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Abstract

Generating and checking proof certificates is important to increase the trust in automated
reasoning tools. In recent years formal verification using computer algebra became more
important and is heavily used in automated circuit verification. An existing proof format
which covers algebraic reasoning and allows efficient proof checking is the practical algebraic
calculus. In this development, we present the verified checker Pasteque that is obtained by
synthesis via the Refinement Framework.

This is the formalization going with our FMCAD’20 tool presentation [1].
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theory PAC-More-Poly
imports HOL— Library. Poly-Mapping HOL— Algebra.Polynomials Polynomials. MPoly- Type-Class
HOL—-Algebra. Module HOL— Library. Countable-Set

begin

1 Overview

One solution to check circuit of multipliers is to use algebraic method, like producing proofs on
polynomials. We are here interested in checking PAC proofs on the Boolean ring. The idea is
the following: each variable represents an input or the output of a gate and we want to prove
the bitwise multiplication of the input bits yields the output, namely the bitwise representation
of the multiplication of the input (modulo 2" where n is the number of bits of the circuit).

Algebraic proof systems typically reason over polynomials in a ring K[X], where the variables
X represent Boolean values. The aim of an algebraic proof is to derive whether a polynomial
f can be derived from a given set of polynomials G = {g1,...,9;} C K[X] together with the
Boolean value constraints B(X) = {#? — x; | #; € X}. In algebraic terms this means to show
that the polynomial f € (G U B(X)).

In our setting we set K = Z and we treat the Boolean value constraints implicitly, i.e., we
consider proofs in the ring Z[X]/(B(X)) to admit shorter proofs

The checker takes as input 3 files:

1. an input file containing all polynomials that are initially present;

2. a target (or specification) polynomial ;



3. a “proof” file to check that contains the proof in PAC format that shows that the specifi-
cation is in the ideal generated by the polynomials present initially.

Fach step of the proof is either an addition of two polynomials previously derived, a multipli-
cation from a previously derived polynomial and an arbitrary polynomial, and the deletion a
derived polynomial.

One restriction on the proofs compared to generic PAC proofs is that 22> = z in the Boolean
ring we are considering.

The checker can produce two outputs: valid (meaning that each derived polynomial in the proof
has been correctly derived and the specification polynomial was also derived at some point
[either in the proof or as input]) or invalid (without proven information what went wrong).

The development is organised as follows:

o PAC_Specification.thy (this file) contains the specification as described above on ideals
without any peculiarities on the PAC proof format

o PAC_Checker_Specification.thy specialises to the PAC format and enters the nonde-
terminism monad to prepare the subsequent refinements.

e PAC_Checker.thy contains the refined version where polynomials are represented as lists.

e PAC_Checker_Synthesis.thy contains the efficient implementation with imperative data
structure like a hash set.

e PAC_Checker_MLton.thy contains the code generation and the command to compile the
file with the ML compiler MLton.

Here is an example of a proof and an input file (taken from the appendix of our FMCAD
paper [1], available at http://fmv.jku.at/pacheck_ pasteque):

<res.input> <res.proof>

1 xx*xy; 3 = fz, -z+1;

2 yxz-y-z+1; 4 x 3, y-1, -fzxy+fz-yxz+y+z-1;
5 + 2, 4, -fzxy+fz;
2 d;
4 d;

<res.target> 6 *x 1, fz, fzxx*y;

—X*Z+X; 1 d;
7 *x b, x, —fzixxy+fz*xx;
8 + 6, 7, fz*x;
9 *x 3, X, —fzxx-x*z+x;
10 + 8, 9, —-X*z+X;

Each line starts with a number that is used to index the (conclusion) polynomial. In the proof,
there are four kind of steps:

1. 3 = fz, -z+1; is an extension that introduces a new variable (in this case £z);


http://fmv.jku.at/pacheck_pasteque

2.4 x 3, y-1, -fzxy+tfz-y*z+y+z-1; is a multiplication of the existing polynomial
with index 3 by the arbitrary polynomial y-1 and generates the new polynomial -fzxy+fz-y*z+y+z-1
with index 4;

3.5 + 2, 4, —-fzxy+fz; is an addition of the existing polynomials with index 2 and
4 and generates the new polynomial -fz*y+fz with index 5;

4. 1 d; deletes the polynomial with index 1 and it cannot be reused in subsequent steps.

Remark that unlike DRAT checker, we do forward checking and check every derived polynomial.
The target polynomial can also be part of the input file.

2 Libraries

2.1 More Polynomials

Here are more theorems on polynomials. Most of these facts are extremely trivial and should
probably be generalised and moved to the Isabelle distribution.

lemma Consty-add:
<Consty (a + b) = Constyg a + Consty b
by transfer
(simp add: Constg-def single-add)

lemma Const-mult:
«Const (a * b) = Const a x Const b
by transfer (simp add: Consty-def times-monomial-monomial)

lemma Constg-mult:
«Consty (a * b) = Consty a x Consty b
by transfer (simp add: Consty-def times-monomial-monomial)

lemma Const0[simp]:
«Const 0 = 0»
by transfer (simp add: Consty-def)

lemma (in —) Const-uminus[simp):
«Const (—n) = — Const n»
by transfer (auto simp: Consto-def monomial-uminus)

lemma [simp]: «Consty 0 = 0>
«MPoly 0 = 0>
by (auto simp: Consty-def zero-mpoly-def)

lemma Const-add:
«Const (a + b) = Const a + Const b
by transfer (simp add: Consty-def single-add)

instance mpoly :: (comm-semiring-1) comm-semiring-1
by standard

lemma degree-uminus|simp]:
<degree (—A) ' = degree A ="
by (auto simp: degree-def uminus-mpoly.rep-eq)



lemma degree-sum-notin:
<z’ ¢ vars B = degree (A + B) z' = degree A z')
apply (auto simp: degree-def)
apply (rule arg-congof - - Max])
apply standard+
apply (auto simp: plus-mpoly.rep-eq UN-I UnE image-iff in-keys-iff subsetD vars-def lookup-add
dest: keys-add intro: in-keys-plusll cong: ball-cong-simp)
done

lemma degree-notin-vars:
<z ¢ (vars B) = degree (B :: 'a :: {monoid-add} mpoly) x = 0>
using degree-sum-notinfof x B 0]
by auto

lemma not-in-vars-coeff0:
<z ¢ vars p = MPoly-Type.coeff p (monomial (Suc 0) z) = 0»
by (subst not-not[symmetric], subst coeff-keys[symmetric))
(auto simp: vars-def)

lemma keys-add’:
p € keys (f + g) = p € keys f U keys g
by transfer auto

lemma keys-mapping-sum-add:
finite A = keys (mapping-of > v € A. fv)) C | (keys ¢ mapping-of * f < UNIV)»
by (induction A rule: finite-induct)
(auto simp add: zero-mpoly.rep-eq plus-mpoly.rep-eq
keys-plus-ninv-comm-monoid-add dest: keys-add’)

lemma vars-sum-vars-union:
fixes f :: <int mpoly = int mpoly>
assumes <finite {v. fv # 0}
shows <vars (Y v | fv#£ 0. foxv) CJ(vars “{v. fo#0}) UJ(vars “f “{v. fo#£0})
(is <?A C 7B»)
proof
fix p
assume <p € vars (D> v | fv# 0. fv=* o)
then obtain z where <z € keys (mapping-of (> v | fv # 0. fv* v)) and
p: <p € keys
by (auto simp: vars-def times-mpoly.rep-eq simp del: keys-mult)
then have <z € (|Jz. keys (mapping-of (f x) * mapping-of x))>
using keys-mapping-sum-add|of {v. fv # 0} Az. fz x 1] assms
by (auto simp: vars-def times-mpoly.rep-eq)
then have «x € (|Jz. {a+b| a b. a € keys (mapping-of (fz)) A b € keys (mapping-of z)})
using Union-mono[OF | keys-mult by fast
then show <p € ?B)
using p by (force simp: vars-def zero-mpoly.rep-eq dest!: keys-add’)
qed

lemma vars-in-right-only:
x € vars ¢ = = ¢ vars p = x € vars (p+q)
unfolding wvars-def keys-def plus-mpoly.rep-eq lookup-plus-fun
apply clarify



subgoal for za
by (auto simp: vars-def keys-def plus-mpoly.rep-eq
lookup-plus-fun introl: exI[of - xa] dest!: spec|of - xa)
done

lemma [simp]:
wars 0 = {h
by (simp add: vars-def zero-mpoly.rep-eq)

lemma vars-Un-nointer:
<keys (mapping-of p) N keys (mapping-of q) = {} = vars (p + q) = vars p U vars ¢
by (auto simp: vars-def plus-mpoly.rep-eq simp flip: More-MPoly-Type.keys-add dest!: keys-add’)

lemmas [simp] = zero-mpoly.rep-eq

lemma polynomial-sum-monoms:
fixes p :: <‘a :: {comm-monoid-add,cancel-comm-monoid-add} mpoly>
shows
<p = (3 z€keys (mapping-of p). MPoly-Type.monom x (MPoly-Type.coeff p x))»
<keys (mapping-of p) C I = finite I = p = (>_ z€l. MPoly-Type.monom z (MPoly-Type.coeff p
x))»
proof —
define J where (J = keys (mapping-of p)»
define a where <a x = coeff p z» for z
have <finite (keys (mapping-of p))
by auto
have «p = (> z€l. MPoly-Type.monom x (MPoly-Type.coeff p z))>
if <finite I+ and <keys (mapping-of p) C I»
for 1
using that
unfolding a-def
proof (induction I arbitrary: p rule: finite-induct)
case empty
then have p = 0»
using empty coeff-all-0 coeff-keys by blast
then show ?case using empty by (auto simp: zero-mpoly.rep-eq)
next
case (insert x F') note fin = this(1) and zF = this(2) and IH = this(3) and
incl = this(4)
let ?p = <p — MPoly-Type.monom x (MPoly-Type.coeff p x)»
have H: (\za. t ¢ F = 10 € F =
MPoly-Type.monom za (MPoly-Type.coeff (p — MPoly-Type.monom z (MPoly-Type.coeff p x))
za) =
MPoly-Type.monom za (MPoly-Type.coeff p za)>
by (metis (mono-tags, opaque-lifting) add-diff-cancel-right’ remove-term-coeff
remove-term-sum when-def)
have «%p = (> za€F. MPoly-Type.monom za (MPoly-Type.coeff ?p za))»
apply (rule IH)
using incl apply —
by standard (smt (verit) Diff-iff Diff-insert-absorb add-diff-cancel-right’
remove-term-keys remove-term-sum subsetD zF')
also have «... = (3  za€F. MPoly-Type.monom xa (MPoly-Type.coeff p za))»
by (use oF in <auto intro!: sum.cong simp: H»)
finally show ?case



apply (subst (asm) remove-term-sum|of z p, symmetric])
apply (subst remove-term-sum|of = p, symmetric])
using zF fin by (auto simp: ac-simps)
qed
from this[of I] this[of J] show
<p = (O z€keys (mapping-of p). MPoly-Type.monom x (MPoly-Type.coeff p z))>
<keys (mapping-of p) C I = finite I = p = (>_ x€l. MPoly-Type.monom z (MPoly-Type.coeff p
z))
by (auto simp: J-def)
qed

lemma vars-mult-monom:

fixes p :: <int mpoly>

shows <vars (p * (monom (monomial (Suc 0) ') 1)) = (if p = 0 then {} else insert =’ (vars p))»
proof —

let v = <monom (monomial (Suc 0) z') 1»
have
p: «p = (O x€keys (mapping-of p). MPoly-Type.monom x (MPoly-Type.coeff p x))» (is - = D x €
?I. ?f z)»)

using polynomial-sum-monoms(1)[of p| .
have pv: <p x v = (D> x € ?I. ?fz x %v)
by (subst p) (auto simp: field-simps sum-distrib-left)
define I where <I = ?I»
have in-keysD: <z € keys (mapping-of (3 xz€l. MPoly-Type.monom z (h z))) = z € D
if «finite I» for I and h :: <- = int» and z
using that by (induction rule: finite-induct)
(force simp: monom.rep-eq empty-iff insert-iff keys-single coeff-monom
simp: coeff-keys simp flip: coeff-add
simp del: coeff-add)+
have in-keys: <keys (mapping-of (> xz€l. MPoly-Type.monom x (h z))) = (Jz € I. (if hx = 0 then
{} else {z})>
if <finite I> for I and h :: <- = int» and z
supply in-keysD[dest)
using that by (induction rule: finite-induct)
(auto simp: plus-mpoly.rep-eq MPoly-Type-Class.keys-plus-eql )

have H[simp]: «wars ((3_ z€l. MPoly-Type.monom = (h z))) = (Jz€l. (if h x = 0 then {} else keys
x))»

if <finite Iy for I and h :: <- = int

using that by (auto simp: vars-def in-keys)

have sums: «(>_ z€l.
MPoly-Type.monom (z + o) (¢ z)) =
> ze Mz x4+ a’) 1.
MPoly-Type.monom z (¢ (x — a’)))»
if «finite I» for I a’ c ¢
using that apply (induction rule: finite-induct)
subgoal by auto
subgoal
unfolding image-insert by (subst sum.insert) auto
done
have non-zero-keysEx: <p # 0 = Ja. a € keys (mapping-of p)» for p :: <int mpoly
using mapping-of-inject by (fastforce simp add: ex-in-conv)



have «finite I+ <keys (mapping-of p) C I
unfolding I-def by auto

then show
wars (p x (monom (monomial (Suc 0) z') 1)) = (if p = 0 then {} else insert z’ (vars p))»
apply (subst pv, subst I-def [symmetric], subst mult-monom)
apply (auto simp: mult-monom sums I-def)
using Poly-Mapping.keys-add vars-def apply fastforce
apply (auto dest!: non-zero-keysEx)
apply (rule-tac z= <a + monomial (Suc 0) x’y in bexl)

apply (auto simp: coeff-keys)
apply (simp add: in-keys-iff lookup-add)
apply (auto simp: vars-def)
apply (rule-tac z= <xa + monomial (Suc 0) z’> in bexl)
apply (auto simp: coeff-keys)
apply (simp add: in-keys-iff lookup-add)
done
qed

term «(z’, u, lookup u x’, A)>
lemma in-mapping-mult-single:
«x € (Az. lookup x x") “keys (A * (Varg z':: (nat = nat) = 'b :: {monoid-mult,zero-neg-one,semiring-0}))
—
z>0Nz—1¢€ Az lookup z ') ‘ keys (A)
apply (standard+; clarify)
subgoal
apply (auto elim!: in-keys-timesE simp: lookup-add)
apply (auto simp: keys-def lookup-times-monomial-right Varg-def lookup-single image-iff)
done
subgoal
apply (auto elim!: in-keys-timesE simp: lookup-add)
apply (auto simp: keys-def lookup-times-monomial-right Varg-def lookup-single image-iff)
done
subgoal for za
apply (auto elim!: in-keys-timesE simp: lookup-add)
apply (auto simp: keys-def lookup-times-monomial-right Varg-def lookup-single image-iff lookup-add
intro!: exl[of - «xa + Poly-Mapping.single x’ 1])
done
done

lemma Maz-Suc-Suc-Maz:
(finite A = A # {} = Max (insert 0 (Suc ‘ A)) =
Suc (Maz (insert 0 A))»
by (induction rule: finite-induct)
(auto simp: hom-Maz-commute)

lemma [simp]:
<keys (Varg ' 2 ('a =0 nat) =0 'b :: {zero-neg-one}) = {Poly-Mapping.single =’ 1}»
by (auto simp: Varg-def)

lemma degree-mult- Var:

<degree (A x Var z') ' = (if A = 0 then 0 else Suc (degree A z’))» for A :: <int mpoly>
proof —

have [simp]: <A # 0 =



Maz (insert 0 ((Az. Suc (lookup = z')) ¢ keys (mapping-of A))) =

Maz (insert (Suc 0) ((Az. Suc (lookup x z’)) * keys (mapping-of A)))»

unfolding image-image[of Suc Az. lookup = z'y, symmetric] image-insert[symmetric|

by (subst Max-Suc-Suc-Mazx, use mapping-of-inject in fastforce, use mapping-of-inject in fastforce)+
(simp add: Max.hom-commute)

have <4 # (0 =

Maz (insert 0

(M. lookup = z')

keys (mapping-of A * mapping-of (Var z")))) =

Suc (Maxz (insert 0 ((Am. lookup m z') ‘ keys (mapping-of A))))>

by (subst arg-cong|of - <insert 0
(Suc “ (Az. lookup z ') * keys (mapping-of A)))» Max))

(auto simp: image-image Var.rep-eq lookup-plus-fun in-mapping-mult-single
hom-Max-commute Mazx-Suc-Suc-Max
elim!: in-keys-timesE split: if-splits)

then show ?thesis

by (auto simp: degree-def times-mpoly.rep-eq
introl: arg-cong|of - <insert 0
(Suc “ (Az. lookup x ') * keys (mapping-of A)))» Max))

qed

lemma degree-mult- Var':
<degree (Var ¢’ « A) x' = (if A = 0 then 0 else Suc (degree A x'))> for A :: <int mpoly>
by (simp add: degree-mult-Var semiring-normalization-rules(7))

lemma degree-times-le:
<degree (A x B) z < degree A x + degree B x)
by (auto simp: degree-def times-mpoly.rep-eq
maz-def lookup-add add-mono
dest!: set-rev-mp|OF - Poly-Mapping.keys-add]
elim!: in-keys-timesE)

lemma monomial-ing:
monomial ¢ s = monomial (d::'b::zero-neg-one) t +— (¢c=0ANd=0)V (c=dANs=1)
by (fastforce simp add: monomial-inj Poly-Mapping.single-def
poly-mapping. Abs-poly-mapping-inject when-def fun-eq-iff
cong: if-cong
split: if-splits)

lemma MPoly-monomial-power’:
<MPoly (monomial 1 z') ~(n+1) = MPoly (monomial (1) (Az. z + z’) " n) ')
by (induction n)
(auto simp: times-mpoly.abs-eq mult-single ac-simps)

lemma MPoly-monomial-power:
«n > 0 = MPoly (monomial 1 z') = (n) = MPoly (monomial (1) (Az. z + 2') " (n — 1)) z"))»
using MPoly-monomial-power’[of - «<n—1)]
by auto

lemma vars-uminus[simp):
wars (—p) = vars p
by (auto simp: vars-def uminus-mpoly.rep-eq)

lemma coeff-uminus|simp):



<MPoly-Type.coeff (—p) © = —MPoly-Type.coeff p x>
by (auto simp: coeff-def uminus-mpoly.rep-eq)

definition decrease-key::'a = ('a = 'b::{monoid-add, minus,one}) = (‘a = 'b) where
decrease-key kO f = Abs-poly-mapping (Ak. if k = kO A lookup [k # 0 then lookup fk — 1 else lookup
fk)

lemma remowve-key-lookup:
lookup (decrease-key k0 f) k = (if k = kO A lookup [k # 0 then lookup f k — 1 else lookup f k)
unfolding decrease-key-def using finite-subset apply simp
apply (subst lookup-Abs-poly-mapping)
apply (auto intro: finite-subset[of - <{z. lookup fx # 0}])
apply (subst lookup-Abs-poly-mapping)
apply (auto intro: finite-subset[of - <{z. lookup fx # 0}])
done

lemma polynomial-split-on-var:
fixes p :: <‘a :: {comm-monoid-add,cancel-comm-monoid-add,semiring-0,comm-semiring-1} mpoly>
obtains ¢ r where
<p = monom (monomial (Suc 0) ') 1 x ¢ + r> and
<z’ ¢ vars r
proof —
have [simp]: {z € keys (mapping-of p). x’ € keys z} U
{z € keys (mapping-of p). ' ¢ keys x} = keys (mapping-of p)»
by auto
have
<p = (O z€keys (mapping-of p). MPoly-Type.monom x (MPoly-Type.coeff p x))» (is - = (>_z € ?I.
f z)»)
using polynomial-sum-monoms(1)[of p] .
also have ... = (D ze {x € ?2[. ' € keys z}. of z) + O xze {x € ?2[. z' ¢ keys z}. ?f z)» (is - =
X + 2¢X>)
by (subst comm-monoid-add-class.sum.union-disjoint[symmetric]) auto
finally have 1: <p = pX + 2¢X> .
have H: <0 < lookup z ' = (Mk. (if ' = k then Suc 0 else 0) +
(if k =2’ A 0 < lookup x k then lookup z k — 1
else lookup z k)) = lookup x> for = x’
by auto
have [simp]: <finite {z. 0 < (Suc 0 when z' = z)}> for z’ :: nat and x
by (smt (verit) bounded-nat-set-is-finite lessI mem-Collect-eq neq0-conv when-cong when-neq-zero)
have H: <z’ € keys x = monomial (Suc 0) =’ + Abs-poly-mapping (Mk. if k = 2’ A 0 < lookup z k
then lookup z k — 1 else lookup © k) = x>
for z and z' :: nat
apply (simp only: keys-def single.abs-eq)
apply (subst plus-poly-mapping.abs-eq)
by (auto simp: eg-onp-def when-def H
introl: finite-subset[of «{za. (za = ' A 0 < lookup z xza — Suc 0 < lookup z z') A
(za # ' — 0 < lookup x za)}» {za. 0 < lookup x za}>])

have [simp]: <z’ € keys x =
MPoly-Type.monom (monomial (Suc 0) z’ + decrease-key z’ x) n =
MPoly-Type.monom z ny for z n and z’
apply (subst mpoly.mapping-of-inject[symmetric|, subst poly-mapping.lookup-inject|symmetric])
unfolding mapping-of-monom lookup-single
apply (auto intro!: ext simp: decrease-key-def when-def H)
done

10



have pX: «?pX = monom (monomial (Suc 0) z') 1 x (> z€ {z € ?I. ' € keys x}. MPoly-Type.monom
(decrease-key x' z) (MPoly-Type.coeff p x))»
(is <- = - % pX")
by (subst sum-distrib-left, subst mult-monom,)
(auto introl: sum.cong)
have «z’ ¢ vars 2¢X>
using vars-setsum[of {z. x € keys (mapping-of p) N x’ & keys x}» <?f)]
by (auto dest!: vars-monom-subset[unfolded subset-eq Ball-def, rule-format])
then show ?thesis
using that[of ?pX’ ?¢X]
unfolding pX|[symmetric] 1[symmetric]
by blast
qed

lemma polynomial-split-on-var2:
fixes p :: «<int mpoly»
assumes <z’ ¢ vars
obtains ¢ r where
<p = (monom (monomial (Suc 0) ') 1 — s) * ¢ + m and
<z’ ¢ vars r
proof —
have eq[simp]: <monom (monomial (Suc 0) z") 1 = Var z’
by (simp add: Var.abs-eq Varg-def monom.abs-eq)
have <V m < n. V P:int mpoly. degree Pz’ < m — (3A B. P = (Varz' — s) x A + B A 2’ ¢ vars
B)) for n
proof (induction n)
case (
then show ?case by auto
next
case (Suc n)
then have IH: <m<n = MPoly-Type.degree P ' < m —
(FA B. P= (Varz’ — s) * A+ B A 2’ ¢ vars B)» for m P
by fast
show ?Zcase
proof (intro alll impl)
fix m and P :: <int mpoly>
assume <m < Suc ny and deg: «<MPoly-Type.degree P ' < my»
consider
m < n» |
«m = Suc n»
using «<m < Suc n» by linarith
then show «<3A B. P = (Varz' — s) «x A + B A 2’ ¢ vars B»
proof cases
case I
then show «?thesis»
using Suc deg by blast
next
case [simp]: 2
obtain A B where
P:<P=Varz'* A+ B> and
<z’ ¢ vars B>
using polynomial-split-on-var|of P z'| unfolding eq by blast
have P <P = (Varaz' — s) *x A + (s x A + B)»
by (auto simp: field-simps P)

11



have (A = 0 V degree (s * A) z' < degree P z'y
using deg <z’ ¢ vars By «x’ ¢ vars ) degree-times-le[of s A x| deg
unfolding P
by (auto simp: degree-sum-notin degree-mult-Var' degree-mult-Var degree-notin-vars
split: if-splits)
then obtain A’ B’ where
sA: <sxA = (Var z’ — s) * A’ + B’» and
<z’ ¢ vars B
using IH[of <m—1 <sxA>] deg <z’ ¢ vars B> that[of 0 0]
by (cases <0 < ) (auto dest!: vars-in-right-only)
have (P = (Varz' — s) x (A + A) + (B’ + B)»
unfolding P’ sA by (auto simp: field-simps)
moreover have «z’ ¢ vars (B’ + B)»
using <z’ ¢ vars By <z’ ¢ vars B)
by (meson UnE subset-iff vars-add)
ultimately show ?thesis
by fast
qed
qged
ged
then show ?thesis
using that unfolding eq
by blast
qed

lemma finit-whenl[intro]:
finite {z. (0 = nat) < (y )} = finite {z. 0 < (y z when z # z") b
apply (rule finite-subset)
defer apply assumption
apply (auto simp: when-def)
done

lemma polynomial-split-on-var-diff-sq2:
fixes p :: <int mpoly>
obtains ¢ r s where
<p = monom (monomial (Suc 0) z’) 1 x ¢ + r + s * (monom (monomial (Suc 0) z') 172 — monom
(monomial (Suc 0) z’) 1)» and
<z’ ¢ vars ry and
&’ ¢ vars ¢
proof —
let v = <monom (monomial (Suc 0) z') 1 :: int mpoly
have H: i(n <m = n> 0= 3q. %vn= %0+ qgx (%02 — %) for n m :: nat
proof (induction m arbitrary: n)
case (
then show ?case by auto
next
case (Suc m n) note IH = this(1—)
consider
m < m |
(m = mny «n > 1) |
n = 1»
using /H
by (cases <n < m); cases n) auto
then show ?case
proof cases
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case I
then show ?thesis using IH by auto
next
case 2
have eq: «?v(n) = ((%v 2 int mpoly) ~ (n—2)) * (v 2—%) + v (n—1)
using 2 by (auto simp: field-simps power-eq-if
ideal.scale-right-diff-distrib)
obtain ¢ where
¢« (n—1) = %20+ qgx (2072 — %)
using IH(1)[of <n—1>] 2
by auto
show ?thesis
using ¢ unfolding eq
by (auto introl: exI[of - <?v ~ (n — 2) + @] simp: distrib-right)
next
case 3
then show «?thesis)
by auto
qged
ged
have H: «n>0 = 3q. 2v'n = %v + g * (v 2—%)» for n
using Hof n «n+1>]
by auto
obtain ¢r :: (nat = int mpoly> where
gri<n >0 = v'n= % + qrnx (%v°2—"%) for n
using H by metis
have vn: «(if lookup z ' = 0 then 1 else Var z' ~ lookup z z') =
(if lookup x z' = 0 then 1 else 2v) + (if lookup x ' = 0 then 0 else 1) % qr (lookup z z') * (Pv"2— %v)>
for z
by (simp add: qr{symmetric] Var-def Varg-def monom.abs-eq[symmetric] cong: if-cong)

have ¢: <p = (3 z€keys (mapping-of p). MPoly-Type.monom x (MPoly-Type.coeff p z))»
by (rule polynomial-sum-monoms(1)[of p])
have [simp]:
<lookup vz’ = 0 =
Abs-poly-mapping (Ak. lookup x k when k # z') = x» for z
by (cases x, auto simp: poly-mapping. Abs-poly-mapping-inject)
(auto introl: ext simp: when-def)
have [simp]: <finite {z. 0 < (a when z’ = z)}> for a :: nat
by (metis (no-types, lifting) infinite-nat-iff-unbounded less-not-refl lookup-single lookup-single-not-eq
mem-Collect-eq)

have [simp]: <((Az.  + monomial (Suc 0) z') " (n))

(monomial (Suc 0) z') = Abs-poly-mapping (Mk. (if k = z' then n+1 else 0))» for n

by (induction n)

(auto simp: single-def Abs-poly-mapping-inject plus-poly-mapping.abs-eq eq-onp-def cong:if-cong)
have [simp]: <0 < lookup z 2’ =

Abs-poly-mapping (Ak. lookup x k when k # z') +

Abs-poly-mapping (Ak. if k = z' then lookup x ' — Suc 0 + 1 else 0) =

x for z

apply (cases z, auto simp: poly-mapping. Abs-poly-mapping-inject plus-poly-mapping.abs-eq eq-onp-def)

apply (subst plus-poly-mapping.abs-eq)

apply (auto simp: poly-mapping. Abs-poly-mapping-inject plus-poly-mapping.abs-eq eq-onp-def)

apply (subst Abs-poly-mapping-inject)

apply auto
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done
define f where
«f x = (MPoly-Type.monom (remove-key x’ x) (MPoly-Type.coeff p )) *
(if lookup = x’ = 0 then 1 else Var ' ~ (lookup z z"))) for z
have f-alt-def: <f x = MPoly-Type.monom z (MPoly-Type.coeff p z)> for z
by (auto simp: f-def monom-def remove-key-def Var-def MPoly-monomial-power Varg-def
mpoly. MPoly-inject monomial-inj times-mpoly.abs-eq
times-mpoly.abs-eq mult-single)
have p: <p = (3 z€keys (mapping-of p).
MPoly-Type.monom (remove-key x’ x) (MPoly-Type.coeff p ) *
(if lookup z x' = 0 then 1 else 2v)) +
(53" z€keys (mapping-of p).
MPoly-Type.monom (remove-key x' z) (MPoly-Type.coeff p x) *
(if lookup = x’ = 0 then 0
else 1) * qr (lookup x z'))
(0% — 2v)»
(is <- = %a + %v2w)
apply (subst q)
unfolding f-alt-def[symmetric, abs-def] f-def vn semiring-class.distrib-left
comm-semiring-1-class.semiring-normalization-rules(18) semiring-0-class.sum-distrib-right
by (simp add: semiring-class.distrib-left
sum.distrib)

have I: <keys (mapping-of p) = {z € keys (mapping-of p). lookup z ' = 0} U {z € keys (mapping-of
p). lookup z " # 0}»
by auto

have «p = (D z | z € keys (mapping-of p) A lookup z z' = 0.
MPoly-Type.monom z (MPoly-Type.coeff p z)) +
Oz | x € keys (mapping-of p) A lookup x ' # 0.
MPoly-Type.monom (remove-key x’ x) (MPoly-Type.coeff p x)) *
(MPoly-Type.monom (monomial (Suc 0) z') 1) +
-z | z € keys (mapping-of p) A lookup x ' # 0.
MPoly-Type.monom (remove-key z' z) (MPoly-Type.coeff p x) *
qr (lookup z z"))
(2% — 2v)»
(is<p=72A+ ?Bx*-+ 2C x =)
unfolding semiring-0-class.sum-distrib-right|of - - «(MPoly- Type.monom (monomial (Suc 0) z’) 1))]
apply (subst p)
apply (subst (2)I)
apply (subst I)
apply (subst comm-monoid-add-class.sum.union-disjoint)
apply auto[3]
apply (subst comm-monoid-add-class.sum.union-disjoint)
apply auto|3]
apply (subst (4) sum.cong[OF refl, of - - < \x. MPoly-Type.monom (remove-key z’ ) (MPoly-Type. coeff
px) *
gr (lookup z z')])
apply (auto; fail)
apply (subst (3) sum.cong[OF refl, of - - <Az. 0)])
apply (auto; fail)
apply (subst (2) sum.cong[OF refl, of - - <\x. MPoly-Type.monom (remove-key z’ ) (MPoly-Type. coeff
p ) *
(MPoly-Type.monom (monomial (Suc 0) z') 1)5])
apply (auto; fail)
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apply (subst (1) sum.cong[OF refl, of - - <\z. MPoly-Type.monom x (MPoly-Type.coeff p x)])
by (auto simp: f-def simp flip: f-alt-def)

moreover have ' ¢ vars ?4»
using vars-setsum[of {z € keys (mapping-of p). lookup z ' = 0}
<Az. MPoly-Type.monom x (MPoly-Type.coeff p )]
apply auto
apply (drule set-rev-mp, assumption)
apply (auto dest!: lookup-eg-zero-in-keys-contradict)
by (meson lookup-eq-zero-in-keys-contradict subsetD vars-monom-subset)
moreover have <z’ ¢ vars ?B)
using vars-setsum[of {z € keys (mapping-of p). lookup z &' # 0}
«Az. MPoly-Type.monom (remove-key x' x) (MPoly-Type.coeff p x)»]
apply auto
apply (drule set-rev-mp, assumption)
apply (auto dest!: lookup-eg-zero-in-keys-contradict)
apply (drule subsetD[OF vars-monom-subset])
apply (auto simp: remove-key-keys[symmetric])
done
ultimately show ?thesis apply —
apply (rule that[of ?B ?A ?C))
apply (auto simp: ac-simps)
done
qed

lemma polynomial-decomp-alien-var:
fixes q A b :: <int mpoly>
assumes
q: <q¢ = A x (monom (monomial (Suc 0) z’) 1) + b> and
z: <z’ ¢ vars ¢ <z’ & vars b

shows
<A = 0> and
«q = b
proof —

let A = <A % (monom (monomial (Suc 0) z') 1)
have <?A =q — b
using arg-cong[OF q, of <\a. a — b))
by auto
moreover have «z’ ¢ vars (¢ — b)»
using z vars-in-right-only
by fastforce
ultimately have <z’ ¢ vars (?4))
by simp
then have (A = 0»
by (auto simp: vars-mult-monom split: if-splits)
moreover have (?A = 0 = A = 0
by (metis empty-not-insert mult-zero-left vars-mult-monom)
ultimately show <4 = 0
by blast
then show «q = b
using ¢ by auto
qed

lemma polynomial-decomp-alien-var2:
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fixes q A b :: <int mpoly>

assumes
q: <q¢ = A x (monom (monomial (Suc 0) z’) 1 + p) + b and
z: <z’ & vars ¢ «x’ & vars by «x’ & vars p

shows
<A = 0> and
g =b
proof —
let %z = ¢monom (monomial (Suc 0) z') 1>

have z'[simp]: <%z = Var z”
by (simp add: Var.abs-eq Varg-def monom.abs-eq)
have «<I3n Az A" A = %z« Ax + A" N 2’ ¢ vars A’ N\ degree Az x' = n»
using polynomial-split-on-var[of A x'] by metis
from wellorder-class.exists-least-iff[THEN iffD1, OF this] obtain Az A’ n where
A: (A= Az x 22 + A" and
<z’ ¢ vars A"y and
n: <MPoly-Type.degree Az ' = n> and
H: < Am Az A" m < n —
A # Az x MPoly-Type.monom (monomial (Suc 0) z’) 1 + A’V
z’ € vars A"V MPoly-Type.degree Az z' # my»
unfolding wellorder-class.exists-least-iff [of <An. 3Az A. A = Az x 20 + A’ AN 2’ ¢ vars A’ A
degree Az z' = n]
by (auto simp: field-simps)

have <q¢ = (A + Az * p) * monom (monomial (Suc 0) z") 1 + (p * A" + b)»

unfolding ¢ A by (auto simp: field-simps)
moreover have «z’ ¢ vars ¢» <z’ & vars (p * A’ + b))

using z <z’ ¢ vars A"

by (smt (verit) UnE add.assoc add.commute calculation subset-iff vars-in-right-only vars-mult)+
ultimately have <A + Az xp= 0y «q=p* A"+ b

by (rule polynomial-decomp-alien-var)+

have A" (A" = —Az x %2 — Az * p»
using (A + Az * p = 0> unfolding A
by (metis (no-types, lifting) add-uminus-conv-diff eq-neg-iff-add-eq-0 minus-add-cancel
mult-minus-left)

have <A = — (Az * p)»
using A unfolding A’
apply auto
done

obtain Azz Az’ where
Az Az = %z x Azx + Ax’> and
' ¢ vars Az’
using polynomial-split-on-var{of Az z'] by metis

have <A = %z % (— Azzx * p) + (— Az’ x p)»
unfolding <4 = — (Az * p)» Az
by (auto simp: field-simps)

moreover have «z’ ¢ vars (—Az' * p)»
using <z’ ¢ vars Az'y by (metis (no-types, opaque-lifting) UnE add.right-neutral
add-minus-cancel assms(4) subsetD vars-in-right-only vars-mult)
moreover have (Azx # 0 = MPoly-Type.degree (— Azz * p) z' < degree Az x>
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using degree-times-le[of Azx p z'] ©
by (auto simp: Az degree-sum-notin <z’ ¢ vars Az’ degree-mult-Var’
degree-notin-vars)
ultimately have [simp]: <Azz = 0»
using H|of (MPoly-Type.degree (— Azz * p) 'y «<— Azx * p» «(— Az’ % p)]
by (auto simp: n)
then have [simp]: <Az’ = An»
using Az by auto

show (4 = 0»
using A <A = — (Az x p)» <z’ & vars (— Az’ x p)» <z’ ¢ vars A"y polynomial-decomp-alien-var(1)
by force

then show ¢ = b
using ¢ by auto
qed

lemma vars-unE: <x € vars (a x b) = (x € vars a = thesis) = (z € vars b = thesis) = thesis
using vars-mult[of a b] by auto

lemma in-keys-minusli:
assumes t € keys p and ¢ ¢ keys ¢
shows ¢ € keys (p — q)
using assms unfolding in-keys-iff lookup-minus by simp

lemma in-keys-minusl2:
fixes t :: &> and q :: ('a =¢ 'b :: {cancel-comm-monoid-add,group-add}»
assumes t € keys ¢ and ¢ ¢ keys p
shows t € keys (p — q)
using assms unfolding in-keys-iff lookup-minus by simp

li

lemma in-vars-addE:
@ € vars (p + q) = (¢ € vars p = thesis) = (z € vars ¢ = thesis) = thesis
by (meson UnE in-mono vars-add)

lemma lookup-monomial-If:
<lookup (monomial v k) = (Ak". if k = k' then v else 0)»
by (intro ext) (auto simp: lookup-single-not-eq)

lemma vars-mult- Var:
wars (Var z = p) = (if p = 0 then {} else insert x (vars p))» for p :: <int mpoly>
proof —
have (p # 0 =
Jza. (k. za = monomial (Suc 0) z + k) A
lookup (mapping-of p) (za — monomial (Suc 0) z) # 0 A
0 < lookup za x>
by (metis (no-types, opaque-lifting) One-nat-def ab-semigroup-add-class.add.commute
add-diff-cancel-right’ auzx lookup-add lookup-single-eq mapping-of-inject
neq0-conv one-neg-zero plus-eq-zero-2 zero-mpoly.rep-eq)
then show ?thesis
apply (auto simp: vars-def times-mpoly.rep-eq Var.rep-eq
elim!: in-keys-timesE dest: keys-add’)
apply (auto simp: keys-def lookup-times-monomial-left Var.rep-eq Varg-def adds-def
lookup-add eq-diff-eq’[symmetric])

17



done
qed

lemma keys-mult-monomial:
<keys (monomial (n :: int) k * mapping-of a) = (if n = 0 then {} else ((+) k) ¢ keys (mapping-of a))»
proof —
have [simp]: <(> aa. (if k = aa then n else 0) *
(> q. lookup (mapping-of a) q when k + za = aa + q)) =
(3" aa. (if k = aa then n x (3 q. lookup (mapping-of a) q when k + za = aa + q) else 0))»
for za
by (smt (verit) Sum-any.cong mult-not-zero)
show ?thesis
apply (auto simp: vars-def times-mpoly.rep-eq Const.rep-eq times-poly-mapping.rep-eq
Consto-def elim!: in-keys-timesE split: if-splits)
apply (auto simp: lookup-monomial-If prod-fun-def
keys-def times-poly-mapping.rep-eq)
done
qed

lemma vars-mult-Const:
<vars (Const n * a) = (if n = 0 then {} else vars a)» for a :: <int mpoly
by (auto simp: vars-def times-mpoly.rep-eq Const.rep-eq keys-mult-monomial
Consto-def elim!: in-keys-timesE split: if-splits)

lemma coeff-minus: coeff p m — coeff ¢ m = coeff (p—q) m
by (simp add: coeff-def lookup-minus minus-mpoly.rep-eq)

lemma Const-1-eq-1: «Const (1 :: int) = (1 :: int mpoly)>
by (simp add: Const.abs-eq Constg-one one-mpoly.abs-eq)

lemma [simp]:
<vars (1 :: int mpoly) = {b
by (auto simp: vars-def one-mpoly.rep-eq Const-1-eq-1)

2.2 More Ideals

lemma
fixes A :: «((("z =0 nat) =¢ 'a::comm-ring-1) set>
assumes (p € ideal A>
shows (p * ¢ € ideal A>
by (metis assms ideal.span-scale semiring-normalization-rules(7))

The following theorem is very close to More-Modules.ideal (insert ?a ?S) = {z. Ik. © — k
?a € More-Modules.ideal 7S}, except that it is more useful if we need to take an element of
More-Modules.ideal (insert a S).

lemma ideal-insert”:
<More-Modules.ideal (insert a S) = {y. Jz k. y =2 + k * a A x € More-Modules.ideal S}»
apply (auto simp: ideal.span-insert

intro: exI[of - <- — k x a])
apply (rule-tac © = «x — k x a» in exl)
apply auto
apply (rule-tac x = <k» in exl)
apply auto
done

18



lemma ideal-mult-right-in:
<a € ideal A = a x b € More-Modules.ideal A»
by (metis ideal.span-scale mult.commute)

lemma ideal-mult-right-in2:
<a € ideal A = b x a € More-Modules.ideal A»
by (metis ideal.span-scale)

lemma [simp]: <vars (Var z :: 'a :: {zero-neg-one} mpoly) = {z}»

by (auto simp: vars-def Var.rep-eq Varg-def)

lemma vars-minus- Var-subset:
wars (p' — Var z :: 'a :: {ab-group-add,one,zero-neg-one} mpoly) C V = vars p’ C insert z V»
using vars-add[of <p’ — Var z» «Var ]
by auto

lemma vars-add- Var-subset:
wars (p' + Var z :: 'a :: {ab-group-add,one,zero-neg-one} mpoly) C V = vars p’ C insert z V»
using vars-add[of <p’ + Var z» «—Var o))
by auto

lemma coeff-monomila-in-varsD:
<coeff p (monomial (Suc 0) z) # 0 = z € vars (p :: int mpoly)»
by (auto simp: coeff-def vars-def keys-def
introl: exI[of - <monomial (Suc 0) ])

lemma coeff-MPoly-monomial[simp):
<(MPoly-Type.coeff (MPoly (monomial a m)) m) = a
by (metis MPoly-Type.coeff-def lookup-single-eq monom.abs-eq monom.rep-eq)
end
theory Finite-Map-Multiset
imports
HOL— Library. Finite-Map
Nested-Multisets- Ordinals. Duplicate- Free- Multiset
begin

notation image-mset (infixr < ‘4> 90)

3 Finite maps and multisets

3.1 Finite sets and multisets

abbreviation mset-fset :: <’a fset = ’'a multiset) where
«mset-fset N = mset-set (fset N)»

definition fset-mset :: <'a multiset = 'a fset> where
fset-mset N = Abs-fset (set-mset N)»

lemma fset-mset-mset-fset: <fset-mset (mset-fset N) = N»
by (auto simp: fset.fset-inverse fset-mset-def)

lemma mset-fset-fset-mset[simpl:
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¢mset-fset (fset-mset N) = remdups-mset N
by (auto simp: fset.fset-inverse fset-mset-def Abs-fset-inverse remdups-mset-def)

lemma in-mset-fset-fmember([simp|: <x €# mset-fset N <— z |€] N>
by simp

lemma in-fset-mset-mset[simpl: <z |€| fset-mset N «— x €# N»
by (simp add: fset-mset-def Abs-fset-inverse)

3.2 Finite map and multisets

Roughly the same as ran and dom, but with duplication in the content (unlike their finite sets
counterpart) while still working on finite domains (unlike a function mapping). Remark that
dom-m (the keys) does not contain duplicates, but we keep for symmetry (and for easier use of
multiset operators as in the definition of ran-m).

definition dom-m where
<dom-m N = mset-fset (fmdom N)»

definition ran-m where
<ran-m N = the ‘# fmlookup N ‘4 dom-m N>

lemma dom-m-fmdrop[simp|: «dom-m (fmdrop C N) = removel-mset C (dom-m N)»
unfolding dom-m-def
by (cases <C |€| fmdom N»)
(auto simp: mset-set.remove)

lemma dom-m-fmdrop-All: <dom-m (fmdrop C N) = removeAll-mset C (dom-m N)»
unfolding dom-m-def
by (cases <C |€| fmdom N»)
(auto simp: mset-set.remove)

lemma dom-m-fmupd[simp]: «dom-m (fmupd k C N) = add-mset k (removel-mset k (dom-m N))»
unfolding dom-m-def
by (cases <k |€| fmdom N»)
(auto simp: mset-set.remove mset-set.insert-remove)

lemma distinct-mset-dom: <distinct-mset (dom-m N))
by (simp add: distinct-mset-mset-set dom-m-def)

lemma in-dom-m-lookup-iff: «C €# dom-m N’ <— fmlookup N’ C # None»
by (auto simp: dom-m-def fmdom.rep-eq fmlookup-dom’-iff)

lemma in-dom-in-ran-m[simp|: <i €# dom-m N = the (fmlookup N i) €# ran-m N>
by (auto simp: ran-m-def)

lemma fmupd-same|simp]:
<zl €# dom-m xlaa = fmupd z1 (the (fmlookup zlaa x1)) xlaa = zlaa>
by (metis fmap-ext fmupd-lookup in-dom-m-lookup-iff option.collapse)

lemma ran-m-fmempty[simp): <ran-m fmempty = {#}> and
dom-m-fmempty[simp]: «dom-m fmempty = {#}>
by (auto simp: ran-m-def dom-m-def)

lemma fmrestrict-set-fmupd:
<a € s = fmrestrict-set xs (fmupd a C N) = fmupd a C (fmrestrict-set zs N)»
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<a ¢ xs = fmrestrict-set zs (fmupd a C N) = fmrestrict-set zs N»
by (auto simp: fmfilter-alt-defs)

lemma fset-fmdom-fmrestrict-set:
fset (fmdom (fmrestrict-set zs N)) = fset (fmdom N) N zs»
by (auto simp: fmfilter-alt-defs)

lemma dom-m-fmrestrict-set: <dom-m (fmrestrict-set (set xs) N) = mset zs N# dom-m N»
using fset-fmdom-fmrestrict-set[of <set xs» N| distinct-mset-dom[of N|
distinct-mset-inter-remdups-mset[of <mset-fset (fmdom N)» <mset xs»)
by (auto simp: dom-m-def fset-mset-mset-fset finite-mset-set-inter multiset-inter-commaute

remdups-mset-def)

lemma dom-m-fmrestrict-set”: <dom-m (fmrestrict-set xs N) = mset-set (xs N set-mset (dom-m N))»
using fset-fmdom-fmrestrict-set[of <xs» N| distinct-mset-dom[of N]
by (auto simp: dom-m-def fset-mset-mset-fset finite-mset-set-inter multiset-inter-commaute
remdups-mset-def)

lemma indom-mI: <fmlookup m r = Some y = x €# dom-m m>»
by (drule fmdomlI) (auto simp: dom-m-def)

lemma fmupd-fmdrop-id:
assumes <k |€| fmdom N’
shows <fmupd k (the (fmlookup N’ k)) (fmdrop k N') = N
proof —
have [simp]: <map-upd k (the (fmlookup N’ k))
(A\z. if z # k then fmlookup N' z else None) =
map-upd k (the (fmlookup N’ k))
(fmlookup N')»
by (auto introl: ext simp: map-upd-def)
have [simp]: <map-upd k (the (fmlookup N’ k)) (fmlookup N') = fmlookup N"
using assms
by (auto introl: ext simp: map-upd-def)
have [simp]: <finite (dom (Az. if x = k then None else fmlookup N’ x))»
by (subst dom-if) auto
show ?thesis
apply (auto simp: fmupd-def fmupd.abs-eq[symmetric])
unfolding fmlookup-drop
apply (simp add: fmlookup-inverse)
done
qed

lemma fm-member-split: <k |€| fmdom N' = IN" v. N' = fmupd k v N'' A the (fmlookup N’ k) = v
A
k |¢| fmdom N''
by (rule exI[of - «fmdrop k N’])
(auto simp: fmupd-fmdrop-id)

lemma <fmdrop k (fmupd k va N'') = fmdrop k N
by (simp add: fmap-ext)

lemma fmap-ext-fmdom:
(fmdom N = fmdom N') = (A =z. z |€| fmdom N = fmlookup N z = fmlookup N’ x) =
N =N
by (rule fmap-ext)
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(case-tac <z |€| fmdom N>, auto simp: fmdom-notD)

lemma fmrestrict-set-insert-in:
wa € fset (fmdom N) =
fmrestrict-set (insert za 11) N = fmupd za (the (fmlookup N za)) (fmrestrict-set 11 N)»
apply (rule fmap-ext-fmdom)
apply (auto simp: fset-fmdom-fmrestrict-set; fail)[]
apply (auto simp: fmlookup-dom-iff; fail)
done

lemma fmrestrict-set-insert-notin:
xa ¢ fset (fmdom N) =
fmrestrict-set (insert xa l1) N = fmrestrict-set 11 N»
by (rule fmap-ext-fmdom)
(auto simp: fset-fmdom-fmrestrict-set)

lemma fmrestrict-set-insert-in-dom-m[simp):
<xa E€F# dom-m N —
fmrestrict-set (insert xa 11) N = fmupd za (the (fmlookup N za)) (fmrestrict-set 11 N)»
by (simp add: fmrestrict-set-insert-in dom-m-def)

lemma fmrestrict-set-insert-notin-dom-m/[simp]:
xa ¢# dom-m N =
fmrestrict-set (insert xa 11) N = fmrestrict-set 11 N»
by (simp add: fmrestrict-set-insert-notin dom-m-def)

lemma fmlookup-restrict-set-id: <fset (fmdom N) C A = fmrestrict-set A N = N»
by (metis fmap-ext fmdom’-alt-def fmdom’-notD fmlookup-restrict-set subset-iff)

lemma fmlookup-restrict-set-id’: <set-mset (dom-m N) C A = fmrestrict-set A N = N»
by (rule fmlookup-restrict-set-id)
(auto simp: dom-m-def)

lemma ran-m-mapsto-upd:
assumes
NC: <C €# dom-m N»
shows <ran-m (fmupd C C’ N) = add-mset C' (removel-mset (the (fmlookup N C)) (ran-m N))»
proof —
define N’ where
«(N'" = fmdrop C N»
have N-N': «dom-m N = add-mset C (dom-m N'))
using NC unfolding N'-def by auto
have «C ¢# dom-m N
using NC distinct-mset-dom[of N| unfolding N-N' by auto
then show ?thesis
by (auto simp: N-N' ran-m-def mset-set.insert-remove image-mset-removel-mset-if
intro!: image-mset-cong)
qed

lemma ran-m-mapsto-upd-notin:
assumes NC: «C' ¢# dom-m N>
shows <ran-m (fmupd C C’' N) = add-mset C' (ran-m N)»
using NC
by (auto simp: ran-m-def mset-set.insert-remove image-mset-removel-mset-if
introl: image-mset-cong split: if-splits)
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lemma image-mset-If-eq-notin:

C ¢# A= {#f (ifc = Cthenazelse bx). v € A#} = {# f(bx). x €# A #}
by (induction A) auto

lemma filter-mset-cong2:
(Nt. 2 €4 M = fz=g1z) = M= N = filter-mset f M = filter-mset g N
by (hypsubst, rule filter-mset-cong, simp)

lemma ran-m-fmdrop:
«C €# dom-m N = ran-m (fmdrop C N) = removel-mset (the (fmlookup N C)) (ran-m N)»
using distinct-mset-dom[of N]
by (cases <fmlookup N C»)
(auto simp: ran-m-def image-mset-If-eq-notin[of C - <\z. fst (the x)]
dest!: multi-member-split
intro!: filter-mset-cong2 image-mset-cong2)

lemma ran-m-fmdrop-notin:
«C ¢# dom-m N = ran-m (fmdrop C N) = ran-m N)
using distinct-mset-dom[of N]
by (auto simp: ran-m-def image-mset-If-eqg-notin[of C - «Az. fst (the x)})
dest!: multi-member-split
introl: filter-mset-cong2 image-mset-cong2)

lemma ran-m-fmdrop-If:
<ran-m (fmdrop C N) = (if C €# dom-m N then removel-mset (the (fmlookup N C)) (ran-m N) else
ran-m N)»
using distinct-mset-dom[of N]
by (auto simp: ran-m-def image-mset-If-eq-notinof C - <\z. fst (the z))]
dest!: multi-member-split
intro!: filter-mset-cong2 image-mset-cong2)

lemma dom-m-empty-iff [iff]:
<dom-m NU = {#} +— NU = fmempty
by (cases NU) (auto simp: dom-m-def mset-set.insert-remove)

end

theory WB-Sort
imports
Refine-Imperative-HOL.IICF
HOL- Library. Rewrite
Nested-Multisets- Ordinals. Duplicate- Free- Multiset
begin

This a complete copy-paste of the IsaFoL version because sharing is too hard.

Every element between lo and hi can be chosen as pivot element.

definition choose-pivot :: <('b = 'b = bool) = (‘a = 'b) = 'a list = nat = nat = nat nres» where
<choose-pivot - - - lo hi = SPEC(A\k. k > lo A k < hi)»

The element at index p partitions the subarray lo..hi. This means that every element

definition isPartition-wrt :: <('b = 'b = bool) = 'b list = nat = nat = nat = bool> where
<isPartition-wrt R xslohip= (¥ i.i>loNi<p— R (zsli) (zslp)) ANV j.j>pANj< hi—
R (zslp) (wslf))»
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lemma isPartition-wrtl:

(N i i = oy i < p] = R (asli) (aslp)) = (AN J. [j > p; j < hi] = R (aslp) (zslf)) =
isPartition-wrt R zs lo hi p»

by (simp add: isPartition-wrt-def)

definition isPartition :: <'a :: order list = nat = nat = nat = bool> where
<isPartition s lo hi p = isPartition-wrt (<) zs lo hi p»

abbreviation isPartition-map :: <('b = b = bool) = (‘a = 'b) = 'a list = nat = nat = nat = bool
where
<isPartition-map R h xs © j k = isPartition-wrt (Aa b. R (h a) (h b)) xs i j k»

lemma isPartition-map-def”:

o < p= p < hi = hi < length s = isPartition-map R h zs lo hi p = isPartition-wrt R (map
h zs) lo hi p»

by (auto simp add: isPartition-wrt-def conjl)

Example: 6 is the pivot element (with index 4); 7::'a is equal to the length zs — 1.

lemma <isPartition [0,5,3,4,6,9,8,10::nat] 0 7 4>
by (auto simp add: isPartition-def isPartition-wrt-def nth-Cons’)

definition sublist :: ('a list = nat = nat = ’'a listy where
<sublist xs i j = take (Suc j — i) (drop i xs))

lemma take-Suc0:
I#]] = take (Suc 0) 1 = [110]
0 < length | = take (Suc 0) 1 = [I!0]
Suc n < length | = take (Suc 0) | =
by (cases 1, auto)+

[110]

lemma sublist-single: «i < length xs = sublist xs i { = [zsli]
by (cases xs) (auto simp add: sublist-def take-Suc0)

lemma insert-eq: <insert a b = b U {a}»
by auto

lemma sublist-nth: «[lo < hi; hi < length xs; k+lo < hi] = (sublist zs lo hi)lk = zs!(lo+k)>
by (simp add: sublist-def)

lemma sublist-length: <[i < j; j < length zs] = length (sublist zs {j) =1 + j — D
by (simp add: sublist-def)

lemma sublist-not-empty: <[i < j; j < length xs; xs # [|| = sublist zs i j # [
apply simp
apply (rewrite List.length-greater-0-conv[symmetric])
apply (rewrite sublist-length)
by auto

lemma sublist-app: <[il < i2; i2 < i8] = sublist xs i1 i2 Q sublist s (Suc i2) i8 = sublist xs il i3»
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unfolding sublist-def
by (smt (verit) Suc-eq-plusi-left Suc-le-mono append.assoc le-Sucl le-add-diff-inverse le-trans same-append-eq
take-add)

definition sorted-sublist-wrt :: «('b = 'b = bool) = 'b list = nat = nat = bool> where
<sorted-sublist-wrt R xs lo hi = sorted-wrt R (sublist zs lo hi)»

definition sorted-sublist :: <'a :: linorder list = nat = nat = bool> where
<sorted-sublist zs lo hi = sorted-sublist-wrt (<) xzs lo hi

abbreviation sorted-sublist-map :: <«('b = 'b = bool) = (‘a = 'b) = 'a list = nat = nat = bool
where
sorted-sublist-map R h s lo hi = sorted-sublist-wrt (Aa b. R (h a) (h b)) zs lo hi>

lemma sorted-sublist-map-def:
<lo < length xs = sorted-sublist-map R h xs lo hi = sorted-sublist-wrt R (map h xs) lo hi>
apply (simp add: sorted-sublist-wrt-def)
by (simp add: drop-map sorted-wrt-map sublist-def take-map)

lemma sorted-sublist-wrt-refl: <i < length xs = sorted-sublist-wrt R zs i i
by (auto simp add: sorted-sublist-wrt-def sublist-single)

lemma sorted-sublist-refl: <i < length s = sorted-sublist xs 1 i
by (auto simp add: sorted-sublist-def sorted-sublist-wrt-refl)

lemma sublist-map: «sublist (map f xs) i j = map f (sublist zs i j)»
apply (auto simp add: sublist-def)
by (simp add: drop-map take-map)

lemma take-set: <j < length xs => x € set (take jzs) = (3 k. k < j A zslk = z)»
by (rule eg-reflection) (auto simp add: take-set)

lemma drop-set: <j < length xs = z € set (drop j xs) = (I k. j<kAk<length xs N\ xs'k=zx)>
by (smt (verit) Misc.in-set-drop-conv-nth)

lemma sublist-el: <i < j = j < length s => x € set (sublist zs ij) = (I k. k < Suc j—i A zs!(i+k)=x)>
by (auto simp add: take-set sublist-def)

lemma sublist-el”: «i < j = j < length s = x € set (sublist xs i j) = (I k. i<ENk<j A zslk=zx)»
apply (subst sublist-el, assumption, assumption)
by (smt (verit) Groups.add-ac(2) le-addl le-add-diff-inverse less-Suc-eq less-diff-conv nat-less-le or-
der-refl)

lemma sublist-lt: <hi < lo = sublist zs lo hi = []»
by (auto simp add: sublist-def)
lemma nat-le-eg-or-lt: «(a :: nat) < b= (a=>bV a < b)

by linarith

lemma sorted-sublist-wrt-le: <hi < lo = hi < length vs = sorted-sublist-wrt R xs lo hi
apply (auto simp add: nat-le-eq-or-It)
unfolding sorted-sublist-wrt-def
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subgoal apply (rewrite sublist-single) by auto
subgoal by (auto simp add: sublist-It)
done

Elements in a sorted sublists are actually sorted

lemma sorted-sublist-wrt-nth-le:
assumes <sorted-sublist-wrt R zs lo hi> and <o < hi> and <hi < length zs» and
<lo < v and «i < j» and ¢ < hi
shows (R (zsli) (zs!j)»
proof —
have A: <lo < length zs> using assms(2) assms(3) by linarith
obtain i’ where I: <i = lo + i’y using assms(4) le-Suc-ex by auto
obtain j'where J: <j = lo + j» by (meson assms(4) assms(5) dual-order.trans le-iff-add less-imp-le-nat)
show ?thesis
using assms(1) apply (simp add: sorted-sublist-wrt-def I J)
apply (rewrite sublist-nth[symmetric, where k=i’, where lo=lo, where hi=hi])
using assms apply auto subgoal using I by linarith
apply (rewrite sublist-nth[symmetric, where k=j’, where lo=lo, where hi=hi])
using assms apply auto subgoal using J by linarith
apply (rule sorted-wrt-nth-less)
apply auto
subgoal using I J nat-add-left-cancel-less by blast
subgoal apply (simp add: sublist-length) using J by linarith
done
qed

We can make the assumption ¢ < j weaker if we have a reflexivie relation.

lemma sorted-sublist-wrt-nth-le’:
assumes ref: <\ z. R z o
and «(sorted-sublist-wrt R zs lo hi> and <lo < hi> and <hi < length xs)
and <lo < 7 and « < j» and ¢ < h
shows (R (zsli) (zs!j)»
proof —
have i < j V i = j» using <i < j by linarith
then consider (a) < < j |
(b) <i = j» by blast
then show ?thesis
proof cases
case @
then show ?thesis
using assms(2—5,7) sorted-sublist-wrt-nth-le by blast
next
case b
then show ?thesis
by (simp add: ref)
ged
qed

lemma sorted-sublist-le: <hi < lo = hi < length xs = sorted-sublist xs lo hi»
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by (auto simp add: sorted-sublist-def sorted-sublist-wrt-le)

lemma sorted-sublist-map-le: <hi < lo = hi < length rs => sorted-sublist-map R h xs lo hi>
by (auto simp add: sorted-sublist-wrt-le)

lemma sublist-cons: <lo < hi = hi < length s = sublist xs lo hi = zsllo # sublist xs (Suc lo) hi>
by (metis Cons-eq-appendl append-self-conv2 less-imp-le-nat less-or-eq-imp-le less-trans
sublist-app sublist-single)

lemma sorted-sublist-wrt-cons':
sorted-sublist-wrt R xs (lo+1) hi = lo < hi = hi < length xs = (Vj. lo<jAj<hi — R (zsllo)
(zslf)) = sorted-sublist-wrt R s lo hi>
apply (auto simp add: nat-le-eq-or-lt sorted-sublist-wrt-def)
apply (auto 5 4 simp add: sublist-cons sublist-el less-diff-conv add.commute[of - lo]
dest: Suc-lessI sublist-single)
done

lemma sorted-sublist-wrt-cons:
assumes trans: <(\N zy z. [Rzy; Ry 2] = R z z)» and
<sorted-sublist-wrt R xs (lo+1) hi> and
<lo < hiy and <hi < length xs > and (R (zs!lo) (zs!(lo+1))»
shows ¢sorted-sublist-wrt R xs lo hi»
proof —
show ?thesis
apply (rule sorted-sublist-wrt-cons’) using assms apply auto
subgoal premises assms’ for j
proof —
have A: (j=lo+1 V j>lo+1) using assms’(5) by linarith
show ?thesis
using A proof
assume A: j=lo+1> show ?thesis
by (simp add: A assms’)
next
assume A: (j>lo+1) show ?thesis
apply (rule trans)
apply (rule assms(5))
apply (rule sorted-sublist-wrt-nth-le]OF assms(2), where i=<lo+1), where j=j|)
subgoal using A assms’(6) by linarith
subgoal using assms’(3) less-imp-diff-less by blast
subgoal using assms’(5) by auto
subgoal using A by linarith
subgoal by (simp add: assms’(6))
done
qed
qed
done
qed

lemma sorted-sublist-map-cons:
«(Nzyz [R(hz) (hy); R (hy) (h2)] = R (hz) (hz) =
sorted-sublist-map R h xs (lo+1) hi = lo < hi = hi < length xs = R (h (zs!lo)) (h (ws!(lo+1)))
— sorted-sublist-map R h xs lo hi»
by (blast intro: sorted-sublist-wrt-cons)
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lemma sublist-snoc: <o < hi = hi < length ©s = sublist xs lo hi = sublist zs lo (hi—1) Q [xs!hi]>

apply (simp add: sublist-def)
proof —

assume al: lo < hi

assume hi < length xs

then have take lo zs Q take (Suc hi — lo) (drop lo xs) = (take lo zs @ take (hi — lo) (drop lo zs)) @
[zs ! hi]

using al by (metis (no-types) Suc-diff-le add-Suc-right hd-drop-conv-nth le-add-diff-inverse less-imp-le-nat
take-add take-hd-drop)

then show take (Suc hi — lo) (drop lo zs) = take (hi — lo) (drop lo zs) @ [xs | hi]

by simp

qed

lemma sorted-sublist-wrt-snoc’:

sorted-sublist-wrt R zs lo (hi—1) = lo < hi = hi < length zs = (Vj. lo<jAj<hi — R (xs!j)
(zslhi)) = sorted-sublist-wrt R s lo hi>

apply (simp add: sorted-sublist-wrt-def)

apply (auto simp add: nat-le-eq-or-It)

subgoal by (simp add: sublist-single)

by (auto simp add: sublist-snoc sublist-el sorted-wrt-append add.commute[of lo] less-diff-conv

simp: lel simp flip:nat-le-eq-or-It)

lemma sorted-sublist-wrt-snoc:
assumes trans: (A zy 2z [Rzy; Ry 2] = Rz z)) and
<sorted-sublist-wrt R zs lo (hi—1)» and
<lo < hiy and <hi < length zs» and (R (as!(hi—1)) (zs!hi))»
shows (sorted-sublist-wrt R xs lo hi»
proof —
show ?thesis
apply (rule sorted-sublist-wrt-snoc’) using assms apply auto
subgoal premises assms’ for j
proof —
have A: (j=hi—1 V j<hi—1) using assms’(6) by linarith
show ?thesis
using A proof
assume A: j=hi—1) show ?thesis
by (simp add: A assms’)
next
assume A: (j<hi—1) show ?thesis
apply (rule trans)
apply (rule sorted-sublist-wrt-nth-le]OF assms(2), where i=j, where j=<hi—1)])
prefer 6
apply (rule assms(5))
apply auto
subgoal using A assms’(5) by linarith
subgoal using assms’(3) less-imp-diff-less by blast
subgoal using assms’(5) by auto
subgoal using A by linarith
done
qed
qed
done
qed
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lemma sublist-split: <lo < hi => lo < p = p < hi = hi < length xs = sublist zs lo p Q sublist xs
(p+1) hi = sublist zs lo hi>
by (simp add: sublist-app)

lemma sublist-split-part: <lo < hi = lo < p = p < hi = hi < length vs => sublist zs lo (p—1) @
xslp # sublist s (p+1) hi = sublist zs lo hi»
by (auto simp add: sublist-split[symmetric] sublist-snoc[where xs=zs,where lo=lo,where hi=p])

A property for partitions (we always assume that R is transitive.

lemma isPartition-wrt-trans:

(ANzyz. [Rzy; Ryz] = Ruzz) =
isPartition-wrt R zs lo hi p =
Vijolo<iNni<pAp<jiAj<hi— R (xsli) (zslf))
by (auto simp add: isPartition-wrt-def)

lemma isPartition-map-trans:

{ANzyz[R(hz)(hy); R (hy) (h2)] = R (hz)(hz) =
hi < length s —
isPartition-map R h zs lo hi p =
Vijolo<iANi<pAp<jiAj<hi— R(h(zs9) (h (zsl4)))
by (auto simp add: isPartition-wrt-def)

lemma merge-sorted-wrt-partitions-between':
o< hi=lo<p= p< hi = hi < length s =
isPartition-wrt R xs lo hi p =
sorted-sublist-wrt R xs lo (p—1) = sorted-sublist-wrt R zs (p+1) hi =
Mijolo<ini<pAp<jAj<hi— R (zsli) (zslf)) =
sorted-sublist-wrt R xs lo hi»
apply (auto simp add: isPartition-def isPartition-wrt-def sorted-sublist-def sorted-sublist-wrt-def sub-
list-map)
apply (simp add: sublist-split-part[symmetric))
apply (auto simp add: List.sorted-wrt-append)
subgoal by (auto simp add: sublist-el)
subgoal by (auto simp add: sublist-el)
subgoal by (auto simp add: sublist-el’)
done

lemma merge-sorted-wrt-partitions-between:
(ANzyz[Rzy; Ryz] = Rzz) =
isPartition-wrt R zs lo hi p =
sorted-sublist-wrt R xs lo (p—1) = sorted-sublist-wrt R zs (p+1) hi =
lo < hi = hi < length zs = lo < p = p < hi = hi < length 1s =
sorted-sublist-wrt R xs lo hi
by (simp add: merge-sorted-wrt-partitions-between’ isPartition-wrt-trans)

The main theorem to merge sorted lists

lemma merge-sorted-wrt-partitions:

<isPartition-wrt R xs lo hi p =
sorted-sublist-wrt R xs lo (p — Suc 0) = sorted-sublist-wrt R xs (Suc p) hi =
lo<hi=lo<p= p< hi = hi < length vs =
Vijolo<iAi<pAp<jiAj<hi— R (zsli) (zs1f)) =
sorted-sublist-wrt R xs lo hi»

subgoal premises assms

proof —
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have C: <lo=pAp=hi V lo=pAp<hi V lo<pAp=hi V lo<pAp<hi>
using assms by linarith
show ?thesis
using C apply auto
subgoal — lo=p=hi
apply (rule sorted-sublist-wrt-refl)
using assms by auto
subgoal — lo=p<hi
using assms by (simp add: isPartition-def isPartition-wrt-def sorted-sublist-wrt-cons’)
subgoal — lo<p=hi
using assms by (simp add: isPartition-def isPartition-wrt-def sorted-sublist-wrt-snoc’)
subgoal — lo<p<hi
using assms
apply (rewrite merge-sorted-wrt-partitions-between'[where p=p])
by auto
done
qed
done

theorem merge-sorted-map-partitions:

(AzyzR(ho) (hy) R (hy) (h2)] = R (h) (hz) =
isPartition-map R h zs lo hi p =
sorted-sublist-map R h xs lo (p — Suc 0) = sorted-sublist-map R h zs (Suc p) hi =
lo<hi=lo<p= p < hi= hi < length xs =
sorted-sublist-map R h xs lo hi»

apply (rule merge-sorted-wrt-partitions) apply auto

by (simp add: merge-sorted-wrt-partitions isPartition-map-trans)

lemma partition-wrt-extend:
<isPartition-wrt R xs lo’ hi' p =
hi < length zs —
lo<lo'= lo' < hi = hi' < hi =
lo'<p=p< hi' =
(N i lo<i = i <lo’ = R (asi) (wslp)) =
(N j. hi'<j = j<hi = R (zslp) (zsj)) =
isPartition-wrt R xs lo hi p»
unfolding isPartition-wrt-def
apply (intro conjl)
subgoal
by (force simp: not-le)
subgoal
using lel by blast
done

lemma partition-map-extend:
<isPartition-map R h xs lo’ hi’ p =
hi < length s —
lo<lo'= lo' < hi = hi' < hi =
lo'<p=p< hi' =
(A i lo<i = i <lo’ = R (h (wsli)) (h (wslp))) =
(N j. hi'<j = j<hi = R (h (zslp)) (h (xslj))) =
isPartition-map R h zs lo hi p»
by (auto simp add: partition-wrt-extend)
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lemma isPartition-empty:
(AN j-Tlo<j;j<hi] = R (zs!lo) (zs!j)) =
isPartition-wrt R zs lo hi lo
by (auto simp add: isPartition-wrt-def)

lemma take-ext:
(Vi<k. zsi=zsli) =
k < length zs = k < length zs' =
take k zs’ = take k zs)
by (simp add: nth-take-lemma)

lemma drop-ext”:
«(Vi. i>k A i<length xs — zs'li=zsli) =
0<k = xs#[] = — These corner cases will be dealt with in the next lemma
length zs'=length 1s =
drop k zs' = drop k zs»

apply (rewrite in «drop - X = - List.rev-rev-ident[symmetric))
apply (rewrite in <- = drop - x> List.rev-rev-ident[symmetric])
apply (rewrite in < = -» List.drop-rev)

apply (rewrite in <- = > List.drop-rev)
apply simp

apply (rule take-ext)

by (auto simp add: rev-nth)

lemma drop-ext:

«(Vi. i>k A i<length xs — xsli=xsli) =
length zs'=length xs —
drop k zs' = drop k zs»
apply (cases xs)
apply auto
apply (cases k)
subgoal by (simp add: nth-equalityl)
subgoal apply (rule drop-ext’) by auto
done

lemma sublist-ext”:
(Vi. lo<ini<hi — zsi=xsli) =
length zs’ = length s =
lo < hi = Suc hi < length s —>
sublist xs" lo hi = sublist zs lo hi»
apply (simp add: sublist-def)
apply (rule take-ext)
by auto

lemma [t-Suc: <(a < b) = (Suc a = bV Suc a < b)»
by auto

lemma sublist-until-end-eq-drop: «Suc hi = length xs =—> sublist xs lo hi = drop lo xs)
by (simp add: sublist-def)
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lemma sublist-ext:
«(Vi. lo<ini<hi — zsli=xsli) =
length zs’' = length s —
lo < hi = hi < length zs =
sublist zs' lo hi = sublist xs lo hi»
apply (auto simp add: lt-Suc[where a=hi))
subgoal by (auto simp add: sublist-until-end-eq-drop drop-ext)
subgoal by (auto simp add: sublist-ext’)
done

lemma sorted-wrt-lower-sublist-still-sorted:
assumes (sorted-sublist-wrt R zs lo (lo’ — Suc 0)» and
<lo < lo’y and «lo’ < length zs> and
(Vi lo<ini<lo’ — zs'li=zs!i)» and <length zs’ = length s»
shows <sorted-sublist-wrt R xs’ lo (lo’ — Suc 0)»
proof —
have [: <lo < lo' — 1 V lo > lo'-1»
by linarith
show ?thesis
using [ apply auto
subgoal —lo < 1o’ - 1
apply (auto simp add: sorted-sublist-wrt-def)
apply (rewrite sublist-ext|where rs=us])
using assms by (auto simp add: sorted-sublist-wrt-def)
subgoal —lo >=10"-1
using assms by (auto simp add: sorted-sublist-wrt-le)
done
qed

lemma sorted-map-lower-sublist-still-sorted:
assumes <(sorted-sublist-map R h xzs lo (lo’ — Suc 0)» and
<lo < lo’y and <lo’ < length xs> and
(Vi lo<ini<lo’ — zs"i=xs!i)» and <length xs’ = length xs
shows <sorted-sublist-map R h xs’ lo (lo’ — Suc 0)»
using assms by (rule sorted-wrt-lower-sublist-still-sorted)

lemma sorted-wrt-upper-sublist-still-sorted:
assumes (sorted-sublist-wrt R zs (hi’+1) hi» and
<lo < lo"y and ¢hi < length zs» and
N . hi'<jAj<hi — xs'lj=zs!j> and <length zs’ = length xs
shows ¢sorted-sublist-wrt R xs' (hi'+1) hi
proof —
have I: <hi’+ 1 < hi V hi’ + 1 > hi>
by linarith
show ?thesis
using [ apply auto
subgoal — hi’ + 1 <h
apply (auto simp add: sorted-sublist-wrt-def)
apply (rewrite sublist-ext[where zs=uxs])
using assms by (auto simp add: sorted-sublist-wrt-def)
subgoal — hi < hi’ + 1
using assms by (auto simp add: sorted-sublist-wrt-le)
done
qed
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lemma sorted-map-upper-sublist-still-sorted:
assumes <(sorted-sublist-map R h xs (hi’+1) hi> and
<lo < lo’y and (hi < length zs» and
N 4o hi'<jnj<hi — zs'\j=xs!j> and <length xs’ = length zs>
shows ¢sorted-sublist-map R h xs’ (hi'+1) hi»
using assms by (rule sorted-wrt-upper-sublist-still-sorted)

The specification of the partition function

definition partition-spec :: <('b = 'b = bool) = (‘a = 'b) = 'a list = nat = nat = 'a list = nat =
booly where
<partition-spec R h xs lo hi zs' p =
mset xs’ = mset vs A — The list is a permutation
isPartition-map R h xs’ lo hi p A — We have a valid partition on the resulting list
lo < p A p < hi AN— The partition index is in bounds
(V 4. i<lo — xs"li=xsli) A (V i. hi<iNi<length xs’ — xs'li=xs!i)> — Everything else is unchanged.

lemma in-set-take-conv-nth:
x € set (take n xs) «+— (Im<min n (length zs). zs ! m = z)»
by (metis in-set-conv-nth length-take min.commute min.strict-boundedE nth-take)

lemma mset-drop-upto: «<mset (drop a N) = {#Ni. i €# mset-set {a..<length N}#}
proof (induction N arbitrary: a)
case Nil
then show Zcase by simp
next
case (Cons ¢ N)
have upt: <{0..<Suc (length N)} = insert 0 {1..<Suc (length N)}>
by auto
then have H: <mset-set {0..<Suc (length N)} = add-mset 0 (mset-set {1..<Suc (length N)})»
unfolding upt by auto
have mset-case-Suc: {#case x of 0 = ¢ | Suc x = N | © . © €# mset-set {Suc a..<Suc b}#} =
{#N ! (z—1) . z €# mset-set {Suc a..<Suc b}#}> for a b
by (rule image-mset-cong) (auto split: nat.splits)
have Suc-Suc: «{Suc a..<Suc b} = Suc ‘{a..<b}> for a b
by auto
then have mset-set-Suc-Suc: «<mset-set {Suc a..<Suc b} = {#Suc n. n €# mset-set {a..<b}#}> for
ab
unfolding Suc-Suc by (subst image-mset-mset-set|symmetric]) auto
have #: ({#N ! (z—Suc 0) . x €# mset-set {Suc a..<Suc b}#} = {#N ! x . © €# mset-set {a..<b}#}
for a b
by (auto simp add: mset-set-Suc-Suc multiset.map-comp comp-def)
show Zcase
apply (cases a)
using Cons[of 0] Cons by (auto simp: nth-Cons drop-Cons H mset-case-Suc *)
qed

lemma mathias:
assumes
Perm: <mset xs’ = mset s
and I: <lo<iy i<hi) <zsli=z»
and Bounds: <hi < length xs»
and Fiz: <\ i. i<lo = xs"li = asli> <\ 7. [hi<j; j<length zs] = xs'lj = xslp
shows «3j. lo<jAj<hi A zslj = o>
proof —
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define xs! 152 153 zs1’ xs2’ xs3’ where
<xsl = take lo zs» and
«xs2 = take (Suc hi — lo) (drop lo zs)» and
<xs8 = drop (Suc hi) zs» and
<xs1' = take lo zs"y and
«xs2' = take (Suc hi — lo) (drop lo xs’)y and
«xs8’ = drop (Suc hi) xzs"
have [simp]: <length zs’ = length zs)
using Perm by (auto dest: mset-eq-length)
have [simp]: <mset xs1 = mset xs1"
using Fiz(1) unfolding xsi-def zsl’-def
by (metis Perm le-cases mset-eq-length nth-take-lemma take-all)
have [simp]: <mset xs3 = mset zs3"
using Fiz(2) unfolding zs3-def xs3'-def mset-drop-upto
by (auto intro: image-mset-cong)
have «zs = zs1 Q zs2 Q zs8» <xs’ = zs1’ Q 252’ Q 153"
using I unfolding zsi-def xs2-def xs3-def xs1'-def xs2’-def xs3'-def
by (metis append.assoc append-take-drop-id le-Sucl le-add-diff-inverse order-trans take-add)+
moreover have «xs ! { = zs2 | (i — lo)» <i > length xzs1»
using I Bounds unfolding zs2-def zs1-def by (auto simp: nth-take min-def)
moreover have «(x € set 252"
using I Bounds unfolding zs2’-def
by (auto simp: in-set-take-conv-nth
introl: exI[of - <i — loy])
ultimately have <z € set 252>
using Perm I by (auto dest: mset-eg-setD)
then obtain j where <zs ! (lo + j) = x> j < hi — lo
unfolding in-set-conv-nth rs2-def
by auto
then show ?%thesis
using Bounds I
by (auto intro: exl[of - <lo+j>])
qed

If we fix the left and right rest of two permutated lists, then the sublists are also permutations.

But we only need that the sets are equal.

lemma mset-sublist-incl:
assumes Perm: (mset s’ = mset s
and Fiz: <\ i. i<lo = xs"li = asli> <\ j. [hi<j; j<length zs] = xs'lj = zslp
and bounds: <lo < hiy» <hi < length xs»
shows <set (sublist xs’ lo hi) C set (sublist zs lo hi)»
proof
fix z
assume <z € set (sublist xs’ lo hi)»
then have 3. lo<iNi<hi A zs'li=2>
by (metis assms(1) bounds(1) bounds(2) size-mset sublist-el’)
then obtain ¢ where I: <lo<i) (i<hi) (xzs'li=x> by blast
have «3j. lo<jAj<hi A zslj=x»
using Perm I bounds(2) Fiz by (rule mathias, auto)
then show «x € set (sublist xs lo hi)»
by (simp add: bounds(1) bounds(2) sublist-el’)
qed

lemma mset-sublist-eq:
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assumes (mset 28’ = mset xs)
and <A\ i. i<lo = zsli = zslD
and <A j. [hi<j; j<length zs] = xs"lj = xslp
and bounds: <lo < hiy <hi < length xs)
shows <set (sublist xs’ lo hi) = set (sublist zs lo hi)»
proof
show «set (sublist xs' lo hi) C set (sublist xs lo hi)»
apply (rule mset-sublist-incl)
using assms by auto
show «(set (sublist zs lo hi) C set (sublist zs’ lo hi)»
by (rule mset-sublist-incl) (metis assms size-mset)+
qed

Our abstract recursive quicksort procedure. We abstract over a partition procedure.

definition quicksort :: «('b = 'b = bool) = (‘a = 'b) = nat x nat x 'a list = 'a list nres) where
<quicksort R h = (A(lo,hi,zs0). do {
RECT (Af (lo,hi,xs). do {
ASSERT (lo < hi A hi < length zs N\ mset xs = mset zs0); — Premise for a partition function
(zs, p) <= SPEC(uncurry (partition-spec R h xs lo hi)); — Abstract partition function
ASSERT (mset xs = mset 2s0);
xs < (if p—1<lo then RETURN uzs else f (lo, p—1, 15));
ASSERT (mset xs = mset zs0);
if hi<p+1 then RETURN s else f (p+1, hi, zs)
1) (lo,hi,zs0)
o

As premise for quicksor, we only need that the indices are ok.

definition quicksort-pre :: <('b = 'b = bool) = ('a = 'b) = 'a list = nat = nat = 'a list = bool
where
<quicksort-pre R h zs0 lo hi xs = lo < hi A hi < length s N mset s = mset zs0>

definition quicksort-post :: «('b = 'b = bool) = ('a = 'b) = nat = nat = 'a list = 'a list = bool»
where
<quicksort-post R h lo hi s s’ =
mset s’ = mset xs A
sorted-sublist-map R h xs’ lo hi A
(V i i<lo — as'Vi = zsli) A
(V 4. hi<jnj<length xs — xs’j = xslj)»

Convert Pure to HOL

lemma quicksort-postl:

([mset xs’ = mset xs; sorted-sublist-map R h xzs’ lo hi; (N i. [i<lo] = xs'Vi = xsli); (A j. [hi<y;
j<length zs] = zs"j = xs\j)] = quicksort-post R h lo hi xs zs"

by (auto simp add: quicksort-post-def)

The first case for the correctness proof of (abstract) quicksort: We assume that we called the
partition function, and we have p — 1 < loand hi < p + 1.

lemma quicksort-correct-casel:
assumes trans: <\ zy z. [R (hz) (hy); R (hy) (hz)] = R (hz) (hz) and lin: <Az y. 2 #y =
R (hz)(hy) VR (hy) (hz)
and pre: «quicksort-pre R h xs0 lo hi xs)
and part: <partition-spec R h xs lo hi xs’ p
and ifs: <p—1 < loy <hi < p+1>»
shows «quicksort-post R h lo hi zs xs’s
proof —

35



First boilerplate code step: 'unfold’ the HOL definitions in the assumptions and convert them
to Pure

have pre: <lo < hi» <hi < length xs»
using pre by (auto simp add: quicksort-pre-def)

have part: <mset xs’ = mset zs» True
<isPartition-map R h xs’ lo hi p> <lo < p» <p < hi>
N ii<lo = xsli=wsl N i [hi<i; i<length 18] = zsVi=xsli>
using part by (auto simp add: partition-spec-def)

have sorted-lower: <sorted-sublist-map R h zs’ lo (p — Suc 0)»
proof —
show ?thesis
apply (rule sorted-sublist-wrt-le)
subgoal using ifs(1) by auto
subgoal using ifs(1) mset-eg-length part(1) pre(1) pre(2) by fastforce
done
qed

have sorted-upper: <sorted-sublist-map R h xs’ (Suc p) hi>
proof —
show ?thesis
apply (rule sorted-sublist-wrt-le)
subgoal using ifs(2) by auto
subgoal using ifs(1) mset-eg-length part(1) pre(1) pre(2) by fastforce
done
qged

have sorted-middle: <sorted-sublist-map R h zs’ lo hi»
proof —
show ?thesis
apply (rule merge-sorted-map-partitions[where p=p))
subgoal by (rule trans)
subgoal by (rule part)
subgoal by (rule sorted-lower)
subgoal by (rule sorted-upper)
subgoal using pre(1) by auto
subgoal by (simp add: part(4))
subgoal by (simp add: part(5))
subgoal by (metis part(1) pre(2) size-mset)
done
qed

show ?thesis
proof (intro quicksort-postl)
show <mset zs’ = mset xs»
by (simp add: part(1))
next
show «(sorted-sublist-map R h zs’ lo hi»
by (rule sorted-middle)
next
show (\i. i < lo = as'li=uas! D
using part(6) by blast
next
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show «A\j. [hi < j; j < length zs] = zs’' ! j = xs!
by (metis part(1) part(7) size-mset)
qged
qed

In the second case, we have to show that the precondition still holds for (p+1, hi, x’) after the
partition.

lemma quicksort-correct-case2:
assumes
pre: <quicksort-pre R h zs0 lo hi xs)
and part: <partition-spec R h xs lo hi zs’ p
and ifs: <~ hi < p+ 1>
shows <quicksort-pre R h xs0 (Suc p) hi zs’
proof —

First boilerplate code step: 'unfold’ the HOL definitions in the assumptions and convert them
to Pure

have pre: <lo < hiy <hi < length xs» <mset xs = mset xs0»
using pre by (auto simp add: quicksort-pre-def)
have part: <mset xs’ = mset xs» True
<isPartition-map R h xs’ lo hi py <lo < p» <p < hi>
N i.i<lo = zsli=xslDy N i [hi<i; i<length zs'] = zsli=aslD
using part by (auto simp add: partition-spec-def)
show ?thesis
unfolding quicksort-pre-def
proof (intro conjI)
show «Suc p < hi>
using ifs by linarith
show <hi < length xs’s
by (metis part(1) pre(2) size-mset)
show «mset s’ = mset zs0»
using pre(3) part(1) by (auto dest: mset-eg-setD)
qed
qed

lemma quicksort-post-set:
assumes (quicksort-post R h lo hi zs xs’)
and bounds: <lo < hiy <hi < length xs)
shows <set (sublist xs’ lo hi) = set (sublist zs lo hi)»
proof —
have (mset zs’ = mset xs)» <\ i. i<lo = xs'li = sl <\ j. [hi<j; j<length xs] = xs'lj = zslj
using assms by (auto simp add: quicksort-post-def)
then show ?thesis
using bounds by (rule mset-sublist-eq, auto)
qed

In the third case, we have run quicksort recursively on (p+1, hi, xs’) after the partition, with
hi<=p+1 and p-1<=lo.
lemma quicksort-correct-case3:
assumes trans: <\ zy z. [R (hz) (hy); R (hy) (hz)] = R (hz) (hz) and lin: <\zy. z#y—
R(hz)(hy) VR (hy) (ha)
and pre: <quicksort-pre R h xs0 lo hi zs»
and part: <partition-spec R h xs lo hi zs’ p»
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and ifs: <p — Suc 0 < loy <— hi < Suc p»
and TH!1": <quicksort-post R h (Suc p) hi xs’ xs""
shows (quicksort-post R h lo hi zs xs'’
proof —

First boilerplate code step: 'unfold’ the HOL definitions in the assumptions and convert them
to Pure

have pre: <lo < hiy <hi < length xs)> (mset xs = mset zs0»
using pre by (auto simp add: quicksort-pre-def)
have part: <mset xs’ = mset zs» True
<isPartition-map R h xs’ lo hi p> <lo < p» <p < hi>
N ii<lo = xsli=wxslh N Q. [hi<i; i<length 18] = zsli=xsli>
using part by (auto simp add: partition-spec-def)
have [HI: «(mset xs" = mset xs"y «sorted-sublist-map R h zs"’ (Suc p) hi
N\ i i<Sucp = xs”" Vi =as' iy <N\ j. [hi < j;§ < length xs'] = xs”' ! j=uas'! {
using IH1' by (auto simp add: quicksort-post-def)
note IHI-perm = quicksort-post-set[OF TH1'|

have still-partition: <isPartition-map R h zs" lo hi p>
proof (intro isPartition-wrtl)

fix 7 assume <o < ) i < p

show <R (h (xs"' 1 7)) (h (zs” ! p))»

This holds because this part hasn’t changed

using ITHI1(3) «<i < p» <lo < @ isPartition-wrt-def part(3) by fastforce
next
fix j assume <p < jr j < hi>

Obtain the position posJ where zs” ! j was stored in zs’.

have «xs'lj € set (sublist zs" (Suc p) hi)»
by (metis IH1(1) Suc-lel <j < hi> <p < j» less-le-trans mset-eq-length part(1) pre(2) sublist-el’)
then have «xs'lj € set (sublist xs’ (Suc p) hi)>
by (metis IH1-perm ifs(2) nat-le-linear part(1) pre(2) size-mset)
then have <3 posJ. Suc p<posJAposJ<hi A xs'\j = xs'\posJ>
by (metis Suc-lel <j < hiy <p < j» less-le-trans part(1) pre(2) size-mset sublist-el’)
then obtain posJ :: nat where PosJ: «Suc p<posJ> <posJ<hi) <xs'j = zs'\posJ> by blast

then show <R (h (xzs"' ! p)) (h (zs"" ! j))»
by (metis IH1(8) Suc-le-lessD isPartition-wrt-def lessI part(3))
qged

have sorted-lower: (sorted-sublist-map R h xzs" lo (p — Suc 0)»
proof —
show ?thesis
apply (rule sorted-sublist-wrt-le)
subgoal by (simp add: ifs(1))
subgoal using IH1(1) mset-eg-length part(1) part(5) pre(2) by fastforce
done
qed

note sorted-upper = IH1(2)
have sorted-middle: (sorted-sublist-map R h zs'' lo hi»

proof —
show ?thesis
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apply (rule merge-sorted-map-partitions[where p=p))
subgoal by (rule trans)
subgoal by (rule still-partition)
subgoal by (rule sorted-lower)
subgoal by (rule sorted-upper)
subgoal using pre(1) by auto
subgoal by (simp add: part(4))
subgoal by (simp add: part(5))
subgoal by (metis IH1(1) part(1) pre(2) size-mset)
done
qged

show ?%thesis
proof (intro quicksort-postl)
show <mset zs'' = mset zs
using part(1) IH1(1) by auto — I was faster than sledgehammer :-)
next
show «(sorted-sublist-map R h xs'' lo hi»
by (rule sorted-middle)
next
show (N\i. i < lo = zs""li=uas! D
using IHI1(3) le-Sucl part(4) part(6) by auto
next show (A\j. hi < j = j < length s = xs"' 1 j = zs |
by (metis IH1(4) part(1) part(7) size-mset)
qed
qed

In the 4th case, we have to show that the premise holds for (lo, p — 1, xs’), in case = p — 1 <
lo

Analogous to case 2.

lemma quicksort-correct-cases:
assumes
pre: <quicksort-pre R h xs0 lo hi xs)
and part: <partition-spec R h xs lo hi zs’ p
and ifs: <= p — Suc 0 < lo»
shows <quicksort-pre R h xs0 lo (p—Suc 0) zs"
proof —

First boilerplate code step: 'unfold’ the HOL definitions in the assumptions and convert them
to Pure

have pre: <lo < hiy <hi < length xs)> (mset xs0 = mset xs»
using pre by (auto simp add: quicksort-pre-def)
have part: <mset xs’ = mset xs» True
<isPartition-map R h xs’ lo hi py <lo < py <p < hi>
N i.i<lo = asVi=xslDy (N i [hi<i; i<length zs'] = zsli=aslD
using part by (auto simp add: partition-spec-def)

show ?thesis
unfolding quicksort-pre-def
proof (intro conjI)
show <o < p — Suc 0»
using ifs by linarith
show <p — Suc 0 < length s’
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using mset-eg-length part(1) part(5) pre(2) by fastforce
show (mset xs' = mset xs0>
using pre(3) part(1) by (auto dest: mset-eq-setD)
qed
qed

In the 5th case, we have run quicksort recursively on (lo, p-1, xs’).

lemma quicksort-correct-cases:
assumes trans: <\ zy z. [R (hz) (hy); R (hy) (hz)] = R (hz) (hz) and lin: <Az y.z#y—
R(ha)(hy) VR (hy) (ho)
and pre: <quicksort-pre R h xs0 lo hi xzs»
and part: <partition-spec R h xs lo hi zs' p
and ifs: <= p — Suc 0 < loy <hi < Suc p»
and IH1'" <quicksort-post R hlo (p — Suc 0) xzs’ xzs")
shows <quicksort-post R h lo hi xs zs'’s
proof —

First boilerplate code step: 'unfold’ the HOL definitions in the assumptions and convert them
to Pure

have pre: <lo < hiy <hi < length xs»
using pre by (auto simp add: quicksort-pre-def)
have part: <mset zs’ = mset zs» True
<isPartition-map R h xs’ lo hi py o < p» «<p < hi>
N ii<lo = xsli=aslD N Q. [hi<i; i<length 18] = zsi=xsli>
using part by (auto simp add: partition-spec-def)
have IHI: (mset xs"' = mset xs”y «sorted-sublist-map R h zs' lo (p — Suc 0)»
N iei<lo = 8"V = st <N . [p—Suc 0<j; j<length zs'] = xs"j = xs'lj
using [H1' by (auto simp add: quicksort-post-def)
note IH1-perm = quicksort-post-set[OF IH1']

have still-partition: <isPartition-map R h zs’' lo hi p>
proof (intro isPartition-wrtl)
fix ¢ assume <lo < © i < p

Obtain the position posI where zs”’ ! ¢ was stored in zs’.

have «xs'i € set (sublist zs' lo (p—Suc 0))»
by (metis (no-types, lifting) IH1(1) Suc-lel Suc-pred <i < py <lo < @ le-less-trans less-imp-diff-less
mset-eq-length not-le not-less-zero part(1) part(5) pre(2) sublist-el’)
then have <zs'!i € set (sublist xs’ lo (p—Suc 0))»
by (metis IHI-perm ifs(1) le-less-trans less-imp-diff-less mset-eq-length nat-le-linear part(1)
part(5) pre(2))
then have <3 posl. lo<posIAposI<p—Suc 0 A xzs"Vi = zs'lposl»
proof — — sledgehammer
have p — Suc 0 < length zs
by (meson diff-le-self le-less-trans part(5) pre(2))
then show ?thesis
by (metis (no-types) <xs’' ! i € set (sublist zs’ lo (p — Suc 0))» ifs(1) mset-eq-length nat-le-linear
part(1) sublist-el’)
qed
then obtain posl :: nat where Posl: <lo<posl> <posI<p—Suc 0> «zs'"i = xs'\posI> by blast
then show <R (h (zs"' 1 7)) (h (zs” ! p))»
by (metis (no-types, lifting) IH1(4) <« < p» diff-Suc-less isPartition-wrt-def le-less-trans
mset-eq-length not-le not-less-eq part(1) part(3) part(5) pre(2) zero-less-Suc)
next
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fix j assume <p < j j < hi>
then show <R (h (zs”" ! p)) (h (zs”" ! j))»

This holds because this part hasn’t changed

by (smt (verit) IHI(4) add-diff-cancel-left’ add-diff-inverse-nat diff-Suc-eq-diff-pred diff-le-self
ifs(1) isPartition-wrt-def le-less-Suc-eq less-le-trans mset-eq-length nat-less-le part(1) part(3) part(4)
plus-1-eq-Suc pre(2))
qged

note sorted-lower = IH1(2)

have sorted-upper: <sorted-sublist-map R h zs" (Suc p) hi>
proof —
show ?thesis

apply (rule sorted-sublist-wrt-le)
subgoal by (simp add: ifs(2))
subgoal using [H1(1) mset-eg-length part(1) part(5) pre(2) by fastforce
done

qed

have sorted-middle: <sorted-sublist-map R h zs'' lo hi)
proof —
show ?thesis
apply (rule merge-sorted-map-partitions[where p=p))
subgoal by (rule trans)
subgoal by (rule still-partition)
subgoal by (rule sorted-lower)
subgoal by (rule sorted-upper)
subgoal using pre(1) by auto
subgoal by (simp add: part(4))
subgoal by (simp add: part(5))
subgoal by (metis IH1(1) part(1) pre(2) size-mset)
done
qed

show ?thesis
proof (intro quicksort-postl)
show «mset zs’' = mset xs
by (simp add: IHI(1) part(1))
next
show <sorted-sublist-map R h xzs' lo hi>
by (rule sorted-middle)
next
show <N\i. i < lo = zs""li=uas! D
by (simp add: IH1(3) part(6))
next
show (A\j. hi < j = j < length xs = xzs" 1 j = azs | jp
by (metis IH1(4) diff-le-self dual-order.strict-trans2 mset-eq-length part(1) part(5) part(7))
qed
qed

In the 6th case, we have run quicksort recursively on (lo, p-1, xs’). We show the precondition
on the second call on (p+1, hi, xs”)
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lemma quicksort-correct-case6:
assumes
pre: <quicksort-pre R h xs0 lo hi zs»
and part: <partition-spec R h xs lo hi xs’ p>
and ifs: <= p — Suc 0 < loy <= hi < Suc p»
and THI: «quicksort-post R h lo (p — Suc 0) xs’ zs""
shows <quicksort-pre R h zs0 (Suc p) hi zs’’s
proof —

First boilerplate code step: 'unfold’ the HOL definitions in the assumptions and convert them

to Pure

have pre: <lo < hiy <hi < length xs)> (mset xs0 = mset xs»
using pre by (auto simp add: quicksort-pre-def)
have part: <mset zs’ = mset xs» True
<isPartition-map R h xs' lo hi py <lo < py <p < hi>
N i.i<lo = asVi=zslDy N i [hi<i; i<length zs'] = zsVi=aslD
using part by (auto simp add: partition-spec-def)
have THI: «mset zs” = mset xs”y (sorted-sublist-map R h zs'" lo (p — Suc 0)»
N ii<lo = xs"i = xsliy <\ §. [p—Suc 0<7; j<length xzs']| = xs"lj = sl
using IHI by (auto simp add: quicksort-post-def)

show ?thesis
unfolding quicksort-pre-def
proof (intro conjl)
show <Suc p < hi»
using ifs(2) by linarith
show (hi < length xs'"
using [HI1 (1) mset-eq-length part(1) pre(2) by fastforce
show (mset xs"’ = mset zs0»
using pre(3) part(1) IHI1(1) by (auto dest: mset-eg-setD)
qed
qed

In the 7th (and last) case, we have run quicksort recursively on (lo, p-1, xs’).

postcondition on the second call on (p+1, hi, xs”)

lemma quicksort-correct-case7:

We show the

assumes trans: <\ zy z. [R (hz) (hy); R (hy) (hz)] = R (hz) (hz) and lin: <Az y. z#y—

R (hz) (hy) VR (hy) (ha)
and pre: <quicksort-pre R h xs0 lo hi zs»
and part: <partition-spec R h xs lo hi xs’ p
and ifs: <= p — Suc 0 < loy <= hi < Suc p»
and IH1": <quicksort-post R h lo (p — Suc 0) xs" zs'"
and TH2': <quicksort-post R h (Suc p) hi xs"" zs"")
shows «quicksort-post R h lo hi zs xs'"

proof —

First boilerplate code step: 'unfold’ the HOL definitions in the assumptions and convert them

to Pure

have pre: <lo < hiy <hi < length rs»
using pre by (auto simp add: quicksort-pre-def)
have part: <mset xs’ = mset xs» True
<isPartition-map R h xs' lo hi py <lo < py <p < hi>
N i.i<lo = asVi=xslDy N i [hi<i; i<length zs'] = zsli=aslD
using part by (auto simp add: partition-spec-def)
have THI: «(mset xs” = mset xs”y (sorted-sublist-map R h zs'" lo (p — Suc 0)»
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N ii<lo = xs"i = sy (N §. [p—Suc 0<j; j<length zs']| = xs"lj = zs'j»
using IH1' by (auto simp add: quicksort-post-def)

note IH1-perm = quicksort-post-set[OF IH1']

have IH2: (mset zs’"" = mset xs'y «sorted-sublist-map R h zs’"" (Suc p) his
N i.i<Suc p = xs"i = xs" (N §. [hi<j; j<length xs"| = xs"""\j = xs"\j»
using TH2' by (auto simp add: quicksort-post-def)

note [H2-perm = quicksort-post-set|OF IH2'|

We still have a partition after the first call (same as in case 5)

have still-partitionl: <isPartition-map R h zs'' lo hi p
proof (intro isPartition-wrtl)
fix ¢ assume <lo < ) i < p»

Obtain the position posI where zs”’ ! i was stored in zs’.

have <xs'i € set (sublist xs'" lo (p—Suc 0))»
by (metis (no-types, lifting) IH1(1) Suc-lel Suc-pred «i < ps <lo < @) le-less-trans less-imp-diff-less
mset-eq-length not-le not-less-zero part(1) part(5) pre(2) sublist-el’)
then have <xs'li € set (sublist zs’ lo (p—Suc 0))»
by (metis IHI-perm ifs(1) le-less-trans less-imp-diff-less mset-eq-length nat-le-linear part(1)
part(5) pre(2))
then have <3 posl. lo<posIAposI<p—Suc 0 A zs"Vi = zs'\posl>
proof — — sledgehammer
have p — Suc 0 < length zs
by (meson diff-le-self le-less-trans part(5) pre(2))
then show ?thesis
by (metis (no-types) <xs’’ ! i € set (sublist xs' lo (p — Suc 0))» ifs(1) mset-eg-length nat-le-linear
part(1) sublist-el’)
qed
then obtain posl :: nat where Posl: <lo<posl) <posI<p—Suc 0) <xs'i = zs"\posIs by blast
then show <R (h (zs"' 7)) (h (zs” ! p))»
by (metis (no-types, lifting) IHI1(4) i < p» diff-Suc-less isPartition-wrt-def le-less-trans
mset-eq-length not-le not-less-eq part(1) part(3) part(5) pre(2) zero-less-Suc)
next
fix j assume p < j <j < hi>
then show <R (h (xzs"" ! p)) (h (zs’" ! j))»

This holds because this part hasn’t changed

by (smt (verit) IHI1(4) add-diff-cancel-left’ add-diff-inverse-nat diff-Suc-eq-diff-pred diff-le-self
ifs(1) isPartition-wrt-def le-less-Suc-eq less-le-trans mset-eg-length nat-less-le part(1) part(3) part(4)
plus-1-eq-Suc pre(2))
qed

We still have a partition after the second call (similar as in case 3)

have still-partition2: <isPartition-map R h zs""" lo hi p»
proof (intro isPartition-wrtl)

fix 7 assume <lo < ) i < p

show <R (h (zs”" 1 7)) (h (xs"" ! p))

This holds because this part hasn’t changed

using [H2(3) «i < p» <lo < © isPartition-wri-def still-partitionl by fastforce
next
fix j assume <p < j j < hi>

Obtain the position posJ where zs”"! j was stored in zs’".
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have <xs'"lj € set (sublist xs'" (Suc p) hi)»
by (metis IH1(1) IH2(1) Suc-lel <j < hi> <p < > ifs(2) nat-le-linear part(1) pre(2) size-mset
sublist-el’)
then have <xzs’lj € set (sublist zs" (Suc p) hi)»
by (metis IH1(1) IH2-perm ifs(2) mset-eg-length nat-le-linear part(1) pre(2))
then have 3 posJ. Suc p<posJAposJ<hi A zs''lj = zs"posJ»
by (metis IH1(1) ifs(2) mset-eq-length nat-le-linear part(1) pre(2) sublist-el’)
then obtain posJ :: nat where PosJ: «Suc p<posJ> <posJ<hi) <xs""j = zs''posJ> by blast

then show <R (h (zs""' ! p)) (h (zs""" 1 j))»
proof — — sledgehammer
have Vn na as p. (p (as! na:'a) (as ! posJ) V posJ < na) V — isPartition-wrt p as n hi na
by (metis (no-types) PosJ(2) isPartition-wrt-def not-less)
then show ?%thesis
by (metis IH2(83) PosJ(1) PosJ(3) lessI not-less-eg-eq still-partitionl)
qed
qed

We have that the lower part is sorted after the first recursive call

note sorted-lower! = IH1(2)

We show that it is still sorted after the second call.

have sorted-lower2: <sorted-sublist-map R h zs""" lo (p—Suc 0)»
proof —
show ?thesis
using sorted-lower! apply (rule sorted-wrt-lower-sublist-still-sorted)
subgoal by (rule part)
subgoal
using TH1(1) mset-eg-length part(1) part(5) pre(2) by fastforce
subgoal
by (simp add: TH2(3))
subgoal
by (metis IH2(1) size-mset)
done
ged

The second TH gives us the the upper list is sorted after the second recursive call

note sorted-upper2 = IH2(2)

Finally, we have to show that the entire list is sorted after the second recursive call.

have sorted-middle: «sorted-sublist-map R h xs'" lo his
proof —
show ?thesis
apply (rule merge-sorted-map-partitions[where p=p))
subgoal by (rule trans)
subgoal by (rule still-partition2)
subgoal by (rule sorted-lower2)
subgoal by (rule sorted-upper2)
subgoal using pre(1) by auto
subgoal by (simp add: part(4))
subgoal by (simp add: part(5))
subgoal by (metis IH1(1) IH2(1) part(1) pre(2) size-mset)
done
qed
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show ?thesis
proof (intro quicksort-postl)
show (mset xs""' = mset xs)
by (simp add: IH1(1) IH2(1) part(1))
next
show <sorted-sublist-map R h xs'" lo hi»
by (rule sorted-middle)
next
show (\i. i < lo= as"" ! i=1as!®
using [HI1(3) IH2(3) part(4) part(6) by auto
next
show «\j. hi < j = j < length zs => zs’"" 1 j = xs | j»
by (metis IH1(1) IH1(4) IH2(4) diff-le-self ifs(2) le-Sucl less-le-trans nat-le-eg-or-lt not-less
part(1) part(7) size-mset)
qed

qed

We can now show the correctness of the abstract quicksort procedure, using the refinement
framework and the above case lemmas.

lemma quicksort-correct:
assumes trans: <\ zy z. [R (hz) (hy); R (hy) (hz)] = R (hz) (h2) and lin: <Az y. z#y—
R(hz) (hy)V R (hy) (hap
and Pre: <lo0 < hi0> <hi0 < length zs0»
shows <quicksort R h (100,hi0,xs0) < |} Id (SPEC(\zs. quicksort-post R h lo0 hi0 xs0 xs))»
proof —
have wf: <wf (measure (A(lo, hi, zs). Suc hi — lo))»
by auto
define pre where <pre = (A(lo,hi,zs). quicksort-pre R h xs0 lo hi xs)»
define post where <post = (A(lo,hi,xs). quicksort-post R h lo hi xs)»
have pre: «pre (100,hi0,2s0)>
unfolding quicksort-pre-def pre-def by (simp add: Pre)

We first generalize the goal a over all states.

have «WB-Sort.quicksort R h (1o0,hi0,2s0) < | Id (SPEC (post (lo0,hi0,1s0)))>
unfolding quicksort-def prod.case
apply (rule RECT-rule)
apply (refine-mono)
apply (rule wf)
apply (rule pre)
subgoal premises /H for fz
apply (refine-vcg ASSERT-lel)
unfolding pre-def post-def

subgoal — First premise (assertion) for partition
using TH(2) by (simp add: quicksort-pre-def pre-def)
subgoal — Second premise (assertion) for partition
using IH(2) by (simp add: quicksort-pre-def pre-def)
subgoal
using [H(2) by (auto simp add: quicksort-pre-def pre-def dest: mset-eq-setD)

Termination case: p — 1 < lo’ and hi’ < p + 1; directly show postcondition

subgoal unfolding partition-spec-def by (auto dest: mset-eq-setD)
subgoal — Postcondition (after partition)

apply —
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using /H(2) unfolding pre-def apply (simp, elim conjE, split prod.splits)
using trans lin apply (rule quicksort-correct-casel) by auto
Case p — 1 < lo"and hi’ < p + 1 (Only second recursive call)

subgoal
apply (rule IH(1)[THEN order-trans))

Show that the invariant holds for the second recursive call

subgoal
using [H(2) unfolding pre-def apply (simp, elim conjE, split prod.splits)
apply (rule quicksort-correct-case2) by auto

Wellfoundness (easy)
subgoal by (auto simp add: quicksort-pre-def partition-spec-def)

Show that the postcondition holds

subgoal
apply (simp add: Misc.subset-Collect-conv post-def, intro alll impl, elim conjE)
using trans lin apply (rule quicksort-correct-case3)
using [H(2) unfolding pre-def by auto
done
Case: At least the first recursive call

subgoal
apply (rule IH(1)[THEN order-trans])

Show that the precondition holds for the first recursive call

subgoal
using 7H(2) unfolding pre-def post-def apply (simp, elim conjE, split prod.splits) apply auto
apply (rule quicksort-correct-cased) by auto

Wellfoundness for first recursive call (easy)

subgoal by (auto simp add: quicksort-pre-def partition-spec-def)

Simplify some refinement suff...

apply (simp add: Misc.subset-Collect-conv ASSERT-lel, intro alll impI conjl, elim conjE)
apply (rule ASSERT-lel)

apply (simp-all add: Misc.subset-Collect-conv ASSERT-lel)

subgoal unfolding quicksort-post-def pre-def post-def by (auto dest: mset-eq-setD)

Only the first recursive call: show postcondition

subgoal
using trans lin apply (rule quicksort-correct-cased)
using IH(2) unfolding pre-def post-def by auto

apply (rule ASSERT-lel)
subgoal unfolding quicksort-post-def pre-def post-def by (auto dest: mset-eq-setD)

Both recursive calls.

subgoal
apply (rule IH(1)[THEN order-trans])

Show precondition for second recursive call (after the first call)
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subgoal
unfolding pre-def post-def
apply auto
apply (rule quicksort-correct-case6)
using [H(2) unfolding pre-def post-def by auto

Wellfoundedness for second recursive call (easy)

subgoal by (auto simp add: quicksort-pre-def partition-spec-def)

Show that the postcondition holds (after both recursive calls)

subgoal
apply (simp add: Misc.subset-Collect-conv, intro alll impl, elim conjE)
using trans lin apply (rule quicksort-correct-case?)
using [H(2) unfolding pre-def post-def by auto

done

done
done
done

Finally, apply the generalized lemma to show the thesis.

then show ?thesis unfolding post-def by auto
qed

definition partition-main-inv :: <('b = 'b = bool) = (‘a = 'b) = nat = nat = 'a list = (natxnatx’a
list) = booly where
<partition-main-inv R h lo hi zs0 p =
case p of (i,j,x8) =
Jj<lengthaxs Nj < hiNi<lengthazs ANlo<iAi<jA msetzs= msetazsl A
(Vk. kE>1loNk<i— R (h(2stk)) (b (ws!hi))) A — All elements from lo to ¢ — 1 are smaller
than the pivot
(Vk. k>iANk<j— R (h(zslhi)) (h (zslk))) A — All elements from ¢ to j — I are greater than
the pivot
(Vk. k < lo — xslk = zs0'k) N — Everything below lo is unchanged
(Vk. k> j ANk < length s — zslk = zs0'k) — All elements from j are unchanged (including
everyting above hi)
)

The main part of the partition function. The pivot is assumed to be the last element. This is
exactly the "Lomuto partition scheme" partition function from Wikipedia.

definition partition-main :: <('b = 'b = bool) = (‘a = 'b) = nat = nat = 'a list = ('a list X nat)
nres» where
<partition-main R h lo hi x50 = do {
ASSERT (hi < length xs0);
pivot < RETURN (h (zs0 ! hi));
(4.j,a5) WH]LETpartition—main—inv R hlo hi zs0
(A(i,j,x8). j < hi)
(A(i,4,zs). do {
ASSERT (i < length xs A j < length xs);
if R (h (xsly)) pivot

— We loop from j = lo to j = hi — 1.
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then RETURN (i+1, j+1, swap xs i j)
else RETURN (i, j+1, xs)
}
(lo, lo, zs0); — i and j are both initialized to lo
ASSERT (i < length xs N\ j = hi A lo < i A hi < length zs N\ mset xs = mset xs0);
RETURN (swap xs i hi, ©)
b

lemma partition-main-correct:
assumes bounds: <hi < length zs» <lo < hi» and
trans: <\ zy z. [R (hz) (hy); R(hy) (h2)] = R (hz)(hz)and lin: <Azy. R(hz)(hy) VR
(hy) (h 2
shows <partition-main R h lo hi xs < SPEC(\(zs’, p). mset xs = mset xs’ A
lo < pA p < hiAisPartition-map R hxs' lohip A (¥ i. i<lo — xzsVi=xsli) A (V i. hi<iNi<length
xs’ — xs'li=wxsli))
proof —
have K: <b < hi — Sucn = n >0 = Sucn < hi = Suc b < hi — n> for b hin
by auto
have L: <™ R (hz) (hy) = R (h y) (h z)» for z y — Corollary of linearity
using assms by blast
have M: <a < Sucb=a=bV a< b forabd
by linarith
have N: «(a:nat) < b=a=bVa<b forab
by arith

show ?thesis
unfolding partition-main-def choose-pivot-def
apply (refine-veg WHILEIT-rule[where R = ¢measure(A(i,j,zs). hi—j)}])
subgoal using assms by blast — We feed our assumption to the assertion
subgoal by auto — WF
subgoal — Invariant holds before the first iteration
unfolding partition-main-inv-def
using assms apply simp by linarith
subgoal unfolding partition-main-inv-def by simp
subgoal unfolding partition-main-inv-def by simp
subgoal
unfolding partition-main-inv-def
apply (auto dest: mset-eq-length)
done
subgoal unfolding partition-main-inv-def by (auto dest: mset-eq-length)
subgoal
unfolding partition-main-inv-def apply (auto dest: mset-eq-length)
by (metis L M mset-eq-length nat-le-eq-or-It)

subgoal unfolding partition-main-inv-def by simp — assertions, etc
subgoal unfolding partition-main-inv-def by simp

subgoal unfolding partition-main-inv-def by (auto dest: mset-eq-length)
subgoal unfolding partition-main-inv-def by simp

subgoal unfolding partition-main-inv-def by (auto dest: mset-eq-length)
subgoal unfolding partition-main-inv-def by (auto dest: mset-eq-length)
subgoal unfolding partition-main-inv-def by (auto dest: mset-eq-length)
subgoal unfolding partition-main-inv-def by simp

subgoal unfolding partition-main-inv-def by simp
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subgoal — After the last iteration, we have a partitioning! :-)
unfolding partition-main-inv-def by (auto simp add: isPartition-wrt-def)

subgoal — And the lower out-of-bounds parts of the list haven’t been changed
unfolding partition-main-inv-def by auto

subgoal — And the upper out-of-bounds parts of the list haven’t been changed
unfolding partition-main-inv-def by auto

done

qed

definition partition-between :: <('b = 'b = bool) = ('a = 'b) = nat = nat = 'a list = ('a list x nat)
nres> where
<partition-between R h lo hi xs0 = do {

ASSERT (hi < length xs0 A lo < hi);

k < choose-pivot R h zs0 lo hi; — choice of pivot

ASSERT (k < length xs0);

xs + RETURN (swap zs0 k hi); — move the pivot to the last position, before we start the actual
loop

ASSERT (length xs = length xs0);

partition-main R h lo hi xs

b

lemma partition-between-correct:
assumes <hi < length zs» and <lo < hi> and
Nzyz. [R(hz) (hy); R(hy) (hz)] = R(hz)(hz)and <Azy. R(hz) (hy)V R (hy) (hz)
shows «¢partition-between R h lo hi xs < SPEC (uncurry (partition-spec R h xs lo hi))»
proof —
have K: <b < hi — Sucn=—=n >0 = Sucn < hi = Suc b < hi — n> for b hin
by auto
show ?thesis
unfolding partition-between-def choose-pivot-def
apply (refine-veg partition-main-correct)
using assms apply (auto dest: mset-eq-length simp add: partition-spec-def)
by (metis dual-order.strict-trans2 less-imp-not-eq2 mset-eq-length swap-nth)
qed

We use the median of the first, the middle, and the last element.

definition choose-pivot3 where
<choose-pivot3 R h zs lo (hiz:nat) = do {
ASSERT (lo < length xs);
ASSERT (hi < length xs);
let k' = (hi — lo) div 2;
let k = lo + k'
ASSERT (k < length xs);
let start = h (zs ! lo);
let mid = h (zs ! k);
let end = h (zs ! hi);
if (R start mid A R mid end) V (R end mid A R mid start) then RETURN k
else if (R start end A R end mid) V (R mid end A R end start) then RETURN hi
else RETURN lo

b

— We only have to show that this procedure yields a valid index between lo and hi.
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lemma choose-pivot3-choose-pivot:
assumes <lo < length zsy <hi < length xs» <hi > lo»
shows <choose-pivot3 R h zs lo hi < | Id (choose-pivot R h xs lo hi)»
unfolding choose-pivot3-def choose-pivot-def
using assms by (auto intro!: ASSERT-lel simp: Let-def)

The refined partion function: We use the above pivot function and fold instead of non-deterministic
iteration.

definition partition-between-ref
2 4('b = b = bool) = ('a = 'b) = nat = nat = 'a list = ('a list X nat) nres
where
<partition-between-ref R h lo hi xs0 = do {
ASSERT (hi < length xs0 A hi < length xs0 A lo < hi);
k < choose-pivot3 R h zs0 lo hi; — choice of pivot
ASSERT (k < length xs0);
xs < RETURN (swap xs0 k hi); — move the pivot to the last position, before we start the actual
loop
ASSERT (length xs = length xs0);
partition-main R h lo hi zs

b

lemma partition-main-ref "
<partition-main R h lo hi xs
<J((Nabcd. Id) abcd) (partition-main R h lo hi xs))
by auto

lemma Down-id-eq:
Jd z = o
by auto

lemma partition-between-ref-partition-between:
<partition-between-ref R h lo hi xs < (partition-between R h lo hi xs)»
proof —
have swap: <(swap zs k hi, swap zs ka hi) € Id> if <k = ka>
for k ka
using that by auto
have [refine0]: <(h (zsa ! hi), b (zsaa ! hi)) € Id>
if «(xsa, zsaa) € Id»
for zsa zsaa
using that by auto

show ?thesis

apply (subst (2) Down-id-eq[symmetric])

unfolding partition-between-ref-def
partition-between-def
OP-def

apply (refine-vcg choose-pivot3-choose-pivot swap partition-main-correct)

subgoal by auto

subgoal by auto

subgoal by auto

subgoal by auto

subgoal by auto
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subgoal by auto

subgoal by auto

subgoal by auto

subgoal by auto

by (auto intro: Refine-Basic.Id-refine dest: mset-eq-length)
qed

Technical lemma for sepref

lemma partition-between-ref-partition-between’:
((uncurry2 (partition-between-ref R h), uncurry2 (partition-between R h)) €
(nat-rel x, nat-rel) x, (Id)list-rel —; ((Id)list-rel x, nat-rel)nres-rel>
by (intro frefl nres-rell)
(auto intro: partition-between-ref-partition-between)

Example instantiation for pivot

definition choose-pivot3-impl where
<choose-pivot3-impl = choose-pivot3 (<) id»

lemma partition-between-ref-correct:
assumes trans: <\ zy z. [R (hz) (hy); R (hy) (h2)] = R (hz) (hz) and lin: <Az y. R (h )
(hy) vV R (hy) (o)
and bounds: <hi < length xs) <lo < hi»
shows «partition-between-ref R h lo hi xzs < SPEC (uncurry (partition-spec R h s lo hi))»
proof —
show ?thesis
apply (rule partition-between-ref-partition-between| THEN order-trans|)
using bounds apply (rule partition-between-correctjwhere h=h))
subgoal by (rule trans)
subgoal by (rule lin)
done
qed

Refined quicksort algorithm: We use the refined partition function.

definition quicksort-ref :: <- = - = nat x nat x ’'a list = 'a list nres>) where
<quicksort-ref R h = (A(lo,hi,zs0).
do {
RECT (M\f (lo,hi,xs). do {
ASSERT (lo < hi A hi < length xs0 N\ mset xs = mset 280);
(zs, p) + partition-between-ref R h lo hi xs; — This is the refined partition function. Note that we
need the premises (trans,lin,bounds) here.
ASSERT (mset xs = mset zs0 N\ p > lo A p < length zs0);
xs « (if p—1<lo then RETURN uzs else | (lo, p—1, xs));
ASSERT (mset xs = mset 2s0);
if hi<p+1 then RETURN us else f (p+1, hi, zs)
1) (lo,hi,xs0)
b

lemma fref-to-Down-curry2:
(uncurry2 f, uncurry? g) € [Ply A — (B)nres-rel =
Aea'y'y' 22 P (2, y), ) = (@ v), 2), (@ ), 2) € A=
fryz<l| B(gz'y 2"))
unfolding fref-def uncurry-def nres-rel-def
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by auto

lemma fref-to-Down-curry:
«(f, g) € [Ply A — (B)nres-rel =
(Azz'. Pz = (z,1') € A=
fe < B(ga))
unfolding fref-def uncurry-def nres-rel-def
by auto

lemma quicksort-ref-quicksort:
assumes bounds: <hi < length zs» <lo < hi» and
trans: <\ zy z. [R (hz) (hy); R(hy) (h2)] = R (hz)(hz)and lin: <Azy. R(hz)(hy) VR
(hy) (b x)
shows <quicksort-ref R h z0 < | Id (quicksort R h z0)»
proof —
have wf: <wf (measure (A(lo, hi, zs). Suc hi — lo))»
by auto
have pre: «z0 = 20’ = (20, 20') € Id x, Id x, (Id)list-rels for z0 z0' :: <nat x nat x 'b list»
by auto
have [refine0]: «(zle = z1d) = (xle,x1d) € Id» for zle x1d :: <'b list
by auto

show ?thesis
unfolding quicksort-def quicksort-ref-def
apply (refine-veg pre partition-between-ref-partition-between’| THEN fref-to-Down-curry2])

First assertion (premise for partition)

subgoal
by auto

First assertion (premise for partition)

subgoal
by auto
subgoal
by (auto dest: mset-eg-length)
subgoal
by (auto dest: mset-eg-length mset-eq-setD)

Correctness of the concrete partition function

subgoal

apply (simp, rule partition-between-ref-correct)

subgoal by (rule trans)

subgoal by (rule lin)

subgoal by auto — first premise

subgoal by auto — second premise

done
subgoal

by (auto dest: mset-eg-length mset-eq-setD)
subgoal by (auto simp: partition-spec-def isPartition-wrt-def)
subgoal by (auto simp: partition-spec-def isPartition-wrt-def dest: mset-eg-length)
subgoal

by (auto dest: mset-eg-length mset-eq-setD)
subgoal
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by (auto dest: mset-eq-length mset-eq-setD)
subgoal

by (auto dest: mset-eg-length mset-eq-setD)
subgoal

by (auto dest: mset-eq-length mset-eq-setD)

by simp+
qed

— Sort the entire list
definition full-quicksort where
<full-quicksort R h xs = if zs = [| then RETURN uzs else quicksort R h (0, length zs — 1, xs)»

definition full-quicksort-ref where
full-quicksort-ref R h zs =
if List.null s then RETURN zs
else quicksort-ref R h (0, length xs — 1, zs)»

definition full-quicksort-impl :: <nat list = nat list nres) where
full-quicksort-impl xs = full-quicksort-ref (<) id zs)

lemma full-quicksort-ref-full-quicksort:
assumes trans: <\ zy z. [R (hz) (hy); R(hy) (hz2)] = R (hz) (hz)and lin: <Az y. R (hz)
(hy) VR (hy) (ha)
shows <(full-quicksort-ref R h, full-quicksort R h) €
(Id)list-rel — ( (Id)list-rel)nres-rel>
proof —
show ?thesis
unfolding full-quicksort-ref-def full-quicksort-def
using lin
apply (intro frefl nres-rell)
apply (auto intro!: quicksort-ref-quicksort[unfolded Down-id-eq] intro: trans)
done
qed

lemma sublist-entire:
<sublist xs 0 (length xs — 1) = xs»
by (simp add: sublist-def)

lemma sorted-sublist-wrt-entire:
assumes <sorted-sublist-wrt R xs 0 (length zs — 1))
shows (sorted-wrt R xs»
proof —
have (sorted-wrt R (sublist zs 0 (length xs — 1))
using assms by (simp add: sorted-sublist-wrt-def )
then show ?thesis
by (metis sublist-entire)
qed

lemma sorted-sublist-map-entire:
assumes <sorted-sublist-map R h xs 0 (length s — 1))
shows (sorted-wrt (A z y. R (h z) (hy)) zs»

proof —
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show ?thesis
using assms by (rule sorted-sublist-wrt-entire)
qed

Final correctness lemma

theorem full-quicksort-correct-sorted:
assumes
trans: <Az y z. [R (hz) (hy); R (hy) (hz)] = R (hz) (hz)andlin: <Azvy. z#y= R (hx)
(hy) vV R (hy) (ho)
shows «full-quicksort R h xs < || Id (SPEC(Azs’. mset xs’ = mset xs A sorted-wrt (A z y. R (h z) (h
y)) ws))
proof —
show ?thesis
unfolding full-quicksort-def
apply (refine-veg)
subgoal by simp — case xs=|]
subgoal by simp — case xs=|]

apply (rule quicksort-correct| THEN order-trans])
subgoal by (rule trans)

subgoal by (rule lin)

subgoal by linarith

subgoal by simp

apply (simp add: Misc.subset-Collect-conv, intro alll impI conjl)
subgoal
by (auto simp add: quicksort-post-def)
subgoal
apply (rule sorted-sublist-map-entire)
by (auto simp add: quicksort-post-def dest: mset-eq-length)
done
qed

lemma full-quicksort-correct:
assumes
trans: <Nz y z. [R (hz) (hy); R(hy) (hz)] = R (hz) (hz) and
lin: <\Azy. R (hz)(hy)V R (hy) (hz)
shows «full-quicksort R h xs < || Id (SPEC(A\zs’. mset xs’ = mset xs))»
by (rule order-trans[OF full-quicksort-correct-sorted))
(use assms in auto)

end

theory More-Loops

imports
Refine-Monadic. Refine- While
Refine-Monadic. Refine-Foreach
HOL- Library. Rewrite

begin

3.3 More Theorem about Loops

Most theorem below have a counterpart in the Refinement Framework that is weaker (by missing
assertions for example that are critical for code generation).

lemma Down-id-eq:
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d z =
by auto

lemma while-upt-while-direct1:
b>a=
do {
(-,0) «+ WHILET (FOREACH-cond c) (Az. do {ASSERT (FOREACH-cond ¢ z); FOREACH-body
7))
([a..<b],0);
RETURN o
} < do {
(-,0) < WHILET (A(i, ). i < b A cx) (A (i, z). do {ASSERT (i < b); o’fixz; RETURN (i+1,0)
1) (a,0);
RETURN o
}
apply (rewrite at - < x> Down-id-eq[symmetric])
apply (refine-vcg WHILET-refine[where R = «{((I, '), (iznat, z::'a)). 2= ' A1 < bA i > a A
I = drop (i—a) [a..<D]}])
subgoal by auto
subgoal by (auto simp: FOREACH-cond-def)
subgoal by (auto simp: FOREACH-body-def intro!: bind-refine] OF Id-refine])
subgoal by auto
done

lemma while-upt-while-direct2:
b>a—
do {
(-,0) « WHILEr (FOREACH-cond ¢) (Az. do {ASSERT (FOREACH-cond ¢ x); FOREACH-body
7))
([a..<b],0);
RETURN o
} > do {
(-,0) < WHILEp (A(i,z). i < b A cx) (A, z). do {ASSERT (i < b); o’~fixz; RETURN (i+1,0')
1) (a,0);
RETURN o
}
apply (rewrite at - < 1> Down-id-eq[symmetric])
apply (refine-vcg WHILET-refine[where R = «{((iz:nat, z::'a), (I, 7). 2= ' ANi < bA i > a A
I = drop (i—a) [a..<b]}])
subgoal by auto
subgoal by (auto simp: FOREACH-cond-def)
subgoal by (auto simp: FOREACH-body-def introl: bind-refine[OF Id-refine])
subgoal by (auto simp: FOREACH-body-def intro!: bind-refine] OF Id-refine])
subgoal by auto
done

lemma while-upt-while-direct:
b>a=
do {
(-,0) «+ WHILET (FOREACH-cond c) (Az. do {ASSERT (FOREACH-cond ¢ z); FOREACH-body
fz})
([a..<b],0);
RETURN o
} =do{
(-,0) < WHILEp (A(i, z). i < b A cx) (A, z). do {ASSERT (i < b); o’«fixz; RETURN (i+1,0')
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1 (a,0);
RETURN o
}
using while-upt-while-direct1 [of a b] while-upt-while-direct2|of a b]
unfolding order-eq-iff by fast

lemma while-nfoldli:
do {
(-,0) < WHILET (FOREACH-cond c¢) (Ax. do {ASSERT (FOREACH-cond c z); FOREACH-body
7 2}) (o),
RETURN o
< nfoldlilcfo
apply (induct 1 arbitrary: o)
apply (subst WHILET-unfold)
apply (simp add: FOREACH-cond-def)

apply (subst WHILET-unfold)
apply (auto
simp: FOREACH-cond-def FOREACH-body-def
intro: bind-mono Refine-Basic.bind-mono(1))
done
lemma nfoldli-while: nfoldli l ¢ f o
<
(WHILEL!
(FOREACH-cond ¢) (Azx. do {ASSERT (FOREACH-cond ¢ x); FOREACH-body f z}) (I, o)
S
(A(-, 0). RETURN o))
proof (induct | arbitrary: o)
case Nil thus ?case by (subst WHILEIT-unfold) (auto simp: FOREACH-cond-def)
next
case (Cons z ls)
show ?Zcase
proof (cases ¢ o)
case Fulse thus ?thesis
apply (subst WHILEIT-unfold)
unfolding FOREACH-cond-def
by simp
next
case [simp|: True
from Cons show ?thesis
apply (subst WHILEIT-unfold)
unfolding FORFEACH-cond-def FOREACH-body-def
apply clarsimp
apply (rule Refine-Basic.bind-mono)
apply simp-all
done
qged
qed

lemma while-eq-nfoldli: do {
(-,0) < WHILET (FOREACH-cond c) (Az. do {ASSERT (FOREACH-cond c z); FOREACH-body
f3}) (Lo):
RETURN o
Y =mnfoldlilcfo
apply (rule antisym)

o6



apply (rule while-nfoldli)

apply (rule order-trans|OF nfoldli-whilelwhere I=\-. True]])
apply (simp add: WHILET-def)

done

end

theory PAC-Specification
imports PAC-More-Poly
begin

4 Specification of the PAC checker

4.1 Ideals

type-synonym int-poly = <int mpoly>
definition polynomial-bool :: <int-poly set) where
<polynomial-bool = (Ac. Var ¢ ~ 2 — Var ¢) * UNIV)»

definition pac-ideal where
<pac-ideal A = ideal (A U polynomial-bool)»

lemma X2-X-in-pac-ideal:
«Var ¢ = 2 — Var ¢ € pac-ideal A»
unfolding polynomial-bool-def pac-ideal-def
by (auto intro: ideal.span-base)

lemma pac-idealll [intro]:
<p € A = p € pac-ideal A»
unfolding pac-ideal-def
by (auto intro: ideal.span-base)

lemma pac-ideall2|intro:
<p € ideal A = p € pac-ideal A»
using ideal.span-subspace-induct pac-ideal-def by blast

lemma pac-ideall3[intro):
(p € ideal A = pxq € pac-ideal A>
by (metis ideal.span-scale mult.commute pac-ideall?)

lemma pac-ideal-Xsq2-iff:
«Var ¢ ~ 2 € pac-ideal A +— Var ¢ € pac-ideal A»
unfolding pac-ideal-def
apply (subst (2) ideal.span-add-eq[symmetric, OF X2-X-in-pac-ideal[of ¢, unfolded pac-ideal-def]])
apply auto
done

lemma diff-in-polynomial-bool-pac-ideall:
assumes al: p € pac-ideal A
assumes a2: p — p’ € More-Modules.ideal polynomial-bool
shows <p’ € pac-ideal A>
proof —
have insert p polynomial-bool C pac-ideal A
using ! unfolding pac-ideal-def by (meson ideal.span-superset insert-subset le-sup-iff)
then show ?thesis
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using a2 unfolding pac-ideal-def by (metis (no-types) ideal.eq-span-insert-eq ideal.span-subset-spanl
ideal.span-superset insert-subset subsetD)
qed

lemma diff-in-polynomial-bool-pac-ideall2:
assumes al: p € A
assumes a2: p — p’ € More-Modules.ideal polynomial-bool
shows (p’ € pac-ideal A>
using diff-in-polynomial-bool-pac-ideall[OF - assms(2), of A] assms(1)
by (auto simp: ideal.span-base)

lemma pac-ideal-alt-def:
<pac-ideal A = ideal (A U ideal polynomial-bool)»
unfolding pac-ideal-def
by (meson ideal.span-eq ideal.span-mono ideal.span-superset le-sup-iff subset-trans sup-ge2)

The equality on ideals is restricted to polynomials whose variable appear in the set of ideals.
The function restrict sets:

definition restricted-ideal-to where
<restricted-ideal-to B A = {p € A. vars p C B}

abbreviation restricted-ideal-to; where
<restricted-ideal-toy B A = restricted-ideal-to B (pac-ideal (set-mset A))»

abbreviation restricted-ideal-toyy, where
crestricted-ideal-toy B = restricted-ideal-to (| (vars ¢ set-mset B))»

abbreviation restricted-ideal-toy, 1 where
<restricted-ideal-toy ;1 B A = restricted-ideal-to (| (vars ¢ set-mset B)) (pac-ideal (set-mset A))»

lemma restricted-ideall:
<p € pac-ideal (set-mset A) = vars p C C = p € restricted-ideal-to; C A»
unfolding restricted-ideal-to-def
by auto

lemma pac-ideal-insert-already-in:
<pq € pac-ideal (set-mset A) = pac-ideal (insert pq (set-mset A)) = pac-ideal (set-mset A)»
by (auto simp: pac-ideal-alt-def ideal.span-insert-idI)

lemma pac-ideal-add:
(pEH# A= qe# A= p+ q € pac-ideal (set-mset A))
by (simp add: ideal.span-add ideal.span-base pac-ideal-def)
lemma pac-ideal-mult:
(p E# A = p * q € pac-ideal (set-mset A)»
by (simp add: ideal.span-base pac-ideall3)

lemma pac-ideal-mono:
<A C B = pac-ideal A C pac-ideal B>

using ideal.span-monolof <A U - «B U -]
by (auto simp: pac-ideal-def intro: ideal.span-mono)

4.2 PAC Format

The PAC format contains three kind of steps:
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e add that adds up two polynomials that are known.
e mult that multiply a known polynomial with another one.

e del that removes a polynomial that cannot be reused anymore.

To model the simplification that happens, we add the p — p’ € polynomial-bool stating that p
and p’ are equivalent.

type-synonym pac-st = «(nat set X int-poly multiset)>

inductive PAC-Format :: <pac-st = pac-st = bool> where
add:
«<PAC-Format (V, A) (V, add-mset p’ A)»
if
p E#H A <q E#H A
<p+q — p’ € ideal polynomial-bool»
<vars p’ C V|
mult:
(PAC-Format (V, A) (V, add-mset p’ A)»
if
p €# A
<pxq — p’ € ideal polynomial-bools
<vars p’ C WV»
vars ¢ C V) |
del:
«p €# A = PAC-Format (V, A) (V, A — {#p#}) |
extend-pos:
(PAC-Format (V, A) (V U {z’ € vars (—Var x + p’). ' ¢ V}, add-mset (—Var z + p’) A)
if
(p)? —p'€
<vars p' C WV»
@ ¢V

ideal polynomial-bool»

In the PAC format above, we have a technical condition on the normalisation: vars p’ C wvars
(p + q) is here to ensure that we don’t normalise 0 to (Var z)? — Var z for a new variable .
This is completely obvious for the normalisation process we have in mind when we write the
specification, but we must add it explicitly because we are too general.

lemmas PAC-Format-induct-split =
PAC-Format.induct[split-format(complete), of VA V' A for VA V' A’

lemma PAC-Format-induct[consumes 1, case-names add mult del ext]:
assumes
«PAC-Format (V, A) (V', A")) and
cases:
Np qp’ AV.pe# A= qe# A = p+q — p’ € ideal polynomial-bool = vars p' TV — P
V AV (add-mset p’ A)»
N\p qp' AV. p e#t A = pxq — p’ € ideal polynomial-bool = vars p’ CV = vars ¢ C V =
PV AV (add-mset p’ A)»
NpAV.pe#t A= PV AV (A — {#p#})
Np' zT.
(p)) 72 — (p’) € ideal polynomial-bool = vars p' CV —
z¢ V=PV ANVU{z €vars (p' — Var z). ' ¢ V}) (add-mset (p’ —Var z) A)
shows
PV AV A)
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using assms(1) apply —
by (induct V=V A=A V' A’ rule: PAC-Format-induct-split)
(auto intro: assms(1) cases)

The theorem below (based on the proof ideal by Manuel Kauers) is the correctness theorem of
extensions. Remark that the assumption vars ¢ C V is only used to show that z’ ¢ vars q.

lemma extensions-are-safe:
assumes (z’ € vars p> and
" «x' ¢ V» and
J (vars ¢ set-mset A) C V» and
p-z-coeff: <coeff p (monomial (Suc 0) z') = 1» and
vars-q: <vars ¢ C V) and
q: <q € More-Modules.ideal (insert p (set-mset A U polynomial-bool))> and
leading: <z’ ¢ vars (p — Var z')> and
diff: «(Var ' — p)?> — (Var ' — p) € More-Modules.ideal polynomial-bool
shows
<q € More-Modules.ideal (set-mset A U polynomial-bool)»
proof —
define p’ where <p’ = p — Var =/
let 2v = «Var z' :: int mpoly>
have p-p" <p = 2v + p’
by (auto simp: p’-def)
define ¢’ where ¢’ = Var z’ — p
have ¢-¢": <p = v — ¢
by (auto simp: q’-def)
have diff: <q'"2 — ¢’ € More-Modules.ideal polynomial-bool)
using diff unfolding ¢-¢’ by auto

have [simp]: «vars ((Var ¢)?> — Var c :: int mpoly) = {c}»> for ¢

apply (auto simp: vars-def Var-def Varg-def mpoly. MPoly-inverse keys-def lookup-minus-fun
lookup-times-monomial-right single.rep-eq split: if-splits)

apply (auto simp: vars-def Var-def Varg-def mpoly. MPoly-inverse keys-def lookup-minus-fun
lookup-times-monomial-right single.rep-eq when-def ac-simps adds-def lookup-plus-fun
power2-eg-square times-mpoly.rep-eq minus-mpoly.rep-eq split: if-splits)

apply (rule-tac x = «(2 :: nat = nat) * monomial (Suc 0) ¢ in exl)

apply (auto dest: monomial-0D simp: plus-eq-zero-2 lookup-plus-fun mult-2)

by (meson Suc-neq-Zero monomial-0D plus-eq-zero-2)

have eq: «More-Modules.ideal (insert p (set-mset A U polynomial-bool)) =
More-Modules.ideal (insert p (set-mset A U (Ae. Varc 2 — Vare) *
(is <24 = ?B» is <- = More-Modules.ideal ?trimmed>)
proof —
let 2C = <insert p (set-mset A U (Ac. Var ¢ =2 — Varc) ‘{c. ¢ # z'})
let 2D = «(Ac. Varc¢ =2 — Varc) ‘{c. ¢ # a'h
have diff: <¢'"2 — q' € More-Modules.ideal ?D» (is «?q € -)
proof —
obtain r ¢t where
¢ <?q= (> a€t. ra % a)> and
fin-t: «finite t» and
t: «t C polynomial-bool)
using diff unfolding ideal.span-explicit
by auto
show ?thesis
proof (cases <?v 2—%v ¢ t»)

fe.c# a})

60



case True
then show «?thesis)
using ¢ fin-t t unfolding ideal.span-explicit
by (auto intro: exlof - <t — {?v"2 —%v}] exl[of - 7]
sitmp: polynomial-bool-def sum-diff1)
next
case Fulse
define ¢’ where ' =t — {2072 — %v}
have t-t" «t = insert (?v72 — %v) t'» and
notin: <?v"2 — %v ¢ t» and
' C(Ae. Vare "2 — Varce) ‘{c.c#z'p
using False t unfolding t’-def polynomial-bool-def by auto
have mon: (monom (monomial (Suc 0) z') 1 = Var ="
by (auto simp: coeff-def minus-mpoly.rep-eq Var-def Varg-def monom-def
times-mpoly.rep-eq lookup-minus lookup-times-monomial-right mpoly. MPoly-inverse)
then have Va. 3gh. ra= %v*x g+ h Az’ ¢ vars h»
using polynomial-split-on-varof <r -» z’]
by metis
then obtain g & where
ri«ra= %% ga-+ hao and
x'-h: <z’ ¢ vars (h a)) for a
using polynomial-split-on-var|of <r a) z’]
by metis
have «%g=(D_act’ . gaxa)+r (v 2=20) % (v — 1)) % v+ (> a€t’. haxa)
using fin-t notin unfolding t-t' ¢ r
by (auto simp: field-simps comm-monoid-add-class.sum.distrib
power2-eq-square ideal.scale-left-commute sum-distrib-left)
moreover have «z’ ¢ vars ?¢
by (metis (no-types, opaque-lifting) Groups.add-ac(2) Un-iff add-diff-cancel-left’
diff-minus-eq-add in-mono leading q’-def semiring-normalization-rules(29)
vars-in-right-only vars-mult)
moreover {
have <z’ ¢ (|Jmet’ — {?v72—2v}. vars (h m * m))
using fin-t z’-h vars-mult[of <h -] <t C polynomial-bool
by (auto simp: polynomial-bool-def t-t" elim!: vars-unE)
then have <z’ ¢ vars (> a€t’. h a * a)
using vars-setsum[of <t’s <Aa. h a x as] fin-t z'-h t notin
by (auto simp: t-t')

ultimately have «?q = (> a€t’. h a * a)
unfolding mon[symmetric]
by (rule polynomial-decomp-alien-var(2)[unfolded])
then show ?thesis
using ¢ fin-t <t' C (Ae. Varc 2 — Varc) ‘{c. ¢ # z'p
unfolding ideal.span-explicit t-t'
by auto
qed
qed
have eql: <More-Modules.ideal (insert p (set-mset A U polynomial-bool)) =
More-Modules.ideal (insert (?v"2 — %v) 2C)»
(is «<More-Modules.ideal - = More-Modules.ideal (insert - 2C)»)
by (rule arg-conglof - - More-Modules.ideal))
(auto simp: polynomial-bool-def)
moreover have (%072 — %y € More-Modules.ideal ?C»
proof —
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have «?v — ¢’ € More-Modules.ideal ?C)
by (auto simp: ¢-q’ ideal.span-base)
from ideal.span-scale[ OF this, of <?v + q' — 1] have «(%v — ¢') * (v + ¢’ — 1) € More-Modules.ideal
70>
by (auto simp: field-simps)
moreover have <¢'"2 — q' € More-Modules.ideal ?C>»
using diff by (smt (verit) Un-insert-right ideal.span-mono insert-subset subsetD sup-ge2)
ultimately have «(?v — ¢') * (v + ¢’ — 1) + (¢'72 — ¢’) € More-Modules.ideal ?C»
by (rule ideal.span-add)
moreover have (%02 — v = (v — ¢") *x (v + ¢ — 1)+ (¢2 — ¢')»
by (auto simp: p’-def q-q’ field-simps power2-eq-square)
ultimately show ?thesis by simp
qed
ultimately show %thesis
using ideal.span-insert-idl by blast
qed

have <n < m = n> 0 = 3q. 2v'n= 2+ q¢* (v°2 — %v)» for n m :: nat
proof (induction m arbitrary: n)
case (
then show ?case by auto
next
case (Suc m n) note IH = this(1-)
consider
m < m» |
m = «n > 1|
in = 1»
using IH
by (cases <n < m); cases n) auto
then show ?case
proof cases
case I
then show ?thesis using IH by auto
next
case 2
have eq: <?v(n) = ((?v :: int mpoly) ~ (n—2)) * (Pv"2— %) + v (n—1)
using 2 by (auto simp: field-simps power-eq-if
ideal.scale-right-diff-distrib)
obtain ¢ where
¢ v (n—1)= %0+ q¢* (072 — %v)
using IH(1)[of «n—1>] 2
by auto
show ?thesis
using ¢ unfolding eq
by (auto intro!: exI[of - «Var z' ~ (n — 2) + @] simp: distrib-right)
next
case 3
then show «?thesis)
by auto
qed
qed

obtain r t where

¢ <q= (D a€t. ra * a)> and
fin-t: <finite t) and
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t: «t C 2trimmed»
using ¢ unfolding eq unfolding ideal.span-explicit
by auto

define ¢’ where <¢' =t — {p}p
have t": «t = (if p € t then insert p t’ else t')) and
t"[simp]: <p & th
unfolding ¢’-def by auto
show ?thesis
proof (cases <rp =0V p ¢ tr)
case True
have
¢ <qg= (> act’. raxa) and
fin-t: finite t"» and
t: <t' C set-mset A U polynomial-bool»
using q fin-t t True t"’
apply (subst (asm) t')
apply (auto intro: sum.cong simp: sum.insert-remove t'-def)
using ¢ fin-t t True t"’
apply (auto intro: sum.cong simp: sum.insert-remove t'-def polynomial-bool-def)
done
then show ?thesis
by (auto simp: ideal.span-explicit)
next
case Fulse
then have (rp # 0> and (p € ©
by auto
then have t: «t = insert p t"
by (auto simp: t’-def)

have «z’ ¢ vars (— p')
using leading p’-def vars-in-right-only by fastforce
have mon: (monom (monomial (Suc 0) z') 1 = Var =’
by (auto simp:coeff-def minus-mpoly.rep-eq Var-def Varg-def monom-def
times-mpoly.rep-eq lookup-minus lookup-times-monomial-right mpoly. MPoly-inverse)
then have Va. 3gh. ra= (v + p)x g+ h Az’ ¢ vars b
using polynomial-split-on-var2[of =’ <—p’s <r -] <z’ ¢ vars (— p’)»
by (metis diff-minus-eq-add)
then obtain g h where
ri«ra=px*xga-+ ha and
z'-h: <z’ ¢ vars (h a)» for a
using polynomial-split-on-var2[of ' p’ <r a)] unfolding p-p’[symmetric]
by metis

have ISABLLE-come-on: <a x (p x g a) = p x (a x g a)) for a

by auto
have gl: «g=p* D act’. ga*xa) + (D act’ . haxa)+pxrp
(is <- = -+ 2NOz' + -)

using fin-t t"’ unfolding ¢ t ISABLLE-come-on r
apply (subst semiring-class.distrib-right)—+
apply (auto simp: comm-monoid-add-class.sum.distrib semigroup-mult-class.mult.assoc

ISABLLE-come-on simp flip: semiring-0-class.sum-distrib-right
semiring-0-class.sum-distrib-left)
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by (auto simp: field-simps)

also have «... = (>_a€t’. ga*xa) + rp) xp + (O a€t’. hax* a)
by (auto simp: field-simps)

finally have g¢-decomp: <q = ((>_act’. ga*xa) + rp)*xp+ O act’. hax* a)
(is «¢ = ?X x p + ZNOz").

have [iff]: «<monomial (Suc 0) ¢ = 0 — monomial (Suc 0) ¢ = False) for ¢
by (metis One-nat-def diff-is-0-eq’ le-eq-less-or-eq less-Suc-eq-le monomial-0-iff single-diff zero-neg-one)
have «z € t' = 1z’ € vars x = Fulse» for z
using <t C ?trimmed> t assms(2,3)
apply (auto simp: polynomial-bool-def dest!: multi-member-split)
apply (frule set-rev-mp)
apply assumption
apply (auto dest!: multi-member-split)
done
then have <z’ ¢ (|Umet". vars (b m x m))»
using fin-t z’-h vars-mult[of <h -]
by (auto simp: t elim!: vars-unkE)
then have <z’ ¢ vars ?NOz"
using vars-setsum[of <ty (Aa. h a * @] fin-t x'-h
by (auto simp: t)

moreover {
have <z’ ¢ vars p"
using assms(7)
unfolding p’-def
by auto
then have <z’ ¢ vars (h p * p')»
using vars-mult[of <h p> p'] z'-h
by auto
}
ultimately have
&’ ¢ vars ¢
' ¢ vars NOz"y
<z’ ¢ vars ph
using z’ vars-q vars-add[of <h p * p’» O a€t’. ha * v] x'-h
leading p'-def
by auto
then have <?X = 0) and g¢-decomp: «¢ = ?NOz">
unfolding mon[symmetric] p-p’
using polynomial-decomp-alien-var2[OF g-decomplunfolded p-p’ mon[symmetric]]|
by auto

then have <rp = (3 act’. (— g a) * a)
(is «<- = ?2CLy)
unfolding add.assoc add-eq-0-iff equation-minus-iff
by (auto simp: sum-negf ac-simps)

then have ¢2: <¢ = (D a€t’ . ax (ra—px*ga))
using fin-t unfolding ¢
apply (auto simp: t 1 q
comm-monoid-add-class.sum. distrib[symmetric]
sum-distrib-left
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sum-distrib-right
left-diff-distrib
intro!: sum.cong)
apply (auto simp: field-simps)
done
then show «?thesis»
using ¢t fin-t <t C ?trimmed> unfolding ideal.span-explicit
by (auto introl: exl[of - t'] exI[of - <Xa. ra — p x g @]
simp: field-simps polynomial-bool-def)
qed
qed

lemma extensions-are-safe-uminus:
assumes (z’ € vars p» and
" <z’ ¢ V» and
J (vars ¢ set-mset A) C V> and
p-z-coeff: <coeff p (monomial (Suc 0) z') = —1» and
vars-q: <vars ¢ € V) and
q: <q € More-Modules.ideal (insert p (set-mset A U polynomial-bool))> and
leading: <z’ ¢ vars (p + Var z')> and
diff: «(Var ' + p) "2 — (Var 2’ 4+ p) € More-Modules.ideal polynomial-bool»
shows
<q € More-Modules.ideal (set-mset A U polynomial-bool)»
proof —
have <q € More-Modules.ideal (insert (— p) (set-mset A U polynomial-bool))»
by (metis ideal.span-breakdown-eq minus-mult-minus q)

then show ?thesis
using extensions-are-safe[of ©' «<—py V A q| assms
using vars-in-right-only by force
qed

This is the correctness theorem of a PAC step: no polynomials are added to the ideal.

lemma vars-subst-in-left-only:

<z ¢ vars p = x € vars (p — Var z)» for p :: <int mpoly

by (metis One-nat-def Var.abs-eq Varg-def group-eq-aux monom.abs-eq mult-numeral-1 polynomial-decomp-alien-var(1)
zero-neg-numeral)

lemma vars-subst-in-left-only-diff-iff:
fixes p :: <int mpoly»
assumes <z ¢ vars p
shows (vars (p — Var x) = insert x (vars p)»
proof —
have <Aza. z ¢ vars p = za € vars (p — Var r) = za ¢ vars p = za =
by (metis (no-types, opaque-lifting) diff-0-right diff-minus-eq-add empty-iff in-vars-addE insert-iff
keys-single minus-diff-eq monom-one mult.right-neutral one-neg-zero single-zero
vars-monom-keys vars-mult-Var vars-uminus)
moreover have «A\za. © ¢ vars p = za € vars p => za € vars (p — Var z)»
by (metis add.inverse-inverse diff-minus-eq-add empty-iff insert-iff keys-single minus-diff-eq
monom-one mult.right-neutral one-neq-zero single-zero vars-in-right-only vars-monom-keys
vars-mult- Var vars-uminus)
ultimately show ?thesis
using assms
by (auto simp: vars-subst-in-left-only)
qed
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lemma vars-subst-in-left-only-iff:
«x & vars p = wvars (p + Var x) = insert x (vars p)» for p :: <int mpoly>
using vars-subst-in-left-only-diff-iff [of x «—p>]
by (metis diff-0 diff-diff-add vars-uminus)

lemma coeff-add-right-notin:
«x & vars p = MPoly-Type.coeff (Var x — p) (monomial (Suc 0) x) = 1»
apply (auto simp flip: coeff-minus simp: not-in-vars-coeff0)
by (simp add: MPoly-Type.coeff-def Var.rep-eq Varg-def)

lemma coeff-add-left-notin:
«x & vars p = MPoly-Type.coeff (p — Var x) (monomial (Suc 0) ) = —1» for p :: <int mpoly
apply (auto simp flip: coeff-minus simp: not-in-vars-coeff0)
by (simp add: MPoly-Type.coeff-def Var.rep-eq Varg-def)

lemma ideal-insert-polynomial-bool-swap: <r — s € ideal polynomial-bool —>

More-Modules.ideal (insert r (A U polynomial-bool)) = More-Modules.ideal (insert s (A U polyno-
mial-bool))»

apply auto

using ideal. eq-span-insert-eq ideal.span-mono sup-ge2 apply blast+

done

lemma PAC-Format-subset-ideal:
<PAC-Format (V, A) (V', B) = J(vars ‘ set-mset A) CV —>
restricted-ideal-to;y V B C restricted-ideal-toy V A NV C V' A | (vars ¢ set-mset B) C V"
unfolding restricted-ideal-to-def
apply (induction rule: PAC-Format-induct)
subgoal for p g pg AV
using vars-add
by (force simp: ideal.span-add-eq ideal.span-base pac-ideal-insert-already-in| OF diff-in-polynomial-bool-pac-ideall|of
v+ @ < pg]
pac-ideal-add
introl: diff-in-polynomial-bool-pac-ideall[of <p + ¢ <~ pq])
subgoal for p ¢ pg
using vars-mult[of p q|
by (force simp: ideal.span-add-eq ideal.span-base pac-ideal-mult
pac-ideal-insert-already-in| OF diff-in-polynomial-bool-pac-ideall[of <pxq> <~ pq]])
subgoal for p A
using pac-ideal-mono[of <set-mset (A — {#p#})> <set-mset A»]
by (auto dest: in-diffD)
subgoal for p z’ r’
apply (subgoal-tac <z’ ¢ vars p»)
using extensions-are-safe-uminus|of =’ <—Var z’ + p» V A] unfolding pac-ideal-def
apply (auto simp: vars-subst-in-left-only coeff-add-left-notin)
done
done

In general, if deletions are disallowed, then the stronger B = pac-ideal A holds.

lemma restricted-ideal-to-restricted-ideal-toy D:
<restricted-ideal-to V (set-mset A) C restricted-ideal-toy V A>
by (auto simp add: Collect-disj-eq pac-idealll restricted-ideal-to-def)

lemma rtranclp-PAC-Format-subset-ideal:
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<riranclp PAC-Format (V, A) (V/, B) = J (vars  set-mset A) CV =

restricted-ideal-tor V B C restricted-ideal-toy V A NV C V' A | (vars ‘ set-mset B) C V)
apply (induction rule:rtranclp-induct[of PAC-Format <(-, -)» «(-, -)», split-format(complete)])
subgoal

by (simp add: restricted-ideal-to-restricted-ideal-to; D)
subgoal

by (drule PAC-Format-subset-ideal)

(auto simp: restricted-ideal-to-def Collect-mono-iff)

done

end

theory PAC-Map-Rel
imports
Refine-Imperative-HOL.IICF Finite-Map-Multiset
begin

5 Hash-Map for finite mappings

This function declares hash-maps for (‘a, 'b) fmap, that are nicer to use especially here where
everything is finite.

definition fmap-rel where
[to-relAPP]:
fmap-rel KV = {(m1, m2).
(Vij. i€l fmdom m2 — (4, i) € K —> (the (fmlookup m1 j), the (fmlookup m2 i)) € V) A
fset (fmdom m1) C Domain K A fset (fmdom m2) C Range K A
(Vij. (i, §) € K — j|€| fmdom m2 «— i |€| fmdom m1)}

lemma fmap-rel-alt-def:
(K, V)fmap-rel =
{(m1, m2).
(Vij. i €# dom-m m2 —
(4, i) € K —> (the (fmlookup m1 j), the (fmlookup m2 1)) € V) A
fset (fmdom m1) C Domain K A
fset (fmdom m2) C Range K A
(Vij. (4,5) € K — (j €# dom-m m2) = (i €# dom-m m1))}
)
unfolding fmap-rel-def dom-m-def
by auto

lemma fmdom-empty-fmempty-iff [simp]: <fmdom m = {||} <— m = fmempty:
by (metis fmdom-empty fmdrop-fset-fmdom fmdrop-fset-null)

lemma fmap-rel-emptyl-simp|simp]:
(fmempty,m)e({K V) fmap-rel +— m=fmempty
apply (cases «fmdom m = {||}»)
apply (auto simp: fmap-rel-def)][]
by (auto simp add: fmap-rel-def simp del: fmdom-empty-fmempty-iff)

lemma fmap-rel-empty2-simp[simpl:

(m,fmempty)€({K, V) fmap-rel +— m=fmempty
apply (cases «fmdom m = {||}»)

67



apply (auto simp: fmap-rel-def)][]
by (fastforce simp add: fmap-rel-def simp del: fmdom-empty-fmempty-iff)

sepref-decl-intf ('k,’v) f-map is ('k, 'v) frmap

lemma [synth-rules]: [INTF-OF-REL K TYPE('k); INTF-OF-REL V TYPE("v)]
= INTF-OF-REL ((K,V)fmap-rel) TYPE(('k,'v) f-map) by simp

5.1 Operations
sepref-decl-op frmap-empty: fmempty :: (K,V)fmap-rel .

sepref-decl-op fmap-is-empty: (=) fmempty :: (K,V)fmap-rel — bool-rel
apply (rule fref-ncl)
apply parametricity
apply (rule fun-rell; auto)
done

lemma fmap-rel-fmupd-fmap-rel:
«(A, B) € (K, R)fmap-rel = (p, p) € K = (¢, ¢) € R =
(fmupd p q A, fmupd p’ q¢' B) € (K, R)fmap-rel>
if single-valued K single-valued (K1)
using that
unfolding fmap-rel-alt-def
apply (case-tac <p’ €# dom-m B))
apply (auto simp add: all-conj-distrib IS-RIGHT-UNIQUED dest!: multi-member-split)
done

sepref-decl-op fmap-update: fmupd :: K — V — (K, V)fmap-rel — (K,V)fmap-rel
where single-valued K single-valued (K1)
apply (rule fref-ncl)
apply parametricity
apply (intro fun-rell)
by (rule fmap-rel-fmupd-fmap-rel)

lemma removel-mset-eq-add-mset-iff:
<removel-mset a A = add-mset a A’ «— A = add-mset a (add-mset a A')>
by (metis add-mset-add-single add-mset-diff-bothsides diff-zero removel-mset-eqF)

lemma fmap-rel-fmdrop-fmap-rel:
«(fmdrop p A, fmdrop p’ B) € (K, R)fmap-rel>
if single: single-valued K single-valued (K—!) and
HO: «(A, B) € (K, R)fmap-rel> «(p, p’) € K>
proof —
have H: (\Aa j.
Vi. i €# dom-m B — (V3. (4, i) € K — (the (fmlookup A j), the (fmlookup B i)) € R) =
removel-mset p’ (dom-m B) = add-mset p’ Aa = (j, p') € K = Fulse
by (metis dom-m-fmdrop fmlookup-drop in-dom-m-lookup-iff union-single-eq-member)
have H2: <\i Aa j.
(p,p) € K =
Vi. i €# dom-m B — (Vj. (4, i) € K — (the (fmlookup A j), the (fmlookup B i)) € R) =
Vij. (i,§) € K — (j €# dom-m B) = (i €# dom-m A) =
removel-mset p' (dom-m B) = add-mset i Aa =
(4, 1) € K =
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(the (fmlookup A j), the (fmlookup B i)) € R A j €# removel-mset p (dom-m A) A
i €# removel-mset p’ (dom-m B)»
«\i j Aa.
(p,p)) € K =
single-valued K —>
single-valued (K~1) =
Vi. i €# dom-m B — (Vj. (4, i) € K — (the (fmlookup A j), the (fmlookup B i)) € R) =
fset (fmdom A) C Domain K =
fset (fmdom B) C Range K —
Vij. (i,5) € K — (j €# dom-m B) = (i €# dom-m A) =
(i, j) € K = removel-mset p (dom-m A) = add-mset i Aa = j €# removel-mset p' (dom-m
B)»
using single
by (metis IS-RIGHT-UNIQUED converse.intros dom-m-fmdrop fmlookup-drop in-dom-m-lookup-iff
union-single-eq-member)+
show «(fmdrop p A, fmdrop p’ B) € (K, R)fmap-rels
using that
unfolding fmap-rel-alt-def
by (auto simp add: all-conj-distrib IS-RIGHT-UNIQUED
dest!: multi-member-split dest: H H2)
qed

sepref-decl-op fmap-delete: fmdrop :: K — (K, V)fmap-rel — (K,V)fmap-rel
where single-valued K single-valued (K1)
apply (rule fref-ncl)
apply parametricity
by (auto simp add: fmap-rel-fmdrop-fmap-rel)

lemma fmap-rel-nat-the-fmlookuplintro):
«(A, B) € (S, R)fmap-rel = (p, p’) € S = p’ €# dom-m B =
(the (fmlookup A p), the (fmlookup B p’)) € R»
by (auto simp: fmap-rel-alt-def distinct-mset-dom)

lemma fmap-rel-in-dom-iff:
«(aa, a’a) € (K, V)fmap-rel =
(a, a) € K =
a’ €# dom-m a'a +—
a €# dom-m aa)
unfolding fmap-rel-alt-def
by auto

lemma fmap-rel-fmlookup-rel:
«(a, a') € K = (aa, a'a) € (K, V)fmap-rel =
(fmlookup aa a, fmlookup a’a a’) € (V)option-rely

using fmap-rel-nat-the-fmlookup|of aa a’a K V a o]
fmap-rel-in-dom-iff [of aa a’a K V a o]
in-dom-m-lookup-iff [of a’ a'a)
in-dom-m-lookup-iff[of a aal

by (cases <a’ €# dom-m a’a»)
(auto simp del: fmap-rel-nat-the-fmlookup)

sepref-decl-op fmap-lookup: fmlookup :: (K,V)fmap-rel — K — (V)option-rel

apply (rule fref-ncl)
apply parametricity
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apply (intro fun-rell)
apply (rule fmap-rel-fmlookup-rel; assumption)
done

lemma in-fdom-alt: k€#dom-m m +— —is-None (fmlookup m k)
by (auto split: option.split intro: fmdom-notl fmdoml simp: dom-m-def)

sepref-decl-op fmap-contains-key: A\k m. k€#dom-m m :: K — (K,V)fmap-rel — bool-rel
unfolding in-fdom-alt
apply (rule fref-ncl)
apply parametricity
apply (rule fmap-rel-fmlookup-rel; assumption)
done

5.2 Patterns
lemma pat-fmap-empty[pat-rules): fmempty = op-fmap-empty by simp

lemma pat-map-is-empty|pat-rules]:
(=) $mS$fmempty = op-fmap-is-empty$m
(=) $fmempty$m = op-fmap-is-empty$m
(=) $(dom-m$m)${#} = op-fmap-is-empty$m
(=) ${#}8(dom-m$m) = op-fmap-is-empty$m
unfolding atomize-eq
by (auto dest: sym)

lemma op-map-contains-key[pat-rules]:
(e#) $ k£ $ (dom-m8m) = op-fmap-contains-key$'k$'m
by (auto intro!: eq-reflection)

5.3 Mapping to Normal Hashmaps

abbreviation map-of-fmap :: «('"k = v option) = ('k, 'v) fmap> where
<map-of-fmap h = Abs-fmap h>

definition map-fmap-rel where
«map-fmap-rel = br map-of-fmap (Aa. finite (dom a))»

lemma fmdrop-set-None:
<(op-map-delete, fmdrop) € Id — map-fmap-rel — map-fmap-rel>
apply (auto simp: map-fmap-rel-def br-def)
apply (subst fmdrop.abs-eq)
apply (auto simp: eq-onp-def fmap. Abs-fmap-inject
map-drop-def map-filter-finite

intro!: ext)
apply (auto simp: map-filter-def)
done

lemma map-upd-fmupd:
<(op-map-update, fmupd) € Id — Id — map-fmap-rel — map-fmap-rel>
apply (auto simp: map-fmap-rel-def br-def)
apply (subst fmupd.abs-eq)
apply (auto simp: eq-onp-def fmap. Abs-fmap-inject
map-drop-def map-filter-finite map-upd-def
intro!: ext)
done
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Technically op-map-lookup has the arguments in the wrong direction.

definition fmlookup’ where
[simp]: <fmlookup’ A k = fmlookup k A»

lemma [def-pat-rules|:
((e#)8k$(dom-m$A)) = Not$(is-None$(fmlookup’$k$A))»
by (simp add: fold-is-None in-fdom-alt)

lemma op-map-lookup-fmlookup:
<(op-map-lookup, fmlookup’) € Id — map-fmap-rel — (Id)option-rel
by (auto simp: map-fmap-rel-def br-def fmap.Abs-fmap-inverse)

abbreviation Am-fmap-assn where
<hm-fmap-assn K 'V = hr-comp (hm.assn K V) map-fmap-rel

lemmas fmap-delete-hnr [sepref-fr-rules] =
hm.delete-hnr[FCOMP fmdrop-set-None]

lemmas fmap-update-hnr [sepref-fr-rules| =
hm.update-hnr[ FCOMP map-upd-fmupd)

lemmas fmap-lookup-hnr [sepref-fr-rules] =
hm.lookup-hnr[FCOMP op-map-lookup-fmlookup)

lemma fmempty-empty:
(uncurry0 (RETURN op-map-empty), uncurry0 (RETURN fmempty)) € unit-rel —¢ (map-fmap-rel)nres-rel)
by (auto simp: map-fmap-rel-def br-def fmempty-def frefl nres-rell)

lemmas [sepref-fr-rules] =
hm.empty-hnr[FCOMP fmempty-empty, unfolded op-fmap-empty-def|[symmetric]|

abbreviation iam-fmap-assn where
dam-fmap-assn K 'V = hr-comp (iam.assn K V) map-fmap-rely

lemmas iam-fmap-delete-hnr [sepref-fr-rules] =
iam.delete-hnr[FCOMP fmdrop-set-None]

lemmas iam-ffmap-update-hnr [sepref-fr-rules] =
iam.update-hnr[FCOMP map-upd-fmupd)]

lemmas iam-ffmap-lookup-hnr [sepref-fr-rules] =
iam.lookup-hnr[FCOMP op-map-lookup-fmlookup)

definition op-iam-fmap-empty where
<op-tam-fmap-empty = frmempty>

lemma iam-fmempty-empty:

(uncurry0 (RETURN op-map-empty), uncurry0 (RETURN op-iam-fmap-empty)) € unit-rel —
(map-fmap-rel) nres-rels

by (auto simp: map-fmap-rel-def br-def fmempty-def frefl nres-rell op-iam-fmap-empty-def)
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lemmas [sepref-fr-rules] =
iam.empty-hnr[FCOMP fmempty-empty, unfolded op-iam-fmap-empty-def [symmetric]|

definition upper-bound-on-dom where
cupper-bound-on-dom A = SPEC(An. Vi €#(dom-m A). i < n)»

lemma [sepref-fr-rules):
«((Array.len), upper-bound-on-dom) € (iam-fmap-assn nat-assn V)* —, nat-assn>
proof —
have [simp]: <finite (dom b) => i € fset (fmdom (map-of-fmap b)) <— i € dom bs for i b
by (subst fmdom.abs-eq)
(auto simp: eq-onp-def fset. Abs-fset-inverse)
have 2: (nat-rel = the-pure (nat-assn)> and
8. (nat-assn = pure nat-rel
by auto
have [simp]: <the-pure (Aa ¢ :: nat. T (¢ = a)) = nat-rels
apply (subst 2)
apply (subst 3)
apply (subst pure-def)
apply auto
done

have [simp]: «(iam-of-list I, b) € the-pure (Aa ¢ :: nat. T (¢ = a)) — (the-pure V)option-rel =
bi= Somey =i <lengthl foribly
by (auto dest!: fun-relD[of - - - - i {] simp: option-rel-def
iam-of-list-def split: if-splits)
show ?thesis
by sepref-to-hoare
(sep-auto simp: upper-bound-on-dom-def hr-comp-def iam.assn-def map-rel-def
map-fmap-rel-def is-iam-def br-def dom-m-def)
qed

lemma fmap-rel-nat-rel-dom-m|[simpl:
«(A, B) € (nat-rel, R)fmap-rel = dom-m A = dom-m B»
by (subst distinct-set-mset-eq-iff [symmetric))
(auto simp: fmap-rel-alt-def distinct-mset-dom
stmp del: fmap-rel-nat-the-fmlookup)

lemma ref-two-step’:
(A< B=— JRA<LZI|JRDB
using ref-two-step by auto

end

theory PAC-Checker-Specification
imports PAC-Specification
Refine-Imperative-HOL.IICF
Finite-Map-Multiset
begin
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6 Checker Algorithm

In this level of refinement, we define the first level of the implementation of the checker, both
with the specification as on ideals and the first version of the loop.

6.1 Specification

datatype status =
is-failed: FAILED |
is-success: SUCCESS |
is-found: FOUND

lemma is-success-alt-def:
is-success a <— a = SUCCESS)»
by (cases a) auto

datatype (‘a, ‘b, 'Ibls) pac-step =
Add (pac-srcl: 'Ibls) (pac-src2: 'Ibls) (new-id: 'Ibls) (pac-res: 'a) |
Mult (pac-srcl: 'lbls) (pac-mult: 'a) (new-id: 'lbls) (pac-res: 'a) |
Extension (new-id: 'Ibls) (new-var: 'b) (pac-res: 'a) |

Del (pac-srcl: 'lbls)
type-synonym pac-state = «(nat set X int-poly multiset))

definition PAC-checker-specification
i int-poly = int-poly multiset = (status X nat set X int-poly multiset) nres
where
«PAC-checker-specification spec A = SPEC(A\(b, V, B).
(—is-failed b — restricted-ideal-tor (| (vars ¢ set-mset A) U vars spec) B C restricted-ideal-toy
(U (vars * set-mset A) U vars spec) A) A
(is-found b — spec € pac-ideal (set-mset A)))»

definition PAC-checker-specification-spec
<int-poly = pac-state = (status X pac-state) = bool>
where
« PAC-checker-specification-spec spec = (A(V, A) (
(is-success b —» PAC-Format™ (V, A) B) A
(is-found b — PAC-Format** (V, A) B A spec € pac-ideal (set-mset A)))»

b, B). (—is-failed b — |J (vars ‘ set-mset A) C V) A

)

abbreviation PAC-checker-specification2
<int-poly = (nat set x int-poly multiset) = (status X (nat set X int-poly multiset)) nres)
where
<PAC-checker-specification2 spec A = SPEC(PAC-checker-specification-spec spec A)»

definition PAC-checker-specification-step-spec
<pac-state = int-poly = pac-state = (status x pac-state) = bool>
where
«PAC-checker-specification-step-spec = (A(Vo, Ao) spec (V, A) (b, B).
(is-success b —
U (vars ¢ set-mset Ag) C Vo A
U (vars ¢ set-mset A) €V N PAC-Format*™* (Vo, Ag) (V, A) A PAC-Format** (V, A) B) A
(is-found b —
U (vars ¢ set-mset Ag) C Vo A
U (vars ¢ set-mset A) C V A PAC-Format** (Vo, Ao) (V, A) A PAC-Format** (V, A) B A
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spec € pac-ideal (set-mset Ag)))»

abbreviation PAC-checker-specification-step2
<pac-state = int-poly = pac-state = (status X pac-state) nres
where
«PAC-checker-specification-step2 Ao spec A = SPEC(PAC-checker-specification-step-spec Ay spec A)»

definition normalize-poly-spec :: <-» where
<normalize-poly-spec p = SPEC (Ar. p — r € ideal polynomial-bool N vars r C wvars p)»

lemma normalize-poly-spec-alt-def:
<normalize-poly-spec p = SPEC (Ar. r — p € ideal polynomial-bool N vars r C vars p)»
unfolding normalize-poly-spec-def
by (auto dest: ideal.span-neq)

definition mult-poly-spec :: <int mpoly = int mpoly = int mpoly nres) where
<mult-poly-spec p ¢ = SPEC (Ar. p x ¢ — r € ideal polynomial-bool))

definition check-add :: «(nat, int mpoly) fmap = nat set = nat = nat = nat = int mpoly = bool
nres» where
<check-add AV p qir =
SPEC(Ab. b — p €# dom-m A A q €# dom-m A A i ¢# dom-m A AN varsr CV A
the (fmlookup A p) + the (fmlookup A q) — r € ideal polynomial-bool)»

definition check-mult :: <(nat, int mpoly) fmap = nat set = nat = int mpoly = nat = int mpoly =
bool nres) where
<check-mult AV p qir =
SPEC(Ab. b — p €# dom-m A Ni ¢# dom-m A A vars ¢ CV ANwvarsr CV A
the (fmlookup A p) x ¢ — r € ideal polynomial-bool))

definition check-extension :: «(nat, int mpoly) fmap = nat set = nat = nat = int mpoly = (bool)
nres) where
<check-extension AV ivp =
SPEC(Ab. b — (i ¢# dom-m A A
(vg VA
(p+Var v)? — (p+ Var v) € ideal polynomial-bool A
vars (p+ Var v) C V)))»

fun merge-status where
«merge-status (FAILED) - = FAILED) |
«merge-status - (FAILED) = FAILED: |
«merge-status FOUND - = FOUND: |
«merge-status - FOUND = FOUND: |
<merge-status - - = SUCCESS»

type-synonym fpac-step = <nat set x (nat, int-poly) fmap>
definition check-del :: «(nat, int mpoly) fmap = nat = bool nres> where

<check-del A p =
SPEC(A\b. b — True)»

6.2 Algorithm

definition PAC-checker-step
<int-poly = (status X fpac-step) = (int-poly, nat, nat) pac-step =
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(status X fpac-step) nres»

where
«PAC-checker-step = (Aspec (stat, (V, A)) st. case st of
Add - - - - =
do {

T < normalize-poly-spec (pac-res st);
eq < check-add AV (pac-srcl st) (pac-src2 st) (new-id st) r;
st’ « SPEC(Ast'. (—is-failed st’ A is-found st’ — r — spec € ideal polynomial-bool));
if eq
then RETURN (merge-status stat st’,
V, fmupd (new-id st) r A)
else RETURN (FAILED, (V, A))
¥
| Del - =
do {
eq < check-del A (pac-srcl st);
if eq
then RETURN (stat, (V, fmdrop (pac-srcl st) A))
else RETURN (FAILED, (V, A))
}
| Mult - - - - =
do {
r < normalize-poly-spec (pac-res st);
q < normalize-poly-spec (pac-mult st);
eq < check-mult AV (pac-srcl st) q (new-id st) r;
st’ < SPEC(Ast'. (—is-failed st’ A is-found st’ — r — spec € ideal polynomial-bool));
if eq
then RETURN (merge-status stat st’,
V, fmupd (new-id st) r A)
else RETURN (FAILED, (V, A))
}
| Extension - - - =
do {
r < normalize-poly-spec (pac-res st — Var (new-var st));
(eq) « check-extension AV (new-id st) (new-var st) r;
if eq
then do {
RETURN (stat,
insert (new-var st) V, fmupd (new-id st) (r) A)}
else RETURN (FAILED, (V, A))
}
)

definition polys-rel :: «((nat, int mpoly)fmap x -) set> where
<polys-rel = {(A, B). B = (ran-m A)}p

definition polys-rel-full :: «((nat set x (nat, int mpoly)fmap) x -) set> where
<polys-rel-full = {((V, A), V', B)). (A, B) € polys-rel NV =V}

lemma polys-rel-update-remove:
x18 ¢#dom-m A = z11 €# dom-m A = x12 €# dom-m A = z11 # x12 = (A,B) € polys-rel
=
(fmupd 13 v (fmdrop z11 (fmdrop z12 A)),
add-mset r B — {#the (fmlookup A x11), the (fmlookup A x12)#})

€ polys-rel»
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<x18 ¢#dom-m A = z11 €# dom-m A = (A,B) € polys-rel =
(fmupd x13 v (fmdrop 11 A),add-mset r B — {#the (fmlookup A x11)#})
€ polys-rel»
x18 ¢#dom-m A = (A,B) € polys-rel =
(fmupd 13 r A, add-mset r B) € polys-rels
<x13 €#dom-m A = (A,B) € polys-rel =
(fmdrop x13 A, removel-mset (the (fmlookup A ©13)) B) € polys-rel»
using distinct-mset-dom[of A]
apply (auto simp: polys-rel-def ran-m-mapsto-upd ran-m-mapsto-upd-notin
ran-m-fmdrop)
apply (subst ran-m-mapsto-upd-notin)
apply (auto dest: in-diffD dest!: multi-member-split simp: ran-m-fmdrop ran-m-fmdrop-If distinct-mset-removel-All
ran-m-def
add-mset-eq-add-mset removeAll-notin
split: if-splits intro!: image-mset-cong)
done

lemma polys-rel-in-dom-inD:
«(A, B) € polys-rel =
x12 €# dom-m A —
the (fmlookup A z12) €# B>
by (auto simp: polys-rel-def)

lemma PAC-Format-add-and-remove:
<r — x14 € More-Modules.ideal polynomial-bool —>
(A, B) € polys-rel =
x12 €# dom-m A =
z13 ¢4# dom-m A =
vars r C YV —
2 x the (fmlookup A x12) — r € More-Modules.ideal polynomial-bool =
PAC-Format*™ (V, B) (V, removel-mset (the (fmlookup A z12)) (add-mset r B))»
«r — z14 € More-Modules.ideal polynomial-bool —>
(A, B) € polys-rel =
the (fmlookup A xz11) + the (fmlookup A x12) — r € More-Modules.ideal polynomial-bool —>
z1l €# dom-m A =
z12 €# dom-m A =
vars r C YV —
PAC-Format** (V, B) (V, add-mset r B)»
<r — z14 € More-Modules.ideal polynomial-bool —
(A, B) € polys-rel =
z1l €# dom-m A =
x12 €# dom-m A =
the (fmlookup A x11) + the (fmlookup A z12) — r € More-Modules.ideal polynomial-bool —>
vars r C VY —
zll # z12 =
PAC-Format** (V, B)
(V, add-mset v B — {#the (fmlookup A x11), the (fmlookup A x12)#})»
«(A, B) € polys-rel =
r — x84 € More-Modules.ideal polynomial-bool —>
xl1 €# dom-m A =
the (fmlookup A x11) x 232 — r € More-Modules.ideal polynomial-bool —>
vars z32 C Y —
vars r C VYV =
PAC-Format** (V, B) (V, add-mset r B)»
«(A, B) € polys-rel =
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r — x84 € More-Modules.ideal polynomial-bool —>
xll €# dom-m A =
the (fmlookup A x11) x 232 — r € More-Modules.ideal polynomial-bool —>
vars 32 C YV —
vars r C YV —
PAC-Format** (V, B) (V, removel-mset (the (fmlookup A z11)) (add-mset r B))»
(A, B) € polys-rel =
z12 €# dom-m A =
PAC-Format** (V, B) (V, removel-mset (the (fmlookup A x12)) B)»
«(A, B) € polys-rel =
(p' + Var 2)? — (p’ + Var z) € ideal polynomial-bool =
z ¢V =
z & vars(p’ + Var z) =
vars(p’ + Varz) C VY =
PAC-Format** (V, B)
(insert z V, add-mset p’ B)»
subgoal
apply (rule converse-rtranclp-into-rtranclp)
apply (rule PAC-Format.add[of <the (fmlookup A x12)> B <the (fmlookup A x12)])
apply (auto dest: polys-rel-in-dom-inD)
apply (rule converse-rtranclp-into-rtranclp)
apply (rule PAC-Format.del[of <the (fmlookup A x12))])
apply (auto dest: polys-rel-in-dom-inD)
done
subgoal H2
apply (rule converse-rtranclp-into-rtranclp)
apply (rule PAC-Format.add|of <the (fmlookup A x11)) B <the (fmlookup A x12)])
apply (auto dest: polys-rel-in-dom-inD)
done
subgoal
apply (rule rtranclp-trans)
apply (rule H2; assumption)
apply (rule converse-rtranclp-into-rtrancip)
apply (rule PAC-Format.del[of <the (fmlookup A x12))))
apply (auto dest: polys-rel-in-dom-inD)
apply (rule converse-rtranclp-into-rtranclp)
apply (rule PAC-Format.del[of <the (fmlookup A x11))])
apply (auto dest: polys-rel-in-dom-inD)
apply (auto simp: polys-rel-def ran-m-def add-mset-eq-add-mset dest!: multi-member-split)
done
subgoal H2
apply (rule converse-rtranclp-into-rtranclp)
apply (rule PAC-Format.mult[of <the (fmlookup A x11)> B <x32> r])
apply (auto dest: polys-rel-in-dom-inD)
done
subgoal
apply (rule rtranclp-trans)
apply (rule H2; assumption)
apply (rule converse-rtranclp-into-rtrancip)
apply (rule PAC-Format.del[of <the (fmlookup A z11))))
apply (auto dest: polys-rel-in-dom-inD)
done
subgoal
apply (rule converse-rtranclp-into-rtranclp)
apply (rule PAC-Format.del[of «the (fmlookup A z12)» B])
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apply (auto dest: polys-rel-in-dom-inD)
done
subgoal
apply (rule converse-rtranclp-into-rtranclp)
apply (rule PAC-Format.extend-pos[of <p’ + Var x> - z])
using coeff-monomila-in-varsD[of <p’ — Var z» x]
apply (auto dest: polys-rel-in-dom-inD simp: vars-in-right-only vars-subst-in-left-only)
apply (subgoal-tac <V U {2’ € vars (p'). ' ¢ V} = insert z V»)
apply simp
using coeff-monomila-in-varsD[of p' x]
apply (auto dest: vars-add- Var-subset vars-minus- Var-subset polys-rel-in-dom-inD simp: vars-subst-in-left-only-iff)
using vars-in-right-only vars-subst-in-left-only by force
done

abbreviation status-rel :: «(status x status) set> where
<status-rel = Id»

lemma is-merge-status[simp:
is-failed (merge-status a st’) <— is-failed a V is-failed st's
<is-found (merge-status a st’) «— —is-failed a N —is-failed st’ A\ (is-found a V is-found st’)»
is-success (merge-status a st') <— (is-success a N is-success st')
by (cases a; cases st'; auto; fail)+

lemma status-rel-merge-status:
«(merge-status a b, SUCCESS) ¢ status-rel «—
(a = FAILED) vV (b = FAILED) V
a = FOUND v (b = FOUND)»
by (cases a; cases b; auto)

lemma FEz-status-iff:
<«(3a. P a) +— P SUCCESS Vv P FOUND Vv (P (FAILED)))
apply auto
apply (case-tac a; auto)
done

lemma is-failed-alt-def:
<is-failed st’ «— —is-success st’ A —is-found st’
by (cases st’) auto

lemma merge-status-eq-iff [simp):
«merge-status a SUCCESS = SUCCESS <— a = SUCCESS)»
<merge-status a SUCCESS = FOUND <— a = FOUND,
«merge-status SUCCESS a = SUCCESS <— a = SUCCESS)
<merge-status SUCCESS a = FOUND <— a = FOUND:
<merge-status SUCCESS a = FAILED <— a = FAILED:
«merge-status a SUCCESS = FAILED +— a = FAILED:)
<merge-status FOUND a = FAILED <— a = FAILED:
«merge-status a FOUND = FAILED <— a = FAILED:
<merge-status a FOUND = SUCCESS +— Fulse)
«merge-status a b = FOUND <— (a = FOUND V b = FOUND) A (a # FAILED A b # FAILED))
apply (cases a; auto; fail)+
apply (cases a; cases b; auto; fail)+
done
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lemma fmdrop-irrelevant: «x11 ¢# dom-m A = fmdrop z11 A = A»
by (simp add: fmap-ext in-dom-m-lookup-iff)

lemma PAC-checker-step-PAC-checker-specification?:
fixes a :: (status
assumes AB: «((V, A),(Vp, B)) € polys-rel-fully and
<—is-failed ay and
[simp,intro]: <a = FOUND = spec € pac-ideal (set-mset Ag)> and
AgB: «PAC-Format** (Vo, Ao) (V, B)» and
specy: <vars spec C Vo> and
vars-Ao: «(J (vars ¢ set-mset Ag) C Vo>
shows « PAC-checker-step spec (a, (V, A)) st < | (status-rel X, polys-rel-full) (PAC-checker-specification-step2
(Vo, Ao) spec (V, B))»

proof —
have
<Vp = Vrand
[simp, intro]:<(A, B) € polys-rels
using AB

by (auto simp: polys-rel-full-def)
have HO0: <2 x the (fmlookup A z£12) — r € More-Modules.ideal polynomial-bool =—>
r € pac-ideal
(insert (the (fmlookup A x12))
((A\z. the (fmlookup A x)) * set-mset Aa))s for 212 r Aa
by (metis (no-types, lifting) ab-semigroup-mult-class.mult.commaute
diff-in-polynomial-bool-pac-ideall
ideal.span-base pac-ideall3 set-image-mset set-mset-add-mset-insert union-single-eq-member)—+
then have HO" «<\Aa. 2 x the (fmlookup A z12) — r € More-Modules.ideal polynomial-bool =
r — spec € More-Modules.ideal polynomial-bool —-
spec € pac-ideal (insert (the (fmlookup A x12)) ((Az. the (fmlookup A z)) ¢ set-mset Aa))»
for r x12
by (metis (no-types, lifting) diff-in-polynomial-bool-pac-ideall)

have HI: < 212 €# dom-m A =
2 x the (fmlookup A z12) — r € More-Modules.ideal polynomial-bool —>
r — spec € More-Modules.ideal polynomial-bool —
vars spec C vars r =
spec € pac-ideal (set-mset B)» for z12 r
using «(4,B) € polys-rel
ideal.span-add|OF ideal.span-add[OF ideal.span-neg ideal.span-neg,
of <the (fmlookup A x12)» - <the (fmlookup A x12))],
of «set-mset B U polynomial-bools <2 x the (fmlookup A x12) — ]
unfolding polys-rel-def
by (auto dest!: multi-member-split simp: ran-m-def
intro: HO')
have H2': «the (fmlookup A x11) + the (fmlookup A x12) — r € More-Modules.ideal polynomial-bool
.
B = add-mset (the (fmlookup A x11)) {#the (fmlookup A x). x €# Aa#} =
(the (fmlookup A x11) + the (fmlookup A z12) — r
€ More-Modules.ideal
(insert (the (fmlookup A x11))
((Az. the (fmlookup A x)) * set-mset Aa U polynomial-bool)) —>
—r
€ More-Modules.ideal
(insert (the (fmlookup A xz11))
((Az. the (fmlookup A z)) ‘ set-mset Aa U polynomial-bool))) =
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r € pac-ideal (insert (the (fmlookup A x11)) ((Az. the (fmlookup A x))  set-mset Aa))»
for rx12 z11 A Aa
by (metis (mono-tags, lifting) Un-insert-left diff-diff-eq2 diff-in-polynomial-bool-pac-ideall diff-zero
ideal.span-diff ideal.span-neg minus-diff-eq pac-idealll pac-ideal-def set-image-mset
set-mset-add-mset-insert union-single-eq-member)
have H2: «x11 €# dom-m A =
x12 €# dom-m A =
the (fmlookup A xz11) + the (fmlookup A x12) — r
€ More-Modules.ideal polynomial-bool —>
r — spec € More-Modules.ideal polynomial-bool —>
spec € pac-ideal (set-mset B)y for z12 r z11
using «(4,B) € polys-rely
ideal.span-add|OF ideal.span-add[OF ideal.span-neg ideal.span-neg,
of <the (fmlookup A z11)» - <the (fmlookup A x12))],
of «set-mset B U polynomial-bools <the (fmlookup A x11) + the (fmlookup A x12) — 1]
unfolding polys-rel-def
by (subgoal-tac <r € pac-ideal (set-mset B)»)
(auto dest!: multi-member-split simp: ran-m-def ideal.span-base
intro: diff-in-polynomial-bool-pac-ideall simp: H2')

have H3'": <the (fmlookup A z12) x q — r € More-Modules.ideal polynomial-bool —>
r — spec € More-Modules.ideal polynomial-bool —
r € pac-ideal (insert (the (fmlookup A x12)) ((Az. the (fmlookup A z))  set-mset Aa))>
for Aa z12 1 q
by (metis (no-types, lifting) ab-semigroup-mult-class.mult.commute diff-in-polynomial-bool-pac-ideall
ideal.span-base pac-ideall3 set-image-mset set-mset-add-mset-insert union-single-eq-member)

have H3: «x12 €# dom-m A =
the (fmlookup A x12) x ¢ — r € More-Modules.ideal polynomial-bool —>
r — spec € More-Modules.ideal polynomial-bool —>
spec € pac-ideal (set-mset B)s for z12 1 g
using «(A4,B) € polys-rely
ideal.span-add|OF ideal.span-add[OF ideal.span-neg ideal.span-neg,
of <the (fmlookup A z12)y - <the (fmlookup A x12))],
of ¢set-mset B U polynomial-bools <2 x the (fmlookup A x12) — ]
unfolding polys-rel-def
by (subgoal-tac <r € pac-ideal (set-mset B)»)
(auto dest!: multi-member-split simp: ran-m-def HS'
intro: diff-in-polynomial-bool-pac-ideall )

have [intro]: <spec € pac-ideal (set-mset B) = spec € pac-ideal (set-mset Ap)» and
vars-B: «{J (vars ¢ set-mset B) C Vr>and
vars-B: <|J (vars  set-mset (ran-m A)) C V)
using rtranclp-PAC-Format-subset-ideal|OF AoB wvars-Ag] specy (A, B) € polys-rely[unfolded
polys-rel-def, simplified)
by (smt (verit) in-mono mem-Collect-eq restricted-ideal-to-def)+

have eg-successl: «st' # FAILED —
st £ FOUND = st’ = SUCCESS) for st’
by (cases st’) auto
have vars-diff-inv: <vars (Var 2 — r) = vars (r — Var 22 :: int mpoly)> for x2 r
using vars-uminus[of «Var z2 — ]
by (auto simp del: vars-uminus)
have vars-add-inv: <vars (Var 2 + r) = vars (r + Var 22 :: int mpoly)> for z2 r
unfolding add.commute[of < Var z2) ] .
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have [iff]: <a # FAILED) and
[intro]: <a # SUCCESS — a = FOUND) and
[simp]: «merge-status a FOUND = FOUND:
using assms(2) by (cases a; auto)+
note [[goals-limit=1]]
show ?thesis
unfolding PAC-checker-step-def PAC-checker-specification-step-spec-def
normalize-poly-spec-alt-def check-mult-def check-add-def
check-extension-def polys-rel-full-def
apply (cases st)
apply clarsimp-all
subgoal for z11 x12 x13 x14
apply (refine-veg lhs-step-If)
subgoal for r eqa st’
using assms vars-B apply —
apply (rule RETURN-SPEC-refine)
apply (rule-tac x = «(merge-status a st’,V,add-mset r B)» in exl)
by (auto simp: polys-rel-update-remove ran-m-mapsto-upd-notin
intro: PAC-Format-add-and-remove H2 dest: rtranclp-PAC-Format-subset-ideal)
subgoal
by (rule RETURN-SPEC-refine)
(auto simp: Ez-status-iff dest: rtranclp-PAC-Format-subset-ideal)
done
subgoal for z11 x12 z13 14
apply (refine-vcg lhs-step-If)
subgoal for r ¢ eqa st’
using assms vars-B apply —
apply (rule RETURN-SPEC-refine)
apply (rule-tac x = «(merge-status a st’,V,add-mset r B)» in exl)
by (auto intro: polys-rel-update-remove intro: PAC-Format-add-and-remove(3—) HS3
dest: rtranclp-PAC-Format-subset-ideal)
subgoal
by (rule RETURN-SPEC-refine)
(auto simp: Fr-status-iff)
done
subgoal for z31 32 x3/
apply (refine-vcg lhs-step-If)
subgoal for r z
using assms vars-B apply —
apply (rule RETURN-SPEC-refine)
apply (rule-tac x = «(a,insert 32 V, add-mset r B)» in exl)
apply (auto simp: introl: polys-rel-update-remove PAC-Format-add-and-remove(5—)
dest: rtranclp-PAC-Format-subset-ideal)
done
subgoal
by (rule RETURN-SPEC-refine)
(auto simp: Ex-status-iff)
done
subgoal for z11
unfolding check-del-def
apply (refine-vcg lhs-step-If)
subgoal for eq
using assms vars-B apply —
apply (rule RETURN-SPEC-refine)
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apply (cases <x11 €# dom-m A»)
subgoal
apply (rule-tac z = «(a,V, removel-mset (the (fmlookup A z11)) B)» in exl)
apply (auto simp: polys-rel-update-remove PAC-Format-add-and-remove
is-failed-def is-success-def is-found-def
dest!: eq-successl
split: if-splits
dest: rtranclp-PAC-Format-subset-ideal
intro: PAC-Format-add-and-remove H3)
done
subgoal
apply (rule-tac ¢ = «(a,V, B)) in ezl)
apply (auto simp: fmdrop-irrelevant
is-failed-def is-success-def is-found-def
dest!: eq-successl
split: if-splits
dest: rtranclp-PAC-Format-subset-ideal
intro: PAC-Format-add-and-remove)
done
done
subgoal
by (rule RETURN-SPEC-refine)
(auto simp: Ez-status-iff)
done
done
qed

definition PAC-checker
i gint-poly = fpac-step = status = (int-poly, nat, nat) pac-step list =
(status X fpac-step) nres
where
«PAC-checker spec A b st = do {
(S, -) « WHILET
(A((b :: status, A :: fpac-step), st). —is-failed b A st # [])
(A((bA), st). do {
ASSERT (st # []);
S < PAC-checker-step spec (bA) (hd st);
RETURN (S, tl st)
1)
((b, 4), st);
RETURN S
b

lemma PAC-checker-specification-spec-trans:
«(PAC-checker-specification-spec spec A (st, 12) =
PAC-checker-specification-step-spec A spec z2 (st', xla) =
PAC-checker-specification-spec spec A (st’, xla)»
unfolding PAC-checker-specification-spec-def
PAC-checker-specification-step-spec-def
apply auto
using is-failed-alt-def apply blast+
done
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lemma RES-SPEC-eq:
(RES & = SPEC(A\P. P € ®)»
by auto

lemma is-failed-is-success-completeD:
<= is-failed x = —is-success ¥ = is-found x>
by (cases z) auto

lemma PAC-checker-PAC-checker-specification2:
(A, B) € polys-rel-full =
—is-failed o =
(a = FOUND = spec € pac-ideal (set-mset (snd B))) =
U (vars ¢ set-mset (ran-m (snd A))) C fst B =
vars spec C fst B =
PAC-checker spec A a st < || (status-rel X, polys-rel-full) (PAC-checker-specification? spec B)»
unfolding PAC-checker-def conc-fun-RES
apply (subst RES-SPEC-eq)
apply (refine-veg WHILET-rulelwhere
I = (\((bB), st). bB € (status-rel x, polys-rel-full)=!
Collect (PAC-checker-specification-spec spec B)»
and R = <measure (A(-, st). Suc (length st))])
subgoal by auto
subgoal apply (auto simp: PAC-checker-specification-spec-def)
apply (cases B; cases A)
apply (auto simp:polys-rel-def polys-rel-full-def Image-iff)
done
subgoal by auto
subgoal
apply auto
apply (rule
PAC-checker-step-PAC-checker-specification2[of - - - - - - - fst By, THEN order-trans])
apply assumption
apply assumption
apply (auto intro: PAC-checker-specification-spec-trans simp: conc-fun-RES)
apply (auto simp: PAC-checker-specification-spec-def polys-rel-full-def polys-rel-def
dest: PAC-Format-subset-ideal
dest: is-failed-is-success-completeD; fail)+
by (auto simp: Image-iff intro: PAC-checker-specification-spec-trans
stmp: polys-rel-def polys-rel-full-def)
subgoal
by auto
done

definition remap-polys-polynomial-bool :: <int mpoly = nat set = (nat, int-poly) fmap = (status X
fpac-step) nres> where
<remap-polys-polynomial-bool spec = (A\V A.
SPEC(A(st, V', A'). (—is-failed st —
dom-m A = dom-m A’ A
(Vi €# dom-m A. the (fmlookup A i) — the (fmlookup A’ i) € ideal polynomial-bool) A
U (vars  set-mset (ran-m A)) C V' A
U (vars ¢ set-mset (ran-m A’)) C V') A
(st = FOUND — spec €4 ran-m A")))»

definition remap-polys-change-all :: <int mpoly = nat set = (nat, int-poly) fmap = (status x fpac-step)
nres) where
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<remap-polys-change-all spec = (A\V A. SPEC (A(st, V', A').
(—is-failed st —
pac-ideal (set-mset (ran-m A)) = pac-ideal (set-mset (ran-m A')) A
U (vars ¢ set-mset (ran-m A)) C V' A
U (vars ¢ set-mset (ran-m A’)) C V') A
(st = FOUND — spec €# ran-m A’)))
lemma fmap-eq-dom-iff:
(A =A"+— dom-m A = dom-m A’ A (Vi €# dom-m A. the (fmlookup A i) = the (fmlookup A’ 7))
by (metis fmap-ext in-dom-m-lookup-iff option.expand)

lemma ideal-remap-incl:
finite A’ = (Va'€eA’. Ja€A. a—a’ € B) = ideal (A’ U B) C ideal (A U B)»
apply (induction A’ rule: finite-induct)
apply (auto intro: ideal.span-mono)
using ideal.span-mono sup-ge2 apply blast
proof —
fix z:: ‘aand F :: ‘a set and za :: ‘a and a :: 'a
assume al: a € A
assume a2: a — x € B
assume a3: za € More-Modules.ideal (insert x (F U B))
assume a4: More-Modules.ideal (F U B) C More-Modules.ideal (A U B)
have © € More-Modules.ideal (A U B)
using a2 al by (metis (no-types, lifting) Un-upper! Un-upper2 add-diff-cancel-left’ diff-add-cancel
ideal.module-azioms ideal.span-diff in-mono module.span-superset)
then show za € More-Modules.ideal (A U B)
using a4 a3 ideal.span-insert-subset by blast
qed

lemma pac-ideal-remap-eq:
<«dom-m b = dom-m ba =
Vi€e#dom-m ba.
the (fmlookup b i) — the (fmlookup ba 7)
€ More-Modules.ideal polynomial-bool —
pac-ideal ((Az. the (fmlookup b z))  set-mset (dom-m ba)) = pac-ideal ((Ax. the (fmlookup ba x)) *
set-mset (dom-m ba))»
unfolding pac-ideal-alt-def
apply standard
subgoal
apply (rule ideal-remap-incl)
apply (auto dest!: multi-member-split
dest: ideal.span-neg)
apply (drule ideal.span-neg)
apply auto
done
subgoal
by (rule ideal-remap-incl)
(auto dest!: multi-member-split)
done

lemma remap-polys-polynomial-bool-remap-polys-change-all:
<remap-polys-polynomial-bool spec ¥V A < remap-polys-change-all spec V A»
unfolding remap-polys-polynomial-bool-def remap-polys-change-all-def
apply (simp add: ideal.span-zero fmap-eq-dom-iff ideal.span-eq)
apply (auto dest: multi-member-split simp: ran-m-def ideal.span-base pac-ideal-remap-eq
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add-mset-eq-add-mset
eq-commutelof <add-mset - -» <dom-m (A :: (nat, int mpoly)fmap) for A])
done

definition remap-polys :: <int mpoly = nat set = (nat, int-poly) fmap = (status X fpac-step) nres»
where

<remap-polys spec = (AV A. do{

dom < SPEC(Adom. set-mset (dom-m A) C dom A finite dom);

failed < SPEC(A-::bool. True);
if failed
then do {
RETURN (FAILED, V, fmempty)

else do {
(b, N) < FOREACH dom
(Mi (b, V, A").
if i €# dom-m A
then do {
p < SPEC(Ap. the (fmlookup A i) — p € ideal polynomial-bool A vars p C vars (the (frmlookup
A i)));
eq < SPEC(\eq. eq — p = spec);
V < SPEC(AV'. V U vars (the (fmlookup A i)) C V');
RETURN (b V eq, V, fmupd i p A"
} else RETURN (b, V, A"))
(False, V, fmempty);
RETURN (if b then FOUND else SUCCESS, N)
}
b
lemma remap-polys-spec:
<remap-polys spec V A < remap-polys-polynomial-bool spec V A»
unfolding remap-polys-def remap-polys-polynomial-bool-def
apply (refine-veg FOREACH-rule[where
I = \dom (b, V, A").
set-mset (dom-m A') = set-mset (dom-m A) — dom A
(Vi € set-mset (dom-m A) — dom. the (fmlookup A ©) — the (fmlookup A’ %) € ideal polynomial-bool)
A
U (vars ¢ set-mset (ran-m (fmrestrict-set (set-mset (dom-m A’)) A))) TV A
U (vars ¢ set-mset (ran-m A’)) TV A
(b —> spec €# ran-m A')])
subgoal by auto
subgoal by auto
subgoal by auto
subgoal by auto
subgoal by auto
subgoal by auto
subgoal by auto
subgoal
by auto
subgoal by auto
subgoal using ideal.span-add by auto
subgoal by auto
subgoal by auto
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subgoal by clarsimp auto
subgoal

supply|[goals-limit=1]]

by (auto simp add: ran-m-mapsto-upd-notin dom-m-fmrestrict-set’ subset-eq)
subgoal

supply|[goals-limit=1]]

by (auto simp add: ran-m-mapsto-upd-notin dom-m-fmrestrict-set’ subset-eq)
subgoal

by (auto simp: ran-m-mapsto-upd-notin)
subgoal

by auto
subgoal

by auto
subgoal

by (auto simp add: ran-m-mapsto-upd-notin dom-m-fmrestrict-set’ subset-eq)
subgoal

by (auto simp add: ran-m-mapsto-upd-notin dom-m-fmrestrict-set’ subset-eq)
subgoal

by auto
subgoal

by (auto simp: distinct-set-mset-eq-iff [symmetric] distinct-mset-dom,)
subgoal

by (auto simp: distinct-set-mset-eq-iff [symmetric] distinct-mset-dom,)
subgoal

by (auto simp add: ran-m-mapsto-upd-notin dom-m-fmrestrict-set’ subset-eq

fmlookup-restrict-set-id’)

subgoal

by (auto simp add: ran-m-mapsto-upd-notin dom-m-fmrestrict-set’ subset-eq)
subgoal

by (auto simp add: ran-m-mapsto-upd-notin dom-m-fmrestrict-set’ subset-eq

fmlookup-restrict-set-id’)

done

6.3 Full Checker

definition full-checker
i ¢int-poly = (nat, int-poly) fmap = (int-poly, nat,nat) pac-step list = (status x -) nres
where
full-checker spec0 A pac = do {
spec < normalize-poly-spec specO;
(st, V, A) « remap-polys-change-all spec {} A;
if is-failed st then
RETURN (st, V, A)
else do {
V < SPEC(AV'. V U vars spec0 C V');
PAC-checker spec (V, A) st pac
}
b

lemma restricted-ideal-to-mono:
<restricted-ideal-toy V I C restricted-ideal-tor V' J =
Ucy =
restricted-ideal-toy U I C restricted-ideal-toy U J»
by (auto simp: restricted-ideal-to-def)

lemma pac-ideal-idemp: <pac-ideal (pac-ideal A) = pac-ideal A»
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by (metis dual-order.antisym ideal.span-subset-spanl ideal.span-superset le-sup-iff pac-ideal-def)

lemma full-checker-spec:
assumes (A, A') € polys-rel
shows
full-checker spec A pac < I{((st, G), (st’, G)). (st, st’) € status-rel A
(st # FAILED — (G, G') € polys-rel-full)}
(PAC-checker-specification spec (A')))
proof —
have H: <set-mset b C pac-ideal (set-mset (ran-m A)) =
z € pac-ideal (set-mset b) = = € pac-ideal (set-mset A')) for b z
using assms apply —
by (drule pac-ideal-mono) (auto simp: polys-rel-def pac-ideal-idemp)
have 1: « € {(st, V', 4').
( — is-failed st — pac-ideal (set-mset (ran-m z2)) =
pac-ideal (set-mset (ran-m A')) A
U (vars ¢ set-mset (ran-m ABC)) C V' A
U (vars ¢ set-mset (ran-m A’)) C V') A
(st = FOUND — speca €# ran-m A')} =
z = (st, ') = z' = (V, 4da) =((V/, Aa), V', ran-m Aa) € polys-rel-fulls for Aa speca x2 st x
V'V z' ABC
by (auto simp: polys-rel-def polys-rel-full-def)
have HI1: <\a aa b za z xla x1 22 speca.
vars spec C r1b =
U (vars ¢ set-mset (ran-m A)) C z1b =
U (vars * set-mset (ran-m z2a)) C £1b =
restricted-ideal-toy x1b b C restricted-ideal-to; x1b (ran-m z2a) =
za € restricted-ideal-tor (| (vars < set-mset (ran-m A)) U vars spec) b =
za € restricted-ideal-tor (|J (vars  set-mset (ran-m A)) U vars spec) (ran-m z2a)>
for z1b b za z2a
by (drule restricted-ideal-to-mono[of - - - - ({J (vars ¢ set-mset (ran-m A)) U vars specy])
auto
have H2: <Aa aa b speca 22 zla z1b z2a.
spec — speca € More-Modules.ideal polynomial-bool —>
vars spec C zlb —
U (vars ¢ set-mset (ran-m A)) C z1b =
U (vars * set-mset (ran-m z2a)) C z1b =
speca € pac-ideal (set-mset (ran-m x2a)) =
restricted-ideal-tor 1b b C restricted-ideal-tor x1b (ran-m z2a) =
spec € pac-ideal (set-mset (ran-m z2a))>
by (metis (no-types, lifting) group-eq-auz ideal.span-add ideal.span-base in-mono
pac-ideal-alt-def sup.cobounded?)

show ?thesis
supply|[goals-limit=1]]
unfolding full-checker-def normalize-poly-spec-def
PAC-checker-specification-def remap-polys-change-all-def
apply (refine-vcg PAC-checker-PAC-checker-specification2| THEN order-trans, of - -]
lhs-step-1f)
subgoal by (auto simp: is-failed-def RETURN-RES-refine-iff)
apply (rule 1; assumption)
subgoal
using fmap-ext assms by (auto simp: polys-rel-def ran-m-def)
subgoal
by auto

87



subgoal
by auto
subgoal for speca r1 x2 = zla x2a x1b
apply (rule ref-two-step| OF conc-fun-R-mono))
apply auto]
using assms
by (auto simp add: PAC-checker-specification-spec-def conc-fun-RES polys-rel-def H1 H2
polys-rel-full-def
dest!: rtranclp-PAC-Format-subset-ideal dest: is-failed-is-success-completeD)
done
qed

lemma full-checker-spec”:
shows
((uncurry2 full-checker, uncurry2 (Aspec A -. PAC-checker-specification spec A)) €
(Id x, polys-rel) x, Id —; ({((st, G), (st’, G')). (st, st’) € status-rel N
(st # FAILED — (G, G') € polys-rel-full)})nres-rel>
using full-checker-spec
by (auto intro!: frefl nres-rell)

end
theory PAC-Polynomials

imports PAC-Specification Finite-Map-Multiset
begin

7 Polynomials of strings

Isabelle’s definition of polynomials only work with variables of type nat. Therefore, we in-
troduce a version that uses strings by using an injective function that converts a string to a
natural number. It exists because strings are countable. Remark that the whole development
is independent of the function.

7.1 Polynomials and Variables

lemma poly-embed-EX:
FJ. bij (p 2 string = nat)»
by (rule countableE-infinite[of <UNIV :: string set])
(auto introl: infinite- UNIV-listI)

Using a multiset instead of a list has some advantage from an abstract point of view. First, we
can have monomials that appear several times and the coefficient can also be zero. Basically,
we can represent un-normalised polynomials, which is very useful to talk about intermediate
states in our program.
type-synonym term-poly = <string multiset)
type-synonym mset-polynomial =

<(term-poly * int) multiset

definition normalized-poly :: <mset-polynomial = bool) where
<normalized-poly p +—
distinct-mset (fst 4 p) A
0 ¢4 snd “# p»
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lemma normalized-poly-simps[simp]:
<normalized-poly {#}
<normalized-poly (add-mset t p) «— snd t # 0 A

fst t ¢# fst 4 p A normalized-poly p»
by (auto simp: normalized-poly-def)

lemma normalized-poly-mono:
<normalized-poly B = A C# B = normalized-poly A>
unfolding normalized-poly-def
by (auto intro: distinct-mset-mono image-mset-subseteg-mono)

definition mult-poly-by-monom :: term-poly * int = mset-polynomial = mset-polynomial) where
<mult-poly-by-monom = (Ays q. image-mset (Axs. (fst s + fst ys, snd ys * snd xs)) q)»

definition mult-poly-raw :: (mset-polynomial = mset-polynomial = mset-polynomial> where
<mult-poly-raw p q =
(sum-mset ((Ay. mult-poly-by-monom y q) ‘# p))»

definition remowve-powers :: <mset-polynomial = mset-polynomial> where
<remove-powers ts = image-mset (apfst remdups-mset) xs

definition all-vars-mset :: <mset-polynomial = string multiset>) where
all-vars-mset p = Y 4 (fst 4 p)

abbreviation all-vars :: ¢mset-polynomial = string set> where
<all-vars p = set-mset (all-vars-mset p)»

definition add-to-coefficient :: <- = mset-polynomial = mset-polynomial> where
<add-to-coefficient = (A(a, n) b. {#(a’, -) €# b. a’ # a#} +
(if n + sum-mset (snd ‘# {#(a', -) €# b. o’ = a#}) = 0 then {#}
else {#(a, n + sum-mset (snd 4 {#(a’, -) €# b. a’ = a#}))#}))

definition normalize-poly :: <mset-polynomial = mset-polynomialy where
<normalize-poly p = fold-mset add-to-coefficient {#} p

lemma add-to-coefficient-simps:
«n + sum-mset (snd 4 {#(a', -) €# b. o' = a#}) # 0 =
add-to-coefficient (a, n) b = {#(a', -) €# b. o’ # a#} +
{#(a, n + sum-mset (snd ‘H# {#(a’, -) €# b. o’ = aF#}))#}
«n + sum-mset (snd ‘H# {#(a', -) €# b. o' = a#}) = 0 =
add-to-coefficient (a, n) b = {#(a’, -) €# b. o’ # a#}» and
add-to-coefficient-simps-1If:
<add-to-coefficient (a, n) b = {#(a’, -) €# b. o’ # a#} +
(if n + sum-mset (snd ‘# {#(a’, -) €# b. o’ = a#}) = 0 then {#}
else {#(a, n + sum-mset (snd ‘4 {#(a', -) €# b. o’ = a#}))#})»
by (auto simp: add-to-coefficient-def)

interpretation comp-fun-commute <add-to-coefficient)

proof —
have [iff]:
<a # aq =

((case z of (a’, -) = a’ = a) A (case z of (a’, -) = a’ # aa)) «—
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(case z of (a’,-) = a’ = a) for a’ aa a

by auto
show <comp-fun-commute add-to-coefficient>
unfolding add-to-coefficient-def
by standard
(auto intro!: ext simp: filter-filter-mset ac-simps add-eq-0-iff)
qed

lemma normalized-poly-normalize-poly|simp]:

«normalized-poly (normalize-poly p)»

unfolding normalize-poly-def

apply (induction p)

subgoal by auto

subgoal for z p

by (cases x)

(auto simp: add-to-coefficient-simps-If
intro: normalized-poly-mono)

done

7.2 Addition

inductive add-poly-p :: <mset-polynomial x mset-polynomial x mset-polynomial = mset-polynomial X
mset-polynomial X mset-polynomial = bool> where
add-new-coeff-r:

<add-poly-p (p, add-mset z q, r) (p, q, add-mset z ) |
add-new-coeff-1:

<add-poly-p (add-mset x p, q, v) (p, q, add-mset z r)) |
add-same-coeff-1:

<add-poly-p (add-mset (z, n) p, q, add-mset (z, m) r) (p, q, add-mset (z, n + m) r)» |
add-same-coeff-r:

<add-poly-p (p, add-mset (z, n) q, add-mset (z, m) r) (p, q, add-mset (z, n + m) r)» |
rem-0-coeff:

<add-poly-p (p, ¢, add-mset (z, 0) r) (p, q, )

inductive-cases add-poly-pE: <add-poly-p S T»

lemmas add-poly-p-induct =
add-poly-p.induct[split-format(complete))

lemma add-poly-p-empty-I:
<add-poly-p** (p, ¢, ) ({#}, ¢, p + )
apply (induction p arbitrary: r)
subgoal by auto
subgoal
by (metis (no-types, lifting) add-new-coeff-l r-into-rtranclp
rtranclp-trans union-mset-add-mset-left union-mset-add-mset-right)
done

lemma add-poly-p-empty-r:
cadd-poly-p** (p, ¢, r) (p, {#}, ¢ + )
apply (induction q arbitrary: r)
subgoal by auto
subgoal
by (metis (no-types, lifting) add-new-coeff-r r-into-rtranclp
rtranclp-trans union-mset-add-mset-left union-mset-add-mset-right)
done
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lemma add-poly-p-sym:
<add-poly-p (p, q, r) (p’y ¢', r") +— add-poly-p (q, p, r) (¢, p', r')
apply (rule iffT)
subgoal
by (cases rule: add-poly-p.cases, assumption)
(auto intro: add-poly-p.intros)
subgoal
by (cases rule: add-poly-p.cases, assumption)
(auto intro: add-poly-p.intros)
done

lemma wf-if-measure-in-wf:
«wf R= (A\ab. (a, b)) € S = (v a, v b)ER) = wf S
by (metis in-inv-image wfE-min wfl-min wf-inv-image)

lemma lezn-n:
n >0 = (z # s, y # ys) € lexn r n +—
(length xs = n—1 A length ys = n—1) A ((z, y) € 7V (. = y A (s, ys) € leznr (n — 1))
apply (cases n)
apply simp
by (auto simp: map-prod-def image-iff lex-prod-def)

lemma wf-add-poly-p:
cwf {(x, y). add-poly-p y x}>
by (rule wf-if-measure-in-wf[where R = <lexzn less-than &> and
v = A\(a,b,c). [size a , size b, size c]y])
(auto simp: add-poly-p.simps wf-lexn
simp: lexn-n simp del: lexn.simps(2))

lemma mult-poly-by-monom-simps[simp:
¢mult-poly-by-monom t {#} = {#b
<mult-poly-by-monom t (ps + ¢s) = mult-poly-by-monom t ps + mult-poly-by-monom t gs»
«mult-poly-by-monom a (add-mset p ps) = add-mset (fst a + fst p, snd a x snd p) (mult-poly-by-monom
a ps)»
proof —
interpret comp-fun-commute <(Azs. add-mset (zs + t)) for ¢
by standard auto
show
<mult-poly-by-monom t (ps + ¢qs) = mult-poly-by-monom t ps + mult-poly-by-monom t ¢s» for t
by (induction ps)
(auto simp: mult-poly-by-monom-def)
show
<mult-poly-by-monom a (add-mset p ps) = add-mset (fst a + fst p, snd a * snd p) (mult-poly-by-monom
a ps)»
<mult-poly-by-monom t {#} = {#}for t
by (auto simp: mult-poly-by-monom-def)
qed

inductive mult-poly-p :: <mset-polynomial = mset-polynomial x mset-polynomial = mset-polynomial
X mset-polynomial = bool»
for g :: mset-polynomial where
mult-step:
<mult-poly-p q (add-mset (zs, n) p, ) (p, (A(ys, m). (remdups-mset (xs + ys), n * m)) ‘# q + r)
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lemmas mult-poly-p-induct = mult-poly-p.induct|split-format(complete)]

7.3 Normalisation

inductive normalize-poly-p :: <mset-polynomial = mset-polynomial = bool>where
rem-0-coeff [simp, intro]:
<normalize-poly-p p ¢ => normalize-poly-p (add-mset (xs, 0) p) ¢ |
merge-dup-coeff [simp, intro]:
(normalize-poly-p p ¢ => normalize-poly-p (add-mset (xs, m) (add-mset (zs, n) p)) (add-mset (zs,
m+ n) q) |
same[simp, introl:
<normalize-poly-p p p |
keep-coeff [simp, intro):
<normalize-poly-p p ¢ = normalize-poly-p (add-mset z p) (add-mset x q)»

7.4 Correctness

This locales maps string polynomials to real polynomials.

locale poly-embed =
fixes ¢ :: «string = nat)
assumes p-inj: <inj o>
begin

definition poly-of-vars :: term-poly = ('a :: {comm-semiring-1}) mpoly where
<poly-of-vars xs = fold-mset (Aa b. Var (¢ a) * b) (1 :: 'a mpoly) xs

lemma poly-of-vars-simps|simp]:
shows
<poly-of-vars (add-mset z xs) = Var (p x) * (poly-of-vars zs :: ('a :: {comm-semiring-1}) mpoly)> (is
?A) and
<poly-of-vars (xs + ys) = poly-of-vars xs x (poly-of-vars ys :: ('a :: {comm-semiring-1}) mpoly)> (is
?B)
proof —
interpret comp-fun-commute «(Aa b. (b :: 'a :: {comm-semiring-1} mpoly) * Var (¢ a))
by standard
(auto simp: algebra-simps ac-simps
Var-def times-monomial-monomial intro!: ext)

show ?4
by (auto simp: poly-of-vars-def comp-fun-commute-axioms fold-mset-fusion
ac-simps)
show ?B
apply (auto simp: poly-of-vars-def ac-simps)
by (simp add: local.comp-fun-commute-axioms local.fold-mset-fusion
semiring-normalization-rules(18))
qed

definition mononom-of-vars where
«mononom-of-vars = (A s, n). (+) (Const n % poly-of-vars ws))»
interpretation comp-fun-commute <mononom-of-vars»

by standard
(auto simp: algebra-simps ac-simps mononom-of-vars-def
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Var-def times-monomial-monomial introl: ext)

lemma [simp]:

<poly-of-vars {#} = 1>
by (auto simp: poly-of-vars-def)

lemma mononom-of-vars-add[simp]:
«(NO-MATCH 0 b = mononom-of-vars xzs b = Const (snd xzs) x poly-of-vars (fst zs) + b
by (cases xs)
(auto simp: ac-simps mononom-of-vars-def)

definition polynomial-of-mset :: <mset-polynomial = -» where
<polynomial-of-mset p = sum-mset (mononom-of-vars 4 p) 0>

lemma polynomial-of-mset-append[simp):
<polynomial-of-mset (zs + ys) = polynomial-of-mset xs + polynomial-of-mset ys»
by (auto simp: ac-simps Const-def polynomial-of-mset-def)

lemma polynomial-of-mset-Cons|simp]:
«polynomial-of-mset (add-mset z ys) = Const (snd x) * poly-of-vars (fst ) + polynomial-of-mset ys»
by (cases x)
(auto simp: ac-simps polynomial-of-mset-def mononom-of-vars-def)

lemma polynomial-of-mset-empty[simp):
<polynomial-of-mset {#} = 0»
by (auto simp: polynomial-of-mset-def)

lemma polynomial-of-mset-mult-poly-by-monom|simpl:
<polynomial-of-mset (mult-poly-by-monom z ys) =
(Const (snd x) * poly-of-vars (fst z) * polynomial-of-mset ys)»
by (induction ys)
(auto simp: Const-mult algebra-simps)

lemma polynomial-of-mset-mult-poly-raw(simp):
<polynomial-of-mset (mult-poly-raw xs ys) = polynomial-of-mset xs * polynomial-of-mset ys»
unfolding mult-poly-raw-def
by (induction xs arbitrary: ys)
(auto simp: Const-mult algebra-simps)

lemma polynomial-of-mset-uminus:
<polynomial-of-mset {#case x of (a, b) = (a, — b). © €# za#} =
— polynomial-of-mset za»
by (induction za)
auto

lemma X2-X-polynomial-bool-mult-in:
«Var (z1) = (Var (z1) * p) — Var (z1) x p € More-Modules.ideal polynomial-bool»
using ideal-mult-right-in| OF X2-X-in-pac-ideal[of z1 «{}>, unfolded pac-ideal-def], of p|
by (auto simp: right-diff-distrib ac-simps power2-eq-square)

lemma polynomial-of-list-remove-powers-polynomial-bool:
<(polynomial-of-mset xs) — polynomial-of-mset (remove-powers zs) € ideal polynomial-bool
proof (induction xs)
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case empty
then show «?casey by (auto simp: remove-powers-def ideal.span-zero)
next
case (add = xs)
have H1: <zl €# 12 —
Var (¢ 1) * poly-of-vars 2 — p € More-Modules.ideal polynomial-bool <—
poly-of-vars £2 — p € More-Modules.ideal polynomial-bool
y for z1 2 p
apply (subst (2) ideal.span-add-eq[symmetric,
of «Var (¢ x1) * poly-of-vars £2 — poly-of-vars x2>])
apply (drule multi-member-split)
apply (auto simp: X2-X-polynomial-bool-mult-in)
done

have diff: <poly-of-vars (x) — poly-of-vars (remdups-mset (z)) € ideal polynomial-bool> for x
by (induction x)
(auto simp: remove-powers-def ideal.span-zero H1
simp flip: right-diff-distrib intro!: ideal.span-scale)
have [simp]: <polynomial-of-mset xs —
polynomial-of-mset (apfst remdups-mset ‘# xs)
€ More-Modules.ideal polynomial-bool —>
poly-of-vars ys * poly-of-vars ys —
poly-of-vars ys * poly-of-vars (remdups-mset ys)
€ More-Modules.ideal polynomial-bool —>
polynomial-of-mset s + Const y * poly-of-vars ys —
(polynomial-of-mset (apfst remdups-mset ‘4 xs) +
Const y * poly-of-vars (remdups-mset ys))
€ More-Modules.ideal polynomial-booly for y ys
by (metis add-diff-add diff ideal.scale-right-diff-distrib ideal.span-add ideal.span-scale)
show ?case
using add
apply (cases x)
subgoal for ys y
using ideal-mult-right-in2|OF diff, of <poly-of-vars ys» ys]
by (auto simp: remove-powers-def right-diff-distrib
ideal.span-diff ideal.span-add field-simps)
done
qed

lemma add-poly-p-polynomial-of-mset:
cadd-poly-p (p, ¢, r) (p', ¢, ') =
polynomial-of-mset r + (polynomial-of-mset p + polynomial-of-mset q) =
polynomial-of-mset r' + (polynomial-of-mset p’ + polynomial-of-mset q)»
apply (induction rule: add-poly-p-induct)
subgoal
by auto
subgoal
by auto
subgoal
by (auto simp: algebra-simps Const-add)
subgoal
by (auto simp: algebra-simps Const-add)
subgoal
by (auto simp: algebra-simps Const-add)
done

94



lemma rtranclp-add-poly-p-polynomial-of-mset:
<add-poly-p** (p, q, r) (p', ¢/, ') =
polynomial-of-mset r + (polynomial-of-mset p + polynomial-of-mset q) =
polynomial-of-mset v’ + (polynomial-of-mset p’ + polynomial-of-mset q')»
by (induction rule: rtranclp-induct[of add-poly-p <(-, -, -)» <(~, -, -)», split-format(complete), of for r|)
(auto dest: add-poly-p-polynomial-of-mset)

lemma rtranclp-add-poly-p-polynomial-of-mset-full:
cadd-poly-p** (p, ¢, {#}) ({#}, {#}, ') =
polynomial-of-mset r' = (polynomial-of-mset p + polynomial-of-mset q)»
by (drule rtranclp-add-poly-p-polynomial-of-mset)
(auto simp: ac-simps add-eq-0-iff)

lemma poly-of-vars-remdups-mset:
<poly-of-vars (remdups-mset (zs)) — (poly-of-vars xs)
€ More-Modules.ideal polynomial-bool»
apply (induction xs)
subgoal by (auto simp: ideal.span-zero)
subgoal for z ws
apply (cases <x €4 xs»)
apply (metis (no-types, lifting) X2-X-polynomial-bool-mult-in diff-add-cancel diff-diff-eq2
ideal.span-diff insert-Diff M poly-of-vars-simps(1) remdups-mset-singleton-sum)
by (metis (no-types, lifting) ideal.span-scale poly-of-vars-simps(1) remdups-mset-singleton-sum
right-diff-distrib)
done

lemma polynomial-of-mset-mult-map:
<polynomial-of-mset
{#case © of (ys, n) = (remdups-mset (ys + xs), n * m). x €EH# q#} —
Const m * (poly-of-vars xs * polynomial-of-mset q)
€ More-Modules.ideal polynomial-bool»
(is <?P q € )
proof (induction q)
case empty
then show Zcase by (auto simp: algebra-simps ideal.span-zero)
next
case (add z q)
then have uP: «—%P q € More-Modules.ideal polynomial-bool>
using ideal.span-neg by blast
have ¢ Const b * (Const m * poly-of-vars (remdups-mset (a + zs))) —
Const b x (Const m * (poly-of-vars a * poly-of-vars xs))
€ More-Modules.ideal polynomial-bool> for a b
by (auto simp: Const-mult simp flip: right-diff-distrib’ poly-of-vars-simps
intro!: ideal.span-scale poly-of-vars-remdups-mset)
then show ?case
apply (subst ideal.span-add-eq2[symmetric, OF uP))
apply (cases )
apply (auto simp: field-simps Const-mult simp flip:
introl: ideal.span-scale poly-of-vars-remdups-mset)
done
qed

lemma mult-poly-p-mult-ideal:
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¢mult-poly-p q (p, r) (p', ') =
(polynomial-of-mset p’ x polynomial-of-mset q + polynomial-of-mset r’) — (polynomial-of-mset p *
polynomial-of-mset q + polynomial-of-mset 1)
€ ideal polynomial-bool»

proof (induction rule: mult-poly-p-induct)

case (mult-step xs n p 1)

show ?Zcase

by (auto simp: algebra-simps polynomial-of-mset-mult-map)

qed

lemma rtranclp-mult-poly-p-mult-ideal:
((mult-poly-p ¢)** (p, r) (p', r') =
(polynomial-of-mset p’ x polynomial-of-mset q + polynomial-of-mset r’) — (polynomial-of-mset p *
polynomial-of-mset q + polynomial-of-mset 1)
€ ideal polynomial-bool»
apply (induction p’ r' rule: rtranclp-induct[of <mult-poly-p q» <(p, r)> <«(p’, ¢')» for p’ q’, split-format(complete)])
subgoal
by (auto simp: ideal.span-zero)
subgoal for a b aa ba
apply (drule mult-poly-p-mult-ideal)
apply (drule ideal.span-add)
apply assumption
by (auto simp: group-add-class.diff-add-eq-diff-diff-swap
add.inverse-distrib-swap ac-simps add-diff-eq
simp flip:  diff-add-eq-diff-diff-swap)
done

lemma rtranclp-mult-poly-p-mult-ideal-final:
((mult-poly-p q)** (p, {#}) ({#}, r) =
(polynomial-of-mset ) — (polynomial-of-mset p * polynomial-of-mset q)
€ ideal polynomial-bool»
by (drule rtranclp-mult-poly-p-mult-ideal) auto

lemma normalize-poly-p-poly-of-mset:
<normalize-poly-p p ¢ = polynomial-of-mset p = polynomial-of-mset ¢>
apply (induction rule: normalize-poly-p.induct)
apply (auto simp: Const-add algebra-simps)
done

lemma rtranclp-normalize-poly-p-poly-of-mset:
«normalize-poly-p** p ¢ = polynomial-of-mset p = polynomial-of-mset ¢
by (induction rule: rtranclp-induct)
(auto simp: normalize-poly-p-poly-of-mset)

end

It would be nice to have the property in the other direction too, but this requires a deep dive
into the definitions of polynomials.

locale poly-embed-bij = poly-embed +
fixes VN
assumes @-bij: <bij-betw ¢ V N>
begin

definition ¢’ :: <nat = string) where
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«p’ = the-inv-into V o>

lemma ¢’-p[simpl:
weV= ¢ (pz)=on
using ¢-bij unfolding ¢’-def
by (meson bij-betw-imp-inj-on the-inv-into-f-f)

lemma @-¢’[simp:
weEN= ¢ (¢ z)=n
using ¢-bij unfolding ¢’-def
by (meson f-the-inv-into-f-bij-betw)

end
end

theory PAC-Polynomials-Term
imports PAC-Polynomials
Refine-Imperative-HOL.IICF
begin

8 Terms

We define some helper functions.

8.1 Ordering

lemma fref-to-Down-curry-left:

fixes f:: <'a = 'b = 'c nres» and

A:¢(("a x 'b) x 'd) set»
shows

(uncurry f, g) € [Pl A — (B)nres-rel =

(Nabz'. Pz’ = ((a,b),2) e A= fab<| B(gz))

unfolding fref-def uncurry-def nres-rel-def
by auto

lemma fref-to-Down-curry-right:

fixes g :: </a = 'b = 'c nres» and f :: <d = - nres> and

A:z('d x ('a x 'b)) seb»
shows

«(f, uncurry g) € [Ply A — (B)nres-rel =

(Aa bz’ P (a,b) = (2, (a, b)) € A= fz' < B(gabd)

unfolding fref-def uncurry-def nres-rel-def
by auto

type-synonym term-poly-list = <string list
type-synonym llist-polynomial = <(term-poly-list x int) list)

We instantiate the characters with typeclass linorder to be able to talk abourt sorted and so
on.

definition less-eq-char :: <char = char = bool) where
less-eq-char ¢ d = (((of-char ¢) :: nat) < of-char d)»

definition less-char :: <char = char = booly where
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<less-char ¢ d = (((of-char c) :: nat) < of-char d)»

global-interpretation char: linorder less-eq-char less-char

using linorder-char

unfolding linorder-class-def class.linorder-def
less-eq-char-def[symmetric] less-char-def[symmetric]
class.order-def order-class-def
class.preorder-def preorder-class-def
ord-class-def

apply auto

done

abbreviation less-than-char :: «(char x char) set» where
<less-than-char = p2rel less-chary

lemma less-than-char-def:
«(z,y) € less-than-char <— less-char x y»
by (auto simp: p2rel-def)

lemma trans-less-than-char|simp):
<trans less-than-char) and
irrefl-less-than-char:
<irrefl less-than-chary and
antisym-less-than-char:
<antisym less-than-char»
by (auto simp: less-than-char-def trans-def irrefl-def antisym-def)

8.2 Polynomials

definition var-order-rel :: «(string X string) set» where
<var-order-rel = lexord less-than-char>

abbreviation var-order :: <string = string = bool> where
<var-order = rel2p var-order-rel»

abbreviation term-order-rel :: <(term-poly-list x term-poly-list) set) where
<term-order-rel = lexord var-order-rel

abbreviation term-order :: <term-poly-list = term-poly-list = bool> where
<term-order = rel2p term-order-rel

definition term-poly-list-rel :: «(term-poly-list x term-poly) set> where
<term-poly-list-rel = {(zs, ys).
ys = mset s N\
distinct xs N
sorted-wrt (rel2p var-order-rel) xs}

definition unsorted-term-poly-list-rel :: «(term-poly-list x term-poly) set» where
cunsorted-term-poly-list-rel = {(xs, ys).
ys = mset xs A distinct xs}

definition poly-list-rel :: <- = ((‘a X int) list x mset-polynomial) set> where
<poly-list-rel R = {(xs, ys).
(zs, ys) € (R X, int-rel)list-rel O list-mset-rel A
0 ¢# snd ‘# ysh
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definition sorted-poly-list-rel-wrt :: «('a = 'a = bool)
= ('a x string multiset) set = ((‘a X int) list x mset-polynomial) set» where
<sorted-poly-list-rel-wrt S R = {(zs, ys).
(zs, ys) € (R x, int-rel)list-rel O list-mset-rel N
sorted-wrt S (map fst xs) A
distinct (map fst xs) A
0 ¢4 snd “H# ysh

abbreviation sorted-poly-list-rel where
«sorted-poly-list-rel R = sorted-poly-list-rel-wrt R term-poly-list-rel>

abbreviation sorted-poly-rel where
«sorted-poly-rel = sorted-poly-list-rel term-order»

definition sorted-repeat-poly-list-rel-wrt :: «('a = 'a = bool)
= ('a x string multiset) set = ((‘a x int) list x mset-polynomial) set» where
<sorted-repeat-poly-list-rel-wrt S R = {(zs, ys).
(zs, ys) € (R X, int-rel)list-rel O list-mset-rel A
sorted-wrt S (map fst xs) N\
0 ¢4 snd “# ysh

abbreviation sorted-repeat-poly-list-rel where
«sorted-repeat-poly-list-rel R = sorted-repeat-poly-list-rel-wrt R term-poly-list-rel

abbreviation sorted-repeat-poly-rel where
<sorted-repeat-poly-rel = sorted-repeat-poly-list-rel (rel2p (Id U lexord var-order-rel))»

abbreviation unsorted-poly-rel where
<unsorted-poly-rel = poly-list-rel term-poly-list-rel>

lemma sorted-poly-list-rel-empty-1[simp]:
«([], 8") € sorted-poly-list-rel-wrt S T <— s' = {#}
by (cases s’)
(auto simp: sorted-poly-list-rel-wrt-def list-mset-rel-def br-def)

definition fully-unsorted-poly-list-rel :: <- = (('a x int) list x mset-polynomial) set» where
<fully-unsorted-poly-list-rel R = {(xs, ys).
(zs, ys) € (R X, int-rel)list-rel O list-mset-rel}»

abbreviation fully-unsorted-poly-rel where
<fully-unsorted-poly-rel = fully-unsorted-poly-list-rel unsorted-term-poly-list-rel>

lemma fully-unsorted-poly-list-rel-empty-iff [simp]:
(p, {#}) € fully-unsorted-poly-list-rel R +— p = [»
«([], p)) € fully-unsorted-poly-list-rel R +— p’ = {#}
by (auto simp: fully-unsorted-poly-list-rel-def list-mset-rel-def br-def)

definition poly-list-rel-with0 :: <- = (('a x int) list x mset-polynomial) set> where

<poly-list-rel-with0 R = {(zs, ys).
(zs, ys) € (R x, int-rel)list-rel O list-mset-rel}

99



abbreviation unsorted-poly-rel-with0 where
cunsorted-poly-rel-with0 = fully-unsorted-poly-list-rel term-poly-list-rel>

lemma poly-list-rel-with0-empty-iff [simp]:
(p, {#}) € poly-list-rel-with0 R <— p = [
«([], p") € poly-list-rel-with0 R <— p' = {#}
by (auto simp: poly-list-rel-with0-def list-mset-rel-def br-def)

definition sorted-repeat-poly-list-rel-withO-wrt :: <('a = 'a = bool)
= ('a x string multiset) set = ((‘a x int) list x mset-polynomial) set» where
<sorted-repeat-poly-list-rel-with0-wrt S R = {(xs, ys).
(zs, ys) € (R X, int-rel)list-rel O list-mset-rel A
sorted-wrt S (map fst xs)}

abbreviation sorted-repeat-poly-list-rel-with0) where
«sorted-repeat-poly-list-rel-with0 R = sorted-repeat-poly-list-rel-withO-wrt R term-poly-list-rel

abbreviation sorted-repeat-poly-rel-with0) where
(sorted-repeat-poly-rel-withQ) = sorted-repeat-poly-list-rel-with0 (rel2p (Id U lexord var-order-rel))»

lemma term-poly-list-relD:
(zs, ys) € term-poly-list-rel = distinct s>
«(xs, ys) € term-poly-list-rel = ys = mset xs
«(xs, ys) € term-poly-list-rel => sorted-wrt (rel2p var-order-rel) xs
(s, ys) € term-poly-list-rel => sorted-wrt (rel2p (Id U var-order-rel)) xs»
apply (auto simp: term-poly-list-rel-def; fail)+
by (metis (mono-tags, lifting) CollectD Unl2 rel2p-def sorted-wrt-mono-rel split-conv
term-poly-list-rel-def)

end
theory PAC-Polynomials-Operations

imports PAC-Polynomials-Term PAC-Checker-Specification
begin

8.3 Addition

In this section, we refine the polynomials to list. These lists will be used in our checker to
represent the polynomials and execute operations.

There is one key difference between the list representation and the usual representation: in the
former, coefficients can be zero and monomials can appear several times. This makes it easier
to reason on intermediate representation where this has not yet been sanitized.

fun add-poly-1' :: <llist-polynomial x llist-polynomial = llist-polynomialy where
<add-poly-l" (p, []) = p> |
<add-poly-l" (], q) = @ |
<add-poly-l" ((zs, n) # p, (ys, m) # q) =
(if ws = ys then if n + m = 0 then add-poly-l’ (p, q) else
let pg = add-poly-l’ (p, q) in
((zs, n + m) # pq)
else if (xs, ys) € term-order-rel
then
let pq = add-poly-l" (p, (ys, m) # q) in
((zs, n) # pq)

else
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let pq = add-poly-l' ((zs, n) # p, q) in
| ((ys, m) # pq)
)

definition add-poly-1 :: <llist-polynomial X llist-polynomial = llist-polynomial nres> where
<add-poly-l = RECr
(Aadd-poly-l (p, q).
case (p,q) of
(p, []) = RETURN p
| (I, ¢ = RETURN q
[ (a5, m) # p. (ys, m) # @) =
(if s = ys then if n + m = 0 then add-poly-l (p, q) else
do {
pq  add-poly-1 (p, q);
RETURN ((zs, n + m) # pq)
}
else if (zs, ys) € term-order-rel
then do {
pq < add-poly-l (p, (ys, m) # q);
RETURN ((zs, n) # pq)
}
else do {
pq < add-poly-l ((zs, n) # p, q);
RETURN ((ys, m) # pq)
I

definition nonzero-coeffs where
<nonzero-coeffs a «— 0 ¢# snd ‘# a

lemma nonzero-coeffs-simps[simp):
<nonzero-coeffs {#}
<nonzero-coeffs (add-mset (xs, n) a) <— nonzero-coeffs a A n # 0>
by (auto simp: nonzero-coeffs-def)

lemma nonzero-coeffsD:
(nonzero-coeffs a = (z, n) €# a = n # O
by (auto simp: nonzero-coeffs-def)

lemma sorted-poly-list-rel-ConsD:
<«((ys, n) # p, a) € sorted-poly-list-rel S = (p, removel-mset (mset ys, n) a) € sorted-poly-list-rel S
N
(mset ys, n) €# a AN Vx € set p. S ys (fst x)) A sorted-wrt (rel2p var-order-rel) ys A
distinct ys N\ ys ¢ set (map fst p) A n # 0 A nonzero-coeffs a>
unfolding sorted-poly-list-rel-wrt-def prod.case mem-Collect-eq
list-rel-def
apply (clarsimp)
apply (subst (asm) list.rel-sel)
apply (intro conjI)
apply (rename-tac y, rule-tac b = <tl y» in relcompl)
apply (auto simp: sorted-poly-list-rel-wrt-def list-mset-rel-def br-def
list.tl-def term-poly-list-rel-def nonzero-coeffs-def split: list.splits)
done

lemma sorted-poly-list-rel-Cons-iff:
<((ys, n) # p, a) € sorted-poly-list-rel S «— (p, removel-mset (mset ys, n) a) € sorted-poly-list-rel S
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N
(mset ys, n) €# a N (VY € set p. S ys (fst z)) A sorted-wrt (rel2p var-order-rel) ys A
distinct ys A ys ¢ set (map fst p) A n # 0 A nonzero-coeffs a
apply (rule iffT)
subgoal
by (auto dest!: sorted-poly-list-rel-ConsD)
subgoal
unfolding sorted-poly-list-rel-wrt-def prod.case mem-Collect-eq
list-rel-def
apply (clarsimp)
apply (intro conjI)
apply (rename-tac y; rule-tac b = «(mset ys, n) # > in relcompl)
by (auto simp: sorted-poly-list-rel-wrt-def list-mset-rel-def br-def
term-poly-list-rel-def add-mset-eq-add-mset eq-commute[of - <mset -3
nonzero-coeffs-def
dest!: multi-member-split)
done

lemma sorted-repeat-poly-list-rel-ConsD:
«((ys, n) # p, a) € sorted-repeat-poly-list-rel S = (p, removel-mset (mset ys, n) a) € sorted-repeat-poly-list-rel
S A
(mset ys, n) €# a N (VY € set p. S ys (fst z)) A sorted-wrt (rel2p var-order-rel) ys A
distinct ys A n # 0 A nonzero-coeffs a»
unfolding sorted-repeat-poly-list-rel-wrt-def prod.case mem-Collect-eq
list-rel-def
apply (clarsimp)
apply (subst (asm) list.rel-sel)
apply (intro conjl)
apply (rename-tac y, rule-tac b = <tl y» in relcompl)
apply (auto simp: sorted-poly-list-rel-wrt-def list-mset-rel-def br-def
list.tl-def term-poly-list-rel-def nonzero-coeffs-def split: list.splits)
done

lemma sorted-repeat-poly-list-rel-Cons-iff :
«((ys, n) # p, a) € sorted-repeat-poly-list-rel S +— (p, removel-mset (mset ys, n) a) € sorted-repeat-poly-list-rel
S A
(mset ys, n) €# a N (Vx € set p. S ys (fst z)) A sorted-wrt (rel2p var-order-rel) ys A
distinct ys A n # 0 N nonzero-coeffs a)
apply (rule iffI)
subgoal
by (auto dest!: sorted-repeat-poly-list-rel-ConsD)
subgoal
unfolding sorted-repeat-poly-list-rel-wrt-def prod.case mem-Collect-eq
list-rel-def
apply (clarsimp)
apply (intro conjl)
apply (rename-tac y, rule-tac b = «(mset ys, n) # v in relcompl)
by (auto simp: sorted-repeat-poly-list-rel-wrt-def list-mset-rel-def br-def
term-poly-list-rel-def add-mset-eq-add-mset eq-commute[of - «<mset -3
nonzero-coeffs-def
dest!: multi-member-split)
done
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lemma add-poly-p-add-mset-sum-0:

(n + m = 0 =>add-poly-p** (A, Aa, {#}) ({#}, {#}, r) =
add-poly-p**
(add-mset (mset ys, n) A, add-mset (mset ys, m) Aa, {#})
({4}, {(#}, )

apply (rule converse-rtranclp-into-rtranclp)

apply (rule add-poly-p.add-new-coeff-r)

apply (rule converse-rtranclp-into-rtranclp)

apply (rule add-poly-p.add-same-coeff-I)

apply (rule converse-rtranclp-into-rtranclp)

apply (auto intro: add-poly-p.rem-0-coeff)

done

lemma monoms-add-poly-1'D:
<(aa, ba) € set (add-poly-l" ©) = aa € fst ‘ set (fst x) V aa € fst ‘ set (snd z)»
by (induction x rule: add-poly-l'.induct)
(auto split: if-splits)

lemma add-poly-p-add-to-result:
<add-poly-p** (A, B, r) (A', B, r') =
add-poly-p**
(A, B,p+r) (A, B, p+r')
apply (induction rule: rtranclp-induct|of add-poly-p <(-, -, -)» <(-, -, -)», split-format(complete), of for
r])
subgoal by auto
by (elim add-poly-pE)
(metis (no-types, lifting) Pair-inject add-poly-p.intros rtranclp.simps union-mset-add-mset-right)+

lemma add-poly-p-add-mset-comb:
(add'pOly'p** (Av Aa’ {#}) ({#}7 {#}’ 7”) =
add-poly-p**
(add-mset (zs, n) A, Aa, {#})
({#}, {#}, add-mset (zs, n) r)
apply (rule converse-rtranclp-into-rtranclp)
apply (rule add-poly-p.add-new-coeff-1)
using add-poly-p-add-to-result|of A Aa {#}> {#}b {#b r {H#(zs, n)# ]
by auto

lemma add-poly-p-add-mset-comb2:

<add-poly-p** (A, Aa, {#}) ({#}, {#}, 1) =
add-poly-p**
(add-mset (ys, n) A, add-mset (ys, m) Aa, {#})
({#}, {#}, add-mset (ys, n + m) 1)

apply (rule converse-rtranclp-into-rtranclp)

apply (rule add-poly-p.add-new-coeff-r)

apply (rule converse-rtranclp-into-rtranclp)

apply (rule add-poly-p.add-same-coeff-I)

using add-poly-p-add-to-resultjof A Aa {#}> {#}b {#P r {F#(ys, n+m)#}]

by auto

lemma add-poly-p-add-mset-comb3:

<add'p01y'p** (Av Aav {#}) ({#}7 {#}a 7”) =
add-poly-p**
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(A, add-mset (ys, m) Aa, {#})
({#}7 {#}’ add-mset (y37 m) T‘))
apply (rule converse-rtranclp-into-rtranclp)
apply (rule add-poly-p.add-new-coeff-r)
using add-poly-p-add-to-result|of A Aa {#}> {#b {#b r {#(ys, m)#}]
by auto

lemma total-on-lexord:
<Relation.total-on UNIV R = Relation.total-on UNIV (lexord R)»
apply (auto simp: Relation.total-on-def)
by (meson lexord-linear)

lemma antisym-lexord:
<antisym R = irrefl R = antisym (lezord R)»
by (auto simp: antisym-def lexord-def irrefl-def
elim!: list-match-lel-lel)

lemma less-than-char-linear:
«(a, b) € less-than-char Vv
a="bV (b, a) € less-than-char»
by (auto simp: less-than-char-def)

lemma total-on-lexord-less-than-char-linear:

xs # ys = (a8, ys) ¢ lexord (lexord less-than-char) +—

(ys, xs) € lexord (lexord less-than-char)»
using lexord-linear|of <lexord less-than-chary xs ys]
using lexord-linear|of <less-than-char| less-than-char-linear
using lexord-irrefl|OF irrefl-less-than-char]

antisym-lexord|OF antisym-lexord[OF antisym-less-than-char irrefl-less-than-char]]

apply (auto simp: antisym-def Relation.total-on-def)
done

lemma sorted-poly-list-rel-nonzeroD:
«(p, r) € sorted-poly-list-rel term-order =
nonzero-coeffs ()
«(p, r) € sorted-poly-list-rel (rel2p (lexord (lexord less-than-char))) =
nonzero-coeffs (r)»
by (auto simp: sorted-poly-list-rel-wrt-def nonzero-coeffs-def)

lemma add-poly-1'-add-poly-p:
assumes ((pq, pq’) € sorted-poly-rel X, sorted-poly-rels
shows <3 r. (add-poly-l' pq, r) € sorted-poly-rel N
add-poly-p** (fst pq’, snd pq’, {#}) ({#}, {#}, )

supply [[goals-limit=1]]
using assms
apply (induction <pg> arbitrary: pq’ rule: add-poly-1'.induct)
subgoal for p pq’

using add-poly-p-empty-l[of «fst pq’s {#} {#D]

by (cases pq’) (auto introl: exI[of - «fst pg"])
subgoal for z p pq’

using add-poly-p-empty-rlof {#} <snd pg"» {#}]

by (cases pq") (auto introl: exI[of - <snd pg"])
subgoal premises p for zs n p ys m q pq’

apply (cases pq’) — Isabelle does a completely stupid case distinction here
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apply (cases xs = ys»)

subgoal
apply (cases <n + m = 0»)
subgoal
using p(1)[of «(removel-mset (mset zs, n) (fst pq’), removel-mset (mset ys, m) (snd pq’))’]
p(5-)

apply (auto dest!: sorted-poly-list-rel-ConsD multi-member-split
)
using add-poly-p-add-mset-sum-0 by blast
subgoal
using p(2)[of «(removel-mset (mset xs, n) (fst pq’), removel-mset (mset ys, m) (snd pq’)))]
p(5-)
apply (auto dest!: sorted-poly-list-rel-ConsD multi-member-split)
apply (rule-tac x = <add-mset (mset ys, n + m) r» in exl)
apply (fastforce dest!: monoms-add-poly-1'D simp: sorted-poly-list-rel-Cons-iff rel2p-def
sorted-poly-list-rel-nonzeroD var-order-rel-def
intro: add-poly-p-add-mset-comb2)
done
done
subgoal
apply (cases «(zs, ys) € term-order-rel)
subgoal
using p(8)[of «(removel-mset (mset zs, n) (fst pq”), (snd pg"))»] p(5-)
apply (auto dest!: multi-member-split simp: sorted-poly-list-rel-Cons-iff rel2p-def)
apply (rule-tac © = <add-mset (mset zs, n) r in exl)
apply (auto dest!: monoms-add-poly-1'D)
apply (auto intro: lexord-trans add-poly-p-add-mset-comb simp: lexord-transl var-order-rel-def)
apply (rule lexord-trans)
apply assumption
apply (auto intro: lexord-trans add-poly-p-add-mset-comb simp: lexord-transl
sorted-poly-list-rel-nonzeroD var-order-rel-def)
using total-on-lexord-less-than-char-linear by fastforce

subgoal
using p(4)[of «(fst pq’, removel-mset (mset ys, m) (snd pg"))»] p(5-)
apply (auto dest!: multi-member-split simp: sorted-poly-list-rel-Cons-iff rel2p-def
var-order-rel-def)
apply (rule-tac © = <add-mset (mset ys, m) r» in exl)
apply (auto dest!: monoms-add-poly-1'D
simp: total-on-lexord-less-than-char-linear)
apply (auto intro: lexord-trans add-poly-p-add-mset-comb simp: lexord-transl
total-on-lexord-less-than-char-linear var-order-rel-def)
apply (rule lexord-trans)
apply assumption
apply (auto intro: lexord-trans add-poly-p-add-mset-combs simp: lexord-transl
sorted-poly-list-rel-nonzeroD var-order-rel-def)
using total-on-lexord-less-than-char-linear by fastforce
done
done
done

lemma add-poly-I-add-poly:
<add-poly-l x = RETURN (add-poly-l" z))
unfolding add-poly-I-def
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by (induction x rule: add-poly-l'.induct)
(solves <subst RECT-unfold, refine-mono, simp split: list.splity)+

lemma add-poly-l-spec:
«(add-poly-l, uncurry (Ap g¢. SPEC(Ar. add-poly-p** (p, ¢, {#}) ({#}, {#}, 1)) €
sorted-poly-rel X, sorted-poly-rel — ¢ (sorted-poly-rel)nres-rel>
unfolding add-poly-l-add-poly
apply (intro nres-rell frefI)
apply (drule add-poly-1"-add-poly-p)
apply (auto simp: conc-fun-RES)
done

definition sort-poly-spec :: <llist-polynomial = llist-polynomial nres>) where
<sort-poly-spec p =
SPEC(Ap'. mset p = mset p' A sorted-wrt (rel2p (Id U term-order-rel)) (map fst p’))»

lemma sort-poly-spec-id:
assumes ((p, p’) € unsorted-poly-rel
shows <sort-poly-spec p < |} (sorted-repeat-poly-rel) (RETURN p')»
proof —
obtain y where
py: «(p, y) € (term-poly-list-rel X, int-rel)list-rel> and
p’-y: «<p’ = mset y» and
zero: <0 ¢4 snd ‘# p’
using assms
unfolding sort-poly-spec-def poly-list-rel-def sorted-poly-list-rel-wrt-def
by (auto simp: list-mset-rel-def br-def)
then have [simp]: <length y = length p
by (auto simp: list-rel-def list-all2-conv-all-nth)
have H: «(z, p")
€ (term-poly-list-rel x,. int-rel)list-rel O list-mset-rels
if pz: «<mset p = mset x> and <sorted-wrt (rel2p (Id U lexord var-order-rel)) (map fst z)»
for z :: «llist-polynomial>
proof —
from pz have <length © = length p»
by (metis size-mset)
from px have (mset x = mset p»
by simp
then obtain f where «f permutes {..<length p}» «permute-list f p = x>
by (rule mset-eq-permutation)
with «length © = length p» have f: <bij-betw f {..<length z} {..<length p}>
by (simp add: permutes-imp-bij)
from <f permutes {..<length p}> <permute-list f p = x> [symmetric]
have [simp]: <\i. i < lengthe = z!i=p! (fip
by (simp add: permute-list-nth)
let %y = <map (Mi. y ! fi) [0 ..< length x>
have i < length y = (p ! f4, y ! f 1) € term-poly-list-rel X, int-rely for i
using list-all2-nthD[of - p y
«f ©, OF pylunfolded list-rel-def mem-Collect-eq prod.case]|
mset-eq-length| OF px] f
by (auto simp: list-rel-def list-all2-conv-all-nth bij-betw-def)
then have «(z, ?y) € (term-poly-list-rel x, int-rel)list-rel> and
zy: «length x = length y»
using py list-all2-nthD|of «<rel2p (term-poly-list-rel x,. int-rel)y p y
«f ©» for i, simplified] mset-eq-length|OF px]
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by (auto simp: list-rel-def list-all2-conv-all-nth)
moreover {
have f: «<mset-set {0..<length x} = f 4 mset-set {0..<length z}>
using f mset-eq-length|OF pzx]
by (auto simp: bij-betw-def lessThan-atLeast0 image-mset-mset-set)
have (mset y = {#y ! fz. © €# mset-set {0..<length x}#}
by (subst drop-0[symmetric], subst mset-drop-upto, subst xy[symmetric], subst f)
auto
then have «( %y, p’) € list-mset-rely
by (auto simp: list-mset-rel-def br-def p’-y)
}

ultimately show #thesis
by (auto introl: relcompl|of - ?y))

ged

show ?thesis
using zero
unfolding sort-poly-spec-def poly-list-rel-def sorted-repeat-poly-list-rel-wrt-def
by refine-rcg (auto intro: H)

qed

8.4 Multiplication

fun mult-monoms :: «term-poly-list = term-poly-list = term-poly-list> where
¢mult-monoms p [| = p» |
<mult-monoms [| p = p» |
<mult-monoms (x # p) (y # q) =
(if x = y then & # mult-monoms p q
else if (x, y) € var-order-rel then x # mult-monoms p (y # q)
else y # mult-monoms (z # p) q)»

lemma term-poly-list-rel-empty-iff [simp]:
«([], ¢') € term-poly-list-rel «— q' = {#}>
by (auto simp: term-poly-list-rel-def)

lemma mset-eqD-set-mset: ¢mset xs = A = set s = set-mset A»
by auto

lemma term-poly-list-rel-Cons-iff :
(y # p, p’) € term-poly-list-rel +—
(p, removel-mset y p’) € term-poly-list-rel A
yEH# p Ny ¢ setp Ay é# removel-mset y p’ A
(Vze#mset p. (y, x) € var-order-rel)
by (auto simp: term-poly-list-rel-def rel2p-def dest!: multi-member-split mset-eqD-set-mset)

lemma var-order-rel-antisym|[simp|:
«(y, y) ¢ var-order-rel
by (simp add: less-than-char-def lexord-irreflexive var-order-rel-def)

lemma term-poly-list-rel-remdups-mset:
«(p, p') € term-poly-list-rel =
(p, remdups-mset p’) € term-poly-list-rels
by (auto simp: term-poly-list-rel-def distinct-mset-remdups-mset-id simp flip: distinct-mset-mset-distinct)

lemma var-notin-notin-mult-monomsD:

<y € set (mult-monoms p q) => y € set p V y € set ¢
by (induction p q arbitrary: p’ q' rule: mult-monoms.induct) (auto split: if-splits)
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lemma term-poly-list-rel-set-mset:
«(p, q) € term-poly-list-rel = set p = set-mset ¢
by (auto simp: term-poly-list-rel-def)

lemma mult-monoms-spec:
«(mult-monoms, (Aa b. remdups-mset (a + b))) € term-poly-list-rel — term-poly-list-rel — term-poly-list-rel>
proof —
have [dest]: <remdups-mset (A + Aa) = add-mset y Ab = y ¢# A =
y ¢# Aa =
Falsey for Aa Ab y A
by (metis set-mset-remdups-mset union-iff union-single-eq-member)
show ?thesis
apply (intro fun-rell)
apply (rename-tac p p’ q q')
subgoal for p p’ q ¢’
apply (induction p q arbitrary: p’ ¢’ rule: mult-monoms.induct)
subgoal by (auto simp: term-poly-list-rel-Cons-iff rel2p-def term-poly-list-rel-remdups-mset)
subgoal for z p p’ ¢’
by (auto simp: term-poly-list-rel-Cons-iff rel2p-def term-poly-list-rel-remdups-mset
dest!: multi-member-splitof - q'])
subgoal premises p for z p y ¢ p’ ¢’
apply (cases «x = o)
subgoal
using p(1)[of <removel-mset y p’y <removel-mset y q"] p(4—)
by (auto simp: term-poly-list-rel-Cons-iff rel2p-def
dest!: var-notin-notin-mult-monomsD
dest!: multi-member-split)
apply (cases «(z, y) € var-order-rely)
subgoal
using p(2)[of <removel-mset x p’y «¢"] p(4—)
apply (auto simp: term-poly-list-rel-Cons-iff
term-poly-list-rel-set-mset rel2p-def var-order-rel-def
dest!: multi-member-split[of - p'| multi-member-split[of - ¢]
var-notin-notin-mult-monomsD
split: if-splits)
apply (meson lexord-cons-cons list.inject total-on-lexord-less-than-char-linear)
apply (meson lexord-cons-cons list.inject total-on-lexord-less-than-char-linear)
apply (meson lexord-cons-cons list.inject total-on-lexord-less-than-char-linear)
using lexord-trans trans-less-than-char var-order-rel-antisym
unfolding var-order-rel-def apply blast+
done
subgoal
using p(3)[of «p’s <removel-mset y ¢"] p(4—)
apply (auto simp: term-poly-list-rel-Cons-iff rel2p-def
term-poly-list-rel-set-mset rel2p-def var-order-rel-antisym
dest!: multi-member-split|of - p’] multi-member-split[of - ¢]
var-notin-notin-mult-monomsD
split: if-splits)
using lexord-trans trans-less-than-char var-order-rel-antisym
unfolding var-order-rel-def apply blast
apply (meson lexord-cons-cons list.inject total-on-lexord-less-than-char-linear)
by (meson less-than-char-linear lexord-linear lexord-trans trans-less-than-char)
done
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done
done
qed

definition mult-monomials :: <term-poly-list x int = term-poly-list x int = term-poly-list X int»
where
«mault-monomials = (A(z, a) (y, b). (mult-monoms z y, a * b))

definition mult-poly-raw :: <llist-polynomial = llist-polynomial = llist-polynomial> where
«mault-poly-raw p q = foldl (A\b x. map (mult-monomials ) ¢ @ b) [ p»

fun map-append where
<map-append fb [ = b |
«map-append f b (x # xs) = fz # map-append f b zs)

lemma map-append-alt-def:
<map-append f b xs = map fxs Q by
by (induction f b zs rule: map-append.induct)
auto

lemma foldl-append-empty:
(NO-MATCH || s = foldl (Ab z. fz Q b) s p = foldl (Abz. fz QDb) [] p Q zs»
apply (induction p arbitrary: xs)
apply simp
by (metis (mono-tags, lifting) NO-MATCH-def append.assoc append-self-conv foldl-Cons)

lemma poly-list-rel-empty-iff [simp]:
«([], ) € poly-list-rel R «— r = {#}
by (auto simp: poly-list-rel-def list-mset-rel-def br-def)

lemma mult-poly-raw-simp[simp):
<mult-poly-raw [| ¢ = [
<mult-poly-raw (x # p) ¢ = mult-poly-raw p ¢ @ map (mult-monomials ) ¢
subgoal by (auto simp: mult-poly-raw-def)
subgoal by (induction p) (auto simp: mult-poly-raw-def foldl-append-empty)
done

lemma sorted-poly-list-relD:
«(q, q¢") € sorted-poly-list-rel R = q' = (A(a, b). (mset a, b)) 4 mset ¢
apply (induction q arbitrary: q')
apply (auto simp: sorted-poly-list-rel-wrt-def list-mset-rel-def br-def
list-rel-split-right-iff )
apply (subst (asm)(2) term-poly-list-rel-def)
apply (simp add: relcomp.relcompl)
done

lemma list-all2-in-set-ExD:
<list-all2 Rp q = x € set p = Jy € set q. Rz y
by (induction p q rule: list-all2-induct)

auto

inductive-cases mult-poly-p-elim: <mult-poly-p q (A, r) (B, ')
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lemma mult-poly-p-add-mset-same:
«(mult-poly-p ¢")** (A, r) (B, r') = (mult-poly-p ¢")** (add-mset z A, r) (add-mset z B, ')
apply (induction rule: rtranclp-induct[of <mult-poly-p ¢’y <(-, r)» <«(p’, ¢'")» for p’ q”, split-format(complete)])
subgoal by simp
apply (rule rtranclp.rtrancl-into-rtrancl)
apply assumption
by (auto elim!: mult-poly-p-elim intro: mult-poly-p.intros
intro: rtranclp.rtrancl-into-rtrancl simp: add-mset-commute|of x])

lemma mult-poly-raw-mult-poly-p:
assumes ((p, p’) € sorted-poly-rel> and «(q, q’) € sorted-poly-rel)
shows <3 r. (mult-poly-raw p q, r) € unsorted-poly-rel A (mult-poly-p q')** (p’, {#}) {#}, r)»
proof —
have H: «(q, q') € sorted-poly-list-rel term-order — n < length ¢ =
distinct aa => sorted-wrt var-order aa =
(mult-monoms aa (fst (¢! n)),
mset (mult-monoms aa (fst (¢! n))))
€ term-poly-list-rely for aa n
using mult-monoms-spec[unfolded fun-rel-def, simplified] apply —
apply (drule bspec|of - - <(aa, (mset aa))])
apply (auto simp: term-poly-list-rel-def)][]
unfolding prod.case sorted-poly-list-rel-wrt-def
apply clarsimp
subgoal for y
apply (drule bspec[of - - <(fst (¢! n), mset (fst (¢! n)))])
apply (cases <q ! ny; cases <y ! ny)
using param-nth[of n y n q <term-poly-list-rel X, int-rels]
by (auto simp: list-rel-imp-same-length term-poly-list-rel-def)
done

have H”: «(q, q') € sorted-poly-list-rel term-order =
distinct aa = sorted-wrt var-order aa =
(ab, ba) € set ¢ =
remdups-mset (mset aa + mset ab) = mset (mult-monoms aa ab)» for aa n ab ba
using mult-monoms-spec[unfolded fun-rel-def, simplified] apply —
apply (drule bspec|of - - <(aa, (mset aa))])
apply (auto simp: term-poly-list-rel-def)]]
unfolding prod.case sorted-poly-list-rel-wrt-def
apply clarsimp
subgoal for y
apply (drule bspec[of - - <(ab, mset ab))])
apply (auto simp: list-rel-imp-same-length term-poly-list-rel-def list-rel-def
dest: list-all2-in-set-ExD)
done
done

have H: «(q, q') € sorted-poly-list-rel term-order =—>
a = (aa, b) =
(pq, r) € unsorted-poly-rel —>
p' = add-mset (mset aa, b) A =
YV z€set p. term-order aa (fst ) =
sorted-wrt var-order aa =
distinct aa = b# 0 =
(Aaaa. (aae, 0) ¢ ¢) =
(pg @
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map (mult-monomials (aa, b)) g,
{#case = of (ys, n) = (remdups-mset (mset aa + ys), n * b)
LT EH# ¢H#} +
r)
€ unsorted-poly-rely for a p p’ pq aa b r
apply (auto simp: poly-list-rel-def)
apply (rule-tac b = <y @ map (A(a,b). (mset a, b)) (map (mult-monomials (aa, b)) q)» in relcompl)
apply (auto simp: list-rel-def list-all2-append list-all2-lengthD H
list-mset-rel-def br-def mult-monomials-def case-prod-beta intro!: list-all2-all-nthl
simp: sorted-poly-list-relD)
apply (subst sorted-poly-list-relD]of q q' term-order])
apply (auto simp: case-prod-beta H' intro!: image-mset-cong)
done

show ?thesis

using assms

apply (induction p arbitrary: p’)

subgoal
by auto

subgoal premises p for a p p’
using p(1)[of <removel-mset (mset (fst a), snd a) p"] p(2—)
apply (cases a)
apply (auto simp: sorted-poly-list-rel-Cons-iff

dest!: multi-member-split)
apply (rule-tac © = <«(A(ys, n). (remdups-mset (mset (fst a) + ys), n x snd a)) ‘# ¢’ + r in exl)
apply (auto 5 3 intro: mult-poly-p.intros simp: intro!: H
dest: sorted-poly-list-rel-nonzeroD nonzero-coeffsD)

apply (rule rtranclp-trans)
apply (rule mult-poly-p-add-mset-same)
apply assumption
apply (rule converse-rtranclp-into-rtranclp)
apply (auto introl: mult-poly-p.intros simp: ac-simps)
done

done

qed

fun merge-coeffs :: «llist-polynomial = llist-polynomialy where

<merge-coeffs [| = [ |

«merge-coeffs [(zs, n)] = [(xs, n)]> |

«merge-coeffs ((xzs, n) # (ys, m) # p) =
(if zs = ys

then if n + m # 0 then merge-coeffs ((zs, n + m) # p) else merge-coeffs p
else (zs, n) # merge-coeffs ((ys, m) # p))»

abbreviation (in —)mononoms :: <llist-polynomial = term-poly-list set» where

<mononoms p = fst ‘set p»

lemma fst-normalize-polynomial-subset:
<mononoms (merge-coeffs p) C mononoms p»
by (induction p rule: merge-coeffs.induct) auto

lemma fst-normalize-polynomial-subsetD:
«(a, b) € set (merge-coeffs p) => a € mononoms p»
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apply (induction p rule: merge-coeffs.induct)
subgoal
by auto
subgoal
by auto
subgoal
by (auto split: if-splits)
done

lemma distinct-merge-coeffs:
assumes <(sorted-wrt R (map fst zs) and <transp R» <antisymp R»
shows <distinct (map fst (merge-coeffs xs))»
using assms
by (induction xs rule: merge-coeffs.induct)
(auto 5 4 dest: antisympD dest!: fst-normalize-polynomial-subsetD)

lemma in-set-merge-coeffsD:
«(a, b) € set (merge-coeffs p) =3 b. (a, b) € set p»
by (auto dest!: fst-normalize-polynomial-subsetD)

lemma rtranclp-normalize-poly-add-mset:
<normalize-poly-p*™* A r = normalize-poly-p** (add-mset z A) (add-mset z r)»
by (induction rule: rtranclp-induct)
(auto dest: normalize-poly-p.keep-coeff|of - - z])

lemma nonzero-coeffs-diff:
<nonzero-coeffs A = nonzero-coeffs (A — B)»
by (auto simp: nonzero-coeffs-def dest: in-diffD)

lemma merge-coeffs-is-normalize-poly-p:
«(zs, ys) € sorted-repeat-poly-rel = Ir. (merge-coeffs xs, r) € sorted-poly-rel N normalize-poly-p**
ys T
apply (induction zs arbitrary: ys rule: merge-coeffs.induct)
subgoal by (auto simp: sorted-repeat-poly-list-rel-wrt-def sorted-poly-list-rel-wrt-def)
subgoal
by (auto simp: sorted-repeat-poly-list-rel-wrt-def sorted-poly-list-rel-wrt-def)
subgoal premises p for zs n ys m p ysa
apply (cases «xs = ys», cases «m+n # 0)
subgoal
using p(1)[of <add-mset (mset ys, m+n) ysa — {#(mset ys, m), (mset ys, n)# ] p(4-)
apply (auto simp: sorted-poly-list-rel-Cons-iff ac-simps add-mset-commute
removel-mset-add-mset-If nonzero-coeffs-diff sorted-repeat-poly-list-rel-Cons-iff)
apply (rule-tac z = <y in exl)
using normalize-poly-p.merge-dup-coeff[of <ysa — {#(mset ys, m), (mset ys, n)#} <ysa —
{#(mset ys, m), (mset ys, n)#}> «mset ys» m n]
by (auto dest!: multi-member-split simp del: normalize-poly-p.merge-dup-coeff
simp: add-mset-commute
intro: converse-rtranclp-into-rtranclp)
subgoal
using p(2)[of <ysa — {#(mset ys, m), (mset ys, n)#b] p(4—)
apply (auto simp: sorted-poly-list-rel-Cons-iff ac-simps add-mset-commute
removel-mset-add-mset-If nonzero-coeffs-diff sorted-repeat-poly-list-rel-Cons-iff)
apply (rule-tac z = <ry in exl)
using normalize-poly-p.rem-0-coeff [of <add-mset (mset ys, m +n) ysa — {#(mset ys, m), (mset
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ys, n)#}b <add-mset (mset ys, m +n) ysa — {#(mset ys, m), (mset ys, n)#}> <mset ys)]
using normalize-poly-p.merge-dup-coeff[of <ysa — {#(mset ys, m), (mset ys, n)#} <ysa —
{#(mset ys, m), (mset ys, n)#}> «mset ys» m n]
by (force intro: add-mset-commute[of <(mset ys, n)» «(mset ys, —n)]
converse-rtranclp-into-rtranclp
dest!: multi-member-split
simp del: normalize-poly-p.rem-0-coeff
simp: add-eq-0-iff2
intro: normalize-poly-p.rem-0-coeff)
subgoal
using p(3)[of <add-mset (mset ys, m) ysa — {#(mset xs, n), (mset ys, m)#H] p(4—)
apply (auto simp: sorted-poly-list-rel-Cons-iff ac-simps add-mset-commute
removel-mset-add-mset-If sorted-repeat-poly-list-rel-Cons-iff)
apply (rule-tac x = <add-mset (mset xs, n) r» in exl)
apply (auto dest!: in-set-merge-coeffsD)
apply (auto intro: normalize-poly-p.intros rtranclp-normalize-poly-add-mset
simp: rel2p-def var-order-rel-def
dest!: multi-member-split
dest: sorted-poly-list-rel-nonzeroD)
using total-on-lexord-less-than-char-linear apply fastforce
using total-on-lexord-less-than-char-linear apply fastforce
done
done
done

8.5 Normalisation

definition normalize-poly where
«normalize-poly p = do {
p < sort-poly-spec p;
RETURN (merge-coeffs p)
b
definition sort-coeff :: «string list = string list nres> where
<sort-coeff ys = SPEC (Axs. mset xs = mset ys A sorted-wrt (rel2p (Id U var-order-rel)) zs)»

lemma distinct-var-order-Id-var-order:
«distinct a = sorted-wrt (rel2p (Id U var-order-rel)) a =
sorted-wrt var-order a»
by (induction a) (auto simp: rel2p-def)

definition sort-all-coeffs :: «llist-polynomial = llist-polynomial nres» where
sort-all-coeffs xs = monadic-nfoldli zs (A\-. RETURN True) (A(a, n) b. do {a < sort-coeff a; RETURN

((a, n) # 0)}) [

lemma sort-all-coeffs-gen:
assumes (Vs € mononoms zs’. sorted-wrt (rel2p (var-order-rel)) zs)» and
Nz € mononoms (zs @ xs’). distinct x>
shows (monadic-nfoldli zs (A\-. RETURN True) (A(a, n) b. do {a < sort-coeff a; RETURN ((a, n)
# 0)}) zs' <
J1d (SPEC(Ays. map (A(a,b). (mset a, b)) (rev zs @ zs") = map (A(a,b). (mset a, b)) (ys) A
(Vs € mononoms ys. sorted-wrt (rel2p (var-order-rel)) xs)))»
proof —
have H: «
YV z€set xs'. sorted-wrt var-order (fst x) =
sorted-wrt (rel2p (Id U var-order-rel)) © =
(aaa, ba) € set zs’ =
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sorted-wrt (rel2p (Id U var-order-rel)) aaa) for zs xs’ ba aa b x aaa
by (metis UnCI fst-eqD rel2p-def sorted-wrt-mono-rel)
show ?thesis
using assms
unfolding sort-all-coeffs-def sort-coeff-def
apply (induction zs arbitrary: zs’)
subgoal
using assms
by auto
subgoal premises p for a zs
using p(2-)
apply (cases a, simp only: monadic-nfoldli-simp bind-to-let-conv Let-def if- True Refine-Basic.nres-monad3
intro-spec-refine-iff prod.case)
by (auto 5 3 simp: intro-spec-refine-iff image-Un
dest: same-mset-distinct-iff
introl: p(1)[THEN order-trans|] distinct-var-order-Id-var-order
simp: H)
done
qed

definition shuffle-coefficients where
<shuffle-coefficients xs = (SPEC(Ays. map (A(a,b). (mset a, b)) (rev xs) = map (A(a,b). (mset a, b))
ys N
(Vs € mononoms ys. sorted-wrt (rel2p (var-order-rel)) xs)))»

lemma sort-all-coeffs:
<V € mononoms zs. distinct t =—>
sort-all-coeffs xs < || Id (shuffle-coefficients zs)»
unfolding sort-all-coeffs-def shuffie-coefficients-def
by (rule sort-all-coeffs-gen| THEN order-trans])
auto

lemma unsorted-term-poly-list-rel-mset:
«(ys, aa) € unsorted-term-poly-list-rel => mset ys = aa>
by (auto simp: unsorted-term-poly-list-rel-def)

lemma RETURN-map-alt-def:
<(RETURN o (map f) =
RECT (A\g ws.
case s of
[ = RETURN |]
| © # zs = do {zs < g xs; RETURN (f x # xs)})»
unfolding comp-def
apply (subst eq-commute)
apply (intro ext)
apply (induct-tac x)
subgoal
apply (subst RECT-unfold)
apply refine-mono
apply auto
done
subgoal
apply (subst RECT-unfold)
apply refine-mono
apply auto
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done
done

lemma fully-unsorted-poly-rel-Cons-iff:
«((ys, n) # p, a) € fully-unsorted-poly-rel <—
(p, removel-mset (mset ys, n) a) € fully-unsorted-poly-rel A
(mset ys, n) €# a A distinct ys»
apply (auto simp: poly-list-rel-def list-rel-split-right-iff list-mset-rel-def br-def
unsorted-term-poly-list-rel-def
nonzero-coeffs-def fully-unsorted-poly-list-rel-def dest!: multi-member-split)
apply blast
apply (rule-tac b = «(mset ys, n) # y» in relcompl)
apply auto
done

lemma map-mset-unsorted-term-poly-list-rel:
«(Aa. a € mononoms s = distinct a) = Y& € mononoms s. distinct t =
(Vs € mononoms s. sorted-wrt (rel2p (Id U var-order-rel)) xs) —>
(s, map (A(a, y). (mset a, y)) )
€ (term-poly-list-rel x, int-rel)list-rel>
by (induction s) (auto simp: term-poly-list-rel-def
distinct-var-order-I1d-var-order)

lemma [list-rel-unsorted-term-poly-list-relD:
«(p, y) € (unsorted-term-poly-list-rel x, int-rel)list-rel =
mset y = (N a, y). (mset a, y)) ‘# mset p A (Vz € mononoms p. distinct z)»
by (induction p arbitrary: y)
(auto simp: list-rel-split-right-iff
unsorted-term-poly-list-rel-def)

lemma shuffle-terms-distinct-iff:
assumes <(map (A(a, y). (mset a, y)) p = map (A(a, y). (mset a, y)) s
shows («(V zeset p. distinct (fst z)) «— (Va€set s. distinct (fst x))>
proof —
have «Vz€set s. distinct (fst z)»
if m: <map (A(a, y). (mset a, y)) p = map (Ma, y). (mset a, y)) $» and
dist: ¥ z€set p. distinct (fst z)»
for s p
proof standard+
fix z
assume z: <x € set s»
obtain v n where [simp]: <z = (v, n)) by (cases x)
then have «(mset v, n) € set (map (A(a, y). (mset a, y)) p)»
using z unfolding m by auto
then obtain v’ where
«(v', n) € set p» and
<mset v/ = mset v
by (auto simp: image-iff)
then show <distinct (fst x)»
using dist by (metis «x = (v, n)» distinct-mset-mset-distinct fst-conv)
qged
from this[of p s| this[of s p]
show «?thesis»
unfolding assms
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by blast
qed

lemma
«(p, y) € (unsorted-term-poly-list-rel X, int-rel)list-rel =—
(a, b) € set p = distinct a»
using list-rel-unsorted-term-poly-list-relD by fastforce

lemma sort-all-coeffs-unsorted-poly-rel-with0:
assumes ((p, p') € fully-unsorted-poly-rel
shows <sort-all-coeffs p < |} (unsorted-poly-rel-with0) (RETURN p’)
proof —
have H: «(map (A(a, y). (mset a, y)) (rev p)) =
map (A(a, y). (mset a, y)) s +—
(map (A(a, y). (mset a, y)) p) =
map (A(a, y). (mset a, y)) (rev s)» for s
by (auto simp flip: rev-map simp: eq-commute[of <rev (map - -)» <map - -])
have 1: <Asy. (p, y) € (unsorted-term-poly-list-rel x,. int-rel)list-rel =
p' = mset y =
map (A(a, y). (mset a, y)) (rev p) = map (A(a, y). (mset a, y)) s =
YV z€set s. sorted-wrt var-order (fst r) =
(s, map (A(a, y). (mset a, y)) s)
€ (term-poly-list-rel X, int-rel)list-rel)
by (auto 4 4 simp: rel2p-def
dest!: list-rel-unsorted-term-poly-list-relD
dest: shuffle-terms-distinct-iff THEN iffD1]
introl: map-mset-unsorted-term-poly-list-rel
sorted-wrt-mono-rel[of - <rel2p (var-order-rel)s <rel2p (Id U var-order-rel)s])
have 2: <As y. (p, y) € (unsorted-term-poly-list-rel X, int-rel)list-rel =
p' = mset y =
map (A(a, y). (mset a, y)) (rev p) = map (A(a, y). (mset a, y)) s =
YV zeset s. sorted-wrt var-order (fst r) =
mset y = {F#case z of (a, v) = (mset a, x). ¥ €EF mset s#}>
by (metis (no-types, lifting) list-rel-unsorted-term-poly-list-relD mset-map mset-rev)
show %thesis
apply (rule sort-all-coeffs] THEN order-trans))
using assms
by (auto simp: shuffle-coefficients-def poly-list-rel-def
RETURN-def fully-unsorted-poly-list-rel-def list-mset-rel-def
br-def dest: list-rel-unsorted-term-poly-list-relD
introl: RES-refine relcompl[of - <map (A(a, y). (mset a, y)) (rev p)]
12)
qed

lemma sort-poly-spec-id’:
assumes ((p, p) € unsorted-poly-rel-with0)
shows <sort-poly-spec p < |} (sorted-repeat-poly-rel-with0) (RETURN p'))
proof —
obtain y where
py: «(p, y) € (term-poly-list-rel X, int-rel)list-rel> and
p’-y: «<p’ = mset y»
using assms
unfolding fully-unsorted-poly-list-rel-def poly-list-rel-def sorted-poly-list-rel-wrt-def
by (auto simp: list-mset-rel-def br-def)
then have [simp]: <length y = length p»
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by (auto simp: list-rel-def list-all2-conv-all-nth)
have H: «(z, p’)
€ (term-poly-list-rel x, int-rel)list-rel O list-mset-rel>
if pz: ¢mset p = mset > and (sorted-wrt (rel2p (Id U lexord var-order-rel)) (map fst z)»
for z :: <llist-polynomial>
proof —
from pz have <length © = length p»
by (metis size-mset)
from pzx have «<mset © = mset p»
by simp
then obtain f where <f permutes {..<length p}> <permute-list f p = x
by (rule mset-eq-permutation)
with «length © = length p» have f: <bij-betw f {..<length z} {..<length p}
by (simp add: permutes-imp-bij)
from <f permutes {..<length p}> <permute-list f p = x> [symmetric]
have [simp]: <\i. i < lengthx = z ! i=p! (fi)p
by (simp add: permute-list-nth)
let 2y = «map (Mi. y ! fi) [0 ..< length x)
have «i < length y = (p ! fi, y ! f i) € term-poly-list-rel x,. int-rel> for i
using list-all2-nthD[of - p y
«f ©, OF pylunfolded list-rel-def mem-Collect-eq prod.case]|
mset-eq-length[OF pzx] f
by (auto simp: list-rel-def list-all2-conv-all-nth bij-betw-def)
then have «(z, ?y) € (term-poly-list-rel x, int-rel)list-rel> and
zy: «length x = length y»
using py list-all2-nthD|of <rel2p (term-poly-list-rel x,. int-rel)y p y
«f © for i, simplified] mset-eq-length[OF pz]
by (auto simp: list-rel-def list-all2-conv-all-nth)
moreover {
have f: «mset-set {0..<length x} = f 4 mset-set {0..<length z}>
using f mset-eq-length| OF pz)
by (auto simp: bij-betw-def lessThan-atLeast0 image-mset-mset-set)
have (mset y = {#y ! fz. © €# mset-set {0..<length z}#}>
by (subst drop-0[symmetric], subst mset-drop-upto, subst xy[symmetric|, subst f)
auto
then have «( %y, p’) € list-mset-rely
by (auto simp: list-mset-rel-def br-def p’-y)
}
ultimately show #thesis
by (auto introl: relcompl|of - ?y))
ged
show ?thesis
unfolding sort-poly-spec-def poly-list-rel-def sorted-repeat-poly-list-rel-with0-wrt-def
by refine-rcg (auto intro: H)
qed

fun merge-coeffs0 :: <llist-polynomial = llist-polynomial> where

«merge-coeffs0 [| =[] |
«merge-coeffs0 [(zs, n)] = (if n = 0 then || else [(zs, n)]) |
«merge-coeffs0 ((zs, n) # (ys, m) # p) =

(if zs = ys

then if n + m # 0 then merge-coeffs0 ((zs, n + m) # p) else merge-coeffs0 p
else if n = 0 then merge-coeffs0 ((ys, m) # p)

else(xs, n) # merge-coeffs0 ((ys, m) # p))
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lemma sorted-repeat-poly-list-rel-with0-wrt-ConsD:

«((ys, n) # p, a) € sorted-repeat-poly-list-rel-withO-wrt S term-poly-list-rel =
(p, removel-mset (mset ys, n) a) € sorted-repeat-poly-list-rel-with0-wrt S term-poly-list-rel N
(mset ys, n) €# a N (Vx € set p. S ys (fst x)) A sorted-wrt (rel2p var-order-rel) ys A
distinct ys»

unfolding sorted-repeat-poly-list-rel-withO-wrt-def prod.case mem-Collect-eq
list-rel-def

apply (clarsimp)

apply (subst (asm) list.rel-sel)

apply (intro conjI)

apply (rule-tac b = <tl y» in relcompl)

apply (auto simp: sorted-poly-list-rel-wrt-def list-mset-rel-def br-def)

apply (case-tac <lead-coeff y»; case-tac y)

apply (auto simp: term-poly-list-rel-def)

apply (case-tac <lead-coeff y»; case-tac y)

apply (auto simp: term-poly-list-rel-def)

apply (case-tac lead-coeff y; case-tac y)

apply (auto simp: term-poly-list-rel-def)

apply (case-tac <lead-coeff y»; case-tac y)

apply (auto simp: term-poly-list-rel-def)

done

PRy

lemma sorted-repeat-poly-list-rel-with0-wrtl-Cons-iff :
«((ys, n) # p, a) € sorted-repeat-poly-list-rel-withO-wrt S term-poly-list-rel +—
(p, removel-mset (mset ys, n) a) € sorted-repeat-poly-list-rel-with0-wrt S term-poly-list-rel N
(mset ys, n) €# a N Vx € set p. S ys (fst x)) A sorted-wrt (rel2p var-order-rel) ys A
distinct ys»
apply (rule iffT)
subgoal
by (auto dest!: sorted-repeat-poly-list-rel-withO-wrt-ConsD)
subgoal
unfolding sorted-poly-list-rel-wrt-def prod.case mem-Collect-eq
list-rel-def sorted-repeat-poly-list-rel-with0-wrt-def
apply (clarsimp)
apply (rule-tac b = ¢«(mset ys, n) # y in relcompl)
by (auto simp: sorted-poly-list-rel-wrt-def list-mset-rel-def br-def
term-poly-list-rel-def add-mset-eq-add-mset eq-commute[of - «<mset -3
nonzero-coeffs-def
dest!: multi-member-split)
done

lemma fst-normalize0-polynomial-subsetD:
«(a, b) € set (merge-coeffsO p) = a € mononoms p
apply (induction p rule: merge-coeffs0.induct)
subgoal
by auto
subgoal
by (auto split: if-splits)
subgoal
by (auto split: if-splits)
done

lemma in-set-merge-coeffs0D:
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«(a, b) € set (merge-coeffs0 p) =3 b. (a, b) € set p»
by (auto dest!: fst-normalize0-polynomial-subsetD)

lemma merge-coeffs0-is-normalize-poly-p:
«(zs, ys) € sorted-repeat-poly-rel-with0 —> I r. (merge-coeffs0 xs, r) € sorted-poly-rel N\ normal-
ize-poly-p*™* ys r»
apply (induction s arbitrary: ys rule: merge-coeffs0.induct)
subgoal by (auto simp: sorted-repeat-poly-list-rel-wrt-def sorted-poly-list-rel-wrt-def
sorted-repeat-poly-list-rel-withO-wrt-def list-mset-rel-def br-def)
subgoal for zs n ys
by (force simp: sorted-repeat-poly-list-rel-wrt-def sorted-poly-list-rel-wrt-def
sorted-repeat-poly-list-rel-withO-wrt-def list-mset-rel-def br-def
list-rel-split-right-iff )
subgoal premises p for zs n ys m p ysa
apply (cases <xs = ys», cases <m+n # 0))
subgoal
using p(1)[of <add-mset (mset ys, m+n) ysa — {#(mset ys, m), (mset ys, n)#pH] p(5-)
apply (auto simp: sorted-repeat-poly-list-rel-withO-wrtl-Cons-iff ac-simps add-mset-commute
removel-mset-add-mset-If nonzero-coeffs-diff sorted-repeat-poly-list-rel-Cons-iff)
apply (auto intro: normalize-poly-p.intros add-mset-commute add-mset-commute
converse-rtranclp-into-rtranclp dest!: multi-member-split
stmp del: normalize-poly-p.merge-dup-coeff)
apply (rule-tac x = «<ry in exl)
using normalize-poly-p.merge-dup-coeff[of <ysa — {#(mset ys, m), (mset ys, n)#} <ysa —
{#(mset ys, m), (mset ys, n)#}> <mset ys» m n|
by (auto intro: normalize-poly-p.intros
converse-rtranclp-into-rtranclp dest!: multi-member-split
simp: add-mset-commute[of <(mset ys, n)> <(mset ys, m)»]
simp del: normalize-poly-p.merge-dup-coeff)
subgoal
using p(2)[of ysa — {#(mset ys, m), (mset ys, n)#h] p(5-)
apply (auto simp: sorted-repeat-poly-list-rel-withO-wrtl-Cons-iff ac-simps add-mset-commute
removel-mset-add-mset-If nonzero-coeffs-diff sorted-repeat-poly-list-rel-Cons-iff)
apply (rule-tac x = «<ry in exl)
using normalize-poly-p.rem-0-coeff [of <add-mset (mset ys, m +n) ysa — {#(mset ys, m), (mset
ys, n)#}p <add-mset (mset ys, m +n) ysa — {#(mset ys, m), (mset ys, n)#} «mset ys]
using normalize-poly-p.merge-dup-coeff[of <ysa — {#(mset ys, m), (mset ys, n)#} <ysa —
{#(mset ys, m), (mset ys, n)#}> «mset ys» m n]
by (force intro: normalize-poly-p.intros converse-rtranclp-into-rtranclp
dest!: multi-member-split
simp del: normalize-poly-p.rem-0-coeff
simp: add-mset-commute|of «(mset ys, n)> «(mset ys, m)»])
apply (cases <n = 0»)
subgoal
using p(3)[of <add-mset (mset ys, m) ysa — {#(mset xs, n), (mset ys, m)#p] p(4-)
apply (auto simp: sorted-repeat-poly-list-rel-withO-wrtl-Cons-iff ac-simps add-mset-commute
removel-mset-add-mset-If sorted-repeat-poly-list-rel-Cons-iff)
apply (rule-tac © = «ry in exl)
apply (auto dest!: in-set-merge-coeffsD)
by (force intro: rtranclp-normalize-poly-add-mset converse-rtranclp-into-rtranclp
simp: rel2p-def var-order-rel-def sorted-poly-list-rel-Cons-iff
dest!: multi-member-split
dest: sorted-poly-list-rel-nonzeroD)
subgoal
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using p(4)[of <add-mset (mset ys, m) ysa — {#(mset xs, n), (mset ys, m)#H] p(5-)

apply (auto simp: sorted-repeat-poly-list-rel-withO-wrtl-Cons-iff ac-simps add-mset-commute
removel-mset-add-mset-If sorted-repeat-poly-list-rel-Cons-iff)

apply (rule-tac © = <add-mset (mset zs, n) r» in exl)

apply (auto dest!: in-set-merge-coeffs0D)

apply (auto intro: normalize-poly-p.intros rtranclp-normalize-poly-add-mset
simp: rel2p-def var-order-rel-def sorted-poly-list-rel-Cons-iff
dest!: multi-member-split
dest: sorted-poly-list-rel-nonzeroD)
using in-set-merge-coeffs0D total-on-lexord-less-than-char-linear apply fastforce
using in-set-merge-coeffs0D total-on-lexzord-less-than-char-linear apply fastforce
done

done

done

definition full-normalize-poly where
<full-normalize-poly p = do {
p < sort-all-coeffs p;
p < sort-poly-spec p;
RETURN (merge-coeffsO p)
b

fun sorted-remdups where
<sorted-remdups (¢ # y # 2s) =
(if x = y then sorted-remdups (y # zs) else © # sorted-remdups (y # z5))> |
<sorted-remdups zs = z8)

lemma set-sorted-remdups|simp]:
«set (sorted-remdups xs) = set 18
by (induction xzs rule: sorted-remdups.induct)
auto

lemma distinct-sorted-remdups:
<sorted-wrt R xs = antisymp R = distinct (sorted-remdups xs)»
by (induction xzs rule: sorted-remdups.induct)
(auto dest: antisympD)

lemma full-normalize-poly-normalize-poly-p:
assumes ((p, p’) € fully-unsorted-poly-rels
shows «full-normalize-poly p < | (sorted-poly-rel) (SPEC (Ar. normalize-poly-p** p’ 1))
(is<?A < | R ?B»)
proof —
have 1: «B = do {
p’ < RETURN p’
»' « RETURN p".
SPEC (Ar. normalize-poly-p** p’ r)
b
by auto
have [refine0]: <sort-all-coeffs p < SPEC(Ap. (p, p") € unsorted-poly-rel-with0)»
by (rule sort-all-coeffs-unsorted-poly-rel-withO[ OF assms, THEN order-trans|)
(auto simp: conc-fun-RES RETURN-def)
have [refine0]: <sort-poly-spec p < SPEC (Ac. (¢, p’) € sorted-repeat-poly-rel-with0)>
if «(p, p’) € unsorted-poly-rel-with0>»
for p p’
by (rule sort-poly-spec-id' | THEN order-trans, OF that])
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(auto simp: conc-fun-RES RETURN-def)
show ?thesis

apply (subst 1)

unfolding full-normalize-poly-def

by (refine-rcg)

(auto introl: RES-refine
dest!: merge-coeffs0-is-normalize-poly-p
simp: RETURN-def)

qed

definition mult-poly-full :: <-» where
«mult-poly-full p ¢ = do {
let pq = mult-poly-raw p q;
normalize-poly pq

b

lemma normalize-poly-normalize-poly-p:
assumes ((p, p’) € unsorted-poly-rel
shows <normalize-poly p < || (sorted-poly-rel) (SPEC (Ar. normalize-poly-p** p' r))»
proof —
have 1: <SPEC (Ar. normalize-poly-p** p’ r) = do {
p’ < RETURN p’
SPEC (Ar. normalize-poly-p** p’ r)
b
by auto
show ?thesis
unfolding normalize-poly-def
apply (subst 1)
apply (refine-reg sort-poly-spec-id[ OF assms)
merge-coeffs-is-normalize-poly-p)
subgoal
by (drule merge-coeffs-is-normalize-poly-p)
(auto introl: RES-refine simp: RETURN-def)
done
qed

8.6 Multiplication and normalisation

definition mult-poly-p’ :: <-» where

<mult-poly-p’ p’ ¢’ = do {
pq < SPEC(Ar. (mult-poly-p ¢')** (p', {#}) ({#}, ));
SPEC (Ar. normalize-poly-p** pq )

b

lemma unsorted-poly-rel-fully-unsorted-poly-rel:
cunsorted-poly-rel C fully-unsorted-poly-rel
proof —
have <term-poly-list-rel X, int-rel C unsorted-term-poly-list-rel X, int-rel»
by (auto simp: unsorted-term-poly-list-rel-def term-poly-list-rel-def)
from list-rel-mono|[OF this]
show ?thesis
unfolding poly-list-rel-def fully-unsorted-poly-list-rel-def
by (auto simp:)
qed

lemma mult-poly-full-mult-poly-p”:
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assumes ((p, p’) € sorted-poly-rely «(q, q’) € sorted-poly-rel)
shows <mult-poly-full p q¢ < || (sorted-poly-rel) (mult-poly-p’ p’ q')
unfolding mult-poly-full-def mult-poly-p'-def
apply (refine-rcg full-normalize-poly-normalize-poly-p
normalize-poly-normalize-poly-p)
apply (subst RETURN-RES-refine-iff)
apply (subst Bez-def)
apply (subst mem-Collect-eq)
apply (subst conj-commute)
apply (rule mult-poly-raw-mult-poly-p[ OF assms(1,2)])
subgoal
by blast
done

definition add-poly-spec :: <-» where
<add-poly-spec p ¢ = SPEC (Ar. p + q¢ — r € ideal polynomial-bool)>

definition add-poly-p’ :: <-» where
<add-poly-p’ p ¢ = SPEC(Ar. add-poly-p** (p, q, {#}) ({#}, {#}, r))»

lemma add-poly-l-add-poly-p":
assumes ((p, p’) € sorted-poly-rely «(q, q’) € sorted-poly-rel
shows <add-poly-l (p, q) < | (sorted-poly-rel) (add-poly-p’ p’ ¢")»
unfolding add-poly-p’-def
apply (refine-rcg add-poly-l-spec| THEN fref-to-Down-curry-right, THEN order-trans, of - p’ q'])
subgoal by auto
subgoal using assms by auto
subgoal
by auto
done

8.7 Correctness

context poly-embed
begin

definition mset-poly-rel where
«mset-poly-rel = {(a, b). b = polynomial-of-mset a}»

definition var-rel where
cvar-rel = br ¢ (A-. True)»

lemma normalize-poly-p-normalize-poly-spec:
«(p, p") € mset-poly-rel =
SPEC (Ar. normalize-poly-p** p r) < {mset-poly-rel (normalize-poly-spec p')
by (auto simp: mset-poly-rel-def rtranclp-normalize-poly-p-poly-of-mset ideal.span-zero
normalize-poly-spec-def intro!: RES-refine)

lemma mult-poly-p’-mult-poly-spec:
«(p, p) € mset-poly-rel => (q, q) € mset-poly-rel —>
mult-poly-p’ p q < |mset-poly-rel (mult-poly-spec p' q’)
unfolding mult-poly-p’-def mult-poly-spec-def
apply refine-rcg
apply (auto simp: mset-poly-rel-def dest!: rtranclp-mult-poly-p-mult-ideal-final)
apply (intro RES-refine)
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using ideal.span-add-eq? ideal.span-zero
by (fastforce dest!: rtranclp-normalize-poly-p-poly-of-mset intro: ideal.span-add-eq2)

lemma add-poly-p’-add-poly-spec:
«(p, p") € mset-poly-rel = (q, q') € mset-poly-rel =
add-poly-p’ p q < |mset-poly-rel (add-poly-spec p’ ¢')»
unfolding add-poly-p’-def add-poly-spec-def
apply (auto simp: mset-poly-rel-def dest!: rtranclp-add-poly-p-polynomial-of-mset-full)
apply (intro RES-refine)
apply (auto simp: rtranclp-add-poly-p-polynomial-of-mset-full ideal.span-zero)
done

end

definition weak-equality-1 :: <llist-polynomial = llist-polynomial = bool nres> where
cweak-equality-l p ¢ = RETURN (p = q)»

definition weak-equality :: <int mpoly = int mpoly = bool nres> where
cweak-equality p ¢ = SPEC (Ar. 1 — p = q)»

definition weak-equality-spec :: «<mset-polynomial = mset-polynomial = bool nres> where
cweak-equality-spec p ¢ = SPEC (Ar. r — p = q)»

lemma term-poly-list-rel-same-rightD:
«(a, aa) € term-poly-list-rel = (a, ab) € term-poly-list-rel — aa = ab)
by (auto simp: term-poly-list-rel-def)

lemma list-rel-term-poly-list-rel-same-rightD:
(za, y) € (term-poly-list-rel x, int-rel)list-rel =
(za, ya) € (term-poly-list-rel x, int-rel)list-rel —>
y =y
by (induction za arbitrary: y ya)
(auto simp: list-rel-split-right-iff
dest: term-poly-list-rel-same-rightD)

lemma weak-equality-l-weak-equality-spec:
<(uncurry weak-equality-l, uncurry weak-equality-spec) €
sorted-poly-rel x, sorted-poly-rel — ¢ (bool-rel)nres-rel>
by (intro frefl nres-rell)
(auto simp: weak-equality-l-def weak-equality-spec-def
sorted-poly-list-rel-wrt-def list-mset-rel-def br-def
dest: list-rel-term-poly-list-rel-same-rightD)

end

theory PAC-Misc
imports Main

begin

I believe this should be added to the simplifier by default...

lemma Collect-eq-comp’:

{(z, 9). Pzy} O{(c, a). ¢ = fa} ={(z, a). Pz (fa)}
by auto
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lemma in-set-conv-iff:
z € set (take n xs) +— (Fi<n. i < length xs N zs ! i = z)
by (metis in-set-conv-nth length-take min-less-iff-conj nth-take)

lemma in-set-take-conv-nth:
z € set (take n zs) «— (Fi<min n (length zs). xs ! { = x)
by (simp add: in-set-conv-iff)

lemma in-set-removelD:
a € set (removel x xs) = a € set zs
by (meson notin-set-removel)

end

theory PAC-Checker
imports PAC-Polynomials-Operations
PAC-Checker-Specification
PAC-Map-Rel
Show.Show
Show.Show-Instances
PAC-Misc
begin

9 Executable Checker

In this layer we finally refine the checker to executable code.

9.1 Definitions

Compared to the previous layer, we add an error message when an error is discovered. We do
not attempt to prove anything on the error message (neither that there really is an error, nor
that the error message is correct).

Extended error message datatype ‘a code-status =
is-cfailed: CFAILED (the-error: 'a) |
CSUCCESS |
is-cfound: CFOUND

In the following function, we merge errors. We will never merge an error message with an
another error message; hence we do not attempt to concatenate error messages.

fun merge-cstatus where
«merge-cstatus (CFAILED a) - = CFAILED a) |
<merge-cstatus - (CFAILED a) = CFAILED a» |
«merge-cstatus CFOUND - = CFOUND: |
«merge-cstatus - CFOUND = CFOUND: |
«merge-cstatus - - = CSUCCESS)

definition code-status-status-rel :: <('a code-status X status) set> where
<code-status-status-rel =

{(CFOUND, FOUND), (CSUCCESS, SUCCESS)} U

{(CFAILED a, FAILED)| a. True}»

lemma in-code-status-status-rel-iff [simp]:
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(CFOUND, b) € code-status-status-rel <— b = FOUND)

(a, FOUND) € code-status-status-rel <— a = CFOUND:
(CSUCCESS, b) € code-status-status-rel «— b = SUCCESS)»
(a, SUCCESS) € code-status-status-rel <— a = CSUCCESS)
(a, FAILED) € code-status-status-rel <— is-cfailed a»
(CFAILED C, b) € code-status-status-rel <— b = FAILED)
by (cases a; cases b; auto simp: code-status-status-rel-def; fail)+

<
<
<
<
<
<

Refinement relation fun pac-step-rel-raw :: «(olbl x 'Ibl) set = (‘a x 'b) set = (¢ x 'd) set =
("a, 'c, 'olbl) pac-step = ('b, 'd, 'Ibl) pac-step = bool> where
<pac-step-rel-raw R1 R2 R3 (Add p1 p2ir) (Add p1' p2' i’ 1) +—
(p1, p1’) € R1 A (p2, p2)) € R1 N (i,i)) € R1 A
(r, r')y € R2) |
<pac-step-rel-raw R1 R2 RS (Mult p1 p2ir) (Mult p1’ p2' i’ r') +—
(p1, p1’) € R1 A (p2, p2') € R2 A (4,i) € RI A
(r, r')y € R2) |
<pac-step-rel-raw R1 R2 R3 (Del p1) (Del p1’) +—
(p1, p1’) € R1» |
<pac-step-rel-raw R1 R2 RS (Extension i x pl) (Extension j ' pl1’) +—
(i, j) € R1 A (z,2") € R3 A (pl, pl’) € R2) |
<pac-step-rel-raw R1 R2 R3 - - «+— Fulse)

fun pac-step-rel-assn = <(‘olbl = 'Ibl = assn) = (‘a = 'b = assn) = (‘¢ = 'd = assn) = (‘a, 'c,
‘olbl) pac-step = ('b, 'd, 'Ibl) pac-step = assn» where
<pac-step-rel-assn R1 R2 R3 (Add p1 p2ir) (Add p1’ p2'i' r') =
R1plpl'* RI p2p2' x R1ii %
R2r )|
<pac-step-rel-assn R1 R2 R8 (Mult p1 p2 i r) (Mult p1’ p2' i’ r') =
RI plpl'* R2p2p2' x R1ii %
R2rrh |
<pac-step-rel-assn R1 R2 R3 (Del p1) (Del p1') =
R1 p1plh |
<pac-step-rel-assn R1 R2 R3 (Extension i x pl) (Extension i’ z' p1') =
Riii'« R3xxz'« R2pl plh |
<pac-step-rel-assn R1 R2 - - - = false»

lemma pac-step-rel-assn-alt-def:
<pac-step-rel-assn R1 R2 R x y = (
case (z, y) of
(Add p1 p2ir, Add p1’' p2'i' r') =
R1plpl'*« RI1p2p2'« R1ii' «x R2rr’
| (Mult pI p2ir, Mult p1’' p2'i' v') =
R1plpl'*x R2p2p2'« R1ii «x R2rr’
| (Del p1, Del p1') = R1 pl p1’
| (Extension i x pl, Extension i’ x’ p1’) = R1ii' « R3z z' « R2 pl pl’
| - = false)
by (auto split: pac-step.splits)

Addition checking definition error-msg where
<error-msg i msg = CFAILED ("s CHECKING failed at line "' @Q show i Q "' with error " @ msg)»

definition error-msg-notin-dom-err where
<error-msg-notin-dom-err = '’ notin domain'’y

definition error-msg-notin-dom :: <nat = string> where
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<error-msg-notin-dom i = show i @ error-msg-notin-dom-err»

definition error-msg-reused-dom where
cerror-msg-reused-dom i = show i Q ' already in domain’’s

definition error-msg-not-equal-dom where
<error-msg-not-equal-dom p ¢ pg v = show p Q@ " + " @ show q @ "' = " Q show pq @ "' not equal’’
@ show r»

definition check-not-equal-dom-err :: «llist-polynomial = llist-polynomial = llist-polynomial = llist-polynomial
= string nres> where
<check-not-equal-dom-err p ¢ pg r = SPEC (\-. True)»

definition vars-llist :: <llist-polynomial = string set> where
wars-llist xs = |J (set * fst * set xs)»

definition check-addition-l :: <- = - = string set = nat = nat = nat = llist-polynomial = string
code-status nres» where
«check-addition-1 spec AV p qir = do{
let b=p €# dom-m A N q €# dom-m A A i ¢# dom-m A A vars-llist r C V;
if b
then RETURN (error-msg i ((if p ¢# dom-m A then error-msg-notin-dom p else [|) Q (if ¢ ¢#
dom-m A then error-msg-notin-dom p else [|) @Q
(if i €# dom-m A then error-msg-reused-dom p else [])))
else do {
ASSERT (p €# dom-m A);
let p = the (fmlookup A p);
ASSERT (q €# dom-m A);
let ¢ = the (fmlookup A q);
pq + add-poly-1 (p, q);
b < weak-equality-l pq T;
b’ < weak-equality-1 v spec;
if b then (if b’ then RETURN CFOUND else RETURN CSUCCESS)
else do {
¢ < check-not-equal-dom-err p q pq r;
RETURN (error-msg i c)}
}
b

Multiplication checking definition check-mult-I-dom-err :: <bool = nat = bool = nat = string
nres) where
<check-mult-I-dom-err p-notin p i-already i = SPEC (A-. True)

definition check-mult-I-mult-err :: <llist-polynomial = llist-polynomial = llist-polynomial = llist-polynomial
= string nres> where
<check-mult-l-mult-err p ¢ pg = SPEC (\-. True)»

definition check-mult-l :: <- = - = - = nat =llist-polynomial = nat = llist-polynomial = string
code-status nres» where
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<check-mult-1 spec AV p qir = do{
let b=p €# dom-m A A i é# dom-m A A vars-llist ¢ C VA vars-llist v C V;
if —b
then do {
¢ + check-mult-l-dom-err (p ¢# dom-m A) p (i €# dom-m A) i;
RETURN (error-msg i c)}
else do {
ASSERT (p €# dom-m A);
let p = the (fmlookup A p);
pq < mult-poly-full p q;
b < weak-equality-1 pq r;
b’ + weak-equality-1 v spec;
if b then (if b’ then RETURN CFOUND else RETURN CSUCCESS) else do {
¢ < check-mult-l-mult-err p q pq T,
RETURN (error-msg i c)

}
}
b

Deletion checking definition check-del-l :: <- = - = nat = string code-status nres> where
<check-del-1 spec A p = RETURN CSUCCESS)»

Extension checking definition check-extension-l-dom-err :: «<nat = string nres> where
<check-extension-lI-dom-err p = SPEC (\-. True))

definition check-extension-l-no-new-var-err :: <llist-polynomial = string nres>) where
<check-extension-l-no-new-var-err p = SPEC (\-. True)»

definition check-extension-l-new-var-multiple-err :: <string = llist-polynomial = string nres> where
<check-extension-l-new-var-multiple-err v p = SPEC (A-. True)»

definition check-extension-l-side-cond-err

2 «string = llist-polynomial = llist-polynomial = llist-polynomial = string nres)
where

<check-extension-l-side-cond-err v p p’ ¢ = SPEC (A-. True)»

definition check-extension-I
i (- = - = string set = nat = string = llist-polynomial = (string code-status) nres»
where
<check-extension-l spec AV ivp = do{
let b=1 ¢# dom-m ANv @&V A ([v], —1)€ set p;
if —b
then do {
¢ < check-extension-l-dom-err i;
RETURN (error-msg i c)
} else do {
let p’ = removel ([v], —1) p;
let b = vars-llist p’ C V;
if —b
then do {
¢ + check-extension-l-new-var-multiple-err v p’;
RETURN (error-msg i c)

else do {
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p2 <+ mult-poly-full p’ p’
let p’ = map (M(a,b). (a, =b)) p’;
q « add-poly-1 (p2, p');
eq < weak-equality-1 q [];
if eq then do {
RETURN (CSUCCESS)
} else do {
¢ <+ check-extension-I-side-cond-err v p p' ¢;
RETURN (error-msg i c)

}
}

b

lemma check-extension-alt-def:
<check-extension AV ivp > do {
b < SPEC(Ab. b — i ¢# dom-m A A v & V);
if —b
then RETURN (False)
else do {
p’ < RETURN (p + Var v);
b < SPEC(Ab. b — wvars p’ C V),
if b
then RETURN (False)
else do {
pq < mult-poly-spec p' p’;
let p" = — p;
p <+ add-poly-spec pq p’;
eq < weak-equality p 0;
if eq then RETURN (True)
else RETURN (Fulse)
}
¥
b
proof —
have [intro]: <ab ¢ V =
vars ba CV —
MPoly-Type.coeff (ba + Var ab) (monomial (Suc 0) ab) = 1» for ab ba
by (subst coeff-add][symmetric], subst not-in-vars-coeff0)
(auto simp flip: coeff-add monom.abs-eq
simp: not-in-vars-coeff0 MPoly-Type.coeff-def
Var.abs-eq Varg-def lookup-single-eq monom.rep-eq)
have [simp]: <MPoly-Type.coeff p (monomial (Suc 0) ab) = —1»
if <vars (p + Var ab) C V»
<ab & V)
for ab
proof —
define ¢ where «q = p + Var ab>
then have p: <p = ¢ — Var ab»
by auto
show ?thesis
unfolding p
apply (subst coeff-minus[symmetric], subst not-in-vars-coeff0)
using that unfolding g¢-def[symmetric]
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by (auto simp flip: coeff-minus simp: not-in-vars-coeff0
Var.abs-eq Varg-def simp flip: monom.abs-eq
simp: not-in-vars-coeff0 MPoly-Type.coeff-def
Var.abs-eq Varg-def lookup-single-eq monom.rep-eq)
qed
have [simp]: <vars (p — Var ab) = vars (Var ab — p)» for ab
using vars-uminus[of <p — Var ab]
by simp
show ?thesis
unfolding check-extension-def
apply (auto 5 5 simp: check-extension-def weak-equality-def
mult-poly-spec-def field-simps
add-poly-spec-def power2-eq-square cong: if-cong
introl: intro-spec-refine[where R=Id, simplified)
split: option.splits dest: ideal.span-add)
done
qed

lemma RES-RES-RETURN-RES: <RES A >= (AT. RES (f T)) = RES (U(f “A))»
by (auto simp: pw-eq-iff refine-pw-simps)

lemma check-add-alt-def:
<check-add AV p qir >
do {
b+ SPEC(Ab. b — p €# dom-m A A q €# dom-m A A i é# dom-m A A vars r C V);
if —b
then RETURN False
else do {
ASSERT (p €# dom-m A);
let p = the (fmlookup A p);
ASSERT (q €# dom-m A);
let ¢ = the (fmlookup A q);
pq < add-poly-spec p q;
eq < weak-equality pq T;

RETURN eq
}
b (is «- > 24))
proof —

have check-add-alt-def: <check-add AV p qir = do {
b+ SPEC(Ab. b — p €# dom-m A N\ q €# dom-m A A i é# dom-m A A vars r C V);
if =b then SPEC(Ab. b — p €# dom-m A N q €# dom-m A N i ¢# dom-m A N varsr CV A
the (fmlookup A p) + the (fmlookup A q) — r € ideal polynomial-bool)
else
SPEC(Ab. b — p €# dom-m A A q €# dom-m A A i é# dom-m A A vars r CV A
the (fmlookup A p) + the (fmlookup A q) — r € ideal polynomial-bool)}>
(is <- = ?B»)
by (auto simp: check-add-def RES-RES-RETURN-RES)
have «?A < || Id (check-add AV p qir)
apply refine-vcg
apply ((auto simp: check-add-alt-def weak-equality-def
add-poly-spec-def RES-RES-RETURN-RES summarize-ASSERT-conv
cong: if-cong
intro!: ideal.span-zero;fail)+)
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done
then show ?thesis
unfolding check-add-alt-def[symmetric]
by simp
qed

lemma check-mult-alt-def:
<check-mult AV pqgir>
do {
b+ SPEC(Ab. b — p €# dom-m A A i ¢# dom-m A N vars ¢ CV A wvarsr C V);
if —b
then RETURN False
else do {
ASSERT (p €# dom-m A);
let p = the (fmlookup A p);
pq < mult-poly-spec p q;
p < weak-equality pq r;
RETURN p
}
b
unfolding check-mult-def
apply (rule refine-1dD)
by refine-vcg
(auto simp: check-mult-def weak-equality-def
mult-poly-spec-def RES-RES-RETURN-RES
introl: ideal.span-zero

exl[of - <the (fmlookup A p) * ¢])

primrec insort-key-rel :: ('b = 'b = bool) = 'b = 'b list = 'b list where
insort-key-rel f z [| = [z] |
insort-key-rel f x (y#ys) =

(if f x y then (x#y#ys) else y#(insort-key-rel f x ys))

lemma set-insort-key-rel[simpl: <set (insort-key-rel R = xs) = insert x (set xs)»
by (induction xs)
auto

lemma sorted-wrt-insort-key-rel:
<totalp-on (insert x (set xs)) R = transp R = reflp R =
sorted-wrt R s = sorted-wrt R (insort-key-rel R  xs)»
by (induction xs)
(auto dest: transpD reflpD simp: totalp-on-def)

lemma sorted-wrt-insort-key-rel2:
<totalp-on (insert © (set xs)) R = transp R = z ¢ set 1s =
sorted-wrt R xs = sorted-wrt R (insort-key-rel R  xs)»
by (induction xs)
(auto dest: transpD simp: totalp-on-def in-mono)

Step checking definition PAC-checker-l-step :: - = string code-status x string set x - = (llist-polynomial,
string, nat) pac-step = -> where
«PAC-checker-l-step = (Aspec (st’, V, A) st. case st of
Add - - - - =
do {

7 < full-normalize-poly (pac-res st);
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eq < check-addition-1 spec AV (pac-srcl st) (pac-src2 st) (new-id st) r;
let - = eq;
if —is-cfailed eq
then RETURN (merge-cstatus st’ eq,
V, fmupd (new-id st) r A)
else RETURN (eq, V, A)
}

| Del - =
do {
eq <+ check-del-l spec A (pac-srcl st);
let - = eq;

if —is-cfailed eq
then RETURN (merge-cstatus st’ eq, V, fmdrop (pac-srcl st) A)
else RETURN (eq, V, A)
¥
| Mult - - - - =
do {
r <+ full-normalize-poly (pac-res st);
q < full-normalize-poly (pac-mult st);
eq + check-mult-l spec AV (pac-srcl st) q (new-id st) r;
let - = eq;
if —is-cfailed eq
then RETURN (merge-cstatus st’ eq,
V, fmupd (new-id st) r A)
else RETURN (eq, V, A)
¥
| Extension - - - =
do {
r <+ full-normalize-poly (([new-var st|, —1) # (pac-res st));
(eq) + check-extension-l spec AV (new-id st) (new-var st) r;
if —is-cfailed eq
then do {
RETURN (st',
insert (new-var st) V, fmupd (new-id st) r A)}
else RETURN (eq, V, A)
}
)

lemma pac-step-rel-raw-def:
(K, V, R) pac-step-rel-raw = pac-step-rel-raw K V R»
by (auto intro!: ext simp: relAPP-def)

definition mononoms-equal-up-to-reorder where
<mononoms-equal-up-to-reorder rs ys <—
map (A(a, b). (mset a, b)) zs = map (A(a, b). (mset a, b)) ys»

definition normalize-poly-l where
<normalize-poly-l p = SPEC (\p'.
normalize-poly-p** ((A(a, b). (mset a, b)) 4 mset p) ((M(a, b). (mset a, b)) H# mset p’) A
0 ¢# snd “# mset p' A
sorted-wrt (rel2p (term-order-rel X, int-rel)) p’ A
(V € mononoms p'. sorted-wrt (rel2p var-order-rel) z))»
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definition remap-polys-lI-dom-err :: <string nres> where
<remap-polys-l-dom-err = SPEC (A-. True)»

definition remap-polys-l :: «llist-polynomial = string set = (nat, llist-polynomial) fmap =
(- code-status x string set x (nat, llist-polynomial) fmap) nresy where
<remap-polys-1 spec = (AV A. do{
dom + SPEC(Adom. set-mset (dom-m A) C dom A finite dom);
failed < SPEC(\-::bool. True);
if failed
then do {
¢ < remap-polys-l-dom-err;
RETURN (error-msg (0 :: nat) ¢, V, fmempty)
}
else do {
(b, V, A) + FOREACH dom
(Mi (b, V, A).
if i €# dom-m A
then do {
p <« full-normalize-poly (the (fmlookup A 1));
eq < weak-equality-1 p spec;
V <~ RETURN(V U vars-llist (the (fmlookup A 7)));
RETURN(b V eq, V, fmupd i p A')
} else RETURN (b, V, A"))
(False, V, fmempty);
RETURN (if b then CFOUND else CSUCCESS, V, A)
1

definition PAC-checker-l where
<PAC-checker-1 spec A b st = do {
(S, ) « WHILEy
(A((b, A), n). —is-cfailed b A n # [])
(((bA), 7). do {
ASSERT (n # [));
S «+ PAC-checker-l-step spec bA (hd n);
RETURN (S, tl n)
1)
((bv A)a St);
RETURN S
b

9.2 Correctness

We now enter the locale to reason about polynomials directly.

context poly-embed
begin

abbreviation pac-step-rel where
<pac-step-rel = p2rel ((Id, fully-unsorted-poly-rel O mset-poly-rel, var-rel) pac-step-rel-raw)>

abbreviation fmap-polys-rel where
«fmap-polys-rel = (nat-rel, sorted-poly-rel O mset-poly-rel) fmap-rels

lemma
<normalize-poly-p s0 s —
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(s0, p) € mset-poly-rel =
(s, p) € mset-poly-rel
by (auto simp: mset-poly-rel-def normalize-poly-p-poly-of-mset)

lemma vars-poly-of-vars:
<vars (poly-of-vars a :: int mpoly) C (¢ * set-mset a)»
by (induction a)
(auto simp: vars-mult-Var)

lemma vars-polynomial-of-mset:
<vars (polynomial-of-mset za) C | (image ¢ ‘ (set-mset o fst) ¢ set-mset za)»
apply (induction za)
using vars-poly-of-vars
by (fastforce elim!: in-vars-addE simp: vars-mult-Const split: if-splits)+

lemma fully-unsorted-poly-rel-vars-subset-vars-llist:
(A, B) € fully-unsorted-poly-rel O mset-poly-rel =—> vars B C ¢ ‘ vars-llist A»
by (auto simp: fully-unsorted-poly-list-rel-def mset-poly-rel-def
set-rel-def var-rel-def br-def vars-llist-def list-rel-append?2 list-rel-append1
list-rel-split-right-iff list-mset-rel-def image-iff
unsorted-term-poly-list-rel-def list-rel-split-left-iff
dest!: set-rev-mp[OF - vars-polynomial-of-mset] split-list
dest: multi-member-split
dest: arg-conglof <mset -» <add-mset - -» set-mset])

lemma fully-unsorted-poly-rel-extend-vars:

(A, B) € fully-unsorted-poly-rel O mset-poly-rel —>
(zlc, zla) € (var-relyset-rel =

RETURN (zlc U vars-llist A)

< I ((var-rel)set-rel)

(SPEC ((Q) (zla U wvars (B))))

using fully-unsorted-poly-rel-vars-subset-vars-llist[of A B|
apply (subst RETURN-RES-refine-iff)
apply clarsimp
apply (rule exI[of - <xla U ¢ ‘ vars-llist A»])
apply (auto simp: set-rel-def var-rel-def br-def

dest: fully-unsorted-poly-rel-vars-subset-vars-llist)
done

lemma remap-polys-I-remap-polys:
assumes
AB: «(A, B) € {nat-rel, fully-unsorted-poly-rel O mset-poly-rel) fmap-rely and
spec: «(spec, spec’) € sorted-poly-rel O mset-poly-rel> and
V:«(V, V') € (var-rel)set-rel»
shows <remap-polys-1 spec V A <
I (code-status-status-rel X, (var-rel)set-rel x, fmap-polys-rel) (remap-polys spec’ V' B)»
(is «- < | 2R =)
proof —
have 1: <inj-on id (dom :: nat set) for dom
by auto
have H: (x €# dom-m A —
(Ap. (the (fmlookup A x), p) € fully-unsorted-poly-rel —>
(p, the (fmlookup B z)) € mset-poly-rel = thesis) =
thesisy for z thesis
using fmap-rel-nat-the-fmlookup|OF AB, of = z] fmap-rel-nat-rel-dom-m[OF AB] by auto
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have full-normalize-poly: «full-normalize-poly (the (fmlookup A x))
< |} (sorted-poly-rel O mset-poly-rel)
(SPEC
(Ap. the (fmlookup B ') — p € More-Modules.ideal polynomial-bool A
vars p C wvars (the (fmlookup B z'))))»
if z-dom: <z €# dom-m A» and «(z, z’) € Id» for = z’
apply (rule H[OF z-dom)])
subgoal for p
apply (rule full-normalize-poly-normalize-poly-p| THEN order-trans])
apply assumption
subgoal
using that(2) apply —
unfolding conc-fun-chain[symmetric]
by (rule ref-two-step’, rule RES-refine)
(auto simp: rtranclp-normalize-poly-p-poly-of-mset
mset-poly-rel-def ideal.span-zero)
done
done

have H': «(p, pa) € sorted-poly-rel O mset-poly-rel =
weak-equality-l p spec < SPEC (Aeqa. eqa —> pa = spec’)s for p pa
using spec by (auto simp: weak-equality-l-def weak-equality-spec-def
list-mset-rel-def br-def mset-poly-rel-def
dest: list-rel-term-poly-list-rel-same-rightD sorted-poly-list-relD)

have emp: «(V, V') € (var-rel)set-rel —>
((False, V, fmempty), False, V', fmempty) € bool-rel x, (var-rel)set-rel X, fmap-polys-rel) for V V'
by auto
show ?thesis
using assms
unfolding remap-polys-I-def remap-polys-I-dom-err-def
remap-polys-def prod.case
apply (refine-rcg full-normalize-poly fmap-rel-fmupd-fmap-rel)
subgoal
by auto
subgoal
by auto
subgoal
by (auto simp: error-msg-def)
apply (rule 1)
subgoal by auto
apply (rule emp)
subgoal
using V by auto
subgoal by auto
subgoal by auto
subgoal by (rule H')
apply (rule fully-unsorted-poly-rel-extend-vars)
subgoal by (auto intro!: fmap-rel-nat-the-fmlookup)
subgoal by (auto intro!: fmap-rel-fmupd-fmap-rel)
subgoal by (auto intro!: fmap-rel-fmupd-fmap-rel)
subgoal by auto
subgoal by auto
done
qed
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lemma fref-to-Down-curry:
(uncurry f, uncurry g) € [P]y A — (B)nres-rel =
(Aza' 3y P (o), y) = (2, y), (@, y)) € A= foy < b B (93" y))
unfolding fref-def uncurry-def nres-rel-def
by auto

lemma weak-equality-spec-weak-equality:
«(p, p’) € mset-poly-rel =
(r, r") € mset-poly-rel =
weak-equality-spec p v < weak-equality p’ r's
unfolding weak-equality-spec-def weak-equality-def
by (auto simp: mset-poly-rel-def)

lemma weak-equality-l-weak-equality-1'[refinel:
cweak-equality-1 p g < || bool-rel (weak-equality p’ q')
if «(p, p’) € sorted-poly-rel O mset-poly-rel
«(q, q') € sorted-poly-rel O mset-poly-rels

for pp’ qq’

using that

by (auto intro!: weak-equality-l-weak-equality-spec| THEN fref-to-Down-curry, THEN order-trans]
ref-two-step’
weak-equality-spec-weak-equality

simp flip: conc-fun-chain)

lemma error-msg-ne-SUCCES|iff):
<error-msg i m # CSUCCESS)
<error-msg i m %= CFOUND)
s-cfailed (error-msg i m)»
<—is-cfound (error-msg i m)»
by (auto simp: error-msg-def)

lemma sorted-poly-rel-vars-llist:
«(r, r) € sorted-poly-rel O mset-poly-rel =
vars v’ C ¢ ‘wvars-llist >
apply (auto simp: mset-poly-rel-def
set-rel-def var-rel-def br-def vars-llist-def list-rel-append?2 list-rel-append1
list-rel-split-right-iff list-mset-rel-def image-iff sorted-poly-list-rel-wrt-def
dest!: set-rev-mp|OF - vars-polynomial-of-mset]
dest!: split-list)
apply (auto dest!: multi-member-split simp: list-rel-append1
term-poly-list-rel-def eq-commute|of - <mset -)]
list-rel-split-right-iff list-rel-append?2 list-rel-split-left-iff
dest: arg-cong[of <mset -» <add-mset - -» set-mset])
done

lemma check-addition-I-check-add:
assumes ((A4, B) € fmap-polys-rel> and «(r, r’) € sorted-poly-rel O mset-poly-rel
(p, p) € Id> «(q, ¢") € 1d> (i, i) € nat-rel
«(V', V) € (var-rel)set-rels
shows
«check-addition-l spec A V' p qir < {(st, b). (mis-cfailed st «— b) A
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(is-cfound st — spec = r)} (check-add BV p' q' i’ r')
proof —
have [refine]:
<add-poly-l (p, q) < | (sorted-poly-rel O mset-poly-rel) (add-poly-spec p’ q')
if «(p, p’) € sorted-poly-rel O mset-poly-rel
«(q, q") € sorted-poly-rel O mset-poly-rel
for pp'qq’
using that
by (auto intro!: add-poly-l-add-poly-p’| THEN order-trans] ref-two-step’
add-poly-p'-add-poly-spec
stmp flip: conc-fun-chain)

show ?thesis
using assms
unfolding check-addition-I-def
check-not-equal-dom-err-def apply —
apply (rule order-trans)
defer
apply (rule ref-two-step’)
apply (rule check-add-alt-def)
apply refine-rcg
subgoal
by (drule sorted-poly-rel-vars-llist)
(auto simp: set-rel-def var-rel-def br-def)
subgoal
by auto
subgoal
by auto
subgoal
by auto
subgoal
by auto
subgoal
by auto
subgoal
by auto
subgoal
by (auto simp: weak-equality-I-def bind-RES-RETURN-eq)
done
qed

lemma check-del-I-check-del:
(A, B) € fmap-polys-rel = (23, z3a) € Id = check-del-l spec A (pac-srcl (Del z3))
< | {(st, b). (—is-cfailed st «+— b) A (b — st = CSUCCESS)} (check-del B (pac-srcl (Del z3a)))>
unfolding check-del-I-def check-del-def
by (refine-vcg lhs-step-If RETURN-SPEC-refine)
(auto simp: fmap-rel-nat-rel-dom-m bind-RES-RETURN-e¢q)

lemma check-mult-I-check-mult:
assumes (A4, B) € fmap-polys-rel> and «(r, r') € sorted-poly-rel O mset-poly-rel> and
«(q, q") € sorted-poly-rel O mset-poly-rel)
(p, p') € Idy «(i, i) € nat-rely <«(V, V') € {var-rel)set-rel
shows
<check-mult-1 spec AV p gir < {(st, b). (mis-cfailed st «— b) A
(is-cfound st — spec = r)} (check-mult B V' p’ ¢" i’ r')»
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proof —
have [refine]:
«mult-poly-full p q < | (sorted-poly-rel O mset-poly-rel) (mult-poly-spec p’ q')»
if «(p, p’) € sorted-poly-rel O mset-poly-rel
«(q, q') € sorted-poly-rel O mset-poly-rel
for p p' qq’
using that
by (auto introl: mult-poly-full-mult-poly-p'| THEN order-trans| ref-two-step’
mault-poly-p’-mult-poly-spec
simp flip: conc-fun-chain)

show ?thesis
using assms
unfolding check-mult-I-def
check-mult-l-mult-err-def check-mult-l-dom-err-def apply —
apply (rule order-trans)
defer
apply (rule ref-two-step”)
apply (rule check-mult-alt-def)
apply refine-rcg
subgoal
by (drule sorted-poly-rel-vars-llist)+
(fastforce simp: set-rel-def var-rel-def br-def)
subgoal
by auto
subgoal
by auto
subgoal
by auto
subgoal
by auto
subgoal
by (auto simp: weak-equality-I-def bind-RES-RETURN-eq)
done
qed

lemma normalize-poly-normalize-poly-spec:
assumes «((r, t) € unsorted-poly-rel O mset-poly-rel
shows
<normalize-poly r < |(sorted-poly-rel O mset-poly-rel) (normalize-poly-spec t)»
proof —
obtain s where
rs: «(r, s) € unsorted-poly-rel> and
st: «(s, t) € mset-poly-rel>
using assms by auto
show ?thesis
by (rule normalize-poly-normalize-poly-p| THEN order-trans, OF rs])
(use st in <auto dest!: rtranclp-normalize-poly-p-poly-of-mset
introl: ref-two-step’ RES-refine exI|of - t]
simp: normalize-poly-spec-def ideal.span-zero mset-poly-rel-def
simp flip: conc-fun-chainy)
qed

lemma remowvel-list-rel:
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«(xs, ys) € (R) list-rel =
(a, b)) € R =
IS-RIGHT-UNIQUE R =
IS-LEFT-UNIQUE R =
(removel a zs, removel b ys) € (R)list-rel>
by (induction zs ys rule: list-rel-induct)
(auto simp: single-valued-def IS-LEFT-UNIQUE-def)

lemma removel-list-rel2:
(s, ys) € (R) list-rel =
(a, b)) € R =
(Ac. (a,¢c) e R= c=b) =
(Ac. (¢, b)) € R= ¢ =a) =
(removel a xs, removel b ys) € (R)list-rel»
apply (induction xs ys rule: list-rel-induct)
apply (solves <simp (no-asm)»)
by (smt (verit) list-rel-simp(4) removel .simps(2))

lemma removel-sorted-poly-rel-mset-poly-rel:
assumes
«(r, ') € sorted-poly-rel O mset-poly-rely and
«([a], 1) € set
shows
«(removel ([a], 1) r, " — Var (¢ a))
€ sorted-poly-rel O mset-poly-rel
proof —
have [simp]: «([a], {#a#}) € term-poly-list-rel>
<Naa. ([a], aa) € term-poly-list-rel «— aa = {#a#}
by (auto simp: term-poly-list-rel-def)
have H:
<Aaa. ([a], aa) € term-poly-list-rel = aa = {#a#}>
<N\aa. (aa, {#a#}) € term-poly-list-rel = aa = [a]>
by (auto simp: single-valued-def IS-LEFT-UNIQUE-def
term-poly-list-rel-def)

have [simp]: <Const (1 :: int) = (1 :: int mpoly)»
by (simp add: Const.abs-eq Constg-one one-mpoly.abs-eq)
have [simp]: <sorted-wrt term-order (map fst r) =
sorted-wrt term-order (map fst (removel ([a], 1) 7))
by (induction r) auto
have [intro]: «distinct (map fst r) => distinct (map fst (removel x r))» for x
by (induction r) (auto dest: notin-set-removel )
have [simp]: «(r, ya) € (term-poly-list-rel X, int-rel)list-rel —>
polynomial-of-mset (mset ya) — Var (p a) =
polynomial-of-mset (removel-mset ({#a#}, 1) (mset ya))» for ya
using assms
by (auto simp: list-rel-append1 list-rel-split-right-iff
dest!: split-list)

show ?thesis
using assms
apply (elim relcompEpair)
apply (rename-tac za, rule-tac b = <removel-mset ({#a#}, 1) za> in relcompl)
apply (auto simp: mset-poly-rel-def sorted-poly-list-rel-wrt-def Collect-eq-comp’
introl: relcompl|of - <removel ({#a#}, 1) ya>
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for ya :: «(string multiset x int) lists] removel-list-rel2 intro: H
simp: list-mset-rel-def br-def
dest: in-diffD)
done
qed

lemma remowvel-sorted-poly-rel-mset-poly-rel-minus:
assumes
«(r, ') € sorted-poly-rel O mset-poly-rely and
«([a], —=1) € set
shows
«(removel ([a], —1) v, '+ Var (¢ a))
€ sorted-poly-rel O mset-poly-rel»
proof —
have [simp]: «([a], {#a#}) € term-poly-list-rel>
<A\aa. ([a], aa) € term-poly-list-rel «— aa = {#a#}
by (auto simp: term-poly-list-rel-def)
have H:
<Naa. ([a], aa) € term-poly-list-rel = aa = {#a#}
<Naa. (aa, {#a#}) € term-poly-list-rel = aa = [a]»
by (auto simp: single-valued-def IS-LEFT-UNIQUE-def
term-poly-list-rel-def)

have [simp]: <Const (1 :: int) = (1 :: int mpoly)»
by (simp add: Const.abs-eq Constg-one one-mpoly.abs-eq)
have [simp]: <sorted-wrt term-order (map fst r) =
sorted-wrt term-order (map fst (removel ([a], —1) 7))
by (induction r) auto
have [intro]: «distinct (map fst r) = distinct (map fst (removel z 1))> for z
apply (induction r) apply auto
by (meson img-fst in-set-removelD)
have [simp]: «(r, ya) € (term-poly-list-rel X, int-rel)list-rel —
polynomial-of-mset (mset ya) + Var (¢ a) =
polynomial-of-mset (removel-mset ({#a#}, —1) (mset ya))» for ya
using assms
by (auto simp: list-rel-append1 list-rel-split-right-iff
dest!: split-list)

show ?thesis
using assms
apply (elim relcompEpair)
apply (rename-tac za, rule-tac b = <removel-mset ({#a#}, —1) za> in relcompl)
by (auto simp: mset-poly-rel-def sorted-poly-list-rel-wrt-def Collect-eq-comp’
dest: in-diff D
introl: relcompl|of - <removel ({#a#}, —1) ya>
for ya :: «(string multiset x int) lists] removel-list-rel2 intro: H
simp: list-mset-rel-def br-def)
qed

lemma insert-var-rel-set-rel:
«(V, V) € (var-rel) set-rel =
(yb, 22) € var-rel =
(insert yb V, insert z2 V') € (var-rel)set-rely
by (auto simp: var-rel-def set-rel-def)
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lemma var-rel-set-rel-iff :
«(V, V') € (var-rel)set-rel =
(yb, 22) € var-rel =
yb eV +— 12 € Vh
using -inj inj-eq by (fastforce simp: var-rel-def set-rel-def br-def)

lemma check-extension-l-check-extension:
assumes (A, B) € fmap-polys-rely and «(r, r’) € sorted-poly-rel O mset-poly-rel> and
«(i, i) € nat-rely «(V, V') € (var-rel)set-rely «(z, z') € var-rel)
shows
<check-extension-l spec AV ixr <
H(s1), (8)).
(—is-cfailed st +— b) N
(is-cfound st — spec = 1)} (check-extension B V' i" z' r')»
proof —
have z' = ¢
using assms(5) by (auto simp: var-rel-def br-def)
have [refine]:
<mudt-poly-full p g < | (sorted-poly-rel O mset-poly-rel) (mult-poly-spec p’ q')»
if «(p, p") € sorted-poly-rel O mset-poly-rel
«(q, q") € sorted-poly-rel O mset-poly-rel
for pp’ qq’
using that
by (auto intro!: mult-poly-full-mult-poly-p'|[THEN order-trans| ref-two-step’
mult-poly-p’-mult-poly-spec
stmp flip: conc-fun-chain)
have [refine]:
<add-poly-1 (p, q) < (sorted-poly-rel O mset-poly-rel) (add-poly-spec p' q’)»
if «(p, p’) € sorted-poly-rel O mset-poly-rel
«(q, q') € sorted-poly-rel O mset-poly-rel
for p p' qq’
using that
by (auto intro!: add-poly-l-add-poly-p’| THEN order-trans| ref-two-step’
add-poly-p'-add-poly-spec
simp flip: conc-fun-chain)

have [simp]: «(I, ') € (term-poly-list-rel x,. int-rel)list-rel =
(map (Ma, b). (a, — b)) I, map (A(a, b). (a, — b)) 1)
€ (term-poly-list-rel x,. int-rel)list-rely for 11’
by (induction 11" rule: list-rel-induct)
(auto simp: list-mset-rel-def br-def)

have [introl]:
«(x2c, za) € (term-poly-list-rel x, int-rel)list-rel O list-mset-rel —>
(map (A(a, b). (a, — b)) 22¢,
{#case z of (a, b) = (a, — b). © €# za#})
€ (term-poly-list-rel x,. int-rel)list-rel O list-mset-rely for z2c¢ za
apply (auto)
subgoal for y
apply (induction z2c y rule: list-rel-induct)
apply (auto simp: list-mset-rel-def br-def)
apply (rename-tac a ba aa ll', rule-tac b = <(aa, — ba) # map (A(a, b). (a, — b)) " in relcompl)
by auto
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done
have [simp]: <(A\x. fst (case z of (a, b) = (a, — b)) = fst»
by (auto intro: ext)

have uminus: «(z2c, x2a) € sorted-poly-rel O mset-poly-rel —>
(map (A(a, b). (a, — b)) =2,
— z2a)
€ sorted-poly-rel O mset-poly-rely for x2c¢ x2a xlc xla
apply (clarsimp simp: sorted-poly-list-rel-wrt-def
mset-poly-rel-def)
apply (rule-tac b = <(\(a, b). (a, — b)) # za> in relcompl)
by (auto simp: sorted-poly-list-rel-wrt-def
mset-poly-rel-def comp-def polynomial-of-mset-uminus)
have [simp]: «([], 0) € sorted-poly-rel O mset-poly-rel>
by (auto simp: sorted-poly-list-rel-wrt-def
mset-poly-rel-def list-mset-rel-def br-def
introl: relcompl[of - <{#}])
show ?thesis
unfolding check-extension-I-def
check-extension-l-dom-err-def
check-extension-l-no-new-var-err-def
check-extension-l-new-var-multiple-err-def
check-extension-l-side-cond-err-def
apply (rule order-trans)
defer
apply (rule ref-two-step’)
apply (rule check-extension-alt-def)
apply (refine-vcg )
subgoal using assms(1,3,4,5)
by (auto simp: var-rel-set-rel-iff)
subgoal using assms(1,3,4,5)
by (auto simp: var-rel-set-rel-iff)
subgoal by auto
subgoal by auto
apply (subst <z’ = ¢ x>, rule removel-sorted-poly-rel-mset-poly-rel-minus)
subgoal using assms by auto
subgoal using assms by auto
subgoal using sorted-poly-rel-vars-llist[of <r)> <r’] assms
by (force simp: set-rel-def var-rel-def br-def
dest!: sorted-poly-rel-vars-llist)
subgoal by auto
subgoal by auto
subgoal using assms by auto
subgoal using assms by auto
apply (rule uminus)
subgoal using assms by auto
subgoal using assms by auto
subgoal using assms by auto
subgoal using assms by auto
subgoal using assms by auto
done
qed

lemma full-normalize-poly-diff-ideal:
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fixes dom
assumes ((p, p’) € fully-unsorted-poly-rel O mset-poly-rels
shows
<full-normalize-poly p
< |} (sorted-poly-rel O mset-poly-rel)
(normalize-poly-spec p')»
proof —
obtain ¢ where
pq: <(p, q) € fully-unsorted-poly-rely and gp”:<(q, p’) € mset-poly-rely
using assms by auto
show ?thesis
unfolding normalize-poly-spec-def
apply (rule full-normalize-poly-normalize-poly-p| THEN order-trans))
apply (rule pq)
unfolding conc-fun-chain[symmetric]
by (rule ref-two-step’, rule RES-refine)
(use gp’ in <auto dest!: rtranclp-normalize-poly-p-poly-of-mset
stmp: mset-poly-rel-def ideal.span-zeroy)
qed

lemma insort-key-rel-decomp:
«Jys zs. xs = ys Q zs A insort-key-rel R z xs = ys Q z # zs»
apply (induction zs)
subgoal by auto
subgoal for a zs
by (force intro: exI[of - <a # -])
done

lemma list-rel-append-same-length:

dength zs = length ts' = (zs Q ys, zs’ Q ys’) € (R)list-rel +— (zs, zs’) € (R)list-rel A (ys, ys’) €
(R) list-rel

by (auto simp: list-rel-def list-all2-append?2 dest: list-all2-lengthD)

lemma term-poly-list-rel-list-relD: <(ys, cs) € (term-poly-list-rel X, int-rel)list-rel —>
cs = map (A(a, y). (mset a, y)) ys»
by (induction ys arbitrary: cs)
(auto simp: term-poly-list-rel-def list-rel-def list-all2-append list-all2-Cons1 list-all2-Cons2)

lemma term-poly-list-rel-single: «([x32], {#x324#}) € term-poly-list-rel
by (auto simp: term-poly-list-rel-def)

lemma unsorted-poly-rel-list-rel-list-rel-uminus:
(map (@, B). (o, — b)) 7, ye)
€ (unsorted-term-poly-list-rel x, int-rel)list-rel —>
(Ta map ()‘(a'7 b)' (CL, - b)) yc)
€ (unsorted-term-poly-list-rel x,. int-rel)list-rels
by (induction r arbitrary: yc)
(auto simp: elim!: list-relE3)

lemma mset-poly-rel-minus: <({#(a, b)#}, v’) € mset-poly-rel =
(mset yc, r') € mset-poly-rel =
(r, ye)
€ (unsorted-term-poly-list-rel x, int-rel)list-rel =—>
(add-mset (a, b) (mset yc),
v+ 1)
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€ mset-poly-rel
by (induction r arbitrary: r’)
(auto simp: mset-poly-rel-def polynomial-of-mset-uminus)

lemma fully-unsorted-poly-rel-diff:
«([v], v') € fully-unsorted-poly-rel O mset-poly-rel =
(r, ') € fully-unsorted-poly-rel O mset-poly-rel —>
(v # r,
v+ 1)
€ fully-unsorted-poly-rel O mset-poly-rel
apply auto
apply (rule-tac b = <y + ya> in relcompl)
apply (auto simp: fully-unsorted-poly-list-rel-def list-mset-rel-def br-def)
apply (rule-tac b = <yb Q ye» in relcompl)
apply (auto elim!: list-relE3 simp: unsorted-poly-rel-list-rel-list-rel-uminus mset-poly-rel-minus)
done

lemma PAC-checker-I-step-PAC-checker-step:
assumes
«(Ast, Bst) € code-status-status-rel x,. (var-rel)set-rel X, fmap-polys-relsy and
(st, st’) € pac-step-rely and
spec: <(spec, spec’) € sorted-poly-rel O mset-poly-rels
shows
<PAC-checker-l-step spec Ast st < | (code-status-status-rel X, (var-relyset-rel X, fmap-polys-rel)
(PAC-checker-step spec’ Bst st')»
proof —
obtain A V cst B V' cst’ where
Ast: «Ast = (cst, V, A)» and
Bst: «Bst = (cst’, V', B)» and
V]intro]: «(V, V') € (var-rel)set-rel> and
AB: (A, B) € fmap-polys-rel»
(cst, est’) € code-status-status-rels
using assms(1)
by (cases Ast; cases Bst; auto)
have [refine]: «(r, ra) € sorted-poly-rel O mset-poly-rel —>
(eqa, eqaa)
€ {(st, b). (- is-cfailed st «— b) A (is-cfound st — spec = r)} =
RETURN eqa
< |} code-status-status-rel
(SPEC
(Ast’. (— is-failed st’ A
is-found st’ —
ra — spec’ € More-Modules.ideal polynomial-bool)))»
for r ra eqa eqaa
using spec
by (cases eqa)
(auto introl: RETURN-RES-refine dest!: sorted-poly-list-relD
simp: mset-poly-rel-def ideal.span-zero)
have [simp]: <(eqa, st'a) € code-status-status-rel =—>
(merge-cstatus cst eqa, merge-status cst’ st’a)
€ code-status-status-rely for eqa st’a
using AB
by (cases eqa; cases st'a)
(auto simp: code-status-status-rel-def)
have [simp]: «(merge-cstatus cst CSUCCESS, cst’) € code-status-status-rels
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using AB
by (cases st)
(auto simp: code-status-status-rel-def)
have [simp]: (252, 232a) € var-rel =
([([x32], —1::int)], — Var z32a) € fully-unsorted-poly-rel O mset-poly-rely for ©32 r32a
by (auto simp: mset-poly-rel-def fully-unsorted-poly-list-rel-def list-mset-rel-def br-def
unsorted-term-poly-list-rel-def var-rel-def Const-1-eq-1
introl: relcompl|of - {F#({#x324#}, —1 = int)#})
relcompl [of - <[({#x32#}, —1)]])
have H3: <p — Var a = (= Var a) + p» for p :: <int mpoly> and a
by auto
show ?thesis
using assms(2)
unfolding PAC-checker-I-step-def PAC-checker-step-def Ast Bst prod.case
apply (cases st; cases st’; simp only: p2rel-def pac-step.case
pac-step-rel-raw-def mem-Collect-eq prod.case pac-step-rel-raw.simps)
subgoal
apply (refine-rcg normalize-poly-normalize-poly-spec
check-mult-l1-check-mult check-addition-I-check-add
full-normalize-poly-diff-ideal)
subgoal using AB by auto
subgoal using AB by auto
subgoal by auto
subgoal by auto
subgoal by auto
subgoal by (auto intro: V)
apply assumption+
subgoal
by (auto simp: code-status-status-rel-def)
subgoal
by (auto intro!: fmap-rel-fmupd-fmap-rel
fmap-rel-fmdrop-fmap-rel AB)
subgoal using AB by auto
done
subgoal
apply (refine-rcg normalize-poly-normalize-poly-spec
check-mult-1I-check-mult check-addition-I-check-add
full-normalize-poly-diff-ideal[unfolded normalize-poly-spec-def[symmetric]])
subgoal using AB by auto
subgoal using AB by auto
subgoal using AB by auto
subgoal by auto
subgoal by auto
subgoal by auto
apply assumption+
subgoal
by (auto simp: code-status-status-rel-def)
subgoal
by (auto intro!: fmap-rel-fmupd-fmap-rel
fmap-rel-fmdrop-fmap-rel AB)
subgoal using AB by auto
done
subgoal
apply (refine-rcg full-normalize-poly-diff-ideal
check-extension-l-check-extension)
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subgoal using AB by (auto intro!: fully-unsorted-poly-rel-diff[of - «<— Var - :: int mpoly>, unfolded
H3[symmetric]] simp: comp-def case-prod-beta)
subgoal using AB by auto
subgoal using AB by auto
subgoal by auto
subgoal by auto
subgoal
by (auto simp: code-status-status-rel-def)
subgoal
by (auto simp: AB
intro!: fmap-rel-fmupd-fmap-rel insert-var-rel-set-rel)
subgoal
by (auto simp: code-status-status-rel-def AB
code-status.is-cfailed-def)
done
subgoal
apply (refine-rcg normalize-poly-normalize-poly-spec
check-del-1-check-del check-addition-1-check-add
full-normalize-poly-diff-ideal[unfolded normalize-poly-spec-def[symmetric]])
subgoal using AB by auto
subgoal using AB by auto
subgoal
by (auto introl: fmap-rel-fmupd-fmap-rel
fmap-rel-fmdrop-fmap-rel code-status-status-rel-def AB)
subgoal
by (auto intro!: fmap-rel-fmupd-fmap-rel
fmap-rel-fmdrop-fmap-rel AB)
done
done
qed

lemma code-status-status-rel-discrim-iff:
«(zla, zlc) € code-status-status-rel = is-cfailed x1la «— is-failed z1c
«(zla, zlc) € code-status-status-rel = is-cfound xla <— is-found xlc
by (cases xla; cases xlc; auto; fail)+

lemma PAC-checker-I-PAC-checker:
assumes
«(A, B) € (var-rel)set-rel X, fmap-polys-rel> and
«(st, st’) € (pac-step-rel)list-relsy and
«(spec, spec’) € sorted-poly-rel O mset-poly-rely and
(b, b") € code-status-status-rel»
shows
«PAC-checker-1 spec A b st < || (code-status-status-rel x,. {(var-rel)set-rel X, fmap-polys-rel) (PAC-checker
spec’ B b’ st’)
proof —
have [refine0]: <(((b, A), st), (b, B), st’) € ((code-status-status-rel X, {(var-rel)set-rel X, fmap-polys-rel)
X, (pac-step-rel)list-rel)>
using assms by (auto simp: code-status-status-rel-def)
show ?thesis
using assms
unfolding PAC-checker-I-def PAC-checker-def
apply (refine-rcg PAC-checker-l-step-PAC-checker-step
WHILEIT-refine[where R = «((bool-rel x,. (var-rel)set-rel x,. fmap-polys-rel) x, (pac-step-rel)list-rel)>])
subgoal by (auto simp: code-status-status-rel-discrim-iff)
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subgoal by auto
subgoal by (auto simp: neg-Nil-conv)
subgoal by (auto simp: neq-Nil-conv introl: param-nth)
subgoal by (auto simp: neq-Nil-conv)
subgoal by auto
done
qed

end

lemma in-var-order-rel-iff [code-unfold, no-atp]:
«(v1, v2) € var-order-rel <— List.lexordp (Ac1 c2. (of-char c1 :: nat) < of-char c2) vl v2»
by (simp add: lexordp-def var-order-rel-def less-char-def [abs-def] p2rel-def)

export-code add-poly-l’ in SML module-name test

definition full-checker-l
i ¢llist-polynomial = (nat, llist-polynomial) fmap = (-, string, nat) pac-step list =
(string code-status X -) nres
where
<full-checker-1 spec A st = do {
spec’ + full-normalize-poly spec;
(b, V, A) < remap-polys-l spec’ {} A4,
if is-cfailed b
then RETURN (b, V, A)
else do {
let V =V U vars-llist spec;
PAC-checker-1 spec’ (V, A) b st
¥
b

context poly-embed
begin

term normalize-poly-spec
thm full-normalize-poly-diff-ideal[unfolded normalize-poly-spec-def[symmetric]]
abbreviation unsorted-fmap-polys-rel where

cunsorted-fmap-polys-rel = (nat-rel, fully-unsorted-poly-rel O mset-poly-rel) fmap-rel

lemma full-checker-l-full-checker:
assumes
(A, B) € unsorted-fmap-polys-rel> and
«(st, st’) € (pac-step-rel)list-relsy and
(spec, spec’) € fully-unsorted-poly-rel O mset-poly-rels
shows
full-checker-1 spec A st < |} (code-status-status-rel x, (var-rel)set-rel X, fmap-polys-rel) (full-checker
spec’ B st')
proof —
have [refine]:
(spec, spec’) € sorted-poly-rel O mset-poly-rel =
WV, V') € (var-rel)set-rel =
remap-polys-l spec V A < |}(code-status-status-rel x, (var-rel)set-rel X, fmap-polys-rel)
(remap-polys-change-all spec’ V' B)» for spec spec’ V V'
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apply (rule remap-polys-l-remap-polys| THEN order-trans, OF assms(1)])
apply assumption+

apply (rule ref-two-step| OF order.refl])

apply (rule remap-polys-spec| THEN order-trans])

by (rule remap-polys-polynomial-bool-remap-polys-change-all)

show ?thesis

unfolding full-checker-I-def full-checker-def

apply (refine-reg remap-polys-l-remap-polys
full-normalize-poly-diff-ideal[unfolded normalize-poly-spec-def[symmetric]]
PAC-checker-l1-PAC-checker)

subgoal
using assms(3) .

subgoal by auto

subgoal by (auto simp: is-cfailed-def is-failed-def)

subgoal by auto

apply (rule fully-unsorted-poly-rel-extend-vars)

subgoal using assms(3) .

subgoal by auto

subgoal by auto

subgoal
using assms(2) by (auto simp: p2rel-def)

subgoal by auto

done

qed

lemma full-checker-I-full-checker':
<(uncurry2 full-checker-l, uncurry?2 full-checker) €
((fully-unsorted-poly-rel O mset-poly-rel) x, unsorted-fmap-polys-rel) X, (pac-step-rel)list-rel — ¢
((code-status-status-rel x,. {var-rel)set-rel X, fmap-polys-rel))nres-rels
apply (intro frefl nres-rell)
using full-checker-l-full-checker by force

end

definition remap-polys-12 :: <llist-polynomial = string set = (nat, llist-polynomial) fmap = - nres»
where
<remap-polys-12 spec = (AV A. do{
n < upper-bound-on-dom A;
b < RETURN (n > 2764);
if b
then do {
¢ < remap-polys-l-dom-err;
RETURN (error-msg (0 :nat) ¢, V, fmempty)

else do {
(b, V, A) < nfoldli ([0..<n]) (A-. True)
(Mi (b, V, A").
if i €# dom-m A
then do {
ASSERT (fmlookup A i # None);
p < full-normalize-poly (the (fmlookup A 1));
eq < weak-equality-l p spec;
V <~ RETURN (V U vars-llist (the (fmlookup A 7)));
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RETURN(b V eq, V, fmupd i p A')
} else RETURN (b, V, A')

(False, V, fmempty);
RETURN (if b then CFOUND else CSUCCESS, V, A)
}
Ik

lemma remap-polys-12-remap-polys-1:
<remap-polys-12 spec V A < || Id (remap-polys-l spec V A)»
proof —
have [refine]: «(4, A') € Id = upper-bound-on-dom A
< | {(n, dom). dom = set [0..<n]|} (SPEC (Adom. set-mset (dom-m A’) C dom A finite dom))> for
A A’
unfolding upper-bound-on-dom-def
apply (rule RES-refine)
apply (auto simp: upper-bound-on-dom-def)
done
have 1: <inj-on id dom> for dom
by auto
have 2: <z €# dom-m A =
z' €# dom-m A’ =
(z, ) € nat-rel =
(4, A) € Id =
full-normalize-poly (the (fmlookup A x))
<{Id
(full-normalize-poly (the (fmlookup A’ x')))»
for A Az 2’
by (auto)
have 3: «(n, dom) € {(n, dom). dom = set [0..<n]} =
([0..<n], dom) € (nat-rel)list-set-rel> for n dom
by (auto simp: list-set-rel-def br-def)
have 4: «(p,q) € Id =
weak-equality-l p spec < |Id (weak-equality-l q spec)> for p q spec
by auto

have 6: <a = b = (a, b) € Id> for a b
by auto
show ?thesis
unfolding remap-polys-12-def remap-polys-I-def
apply (refine-rcg LEO-refine[where R= <Id x, (Id)set-rel x, Id])
subgoal by auto
subgoal by auto
subgoal by auto
apply (rule 3)
subgoal by auto
subgoal by (simp add: in-dom-m-lookup-iff)
subgoal by (simp add: in-dom-m-lookup-iff)
apply (rule 2)
subgoal by auto
subgoal by auto
subgoal by auto
subgoal by auto
apply (rule 4; assumption)
apply (rule 6)
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subgoal by auto
subgoal by auto
subgoal by auto
subgoal by auto
subgoal by auto
done

qed

end

theory PAC-Checker-Relation
imports PAC-Checker WB-Sort Native- Word. Uint6,
begin

10 Various Refinement Relations

When writing this, it was not possible to share the definition with the IsaSAT version.

definition wint64-nat-rel :: (uint64 x nat) set where
<uint64-nat-rel = br nat-of-uint64 (A-. True)»

abbreviation wint64-nat-assn where
<uintb4-nat-assn = pure wint64-nat-rel

instantiation uint32 :: hashable

begin

definition hashcode-uint32 :: <uint32 = uint32) where
<hashcode-wint32 n = n»

definition def-hashmap-size-uint32 :: <uint32 itself = nat» where
<def-hashmap-size-uint32 = (A-. 16)»
— same as nat

instance
by standard (simp add: def-hashmap-size-uint32-def)

end

instantiation uint64 :: hashable
begin

context
includes bit-operations-syntax
begin

definition hashcode-uint6j :: <uintb4 = uint32) where
<hashcode-uint64 n = (uint32-of-nat (nat-of-uint64 ((n) AND ((2 :: wint64) 32 —1))))»

end

definition def-hashmap-size-uint64 :: <uint64 itself = nat> where
<def-hashmap-size-uwint64 = (A-. 16))
— same as nat

instance
by standard (simp add: def-hashmap-size-uint64-def)

end
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lemma word-nat-of-uint64-Rep-inject[simpl: <nat-of-uint6 ai = nat-of-uint6 bi «— ai = bi
by transfer (simp add: word-unat-eq-iff)

instance wint6j :: heap
by standard (auto simp: inj-def exl[of - nat-of-uint64])

instance wint64 :: semiring-numeral
by standard

lemma nat-of-uint64-012[simpl: «nat-of-wint64 0 = 0) <nat-of-uint6 2 = 2» <nat-of-uint64 1 = 1»
by (simp-all add: nat-of-uint64 .rep-eq zero-uint6] .rep-eq one-uint64 .rep-eq)

definition wint64-of-nat-conv where
[simp]: <uint64-of-nat-conv (z :: nat) = x

lemma less-upper-bintrunc-id: <n < 2 "b = n > 0 = take-bit b n = n» for n :: int
by (rule take-bit-int-eg-self)

lemma nat-of-uint6f-wint64-of-nat-id: <n < 2764 = nat-of-uint64 (uint64-of-nat n) = n»
by transfer (simp add: take-bit-nat-eq-self unsigned-of-nat)

lemma [sepref-fr-rules|:
(return o wint64-of-nat, RETURN o wint64-of-nat-conv) € [Aa. a < 2 644 nat-assn® — uint64-nat-assn>
by sepref-to-hoare
(sep-auto simp: wint6-nat-rel-def br-def nat-of-uint64-uint64-of-nat-id)

definition string-rel :: «(String.literal X string) set> where
«string-rel = {(z, y). y = String.explode x}>

abbreviation string-assn :: <string = String.literal = assn> where
<string-assn = pure string-rel

lemma eg-string-eq:
«((=), (=)) € string-rel — string-rel — bool-rel»
by (auto intro!: frefl simp: string-rel-def String.less-literal-def
less-than-char-def rel2p-def literal.explode-inject)

lemmas eg-string-eq-hnr =
eq-string-eq[sepref-import-param]

definition string2-rel :: «(string x string) set> where
string2-rel = (Id)list-rel>

abbreviation string2-assn :: (string = string = assny where
«string2-assn = pure string2-rel»

abbreviation monom-rel where
<monom-rel = (string-rel)list-rel>

abbreviation monom-assn where
«monom-assn = list-assn string-assn>

abbreviation monomial-rel where
«monomial-rel = monom-rel X, int-rel
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abbreviation monomial-assn where
(monomial-assn = monom-assn X, int-assny

abbreviation poly-rel where
<poly-rel = (monomial-rel)list-rels

abbreviation poly-assn where
<poly-assn = list-assn monomial-assn»

lemma poly-assn-alt-def:
<poly-assn = pure poly-rel>
by (simp add: list-assn-pure-conv)

abbreviation polys-assn where
<polys-assn = hm-fmap-assn wint64-nat-assn poly-assn)

lemma string-rel-string-assn:
«(1 ((¢, a) € string-rel)) = string-assn a ¢
by (auto simp: pure-app-eq)

lemma single-valued-string-rel:
<single-valued string-rel
by (auto simp: single-valued-def string-rel-def)

lemma IS-LEFT-UNIQUE-string-rel:
IS-LEFT-UNIQUE string-rel
by (auto simp: IS-LEFT-UNIQUE-def single-valued-def string-rel-def
literal.explode-inject)

lemma IS-RIGHT-UNIQUE-string-rel:
<IS-RIGHT-UNIQUE string-rel»
by (auto simp: single-valued-def string-rel-def
literal. explode-inject)

lemma single-valued-monom-rel: <single-valued monom-rel>
by (rule list-rel-sv)
(auto intro!: frefl simp: string-rel-def
rel2p-def single-valued-def p2rel-def)

lemma single-valued-monomial-rel:
«single-valued monomial-rel
using single-valued-monom-rel
by (auto introl: frefl simp:
rel2p-def single-valued-def p2rel-def)

lemma single-valued-monom-rel”: <IS-LEFT-UNIQUE monom-rels
unfolding IS-LEFT-UNIQUE-def inv-list-rel-eq string2-rel-def
by (rule list-rel-sv)+
(auto introl: frefl simp: string-rel-def
rel2p-def single-valued-def p2rel-def literal.explode-inject)

lemma single-valued-monomial-rel:
IS-LEFT-UNIQUE monomial-rel
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using single-valued-monom-rel’
unfolding IS-LEFT-UNIQUE-def inv-list-rel-eq
by (auto intro!: frefl simp:

rel2p-def single-valued-def p2rel-def)

lemma [safe-constraint-rules|:
«Sepref-Constraints. CONSTRAINT single-valued string-rel)
«Sepref-Constraints. CONSTRAINT IS-LEFT-UNIQUE string-rel»
by (auto simp: CONSTRAINT-def single-valued-def
string-rel-def 1S-LEFT-UNIQUE-def literal.explode-inject)

lemma eg-string-monom-hnr(sepref-fr-rules|:
(uncurry (return oo (=)), uncurry (RETURN oo (=))) € monom-assn
using single-valued-monom-rel’ single-valued-monom-rel
unfolding list-assn-pure-conv
by sepref-to-hoare
(sep-auto simp: list-assn-pure-conv string-rel-string-assn
single-valued-def IS-LEFT-UNIQUE-def
dest!: mod-starD
simp flip: inv-list-rel-eq)

k %, monom-assn® —, bool-assn>

definition term-order-rel’ where
[simp]: <term-order-rel’ © y = ((z, y) € term-order-rel)»

lemma term-order-rel[def-pat-rules:
«(€)$(x,y)$term-order-rel = term-order-rel’$x$y>
by auto

lemma term-order-rel-alt-def:
<term-order-rel = lexzord (p2rel char.lexordp)
by (auto simp: p2rel-def char.lexordp-conv-lexord var-order-rel-def intro!: arg-conglof - - lexord))

instantiation char :: linorder
begin
definition less-char where [symmetric, simp|: less-char = PAC-Polynomials-Term.less-char
definition less-eq-char where [symmetric, simp|: less-eq-char = PAC-Polynomials-Term.less-eq-char
instance
apply standard
using char.linorder-axioms
by (auto simp: class.linorder-def class.order-def class.preorder-def
less-eq-char-def less-than-char-def class.order-azioms-def
class.linorder-azioms-def p2rel-def less-char-def)
end

instantiation list :: (linorder) linorder

begin
definition less-list where less-list = lexordp (<)
definition less-eq-list where less-eq-list = lexordp-eq

instance

proof standard
have [dest]: <Az y :: 'a :: linorder list. (z, y) € lezord {(z, y). z < y} =
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lexzordp-eq y © =—> Fulse)
by (metis lezordp-antisym lexordp-conv-lezord lexordp-eq-conv-lexord)
have [simp]: <Az y :: ‘a :: linorder list. lexordp-eq x y —>
= lexordp-eq y 1 =
(z, y) € lexord {(z, y). < yp
using lexordp-conv-lexord lexordp-conv-lexordp-eq by blast
show
«(x < y) = Restricted-Predicates.strict (<) z y»

r < T
ix<y—y<z—ur<2
i <ly=—=y<zr=—zs=1
< yVvVy<lo

for x y z :: <a :: linorder list)
by (auto simp: less-list-def less-eqg-list-def List.lexordp-def
lezordp-conv-lexord lexordp-into-lexordp-eq lexordp-antisym
antisym-def lexordp-eq-refl lexordp-eq-linear intro: lexordp-eq-trans
dest: lexordp-eq-antisym)

qed

end

lemma term-order-rel’-alt-def-lexord:
<term-order-rel’ z y = ord-class.lezordp = 3> and
term-order-rel’-alt-def:
<term-order-rel’ z y «— x < 1
proof —
show
<term-order-rel’ z y = ord-class.lexordp z y»
<term-order-rel’ Ty «— x <
by (auto simp: lexordp-conv-lexord less-eqg-list-def
less-list-def lexordp-def var-order-rel-def
rel2p-def term-order-rel-alt-def p2rel-def)
qed

lemma list-rel-list-rel-order-iff:
assumes ((a, b) € (string-rel)list-rely «(a’, b') € (string-rel)list-rel>
shows <a < a’ +— b < b
proof
have H: «(a, b) € (string-rel)list-rel =
(a, cs) € (string-rel)list-rel = b = cs» for cs
using single-valued-monom-rel’ IS-RIGHT-UNIQUE-string-rel
unfolding string2-rel-def
by (subst (asm)list-rel-sv-iff [symmetric])
(auto simp: single-valued-def)
assume <a < a”
then consider
u u’ where <a’' = a @ u # u’ |
uw aa v w aca where <a = v Q aa # v» <a’ = u Q aaa # w <aa < aaa>
by (subst (asm) less-list-def)
(auto simp: lexord-def List.lexordp-def
list-rel-appendl list-rel-split-right-iff )
then show b < b%
proof cases
case I
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then show b < b"
using assms
by (subst less-list-def)
(auto simp: lexord-def List.lexordp-def
list-rel-append1 list-rel-split-right-iff dest: H)
next
case 2
then obtain v’ aa’ v/ w' aaa’ where
b =u'Q aa’ # v b’ = v’ Q aaa’ # wh
«(aa, aa’) € string-rel»
«(aaa, aaa’) € string-rel>
using assms
by (smt (verit) list-rel-appendl list-rel-split-right-iff single-valued-def single-valued-monom-rel)
with <aa < aaa> have <aa’ < aaa’
by (auto simp: string-rel-def less-literal.rep-eq less-list-def
lexordp-conv-lexord lexordp-def char.lexordp-conv-lexord
simp flip: less-char-def PAC-Polynomials-Term.less-char-def)
then show (b < b
using b = v’ Q aa’ # v b’ = u’ Q aaa’ # w
by (subst less-list-def)
(fastforce simp: lexord-def List.lexordp-def
list-rel-append1 list-rel-split-right-iff’)
qed
next
have H: «(a, b) € (string-rel)list-rel —>
(a’, b) € (string-rel)list-rel = a = a’» for a a’ b
using single-valued-monom-rel’
by (auto simp: single-valued-def IS-LEFT-UNIQUE-def
stmp flip: inv-list-rel-eq)
assume b < b”
then consider
u u’ where <b'=b Q@ u # u' |
u aa v w aaq where <b = 4 Q aa # v b’ = u Q aaa # w <aa < aaa>
by (subst (asm) less-list-def)
(auto simp: lexord-def List.lexordp-def
list-rel-append1 list-rel-split-right-iff)
then show <a < a”
proof cases
case I
then show <a < a”
using assms
by (subst less-list-def)
(auto simp: lexord-def List.lexordp-def
list-rel-append?2 list-rel-split-left-iff dest: H)
next
case 2
then obtain u’ aa’ v/ w' aaa’ where
<a=1u' Q@ aa’ # v» <a’ = u' Q aaa’ # wh
«(aa', aa) € string-rel>
«(aaa’, aaa) € string-rel>
using assms
by (auto simp: lexord-def List.lexordp-def
list-rel-append?2 list-rel-split-left-iff dest: H)
with <aa < aaa) have <aa’ < aaa’
by (auto simp: string-rel-def less-literal.rep-eq less-list-def

154



lexordp-conv-lexzord lexordp-def char.lexordp-conv-lexord
simp flip: less-char-def PAC-Polynomials-Term.less-char-def)
then show (a < a”

using (a = v’ Q aa’ # v) <o’ = v’ Q aaa’ # wh

by (subst less-list-def)
(fastforce simp: lexord-def List.lexordp-def
list-rel-appendl list-rel-split-right-iff)

qed
qed

lemma string-rel-le[sepref-import-param]:
shows (((<), (<)) € (string-rel)list-rel — (string-rel)list-rel — bool-rels
by (auto intro!: fun-rell simp: list-rel-list-rel-order-iff)

lemma [sepref-import-param):

assumes (CONSTRAINT IS-LEFT-UNIQUE Ry (CONSTRAINT IS-RIGHT-UNIQUE R
shows ¢(removel, removel) € R — (R)list-rel — (R)list-rel>
apply (intro fun-rell)
subgoal premises p for z y xs ys

using p(2) p(1) assms

by (induction zs ys rule: list-rel-induct)

(auto simp: IS-LEFT-UNIQUE-def single-valued-def)

done

instantiation pac-step :: (heap, heap, heap) heap
begin

instance
proof standard
obtain f :: <‘a = nat> where
i <aing
by blast
obtain g :: <nat X nat X nat X nat X nat = nat> where
g: nj @
by blast
obtain 4 :: <'b = nat) where
h: <inj h»
by blast
obtain 7 :: <c = nat> where
1 <ing B
by blast
have [iffl: <ga=gb+— a=bha’"=hb"+— a"=b" (fa'=fb +— a’'=10b"
(Z' a//l — Z‘ b/l/ — a/// — b///> for a b a/ b/ a// b// 0,”/ b/l/
using f g h i unfolding inj-def by blast+
let 2f = Az :: (‘a, 'b, '¢) pac-step.
g (case x of
Add abcd= (0,ia, ib, ic, fd)
| Del a = (1,ia, 0, 0, 0)
| Multabed= (2,4ia,fb, ic fd)
| Extension a b c = (3,4 a, fc, 0, h b))
have <inj ?f»
apply (auto simp: inj-def)
apply (case-tac z; case-tac y)
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apply auto
done
then show «3f :: (‘a, 'b, 'c) pac-step = nat. inj f>
by blast
qed

end

end

theory PAC-Assoc-Map-Rel
imports PAC-Map-Rel

begin

11 Hash Map as association list
type-synonym ('k, 'v) hash-assoc = «('k x 'v) list)

definition hassoc-map-rel-raw :: <(('k, 'v) hash-assoc x -) sety where
<hassoc-map-rel-raw = br map-of (A-. True)»

abbreviation hassoc-map-assn :: <('"k = 'v option) = ('k, 'v) hash-assoc = assn) where
<hassoc-map-assn = pure (hassoc-map-rel-raw)>

lemma hassoc-map-rel-raw-empty|simp]:
«([], m) € hassoc-map-rel-raw «— m = Map.empty>
«(p, Map.empty) € hassoc-map-rel-raw <— p = [
<hassoc-map-assn Map.empty [| = emp)
by (auto simp: hassoc-map-rel-raw-def br-def pure-def)

definition hassoc-new :: «('k, "v) hash-assoc Heap>where
<hassoc-new = return [

lemma precise-hassoc-map-assn: <precise hassoc-map-assn»
by (auto intro!: precise-pure)
(auto simp: single-valued-def hassoc-map-rel-raw-def

br-def)

definition hassoc-isEmpty :: ('k x 'v) list = bool Heap where
hassoc-isEmpty ht = return (length ht = 0)

interpretation hassoc: bind-map-empty hassoc-map-assn hassoc-new
by unfold-locales
(auto intro: precise-hassoc-map-assn
simp: ent-refl-true hassoc-new-def
intro!: return-cons-rule)

interpretation hassoc: bind-map-is-empty hassoc-map-assn hassoc-isEmpty
by unfold-locales
(auto simp: precise-hassoc-map-assn hassoc-isEmpty-def ent-refl-true
introl: precise-pure return-cons-rule)

definition op-assoc-empty = IICF-Map.op-map-empty
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interpretation hassoc: map-custom-empty op-assoc-empty
by unfold-locales (simp add: op-assoc-empty-def)

lemmas [sepref-fr-rules] = hassoc.empty-hnr|folded op-assoc-empty-def]

definition hassoc-update :: 'k = v = ('k, 'v) hash-assoc = ('k, 'v) hash-assoc Heap where
hassoc-update k v ht = return ((k, v ) # ht)

lemma hassoc-map-assn-Cons:
<hassoc-map-assn (m) (p) =4 hassoc-map-assn (m(k — v)) ((k, v) # p) * true>
by (auto simp: hassoc-map-rel-raw-def pure-def br-def)

interpretation hassoc: bind-map-update hassoc-map-assn hassoc-update
by unfold-locales
(auto intro!: return-cons-rule
stmp: hassoc-update-def hassoc-map-assn-Cons)

definition hassoc-delete :: <'k = ('k, 'v) hash-assoc = ('k, 'v) hash-assoc Heap)> where
<hassoc-delete k ht = return (filter (A(a, b). a # k) ht)»

lemma hassoc-map-of-filter-all:
«map-of p | (— {k}) = map-of (filter (A(a, b). a # k) p)
apply (induction p)
apply (auto simp: restrict-map-def fun-eq-iff split: if-split)
apply presburger+
done

lemma hassoc-map-assn-hassoc-delete: <<hassoc-map-assn m p> hassoc-delete k p <hassoc-map-assn
(m | (~ {k})>0
by (auto simp: hassoc-delete-def hassoc-map-rel-raw-def pure-def br-def
hassoc-map-of-filter-all
introl: return-cons-rule)

interpretation hassoc: bind-map-delete hassoc-map-assn hassoc-delete
by unfold-locales
(auto intro: hassoc-map-assn-hassoc-delete)

definition hassoc-lookup :: <’k = ('k, 'v) hash-assoc = 'v option Heap> where
<hassoc-lookup k ht = return (map-of ht k)»

lemma hassoc-map-assn-hassoc-lookup:
<< hassoc-map-assn m p> hassoc-lookup k p <Ar. hassoc-map-assn m p x T (r = m k)>p
by (auto simp: hassoc-lookup-def hassoc-map-rel-raw-def pure-def br-def
hassoc-map-of-filter-all
introl: return-cons-rule)

interpretation hassoc: bind-map-lookup hassoc-map-assn hassoc-lookup
by unfold-locales

(rule hassoc-map-assn-hassoc-lookup)

setup Locale-Code.open-block
interpretation hassoc: gen-contains-key-by-lookup hassoc-map-assn hassoc-lookup
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by unfold-locales
setup Locale-Code.close-block

interpretation hassoc: bind-map-contains-key hassoc-map-assn hassoc.contains-key
by unfold-locales

11.1 Conversion from assoc to other map

definition hash-of-assoc-map where
<hash-of-assoc-map zs = fold (A(k, v) m. if m k # None then m else m(k — v)) xzs Map.empty)

lemma map-upd-map-add-left:
(m(a +— b) ++ m' = m ++ (if a ¢ dom m’ then m’(a +— b) else m')>
proof —
have <m’ a = Some y = m(a — b) ++ m' = m ++ m’ for y
by (metis (no-types) fun-upd-triv fun-upd-upd map-add-assoc map-add-empty map-add-upd
map-le-iff-map-add-commute)
then show ?thesis
by auto
qed

lemma fold-map-of-alt:
fold (A(k, v) m. if m k # None then m else m(k — v)) zs m’ = map-of xs ++ m”
by (induction xs arbitrary: m’)
(auto simp: map-upd-map-add-left)

lemma map-of-alt-def:
<map-of rs = hash-of-assoc-map xs»
using fold-map-of-alt[of xs Map.empty)
unfolding hash-of-assoc-map-def
by auto

definition hashmap-conv where
[simp]: <hashmap-conv T = x>

lemma hash-of-assoc-map-id:
¢<(hash-of-assoc-map, hashmap-conv) € hassoc-map-rel-raw — Id>
by (auto intro!: fun-rell simp: hassoc-map-rel-raw-def br-def map-of-alt-def)

definition hassoc-map-rel where
hassoc-map-rel-internal-def:
<hassoc-map-rel K V = hassoc-map-rel-raw O (K,V)map-rels

lemma hassoc-map-rel-def:
(K,V) hassoc-map-rel = hassoc-map-rel-raw O (K,V)map-rely
unfolding relAPP-def hassoc-map-rel-internal-def
by auto

end

theory PAC-Checker-Init
imports PAC-Checker WB-Sort PAC-Checker-Relation
begin

158



12 Initial Normalisation of Polynomials

12.1 Sorting

Adapted from the theory HOL—ez. MergeSort by Tobias Nipkow. We did not change much, but
we refine it to executable code and try to improve efficiency.

fun merge :: - = 'a list = 'a list = 'a list
where
merge | (c4kos) (ybys) =
(if f z y then x # merge f xs (y#ys) else y # merge [ (z#xs) ys)
| merge fas [] = xs
| merge f[] ys = ys

lemma mset-merge [simp]:
mset (merge f xs ys) = mset s + mset ys
by (induct f xs ys rule: merge.induct) (simp-all add: ac-simps)

lemma set-merge [simp):
set (merge f xs ys) = set s U set ys
by (induct f xs ys rule: merge.induct) auto

lemma sorted-merge:
transp f = (Nzy. fzyV fyz) =
sorted-wrt f (merge f xs ys) «— sorted-wrt f xs N\ sorted-wrt f ys
apply (induct f xs ys rule: merge.induct)
apply (auto simp add: ball-Un not-le less-le dest: transpD)
apply blast
apply (blast dest: transpD)

done
fun msort :: - = ‘a list = 'a list
where

msort f [| = ]
| msort f [z] = [z]

| msort f xs = merge f
(msort f (take (size xs div 2) xs))
(msort f (drop (size zs div 2) xs))

fun swap-ternary :: <-=nat=nat= (‘a x ‘a x 'a) = (‘a x 'a x 'a)» where
<swap-ternary f mn =

(if (im=0An=1)

then (A(a, b, ¢). if fa b then (a, b, c)
else (b,a,c))

elseif (m =0 An=2)

then (A(a, b, ¢). if f a ¢ then (a, b, ¢)
else (¢,b,a))

elseif (m=1An=2)

then (A(a, b, ¢). if f b c then (a, b, ¢)
else (a,c,b))

else (M(a, b, ¢). (a,b,c)))

fun msort2 1 - = 'a list = 'a list
where

msort2 f || = ]
| msort2 f [x] = [z]
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| msort2 f [z,y] = (if f z y then [z,y] else [y,z])

| msort2 f xs = merge f
(msort [ (take (size xs div 2) xs))
(msort [ (drop (size xs div 2) xs))

lemma msort2-code [code]:

«msort2 f [| = [P

«msort2 f [z] = [z

«msort2 f [z, y] = (if fz y then [z, y] else [y, z])»

«msort2 f (v # vb # va # vd) =
PAC-Checker-Init.merge f (msort f (v # take (Suc (length vd) div 2) (vb # va # vd)))
(msort f (drop (Suc (length vd) div 2) (vb # va # vd)))»

by simp-all

lemma msort-msort2:
fixes xs :: <‘a :: linorder list)
shows (msort (<) zs = msort2 (<) xs)
apply (induction «(<) :: 'a = 'a = booly zs rule: msort2.induct)
apply (auto dest: transpD)
done

lemma sorted-msort:
transp f = (N\zy. fzyV fyz) =
sorted-wrt f (msort f xs)
by (induct f xs rule: msort.induct) (simp-all add: sorted-merge)

lemma mset-msort|simp]:
mset (msort f xs) = mset s
by (induction f zs rule: msort.induct)
(simp-all add: union-code)

12.2 Sorting applied to monomials

lemma merge-coeffs-alt-def:
((RETURN o merge-coeffs) p =
RECT (M p.
(case p of
| = RETURN ||
| [ => RETURN p
| ((zs, n) # (ys, m) # p) =
(if zs = ys
then if n + m # 0 then f ((zs, n + m) # p) else fp
else do {p < f ((ys, m) # p); RETURN ((zs, n) # p)})))
D
apply (induction p rule: merge-coeffs.induct)
subgoal by (subst RECT-unfold, refine-mono) auto
subgoal by (subst RECT-unfold, refine-mono) auto
subgoal for z p y ¢
by (subst RECT-unfold, refine-mono)
(smt case-prod-conv list.simps(5) merge-coeffs.simps(8) nres-monadl
push-in-let-conv(2))
done

lemma hn-invalid-recover:

ds-pure R = hn-invalid R = (Az y. R z y * true)
das-pure R = invalid-assn R = (Az y. R z y * true)»
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by (auto simp: is-pure-conv invalid-pure-recover hn-ctzt-def introl: ext)

lemma safe-poly-vars:
shows
[safe-constraint-rules]:
is-pure (poly-assn) and
[safe-constraint-rules):
is-pure (monom-assn) and
[safe-constraint-rules):
is-pure (monomial-assn) and
[safe-constraint-rules]:
is-pure string-assn
by (auto intro!: pure-prod list-assn-pure simp: prod-assn-pure-conv)

lemma invalid-assn-distrib:
<invalid-assn monom-assn X, invalid-assn int-assn = invalid-assn (monom-assn X, int-assn)»
apply (simp add: invalid-pure-recover hn-invalid-recover
safe-constraint-rules)
apply (subst hn-invalid-recover)
apply (rule safe-poly-vars(2))
apply (subst hn-invalid-recover)
apply (rule safe-poly-vars)
apply (auto intro!: ext)
done

P

lemma WTF-RF-recover:
<hn-ctat (invalid-assn monom-assn X, invalid-assn int-assn) xb
z'a V4
hn-ctzt monomial-assn zb x'a =>4
hn-ctzt (monomial-assn) zb z'a
by (smt assn-aci(5) hn-ctat-def invalid-assn-distrib invalid-pure-recover is-pure-conv
merge-thms(4) merge-true-star reorder-enttl safe-poly-vars(3) star-aci(2) star-aci(3))

lemma WTF-RF:

<hn-ctat (invalid-assn monom-assn X, invalid-assn int-assn) xb x’a *
(hn-invalid poly-assn la l'a * hn-invalid int-assn a2’ a2 *
hn-invalid monom-assn al’ al *
hn-invalid poly-assn 11" *
hn-invalid monomial-assn za x’ *
hn-invalid poly-assn ax pxr) =
hn-ctzt (monomial-assn) zb z'a *
hn-ctzt poly-assn
la l'a
hn-ctxt poly-assn 11’ %
(hn-invalid int-assn a2’ a2 *
hn-invalid monom-assn al’ al *
hn-invalid monomial-assn za x’ *
hn-invalid poly-assn azx px)»

<hn-ctat (invalid-assn monom-assn X, invalid-assn int-assn) za z' *
(hn-ctzt poly-assn 11’ x hn-invalid poly-assn ax pr) =
hn-ctzt (monomial-assn) xza ©' %
hn-ctxt poly-assn 11’ *
hn-ctzt poly-assn ax px *
emp»

by sepref-dbg-trans-step+
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The refinement frameword is completely lost here when synthesizing the constants — it does not
understant what is pure (actually everything) and what must be destroyed.

sepref-definition merge-coeffs-impl

is t(RETURN o merge-coeffs»

it (poly-assn® —, poly-assn)

supply [[goals-limit=1]]

unfolding merge-coeffs-alt-def
HOL-list.fold-custom-empty poly-assn-alt-def

apply (rewrite in <-» annotate-assn[where A=<poly-assn»])

apply sepref-dbg-preproc

apply sepref-dbg-cons-init

apply sepref-dbg-id

apply sepref-dbg-monadify

apply sepref-dbg-opt-init

apply (rule WTF-RF | sepref-dbg-trans-step)+

apply sepref-dbg-opt

apply sepref-dbg-cons-solve

apply sepref-dbg-cons-solve

apply sepref-dbg-constraints

done

definition full-quicksort-poly where
full-quicksort-poly = full-quicksort-ref (Axy. x =y V (z, y) € term-order-rel) fst»

lemma down-eg-id-list-rel: < ({Id)list-rel) = = >
by auto

definition quicksort-poly:: <nat = nat = llist-polynomial = (llist-polynomial) nres> where
cquicksort-poly x y z = quicksort-ref (<) fst (z, y, 2)»

term partition-between-ref

definition partition-between-poly :: <nat = nat = llist-polynomial = (llist-polynomial x nat) nres»
where
<partition-between-poly = partition-between-ref (<) fst»

definition partition-main-poly :: <nat = nat = llist-polynomial = (llist-polynomial x nat) nres> where
<partition-main-poly = partition-main (<) fst

lemma string-list-trans:
«(za ::char list list, ya) € lexzord (lexzord {(z, y). © < y}) =
(ya, z) € lexord (lexord {(z, y). z < y}) =
(za, z) € lexord (lexord {(z, y). © < y})»
by (smt (verit) less-char-def char.less-trans less-than-char-def lexord-partial-trans p2rel-def)

lemma full-quicksort-sort-poly-spec:
<(full-quicksort-poly, sort-poly-spec) € (Id)list-rel —; ((Id)list-rel)nres-rel>
proof —
have xs: <(xs, zs) € (Id)list-rel> and «}((Id)list-rel) x = x> for = xs
by auto
show ?thesis
apply (intro frefl nres-rell)
unfolding full-quicksort-poly-def
apply (rule full-quicksort-ref-full-quicksort[ THEN fref-to-Down-curry, THEN order-trans])
subgoal
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by (auto simp: rel2p-def var-order-rel-def p2rel-def Relation.total-on-def
dest: string-list-trans)
subgoal
using total-on-lexord-less-than-char-linear[unfolded var-order-rel-def]
apply (auto simp: rel2p-def var-order-rel-def p2rel-def Relation.total-on-def less-char-def)
done
subgoal by fast
apply (rule zs)
apply (subst down-eq-id-list-rel)
unfolding sorted-wrt-map sort-poly-spec-def
apply (rule full-quicksort-correct-sortedjwhere R = «(Az y. z = y V (z, y) € term-order-rel)) and
h = «fsty,
THEN order-trans))
subgoal
by (auto simp: rel2p-def var-order-rel-def p2rel-def Relation.total-on-def dest: string-list-trans)
subgoal for z y
using total-on-lexord-less-than-char-linear[unfolded var-order-rel-def]
apply (auto simp: rel2p-def var-order-rel-def p2rel-def Relation.total-on-def
less-char-def)
done
subgoal
by (auto simp: rel2p-def p2rel-def)
done
qed

12.3 Lifting to polynomials

definition merge-sort-poly :: <-» where
«merge-sort-poly = msort (Aa b. fst a < fst b)»

definition merge-monoms-poly :: <-» where
«merge-monoms-poly = msort (<))

definition merge-poly :: <-» where
«merge-poly = merge (Aa b. fst a < fst b)»

definition merge-monoms :: <-» where
«merge-monoms = merge (<))

definition msort-poly-impl :: <(String.literal list X int) list = -» where
«msort-poly-impl = msort (Aa b. fst a < fst b)»

definition msort-monoms-impl :: «(String.literal list) = -» where
«msort-monoms-impl = msort (<))

lemma msort-poly-impl-alt-def:
<msort-poly-impl s =
(case xs of
=1
| [a] = [d]
| [a,b] = if fst a < fst b then [a,b]else [b,a]
| s = merge-poly
(msort-poly-impl (take ((length xs) div 2) xs))
(msort-poly-impl (drop ((length xs) div 2) zs)))
unfolding msort-poly-impl-def
apply (auto split: list.splits simp: merge-poly-def)
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done

lemma le-term-order-rel”:
()= Az y. =y V term-order-rel’ x y)»
apply (intro ext)
apply (auto simp add: less-list-def less-eq-list-def

lexzordp-eq-conv-lexord lexzordp-def)

using term-order-rel’-alt-def-lexord term-order-rel’-def apply blast
using term-order-rel’-alt-def-lexord term-order-rel’-def apply blast
done

fun lexord-eq where

lezord-eq || - = True» |
lexord-eq (x # xs) (y # ys) = (x < y V (z = y A lexord-eq zs ys))> |
lexord-eq - - = Fualse)

lemma [simp):
lezord-eq || [| = True)
lexzord-eq (a # b)[] = False
dexord-eq [| (a # b) = True
apply auto
done

lemma var-order-rel’:
(L) = Az y. z =y V (z,y) € var-order-rel)
by (intro ext)
(auto simp add: less-list-def less-eq-list-def
lezordp-eq-conv-lexord lexordp-def var-order-rel-def
lexordp-conv-lexord p2rel-def)

lemma var-order-rel’”
«(z,y) € var-order-rel «— x < y»
by (metis leD less-than-char-linear lexord-linear neg-iff var-order-rel’ var-order-rel-antisym
var-order-rel-def)

lemma lexord-eq-alt-defl1:
<a < b= lexord-eq a by for a b :: <String.literal list>
unfolding le-term-order-rel’
apply (induction a b rule: lexord-eq.induct)
apply (auto simp: var-order-rel’’ less-eq-list-def)
done

lemma lexord-eg-alt-def2:
<«(RETURN oo lexord-eq) xs ys =
RECT (Mf (as, ys).
case (zs, ys) of
(I, -) = RETURN True
| (& # a5, y # 95) =
if v < y then RETURN True
else if x = y then f (xs, ys) else RETURN Fulse
| - = RETURN Fulse)
(zs, ys)»
apply (subst eq-commute)
apply (induction xs ys rule: lexord-eq.induct)
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subgoal by (subst RECT-unfold, refine-mono) auto
subgoal by (subst RECT-unfold, refine-mono) auto
subgoal by (subst RECT-unfold, refine-mono) auto
done

definition var-order’ where
[simp]: <var-order’ = var-order»

lemma var-order-rel[def-pat-rules|:
«(€)$(x,y)$var-order-rel = var-order'$z$y>
by (auto simp: p2rel-def rel2p-def)

lemma var-order-rel-alt-def:
<var-order-rel = p2rel char.lexordp)
apply (auto simp: p2rel-def char.lexordp-conv-lexord var-order-rel-def)
using char.lexordp-conv-lexord apply auto
done

lemma var-order-rel-var-order:
«(z, y) € var-order-rel «— var-order x y»
by (auto simp: rel2p-def)

lemma var-order-string-le[sepref-import-param)]:

«((<), var-order’) € string-rel — string-rel — bool-rel

apply (auto intro: frefl simp: string-rel-def String.less-literal-def
rel2p-def linorder.lexordp-conv-lexord|OF char.linorder-azioms,
unfolded less-eq-char-def] var-order-rel-def
p2rel-def
simp flip: PAC-Polynomials-Term.less-char-def)

using char.lexordp-conv-lexord apply auto

done

lemma [sepref-import-param):
«( (), (X)) € monom-rel — monom-rel —bool-rel
apply (intro fun-rell)
using list-rel-list-rel-order-iff by fastforce

lemma [sepref-import-param):
«( (<), (<)) € string-rel — string-rel —bool-rel»
proof —
have [iff]: <ord.lexordp (<) (literal.explode a) (literal.explode aa) <—
List.lexordp (<) (literal.explode a) (literal.explode aa)» for a aa
apply (rule iffT)
apply (metis PAC-Checker-Relation.less-char-def char.lexordp-conv-lexord less-list-def
p2rel-def var-order-rel’’ var-order-rel-def)
apply (metis PAC-Checker-Relation.less-char-def char.lexordp-conv-lexzord less-list-def
p2rel-def var-order-rel”’ var-order-rel-def)
done
show ?thesis
unfolding string-rel-def less-literal.rep-eq less-than-char-def
less-eq-list-def PAC-Polynomials-Term.less-char-def[symmetric]
by (intro fun-rell)
(auto simp: string-rel-def less-literal.rep-eq
less-list-def char.lexordp-conv-lexord lexordp-eq-refl
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lexordp-eq-conv-lezord)
qed

lemma lexordp-char-char: <ord-class.lexordp = char.lexordpy
unfolding char.lexordp-def ord-class.lexordp-def

by (rule arg-conglof - - Ifp))
(auto introl: ext)

lemma [sepref-import-param]:

( (), (X)) € string-rel — string-rel —bool-rel>

unfolding string-rel-def less-eq-literal.rep-eq less-than-char-def
less-eq-list-def PAC-Polynomials-Term.less-char-def[symmetric]

by (intro fun-rell)

(auto simp: string-rel-def less-eq-literal.rep-eq less-than-char-def
less-eq-list-def char.lexordp-eq-conv-lexord lexordp-eq-refi
lexordp-eq-conv-lexord lexordp-char-char
simp flip: less-char-def|abs-def])

sepref-register lexord-eq
sepref-definition lexord-eq-term
is «uncurry (RETURN oo lexord-eq)»
22 ¢monom-assn® x, monom-assn® —, bool-assny
supply|[goals-limit=1]]
unfolding lexord-eq-alt-def2
by sepref

declare lexord-eq-term.refine[sepref-fr-rules]

lemmas [code del] = msort-poly-impl-def msort-monoms-impl-def
lemmas [code] =
msort-poly-impl-def [unfolded lexord-eq-alt-def1 [abs-def]]
msort-monoms-impl-def [unfolded msort-msort2]

lemma term-order-rel-trans:
«(a, aa) € term-order-rel =
(aa, ab) € term-order-rel = (a, ab) € term-order-rely
by (metis PAC-Checker-Relation.less-char-def p2rel-def string-list-trans var-order-rel-def)

lemma merge-sort-poly-sort-poly-spec:
(RETURN o merge-sort-poly, sort-poly-spec) € (Id)list-rel —y ((Id)list-rel)nres-rel>
unfolding sort-poly-spec-def merge-sort-poly-def
apply (intro frefl nres-rell)
using total-on-lexord-less-than-char-linear var-order-rel-def
by (auto intro!: sorted-msort simp: sorted-wrt-map rel2p-def
le-term-order-rel’ transp-def dest: term-order-rel-trans)

lemma msort-alt-def:
(RETURN o (msort f) =
RECT (Mg ws.
case xs of
| = RETURN ||
| [z] = RETURN |[z]
| - = do{
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a < g (take (size zs div 2) xs);
b + g (drop (size xs div 2) xs);
RETURN (merge fa b)})»
apply (intro ext)
unfolding comp-def
apply (induct-tac f x rule: msort.induct)
subgoal by (subst RECT-unfold, refine-mono) auto
subgoal by (subst RECT-unfold, refine-mono) auto
subgoal
by (subst RECT-unfold, refine-mono)
(smt (verit) let-to-bind-conv list.simps(5) msort.simps(3))
done

lemma monomial-rel-order-map:
«(z, a, b) € monomial-rel =
(y, aa, bb) € monomial-rel =
fstx < fsty «— a < aa>
apply (cases x; cases y)
apply auto
using list-rel-list-rel-order-iff by fastforce+

lemma step-rewrite-pure:
fixes K :: <(’olbl x 'Ibl) set»
shows
<pure (p2rel ((K, V, R)pac-step-rel-raw)) = pac-step-rel-assn (pure K) (pure V) (pure R)»
<monomial-assn = pure (monom-rel X, int-rel)y and
poly-assn-list:
<poly-assn = pure ((monom-rel X, int-rel)list-rel)
subgoal
apply (intro ext)
apply (case-tac z; case-tac za)
apply (auto simp: relAPP-def p2rel-def pure-def)
done
subgoal H
apply (intro ext)
apply (case-tac z; case-tac za)
by (simp add: list-assn-pure-conv)
subgoal
unfolding H
by (simp add: list-assn-pure-conv relAPP-def)
done

lemma safe-pac-step-rel-assn[safe-constraint-rules|:
is-pure K = is-pure V = is-pure R = is-pure (pac-step-rel-assn K V R)
by (auto simp: step-rewrite-pure(1)[symmetric] is-pure-conv)

lemma merge-poly-merge-poly:
<(merge-poly, merge-poly)
€ poly-rel — poly-rel — poly-rel>
unfolding merge-poly-def
apply (intro fun-rell)
subgoal for a a’ aa a’a
apply (induction «(A(a :: String.literal list X int)
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(b :: String.literal list x int). fst a < fst b)) a aa
arbitrary: a’ a'a
rule: merge.induct)
subgoal
by (auto elim!: list-relE3 list-relE4 list-relE list-relE2
stmp: monomial-rel-order-map)
subgoal
by (auto elim!: list-relES3 list-relE)
subgoal
by (auto elim!: list-relES3 list-relE4 list-relE list-relE2)
done
done

lemmas [fcomp-norm-unfold) =
poly-assn-list[symmetric)
step-rewrite-pure(1)

lemma merge-poly-merge-poly2:
«(a, b) € poly-rel = (a’, b") € poly-rel =
(merge-poly a a’, merge-poly b b") € poly-rel>
using merge-poly-merge-poly
unfolding fun-rel-def
by auto

lemma list-rel-takeD:
«(a, b) € (R)list-rel => (n, n")e Id = (take n a, take n' b) € (R)list-rels
by (simp add: list-rel-eg-listrel listrel-iff-nth relAPP-def)

lemma list-rel-dropD:
«(a, b) € (R)list-rel = (n, n')€ Id = (drop n a, drop n' b) € (R)list-rel>
by (simp add: list-rel-eq-listrel listrel-iff-nth relAPP-def)

lemma merge-sort-poly|sepref-import-param):
<(msort-poly-impl, merge-sort-poly)
€ poly-rel — poly-rel>
unfolding merge-sort-poly-def msort-poly-impl-def
apply (intro fun-rell)
subgoal for a a’
apply (induction (A a :: String.literal list X int)
(b :: String.literal list x int). fst a < fst b)» a
arbitrary: a’
rule: msort.induct)
subgoal
by auto
subgoal
by (auto elim!: list-relES3 list-relE)
subgoal premises p
using p
by (auto elim!: list-relE3 list-relE4 list-relE list-relE2
simp: merge-poly-def[symmetric]
intro!: list-rel-takeD list-rel-dropD
introl: merge-poly-merge-poly2 p(1)[simplified] p(2)[simplified],
auto simp: list-rel-imp-same-length)
done
done
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lemmas [sepref-fr-rules] = merge-sort-poly| FCOMP merge-sort-poly-sort-poly-spec]

sepref-definition partition-main-poly-impl
is <uncurry2 partition-main-poly>
it (nat-assn® *, nat-assn® x, poly-assn® —, prod-assn poly-assn nat-assn >
unfolding partition-main-poly-def partition-main-def
term-order-rel’-def[symmetric]
term-order-rel’-alt-def
le-term-order-rel’

by sepref
declare partition-main-poly-impl.refine[sepref-fr-rules]

sepref-definition partition-between-poly-impl
is <uncurry?2 partition-between-poly>
it (nat-assn® *, nat-assn® x, poly-assn® —, prod-assn poly-assn nat-assn >
unfolding partition-between-poly-def partition-between-ref-def
partition-main-poly-def[symmetric]
unfolding choose-pivot3-def
term-order-rel’-def [ symmetric)
term-order-rel’-alt-def choose-pivot-def
lezord-eq-alt-def1
by sepref

declare partition-between-poly-impl.refine|sepref-fr-rules]

sepref-definition quicksort-poly-impl
is <uncurry2 quicksort-poly»
i «nat-assn® x, nat-assn® x, poly-assn® —, poly-assn»
unfolding partition-main-poly-def quicksort-ref-def quicksort-poly-def
partition-between-poly-def [symmetric]
by sepref

k

lemmas [sepref-fr-rules] = quicksort-poly-impl.refine

sepref-register quicksort-poly
sepref-definition full-quicksort-poly-impl
is <full-quicksort-poly>
i <poly-assn® —, poly-assn>
unfolding full-quicksort-poly-def full-quicksort-ref-def
quicksort-poly-def[symmetric]
le-term-order-rel [symmetric]
term-order-rel’-def [symmetric]
List.null-iff
by sepref

lemmas sort-poly-spec-hnr =
full-quicksort-poly-impl.refinel FCOMP full-quicksort-sort-poly-spec]

declare merge-coeffs-impl.refine[sepref-fr-rules]

sepref-definition normalize-poly-impl
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is <normalize-poly»

it (poly-assn® —4 poly-assn
supply [[goals-limit=1]]
unfolding normalize-poly-def
by sepref

declare normalize-poly-impl.refine|sepref-fr-rules]

definition full-quicksort-vars where
<full-quicksort-vars = full-quicksort-ref (Azy. =y V (z, y) € var-order-rel) id»

definition quicksort-vars:: <nat = nat = string list = (string list) nres) where
<quicksort-vars vy z = quicksort-ref (<) id (z, y, 2)»

definition partition-between-vars :: <nat = nat = string list = (string list x nat) nres» where
<partition-between-vars = partition-between-ref (<) id

definition partition-main-vars :: <nat = nat = string list = (string list X nat) nres> where
<partition-main-vars = partition-main (<) id>

lemma total-on-lexord-less-than-char-linear?:
xs # ys = (xs, ys) ¢ lexord (less-than-char) <—
(ys, xs) € lexord less-than-char»
using lexord-linear|of <less-than-chary xs ys]
using lexord-linear|of <less-than-char] less-than-char-linear
apply (auto simp: Relation.total-on-def)
using lexzord-irrefl|OF irrefi-less-than-char]
antisym-lexord| OF antisym-less-than-char irrefl-less-than-char]
apply (auto simp: antisym-def)
done

lemma string-trans:
«(za, ya) € lexord {(x::char, y::char). z < y} =
(ya, 2) € lexord {(z::char, y:ichar). z < y} =
(za, z) € lexord {(x::char, y::char). © < y}
by (smt (verit) less-char-def char.less-trans less-than-char-def lexord-partial-trans p2rel-def)

lemma full-quicksort-sort-vars-spec:
((full-quicksort-vars, sort-coeff) € (Id)list-rel — ¢ ((Id)list-rel)nres-rel>
proof —
have zs: «(zs, xs) € (Id)list-rel> and <|}({Id)list-rel) z = z» for = xs
by auto
show ?thesis
apply (intro frefl nres-rell)
unfolding full-quicksort-vars-def
apply (rule full-quicksort-ref-full-quicksort| THEN fref-to-Down-curry, THEN order-trans])
subgoal
by (auto simp: rel2p-def var-order-rel-def p2rel-def Relation.total-on-def
dest: string-trans)
subgoal
using total-on-lexzord-less-than-char-linear2[unfolded var-order-rel-def)
apply (auto simp: rel2p-def var-order-rel-def p2rel-def Relation.total-on-def less-char-def)
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done
subgoal by fast
apply (rule s)
apply (subst down-eq-id-list-rel)
unfolding sorted-wrt-map sort-coeff-def
apply (rule full-quicksort-correct-sorted[where R = «(Az y. x = y V (z, y) € var-order-rel)> and h
= id»,
THEN order-trans))
subgoal
by (auto simp: rel2p-def var-order-rel-def p2rel-def Relation.total-on-def dest: string-trans)
subgoal for z y
using total-on-lexord-less-than-char-linear2[unfolded var-order-rel-def]
by (auto simp: rel2p-def var-order-rel-def p2rel-def Relation.total-on-def
less-char-def)
subgoal
by (auto simp: rel2p-def p2rel-def rel2p-def|abs-def])
done
qed

sepref-definition partition-main-vars-impl
is <uncurry?2 partition-main-vars)
i (nat-assn® x4 nat-assn® x, (monom-assn)* —, prod-assn (monom-assn) nat-assn
unfolding partition-main-vars-def partition-main-def
var-order-rel-var-order
var-order’-def[symmetric]
term-order-rel’-alt-def
le-term-order-rel’
id-apply
by sepref

declare partition-main-vars-impl.refine[sepref-fr-rules]

sepref-definition partition-between-vars-impl
is <uncurry?2 partition-between-vars»
i (nat-assn® *, nat-assn® x, monom-assn® —, prod-assn monom-assn nat-assn >
unfolding partition-between-vars-def partition-between-ref-def
partition-main-vars-def [symmetric]
unfolding choose-pivot3-def
term-order-rel’-def [symmetric)
term-order-rel’-alt-def choose-pivot-def
le-term-order-rel’ id-apply
by sepref

declare partition-between-vars-impl.refine|sepref-fr-rules]

sepref-definition quicksort-vars-impl
is «uncurry?2 quicksort-vars»
it (nat-assn® *, nat-assn® x, monom-assn® —, monom-assn>
unfolding partition-main-vars-def quicksort-ref-def quicksort-vars-def
partition-between-vars-def [symmetric]
by sepref

lemmas [sepref-fr-rules] = quicksort-vars-impl.refine

171



sepref-register quicksort-vars

lemma le-var-order-rel:
()= (Azy. 2=y V (z, y) € var-order-rel)
by (intro ext)
(auto simp add: less-list-def less-eq-list-def rel2p-def
p2rel-def lexordp-conv-lexord p2rel-def var-order-rel-def
lexordp-eq-conv-lexord lexordp-def)

sepref-definition full-quicksort-vars-impl

is <full-quicksort-vars>

it ¢monom-assn® —, monom-assn)

unfolding full-quicksort-vars-def full-quicksort-ref-def
quicksort-vars-def [ symmetric]
le-var-order-rel[symmetric]
term-order-rel’-def [ symmetric)
List.null-iff
by sepref

lemmas sort-vars-spec-hnr =
full-quicksort-vars-impl.refine[ FCOMP full-quicksort-sort-vars-spec]

lemma string-rel-order-map:
«(z, a) € string-rel =
(y, aa) € string-rel =
< y<—a<aw
unfolding string-rel-def less-eq-literal.rep-eq less-than-char-def
less-eq-list-def PAC-Polynomials-Term.less-char-def[symmetric]
by (auto simp: string-rel-def less-eq-literal.rep-eq less-than-char-def
less-eq-list-def char.lexordp-eq-conv-lexord lexordp-eq-refi
lexordp-char-char lexordp-eq-conv-lexord
simp flip: less-char-def|abs-def])

lemma merge-monoms-merge-monoms:
«(merge-monoms, merge-monoms) € monom-rel — monom-rel — monom-rel
unfolding merge-monoms-def
apply (intro fun-rell)
subgoal for a a’ aa a’a
apply (induction <«(A(a :: String.literal)
(b :: String.literal). a < b)) a aa
arbitrary: a’ a'a
rule: merge.induct)
subgoal
by (auto elim!: list-relES list-relE4 list-relE list-rel B2
simp: string-rel-order-map)
subgoal
by (auto elim!: list-relES3 list-relE)
subgoal
by (auto elim!: list-relES list-relE4 list-relE list-relE2)
done
done

lemma merge-monoms-merge-monoms2:
«(a, b) € monom-rel = (a’, b’) € monom-rel =
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(merge-monoms a o', merge-monoms b b’) € monom-rel>
using merge-monoms-merge-monoms
unfolding fun-rel-def merge-monoms-def
by auto

lemma msort-monoms-impl:
<(msort-monoms-impl, merge-monoms-poly)
€ monom-rel — monom-rel
unfolding msort-monoms-impl-def merge-monoms-poly-def
apply (intro fun-rell)
subgoal for a a’
apply (induction <«(A(a :: String.literal)
(b :: String.literal). a < b)» a
arbitrary: a’
rule: msort.induct)
subgoal
by auto
subgoal
by (auto elim!: list-relE3 list-relE)
subgoal premises p
using p
by (auto elim!: list-relE3 list-relE4 list-relE list-relE2
simp: merge-monoms-def[symmetric] introl: list-rel-takeD list-rel-dropD
introl: merge-monoms-merge-monoms2 p(1)[simplified] p(2)[simplified))
(simp-all add: list-rel-imp-same-length)
done
done

lemma merge-sort-monoms-sort-monoms-spec:
(RETURN o merge-monoms-poly, sort-coeff) € (Id)list-rel — ((Id)list-rel)nres-rel>
unfolding merge-monoms-poly-def sort-coeff-def
by (intro frefl nres-rell)
(auto intro!: sorted-msort simp: sorted-wrt-map rel2p-def
le-term-order-rel’ transp-def rel2p-def[abs-def]
simp flip: le-var-order-rel)

sepref-register sort-coeff

lemma [sepref-fr-rules]:
((return o msort-monoms-impl, sort-coeff) € monom-assn® —, monom-assn)
using msort-monoms-impl[sepref-param, FCOMP merge-sort-monoms-sort-monoms-spec]
by auto

sepref-definition sort-all-coeffs-impl
is «<sort-all-coeffs»
i <poly-assn® —, poly-assn>
unfolding sort-all-coeffs-def
HOL-list.fold-custom-empty
by sepref

declare sort-all-coeffs-impl.refine|sepref-fr-rules]
lemma merge-coeffs0-alt-def:

((RETURN o merge-coeffs0) p =
RECT(Mf p.
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(case p of
[ = RETURN |]
| [p] => if snd p = 0 then RETURN || else RETURN [p]
| ((zs, n) # (ys, m) # p) =
(if zs = ys
then if n + m # 0 then f ((xzs, n + m) # p) else fp
else if n = 0 then
do {p < f ((ys, m) # p);
RETURN p}
else do {p < f ((ys, m) # p);
RETURN ((zs, n) # p)})))
»
apply (subst eq-commute)
apply (induction p rule: merge-coeffs0.induct)
subgoal by (subst RECT-unfold, refine-mono) auto
subgoal by (subst RECT-unfold, refine-mono) auto
subgoal by (subst RECT-unfold, refine-mono) (auto simp: let-to-bind-conv)
done

Again, Sepref does not understand what is going here.

sepref-definition merge-coeffs0-impl

is <RETURN o merge-coeffs0>

it <poly-assn® —, poly-assn>

supply [[goals-limit=1]]

unfolding merge-coeffsO-alt-def
HOL-list.fold-custom-empty

apply sepref-dbg-preproc

apply sepref-dbg-cons-init

apply sepref-dbg-id

apply sepref-dbg-monadify

apply sepref-dbg-opt-init

apply (rule WTF-RF | sepref-dbg-trans-step)+

apply sepref-dbg-opt

apply sepref-dbg-cons-solve

apply sepref-dbg-cons-solve

apply sepref-dbg-constraints

done

declare merge-coeffsO-impl.refine[sepref-fr-rules]

sepref-definition fully-normalize-poly-impl
is <full-normalize-poly>
i <poly-assn® —, poly-assn>
supply [[goals-limit=1]]
unfolding full-normalize-poly-def
by sepref

declare fully-normalize-poly-impl.refine|sepref-fr-rules)
end

theory PAC-Version
imports Main
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begin

This code was taken from IsaFoR. However, for the AFP, we use the version name AFP, instead
of a mercurial version.

local-setup «
let
val version = AFP
mn
Local-Theory.define
((binding versiony, NoSyn),
((binding <version-def>, []|), HOLogic.mk-literal version)) #> #2
end
)

declare version-def [code]

end

theory PAC-Checker-Synthesis
imports PAC-Checker WB-Sort PAC-Checker-Relation
PAC-Checker-Init More-Loops PAC-Version
begin

13 Code Synthesis of the Complete Checker

We here combine refine the full checker, using the initialisation provided in another file and
adding more efficient data structures (mostly replacing the set of variables by a more efficient
hash map).

abbreviation vars-assn where
<vars-assn = hs.assn string-assn)

fun vars-of-monom-in where
<wars-of-monom-in [| - = True» |
wars-of-monom-in (z # xzs) V <— x € V A vars-of-monom-in s V»

fun vars-of-poly-in where
«wars-of-poly-in [| - = True |
wars-of-poly-in ((z, -) # xs) V «— vars-of-monom-in x V A vars-of-poly-in xs V»

lemma vars-of-monom-in-alt-def:
<vars-of-monom-in xs V <— set xs C V»
by (induction xs)
auto

lemma vars-llist-alt-def:
<vars-llist xs C V <— vars-of-poly-in xs V>
by (induction xs)
(auto simp: vars-llist-def vars-of-monom-in-alt-def)

lemma vars-of-monom-in-alt-def2:
<vars-of-monom-in xs V <— fold (Az b. b A z € V) zs True»
apply (subst foldr-fold[symmetric])
subgoal by auto
subgoal by (induction xs) auto
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done

sepref-definition vars-of-monom-in-impl
is <uncurry (RETURN oo vars-of-monom-in)»
i ((list-assn string-assn)* x, vars-assn® —, bool-assn»
unfolding vars-of-monom-in-alt-def2
by sepref

declare vars-of-monom-in-impl.refine[sepref-fr-rules

lemma vars-of-poly-in-alt-def2:
<vars-of-poly-in xs V <— fold (A(z, -) b. b A vars-of-monom-in z V) zs True»
apply (subst foldr-fold[symmetric])
subgoal by auto
subgoal by (induction xs) auto
done

sepref-definition vars-of-poly-in-impl
is <uncurry (RETURN oo vars-of-poly-in)»
i+ ((poly-assn)* x, vars-assn® —, bool-assn)
unfolding vars-of-poly-in-alt-def2
by sepref

declare vars-of-poly-in-impl.refine[sepref-fr-rules]

definition union-vars-monom :: <string list = string set = string set> where
<union-vars-monom zs V = fold insert s V»

definition union-vars-poly :: <llist-polynomial = string set = string set> where
cungon-vars-poly xs V = fold (A(zs, -) V. union-vars-monom xs V) xs V»

lemma union-vars-monom-alt-def:

cunion-vars-monom zs V =V U set s
unfolding union-vars-monom-def
apply (subst foldr-fold[symmetric])
subgoal for z y

by (cases x; cases y) auto
subgoal

by (induction xs) auto
done

lemma union-vars-poly-alt-def:
cunion-vars-poly s V =V U vars-llist zs»
unfolding union-vars-poly-def
apply (subst foldr-fold[symmetric])
subgoal for z y
by (cases x; cases y)
(auto simp: union-vars-monom-alt-def)
subgoal
by (induction xs)
(auto simp: vars-llist-def union-vars-monom-alt-def)
done
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sepref-definition union-vars-monom-impl
is «uncurry (RETURN oo union-vars-monom)»
:: ¢monom-assn® x, vars-assn® —, vars-assn»
unfolding union-vars-monom-def

by sepref
declare union-vars-monom-impl.refine[sepref-fr-rules]

sepref-definition union-vars-poly-impl
is «uncurry (RETURN oo union-vars-poly)»
it «poly-assn® *, vars-assn® —, vars-assn
unfolding union-vars-poly-def
by sepref

declare union-vars-poly-impl.refine[sepref-fr-rules]

hide-const (open) Autoref-Fix-Rel. CONSTRAINT

fun status-assn where
«status-assn - CSUCCESS CSUCCESS = emp» |
<status-assn - CFOUND CFOUND = emp» |
«status-assn R (CFAILED a) (CFAILED b) = R a b |

<status-assn - - - = false

lemma SUCCESS-hnr[sepref-fr-rules:
(uncurry0 (return CSUCCESS), uncurry0 (RETURN CSUCCESS)) € unit-assn® —, status-assn R
by (sepref-to-hoare)
sep-auto

lemma FOUND-hnr[sepref-fr-rules]:
«(uncurry0 (return CFOUND), uncurry) (RETURN CFOUND)) € unit-assn® —, status-assn R
by (sepref-to-hoare)
sep-auto

lemma is-success-hnr|[sepref-fr-rules]:
<CONSTRAINT is-pure R =
((return o is-cfound), (RETURN o is-cfound)) € (status-assn R)* —, bool-assn)
apply (sepref-to-hoare)
apply (rename-tac xi x; case-tac xi; case-tac x)
apply sep-auto+
done

lemma is-cfailed-hnr|[sepref-fr-rules]:
<CONSTRAINT is-pure R =
((return o is-cfailed), (RETURN o is-cfailed)) € (status-assn R)* —, bool-assn
apply (sepref-to-hoare)
apply (rename-tac zi x; case-tac xi; case-tac x)
apply sep-auto+
done

lemma merge-cstatus-hnr|sepref-fr-rules:
(CONSTRAINT is-pure R =
(uncurry (return oo merge-cstatus), uncurry (RETURN oo merge-cstatus)) €
(status-assn R)* x, (status-assn R)* —, status-assn R»
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apply (sepref-to-hoare)
by (case-tac b; case-tac bi; case-tac a; case-tac ai; sep-auto simp: is-pure-conv pure-app-eq)

sepref-definition add-poly-impl

is <add-poly-1»

i «(poly-assn x, poly-assn)F —, poly-assn»

supply [[goals-limit=1]]

unfolding add-poly-I-def
HOL-list.fold-custom-empty
term-order-rel’-def[symmetric]
term-order-rel’-alt-def

by sepref

declare add-poly-impl.refine[sepref-fr-rules]

sepref-register mult-monomials
lemma mult-monoms-alt-def:
(RETURN oo mult-monoms) zy = RECr
(Af (v, @)
case (p, q) of
(I, -) = RETURN ¢
| (-, []) = RETURN p
| (z# p,y # @) =
(if ¢ = y then do {
pq < [ (p, 0);
RETURN (z # pq)}
else if (z, y) € var-order-rel
then do {
pq < [ (p, y # q);
RETURN (z # pq)}
else do {
pq < f(z# p, q)
RETURN (y # po))))
(z, y)
apply (subst eq-commute)
apply (induction x y rule: mult-monoms.induct)
subgoal for p
by (subst RECT-unfold, refine-mono) (auto split: list.splits)
subgoal for p
by (subst RECT-unfold, refine-mono) (auto split: list.splits)
subgoal for z p y ¢
by (subst RECT-unfold, refine-mono) (auto split: list.splits simp: let-to-bind-conv)
done

sepref-definition mult-monoms-impl
is «uncurry (RETURN oo mult-monoms)»
i+ ((monom-assn)* *, (monom-assn)¥ —, (monom-assn)>
supply [[goals-limit=1]]
unfolding mult-poly-raw-def
HOL-list.fold-custom-empty
var-order’-def [symmetric]
term-order-rel’-alt-def
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mult-monoms-alt-def
var-order-rel-var-order

by sepref
declare mult-monoms-impl.refine|sepref-fr-rules|

sepref-definition mult-monomials-impl
is «uncurry (RETURN oo mult-monomials)»
i+ ((monomial-assn)® x, (monomial-assn)* —, (monomial-assn)
supply [[goals-limit=1]]
unfolding mult-monomials-def
HOL-list.fold-custom-empty
term-order-rel’-def [ symmetric)
term-order-rel’-alt-def

by sepref

lemma map-append-alt-def2:
«(RETURN o (map-append f b)) zs = RECr
(Ag zs. case zs of [ = RETURN b
| ¢ # zs = do {
Y < g T8;
RETURN (fz # v)
1)z
apply (subst eq-commute)
apply (induction f b xs rule: map-append.induct)
subgoal by (subst RECT-unfold, refine-mono) auto
subgoal by (subst RECT-unfold, refine-mono) auto
done

definition map-append-poly-mult where
<map-append-poly-mult © = map-append (mult-monomials x)»

declare mult-monomials-impl.refine[sepref-fr-rules]

sepref-definition map-append-poly-mult-impl
is <uncurry2 (RETURN ooo map-append-poly-mult)»
:: <monomial-assn® %, poly-assn® x, poly-assn® —, poly-assn»
unfolding map-append-poly-mult-def
map-append-alt-def2
by sepref

declare map-append-poly-mult-impl.refine[sepref-fr-rules)

TODO foldl (M z. 1 @ [?fx]) [] 2l = map ?f ?l is the worst possible implementation of map!

sepref-definition mult-poly-raw-impl

is «uncurry (RETURN oo mult-poly-raw)»

i <poly-assn® *, poly-assn® —, poly-assn»

supply [[goals-limit=1]]

supply [[eta-contract = false, show-abbrevs=false]]

unfolding mult-poly-raw-def
HOL-list.fold-custom-empty
term-order-rel’-def [ symmetric]
term-order-rel’-alt-def
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foldl-conv-fold
fold-eq-nfoldli
map-append-poly-mult-def [symmetric]
map-append-alt-def[symmetric]
by sepref

declare mult-poly-raw-impl.refine[sepref-fr-rules]

sepref-definition mult-poly-impl

is <uncurry mult-poly-full

i <poly-assn® x, poly-assn® —, poly-assn»

supply [[goals-limit=1]]

unfolding mult-poly-full-def
HOL-list.fold-custom-empty
term-order-rel’-def[symmetric]
term-order-rel’-alt-def

by sepref
declare mult-poly-impl.refine[sepref-fr-rules]

lemma inverse-monomial:
«monom-rel~! x,. int-rel = (monom-rel x, int-rel)~1
by (auto)

lemma eg-poly-rel-eq[sepref-import-param]:
«((=), (=)) € poly-rel — poly-rel — bool-rels
using list-rel-sv[of «<monomial-rely, OF single-valued-monomial-rel]
using list-rel-sv[OF single-valued-monomial-rel’[unfolded IS-LEFT-UNIQUE-def inv-list-rel-eq]]
unfolding inv-list-rel-eq[symmetric]
by (auto introl: frefl simp:
rel2p-def single-valued-def p2rel-def
simp del: inv-list-rel-eq)

sepref-definition weak-equality-I-impl
is <uncurry weak-equality-0>
i <poly-assn® x4 poly-assn® —, bool-assn)
supply [[goals-limit=1]]
unfolding weak-equality-I-def
by sepref

declare weak-equality-l-impl.refine[sepref-fr-rules]
sepref-register add-poly-l mult-poly-full

abbreviation raw-string-assn :: <string = string = assn> where
<raw-string-assn = list-assn id-assn)

definition show-nat :: <nat = string> where
<show-nat i = show ©»

lemma [sepref-import-param):
((show-nat, show-nat) € nat-rel — (Idylist-rel>

by (auto intro: fun-rell)

lemma status-assn-pure-conv:
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¢<status-assn (id-assn) a b = id-assn a b
by (cases a; cases b)
(auto simp: pure-def)

lemma [sepref-fr-rules|:
((uncurry3 (Az y. return oo (error-msg-not-equal-dom x y)), uncurryd check-not-equal-dom-err) €
poly-assn® x, poly-assn® xq poly-assn® x, poly-assn® —, raw-string-assn>
unfolding show-nat-def[symmetric] list-assn-pure-conv
prod-assn-pure-conv check-not-equal-dom-err-def

by (sepref-to-hoare; sep-auto simp: error-msg-not-equal-dom-def)

lemma [sepref-fr-rules):

<(return o (error-msg-notin-dom o nat-of-uint64), RETURN o error-msg-notin-dom)
€ wint6j-nat-assn® —, raw-string-assn

«(return o (error-msg-reused-dom o nat-of-uint64), RETURN o error-msg-reused-dom,)
€ wint64-nat-assn® —, raw-string-assn

(uncurry (return oo (Mi. error-msg (nat-of-uint64 ©))), uncurry (RETURN oo error-msg))
€ uint6’4—nat—assnk *q mw—stm’ng—assnk —q Status-assn raw-string-assny

<(uncurry (return oo error-msg), uncurry (RETURN oo error-msg))

€ nat-assn® x, mw-string—assnk —q Status-assn raw-string-assn)

unfolding error-msg-notin-dom-def list-assn-pure-conv list-rel-id-simp

unfolding status-assn-pure-conv

unfolding show-nat-def[symmetric]

by (sepref-to-hoare; sep-auto simp: wint64-nat-rel-def br-def; fail)+

sepref-definition check-addition-I-impl
is <uncurry6 check-addition-1
5 <poly—assnk *g polys—assnk ko VaTS-0SSNF %, uint6f-nat-assn® x, wint64-nat-assn® *,
uint64-nat-assn® %, poly-assn

k., status-assn raw-Sstring-assny
supply [[goals-limit=1]]

unfolding mult-poly-full-def
HOL-list.fold-custom-empty
term-order-rel’-def [symmetric]
term-order-rel’-alt-def
check-addition-I-def
in-dom-m-lookup-iff
fmlookup’-def [symmetric]
vars-llist-alt-def

by sepref

k

declare check-addition-l-impl.refine[sepref-fr-rules]
sepref-register check-mult-I-dom-err

definition check-mult-lI-dom-err-impl where
<check-mult-lI-dom-err-impl pd p ia © =
(if pd then ""The polynomial with id "' Q show (nat-of-wint6 p) Q ' was not found' else ') @
(if ia then ""The id of the resulting id "' Q show (nat-of-wint64 i) Q " was already given' else ')

definition check-mult-lI-mult-err-impl where

<check-mult-I-mult-err-impl p q pq r =
" Multiplying "' @ show p Q@ " by " Q show q @ " gives "' Q show pg Q@ "’ and not "' Q show r»
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lemma [sepref-fr-rules):

((uncurryd ((Az y. return oo (check-mult-I-dom-err-impl z y))),

uncurryd (check-mult-l-dom-err)) € bool-assn® x, wint64-nat-assn* *, bool-assn
—>q TQW-StTing-assn)

unfolding check-mult-lI-dom-err-def check-mult-I-dom-err-impl-def list-assn-pure-conv

apply sepref-to-hoare

apply sep-auto

done

k k

*q uint64-nat-assn

lemma [sepref-fr-rules:
(uncurry3 ((Az y. return oo (check-mult-l-mult-err-impl © y))),
uncurry8 (check-mult-l-mult-err)) € poly-assn® %, poly-assn® x, poly-assn® x, poly-assn* —, raw-string-assn>
unfolding check-mult-lI-mult-err-def check-mult-lI-mult-err-impl-def list-assn-pure-conv
apply sepref-to-hoare
apply sep-auto
done

k

sepref-definition check-mult-I-impl
is <uncurry6 check-mult-1»
it <poly-assn® x, polys-assn® *, vars-assn® %, wint64-nat-assn
poly—assnk —q Status-assn raw-string-assn)
supply [[goals-limit=1]]
unfolding check-mult-I-def
HOL-list.fold-custom-empty
term-order-rel’-def[symmetric]
term-order-rel’-alt-def
in-dom-m-lookup-iff
fmlookup’-def [symmetric]
vars-llist-alt-def
by sepref

k k k

*q poly-assn” x4, wint6/-nat-assn”® x,

declare check-mult-l-impl.refine[sepref-fr-rules]

definition check-ext-lI-dom-err-impl :: <uint64 = -» where
<check-ext-I-dom-err-impl p =
"There is already a polynomial with index " @ show (nat-of-uint64 p)»

lemma [sepref-fr-rules):
«(((return o (check-ext-l-dom-err-impl))),
(check-extension-l-dom-err)) € wint64-nat-assn® —, raw-string-assn
unfolding check-extension-I-dom-err-def check-ext-I-dom-err-impl-def list-assn-pure-conv
apply sepref-to-hoare
apply sep-auto
done

definition check-extension-l-no-new-var-err-impl :: <- = -» where
<check-extension-l-no-new-var-err-impl p =
""No new variable could be found in polynomial ' Q show p»

lemma [sepref-fr-rules):
«(((return o (check-extension-l-no-new-var-err-impl))),
(check-extension-l-no-new-var-err)) € poly-assn® —, raw-string-assn
unfolding check-extension-I-no-new-var-err-impl-def check-extension-l-no-new-var-err-def

182



list-assn-pure-conv
apply sepref-to-hoare
apply sep-auto
done

definition check-extension-l-side-cond-err-impl :: <- = -» where
<check-extension-l-side-cond-err-impl v p r s =
""Error while checking side conditions of extensions polynow, var is " Q show v @
" polynomial is " @ show p Q "'side condition pxp — p = " @Q show s Q "’ and should be 0"

lemma [sepref-fr-rules:

((uncurryd (Az y. return oo (check-extension-I-side-cond-err-impl x y))),

uncurry3 (check-extension-l-side-cond-err)) € string-assn® x, poly-assn® *, poly-assn
—q TaW-String-assn)

unfolding check-extension-I-side-cond-err-impl-def check-extension-Il-side-cond-err-def

list-assn-pure-conv

apply sepref-to-hoare

apply sep-auto

done

k k

*q poly-assn

definition check-extension-l-new-var-multiple-err-impl :: <- = -» where
<check-extension-l-new-var-multiple-err-impl v p =
""Error while checking side conditions of extensions polynow, var is "' @ show v Q
""" but it either appears at least once in the polynomial or another new variable is created ' Q
show p @ " but should not.”»

lemma [sepref-fr-rules):

<((uncurry (return oo (check-extension-l-new-var-multiple-err-impl))),
uncurry (check-extension-l-new-var-multiple-err)) € string-assn® *, poly-assn® —, raw-string-assn

unfolding check-extension-I-new-var-multiple-err-impl-def
check-extension-l-new-var-multiple-err-def
list-assn-pure-conv

apply sepref-to-hoare

apply sep-auto

done

sepref-register check-extension-I-dom-err fmlookup’
check-extension-l-side-cond-err check-extension-l-no-new-var-err
check-extension-l-new-var-multiple-err

definition uminus-poly :: «llist-polynomial = llist-polynomial> where
cuminus-poly p’ = map (A(a, b). (a, — b)) p"

sepref-register uminus-poly
lemma [sepref-import-param):
«(map (A(a, b). (a, — b)), uminus-poly) € poly-rel — poly-rels
unfolding uminus-poly-def
apply (intro fun-rell)
subgoal for p p’
by (induction p p’ rule: list-rel-induct)
auto
done

sepref-register vars-of-poly-in
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weak-equality-1

lemma [safe-constraint-rules]:
«Sepref-Constraints. CONSTRAINT single-valued (the-pure monomial-assn)) and
single-valued-the-monomial-assn:
<single-valued (the-pure monomial-assn))
«single-valued ((the-pure monomial-assn)~1))
unfolding IS-LEFT-UNIQUE-def[symmetric]
by (auto simp: step-rewrite-pure single-valued-monomial-rel single-valued-monomial-rel’ Sepref-Constraints. CONSTRAI

sepref-definition check-extension-l-impl
is <uncurryd check-extension-I»
i <poly-assn® x, polys-assn® x, vars-assn® x, wint64-nat-assn
status-assn raw-string-assn)
supply option.splits|split] single-valued-the-monomial-assn|simp]
supply [[goals-limit=1]]
unfolding
HOL-list.fold-custom-empty
term-order-rel’-def [ symmetric)
term-order-rel’-alt-def
in-dom-m-lookup-iff
fmlookup’-def [symmetric]
vars-llist-alt-def
check-extension-I-def
not-not
option.case-eq-if
uminus-poly-def [symmetric)
HOL-list.fold-custom-empty
by sepref

k k

%o string-assn® x, poly-assn® —,

declare check-extension-l-impl.refine[sepref-fr-rules]

sepref-definition check-del-l-impl

is <uncurry2 check-del-l>

i <poly-assn® x, polys-assn

supply [[goals-limit=1]]

unfolding check-del-I-def
in-dom-m-lookup-iff
fmlookup’-def [symmetric]

by sepref

k *q uint64—nat—a55nk —q Status-assn raw-string-assn)

lemmas [sepref-fr-rules] = check-del-l-impl.refine

abbreviation pac-step-rel where
<pac-step-rel = p2rel ((Id, (monomial-rel)list-rel, Id) pac-step-rel-raw)

sepref-register PAC-Polynomials-Operations.normalize-poly
pac-srcl pac-src2 new-id pac-mult case-pac-step check-mult-1
check-addition-1 check-del-l check-extension-1

lemma pac-step-rel-assn-alt-def2:
<hn-ctxt (pac-step-rel-assn nat-assn poly-assn id-assn) b bi =
hn-val
(p2rel
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((nat-rel, poly-rel, Id :: (string x -) set)pac-step-rel-raw)) b bi»
unfolding poly-assn-list hn-ctzt-def
by (induction nat-assn poly-assn <id-assn :: string = -» b bi rule: pac-step-rel-assn.induct)
(auto simp: p2rel-def hn-val-unfold pac-step-rel-raw.simps rel APP-def
pure-app-eq)

lemma is-AddD-import|sepref-fr-rules]:
assumes (CONSTRAINT is-pure Ky <CONSTRAINT is-pure V>
shows
«(return o pac-res, RETURN o pac-res) € [Ax. is-Add x V is-Mult x V is-Extension xl,
(pac-step-rel-assn K 'V R)¥ — V)
«(return o pac-srcl, RETURN o pac-srcl) € [Ax. is-Add z V is-Mult x V is-Del x], (pac-step-rel-assn
K VR > K
«(return o new-id, RETURN o new-id) € [\z. is-Add x V is-Mult x V is-Extension z), (pac-step-rel-assn
K VR - K»
«(return o is-Add, RETURN o is-Add) € (pac-step-rel-assn K V R)* —, bool-assn>
«(return o is-Mult, RETURN o is-Mult) € (pac-step-rel-assn K V R)* —, bool-assn
((return o is-Del, RETURN o is-Del) € (pac-step-rel-assn K V R)* —, bool-assn»
((return o is-Extension, RETURN o is-Extension) € (pac-step-rel-assn K V R)* —, bool-assn
using assms
by (sepref-to-hoare; sep-auto simp: pac-step-rel-assn-alt-def is-pure-conv ent-true-drop pure-app-eq
split: pac-step.splits; fail)+

lemma [sepref-fr-rules):
(CONSTRAINT is-pure K =
(return o pac-src2, RETURN o pac-src2) € [Az. is-Add x|, (pac-step-rel-assn K V R)* — K
<CONSTRAINT is-pure V —
(return o pac-mult, RETURN o pac-mult) € [Az. is-Mult x), (pac-step-rel-assn K V R)* — V)
(CONSTRAINT is-pure R —
(return o new-var, RETURN o new-var) € [Az. is-Extension ], (pac-step-rel-assn K V R)* — R
by (sepref-to-hoare; sep-auto simp: pac-step-rel-assn-alt-def is-pure-conv ent-true-drop pure-app-eq

split: pac-step.splits; fail)+

lemma is-Mult-lastl:
(= 1s-Add b = —is-Mult b = —is-Extension b = is-Del b
by (cases b) auto

sepref-register is-cfailed is-Del

definition PAC-checker-l-step’ :: - where
«(PAC-checker-lI-step” a b ¢ d = PAC-checker-l-step a (b, ¢, d)

lemma PAC-checker-l-step-alt-def:
<PAC-checker-l-step a bed e = (let (b,c,d) = bed in PAC-checker-l-step” a b ¢ d e)»
unfolding PAC-checker-I-step’-def by auto

sepref-decl-intf ('k) acode-status is ('k) code-status
sepref-decl-intf ('k, 'b, 'Ibl) apac-step is ('k, 'b, 'Ibl) pac-step

sepref-register merge-cstatus full-normalize-poly new-var is-Add
lemma poly-rel-the-pure:

<poly-rel = the-pure poly-assn> and
nat-rel-the-pure:
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<nat-rel = the-pure nat-assn) and

WTEF-RF: <pure (the-pure nat-assn) = nat-assn’
unfolding poly-assn-list

by auto

lemma [safe-constraint-rules|:
(CONSTRAINT IS-LEFT-UNIQUE uint64-nat-rel> and
single-valued-uint64-nat-rel[safe-constraint-rules]:
<CONSTRAINT single-valued wint64-nat-rel
by (auto simp: IS-LEFT-UNIQUE-def single-valued-def uint6/-nat-rel-def br-def)

sepref-definition check-step-impl
is <uncurryf PAC-checker-l-step”s
: <p0ly-assnk *q (status-assn mw-strz’ng-assn)d *q VATS-ASSN
(wint64-nat-assn) poly-assn (string-assn :: string = -))¢ —,
status-assn raw-string-assn X, vars-assn X, polys-assn)
supply [[goals-limit=1]] is-Mult-lastI[intro] single-valued-uint64-nat-rel[simp]
unfolding PAC-checker-I-step-def PAC-checker-I-step’-def
pac-step.case-eq-if Let-def
is-success-alt-def [symmetric]
uminus-poly-def [symmetric)
HOL-list.fold-custom-empty
by sepref

d d

*q polys-assn® x, (pac-step-rel-assn

declare check-step-impl.refine|sepref-fr-rules]
sepref-register PAC-checker-l-step PAC-checker-l-step’ fully-normalize-poly-impl

definition PAC-checker-l’ where
(PAC-checker-l' p V A status steps = PAC-checker-l p (V, A) status steps)

lemma PAC-checker-l-alt-def:
«PAC-checker-l p VA status steps =
(let (V, A) = VA in PAC-checker-l' p V A status steps)»
unfolding PAC-checker-l'-def by auto

sepref-definition PAC-checker-l-impl
is <uncurryf PAC-checker-1"
i «poly-assn® x4 vars-assn? x, polys-assn? x, (status-assn raw-string-assn)? *,
(list-assn (pac-step-rel-assn (uint64-nat-assn) poly-assn string-assn))® —,

status-assn raw-string-assn X, vars-assn X, polys-assn»

supply [[goals-limit=1]] is-Mult-lastl [intro]

unfolding PAC-checker-I-def is-success-alt-def[symmetric] PAC-checker-I-step-alt-def
nres-bind-let-law[symmetric] PAC-checker-l'-def

apply (subst nres-bind-let-law)

by sepref

d

declare PAC-checker-l-impl.refine[sepref-fr-rules]

abbreviation polys-assn-input where
(polys-assn-input = iam-fmap-assn nat-assn poly-assn)

definition remap-polys-lI-dom-err-impl :: <-» where
<remap-polys-I-dom-err-impl =
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"Error during initialisation. Too many polynomials where provided. If this happens,” @
"'please report the example to the authors, because something went wrong during ' @
""code generation (code generation to arrays is likely to be broken).”’s

lemma [sepref-fr-rules):
<((uncurry0 (return (remap-polys-l-dom-err-impl))),
uncurry0 (remap-polys-lI-dom-err)) € unit-assn® —, raw-string-assn»
unfolding remap-polys-I-dom-err-def
remap-polys-l-dom-err-def
list-assn-pure-conv
by sepref-to-hoare sep-auto

MLton is not able to optimise the calls to pow.

lemma pow-2-64: «(2::nat) ~ 64 = 18446744073709551616»
by auto

sepref-register upper-bound-on-dom op-fmap-empty

sepref-definition remap-polys-I-impl
is <uncurry2 remap-polys-12»
i «poly-assn® x, vars-assn® *, polys-assn-input? —,
status-assn raw-string-assn X, vars-assn X, polys-assmn)
supply [[goals-limit=1]] is-Mult-lastI[intro] indom-mlI|[dest]
unfolding remap-polys-12-def op-fmap-empty-def[symmetric] while-eq-nfoldli[symmetric]
while-upt-while-direct pow-2-6/
in-dom-m-lookup-iff
fmlookup’-def [symmetric]
union-vars-poly-alt-def [ symmetric]
apply (rewrite at fmupd X wint64-of-nat-conv-def[symmetric])
apply (subst while-upt-while-direct)
apply simp
apply (rewrite at <op-fmap-emptys annotate-assn[where A=<polys-assny))
by sepref

lemma remap-polys-12-remap-polys-I:
(uncurry?2 remap-polys-12, uncurry2 remap-polys-1) € (Id x, (Id)set-rel) x, Id —5 (Id)nres-rel>
apply (intro frefl fun-rell nres-rell)
using remap-polys-12-remap-polys-l by auto

lemma [sepref-fr-rules:
<(uncurry2 remap-polys-l-impl,
uncurry2 remap-polys-1) € poly-assn® x, vars-assn® x, polys-assn-input? —,
status-assn raw-string-assn X, vars-assn X, polys-assm»
using hfcomp-tcomp-pre[ OF remap-polys-12-remap-polys-1 remap-polys-l-impl.refine]
by (auto simp: hrp-comp-def hfprod-def)

k d

sepref-register remap-polys-I

sepref-definition full-checker-l-impl
is <uncurry2 full-checker-1»
;2 <poly-assn® x4 polys-assn-input® *, (list-assn (pac-step-rel-assn (uint64-nat-assn) poly-assn string-assn))
—a
status-assn raw-string-assn X, vars-assn X, polys-assn)
supply [[goals-limit=1]] is-Mult-lastl [intro)
unfolding full-checker-lI-def hs.fold-custom-empty

k
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union-vars-poly-alt-def [ symmetric]
PAC-checker-l-alt-def
by sepref

sepref-definition PAC-update-impl
is <uncurry2 (RETURN ooo fmupd))
i (nat-assn® x4 poly-assn® x, (polys-assn-input)? —, polys-assn-input
unfolding comp-def
by sepref

sepref-definition PAC-empty-impl
is <uncurry0 (RETURN fmempty)»
i cunit-assn® —, polys-assn-input>
unfolding op-iam-fmap-empty-def[symmetric] pat-fmap-empty
by sepref

sepref-definition empty-vars-impl
is «uncurry0 (RETURN {})
i unit-assn® — 4 vars-assn
unfolding hs.fold-custom-empty
by sepref

This is a hack for performance. There is no need to recheck that that a char is valid when
working on chars coming from strings... It is not that important in most cases, but in our case
the preformance difference is really large.

definition unsafe-asciis-of-literal :: <-» where
cunsafe-asciis-of-literal xs = String.asciis-of-literal xs»

definition unsafe-asciis-of-literal’ :: «-» where
[simp, symmetric, code]: <unsafe-asciis-of-literal’ = unsafe-asciis-of-literal>

code-printing
constant unsafe-asciis-of-literal’ —
(SML) !(List.map (fn ¢ => let val k = Char.ord c¢ in IntInf.fromInt k end) /o String.explode)

Now comes the big and ugly and unsafe hack.

Basically, we try to avoid the conversion to IntInf when calculating the hash. The performance
gain is roughly 40%, which is a LOT and definitively something we need to do. We are aware
that the SML semantic encourages compilers to optimise conversions, but this does not happen
here, corroborating our early observation on the verified SAT solver IsaSAT.x

definition raw-explode where
[simp]: <raw-explode = String.explode)
code-printing
constant raw-ezplode —
(SML) String.explode

definition <hashcode-literal’ s =
foldl (Ah z. h * 33 + wint32-of-int (of-char x)) 5381

(raw-explode s)»

definition wint32-of-char :: <char = wint32»
where [code-abbrev]: (wint32-of-char x = wint32-of-int (int-of-char x)»

code-printing
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constant uint32-of-char —
(SML) {(Word32.fromInt /o (Char.ord))

lemma [code]: <hashcode s = hashcode-literal’ s»
unfolding hashcode-literal-def hashcode-list-def
apply (auto simp: unsafe-asciis-of-literal-def hashcode-list-def
String.asciis-of-literal-def hashcode-literal-def hashcode-literal’-def)
done

We compile Pastéque in PAC_Checker_MLton.thy.

export-code PAC-checker-I-impl PAC-update-impl PAC-empty-impl the-error is-cfailed is-cfound
int-of-integer Del Add Mult nat-of-integer String.implode remap-polys-I-impl
fully-normalize-poly-impl union-vars-poly-impl empty-vars-impl
full-checker-l-impl check-step-impl CSUCCESS
Extension hashcode-literal’ version
in SML-imp module-name PAC-Checker

14 Correctness theorem

context poly-embed
begin

definition full-poly-assn where
full-poly-assn = hr-comp poly-assn (fully-unsorted-poly-rel O mset-poly-rel)»

definition full-poly-input-assn where
<full-poly-input-assn = hr-comp
(hr-comp polys-assn-input
({nat-rel, fully-unsorted-poly-rel O mset-poly-rel) fmap-rel))
polys-rel>

definition fully-pac-assn where
fully-pac-assn = (list-assn
(hr-comp (pac-step-rel-assn wint64-nat-assn poly-assn string-assn)
(p2rel
({nat-rel,
fully-unsorted-poly-rel O
mset-poly-rel, var-rel) pac-step-rel-raw))))»

definition code-status-assn where
<code-status-assn = hr-comp (status-assn raw-string-assn)
code-status-status-rel>

definition full-vars-assn where
<full-vars-assn = hr-comp (hs.assn string-assn)
((var-rel) set-rel)»

lemma polys-rel-full-polys-rel:
<polys-rel-full = Id X, polys-rel>
by (auto simp: polys-rel-full-def)

definition full-polys-assn :: <-» where
full-polys-assn = hr-comp (hr-comp polys-assn
({nat-rel,
sorted-poly-rel O mset-poly-rel) fmap-rel))
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polys-rel>

Below is the full correctness theorems. It basically states that:

1. assuming that the input polynomials have no duplicate variables

Then:

1. if the checker returns CFOUND, the spec is in the ideal and the PAC file is correct

2. if the checker returns CSUCCESS, the PAC file is correct (but there is no information on
the spec, aka checking failed)

3. if the checker return CFAILED err, then checking failed (and err might give you an
indication of the error, but the correctness theorem does not say anything about that).

The input parameters are:
4. the specification polynomial represented as a list
5. the input polynomials as hash map (as an array of option polynomial)

6. a represention of the PAC proofs.

lemma PAC-full-correctness:
<(uncurry2 full-checker-l-impl,
uncurry2 (Aspec A -. PAC-checker-specification spec A))
€ (full-poly-assn)* *, (full-poly-input-assn)? x, (fully-pac-assn)k —, hr-comp
(code-status-assn X, full-vars-assn X, hr-comp polys-assn
((nat-rel, sorted-poly-rel O mset-poly-rel) fmap-rel))
{((st, G), st’, G".
st = st' A (st # FAILED — (G, G') € Id X, polys-rel)}»
using
full-checker-l-impl.refine[ FCOMP full-checker-I-full-checker’,
FCOMP full-checker-spec’,
unfolded full-poly-assn-def [symmetric]
full-poly-input-assn-def[symmetric]
fully-pac-assn-def[symmetric]
code-status-assn-def[symmetric]
full-vars-assn-def [ symmetric]
polys-rel-full-polys-rel
hr-comp-prod-conv
full-polys-assn-def[symmetric]]
hr-comp-1d2
by auto

It would be more efficient to move the parsing to Isabelle, as this would be more memory efficient
(and also reduce the TCB). But now comes the fun part: It cannot work. A stream (of a file)
is consumed by side effects. Assume that this would work. The code could look like:

Let (read-file file) f
This code is equal to (in the HOL sense of equality): let - = read-file file in Let (read-file file) f

However, as an hypothetical read-file changes the underlying stream, we would get the next
token. Remark that this is already a weird point of ML compilers. Anyway, I see currently two
solutions to this problem:
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1. The meta-argument: use it only in the Refinement Framework in a setup where copies are
disallowed. Basically, this works because we can express the non-duplication constraints
on the type level. However, we cannot forbid people from expressing things directly at
the HOL level.

2. On the target language side, model the stream as the stream and the position. Reading
takes two arguments. First, the position to read. Second, the stream (and the current
position) to read. If the position to read does not match the current position, return
an error. This would fit the correctness theorem of the code generation (roughly “if it
terminates without exception, the answer is the same”), but it is still unsatisfactory.

end

definition ¢ :: <string = nat> where
<«p = (SOME . bij v)»

lemma bij-p: <bij >
using somel[of <\ :: string = nat. bij )]
unfolding ¢-def[symmetric]
using poly-embed-EX
by auto

global-interpretation PAC": poly-embed where
Y=
apply standard
apply (use bij-p in (auto simp: bij-def>)
done

The full correctness theorem is (uncurry2 full-checker-l-impl, uncurry2 (Aspec A -. PAC-checker-specification
spec A)) € PAC. full-poly-assn®* x, PAC. full-poly-input-assn® x4 PAC.fully-pac-assn® —4 hr-comp
(PAC.code-status-assn X, PAC.full-vars-assn X, hr-comp (hm-fmap-assn uwint64-nat-assn (list-assn
(monom-assn Xg id-assn))) ({(nat-rel, sorted-poly-rel O PAC .mset-poly-rel) fmap-rel)) {((st, G),

st’, G'). st = st’ A (st # FAILED — (G, G') € Id x, polys-rel)}.

end

theory PAC-Checker-MLton
imports PAC-Checker-Synthesis
begin

export-code PAC-checker-I-impl PAC-update-impl PAC-empty-impl the-error is-cfailed is-cfound
int-of-integer Del Add Mult nat-of-integer String.implode remap-polys-I-impl
fully-normalize-poly-impl union-vars-poly-impl empty-vars-impl
full-checker-l-impl check-step-impl CSUCCESS
Extension hashcode-literal’ version
in SML-imp module-name PAC-Checker
file-prefix checker

Here is how to compile it:

compile-generated-files -
external-files
<code/ parser.sml)
<code/ pasteque.sml>
<code/ pasteque.mlby
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where <fn dir =>
let
val exec = Generated-Files.execute (dir + Path.basic code);
val - =
exec <« Compilation>
(verbatim «<3ISABELLE-MLTON $ISABELLE-MLTON-OPTIONS » —
—const '"MLton.safe false’ —verbose 1 —default—type int64 —output pasteque
—codegen native —inline 700 —cc—opt — O3 pasteque.mlib);
in () end>

end
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