sets-conuv:

shows card (pre-digraph-map.face-cycle-sets G M) = length (lists-fcs (remdups
(snd G-list)))
proof —

interpret digraph-map G M by (rule digraph-map)

have face-cycle-sets = {face-cycle-set a | a. a € parcs G}
by (auto simp: face-cycle-sets-def)

also have ... = sset (lists-fcs (remdups (snd G-list)))
unfolding sset-lists-fcs by (simp add: list-digraph-simps)
also have card ... = length (lists-fcs (remdups (snd G-list)))

by (simp add: card-image distincts-inj-on-set distinct-card distincts-distinct
distincts-lists-fcs)
finally show ?thesis .
qed
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end

definition gen-succ = Aas xs. [b. (a,b) <— as, a € set zs]
interpretation RTLI: set-access-gen set Az xzs. x € set xs [| Azs ys. remdups (xs
@ ys) gen-succ
by standard (auto simp: gen-succ-def)
hide-const (open) gen-succ

It would suffice to check that set (RTLI.rtrancl-i A [u]) = set V. We don’t
do this here, since it makes the proof more complicated (and is not necessary
for the graphs we care about

definition sccs-verts-impl :: 'a list x ('a x 'a) list = 'a set set where
sces-verts-impl G = set “ (Az. RTLI.rtrancl-i (snd G) [z]) ¢ set (fst G)

definition isolated-verts-impl :: 'a list x ('a x 'a) list = 'a list where
isolated-verts-impl G = [v < (fst G). ~(F e € set (snd G). fst e = v)]

definition pair-graph-impl :: 'a list x ('a x 'a) list = bool where
pair-graph-impl G = case G of (V,A) = (V(u,v) € set A. u £ v A u€ set VA
v e set VA (v,u) € set A)

definition genus-impl :: ’a list x ('a x 'a) list = ('a x 'a) list list = int where
genus-impl G M = case G of (V,A) =
(int (2xcard (sces-verts-impl G)) — int (length (isolated-verts-impl G))
— (int (length V) — int (length A) div 2
+ int (length (orbits-list-impl (lists-fe-succ M) A)))) div 2

definition comb-planar-impl :: 'a list x (‘a x 'a) list = bool where
comb-planar-impl G = case G of (V,A) =
let i = int (2xcard (sccs-verts-impl G)) — int (length (isolated-verts-impl G))
— int (length V) + int (length A) div 2
n (3 Meset (all-maps-list G). (i — int (length (orbits-list-impl (lists-fe-succ M)
)

A))Z div 2 = 0)

lemma sccs-verts-impl-correct:
assumes pair-pseudo-graph (list-digraph G)
shows pre-digraph.sccs-verts (list-digraph G) = sccs-verts-impl G
proof —
interpret pair-pseudo-graph list-digraph G by fact
{ fix u assume u € set (fst G)
then have Az. (u, z) € (set (snd G))* = z € set (fst Q)
by (metis in-arcsD2 list-digraph-simps rtrancl.cases)
then have set (RTLI.rtrancl-i (snd G) [u]) = {v. v =" jist_digraph ¢ v }
unfolding RTLI.rtrancl-impl reachable-conv by (auto simp: list-digraph-simps
€ -»)
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also have ... = scc-of u
unfolding scc-of-def by (auto intro: symmetric-reachable’)
finally have scc-of u = set (RTLI.rtrancl-i (snd G) [u]) by simp
}
then have pre-digraph.sccs-verts (list-digraph G) = set ¢ (Ax. RTLI.rtrancl-i
(snd G) [z]) ¢ set (fst G)
unfolding sccs-verts-conv-scc-of list-digraph-simps
by (force intro: rev-image-eql)
then show ?thesis unfolding sccs-verts-impl-def by simp
qged

lemma isolated-verts-impl-correct:

pre-digraph.isolated-verts (list-digraph G) = set (isolated-verts-impl G)

by (auto simp: pre-digraph.isolated-verts-def isolated-verts-impl-def list-digraph-simps
out-arcs-def)

lemma pair-graph-impl-correct|code]:
pair-graph (list-digraph G) = pair-graph-impl G (is ?L = ?R)
unfolding pair-graph-def pair-digraph-def pair-fin-digraph-def pair-wf-digraph-def
pair-fin-digraph-azioms-def pair-loopfree-digraph-def pair-loopfree-digraph-azioms-def
pair-sym-digraph-def pair-sym-digraph-azioms-def pair-pseudo-graph-def
pair-graph-impl-def
by (auto simp: pair-graph-impl-def list-digraph-simps symmetric-def intro: syml
dest: symD split: prod.splits)

lemma genus-impl-correct:
assumes dist-V: distinct (fst G) and dist-A: distinct (snd G)
assumes lists-digraph-map G M
shows pre-digraph-map.euler-genus (list-digraph G) (to-map’ (snd G) M) =
genus-impl G M
proof —
interpret lists-digraph-map G M by fact
obtain V A where G-eq: G = (V,A) by (cases G)
moreover
have distinct (isolated-verts-impl G)
using dist-V by (auto simp: isolated-verts-impl-def )
moreover
have faces: card face-cycle-sets = length (orbits-list-impl (lists-fe-succ M) (snd
@)
using dist-A
by (simp add: card-face-cycle-sets-conv lists-fes-def orbits-list-conv-impl dis-
tinct-remdups-id)
ultimately show %thesis
using pair-pseudo-graph dist-V dist-A
unfolding euler-genus-def euler-char-def genus-impl-def card-sccs-verts[symmetric]

by (simp add: sccs-verts-impl-correct isolated-verts-impl-correct

distinct-card list-digraph-simps zdiv-int)
qed
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lemma elems-all-maps-list:
assumes M € set (all-maps-list G) distinct (snd G)
shows | J (sset M) = set (snd G)
using assms
by (simp add: all-maps-list-def in-set-cyc-permutationss distincts-grouped-arcs
union-grouped-out-arcs[symmetric])
(metis set-map)

lemma comb-planar-impl-altdef: comb-planar-impl G = (3 Meset (all-maps-list
G). genus-impl G M = 0)

unfolding comb-planar-impl-def Let-def genus-impl-def by (cases G) (simp add:
algebra-simps)

lemma comb-planar-impl-correct:

assumes pair-graph (list-digraph G)

assumes dist-V: distinct (fst G) and dist-A: distinct (snd G)

shows comb-planar (list-digraph G) = comb-planar-impl G (is ?L = ?R)
proof —

interpret G: pair-graph list-digraph G by fact

let ?G = list-digraph G

have *: all-maps (list-digraph G) = set (maps-all-maps-list Q)

by (rule set-maps-all-maps-list) (unfold-locales, simp add: dist-A)

obtain V A where G = (V,A) by (cases G)

{ fix M assume M € set (all-maps-list G)
have digraph-map (list-digraph G) (to-map’ (snd G) M)
using <M € - G.all-maps-correct by (auto simp: * maps-all-maps-list-def)
then interpret G: digraph-map list-digraph G to-map’ (snd G) M .

have distincts M using <M € -
using dist-A distincts-in-all-maps-list by blast

have lists-digraph-map G M
using elems-all-maps-list{OF <M € -» «distinct (snd G)»)
apply unfold-locales
by (auto intro: <distincts M> dest: G.adj-not-same) (auto simp: list-digraph-simps)
} note ldm = this

have comb-planar G = (3 M € {M. digraph-map ?G M}. pre-digraph-map.euler-genus

G M = 0)

unfolding comb-planar-def by simp
also have ... = (3 Meset (all-maps-list G). pre-digraph-map.euler-genus (list-digraph
G)

(to-map (set (snd G)) (lists-succ M)) = 0)
unfolding comb-planar-def comb-planar-impl-def Let-def G.all-maps-correct|symmetric]
set-maps-all-maps-list| OF G.pair-wf-digraph dist-A] maps-all-maps-list-def by
stmp
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also have ... = (3 Meset (all-maps-list G). genus-impl G M = 0)
using ldm assms by (simp add: genus-impl-correct)
also have ... = comb-planar-impl G
unfolding comb-planar-impl-def genus-impl-def Let-def by (simp add: <G =
(V,A)» algebra-simps)
finally show ?thesis .
qed

end

theory Planar-Complete

imports
Digraph-Map-Impl

begin

8 Kuratowski Graphs are not Combinatorially Pla-
nar

8.1 A concrete K5 graph
definition c-K5-list = ([0..4], [(z,y). © <— [0..4], y <— [0..4], © # y])

abbreviation c¢-K5 :: int pair-pre-digraph where
c-Kb5 = list-digraph c-K5-list

lemma c-K5-not-comb-planar: —comb-planar c-Kb
by (subst comb-planar-impl-correct) eval+

lemma puerts-c-K&: pverts ¢-K5 = {0..4}
by (simp add: c-K5-list-def list-digraph-ext-def)

lemma parcs-c-K5: parcs ¢-K5 = {(u,v). u € {0..4} ANv e {0..4} N u# v}
by (auto simp: c-K5-list-def list-digraph-ext-def)

lemmas c-K5-simps = pverts-c-K5 parcs-c-K5

lemma complete-c-K5: K5 c-Kb
proof —

interpret K5: pair-graph c-K5 by eval

show ?thesis unfolding complete-digraph-def by (auto simp: c-K5-simps)
qed

8.2 A concrete K33 graph

definition ¢-K33-list = ([0..5], [(z,y). z <— [0..5], y <— [0..5], even x +— odd
y))

abbreviation c¢-K33 :: int pair-pre-digraph where
c-K38 = list-digraph c-K33-list
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lemma c-K33-not-comb-planar: —comb-planar c-K33
by (subst comb-planar-impl-correct) eval+

lemma complete-c-K33: K 3 3 c-K33
proof —
interpret K33: pair-graph c-K33 by eval
show ?thesis
unfolding complete-bipartite-digraph-def
apply (intro conjl)
apply unfold-locales
apply (rule exI[of - {0,2,4}])
apply (rule exI[of - {1,3,5}])
unfolding c-K33-list-def list-digraph-simps with-proj-simps
apply eval
done
qed

8.3 Generalization to arbitrary Kuratowski Graphs
8.3.1 Number of Face Cycles is a Graph Invariant

lemma (in digraph-map) wrap-wrap-iso:
assumes hom: digraph-isomorphism hom
assumes f: f € arcs G — arcs G and ¢: g € arcs G — arcs G
shows wrap-iso-arcs hom f (wrap-iso-arcs hom g x) = wrap-iso-arcs hom (f o g)
x
proof —
have Az. z € arcs G = g = € arcs G using g by auto
with hom f show ?thesis
by (cases x € iso-arcs hom ‘ arcs G) (auto simp: wrap-iso-arcs-def perm-restrict-simps)
qed

lemma (in digraph-map) face-cycle-succ-iso:

assumes hom: digraph-isomorphism hom z € iso-arcs hom ‘ arcs G

shows pre-digraph-map.face-cycle-succ (map-iso hom) x = wrap-iso-arcs hom
face-cycle-succ x

using assms by (simp add: pre-digraph-map.face-cycle-succ-def map-iso-def wrap-wrap-iso)

lemma (in digraph-map) face-cycle-set-iso:
assumes hom: digraph-isomorphism hom x € iso-arcs hom ‘ arcs G
shows pre-digraph-map. face-cycle-set (map-iso hom) x = iso-arcs hom ‘ face-cycle-set
(iso-arcs (inv-iso hom) )
proof —
have *: Az y. x € orbit face-cycle-succ y = y € arcs G = z € arcs G
Nz. © € arcs G => © € orbit face-cycle-succ ©
using face-cycle-set-def by (auto simp: in-face-cycle-setD)
show ?thesis
using assms unfolding pre-digraph-map.face-cycle-set-def
by (subst orbit-inverse [where g'=pre-digraph-map.face-cycle-succ (map-iso
hom)))
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(auto simp: * face-cycle-succ-iso)
qed

lemma (in digraph-map) face-cycle-sets-iso:

assumes hom: digraph-isomorphism hom

shows pre-digraph-map.face-cycle-sets (app-iso hom G) (map-iso hom) = (Ax.
iso-arcs hom ‘z) * face-cycle-sets

using assms by (auto simp: pre-digraph-map.face-cycle-sets-def face-cycle-set-iso)
(auto simp: face-cycle-set-iso intro: rev-image-eql)

lemma (in digraph-map) card-face-cycle-sets-iso:
assumes hom: digraph-isomorphism hom
shows card (pre-digraph-map.face-cycle-sets (app-iso hom G) (map-iso hom)) =
card face-cycle-sets
proof —
have inj-on ((*) (iso-arcs hom)) face-cycle-sets
by (rule inj-on-f-imagel digraph-isomorphism-inj-on-arcs hom in-face-cycle-setsD)+
then show ?thesis using hom by (simp add: face-cycle-sets-iso card-image)
qed

8.3.2 Combinatorial planarity is a Graph Invariant

lemma (in digraph-map) euler-char-iso:
assumes digraph-isomorphism hom
shows pre-digraph-map.euler-char (app-iso hom G) (map-iso hom) = euler-char
using assms by (auto simp: pre-digraph-map.euler-char-def card-face-cycle-sets-iso)

lemma (in digraph-map) euler-genus-iso:
assumes digraph-isomorphism hom
shows pre-digraph-map. euler-genus (app-iso hom G) (map-iso hom) = euler-genus
using assms by (auto simp: pre-digraph-map.euler-genus-def euler-char-iso)

lemma (in wf-digraph) comb-planar-iso:
assumes digraph-isomorphism hom
shows comb-planar (app-iso hom G) <— comb-planar G
proof
assume comb-planar G
then obtain M where digraph-map G M pre-digraph-map.euler-genus G M =
0
by (auto simp: comb-planar-def)
then have digraph-map (app-iso hom G) (pre-digraph-map.map-iso G M hom,)
pre-digraph-map.euler-genus (app-iso hom G) (pre-digraph-map.map-iso G M
hom) = 0
using assms by (auto intro: digraph-map.digraph-map-isol simp: digraph-map.euler-genus-iso)
then show comb-planar (app-iso hom G)
by (metis comb-planar-def)
next
let ?G = app-iso hom G
assume comb-planar ?G
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then obtain M where digraph-map ?G M
pre-digraph-map.euler-genus ¢G M = 0
by (auto simp: comb-planar-def)
moreover
have pre-digraph.digraph-isomorphism ?G (inv-iso hom)
using assms by (rule digraph-isomorphism-invl)
ultimately
have digraph-map (app-iso (inv-iso hom) ¢G) (pre-digraph-map.map-iso ?G M
(inv-iso hom))
pre-digraph-map. euler-genus (app-iso (inv-iso hom) ?G) (pre-digraph-map.map-iso
G M (inv-iso hom)) = 0
using assms by (auto intro: digraph-map.digraph-map-isol simp only: di-
graph-map. euler-genus-iso)
then show comb-planar G
using assms by (auto simp: comb-planar-def)
qed

8.3.3 Completeness is a Graph Invariant

lemma (in loopfree-digraph) loopfree-digraphl-app-iso:
assumes digraph-isomorphism hom
shows loopfree-digraph (app-iso hom Q)
proof —
interpret iG: wf-digraph app-iso hom G using assms by (rule wf-digraphI-app-iso)
show ?thesis
using assms digraph-isomorphism-inj-on-verts| OF assms]
by unfold-locales (auto simp: iso-verts-tail iso-verts-head dest: inj-onD no-loops)
qed

lemma (in nomulti-digraph) nomulti-digraphl-app-iso:
assumes digraph-isomorphism hom
shows nomulti-digraph (app-iso hom G)
proof —
interpret iG: wf-digraph app-iso hom G using assms by (rule wf-digraphI-app-iso)
show ?thesis
using assms
by unfold-locales (auto simp: iso-verts-tail iso-verts-head arc-to-ends-def no-multi-arcs
dest: inj-onD)
qed

lemma (in pre-digraph) symmetricl-app-iso:
assumes digraph-isomorphism hom
assumes symmetric G
shows symmetric (app-iso hom G)
proof —
let ?G = app-iso hom G
have sym (arcs-ends ?QG)
proof (rule syml)
fix v v assume v — o5 v
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then obtain a where a: a € arcs ?G tail ?G a = u head ?G a = v by auto
then obtain a0 where a0: a0 € arcs G a = iso-arcs hom a0 by auto
with <symmetric G> obtain b0 where b0 € arcs G tail G b0 = head G a0
head G b0 = tail G a0
by (auto simp: symmetric-def arcs-ends-conv elim: symFE)
moreover
define b where b = iso-arcs hom b0
ultimately
have b € iso-arcs hom ‘ arcs G tail ?G b = v head ?G b = u
using a a0 assms by (auto simp: iso-verts-tail iso-verts-head)
then show v —og u by (auto simp: arcs-ends-conv)
qed
then show %thesis by (simp add: symmetric-def)
qed

lemma (in sym-digraph) sym-digraphlI-app-iso:
assumes digraph-isomorphism hom
shows sym-digraph (app-iso hom Q)
proof —
interpret iG: wf-digraph app-iso hom G using assms by (rule wf-digraphl-app-iso)
show ?thesis using assms by unfold-locales (intro symmetricl-app-iso sym-arcs)

qed

lemma (in graph) graphl-app-iso:
assumes digraph-isomorphism hom
shows graph (app-iso hom G)
proof —
interpret iG: fin-digraph app-iso hom G
using assms by (rule fin-digraphl-app-iso)
interpret iG: loopfree-digraph app-iso hom G
using assms by (rule loopfree-digraphl-app-iso)
interpret iG: nomulti-digraph app-iso hom G
using assms by (rule nomulti-digraphI-app-iso)
interpret iG: sym-digraph app-iso hom G
using assms by (rule sym-digraphl-app-iso)
show ?thesis by intro-locales
qged

lemma (in wf-digraph) graph-app-iso-eq:

assumes digraph-isomorphism hom

shows graph (app-iso hom G) +— graph G

using assms by (metis app-iso-inv digraph-isomorphism-invl graph.graphl-app-iso)

lemma (in pre-digraph) arcs-ends-iso:

assumes digraph-isomorphism hom

shows arcs-ends (app-iso hom G) = (A(u,v). (iso-verts hom u, iso-verts hom v))
“arcs-ends G

using assms
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by (auto simp: arcs-ends-conv image-image iso-verts-tail iso-verts-head cong: im-
age-cong)

lemma inj-onl-pair:
assumes nj-on fST C S x S
shows inj-on (A(u,v). (fu, fv)) T
using assms by (intro inj-onl) (auto dest: inj-onD)

lemma (in wf-digraph) complete-digraph-iso:
assumes digraph-isomorphism hom
shows Ky, (app-iso hom G) +— Ky G (is ?L +— ?R)
proof
assume ?L
then interpret iG: graph app-iso hom G by (simp add: complete-digraph-def)
{ have {(u, v). u € iso-verts hom ‘ verts G A\ v € iso-verts hom ‘ verts G A u

# v}
= (A(u,v). (iso-verts hom u, iso-verts hom v)) ‘ {(u,v). u € verts G A v €
verts G A iso-verts hom u # iso-verts hom v} (is 7L = -)
by auto
also have ... = (A\(u,v). (iso-verts hom u, iso-verts hom v)) ‘ {(u,v). u € verts

G N v e verts G A u # v}
using digraph-isomorphism-inj-on-verts|OF assms| by (auto dest: inj-onD)
finally have 2L = ... .
} note X = this

{ fix A assume A: A C verts G x verts G

then have inj-on (A(u, v). (iso-verts hom u, iso-verts hom v)) A

using A digraph-isomorphism-inj-on-verts|OF assms| by (intro inj-onl-pair)
} note Y = this
have (arcs-ends G U {(u, v). u € verts G A v € verts G A u # v}) C verts G
x verts G

by auto

note Y’ = Y[OF this]

show ?R using assms <?L»
by (simp add: complete-digraph-def X arcs-ends-iso graph-app-iso-eq inj-on-Un-image-eq-iff
Y’
next
assume ?R then show ?L using assms
by (fastforce simp add: complete-digraph-def arcs-ends-iso graph-app-iso-eq)
qed

8.3.4 Conclusion

definition (in pre-digraph)
mk-iso :: ('a = 'c) = ('b = 'd) = (‘a, 'b, 'c, 'd) digraph-isomorphism
where
mk-iso fu fa = ( iso-verts = fv, iso-arcs = fa,
iso-head = fv o head G o the-inv-into (arcs G) fa,
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iso-tail = fv o tail G o the-inv-into (arcs G) fa )

lemma (in pre-digraph) mk-iso-simps[simp]:
iso-verts (mk-iso fv fa) = fu
iso-arcs (mk-iso fv fa) = fa
by (auto simp: mk-iso-def)

lemma (in wf-digraph) digraph-isomorphism-mk-iso:

assumes inj-on fu (verts G) inj-on fa (arcs G)

shows digraph-isomorphism (mk-iso fv fa)

using assms by (auto simp: digraph-isomorphism-def mk-iso-def the-inv-into-f-f
wf-digraph)

definition pairself f = Az. case z of (u,v) = (fu, fv)

lemma inj-on-pairself:
assumes inj-on fSand T C S x S
shows inj-on (pairself f) T
using assms unfolding pairself-def by (rule inj-onl-pair)

definition
mk-iso-nomulti :: ('a,’b) pre-digraph = ('c¢,’d) pre-digraph = ('a = '¢) = (‘a,
‘b, ‘e, 'd) digraph-isomorphism
where
mk-iso-nomulti G H fv =
iso-verts = fu,
iso-arcs = the-inv-into (arcs H) (arc-to-ends H) o pairself fv o arc-to-ends G,
iso-head = head H,
iso-tail = tail H

J

lemma (in pre-digraph) mk-iso-simps-nomulti[simp]:
iso-verts (mk-iso-nomulti G H fv) = fv
iso-head (mk-iso-nomulti G H fv) = head H
iso-tail (mk-iso-nomulti G H fv) = tail H
by (auto simp: mk-iso-nomulti-def)

lemma (in nomulti-digraph)
assumes nomulti-digraph H
assumes fv: inj-on fu (verts G) verts H = fv ‘ verts G and arcs-ends: arcs-ends
H = pairself fv ‘ arcs-ends G
shows digraph-isomorphism-mk-iso-nomulti: digraph-isomorphism (mk-iso-nomulti
G H fv) (is ?t-multi)
and ap-iso-mk-iso-nomulti-eq: app-iso (mk-iso-nomulti G H fv) G = H (is
?t-app)
and digraph-iso-mk-iso-nomulti: digraph-iso G H (is ?t-iso)
using assms
proof —
interpret H: nomulti-digraph H by fact
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let ?fa = iso-arcs (mk-iso-nomulti G H fv)

have fa: bij-betw ?fa (arcs G) (arcs H)
proof —
have bij-betw (arc-to-ends G) (arcs G) (arcs-ends G)
by (auto simp: bij-betw-def inj-on-arc-to-ends arcs-ends-def)
also have bij-betw (pairself fv) (arcs-ends G) (arcs-ends H)
using arcs-ends by (auto simp: bij-betw-def arcs-ends-def arc-to-ends-def intro:
fv inj-on-pairself)
also (bij-betw-trans) have bij-betw (the-inv-into (arcs H) (arc-to-ends H))
(arcs-ends H) (arcs H)
by (auto simp: bij-betw-def the-inv-into-into H .inj-on-arc-to-ends arcs-ends-def
inj-on-the-inv-into)
finally (bij-betw-trans) show ?thesis
by (simp add: mk-iso-nomulti-def o-assoc)
qged
moreover
{ fix a assume a € arcs G
then have pairself fu (arc-to-ends G a) € arcs-ends H
using arcs-ends by (auto simp: arcs-ends-def)
then obtain b where (pairself fu (arc-to-ends G a)) = arc-to-ends Hb b €
arcs H
by (auto simp: arcs-ends-def)
then have fv (tail G a) = tail H (?fa a) fv (head G a) = head H (?fa a)
by (auto simp: mk-iso-nomulti-def the-inv-into-f-f H.inj-on-arc-to-ends)
(auto simp: pairself-def arc-to-ends-def)
}
ultimately
show ?t-multi ?t-app using fu by (auto simp: digraph-isomorphism-def bij-betw-def
wf-digraph)
then show ?i-iso by (auto simp: digraph-iso-def)
qed

lemma complete-digraph-are-iso:
assumes K, G Ky, H shows digraph-iso G H

proof —
interpret G: graph G using assms by (simp add: complete-digraph-def)
interpret H: graph H using assms by (simp add: complete-digraph-def)

from assms have card (verts G) = n card (verts H) = n
by (auto simp: complete-digraph-def)
with G.finite-verts H.finite-verts obtain fuv where bij-betw fv (verts G) (verts
)
by (metis finite-same-card-bij)
then have fu: inj-on fv (verts G) verts H = fv ¢ verts G by (auto simp:
bij-betw-def)

have arcs-ends H = {(u,v). u € verts H A v € verts H A u # v}
using <Kp H) by (auto simp: complete-digraph-def)
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also have ... = pairself fv ‘ {(u,v). u € verts G A v € verts G A u # v} (is 7L
= %R)
proof (intro set-eql iffI)
fix z assume z € ?L
then have fst x € fu “verts G snd z € fv ‘ verts G fst x # snd x
using fv by auto
then obtain u v where fst t = fv u snd x = fv v u € verts G v € verts G by
auto
then have (fst z, snd z) € ?R using <z € ?L» by (auto simp: pairself-def)
then show z € 7R by auto
next
fix z assume z € ?R then show z € ?L
using fv by (auto simp: pairself-def dest: inj-onD)
qed
also have ... = pairself fv ‘ arcs-ends G
using <Kp, G» by (auto simp: complete-digraph-def)
finally have arcs-ends: arcs-ends H = pairself fv ‘ arcs-ends G .

show %thesis using H.nomulti-digraph fv arcs-ends by (rule G.digraph-iso-mk-iso-nomulti)
qed

lemma pairself-image-prod:
pairself f ‘(A x By=f‘Ax f‘B
by (auto simp: pairself-def)

lemma complete-bipartite-digraph-are-iso:
assumes Ky n G Ky n H shows digraph-iso G H

proof —
interpret G: graph G using assms by (simp add: complete-bipartite-digraph-def)
interpret H: graph H using assms by (simp add: complete-bipartite-digraph-def)

from assms obtain GU GV where G-parts: verts G = GU U GV GU N GV
={}
card GU = m card GV = n arcs-ends G = GU x GV U GV x GU
by (auto simp: complete-bipartite-digraph-def)
from assms obtain HU HV where H-parts: verts H = HU U HV HU N HV =
{}
card HU = m card HV = n arcs-ends H = HU x HV U HV x HU
by (auto simp: complete-bipartite-digraph-def)

have fin: finite GU finite GV finite HU finite HV
using G-parts H-parts G.finite-verts H.finite-verts by simp-all

obtain fv-U where fv-U: bij-betw fo-U GU HU
using <card GU = - <card HU = - «finite GU) <finite HU> by (metis fi-
nite-same-card-bij)
obtain fv-V where fv-V: bij-betw fu-V GV HV
using <card GV = - <card HV = - <finite GV <finite HV> by (metis fi-

nite-same-card-bij)
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define fv where fv z = (if x € GU then fv-U x else fv-V z) for z
have Az. 1 € GV = z ¢ GU using «GU N GV = {}» by blast
then have bij-fu-UV: bij-betw fv GU HU bij-betw fv GV HV
using fv-U fo-V by (auto simp: fu-def cong: bij-betw-cong)
then have bij-betw fv (verts G) (verts H)
unfolding (verts G = -» <werts H = - using <HU N - = {}p by (rule
bij-betw-combine)
then have fu: inj-on fv (verts G) verts H = fv ‘ verts G by (auto simp:
bij-betw-def)

have arcs-ends H = HU x HV U HV x HU
using <K, . H)» H-parts by (auto simp: complete-digraph-def)
also have ... = pairself fv * (GU x GV U GV x GU) (is ?L = ?R)
proof (intro set-eql iff)
fix z assume z € ?L
then have (fstx € fo *GU A sndz € fo * GV) V (fstx € fo * GV A snd z €
fv < GU)
using bij-fv-UV by (auto simp: bij-betw-def)
then show z € 7R
by (cases x) (auto simp: pairself-image-prod image-Un)
next
fix z assume z € ?R then show z € ?L
using bij-fv-UV by (auto simp: pairself-image-prod image-Un bij-betw-def)
qed
also have ... = pairself fv * arcs-ends G
using <Ky n G» G-parts by (auto simp: complete-bipartite-digraph-def)
finally have arcs-ends: arcs-ends H = pairself fv ¢ arcs-ends G .

show ?thesis using H.nomulti-digraph fv arcs-ends by (rule G.digraph-iso-mk-iso-nomulti)
qed

lemma K5-not-comb-planar:
assumes K ;5 G shows —~comb-planar G
proof —
interpret graph G using assms by (auto simp: complete-digraph-def)
have digraph-iso G c-Kb5
using assms complete-c-K5 by (rule complete-digraph-are-iso)
then obtain hom where hom: digraph-isomorphism hom app-iso hom G = c-Kb5
by (auto simp: digraph-iso-def)
then show ?thesis using c-K5-not-comb-planar comb-planar-iso by fastforce
qged

lemma K33-not-comb-planar:
assumes K 3 3 G shows —comb-planar G
proof —
interpret graph G using assms by (auto simp: complete-bipartite-digraph-def)
have digraph-iso G c-K33
using assms complete-c-K33 by (rule complete-bipartite-digraph-are-iso)
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then obtain hom where hom: digraph-isomorphism hom app-iso hom G = c-K33
by (auto simp: digraph-iso-def)
then show ?thesis using c-K33-not-comb-planar comb-planar-iso by fastforce
qed

end

9 n-step reachability

theory Reachablen
imports

Graph-Theory. Graph-Theory
begin

inductive
ntrancl-onp :: 'a set = 'a rel = nat = 'a = 'a = bool
for F :: 'a set and r :: 'a el
where
ntrancl-on-0: a = b = a € F = ntrancl-onp Fr 0 a b
| ntrancl-on-Suc: (a,b) € r = ntrancl-onp Frnb ¢ = a € F = ntrancl-onp
Fr (Sucn)ac

lemma ntrancl-onpD-rtrancl-on:
assumes ntrancl-onp F r n a b shows (a,b) € rtrancl-on F r
using assms by induct (auto intro: converse-rtrancl-on-into-rtrancl-on)

lemma rtrancl-onE-ntrancl-onp:
assumes (a,b) € rtrancl-on F r obtains n where ntrancl-onp F rn a b
proof atomize-elim
from assms show dn. ntrancl-onp Frn a b
proof induct
case base
then have ntrancl-onp F r 0 b b by (auto intro: ntrancl-onp.intros)
then show ?case ..
next
case (step a ¢)
from <dn. -» obtain n where ntrancl-onp Frncb ..
with <(a,c) € r have ntrancl-onp F r (Suc n) a b using <a € F» by (rule
ntrancl-onp.intros)
then show ?case ..
qed
qed

lemma rtrancl-on-conv-ntrancl-onp: (a,b) € rtrancl-on F r <— (3 n. ntrancl-onp
Frnab)
by (metis ntrancl-onpD-rtrancl-on rtrancl-onE-ntrancl-onp)

definition nreachable :: ('a,’b) pre-digraph = 'a = nat = ’a = bool (<- =71 -
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[100,100] 40) where
nreachable G u n v = ntrancl-onp (verts G) (arcs-ends G) n u v

context wf-digraph begin

lemma reachableE-nreachable:
assumes u —* v obtains n where u —" v
using assms by (auto simp: reachable-def nreachable-def elim: rtrancl-onE-ntrancl-onp)

lemma converse-nreachable-cases|cases pred: nreachable]:
assumes u =" v
obtains (ntrancl-on-0) u = vn = 0 u € verts G
| (ntrancl-on-Suc) w m where u — wn = Suc m w =™ v
using assms unfolding nreachable-def by cases auto

lemma converse-nreachable-induct[consumes 1, case-names base step, induct pred:
reachable]:
assumes major: u ="' v
and cases: v € verts G = P 0 v
Anzy [z —=qgyiy—="gv; Pny] = P (Sucn)z
shows P n u
using assms unfolding nreachable-def by induct auto

lemma converse-nreachable-induct-less[consumes 1, case-names base step, induct
pred: reachable]:
assumes major: u —" ¢ v
and cases: v € verts G = P 0 v
Anzy [z —=qgyy—="gvA2mm<n= (z >"gv) = Pmz] =
P (Sucn) z
shows P n u
proof —
have Agu. ¢ <n= (u 9% v) = Pqu
proof (induction n arbitrary: u rule: less-induct)
case (less n)
show ?Zcase
proof (cases q)
case (0 with less show ?thesis by (auto intro: cases elim: converse-nreachable-cases)
next
case (Suc ¢')
with «u —9 v obtain w where u — w w —% v by (auto elim: con-
verse-nreachable-cases)
then show ?thesis

unfolding <¢ = -» using Suc less by (auto intro!: less.IH cases)
qed
qged
with major show ?thesis by auto
qed
end
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end

theory Permutations-2

imports
HOL— Combinatorics. Permutations
Graph-Theory. Auxiliary
FExecutable-Permutations

begin

10 More

abbreviation funswapid :: ‘a = 'a = 'a = ’a (infix <(=p> 90) where
T =p Yy = transpose T y

lemma in-funswapid-image-iff: © € (a =p b) ‘S ¢+— (a=p b))z e S
by (fact in-transpose-image-iff)

lemma bij-swap-compose: bij (v =p y o f) «— bij f
by (metis UNIV-I bij-betw-comp-iff2 bij-betw-id bij-swap-iff subsetl)

lemma bij-eq-iff:
assumes bij f shows fz = fy+— =y
using assms by (auto simp add: bij-iff)

lemma swap-swap-id[simp]: (z =r y) ((z =F y) 2) = 2
by (fact transpose-involutory)

11 Modifying Permutations

definition perm-swap :: 'a = 'a = ('a = 'a) = (‘a = 'a) where
perm-swap Ty f = =p yofoxr =rpy

definition perm-rem :: ‘a = (‘a = 'a) = (‘a = 'a) where
perm-rem ¢ f = if fo # zthent =g fz o felse f

An example:
perm-rem 2 (list-succ [1, 2, 3, 4]) © = list-succ [1, 3, 4] x

lemma perm-swap-id[simp|: perm-swap a b id = id
by (auto simp: perm-swap-def)

lemma perm-rem-permutes:
assumes f permutes S U {z}
shows perm-rem x f permutes S
using assms by (auto simp: permutes-def perm-rem-def) (metis transpose-def)+

lemma perm-rem-same:

assumes bij f fy = y shows perm-rem z fy = fy
using assms by (auto simp: perm-rem-def bij-iff transpose-def)
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lemma perm-rem-simps:
assumes bij f
shows
rT=y = perm-remzx fy==z
fy=2z= perm-remz fy=fx
y#£r= fy#zcz= perm-remzxz fy=fy
using assms by (auto simp: perm-rem-def transpose-def bij-iff)

lemma bij-perm-rem[simp]: bij (perm-rem z f) +— bij f
by (simp add: perm-rem-def bij-swap-compose)

lemma perm-rem-conv: \f z y. bij f = perm-rem x fy = (
if t =y then x
else if fy =z then f (fy)
else f y)

by (auto simp: perm-rem-simps)

lemma perm-rem-commutes:
assumes bij f shows perm-rem a (perm-rem b f) = perm-rem b (perm-rem a f)
proof —
have bij-simp: Nz y. fr=fy+—z=1y
using assms by (auto simp: bij-iff)
show ?thesis using assms by (auto simp: perm-rem-conv bij-simp fun-eq-iff)
qed

lemma perm-rem-id[simp|: perm-rem a id = id
by (simp add: perm-rem-def)

lemma perm-swap-comp: perm-swap a b (f o g) x = perm-swap a b f (perm-swap
abyguz)
by (auto simp: perm-swap-def)

lemma bij-perm-swap-iff [simp]: bij (perm-swap a b f) «— bij f
by (simp add: bij-swap-compose bij-swap-iff perm-swap-def)

lemma funpow-perm-swap: perm-swap a b f = n = perm-swap a b (f " n)
by (induct n) (auto simp: perm-swap-def fun-eq-iff)

lemma orbit-perm-swap: orbit (perm-swap a b f) z = (a =p b) ‘orbit f ((a =F

b) z)

by (auto simp: orbit-altdef funpow-perm-swap) (auto simp: perm-swap-def)
lemma has-dom-perm-swap: has-dom (perm-swap a b f) S = has-dom f ((a =F
b) *5)

by (auto simp: has-dom-def perm-swap-def inj-image-mem-iff) (metis image-iff

swap-swap-id)

lemma perm-restrict-dom-subset:
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assumes has-dom f A shows perm-restrict f A = f

proof —
from assms have A\z. ¢ ¢ A = fx = x by (auto simp: has-dom-def)
then show ?thesis by (auto simp: perm-restrict-def fun-eq-iff)

qed

lemma perm-swap-permutes2:

assumes f permutes ((z =p y) *S5)

shows perm-swap = y f permutes S

using assms

by (auto simp: perm-swap-def permutes-conv-has-dom has-dom-perm-swap [unfolded
perm-swap-def] introl: bij-comp)

12 Cyclic Permutations

lemma cyclic-on-perm-swap:
assumes cyclic-on f S shows cyclic-on (perm-swap x y f) ((zr =r y) *9)
using assms by (rule cyclic-on-image) (auto simp: perm-swap-def)

lemma orbit-perm-rem:

assumes bij f x # y shows orbit (perm-rem y f) x = orbit fz — {y} (is 7L =
?R)
proof (intro set-eql iffI)

fix z assume z € 7L

then show 2z € 7R

using assms by induct (auto simp: perm-rem-conv bij-iff intro: orbit.intros)

next

fix z assume A: z € ?R

{ assume z € orbit f
then have (: #y — 2 € ?L)AN (z=y — fz € ?L)
proof induct
case base with assms show ?case by (auto intro: orbit-eqI (1) simp: perm-rem-conv)
next
case (step z) then show ?Zcase
using assms by (cases y = z) (auto intro: orbit-eql simp: perm-rem-conv)
qed
} with A show z € ?L by auto
qed

lemma orbit-perm-rem-eq:
assumes bij f shows orbit (perm-rem y f) x = (if x = y then {y} else orbit f z

- {v})

using assms by (simp add: orbit-eq-singleton-iff orbit-perm-rem perm-rem-simps)

lemma cyclic-on-perm-rem:
assumes cyclic-on f S bij f S # {«} shows cyclic-on (perm-rem x f) (S — {z})
using assms|unfolded cyclic-on-alldef] by (simp add: cyclic-on-def orbit-perm-rem-eq)
auto
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end
theory Planar-Subdivision
imports
Graph-Genus
Reachablen
Permutations-2
begin

13 Combinatorial Planarity and Subdivisions

locale subdivi-contr = subdiv-step +
fixes HM
assumes H-map: digraph-map H HM
assumes edge-rev-conv: edge-rev HM = rev-H

sublocale subdivi-contr C H: digraph-map H HM
rewrites edge-rev HM = rev-H by (intro H-map edge-rev-conv)+

sublocale subdivi-contr C G: fin-digraph G
by unfold-locales (auto simp: arcs-G verts-G)

context subdivI-contr begin

definition GM :: 'b pre-map where
GM =
( edge-rev = rev-G
, edge-succ = perm-swap uw uv (perm-swap vw vu (fold perm-rem [wu, wv
(edge-succ HM)))
)

lemma edge-rev-GM: edge-rev GM = rev-G
by (simp add: GM-def)

lemma edge-succ-GM: edge-succ GM = perm-swap uw wv (perm-swap vw (rev-G
uv) (fold perm-rem [wu, wv] (edge-succ HM)))
by (simp add: GM-def)

lemma rev-H-eq-rev-G:
assumes z € arcs G — {uv,vu} shows rev-H z = rev-G z
proof —
have perm-restrict rev-H (arcs G) = perm-restrict rev-G (arcs H)
using subdiv-step by (auto simp: subdivision-step-def)
with assms show ?thesis
unfolding arcs-H by (auto simp: perm-restrict-def fun-eq-iff split: if-splits)
qed

lemma edge-succ-permutes: edge-succ GM permutes arcs G
proof —
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have arcs H C (vw =p rev-G wv) ‘ (uw =5 w) ‘ares G U {wv} U {wu}
using subdiv-distinct-arcs in-arcs-G
by (auto simp: arcs-H in-funswapid-image-iff transpose-def split: if-splits)
then have perm-swap uw uv (perm-swap vw (rev-G wv) (perm-rem (wv)
(perm-rem (wu) (edge-succ HM)))) permutes arcs G
by (blast intro: perm-rem-permutes perm-swap-permutes2 permutes-subset
H.edge-succ-permutes)
then show %thesis by (auto simp: edge-succ-GM)
qed

lemma out-arcs-empty:
assumes z € verts G
shows out-arcs G x = {} «— out-arcs Hx = {}
proof
assume A: out-arcs H z = {}
have tail-eql: N\a. tail H a = tail G a by (simp only: tail-eq)

{ fix a assume a € out-arcs G
moreover have a € arcs H = a # wv a € arcs H = a # vu
using not-in-arcs-H by auto
ultimately have (vw =r wv) ((vw =F vu) a) € out-arcs H x
using subdiv-distinct-arcs in-arcs-H not-in-arcs-H
by (auto simp: arcs-G intro: tail-eql)

then show out-arcs G z = {}
using A by (auto simp del: in-out-arcs-conv)
next
assume A: out-arcs G x = {}
have tail-eqI: Na. tail H a = tail G a by (simp only: tail-eq)

{ fix a assume a € out-arcs H x
moreover have z # w using assms not-in-verts-G by blast
ultimately have (vw =r w) ((vw =p vu) a) € out-arcs G x
using subdiv-distinct-arcs in-arcs-G not-in-arcs-G
by (auto simp: arcs-H ) (auto simp: transpose-def intro: tail-eql [symmetric])
}
then show out-arcs H z = {}
using A by (auto simp del: in-out-arcs-conv)
qed

lemma cyclic-on-edge-succ:
assumes z € verts G out-arcs G # {}
shows cyclic-on (edge-succ GM) (out-arcs G x)
proof —
have oa-Gz: out-arcs G z = (uw =p w) ‘ (vw =p vu) ‘ (out-arcs Hx — {wu}
— {wo})
using subdiv-distinct-arcs not-in-arcs-G in-arcs-G
by (auto simp: in-funswapid-image-iff arcs-H transpose-def tail-eq[symmetric|
split: if-splits)
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have cyclic-on (perm-swap uw wv (perm-swap vw (rev-G wv) (perm-rem (wv)
(perm-rem (wu) (edge-succ HM))))) (out-arcs G x)
unfolding oa-Gz
proof (intro cyclic-on-perm-swap cyclic-on-perm-rem)
show cyclic-on (edge-succ HM) (out-arcs H x)
using assms by (auto simp: out-arcs-empty verts-H intro: H.edge-succ-cyclic)
show bij (edge-succ HM) by (simp add: H.bij-edge-succ)
show bij (perm-rem (wu) (edge-succ HM)) by (simp add: H.bij-edge-succ)

have z # w using assms not-in-verts-G by auto
then have wu ¢ out-arcs H z wv ¢ out-arcs H x
by (auto simp: arc-to-ends-def)
then show out-arcs H z — {wu} # {wv} out-arcs H z # {wu}
by blast+
qed
then show ?thesis by (simp add: edge-succ-GM)
qed

lemma digraph-map-GM:
shows digraph-map G GM
by unfold-locales (auto simp: edge-rev-GM G.arev-dom edge-succ-permutes
cyclic-on-edge-succ verts-Q)

end

sublocale subdivi-contr C GM: digraph-map G GM by (rule digraph-map-GM)
context subdivi-contr begin

lemma reachableGD:
assumes z =" y shows z =" 7 y
using assms
proof induct
case base then show ?case by (auto simp: verts-H)
next
case (step z 2)
moreover
have v =* g v v =" g u using adj-with-w by auto
moreover
{ assume A: (z,2) # (u,v) (z,2) # (v,u)
from (z — 2> obtain a where a € arcs G tail G a = z head G a = 2
by auto
with A have a € arcs H arc-to-ends H a = (2,z) tail Ha = z head G a = z
by (auto simp: arcs-H tail-eq head-eq arc-to-ends-def fun-eq-iff)
then have © — g z by (auto simp: arcs-ends-def intro: rev-image-eql)

}

ultimately
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show ?case by (auto intro: H.reachable-trans)
qed

definition proj-verts-H :: ‘a = 'a where
proj-verts-H x = if x = w then u else x

lemma proj-verts-H-in-G: x € verts H = proj-verts-H © € verts G
using in-verts-G by (auto simp: proj-verts-H-def verts-H)

lemma dominatesHD:
assumes z — g y shows proj-verts-H x —* 7 proj-verts-H y
proof —
have X1: Aa. (w, y) = arc-to-ends G a = a ¢ arcs G
by (metis G.adj-in-verts(1) G.dominatesI not-in-verts-Q)
have X2: Aa. (z, w) = arc-to-ends G a = a ¢ arcs G
by (metis G.adj-in-verts(2) G.dominatesl not-in-verts-G)
show ?thesis
using assms subdiv-ate-H-rev subdiv-ate in-verts-G
by (auto simp: arcs-ends-def arcs-H arc-to-ends-eq proj-verts-H-def G-reach
dest: X1 X2)
qged

lemma reachable HD:
assumes reach:x —* gy y shows proj-verts-H x —* o proj-verts-H y

using assms by induct (blast intro: proj-verts-H-in-G G.reachable-trans domi-
natesHD)+

lemma H-reach-conv: Az y. © —=* g y <— proj-verts-H x —*  proj-verts-H y
using w-reach by (auto simp: reachable HD)
(auto simp: proj-verts-H-def verts-H split: if-splits dest: reachableGD intro:
H .reachable-trans)

lemma sccs-eq: G.sces-verts = () proj-verts-H ‘ H.sces-verts (is 7L = ?R)
proof (intro set-eql iffI)
fix S assume S € 7L
then have w ¢ S using G.sccs-verts-subsets not-in-verts-G by blast
then have S-eq: proj-verts-H * proj-verts-H —*S = S
by (auto simp: proj-verts-H-def intro: range-eql)
then have proj-verts-H —‘ S # {} using S € ?Ly by safe (auto simp:
G.sces-verts-def)
with «S € ?L) have proj-verts-H —‘S € H.sccs-verts
by (auto simp: G.in-sccs-verts-conv-reachable H.in-sccs-verts-conv-reachable
H-reach-conv)
then have proj-verts-H ‘ proj-verts-H —* S € (°) proj-verts-H ¢ H.sccs-verts
by (rule imagel)
then show S € ?R by (simp only: S-eq)
next
fix S assume S € 7R
have X: A\vz. v ¢ projverts-H ‘o = v = w V (Jy. v = proj-verts-Hy N\ y
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¢ 2)
by (auto simp: proj-verts-H-def split: if-splits)
from «S € 7R) show S € 7L
using not-in-verts-G by (fastforce simp: G.reachable-in-verts G.in-sccs-verts-conv-reachable
H .in-sccs-verts-conv-reachable H-reach-conv dest: X)
qed

lemma inj-on-proj-verts-H: inj-on ((°) proj-verts-H) (pre-digraph.sccs-verts H)
proof (rule inj-onl)
fix S T assume A: S € H.sccs-verts T € H.sccs-verts proj-verts-H S =
proj-verts-H ¢ T
have Az. w ¢ © = proj-verts-H ‘ z = z by (auto simp: proj-verts-H-def)
with Ahave S # T = SN T # {}
by (metis H.in-sccs-verts-conv-reachable Int-iff empty-iff image-eql proj-verts-H-def
w-reach(1,2))
then show S = T using H.sccs-verts-disjoint|OF A(1,2)] by metis
qed

lemma card-sccs-verts: card G.sces-verts = card H.sccs-verts
unfolding sccs-eq by (intro card-image inj-on-proj-verts-H)

lemma card-sccs-eq: card G.sccs = card H.sccs
using card-sces-verts G.inj-on-verts-sccs H.inj-on-verts-sccs
by (auto simp: G.sccs-verts-conv H.sccs-verts-conv card-image)

lemma isolated-verts-eq: G.isolated-verts = H.isolated-verts
by (auto simp: G.isolated-verts-def H.isolated-verts-def verts-H out-arcs-w dest:
out-arcs-empty)

lemma card-verts: card (verts H) = card (verts G) + 1
unfolding verts-H using not-in-verts-G by auto

lemma card-arcs: card (arcs H) = card (arcs G) + 2
unfolding arcs-H using not-in-arcs-G subdiv-distinct-arcs in-arcs-G by (auto
stmp: card-insert-if)

lemma edge-succ-wu: edge-succ HM wu = wv
using out-arcs-w out-degree-w edge-succ-permutes H.edge-succ-cyclic|of w]
by (auto elim: eq-on-cyclic-on-iff1 [where r=wu] simp: verts-H out-degree-def)

lemma edge-succ-wv: edge-succ HM wv = wu

using out-arcs-w out-degree-w edge-succ-permutes H.edge-succ-cyclic|of w]

by (auto elim: eg-on-cyclic-on-iff1 [where z=wv| simp: verts-H out-degree-def)
lemmas edge-succ-w = edge-succ-wu edge-succ-wv
lemma H-face-cycle-succ:

H.face-cycle-succ uw = wv
H . face-cycle-succ vw = wu
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unfolding H.face-cycle-succ-def by (auto simp: edge-succ-w)

lemma H-edge-succ-tail-eqD:
assumes edge-succ HM a = b shows tail H a = tail H b
using assms H.tail-edge-succ|of a] by auto

lemma YYY:
(wu =p wv) (edge-succ HM vw) = (edge-succ HM vw)
(wu =F wv) (edge-succ HM uw) = (edge-succ HM uw)
using H.edge-succ-cycliclof w] subdiv-distinct-verts0
by (auto simp: Transposition.transpose-def dest: H-edge-succ-tail-eqD)

Project arcs of H to corresponding arcs of G

definition proj-arcs-H :: 'b = 'b where
proj-arcs-H ©x =
if = wwV x = wv then uv
else if x = vw V x = wu then vu
else x

Project arcs of G to corresponding arcs of H

definition proj-arcs-G :: 'b = 'b where
proj-arcs-G x =
if £ = uv then uw
else if x = vu then vw
else ©

lemma proj-arcs-H-simps[simp):

proj-arcs-H uw = uv

proj-arcs-H wv = wv

proj-arcs-H vw = vu

proj-arcs-H wu = vu

x ¢ {uw,ow,wu,wv} = proj-arcs-H x = x
a € arcs G = proj-arcs-H a = a

using subdiv-distinct-arcs not-in-arcs-G by (auto simp: proj-arcs-H-def)

lemma proj-arcs-H-in-arcs-G: a € arcs H = proj-arcs-H a € arcs G
using subdiv-distinct-arcs in-arcs-G by (auto simp: proj-arcs-H-def arcs-H)

lemma proj-arcs-eq-swap:
assumes a ¢ {uv,vu,wu,wv}
shows proj-arcs-H a = (vw = wv 0 vw =p vu) a
using assms subdiv-distinct-arcs by (cases a € {uw,vw}) auto

lemma proj-arcs-G-simps:
proj-arcs-G uwv = uw
proj-arcs-G vu = vw
a ¢ {uw,vu} = proj-arcs-G a = a
using subdiv-distinct-arcs not-in-arcs-G by (auto simp: swap-id-eq proj-arcs-G-def)
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lemma proj-arcs-G-in-arcs-H:
assumes a € arcs G shows proj-arcs-G a € arcs H
using assms subdiv-distinct-arcs by (auto simp: proj-arcs-G-def arcs-H)

lemma proj-arcs-HG: a € arcs G = proj-arcs-H (proj-arcs-G a) = a
by (auto simp: proj-arcs-G-def)

lemma fes-proj-arcs-GH:
assumes a € arcs H shows H.face-cycle-set (proj-arcs-G (proj-arcs-H a)) =
H.face-cycle-set a
proof —
have H.face-cycle-set vw = H.face-cycle-set wu H.face-cycle-set uw = H.face-cycle-set
W
unfolding H.face-cycle-set-def by (auto simp add: H-face-cycle-succ[symmetric)
self-in-orbit-step H.permutation-face-cycle-suce permutation-self-in-orbit)
then show ?thesis
using assms not-in-arcs-H by (cases a € {uv,vu,uw,wu,vw,wv}) (auto simp:
proj-arcs-G-simps)
qed

lemma H-face-cycle-succ-neq-uv:
a ¢ {uv,vu} = H.face-cycle-succ a ¢ {uv,vu}
using not-in-arcs-H by (cases a € arcs H) (auto dest: H.face-cycle-succ-in-arcsl)

lemma face-cycle-succ-choose-inter:
{H.face-cycle-succ vw, H.face-cycle-succ vw, H.face-cycle-succ wu, H.face-cycle-succ

wo} N {uv,ou} = {}

using subdiv-distinct-arcs H-face-cycle-succ-neg-uv by safe (simp-all, metis+)

lemma face-cycle-succ-choose-neq:
H.face-cycle-succ wu ¢ {wu,wv}
H.face-cycle-succ wv ¢ {wu,wv}
using subdiv-distinct-verts0 in-arcs-H
by (auto simp del: H.edge-rev-in-arcs dest: H.tail-face-cycle-succ)

lemma H-face-cycle-succ-G-not-in:
assumes a € arcs G shows H.face-cycle-succ a ¢ {wu,wv}
proof (cases a € {uv,vu})
case True with assms show ?thesis using subdiv-distinct-arcs by (auto simp:
arcs-H)
next
case Fulse with assms have a € arcs H by (auto simp: arcs-H)
from assms have head H a # w by (auto simp: head-eq verts-G arcs-H dest:
G.head-in-verts)
then show ?%thesis using H.tail-face-cycle-succ[OF <a € arcs H»>| by auto
qed

lemma
face-cycle-succ-uwv: GM .face-cycle-succ uwv = proj-arcs-H (H.face-cycle-succ wv)
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and
face-cycle-succ-vu: GM .face-cycle-succ vu = proj-arcs-H (H.face-cycle-suce wu)
unfolding GM.face-cycle-succ-def edge-rev-GM edge-succ-GM
using face-cycle-succ-choose-neq face-cycle-succ-choose-inter subdiv-distinct-arcs
apply (auto simp: fun-eq-iff perm-swap-def)
apply (auto simp: perm-rem-def edge-succ-w H.face-cycle-succ-def YYY proj-arcs-H-def)
done

lemma face-cycle-succ-not-uv:
assumes a € arcs G a ¢ {uv,vu}
shows GM.face-cycle-succ a = proj-arcs-H (H.face-cycle-succ a)
proof —
have GM .face-cycle-succ a = (vw =p wv) ((vw =F rev-G uwv) (perm-rem (wv)
(perm-rem (wu) (edge-succ HM)) (((vw =F vu) ((vw =F wv) (rev-G a))))))
by (simp add: GM .face-cycle-succ-def perm-swap-def edge-succ-GM edge-rev-GM)
also have (vw =r vu) ((vw =F wv) (rev-G a)) = rev-G a
using assms not-in-arcs-G by (auto simp: transpose-def G.arev-eq-iff)
also have perm-rem (wv) (perm-rem (wu) (edge-succ HM)) (rev-G a) =
edge-succ HM (rev-G a)
proof —
have *: Aa. tail H a # w = (wu = wv) a = a by (auto simp: transpose-def)
from assms have head H a # w tail H (rev-G a) = head H a
by (auto simp: tail-eq head-eq verts-G dest: G.head-in-verts)
then have ((wu =p wv) (edge-succ HM (rev-G a))) = edge-succ HM (rev-G
)
by (intro %) auto
then show %thesis by (auto simp: perm-rem-def edge-succ-w)
qed
also have edge-succ HM (rev-G a) = H.face-cycle-succ a
using assms unfolding H.face-cycle-succ-def by (simp add: rev-H-eg-rev-G)
also have (vw =r w) ((vw =F rev-G wv) (H.face-cycle-succ a)) = proj-arcs-H
(H.face-cycle-succ a)
proof —
from assms have a € arcs H by (auto simp: arcs-H)
then have fes-not-in: H.face-cycle-succ a ¢ {uv, vu, wu, wv}
using assms H-face-cycle-succ-G-not-in in-arcs-G not-in-arcs-H
by (auto simp del: G.arev-in-arcs dest: H.face-cycle-succ-closed| THEN
iffD2])
then show %thesis by (auto simp add: proj-arcs-eq-swap)
qed
finally show ?thesis .
qed

lemmas G-face-cycle-succ = face-cycle-succ-uv face-cycle-succ-vu face-cycle-succ-not-uv
lemma in-G-fes-in-H-fes:
assumes a € arcs G

assumes z € GM.face-cycle-set a
shows z € proj-arcs-H * H.face-cycle-set (proj-arcs-G a)
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using <z € -
proof induct
case base show ?case
by (rule rev-image-eql[where z=proj-arcs-G a]) (auto simp: <a € arcs G»
proj-arcs-G-def)
next
case (step b)
{ fix z assume z € H.face-cycle-set (proj-arcs-G a)
then have z € arcs H
using <a € arcs Gy by (auto dest: H.in-face-cycle-setD simp: proj-arcs-G-in-arcs-H)
moreover
then have z ¢ {uv,vu} z ¢ {vw,wu,vw,wv} = z € arcs G
using <a € arcs G) by (auto simp: arcs-H dest: H.in-face-cycle-setD)
ultimately
have GM.face-cycle-succ (proj-arcs-H x) € {proj-arcs-H (H.face-cycle-succ
z),
proj-arcs-H (H.face-cycle-succ (H.face-cycle-succ x))}
by (cases x € {uw,vw,wu,wv}) (auto simp: G-face-cycle-succ H-face-cycle-succ)

moreover
have b € arcs G
using step(1) <a € arcs Gy by (simp add: GM .in-face-cycle-setD GM.face-cycle-set-def)
ultimately
show ?case using <b € arcs G» step(2) by (auto intro: H.face-cycle-succ-inl)
qed

lemma in-H-fcs-in-G-fcs:
assumes a € arcs H
assumes z € H.face-cycle-set a
shows ¢ € proj-arcs-H —* GM .face-cycle-set (proj-arcs-H a)
using <z € -
proof induct
case base then show ?case by auto
next
case (step y)
then have y € arcs H using <a € arcs H» by (auto dest: H.in-face-cycle-setD)
moreover then have y ¢ {uv,vu} by (fastforce simp: arcs-H)
ultimately have proj-arcs-H (H.face-cycle-succ y) = GM .face-cycle-succ (proj-arcs-H
y)
V proj-arcs-H (H.face-cycle-succ y) = proj-arcs-H y
by (cases y € {uw,vw,wv,wu}) (auto simp: H-face-cycle-succ G-face-cycle-succe
arcs-G)
with step show ?case by (auto intro: GM.face-cycle-succ-inI)
qed

lemma G-fes-eq:
assumes a € arcs G
shows GM.face-cycle-set a = proj-arcs-H “ H.face-cycle-set (proj-arcs-G a) (is
?L = ?R)
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using assms by (auto dest: in-H-fes-in-G-fes[rotated] in-G-fes-in-H-fes[rotated)
sitmp: proj-arcs-G-in-arcs-H proj-arcs-HG)

lemma H-fcs-eq:
assumes a € arcs H
shows proj-arcs-H ‘ H.face-cycle-set a = GM.face-cycle-set (proj-arcs-H a)
using assms by (auto dest: in-H-fes-in-G-fes[rotated] in-G-fes-in-H-fes[rotated)
sitmp: proj-arcs-H-in-arcs-G fes-proj-arcs-GH)

lemma face-cycle-sets:
shows GM.face-cycle-sets = (°) proj-arcs-H ‘ H.face-cycle-sets (is ?L = ?R)
unfolding GM.face-cycle-sets-def H.face-cycle-sets-def
by (blast intro!: H-fcs-eq G-fes-eq proj-arcs-G-in-arcs-H proj-arcs-H-in-arcs-G)

lemma inj-on-proj-arcs-H: inj-on ((*) proj-arcs-H) H.face-cycle-sets
proof (rule inj-onlI)
fix A B assume fes: A € H.face-cycle-sets B € H.face-cycle-sets
and pa-eq: proj-arcs-H ¢ A = proj-arcs-H ‘ B

have zw-iff-wy:
AX. X € H.face-cycle-sets = uw € X +— wv € X
NAX. X € H.face-cycle-sets = vw € X +— wu € X
using H-face-cycle-succ by (auto simp: H.face-cycle-sets-def dest: H.face-cycle-succ-inl
intro: H.face-cycle-succ-inD)

have not-in-A: wv ¢ A vu ¢ A and not-in-B: vu ¢ B uv ¢ B
using fcs not-in-arcs-H by (auto dest: H.in-face-cycle-setsD)

have A = proj-arcs-H —° (proj-arcs-H “ A) — {uv,vu}
using subdiv-distinct-arcs not-in-A by (auto simp: proj-arcs-H-def zw-iff-wy[OF
fes(1)] split: if-splits)

also have ... = proj-arcs-H —* (proj-arcs-H * B) — {wv,ou} by (simp add:
pa-eq)
also have ... = B

using subdiv-distinct-arcs not-in-B by (auto simp: proj-arcs-H-def zw-iff-wy| OF
fes(2)] split: if-splits)
finally show A = B .
qed

lemma card-face-cycle-sets: card GM .face-cycle-sets = card H.face-cycle-sets
unfolding face-cycle-sets using inj-on-proj-arcs-H by (rule card-image)

lemma euler-char-eq: GM.euler-char = H.euler-char
by (auto simp: GM.euler-char-def H.euler-char-def card-verts card-arcs card-face-cycle-sets)

lemma euler-genus-eq: GM .euler-genus = H.euler-genus

by (auto simp: GM.euler-genus-def H.euler-genus-def euler-char-eq card-sccs-eq
isolated-verts-eq)
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end

lemma subdivision-genus-same-rev:
assumes subdivision (G, rev-G) (H, edge-rev HM) digraph-map H HM pre-digraph-map. euler-genus
HHM = m
shows 3 GM. digraph-map G GM A pre-digraph-map.euler-genus G GM = m A
edge-rev GM = rev-G
proof —
from assms show ?thesis
proof (induction rev-H=edge-rev HM arbitrary: HM)
case base then show ?case by auto
next
case (divide I rev-I H u v w wv uw vw)
then interpret subdiv-step I rev-I H edge-rev HM v v w uv uw vw
by unfold-locales simp

interpret H: digraph-map H HM using <digraph-map H HM> .
interpret IH: subdivi-contr I rev-I H edge-rev HM u v w uv uw vw HM
by unfold-locales simp

have eulerl: IH.GM .euler-genus = m by (auto simp: IH .euler-genus-eq divide)
with - TH.digraph-map-GM show ?case by (rule divide) (simp add: IH.edge-rev-GM)
qed
qed

lemma subdivision-genus:
assumes subdivision (G, rev-G) (H, rev-H) digraph-map H HM pre-digraph-map. euler-genus
HHM =m
shows 3 GM. digraph-map G GM A pre-digraph-map.euler-genus G GM = m
proof —
interpret H: digraph-map H HM by fact
show ?thesis
using subdivision-genus-same-rev subdivision-choose-rev assms H .bidirected-digraph
by metis
qed

lemma subdivision-comb-planar:
assumes subdivision (G, rev-G) (H, rev-H) comb-planar H shows comb-planar

G

using assms unfolding comb-planar-def by (metis subdivision-genus)

end
theory Planar-Subgraph
imports

Graph-Genus

Permutations-2

HOL- Library. FuncSet

HOL— Library.Simps-Case-Conv
begin
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14 Combinatorial Planarity and Subgraphs

lemma out-arcs-emptyD-dominates:
assumes out-arcs G ¢ = {} shows ~z = y
using assms by (auto simp: out-arcs-def)

lemma (in wf-digraph) reachable-refl-iff: v —* u +— u € verts G
by (auto simp: reachable-in-verts)

context digraph-map begin

lemma face-cycle-set-succ[simp]: face-cycle-set (face-cycle-succ a) = face-cycle-set
a
by (metis face-cycle-eq face-cycle-set-self face-cycle-succ-inD)

lemma face-cycle-suce-funpow-in|simpl:
(face-cycle-suce "~ n) a € arcs G +— a € arcs G
by (induct n) auto

lemma segment-face-cycle-z-x-eq:
segment face-cycle-succ x © = face-cycle-set x — {z}
unfolding face-cycle-set-def using face-cycle-succ-permutes finite-arcs permu-
tation-permutes
by (intro segment-z-z-eq) blast

lemma fes-a-eq-z: face-cycle-succ ¥ = x +— face-cycle-set x = {z} (is 7L +—
?R)
unfolding face-cycle-set-def orbit-eq-singleton-iff ..

end

lemma (in bidirected-digraph) bidirected-digraph-del-arc:
bidirected-digraph (pre-digraph.del-arc (pre-digraph.del-arc G (arev a)) a) (perm-restrict
arev (arcs G — {a , arev a}))
proof unfold-locales
fix b assume A: b € arcs (pre-digraph.del-arc (del-arc (arev a)) a)
have arev b # b = b # arev a = b # a = perm-restrict arev (arcs G — {a,
arev a}) (arev b) = b
using bij-arev arev-dom by (subst perm-restrict-simps) (auto simp: bij-iff)
then show perm-restrict arev (arcs G — {a, arev a}) (perm-restrict arev (arcs
G — {a, areva}) b) = b
using A
by (auto simp: pre-digraph.del-arc-simps perm-restrict-simps arev-dom,)
qed (auto simp: pre-digraph.del-arc-simps perm-restrict-simps arev-dom,)

lemma (in bidirected-digraph) bidirected-digraph-del-vert: bidirected-digraph (del-vert

u) (perm-restrict arev (arcs (del-vert u)))
by unfold-locales (auto simp: del-vert-simps perm-restrict-simps arev-dom)
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lemma (in pre-digraph) ends-del-arc: arc-to-ends (del-arc u) = arc-to-ends G
by (simp add: arc-to-ends-def fun-eq-iff)

lemma (in pre-digraph) dominates-arcsD:
assumes v — jelgre u W Shows v =5 w
using assms by (auto simp: arcs-ends-def ends-del-arc)

lemma (in wf-digraph) reachable-del-arcD:
assumes v = jo1 e 4 W Shows v =%~ w
proof —
interpret H: wf-digraph del-arc u by (rule wf-digraph-del-arc)
from assms show ?thesis
by (induct) (auto dest: dominates-arcsD intro: adj-reachable-trans)
qed

lemma (in fin-digraph) finite-isolated-verts[introl]: finite isolated-verts
by (auto simp: isolated-verts-def)

lemma (in wf-digraph) isolated-verts-in-sccs:

assumes u € isolated-verts shows {u} € sccs-verts
proof —

have v = u if u =" 5 v for v

using that assms by induct (auto simp: arcs-ends-def arc-to-ends-def iso-

lated-verts-def)

with assms show ?thesis by (auto simp: sccs-verts-def isolated-verts-def)
qged

lemma (in digraph-map) in-face-cycle-sets:
a € arcs G = face-cycle-set a € face-cycle-sets
by (auto simp: face-cycle-sets-def)

lemma (in digraph-map) heads-face-cycle-set:
assumes a € arcs G
shows head G ¢ face-cycle-set a = tail G * face-cycle-set a (is ?L = ?R)
proof (intro set-eql iffI)
fix u assume u € ?L
then obtain b where b € face-cycle-set a head G b = u by blast
then have face-cycle-succ b € face-cycle-set a tail G (face-cycle-succ b) = u
using assms by (auto simp: tail-face-cycle-succ face-cycle-succ-inl in-face-cycle-setD)
then show u € ?R by auto
next
fix « assume u € ?R
then obtain b where b € face-cycle-set a tail G b = u by blast
moreover
then obtain ¢ where b = face-cycle-succ ¢ by (metis face-cycle-succ-pred)
ultimately
have ¢ € face-cycle-set a head G ¢ = u
by (auto dest: face-cycle-succ-inD) (metis assms face-cycle-succ-no-arc in-face-cycle-setD
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tail-face-cycle-succ)
then show u € ?L by auto
qed

lemma (in pre-digraph) casl-nth:
assumes p # [| u = tail G (hd p) v = head G (last p) \i. Suc i < length p =
head G (p ! i) = tail G (p ! Suc i)
shows cas u p v
using assms
proof (induct p arbitrary: u)
case Nil then show ?Zcase by simp
next
case (Cons a p)
have cas (head G a) p v
proof (cases p = [])
case Fulse then show ?thesis
using Cons.prems(1—3) Cons.prems(4)[of 0] Cons.prems(4)[of Suc i for 7]
by (intro Cons) (simp-all add: hd-conv-nth)
qed (simp add: Cons)
with Cons show ?case by simp
qed

lemma (in digraph-map) obtain-trail-in-fcs:
assumes a € arcs G a0 € face-cycle-set a an € face-cycle-set a
obtains p where trail (tail G a0) p (head G an) p # [] hd p = a0 last p = an
set p C face-cycle-set a
proof —
have fcs-a: face-cycle-set a = orbit face-cycle-succ a0
using assms face-cycle-eq by (simp add: face-cycle-set-def)
have a0 = (face-cycle-succ 7~ 0) a0 by simp
have an = (face-cycle-succ ™ funpow-dist face-cycle-succ a0 an) a0
using assms by (simp add: fcs-a funpow-dist-prop)

define p where p = map (An. (face-cycle-succ " n) a0) [0..<Suc (funpow-dist
face-cycle-succ a0 an))
have p-nth: Ai. i < length p = p ! i = (face-cycle-succ " i) a0
by (auto simp: p-def simp del: upt-Suc)

have P2: p # || by (simp add: p-def)
have P3: hd p = a0 using a0 = -» by (auto simp: p-def hd-map simp del:
upt-Suc)
have P/: last p = an using <an = - by (simp add: p-def)
have P5: set p C face-cycle-set a
unfolding p-def fcs-a orbit-altdef-permutation| OF permutation-face-cycle-succ]
by auto

have P1: trail (tail G a0) p (head G an)
proof —
have distinct p
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proof —
have an € orbit face-cycle-succ a0 using assms by (simp add: fcs-a)
then have inj-on (An. (face-cycle-suce " n) a0) {0..funpow-dist face-cycle-succ
a0 an}
by (rule inj-on-funpow-dist)
also have {0..funpow-dist face-cycle-succ a0 an} = (set [0..<Suc (funpow-dist
face-cycle-succ a0 an)))
by auto
finally have inj-on (An. (face-cycle-sucec "~ n) a0) (set [0..<Suc (funpow-dist
face-cycle-succ a0 an)]) .
then show distinct p by (simp add: distinct-map p-def)
qed
moreover
have a0 € arcs G by (metis assms(1—2) in-face-cycle-setD)
then have tail G a0 € verts G by simp
moreover
have set p C arcs G using P5
by (metis assms(1) in-face-cycle-setD subset-code(1))
moreover
then have Ai. Suc i < length p = p ! Suc i € arcs G by auto
then have Ai. Suc i < length p = head G (p ! 7) = tail G (p ! Suc i)
by (auto simp: p-nth tail-face-cycle-succ)
ultimately
show ?thesis
using P2 P3 P/ unfolding trail-def awalk-def by (auto intro: casl-nth)
qged

from P1 P2 P38 P} P5 show ?thesis ..
qed

lemma (in digraph-map) obtain-trail-in-fes’:
assumes a € arcs G u € tail G * face-cycle-set a v € tail G * face-cycle-set a
obtains p where trail u p v set p C face-cycle-set a
proof —
from assms obtain a0 where tail G a0 = u a0 € face-cycle-set a by auto
moreover
from assms obtain an where head G an = v an € face-cycle-set a
by (auto simp: heads-face-cycle-set[symmetric])
ultimately obtain p where trail u p v set p C face-cycle-set a
using <a € arcs G> by (metis obtain-trail-in-fcs)
then show ?thesis ..
qed

14.1 Deleting an isolated vertex

locale del-vert-props = digraph-map +
fixes u
assumes u-in: u € verts G
assumes u-isolated: out-arcs G u = {}
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begin

lemma u-isolated-in: in-arcs G u = {}
using u-isolated by (simp add: in-arcs-eq)

lemma arcs-dv: arcs (del-vert u) = arcs G
using u-isolated u-isolated-in by (auto simp: del-vert-simps)

lemma out-arcs-dv: out-arcs (del-vert u) = out-arcs G
by (auto simp: fun-eq-iff arcs-dv tail-del-vert)

lemma digraph-map-del-vert:
shows digraph-map (del-vert u) M
proof —
have perm-restrict (edge-rev M) (arcs (del-vert u)) = edge-rev M
using has-dom-arev arcs-dv by (auto simp: perm-restrict-dom-subset)
then interpret H: bidirected-digraph del-vert u edge-rev M
using bidirected-digraph-del-vert[of u] by simp
show ?thesis
by unfold-locales (auto simp: arcs-dv edge-succ-permutes out-arcs-dv edge-succ-cyclic
verts-del-vert)
qed

end
sublocale del-vert-props C H: digraph-map del-vert u M by (rule digraph-map-del-vert)
context del-vert-props begin

lemma card-verts-dv: card (verts G) = Suc (card (verts (del-vert u)))
by (auto simp: verts-del-vert) (rule card.remove, auto simp: u-in)

lemma card-arcs-dv: card (arcs (del-vert w)) = card (arcs G)
using u-isolated by (auto simp add: arcs-dv in-arcs-eq)

lemma isolated-verts-dv: H.isolated-verts = isolated-verts — {u}
by (auto simp: isolated-verts-def H .isolated-verts-def verts-del-vert out-arcs-dv)

lemma u-in-isolated-verts: u € isolated-verts
using u-in u-isolated by (auto simp: isolated-verts-def)

lemma card-isolated-verts-dv: card isolated-verts = Suc (card H.isolated-verts)
by (simp add: isolated-verts-dv) (rule card.remove, auto simp: u-in-isolated-verts)

lemma face-cycles-dv: H.face-cycle-sets = face-cycle-sets
unfolding H.face-cycle-sets-def face-cycle-sets-def arcs-dv ..

lemma euler-char-dv: euler-char = 1 + H.euler-char
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by (auto simp: euler-char-def H.euler-char-def card-arcs-dv card-verts-dv face-cycles-dv)

lemma adj-dv: v = jejpert 4 W S UV =g W
by (auto simp: arcs-ends-def arcs-dv ends-del-vert)

lemma reachable-del-vertD:
assumes v —" jolpert o W Shows v =" 7 w
using assms by induct (auto simp: verts-del-vert adj-dv intro: adj-reachable-trans)

lemma reachable-del-vertl:
assumes v = g wu # vV u # w shows v =" ol vert o W
using assms
proof induct
case (step z y)
from <z — 3> obtain a where a € arcs G head G a = y by auto
then have a € in-arcs G y by auto
then have y # u using u-isolated in-arcs-eq|of u] by auto
with step show ?case by (auto simp: adj-dv intro: H.adj-reachable-trans)
qed (auto simp: verts-del-vert)

lemma G-reach-conv: v =" w +— v =* o pert w WV (v =u A w = u)
by (auto dest: reachable-del-vertl reachable-del-vertD intro: u-in)

lemma sccs-verts-dv: H.sces-verts = sces-verts — {{u}} (is 7L = ?R)
proof —
have x:A\S z. S € sccs-verts = S ¢ H.sccs-verts — x € S =z =u
by (simp add: H.in-sccs-verts-conv-reachable in-sces-verts-conv-reachable
G-reach-conw)
(meson H.reachable-trans)
show ?thesis
by (auto dest: x) (auto simp: H.in-sccs-verts-conv-reachable in-sces-verts-conv-reachable
G-reach-conv H .reachable-refl-iff verts-del-vert)
qed

lemma card-sces-verts-dv: card sccs-verts = Suc (card H.sccs-verts)
unfolding sccs-verts-dv
by (rule card.remove) (auto simp: isolated-verts-in-sccs u-in-isolated-verts fi-
nite-sccs-verts)

lemma card-sces-dv: card sccs = Suc (card H.sces)
using card-sccs-verts-dv by (simp add: card-sccs-verts H.card-sccs-verts)

lemma euler-genus-eq: H.euler-genus = euler-genus
by (auto simp: pre-digraph-map. euler-genus-def card-sccs-dv card-isolated-verts-dv

euler-char-dv)

end
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14.2 Deleting an arc pair

locale bidel-arc = G: digraph-map +
fixes a
assumes a-in: a € arcs G

begin
abbreviation a’ = edge-rev M a

definition H : (‘a,’d) pre-digraph where
H = pre-digraph.del-arc (pre-digraph.del-arc G a') a

definition HM :: 'b pre-map where
HM =
( edge-rev = perm-restrict (edge-rev M) (arcs G — {a, a'})
, edge-succ = perm-rem a (perm-rem a’ (edge-succ M))

)

lemma
verts-H: verts H = verts G and
arcs-H: arcs H = arcs G — {a, o'} and
tail-H: tail H = tail G and
head-H: head H = head G and
ends-H: arc-to-ends H = arc-to-ends Gand
ares-in: {a,a’} C arcs G and
ends-in: {tail G a, head G a} C verts G
by (auto simp: H-def pre-digraph.del-arc-simps a-in arc-to-ends-def)

lemma cyclic-on-edge-succ:
assumes z € verts H out-arcs H x # {}
shows cyclic-on (edge-succ HM) (out-arcs H x)
proof —
have oa-H: out-arcs H z = (out-arcs G x — {a'}) — {a} by (auto simp: arcs-H
tail-H)
have cyclic-on (perm-rem a (perm-rem o’ (edge-succ M))) (out-arcs G x — {a’}
— {a})
using assms
by (intro cyclic-on-perm-rem G.edge-succ-cyclic) (auto simp: oa-H G.bij-edge-succ
G.edge-succ-cyclic)
then show ?thesis by (simp add: HM-def oa-H)
qged

lemma digraph-map: digraph-map H HM
proof —
interpret fin-digraph H unfolding H-def
by (rule fin-digraph.fin-digraph-del-arc) (rule G.fin-digraph-del-arc)
interpret bidirected-digraph H edge-rev HM unfolding H-def
using G.bidirected-digraph-del-arc[of a] by (auto simp: HM-def)
have *: insert a’ (insert a (arcs H)) = arcs G using a-in by (auto simp:
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arcs-H)
have edge-succ HM permutes arcs H
unfolding HM-def by (auto simp: * introl: perm-rem-permutes G.edge-succ-permutes)
moreover
{ fix v assume v € verts H out-arcs H v # {}
then have cyclic-on (edge-succ HM) (out-arcs H v) by (rule cyclic-on-edge-succ)
}
ultimately
show ?thesis by unfold-locales

qed

lemma rev-H: bidel-arc. H G M o' = H (is 2t1)
and rev-HM: bidel-arc. HM G M o’ = HM (is ?t2)
proof —
interpret rev: bidel-arc G M a’ using a-in by unfold-locales simp
show ?2t1
by (rule pre-digraph.equality) (auto simp: rev.verts-H verts-H rev.arcs-H arcs-H
rev.tail-H tail-H rev.head-H head-H)
show ?t2 using G.edge-succ-permutes
by (intro pre-map.equality) (auto simp: HM-def rev. HM-def insert-commute
perm-rem-commutes permutes-conv-has-dom)
qed

end
sublocale bidel-arc C H: digraph-map H HM by (rule digraph-map)
context bidel-arc begin

lemma a-neg-a”: a # a’
by (metis G.arev-neq a-in)

lemma
arcs-G: arcs G = insert a (insert o’ (arcs H)) and
arcs-not-in: {a,a’y N arcs H = {}
using arcs-in by (auto simp: arcs-H)

lemma card-arcs-da: card (arcs G) = 2 + card (arcs H)
using arcs-G arcs-not-in a-neg-a’ by (auto simp: card-insert-if )

lemma cas-da: H.cas = G.cas
proof —
{ fix up vhave H.casup v = G.cas u p v
by (induct p arbitrary: u) (simp-all add: tail-H head-H)
} then show ?Zthesis by (simp add: fun-eq-iff)
qed

lemma reachable-daD:
assumes v =" w shows v =% w
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apply (rule G.reachable-del-arcD)

apply (rule wf-digraph.reachable-del-arcD)
apply (rule G.wf-digraph-del-arc)

using assms unfolding H-def by assumption

lemma not-G-isolated-a: {tail G a, head G a} N G.isolated-verts = {}
using a-in G.in-arcs-eqlof head G a] by (auto simp: G.isolated-verts-def)

lemma isolated-other-da:
assumes u ¢ {tail G a, head G a} shows u € H.isolated-verts +— u €
G.isolated-verts
using assms by (auto simp: pre-digraph.isolated-verts-def verts-H arcs-H tail-H
out-arcs-def)

lemma isolated-da-pre: H.isolated-verts = G.isolated-verts U
(if tail G a € H.isolated-verts then {tail G a} else {}) U
(if head G a € H.isolated-verts then {head G a} else {}) (is ?L = ?R)
proof (intro set-eql iffI)
fix  assume z € ?L then show z € R
by (cases z € {tail G a, head G a}) (auto simp:isolated-other-da)
next
fix z assume z € ?R then show z € ?L using not-G-isolated-a
by (cases z € {tail G a, head G a}) (auto simp:isolated-other-da split: if-splits)
qed

lemma card-isolated-verts-da0:
card H.isolated-verts = card G.isolated-verts + card ({tail G a, head G a} N
H.isolated-verts)
using not-G-isolated-a by (subst isolated-da-pre) (auto simp: card-insert-if
G.finite-isolated-verts)

lemma segments-neq:

assumes segment G.face-cycle-succ a’ a # {} V segment G.face-cycle-succ a o’

#{}

shows segment G.face-cycle-succ a a’ # segment G.face-cycle-succ a’ a
proof —

have bij-fes: bij G.face-cycle-succ

using G.face-cycle-succ-permutes by (auto simp: permutes-conv-has-dom)

show ?thesis using segment-disj[OF a-neg-a’ bij-fcs] assms by auto

qed

lemma H-fcs-eq-G-fcs:
assumes b € arcs G {b,G.face-cycle-succ b} N {a,a’} = {}
shows H.face-cycle-succ b = G.face-cycle-succ b
proof —
have edge-rev M b ¢ {a,a’}
using assms by auto (metis G.arev-arev)
then show ?thesis
using assms unfolding G.face-cycle-succ-def H.face-cycle-succ-def
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by (auto simp: HM-def perm-restrict-simps perm-rem-simps G.bij-edge-succ)
qed

lemma face-cycle-set-other-da:

assumes {a, a’} N G.face-cycle-set b = {} b € arcs G

shows H.face-cycle-set b = G.face-cycle-set b
proof —

have As. s € G.face-cycle-set b = b € arcs G = a ¢ G.face-cycle-set b =

a’ ¢ G.face-cycle-set b
= pre-digraph-map.face-cycle-succ HM s = G.face-cycle-succ s
by (subst H-fcs-eq-G-fes) (auto simp: G.in-face-cycle-setD G.face-cycle-succ-inI)
then show ?thesis
using assms unfolding pre-digraph-map.face-cycle-set-def

by (intro orbit-cong) (auto simp add: pre-digraph-map.face-cycle-set-def [symmetric])

qed

lemma in-face-cycle-set-other:
assumes S € G.face-cycle-sets {a, a’} N S = {}
shows S € H.face-cycle-sets
proof —
from assms obtain b where S = G.face-cycle-set b b € arcs G
by (auto simp: G.face-cycle-sets-def)
with assms have S = H.face-cycle-set b by (simp add: face-cycle-set-other-da)
moreover
with assms have b € arcs H using <b € arcs Gy by (auto simp: arcs-H)
ultimately show ?thesis by (auto simp: H.face-cycle-sets-def)
qed

lemma H-fes-in-G-fes:
assumes b € arcs H — (G.face-cycle-set a U G.face-cycle-set a’)
shows H.face-cycle-set b € G.face-cycle-sets — { G.face-cycle-set a, G.face-cycle-set
a'}
proof —
have H.face-cycle-set b = G.face-cycle-set b
using assms by (intro face-cycle-set-other-da) (auto simp: arcs-H G.face-cycle-eq)
moreover have G.face-cycle-set b ¢ {G.face-cycle-set a, G.face-cycle-set a'}
bearcs G
using G.face-cycle-eq assms by (auto simp: arcs-H)
ultimately show ?thesis by (auto simp: G.face-cycle-sets-def)
qed

lemma face-cycle-sets-da0:
H.face-cycle-sets = G.face-cycle-sets — { G.face-cycle-set a, G.face-cycle-set a'}
U H.face-cycle-set ‘ ((G.face-cycle-set a U G.face-cycle-set a”) — {a,a’}) (is
L = ¢R)
proof (intro set-eql iffI)
fix S assume S € 7L
then obtain b where S = H.face-cycle-set b b € arcs H by (auto simp:
H.face-cycle-sets-def)
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then show S € ?R
using arcs-not-in H-fcs-in-G-fcs by (cases b € G.face-cycle-set a U G.face-cycle-set
a’) auto
next
fix S assume S € 7R
show S € 7L
proof (cases S € G.face-cycle-sets — { G.face-cycle-set a, G.face-cycle-set a'})
case True
then have S N {a,a’} = {} using G.face-cycle-set-parts by (auto simp:
G.face-cycle-sets-def)
with True show ?thesis by (intro in-face-cycle-set-other) auto
next
case Fulse
then have S € H.face-cycle-set * ((G.face-cycle-set a U G.face-cycle-set a’)
—{a,a})
using «S € ?R» by blast
moreover have (G.face-cycle-set a U G.face-cycle-set o) — {a,a’} C arcs H
using a-in by (auto simp: arcs-H dest: G.in-face-cycle-setD)
ultimately show ?thesis by (auto simp: H.face-cycle-sets-def)
qed
qged

lemma card-fes-aa’-le: card {G.face-cycle-set a, G.face-cycle-set a'} < card
G.face-cycle-sets
using a-in by (intro card-mono) (auto simp: G.face-cycle-sets-def)

lemma card-face-cycle-sets-da0:
card H.face-cycle-sets = card G.face-cycle-sets — card {G.face-cycle-set a,
G.face-cycle-set a'}
+ card (H.face-cycle-set * ((G.face-cycle-set a U G.face-cycle-set a’) — {a,a'}))
proof —
have face-cycle-sets-inter:
(G.face-cycle-sets — { G.face-cycle-set a, G.face-cycle-set a’}) N H.face-cycle-set
“((G.face-cycle-set a U G.face-cycle-set a') — {a, a'}) = {} (is 2L N ?R = -)
proof —
define L R P
where L = ?L and R = YR and P z +— z N (G.face-cycle-set a U
G.face-cycle-set a’) = {}
for z
then have A\v. s € L= Pz A\z. 2 € R= —-Pz
using G.face-cycle-set-parts by (auto simp: G.face-cycle-sets-def)
then have L N R = {} by blast
then show ?thesis unfolding L-def R-def .
qed
then show ?thesis using arcs-G
by (simp add: card-Diff-subset[symmetric] card-Un-disjoint[symmetric]
G.in-face-cycle-sets face-cycle-sets-da0)
qged
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end

locale bidel-arc-same-face = bidel-arc +
assumes same-face: G.face-cycle-set a’ = G.face-cycle-set a
begin
lemma a-in-o: a € orbit G.face-cycle-succ a’
unfolding G.face-cycle-set-def[symmetric] by (simp add: same-face)

lemma segment-a’-a-in: segment G.face-cycle-succ a’ a C arcs H (is ?seg C -)

proof —

have ?%seqg C G.face-cycle-set a’ by (auto simp: G.face-cycle-set-def segmentD-orbit)

moreover have G.face-cycle-set a’ C arcs G by (auto simp: G.face-cycle-set-altdef
a-in)

ultimately show ?thesis using a-in-o by (auto simp: arcs-H a-in not-in-segment1
not-in-segment2)

qed

lemma segment-a’-a-neD:

assumes segment G.face-cycle-succ o’ a # {}

shows segment G.face-cycle-succ a’ a € H.face-cycle-sets (is ?seg € -)
proof —

let ?b = G.face-cycle-succ a’

have fecs-a-neg-a’: G.face-cycle-succ a’ # a by (metis assms segmentl-empty)

have in-aG: \z. z € segment G.face-cycle-succ o’ a = = € arcs G — {a,a'}
using not-in-segment! not-in-segment2 segment-a’-a-in by (auto simp:

arcs-H)

{ fix z assume A: z € segment G.face-cycle-succ o’ a and B: G.face-cycle-succ
T # a
from A have G.face-cycle-succ x # a’
proof induct
case base then show ?case
by (metis a-neg-a’ G.face-cycle-set-self not-in-segment! G.face-cycle-set-def
same-face segment.intros)
next
case step then show ?Zcase by (metis a-in-o a-neg-a’ not-in-segmentl
segment.step)
qed
with A B have {z, G.face-cycle-succ z} N {a, o’} = {}
using not-in-segment1[OF a-in-o] not-in-segment2[of a G.face-cycle-succ o'l
by safe
with in-aG have H.face-cycle-succ x = G.face-cycle-succ x by (intro H-fes-eq-G-fcs)
(auto intro: A)
} note fes-z-eq = this

fix z assume A: z € segment G.face-cycle-succ a’ a and B: G.face-cycle-succ
g Y Y
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T =a

have G.face-cycle-succ a # a using B in-aG[OF A] G.bij-face-cycle-succ by
(auto simp: bij-eq-iff)

then have edge-succ M a # edge-rev M a

by (metis a-in-o G.arev-arev comp-apply G.face-cycle-succ-def not-in-segment1
segment.base)

then have H.face-cycle-succ z = G.face-cycle-succ a’

using in-aG[OF A] B G.bij-edge-succ unfolding H.face-cycle-succ-def
G.face-cycle-succ-def
by (auto simp: HM-def perm-restrict-simps perm-rem-conv G.arev-eq-iff)
} note fes-last-z-eq = this

have segment G.face-cycle-succ o’ a = H.face-cycle-set b
proof (intro set-eql iffI)
fix z assume z € segment G.face-cycle-succ a’ a
then show x € H.face-cycle-set ?b
proof induct
case base then show ?case by auto
next
case (step z) then show ?Zcase by (subst fes-z-eq[symmetric]) (auto simp:
H.face-cycle-succ-inl)
qed
next
fix z assume A: z € H.face-cycle-set ?b
then show z € segment G.face-cycle-succ a’ a
proof induct

case base then show ?case by (intro segment.base fcs-a-neq-a’)
next

case (step z) then show ?case using fecs-a-neg-a’
by (cases G.face-cycle-succ © = a) (auto simp: fcs-last-z-eq fes-z-eq intro:
segment.intros)
qed
qed

then show ?thesis using segment-a’-a-in by (auto simp: H.face-cycle-sets-def)
qed

lemma segment-a-a’-neD:
assumes segment G.face-cycle-succ a a’ # {}

shows segment G.face-cycle-succ a a’ € H.face-cycle-sets
proof —

interpret rev: bidel-arc-same-face G M a’
using a-in same-face by unfold-locales simp-all

from assms show ?thesis using rev.segment-a’-a-neD by (simp add: rev-H
rev-HM)

qed
lemma H-fes-full:

assumes SS C H.face-cycle-sets shows H.face-cycle-set ‘ (|J SS) = SS
proof —
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{ fix z assume z € |J S5
then obtain S where S € S5z € S5 € H.face-cycle-sets using assms by
auto
then have H.face-cycle-set z = S
using H.face-cycle-set-parts by (auto simp: H.face-cycle-sets-def)
then have H.face-cycle-set z € SS using «§ € 85> by auto
}
moreover
{ fix S assume S € SS
then obtain =z where z € arcs H S = H.face-cycle-set v € S
using assms by (auto simp: H.face-cycle-sets-def)
then have S € H.face-cycle-set ‘| SS
using «S € S5 by auto
}

ultimately show #thesis by auto
qed

lemma card-fes-gt-0: 0 < card G.face-cycle-sets
using a-in by (auto simp: card-gt-0-iff dest: G.in-face-cycle-sets)

lemma card-face-cycle-sets-da’:
card H.face-cycle-sets = card G.face-cycle-sets — 1
+ card ({segment G.face-cycle-succ a o', segment G.face-cycle-succ a’ a, {}}
- {3
proof —
have G.face-cycle-set a
= {a,a’} U segment G.face-cycle-succ a a’ U segment G.face-cycle-succ a’ a
using a-neq-a’ same-face by (intro cyclic-split-segment) (auto simp: G.face-cycle-succ-cyclic)
then have *: G.face-cycle-set a U G.face-cycle-set a’ — {a, a’} = segment
G.face-cycle-succ a a’ U segment G.face-cycle-succ a’ a
by (auto simp: same-face G.face-cycle-set-def[symmetric] not-in-segment!
not-in-segment2)

have xx: H.face-cycle-set * (G.face-cycle-set a U G.face-cycle-set a’ — {a, a'})
= (if segment G.face-cycle-succ a o’ # {} then {segment G.face-cycle-succ

aa'} else {})

U (if segment G.face-cycle-succ a’ a # {} then {segment G.face-cycle-succ
a’ a} else {})
unfolding *
using H-fes-fulllof {segment G.face-cycle-succ a a’, segment G.face-cycle-succ
a’ a}]
using H-fes-fulllof {segment G.face-cycle-succ a a'}]
using H-fes-fulllof {segment G.face-cycle-succ a’ a}]
by (auto simp add: segment-a-a’-neD segment-a’-a-neD)
show ?thesis
unfolding card-face-cycle-sets-da0 xx by (simp add: same-face card-insert-if)
qged
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end

locale bidel-arc-diff-face = bidel-arc +
assumes diff-face: G.face-cycle-set a’ # G.face-cycle-set a
begin

definition S :: ‘b set where
S = segment G.face-cycle-succ a a U segment G.face-cycle-succ a’ a’

lemma diff-face-not-in: a ¢ G.face-cycle-set o’ a’ ¢ G.face-cycle-set a
using diff-face G.face-cycle-eq by auto

lemma H-fcs-eq-for-a:
assumes b € arcs H N G.face-cycle-set a
shows H.face-cycle-set b = S (is ?L = ?R)
proof (intro set-eql iffI)
fix ¢ assume c € ?L
then have ¢ € arcs H using assms by (auto dest: H.in-face-cycle-setD)
moreover
have ¢ € G.face-cycle-set a U G.face-cycle-set a’
proof (rule ccontr)
assume A: —?thesis
then have G.face-cycle-set ¢ N (G.face-cycle-set a U G.face-cycle-set a’) =
{}
using G.face-cycle-set-parts by (auto simp: arcs-H)
also then have G.face-cycle-set ¢ = H.face-cycle-set ¢
using <c € arcs H» by (subst face-cycle-set-other-da) (auto simp: arcs-H)
also have ... = H.face-cycle-set b
using <c € ?L» using H.face-cycle-set-parts by auto
finally show Fulse using assms by auto
qed
ultimately show ¢ € ?R unfolding S-def arcs-H G.segment-face-cycle-x-z-eq
by auto

next
fix x assume z € ?R

from assms have a # b by (auto simp: arcs-H)
from assms have b-in: b € segment G.face-cycle-succ a a
using G.segment-face-cycle-z-z-eq by (auto simp: arcs-H)
have fcs-a-neg-a: G.face-cycle-succ a # a
using assms <a # b by (auto simp add: G.segment-face-cycle-x-x-eq G.fes-x-eq-x)
have split-seg: segment G.face-cycle-succ a a = segment G.face-cycle-succ a b
U {b}
U segment G.face-cycle-succ b a

using b-in by (intro segment-split)

have a-in-orb-a: a € orbit G.face-cycle-succ a by (simp add: G.face-cycle-set-def [symmetric])
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define ¢ where ¢ = inv G.face-cycle-succ a
have c-succ: G.face-cycle-succ ¢ = a unfolding c-def

by (meson bij-inv-eq-iff permutation-bijective G.permutation-face-cycle-succ)
have c-in-aa: ¢ € segment G.face-cycle-succ a a

unfolding G.segment-face-cycle-z-x-eq c-def using fcs-a-neq-a c-succ c-def

by force

have c-in: ¢ € {b} U segment G.face-cycle-succ b a

using split-seg b-in c-succ c-in-aa

by (auto dest: not-in-segment1[OF segmentD-orbit] intro: segment.intros)
from c-in-aa have ¢ € arcs H unfolding G.segment-face-cycle-z-z-eq

using arcs-in c-succ diff-face by (auto simp: arcs-H G.face-cycle-eq|of a'])

have b-in-L: b € ?L by auto
moreover
{ fix z assume z € segment G.face-cycle-succ b a then have z € 7L
proof induct
case base then show ?case
using assms diff-face-not-in(2) by (subst H-fcs-eq-G-fes[symmetric])
(auto simp: arcs-H intro: H.face-cycle-succ-inl G.face-cycle-succ-inI)
next
case (step )
have G.face-cycle-succ x ¢ G.face-cycle-set a = b € G.face-cycle-set a
—> Fulse
using step(1) by (metis G.face-cycle-eq G.face-cycle-succ-inl pre-digraph-map.face-cycle-set-def
segmentD-orbit)
moreover
have z € arcs G
using step assms H.in-face-cycle-setD arcs-H by auto
moreover
then have (G.face-cycle-succ © ¢ G.face-cycle-set a = b € G.face-cycle-set
a = Fulse) = {z, G.face-cycle-succ z} N {a, o'} = {}
using step(2,3) assms diff-face-not-in(2) H.in-face-cycle-setD arcs-H by
safe auto
ultimately show ?case using step
by (subst H-fcs-eq-G-fes[symmetric]) (auto intro: H.face-cycle-succ-inl)

qed

} note sba-in-L = this

moreover

{ fix z assume A: = € segment G.face-cycle-succ a’ a’ then have z € ?L
proof —

from c-in have ¢ € ?L using b-in-L sba-in-L by blast

have G.face-cycle-succ a’ # a'
using A by (auto simp add: G.segment-face-cycle-z-a-eq G.fes-z-eq-x)
then have *: G.face-cycle-succ a’ = H.face-cycle-succ ¢
using a-neg-a’ c-succ <c € arcs H» unfolding G.face-cycle-succ-def
H . face-cycle-succ-def arcs-H
by (auto simp: HM-def perm-restrict-simps perm-rem-conv G.bij-edge-succ
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G.arev-eq-iff)

from A have z € H.face-cycle-set ¢
proof induct
case base then show ?case by (simp add: x H.face-cycle-succ-inl)
next
case (step x)
have z € arcs G
using<c € arcs H» step.hyps(2) by (auto simp: arcs-H dest: H.in-face-cycle-setD)
moreover
have G.face-cycle-succ x # o' = {z, G.face-cycle-succ z} N {a, a'} =
{}
using step(1) diff-face-not-in(1) G.face-cycle-succ-inl G.segment-face-cycle-z-z-eq
by (auto simp: not-in-segment2)
ultimately
show ?Zcase using step by (subst H-fcs-eq-G-fes[symmetric]) (auto intro:
H.face-cycle-succ-inl)
qed
also have H.face-cycle-set ¢ = ?L
using <c € ?L) H.face-cycle-set-parts by auto
finally show ?thesis .
qed
} note sa’a’~in-L = this
moreover
{ assume A: z € segment G.face-cycle-succ a b

obtain d where d € ?L and d-succ: H.face-cycle-succ d = G.face-cycle-succ

a
proof (cases G.face-cycle-succ a’ = a’)
case True
from c-in have ¢ € ?L using b-in-L sba-in-L by blast
moreover

have H.face-cycle-succ ¢ = G.face-cycle-succ a
using fcs-a-neg-a c-suce a-neg-a’ True <c € arcs H»
unfolding G.face-cycle-succ-def H.face-cycle-succ-def arcs-H
by (auto simp: HM-def perm-restrict-simps arcs-H perm-rem-conv G.bij-edge-succ
G.arev-eq-iff)
ultimately show ?thesis ..
next
case Fulse

define d where d = inv G.face-cycle-succ a’

have d-succ: G.face-cycle-succ d = a’ unfolding d-def

by (meson bij-inv-eq-iff permutation-bijective G.permutation-face-cycle-succ)

have *x: d € 7L

using sa’a’-in-L False

by (metis DiffI d-succ empty-iff G.face-cycle-set-self G.face-cycle-set-succe in-
sert-iff G.permutation-face-cycle-succ pre-digraph-map. face-cycle-set-def segment-z-z-eq)

then have d € arcs H using assms by (auto dest: H.in-face-cycle-setD)

89



have H.face-cycle-succ d = G.face-cycle-succ a
using fcs-a-neq-a a-neg-a’ <d € arcs H> d-succ
unfolding G.face-cycle-succ-def H.face-cycle-succ-def arcs-H
by (auto simp: HM-def perm-restrict-simps arcs-H perm-rem-conv G.bij-edge-succ
G.arev-eq-iff)
with x show ?thesis ..
qed
then have d € arcs H using assms
by — (drule H.in-face-cycle-setD, auto)

from A have x € H.face-cycle-set d
proof induct
case base then show ?case by (simp add: d-succ[symmetric| H.face-cycle-succ-inl)
next
case (step )
moreover
have z € arcs G
using «d € arcs Hy arcs-H digraph-map.in-face-cycle-setD step.hyps(2) by

fastforce
moreover
have {z, G.face-cycle-succ z} N {a, o’} = {}
proof —
have a # z using step(2) H.in-face-cycle-setD «d € arcs H» arcs-not-in
by blast
moreover

have a # G.face-cycle-succ x
by (metis b-in not-in-segmentl segment.step segmentD-orbit step(1))
moreover
have o’ # z a’ # G.face-cycle-succ x
using step(1) diff-face-not-in(2) by (auto simp: G.face-cycle-set-def
dest!: segmentD-orbit intro: orbit.step)
ultimately
show ?thesis by auto
qed
ultimately
show ?case using step
by (subst H-fcs-eq-G-fes[symmetric]) (auto intro: H.face-cycle-succ-inl)
qed
also have H.face-cycle-set d = ?L
using <d € ?Ly H.face-cycle-set-parts by auto
finally have z € 7L .
}
ultimately show z € 7L
using «x € ?R> unfolding S-def split-seg by blast
qed

lemma HJ-fcs-eq-for-a”:

assumes b € arcs H N G.face-cycle-set a’
shows H.face-cycle-set b = S

90



proof —
interpret rev: bidel-arc-diff-face G M a’
using arcs-in diff-face by unfold-locales simp-all
show ?thesis using rev. H-fcs-eq-for-a assms by (auto simp: rev-H rev-HM S-def

rev.S-def)
qed
lemma card-face-cycle-sets-da:
card H.face-cycle-sets = card G.face-cycle-sets — card {G.face-cycle-set a,
G.face-cycle-set a'} + (if S = {} then 0 else 1)
proof —

have S = G.face-cycle-set a U G.face-cycle-set o’ — {a, a'}
unfolding S-def using diff-face-not-in
by (auto simp: segment-z-z-eq G.permutation-face-cycle-succ G.face-cycle-set-def)
moreover
{ fix z assume z € S
then have z € arcs H N (G.face-cycle-set a U G.face-cycle-set o’ — {a, a'})
unfolding «S = -» arcs-H using a-in by (auto intro: G.in-face-cycle-setD)
then have H.face-cycle-set x = S using H-fcs-eq-for-a HJ-fcs-eq-for-a’ by
blast

}
then have H.face-cycle-set * S = (if S = {} then {} else {S})
by auto
ultimately show ?thesis by (simp add: card-face-cycle-sets-da0)
qed

end

locale bidel-arc-biconnected = bidel-arc +
assumes reach-a: tail G a =" head G a
begin

lemma reach-a’: tail G o' —* gy head G o’
using reach-a a-in by (simp add: symmetric-reachable H.sym-arcs)

lemma
tail-a’: tail G o’ = head G a and
head-a" head G a’ = tail G a
using a-in by simp-all

lemma reachable-dal:
assumes v =" w shows v =% w
proof —
have «: Avw. v g w= v >y w
using reach-a reach-a’ by (auto simp: arcs-ends-def ends-H arcs-G arc-to-ends-def
tail-a’)
show ?thesis using assms by induct (auto simp: verts-H intro: x H.reachable-trans)
qed
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lemma reachable-da: v =" w <— v =% g w
by (metis reachable-daD reachable-dal)

lemma sccs-verts-da: H.sces-verts = G.sces-verts
by (auto simp: G.in-sccs-verts-conv-reachable H.in-sccs-verts-conv-reachable
reachable-da)

lemma card-sces-da: card H.sccs = card G.sccs
by (simp add: G.card-sccs-verts|symmetric] H.card-sccs-verts[symmetric] sccs-verts-da)

end

locale bidel-arc-not-biconnected = bidel-arc +
assumes not-reach-a: —tail G a —* g head G a
begin

lemma H-awalkl: G.awalk v p v = {a,a’} N set p = {} = H.awalk up v
by (auto simp: pre-digraph.apath-def pre-digraph.awalk-def verts-H arcs-H cas-da)

lemma tail-neq-head: tail G a # head G a
using not-reach-a a-in by (metis H.reachable-refl G.head-in-verts verts-H)

lemma scc-of-tail-neg-head: H.scc-of (tail G a) # H.scc-of (head G a)
proof —
have tail G a € H.scc-of (tail G a) head G a € H.scc-of (head G a)
using ends-in by (auto simp: H.in-scc-of-self verts-H)
with not-reach-a show ?thesis by (auto simp: H.scc-of-def)
qed

lemma scc-of-G-tail:

assumes u € G.scc-of (tail G a)

shows H.scc-of u = H.scc-of (tail G a) V H.scc-of u = H.scc-of (head G a)
proof —

from assms have u —* ; tail G a by (auto simp: G.scc-of-def)

then obtain p where p: G.apath u p (tail G a) by (auto simp: G.reachable-apath)

show ?thesis
proof (cases head G a € set (G.awalk-verts u p))
case True
with p obtain p’ ¢ where p = p’ Q ¢ G.awalk (head G a) q (tail G a)
and p”" G.awalk u p’ (head G a)
unfolding G.apath-def by (metis G.awalk-decomp)
moreover
then have tail G a € set (t (G.awalk-verts (head G a) q))
using tail-neg-head
apply (cases q)
apply (simp add: G.awalk-Nil-iff )
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apply (simp add: G.awalk-Cons-iff)
by (metis G.awalkE G.awalk-verts-non-Nil last-in-set)
ultimately
have tail G a ¢ set (G.awalk-verts u p’)
using G.apath-decomp-disjoint|OF p, of p’ q tail G o] by auto
with p’ have {a,a’} N set p’ = {}
by (auto simp: G.set-awalk-verts G.apath-def) (metis a-in imagel G.head-arev)
with p’ show ?thesis unfolding G.apath-def by (metis H.scc-ofl-awalk
H.scc-of-eq H-awalkl)
next
case Fulse
with p have {a,a’} N set p = {}
by (auto simp: G.set-awalk-verts G.apath-def) (metis a-in imagel G.tail-arev)
with p show ?thesis unfolding G.apath-def by (metis H.scc-ofl-awalk
H .scc-of-eq H-awalkI)
qed
qed

lemma scc-of-other:
assumes u ¢ G.scc-of (tail G a)
shows H.scc-of u = G.scc-of u
using assms
proof (intro set-eql iffI)
fix v assume v € H.scc-of u then show v € G.scc-of u
by (auto simp: H.scc-of-def G.scc-of-def intro: reachable-daD)
next
fix v assume v € G.scc-of u
then obtain p where p: G.awalk u p v by (auto simp: G.scc-of-def G.reachable-awalk)
moreover
have {a,a’} N set p = {}
proof —
have —u —* 7 tail G a using assms by (metis G.scc-ofI-reachable)
then have Ap. =G.awalk u p (tail G a) by (metis G.reachable-awalk)
then have tail G a ¢ set (G.awalk-verts u p)
using p by (auto dest: G.awalk-decomp)
with p show ?thesis
by (auto simp: G.set-awalk-verts G.apath-def) (metis a-in imagel G.head-arev)
qed
ultimately have H.awalk u p v by (rule H-awalkI)
then show v € H.scc-of u by (metis H.scc-ofI-reachable’ H.reachable-awalk)
qed

lemma scc-of-tail-inter:
tail G a € G.scc-of (tail G a) N H.scc-of (tail G a)
using ends-in by (auto simp: G.in-scc-of-self H.in-scc-of-self verts-H)

lemma scc-of-head-inter:

head G a € G.scc-of (tail G a) N H.scc-of (head G a)
proof —
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have tail G a = head G a head G a — ¢ tail G a
by (metis a-in G.in-arcs-imp-in-arcs-ends) (metis a-in G.graph-symmetric
G.in-arcs-imp-in-arcs-ends)
then have tail G a = head G a head G a =" ¢ tail G a by auto
then show ?thesis using ends-in by (auto simp: G.scc-of-def H.in-scc-of-self
verts-H)
qed

lemma G-scc-of-tail-not-in: G.scc-of (tail G a) ¢ H.sccs-verts
proof
assume A: G.scc-of (tail G a) € H.sccs-verts
from A scc-of-tail-inter have G.scc-of (tail G a) = H.scc-of (tail G a)
by (metis H.scc-of-in-sces-verts H.sces-verts-disjoint a-in empty-iff G.tail-in-verts
verts-H)
moreover
from A scc-of-head-inter have G.scc-of (tail G a) = H.scc-of (head G a)
by (metis H.scc-of-in-sces-verts H.sces-verts-disjoint a-in empty-iff G.head-in-verts
verts-H)
ultimately show False using scc-of-tail-neq-head by blast
qed

lemma H-scc-of-a-not-in:
H.scc-of (tail G a) ¢ G.sccs-verts H.scc-of (head G a) ¢ G.sccs-verts
proof safe
assume H.scc-of (tail G a) € G.sces-verts
with scc-of-tail-inter have G.scc-of (tail G a) = H.scc-of (tail G a)
by (metis G.scc-of-in-sces-verts G.sces-verts-disjoint a-in empty-iff G.tail-in-verts)
with G-scc-of-tail-not-in show False
using ends-in by (auto simp: H.scc-of-in-sccs-verts verts-H)
next
assume H.scc-of (head G a) € G.sccs-verts
with scc-of-head-inter have G.scc-of (tail G a) = H.scc-of (head G a)
by (metis G.scc-of-in-sces-verts G.sces-verts-disjoint a-in empty-iff G.tail-in-verts)
with G-scc-of-tail-not-in show False
using ends-in by (auto simp: H.scc-of-in-sccs-verts verts-H)
qed

lemma scc-verts-da:
H .sces-verts = (G.sces-verts — {G.scc-of (tail G a)}) U {H.scc-of (tail G a),
H.scc-of (head G a)} (is ?L = ?R)
proof (intro set-eql iffI)
fix S assume S € 7L
then obtain u where u € verts G S = H.scc-of u by (auto simp: verts-H
H .scces-verts-conv-sce-of)
moreover
then have G.scc-of (tail G a) # H.scc-of u using «S € 7Ly G-scc-of-tail-not-in
by auto
ultimately show S € 7R
unfolding G.sccs-verts-conv-scc-of
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by (cases u € G.scc-of (tail G a)) (auto dest: scc-of-G-tail scc-of-other)
next
fix S assume S € 7R
show S € 7L
proof (cases S € G.sccs-verts)
case True
with S € ?R) obtain u where u: u € verts G S = G.scc-of u and S #
G.scc-of (tail G a)
using H-scc-of-a-not-in by (auto simp: G.sccs-verts-conv-scc-of )
then have G.scc-of u N G.scc-of (tail G a) = {}
using ends-in by (intro G.sccs-verts-disjoint) (auto simp: G.scc-of-in-sccs-verts)
then have v ¢ G.scc-of (tail G a)
using u by (auto dest: G.in-scc-of-self)
with u show ?thesis using scc-of-other
by (auto simp: H.sccs-verts-conv-sce-of verts-H G.sces-verts-conv-sce-of)
next
case Fulse with «S € ?R) ends-in show ?thesis by (auto simp: H.sccs-verts-conv-scc-of
verts-H)
qed
qed

lemma card-sccs-da: card H.sces = Suc (card G.sces)
using H-scc-of-a-not-in ends-in
unfolding G.card-sces-verts[symmetric] H.card-sccs-verts[symmetric] scc-verts-da
by (simp add: card-insert-if G.finite-sccs-verts scc-of-tail-neq-head card-Suc-Diff1
G.scc-of-in-sces-verts del: card-Diff-insert)

end

sublocale bidel-arc-not-biconnected C bidel-arc-same-face
proof
note a-in
moreover from a-in have head G a € tail G * G.face-cycle-set a
by (simp add: G.heads-face-cycle-set[symmetric])
moreover have tail G a € tail G * G.face-cycle-set a by simp
ultimately obtain p where p: G.trail (head G a) p (tail G a) set p C G.face-cycle-set
a
by (rule G.obtain-trail-in-fes’)
define p’ where p’ = G.awalk-to-apath p
from p have p”: G.apath (head G a) p’ (tail G a) set p’ C G.face-cycle-set a
by (auto simp: G.trail-def p'-def dest: G.apath-awalk-to-apath G.awalk-to-apath-subset)
then have set p’ C arcs G
using a-in by (blast dest: G.in-face-cycle-setD)

have —set p’ C arcs H
proof
assume set p’ C arcs H

then have H.awalk (head G a) p’ (tail G a)
using p’ by (auto simp: G.apath-def arcs-H intro: H-awalkI)
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then show Fulse using not-reach-a by (metis H.symmetric-reachable’ H.reachable-awalk)
qed
then have set p’ N {a,a’} # {} using <set p’ C arcs G» by (auto simp: arcs-H)
moreover
have a ¢ set p’
proof
assume a € set p’
then have head G a € set (tl (G.awalk-verts (head G a) p’))
using «G.apath - p’ -
by (cases p’) (auto simp: G.set-awalk-verts G.apath-def G.awalk-Cons-iff,
metis imagel)
moreover
have head G a ¢ set (il (G.awalk-verts (head G a) p’))
using <G.apath - p’ -» by (cases p’) (auto simp: G.apath-def)
ultimately show Fulse by contradiction
qged
ultimately
have a’ € G.face-cycle-set a using p'(2) by auto
then show G.face-cycle-set a’ = G.face-cycle-set a using G.face-cycle-set-parts
by auto
qed

locale bidel-arc-tail-conn = bidel-arc +
assumes conn-tail: tail G a ¢ H.isolated-verts

locale bidel-arc-head-conn = bidel-arc +
assumes conn-head: head G a ¢ H.isolated-verts

locale bidel-arc-tail-isolated = bidel-arc +
assumes isolated-tail: tail G a € H.isolated-verts

locale bidel-arc-head-isolated = bidel-arc +
assumes isolated-head: head G a € H.isolated-verts
begin

lemma G-edge-succ-a’-no-loop:
assumes no-loop-a: head G a # tail G a shows G-edge-succ-a’: edge-succ M
a’ = a' (is 72)
proof —
have x: out-arcs G (tail G o) = {a'}
using a-in isolated-head