MUuNTA: A Verified Model Checker for Timed Automata

Simon Wimmer

Abstract

MUNTA is a verified model checker for timed automata. It has been described in detail in
a PhD thesis [3] and conference publications [4, 2]. This entry supersedes earlier versions of
MUNTA hosted on GitHub.
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Introduction

MUuUNTA is a verified model checker for timed automata. It has been described in detail in a PhD
thesis [3] and presented in peer-reviewed conference publications [4, 2].
This AFP entry builds upon and extends formalizations from the following previous entries:

o Timed_Automata [1]
o Worklist_Algorithms [6]
o Difference_Bound_Matrices [5]

and supersedes an earlier version of MUNTA hosted on GitHub: https://github.com/wimmers/
munta.

Usage Theory Simple_Network_Language_Export_Code (page 474) describes how to obtain
executable code for and run MUNTA from within Isabelle.

This entry also provides a build setup for the MUNTA executable using the MLton SML compiler.
Build and run instructions are given in theory Munta_Compile_MLton (on page 476). A number
of example model files can be found in the benchmarks directory.

Graphical Interface A graphical user interface for MUNTA is also available: https://munta.
isabelle.systems. The GUI frontend can communicate with a local instance of MUNTA behind a
Python-based server or run MUNTA directly in the browser. Detailed run instructions are given
on Github: https://github.com/wimmers/munta/?tab=readme-ov-file#graphical-user-interface.

OCaml Code Generation While the default backend targets SML/MLton, MUNTA in principle
also supports code generation to OCaml (c.f. theory Simple_Network_Language_Export_Code on
page 475). Among its use cases is the browser-based version of the GUI, which is compiled from
the OCaml code. For instructions on compiling with the dune build system, see the ocaml branch:
https://github.com/wimmers/munta/tree/ocaml.


https://github.com/wimmers/munta
https://github.com/wimmers/munta
https://munta.isabelle.systems
https://munta.isabelle.systems
https://github.com/wimmers/munta/?tab=readme-ov-file#graphical-user-interface
https://github.com/wimmers/munta/tree/ocaml

theory Networks
imports Timed_Automata. Timed _Automata Munta_Base.Normalized Zone Semantics Impl
Munta__Base.Reordering _Quantifiers Munta_ Base.TA_ Syntaz _Bundles
begin

unbundle no_ library_syntaz

1 Networks of Timed Automata

1.1 Syntax and Operational Semantics

Input, output and internal transitions

datatype ‘a act = In 'a | Out 'a | Sil 'a
datatype ‘b label = Del | Act 'b | Syn 'b b

type__synonym
("a, 'b, "¢, 't, 's) nta = ('a act * 'b, ‘¢, 't, 's) ta list

inductive step_ n ::
("a, 'b, 'c, 't, 's) nta = 's list = ('c, ("t::time)) cval = b label
= ‘s list = ('e, 't) cval = bool
(Fn ()= (., )I[61,61,61,61,61,61] 61)
where
step_mn_t:
[V p € {.<length N}. N'p - (L!p, u) =% (L!p, u & d); d > 0]
= Nty (L, u) = pe (L, u @ d) |
step_m_1:
[
Nlp b 1 —9(Siba, ) gry g0 p e {..<length N}. u't inv_of (N'p) (L'p);
Llp =1; p < length L; L' = Llp := U']; v’ = [r—=0]u

= N bn (L, u) = 4crp (L u) |
step_n__s:
[Np b 11 —98,Una, bI),rl gpr NG b2 —92,(Out a, 2),r2 1o 14 1 g1y b g2
V p € {.<length N}. v’ F inv_of (Nlp) (L'p);
L'p =11; Llqg = 12; p < length L; q < length L; p # q;
L'=1Lp:=11'¢:=127 v =1(r1 Qr2)=0u
[ = NbEn (L, u) =syn b1 b2 (L, w))

inductive__cases[elim!]: N by (L, u) —4 (L', u')

inductive steps n ::
("a, 'b, 'c, 't, 's) nta = 's list = (c, ('t::time)) cval
= ‘s list = ('c, 't) cval = bool
(bn () = (. ) [61,61,61] 61)
where
refl: N bn (I, Z) = (I, Z) |
step: Nbn (I, Z) =+ (I, 2"y = NN (', Z)) —» (", Z")
— N by (1, 2) > (1, 27

declare steps_n.intros[intro)



lemma stepl2:
NN, Z) =« (", Z"Y NN (U, Z) == (1", Z"Yy Nbn (I, Z) = (I, Z)
using that
apply induction
apply (rule steps_n.step)
apply (rule refl)
apply assumption
apply simp
by (rule steps_n.step; assumption)

lemma step n_t I
IV p € {.<length N}. u F inv_of (Nlp) (Llp); V p € {..<length N}. u & d F inv_of (Nlp)
(Llp);
d>0
]] — Ny <L, u> — Del <L7 u D d>
by (auto intro: step_n_t)

1.2 Product Automaton

abbreviation state_set :: (‘a, ‘c, 'time, 's) transition set = 's set where

state_set T = fst * T U (snd o snd o snd o snd) T

lemma guard_concat:
assumes V g € setxzs. u b g
shows u F concat xs
using assms by (induction xs) (auto simp: clock_val_def)

lemma guard_append:
assumes u - g1 u - g2
shows u F g1 @ g2
using assms by (auto simp: clock_val__def)

lemma concat__guard:
assumes u - concat s g € set xs
shows u F g¢
using assms by (auto simp: list_all_iff clock wval def)

lemma guard_conskE:
assumes u - ac # cc
obtains u F, ac u F cc
using assms unfolding clock _val_def by auto

lemma guard_consl:
assumes u -, ac u - cc
shows u F ac # cc
using assms unfolding clock wval def by auto

lemma collect_clock _pairs _append__cases:
assumes z € collect_clock_pairs (g1 Q ¢2)
shows z € collect__clock_pairs g1 V x € collect_clock__pairs g2
using assms unfolding collect clock _pairs def by auto

lemma list _update_nth_ split:
assumes j < length xs



shows P (zs[i :==2] 1 j)=((i=7— Px) AN(i #7— P (xs!}7)))
using assms by (cases i = j) auto

locale Product_TA_ Defs =
fixes N :: (‘a, 'b, c, 't, 's) nta
begin

abbreviation T = map trans_of N
abbreviation I = map inv_of N

definition states = {L. length L = length T A (¥ p € {..<length T}. Llp € state_set (T!p))}

definition
product__trans_i =
{(L,g,(a,Act b),r,L[p:=l1) | Lpgabrl
L € states A (Lp, g, (Sil a, b), r,I") € T'p A p < length L}

definition
product__trans_s =
{(L,g1 Q g2,(a,Syn b1 b2),r1 Q r2,Lip:=11",¢:=12]) | Lp q g1 g2 a bl b2rl r211"12".
L € states N (L'p, g1, (In a, b1), r1,11") € Tlp A (Lq, g2, (Out a, b2), 12, 12) € Tlq
A p <length L N q < length L \ p # q

}

definition
product__trans = product_trans i U product_trans_s

lemma product__state__set subs:
assumes q < length N | € state_set product trans
shows [ ! ¢ € state_set (T'! q)
using assms
unfolding product_trans def product_trans i _def product trans_ s def states def
apply safe
apply (solves auto)
apply (solves auto)
apply simp
apply (subst list_update_nth__split; force)
apply simp
apply (subst list _update_nth__split)
apply simp
apply safe
apply (subst (asm) (2) list_update_nth__split; force)
apply (subst list_update_nth__split)
apply simp
by (subst (asm) (2) list_update_nth__split; force) — slow: 13s

definition
product__invariant L =

concat (map (A p. if p < length I then (I'p) (L!p) else []) [0..<length L))

definition product_ta :: ('a x 'b label, 'c, 't, 's list) ta where
product__ta = (product__trans, product_invariant)

lemma collect clki_product_invariant:



Timed__Automata.collect__clki product__invariant = |J (Timed__Automata.collect_clki  set I)
unfolding Timed_Automata.collect clki def product_invariant_def
apply (simp add: image_Union)
apply safe
subgoal
unfolding collect_ clock__pairs def by fastforce
apply clarsimp
subgoal premises prems for a b aa ba z
proof —
let L = map (A _. z) [0..<length N]
let 2z = collect_ clock _pairs
(concat
(map (Ap. if p < length N then (I ! p) (2L p) else [])
[0..<length ?L]))
show ?thesis
apply (intro exI[where x = 2z] conjl)
apply (rule exI; rule HOL.refl)
apply simp
using prems unfolding collect clock pairs_def by (fastforce dest: mem_ nth)
qed
done

lemma states length:
assumes L € states
shows length L = length N
using assms unfolding states def by auto

lemma collect clkt _product_trans subs:
Timed__Automata.collect__clkt product_trans C |J (Timed__Automata.collect clkt * set T)
unfolding
Timed _Automata.collect_clkt _def product_trans def product _trans i def product_trans s _def
by (fastforce dest: collect_clock__pairs_append__cases states_length)

lemma collect clkvt _product_trans subs:
collect__clkvt product _trans C |J (collect_clkvt * set T)
unfolding collect_clkvt_def product_trans def product_trans i _def product_trans s def
by (fastforce dest: states_length)

lemma statesl auzx:
fixes L
assumes L: L € states
assumes
p < length T
(I, goa,r, 1 eT!yp
shows (L[p := []) € states
unfolding states def apply clarsimp
using L apply (simp add: states_def)
apply safe
apply (subst list_update_nth__split)
using assms by (fastforce simp: states_def)+

lemma product_trans s alt_def:
product_trans s =
{(L, g, (a, Syn b1 b2), r, L) | Lga bl b2r L. 3 p qgl g2r1 r211"12".



L € states N p < length L A\ q < length L N p # q N\
g=gl Qg2 ANr=r1Qr2 AL = Llp=Il1', ¢:=12
A (Llp, g1, (In a, b1), r1,11") € T'p A (Llq, g2, (Out a, b2), r2, 12") € Tlq

unfolding product_trans_s_def by (safe; metis)

context
assumes states _not__empty: states # {}
assumes trans__complete:
V p<length T.V t1 € T ! p. case t1 of (I1, g1, (In a, b1), r1, I117)
=3 g<length T.p# g A (31292020212 (12, g2, (Out a, b2), r2,12") € T ! q) |
(i1, g1, (Out a, b1), r1, 1)
=3I g<lengthT.p#qgN (31292027212 (12, g2, (Ina, b2), 12,12V e T!q) | _=
True
begin

lemma collect_clkt _product_trans sups:
Timed__Automata.collect__clkt product_trans O |J (Timed__Automata.collect clkt ‘ set T)
proof
fix = assume z € |J (Timed_Automata.collect clkt * set T')
then obtain trans 1 g1 a’ b1 r1 11’ where z:
trans € set T (11, g1, (a’, b1), r1, I1") € trans x € collect_clock__pairs g1
unfolding Timed_Automata.collect clkt_def by force
then obtain p where p:
p < length T T ! p = trans
by (auto dest!: mem_ nth)
from states_mnot_empty obtain L where L: L € states by auto
have length T = length L by (auto simp: states length[OF (L € states)])
show z € Timed Automata.collect clkt product_trans
proof (cases a’)
case a”: (In a)
with z p trans_complete obtain ¢ 12 g2 b2 r2 12’ where trans2:
q < length T (12, g2, (Out a, b2), 12, 12"y € T qp # ¢
by atomize _elim fastforce
have Lip := 1, q := 12] € states (is ?L € _)
using L p(1) z(1,2) trans2 unfolding p(2)[symmetric] by (auto intro!: states] aux)
moreover have ?L ! p =11 7L q =12
using «p # ¢ p < length T) <q < length T» <L € states> by (auto dest: states length)
moreover note t = calculation
have (7L, g1 @ g2, (a, Syn b1 b2), r1 Q r2, ?L[p := 11, q := 12]) € product_trans_s
unfolding product_trans s alt_def
apply clarsimp
using ¢ p(1) z(1,2) trans2 unfolding p(2)[symmetric] o’ <length T = length L»
by metis
moreover have = € collect_clock_pairs (g1 Q ¢2)
using z(3) by (auto simp: collect_clock _pairs _def)
ultimately show ?thesis unfolding Timed Automata.collect_clkt def product_trans def
by force
next
case a” (Out a)
with z p trans_complete obtain ¢ 12 g2 b2 r2 12’ where trans2:
q < length T (12, g2, (In a, b2), 12,12V € T ! qgp # ¢
by atomize _elim fastforce
have L[q := 12, p := l1] € states (is ?L € _)



using L p(1) z(1,2) trans2 unfolding p(2)[symmetric] by (auto intro!: statesl _aux)
moreover have ?L ! p =11 ?L! ¢=12
using «p # ¢ p < length T) <q < length T» <L € states> by (auto dest: states length)
moreover note t = calculation
have (7L, g2 @ g1, (a, Syn b2 b1), r2 Q r1, ?L[q := 12', p := l1']) € product_trans_s
unfolding product_trans s alt_def
apply clarsimp
using ¢ p(1) z(1,2) trans2 unfolding p(2)[symmetric] a’ <length T = length L»
by metis
moreover have x € collect_clock_pairs (g2 Q g1)
using z(3) by (auto simp: collect__clock__pairs__def)
ultimately show ?thesis unfolding Timed_ Automata.collect_ clkt _def product_trans_def
by force
next
case a’: (Sil a)
have L|p := l1] € states (is ?L € _)
using L p(1) z(1,2) unfolding p(2)[symmetric] by (auto introl: states] _auz)
moreover have 7L | p = 1
using <p < length T» <L € states) by (auto dest: states length)
ultimately have (7L, g1, (a, Act b1), r1, ?L{p := 11']) € product_trans i
using z p unfolding product_trans_i_def a’ by (force simp: states length[OF <L €
statesy])
with z(3) show %thesis unfolding Timed Automata.collect clkt def product trans _def
by force
qed
qed

lemma collect clkvt_product_trans sups:
collect__clkvt product_trans 2 | (collect_clkvt * set T)
proof
fix = assume z € |J (collect clkvt  set T)
then obtain trans 1 g1 a’ b1 r1 11’ where z:
trans € set T (11, g1, (a’, b1), r1, 11’) € trans x € set rl
unfolding collect_clkvt_def by force
then obtain p where p:
p < length T T ! p = trans
by (auto dest!: mem_nth)
from states_mnot_empty obtain L where L: L € states by auto
show z € collect_clkvt product__trans
proof (cases a’)
case a’: (In a)
with z p trans_complete obtain ¢ 12 g2 b2 r2 12’ where trans2:
q < length T (12, g2, (Out a, b2), r2,12"Y € T qgp # ¢
by atomize _elim fastforce
moreover have Lp := 1, q := 12] € states (is ?L € _)
using L p(1) z(1,2) trans2 unfolding p(2)[symmetric] by (auto intro!: statesl aux)
moreover have ?L ! p =11 7L q =12
using «p # ¢ <p < length T» <q < length T» <L € states> by (auto dest: states_length)
ultimately have
(L, g1 @Q ¢2, (a, Syn b1 b2), r1 @ r2, ?Llp :=11', q :== 12"]) € product_trans_s
using p(1) z trans2 unfolding p(2)[symmetric] o’ product_trans_s_def
by (fastforce simp: states_length|OF <L € states)])
with 2(3) show ?thesis unfolding collect_clkvt_def product_trans def by force
next



case a”: (Out a)
with z p trans_complete obtain ¢ 12 g2 b2 r2 12’ where trans2:
q < length T (12, g2, (In a, b2), 12,12y € T ! qp # ¢
by atomize _elim fastforce
moreover have L]q := 12, p := 1] € states (is ?L € _)
using L p(1) z(1,2) trans2 unfolding p(2)[symmetric] by (auto intro!: statesl _aux)
moreover have ?L ! p =11 ?L! ¢ =12
using «p # ¢ p < length T) <q < length T» <L € states> by (auto dest: states length)
ultimately have (7L, g2 @ g1, (a, Syn b2 b1), 2 @Q ri, ?L[q := 12/, p := 11]) €
product__trans__s
using p(1) z trans2 unfolding p(2)[symmetric] o’ product_trans_s_def
apply (simp add: states_length|OF <L € statesy| del: ex_simps)
apply (tactic <rearrange_ex_tac Q{context} 1)
apply simp
apply (rule exI, rule conjl, assumption)
apply (simp only: ex_simps[symmetric])
apply (tactic <rearrange__ex_tac Q{context} 1)
apply simp
by (fastforce simp: states length[OF <L € states])

with x(3) show ?thesis unfolding collect_clkvt_def product_trans_def by force
next
case a”: (Sil a)
have L[p := 1] € states (is ?L € _)
using L p(1) z(1,2) unfolding p(2)[symmetric] by (auto introl: statesl auz)
moreover have ?L | p = 1
using <p < length T» <L € states> by (auto dest: states_length)
ultimately have (?L, g1, (a, Act b1), r1, ?L[p := 11']) € product_trans_i
using z p unfolding product_trans i _def a’ by (force simp: states length[OF <L €
statesy))
with 2(3) show ?thesis unfolding collect_clkvt_def product_trans def by force
ged
qged

lemma collect clkt _product_trans:
Timed__Automata.collect__clkt product_trans = |J (Timed__Automata.collect_clkt ¢ set T)
using collect_ clkt_product trans_sups collect_ clkt _product_trans subs by simp

lemma collect clkvt__product_trans:
collect__clkvt product_trans = |J (collect_clkvt * set T)
using collect_clkvt__product_trans _sups collect clkvt _product_trans subs by simp

end

context
assumes finite_trans: V. A € set N. finite (trans_of A)
begin

lemma finite_ states:
finite states
proof —
have states C {L. set L C
(U {fst ‘ trans_of (N ! p) | p. p < length N} U
U {(snd o snd o snd o snd) ‘trans_of (N ! p) | p. p < length N})
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A length L = length N}
unfolding states def
apply clarsimp
apply (drule mem_ nth)

apply safe
subgoal for _ _ ¢
by (erule ballE|where z = i]) auto
done
moreover have finite ... using finite_trans by — (rule finite_lists_length__eq; auto)
ultimately show ?thesis by (rule finite_subset)
ged

lemma finite product_trans_i:
finite product__trans_i
proof —
let ?N = J (trans_of ‘ set N)
let S = {(L, p, g, (a, Act b), r, I)|[Lpgabrl.
L € states A (L p, g, (Sil a, b), v, I') € map trans_of N ! p A p < length L}
let R = {(L, p, g, (a, Act b), r, I)[Lpgabrl.
L € states A p < length L A (g, (Sil a, b), v, I') € snd * N}
have 25 C 7R by (fastforce simp: states_length dest: nth_mem)
moreover have finite 7R using finite_states [[simproc add: finite_Collect]]
apply simp
apply (rule finite_imagel)
apply (rule finite_Sigmal)
apply (rule finite_subset[where B = {(p, L). p < length L N\ L € states}])
apply force
using states_length
apply —
apply (rule finite _subset{where B = {(p, L). p < length N A L € states}]; fastforce)
using finite_trans
apply (intro finite__vimagel)
unfolding inj_on_def by auto
ultimately have finite 25 by (rule finite_subset)
moreover have product_trans_i = (A (L, p, g, a, r, ). (L, g, a, v, L[p :=1"])) ¢ 2S
unfolding product_trans _i_def by (auto 4 3 simp: image__ Collect)
ultimately show ?thesis by auto
ged

lemma finite_ Collect_bounded_ex_5' [simp]:
assumes finite {(a,b,c,d,e) . Pabcd e}
shows
finite {z. Jdabcde. PabcdeN Qrabcde}
+—+NVabcde Pabcde— finite {x. Qzabcde})
using assms finite_Collect_bounded _ex[OF assms, where Q = XA z. X (a, b, ¢, d, e). Qz ab
cd e
by clarsimp

lemma finite_product_trans_s:
finite product_trans__s
proof —
let N = J (trans_of ‘ set N)
have (g1, (In a, b), r1, 11') € snd ¢ ?N if
(L'p, g1, (Ina, b), r1,11") € map trans_of N ! p p < length L L € states

11



for Lpgtabrtil’
using that by (auto simp: states_length dest: nth_mem)
let 2S = {(L, p, q, g1, g2, (a, Syn b1 b2), r1, r2, 11", 12)|[L p g gl g2a b1 b2 71 r211'12".
L € states A (L! p, g1, (In a, b1), r1, 11’) € map trans_of N ! p A
(L!gq, g2, (Out a, b2), r2, 12) € map trans_of N'! ¢ A p < length L A q < length L}
define F1 where F1 = {(g1, a, b, r1,11") | gl abrill’ (g1, (Ina, b), r1,11’) € snd ‘ ?N}
have finl: finite F1 unfolding F1_ def using finite_ trans
using [[simproc add: finite_ Collect]] by (force simp: inj_on__def intro: finite _vimagel)
define F2 where F2 = {(g1, a, b, r1,11") | gl a br1 11’ (g, (Out a, b), r1,11') € snd ¢
?N}
have fin2: finite F2 unfolding F2_def using finite_ trans
using [[simproc add: finite_ Collect]] by (force simp: inj_on__def intro: finite _vimagel)
define R where R = {(L, p, q, g1, 92, (a, Syn b1 b2), r1, r2, 11', 12")|L p q g1 g2 a b1 b2
rl r211'12".
L € states A\ p < length L A q < length L A (g1, a, b1, r1,11") € F1 A (g2, a, b2, 12, 12)
€ F2}

have R_alt_def: R={t.3 Lpqgl abl rill’ ¢g2b2r212"
L € states A\ p < length L N\ q < length L
A (g1, a, b1, r1,11") € F1 A (92, a, b2, r2,12") € F2
ANt= (L, p, q, g1, g2, (a, Syn b1 b2), r1, r2, 11', 12)

unfolding R_ def by auto
have 95 C R by (fastforce simp: R_alt_def F1_def F2_def states length dest: nth_mem)
moreover have finite R

unfolding R_ alt_def

using finl fin2 finite_ states

using [[simproc add: finite_ Collect]]

by (auto simp: inj_on_ def intro: finite_vimagel introl: finite_imagel)
ultimately have finite 7S by (rule finite_subset)
moreover have

product__trans__s

C AL p, q, 91,92, a,r1, 2, 117, 12").

(L, g1 @ g2 a, 71 Qr2, Llp:=11', q:=127)) < 29

unfolding product _trans s _def by (simp add: image_Collect) blast

ultimately show ?thesis by (auto intro: finite_subset)
qed

lemma finite_trans of product:
shows finite (trans_of product_ta)
using finite product_trans s finite__product trans i
unfolding product_ta_def trans_of def product_trans def
by auto

end

lemma inv_of product[simp:
inv_of product_ta = product_invariant
unfolding product_ta_def inv_of def by simp

lemma concat_map_if aux:
assumes (m :: nat) > n
shows concat (map (X i. if i < n then fi else []) [0..<m])
= concat (map (A . if ¢ < n then f1i else []) [0..<n])
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using assms by (induction rule: dec_induct) auto

lemma finite_invariant_of product|folded inv_of product]:
assumes V A € set N. finite (range (inv_of A))
shows finite (range product_invariant)
proof —
let /N = J (range ‘inv_of  set N)
let ?X = {I. set I C ?N A length I < length N}
have [| € ?X by auto
have finite N
using assms
by auto
then have finite ?X by (rule finite lists length_le)
moreover have range product__invariant C concat © ?X
proof
fix z assume z € range product__invariant
then obtain L where L:
T = concat
(map (Ap. if p < length (map inv_of N)
then (map inv_of N ! p) (L! p) else [])
[0..<length L))
unfolding product_invariant_def by auto
show z € concat © X
proof (cases length L < length N)
case True
then show ?thesis using L by (fastforce dest: nth_mem)
next
case Fulse
then have z = concat
(map (Ap. if p < length (map inv_of N)
then (map inv_of N ! p) (L! p) else [])
[0..<length NJ)
using L by (auto intro: concat_map if auzx)
then show %thesis by (fastforce dest: nth_mem)
qed
qed
ultimately show ?thesis by — (drule finite_subset; auto)
ged

end

locale Product_TA_ Defs' =
Product_TA_Defs N for N :: (‘a, 'b, 'c, 't :: time, 's) nta
begin

lemma product__invariantD:
assumes u - product__invariant L p < length N length L = length N
shows u F inv_of (N ! p) (Llp)
using assms unfolding product_invariant_def by (force intro: concat__guard)

lemma states step:
L’ € states if N by (L, u) =4 (L', u’) L € states
using that unfolding states def apply safe
apply simp
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apply simp
apply force
apply (subst list_update_nth__split)
apply simp
apply (rule congl)
apply clarsimp
subgoal premises prems for p g a 1’
using prems(3—6) by force
apply clarsimp
apply (solves auto)
apply (subst list _update_nth__split)
apply (simp; fail)
apply safe
apply simp
subgoal premises prems
using prems(3—7) by force
apply (subst list _update_nth__split)
apply simp
apply safe
apply simp
subgoal premises prems
using prems(3—6) by force
by auto

lemma states steps:
L’ € states if N by (L, u) == (L', u') L € states
using that apply (induction N = N _ _ _ _ rule: steps_n.induct)
apply assumption
apply simp
by (rule states step; assumption)

end

lemma steps altl:
AV (L, Z) = (1", 27 if
AV (L Z) = (I, 2) AF (U, 27 — (1", 27
using that by (induction; blast)

locale Product TA =
Product_TA_ Defs' N for N :: (‘a, 'b, 'c, 't :: time, 's) nta +
fixes L :: 's list
assumes states[intro]: L € states

begin

lemma
len[simp): length L = length N
using states unfolding states def by auto

lemma product__delay complete:
assumes step: N by (L, u) —pe (L', u')
obtains d where product_ta - (L, u) =% (L', u')
using step proof cases
case prems: (step_n_t d)
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from prems have x:
Vpe{..<length N}. u & d - inv_of (N ! p) (L! p)
by (auto elim!: step_ t.cases)
from prems * show ¢thesis
by (fastforce simp add: product_ta_def inv_of _def product_invariant_def[abs__def)
intro!: guard_concat that
)

qged

lemma product_int_complete:
assumes step: N by (L, u) =405 (L', u')
obtains a where product ta = (L, u) =4, Act 1) (L', u)
using step proof cases
case prems: (step_n_iplgarl’)
from prems show ?thesis
apply —
apply (rule that)
apply (rule step_a.intros[where g = g and r = r])
by (fastforce
simp: product_trans__def product_trans i _def product invariant_def product_ta__def
trans_of def inv_of def
intro: guard__concat
)+
qed

lemma product__sync__complete:
assumes step: N =y (L, u) —gyn 1 52 (L', u')
obtains a where product _ta = (L, u) = (4, gyn b1 b2) (L', u))
using step proof cases
case prems: (step_n_spll gl arl 11’ ql2 g2 r2127)
from prems show ?thesis
apply —
apply (rule that)
apply (rule step__a.introsjwhere g = g1 @ ¢g2 and a = (a, Syn b1 b2) and r = r1 Q r2])
subgoal premises prems
apply
(clarsimp simp add:
product__trans__def product_trans s _def product_invariant_def product ta__ def
trans_of def inv_of def

apply (erule allE[where z = p))

using «p < _» apply simp

apply (erule allE[where z = ¢])

using prems by (fastforce simp: trans_of _def)

by (fastforce

simp: product__invariant__def product_ta__def inv_of def
intro: guard__concat guard__append

)+

qged

lemma product__complete:
assumes step: N by (L, u) = (L', u')
shows product_ta - (L, u) — (L', u)
using step
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by (cases b) (rule product delay complete product int _complete product sync__complete,
sitmp, blast)+

lemma product_ta_ cases:

assumes product _ta = L —9%" L'

shows (L, g, a, v, L") € product_trans iV (L, g, a, v, L) € product_trans_s
using assms unfolding product_ta_def trans_of def product_trans def by auto

lemma product__delay_sound:
assumes step: product_ta - (L, u) =% (L', u')
shows N Fn (L, u) —pe (L, u')
using assms by cases (force introl: step_n_t product invariantD len)

lemma product__action__sound:
assumes step: product_ta = (L, u) =4 p) (L', v)
shows N by (L, u) = (L', u)
using assms
apply cases
apply simp
apply (drule product_ta_ cases)
apply (erule disjE)
unfolding product_trans i _def product_trans s def
apply (solves <auto introl: product_invariantD step_n_i»)
by (auto intro!: product_invariantD step_n_s simp: clock_val def)

lemma product__sound:
assumes step: product_ta b (L, u) — (L', u’)
obtains ¢ where N Fy (L, u) —4 (L', u’)
using step by cases (force dest!: product_action__sound product_delay__sound)+

lemma states product__step|introl:
L' € states if product_ta b (L, u) — (L', u)
by (auto intro: product_sound that elim!: states step)

lemma product__steps sound:
N Fn (L, u) == (L', u') if product_ta - (L, u) —* (L, u)
using that states proof (induction A = product_ta _ __ _ _ rule: steps.induct)
case (refl [ u)
then show ?case by blast
next
case prems: (step lu 1" v’ 1" u')
interpret interp: Product TA N [ by standard (rule prems)
from prems have x: N by (I, u’) == (I”,u") by auto
from prems show ?case by — (erule interp.product_sound, rule stepl2, rule %)
qed

lemma product__steps complete:
product_ta & (L, u) =+ (L', vy if N bn (L, u) == (L', u’)
using that states proof (induction N = N _ __ _ _ rule: steps_n.induct)
case (refl 1 7)
then show ?case by blast
next
case prems: (step 1 Z 1" Z' _ 1" Z")
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interpret interp: Product _TA N 1’ by standard (blast intro: prems states_steps)
from prems show ?case by — (assumption | rule steps_altl interp.product_complete)+
qed

lemma product_correct:
product_ta & (L, u) —* (L', v’y +— N by (L, u) —x (L', u’)
by (metis product_steps__complete product _steps sound)

end

end
theory State_ Networks
imports Networks Munta__Base.Normalized_Zone__Semantics Impl
Munta Base.More_Methods
begin

unbundle no_ library_syntaz

2 Networks of Timed Automata With Discrete State

2.1 Syntax and Operational Semantics

We extend Networks of Timed Automata with arbitrary shared (global) state. Syntactically, this
extension is very simple. We can just use the free action label slot to annotate edges with a guard
and an update function on discrete states. The slightly more clumsy part is adding invariants for
discrete states by directly specifying an invariant annotating function.

type__synonym
("a, 'c, 'time, 's, 'st) transition =
s x ('st = ('c, "time) cconstraint) x ‘a x (st = 'c list) x s

type__synonym
I I

('a, 'c, 'time, s, 'st) sta = (‘a, 'c, "time, 's, 'st) transition set x ('

¢, 'time, 's) invassn
type__synonym

("a, ‘e, 't, 's, 'st) snta =

("a act x ('st = bool) x ('st = 'st option), ‘c, 't, 's, 'st) sta list x ('s = 'st = bool) list

Semantic states now consist of three things: a list of process locations, the shared state, and a
clock valuation. The semantic extension then is also obvious: we can take the same transitions as
in the network without shared state, however we have to add state updates and checks for guards
on the shared state. The updates on discrete state for synchronizing transitions are in the same
order as in UPPAAL (output before input).

datatype 'b label = Del | Act 'b | Syn 'b

inductive step_sn ::
('a, 'c, 't, s, 'st) snta = 's list = ‘st = ('c, ("t::time)) cval = 'a label
= ‘s list = ‘st = ('c, 't) cval = bool
CHC,_, Y= (,_,_)|61,61,61,61,61] 61)
where
step__sn_t:
(N, I) F (L, 8, u) —pet (Ly 5, u @ d)
if V pe{.<length N}, u@® dtF snd (N!p)(L!p)
d > 0 length N = length I |
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step__sn_ i:
(N, I) F (L, s, u) = actq (L', 8, )
if (I, g, (Sil a, ¢, m)., f, ) € fst (Np)
ub gsV pe{.<length N}. u'F snd (Nlp) (L'p)
r=fs
Lp=1lp<length L L' = L[p :=1] v = [r—0]u
csV¥ p<lengthI.(I!p) (L'!p)s' Somes =ms
length N = length I |
step__sn__s:
(N, I) b (L, 8, u) = gyma (L', ', 0)
if (I, g1, (In a, ci, mi), f1,11") € fst (N!p)
(12, g2, (Out a, co, mo), f2,12") € fst (Nlq) ut gl sul g2s
V p € {.<length N}. u'F snd (Nlp) (L"p)
rl =flsr2=f2s
Lp =11 Llg=12p < length L q < length L p # q
L'=Lp:=1'q:=127)u =[(r1 Qr2)=0]u
ciscosV p<lengthI. (I!p)(L'!p)s
Some so = mo s Some s’ = mi so length N = length I

inductive__cases[elim!]: N & (L, s, u) =gy o (L', s, u')

inductive steps_sn ::
('a, 'c, 't, s, 'st) snta = 's list = ‘st = (‘c, ("t::time)) cval
= ‘s list = ‘st = (‘e, 't) cval = bool
CH{,_, )y->x(,_,_ )61, 61, 61,61,61] 61)
where
refl: N & (L, s, u) —* (L, s, u) |
step: N (L, s, u) = (L', s', ) = N (L', s, u'y = (L", s, u")
= NF (L, s, u) =x (L" s" u")

declare steps_sn.intros[intro)

lemma stepl2:
N (I, s, uy == (") " u") if
NE, s u)y =« (17, 8", u"y NF (I, s, u) =4 (I, s/, u))
using that
apply induction
apply rule
apply (rule refl)
apply assumption
apply simp
by (rule; assumption)

abbreviation state_set :: (‘a, ‘c, 't, 's, 'st) transition set = 's set where
state_set T = fst * T U (snd o snd o snd o snd) ‘T

2.2 Product Automaton

locale Prod TA Defs =
fixes A :: (‘a, 'c, 't, 's, 'st) snta
begin

definition
T sps={(lgsafs!)|lgafi' (g af U) € fst(fst A!p)}
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definition
N ss=map (A p. (T_sps, snd (fst Al p))) [0..<length (fst A)]

abbreviation P = snd A
definition p = length (fst A)
abbreviation product s = Product_TA_ Defs.product_ta (N_s s)

abbreviation T' s = trans_of (product s)
abbreviation I’ s = inv_of (product s)

definition
prod__trans_i =
{((L, 8), g,a,r,(L',s")) | LsgcarmL’s"
Va<p (Plq(L!qs) AV qg<p (Plq)(L'!q)s)
A (L, g, (a, Networks.label.Act (¢, m)), r, L") € T' s A ¢ s A Some s’ = m s}

definition
prod_trans s =
{((L, $), g,a, 7, (L',s") | LsgcicoarmimolL's’so.
ci SN\ cos
ANV g<p (Plq)(L!qs)A(V qg<p (P!q) (L'!q)s)
A (L, g, (a, Networks.label.Syn (ci, mi) (co, mo)), r, L") € T's
A Some so = mo s
A Some s’ = mi so

}

definition
prod__trans = prod__trans_i U prod_trans s

definition
prod__invariant = X (L, s). I' s L

definition prod_ta :: (‘a, ‘¢, 't, 's list X 'st) ta where
prod__ta = (prod__trans, prod__invariant)

lemma prod_ta_cases:
assumes prod_ta - L —9%" L'
shows (L, g, a, r, L') € prod_trans_i VvV (L, g, a, r, L') € prod_trans_s
using assms unfolding prod_ta_ def trans_of def prod_trans def by auto

lemma inv_of simp:
inv_of prod_ta (L, s) =1's L
unfolding inv_of def prod_ta_ def prod_invariant_def by simp

lemma I’ _simp:
I'sL=1"s"L
unfolding Product_TA__ Defs.product_ta_def inv_of def Product_TA_ Defs.product_invariant_ def
N_s def
apply simp
apply (rule arg_cong[where f = concat])
by simp
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lemma collect clki_prod__invariant:
Timed__Automata.collect__clki prod_invariant = Timed__Automata.collect_clki (I’ s)
unfolding prod_invariant_def Timed Automata.collect clki def
apply (simp split: prod.split)
apply safe
apply (subst (asm) I
by auto

/

simp[where s’ = s])

lemma collect_clki_prod__invariant:
Timed__Automata.collect_clki prod__invariant
C U {Timed_Automata.collect _clki (snd (fst A! p)) | p. p < length (fst A)}
unfolding collect_clki_prod_invariant|of s]
unfolding inv_of def Product TA__Defs.product_ta_ def
unfolding Product_TA__ Defs.product_invariant_def
unfolding inv_of def N_s def
unfolding Timed_ Automata.collect_ clki__def
unfolding collect_clock pairs def
by auto

lemma collect clkt _prod__trans subs:
Timed__Automata.collect__clkt prod_trans C Timed__Automata.collect_clkt (J (T’ ¢ UNIV))
unfolding Timed_ Automata.collect_ clkt_def prod_trans def prod_trans i _def prod_trans s def

by fastforce

lemma collect clkvt _prod_trans subs:
collect__clkvt prod__trans C collect__clkvt (J (T’ ¢ UNIV))
unfolding collect_clkvt def prod_trans_def prod_trans_i_def prod_trans s _def by fastforce

lemma T simp:
T ! q=trans_of (N! q)if ¢ < length N
using that oops

abbreviation N = fst A

context
fixes @)
assumes finite_ state:
VIV g<p (Plqls— @s
finite {s. Q s}
and finite_trans: ¥ A € set N. finite (fst A)
and p gt 0:p >0
begin

lemma finite_state’:
finite {s. Y q<p. (P! q) (L! q) s} (is finite 25)

proof —
from p gt 0 obtain ¢ where ¢ < p by blast
then have 25 C {s. () s} using finite_state(1) by auto
moreover have finite ... by (rule finite_state(2))
ultimately show ?thesis by (rule finite_subset)

ged
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lemma finite trans”:
V Aeset (N_s s). finite (trans_of A)
unfolding N_s def apply clarsimp
unfolding trans of def T s def
apply simp
apply (drule nth_mem)
using finite trans
using [[simproc add: finite_ Collect]]
apply simp
apply (rule finite__imagel)
apply (rule finite_vimagel)
apply simp
unfolding inj on_def by auto

lemma finite_states:
finite (Product _TA_ Defs.states (N_s s))
using finite_trans’ by (rule Product TA_ Defs.finite_states)

lemma
finite (T s)
using finite_trans’ by (rule Product TA_ Defs.finite_trans _of product)

lemma finite_product 1:
finite (T’ s)
unfolding product_def
unfolding trans_of def Product_TA__Defs.product_ta_ def
apply simp
unfolding Product_TA__ Defs.product_trans _def
proof safe
have Product_TA_ Defs.product_trans_i (N_s s)
C {(L, g, (a, Networks.label.Act (aa, b)), r, Llp:=1]) |[Lp gaaadrl
L € Product_TA_ Defs.states (N_s s) A p < length (N_s s) A
(L!p, g, (Sia,aa, b), r, ") € J (trans_of ‘ set (N_s s))}
unfolding Product_TA_ Defs.product_trans i _def
by (fastforce simp: Product_TA_ Defs.states_length)
moreover have finite ...
apply defer ez
using finite_ states[of s| apply clarsimp
apply (subst finite_ Collect _bounded_ex_6)
subgoal premises prems for y y’
proof —
have
{(a, b, ¢, d, e, f). Jz€set (N_ss).zFyly’ —a,(Sil b, ¢, d),e f}
={aez.J zabecdef z€set (N_ss)ANzhk y !y —a(5ilb c d)e ¢
Aaxz=(a, b, c, d, e f)}
by force
moreover have finite ...
using finite_trans’[of s
using [[simproc add: finite_ Collect]]
by (auto simp: inj_on_ def intro: finite _vimagel simp del: finite_ Collect _bounded__ex)
ultimately show ?thesis by simp
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qed
by auto
ultimately show finite (Product_TA_Defs.product_trans_i (N_s s)) by (rule finite__subset)
next
have Product_TA_ Defs.product_trans_s (N_s s)
C {(L, g1 @ g2, (a, Networks.label.Syn b1 b2), r1 Q r2, L[p := 11", ¢ :=12]) |
Lpqgglg2ablb2rir2ll’i2
L € Product _TA_ Defs.states (N_s s) N
p < length (N_s s) A g < length (N_s s) A
(L!p, g1, (Ina, b1), r1, 11') € map trans_of (N_s s) ! p A
(L!gq, g2, (Out a, b2), 12, 12") € map trans_of (N_s s)! ¢ N p # ¢}
unfolding Product_TA__ Defs.product_trans_s _def
by (fastforce simp: Product_TA_ Defs.states_length)
moreover have finite . ..
apply defer ez
using finite_ states|of s]
apply clarsimp
subgoal
apply (mini_existential, simp)
apply (mini_existential, simp)
apply (mini_existential, simp)
apply (mini__existential, simp)
apply (subst finite_ Collect _bounded__ex_6)
subgoal
using [[simproc add: finite_ Collect]] finite_trans’[of s]
by (auto simp: inj _on__def intro: finite_vimagel)
apply safe
apply (subst finite_ Collect _bounded__ex_5)
subgoal
using [[simproc add: finite_ Collect]] finite_trans’[of s]
by (auto 4 3 simp: simp: inj_on_ def intro: finite__vimagel)
by auto
done
ultimately show finite (Product _TA__Defs.product_trans s (N_s s)) by (rule finite__subset)
qed

lemma prod_trans i alt_def:
prod__trans i =
{((L, 8),9,a,r, (L',s) | LsgcarmL’s"
(L, g, (a, Networks.label. Act (¢, m)), r, L") € T' s A
(Vag<p (Plq)(L!q)s) ANV qg<p. (Plq)(L'!q)s)
A c s A Some s’ =m s}
unfolding prod_trans_i_def by (safe; metis)

lemma Some_ finite:
finite {x. Some © = y}
using not_finite__existsD by fastforce

lemma finite_ prod_ trans:
finite prod__trans if p > 0
unfolding prod_trans def
proof safe
have prod_trans i C
{((L, 8)y9,a,r, (L,s)) | LsgcarmlL's"
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Qs N

(L, g, (a, Networks.label.Act (¢, m)), r, L") € T' s A
(Vag<p (Pla)(L!q)s) AV qg<p. (Plq) (L'!q)s
A cs A Somes'=m s}

unfolding prod_trans i _alt_ def
using finite_state(1) p_gt_0 by force
moreover have
finite . ..
apply defer ez
apply (mini_existential, simp only: ex_simps)
using finite_state(2) apply clarsimp
apply (subst finite_ Collect _bounded_ex_7)
using [[simproc add: finite_ Collect]] finite_state’ finite_product__1
by (auto 4 3 simp: inj_on__def intro: finite_vimagel)
ultimately show finite prod_trans_i by (rule finite_subset)
next
have prod_trans s C
{((L, 8), g, a,r, (L', 8") | LsgcicoarmimolLs'so.
Qs A
product s - L —_9,(a, Networks.label.Syn (ci, mi) (co, mo)),r [/ A
(Va<p. (P1q) (L1 q)s) A (Va<p. (P! q) (L'!q)s) A
ci s N\ cos A Some so=mo s A Some s = miso}

unfolding prod_trans s _def

using finite_state(1) p_gt_0 by fastforce
moreover have

finite . ..

apply defer _ex

apply (mini_existential, simp only: ex_simps)

using finite_state(2) apply clarsimp

apply (subst finite_ Collect _bounded_ex_9)

subgoal
using [[simproc add: finite_Collect]] finite_state’ finite_product__ 1
by (auto 4 3 simp: inj_on__def intro: finite__vimagel)]]

apply safe
subgoal for sabcdefghi
apply (rule finite_subset[where B =
(A s’ ((a, 8), b, e, f, 4, 8) “{s" 3 so. Some so="hs A Some s" = g so}
)
apply force
apply (rule finite_imagel)
apply (subst finite_ Collect _bounded__ex)
by (force intro: Some__finite)+
done
ultimately show finite prod_trans_s by (rule finite__subset)
qged

end

abbreviation states’ s = Product_TA_ Defs.states (N_s s)
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lemma N_s length:
length (N_s s) =p
unfolding N_s def p_def by simp

end

locale Prod_TA_ Defs’ =
Prod_TA_ Defs A for A :: (‘a, 'c, 't :: time, 's, 'st) snta
begin

lemma A_ unfold:
A= (N, P)
by auto

lemma network__step_ delay:
assumes step: (N, P) F (L, s, u) = pe (L', ', u’) and len: length L = p
shows N_s s =y (L, u) = Networks.label. Del (L's ©')
subgoal
using step
apply cases
subgoal
apply simp
apply (rule step_n_t)
subgoal
unfolding N_s def by (auto simp: inv_of def)
apply assumption
done
done
done

lemma network _step_silent:
assumes step: (N, P) F (L, s, u) = a¢ o (L', 8', u') and len: length L = p
obtains a where N_s s Fn (L, 4) = Networks.label. Act o (L', /)
subgoal premises prems
using step
apply cases
subgoal
apply (rule prems)
apply (rule step_n_ 1)
unfolding N_s def T s _def by (auto 4 0 simp: trans_of def inv_of def len p_def)
done
done

lemma network__step _sync:
assumes step: (N, P) = (L, s, u) = gyn o (L', s', u) and len: length L = p
obtains a b where N_s s = (L, u) — Networks.label.Syn a b (L', u)
subgoal premises prems
using step
apply cases
subgoal
subgoal premises A
apply (rule prems)
apply (rule step_n_s)
defer

24



defer
apply (rule A; fail)
apply (rule A(4); fail)
subgoal
using A unfolding N_s_def by (auto simp: inv_of _def len)
defer
defer
apply (rule A; fail)
apply (rule A(11); fail)
using A unfolding N_s_def T s def by (auto 4 0 simp: trans_of def len p__def)
done
done
done

lemma network__step:

assumes step: (N, P) F (L, s, u) =4 (L', ', v’y and len: length L = p

obtains ¢ where N_s s by (L, u) —4 (L', u')

subgoal
using step
apply (cases a; simp)

apply (rule that, erule network_step_delay[OF __ len, simplified])

apply (erule network_step__silent[OF __ len, simplified], erule that)
apply (erule network_step__sync[OF __ len, simplified], erule that)
done

done

!

lemma trans _of N s 1:
(fst “trans_of (N_ss!q))=fst ‘fst (N!q)ifg<p
using that unfolding trans _of def N_s def p_def T s def by (auto 0 7 simp: image__iff)

lemma trans _of N s 2:
((snd o snd o snd o snd) ‘ trans_of (N_s s! q)) = (snd o snd o snd o snd) “fst (N ! q) if ¢ <

p
using that unfolding trans of def N _s def p_def T s def by force

lemma
fst “trans_of (N_s s! q) = fst “trans_of (N_ss’'! q)if ¢ <p
using that by (simp add: trans_of N _s 1)

lemma states’ simp:

states’ s = states’ s’

unfolding Product_TA_ Defs.states def using trans_of N_s 1 trans_of N_s 2 by (simp
add: N_s_length)

lemma states step:
L' € states’ s if A& (L, s, u) —4 (L', s', u) L € states’ s
proof —
interpret Product_TA_ Defs' N_s s .
from <L € » have L € states .
from <L € ) have length L = p by (simp add: N_s_length states_length)
with network__step[folded A__unfold, OF that(1)] obtain a where
N_sstn (L, uy =4 (L',u))
by auto
then show ?thesis using that(2) by (rule states_step)
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qed

lemma states steps:
L’ € states’ s"if AF (L, s, uy = (L', s, u’) L € states’ s
using that proof (induction A = A rule: steps__sn.induct)
case (refl L s u)
then show ?case by assumption
next
case (step Lsu L' s' v’ L" 8" u")
with states steplof L' s’ v’ L' " u”] states’ _simp show ?case by blast
ged

lemma inv_step:
Vp<length P. (P! p) (L'! p) s"if
A (L, s, u) =4 (L', s', u) Vp<length P. (P! p) (L!p)s
using that by (cases) auto

lemma inv_steps:
V p<length P. (P! p) (L'! p) s"if
AF (L, s, u)y = (L', ', u') Vp<length P. (P! p) (L!p)s
using that by (induction A = A rule: steps_sn.induct) (auto dest: inv__step)

end

locale Prod TA =
Prod__TA_Defs" A for A :: (‘a, 'c, 't :: time, 's, 'st) snta +
fixes L :: s list and s :: st
assumes states[intro]: L € states’ s
assumes Len: length N = length P
and inv: Vp<length P. (P ! p) (L!p) s
begin

sublocale Product _TA N_s s L by standard rule

lemma inv_prod__simp:
inv_of prod_ta (1, s") = Product_TA_ Defs.product_invariant (N_s s’) l if length | = p
unfolding prod_ta__def prod_invariant_def Product_TA_ Defs.product_ta_def N_s definv_of def
using that by (simp add: p_ def)

lemma inv_of N _simp:
map inv_of (N_ss ) q=11qifg<p
using that unfolding inv_of def N_s def p_ def by simp

lemma product_inv__prod__simp:
inv_of prod_ta (I, s) = I' s 1 if length | = p
using that
apply (simp add: inv_prod__simp)
apply (simp add: N_s_length inv_of def Product TA__ Defs.product_invariant_def)
apply (rule arg_cong[where f = concat])
apply (clarsimp cong: map__cong)
by (subst inv_of N__simp; simp)

lemma product__invy__prod[intro):
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u b inv_of prod_ta (1, s') if w b inv_of product_ta l length | = p
using that by (simp add: product_inv_prod__simp)

lemma A__simp[simp]:
N'=NP' =Pif A= (N', P
using that by auto

lemma length_L[intro]:
length L = p
by (simp add: N_s_length)

lemma prod__complete_delay:
assumes step: A F (L, s, u) = pe (L', s/, u')
obtains d where prod_ta & ((L, s), u) =% (L', s'), u’)
using step proof cases
case prems: (step_sn_t N d P)
note [simp] = A simp[OF prems(1)]
from prems have N_s s by (L, u) = Networks.Del (L', u)
unfolding N_s def by (auto 4 3 simp: inv_of def intro: step_n__t)
with prems show ?thesis
by (auto 4 4
intro: that
simp: product__inv__prod__simp|OF length L]
elim!: product_delay complete step_t.cases)
qed

lemma prod__complete__silent:
assumes step: A - (L, s, u) = 4c1 o (L', 8, u)
obtains a where prod_ta b (L, s), u) —4 (L, '), u’)
using step proof cases
case prems: (step_sn_ilgcm fl' Ngrl)
note [simp] = A__simp[OF prems(1)]
from prems(13) have [simp]: length P = p by (simp add: p__def)
have N_s sty (L, u) — Networks.label. Act (c, m) (L', u’)
apply (rule step_n_ 1)
using prems unfolding N_s def T s def by (auto 8 0 simp: trans_of def inv_of def
N_s_length)
with <length P = p)> obtain b where
product_ta + <L> u) (b, Networks.label. Act (c, m)) <L/> ’LL/>
by (clarsimp elim!: product_int_complete)
with prems inv obtain g r where step:
((L, s), g, b, m, (L', 8")) € prod_trans_i
ub g [r—0lu=u"u"t inv_of product_ta L’
apply atomize__elim
unfolding prod_trans_i_def by — (erule step__a.cases; auto)
then have ((L, s), g, b, r, (L', s')) € trans_of prod_ta
by (simp add: prod_trans_def trans_of _def prod_ta__def)
moreover have length L' = p
using length L prems(8) by auto
ultimately show #thesis
apply —
apply (rule that)
apply rule
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using step(2—) by force+
qed

lemma prod_complete__sync:
assumes step: A = (L, s, u) —>gyn o (L', ', u')
obtains a where prod_ta - ((L, s), u) —4 (L', '), u)
using step proof cases
case prems: (step_sn_s 11 g1 ci mi f1 11’ N q1 12 g2 co mo f2 12’ q2 r1 2 I s0)
note [simp] = A_ simp[OF prems(1)]
from prems(21) have [simp]: length P = p by (simp add: p_def)

have N_s sty (L, u) — Networks.label.Syn (ci, mi) (co, mo) (L', u’)
apply (rule step_n_s)
defer
defer
apply (rule prems; fail)
apply (rule prems(5); fail)
subgoal
using prems unfolding N_s def by (auto simp: inv_of def)
defer
defer
apply (rule prems; fail)
apply (rule prems(12); fail)
using prems unfolding N_s def T s def by (auto 3 0 simp: trans_of def p_ def
N_s_length)
with <length P = p)> obtain a where
product_ta = (L, u) —(a, Networks.label.Syn (ci, mi) (co, mo)) (L, u')
by (auto elim!: product_sync__complete)
with prems inv obtain g r where step:
(L, s), g, a, r, (L', s")) € prod_trans_s
u b g [r—=0Ju=u"u't inv_of product_ta L'
apply atomize__elim
unfolding prod_trans s _def by — (erule step__a.cases; auto; blast)
then have ((L, s), g, a, r, (L', ")) € trans_of prod_ta
by (simp add: prod_trans_def trans_of def prod_ta__def)
moreover have length L' = p
using length L <L’ = _» by auto
ultimately show ¢thesis
apply —
apply (rule that)
apply rule
using step(2—) by force+
qed

lemma prod_complete:
assumes step: A - (L, s, u) =4 (L', s/, u')
shows prod_ta b ((L, s), u) = ((L', s), u')
using step
by (cases a; simp; blast elim!: prod__complete__delay prod__complete _silent prod__complete__sync)

lemma A_ unfold:

A= (N, P)
by simp
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lemma prod_sound’_delay:
assumes step: prod_ta - (L, s), u) =% (L', s), u')
shows A b (L, s, u) = pe; (L', ', u’) A product_ta - (L, u) — (L', u’)
A (Vp<length P. (P ! p) (L'! p) s’
using assms proof cases
case prems: 1
then have product_ta & (L, u) =9 (L', u’) unfolding inv_of simp by fast
moreover from product delay sound[OF this] prems(1—3) have A F (L, s, u) — pe; (L,
s’y u')
apply simp
apply (subst A__unfold)
apply (rule step__sn_t)
by (auto simp: N_s_def inv_of def step_t.simps N_s_length p_def Len intro: <0 < d»)
ultimately show ?thesis using prems inv by fast
qged

lemma prod_sound’ _action:
assumes step: prod_ta b {(L, s), u) —4 (L', s'), u’)
obtains a where (A F (L, s, u) —4 (L', s a # Del) A product_ta b (L, u) — (L', u')
A (Vp<length P. (P ! p) (L'! p) s’
using assms
proof cases
case prems: (1 gr)
from Len have [simp]: length P = p by (simp add: p__def)
from prems(1)[THEN prod_ta_ cases] show ?thesis
proof (rule disjE, goal cases)
case [
then obtain ¢ m where x*:
Some s'=m sVq<p. (P! q) (L!q)sVg<p. (P! q) (L' q)s’
product_ta + L —9,(a, Networks.label. Act (¢, m)),r [/ . ¢
unfolding prod_trans i _def by auto
with prems have product _ta & (L, u) — (4, Networks.label. Act (¢, m)) (L5 ')
unfolding inv_of simp by (metis I’ _simp step__a.intros)
moreover from product_action__sound[OF this] prems(3—4) obtain a where
A AL, s, u) = act o (L' 8", )
apply safe
apply (simp add: N_s_def trans_of def N_s_length T s _def)
apply (simp only: ex_simps[symmetric))
apply (erule exE, erule exE)
apply (rule that)
(
(

<
~=
>

apply (subst A__unfold)
apply (rule step _sn_ 1)
apply fast
using *(3) by (auto simp: N_s_def inv_of def p_def «Some s' = m s intro: <c $)
ultimately show ?thesis using * by (auto intro: that)
next
case 2
then obtain c¢i co mi mo si where x:
Some s = mi si Some si = mo sV q<p. (P! q) (L!q) s¥Vqg<p. (P!q) (L'!q)s’
product_ta b L _>g,(a, Networks.label.Syn (ci, mi) (co, mo)),r L’
ci s cos
unfolding prod_trans s def by auto
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with prems have product_ta & (L, u) _>(a Networks.label.Syn (ci, mi) (co, mo)) (L', )

unfolding inv_of simp by (metis I'_simp step__a.intros)

moreover from product_action__sound[OF this] prems(3—4) obtain a where

AF (L, 8, u) = gyn o (L', 8, u')
apply safe
apply (simp add: N_s_def trans_of def N_s length T s _def)
apply (simp only: ex_simps[symmetric))
apply (erule exE, erule exE, erule exE, erule exE)
apply (rule that)
apply (subst A__unfold)
apply (rule step_sn_s)
apply fast
apply blast

using *(4) by (auto simp: N_s_def inv_of def p_def «Some s’ =

intro: x(6—))
ultimately show ?thesis using x by (intro that conjl) auto
qed
qed

lemma prod_sound’:

assumes step: prod_ta b ((L, s), u) — ((L’, s), u)

obtains a where A - (L, s, u) —4 (L', s, u’) A product_ta F (L, u) —
A (VY p<length P. (P! p) (L" p) s

using assms apply cases

apply (erule prod_sound’ _action; blast intro: that)

apply (rule that, erule prod_sound’_delay)

done

lemmas prod_sound = prod_sound' | THEN conjunct1]

lemmas prod_inv_1 = prod_sound’ |[THEN conjunct2, THEN conjunctl]
lemmas prod_inv_2 = prod_sound|THEN conjunct2, THEN conjunct2]

lemma states_prod__steplintro]:
L’ € states if prod_ta & {(L, s), u) — (L', s'), u’)
by (blast intro: prod_inv_1[OF that])

lemma inv_prod_steplintrol:
Vp<length P. (P ! p) (L'! p) s"if prod_ta - ((L, s), u) — ((L', '), u’)
using that by (blast intro: prod_inv_2)

lemma prod__steps sound:
assumes step: prod_ta b (L, s), u) —x* (L', '), u’)
shows A b (L, s, u) —x (L', s', u)
using step states inv

proof (induction A = prod_ta l = (L, s) _ ' = (L', s") _ arbitrary: L s rule: steps.induct)

case (refl u)
then show ?case by blast
next
case prems: (step ul’ v’ v’ L s)
obtain L’ s where I’ = (L", s") by force
interpret interp: Prod_TA A L s by (standard; rule prems Len)

_» «Some si =

(L', u)

from prems(3)[OF ' = _»] prems(1,2,4—) have x: A+ (L, s", u’) == (L', s', u")

unfolding ' =
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by (metis Prod_TA_Defs’.states’ _simp interp.states_prod__step interp.inv_prod__step)
show ?case
using * prems by (auto simp: <I' = _» intro: interp.prod__sound stepI2)
qed

lemma prod__steps complete:
prod_ta - ((L, s), u)y —x ((L', s"), vy if A+ (L, s, u) == (L', s', u')
using that states inv proof (induction A = A L rule: steps_sn.induct)
case (refl L s u)
then show ?case by blast
next
case prems: (step L s u L' s" v’ L" s" u'’)
interpret interp: Prod_TA A L' s’ apply standard
using prems by — (assumption | rule Prod__TA_ Defs’.states_steps Len Prod__TA_ Defs’.inv__steps)+
from prems show ?case by — (rule steps_altl, auto introl: interp.prod__complete)
qged

lemma prod_ correct:
prod_ta b ((L, s), u) —* (L', s"), uy «— AF (L, s, u) == (L', s', u’)
by (metis prod__steps__complete prod__steps_sound)

end

end

theory UPPAAL Asm
imports Main

begin

type__synonym addr = nat
type__synonym val = int
type__synonym reg = nat

datatype instr =
JMPZ addr |
ADD |
NOT |
AND |
LT |
LE |
Q|
PUSH int — Push value on stack |
POP |
LID reg — Push register value on stack |
STORE — Store stack value in register |
STOREI reg val — Store value in register |
COPY |
CALL |
RETURN |
HALT |
STOREC nat int — Special instruction, signals a clock reset |
SETF bool — Meta instruction

type__synonym stack = int list
type__synonym flag = bool
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type__synonym rstate = int list — Partial map from registers to values
type__synonym state = addr * stack * rstate x flag x nat list
— Instruction pointer, stack, register state, comparison flag, reset clocks

definition int_of :: bool = int where
int_of r = if x then 1 else 0

fun step :: instr = state = state option where

step (JMPZ q) (pc, st, m, f, rs) = Some (if f then (pc + 1) else q, st, m, f, rs) |
step ADD (pc, a # b # st, m, f, rs) = Some (pc + 1, (a + b) # st, m, f, rs) |
step NOT (pc, b # st, m , f, rs) = Some (pc + 1, st, m, = f, rs) |
step AND (pe, b # st, m, f, rs) =

(ifb=0Vb=1

then Some (pc + 1, st, m, b =1 A f, rs)

else None) |
step LT (pc, a # b # st, m, f, rs) = Some (pc + 1, st, m, a <
step LE (pc, a # b # st, m, f, rs) = Some (pc + 1, st, m, a < b, rs
step EQ (pe, a # b # st, m, f, rs) = Some (pc + 1, st, m, a = b, 5) |
step (PUSH v) (pc, st, m, f, rs) = Some (pc + 1, v # st, m, f, rs) |
step POP (pc, v # st, m, f, rs) = Some (pc + 1, st, m, f, rs) |
step (LID r) (pc, st, m, f, rs) = Some (pc + 1, m ! r # st, m, f, rs) |
step STORE (pc, v # v # st, m, f, rs) =

(if 7 > 0 then Some (pc + 1, st, m[nat r := v], f, rs) else None) |
step (STOREI r v) (pe, st, m, f, rs) = Some (pc + 1, st, m[r := v], f, rs) |
step COPY (pc, st, m, f, rs) = Some (pc + 1, int_of f # st, m, f, rs) |
step CALL (pc, q # st, m, f, rs) =

(if ¢ > 0 then Some (nat q, int pc # st, m, f, rs) else None) |
step RETURN (pc, q # st, m, f, rs) =

(if ¢ > 0 then Some (nat q + 1, st, m, f, rs) else None) |

>

<

)

s) |
) |

o~ S
<3

step (STOREC ¢ d) (pc, st, m, f, rs) =

(if d = 0 then Some (pc + 1, st, m, f, ¢ # rs) else None) |
step (SETF b) (pe, st, m, f, rs) = Some (pc + 1, st, m, b, rs) |
step _ = None

type__synonym program = addr = instr option
type__synonym fuel = nat

fun ezec :: program = fuel = state = addr list = (state * addr list) option where
exec __ 0 __ __ = None |
exec prog (Suc n) (pc, st, m, f, rs) pcs =
(case prog pc of
Some instr = (
if instr = HALT
then Some ((pc, st, m, f, rs), pc # pcs)
else
case step instr (pc, st, m, f, rs) of
Some s = exec prog n s (pc # pcs)
| None = None)
| None = None)

inductive steps :: program = fuel = state = state = bool where

steps prog (Suc n) start start |
steps prog (Suc n) (pe, st, m, f, rs) s if
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step cmd (pc, st, m, f, rs) = Some s
prog pc = Some cmd
steps prog n s s’

inductive visited :: program = fuel = state = state = addr list = bool where
visited prog (Suc n) s s [] |
visited prog (Suc n) (pc, st, m, f, rs) s’ (pcs @ [pc]) if
step cmd (pc, st, m, f, rs) = Some s
prog pc = Some cmd
visited prog n s s’ pcs

lemmas [intro] = steps.intros

lemma exec_steps:
assumes ezec prog n s pcs = Some ((pc, st, m, f, rs), pcs’)
shows steps prog n s (pc, st, m, f, rs) A prog pc = Some HALT
using assms proof (induction P = prog n s pcs arbitrary: pc st m f rs rule: exec.induct)
case 1
then show ?Zcase by simp
next
case (2 n pc’ st' m' f' rs’ pes’)
then obtain instr where prog pc’ = Some instr by (cases prog pc') auto
show Zcase
proof (cases instr = HALT)
case True
with 2.prems <prog pc’ = _» show ?thesis by auto
next
case Fulse
with 2 «prog pc’ = _» show ?Zthesis by (auto split: option.split_asm)
qged
qed

lemma steps halt:
assumes steps prog n (pc, st, m, f, rs) s prog pc = Some HALT
shows s = (pc, st, m, f, rs)
using assms by (induction prog n (pc, st, m, f, rs) s) auto

lemma steps exec:
assumes steps prog n s (pc, st, m, f, rs) prog pc = Some HALT
shows 3 pcs'. exec prog n s pes = Some ((pe, st, m, f, rs), pcs’)
using assms proof (induction P = prog n s (pc, st, m, f, rs) arbitrary: pcs rule: steps.induct)
case (1 n)
then show ?case by simp
next
case (2 cmd pc’ st’ m' f' rs’ s n)
then obtain pcs’ where ezec prog n s (pc’ # pes) = Some ((pe, st, m, f, rs), pcs’) by auto
with 2(1—3) show ?case by (auto dest!: steps halt)
qed

lemma visited halt:
assumes visited prog n (pc, st, m, f, rs) s pcs prog pc = Some HALT
shows s = (pc, st, m, f, rs)
using assms by (induction prog n (pc, st, m, f, rs) s pcs) auto
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lemma exec_ length _mono:
assumes ezec prog n s pcs = Some (s', pes’)
shows length pcs’ > length pcs
using assms
by (induction P = prog n s pes arbitrary: s’ pcs’ rule: exec.induct)
(force split: option.splits if _splits)+

inductive__cases visitedE1: visited prog n s (pc, st, m, f, rs) ||

lemma visited_exec:
assumes visited prog n s (pc, st, m, f, rs) pes prog pc = Some HALT
shows exec prog n s pcs’ = Some ((pc, st, m, f, rs), pc # pcs @ pes’)
using assms proof (induction P = prog n s (pc, st, m, f, rs) pes arbitrary: pes’ rule: vis-
ited.induct)
case (1 n)
then show ?case by simp
next
case (2 cmd pc’ st’ m' f' rs’ s n pes pes’)
with 2 have exec prog n s (pc’ # pes’) = Some ((pc, st, m, f, rs), pc # pcs Q pc’ # pes’)
by auto
with 2(1—3) show Zcase by (auto dest!: steps_halt)
qed

lemma visited ezxec’:
assumes visited prog n s (pc, st, m, f, rs) pcs prog pc = Some HALT
shows ezec prog n s [| = Some ((pe, st, m, f, rs), pc # pcs)

using visited__exec assms by auto

end
theory UPPAAL Asm_ Clocks
imports Timed_Automata. Timed__Automata Timed__Automata.Normalized Zone_Semantics
UPPAAL _Asm Complex_Main
begin

datatype 't instrc =
INSTR instr |
CEXP (nat, 't) acconstraint

fun stepc :: 't instrc = (nat, 't :: time) cval = state = state option where
stepc (INSTR instr) u s =
(case step instr s of
Some s’ = Some s’
| None = None) |
stepc (CEXP cc) u (pc, st, m, f, rs) = Some (pc + 1, st, m, u b, cc, rs)

type_ synonym 't programc = addr = 't instrc option

inductive stepsc :: 't programc = fuel = (nat, 't :: time) cval = state = state = bool where
stepsc prog (Suc n) u start start |
stepsc prog (Suc n) u (pc, st, m, f, rs) s'if
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stepc emd u (pe, st, m, f, rs) = Some s
prog pc = Some cmd
stepsc progn u s s’

inductive visitedc :: 't programe = fuel = (nat, 't :: time) cval = state = state = addr list =
bool where
visitedc prog (Suc n) wu start start || |
visitedc prog (Suc n) u (pe, st, m, f, rs) s’ (pcs Q [pc]) if
stepc emd u (pc, st, m, f, rs) = Some s
prog pc = Some cmd
visitedc prog n u s s’ pcs

definition stepst prog n u start = X (pc, st, m, f, rs).
stepsc prog n u start (pe, st, m, f, rs) A prog pc = Some (INSTR HALT)

fun strip :: 't instrc = instr where
strip (INSTR instr) = instr |
strip = HALT

fun stripf :: 't instrc = instr where
stripf (INSTR instr) = instr |
stripf _ = SETF Fulse

fun stript :: 't instrc = instr where
stript (INSTR instr) = instr |
stript _ = SETF True

end
theory UPPAAL State Networks
imports Munta_Model_Checker.State_Networks Timed__Automata. Normalized Zone__Semantics
UPPAAL Asm_ Clocks
AutoCorres2.Subgoals
begin

3 Networks of Timed Automata — UPPAAL Style

Networks of Timed Automata with Shared State and UPPAAL-style Assembler guards and up-
dates.

no_ notation Ref.update (_ := _ 62)
no__notation fun_rel syn (infixr — 60)

lemma finite lists boundedl:
assumes V i < r. finite (S 7)
shows finite {s. length s = r A (Vi<r. s! i € S14)} (is finite ?R)
proof —
let 25 =J {Si|dii<r}
have ?R C {s. set s C 25 A length s = r}
by (auto dest!: mem_nth)
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moreover have finite ... by (rule finite_lists_length_eq) (use assms in auto)
ultimately show ?thesis by (rule finite_subset)
qed

3.1 Syntax and Operational Semantics

We formalize Networks of Timed Automata with integer variable state using UPPAAL-style guards
and updates. The specification language for guards and updates is our formalization of the UP-
PAAL like Assembler language. We extend Networks of Timed Automata with arbitrary shared
(global) state. Syntactically, this extension is very simple. We can just use the free action label
slot to annotate edges with a guard and an update function on discrete states. The slightly more
clumsy part is adding invariants for discrete states by directly specifying an invariant annotating
function.

type__synonym
('c, "time, 's) invassn = 's = ('c, 'time) cconstraint

type__synonym
('a, 's) transition = 's * addr * 'a x addr x 's

type_ synonym

('a, 'c, 'time, 's) uta = ('a, 's) transition set * (’

¢, 'time, 's) invassn
type__synonym

('a, "time, 's) unta =

"time programc X ('a act, nat, "time, 's) uta list X ('s = addr) list x (int x int) list

definition
bounded bounds s =
length s = length bounds A (Y i < length s. fst (bounds ! i) < s! i A s!i < snd (bounds ! i))

inductive step_ u ::
("a, 't :: time, 's) unta = nat = 's list = int list = (nat, 't) cval = 'a label
= 's list = int list = (nat, 't) cval = bool
CF (., VY= (., _, _)[61,61,61,61,61,61]61)
where
step__u_ t:
[
YV p < length N. 3 pc st s’ rs.
stepst Pn (v @ d) (I !'p) (L p), (], s, True, []) (pe, st, s’; True, rs);
V p<length N.u® dF snd (N!p) (L! p);
d > 0;
bounded B s

:>(P7 N7 Ia B) Fn <L7 S, U’> _>Del<L7 s,u@d>|

step__wu_1:
[
stepst P nou (pc_g, [], s, True, []) (_, _, _, True, _);
stepst P nou (pc_u, [], s, True, []) (_, _, ', _, r);

V p < length N. 3 pc st s rs.
stepst Pnou' (I p) (L' p), [], s/, True, []) (pc, st, s, True, rs);
(I, pc_g, Sil a, pc_u, l') € fst (N ! p);
YV p < length N. u'F snd (N ! p) (L' p);
L'p = 1; p < length L; L' = Lp := U']; v’ = [r—0]u;
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bounded B s’

:> (P7 N? I’ B) '_n <L’ S’ u> _>ACt a <L/’ 8/7 ul) |

step__u__s:
[
5t6p8t Pnu (pcf917 H’ S, True7 []) (77 0 T?”UB, f)v
stepst P nou (pc_g2, (], s, True, []) (_, _, _, True, _);
stepst P nu (pc_u2, ], s, True, []) (_, _, s1, __, r2);

— UPPAAL semantics quirk
((H pe st s’ f. stepst P nou (pc_ul, ||, s, True, []) (pc, st, s', f, r1))
V (= (3 pecsts' fr stepst Pnou (pc_ul, [], s, True, []) (pe, st, s', f,

stepst P nou (pc_ul, ||, s, True, [|) ( _, _, s, _, _);
W L
V p < length N. 3 pc st s rs.

stepst Pnu' (I'!'p) (L' p), [], s/, True, []) (pc, st, s, True, rs);
(I1, pc_gl, In a, pc_ul, l1') € fst (N ! p);
(12, pc_g2, Out a, pc_u2,12") € fst (N ! q);
VYV p <length N. vt snd (N ! p) (L'! p);
L'p =11; Llqg = 12; p < length L; q < length L; p # ¢;
L'=1Lp:=11'q:= 12 v =[(rl @ r2)—0]u;
bounded B s’
| = (P, N, I, B) bn (L, 5, u) = 5yn o (L', s, u')

inductive__caseslelim!]: A b, (L, s, u) —4 (L', s, u')

inductive steps un ::
('a, 't iz time, 's) unta = nat = 's list = int list = (nat, 't) cval
= s list = int list = (nat, 't) cval = bool
(F (., )=« (_,_, )[61,61,61,616161]61)
where
refl: A b, (L, s, u) —* (L, s, u) |
step: A b (L, s, u) = (L', s, u) = A+, (L', s, u') =4 (L7, s", u")
= AF, (L, s, u) == (L", s" u")

declare steps un.intros|intro]

lemma stepl2:
Aty (L, s, u)y = (L7, 8", v} if
Ab, (L) s, uy =« (L") 8", u"y Ak, (L, s, u) —4 (L', ', u')
using that
apply induction
apply (rule steps_un.step)
apply (rule refl)
apply assumption
apply simp
by (rule steps_un.step; assumption)

3.2 Equivalent State Network Automaton

definition stripp p = map__option strip o p
definition stripfp p = map__option stripf o p
definition striptp p = map_option stript o p

locale Equiv_TA_ Defs =
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fixes A :: (a, 't, 's) unta
and n :: nat — Fuel
begin

abbreviation N = fst (snd A)
abbreviation P = fst A
abbreviation I = fst (snd (snd A))
abbreviation B = snd (snd (snd A))
abbreviation P’ = stripfp P
abbreviation PF = stripfp P
abbreviation PT = striptp P
definition p = length N

definition make _fpc u = X s.

case (exec P' n (pc_u, [|, s, True, []) []) of
None =[]
| Some ((_, , _,_,r),_)=>r

definition make _mt pc_u = X s.
case (exec PT n (pc_u, [, s, True, []) []) of
None = None
| Some ((_, _, s, _, r),_) = Somes’

definition make _mf pc_u = X s.
case (exec PF n (pc_u, [], s, True, []) []) of
None = None
| Some ((_, , s, _, 1), )= Somes’

definition make _c pc_g = X s.
case (exec PT n (pc_g, [], s, True, []) []) of
None = False

| Some (, , ,f, ), )=1f

definition make g pc_g = X s.
case (exec PT n (pc_g, ||, s, True, []) []) of
None =[]
| Some ((_, _, _, _,_), pcs) =
List.map__filter (\ pc.
case P pc of
Some (CEXP ac) = Some ac
| _ = None

)

pcs

definition
state _trans t 1 =
{(l, make_g pc_g, (a, make_c pc_g, make_mf pc_u), make_fpc_u, l') | lal pc_gpc_u.
(I, pc_g, a, pc_u, ') € fst (N ! 1)
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abbreviation state trans = state trans t

definition
state_pred i = X\ [ s.
case (exec P'n ((I'1 Q) 1, [], s, True, []) []) of
None = False
| Some ((_, _, _, f,_),_) = f A bounded B s

definition
state_inv i = snd (N ! 9)

definition
state_ta = (map (X p. (state_trans p, state_inv p)) [0..<p], map state_pred [0..<p])

sublocale defs: Prod_TA_ Defs state_ta .

lemma bounded__ finite:
finite {s. bounded B s} (is finite 25)
proof —
have
28 C {s. length s = length B \ (Vi<length B. fst (B!i) < s!iAs!i<snd (B!1)}
unfolding bounded_def by auto
moreover have finite ... unfolding bounded def using finite lists _boundedl by force
ultimately show finite %S by (rule finite subset)
qed

lemma finite_ state:
YV g < p.V I finite {s. (defs.P ! q) I s}
proof safe
fix ¢ [ assume <q¢ < p»
let 25 = {s. (defs.P ! q) I s}
from «¢ < p» have 25 C {s. bounded B s}
unfolding state ta_def state pred_def by (auto split: option.splits)

moreover have finite ... by (rule bounded_finite)
ultimately show finite S by (rule finite subset)
qed
end

fun is_instr :: 't instrc = bool where
is_instr (INSTR _) = True |
is_instr = Fulse

lemma step stripf:
assumes
is_instr cmd
shows
stepc emd u (pe, st, s, f, rs) = step (stripf cmd) (pe, st, s, f, rs)
proof (cases cmd)
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case (INSTR instr)
with assms(1) show ?thesis
by (cases instr) (auto split: option.split)
next
case (CEXP z2)
with assms show ?thesis by auto
qed

lemma step stript:
assumes
is_instr cmd
shows
stepc emd u (pe, st, s, f, rs) = step (stript ecmd) (pe, st, s, f, rs)
proof (cases cmd)
case (INSTR instr)
with assms(1) show ?thesis
by (cases instr) (auto split: option.split)
next
case (CEXP z2)
with assms show ?thesis by auto
qed

lemmas [intro] = stepsc.intros

lemma stepsc_f complete:
assumes
stepsc P n' u start end
N pc’ st s’ f'rs emd.
stepsc P n' u start (pc', st, s', f', rs) = P pc’ = Some cmd
— is_instr cmd
shows
steps (stripfp P) n' start end
using assms proof (induction P = P n' u = u zf = start end arbitrary: start rule: stepsc.induct)
case I
then show ?case unfolding stripfp_def by auto
next
case (2 cmd pc st m frs sn' s’
have is_instr cmd if
stepsc P n' u s (pc', st, s, f', rs) P pc’ = Some cmd for pc’ st s’ f' rs emd
using 2(1,2) that by (auto intro: 2(9))
with 2(4) have x: steps (stripfp P) n' s s’ by auto
show ?case
proof (cases cmd)
case (INSTR instr)
with 2(1) step_ stripf have
step (stripf emd) (pe, st, m, f, rs) = Some s
by (auto split: option.split_asm)
with 2(1—3) 2(5—) * show ?thesis unfolding stripfp_def by auto
next
case (CEXP ac)
with 2 show %thesis by fastforce
qed
ged
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lemma stepsc_f sound:
assumes
steps (stripfp P) n' start end
N\ pc’ st s’ f' rs emd.
stepsc P n' u start (pc', st, s’, f', rs) = P pc’ = Some cmd
— is_instr cmd
shows
stepsc P n' u start end
using assms proof (induction stripfp P n' start end)
case (1 n start)
then show ?Zcase by auto
next
case (2 instr pc st m frs sn s’
from 2(2) obtain c¢md where P pc = Some ¢md unfolding stripfp__def by auto
show ?case
proof (cases cmd)
case prems: (INSTR instr)
with <P pc = _» 2(2) step_stripf[of cmd, symmetric] 2(1) have step:
stepc emd u (pe, st, m, f, rs) = Some s
unfolding stripfp_ def by auto
with <P pc = _» have is_instr cmd if
stepsc P nu s (pc', st, s', f', rs) P pc’ = Some ecmd for pc’ st s’ f' rs emd
using that unfolding stripfp def by (force intro: 2(5))
with 2(4) have stepsc P n u s s’ by auto
with step <P pc = _» show ?thesis unfolding stripfp_ def by auto
next
case prems: (CEXP ac)
from «P pc = _» 2(5) have is_instr cmd by blast
with prems show ?thesis by auto
qed
qed

definition
time__indep P n start =
YV pc’ st s’ f' rs cmd u.
stepsc P n u start (pc’, st, s', f', rs) A P pc’ = Some cmd
— is__instr cmd

lemma stepsc_t_complete:
assumes
stepsc P n' u start end
N\ pc’ st s’ f'rs ac.
stepsc P n' u start (pc’, st, ', f', rs) = P pc’ = Some (CEXP ac) = u b, ac
shows
steps (striptp P) n' start end
using assms proof (induction P = P n' uw = u 24 = start end arbitrary: start rule: stepsc.induct)
case I
then show ?case unfolding stripfp def by auto
next
case (2 cmd pc st m frs sn's')
have u +, ac if
stepsc P n' u s (pc', st, s', f', rs) P pc’ = Some (CEXP ac) for pc' st s’ f' rs ac
using 2(1,2) that by (auto intro: 2(5))
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with 2(/) have x: steps (striptp P) n’ s s’ by auto
show ?Zcase
proof (cases cmd)
case (INSTR instr)
with 2(1) step_stript have
step (stript emd) (pe, st, m, f, rs) = Some s
by (auto split: option.split_asm)
with 2(1—3) 2(5—) * show ?thesis unfolding striptp_ def by auto
next
case (CEXP ac)
with 2(1—3) have u b, ac by (auto intro: 2(5))
with 2(1) have
step (stript emd) (pe, st, m, f, rs) = Some s
using <cmd = _» by auto
with 2(1—3) 2(5—) * show ?thesis unfolding striptp_ def by auto
qged
ged

lemma stepsc_t complete2:
assumes
stepsc P n' u start (pc', st'; s', f', rs’)
N\ pc’ st s’ f'rs ac.
stepsc P n' u start (pc’, st, ', f', rs) = P pc’ = Some (CEXP ac) = u b, ac
shows
steps (striptp P) n' start (pc’, st', s, f', rs") A (¥ ac. P pc’ = Some (CEXP ac) — u b, ac)
using assms

proof (induction P = P n' uw = u x4 = start (pc', st’, s, f', rs’) arbitrary: start rule:
stepsc.induct)
case 1
then show ?case unfolding stripfp def by blast
next

case (2 cmd pc st m frs sn’)
have u +, ac if
stepsc P n' u s (pc', st, s', f', rs) P pc’ = Some (CEXP ac) for pc’ st s’ f' rs ac
using 2(1,2) that by (auto intro: 2(5))
with 2(4) have x*:
steps (striptp P) n' s (pc’, st’, s', f', rs’) Vac. P pc’ = Some (CEXP ac) — u b, ac
by auto
show ?case
proof (cases cmd)
case (INSTR instr)
with 2(1) step_stript have
step (stript emd) (pc, st, m, f, rs) = Some s
by (auto split: option.split_asm)
with 2(1—3) 2(5—) * show ?thesis unfolding striptp_ def by auto
next
case (CEXP ac)
with 2(1—3) have u b, ac by (auto intro: 2(5))
with 2(1) have
step (stript emd) (pe, st, m, f, rs) = Some s
using <¢cmd = _» by auto
with 2(1—3) 2(5—) * show ?thesis unfolding striptp_ def by auto
qed
ged
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lemma stepsc_t_wvisitedc:
assumes
stepsc P n' u start end
N\ pc’ st s’ frs.
stepsc P n' u start (pc’; st, s', f', rs) = @ pc’
shows 3 pcs. visitedc P n' u start end pcs
A (VY pe € set pcs. Q pc)
using assms by (induction) (fastforce introl: visitedc.intros)+

lemma wvisitedc _t_visited:
assumes
visitedc P n' u start end pcs
N\ pc’ ac. pc’ € set pcs = P pc’ = Some (CEXP ac) = u b, ac
shows
visited (striptp P) n' start end pcs
A (V pc ac. pc’ € set pcs N P pc’ = Some (CEXP ac) — u b, ac)
using assms
proof (induction P = P n' uw = u x4 = start end pcs arbitrary: start rule: visitede.induct)
case I
then show Zcase by (auto intro: visited.intros)
next
case (2 ¢cmd pc st m frs sn’ s’ pes)
have u +, ac if
pc’ € set pcs P pc’ = Some (CEXP ac) for pc’ ac
using 2(1,2) that by (auto intro: 2(5))
with 2(4) have x*:
visited (striptp P) n' s s’ pcs ¥V pe ac. pc’ € set pcs A P pc’ = Some (CEXP ac) — u b, ac
by auto
show ?Zcase
proof (cases cmd)
case (INSTR instr)
with 2(1) step_stript have
step (stript emd) (pe, st, m, f, rs) = Some s
by (auto split: option.split_asm)
with 2(1—3) 2(5—) * show ?thesis unfolding striptp_ def by (auto intro: visited.intros)
next
case (CEXP ac)
with 2(1—3) have u b, ac by (auto intro: 2(5))
with 2(1) have
step (stript ecmd) (pe, st, m, f, rs) = Some s
using <cmd = _» by auto
with 2(1—3) 2(5—) * show ?thesis unfolding striptp_def by (auto intro: visited.intros)
qed
qed

lemma stepsc_t_sound:
assumes
steps (striptp P) n' start end
N\ pc’ st s’ f'rs ac.
stepsc P n' u start (pc', st, s', f', rs) = P pc’ = Some (CEXP ac) = u b, ac
shows
stepsc P n' u start end
using assms proof (induction striptp P n’ start end)
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case (I n start)
then show ?Zcase by auto
next
case (2 instr pc st m frs s n s')
from 2(2) obtain ¢md where P pc = Some c¢md unfolding striptp_def by auto
show ?Zcase
proof (cases cmd)
case prems: (INSTR instr)
with <P pc = _» 2(2) step_stript|of ecmd, symmetric] 2(1) have step:
stepc emd u (pe, st, m, f, rs) = Some s
unfolding striptp_def by auto
with <P pc = _» have u -, ac if
stepsc P nu s (pc', st, s', f', rs) P pc’ = Some (CEXP ac) for pc’ st s’ f' rs ac
using that unfolding striptp_ def by (force intro: 2(5))
with 2(4) have stepsc P n u s s’ by auto

with step <P pc = _» show ?thesis unfolding striptp def by auto
next

case prems: (CEXP ac)

with <P pc = _» 2(2) have [simp]: P pc = Some (CEXP ac) by auto

then have v F, ac by (auto intro: 2(5))

with 2(2,1) <emd = _» have step:
stepc emd u (pe, st, m, f, rs) = Some s
unfolding striptp def by auto

with <P pc = Some cmd> have u -, ac if
stepsc P nu s (pc', st, s', f', rs) P pc’ = Some (CEXP ac) for pc’ st s’ f' rs ac
using that unfolding striptp_def by (force intro: 2(5))

with 2(4) have stepsc P n u s s’ by auto

with step «P pc = Some cmd> show ?thesis unfolding striptp_def by auto

qed
qed

lemma stepsc_wvisitedc:
3 cc. visitede P n u start end cc if stepsc P n u start end
using that by induction (auto intro: visitedc.intros)

lemma wvisitedc__stepsc:
stepsc P n u start end if visitedc P n u start end cc
using that by (induction; blast)

lemma steps wisited:
3 cc. visited P n start end cc if steps P n start end
using that by induction (auto intro: visited.intros)

lemma visited_ steps:
steps P n start end if visited P n start end cc
using that by (induction; blast)

context
fixes P n u start
assumes constraints_conj: ¥ pc’ st s’ f' rs ac.
stepsc P n u start (pc’, st, s', f', rs) A P pc’ = Some (CEXP ac) — u b, ac
begin

lemma stepsc_t sound"”:
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assumes
steps (striptp P) n start end

shows
stepsc P n u start end

using assms constraints__conj by (auto intro: stepsc_t_sound)

lemma stepsc_t_complete”:
assumes
stepsc P n u start end
shows
steps (striptp P) n start end
using assms constraints_conj by (auto intro: stepsc_t_complete)

lemma stepsc_t_complete’”:
assumes
stepsc P n u start end
shows
3 pes. wvisitede P n u start end pes A (Y pc € set pes. ¥V ac. P pc = Some (CEXP ac) — u
Fo ac)
using assms constraints_conj by (auto intro: stepsc_t_complete stepsc_t _wvisitedc)

lemma stepsc_t wisited:
assumes
stepsc P n u start end
shows
3 pes. visited (striptp P) n start end pes A (¥ pe € set pcs. ¥V ac. P pc = Some (CEXP ac)
— u 4 ac)
using stepsc_t_complete”’|OF assms] visitedc_t_visited by blast

lemma stepst_t_complete:
assumes
stepst P n u start end
shows
3 pes. exec (striptp P) n start [| = Some (end, pcs) A (V¥ pc € set pes. V ac. P pc = Some
(CEXP ac) — u b4 ac)
using assms by (auto dest!: stepsc_t_wvisited visited__exec’ simp: striptp_ def stepst_def)

lemma stepst_t_equiv:
(3 pes'. exec (striptp P) n start pcs = Some ((pc, st, m, f, rs), pes’))
< stepst P n u start (pc, st, m, f, rs)
apply safe
apply (drule exec_steps)
unfolding stepst def
apply safe
apply (rule stepsc_t_sound’; assumption)
apply (simp add: striptp_ def)
apply safe
subgoal for z
by (cases z) auto
by (auto dest!: stepsc_t _complete’ steps__exec simp: striptp__def)

end

context
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fixes P n start
assumes time_indep: time_indep P n start
begin

lemma time_indep":
N\ pc’ st s’ f'rs emd.
stepsc P n u start (pc’, st, s', f', rs) = P pc’ = Some c¢cmd
= is_instr cmd
using time_indep unfolding time indep_ def by blast

lemma stepsc_f complete”:
assumes
stepsc P n u start end
shows
steps (stripfp P) n start end
using assms time_indep’ by (auto intro: stepsc_f complete[where P = P])

lemma stepsc_f sound”:
assumes
steps (stripfp P) n start end
shows
stepsc P n u start end
using assms time__indep’ by (auto intro: stepsc_f sound|where P = P])

lemma stepsc_f_equiv:
steps (stripfp P) n start end <— stepsc P n u start end
using stepsc_f sound’ stepsc_f _complete’ by fast

lemma stepst_ [ equiv:
(3 pes’. exec (stripfp P) n start pcs = Some ((pc, st, m, f, rs), pcs’))
+— stepst P n u start (pc, st, m, f, rs)
apply safe
apply (drule exec_steps)
unfolding stepst_def
apply safe
apply (rule stepsc_f _sound’; assumption)
apply (simp add: stripfp__def)
apply safe
subgoal for z
by (cases z) auto
by (auto dest!: stepsc_f complete’ steps_exec simp: stripfp_def)

end

lemma exec acc:
assumes ezec P n s pcs = Some (s’, pes’)
shows 3 pes’’. pes’ = pes’’ Q pes
using assms by (induction P n s pcs rule: exec.induct; force split: option.split_asm if _split_asm)

lemma ezec_acc’”
/ n
assumes Some (s', pes’) = exec P n s pcs
shows 3 pes’’. pes’ = pes’’ Q pes
using assms
using assms exec__acc by metis

46



lemma exec_min_ steps:
assumes ezec P n s pcs = Some (s, pes’ @Q pcs)
shows ezec P (length pes’) s pcs = Some (s', pes’ @ pes)
using assms proof (induction n arbitrary: s pcs s’ pes’)
case (
then show ?Zcase by auto
next
case (Suc n)
obtain pc st m frs pc’ st’ m’ f' rs’ where [simp]:
s = (pe, st, m, f, rs) s’ = (pc’, st’;, m’, f', rs’)
using prod.ezhaust by metis
from Suc obtain instr where P pc = Some instr by (auto split: option.splits if _splits)
show ?Zcase
proof (cases instr = HALT)

case True
with <P pc = _ Suc show ?%thesis by auto
next
case Fulse
with Suc.prems <P pc = _» obtain s’/ where s":

step instr s = Some s' exec P n s (pc # pcs) = Some (s, pes’ @Q pcs)
by (auto split: option.splits)
with ezec__acc[OF this(2)] obtain pes’’ where pcs’ = pes’” @Q [pc] by auto
with Suc.IH[of s’ pc # pcs s’ pes’] <P pc = _» False s'" show ?thesis by auto
qed
qed

lemma exec steps wvisited:
assumes
exec P (length pcs’) s pcs = Some (s, pes’ @Q pcs)
steps P (length pes’) s (pe, st, m, f, rs)
shows pc € set pcs’
using assms proof (induction P = P length pcs’ s pcs arbitrary: pe st m f rs pes’ rule:
exec.induct)
case I
then show ?Zcase by simp
next
case (2 n pc’ st' m’ f' rs’ pcs pes’)
from this(2)[symmetric] this(3) obtain instr where P pc’ = Some instr by (cases P pc') auto
show ?Zcase
proof (cases instr = HALT)
case True
with 2.prems <P pc’' = _» «Suc n = _»[symmetric] show ?thesis by (force elim: steps.cases)
next
case Fulse
with 2 obtain pcs’’ where pes’ = pes” @ [pe]
apply atomize__elim
by (erule exec.elims) (auto dest: exec__acc’ split: option.split_asm if _split_asm)

with False 2 <P pc’ = _» «Suc n = _»[symmetric] show ?thesis
by (auto split: option.split_asm elim: steps.cases)
qged
qed

lemma stepsc_mono:
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assumes stepsc P n u start end n’ > n
shows stepsc P n’ u start end
using assms proof (induction arbitrary: n’)
case (I prog n u start)
then show ?Zcase by (cases n') auto

next
case (2 cmd u pc st m frs s prog n s’)
then show ?case by (cases n') auto

qed

lemma stepst__mono:
assumes stepst P n u start end n' > n
shows stepst P n' u start end
using assms stepsc_mono unfolding stepst def by blast

definition
state_indep P n =
YV pe fpc stf'rsusl sl s2s2' rsl rs2.
stepsc P n u (pe, st, sl, f, rs) (pc’, st, s1’, ', rs1) A
stepsc P n u (pe, st, s2, f, rs) (pc’, st, s2', f', rs2)
— rsl = rs2

lemma ezxec len:
n > (length pcs’ — length pcs) if exzec P n s pcs = Some (s’, pes’)
using that
by (induction P n s pcs arbitrary: rule: exec.induct)
(force split: option.split_asm if _split_asm)+

lemma steps striptp_ stepsc:
assumes
N\ pe st m frs ac.
steps (striptp P) n s’ (pc, st, m, f, rs) = P pc = Some (CEXP ac)
= u'F, ac

and steps (striptp P) n s’ s
shows stepsc P n u' s’ s
using assms(2,1)
proof (induction striptp P n s’ s'’)
case (1 n start)
show ?case by (rule stepsc.intros)
next
case (2 cmd pc st m frs sn s’
have v’ |, ac
if P pc = Some (CEXP ac) UPPAAL_Asm.steps (striptp P) n s (pc, st, m, f, rs)
for pc st m frs ac
using that 2(1—3) by — (rule 2(5); force)
with 2(/) have stepsc P n u' s s’ by auto
with 2(1—3) show ?case
apply (cases P pc)
apply (simp add: striptp_ def)
subgoal for cmd’
apply (cases cmd”)
subgoal
by (force split: option.split simp: striptp__def)
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subgoal
by (rule stepsc.intros) (auto introl: 2(5) simp: striptp_ def)
done
done
qed

locale Equiv TA =
Equiv_TA_Defs A n for A :: (‘a, 't :: time, 's) unta and n :: nat +
fixes L :: 's list and s :: int list
assumes states[intro]: L € defs.states’ s

and pred_time__indep:
YV 5.V L € defs.states’ s. ¥V q < p. time_indep P n ((I'! q) (L! q), ], s, True, [])
and upd__time__indep:
Vipe gal'pc_us. ¥V qg<p. (I, pc_g, a, pc_u,l') € fst (N q)
— time_indep P n (pc_u, [|, s, True, [])
and clock__conj:
Vipe gal' pc usu. ¥ q¢<p. (I, pc_g, a, pc_u, 1) € fst (N q) A
(3 pc’ st s’ rs. stepst P nu (pc_g, ||, s, True, []) (pc’, st, s', True, rs)) —
(V pc’ st s’ f'rs ac.
stepsc P nu (pc_g, [], s, True, []) (pc’, st, s', f', rs) A P pc’ = Some (CEXP ac) —
u g ac)

assumes Len: length N = length I
and inv: V g < p. 3 pc st s’ rs pes.
exec P'n (I q) (L q),[], s, True, []) [| = Some ((pc, st, s’, True, rs), pcs)
and bounded: bounded B s
begin

lemma length_defs N[simp):
length defs.N = p
unfolding p_def state ta_def by simp

lemma length defs P[simp]:
length defs.P = p
unfolding p_def state_ta_def by simp

lemma inv”:
Y p<length defs.P. (defs.P ! p) (L!p) s
using inv bounded unfolding state ta_ def state_pred_def by (force simp: p_ def)

lemma inv’":
3 pests’rs. stepst Pnu' (I q) (L1 q),]],s, True, []) (pe, st, s’, True, rs)
if ¢ < p for u’
proof —
from pred_time_indep that have time_indep P n (I'! q) (L! q), [], s, True, []) by blast
with inv that stepst_f_equiv[symmetric] show ?Zthesis by blast
qed

lemma A_ simp[simp:

PP=PN'=NI'"=IB'=Bif A= (PP, N’ I, B
using that by auto
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lemma A_ unfold:
A= (P, N, I, B)
by simp

sublocale prod: Prod_TA state_ta by standard (auto simp: inv’)

lemma inv_simp:
snd (defs.N 1 ¢q) (L'! q) = snd (N ! q) (L'! q) if ¢ < p for L’
using that unfolding state ta_ def state inv_def by simp

lemma defs_p__eq[simp]:
defs.p = p
by (simp add: defs.p__def p_ def)

lemma ball_lessThan[simp]:
Vaze{.<m} Qz)+— (Vz<m Qu)
by auto

lemma trans state taD:
assumes (I, g, (a, ¢, m), f, ') € fst (defs.N! q) ¢ <p
shows
(1, g, (a, ¢, m), f, l') € state_trans_t q
using assms unfolding state ta_def by simp

lemma N _transD:
assumes (I, pc_g, a, pc_u, l') € fst (N1 q) ¢<p
shows (I, make_g pc_g, (a, make_c pc_g, make_mf pc_u), make_f pc_u, 1") € fst (defs.N !

)
using assms unfolding state ta_ def state_trans t _def by auto

lemma pred_time_indep”:
V L's'"u. ¥V p' <p Ak, (L, s, u) == (L', ', u)
— time_indep P n (I ! p") (L' p"), [, ', True, [])
using pred_ time__indep oops

lemma P_steps upd:
assumes
Some s" = make_mf pc_u s" (I, pc_g, a, pc_u, l') € fst (N1 gq) ¢ <p
shows
3 pe st f. stepst P n v’ (pc_u, [], s', True, []) (pc, st, s”, f, make_f pc_u s’
proof —
from assms upd_time__indep have *: time_indep P n (pc_u, [], s', True, []) by auto
from assms(1) <g < p> obtain pc st f rs pcs where
exec PF n (pc_u, [], s/, True, []) []| = Some ((pc, st, s”, f, rs), pcs)
unfolding make mf def state_ta_def by (fastforce split: option.splits)
with stepst f equiv|OF x| show ?thesis unfolding make_f def by fastforce
qed

lemma P_steps reset:
assumes
q<p(l,pc_g,a,pc_u,l') € fst (N!gq)
shows
(Fpe st s” f. stepst P nu (pc_u, [], s', True, []) (pc, st, 8", f, make_fpc_u s')) v
(Apc st s’ fr' stepst Pnu (pc_u, ], ', True, []) (pc, st, s, f, r')) A
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make_fpc_u s =]
proof (cases Ipc st s’ fr'. stepst P nu (pc_u, ||, s, True, []) (pc, st, s”, f, ')
case True
then obtain pc st s’ f r’ where *:
stepst P n u (pc_u, [], s', True, []) (pe, st, 8", f, ')

by blast
from assms upd__time_indep have time_indep P n (pc_u, [], s’, True, [|) by auto
from * stepst_f equiv|OF this, symmetric, where pcs = [|| show %thesis
unfolding make_f def by (force split: option.split)
next
case Fulse
from assms upd__time_indep have time_indep P n (pc_u, [], s’, True, [|) by auto
from False stepst_f equiv[OF this, where pcs = [|] show ?thesis
unfolding make f def by (auto split: option.split)
qed

lemma steps P reset:
assumes
(Fpc st s” f. stepst P nu (pc_u, [|, s', True, []) (pc, st, s”, f, r)) V
[

(Apc st s fr'. stepst Pnou (pc_u, ], s', True, []) (pc, st, s”, f, r')) A r =]
qg<p(l,pc_g,a pc_u,l’) € fst (N!gq

shows make_fpc us' =r

using assms(1)

proof (safe, goal_cases)

case prems: (1 pc st s” f)

from assms upd_time__indep have time_indep P n (pc_u, [|, s', True, []) by auto

from stepst_f_equiv[OF this, symmetric] prems <q < p> obtain pc st f pcs where
exec PF n (pc_u, [], s, True, []) [| = Some ((pc, st, s, f, r), pcs)

unfolding make f def state_ta_def by (fastforce split: option.splits)
then show ?case unfolding make f def by (auto split: option.split)
next
case prems: 2

have ezec PF n (pc_u, [|, s', True, []) [| = None
proof (cases exec PF n (pc_u, [], ', True, []) [])
case None
then show ?thesis .
next

case (Some a)
obtain pc’’ st’" s" f"" rs" pcs' where a = ((pc”, st"’, s, ', rs’’), pcs'’)
by (cases a) auto
from assms upd_time_indep have time_indep P n (pc_u, [|, s', True, []) by auto

from stepst_f_equiv[OF this] <_ = Some a) prems <a = _» show ?thesis by auto metis
qged
then show ?case unfolding make_f def by simp
qed

lemma steps P upd:
assumes
stepst P nou’ (pc_u, [], s, True, []) (pe, st, s", f, 1)
q<p(l,pc_g,a,pc_u,l') € fst (N!gq)
shows
Some s" = make_mf pc_u s’ (is ?A) r = make_f pc_u s’ (is ?B)
proof —
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from assms upd__time__indep have time_indep P n (pc_u, [|, s', True, []) by auto
from stepst_f equiv[OF this, symmetric] assms(1) <g < p» obtain pc st f pcs where
exec PF n (pc_u, [, s, True, []) [] = Some ((pc, st, s”, f, ), pcs)
unfolding make_mf _def state_ta_ def by (fastforce split: option.splits)
then show ?4 ?B unfolding make_f _def make_mf def by (auto split: option.split)
qed

lemma steps P guard:
assumes
stepst P n u' (pc_g, ], s', True, []) (pe, st, s”, True, rs)
g <p(l, pc_g, a, pc_u,l') € fst (N!q)
shows
make_c pc_g s’ (is ?A) u' + make_g pc_g s’ (is ?B)
proof —
from stepst_t _complete]OF __ assms(1)] clock__conj assms obtain pcs where
exec PT n (pc_g, [], s/, True, []) [| = Some ((pc, st, s, True, rs), pes)
YV pceset pcs. Vac. P pc = Some (CEXP ac) — u' b, ac
by fastforce
then show ?A ?B unfolding make c_def make g def
by (auto split: option.split instrc.split_asm simp: list_all_iff set _map_filter clock_wval_def)
qed

lemma P_steps guard:
assumes
make_c pc_g s’ u' & make_g pc_g s’
g <p(l,pc_g,a pc_u,l’) € fst (N!q)
shows
3 pc s" st rs. stepst P nou’ (pc_g, [], s, True, []) (pe, st, 8", True, rs)
proof —
from assms(1) <q < p> obtain pc st s’ rs pcs where x:
exec PT n (pc_g, [], s', True, []) [| = Some ((pc, st, s, True, rs), pcs)
unfolding make_c_ def state_ta_def by (fastforce split: option.splits)
with ezec_min_steps[of PT n _ [] _ pcs] have xx:
exec PT (length pcs) (pc_g, ||, s', True, []) [| = Some ((pc, st, s”, True, 1s), pcs Q [])
by auto
from * assms(2) have
u' & List.map_ filter (Apc. case P pc of
None = None
| Some (INSTR za) = Map.empty za
| Some (CEXP za) = Some za) pcs unfolding make_g_ def
by auto
moreover from xx exec_steps visited[of PT pcs __ [|]] have pc € set pes
if steps PT (length pes) (pc_g, [], s', True, []) (pc, st, m, f, rs) for pc st m frs
using that by fastforce
ultimately have u’ F, ac
if steps PT (length pcs) (pc_g, (], s', True, []) (pc, st, m, f, rs) P pc = Some (CEXP ac)
for pc st m f rs ac
using that by (auto 4 3 split: option.splits simp: list_all_iff set_map_filter clock_val_def)
moreover from *x have
steps PT (length pes) (pc_g, [], s, True, []) (pe, st, 8", True, rs) PT pc = Some HALT
by (auto dest: exec_ steps)
ultimately have stepst P (length pcs) u’ (pc_g, ||, ', True, []) (pe, st, s, True, rs)
by (auto intro: steps striptp_stepsc simp: stepst_def striptp__def elim: stript.elims)
moreover from ezec_len|OF x| have n > length pcs by simp
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ultimately show ?thesis by (blast intro: stepst_mono)
qed

lemma P _bounded:
assumes
(defs.P ! q) (L' q) s q<p
shows bounded B s’
using assms unfolding state pred def state_ta_def by (auto split: option.splits)

lemma P_steps:
assumes
(defs.P ! q) (L' q) s’
q < p L' € defs.states’ s’
shows
3 pe st s” rs. stepst Pnu' (I q) (L' q), ], s, True, []) (pc, st, s”, True, rs)
proof —
from assms pred__time__indep have x: time_indep P n ((I! q) (L'! q), [], s/, True, []) by auto
from assms(1) <q < p» obtain pc st s’ rs pcs where
exec PFn (1! q) (L' q), [], s', True, []) [| = Some ((pc, st, s, True, rs), pcs)
unfolding state pred_def state_ta_def by (auto split: option.splits)
with stepst_f equiv|OF x] show ?thesis by blast
qed

lemma steps P:
assumes
stepst Pnou' (I q) (L' q), ], 8', True, []) (pc, st, s, True, rs)
g < p L’ € defs.states’ s’
bounded B s’
shows
(defs.P ! q) (L' q) s’
proof —
from assms pred_time_indep have time_indep P n ((I'! q) (L'! q), [], s, True, []) by auto
from stepst_f_equiv[OF this] assms(1) obtain pcs’ where
exec PFn (I q) (L' q), ], s', True, []) [] = Some ((pc, st, s”, True, rs), pcs’)
by blast
with «q¢ < p» <bounded B s’» show ?thesis unfolding state_pred def state_ta_def by simp
qed

lemma P_iff:
(3 pc st rs s”. stepst Pnu' (I q) (L' q), ], s, True, []) (pc, st, s”, True, rs)
A bounded B s’)
+— (defs.P ! q) (L'! q) s"if ¢ < p L’ € defs.states’ s’
using that by (metis steps P P_steps P_bounded)

lemma states’ updl”:
assumes (L'! q, g, (a, ¢, m), f, l') € fst (defs.N | q) L' € defs.states’ s”’
shows L'[q := ] € defs.states’ s’
using assms
unfolding prod.states’_simp|of s’ s”/]
unfolding Product_TA_ Defs.states def
apply clarsimp
subgoal for p
by (cases p = gq; force simp: prod.trans_of N_s_2|[simplified] Prod_TA_Defs.N_s_length)
done
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lemma states’ updl:
assumes (L ! q, g, (a, ¢, m), f, l') € fst (defs.N ! q)
shows L[q := l'] € defs.states’ s’

using assms by (auto intro: states’_updl’)

lemma states’ updl’":
assumes
(L' q, g, (a, ¢, m), f, I') € fst (defs.N ! q)
(L'Vq’, ¢/, (o, ¢/, m'), f, ") € fst (defs.N ! ¢’)
L' € defs.states’ s" q # q’
shows L'[q := 1, ¢/ :=1"] € defs.states’ s’
using assms by (auto intro: states’ updl’)

lemma equiv__sound:
assumes step: state_ta b (L, s, u) =4 (L', s, u')
shows A b, (L, s, u) —4 (L', s', u”)
using step proof cases
case (step_sn_t N d 1)
then show ?thesis
apply simp
apply (subst A__unfold)
apply (frule prod.A__simp(1))
apply (frule prod.A__simp(2))
apply (rule step_u_t)
using inv”’ bounded by (auto simp: inv_simp p_ def)
next
case (step_sn_ilgacm fl' NprlI)
then show ?thesis
apply (simp)
apply (frule prod.A__simp(1))
apply (frule prod.A__simp(2))
apply (simp add: Prod_TA _Defs.N_ s _length)
apply (subst A__unfold)
apply (drule trans_state_taD)
apply assumption
unfolding state trans t def
apply safe
apply (drule (2) P_steps _upd)
apply (drule (8) P_steps_guard)
apply safe
apply (rule step_u_ 1)
subgoals (V p<length local.N. I pc. _>
apply safe
apply (rule P_steps)
apply (fastforce simp: p_ def)
apply (fastforce simp: p_ def)
by (metis Prod_TA_ Defs’.states’_simp Prod__TA__Defs’ states_step local.step states)
by (auto simp: inv_simp p_ def Prod_TA_Defs.N_s_length intro!: P_bounded)
next
case (step_sn_s 11 gl a cimi f1 11" Np 2 g2 como f212' qrl r21)
then show ?thesis
apply (simp)
apply (frule prod.A__simp(1))
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apply (frule prod.A__simp(2))
apply (simp add: Prod_TA_Defs.N_s_length)
apply (subst A__unfold)
apply (drule trans_state_taD)
apply assumption
apply (drule trans_state_taD)
apply assumption
subgoal
unfolding state_trans t def
apply safe
apply (drule

( steps_upd)
apply (drule (

(

(

2) P_

2) P_steps_upd)
3) P_steps _guard)
3) P_steps guard)

apply (drule
apply (drule
apply safe
apply (rule step_u_s)
prefers <V _»

apply (rule P_steps_reset; force)
subgoals (V pa<length local. N. 3pc. _ >

apply safe

apply (rule P_steps)

apply (fastforce simp: p_ def)

apply (fastforce simp: p_ def)

by (metis Prod_TA_ Defs’.states’_simp Prod_TA_ Defs’.states step local.step states)
by (auto simp: inv_simp p_def Prod_TA_Defs.N_s_length intro!: P_bounded)

done
qed

lemma state ta_unfold:
state_ta = (defs.N, defs.P)
by simp

lemma equiv__complete:
assumes step: A, (L, s, u) =4 (L', s, u)
shows state_ta b (L, s, u) —4 (L', ', u’)
using step proof cases
case (step_u_t NP d 1)
note [simp] = A simp[OF this(1)]
from step_u_t(2—) show ?thesis
by (auto simp: state_ta_def p_def state_inv_def intro: step__sn_t)
next
case (step_u_1i P pc_g uu wo uw uz pc_u uy uz va r NIl al p)
note [simp] = A__simp|OF this(1)]
from step_u_i(2—) show ?Zthesis
apply —
apply (simp add: Prod_TA_Defs.N_s_length)
apply (subst state_ta_unfold)
apply (frule steps _P__guard(1))
apply assumption
apply (simp; fail)
apply (drule steps P__guard(2))
apply assumption
apply (simp; fail)
apply (frule steps_P_upd(1))
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apply assumption
apply (simp; fail)
apply (drule steps P_upd(2))
apply assumption
apply (simp; fail)
apply (drule N_transD)
apply assumption
apply (rule step_sn_ 1)
apply assumption
apply (simp add: state_ta_def p_def state_inv_def state_pred_def; fail)+
apply (simp add: Prod_TA_ Defs.N_s_length; fail)
apply (simp add: state_ta_def p_def state inv_def state pred_def; fail)+
by (auto 4 3 simp: p_ def intro: steps_ P introl: states’ _updI)
next
case (step_u_s P pc_gl vb vc vd ve pc_g2 uf vg vh vi pc_u2 vj vk s1 vl r2 pc_ul r1 vm vn
V0 VP
NIllall'p'l212'¢q
)
note [simp] = A_ simp[OF this(1)]
from ¢ < length L) have ¢ < p by (simp add: Prod_TA_Defs.N_s_length)
from step_u_s(2—) show ?thesis
apply —
apply (simp add: Prod_TA_Defs.N_s_length)
apply (subst state_ta__unfold)
apply (frule steps P_guard(1))
apply assumption
apply (simp; fail)
apply (drule steps P__guard(2))
apply assumption
apply (simp; fail)
apply (frule steps P__guard(1))
apply (rule <qg < p)
apply (simp; fail)
apply (drule steps P__guard(2))
apply (rule <¢ < p)
apply (simp; fail)
apply (frule steps P_upd(1))
apply (rule «¢ < p)
apply (simp; fail)
apply (drule steps P_upd(2))
apply (rule <¢ < p)
apply (simp; fail)
apply (drule steps_P_reset[simplified)])
apply assumption
apply (simp; fail)
apply (frule steps P _upd(1))
apply assumption
apply (simp; fail)
apply (drule steps P_upd(2))
apply assumption
apply (simp; fail)
apply (drule N_transD)
apply assumption
apply (drule N_transD)
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apply assumption
apply (rule step__sn_s)
apply assumption
apply assumption
apply (all <(auto; fail) ?)
apply (simp add: state_ta_def p_def state_inv_def state pred_def; fail)
apply (simp add: Prod_TA_Defs.N_s_length; fail)
apply (simp add: Prod_TA_Defs.N_s_length; fail)
apply (clarsimp simp: p__def)
subgoal premises prems for p
using prems(2, 6—)
apply —
apply (erule allE[where z = p|, erule impE, rule prems)
by (fastforce simp: p_def intro: steps P introl: states’ _updl”)
done
qged

lemma equiv_sound”:
assumes step: state_ta b (L, s, u) —4 (L', s', u’)
shows A b, (L, s, u) —4 (L', s/, u’) A L' € defs.states’ s" N (VY q<p. Ipc st s’ rs pcs.
exec PFn (I q) (L'! q), ][], s’s True, []) [| =
Some ((pe, st, 8", True, rs), pcs))
using step proof cases
case (step_sn_t N d 1)
then show ?thesis
apply simp
apply (subst A__unfold)
apply (frule prod.A__simp(1))
apply (frule prod.A__simp(2))
apply (rule conjI)
apply (rule step_u_t)
using inv inv’’ bounded by (auto simp: inv_simp p_ def)
next
case (step_sn_ilgacm fl' Nprl)
then show ?thesis
apply (simp)
apply (frule prod.A__simp(1))
apply (frule prod.A__simp(2))
apply (simp add: Prod_TA_Defs.N_s_length)
apply (subst A__unfold)
apply (drule trans_state_taD)
apply assumption
subgoal
unfolding state_trans t def
apply safe
apply (drule (2) P_steps_upd)
apply (drule (3) P_steps_guard)
apply safe
apply (rule step_u_ 1)
subgoals (V p<length local. N. Ipc. >
apply safe
apply (rule P_steps)
apply (fastforce simp: p_def)
apply (fastforce simp: p_def)
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by (metis Prod_TA_Defs'.states’ _simp Prod__TA_ Defs’.states_step local.step states)
apply (solves <auto simp: inv_simp p_def Prod_TA_ Defs.N_s_length intro!: P_bounded»)+
subgoal
by (metis Prod__TA_ Defs’.states’_simp Prod__TA__Defs’.states step local.step states)
apply simp
subgoal premises prems for pc_g pc_u q
using prems(9) «¢ < _» unfolding state ta_ def state_pred_def
by (auto 4 3 simp: p__def split: option.splits)
done
done
next
case (step_sn_sll gl acimi f1 11" Npl2 g2 como f212' qrl r21)
then show ?thesis
apply simp
apply (frule prod.A__simp(1))
apply (frule prod.A__simp(2))
apply (simp add: Prod_TA_Defs.N_s_length)
apply (subst A__unfold)
apply (drule trans_state_taD)
apply assumption
apply (drule trans_state_taD)
apply assumption
subgoal
unfolding state trans t def
apply safe
apply (drule (2) P_steps_upd)
apply (drule (2) P_steps_upd)
(3)
(3)

Py

apply (drule P_steps_guard)
apply (drule P_steps _guard)
apply safe
apply (rule step_u_s)
prefers disj
apply (rule P_steps reset; force)
subgoals (V pa<length local. N. 3pc. _>»
apply safe
apply (rule P_steps)
apply (fastforce simp: p_def)
apply (fastforce simp: p_ def)
by (metis Prod_TA_Defs'.states’ _simp Prod_TA_ Defs’.states_step local.step states)
subgoals < € defs.states’ s"
by (metis Prod__TA_ Defs’.states’_simp Prod_TA__Defs’.states step local.step states)
subgoals <3 pc. _»
apply simp
subgoal premises prems for pc_g pc_ga pc_u pc_ua q’
using prems(14) <q¢’ < _» unfolding state_ta_ def state_pred_ def
by (auto 4 3 simp: p__def split: option.splits)
done
apply (auto simp: inv_simp p_def Prod_TA_ Defs.N_s_length introl: P_bounded)
done
done
qed

lemma equiv _complete:
assumes step: A b, (L, s, u) =4 (L', s/, u/)
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shows state_ta - (L, s, u) —4 (L', s', u’) A L' € defs.states’ s’
ANV g<p. (defs.P!q) (L'! q) s’
using step proof cases
case (step_u_t NP d 1)
note [simp] = A__simp|OF this(1)]
from step_u_t(2—) show %thesis
apply safe
subgoal
by (auto simp: state_ta_def p_ def state_inv_def intro: step__sn__t)
by (fastforce simp: p_def intro: steps P intro!: states’ _updl)+
next
case (step_u_i P pc_g uu uww uw uz pc_uw uy uzvar NI1lal p)
note [simp] = A__simp[OF this(1)]
from step_u_i(2—) show ?thesis
apply —
apply (simp add: Prod__TA_ Defs.N_s_length)
apply (subst state_ta__unfold)
apply (frule steps P__guard(1))
apply assumption
apply (simp; fail)
apply (drule steps_P__guard(2))
apply assumption
apply (simp; fail)
apply (frule steps P_upd(1))
apply assumption
apply (simp; fail)
apply (drule steps P_upd(2))
apply assumption
apply (simp; fail)
apply (drule N_transD)
apply assumption
apply safe
apply (rule step__sn_ 1)
apply assumption
apply (solves auto; fail)+
apply (simp add: state_ta_def p_def state inv_def state pred def; fail)
apply (solves auto; fail)+
apply (simp add: Prod_TA_Defs.N_s_length; fail)
apply (solves auto; fail)+
by (fastforce simp: p_ def intro: steps P intro!: states’ updl)+
next
case (step_u_s P pc_gl vb vc vd ve pc_g2 vf vg vh vi pc_u2 vj vk s1 vl r2 pc_ul r1 vm vn
vo vp N
Illall’p'1212 ¢
)
note [simp] = A__simp[OF this(1)]
from ¢ < length L) have ¢ < p by (simp add: Prod_TA_ Defs.N_s_length)
from step_u_s(2—) show ?thesis
apply —
apply (simp add: Prod_TA_Defs.N_s_length)
apply (subst state_ta_unfold)
apply (frule steps P__guard(1))
apply assumption
apply (simp; fail)
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apply (drule steps P__guard(2))
apply assumption
apply (simp; fail)
apply (frule steps P__guard(1))
apply (rule <qg < p)
apply (simp; fail)
apply (drule steps_P__guard(2))
apply (rule «¢ < p)
apply (simp; fail)
apply (frule steps P_upd(1))
apply (rule <qg < p»)
apply (simp; fail)
apply (drule steps P_upd(2))
apply (rule <¢ < p)
apply (simp; fail)
apply (drule steps_P_reset[simplified))
apply assumption
apply (simp; fail)
apply (frule steps P _upd(1))
apply assumption
apply (simp; fail)
apply (drule steps_P_upd(2))
apply assumption
apply (simp; fail)
apply (drule N_transD)
apply assumption
apply (drule N_transD)
apply assumption
apply safe
apply (rule step_sn_s)
apply assumption
apply assumption
apply (all <(auto; fail)?)
apply (simp add: state_ta_def p_def state inv_def state pred_def; fail)
apply (simp add: Prod_TA Defs.N_s_length; fail)
apply (simp add: Prod_TA_Defs.N_s_length; fail)

subgoals «(defs.P ! _) (Lp':=11", ¢ =121 _) s)
by (metis Equiv_TA_ Defs.p_def states states’ _updl’ steps P)
subgoal
by simp (metis Fquiv_TA_ Defs.p_ def states states’ _updl' steps P)
apply (fastforce simp: p_ def intro: steps_ P introl: states’ _updI'’)
done
qed

lemma equiv_complete’”:
assumes step: A b, (L, s, u) =4 (L) 8", u’) p > 0
shows (V g<p. Ipc st s’ rs pes.
exec PFn (I q) (L'! q), ], s, True, []) [] =
Some ((pe, st, s, True, rs), pcs)) (is ?4)
bounded B s' (is ?B)
proof —
from assms equiv_complete’ have *: ¥V q<p. (defs.P ! q) (L’ q) s’ by simp
then show ?A unfolding state ta_def state_pred_def by (fastforce split: option.splits)
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from <p > 0) * have (defs.P ! 0) (L'! 0) s’ by auto
with <p > 0> show ¢B unfolding state_ta_ def state _pred def by (auto split: option.splits)

qed

lemma equiv_steps sound”:
assumes step: state_ta - (L, s, u) —x (L', s’ u’)
shows A b, (L, s, u) —* (L', s', u’) A L' € defs.states’ s’ A
(V g<p. Ipc st s"' rs pes.
exec PFn (I q) (L'! q), ], s', True, []) [| =
Some ((pe, st, s, True, rs), pcs)) A bounded B s’

using step states inv
proof (induction A = state_ta L =L s = s u = u L’ s’ v’ arbitrary: rule: steps_sn.induct)

case (refl)
with bounded show Zcase by blast

next
case prems: (step L' s" v’ a L s u'’)
from prems have x:
Aty (L, s, u)y —* (L', s, u') L' € defs.states’ s’
(V g<p. Ipc st s’ rs pes.
exec PFn (I q) (L'! q), ], ', True, []) [| =
Some ((pe, st, 8, True, rs), pcs))

bounded B s’
by auto
!

interpret interp: Equiv TA A n L's
using pred_time_indep upd_time_indep clock_conj x by unfold_locales (auto simp: Len

introl: %)
from prems(3) have

Ab, (L) s, u'y =4 (L, 8", u') L € defs.states’” s

Y q<p. Ipc st s rs pes.
exec PF'n ((I'! q) (L"! q), |, s", True, []) [| =
Some ((pe, st, 8", True, rs), pcs)

bounded B s"

by (force dest!: interp.equiv_sound’)+

with * interp.states show ?case
by — (assumption | rule conjl steps_un.intros)+

qed

lemma equiv_steps _complete’:
state_ta & (L, s, u)y == (L', s, u’) A L’ € defs.states’ s’ A
(V g<p. Ipc st s"' rs pes.
exec PFn (I q) (L'! q), ], ', True, []) [| =
Some ((pe, st, 8", True, rs), pcs)) A bounded B s’

if Ak, (L, s, u) =% (L) s, u)y p>0

using that states inv proof (induction A= An=nL=Ls=su=u_ _ _ rule

steps_un.induct)

case refl
with bounded show ?case by blast

next
case prems: (step L' s’ v’ a L" s"" u")

from prems have x:
state_ta b (L, s, u) == (L', s’, u’) L’ € defs.states’ s’

(V g<p. Ipc st s’ rs pes.
exec PEFn (I q) (L'! q), ][], s's True, []) [| =
Some ((pe, st, 8", True, rs), pcs))
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bounded B s’
by auto
interpret interp: Equiv TA A n L's
using pred_time_indep upd_time_indep clock_conj by unfold_locales (auto simp: Len
introl: x)
from interp.equiv__complete’|OF prems(3)] interp.equiv__complete”’|OF prems(3) «<p > 0]
have
state_ta = (L', s, u’)y —q (L", 8", u"") L € defs.states’ s
Y q<p. Ipc st " rs pes.
exec PEn (I'!q) (L' q),[], 8", True, []) || =
Some ((pe, st, 8", True, rs), pcs)
bounded B s"
by auto
with * interp.states show ?case
by auto
qged

/!

lemmas equiv_steps _sound = equiv_steps_sound’ | THEN conjunctl]
lemmas equiv_steps _complete = equiv_steps _complete | THEN conjunct1]

lemma equiv_correct:
state_ta b (L, s, u)y = (L', s, u’) «+— A b, (L, s, uy —=* (L', s/, u') if p > 0
using that equiv_steps sound equiv__steps complete by metis

lemma prod__correct:
defs.prod_ta = ((L, s), u) —* (L', s"), u') «— A b, (L, s, u) = (L', ', vy if p > 0
by (metis prod.prod__correct equiv__correct that)

end

end
theory UPPAAL_State Networks Impl

imports Munta Base.Normalized_Zone_Semantics Impl UPPAAL State Networks
begin

4 Implementation of UPPAAL Style Networks

no__notation OR (infix or 60)

lemma step_resets:
V ¢ e setr’. 3 xpc Some (INSTR (STOREC ¢ z)) = P pc
if stepc emd u (pe, sty s, f, r) = Some (pc', st’, ', f', r')
YV ¢ € setr.3 xpc. Some (INSTR (STOREC ¢ x)) = P pc P pc = Some cmd
using that
apply —
apply (erule stepc.elims)
by (auto split: option.splits if _splits elim!: step.elims) metis+

lemma step resets’:
YV ¢ € set r’. 3 x pce. Some (INSTR (STOREC ¢ z)) = P pc
if step instr (pc, st, s, f, r) = Some (pc', st’; s', f', r')
V ¢ € setr.3 zpc. Some (INSTR (STOREC ¢ z)) = P pc P pc = Some (INSTR instr)
using that
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by (auto split: option.splits if _splits elim!: step.elims) metis+

lemma step_ resets’”:
V cesetr’. 3 xpe Some (STOREC ¢ z) = P pc
if step instr (pc, st, s, f, r) = Some (pc', st'; ', ', r')
YV ¢ € set r. 3 z pe. Some (STOREC ¢ x) = P pc P pc = Some instr
using that
by (auto split: option.splits if _splits elim!: step.elims) metis+

lemma steps_reset:
YV c e setr’. 3 zpc. Some (STOREC ¢ x) = P pc
if steps P n (pc, st, s, f, r) (pc’, st’, ', f/, r') ¥V ¢ € set r. 3 z pe. Some (STOREC ¢ z) = P pc
using that
by (induction P = P n (pc, st, s, f, r = nat list) (pc’, st’, s', f', ') arbitrary: pc st s f r rule:
steps.induct)
(auto dest!: step_resets’[where P = P))

lemma ezxec reset:
V c€setr’. 3 xpc Some (STOREC ¢ z) = P pc
if Some ((pc’, st’, s', f', r'), pes’) = exec P n (pc, st, s, f, []) pcs
using exec_steps|OF that[symmetric]] steps_reset by force

lemma exec_pointers:
YV pc € set pes’. I pc instr. Some instr = P pc
if Some ((pc’, st’, s', f', r'), pes’) = exec P n (pc, st, s, f, r) pes
V pc € set pcs. A pc instr. Some instr = P pc
using that
apply (induction rule: exec.induct)
by (auto split: option.splits if _splits) metis+

lemma ezec_pointers”:
YV pc € set pes’. A pc instr. Some instr = P pc
if Some ((pc’, st’, s', f', r'), pes’) = exec P n (pc, st, s, f, 1) ]
using that exec_pointers by fastforce

context Prod_TA_ Defs
begin

lemma finite _range I":
assumes YV Ac{0..<p}. finite (range (snd (N | A)))
shows finite (range (I’ s))
using assms unfolding inv_of def Product_TA__Defs.product_ta_def N_s def
by (auto simp: inv_of _def p_def introl: Product_TA_ Defs.finite_invariant_of _product)

lemma range_prod__invariant:
range prod_invariant = range (I’ s)
unfolding prod_invariant_def using I’_simp by auto
lemma finite_rangel:
assumes V Ae{0..<p}. finite (range (snd (N ! A)))
shows finite (range prod__invariant)

using assms by (metis finite_range_I' range_prod_invariant)

end
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context Fquiv_TA Defs
begin

lemma states’_len__simp|simp]:
length L = p if L € defs.states’ s
using that
using Product_TA Defs.states length defs.N_s def state_ta_def by fastforce

lemma defs N_p[simp]:
length defs.N = p
unfolding state ta_ def by simp

lemma defs_p[simp]:
defs.p = p
unfolding defs.p_ def by simp

lemma P_Storec_iff:
(Some (INSTR (STOREC z za)) = P pc) «— (Some (STOREC x za) = PF pc)
unfolding stripfp_ def apply (cases P pc)
apply force
subgoal for a
by (cases a) auto
done

lemma product_trans i _resets:
collect__clkvt (Product_TA__Defs.product_trans_i (defs.N_s s))
C {c. 3 z pc. Some (INSTR (STOREC ¢ z)) = P pc}
unfolding collect_ clkvt_def
unfolding Product_TA_ Defs.product_trans i _def
apply clarsimp
unfolding defs.N_s _def
unfolding trans of def
unfolding defs. T s def
unfolding state_ta_ def
unfolding state_trans t_def
unfolding make [ def
apply (clarsimp split: option.split_asm)
by (auto dest: exec_reset simp: P_Storec__iff)

lemma product_trans s _resets:
collect__clkvt (Product_TA_Defs.product_trans_s (defs.N_s s))
C {c. 3 z pc. Some (INSTR (STOREC ¢ z)) = P pc}
unfolding collect_ clkvt_def
unfolding Product_TA_ Defs.product_trans s _def
apply clarsimp
unfolding defs.N_s_def
unfolding trans of def
unfolding defs. T s def
unfolding state_ta_ def
unfolding state_trans t_def
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unfolding make_f def
apply (clarsimp split: option.split_asm)
by (auto dest: exec_reset simp: P_Storec_iff)

lemma product trans resets:
collect__clkvt (Us. defs. T’ s) C {c. 3 x pc. Some (INSTR (STOREC ¢ z)) = P pc}
unfolding trans of def
unfolding Product_TA_ Defs.product_ta__def
apply simp
unfolding Product_TA_ Defs.product_trans def
unfolding collect_ clkvt_def
apply safe
unfolding Product_TA_ Defs.product_trans i _def Product_TA_ Defs.product_trans s def
apply clarsimp__all
unfolding defs.N_s def
unfolding trans of def
unfolding defs. T s def
unfolding state ta_ def
unfolding state_trans t _def
unfolding make_f def
apply (clarsimp__all split: option.split_asm)
by (auto dest: exec_reset simp: P__Storec iff)

lemma product_trans__guards:
Timed__Automata.collect_clkt (|Js. defs. T’ s)
C {constraint_pair ac | ac. 3 pc. Some (CEXP ac) = P pc}
unfolding trans_of def
unfolding Product_TA__Defs.product_ta__def
apply simp
unfolding Product_TA_ Defs.product_trans def
unfolding Timed Automata.collect clkt def collect_clock pairs def
apply safe
unfolding Product_TA__Defs.product_trans_i_def Product_TA__Defs.product_trans_s_def
apply clarsimp__all
unfolding defs.N s def
unfolding trans of def
unfolding defs. T s def
unfolding state_ta_ def
unfolding state_trans t _def
unfolding make_ g def
apply (clarsimp__all split: option.split_asm)
subgoal premises prems
using prems(1,3—)
unfolding set__map_ filter
by (smt (verit, best) instrc.simps(5,6) is_instr.cases
mem,__Collect__eq option.exhaust option.inject
option.simps(3,4,5))+
subgoal premises prems
using prems(1,2,4—)
apply safe
unfolding set_map_ filter
apply (drule exec_pointers’)
by (smt (verit, best) instrc.simps(5,6) is_instr.cases
mem,__Collect__eq option.exhaust option.inject
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option.simps(8,4,5))+
done

end

datatype bexp =
not bexp | and bexp bexp | or bexp bexp | imply bexp bexp | — Boolean connectives
loc nat nat | — Is process p in location 17
eq nat int — Does var i equal x? |
le nat int |
It nat int |
ge nat int |
gt nat int

fun check_bexp :: bexp = nat list = int list = bool where
check_bexp (not a) L s «— — check_bexp a L s |
check_bexp (and a b ) L s +— check _bexp a L s N\ check_bexp b L s |
check_bexp (or a b ) L s <— check_bexp a L sV check_bexp b L s |
check_bexp (imply a b ) L s +— (check _bexp a L s — check_bexp b L s) |
check_bexp (locpl) L _+— L!p=1|
check_bexp (eqiz) _s+— s!i=uz|
check_bexp (leix) _s+— sli<uz]|
check_bexp (ltiz) s+ sli<uz]
check_bexp (geix) _s<+— sli>ua|
check_bexp (gtiz) _s+— sli>zx

datatype formula =
EX bexp | EG bexp | AX bexp | AG bexp | Leadsto bexp bexp

abbreviation repeat © n = map (A _. z) [0..<n]

abbreviation conv_prog P pc = map__option (map_instre real _of _int) (P pc)
abbreviation conv_A’' = X (T, I). (T, conv_cc o I)

fun hd_of formula :: formula = nat list = int list = bool where
hd_of formula (formula.EX ) = check_bexp ¢ |
hd_of _formula (EG ¢) = check_bexp ¢ |
hd_of formula (AX ¢) = Not oo check_bexp ¢ |
hd_of formula (AG ) = Not oo check__bexp ¢ |
hd_of formula (Leadsto ¢ _) = check_bexp ¢

4.1 Pre-compiled Networks With States and Clocks as Natural Num-
bers

locale UPPAAL_ Reachability_ Problem__precompiled_ defs =
fixes p :: nat — Number of processes
and m :: nat — Number of clocks

and maz_steps :: nat — Maximal number of execution for steps of programs in the automaton
and inv :: (nat, int) cconstraint list list — Clock invariants on locations per process
and pred :: addr list list — State invariants on locations per process
and trans :: (addr * nat act x addr % nat) list list list
— Transitions between states per process
and prog :: int instrc option list
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and formula :: formula — Model checking formula
and bounds :: (int * int) list
begin

definition clkp set’ =
U (collect_clock__pairs * set (concat inv))
U {constraint_pair ac | ac. Some (CEXP ac) € set prog}

definition clk_set’ def: clk set’ =
(fst “ clkp_set’ U {c. 3 z. Some (INSTR (STOREC ¢ z)) € set prog})

Definition of the corresponding network

definition I i = if | < length (inv ! %) then inv ! i ! [ else |]
definition T i =
{(I, trans V¢ V1V 4) | 1 4.1 < length (trans ! i) A j < length (trans ! i ! 1)}
definition P = map (A P 1. P! 1) pred
definition PROG pc = (if pc < length prog then prog ! pc else None)
definition N :: (nat, int, nat) unta where
N = (PROG, map (N i. (T i, I%)) [0..<p], P, bounds)
definition init = repeat (0::nat) p
definition F = hd_ of formula formula

sublocale equiv: Equiv_TA_ Defs N maz_steps .
abbreviation FA = equiv.state ta
abbreviation A = equiv.defs.prod_ta

lemma equiv_p__eq[simp]:
equiv.p = p
unfolding equiv.p def N _def Equiv_TA Defs.p def by simp

lemma length N__s[simp]:
length (equiv.defs.N_s s) = p
unfolding equiv.defs.N_s _def by simp

lemma length N [simp]:
length equiv.defs.N = p
by simp

lemma
equiv.defs.I’' s L = concat (map (X q. if ¢ < p then I q (L'! q) else []) [0..<length L))
unfolding inv_of def
unfolding Product_TA__ Defs.product_ta__def
apply simp
unfolding Product_TA__Defs.product__invariant__def
unfolding equiv.defs. N _s_def inv_of def
apply (rule arg_cong[where f = concat])
unfolding Equiv_TA_ Defs.state_ta__def
apply simp
unfolding N_def Equiv_TA_ Defs.state_inv_def
by simp

end

lemma snd__comp|simp]:
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sndo(Ni. (fi,gi) =g
by auto

locale UPPAAL _Reachability _Problem__ precompiled =
UPPAAL_Reachability Problem__precompiled__defs +
assumes process__length: length inv = p length trans = p length pred = p
and lengths:
V i < p. length (pred ! i) = length (trans ! i) A length (inv ! i) = length (trans ! 7)
and state_set: V T € set trans. ¥ zs € set T.V (_, _, _, 1) € set zs. | < length T
assumes consts_nats: snd ‘ clkp_set’ C N

assumes clock_set: clk_set’ = {1..m}
and p gt 0:p >0
and m_gt 0: m > 0
and processes_have_trans: ¥ i < p. trans | i # [| — Necessary for refinement
and start_has_trans: ¥ g < p. trans ! q ! 0 # [] — Necessary for refinement

assumes resets_zero: ¥ z c. Some (INSTR (STOREC ¢ z)) € set prog — © = 0

begin

lemma consts_nats”
V I€setinv.V cc€ setl. Y (¢, d) € collect_clock_pairs cc. d € N

YV ac. Some (CEXP ac) € set prog — (snd (constraint_pair ac) € N)
using consts_nats unfolding clkp_set’ def by force+

lemma clk_pairs N _inv:
U (collect_clock_pairs ¢ range (snd x)) C |J (collect_clock_pairs  set (concat inv))
if x € set equiv.defs.N for x
using that process_length(1)
unfolding equiv.state ta_def equiv.state inv_ def equiv.p_def
unfolding N _def I def
by clarsimp (auto split: if split _asm dest: nth_mem)+

lemma clkp set simp 1:
U (collect_clock _pairs ‘ set (concat inv)) 2 Timed Automata.collect clki (snd A)
unfolding equiv.defs.prod__ta__def inv_of _def
apply (rule subset_trans)
apply simp
apply (rule equiv.defs.collect _clki_prod_invariant’)
unfolding Timed__ Automata.collect_clki def using clk_pairs N _inv nth__mem by blast

lemma clk_set simp_2:
{c. 3 z. Some (INSTR (STOREC c¢ x)) € set prog} O collect clkvt (trans_of A)
unfolding equiv.defs.prod_ta__def trans_of def
apply (rule subset_trans)
apply simp
apply (rule equiv.defs.collect_clkvt _prod_trans__subs)
apply (rule subset_trans)
apply (rule equiv.product trans_resets)
unfolding N_def PROG__def by (auto dest!: nth_mem) metis
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lemma clkp set_simp_3:
{constraint_pair ac | ac. Some (CEXP ac) € set prog} 2O Timed Automata.collect_clkt
(trans_of A)
unfolding equiv.defs.prod_ta__def trans_of def
apply (rule subset_trans)
apply simp
apply (rule equiv.defs.collect_clkt_prod_trans__subs)
apply (rule subset_trans)
apply (rule equiv.product_trans__guards)
unfolding N_def PROG__def by (auto dest!: nth_mem)

lemma clkp set’ subs:
Timed__Automata.clkp__set A C clkp__set’
using clkp__set _simp_ 1 clkp set_simp_ 3
by (auto simp add: clkp_set’_def Timed__Automata.clkp_set_def inv_of _def)

lemma clk_set’ subs:
clk_set A C clk_set’
using clkp_set’ subs clk_set_simp_2 by (auto simp: clk_set’ def)

lemma clk_set:
clk_set A C {1..m}
using clock_set m__gt_ 0 clk_set’_subs by auto

lemma
YV (_, d)eTimed_Automata.clkp_set A. d € Z
unfolding Ints def by auto

lemma clkp_set’ consts nat:
V(_, d)eclkp_set’. d € N
using consts _nats’ unfolding clkp_set’ def
apply safe
apply force
by (metis snd__conv)

lemma clkp set_consts_nat:
YV (_, d)eTimed_Automata.clkp_set A. d € N
using clkp set’ subs clkp__set’_consts_nat by auto

lemma finite clkp set”:
finite clkp__set’
unfolding clkp_set’ def
using [[simproc add: finite_ Collect]]
by (auto simp: inj_on_ def intro!: finite _vimagel)

lemma finite_clkp_set Alintro, simp):

finite (Timed__Automata.clkp__set A)

using clkp_set’ _subs finite__clkp__set’ by (rule finite_subset)
lemma clkp_set’ bounds:

a € {Suc 0..m} if (a, b) € clkp_set’

using that clock_set unfolding clk_set’ def by auto

lemma finite_range_inv_of _Alintro, simp:
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finite (range (inv_of A))
unfolding inv_of def equiv.defs.prod_ta__def
apply simp
apply (rule equiv.defs.finite_rangel)
apply simp
unfolding Equiv_TA_ Defs.state_ta_ def
apply simp
unfolding equiv.state inv_def
unfolding N_def
unfolding I def
by (auto intro: finite__subset{where B = {[|}])

lemma Collect fold_ pair:
{fab|lab Pab}=(\(a,b).fabdb) {(a, b). Pabd}for P
by auto

lemma finite_ T[intro, simp):
finite (trans_of A)
unfolding trans of def equiv.defs.prod__ta__def fst_conv
proof (rule equiv.defs.finite_prod_trans, goal_cases)
case (1 s)
show V1 q. ¢ < equiv.defs.p — (equiv.defs.P ! q) | s — (bounded equiv.B) s
apply simp
unfolding equiv.state ta_ def equiv.state_pred_ def
by (simp split: option.split)
next
case 2
show finite {s. bounded equiv.B s} by (rule equiv.bounded__finite)
next
case 3
show ?Zcase
proof
fix A assume A: A € set equiv.defs. N
have
{1, 7). I < length (trans ! i) A j < length (trans ! i ! 1)}
=U (MNLAW G) | 4. F < length (trans ! i1 1)}) “{l. | < length (trans ! ©)}) for ¢
by auto
then have finite (T q) if ¢ < p for ¢
using that unfolding T def by (fastforce simp: Collect_fold_pair)
then have finite (fst (equiv.N ! q)) if ¢ < p for ¢
using that unfolding N _def by simp
then have finite (equiv.state_trans q) if ¢ < p for ¢
using that
unfolding Fquiv_TA_ Defs.state_trans_t _def
using [[simproc add: finite_ Collect]]
by auto
then show finite (fst A) using A unfolding Equiv_TA_ Defs.state_ta_ def by auto
qed
qed (auto simp: p_gt_0)

sublocale TA_Start_No_ Ceiling A (init, so) m
using clkp_set _consts_nat clk_set m_gt 0 by — (standard; blast)

lemma P_p[simp]:
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length P = p
unfolding P_def using process_length(3) by simp

lemma length_I[simp]:
length equiv.l = p
unfolding N_def by simp

lemma length N [simp]:
length equiv.N = p
unfolding N_def by simp

end

end
theory Program__Analysis
imports
UPPAAL _State Networks Impl
Munta _Base.More_Methods
begin

fun steps approz :: nat = 't instrc option list = addr = addr set where
steps__approx 0 prog pc = (if pc < length prog then {pc} else {}) |
steps__approz (Suc n) prog pc =

if pc > length prog
then {}
else
case prog ! pc of
None = {pc}
| Some cmd =
let succs =
(
case cmd of
CEXP ac = {pc + 1}
| INSTR instr = (
case instr of
CALL = {..<length prog}
| RETURN = {..<length prog}
| JMPZ pc’ = {pc + 1, pc'}
| HALT = {}
| = {pc+ 1))

in {pc} U (steps_approz n prog * succs)

lemma bounded_less__simp[simp):
Vage{.<p:nat}. P¢g=V qg<p. Pq
by (rule eq reflection) auto

context
fixes prog :: int instrc option list
and strip :: real instrc = instr
assumes instr_id[simp]:
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strip (INSTR e¢md) = emd

strip (CEXP ac) ¢ {CALL, RETURN, HALT} U (JMPZ ‘ UNIV)
begin

private definition [simp]:
P’ = map_option strip o (conv_prog (X i. if i < length prog then prog ! i else None))

lemma stepsioutiofimnge’:
assumes steps P’ n (pc, st, s, f, rs) (pc’, st’, s', f', rs’) pe > length prog
shows pc’ = pc
using assms by cases (auto simp: striptp__def)

lemmas steps _out_of range = steps_out_of range'|unfolded striptp_def P’_def]

lemma steps steps approz':
assumes steps P’ n (pc, st, s, f, rs) (pc’, st’, s', f', rs’) pc’ < length prog
shows pc’ € steps__approx n prog pc
proof —
{
fix pc :: nat
and st :: int list
and m :: int list
and f :: bool
and rs :: nat list
and a :: nat
and aa :: int list
and ab :: int list
and ac :: bool
and b :: nat list
and n :: nat
and za :: int instrc
and z2 :: int instrc
assume A:
UPPAAL Asm.step (strip (map_instrc real_of int za)) (pc, st, m, f, rs)
= Some (a, aa, ab, ac, b)
UPPAAL_ Asm.steps (map__option strip o
(Apc. conv_prog (If (pc < length prog) (prog ! pc)) None)) n
(a, aa, ab, ac, b) (pc', st’, s', f', rs’)
pc’ € steps__approz n prog a
pc’ < length prog
(if pc < length prog then prog | pc else None) = Some za
prog ! pc = Some z2
- (Fz€case x2::int instrc of INSTR (JMPZ pc') = {pc + 1, pc'}
| INSTR CALL = {..<length prog} | INSTR instr. RETURN = {..<length prog}
| INSTR HALT = {} | INSTR _ = {pc + 1}
| CEXP ac = {pc + 1}. pc’ € steps_approx n prog x)
have pc’ = pc
proof (cases z2)
case (INSTR z1)
with 4 show pc’ = pe
apply (cases z1)
apply (solves <auto elim!: UPPAAL__Asm.step.elims split: if _split_asmy)+
apply (auto elim!: UPPAAL__Asm.step.elims split: if _split_asm)]]|
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subgoal for ¢
apply (cases g < length prog)
apply force
apply (drule steps _out_of range; simp; fail)
done
subgoal for ¢ _
apply (cases q < length prog)
apply force
apply (drule steps_out_of range; simp; fail)
done
apply (auto elim!: UPPAAL_ Asm.step.elims split: if _split_asm)]]|
subgoal for ¢
apply (cases ¢ + 1 < length prog)
apply force
apply (drule steps _out_of range; simp)
done
subgoal for ¢
apply (cases ¢ + 1 < length prog)
apply force
apply (drule steps _out_of range; simp)
done
apply (solves <auto elim!: UPPAAL__Asm.step.elims split: if _split_asm»)+
done
next
case (CEXP z2)
with A show ?thesis
using instr_id by (fastforce split: if _split_asm elim!: UPPAAL__Asm.step.elims)
qed
} note x = this
show ?thesis
using assms
apply (
induction P’ n (pc, st, s, f, rs) (pc', st’, s', ', rs’)
arbitrary: pc st s f rs rule: steps.induct

apply (solves <simp split: option.split»)
apply (clarsimp, rule conjl)
apply (simp add: striptp__def split: if _split_asm; fail)
apply (clarsimp split: option.split, rule conjl)
apply (solves <auto simp add: striptp_ def split: if _split_asm))
apply safe
by (rule x)
qed

lemmas steps steps _approx = steps__steps__approz’[unfolded P’ _def]
end
context
fixes prog :: int instrc option list
begin

private abbreviation P i = if i < length prog then prog ! i else None
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lemma stepsc_out_of range:
assumes stepsc (conv_prog P) n u (pc, st, s, f, rs) (pc’, st’, ', f', rs’) pc > length prog
shows pc’ = pc
using assms by cases auto

lemma stepsc_steps _approzx:
assumes stepsc (conv_prog P) n u (pc, st, s, f, rs) (pc’, st', ', f', rs’) pc’ < length prog
shows pc’ € steps__approx n prog pc
proof —
{
fix u :: nat = real
and pc :: nat
and st :: int list
and m :: int list
and f :: bool
and rs :: nat list
and a :: nat
and aa :: int list
and ab :: int list
and ac :: bool
and b :: nat list
and n :: nat
and z :: int instrc
assume A: stepc (map_instre real _of int z) u (pe, st, m, f, rs) = Some (a, aa, ab, ac, b)
stepsc (conv_prog P) n u (a, aa, ab, ac, b) (pc’, st'; s', f', rs’)
pc’ € steps__approzr n prog a
pc’ < length prog
P pc = Some z
have V z2. prog ! pc = Some 22 — pc’ = pc V
(3z€case x2 of INSTR (JMPZ pc') = {pc + 1, pc'} | INSTR CALL = {..<length prog}
| INSTR instr. RETURN = {..<length prog} | INSTR HALT = {} | INSTR _ = {pc + 1}
| CEXP ac = {pc + 1}. pc’ € steps_approx n prog x)
proof(cases z)
case (INSTR z1)
with A show ?thesis
apply (simp split: option.split_asm if _split_asm)
apply (cases x1)
apply (simp split: if _split_asm; fail)
apply (solves <auto elim!: UPPAAL_Asm.step.elims split: if _split_asm»)+
apply (auto elim!: UPPAAL_ Asm.step.elims split: if _split_asm)]]|
subgoal for ¢
apply (cases q < length prog)
apply force
apply (drule stepsc_out_of range; simp)
done
subgoal for ¢
apply (cases ¢ < length prog)
apply force
apply (drule stepsc_out_of range; simp)
done
apply (auto elim!: UPPAAL_ Asm.step.elims split: if _split_asm)]]|
subgoal for ¢
apply (cases ¢ + 1 < length prog)
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apply force
apply (drule stepsc_out_of range; simp)
done
subgoal for ¢
apply (cases ¢ + 1 < length prog)
apply force
apply (drule stepsc_out_of range; simp)
done
apply (drule stepsc_out_of range; simp)
apply (solves <auto elim!: UPPAAL __Asm.step.elims split: if _split_asm»)+
done
next
case (CEXP z2)
with A show ?thesis
by (force split: if _split_asm)
qged
} note x = this
show ?thesis
using assms
apply (
induction conv_prog P n u (pc, st, s, f, rs) (pc’, st’, s', f', rs’)
arbitrary: pc st s f rs rule: stepsc.induct
)
apply (simp split: option.split)
apply clarsimp
apply (rule conjI)
apply (simp split: if _split_asm; fail)
apply (clarsimp split: option.split)
apply (rule conjI)
apply (simp split: if _split_asm; fail)
by (rule x)
qed

definition
time__indep_ check pc n =
Y pc’ € steps_approx m prog pe. pc’ < length prog
— (case prog | pc’ of Some cmd = is_instr cmd | _ = True)

lemma time_indep_overapprox:
assumes
time__indep__check pc n
shows time__indep (conv_prog P) n (pc, st, s, f, 1)
proof —
{ fix pc’ st’ s' f' rs’ emd u
assume A:
stepsc (conv__prog local.P) n u (pc, st, s, f, rs) (pc’, st’, ', f', rs’)
conv__prog local.P pc’ = Some cmd
have is_instr cmd
proof (cases pc’ < length prog)
case True
with A(2) obtain c¢cmd’ where prog | pc’ = Some cmd’ by auto
with True stepsc_steps _approx[OF A(1)] A(2) assms show ?thesis
by (cases emd’) (auto simp: time_indep__check__def)
next
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case Fulse
with A(2) show ?thesis by (auto split: option.split_asm)
qed
}
then show ?thesis unfolding time indep_def by blast
qed

end

context UPPAAL_Reachability Problem__precompiled__defs
begin

definition
collect_cexp’ pc = {ac. Some (CEXP ac) € ((!) prog) ‘ steps__approx maz__steps prog pc}

definition clkp set’ il =
collect__clock_pairs (inv ! i!1) U
U ((A (g, ). constraint_pair ¢ collect _cexp’ g) ‘ set (trans! i ! 1))

definition
collect_cexp = {ac. Some (CEXP ac) € set prog}

definition
collect__store’ pc =
{(¢, z). Some (INSTR (STOREC c z)) € ((!) prog)  steps_approx max_ steps prog pc}

end

lemma visited resets mono:
set v C set r’ if visited P n (pc, st, s, f, r) (pc', st’, s', f', ') pes
using that
apply (
induction P = P n (pc, st, s, f, v :: nat list) (pc’, st’, s', f', r') pes
arbitrary: pc st s fr rule: visited.induct

apply blast
by (erule step.elims; force split: option.splits if _splits elim!: step.elims)+

lemma visitedc_resets mono:
set r C set r' if visitedc P n u (pe, st, s, f, r) (pc’, st’, ', f', r') pcs
using that
apply (
induction P = P n u (pc, st, s, f, r :: nat list) (pc’, st
arbitrary: pc st s fr rule: visitedc.induct

!

) Sl’ f/7 r/) pcs

apply blast
by (erule stepc.elims; force split: option.splits if _splits elim!: step.elims)+

lemma wvisited reset:
3 z. 3 pc € set pes. Some (STOREC ¢ x) = P pe
if visited P n (pc, st, s, f, r) (pc’, st', s', f', r') pcs c € set v’ — set r
using that
apply (
induction P = P n (pc, st, s, f, r = nat list) (pc’, st', s', f', r') pcs
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arbitrary: pc st s f r rule: visited.induct

apply blast
by (erule step.elims; force split: option.split _asm if _split _asm elim!: step.elims)

lemma wvisitedc _reset:

3 z. 3 pc € set pcs. Some (INSTR (STOREC ¢ z)) = P pc

if visitede P n u (pc, st, s, f, r) (pc’, st’, s, f', r') pes ¢ € set r' — set r

using that

apply (
induction P = P n u (pc, st, s, f, r = nat list) (pc’, st', s', ', r') pcs
arbitrary: pc st s f r rule: visitedc.induct
)

apply blast

by (erule stepc.elims; force split: option.split_asm if _split_asm elim!: step.elims)

lemma visited fuel mono:
visited P n' s s’ pcs if visited P n s s’ pcs n’ > n
using that
apply (induction arbitrary: n’)
subgoal for _ _ _ n’
by (cases n') (auto intro: visited.intros)
subgoal for — n

by (cases n') (auto intro: visited.intros)
done

lemma visitedc_fuel _mono:
visitedc P n' u s s’ pcs if visitede Pnu s s’ pcsn’ > n
using that
apply (induction arbitrary: n’)
subgoal for _ _ _ _ n’/
by (cases n') (auto intro: visitede.intros)
subgoal for _ n

by (cases n') (auto intro: visitede.intros)
done

lemma visted_ split:

assumes visited P n (pc, st, s, f, ) "' (pes’ @ pe’ # pcs)

obtains st’ s’ f’ r’ where
visited P n (pc, st, s, f, r) (pc', st’, s', f', r') pes
visited P n (pc’, st’, s', f', r’) "' (pes’ Q [pe’])

apply atomize__elim

using assms

proof (induction _ __ _ _ pes’ @ pe’ # pes arbitrary: pes rule: visited.induct)
case (1 prog n u start)
then show ?case by simp

next
case prems: (2 cmd pc st m frs s prog n s’ pes pes’)
show ?Zcase

proof (cases pcs” = [])

case True

with prems show ?2thesis by (blast intro: visited.intros)
next

case Fulse
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with «pcs @ [pc] = ) obtain pcs3 where pes” = pes3 Q [pc]
by (metis append_butlast _last_id last _ConsR last_append last_snoc list.distinct(1))
with prems obtain st’ s’a f' r’ where
visited prog n s (pc’, st’, s’a, f', ') pcs3
visited prog n (pc’, st', s'a, f', r') s’ (pes’ Q [pe'])
by (auto 9 2)
with prems <pcs” = _» show Zthesis by (auto 4 6 intro: visited.intros visited_ fuel mono)
qed
qed

lemma visited_steps”:
assumes visited P n (pe, st, s, f, r) s'' pes pc’ € set pes
obtains st’ s’ f’ r’ where steps P n (pc, st, s, f, r) (pc’, st’, s', f', r')
using assms by (force dest!: split_list dest: visited _steps elim: visted _split)

lemma vistedc_split:

assumes visitedc P n u (pe, st, s, f, r) 8" (pes’ Q pe’ # pes)

obtains st’ s’ f’ r’ where
visitedc P n u (pe, st, s, f, r) (pc’, st’, ', f', r') pcs
visitede P n u (pc', st’, s', f', r') 8" (pes’ @Q [pc'])

apply atomize__elim

using assms

proof (induction _
case (1 prog n u start)
then show ?case by simp

next
case prems: (2 ecmd u pc st m frs s prog n s’ pcs pes”’)
show ?Zcase

pes’ @Q pe’ # pes arbitrary: pes rule: visitede.induct)

proof (cases pcs” = [])
case True
with prems show ?thesis by (blast intro: visitedc.intros)
next
case Fulse
with <pes @ [pc] = _ ) obtain pcs3 where pcs’’ = pes3 Q [pc]

by (metis append_butlast last _id last _ConsR last_append last_snoc list.distinct(1))
with prems obtain st’ s’a f' r’ where
visitede prog n u s (pc’, st', s’a, f', ') pes8
visitede prog n u (pc’y st’, s’a, f', r') s (pes’ @ [pc])
by (auto 9 2)
with prems «pcs’’ = _» show ?thesis by (auto 4 6 intro: visitedc.intros visitedc_fuel _mono)
qed
qed

lemma visitedc_stepsc’:
assumes visitedc P n u (pc, st, s, f, r) s" pes pc’ € set pcs
obtains st’ s’ f' r’ where stepsc P n u (pc, st, s, f, r) (pc’, st’, s, f/, 1)
using assms by (force dest!: split_list dest: visitedc__stepsc elim: vistedc__split)

lemma steps_fuel _mono:
steps Pn’ s s'if steps Pnss'n’>n
using that
apply (induction arbitrary: n’)
subgoal for _ _ _ n’
by (cases n') auto
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subgoal for _ _ n

by (cases n') auto
done

lemma exec_steps”:
assumes ezec prog n s pcs = Some (', pes’) pc’ € set pes’ — set pes
obtains st m f rs where steps prog n s (pc’, st, m, f, rs)
apply atomize__elim
using assms
proof (induction P = prog n s pcs arbitrary: s’ rule: exec.induct)
case I
then show Zcase by simp
next
case (2 n pc st m frs pes)
then obtain instr where prog pc = Some instr by (cases prog pc) auto
show ?case
proof (cases instr = HALT)
case True
with 2.prems <prog pc = _» show ?thesis by (auto 2 6)
next
case F': False
show ?thesis
proof (cases pc’ = pc)
case True
with <prog pc = _» show ?Zthesis by (auto 2 5)
next
case Fulse
with <prog pc = _» 2(2,3) F show ?thesis
by — (
erule exec.elims;
auto 5 6
dest!: 2(1)[OF <prog pc = _» F, rotated, OF sym]
simp: option.split_asm if split_asm
)
qed
qed
qed

lemma exec wvisited:
assumes ezec prog n s pcs = Some ((pe, st, m, f, rs), pes’)
obtains pcs’’ where
visited prog n s (pc, st, m, f, rs) pes’’ A pes’ = pe # pes’’ Q pes A prog pc = Some HALT
apply atomize elim
using assms proof (induction P = prog n s pcs arbitrary: pc st m f rs rule: exec.induct)
case [
then show Zcase by simp
next
case (2 n pc’ st m' f' rs’ pes’)
then obtain instr where prog pc’ = Some instr by (cases prog pc’) auto
show ?case
proof (cases instr = HALT)
case True
with 2.prems <prog pc’ = _» show ?thesis by (auto elim: exec.elims intro: visited.intros)
next
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case Fulse
with 2(2) <prog pc’ = _» show ?thesis
by — (
erule exec.elims;
auto split: option.split_asm if split_asm intro: visited.intros
dest!: 2(1)[OF <prog pc' = _» False, rotated, OF sym]
)
qged
qed

lemma exec reset’:
3 z. 3 pc € set pes’. Some (STOREC ¢ x) = P pc
if exec P n (pe, st, s, f, r) pcs = Some ((pc', st’, s', f', '), pcs’) ¢ € set v’ — set r
proof —
from exec_visited[OF that(1)] obtain pcs’”’ where x:
visited P n (pc, st, s, f, r) (pc', st’, s'; f', r') pes”
pes’ = pc! # pes’” Q pes A P pc’ = Some HALT
by auto
from visited reset[OF this(1) that(2)] obtain z pc where
peeset pes’”’ Some (STOREC ¢ z) = P pe
by auto
with x(2) show %thesis by auto
qed

lemma steps approx_out_of range:
steps__approx n prog pc = {} if pc > length prog
using that by (induction n) auto

lemma steps resets _mono:
set r C set r' if steps P n (pc, st, s, f, r) (pc', st'; ', ', r')
using that
by (induction (pc, st, s, f, r) (pc'y st’, s, f', r') arbitrary: pc st s f r;
fastforce intro: visited.intros elim!: step.elims split: if _split_asm)

lemma resets start:
assumes
YV pc € {pc..pc’}. 3 ¢ x. prog ! pc = Some (INSTR (STOREC ¢ x))
steps
(map__option stripf o (Apc. if pc < size prog then prog ! pc else None))
n (pC7 st, s, f7 T) (pC_t, Stla 5/7 f/7 T,)
prog ! pc_t = Some (INSTR HALT)
shows {c¢. 3 z. 3 pc € {pc .. pc'}. prog ! pc = Some (INSTR (STOREC c x))} C set r’
using assms(2,3,1)
proof (induction
(map__option stripf o (Apc. if pc < size prog then prog | pc else None)) n (pc, st, s, f, r)
(pc_t, st’, s', f', r') arbitrary: pc st s fr
)
case prems: 1
show ?case
proof (cases pc’ > pc_t)
case True
with prems obtain ¢ z where prog ! pc_t = Some (INSTR (STOREC ¢ z))
by fastforce
with prems show ?thesis by simp
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next
case Fulse
with prems show ?thesis by auto
qed
next
case prems: (2 ecmd pc st m frs s n)
show ?case
proof (cases pc’ > pc)
case True
with prems(6) obtain ¢ d where prog | pc = Some (INSTR (STOREC ¢ d))
by fastforce
moreover obtain pc! st’ s’ f' r1 where s = (pcl, st', s', f', r1)
using prod.exhaust by metis
ultimately have pci = pc + 1
using prems(1,2) by (auto elim!: step.elims split: if _split_asm)
with prems(4)[OF <s = _» prems(5)] prems(6) have
{c. Jz. Ipce{pct..pc'}. prog ! pc = Some (INSTR (STOREC ¢ x))} C set r’
by auto
moreover have ¢ € set r1
using prems(1,2) <s = _» <prog ! pc = _» by (auto elim!: step.elims split: if _split _asm)
moreover then have c € set r’
using prems(3) «s = _» by (auto dest: steps_resets _mono)
ultimately show ?Zthesis
using <pcl = _» <prog ! pc = _» apply clarsimp
subgoal for _ _ pc”
by (cases pc’’ = pc; force)
done
next
case Fulse
then show ?thesis by auto
qed
ged

unbundle lattice syntax

function find_resets start where
find_resets _start prog pc =

(

if pc < length prog

then

case prog ! pc of

Some (INSTR (STOREC c z)) = (Some pc U find_resets start prog (pc + 1)) |
__ = None

else None

)

by auto

termination
by (relation measure (A (prog, pc). length prog — pc)) auto

lemma find_resets_start:

YV pc € {pc..pc’}. 3 ¢ x. prog ! pc = Some (INSTR (STOREC c x)) if
find__resets__start prog pc = Some pc’
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using that
proof (induction arbitrary: pc’ rule: find_resets start.induct)
case prems: (1 prog pc)
from prems(2) show ?case
apply (simp split: if _split_asm)
apply (
auto 4 3 simp flip: not_less _eq eq
simp del: find_resets start.simps simp: le_maz_iff disj sup nat_def sup option__def
split: option.split_asm instr.split_asm instrc.split_asm dest!: prems(1)
)
done
qed

lemmas resets _start’ = resets_start|OF find_resets_start)

context UPPAAL_Reachability Problem__precompiled__defs
begin

definition
collect__store'’ pc =
case find_resets _start prog pc of
None = {} |
Some pc’ =
{(¢, z). Some (INSTR (STOREC ¢ z)) € ((!) prog) ‘{pc .. pc'}}

end

lemma bexp atLeastAtMost _iff:
(V pc € {pc_s..pc_t}. P pc) +— (V¥ pc. pc_s < pc A pc < pc_t — P pc)
by auto

lemma bexp_atLeastLessThan__iff:
(V pc € {pc_s..<pc_t}. P pc) «— (¥ pc. pc_s < pc A pec < pc_t — P pc)
by auto

lemma guaranteed__execution:
assumes
Y pc € {pc..<pc_t}.
prog | pc # None
A prog ! pc ¢ Some ¢ INSTR ¢
{STORE, HALT, POP, CALL, RETURN, instr.AND, instr.NOT, instr.ADD, instr.LT,

instr.LE, instr.EQ}

A (VY ¢ d. prog ! pc = Some (INSTR (STOREC ¢ d)) — d = 0)

YV pc € {pc..<pc_t}. ¥V pc’. prog ! pc = Some (INSTR (JMPZ pc’)) — pc’ > pe A pe’ < pe_t
prog ! pc_t = Some (INSTR HALT) pc_t > pcn > pc_t — pc pc_t < length prog
shows 3 st’ s’ f' r'. steps
(map__option stripf o (Apc. if pc < size prog then prog | pc else None))
n (pe, st, s, f, r) (pc_t, st’, s’ f', )
using assms
proof (induction pc_t — pc arbitrary: pc st s f r n rule: less_induct)
case less
let ?prog = (map_option stripf o (Apc. if pc < length prog then prog ! pc else None))
from <pc_t — pc < n» obtain n’ where [simp]: n = Suc n’ by (cases n) auto
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from less.prems(3—) have [simp]: pc < length prog pc_t < length prog by auto
show ?case
proof (cases pc_t = pc)
case True
then show “thesis by force
next
case Fulse
with less.prems(1,4) have valid_instr:
prog | pc ¢ Some ¢ INSTR ¢
{STORE, HALT, POP, CALL, RETURN, instr.AND, instr.NOT, instr.ADD, instr.LT,
instr.LE, instr.EQ}
prog ! pc # None
by auto
from <pc < _» <pc_t # _» less.prems(2) have jumps:
pe’ > pe A pe’ < pe_t if prog ! pc = Some (INSTR (JMPZ pc’)) for pc’
using that by fastforce
from <pc < _» <pc_t # _» less.prems(1) have stores:
d = 0 if prog ! pc = Some (INSTR (STOREC ¢ d)) for ¢ d
using that by fastforce
show ?thesis
proof (cases prog ! pc)

case None
from <pc_t # _» less.prems(1,4) have prog | pc # None
by simp
with None show ?thesis by auto
next

case (Some a)
then show ?thesis
proof (cases a)
case (INSTR instr)
have x*:
Ist’ 8" f' 1. steps Zprog n' (pc’, st, s, f, r) (pc_t, st’, s’ f', r’)
if pc < pc’ pc’ < pc_t for pc’ st s fr
apply (rule less.hyps[of pc'])
subgoal
using that by simp
subgoal
using that less.prems(1) by force
subgoal
apply clarsimp
subgoal premises prems for pc_s pc’
proof —
from prems that have pc_s € {pc..<pc_t} by simp
with prems(1) less.prems(2) show ?thesis by blast
qed
done
using <prog ! pc_t = _» <pc_t — pc < ny that by auto
from <pc_t # pc> <pc < _» have Suc pc < pc_t by simp
then obtain pc’ st’ s’ f’ r’ where
step instr (pc, st, s, f, r) = Some (pc', st’, s', f', r') pc < pc’ pc’ < pe_t
apply atomize__elim
apply (cases instr)
using valid_instr <a = _» <_ = Some a) by (auto simp: stores jumps)
with <a = ) < = Some a> show ?thesis by (force dest!: *)
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next
case (CEXP z2)
have x:
Ist’ 8" f' r'. steps Zprog n' (Suc pe, st, s, f, r) (pc_t, st’, ', f', r')
if Suc pc < pc_t for st s fr
apply (rule less.hyps[of Suc pc))

subgoal

using pc < _) <pc_t # pe> by simp
subgoal

using less.prems(1) by force
subgoal

apply clarsimp

subgoal premises prems for pc_s pc’

proof —
from prems have pc_s € {pc..<pc_t} by simp
with prems(1) less.prems(2) show ?thesis by blast

qed
done
using <prog ! pc_t = _» <pc_t — pc < n» that by auto
from <pc_t # pc> <pc < _» have Suc pc < pc_t by simp
with <a = _» < = Some a> show ?thesis by (force dest!: x)
qed
qed
qed
qed

function find_next_halt where
find_next_halt prog pc =
(
if pc < length prog
then
case prog ! pc of
Some (INSTR HALT) = Some pc |
__ = find_next_halt prog (pc + 1)
else None

)

by auto

termination
by (relation measure (A (prog, pc). length prog — pc)) auto

lemma find_next_halt_finds halt:
prog ! p¢’ = Some (INSTR HALT) A pc < pc’ A pe’ < length prog
if find_next_halt prog pc = Some pc’
using that proof (induction prog pc rule: find_next_halt.induct)
case prems: (1 prog pc)
from prems(20) show ?case
by (
simp,
stmp
split: if _split_asm option.split__asm instrc.split_asm instr.split_asm
del: find_next_halt.simps;
fastforce dest: prems(1—19) simp del: find_next_halt.simps)
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qed

definition
guaranteed__execution__cond prog pc_s n =
case find_mnext_halt prog pc_s of
None = False |
Some pc_t =
(
V pe € {pc_s..<pc_t}.
prog ! pc # None
A prog ! pc ¢ Some ¢ INSTR ¢
{STORE, HALT, POP, CALL, RETURN, instr.AND, instr.NOT, instr.ADD, instr.LT,
instr.LE, instr. EQ}
A (Y ¢ d. prog ! pc = Some (INSTR (STOREC ¢ d)) — d = 0)
) A
(V pc € {pc_s..<pc_t}. ¥V pc'. prog ! pc = Some (INSTR (JMPZ pc’)) — pc’ > pe A pc’
< pe_t)
ANn>pc t— pc_s

lemma guaranteed__execution__cond__alt_def[code]:
guaranteed__execution__cond prog pc_s n =
case find_mnext_halt prog pc_s of
None = False |
Some pc_t =
(
YV pe € {pc_s..<pc_t}.
prog ! pc # None
A prog ! pc ¢ Some ¢ INSTR ¢
{STORE, HALT, POP, CALL, RETURN, instr. AND, instr. NOT, instr.ADD, instr.LT,
instr.LE, instr.EQ}
A (case prog ! pc of Some (INSTR (STOREC ¢ d)) = d = 0| _ = True)
) A
(V pc € {pc_s..<pc_t}.
case prog | pc of Some (INSTR (JMPZ pc’)) = pc’ > pec A pc’ < pc_t|__ = True)
An>pc t— pc s

proof (rule eq reflection, goal_cases)
case [
have x:
(V ¢ d. prog ! pc = Some (INSTR (STOREC ¢ d)) — d
(case prog ! pc of Some (INSTR (STOREC ¢ d)) = d =
by (auto split: option.split instre.split instr.split)
have *x:
(¥ pc’. prog ! pc = Some (INSTR (JMPZ pc')) — pc’ > pc A pc’ < pe_t) «—
(case prog ! pc of Some (INSTR (JMPZ pc')) = pc’ > pc A pc’ < pc_t | _ = True) for pc
pc_t
by (auto split: option.split instre.split instr.split)
show ?Zcase unfolding guaranteed__execution__cond__def x xx ..
qed

=0)+—
0| _ = True) for pc

lemma guaranteed__execution':
3 pc_tst' s fr! pes’. exec
(map__option stripf o (Apc. if pc < size prog then prog ! pc else None))
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n (pe, st, s, f, r) pcs = Some ((pc_t, st’, s', f', '), pes’)
if guaranteed__execution__cond prog pc n
proof —
from that obtain pc_t where find_next halt prog pc = Some pc_t
unfolding guaranteed__execution__cond_def bexp_atLeastAtMost_iff
by (auto split: option.split__asm)
then have prog ! pc_t = Some (INSTR HALT) A pc < pc_t A pc_t < length prog
by (rule find_next halt_finds halt)
moreover then have 3 st’ s’ f/ r’. steps
(map__option stripf o (Apc. if pc < size prog then prog | pc else None))
n (pe, sty s, f, r) (pe_t, st’, s, f/, 1)
using < = Some pc_t» that
unfolding guaranteed__execution_cond__def bexp atLeastAtMost_iff
by — (rule guaranteed__execution, auto)
ultimately show ?thesis by (force dest: steps_exec)
qged

context UPPAAL_ Reachability Problem__precompiled__ defs
begin

lemma collect _cexp__alt_def:
collect__cexp =
set (List.map__filter
(A z. case x of Some (CEXP ac) = Some ac | _ = None)
prog)
unfolding collect__cexp__def set_map_filter by (auto split: option.split_asm instre.split_asm)

lemma clkp set’ alt def:
clkp__set’ =
U (collect_clock_pairs * set (concat inv)) U (constraint_pair * collect_cexp)
unfolding clkp_set’ def collect_cexp def by auto

definition
collect_store = {(¢, x). Some (INSTR (STOREC c 1)) € set prog}

lemma collect_store_alt_def:
collect__store =
set (List.map_filter
(A . case x of Some (INSTR (STOREC ¢ z)) = Some (¢, x) | _ = None)
prog)
unfolding collect_store__def set_map_filter
by (auto split: option.split_asm instrc.split_asm instr.split__asm)
lemma clk_set’ alt def: clk_set’ = (fst ‘ clkp_set’ U fst ‘ collect store)
unfolding clk_set’ def collect_store_def by auto

end

fun conj_instr :: 't instrc = addr = bool where
conj_instr (CEXP _) _ = True |
conj_instr (INSTR COPY) _ = True |
conj_instr (INSTR (JMPZ pc)) pc_t = (pc = pc_t) |

86



conj_instr (INSTR instr.AND) __ = True |
conj_instr _ = False

inductive is_conj_block’ :: 't instrc option list = addr = addr = bool where
is__conj_block’ prog pc pc if
pc < length prog
prog ! pc = Some (INSTR HALT) |

is__conj_block’ prog pc pc’ if

pe’ < length prog

prog ! pc = Some (INSTR COPY) prog ! (pc + 1) = Some (CEXP ac)
prog | (pc + 2) = Some (INSTR instr. AND)
is_conj_block’ prog (pc + 3) pc’ |
is__conj_block’ prog pc pc’ if

pc’ < length prog

prog | pc = Some (INSTR COPY)

prog ! (pc + 1) = Some (INSTR (JMPZ pc'))
prog ! (pc + 2) = Some (CEXP ac)

prog ! (pc + 3) = Some (INSTR instr.AND)
is_conj_block’ prog (pc + 4) pc’

inductive__cases stepscE: stepsc prog n u (pc, st, m, f, rs) (pc’, st', m’, f', rs’)

function check_conj block’ :: 't instrc option list = addr = addr option where
check__conj_block’ prog pc = (
if pc > length prog then None
else if prog | pc = Some (INSTR HALT) then Some pc
else if
prog ! pc = Some (INSTR COPY) A (case prog ! (pc + 1) of Some (CEXP ac) = True |
__ = Fulse)
A prog ! (pc + 2) = Some (INSTR instr.AND)
then check__conj_block’ prog (pc + 3)
else if
prog ! pc = Some (INSTR COPY) A (case prog ! (pc + 2) of Some (CEXP ac) = True |
__ = Fulse)
A prog ! (pc + 3) = Some (INSTR instr.AND)
A (case prog ! (pc + 1) of Some (INSTR (JMPZ pc')) = True | _ = False)
then
(case (prog ! (pc + 1), check_conj_block’ prog (pc + 4)) of (Some (INSTR (JMPZ pc')),
Some pe'’)
= if pc’ = pc'’ then Some pc’ else None | _ = None)
else None

)

by pat_completeness auto

termination
by (relation measure (A (prog, pc). length prog — pc)) auto

lemma is_conj block’ len_ prog:
pc’ < length prog if is_conj block’ prog pc pc’
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using that by induction auto

lemma check_conj_block’:
check__conj _block’ prog pc = Some pc’ = is_conj_block’ prog pc pc’
apply (induction prog pc rule: check__conj_block’.induct)
apply (erule check__conj block’.elims)

by (auto
split: if _split _asm option.split_asm instrc.split_asm instr.split_asm
simp del: check__conj_block’.simps
intro: is__conj_block’.intros is__conj_block’_len_ prog)

lemma stepsc_reverseE’
assumes stepsc prog (Suc n) u s s" s" # s
obtains pc’ st’ m' f’ rs’ emd where
stepc emd u (pc’y st’, m’, f', rs') = Some s"
prog pc’ = Some cmd
stepsc prog n u s (pc’y st’, m', f', rs’)
apply atomize__elim
using assms
proof (induction prog Suc n u s s’ arbitrary: n rule: stepsc.induct)
case (1 prog n u start)
then show ?Zcase by simp
next
case prems: (2 cmd u pc st m frs s prog n s')
then show ?case
proof (cases s’ = s)
case True
with prems show ?thesis
apply simp
apply solve__ex triv+
by (auto elim: stepsc.cases)
next
case Fulse
with prems(3) have n > 0 by (auto elim!: stepsc.cases)
then obtain n’ where n = Suc n’ by (cases n) auto
from prems(4)[OF this False] obtain cmd pc’ st’ m’ f' rs’ where
stepc emd u (pc’, st’, m’, f', rs') = Some s’ prog pc’ = Some ecmd
stepsc prog n’ w s (pc', st’, m', f'; rs’)
by atomize _elim
with prems show ?thesis unfolding <n = _» by blast
qed
qed

lemma stepsc_reversekE:
assumes stepsc prog n u s s’ s" # s
obtains n’ pc’ st’ m’ f’ rs’ emd where
n = Suc n’
stepc emd u (pc’, st’, m’, f', rs’) = Some s"!
prog pc’ = Some cmd
stepsc prog n’ u s (pc’, st’, m’, f', rs’)
proof —
from assms have n > 0 by (auto elim!: stepsc.cases)
then obtain n’ where n = Suc n’ by (cases n) auto
with assms show ?thesis by (auto elim!: stepsc_reverseE’ intro!: that)
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qed

lemma
pc = pc’ — 1 if
stepc (CEXP cc) u (pc, st, m, f, rs) = Some (pc', st’, m', f'; rs’)
using that by auto

lemma
pc = pc’ — 1 if
stepc (INSTR instr) u (pc, st, m, f, rs) = Some (pc’, st’, m’, f', rs’)
= (3 z. instr = JMPZ pc’) instr # RETURN instr # CALL
using that by (auto split: option.split_asm if _split_asm elim!: step.elims)

lemma stepc_pc_no__jump:
pc = pc’ — 1 if
stepc emd u (pe, st, m, f, rs) = Some (pc’, st’; m’, f', rs’)
c¢cmd # INSTR (JMPZ pc’) emd # INSTR RETURN emd # INSTR CALL
using that by (cases cmd) (auto split: option.split_asm if _split _asm elim!: step.elims)

inductive stepsn :: 't programe = nat = (nat, 't :: time) cval = state = state = bool
for prog where
stepsn prog 0 u start start |
stepsn prog (Suc n) u (pc, st, m, f, rs) s'if
stepc emd u (pe, st, m, f, rs) = Some s
prog pc = Some cmd
stepsn progn u s s’

declare stepsn.intros|intro]

lemma stepsc_stepsn:
assumes stepsc P n u s s’
obtains n’ where stepsn Pn’ uss' ' n’ <n
using assms by induction auto

lemma stepsn__stepsc:
assumes stepsn Pn’ uss'n’' <n
shows stepsc Pn u s s’
using assms
proof (induction arbitrary: n)
case (1 u start)
then obtain n’ where n = Suc n’ by (cases n) auto
then show ?case by auto
next
case (2 cmd upc st m frssns' n')
from < < n’y have n < n’ — 1 by simp
from 2(4)[OF this| 2(1,2,3,5) show Zcase
proof —
have (3fan fop. P=fa An'= Sucn Au=fbA (pc, st, m, f, rs) =p A s’ =p)V (Ii
fa nisisa b nsp fo na pa. P = fo An' = Sucna A u= faA (pc, st, m, f, rs) = (n, is, isa, b,
ns) A s’ = pa A stepc i fa (n, is, isa, b, ns) = Some p A fb n = Some i A stepsc fb na fa p pa)
using 2.prems Suc_pred’ <P pc = Some cmd» <stepc cmd u (pc, st, m, f, rs) = Some s
<stepsc P (n' — 1) u s 8" gr_implies_not_zero by blast
then show ?thesis
by blast
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qed
qed

lemma stepsn__extend:
assumes stepsn P nl u s sl stepsn P n2 u s s2nl < n2
shows stepsn P (n2 — nl) u sl s2
using assms
proof (induction arbitrary: n2 s2)
case (I u start)
then show ?case by simp
next
case (2 cmd upc st m frssn s’
from 2(1,2,5—) have stepsn P (n2 — 1) u s s2 by (auto elim: stepsn.cases)
from 2(4)[OF this] <Suc n <= _» show ?case by simp
qed

lemma stepsc_halt:
s = (pe, s) if stepsc P n u (pe, s) s’ P pc = Some (INSTR HALT)
using that by (induction P n u (pc, s) s') auto

lemma stepsn__halt:
s" = (pc, s) if stepsn P n u (pc, s) s' P pc = Some (INSTR HALT)
apply (rule stepsc_halt[OF stepsn__stepsc[where n = Suc n]])
using that by simp+

lemma is_conj block’ _pc_mono:
pe < pc’ if is_conj block’ prog pc pc’
using that by induction auto

lemma is_conj block’ _halt:
prog ! p¢’ = Some (INSTR HALT) if is_conj_block’ prog pc pc’
using that by induction auto

lemma numeral 4 _eq 4:
4 = Suc (Suc (Suc (Suc 0)))
by simp

lemma is_conj block’_is_conj:
assumes is_conj_block’ P pc pc’
and stepsn (A i. if i < length P then P! i else None) n u (pc, st, s, f, rs) (pc_t, st_t, s _t,
True, rs_t)
and P! pc_t = Some (INSTR HALT)

shows f A pc_t = pc’
using assms
proof (induction arbitrary: n st s f rs)
case (I pc prog)
with stepsn_halt[OF this(8)] show ?case by simp
next
case prems: (2 pc’ prog pc ac)
let 7P = (\i. if i < length prog then prog ! i else None)
consider (0)n=0]|(I)n=1](2)n=2](3) n> 3 by force
then show ?case
proof cases
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case (
with prems show ?thesis by (auto elim!: stepsn.cases)
next
case I
with prems show %thesis by (auto elim!: stepsn.cases simp: int_of _def split: if _split_asm)
next
case 2
with prems show ?thesis by (auto elim!: stepsn.cases simp: int_of def numeral _2_eq 2
split: if _split_asm)
next
case 3
from prems have pc + 2 < length prog by (auto dest: is__conj_block’ _pc_mono)
with prems(2—4) obtain st! sf rs! where
stepsn P 3 u (pc, st, s, f, rs) (pc + 3, st1, s1, f A (utq ac), rsi)
by (force simp: int_of def numeral_3_eq 3)
from stepsn__extend[OF this prems(7) 3] have
stepsn 2P (n — 3) u (pc + 3, st1, s1, f N (utq ac), rs1) (pc_t, st_t, s _t, True, rs_t) .

from prems(6)[OF this <prog ! pc_t = _»] have pc_t = pc’ u b, ac f by auto
then show ?thesis by simp
qed
next

case prems: (3 pc’ prog pc ac)
let 2P = (\i. if i < length prog then prog ! i else None)
consider (0)n=0|(1)n=1](2)n=2]|(3)n=238]|(4)n >4 by force
then show ?case
proof cases
case (
with prems show ?thesis by (auto elim!: stepsn.cases)
next
case I
with prems show ?thesis by (auto elim!: stepsn.cases simp: int_of def split: if split_asm)
next
case 2
with prems show ?thesis by (auto elim!: stepsn.cases simp: int_of def numeral_2_eq 2
split: if _split_asm)
next
case 3
with prems show ?thesis
by (auto elim!: stepsn.cases simp: int_of def numeral 3 _eq 3 split: if split _asm dest!:
is_conj_block’ _halt)
next
case 4
from prems have pc + 3 < length prog by (auto dest: is_conj_block’ _pc_mono)
show ?thesis
proof (cases f)
case True
with «(pc + 3 < _» prems(2—6) obtain st sI rs! where
stepsn ?P 4 u (pc, st, s, f, rs) (pc + 4, st1, s1, f A (utq ac), rs1)
by (force simp: int_of def numeral_3 _eq 3 numeral 4_eq 4)
from stepsn__extend[OF this prems(8) 4] have
stepsn P (n — 4) u (pc + 4, st1, s1, f N (utq ac), rs1) (pc_t, st_t, s t, True, rs_t) .
from prems(7)[OF this <prog ! pc_t = _»] have pc_t = pc’ u b, ac f by auto
then show ?thesis by simp
next
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case Fulse
with (pc + 3 < _» prems(1—06) obtain st! sI rsI where
stepsn ?P 2 u (pc, st, s, f, rs) (pc’, st1, s1, False, rsl)
by (force simp: int_of def numeral 2 _eq 2)
from stepsn__extend[OF this prems(8)] 4 have
stepsn P (n — 2) u (pc’, st1, s1, False, rs1) (pc_t, st_t, s_t, True, rs_t) by simp
from stepsn__halt[OF this] prems(1,6) show ?thesis by (auto dest: is_conj block’_halt)
qed
qed
qed

lemma is_conj block’_is_conj”:
assumes is_conj_block’ P pc pc’
and stepst (A i. if i < length P then P! i else None) n u (pe, st, s, f, rs) (pc_t, st_t, s _t,
True, rs_t)

shows f A pc_t = pc’
using assms
unfolding stepst_ def by (auto split: if _split_asm elim!: is_conj_block’ _is_conj stepsc__stepsn)

lemma is conj block’ is conj2:
assumes is_conj_block’ P (pc + 1) pc’ P! pc = Some (CEXP ac)
and stepst (A i. if i < length P then P! i else None) n u (pe, st, s, f, rs) (pc_t, st_t, s _t,
True, rs_t)
shows (u F, ac) A pc_t = pc’
proof —
let P = (\ 4. if i < length P then P! i else None)
from assms(1) have pc < pc’ p¢’ < length P
by (auto dest: is_conj block’ _pc_mono is_conj block’ len_prog)
with assms(2,3) obtain st’ s’ rs’ where
stepst ?P (n — 1) u (pc + 1, st’, 8’, u 'ty ac, rs’) (pc_t, st_t, s_t, True, rs_t)
unfolding stepst def
apply (clarsimp split: if _split_asm)
apply (erule stepsc.cases)
by auto
from is_conj block’_is_conj'|OF assms(1) this] show ?thesis .
qed

lemma is_conj_block’ is conj3:
assumes is_conj_block’ P (pc + 2) pc’ P! pc = Some (CEXP ac) P! (pc + 1) = Some
(INSTR instr.AND)
and stepst (A i. if i < length P then P! i else None) n u (pc, st, s, f, rs) (pc_t, st_t, s_t,
True, rs_t)
shows (u b, ac) A pc_t = pc’
proof —
let 2P = (X 4. if i < length P then P! i else None)
from assms(1) have pc < pc’ p¢’ < length P
by (auto dest: is_conj_block’ _pc_mono is_conj_block’ _len_prog)
with assms(2,3,4) obtain st’ s’ rs’ f where
stepst P (n — 2) u (pc + 2, st’, s, f A (u bq ac), rs’) (pc_t, st_t, s t, True, rs_t)
unfolding stepst def
apply (clarsimp split: if _split_asm)
apply (erule stepsc.cases)
apply force
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apply (erule stepsc.cases)
by (auto split: if _split_asm option.split_asm elim!: UPPAAL_Asm.step.elims)
from is_conj block’ is_conj'|OF assms(1) this| show ?thesis by simp
qed

definition
is__conj_block P pc pc’' =
(3 ac. P! pc = Some (CEXP ac)) A is_conj_block’ P (pc + 1) pc’
V(3 ac.
P! pc = Some (CEXP ac)) AN P! (pc + 1) = Some (INSTR instr.AND)
A is_conj_block’ P (pc + 2) pc’

lemma is_conj block_alt_def|[code]:
is_conj_block P pc pc’' =

(case P! pc of Some (CEXP ac) = True | _ = False) A is_conj_block’ P (pc + 1) pc’

V (case P! pc of Some (CEXP ac) = True | _ = False) A P! (pc + 1) = Some (INSTR
instr.AND)
A is_conj_block’ P (pc + 2) pc’
unfolding is_conj block def
by (rule eq_reflection) (auto split: option.split_asm instrc.split_asm)

lemma is conj block_is congj:
assumes is_conj_block P pc pc’ P! pc = Some (CEXP ac)
and
stepst
(X i. if i < length P then P! i else None) n u
(pe, st, s, f, rs)
(pc_t, st_t, s t, True, rs_t)
shows (u F, ac) A pc_t = pc’
using assms
unfolding is conj block def
apply safe
by ((drule is_conj_block’ is_conj2 is_conj block’ is conj3; simp), simp)+

lemma is_conj block’ _decomp:
is_conj_block P pc’' pc'’ if
is_conj_block’ P pc pc' P! pc’ = Some (CEXP ac) pc < pe’ pc’ < pe'”
using that
proof (induction arbitrary: pc’)
case (1 pc prog)
then show Zcase by (simp add: is_conj block_def)
next
case prems: (2 pc’’ prog pc ac)
with <pc < ) comsider pc’ = pc | pc’ = Suc pc | p¢’ = Suc (Suc pc) | pc + 3 < pe’
by force
then show ?case using prems by cases (auto simp add: numeral_3_eq 3 is_conj block_def)
next
case prems: (3 pc’’ prog pc ac)
with (pc < ) consider
pc’ = pc | pc’ = Suc pe | p¢’ = Suc (Suc pc) | p¢’ = Suc (Suc (Suc pe)) | pe + 4 < pc’
by force
then show Zcase using prems by cases (auto simp add: numeral 3 eq 3 numeral_4_eq 4
is__conj_block__def)+
qed
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lemma is conj block__decomp:

is__conj_block P pc’ pc' if

is_conj_block P pc pc’ P! pc’ = Some (CEXP ac) pc < pc’ pe’ < pe”’

using that

apply (subst (asm) is_conj_block__def)

apply safe

using One_nat_def add_Suc_ right is_conj_block’ _decomp le__simps(3) that(1)
apply (metis add.right_neutral le_neq implies_less)

by (metis

One_nat__def Suc__1 add.right_neutral add_Suc__right instrc.simps(4) is_conj block’ _decomp
le__antisym not_less _eq _eq option.inject that(1))

lemma steps_approx_ finite[intro,simpl:
finite (steps__approx n P pc_s)
by (induction rule: steps__approz.induct; clarsimp split: option.split instrc.split instr.split)

abbreviation conv_P = map (map_option (map_instrc real of int))

lemma stepst_stepc_extend:
stepst P n u (pc’, s') (pe'’, s”)
if stepst P n u (pc, s) (pc”, s") stepsc P n u (pc, s) (pc’, s')
proof —
from that have P pc'’ = Some (INSTR HALT) unfolding stepst _def by auto
from that obtain ni n2 where x*:
stepsn P n1 u (pe, s) (pc’, s') stepsn P n2 u (pe, s) (pc/, s) nl < nn2 <n
unfolding stepst_def by (auto elim!: stepsc__stepsn)
show ?thesis
proof (cases n1 > n2)

case True
from stepsn__extend[OF %(2,1) this] <n1 < _» «n2 < _» <P pc” = _» show ?thesis
unfolding stepst_def by (auto intro: stepsn__stepsc)
next
case Fulse
with stepsn__extend[OF %(1,2)] <nl < _» «n2 < _» <P pc"” = _» show ?thesis
unfolding stepst def by (auto intro: stepsn__stepsc dest!: stepsn__halt)
qed
qed

lemma conv_P_conj block'[intro]:
is_conj_block’ (conv_P P) pc pc' if is_conj block’ P pc pc’
using that
apply induction
apply (rule is_conj block’.intros(1))
apply (simp; fail)
apply (simp; fail)
apply (rule is_conj_block’.intros(2))
apply (simp; fail)
apply (frule is_conj block’ _pc_mono; force dest: is_conj block’ len_ prog)
apply (frule is_conj block’ _pc_mono; force dest: is_conj block’ len_prog)
apply (frule is_conj block’ _pc_mono; force dest: is_conj block’ len_prog)
apply (simp; fail)
apply (rule is_conj _block’.intros(3))
apply (simp; fail)
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apply (frule is_conj block’ _pc_mono; force dest: is_conj block’ len_ prog)
apply (frule is_conj block’ _pc_mono; force dest: is_conj block’ len_ prog)
apply (frule is_conj_block’ _pc_mono; force dest: is_conj block’ len_prog)
apply (frule is_conj_block’ _pc_mono; force dest: is_conj block’_len_prog)
apply (simp; fail)
done

lemma conv_P_conj block[intro]:
is__conj_block (conv_P P) pc pc’ if is_conj_block P pc pc’
using that[unfolded is_conj block_def]
apply safe
by (frule is_conj block’ _pc_mono; force dest: is_conj block’ len_prog simp: is_conj block _def)+

context
fixes P :: int instrc option list
and pc_s :: addr
and n :: nat
begin

private abbreviation prog i = if ¢ < length P then P! i else None

lemma stepst_conv_P:
stepst (A i. if i < length (conv_P P) then conv_P P! i else None) n u s s if
stepst (conv_prog prog) n u s s’ using that unfolding stepst_def
apply safe
subgoal for pc a aa ab b z
apply rotate tac
by (induction conv_prog prog n u s (pc, a, aa, ab, b) rule: stepsc.induct)
(auto split: if _split_asm)
by (auto split: if _split_asm)

lemma is_conj:
fixes u :: nat = real
defines S = steps _approz n P pc_s
defines pc_c = Min {pc. 3 ac. pc € S A P! pc = Some (CEXP ac)}
assumes is_conj_block P pc_c (Maz S)
and stepst (conv_prog prog) n u (pc_s, st, s, f, rs) (pc_t, st_t, s_t, True, rs_t)
and stepsc (conv_prog prog) n u (pc_s, st, s, f, rs) (pc', st', ', f/, rs’)
and P! pc¢’ = Some (CEXP ac) pc’ < length P
shows (u F, conv_ac ac) A pc_t = Maz S
proof —
from stepst_stepc__extend[OF assms(4,5)] have x:
stepst (conv_prog prog) n u (pc', st’, s', f', rs’) (pc_t, st_t, s_t, True, rs_t) .
from «<stepsc y «Plpc’=_» «pc’ < _» have pc_c < pc’ p¢’ < Max S
unfolding pc_c_def S_def by (auto intro: stepsc_steps _approx Min_le Max_ge)
from is_conj block_decomp|OF assms(3) <P ! pc’ = _» this| have
is_conj_block P pc’ (Max S) .
then have is_conj_block (conv_P P) pc’ (Max S) by auto
from is_conj_block_is_conj|OF this _ stepst_cony_P[OF %]| <P ! pc’ = _» «pc’ < _»
show ?thesis
by auto
qed

lemma is_conj”
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fixes u :: nat = real
defines S = steps _approz n P pc_s
assumes {pc. 3 ac. pc € S A P! pc = Some (CEXP ac)} = {}
and stepsc (conv_prog prog) n u (pc_s, st, s, f, rs) (pc'; st’, s'; f/, rs’)
and P! pc’ = Some (CEXP ac) pc’ < length P
shows Fulse
using stepsc_steps _approz[OF assms(3,5)] assms(4) assms(2) unfolding S def by auto

definition
check__conj_block pc pc’ =
(case P! pc of Some (CEXP ac) = True | _ = False) A check_conj_block’ P (pc + 1) =
Some pc’
V (case P! pc of Some (CEXP ac) = True | _ = False) N P! (pc + 1) = Some (INSTR
instr. AND)
A check__conj_block’ P (pc + 2) = Some pc’

lemma check__conj block:
check__conj_block pc pc’ = is_conj block P pc pc’
unfolding is_conj block alt_def check_conj block _def
by (auto dest!: check_conj_block’ simp del: check__conj_block’.simps)

definition
conjunction__check =
let S = steps_approz n P pc_s; 8" = {pc. 3 ac. pc € S A P! pc = Some (CEXP ac)} in
S"={} V check_conj_block (Min S’) (Maz S)

lemma conjunction__check__alt _def[code]:
conjunction__check =

(

let
S = steps_approx n P pc_s;
S" = {pc. pc € S A (case P! pc of Some (CEXP ac) = True | _ = Fulse)}

m

S’ ={} V check_conj_block (Min S’) (Maz S)

)

proof —
let 9S = steps_approx n P pc_s
have
{pc. pc € 28 A (case P! pc of Some (CEXP ac) = True | _ = False)}
= {pc. 3 ac. pc € ?S A P! pc = Some (CEXP ac)}
by safe (auto split: option.splits instrc.splits)
show ?thesis unfolding conjunction__check_def Let_def <« = _» ..
qed

lemma conjunction__check:

fixes u :: nat = real

assumes conjunction__check
and stepst (conv_prog prog) n u (pc_s, st, s, f, rs) (pc_t, st_t, s _t, True, rs_t)
and stepsc (conv_prog prog) n u (pc_s, st, s, f, rs) (pc'; st’, s', ', rs’)
and P ! pc’ = Some (CEXP ac) pc’ < length P

shows u -, conv_ac ac

using assms

96



unfolding conjunction_ check def Let_def
apply —
apply (erule disjE)
apply (drule is_conj’; simp)
apply (drule check__conj block)
apply (subst is__conj; simp)
done

end

end
theory UPPAAL_State_ Networks_Impl_Refine
imports

Program,__Analysis
Munta__Base.Normalized__Zone__Semantics _Impl_Refine
Munta_Base. TA__Impl_Misc
Munta_Base.TA__Syntazr_Bundles

begin

unbundle no_ library syntaz

5 Imperative Implementation of UPPAAL Style Networks

5.1 Executable Successor Computation

lemma exec state length:
assumes ezec prog n (pc, st, s, f, rs) pcs = Some ((pc’, st’, s, ', rs'), pes’)
shows length s = length s’
using assms
proof (induction prog n (pc, st, s, f, rs) pes arbitrary: pe st s f rs pes rule: exec.induct)
case I
then show ?Zcase by simp
next
case prems: (2 prog n pc st m f rs pcs)
from prems(2) show ?case
apply (clarsimp split: option.split_asm if _split_asm)
apply (drule prems(1), assumption+)
by (erule step.elims; simp split: if _split_asm)
qed

locale UPPAAL_ Reachability_ Problem__precompiled__defs’ =
UPPAAL_Reachability Problem__precompiled defs +
fixes na :: nat

begin

Definition of implementation auxiliaries (later connected to the automaton via proof)

definition
trans_1_map =
map (map (List.map__filter
(X (g, a, m, ). case a of Sil a = Some (g, a, m, ') | _ = None)
)) trans

definition
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trans_in_map =
map (map (map
(A (g, a, m, ). case a of In a = (g, a, m, 1)) o filter (X (g, a, m, ).
case a of In a = True | _ = False))
) trans

definition
trans__out_map =
map (map (map
(A (g, a, m, ). case a of Out a = (g, a, m, l')) o filter (X (g, a, m, 1').
case a of Out a = True | _ = Fulse))
) trans

abbreviation
nested_list_to_iarray xs = IArray (map TArray xs)

definition
actions_by_state i = fold (X t acc. acc[fst (snd t) := (i, t) # (acc ! fst (snd t))])

definition
all_actions_by_state t L =
fold (X i. actions_by_state i (t ' 4! (L! 1)) [0..<p] (repeat || na)

definition PROG’ pc = (if pc < length prog then (IArray prog) !! pc else None)
abbreviation PF = stripfp PROG’

abbreviation PT = striptp PROG’

definition runf pc s = exec PF maz_steps (pc, [], s, True, []) []

definition runt pc s = exec PT max_steps (pc, ||, s, True, []) ||

lemma PROG’'_PROG [simp):
PROG' = PROG
unfolding PROG’ _def PROG _def by (rule ext) simp

definition bounded’ s =
(Vi<length s. fst (IArray bounds ! i) < s i A s!i < snd (IArray bounds !! ))

definition
check_pred L s =
list_all
(A g
case runf (pred ! ¢! (L q)) s of
Some ((_, _, _, f,_),_) = f A bounded’ s
| None = False

)
[0..<p]

definition
make__cconstr pcs = List.map__filter
(X pe.
case PROG pc of
Some (CEXP ac) = Some ac
| _ = None
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)

pcs

definition
check_g pc s =
case runt pc s of
Some ((__, _, __, True, ), pcs) = Some (make__cconstr pcs)
| _ = None

definition
trans_i_from = X (L, s) i
List.map__filter (X (g, a, m, ).
case check g g s of
Some cc =
(case runf m s of
Some ((_, _, 8", _,r), )
if check pred (L[i:=11) s’
then Some (cc, a, v, (L[i := 1], ')
else None
| _ = None)
| _ = None)
((IArray (map IArray trans_i_map)) ! ¢ ! (L 7))

“”U

definition
trans_i_fun L = concat (map (trans_i_from L) [0..<p])

definition
make__reset ml s =
case runf m1 s of
Some (_, _, _,_,rl),_)=rl
| None = |]

definition
pairs_by_action = X (L, s) OUT. concat o
map (A (i, g1, a, m1, 11). List.map__filter
(A (4, 92, a, m2, 12).
if i = j then None else
case (check_g g1 s, check_g g2 s) of
(Some ccl, Some cc2) = (
case runf m2 s of
Some ((_, _,s1,_,r2),_)=
case runf mi1 sl of
Some ((_, s ), )=
if check_pred (L[i := 11,7 :=12]) s’
then Some (ccl @Q cc2, a, make_reset m1 s Q r2, (L[i :
else None
| _ = None)
| _ = None)
| _ = None

)
oUT)

—~
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definition
trans_s_fun = A (L, s).
let
In = all_actions_by__state (nested_list_to__iarray trans_in_map) L;
Out = all_actions_by_ state (nested_list_to_iarray trans_out_map) L
m
concat (map (X a. pairs_by_action (L, s) (Out ! a) (In! a)) [0..<na])

definition
trans_fun L = trans_s_fun L Q trans i fun L

lemma trans ¢ fun_trans fun:
assumes (g, a, 7, L) € set (trans_i_fun L)
shows (g, a, r, L') € set (trans_fun L)
using assms unfolding trans fun_ def by auto

lemma trans s _fun_trans_fun:
assumes (g, a, v, L) € set (trans_s_fun L)
shows (g, a, r, L') € set (trans_fun L)
using assms unfolding trans fun_ def by auto

end

context Prod_TA_ Defs
begin

lemma prod_trans i alt_def:
prod__trans i =
{((L, s), g,a, 7, (L',s)) | LsgcarmL’s"
(L, g, (a, Networks.label. Act (¢, m)), r, L") € Product_TA_Defs.product_trans_i (N_s )

Vag<p (Plq)(L!q)s) ANV g<p (Plq)(L'!q)s)
A cs A Somes' =m s}
unfolding
prod__trans_i_def trans_of def Product_TA__ Defs.product_ta__def
Product_TA_ Defs.product__trans__def
Product__TA__ Defs.product_trans i _def Product_TA_ Defs.product_trans s _def
by (safe; simp; metis)

lemma prod_trans s _alt_def:
prod__trans_s =
{((L, s), g, a, , (L', 8"\) | L s gcicoarmimolL’sls'
ct SN\ cos
ANV g<p (Plq) (Llq) s) A g<p (Plq) (L'!q)s)
A (L, g, (a, Networks.label.Syn (ci, mi) (co, mo)), r, L')
€ Product_TA_ Defs.product_trans_s (N_s s)
A Some s’ = mi s1 N Some s1 = mo s
}
unfolding
prod__trans_s def trans_of def Product_TA__ Defs.product_ta_ def
Product_TA__ Defs.product__trans__def
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Product_TA_ Defs.product__trans_1_def
Product__TA__ Defs.product_trans s _def
by (safe; simp; metis)

end

context UPPAAL_ Reachability Problem__precompiled__defs
begin

lemma T s unfold_1:
fst ¢ equiv.defs.T_s q s = fst * fst (equiv.N ! q) if ¢ < p
using <q¢ < p»
unfolding equiv.defs.T s def
unfolding equiv.state ta_ def
unfolding equiv.state_trans t def
by force

lemma T s unfold 2:
(snd o snd o snd o snd) ‘ equiv.defs. T _s q s = (snd o snd o snd o snd) * fst (equiv.N ! q)
ifg<p
using <q¢ < p»
unfolding equiv.defs.T s _def
unfolding equiv.state ta_def
unfolding equiv.state trans t_def
by force

end

lemma (in Equiv_TA_Defs) p_p:

defs.p = p
by simp

context
Prod__TA_ Defs
begin

lemma states’ alt_def:
states’ s =
{L. length L = p A
(Vg<p (L q) e fst(fst (fst A q)) U (snd o snd o snd o snd) ‘ (fst (fst A q)))}
unfolding trans of def Product TA_Defs.product_ta_def N_s def
unfolding Product_TA__ Defs.product_trans _def
unfolding Product_TA__Defs.product_trans i _def Product_TA__Defs.product_trans_ s def
apply simp
apply safe
unfolding 7' s def
apply (fastforce simp: Product_TA__Defs.states def trans_of _def p_ def)
apply (force simp: Product_TA_ Defs.states_def trans_of def p__def)
by (fastforce simp: Product_TA_ Defs.states_def trans_of def p_def image_iff)

end

context UPPAAL_Reachability Problem__precompiled
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begin

lemma PF_unfold:
equiv. PF = stripfp (conv_prog PROG)
using [[show__abbrevs=false)
unfolding N_ def stripfp__def
apply (rule ext)
subgoal for z
apply (cases PROG x)
apply (solves simp)
subgoal for a
by (cases a) auto
done
done

lemma PT unfold:
equiv.PT = striptp (conv_prog PROG)
using [[show__abbrevs=false]]
unfolding N _def striptp_def
apply (rule ext)
subgoal for x
apply (cases PROG 1)
apply (solves simp)
subgoal for a
by (cases a) auto
done
done

lemma states’I:
I € equiv.defs.states’ s if A+ (I, s) —D%" (I, s')
using equiv.defs.prod_ta__cases|OF that]
unfolding equiv.defs.prod_trans i alt def equiv.defs.prod_trans s alt_def
unfolding Product_TA__Defs.product_trans_def
unfolding Product_TA_ Defs.product_trans i _def Product_TA__Defs.product_trans s def
by fastforce

lemma A_ lengthD:
length 1 = pif AF (I, s) —9%" ('] ')
using that by (auto dest: states’I)

lemma N s state trans:
assumes equiv.defs.N_ss! gk 1!gq —9,(a, ¢, mh),r s qg<p
obtains f’ g’ where
(1Y q, g (a, c, m"), f', l') € equiv.state_trans q g =g' s =f"s
using assms
unfolding equiv.defs.N_s_def trans _of def equiv.defs. T s def
unfolding equiv.state_ta_ def by auto

lemma make_f collect_store:
assumes (I, pc_g, a, pc_u, ') € fst (equiv.N ! q) ¢ € set (equiv.make_fpc_u s) ¢ < p
shows ¢ € fst ¢ collect_store’ pc_u
proof —
from assms(1) <g < p> have (pc_g, a, pc_u, l’) € set (trans ! ¢! 1)
unfolding N_def T def by (auto dest!: nth_mem)
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from assms obtain pc z2 z8 x4 pcs r where ezec:
exec equiv.PF maz_steps (pc_u, [|, s, True, []) [| = Some ((pc, 2, z8, x4, 1), pcs)
unfolding equiv.make_f def by (auto split: option.split_asm) metis
with assms have ¢ € set r unfolding equiv.make_f def by auto
with ezec_reset’|OF exec] obtain pc’ d where Some (STOREC ¢ d) = equiv. PF pc’ pc’ € set
pes
by force
with ezec obtain y2 y3 y4 y5 where steps:
steps equiv. PF maz_steps (pc_u, [], s, True, []) (pc’, y2, y3, 4, y5)
by (auto intro: exec_steps’)
from < = equiv.PF pc’» have pc’ < length prog
unfolding N_def PROG __def stripfp__def by (simp split: if _split_asm)
from steps have pc’ € steps__approx max_steps prog pc_u
unfolding PF_unfold
unfolding stripfp_ def
by (auto simp: PROG__def intro: steps_steps__approz|of stripf, OF _ _ __ «pc’ < length prog»])
with < = equiv.PF pc’y «__ € set (trans ! ¢! 1)) show ?thesis
unfolding collect_store’ _def stripfp__def N_def PROG__def
apply (clarsimp split: if _split_asm)
apply (cases prog ! pc’)
apply (simp; fail)
subgoal for z
by (cases x; force)
done
qed

lemma resets _approz:
set r C
U {fst ‘ collect_store’ r | igar. (g,a,r, (I'117)) € set (trans! ! (I!1))}
if AF (1, s) —9%" (I') §')
proof —
from that have [simp]: length | = p by (auto dest: A__lengthD)
show ?thesis using that
apply clarsimp
apply (drule equiv.defs.prod_ta_ cases)
apply safe
subgoal for x
unfolding equiv.defs.prod_trans_ i _alt def
apply simp
unfolding Product_TA__ Defs.product_trans def
apply safe
unfolding Product_TA__ Defs.product_trans i _def
apply clarsimp
apply (erule N_s_state_trans, assumption)
unfolding equiv.state trans t _def
apply clarsimp
subgoal for ¢ 1" pc_g pc_u
apply (frule make_f_collect_store, assumption+)
unfolding N_def T def
apply (clarsimp dest!: nth_mem)
subgoal premises prems for b j
proof —
from prems(6,8,11—) have
(pe_g, Sil a, pc_u, l[qg:=1"] " q) € set (trans ! ¢! (1! q))
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by simp
with prems(6,8,11—) show ?thesis by blast
qed
done
done
subgoal for z
unfolding equiv.defs.prod_trans s alt_def
apply simp
unfolding Product_TA__ Defs.product_trans _def
apply safe
unfolding Product_TA_ Defs.product_trans s _def
apply clarsimp
apply (erule N_s_state_trans, assumption)
apply (erule N_s_state_trans, assumption)
unfolding equiv.state trans t def
apply clarsimp
apply (erule disjE)
subgoal for sI p’ q 1" l'aa pc_g pc_ga pc_u pc_ua
apply (frule make_f_collect store, assumption+)
unfolding N_def T def
apply (clarsimp dest!: nth_mem)
subgoal premises prems for b j j’
proof —
from prems(9—) have
(pc_g, In a, pc_u, l[p’ :=1", q == l'aa] ! p’) € set (trans ! p’ ! (1! p"))
by simp
with prems(9—) show ?thesis by blast
qged
done
subgoal for s1 q p’ l'aa 1" pc_ga pc_g pc_ua pc_u
apply (frule make_f_collect_store, assumption+)
unfolding N_def T _def
apply (clarsimp dest!: nth_mem)
subgoal premises prems for b j j’
proof —
from prems(9—) have
(pc_g, Out a, pc_u, l[q :=l'aa, p’:=1"] ! p’) € set (trans ! p’ ! (1! p"))
by simp
with prems(9—) show ?thesis by blast
qed
done
done
done
qed

lemma make g clkp set’”:
fixes z
assumes
(I, pc_g, a, pc_u, ') € fst (equiv.N ! q) z € collect_clock__pairs (equiv.make_g pc_g s)
q<p
shows z € clkp_set” q 1
proof —
from assms(1) <g < p> have (pc_g, a, pc_u, l’) € set (trans ! ¢! 1)
unfolding N_def T def by (auto dest!: nth_mem)
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from assms obtain pc z2 ©8 x4 r pcs where ezec:
exec equiv.PT max_steps (pc_g, ||, s, True, []) [| = Some ((pc, 22, 23, 4, r), pcs)
unfolding equiv.make_g_def by (auto split: option.split_asm)
with assms have z € collect _clock _pairs (List.map_filter (X pc.
case equiv.P pc of
Some (CEXP ac) = Some ac
| _ = None

)
pes)
unfolding equiv.make g def by auto
then obtain pc’ ac where
equiv.P pc’ = Some (CEXP ac) x = constraint_pair ac pc’ € set pcs
unfolding equiv.make__g def collect_clock_pairs def set_map_filter
by (clarsimp split: option.split _asm; auto split: instre.split_asm)
with exec obtain y2 y3 y4 y5 where steps:
steps equiv. PT max_steps (pc_g, [], s, True, []) (pc’, y2, y3, v4, y5)
by (auto intro: exec_steps’)
from <equiv.P pc’ = _» have pc’ < length prog
unfolding N_def PROG__def by (simp split: if split_asm)
from steps have pc’ € steps _approx maz_steps prog pc_g
unfolding PT _unfold
unfolding striptp_def
by (auto simp: PROG_def intro: steps_steps__approzx|of stript, OF __ __
with <equiv.P pc’ = ) < € set (trans ! q ! 1)) <x = _) show ?thesis
unfolding clkp_set’ _def collect_cexp’ def N_def PROG__def by (force split: if _split_asm)
qed

__«pc’ < length prog»])

lemma guard__approx:
collect__clock_pairs g C
U {clkp_set’"" i (1'd)|igar.
(g, ay vy (I'V 7)) € set (trans 1 i ! (1! 9)) A1 € equiv.defs.states’ s N i < p

if Ak (I, s) —9%" (I’ s")
proof —
from that have [simp]: length | = p by (auto dest: A_lengthD)
show ?thesis using that
apply clarsimp
apply (drule equiv.defs.prod_ta__cases)
apply safe
subgoal for z b
unfolding equiv.defs.prod_trans i alt def
apply simp
unfolding Product_TA__ Defs.product_trans def
apply safe
unfolding Product_TA__ Defs.product_trans i _def
apply clarsimp
apply (erule N_s_state_trans, assumption)
unfolding equiv.state trans t def
apply clarsimp
subgoal for ¢ 1" pc_g pc_u
apply (frule make_g_clkp_set”, assumption+)
unfolding N_def T def
apply (clarsimp dest!: nth_mem)
subgoal premises prems for j
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proof —
from prems(6,8,11—) have
(pc_g, Sil a, pc_u, l[qg:=1"] ! q) € set (trans ! ¢! (1! q))
by simp
with prems(6,8,11—) prems show ?thesis by blast
qged
done
done
subgoal for z b
unfolding equiv.defs.prod_trans s alt_def
apply simp
unfolding Product_TA__ Defs.product__trans__def
apply safe
unfolding Product_TA__Defs.product_trans s _def
apply clarsimp
apply (erule N_s_state_trans, assumption)
apply (erule N_s_state_trans, assumption)
unfolding equiv.state trans t _def
apply clarsimp
apply (drule collect clock_pairs_append_cases)
apply (erule disjE)
subgoal for sI p’ q 1" l'aa pc_g pc_ga pc_u pc_ua
unfolding equiv.make c_def
apply (clarsimp split: option.split_asm)
apply (frule make_g_clkp_set”, assumption+)
unfolding N_def T def
apply (clarsimp dest!: nth_mem)
subgoal premises prems for j j’
proof —
from prems(9—) have
(pc_g, In a, pc_u, l[p’ :=1", q :==l'aa] ! p’) € set (trans ! p’ ! (1! p"))
by simp
with prems(9—) show ?thesis by blast
qged
done
subgoal for sI q p’ l'aa l" pc_ga pc_g pc_ua pc_u
apply (frule make__g_clkp_set”, assumption+)
unfolding N_def T _def
apply (clarsimp dest!: nth_mem)
subgoal premises prems for j j’
proof —
from prems(9—) have
(pc_g, Out a, pc_u, l[q :=l'aa, p':=1"] ! p’) € set (trans ! p’ ! (1! p"))
by simp
with prems(9—) show ?thesis by blast
qged
done
done
done
qed

end
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abbreviation conv B = (conv_prog (fst B), (map conv_A’ (fst (snd B))), snd (snd B))

context UPPAAL_Reachability Problem_ precompiled
begin

sublocale defs”:
Equiv_TA_ Defs conv N maz__steps .

lemma equiv_states’ _alt_def:

equiv.defs.states’ s =

{L. length L = p A

(V g<p. L!qe fstfst (equiv.N ! q)
V L!qe (sndosndosndosnd) ‘fst (equiv.N ! q))}

unfolding Product_TA__ Defs.states def
unfolding equiv.defs.N_s_def trans_of def
using T s unfold 1 T s wunfold 2 by simp

lemma init_states:
init € equiv.defs.states’ sg
using processes__have__trans start_has_trans
unfolding equiv_states’ alt_def
unfolding init_def N_def T _def by force

lemma p_p[simp):

defs'.p = p
unfolding defs’.p _def by simp

lemma T s unfold_1"
fst “defs’.defs. T _s qs = fst “fst (defs’' N1 q)if ¢ <p
using ¢ < p
unfolding defs’.defs. T s def
unfolding defs’.state_ta_ def
unfolding defs’.state_trans_t_def p_p
by force

lemma T s unfold_ 2"
(snd o0 snd o snd o snd) ‘ defs'.defs.T_s q s = (snd o snd o snd o snd) ‘ fst (defs’. N ! q)
ifg<op
using <q¢ < p»
unfolding defs’.defs. T s def
unfolding defs’.state_ta_ def
unfolding defs’.state_trans t_def p_p
by force

lemma product_states’ alt_def:

defs'.defs.states’ s =

{L. length L = p A

(V g<p. L qe fst fst(defs’N!q)
V L!qe (sndosndosndosnd) ‘fst (defs"N! q))}

unfolding Product TA__ Defs.states def
unfolding defs’.defs.N_s_def trans_of _def
using T s unfold_1' T s wunfold_2'
by force
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lemma states’__conv]simp):
defs’.defs.states’ s = equiv.defs.states’ s
unfolding product_states’ _alt_def equiv_states’ _alt_def
unfolding N_def T def by simp

lemma init_states_defs'[intro]:
init € defs'.defs.states’ so
using init_states by simp

lemma
defs'.I = equiv.I
by simp

lemma PF _PF|[simp]:
defs'.PF = equiv.PF
apply simp
unfolding stripfp__def
apply (rule ext)
apply clarsimp
subgoal for x
apply (cases equiv.P x)
apply simp
subgoal for a
by (cases a) auto
done
done

lemma PF_PROG|[simp]:
equiv. PF = stripfp PROG
unfolding N _def by simp

lemma I_simp[simp]:
(equiv. IV q) l=pred ! q!lif g <p
unfolding N_def P_def using <q < p» process_length(8) by simp

lemma
defs’.P = conv_prog PROG
by (simp add: N__def)

lemma states len|[introl:
assumes
q < p L € equiv.defs.states’ s
shows
L g < length (trans! q)
using assms unfolding Product TA__Defs.states def
apply simp
unfolding trans_of def equiv.defs.N_s _def
apply (simp add: T _s_unfold_1[simplified] T _s_unfold_2[simplified))
unfolding N_ def
apply simp
unfolding T def
using state_ set
unfolding process_length(2)[symmetric]

apply safe
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apply (erule allF)

apply (erule impFE)

apply assumption

apply safe

by (clarsimp dest!: nth_mem; force)+

end

locale UPPAAL _Reachability _Problem__precompiled__cetling =
UPPAAL_ Reachability Problem__precompiled +
fixes k :: nat list list list
assumes k__ ceiling:
Vi< p. ¥V I<length (trans!i). ¥V (z, m) € clkp_set'"" il. m <klilllz
Vi< p. ¥V I<length (trans ! i). ¥V (z, m) € collect clock pairs (inv ! i !1).
m<klilllz
and k_resets:
Vi< p. VY 1l<length (trans!4).V (g, a, r, ') € set (trans ! i ! ).
V ce {0.<m+1} — fst ‘collect_store’ r. k1 il l'le<klillle
and k_length:
length k = pV i < p. length (k! i) = length (trans ! 7)
V xs € set k. V xxs € set zs. length xxs = m + 1
and k£ 0:
Vi<pVIl<length (trans! ). k!'ill10=20
and guaranteed_ resets:
YV i< p. ¥V I<length (trans ! 7). ¥V (g, a, v, I") € set (trans ! i ! I).
guaranteed__execution__cond prog r maz__steps

begin

definition & _funlc=ifc> 0 A ¢ < mthen Max {k!i! (fstl!i)!c|i.i<p} else0

lemma p p”

equiv.p = p
by simp

lemma clkp set clk _set_subs:
fst “clkp_set A (1, s) C clk_set A
unfolding TA clkp_set unfold by auto

lemma k_ceiling 1:
V L.V (z,m) € clkp_set Al. m <k funlz

apply safe
subgoal premises prems for [ s x d
proof —
from «(z, d) € _> have 0 < zx <m
using clkp__set_clk_set_subs[of I s] clk_set by force+
from prems show ?thesis
unfolding clkp set def
apply safe
subgoal
unfolding collect_ clki_def
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unfolding inv_of def
unfolding equiv.defs.prod_ta__def
unfolding equiv.defs.prod_invariant def
unfolding inv_of def
Product__TA__Defs.product__ta__def
Product__TA__Defs.product__invariant__def
equiv.defs.N__s_def
unfolding length N
unfolding equiv.state_ta_ def
unfolding p p’
unfolding equiv.state_inv_def
unfolding N_ def
unfolding collect_clock_pairs _def
apply (clarsimp cong: if cong simp: I _def)
subgoal premises prems for [’ i
proof —
have nat d < k'i! (I!d) !z
using prems lengths k_ ceiling(2)
unfolding collect_clock_pairs _def
by (auto 4 4)
also from < < p have ... < Maz {k! ! (14 'z |i. i < p}
by (auto intro: Max_ge)
finally show ?thesis
unfolding k£ _fun_def using <0 < z» <x < m» by auto
qed
done
subgoal
unfolding collect_clkt def
apply clarsimp
subgoal premises prems for ga rl’ s
proof —
from guard_approz[OF prems(2)] prems(1) obtain i g a r where x:
(z, d) € clkp_set”" i (1114) (g, a, r, I" 1 0) € set (trans ! i ! (1! 7))
[ € equiv.defs.states’ s i < p

/

by auto

from i < p» <l € > have l! i < length (trans ! ©)
by auto

with k_ceiling(1) * have nat d < k! i! (114 !z
by force

also from < < p» have ... < Maz {k!' ¢! (11 0) !z |i. i < p}
by (auto intro: Max_ge)
finally show ?thesis
unfolding k_fun_def using <0 < x> <z < m» by auto
qged
done
done
qed
done

lemma k_ceiling 2:

Vigarlc Al —9%"U'Ncésetr — k funl' ¢ <k _funlc
unfolding trans_of def equiv.defs.prod_ta__def equiv.defs.prod_trans def
apply clarsimp
apply safe
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subgoal premises prems for [sgarl’ s’ c
proof —
from prems obtain p’ I” pc_g pc_u where *:
p'<pl =lp =17
r = equiv.make_f pc_u s Some s’ = equiv.make_mf pc_u s
(1! p', pc_g, Sil a, pc_u, I") € fst (equiv.N ! p’)
[ € equiv.defs.states’ s
apply atomize__elim
unfolding equiv.defs.prod_trans i _def
unfolding Product_TA_ Defs.product_ta__def Product_TA__ Defs.product_trans def trans__of _def

apply clarsimp
apply safe
unfolding Product_TA__Defs.product_trans i _def
unfolding trans of def
apply clarsimp
unfolding equiv.defs.N_s _def
unfolding equiv.defs.T s _def
unfolding Equiv_TA Defs.state_ta__def
unfolding equiv.state_trans t def
unfolding Product_TA__ Defs.product_trans s _def

by auto
from </ € » have [simp|: length | = p
by simp
from <r = _ ) have fst ‘ collect_store’ pc_u C set r

supply find_resets start.simps[simp del]
unfolding collect_store’’ _def equiv.make_f def
apply (clarsimp split: option.split_asm)
subgoal
using «Some s’ = _ ) unfolding equiv.make_mf _def
by (auto split: option.split_asm)
subgoal premises prems for pc’ g st f pcs ¢ d pc_t pe”’
proof —
from prems have
steps (map__option stripf o (Apc. if pc < size prog then prog ! pc else None)) mazx__steps
(pe_u, [J, 5, True, [) (pc', g, st, f 7)
prog ! pc’ = Some (INSTR HALT)
unfolding PF_unfold stripfp_def N_def PROG __def
by (auto dest!: exec_steps split: if _split_asm elim!: stripf.elims)
with prems show ?thesis
by (force intro: sym dest!: resets_start’)
qed
done
with «¢ ¢ _» have ¢ ¢ fst ‘ collect_store’ pc_u by blast
show ?thesis
proof (cases ¢ > m)
case True
then show ?thesis
unfolding k_fun_ def by auto
next
case Fulse
with «c ¢ fst > have ¢ € {0..<m+1} — fst * collect_store’” pc_u
by auto
from x have (I ! p) < length (trans ! p’)
unfolding N_def T _def by auto
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from * have (pc_g, Sil a, pc_u, l"”") € set (trans ! p'! (1! p’))
(1! p") < length (trans ! p’)
unfolding N_def T def by auto
with k_resets<c € _»«xp’ < _ohave k! p'!11"le<k!p'l(I!p)!ec
unfolding k_fun_ def by force
with </’ =  show ?thesis
unfolding k_fun_ def
apply clarsimp
apply (rule Maz.boundedl)
apply force
using p_ gt 0 apply force
apply clarsimp
subgoal for ¢
apply (cases i = p’)
apply simp
apply (rule le_ trans)
by (auto intro: Max_ge)
done
qed
qed
subgoal premises prems for [sgarl’ s’ c
proof —
from prems obtain p! I1 pc_gl pc_ul p2 12 pc_g2 pc_u2 s’ where x*:
pl <pp2<pl =lpl:=11,p2 :=12]
r = equiv.make_f pc_ul s Q equiv.make_f pc_u2 s
Some s’ = equiv.make_mf pc_ul s' Some 5" = equiv.make_mf pc_u2 s
(IVp1, pc_g1, Ina, pc_ul, 1) € fst (equiv.N ! p1)
(1! p2, pc_g2, Out a, pc_u2, 12) € fst (equiv.N ! p2)
[ € equiv.defs.states’ s
apply atomize__elim
unfolding equiv.defs.prod_trans s def
unfolding Product_TA_ Defs.product_ta__def Product_TA__ Defs.product_trans def trans_of _def
apply clarsimp
apply safe
subgoal
unfolding Product_TA_ Defs.product_trans i _def
by auto
unfolding Product_TA_ Defs.product_trans s _def
unfolding trans of def
apply clarsimp
unfolding equiv.defs.N_s _def
unfolding equiv.defs.T s def
unfolding Fquiv_TA_ Defs.state_ta_ def
unfolding equiv.state trans t def
apply clarsimp
by blast
from <« € _» have [simp]: length | = p
by simp
from x have xx:
(pc_g1, In a, pc_ul, 1) € set (trans ! p1 ! (11 p1)) (1! p1) < length (trans ! p1)
(pc_g2, Out a, pc_u2,12) € set (trans ! p2 ! (1! p2)) (I! p2) < length (trans ! p2)
unfolding N_def T _def by auto
with <p1 < p» guaranteed_resets have guaranteed__execution:
guaranteed__execution__cond prog pc_ul maz_steps
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by blast
from «r = _» have fst ‘ collect_store’’ pc_ul C setr
supply find_resets start.simps[simp del]
unfolding collect store’’ _def
equiv.make_f _def
apply (clarsimp split: option.split_asm)

subgoal
using «Some s’ = _) unfolding equiv.make_mf _def
by (auto split: option.split_asm)

subgoal
using «Some s’ = _ ) unfolding equiv.make_mf def
by (auto split: option.split_asm)

subgoal
using «(Some s’ = _ ) unfolding equiv.make_mf _def

using guaranteed__execution’|OF guaranteed__execution, of [| s True [] []]
unfolding stripfp_def PROG __def by auto
subgoal premises prems for _ 12 __ pc' g st frl pcscdpc_tpc’
proof —
from prems have
steps (map__option stripf o (Apc. if pc < size prog then prog ! pc else None)) maz__steps
(pc_ul, [], s, True, []) (pc', g, st, f, r1)
prog | p¢’ = Some (INSTR HALT) r = r1 Q r2
unfolding PF _unfold stripfp def N_def PROG _def
by (auto dest!: exec_steps split: if split_asm elim!: stripf.elims)
with prems show ?thesis
by (force intro: sym dest!: resets_start’)
qed
done
moreover from «r = _» have fst ‘ collect_store’’ pc_u2 C setr
supply find_resets start.simps[simp del]
unfolding collect store’’ _def
equiv.make_f _def
apply (clarsimp split: option.split_asm)

subgoal
using «Some s’ = _ ) unfolding equiv.make_mf _def
by (auto split: option.split_asm)

subgoal
using «Some s’ = _ ) unfolding equiv.make_mf def
by (auto split: option.split_asm)

subgoal
using «Some s’ = _ ) unfolding equiv.make_mf def

using guaranteed__execution’|OF guaranteed__execution, of [| s True [] []]
unfolding stripfp_ def PROG__def by auto
subgoal premises prems for pc’ g st fripes_ _ _ _ r2_ cdpc_tpc"
proof —
from prems have
steps (map__option stripf o (Apc. if pc < size prog then prog ! pc else None)) maz__steps
(pc_u2, (], s, True, []) (pc', g, st, f, r1)
prog | p¢’ = Some (INSTR HALT) r = r2 Q ri
unfolding PF _unfold stripfp def N_def PROG _def
by (auto dest!: exec_steps split: if split _asm elim!: stripf.elims)
with prems show ?thesis
by (force intro: sym dest!: resets_start’)
qed

113



done
ultimately have ¢ _not_elem: ¢ ¢ fst © collect_store’ pc_ul ¢ ¢ fst ¢ collect_store’ pc_u2
using <¢ ¢ _» by auto
show ?thesis
proof (cases ¢ > m)
case True
then show fZthesis
unfolding k_fun_def by auto
next
case Fulse
with ¢_not_elem have
c €{0..<m+1} — fst ‘ collect_store' pc_ul
c € {0..<m+1} — fst ¢ collect_store’ pc_u2
by auto
with *x k_resets <pI < _» «p2 < _ ) have
Elpt Vi e<klpl!(I!pl)lck!p2li2lc<k!p2!(l!p2)!c
by (auto split: prod.split_asm)
with <!’ = ) show ?thesis
unfolding k& fun_ def
apply clarsimp
apply (rule Maz.boundedl)
apply force
using p_ gt 0 apply force
apply clarsimp
subgoal for ¢
apply (cases i = p2)
subgoal
apply simp
apply (rule le_ trans)
by (auto intro: Max_ge)
apply (cases i = pl)
apply simp
apply (rule le_ trans)
by (auto intro: Max_ge)
done
qed
qed
done

lemma
shows k_ ceiling”:
V 1.V (z,m) € clkp_set Al.m <k_funlx
Vigarl c ARl —9%"U'Nc¢setr —k funl ¢ <k _funlc
and k_bound"”
VIVi>mk funli=20
and & 0"
VIk funl0=20
using k_ceiling 1 k_ceiling 2 unfolding k_fun_def by auto

sublocale Reachability Problem A (init, so) m k_fun PR_CONST (A (I, s). F 1 5s)
by (standard; rule k_ceiling’ k_bound’ k_0")

end
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locale UPPAAL Reachability Problem __precompiled__start_state =
UPPAAL_Reachability Problem_ precompiled _ _ _ _ pred
for pred :: nat list list +
fixes sg :: int list
assumes start_pred:
V ¢ < p. 3 pcsts’rspes.
exec (stripfp PROG) max_steps ((pred ! q ! (init ! q)), [], so, True, []) ]
= Some ((pc, st, s, True, rs), pcs)
and bounded: bounded bounds sg
and pred_time_indep: ¥V x € set pred. ¥ pc € set x. time_indep__check prog pc maz__steps
and upd_time__indep:
V T € set trans. ¥V zs € set T.V (_, _, pc_u, ) € set zs.
time__indep__check prog pc_u max__steps
and clock__cony:
V T € set trans. ¥V xs € set T.V (pc_g, , _, ) € set xs.
conjunction__check prog pc__g max_steps
begin

lemma BO0[intro):
bounded defs’.B s
using bounded unfolding bounded def N_def by simp

lemma equiv_ P _simp:
equiv.P = PROG
unfolding N_def by simp

lemma time_indep_ Plintrol:
time__indep (conv_prog equiv.P) max_steps (pred ! ¢ ! (L'! q), [], s, True, [])
if ¢ < p L € equiv.defs.states’ s
proof —
from that lengths process_length have ¢ < length pred L | ¢ < length (pred ! q) by auto
then have pred ! ¢ € set pred pred ! q ! (L q) € set (pred ! q) by auto
with pred_time_indep time__indep overapproxr show ?thesis
by (auto simp: PROG_def equiv_P__simp)
qed

lemma time_indep_PROG]intro):
time__indep (conv_prog PROG) max__steps (pc_u, [|, s, True, [])
ifg<p(lpc_g,a,pcul)eTq
proof —
from that lengths process length have
q < length trans | < length (trans ! q) (pc_g, a, pc_u, l') € set (trans ! ¢! 1)
unfolding T def by auto
moreover then have trans ! ¢ € set trans trans ! ¢! | € set (trans ! ¢) by auto
ultimately show ?thesis using upd_time__indep time__indep overapprox
unfolding PROG __def by blast
qged

lemma facts[intro:
u g ac if
q < defs’.p
(I, pc_g, a, pc_u, 1) € fst (defs’ N ! q)
stepst defs’.P max_steps u (pc_g, [], s, True, []) (pc_t, st_t, s_t, True, rs_t)

115



stepsc defs’.P max_steps u (pc_g, [|, s, True, []) (pc’, st, s’y f', rs)
defs’.P pc' = Some (CEXP ac)
proof —
let 2P = conv_P prog
from that(5) obtain ac’ where
ac = conv_ac ac’ prog ! pc’ = Some (CEXP ac’) pc’ < length prog
apply (clarsimp split: option.split_asm if _split_asm simp add: PROG_def N__def)
subgoal for z
by (cases z) auto
done
with that have u -, conv_ac ac’
apply —
apply (rule conjunction__check)
using clock_conj apply simp__all
unfolding N_def apply simp_all
using lengths process_length(2) by (force dest!: nth_mem simp: PROG_def N_def T _def)+
with <ac = ) show ?thesis by simp
qed

sublocale product:
FEquiv_TA conv N max__steps init sg
apply standard
apply standard
apply (simp; blast)
subgoal
apply clarsimp
apply (force simp: N_def)
done
apply blast
apply (simp; fail)
unfolding PF _PF using start_pred apply simp
by (rule B0)

lemma fst_ S[simp]:
fst (A, g, a, , ). (I, map conv_ac g, a, v, ")) S = fst * 8§
by force

lemma snd_S[simp]:
(snd o snd o snd o snd) ‘ (N, g, a, r, I"). (I, map conv_ac g, a, r, ")) S
= (snd o snd o snd o snd) ‘S
by force

end

locale UPPAAL_ Reachability_ Problem_ precompiled’ =
UPPAAL _Reachability Problem_ precompiled__start state +
UPPAAL__Reachability _Problem__precompiled__defs’ +
UPPAAL_Reachability Problem_ precompiled__ ceiling +
assumes action_set:
V T € set trans. V xs € set T. ¥ (_, a, _) € set zs. pred_act (A a. a < na) a
begin

sublocale Reachability_Problem__Impl_Defs _ _ A (init, sp) m k_fun PR_CONST (X (I, s).
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Fls).

definition
states’ = {(L, s). L € equiv.defs.states’ s \ check_pred L s N\ length s = length bounds}

lemma in_ trans in_mapl:
assumes
q < pl <length (trans ! q) i < length (trans! q ! 1)
(g1, Ina, r1) =trans ! g1 114
shows (g1, a, r1) € set (IArray (map IArray trans_in_map) 1! ¢ 1! )
using assms process_length(2) unfolding trans in_map_def
by (force dest: nth_mem introl: image__eql [where z = (g1, In a, r1)])

lemma in_ trans out_mapl:
assumes
q < pl <length (trans! q) i < length (trans! q ! 1)
(g1, Out a, 1) = trans ! q ! 1! 4
shows (g1, a, r1) € set (IArray (map [Array trans_out_map) ! ¢ 1 )
using assms process_length(2) unfolding trans out _map_ def
by (force dest: nth_mem introl: image_eql[where z = (g1, Out a, r1)])

lemma in_trans in_mapD:
assumes
(g1, a, r1) € set (IArray (map IArray trans_in_map) !l ¢ 1 [)
g < pl < length (trans! q)
obtains ¢ where
i < length (trans ! q ! 1) A trans! q ! 11 i = (g1, In a, rl)
using assms process_length(2) unfolding trans in_map_def
by (fastforce dest: mem__nth split: act.split_asm)

lemma in_ trans out_mapD:
assumes
(g1, a, r1) € set (IArray (map IArray trans_out_map) !! ¢ ' 1)
q < pl < length (trans! q)
obtains ¢ where
i < length (trans ! ¢! 1) A trans! ¢! 1! i = (g1, Out a, r1)
using assms process_length(2) unfolding trans _out _map_ def
by (fastforce dest: mem__nth split: act.split_asm)

lemma in_ actions by _statel:
assumes
(91, a, rl) € set xs a < length acc
shows
(q, g1, a, 1) € set (actions_by_ state q zs acc ! a)
A a < length (actions by _state q zs acc)
using assms unfolding actions by state def
apply (induction xs arbitrary: acc)
apply (simp; fail)
apply simp
apply (erule disjE)
apply (rule fold_acc_preserv
[where P = X acc. (q, g1, a, r1) € set (acc ! a) A a < length acc]

)

apply (subst list_update_nth__split; auto)
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by auto

lemma in__actions by _state preserv:
assumes
(g, g1, a, r1) € set (acc! a) a < length acc
shows
(g, g1, a, 1) € set (actions_by_state y xs acc ! a)
A a < length (actions_by_state y zs acc)
using assms unfolding actions by _state def
apply —
apply (rule fold_acc_preserv
[where P = X acc. (q, g1, a, r1) € set (acc ! a) A a < length acc]
)
apply (subst list _update_nth__split; auto)
by auto

lemma length__actions_by_state_preserv[simp]:
shows length (actions_ by _state y xs acc) = length acc
unfolding actions by _state def by (auto intro: fold__acc_preserv simp: list_update_nth__split)

lemma in_ all_actions by _ statel:
assumes
a<naq<pl(gl,arl)eset (Mgl (L!q)
shows
(g, 91, a, 1) € set (all_actions by state M L ! a)
unfolding all actions by _state def
apply (rule fold_acc_ev_preserv
[where P = X\ acc. (q, g1, a, r1) € set (acc! a) and Q = A acc. a < length acc,
THEN conjunct1]

apply (rule in__actions_by_ state_preserv|[ THEN conjunctl])
using assms by (auto intro: in__actions_by_statel[THEN conjunctl])

lemma actions by _state inj:
assumes j < length acc
shows V (g, a) € set (actions_by_state i xs acc ! j). (q, a) & set (acc ! j) — i = ¢
unfolding actions by _state_ def
apply (rule fold_acc_preserv
[where P =
Xace’. (Y (g, a) € set (acc’! j). (q, a) & set (acc!j) — i = q) A j < length acc’,
THEN conjunctl])
subgoal for z acc
by (cases fst (snd x) = j; simp)
using assms by auto

lemma actions_ by _state_inj":
assumes j < length acc (g, a) ¢ set (acc ! j) (g, a) € set (actions_by_state i xs acc ! j)
shows ¢ = ¢
using actions_by_state_inj[OF assms(1)] assms(2—) by fast

lemma in__actions by _stateD:
assumes
(g, g, a, t) € set (actions_by_state i zs acc! j) (q, g, a, t) ¢ set (acc ! j)
Jj < length acc
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shows
(9, a,t) € setazs Nj=a
using assms unfolding actions by state def
apply —
apply (drule fold_evD
[where y = (g, a, t) and Q = A acc’. length acc’ = length acc
and R=X(_,a, t). a’ =]
)
apply assumption
apply (subst (asm) list_update_nth__split[of j]; force)
apply simp+
apply (subst (asm) list_update_nth_split[of j]; force)
by auto

lemma in_ all_actions_by_ stateD:
assumes
(g, g1, a, r1) € set (all_actions_by_state M L' a’) a’ < na
shows
(g1, a,r1)€set (MN g (L' @) ANg<pAa =a
using assms
unfolding all actions by state def
apply —
apply (drule fold_evD''[where y = ¢ and Q = A acc. length acc = nal)
apply (simp; fail)
apply (drule actions_by_ state_inj'[rotated])
apply (simp; fail)+
apply safe
apply (drule in__actions by_ stateD)
apply assumption
apply (rule fold_acc_preserv)
apply (simp; fail)+
subgoal premises prems
proof —
from prems(2) have ¢ € set [0..<p] by auto
then show ?thesis by simp
qed
by (auto intro: fold acc_preserv dest!: in__actions_by_ stateD)

lemma length_all _actions by state_ preseruv:
length (all_actions by _state M L) = na
unfolding all actions by _state_def by (auto intro: fold_acc_preserv)

lemma less nal:

assumes
q<p
(g1, a,71) =trans! q ! 1!j
I < length (trans! q)
j < length (trans ! ¢ ! 1)

shows pred_act (Aa. a < na) a

using action__set assms process_length(2) by (force dest!: nth_mem)

lemma in__actions trans_in__mapl:

assumes
pa <p
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(g1, Ina, r1) = trans ! pa ! (L! pa) ! j
L! pa < length (trans ! pa)
j < length (trans ! pa ! (L! pa))
shows (pa, g1, a, r1) € set (all_actions_by_state (IArray (map IArray trans_in_map)) L
a)
apply (rule in_all_actions by _statel)
using assms action__set process_length(2) apply (fastforce dest!: nth_mem)
using assms by (fastforce intro: in_trans_in_mapl)+

lemma in__actions_trans _out _mapl:
assumes
pa < p
(g1, Out a, 1) = trans ! pa ! (L ! pa) ! j
L ! pa < length (trans ! pa)
j < length (trans ! pa ! (L! pa))
shows (pa, g1, a, r1) € set (all_actions_by_state (IArray (map IArray trans_out_map)) L
!a)
apply (rule in_all_actions by _statel)
using assms action__set process_length(2) apply (fastforce dest!: nth_mem)
using assms by (fastforce intro: in_trans_out_mapl)+

lemma in_pairs by _actionD2:
assumes
(g, a, v, L', s") € set (pairs_by_action (L, s) zs ys)
Y (g, g, a”, m, 1) € set xs. o'’ = a’
Y (¢, g, a”, m, 1) € set ys. a’’ = a’
shows check_pred L' s’
using assms(1) unfolding pairs by _action__def using assms(2,3)
by (clarsimp split: option.split _asm simp: set_map__ filter) (clarsimp split: if _split_asm)

lemma in_ pairs by actionD1:
assumes
(g, a, v, L', s") € set (pairs_by_action (L, s) s ys)

v (Q? g, a‘”7 m, l) € set zs. a” = a/
v (q3 g, a//a m, l) € set Ys. CL” = CL/
obtains

pa q pc_gl pc_g2 g1 g2 11 r2 pc_ul pc_u2 11’12’ sl
zl 22 z8 x4 x5 y1 y2 y3 y4

where
pa # q
(pa, pc_gl, a, pc_ul, l1") € set ys
(g, pc_g2, a, pc_u2, 12') € set xs
L= Lipa =11, ¢ :=12]]
runf pc_ul s1 = Some ((z1, 22, s', 28, ©4), ©5)
runf pc_u2 s = Some ((y1, y2, s1, y3, r2), y4)
check_g pc_gl s = Some g1 check g pc_g2 s = Some g2
rl = make_reset pc_ul s
g=g9l Qg2r =711 Qr2

proof —

obtain
pa q pc_gl pc_g2 g1 g2 rl r2 pc_ul pc_u2 11’12’ sl
zl 22 28 x4 5 y1 y2 y3 y4
where
(q, pc_g1, a, pc_ul, 11’) € set ys (pa, pc_g2, a, pc_u2, 12') € set xs q # pa
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check g pc_gl s = Some g1 check g pc_g2 s = Some g2
runf pc_ul s1 = Some ((z1, 22, s', 28, z4), ©5)
runf pc_u2 s = Some ((y1, y2, s1, y3, r2), y4)
rl = make_reset pc_ul s
Some (g1 Q g2, a, r1 Q r2, L[q := l1', pa := 127, s') = Some (g, a, r, L', s')
proof —
from assms(1) show ?thesis
unfolding pairs by _action_def using assms(2,3)
apply clarsimp
unfolding set_map_filter
apply clarsimp
apply (clarsimp split: option.split_asm if _split _asm)
by (force intro!: that)
qed
then show %thesis by (fast intro: that)
qged

lemma in_ pairs by actionD:

assumes
(g9, a, r, L', s") € set (pairs_by_action (L, s) s ys)
Y (q, g, a”, m, 1) € set zs. a’’ = a’
Y (q, g, a”, m, 1) € set ys. a’' = a’

obtains

pa q pc_gl pc_g2 pl p2 g1 g2 r1 r2 pc_ul pc_u2 11’12’ sl

zl 22 28 x4 5 y1 y2 y3 y4

where
pa # q
(pa, pc_gl1, a, pc_ul, l1’) € set ys
(q, pc_g2, a, pc_u2, 12') € set xs
L' = Llpa := 11", q := 12

runf pc_ul s1 = Some ((z1, z2, s, 3, x4), z5)

runf pc_u2 s = Some ((y1, y2, s1, y3, r2), y4)

check_g pc_gl s = Some g1 check_g pc_g2 s = Some g2
rl = make_reset pc_ul s

g=9gl Qg2r=r1 Qr2

check_pred L' s’
using in_pairs_by actionD1[OF assms] in_pairs_by actionD2[OF assms| by metis

lemma in_ trans _funD:
assumes y € set (trans_fun L)
shows y € set (trans_s_fun L) V y € set (trans_i_fun L)
using assms unfolding trans_fun_def by auto

lemma states’_states’[intro]:
L € equiv.defs.states’ s if (L, s) € states’
using that unfolding states’ def by auto

lemma bounded’ bounded:

bounded’ s +— bounded bounds s if length s = length bounds
using that unfolding bounded’ _def bounded def by simp
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lemma bounded_bounded':
bounded bounds s => bounded’ s
unfolding bounded’ _def bounded_def by simp

lemma P_unfold:
(V g<p. (equiv.defs.P ! q) (L q) s) <— (check_pred L s) if length s = length bounds
unfolding equiv.state ta_def equiv.state_pred_ def check_pred_def using process length(3)
that
apply simp
unfolding list_all_iff
unfolding N_ def
unfolding runf def P_def
by (fastforce split: option.splits simp: bounded’ _bounded)

lemma P_unfold_1:
(V g<p. (equiv.defs.P ! q) (L q) s) = (check_pred L s)
unfolding equiv.state ta_def equiv.state_pred_ def check__pred_def using process length(3)
apply simp
unfolding list_all_iff
unfolding N _def
unfolding runf def P_ def
by (fastforce split: option.split_asm simp: bounded__bounded’)

lemma equiv_PT[simp]:
equiv.PT = PT
unfolding striptp def N_def by simp

lemmas [simp] = equiv_P__simp

lemma transD:
assumes
(pc_g, a, pc_u, Uy =trans! ¢! (L q)!j
L g < length (trans! q) j < length (trans! q ! (L q))
g<p
shows (L ! q, pc_g, a, pc_u, ') € fst (equiv.N ! q)
using assms unfolding N_def T _def by simp solve__ex_triv

lemma trans ND:

assumes

(L' q, pc_g, a, pc_u, ') € fst (equiv.N ! q)

q<p
shows

equiv.defs.N_ss! gk L q

_>equiv.make_g pc_g s,(a, equiv.make__c pc_g, equiv.make_mf pc_u),equiv.make_f pc_u s I

using assms
unfolding equiv.defs.N_s _def trans_of def equiv.defs.T s _def
unfolding equiv.state ta_ def equiv.state trans ¢ def
by clarsimp solve__ex__triv+

lemma make f unfold:
equiv.make__f pc s = make_reset pc s

unfolding make_reset def equiv.make_f def runf def by simp

lemma make_ g _simp:
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assumes check_g pc_g s = Some gl

shows g1 = equiv.make_g pc_g s

using assms unfolding check g def equiv.make g def runt_def
by (clarsimp split: option.splits bool.splits simp: make__cconstr_def)

lemma make c_simp:
assumes check_g pc_g s = Some g1
shows equiv.make_c pc_g s
using assms unfolding check g def equiv.make ¢ _def runt_def
by (clarsimp split: option.splits bool.splits simp: make__cconstr_def)

lemma make_reset_simp:
assumes runf pc_u s = Some ((y1, y2, s1, y3, r2), y4)
shows make_reset pc_u s = r2
using assms unfolding runf def make_reset_def by (auto split: option.splits)

lemma make_mf simp:
assumes runf pc_u s = Some ((y1, y2, s1, y3, r2), y4)
shows equiv.make_mf pc_u s = Some s1
using assms unfolding runf def equiv.make_mf _def by (auto split: option.splits)

lemma trans _fun_trans of "
(trans__fun, trans_of A) € transition_rel states’
unfolding transition_rel_def T def
apply simp
unfolding trans of def
apply safe
subgoal for LsgarL’s
unfolding equiv.defs.prod_ta__def equiv.defs.prod__trans__def
apply simp
apply safe
subgoal
apply (rule trans_i_fun_trans_fun)
unfolding equiv.defs.prod_trans i alt_def
apply safe
unfolding trans_fun_ def trans_4_from__def trans_i_fun_def
unfolding Product_TA__ Defs.product_trans i _def
apply clarsimp
subgoal premises prems for ¢ m p’ I’
proof —
from prems have L ! p’ < length (trans ! p’) by auto
from prems obtain pc_g pc_u where
(L!p', pc_g, Sil a, pc_u, ")y € Tp'
g = equiv.make_g pc_g s v = equiv.make_f pc_u s
¢ = equiv.make_c pc_g m = equiv.make_mf pc_u
unfolding equiv.defs.N_s_def trans_of def equiv.defs.T s _def
unfolding equiv.state ta_ def equiv.state trans t def
apply clarsimp
unfolding N_def T _def by clarsimp
from this(1) have (pc_g, Sil a, pc_u, l') € set (trans ! p’! (L p’))
unfolding T def by auto
moreover have check g pc_g s = Some g
using <g = _» <c=_) <c ®
unfolding check g _def equiv.make_ g _def equiv.make c__def

/
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pes)

by (auto split: option.splits simp: runt_def make__cconstr__def)
moreover obtain z1 z2 x3 pcs where runf pc_u s = Some ((x1, z2, s', 28, ), pcs)
using <r = _» <m = _» prems(5)
unfolding equiv.make [ _def equiv.make_mf def runf def trans_of def
by (auto split: option.splits)
moreover have check_pred (L[p':=1']) s’
using prems(3) by (auto intro: P_unfold_1)
ultimately show ?thesis using process_length(2) <p’ < _» <L 1 p' <
by (force simp: set_map_filter trans_i_map __def)
qed
done
subgoal
apply (rule trans_s_fun_trans_fun)
unfolding equiv.defs.prod_trans s _alt_def
apply safe
unfolding trans fun_def trans_s fun_ def
unfolding Product_TA_ Defs.product_trans_s def
apply clarsimp
subgoal premises prems for ci co mi mo s1 q1 q2 g1 g2 r1 r211' 12’
proof —
from prems have L | q1 < length (trans ! q1) L q2 < length (trans ! ¢2) by auto
from prems obtain pc_g! pc_ul where
(L!gql,pc g1, 1Ina,pc ul,ll’) e T ql
gl = equiv.make g pc_gl s r1 = equiv.make_f pc_ul s
¢t = equiv.make_c pc_gl mi = equiv.make_mf pc_ul
unfolding equiv.defs.N_s _def trans_of def equiv.defs. T s _def
unfolding equiv.state_ta_ def equiv.state trans_t def
apply clarsimp
unfolding N_def T def by clarsimp
from prems obtain pc_ g2 pc_u2 where
(L!q2, pc_g2, Out a, pc_u2,12") € T ¢2
g2 = equiv.make_g pc_g2 s 2 = equiv.make_f pc_u2 s
co = equiv.make__c pc_g2 mo = equiv.make_mf pc_u2
unfolding equiv.defs.N_s def trans_of def equiv.defs.T s def
unfolding equiv.state ta_ def equiv.state trans t def
apply clarsimp
unfolding N_def T def by clarsimp
from < € T q1» have (pc_gl, In a, pc_ul, l1’) € set (trans ! q1 ! (L! q1))
unfolding T def by auto
from ¢ € T ¢2> have (pc_g2, Out a, pc_u2, 12') € set (trans ! q¢2 ! (L! ¢2))
unfolding T def by auto
moreover have check g pc_gl s = Some g1 check g pc_g2 s = Some g2
using gl = _» «ci = _» <ci $ g2 = _ ) <(co = _) (cO &
unfolding check g _def equiv.make g def equiv.make c_def
by (auto split: option.splits simp: runt_def make__cconstr__def)
moreover obtain zI 22 z3 pcs where runf pc_u2 s = Some ((x1, 22, s1, 3, r2), pcs)
using <r2 = _» <mo = _» (Some sl = _
unfolding equiv.make_f _def equiv.make_mf def runf def trans_of def
by (auto split: option.splits)
moreover obtain =1 z2 8 z/ pcs where runf pc_ul s1 = Some ((z1, 22, s', 23, x4),

using «rl = _» «<mi = _) <Some s' = _»

unfolding equiv.make_f def equiv.mal%ﬁmfidef runf_def trans__of _def
by (auto split: option.splits)
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moreover have r1 = make_reset pc_ul s
using <r! = _» unfolding make_reset_def equiv.make_f def runf def by auto
moreover have check_pred (L[ql := 11, ¢2 :=12]) &’
using prems(5) by (auto intro: P_unfold_1)
moreover have a < na
using action__set «_ € set (trans ! q1 | (L q1))» <ql < _> <L ql < _
process__length(2)
by (fastforce dest!: nth_mem)
moreover have
(g1, pc_g1, a, pc_ul, 11"
€ set (all_actions_by_ state (nested_list_to_iarray trans_in_map) L a)
using <L ! g1 < _» <« € set (trans ! q1 ! (L q1))» <ql < p
by (force intro: in__actions_trans_in_mapl dest: mem_ nth)
moreover have
(g2, pc_g2, a, pc_u2, 12"
€ set (all_actions_by_ state (nested_list_to_iarray trans_out_map) L ! a)
using <L! ¢2 < _» «_ € set (trans ! q2 ! (L' ¢2))» <q2 < p»
by (force intro: in__actions trans_out_mapl dest: mem_ nth)
ultimately show ?thesis
using process_length(2) «qg1 < _» <Ll ql < _» @2 < _ <Ll g2<_H<_#
unfolding pairs by action__ def
apply —
apply (rule bexl[where z = al)
by auto (force simp: set_map__ filter)
qed
done
done
subgoal for LsgarL's
apply (drule in_trans_funD)
apply (erule disjE)
unfolding equiv.defs.prod_ta__def equiv.defs.prod_trans def
apply simp
apply (rule disjI2)
subgoal
unfolding equiv.defs.prod_trans s alt_def
apply safe
unfolding trans s fun_def
apply clarsimp
subgoal for z
apply (erule in_pairs_by_actionD|where a’ = z])
apply (solves <auto dest: in__all actions by _stateDy)
apply (solves <auto dest: in__all _actions by _stateD»)
apply (drule in__all _actions_by_stateD, assumption)
apply (drule in_all_actions by _stateD, assumption)
apply safe
apply (erule in_trans_in_mapD)
apply (simp; fail)
apply blast
apply (erule in_trans_out_mapD)
apply blast
apply blast
apply (simp only: ex_simps[symmetric])
unfolding states’ def
apply (clarsimp)

!
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apply (subst P_unfold, assumption)
apply (subst P_unfold)
subgoal
unfolding runf def by (auto dest!: exec state_length)
apply simp
apply (drule transD[rotated 2], solve__triv+, blast)
apply (drule transD[rotated 2], solve_triv+, blast)
apply (drule_tac s = s in trans_ND, assumption)
apply (drule_tac s = s in trans_ND, assumption)
unfolding Product_TA__ Defs.product_trans s _def
apply clarsimp
unfolding trans of def
subgoal
apply (simp only: ex_simps[symmetric))
apply defer ez
apply defer ez
apply solve__ex_triv
apply solve__ex_triv
apply solve__ex_triv
unfolding make [ unfold
by (auto simp add: make__c__simp make_mjf_simp make__reset__simp make__g__simp[symmetric])
done
done
subgoal
apply simp
apply (rule disjI1)
using process_length(2)
unfolding equiv.defs.prod_trans_i_alt_def
apply simp
unfolding P_unfold
unfolding trans_i_fun_def trans i from_ def states’ _def
apply simp
apply (erule bexE)

unfolding set _map _filter
apply simp
subgoal premises prems for ¢
proof —
from prems have len: g < length trans L'! q < length (trans ! q) by auto
from prems(4) obtain pc_g pc_u l’ 1 22 z3 x4 where
(pc_g, a, pc_u, ') € set (IArray.list_of (map IArray trans_i_map ! q) ! (L ! q))
check_g pc_g s = Some g
r = make__reset pc_u s
runf pc_u s = Some ((z1, 22, s', 23, 1), x4)
check_pred (Llq := 1) s’
L'=Llq:=1]
apply atomize__elim
unfolding make_reset_ def
by (force split: option.splits if _split_asm)
moreover then have
(L, g, (a, Networks.label. Act (equiv.make_c pc__g, equiv.make_mf pc_u)), r, L)
€ Product_TA_ Defs.product_trans_i (equiv.defs.N_s s)
unfolding Product_TA__ Defs.product_trans i _def
apply clarsimp
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apply solve__ex_triv
apply safe
using prems apply simp
unfolding trans i map_ def
using len <q < p> apply (clarsimp simp: set_map_ filter)
apply (clarsimp split: act.split_asm)
apply (frule make__c__simp)
apply (drule mem_ nth)
apply safe
apply (drule transD|rotated], solve__triv+)
apply (drule trans_ND)
apply solve__triv
apply (subst make g _simp)
using <q < p» prems(1) by (auto simp add: make_f _unfold)
ultimately show ?thesis
apply (subst P_unfold)
subgoal
using prems(1) by fast
apply (subst P_unfold)
subgoal
using runf ___ = _» prems(1)
unfolding runf def by (auto dest!: exec state_length)
using prems(1) by (force simp: make_mf simp dest: make_c__simp)
qed
done
done
done

lemma transition_rel mono:
(a, b) € transition_rel B if (a, b) € transition_rel C B C C
using that unfolding transition_rel def b_rel_def fun_rel def by auto

end

context
Equiv_TA_ Defs
begin

lemma state set subs:
state__set (trans_of (defs.product s’'))
C {L. length L = defs.p N (¥ g<defs.p. L'! q € State_Networks.state_set (fst (defs.N ! q)))}
unfolding defs.states’ _alt_def[symmetric]
unfolding defs.N s _def
unfolding state set def Product_TA_ Defs.states def
unfolding trans of def
unfolding Product_TA_ Defs.product_ta_ def Product_TA__Defs.product_trans _def
unfolding Product_TA_ Defs.product_trans i_def Product_TA_ Defs.product_trans s _def
unfolding defs. T s def
unfolding Product_TA__ Defs.states def trans_of def
apply simp
apply safe
apply (simp; fail)
using [[goals_limit = 1]]
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apply force
apply force
apply (force simp: image__iff)
apply force
subgoal for x Lpg__ _rlyg
apply (cases p = q)
apply (force simp: image__iff)
apply (force simp: image__iff)
done
apply force
subgoal for _ pqgqglg2__ _ __ _ __ rl 211’12/ qa
apply (cases ga = q)
apply force
apply (cases qa = p)
by (force simp: image_iff )+
done

end

context UPPAAL_Reachability Problem__precompiled__defs
begin

lemma N_s state indep:
assumes (L ! q, g, a, 7, ') € map trans_of (equiv.defs.N_ss)! qq < p
obtains g r where (L ! ¢, g, a, 7, l') € map trans_of (equiv.defs.N_s s’) | q
using assms unfolding trans of def equiv.defs.N s def equiv.defs.T s def by force

lemma fst product state_indep:
fst ¢ fst (equiv.defs.product s) = fst ¢ fst (equiv.defs.product s’)
unfolding Product_TA_ Defs.product_ta__def Product TA__ Defs.product_trans _def
unfolding Product_TA__ Defs.product_trans s _def Product_TA__Defs.product_trans i _def
apply simp
unfolding equiv.defs.states’ _alt_def
apply clarsimp
apply (rule equalityl)
subgoal
apply (rule subsetl)
apply clarsimp
apply (erule disjE)
apply (erule conjE exE)+
apply (erule N_s_state_indep)
apply (simp; fail)
apply (rule img_ fst)
apply (rule Set.Unll)
apply (subst mem__Collect_eq)
apply solve__ex_triv+
apply (erule conjE exE)+
apply (erule N_s_state_indep, (simp; fail))
apply (erule N_s_state_indep, (simp; fail))
apply (rule img_ fst)
apply (rule Set.UnI2)
apply (subst mem__Collect_eq)
apply (rule exI)+
apply (rule conjI)
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defer
by solve ex_triv+
subgoal
apply (rule subsetl)
apply clarsimp
apply (erule disjE)
apply (erule conjE exE)+
apply (erule N_s_state_indep)
apply (simp; fail)
apply (rule img_ fst)
apply (rule Set.Unll)
apply (subst mem__Collect_eq)
apply solve__ex_triv+
apply (erule conjE exE)+
apply (erule N_s_state_indep, (simp; fail))
apply (erule N_s_state_indep, (simp; fail))
apply (rule img_ fst)
apply (rule Set.UnI2)
apply (subst mem__Collect_eq)
apply (rule exl)+
apply (rule congl)
defer
by solve _ex_triv+
done

lemma last_product__state_indep:
(snd o snd o snd o snd) * fst (equiv.defs.product s)
= (snd o snd o snd o snd) ‘ fst (equiv.defs.product s’)
unfolding Product TA__ Defs.product_ta_ def Product TA__Defs.product_trans _def
unfolding Product_TA_ Defs.product_trans s _def Product TA__Defs.product_trans i _def
apply simp
unfolding equiv.defs.states’ _alt_def
apply clarsimp
apply (rule equalityl)
subgoal
apply (rule subsetl)
apply clarsimp
apply (erule disjE)
apply (erule conjE exE)+
apply (erule N_s_state_indep)
apply (simp; fail)
apply (rule image__eqI)
prefer 2
apply (rule Set.Unll)
apply (subst mem__Collect_eq)
apply solve__ex_triv+
apply (erule conjE exE)+
apply (erule N_s_state_indep, (simp; fail))
apply (erule N_s_state_indep, (simp; fail))
apply (rule image__eql)
defer
apply (rule Set.UnI2)
apply (subst mem__Collect_eq)
apply (rule exI)+
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apply (rule conjI)
defer
apply solve__ex_triv+

defer

apply (rule HOL.refl)

by simp
subgoal

apply (rule subsetl)

apply clarsimp

apply (erule disjE)

apply (erule conjE exE)+

apply (erule N_s_state_indep)

apply (simp; fail)

apply (rule image__eql)
prefer 2
apply (rule Set.Unll)
apply (subst mem__Collect_eq)
apply solve__ex_triv+
apply (erule conjE exE)+
apply (erule N_s_state_indep, (simp; fail))
apply (erule N_s_state_indep, (simp; fail))
apply (rule image__eql)
defer
apply (rule Set.UnI2)
apply (subst mem__Collect_eq)
apply (rule exI)+
apply (rule congl)

defer

apply solve__ex_triv+

defer

apply (rule HOL.refl)

by simp
done

lemma state _set T":
state__set (equiv.defs. T’ s'') D fst ¢ state__set (trans_of A)
unfolding trans of def
unfolding state_set_ def
unfolding Prod__TA__ Defs.prod_ta_ def equiv.defs.prod_trans__def
apply simp
unfolding equiv.defs.prod_trans i _def equiv.defs.prod_trans s def
unfolding trans of def
apply safe
apply (subst fst_product_state indep; force)
apply (subst fst_product_state indep; force)
apply (subst (asm) last_product_state indep[simplified]; force)
by (subst (asm) last_product_state_indep|simplified]; force)

lemma state _set T'2:
length L = equiv.defs.p
V g<equiv.defs.p. L'! q € State_Networks.state _set (fst (equiv.defs.N ! q))
if (L, s) € state_set (trans_of A)
using subset_trans [OF state_set_T' equiv.state__set_subs] that by blast+
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lemma state set_states”
L € equiv.defs.states’ s if (L, s) € state_set (trans_of A)
using state_set_T'2[OF that] unfolding equiv.defs.states’ _alt_def by simp

lemma state_set_pred:
YV q<p. (equiv.defs.P ! q) (L q) s if (L, s) € state_set (trans_of A)
using that
unfolding Normalized_ Zone Semantics__Impl Refine.state set def
unfolding trans of def Prod_TA_ Defs.prod_ta_def Prod TA__Defs.prod_trans def
unfolding Prod_TA_Defs.prod_trans i _def Prod_TA_ Defs.prod_trans s def
by force

end

context UPPAAL_ Reachability Problem__precompiled’
begin

lemma bounded_bounded’"
bounded bounds s = length s = length bounds
unfolding bounded’ _def bounded_def by simp

lemma P_bounded:
(Vq<p. (equiv.defs.P ! q) (L q) s) = bounded bounds s
unfolding equiv.state ta_def equiv.state_pred_ def check_pred__def using process_length(3)
p_gt_ 0
apply simp
unfolding list_all_iff
unfolding N_ def
unfolding runf def P_ def
apply (drule speclof __ 0])
by (simp split: option.split; auto split: option.split_asm)

lemma P_state_length:
(V g<p. (equiv.defs.P ! q) (L! q) s) = length s = length bounds
by (intro P_bounded bounded__bounded’’)

lemma state_set_ state length:
length s = length bounds if (L, s) € state_set (trans_of A)
using that unfolding state set def
apply (safe dest!: equiv.defs.prod_ta_ cases)
unfolding equiv.defs.prod_trans i _alt def equiv.defs.prod_trans s alt_def
by safe (auto dest: P_state_length)

lemma state set states:
state__set (trans_of A) C states’
using state_set_states’ state_set_pred unfolding states’ def
by (auto intro: P_unfold 1 state_set_state_length)

lemma p p 2[simp]:
defs’.defs.p = p
unfolding defs’.p_pp p ..

lemma len_product’__N[simp]:
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length defs’.defs.N = p
unfolding defs’.defs.p_def[symmetric] by (rule p_p_2)

lemma len_ equiv_N:
length equiv.defs.N = p
unfolding equiv.defs.p__def [symmetric] by simp

lemma

defs'.p = p
unfolding defs’.p _def by simp

lemma equiv_p_p: equiv.p = p
by simp

lemma init_states:
init € equiv.defs.states’ sq
using processes _have__trans start_has_trans
unfolding equiv_states’ _alt _def
unfolding init_def N_def T def by force

lemma start_pred”:
check__pred init sqg
using start_pred bounded unfolding check_pred_def runf def list_all_iff
by (fastforce split: option.split intro: bounded__bounded’)

lemma start _states”
(init, so) € states’
using start_pred’ init_states bounded unfolding states’ def bounded__def by auto

lemma trans_fun_trans_of[intro, simpl:
(trans_fun, trans_of A) € transition_rel states
using trans_fun_trans of’ state_set_states start_states’ unfolding transition_rel def by
blast

definition
inv_fun = X (L, _). concat (map (X i. IArray (map IArray inv) ' ¢ 11 (L ! 4)) [0..<p])

lemma states states’:
states C states’
using state_set_states start_states’ by auto

lemma states’_length[simp]:
length L = p if (L, s) € states’
using that unfolding states’ def by auto

lemma inv_simp:
ITq(L!'q)=idnv! q! (L!q)if g <p (L, s) € states’
unfolding I def using that states’_states’|OF that(2)] lengths by (auto dest!: states_len)

lemma inv_fun_inv_of "
(inv_fun, inv_of A) € inu_rel Id states’
unfolding inv_rel def
apply (clarsimp simp: equiv.defs.inv_of _simp Product_TA_ Defs.inv_of _product)
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using process_length(1)

unfolding inv_fun def Product TA Defs.product invariant def init_def
unfolding equiv.defs.N_s def

apply simp

apply (rule arg_cong[where f = concat])

unfolding inv_of def Equiv_TA_ Defs.state_ta_ def apply simp
unfolding equiv.state_inv_def N_def Equiv_TA__Defs.state_inv_ def

by (auto simp: inv_simp)

lemma inv_rel _mono:
(a, b) € inv_rel Id B if (a, b) € inv_rel Id C B C C
using that unfolding inv_rel def b_rel def fun_rel def by auto

lemma inv_fun_inv_of[intro, simpl:
(inv_fun, inv_of A) € inu_rel Id states
using inv_fun_inv_of ' states_states’ by (rule inv_rel_mono)

definition final fun = X (L, s). hd_of _formula formula L s

lemma final_fun_ final”:
(final_fun, (X (I, ). F'ls)) € inv_rel Id states’
unfolding F_def final _fun_def inv_rel def list_ex iff
by (force dest!: states’ _states’)

lemma final_fun_ final[intro, simp]:
(final_fun, (X (I, ). F'ls)) € inv_rel Id states
using final_fun_final’ states states’ by (rule inv_rel_mono)

lemma fst clkp_setD:
assumes (¢, d) € clkp_set Al
shows ¢ > 0 ¢ < m d € range int
using assms clock__set consts_nats clkp__set’ _subs
unfolding Nats def clk_set’ _def TA_ clkp_set_unfold by force+

lemma init _has trans:
(init, so) € fst ‘ (trans_of A) <— trans_fun (init, so) # ]
apply standard
using trans_fun_ trans_of unfolding transition_rel def apply force
using trans_fun_ trans_of ' start_states’ unfolding transition_rel def by fast

end

context UPPAAL_ Reachability Problem_ precompiled’
begin

abbreviation ki = [Array (map (IArray o (map (IArray o map int))) k)

definition
k_impl = X (I, _). IArray (map (A ¢. Maz {k_i MWW (1) Nel|idi<p})[0.<m+1])

lemma k_impl alt_def:

k_impl =

(A (L, ). TArray (map (N ¢ Maz (N d. kM0 (114N e) “{0..<p})) [0..<m+1]))
proof —
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have {i. i < p} = {0..<p}
by auto
then show ?thesis unfolding k_impl def setcompr _eq image by auto
qed

lemma k_length_alt:
YV i<p. V¥V j<length (k7). length (k!ilj)=m+ 1
using k_length(1,3) by (auto dest: nth_mem)

lemma Max int__commute:
int (Mazx S) = Max (int ¢ S) if finite S S # {}
apply (rule mono__Max__commute)
apply standard
using that by auto

lemma k_impl_k'[intro]:
k_impl (I, s) = TArray (k' (1, s)) if (I, s) € states’
proof —
have [_len[simp|: I | i < length (trans ! ¢) if i < p for ¢
using i < p» «(I, s) € _» by auto
have «: k_ ¢l i (1) Ne=k1il (Il !e
ifc<mi<pforci
proof —
from k_length_alt that k_length(1,2) have length (k14! (I!14) =m + 1
by auto
with that k_length process_length(2) processes_have_trans start_has_trans show ?thesis
unfolding init_def by auto
qed
show ?thesis
unfolding &k _impl_def k' _def k_fun_def

apply clarsimp
apply safe
subgoal
apply (subst Maz__int_commute)
subgoal
by auto
subgoal
using p_ gt 0 by auto
apply (rule arg_conglwhere f = Maz])
apply safe
using * apply (solves auto)
by (solves <auto simp add: x[symmetric]»)

subgoal
apply (rule Maz_eql)
apply (solves auto)
using k_length__alt k_length processes__have_trans k_0 p__gt 0 unfolding init def
apply (solves auto)

using k_length_alt k_length processes _have trans k_0 p__gt 0 unfolding init def
apply clarsimp

apply (rule exI[where z = 0])

by simp
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subgoal
apply (subst Maz__int_commute)
subgoal
by auto
subgoal
using p_ gt 0 by auto
apply (rule arg_conglwhere f = Maz])
apply safe
using * apply (solves auto)
by (solves <auto simp add: x[symmetric]»)
done
qed

lemma k_impl_k'2[intro):
k_impl (1, s) = IArray (k' (1, s)) if
(I, s) € Normalized_ Zone_Semantics_Impl_Refine.state set (trans_of A)
using that states states’ by auto

lemma k_impl_k’_Olintro]:
k_impl (init, so) = IArray (k' (ingt, so))
using states states’ by auto

sublocale impl:
Reachability_ Problem_ Impl
where trans_fun = trans_fun
and trans_impl = trans_fun
and inv_fun = inv_fun
and F_fun = final_fun
and ceiling = k_impl
and A=A
and ly = (init, so)
and lpi = (init, so)
and F = PR_CONST ((A (1, s). F'ls))
and n = m
and k= k_fun
and loc_rel = Id
and show_clock = show
and show_state = show
and states’ = states
unfolding PR__CONST def
apply standard
apply (fastforce simp: inv_rel_def b_rel def)
subgoal
by auto (metis IdI list_rel_id_simp rel APP_def)
by (fastforce simp: inv_rel def b_rel_def)+

lemma F_reachable_correct’:
impl.op.F_reachable
+—— (3 L' s"uu
conv_A A F' {((init, so), u)y == ((L', '), u')
AN ce{l.m}. uc=0)A check _bexp p L' s’
) if formula = formula. EX ¢
using that E_op”.E_from__op__reachability__check[of F_rel PR_CONST (A(z, y). F z y),
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unfolded F_rel_def, OF HOL.refl]
reachability__check
unfolding impl.E_op F reachable E_op".F_reachable_def E_op''.reachable_def
unfolding F_rel def unfolding F_def by force

lemma PT PT:
defs’. PT = equiv.PT
apply simp
unfolding striptp def
apply (rule ext)
apply clarsimp
subgoal for x
apply (cases PROG «z)
apply (simp; fail)
subgoal for a
by (cases a) auto
done
done

lemma P_P[simp]:
defs'.defs.P = equiv.defs.P
unfolding Equiv_TA_ Defs.state_ta_ def
unfolding Fquiv_TA_ Defs.p_ def
unfolding Equiv_TA_Defs.state_pred_def
using PF_PF by (auto split: option.split)

lemma map_map_ filter:
map f (List.map_ filter g xs) = List.map__filter (map__option f o g) xs
by (induction zs; simp add: List.map_filter _simps split: option.split)

lemma make g conv:
defs’.make__g = conv_cc oo equiv.make_g
unfolding Fquiv_TA_ Defs.make_g def PT_PT PF_PF apply simp
apply (intro ext)
apply (clarsimp split: option.splits simp: map_map_filter)
apply (rule arg_cong2[where f = List.map_ filter])
by (auto split: option.split instre.split)

lemma make_c_conv:
defs’.make_c = equiv.make_c
unfolding Equiv_TA_Defs.make_c_def PT _PT by simp

lemma make_f conv:

defs’.make_f = equiv.make_f

unfolding Equiv_TA_Defs.make_ [ def PF_PF by simp
lemma make__mf conv:

defs’.make_mf = equiv.make_mf

unfolding Fquiv_TA_ Defs.make_mf _def PF_PF by simp

lemmas make__convs = make g conv make__c__conv make_f conv make_mf conv

lemma state trans _conv:
Equiv_TA_ Defs.state_trans_t (conv N) max_steps q
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=\ (a, b, ¢). (a, A z. conv_cc (b x), ¢)) © equiv.state_trans q if <«q < p
unfolding Equiv_TA Defs.state_trans t _def image_ Collect
using <q < _» make__convs by (force split: prod.splits)+

lemma map_conv_t:
map trans_of (defs’.defs.N_s s) ! ¢ = conv_t ‘ (map trans_of (equiv.defs.N_s s) ! q)
if <¢ < p
using ¢ < p
apply (subst nth_map)
unfolding defs’.defs.N_s length p_p 2
apply assumption
apply (subst nth_map)
unfolding equiv.defs.N_s_length
apply simp
unfolding trans of def Prod_TA_ Defs.N_s _def
unfolding len_equiv_N len_product’ N
apply simp
unfolding Prod TA Defs.T s def
unfolding image_ Collect
unfolding Equiv_TA_ Defs.state_ta_ def Equiv_TA_ Defs.p_ def
apply simp
using state__trans__conv|of ¢]
apply simp
apply safe
apply force
apply solve__ex_triv+
unfolding image_iff by force

lemma product_trans _t_conv:
Product_ TA__Defs.product__trans_s (defs’.defs.N_s s)
= conv_t ‘ Product_TA_ Defs.product_trans_ s (equiv.defs.N_s s)
unfolding Product_TA__Defs.product_trans s _def
apply (simp only: states’ _conv)
apply safe
apply (simp only: equiv.states’ len_simp equiv_p_p map__conv_t)
unfolding image_ Collect
apply (simp split: prod.split)
apply safe
subgoal
by defer _ex solve__ex_triv+
subgoal
by solve__ex_triv+ (force simp only: equiv.states’_len__simp equiv_p_p map__conv_t)
done

lemma product_trans t conv'’:
Product_TA__Defs.product__trans_i (defs’.defs.N_s s)
= conv_t ¢ Product _TA_ Defs.product_trans_i (equiv.defs.N_s s)
unfolding Product_TA__ Defs.product_trans i _def
apply (simp only: states’ _conv)
apply safe
apply (simp only: equiv.states’ len__simp equiv_p_p map_ conv_t)
unfolding image_ Collect
apply (simp split: prod.split)
apply safe
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subgoal

by defer _ex solve__ex_triv+
subgoal

by solve__ex_triv+ (force simp only: equiv.states’_len__simp equiv_p_p map__conv_t)
done

lemma prod_trans s conv:

defs'.defs.prod__trans s = conv_t * equiv.defs.prod_trans_s
unfolding defs’.defs.prod_trans s alt_def
unfolding equiv.defs.prod_trans s _alt_def
unfolding product_trans_t_conv
unfolding p p 2P P
apply simp
apply safe
unfolding p p P_P

apply (simp add: image__Collect)

apply solve__ex_triv
subgoal

apply defer ex

apply defer ex

by solve ex triv+
subgoal

apply defer ez

apply defer _ex

by solve ex_triv+
done

lemma prod_trans i _conv:

defs’.defs.prod_trans_i = conv_t ‘ equiv.defs.prod_trans i
unfolding defs’.defs.prod_trans i _alt _def
unfolding equiv.defs.prod_trans i _alt def
unfolding product_trans_t _conv’
unfolding p p 2P P
apply simp
apply safe
unfolding p p P_P

apply (simp add: image__Collect)

apply solve__ex_ triv
subgoal

apply defer_ex

apply defer ez

by solve _ex_triv+
subgoal

apply defer ez

apply defer _ex

by solve ex_triv+
done

lemma prod_trans conuv:
defs’.defs.prod_trans = conv_t * equiv.defs.prod_trans
unfolding defs’.defs.prod_trans_def
unfolding equiv.defs.prod_trans def
unfolding prod_trans s conv
unfolding prod_trans i _conv image_ Un ..
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lemma prod__invariant__conv:
defs’.defs.prod__invariant = (map conv_ac oo Prod__TA_ Defs.prod_invariant) EA
apply (rule ext)
apply safe
unfolding defs’.defs.prod_invariant_def equiv.defs.prod_invariant__def
unfolding Product_TA_ Defs.product_ta__def inv_of def
apply simp
unfolding Product_TA__ Defs.product_invariant__def List.map__concat
apply (simp add: Prod_TA_ Defs.N_s_length)
unfolding Fquiv_TA_ Defs.p_p Equiv_TA_Defs.p_def apply simp
apply (rule conglwhere f = concat)])
apply (rule HOL.refl)
unfolding Prod_TA_ Defs.N_s def inv_of def Equiv_TA_ Defs.state_ta_def
unfolding Equiv_TA_Defs.p_def unfolding Equiv_TA__ Defs.state_inv_def
by (simp split: prod.split)

lemma prod_conv: defs’.defs.prod_ta = conv_A A
unfolding defs’.defs.prod_ta__def
unfolding equiv.defs.prod_ta__def
unfolding conv_A_ def
by (simp add: prod_invariant__conv[symmetric] prod_trans_conv[symmetric])

lemma F' reachable correct:
impl.op.F_reachable
+— 3 L' s"uu
conv N b az_steps (init, so, u) —x (L', ', u’)
AN ce{1.m}. uc=0)A check_bexp ¢ L' s’
) if formula = formula.EX ¢ start_inv_check
unfolding F_reachable correct’|OF that(1)]
apply (subst product’.prod__correct[symmetric|)
using prod_conv p_p p_gt 0 apply simp
using prod_conv p_p p_gt 0 apply simp
using F_reachable__equiv] OF that(2)]
by (simp add: F_def, simp add: that(1))

definition
reachability__checker_old =
worklist__algo2 impl
impl.subsumes__impl impl.ag__impl impl. F_impl impl.succs__impl impl.emptiness__check__impl

definition
reachability checker’ =
pw__impl
(return o fst) impl.state__copy__impl impl.tracei impl.subsumes__impl impl.aq__impl impl. F_impl
impl.succs__impl impl.emptiness_check__impl

theorem reachability_ check’:
(uncurry0 reachability__checker’,
uncurry0 (
Refine_Basic. RETURN (3 L' s’ u u'.
conv_A A F'((init, so), uy == ((L', '), u')
AN ce{1.m}. uec=0)NA check_bexp ¢ L' s’
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)
)

€ unit_assn* —, bool _assn if formula = formula. EX ¢
using impl.pw_impl_hnr_F_reachable
unfolding reachability _checker’ _def F_reachable_correct’|OF that] .

corollary reachability_ checker’ _hoare:
<emp> reachability_checker’
<Ar.fM(r=3 L' s"uu
conv_A A F' ((init, so), u)y == ((L', '), v’)
AN ce{l.m}. uec=0)NA check_bexp ¢ L' s’
)
>y if formula = formula.EX ¢
apply (rule cons_post_rule)
using reachability_ check’|OF that, to__hnr] apply (simp add: hn_refine_def)
by (sep__auto simp: pure__def)

definition reachability checker where
reachability_checker = do
{
init__sat < impl.start_inv_check__impl;
if init_sat then do
{ z + reachability _checker’
return (if x then REACHABLE else UNREACHABLE)

}

else
return INIT INV _ERR

}

theorem reachability check:
(uncurry0 reachability_checker,
uncurry0 (
Refine_Basic. RETURN (
if start_inv__check
then
if
(
3L s uu
conv N b, az_steps (init, so, u) —x (L', s’ u’)
ANV ce{l.m}. wec=0)NA check_bexp ¢ L' s’
)
then REACHABLE
else UNREACHABLE
else INIT INV_ERR

)
)

€ unit_assn® —, id_assn if formula = formula.EX ¢
apply (simp only: F_reachable_correct] OF that, symmetric] cong: if _cong)
supply
impl.pw_impl_hnr_F_reachable
[unfolded reachability checker’ _def[symmetric], to__hnr, unfolded hn_refine_def,
rule_format, sep__heap__rules]
supply
impl.start_iny__check_impl.refine[to__hnr, unfolded hn__refine__def, rule_format, sep__heap__rules]
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unfolding reachability_checker _def
by sepref _to__hoare (sep__auto simp: pure_def)

corollary reachability checker _hoare:
<emp> reachability checker
<Ar. MN(r=
(
if start_inv_ check
then
if
(
3L s"uu'.
conv N b, az_steps (init, so, u) —x (L', s’ u’)
AN ce{1l.m}. uc=0)A check_bexp p L' s’

then REACHABLE
else UNREACHABLE
else INIT INV_ERR

)

>, if formula = formula.EX ¢

apply (rule cons_post_rule)

using reachability _check[OF that, to__hnr] apply (simp add: hn_refine_def)
by (sep__auto simp: pure_def)

lemma list _all concat:
list_all @ (concat zzs) +— (¥ zs € set xxs. list_all Q xs)
unfolding list_all_iff by auto

lemma inv_of init_unfold:
u b inv_of (conv_A A) (init, so) «+— (¥ i < p. uF conv_cc (inv ! 3! 0))
proof —
have *: inv_of (conv_A A) (init, so) = conv_cc (equiv.defs.I’ so init)
using equiv.defs.inv_of _simp|of init sq)
unfolding inv_of def conu_A_ def by (auto split: prod.split)
have u F inv_of (conv_A A) (init, so) <— (¥ i < p. uF conv_cc (14 0))
unfolding * Product_TA_Defs.inv_of product Product _TA__Defs.product invariant _def
apply (simp only: product’.prod.length_L p_p_ 2 cong: list.map__cong__simp)
unfolding equiv.defs.N__s_def length_ N
apply (simp cong: list.map__cong__simp)
unfolding inv_of def
apply (simp cong: list.map__cong__simp)
unfolding init_def
apply (simp cong: list.map__cong__simp)
unfolding Equiv_TA_Defs.state_ta__def
apply (simp cong: list.map__cong__simp)
unfolding equiv.state_inv_def
unfolding N_def
by (force simp: map__concat list_all_concat clock_wval_def cong: list.map__cong__simp)
also have (V i < p. ut conv_cc (Ii0)) «— (V i < p. ut conv_cc (inv!i! 0))
unfolding I def using lengths processes _have_trans by fastforce
finally show ?thesis .
qed
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corollary reachability_checker _hoare’:
<emp> reachability checker
<Ar MN(r=
(
if Vu. Vee{l.m}. uc=0)— (VY i<p uk conv_cc(inv!i! 0)))
then
if
(
3L s"uu
conv N b az_steps (init, so, u) —x (L', s', u’)
AN ce{1.m}. uec=0)NA check_bexp ¢ L' s’

)
then REACHABLE
else UNREACHABLE
else INIT INV_ERR

)

>y if formula = formula.EX ¢
using reachability checker _hoare[OF that] unfolding start inv_check correct inv_of init_unfold

Post-processing  schematic__goal succs impl_alt_def:
impl.succs_impl = Zimpl
unfolding impl.succs_impl_def
unfolding & impl_alt_def
apply (abstract_let
X (I, _ :int list). IArray (map (A ¢. MAX ie{0..<p}. kNN (114N e) [0..<m+1])
k_i
)
apply (abstract_let inv_fun :: nat list x int list = (nat, int) acconstraint list inv_fun)
apply (abstract_let trans_fun trans_fun)
unfolding inv_fun_ def[abs_def] trans_fun_ defabs_def] trans_s_fun_def trans_i_fun_ def
trans_1_from_ def
apply (abstract_let IArray
apply (abstract_let IArray
apply (abstract_let IArray
apply (abstract_let IArray
by (rule Pure.reflexive)

map IArray inv) inv)

map IArray trans_out_map) trans_out_map)
map IArray trans_in_map) trans_in_map)
map IArray trans_in_map) trans_in_map)

P

lemma reachability_checker’ _alt_def”
reachability _checker’ =
let
key = return o fst;
sub = impl.subsumes__impl;
copy = impl.state__copy__impl,;
start = impl.ag__impl;
final = impl.F_impl,
suces = impl.succs__impl;
empty = impl.emptiness check _impl;
trace = impl.tracei
in pw_impl key copy trace sub start final succs empty
unfolding reachability checker’ _def by simp
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schematic__goal reachability checker _alt_def:
reachability__checker = 2impl
unfolding reachability checker _def
unfolding reachabzlzty checker’ _alt__def’ impl.succs__impl_def
unfolding impl.E_op’ _impl_def impl.abstr_repair_impl_def impl.abstra__repair _impl_def
unfolding impl.start_inv_check_impl_def unbounded__dbm__impl_def unbounded_dbm’'_def
unfolding &k _impl alt def
apply (abstract_let k_i k1)
apply (abstract_let inv_fun :: nat list x int list = (nat, int) acconstraint list )
apply (abstract_let trans_fun trans_fun)
unfolding impl.init_dbm__impl_def impl.ag__impl_def
unfolding impl.F_impl_ def
unfolding final _fun_def[abs_def]
unfolding impl.subsumes_impl _def
unfolding impl.emptiness check__impl_def
unfolding impl.state_copy_impl_def
by (rule Pure.reflexive)

end

lemmas [code] = UPPAAL_Reachability_ Problem__precompiled’.k_impl_def

Some post refinements code_ thms fw_upd’
code_ thms fu_impl’
code__thms fw impl

abbreviation plus int :: int = int = int where
plus _intab=a-+ b

fun dbm__add_int :: int DBMEntry = int DBMFEntry = int DBMEntry
where

dbm__add_int oo o = 0 |

dbm__add_int 00 = o0 |

dbm__add_int (Le a) (Le b) = (Le (plus_int a b)) |
dbm__add_int (Le a) (Lt b) = (Lt (plus_int a b)) |
dbm__add_int (Lt a) (Le b) = (Lt (plus_int a b)) |
dbm__add_int (Lt a) (Lt b) = (Lt (plus_int a b))

lemma dbm_add_int:
dbm__add = dbm__add__int
apply (rule ext)+
subgoal for z y
by (cases x; cases y) auto
done

definition
fw_upd’ _intmkij=
Refine_Basic. RETURN
(op_mitx_set m (i, j)
(min (op_mtx_get m (i, §)) (dbm__add_int (op_mtx_get m (i, k)) (op_mtz_get m (k,
)

definition
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fw_upd_impl_int n = Xai bib bia bi. do {
za < miz_get (Suc n) ai (bia, bib);
zb < miz_get (Suc n) ai (bib, bi);
z + miz_get (Suc n) ai (bia, bi);
let e = (dbm__add_int za xb);
if e < x then mtx_set (Suc n) ai (bia, bi) e else Heap Monad.return ai

}

lemma fw_upd_impl_int_eq:
fw_upd_impl_int = fw_upd_impl
unfolding fw_upd impl_int_def fw_upd_impl def
unfolding dbm__add_int add
unfolding Let def ..

definition
fw_impl_int n =
imp_for’ 0 (n + 1)
(Azb. imp__for’ 0 (n + 1)
(Azd. imp_for’ 0 (n + 1) (Naf o’ fw_upd_impl_int n o’ xb zd zf)))

lemma fw_impl’ _int:
fw_impl = fw_impl_int
unfolding fw impl_def fw_ impl int_def
unfolding fw upd_impl_int_eq ..

context UPPAAL_ Reachability Problem__precompiled_ defs’
begin

definition run_impl program pc s = exec program maz_steps (pc, ||, s, True, []) ||

lemma runf impl:
runf = run__impl PF
unfolding runf def run_impl _def ..

lemma runt_impl:
runt = run__impl PT
unfolding runt_def run__impl_def ..

definition
make__cconstr_impl program pcs =
List.map_filter
(Apc. case program pc of None = None | Some (INSTR z) = Map.empty x
| Some (CEXP ac) = Some ac)
pes

lemma make_cconstr__impl:
make__cconstr = make__cconstr_impl PROG
unfolding make_cconstr_def make_cconstr_impl_def ..

definition
check__g _impl programf program pc s =
case run__impl programf pc s of None = None
| Some ((z, za, b, True, xc), pcs) = Some (make__cconstr_impl program pcs)
| Some ((z, xa, zb, False, xc), pcs) = None
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lemma check g impl:
check_g = check_g_impl PT PROG'
unfolding check g impl_def check_ g def runt_impl PROG'_PROG make__cconstr_impl ..

definition
make__reset__impl program m1 s =
case run__impl program ml1 s of

Some ((_, , _,_,rl),_)=rl
| None = |

lemma make_reset_impl:
make__reset = make_reset_impl PF
unfolding make_reset def make_reset _impl_def runf impl ..

definition
check__pred__impl program bnds L s =
list_all
(Aq. case run__impl program (pred ! ¢! (L! q)) s of None = False
| Some ((z, za, xb, f, xc), zd) =
A (Vi<length s. fst (bnds ! i) < s! i A s! i< snd (bnds!! 7))
[0..<p]

lemma check_pred_impl:
check__pred = check_pred_impl PF (IArray bounds)
unfolding check_pred__def check pred_impl_def runf impl bounded’ def ..

definition
pairs__by__action__impl pf pt porig bnds = X\ (L, s) OUT. concat o
map (A (i, g1, a, m1, 11). List.map_ filter
(A (4, 92, a, m2, 12).
if i = j then None else
case (check__g_impl pt porig g1 s, check g _impl pt porig g2 s) of
(Some ccl, Some cc2) =
(case run__impl pf m2 s of

Some ((_, ,s1, ,r2), )=
(case run_impl pf m1 s1 of
Some (( 0 5/7 — _)7 —) =

if check_pred_impl pf bnds (L[i := 11, j :=12]) s’
then Some (ccl Q cc2, a, make_reset_impl pf m1 s Q r2, (L[i := 11, j := 2], s'))
else None
| _ = None)
| _ = None)
| _ = None

)
ouUT)

lemma pairs by _action__impl:
pairs_by_action = pairs_by_action_impl PF PT PROG’ (IArray bounds)
unfolding pairs by action_ def pairs by action__impl _def
unfolding check g impl make_reset_impl check__pred_impl runf impl ..
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definition
all_actions_by_ state__impl upt_p empty_ran i L =
fold (Mia. actions_by_state ia (i !! ia ! (L ! ia))) upt_p empty_ran

lemma all _actions by _state_impl:
all_actions_by_state = all_actions_by_state_impl [0..<p] (repeat [] na)
unfolding all actions by state def all _actions by _state_impl_def ..

definition
trans_1i_from__impl programf programt program bnds trans_i_array =
ML, s) i.
List.map__filter
(Mg, a, m, I').
case check__g__impl programt program g s of None = None
| Some cc =
(case run__impl programf m s of None = None
| Some ((zz, za, s', xb, r), xc) =
if check__pred_impl programf (IArray bounds) (L[i := 1']) s’
then Some (cc, a, v, L[i :== 1], s') else None))
(trans_i_array ! ¢ !! (L ! 7))

lemma trans i from_impl:
trans_i_from = trans_i_from_impl PF PT PROG' (IArray bounds) (IArray (map IArray
trans_i_map))
unfolding trans ¢ from_ def trans_1_from__impl_def
unfolding check g impl runf impl check_pred_impl ..

end

context UPPAAL_Reachability Problem__precompiled’
begin

lemma PF alt_def:
PF = (X pe. if pc < length prog then (IArray (map (map__ option stripf) prog)) ! pc else None)
unfolding stripfp_ def PROG’ _def by auto

lemma PT alt_def:
PT = (X pe. if pc < length prog then (IArray (map (map__option stript) prog)) !! pc else None)
unfolding striptp_ def PROG' _def by auto

schematic__goal reachability checker _alt_def refined:

reachability__checker = %impl

unfolding reachability_checker _alt _def

unfolding fw_impl’ int

unfolding inv_fun_def trans_fun_ def trans s fun_ def trans _i_fun_ def

unfolding trans i _from__impl

unfolding runf impl runt_impl check g impl pairs by action__impl check pred_impl

apply (abstract_let IArray (map IArray inv) inv)

apply (abstract_let IArray (map IArray trans_out _map) trans_out_map)

apply (abstract_let IArray (map IArray trans_in_map) trans_in_map)
apply (abstract_let IArray (map IArray trans_i_map) trans_i_map)
apply (abstract_let IArray bounds bounds)
apply (abstract_let PF PF)
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apply (abstract_let PT PT)

unfolding PF alt def PT alt_def

apply (abstract_let PROG' PROG")

unfolding PROG'_def

apply (abstract_let length prog len__prof)

apply (abstract_let IArray (map (map__option stripf) prog) prog_f)
apply (abstract_let IArray (map (map__option stript) prog) prog_t)
apply (abstract_let IArray prog prog)

unfolding all _actions by state impl

apply (abstract_let [0..<p])

apply (abstract_let [0..<nal)

apply (abstract_let {0..<p})

apply (abstract_let [0..<m+1])

by (rule Pure.reflexive)

end

5.2 Check Preconditions

context UPPAAL_ Reachability Problem__precompiled__defs
begin

abbreviation
check_nat_subs =V (_, d) € clkp_set’. d > 0

lemma check nat_subs:
check_nat_subs <— snd ‘ clkp_set’ C N
unfolding Nats def apply safe
subgoal for _ __ b using rangel|of int nat b] by auto
by auto

definition
check_resets =V x c. Some (INSTR (STOREC c¢ 1)) € set prog — x = 0

lemma check_resets alt_def:
check__resets =
(V (c, z) € collect_store. x = 0)
unfolding check resets def collect store_def by auto

definition
check_pre =
length inv = p A length trans = p A length pred = p
A (V i < p. length (pred ! i) = length (trans ! i) A length (inv ! ) = length (trans ! 7))
AN T € settrans. VY as € set T. ¥ (_, _, _, 1) € set ws. | < length T)
Ap>0Am>0
ANV i<p trans!i#[) NN g<p. trans! qg! 0 #]])
A check_nat_subs A clk_set’ = {1..m}
N check_resets

lemma finite_ clkp__set'[intro, simp):
finite clkp__set’
unfolding clkp set’ def
using [[simproc add: finite_ Collect]]
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by (auto intro!: finite_vimagel simp: inj _on_ def)

lemma check_pre:
UPPAAL_Reachability Problem__precompiled p m inv pred trans prog «— check_pre
unfolding
UPPAAL__Reachability _Problem__precompiled__def
check_pre_ def check nat_subs check resets def
by auto

end

context UPPAAL_ Reachability Problem__precompiled__ defs

begin
context

fixes k :: nat list list list
begin

definition

check__ceiling =
UPPAAL_ Reachability Problem__precompiled__ceiling _axioms p m maz_steps inv trans prog

lemma check axioms:
UPPAAL_Reachability Problem__ precompiled__ceiling p m mazx__steps inv pred trans prog k
+— check_pre N check__ceiling

unfolding UPPAAL__ Reachability_ Problem__precompiled__ceiling _def check__pre check__ceiling _def
by auto

end
end

lemmas [code] =
UPPAAL_Reachability Problem__precompiled__defs.collect_cexp_alt_def
UPPAAL_Reachability Problem__precompiled__defs.collect_store_alt_def
UPPAAL_ Reachability Problem__precompiled__defs.check__resets alt_def

export__code UPPAAL_Reachability Problem_ precompiled__defs.collect_cexp in SML mod-
ule__name Test

lemmas [code] =
UPPAAL__ Reachability _Problem__precompiled__defs.check__pre
UPPAAL _Reachability Problem_ precompiled__defs.check _axioms
UPPAAL_Reachability _Problem__precompiled__defs.clkp _set’ _alt_def
UPPAAL__Reachability _Problem__precompiled__defs.clk__set’ _alt_def
UPPAAL_Reachability Problem__precompiled__defs.check pre_ def
UPPAAL_ Reachability Problem__precompiled__defs.check__ceiling__def
UPPAAL_ Reachability Problem__precompiled__defs.init__def

lemmas [code] =

UPPAAL_ Reachability _Problem__precompiled__defs’.trans _out_map_def
UPPAAL_ Reachability _Problem__precompiled__defs’.trans_in_map_ def
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UPPAAL__ Reachability _Problem__precompiled__defs’.trans_1_map_ def
UPPAAL _Reachability Problem__precompiled__defs’.all_actions by _state def
UPPAAL__Reachability _Problem__precompiled__defs’.actions_ by _state_def
UPPAAL__Reachability _Problem__precompiled__defs’.pairs_by _action__def

code_ pred clock _wval_a .

concrete__definition reachability checker _impl
uses UPPAAL_Reachability Problem__precompiled’.reachability _checker _alt__def refined

lemmas [code] =
UPPAAL_ Reachability_Problem__precompiled__defs’.make__cconstr__def
UPPAAL _Reachability Problem__precompiled__defs’.make__reset_def
UPPAAL _Reachability_ Problem_ precompiled__defs’.check__pred_ def
UPPAAL__Reachability _Problem__precompiled__defs’.check_ g def
UPPAAL_ Reachability _Problem__precompiled_defs’.runf def
UPPAAL_ Reachability__Problem__precompiled__defs’.runt__def
UPPAAL_ Reachability Problem__precompiled__defs. PROG_def

lemmas [code] =
UPPAAL_Reachability _Problem__precompiled__defs.P__def

lemma exec_code[code]:
exec prog n (pc, st, m, f, rs) pcs =
(case n of 0 = None
| Suc n =
(case prog pc of None = None
| Some instr =
if instr = HALT
then Some ((pc, st, m, f, rs), pc # pcs)
else
(case UPPAAL__Asm.step instr (pc, st, m, f, rs) of
None = None | Some s = exec prog n s (pc # pcs))))
by (cases n) auto

lemmas [code] =
UPPAAL__Reachability _Problem__precompiled’ _axioms def
UPPAAL__ Reachability _Problem__precompiled’ _def
pred__act__def

definition
init_pred__check = X p prog maz__steps pred sg.
(v g <p.
case (exec
(stripfp (UPPAAL__Reachability _Problem__precompiled__defs. PROG prog))
max,__steps
((pred ! q ! (UPPAAL_ Reachability_Problem__precompiled__defs.init p ! q)), [], so, True,

)

of Some ((pc, st, s’, True, rs), pcs) = True | _ = Fulse)

definition
time__indep__checkl = X pred prog maz__steps.
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(Vz€set pred. V pcEset x. time__indep__check prog pc max__steps)

definition

time__indep__check2 = X trans prog maz_ steps.

(V Teset trans. Vascset T. ¥V (_, _, pc_u, )Eset xs. time_indep _check prog pc_u maz__steps)
definition

conjunction__check2 = X trans prog max__steps.

(V Teset trans. ¥V xs€set T. Y (pc_g, __, _, __)Eset zs. conjunction__check prog pc__g maz__steps)

lemma start_pred[code]:

UPPAAL_Reachability_Problem__precompiled _start _state__azioms = (\ p maz__steps trans prog
bounds pred sg.

init__pred_check p prog maz__steps pred sq

A bounded bounds sg

A time__indep__checkl pred prog max__steps

A time__indep__check2 trans prog max__steps

A conjunction__check2 trans prog maz_steps

unfolding UPPAAL__ Reachability Problem__precompiled__start_state__axioms__def

unfolding init_pred_check def bounded__def time__indep_checkl def time__indep__check2 def
conjunction__check?__def

apply (rule ext)+

apply safe

apply (fastforce split: option.split_asm bool.split_asm,)

subgoal premises prems
using prems(1,7) by (fastforce split: option.split_asm bool.split_asm)

done

export__code UPPAAL_ Reachability Problem_ precompiled__start_state__axioms

context UPPAAL_Reachability Problem__precompiled__ defs
begin

lemma collect__store’’ _alt_def:
collect__store'" pc =
case find_resets_start prog pc of
None = {} |
Some pc’ =
U (
(A emd. case emd of Some (INSTR (STOREC ¢ z)) = {(¢, ©)} | _ = {}) ¢

((Y) prog) “{pc .. pc'}

unfolding collect_store’ _def
apply (rule eq_reflection)
apply safe
subgoal
apply (simp del: find_resets start.simps split: option.split _asm)
by (auto intro: sym introl: bexl split: option.split)
subgoal
apply (clarsimp simp del: find_resets start.simps split: option.split_asm)
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by (auto intro: sym split: instrc.split_asm instr.split_asm)
done

lemma collect__cexp’ alt_def:
collect__cexp’ pc =
U ((A emd. case emd of Some (CEXP ac) = {ac} | _ = {}) °
((1) prog) ‘ steps__approx maz__steps prog pc
)

unfolding collect cexp’ def
by (auto 4 3 introl: eq reflection bexl intro: sym split: option.splits instrc.split_asm)

end

lemmas [code] =
UPPAAL__Reachability _Problem__precompiled_defs'. PROG'_def
UPPAAL_Reachability Problem_ precompiled_start state def
UPPAAL_ Reachability _Problem__precompiled__ceiling _azxioms__def
UPPAAL__ Reachability Problem__precompiled__defs.N__def
UPPAAL_Reachability _Problem__precompiled__defs.collect_store’’ _alt_def
UPPAAL__Reachability _Problem__precompiled__defs.clkp_set' _def
UPPAAL__Reachability _Problem__precompiled__defs.collect _cexp’ alt_def
UPPAAL__ Reachability _Problem__precompiled__defs’.pairs_by action__impl_def
UPPAAL_ Reachability_Problem__precompiled__defs’.make__reset__impl_ def
UPPAAL_ Reachability_Problem__precompiled_ defs’.check__g_impl_ def
UPPAAL_Reachability _Problem__precompiled__defs’.run__impl_def
UPPAAL__Reachability _Problem__precompiled__defs’.make__cconstr_impl_def
UPPAAL_ Reachability__Problem__precompiled__defs’.check_pred_impl_def
UPPAAL__ Reachability_Problem__precompiled__defs’.all_actions_by_ state_impl_def
UPPAAL__Reachability _Problem__precompiled__defs’.trans_i_ from__impl_ def

lemmas [code] =
Equiv_TA_ Defs.state_ta_def Prod_TA_Defs.N_s def Product TA Defs.states def

export__code UPPAAL Reachability Problem__precompiled’ _azioms in SML module__name
Test

export__code UPPAAL_Reachability Problem__precompiled’ in SML module__name Test

hide_ _const check and_ verify

definition [code]:
check__and_wverify p m k maz__steps I T prog final bounds P sy na =
if UPPAAL__Reachability_Problem__precompiled’ p m maz_steps I T prog bounds P sy na k
then
reachability _checker _impl p m maz_steps I T prog bounds P sy na k final
>= (A z. return (Some z))
else return None

abbreviation N = UPPAAL_ Reachability_ Problem__precompiled__defs.N

theorem reachability check:
(uncurry0 (check _and_verify p m k max_steps I T prog (formula.EX formula) bounds P sg
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na),
uncurry0 (
Refine_Basic. RETURN (
if UPPAAL__Reachability Problem__precompiled’ p m max_steps I T prog bounds P sq na

then Some (
if Vu. Vee{l.m}. uc=0)— ¥V i<p uk conv_cc(I!i!0)))
then
if
(
F3L s"uu'
conv (N p I P T prog bounds) b, ax_steps
(repeat 0 p, so, u)y —* (L', s’ u')
AV ce{l.m}. uc=0)A check_bexp formula L' s’

then REACHABLE
else UNREACHABLE
else INIT INV_ERR
)
else None
)
)
)

€ unit_assn® —, id_assn
proof —
define A where A = conv (N p I P T prog bounds)
define start _inv where
start_inv = Vu. (Vee{l.m}. uc=0) — V i < p.uk conv_cc (I'!i!0)))
define reach where
reach =
ILs"uu
A b, ax_steps
(repeat 0 p, so, u) —x (L', s’ u’)
ANV ce{1.m}. uec=0)A check_bexp formula L" s’
note [sep_heap_rules] =
UPPAAL_ Reachability Problem__precompiled’.reachability _checker _hoare’
[ OF _ HOL.refllof formula.EX formulal,
unfolded UPPAAL__Reachability Problem__precompiled__defs.init_ def,
of p m max__steps I T prog bounds P sy na k,
unfolded A__def[symmetric] start_inv_def[symmetric| reach__def[symmetric]
]
show ?thesis
unfolding A_ def[symmetric] start_inv_def[symmetric] reach__def[symmetric]
unfolding check_and_verify def
by sepref to__hoare (sep__auto simp: reachability_checker _impl.refine[symmetric])
qed

export__code open
check__and__verify init_pred__check time__indep__checkl time__indep_checkl conjunction__check?2
checking SML_imp

end

theory UPPAAL Model Checking
imports
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UPPAAL_ State_ Networks__Impl_Refine
Munta__Base. TA__More
Munta_Base.Abstract_ Term

begin

hide__const models

inductive step_u’ :
('a, 't iz time, 's) unta = nat = ’s list = int list = (nat, 't) cval
= 's list = int list = (nat, 't) cval = bool
(F (., ., Y= (., . )[61,61,61,61,61,61] 61) where
AR (L, s, u)y = (L, s", u"y if
Ab, (L, s, u) = pe (L', 8"y u'y a # Del Aty (L', s, u') =4 (L") 8", u'")

inductive steps _un’ :
("a, 't i time, 's) unta = nat = 's list = int list = (nat, 't) cval
= 's list = int list = (nat, 't) cval = bool
(., ., Yy—-x(,_,_ )][61,61,61,61,61,61]61)
where
refli AF™ (L, s, u) —* (L, s, u) |
step: AE™ (L, s, u) =>x (L', s, u) = A" (L, s', u) — (L", s", u")
= AF" (L, s, u) =x (L", s" u")

declare steps_un'.intros[intro]

lemma stepl2:
AFE"Y (L, s, u) == (L, s" u"y if
AEY (L) s u'y =« (L") 8", u'y A" (L, s, u) — (L, s', u')
using that by induction auto

context Fquiv_ TA
begin

lemma prod_correct’ _action:
(3 a. defs.prod_ta b ((L, 8), u) =4 ((L, s), u)) =
(3 a. state_ta b (L, s, u) =4 (L', 8, u’) A a # Del)
apply standard
subgoal
by (blast elim: prod.prod__sound’ _action)
apply clarify
subgoal for a
apply (cases a; simp; erule prod.prod__complete_silent prod.prod__complete_sync, fast)
done
done

lemma prod__correct’ _delay:
(3 d. defs.prod_ta & (L, s), u) = (L', s"), u')) =
state_ta b (L, s, u) = pe (L7, s', u')
by (blast dest: prod.prod_sound’ _delay elim: prod.prod__complete__delay)

lemma equiv__correct:

state_ta b (L, s, u) =4 (L', 8, u’) = A, (L, s, u) =4 (L7, s, u)
by (blast intro!: equiv_sound equiv__complete)
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lemma prod_correct__action:
(3 a. defs.prod_ta b ((L, s), u) =4 ((L', s), u)) =
(3 a. Ak, (L, s, u) =4 (L', s, u') A a # State_ Networks.label.Del)
unfolding prod_correct’ _action equiv__correct ..

lemma prod_ correct delay:
(3 d. defs.prod_ta - (L, s), u) =4 (L', s), u')) =
Ab, (L, s, u) = pe (L7, s/, u')
unfolding prod_ correct’ _delay equiv_correct ..

lemma prod_ correct:
defs.prod_ta & ((L, s), u) — (L', s'), u') =
(3 a. Ab, (L, s, u) =4 (L', s', u'))
apply standard
subgoal
using prod__correct__action[of u L' s" u'| prod_correct_delaylof w L' s" u/]
Timed__Automata.step.cases by metis
subgoal
apply clarify
subgoal for a
apply (cases a)
using prod__correct _action[of u L’ s’ u'] prod__correct_delay[of u L' s’ u’]
Timed__Automata.step.intros apply metis+
done
done
done

context
assumes (0 < p
begin

lemmas equiv__complete’ = equiv_complete’|[OF _ <0 < p)]

definition
all_prop L' s’ =
(V g<p. Ipc st 8" rs pes.
exec PEFn (I q) (L'! q), ], s, True, []) [| =
Some ((pe, st, 8", True, rs), pcs)

) A bounded B s" N\ L' € defs.states” s" [0 MmN i v 8y

lemma step u_inv:
all_prop L' s"if A b, (L, s, u) =4 (L', s, u)
using equiv__complete’’[OF that] equiv__complete’|OF that] unfolding all prop_def by auto

lemma step_inv:
all_prop L' s'if state_ta - (L, s, u) —4 (L', s, u')
using step_u__inv[OF equiv_sound[OF that]] .

lemma Equiv TA I:

Equiv_TA A n L' s"if x[unfolded all_prop_def]: all_prop L' s’
using * by — (standard, auto introl: pred_time_indep upd_time_indep clock__conj Len)
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lemma step_u’ inv:
all_prop L s"" N defs.prod_ta &' (L, s), u) — ((L”, s"), u"’)
if AF™ (L, s, u) = (L", s", u")
using that proof cases
case prems: (1 L' s’ u’)
from step__u_inv[OF prems(1)] have *[unfolded all_prop__def]: all_prop L' s’ .
interpret equiv: Fquiv TA A n L' s’
using Fquiv_TA_I[OF step_u_inv[OF prems(1)]] .
from equiv.step_u_inv[OF <0 < p» prems(3)] show ?thesis
using prems prod__correct_delay[of u L' s’ u'] equiv.prod__correct_action]of u’ L s"" u"]
Timed__Automata.step’.intros
by metis
qed

lemma step’ inv:
all_prop L' s"" N AF" (L, s, u) — (L", s", u”)
if defs.prod_ta V' {(L, s), u) — ((L", s"), u'’)
using that proof cases
case prems: (step’ d ' u' a)
obtain L’ s’ where I’ = (L’, s')
by force
from step_inv prod__correct’ _delay prems(1) have x:
all_prop L' s’
unfolding ¢/’ = _» by fast
interpret equiv: Equiv._ TA A n L’ s
by (rule Equiv_TA_I[OF «])
from equiv.step__inv[OF <0 < py] equiv.prod__correct’ _action prems(2)[unfolded <!’ = _>»] have
all_prop L' s"
by metis
then show ?thesis
using prems prod__correct__delay[of u L' s’ u'] equiv.prod__correct__action]of u’ L s"" u"]
step_u'.intros
unfolding ¢’ = _» by metis
qed

!

lemma prod_correct_step’:
defs.prod_ta ' ((L, s), uy — (L', 8'), u’) =
AF" (L, s, u) — (L', s, u')
using step’_inv step_u’_inv by blast

lemma all_prop_ start:
all_prop L s
using Fquiv_TA_azioms unfolding FEquiv_TA_ def all _prop def by auto

lemma steps v’ inv:
all_prop L s"" A defs.prod_ta F' ((L, s), u) —* ((L", s"), u"’)
if A" (L, s, u) = (L, s" u'’)
using that
proof (induction A= An=nL=Ls=sul"”s"u")
case (refl u)
show ?case using all prop_start by auto
next
case (step u L' s’ u' L" s"" u'")
then interpret equiv: Equiv_TA A n L's

/
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by (blast intro: Fquiv_TA_I)
from equiv.step_u’_inv[OF <0 < p) step.hyps(3)| step.hyps(1—2) show Zcase
by (blast intro: steps’ _altl)
qed

lemma steps’ inv:
all_prop L' s N A" (L, s, u)y —x (L") s", u'"’)
if defs.prod_ta ' {(L, s), u) == ((L", s""), u'")
using that all_prop_ start
proof (induction defs.prod_ta (L, s) u (L, s’") u'" arbitrary: L s)
case (refl’ u)
then show ?Zcase using all _prop start by auto
next
case (step’ uwl’ ' u" L s)
obtain L’ s’ where I’ = (L’ s') by force
from step’ interpret equiv: Equiv_TA An L s
by (blast intro: Fquiv_TA_I)
from equiv.step’ _inv[OF <0 < p» step’(1)[unfolded <I' = _>]] step’(3)[OF I’ = _»] show ?case
by (auto intro: stepl2)
qed

lemma steps un’_complete:
defs.prod_ta v ((L, s), u) == ((L", '), u""
if AF™ (L, s, u) = (L, 8" u')
using steps_u’_inv|OF that] ..

lemma steps’_sound:
AF" (L, s, u)y —* (L, s", u”
if defs.prod_ta ' ((L, s), u) == ((L", "), u'’)
using steps’_inv[OF that] ..

lemma prod_reachable__correct:
defs.prod_ta F' ((L, s), u) == (L', s), u’) +— A" (L, s, u) —=* (L', ', u’)
using steps’ _sound steps _un’_complete by fast

lemma Bisimulation Invariant I:

Bisimulation Invariant

A (L, s, w) (L', s/, u'). defs.prod_ta ' {(L, s), u) — (L', '), u))
A(L, s, u) (L) s, u). AF™ (L, s, u) = (L', s', u’))
=)
A (L, s, u). all_prop L s)
A (L, s, w). all_prop L s)
apply (standard; clarsimp)
apply (simp add: Equiv_TA.prod__correct_step’ Equiv_TA_ I <0 < py)+
using Fquiv_TA.step_u’ inv Equiv_TA I <0 < p> apply blast+
done

(
(
(
(
(

interpretation Bisimulation_ Invariant
A (L, s, u) (L7, s', w'). defs.prod_ta ' {(L, s), uy — ((L', '), u”)
A(L, s, u) (L, s’y u). A" (L, s, u) = (L', s, u’
(=)
A (L, s, u). all_prop L s
A (L, s, w). all_prop L s
by (rule Bisimulation_ Invariant_I)
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end
end

definition models (_, = _ [61,61] 61) where
Asag En © = (case @ of
formula. EX ¢ =
Graph__Defs.Ex__ev
AN (L, s, u) (L', s', u'). A" (L, s, u)y = (L', ', u)))
(X (L, s, ). check_bexp ¢ L s)
| formula. EG ¢ =
Graph__Defs.Fx__alw
A (L, s, u) (L', s', u'). A" (L, s, u)y = (L', s', u)))
(A (L, s, _). check_bexp ¢ L s)
| formula.AX ¢ =
Graph__Defs. Alw__ev
(N (L, s, uw) (L', s, u). A" (L, s, uy — (L', ', u'))
(M (L, s, _). check_bexp ¢ L s)
| formula.AG ¢ =
Graph__Defs. Alw__alw
(N (L, s, uw) (L', 8", u). A" (L, s, u)y — (L', ', u'))
(A (L, s, _). check_bexp ¢ L s)
| formula.Leadsto ¢ v =
Graph__Defs.leadsto
A (L, s, u) (L7, s', u'). A" (L, s, u)y = (L', ', u)))
(A (L, s, _). check_bexp ¢ L s)
(M (L, s, ). check_bexp i L s)
) ao

definition
has_deadlock A n ag =
Graph__Defs.deadlock (A (L, s, u) (L', s’, u’). AF" (L, s, uy — (L', s', u’)) ag

lemmas models_iff = models_def[unfolded Graph_Defs.Ex_alw_iff Graph_ Defs.Alw__alw__iff]

context Reachability_Problem
begin

lemma reaches steps”:
reaches (1, u) (I, u’) «— conv_A AV’ (I, u) == (I', u))
apply standard
subgoal premises prems
using prems by (induction (I, u) (I, u') arbitrary: I’ ') (auto intro: steps’ altl)
subgoal premises prems
using prems by induction (auto intro: converse_rtranclp_into_rtranclp)
done

lemma clocks I:
(V c.c€clk_set (conu AA) —uc=u"¢c)ifVce{l.n} uc=u'c

unfolding clk_set conv_A using clocks n using that by auto

lemma init_dbm_ reaches iff:
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(3 u € [curry init_dbm]ypn. 3 w'. conv_ A AF' (I, u) == (I, u))
«— ([curry (indt_dbm :: real DBM')]yn # {} A
(V u € [curry init_dbm]y pn. 3 u’. conv_ A A F' (I, u) —* (', u')))

proof —
interpret ta_bisim: Bisimulation_ Invariant
(Al w) (U, u'). conu_ A AF (I, uy — (I, u'))
A, w) (I, u). conu_ A A (I, u)y = (I, u'))
AW w) (U, u). UV =1AN ¢ cé€clk _set (conu A A) — uc=u'c))
(A_. True) (A_. True)
by (rule ta_bisimulation[of conu_A A])
show ?thesis
apply safe
apply force
subgoal for u! u’ u2
unfolding init_dbm__semantics reaches__steps'[symmetric]
apply (drule ta_bisim.A_ B.simulation__reaches[of _ __ (lo, u2)])
subgoal
using clocks_I[of ul u2] by fastforce
by auto
subgoal for u
by blast
done
qed

theorem reachable__decides emptiness new:
(3 D" E** ag (I', D') A [curry (conv_M D')]yn # {})
«— [eurry (init_dbm :: real DBM')|yn # {} N
(V u € [curry init_dbm]y pn. 3 u’. conv_ A A F' (I, u) —* (', u'))
unfolding reachable decides emptiness init__dbm,_ reaches iff ..

lemma reachable_decides emptiness’ new:
(3 D'. E** ag (I, D) A [eurry (conv_M D)y n # {})
— VM u (Vee{l.n)uc=0) — (3 u" conu_A AF'(ly, uy == (I, u')))
unfolding reachable decides emptiness new
using init_dbm_ semantics’ init_dbm__semantics'’ init_dbm__non__empty by blast

lemma reachability check new aux:
(3 D'. E** ag (I, D) A [eurry (conv_M D)y n # {} AN F'1')
+— NV u (Vee{l.n}uc=0)— (T u' conu_A AF' (lp, u) —==* (', u) N F 1))
using reachable__decides__emptiness’_new[of l'] by fast

theorem reachability check new:
(3 D E** ao (I', D) N F_rel (I', D))
— VMu (Vee{l.n)uc=0) — (3 v conu_A AF'(lp, uy ==+ (I, u’)y N F1'))
using reachability__check_new__aux[of I] check _diag_empty spec reachable__empty check__diag
unfolding F'_rel def by auto

lemma init_state in_state set:
lo € state_set (trans_of A) if = deadlock (lo, ug)
proof —
obtain [ v where conu_A A F' (ly, up) — (I, u)
using <= deadlock _» unfolding deadlock def deadlocked def by force
then have [y € state_set (trans_of (conu_A A))
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unfolding state_set_ def
by cases (auto elim!: step__a.cases step_t.cases)
then show ?thesis
unfolding state_set_def unfolding trans of def conv_A_ def by (cases A) force
qed

lemma init_state in_state_set’:
lo € state_set (trans_of A) if (Yug. (Vce{l..n}. ug ¢ = 0) — = deadlock (ly, uo))
using init_state in_ state set that by auto

end

context Reachability Problem__ Impl
begin

context

fixes Q :: 's = bool and Q_fun

assumes Q_fun: (Q_fun, Q) € inv_rel loc_rel states’
begin

lemma leadsto spec_refine:
leadsto__spec__alt Q
< SPEC (Ar. -1 «—
(Fz. (Na b. E_op".E_from_op a b A = check_diag n (snd b))** (ly, init_dbm) z A
F (fstz) A Q (fst x) A
(Fa. (Aa b. E_op”.E_from_op a b A = check_diag n (snd b) A Q (fst b))** z a A
(XAa b. E_op" . E_from_op a b A\ — check_diag n (snd b) A Q (fst b))™+ a a)
)

proof —
have *:
Az y. (case y of (I', M) = E_op".E_from_op z (I', M') A = check_diag n M") A
= (case y of (I, M) = check_diag n M))
= (Xab. E_op”.E_from_op a b A — check_diag n (snd b))
by (intro ext) auto
have *x:
Az y. (casey of (I', M) = E_op".E_from_op z (I', M') A = check_diag n M") A
(case y of (I, M) = Q1) A — (case y of (I, M) = check_diag n M))
= (Xab. E_op”.E_from_op a b A — check_diag n (snd b) A Q (fst b))
by (intro ext) auto
have xxx: = check_diag n b
if (Ma b. E_op”.E_from_op a b A = check_diag n (snd b))** ag (a, b) for a b
using that by cases (auto simp: ao__def)
show ?thesis
unfolding leadsto__spec__alt_def[OF Q__fun]
unfolding PR__CONST _def ao__def[symmetric] by (auto dest: skx simp: x %)
qed

lemma leadsto_impl _hnr'"
(uncurry0
(leadsto__impl state__copy__impl
(succs _P_impl’ Q_fun) ag__impl subsumes__impl (return o fst)
suces__impl’ emptiness__check_impl F_impl (Q_impl Q_fun) tracei),
uncurry0
(SPEC
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(Ar. (Vug. (Vee{l..n}. ug ¢ = 0) — = deadlock (ly, ug)) —
- 7”) =
(Vug. Vee{l..n}. up ¢ = 0) —
leadsto (A\(1, w). F 1) (A(l, w). = Q1) (lp, up)))))

k . bool assn

€ unit_assn
proof —
define p! where pI =
(Fz. (Na b. E_op".E_from_op a b A = check_diag n (snd b))** (ly, init_dbm) z A
F (fstz) A Q (fst x) A
(a. (Aa b. E_op”.E_from_op a b A\ = check_diag n (snd b) A Q (fst b))** z a A
(Xa b. E_op".E_from_op a b A — check_diag n (snd b) A Q (fst b))™ a a))
define p2 where p2 = (Vug. (Vce{l..n}. ug ¢ = 0) — — deadlock (ly, ug))
define p3 where
p8 = Vug. (Vee{l..n}. ug ¢ = 0) — leadsto (A\(I, u). F 1) (A, u). = Q1) (ly, uo))
show ?thesis
unfolding state_ set_eq[symmetric]
using Reachability_ Problem__Impl_Op.leadsto__impl_hnr[OF Reachability_Problem__Impl_Op__azioms,
OF @ _fun precond__ay,
FCOMP leadsto__spec_refine]l THEN Id_SPEC _refine, THEN nres_rell|, to__hnr, unfolded
hn__refine_def,
of show__state show__clock
]
using init_state in_ state set’
using leadsto_mc[of F Q)]
unfolding p1_def[symmetric] p2_def[symmetric] p3_def[symmetric|
apply (simp del: state_set_eq)
apply sepref to_hoare
apply sep__auto
apply (erule cons_post_rule)
apply sep__auto
done
qed

end
end

context UPPAAL_ Reachability Problem_ precompiled’
begin

lemma F_reachable_correct’ new:
impl.op.F_reachable
+— 3L s Vu (Mce{l.mbuc=0)— (3 u.
conv_A A F' ((init, so), uy —* (L', s’), u’
A check_bexp ¢ L' s')
) if formula = formula. EX ¢
using
that E_op”.E_from__op__reachability_check[of F_rel PR_CONST (A(z, y). F z y)]
reachability__check__new
unfolding impl.E_op F reachable E_op’.F _reachable def E_op'.reachable def
unfolding F' rel def unfolding F_def by force

lemma F_reachable_correct’ new':
impl.op.F_reachable
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+— 3L s Vu (Mce{l.mbuc=0)— (3 u.
conu_A A F' ((init, so), uy —* (L', '), u’
A = check_bexp ¢ L' s)
) if formula = formula.AG ¢
using
that E_op" . E_from__op__reachability__check[of F_rel PR_CONST (A(z, y). F z y)]
reachability__check__new
unfolding impl.E_op F reachable E_op'".F_reachable_def E_op''.reachable_def
unfolding Frel def unfolding F_def by force

lemma F_reachable _correct__new:
impl.op.F_reachable
+— 3L s VYu Mce{l.mpbuc=0)— (3 u.
conv N F"az_steps (init, so, u) —* (L', s/, u')
A check_bexp o L' s")
) if formula = formula.EX ¢
unfolding F_reachable__correct’ _new|[OF that)
apply (subst product’.prod_reachable__correct|symmetric))
using prod_conv p_p p_gt 0 by simp+

lemma F_reachable__correct _new':
impl.op.F_reachable
+— 3L s Vu (Mce{l.mbuc=0)— (3 u.
conv N F"az_steps (init, so, u) —* (L', s, u')
A = check_bexp ¢ L' s')
) if formula = formula. AG ¢
unfolding F_reachable__correct’ _new'|OF that]
apply (subst product’.prod__reachable__correct|symmetric))
using prod_conv p_p p_ gt 0 by simp+

definition
Alw_ev_checker = dfs_map_impl’
(impl.succs_P_impl’ final_fun) impl.ag__impl impl.subsumes__impl (return o fst)
impl.state__copy__impl

definition
leadsto__checker ¢ = do {
r < leadsto__impl
impl.state__copy__impl (impl.succs_P_impl’ (A (L, s). = check_bexp ¢ L s))

impl.ao__impl impl.subsumes__impl (return o fst)
impl.succs_impl’ impl.emptiness _check__impl impl.F_impl
(impl.Q_impl (X (L, s). = check_bexp ¢ L s))

impl.tracet;

return (= )

}

definition
model__checker = (
case formula of
formula.EX __ = reachability_checker’ |
formula.AG _ = do {
r < reachability checker’;
return (- 1)
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H
formula.AX _ = do {

r < if PR_CONST (A=, y). F z y) (init, so)
then Alw _ev checker
else return False;
return (= )
I
formula. EG __ =
if PR_CONST (A(z, y). F'z y) (init, so)
then Alw _ev checker
else return False |
formula.Leadsto __ 1 = leadsto__checker 1

)

lemma p’ gt 0:
0 < defs’.p
unfolding p_p by (rule p_gt_0)

interpretation Bisim__A: Bisimulation_ Invariant
(ML, s, u) (L', s', u').
defs’.defs.prod_ta &' ((L, s), u) — (L', s’), u)
(ML, s, u) (L', s', u).
conv N F"az_steps (L, s, u)y — (L', s', u’))
(=) (ML, s, u). product’.all_prop L s)
(ML, s, u). product’.all_prop L s)
by (rule product’. Bisimulation__Invariant_I) (rule p’_gt_0)

interpretation Bisim_B: Bisimulation__ Invariant

A (L, w) (U, w'). conu_ A AF (I, u) — (I, u)))
(ML, s, u) (L', s', u').

defs’.defs.prod_ta ' ((L, s), u) — (L', 8’), u))
M\, uw) (L, s, u). (I, w) = (L, s), u)) A _. True
(ML, s, u). product’.all_prop L s)
unfolding prod_conv[symmetric]
apply standard
apply (solves auto)+
by (rule Bisim__A.A__invariant)

interpretation Bisimulation_ Invariant
A (1, w) (U, ). conu_A A (I, u) — (I, u))
(ML, s, u) (L', s', u').
conv N F"az_steps (L, s, uy — (L', s', u'))
M\, w) (L, s, u). (I, w) = ((L, s), u)) A _. True
(ML, s, u). product’.all_prop L s)
proof —
interpret bisim: Bisimulation_ Invariant
Ay w) (I, w'). conu_A A (I, u) = (I';, u)))
(ML, s, u) (L', s, u).
conv N F"az_steps (L, s, u) — (L', s, u’))
(Aa c. 3b. (case b of (L, s, u) = product’.all_prop L s) A
(case a of (I, u') = A(L, s, u). (I, u’) = ((L, s), u)) b A b= c)
A . True
(ML, s, u). product’.all_prop L s)
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using Bisimulation__Invariant__composition| OF
Bisim__B.Bisimulation Invariant__azioms Bisim__A.Bistmulation Invariant _axioms

}

show Bisimulation Invariant
A, w) (U u). conv_ A AF {1, u) = (I, u))
(ML, s, uw) (L', s', u).
conv N F"az_steps (L, s, u)y — (L', s', u’))
(A1, ') (L, s, u). (I, w) = ((L, s), u)) (A_. True) (ML, s, u). product’.all_prop L s)
apply standard
subgoal for a b a’
apply (drule bisim.A__B_step[of a b a'])
apply auto
done
subgoal for a b a’
apply (drule bisim.B_A__step[of b a’ a])
apply auto
done
apply simp
apply (drule bisim.B__invariant)
apply auto
done
qed

lemma models correct:
conv N,(init, s, wo) FEmaz_steps ® = (case D of
formula.EX ¢ =
AL, s), w). 3 L"s"u'. conu_ A AF' (L, s), u) ==+ (L', s'), u’) A check_bexp o L' s’
| formula. EG ¢ =
Not o Graph_Defs.Alw__ev
A (4, w) (U, w'). conu_ A AF (I, u) = (I, u))
(A ((L, 8), __). — check_bexp ¢ L s)
| formula.AX ¢ =
Graph__Defs. Alw__ev
A (4, w) (U, w'). conv_ A A (I, u) — (I, u)))
(N (L, s), _). check_bexp ¢ L s)
| formula.AG ¢ =
Not o (A ((L, s), u).
3L s"u' conv_ A AV (L, s), u)y == (L', '), u’) A = check_bexp ¢ L' s’

| formula.Leadsto ¢ 1) =
Graph__Defs.leadsto
A (1, w) (I, w'). conu_A AF (I, u) = (I, u))
(N ((L, s), ). check_bexp ¢ L s)
(N (L, s), _). check_bexp ¢ L s)
) ((indt, so), uo) if — deadlock ((init, so), uo)
proof —
have x: ((Not oo case_prod) (ML, s) _. check_bexp ¢ L s)) =
(M(L, s), _). = check_bexp ¢ L s) for ¢ by auto

show ?thesis
apply (subst models_def)
apply (cases @)
subgoal for ¢
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apply simp

apply (subst Ex_ev_iff]
of (A(L, s), _). check_bexp ¢ L s) __ ((init, so), uo), symmetric, simplified
I

apply (drule equiv’_D[simplified], force)
using product’.all_prop_start|OF p’_gt_0] apply (simp add: A_B.equiv’_def[simplified];
fail)

apply (subst Ez_ev[OF that])

unfolding reaches _steps’[symmetric]

apply auto

done

subgoal for ¢

apply simp

apply (subst Ex_alw_iff|
of (M(L, s), _). check_bexp ¢ L s) __ ((init, so), uo), symmetric, simplified
I

apply (drule equiv’_D[simplified]; force)
using product’.all_prop_ start[OF p’_gt_0] apply (simp add: A_ B.equiv’_def[simplified];
fail)
unfolding Graph_Defs.Ex_alw_iff * ..
subgoal for ¢

apply simp

apply (subst Alw_ev_iff]
of (A((L, s), _). check_bexp ¢ L s) _ ((init, so), wo), symmetric, simplified

apply (drule equiv’_D[simplified]; force)
using product’.all_prop_start|OF p’_gt_0] apply (simp add: A_B.equiv’_def[simplified);
fail)
unfolding Graph_ Defs.Ex_alw_iff * ..
subgoal for ¢

apply simp

unfolding Graph_ Defs. Alw__alw__iff

apply (subst Ex_ev_iff]
of (A((L, s), _). —check_bexp ¢ L s) _ ((init, so), uo), symmetric, simplified
1)

apply (drule equiv’_D[simplified], subst *[symmetric], force)
using product’.all_prop__start[OF p’_gt_0] apply (simp add: A__B.equiv’_def[simplified];
fail)

apply (subst Ex_ev[OF that])

unfolding reaches _steps’[symmetric]

apply auto

done

subgoal for ¢ ¥

apply simp

apply (subst Leadsto_iff|
of (A(L, s), _). check_bexp v L s) _

(M(L, s), _). check_bexp v L s) __ ((init, so), uo), symmetric, simplified

apply (drule equiv’_D[simplified]; force)
apply (drule equiv’_D[simplified]; force)
using product’.all_prop_start[OF p'_gt_0] apply (simp add: A__B.equiv’_def[simplified];
fail)
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done
qed

lemma final_fun_ final”:
(A (L, s). PLs), (A(L,s). PLs)) € inv_rel Id states’ for P
unfolding F_def final _fun_ def inv_rel def list__ex_iff
by (force dest!: states’ _states’)

lemma final _fun_ final[intro, simp]:
(A (L, 8). PLs), (A (L, s). PLs)) € inv_rel Id states for P
using final_fun_ final’ states_states’ by (rule inv_rel_mono)

abbreviation ug = (A _. 0 :: real)

lemma deadlock__start_iff:
Bisim__A.B.deadlock (init, so, A_. 0) «— deadlock ((init, so), up)
using product’.all_prop__start|OF p’_gt_0]

by — (rule deadlock_iff[of _ (init, so, uo), symmetric]; simp)

theorem model check’”
(uncurry0 model__checker,
uncurry0 (
SPEC (X r.
= Graph__Defs.deadlock
(A (L, s, u) (L, s, u'). conv N F"az_steps (L, s, u) — (L', ', u”)) (init, s, ug) —
r = (conv N,(init, so, ug) FEmaz_steps formula)
)
)
)

€ unit_assn® —, bool assn
proof —

have x: (A(l, u). = (case l of (L, s) = (Not ooo check_bexp) ¢ L s))
= (M(L, s), ). check_bexp ¢ L s) for ¢
by auto

have *x:
(A, u). = (case l of (L, s) = check_bexp ¢ L's)) = (A((L, s), _). = check_bexp ¢ L s)
for ¢ by auto

have xxx:
(A1, w). case Lof (L, s) = ¢ L s) = (A(L, s), _). ¢ Ls) for ¢
by auto

have sxxx: (ML, y). (Not ooo check_bexp) ¥ L y) = (ML, y). -check _bexp iy L y) for
by auto

have stk
return True = (return False >= return o Not)
by auto

interpret ta_ bisim: Bisimulation_Invariant
(Al w) (I uh).
conv_ A AF (I, u)y = (I, u'))
A, w) (I, u)).
conu_ A A (I, u)y = (I, u'))
A, w) (I, u).
I'=1n
(V c. c € clk_set (conu_A A) —
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uc=u'c))
(A_. True) (\_. True)
by (rule ta_bisimulation]of conu_A A))

have bisim2:
(Fug. (Vee{Suc 0..m}. ug ¢ = 0) A
- Alw_ev (A1, w). ¢ 1) ((init, so), uo))
—— (= Alw_ev (A(l, w). v 1) ((init, so), up))
for ¢
apply safe
subgoal for u
apply (subst (asm) ta_bisim.Alw__ev_iff[of _ (A1, uw). ¢ 1) _ ((init, sp), A_. 0)])
using clocks_I[of u A__. 0] unfolding ta_ bisim.A_ B.equiv’_def
apply auto
done
by force

have bisim1:
(Fuo. (Vee{Suc 0..m}. ug ¢ = 0) A = Alw_ev (M(L, s), _). = check_bexp ¢ L s) ((init, so),

uo)) =
(= Alw_ev (M(L, s), _). = check_bexp ¢ L s) ((init, so), ug)) for ¢
using bisim2[of A\ (L, s). = check_bexp ¢ L s] unfolding xxx .

have bisim3:
(Vug. (Vce{Suc 0..m}. ug ¢ = 0) —
leadsto (M(L, s), _). check_bexp ¢ L ) (A((L, s), _). check_bexp 1 L s) ((init, so), uo)) =
leadsto (M(L, s), _). check_bexp ¢ L s) (M(L, s), _). check_bexp 1p L s) ((init, so), uo)

for ¢ ¢

apply safe

apply force

subgoal for u

apply (subst (asm) ta__bisim.Leadsto__iff[of

_ (M(L, s), ). check_bexp ¢ L s) _ (M(L, s), ). check_bexp 1y L s)
_ ((init, so), u)
)

using clocks_I[of u A_. 0] unfolding ta_bisim.A__B.equiv’_def by auto
done

have bisim4:
(Vug. (Vee{Suc 0..m}. ug ¢ = 0) — — deadlock ((init, so), uo))
+— = deadlock ((init, so), uo)

apply safe
apply fast
subgoal for u
apply (subst (asm) ta_bisim.deadlock iff[of _ ((init, so), u)])
using clocks_I[of u A__. 0] unfolding ta_bisim.A__B.equiv’_def by auto

done

have bisims:
(Vu. (Vee{l.m}. ue=0) — (Fu' conv_A A’ ((init, s9), u) —* (L', s'), u) AN ¢ L' s"))

+— (3u’. conv_A A ¥ ((init, so), uo) —* (L', 8"), u) A p L' s’
for o L' s’
unfolding reaches__steps’[symmetric]
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apply safe

apply fast

subgoal for u’ u
apply (drule ta_bisim.bisim.A__B_reaches[of _ __ ((init, sp), u)])
subgoal

using clocks_I[of u A_. 0] unfolding ta_ bisim.equiv’_def by auto

unfolding ta_ bisim.equiv’_def by auto

done

define protect where
protect = ((A(I, u) (I'; u’).
conv_ A AF' (I, u) = (I, u")))

show ?thesis
unfolding deadlock _start_iff
using models__correct
apply simp
unfolding protect_def[symmetric]
apply sepref to_hoare
apply sep__auto
unfolding model checker _def reachability_checker’ _def Alw__ev_checker _def leadsto__checker _def
apply (cases formula; simp)

— EX
subgoal premises prems for ¢
using impl.pw_impl_hnr_F_reachable[to__hnr, unfolded hn__refine_ def]
apply (subst (asm) (2) F_reachable_correct’ _new)
apply (rule prems; fail)
apply (subst (asm) bisim5)
apply sep__auto
unfolding final fun def F_def prems
apply (erule cons_post_rule)
apply (sep__auto simp: pure_def)
done

— EG
subgoal premises prems for ¢
using impl. Alw_ev__impl_hnr|
to__hnr, unfolded hn_refine_ def
]
unfolding final fun_def F_def prems(2)
UPPAAL_ Reachability_Problem__precompiled’.final__fun__ def|
OF UPPAAL_ Reachability _Problem__precompiled’ _azrioms
]
UPPAAL__ Reachability Problem__precompiled__defs.F_def
apply sep__auto
unfolding x
subgoal
apply (subst (asm) bisim1)
apply (erule cons_post_rule)
using init_state_in_state_ set[of uo]
apply (sep__auto simp: pure__def protect__def #xx)
done
subgoal
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apply (subst (asm) bisim1)
apply simp
apply (erule cons_post_rule)
using init_state_in_state_set[of ug)
apply (sep__auto simp: pure_def protect def sxx)
done
done

— AX
subgoal premises prems for ¢
using impl. Alw_ev__impl_hnr[to_hnr, unfolded hn__refine__def]
unfolding final_fun_def F_def
unfolding UPPAAL_Reachability Problem__precompiled_defs.F_def
apply (subst
UPPAAL_Reachability Problem__ precompiled’.final_fun__def|
OF UPPAAL__Reachability _Problem__precompiled’ _axioms
)
apply (safe; clarsimp simp: prems(2))
unfolding bisim2
unfolding * sxx
subgoal
using init__state_in__state_set[of ug)
by (sep__auto simp: pure_def protect_def)
subgoal
unfolding protect def sxxxx
apply (erule bind_rule)
using init__state_in__state_set[of ug)
apply (sep__auto simp: pure_def)
done
done

— AG
subgoal premises prems for ¢
using impl.pw_impl_hnr_F_reachable[to__hnr, unfolded hn_ refine_ def]
apply (subst (asm) (2) F_reachable_correct’ _new’)
apply (rule prems; fail)
apply (subst (asm) bisim5)
unfolding final fun_def F_def prems
apply (sep__auto simp: pure_def)
done

— Leadsto
subgoal premises prems for ¢
using impl.leadsto__impl_hnr'|
OF final_fun_ final, of Not oo check_bexp 1,
to__hnr, unfolded hn_ refine def
]
unfolding x F_def
apply (simp add: prems(2))
unfolding sxx sxxx bisim3 bisim/
apply (erule bind_rule)
apply (sep__auto simp: pure__def protect__def)
done
done
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qed

theorem model check’ hoare:

<emp>
model__checker

<Ar. 1 ((= Bisim__A.B.deadlock (init, so, A\_. 0)) — r = (
conv N, (init, so, ug) Emaz_steps formula

))>¢

using model__check’[to__hnr, unfolded hn_ refine__def]

by (sep__auto simp: pure_def elim!: cons_post_rule)

lemma Alw_ev_checker _alt_def":
Alw _ev checker =
do {
z < let
key = return o fst;
sub = impl.subsumes__impl;
copy = impl.state__copy__impl;
start = impl.ag__impl;
succs = impl.succs_P_impl’ final_fun
in dfs_map_impl’ succs start sub key copy;
_ < return ();
return x

}

unfolding Alw_ev_checker _def by simp

lemma leadsto_checker _alt_def":
leadsto__checker ¢ =
do {
r < let
key = return o fst;
sub = impl.subsumes__impl;
copy = impl.state__copy__impl,;
start = impl.ag__impl;
final = impl.F_impl,
final’ = (impl.Q__impl (ML, s). = check_bexp ¢ L s));
suces = impl.succs_P_impl’ (A(L, s). = check_bexp 1 L s);
succs’ = impl.succs _impl’;
empty = impl.emptiness__check__impl;
trace = impl.tracei
mn
leadsto__impl copy succs start sub key succs’ empty final final’ trace;
return (= 1)

unfolding leadsto checker _def by simp

schematic__goal succs P_impl_alt_def:

impl.succs_P_impl (ML, s). P L s) = %impl for P

unfolding impl.succs_P_impl_def[OF final_fun__final]

unfolding k_impl_alt_def

apply (abstract_let trans_fun trans_fun)

unfolding inv_fun_def[abs_def] trans_fun_def[abs_def] trans_s_fun_def trans_i_fun_ def
trans_1_from_ def

apply (abstract_let IArray (map IArray inv) inv_a)
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apply (abstract_let IArray (map IArray trans_out_map) trans_out _map)
apply (abstract_let IArray (map IArray trans_in_map) trans_in_map)
apply (abstract_let IArray (map IArray trans_i_map) trans_i_map)

by (rule Pure.reflexive)

lemmas succs P’ _impl_alt def =
impl.succs_P_impl’_def|OF final_fun_ final, unfolded succs_P_impl_alt_def)

lemmas succs_impl’_alt_def =
impl.succs_impl’_def[unfolded succs_impl_alt__def]

lemma reachability checker’ alt_def:
reachability _checker’ =
do {
x4+ do{
let key = return o fst;
let sub = impl.subsumes__impl;
let copy = impl.state__copy_impl;
let start = impl.ag__impl;
let final = impl.F_impl;
let succs = impl.succs_impl,
let empty = impl.emptiness_check__impl;
let tracei = impl.tracei;
pw__impl key copy tracei sub start final succs empty
b
_ + return ();
return T

}

unfolding reachability checker’ _def by simp

schematic__goal reachability checker’ alt_def:
reachability _checker’ = ?impl
unfolding reachability checker’ alt_def’ impl.succs impl_def
unfolding impl.E_op’_impl_def impl.abstr_repair _impl_def impl.abstra_ repair _impl_def
unfolding impl.start_inv_check_impl_def unbounded_dbm__impl_def unbounded _dbm'_def
unfolding k& _impl_alt_def
apply (abstract_let k_i k_1i)

apply (abstract_let trans_fun trans_fun)

unfolding impl.init_dbm__impl_def impl.ag__impl_def
unfolding impl.F_impl_def

unfolding final fun_def[abs_def]

unfolding impl.subsumes_impl _def

unfolding impl.emptiness_check__impl_def
unfolding impl.state_copy_impl_def

by (rule Pure.reflexive)

schematic__goal Alw _ev_checker_alt_def:
Alw_ev_checker = ?impl
unfolding Alw_ev_checker alt_def’ final fun def
impl.succs_P_impl_def[OF final_fun_ final] impl.succs_P__impl’_def[OF final_fun_ final]
unfolding impl.E_op’_impl_def impl.abstr_repair_impl_def impl.abstra_ repair_impl_def
unfolding impl.start_invy_check__impl_def unbounded_dbm__impl_def unbounded__dbm'_def
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unfolding &k impl_alt_def
apply (abstract_let k_i k_1)

apply (abstract_let trans_fun trans_fun)

unfolding impl.init_dbm__impl_def impl.ag__impl_def
unfolding impl.F_impl_ def

unfolding final fun_def[abs def]

unfolding impl.subsumes _impl_def

unfolding impl.emptiness_check__impl_def
unfolding impl.state_copy_impl _def

by (rule Pure.reflexive)

schematic__goal leadsto_checker _alt_def:
leadsto__checker = Zimpl
unfolding leadsto__checker _alt_def’
unfolding impl.F_impl_def impl.Q__impl_def[OF final_fun__ final]
unfolding impl.succs_P__impl’_def[OF final_fun_final]
unfolding impl.succs _impl’ _def impl.succs_impl_def impl.succs_P_impl_def[OF final_fun_ final)
unfolding impl.E_op’’_impl_def impl.abstr_repair__impl_def impl.abstra_ repair_impl_def
unfolding impl.start_inv_check_impl_def unbounded_dbm__impl_def unbounded _dbm'_def
unfolding &k _impl_alt_def
apply (abstract_let k_i k_1)

apply (abstract_let trans_fun trans_fun)

unfolding impl.init_dbm__impl_def impl.ag__impl_def
unfolding final _fun_ def

unfolding impl.subsumes__impl_def

unfolding impl.emptiness_check__impl_def
unfolding impl.state_copy_impl_def

by (rule Pure.reflexive)

schematic__goal reachability checker’ _alt_def refined:
reachability _checker’ = ?impl
unfolding reachability checker’ _alt_def
unfolding fw_impl’_int
unfolding inv_fun_ def trans_fun_ def trans_s_fun_ def trans_i_fun_ def
unfolding trans_ i from__impl
unfolding runf impl runt_impl check__g_impl pairs_by_action__impl check_pred_impl
apply (abstract_let IArray (map IArray inv) inv_ia)
apply (abstract_let IArray (map IArray trans_out _map) trans_out _map)
apply (abstract_let IArray (map IArray trans_in_map) trans_in_map)
apply (abstract_let IArray (map IArray trans _i_map) trans_i_map)
apply (abstract_let IArray bounds bounds_ia)
apply (abstract_let PF PF)
apply (abstract_let PT PT)
unfolding PF _alt_def PT alt_def
apply (abstract_let PROG' PROG")
unfolding PROG’_def
apply (abstract_let length prog len__prog)
apply (abstract_let IArray (map (map_ option stripf) prog) progf ia)
apply (abstract_let IArray (map (map_option stript) prog) progt_ia)
apply (abstract_let IArray prog prog_ia)
unfolding all actions by _state impl
apply (abstract_let [0..<p])
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apply (abstract_let [0..<na))
apply (abstract_let {0..<p})
apply (abstract_let [0..<m+1])
by (rule Pure.reflexive)

schematic__goal Alw_ev_checker alt_def refined:
Alw_ev_checker = ?impl
unfolding Alw_ev_checker _alt_def
unfolding fw_impl’_int
unfolding inv_fun_ def trans_fun_ def trans s _fun_ def trans_i_fun_ def
unfolding trans_ i _from__impl
unfolding runf impl runt_impl check g _impl pairs by _action__impl check_ pred_impl
apply (abstract_let IArray (map IArray inv) inv_ia)
apply (abstract_let IArray (map IArray trans_out _map) trans_out _map)
apply (abstract_let IArray (map IArray trans_in_map) trans_in_map)
apply (abstract_let IArray (map IArray trans_i_map) trans_i_map)
apply (abstract_let IArray bounds bounds)
apply (abstract_let PF PF)
apply (abstract_let PT PT)
unfolding PF _alt_def PT alt_def
apply (abstract_let PROG' PROG")
unfolding PROG’_def
apply (abstract_let length prog len__prog)
apply (abstract_let IArray (map (map__option stripf) prog) progf ia)
apply (abstract_let IArray (map (map_option stript) prog) progt_ia)
apply (abstract_let IArray prog prog)
unfolding all actions_ by _state_impl
apply (abstract_let [0..<p])
apply (abstract_let [0..<na])
apply (abstract_let {0..<p})
apply (abstract_let [0..<m+1])
by (rule Pure.reflexive)

schematic__goal leadsto_checker alt _def refined:
leadsto __checker = Zimpl
unfolding leadsto checker _alt_def
unfolding fw_impl’_int
unfolding inv_fun_ def trans_fun_ def trans_s_fun_ def trans_i_fun_ def
unfolding trans i from__impl
unfolding runf impl runt_impl check g impl pairs_ by _action__impl check_pred_impl
apply (abstract_let IArray (map IArray inv) inv_ia)
apply (abstract_let IArray (map IArray trans _out_map) trans_out_map)
apply (abstract_let IArray (map IArray trans_in_map) trans_in_map)
apply (abstract_let IArray (map IArray trans_i_map) trans_i_map)
apply (abstract_let IArray bounds bounds__ia)
apply (abstract_let PF' PF)
apply (abstract_let PT PT)
unfolding PF _alt_def PT alt_def
apply (abstract_let PROG’ PROG")
unfolding PROG’_def
apply (abstract_let length prog len__prog)
apply (abstract_let IArray (map (map_ option stripf) prog) progf ia)
apply (abstract_let IArray (map (map_option stript) prog) progt_ia)
apply (abstract_let IArray prog prog_ia)
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unfolding all actions_ by state impl
apply (abstract_let [0..<p])

apply (abstract_let [0..<na))

apply (abstract_let {0..<p})

apply (abstract_let [0..<m+1])

by (rule Pure.reflexive)

end

concrete__definition reachability checker’
uses UPPAAL_ Reachability Problem__precompiled’.reachability_checker’ _alt_def refined

concrete__definition Alw ev checker
uses UPPAAL_ Reachability Problem__precompiled’. Alw__ev_checker _alt_def refined

concrete__definition leadsto checker
uses UPPAAL_ Reachability_ Problem__precompiled’.leadsto_checker__alt_def refined

context UPPAAL _Reachability Problem_ precompiled’
begin

lemmas model__checker__def _refined = model__checker_def[unfolded
reachability _checker’.refine]OF UPPAAL__Reachability _Problem__precompiled’ _axioms|
Alw_ev_checker.refine|OF UPPAAL __Reachability_ Problem__precompiled’ _azioms]
leadsto__checker.refine|OF UPPAAL_ Reachability _Problem__precompiled’__azxioms]

)

end

concrete__definition model checker uses
UPPAAL__Reachability _Problem__precompiled’.model__checker _def refined

definition [code]:
precond_mc p m k max__steps I T prog final bounds P sy na =
if UPPAAL__Reachability Problem_ precompiled’ p m max_steps I T prog bounds P sy na k
then
model__checker p m max_steps I T prog bounds P sy na k final
>= (A z. return (Some z))
else return None

theorem model check:
<emp> precond_mc p m k max_steps I T prog formula bounds P sy na
<\ Some r = 1
UPPAAL_ Reachability_ Problem__precompiled’ p m maz_steps I T prog bounds P sy na k

(= has_deadlock (conv (N p I P T prog bounds)) maz_steps (repeat 0 p, so, A_ . 0) —>
r = conv (N p I P T prog bounds),(repeat 0 p, so, \_ . 0) Emaz_steps formula
)
| None = 1(— UPPAAL_ Reachability_ Problem__precompiled’ p m maz__steps I T prog bounds
P sg na k)
>
proof —
define A where A = conv (N p I P T prog bounds)
define check where check = A,(repeat 0 p, so, \_ . 0) Emax_steps formula
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note [sep__heap__rules] =
UPPAAL _Reachability Problem__precompiled’.model _check’ _hoare|
of p m max__steps I T prog bounds P sy na k formula,
unfolded UPPAAL__Reachability Problem__precompiled__defs.init_ def,
folded A__def check__def has _deadlock__def
]
show ?thesis
unfolding UPPAAL _Reachability_ Problem__precompiled__defs.init _def
unfolding A_ def[symmetric] check_def[symmetric]
unfolding precond_mc__def by (sep__auto simp: model__checker.refine[symmetric])
qed

theorem model check alt:
<emp> precond_mc p m k max_steps I T prog formula bounds P sq na
<Ar 1|
if UPPAAL __Reachability Problem__precompiled’ p m maz_steps I T prog bounds P sy na k
then r # None A
(= has__deadlock (conv (N p I P T prog bounds)) maz__steps (repeat 0 p, so, A__ . 0) —
r = Some (
conv (N p I P T prog bounds),(repeat 0 p, so, A\_ . 0) Emaz_steps formula
)
else 1 = None
)>t
proof —
define A where A = conv (N p I P T prog bounds)
define check where check = A,(repeat 0 p, so, A\_ . 0) Emaz_steps formula
note [sep__heap__rules] =
UPPAAL _Reachability _Problem__precompiled’.model _check’ _hoare|
of p m max__steps I T prog bounds P sy na k formula,
unfolded UPPAAL__Reachability Problem__precompiled__defs.init_def,
folded A__def check def has deadlock__def
]
show ?thesis
unfolding UPPAAL__Reachability_ Problem__precompiled__defs.init_def
unfolding A_ def[symmetric] check _def][symmetric]
unfolding precond_mc__def by (sep__auto simp: model__checker.refine[symmetric|)
qed

prepare__code__thms dfs _map_impl’_def leadsto__impl_ def

lemmas [code] =
reachability checker’ _def
Alw_ev__checker_def
leadsto__checker _def
model__checker__def[unfolded UPPAAL__Reachability Problem__ precompiled defs.F_def PR_CONST _def]

export__code
precond__mc Pure.type init__pred__check time__indep_checkl time_indep_ checkl conjunction__check2
checking SML

end

theory Simple Fxpressions
imports Main

begin
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datatype (‘a, 'b) bexp =
true |
not (‘a, 'b) bexp |
and ('a, 'b) bexp (‘a, 'b) bexp |
or ('a, 'b) bexp ('a, 'b) bexp |
imply ('a, 'b) bexp ('a, 'b) bexp | — Boolean connectives
eq (‘a, D) eap (‘a, 'b) eap |
le ("a, 'b) exp (‘a, 'b) exp |
it ("a, 'b) exp ('a, 'b) exp |
ge (a, 'b) exp (‘a, 'b) exp |
gt ("a, 'b) exp (‘a, 'b) exp
and (‘a, 'b) exp =
const 'b | var 'a | if _then__else (‘a, 'b) bexp (‘a, 'b) exp ('a, 'b) exp |
binop 'b = 'b = 'b ('a, 'b) exp (‘a, 'b) exp | unop 'b = b ('a, 'b) exp

inductive check_bexp :: ('a — 'b) = (‘a, 'b :: linorder) bexp = bool = bool and is_wval
where
check__bexp s true True |
check_bexp s (not e) (— b) if check_bexp s e b |
check_bexp s (and el e2) (a A b) if check_bexp s el a check_bexp s e2 b |
check_bexp s (or el e2) (a V b) if check_bexp s el a check_bexp s e2 b |
check_bexp s (imply el e2) (a — b) if check_bexp s el a check_bexp s e2 b |
check_bexp s (eq a b) (x = v) if is_val s a v is_wval s b x|
check_bexp s (le a b) (v < x) if is_wval s a vis_val s b x |
check_bexp s (It a b) (v < z)ifis val savis val sb x|
check_bexp s (ge a b) (v > x) if is_val s a vis_val s b x |
check_bexp s (gt a b) (v > z) if is_val s a vis_val s b x |
is_wal s (const ¢) ¢ |
is_val s (var z) v if sz = Some v |
is_wval s (if _then_else b el e2) (if bu then vl else v2)
if is_wal s el vl is_val s e2 v2 check_bexp s b bv |
is_val s (binop f el e2) (f vl v2) if is_val s el v1 is_val s e2 v2 |
is_wval s (unop fe) (fv) if is_val s e v

inductive__simps check bexp_simps:
check__bexp s bexp.true bv
check_bexp s (bexp.not b) bu
check_bexp s (bexp.and b1 b2) bv
check__bexp s (bexp.or b1 b2) bu
check__bexp s (bexp.imply b1 b2) bv
check_bexp s (le i x) bv
check_bexp s (It i z) b
check_bexp s (ge i x) bv
check_bexp s (eq i x) bv
check_bexp s (gt i z) bv

NN N N N N N

inductive__simps is wval simps:
is_wal s (const ¢) d
is_wval s (var z) v
is_wval s (if _then_else b el e2) v
is_wval s (binop f el e2) v
is_wval s (unop fe) v
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inductive__cases check_bexp elims:
check__bexp s bexp.true bv
check__bexp s (bexp.not b) bv
check__bexp s (bexp.and b1 b2) bv
check__bexp s (bexp.or bl b2) b
check_bexp s (bexp.imply b1 b2) bv
check_bexp s (le i z) bv
check_bexp s (It i z) bv
check__bexp s (ge i z) bv
check_bexp s (eq i x) bv
check_bexp s (gt i z) bu

P T e e e e e

inductive__cases is_val elims:
is_wal s (const ¢) d
is_wval s (var x) v
is_wval s (if _then_else b el e2) v
is_wval s (binop f el e2) v
is_wval s (unop fe) v

type__synonym
("a, 'b) upd = ('a x (‘a, 'b) exp) list

definition is upd where
is_upd s upd ' = Fz ewv. upd = (z, €) A is_val s e v A s’ = s(z := Some v) for upd

inductive is _upds where
is_upds s [] s |
is_upds s (x # xzs) 8" if is_upd s x s’ is_upds s’ xs s”’

inductive__cases is _upds NilFE:
is_upds s [] s’

and is_upds ConskE:
is_upds s (e # es) s

!

inductive__simps is_upds_Nil_iff: is_upds s [] s’

and is_upds_Cons_iff: is_upds s (f # upds) s’

lemma is upds appendl:
assumes is_upds s updsl s’ is_upds s’ upds2 s’
shows is_upds s (updsl @ upds2) s’
using assms by induction (auto intro: is_upds.intros)

lemma is upds appendE:
assumes is_upds s (updsl @ upds2) s
obtains s’ where is_upds s updsl s’ is_upds s’ upds2 s’
using assms by (induction updsl arbitrary: s) (auto intro: is_upds.intros elim!: is_upds_ConsE)

lemma is upds NilD:
s'=sifis_updss| s
using that by (rule is_upds NilE)

/

lemma is upds all _NilD:
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assumes is_upds s (concat upds) s’ (¥ zs€set upds. xs = [])
shows s’ = s
using assms by (simp del: Nil _eq concat__conv flip: concat__eq Nil _conv) (rule is_upds_NilD)

lemma is upd_const__simp:
is_upd s (z, const ¢) s’ +— s’ = s(z := Some c)
unfolding is _upd def by (simp add: is_val_simps)

end
theory Simple Network Language
imports Main
Munta__Model Checker.State_Networks
Munta_Model Checker. UPPAAL State Networks Impl
FinFun.FinFun
Sitmple__Expressions
Munta__ Tagging
begin

6 Simple Networks of Automata With Broadcast Channels
and Committed Locations

no__notation top _assn (true)

abbreviation concat _map where
concat_map f xs = concat (map f xs)

type__synonym
("c, 't, 's) invassn = 's = (e, 't) cconstraint

type__synonym

('a, s, 'c, 't, 'z, 'v) transition =

's x ('z, 'v) bexp x ('c, 't) cconstraint x 'a x ('z, 'v) upd x ‘¢ list x 's
type__synonym

('a, 's, ‘e, 't, 'z, 'v) sta =

‘s set x 's set x ('a,'s, 'c, 't, 'z, "v) transition set x ('c, 't, 's) invassn

type__synonym

('a, 's, 'c, 't, 'z, 'v) nta = 'a set x (‘a act, 's,’

e, 'ty 'z, ') sta list x ('x = v x 'v)
context begin
qualified definition conv_t where conv_t = X (1,b,9,a,f,r,l"). (I,b,conv_cc g,a,f,r,l’)

qualified definition conv_A where conv_ A= X (C, U, T, I). (C, U, conv_t ‘T, conv_cc o
I)

definition conv where
conv = A(broadcast, automata, bounds). (broadcast, map conv_A automata, bounds)

end
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datatype ‘b label = Del | Internal 'b | Bin 'b | Broad b

definition bounded where
bounded bounds s = dom s = dom bounds N
(Vx € dom s. fst (the (bounds z)) < the (s z) A the (s ) < snd (the (bounds x)))

li

definition committed :: ('a, ’s, 'c, 't, 'z, 'v) sta = 's set where

committed A = fst A

!

definition urgent :: (‘a, ’s, 'c, 't, 'z, 'v) sta = 's set where

urgent A = fst (snd A)

/ !/ /

definition trans :: (‘a, s, 'c, 't, 'z, 'v) sta = (‘a, s, 'c, 't, 'z, "v) transition set

where
trans A = fst (snd (snd A))

definition inv :: (‘a, ’s, 'c, 't, 'z, 'v) sta = (‘c, 't, 's) invassn where

inv A = snd (snd (snd A))

no__notation step_sn (_ - (_,_, ) — {(,_,_)[61,61,61,61,61] 61)
no__notation steps_sn (_F(_, _, ) —x(_,_,_)[61, 61, 61,61,61] 61)

datatype ‘a tag = ANY 'a | TRANS 'a | SEL 'a | SEND 'a | RECV 'a

inductive step_ u ::
('a, 's, 'c, 't i time, 'z, v = linorder) nta = s list = ('z — 'v) = (¢, 't) cval
= 'a label = 's list = ('z — "v) = (¢, 't) cval = bool

CF 0 Yo () [61,60,61.61,61] 61)

where
step__t:

[

"target invariant” | Vp < length N. v ® d - inv (N ! p) (L ! p);

"nonnegative’’ | d > 0,
"urgent'! | (3p < length N. L'! p € urgent (N! p)) — d = 0;
"bounded”’ | bounded B s

= (broadcast, N, B) & (L, s, u) —pe; (L, s, u @ d) |
step__int:

[

TRANS "silent” | (I, b, g, Sil a, f, r, ') € trans (N ! p);
"committed” | 1 € committed (N ! p) V (Vp < length N. L'! p ¢ committed (N ! p));

"bexp'’ | check_bexp s b True;

"guard” | ut g;

"target invariant” | ¥V p < length N. v’ F inv (N ! p) (L'! p);
"loc" | L'p = ;

"range’’ | p < length L;

"new loc" | L' = L[p :=1";

"new valuation” | v’ = [r—0]u;

"is _upd” | is_upds s f s’

"bounded’’ | bounded B s’

I
= (broadcast, N, B) & (L, s, u) = nternal o (L', 87, u') |
step__bin:
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"'not broadcast’ | (a ¢ broadcast);

TRANS "in'" | (11, b1, g1, In a, fI,r1,11') € trans (N ! p);

TRANS "out" | (12, b2, g2, Out a, f2, r2, 127) € trans (N ! q);

"committed’’ |

11 € committed (N ! p) vV 12 € committed (N ! q) V (Vp < length N. L' p ¢ committed

(N 1 p));

"bexp'’ | check_bexp s bl True; ""bexp’’ | check_bexp s b2 True;

"guard" | uw b g1; "guard” | u k- g2;

"target invariant” | VY p < length N. u'+ inv (N ! p) (L' p);

RECYV "loc"" | L'p = 11; SEND "loc’" | Llq = 12;

RECYV "range’ | p < length L; SEND "range’ | q¢ < length L;

"different” | p # g;

"new loc" | L'= Llp := 11", q := 127

"new valuation” | v’ = [r1Qr2—0]u;

"upd'" | is_upds s f1 8", "upd'’ | is_upds s’ f2 s'’;

"bounded’ | bounded B s"’

= (broadcast, N, B) b (L, s, u) = pin o (L', 8", u) |
step__broad:
[
"broadcast’ | a € broadcast;
TRANS "out’ | (1, b, g, Out a, f, r, ') € trans (N ! p);
TRANS "in" | (Vp € set ps. (L! p, bs p, gs p, In a, fs p, s p, Is' p) € trans (N ! p));
"committed” | (I € committed (N ! p) V (3p € set ps. L p € committed (N ! p))
V (Vp < length N. L'! p ¢ committed (N ! p)));
"bexp' | check_bexp s b True;
"bexp’ | Vp € set ps. check_bexp s (bs p) True;
"quard” | ut g;
"guard"” | Vp € set ps. u b gs p;
"mazimal” |V q < length N. q & set ps N p # ¢
— (Vbgfrl. (Lqg b, g, Ina, f, r,l') € trans (N ! q)
— = check_bexp s b True V — u b g);
"target invariant” | ¥ p < length N. u't inv (N ! p) (L' p);

SEND "loc” | L'p = [
SEND "range” | p < length L;
SEL "'range” | set ps C {0..<length N};

SEL "'not sender’ | p ¢ set ps;

SEL "distinct’” | distinct ps;

SEL "sorted"” | sorted ps;

"mew loc' | L' = (fold (A\p L . L[p :=1Is’ p]) ps L)[p := I];
"new valuation” | u' = [rQconcat (map rs ps)—0)u;
"upd' | is_upds s f s

"upds” | is_upds s’ (concat_map fs ps) s'’;

"bounded’ | bounded B s"

I
= (broadcast, N, B) & (L, s, 4} = Broad a (L', 8", u’)
lemmas [intro?] = step__u.intros[unfolded TAG__def]

Comments:

e Should there be an error transition + state if states run of bounds or updates are undefined?
Then one could run a reachability check for the error state.

e Should the state be total?
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¢ Note that intermediate states are allowed to run out of bounds

definition steps wu ::
('a, 's, 'c, 't i time, 'z, 'v = linorder) nta = s list = ('z — 'v) = (¢, 't) cval
= 'slist = ('z — "v) = (¢, 't) cval = bool
k()= {_, _,_)I[61,61,61,61,61] 61)
where
AFA(L, s, u)y =+ (L', s, u') =
(N (Ly s, u) (L) 8y u'). Fa. AF (L, s, u) =4 (L', s', u))** (L, s, u) (L', s, u')

Misc lemma clock wval concat_iff:
<u b concat gs +— (Vg € set gs. u b g)»
by (auto intro: guard__concat concat__guard)

lemma clock wval_append__iff:
ub gl Qg2 +— uk gl Nub g2
proof —
have u - g1 @Q g2 +— u F concat [g1, 2]
by simp
also have ... «<— uF g1 N ut g2
unfolding clock wval_concat_iff by simp
finally show ?thesis .
qed

6.1 Product Construction

locale Prod_TA_ Defs =
fixes A :: (‘a, 's, 'c, 't, 'z, 'v :: linorder) nta
begin

definition
broadcast = fst A

definition
Ni=fst (snd A) i

definition
bounds = snd (snd A)

definition — Number of processes
n_ps = length (fst (snd A))

definition states :: ’'s list set where
states = {L. length L = n_ps A
Mii<n.ps— Llie U (e g, a, r ul)e€ (trans (N 7). {I, I'}))}

definition
prod_inv = XL, s). if L € states then concat (map (Ai. inv (N 1) (L ! 7)) [0..<n_ps]) else ||

definition
trans _int =
{((L, s), g, Internal a, v, (L', 8")) | Lslbgfparl L' s
(I, b, g, Sil a, f, v, I") € trans (N p) A
(I € committed (N p) V (Vp < n_ps. L' p & committed (N p))) A
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Lp=1Ap<length L NL = Llp:= 1] N is_upds s f s’ N check_bexp s b True A
L € states A bounded bounds s N\ bounded bounds s’

}

definition
trans_bin =
{((L, s), g1 @ g2, Bin a, r1 Q r2, (L', s")) |
LsL's"s"apqllblglflriil’i2b2g2f271212"
a ¢ broadcast N
(I1, b1, g1, In a, f1,r1,11") € trans (N p) A
(12, b2, g2, Out a, f2, r2, 127) € trans (N q) A
(11 € committed (N p) V 12 € committed (N q) V (Vp < n_ps. L p ¢ committed (N p))) A
Lp=1 NLg=12 Np<length L A q<length L Np+# qA
check_bexp s b1 True A check_bexp s b2 True N
L'=Llp:=1' q:=12 N is_upds s fl1 s’ N\ is_upds s’ f2 s"" N
L € states A bounded bounds s A bounded bounds s’

}

definition
trans _broad =

{((L, s), g @ concat (map gs ps), Broad a, r Q concat (map rs ps), (L', s)) |

LsL's"s"aplbgfrl bsgsfsrsls ps.
a € broadcast AN
(I, b, g, Out a, f, v, l') € trans (N p) A
(Vp € setps. (L!p, bsp, gsp, Ina, fs p, rs p, Is’ p) € trans (N p)) A
(I € committed (N p) V (3p € set ps. L' p € committed (N p))
V (Vp < n_ps. L p ¢ committed (N p))) A
(Vg<n_ps. qé¢ setps ANp#q—

- (3bgfrl. (Lq b, g, Ina, f, r,l') € trans (N q) A check_bexp s b True)) A

Lp=1AM
p < length L A set ps C {0..<n_ps} A p & set ps A distinct ps A\ sorted ps N
check_bexp s b True N (Vp € set ps. check_bexp s (bs p) True) A
L' = (fold (A\p L . L[p :=1s’" p]) ps L)[p := 1] A
is_upds s f 8" N\ is_upds s’ (concat_map fs ps) s"' A
L € states N bounded bounds s A bounded bounds s’

}

definition
trans _prod = trans_int U trans_bin U trans broad

definition
prod__ta = (trans_prod, prod_inv :: ('s list x ("z = v option) = _))

lemma inv_of _prod[simp]:
inv_of prod__ta = prod_inv
unfolding prod_ta_def inv_of def by simp

lemma trans_of prod[simp]:
trans__of prod_ta = trans_prod
unfolding prod_ta_def trans of def by simp

lemma A_ split:

<A = (broadcast, map N [0..<n_ps], bounds))
unfolding broadcast_def N_def bounds__def n_ps_def by (cases A) (simp add: List.map_nth)

181



lemma map_ N _n_ps simp:
map N [0.<n_ps]!'p=Np
unfolding N_def n_ps def List.map_ nth ..

lemma N__split_simp[simp]:
assumes A = (broadcast’, N', B)
shows N1 i = Ni
unfolding N _def unfolding assms by simp

lemma state preservation_updl:
assumes I’ € (J (I, 0, g, a, 7, u, l') € trans (N p). {I, I'}) L € states
shows L[p := l'] € states
using assms unfolding states_def by (fastforce simp: nth_list_update’)

lemma state preservation_ fold__updl:
assumes Vp € set ps. Is"p e (U (I, b, g, a, v, u, l') € trans (N p). {l, I'}) L € states
shows fold (Ap L. L[p := ls’ p]) ps L € states
using assms by (induction ps arbitrary: L) (auto intro: state_preservation__updl)

lemma state_set_states:
Simulation__Graphs__TA.state__set prod_ta C {(l, s). | € states}
unfolding prod_ta_ def state_ set_ def
unfolding trans_of def trans prod__def
unfolding trans_int def trans_bin__def trans_broad__def
by auto (auto intro: state_preservation__updl state_preservation_fold _updl)

lemma trans prod__bounded__inv:
<bounded bounds s’y if «((L, s), g, a, v, (L', 8")) € trans_prod>
using that unfolding bounds def trans _prod__def trans_int_def trans_bin__def trans__broad__def
by (auto simp: bounds__def)

lemma trans prod_ states inv:
(L' € statesy if «((L, s), g, a, r, (L', 8')) € trans_prod> <L € states»
using that
unfolding bounds def trans_prod__def trans_int_def trans_bin__def trans_broad__def
apply clarsimp
apply safe
apply (force intro!: state_preservation__updl)
apply (force intro!: state_preservation__updl)
apply (force intro!: state_preservation__updl)
apply (force introl: state_preservation__updl)
apply (force introl: state_preservation__updl)
apply (fastforce intro!: state_preservation__updl state_preservation_ fold__updlI)
subgoal
apply (rule state_preservation__updl)
apply force
apply (force intro!: state_preservation_ fold_updl)
done
apply (fastforce introl: state_preservation__updl state_preservation_ fold__updI)
done

end
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locale Prod TA sem =
Prod_TA_Defs A for A :: (‘a, s, 'c, 't :: time, 'z, 'v :: linorder) nta
begin

lemma prod__invl[intro]:
<u b prod_inv (L, s)» if <V p<n_ps. u b Simple_Network_Language.inv (N p) (L p)»
using that unfolding prod_inv_def by (auto intro!: guard_ concat)

lemma prod_invD][dest):

V' p<n_ps. u b Simple_Network_Language.inv (N p) (L ! p)» if <u F prod_inv (L, s)» <L €
states)

using that unfolding prod_inv_def by (auto elim: concat_guard)

lemma delay_sound:
assumes prod_ta - (L, s), u) =% ((L’, s"), u’) L € states bounded bounds s
VN € set (fst (snd A)). urgent N = {}
shows A+ (L, s, u) = pe (L', ', u')
proof —
from assms(4) have | ¢ urgent (N p) if p < n_ps for p |
using that unfolding N_def n_ps def by auto
then show ?thesis
by (subst A__split) (use assms in <cases, auto introl: step_t simp: TAG _def»)
qed

lemma action_sound:
AF (L, s, u) =4 (L', s, u') if prod_ta - ((L, 5), u) =4 (L', '), u’)
using that
proof cases
case prems: (1 g )
note [simp add] = map_N_n_ps_simp clock_val_append_iff clock _val concat_iff
from <prod_ta & (L, s) —9%" (L', s")y[THEN state_setI2] have L’ € states
using state set_states that by fast
from <prod_ta b (L, s) —9%" (L', s')» show ?thesis
unfolding trans of prod trans prod_def
proof safe
assume ((L, s), g, a, r, L', s') € trans_int
then show A - (L, s, u) —4 (L', s/, u')
unfolding trans int def
apply clarsimp
using prems <L’ € _»
by (subst A__split) (intro step_int; simp add: TAG _def; elim prod_invD; assumption)
next
assume ((L, s), g, a, r, L', 8’) € trans_bin
then show A & (L, s, u) —4 (L', s', u')
unfolding trans bin_ def
using prems <L’ € _»
apply clarsimp
apply (subst A__split, standard)
apply (assumption | simp; elim prod_invD; assumption)—+
done
next
assume ((L, s), g, a, r, L', s') € trans_broad
then show A - (L, s, u) —4 (L', s/, u')
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using prems <L’ € _»
unfolding trans_broad__def inv_of prod
apply clarsimp
apply (subst A__split)
apply standard
apply (simp; elim prod_invD; assumption)+
apply fastforce+
done
qed
qed

lemma bounded__inv:
<bounded bounds s" if <At (L, s, u) —4 (L', s, u')»
using that unfolding bounds_def by cases (simp add: TAG__def)+

lemma states_inv:
(L’ € statesy if <A+ (L, s, u) —4 (L', s, u'y» <L € states»
using that unfolding bounds def
proof cases
case (step_t N d B broadcast)
with (L € states) show ?thesis
by simp
next
case prems[unfolded TAG _def]: (step_int 1 b ga fr 1’ N' p B broadcast)
from <A = _» prems(8) have I’ € (U (I, b, 9, a, r, u, I') € trans (N p). {I, I'})
by force
with <L € states> show ?thesis
unfolding <L’ = _) by (intro state_preservation__updl)
next
case prems[unfolded TAG _def]:
(step__bin broadcast a 11 b1 g1 f1 r1 11" N' p 20292 f2r212' q s’ B)
from <A = _) prems(4, 5) have
e J W, b, 9, a, r,u,l') € trans (N p). {I, 1'})
2'eJ (L, b, 9, a, r,u, ') € trans (N q). {1, I'})
by force+
with (L € states) show ?thesis
unfolding <L’ = _» by (intro state_preservation__updl)
next
case prems[unfolded TAG _def]: (step__broad a broadcast L b g fr 1’ N' p ps bs gs fs rs Is’ s’ B)
from <A = _» prems(4, 5) have
e J W b, g, a,r, u ') € trans (N p). {I,I'})
V qgesetps.ls’qge (U (I, b, g, a, r, u, ') € trans (N q). {I, I'})
by force+
with <L € states» show ?thesis
unfolding <L’ = _ ) by (intro state_preservation_updl state_preservation_ fold_updI)
qed

end
locale Prod TA =
Prod_TA_sem A for A :: (‘a, ’s, ‘¢, 't :: time, 'z, 'v :: linorder) nta +

assumes broadcast__recetvers__unguarded:
Vp<n_ps.¥Ylbgafrl. (b, g Ina,f, r, 1) € trans (N p) A a € broadcast — g = |]
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begin

lemma action__complete:
prod_ta - ((L, s), u) =4 (L', '), u’)
if AF (L, s, u) =4 (L', s, u’) a # Del L € states bounded bounds s
using that(1) proof cases
case (step_t N d B broadcast)
then show ?thesis
using that(2) by auto
next
case prems[unfolded TAG _def]: (step_int 1 b ga’ fr 1’ N' p B broadcast’)
have [simp]:
B = bounds broadcast’ = broadcast length N’ = n_ ps
unfolding bounds__def broadcast_def n_ps def unfolding prems(1) by simp+
have [simp]:
N'!{= Nifor i
unfolding N_def unfolding prems(1) by simp
have prod_ta - (L, s) —9,Internal o', (L', 8"
proof —
from prems <L € states) <bounded _ s> have ((L, s),g,Internal a’,r,(L’, s)) € trans_int
unfolding trans int def
by simp (rule ezl conjl HOL.refl | assumption | (simp; fail))+
then show ?thesis
unfolding prod_ta_ def trans_of def trans_prod__def by simp
qed
moreover have u F g
by (rule prems)
moreover have u’ F inv_of prod_ta (L', s')
using prems(7) by auto
moreover have v’ = [r—0]u
by (rule prems)
ultimately show ?thesis
unfolding (¢ = _» ..
next
case prems[unfolded TAG_def]:
(step__bin a’ broadcast’ 11 b1 g1 f1 r1 11" N' pi2b2 g2 f2r212' q s" B)
have [simp]:
B = bounds broadcast’ = broadcast length N' = n__ps
unfolding bounds__def broadcast_def n_ps_def unfolding prems(1) by simp+
have [simp]:
N'!i= Nifor i
unfolding N_def unfolding prems(1) by simp
have prod_ta - (L, s) —9! @ g2,Bin a’;rl @ r2 (L', s
proof —
from prems <L € states) <bounded bounds s» have
((L, s),91 @Q ¢g2,Bin o’,r1 Q r2,(L’, s")) € trans_bin
unfolding trans bin_ def
using [[simproc add: ex_reorder}]]
by simp (rule exI conjl HOL.refl | assumption | fast)+
then show ?thesis
unfolding prod_ta_ def trans_of def trans_prod__def by simp
qged
moreover have u - g1 @ g2
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using <u b g1y <u - ¢2» by (rule guard__append)
moreover have v’ F inv_of prod_ta (L', s’)
using prems by auto
moreover have v’ = [r1Qr2—0]u
by (rule prems)
ultimately show ?thesis
unfolding <a = _» ..
next
case prems|unfolded TAG__def]: (step_broad a’ broadcast’ 1'b g f r1' N’ p ps bs gs fs rs ls’ s
B)
have [simp]:
B = bounds broadcast’ = broadcast length N' = n__ps
unfolding bounds__def broadcast_def n_ps_def unfolding prems(1) by simp+
have [simp]:
N'!li= Nifor i
unfolding N _def unfolding prems(1) by simp
let 9r = r @ concat (map s ps) and ?g = g Q concat (map gs ps)
have prod_ta - (L, s) — ?9-Broad a’.er (1 g1y
proof —
have x: = u - g «— False if
p<n_ps(l,b, g Inaf, r, ') € Simple_Network_Language.trans (N p)
a’ € broadcast
forlbga frip
proof —
from that broadcast_receivers_unguarded have <g = []»
by blast
then show ?thesis
by auto
qed
from prems (L € states) <bounded bounds s» have ((L, s),?g,Broad o', ?r (L', s")) € trans_broad
unfolding trans broad__def
by clarsimp
(intro exI conjl HOL.refl; (rule HOL.refl | assumption | fastforce simp: x))
then show ?thesis
unfolding prod_ta_def trans_of def trans_prod__def by simp
qed
moreover have u + ¢g
using prems by (auto intro!: guard append guard _concat)
moreover have v’ inv_of prod_ta (L', s’)
using prems by auto
moreover have v’ = [?r—0]u
by (rule prems)
ultimately show ?thesis
unfolding <a = _» ..
qed

lemma delay complete:
assumes A F (L, s, u) = pg (L', ', u')
obtains d where prod_ta & (L, s), u) =% (L', s'), u")
using assms
proof cases
case prems: (step_t N’ d B broadcast)
have [simp]:

186



length N' = n__ps
unfolding n_ps def unfolding prems(1) by simp+
have [simp]:
N'li= Nifor i
unfolding N_ def unfolding prems(1) by simp
from prems show ?Zthesis
by (intro that[of d]; unfold «u' = _» «L' = Ly «s' = s» TAG_def)
(rule step__t.intros; (unfold inv_of prod; rule prod_invl)?; simp)
qed

lemma step iff:
(3 a. AE (L, s, u) =4 (L, s', u')) «— prod_tat (L, s), u) — ((L', s'), u')
if bounded bounds s L € states VN € set (fst (snd A)). urgent N = {}
using that(1,2)
apply safe
subgoal for a
by (cases a; blast dest: action__complete elim: delay complete)

by (auto intro: action__sound delay sound[OF __ __ _ that(3)])
end
end
theory TA_ Impl Misc2

imports

Munta__Base.TA__Impl_Misc

HOL— Library.Sublist

List—Index. List_Index

Automatic_ Refinement. Misc
begin

lemma mem_nth:
z € setws = 3 i < length xzs. zs ! i =z
by (metis index_less_size _conv nth_index)

lemma union subsetl:
AUBCCUDIiIfACCBCD
using that by blast

lemma map__eq imageD:
f ¢ set xs = set ys if map fxs = ys
using that by auto

lemma if contract:
(if a then x else if b then z else y) = (if a V b then x else y) for a z b y
by (rule SMT.z3_rule)

More intros named__theorems more intros
named__theorems more_elims
lemmas [more_intros] =

image__eql [rotated] Collect] subset]

lemmas [more__elims] =
CollectE
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Finiteness lemma finite_prodl:

finite {(a,b). P a A Q b} if finite {a. P a} finite {a. Q a}
using that by simp

lemma finite_prodl3:
finite {(a,b,c). Pa N QbA QI c}
if finite {a. P a} finite {a. Q a} finite {a. QI a}
using that by simp

lemma finite_prodlj:
finite {(a,b,c,d). Pa AN QbA QI cA Q2d}
if finite {a. P a} finite {a. Q a} finite {a. QI a} finite {a. Q2 a}
using that by simp

lemma finite_prodl5:
finite {(a,b,c,de). Pa A QbAQIcAQ2dAN Q3 e}
if finite {a. P a} finite {a. Q a} finite {a. Q1 a} finite {a. Q2 a} finite {a. Q3 a}
using that by simp

named__theorems finite intros
named__theorems more finite intros

lemmas [finite intros] =
finite__Unl finite_ Union finite__imagel
finite__lists_length__eq finite_lists length le
finite__subset__distinct distinct_finite_ set

lemmas [more_ finite_intros] =
finite__prodl finite__prodl3 finite__prodlj finite prodl5

Lists lemma fold evD2:
assumes
Py (fold f xs acc) = P y acc
N\ accx. - Pyacc = Qacc= Py (fracc) =z € setzs =z =1y
Q acc N\ acc x. Q acc = Q (f z acc)
N\ accz. = Pyacc = Qacc= Py (fxacc) = Ry
shows 3 ys zs. zs = ys @ y # 2zs A = Py (fold f ys acc) AN Py (fy (fold f ys acc)) N Ry
proof —
from fold_evD’'[OF assms(2,1)] obtain z ys zs where *:

zs = ys Q x # zs - Py (fold f ys acc) Py (f z (fold f ys acc))

by auto
moreover from assms(4—) have Q (fold f ys acc) by (auto intro: fold acc_preserv)
moreover from <zs = _» have 1 € set zs
by auto
ultimately show ?thesis using assms(3,6) by auto
qed

lemmas fold_evD2’ = fold_evD2[where R = X __. True, simplified]
lemma filter _map_map__filter:

filter P (map f xs) = List.map_ filter (A z. let y = fx in if Py then Some y else None) xs
by (induction xs; simp add: Let_def List.map_filter__simps)
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lemma distinct_map_ filterl:
distinct (List.map__ filter f xs)
if Vo € set xs. Vy € set xs. Va. fz = Some a A fy = Some a — x = y distinct s
using that by (induction xs) (auto simp: map_ filter _simps set_map__filter split: option.split)

lemma filter _eql:
assumes
subseq ys xs Vx € set ys. P x
Y zs. subseq zs xs A length zs > length ys — (3 = € set zs. = P 1)
shows filter P xs = ys
using assms
proof (induction xs arbitrary: ys rule: list.induct)
case Nil
then show ?case
by — (cases ys; simp)
next
case (Cons z zs)
show ?Zcase
proof (cases P )
case True
show ?thesis
proof (cases ys)
case Nil
have subseq [z] (z # xs)
by auto
with Cons.prems Nil <P x) show ?thesis
by fastforce
next
case (Cons y ys’)
have z = y
proof (rule ccontr)
assume t # y
with <subseq ys (z # xs)> <ys = _» have subseq (z # ys) (x # xs)
by simp
with Cons.prems(2—) <P z» show Fulse
by fastforce

qed
have Jdzeset zs. = P z if subseq zs zs and length ys' < length zs for zs
proof —
from (subseq zs xs» have subseq (z # 2s) (v # x3)
by simp

with «length ys’ < length zs» Cons.prems(3) <ys = _» have Jzcset (z # 25). - Pz
by (intro Cons.prems(3)[rule_format]; simp)
with (P x> show %thesis

by auto
qed
with Cons.prems <P xy <ys = _» «x = y» show ?thesis
by (auto intro!: Cons.IH)
qed
next
case Fulse

with Cons.prems show ?thesis
by (cases ys) (auto split: if _split_asm introl: Cons.IH)
ged
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qed

lemma filter greatest subseqD:
3 z € set zs. - Pz if subseq zs xs length zs > length (filter P xs)
using that by (metis filter_id__conv not__subseq_length subseq_filter)

lemma filter _eq iff greatest subseq:
filter P xs = ys +—
subseq ys zs N (Vz € set ys. P x) A
(V zs. subseq zs xs A length zs > length ys — (3 x € set zs. = P 1))
using filter__greatest__subseqD filter _eql by auto

lemma subseq subsetD:
set xs C set ys if subseq s ys
using that
by (intro subsetl) (unfold subseq singleton_left[symmetric], erule subseq order.trans)

lemma subseq distinct:
distinct xs if distinct ys subseq xs ys
using subseqs__distinctD that by simp

lemma finite subseqs:
finite {zs. subseq zs ys} (is finite 2S)
proof —
have 25 C {zs. set zs C set ys A length zs < length ys}
using not_subseq_length by (force dest: subseq subsetD)
also have finite ...
by (auto intro: finite lists length_le)
finally (finite_subset) show %thesis .
qed

lemma filter distinct_eql:
assumes
subseq ys xs V' € set ys. P x Vx € set xs. x ¢ set ys — — P z distinct xs
shows filter P xs = ys
proof (intro filter _eql, safe)
fix zs assume prems: subseq zs s length ys < length zs
obtain z where z € set 2s x ¢ set ys
proof (atomize__elim, rule ccontr)
assume Bz. 7 € set 25 A T ¢ set ys
then have set zs C set ys
by auto
moreover from prems assms have distinct zs distinct ys
by (blast intro: subseq distinct)+
ultimately show Fulse
using <length ys < length zs»
by (auto dest: card_monol|rotated] simp: distinct__card[symmetric])
qed
with prems assms show Jz€set zs. = P x
by (auto 4 3 dest: subseq subsetD)
qged (use assms in blast)+

lemma subseq sorted wrt:
sorted__wrt R xs if sorted_wrt R ys subseq s ys
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using that
by (induction xs arbitrary: ys)
(auto 0 4 dest: subseq subsetD list_emb_ ConsD subseq _Cons’ simp: sorted_wrt__append)

lemma subseq sorted:
sorted xs if sorted ys subseq xs ys
using that by (rule subseq sorted wrt)

lemma sorted distinct _subset subseql:
assumes sorted xs distinct xs sorted ys set xs C set ys
shows subseq xs ys
using assms
proof (induction ys arbitrary: s)
case Nil
then show ?case
by simp
next
case (Cons y ys zs)
from Cons.prems show ?case
by (cases xs; simp) (safe; rule Cons.IH; auto 4 4)
qed

lemma sorted_ distinct__subseq iff:
assumes sorted ys distinct ys
shows subseq zs ys «— (sorted zs N distinct xs N\ set xs C set ys)
using assms
by safe
(erule
subseq _subsetD[THEN subsetD] sorted__distinct_subset__subseql subseq _distinct subseq _sorted;
assumption
)+

lemma subseq _mapkE:
assumes subseq zs (map f ys)
obtains zs’ where subseq zs’ ys map f xs' = s
using assms
by (induct 1 = xs ©2 = map [ ys arbitrary: xs ys rule: list_emb.induct)
(auto, metis map__consI(1) subseq Cons2)

lemma list_all2 _map_ fst_aux:
assumes list_all2 (A\z y. © € Pairy ‘ (zs y)) xs ys
shows list_all2 (=) (map fst xs) ys
using assms by (smt fstI imageFE list.rel _mono__strong list_all2_mapl)

lemma list_all2 fst aux:
map fst xs = ys if list_all2 (A\x y. fst x = y) xs ys
using that by (induction) auto

Stronger version of [inj ?f; map_of ?t ?k = Some ?x] = map_of (map (\(k, v). (?f k, y)) ?t)
(?f %k) = Some %z

theorem map_ of _mapk_Somel":
assumes inj_on f (fst ‘ set t)
and map_of t k = Some z
shows map_of (map (A(k, y). (fk, g y)) t) (fk) = Some (g x)
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using assms

apply (induction t)

apply (solves simp)

apply (clarsimp split: if _split_asm)

apply (metis DiffI imagel img_fst map_of SomeD singletonD)
done

theorem map_of mapk_Somel:
assumes inj f
and map_of t k = Some z
shows map_of (map (A(k, 9). (Fk, g 9)) £) (f k) = Some (g 2)
using assms by — (rule map__of _mapk_Somel’, erule inj _on_ subset, auto)

lemma list_all2_map_eq iff:
list_all2 Az y. fo=gvy) zsys <— map fxs = map g ys
proof
assume list_all2 Az y. fz = gy) zs ys
then show map f s = map g ys
by induction auto
next
assume map f xs = map g ys
then have length xs = length ys
by (rule map__eq_imp_length__eq)
then show list_all2 Az y. fz = gy) xs ys
using <map fzs = _» by (induction rule: list _induct2; simp)
qed

end
theory TA_ More2

imports Munta Base.TA__More
begin

lemma collect clock_pairs concat:
collect__clock_pairs (concat xzs) = (|J = € set zxs. collect_clock_pairs x)
unfolding collect_clock pairs def by auto

end
theory TA_Fquivalences
imports
Timed_Automata. Timed_Automata
Munta__Base.Normalized__Zone__Semantics _Impl_Refine
begin

locale TA Equiv =
fixes A B :: ('a, 'c, 't :: time, 's) ta
fixes S :: s set
assumes state_set_trans_of: state_set (trans_of A) C S
assumes invs: V [ € S. inv_of Al =inv_of Bl
assumes trans_eq: trans_of A = trans_of B

begin

lemma delay1:

AF (L uy =4 ("uyifle S B (I, u) = (I'u)
using that invs by (auto elim!: step_t.cases)
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lemma actionl:
AE Al uy =q (uy if BE (I, u) =4 (I',u)
proof —
from that have [ € S1'€ S
using state_set_trans_of by (auto elim!: step__a.cases simp: trans_eq state_set_def)
with that invs show ?thesis
by (auto elim!: step__a.cases simp: trans__eq intro: step__a.intros)
qed

lemma delay?2:
BF (lLu) =4 ('u)ifle SAF (I, u)y = (I'u
using that invs by (auto elim!: step_t.cases)

lemma action?2:
BE (I, uy —=q (,u) if AF (I, u) =4 (I',u))
proof —
from that have [ € S1'€ S
using state_set_trans_of by (auto elim!: step__a.cases simp: trans__eq[symmetric| state_set_def)
with that invs show ?thesis
by (auto elim!: step__a.cases simp: trans_eq [symmetric] intro: step_a.intros)
qed

lemma step!:
AF(l,uy = (W) ifl e SBE (I, uy = (I'u')
using that(2,1) by cases (auto dest: actionl delayl)

lemma step2:
BF(l,u— l'u)ifle SAF (I, uy = (I'u')
using that(2,1) by cases (auto dest: action2 delay?2)

lemma S inv:
e SifFAF(Lu) = ('u)lesS
using that state_set_trans_of
by (auto elim!: step.cases step _a.cases step_t.cases simp: state set def)

interpretation interp: Bisimulation__Invariant
Al w) (U, u). AF (1, u) = (Uu')
AL uw) (U, u). BE(, u)y — (I u"
Aulu lw'=luX(,u).le SA{,u).les
by standard (auto dest: stepl step2 intro: S_inv)

end

end
theory Simple Network_Language Impl
imports

Simple__Network__Language
Munta__Base.Normalized_Zone__Semantics _Impl_Refine
HOL- Library.IArray HOL— Library.AList
Munta Base.More Methods
Munta__Base.Bijective_ Embedding
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TA Impl_ Misc2

TA More2

TA__Equivalences

HOL— FEisbach.FEisbach__Tools

Munta_Base.TA__Syntazx_Bundles
begin

unbundle no_ library syntaz

Default maps definition default_map_of :: 'b = (‘a x 'b) list = 'a = 'b where
default_map_of a xs = FinFun.map__default a (map__of xs)

lemma default _map_of alt_def:
default_map_of a zs x = (if x € dom (map__of xs) then the (map_of xs ) else a)
unfolding default _map_of def map_ default_def by (auto split: option.split_asm)

lemma range default_map_ of:
range (default_map_of x xs) C snd ‘ set zs U {z}
unfolding default _map__of _def map__default__def
by (auto split: option.split_asm) (meson img_snd map__of SomeD)

lemma finite _range default _map_ of:
finite (range (default_map__of z m))
proof —
have range (default _map_of x m) C the ‘ range (map_of m) U {z}
unfolding default _map of def FinFun.map__default_def
by (auto split: option.splits) (metis image__eql option.sel rangel)
also have finite ...
by (blast intro: finite_range_map_ of)
finally show ?thesis .
qed

lemma map_indez’ _inj:
L=1L'
if length L = length L’ map_index’ n f L = map_index’ n g L' set L C S set L’ C T
Vi<lengthL+nVazeSVyeT fiz=giy—2z=y
using that
proof (induction length L arbitrary: L L' n)
case (
then show ?case
by simp
next
case (Suc )
from Suc.prems obtain a b L1 L1’ where x*:
length L1 = xzlength L1'=x L =a# L1 L =0b# L1’
by (smt Suc.hyps(2) length_Suc__conv)
show ?case

unfolding <L = _» <L' = _
apply (clarsimp, rule conjI)
subgoal

by (smt %(3,4) Suc.hyps(2) Suc.prems Suc_less _eq add__Suc__shift less _add__Suc2 list.set__intros(1)
list_tail _coinc map__index'.simps(2) set_mp)
subgoal
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apply (rule Suc.hyps)
using Suc.prems * by auto
done
qed

lemma map__index_inj:
L=1L'
if map_index f L = map_index g L' set L C Sset L' C T
Vi<lengthL.YN € S.Vye T. fiz=giy—2x=1y
using that by — (rule map_index’ _inj, auto dest: map_index__eq imp_length _eq)

lemma map_index_injl:
L=1L
if map_index f L = map__index g L’
Vi<lengthL.fi (L'4)=gi(L'Vi)— L!i=L"1i
proof (intros add: nth__equalityl)
from that(1) show <length L = length L'
by (rule map__index__eq imp_length eq)
fix 7 :: <nat>
assume <i < length L»
with that have map_index f L ! i = map_index g L' i
by auto
with < < length Ly <length L = length Ly have fi (L!4) =g (L'! 1)
by simp
with «i < length L that(2) show <L ! i = L"! 4%
by simp
qed

lemma map_index_update:
map__index f (xzs[i := a]) = (map_indez f zs)[i := [ i a]
by (rule nth__equalityl) (auto simp: nth_list_update’)

lemma map_trans broad auzl:
map__index map_loc (fold (Ap L. L[p := Is’ p]) ps L) =
fold (Ap L. L[p := map_loc p (Is' p)]) ps (map_index map_loc L)
by (induction ps arbitrary: L) (auto simp: map__index__update)

lemma InD2:
fixes map__action
assumes inj map__action In (map__action a) = map__act map__action a’
shows a’ = In a
using assms(2) by (cases a’) (auto simp: injD[OF assms(1)])

lemma OutD2:
fixes map__action
assumes inj map__action Out (map__action a) = map__act map__action a’
shows a’ = Out a
using assms(2) by (cases a’) (auto simp: injD[OF assms(1)])

lemma (in Prod TA_ Defs) trans_broad_alt_def:
trans__broad =
{((L, s), g @ concat (map gs ps), Broad a, r Q concat (map rs ps), (L', s)) |
LsL's"s"aplbgfrl bsgsfsrsls ps.
a € broadcast A
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(I, b, g, Out a, f, v, l') € trans (N p) A
(Vp e setps. (L!p, bsp, gsp, In a, fs p, rs p, Is’ p) € trans (N p)) A
(I € committed (N p) V (3p € set ps. L' p € committed (N p))
V (Vp < n_ps. L p¢ committed (N p))) A
(Vg <n_ps. q¢ setps \p#q—
- (3bgfrl. (Lq, b, g, Ina,f, r, 1) € trans (N q) A check_bexp s b True)) A
Lp=1AM
p < length L A set ps C {0..<n_ps} A p & set ps A distinct ps N sorted ps N
check_bexp s b True A (Vp € set ps. check_bexp s (bs p) True) A
L' = (fold (\p L . L[p :=1s'" p]) ps L)[p := 1] A
is_upds s f 8" N\ is_upds s’ (concat_map fs ps) s"' A
L € states A bounded bounds s A bounded bounds s'" N\
(V p. péset ps — bs p = bexp.true) A (Vp. p¢set ps — gsp =1[]) A
(Vp. p¢set ps — fsp = []) A (Vp. pgset ps — rsp =)

unfolding trans broad_ def
proof ((intro Collect_eql iffT; elims add: more__elims), goal _cases)
case prems: (1x L sL' s"s"aplbgfrl bsgsfsrsls ps)
let 2f = Ags p. if p € sel ps then gs p else ||
let ?bs = Ap. if p € set ps then bs p else bexp.true
let ?2gs = ?f gs let ?fs = 2f fs let %rs = %f rs
have [simp]: map gs ps = map ?gs ps map rs ps = map ?rs ps map fs ps = map ?fs ps
by (simp cong: map__cong)+
with prems show ?case
by (inst_existentials L s L' s s aplb g frl ?bs 2gs ?fs ?rs Is’ ps; (assumption | simp))
next
case (2xLsL' s"s"aplbgfrl bsgsfsrsls ps)
then show ?case
by blast
qed

definition
conv__automaton = \(committed, urgent, trans, inv).
(commiitted,
urgent,
map (A, b, g, a, f, v, I'). (I, b, conv_cc g, a, f, v, 1)) trans,
map (A(s, cc). (s, conv_cc cc)) inw)

definition
automaton_of =
A(committed, urgent, trans, inv). (set committed, set urgent, set trans, default_map__of || inv)

locale Simple Network Impl Defs =
fixes automata :
('s list x 's list x ('a act,’s, 'c, 't, 'z, int) transition list
x ('s x (e, 't) cconstraint) list) list
and broadcast :: 'a list
and bounds’ :: ('z x (int X int)) list
begin

!

definition — Number of state variables
n_wvs = length bounds’
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definition
Bz = if x € dom (map_of bounds’) then the (map_ of bounds’ x) else (0, 0)

sublocale Prod_TA_Defs
(set broadcast, map automaton_of automata, map__of bounds’) .

lemma L_len[intro, dest]:
length L = n_ps if L € states
using that unfolding states def by simp

lemma N_ eq:
(N i = automaton__of (automata ! i)y if i < n_ps>
using that unfolding N _def n_ps def fst_conv snd_conv by (intro nth_map; simp)

end

locale Simple_Network _Impl =
fixes automata ::
('s list x 's list x ('a act, ’s, 'c, int, 'z, int) transition list
x ('s x (e, int) cconstraint) list) list
and broadcast :: 'a list
and bounds’ :: ('z x (int X int)) list
begin

sublocale Simple_Network Impl_Defs automata broadcast bounds’ .

end

Mapping through the product construction lemma f the inv_f:
f (the_inv f ) = z if inj f © € range f
using that by (auto simp: the inv_f f)

method fprem =
(match premises in R: __ = <rule Rlelim__format]>, assumption)

context Simple_ Network__Impl
begin

Conversion from integers to reals commutes with product construction. sublocale
conv: Prod_TA_ Defs

(set broadcast, map (Simple_ Network_Language.conv_A o automaton_of) automata, map__of
bounds’) .

lemma (in —) conv_ac_ing:
ac = ac’ if conv_ac ac = conv_ac ac’
using that by (cases ac; cases ac’; auto)

lemma (in —) conv_cc_ing:

cc = cc' if conv_cc cc = conv_cc cc’

using that by (subst (asm) inj_map_eq _map) (auto simp add: conv_ac_inj intro: ingl)
context

begin
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lemma conv_alt_def:
conv (set broadcast, map automaton__of automata, map__of bounds’) =
(set broadcast, map (Simple_Network _Language.conv_A o automaton_ of) automata, map__of

bounds’)
unfolding conv_def by simp

private lemma 2:
Simple__Network__Language.conv_A o automaton_of = (A(committed, urgent, trans, inv).
(set committed,
set urgent,
set (map Simple_Network__Language.conv__t trans),
default_map_of || (map (X (I, g). (I, conv_cc g)) inv)))
apply (rule ext)
apply clarsimp
unfolding Simple Network Language.conv__A__def automaton_of def
apply (clarsimp split: prod.split)
unfolding default _map of def
unfolding FinFun.map__ default _def
apply (rule ext)
subgoal for zs a
by (induction xs) auto
done

lemma conv_n_ps_eq:
conv.n_ps = n_ps
by (simp add: Prod_TA_ Defs.n_ps_def)

lemma conv_N_eq:

conv.N ¢ = Simple_Network_Language.conv_A (N i) if ¢ < n_ps

using that unfolding n_ps def Prod__TA_ Defs.N__def fst_conv snd__conv by (subst nth_map
| simp)+

private lemma 5:
inv (conv.N i) = conv_cc o (inv (N 7)) if i < n_ps
unfolding convy_N__eq[OF that] unfolding Simple_ Network_Language.conv_A__def
by (simp split: prod.split add: inv_def)

lemma trans conv_N__eq:
trans (conv.N i) = Simple_ Network_ Language.conv_t * (trans (N ¢)) if ¢ < n_ps
unfolding conv_N__eq[OF that] unfolding Simple_ Network_Language.conv_A__def
by (simp split: prod.split add: trans_def)

private lemma 71:
(I, b, conv_cc g, a, r, u, I'YeSimple_ Network__Language.trans (conv.N 1)
if (1, b, g, a, r, u, l')€Simple_ Network_Language.trans (N i) i < n_ps
using that by (force simp add: trans_conv_N__eq Simple_ Network__Language.conv_t_def)

private lemma 72:
(I, b, conv_cc g, a, r, u, l'YeSimple_ Network__Language.trans (conv.N i)
+— (I, b, g, a, v, u, I"YeSimple_ Network__Language.trans (N i) if i < n_ps
by (auto simp: trans_conv_N__eq[OF that] Simple_Network_ Language.conv_t_ def
dest: conv__cc_inj intro: image__eql[rotated))
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private lemma 73:
39’ g=conv_ccg' A (l, b, g, a, r, u, I')€Simple_Network__Language.trans (N 1)
if (1, b, g, a, 7, u, l')€Simple_ Network_ Language.trans (conv.N i) i < n_ps
using that by (force simp: trans_conv_N__eq Simple_Network__Language.conv_t_ def)

lemma conv_bounds|simp]:
conv.bounds = bounds
unfolding conv.bounds _def bounds def by simp

lemma conv_states[simp]:
conv.states = states
unfolding conv.states def states_def conv_n_ps_eq
by (auto simp add: trans__conv_N__eq Simple_Network__Language.conv_t_def) (fastforce, force)

private lemma 9:
committed (conv.N p) = committed (N p) if <p < n_ps
unfolding cony_N__eq[OF that] unfolding Simple_ Network__Language.conv__A__def
by (simp split: prod.split add: committed__def)

private lemma 10:
conv.broadcast = set broadcast
unfolding conv.broadcast_def by simp

lemma conv_trans_int:
conv.trans_int = (A(l, g, a, v, I"). (I, map conv_ac g, a, r, l')) *trans_int
unfolding conv.trans_int_def trans_int_def
supply [simp] = L_len
apply standard

subgoal
by (clarsimp simp: Simple_Network__Language.conv_t_def conv_n_ps_eq trans_conv_N__eq
9)
(intros add: more_intros, solve_triv+)
subgoal

by (rule subsetl,
clarsimp simp: Simple Network _Language.conv_t_def conv_n_ps eq trans _conv_N__eq
9[symmetric])
((drule (1) 71)+, intros add: more_intros, solve_triv+)
done

lemma conv_trans bin:
conv.trans_bin = (A(l, g, a, v, l"). (I, map conv_ac g, a, r, ') ‘ trans_bin
unfolding conv.trans_bin_ def trans_bin__def 10 broadcast__def
supply [simp] = L_len
apply standard
subgoal
by (clarsimp simp add: Simple_ Network__Language.conv_t_def conu_n_ps_eq trans_conv_N__eq
9)
(intros add: more_intros, solve_triv+)
subgoal
by (rule subsetl,
clarsimp simp: Simple Network _Language.conv_t_def conv_n_ps eq trans _conv_N__eq
9[symmetric])
((drule (1) 71)+, intros add: more_intros, solve_triv+)
done
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lemma n_ps rangeD:
p < n_psifp € set ps set ps C {0..<n_ps}
using that by auto

lemma mazimalD:

Vg frl.

(L'q b g Ina f,r 1

¢ (0 b, g, 0 f,m 1),

(I, b, map conv_ac g, a, f, v, l')) “trans (N q)) V = check_bexp s b True if
Vg<n_ps. q¢ setps ANp#q— (Vb. Vg frl
(L' q, b, g, Ina, f, r, 1) ¢ trans (N q)) V = check_bexp s b True)

q<n_ps q & set psp # q
for b ps p q L a’ s using that by fastforce

lemma conv_trans_broad:
conv.trans_broad = (M\(l, g, a, 7, I'). (I, map conv_ac g, a, v, ")) ‘ trans_broad
unfolding conv.trans_broad__alt _def trans broad__alt_def
apply standard
supply [simp] = L_len
subgoal
proof —
have **: 3 gs’. gs = conv_cc o gs' A
(Vpeset ps.(L! p, bs p, gs' p, In a, fs p, 15 p, Is’ p) € trans (N p))
if assms:
Vpeset ps. (L p, bs p, gs p, In a, fs p, rs p, s’ p) € trans (conv.N p)
set ps € {0..<n_ps} Vp. p ¢ set ps — gsp =]
for L ps bs gs a fs rs ls’
proof —
have *: gs p = conv_cc (Hilbert_Choice.inv conv_cc (gs p)) if p € set ps for p
using that assms by (auto 4 8 simp: f_inv_into_f dest!: 73)
show ?thesis
apply (inst_existentials Hilbert_Choice.inv conv_cc o gs)
subgoal
apply (rule ext)
subgoal for p
apply (cases p € set ps)
subgoal
by (simp, erule x)
subgoal
using that(3) by (auto intro: injl inv_f eq conv_ac_inj)
done
done
subgoal
using that * by (force dest!: conv_cc_inj 73)
done
qed
have x: set ps C {0..<n_ps} «— (Vp € set ps. p < n_ps) for ps
by auto
have maximall:
Vg<n_ps. q¢ setps A\p#q— Vb. Vg frl.
(L!gq b, g, Ina, f, r,1') & trans (N q)) V — check_bexp s b True) if
Vg<n_ps. q¢ setps AN\p#qg— Vb. (Vg frl.
(L1gq, b, g, Ina, f, r, ') ¢ trans (conv.N q)) V — check_bexp s b True)
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for psp L a’s
using that by (blast dest!: 71)
show ?thesis
apply (rule subsetl)
apply (clarsimp simp add: conv_n_ps_eq 9 10 broadcast_def split: prod.split_asm)
apply (drule (2) *x)
apply (drule (1) 78)+
apply elims
apply (intro image__eql [rotated] CollectI exI conjI)
apply solve_triv+
subgoal premises prems — Commited
using prems(2) «set _ C {0..<n_ps} by (auto dest: n_ps_rangeD simp: 9)
apply (erule mazimall; fail) — Maximal set
by solve__triv+ (simp split: prod.split add: map__concat)
qed
subgoal
apply (rule subsetl)
apply (clarsimp simp:
Stmple_Network__Language.conv_t_ def
conv_n_ps_eq trans_conuy_N__eq 9[symmetric] 10 broadcast_def map__concat)
apply (drule (1) 71)
apply (intros add: more__intros)
apply solve__triv+
apply (subst comp__def; rule 71; fast elim: n_ps_rangeD; fail)
subgoal premises prems for L s s’ s’ ajp g fr 1’ gs fs rsls' ps
using prems(3,6) 9 by fastforce
apply (erule mazimalD)
apply (solve_triv | blast)+
done
done

lemma conv_prod_ ta:
conv.prod__ta = Normalized_ Zone _Semantics _Impl.conv_A prod_ta
unfolding conv.prod_ta_def prod_ta__def
unfolding conv.trans _prod__def trans prod__ def
unfolding conv.prod_inv__def prod__inv_def
unfolding conv.N_def N_def conv_n_ps eq
unfolding conv_A_ def
apply simp
apply (rule conjI)
subgoal
unfolding image Un
by ((fo_rule arg_cong2)+; rule conv_trans int conv_trans bin conv_trans_broad)
subgoal — Invariant
unfolding conv.N_def N__def
by (rule ext) (auto simp: 5 map__concat intro!: map__cong arg_conglwhere f = concat])
done

end

Fundamentals definition clkp_set’ =
(U A € set automata. |J g € set (snd (snd (snd A))). collect_clock__pairs (snd g))
U (U A € set automata. |J (I, b, g, _) € set (fst (snd (snd A))). collect_clock_pairs g)
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definition clk_set’ where

<clk_set’ =
fst ¢ clkp_set’ U
(U A € set automata. |J (_, _, _, _, _,r,_) € set (fst (snd (snd A))). set r)»

lemma (in —) default_map_of in_listD:
z €| (set “snd  set invs) if © € set (default_map_of || invs [)
proof —
have [| # default_map_of [] invs |
using that by force
then have default_map_of [] invs | € snd ‘ set invs
by (metis (no__types) UNIV_I Un__insert_right range_default _map_ of[of [] inwvs]
image__eql insertE subsetCE sup_bot.right_neutral)
with that show ?thesis
by blast
qed

lemma collect_clock pairs _invsl:
(a, b) € U ((collect_clock_pairs o snd) © set invs)
if (a, b) € collect_clock_pairs (default_map_of || invs 1)
using that unfolding collect clock pairs def by (auto dest!: default _map of in_listD)

lemma mem,__trans_N__iff:
t € Simple_Network_Language.trans (N ©) <— t € set (fst (snd (snd (automata ! ©))))
ifi <mn_ps
unfolding N__eq[OF that] by (auto split: prod.splits simp: automaton__of _def trans__def)

lemma length__automata_eq n_ ps:
length automata = n_ ps
unfolding n_ps def by simp

lemma clkp set’ subs:
Timed__Automata.clkp__set prod_ta C clkp_set’
unfolding Timed_Automata.clkp set_def clkp_set’ def
proof (rule union__subsetl, goal_cases)
case 1
have *: Fulse
if i < n_ps L € states
(a, b) € collect_clock_pairs (Simple_Network__Language.inv (N ©) (L ! 7))
Y zeset automata. ¥ z€set (snd (snd (snd x))). (a, b) ¢ collect_clock_pairs (snd x)
for a :: ‘'cand b :: int and L :: ‘s list and ¢ :: nat
using that
apply (subst (asm) N_eq)
apply assumption
apply (inst_existentials automata ! 7)
unfolding automaton__of def
by (force dest!: nth_mem collect clock_pairs _invsl
split: prod.split_asm simp: inv_def Prod_TA_Defs.n_ps_def)
from 1 show ?case
unfolding Timed_Automata.collect clki def inv_of prod prod_inv_def
by (auto simp: collect__clock__pairs _concat intro: *)
next
case 2
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then show ?case
apply simp
unfolding trans prod_def Timed_ _Automata.collect_clkt def
apply safe
subgoal
unfolding trans int_def by (fastforce simp: length _automata__eq n_ps mem_ trans_N__iff)
subgoal
unfolding trans_bin_ def
by (fastforce
simp: length__automata__eq n_ps mem__trans N__iff
dest!: collect__clock__pairs_append__cases)
subgoal
unfolding trans broad__def
apply (clarsimp simp: length__automata_eq n_ps mem__trans_N__iff)
apply (drule collect _clock__pairs_append__cases)
unfolding collect_ clock__pairs concat
apply (clarsimp; safe)
by (fastforce simp: length__automata_eq n_ps mem__trans N __iff )+ — slow: 20s
done
qed

lemma collect clkvt _subs:
collect__clkvt (trans_of prod_ta) C
(U 4 € set automata. |J (_, _, _,_,_,r,_) € set (fst (snd (snd A))). set r)
apply simp
unfolding collect_ clkvt_def
apply safe
unfolding trans prod_def
subgoal
apply simp
unfolding trans prod_def Timed _Automata.collect_clkt def
apply safe
subgoal
unfolding trans int_def
by (fastforce
simp: length__automata__eq n_ps mem__trans N__iff
dest!: collect__clock__pairs_append__cases)
subgoal
unfolding trans bin_ def
by (fastforce
simp: length__automata__eq n_ps mem__trans N__iff
dest!: collect__clock__pairs_append__cases)
subgoal
unfolding trans broad def
apply (clarsimp simp: length__automata_eq _n_ps mem__trans_N__iff)
unfolding collect_clock pairs concat
apply safe
by (fastforce simp: length__automata_eq n_ps mem__trans_N_iff )+ — slow: 20s
done
done

lemma clk_set’ subs: clk_set prod_ta C clk_set’
using collect_ clkvt_subs clkp_set’ _subs unfolding clk_set’ def by auto
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end

lemma (in Prod TA_ Defs) finite_range invl:
finite (range prod_inv) if assms: V i < n_ps. finite (range (inv (N 7)))
proof —
let /N =J (range ‘inv ‘N ‘{0..<n_ps})
let X = {I. set I C ?N A length I < n_ps}
have finite ?N
using assms by auto
then have finite 72X
by (rule finite lists_length_le)
moreover have range prod_inv C concat ‘ ?X U {[|}
proof
fix x assume z € range prod_inv
then consider L where z = concat (map (Ap. (inv (N p)) (L! p)) [0..<n_ps]) | z =]
unfolding prod_inv_def by (auto split: if _split_asm)
then show z € concat “ ?X U {[]}
by (cases; force)
qed
ultimately show ?thesis by — (drule finite__subset; auto)
qed

definition (in Prod_TA Defs)
loc_set =

(U {fst ‘ trans (N p) | p. p < n_ps} U
U {(snd o snd o snd o snd o snd o snd) ‘ trans (N p) | p. p < n_ps})

lemma (in Prod TA_ Defs) states_loc_ set:
states C {L. set L C loc_set A length L = n_ ps}
unfolding states def loc_set_ def
apply (intros add: more__intros)
apply (elims add: more__elims)
apply (drule mem__nth)
apply simp
apply (elims add: ollE, assumption)
apply (simp split: prod.split_asm)
apply (erule disjE; (intros add: disjl1 disjI2 more_intros, solve _triv+); fail)
by (elims add: more__elims)

lemma (in Prod TA_ Defs) finite_ states:
assumes finite_trans: Vp < n_ps. finite (Simple_ Network__Language.trans (N p))
shows finite states
proof —
have states C {L. set L C loc_set A length L = n_ ps}
by (rule states loc_set)
also from finite trans have finite ...
unfolding loc_set_def by (intro finite_intros) auto
finally show ?thesis .
qed

context Simple_ Network__Impl
begin
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lemma trans N _ finite:
assumes p < n_ ps
shows finite (Simple_Network Language.trans (N p))
using assms by (subst N_eq) (auto simp: automaton__of _def trans_def split: prod.split)

lemma states finite:
finite states
by (intros add: finite_states trans_N__finite)

lemma bounded__ finite:
finite {s. bounded bounds s}
proof —
let 2l = Min {fst (the (bounds z)) | z. x € dom bounds}
let 2u = Max {snd (the (bounds z)) | . x € dom bounds}
have finite (dom bounds)
unfolding bounds def by simp
then have {s. bounded bounds s} C {s. dom s = dom bounds A ran s C {?l..%u}}
unfolding bounded__def
apply clarsimp
apply (rule conjI)
subgoal for s v
unfolding ran_is image
apply clarsimp
subgoal for z [ u
by (rule order.transjwhere b = fst (the (bounds z))]; (rule Min__le)?; force)
done
subgoal for s v
unfolding ran_is image
apply clarsimp
subgoal for z [ u
by (rule order.transjwhere b = snd (the (bounds x))|; (rule Maz__ge)?; force)
done
done
also from «finite (dom bounds)> have finite ...
by (rule finite _set_of finite_maps) blast
finally show ?thesis .
qed

lemma trans prod_ finite:
finite trans_prod
proof —
have finite trans_int
proof —
have trans_int C
{((L, s), g, Internal a, r, (L', ")) | Lsplbgafrl s L'
L € states N\ bounded bounds s A p < n_ps A
(I, b, g, Sil a, f, v, I") € trans (N p) A
bounded bounds s’
AL = Lp:=1]

unfolding trans int_def by (force simp: L_len)
also have finite ...
proof —
have finite {(a, b, ¢, d, e, f, g). (a, b, ¢, Sil d, e, f, g) € trans (N p)}
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if p < n_psforp
using [[simproc add: finite_Collect]] that
by (auto intro: trans_N_finite finite__vimagel injl)
with states finite bounded_ finite show ?thesis
by defer ex
qed
finally show ?thesis .
qged
moreover have finite trans_bin
proof —
have trans_bin C
{((L, s), g1 Q ¢2, Bin a, r1 Q r2, (L', s")) |
Lspqllbl glaflriil’I2b2g¢2f2r212s" L
L € states A bounded bounds s N
p<n_psANqg<n_psA
(l1, b1, g1, In a, f1,r1,11’) € trans (N p) A
(12, b2, g2, Out a, 2, r2, 12') € trans (N q) A
bounded bounds s’ A
L'=Llp:=1' q:=12]
}
unfolding trans_bin__def by (fastforce simp: L_len)
also have finite ...
proof —
have finite {(a, b, ¢, d, ¢, f, g). (a, b, ¢, In d, e, f, g) € trans (N p)}
if p < n_psforp
using [[simproc add: finite_Collect]] that
by (auto intro: trans_N_finite finite_vimagel injl)
moreover have finite {(a, b, ¢, e, f, g9). (a, b, ¢, Out d, e, f, g) € trans (N p)}
if p<n _psforpd
using [[simproc add: finite_ Collect]] that
by (auto intro: trans_N_ finite finite__vimagel injI)
ultimately show Zthesis
using states_finite bounded_ finite by defer ex
qed
finally show ?thesis .
qed
moreover have finite trans_broad
proof —
define P where P ps = set ps C {0..<n_ps} A distinct ps for ps
define @Q where Q) a n bs gs fs rs =
Vp<n I g<n_ps. 3L (L,bs!p,gs!p, Ina,fs!p rs!p ') € trans (N q)) A
length bs = n A length gs = n A length fs = n A length rs = n for a n bs gs fs rs
define tag where tag © = True for z :: s
have Q_I: @ a (length ps) (map bs ps) (map gs ps) (map fs ps) (map rs ps)
if set ps C {0..<n_ps}
Vpeset ps. (L p, bs p, gs p, In a, fs p, rs p, s’ p) € trans (N p)
for ps :: nat list and L a bs gs fs rs Is’
using that unfolding Q_def by (auto 4 4 dest!: nth_mem)
have trans_broad C
{((L, s), g Q@ concat gs, Broad a, r @ concat rs, (L', s"')) |
Lsaplbgfrl psbsgsfsrsL's”.
L € states N\ bounded bounds s N\ a € set broadcast A
p<n_psAN
(I, b, g, Out a, f, r, I") € trans (N p) A
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P ps A

Q a (length ps) bs gs fs rs A
L’ € states N

bounded bounds s A

tag 1’

unfolding trans broad def broadcast_def
apply (rule subsetl)
apply (elims add: more__elims)
apply (intros add: more__intros)
apply solve_triv+
apply (simp add: L_len; fail)
apply assumption
apply (unfold P__def; intros; assumption)

apply (rule Q_I; assumption)
subgoal

by (blast intro: state preservation_updl state preservation_ fold_updl)
apply assumption
unfolding tag def ..

also have finite ...
proof —

have finite {(a, b, ¢, e, f, g). (a, b, ¢, Out d, e, f, g) € trans (N p)}

if p<n_psforpd

using [[simproc add: finite_Collect]] that

by (auto intro: trans_N_finite finite_vimagel injl)
moreover have finite {ps. P ps}

unfolding P_def by (simp add: finite_intros)
moreover have finite {(bs, gs, fs, rs). Q a n bs gs fs rs} (is finite 25) for a n
proof —

let ?T = J (trans * N < {0..<n_ps})

have 25 C {(bs, gs fs, rs).

(set bs € (A(_,b,_). b) “ T A length bs = n) A

(set gs € (AL, ,g, ). g) ‘2T A length gs = n) A
(set fs C ()\(_,_,_,_,f,_) f) 2T A length fs = n) A
(setrs € (AN, o, , , Ty ). 1) C 2T A length rs = n)

}
unfolding Q) _def
apply safe
apply (all <drule mem__nth; elims; drule spec; elims))
apply force+
done
also have finite ...
using trans N_ finite by (intro finite intros more_ finite_intros) auto
finally show ?thesis .
qed
ultimately show ?thesis
using states finite bounded_ finite by defer ex
qed
finally show ?%thesis .
qed
ultimately show ?thesis
by (simp add: trans_prod__def)
qed
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lemma prod_inv_ finite:
finite (range prod__inv)
apply (intros add: finite_range_invl)
unfolding length__automata__eq n_ ps[symmetric]
unfolding N_ def
unfolding automaton_of def
by (auto intro: finite _range_default _map__of split: prod.split simp: inv_def)

end

Collecting variables from expressions. fun vars of berp and vars _of exp where
vars_of _bexp (not e) = vars_of _bexp e

| vars_of bexp (and el e2) = (vars_of bexp el U vars_of bexp e2)

| vars_of bexp (bexp.or el e2) = (vars_of bexp el U vars_of bexp e2)

| vars_of bexp (imply el e2) = (vars_of bexp el U vars_of bexp e2)

| vars_of bexp (eq i ) = vars_of exp i U vars_of exp x

| vars_of bexp (le i x) = vars_of _exp i U vars_of exp x

| vars_of bexp (It i ©) = vars_of _exp i U vars_of _exp x

| vars_of bexp (ge i x) = vars_of exp i U vars_of exp x

| vars_of bexp (gt i x) = vars_of exp i U vars_of exp x

| vars_of bexp bexp.true = {}

| vars_of exp (const ¢) = {}

| vars_of exp (var z) = {z}

| vars_of exp (if then_else b el e2) = vars_of bexp b U vars_of exp el U vars_of exp e2

| vars_of exp (binop __ el e2) = vars_of exp el U vars_of exp e2

| vars_of exp (unop _ e) = vars_of exp e

definition (in Prod_ TA_ Defs)
var_set =
(US € {(fst o snd) “trans (Np) | p. p < n_ps}. Ub € S. vars_of bexp b) U
(US € {(fst o snd o snd o snd o snd) ‘trans (N p) | p. p < n_ps}.
UfesS U (z,e) € setf. {x} Uwvars of exp e)

locale Simple_Network_Impl nat_defs =
Simple__Network__Impl automata
for automata ::
(nat list x nat list x (nat act, nat, nat, int, nat, int) transition list
x (nat x (nat, int) cconstraint) list) list +
fixes m :: nat and num__states :: nat = nat and num__actions :: nat

locale Simple Network Impl nat =
Simple_Network__Impl_nat_defs +
assumes has_clock: m > 0
assumes non__empty: 0 < length automata

assumes trans num__ States:
Vi<mn_pslet (_, , trans, ) = (automata ! i) in ¥V (I, _, _, _, _, 1) € set trans.
| < num_ states i A\ I’ < num_ states i
and inv_num__states:

Vi< mn_ps let (_,__,__,inw) = (automata ! 7) in ¥V (x, _) € set inv. © < num__states i
assumes var_set:
V(_,_, trans, ) € set automata. ¥ (_, __, _, . f, _, ) € set trans.

V(z, upd) € set f. x < n_wvs A (Vi € vars_of exp upd. i < n_vs)
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V(_,_, trans, ) € set automata. ¥ (_, b, _, )€ set trans.
Vi € vars_of bexp b. i < m_wvs
assumes bounds:
Vi< n_vs. fst (bounds’! i) =i
assumes action_set:
Va € set broadcast. a < num__actions
V(_,_, trans, ) € set automata. ¥ (_, _, _,a, _, _, ) € set trans.
pred_act (Aa. a < num__actions) a
assumes clock set:
YV (_, _, trans, _) € set automata. ¥ (_, _, g, __,__, r,__) € set trans.
(Veesetr.0 <cAec<m)A
(V (¢, ) € collect_clock_pairs g. 0 < ¢ AN ¢ < m Az € N)

Y(,_,_,inv) € set automata. ¥ (l, g) € set inv.

(V (¢, z) € collect_clock _pairs g. 0 < ¢ Aec<m Az €N)

assumes broadcast__receivers:
V(_,_, trans, _) € set automata. ¥ (_, _, g, a, _, _, ) € set trans.
case a of In a = a € set broadcast — g =[] | _ = True
begin

lemma broadcast__receivers__unguarded:
Vp<n_ps.Vibgafrl
(I, b, g, In a, f, v, I') € Simple_ Network__Language.trans (N p) A a € set broadcast — g =

[

using broadcast_receivers by (fastforce dest: nth_mem simp: n_ps_def mem__trans_N__iff)

sublocale conv: Prod TA
(set broadcast, map (Simple_ Network__Language.conv_A o automaton_of) automata, map__of
bounds’)
using broadcast_receivers _unguarded
by — (standard,
fastforce simp: conv.broadcast__def Simple_ Network__Language.conv_t_def conu_n_ps_eq trans_conv_N__eq)

sublocale TA_Start No_Ceiling prod_ta init m
proof standard
show finite (trans_of prod_ta)
using trans_prod_ finite by simp
next
show finite (range (inv_of prod_ta))
using prod__inv_finite by simp
next
from clk set’ subs have clk_set prod ta C clk_set’.
also have ... C {1..m}
using clock_set unfolding clk_set’ def clkp set’ def by force
finally show clk_set prod_ta C {1..m} .
next
from clock_set have ¥ (_, d)eclkp_set’. d € N
unfolding clkp_set’_def by force
then show V (_, d)€Timed Automata.clkp _set prod_ta. d € N
by (auto dest!: subsetD[OF clkp__set’ _subs])
next
show 0 < m
by (rule has__clock)
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qed

end

context Simple Network Impl
begin

definition sem = (set broadcast, map (automaton_of o conv_automaton) automata, map_ of
bounds’)

sublocale sem: Prod_TA sem sem .

lemma sem_N_eq:
sem.N p = automaton__of (conv_automaton (automata ! p)) if <p < n_ps
using that unfolding sem.N_def n_ps def unfolding sem_ def fst_conv snd_conv
by (subst nth_map) auto

end

inductive__cases step_u__elims:
AF (L, s, u) =peg (L', s, u')

Ak <L, 5, u> — Internal a <L/7 s/, u/>

Ak <La S, u) —Bin a <L/a 5//7 U/>

Ak <L, S, u> —Broad a <LI7 5", u/>

inductive__cases step u_elims”:

(broadcast, N, B) & (L, s, u) —pe (L', ', u')
(broadcast, N, B) & (L, s, u) = nternat o (L', 8", u')
(broadcast, N, B) & (L, s, u) = Rgin o (L, 8", u')
(broadcast, N, B) b (L, s, ¥} = Broad a (L', 8", u’)

lemma (in Prod TA_Defs) states_lengthD:
length L = n__ps if L € states
using that unfolding states def by simp

end

theory Simple Network__Language Impl Refine
imports Simple Network Language_ Impl

begin

unbundle no_ library syntaz
notation fun_rel_syn (infixr — 60)
hide__const (open) upd

Expression evaluation fun bval :: ('a = 'b) = (‘a, 'b :: linorder) bexp = bool and eval
where

bval __ bexp.true «— True |

bval s (not e) +— — bval s e |

bval s (and el e2) <— bval s el A bval s e2 |

bual s (bexp.or el e2) +— bval s el V bval s €2 |

bval s (imply el e2) <— bval s el — bval s €2 |

bval s (eq i ) «— eval s i = eval s z |
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bval s (le i x) «— eval s i < eval s x|
bval s (It i ) <— eval s i < eval s z |
bval s (ge i x) «— eval s 1 > eval s x |
bval s (gt i ) <— eval s i > eval s
| eval s (const ¢) = ¢
| eval s (varz) = sz
| eval s (if _then_else b el e2) = (if bval s b then eval s el else eval s e2)
| eval s (binop fel e2) = f (eval s el) (eval s e2)
| eval s (unop fe) = f (eval s e)

lemma check_bexp determ:
check_bexp s b b1 = check_bexp s b b2 — bl = b2
and is_wval determ: is_wval s e vl = is_wal s e V2 — vl = v2
by (induction b and e arbitrary: b1 b2 and vl v2)
(auto dest: elim!: is_val_elims check__bexp_ elims)+

lemma is upd_determ:
sl = s2 ifis upd s fslis upds fs2
using that unfolding is upd_ def
by (clarsimp, fo_rule arg_cong)
(smt
case_prodE case_prodE’ case_prod_convis_wval determ list.rel_eq list_all2 swap list_all2_trans

)

lemma is upds determ:
sl = s2 if is_upds s fs s1 is_upds s fs s2
using that
by (induction fs arbitrary: s) (auto 4 4 elim: is_upds.cases dest: is_upd__determ)

lemma check bexp_ bval:

YV € vars_of bexp b. x € dom s => check_bexp s b (bval (the o s) b)
and is_wval eval:

Vi € vars_of expe. x € dom s => is_wal s e (eval (the o s) ¢€)

apply (induction b and e)

apply (simp; (subst eq _commute)?; rule check_bexp is wal.intros; simp add:

dom__def)+

apply ((subst eq_commute eval.simps) ?; rule check_bexp is_wval.intros; simp add: dom__def)+

done

lemma is upd dom:
dom s' = dom s if is_upd s (z, €) s’ x € dom s
using that unfolding is_upd_def by (auto split: if _split_asm)

lemma is upds dom:
dom s’ = dom s if is_upds s upds s’V (z, €) € set upds. € dom s
using that
by (induction upds arbitrary: s)
(erule is_upds.cases; auto simp: is_upd__dom split: prod.split_asm)+

definition
mk_upd = Nz, €) s. s(z — eval (the o s) e)

definition mk_upds :
("a = ('b :: linorder) option) = (‘a x ('a, 'b) exp) list = ('a = 'b option) where
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mk_upds s upds = fold mk__upd upds s

lemma is upd make_updl:
is_upd s upd (mk_upd upd s) if upd = (z, €) Vo € vars_of _exp e. x € dom s
using that(1) is_val_eval]OF that(2)] unfolding is_upd_ def mk_upd_def by auto

lemma dom_mk _upd:
dom s C dom (mk_upd upd s)
unfolding mk_upd_def by (auto split: prod.split)

lemma is upds make_updsl:
is_upds s upds (mk_upds s upds) if ¥V (__, e€) € set upds. V& € vars_of exp e. x € dom s
using that
proof (induction upds arbitrary: s)
case Nil
then show ?case
by (auto introl: is_upds.intros simp: mk__upds _def)
next
case (Cons upd upds)
let ?s = mk_upd upd s
from Cons(2) have is_upd s upd ?s
by (auto simp: dom__def intro: is_upd_make__updl)
moreover have is_upds ?s upds (mk_upds ?s upds)
using Cons.prems dom__mk_upd by (intro Cons.IH) force
ultimately show Zcase
using dom_mk_upd by (auto introl: is_upds.intros simp: mk_upds__def)
qed

Implementation auxiliaries definition
union__map_ of s =
fold (A (z, y) m. case m x of None = m(z — [y]) | Some ys = m(z — y # ys)) xs Map.empty

lemma union__map_of alt_def:
union_map__of zs x = (let
ys = rev (map snd (filter (A (2, y). ' = ) xs5))
in if ys = [] then None else Some ys)
proof —
have fold (A (z, y) m. case m z of None = m(z — [y]) | Some ys = m(z — y # ys)) zs m x
= (let
ys = rev (map snd (filter (A (2, y). ' = ) 3))
in
case m x of None = if ys = || then None else Some ys | Some zs = Some (ys Q zs)) for x m
by (induction zs arbitrary: m; clarsimp split: option.split)
then show %thesis
unfolding union_map_ of def by simp
qed

lemma in_ union_map_ ofI:

3 ys. union_map_of xs x = Some ys A y € set ys if (z, y) € set xs

unfolding union_map_of alt_def Let_def using that set_filter[of A(z', y). 2’ = z zs] by
auto+

lemma in_union__map_ ofD:
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(z, y) € set xs if union_map_of xs x = Some ys y € set ys
using that unfolding union_map_of alt_def by (auto split: if _split_asm)

Implementation of state set context Simple Network Impl nat defs
begin

definition
states_ii= (U, e, g, a, r, u, l")€set (fst (snd (snd (automata ! 7)))). {I, I'})

lemma states _mem__compute|code]:
L € states +— length L = n_ps A (Vi<n_ps. L'| i € states_i 1)
unfolding states def states_i_def by simp (metis mem__trans_N__iff)

lemma states _mem__compute’:
L € states < length L = n_ps A (Vi<n_ps. L' ! i € map states_i [0..<n_ps| ! i)
unfolding states _mem__compute by simp

end

context Simple_Network Impl_nat
begin

Fundamentals lemma mem_trans N_iff:
<t € Simple_Network__Language.trans (N i) <— t € set (fst (snd (snd (automata ! 7))))»
if i < n_ps
unfolding N _def fst_conv snd__conv
unfolding automaton_of def
unfolding trans def
using that by (cases automata ! i) (auto simp: length__automata__eq _n__ps)

lemma L 1 len:
<L i< num_states iy if ¢ < n_ps L € states
using trans_num,__states that
unfolding states def by (auto 4 4 simp: mem__trans_N__iff)

lemma L i simp:
[0..<num_states i) ! (L1 i) =L!D
if i < n_ps L € states
using L_ i _len[OF that] by simp

lemma action_setD:
<pred__act (Aa'. a’ < num__actions) a
if «(1, b, g, a, f, r, I') € Simple_ Network_ Language.trans (N p)» <p < n_ps>
using that action__set
by (cases automata ! p)
(subst (asm) mem__trans_N__iff; force dest!: nth_mem simp flip: length__automata_eq _n_ ps)

More precise state sets definition
states’ = {(L, s). L € states A dom s = {0..<n_vs} A bounded bounds s}

lemma states’_states[intro, dest):
L € states if (L, s) € states’
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using that unfolding states’ def by auto

lemma states’ _dom[intro, dest):
dom s = {0..<n_wvs} if (L, s) € states’
using that unfolding states’ def by auto

lemma states’ _bounded[intro, dest]:
bounded bounds s if (L, s) € states’
using that unfolding states’ def by auto

Implementation of invariants definition (in Simple Network Impl_nat_defs)
invs @ = let m = default_map__of || (snd (snd (snd (automata ! 7))));
m' = map (A j. m j) [0..<num__states i
in m’

definition (in Simple_ Network_Impl_nat_defs)
invsl = map (X i. let m = default_map_of [] (snd (snd (snd (automata ! ©))));
m' = map (A j. m j) [0..<num__states i
in m') [0..<n_ps]

definition (in Simple_ Network_Impl nat_defs)
invs2 = IArray (map (X 4. let m = default_map_of [| (snd (snd (snd (automata ! 7))));
m' = TIArray (map (X j. m j) [0..<num__states i])
in m’) [0..<n_ps])

lemma refine invs2:
mus2 il j=dnust il jifi<n_ps
using that unfolding invs2 def invsl__def by simp

definition (in Simple_ Network_Impl_nat_defs)
inv_fun = XL, _).
concat (map (Ai. dnvsl 14! (L1 4)) [0..<n_ps])

lemma refine_invsi:
¢invsl Vi = invs » if <1 < n_ps
using that unfolding invs def invsl__def by simp

lemma invs_simp:
invsl 1 ¢! (L {) = Simple Network_Language.inv (N i) (L ! 9)
if i < n_ps L € states
using that unfolding refine invs1 [OF i < _ )] invs_def N_def fst_conv snd__conv
unfolding inv_def
by (subst nth_map;
clarsimp split: prod.split simp: automaton__of _def length__automata_eq _n_ps L_i_len)

lemma inv_fun_inv_of":
(inv_fun, inv_of prod_ta) € inv_rel R states’ if R C Id x, S
using that
unfolding inv_rel_ def
unfolding inv_ fun_ def
unfolding inv_of prod prod_inv_def
apply (clarsimp simp: states’ _def)
apply (rule arg_cong[where f = concat])
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apply (auto simp add: invs_simp cong: map__cong)
done

lemma inv_fun_alt_def:
inv_fun = (ML, _). concat (map (Ai. invs2 1! ¢ 1! (L' %)) [0..<n_ps]))
unfolding inv_ fun_ def
apply (intro ext)
apply (clarsimp simp del: IArray.sub__def)
apply (fo_rule arg_cong)
apply (simp add: refine_invs2 del: IArray.sub_def)
done

end

Implementation of transitions context Simple Network Impl nat defs
begin

definition
bounds_map = the o map_ of bounds’

definition
check__bounded s =
(Vz € dom s. fst (bounds_map z) < the (s z) A the (s ) < snd (bounds_map x))

Compute pairs of processes with committed initial locations from location vector.

definition
get__committed L =
List.map__filter (Ap.
letl=L!pin
if 1 € set (fst (automata ! p)) then Some (p, I) else None) [0..<n_ps]

Given a process and a location, return the corresponding transitions.

definition
trans_map 1 =
let m = union_map_of (fst (snd (snd (automata ! 7)))) in (N\j.
case m j of None = [| | Some xs = xs)

Filter for internal transitions.

definition
trans_1_map 1 j =
List.map_filter
(X (b, g, a, m, ). case a of Sil a = Some (b, g, a, m, l') | _ = None)
(trans_map i j)

Compute valid internal successors given:
e a process p,
e initial location I,
¢ location vector L,

o and initial state s.
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definition
int_trans_from_loc pl L s =
let trans = trans_i_map p 1
n
List.map_filter (X (b, g, a, f, 7, I').
let s’ = mk_upds s f in
if bval (the o s) b A check_bounded s’ then Some (g, Internal a, r, (L[p := 1], s'))
else None
) trans

definition
int__trans_from__vec pairs L s =
concat (map (A(p, 1). int_trans_from_loc p I L s) pairs)

definition
int_trans_from_all L s =
concat (map (Ap. int_trans_from_loc p (L'! p) L s) [0..<n_ps])

definition
int_trans_from = X\ (L, s).
let pairs = get__committed L in
if pairs = ||
then int_trans_from_all L s
else int_trans_from__vec pairs L s

definition
actions by _state i =
fold (X t acc. acclfst (snd (snd t)) := (i, t) # (acc! fst (snd (snd t)))])

definition
all_actions_by_state t L =
fold (X i. actions_by_state i (t 7 (L 7)) [0..<n_ps| (repeat [] num__actions)

definition
all_actions__from__vec t vec =
fold (A(p, 1). actions_by_state p (t p 1)) vec (repeat [| num__actions)

definition
pairs_by_action L s OUT IN =
concat (
map (A (p, b1, g1, al, f1, 71, 11).
List.map__ filter (X (q, b2, g2, a2, 2, r2, 12).
if p = q then None else

let s" = mk_upds (mk_upds s f1) f2 in
if bval (the o s) bl A bual (the o ) b2 A check_bounded s’
then Some (g1 @ g2, Bin al, rl Q 2, (L[p := 11, q :=12], s'))
else None

) OUT) IN)

definition
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trans_in_map 1 j =
List.map__filter
(A (b, g, a, m, ). case a of In a = Some (b, g, a, m, I") | _ = None)
(trans_map i j)

definition
trans_out_map 1 j =
List.map_filter
(A (b, g, a, m, 1'). case a of Out a = Some (b, g, a, m, ') | _ = None)
(trans_map i j)

definition
bin__actions = filter (Aa. a ¢ set broadcast) [0..<num__actions]

lemma mem_ bin__actions iff:
a € set bin__actions <— a & local.broadcast N a < num__actions
unfolding bin__actions_def broadcast _def by auto

definition
bin__trans_from = (L, s).
let
pairs = get_committed L;
In = all_actions by _state trans_in_map L;
Out = all_actions__by_ state trans_out_map L
mn

if pairs =[] then
concat (map (Aa. pairs_by_action L s (Out ! a) (In! a)) bin_actions)
else
let
In2 = all_actions_from__vec trans_in_map pairs;
Out2 = all_actions_from__vec trans__out_map pairs
in
concat (map (Aa. pairs_by_action L s (Out ! a) (In2 ! a)) bin__actions)
Q@ concat (map (Aa. pairs_by_action L s (Out2 ! a) (In! a)) bin__actions)

definition
trans_in__broad_map 1 j =
List.map__filter
(A (b, g, a, m, 1)
case a of In a = if a € set broadcast then Some (b, g, a, m, l') else None | _ = None)
(trans_map i j)

definition
trans _out_broad_map i j =
List.map_filter
(A (b, g, a, m, 1').
case a of Out a = if a € set broadcast then Some (b, g, a, m, ') else None | _ = None)
(trans_map i j)

definition
actions__by_state’ xs =
fold (X t acc. acclfst (snd (snd t)) := t # (acc! fst (snd (snd t)))])
xs (repeat [| num__actions)
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definition
trans__out_broad__grouped i j = actions_by_state’ (trans__out_broad_map i j)

definition
trans__in__broad__grouped i j = actions_by_ state’ (trans_in_broad_map i j)

definition
pair_by _action OUT IN =
concat (
map (A(g1, a, r1, (L, s)).
List.map (A (q, g2, a2, f2, r2, 12).
(g1 @ g2, a, r1 @Q 12, (L[q := 12], mk_upds s [2))
) OUT) IN)

definition make combs where
make__combs p a xs =
let
ys = List.map_ filter
(Aid.
if i = p then None
else if xs 1 i ! a = [| then None
else Some (map (At. (i, t)) (zs!i! a))
)
[0..<n_ps]
in if ys =[] then [] else product_lists ys

definition make combs from_ pairs where
make__combs__from__pairs p a pairs s =
let
ys = List.map_ filter
(\i.

if i = p then None

else if zs 1 i1 a = || then None

else Some (map (At. (i, t)) (zs!i! a))

)

[0..<n_ ps]
in if ys =[] then [] else product lists ys
definition
broad__trans_from = (L, s).

let
pairs = get__committed L;
In = map (Ap. trans_in_broad__grouped p (L ! p)) [0..<n_ps];
Out = map (Ap. trans_out_broad_grouped p (L ! p)) [0..<n_ps];
In = map (map (filter (X (b, _). bval (the o s) b))) In;
Out = map (map (filter (A (b, _). bval (the o s) b))) Out
in
if pairs = || then
concat (
map (Aa.
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concat (map (Ap.

let
outs = Out ! p! a
in if outs = || then []
else
let

combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z].  + outs]
else concat (map (Az. map (Azs. x # xs) combs) outs));
init = ([], Broad a, [], (L, s))
mn
List.map__filter (Acomb.
let (g, a, r, L', s) =
fold
Mg, _, 92, a2, f2, 12, 12) (g1, a, 11, (L, 9)).
(g1 @ g2, a, r1 @Q 12, (L]q := 12], mk_upds s [2))

comb
it
in if check_bounded s then Some (g, a, r, L', s) else None
) combs

)
[0..<n_ps])
)
[0..<num__actions))
else
concat (
map (Aa.
let
ns__committed =
List.map__filter (M(p, __). if In ! p ! a # || then Some p else None) pairs;
always__committed = (length ins__committed > 1)
n
concat (map (Ap.
let
outs = Out ' p!la
in if outs = || then []
else if
= always__committed A (ins_committed = [p] V ins_committed = [])
A = list_ex (A (g, _). ¢ = p) pairs
then []
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z].  + outs]
else concat (map (Az. map (Azs. x # xs) combs) outs));
init = ([], Broad a, [], (L, s))
m
List.map__filter (Acomb.
let (g, a, v, L', 5) =
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fold
(Mq, _, 92, a2, f2, 12, 12) (g1, a, 11, (L, 9)).
(g1 @ g2, a, r1 @Q 12, (L]q := 12], mk_upds s [2))

comb
mit
in if check_bounded s then Some (g, a, v, L', s) else None
) combs
)
[0..<n_ps])
)

[0..<num__actions))

end

lemma product_lists _empty: product lists xss = [| «+— (s € set zss. xs = []) for zss
by (induction xss) auto

context Simple_ Network Impl_nat
begin

lemma broad_trans from_ alt def:
broad_trans_from = (L, s).
let
pairs = get__committed L;
In = map (Ap. trans_in_broad__grouped p (L ! p)) [0..<n_ps];
Out = map (Ap. trans_out_broad__grouped p (L ! p)) [0..<n_ps];
In = map (map (filter (X (b, _). bval (the o s) b))) In;
Out = map (map (filter (A (b, _). bval (the o s) b))) Out
in
if pairs =[] then
concat (
map (Aa.
concat (map (Ap.
let
outs = Out ' p ! a
in if outs =[] then []
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z]. < outs]
else concat (map (Az. map (A\zs. x # xs) combs) outs));
init = ([], Broad a, [], (L, s))
m
filter (X (g, a, r, L, s). check_bounded s) (
map (Acomb.
fold
(>‘(% ., 92, a2, f2, 12, 12) (917 a, 1, (L’ S))
(g1 @ g2, a, r1 @Q r2, (L[q := 12], mk_upds s f2))
)

comb
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mit
) combs)

)
[0..<n__ps))

)
[0..<num__actions))
else
concat (
map (Aa.
let
ns_committed =
List.map__filter (A(p, _). if In! p ! a # [] then Some p else None) pairs
in
concat (map (Ap.
let
outs = Out ' p ! a
in if outs =[] then []
else if
(ins_committed = [p] V ins_committed = []) A = list_ex (Mg, _). ¢ = p) pairs
then []
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z].  + outs]
else concat (map (Az. map (Azs. x # xs) combs) outs));
init = ([], Broad a, [], (L, s))
mn
filter (X (g, a, , L, s). check_bounded s) (
map (Acomb.
fold
Maq, _, g2, a2, f2, 12,12) (g1, a, r1, (L, s)).
(g1 @ g2, a, r1 @Q r2, (L{q := 12], mk_upds s f2))

comb
it
) combs)
)
[0..<n_ps])

)

[0..<num__actions))

apply (rule eq_reflection)

unfolding broad_trans_from__def

unfolding filter _map_map_ filter

unfolding Let def

by (fo__rule
arg__cong2[where f = map| arg_cong2[where f = List.map__filter] arg_cong HOL.refl |
rule if _cong ext | auto split: if _split_asm)+

Correctness for implementations of primitives lemma dom_ bounds eq:
dom bounds = {0..<n_vs}
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using bounds unfolding bounds def

apply simp

unfolding n_vs def dom__map_of conv_image_ fst
apply safe

apply (force dest: mem_ nth; fail)

apply (force dest: nth_mem; fail)

done

lemma check_bounded__iff:
Simple_ Network__Language.bounded bounds s +— check__bounded s if dom s = {0..<n__vs}
using that
unfolding dom__ bounds _eq[symmetric]
unfolding check bounded__def Simple Network _Language.bounded__def bounds _map _def bounds__def
by auto

lemma get committed _mem__iff:
(p, 1) € set (get_committed L) +— (I =L ! p Al € committed (N p) A p < n_ps)
unfolding get committed__def
unfolding set_map_filter Let def
apply clarsimp
unfolding N_def fst_conv snd__conv
unfolding committed_ def
by safe
((subst nth_map | subst (asm) nth_map);
auto split: prod.splits simp: automaton__of def length__automata_eq n_ps
)+

lemma get committed _empty_ iff:
(Vp < n_ps. L p ¢ committed (N p)) <— get_committed L = []
apply safe
subgoal
proof (rule ccontr)
assume prems:
Vp<n_ps. L p ¢ committed (N p) and
get_committed L # ]
then obtain p | where (p, I) € set (get_committed L)
by (metis length__greater__0_conv nth_mem old.prod.exhaust)
from this[unfolded get__committed _mem__iff] prems(1)
show Fulse
by auto
qed
subgoal for p
using get_committed_mem__iff[of p L | p L] by auto
done

lemma get committed_distinct: distinct (get__committed L)
unfolding get_committed def by (rule distinct_map_ filter]) (auto simp: Let_def)

lemma is upds make updsI2:
is_upds s upds (mk_upds s upds)
if (I, b, g, a, upds, r, l") € Simple_Network__Language.trans (N p) p < n_ps
dom s = {0..<n_wvs}
using that var_set
by (intro is_upds_make__updsl, subst (asm) mem__trans_N__iff)

222



(auto 4 & simp flip: length__automata__eq n__ps dest!: nth_mem)

lemma var_ setD:
Y (z, upd)eset f. x < n_vs A (Vi€vars_of exp upd. i < n_wvs)
if (1, b, g, a, f, v, I") € Simple_ Network_Language.trans (N p) p < n_ps
using var_set that
by (force dest: nth_mem simp flip: length__automata_eq n__ps simp: mem__trans_N__iff )+

lemma var setD2:
Vi€vars_of bexp b. i < n_vs
if (1, b, g, a, f, v, I") € Simple_Network_Language.trans (N p) p < n_ps
using var_set that
by (force dest: nth_mem simp flip: length__automata_eq n__ps simp: mem__trans_N__iff )+

lemma is upds dom?2:
dom s’ = {0..<n_wvs} if is_upds s f s’
(I, b, g, a, f, r, ") € Simple_Network__Language.trans (N p) p < n_ps
dom s = {0..<n_vs}
unfolding that(4)[symmetric] using that by — (drule (1) var_setD, erule is_upds dom, auto)

lemma is updsD:
s’ = mk_upds s f if is_upds s [ s’
(I, b, g, a, f, r, ') € Simple_Network__Language.trans (N p) p < n_ps
dom s = {0..<n_vs}
proof —
from is_upds_make_updsI2[OF that(2—)] have is_upds s f (mk_upds s f) .
from is_upds_determ[OF that(1) this] show %thesis .
qed

lemma is upds make_upds concatl2:
is_upds s (concat upds) (mk_upds s (concat upds))
if dom s = {0..<n_vs}
Yupd € set upds. 3p < n_ps. Ilbgarl
(1, b, g, a, upd, r, l") € Simple_Network__Language.trans (N p)
using that var_set
by (intro is_upds_make_updsl, clarsimp)
(smt (28) atLeastLessThan__iff case_prod_conv domD var_setD zero_le)

lemma is upds concat_dom2:
assumes is_upds s (concat upds) s’
and Vf € set upds. 3 p<mn_ps. 3 1lbgarl.
(I, b, g, a, f, r, I') € Simple_ Network__Language.trans (N p)
and dom s = {0..<n_wvs}
shows dom s’ = dom s
using assms by (elim is_upds_dom) (auto dest!: var_setD)

lemma is upds dom3:
assumes is_upds s (concat_map fs ps) s’
and V peset ps. (L! p, bs p, gs p, a, fs p, rs p, Is' p) € trans (N p)
and set ps C {0..<n_ps}
and dom s = {0..<n_vs}
shows dom s’ = dom s
using assms by (elim is_upds__concat_dom2; force)
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lemma is upds make_updsl3:
is_upds s (concat_map fs ps) (mk_upds s (concat_map fs ps))
if dom s = {0..<n_vs}
and Vpeset ps. (L! p, bs p, gs p, a, fs p, rs p, Is' p) € trans (N p)
and set ps C {0..<n_ps}
for s :: nat = int option
using that by (elim is_upds _make__upds concatl2) force

lemma is upds concatD:

assumes
dom s = {0..<n_ws} and
V peset ps.

(Is p, bs p, gs p, a, fs p, rs p, Is" p)
€ Simple_ Network_ Language.trans (N p) and
set ps C {0..<n_ps} and
is_upds s (concat_map fs ps) s’
shows s’ = mk_upds s (concat_map fs ps)
proof —
let ?upds = concat_map fs ps
have is_upds s Zupds (mk_upds s ?upds)
using assms(1—3) by (intro is_upds_make__upds_concatl2; force)
from is_upds_determ[OF assms(4) this] show ?thesis
by (simp add: fold _map comp__def)
qed

context
notes [simp| = length__automata_eq n_ps
begin

lemma trans _mapl:
assumes
(L'p,g,a,f, r, 1) € Simple_Network_Language.trans (N p)
p<n_ps
shows
(g, a, f, r, ') € set (trans_map p (L ! p))
using assms unfolding trans map def N_def fst_conv snd__conv trans__def
by (subst (asm) nth_map) (auto dest: in_union__map__ofI split: prod.split_asm simp: automa-

ton__of _def)

lemma trans 4 mapl:
assumes
(L' p, b, g, Sila, f, r, I") € Simple Network__Language.trans (N p)
p < n_ps
shows
(b, g, a’, f, r, U') € set (trans_i_map p (L! p))
using assms unfolding trans_i_map_def set_map__filter by (fastforce dest: trans_mapl)

lemma trans _mapl":
assumes
(I, b, g, a, f, r, l') € Simple_ Network__Language.trans (N p)
p < n_ps
shows
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(b, g, a, f, r, ") € set (trans_map p 1)
using assms unfolding trans map def N_def fst__conv snd__conv trans__def
by (subst (asm) nth_map) (auto dest: in_union_map_ofI split: prod.split_asm simp: automa-
ton_of _def)

lemma trans _mapD:
assumes
(b, g, a, f, r, ') € set (trans_map p 1)
p<n_ps
shows
(I, b, g, a, f, r, l') € Simple_Network__Language.trans (N p)
using assms unfolding trans map def N_def fst _conv snd__conv trans__def
by (subst nth_map) (auto split: prod.split elim: in__union_map_ ofD[rotated] simp: automa-
ton_of _def)

lemma trans _map_iff:
assumes
p < n_ps
shows
(b, g, a, f, r, ') € set (trans_map p 1)
«— (I, b, g, a, f, r, I') € Simple_ Network__Language.trans (N p)
using trans_mapD trans _mapl’ <p < n_ps> by auto

lemma trans i mapD:
assumes
(b, g, a', f, r, l') € set (trans_i_map p (L ! p))
p < n_ps
shows
(L!p, b, g, Sila, f, r, I") € Simple_Network__Language.trans (N p)
using assms unfolding trans i1 _map_ def set_map_filter
by (force split: act.split_asm intro: trans_mapD)

An additional brute force method for forward-chaining of facts method frules all =
repeat__rotate <frulesy, dedup_prems

Internal transitions lemma get committed _meml:
(p, L'! p) € set (get_committed L) if L p € committed (N p) p < n_ps
using that unfolding get committed _mem__iff by simp

lemma check__bexp buvall:
bval (the o s) b if check _bexp s b True
(I, b, g, a, f, r, ") € Simple_Network__Language.trans (N p) p < n_ps
dom s = {0..<n_vs}
proof —
from var_setD2[OF that(2,3)] «dom s = {0..<n_vs}> have check_bexp s b (bval (the o s) b)
by (intro check_bexp__bval, simp)
with check_bexp_determ that(1) show ?thesis
by auto
qed

lemma check bexp bvalD:

check_bexp s b True if bval (the o s) b
(I, b, g, a, f, r, ') € Simple_Network__Language.trans (N p) p < n_ps
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dom s = {0..<n_vs}
proof —
from var_setD2[OF that(2,3)] «dom s = {0..<n_vs}> have check_bexp s b (bval (the o s) b)
by (intro check_bexp_bval, simp)
with check_bexp_determ that(1) show ?thesis
by auto
qed

lemmas [forward2] =
trans_i_mapD
trans_1_mapl
get__committed _meml

lemmas [forward3] =
is_upds_make__updsl2

lemmas [forwardj] =
is_updsD
is_upds__dom?2
check__bexp_bvall
check__bexp bvalD

lemma int_trans_from__correct:
(int__trans_from, trans_int) € transition_rel states’
unfolding transition_rel def
proof (safe del: iffI)
note [more__elims] = allE
fix LsgarL’ s assume (L, s) € states’
then have L € states dom s = {0..<n_vs} bounded bounds s
by auto
then have [simp]: length L = n_ ps check_bounded s
by (auto simp: check__bounded__iff)
show (((L, s), g, a, r, L', s') € trans_int)
«— ((g, a, r, L', 8") € set (int_trans_from (L, s)))
proof (cases get_committed L = [])
case True
then have *: ((L, s), g, a, v, L', s’) € trans_int +—
(L, s), g, a,r, L s e {((L, s), g, Internal a, r, (L, s")) | Lslbgfparl L' s
(I, b, g, Sil a, f, v, I") € trans (N p) A
(Vp < n_ps. L pé¢ committed (N p)) A
check_bexp s b True A
Lp=I1Ap<length LANL = Llp:=1] Nis_updssfs' A
L € states A bounded bounds s A bounded bounds s’

unfolding get_committed _empty_iff [symmetric] trans_int_def by blast
from True have sx: int_trans_from (L, s) = int_trans_from_all L s

unfolding int_trans from__def by simp
from «dom s = » show ?thesis

unfolding * *x int_trans_from__all_def

apply clarsimp

unfolding int_trans _from_loc_def Let def set _map_filter

apply clarsimp

apply safe

subgoal for b fpa’l’

apply frules
unfolding check_bounded_iff by (intros; solve_triv)
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subgoal for p _ a’ upds I’
apply simp
apply frules
using (L € states) (check_bounded ) True[folded get_committed _empty_ iff)
unfolding check_bounded_iff by (intros; solve_triv)
done
next
case Fulse
then have *: ((L, s), g, a, v, L', 8’) € trans_int +—
(L, s), g, a, r, L', 8") € {((L, 9), g, Internal a, r, (L', s")) | Lslbgfparl L' s
(I, b, g, Sil a, f, r, I') € trans (N p) A
I € committed (N p) A
L'p =1 A p < length L A check_bexp s b True AN L' = Llp := '] N is_upds s f s’ A
L € states N\ bounded bounds s A bounded bounds s’

unfolding get_committed__empty_iff [symmetric] trans_int_def by blast
from Fualse have xx: int_trans_from (L, s) = int_trans_from_vec (get_committed L) L s
unfolding int_trans from__def by simp
from <dom s = » (L € states) show ?thesis
unfolding * #x int_trans_from_vec_def
apply clarsimp
unfolding int_trans _from_loc_def Let def set_map_filter
apply clarsimp
apply safe
subgoal for fp a’ I’
apply frules
unfolding check_bounded_iff by (intros; solve__triv)
subgoal for p _ a’ upds I’
unfolding get_committed _mem, _iff
apply (elims; simp)
apply frules
unfolding check_bounded_iff by (intros; solve__triv)
done
qed
qed

Mostly copied lemma in_actions by statel:
assumes
(b1, g1, a, r1) € set xs a < length acc
shows
(q, b1, g1, a, r1) € set (actions_by_ state q xs acc! a)
A a < length (actions_by_state q zs acc)
using assms unfolding actions by state def
apply (induction xs arbitrary: acc)
apply (simp; fail)
apply simp
apply (erule disjE)
apply (rule fold acc_preserv
[where P = X acc. (g, b1, g1, a, r1) € set (acc! a) A a < length acc]
)
apply (subst list_update_nth__split; auto)
by auto
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lemma in__actions_by_state'l:
assumes
(b1, g1, a, 1) € set zs a < num__actions
shows
(b1, g1, a, r1) € set (actions by state’ xs ! a)
A a < length (actions_by_state’ xs)
proof —
let 2f = (At acc. acc[fst (snd (snd t)) := t # acc ! fst (snd (snd t))])
have (b1, g1, a, 11) € set (fold ?f zs acc ! a)
A a < length (fold ?f xs acc) if a < length acc for acc
using assms(1) that
apply (induction zs arbitrary: acc)
apply (simp; fail)
apply simp
apply (erule disjE)
apply (rule fold _acc_preserv
[where P = X acc. (b1, g1, a, r1) € set (acc! a) A a < length acc]
)
apply (subst list_update_nth__split; auto)
by auto
with (¢ < » show Zthesis
unfolding actions by_state’ _def by simp
qed

lemma in__actions by _state preserv:
assumes
(g, b1, g1, a, r1) € set (acc! a) a < length acc
shows
(g, b1, g1, a, r1) € set (actions_by_ state y zs acc ! a)
A a < length (actions by _state y xs acc)
using assms unfolding actions by state def
apply —
apply (rule fold_acc_preserv
[where P = X\ acc. (g, b1, g1, a, r1) € set (acc! a) A a < length acc]
)
apply (subst list _update_nth__split; auto)
by auto

lemma length _actions by _ state_preserv[simpl:
shows length (actions by _state y xs acc) = length acc
unfolding actions by _ state def by (auto intro: fold__acc_preserv simp: list_update_nth__split)

lemma in_all _actions by _statel:
assumes
a < num__actions ¢ < n_ps (b1, g1, a, r1) € set (M q (L! q))
shows
(g, b1, g1, a, v1) € set (all_actions_by_state M L ! a)
unfolding all actions by state_def
apply (rule fold_acc_ev_preserv
[where P = X\ acc. (g, b1, g1, a, r1) € set (acc! a) and Q = X acc. a < length acc,
THEN conjunct1]
)
apply (rule in__actions_by_state_preserv[THEN conjunctl])
using assms by (auto intro: in__actions_by_stateI[ THEN conjunctl])
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lemma in_all_actions_from_vecl:
assumes
a < num__actions (b1, g1, a, r1) € set (M ql) (¢, 1) € set pairs
shows
(g, b1, g1, a, r1) € set (all_actions_from__vec M pairs ! a)
unfolding all actions_from_vec def using assms
by (intro fold_acc__ev_preserv
[where P = X acc. (g, b1, g1, a, r1) € set (acc! a) and @ = X acc. a < length ace,
THEN conjunctl])

(auto intro: in__actions_by_state][ THEN conjunctl] in__actions_by_ state_preserv|[THEN
conjunctl))

lemma actions by _state inj:
assumes j < length acc
shows V (g, a) € set (actions_by_ state i xs acc! j). (¢, a) ¢ set (acc!j) — i = ¢
unfolding actions by _state def
apply (rule fold_acc_preserv
[where P =
Xace’. (Y (g, a) € set (acc’! ). (q, a) & set (acc! j) — i = q) A j < length acc’,
THEN conjunctl])
subgoal for z acc
by (cases fst (snd (snd x)) = j; simp)
using assms by auto

lemma actions by _state_inj’:
assumes j < length acc (q, a) ¢ set (acc!j) (q, a) € set (actions_by__state i xs acc ! j)
shows i = ¢
using actions_by_state_inj[OF assms(1)] assms(2—) by fast

lemma in__actions by stateD:
assumes
(g, b, g, a, t) € set (actions_by_ state i zs acc ! ) (g, b, g, a, t) ¢ set (acc! j)
Jj < length acc
shows
(b, g, a,t) €setzs Nj=a
using assms unfolding actions by state def
apply —
apply (drule fold__evD
[where y = (b, g, a, t) and Q = X acc’. length acc’ = length acc
and R=X(_,_,a',t).a =}
)
apply assumption
apply (subst (asm) list_update_nth__split[of j]; force)
apply simp+
apply (subst (asm) list_update_nth__split|of j]; force)
by auto

lemma in__actions_by_state’D:

assumes
(b, g, a, r) € set (actions_by_state’ xs! a’) a’ < num__actions
shows
(b, g, a, 1) € setzs ANa'=a
proof —
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let ?2f = (At acc. acc[fst (snd (snd t)) := t # acc ! fst (snd (snd t))])
have (b, g, a, r) € set zs A o’ = a
if (b, g, a, r) € set (fold ?f zs acc ! a”) (b, g, a, r) & set (acc ! a’) a’ < length acc
for acc
using that
apply —
apply (drule fold_evD
[where y = (b, g, a, r) and @ = X acc’. length acc’ = length acc
and R=X(_, _,a,t).a=ad]
)
apply ((subst (asm) list_update_nth__splitfwhere j = a']) %, solves auto)+
done
with assms show ?thesis
unfolding actions by _state’ _def by auto
qed

lemma in_all _actions_by_ stateD:
assumes
(q, b1, g1, a, r1) € set (all_actions_by_state M L a’) a’ < num__actions
shows
(b1, g1,a,r1) € set (Mq(L!@Q)Ng<n_psAha =a
using assms
unfolding all actions_ by state_def
apply —
apply (drule fold _evD’[where y = ¢ and @ = X acc. length acc = num__actions|)
apply (simp; fail)
apply (drule actions__by__state_inj'[rotated])
apply (simp; fail)+
apply safe
apply (drule in_actions_by_ stateD)
apply assumption
apply (rule fold_acc_preserv)
apply (simp; fail)+
subgoal premises prems
proof —
from prems(2) have q € set [0..<n_ps|] by auto
then show ?thesis by simp
ged
by (auto intro: fold_acc_preserv dest!: in__actions by _ stateD)

lemma length_all_actions_ by _ state__preserv:
length (all_actions_by_state M L) = num__actions
unfolding all_actions_by_state_def by (auto intro: fold _acc_preserv)

lemma length actions by _state’ preserv:
length (actions_by_ state’ zs) = num__actions
unfolding actions_by_ state’ _def by (rule fold__acc_preserv; simp)

lemma all_actions_from_ wvecD:
assumes
(g, b1, g1, a, r1) € set (all_actions_from_vec M pairs ! a’) a’ < num__actions
distinct (map fst pairs)
shows
3 1. (q, 1) € set pairs A (b1, g1, a, 1) € set (M ql) ANa'=a
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using assms(1,2)
unfolding all_actions from__vec_def
apply —
apply (drule fold_evD2’lwhere
y = (¢, SOME . (q, 1) € set pairs)
and @ = X acc. length acc = num__actions])
apply (clarsimp; fail)
apply clarsimp
apply (drule actions by _ state_inj'[rotated])
apply assumption
apply assumption
apply simp
subgoal
using assms(3) by (meson distinct_map_ fstD somel _ex)
apply (solves auto)+
apply clarsimp
apply (drule in__actions_by_ stateD)
apply (simp; fail)
apply (rule fold acc_preserv)
apply (solves auto)+
subgoal premises prems for ys zs
using prems(4) by (subst <pairs = _») auto
done

lemma all_actions from__vecD2:
assumes
(g, b1, g1, a, r1) € set (all_actions_from_vec M pairs | a’) o’ < num__actions
(q, 1) € set pairs distinct (map fst pairs)
shows
(b1, g1, a,71) € set (Mgl)Na'=a
using assms(1,2,3)
unfolding all actions_from_vec def
apply —
apply (drule fold_evD2'[where y = (¢, l) and Q = X acc. length acc = num__actions])
apply (clarsimp; fail)
apply clarsimp
apply (drule actions_by_state_inj'[rotated])
apply assumption
apply assumption
apply simp
subgoal
using assms(4) by (meson distinct_map__fstD)
by (auto intro: fold _acc_preserv dest!: in__actions_by_ stateD)

Binary transitions lemma bin_trans_from_ correct:
(bin__trans_from, trans_bin) € transition_rel states’
unfolding transition_rel def

proof (safe del: iffI)
fix LsgarL’ s assume (L, s) € states’
then have L € states dom s = {0..<n_vs} bounded bounds s

by auto
then have [simp]: length L = n_ ps
by auto
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define IN where IN = all actions by _state trans_in_map L
define OUT where OUT = all_actions_by_state trans _out_map L
have IN I:
(p, b, g, a’, f, r, ') € set (IN! a’)
if (L!p, b, g, Ina’,f,r, ") € Simple Network Language.trans (N p)
p < m_ps a’ < num__actions
forpbga fri
proof —
from trans _mapI[OF that(1,2)] have (b, g, In o', f, r, ') € set (trans_map p (L ! p))
by auto
then have (b, g, a’, f, r, l') € set (trans_in_map p (L ! p))
unfolding trans in_map_def set_map_ filter by (auto 4 7)

with (p < _» <a’ < _» show ?thesis
unfolding IN_def by (intro in_all_actions_ by _statel)
qed
have OUT I:

(p, b, g, a’, f, r, ') € set (OUT ! a)

if (L!p,b,g, Outa', f, r, l") € Simple_Network_Language.trans (N p)
p < n_psa’ < num_actions

forpbga fri

proof —

from trans_mapI[OF that(1,2)] have (b, g, Out o', f, r, l') € set (trans_map p (L ! p))
by auto

then have (b, g, a’, f, r, I') € set (trans_out_map p (L ! p))
unfolding trans _out_map_def set_map_ filter by (auto 4 7)

with <p < _» (a’ < _» show ?thesis
unfolding OUT_def by (intro in__all_actions_by__statel)
qged
have IN D:

(L!p, b, g, Ina,f, r, ') € Simple_Network__Language.trans (N p) A p < n_ps A a’ = al
if (p, b, g,a’, f, r,1') € set (IN! al) al < num__actions
forpbga fri al
using that
unfolding IN def
apply —
apply (drule in_all_actions_by_stateD)
apply assumption
unfolding trans in_map_ def set_map_filter
apply (clarsimp split: option.split_asm)
apply (auto split: act.split_asm dest: trans_mapD)
done
have OUT _D:
(L!p, b, g, Out al, f, r, ') € Simple_Network__Language.trans (N p) A p < n_ps
if (p, b, g, a’, f, r, ') € set (OUT ! al) al < num__actions
forpbga' frl al
using that
unfolding OUT _def
apply —
apply (drule in__all _actions by _ stateD)
apply assumption
unfolding trans out _map def set_map _filter
apply (clarsimp split: option.split_asm)
apply (auto split: act.split_asm dest: trans_mapD)
done
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have IN p num:
p < n_ps
if (p, b, g,a’,f, r,1') € set (IN! al) al < num__actions
forpbga fri al
using that unfolding IN_def by (auto dest: in__all_actions_by_ stateD split: option.split_asm)
have OUT p num:
p < n_ps
if (p, b, g,a’, f, r,1") € set (OUT ! al) al < num__actions
forpbga fri al
using that unfolding OUT _def by (auto dest: in__all_actions_by_ stateD split: option.split_asm)
have actions_unique:
a' = al
if (p, b, g, a’, f, r, ') € set (IN ! al) al < num__actions
forpbga fri al
using that unfolding IN def trans _in_map_ def set_map_ filter
by (auto dest: in__all_actions_by_ stateD split: option.split_asm)
note [forward3] = OUT _IIN I
note [forward2] = action_setD IN_D OUT _D
show (((L, s), g, a, r, L', s') € trans_bin) =
((g, a, r, L', s") € set (bin_trans_from (L, s)))
proof (cases get_committed L = [])
case True
with get_committed__empty_iff[of L] have Vp<n_ps. L p ¢ committed (N p)
by simp
then have *: ((L, s), g, a, r, L', §') € trans_bin +— ((L, s), g, a, 7, L', s') €
{((L, s), g1 @ g2, Bina, rl @Qr2, (L', s") |
LsL's's"apqllblglflrill’I2b2g2f2r212'.
a ¢ local.broadcast A
(l1, b1, g1, Ina, f1,71,11") € trans (N p) A
(12, b2, g2, Out a, 12, r2, 127) € trans (N q) A
Llp=U NLq=12ANp<length L N q <length L ANp+# qA
check_bexp s b1 True A check__bexp s b2 True N
L'=Llp:=11' q:=12| Nis_upds s f1 s' N\ is_upds s’ f2 s"
A L € states A\ bounded bounds s A bounded bounds s’

}

unfolding trans_bin_ def by blast
from True have xx:
bin__trans_from (L, s)
= concat (map (Aa. pairs_by_action L s (OUT ! a) (IN ! a)) bin_actions)
unfolding bin_ trans_from_ def IN_def OUT _def by simp
from «dom s = » <L € ) show ?thesis
unfolding * *x
apply clarsimp
unfolding pairs by action_ def
apply (clarsimp simp: set_map_ filter Let_def)
apply safe
subgoal for _ s’ __a'p qll bl g1 f17111'12b2 g2 f2 1212’
apply clarsimp
apply (inst_existentials o)
subgoal
apply frules
apply simp
apply frules all
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unfolding check_bounded iff by (intros; solve__triv)
subgoal
by (simp add: mem__bin__actions_iff; frules; simp)
done
subgoal
unfolding mem_ bin__actions iff
apply simp
apply (erule conjFE)
apply frules
apply elims
apply frules all
apply frules all
apply elims
apply intros
using <bounded bounds s» unfolding check bounded__iff[symmetric] by solve_triv+
done
next
case Fulse
with get committed _empty_iff[of L] have Ip<n_ps. L | p € committed (N p)
by simp
then have *: ((L, s), g, a, v, L', 8’) € trans_bin +— ((L, s), g, a, r, L', 8') €
{((L, s), g1 @ g2, Bin a, 1 Q r2, (L', s")) |
LsL' s"s"apqllblglflrill’i2b2¢2f21212".
a ¢ local.broadcast N
(l1, b1, g1, Ina, f1,r1,11") € trans (N p) A
(12, b2, g2, Out a, f2, r2, 127) € trans (N q) A
(I1 € committed (N p) V 12 € committed (N q)) A
Lp=101 NLlg=12 AN p <length L N q < length L A\ p # q A
check_bexp s b1 True N check bexp s b2 True A
L'=Llp:=11' q:=12] Nis_upds s f1 s’ N\ is_upds s’ 2 s"" N
L € states A bounded bounds s A bounded bounds s’

unfolding trans bin_ def
by — (rule iffI; elims add: CollectE; intros add: Collectl; blast)
let 251 =
{((L, s), g1 @ g2, Bin a, r1 Q@ r2, (L', s")) |
LsL's's"apqllblglflrill’I2b2g2f2r212'.

a ¢ local.broadcast N\
(l1, b1, g1, In a, f1,r1,11’) € trans (N p) A
(12, b2, g2, Out a, 2, r2, 12') € trans (N q) A
1 € committed (N p) N
Lp=1I11 NLlg=12 N p <length L N q < length L A\ p# q A
check_bexp s b1 True A check _bexp s b2 True N
L'=Lp:=11' q:=12| Nis_upds s f1 s’ N is_upds s’ f2s" N
L € states N\ bounded bounds s A bounded bounds s’

}

let 952 =
{((L, s), g1 @ g2, Bina, r1 Q@ r2, (L', s") |
LsL's's"apqllblglflrill’I20b2g2f2r212'.

a ¢ local.broadcast N
(l1, b1, g1, In a, f1,r1,11’) € trans (N p) A
(12, b2, g2, Out a, 12, r2, 127) € trans (N q) A
12 € committed (N q) A
Lp=11 NLg=12 A
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p < length L A q < length L A p # q A
check_bexp s b1 True N\ check bexp s b2 True N
L'=Lp:=1" q:=121A
is_upds s f1 s' A is_upds s’ f2 5" A
L € states N bounded bounds s A bounded bounds s’
}
have *: ((L, s), g, a, r, L', s’) € trans_bin +—
((L7 8)7 g’ a7 T? L/7 Sl) 6 ?SZ \/ ((L’ 8)’ g7 a’ r’ L,’ s/) 6 ?Sg
unfolding * by clarsimp (rule iffI; elims add: disjE; intros add: disjl1 disjI2 HOL.refl)
define pairs where pairs = get__committed L
define In2 where In2 = all_actions_from__vec trans__in_map pairs
define Out2 where Out2 = all_actions_from_vec trans_out_map pairs
have In2 I:
(p, b, g,a, f, r, ') € set (In2! a’)
if (L!p, b, g, Ina’,f, r, ') € Simple_Network__Language.trans (N p)
p < n_psa’ < num__actions L ! p € committed (N p)
forpbga frl
proof —
from <L ! p € committed (N p)» <p < n_ps> have (p, L! p) € set pairs
unfolding pairs def get__committed__mem__iff by blast
from trans_mapI[OF that(1,2)] have (b, g, In o/, f, r, ') € set (trans_map p (L ! p))
by auto
then have (b, g, a’, f, r, l') € set (trans_in_map p (L ! p))
unfolding trans in_map_ def set_map_ filter by (auto 4 7)
with <p < _» «a’ < _» < € set pairs) show ?thesis
unfolding In2_def by (intro in_all_actions_from_vecl)
qed
have Out2 I:
(p, b, g, a’, f, r, ') € set (Out2 ! a’)
if (L!p, b, g, Outa', f, r,1') € Simple_ Network_ Language.trans (N p)
p < n_psa’ < num_actions L' p € committed (N p)
forpbga frl
proof —
from <L ! p € committed (N p)) <p < n_ps> have (p, L! p) € set pairs
unfolding pairs def get _committed__mem__iff by blast
from trans_mapI[OF that(1,2)] have (b, g, Out a’, f, r, l') € set (trans_map p (L ! p))
by auto
then have (b, g, a’, f, r, I') € set (trans_out_map p (L ! p))
unfolding trans out_map_def set_map_ filter by (auto 4 7)
with (p < _» <a’ < _» «_ € set pairs> show ?thesis
unfolding Out2 def by (intro in_all actions_from_vecl)
qed
have distinct (map fst pairs)
unfolding pairs def get__committed__def distinct_map inj _on_ def Let def
by (auto simp: set_map__ filter intro!: distinct_map__filterl split: if _split_asm)
have in_pairsD: p < n_psl=L!p L! p € committed (N p)
if (p, 1) € set pairs for p |
using that using get committed__mem__iff pairs _def by auto
have In2 D:
(L'p, b, g, Ina, f, r, ") € Simple_Network_Language.trans (N p) A
p<mn_psANa =al NL!pe committed (N p)
if (p, b, g,a’, f, r,1") € set (In2 ! al) al < num__actions
forpbga frl al
using that
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unfolding In2 def
apply —
apply (drule all_actions_from__vecD)
apply assumption
apply (rule <distinct _»)
unfolding trans in_map_ def set_map_filter
apply (clarsimp split: option.split_asm)
apply (auto dest: in__pairsD trans_mapD split: act.split_asm)
done
have Out2 D:
(L' p, b, g, Out a’, f, r, ') € Simple_Network_Language.trans (N p)
Ap<n_psAa =al NL!pée committed (N p)
if (p, b, g, a’, f, r, ') € set (Out2 ! al) al < num__actions
forpbga fri al
using that
unfolding Out2_def
apply —
apply (drule all_actions_from__vecD)
apply assumption
apply (rule «distinct _»)
unfolding trans out _map_def set_map_ filter
apply (clarsimp split: option.split_asm)
apply (auto dest: in_pairsD trans_mapD split: act.split_asm)
done
from Fualse have xx: bin_trans_from (L, s) =
concat (map (Aa. pairs_by_action L s (OUT ! a) (In2 ! a)) bin_actions)
Q@ concat (map (Aa. pairs_by_action L s (Out2 ! a) (IN | a)) bin__actions)
unfolding bin_ trans_from_def IN_def OUT _def In2_def Out2_def pairs def
by (simp add: Let_def)
from (dom s = » <L € ) have
(L, s), g, a, 1, L', 8) € 251 +— (g, a, v, L', §') €
set (concat (map (Aa. pairs_by_action L s (OUT ! a) (In2! a)) bin__actions))
apply clarsimp
unfolding pairs by action_ def
apply (clarsimp simp: set_map_ filter Let_def)
apply safe
subgoal for _ s’ __ a’p qll bl g1 f17111"12b2 g2 f2 1212’
apply clarsimp
apply (inst_existentials o)
subgoal
supply [forward)] = In2_1
apply frules all
apply simp
apply frules all
unfolding check_bounded iff by (intros; solve triv)
subgoal
by (simp add: mem__bin__actions_iff; frules; simp)
done
subgoal
supply [forward2] = In2_D OUT_D
apply simp
unfolding mem_ bin__actions _iff
apply (erule conjE)
apply frules all
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apply elims
apply frules all
apply elims
apply simp
apply frules all
using <bounded bounds s» unfolding check__bounded__iff[symmetric] by (intros; solve__triv)
done
moreover from «dom s = » <L € ) have
(L, s), g, a,r, L', ) € 252 +— (g, a, v, L', &)
€ set (concat (map (Aa. pairs_by_action L s (Out2 ! a) (IN ! a)) bin__actions))
supply [forward2] = Out2_D In2_D
supply [forward{] = Out2 I
apply clarsimp
unfolding pairs by action__def
apply (clarsimp simp: set_map_ filter Let_ def)
apply safe
subgoal for _ s’ _ a’pqll bl g1 f17111'12b2 g2 f2 1212’
apply clarsimp
apply (inst_existentials a’)
subgoal
apply frules all
apply simp
apply frules all
unfolding check_bounded iff by (intros; solve _triv)
subgoal
unfolding mem_ bin__actions iff by frules all simp
done
subgoal
apply simp
unfolding mem_ bin__actions _iff
apply (erule conjE)
apply frules all
apply elims
apply frules all
apply elims
apply simp
apply frules all
using <bounded bounds s» unfolding check_bounded__iff[symmetric] by (intros; solve__triv)
done
ultimately show #thesis
unfolding * *x by simp
qed
qed

Broadcast transitions lemma make_combs_alt_def:
make__combs p a s =

let
ys =
map (A i. map (At. (4, t)) (zs!i! a))
(filter
MN.zs!ila#£ [ Ni#Dp)
[0..<n_ps])
in if ys = [| then || else product_lists ys
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apply (rule eq_reflection)

unfolding make_combs def

apply (simp add: map_ filter _def comp__def if distribjwhere f = the])
apply intros

apply (fo_rule arg_cong)

apply auto

done

lemma list_all2_fst aux:
map fst xs = ys if list_all2 (A\z y. fst © = y) zs ys
using that by (induction) auto

lemma broad_trans _from__correct:
(broad__trans_from, trans_broad) € transition_rel states’
unfolding transition_rel def
proof (safe del: iffI)
fix LsgarL' s assume (L, s) € states’
then have L € states dom s = {0..<n_vs} bounded bounds s
by auto
then have [simp]: length L = n_ps
by auto
define IN where IN = map (Ap. trans_in_broad_grouped p (L ! p)) [0..<n_ps]
define OUT where OUT = map (Ap. trans_out_broad__grouped p (L ! p)) [0..<n_ps]
define IN' where IN' = map (map (filter (A (b, _). bval (the 0 s) b))) IN
define OUT’ where OUT' = map (map (filter (A (b, _). bval (the o s) b))) OUT
have IN I:
(b, g, a's f,r, ') € set (IN!p!a)
if (L!p, b, g Ina’,f,r, ") € Simple Network Language.trans (N p)
p < n_psa’ < num_actions a’ € set broadcast
forpbga fri
proof —
from trans_mapI[OF that(1,2)] <a’ € _> have
(b, g, a’, f, r, ") € set (trans_in_broad_map p (L p))
unfolding trans in_broad_map_def set_map_ filter by (auto 4 7)
with <o’ < _» have (b, g, a/, f, v, l') € set (trans_in_broad_grouped p (L ! p) ! a’)
unfolding trans_in_broad__grouped_def by (auto dest: in__actions_by_ state’l)
with <p < _ ) show ?thesis
unfolding IN_def by auto
qed
have OUT I:
(b, g, a', fy r, Uy € set (OUT !'p!a’)
if (L!p, b, g, Out a’, f, r, ') € Simple_ Network__Language.trans (N p)
p < n_psa’ < num_actions a’ € set broadcast
forpbga fri
proof —
from trans_mapI[OF that(1,2)] <a’ € _» have
(b, g, a’s f, r, I') € set (trans_out_broad_map p (L ! p))
unfolding trans_out_broad_map__def set_map__ filter by (auto 4 7)
with <a’ < _) have (b, g, a’, f, v, l') € set (trans_out_broad__grouped p (L ! p) ! a’)
unfolding trans out_broad_grouped_def by (auto dest: in__actions by _state'l)
with «p < _» show Zthesis
unfolding OUT __def by auto
qed
have IN D:
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(L' p, b, g, Ina f, r,1") € Simple_Network_Language.trans (N p)
Aa'=al A al € set broadcast
if (b, g, a’, f, r, ') € set (IN!p!al)al < num_actions p < n_ps
forpbga fri al
using that unfolding IN _def trans_in_ broad__grouped_ def
apply simp
apply (drule in__actions_by_ state’D)
unfolding trans in_broad_map_def set_map_ filter
by (auto split: option.split_asm) (auto split: act.split_asm if _split _asm dest: trans_mapD)
have [simp]: length IN = n_ps length OUT = n_ps
unfolding IN_def OUT _def by simp+
have [simp]: length (IN ! p) = num__actions length (OUT ! p) = num__actions if p < n__ps for
p
using that by (simp add:
length__actions__by_state’ _preserv trans_in_broad__grouped__def trans__out_broad__grouped_ def
IN def OUT_def)+
have OUT _D:
(L!p, b, g, Out a', f, r, I') € Simple_Network Language.trans (N p)
Aa'=al A al € set broadcast
if (b, g, a’, f, r, ') € set (OUT ! p! al) al < num_actions p < n__ps
forpbga fri al
using that unfolding OUT _def trans_out broad__grouped__def
apply simp
apply (drule in__actions_by_ state’D)
unfolding trans out broad map_def set_map_filter
by (auto split: option.split_asm) (auto split: act.split_asm if _split_asm dest: trans_mapD)
have IN' I:
(b, g, a’, f,r, 1) € set (IN"! p!a)
if (b, g,a’,f,r,1')€set (IN!p!a')p<n_psa < num_actions
check_bexp s b True for p b ga’ frl’
using that <dom s = {0..<n_wvs}> unfolding IN'_def
by (auto dest!: IN_D[THEN conjunctl] elim: check_bexp_bvall)
have IN'_D:
(L' p, b, g, Ina, f, r,l') € Simple_Network_Language.trans (N p)
A a'=al A al € set broadcast N check_bexp s b True
if (b, g, a’, f, r, ') € set (IN"!p!al) al < num_actions p < n_ps
forpbga fri al
using that <dom s = {0..<n_vs}» unfolding IN’_def by (auto dest!: IN_D elim: check__bexp_bvalD)
have OUT' I:
(b, g, a', f, r, l) € set (OUT'! p!a’)
if (b, g, a’, f, r, ') € set (OUT ! p! a’) p < n_psa’ < num_actions
check_bexp s b True for p b ga’ frl’
using that <dom s = {0..<n_vs}> unfolding OUT'_def
by (auto destl: OUT_D|THEN conjunct1] elim: check_bexp__buvall)
have OUT' D:
(L!p, b, g, Out a’, f, r, l') € Simple_Network__Language.trans (N p)
A a'=al N al € set broadcast A check_bexp s b True
if (b, g, a’, f, r, ') € set (OUT'! p! al) al < num_actions p < n_ps
forpbga fri al
using that <dom s = {0..<n_wvs}» unfolding OUT'_def by (auto dest!: OUT_D elim:
check__bexp_ bvalD)
define make_trans where make trans a p =
let
outs = OUT'!'p!a
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in if outs = || then []
else
let
combs = make__combs p a IN’
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z]. © < outs]
else concat (map (Az. map (Azs. x # xs) combs) outs));
init = ([], Broad a, [], (L, s))
m
filter (X (g, a, r, L, s). check_bounded s) (
map (Acomb.
fold
(A(Qa b2, g2, a2, f2, 12, lQ) (glv a, 1, (Lv S))
(g1 @ g2, a, r1 Q r2, (L[q := 12], mk_upds s f2))

comb
it
) combs) for a p
{
fix p ps bs gs a’ fs rs s’
assume assms:
V peset ps.
(L!p, bsp, gsp, Ina, fsp, rs p, Is’ p) € trans (N p)
Vg<n_ps. q ¢ set ps N p# q—
Vbgfrl.(L!gq b, g, Ina,f, r,1l') ¢ trans (N q) V — check_bexp s b True)
p < n_ps set ps C {0..<n_ps} p ¢ set ps distinct ps sorted ps
a’ < num__actions a’ € set broadcast ¥V p € set ps. check_bexp s (bs p) True
define ys where ys = List.map__filter
(N .
if i = p then None
else if IN'1 i1 a’ =[] then None
else Some (map (At. (i, t)) (IN'1i!a’))
)
[0..<n_ps]
have filter (Ai. IN" Vil a’"# | Ai# p) [0..<n_ps] = ps
apply (rule filter_distinct_eql)
subgoal
using assms(4—) by (simp add: sorted__distinct_subseq _iff)
subgoal
using assms(1,3—) by (auto 4 &8 dest!: IN_IIN' I)
subgoal
using assms(1,2,4,8-)
apply —
apply (rule ccontr)
apply simp
apply elims
apply (drule hd_in__set)
subgoal for z
by (cases hd (IN'! z ! a')) (fastforce dest!: IN'_D)
done
by auto
then have length ys = length ps
unfolding ys def map_ filter _def by simp
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have non_empty: ys # [| if ps # ||
using < = ps) <ps # [ unfolding ys def map_ filter _def by simp
have make combsD:
map (Ap. (p, bs p, gs p, a’, fs p, rs p, Is' p)) ps € set (make__combs p a’ IN’)
if ps # []
proof —
from assms(1,3—) have
Vi<length ps. let p = ps ! iin (p, bs p, gs p, a’, fs p, rs p, Is' p) € set (ys! i)
unfolding ys def Let_def map_ filter _def
apply (simp add: comp__def if _distriblwhere f = the])
apply (subst (2) map__cong)
apply (rule HOL.refl)
apply (simp; fail)
apply (simp add: < = ps»)
by (intros add: image__eqI[OF HOL.refl] IN_I IN'_I; simp add: subset_code(1))
with non__empty[OF that] show ?thesis
unfolding make__combs__def ys__def[symmetric] Let_def
by (auto simp: <length ys = _» product_lists set intro:list_all2 all_nthl)
qed
have make_combs__empty:

make__combs p o' IN' =[] +— ps =[]
proof (cases ps = [])
case True

then show ?thesis
using <length ys = length ps> unfolding make__combs_def ys_def[symmetric] Let_def by
auto
next
case Fulse
then show ?thesis
using make__combsD by auto
qed
note make__combsD make__combs__empty
} note make__combsD = this(1) and make__combs__empty = this(2)
have make__combs_emptyD: filter (Ai. IN" Vil a’ # [| AN i # p) [0..<n_ps] = |]
if make__combs p a’ IN' =[] for p a’
apply (rule filter _distinct _eql)
subgoal
by auto
subgoal
by auto
subgoal
using that unfolding make_combs_alt_def
by (auto simp: filter_empty__conv product_lists_empty split: if _split_asm)
subgoal
by simp
done
have make combsl:
3 ps bs gs fs rs Is’.
(V peset ps.
(L!p, bsp, gsp, Ina’, fsp, rs p, Is' p) € trans (N p)) A
(Vg<n_ps. q & set ps N p# q —
~Vbgfrl.(L!gq b, g, Ina’,f, r, 1) & trans (N q) V — check_bexp s b True)) A
set ps € {0..<n_ps} A p & set ps A distinct ps A sorted ps A ps # [| A\ a’ € set broadcast
A (Vp € set ps. check_bexp s (bs p) True)
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A xzs = map (A p. (p, bs p, gs p, a’, fs p, rs p, Is" p)) ps
A filter (Ni. IN"Vila’ # [ ANi#p)[0..<n_ps] = ps
if zs € set (make_combs p a’ IN") p < n_ps a’ < num__actions
for zs p o’
proof —
define ps bs gs fs rs ls’ where defs:
ps = map fst s

bs = (Ai. case the (map_of zs i) of (b, g, a, f, v, ') = b)
gs = (X\i. case the (map_of zs i) of (b, g, a, f, r, ') = g)
fs = (\i. case the (map_of xzs i) of (b, g, a, f, v, 1) = f)
rs = (Ai. case the (map_of zs i) of (b, g, a, f, r, I') = 1)

Is" = (\i. case the (map_of zs i) of (b, g, a, f, v, 1) = 1)
have filter (\i. IN"1 il a’ # [ ANi# p)[0..<n_ps] = ps
apply (rule filter _distinct _eql)
subgoal
using that
unfolding defs make_combs_alt_def Let_ def
by (auto simp: set_map_ filter product_lists _set list_all2_map2 list.rel_eq
dest: list_all2_map_fst_auz split: if _split_asm)
subgoal
using that unfolding defs make combs_alt_def Let_def
by (auto simp: set_map_ filter product_lists _set dest!: list_all2 _setl split: if split_asm)
subgoal
using that
unfolding defs make__combs__alt_def Let_def
by (auto
simp: set_map__ filter product_lists _set list__all2_map2 list.rel__eq
dest!: map__eq _imageD list_all2_map_ fst_auz split: if _split_asm)
subgoal
by simp
done
then have set ps C {0..<n_ps} p ¢ set ps distinct ps sorted ps
by (auto intro: sorted_ filter’)
have to_map: o’ = a the (map_of zs q) = (b, g, a, 7, f, I')
if (¢, 0,9, a, 7, f, 1) €setasforbqggarfl
using that
apply —
subgoal
using <set ps C _r<a' < _y<xs e
by
(simp
add: make__combs__alt_def product_lists _set < = ps» list_all2_map2
split: if _split_asm
) (auto 4 8 dest!: IN'_D list_all2_setl)
subgoal
using <distinct ps»
by (subst (asm) map_of eq Some__iff[of xs q, symmetric]) (auto simp: defs)
done
from that have x: V pEset ps.
(L p, bsp, gsp, Ina’, fs p, rs p, Is' p) € Simple_ Network__Language.trans (N p)
unfolding make combs_alt_def < = ps»
apply (clarsimp simp: set_map__ filter product_lists _set split: if _split_asm)
using <set ps C _» unfolding defs
by (auto simp: comp__def list_all2_map2 list_all2_same to_map
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elim!: IN'_D[THEN conjunctl, rotated]

from that have ps # [ a’ € set broadcast
apply (simp__all add: make__combs__alt_def set_map__ filter product_lists _set split: if split_asm)
using < = ps» «set ps C {0..<n_psh
by (cases xs; auto dest: IN'_D simp: list_all2_Consl)+
with that have Vq<n_ps. ¢ ¢ set ps N\ p # ¢ —
Vbgfrl.(L!q b, g Ina,f, r,l') ¢ trans (N q) V — check_bexp s b True)
unfolding make_combs__alt_def
by (auto 4 3 dest!: list_all2_set2 IN_TIN'_I
simp: defs set_map__filter product_lists _set split: if _split_asm)
have zs = map (A p. (p, bs p, gs p, a’, fs p, rs p, Is' p)) ps
apply (intro nth__equalityl)
apply (simp add: defs; fail)
subgoal for ¢
by (cases xs | ©) (auto 4 4 simp: defs dest: to_map nth_mem)
done
have V peset ps. check_bexp s (bs p) True
proof
fix ¢ assume ¢ € set ps
from «xs € _» have distinct (map fst xs)
unfolding make__combs__alt_def
by (auto simp: product_lists_set list_all2_map2 to_map
dest!: list_all2_fst_auz[OF list_all2_mono)
split: if _split_asm)
from «q € set ps» < =psr have IN'! ¢l a’# [ ¢ # p ¢ < n_ps

by auto
with that have the (map_of zs q) € set (IN'! ¢! a’)
using set_map_ of _compr|[OF <distinct (map __ _)»] unfolding make_combs__alt_def

apply (clarsimp simp: set_map__ filter product_lists _set split: if _split_asm)
apply (drule list_all2_set2)
apply auto
done
then obtain a where (bs q, gs q, a, fs q, s q, Is' q) € set (IN'! q! a’)
unfolding defs by atomize elim (auto split!: prod.splits)
then show check_bexp s (bs q) True
using IN'_D «a’ < _» «set ps C _» <q € set ps> by auto
qed
show ?thesis
by (inst_existentials ps bs gs fs rs ls’; fact)
qed
let 2f = A(q, b2, g2, a2, 2, r2,12) (g1, a, r1, L, s).
(g1 @ g2, a, r1 Q r2, Lq := 12], mk_upds s f2)
have xxx:
fold 2f (map (Ap. (p, bs p, gs p, a', fs p, rs p, Is' p)) ps) (g, a, 7, L, s)
= (g @ concat (map gs ps), a, r Q@ concat (map rs ps),
fold (Ap L. L[p := Is' p]) ps L, mk_upds s (concat_map fs ps))
for psbsgsa’ fsrsils'garLs
by (induction ps arbitrary: g a v L s; simp add: mk_upds__def)
have upd_swap:
(fold (Ap L . Llp := Is" p]) ps L)[p := ] = fold (Ap L . Llp := Is" p]) ps (L[p := )
if p ¢ set ps for psls’ pl’
using that by (induction ps arbitrary: L) (auto simp: list_update__swap)
have make transl:
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a’ < num__actions N\ p < n_ps A
(g1 @ concat (map gs ps), Broad a', r1 @ concat (map rs ps),
(fold (Ap L. Llp := Is' p]) ps L)[p := 1], s') € set (make_trans o’ p)
if
L € states and
g = gl Q concat (map gs ps) and
a = Broad o’ and
r = rl Q concat (map rs ps) and
L' = (fold (Ap L. Llp := Is' p]) ps L)[p := '] and
a’ € set broadcast and
(L!p, b1, g1, Out a’, f1, r1, ') € trans (N p) and
V peset ps. (L p, bs p, gs p, In a’, fs p, rs p, Is’ p) € trans (N p)
and
Vg<n_ps. q & set ps N p # q
— (Vbgfrl. (L!q b, g Ina,f, r,1') ¢ trans (N q) V = check_bexp s b True) and
p < m_ps and
set ps C {0..<n_ps} and
p ¢ set ps and
distinct ps and
sorted ps and
check_bexp s bl True and
Y pEset ps. check _bexp s (bs p) True and
is_upds s f1 s’ and
is_upds s"' (concat_map fs ps) s’ and
Simple_Network__Language.bounded bounds s’
for a’ p b1 g1 bs gs ps vl rsis' 1’ f1 s fs
using that «dom s = {0..<n_vsp
unfolding make trans_def
apply (clarsimp simp: set_map_ filter Let_def split: prod.split)
supply [forward2] = action__setD
supply [forward4] = is_upds_dom?2 is_upds dom3 is_upds concatD[rotated 3] OUT_I
ouT’ 1
apply frule2
apply simp
apply (rule conjI, rule impl)
subgoal
apply (subst (asm) make__combs_empty, (assumption | simp)+)
apply frules_all
apply (intro conjI)
apply (solves auto)
apply (intros add: more__intros)
apply (solve_triv | intros add: more_intros UN_I)+
subgoal
unfolding comp_ def by (auto elim!: is_upds.cases)
by (auto simp: check__bounded__iff[symmetric] elim: is_upds NilE)
apply (rule impI)
apply (frule make__combsD, simp, assumption+)
subgoal
by (subst (asm) make__combs__empty) (assumption | simp)+
apply frules_all
apply simp
apply (intro conjI)
apply (solves auto)
apply (intros add: more__intros)
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apply (solve_triv | intros add: more_intros UN_T)+
apply (simp add: **x* upd__swap; fail)
unfolding check_bounded _iff [symmetric] .
have make transD:
35" b ga fral bsgsfsrsls' ps.
g = ga @ concat (map gs ps) A
a = Broad a’ A
r = ra Q concat (map rs ps) A
L' = (fold (Ap L. L[p :=1s" p]) ps L)[p := 1] A
a’ € set broadcast N
(L!p, b, ga, Out a’, f, ra, I') € trans (N p) A
(Vpeset ps. (L p, bs p, gsp, In a’, fs p, rs p, Is’ p) € trans (N p)) A
(V g<n_ps.
q ¢ setps Np#q—
Vbgfrl.(L!gq b, g, Ina'f,r,l') & trans (N q) V — check_bexp s b True)) A
p < n_psA
set ps C {0..<n_ps} A
p & set ps A
distinct ps N
sorted ps N\
check_bexp s b True N (V pEset ps. check _bexp s (bs p) True) A
is_upds s f 8" A is_upds s" (concat_map fs ps) s’ A
bounded bounds s’ N\
filter (Xi. IN"Vila’# | ANi#p)[0..<n_ps] = ps
if
L € states and
a’ < num_actions and
p < n_ps and
(9, a, r, L', s") € set (make_trans a’ p)
for a’ p
supply [forward2] = action__setD
supply [forward3] = is_upds_make_updsI3[rotated] OUT'_D
supply [forward4] = is_upds_dom2 is_upds _dom3 is_upds_concatD[rotated 3] OUT_I
our’ 1
using that <dom s = {0..<n_wvs}
unfolding make_trans_def
apply mini_ex
apply (clarsimp simp: set_map_ filter Let_ def split: prod.split if _split_asm)
subgoal for b al f1’
apply (inst_existentials
b :: (nat, int) bexp
g == (nat, int) acconstraint list
f = (nat x (nat, int) exp) list
r :: nat list
l/
undefined :: nat = (nat, int) bexp
undefined :: nat = (nat, int) acconstraint list
undefined :: nat = (nat x (nat, int) exp) list
undefined :: nat = nat list
undefined :: nat = nat
[] :: nat list)
apply (solves <auto dest: OUT'_D»)+
subgoal
by (auto 4 3 simp: filter _empty conv dest: bspec dest!: make__combs_emptyD OUT'_D
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IN TIN' I)
apply (solves <auto dest: OUT'_Dy)+
subgoal
apply (inst_existentials s’)
subgoal is upd
by (auto intro: is_upds_make__updsI2 dest: OUT'_D)
subgoal
by simp (rule is_upds.intros)
subgoal
by (subst check__bounded_iff) (metis OUT'_D is_upds_dom2 is_upd)+
subgoal
by (rule make__combs__emptyD)
done
done
subgoal for b1 g1 al r1 f1 11’ s
apply (drule make__combsl, assumption+)
apply frules
apply elims
apply dedup prems
apply frules_all
apply (simp add: sxx )
apply intros
apply solve_triv+
apply (erule upd__swap[symmetric]; fail)
apply solve__triv+
apply (erule bspec; assumption)
apply (elims add: allE; intros?; assumption)
apply solve_triv+
subgoal for ps gs fs rs Is’
apply (subst check_bounded__iff)
subgoal
apply (subst is_upds_dom3)
apply (simp add: fold _map comp_ def; fail)
apply assumption—+
done
subgoal
by simp
done
apply solve__triv
done
done
have make_trans_iff:
(3s" aa p b ga fral bsgsfsrsls ps.
g = ga @ concat (map gs ps) A
a = Broad aa A
r = ra Q concat (map rs ps) A
L' = (fold (Ap L. Llp :=1Is" p]) ps L)[p := U] A
aa € set broadcast N
(L!p, b, ga, Out aa, f, ra, l') € Simple_ Network__Language.trans (N p) A
(V p€Eset ps.
(L!p, bsp, gs p, In aa, fs p, rs p, Is" p)
€ Simple_ Network__Language.trans (N p)) A
(V g<n_ps.
q ¢ setps Np#q—
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NVogfrl.
(L' q, b, g, Inaa, f, r,1") ¢ trans (N q) V — check_bexp s b True)) A
p<n_psA
set ps C {0..<n_ps} A
p & set ps A
distinct ps N\
sorted ps A
check_bexp s b True A (V pEset ps. check _bexp s (bs p) True) A
is_upds s f 8" N
is_upds s"' (concat_map fs ps) s’ A
bounded bounds s’) =
(Ja’e{0..<num__actions}.
Ipe{0..<n_ps}. (g, a, r, L', s') € set (make_trans a’ p)) (is ¢l «— 7r)
if dom s = {0..<n_vs} L € states
proof (intro iffT)
assume 7/
with that show 2r
by elims (drule make__transl; (elims; intros)?; solve__triv)
next
assume ?7r
with that show 2]
apply elims
subgoal for a’ p
apply simp
apply (drule make_transD)
apply assumption+
apply elims
apply intros
apply assumption+
apply blast+
done
done
qged
show (((L, s), g, a, v, L', 8’) € trans_broad) =
((g, a, v, L', ") € set (broad_trans_from (L, s)))
proof (cases get__committed L = [])
case True
with get__committed__empty_iff[of L] have VY p<n_ps. L! p ¢ committed (N p)
by simp
then have *: ((L, s), g, a, 7, L', 8') € trans_broad +— ((L, s), g, a, 7, L', ') €
{((L, s), g @ concat (map gs ps), Broad a, r Q concat (map s ps), (L', s")) |
LsL's"s"aplbgfrl bsgsfsrsls ps.
a € set broadcast N
(I, b, g, Out a, f, r, I") € trans (N p) A
(Vp € set ps. (L p, bsp, gsp, In a, fs p, rs p, Is’' p) € trans (N p)) A
(Vg<n_ps.q¢ setps Ap#q—
~3bgfri.(L!q b, g Ina,f,r,l') € trans (N q) A check_bexp s b True)) A
Lp=1A
p < length L A set ps C {0..<n_ps} A p & set ps A distinct ps A\ sorted ps A
check_bexp s b True A (Vp € set ps. check _bexp s (bs p) True) A
L'= (fold (Ap L . L[p :=1s"p]) ps L)[p := U] A
is_upds s f s' N\ is_upds s’ (concat_map fs ps) s A
L € states N bounded bounds s A bounded bounds s’
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unfolding trans broad__def broadcast_def|simplified]
by (intro iffI; elims add: CollectE; intros add: Collectl) blast+
from True have xx:
broad__trans _from (L, s)
= concat (
map (Aa.
concat (map (Ap. make_trans a p) [0..<n_ps])

)

[0..<num__actions]
)
unfolding broad_trans_from__alt_def IN_def OUT _def IN'_def OUT'_def Let__def make__trans_def
by simp
from «dom s = » <L € » <bounded bounds s> show ?thesis
unfolding * #x
apply simp
apply (subst make__trans__iff [symmetric])
apply simp+
apply (intro iffI; elims; intros)
apply (solve_triv | blast)+
done
next
case Fulse
with get committed _empty_iff[of L] have = (Vp<n_ps. L ! p ¢ committed (N p))
by simp
then have *: ((L, 3), g, a, 7, L', 8') € trans_broad +— ((L, 8), g, a, v, L', ') €
{((L, s), g @ concat (map gs ps), Broad a, r Q concat (map rs ps), (L', s")) |
LsL's's"aplbgfrl bsgsfsrsls ps.
a € set broadcast N\
(I, b, g, Out a, f, v, I") € trans (N p) A
(Vp € set ps. (L' p, bsp, gs p, In a, fs p, rs p, s’ p) € trans (N p)) A
(I € committed (N p) V (3p € set ps. L' p € committed (N p))) A
(Vg <mn_ps. q¢ setps Ap#q—
- (3bgfrl . (L'q b, g, Ina,f,r, 1) € trans (N q) A check_bexp s b True)) A
Lp=1A
p < length L A set ps C {0..<n_ps} A p & set ps A distinct ps A sorted ps N\
check_bexp s b True A (Vp € set ps. check_bexp s (bs p) True) A
L' = (fold (A\p L . L[p :=1s"p]) ps L)[p := 1] A
is_upds s f s’ N\ is_upds s’ (concat_map fs ps) s"" A
L € states A bounded bounds s A bounded bounds s’
}
unfolding trans_broad__def broadcast_ def[simplified]
by (intro iffI; elims add: CollectE; intros add: CollectI) blast+
have committed_ iff:
List.map__filter (M(p, _). if IN" ! p ! o’ =[] then None else Some p) (get_committed L) #
[p] A
List.map_ filter (\(p, _). if IN"! p! a’ =[] then None else Some p) (get_committed L) # |]
+—— (g<n_ps. IN"Vqgla"#[| AN gqg#pAL!qée committed (N q))
for p a’
proof —
have x: zs # [p] A s # [| «— (Fz € set xs. x # p) if distinct zs for zs
using that by auto (metis distinct.simps(2) distinct_length 2 _or_more revg.elims)
show ?thesis
by (subst *)
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(auto
intro: distinct_map__filter] get__committed__distinct
simp: set_map__ filter get__committed__mem,__iff split: if split_asm
)
qed
from Fulse have x*x:
broad__trans_from (L, s)
= concat (
map (Aa.
let
ns_committed =
List.map_ filter (A(p, ). if IN'"! p ! a # || then Some p else None) (get__committed L)

mn
concat (map (Ap.
if
(ins_committed = [p] V ins_committed = [])
A = list_ex (N (q, ). g = p) (get_committed L)
then ||
else

make__trans a p
)
[0..<n_ps])

)

[0..<num__actions))

unfolding broad_trans_from_alt_def IN_def OUT _def IN'_def OUT'_def make_trans def
unfolding Let def if contract
apply simp
apply (fo_rule if cong arg _cong2[where f = map] arg_cong[where f = concat] | rule
ext)+
apply blast+
done
from <dom s = » <L € » <bounded bounds s> show ?thesis
unfolding * xx
apply (simp add: make_trans_iff)
apply (intro iffT; elims)
subgoal for s’a aa p ga fral’ gs fs rsls’ ps— 71 — 71
apply (frule make_transl)
apply (assumption | blast)+
apply elims
apply intros
apply (simp; fail)
apply (simp add: Let_def)
apply (erule disjE)
subgoal — The process with the outgoing action label is committed
using get _committed_mem__iff[of p L ! p L, simplified, symmetric]
by (inst_existentials p) (auto simp add: list_ex_iff)
apply (erule bezE)
subgoal for ¢ — One of the processes with an ingoing action label is committed
apply (inst_existentials p)
apply assumption
apply (rule Intl)
apply (simp; fail)
apply simp
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unfolding committed_ iff
apply (rule disjl1; inst_existentials q; force dest!: IN_IIN' T)
done
done
subgoal for o’ — 7r — 71
apply (clarsimp split: if _split_asm simp: Let_def)
apply (drule make__transD|rotated 4])
apply assumption—+
apply elims
apply intros
apply assumption+
apply (erule bspec; assumption)
subgoal for p s” g’ fr' 1’ gs fs rs s’ ps
unfolding committed_iff by (auto simp: get _committed_mem__iff list _ex_iff)
apply blast+
done
done
qed
qed

Refinement of the State Implementation definition state rel :: (nat — int) = int list =
bool

where

state_rel s xs = length xs = n_vs A dom s = {0..<n_ws} A (Vi < n_wvs. zs | i = the (s 1))

definition loc_rel where
loc_rel = {((L', 8"), (L, 8)) | LsL's'. L' = L A length L = n_ps N state_rel s s'}

lemma state impl_abstract:
3L s. ((Li, si), (L, s)) € loc_rel if length Li = n_ps length si = n_vs
using that unfolding loc _rel def state rel def
by (inst_ezistentials Li Xi. if i < n_vs then Some (si ! %) else None)(auto split: if _split_asm)

lemma state_rel_left unique:
l € states’ = (li, 1) € loc_rel = (li’, ) € loc_rel = li' = li
unfolding loc_rel def state_rel def by (auto intro: nth__equalityl)

lemma state rel right unique:
l € states’ = I’ € states’ = (li, 1) € loc_rel = (li, l') € loc_rel = 1" =1
unfolding loc_rel def state rel def
apply clarsimp
apply (rule ext)
subgoal premises prems for L s s'1 s'2 z
proof —
show s'l z = sz
proof (cases © < n_vs)
case True
then have z € dom s'1 z € dom s
using prems by auto
with <z < n_vs) show ?thesis
using prems(9) by auto
next
case Fulse
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then have = ¢ dom s'1 ¢ dom s
using prems by auto
then show ?thesis
by (auto simp: dom__def)
qed
qged
done

end
end

fun bvali :: _ = (nat, 'b :: linorder) bexp = bool and evali where
bvali s bexp.true = True |
bvali s (not e) +— — bvali s e |
bvali s (and el e2) +— bvali s el A buvali s e2 |
bvali s (bexp.or el e2) +— bvali s el V bvali s €2 |
bvali s (imply el e2) <— buvali s el — bvali s e2 |
bvali s (eq i ©) +— evali s { = evali s x|
bvali s (le i x) +— evali s i < evali s z |
bvali s (It i z) «— evali s i < evali s |
buali s (ge i x) «— evali s i > evali s x |
bvali s (gt i x) «— evali s © > evali s x
| evali s (const ¢) = ¢
| evali s (varz) =slz
| evali s (if _then_else b el e2) = (if bvali s b then evali s el else evali s e2)
| evali s (binop f el e2) = f (evali s el) (evali s e2)
| evali s (unop fe) = f (evali s e)

definition mk_updsi :
int list = (nat x (nat, int) exp) list = int list where
mk_updsi s upds = fold (M(z, upd) s. s[x := evali s upd]) upds s

context Simple Network Impl nat_defs
begin

definition
check__boundedi s =
(Vz < length s. fst (bounds_map x) < sz A s! z < snd (bounds_map x))

definition
states’_memi = (L, s). L € states A length s = n_vs A check__boundedi s

definition
int__trans_from_loc_implp I L s =

let trans = trans_i_map p 1

mn

List.map_filter (X (b, g, a, f, r, I').

let s’ = mk_updsi s f in

if bvali s b A\ check_boundedi s’ then Some (g, Internal a, v, (L[p := 1], s'))
else None

) trans

definition
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int_trans_from__vec_impl pairs L s =
concat (map (A(p, 1). int_trans_from_loc_impl p I L s) pairs)

definition
int_trans_from__all_impl L s =
concat (map (Ap. int_trans_from_loc_implp (L p) L s) [0..<n_ps])

definition
int_trans_impl = X\ (L, s).
let pairs = get__committed L in
if pairs = ||
then int_trans_from__all _impl L s
else int_trans_from_vec__impl pairs L s

definition
pairs_by_action_impl L s OUT IN =
concat (
map (A (p, b1, g1, al, f1, 71, 11).
List.map__ filter (X (g, b2, g2, a2, 2, r2, 12).
if p = q then None else

let s" = mk_updsi (mk_updsi s f1) f2 in
if bvali s b1 A bvali s b2 N check__boundedi s’
then Some (g1 @ g2, Bin al, r1 Q r2, (L[p := 11, ¢ :=12], s'))

else None
) OUT) IN)
definition
bin__trans_from__impl = XL, s).
let
pairs = get_committed L;
In = all_actions by _state trans_in_map L;
Out = all_actions__by__state trans _out_map L
m
if pairs =[] then
concat (map (Aa. pairs_by_action_impl L s (Out ! a) (In! a)) bin__actions)
else
let

In2 = all_actions_from__vec trans_in_map pairs;

Out2 = all_actions_from__vec trans__out_map pairs
n

concat (map (Aa. pairs_by_action_impl L s (Out ! a) (In2 ! a)) bin__actions)
@ concat (map (Aa. pairs_by__action_impl L s (Out2 ! a) (In! a)) bin__actions)

definition
compute__upds init = List.map__filter (Acomb.
let (g, a, v, L', s) =
fold
()‘(qv bga 927 a?, fgv T’Q? 12) (gZ, a, TZ? (Lv 5))
(91 @ g2, a, r1 @ r2, (L[q := 12], mk_upds s f2))
)

comb
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mit
in if check_bounded s then Some (g, a, v, L', s) else None

)

definition
compute__upds_impl init = List.map__filter (Acomb.
let (g, a,r, L', s) =
fold
(Mg, b2, g2, a2, 2, r2,12) (91, a, r1, (L, s)).
(g1 @ g2, a, r1 Q r2, (L[q := 12], mk_updsi s f2))

comb
it
in if check_boundedi s then Some (g, a, r, L', s) else None

)

definition trans_from where
trans_from st = int_trans_from st Q bin__trans_from st Q broad__trans_from st

definition
broad__trans_from_impl = A(L, s).
let
pairs = get_committed L;
In = map (Ap. trans_in_broad_grouped p (L p)) [0..<n_ps];
Out = map (Ap. trans_out_broad__grouped p (L ! p)) [0..<n_ps];
In = map (map (filter (\(b, _). bvali s b))) In;
Out = map (map (filter (A(b, _). buvali s b))) Out
in
if pairs = || then
concat (
map (Aa.
concat (map (Ap.
let
outs = Out ! p! a
in if outs =[] then []
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z].  + outs]
else concat (map (Az. map (Azs. x # xs) combs) outs));
init = ([], Broad a, [], (L, s))
mn
compute__upds__impl init combs
)
[0..<n__ps))
)
[0..<num__actions))
else
concat (
map (Aa.
let
ns_committed =
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List.map__filter (M(p, __). if In ! p ! a # || then Some p else None) pairs;
always__committed = (length ins__committed > 1)
n
concat (map (Ap.
let
outs = Out ' pla
in if outs =[] then []
else if
= always__committed A (ins_committed = [p] V ins_committed = [])
A = list_ex (A (g, _). ¢ = p) pairs
then []
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z]. < outs]
else concat (map (Az. map (A\zs. x # xs) combs) outs));
init = ([], Broad a, [], (L, s))
m
compute__upds__impl init combs
)

[0..<n_ps])

)

[0..<num__actions])

definition trans_impl where
trans _impl st = int_trans_impl st Q bin__trans_from__impl st Q broad_trans _from__impl st

end

context Simple Network Impl nat
begin

lemma bval bvali:
state_rel s si => V' € vars_of bexp b. x € dom s => bval (the o s) b = buvali si b
and eval evali:
state_rel s si = V' € vars_of exp e. x € dom s = eval (the 0 s) e = evali si e
by (induction b and e) (auto simp: state_rel def)

lemma mk_upds mk_updsi:
state_rel (mk_upds s upds) (mk_updsi si upds)
if assms: state_rel s si ¥V (_, e) € set upds. YV € vars_of exp e. x < n_vs
Y (z, €) € set upds. © < n_vs
proof —
have upd_stepl: state_rel (mk_upd (z, e) s) (si'|z := evali si’ €])
if state_rel s’ si'Vx € vars_of expe. x < m_vszT < n_uvs
for s’ si’ z e
using that assms unfolding mk_upd _def state_rel_def by (auto simp: state_rel def eval _evali)
from assms show ?thesis
proof (induction upds arbitrary: s si)
case Nil
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then show ?Zcase
by (simp add: mk_upds_def mk_updsi_def)
next
case (Cons upd upds)
then show ?Zcase
by (simp add: mk_upds__def mk__updsi_def split: prod.splits) (rprem, auto introl: upd_ stepl)
qed
qed

lemma check_bounded_check boundedi:
check__bounded s = check__boundedi si if state__rel s si
using that unfolding check_bounded__def check_boundedi def state rel def by auto

definition
valid_upd = Xz, €). x < n_vs N (Vo € vars_of _exp e. x < n_vs)

definition
valid_check b = (Vz € vars_of bexp b. x < n_vs)

context includes lifting syntar begin
notation rel_prod (infixr xp 56)

definition is_at least equality where
is_at_least equality R=Vzy Rxy — z=yfor R

named_ theorems is_at_least equality

lemma [is_at_least_equality]:
is_at_least_equality (=)
by (simp add: is_at_least_equality_def)

lemma [is_at_least_equality]:
is_at_least equality R if is_equality R for R
using that by (simp add: is_at_least equality def is_equality_def)

lemma [is_at_least_equality]:
is_at_least_equality (eq_onp P)
by (simp add: is_at_least_equality_def eq _onp__def)

lemma is_at_least_equality list_all2[is_at least equality]:
is_at_least equality (list_all2 R) if is_at_least equality R for R
using that unfolding is at least equality def
by (auto simp: list.rel_eq dest: list_all2_mono[where Q = (=)])

lemma is_at_least_equality_rel prodlis_at_least_equality]:
is_at_least equality (R1 xr R2)
if is_at_least_equality R1 is _at least equality R2 for R1 R2
using that unfolding is at_least equality def by auto

lemma is at_least equality congl:
(81 ===> (=)) ff if is_at_least_equality S1 is_at_least equality S2 for S1 f
using that unfolding is_at least equality def by (intro rel funl) auto

lemma is at_least equality cong2:
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(81 ===> 82 ===> (=)) f [ if is_at_least equality S1 is_at_least_equality S2 for S1 S2 f
using that unfolding is at least equality def by (intro rel funl) auto

lemma is at least equality cong3:
(81 ===> 82 ===> 58 ===> (=)) ff
if is_at_least_equality S1 is_at_least equality S2 is_at_least equality S3 for S1 S2 S3 f
using that unfolding is at least equality def by (intro rel _funl) force

lemma is _at least equality Let:
(S ===> ((=) ===> R) ===> R) Let Let if is_at_least_equality S for R
using that unfolding is at least equality def
by (intro rel_funl) (erule Let_transfer[THEN rel funD, THEN rel_funD, rotated], auto)

lemma map__transfer_length:

fixes R Sn
shows

===> (Az y. list_all2 Rz y A length x = n)
===> (Az y. list_all2 Sz y A length z = n))
map map
apply (intro rel_funl conjI)
apply (erule list.map__transfer[ THEN rel_funD, THEN rel_funD], erule conjunctl)
apply simp
done

lemma upt_0_transfer:

(eq_onp (Az. x = 0) ===> eq_onp (Az. £ = n) ===> list_all2 (eq_onp (A\z. z < n))) upt
upt for n

apply (intro rel_funl upt_transfer _upper bound[THEN rel_funD, THEN rel_funD])

apply (assumption | erule eq_onp_to_eq)+

done

lemma upt length transfer:
(eq_onp (Az. z = 0) ===> eq_onp (A\z. . = n)
===> (A zy. list_all2 (eq_onp (A\x. £ < n)) zy A length x = n)) upt upt for n
apply (intro rel_funl conjI upt_0_transfer|[ THEN rel_funD, THEN rel_funD)], assumption+)
apply (simp add: eq_onp__def)
done

lemma case prod_transfer _strong:

fixes A B C
assumes A zy. Alzy=— AzyA\Nzy Bloy=— Buzy
shows ((4 ===> B ===> () ===> Al xp Bl ===> () case_prod case_prod

apply (intro rel_funl)
apply clarsimp

apply (drule assms)+

apply (drule (1) rel_funD)+
apply assumption

done

lemma concat_transfer strong:

fixes A B C
assumes Az y. Aey= Bazy A\ zy Cxy= list_all2 (list_all2 A) z y
shows (C' ===> list_all2 B) concat concat
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apply (intro rel_funl concat_transfer| THEN rel_funD])
apply (drule assms)

apply (erule list _all2_mono)

apply (erule list_all2_mono)

apply (erule assms)

done

lemma map__transfer__strong:

fixes A B C
assumes Azs ys. C xs ys = list_all2 A zs ys
shows ((A ===> B) ===> C ===> list_all2 B) map map

apply (intro rel_funl)

apply (erule list.map_ transfer| THEN rel_funD, THEN rel_ funD])
apply (erule assms)

done

lemma list_update_transfer’:

fixes A :: 'a = 'b = bool

shows (list_all2 A ===> eq_onp (Ai. i<n_ps) ===> A ===> list_all2 A) list_update
list_update

apply (intro rel_funl)

apply (rule list_update__transfer[ THEN rel_funD, THEN rel_funD, THEN rel_funD])

apply (auto simp: eq _onp_ def)
done

lemma list_update_transfer’”:

fixes A :: ‘a = 'b = bool and n

shows (A z y. list_all2 A x y A length = n) ===> eq_onp (A\i. i<n) ===> A
===> (A zy. list_all2 A xy A length x = n)) list_update list_update

apply (intro rel_funl conjl)

subgoal
apply (erule conjE)
apply (rule List.list_update__transfer[ THEN rel_funD, THEN rel_funD, THEN rel_funD])
apply (assumption | elim eq_onp_to_eq)+
done

apply simp

done

lemma list_update_ transfer’”:

fixes A :: ‘a = 'b = bool and n

shows (A z y. list_all2 A z y A length ¢ = n) ===> (=) ===> 4
===> (A z y. list_all2 A z y A length x = n)) list_update list_update

apply (intro rel_funl conjI)

subgoal
apply (erule conjFE)
apply (rule List.list_update transfer[THEN rel_funD, THEN rel_funD, THEN rel_funD])
apply (assumption | elim eq_onp_to__eq)+
done

apply simp

done

lemma fold_transfer_strong:

fixes A B
assumes Az y. Alzy— AaxyNey. Bloy=— BzyA\zy. Boy=— B2zy
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Nty Bxy=— B3zy
shows ((A ===> B2 ===> B1) ===> list_all2 Al ===> B ===> B3) fold fold
apply (intro rel_funl, rule assms)
apply (rule fold_transfer[THEN rel_funD, THEN rel_funD, THEN rel_funD])
apply (intro rel_funl)
apply (drule rel_funD, erule assms)
apply (drule rel_funD, erule assms, erule assms)
apply assumption+
done

lemma bval _bvali__transfer[transfer__rule]:
(state_rel ===> eq_onp valid__check ===> (=)) (A s. bval (the o s)) bvali
by (intro rel_funl) (auto simp: eq _onp__def valid_check def state rel def intro!: bval bvali)

lemma mk_upds_mk_updsi_transfer[transfer_rule]:
(state_rel ===> list_all2 (eq_onp valid_upd) ===> state_rel) mk_upds mk__updsi
apply (intro rel_funl)
subgoal for = y upds upds’
apply (subgoal tac upds’ = upds)
apply simp
apply (rule mk_upds _mk_updsi)
apply assumption
subgoal
by (smt case_prodI2 case__prod_conv eq onp_ def list_all2 _same valid_upd_def)
subgoal
by (smt case_prodE case_prod_conv eq_onp_def list_all2_same valid__upd_ def)
subgoal
by (metis eq_onp_to__eq list.rel_eq onp)
done
done

lemma check__bounded__transfer[transfer_rule]:
(state_rel ===> (=)) check_bounded check_boundedi
by (simp add: check_bounded__check__boundedi rel_funl)

lemma trans _map_transfer:
(eq_onp (Ai. i<n_ps) ===> (=) ===>
list_all2 (
eq_onp valid_check xXgp (=) Xgr eq_onp (pred_act (A\zx. x < num__actions))
x g list_all2 (eq_onp valid_upd) Xp (=)
)) trans_map trans_map
apply (intro rel_funl, simp add: eq _onp_def, intro list.rel_refl_strong)
apply clarsimp
apply (auto 4 4 dest!: trans_mapD dest: action__setD var_setD var_setD2 intro: list.rel _refl _strong
simp: valid_upd__def valid__check__def
)

done

lemma trans_map_transfer’:
(eq_onp (Ai. i<n_ps) ===> (=) ===>
list_all2 (eq_onp valid_check xr (=) xXg (=) xXg list_all2 (eq_onp valid_upd) xg (=))
) trans__map trans_map
apply (intro rel_funl, simp add: eq _onp_def, intro list.rel_refl_strong)
apply clarsimp
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apply (intro conjI list.rel _refl _strong)
apply (auto 4 4 dest: var_setD trans_mapD var_setD2 simp: valid__upd__def valid__check__def)
done

lemma map_ filter_transfer[transfer__rule]:
((§ ===> rel_option R) ===> list_all2 S ===> list_all2 R) List.map__filter List.map__filter
unfolding map_filter def
apply (clarsimp introl: rel_funl)
subgoal for f g xs ys
apply (rule list.map_transfer| THEN rel_funD, THEN rel_funD, of X x y. f x # None A S z
y))
apply (rule rel_funl)
subgoal for a b
apply (cases f a)
apply (auto simp: option_rel Somel option_rel Some2 dest!: rel_funD)
done
subgoal
apply rotate_tac
apply (induction rule: list_all2_induct)
apply (auto dest: rel_funD)
done
done
done

lemma tmnsiz;mapitmnsfer[tmnsfev;rule]:
(eq_onp (Ai. i<n_ps) ===> (=) ===>
list_all2 (eq_onp valid_check xr (=) xg (=) xg list_all2 (eq_onp valid_upd) X (=))
) trans_i_map trans_i_map
supply [transfer rule] = trans _map_ transfer’
unfolding trans i map def by transfer prover

lemma int_trans_from_loc_transfer[transfer_rule]:

(eq_onp (M. i<n_ps) ===> (=) ===> (Az y. list_all2 (=) z y A length x = n_ps) ===>
state rel

===> list_all2((=) xr (=) xXg (=) Xgr Az y. list_all2 (=) z y A length x = n_ps) Xg

state__rel))

int_trans_from__loc int_trans_from__loc_impl

supply [transfer_rule] = list_update__transfer’

unfolding int_trans from_loc_def int_trans from_loc_impl_def Let def by transfer prover

lemma n_ps_transfer:
eq_onp (Az. £ = n_ps) n_ps n_ps
by (simp add: eq _onp_ def)

lemma zero_nat_transfer:

(=) 0 (0::nat)

lemma int_trans_from__all_transfer[transfer_rule]:
((Az y. list_all2 (=) z y A length x = n__ps) ===> state_rel
===> list_all2((=) xXr (=) Xg (=) Xgr Az y. list_all2 (=) z y A length x = n_ps) Xg
state__rel))
int_trans_from__all int__trans_from__all_impl
supply [transfer_rule] = zero_nat_transfer n_ps_transfer
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unfolding int_trans_from__all_def int_trans from__all impl_def Let def
by transfer _prover

lemma int_trans_from_vec_ transfer(transfer_rule]:
(list_all2 (eq_onp (Az. z < n_ps) xg (=) ===> (Az y. list_all2 (=) zy A length x = n_ps)
===> state_rel
===> list_all2((=) xgr (=) xg (=) xg Az y. list_all2 (=) x y A length © = n_ps) Xg
state__rel))
int_trans_from__vec int_trans_from__vec _impl
unfolding int_trans_from_vec def int_trans_from_wvec impl_def Let def
by transfer__prover

private definition R where R = (Az y. list_all2 (=) z y A length x = n__ps)

lemma get_committed__transfer[transfer _rule]:
((Ax y. list_all2 (=) x y A length © = n_ps) ===> list_all2 (eq_onp (A\x. £ < n_ps) Xg
=)))
get__committed get__committed
proof —
have [transfer_rule]:
R automata automata
unfolding R_ def by (simp add: n_ps_def list.rel_eq)
show ?thesis
supply [transfer rule] = zero__nat_transfer n_ps_transfer
unfolding get committed__def
unfolding Let def
apply transfer _prover__start
using [[goals_limit=15]]
prefer 8
apply transfer_step
prefer 8
unfolding R_ def
apply transfer_step+
apply transfer _prover
done
qed

lemma eq transfer:
(list_all2 (eq_onp (Az. x < n_ps) xXg (=) ===> list_all2 (=) ===> (=)) (=) (=)
unfolding eq onp_def
apply (intro rel_funl)
apply (drule list_all2_mono|where Q = (=)])
apply (auto simp add: list.rel_eq rel_prod.simps)
done

lemma int_trans_from_ transfer:

((Az y. list_all2 (=) z y A length x = n_ps) X g state_rel

===> list_all2 ((=) xg (=) xg (=) xg ((Az y. list_all2 (=) x y A length © = n_ps) Xg
state__rel)))

int__trans_from int_trans_impl

supply [transfer _rule] = eq transfer

unfolding int_trans _impl_def int_trans_from__def Let def

by transfer__prover
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lemma pairs_by_action__transfer[transfer_rule]:
((Az y. list_all2 (=) z y A length x = n) ===> state_rel ===>
list_all2 ((=) xgr eq_onp valid_check xr (=) Xg (=) xXg list_all2 (eq_onp valid_upd) Xg
(=) xr (=)
===>
list_all2 ((=) xgr eq_onp valid_check xr (=) Xg (=) xXg list_all2 (eq_onp valid_upd) Xg
(=) xr (=)
===>
list_all2 (=) xr (=) Xg (=) Xr (Avy. list_all2 (=) zy A length x = n) xpr state_rel))
pairs_by__action pairs by _action__impl
supply [transfer_rule] = list_update__transfer’"
unfolding pairs by action_ def pairs by _action_impl_def by transfer prover

lemmas rel elims =
rel__prod.cases
rel_funD

lemmas rel intros =

rel_funl

lemma pairs by action_transfer’”:
((\z y. list_all2 (=) z y A length x = n) ===> state_rel ===>
list_all2 (B Xgr eq_onp valid_check xgr C xr D Xpg list_all2 (eq_onp valid_upd) Xp E
XR F) ===>
list_all2 (B Xp eq_onp valid_check xg C xp D Xpg list_all2 (eq_onp valid_upd) xp E
XR F) ===>
list_all2 (=) xg (=) xg (=) xg Az y. list_all2 (=) z y A length t = n) xXpg state_rel))
pairs_by__action pairs_by__action__impl
if A\zy. Bay=—z=y
Ney Coy—=— 2=y ANevy Dazy=—z=y
Ney Ezy=—2=yNey Fry=z=y
for BCDEF
apply (intro rel_funl)
apply (rule pairs by _action_transfer[THEN rel_funD, THEN rel_funD, THEN rel funD,
THEN rel_ funD])
apply (assumption | erule that list_all2_mono prod.rel_mono__strong)+
done

lemma trans _in_map_transfer[transfer _rule]:

(eq_onp (Ai. i<n_ps) ===> (=)

===> list_all2 (
eq_onp valid_check xgr (=) xXgr eq_onp (Aa. a < num_actions) Xp list_all2 (eq_onp

valid_upd) xXgr (=))

) trans_in_map trans_in_map

supply [transfer rule] = trans _map_ transfer|folded act.rel _eq onp]

unfolding trans in_map_def by transfer prover

lemma trans_in_map_transfer[transfer_rule]:
(eq_onp (Mi. i<n_ps) ===> (=)
===> list_all2 (eq_onp valid_check xr (=) xXr (=) xXpg list_all2 (eq_onp valid_upd) xpr
(=)
) trans_in_map trans_in_map
unfolding trans in_map_ def oops
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lemma trans_out_map__transfer[transfer_rule]:

(eq_onp (Mi. i<n_ps) ===> (=)

===> list_all2 (
eq_onp valid_check xgr (=) xXgr eq_onp (Aa. a < num_actions) Xpg list_all2 (eq_onp

valid_upd) Xp (=)

)) trans__out_map trans_out_map

supply [transfer _rule] = trans _map_ transfer|folded act.rel _eq onp]

unfolding trans out_map def by transfer prover

lemma tmnsioutimapitmnsfer[tmnsferimle]:
(eq_onp (Ai. i<n_ps) ===> (=) ===> list_all2 (
eq_onp valid_check Xg (=) xXr (=) xg list_all2 (eq_onp valid_upd) Xgr (=)))
trans__out_map trans__out _map
unfolding trans out map def oops

lemma actions_by_state_transfer[transfer_rule]:
(eq_onp (Mi. i < n_ps) ===>
list_all2 (=) xg (=) Xg eq_onp (M\i. i < n) Xg (=)) ===>
(N z y. list_all2 (list_all2 (eq_onp (Ni. i<n_ps) xr (=) Xr (=) Xgr eq_onp (A\z. z < n)
xg (=) zy A length © = n) ===>
(A x y. list_all2 (list_all2 (eq_onp (Ai. i<n_ps) Xr (=) xg (=) Xg eq_onp (Az. x < n)
xgr (=) zy A length x = n)
)
actions by _state actions_ by _state for n
supply [transfer_rule] = list_update_transfer’
unfolding actions by state_def by transfer prover

lemma actions by _state_transfer[transfer _rule]:
(
eq_onp (M. i < n_ps) ===>
list_all2 (eq_onp valid__check Xg (=) Xg eq_onp (Ai. i < n) X g list_all2 (eq_onp valid_upd)
<n (=) ===>
(N z y. list_all2 (list_all2 (
eq_onp (Mi. i<n_ps) Xgr eq_onp valid_check xr (=) Xg eq_onp (A\z. x < n)
X g list_all2 (eq _onp valid_upd) Xp (=))) x y A length z = n) ===>
(A zy. list_all2 (list_all2 (
eq_onp (Ai. i<n_ps) Xgr eq_onp valid_check xXg (=) Xg eq_onp (Az. < n)
X g list_all2 (eq_onp valid_upd) xXr (=))) xy A length £ = n)
)
actions by _state actions_ by _state
for n
supply [transfer_rule] = list_update_transfer’
unfolding actions by state_def by transfer prover

lemma transfer consts:
(eq_onp (Az. © = num__actions)) num__actions num__actions (eq_onp (A\z. z = 0)) (0::nat) 0
(eq_onp (Az. © = n_ps)) n_ps n_ps
by (auto simp: eq_onp__def)

lemma all _actions by _state_transfer[transfer rule]:

(
(eq_onp (Ai. i<n_ps) ===> (=) ===> list_all2 (eq_onp valid_check Xp (=) X eq_onp
(Ai. i < num__actions) X g list_all2 (eq_onp valid_upd) xg (=)))
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===>
Az y. list_all2 (=) zy A length x = n_ps)
===>
(N z y. list_all2 (list_all2 (eq_onp (N\i. i<n_ps) X eq_onp valid_check xr (=) Xgr eq_onp
(Ai. i<num__actions) x g list_all2 (eq_onp valid_upd) xg (=))) ©y A length & = num__actions)
)
all_actions__by_ state all_actions by_ state
supply [transfer _rule] = map__transfer_length upt_0_ transfer upt_length_transfer transfer _consts
n_ps_transfer
unfolding all_actions by _state_def by transfer prover

lemma all_actions _from_vec_transfer[transfer _rulel:

(

(eq_onp (Ni. i<n_ps) ===> (=) ===> list_all2 (eq_onp valid_check xp (=) xXg eq_onp
(Ai. i < num__actions) X g list_all2 (eq_onp valid_upd) Xg (=)))

===>

list_all2 (eq_onp (A\i. © < n_ps) xg (=))

===>

(N z y. list_all2 (list_all2 (eq_onp (Mi. i<n_ps) X eq_onp valid_check xr (=) Xgr eq_onp
(Ai. i<num__actions) x g list_all2 (eq_onp valid_upd) xg (=))) ©y A length & = num__actions)
)
all_actions__from__vec all_actions_from_ vec
supply [transfer rule] = map__transfer length upt length transfer transfer _consts
unfolding all_actions from_vec_def all _actions from_vec_def by transfer prover

lemma bin__actions__transfer[transfer_rule]:
(list_all2 (eq_onp (Az. x < num__actions))) bin__actions bin__actions
proof —
have x: list_all2 (eq_onp (Az. x < num__actions)) [0..<num__actions] [0..<num,__actions
by (rule list.rel_refl_strong) (auto simp: eq_onp_def)
show ?thesis
unfolding bin_ actions_def
by (rule filter _transfer[THEN rel_funD, THEN rel_funD, OF __ ) (auto simp: eq_onp__def)
qed

lemma Let transfer bin__auz:
((\z y. list_all2 (list_all2
(eq_onp (Ni. i < n_ps) xg eq_onp valid__check x g list_all2 (rel_acconstraint (=) (=)) Xgr
eq_onp (Ai. © < num__actions) xp list_all2 (eq_onp valid_upd) xp list_all2 (=) xg
(=) =y
A length x = num__actions) ===>
((A\z y. list_all2 (list_all2
((=) xr eq_onp valid__check X g list_all2 (rel_acconstraint (=) (=)) Xgr
(=) xg list_all2 (eq_onp valid_upd) xg list_all2 (=) xgr (=))) zy

A length x = num__actions) ===>
list_all2

(list_all2 (rel_acconstraint (=) (=)) x g rel_label (=) Xg

list_all2 (=) xr Az y. list_all2 (=) z y A length x = n_ps) Xg state_rel)) ===>
list_all2

(list_all2 (rel_acconstraint (=) (=)) xg rel_label (=) Xg

list_all2 (=) xg (Az y. list_all2 (=) z y A length x = n_ps) X state_rel))
Let Let
unfolding Let def
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by (intro rel_funl, drule rel funD)

(auto simp: eq_onp__def elim!: list_all2_mono prod.rel _mono__strong)

lemma bin__trans_from__transfer:

((Az y. list_all2 (=) z y A length x = n_ps) Xpr state_rel

===> list_all2 (=) xr (=) xg (=) xXgr (Ax y. list_all2 (=) x y A length x = n_ps) Xgr
state__rel)))

bin__trans_from bin__trans_from__impl

unfolding bin_ trans_from__impl _def bin__trans_from__def

supply [transfer_rule] =

map__transfer__length upt_length__transfer transfer _consts eq transfer Let transfer bin__auzx
by transfer__prover

lemma trans _map transfer'”:

(=) ===> (=) ===>

list_all2 (eq_onp wvalid_check xgr (=) Xgr eq_onp (pred_act (A\x. z < num__actions)) Xg
list_all2 (eq_onp valid_upd) xg (=)))

trans_map trans_map

apply (intro rel_funl, simp add: eq _onp_def, intro list.rel _refl _strong)

apply clarsimp

apply (auto 4 4 dest!: trans_mapD dest: action__setD var_setD intro: list.rel_refl_strong simp:
valid_upd__def)

oops

lemma compute upds transfer:

(list_all2 (=) xg (=) xg list_all2 (=) xg Az y. list_all2 (=) z y A length z = n) Xg
state__rel)
===> list_all2 (list_all2
((=) xr eq_onp valid_check xg list_all2 (=) xg (=) xg list_all2 (eq_onp valid_upd)
x g list_all2 (=) xg (=))) ===>
list_all2 (
list_all2 (=) xg (=) xg list_all2 (=) xg Az y. list_all2 (=) z y A length x = n) Xg
state__rel
)) compute__upds compute__upds__impl
supply [transfer_rule] = list_update _transfer’"
unfolding compute upds def compute_upds impl_def by transfer prover

lemma in_ transfer:
(eq_onp (Az. x < num__actions) ===> (=) ===> (=)) (€) (€)
by (intro rel_funl, rule member_transfer|of (=), THEN rel_funD, THEN rel_funD])
(auto simp: eq_onp_def rel_set_eq intro: bi_unique__eq)

lemma trans_in_broad_map_ transfer[transfer__rule]:

(eq_onp (Mi. i<n_ps) ===> (=) ===> list_all2 (eq_onp valid_check xgr (=) Xgr eq_onp
(Az. < num__actions) X g list_all2 (eq_onp valid_upd) xg (=)))

trans__in__broad__map trans_in_ broad__map

supply [transfer_rule] = trans_map_transfer[folded act.rel_eq onp] in_transfer

unfolding trans in_broad_map__def by transfer prover
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lemma trans_out_broad_map__transfer[transfer__rule]:

(eq_onp (Ni. i<n_ps) ===> (=) ===> list_all2 (eq_onp valid_check xpr (=) Xgr eq_onp
(Az. < num__actions) X g list_all2 (eq_onp valid_upd) xg (=)))

trans__out_broad__map trans out_broad__map

supply [transfer_rule] = trans_map__transfer[folded act.rel_eq onp] in__transfer

unfolding trans out broad _map def by transfer_prover

We are using the “equality version” of parametricty for (!) here.

lemma actions_by_state’ _transfer[transfer_rule]:
(list_all2 (eq_onp wvalid_check xr (=) Xgr eq_onp (Az. x < num_actions) Xg list_all2
(eq_onp valid_upd) Xg (=))
===> (A z y. list_all2 (
list_all2 (eq_onp valid_check xp (=) Xr eq_onp (Az. x < num__actions) Xp list_all2
(eq_onp valid_upd) xg (=))) zy
A length x = num__actions
)
actions_by_ state’ actions__by_state’
supply [transfer rule] = transfer _consts
upt__length_transfer
map__transfer__length
list_update__transfer'’
unfolding actions by _state’ _def by transfer _prover

lemma trans_in_broad__grouped__transfer[transfer _rule]:

(eq_onp (Ai. i<n_ps) ===> (=)

===> (A zy. list_all2 (

list_all2 (eq_onp valid_check xgr (=) Xgr eq _onp (Ar. x < num__actions) Xg list_all2
(eq_onp valid_upd) xg (=))) zy
A length x = num__actions
)) trans_in_broad__grouped trans_in_ broad__grouped
unfolding trans in_ broad__grouped def by transfer prover

lemma trans_out_broad_grouped__transfer[transfer__rule]:

(eq_onp (Mi. i<n_ps) ===> (=)

===> Az y. list_all2 (

list_all2 (eq_onp valid_check xp (=) Xp eq_onp (Az. x < num__actions) Xp list_all2
(eq_onp valid_upd) xg (=))) zy
A length x = num__actions
)) trans__out_broad__grouped trans__out_broad__grouped
unfolding trans out_broad_grouped_ def by transfer prover

lemma make__combs__transfer:
fixes R
assumes A\zy. Rzy =z =1y
shows
(eq_onp (Az. z < n_ps)
===> eq_onp (Az. £ < num__actions)
===> (A\z y. list_all2 (A\x y. list_all2 (list_all2 R) x y A length x = num__actions) z y
A length x = n__ps)
===> list_all2 (list_all2 (eq_onp (A\z. x < n_ps) xr R)))
make__combs make__combs
proof —
have [transfer_rule]:
(eq_onp (Az. & < n_ps) ===> eq_onp (Az. z < n_ps) ===> (=)) (=) (=)
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(list_all2 R ===> list_all2 R ===> (=)) (=) (=)
(list_all2 (list_all2 (eq_onp (Azx. x < n_ps) Xr R))

===> list_all2 (list_all2 (eq_onp (A\z. x < n_ps) Xr R)) ===> (=)) (=) (=)
apply (simp__all add: eq_onp_def)
subgoal

by (smt assms list.rel_eq list_all2_mono rel_funl)
subgoal

by (smt assms fun.rel_eq list_all2_eq list_all2_mono rel_fun_mono rel _prod.cases)
subgoal
by (smt assms fun.rel_eq list_all2_eq list_all2_mono rel_fun_mono rel_prod.cases)
done
show ?thesis
supply [transfer rule] = upt 0 _transfer transfer _consts
unfolding make_combs _def by transfer prover
qed

lemma broad_trans_from_ alt _def2:
broad__trans_from = (\(L, s).
let
pairs = get__committed L;
In = map (Ap. trans_in_broad__grouped p (L ! p)) [0..<n_ps];
Out = map (Ap. trans_out_broad__grouped p (L ! p)) [0..<n_ps];
In = map (map (filter (A(b, _). bval (the o s) b))) In;
Out = map (map (filter (A(b, _). bval (the o s) b))) Out
in
if pairs =[] then
concat (
map (Aa.
concat (map (Ap.
let
outs = Out ! p ! a
in if outs =[] then []
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs =[] then [[z].  + outs]
else concat (map (Az. map (Azs. x # xs) combs) outs));
init = ([], Broad a, ||, (L, s))
mn
compute__upds init combs
)

[0..<n__ps])
)
[0..<num__actions))
else
concat (
map (Aa.
let
ns__committed =
List.map_filter (A\(p, _). if In ! p ! a # || then Some p else None) pairs;
always__committed = (length ins_committed > 1)
in
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concat (map (Ap.
let
outs = Out ! p! a
in if outs = || then []
else if
= always_committed A (ins_committed = [p] V ins_committed = [])
A = list_ex (N (g, ). ¢ = p) pairs
then ||
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z].  + outs]
else concat (map (Az. map (Azs. x # xs) combs) outs));
init = ([], Broad a, [], (L, s))
m
compute__upds init combs

)
[0..<n__ps))

)

[0..<num__actions))

)

unfolding broad_trans_from__def compute__upds def
apply (rule HOL.refl)
done

lemma concat_length__transfer:
(AN zy. list_all2 (list_all2 A)  y A length x = n) ===> list_all2 A) concat concat for A n
by (intro rel_funl concat_transfer[THEN rel_funD), elim conjunctl)

lemma broad_trans_from_ transfer:

((Az y. list_all2 (=) z y A length x = n_ps) xXpr state_rel

===> list_all2 (=) xr (=) xg (=) xr (Ax y. list_all2 (=) x y A length x = n_ps) Xg
state__rel)))

broad__trans_from broad__trans_from__ impl
proof —

have compute upds _impl_transfer[transfer _rule]:
(list_all2 (=) xR
rel_label (eq_onp (Ax. x < num__actions)) Xpr
list_all2 (=) xg
Az y. list_all2 (=) z y A length x = n_ps) Xg state_rel ===>
list_all2
(list_all2
(eq_onp (Az. x < n_ps) Xg
eq_onp valid_check X g
list_all2 (rel_acconstraint (=) (=)) Xgr
eq_onp (Az. © < num__actions) Xp

list_all2 (eq_onp valid_upd) x g list_all2 (=) xg (=))) ===>
list_all2
(list_all2 (=) xgr
(=) xr
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list_all2 (=) xr (Az y. list_all2 (=) x y A length x = n__ps) Xg state_rel))
compute__upds compute__upds _impl
apply (intro rel_funl)
apply (rule compute_upds_transfer[ THEN rel_funD, THEN rel_funD))
apply (elim rel_prod.cases)
apply (simp only:)
apply (intro rel_prod.intros)
apply assumption
subgoal
by (drule label.rel_mono__stronglof _ __ _ (=)]; simp add: eq_onp__def label.rel_eq)
apply (simp; fail)+
apply (elim list_all2_mono rel_prod.cases)
apply (simp only:)
apply (intro rel _prod.intros)
apply (assumption | simp add: eq_onp__def acconstraint.rel_eq)+
done

have [is_at_least equality]: is__equality (rel _acconstraint (=) (=))
by (tactic < Transfer.eq tac @{context} 1)

have eq transferl:
(list_all2
(eq_onp walid_check xpr list_all2 (rel_acconstraint (=) (=)) Xr eq _onp (A\z. z <
num__actions) Xpg
list_all2 (eq_onp valid_upd) x g list_all2 (=) xg (=) ===>
list_all2
(eq_onp valid__check X g list_all2 (rel_acconstraint (=) (=)) Xg eq_onp (Az. x < num__actions)
XR
list_all2 (eq_onp valid_upd) xg list_all2 (=) xg (=))
===> (=) (=) (=)

by (intro is_at_least equality cong2 is_at_least_equality)

let R = (eq_onp (Az. x < n_ps) Xgr eq_onp valid_check X g
list_all2 (rel_acconstraint (=) (=)) Xg
eq_onp (Az. x < num__actions) X g list_all2 (eq_onp valid_upd) x g list_all2 (=) xg

(=)

have eq transfers:
(list_all2 (list_all2 ?R) ===> list_all2 (list_all2 ?R) ===> (=)) (=) (=)
by (intro is_at_least_equality cong2 is_at_least equality)

have eq transfer2:
(list_all2 (eq_onp (A\x. ¥ < n_ps)) ===> list_all2 (eq_onp (A\z. z < n_ps)) ===> (=))
=) (=)

by (intro is_at_least_equality cong2 is_at_least equality)
have eq_transfers:
(eq_onp (Az. z < n_ps) ===> eq_onp (Az. © < n_ps) ===> (=)) (=) (=)

by (intro is_at_least equality cong2 is_at_least_equality)

have eq transfers:
(list_all2 (eq_onp (Az. x < n_ps) xg (=)) ===>
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list_all2 (eq_onp (A\z. x < n_ps) xg (=) ===> (=)) (=) (=)
by (intro is_at_least equality cong2 is_at_least_equality)

have make__combs__transfer:
(eq_onp (Az. z < n_ps) ===>
eq_onp (Ar. < num__actions) ===>
Az y. list_all2 (\x y. list_all2 (list_all2
(eq_onp walid_check xg list_all2 (rel_acconstraint (=) (=)) Xr eq_onp (Az. z <
num__actions) Xpg
list_all2 (eq_onp valid_upd) x g list_all2 (=) xg (=)))
z y A length © = num__actions) x y A length © = n__ps) ===>
list_all2 (list_all2 (eq_onp (Az. x < n_ps) Xg
eq_onp valid_check xpg list_all2 (rel_acconstraint (=) (=)) Xg eq_onp (A\z. z <
num__actions) Xpg
list_all2 (eq_onp valid_upd) x g list_all2 (=) xXg (=))
)
) make__combs make__combs
apply (intro rel_funl)
apply (rule make_combs_transfer[THEN rel_funD, THEN rel_funD, THEN rel_funD])
subgoal
apply (simp add: acconstraint.rel_eq list.rel_eq prod.rel_eq)

apply (drule prod.rel_mono__strong[of _ _ _ _ (=) (=)], erule eq_onp_to__eq)
apply (drule prod.rel_mono_stronglof _ (=) (=)])
apply assumption
apply (drule prod.rel_mono__stronglof _ _ _ _ (=) (=)], erule eq_onp_to_eq)
apply (drule prod.rel_mono__stronglof _ _ _ _ (=) (=)])
apply (drule list_all2_monolof _ __ __ (=)], erule eq_onp__to__eq, simp only: list.rel__eq)
apply assumption
apply (drule (2) prod.rel_mono_stronglof _ _ _ _ (=) (=)];
simp add: acconstraint.rel _eq list.rel _eq prod.rel_eq)+
done
apply (simp add: prod.rel__eq)+
done
have

((Az y. list_all2 (=) zy A length x = n_ps) xXr state_rel
===> list_all2 (
(=) Xr (=) xr (=) xg (Az y. list_all2 (=) z y A length = n_ps) xg state_rel)))

pairs = [J;
In = map (Ap. trans_in_broad_grouped p (L ! p)) [0..<n_ps];
Out = map (Ap. trans_out_broad__grouped p (L ! p)) [0..<n_ps]
m
concat (
map (Aa.
concat (map (Ap.
let
outs = Out ! pla
in if outs =[] then ||
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
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combs = (
if combs = || then [[z]. z <+ outs]
else concat (map (Az. map (Azs. x # xs) combs) outs));
init = ([], Broad a, [], (L, ))
m
compute__upds init combs

)

[0..<n_ps])

)

[0..<num__actions])

pairs = [J;
In = map (Ap. trans_in_broad_grouped p (L ! p)) [0..<n_ps];
Out = map (Ap. trans_out_broad__grouped p (L p)) [0..<n_ps]
m
concat (
map (Aa.
concat (map (Ap.
let
outs = Out ! pla
in if outs =[] then ||
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z]. z < outs]
else concat (map (Az. map (Axs. x # xs) combs) outs));
init = ([], Broad a, [], (L, ))
mn
compute__upds _impl init combs
)

[0..<n_ps])

)

[0..<num__actions]))

supply [transfer rule] =
transfer _consts
upt__0_transfer
map__transfer__length
upt_length__transfer
make__combs__transfer
compute__upds _transfer
concat__length__transfer
eq_transferl
eq_transfer2
eq_transfer3
eq_transfers
unfolding Let def by transfer prover
have
((Az y. list_all2 (=) z y A length x = n_ps) Xpr state_rel
===> list_all2 (
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(=) xgr (=) Xr (=) xr (A y. list_all2 (=) x y A length x = n__ps) Xr state_rel)))

(
AL, s).
let
pairs = get__committed L;
In = map (Ap. trans_in_broad__grouped p (L ! p)) [0..<n_ps];
Out = map (Ap. trans_out_broad__grouped p (L ! p)) [0..<n_ps]
in
concat (
map (Aa.
let
ins_committed =
List.map_ filter (A(p, _). if In! p! a # [] then Some p else None) pairs;
always__committed = (length ins_committed > 1)
mn
concat (map (Ap.
let
outs = Out ! p!a
in if outs =[] then ||
else if
- always_committed A (ins_committed = [p] V ins_committed = [])
A = list_ex (N (q, ). ¢ = p) pairs
then ||
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z]. z < outs]
else concat (map (Az. map (Axs. x # xs) combs) outs));
init = ([], Broad a, [], (L, ))
mn
compute__upds init combs
)

[0..<n_ps])

)

[0..<num__actions])
)
(
AL, s).
let
pairs = get__committed L;
In = map (Ap. trans_in_broad_grouped p (L ! p)) [0..<n_ps];
Out = map (Ap. trans_out_broad__grouped p (L ! p)) [0..<n_ps]
m
concat (
map (Aa.
let
ns_committed =
List.map_ filter (A(p, _). if In! p ! a # [] then Some p else None) pairs;
always__committed = (length ins_committed > 1)
m
concat (map (Ap.
let
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outs = Out ! pla
in if outs = [| then ||
else if
= always__committed A (ins_committed = [p] V ins_committed = [])
A = list_ex (A (g, _). ¢ = p) pairs
then []
else
let
combs = make__combs p a In;
outs = map (At. (p, t)) outs;
combs = (
if combs = || then [[z]. z < outs]
else concat (map (Az. map (Azs. x # xs) combs) outs));
init = ([], Broad a, [], (L, s))
mn
compute__upds_impl init combs
)
[0..<n_ps])
)
[0..<num__actions])
)
supply [transfer_rule] =
transfer _consts
upt 0 transfer
map__transfer__length
upt_length_transfer
make__combs__transfer
compute__upds__transfer
concat__length__transfer
eq_transferl
eq_transfer2
eq_transfer3
eq _transfers
unfolding Let def by transfer prover

show ?thesis
supply [transfer_rule] =

transfer__consts
upt__0_transfer
map__transfer__length
upt_length_transfer
make__combs__transfer
compute__upds__transfer
concat__length__transfer
eq_transferl
eq_transfer2
eq_transfer3
eq_transfer}
eq_transfers

unfolding broad_trans from__alt_def2 broad_trans_from__impl def Let_ def by transfer _prover

qed

lemma trans_from_ transfer:
((Az y. list_all2 (=) z y A length x = n_ps) X g state_rel
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===> list_all2 (=) xr (=) xg (=) xXr (Azx y. list_all2 (=) x y A length x = n_ps) Xgr
state__rel)))
trans__from trans__impl
supply [transfer_rule] = int_trans_from__transfer bin__trans_from__transfer broad__trans_from__transfer
unfolding trans_from__def trans _impl_def by transfer prover

lemma list_all2 _swap:
list_all2 S ys xs if list_all2 R zs ys S = (A\zy. Ry z) for R S
using list_all2__swap that by blast

lemma swap_rel_prod: Az y. (R xg S)yx)=Azy. Ryx) xg (Azy. Syzx)for RS
by (intro ext) auto

lemma swap__eq:
Az y. y=2)=(=)
by auto

lemma trans_from_ refine:
(trans_impl, trans_from) € fun_rel _syn loc_rel (list_rel (Id x, Id X, Id x, loc_rel))
proof —
have [rel2p]:
rel2p loc_rel = (A zy. (Az y. list_all2 (=) x y A length x = n__ps) X g state_rel) y )
unfolding loc_rel_def rel2p_def by (intro ext) (auto simp: list.rel _eq)
have rel2p (fun_rel_syn
{((L’, s"), L, s) |LsL"s".L'=L A length L =n_ps A state_rel s s’}
((Id X, Id X, Id X, loc_rel)list_rel))
trans__impl trans__from
unfolding rel2p rel2p def state rel def
by (intro rel_funl trans_from_transfer[THEN rel_funD, THEN list_all2_swap])
(auto simp: list.rel_eq state_rel _def swap_rel _prod swap__eq)
then show ?thesis
unfolding rel2p def rel APP__def loc_rel def .
qed

lemma trans_from_ correct:
(tmns ;_from, tmnsfprod) € transition_rel states’
using int_trans_from__correct bin__trans_from__correct broad_trans_from__correct
unfolding trans_from__def trans _prod__def transition__rel_def by auto

lemma states’ alt_def:
states’" = {(L, s). L € states N bounded bounds s}
unfolding states’ def bounded_def dom__bounds eq by auto

lemma states’_alt_ def2:
states’ = {(L, s). L € states A dom s = {0..<n_ws} A check_bounded s}
proof —
have states’ = {(L, s). L € states A dom s = {0..<n_wvs} A bounded bounds s}
unfolding states’ def bounded__def dom__bounds eq by auto
then show ?thesis
by (auto simp: check_bounded__iff)
qed

lemma trans prod_ states’ inv:
" € states”if (1, g, a, r, ') € trans_prod | € states’
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using that unfolding states’ alt_ def
by (cases l’) (auto dest: trans _prod__bounded_inv trans prod__states inv)

lemma prod_ta_ states’ _inv:
I € states’ if prod _ta 1 —9®" " | € states’
using that by simp (rule trans_prod__states’ _inv)

lemma dom__eq transfer [transfer _rule]:
(state_rel ===> (=)) (As. dom s = {0..<n_vs}) (As. length s = n_vs)
by (rule rel_funl) (auto simp: state_rel def)

lemma states’ _memi_ correct:
(states’ _memi, (Al. | € states’)) € loc_rel — bool_rel
proof —
define ¢ where ¢t s = dom s = {0..<n_vs} for s :: nat — int
define ¢ where ti s = length s = n_vs for s :: int list
let R = Az y. (eq_onp (AL. length L = n_ps) Xg state_rel) y x
note [transfer_rule] = dom__eq transfer(folded t_def ti_def]
have [p2rel]: p2rel (Az y. (eq_onp (AL. length L = n_ps) X g state_rel) y x)) = loc_rel
by (auto simp: eq _onp_ def p2rel def loc_rel def)
have x: (A(L, s). L € states A dom s = {0..<n_wvs} A check_bounded s) = (Al. | € states’)
by (intro ext) (auto simp: states’ _alt_def2)
have (((=) xgr state_rel) ===> (=))
(ML, s). L € states A\ t s A\ check_bounded s) (A(L, s). L € states A ti s \ check _boundedi
)
by transfer prover

then have
(((=) xg state_rel) ===> (=))
(ML, s). L € states A dom s = {0..<n_wvs} A check_bounded s)
states’ _memi
unfolding t_def ti_def states’ _memi_def .

then have [p2rel]: (R ===> (=)) states’_memi (Al. | € states’)
unfolding * by (intro rel_funl) (auto simp: eq _onp_ def elim!: rel _funF)

then have (states’_memi, (Al. | € states’)) € p2rel (R ===> (=))
unfolding p2rel def by simp

then show ?thesis
unfolding p2rel .

qed

end

end

end

theory Simple Network Language Model Checking

imports Munta_Base. Temporal__Logics

Sitmple_Network__Language_Impl_Refine
Munta_Model _Checker.UPPAAL__Model_Checking

begin

7 Product Bisimulation

no__notation State_ Networks.step_sn (_ - (_, _, Y — (,_,_)[61,61,61,61,61] 61)
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We have proved the necessary theorems already but we need to lift it to the case where delay and
action transitions are strictly alternating.

inductive step_u’ :
('a, 's, 'c, 't i time, 'z, 'v = linorder) nta = s list = ('z — 'v) = (¢, 't) cval
= ‘s list = (' = "v) = (‘e, 't) cval = bool

., )—=>{(,_,_)[61,61,61,61] 61) where
AF (L, s, u) — (L") 5" o' if

A}_<La au> — Del <L/v /a u/>

a # Del

AE (L s’ uy =4 (L, s", u”)

inductive__cases step’ _elims: A ' ((L, s), u) — (L', s'), u’)
inductive__cases step_u’_elims: A+ (L, s, u) — (L', ', u)

theorem Bisimulation_ Invariant_strong_intro:
fixes A :: 'a = 'a = bool
and P :: 'a = bool
and B :: ‘a = 'a = bool
assumes A\ab. Aab=— Pa= Bab
and Aab. Bab= Pa= Aab
and Aab. Pa = Aab= Pb
shows Bisimulation_ Invariant A B (=) P P
apply standard
subgoal A for a b o’
by (blast intro: assms)
subgoal B for a b o’
by (blast intro: assms)
subgoal C for a b
by (rule assms)
subgoal D for a b
by (rule C, assumption) (rule assms)
done

context Prod_TA_ Defs
begin

definition
all_prop L s = (L € states A bounded bounds s)

lemma all_prop_ boundedD]dest]:
bounded bounds s if all _prop L s
using that unfolding all_prop def ..
lemma all_prop statesD[dest]:
L € states if all_prop L s
using that unfolding all_prop__def ..
end

context Prod_ TA
begin
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lemma prod__action__step _not__eq delay:
a # Del if prod_ta - ((L, 5), u) —4 (L', '), u’)
using that
apply cases
unfolding trans_of def
unfolding prod_ta_ def trans_prod_def
by (auto simp: trans_int_def trans_bin_ def trans_broad__def)

end

locale Prod_TA_ urge =
Prod_TA + assumes urgency_removed: Y N € set (fst (snd A)). urgent N = {}
begin

lemma prod_all _prop_inv:
all_prop L' s’ if all_prop L s prod_ta - ((L, s), u)y — ((L', s'), u”)
using that unfolding all prop def
by (auto elim: bounded_inv states_inv simp: step__iff [symmetric, OF __ __ urgency_removed))

lemma prod_all prop inv"
all_prop L' s’ if all_prop L s prod_ta v’ ((L, s), u) — ((L', s'), u’)
using that by (auto intro: prod_all_prop_inv elim!: step’ _elims)

interpretation prod_ bisim:
Bisimulation Invariant
A (L, s, u) (L', ', w'). prod_ta ' ((L, s), u)y = ((L', s'), u'))
A(L, s, u) (L) s, u). A (L, s, u) = (L', s/, u))
=)
A (L, s, u). all_prop L s)
A (L, s, u). all_prop L s)
apply (rule Bisimulation_Invariant _strong_intro; clarsimp)
subgoal
by (auto intro: step__u'.intros simp: all_prop_ def
dest: action__sound prod__action_step_not_eq delay delay sound[OF __ _ _ wur-
gency__removed]
elim!: step’ _elims)
subgoal
by (auto 4 4 dest: prod__all _prop _inv action__complete elim: delay__complete elim!: step__u’ _elims)
subgoal
by (rule prod__all_prop_inv’)
done

(
(
(
(
(

lemmas prod_bisim__intro = prod__bisim.Bisimulation__Invariant__axioms

end

8 The Final Semantics

State formulas

datatype ('n, ’s, 'a, 'b) sexp =
true |
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— Boolean connectives
not ('n, 's, 'a, 'b) sexp | and ('n, ’s, ‘a, 'b) sexp ('n, s, 'a, 'b) sexp |
or ('n, 's, 'a, 'b) sexp ('n, 's, 'a, 'b) sexp | imply ('n,’s, 'a, 'b) sexp ('n, 's, 'a, 'b) sexp |
— Does var a equal z?
eq 'a’b |
le 'a’b |
it 'a b |
ge 'a ’b |
gt 'a ’b |
— Is procces 7 in location (7
loc 'n's
datatype ('n, ’s, ‘a, 'b) formula =
EX ('n,’s, 'a, 'b) sexp | EG ('n, 's, 'a, 'b) sexp
| AX ('n, 's, 'a, 'b) sexp | AG ('n, ’s, 'a, 'b) sexp
| Leadsto ('n, 's, 'a, 'b) sexp ('n, s, 'a, 'b) sexp
fun check sexp :: (nat, s, 'a, 'b :: linorder) sexp = 's list = (‘a = 'b) = bool where
check__sexp sexp.true _ _ <— True |
check__sexp (not e) L s «— — check_sexp e L s |
check_sexp (and el e2) L s +— check_sexp el L s N\ check_sexp e2 L s |
check_sexp (sexp.or el e2) L s <— check_sexp el L sV check_sexp e2 L s |
check__sexp (imply el e2) L s «<— check_sexp el L s — check_sexp e2 L s |
check_sexp (eqiz) L s<+— si =z
check_sexp (leix) L s +— si <z |
check_sexp (ltix) L s+— si < x|
check_sexp (geix) L s +— si > x|
check_sexp (gt ix) L s<+— si> x|
check_sexp (lociz) Ls+— L!i==x

fun locs_of sexp :: ('n, ’s, 'a, 'b) sexp = 'n set where
locs_of _sexp (not e) = locs_of sexp e |
locs _of sexp (and el e2) = locs_of sexp el U locs _of sexp e2 |
locs _of sexp (sexp.or el e2) = locs_of sexp el U locs_of sexp e2 |
locs _of sexp (imply el e2) = locs_of sexp el U locs _of sexp e2 |
locs_of _sexp (loc i x) = {i} |
locs_of sexp _ ={}

fun vars_of sexp :: ('n, s, 'a, 'b) sexp = 'a set where
vars_of _sexp (not e) = vars_of sexp e |
vars_of _sexp (and el e2) = vars_of sexp el U vars_of sexp e2 |
vars__of _sexp (sexp.or el e2) = vars_of sexp el U vars_of sexp e2 |
vars_of _sexp (imply el e2) = vars_of _sexp el U vars_of sexp e2 |
vars_of _sexp (eq i z) = {i} |
vars_of _sexp (It i ) = {i} |
vars_of _sexp (le i x) = {i} |
vars_of sexp (ge i x) = {i} |
vars_of _sexp (gt i z) = {i} |
vars_of _sexp _ = {}

NN N N N N N

fun locs _of formula :: ('n, 's, 'a, 'b) formula = 'n set where
locs_of _formula (formula.EX ) = locs_of _sexp ¢ |
locs_of _formula (EG ) = locs_of _sexp ¢ |
locs_of _formula (AX ¢) = locs_of _sexp ¢ |
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locs _of _formula (AG ) = locs_of sexp ¢ |
locs _of formula (Leadsto ¢ 1) = locs_of _sexp ¢ U locs_of sexp i

fun vars_of formula :: ('n, s, 'a, 'b) formula = 'a set where
vars_of _formula (formula.EX ¢) = vars_of _sexp ¢ |
vars_of _formula (EG @) = vars_of _sexp ¢ |
vars_of _formula (AX ¢) = vars_of sexp ¢ |
vars_of _formula (AG @) = vars_of _sexp ¢ |
vars_of _formula (Leadsto ¢ 1) = vars_of sexp ¢ U vars_of sexp

Py

fun hd_of_formula :: (nat, 's, 'a, 'b) formula = 's list = (‘a = 'b :: linorder) = bool where
hd_of formula (formula.EX @) L s = check_sexp ¢ L s |
hd_of formula (EG @) L s = check_sexp ¢ L s |
hd_of formula (AX ¢) L s = Not (check_sexp ¢ L s) |
hd_of _formula (AG ¢) L s = Not (check_sexp ¢ L s) |
hd_of formula (Leadsto ¢ ) L s = check_sexp ¢ L s

definition models (_, = _ [61,61] 61) where
A,ag = ® = (case @ of
formula. EX ¢ =
Graph__Defs.Fx__ev
(A (L s, ) (L', ', ). AF (L, s, u) = (L', 5", u)
(M (L, s, ). check_sexp ¢ L (the o s))
| formula. EG ¢ =
Graph__Defs.Ex__alw
A (Ly s, u) (L', 8", u'). A (L, s, u) = (L', s, u'))
(A (L, s, _). check_sexp ¢ L (the o s))
| formula. AX ¢ =
Graph__Defs. Alw__ev
(A (L, s, u) (L', s', u'). A (L, s, u) = (L', s, u'))
‘ (A (L, s, _). check_sexp ¢ L (the o s))
formula.AG ¢ =
Graph__Defs. Alw__alw
(A (L, s, w) (L', ', ). AF (L, s, ) = (L', 5", u)
‘ (M (L, s, ). check_sexp ¢ L (the o s))
formula. Leadsto ¢ 1 =
Graph__Defs.leadsto
(A (L, s, u) (L', ', u'). A (L, s, u) —
(A (L, s, _). check_sexp ¢ L (the o s))
(A (L, s, _). check_sexp 1 L (the o s))
) ao

(L7, s, u))

lemmas models_iff = models_def[unfolded Graph_Defs.Ex_alw_iff Graph_ Defs.Alw__alw__iff]

definition prop of where
prop_of ¢ = PropC (A(L, s, _). check_sexp ¢ L (the o s))

fun ctl_of where
ctl_of (formula.EX ¢) = ctl_formula.EX (prop_of ¢)
| ctl_of (formula.EG ) = ctl_formula.EG (prop_of )
| ctl_of (formula.AX ¢) = ctl_formula.AX (prop_of ¢)
| ctl_of (formula.AG ) = ctl_formula.AG (prop_of ¢)
| ctl_of (formula.Leadsto ¢ 1) =
ctl_formula. AG (ctl_formula.ImpliesC (prop_of ¢) (ctl_formula.AX (prop_of )))
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context
fixes A :: (Ya, s, 'c, 't i time, 'z, 'v :: linorder) nta
begin

interpretation Graph_Defs \ (L, s, u) (L', s’, u'). A+ (L, s, u) — (L, s, u'y .

lemma models ctl_iff:
Ayag |E © +— models_ctl (ctl_of ®) ag
by (cases @) (simp__all add: models__def prop_of _def leadsto__def)

end

fun check_sexpi :: (nat, 's, nat, int) sexp = 's list = int list = bool where
check__sexpi sexp.true _ _ +— True |
check__sexpi (not e) L s «— — check_sexpi e L s |
check__sexpi (and el e2) L s +— check_sexpi el L s A check_sexpi e2 L s |
check__sexpi (sexp.or el e2) L s «— check_sexpi el L sV check sexpi e2 L s |
check__sexpi (imply el e2) L s «— check _sexpi el L s — check_sexpi e2 L s |
check_sexpi (eqiz) L s <— sl i =z |
check_sexpi (leiz) L s+— s!i< x|
check_sexpi (It iz) L s+— s!li<ux]|
check_sexpi (geix) Ls+— s!i> x|
check_sexpi (gt iz) L s<— s!i>ux|
check_sexpi (lociz) Ls<+— Lli=z

fun hd_of _formulai :: (nat, ’s, nat, int) formula = 's list = int list = bool where
hd_of formulai (formula EX @) L s = check_sexpi ¢ L s |
hd_of formulai (EG @) L s = check_sexpi ¢ L s |
hd_of formulai (AX ) L s = Not (check_sexpi ¢ L s) |
hd_of _formulai (AG ¢) L s = Not (check_sexpi ¢ L s) |
hd_of _formulai (Leadsto ¢ _) L s = check_sexpi ¢ L s

lemma all_prop_weak__cong[congl:
Prod__TA_ Defs.all_prop A = Prod__TA_ Defs.all_prop A for A
by (rule HOL refl)
lemma equiv’_weak _cong[cong]:
Bisimulation_ Invariant.equiv’ R P Q = Bisimulation_ Invariant.equiv’' R P Q for R P Q
by (rule HOL refl)
lemma equiv’_weak__cong2|cong|:
Stmulation Invariant.equiv’ R P Q = Simulation_ Invariant.equiv' R P Q for R P Q
by (rule HOL.refl)
lemma models ctl _weak _cong|congl:
Graph__Defs.models _ctl E = Graph__Defs.models _ctl E for E
by (rule HOL.refl)
lemma models__path__weak__cong[cong]:
Graph__Defs.models_path E = Graph__Defs.models_path FE for E
by (rule HOL.refl)
lemma models_state__weak__cong[cong|:
Graph__Defs.models _state E = Graph__Defs.models_state FE for E
by (rule HOL.refl)
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lemma models_Itl_weak__cong|cong|:
Graph__Defs.models_ltlc E = Graph_Defs.models_ltlc E for E
by (rule HOL.refl)
lemma models__weak __cong[cong]:
models E = models E
for E by (rule HOL.refl)

9 Instantiating the Model Checking Locale

locale Simple Network_Impl nat _urge =
Simple__Network__Impl_nat + assumes no__urgency: ¥V (_, U, _, _) € set automata. U = |]

This locale certifies that a given local clock ceiling is correct. Moreover, we certify that the vector
of initial locations has outgoing transitions for each automaton, and that all variables of the initial
state are in bounds.

locale Simple Network_Impl nat_ ceiling_start state =
Simple_Network__Impl_nat_urge +
fixes k :: nat list list list
and Lg :: nat list
and sg :: (nat X int) list
and formula :: (nat, nat, nat, int) formula
and show__clock :: nat = string
and show__state :: nat list X int list = string
assumes k__ceiling:
Vi< n ps.V(l, g) € set ((snd o snd o snd) (automata ! 7)).
Y (z, m) € collect_clock_pairs g. m < int (k!4i!1! z)
Vi<mn_ps.V(,_,g,_) € set ((fst o snd o snd) (automata ! ©)).
(¥ (z, m) € collect_clock_pairs g. m < int (k! 11! x))
and k_resets:
Vi<n ps.V (I,b, g, a upd, v, I') € set ((fst o snd o snd) (automata ! 7)).
Vee{0.<m+1} —setr. k'ill'le<klilllc
and k_length:
length k = n_psV i < n_ps. length (k! i) = num__states i
V zs € set k. V zzs € set xs. length zzs = m + 1
and k£ 0:
Vi<n_psVI<num statesi. k1 7!110=20
and inv_unambiguous:
Y(_,_,_, inv) € set automata. distinct (map fst inv)
and sg__bounded: bounded bounds (map__of so)
and Lg_ len: length Ly = n_ps
and Lo has trans: Vi < n_ps. Lo ! i € fst ‘ set ((fst o snd o snd) (automata ! 7))
and vars_of _formula: vars_of _formula formula C {0..<n_vs}

begin

The ceiling k is correct for each individual automaton in the network. We now construct a ceiling
for the product automaton:

definition

k_funlc=
if (¢>0Nc<m)A fstle states then Max {k i ! (fst114d) ! c|i.i<mn_ps} elsel

lemma (in —) default_map_ of _distinct:
(k, default_map_of x xs k) € set zs U {(k, x)} if distinct (map fst xs)
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unfolding default_map_of _alt_def by clarsimp (simp add: map_of _eq_Some__iff[OF that])

lemma N _inv:

(L4, inv (N i) (L! 7)) € set ((snd o snd o snd) (automata ! 7)) U {(L! 4, [])}

if i <n_ps

unfolding N_ def comp__def fst_conv snd__conv inv__def

using that

apply (subst nth_map)

apply (simp add: n_ps_def; fail)

apply (clarsimp split: prod.split simp: automaton__of _def)

subgoal for _ _ _ s
using default_map_of distinct[of xs L i []] inv_unambiguous that
by (auto dest!: nth_mem simp: n_ps_def)

done

lemma (in —) subset_nat_0_atLeastLessThan__conv:
S C{0.<nunat} +— (VY z€ 8.z <n)
by auto

lemma k_ ceiling rule:
m<int (k!ill!x)
if i < n_ps (I, b, g, 2x) € set ((fst o snd o snd) (automata ! 7))
(z, m) € collect_clock_pairs g
for il x g xzx
using that k_ ceiling(2) by fastforce

lemma k_ ceiling 1:
Vs. VL € states. ¥ (z,m) € clkp_set prod_ta (L, s). m < k_fun (L, s) =
proof safe
fix Lscz
assume <L € states) (¢, z) € Closure.clkp_set prod_ta (L, s)
have 0 < cc<m
proof —
from «(c¢, z) € _» have (¢, ) € Timed_Automata.clkp__set prod_ta
unfolding TA clkp set unfold by auto
with clock _range show 0 < cc < m
by auto
ged
with <L € _» have k_fun (L, s) ¢ = Maz {k!' ¢V (L!d)'c|i.i<n_ps}
unfolding k£ _fun_ def by auto
have Maz_auz: © < int (Max {k! i1 (L 4) ! cli. i< n_ps})
ife<int (k!p!(L!p)!c)p<mn_psforp
proof —
from «p < n_ps>have k! p! (L!p)!c < Max {k!i! (L!d)!c|i.i<n_ps}
by (intro Max_ge) auto
with <z < ) show ?thesis
by simp
qed
from «(c, z) € _» show «x < k_fun (L, s) o
unfolding clkp_set def
proof safe
assume <(c, z) € Closure.collect_clki (inv_of prod_ta) (L, s)»
then show <z < k_fun (L, s) ¢
using k_ ceiling(1) unfolding collect clki_def <k_fun (L, s) ¢ = _»
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by (auto 0 8 dest: N_inv
introl: Mazx_auz simp: prod__inv_def collect_clock_pairs_def k_ fun_def)
next
assume <(c, z) € Closure.collect_clkt (trans_of prod_ta) (L, s)»
then show <z < k_fun (L, s) ¢

unfolding collect_clkt_def <k_fun (L, s) ¢ = _»

apply (clarsimp simp: trans_prod__def collect__clock_pairs _def k_fun__def)

apply safe

subgoal
using k_ ceiling(2) unfolding trans int_ def
apply (clarsimp simp: mem__trans_N__iff L_len subset_nat_0_atLeastLessThan__conv)
apply (fastforce introl: Max__aux simp: collect clock _pairs__def)
done

subgoal
using k_ ceiling(2) unfolding trans bin_ def
apply (clarsimp simp: mem__trans _N__iff L_len subset_nat_0_atLeastLessThan__conv)
apply (erule disjE)
apply (force intro!: Maz_aux simp: collect_clock_pairs _def)+
done

subgoal
using k_ ceiling(2) unfolding trans broad_def
apply (clarsimp simp: mem__trans N_iff L _len subset_nat_0_atLeastLessThan__conv)
apply (erule disjE)
apply (fastforce introl: Maz__aux simp: collect clock pairs_def)
apply (erule bexE)
apply (force introl: Max__auzx simp: collect__clock__pairs_def) — slow: 60s
done

done

qed
qed

lemma k_fun_mono”:
k_fun (L, s) ¢ < k_fun (L', s') cif
Vi<mn ps.k!i! (L4 e<k!il(L'li)! cL € states L' € states
using that unfolding &k fun_ def
apply clarsimp
apply (cases n_ps = 0)
apply (simp; fail)
apply (rule Maz.boundedl)
apply (simp; fail)
apply blast
apply safe
subgoal for _ ¢
by — (rule order.transjwhere b = k! ¢! (L'! ) ! ¢], auto intro: Max__ge)
done

lemma £_fun_mono:
Maz {kti! (L' eli.i<n ps} < Max{k'!'i! (L'Vd)lc|i.i<n_psh
if Vi<n ps k!i!(L'))'e<kli!(L'!)!o
apply (cases n_ps = 0)
apply (simp; fail)
apply (rule Maz.boundedl)
apply (simp; fail)
apply blast
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apply safe
subgoal for _ ¢

using that by — (rule order.transjwhere b =k ! i | (L' %) ! ], auto intro: Maz__ge)
done

lemma (in —) fold upds auxl:
fold (Ap L. Llp := g p]) psas ! i=as ! iif i ¢ set ps
using that by (induction ps arbitrary: xs) auto

lemma (in —) fold_upds auz2:
fold (Ap L. Lp := g p]) ps as | i = g i if «distinct ps» <i € set psy <i < length zs)
using that by (induction ps arbitrary: xs) (auto simp: fold_upds auxl)

lemma (in —) fold upds auz_length:
length (fold (Ap L. L[p := g p]) ps xs) = length xs
by (induction ps arbitrary: zs) auto

lemma prod_ta_ step statesD:
assumes prod_ta - (L, s) —9%" (L', s')
shows L € states L' € states
using assms state__set_states by (fastforce dest: state_setll state_setl2)+

lemma k_ceiling 2:
Vigarl'.V ¢c<m. prod_tat 1l —9%"'ANcésetr — k funl'c <k funlc
proof safe
fix LsgarlL's'c
assume A: <¢c < my «prod_ta b (L, s) —9%" (L', s’)y <c & set m
then have L € states L’ € states
by — (rule prod_ta_step_statesD, assumption)+
from A have «<Maz {k!i! (L'V ) 'e|i.i<n_ps} < Max{k!i! (L) !c|i.i<n_psp
apply simp
unfolding trans prod _def
apply safe
subgoal
using k_resets
unfolding trans_int def
apply clarsimp
apply (rule k_fun_mono)
apply (clarsimp simp: mem__trans N_iff L_len subset nat_0_atLeastLessThan__conv)
subgoal for b fp aa I’ i
by (cases p = i; force simp add: L_len)
done
subgoal
using k_resets
unfolding trans bin_ def
apply clarsimp
apply (rule k_fun_mono)
apply (clarsimp simp: mem__trans _N__iff L_ len subset_nat_0__atLeastLessThan__conv)
subgoal for _ _ pqbl gl f1r111'b292f27212" 4
by (cases p = i; cases ¢ = i; force simp add: L_len)
done
subgoal
using k_resets
unfolding trans_broad_def
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apply clarsimp
apply (rule k_fun_mono)
apply (clarsimp simp: mem__trans N_iff L _len subset _nat_0_atLeastLessThan__conv)
subgoal premises prems for s’a aa p b ga fra l' bs gs fs rs s’ ps i
proof (cases p = 1)
case True
with «p ¢ _» «i < _» <L € states» have (fold (Ap L. Llp :==Is"p]) ps L)[p :=1]1i=1
by (simp add: L_len fold_upds aux_length)
with prems <p = 7> show ?thesis
by (fastforce simp add: L_ len)
next
case Fulse
then have *: (fold (Ap L. L[p :=1s" p]) ps L)[p := 1] !¢
= fold (A\p L. Llp :=1s" p]) ps L ! i
by simp
show ?thesis
proof (cases i € set ps)
case True
then have sx: fold (Ap L. Llp:=1s"p]) ps L i =1s"1
using «distinct ps» i < n_ps» <L € states> by (auto simp: fold_upds auz2)
moreover have
(L1, bsi, gsi, Inaa, fs i, rsi, s’ i) € set (fst (snd (snd (automata ! 7))))
using «p # ©» True prems by fast
moreover have ce{0..<Suc m} — set (rs i)
using «p # ©» True prems by force
ultimately show “thesis
using prems(2) <i < n_ps» by (auto 4 3 simp add: *)
next
case Fulse
with «p # ©» show ?thesis
by (simp add: fold_upds_auxl)
ged
qed
done
done
with <L € states) <L’ € statesy <¢c < m) show k_fun (L', s’) ¢ < k_fun (L, s) ¢
by (auto simp: k_fun__def)
qed

abbreviation F where F' = A\(L, s). hd_of_formula formula L (the o s)
abbreviation Fi = A(L, s). hd_of formulai formula L s

lemma (in Simple Network Impl nat) check_sexp_ check _sexpi:
check_sexp e L (the o s) +— check_sexpi e L s’
if state_rel s s’ vars_of _sexp e C {0..<n_vs}
using that unfolding state_rel_def by (induction e) auto

lemma (in Simple Network Impl nat) hd_of formula_hd_of formulai:
hd_of formula ¢ L (the o s) «— hd_of formulai ¢ L s’
if state_rel s s’ vars_of formula ¢ C {0..<n_wvs}
using that by (induction ) (auto simp: check_sexp_ check__sexpi)
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lemma I Fi:
Fl+— Fil'if (I',1) € loc_rel
using vars_of _formula that unfolding loc_rel def by clarsimp (erule hd_of _formula_hd_of formulai)

abbreviation [y = (Lg, map_ of so)
abbreviation sgi = map (the o map__of so) [0..<n__vs]
abbreviation lyi = (Lo, soi)

lemma state_rel start:
state__rel (map__of so) sot
using so_ bounded unfolding state_rel def bounded__def dom__bounds eq by auto

lemma statesI:
L € states if length L = n_psVi<n_ps. L' i € fst ‘ set (fst (snd (snd (automata ! 7))))
using that unfolding states def by (auto 4 3 simp: mem__trans_N__iff [symmetric])

lemma Lg_ states[simp, intro]:
Lo € states
using Lo__has_trans Ly__len by (auto intro: statesl)

lemma [y__states’[simp, intro:
lo € states’
using state_rel start so__bounded unfolding states’ def state_rel def by auto

sublocale reach: Reachability Problem__Defs
prod__ta
lo

m
k_fun
F

lemma (in —) collect_clkt_state setl:
assumes (z, d) € Closure.collect_clkt (trans_of A) |
shows [ € state_set (trans_of A) | € Simulation_ Graphs_TA.state_set A
using assms unfolding collect_clkt_def by (auto simp: state_set_ def)

lemma clkp set_statesD:
fixes z d
assumes (z, d)€ Closure.clkp_set prod_ta (L, s)
shows L € states
using assms
unfolding clkp_ set_def collect_clki_def
apply safe
subgoal
apply simp
unfolding prod_inv_def
unfolding collect_clock_pairs def
apply auto
done
apply (drule collect clkt_state setl)
using state set_states by auto
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sublocale reachl: Reachability Problem
prod__ta
lo
m
k_fun
F
apply standard
subgoal
apply safe
using k_ceiling 1
subgoal for L s x m
apply (cases L € states)
apply blast
apply (auto dest: clkp _set_statesD simp: k_fun__def)
done
done
subgoal
apply safe
subgoal for Lsgar L’ s'c
apply (cases ¢ < m)
using k_ceiling 2
apply force
apply (auto simp: k_fun__def)
done
done
subgoal
by (simp add: k_fun__def)
subgoal
by (simp add: k_fun__def)
done — slow: 60s

lemma states’ superset:
{lo} U Normalized__Zone__Semantics_Impl_Refine.state_set trans_prod C states’
(is {lo} U 25 C states’)
proof —
have ?2S C states’
proof safe
fix Ls
assume (L, s) € 25
then have L € states
using state_set states[unfolded trans_of prod state_set eq| by blast
moreover have bounded bounds s
using «(L, s) € _»
unfolding state_set_def
unfolding trans prod_ def
unfolding trans int_def trans_bin_ def trans_broad__def
by auto
ultimately show (L, s) € states’
by (auto simp: states’ _alt_def)
qed
then show ?thesis
by simp
qed
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definition k& i = IArray (map (IArray o (map (IArray o map int))) k)

definition
k_impl = X(I, _). IArray (map (A ¢. Mazx {k_i Wi (11 )| i i< n_ps})[0..<m+1])

lemma Max int _commute:
int (Maz S) = Max (int ¢ S) if finite S S # {}
apply (rule mono_Max__commute)
apply rule
using that by auto

lemma (in Simple Network Impl nat) n_ps gt 0: n_ps > 0
using length__automata_eq n_ps non__empty by auto

lemma statesD:
L i€ fst‘set (fst (snd (snd (automata ! 7))))
V L!ie (sndosndosndosndosndosnd) *set (fst (snd (snd (automata ! 7))))
if L € states length L = n_ps i < n_ps
using that unfolding states def
apply safe
apply —
apply (elim ollE impE, assumption)
apply safe
apply (force simp: mem__trans_N_iff )+
done

lemma £ _impl k_fun:
k_impl (L, s) = IArray (map (k_fun (L, s)) [0..<m+1]) if L € states
proof —
define k£ _i2 where k i2ic=Fk ¢! il (L!i) ! cforic
have k i2 ki k i2ic=k'i! (L!)!cifi<n_psc<mforic
proof —
have i < length k
by (simp add: k_length(1) that(1))
moreover have L ! i < length (k! 7)
using L i len[OF _ <L € states)] k_length(2) «<i < n_ps» by auto
moreover have ¢ < length (k! i! (L ! 1))
using k_length(3) <c < m) i < length k» <L i < length (k! %) by (auto dest: nth_mem)
ultimately show #thesis
unfolding k2 def k i def by simp
qged
have k_impl_alt_def: k_impl (L, s) = IArray (map (A ¢. Max {k_i2 i c | i. i < n_ps})
[0..<m+1])
unfolding k_impl _def k_i2 def by auto
have Max cong: Mazx {fi| i i <n_ps} = Maz {gi|i i <n_ps}
if Ni.i<n_ps= fi=giforfg: nat = int
by (rule arg_cong[where f = Maz)) (force simp: that)
from that n_ps gt 0 show ?thesis
unfolding k_impl_alt_def
unfolding k_i2_def[symmetric]
apply (clarsimp simp: k_fun_def k_i2 k cong: Max__cong)
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apply safe
subgoal

by (subst Max_int_commute; force simp: setcompr_eq image image__comp comp__def)
subgoal

using k_0 L_i len[OF _ <L € states)] by (intro linorder_class.Max__eql) auto
subgoal

by (subst Mazx_int_commute; force simp: setcompr__eq image image__comp comp__def)
done

qed

sublocale impl: Reachability Problem_ Impl
where trans _fun = trans_from
and inv_fun = inv_fun
and F_fun = Fi
and ceiling = k_impl
and A = prod_ta
and lo = lo
and ZQZ = loZ
and F' = PR_CONST F
and n = m
and k£ = k_fun
and trans _impl = trans__impl
and states’ = states’
and loc_rel = loc_rel
apply standard

subgoal
unfolding trans of prod by (rule trans_from__correct)

subgoal
apply (rule trans_from__refine)
done

subgoal
unfolding trans_of prod
by (rule set_mp[OF _ inv_fun_inv_of [where R = loc_rel and S = {(s, s’). state_rel s’

s}])

(auto simp: loc__rel_def)

subgoal
using states’ _superset by simp

subgoal
using state_rel start unfolding loc_rel def by auto

subgoal for [ li Ii’
unfolding trans of prod by (rule state_rel left _unique)
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subgoal for 11’ li
unfolding trans _of prod by (rule state_rel right unique)

subgoal
unfolding inv_rel def using Ly_ states
by (auto simp: loc_rel_def state_rel def reach.k’_def k_fun_def k_impl_k_fun)

subgoal
unfolding inv_rel def by (clarsimp dest!: F_Fi)

done — slow: 50s
end

no_ notation UPPAAL Model Checking.models (_, = _ [61,61] 61)

context Reachability Problem_ Impl
begin

lemma Freachable_correct:
op.F_reachable
+—— 3. Vug. Vee{l.n}. upc=0) — (3 u'. conu_A AF' (ly, ug) == (I', u’) A F 1))
using E_op' . E_from__op_reachability _check[symmetric] reachability check new
unfolding F _op F reachable E_op'.F _reachable def E__op’.reachable def
unfolding F'_rel def by auto

lemma E op’ F reachable correct:
E op".F_reachable
> 3. Vup. Vee{l.n}. up c=0) — (3 u'. conu_A AF' (ly, ug) == (', u’) A F 1))
using F_op".E_from__op_reachability check[symmetric] reachability check new
unfolding E _op_F_reachable E_op".F_reachable_def E_op'.reachable_def
unfolding F'_rel def by auto

lemma Ez ev impl_ hnr:
assumes Y ug. (V¢ € {1..n}. ugp ¢ = 0) — = deadlock (ly, uo)
shows

(uncurry0
(pw_impl (return o fst) state__copy_impl tracei subsumes_impl ag__impl F_impl succs__impl
emptiness__check _impl),
uncurry0 (SPEC (Ar. (r «— (Vug. (Ve € {1..n}. up ¢ = 0) — Ez_ev (A(I, _). F'1) (lo,
u0))))))
€ unit_assn® —, bool assn
proof —
interpret Bisimulation__ Invariant
A, w) (I, u). conu_ A A (I, u)y — (I, u'))
Al w) (U, u). conu_A A (I, uy = (I, u'))
Al w) (U, u). U=1A N ccéeclk_set (conu_AA) — uec=u'c))
(A_. True) (A_. True)
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apply (rule ta_bisimulation)
done
define spec where spec = (Vug. (Ve € {1.n}. up ¢ = 0) — Ex_ev (A(l, _). F1) (ly, up))
have *: E_op’.F_reachable +— spec
unfolding spec_ def
unfolding F_op"’_F_reachable_ correct
proof safe
fix I’ : </s» and ug :: <nat = real
assume
Nug. (Vee{l.n}. ug ¢ = 0) — (Fu'. conu_A AF' (ly, up) == (I, v’y A F1')» and
Nee{l.n}. ug c = 0»
then show <Fz_ev (A(l, _). F1) (lg, ug)
using assms by (subst Ez__ev; unfold reaches_steps’[symmetric]) blast+
next
assume <V ug. (Vee{l..n}. ug ¢ = 0) — Ezx_ev (A, ). F'1) (lo, uo)
then have Fx_ev (\(I, _). F 1) (lp, \_. 0)
by auto
then obtain [’ «’ where conv_A A+’ (lp, (A_. 0)) == (', ') N F I
apply (subst (asm) Ez_ev)
using assms
unfolding reaches__steps’[symmetric]
by auto
then show 31" Vug. (Vee{l..n}. up ¢ = 0) — (Fu'. conu_A AF' (lo, ug) —* (I', u’) A
Fi'y
proof (inst_existentials l', safe, unfold reaches__steps’[symmetric])
fix ug :: <nat = real>
assume <reaches (lo, A_. 0) (I'; v")» and «F' I"» and VY ce{I..n}. ug ¢ = O»
then have equiv’ (Ig, A_. 0) (I, up)
unfolding equiv’_def using clocks I[of A_. 0 ug] by auto
with (reaches _ _» <F I’y show «3u’. reaches (ly, up) (I';, u’) AN F 1)
by — (drule (1) bisim.A__B.simulation__reaches, unfold equiv’_def, auto)
ged
qged
show ?thesis
unfolding spec_def[symmetric] using pw_impl_hnr_F _reachable[to _hnr, unfolded hn__refine__def)
by sepref _to__hoare (sep__auto simp: %)
qed

end
context Simple_Network Impl_nat_urge
begin
sublocale conv: Prod_TA_ urge

(set broadcast, map (Simple_ Network__Language.conv_A o automaton_of) automata, map__of
bounds’)

by standard

(use no_urgency in <auto simp: Simple_ Network__Language.conv__A__def automaton__of _def

urgent__def>)

abbreviation A = (set broadcast, map automaton__of automata, map__of bounds’)

interpretation conv_eq bisim:
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Bisimulation_ Invariant
(A1, w) (I, u). conu_ A prod_ta F' (I, u) — (I, u))
(ML, s, u) (L', ', u'). conv.prod_ta +'{(L, s), u)y = (L', s"), u))
(A(L, 8), u) (L', s’y u). L=L" ANu=u'Ns=25)
(M(L, s), u). conv.all_prop L s)
(ML, s, u). conv.all_prop L s)
proof goal cases
case I
interpret Bisimulation_ Invariant
(ML, s, u) (L', ', w'). conv_A prod_ta v’ {(L, s), u) — ((L’ s, u'))
(ML, s, u) (L', ', u'). conv.prod_ta +'{(L, s), > — (L', s", u'))
(=)
(ML, s, u). conv.all_prop L s)
(ML, s, u). conv.all_prop L s)
by (rule Bisimulation_Invariant_strong_intro)
(auto simp: conv_prod_ta elim: conv.prod__all_prop__inv’)
show ?Zcase
by standard (auto simp: conv_prod_ta elim: conv.prod__all_prop_inv’)
qed

interpretation Bisimulation_Invariant
(A, w) (I, u'). conv_A prod_ta F' (I, u) — (I', u'))
(ML, s, u) (L', s', u’). Simple_ Network_Language.conv A & (L, s, uy — (L', s', u’))
AL, s), u) (L, s, u). L=L"ANu=u"As=3¢
(M(L, ), u). conv.all_prop L s)
(ML, s, u). conv.all_prop L s)
unfolding conv_alt_def
apply (rule Bisimulation_ Invariant_sim__replace, rule Bisimulation_ Invariant _composition)
apply (rule conv_eq bisim.Bisimulation_Invariant _axioms conv.prod__bisim__intro)+
apply auto
done

lemmas prod_bisim = Bisimulation_Invariant__axioms
lemmas deadlock iff = deadlock iff

lemma conv__all _prop:
conv.all_prop = all_prop
unfolding conv.all prop_ def all _prop def by simp

definition prop of2 where
prop__of2 ¢ = PropC (A((L, s), _). check_sexp v L (the o s))

fun ctl_of2 where
ctl_of2 (formula.EX ¢) = ctl_formula. EX (prop_of2 ¢)
| ctl_of2 (formula.EG ¢) = ctl_formula. EG (prop_of2 ¢)
| ctl_of2 (formula.AX ¢) = ctl_formula.AX (prop_of2 ¢)
| ctl_of2 (formula.AG ¢) = ctl_formula.AG (prop_of2 ¢)
| c¢tl_of2 (formula.Leadsto ¢ ) =
ctl_formula. AG (ctl_formula.ImpliesC (prop_of2 ) (ctl_formula.AX (prop_of2 )))

lemma models correct:

Simple_ Network__Language.conv A,(Lg, so, ug) E ® = (case ® of
formula.EX ¢ =
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Graph__Defs.Fx__ev
A\ (1, w) (U, w'). conv_A prod_ta b’ (I, u) — (I, u'))
(AN ((L, s), _). check_sexp ¢ L (the o s))
| formula.EG ¢ =
Not o Graph_Defs.Alw__ev
(A (1, w) (', w'). conv_A prod_ta b’ (I, u) — (I', u'))
(A ((L, 8), ). = check_sexp ¢ L (the o s))
| formula.AX ¢ =
Graph__Defs. Alw__ev
(A (1, w) (I'; w'). conv_A prod_ta b’ (I, u) — (I', u))
(A ((L, 8), _). check_sexp ¢ L (the o s))
| formula. AG ¢ =
Not o Graph_Defs.Ex_ev
(A (1, u) (I'; w'). conv_A prod_ta b’ (I, u) — (I'; u))
(A ((L, 8), _). = check_sexp ¢ L (the o s))
| formula.Leadsto ¢ 1) =
Graph__Defs.leadsto
A\ (1, w) (U, w'). conv_A prod_ta b’ (I, u) — (I, u'))
(A ((L, s), _). check_sexp ¢ L (the o s))
(N ((L, 8), _). check_sexp ¢ L (the o s))
) ((Los 50), uo)
if Ly € states Simple_Network__Language.bounded bounds sg
proof —
have x: ((Not oo case_prod) (A(L, s) __. check_sexp ¢ L (the o s)))
= (M(L, s), _). = check_sexp ¢ L (the o s))
for ¢ by (auto simp: comp__def)
have rel__ctl_formula compatible (ctl_of2 ®) (ctl_of @)
by (cases ®; simp add: prop_of _def prop_of2_def rel _fun_def A_B.equiv’_def)
moreover have A_ B.equiv’ ((Lo, so0), uo) (Lo, So, uo)
unfolding A_ B.equiv’_def unfolding conv_all_prop all_prop_ def using that by simp
ultimately show ?thesis
apply (subst models__ctl_iff)
apply (subst CTL__compatible] THEN rel _funD, symmetric))
apply assumption+
apply (cases ®; simp add:
Graph__Defs.models__ctl.simps prop__of2__def
Graph_Defs.Ex_alw__iff Graph_Defs. Alw__alw_iff Graph_ Defs.leadsto__def x)
done
qed

end

context Simple_ Network Impl_nat_ceiling start_state — slow: 70s
begin

definition Alw ev checker where
Alw_ev_checker = dfs_map__impl’
(impl.suces_P__impl" Fi) impl.ag__impl impl.subsumes__impl (return o fst)
impl.state__copy__impl

definition leadsto checker where
leadsto__checker ¢ = do {
r < leadsto__impl
impl.state__copy__impl (impl.succs_P_impl’ (A (L, s). = check_sexpi ¢ L s))
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impl.ag__impl impl.subsumes__impl (return o fst)
impl.succs__impl’ impl.emptiness check__impl impl.F_impl
(impl.Q _impl (X (L, s). = check_sexpi 1 L s))
impl.tracet;

return (- 1)

}

definition
reachability checker =
pw__impl
(return o fst) impl.state__copy__impl impl.tracei impl.subsumes__impl impl.aq__impl impl.F_impl
impl.succs__impl impl.emptiness_check__impl

definition model checker where
model__checker = (
case formula of
formula.EX __ = reachability checker |
formula.AG __ = do {
r < reachability checker;
return (- )
3
formula.AX _ = do {
r < if PR_CONST F
then Alw_ev checker
else return False;
return (- 1)
I
formula. EG _ =
if PR_CONST F
then Alw_ev_checker
else return False |
formula.Leadsto __ 1 = leadsto__checker 1

)

abbreviation ug = (A _. 0 :: real)

lemma all_prop_start:

all_prop Lo (map__of sp)
using Lg_ states so__bounded unfolding all_prop def ..

lemma deadlock__start_iff:
Graph__Defs.deadlock
(ML, s, u) (L', s, u'). Simple Network Language.conv A -+ (L, s, uy — (L', s’, u’)) (Lo,
(map__of so), uo)
< reach.deadlock (lo, up)
using all_prop_start by (subst deadlock__iff[symmetric]) (auto simp: conv_all_prop)

lemma FFi”.
check__sexp ¥ L (the o s) +— check_sexpi ¢ L' s
if (L', s"), (L, s)) € loc_rel formula = Leadsto ¢ ¢
using vars_of _formula that unfolding loc_rel def by (auto elim!: check_ sexp check sexpi)

/

theorem model check’
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(uncurry0 model__checker,
uncurry0 (
SPEC (Ar
= Graph__Defs.deadlock
(ML, s, u) (L', s', uw').
Simple__Network__Language.conv A & (L, s, u) — (L', s', u’)) (Lo, (map_of so), uo)
— r = (Simple__Network__Language.conv A,(Lo, (map_of so), uo) = formula)
)
)
)

€ unit_assn® —, bool assn
proof —
define protect where
protect = (A(I, u) (I'; u'). conv_A prod_ta ' (I, u) — (I'; u')))

have start: |y € Normalized Zone_Semantics _Impl_Refine.state_set trans__prod
if - Graph_Defs.deadlock protect (lg, A_. 0)
using that unfolding protect def by (rule impl.init_state_in_state_ set[simplified])

interpret ta_ bisim: Bisimulation_Invariant
(Al w) (I, u'). conv_A prod_ta ' (I, uy — (I, u'))
(A1, w) (I, u'). conv_A prod_ta ' (I, uy — (I, u'))
A w) (U, u). UV=1AN(V c cé€ ck_set (conu_A prod_ta) — uc = u' c))
(A_. True) (\_. True)
by (rule ta_bisimulation|of conv_A prod_ta))

let %p1 = Ap. A(p, __). case p of (L, s) = — check_sexp ¢ L (the o s)
let 202 = Ap. X(p, _). case p of (L, s) = check_sexp ¢ L (the o s)

have start sim:
ta_bisim.A_B.equiv’ (ly, u) (lo, A_. 0) ta_bisim.A_ B.equiv’ (I, A\_. 0) (lp, u)
if Vee{Suc 0..m}. v c = 0 for u
using impl.clocks_I[of u A__. 0] that unfolding ta_ bisim.A_ B.equiv’_def by auto

have compatiblel: ¢ a = ¢ b
if ta_ bisim.A_B.equiv' a b \ lu v’ ¢ (I u)—ap(l u’) for a b ¢
using that unfolding ta_ bisim.A_ B.equiv’_def by auto

have bisims:

(Vug. (Vee{Suc 0..m}. ug ¢ = 0) — reach.Ex_ev (%p1 ¢) (lo, uo))
«— reach.Ex_ev (%p1 ) (lo, uo)
(Vug. (Vee{Suc 0..m}. ug ¢ = 0) — reach.Ex_ev (202 ¢) (lo, ug))
+— reach.Ex_ev (202 ) (lo, uo)
(Vug. (Vee{Suc 0..m}. ug ¢ = 0) — reach.Alw_ev (%01 ¢) (lo, up))
+— reach.Alw_ev (2p1 ) (lo, uo)
(Vug. (Vee{Suc 0..m}. ugp ¢ = 0) — reach.Alw_ev (%02 ¢) (lo, uo))
+— reach.Alw_ev (202 ¢) (lo, ug)
(Vug. (Vee{Suc 0..m}. ug ¢ = 0) — reach.leadsto (?p2 @) (%02 ) (lo, ug))
+— reach.leadsto (22 ) (%02 ) (lo, up)
for ¢ ¢
apply safe
apply (all «(solves auto) %)
subgoal for u

using start_sim
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by (subst (asm) ta_bisim.Ex_ev_iff[of ?p1 ¢ %01 ¢]) (erule compatiblel, auto)
subgoal for u

using start_sim

by (subst (asm) ta_bisim.Ex_ev_iff[of 202 ¢ 202 ¢]) (erule compatiblel, auto)
subgoal for u

using start_sim

by (subst (asm) ta_bisim.Alw_ev_iff[of %01 ¢ 201 ¢]) (erule compatiblel, auto)
subgoal for u

using start_sim

by (subst (asm) ta_bisim.Alw_ev_iff[of %02 ¢ %2 ¢]) (erule compatiblel, auto)
subgoal for u

using start_sim

by (subst (asm) ta_bisim.Leadsto_iff[of %02 ¢ 2p2 @ 202 ¢ 202 ])

((erule compatiblel) ?; auto)+

done

have deadlock bisim:
(Vug. (Vee{l..m}. ug ¢ = 0) — = reach.deadlock (ly, up))
<— = Graph__ Defs.deadlock protect (lo, A\__. 0)
unfolding protect def
apply (safe; clarsimp)
apply (drule start_sim(2))
apply (subst (asm) ta_ bisim.deadlock_iff)
unfolding ta_bisim.A_ B.equiv’'_def
by auto

have ssxksxok:
return True = (return False >= return o Not)
by auto

show ?thesis
unfolding deadlock start_iff
using models__correct|OF Lo__states so__bounded]
unfolding protect_def[symmetric]
apply (simp split del: if _split)
apply sepref to_hoare
apply sep__auto
unfolding model__checker _def Alw__ev_checker _def leadsto__checker__def reachability_checker__def
apply (cases formula; simp)

subgoal

apply (cases Graph__Defs.deadlock protect (ly, A_. 0))

subgoal
using impl.pw__impl_hnr_F_reachable[to__hnr, unfolded hn__refine__def]
by (sep__auto elim!: cons_post_rule)

subgoal
using impl.Ex_ev_impl_hnrlunfolded deadlock_bisim, to__hnr, unfolded hn_ refine__ def]
by (sep__auto simp: pure_def protect_def bisims)

done

subgoal premises prems for ¢
proof —
have *: (A\(I, u). = F 1) = (A(p, _)- case p of (L, s) = — check_sexp ¢ L (the o s)))
using prems by auto
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show ?thesis
using impl. Alw__ev_impl_hnr[to__hnr, unfolded hn_ refine_def] prems start
unfolding PR__CONST def x protect def
by (sep__auto elim!: cons_post_rule simp: pure__def bisims)
qed

subgoal premises prems for ¢
proof —
have *: (A\(I, u). = F'I) = ((A(p, _). case p of (L, s) = check_sexp v L (the o s)))
using prems by auto
show ?thesis
apply intros
subgoal
using impl.Alw__ev_impl_hnrlto_hnr, unfolded hn__refine_ def] prems start
unfolding PR__CONST _def x protect_def
apply simp
unfolding sk
apply (erule bind_rule)
apply (sep__auto simp: pure_def bisims(2—))
done
subgoal
using impl. Alw__ev_impl_hnr[to_hnr, unfolded hn__refine_def] prems start
unfolding PR__CONST def = protect def
apply (sep__auto elim!: cons_post_rule simp: pure_ def bisims(2—))
done
done
qed

subgoal

apply (cases Graph__Defs.deadlock protect (lg, A_. 0))

subgoal
using impl.pw_impl_hnr_F_reachable[to__hnr, unfolded hn__refine_def]
by (sep__auto elim!: cons_post_rule)

subgoal
using impl.Ex_ev_impl_hnr[unfolded deadlock_bisim, to__hnr, unfolded hn_ refine_def]
apply (sep__auto simp: pure__def protect_def bisims)
done

done

subgoal premises prems for ¢ ¢
proof —
have *: (A\(I, u). F 1) = ((A(p, _). case p of (L, s) = check_sexp ¢ L (the o s)))
using prems by auto
have *x:(A(L, s). = check_sexpi v L s, A(L, s). = check_sexp ¢ L (the o s))
€ inv_rel loc_rel states’
unfolding trans_of prod using prems by (auto simp: F_Fi' inv_rel_def)
have sxxx: (A(l, u). = (case I of (L, s) = — check_sexp 1 L (the o s)))
= (A(I, u). (case l of (L, s) = check_sexp ¢ L (the o s)))
by auto
show ?thesis
apply (cases reach.deadlock (lg, A_. 0))

subgoal
using impl.leadsto__impl_hnr'|OF xx, to__hnr, unfolded hn_refine_ def]
unfolding protect def <formula = _» by (sep__auto simp: pure_def)
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using impl.leadsto__impl_hnr[unfolded deadlock_bisim, to__hnr, unfolded hn_refine_def,
OF x|
prems start
unfolding PR_CONST def  protect_def by (sep__auto simp: pure__def bisims sxxx)
qed
done
qed

9.1 Extracting an Efficient Implementation

lemma reachability checker _alt_def’:
reachability checker =
do {

x4+ do {
let key = return o fst;
let sub = impl.subsumes__impl;
let copy = impl.state__copy_impl;
let start = impl.ag__impl;
let final = impl.F_impl;
let succs = impl.succs _impl,
let empty = impl.emptiness_check__impl;
let trace = impl.tracei;
pw__impl key copy trace sub start final succs empty

b

_ < return ();

return x

unfolding reachability checker _def by simp

lemma Alw_ev_checker alt_def":
Alw_ev_checker =
do {
T 4 let
key = return o fst;
sub = impl.subsumes__impl;
copy = impl.state__copy__impl,;
start = impl.ag__impl;
succs = impl.succs_P_impl’ Fi
in dfs_map_impl’ succs start sub key copy;
_ <+ return ();
return T

unfolding Alw_ev_checker def by simp

lemma leadsto checker _alt_def":
leadsto__checker i =
do {
r < let

key = return o fst;
sub = impl.subsumes__impl;
copy = impl.state__copy__impl,;
start = impl.ag__impl;
final = impl. F_impl;
final’ = (impl.Q_impl (M(L, s). = check_sexpi ¢ L s));
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suces = impl.succs_P_impl’ (AL, s). = check__sexpi ¢ L s);
succs’ = impl.succs _impl’;
empty = impl.emptiness__check__impl;
trace = impl.tracei
mn
leadsto__impl copy succs start sub key succs’ empty final final’ trace;
return (— )

}

unfolding leadsto checker _def by simp

theorem k_impl_alt_def:
k_impl = (A(I, s). IArray (map (Ae. MAX i € {0..<n_ps}. k s il (1Vi) !l e) [0..<m + 1]))
proof —
have {i. i < p} = {0..<p} for p :: nat
by auto
then show ?thesis
unfolding k_impl def setcompr_eq image by simp
qed

definition
trans_map__inner = map (Ai. union_map_of (fst (snd (snd (automata ! ©))))) [0..<n__ps]

lemma trans map _alt_def:
trans_map i j = (case (IArray trans_map_inner ! ©) j of None = [ | Some zs = xs)
if i <n_ps
using that unfolding trans _map_inner_def trans_map_def by (auto simp: n_ps_def)

schematic__goal succs _impl_alt_def:
impl.succs_impl = Zimpl
unfolding impl.succs _impl_def
apply (abstract_let impl.E_op"'_impl E_op'’_impl)
unfolding impl.E_op" _impl_def fw_impl’_int
apply (abstract_let trans _impl trans__impl)
unfolding trans impl def
apply (abstract_let int_trans_impl int_trans_impl)
apply (abstract_let bin_trans_from_impl bin__trans_impl)
apply (abstract_let broad_trans_from_impl broad__trans_impl)
unfolding int_trans impl_def bin__trans_from__impl_def broad__trans_from__impl_def
apply (abstract_let trans__in_ broad__grouped trans__in_broad__grouped)
apply (abstract_let trans__out_broad__grouped trans_out_broad__grouped)
apply (abstract_let trans_in_map trans_in_map)
apply (abstract_let trans_out_map trans_out_map)
apply (abstract_let int_trans_from__all_impl int__trans_from__all_impl)
unfolding int_trans_from__all_impl def
apply (abstract_let int_trans_from__vec_impl int_trans_from__vec__impl)
unfolding int_trans_from_vec impl_def
apply (abstract_let int_trans_from__loc_impl int_trans_from_loc__impl)
unfolding int_trans_from_loc_impl _def
apply (abstract_let trans_i_map trans_i_map)
unfolding trans out broad grouped_ def trans_out broad map def
unfolding trans in_broad__grouped_def trans in__broad_map_ def
unfolding trans in_map_def trans_out_map_ def
unfolding trans i map def
apply (abstract_let trans_map trans_map)
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apply (abstract_let inv_fun :: nat list x int list = __ inv_fun)
unfolding inv_fun_alt_def

apply (abstract_let invs2 invs)

unfolding invs2_def

unfolding &k _impl_alt_def

apply (abstract_let k_i k_1)

apply (abstract_let n_ps n_ps)

by (rule Pure.reflexive)

schematic__goal succs P_impl_alt_def:
impl.succs_ P_impl Pi = 2impl
if (Pi, P) € inv_rel loc_rel states’
for P Pi
unfolding impl.succs_P_impl_def[OF that]
apply (abstract_let impl.E_op"'_impl E_op'’_impl)
unfolding impl.E_op" _impl_def fw_impl’_int
apply (abstract_let trans__impl trans__impl)
unfolding trans impl def
apply (abstract_let int_trans_impl int_trans_impl)
apply (abstract_let bin_trans_from__impl bin__trans_impl)
apply (abstract_let broad__trans_from__impl broad__trans_impl)
unfolding int_trans impl_def bin__trans_from__impl_def broad__trans_from__impl_def
apply (abstract_let trans__in_ broad__grouped trans__in_broad__grouped)
apply (abstract_let trans_out_broad__grouped trans_out_broad__grouped)
apply (abstract_let trans_in_map trans_in_map)
apply (abstract_let trans_out_map trans_out_map)
apply (abstract_let int_trans_from__all_impl int__trans_from__all_impl)
unfolding int_trans_from__all_impl_def
apply (abstract_let int_trans_from__vec_impl int_trans_from__vec__impl)
unfolding int_trans_from_vec impl_def
apply (abstract_let int_trans_from_loc_impl int_trans_from_loc_impl)
unfolding int_trans_from_loc_impl _def
apply (abstract_let trans_i_map trans_i_map)
unfolding trans_out broad_grouped_def trans_out broad map_ def
unfolding trans in_broad_ grouped_def trans in_broad_map_def
unfolding trans in_map_def trans_out_map_ def
unfolding trans i map def
apply (abstract_let trans_map trans_map)
apply (abstract_let inv_fun :: nat list x int list = __ inv_fun)
unfolding inv_fun_alt_def
apply (abstract_let invs2 invs)
unfolding invs2_def
unfolding k& _impl_alt_def
apply (abstract_let k_1i k_1)
apply (abstract_let n_ps n_ps)
by (rule Pure.reflexive)

lemmas succs P’ _impl_alt def =
impl.succs_P_impl’_def|OF impl.F_fun, unfolded succs_P_impl_alt_def[OF impl.F_fun]]

schematic__goal Alw_ev_checker alt_def:
Alw_ev_checker = ?2impl
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unfolding Alw_ev_checker__alt_def’
unfolding succs P’ impl_alt_def
unfolding k& _impl_alt_def ki def

unfolding impl.E_op’_impl_def impl.abstr_repair_impl_def impl.abstra_ repair_impl_def
unfolding impl.start_invy_check__impl_def unbounded_dbm__impl_def unbounded__dbm'_def
unfolding impl.init_dbm__impl_def impl.ag__impl_def

unfolding impl.F_impl_def

unfolding impl.subsumes _impl_def

unfolding impl.emptiness_check__impl_def

unfolding impl.state_copy_impl _def

by (rule Pure.reflexive)

lemma __compatiblel:
(ML, s). = check_sexpi tp L s, (L, s). = check_sexp ¢ L (the o s)) € inv_rel loc_rel states’
if formula = Leadsto ¢
using F_Fi'|OF _ that] unfolding inv_rel_def by auto

lemma @ impl_alt_def:

impl.Q__impl (A(L, s). = check_sexpi ¢ L s) =

Azi. return (case zi of (al, a2) = (ML, s). - check_sexpi ¢ L s) al)

if formula = Leadsto ¢ ¢

by (intro impl.Q _impl_def[where Q = A\(L, s). = check_sexp ¢ L (the o s)] ¥__compatible][OF
that])

schematic__goal leadsto__checker _alt_def:
leadsto__checker v = ?impl if formula = Leadsto ¢ ¢
unfolding leadsto_ checker _alt_def’
unfolding @ impl_alt _def[OF that] impl.F_impl_def
unfolding impl.succs_P_impl’_def[OF ¢__compatibleI[OF that]]
unfolding succs P_impl_alt_def[OF 1__compatibleI[OF that]]
unfolding impl.succs _impl’_def succs impl_alt_ def
unfolding k& impl_alt_def ki def

unfolding impl.E_op’_impl_def impl.abstr_repair _impl_def impl.abstra_ repair _impl_def
unfolding impl.start_inv_check_impl_def unbounded_dbm__impl_def unbounded _dbm'_def
unfolding impl.init_dbm__impl_def impl.ag__impl_def

unfolding impl.F_impl_ def

unfolding impl.subsumes_impl_def

unfolding impl.emptiness_check__impl_def

unfolding impl.state_copy_impl _def

by (rule Pure.reflexive)

schematic__goal reachability checker _alt_def:
reachability _checker = 2impl
unfolding reachability checker _alt__def’
unfolding succs impl_alt_def
unfolding k_impl_alt_def ki def

unfolding impl.E_op’ _impl _def impl.abstr_repair_impl_def impl.abstra__repair_impl_def
unfolding impl.start _inv_check impl_def unbounded_dbm__impl_def unbounded _dbm' _def
unfolding impl.init_dbm__impl_def impl.ag__impl_def

unfolding impl.F_impl_def

unfolding impl.subsumes__impl_def
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unfolding impl.emptiness check impl_def
unfolding impl.state_copy impl_def
by (rule Pure.reflexive)

end

concrete__definition reachability checker
uses Simple_ Network__Impl _nat_ceiling start state.reachability checker _alt_def

concrete__definition Alw ev checker
uses Simple_ Network__Impl_nat_ ceiling start_state.Alw__ev_checker__alt_def

concrete__definition leadsto checker
uses Simple_ Network__Impl _nat_ceiling start _state.leadsto__checker _alt_def

context Simple_ Network_Impl_nat_ceiling start state — slow: 100s
begin

lemma model__checker _unfold_leadsto:
model__checker = (
case formula of Simple_ Network__Language_ Model__ Checking.formula. EX xa = reachability_checker
| Simple_Network _Language Model _Checking.formula. EG za =
if PR_CONST F ly then Alw_ev_checker else return False
| Simple Network Language Model Checking.formula.AX xa =
(if PR_CONST F ly then Alw_ev_checker else return False) >= (Ar. return (= 1))
| Simple_ Network_Language_ Model__Checking.formula.AG za =
reachability _checker >= (Ar. return (= 1))
| Simple Network _Language Model _Checking.formula.Leadsto ¢ 1 =
Simple__ Network__Language Model _Checking.leadsto__checker
broadcast bounds’ automata m num__states num__actions k Ly sg formula 1) show _clock
show__state)

unfolding model_checker _def
using leadsto__checker.refine[OF Simple Network Impl_nat_ ceiling _start _state__azioms]
by (simp split: formula.split)

lemmas model__checker _def refined = model__checker_unfold_leadsto[unfolded
reachability__checker.refine[OF Simple_ Network__Impl_nat__ceiling__start_state__azioms]
Alw_ev__checker.refine[OF Simple Network Impl_nat_ ceiling _start _state__azioms]

}

end

concrete__definition model checker uses
Simple__Network__Impl_nat_ceiling start_state.model__checker _def refined

definition precond_mc where
precond__mc
show__clock show__state broadcast bounds’ automata m num__states num,__actions k Ly sg formula
if Simple_Network Impl_nat_ceiling start_state
broadcast bounds’ automata m num__states num__actions k Ly so formula
then
model__checker
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broadcast bounds’ automata m num__states num__actions k Ly so formula show_clock
show__state
>= (A z. return (Some z))
else return None

abbreviation N where
N broadcast automata bounds =
Stmple_Network__Language.conv
(set broadcast, map automaton__of automata, map_ of bounds)

definition has deadlock where
has__deadlock A ag =
Graph__Defs.deadlock (A (L, s, u) (L', s/, u’). A+ (L, s, u) = (L', s’, u')) ag

theorem model check:
<emp> precond_mc
show__clock show__state broadcast bounds automata m num,__states num__actions k Ly so formula
<A Some r = 1
Simple__Network__Impl_nat__ceiling start _state
broadcast bounds automata m num,__states num__actions k Lo s formula A
(= has__deadlock (N broadcast automata bounds) (Lo, map_of so, A_ . 0) —
r = N broadcast automata bounds,(Lg, map_of so, A__ . 0) = formula
)
| None = 1(— Simple_Network_Impl_nat_ceiling_start_state
broadcast bounds automata m num__states num__actions k Lo sy formula)
>t
proof —
define A where A = N broadcast automata bounds
define check where check = A,(Lg, map_of so, A__ . 0) = formula
note [sep__heap rules] =
Simple_ Network__Impl_nat__ceiling_start_state.model _check’]
to__hnr, unfolded hn_ refine def,
of broadcast bounds automata m num__states num__actions k Lo so formula,
unfolded UPPAAL__Reachability Problem__precompiled__defs.init_def,
folded A__def check__def has _deadlock__def,
simplified
]
show ?thesis
unfolding A_ def[symmetric] check _def[symmetric]
unfolding precond mc_def
by (sep__auto simp: model__checker.refine[symmetric] pure__def)
qed

end

10 Deadlock Checking

theory Deadlock
imports
Timed _Automata. Timed__ Automata Timed Automata. CTL Difference_Bound__Matrices. DBM__Operations
Timed _Automata. Normalized_Zone Semantics
Munta__Base.Normalized__Zone__Semantics__Impl
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Munta__Base.Normalized_Zone__Semantics_Impl_Refine
Difference_Bound_ Matrices. FW_More
Munta__Base.TA__Syntax_Bundles

begin

unbundle no_ library_syntaz

10.1 Notes

If we want to run the deadlock checker together with a reachability check for property P, we can:

e run a reachability check with — check_deadlock first; if we find a deadlock, we are done; else
we can check whether any of the reachable states satisfies P;

e or run a reachability check with P first, which might give us earlier termination; if we find
that P is satisfied, can we directly report that the original formula is satisfied?

Generally, it seems advantageous to compute — check_deadlock on the final set of states, and not
intermediate subsumed ones, as the operation is expensive.

10.2 Abstract Reachability Checking

definition zone_time_pre :: ('c, ('t::time)) zone = ('c, 't) zone
(* (1) 71)
where

ZV={u|ud (udd) € ZANd>(0:t)}

definition zone_set pre :: (‘c, 't::time) zone = 'c list = (¢, 't) zone
where
zone_set_pre Zr = {u . ([r = (0:t)]u) € Z}

definition zone_pre :: (‘c, 't::time) zone = ‘c list = ('c, 't) zone
where
zone_pre Z v = (zone_set_pre Z r)*

lemma zone_time_pre_mono:
AACBYifACB
using that unfolding zone_time_pre def by auto

lemma clock__set_split:
P (([r— 0Ju) ) «— (z ¢ setr — P (ux)) A (z € set r — P 0)
by (cases z € set r) auto

context Regions TA
begin

definition

check deadlock | Z = Z C
U {(zone_set_pre {u. u - inv_of AU} r N {u. ut g} N {u. uF inv_of AI})' | garl.
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Ak 1 —90r 1

lemma V_ zone_ time_pre:
re(ZnNV)vifzeZvzeV
using that unfolding zone_time_pre_def by (auto simp: V_def cval_add_def)

lemma check_deadlock alt_def:
check__deadlock | Z = (Z C | {
(zone_set_pre ({u. utinv_of AUYNV)rnN{uV z€setr.uz > 0}
N{u. vk glN{u uking of AI})* NV
lgarl. ALl —9%" ") (is_=(?LC?R)IfZCV
proof —
{fixgarlz
assume ¢: A+ | —9$&T ]/
assume z: 7 € (zone_set_pre {u. u - inv_of A1’} v N {u. u g} N {u. ut inv_of A I})¥
assume z € V
let ?4 = zone_set_pre {u. vt inv_of AU} r N {u. ut g} N {u. ut inv_of A1}
let B = zone_set_pre ({u. u b inv_of AU} N V)rn{u.V z € setr.ux > 0}
N{u. ut gt N{u vtk inu_of Al}
from walid _abstraction have collect_clkvt (trans_of A) C X
by (auto elim: valid__abstraction.cases)
have x: 0 < ucifcesetrue V for cu
proof —
from ¢ <¢ € set m have c € collect clkvt (trans_of A)
unfolding collect_ clkvt_def by force
with < C X» have c € X
by auto
with <u € V) show ?thesis
by (auto simp: V__def)
qed
have *x: u € zone_set_pre ({u. u b inv_of AU} N V) r
if u € zone_set_pre {u. uF inv_of Al'} ru € V for u
using that unfolding zone set_pre def V_def by (auto split: clock _set_split)
from z <z € V) have z € (A N V)¢
by (rule V_zone_time_pre)
moreover have y € ?Bif y € AN V for y
using that by (auto intro: x sx)
ultimately have z € 2B
unfolding zone_time pre def by auto
} note x = this
have zone_set_pre (Z N V) r C zone_set_pre Z r for Z r
unfolding zone_set_pre def by auto
with «Z C V> show ?thesis
unfolding check_deadlock_def
apply safe
subgoal for z
apply rotate_tac
apply (drule subsetD, assumption)
apply (drule subsetD, assumption)
apply clarsimp
apply (frule x, assumption+)
subgoal for g a r 1’
by (inst_existentials
(zone_set_pre ({u. u b inv_of AU} N V) rn{u Vae€setr. 0 <uz}N{u ubtg}n
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{u. u - inv_of A I})¥ N V) auto

done
apply (drule subsetD, assumption)—+
apply safe
subgoal for z X ga r 1’

by (drule

subsetD[OF zone__time__pre_mono,
where Bl = zone_set_pre {u. ut inv_of AU}y rn{u. ut g} N {u. ut inv_of Al},
rotated]; force)
done
qed

lemma step_transi:
assumes A b (I, u) —g4.) (I, v)
shows u € zone_set_pre {u. ut inv_of Al'}Y rN{u. ubt g} A1 —9%"]
using assms by (auto elim!: step_ trans.cases simp: zone__set_pre_def)

lemma step trans2:
assumes u € zone_set_pre {u. u b inv_of Al'}y rn{u. ub g} AT —9%" ]
shows 3 u'. A k¢ (l, u) =g 4 (I, 0)
using assms unfolding zone_set pre def by auto

lemma time pre zone:
we (Zn{u ub i of AINViIfAF (I, u) =% (I, vy v e Z
using that by (auto elim!: step _t.cases simp: zone__time_pre_def)

lemma time_pre_zone":
Fdu. v e ZNAF (L u =%, u)ifue (ZN {u ut inu_of Al})
using that unfolding zone_time_pre def by auto

lemma step trans3:
assumes A F/ (I, u) —(@7) (17 4"
shows u € (zone_set_pre {u. u - inv_of A 1"} r 0 {u. ut g} N {u. ut inv_of A I})*
AF 1l —9%m ]/
using assms by (auto dest: step__transl time_pre_zone step_ delay_loc elim: step_trans’.cases)

lemma step_transj:
assumes u € (zone_set_pre {u. u - inv_of AU} r N {u. ut g} N {u. ut dnv_of A I})*
ARl —9om ]
shows 3 u/. A F' (I, u) —(9%7) (I/ o))
using assms by (fast dest: time_pre_zone’ step__trans2[rotated))

lemma check deadlock correct:
check_deadlock 1 Z «+— (Vu € Z. 31 w' gar. AF' (I, u) =&07) (I' %)
unfolding check deadlock__def
apply safe
subgoal for z
using step_ trans4 by blast
subgoal for x
using step_ trans3 by fast
done

lemma step’ step trans’_iff:
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AR (L u) = (U, u)) «— Bgar. A (1, u) =@o) (17 u')
by (metis prod__cases3 step’.cases step’.intros step__a.cases step__a.simps step__trans’.cases
step__trans’.intros step_trans.cases step _trans.simps
)

lemma check deadlock correct step”:
check_deadlock 1 Z «+— (Vu € Z. 31" v’ AV (I, u) — (I', u)
using check__deadlock__correct step’ step trans’_iff by simp

Unused lemma delay step zone:
weZVn{u utinu of AI}iFAF (L u) =% (L u)ueZ
using that by (auto elim!: step_t.cases simp: zone__delay_ def)

lemma delay_step_ zone':
FJduuecZANAF I uy =0 uyifu €20 {u ut inu_of Al}
using that by (auto simp: zone_delay_ def)

lemma delay_step_zone'”:
FduuveZNAF I u =% u)) v €2 N {u vt inu of Al}
using delay_step zone delay step zone’ by blast

lemma delay step_zone'”:
{(w v duveZANAF 1 u =% u)} =20 {u uk inu_of Al}
using delay_step_zone'' by auto

end

context Regions TA_ Start_State
begin

lemma check deadlock deadlocked:
- check__deadlock | Z +— (JueZ. sim.sim.deadlocked (1, u))
unfolding check_deadlock__correct_step’ sim.sim.deadlocked_def by simp

lemma deadlock__check’
(zo€ap. 31 u. sim.sim.reaches xo (I, u) A sim.sim.deadlocked (I, u)) +—
(31 Z. reaches (ly, Zo) (I, Z) A = check_deadlock | Z)
apply (subst ta__reaches__ex_iff)
subgoal for [ v u' R
by (rule sim__complete_bisim’.P1__deadlocked__compatible[where a = from_R | R];
(rule sim__complete_bisim’.P1_P1')?) (auto intro: sim__complete bisim’.P1_P1’)
using check__deadlock__deadlocked by auto

lemma deadlock__check:
(Fzp€ag. sim.sim.deadlock xo) «— (A1 Z. reaches (lo, Zo) (I, Z) N — check__deadlock | Z)
unfolding deadlock_check'[symmetric] sim.sim.deadlock_def by simp

end

10.3 Operations

Subset inclusion check for federations on DBMs lemma
SCR«+— SN-R=A{}
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by auto

lemma
ACBUC+— AN-Bn-C=1{}
by auto

lemma
(AUBYN(CUD)=ANCUANDUBNCUBND
by auto

lemma Le_le_inf[intro|:
Le (z :: _ :: linordered__cancel _ab_monoid__add) < oo
by (auto intro: linordered__monoid.order.strict_implies_order)

lemma dbm__entry_wval mono:
dbm__entry_val w a b e’ if dbm_entry valua b ee < €’
using that
by cases
(auto simp: DBM .less__eq intro: dbm__entry_val _monol dbm__entry_wval_mono2 dbm__entry val mono3
| simp add: DBM .less_eq dbm__entry_wval.simps dbm__le_ def
)+

definition and_entry ::

nat = nat = ('t:{linordered_cancel_ab_monoid_add,uminus}) DBMEntry = 't DBM = 't
DBM where

and_entry abe M = (Xij. if i = a A j = b then min (M i j) e else M i j)

lemma and__entry_mono:
and_entryabeMij< Mij
by (auto simp: and__entry_def)

abbreviation clock_to_option a = (if a > 0 then Some a else None)

definition
dbm__entry_wval’ uw a b e = dbm__entry_wval u (clock_to_option a) (clock_to__option b) e

definition
dbm__minus n s m = concat (map (A(Z, j). map (A M. and__entry j i (neg_dbm__entry (m i j))
[(7, 7). i[0..<Suc n], j«-[0..<Sucn], (1> 0Vi>0)ANi<nAj<nAmij#x])

locale Default_Nat_Clock _Numbering =

fixes n :: nat and v :: nat = nat

assumes v_is id:V c.c>0ANc<n—vc=cVcc>n—vec=n+1v0=n+1
begin

lemma v id:
ve=cifve<n
using v_is_id that
apply (cases ¢ = 0)
apply (simp; fail)
apply (cases ¢ < n; auto)
done
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lemma le_n:
c<nifve<n
using that v_is_id by auto

lemma ¢t 0:
c>0ifve<n
using that v_is_id by auto

lemma le_n_iff:
ve<n+—c<nAc>0
using v_is_id by auto

lemma v_0:
vc= 0 <— Fualse
using v_is_id by (cases ¢ > 0; simp; cases ¢ > n; simp)

lemma surj on:V k<n.k>0— (3 c.vc=k)
using v_is id by blast

abbreviation zone of ([_]) where zone_of M = [M]yp

abbreviation
dbm_fed S =) m € S. [m]

abbreviation
dbm__list xs = dbm__fed (set xs)

lemma dbm_ fed singleton:
dbm_ fed {m} = [m]yn
by auto

lemma dbm_ list_single:
dbm__list xs = [m]y gy if set zs = {m}
using that by auto

lemma dbm_ fed superset_fold:
S C dbm_list s <— fold (Am S. S N — ([m]yn)) zs S = {}
proof (induction xs arbitrary: S)
case Nil
then show ?case
by auto
next
case (Cons m xs)
have S C dbm_list (m # xs) <— S N — ([m]v,n) C dbm_list s
by auto

moreover have ... <— fold (Am S. S N — ([m]on)) s (S N — ([Mo,n)) =

by fact
ultimately show ?case
by simp
qed

lemma dbm,_ fed superset_fold’:

dbm__fed S C dbm__list zs «— dbm__fed (fold f zs S) = {} if
A mS. me set xzs = dbm_fed (fm S) = dbm_fed S N — ([m]v,n)
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proof —
from that have fold (Am S. S N — ([m]y,n)) zs (dbm_fed S) = dbm_ fed (fold f xs S)
proof (induction zs arbitrary: S)
case Nil
then show ?case
by simp
next
case (Cons a xs)
from Cons.prems have
dbm_ fed (fold fxs (fa S)) = fold (Am S. S N — ([m]yn)) s (dbm_fed (f a S))
by — (rule sym, rule Cons.IH, auto)
then show ?case
by (simp add: Cons.prems)
qed
then show ?thesis
by (simp add: dbm,__fed superset_fold)
qed

lemma dbm,_ fed superset_fold'"
dbm_list S C dbm,__list xs «— dbm__list (fold f zs S) = {} if
A mS. me set xs = dbm_list (f m S) = dbm_list S N — ([m]v,n)
proof —
from that have fold (Am S. S N — ([m]y,n)) xs (dbm_list S) = dbm__list (fold f zs S)
proof (induction zs arbitrary: S)
case Nil
then show ?case
by simp
next
case (Cons a xs)
from Cons.prems have
dbm_list (fold fzs (f a S)) = fold (Am S. S N — ([m]v,n)) xs (dbm_list (f a S))
by — (rule sym, rule Cons.IH, auto)
then show ?case
by (simp add: Cons.prems)
qed
then show ?thesis
by (simp add: dbm__fed_superset_fold)
qed

lemma neg_inf:
{u. = dbm__entry_val w a b e} = {} if e = (00 :: __ DBMEniry)
using that by auto

lemma dbm,__entry_wval’_diff _shift:
dbm__entry_wval’ (u & d) c1 c2 (M cl ¢2) if dbm__entry_val’ uw cl ¢2 (M cl¢2) 0 < ¢l 0 < c2
using that unfolding dbm__entry_wval’_def cval _add_ def
by (auto elim!: dbm__entry_val.cases introl: dbm__entry_wval.intros)

lemma dbm__entry_val iff bounded Lel:
dbm__entry_wval u (Some c1) None e «— Le (ucl) < e

by (cases e) (auto simp: any_le_inf)

lemma dbm__entry_wval_iff bounded Le2:
dbm__entry_val u None (Some ¢2) e +— Le (— u c¢2) < e
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by (cases e) (auto simp: any_le_inf)

lemma dbm__entry wval iff bounded Le3:
dbm__entry_wval u (Some c1) (Some ¢2) e +— Le (ucl —uc2) <e
by (cases e) (auto simp: any_le_inf)

lemma dbm__entry_val’_iff _bounded:
dbm__entry_val’ u ¢l ¢2 e «— Le((if ¢I > 0 then u ¢l else 0) — (if ¢2 > 0 then u c2 else 0))
<e
ifcl >0Vve2>0
using that unfolding dbm__entry_val’_def
by (auto simp:
dbm__entry_wval_iff bounded_Lel dbm__entry_wval_iff bounded_Le2 dbm__entry wval_iff bounded_ LeS3
)

context
notes [simp] = dbm__entry_val’_def
begin

lemma neg_entry”:
{u. = dbm_entry_val’ v a b e} = {u. dbm__entry_val’ u b a (neg_dbm__entry e)}
if e # (00 :: _ DBMEntry) a > 0V b > 0

using that by (cases e; cases a > 0; cases b > 0; auto 4 8 simp: le_minus__iff less_minus__iff)

lemma neg unbounded:
{u. = dbm_entry_val" wije} = {} if e = (0o :: _ DBMEntry)
using that by auto

lemma and__entry_sound:
u Fon and_entry a b e M if dbm__entry_val’ wa b e u Fon M
using that unfolding DBM_wval_bounded__def
by (cases a; cases b; auto simp: le_n_iff v_is id(1) min_def v_0 and_entry def)

lemma DBM wal bounded mono:
whypn Mifubyy MV i <n ¥V j<n Mij<Mij
using that unfolding DBM_wval_bounded__def
apply (safe; clarsimp simp: le_n_iff v_is_id(1) DBM .less__eq[symmetric])
apply force
apply (blast intro: dbm__entry_val _mono)+
done

lemma and__entry _entry:
dbm__entry_val’ u a b e if u Fonand entryabeMa<nb<na>0Vb>0
proof —
from that have dbm__entry val’ w a b (min (M a b) e)
unfolding DBM_val_bounded__def by (fastforce simp: le_n_iff v_is _id(1) and_entry_ def)
then show ?thesis
by (auto intro: dbm__entry wval _mono)
qed

lemma and__entry_correct:

land_entry a b e M)y n = [M]yn N {u. dbm_entry_val’ v a b e}
ifa<nb<na>0Vb>20
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unfolding DBM_zone_repr_def using that
by (blast intro: and__entry__entry and__entry_sound DBM__wval_bounded__mono and__entry_mono)

lemma dbm_ list _Int_entry iff map:
dbm__list s N {u. dbm__entry_wval’ u i j e} = dbm_list (map (A m. and_entry i j e m) xs)
ifi<nj<ni>0Vji>0
unfolding dbm__entry_val’_def
by (induction zs;
simp add: and__entry__correct| OF that, symmetric, unfolded dbm__entry_wval’_def] Int_ Un__distrib2

)

context
fixes m :: nat = nat = (‘a :: {time}) DBMEntry
assumes Le 0 < m 00

begin

private lemma A:
= ([m]o,n) =
U G0 ef{ ). i>0Ni>0Ni<nAj<n}

{u. = dbm__entry_val u (Some i) (Some j) (m i3j)})
UUJie{ii>0ni<n} {u - dom_entry val u (Some i) None (m i 0)})
UlUJijed{ii>0ni<n} {u — ddom_entry_val u None (Some j) (m 03j)})
unfolding DBM_ zone_repr_def
apply safe
subgoal for u

unfolding DBM_wval_bounded__def

apply (intro conjl impl alll)

subgoal

by (rule «<Le 0 < m 0 0»)
subgoal for ¢
by (auto simp: le_n_iff v_is_id(1))
subgoal for ¢
by (auto simp: le_n_iff v_is id(1))
subgoal for cI c¢2
by (auto elim: allE|where z = cl1] simp: le_n_iff v_is id(1))

done

unfolding DBM_wval_bounded__def by (simp add: le_n__iff v_is_id(1))+

private lemma B:
SN = ([m]o,n) =
U G,j) €{(i,§).i>0Nj>0Ni<nAj<n}

S N {u. = dbm__entry_val u (Some i) (Some j) (m i 5)})
UJiefii>0ni<n} SN {u - dbm_entry val u (Some i) None (m i 0)})
UuUijie{ii>0ni<n} SN {u - dbm_entry wval u None (Some j) (m 075)})
by (subst A) auto

private lemma UNION_ cong:
UzeS foy=UzeT. ga)if S=TANz.2eT = fez=guz
by (simp add: that)

private lemma 1:
S0 = ([m]o,n) =
U G He{,. E>0vi>0)Ni<nAj<n} SN {u — ddbm_entry val’ uwij (mi

Y
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proof —
have x: {(4,j). (0 < iV 0 <j)Ai<nAj<n}
={(5,§). 0<iAO<jAi<nAj<n}
U{(i,7). 0<in0=3ANi<nAj<n}
U{(6,7). 0=iA0<jAi<nAj<n}
by auto
show ?thesis
by (simp only: B UN_Un %) (intro arg_cong2|where f = (U)] UNION__cong; force)
qed

private lemma UNION__remove:
UzeS fz)y=UzeT ga)
fTCSANv.2eT =fo=gazNev.zelS—-—T= fo=1{}
using that by fastforce

private lemma 2:
UG, Ne{l@, j).i>0vi>0)Ani<nAji<n} SN {u - dbm_entry val’uwij(mij)})
— UG el )i > 0V > 0)Ai<nAj<nAmij o)
S N A{u. dbm_entry_wval’ u j i (neg_dbm_entry (m i 4))})
apply (rule UNION_remove)
apply force
subgoal for z
by (cases x; simp add: neg__entry’[simplified])
by auto

lemma dbm_list _subtract:
dbm__list xs N — ([m]y,n) = dbm__list (dbm_minus n zs m)
proof —
have x*:
set (1, j). i+=[0..<Suc n], j«[0..<Sucn], i >0Vi>0)ANi<nAj<nAmij# x]
={(i,)).(i>0Vi>0)ANi<nAj<nAmij# oo}
by (auto simp del: upt.upt_Suc)
show ?thesis
unfolding dbm_ minus def
apply (subst set_concat)
apply (subst set_map)
apply (subst x)
apply (subst 1, subst 2)
apply (subst UN_UN__ flatten)
apply (subst UN_simps)
apply (rule UNION__cong[OF HOL.refl])
apply (simp split del: if _split split: prod.splits)
apply (subst dbm__list_Int_entry_iff _map[simplified])
apply auto
done
qed

end — Context for fixed DBM
end — Simplifier setup

lemma dbm_list _empty check:
dbm_list xs = {} <— list_all (Am. [m]y,n = {}) s
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unfolding list_all_iff by auto

lemmas dbm,__list _superset_op =
dbm__fed__superset_fold"”[OF dbm__list_subtract[symmetric], unfolded dbm__list _empty_ check]

end

context TA_Start No_Ceiling
begin

sublocale dbm: Default Nat_Clock_Numbering n v
by unfold_locales (auto simp: v_def)

end
Down

Auxiliary lemma dbm__entry le iff:
Lea<Leb<+—a<b

Lea< Ltb+—a<bd
Lta<Leb<+<— a<b
Lta<Ltb+—a<b

0 < Lea+— 0<
0 < Lta+— 0<
Lea<0<+—a<0
Lta<0<+—a<y(
0 < T4+ T =00
r < 0o +— True
proof —
show co < z +— 2z = ©
by (cases x; auto)
qged (auto simp: any_le_inf DBM .neutral)

2 =2 INAA

lemma dbm__entry It iff:
Lea< Leb+—a<b
Lea< Ltb+— a<b
Lta< Leb<+— a<b
Lta< Ltb+—a<b
0<Lea+— 0<a
0< Lta+— 0<a
Lea< 0<+—a<?0
Lta< 0<+—a<y(
T < 00— T F 0
o0 < ¢ +— Fulse
by (auto simp: any_le_inf DBM .neutral DBM .less)

lemmas [dbm__entry_simps] = dbm__entry_le iff (1—9) dbm__entry It iff (1-9)

lemma Le le sum_ iff:
Le (y :: _ :: time) < e+— 0 < e+ Le (— y)
by (cases e) (auto simp: DBM.add dbm__entry_le iff)

lemma dense”:
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de>a. e < bifa < bfor a: _: time
using dense <a < by by auto

lemma quzl:
—c<(a:x_u:time)ifa>0c>0
using that using dual_order.trans neg_le_ 0 _iff le by blast

lemma dbm_ entries dense:
3d>0. Le (—d) <IALe(d:_:time) <rif0<Ill<r
using that by (cases l; cases r; auto simp: dbm__entry_le_iff intro: auzxl)

lemma dbm__entries _dense’ _aux:
3d>0. 14+ Led>0N0<r+Le(—d:_ utime)ifl<0l+r>0r>20
proof ((cases l; cases 1), goal cases)
case (2 zl 22)
have 3d>0. 0 <z +dANd<yifz<00<z+y0<yforzy:'a
using that by (metis add.right_inverse add_le__cancel_left leD lel linear)
with 2 that show Zcase
by (auto simp: dbm__entry le iff DBM.add)
next
case (3 z1)
have 3d>0. 0 <z +difz < 0 for z :: 'a
using that by (metis add.right_inverse eq iff neg 0 _le_iff le)
with that 3 show ?case
by (auto simp: dbm__entry le_iff DBM.add)
next
case (J a b)
have 3d>0. 0 <z +dANd<yifz<00<z+yforzy:'a
using that by (smt add.right_inverse add_less cancel left leD le_less trans linear neg_0_le iff le
time__class.dense)
with & that show ?case
by (auto simp: dbm__entry_le_iff DBM.add)
next
case (6 z2)
have 3d>0. 0 <z +difz < 0 for z :: 'a
by (metis add.inverse_neutral add_minus_cancel add__strict_increasing2 eq iff less_le less_minus__iff
non__trivial_neg not_less iff _gr_or_eq)
with that 6 show ?case
by (auto simp: dbm__entry le iff DBM.add)
qged (use that in <auto simp: dbm__entry_le iff DBM.add»)

lemma dbm__entries dense”:
3d>0. 14+ Led>0N0<r+Le(—d:_ =time)ifl<0l+r>0
proof —
from that have r > 0
by (meson add__decreasing order_refl order__trans)
with that show ?thesis
by (rule dbm__entries_dense’ _aux)
qed

lemma (in time) non_ trivial _pos: 3 z. z > 0
by (meson leD le_less linear neg_le 0 _iff le non_ trivial _neg)

lemma dbm__entries dense_pos:
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3d>0. Le (d :: __ :: time) < eife > 0
supply dbm__entry__simps|[simp]
proof (cases e)
case (Le d)
with that show ?thesis
by auto
next
case prems: (Lt d)
with that have d > 0
by auto
from dense|OF this] obtain z where z > 0z < d
by auto
then show ?thesis
by (auto simp: prems)
next
case prems: INF
obtain d :: 'a where d > 0
by atomize__elim (rule non__trivial_pos)
then show ?thesis
by (auto simp: prems)
qed

lemma le minus_iff:
—z<(y:_utime)«— 0<y+ux
by (metis add.commute add.right _inverse add_le cancel left)

lemma It _minus_iff:
—z<(y:_:time)«— 0<y+x
by (metis add.commute add_less cancel right neg_eq iff add_eq 0)

context Default Nat_Clock Numbering
begin

lemma DBM _val bounded__alt defl:
Uy m=
Le 0 < m00 N
Ve.e>0ANe<n—
dbm__entry_val u None (Some ¢) (m
dbm__entry_val u (Some ¢) None (m
Vel ce2.c1 >0Ncl <nAc2>0Ac
(m cl c2))
unfolding DBM__val_bounded__def by (rule eq_reflection) (auto simp: v_id le_n__iff)

c) A
) A

0
c0
2 < n — dbm__entry_wval u (Some c1) (Some c2)

lemma DBM_wval_bounded__alt_def2:
Uy m=
Le0 <mO00A
Vel e2. (el 0V c2#0)Ncl <nAc2<n— dbm_entry_val’ ucl c2 (m cl c2))
unfolding DBM_wval bounded__alt_defl dbm__entry wval’ _def DBM .less_eq
by (rule eq_reflection; clarsimp; safe; blast)

lemma DBM wal bounded altl:
assumes
Le 0 <mO00
Nelce2 (c1 A0V c2#0)Ncl <nAc2<n= dbm_entry_val’ ucl c2 (m cl c2)
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shows
u € [m]
unfolding DBM_zone_repr _def DBM _val_bounded _alt _def2 using assms by auto

lemma dbm__entry_wval’_delayl:
dbm__entry_wval’ u ¢l ¢2 (m cl ¢2) if dbm__entry_val’ (u & d) c1 ¢2 (mcl c2)d > 0cl > 0
using that unfolding dbm__entry_val’_def
by (cases m ¢l c2)
(auto 0 2
dest: add__strict_increasing2 add__increasing intro!: dbm__entry wval.intros
simp: cval__add__def

)

lemma dbm,__entry_wval’_delay2:
dbm__entry_wval’ w (0 :: nat) ¢2 (m cl ¢2) if
dbm_entry_val’ (u ® d) ¢l c2 (mclc2)d> 0
cl >0c2>0cl <nc2<n
Ve<nec>0—uc>0

proof —
have — u ¢2 < da
if 0 <d
0 < cl
0 < c2
cl <n
c2 <n

Ve<n. 0 <c— 0 <uc
m cl ¢2 = Le da
uwecl —uc2 <da
for da :: 'a
using that by (auto simp: algebra__simps le__minus_iff)
moreover have — u c2 < da
if0<d
0 < cl
0 < c2
cl <n
c2 <n
Ve<n. 0 <c— 0 <uc
m cl c¢2 = Lt da
uel —uc2 < da
for da :: 'a
using that by (auto simp: algebra__simps lt_minus_iff intro: dual order.strict_trans2)
ultimately show ?thesis
using that unfolding dbm__entry val’ _def
by (auto elim!: dbm__entry_wval.cases intro\: dbm__entry wval.intros simp: cval _add__def)
qed

lemma dbm__entry_wval’_nonneq bound:
dbm_entry_wval’ w (0 :: nat) ¢ (Le 0) ifuc > 0c > 0
using that unfolding dbm__entry_wval’_def by auto

lemma neg diag empty spec:

M]={}ifi<nMii<0
using that by (meson neg_diag_empty v_is_id(1))

316



lemma in DBM D:

dbm__entry_wval’ wcl ¢2 (Mcl c2)ifue[M]cl#0Vc2#0cl <nc2<n

using that unfolding zone_time pre def DBM_zone_repr _def DBM wval bounded alt def2
by auto

context
fixes M :: ('t::time) DBM
assumes [M] # {}
begin

lemma non__empty_diag 0 _0: M 00 > 0
using ([M] # {}» neg_diag_empty_spec[of 0 M] lel by auto

lemma M k 0: Mk0>0ifVue[M].Vc<nc>0—uc>0k<n
proof (cases k = 0)
case True with non__empty diag 0 0 show ?thesis
by auto
next
case Fulse
from «[M] # {}> obtain v where u € [M]
by auto
with Fulse that(1) <k < n» have u k > 0
by auto
from «u € _» <k # 0> <k < n» have dbm_entry_val’ uk 0 (M k 0)
unfolding DBM_zone_ repr_def DBM_wval_bounded_alt_def2 by auto
with <k # 0> have Le (u k) < Mk 0
by (simp add: dbm__entry_val’_iff _bounded)
with <u &£ > 0> show M k0 > 0
by (cases M k 0) (auto simp: dbm__entry_le_iff)
qed

lemma non__empty_cycle_ free:
cycle_free M n
using ([M] # {}> non_empty_cycle_free v_is_id(1) by blast

lemma canonical saturated 2:

assumes Ler < M 0 ¢
and Le (—r) < Mc 0
and cycle_free M n
and canonical M n
and ¢ < n
and ¢ > 0

obtains v where u € [MJuc=—r

using assms v_0 by (auto simp: v_is_id intro: canonical_saturated_2[of r M v ¢ n])

lemma M 0 k: MOk <20

if canonical Mn M 00 <0V uwue[M].Vec<nc>0—uc>0k<n
proof (cases k = 0)

case True

with <M 0 0 < 0> show ¢thesis

by auto

next

case Fulse

show ?thesis
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proof (rule ccontr)
assume - M 0k < 0
then have M 0k > 0
by auto
from that(3) <k < n» have Mk 0 > 0
by (rule M_k_0)
from <M 0 k > 0> obtain d where
Led<MOkd>20
by (rule dbm__entries _dense__pos|elim__format]) auto
with <M k 0 > 0> have Le (—d) < Mk 0
by (auto simp: dbm__entry_le_iff intro: order.trans[rotated))
with «canonical M ny <Le d < M 0 k> obtain u where
we Ml uk=—d
using v_0 False <k < n»
by — (rule canonical _saturated_2[of d], auto simp: non__empty_cycle_ free)
with «d > 0» that(3) False <k < n) show False
by fastforce
qed
qed

end

end

Definition definition
down :: nat = ('t::linordered__cancel_ab_monoid_add) DBM = 't DBM
where
doun n M =
ANijoifi=0Nj > 0then Min {Le 0}y U{Mkj|k 1 <kANk<n})else Mij

Correctness context Default Nat Clock_Numbering
begin

sublocale Alpha_defs {1..n} .

context
fixes M :: ('t::time) DBM
begin

lemma down__complete: u € [down n M| ifu € [MJ*V c<n.c¢>0—uc>10
proof (rule DBM _wval_bounded_altl, goal_cases)
case 1
with (v € > show ?Zcase
unfolding down_def zone_time_pre_def by (auto intro: non_empty diag 0_0 simp: neu-
tral[symmetric])
next
case prems: (2 ¢l c2)
then consider ¢ > 0| cl =0¢2 >0
by auto
then show ?case
proof cases
case I
with prems «u € _» show ?thesis
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unfolding zone time_pre def down_def by (auto intro: dbm__entry wval’ _delayl dest:
in_DBM_D)
next
case 2
from (u € [M]"> obtain d where d: 0 < du @ d € [M]
unfolding zone_time_ pre_def by auto
let ?e = Min ({Le 0} U {Mkc2 |k. 1 <k Ak <n})
have ?e € {Le 0} U{Mkc2 |k. 1 <k ANk <n}
by (intro Min_in) auto
then consider ?e = Le 0 | k where e = Mk c2k > 0k <n
by auto
then show ?thesis
using prems that(2) d 2 unfolding down_ def
by cases (auto intro: dbm__entry_val’_delay2 dbm__entry_val’_nonneg_bound in_ DBM__D)
qed
qed

lemma down_sound: u € [M]* if u € [down n M] canonical M n
proof —
note [simp] = dbm__entry_simps and [intro] = order.trans add_right_mono
from «u € _» non_empty_diag_0_0[of down n M] have Le 0 < M 0 0
by (auto simp: down__def neutral)
note x = in_ DBM _D[OF «u € ]
define | where [ = Min ({M 0 ¢+ Le(uc) |c. 0<cAc<n}U({Le0})
— maximum current violation of the future bounds
define r where r = Min ({Mc 0+ Le (—uc)|c. 0<cAec<n}U-{o0})
— slack for shifting upwards
have 0 <[+ rl <0
proof —
have
le{MOc+ Le(uc) |c.0<cAc<n}U{Le0}
re{McO0+Le(—uc)|c 0<cAc<n}U{oco}
unfolding [ def r_def by (intro Min__in; simp)+
from <l € _» show [ < 0
unfolding [ def by (auto intro: Min_le simp: DBM .neutral)
from<«{d e r»<«re syshow 0 <[+ r
proof (safe, goal cases)
case prems: (1 cl ¢2)
with (v € _» have Le (u c¢2 — ucl) < M ¢2 cl
by (auto 0 2 dest: in_DBM D simp: dbm__entry_wval’_iff bounded down__def)
also from prems <canonical M n» have M c¢2 0 + M 0 c1 > M c2 cl
by auto
finally have 0 < M ¢c2 0 + M 0 c1 + (Le (u c¢1) + Le (— u c2))
by (simp add: DBM.add Le_le_sum__iff)
then show ?case
by (simp add: algebra__simps)
next
case (3 ¢)
with <u € _» have Le (uc¢) < Mc0
by (auto 0 2 dest: in_DBM D simp: dbm__entry_wval’_iff bounded down__def)
then show ?case
by (auto simp: DBM.add Le_le_sum__iff)
qed auto
ged
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from dbm__entries_dense’|OF this(2,1)] obtain d where
d>00<1+Led0<r+ Le (— d)
by auto
have v & d € [M]
proof (rule DBM__val_bounded__altl, goal_cases)
case I
from <Le 0 < M 0 0> show ?case .
next
case (2 cl ¢2)
with * have xx: dbm__entry_wval’ u ¢l ¢2 (down n M c1 c2)
by auto
from 2 consider
cl <nc2<mncl>0c2>0
|cl =0c2<nc2>0|c2=0cl <ncl>0
by auto
then show ?case
proof cases
case 1
then show ?thesis
using xx unfolding down_ def by (auto intro: dbm__entry_val’_diff _shift)
next
case 2
then have [ < (M 0 ¢2 + Le (u ¢2))
unfolding [ def by (auto intro: Min_le)
with <0 <[+ Le d> have 0 < M 0 ¢2 + Le (u c2) + Le d
by auto
with 2 show ?thesis
unfolding down__def dbm__entry_val’_def
by (cases M 0 c2)
(auto 4 3 simp: cval_add_def DBM .add algebra__simps It _minus_iff le_minus_iff)
next
case 3
then have r < M ¢1 0 + Le (— u cl)
unfolding r_def by (auto intro: Min_ le)
with «0 < r + Le (— d)>» have 0 < M ¢1 0 + Le (— ucl) + Le ( —d)
by auto
with 3 *xx show ?thesis
unfolding down_ def dbm__entry_val’_def
by (auto elim!: dbm__entry wval.cases simp: cval__add__def algebra__simps DBM .add)
qed
qed
with «d > 0> show “thesis
unfolding zone_time_pre_ def cval add_def by auto
qed

lemma down_ canonical:

canonical (down n M) n

if assms: canonical M n [M] #{} VYV v e [M].V ¢c<n.c¢>0—uc>0M00<0
proof —

from non__empty_diag_0_O0[OF «([M] # {}»] have M 00 > 0 .

with <M 00 < 0> have M 00 = 0

by auto
note M_0 k= M_0_k[OF that(2,1,4,3)] and M_k_0 = M_k_O[OF that(2,3)]
have Suc_0_le iff: Suc 0 < z +— 0 < z for x
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by auto
define S where Sj = Min ({Le 0y U{M Fkjl|k. 1 <kAk<n}) forj
{ fix j :: nat
consider (0) Sj=0V i. 1 <iANi<n—Mij>0
| (entry) i where
Si=MijO<ii<nMij<OVhk 1<kAk<n— Mij<MFkj
unfolding S def neutral
using Min_in[of {Le 0} U{M kj|k. 1 <k Ak < n}
using Min_le[of {Le 0}y U {Mkjl|k. 1 <kAk<n}
by (simp, safe) auto
} note S__cases = this
show ?thesis
apply (intro alll impI; elim conjFE)
unfolding down__def S_def[symmetric]
apply clarsimp
apply safe
subgoal premises prems for i j k
using <M 0 0 > 0y by (blast intro: add_increasing)
subgoal for i j k
using <canonical M n»
by (cases rule: S__cases|of k]; cases rule: S__cases|of j])
(auto intro: order.trans simp: Suc_0_le_iff)
subgoal premises prems for i j k
proof —
from prems have M 0k < Sk
apply (cases rule: S_cases[of k])
subgoal
using M0 _k[of k] by auto
subgoal for i’
using M__0_k <canonical M ny by (metis add.left_neutral add_right _mono dual order.trans)
done
from <canonical M ny prems have M ik < Mi0 + M 0k
by auto
also from < < Sk>have ... < Mi0 + Sk
by (simp add: add_left _mono)
finally show ?thesis .
qed
subgoal for i j k
using <canonical M ny <M 0 0 < 0»
by (smt M_k_0 S_cases add_increasing Orderings.order.trans)
apply (use <canonical M n) in simp; fail)+
subgoal for i j k
using <canonical M ny> <M 0 0 < 0»
by (smt M_k_0 S _cases add_increasing Orderings.order.trans)
apply (use <canonical M n» in simp__all)
done
qed

end

end

Free
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Definition definition
free :: nat = ('t::linordered__cancel _ab_monoid_add) DBM = nat = 't DBM
where
freen M x =
Aij.ifi=x ANj# xthen oo elseif i #x N j= xthen M i 0else Mij

definition repair_pair where
repair_pairn M a b= FWI (FWIMn b) na

definition
and__entry_repair n a b e M = repair_pair n (and_entry a b e M) a b

definition
restrict_zeron M x =
let
M1 = and_entry 0 (Le 0) M;
M2 = and_entry 0 x (Le 0) M1
in repair_pair n M2 x 0

definition
pre_reset n M x = free n (restrict_zero n M z) x

definition
pre_reset_list n M r = fold (A ¢ M. pre_reset n M z) r M

Auxiliary lemma repair_pair_characteristic:
assumes canonical subs n I M
and I C {0..n}
and e < nb<n
shows canonical _subs n (I U {a,b}) (repair_pair n M a b) vV (3i<n. repair_pair n M a b i i
< 0)
proof —
from fwi_characteristic|OF assms(1,2,4)] have
canonical_subs n (I U {b}) (FWIMnb)V (Fi<n. FWIMnbii<0)
by auto
then show ?thesis
proof
assume canonical_subs n (I U {b}) (FWI M n b)
from fwi_characteristic[OF this _ <a < m] assms(2) <b < n» show ?thesis
unfolding repair_pair_def by simp
next
assume Ji<n. FWIMnbii <0
then have Ji<n. repair_pairn M a bii < 0
unfolding repair_pair_def
apply safe
subgoal for i
apply (inst_existentials 7)
apply assumption
apply (frule FWI_mono[where M = FWI M n b and k = a])
apply auto
done
done
then show ?thesis ..
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qed
qed

lemma repair_pair_mono:
assumes i < n
and j < n
shows repair_pairn M abij < Mij
unfolding repair_pair_def by (auto intro: FWI_mono assms order.trans)

context Default Nat_Clock_Numbering
begin

lemmas FWI_zone_equiv = FWI_zone _equiv|OF surj _on, symmetric]

lemma repair_pair_zone _equiv:
[repair_pairn M a b] = [M]ifa <nb<n
using that unfolding repair_pair_def by (simp add: FWI_zone__equiv)

context

fixes ¢l ¢c2 c xz :: nat

notes [simp] = dbm__entry_val’_iff _bounded dbm__entry_simps DBM .add algebra__simps
begin

lemma dbm__entry_wval’_diag iff: dbm_entry val’ ucce+— e > 0ifc > 0
using that by (cases e) auto

lemma dbm__entry_wval’_inf: dbm__entry_val’ u cl c2 oo <— True
unfolding dbm__entry_val’_def by auto

lemma dbm,__entry_wval’_reset_1:
dbm__entry_wval’ (u(z := d)) z ¢ e +— dbm__entry_val’ v 0 ¢ (e + Le (—d))
ifd>0c#zc>0z>0
using that <d > 0> by (cases e) auto

lemma dbm__entry_wval’_reset_2:
dbm__entry_wval’ (u(z := d)) ¢ x e +— dbm__entry_wval’ uw ¢ (0 :: nat) (e + Le d)
ifd>0c#zc>0z>0
using that <d > 0» by (cases e) auto

lemma dbm__entry_wval’_reset_2":
dbm__entry_val’ (u(z :=d)) Oz e+— Le(—d) <eifd>0z> 0
using that <«d > 0> by (cases e) auto

lemma dbm,__entry_wval’_reset_3:
dbm__entry_val’ (u(z := d)) cl c2 e «— dbm_entry_val’ u c1 c2 e if c1 # z c2 # z for e
using that unfolding dbm__entry_wval’_def by (cases €) auto

end
Correctness context

fixes M :: ('t::time) DBM
begin
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lemma free_complete: u(z := d) € [free n M z]
if assms:u € [M]d>0xz>0Vec<n Mcc>0
proof (rule DBM_wval bounded_altl, goal_cases)
case [
with «_ € [M]> show ?case
unfolding free_ def by (auto simp: neutral[symmetric] intro: non_empty_diag_0_0)
next
case prems: (2 c1 c2)
then have c1 < nc¢2 <n
by auto
note [simp] = dbm__entry__simps
have x: Le (ucl) < Mcl 0 + Ledif ¢l > 0
proof —
from «_ € [M]» <c1 > 0> <c1 < n» have Le (ucl) < Mecl 0
by (auto 0 2 simp: dbm__entry_wval’_iff _bounded dest: in_ DBM__D)
with «d > 0)> show ?thesis
by (simp add: algebra__simps add__increasing)
qed
have dbm__entry_val’ (u(z := d)) ¢l 2 (M c1 0)if ¢l #
proof (cases c1 = 0)
case True
with that show ?Zthesis
using assms(4) <«d > 0> by (auto intro: order.trans[rotated] simp: dbm__entry_wval’_reset_2')
next
case Fulse
with that <z > 0> show ?Zthesis
by (subst dbm__entry_val’_reset_2[OF <d > 0»]) (auto simp: dbm__entry_val’_iff _bounded
*
)
qed
with prems in_DBM_D[OF «_ € [M]»] that(4) show Zcase
by (auto simp: free_def dbm__entry_val'_diag_iff dbm__entry_wval’_inf dbm__entry_wval’_reset_3)
qed

lemma free_sound: 3d > 0. u(z :==d) € [M]Juz > 0
if assms: u € [freen M z] z > 0z < n canonical Mn M 0z < 0MO0O0 <0
proof —
define [ where | = Min ({Mcxz+ Le(—uc)|ec 0<cAhc<nAc#z}U{MO0z})
define r where r = Min ({Mzc+ Le (uc) |c.0<cAc<nAc#z}U{Mz0})
from non_empty diag 0 _0 <u € _» <z > 0> have 0 < M 00
unfolding free def by fastforce

note [simp] = dbm__entry_simps and [intro] = order.trans add__right_mono
have 0 < [+ rl <0
proof —

have

le{Mcx+Le(—uc) |ccO<cAhc<nAc#az}U{MOuz}

re{Mzc+ Le (uc) |c.O<cAhc<nAc#az}U{Mz0}

unfolding [ def r_def by (intro Min_in; simp)+
from<«d e » MOz <0 show [ < (0

unfolding [_def by — (rule order.trans|rotated], auto intro: Min__le simp: DBM .neutral)
from« € _»»««re_»rshow 0 <[+ r
proof (safe, goal_cases)

case prems: (1 ¢l ¢2)

with <canonical M ny <x < n» have M cl x + Mxc2 > M cl c2

by auto
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from prems <u € _» have Le (u cl — u c¢2) < M cl ¢2
unfolding free def by (auto 0 2 simp: dbm__entry_wval’_iff bounded dest: in_ DBM D)
with <M cl c2 < Mclz+ Mxc2 have Le (ucl —uc2) < Mclz+ Mzc2
by auto
then have 0 < M cl z+ Mz c2 + (Le (u c2) + Le (— u cl))
by (simp add: DBM.add Le_le_sum__iff)
then show ?case
by (simp add: algebra__simps)
next
case prems: (2 ¢)
from prems <u € _» have Le (u¢) < M ¢ 0
unfolding free def by (auto 0 2 simp: dbm__entry_wval’_iff bounded dest: in_ DBM D)
also from prems <canonical M ny» <x < n»have ... < Mcx + Mz 0
by auto
finally show ?Zcase
by (simp add: algebra__simps Le_le__sum__iff)
next
case prems: (3 ¢)
with <u € _» x> 0> have Le (—uc) < MOc
unfolding free_ def by (auto simp: dbm__entry_wval’_iff bounded dest: in_ DBM_D|of __
_0d)
also from prems <canonical M ny <x < n>have ... < M0z + Mzxc
by auto
finally show ?Zcase
by (simp add: algebra__simps Le_le sum__iff)
next
case 4
from 0 < M 0 0> <canonical M n» <x < n» show Zcase
by auto
qed
qed
from dbm__entries_dense’|OF this(2,1)] obtain d where
d>00<1l+Led0<r+ Le(—d)
by auto
have u(z := d) € [M]
proof (rule DBM_wval _bounded_altl, goal_cases)
case I
from <0 < M 0 0)> show ?case unfolding DBM .neutral .
next
case prems: (2 ¢l c2)
then have sx: dbm__entry_wval’ u c1 ¢2 (free n M x c1 c2)
by (auto intro: in_ DBM__D[OF <u € _)))
show ?Zcase
proof —
have Le (d — u c2) < Mz ¢c2
fo<zcl=zc2#zx<nc2<nl0<c2
proof —
from that have r < M z ¢2 + Le (u c2)
unfolding r_def by (intro Min_le) auto
with <0 < r + _» have 0 < Mz c2 + Le (u c2) + Le (— d)
by auto
moreover have Le (d — uc¢2) < Mz c2 «— 0 < Mz c2 + Le (uc2) + Le (— d)
by (cases M z ¢2) (auto simp: DBM.add algebra__simps)
ultimately show Le (d — u ¢2) < M z ¢2
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by simp
qed
moreover have Le d < M z 0
ifecl=z0<z2<nc2=20
proof —
from <0 < r + > have Led < r
by (simp add: Le_le_sum__iff)
also have r < M z 0
unfolding r_def by auto
finally show Led < Mz 0 .
qed
moreover have Le (ucl — d) < Mcl x
ifo<zcl<nz<nel#zc2=z0<clLe(ucl —uz)<Mcl0
proof —
from that have | < M ¢l z 4+ Le (— u c¢l)
unfolding [_def by (intro Min_le) auto
with «0 <1+ Led> have 0 < Mclxz+ Le (—ucl)+ Led
by auto
moreover have Le (ucl —d) < Mclz— 0<Mclzx+ Le(—ucl)+ Led
by (cases M c1 z) (auto simp: DBM.add algebra__simps)
ultimately show Le (ucl — d) < Mclz
by simp
qed
moreover have Le (— d) < M 0z
ifr<nO<zc2=zcl=0L(—uz)<MO0OO0
proof —
from <0 < [ 4 Le d> have Le (— d) < I
by (simp add: Le_le_sum__iff)
also have | < M 0z
unfolding [ def by auto
finally show Le (— d) < M 0z .
qed
ultimately show ?Zthesis
using prems <x > 0) *x
by (auto simp: dbm__entry_val’_iff bounded free_def split: if _split_asm)
qed
qed
with «d > 0) show 3d>0. u(z := d) € [M]
by auto
from «z > 0> <z < n» have dbm__entry_val’ u 0 z (free n M z 0 x)
by (auto intro: in_DBM_D[OF «u € _)])
with «0 < 2> have Le (— uz) < M 00
by (auto simp: free_def dbm__entry_val’_iff _bounded)
with <M 0 0 < 0> have Le (— uz) < 0
by blast
then show 0 < u z
by auto
qed

lemma free_ correct:

[free n M z] ={u(z :=d) | ud ue[M]Ad>0}
ife>0x<nVe<n Mcc>0V ué€[M]. uz > 0 canonical M n
MOxz<O0OMOO <O

using that
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apply safe

subgoal for u’
apply (frule free _sound, assumption+)
apply (frule free_sound(2), assumption+)
apply (erule exE)
subgoal for d

by (inst_exzistentials u'(x := d) u’ z; simp)

done

subgoal for u d
by (auto intro: free__complete)

done

lemma pre_reset_correct_aux:
{u. (uw(z = (0=) e [M]} N{v.uz >0} ={u(z:=d) |ud. v e [M]Auz=0ANd>0}
apply safe
subgoal for u
by (inst__existentials u(z := (0::t)) u z) auto
apply clarsimp
subgoal for u d
by (subgoal_tac u = u(zx := 0)) auto
by auto

lemma restrict _zero correct:
[restrict_zeron M z] = {u. u € [M]ANuz=0}if 0 <zz<n
using that unfolding restrict _zero def
by (auto simp: repair_pair_zone__equiv and__entry__correct dbm__entry_val’_iff bounded
dbm,__entry__simps)

lemma restrict _zero canonical:
canonical (restrict_zero n M x) n V check_diag n (uncurry (restrict_zero n M x))
if canonical M nz < n

proof —
from <z < n» have %: {0..n} — {0, z} U {z, 0} = {0..n}
by auto

define M1 and M2 where M1 = and_entry x 0 (Le 0) M M2 = and_entry 0 x (Le 0) M1
from <canonical M n» have canonical_subs n {0..n} M
unfolding canonical alt_def .
with x have canonical_subs n ({0..n} — {0, z}) M2
unfolding and__entry def M1_M2_def canonical _subs__def by (auto simp: min.coboundedI1)
from repair_pair__characteristic[OF this, of x 0] <z < n» have
canonical (repair_pair n M2 x 0) n V check_diag n (uncurry (repair_pair n M2 z 0))
unfolding canonical alt_def check_diag def x neutral by auto
then show ?thesis
unfolding restrict _zero def M1 _M2_def Let def .
qed

end

10.4 Structural Properties

lemma free canonical:
canonical (free n M z) n if canonical Mn Mz x > 0
unfolding free def using that by (auto simp: add_increasing2 any_le_inf)
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lemma free diag:
freen Mxii=Midi
unfolding free def by auto

lemma check diag free:
check__diag n (uncurry (free n M z)) if check_diag n (uncurry M)
using that unfolding check diag def by (auto simp: free_diag)

lemma
Vi<n. (freen Mz) ii < 0if Vi<n. Mii <0
using that by (auto simp: free_ diag)

lemma canonical _nonneg diag non__empty:
assumes canonical M nVi<n. 0 < M 11
shows (Mo # {}
using v_0 by (intro canonical_nonneg_diag_non__empty|OF assms]) force

lemma V_ structurall:
[M[]CVifVi<ni>0-—M0i<0
using that
unfolding V_ def
proof safe
fix u ¢ assume u € [M] ¢ € {I..n}
then have Suc 0 < ii < n by simp+
from in_ DBM_D[OF «u € _», of 04 <_ < i ¢i < n» have dbm__entry_val’ v 01 (M 0 1)
by auto
with «_ <& < < n» have Le (—ui) < MO
by (auto simp: dbm__entry_wval’_iff bounded)
also from that < < i «<i < n> have ... < 0
by simp
finally show 0 < u i
by (auto simp: dbm__entry_simps)
qed

lemma canonical V_non__empty iff:
assumes canonical M n M 00 < 0
shows [M]|C VA[M]#{}+— Vi<ni>0—MOi<O)ANNiIi<n Mii>0)
proof (safe, goal_cases)
case (1 u 1)
with <M 0 0 < 0y show Zcase
unfolding V_def by — (rule M_0_k[OF __ <canonical M n)], auto)
next
case (2 z 1)
then show ?case
using neg_diag _empty_spec|of i M] by fastforce
next
case prems: (3 u)
then show ?Zcase
by (auto dest: subsetD[OF V_structurall])
next
case 4
with canonical _nonneg_diag _non__empty|OF <canonical M n)] show ?case
by simp
qed
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lemma

assumes (V i <n. i >0 —MO0i<O0O)ANNi<nMii>0)M00<0z>0
shows (V i<n.i>0—freenMz0i<O0)ANN i<n freenMzii>0)
using assms by (auto simp: free_def)

lemma
assumes (V i <n.i>0—MO0i<O0)ANNi<n Mii>0) =
Vi<ni>0—fMOi<O)ANi<n fMii>0)
assumes canonical M n canonical (f M) n
assumes M 00 < 0fMO0O0 <0
assumes check__diag: check _diag n (uncurry M) => check__diag n (uncurry (f M))
assumes [M] C V
shows [fM] C V
proof (cases [M] = {})
case True
then have check_diag n (uncurry M)
using canonical _nonneg_diag_non__empty|OF <canonical M ny] by (force simp: neutral check__diag_def)
then have check_diag n (uncurry (f M))
by (rule check_diag)
then have [f M] = {}
by (auto dest: neg_diag_empty_spec simp: check__diag _def neutral)
then show ?thesis
by auto
next
case Fulse
with «([M] C V> canonical _V_non__empty_iff[OF <canonical M ny <M 0 0 < 05] have
(Vi<n. 0 <i— MOi<0)A (Vi<n. 0 < M)
by auto
thenhave (V i <n.i>0 — fMOi<O0O)ANNMi<n fMii>0)
by (rule assms(1))
with <canonical (f M) n» have [f M] C V A [f M] # {}
using <f M 0 0 < 0> by (subst canonical _V_non__empty iff) (auto simp: free_diag)
then show ?thesis ..
qed

lemma
Ifree n M z] C V if assms: x > 0 canonical Mn M 00 <00 < Mzz [M]CV
proof (cases [M] = {})
case True
then obtain i where M 7i < 0i<n
using canonical_nonneg_diag_non__empty[OF <canonical M n»] by atomize__elim force
then have free n Mz i1 < 0
by (auto simp: free_diag)
with <¢ < n) have [free n M z] = {}
by (intro neg_diag_empty_ spec)
then show ?thesis
by auto
next
case Fulse
with <[M] C V» canonical_V_non__empty_iff [OF that(2,3)] have
(Vi<n. 0 <i— MOi<0)A (Vi<n. 0 < Mi1)
by auto
with that have (V i <n.i> 0 — freen Mz 0i < O AN i<n. freenMzii>0)
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by (auto simp: free_def)
moreover have canonical (free n M z) n
apply (rule free_canonical)
apply fact
apply fact
done
ultimately have [free n M z] C V A [free n M z] # {}

using <M 0 0 < 0y by (subst canonical _V_non__empty_iff) (auto simp: free_diag)

then show ?thesis ..
qed

lemma
dounn Mii=M<ii
unfolding down__def by auto

lemma

assumes (V i <n.i>0 —>MO0i<O0O)ANiIi<n Mii>0)M00<0zx>0

shows (V i <n.i>0—dounnMOi<0)ANN i<n. downnMii>0)
using assms by (auto simp: down__def neutral)

lemma check diag empty:
[M] = {} if check_diag n (uncurry M)
using check diag _empty[of n v uncurry M| that v_is_id by auto

lemma restrict _zero mono:
restrict._zeron Mz ij< Mijifi<nj<n
unfolding restrict_zero_ def
by simp (rule <i < ny <j < n) repair_pair_mono and__entry _mono order.trans)+

lemma restrict_zero_diag:
check_diag n (uncurry (restrict_zero n M z)) if check_diag n (uncurry M)
using that unfolding check_diag_def neutral[symmetric]
by (elim exE conjE) (frule restrict_zero_monolwhere M = M and z = z|, auto)

lemma pre_reset correct:
[pre_reset n M z] = {u. (u(z := (0::"t::time))) € [M]} N {u. vz > 0}
if x > 02 < n canonical M n V check_diag n (uncurry M) M0z < 0 M 00 <0
proof —
have check__diag: ?thesis if A: check_diag n (uncurry (restrict_zero n M x))
proof —
from A have check_diag n (uncurry (pre_reset n M x))
unfolding pre_reset_def by (rule check_diag_ free)
then have [pre_reset n M z] = {}
by (rule check__diag _empty)
from A have [restrict_zero n M z] = {}
by (rule check_diag empty)
then have {u. (u(z := (0::"t::time))) € [M]} N {u. vz > 0} = {}
using <0 < x «x < n» by (auto simp: restrict_zero__correct)
with «[pre_reset n M z] = {}» show ?thesis
by simp
qged
from that(3) show ?thesis
proof
assume canonical M n
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from restrict_zero__canonical[OF <canonical M ny <x < n»] have
canonical (restrict_zero n M z) n V check_diag n (uncurry (restrict_zero n M x))
(is AV ?B) .
then consider ?4 - ?B | ?B
by blast
then show ?thesis
proof cases
case 1
assume YA - ?B
moreover from — ¢B) have Vc¢<n. 0 < restrict_zeron M z ¢ ¢
unfolding check__diag_def by (auto simp: DBM .neutral)
moreover have Vu€[restrict_zeron M z]. 0 < u z
by (simp add: restrict_zero__correct that)
moreover from z < ny <M 0z < 0) have restrict _zeron Mz 0z < 0
by (blast intro: order.trans restrict_zero_mono)
moreover from <z < ny <M 0 0 < 0> have restrict_zeron Mz 00 < 0
by (blast intro: order.trans restrict_zero_mono)
ultimately show ¢thesis
using that
by (auto simp: pre_reset__correct__aux restrict_zero__correct free_correct preiresetidef)
next
assume ?B then show ?thesis
by (rule check_diag)
qed
next
assume check_diag n (uncurry M)
then have check_diag n (uncurry (restrict_zero n M 1))
by (rule restrict_zero__diag)
then show ?thesis
by (rule check_diag)
qed
qed

lemma zone_set_pre_ Cons:
zone__set_pre [M] (z # r) = zone_set_pre {u. (u(z := (0::"t::time))) € [M]} r
unfolding zone_set pre def by auto

lemma pre_reset_list _Cons:
pre_reset_list n M (x # 1) = pre_reset_list n (pre_reset n M z) r
unfolding pre_reset list _def by simp

lemma pre_reset_diag:
check_diag n (uncurry (pre_reset n M x)) if check_diag n (uncurry M)
using that unfolding pre_reset_def by (intro check_diag_free restrict_zero _diag)

lemma free canonical’:
canonical (free n (M :: (_ :: time) DBM) z) n V check_diag n (uncurry (free n M z))
if canonical M n V check__diag n (uncurry M) z < n
by (smt check_diag def check_diag_free dbm__entry_le iff (5) free_canonical lel
order_mono__setup.refl order__trans that uncurry__apply
)

lemma pre reset canonical:
canonical (pre_reset n (M :: (_ :: time) DBM) z) n V check_diag n (uncurry (pre_reset n M
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z))

if canonical M n V check_diag n (uncurry M) z < n
using that(1)
proof standard
assume canonical M n
with (z < n» have
canonical (restrict_zero n M z) n V check_diag n (uncurry (restrict_zero n M 1))
by (intro restrict_zero__canonical)
with <z < n) show ?Zthesis
unfolding pre_reset_def by (intro free_canonical’)
next
assume check _diag n (uncurry M)
from pre_reset_diag|OF this| show ?thesis ..
qed

lemma pre_reset_list_correct:
[pre_reset_list n M r] = zone_set_pre [M] r N {u. ¥V z € set r. uz > 0}
ifVaeeser.z>0Nzx<n
canonical M n V' check _diag n (uncurry M)V z € setr. M0z < 0MO00 <0
using that
apply (induction r arbitrary: M)
apply (simp add: zone__set_pre_def pre_reset_list_def)
subgoal premises prems for z r M
apply (subst zone__set_pre_ Cons)
apply (subst pre_reset_list_ Cons)
apply (subst prems)
prefer 5
apply (subst pre_reset_correct)
prefer 6
subgoal
unfolding zone_set_pre_def by (cases z € set r) auto
using prems(2—) apply (solves auto)+
subgoal
using prems(2—) by (intro pre_reset_canonical’; auto)
subgoal
unfolding pre_reset_def free_def using prems(2—)
by (auto 4 8 intro: order.trans restrict__zero__mono)
subgoal
unfolding pre_reset_def free_def using prems(2—)
by (auto 4 3 intro: order.trans restrict_zero__mono)
done
done

end

Computes dbm__list xs — [M] = dbm__list xzs N (— [M]) by negating each entry of M and inter-
secting it with each member of zs.

definition
dbm_ minus_canonical n xs M =
[and__entry_repair n j i (neg_dbm__entry (M ij)) M.
(i, 3) + [(i, j).
i+[0..<Suc n), j«[0.<Sucn], (i >0Vji>0)ANi<nAj<nAMij# o,
M« zs

]
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Same as dbm__minus__canonical but filters out empty DBMs.

definition
dbm__minus_canonical check n xs M =
filter (AM. — check__diag n (uncurry M)) (dbm_minus__canonical n xs M)

Checks whether [M] — dbm_list zs = {}.

definition
dbm__subset_fed n M xs =
let zs = filter (AM. — check_diag n (uncurry M)) zs in
list_all (A M. check__diag n (uncurry M)) (fold (Am S. dbm_minus__canonical n S m) zs [M])

definition
dbm__subset_fed check n M xs =
let
xs = filter (AM. — check__diag n (uncurry M)) zs;
is__direct _subset = list_ex (A M'. dbm__subset’ n (uncurry M) (uncurry M) zs
in is__direct_subset V
list_all (AM. check_diag n (uncurry M)) (fold (Am S. dbm__minus_canonical check n S
m) zs [M])

definition canonical’ n M = canonical M n V check_diag n (uncurry M)

lemma canonical'l:
canonical’ n (f M) if
canonical’ n M
canonical M n = canonical’ n (f M) check_diag n (uncurry M) = check__diag n (uncurry

(f M)

using that unfolding canonical’ _def by metis

lemma check diag repair_pair:

assumes check_diag n (uncurry M)

shows check_diag n (uncurry (repair_pair n M i j))

using assms repair_pair_mono[where M = M and a = 7 and b = j] unfolding check diag_def
by force

lemma check diag and__entry:
assumes check_diag n (uncurry M)
shows check_diag n (uncurry (and_entry a b e M))
using assms unfolding check diag def
apply (elim exE)
subgoal for i
using and__entry_mono[where M = M and a = ¢ and b = b and e = e, of i ] by auto
done

lemma canonical’ _and__entry_repair:
canonical’ n (and_entry_repair n i j e M) if canonical’ n M i < nj <n
using that(1)
proof (rule canonical’l)
assume canonical M n
from < < n» ¢j < n» have *: {0..n} — {i, j} U {4, j} = {0..n}
by auto
define M1 where M1 = and_entryije M
from <canonical M n> have canonical subs n {0..n} M
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unfolding canonical alt def .
with * have canonical_subs n ({0..n} — {4, j}) M1
unfolding and_entry def M1_def canonical_subs_def by (auto simp: min.coboundedl1)
from repair_pair__characteristic[OF this, of © j] <i < n» <j < n> have
canonical’ n (repair_pair n M1 i j)
unfolding canonical’_def
unfolding canonical alt def check diag def * neutral by auto
then show ?thesis
unfolding and__entry repair_def M1_def Let def .
next
assume check__diag n (uncurry M)
then show check_diag n (uncurry (and__entry_repair n i j e M))
unfolding and_entry_repair_def by (intro check diag repair_pair check_diag _and__entry)
qed

lemma dbm_minus_canonical canonical’:
VM € set (dbm_minus_canonical n xs m). canonical’ n M if VM € set xs. canonical’ n M
using that unfolding dbm__minus_canonical def
by (auto split: if _split_asm intro: canonical’ _and__entry_repair)

lemma dbm_minus_canonical check canonical”:

VM € set (dbm__minus_canonical _check n xs m). canonical’ n M if VM € set zs. canonical’
n M

using dbm__minus__canonical _canonical |OF that] unfolding dbm__minus canonical check_def
by auto

10.5 Correctness of dbm__subset_fed

Misc lemma list_all iffI:
assumes V z € setxs. 3 y € setys. Pz +— Q vy
andV y € setys. d v € setxs. Px +— Qy
shows list_all P xs «— list_all Q ys
using assms unfolding list_all_def by blast

lemma list_all_iff list_all2I:
assumes list_all2 Az y. Pz +— Qvy) zs ys
shows list_all P xs «+— list_all Q ys
using assms by (intro list_all_iffI list_all2_setl list_all2_set2)

lemma list _all2 mapl:
assumes list_all2 (A zy. P (fz) (gy)) zs ys
shows list_all2 P (map f zs) (map g ys)
using assms by (simp only: list.rel_map)

context Default Nat_Clock_Numbering
begin

lemma canonical _empty zone:
M)yn ={} «— (Fi<n. M ii < 0) if canonical M n
using v_ 0 that surji_on by (intro canonical _empty_zone) auto

lemma check_diag_iff empty:

check_diag n (uncurry M) «— [M] = {} if canonical’ n M
proof (safe, goal_cases)
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case 2
show ?Zcase
proof —
from that
show ?thesis
unfolding canonical’_def
proof
assume canonical M n
from canonical _empty_zone[OF this] «[M] = {}»> have
JFi<n. Mii <0
by auto
then show ?thesis unfolding check_diag_def neutral
by auto
next
assume check_diag n (uncurry M)
then show ?thesis unfolding check_diag def neutral by auto
qed
qed
qged (auto dest: check _diag _empty)

lemma and_entry repair_zone _equiv:
land__entry_repair n a b e M] = [and_entry a b e M]ifa <nb<n
unfolding and_entry_repair _def using that by (rule repair_pair_zone _equiv)

lemma dbm_minus_rel:
assumes list_all2 (A\x y. [z] = [y]) ms ms’
shows list_all2 (Az y. [z] = [y]) (dbm_minus n ms m) (dbm_minus__canonical n ms’ m)
unfolding dbm__ minus def dbm__minus_canonical__def
apply (rule concat_transfer[unfolded rel fun_def, rule_format])
apply (rule list_all2_mapl)
apply (rule list.rel _refl_strong)
apply (auto 4 3
intro: list_all2_mapl list_all2_mono|OF assms]
simp: and__entry__repair__zone__equiv and__entry__correct split: if _split_asm

)

done

lemma dbm_ minus_canonical _fold_canonical:
VM € set (fold (Am S. dbm_minus__canonical n S m) xs ms). canonical’ n M
if VM € set ms. canonical’ n M for ms and zs :: ('t ::time) DBM list
using that by (induction zs arbitrary: ms) (auto dest: dbm_minus_canonical _canonical’)

lemma not_check_diag nonnegD:
Mii> 0if - check _diag n (uncurry M) i < n
using that unfolding check diag def by (auto simp: DBM .less _eq[symmetric] neutral)

theorem dbm_ subset fed_ correct:
fixes zs :: (nat = nat = ('t ::time) DBMEntry) list
and S :: (nat = nat = 't DBMEntry) list
assumes canonical’ n M
shows [M] C (| meset xs. [m]) +— dbm__subset_fed n M xs
proof —
have x: list_all2 (Az y. [z] = [y])
(fold (Am S. dbm_minus n S m) xs ms)
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(fold (Am S. dbm__minus_canonical n S m) xs ms’)
if list_all2 (M\z y. [z] = [y]) ms ms' for ms ms’ and xs :: 't DBM list
using that
proof (induction zs arbitrary: ms ms’)
case Nil
then show ?case
by simp
next
case prems: (Cons a xs)
from this(2) show ?case
by simp (intro prems(1) dbm__minus_rel)
qed
let %zs = filter (AM. — check__diag n (uncurry M)) zs
have x*: list_all2 (Az y. [z] = [y])
(fold (Am S. dbm_minus n S m) ?zs [M])
(fold (Am S. dbm__minus__canonical n S m) %zs [M])
by (rule x) simp
have xx:(|J meset zs. [m]) = (| meset (filter (AM. = check_diag n (uncurry M)) xs). [m])
by (auto simp: check__diag _empty)
show ?thesis
apply (subst *x)
apply (subst dbm__list_superset_op[where S = [M], simplified))
subgoal
by (auto dest: not_check diag nonnegD simp: neutral[symmetric] DBM .less_eq)
subgoal
unfolding dbm_ subset fed def Let def
using dbm__minus__canonical_fold__canonical’[of [M]] <canonical’ n M»
by (intro list_all_iff list _all2I list.rel_mono__strong[OF x])(auto dest: check__diag_iff empty)
done
qed

lemma dbm_ minus _canonical check _fed_equiv:
dbm__list (dbm_minus__canonical__check n S m) = dbm__list (dbm__minus__canonical n S m)
unfolding dbm__minus_canonical check def by (auto simp: check_diag_empty)

lemma dbm_minus_canonical dbm__minus:
dbm__list (dbm__minus__canonical n xs m) = dbm__list (dbm_minus n zs m)
using dbm__minus_rel[of zs xs m] unfolding list_all2_same
by (force dest: list_all2_setl list_all2_set2)

lemma dbm_ minus _canonical _fed__equiv:
dbm__list (dbm__minus__canonical n zs m) = dbm__list (dbm_minus__canonical n xs’ m)
if dbm_list xs = dbm_list xzs" 0 < m 0 0
unfolding dbm__minus_canonical _dbm__minus
using that by (auto simp: neutral dbm_list _subtract[symmetric] DBM .less eq)

theorem dbm,__subset_fed_correct:
fixes zs :: (nat = nat = ('t ::time) DBMEntry) list
and S :: (nat = nat = 't DBMEntry) list
assumes canonical’ n M
shows [M] C (|Jmeset xs. [m]) +— (
let xzs = filter (AM. = check_diag n (uncurry M)) zs in
list_all (A M. check_diag n (uncurry M)) (fold (Am S. dbm__minus__canonical__check n .S m)
as [M]))
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proof —
have canonical: YV M € set (fold (Am S. dbm_minus_canonical_check n S m) zs ms). canonical’
n M
if VM € set ms. canonical’ n M for ms and zs :: 't DBM list
using that by (induction zs arbitrary: ms) (auto dest: dbm__minus__canonical _check__canonical’)
have *: dbm__list (fold (Am S. dbm_minus_canonical _check n S m) xs ms) =
dbm__list (fold (Am S. dbm_minus__canonical n S m) xs ms’)
if dbm_list ms = dbm_list ms’V'm € set zs. m 0 0 > 0 for ms ms’ and zs :: 't DBM list
using that
proof (induction xzs arbitrary: ms ms’)
case Nil
then show ?Zcase
by simp
next
case (Cons a xs)
from Cons.prems show ?Zcase
by — (simp, rule Cons.IH,
auto introl: dbm__minus_canonical_fed equiv simp add: dbm__minus _canonical check fed equiv

)
qed
define zs’ where xs’ = filter (AM. — check_diag n (uncurry M)) zs
have x: dbm__list (fold (Am S. dbm_minus__canonical_check n S m) zs’ [M]) =
dbm__list (fold (Am S. dbm_minus__canonical n S m) zs’ [M])
by (auto intro!: x dest: not_check_diag _nonnegD simp: xzs'_def)
have xx: list_all (A M. check_diag n (uncurry M)) zs «— dbm__list zs = {}
if VM € set zs. canonical’ n M for xs :: 't DBM list
using that by (metis (mono__tags, lifting) Ball_set SUP_bot__conv(2) check_diag_iff _empty)
show ?thesis
unfolding
dbm__subset_fed__correct|OF <canonical’ _ _»] dbm__subset_fed def
xs’_def[symmetric] Let_def
apply (subst )
defer
apply (subst xx)
using assms by (auto intro!: dbm_minus_canonical_fold canonical’ canonical simp: x)
qed

lemma subset_if pointwise_le:
[M] C [M] if pointwise_cmp (<) n M M’
using that by (simp add: DBM .less_eq DBM_le subset pointwise__cmp_ def subsetl)

theorem dbm_ subset_fed_check__correct:
fixes zs :: (nat = nat = ('t ::time) DBMEntry) list
and S :: (nat = nat = 't DBMEntry) list
assumes canonical’ n M
shows [M] C (|Jmeset xs. [m]) <+— dbm__subset_fed check n M zs
proof —
define zs’ where xs’ = filter (AM. — check_diag n (uncurry M)) zs
define is_direct _subset where
is_direct_subset = list_ex (A M'. dbm__subset’ n (uncurry M) (uncurry M")) zs
have [M] C (U meset zs. [m]) if is_direct_subset
proof —
from that have Im € set zs’. [M] C [m]
unfolding is_direct_subset__def list_ex_iff dbm__subset’ def

/
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by (auto intro!: subset_if pointwise_le)
then show ?thesis
unfolding zs’_def by auto
qed
then show ?thesis
apply (cases is__direct_subset; simp add:
dbm__subset_fed_ check__def is_direct subset_def dbm__subset fed def xs’ _def[symmetric]
)
unfolding dbm__subset_fed_correct|
OF <canonical’ n M, of xs, unfolded Let_def dbm_ subset_ fed def, folded zs’'_def,
symmetric
]
unfolding dbm_ subset fed correct’]
OF <canonical’ n M>, of xs, folded xs'_def, unfolded Let_def, symmetric

]

qed

end

10.6 Refined DBM Operations

definition
V_dbm = (N ij. if i = jthen Oelseif i = 0 A j > 0 then 0 else 00)

definition and_entry_upd :
nat = nat = int DBMFEntry = int DBM’' = int DBM’ where
and_entry_upd a b e M = M((a,b) := min (M (a, b)) e)

definition

and__entry_repair_upd n a b e M =

Normalized_Zone__Semantics _Impl_Semantic_Refinement.repair_pair n (and__entry _upd a b
eM)ab

definition
dbm__minus__canonical _upd n xs m =
concat (map (A(¢, ). map (A M. and_entry_repair_upd n j i (neg_dbm__entry (m (i, 7)) M)
xs)
[(7, §). i<=[0..<Suc n], j«[0..<Sucn], (i >0V i>0)ANi<nAj<nAm,]j # ]

definition
dbm__minus__canonical__check _upd n xs M =
filter (AM. — check__diag n M) (dbm__minus__canonical upd n xs M)

definition
dbm__subset_fed _upd n M zs =
let xs = filter (AM. — check__diag n M) wxs;
is_direct_subset = list_ex (AM'. dbm__subset’ n M M) zs
in is__direct_subset V
list_all (A M. check_diag n M) (fold (Am S. dbm__minus_canonical_check_upd n S m) s
(M)

lemma list_all_filter neg:
list_all P (filler (Az. = P z) zs) <— (filter (Az. = P z) xs) = |
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by (auto simp add: list_all_iff filter _empty conw)

lemma dbm_ subset fed upd_alt_def:
dbm__subset_fed upd n M zs =
let zs = filter (AM. — check__diag n M) xs
in if zs = || then check_diag n M
else if list_ex (AM'. dbm__subset’ n M M) zs then True
else fold (Am S. dbm__minus_canonical_check _upd n S m) xs [M] = ||
unfolding dbm__subset_fed upd_ def short_circuit _conv using list_last
by (intro eq_reflection;force simp: list_all_filter _neg dbm_minus_canonical _check_upd_def
Let__def)

definition
V_dbm'n= i, 4). (ifi=7Vi=0Nj>0Vi>nVj>nthen 0 else x))

definition
down__upd :: nat == _ DBM'= _ DBM’
where
down_upd n M = (i, j).
ifi=0Ni>0Ni<nAj<nthen Min ({Le 0}y U{M (k,j) | k. I <k Ak <n})else M
(4, 4)

definition
restrict_zero_upd n M z =
let
M1 = and_entry_upd z 0 (Le 0) M;
M2 = and_entry_upd 0 x (Le 0) M1
in Normalized_ Zone__Semantics_Impl Semantic_ Refinement.repair_pair n M2 x 0

definition
free_upd :: nat = _ DBM' = nat = _ DBM'
where
free_upd n M z =
A, ) ifi=zANjEzNi<nAj<n
then oo elseif i Zax ANj=ax ANi<nAj<nthen M (i, 0) else M (i, j)

definition
pre_reset_upd n M x = free_upd n (restrict_zero_upd n M z) x

definition
pre_reset_list_upd n M r = fold (A x M. pre_reset_upd n M z) r M

10.7 Transferring Properties

context
includes lifting _syntax
begin

lemma neg_dbm__entry_transfer[transfer _rule]:
(rel _DBMEntry ri ===> rel_DBMEntry ri) neq_dbm__entry neq_dbm__entry
by (auto elim!: DBMEntry.rel_cases intro!: rel_funl)

lemma fold min_ transfer:

((list_all2 (rel_DBMEntry ri)) ===> rel_ DBMFEntry ri ===> rel_DBMUEntry ri) (fold min)
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(fold min)

by transfer _prover

context
fixes n :: nat
begin

definition
RI2 M D = RI n (uncurry M) D

lemma and__entry_transfer[transfer_rule]:
((=) ===> (=) ===> rel_DBMEntry ri ===> RI2 ===> RI2) and__entry and__entry__upd
unfolding and_entry def and_entry_upd_ def
unfolding rel fun_def eq _onp_ def RI2 def
by (auto intro: min_ri_transfer[unfolded rel_fun_def, rule_format))

lemma FWI_transfer|transfer_rule]:

(RI2 ===> eq_onp (A\z. . = n) ===> eq_onp (Az. © < Suc n) ===> RI2) FWI FWI' (is
24)
and FW__transfer[transfer_rule]:
(RI2 ===> e¢q_onp (A\z. z = n) ===> RI2) FW FW' (is ?B)
proof —
define RI’ where
RI"= (eq_onp (A z. z < Suc n) ===> eq_onp (A z. x < Suc n) ===> rel_DBMEntry ri)

have RI iff: RI' M M' +— RI n (uncurry M) (uncurry M') for M M’
unfolding RI’ def rel fun def by auto
{ fix M D k assume RI n (uncurry M) D k < Suc n
then have RI' M (curry D)
by (simp add: RI iff)
with <k < Suc n» have RI' (FWI M n k) (FWI (curry D) n k)
unfolding FWI _def
by (intro fwi_ RI_transfer[of n, folded RI'_def, unfolded rel_fun__def, rule_format])
(auto simp: eq _onp__def)
then have RI n (uncurry (FWI M n k)) (uncurry (FWI (curry D) n k))
by (simp add: RI iff)
} note x = this
show 74
unfolding FWI'_def
unfolding rel fun_ def
unfolding RI2 def
apply clarsimp
apply (subst (asm) (3) eq_onp_def)
apply (subst (asm) (3) eq_onp_def)
apply clarsimp
by (intro x)
{ fix M D assume RI n (uncurry M) D
then have RI' M (curry D)
by (simp add: RI_iff)
then have RI' (FW M n) (FW (curry D) n)
by (intro FW_RI transfer|of n, folded RI' _def, unfolded rel fun_def, rule_format])
(auto simp: eq _onp__def)
then have RI n (uncurry (FW M n)) (FW' D n)
by (simp add: RI_iff FW'_def)
} note x = this
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show ?B
unfolding rel fun_ def
unfolding RI2 _def
apply clarsimp
apply (subst (asm) (3) eq_onp_def)
apply clarsimp
by (intro x)

qed
lemma repair_pair_transfer[transfer_rule]:
(eq_onp (A\z. x = n) ===> RI2 ===> eq_onp (Az. £ < Suc n) ===> eq_onp (Az. z < Suc

repair__pair Normalized_Zone__Semantics__Impl_Semantic_ Refinement.repair__pair
unfolding repair_pair _def Normalized _Zone_Semantics Impl Semantic_ Refinement.repair__pair__def
by transfer__prover

lemma and__entry_transfer weak:
(eq_onp (Az. © < Suc n) ===> eq_onp (Az. © < Suc n) ===> rel_DBMEntry ri ===>
RI2 ===> RI?2)
and__entry and__entry__upd
using and__entry_transfer unfolding relfun_ def eq _onp_def by auto

lemma and_entry_repair_transfer[transfer _rule]:

(eq_onp (Az. © = n) ===> eq_onp (Az. z < Suc n) ===> eq_onp (Az. z < Suc n) ===>
rel_DBMEntry ri
===> RI2 ===> RI2) and_entry_repair and_entry_repair_upd

supply [transfer rule] = and__entry_transfer _weak
unfolding and_entry repair_def and__entry_repair _upd_def by transfer prover

lemma dbm__minus__canonical_transfer(transfer _rulel:
(eq_onp (A\z. © = n) ===> list_all2 RI2 ===> RI2 ===> list_all2 RI2)
dbm__minus__canonical dbm__minus canonical upd

unfolding dbm__ minus canonical def dbm__minus canonical upd__def
apply (intro rel_funl)
apply (rule concat_transfer[unfolded rel_fun_ def, rule_format])
apply (rule list.map__transfer[unfolded rel_fun__def, rule_format,
where Rb = rel_prod (eq_onp (Az. © < Suc n)) (eq_onp (Az. z < Suc n))])
apply clarsimp
subgoal
apply (rule list_all2_mapl)
apply (erule list_all2_mono)
apply (rule and__entry_repair__transfer[unfolded rel_fun__def, rule_format])
apply assumption+
subgoal
unfolding RI2 def rel_fun_ def
by (auto intro: neg_dbm__entry_transfer[unfolded rel_fun__def, rule_ format])
apply assumption
done
subgoal premises prems for n! n2 xs ys M D
proof —
have [simp]: D (i, j) # 0o +— M ij # oo if i < Suc n j < Suc n for i j
using prems that by (auto 4 8 simp: eq_onp__def rel_fun_def RI2_def elim!: DBMEn-
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try.rel__cases)

from prems have [simp]: nl = nn2 =n

by (auto simp: eq _onp__def)
let ?a = (concat

(map (M\i. concat

(map (M. if (0 <iV 0<j)A
i<nAj<nAMij#
then [(i, )] else [)
[0..<Suc n]))
[0..<Suc n)))

let ?b = (concat

(map (Ai. concat

(map (M. if (0 <iV 0<j)A
i<nANj<nADI(i}j #
then [(i, 7)] else [])
[0..<Suc n]))
[0..<Suc n]))

have ?b = %a

by (auto introl: arg_cong[where f = concat] simp del: upt_Suc)
then show ?thesis

by (simp del: upt_Suc add: list_all2_same eq_onp__def)

qged
done

lemma check _diag_transfer[transfer__rule]:
(eq_onp (Az. © = n) ===> RI2 ===> (=)) (An M. check_diag n (uncurry M)) check_diag
unfolding RI2 def rel_fun_ def check_diag def
by (auto 0 5 dest: neutral_RI simp: eq _onp_def less_Suc__eq le neutral[symmetric])

lemma dbm__minus__canonical__check_transfer[transfer _rule]:
(eq_onp (Az. x = n) ===> list_all2 RI2 ===> RI2 ===> list_all2 RI2)
dbm__minus__canonical _check dbm__minus_canonical check__upd

unfolding dbm__minus_canonical _check__def dbm__minus__canonical _check_upd__def by trans-
fer_prover

lemma le rel DBMEntry iff:
a<b<+— x<yif rel DBMEntry ri a x rel_DBMEntry ri b y
using that by (auto elim!: DBMEntry.rel_cases simp: dbm__entry_simps ri__def)

lemma dbm__subset’_transfer|[transfer__rule]:
(eq_onp (Az. x = n) ===> RI2 ===> RI2 ===> (=))
(A n M M'. dbm_subset’ n (uncurry M) (uncurry M')) dbm__subset’
unfolding RI2 def rel fun_ def dbm__subset’ def
using le_rel DBMEnitry_iff by (clarsimp simp: eq_onp__def pointwise__cmp__def less _Suc__eq_le)
meson

lemma dbm__subset_fed_ transfer:

(eq_onp (Az. x = n) ===> RI2 ===> list_all2 RI2 ===> (=)) dbm__subset_ fed check
dbm__subset__fed__upd

unfolding dbm_ subset fed_check _def dbm__subset fed upd_def by transfer prover

lemma V__dbm__transfer[transfer_rule]:
RI2 V_dbm (V_dbm' n)
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unfolding V_dbm_def V_dbm' _def RI2_def by (auto simp: rel_fun__def neutral eq _onp__def
zero__RI)

lemma down__transfer|transfer_rule]:
(eq_onp (Az. © = n) ===> RI2 ===> RI2) down down__upd
unfolding down__def down__upd_def
apply (clarsimp simp: rel_fun_def RI2 def eq _onp_ def, goal_cases)
subgoal premises prems for M D z
proof —
have A: (insert (Le 0) {M k x |k. Suc 0 < k Ak < n})
= (set (Le 0 # [M kz. k + [1..<Suc n]]))
by auto
have B: insert (Le 0) {D (k, z) |k. Suc 0 < k ANk < n}
= (set (Le 0 # [D (k, z). k + [1..<Suc n]]))
by auto
show ?thesis
unfolding A B Min.set_eq_fold
apply (rule fold_min_transfer[unfolded rel fun_def, rule_format])
unfolding list.rel _map list_all2 _same using prems by (auto simp: zero_ RI)
qed
done

lemma free upd[transfer rule]:
(eq_onp (Az. © = n) ===> RI2 ===> (=) ===> RI2) free free_upd
unfolding free def free__upd_def by (auto simp: RI2_def rel_fun_def eq _onp_def)

lemma pre_reset_transfer[transfer_rule]:
(eq_onp (Az. © = n) ===> RI2 ===> eq_onp (Az. z < Suc n) ===> RI2) pre_reset
pre__reset__upd
proof —
have [transfer_rule]: eq_onp (Az. x = n) nn
by (simp add: eq_onp__def)
note [transfer_rule] = and__entry__transfer _weak
have [transfer _rule]:
(eq_onp (Axz. £ = n) ===> RI2 ===> eq_onp (Az. © < Suc n) ===> RI2) free free _upd
using free_upd unfolding rel fun_def eq _onp def by blast
show ?thesis
unfolding pre reset def pre_reset upd_ def
unfolding restrict zero def restrict _zero upd_ def
by transfer _prover
qed

lemma pre_reset_list_transfer[transfer_rule]:
(eq_onp (Az. © = n) ===> RI2 ===> list_all2 (eq_onp (A\z. z < Suc n)) ===> RI2)
pre__reset__list pre_reset_list _upd
unfolding pre_reset_list def pre_reset list_upd_def by transfer prover

end
end

definition unbounded_dbm where
unbounded__dbm = X\ i j. if i = j then 0 else co
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lemma canonical _unbounded__dbm:
canonical unbounded__dbm n
by (auto simp: unbounded__dbm__def any le inf)

lemma diag unbounded__dbm:
unbounded_dbm i1 = 0
unfolding unbounded__dbm__def by simp

lemma down__diag:
dowunn Mii=Mz11
unfolding down_ def by auto

definition
abstr_FW n cc M v=FW (abstr cc M v) n

definition
abstr FW_upd n cc M = FW' (abstr_upd cc M) n

lemma abstr _mono:
abstrcc Mvij < Mij
by (subst abstr.simps, induction cc arbitrary: M) (auto intro: order.trans abstra_mono)

lemma abstr  FW_mono:
abstr FWncece Mvij< Mijifi<nj<mn
unfolding abstr FW__def by (blast intro: that abstr _mono fw_mono order.trans)

lemma abstr_ FW__diag preservation:
VEk<n. abstr FWnecc Muvkk<0QifVk<n. Mkk <0
using that by (blast intro: abstr _FW_mono order.trans)

lemma FW canonical:
canonical’ n (FW M n)
unfolding canonical’_def using FW_canonical[of n M| by (simp add: check__diag__def neutral)

lemma abstr FW__canonical:
canonical’ n (abstr _FW n cc M v)
unfolding abstr_FW__def by (rule FW_canonical)

lemma down_ check_diag:
check__diag n (uncurry (down n M)) if check_diag n (uncurry M)
using that unfolding check diag def down__def by force

context Default Nat_Clock_Numbering
begin

lemma clock__numbering:
Veve>0ANANNVeVyve<nAvy<nAvz=vy—z=y)
by (metis neq0__conv v_0 v_id)

lemma V_dbm_ correct:
[V_dbm] =V
unfolding V_def DBM_zone_repr _def DBM _wval_bounded__alt_def2
by (auto simp: dbm__entry_val’_iff _bounded V_dbm__def dbm__entry_simps)
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lemma abstr_correct:
labstr cc M v] = [M] N {u. v F cc} if ¥ c€collect _clks cc. 0 < ¢ A ec<n
apply (rule dbm__abstr_zone__eq2)
subgoal
by (rule clock_numbering)
subgoal
using that by (auto simp: v_is_id)
done

lemma unbounded__dbm__correct:
[unbounded__dbm] = UNIV
unfolding DBM _zone_repr_def DBM_val bounded__alt_def2 unbounded__dbm,__def neutral
by (simp add: dbm__entry_val’_iff bounded any_le_inf)

lemma abstr_correct”:
[abstr cc unbounded__dbm v] = {u. u b cc} if V c€collect_clks cc. 0 < ¢ AN c < n
by (simp add: unbounded_dbm,__correct abstr_correct|OF that] del: abstr.simps)

lemma abstr FW __correct:
[abstr_FW n cc M v] = [M] N {u. u b cc} if V¥ c€collect_clks cc. 0 < ¢ A c < n
unfolding abstr FW__def by (subst FW_zone__equiv[symmetric|; intro surj_on abstr_correct

that)

lemma abstr FW __correct’:
[abstr_FW n cc unbounded__dbm v] = {u. u b ec} if V c€collect_clks cc. 0 < ¢ A c < n
by (simp add: unbounded__dbm__correct abstr_FW __correct|OF that])

lemma down_V:
[down n M] C V
by (rule V_structurall) (auto simp: down__def neutral intro: Min__le)

lemma down__correct:
[down n M] = [M]* N V if canonical M n
apply safe
subgoal for u
by (erule down__sound, rule that)
subgoal for u
using down__V by blast
subgoal for u
unfolding V_ def by (erule down__complete) simp
done

lemma down_ correct:
[down n M] = [M]* N V if canonical’ n M
using that unfolding canonical’_def
apply standard
subgoal
by (rule down__correct’)
by (frule down__check diag) (simp add: check_diag _empty zone time_pre def)

lemma pre_reset diag preservation:
pre_resetn Mzxzii < Miiifi<n
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unfolding pre_reset_def by (auto simp add: free_diag restrict _zero__mono that)

lemma pre_reset_list_diag:
pre_reset_listn Mrii < Miiif¢<n
apply (induction r arbitrary: M)
apply (simp add: pre_reset_list_def; fail)
apply (simp add: pre_reset_list_Cons, blast intro: pre_reset_diag preservation that order.trans)
done

context
includes lifting_syntax
begin

lemma abstra_upd_abstra:
abstra__upd ac M (i, j) = abstra ac (curry M) v i jif 0 < constraint_clk ac i < nj < n
using that by (cases ac) (auto simp: le_n_iff v_is_id v_0)

lemma abstra__transfer[transfer _rule]:
(rel_acconstraint (eq_onp (A . 0 < © A x < Suc n)) ri ===> RI2 n ===> RI2 n)
(X cc M. abstra cc M v) abstra__upd
apply (intro rel_funl)
apply (subst RI2_def)
apply (intro rel_funl)
apply (elim rel_prod.cases)
apply (simp only:)
apply (subst abstra_upd_abstra)
by (auto 4 3 simp: eq_onp__def RI2_def rel_fun_def
introl: min__ri_transfer[unfolded rel _fun_def, rule_format]
elim!: acconstraint.rel cases

)

lemma abstr_transfer[transfer_rule]:
(list_all2 (rel_acconstraint (eq_onp (A z. 0 < z A x < Suc n)) ri) ===> RI2 n ===> RI2
")
(X cc M. abstr cc M v) abstr_upd
unfolding abstr.simps abstr_upd__def by transfer_ prover

lemma abstr_FW_transfer[transfer_rule]:
(list_all2 (rel__acconstraint (eq_onp (A z. 0 < z A z < Suc n)) ri) ===> RI2n ===> RI2
")
(N cc M. abstr _FW n cc M v) (abstr_FW_upd n)
proof —
have [transfer_rule]: eq_onp (Az. x = n) nn
by (simp add: eq_onp__def)
show ?thesis
unfolding abstr FW__def abstr_FW__upd_ def by transfer _prover
qed

end
end

lemma RI2_trivial_transfer[transfer_rule]: (RI2 n) (curry (conu_M M)) M
unfolding RI2_def rel_fun__def by (auto simp: eq_onp__def)
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end
theory Deadlock Impl

imports Deadlock Munta_Base.Abstract_Term
begin

Misc lemma constraint clk conv_ac:
constraint__clk (conv_ac ac) = constraint__clk ac
by (cases ac; auto)

lemma constraint_clk _conv_cc:
collect__clks (conv_cc cc) = collect__clks cc
by (auto simp: collect_clks__def constraint__clk__conv__ac image__def)

lemma atLeastLessThan__alt_def:
{a.<b} ={k. a<kANk<Db}
by auto

lemma atLeastLessThan_Suc__alt_def:
{a.<Suc b} = {k. a <k ANk < b}
by auto

lemma (in Graph_Defs) deadlock_if _deadlocked:
deadlock y if deadlocked y
using that unfolding deadlock def by auto

10.8 Functional Refinement

Elementary list operations lemma map_ conv_rev_fold:
map [ xs = rev (fold (X a xs. f a # xs) zs [])
proof —
have fold (A a xs. f a # xs) zs ys = rev (map fzs) Q ys for ys
by (induction xzs arbitrary: ys) simp__all
then show ?thesis
by simp
qed

lemma concat_map_conv_rev_fold:
concat (map f xs) = rev (fold (A zs ys. rev (f zs) Q ys) zs [])
proof —
have rev (fold (X xs ys. rev (f zs) Q ys) xs ys) = rev ys @Q List.maps f zs for ys
by (induction xs arbitrary: ys) simp__all
then show ?thesis
by simp
qed

lemma concat_conv_fold_rev:
concat xss = fold (Q) (rev zss) ||
using fold__append__concat__rev|of rev xzss| by simp

lemma filter _conv_rev_fold:
filter P xs = rev (fold (\z zs. if P x then x # xs else xs) xs [])
proof —
have rev ys @ filter P xs = rev (fold (Az zs. if P x then © # xs else xs) zs ys) for ys
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by (induction zs arbitrary: ys) (auto, metis revg.simps(2) revg_fun)
from this[symmetric] show ?thesis
by simp
qed

DBM operations definition
free_updl n M ¢ =
(let
M1 = fold (\i M. if i # c then (M((i, ¢) := op_miz_get M (i, 0))) else M) [0..<Suc n] M;

M2 = fold (Ai M. if i # c then M((c,i) := o0) else M) [0..<Suc n] M1
m
M2
)
definition

pre_reset_updl n M x = free_updl n (restrict_zero_upd n M ) x

definition
pre_reset_list_updl n M r = fold (A © M. pre_reset_updl n M z) r M

definition
upd_pairs zs = fold (A\(p,q) f. f(p=q)) zs

lemma upd_pairs_Nil:

upd_pairs [| f = f
unfolding upd_ pairs def by simp

lemma upd_pairs _Cons:

upd_pairs ((p, q) # xs) f = upd_pairs zs (f(p:=q))
unfolding upd_pairs def by simp

lemma upd_pairs _no_upd:
assumes p ¢ fst ‘ set xs
shows upd_pairs xzs fp = fp
using assms by (induction zs arbitrary: f) (auto simp: upd_pairs_Nil upd_pairs _Cons)

lemma upd_pairs_upd:
assumes (p, y) € set xs distinct (map fst xs)
shows upd_pairs xs fp =y
using assms proof (induction zs arbitrary: f)
case Nil
then show ?case
by (simp add: upd_pairs Nil)
next
case (Cons z zs)
then show ?case
by (cases x) (auto simp add: upd_pairs _Cons upd__pairs_no_ upd)
qed

lemma upd_pairs _append:

upd__pairs (xs Q ys) = upd__pairs ys o upd_pairs s
unfolding upd_ pairs def fold append ..

348



lemma upd_pairs _commute__single:
upd__pairs zs (f(a := b)) = (upd_pairs zs f)(a := b) if a & fst ‘ set zs
using that by (induction zs arbitrary: f) (auto simp: upd__pairs_Nil upd__pairs_ Cons fun__upd_twist)

lemma upd_pairs _append’:
upd__pairs (xs Q ys) = upd__pairs xs o upd__pairs ys if fst * set zs N fst < set ys = {}
using that
proof (induction xs)
case Nil
then show ?Zcase
by (simp add: upd_pairs Nil)
next
case (Cons a xs)
then show ?Zcase
by (cases a) (auto simp add: upd__pairs_Nil upd_pairs_Cons upd_pairs_commute__single)
qed

definition
upd_pairs' xs = fold (X(p,q) f. f(p:=f q)) s

lemma upd_pairs’_ Nil:

upd_pairs’ [| f = f
unfolding upd_pairs’_def by simp

lemma upd_ pairs’_Cons:

upd__pairs’ ((p, q) # xs) f = upd_pairs’ zs (f(p:=f q))
unfolding upd_pairs’_def by simp

lemma upd_ pairs’_upd_pairs:
assumes fst ‘ set xs N snd ‘ set s = {}
shows upd_pairs’ xs f = upd_pairs (map (A(p, q). (p, f q)) zs) f
using assms
proof (induction xs arbitrary: f)
case Nil
then show ?case
by (simp add: upd_pairs_Nil upd_pairs’_Nil)
next
case (Cons z zs)
obtain a b where [simp]: = = (a, b)
by (cases x)
from Cons.prems have x:
map (M(p, q). (p, if ¢ = a then f b else f q)) xs = map (A\(p, q)- (p, fq)) s
by auto
from Cons show Zcase
by (auto simp add: upd_pairs_Cons upd__pairs’_Cons x*)
qed

lemma upd_pairs _map:
upd_pairs (map f zs) = fold (Apq g. let (p,q) = f pq in g(p:=q)) xs
unfolding upd_ pairs def fold_map
by (intro arg_cong2|where f = fold] ext) (auto simp: comp_ def split: prod.split)

lemma down__upd_alt_def:
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down_upd n M =
upd__pairs ([((0, 7), fold min [M (k, j). k < [1..<Suc n]] (Le 0)). j < [1..<Suc n]]) M
proof —
define zs where
zs = [((0:nat, §), Min ({Le 0} U {M (k, j) | k. 1 <k ANk <n})). j+ [1.<Suc n]]
have distinct (map fst xs)
unfolding zs def by (auto simp add: map__concat comp__def distinct_map)
have «: fold min [M (k, j). k«[1..<Suc n]] (Le 0) = Min ({Le 0} U {M (k, j) |k. 1 <k Ak
< n})
for j
by (subst Min.set__eq_fold[symmetric])
(auto simp: atLeastLessThan_Suc_alt_def simp del: upt_Suc intro: arg_cong[where f =
show ?thesis
unfolding * xs_ def[symmetric]
by (intro ext, auto simp add: down__upd_ def)
(solves <subst upd__pairs_upd[OF __ <distinct _»] upd__pairs_no_upd,
auto simp: image__def xs_defy)+
qed

lemma down_upd_alt_def1:
down_upd n M =
fold (A\j M. let (p,q) = ((0, j), fold min [M (k, 7). k < [1..<Suc n]] (Le 0)) in M(p:=q))
[1..<Sucn] M
proof —
have *:
fold (A\j M. let (p,q) = ((0,5), fold min [M (k, j). k < [1..<Suc n]] (Le 0)) in M(p:=q)) wxs
M
= fold (\j M. let (p,q) = ((0,5), fold min [M (k, j). k < [1..<Suc n]] (Le 0)) in M'(p:=q)) zs
M
for zs
proof (induction s arbitrary: M)
case Nil
then show ?case
by simp
next
case (Cons z xs)
then show ?case
by (auto 4 7 intro: arg_cong2[where f = min] fold_cong)
qed
then show ?thesis
unfolding down__upd_alt_def upd pairs_map ..
qed

lemma
free_upd n M ¢ =
upd_pairs ([((¢,i), 00). i < [0..<Suc n], i # ¢] Q [((i,¢), M(7,0)). i + [0..<Suc n], i # c]) M
ifc<n
proof —
let ?zs1 = An. [((¢,7), 00). 7 < [0..<Suc n], i # |
let %zs2 = An. [((,c), M(%,0)). i < [0..<Suc n], i # |
define zs where zs = %xs1 n Q %xs2 n
have distinct (map fst xs)
unfolding zs_def
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apply (clarsimp simp del: upt_Suc simp add: map__concat comp__def if _distrib split: if _split)
apply (auto split: if _split_asm simp: distinct_map inj _on__def introl: distinct_concat)
done
from (¢ < n» show ?thesis
unfolding zs_def[symmetric]
by (intro ext, auto simp: free_upd_ def)
(solves «subst upd__pairs_upd[OF __ <distinct (map fst xs)>] upd_pairs_no__upd,
auto simp: xs_def>)+
qed

lemma free upd_alt_defl:
free_upd n M ¢ = (let
M1 = upd_pairs’ ([((i,¢), (4,0)). i < [0..<Suc n], i # c]) M;
M2 = upd_pairs ([((¢,i), 00). i < [0..<Suc n], i # c]) M1
mn
M2
) (is _ = ?r)
ifo<ce<n
proof —
let %zs1 = An. [((¢,7), 00). i + [0..<Suc n], i # (]
let ?zs2 = An. [((4,c), M(%,0)). i < [0..<Suc n], i # |
define zs where zs = ?zs1 n @ 2zs2 n
let 2t = upd_pairs xs M
have distinct (map fst xs)
unfolding zs def
apply (clarsimp simp del: upt_Suc simp add: map__concat comp__def if _distrib split: if _split)
apply (auto split: if _split_asm simp: distinct_map inj_on__def introl: distinct_concat)
done
from <c < n» have free_ upd n M ¢ = %t
by (intro ext, auto simp: free__upd_def)
(solves «subst upd_pairs_upd|OF __ <distinct _»] upd_pairs_no__upd, auto simp: xs_def»)+
also have ... = 7r
unfolding zs def
apply (subst upd_pairs _append’)
subgoal
by auto
apply (subst upd_pairs’_upd_pairs)
subgoal
using ¢ > 0» by auto
apply (simp del: upt_Suc add: map__concat)
apply (intro arg_cong2[where f = upd_pairs] arg_conglwhere f = concat))
by (simp del: upt_Suc)+
finally show ?thesis .
qed

lemma free upd_free_upd1:
free_upd n M ¢ = free_updl n M cif ¢ > 0c<n
proof —
let 2z1 = Azs. upd_pairs’ ([((i,c), (,0)). i < xs, i # c]) M
let 222 = Axs. fold (Ni M. if i # ¢ then (M((¢, ¢) :== M(4, 0))) else M) xzs M
have *: %zl zs = 222 zs for zs
by (induction xs arbitrary: M) (auto simp: upd_pairs’_Nil upd__pairs’_Cons)
let 2yl = Azs. upd_pairs ([((¢,), 00). i + xs, i # c])
let ?y2 = fold (N M. if i # c then M((c,i) := o0) else M)
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have xx: 2yl zs M = ?y2 xs M for zs M
by (induction zs arbitrary: M) (auto simp: upd_pairs_Nil upd_pairs_Cons)
show ?thesis
unfolding free_upd_alt _def1[OF that] free_updl_def op_mtx_get def x s ..
qed

lemma free upd_alt_def:
free_upd n M ¢ =
fold (Ai M. if i # ¢ then (M((c,i) := oo, (4, ¢) := M(%, 0))) else M) [0..<Suc n] M
ifce<n
oops

lemma pre_reset _upd_pre reset_updl:
pre_reset_upd n M ¢ = pre_reset_updl n M cif ¢ > 0c<n
unfolding pre_reset_upd_def pre_reset_updl__def free_upd_free _updl[OF that] ..

lemma pre_reset_list_upd_pre_reset list _updl:
pre_reset_list_upd n M cs = pre_reset_list_updl n M cs if Ve € set cs. 0 < cANec<n
unfolding pre_reset_list _upd_ def pre_reset_list _updl def
using that by (intro fold cong; simp add: pre_reset_upd_pre_reset updl)

lemma pre_reset_list_transfer'[transfer__rule]:
includes lifting syntaxr shows
(eq_onp (A\z. © = n) ===> RI2 n ===> list_all2 (eq_onp (A\z. 0 < z A z < Suc n)) ===>
RI2 n)
pre__reset_list pre_reset_list_updl
unfolding rel fun_def
apply safe
apply (subst pre_reset_list_upd_pre_reset_list_updl[symmetric])
subgoal
unfolding list.rel_eq onp by (auto simp: eq_onp_ def list_all_iff)
by (rule pre_reset_list_transfer[unfolded rel_fun_ def, rule_format))
(auto simp: eq_onp_def list_all2_iff)

10.9 Imperative Refinement

context
fixes n :: nat
notes [id_rules| = itypel[of n TYPE (nat)]
and [sepref _import_param] = IdI[of n]
begin

interpretation DBM _Impl n .

sepref__definition down_ impl is
RETURN o PR_CONST (down_upd n) :: mtz_assn® —, mtx_assn
unfolding down_ upd_alt _defl upd_pairs _map PR_CONST _def
unfolding Let def prod.case
unfolding fold _map comp_ def
unfolding neutral[symmetric|

by sepref

context
notes [map_ type_eqs| = map__type__eql[of TYPE(nat * nat = 'e) TYPE('e i_miz)]
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begin

sepref register
abstr_upd FW'' n Normalized__Zone__Semantics_Impl_Semantic_Refinement.repair__pair n
and__entry_upd free_updl n restrict_zero__upd n pre_reset_updl n

end
lemmas [sepref fr_rules| = abstr_upd_impl.refine fu_impl_refine FW"

sepref _definition abstr FW__impl is
uncurry (RETURN oo PR_CONST (abstr_FW_upd n)) ::
(list_assn (acconstraint__assn clock__assn id_assn))’c xq mlz_assn® —, miz_assn
unfolding abstr_FW_upd_def FW'' _def[symmetric] PR_CONST _def by sepref

sepref__definition free impl is
uncurry (RETURN oo PR_CONST (free_updl n)) :
AN, 7). i<n], mtx_assn? %, nat_assn® — mtx_assn
unfolding free _updl def op_miz_set def[symmetric] PR_CONST _def by sepref

sepref__definition and__entry impl is
uncurry2 (uncurry (Az. RETURN ooo and__entry_upd x)) ::
IA((4,7),_), ). i<n A j < n]q nat_assn®* x, nat_assn® *, id_assn
unfolding and_entry upd_def by sepref

k *q mt:z:_assnd — mitx_assn

lemmas [sepref fr_rules| = and__entry_impl.refine

sepref _definition restrict _zero__impl is
uncurry (RETURN oo PR_CONST (restrict_zero_upd n)) :
A, 4). i<n], mtz_assn? x, nat_assn® — mtz_assn
unfolding restrict _zero_wupd def PR_CONST def by sepref

lemmas [sepref fr_rules| = free_impl.refine restrict_zero__impl.refine

sepref _definition pre_reset impl is
uncurry (RETURN oo PR_CONST (pre_reset_updl n)) ::
A, 4). i<n], mtz_assn? x, (clock_assn)* — mtz_assn
unfolding pre_reset _updl_def PR_CONST _def by sepref

lemmas [sepref fr_rules] = pre_reset_impl.refine

sepref__definition pre reset list _impl is
uncurry (RETURN oo PR_CONST (pre_reset_list_updl n)) ::
mtz_assn? *, (list_assn (clock_assn))* —, mtr_assn
unfolding pre reset list updl def PR_CONST def by sepref

sepref__definition and__entry repair_impl is
uncurry2 (uncurry (Az. RETURN ooo PR_CONST (and_entry_repair_upd n) x)) ::
A((7, 9),),). i<n A § < n]q nat_assn® *, nat_assn® *, id_assn® x, mtz_assn® — mtx_assn
unfolding and__entry_repair_upd_def PR__ CONST def by sepref

private definition
V _dbm" =V _dbm'n
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We use V_dbm'' because we cannot register V_dbm’ twice with the refinement framework: we
view it as a function first, and as a DBM later.

lemma V_dbm’ _alt_def:
V_dbm' n = op_amtx_new (Suc n) (Suc n) (V_dbm")
unfolding V__dbm''_def by simp

notation fun_rel syn (infixr — 60)

We need the custom rule here because V_dbm' is a higher-order constant

lemma [sepref fr_rules]:
(uncurry0 (return V_dbm"), uncurry0 (RETURN (PR_CONST (V_dbm"))))
€ unit_assn* —, pure (nat_rel x, nat_rel — Id)
by sepref to_hoare sep _auto

sepref__register V_dbm' :: nat x nat = _ DBMEFEntry

Necessary to solve side conditions of op__amtr new

lemma V_dbm'  bounded:
mitx_nonzero V_dbm" C {0..<Suc n} x {0..<Suc n}
unfolding mtz_nonzero_def V_dbm'' _def V_dbm' _def neutral by auto

We need to pre-process the lemmas due to a failure of TRADE

lemma V__dbm'' _bounded 1:
(a, b) € mtx_nonzero V_dbm" = a < Suc n
using V_dbm"_bounded by auto

lemma V__dbm'' _bounded_2:
(a, b) € mtx_nonzero V_dbm" = b < Suc n
using V_dbm"_bounded by auto

lemmas [sepref opt_simps| = V_dbm' _def

sepref__definition V_ dbm_ impl is
uncurry0) (RETURN (PR_CONST (V_dbm' n))) :: unit_assn® —, mtz_assn
supply V_dbm'""_bounded_1[simp] V_dbm' _bounded_2[simp)
using V_dbm'"_bounded
apply (subst V_dbm'_alt_def)
unfolding PR__CONST def by sepref

This form of ’type casting’ is used to assert a bound on the natural number.
private definition make_ clock :: nat = nat where [sepref opt_simps]:

make__clock x =

lemma make_clock[sepref import param)]:
(make__clock, make__clock) € [Ai. ¢ < nl]y nat_rel — nbn_rel (Suc n)
unfolding make_ clock_def by (rule frefl) simp

private definition get_entries m =
[(make__clock i, make__clock j).

i«—[0..<Suc n], j<[0.<Sucn], (i >0Vji>0)ANi<nANj<nAm/(ij #

private lemma get entries alt _def:
get_entries m = [(make__clock i, make__clock j).
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i«—[0..<Suc n], j«[0..<Sucn], (1 > 0V j> 0) AN m (i, j) # o]
unfolding get_entries def by (intro arg_cong[where f = concat] map__cong) auto

private definition
upd_entry i j M m = and__entry_repair_upd n j i (neg_dbm__entry (m (4, j))) (op_mtz_copy
M)

private definition
upd__entries i j m = map (A M. upd__entry i j M m)

context
notes [map__type__eqs| = map__type_eql[of TYPE(nat *x nat = 'e) TYPE('e i_miz)]
begin

sepref__register
dbm__minus__canonical _check _upd n
dbm__subset_fed__upd n abstr_FW_upd n pre_reset_list_updl n V_dbm' n down__upd n
upd__entry upd__entries get__entries and__entry_repair_upd n

end
lemma [sepref _import_param]: (neg_dbm__entry,neq_dbm__entry) € Id—1Id by simp
lemmas [sepref fr_rules] = and_entry repair_impl.refine
sepref__definition upd_entry impl is
uncurry2 (uncurry (Az. RETURN ooo PR_CONST upd__entry z)) ::
[)\(((’L, ])77),7) ’LSTL A .] S n]a

nat_assn® x, nat_assn® x, mtx_assn® x, mtx_assn

unfolding upd entry def PR_CONST def by sepref

k k

— mitzr_assn

This is to ensure that the refinement initially infers the right ’type’ for list arguments.

lemma [intf _of assn]:
intf _of assn AA TYPE('aa) = intf _of assn (list_assn(AA)) TYPE('aa list)
by (rule intf of assnl)

lemmas [sepref fr_rules| = upd__entry_impl.refine

sepref__definition upd entries impl is
uncurry2 (uncurry (Az. RETURN ooo PR_CONST upd__entries x)) :
(3, 1)), ). i<n A G < g
natiassnk *q natiassnk %o mix _assn® x, (lz’stiassn nuf:z:iassn)’C — list_assn mitx__assn
unfolding upd_ entries _def PR__CONST _def
unfolding map_conv_rev_fold rev_conv_fold
supply [sepref fr_rules] = HOL_list _empty hnr_aux
by sepref

k

lemma [sepref import_param]: (=), (=)) € Id—Id—Id by simp

sepref__definition get entries impl is
RETURN o PR_CONST get__entries ::
mitx_assn® —, list_assn ((clock_assn) x, (clock_assn))
unfolding get entries_alt _def PR__CONST _def
unfolding map_conv_rev_fold
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unfolding concat_conv_fold_rev
supply [sepref fr_rules] = HOL_list _empty hnr_aux
by sepref

lemmas [sepref fr_rules| = upd__entries_impl.refine get _entries_impl.refine

private lemma dbm_minus_canonical _upd_alt_def:
dbm__minus__canonical_upd n xs m =
concat (map (Aij. map (A M.
and__entry_repair_upd n (snd i) (fst i) (neg_dbm__entry (m (fst ij, snd 4j))) (op_mtz_copy
M))
zs) (get__entries m))
unfolding dbm__minus_canonical _upd__def op__mtx_copy_def get__entries def split_beta make__clock__def
by simp

sepref _definition dbm__minus_canonical__impl is

uncurry (RETURN oo PR_CONST (dbm__minus__canonical__check _upd n)) ::

(list_assn mtx_assn)k *q mtx_assnk —q list_assn mtx__assn

unfolding dbm__ minus canonical check upd_def dbm__minus_canonical _upd_alt _def PR__ CONST _def
unfolding upd__entry_ def[symmetric] upd__entries_def[symmetric]

unfolding filter _conv_rev_fold concat_map_conv_rev_fold rev_conv_fold

supply [sepref _fr_rules] = HOL_list_empty _hnr_auz

by sepref

lemmas [sepref fr_rules| = dbm__minus__canonical__impl.refine

sepref__definition dbm_ subset_fed_impl is
uncurry (RETURN oo PR_CONST (dbm__subset_fed upd n)) ::
mtz_assn® *, (list_assn mtx_assn)? —, bool _assn
unfolding dbm__subset_fed upd_alt_def PR__CONST _def
unfolding list _ex_foldli filter _conv_rev_fold
unfolding short_circuit_conv
supply [sepref _fr_rules] = HOL_list_empty hnr_auz
by sepref

end

10.10 Implementation for a Concrete Automaton
context TA Impl
begin

sublocale TA_ Impl_Op
where loc_rel = loc_rel and f = PR_CONST E_op’ and op_impl = E_op’_impl
unfolding PR_CONST _def by standard (rule E_op” _impl.refine)

end

context TA_ Impl
begin

definition

check__deadlock_dbm I M = dbm__subset_fed_upd n M (
[down__upd n (abstr _FW _upd n (inv_of A1) (abstr_FW_upd n g
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(pre_reset_list_updl n (abstr_FW_upd n (iny_of _A l') (V_dbm' n)) r)
). (g, a, r, I') < trans_funl
]
)

abbreviation zone_ of ([_]) where zone_of M = [curry (conv_M M)]y

theorem check deadlock dbm_ correct:

TA.check__deadlock | [M] = check_deadlock__dbm | M if

[M] C VI € states’ Deadlock.canonical’ n (curry (conv_M M))
proof —

0. Setup & auxiliary facts

include lifting syntax

note [simp del] = And.simps abstr.simps

have inv_of simp: inv_of (conv_A A) I = conv_cc (inv_of A 1) for |
using inv_ fun unfolding inv_rel_def b__rel def fun_rel_def conv_A__def
by (force split: prod.split simp: inv_of _def)

have trans_funD: I’ € states
collect_clks (inv_of A1) C clk_set A collect_clks (inv_of A1) C clk_set A
collect_clks g C clk_set A set r C clk_set A
if (g, a, v, l') € set (trans_fun 1) for g a r I’

subgoal

using <l € states’s that trans_impl_states by auto
subgoal

by (metis collect_clks__inv__clk__set)
subgoal

by (metis collect_clks inv_clk_set)
subgoal

using that <l € _» by (intro collect_clocks__clk_set trans_impl_trans_of)
subgoal

using that <l € ) by (intro reset_clk_set trans_impl_trans of)
done

1. Transfer to most abstract DBM operations

have [transfer_rule]:
(eq_onp (A (g, a, v, ). (g, a, v, I') € set (trans_fun 1)) ===> RI2 n)
(Mg, a, v, 1"). down n
(abstr _FW n (conv_cc (inv_of A l))
(abstr _F'W n (conv_cc g)
(pre_reset_list n (abstr_FW n (conv_cc (inv_of A 1)) V_dbm v) r) v) v))
(Mg, a, v, 1"). down_upd n
(abstr_FW_upd n (inv_of A l)
(abstr _FW_upd n g (pre_reset_list _updl n (abstr _FW _upd n (inv_of A l") (V_dbm'

n)) r))
)

(is(_===>RIE2n) (AN(g,anr,l)%garl) (g a r ). 2ggarl))
proof —
{
fix g a r I’ assume (g, a, r, ') € set (trans_fun [)
have x: rel_acconstraint (eq_onp (Azx. 0 < x A < Suc n)) ri (conv_ac ac) ac
if constraint_clk ac > 0 constraint clk ac < n for ac
using that by (cases ac) (auto simp: eq_onp__def ri_def)
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have «: list_all2 (rel_acconstraint (eq_onp (Az. 0 < z A x < Suc n)) ri) (conv_cc g) g
if collect clks g C clk_set A for g
unfolding list_all2 _mapl using that clock _range
by (auto simp: collect_clks_def introl: x list.rel_refl_strong)
have [transfer_rule]:
list_all2 (rel_acconstraint (eq_onp (Ax. 0 < x Az < Suc n)) ri) (conv_cc g) ¢
list_all2 (rel_acconstraint (eq_onp (Az. 0 < © Az < Suc n)) ri)
(conv_cc (inv_of A 1)) (inv_of Al)
list_all2 (rel _acconstraint (eq_onp (Az. 0 < © A z < Suc n)) 1)
(conv__cc (inv_of A 1) (inv_of A ')
by (intro x trans_funD[OF «(g, a, v, l') € set (trans_fun I)>])+
have [transfer_rule]:
list_all2 (eq_onp (A\z. 0 < x ANz < Sucn)) rr
using trans_funD(5)[OF «(g, a, v, l") € set (trans_fun )] clock_range
by (auto 4 3 dest: bspec subsetD simp: eq_onp_def list_all2_same)
have RI2n (fgarl) (?ggarl)
by transfer__prover
} then show ?Zthesis
by (intro rel_funl, clarsimp simp: eq_onp__def)

qed
have [transfer_rule]:
(eq_onp (M. ' =1) ===> list_all2 (eq_onp (A(g,a,r,l"). (g,a,,l") € set (trans_fun 1))))

trans_fun trans_fun

unfolding rel fun_def eq_onp_def by (auto intro: list.rel _refl strong)
note [transfer_rule] = dbm__subset_fed_ transfer
have [transfer_rule]: eq_onp (A'. 1" =1) 11 (eq_onp (Az. © < Suc n)) nn
by (auto simp: eq _onp__def)
have *:
(dbm__subset_ fed_ check n (curry (conv_M M))
(map (Mg, a, r, ).
down n
(abstr_FW n (conv_cc (inv_of A 1))
(abstr _FW n (conv_cc g)
(pre_reset_list n (abstr_FW n (conv_cc (inv_of A 1)) V_dbm v) r) v) v))
(trans_fun 1)) =
(dbm__subset_fed _upd n M
(map (A(g, a, r, I").
down__upd n
(abstr _FW_upd n (inv_of A 1)
(abstr_FW_upd n g (pre_reset_list_updl n (abstr_FW__upd n (inv_of A 1) (V_dbm’
n)) r))

)
(trans__fun 1)))

by transfer_prover

2. Semantic argument establishing equivalences between zones and DBMs

have xx:
[down n (abstr _FW n (conv_cc (inv_of A 1)) (abstr _FW n (conv_cc g)
(pre_reset_list n (abstr FW n (conv_cc (inv_of A 1)) V_dbm v) r) v) v)|yn
= (zone_set_pre ({u. u F inv_of (conu A AU} N V)rn{uV z€setr. uz> 0}
N {u. uF conv_cc g} N {u. u inv_of (conu_A A) I})* NV
if (g, a, r, l') € set(trans_funl) for ga rl’

358



proof —
from trans_funD[OF (g, a, r, ') € set (trans_fun 1))] have clock__conditions:
Y c€collect_clks (conv_cc (inv_of A1)). 0 < cANc<mn
Y c€collect_clks (conv_ce (inv_of A1). 0 <cANec<n
V c€collect_clks (conv_cc g). 0 < ¢ AN c<n
Veesetr. 0 <cANe<n
using <l € states”s clock_range by (auto simp: constraint_clk_conv_cc)
have structural conditions:
abstr_FW n (conv_cc (inv_of Al')) V_dbmv 00 <0
YV z€set r. abstr_FW n (map conv_ac (inv_of Al)) V_dbmv 0z < 0
subgoal
using abstr_FW_diag_preservation[of n V_dbm conv_cc (inv_of A 1') v]
by (simp add: V_dbm__def)
subgoal
using Vcesetr. 0 < c N c<n
by (auto 4 3 simp: V_dbm__def intro: abstr_FW_mono order.trans)
done
note side_conditions = clock__conditions structural conditions
abstr_FW_canonical[unfolded canonical’_def] abstr_FW __canonical
show ?thesis
apply (subst dbm.down__correct, rule side__conditions)
apply (subst dbm.abstr_FW __correct, rule side__conditions)
apply (subst dbm.abstr_FW __correct, rule side__conditions)
apply (subst dbm.pre_reset_list _correct, (rule side_conditions)+)
apply (subst dbm.abstr_FW__correct, (rule side__conditions)+)
apply (simp add: inv_of simp dbm.V_dbm__correct atLeastLessThanSuc__atLeastAtMost
Int_commute)
done
qed
have xx:
(Uzeset (trans_fun I).
dbm.zone__of
(case z of (g, a, r, 1) =
down n
(abstr_FW n (conv_cc (inv_of A 1))
(abstr _FW n (conv_cc g)
(pre_reset_list n (abstr_FW n (conv_cc (inv_of A 1)) V_dbm v) r) v) v)))
= (U (g,a,r,l")eset (trans_fun I).
((zone_set_pre ({u. u F inv_of (conv_ A A)ITNV)rn{uV ze€setr. vz >0}
N {u. u b conv_cc g} N {u. ut inv_of (conuv_A A) I})* N V)
)

by (auto simp: *x*)
3. Putting it all together

have transD: 3 g¢'. (¢/, a, r, l') € set (trans_fun l) A g = conv_cc g’
if conv. AAFI1—9%"["for garl’
using trans_of trans_impl[OF _ <l € states’] that
unfolding trans of def conv_A_def by (auto 5 0 split: prod.split_asm)
have transD2:
conu_A AF | —©M_CC T I14f (g, a, 7, I') € set (trans_fun l) for g a 1’
using trans_impl_trans_of [OF that <l € states’)
unfolding trans_of def conv_A__def by (auto 4 3 split: prod.split)
show ?thesis
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unfolding TA.check__deadlock__alt_def[OF «_ C V)] check_deadlock_dbm__def inu_of A_ def
*[symmetric]
apply (subst dbm.dbm__subset_fed_ check_correct[symmetric, OF that(3)])
apply (simp add: *x)
apply safe
subgoal for z
by (auto 4 5 elim!: transD[elim__format] dest: subsetD)
subgoal for z
apply (drule subsetD, assumption)
apply clarsimp
subgoal for g a v’
apply (inst_existentials
(zone_set_pre ({u. u b inv_of (conv_A A) Iy N V) r N {u Vaz€set r. 0 < u z}
N {u. uF conv_cc g}y N {u. ut inv_of (conv_A A) I})¥ N V conv_cc garl)
apply (auto dest: transD2)
done
done
done
qed

lemmas [sepref fr_rules] =
V_dbm__impl.refine abstr_FW__impl.refine pre_reset_list _impl.refine
down__impl.refine dbm__subset_ fed impl.refine

sepref _definition check deadlock__impl is
uncurry (RETURN oo PR__CONST check__deadlock__dbm) ::
location__assn* x, (mtz_assn n)¢ —, bool _assn
unfolding check deadlock__dbm__def PR_ CONST _def
unfolding case_prod_beta
unfolding map conv_rev_fold
apply (rewrite HOL_ list.fold__custom__empty)
by sepref

end

10.11 Checking a Property on the Reachable Set

locale Worklist _Map2_ Impl_check =
Worklist_Map2_ Impl_finite +
fixes Q :: 'a = bool
fixes Qi
assumes ) _refine: (Qi,RETURN o PR_CONST Q) € A? —, bool assn
and F_Fualse: F = (A __. False)
and @ _mono: A\ a b. a 2 b = — empty a = reachable a = reachable b —= Q a = Qb

begin

definition check_passed :: bool nres where
check_passed = do {
(r, passed) < pw__algo_map2;
ASSERT (finite (dom passed));
passed < ran__of map passed;
r < nfoldli passed (A\b. —b)
(X passed’ __.
do {
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passed’ < SPEC (\l. set | = passed”);
nfoldli passed’ (Ab. —b)
(Mo’ _.
if Q v’ then RETURN True else RETURN False
)
False
}

)
False;

RETURN r
}

lemma check passed__correct:
check_passed < SPEC (A r. (r <— (3 a. reachable a A — empty a A Q a)))
proof —
have [simp]: F_reachable = False
unfolding Freachable_def F__Fualse Search__Space Defs.F_reachable def by simp
define outer inv where outer inv passed done todo r =
set done U set todo = ran passed N
(mr— (¥ Sesetdone. ¥V z €85 - Qx)) A
(r — (3 a. reachable a A = empty a A Q a))
for passed :: 'c = 'a set option and done todo and T :: bool
define inner_inv where inner_inv passed done todo r =
set done U set todo = passed N
(mr— (¥ z € set done. = Q z)) A
(r — (3 a. reachable a A = empty a A Q a))
for passed :: 'a set and done todo and r :: bool
show ?thesis
supply [refine_vcg] = pw__algo _map2_correct
unfolding check_passed__def
apply (refine_rcg refine_vcg)
subgoal
by auto
subgoal for _ brk_false passed range_list
apply (rule nfoldli rulelwhere I = outer inv passed))

subgoal
unfolding outer inv_ def
by auto

apply (refine_reg refine_vcg)
subgoal for current done todo r xs
apply clarsimp
apply (rule nfoldli rulelwhere I = inner_inv current])

subgoal

unfolding inner inv_def
by auto

subgoal for p z 11 12 7’
by (clarsimp simp: inner_inv_def outer _inv_def map__set_rel_def)
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(metis Sup_insert Un__insert_left insert_iff subset_ Collect_conv)

subgoal for p 11 12 v’
unfolding inner inv_def outer inv_def
by (metis append.assoc append_ Cons append_ Nil set__append)

subgoal for p r’
unfolding inner inv_def outer _inv_def
by clarsimp

done

subgoal for (1 2 r
unfolding outer inv_ def
by auto

subgoal for r
unfolding outer inv_ def
apply clarsimp
apply (elim ollE impF)
apply (intro conjl; assumption)
apply safe
apply (drule Q_mono, assumption+)
unfolding map_set_rel def
by auto

done

done
qed

schematic__goal pw _algo__map2 refine:
(2z, uncurry0 (PR_CONST pw_algo_map2)) €
unit_assn® —, bool assn x, hm.hms assn’ K (lso_assn A)
unfolding PR_CONST _def hm.hms__assn’_id_hms__assn[symmetric] by (rule pw__algo_map2_impl.refine_raw)

sepref__register pw_algo__map2
sepref_register PR__ CONST @

sepref__thm check passed_impl is

uncurry0 check__passed :: unit_assn® —, bool _assn

supply [sepref _fr_rules| = pw__algo_map2_refine ran__of _map__impl.refine lso__id_hnr Q_refine
using pure_ K left _unique K right _unique K

unfolding check passed__def

apply (rewrite in Q@ PR_CONST _def[symmetric))

unfolding hm.hms_fold custom__empty

unfolding list_of _set_def[symmetric]

by sepref

concrete__definition (in —) check_passed_impl
uses Worklist_Map2_Impl_check.check__passed_impl.refine_raw is (uncurry0 ?f, )€__
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lemma check_passed _impl_hnr:
(uncurry0 (check_passed__impl succsi agi Fi Lei emptyi keyi copyi tracei Qi),
uncurry0) (RETURN (3 a. reachable a A = empty a A\ Q a)))
€ unit_assn® —, bool assn
using
check__passed__impl.refine]
OF Worklist_Map2__Impl__check__azxioms,
FCOMP check__passed_correct{ THEN Id_SPEC _refine, THEN nres_rell]

]
by (simp add: RETURN__def)

end

10.12 Complete Deadlock Checker

Miscellaneous Properties context £ From_ Op_ Bisim
begin

More general variant of ?F_rel = (A(I, D). ?F | A = check_diag n D) = (31’ D'. E** ao (I,
DYy AN 2F _rel (I, D')) = (31 D'. E_from_op*™* ao (I', D) A ?F_rel (I', D')) *)

theorem E _from_op_reachability check:
assumes Aa b. Pa = a ~ b = wf_state a = wf _state b = P b
shows
(31' D" E** ag (I', D) A P (I', D')) +— (31’ D". E_from_op™* ao (I', D'y A P (I, D))
by (rule E_FE1__steps _equiv[OF E_E_from_op_step E_from_op_E_step E_from__op_ wf_state];
(assumption | rule assms))

end

context Regions TA
begin

lemma check deadlock anti mono:
check deadlock | Z if check deadlock | Z' Z C Z'
using that unfolding check_deadlock__def by auto

lemma global_clock _numbering:
global__clock_numbering A v n
using valid__abstraction clock__numbering le clock _numbering by blast

Variant of [(Ve. 0 <ve A (Vzy vz<nAvy<nAvz=vy—z=y) A (Vceclk_set
?A.ve<n)ANNVk<n. 0 < k — (3c. v c =k)); Closure.valid_abstraction ?A X (Az za. real
(k  za))] = Bisimulation_ Invariant (A1, Z) (I, Z7). 2A (I, Z) ~p (', Z") N Z" # {}) (AL,
D) (I', D). Fa. 2A+"(l, D) ~oprq (I', D) AN [Dyn #{}) (AU, Z) (!, D). L =1'" AN Z = [D]yn)
(A_. True) (X1, y). local.valid__dbm y) without emptiness.

lemma bisim:
Bisimulation_ Invariant
(L, 2) (U, 27). Ak {1, Z) ~g (1, Z0)
(A (L D) (I, D). 3 a. AF" (1, D) ~opya) (1, DY)
A, Z) (!, D). l=UNZ = [Dlyn)
(A _. True) (A (I, D). valid_dbm D)
proof (standard, goal_cases)
— B=N

case (1 a b a’)
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then show “case
by (blast elim: norm__beta__completel [OF global _clock numbering valid _abstraction)])
next
— N =5
case (2 a a’ b’
then show ?case
by (blast intro: norm__beta__sound''[OF global _clock_numbering valid__abstraction])
next
— [ invariant
case (3 a b)
then show ?Zcase
by simp
next
— N invariant
case (4 a b)
then show “case
by (auto intro: valid__dbm__step_z_norm”[OF global__clock_numbering valid__abstraction])
qed

lemma steps z beta_ reaches:
reaches (I, Z) (I', Z") if At (I, Z) ~px (I, Z) Z' # {}
using that
proof (induction (I, Z') arbitrary: I’ Z' rule: rtranclp__induct)
case base
then show ?case
by blast
next
case (step y 1" Z')
obtain !’ Z’ where [simp]: y = (I, Z')
by force
from step.prems step.hyps(2) have Z' # {}
by (clarsimp simp: step_z beta’ _empty)
from step.prems step.hyps(3)[OF <y = _» this] step.hyps(2) show ?Zcase
including graph__automation__aggressive by auto
qed

lemma reaches steps z beta_iff:
reaches (I, Z) (I, Z') «— AF (I, Z) ~px (I, ZY N Z' # {} if Z # {}
apply safe
subgoal
including graph__automation__aggressive by (induction rule: rtranclp__induct) auto
using that by (auto dest: steps_z beta_reaches elim: rtranclp.cases)

end
lemma dbm_int init _dbm:
dbm__int (curry ingt_dbm) n

unfolding init_dbm_ def by auto

context TA Start
begin

lemma wf dbm__canonical’D:
Deadlock.canonical’ n (curry (conv_M D)) if wf_dbm D
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using that unfolding wf _dbm__def Deadlock.canonical’_def check_diag conv_M__iff by simp

lemma subsumes dbm __subsetD:
dbm__subset n M M’ if subsumes n (I, M) (I, M') = check_diag n M
using that by (cases | = 1) (auto simp: subsumes_simp__1 subsumes__simp__2)

lemma subsumes_loc__eqD:
I = 1"if subsumes n (I, M) (I', M') = check_diag n M
using that by (cases | = 1) (auto simp: subsumes_simp__1 subsumes_simp_ 2)

lemma nit_dbm__zone:
[curry (init_dbm :: real DBM )]y = {u. Vce{l..n}. uc= 0}
using init_dbm__semantics by blast

lemma not_check deadlock _mono:
(case a of (I, M) = — TA.check_deadlock | (dbm.zone_of (curry (conv_M M)))) =
a~ b= wf state a = wf _state b =
case b of (I, M) = — TA.check_deadlock | (dbm.zone_of (curry (conv_M M)))
unfolding TA.check deadlock__def state__equiv_def dbm__equiv_def by auto

lemma not_check__deadlock _non__empty:

Z #+ {} if = TA.check deadlock | Z
using that unfolding TA.check _deadlock__def by auto

end

context TA_Impl
begin

lemma op_ E _from__op_iff:
op.E_from_op = E_op".E_from_op
unfolding PR__CONST def ..

lemmas reachable states = reachable _states[unfolded op_ E_from__op_ iff]

lemma E_op'’_states:
' € states if E_op”.E_from_op (I, M) (I', M') | € states
using that by (force simp: ao__def state_set_def E_op".E_from__op_def)

Instantiating the Checker Algorithm corollary check deadlock_dbm__correct:
assumes | € states’ wf_state (I, M)
shows TA.check_deadlock | (dbm.zone_of (curry (conv_M M))) = check_deadlock _dbm | M
apply (rule check_deadlock__dbm__correct)
using assms
unfolding wf state def Deadlock.canonical’_def prod.case
apply (blast dest: wf dbm__altD)
apply (rule assms)
using assms
unfolding wf state def Deadlock.canonical’ _def prod.case
apply —
apply (drule wf _dbm__altD(1))
unfolding canonical” _conv_M__iff check_diag conv_ M iff by simp
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corollary check_deadlock _dbm__correct’”:
assumes F_op' E_from__op** ag (I, M)
shows TA.check_deadlock | (dbm.zone_of (curry (conv_M M))) = check_deadlock _dbm | M
using assms
apply —
apply (rule check_deadlock _dbm__correct’)
apply (drule reachable__states, use states’ _states in auto; fail)
unfolding wf_state_ def prod.case apply (erule E_op’'.reachable_wf _dbm)
done

lemma not_ check__deadlock _non__empty:
Z # {} if = TA.check_deadlock | Z
using that unfolding TA.check deadlock__def by auto

sepref _register check_deadlock__dbm :: 's = int DBMEntry i_mtz = bool

sepref__definition check_deadlock mneg impl is

RETURN o (X(I, M). = check_deadlock_dbm | M) :: (location_assn x, (mtz_assn n))? —,
bool _assn

supply [sepref fr_rules] = check__deadlock_impl.refine

by sepref

lemma not_check__deadlock__compatible:

assumes

(case a of (I, Z) = X(I', D). " =1 A dbm.zone_of (curry (conv_M D)) = Z) b

case b of (I, M) = 1 € states’ N wf _state (I, M)
shows

(case a of (I, Z) = — TA.check_deadlock | Z) = (case b of (I, M) = — check__deadlock__dbm
I M)

using assms by (auto simp: check_deadlock__dbm__correct’[symmetric])

lemma deadlock_check_diag:
= check__diag n M if — check_deadlock _dbm | M E_op".E_from__op** ag (I, M)
using that(1)
apply (subst (asm) check_deadlock _dbm__correct’[symmetric))
subgoal
using reachable_states that(2) states’ _states by auto
subgoal
unfolding wf state_def using E_op'’.reachable_wf dbm|[OF that(2)] by simp
using canonical check__diag_empty_iff by (blast dest: not_check__deadlock non__empty)

lemma norm__final bisim:
Bisimulation_ Invariant
(M(l, D) (I', D). Fa. step_z norm" (conv_A A) 1D al' D’)
E_op”.E_from_op
(A, M) (I', D). I" =1 A [eurry (conv_M D")]yn = [M]yn)
(A1, y). valid_dbm y) wf_state
by (rule
Bisimulation__Invariant__sim__replace]OF
Bisimulation__Invariant__composition| OF
step__z_norm'’_step__impl’_equiv[unfolded step_impl’ _E| E_op".E_from__op_ bisim
]
)
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(auto simp add: state _equiv_def dbm__equiv_def)

interpretation bisim:
Bisimulation Invariant
MU, Z) (I, Z7). step_z_beta’ (conv_A A) 1 Z 1" Z'
Aa b. op.E_from_op abd
AU Z) (U, D). U =1 A [curry (conv_M D')|yn = Z
A_. True (I, M). I € states A\ wf_state (I, M)
unfolding op E from__op_iff
by (rule Bisimulation_Invariant_strengthen_ post’,
(rule Bisimulation__Invariant__composition| OF TA.bisim norm__final__bisim]
Bisimulation__Invariant__sim__replace
)+) (auto 4 3 dest: E_op"'_states wf _dbm_D(3) simp: wf_state_ def)

lemmas beta_ final bisim = bisim.Bisimulation Invariant__azioms

definition
is_start_in_ states = (trans_fun lg # [])

lemma is start in_ states:
lo € Simulation_ Graphs TA.state_set A if is_start _in_ states
proof —
from that obtain g a 7 I’ where (g, a, 7, I') € set (trans_fun ly)
by (cases hd (trans_fun ly) rule: prod_casess)
(auto dest: hd_in__set simp: is_start_in_states def)
from trans_impl_trans_of [OF this] states’_states have A + [ —9®" [/
by simp
then show ?thesis
unfolding Simulation_ Graphs_TA.state_set_def trans_of _def by auto
qed

lemma deadlocked_if not_is_start in_ states:
deadlocked (ly, Zo) if — is_start_in_ states
proof —
have *: False if A+ Iy —9%" ["for ga rl’
using trans_of trans_impl[OF that] <— _» states’_states unfolding is_start_in_states_def
by auto
{ fix l g2 a2 r2 1’ assume A: cony_A A+ 1 —s92,a2,72 ]/
obtain gI al r1 where sx: A - | —91al,r1 |/
using A unfolding trans _of def conv_A_def by (cases A) force
then have 3 g1 al r1. A+ | —90Lel,rl
by auto
} note xx = this
show ?thesis
unfolding deadlocked _def
apply (rule ccontr)
apply clarsimp
apply (cases rule: step’.cases, assumption)
apply (cases rule: step__a.cases, assumption)
apply (auto 4 3 elim: x dest: xx step__delay_loc)
done
qed

lemma deadlock_if not_is_start_in_ states:
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deadlock (lg, Zo) if — is_start_in_states
unfolding deadlock def using deadlocked_if not is start _in_states|OF that] by blast

sepref__definition is_start in_states impl is
uncurry0) (RETURN is__start_in__states) :: unit_assn® —, bool _assn
unfolding is_start_in_states def by sepref

Turning this into a Hoare triple:

thm is_start_in_ states impl.refine[to__hnr, unfolded hn_refine_def, simplified]
lemma is_start_in_ states impl_hoare:
<emp> is_start_in_ states impl
<Ar. 1t ((r — lo € Simulation_ Graphs TA.state_set A)
A (=1 — deadlocked (lg, A_ . 0))
)>t
by (sep__auto
intro: deadlocked_if mot_is start_in_ states
stmp: mod__star_conv is__start__in__states[simplified)
heap: is_start_in__states__impl.refine[to__hnr, unfolded hn__refine_def, simplified]

)

lemma deadlock_if deadlocked:
deadlock y if deadlocked y
using that unfolding deadlock_def by (inst_existentials y) auto

lemma is_start_in_ states _impl_hoare’:
<emp> is_start_in_ states impl
<Ar. 1 ((r — ly € Simulation__Graphs__TA.state_set A)
A (=1 — (Fug. (Vee{l..n}. ug ¢ = 0) A deadlock (ly, up)))
)>t
by (rule cons_post_rule[OF is_start_in_states_impl_hoare]) (auto intro: deadlock_if deadlocked)

end

context Reachability Problem__ Impl
begin

context

assumes ly_in_A: Iy € Simulation_ Graphs TA.state_set A
begin

interpretation TA:
Regions_TA__Start_State v n Suc n {I1..<Suc n} k conv_A A ly {u. Ve€{l..n}. uc= 0}
apply standard

subgoal

by (intro ly__state_set lo__in__A)
subgoal

unfolding V' _def

apply safe

subgoal for z
unfolding V_ def by auto
apply (inst_existentials curry init_dbm :: real DBM)
apply (simp add: init_dbm_ zone)
by (rule dbm__int_init_dbm)
subgoal
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by auto
done

interpretation bisim:
Bisimulation__Invariant
M1, Z) (I, Z7). step_z_beta’ (conv_A A) 1 Z 1" Z'
Aa b. op.E_from_op abd
AU, Z) (U, D). U= 1A [curry (conv_M D")]yn = Z
A_. True A(I, M). | € states N\ wf_state (I, M)
by (rule beta_ final _bisim)

lemma check deadlock:
(3a. E_op".E_from_op** ag a A
= (case a of (I, M) = check_diag n M) A (case a of (I, M) = — check_deadlock_dbm | M))
> (Fug. (Ve € {1..n}. up ¢ = 0) A deadlock (ly, up)) (is 2l «— ?r)
proof —

TA.reaches corresponds to non-empty steps of step z beta’
bisim.A.reaches corresponds to steps of step_ z beta’

E_op’.reaches ag corresponds to steps of op.E_from__op (E_op'’)

have ?r «— (31 Z. TA.reaches (lg, {u. Vee{l..n}. u c = 0}) (I, Z) N = TA.check_deadlock 1
2)
using TA.deadlock__check unfolding TA.ay__def from__R__def by simp
also have
... +— (31 Z. bisim.A.reaches (lg, {u. Ve€{l..n}. uc = 0}) (I, Z) N ~TA.check_deadlock
2)
apply safe
subgoal for [ Z
by (subst (asm) TA.reaches_steps _z beta_iff) auto
subgoal for | Z
by (subst TA.reaches_steps 2z beta_iff) (auto dest: not_check__deadlock _non__empty)
done
also have ... «— (3l M. E_op".E_from_op** ag (I, M) A — check_deadlock_dbm | M)
using bisim.reaches__ex_iff[where
o =X, Z). ~TA.check_deadlock | Z and ¢ = \(I, M). = check__deadlock_dbm | M,
OF not__check__deadlock compatible, of (ly, {u. Vee{l..n}. uc = 0}) ao
]
using wf_state_init init_dbm_ zone states’ _states unfolding ag__def by force
also have ... «— ¥I
by (auto 4 4 dest: deadlock__check__diag)
finally show ?thesis ..
qed

lemma check_deadlock”:
(Fa. E_op".E_from_op** ag a A
= (case a of (I, M) = check_diag n M) A (case a of (I, M) = — check_deadlock_dbm | M))
— (Vug. (Ve € {1..n}. ug ¢ = 0) — = deadlock (ly, ug)) (is 21 «— ?r)
using check__deadlock by auto

context

assumes F' = (\ _. False)
begin
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interpretation Worklist_ Map2 Impl_check
op.E_from_op ag F_rel subsumes n succs A (I, M). check_diag n M subsumes’
A (I, M). F state__assn’
succs__impl ag__impl F_impl subsumes__impl emptiness__check__impl fst return o fst state__copy__impl
tracei location__assn \(1, M). = check__deadlock__dbm I M check__deadlock neg impl
apply standard

subgoal

using check__deadlock _neg impl.refine unfolding PR__CONST _def .
subgoal

unfolding F_rel_def unfolding <F = _» by auto

subgoal for a b

apply (clarsimp simp: E_op”.reachable_def)
apply (subst (asm) check_deadlock__dbm__correct”[symmetric|, assumption)
apply (subst (asm) check_deadlock__dbm,__correct”[symmetric], assumption)
apply (frule subsumes_loc_eqD, assumption)
apply (drule subsumes__dbm__subsetD, assumption)

(

apply (drule dbm__subset__conv)

apply (subst (asm) dbm__subset__correct’'[symmetric])

by (auto dest: TA.check__deadlock__anti _mono E_op".reachable_wf dbm simp: E_op'’.reachable__def)
done

lemmas check_passed__impl_hnr =
check__passed__impl_hnr[unfolded op.reachable_def, unfolded op_E_from__op_iff check deadlock]

end
end

definition
check__passed__impl_start = do {
rl < is_start_in_ states impl;
if r1 then do {
r2 < check__passed__impl succs__impl ag__impl F_impl subsumes__impl emptiness check__impl
(return o fst) state copy_impl tracei check deadlock neg impl;
return 12

}

else return True

}

lemma check passed_impl_start _hnr:
(uncurry0 check__passed_impl_start,
uncurry0 (RETURN (Jug. (Vce{l..n}. ug ¢ = 0) A deadlock (lo, uo)))
) € unit_assn® —, bool_assn if F = (\_. False)
proof —
define has_deadlock where has_deadlock = Jug. (Vce{l..n}. ugp ¢ = 0) A deadlock (ly, up)
note [sep__heap rules] =
check__passed__impl_hnr|
OF __ that, to__hnr, unfolded hn__refine_def, folded has_deadlock def, simplified
]
is_start_in_ states_impl_hoare’|folded has deadlock_def, simplified]
show ?thesis
unfolding has_deadlock__def[symmetric] check__passed_impl_start_def
by sepref_to__hoare (sep__auto simp: mod__star_conv)

370



qed

end

context Reachability Problem__precompiled
begin

lemma F_is Fualse iff:
PR_CONST F = (M_. False) +— final = ||
unfolding F_def by (cases final; simp; metis)
lemma F_impl_False: F_impl = (A_. return False) if final = []
using that unfolding F_impl def unfolding final fun def by auto

definition deadlock checker where
deadlock _checker =
let
key = return o fst;
sub = subsumes__impl;
copy = state__copy__impl;
start = ag__impl;
final = (A_. return False);
sucecs = succs__impl;
empty = emptiness_check__impl;
P = check__deadlock__neg impl;
trace = traces
in do {
rl < is_start_in_ states impl;
if 1 then do {
r2 <« check__passed_impl succs start final sub empty key copy trace P;
return 2

}

else return True

}

theorem deadlock checker hnr:
assumes final = ||
shows
(uncurry0 deadlock__checker, uncurry0 (RETURN (3ug. (Vce{l..m}. ug ¢ = 0) A deadlock
(0, u0))))
€ unit_assn® —, bool _assn
unfolding deadlock_checker_def Let_def
using check__passed__impl_start_hnr|
unfolded F_is_False iff F_impl False[OF assms] check_passed_impl_start def,
OF assms]| .

schematic__goal deadlock checker _alt_def:
deadlock__checker = ?impl
unfolding deadlock__checker _def
unfolding succs impl_def
unfolding E_op’’_impl_def abstr_repair_impl_def abstra_ repair_impl_def
unfolding start_inv_check_impl_def unbounded__dbm__impl_def unbounded__dbm’'_def
unfolding check deadlock_neg impl_def check__deadlock_impl_def
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unfolding is start in_states impl_def

apply (abstract_let IArray.sub (IArray (map (IArray o map int) k)) k)
apply (abstract_let inv_fun inv_fun)

apply (abstract_let trans__impl trans)

unfolding inv_fun_ def[abs_def] trans_impl_defabs_def]
apply (abstract_let TArray inv inv_ia)

apply (abstract_let IArray trans_map trans_map)
unfolding trans _map_ def label def

unfolding init_dbm,__impl_def ag__impl_def

unfolding subsumes impl_def

unfolding emptiness_check__impl_ def

unfolding state copy_impl def

by (rule Pure.reflexive)

end

concrete__definition deadlock__checker impl
uses Reachability Problem__precompiled.deadlock__checker _alt_def

export__code deadlock_checker _impl in SML_imp module__name TA

definition [code]:
check _deadlock n mk 1T =
if Reachability Problem__precompiled n m k I T
then deadlock__checker _impl m kI T >= (Az. return (Some x))
else return None

theorem deadlock check:
(uncurry0 (check_deadlock n m kI T),
uncurry0 (
RETURN (
if (Reachability_Problem__precompiled n m k I T
then Some (
if
Jup. (Vce{l.m}. upc=20)A
Graph__Defs.deadlock
(A, w) (1) w').
(conv_A (Reachability_ Problem__precompiled_defs.A n I T)) F' (I, u)y — (I', u))
(07 ’U,o)
then True
else False
)
else None
)
)
) € unit_assn® —, id_assn
proof —
define reach_check where
reach__check =
(3 ug. (Vv c€{1..m}. up c=0) A
Graph__Defs.deadlock
A, w) (I, uh).
(conv_A (Reachability_ Problem__precompiled_defs. A n I T)) ' (I, u) — (I’, u'))
(07 uO))
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note [sep__heap__rules| = Reachability_ Problem__precompiled.deadlock__checker _hnr[OF _ HOL.refl,
to__hnr, unfolded hn__refine_def, rule format,
ofnmklIT,
unfolded reach__check__def[symmetric]
]
show ?thesis
unfolding reach check _def[symmetric]
by sepref to__hoare
(sep__auto simp: deadlock__checker _impl.refine[symmetric] mod__star__conv check__deadlock__def)
qed

end
theory Deadlock Checking

imports Deadlock_Impl Munta_Model _Checker. UPPAAL _Model Checking
begin

Standard Deadlock Checker Implementation context Reachability Problem__ Impl
begin

definition deadlock checker where
deadlock checker =
let
key = return o fst;
sub = subsumes__impl,;
copy = state__copy__impl,;
start = ag__impl;
final = (A_. return False);
succs = succs__impl;
empty = emptiness__check__impl;
P = check__deadlock mneg_impl;
trace = tracet
in do {
rl < is_start_in_ states impl;
if r1 then do {
r2 < check__passed__impl succs start final sub empty key copy trace P;
return r2

}

else return True

}

interpretation ta_ bisim: Bisimulation_Invariant
A, w) (U, u). conu_A A (I, u)y = (', u'))
A, w) (U, u). conu_A AF' (I, u)y — (', u'))
A w) (U, u). UV=1AN(Y c ce clk_set (conu_AA) — uc=u'c))
(A_. True) (A_. True)
by (rule ta_ bisimulation|of conv_A A])

lemma deadlock_zero__clock__val_iff:
(Fug. (Vee{1..n}. up ¢ = 0) A deadlock (ly, ug)) <— deadlock (lo, A_. 0)
apply safe
subgoal for u
using clocks_I[of A\_. 0 u] by (subst ta_ bisim.deadlock__iff; simp)
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by auto

context

assumes F_fun_ False: Nz. F_fun z = False and F_False: F = (\__. False)
begin
lemma F_impl_is False:

F_impl = (A\_. return False)

unfolding F_impl def F_fun_False by simp

lemma deadlock checker correct:
(uncurry0 deadlock__checker, uncurry0 (Refine__Basic. RETURN (deadlock (ly, A\_. 0))))
€ unit_assn® —, bool assn
unfolding
deadlock__checker _def Let_def F_impl_is_False[symmetric]
check__passed__impl_start_def[symmetric] deadlock_zero_clock_val _iff[symmetric]
using check__passed_impl_start_hnr[OF F_False] .

lemmas deadlock_checker _hoare = deadlock _checker _correct[to__hnr, unfolded hn_refine_def,
sitmplified)

end

end

context UPPAAL_ Reachability Problem__precompiled’
begin
o equiv.defs.states’
o FAis EA, the state automaton constructed from UPPAAL network (equiv/N)

o Ais A, the product automaton constructed from UPPAAL network (equiv/N)

context

fixes ¢

assumes formula_is_false: formula = formula.EX (and ¢ (not ¢))
begin

lemma F' is Falsel:
shows PR_CONST (X (z, y). F zy) = (A_. False)
unfolding F_def by (subst formula_is_false) auto
lemma final fun is False:
final_fun a = False
unfolding final fun_def by (subst formula_is_false) auto

lemmas deadlock__checker _hoare = impl.deadlock__checker__hoare|
OF final_fun_is_False F_is_Falsel, folded deadlock_start iff has_deadlock__def)

end

schematic__goal deadlock checker alt_def:
impl.deadlock__checker = Zimpl
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unfolding impl.deadlock_checker _def impl.succs__impl_def

unfolding impl.E_op’ _impl _def impl.abstr_repair_impl_def impl.abstra__repair_impl_def
unfolding impl.start_inv_check_impl_def unbounded_dbm__impl_def unbounded _dbm'_def
unfolding k& _impl_alt_def

unfolding impl.check__deadlock_mneq impl _def impl.check__deadlock__impl_def

unfolding impl.is_start _in_ states impl_def

apply (abstract_let k_i ceiling)

apply (abstract_let inv_fun :: (_ x int list = _) inv)

apply (abstract_let trans_fun trans)

unfolding impl.init_dbm__impl_def impl.ag__impl_def

unfolding impl.F_impl_ def

unfolding impl.subsumes__impl _def

unfolding impl.emptiness_check__impl_def

unfolding impl.state_copy_impl_def

by (rule Pure.reflexive)

schematic__goal deadlock checker _alt_def refined:
impl.deadlock__checker = ?impl
unfolding deadlock_checker _alt_def
unfolding fw_impl’_int
unfolding inv_fun_ def trans_fun_ def trans s _fun_ def trans_i_fun_ def
unfolding trans_ i from__impl
unfolding runf impl runt_impl check g impl pairs by _action__impl check pred_impl
apply (abstract_let IArray (map IArray inv) inv_array)
apply (abstract_let IArray (map IArray trans_out _map) trans_out)
apply (abstract_let IArray (map IArray trans_in_map) trans_in)
apply (abstract_let IArray (map IArray trans_i_map) trans_internal)
apply (abstract_let IArray bounds bounds__array)
apply (abstract_let PF' PF)
apply (abstract_let PT PT)
unfolding PF _alt_def PT alt def
apply (abstract_let PROG' PROG")
unfolding PROG’_def
apply (abstract_let length prog len__prog)
apply (abstract_let IArray (map (map_option stripf) prog) prog_f)
apply (abstract_let IArray (map (map_option stript) prog) prog_t)
apply (abstract_let IArray prog prog_array)
unfolding all actions by _state impl
apply (abstract_let [0..<p] p_ran)
apply (abstract_let [0..<na] num__actions_ran)
apply (abstract_let {0..<p} num__processes_ran)
apply (abstract_let [0..<m+1] num_ clocks_ran)
by (rule Pure.reflexive)

end

concrete__definition deadlock checker uses
UPPAAL_ Reachability _Problem__precompiled’.deadlock__checker _alt_def refined

definition
precond__dc
num,__processes num,__clocks clock__ceiling max__steps I T prog bounds program s num__actions

if UPPAAL__Reachability Problem__precompiled’
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num,__processes num,__clocks maz__steps I T prog bounds program sy num__actions clock__ceiling
then
deadlock_checker
num,__processes num,__clocks max__steps I T prog bounds program sg num__actions clock__ceiling
>= (Az. return (Some x))
else return None

theorem deadlock check:
<emp>
precond__dc p m k max__steps I T prog bounds P sy na
<\ Some r = 1
UPPAAL_ Reachability_ Problem__precompiled’ p m maz_steps I T prog bounds P sy na k A
r = has_deadlock (conv (N p I P T prog bounds)) mazx__steps (repeat 0 p, so, A__ . 0))
| None = (= UPPAAL_ Reachability Problem__precompiled’ p m maz_steps I T prog bounds
P sy na k)
>t
proof —
define A where A = conv (N p I P T prog bounds)
note [sep__heap _rules| = UPPAAL_ Reachability Problem__precompiled’.deadlock__checker _hoare]|
OF __ HOL.refl,
of p m max__steps I T prog bounds P sy na k,
unfolded UPPAAL__Reachability Problem__precompiled__defs.init_def,
folded A__def
]
show ?thesis
unfolding A_ def[symmetric] precond_dc__def
by (sep__auto simp:
deadlock__checker.refine[symmetric] UPPAAL __Reachability Problem__precompiled__defs.init__def

mod__star_conv has__deadlock _def)
qed

export__code precond_dc checking SML

end

11 Renaming Identifiers in Simple Networks

theory Simple_Network__Language__Renaming
imports Simple_ Network__Language_ Model _Checking
begin

The part justifies a “renaming” step to normalize identifiers in the input.

unbundle no_ library syntaz
notation (input) TAG (__ [ _ [40, 40] 41)

Helpful methods and theorems to work with tags:
lemmas TAG__cong = arg_cong[where f = TAG t for ]

lemma TAG _mp:
assumes TAG trx =y
shows TAG t y
using assms unfolding TAG _def by blast
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lemma TAG_mp"
assumes TAG trx =y
shows y
using assms unfolding TAG def by blast

lemmas all_mono_rule = all_mono[THEN mp, OF impl, rotated)

lemma imp_ mono__rule:
assumes P — P2
and Q1 = P1
and Q1 = P2 = Q2
shows Q1 — Q2
using assms by blast

lemma Ball mono:
assumes Ve € S. Pz A\z.2€ S = Pz = Qz
shows Vz € 5. Q z
using assms by blast

method prop monos =
erule all_mono__rule
| erule (1) imp_mono_rule
| erule disj _mono[rule_format, rotated 2]

locale Prod TA_Defs urge =
fixes A :: (‘a, ’s, 'c, 't :: {zero}, 'z, 'v :: linorder) nta and urge :: 'c
begin

definition
add_reset = \(C, U, T, I).
(07 {}7 (A(L ba g, a, f7 r, ll) (l7 ba g, a, f7 urge # r, l/)) ‘ T7 ])

definition
add_inv = X(C, U, T, I). (C, U, T,
(Al if 1 € U then acconstraint. LE urge 0 # Il else I1))

definition A_ urge =
(fst A, map add_reset (map add_inv (fst (snd A))), snd (snd A))

definition
N_urge i = map add_reset (map add_inv (fst (snd A))) ! ¢

end

locale Prod TA sem_urge =
Prod__TA_ Defs urge A urge + Prod_TA_sem A
for A :: (Ya, s, 'c, 't : {zero, time}, 'z, 'v :: linorder) nta and urge :: ‘¢ +
assumes urge_not_in__invariants:

V(,_,_,I) € set(fst (snd A)). V1. urge ¢ constraint_clk ‘ set (I1)
assumes urge_not_in__quards:
V(,_,T,_) € set (fst (snd A)). YV (I, b, g, a, f, r, ') € T. urge ¢ constraint_clk * set g

assumes urge_not_in__resets:
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V(,_, T, )€ set(fst (snd A)).V(, b, g, a, f, r,1") € T. urge ¢ set r
begin

lemma N_urge simp:
N_urge i = add_reset (add_inv (N 7)) if ¢ < n_ps
using that unfolding N_urge_def N_def by (simp add: n__ps_def)

lemma inv_add reset:
inv (add_reset A') = inv A’
unfolding inv_def add_reset_def by (simp split: prod.splits)

lemma inv_add_inv:
inv (add_inv (C, U, T, I)) = (Al. if | € U then acconstraint.LE urge 0 # 11 else I1)
unfolding add_inv_def inv_def by simp

definition
is_urgent L = Ap<n_ps. L p € urgent (N p)

lemma map_nth'”:
map ((!) xs) [0..<n] = zs if n = length xs
using that List.map_nth by simp

lemma A_ urge_split:

A__urge = (broadcast, map N_urge [0..<n__ps], bounds)

unfolding broadcast _def N_urge def bounds_def n_ps def A_urge def by (cases A)(simp
add: map_nth’)

lemma inv_add_inv"
inv (add_inv A') =
(Al if | € urgent A’ then acconstraint.LE urge 0 # inv A’ [ else inv A’ [)
apply (cases A”)
apply (simp add: inv_add_inv urgent_def)
unfolding inv_def
apply auto
done

lemma A split”
A = (fst A, fst (snd A), snd (snd A))
by auto

lemma is urgent_simp:
(Ip<n_ps. L! p € urgent (map N [0..<n_ps| ! p)) +— is_urgent L
unfolding is urgent_def by auto

lemma urgent_ N _urge:
urgent (N_urge p) = {} if p < n_ps
using that unfolding N_def N_urge def n_ps _def urgent def add_reset_def add_inv_def
by (auto split: prod.split_asm)

lemma committed_ N__urge:
committed (N_urge p) = committed (N p) if p < n_ps
using that unfolding N_def N_urge defn_ps _def committed_def add_reset_def add__inv_def
by (auto split: prod.split)
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lemma is urgent simp2:
(Ip<n_ps. L p € urgent (map N_urge [0..<n_ps] ! p)) +— False
unfolding is urgent def by (auto simp: urgent N__urge)

lemma inv_add_invil:
u b inv (add_inv (N p)) (L p)if ut inv (Np) (L! p) - is_urgent L p < n_ps
using that unfolding inv_add_inv’ is_urgent_def by simp

lemma inv_add invl2:
u b inv (add_inv (N p)) (L!p)if ut inv (Np) (L!p) vwurge < 0p < n_ps
using that unfolding inv_add_inv' is_urgent_def by (auto elim: guard__consl[rotated))

lemma inv_add_invD:
u b inv A’ L if u b inv (add_inv A') 1
using that unfolding inv_add_inv’ by (auto split: if _split_asm simp: clock_val_def)

lemma inv_N_urge:
inv (N_urge p) = inv (add_inv (N p)) if p < n_ps
using that by (simp add: N_urge_simp inv_add_reset)

lemma N_urge trans simp:
trans (N_urge 1) = (A(I, b, g, a, f, v, I"). (I, b, g, a, f, urge # r, 1)) * (trans (N 7))
if i < n_ps
unfolding N_urge_simp[OF that] add_inv_def add_reset_def trans__def by (simp split: prod.splits)

lemma trans N _urgeD:
(1, b, g, a, f, urge # r, ') € trans (N_urge p)
if (I, b, g, a, f, r, I') € trans (N p) p < n_ps
using that by (force simp add: N_urge_trans__simp)

lemma trans N _urgeE:
assumes (I, b, g, a, f, r, ') € trans (N_urge p) p < n_ps
obtains (I, b, g, a, f, tlr, ') € trans (N p) r = urge # ¢l r
using assms by (force simp add: N_urge_trans_simp)

lemma urge_not_in_ inv:

urge & constraint_clk ‘ set (inv (N p) ) if p < n_ps

using urge_not_in_invariants that unfolding N _def inv_def n_ps_def by (fastforce dest!
:nth_mem)

lemma urge_not_in_ gquards”:

assumes (I, b, g, a, f, r, ') € trans (N p) p < n_ps

shows urge ¢ constraint__clk * set g

using urge_not_in__guards assms unfolding N _def trans _def n_ps def by (fastforce dest!
:nth_mem)

lemma urge__not_in_ resets !,

assumes (I, b, g, a, f, r, ') € trans (N p) p < n_ps

shows urge ¢ set r

using urge_not_in_resets assms unfolding N _def trans_def n_ps_def by (fastforce dest!
:nth_mem)

lemma clk_upd_clock val _a_ simp:
u(c:= d) Fq ac +— u by ac if ¢ # constraint__clk ac
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using that by (cases ac) auto

lemma clk_upd_clock _wval__simp:
u(c:=d) F cc «— u bt ccif ¢ ¢ constraint_clk © set cc
using that unfolding clock wval_def list _all_def
by (force simp: image_def clk_upd__clock_wval_a__simp)

lemma inv_N_wurgel:
assumes u - inv (Np) lp < n_ps
shows u(urge := 0) F inv (N_urge p) |
using assms urge__not_in__inv|of p]
by (auto simp: inv_N_urge inv_add_inv' clk_upd_clock _val simp intro!: guard_consl)

lemma inv_N_urge updl:
assumes u - inv (N p) I p < n_ps
shows u(urge := d) F inv (N p) |
using assms urge__not_in__inv|of p| by (auto simp: clk_upd__clock_val__simp)

lemma inv_N_urge upd_simp:
assumes p < n_ps
shows u(urge := d) F inv (N p) Il +— u t inv (N p) I
using assms urge__not_in__inv|of p| by (auto simp: clk_upd__clock_val__simp)

lemma inv_N_urge updD:
assumes u(urge := d) F inv (N p) I p < n_ps
shows u F inv (N p) [
using assms urge__not_in__inv]of p| by (auto simp: clk_upd__clock_val__simp)

lemma inv_N_urgeD:

assumes u - inv (N_urge p) Il p < n_ps

shows u(urge := d) F inv (N p) |

using assms urge_not_in__inv]of p|

by (auto simp: inv_N_urge inv_add_inv’ clk_upd_clock_wval_simp split: if split_asm elim:
guard__consE)

lemma inv_N_urge urges:
assumes V p<n_ps. u(urge := 0) @ d + inv (N_urge p) (L ! p) is_urgent L
shows d < 0
proof —
from <is_wurgent Ly obtain p where p < n_ps L! p € urgent (N p)
unfolding is urgent def by auto
then have acconstraint.LE urge 0 € set (inv (N_urge p) (L ! p))
by (simp add: inv_N_urge inv_add_inv’)
with assms <p < n_ps > have u(urge := 0) ® d +, acconstraint.LE urge 0
unfolding clock wval_def list_all_iff by auto
then show ?thesis
by (auto simp: cval _add__def)
qed

lemma trans urge upd_ iff:
assumes (I, b, g, a, f, r, ') € trans (N p) p < n_ps
shows u(urge :=d)F g+— uk g
using assms urge_not_in__guards’ by (auto simp: clk_upd__clock_val_simp)

380



lemma cval _add_0[simp]:
u @ (0t time) = u
unfolding cval _add_def by simp

lemma clock_val_reset delay:
u(c:=0) @ (d 2 'tt :: time) = (u @ d)(c := d)
unfolding cval add_def by auto

lemma clock__set _upd_simp:
[r = dlu(c:=d")=[r = dluif ¢ € set r
using that
apply (induction r arbitrary: u)
apply auto
oops

lemma fun_upd twist2:
fla:=1z,b:=2z)=f(b:==2 a:=1x)
by auto

lemma clock_set _upd_simp:
[c# r— dlu(c:=d)=[c# r— du
apply (induction r arbitrary: u)
apply simp
apply simp
apply (subst fun_upd_twist2)
apply auto
done

lemma clock__set _commute__single:
[r = dlu(c:=d) = ([r = dJu)(c:=d") if ¢ & set r
using that by (induction r) auto

lemma clock_set upd simp2:
([xs @ ¢ # ys — d]u)(c := d) = ([zs Q@ ys — d|u)(c := d’)
apply (induction xs)
apply (solves auto)
apply (intro ext)
subgoal for a zs x
by (drule fun_conglwhere z = z]) auto
done

lemma clock_set upd_simp3:
([ws — dJu)(c := d') = ([filter (A\z. z # ¢) xs — dJu)(c = d’)
apply (induction xs)
apply (solves auto)
apply (rule ext)
apply (clarsimp, safe)
apply clarsimp
subgoal for zs z
by (drule fun_conglwhere z = z]) auto
subgoal for a xs x
by (drule fun__cong[where z = z]) auto
done

381



interpretation urge: Prod_TA__sem A_ urge .

lemma urge_n_ps_eq:
urge.n__ps = n_ ps
unfolding urge.n_ps def n_ps def unfolding A_ urge def by simp

lemma urge_ N__simp[simp]:
urge.N = N_urge
unfolding urge.N_def N_urge def unfolding A_ urge def by simp

lemma urge states eq:
urge.states = states
unfolding states def urge.states def urge_n_ps eq
by (auto simp add: N_urge_trans_simp split: prod.splits)

interpretation Bisimulation_ Invariant
ML, s, u) (L' "u'). step_ ' ALsulL’ s u
(Lsu)( ’ u’). step_u' A_urge L su L’ s u'
ML, s, u) (L' u). L'=LAs"=sAu" = u(urge := 0)
AL, s, u). L E states ML, s, u). True
proof —
SN B O 0030 o
have A_urge - (L, s, u (urge := 0)) — (L', s', uw'(urge := 0))
if steps: A+ (L, s, u) — (L', s, u’) L € states
for L :: ’s list
and s :: 'z = 'v option
and v :: 'c = "t
and L' : 's list
and s’ :: 'z = v option
and u':: ‘e = "t
using that
proof cases
case steps: (1 L s u" a)
have *: (v @ d)(urge := (u ® d) urge — u urge) = u(urge := 0) & d for d
by (auto simp: cval _add_def)
from steps(1) <L € states> have L' € states
by (rule states_inv)
then have [simp]: length L' = n_ps
by (rule states_lengthD)
from steps(1) have
A_urge b (L, s, u(urge := 0)) = pey (L, 8", u''(urge := u'" urge — u urge))
apply cases
apply (subst A__urge__split)
apply (subst (asm) A__split)
apply (drule sym)
apply simp
unfolding TAG_def[of "urgent”)
apply (simp add: is_urgent_simp *)
apply (rule step_u.intros)
apply tag
apply simp
subgoal
by (cases is_urgent L)
(auto 4 8
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intro: inv_N_urge_updl inv_add_invll inv_add_invI2
simp: inv_N__urge clock_wval_reset_delay)
by (tag, simp add: is_urgent_simp2)+
moreover from steps(3,2) have
A_urge b (L, s") uw'(urge := u'" urge — uw urge)) —4 (L', s', u'(urge := 0))
apply (cases; subst A__urge__split; subst (asm) A__split)
apply (all <drule symy»)
subgoal delay
by simp
subgoal internal premises prems|tagged] for [ b g o’ fr 1’ N p B broadcast
using prems apply tag usingT ""range’’
apply simp
apply (rule step_u.intros)
preferT < TRANS "'silent’’s
apply (solves <tag, simp, drule (1) trans_N_urgeD, subst nth_map, simp, simp»)
preferT <"’committed’”s
apply (solves <tag, subst nth_map, simp, simp add: committed_N__urge))
preferT <"’bexp’s
apply (tag, assumption)
preferT <"'quard’’
apply (solves <tag ""quard” TRANS _; auto simp: trans_urge_upd_iff+)
preferT <’new valuation'’
apply (tag, unfold clock _set.simps(2)[symmetric] clock_set_upd_simp, simp; fail)
by (tag; auto intro: inu_N_urgel)+
subgoal binary premises prems|tagged)
for a’ broadcast’ 11 b1 g1 f1 r1 11’ N' pl20b2g2f2r212' qs" B
using prems apply tag
usingT RECV "range’ SEND "'range’’
apply simp
apply (rule step_u.intros)
preferT <''not broadcast’’s
apply (tag; simp; fail)
preferT <TRANS "'in'’s
apply (solves <tag, simp, drule (1) trans_N_urgeD, subst nth_map, simp, simp»)
preferT <TRANS "out’’s
apply (solves <tag, simp, drule (1) trans_N_urgeD, subst nth_map, simp, simp>)
preferT <"’committed’”s
apply (solves <tag, subst nth_map, simp, simp add: committed_N__urge))
preferT <"bexp’s
apply (tag, assumption)
preferT <''bexp’’s
apply (tag, assumption)
preferT <'guard’’
apply (solves <tag ""quard’” TRANS _; auto simp: trans_urge__upd__iff»)
preferT <"guard’’s
apply (solves <tag "'quard” TRANS
preferT <''new valuation’
apply (solves <tag, simp, unfold clock_set.simps(2)[symmetric] clock_set_upd_simp,
simp add: clock__set_upd__simp2)»)
by (solves <tag; auto intro: inv_N_urgel; simp))+
subgoal broadcast premises prems[tagged]
for a’ broadcast’ 1 b g fr1’ N' p psbsgs fsrslis’'s" B
using prems apply tag
usingT SEL "'range’’ SEND "range’’

; auto simp: trans_urge__upd_iff»)

—
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apply (simp add: subset_nat 0 _atLeastLessThan__conv)
apply (rule step_u.intros)
preferT <''broadcast’”
apply (tag; simp; fail)
preferT <TRANS "out’
apply (solves <tag, simp, drule (1) trans_N__urgeD, subst nth_map, simp, simp»)
preferT <TRANS "'in'’s
apply (solves <tag, auto 4 3 dest: trans_N__urgeD»)
preferT <'’committed’”
apply (solves <tag, subst nth_map, simp, simp add: committed N _urgey)
preferT <"'bexp’’s
apply (tag, assumption)
preferT <"bexp’’
apply (tag, assumption)
preferT «<"'guard’’
apply (solves <tag ""quard” TRANS _; auto simp: trans_urge__upd_iff)
preferT <'guard’’s
apply (solves <tag ""quard’” TRANS _; auto simp: trans_urge__upd__iff»)
preferT <''mazimal’’
apply (all <tag; auto intro: inv_N_urgel; fail | succeedy)
preferT <"'mazimal’
apply (solves <tag; auto; erule (1) trans_N_urgeE, force simp: trans_urge_upd__iff>)
preferT <'new valuation’’y subgoal
apply tag
apply clarsimp
unfolding clock__set.simps(2)[symmetric] clock__set_upd__simp
apply simp
apply (subst (2) clock_set_upd__simp3)
apply (subst clock _set _upd_simp3)
apply (simp add: filter_concat comp__def)
done
done
done
ultimately show A_urge & (L, s, u(urge := 0)) — (L
using <a # ) by (intro step_u'.intros)
qed
e T e e
moreover have Jba. AF (L, s, uy — (L', s', ba) A u' = ba(urge := 0)
if A_urge - (L, s, u (urge := 0)) — (L', s', u')
and L € states
for L :: 's list
and s :: 'z = 'v option
and v :: 'c = 't
and L' : 's list
and s’ :: 'z = v option
and v’ :: 'c = "t
using that
proof cases
case steps: (1 L s u" a)
have *: (u(urge := 0) & d)(urge := (u(urge :== 0) & d) urge + w urge) = u & d for d
unfolding cval add_def by auto
from steps(1) <L € states> have L' € states
by (rule urge.states inv[unfolded urge_states_eq])
then have [simp]: length L' = n_ps

/

, s’y u'(urge :== 0))
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by (rule states lengthD)
have 1: ([r—0]u") urge = 0 if r = urge # zs for r zs
by (subst that) simp
have 2: filter (Az.  # urge) r = filter (Ax. © # urge) (tl r) if r = urge # ¢l r for r
by (subst that) simp
from steps(3,2) have u’ urge = 0
apply (cases; subst (asm) A__urge_ split)
apply (all <drule symy»)
apply (simp; fail)
subgoal delay
by (tag— "new valuation” TRANS _ "'range”)
(solves <auto elim!: trans N _urgeE simp: 1))
subgoal binary for a’ broadcast’ 11 b1 g1 f1 111" Npl2b2492f2r212' qs" B
by (tag— "new valuation” TRANS _ RECV "range’’)
(auto elim!: trans_N_urgeE simp: 1[of _ tl r1 Q r2])
subgoal broadcast for a’ broadcast’ 1b g fr 1’ N p ps bs gs fs rs ls’ s'a B
by (tag— "new valuation’”” TRANS _ SEND "'range"”)
(auto elim!: trans_N_urgeE simp: 1[of _ tl v @ concat (map s ps)])
done
have xx:
([r—=0]u")(urge := u' urge + u urge) = ([tl r—0)u")(urge := u"" urge + u urge)
if r = urge # tl r for r
by (subst that) simp
from steps(1) have A - (L, s, u) = pe (L, 8", u''(urge := u" urge + u urge))
apply cases
apply (subst (asm) A__urge_split)
apply (subst A__split)
apply (drule sym)
apply simp
unfolding TAG_def[of "urgent”)
apply (simp add: is_urgent_simp )
apply (rule step_ u.intros)
subgoal
by tag (auto dest!: inv_add_invD inv_N_urge _updD simp: inv_N__urge clock_val_reset_delay)
apply (tag, assumption)
apply (tag— "'target invariant’ "'nonnegative’)
apply (auto simp add: is_urgent_simp2 is_urgent_simp dest: inv_N__urge_urges)
done
moreover from steps(3,2) have
A (L, s" u(urge := u'" urge + u urge)) —4 (L', s', u'(urge :== u' urge + u urge))
apply (cases; subst (asm) A__urge_ split; subst A__split)
apply (all <drule sym»)
subgoal delay
by simp
subgoal internal premises prems|tagged] for 1 b g o’ fr 1’ N p B broadcast
using prems apply del_tags
usingT ""range’’
apply simp
apply (rule step_u.intros)
preferT <TRANS "silent’’)
apply (solves <tag, simp, erule (1) trans_N_urgeE, subst nth_map, simp, simp))
preferT <’committed’”
apply (solves <tag, subst nth_map, simp, simp add: committed_N_urgey)
preferT <''bexp’’s
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apply (tag; assumption)
preferT <"guard’’s
apply (solves <tag TRANS __; auto intro: trans_N_urgeE simp: trans_urge__upd__iff»)
preferT <''target invariant’’s
apply (all <tag; auto intro: inv_N_urgeD; fail | succeed))
preferT <'new valuation'’
apply (solves <tag TRANS __, simp, erule (1) trans_N_urgeE,
subst clock__set__commute_single, rule urge_not_in_resets’, (simp add: xx)+»)
done
subgoal binary premises prems|tagged)
for a’ broadcast’ 11 b1 g1 f1 r1 11’ Napl20b2g2f2r212' qs" B
using prems apply del tags
usingT RECV "range’ SEND "'range’’
apply simp
apply (rule step_u.intros)
preferT <''not broadcast’”s apply (tag; simp; fail)
preferT <TRANS "'in'’
apply (solves <tag, simp, erule (1) trans_N_urgeE, subst nth_map, simp, simp))
preferT <TRANS "out’’s
apply (solves <tag, simp, erule (1) trans_N_urgeE, subst nth_map, simp, simp))
preferT <’committed’”s
apply (solves <tag, subst nth_map, simp, simp add: committed_N__urge))
preferT <"bexp’s
apply (tag; assumption)
preferT <''bezp’’s
apply (tag; assumption)
preferT <'guard’’
apply (solves <tag TRANS __; auto intro: trans_N_urgeE simp: trans_urge__upd__iff»)
preferT <"guard’’s
apply (solves <tag TRANS __; auto intro: trans_N_urgeE simp: trans_urge__upd__iff»)
preferT <''new valuation’> subgoal premises prems[tagged]
using prems apply tag
apply (tag TRANS __, simp, erule (1) trans_N_urgeE, erule (1) trans_N_urgeE)
apply (subst clock _set _upd_simp3)
apply (subst clock set _commute _single)
apply (simp; rule conjl; erule (1) urge_not_in_resets’; fail)
apply (rule arg_cong)
subgoal premises prems
using urge_not_in_resets’|OF prems(7) <p < n_ps]
urge_not_in_resets’|OF prems(9) «q¢ < n_ps]
by (subst «<r1 = _», subst <r2 = _», simp) (subst filter _True, auto)+
done
by (solves <tag; auto intro: inv_N_urgeD»)+
subgoal broadcast premises prems[tagged]
for a’ broadcast’ 1b g fr1' N’ p psbsgs fsrslis’' s2 B
using prems apply del_tags
usingT SEL "range’’ SEND "'range’’
apply (simp add: subset_nat_0_atLeastLessThan__conv)
apply (rule step_u.intros)
preferT <TRANS "out’
— instantiates schematics
apply (solves <tag, simp, erule (1) trans_N_urgeE, subst nth_map, simp, simp))
preferT «<TRANS "'in'’
apply (tag, auto 4 3 elim: trans_N__urgeE; fail) — instantiates schematics
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preferT <"'broadcast’’
apply (tag; simp; fail)
preferT <'’committed’”
apply (solves <tag, subst nth_map, simp, simp add: committed N__urge))
preferT <'guard’’
apply (solves <tag TRANS _; auto elim: trans_N_urgeE simp: trans_urge__upd_ iff)
preferT <''quard’’s subgoal guards
by (tag TRANS _; auto elim!: trans_N__urgeE simp: trans_urge_upd__iff)
preferT <'maximal’’y subgoal mazimal
by (tag, force simp: trans_urge__upd_iff dest: trans_N__urgeD)
preferT <''new valuation’s subgoal new_valuation premises prems[tagged)
apply (tag TRANS _)
using prems apply tag
apply (subst [[get_tagged <''new valuation’]))
apply (subst clock_set_upd_simp3)
apply (simp add: filter_concat comp__def)
apply (subst clock_set__commute__single[symmetric], (simp; fail))
apply (rule arg_cong)
apply (fo_rule arg_cong2)
subgoal
by (auto simp: 2 urge_not_in_resets’ filter_id__conv elim!: trans_N_urgeE)
subgoal
apply (fo_rule arg_cong)
apply (fastforce elim: trans_N_urgeE simp: 2 urge_not_in_ resets’ filter _id__conv)+
done
done
by (solves <tag; auto intro: inv_N_urgeD»)+
done
ultimately show #thesis
using <a # _» «u’ urge = 0> by (intros add: step__u'.intros) auto
qed
moreover have ab € states
if a € states
and A+ (a, aa, b) — (ab, ac, ba)
for a :: 's list
and aa :: 'z = v option
and b :: 'c = 't
and ab :: s list
and ac :: 'z = v option
and ba :: 'c = "t
using that by (elim step_u’_elims states_inv)
ultimately show
Bisimulation_ Invariant
(ML, s, u) (L', s, u).
AFAL, s, uy — (L', ', u'))
(ML, s, w) (L', s', u').
A_urge b (L, s, u)y = (L', ', u))
(ML, s, u) (L', s', u').
L'=LA s =sAu = ulurge = 0))
(ML, s, u). L € states) (ML, s, u). True)
by — (standard; clarsimp)
qed

lemmas urge bisim = Bisimulation__ Invariant__axioms
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end

context Simple_ Network_Impl_Defs
begin

lemma dom__bounds: dom bounds = fst < set bounds’
unfolding bounds_def by (simp add: dom_map_of conv_image_ fst)

lemma mem__trans_N__iff:
t € Simple_Network__Language.trans (N i) <— t € set (fst (snd (snd (automata ! ©))))
ifi <n_ps
unfolding N__eq[OF that] by (auto split: prod.splits simp: automaton__of _def trans__def)

lemma length_automata_eq n_ ps:
length automata = n__ps
unfolding n_ps def by simp

lemma N_p_trans_eq:
Simple_ Network_Language.trans (N p) = set (fst (snd (snd (automata ! p)))) if p < n_ps
using mem__trans_N__iff[OF that] by auto

lemma loc__set compute:
loc_set =) (M, _,t, ). U (AU, ., _, I {l,1'}) “sett)) *set automata)
unfolding loc_set def setcompr_eq image
apply (safe; clarsimp simp: N_p_trans_eq n_ps_def)
apply (drule nth_mem, erule bexI[rotated], force)+
apply (drule mem_ nth, force)+
done

lemma var_set_compute:

var_set =

(US € (At. (fst o snd) “sett) (A, _,t,_).t) “ set automata). |Jb € S. vars_of bexp b)
U

(US € (At. (fst o snd o snd o snd o snd) “sett) (A, _,t, ). t) ° set automata).

Urfes. U (z e) € set f. {x} U wvars_of exp e)
unfolding var_set_def setcompr__eq image
by (rule arg_cong2[where f = (U)]; auto simp: N_p_trans_eq n_ps_def,
(drule nth_mem, erule bexl[rotated),
metis (no__types, lifting) insert iff mem__case__prodl prod.collapse)+,
(drule mem__nth, force)+)

lemma states loc_setD:
set L C loc_set if L € states
using states loc__set that by auto
end
context Simple_Network_Impl

begin

lemma sem__bounds_eq: sem.bounds = bounds
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unfolding sem.bounds_def bounds__def unfolding sem_ def by simp

lemma n_ps_eq[simp]:
sem.n_ps = n_ps
unfolding n_ps def sem.n_ps def unfolding sem__def by auto

lemma sem_loc_set_eq:
sem.loc_set = loc__set
unfolding sem.loc_set_def loc_set _def n_ps eq setcompr__eq image
apply (simp add: sem__N_eq N_eq)
apply (rule arg_cong2[where f = (U)])
apply (safe; clarsimp;
force split: prod.splits simp: conv_automaton__def trans__def automaton__of def n_ps_def)+
done

lemma sem_ states eq:
sem.states = states
unfolding sem.states def states def n__ps eq setcompr__eq image
by (clarsimp simp: sem__N_eq N__eq;
force simp: conv__automaton__def trans__def automaton_of def n_ps_def split: prod.splits)+

end

locale Simple Network Rename_Defs =

Simple_Network__Impl_Defs automata broadcast bounds’ for automata ::

(’s list x s list x (('a :: countable) act, 's, 'c, 't, 'z :: countable, int) transition list
x (('s :: countable) x ('c :: countable, 't) cconstraint) list) list

and broadcast bounds’ +

fixes renum_acts :: 'a = nat
and renum_wvars 'z = nat
and renum__clocks :: 'c = nat
and renum__states :: nat = 's = nat

begin

definition
map__cconstraint f g s = map (map__acconstraint f g) xs

definition
renum,__cconstraint = map__cconstraint renum,__clocks id

definition
renum__act = map__act renum__acts

definition
renum__bexp = map_ bexp renum__vars

definition
TENUM__erp = map__erp renum_ vars

definition
renum__upd = (A(z, upd). (renum__vars x, renum__exp upd))

abbreviation
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renum,__ upds = map renum,__ upd

definition
renum__reset = map renum,__clocks

definition renum_automaton where
renum,__automaton i = A(committed, urgent, trans, inv). let
committed’ = map (renum.__states i) committed;
urgent’ = map (renum__states i) urgent;
trans’ = map (\(1, b, g, a, upd, r, 1").
(renum,__states i I, renum__bexp b, renum__cconstraint g, renum__act a, renum,__upds upd,
renum,__reset v, renum,__states i 1')
) trans;
inv’ = map (A(l, g). (renum__states i l, renum__cconstraint g)) inv
in (committed’, urgent’, trans’, inv’)

definition
vars_inv = the_inv renum__vars

definition
map_st = XL, s). (map__index renum,__states L, s o vars_inv)

definition
clocks inv = the inv renum__clocks

definition
map_u u = u o clocks _inv

lemma map_ u__add[simp]:
map_u (u B d) = map_uu @ d
by (auto simp: map__u__def cval_add__def)

definition renum_ label where
renum__label = map__label renum__acts

sublocale renum: Simple_Network__Impl _Defs
map__index renum__automaton automata
map renum__acts broadcast
map (A(a,p). (renum_vars a, p)) bounds’

lemma renum_n_ps_simp[simp):
TeNUM.M_pPs = n_ ps
unfolding n_ps def renum.n_ps_def by simp

end

locale Simple Network _Rename_Defs int =
Simple_Network__Rename__Defs automata +
Simple__Network__Impl automata
for automata ::
(’s list x s list x (('a :: countable) act, 's, 'c, int, 'z :: countable, int) transition list
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x (('s :: countable) x ('c :: countable, int) cconstraint) list) list
begin

sublocale renum: Simple_Network__Impl
map__index renum__automaton automata
map renum,__acts broadcast
map (A(a,p). (renum_vars a, p)) bounds’

end

lemma
fixes f :: 'b :: countable = nat
assumes inj_on [ S finite S infinite (UNIV :: 'b set)
shows extend_bij inj: inj (extend_bij f S) and extend_bij surj: surj (extend_bij f S)
and extend_bij_extends: Vx € S. extend_bijf Sz = fz
proof —
have infinite (N :: nat set)
unfolding Nats def by simp
from assms this have bij (extend_bij f S)
by (intro extend_bij bij) auto
then show inj (extend bij f S) and surj (extend bij f S)
unfolding bij def by fast+
from assms <infinite Ny show Vz € S. extend _bij f Sz = fx
by (intro extend_bij extends) auto
qed

lemma default _map_of map:
default_map_of y (map (A(a, b). (fa, g b)) zs) (fa) = g (default_map_of x xs a)
ifinjfy=g9gx
using that unfolding default _map_of alt def
by (auto 4 4 dest: injD|OF that(1)] map_of _SomeD simp: map__of eq None__iff map__of _mapk__Somel)

lemma default _map of map_2:
default_map_of y (map (A(a, b). (a, g b)) zs) a = g (default_map_of x zs a) if y = g x
unfolding default _map_of alt def using that by (auto simp: map_of map)

lemma map_of map’:
map__of (map (A(k, v). (k, fkv)) xs)
= (Ak. case map_of zs k of Some v = Some (fk v) | _ = None)
by (induct zs) (auto simp: fun__eq iff)

lemma default _map_of map_3:
default_map_of y (map (A(a, b). (a, g a b)) zs) a = g a (default_map_of x zs a)
if ANk.y=gkz
unfolding default _map_of alt_def using that by (auto simp: map_of _map’)

lemma dom__map_of map:
dom (map_of (map (A (a, b). (fa, gb)) xs)) = f°fst ‘set xs
unfolding dom_map_of conv_image_fst by (auto 4 &)

lemma inj image eql:

S=Tifinjff S=f*T
using that by (meson inj_image__eq iff)
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lemmas [finite intros| = finite _set

lemma map_of Nonel:
map__of xs © = None if © ¢ fst  set xs
by (simp add: map_of eq None__iff that)

lemma bij f the inv_f:
f (the_inv fz) = z if bij f
using that f_the_inv_f unfolding bij def by (simp add: f_the_inv_f)

fun map_sexp ::
(nat = 's = 's1) = (‘a = 'al) = ('b = 'b1) = (nat, 's, ‘a, 'b) sexp
= (nat, 's1, 'al, 'b1) sexp
where
map__sexp __ sexp.true = sexp.true |
map__sexp fg h (not e) = not (map_sexp fghe) |
map_sexp [ g h (and el e2) = and (map_sexp f g h el) (map_sexp f g h e2) |
map__sexp f g h (sexp.or el e2) = sexp.or (map_sexp f g h el) (map_sexp f g h e2) |
map__sexp [ g h (imply el e2) = imply (map_sexp f g h el) (map_sexp f g h e2) |
map_sexp f g h (eqiz) = eq (g1) (hz) ]
map_sexp fgh (ltix) = lt (g 1) (hx)|
map_sexp fgh (leizx) =1le (gi) (hx)|
map_seap £ g h (ge i 2) = ge (3 §) (b 2) |
map_sexp fgh (gtiz) =gt (gi) (hz)|
map__sexp f g h (locix) = loci (fix)

fun map_formula ::
(nat = 's = 's1) = (‘la = 'al) = ('b = 'b1)
= (nat, 's, 'a, 'b) formula = (nat, 's1, 'al, 'b1) formula
where
map__formula f g h (formula. EX <p) formula.EX (map_sexp f g h ) |
map__formula f g h (EG p) = EG (map_sexp f g h ¢) |
map_formula f g h (AX ¢) = AX (map_sexp f g h @) |
map__formula f g h (AG ) = AG (map_sexp f g h @) |
map__formula f g h (Leadsto ¢ 1) = Leadsto (map_sexp f g h ) (map_sexp f g h )

locale Simple_ Network__Impl_real =
fixes automata ::
(’s list x 's list x ('a act, 's, 'c, real, 'z, int) transition list
x ('s x (e, real) cconstraint) list) list
and broadcast :: 'a list
and bounds’ :: ('z x (int x int)) list
begin

sublocale Simple Network Impl_Defs automata broadcast bounds’ .
abbreviation sem = (set broadcast, map automaton__of automata, map_ of bounds’)
sublocale Prod_TA__sem (set broadcast, map automaton__of automata, map__of bounds’) .

end
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context Simple_ Network__Impl
begin

lemma sem__state guard_ eq:
(fst o snd) ‘trans (sem.N p) = (fst o snd) ‘ trans (N p) if p < n_ps
unfolding sem N _eq[OF <p < n_ps»] N_eq[OF <p < n_ps)]
unfolding automaton_of def conv_automaton__def trans_def
by (force split: prod.splits)

lemma sem__state_update_eq:
(fst o snd o snd o snd o snd) ‘ trans (sem.N p) = (fst o snd o snd o snd o snd) ‘ trans (N p)
ifp<mn_ps
unfolding sem_N_eq[OF <p < n_ps)] N_eq[OF <p < n_ps»)
unfolding automaton_of def conv_automaton__def trans_def
by (force split: prod.splits)

lemma sem_var_set_eq:
sem.var__set = var__set
unfolding sem.var_set _defvar_set defn_ps equsing sem__state_guard__eq sem__state _update__eq
by (simp cong: image__cong__simp add: setcompr_eq_image)

end

locale Simple_Network_Rename_Defs real =
Simple_Network__Rename__Defs automata +
Simple__Network__Impl_real automata
for automata ::
(’s list x 's list
x (('a :: countable) act, 's, 'c, real, 'z :: countable, int) transition list
x ((’s :: countable) x ('c :: countable, real) cconstraint) list) list
begin

sublocale renum: Simple_ Network__Impl_real
map__index renum__automaton automata
map renum,__acts broadcast
map (A(a,p). (renum_vars a, p)) bounds’

end

locale Simple Network Rename’ =
Simple_Network__Rename__Defs where automata = automata for automata ::
(’s list x 's list

x (("a :: countable) act, 's, 'c, 't, 'z :: countable, int) transition list
x ((’s :: countable) x ('c :: countable, 't) cconstraint) list) list +

assumes bij _renum__clocks: bij renum__clocks
and renum__states inj: ¥V p<n_ ps. inj (renumistates D)
and bij_renum_ vars: bij renum__vars
and bounds’_var_set: fst ¢ set bounds’ = var_set
and inj_renum__acts: inj renum__acts

locale Simple Network Rename real =
Simple_ Network__Rename__Defs _real where automata = automata +
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Stmple Network Rename’ where automata = automata
for automata ::
('s list x 's list
x (('a :: countable) act, 's, 'c, real, 'z :: countable, int) transition list
x ((’s :: countable) x ('c :: countable, real) cconstraint) list) list +
assumes urgency_removed: Vi < n__ps. urgent (N i) = {}
begin

lemma auz 1:
(A\z. case case x of
(1, g) = (renum__states p I, renum__cconstraint g) of
(s, cc) = (s, map conv_ac cc))
= (A (I, g). (renum__states p I, map conv_ac (renum__cconstraint g)))

by auto

lemma clocks _inv_inwv:

clocks_inv (renum__clocks a) = a

unfolding clocks inv_def by (subst the inv_f f; rule bij _renum__clocks[THEN bij_is_inj)
HOL.refl)

lemma map_u_renum__cconstraint_clock__vall:
map_u u = renum__cconstraint cc if u F cc
using that
unfolding clock wval_def list _all_length
unfolding renum__cconstraint__def map__cconstraint__def
unfolding map_u_ def
apply clarsimp
subgoal for n
by (cases cc ! n) (auto 4 4 simp: clocks inv_inv split: acconstraint.split)
done

lemma map_u_renum__cconstraint__clock_valD:
u F cc if map _u u - renum__cconstraint cc
using that
unfolding clock wval_def list _all_length
unfolding renum__cconstraint__def map__cconstraint_def
unfolding map_u_ def
apply clarsimp
subgoal for n
by (cases cc ! n) (auto 4 4 simp: clocks inv_inv split: acconstraint.split)
done

lemma inj _renum__states: inj (renum__states p) if p < n_ps
using renum__states _inj <p < n_ps» by blast

lemma inv_renum_sem I:
assumes
u F Simple_ Network_Language.inv (N p) I p < n_ps | € loc_set
shows
map_u u = Simple_Network__Language.inv (renum.N p) (renum__states p I)
using assms
unfolding inv_def
apply —
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apply (subst (asm) N_eq, assumption)
apply (subst renum.N_eq, subst renum_n__ps_simp, assumption)
apply (subst nth_map_index, simp add: n_ps_def)
unfolding conv_automaton__def automaton_of def
apply (clarsimp split: prod.split_asm simp: renum__automaton__def comp__def)
unfolding auz 1
apply (subst default_map_of map|where z = []])
subgoal
by (intro inj_renum__states <p < n_ps»)
apply (simp add: renum__cconstraint__def map__cconstraint__def; fail)
apply (erule map_u__renum__cconstraint__clock__vall)
done

lemma inv_renum_sem_D:
assumes
map_u u b Simple_Network__Language.inv (renum.N p) (renum__states p 1) p < n_ps | €
loc__set
shows
u F Simple_ Network_Language.inv (N p) |
using assms
unfolding inv_def
apply —
apply (subst N__eq, assumption)
apply (subst (asm) renum.N_eq, subst renum_n_ps_simp, assumption)
apply (subst (asm) nth_map_index, simp add: n_ps_def)
unfolding conv_automaton__def automaton_of def
apply (clarsimp split: prod.split simp: renum__automaton__def comp__def)
unfolding auz 1
apply (subst (asm) default _map_of map[where z = []])
subgoal
by (intro inj _renum__states <p < n_ps»)
apply (simp add: renum__cconstraint__def map__cconstraint__def; fail)
apply (erule map_u_renum__cconstraint__ clock _wvalD)
done

lemma dom__the_iny__comp:
dom (m o the_inv f) = f  dom m if inj f range f = UNIV
unfolding dom__ def
apply (clarsimp, safe)
subgoal for z y
apply (subgoal_tac f (the_inv fz) = x)
apply force
using that by (auto intro: f_the_ inv_f)
subgoal for z y
using that by (auto simp: the inv_f f)
done

lemma inj renum_ vars:
nj renum_ vars
using bij _renum_vars unfolding bij def ..

lemma surj_renum_ vars:

surj renum__vars
using bij_renum__vars unfolding bij def ..
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lemma map_of inv_map:
map__of xs (the_inv f ) = map_of (map (A (a, b). (fa, b)) xs) =
if inj f surj f the_inv f x € dom (map_ of xs)
apply (subgoal tac © = f (the_inv f x))
subgoal premises prems
using domD[OF that(3)] <inj f>
apply (subst (2) prems)
apply safe
apply (subst map__of _mapk_Somel; assumption)
done
subgoal
apply (rule sym, rule f_the inv_f)
using that by auto
done

lemma dom_wvars_invD:
assumes z € dom (s o vars_inv)
shows = € renum_wvars ‘ dom s (is ?A) and the_inv renum_vars x € dom s (is ?B)
proof —
show A
using assms unfolding vars__inv__def dom__the__inv_comp[OF inj_renum__vars surj_renum__vars

then show ?B
apply (elim imageFE)
apply simp
apply (subst the_inv_f _f, rule inj _renum__vars, assumption)
done
qed

lemma bounded_renuml:
assumes bounded (map_ of bounds’) s
shows bounded (map_of (map (M a, y). (renum_vars a, y)) bounds’)) (s o vars_inv)
using assms unfolding bounded__def
apply elims
apply intros
subgoal
unfolding dom__map_of conv_image_fst vars_inv_def
by (auto intro!: image__cong simp: dom__the _inv_comp[OF inj_renum__vars surj_renum__vars]
image__comp)
subgoal for z
apply (frule dom_vars_invD)
apply (frule dom_vars_invD(2))
apply (drule bspec, assumption)
apply (auto simp: map_ of inv_map|OF inj_renum_vars surj_renum_vars| vars_inv_def)
done
subgoal for x
apply (frule dom_vars_invD)
apply (frule dom_vars_invD(2))
(
(

Py

apply (drule bspec, assumption)
apply (auto simp: map_ of inv_map|OF inj_renum_vars surj_renum_vars| vars_inv_def)
done

done
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lemma map_ of renum_vars__simp:
assumes
dom (s o vars_inv)
= dom (map_of (map (M a, y). (renum_vars a, y)) bounds’))
z € dom s dom s C wvar_set
shows map_ of (map (A(a, y). (renum_vars a, y)) bounds’) (renum__vars ) = map__ of bounds’
z
proof —
have x*:
map (A(a, y). (renum_vars a, y)) bounds’ = map (A(a, y). (renum_vars a, y)) bounds’
by auto
have z € dom (map__of bounds’)
unfolding dom_map_of conv_image fst
using assms
unfolding vars_inv_def
apply —
apply (subst (asm) dom__the inv_comp, rule inj _renum_vars, rule surj_renum_ vars)
apply (subst (asm) dom__map_of map)
apply clarsimp
apply (subst (asm) inj _on_image eq iff[OF inj_renum_vars])
by auto
then obtain y where map_ of bounds’ x = Some y
by auto
then show ?thesis
by (subst map__of mapk_Somel) (auto intro: inj_renum_vars)
qed

lemma bounded__renumD:
assumes
Simple_Network__Language.bounded
(map_of (map (M a, y). (renum_vars a, y)) bounds’)) (s o vars_inv)
and dom s C var_set
shows Simple Network__Language.bounded (map__of bounds’) s
proof —
show ?thesis
using assms(1)
unfolding bounded__def
apply elims
apply intros
subgoal
unfolding vars_inv_def
apply (subst (asm) dom__the_inv_comp|OF inj_renum__vars surj_renum_vars))
apply (subst (asm) dom__map_ of map)
apply (rule inj _image__eqI[OF inj_renum_vars], simp add: dom__map__of _conv_image_ fst)
done
subgoal for z
using assms(2) unfolding vars_inv_def
apply (subst (asm) (2) dom__the_inv_comp[OF inj_renum_vars surj_renum__vars|)
apply (drule bspec, erule imagel)
apply (simp add: the _inv_f f[OF inj_renum_vars] map_of renum_vars_simp[unfolded
vars__inv__def])
done
subgoal for x
using assms(2) unfolding vars_inv_def
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apply (subst (asm) (2) dom__the_inv_comp[OF inj_renum_vars surj_renum,__vars])
apply (drule bspec, erule imagel)
apply (simp add: the _inv_f f[OF inj_renum_vars] map_of renum_vars_simp[unfolded
vars_iny__def])
done
done
qed

lemma dom_bounds wvar set: dom bounds = var_set
unfolding dom_ bounds using bounds’_wvar_set .

lemma sem__states_loc_setD: L p € loc_set if p < length automata L € states for L p
using that states_loc_set by (force simp: n_ps_def)

lemma trans N _renumD:

assumes (I, b, g, a, f, r, I') € Simple_Network__Language.trans (N p) p < n_ps

shows (renum__states p I, renum__bexp b, renum__cconstraint g, renum__act a, renum__upds f,
renum,__reset v, renum,__states p 1)

€ Simple_ Network_Language.trans (renum.N p)

using assms

unfolding mem__trans_N__iff [OF assms(2)] renum.mem__trans_N__iff [unfolded renum_n__ps_simp,
OF assms(2)]

by (force split: prod.split simp: renum__automaton__def n_ps_def)

lemma match__assumption2:
assumes P al bl al = a bl = bshows Pa b
using assms by auto

lemma inj_pair:
assumes inj f inj g
shows inj (A(a, b). (fa, g b))
using assms unfolding inj on_ def by auto

lemma injective functions:
inj renum__reset inj renum__upd inj renum,__act inj renum__cconstraint inj renum__bexp
Ap. p < length automata = inj (renum__states p)
subgoal
unfolding renum__reset__def using bij_renum__clocks| THEN bij_is_inj] by simp
subgoal
unfolding renum__upd_def renum__exp def using bij renum_vars|THEN bij _is_inj)
by (intro inj_pair exp.inj _map inj _mapl)
subgoal
unfolding renum__act_def using inj_renum__acts by (rule act.inj_map)
subgoal
unfolding renum__cconstraint__def map _cconstraint__def
by (intro inj _mapl acconstraint.inj _map bij _renum__clocks bij _is_inj bij id)
subgoal
unfolding renum__bexp def by (intro bexp.inj_map inj_renum_ vars)
subgoal
by (rule inj renum__states, simp add: n_ps_def)
done

lemma trans N _renuml:
assumes (
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renum,__states p I, renum__bexp b, renum,__cconstraint g, renum__act a, renum__upds f, renum__reset
T

renum,__states p 1)
€ trans (renum.N p) p < n_ps
shows (I, b, g, a, f, r, ') € trans (N p)
using assms
unfolding mem__trans N__iff [OF assms(2)] renum.mem__trans_N__iff [unfolded renum_n_ps_simp,
OF assms(2)]
apply (clarsimp split: prod.split_asm simp: renum__automaton__def n_ps_def)
apply (fo_rule match_assumption2, assumption)
apply (auto elim!: injD[rotated, THEN sym] intro: injective_functions)
done

lemma renum__acconstraint__eq convD:
assumes map__acconstraint renum__clocks id g = conv_ac g’
obtains g1 where g = conv_ac g1 ¢’ = map__acconstraint renum__clocks id g1
subgoal premises
using assms
apply (cases g'; cases g; clarsimp)
subgoal for m ¢
by (rule that[of acconstraint. LT ¢ m]; simp)
subgoal for m ¢
by (rule that|of acconstraint.LE ¢ m]; simp)
subgoal for m ¢
by (rule that[of acconstraint. EQ ¢ m]; simp)
subgoal for m ¢
by (rule that[of acconstraint.GT ¢ m]; simp)
subgoal for m ¢
by (rule that[of acconstraint. GE ¢ m]; simp)
done
done

lemma renum__cconstraint_eq convD:
assumes renum__cconstraint g = conv_cc g’
obtains g1 where g = conv_cc g1 g’ = renum__cconstraint g1
proof —
let ?f = A(ac, ac’). SOME acl. ac = conv_ac acl A ac’ = map__acconstraint renum__clocks id
acl
let g = map ?f (zip g g")
from assms have length g = length g’
unfolding renum__cconstraint__def map__cconstraint__def by —(drule arg_conglwhere f =
length], simp)
then have g = conv_cc 29 N\ g’ = renum__cconstraint ?g
using assms
by (simp add: comp__def renum__cconstraint__def map__cconstraint__def)

(induction rule: list_induct2; simp; elim conjE renum__acconstraint__eq convD; smt somel)
then show ?thesis

by (blast intro: that)
qed

lemma trans sem N _renuml:
assumes (

renum,__states p l, renum__bexp b, renum,__cconstraint g, renum,__act a, renum__upds f, renum__reset
r?
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renum,__states p 1)

€ trans (renum.N p) p < n_ps

shows (I, b, g, a, f, r, ) € trans (N p)

using assms(1) «p < n_ps> by (simp add: trans_N__renuml)

lemma trans _sem_ N _renuml"”
assumes (renum_ states p I, b, g, a, f, v, l') € trans (renum.N p) p < n_ps
shows 3 b’ g’ o’ f' r' 1.
TRANS "orig" || (I, b', ¢', o', f', r', 11) € Simple_ Network_ Language.trans (N p)
A "renum bexp” || b = renum_bexp b’ A "renum guard’ || g = renum__cconstraint g’
A "renum action” || a = renum__act a’ A "'renum upds' || f = renum__upds f’
A "renum reset” || v = renum_reset ' A "renum loc”" [ I’ = renum__states p 1
proof —
obtain b’ g’ a’ f' v’ 11 where b = renum__bexp b’ g = renum__cconstraint g’ f = renum__ upds
f/
a = renum__act a’ v = renum__reset v’ I’ = renum__states p 1
using assms
unfolding N_eq[OF assms(2)] renum.N_eq[unfolded renum_n_ps_simp, OF assms(2)]
apply (subst (asm) nth_map_index)
subgoal
by (simp add: n_ps_def)
unfolding renum__automaton__def automaton__of def trans__def by (auto split: prod.split_asm)
with assms show ?thesis
by untag (fastforce dest!: trans_sem_N__renuml)
qed

lemma committed__renum, _eq:
committed (renum.N p) = renum__states p * committed (N p) if p < n_ps
unfolding
committed__def N_eq[OF <p < n_ps] renum.N_eqlunfolded renum_n_ps_simp, OF <p <
n_ps)
apply (subst nth_map_index)
subgoal
using «p < n_ps» by (simp add: n_ps_def)
unfolding automaton_of def conv_automaton_def renum__automaton_def by (simp split:
prod.split)

lemma urgent_renum__eq:
urgent (renum.N p) = renum,__states p ‘ urgent (N p) if p < n_ps
unfolding
urgent__def N_eq[OF <p < n__ps)| renum.N__eq[unfolded renum_n_ps_simp, OF <p < n_ps]
apply (subst nth_map_index)
subgoal
using <p < n_ps» by (simp add: n_ps_def)
unfolding automaton_of def conv_automaton_def renum__automaton_def by (simp split:
prod.split)

lemma renum,__ urgency_removed:
Vi < n_ps. urgent (renum.N i) = {}
using urgency removed
apply intros
apply (simp only: urgent_renum__eq)
apply simp
done
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lemma check_bexp renumD:
check_bexp s b bu = check_bexp (s o vars_inv) (renum__bexp b) bv
and is_wval renumD:
is_wval s e v => is_wal (s 0 vars_inv) (renum__exp e) v
apply (induction rule: check_bexp is wal.inducts)
apply (solves <
auto
intro: check__bexp_is wal.intros
simp: renum__bexp__def renum__exp__def vars_inv_def the_inv_f f[OF inj_renum_vars]
»)+
subgoal
apply (clarsimp simp: renum__bexp_def renum__exp_ def vars_inv_def, safe)
using is_val.simps apply fastforce+
done
apply (auto intro: check_bexp is_wval.intros simp: renum__exp_ def)
done

method solve case =
auto
intro: check__bexp_is wal.intros
simp: renum__bexp__def renum__exp__def vars__inv__def the__inv_f f[OF inj_renum_vars];
fail
| use is_wval.simps in fastforce

lemma check_bexp_ renuml:
check_bexp (s o vars_inv) (renum__bexp b) bv = check__bexp s b bv
and is_wval _renuml:
is_wval (s o vars_inv) (renum_exp e) v => is_val s e v
apply (induction
s 0 vars__inv renum__bexp b bv and s o vars_inv renum__exp e __
arbitrary: b and e rule: check_bexp_is wval.inducts)
subgoal for b
by (cases b; solve__case)
subgoal for e bv b
by (cases b; solve__case)
subgoal for el a e2 bv b
by (cases b; solve__case)
subgoal for el a e2 bv b
by (cases b; solve__case)
subgoal for el a e2 bv b
by (cases b; solve__case)
subgoal for a v bv x b
by (cases b; solve__case)
subgoal for a v bv z b
by (cases b; solve__case)
subgoal for a v bv x b
by (cases b; solve_ case)
subgoal for a v bv x b
by (cases b; solve__case)
subgoal for a v bv z b
by (cases b; solve__case)
subgoal for c e
by (cases e; solve__case)
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subgoal for z v e

by (cases e; solve__case)
subgoal for el vi e2 v2 b bv e

by (clarsimp simp: renum__bexp__def renum__exp_def; safe; cases e; solve__case)
subgoal for el vl e2 v2 fe

by (clarsimp simp: renum__bexp_ def renum__exp_ def; cases e; solve__case)
subgoal for el v fe

by (cases e; solve__case)
done

lemma renum__reset_map_ u:
[renum__reset r—0]map_u v = map_u ([r—0]u)
unfolding map_u_def
apply (rule ext)
subgoal for x
apply (cases clocks_inv z € set r; simp add: clocks__inv__def)
subgoal
using bij _renum__clocks|[THEN bij is _surj]
by (auto
simp: renum__reset_def {_the_inv_f[OF bij_is_inj, OF bij_renum__clocks]
dest: imagel [where f = renum__clocks]
)
subgoal
by (subst clock_set_id)
(auto simp: renum__reset_def the_inv_f f[OF bij_is_inj, OF bij_renum__clocks))
done
done

lemma bounded_renuml’:
assumes bounded bounds s’
shows bounded renum.bounds (s’ o vars_inv)
using assms unfolding renum.bounds__def bounds__def by (simp add: bounded_renuml)

lemma bounded__renumD’
assumes bounded renum.bounds (s’ o vars_inv) dom s’ C var_set
shows bounded bounds s’
using assms unfolding renum.bounds__def bounds__def by (simp add: bounded_renumD)

lemma is upd_renumD:

assumes is_upd s [ s’

shows is_upd (s o vars_inv) (renum_upd f) (s’ o vars_inv)

using assms

unfolding is upd_ def renum_ upd_ def

by (force dest!: is_val _renumD

simp: bij_f the inv_f[OF bij _renum_vars] the inv_f f[OF inj_renum_vars]

vars__inv__def)

lemma is upds renumD:
assumes is_upds s1 ps s’
shows is_upds (s1 o vars_inv) (renum_upds ps) (s’ o vars_inv)
using assms by induction (auto intro: is_upds.intros simp: comp__def dest!: is_upd_renumD)

lemma is upds concat_renumD:
assumes is_upds s1 (concat ps) s’
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shows is_upds (s1 o vars_inv) (concat_map renum_upds ps) (s’ o vars_inv)
using assms by (induction ps arbitrary: s1) (auto simp: comp__def map__concat dest!: is_upds_renumD)

lemma Ball mono:
assumes Ve € S. Pz N\z.z € S=— Pz = Q=
shows Vz € S. Q=
using assms by blast

lemma atLeastLessThan__upperD:
assumes S C {l.<u} z € S
shows = < u
using assms by auto

lemma imp__mono__rule:
assumes P1 — P2
and Q1 = PI
and Q1 = P2 = Q2
shows Q1 — Q2
using assms by blast

lemma inj id:
ingj id
by auto

lemma step single_renumD:
assumes step_u sem L sua L' s’ u' L € states dom s C var_set
shows step_u renum.sem
(map__index renum__states L) (s o vars_inv) (map_u u)
(renum__label a)
(map__index renum__states L") (s’ o vars_inv) (map_u u’)
using assms(1—3)
apply (cases a)

supply [simp del] = map_map_index set_map
— To keep the simplifier from breaking through locale abstractions

— Delay
subgoal
supply [simp] = length__automata_eq n_ps L_len
apply (subst (asm) A__split)
apply (subst renum.A__split)
apply (simp only: renum__label _def label.map renum_n_ps _simp)
apply (erule step _u_elims’)
apply simp
apply (rule step_u.intros)
preferT «''target invariant’’y subgoal
by tag (auto 4 3 simp: dest: inv_renum_sem_I[OF _ _ sem_ states loc_setD])
preferT «''nonnegative’’y subgoal
by assumption
preferT «''urgent’’y subgoal
using renum__urgency_removed by — (tag, auto)
preferT «"’bounded’’y subgoal
by tag (rule bounded_renumlI’)
done
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— Internal
subgoal for o’
supply [simp] = length__automata_eq n_ps L_len
apply (subst (asm) A__split)
apply (subst renum.A__split)
apply (simp only: renum__label_def label.map renum_n__ps_simp)
apply (erule step_u__elims’)
unfolding TAG _def[of "'range’
apply simp
apply (rule step__u.intros)
preferT «TRANS "silent’’
apply (solves <tag, drule (1) trans_N__renumD, subst nth_map, (simp add: renum__act_def)+>)
preferT «’committed’’y subgoal
by tag (auto simp: committed_renum__eq dest!: inj_renum__states| THEN injD, rotated))
preferT «"'bezp’’s subgoal
by tag (erule check_bexp renumD)
preferT «"guard’> subgoal
by tag (rule map_wu_renum__cconstraint__clock_wvall)
preferT «''target invariant’’y subgoal
apply (tag— ""new loc’ TRANS "silent’’)
apply clarsimp
apply (rule inv_renum__sem_I[OF _ __ sem_ states loc_setD[OF __ state_preservation__updI]])
apply fastforce+
done
preferT <"loc’
apply (tag, simp; fail)
preferT «''range’’
apply (tag, simp; fail)
preferT «''new loc'
apply (tag, simp only: map_index_update; fail)
preferT «''new valuation’
apply (tag, simp only: renum__reset_map_u; fail)
preferT «"'is_upd’’> subgoal
by (tag, erule is_upds renumD)
preferT «"'bounded’’s
apply (tag, erule bounded_renuml’; fail)
done

— Binary
subgoal for o’
supply [simp] = length__automata_eq _n_ps L_len
apply (subst (asm) A__split)
apply (subst renum.A__split)
apply (simp only: renum__label _def label.map renum_n_ ps_simp)
apply (erule step_u__elims’)
unfolding TAG _def[of RECV "'range’| TAG__def|of SEND "'range’’
apply simp
apply (rule step_ u.intros)
preferT «''not broadcast’’y subgoal
apply tag
unfolding renum.broadcast_def
apply (clarsimp simp: set_map)
apply (drule injD[OF inj_renum__acts])
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apply (subst (asm) broadcast_def, simp)

done
preferT «TRANS "'in'""
apply (solves <tag, drule (1) trans_N_renumD, subst nth_map, (simp add: renum__act_def)+>)
preferT «TRANS "out’
apply (solves <tag, drule (1) trans_N__renumD, subst nth_map, (simp add: renum__act_def)+>)
preferT «’committed’y subgoal

by tag (auto simp: committed_renum__eq dest!: inj _renum__states| THEN injD, rotated))

preferT «"'bezp’’s subgoal
by tag (erule check_bexp renumD)

preferT «"bexp’’y subgoal
by tag (erule check_bexp renumD)

preferT «"’quard’’y subgoal
by tag (rule map_u_renum__cconstraint__clock_wvall)

preferT «'’quard’’y subgoal
by tag (rule map_u_renum__cconstraint__clock_vall)

preferT «''target invariant’’y subgoal
apply (tag— ""new loc'” TRANS )
apply clarsimp

apply (rule inv_renum_sem_I[OF _ __ sem_ states_loc_setD[OF _ state_preservation_updlI]|)
apply (fastforce introl: state_preservation__updl)+
done

preferT «''new loc'

apply (tag, simp add: map__index_update; fail)
preferT «''new valuation'

apply (tag, simp add: renum__reset_map_ u[symmetric] renum_reset_def; fail)
preferT «'upd’’s

apply (tag, erule is_upds renumD; fail)
preferT «"upd’’

apply (tag, erule is_upds _renumD; fail)
preferT «"'bounded’’s

apply (tag, erule bounded_renuml’; fail)
apply (tag, simp; fail)+
done

— Broadcast
subgoal for a’
supply [simp] = length__automata_eq n_ps L_len
apply (subst (asm) A__split)
apply (subst renum.A__split)
apply (simp only: renum__label _def label.map renum_n_ ps_simp)
apply (erule step_u__elims’)
apply simp
unfolding TAG_def[of SEND "'range’’]

apply (rule step_u.intros)

preferT «''broadcast’’y subgoal
unfolding renum.broadcast_def by (tag, subst (asm) broadcast def, simp add: set_map)
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preferT «TRANS "out’
apply (solves<tag, simp, drule (1) trans_N_renumD, subst nth_map, (simp add: renum__act_def)+>)

preferT «TRANS "'in’"s
apply (tag— SEL _)
apply (solves <auto dest!: trans_N_renumD simp add: renum__act__def atLeastLessThan__upperDy)

preferT «"’committed’’y subgoal
apply (tag— SEL _)
apply (simp add: committed__renum__eq)
apply (erule disj _mono[rule_format, rotated 2], (simp; fail))
apply (erule disj _mono[rule_format, rotated 2])
subgoal
apply clarify
apply (rule rev_bexl, assumption)
apply (auto simp: committed__renum__eq)
done
apply (auto simp: committed_renum__eq dest!: inj_renum__states| THEN injD, rotated); fail)
done

preferT «''mazimal’’y subgoal
apply tag
apply simp
apply (erule all_mono[THEN mp, OF impl, rotated))
apply (erule (1) imp_mono_rule)
apply (erule (1) imp_mono_rule)
apply clarify
apply (drule trans_sem_N_renuml’, assumption)
apply (untag, clarsimp simp: renum__act__def)
apply (drule check_bexp renuml)
apply (drule InD2[OF inj_renum__acts])
apply (fastforce dest!: map _w_renum__cconstraint_clock valD)
done

preferT «''target invariant’’y subgoal for [ b g fr 1’ p ps bs gs fs rs Is’ s’
apply (tag— SEL __ "'new loc" TRANS _)
apply (subgoal _tac fold (Ap L. L[p := ls' p]) ps L € states)
subgoal
apply simp
apply (erule all_mono[THEN mp, OF impl, rotated], erule (1) imp_mono_ rule,
drule (1) inv_renum_sem_1T)
subgoal
apply (rule sem__states_loc_setD, simp)
apply (rule state_preservation__updl)
subgoal
by blast

subgoal
apply (fo_rule match__assumption2[where P = clock_wval], assumption, rule HOL.refl)
apply (drule states lengthD, simp)
done
done
subgoal
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apply (rule state_preservation_ fold_updl)
apply (erule Ball _mono)
apply (simp add: atLeastLessThan__upperD; blast)
by simp
done

preferT «"bexp’

apply (tag, erule check_bexp renumD; fail)
preferT «"'bezp’’s

apply (solves <tag, auto elim: check__bexp_renumDy)
preferT <" 'guard’’

apply (tag, erule map_w_renum__cconstraint__clock_vall; fail)
preferT «"guard’’s

apply (solves <tag, auto elim: map_u_renum__cconstraint__clock_wvall»)
preferT «''new loc'

apply (tag, simp add: map__trans_broad__auxl [symmetric] map_index__update; fail)
preferT «'new valuation’

apply (tag, simp add: renum_reset_map u[symmetric] renum__reset_def map__concat
comp__def; fail)

preferT «'upd’’

apply (tag, erule is_upds_renumD; fail)
preferT <"upds’’s

apply (tag, drule is_upds_concat_renumD, simp add: comp_ def; fail)
preferT «"’bounded’’s

apply (tag, erule bounded renumlI’; fail)
apply (tag, simp; fail)+
done

done

lemma inj the inv:
inj (the_inv f) if bij f
by (auto simp: bij _f _the inv_f[OF that] dest: arg_cong[where f = f] introl: injI)

lemma inj vars inv:
nj vars__inv
using bij_renum__vars unfolding vars_inv_def by (rule inj_the_inv)

lemma comp_vars _inv_upd commute:
(s 0 vars_inv)(z — y) = s(vars_inv £ — y) o vars_inv
by (intro ext) (auto dest: injD[OF inj_vars_inv))

lemma is upd_renuml:
assumes is_upd (s o vars_inv) (renum_upd f) s’
shows is_upd s f (s’ o renum__vars)
using assms
unfolding is_upd_ def renum_ upd_ def
by (clarsimp dest!: is_val renuml split: prod.split _asm simp: comp_vars_inv_upd__commute)
(force simp: the_inv_f f[OF inj_renum_vars] vars_inv_def)

lemma is upd renuml”:
assumes is_upd (s o vars_inv) (renum_upd f) s’
obtains s! where is_upd s f s1 s1 = s’ o renum__ vars
by (simp add: assms is_upd__renuml)
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lemma is upd renuml'"
assumes is_upd s (renum_upd f) s
shows is_upd (s o renum_vars) f (s’ o renum__vars)
proof —
have s = (s o renum_vars) o vars_inv
by (intro ext) (auto simp: bij _f the_inv_f[OF bij_renum_vars] vars_inv_def)
with assms show ?thesis
by (intro is_upd_renuml) simp
qed

/

lemma is upds renuml:
assumes is_upds (s o vars_inv) (renum__upds upds) s’
shows Js1. is_upds s upds s1 A s1 = s’ o renum__vars
using assms apply (induction s o vars__inv renum__upds upds s’ arbitrary: upds s)
subgoal for upds s
apply simp
apply (subgoal_tac s o vars_inv o renum_vars = §)
apply (solves <auto intro: is_upds.intros simp: comp__ def»)
apply (rule ext)
apply (simp add: vars_inv_def the_inv_f f[OF inj_renum_vars))
done

apply clarsimp

apply (erule is_upd_renuml’)

apply (auto simp: vars_inv_def bij f the inv_f[OF bij_renum_vars] comp__def introl: is_upds.intros)
done

lemma is upds renuml’:
assumes is_upds (s o vars_inv) (renum__upds f) s’
shows is_upds s f (s’ o renum__vars)
using is_upds_renumI[OF assms] by simp

lemma is upds renuml’”
assumes is_upds s (renum__upds ps) s’
shows is_upds (s o renum_vars) ps (s’ o renum__vars)
using assms
by (induction renum__upds ps s’ arbitrary: ps) (auto 4 3 intro: is_upd_renuml’’ is_upds.intros)

lemma is upds concat_renuml’":
assumes is_upds s (concat_map renum__upds ps) s
shows is_upds (s o renum_vars) (concat ps) (s’ o renum__vars)
apply (rule is_upds_renumlI’’)
using assms by (simp add: map__concat)

!

lemma bounded renumD1:

assumes bounded renum.bounds s’ dom (s’ o renum__vars) C var_set

shows bounded bounds (s' o renum__vars)

using assms

by (intro bounded__renumD") (auto simp: vars_inv_def bij_f_the_inv_f[OF bij _renum__vars]
comp__def)

lemma renum__reset__append:

renum,__reset ts Q renum__reset ys = renum__reset (338 Q ys)
unfolding renum_ reset_def by simp
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lemma if eq distrib:
(if i = jthen fiaelse fjb) = (fj (if i = j then a else b))
by auto

lemma dom__comp__eq vimage:
dom (sof)=f—"doms
unfolding dom_ def by auto

lemma dom__comp_wvars_inv_eqD:
assumes dom s’ = dom (s o vars_inv)
shows dom (s’ o renum__vars) = dom s
using assms inj_renum_ vars surj_renum_ vars unfolding vars inv_def
by (subst (asm) dom__the inv_comp) (auto simp: dom__comp__eq vimage dest: injD)

lemma sem_trans upd__domD:
assumes (L ! p, b, g/, a, f, r, l1) € trans (N p) p < n_ps
shows fst ‘ set f C var_set
proof —
from assms have fst ‘ set f C var_set
unfolding var_set_ def
apply —
apply (rule semilattice _sup_ class.sup.coboundedI?2)
apply clarsimp
apply (inst_existentials (fst o snd o snd o snd o snd) ‘ trans (N p) p)
apply force+
done
then show ?thesis .
qed

lemma SilD:
fixes map__action
assumes Sil a = map__act map__action al
obtains a’ where a! = Sil a’ a = map__action a’
using assms by (cases al) auto

lemma InD:
fixes map__action
assumes In a = map__act map__action al
obtains o’ where al = In a’ a = map__action a’
using assms by (cases al) auto

lemma OutD:
fixes map__action
assumes Out a = map__act map__action al
obtains o’ where a! = Out a’ a = map__action a’
using assms by (cases al) auto

lemma In_OutD:
assumes In a = renum__act al Out a = renum__act a2
obtains a’ where a = renum_acts a’ al = In a’ a2 = Out a’

using assms unfolding renum__act_def by (elim InD OutD) (auto simp: injD[OF inj_renum__acts])

lemma renum__sem__broadcast__eq:
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renum.broadcast = renum__acts ‘ set broadcast
unfolding renum.broadcast_def by simp

lemma inj eq iff:
fe=fy+—x=yifinjf
using that unfolding inj def by auto

lemma trans sem N _renum_ broadcastl:
assumes
V pEset ps. (renum__states p (L ! p), bs p, gs p, In a, fs p, rs p, ls p) € trans (renum.N p)
set ps C {0..<n_ps}
obtains bs’ gs’ fs’ rs’ s’ a’ where
Vpeset ps. (L p, bs' p, gs' p, In a’, fs' p, rs' p, Is' p) € trans (N p)
V pEset ps. bs p = renum__bexp (bs’ p)
V pEset ps. gs p = renum__cconstraint (gs’ p)
ps # [| — a = renum__acts o’
V pEset ps. fs p = renum__upds (fs’ p)
V pEset ps. rs p = renum__reset (rs’ p)
V pEset ps. ls p = renum__states p (Is’ p)
proof —
define ¢ where
tp=SOME (b, g', o', f/, v/, 11). (L p, b, g', a’, f', r', I1) € trans (N p)
A bs p = renum_bexp b’ A gs p = renum__cconstraint ¢’ A In a = renum_act a’ N\ fs p =
renum__upds f’
A 1s p = renum_reset v’ N\ ls p = renum__states p 11 for p
define bs’ where bs’ p = case t p of (b, ¢/, o', f', v/, 11) = b’ for p
define gs’ where gs’ p = case t p of (b, ¢/, o/, f', r', 11) = ¢’ for p
define as’ where as’ p = case t p of (b', g', a’, f/, v/, l11) = a' for p
define fs’ where fs’ p = case t p of (b/, g/, o/, f/, r', l1) = f' for p
define rs’ where rs’ p = case t p of (b', g/, a’, f', v/, l1) = r' for p
define Is’ where Is’ p = case t p of (b, ¢/, o, f', r', 11) = 1 for p

have *: case t p of (b', ¢', o', f/, v/, 11) =
(L!p, b, g’ a, f',r', 11) € trans (N p)
A bs p = renum_bexp b’ A gs p = renum__cconstraint ¢' A In a = renum_act o’ A\ fs p =
renum__upds f’
A 18 p = renum_reset v’ N\ ls p = renum_ states p 11 if p € set ps for p
using assms(1)
apply —
apply (drule bspec|OF __ that))
apply (drule trans_sem__N_renumlI’)
subgoal
using assms(2) that by auto
unfolding ¢ _def by (untag, elims, fo_rule somel, auto)

show ?thesis
proof (cases ps)
case Nil
then show ?thesis
by (auto intro: that)
next
case (Cons p ps’)
then have p € set ps
by auto
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define a’ where a’ = as’ p
have 1: as’ ¢ = o’ and In a = renum__act o’ if q € set ps for ¢
unfolding as’_def a’_def using *[OF that] x[OF <p € set ps)]
by (auto dest: injD[OF injective_functions(3)])
then obtain al where o’ = In al a = renum__acts al
using <p € set ps» unfolding renum__act_def by (auto elim!: InD)
then show ?thesis
apply —
apply (rule that[of bs’ gs’ al fs' rs’ ls'])
unfolding bs’ _def gs'_def fs'_def rs'_def Is’_def
by (solves «(intros, frule x)?, auto simp: as’_def dest: 15)+
qed
qed

lemmas all_mono_rule = all_mono| THEN mp, OF impl, rotated)

method prop monos =
erule all_mono__rule
| erule (1) imp_mono_rule
| erule disj _mono[rule_format, rotated 2]

lemma inv_sem_N__renum__broadcastl:
assumes
V pa<n_ ps.
[renum__reset r @ concat (map rs ps)—0]lmap_u u
F inv (renum.N pa)
((fold (Ap L. L[p := Is p]) ps (map_index renum__states L)) [p := renum__states p 1] ! pa)
Y pEset ps. rs p = renum,__reset (rs’ p)
Y pEset ps. Is p = renum__states p (Is’ p)
Vpeset ps. Is"p € (U, b, g, a, 7, u, I') € trans (N p). {I, I'})
i1 e U, b, g, a,r, ul') € trans (N p). {I, I'})
L € states
shows
V pa<n_ ps.
[r @ concat (map rs’ ps)—0]u = inv (N pa) ((fold (Ap L. L{p :=Is' p]) ps L) [p := 1] ! pa)
proof —
have [simp]: renum__reset r Q concat (map rs ps) = renum__reset (r @Q concat (map rs’ ps))
using assms(2) by (simp cong: map__cong add: map__concat renum__reset__def)
have [simp]: length L = n__ps
using <L € states) by auto
have [simp]:
((fold (A\p L. L[p :=Is p]) ps (map_index renum__states L)) [p := renum__states p 1] ! q)
= renum__states q ((fold (A\p L. L[p :=Is" p]) ps L) [p:== U] ! q)
if ¢ < n_ps for ¢
using assms(4—) that
apply (cases p = q)
apply (simp add: fold upds auz_length)
apply (simp
add: assms(3) map__trans_broad__auxl [symmetric] fold _upds_auz_length
cong: fold__cong)
done
have (fold (Ap L. L{p :=Is’ p]) ps L)[p := l1] ! q € loc_set if ¢ < n_ps for q
using assms(4—)
apply (intro sem__states loc_setD)
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subgoal
using that by (simp add: n_ps _def)
apply (erule state_preservation__updl)
by (rule state_preservation_ fold_updl)
then show ?thesis
using assms
by (auto dest: inv_renum_sem_D simp: renum_reset_map_u simp del: map_map_index
set_map)
qed

method solve_ triv =
assumption
| erule (1) bounded renumD’; fail
| rule inv_renum_sem_D[OF __ __ sem__states loc_setD); simp; fail
| rule check__bexp _renuml; simp; fail
| rule map__u__renum__cconstraint__clock_valD; simp; fail
| rule is_upd_renumlI is_upd_renuml’ is_upds renuml’is upds renuml’ is_upds concat_renuml”
simp; fail
| simp; fail
| simp add:
vars_inv_def bij _f the inv_f[OF bij_renum__vars] renum__reset_map_ u[symmetric] map_index_update
renum__reset__append;
fail
| subst nth_map, (simp; fail)+; fail
| (rule state_preservation__updl, blast)+, simp; fail

lemma trans sem__upd__doml:
assumes (L ! p, b, g/, a, f/, v’ 11) € trans (N p) dom s = var_set p < n_ps
shows V (z, _)€set (renum__upds f'). = € dom (s o vars_inv)
unfolding renum__upd_ def using assms
by (auto simp: dom__comp__eq_vimage vars_inv_def the_inv_f f[OF inj_renum_ vars]
dest!: sem__trans_upd__domD)

lemma step_single _renuml:
assumes
step__u renum.sem
(map__index renum__states L) (s o vars_inv) (map_u u) a L' s’ u’
L € states dom s C wvar_set dom s = var_set
shows 3 al L1 sl ul. step_u sem L s u al LI sl ul A renum_label al = a A
L’ = map__index renum__states L1 N s’ = s1 o vars_inv A u' = map_u ul
using assms(1—3)
supply [simp] = length_automata_eq n_ps L_len
supply [simp del] = map_map_index set_map
apply (subst A__split)
apply (subst (asm) renum.A__split)
apply (simp only: renum__label def label.map renum_n_ ps_simp)

using [[goals_limit=2])

apply (cases a)

— Delay
subgoal

apply (simp only:)
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apply (erule step_u__elims’)
apply intros
apply (rule step_u.intros)
preferT «''nonnegative’’s
apply assumption
preferT «''urgent’”y subgoal
using urgency_removed by — (tag, auto)
preferT «''target invariant’’s
apply (solves <tag, simp, prop_monos+, solve_triv+)
apply (tag, solve_triv)+
done

— Internal
subgoal for o’
apply (simp only:)
apply (erule step _u_elims’)
subgoal premises prems|tagged] for 1 b g fr i’ p
using prems apply tag
using sym[OF [[get_tagged <"loc’)]]]
usingT TRANS _ "range’’
apply simp
apply (drule (1) trans_sem_N_renuml’, untag)
apply elims
unfolding renum__act_ def
apply (rule SilD, assumption)

apply intros
apply (rule step__u.intros(2))

preferT <TRANS "silent’y apply (tag, solve_triv)

preferT <’committed’”
apply (solves <tag, prop_monos; auto simp: committed_renum__eq dest: injD]OF inj__renum,__states]»)

preferT <''bexp’’s apply (tag, solve triv)
preferT <''quard’’y apply (tag, solve_triv)

preferT «''target invariant’’s
apply (solves <tag "'new valuation’ ""new loc",
simp add: map_index__update[symmetric] renum__reset_map_ u, prop_monos+,
rule inv_renum_sem__D[OF _ __ sem__states_loc_ setD),
solve__triv+y)

17,

preferT «'"is_upd’’s
apply (tag, solve_triv)

preferT «"bounded’’y subgoal

apply (tag <''is_upd'’, erule bounded_renumD1)

apply (drule is_upds_dom)

subgoal
apply (simp add: dom__comp__eq vimage)
unfolding renum__upd_def
apply (clarsimp simp: vars_inv_def the_inv_f f[OF inj_renum_vars] set_map)
apply (drule (1) sem_trans_upd_domD)
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using assms(4)

apply auto

done
apply (drule dom__comp_vars_inv_eqD, simp)
done

apply (tag, solve_ triv)+
usingT <''new loc'y apply solve_ triv

apply (rule ext)
usingT «'new valuation’’y apply solve_ triv+
done

done

— Binary

subgoal for o’
apply (simp only:)
apply (erule step_ u__elims’)
subgoal premises prems|tagged] for 11 b1 g1 f1 r1 11’ p 12 b2 g2 f2r212' q s'a
using prems apply tag
apply (tag RECV "loc"" SEND "loc’’)
apply (drule sym[of map__index renum__states L' ! _])+
apply (tag TRANS _ RECYV "range’ SEND "'range’’)
apply simp
apply (drule (1) trans_sem_N_renumlI’)
apply (drule (1) trans_sem__N_renuml’, untag)
apply elims
apply (rule In_ OutD, assumption, assumption)

apply intros
apply (rule step__u.intros(3))
preferT «''not broadcast’’s
apply (tag, simp add: renum__sem__broadcast_eq broadcast__def)
using inj renum__acts
apply auto[1]
preferT <TRANS "in""y apply (tag, solve_triv)
preferT «TRANS "out’y apply (tag, solve_triv)
preferT «"’committed’’y subgoal
by (tag, auto simp: committed_renum__eq inj_eq iff [OF inj _renum__ states))
preferT «''target invariant’’s
apply (
solves <tag "'new valuation'' ""new loc",
simp add: map__index__update[symmetric] renum_reset_map__u renum__reset__append,
prop_monos+,
rule inv_renum__sem_D[OF __ __ sem__states loc_setD],
solve__triv+y)

1711,

preferT «'upd’’y apply (tag, solve_triv)
preferT <'upd’’y apply (tag, solve_triv)

preferT «"’bounded’’y subgoal

usingT— <""upd’’s
apply —
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apply (tag, erule bounded_renumD1)
apply (drule is_upds_dom)
subgoal
using assms(4) by — (drule trans_sem__upd__domlI; simp split: prod.splits)
apply (drule is_upds_dom)
subgoal
using assms(4) by — (drule trans_sem__upd__domlI; simp split: prod.splits)
apply (simp, drule dom__comp_vars_inv_eqD, simp)
done
apply (tag, solve_triv)+
apply (tag "new loc", solve__triv)
apply (rule ext; solve_triv)
apply (tag "new valuation’, solve__triv)
done
done

— Broadcast
subgoal for a’

apply (simp only:)

apply (erule step_u__elims’)

subgoal premises prems|tagged] for 1 b g fr 1’ p ps bs gs fs rs ls’ s’a

using prems apply (tag SEND "'range’” TRANS "out’)

using sym[OF [[get_tagged <SEND "'loc’"]]]

apply simp

apply (frule (1) trans_sem_N_renumlI’)

apply elims

subgoal premises prems|tagged] for b’ g’ a’a f' r' 11
using prems(1—6) usingT— TRANS "in'" SEL __ <''renum action’"
unfolding renum__act_def
apply —
apply (rule OutD, assumption)
apply (simp add: atLeastLessThan__upperD)
apply (erule(1) trans_sem_N__renum__broadcastl)
apply (subgoal_tac map fs ps = map renum__upds (map fs' ps))
defer
apply (simp; fail)

subgoal for al bs’ gs’ fs' rs’ Is1 a2

apply intros
apply (rule step_u.intros(4)[where ps = ps])

preferT <TRANS "out’s apply (tag <TRANS "orig", solve_triv)

preferT <''broadcast’’

apply (tag,
clarsimp simp: renum__sem__broadcast__eq inj_eq iff [OF inj_renum__acts] broadcast_def;

fail)
preferT <TRANS "'in'’s
apply (tag,
cases ps = []; simp add: atLeastLessThan__upperD inj_eq iff [OF inj_renum__acts]; fail)

preferT <''committed’’y subgoal
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apply (tag, prop_monos)
apply (solves <auto simp: committed_renum__eq inj_eq iff [OF inj _renum__states]»)
apply prop__monos
subgoal
by (auto simp: committed_renum__eq inj _eq iff[OF inj renum__states] atLeast-
LessThan__upperD)

subgoal premises prems

using <L € states) prems(21)

by (auto simp: inj_eq iff[OF inj_renum__states| committed_renum__eq)
done

preferT <"'bexp’’y apply (tag <''renum bexp’s, solve_triv)
preferT <"'bexp’s apply (tag, erule Ball _mono, solve_triv; fail)
preferT «'guard’y apply (tag <'renum guard'y, solve triv)
preferT <"'guard’y apply (tag, erule Ball_mono, solve_ triv)

preferT <'maximal’’y subgoal
apply tag
apply simp
apply prop__monos+
apply clarify
apply (drule (1) trans_N_renumD)+
apply (simp add: renum__act_def)
apply (drule check__bexp_renumD)
apply (drule map_w_renum__cconstraint__clock_vall)
apply blast
done

preferT <''target invariant’’s
apply (tag "new loc" ""new valuation' ""renum reset’” "renum loc’ TRANS )
apply (simp add: atLeastLessThan__upperD)
apply (solves <erule (2) inv_sem_N_renum_ broadcastl, blast, fast, solve_trivy)

717,

preferT <"upds’’s
apply (tag "renum upds”’, simp only:, solve_triv)

preferT <"’bounded’’y subgoal
apply (tag "upd’” "upds’ "'renum upds”’, simp only:)
apply (erule bounded_renumD1)
apply (drule is_upds_dom)
subgoal
using assms(4) usingT <TRANS "orig’y by (intro trans_sem_upd__domlI)

apply (drule is_upds_dom)
subgoal
using assms(4) usingT «""upd’’s <"'upds’"
apply (simp add: set_map)
apply (erule Ball _mono, drule trans _sem__upd_doml, assumption)
apply (simp add: atLeastLessThan__upperD set_map; fail)+
done
apply (simp, drule dom__comp_vars_inv_eqD, simp)
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done
preferT <'upd’s apply (tag "'renum upds’, solve _triv)

apply (tag, solve_triv)+
apply (tag "new loc"" ""renum loc",
simp add: map_trans_broad__auzxl map_index_update cong: fold cong; fail)

apply (solves <auto simp: vars_inv_def bij_f the inv_f[OF bij_renum_vars]y)
apply (tag ""new valuation’ ""renum reset’
simp add: renum__reset_map__u[symmetric] renum__reset_def map__concat comp__def
cong: map__cong;
fail)
done
done
done
done
done

lemma step__u_wvar_set invariant:
assumes step_u sem L s wa L' s’ u' dom s = var_set
shows dom s’ = var_set
using assms dom__bounds_var_set by (auto 4 4 dest!: bounded_inv simp: bounded__def)

lemmas step_u_invariants = states_inv step__u_ var_set_invariant

interpretation single: Bisimulation_Invariant
ML, s, w) (L) s, u'). 3 a. step_usem LsualL s u
ML, s, u) (L', s', u'). 3 a. step_u renum.sem L s uwa L' s" u’
ML, s, u) (L', s, u'). L' = map_index renum__states L N s’ = s o vars_inv A u' = map_u u
A (L, s, u). L € states A dom s = var_set \__. True
apply standard
supply [simp del] = map_map__index set_map
apply clarsimp
subgoal for Lsu L' s’ u' a
by (drule (1) step_single_renumD, auto)
subgoal
by clarsimp (drule step__single__renuml[rotated]; blast)
subgoal
by clarsimp (intro conjl; elim step_u_invariants)
subgoal

done

interpretation Bisimulation_ Invariant
ML, s, u) (L', s, u'). step_u’ sem L su L' s" u’
ML, s, u) (L', s, u'). step_u’ renum.sem L s u L' s’ u’
ML, s, w) (L', ', u'). L' = map_index renum__states L A s’ = s o vars_inv A v’ = map_u u
A (L, s, u). L € states A dom s = var_set \_. True
proof —
define rsem where rsem = renum.sem
note step_single_renumD = step_single__renumD|folded rsem__def]
have rsem b (map_index renum__states L, (s oo Simple_ Network_Rename_Defs.vars_inv)
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renum,__vars, map_u u) — (map_index renum,__states L', (s’ oo Simple Network Rename__Defs.vars__inv)
renum__vars, map_u u’)
if sem F (L, s, u) — (L', s', u')
and L € states
and dom s = var_set
for L :: 's list
and s :: 'z = int option
and u :: ‘¢ = real
and L' :: 's list
and s’ :: 'z = int option
and u’ :: 'c = real
proof —
from that(1) obtain LI sI ul a where
sem b (L, s, u) = pe; (L1, 81, ul) a # Del sem - (L1, s1, ul) —4 (L', s, u')
by (elim step_u’_elims)
with that(2—) show ?thesis
apply —
apply (rule step_u’.intros[where a = renum__label a])
apply (erule (1) step_single_renumD|where a = Del, unfolded renum__label def, simpli-
fied], blast)
apply (cases a; (fast | simp add: renum__label _def))
apply (erule step_single _renumD)
apply (blast dest: step _u_invariants)+
done
qed
moreover have Ja aa b. sem b (L, s, u) — (a, aa, b) A L' = map__index renum__states a A
s" = (aa oo Simple_Network__Rename__Defs.vars_inv) renum_vars A u' = map_u b
if L € states
and dom s = var_set
and rsem F {(map_index renum__states L, (s oo Simple Network Rename_Defs.vars__inv)
renum__vars, map_u uy — (L', ', u)
for L :: 's list
and s :: 'z = int option
and u :: 'c = real
and L' :: nat list
and s’ :: nat = int option
and u’ :: nat = real
proof —
from that(3) obtain LI si ul a where
rsem F (map_index renum__states L, (s o vars_inv), map_u u) —pe (L1, s1, ul)
a # Del rsem & (L1, s1, ul) —4 (L', s', u’)
by (elim step_u’_elims)
with that(1,2) show ?thesis
apply —
apply (drule (1) step_single_renuml|[folded rsem__def], blast)
apply safe
subgoal premises prems for a1 Lla sla ula
proof —
{ fix ala L1b s1b uld
have
L € states =
dom s = var_set —
renum,__label ala #
Simple_Network__Language.label. Del —>
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sem F (L, s, uy —41 (Lla, sla, ula) =
renum,__label al =
Simple_Network__Language.label. Del =
L1 = map_index renum__states Lila =
ul = map_u ula =
sl =
(sla oo Simple_Network_Rename_ Defs.vars _inv)
renum,_ vars =
sem b (Lla, sla, ula) —q14 (L1b, s1b, ulb) =
a = renum__label ala —>
L' = map_index renum_ states L1b —>
s’ =
(s1b oo Simple_ Network__Rename__Defs.vars__inv)
renum,_ vars =
uw' = map_u ulb =
al = Simple_ Network__Language.label.Del
by (cases al; simp add: renum__label def)
} note x = this
from prems show ?thesis
apply —
apply (drule step__single _renumlI|[folded rsem__def])
apply (blast dest: step _u__invariants)+
apply (subgoal_tac al = Del)
apply clarsimp
apply intros
apply (erule step_u'.intros)
apply (auto intro: x)
done
qed
done
qed
moreover have z1b € states A dom zlc = var_set
if 1 € states
and dom zla = var_set
and sem F (21, zla, z2a) — (z1b, zlc, z2c)
for =1 :: 's list
and zla :: 'z = int option
and z2a :: 'c = real
and z1b :: 's list
and zlc :: 'z = int option
and z2c :: 'c = real
using that by (elim step_u’_elims) (auto 4 4 dest: step_u__invariants)
moreover note x = calculation
show Bisimulation Invariant
(ML, s, u) (L', s', u'). sem (L, s, u) — (L', s, u'))
(ML, s, w) (L', ', u'). renum.sem = (L, s, u) — (L, s, u’))
(ML, s, uw) (L', s', u').
L' = map_index renum_ states L A
s" = (s o vars_inv) A
u' = map_u u)
(ML, s, u). L € states A dom s = var_set) (A_. True)
unfolding rsem__def[symmetric]
apply (standard; clarsimp split: prod.splits)
by (rule *; assumption)+

419



qed

interpretation Bisimulation__ Invariant
ML, s, u) (L', s, u'). step_u’ sem L su L' s u’
ML, s, u) (L', s, u'). step_u’ renum.sem L s u L' s’ u’
ML, s, w) (L', ', u'). L' = map_index renum__states L A s’ = s o vars_inv A v’ = map_u u
A (L, s, u). L € states A dom s = var_set \_. True
proof —
define rsem where rsem = renum.sem
note step_single_renumD = step_single__renumD|folded rsem__def]
have rsem b (map_index renum__states L, (s oo Simple_ Network_Rename_Defs.vars_inv)
renum,__vars, map__u u) — (map_index renum,__states L', (s’ oo Simple Network Rename_Defs.vars__inv)
renum__vars, map_u u’)
if sem F (L, s, u) — (L', s', u')
and L € states
and dom s = var_set
for L :: 's list
and s :: 'z = int option
and u :: ‘¢ = real
and L' :: 's list
and s’ :: 'z = int option
and u’ :: 'c = real
proof —
from that(1) obtain LI sI ul a where
sem b (L, s, u) = pe; (L1, 81, ul) a # Del sem - (L1, s1, ul) —4 (L, s, u')
by (elim step_u’_elims)
with that(2—) show ?thesis
apply —
apply (rule step_u’.intros[where a = renum__label a])
apply (erule (1) step_single _renumD|[where a = Del, unfolded renum__label def, simpli-
fied], blast)
apply (cases a; (fast | simp add: renum_label _def))
apply (erule step_single _renumD)
apply (blast dest: step _u_invariants)+
done
qed
moreover have Ja aa b. sem b (L, s, u) — (a, aa, b) A L' = map__index renum__states a A
s" = (aa oo Simple_Network__Rename_Defs.vars_inv) renum_wvars A v’ = map_u b
if L € states
and dom s = var_set
and rsem F (map_index renum__states L, (s oo Simple Network Rename_Defs.vars__inv)
renum__vars, map_u u) — (L', s/, u')
for L :: 's list
and s :: 'z = int option
and u :: 'c = real
and L' :: nat list
and s’ :: nat = int option
and u’ :: nat = real
proof —
from that(3) obtain LI si ul a where
rsem F (map_index renum__states L, (s o vars_inv), map_u u) —pe (L1, s1, ul)
a # Del rsem & (L1, s1, ul) —4 (L', s', u’)
by (elim step_u’_elims)
with that(1,2) show ?thesis
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apply —
apply (drule (1) step_single_renuml|[folded rsem__def], blast)
apply safe
subgoal premises prems for a1 Lla sla ula
proof —
{fix ala L1b s1b ulb
have
L € states =
dom s = var_set —
renum,__label ala #
Simple_Network__Language.label. Del —>
sem b (L, s, uy —41 (L1a, sla, ula) =
renum,__label al =
Simple_ Network__Language.label. Del —>
L1 = map_index renum__states L1la =
ul = map_u ula =
sl =
(sla oo Simple_Network_Rename_ Defs.vars__inv)
renum_ vars —
sem b (Lla, sla, ula) —q14 (L1b, s1b, ulb) =
a = renum__label ala —>
L' = map_index renum_ states L1b —>
' =
(s1b oo Simple_ Network__Rename__Defs.vars__inv)
renum_ vars —
uw' = map_u ulb =
al = Simple_ Network__Language.label.Del
by (cases al; simp add: renum__label def)
} note *x = this
from prems show ?thesis
apply —
apply (drule step__single _renumlI|folded rsem__def])
apply (blast dest: step _u_invariants)—+
apply (subgoal_tac al = Del)
apply clarsimp
apply intros
apply (erule step_u'.intros)
apply (auto intro: *x*)
done
qed
done
qed
moreover have z1b € states N dom xlc = var_set
if z1 € states
and dom zla = var_set
and sem F (21, zla, 2a) — (z1b, zlc, z2c)
for z1 :: 's list
and zla :: 'z = int option
and z2a :: 'c = real
and z1b :: ’s list
and zlc :: 'z = int option
and z2c :: 'c = real
using that by (elim step_u’_elims) (auto 4 4 dest: step_u__invariants)
moreover note * = calculation

421



show Bisimulation Invariant
(ML, s, u) (L', s', u'). sem - (L, s, u) — (L', s', u'))
(ML, s, uw) (L', ', u'). renum.sem = (L, s, u) — (L, s, u’))
(ML, s, uw) (L', s', u').
L' = map_index renum_ states L A
s" = (s o vars_inv) A
u' = map_u u)
(ML, s, u). L € states A dom s = var_set) (A_. True)
unfolding rsem__def[symmetric]
apply (standard; clarsimp split: prod.splits)
by (rule *; assumption)+
qed

lemmas renum_ bisim = Bistmulation Invariant axioms
end

locale Simple_ Network__Impl_Formula_ real =
Simple__Network__Rename__real where automata = automata
for automata ::
('s list x 's list
x (("a :: countable) act, 's, 'c, real, 'z :: countable, int) transition list
x (('s :: countable) x ('c :: countable, real) cconstraint) list) list +
fixes @ :: (nat, 's, 'z, int) formula
and sp :: ('z x int) list
and Lo :: 's list
begin

!

definition ®’ where
®' = map_ formula renum,__states renum_ vars id ®

definition ay where
ap = (Lo, map_of so, A_. 0)

definition ay’ where
a0’ = (map_index renum__states Lo, map_of (map (A(z, v). (renum_vars x, v)) so), A_. 0)

context

assumes Lo states: Ly € states

assumes so__dom: fst ‘ set so = var_set and so__distinct: distinct (map fst sp)
begin

lemma state eq auzx:
assumes z ¢ renum_vars ‘ var_set
shows vars_inv z ¢ var_set
unfolding vars_inv_ def
proof safe
assume the inv renum_vars r € var_set
then have renum_ vars (the inv renum_wvars ) = z
by (intro f_the_inv_finj renum_wvars) (simp add: surj_renum__vars)
with assms < € wvar_ set) show Fulse
by force
qed
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lemma state eq:

assumes fst ‘ set so = var_set distinct (map fst so)

shows map_of (map (\(z, y). (renum_vars z, y)) so) = (map__of sg coo the_iny_into) UNIV
renum__vars

(is 2l = ?r)
proof (rule ext)
fix z

show ?lx = ?rx
proof (cases x € renum_vars ‘ fst ‘ set so)
case True
then show ?thesis
apply clarsimp
apply (subst map__of mapk_Somel’)
subgoal
using inj _renum_wvars by (auto intro: inj _on_ subset)
apply (rule map_of is_Somel, rule assms, assumption)
apply (simp add: the inv_f f[OF inj_renum_vars| so_ distinct)
done
next
case Fulse
then have vars_inv iz ¢ fst ‘ set so
using state_eq auzx assms(1) unfolding vars inv_def by auto
with False show ?Zthesis
apply —
apply (frule map_of Nonel)
apply (simp add: vars_inv_def)
apply (auto simp: map_ of eq None__iff)
done
qged
qed

interpretation Bisimulation_ Invariant
ML, s, w) (L) s', u'). step_u' sem L su L' s u’
ML, s, u) (L', s, u’). step_u’ renum.sem L s u L' s’ u’
ML, s, u) (L', s/, u'). L' = map_index renum__states L N s' = s o vars_inv A u' = map_u u
A (L, s, u). L € states A dom s = var_set \_. True
by (rule renum__bisim)

lemma start_equiv:

A_B.equiv’ ag ag’
unfolding A_ B.equiv’_def ag__def ag’_def
apply (clarsimp simp: vars_inv_def, intro conjl)
subgoal

by (intro state__eq so__dom sqo__distinct)
subgoal

unfolding map_u_def by auto
subgoal

by (rule Lo__states)
subgoal

using so__dom dom_map_of conv_image_ fst[of so] by fastforce
done

lemma check_sexp equiv:
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assumes A_ B.equiv’ (L, s, u) (L', s, u’) locs_of sexp e C {0..<n_ps}
shows
check_sexp e L (the o s) +—

check__sexp (map__sexp renum__states renum__vars id e) L' (the o s')
using assms unfolding A B.equiv’_def
by (induction e)

(simp add: inj _eq states lengthD renum__states_inj vars_inv_def the_inv_f f[OF inj _renum_vars])+

lemma models_iff:
sem,ag = ® = renum.sem,ag’ = @' if locs_of formula ® C {0..<n_ps}
proof —
have rel_ctl_formula compatible (ctl_of ®) (ctl_of &)
using that unfolding ®’ def
by (cases ®; auto simp: check__sexp__equiv prop_of _def rel_fun__def)
with start_equiv show ?thesis
by (simp add: models__ctl_iff CTL__compatible] THEN rel_funD, symmetric])
qed

lemma has_deadlock__iff:

has_deadlock sem ay +— has_deadlock renum.sem ag’

unfolding has_deadlock__def using start__equiv by (intro deadlock__iff, unfold A_B.equiv’_def)
auto

end

end

lemma Bisimulation Invariants Bisimulation Invariant:
assumes Bisimulation Invariants A B sim PA PA PB PB
shows Bisimulation Invariant A B sim PA PB
proof —
interpret Bisimulation_Invariants A B sim PA PA PB PB
by (rule assms)
show ?thesis
by (standard; blast intro: A_B_step B_A_ step)
qed

lemma Bisimulation_ Invariants Bisimulation_ Invariant iff:
Bisimulation_Invariants A B sim PA PA PB PB <— Bisimulation Invariant A B sim PA PB
using
Bisimulation__Invariants _Bisimulation Invariant Bisimulation Invariant Bisimulation Invariants
by blast

lemmas Bisimulation__ Invariant__composition =
Bisimulation__Invariant_Invariants__composition|
THEN Bisimulation_Invariants Bisimulation_Invariant,
OF __ Bisimulation__Invariant_Bisimulation_ Invariants]

lemma Bisimulation_Invariant_refl:

Bisimulation_ Invariant A A (=) PP if Nab. Pa=— Aab= Pb
by (rule Bisimulation_Invariant.intro) (auto intro: that)
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locale Simple Network Rename__int =
Simple__Network__Rename__ Defs int where automata = automata +
Simple_ Network__Rename’ where automata = automata
for automata ::
('s list x 's list
x (("a :: countable) act, 's, 'c, int, ' :: countable, int) transition list
x (('s :: countable) x ('c :: countable, int) cconstraint) list) list +
assumes urgency_removed: ¥ (_, U, _, ) € set automata. U = ||

begin

lemma n_ps eql:
Prod__TA_ Defs.n_ps
(set broadcast, map automaton__of (map conv__automaton automata),
map__of bounds’) = n__ps
unfolding n_ps def Prod _TA_Defs.n_ps_def by simp

lemma var_set _eql:
Prod__TA_ Defs.var_set
(set broadcast, map automaton__of (map conv__automaton automata),
map__of bounds’) = var_set
unfolding sem__def sem__var_set_eq[symmetric] by simp

lemma urgency_removed’:

Vi<n_ ps. urgent

(Prod_TA_ Defs.N (set broadcast, map automaton__of (map conv__automaton automata), map__of
bounds’) 7)

={}

unfolding urgent_def n_ps_def Prod_TA_ Defs.n_ps def Prod_TA_ Defs.N__def

unfolding conv_automaton__def automaton_ of def

using urgency_removed by (fastforce dest: nth_mem split: prod.split)

sublocale real: Simple_Network Rename_real where automata = map conv__automaton au-
tomata
apply standard
unfolding n_ps eql var_set_eql
by (rule bij_renum__clocks renum,__states__inj bij _renum__vars bounds’_var_set inj renum__acts
urgency__removed”)+

lemma sem__unfold1:
real.sem = sem
unfolding sem__def by simp

lemma var_set_eq:
real.var_set = sem.var__set
unfolding sem_unfold![symmetric] ..

lemma map__acconstraint__conv__ac__commute:
map__acconstraint renum__clocks id ( conv__ac ac) = conv_ac (mapiacconstmint renum__clocks
id ac)

by (cases ac; simp)
lemma map__ccconstraint__conv__cc__commute:

renum__cconstraint (convicc g) = conv_cc (renumicconstmint 9)
unfolding renum__cconstraint__def map__cconstraint__def by (simp add: map__acconstraint_conv_ac__commute)
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lemma rename_conv__automaton__commute:
real.renum__automaton n (conv__automaton x) = conv__automaton (real.renum__automaton n x)
unfolding real.renum__automaton__def conv__automaton__def
by (clarsimp split: prod.split simp: map__ccconstraint__conv__cc__commute)

lemma sem__unfold2:
real.renum.sem = renum.sem
by (simp add: Simple_Network_Impl.sem__def rename__conv_automaton__commute)

sublocale renum bisim: Bisimulation_Invariant
ML, s, w) (L' u'). step_u' sem L su L' s"u'
AL, s, w) (L' u’). step_u' renum.sem L s u L' s" v’
ML, s, u) (L’7 /, u'). L' = map_index renum__states L A 8" = s o vars_inv A v’ = map_u u
A (L, s, u). L € sem.states A dom s = var_set \_. True
apply (rule Bisimulation_ Invariant _sim__replace)
apply (rule Bisimulation_ Invariant__composition)
apply (rule real.renum__bisim[unfolded sem__unfoldl sem__unfold2 sem__var_set eq])
apply (rule Bisimulation_ Invariant_refl)
apply auto
done

lemmas renum_ bisim = renum__bisim.Bisimulation Invariant__azioms
end

locale Simple_Network Rename_Start’ =
Stmple Network Rename’ where automata = automata
for automata ::
('s list x 's list
x (('a :: countable) act, 's, ‘¢, 't, 'z :: countable, int) transition list
x ((’s :: countable) x ('c :: countable, 't) cconstraint) list) list +
fixes sp :: ('z x int) list
and Lo :: 's list
assumes Lg_ states: Ly € states
assumes so__dom: fst ‘ set so = var_set and so__distinct: distinct (map fst sg)
begin

end

locale Simple Network Rename__Start _int =
Simple_Network__Rename__int where automata = automata +
Stmple Network Rename Start’ where automata = automata
for automata ::
(’s list x 's list
x (('a :: countable) act, 's, 'c, int, 'z :: countable, int) transition list
x ((’s :: countable) x ('c :: countable, int) cconstraint) list) list
begin

definition ¢y where
ag = (Lo, map__of so, A_. 0)

definition a¢’ where
ap’ = (map__index renum__states Lo, map__of (map (A(z, v). (renum_vars x, v)) s9), A_. 0)
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lemma state eq auzx:
assumes z ¢ renum_vars ‘ var_set
shows vars_inv x ¢ var_set
unfolding vars_inv_ def
proof safe
assume the_ inv renum_vars x € var_set
then have renum_vars (the_inv renum_vars ) = z
by (intro f_the_inv_f real.inj renum_vars) (simp add: real.surj_renum_vars)
with assms < € var_set> show Fualse
by force
qed

lemma state eq:

assumes fst ‘ set so = var_set distinct (map fst so)

shows map_ of (map (\(z, y). (renum_vars x, y)) so) = (map__of sg coo the_inv_into) UNIV
renum__vars

(is 2l = ?r)
proof (rule ext)
fix z

show 2l z = ?rz
proof (cases x € renum_vars  fst ¢ set sg)
case True
then show ?thesis
apply clarsimp
apply (subst map__of mapk_Somel”)
subgoal
using real.inj _renum_vars by (auto intro: inj on__subset)
apply (rule map_of is _Somel, rule assms, assumption)
apply (simp add: the_inv_f f[OF real.inj_renum_vars| so_ distinct)
done
next
case Fulse
then have vars_inv z ¢ fst ‘ set so
using state_eq auzx assms(1) unfolding vars inv_def by auto
with Fualse show ?thesis
apply —
apply (frule map_of Nonel)
apply (simp add: vars_inv_def)
apply (auto simp: map_ of eq None__iff)
done
qged
qed

lemma start_equiv:
renum__bisim.A__B.equiv’ ag ag’
unfolding renum_ bisim.A_B.equiv’_def ao__def ag’_def
apply (clarsimp simp: vars_inv_def, intro conjI)

subgoal

by (intro state__eq so__dom so__distinct)
subgoal

unfolding map_u_def by auto
subgoal
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unfolding sem_ states eq by (rule Lo__states)
subgoal

using so__dom dom_map__of conv_image_ fst[of so] by fastforce
done

lemma check sexp equiv:
assumes renum,_ bisim.A_ B.equiv’ (L, s, u) (L
shows
check__sexp e L (the o s) <—
check_sexp (map__sexp renum__states renum_vars id e) L' (the o s')
using assms unfolding renum_ bisim.A_ B.equiv’_def
by (induction e)
(simp add:
inj_eq sem.states_lengthD renum__states_inj vars__inv_def the_inv_f f[OF real.inj _renum_ vars])+

/

, 8’ u') locs _of sexp e C {0..<n_ps}

lemma check sexp compatible:
assumes locs_of _sexp e C {0..<n_ps}
shows renum__bisim.compatible
(ML, s, u). check_sexp e L (the o s))
(ML, s'; u'). check_sexp (map__sexp renum__states renum__vars id e) L’ (the o s'))
using check_sexp__equiv[OF __ assms] by auto

lemma has deadlock__iff:
has _deadlock sem ag +— has deadlock renum.sem ag’
unfolding has deadlock__def using start equiv
by (intro renum__bisim.deadlock_iff, unfold renum__bisim.A_B.equiv’_def) auto

lemma state_formula__compatible:
(Uz € set_state_formula ¢. locs_of sexp ) C {0..<n_ps} =
rel__state_formula renum__bisim.compatible
(map__state__formula (AP (L, s, _). check_sexp P L (the o s)) ¢)
(map__state_formula (AP (L, s, _).
check__sexp (map_sexp (Ap. renum__states p) renum_vars id P) L (the o s))
) and path__formula__compatible:
(Uz € set_path_formula . locs _of sexp x) C {0..<n_ps} =
rel__path__formula renum,__ bisim.compatible
(map__path_formula (AP (L, s, _). check_sexp P L (the o 5)) ¥)
(map__path__formula (AP (L, s, ).
check__sexp (map__sexp (Ap. renum__states p) renum_vars id P) L (the o s))

V)
by (induction ¢ and ) (auto simp: check__sexp__equiv prop_of def rel_fun_def)

lemmas models__state__compatible = renum__bisim.models__state__compatible[ OF state_formula__compatible]
end

locale Simple_Network_Rename_Formula__int =
Simple_Network__Rename__Start_int where automata = automata
for automata ::
(’s list x 's list
x (('a :: countable) act, 's, 'c, int, 'z :: countable, int) transition list
x ((’s :: countable) x ('c :: countable, int) cconstraint) list) list +
fixes @ :: (nat, 's, 'z, int) formula
begin
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definition ®’ where
®' = map_ formula renum,__states renum_ vars id ®

lemma models_iff:
sem,ag = ® = renum.sem,ao’ = ®' if locs_of _formula ® C {0..<n_ps}
proof —
have rel_ctl_formula renum__bisim.compatible (ctl_of ®) (ctl_of D)
using that unfolding &' def
by (cases ®; auto simp: check__sexp_equiv prop_of _def rel_fun_ def)
with start equiv show ?thesis
by (simp add: models__ctl_iff renum__bisim.CTL__compatible]l THEN rel_funD, symmetric])
qed

end

lemma vars_of bexp_ finite|[finite_intros]:
finite (vars__of bexp (b::('a, 'b) bexp))
and vars_of _exp_finite[finite__intros|:
finite (vars_of _exp (e::('a, 'b) exp))
by (induction b and e) auto

lemma set_bexp_vars of bexp:
set_bexp (b::('a, 'b) bexp) = vars_of bexp b
and set_exp_vars_of exp:
set_exp (e:('a, 'b) exp) = vars_of exp e
by (induction b and e) auto

definition (in Prod_ TA_ Defs)
act_set = (|J p e {0..<n_ps}. U (I, e, g, a, ) € trans (N p). act.set_act a) U broadcast

lemma (in Simple Network Impl) act_set compute:
act set =
U (At ). U (A e, g, a, ). act.set_act a) * set t)) © set automata) U set broadcast
unfolding act_set_def
apply (fo_rule arg_cong2)
apply (clarsimp simp: N_p_trans _eq n_ps_def act_set_def broadcast__def)
apply safe
apply (clarsimp simp: N_p_trans_eq n_ps_def act_set_def broadcast_def)
apply (drule nth_mem, erule bexl[rotated], force)
apply (drule mem_ nth, force)
unfolding broadcast_ def
apply simp+
done

lemma set! acconstraint _elim:
assumes c € setl acconstraint ac
obtains = where (¢, ) = constraint_pair ac
using assms by (cases ac) auto

lemma (in Simple_ Network_Impl)
assumes (z1, 22, T, I) € set automata (I, b, g, a, f, 7, 1') € set T
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shows clk_set’I1[intro]: ¢ € set r = ¢ € clk_set’
and clk_set'I2[intro]: ac € set ¢ => ¢ € setl _acconstraint ac = ¢ € clk_set’
and loc_setll[intro]: | € loc_set and loc_setI2[intro]: I’ € loc_set
and act_setl[intro]: a’ € set_act a = a’ € act_set
and var_setll [intro]: v € set_bexp b = v € var_set
and var_setI2[intro]: (z, ) € set f = x € var_set
and var_setI3[intro]: (z, €) € set f = v € set_exp e = v € var_set
using assms unfolding

loc__set__compute act__set__compute var__set__compute set__bexp wvars _of bexp set _exp wvars of exp
clk_set’ _def

apply —
apply force

apply (fastforce elim: setl__acconstraint__elim simp: clkp_set’ _def collect__clock_pairs__def)
apply (simp; blast)+
done

lemma (in Simple_ Network_Impl) clk_set'I3[intro]:
assumes (z1, 22, T, I) € set automata
shows (I, g') € set | = ac € set ¢’ = ¢ € setl__acconstraint ac = ¢ € clk_set’

using assms unfolding clk_set’ def clkp_set’ _def collect_ clock _pairs__def
by (force elim!: setl__acconstraint__elim)

definition

find_remove P = map_option (A(zs, z, ys). (z, zs @ ys)) o List.extract P

fun merge_pairs :: (‘a x 'b list) list = (‘a x 'b list) list = (‘a x 'b list) list where
merge_pairs [| ys = ys |
merge__pairs ((k, v) # xzs) ys = (case find_remove (Nk', _). k' = k) ys of
None = (k, v) # merge_pairs s ys
| Some ((_, v), ys) = (k, v @ v') # merge_pairs xs ys

)

definition

conv_urge urge = N committed, urgent, trans, inv).
(commiitted,

[,
map ()‘(lﬂ bv g, @, fa r, l/) (l, ba g9, a, f, urge # T, ll)) trans,
merge__pairs (map (M. (I, [acconstraint. LE urge 0])) urgent) inv)

lemma map_ of distinct _upd2:
assumes z ¢ set (map fst zs)

shows map_ of (zs Q (z,y) # ys) = (map_of (xs Q ys))(z — y)
using assms by (induction xs) auto

lemma map_ of distinct_lookup:
assumes z ¢ set (map fst zs)
shows map_ of (zs Q (z,y) # ys) v = Some y
using map_of _distinct_upd2[OF assms| by auto
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lemma find remove__SomeD:
assumes find_remove P zs = Some (x, ys)
shows Jas bs. s = as Q z # bs A ys = as Q bs A (Vz € set as. - Px) N Px
using assms unfolding find_remove_def by (auto dest: extract_SomekE)

lemma find_map:
find @ (map f xs) = map__option f (find P xzs) if Va € set zs. Q (fz) «+— Px
using that by (induction xs) auto

lemma find_remove__map:
find_remove Q (map f zs) = map__option (N, xs). (f z, map f xs)) (find_remove P xs)
if Vo € setas. Q (fz) «— Pz
using that
by (induction xs)
(auto simp: find_remove_def extract_Nil _code extract_Cons_code split: option.split)

lemma map__merge__pairs2:
map (A(k, v). (g k, map fv)) (merge_pairs zs ys)
= merge_pairs (map (A(k, v). (g k, map fv)) zs) (map (A(k, v). (g k, map fv)) ys)
if inj: inj_on g (fst * (set xs U set ys))
proof —
have x*:
find_remove (A(k', _). k' = g k) (map (\(k, v). (g k, map fv)) ys)
= map__option
(A((k, ), ys). ((g k, map fv), map (A(k, v). (g k, map fv)) ys))
(find_remove (AN(k', _). k' = k) ys)
if inj_on g (fst * (set xs U set ys)) k € fst ‘ set zs for k s ys
using that
by (subst find_remove_map|where P = (A(k/, _). k' = k)])
(auto elim: inj _onD[rotated, where A = fst ‘ (set s U set ys)]
introl: arg_cong2[where f = map_option])
show ?thesis
using inj
proof (induction xs arbitrary: ys)
case Nil
then show ?case
by simp
next
case (Cons z zs)
then show ?case
apply (clarsimp split: prod.split option.split simp: *[OF Cons(2)])
apply (subst Cons.IH)
apply (drule find_remove__SomeD)
apply auto
done
qed
qed

lemma map_merge_pairs:
map (A(k, v). (k, map fv)) (merge_pairs zs ys)
= merge_pairs (map (A(k, v). (k, map fv)) zs) (map (A(k, v). (k, map f v)) ys)

using map_ merge_pairs2[where g = id] by auto

lemma map_map_commute:
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map f (map g xs) = map g (map fxs) if Vo € set zs. f (gx) = g (fx)
using that by simp

lemma conv__automaton__conv__urge_commute:
conv__automaton (cony_urge ¢ A) = conv_urge ¢ (conv_automaton A)
unfolding comp__def conv__automaton__def conv_urge_ def
by (simp split: prod.split add: map_merge_pairs comp__def)

lemma convfautomatonfconviurgeicommute’:
conv__automaton o conv_urge ¢ = conv_urge ¢ o conv__automaton
unfolding comp_ def conv__automaton__conv_urge__commute ..

locale Simple Network _Rename_Defs int_ urge =
Simple_Network__Rename__Defs int where automata = automata for automata ::
('s list x 's list
x (('a :: countable) act, 's, 'c, int, 'z :: countable, int) transition list
x (('s :: countable) x ('c :: countable, int) cconstraint) list) list

+ fixes urge :: 'c

lemma (in Simple_ Network_Rename__Defs) convu_automaton__ of:
Simple_ Network__Language.conv_A (automaton__of A) = automaton_of (conv_automaton A)
unfolding automaton__of def conv_automaton__def
Simple_ Network__Language.conv__A__def
by (force
simp: default _map__of _alt_def map__of map Simple_Network__Language.conv_t_def split:
prod.splits

)

locale Simple_ Network__Rename =
Simple_Network__Rename__Defs int_urge where automata = automata for automata ::
('s list x 's list
x (('a :: countable) act, 's, 'c, int, 'z :: countable, int) transition list
x (('s :: countable) x ('c :: countable, int) cconstraint) list) list +
assumes renum__states_ inj:
Vi<n_ps. Vz€loc_set. ¥ ye€loc set. renum,__states i x = renum__states i y — = =y
and renum__clocks_inj: inj _on renum__clocks (insert urge clk_set’)
and renum_ vars_inj: inj_on renum__vars var_set
and renum__acts_inj: inj_on renum__acts act_set
and infinite_types:
infinite (UNIV :: 'c set) infinite (UNIV :: 'z set) infinite (UNIV ::'s set)
infinite (UNIV :: 'a set)
and bounds’_wvar_set: fst ¢ set bounds’ = var_set
and loc_set_invs: |J ((Ag. fst ‘ set g) ‘ set (map (snd o snd o snd) automata)) C loc__set
and loc_set_committed: | ((set o fst) ¢ set automata) C loc_set
and loc_set_urgent: |J ((set o (fst o snd)) * set automata) C loc__set
and urge_not_in_ clk_set: urge ¢ clk_set’
begin

lemma clk_set’_finite:
finite clk_set’
unfolding clk_set’ def unfolding clkp_set’ def by (intro finite_intros) auto

lemmas [finite_intros] = trans_N__ finite
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lemma set_act_finite[finite_intros]:
finite (set_act a)
by (cases a) auto

lemma loc_set_finite:
finite loc__set
unfolding loc_set_def by (auto intro!: finite intros)

lemma var_set_ finite[finite_intros|:
finite var_set
unfolding var_set_def by (auto intro!: finite_intros)

lemma act_set_ finite:
finite act__set
unfolding act_set_ def broadcast_def by (auto introl: finite_intros)

lemma bij extend_bij renum_ clocks:
bij (extend_bij renum__clocks (insert urge clk_set’))
by (intro extend_bij bij renum__clocks_inj clk_set’ _finite infinite_types finite.insertl) simp

lemma renum_vars_bij _extends[simp]:
extend_bij renum__vars var_set © = renum__vars x if © € var_set
by (intro extend_bij _extends[rule_format] renum__vars_inj var_set_ finite infinite_ types that)

lemma bij extend_bij renum__states:
bij (extend_bij renum__vars var_set)
by (intro extend_bij_bij renum_vars_inj var_set_finite infinite__types) simp

lemma inj _extend bij renum__states: inj (extend bij (renum__states p) loc_set) if p < n_ps
using renum,__states inj infinite_types loc__set_ finite <p < n_ ps»
by (intro extend_bij inj) (auto introl: inj _onl)

lemma renum__states _extend:
extend_bij (renum__states p) loc_set | = renum__states p 1 if | € loc_set p < n_ps
using renum__states inj infinite_types loc_set_finite <p < n_ps» <l € loc__set»
by (intro extend_bij extends[rule_format]) (auto introl: inj_onl)

lemma renum__acts_bij _extends[simpl:
extend_bij renum__acts act_set x = renum__acts x if x € act_set
by (intro extend_bij extends[rule_ format] renum__acts_inj act_set_ finite infinite_types that)

lemma inj _extend bij renum__acts: inj (extend bij renum__acts act_set)
using renum__acts_inj infinite_types act_set_ finite by (intro extend_bij_inj) auto

lemma constraint _clk__conv_ac:
constraint__clk (conv_ac ac) = constraint__clk ac
by (cases ac) auto

interpretation urge: Prod_TA__sem_ urge

(set broadcast, map (Simple_ Network__Language.conv_A o automaton_of) automata, map__of
bounds’)

urge

apply (standard; clarsimp)

subgoal
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using urge_mnot_in_ clk_set

unfolding conv_automaton_ of

unfolding automaton__of def conv__automaton__def

apply (clarsimp split: prod.split_asm)

apply (drule default _map_of in_listD)

unfolding clk_set’ def clkp_set’ def collect_clock_pairs def

apply clarsimp

subgoal premises prems
using prems(1,7,8,10)
unfolding constraint_clk_conv__ac unfolding constraint_clk_constraint__pair
by force

done

subgoal

using urge_not_in_ clk_set

unfolding conv__automaton__of

unfolding automaton_of def conv_automaton__ def

apply (clarsimp split: prod.split_asm)

unfolding clk_set’ def clkp set’ def collect_clock pairs _def

unfolding constraint_clk_conv__ac unfolding constraint_clk__constraint__pair

apply force
done

subgoal
using urge_not_in_ clk_set
unfolding conv__automaton__of
unfolding automaton_of def conv_automaton__def
apply (clarsimp split: prod.split_asm)
unfolding clk_set’ def clkp_set’ def collect_clock_pairs def
apply force
done
done

sublocale rename: Simple Network Rename_Defs int
broadcast bounds’
extend__bij renum__acts act__set
extend__bij renum__vars var__set
extend__bij renum__clocks (insert urge clk_set’)
Ap. extend_bij (renum__states p) loc_set
map (conv_urge urge) automata

sublocale rename: Simple Network Rename__int
broadcast bounds’
extend__bij renum__acts act__set
extend__bij renum__vars var__set
extend__bij renum__clocks (insert urge clk_set’)
Ap. extend_bij (renum__states p) loc_set
map (conv_urge urge) automata
apply (standard;
(intro alll impl bij extend_bij remum_ clocks inj extend bij renum__states
inj_extend_bij renum__acts bij_extend_bij renum__states bounds’_var_set)?)
apply (simp add: Prod_TA_ Defs.n_ps_def; fail)
subgoal
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unfolding bounds’_var_set rename.var_set__compute var__set__compute unfolding conv_urge_def
by (fo_rule arg_cong?2; fastforce)

subgoal
unfolding conv_urge_def by auto

done

definition
renum__upd’ = map (A(z, upd). (renum__vars x, map__exp renum_vars upd))

definition
renum__reset’ = map renum__clocks

definition renum__automaton’ where
renum__automaton’ i = X(committed, trans, inv). let
committed’ = map (renum__states i) committed;
trans’ = map (A(l, g, a, upd, r, 1").
(renum,__states i I,
map__cconstraint renum__clocks id g, renum__act a, renum_ upd’ upd, map renum__clocks r,
renum,__states i 1)
) trans;
inv’ = map (A(l, g). (renum__states i I, map__cconstraint renum__clocks id g)) inv
in (committed’, trans’, inv’)

lemmas renum__automaton’_alt_def = renum__automaton’_def[unfolded
renum__reset’ _def renum__upd’_def map__cconstraint__def renum__act_def

]

lemma renum__automaton__eq:
rename.renum__automaton p (automata ! p) = renum__automaton p (automata ! p)
ifp<n_ps
proof —
have renum__clocks: extend_ bij renum__clocks (insert urge clk_set’) ¢ = renum__clocks ¢
if ¢ € clk_set’ for ¢
apply (rule extend_bij extends[rule format])
apply (rule renum__clocks__inj clk_set’_finite finite.insertl )+
using that infinite_types by auto
have renum__cconstraint: rename.renum__cconstraint g = renum__cconstraint g
if U (setl_acconstraint ¢ (set g)) C clk_set’ for g
unfolding rename.renum__cconstraint__def renum,__cconstraint__def map__cconstraint__def
apply (rule map__cong, rule HOL.refl)
apply (rule acconstraint.map__cong_pred, rule HOL.refl)
using that
apply (auto intro: renum__clocks[simplified] simp: pred__acconstraint__def)
done
show ?thesis
using that[folded length__automata_eq n_ ps)
unfolding rename.renum__automaton__def renum__automaton__def
apply (clarsimp split: prod.split)
apply safe
subgoal committed
using loc__set__committed
by (subst renum__states__extend) (auto 4 8 simp: n_ps_def dest!: nth_mem)
subgoal urgent
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using loc__set_urgent
by (subst renum__states _extend) (auto 4 3 simp: n_ps_def dest!: nth_mem)
subgoal start_locs
by (subst renum__states__extend) (auto simp: n_ps_def dest!: nth_mem)
subgoal state
unfolding rename.renum__bexp def renum__bexp_ def
by (auto dest!: nth_mem introl: renum_vars_bij extends bexp.map_ cong pred simp:
pred__bexp__def)
subgoal guards
by (auto dest!: nth_mem introl: renum__cconstraint)
subgoal actions
unfolding rename.renum__act_def renum__act_def
by (auto simp: pred__act_def dest!: nth_mem intro!: renum__acts_bij extends act.map__cong_pred)
subgoal upds
unfolding renum__ upd__def rename.renum,__upd__def rename.renum,__exp_ def renum__exp def
by (auto dest!: nth_mem introl: renum__vars_bij extends exp.map__cong_pred simp: pred__exp_ def)
subgoal clock _resets
unfolding rename.renum__reset _def renum_reset_def by (auto dest!: nth_mem introl:
renum,__clocks)
subgoal dest_locs
by (subst renum__states__extend) (auto simp: n_ps_def destl: nth_mem)
subgoal inv_locs
using loc__set_invs
by (subst renum__states _extend) (auto 4 4 simp: n_ps_def dest!: nth_mem)
subgoal renum__clocks
by (auto dest!: nth_mem introl: renum__cconstraint)
done
qed

lemma renum__urge automaton__eql:
renum__automaton p (conv_urge urge (automata ! p))
= conv_urge (renum__clocks urge) (renum__automaton p (automata ! p)) if p < n_ps
unfolding renum__automaton__def conv_urge def
apply (simp split: prod.split)
apply safe
subgoal
unfolding renum,_ reset_def by simp
unfolding renum__cconstraint__def map__cconstraint_def
apply (subst map_merge__pairs2)
subgoal
using loc_set_urgent loc_set_invs <p < n_ps» unfolding inj on_def n_ps def
by (auto; force
elim!: renum__states_injlunfolded n__ps_def, simplified, rule_format, rotated —1]
intro: nth_mem)
apply (fo_rule arg_cong2; simp)
done

lemma renum_ urge automaton__eq2:
rename.real.renum,__automaton p (conv_urge urge (automata ! p))
= conv_urge
(extend__bij renum__clocks (insert urge clk_set’) urge)
(rename.renum__automaton p (automata ! p))
if p<n_ps
unfolding rename.renum__automaton__def conv_urge_def
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apply (simp split: prod.split)
apply safe
subgoal
unfolding rename.renum__reset_def by simp
unfolding rename.renum__cconstraint_def map__cconstraint_def
apply (subst map_merge__pairs2)
subgoal
by (rule inj extend bij _renum__states that subset_ UNIV inj on_ subset)+
apply (fo_rule arg_cong2)
apply simp+
done

lemma renum__urge automaton__eq:
rename.real.renum__automaton p (conv_urge urge (automata ! p)) =
renum__automaton p (conv_urge urge (automata ! p)) if p < n_ps
using that
unfolding renum__urge__automaton__eql [OF that] renum__urge__automaton__eq2[OF that)]
apply (fo_rule arg_cong2)
subgoal
by (intro
extend__bij _extends[rule_format] renum__clocks__inj clk__set’_finite finite.insertl infinite_types
) auto
by (rule renum__automaton__eq)

lemma rename__N__eq sem:
TEname.Tenum. sem =
Simple_ Network__Language Model _Checking. N
(map renum__acts broadcast)
(map__index renum__automaton (map (conv_urge urge) automata))
(map (M a,p). (renum__vars a,p)) bounds’)

unfolding rename.renum.sem__def
unfolding Simple Network_Language.conv__ def
apply simp
apply (intro conjI)
subgoal
by (rule image__cong; intro HOL.refl renum__acts_bij _extends; simp add: act_set_def broad-
cast__def)
subgoal
apply (rule map_index_cong)
unfolding conv__automaton__of
apply safe
apply (fo_rule arg_cong)+
apply (erule renum__urge__automaton__eq[folded length__automata__eq _n_ps))
done
subgoal
using bounds’_var_set by — (fo__rule arg_cong, auto intro: renum_vars_bij _extends)
done

lemma map_ of merge pairs:
map__of (merge_pairs zs ys) = (Az.
(if z € fst “set s \ x € fst ¢ set ys then Some (the (map_of xs ) Q the (map_of ys z))
else if © € fst < set xs then map__of xs x
else map__of ys x))
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proof —
have 1: False if find_remove (A(k', _). k' = k) ys = None (k, z) € set ys for k z ys
using that unfolding find_remove_def by (auto simp: extract_None__iff)
have 2: map_of zs k = Some z if
find_remove (A(k', _). k' = k) xs = Some ((k', z), ys) for k k' z zs ys
using that
by (auto 4 4 split: option.split dest: map__of SomeD find_remove__SomeD simp: map__add__def)
show ?thesis
apply (rule ext)
apply (induction xs arbitrary: ys)
apply (simp; fail)
apply (clarsimp split: if _split_asm option.split)
apply (auto 4 3 split: option.split simp: map__add__def dest: find_remove__SomeD 2 1)
done
qed

lemma default _map_of merge_pairs:
default_map_of [| (merge_pairs zs ys) = (Az.
(if z € fst ‘ set xs then the (map_of zs ) @ default_map_of [| ys =
else default_map_of || ys x))
unfolding default _map_of alt_def map_of merge pairs
by (rule ext) (auto 4 3 dest: map_of SomeD weak_map__of Somel split: if split_asm)

lemma automaton_ of conv_urge commute:
automaton__of (conv_urge urge A) = urge.add_reset (urge.add__inv (automaton_of A))
unfolding conv_urge def urge.add_reset_def urge.add__inv_def automaton__of def
apply (clarsimp split: prod.splits)
apply (rule ext)
unfolding default _map_of merge pairs
apply (clarsimp, safe)
apply (clarsimp)
subgoal premises prems for _ urgent |
proof —
have x: map_ of (map (Az. (z, [acconstraint. LE urge 0])) urgent)
= (Al if | € set urgent then Some [acconstraint.LE urge 0] else None)
using map__of _map__keys[where
m = M. if | € set urgent then Some [acconstraint.LE urge 0] else None]
by (force cong: map__cong simp: dom__def)
from <l € set urgent> show ?thesis
by (subst *) auto
qed
by auto

lemma urge_commute:
rename.sem = urge.A__urge
unfolding rename.sem__def urge.A__urge def
apply simp
unfolding conv_automaton__conv_urge_commute conv__automaton__of automaton__of conv_urge commute
by fast

lemma conv__automaton__of":

automaton__of o conv__automaton = Simple_ Network__Language.conv_A o automaton__of
unfolding comp_ def conv__automaton__ of ..
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sublocale urge bisz’m Bisimulation_ Invariant
AL, s, w) (L' ').stepusemLsuL’su
ML, s, u) (L’ u’). step_u' rename.sem L s u L' s" u’
)\(Lsu)(L’ ’ u). L'=LAs"=sAu" = u(urge := 0)
A (L, s, u). L € states ML, s, u). True
unfolding urge_commute sem__def conv_automaton_of" by (rule urge.urge_bisim[unfolded
conv__states])

lemma check sexp_ equiv:
assumes urge_bisim.A__B.equiv' (L, s, u) (L', s', u’)
shows check_sexp e L (the o s) = check__sexp ¢ L’ (the o s')
using assms unfolding urge_bisim.A__B.equiv’_def by simp

context
fixes ag :: ‘s list x ('x = int option) x (‘¢ = real)
assumes start: fst ag € states snd (snd ag) urge = 0
begin

lemma start_equiv: urge_bisim.A__ B.equiv’ ag ao
using start unfolding urge bisim.A__B.equiv’_def by auto

lemma urge__models__iff:
sem,ag = ® +— rename.sem,ag = @
proof —
have rel_ctl_formula urge_bisim.compatible (ctl_of ®) (ctl_of )
by (cases ®) (auto simp: prop_of def rel _fun_ def check__sexp_ equiv)
with start_equiv show ?thesis
by (simp only: models _ctl_iff urge_bisim.CTL__compatiblel THEN rel_funD, symmetric])
qed

lemma urge_has_deadlock__iff:
has deadlock sem ag <— has deadlock rename.sem ag
unfolding has deadlock def using start equiv
by (intro urge_bisim.deadlock_iff, unfold urge bisim.A__B.equiv’_def) auto

lemma state_formula__compatible:

(Uz € set_state_formula @. locs_of _sexp ) C {0..<n_ps} =
rel__state_ formula urge__bisim.compatible

(map__state__formula (AP (L, s, __). check_sexp P L (the o s)) ¢)
(map__state_formula (AP (L, s, ). check_sexp P L (the o s)) ) and path__formula__compatible:
(Uz € set_path_formula 1. locs_of sexp ) C {0..<n_ps} =
rel_path__formula urge_bisim.compatible

(map__path__formula (AP (L, s, _). check_sexp P L (the o s)) ¥)

(map__path_formula (AP (L, s, ). check_sexp P L (the o s)) ¥)

by (induction ¢ and ) (auto simp: check__sexp__equiv prop_of def rel_fun_def)

lemmas urge__models _state__compatible =
urge__bisim.models__state__compatible[OF state_ formula__compatible)]

end

end
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locale Simple Network Rename_Start =
Simple__Network__Rename where automata = automata
for automata ::
('s list x 's list
x (('a :: countable) act, 's, 'c, int, 'z :: countable, int) transition list
x (('s :: countable) x ('c :: countable, int) cconstraint) list) list +
fixes sg :: ('z X int) list
and Lo :: 's list
assumes Lg_ states: Ly € states
and sg__dom: fst ¢ set sg = var_set and so__distinct: distinct (map fst so)
begin

lemma rename_n_ps_eq:
rename.n_ps = n__ps
unfolding rename.length__automata_eq n_ps[symmetric] n_ps_def by simp

lemma rename__states eq:
rename.states = states
unfolding rename.states def states def rename_n_ps_eq
by (simp add: rename.N__eq[unfolded rename_n_ps _eq] N_eq n_ps_def del: map_map)
(auto simp: automaton__of _def conv_urge__def trans__def split: prod.splits)

lemma state eq:
map_of (map (A(z, y). (extend bij renum__vars var_set z, y)) so) =
map__of (map (A(z, y). (renum_vars z, y)) so)
using so__dom by — (rule arg_cong, auto intro: renum_vars_bij _extends)

lemma sezp_ eq:
assumes
<vars__of _sexp e C var_set»
<set2_sexp e C loc_set»
<locs_of _sexp e C {0..<n_ps}h
shows (map__sexp (Ap. extend_bij (renum__states p) loc_set) (extend_bij renum__vars var_set)
id e =
map__sexp renum,_ states renum,_ vars id e)
using assms by (induction e; clarsimp simp: renum__states__extend)

lemma Lo dom:
length Ly = n__ps set Ly C loc__set
using Lg_ states by (auto introl: states loc_setD)

definition
ao = (Lo, map_of sp, A_. 0)

definition
aol = (
map__index (Ap. renum__states p) Lo,
map_of (map (A(z, y). (renum_vars x, y)) so),
A_.0)

sublocale rename: Simple_ Network Rename_Start_int
broadcast bounds’
extend__bij renum__acts act__set
extend_bij renum__vars var__set
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extend__bij renum__clocks (insert urge clk_set’)

Ap. extend_bij (renum__states p) loc_set

S0 L()

map (conv_urge urge) automata

apply (standard; (rule Lo__states|folded rename__states eq| so__distinct)?)
unfolding so__dom rename.bounds’_var_set[symmetric] bounds’_var_set ..

lemma rename__ag__eq:
rename.ay = ag
unfolding rename.aq__def ag__def ..

lemma rename_ag’_eq:
rename.ay’ = ag’
unfolding ag’_def rename.ay’_def
apply (clarsimp, rule congI)
subgoal
using Lo__dom by (auto introl: map__index__cong renum__states _extend)
subgoal
unfolding vars inv_def using so__dom so__distinct
by (auto simp: state_eq Simple_ Network_Rename_ Defs.vars_inv_def)
done

lemma has deadlock__iff:
has deadlock rename.renum.sem ag’ <— has_deadlock sem ag
proof —
have has deadlock sem ag <— has deadlock rename.sem ag
by (rule urge__has__deadlock_iff) (auto intro: Lo__states simp: ag__def)
also have ... +— has_deadlock rename.renum.sem aq’
by (rule rename.has_deadlock_iff[unfolded rename__ag__eq rename__ag’_eq)
finally show ?thesis ..
qed

lemma N _eq sem:
Simple_Network_ Language_Model _Checking.N broadcast automata bounds’ = sem
unfolding conv_alt def sem __def
by safe (rule nth__equalityl; simp add: conv_N_eq N_eq sem__N__eq conv__automaton__of n__ps_ def)

lemma rename_N_eq sem”
Simple_Network__Language Model Checking. N
(map renum__acts broadcast)
(map__index renum__automaton automata)
(map (M a,p). (renum_vars a,p)) bounds’)
= renum.sem
unfolding renum.sem__def
unfolding renum.conv_alt_def
by safe (rule nth__equalityl; simp add: conv_N__eq N_eq sem__N__eq conv__automaton_of n_ps_def)

lemmas has deadlock_iff =
has__deadlock__iff[unfolded rename__N_eq _sem, folded N_eq sem, unfolded ao__def ap’_def]

lemmas start _equiv = start__equiv]of ag, unfolded ao__def, simplified, OF Lg__states|

lemmas urge__models_state__compatible =
urge__models__state__compatible| THEN rel_funD, OF _ _ __ start_equiv,
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of ag, unfolded ag__def, simplified, OF Lo__states]

lemmas rename_models _state__compatible =
rename.models_state__compatible| THEN rel_funD, OF __ rename.start__equiv,
unfolded rename__ag__eq ag__def rename_n_ps_eq rename__ay’_eq ag’_def]

lemmas models_state__compatible =
transp__on__equality| THEN transpD, OF urge__models _state__compatible rename__models__state__compatible]

lemmas models__state__compatible’ = models_state_compatible[unfolded rename_N__eq sem, folded
N_eq_sem)]

end

locale Simple_Network__Rename_Formula =
Simple_ Network__Rename__Start where automata = automata
for automata ::
(’s list x 's list
x (('a :: countable) act, 's, 'c, int, 'z :: countable, int) transition list
x ((’s :: countable) x ('c :: countable, int) cconstraint) list) list +
fixes @ :: (nat, 's, 'z, int) formula
assumes formula__dom:
set2 formula ® C loc_set
locs_of formula ® C {0..<n_ps}
vars_of _formula ® C var_set
begin

sublocale rename: Simple Network Rename_Formula__int
broadcast bounds’
extend__bij renum__acts act__set
extend__bij renum__vars var_set
extend__bij renum__clocks (insert urge clk_set’)
Ap. extend_bij (renum__states p) loc_set
S0 LO
map (conv_urge urge) automata
apply (standard; (rule Lo__states|[folded rename__states eq| so__distinct)?)
unfolding so__dom rename.bounds’_var_set[symmetric] bounds’_var_set .

definition
@’ = map__formula (Ap. renum__states p) renum__vars id ®

lemma rename_®'_eq:
rename.®’ = ®’
using formula__dom unfolding rename.®’ _def ®'_def by (induction ®; clarsimp simp: sexp__eq)

lemma models iff1:
rename.renum.sem,ay’ = ®' +— rename.sem,ay = P
by (intro rename.models__iff [unfolded rename__ao__eq rename__ap’_eq rename_®’_eq rename_n__ps__eq]
formula__dom sym)

lemma models_iff2:
rename.sem,ag = ® «— sem,ay = P
by (rule sym, intro urge_models_iff formula_dom) (auto intro: formula_dom Lo__states simp:

ao__def)
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lemma models_iff:
rename.renum.sem,ay’ = ®' +— sem,ag E P
unfolding models_iff1 models_iff2 ..

lemmas models_iff =
models__iff[unfolded rename N _eq sem, folded N_eq sem, unfolded ao__def ap’_def ®' _def]

end

end
theory Simple Network_Language Deadlock Checking

imports Simple Network_Language Model Checking Munta_ Model_Checker.Deadlock__Checking
begin

context Simple_ Network_Impl_nat_ceiling start state — slow: 120s
begin

context

fixes ¢

assumes formula_is_false: formula = formula.EX (not sexp.true)
begin

lemma F' is Falsel:
shows PR_CONST F = ()\_. False)
by (subst formula_is_false) auto

lemma final fun is False:
Fi a = False
by (subst formula_is_false) auto

lemmas deadlock__checker _hoare = impl.deadlock__checker _hoare|
OF final_fun_is_False F_is_Falsel, folded deadlock__start iff has_deadlock__def)

end

schematic__goal deadlock checker _alt_def:
impl.deadlock__checker = Zimpl
unfolding impl.deadlock checker _def
unfolding impl.succs _impl_def
unfolding impl.check__deadlock neq impl def impl.check _deadlock _impl_def
apply (abstract_let impl.is_start_in_states_impl is_start)
unfolding impl.is_start _in_ states impl_def
apply (abstract_let impl.E_op" _impl E_op"" _impl)
unfolding impl.E_op’' _impl def fw_impl’ _int
apply (abstract_let trans_impl trans_impl)
unfolding trans impl_def
apply (abstract_let int_trans_impl int_trans_impl)
apply (abstract_let bin__trans_from__impl bin__trans__impl)
apply (abstract_let broad_trans_from__impl broad__trans__impl)
unfolding int_trans impl_def bin__trans _from__impl_def broad_trans _from__impl_def
apply (abstract_let trans_in_broad__grouped trans_in_broad__grouped)
apply (abstract_let trans_out_broad__grouped trans__out_broad__grouped)
apply (abstract_let trans_in_map trans_in_map)
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apply (abstract_let trans_out_map trans_out_map)

apply (abstract_let int_trans_from__all_impl int_trans_from__all_impl)
unfolding int_trans_from__all_impl def

apply (abstract_let int_trans_from_vec__impl int_trans_from_vec_impl)
unfolding int_trans_from_vec impl_def

apply (abstract_let int_trans_from_loc_impl int_trans_from_loc_impl)
unfolding int_trans_from_loc_impl def

apply (abstract_let trans_i_map trans_i_map)

unfolding trans out_broad grouped_ def trans out_broad_map def
unfolding trans_in_broad_ grouped_def trans in__broad__map_ def
unfolding trans_in_map_ def trans_out_map_ def

unfolding trans i map def

apply (abstract_let trans_map trans_map)

apply (abstract_let inv_fun :: nat list x int list = __ inv_fun)
unfolding inv_fun_ alt_def

apply (abstract_let invs2 invs)

unfolding invs2_def

unfolding k_impl_alt_def

apply (abstract_let k_i k_1)

apply (abstract_let n_ps n_ps)

unfolding ki def impl.state_copy_impl_def impl.ag__impl_def impl.abstr_repair_impl _def
impl.subsumes__impl_def impl.emptiness check _impl_def impl.abstra__repair _impl_def
impl.init_dbm__impl_def

by (rule Pure.reflexive)

end

concrete__definition deadlock checker uses
Simple__Network__Impl_nat_ceiling start _state.deadlock checker _alt_def

definition precond_dc where
precond__dc
show__clock show__state broadcast bounds’ automata m num__states num__actions k Lg s formula
if Simple_Network _Impl_nat_ ceiling _start_state
broadcast bounds’ automata m num__states num__actions k Ly so formula
then
deadlock__checker
broadcast bounds’ automata m num__states num__actions k Lo sg show clock show _state
>= (A z. return (Some z))
else return None

theorem deadlock check:
<emp> precond__dc
show __clock show _state broadcast bounds automata m num__states num__actions k Lgy sg
(formula.EX (not sexp.true))
<A Some r = 1(
Simple__Network__Impl_nat__ceiling_start _state
broadcast bounds automata m num__states num__actions k Ly so (formula.EX (not
sexp.true)) A
r = has_deadlock (N broadcast automata bounds) (Lo, map_of so, A_ . 0)

| None = 1(—= Simple__Network_Impl_nat_ceiling _start_state
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broadcast bounds automata m num__states num__actions k Lo so (formula.EX (not sexp.true)))
>t
proof —
define A where A = N broadcast automata bounds
define check where check = A,(Lg, map_of so, A_ . 0) = (formula.EX (not sexp.true))
note [sep__heap__rules] = Simple_ Network__Impl_nat__ceiling_start_state.deadlock__checker__hoare|
OF _ HOL.refl,
of broadcast bounds automata m num__states num__actions k Ly sg __,
unfolded UPPAAL__Reachability Problem__precompiled__defs.init_def,
folded A__def
]
show ?thesis
unfolding A_ def[symmetric] precond__dc_def
by (sep__auto simp: deadlock__checker.refine[symmetric] pure_def has_deadlock_def)
qed

end
theory Shortest SCC _Paths

imports Gabow SCC.Gabow SCC _Code
begin

definition compute SCC_tr ::
('a :: hashable = bool, 'a = 'a list, 'a list, 'b) gen__g_impl_scheme = _ where
compute_SCC_tr =
Gabow_SCC _Code.compute_SCC_tr (=) bounded__hashcode__nat (def _hashmap__size TYPE('a))

— Example usage:
term compute_SCC _tr (| gi_ V= (A x. True), gi E= Az [3]),gi VO=1][1],...=3)

Efficiently calculate shortest paths in a graph with non-negative edge weights, and where the only
cycles are 0-cycles.

definition
calc__shortest_scc_paths G n =
let

sces = compute SCC_tr G

d = replicate n None @ [Some 0];

d = (
fold
(X vs d.
fold
(A ud.
fold
(A v d.
case d ! u of
None = d

| Some du = (
case d ! v of
None = d[v := Some (du + more G u v)]
| Some dv =
if du + more G u v < dv
then d[v := Some (du + more G u v)]
else d

445



)

mnd

end

12

(gi_E G u)

fold
(X v dsce.
case dscc of
None = d ! v
| Some d' = (
case d ! v of
None = dscc
| Some dv = Some (min dv d’)

)
)

V8
None
m

fold (N v d. dlv:=dscc]) vs d

sces
d

Assembling the Model Checker and Generating Code

We assemble the model checker:

A parser is added to parse JSON files
The resulting JSON data is validated and converted to the simple networks language
The verified model checker is run on this input, and the output is printed

The verified part includes a “renaming” step to normalize identifiers in the input

Then the code is exported:
We add some logging utilities (via code printings)
Code generation is setup

We export this to SML via reflection
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e And test it on a few small examples

theory Simple Network Language_ FExport_Code
imports

Munta__Model _Checker.JSON__Parsing
Munta__Model__Checker.Simple_ Network__Language_Renaming
Munta_Model__Checker.Simple_Network _Language_ Deadlock__Checking
Shortest_SCC _Paths
Munta Base.Error List Monad

begin

datatype result =
Renaming _Failed | Preconds_Unsat | Sat | Unsat

abbreviation renum__automaton = Simple Network _Rename__Defs.renum__automaton

locale Simple Network_Rename__Formula_ String Defs =
Simple__Network__Rename__Defs int where automata = automata for automata ::
(nat list x nat list x
(String.literal act, nat, String.literal, int, String.literal, int) transition list
x (nat x (String.literal, int) cconstraint) list) list
begin

definition check renaming where check renaming urge ® Ly so = combine |
assert (Y i<n_ps. Vz€loc_set. Vy€cloc_set. renum__stales i x = renum__states i y — = = y)
STR "'Location renamings are injective’’,
assert (inj_on renum__clocks (insert urge clk_set’))
STR "' Clock renaming is injective’’,
assert (inj_on renum_vars var__set)
STR '"Variable renaming is injective’’,
assert (inj_on renum__acts actfset)
STR " Action renaming is injective’’,
assert (fst ¢ set bounds’ = var_set)
STR ""Bound set is exactly the variable set”’,
assert (|J ((Ag. fst “ set g) ¢ set (map (snd o snd o snd) automata)) C loc_ set)
STR "Invariant locations are contained in the location set’’,
assert (J ((set o fst) ¢ set automata) C loc__set)
STR "'Broadcast locations are containted in the location set’’,
assert (({J ze€set automata. set (fst (snd z))) C loc_set)
STR ""Urgent locations are containted in the location set’
assert (urge & clk_set’)
STR " Urge not in clock set’,
assert (Ly € states)
STR "'Initial location is in the state set’’,
assert (fst ¢ set sy = var_set)
STR ''Initial state has the correct domain’’
assert (distinct (map fst sg))
STR "Initial state is unambiguous’
assert (set2_formula ® C loc_set)
STR ""Formula locations are contained in the location set’
assert (locs_of _formula ® C {0..<n_ps})
STR "Formula automata are contained in the automata set’,
assert (vars_of _formula ® C var_set)
STR ""Variables of the formula are contained in the variable set'
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end

locale Simple Network_Rename__Formula_ String =
Simple_Network__Rename__ Formula__ String _Defs +
fixes urge :: String.literal
fixes ® :: (nat, nat, String.literal, int) formula
and sg :: (String.literal x int) list
and Lg :: nat list
assumes renum__states__inj:
Vi<n_ps. Vz€loc_set. ¥V y€loc_set. renum__states i x = renum__states i y — = =y
and renum__clocks_inj: inj _on renum__clocks (insert urge clk_set’)
and renum_ vars_inj: inj_on renum__vars var_set
and renum__acts_inj: inj_on renum__acts act_set
and bounds’_wvar_set: fst ¢ set bounds’ = var_set
and loc_set_invs: |J ((Ag. fst ‘ set g) “ set (map (snd o snd o snd) automata)) C loc_set
and loc_set_broadcast: |J ((set o fst) ¢ set automata) C loc__set
and loc_set_urgent: | ((set o (fst o snd)) * set automata) C loc__set
and urge_not_in__clk_set: urge ¢ clk_set’
assumes Lg states: Ly € states
and so__dom: fst ‘ set so = var_set and so__distinct: distinct (map fst sq)
assumes formula__dom:
set2 formula ® C loc_set
locs_of formula ® C {0..<n_ps}
vars_of _formula ® C var_set
begin

interpretation Simple Network Rename_Formula
by (standard,
rule renum,__states _inj renum__clocks__inj renum_ vars__inj bounds’ _var__set renum__acts inj
loc__set_invs loc__set_broadcast loc__set _urgent urge_not_in_ clk_set

infinite__literal infinite_ UNIV _nat Lo__states so__dom sq__distinct formula__dom
)+ — slow: 40s

lemmas Simple_Network_Rename__intro = Simple_ Network__Rename_Formula__azxioms

end

lemma is_result assert iff:
is_result (assert b m) «— b
unfolding assert def by auto

lemma is_result _combine_Cons_iff:

is_result (combine (z # ws)) <— is_result © A is_result (combine xs)
by (cases x; cases combine xs) auto

lemma is result _combine iff:
is_result (a <|> b) <— is_result a A is_result b

by (cases a; cases b) (auto simp: combine2 def)

context Simple_ Network _Rename_Formula_ String Defs
begin
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lemma check renaming:
Simple__Network__Rename__Formula__String
broadcast bounds’
renum,__acts renum__vars renum__clocks renum,__states
automata urge ® so Ly <—
is_result (check_renaming urge ® Lo sg)

unfolding check renaming def Simple Network_Rename_ Formula__ String _def
by (simp add: is_result_combine__Cons_iff is_result_assert_iff del: combine.simps(2))

end

context Simple_Network Impl_nat_defs
begin

definition check precond! where
check__precondl =
combine |
assert (m > 0)
(STR "'At least one clock”),
assert (0 < length automata)
(STR ""At least one automaton’),
assert (Vi<n_ps. let (_,_, trans, ) = (automata ! i) in ¥V (I, _, _, _, _, _ 1) € set trans.
I < num__states i \ I' < num__states 1)
(STR ""Number of states is correct (transitions)’),
assert (Vi < n_ps. let (_, _, _, inv) = (automata ! i) in ¥V (x, _) € set inv. x < num__states

(STR ""Number of states is correct (invariants)’),
assert (V(_, _, trans, _) € set automata. ¥ (_, _, _, _, f, _, ) € set trans.
V(z, upd) € set f. x < n_wvs A (Vi € vars_of exp upd. i < n_vs))
(STR "'Variable set bounded (updates)”),
assert (V(_, _, trans, ) € set automata. ¥ (_, b, _, _, . . ) € set trans.
Vi € vars_of bexp b. i < n_vs)
(STR ""Variable set bounded (guards)’),
assert (V { < n_wvs. fst (bounds’! i) = i)
(STR ""Bounds first indez'"),
assert (Y a € set broadcast. a < num__actions)
(STR "'Broadcast actions bounded’’),
assert (V(_, _, trans, _) € set automata. ¥(_, _, _,a, __, _, ) € set trans.
pred_act (Aa. a < num__actions) a)
(STR "Actions bounded (transitions)”),
assert (V(_, _, trans, _) € set automata. ¥ (_, _, g, _, _, T, _) € set trans.
Veesetr.0 <cAec<m)A
(¥ (¢, z) € collect_clock_pairs g. 0 < ¢ A ¢ < m A z € N))
(STR "'Clock set bounded (transitions)’),
assert (W (_, _, _, inv) € set automata. ¥ (I, g) € set inv.
(V (¢, z) € collect_clock_pairs g. 0 < ¢ A ¢ < m A z € N))
(STR "'Clock set bounded (invariants)’),

assert (V(_, _, trans, _) € set automata. ¥ (_, _, g, a, _, _, ) € set trans.
case a of In a = a € set broadcast — g =[] | _ = True)
(STR "'Broadcast receivers are unguarded’’),

assert (VW (_, U, _, )eset automata. U = [])

STR " Urgency was removed’’
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lemma check_precondl:
is__result check__precondl
+— Simple_ Network__Impl_nat_urge broadcast bounds’ automata m num__states num__actions
unfolding check precondi__def Simple_ Network_Impl nat def Simple_ Network_Impl nat urge def
Simple_ Network__Impl _nat_urge axioms_def
by (simp add: is_result _combine__Cons_iff is_result__assert_iff del: combine.simps(2))

context
fixes k :: nat list list list
and Lg :: nat list
and sg :: (nat x int) list
and formula :: (nat, nat, nat, int) formula
begin

definition check precond?2 where
check__precond2 =
combine |

assert (Vi < n_ps. V(I, g) € set ((snd o snd o snd) (automata ! 7)).
Y (z, m) € collect_clock_pairs g. m < int (k'!i!1!x))
(STR "Ceiling invariants'),

assert (Vi < n_ps.Y(I, _, g, _) € set ((fst o snd o snd) (automata ! 7)).
(V(z, m) € collect_clock_pairs g. m < int (k1! x)))
(STR "'Ceiling transitions'"),

assert (Vi < n_ps. ¥ (I, b, g, a, upd, r, l') € set ((fst o snd o snd) (automata ! 7)).
Vee {0.<m+1} —setr. klill' e<k!lilllec)
(STR "Ceiling resets”),

assert (length k = n__ps)
(STR "'Ceiling length'"),

assert (V i < n_ps. length (k! i) = num__states 1)
(STR "' Ceiling length automata)’’),

assert (V zs € set k. ¥ zzs € set zs. length xzzs = m + 1)
(STR '"'Ceiling length clocks'"),

assert (Vi < n_ps. V1 < num_statesi. k! i!1!0=0)
(STR "'Ceiling zero clock'"),

assert (V(_, _, _, inv) € set automata. distinct (map fst inv))
(STR ""Unambiguous invariants’),

assert (bounded bounds (map__of so))
(STR "Initial state bounded'"),

assert (length Lo = n__ps)
(STR ""Length of initial state'’),

assert (Vi < n_ps. Lo ! i € fst “ set ((fst o snd o snd) (automata ! 7)))
(STR "Initial state has outgoing transitions'’),

assert (vars_of _formula formula C {0..<n_vs})
(STR ""Variable set of formula')

]

lemma check_precond?2:
is__result check__precond? <—
Simple_ Network__Impl_nat__ceiling_start_state__azxioms broadcast bounds’ automata m num__states
k Lo so formula
unfolding check_precond2__def Simple_Network_Impl nat_ ceiling start state_azioms_def
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by (simp add: is_result_combine__Cons_iff is_result_assert_iff del: combine.simps(2))
end

definition
check_precond k Ly so formula = check_precondl <|> check_precond2 k Lo so formula

lemma check_precond:
Simple_ Network__Impl_nat__ceiling _start_state broadcast bounds’ automata m num__states
num__actions k Lo so formula «— is_result (check_precond k Lo sy formula)
unfolding check_precond_def is_result _combine__iff check precondl check__precond2
Simple_Network__Impl_nat_ ceiling_start state_ def

end
derive show acconstraint act sexp formula

fun shows exp and shows_bexp where

shows__exp (const ¢) = show c¢ |
shows__exp (var v) = show v |
shows__exp (if _then_else b el e2) =

shows_bexp b @ " 2" Q shows _exp el @ " : " Q shows_exp e2 |
shows__exp (binop _ el e2) = "binop " @Q shows_exp el Q """ Q shows_exp 2 |
shows__exp (unop __ e) = "unop " @ shows__exp e |
shows__bexp (bexp.lt a b) = shows_exp a @ " < ' @ shows_exp b |
shows__bexp (bexp.le a b) = shows_exp a Q "' <= " Q shows_exp b |
shows__bexp (bexp.eq a b) = shows_exp a @ " =" Q shows_exp b |
shows__bexp (bexp.ge a b) = shows_exp a Q "' >=""Q shows_exp b |
shows__bexp (bexp.gt a b) = shows_exp a @ " > " Q shows_exp b |
shows__bexp bexp.true = ""true’’ |
shows__bexp (bexp.not b) = "I " Q shows__bexp b |
shows__bexp (bexp.and a b) = shows bexp a @ " && "' @ shows bexp b |
shows__bexp (bexp.or a b) = shows_bexp a @ "' || " @ shows _bexp b |
shows__bexp (bexp.imply a b) = shows_bexp a Q@ " —> " @ shows_bexp b

instantiation bexp :: (show, show) show
begin

definition shows prec p (e :: (_, ) bexp) rest = shows_bexp e @Q rest for p
definition shows_list (es) s =

map shows_bexp es |> intersperse "', " |> (Azs. """ @ concat xs @ "] Q s)
instance

by standard (simp__all add: shows_prec_bexp def shows_list_bexp_def show_law__simps)

end

instantiation ezp :: (show, show) show
begin

definition shows prec p (e :: (_, ) exp) rest = shows_exp e Q rest for p

definition shows_list (es) s =
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map shows__exp es |> intersperse ', "' |> (Axs. [ @Q concat s Q "] Q )
instance

by standard (simp__all add: shows_prec__exp_def shows_list _exp_ def show law__simps)

end

definition
pad m s = replicate m CHR """ Q s

definition shows rat r = case r of fract.Rat s f b =
(if s then """ else ""—"") @ show f @Q (if b # 0 then ".”" @Q show b else """")

fun shows_json :: nat = JSON = string where
shows_json n (Nat m) = show m |> pad n
| shows_json n (Rat r) = shows_rat r |> pad n
| shows_json n (JSON.Int r) = show r |> pad n
| shows json n (Boolean b) = (if b then ""true’’ else "false’’) |> pad n
| shows_json n Null = "null’" |> pad n
| shows_json n (String s) = pad n (""" @ s @ ")
| shows_json n (JSON.Array xs) = (
if s = Nil then
pad n '"]"
else
pad n ////
@ concat (map (shows_json (n + 2)) zs |> intersperse "[<1")
@ ///
Q@ pad n """’
)
shows__json n (JSON.Object zs) = (
if xs = Nil then
pa/d n //{}//
else

pad n //{//

@ concat (
map (A(k, v). pad (n 4+ 2) (""" @ k@ ") @ "[«<]"Q shows_json (n + 4) v) s
|> intersperse "'[<]"
)
@ ///
@ pad n //}//
)

instantiation JSON :: show
begin

definition shows prec p (z :: JSON) rest = shows_json 0 x @ rest for p
definition shows list jsons s =

map (shows_json 0) jsons |> intersperse ', ' |> (Azs. [ @ concat zs @ "]"" @ s)
instance

by standard (simp__all add: shows_prec_JSON__def shows list JSON__def show_law_simps)

end
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definition rename_network where
rename__network broadcast bounds’ automata renum__acts renum__vars renum.__clocks renum__states
let
automata = map__index (renumiautomaton renum,__acts renum,__vars renum__clocks renumﬁstates)
automata;
broadcast = map renum__acts broadcast;
bounds’ = map (A(a,b,c). (renum_vars a, b, ¢)) bounds’
mn
(broadcast, automata, bounds’)

definition
show __clock inv_renum__clocks = show o inv_renum__clocks

definition
show__locs inv_renum__states = show o map__index inv__renum,__states

definition
show_vars inv_renum_vars = show o map_index (A\i v. show (inv_renum_vars i) @ ""=""Q

show v)

definition
show__state inv_renum__states inv_renum_vars = XL, vs).
let L = show _locs inv_renum__states L; vs = show__wvars inv_renum__vars vs in
//<// @ L @ //>, <// @ VS @ //>//

definition do rename mc where
do__rename_mec f dc broadcast bounds’ automata k urge Ly sy formula
m num,__states num__actions renum__acts renum__vars renum,__clocks renum,__states
mu_renum,__states inv_renum,__vars inv_renum__clocks

let
_ = println (STR "'Checking renaming’’);
formula = (if dc then formula.EX (not sexp.true) else formula);
renaming_valid = Simple_Network__Rename__Formula__ String Defs.check__renaming
broadcast bounds’ renum__acts renum__vars renum,__clocks renum,__states automata urge for-
mula Lo So;
_ = println (STR ""Renaming network'’);
(broadcast, automata, bounds’) = rename_network
broadcast bounds’ (map (conv_urge urge) automata)
renum,__acts renum,__vars renum,__clocks renum__states;
trace_level 4 (\_. return (STR ''Automata after renaming”));
= map (Aa. show a |> String.implode |> (As. trace_level 4 (A_. return s))) automata;
_ = println (STR ""Renaming formula’);
formula =
(if dc then formula.EX (not sexp.true) else map_formula renum__states renum_vars id for-
mula);
_ = println (STR ""Renaming state'’);
Lo = map__index renum__states Ly;
so = map (M(z, v). (renum_vars z, v)) So;
show__clock = show o inv_renum__clocks;
show__state = show__state inv_renum__states inv_renum__vars
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mn
if is_result renaming_wvalid then do {
let _ = println (STR "' Checking preconditions'");
let r = Simple_ Network__Impl_nat_ defs.check _precond
broadcast bounds’ automata m num__states num__actions k Ly sg formula;
let _ = (case 1 of Result _ = ()
| Error es =
let
_ = println STR """,
_ = println STR ""The following pre— conditions were not satisified:"
mn
let _ = map println es in printin STR
let _ = println (STR ""Running precond_mc'");
let r = f show__clock show __state
broadcast bounds’ automata m num__states num__actions k Ly so formula;
Some r

/l//),
3

else do {
let _ = println (STR "'The following conditions on the renaming were not satisfied:"");
let _ = the__errors renaming_valid |> map printin;
None}

definition rename_mc where
rename_mc dc broadcast bounds’ automata k urge Ly sy formula
m num__states num__actions renum,__acts renum,__ vars renum,__clocks renum__states
mu_renum,__states inv_renum,__vars inv_renum__clocks
do {
let r = do_rename_mec (if dc then precond__dc else precond__mc)
dc broadcast bounds’ automata k urge Ly sy formula
m num,__states num,__actions renum__acts renum__vars renum__clocks renum__states
nv_renum,__states inv_renum,__ vars inv__renum,__clocks;
case r of Some r = do {
T
case r of
None = return Preconds Unsat
| Some False = return Unsat
| Some True = return Sat

}

| None = return Renaming_ Failed

}

theorem model check rename:
<emp> rename_mc False broadcast bounds automata k urge Lo sg formula
m num__states num__actions renum__acts renum__vars renum__clocks renum__states
nu_renum__states inv_renum__vars inv_renum__clocks
<A Sat = 1(
(= has_deadlock (N broadcast automata bounds) (Lo, map_of so, A_ . 0) —
N broadcast automata bounds,(Lo, map_of so, A_ . 0) | formula

)
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| Unsat = 1(
(= has__deadlock (N broadcast automata bounds) (Lo, map_of so, A_ . 0) —
= N broadcast automata bounds,(Lo, map_of so, A_ . 0) = formula
))
| Renaming_Failed = 1(— Simple_ Network_Rename__Formula
broadcast bounds renum__acts renum__vars renum__clocks renum__states urge so Lo automata
formula)
| Preconds_Unsat = 1(— Simple_ Network__Impl_nat_ ceiling_start_state
(map renum__acts broadcast)
(map (M a,p). (renum_vars a, p)) bounds)
(mapiinde:c (renumiautomaton renum,__acts renum,__vars renum__clocks renumistates)
(map (conv_urge urge) automata))
m num__states num__actions k
(map__index renum__states Lg) (map (A(z, v). (renum_vars z, v)) o)
(map__formula renum__states renum__vars id formula))
>
proof —
have x:
Simple__Network__Rename__Formula__String
broadcast bounds renum__acts renum_ vars renum__clocks renum__states automata urge
formula sq Ly
= Simple_ Network__Rename__Formula
broadcast bounds renum__acts renum__vars renum__clocks renum__states urge so Lo automata
formula

unfolding
Simple_Network__Rename__Formula__ String _def Simple_Network__Rename_ Formula__def
Simple_Network__Rename__Start _def Simple_ Network__Rename__ Start__axioms__ def
Simple_ Network__Rename__def Simple Network Rename__Formula__axioms__def
using infinite_literal by auto
define A where A = N broadcast automata bounds
define check where check = A,(Lo, map_of so, A\__ . 0) | formula
define A’ where A’ = N
(map renum__acts broadcast)
(map_index (renum_automaton renum__acts renum_ vars renum,__clocks renum_states)
(map (conv_urge urge) automata))
(map (M a,p). (renum_vars a, p)) bounds)
define check’ where check’ =
A’/ (map_index renum__states Lo, map__of (map (A(z, v). (renum_vars x, v)) so), A_ . 0) =
map__formula renum,__states renum,__vars id formula
define preconds_sat where preconds sat =
Sitmple__Network__Impl_nat_ceiling start _state
(map renum__acts broadcast)
(map (A(a,p). (renum__vars a, p)) bounds)
(map__index (renum__automaton renum__acts renum__vars renum__clocks renum__states)
(map (conv_urge urge) automata))
m num__states num__actions k
(map__index renum__states Lo) (map (A(z, v). (renum_vars x, v)) o)
(map__formula renum,__states renum,__vars id formula)
define renaming_wvalid where renaming valid =
Simple__Network__Rename__Formula
broadcast bounds renum__acts renum__ vars renum__clocks renum__states urge sy Lo automata
formula
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have [simp]: check <— check’
if renaming wvalid
using that unfolding check_def check’ def A_ def A’ _def renaming_valid_ def
by (rule Simple_ Network_Rename__Formula.models__iff '[symmetric])

have test[symmetric, simp]:

Simple_Network__Language Model _Checking.has__deadlock A (Lo, map_ of so, A_. 0)
+— Simple_ Network__Language_ Model__ Checking.has__deadlock A’
(map_index renum__states Lo, map_of (map (A(z, y). (renum_vars x, y)) so), A_. 0)

if renaming_wvalid
using that unfolding check_def check’ def A_ def A’ _def renaming_wvalid_ def
unfolding Simple Network_Rename__Formula__def
by (elim conjE) (rule Simple Network Rename_Start.has__deadlock _iff [symmetric])
note [sep__heap_rules| =
model__check|
of
map renum__acts broadcast map (A(a,p). (renum_vars a, p)) bounds
map__index (renumiautomaton renum,__acts renum__vars renum,__clocks Tenumistates)
(map (conv_urge urge) automata)
m num__states num__actions k map__index renum__states Ly map (\(z, v). (renum__vars z, v))
50
map__formula renum,__states renum__vars id formula,
folded A’ _def preconds__sat__def renaming wvalid_def, folded check’ def, simplified
]
show ?thesis
unfolding rename_mc_def do__rename__mc_def rename__network__def
unfolding if Fulse
unfolding Simple_Network__Rename_ Formula__String_ Defs.check__renaming|[symmetric]
Let _def
unfolding
A__def[symmetric] check__def[symmetric]|
preconds__sat__def[symmetric] renaming_valid__def[symmetric]
by (sep__auto simp: model__checker.refine[symmetric] split: bool.splits)
qed

theorem deadlock check rename:
<emp> rename_mc True broadcast bounds automata k urge Ly sg formula

m num__states num__actions renum,__acts renum__vars renum,__clocks renum__states

mu_renum,__states inv_renum,__vars inv_renum__clocks

<A Sat = 1( has_deadlock (N broadcast automata bounds) (Lo, map__of so, A_. 0))

| Unsat = (= has_deadlock (N broadcast automata bounds) (Lo, map_of so, A_. 0))

| Renaming_ Failed = 1(— Simple_ Network_Rename__Formula
broadcast bounds renum__acts renum__vars renum__clocks renum,__states urge so Ly automata
(formula.EX (not sexp.true)))

| Preconds__Unsat = 1(— Simple_ Network_Impl_nat_ ceiling_start_state
(map renum__acts broadcast)
(map (A(a,p). (renum__vars a, p)) bounds)
(mapiz'nde:v (renumﬁautomaton renum,__acts renum__vars renum__clocks renumistates)

(map (conv_urge urge) automata))

m num,__states num__actions k
(map__index renum__states Lg) (map (A(z, v). (renum_vars z, v)) o)
(formula.EX (not sexp.true)))

>

proof —
have *:
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Simple_Network__Rename__ Formula__String
broadcast bounds renum__acts renum,__vars renum__clocks renum__states automata urge
(formula.EX (not sexp.true)) so Lo
= Simple_ Network__Rename_Formula
broadcast bounds renum__acts renum__vars renum__clocks renum,__states urge so Lo automata
(formula.EX (not sexp.true))

unfolding
Simple_Network__Rename__Formula__String def Simple Network _Rename_Formula__def
Simple_Network__Rename__Start_def Simple_ Network__Rename__Start__axioms _def
Simple_Network__Rename__def Simple Network__Rename_ Formula__azxioms__def
using infinite_ literal by auto
define A where A = N broadcast automata bounds
define A’ where A’ = N
(map renum__acts broadcast)
(mapfindew (renumiautomaton renum,__acts renum__vars renum,__clocks renumistates)
(map (conv_urge urge) automata))
(map (A(a,p). (renum__vars a, p)) bounds)
define preconds_sat where preconds _sat =
Sitmple__Network__Impl_nat_ceiling _start _state
(map renum__acts broadcast)
(map (A(a,p). (renum__vars a, p)) bounds)
(map_index (renum_automaton renum,__acts renum__ vars renum,__clocks renum_states)
(map (conv_urge urge) automata))
m num__states num__actions k
(map__index renum__states Lo) (map (A(z, v). (renum_vars x, v)) o)
(formula.EX (not sexp.true))
define renaming_wvalid where renaming_valid =
Simple__Network__Rename__Formula
broadcast bounds renum__acts renum_ vars renum,__clocks renum__states urge so Lo automata
(formula.EX (not sexp.true))
have test[symmetric, simp]:
Simple_Network _Language Model _Checking.has__deadlock A (Lo, map_ of so, A_. 0)
+— Simple_ Network__Language_ Model__ Checking.has__deadlock A’
(map_index renum__states Lo, map_of (map (A(z, y). (renum_vars z, y)) so), A_. 0)
if renaming_valid
using that unfolding check def A__def A’ _def renaming wvalid_def Simple_ Network__Rename_ Formula__def
by (elim conjE) (rule Simple__Network_Rename__ Start.has__deadlock_iff [symmetric])
note [sep__heap_rules| =
deadlock__check]|
of _
map renum__acts broadcast map (A(a,p). (renum_vars a, p)) bounds
map__index (renumiautomaton renum,__acts renum__vars renum,__clocks renumistates)
(map (conv_urge urge) automata)
m num,__states num__actions k map__index renum__states Ly map (A(z, v). (renum__vars z, v))
50,
folded preconds__sat_def A’_def renaming _wvalid_def,
simplified
]
show ?thesis
unfolding rename_mc_def do_rename_mc_def rename network def
unfolding if True
unfolding Simple Network _Rename_ Formula_ String_Defs.check_renaming|symmetric]
Let__def
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unfolding A_ def[symmetric] preconds_sat__def[symmetric] renaming_valid__def[symmetric]
by (sep__auto simp: deadlock__checker.refine|symmetric] split: bool.splits)
qed

Code Setup for the Model Checker lemmas [code] =
reachability_checker _def
Alw__ev__checker_def
leadsto__checker _def
model__checker _def[unfolded PR__CONST _def)

lemmas [code] =

Prod__TA_ Defs.n_ps_def
Simple_Network__Impl_Defs.n_vs _def

automaton__of def

Simple_ Network__Impl _nat_defs.pairs by _action__impl_def
Simple_ Network__Impl_nat_defs.all _actions from__vec__def
Simple__Network__Impl_nat_defs.all _actions by _state def
Simple_ Network__Impl_nat__defs.compute_upds_impl_def
Simple_Network__Impl_nat_ defs.actions by _state def
Simple_ Network__Impl_nat_defs.check _boundedi__def
Simple__Network__Impl _nat_ defs.get__committed__def
Simple__Network__Impl_nat_defs.make__combs__def
Simple_ Network__Impl_nat_defs.trans_map__def
Simple_Network__Impl_nat__defs.actions_by_state’ _def
Simple__Network__Impl_nat__defs.bounds _map__def
Simple__Network__Impl_nat_defs.bin__actions _def
mk_updsi__def

lemma (in Simple Network_Impl nat_defs) bounded_ so__iff:
bounded bounds (map__of so) +— bounded (map__of bounds’) (map_ of so)
unfolding bounds def snd__conv ..

lemma int_Nat_range_ iff:
(n:int) € N«—n > 0 for n
using zero_le_imp_eq int unfolding Nats def by auto

lemmas [code] =
Simple__Network__Impl_nat_ ceiling _start_state def
Simple_ Network__Impl_nat__ceiling_start_state__axioms_def]

unfolded Simple_Network__Impl_nat_defs.bounded__so__iff]

Simple_Network__Impl_nat_def[unfolded int_Nat_range iff)
Simple__Network__Impl_nat_urge_ def
Simple_Network__Impl_nat_urge_azxioms_def

lemmas [code__unfold] = bounded__def dom__map__of _conv_image_ fst

export__code Simple Network Impl_nat_ceiling start_state axioms

export__code precond_mc in SML module__name Test

export__code precond_dc checking SML

Code Setup for Renaming lemmas [code] =
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Simple_ Network__Rename__Formula__ String _def
Stmple Network Impl.clk_set’ def
Simple_Network__Impl.clkp__set’ _def

lemmas [code] =
Simple_ Network__Rename__Defs.renum__automaton__def
Simple_Network__Rename__Defs.renum__cconstraint__def
Simple_Network__Rename__Defs.map __cconstraint_def
Simple_Network__Rename__Defs.renum__reset__def
Simple_ Network__Rename__Defs.renum,__ upd__def
Simple__Network__Rename__Defs.renum__act_def
Simple_Network__Rename__Defs.renum__exp def
Simple_Network__Rename__Defs.renum,__bexp_ def
Simple__Network__Rename__Formula__String Defs.check renaming def
Simple__Network__Impl_nat__defs.check precond__def
Simple_Network__Impl_nat_defs.check__precond1__def[unfolded int_Nat_range_ iff)
Simple__Network__Impl_nat__defs.check__precond2__def]

unfolded Simple Network _Impl_nat_defs.bounded__so__iff)

lemma (in Prod_TA_ Defs) states_mem__iff:
L € states < length L=mn_ps A (¥ i. i < n_ps —
(3, b, 9, a,r, u,l) € fst (snd (snd (fst (snd A) 1 4)). L'i=1Vv L!i=1))
unfolding states def trans_def N_def by (auto split: prod.split)

lemmas [code_unfold] =
Prod__TA_ Defs.states _mem__iff
Simple__Network__Impl.act__set__compute
Simple_Network__Impl_Defs.var_set_compute
Simple__Network__Impl_Defs.loc_set__compute
setcompr_eq _image
Simple_ Network__Impl.length__automata__eq _n_ ps[symmetric]

export__code rename_mc in SML module__name Test

Calculating the Clock Ceiling context Simple Network Impl nat_defs
begin

definition clkp _inv il =
Ug € set (filter (M(a, b). a = 1) (snd (snd (snd (automata ! ©))))). collect_clock__pairs (snd g)

definition clkp set” il =
ckp_invil U (U (I, b, g, ) € set (fst (snd (snd (automata ! 7)))).
if I = 1 then collect_clock_pairs g else {})

definition
collect_resets il =(J (I', b, g, a, f, r
if I’ = 1 then set r else {})

) € set (fst (snd (snd (automata ! 7)))).

) —

context
fixes ¢q c :: nat
begin

definition n = num__states q
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definition V=X v. v < n

definition
bound_g | =
Maz ({0} Ul (A (z, d). if z = c then {d} else {}) * clkp_set” q 1))

definition
bound_inv ] =

Maz ({0} Ul (A (z, d). if z = c then {d} else {}) * clkp_inv q 1))

definition
bound | = maz (bound_g 1) (bound_inv l)

definition
resets | =
fold
N1, b, 9,0, f, r, V) as. if 11 £ 1V 1 € set xs V ¢ € set r then xs else (I # xs))
(fst (snd (snd (automata ! q))))

[

Edges in the direction nodes to single sink.

definition
E' | = resets |

Turning around the edges to obtain a single source shortest paths problem.

definition
El=ifl=nthen [0..<n] else filter (A I". ] € set (E' 1)) [0..<n]

Weights already turned around.

definition
Wil = ifl = n then — bound 1’ else 0

definition G where

G=(gi V=V,gi E=E gi VO=|n],...= W)
definition
local__ceiling _single =
let
w = calc__shortest_scc_paths G n
n

map (A z. case x of None = 0 | Some © = nat(—z)) w

end
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definition
local__ceiling =

rev $
fold
(X q zs.
ANz revx # 25) $
fold
(ANl zs.
(N z. (0 # revz) # zs) $
fold
(X ¢ zs. local_ceiling_single q ¢ ! | # xs)
[1..<Suc m]
[
)
[0..<n q]
[
)
[0..<n__ps]

[

end

lemmas [code] =
Simple__Network__Impl_nat_ defs.local__ceiling__def
Simple_Network__Impl_nat__defs.local_ceiling__single_def
Simple__Network__Impl_nat_defs.n__def
Simple__Network__Impl _nat_defs.G__def
Simple_ Network__Impl_nat_defs. W_def
Simple_Network__Impl_nat_defs.V__def
Simple_Network__Impl_nat_defs.E’_def
Simple__Network__Impl_nat_defs.FE__def
Simple_Network__Impl nat_defs.resets def
Simple__Network__Impl_nat_defs.bound__def
Simple_Network__Impl_nat_defs.bound__inv_def
Simple_Network__Impl_nat__defs.bound__g_ def
Simple_ Network__Impl_nat__defs.collect_resets def
Simple_ Network__Impl_nat_defs.clkp _set’’ _def
Simple_Network__Impl_nat_defs.clkp__inv_def

export__code Simple Network_Impl_nat_defs.local ceiling checking SML_ imp
Calculating the Renaming definition mem_assoc © = list_ex (A (y, _). z = y)

definition mk_renaming str zs =
do {
mapping < fold_error
(Az m.
if mem__assoc x m then Error [STR ''Duplicate name: "' + str z| else (z,length m) # m |>
Result

) xs [J;
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Result (let
m = map__of mapping,;
f= (.
case m x of
None = let _ = println (STR ""Key error: "' + str x) in undefined
| Some v = v);
m = map__of (map prod.swap mapping);
finv = (\z.
case m x of
None = let _ = println (STR ""Key error: ' + String.implode (show x)) in undefined
| Some v = v)
in (f, f_inv)
)
}

definition
extend__domain m d n =
let
(i, xs) = fold

Az (i, s). if x € set d then (i + 1, (z, i + 1) # xs) else (i, xs)) d (n, []);
m’ = map_ of xs
m
(Az. if © € set d then the (m' z) else m x)

lemma is_ result _make err:
is_result (make_err m e) «— False
by (cases e) auto

lemma is_result _assert _msg iff:
is_result (assert_msg b m r) <— is_result r A b
unfolding assert_msg_def by (simp add: is_result _make__err)

context Simple Network_Impl
begin

definition action set where

action__set =
(U, _, trans, _) € set automata. |J(_, _, _,a, _,_, ) € set trans. set_act a)
U set broadcast
definition loc_set’ where
loc_set' p= (U, _, _, _, _, _, 1Neset (fst (snd (snd (automata ! p)))). {l, I'}) for p
end
definition

concat__str = String.implode o concat o map String.explode

Unsafe Glue Code definition list_of set’:: 'a set = ’a list where
list_of set’ xs = undefined

462



definition list_of set :: 'a set = ’a list where
list_of set xs = list_of set’ xs |> remdups

code__printing
constant list_of set’ — (SML) (fn Set zs => xs) _
and (OCaml) (fun © —> match © with Set xs —> xs) _

definition
mk_renaming’ zs = mk_renaming (String.implode o show) xs

definition make renaming = X\ broadcast automata bounds.
let
action__set = Simple_Network__Impl.action__set automata broadcast |> list_of _set;
clk_set = Simple_Network_Impl.clk_set’ automata |> list_of _set;
clk_set = clk_set @ [STR " _urge'’;
loc_set’ = (\i. Simple_Network__Impl.loc_set’ automata i |> list_of _set);
loc_set = Prod__TA__ Defs.loc__set
(set broadcast, map automaton__of automata, map_ of bounds);
loc_set_diff = (\i. loc__set — Simple_Network__Impl.loc__set’ automata i |> list_of _set);
loc_set = list_of set loc__ set;
var_set = Prod_TA_Defs.var_set
(set broadcast, map automaton__of automata, map_of bounds) |> list_of _set;
n_ps = length automata;
num,__actions = length action__set;
m = length (remdups clk__set);
num__states_list = map (\i. loc_set’ i |> remdups |> length) [0..<n__ps];
num__states = (Ai. num__states_list | i);
mk_renaming = mk_renaming (Az. x)
in do {
((renum__acts, _ ), (renum__clocks, inv_renum__clocks), (renum__vars, inv_renum_ vars))
mk_renaming action__set <|> mk_renaming clk_set <|> mk_renaming var_set;
let renum__clocks = Suc o renum__clocks;
let inv_renum__clocks = (Xc. if ¢ = 0 then STR "0 else inv_renum__clocks (¢ — 1));
renum__states_list’ < combine_map (A\i. mk_renaming’ (loc_set’ i)) [0..<n_ps];
let renum,__states_list = map fst renum__states_list’;
let renum,__states list = map__index
(N m. extend__domain m (loc_set_diff i) (length (loc_set’ ©))) renum__states list;
let renum__states = (Ai. renum__states list | 7);
let inv_renum__states = (\i. map snd renum__states_list" ! i);
assert (fst ¢ set bounds C set var_set)
STR "'State variables are declared but do not appear in model’;
Result (m, num__states, num__actions, renum__acts, renum__vars, renum__clocks, renum,__states,
inv_renum__states, inv_renum_ vars, inv_renum__clocks)
}

definition preproc_mc = Adc ids_to_names (broadcast, automata, bounds) Lo so formula.
let _ = printin (STR ""Make renaming’’) in
case make__renaming broadcast automata bounds of
Error e = return (Error e)
| Result (m, num__states, num__actions, renum__acts, renum__vars, renum,__clocks, renum,__states,
invy__renum,__states, inv_renum__vars, iny_renum__clocks) = do {
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let _ = println (STR '"Renaming”’);
let (broadcast’, automata’, bounds’) = rename__network
broadcast bounds automata renum__acts renum_ vars renum__clocks renum,__states;
let _ = println (STR " Calculating ceiling’’);
let k = Simple_ Network__Impl_nat_defs.local__ceiling broadcast’ bounds’ automata’ m num__states;
let _ = println (STR ""Running model checker');
let inv_renum__states = (Ai. ids_to__names i o inv_renum__states i);
r < rename_mc dc broadcast bounds automata k STR "' _urge’’ Ly sq formula
m num__states num__actions renum__acts renum__vars renum,__clocks renum__states
inu__renum__states inv_renum_ vars inv_renum,__clocks;
return (Result r)

}

definition
err s = Error [s]

definition
do__preproc_mc = A\dc ids_to_names (broadcast, automata, bounds) Loy so formula. do {
T 4= preproc_mc dc ids_to_names (broadcast, automata, bounds) Lo so formula;
return (case r of
Error es =
intersperse (STR '[<1") es
|> concat_str
|> (Xe. STR ""Error during preprocessing{ <] + e)
|> err
| Result Renaming_Failed = STR "'Renaming failed” |> err
| Result Preconds Unsat = STR "Input invalid" |> err
| Result Unsat =
(if dc then STR ""Model has no deadlock!”’ else STR ''Property is not satisfied!’") |> Result
| Result Sat =
(if dc then STR ""Model has a deadlock!”’ else STR "' Property is satisfied!”’) |> Result

)
}

lemmas [code] =
Simple_Network__Impl.action__set_def
Simple_Network__Impl.loc__set’ _def

export__code do_preproc_mc in SML module__ name Main

definition parse where
parse parser s = case parse_all lx_ws parser s of
Inl e = Error [e () "Parser: " |> String.implode]
| Inr v = Result r

definition get_nat :: string = JSON = nat Error_List _Monad.result where
get_nat s json = case json of
Object as = Error ||
| _ = Error [STR ""JSON Get: expected object”’]

for json

definition of object :: JSON = (string — JSON) Error_List_Monad.result where
of _object json = case json of
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Object as = map__of as |> Result
| _ = Error [STR "json_to_map: expected object’’
for json

definition get where
get m x = case m x of
None = Error [STR "(Get) key not found: " + String.implode (show x)]
| Some a = Result a

definition
get_default def m © = case m x of None = def | Some a = a

definition default where
default def © = case x of Result s = s | Error e = def

definition of array where
of _array json = case json of
JSON.Array s = Result s
| _ = Error [STR "of array: expected sequence’’|
for json

definition of string where
of _string json = case json of
JSON .String s = Result (String.implode s)
| _ = Error [STR "of _array: expected sequence’’|
for json

definition of nat where
of _mat json = case json of
JSON .Nat n = Result n
| = Error [STR "of nat: expected natural number'’
for json

definition of int where
of _int json = case json of
JSON.Int n = Result n
| _ = Error [STR "of _int: expected integral number'/
for json

definition [consumingl:
lz_underscore = exactly """ with (\_. CHR ""_")

definition [consuming]:
lx_hyphen = exactly "'—'"" with (A\_. CHR ""-")

definition [consumingl:
ta_var ident =
(lz__alphanum || lx_underscore)
—— Parser_Combinator.repeat (lz_alphanum || lx_underscore || lz__hyphen)
with uncurry (#)

definition [consumingl:
parse__bound = ta_var_ident ——
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exactly """ x—— ly_int —— exactly """ x—— lx_int ——x exactly ")’

definition parse_bounds = parse_list’ (lx_ws *—— parse__bound with (A(s,p). (String.implode s,

)))

lemma
parse parse__bounds (STR "id[—1:2], id[—1:0]")
= Result [(STR "id", —1, 2), (STR "id", —1, 0)]
by eval

lemma parse parse_bounds (STR """} = Result ||
by eval

definition [consuming]:
scan__var = ta_var_ident

abbreviation seq ignore_left _ws (infixr xx—— 60)
where p xx—— ¢ = token p x—— q for p ¢

abbreviation seq ignore_right_ws (infixr ——xx 60)
where p ——x*x ¢ = token p ——x ¢ for p ¢

abbreviation seq ws (infixr ——— 60)
where seq ws p q = token p —— ¢ for p q

definition scan__acconstraint where [unfolded Let def, consuming]:
scan__acconstraint =
let scan =
(As ¢. scan_var ——— exactly s xx—— token lz_int with (A(z, y). ¢ (String.implode z) y)) in
(
scan "< It ||
scan "'<=""le ||

scan "==""¢eq ||

scan ""="" eq ||

scan "">="" ge ||

scan '">"" gt

definition [consumingl:
scan__parens lparen rparen inner = ezactly lparen sx—— inner ——sxx token (ezactly rparen)

definition [consuming]: scan_loc =

(scan_var ——— (exactly "."" *—— scan__var))

with (A (p, s). loc (String.implode p) (String.implode s))
definition [consumingl: scan_bexp elem = scan__acconstraint || scan__loc
abbreviation scan_parens’ = scan__parens "'("" ")
definition [consuming|: scan_infix_pair a b s = a ——— exactly s xx—— token b

lemma [fundef congl:
assumes AI2. ll_fuel 12 < 1l_fuell’! = A 12 = A’ 12
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assumes AI2. 1l fuel 12 + (if length s > 0 then 1 else 0) < ll_fuell'=— B2 = B' (2
assumes s = s’ [=]’

shows scan__infiz_pair A B s | = scan__infix_pair A’ B’ s' 1’

using assms unfolding scan_infix_pair_def gen_token def

by (cases s; intro Parser_Combinator.bind_cong repeat__cong assms) auto

lemma [fundef congl:
assumes AI2. 1l fuel 12 < ll_fuell = A2 =A"121=1
shows scan_parens’ A | = scan_parens’ A’ I’
using assms unfolding scan_parens def gen_ token__def
by (intro Parser__Combinator.bind__cong repeat__cong assms) auto

lemma token__cong[fundef congl:
assumes AI2. Il _fuel 12 <1l _fuell= A 12 =A"121=1
shows token A | = token A’ 1’
using assms unfolding scan_parens def gen_ token__def
by (intro Parser__Combinator.bind__cong repeat__cong assms) auto

lemma is_cparser__scan__parens'|parser_rules|:
is_cparser (scan__parens’ a)
unfolding scan_parens_def by simp

fun aexp and mezrp and scan__exp and scan_ 7 and scan_ 6 and scan_ 0 where — slow: 90s
aexp =
token lz_int with exp.const || token scan_var with exp.var o String.implode ||

scan__parens’ (scan__exp ——— exactly "'?" xx—— scan_7 ——— exactly """ xx—— scan__exp)
with (A (el, b, e2). exp.if _then_else b el e2) ||
tk_Iparen xx—— scan__exp ——xx tk_rparen

| mexp ::= chainLl aexp (multiplicative _op with (Af a b. exp.binop f a b))
| scan__exp ::= chainL1 mezp (additive_op with (Af a b. exp.binop f a b))
| scan_7 ==
scan__infix_pair scan__6 scan__7T "'—>"" with uncurry bexp.imply ||
scan_infix_pair scan_6 scan__7 "||"" with uncurry bexp.or ||
scan_6 |
scan_6 =
scan__infix_pair scan__0 scan_6 "&&" with uncurry bexp.and ||
scan_0 |
scan_ 0 =
(ezactly """ || exactly '"""") xx—— scan__parens’ scan__7 with bexp.not ||
token (ezactly "true’’) with (A_. bexp.true) ||
scan__infix_pair aexp aexp "'<="" with uncurry bexp.le ||
scan__infix_pair aexp aexp "<’ with uncurry bexp.lt ||
scan__infix_pair aexp aexp "'=="" with uncurry bexp.eq ||
scan_infix_pair aexp aexp "> with uncurry bexp.gt ||
scan_infix_pair aexp aexp '">="" with uncurry bexp.ge ||
scan__parens’ scan__ 7

context
fixes elem :: (char, 'bexp) parser
and Imply Or And :: 'bexp = 'bexp = 'bexp
and Not :: 'bexp = 'bexp
begin

fun scan_ 7' and scan_ 6’ and scan_ 0’ where
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scan_ 7' =
scan_infix_pair scan_ 6" scan_ 7" "'—>"" with uncurry Imply ||
scan_infix_pair scan_ 6" scan_ 7" "||"" with uncurry Or ||
scan_ 6" |

scan_6' =
scan_infix_pair scan_ 0’ scan_ 6" "&&"" with uncurry And ||
scan_ 0" |

scan 0 =
(exactly """ || exactly "V"") *x—— scan__parens’ scan__ 7" with Not ||
elem ||
scan__parens’ scan_ 7’

context
assumes [parser_rules|: is_cparser elem
begin

lemma [parser_rules]:
is__cparser scan_ 0’
by (simp add: scan_0'.simps[abs_def])

lemma [parser_rules]:
is__cparser scan_6'
by (subst scan__6'.simps[abs__def]) simp

end
end

abbreviation scan__bexp = scan__ 7’ scan__bexp__elem sexp.imply sexp.or sexp.and sexp.not

lemma [parser_rules|:
is_cparser scan_bexp
by (subst scan__7'.simps[abs__def]) simp

lemma parse scan_bexp (STR "a < 3 && b>=2 || ~ (¢ <= 4)")
= Result (sexp.or (and (It STR "a"" 3) (ge STR "'b"" 2)) (not (sexp.le STR "'c" })))
by eval

definition [consuming]: scan__prefix p head = ezactly head *x—— p for p

definition [consuming]: scan_formula =
scan__prefix scan__bexp ""E<>"" with formula.EX ||
scan__prefiz scan_bexp ""E[]" with EG ||
scan__prefiz scan_bexp ""A<>"" with AX ||
scan__prefiz scan__bexp ""A[]"” with AG ||
scan__infix__pair scan__bexp scan__bexp "'——>"" with uncurry Leadsto

lemma is_cparser_token[parser_rules]:
is_cparser (token a) if is_cparser a
using that unfolding gen_token def by simp

definition [consumingl: scan__action =

(scan_var ——sx token (exactly "'?")) with In o String.implode |
(scan_var ——x token (exactly "'")) with Out o String.implode ||
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scan__var with Sil o String.implode

abbreviation orelse (infix orelse 58) where
a orelse b = default b a

definition
parse__action s = parse scan__action s orelse Sil (STR """

fun chop__sexp where

chop__sexp clocks (and a b) (cs, es) =

chop__sexp clocks a (cs, es) |> chop__sexp clocks b |
chop__sexp clocks (eq a b) (cs, es) =

(if a € set clocks then (eq a b # cs, es) else (cs, eq a b # es)) |
chop__sexp clocks (le a b) (cs, es) =

(if a € set clocks then (le a b # cs, es) else (cs, le a b # es)) |
chop__sexp clocks (It a b) (cs, es) =

(if a € set clocks then (It a b # cs, es) else (cs, It a b # es)) |
chop__sexp clocks (ge a b) (cs, es) =

(if a € set clocks then (ge a b # cs, es) else (cs, ge a b # es)) |
chop__sexp clocks (gt a b) (cs, es) =

(if a € set clocks then (gt a b # cs, es) else (cs, gt a b # es)) |
chop__sexp clocks a (cs, es) = (cs, a # es)

fun sexp_to_acconstraint :: (String.literal, String.literal, String.literal, int) sexp = _ where
sexp__to__acconstraint (It a (b :: int)) = acconstraint. LT a b |
sexp__to__acconstraint (le a b) = acconstraint.LE a b |
sexp_to__acconstraint (eq a b) = acconstraint. EQ a b |
sexp_to_acconstraint (ge a b) = acconstraint.GE a b |
sexp__to__acconstraint (gt a b) = acconstraint.GT a b

no__notation top _assn (true)

fun sexp_to_bexp :: (String.literal, String.literal, String.literal, int) sexp = _ where

sexp_to_bexp (It a (b :: int)) = bexp.lt (exp.var a) (exp.const b) |> Result |
sexp_to_bexp (le a b) = bexp.le (exp.var a) (exp.const b) |> Result |
sexp_to_bexp (eq a b) = bexp.eq (exp.var a) (exp.const b) |> Result |
sexp_to__bexp (ge a b) = bexp.ge (exp.var a) (exp.const b) |> Result |
sexp__to__bexp (gt a b) = bexp.gt (exp.var a) (exp.const b) |> Result |
sexp__to__bexp (and a b) =

do {a + sexp_to_bexp a; b < sexp_to_bexp b; bexp.and a b |> Result} |
sexp_to_bexp (sexp.or a b) =

do {a + sexp_to_bexp a; b + sexp_to_bexp b; bexp.or a b |> Result} |
sexp__to__bexp (imply a b) =

do {a + sexp_to_bexp a; b < sexp_to_bexp b; bexp.imply a b |> Result} |
sexp__to__bexp x = Error [STR "lllegal construct in binary operation’

definition [consuming]:
scan__update =
scan_var ——— (ezactly "=""|| exactly ":="") xx—— scan__exp
with (A(s, x). (String.implode s, x))

/.
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abbreviation scan_updates = parse__list scan__update

value parse scan__updates (STR " y2 = 0")

value parse scan__updates (STR ""y2 := 0, z2 := 0"

value parse scan_exp (STR (1 2L ==0:0)")

definition compile_invariant where
compile__invariant clocks vars inv =
let
(cs, es) = chop__sexp clocks inv ([], []);
g = map sexp_to__acconstraint cs

m

if es = |]

then Result (g, bexp.true)

else do {
let e = fold (and) (tl es) (hd es);
b < sexp_to_ bexp e;
assert (set_bexp b C set vars) (String.implode (" Unknown variable in bexp: " @ show b));
Result (g, b)

} for inv

definition compile invariant’ where
compile__invariant’ clocks vars inv =
if inv = STR """ then
Result ([], bexp.true)
else do {
inv < parse scan__bexp inv |> err_msg (STR "'Failed to parse guard in "' + inv);
compile__invariant clocks vars inv

}

for inv

definition convert node where
convert_node clocks vars n = do {

n < of_object n;

ID < get n "id"" >= of nat;

name < get n "'name’’ >= of _string;

inv < get n "invariant’’ >= of _string;

(inv, inv_vars)
compile__invariant’ clocks vars inv |> err_msg (STR "'Failed to parse invariant!”);

assert (case inv_vars of bexp.true = True | _ = False)
(STR "'State invariants on nodes are not supported’’);

Result ((name, ID), inv)

}

definition convert edge where
convert__edge clocks vars e = do {
e + of object e;
source < get e "source’’ >= of nat;
target < get e "target’’ >= of nat;
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guard < get e ""quard’” >= of string;
label < get e "label” >= of string;
update < get e ""update’” >= of _string;
label <« if label = STR """ then STR """ |> Sil |> Result else
parse scan__action label |> err_msg (STR ''Failed to parse label in " + label);
(g, check) <« compile_invariant’ clocks vars guard |> err_msg (STR "'Failed to parse guard!"’);
upd < if update = STR """ then Result [] else
parse scan__updates update |> err_msg (STR "'Failed to parse update in "' + update);
let resets = filter (Az. fst x € set clocks) upd;
assert
(list_all (A(_, d). case d of exp.const x = = = 0 | _ = undefined) resets)
(STR ""Clock resets to values different from zero are not supported’’);
let resets = map fst resets;
let upds = filter (Az. fst © ¢ set clocks) upd;
assert
(list_all (A\(z, _). x € set vars) upds)
(STR " Unknown variable in update: "' + update);
Result (source, check, g, label, upds, resets, target)

}

definition convert automaton where
convert__automaton clocks vars a = do {
nodes < get a "'nodes’’ >= of _array;
edges < get a "edges’”’ >= of _array;
nodes < combine__map (convert_node clocks vars) nodes;
let invs = map (A ((_, n), g). (n, g)) nodes;
let names__to__ids = map fst nodes;
assert (map fst names_to_ids |> filter (As. s £ STR ""') |> distinct)
(STR ""Node names are ambiguous’ + (show (map fst names_to_ids) |> String.implode));
assert (map snd names_to_ids |> distinct) (STR "'Duplicate node id"’);
let ids_to_names = map_of (map prod.swap names_to_ids);
let names__to__ids = map__of names_to_ids;
let committed = default [| (get a ""committed” >= of _array);
committed < combine_map of nat committed,
let urgent = default || (get a "urgent’” >= of array);
urgent < combine_map of nat urgent;
edges < combine_map (convert_edge clocks vars) edges;
Result (names__to_ids, ids_to__names, (committed, urgent, edges, invs))

}

fun rename_locs _sexp where

rename__locs _sexp f (not a) =

do {a < rename_locs sexp f a; not a |> Result} |
rename__locs_sexp f (imply a b) =

do {a + rename_locs_sexp f a; b < rename_locs_sexp f b; imply a b |> Result} |
rename__locs_sexp f (sexp.or a b) =

do {a + rename_locs_sexp f a; b + rename_locs_sexp f b; sexp.or a b |> Result} |
rename__locs _sexp f (and a b) =

do {a < rename_locs_sexp f a; b « rename_locs_sexp f b; and a b |> Result} |
rename_locs_sexp f (loc n x) = do {x < fn x; loc n x |> Result} |
rename__locs_sexp f (eq a b) = Result (eq a b) |
rename_locs_sexp f (It a b) = Result (It a b) |
rename__locs_sexp f (le a b) = Result (le a b) |
rename__locs_sexp f (ge a b) = Result (ge a b) |
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rename_locs_sexp f (gt a b) = Result (gt a b)

fun rename__locs _formula where
rename__locs__formula f (formula EX ) = rename_locs_sexp f ¢ >= Result o formula. EX |
rename__locs_formula f (EG @) = rename_locs_sexp f ¢ >= Result o EG |
rename__locs_formula f (AX @) = rename_locs_sexp f ¢ >= Result o AX |
rename__locs_formula f (AG @) = rename_locs _sexp f ¢ >= Result 0 AG |
rename__locs_formula f (Leadsto ¢ i) =
do {p + rename_locs_sexp [ ¢; ¥ + rename_locs_sexp f 1; Leadsto ¢ 1) |> Result}

definition convert :: JSON =
((nat = nat = String.literal) x (String.literal = nat) x String.literal list X
(nat list x nat list x
(String.literal act, nat, String.literal, int, String.literal, int) transition list
x (nat x (String.literal, int) cconstraint) list) list x
(String.literal x int X int) list X
(nat, nat, String.literal, int) formula x nat list x (String.literal x int) list
) Error_List _Monad.result where
convert json = do {
all < of object json;
automata < get all "automata’’;
automata < of array automata;
let broadcast = default [| (do {z + get all ""broadcast’’; of _array z});
broadcast < combine_map of _string broadcast;
let = trace_level 3
(A_. return (STR "'Broadcast channels " + String.implode (show broadcast)));
let bounds = default (STR ') (do {
x < get all "vars"’; of _string x}
)i
bounds < parse parse__bounds bounds |> err_msg (STR "'Failed to parse bounds”);
clocks < get all "'clocks"’;
clocks < of _string clocks;
clocks < parse (parse_list (lx_ws x—— ta_var_ident with String.implode)) clocks
|> err_msg (STR "'Failed to parse clocks”);
formula + get all "formula’;
formula < of _string formula;
formula < parse scan__formula formula |> err_msg (STR "'Failed to parse formula');
automata < combine_map of object automata;
process_names < combine_map (Aa. get a ""'name’’ >= of string) automata;
assert (distinct process_names) (STR ''Process names are ambiguous’’);
assert (locs_of formula formula C set process_names) (STR "'Unknown process name in
formula’);
let process _names_to_index = List_Index.index process names;
init_locs < combine_map
(Aa. do {z + get a "initial”; © < of _nat z; x |> Result})
automata;
let formula = formula.map_formula process _names to_index id id id formula;
let vars = map fst bounds;
let init_vars = map (Az. (x, 0::int)) vars;
names__automata < combine__map (convert_automaton clocks vars) automata;
let automata = map (snd o snd) names__automata;
let names = map fst names__automata;
let ids_to_names = map (fst o snd) names_automata;
let ids_to _mames =
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(Ap 4. case (ids_to_names ! p) i of Some n = n | None = String.implode (show i));
formula + rename_locs_formula (\i. get (names ! ©)) formula;
Result
(ids_to_names, process_names_to_inder,
broadcast, automata, bounds, formula, init_locs, init_vars)
} for json

Unsafe Glue Code for Printing code_ printing
constant print — (SML) writeln _
and (OCaml) print’_string _
code_ printing
constant println — (SML) writeln _
and (OCaml) print’_string _

definition parse convert run__print where
parse__convert_run__print dc s =
case parse json s >= convert of

Error es = do {let _ = map printin es; return ()}
| Result (ids_to__nmames, _, broadcast, automata, bounds, formula, Lo, so) = do {
r < do_preproc_mc dc ids_to_names (broadcast, automata, bounds) Loy so formula;
case r of
Error es = do {let _ = map println es; return ()}
| Result s = do {let _ = printin s; return ()}

}

definition parse convert run where
parse__convert_run dc s =
case
parse json s >= (Ar.
let
s = show r |> String.implode;
_ = trace_level 2 (M\_. return s’)
in parse json s’ >= (Ar'.
assert (r = r') STR ""Parse—print—parse loop failed!” >= (A_. convert r)))
of
Error es = return (Error es)
| Result (ids_to_names, _, broadcast, automata, bounds, formula, Lg, so) =
do__preproc_mec dc ids_to_names (broadcast, automata, bounds) Lo so formula

definition convert run where
convert_run dc json__data =
case (
let
s’ = show json__data |> String.implode;
= trace_level 2 (A_. return s’)
in parse json s’ >= (Ar'.
assert (json_data = r') STR "Parse—print—parse loop failed!"” >= (X__. convert json_data)))
of
Error es = return (Error es)
| Result (ids_to_mames, _, broadcast, automata, bounds, formula, Lg, so) =
do__preproc_mc dc ids_to_names (broadcast, automata, bounds) Loy so formula
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Eliminate Gabow statistics

code_ printing

code__module Gabow_Skeleton_Statistics — (SML) <
code_ printing

code__module AStatistics = (SML) «

Delete “junk”

code_ printing code__module Bits Integer — (SML) <

code_ printing

constant stat_newnode — (SML) (fn z => ())
| constant stat_start — (SML) (fnz => ()) _
| constant stat_stop — (SML) (fnz => ()) _

code__printing
constant TArray.sub’ — (SML) (Vector.sub o (fn (a, b) => (a, IntInf.tolnt b)))

code_ printing code__module Logging — (SML)
<
structure Logging : sig
val set_level : int —> unit
val trace : int —> (unit —> string) —> unit
val get_trace: unit —> (int * string) list
end = struct
val level = Unsynchronized.ref 0;
val messages : (int x string) list ref = Unsynchronized.ref [|;
fun set_level i = level := i;
fun get_trace () = !messages;
fun trace i f =
if i > llevel
then ()
else
let
val s = f ()
val _ = messages := (i, s) :: lmessages;
in () end;
end
)
and (Fwval) ©
code__reserved (Fval) Logging
code__reserved (SML) Logging

code_ printing constant trace_level — (SML)
Logging.trace (IntInf.toInt (integer’ _of ' _int _)) (_ ())
and (Eval)
(fn'_=> fns=> writeln (s () _ ()

To disable state tracing:

SML Code Export Now we export the actual executable code for MUNTA. First for SML:

474



export__code parse__convert_run Result Error
in SML module_ name Model Checker
file_ prefix Simple Model Checker

OCaml Code Export This is how to do it for OCaml:

export__code

convert_run Result Error String.explode int_of integer nat_of integer

JSON . Object JSON.Array JSON .String JSON .Int JSON.Nat JSON.Rat JSON.Boolean JSON .Null
fract.Rat

in OCaml module__name Model Checker

file_ prefix Simple Model Checker

Running Munta Adding a bit of wrapper code, so that we can directly run MUNTA from within
Isabelle:

definition parse convert run_ test where
parse__convert_run__test dc s = do {
x < parse__convert_run dc s;
case x of
Error es = do {let _ = map printin es; return (STR ""Fail')}
| Result r = return

}

ML «
fun assert comp exp =
if comp = exp then () else error (Assertion failed! expected: ~exp — but got: ~ comp)
fun test dc file =
let
val dir = Path.append Q{master_dir} Q{path ../benchmarks/}
val file = Path.explode file |> Path.append dir
val s = File.read file
m
@{ code parse__convert_run__test} dc s end
)

Now we can run MUNTA on a few examples:

ML_ val «assert (test false HDDI 02.muntaz ()) Property is not satisfiedD
ML_ val <assert (test true HDDI 02.muntaz ()) Model has no deadlock!

ML_ val <assert (test false simple.muntax ()) Property is satisfied!
ML_ val <assert (test true simple.muntaz ()) Model has no deadlock!s

ML__val <assert (test false light _switch.muntaz ()) Property is satisfied!
ML__val <assert (test true light_switch.muntaz ()) Model has no deadlock!»

ML_ val <assert (test false PM__test.muntaz ()) Property is not satisfied!s
ML_ val <assert (test true PM__test.muntaz ()) Model has a deadlock!

ML__val <assert (test false bridge.muntax ()) Property is satisfied!»
ML__val <assert (test true bridge.muntax ()) Model has no deadlock!s

ML_ val <assert (test false fischer.muntaz ()) Property is satisfied!»
ML__val <assert (test true fischer.muntaz ()) Model has no deadlock!s
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ML_ val <assert (test false PM__all _4.muntaz ()) Property is not satisfied!s
ML__val <assert (test true PM__all _4.muntaz ()) Model has no deadlock!s

end

13 Build and Test Exported Program With MLton

theory Munta_ Compile_MLton
imports Munta_Model Checker.Simple_Network _Language_ Export_Code
begin

— Produces a command for checking a single benchmark, e.g.: ./check_benchmark.sh 568
"Property is not satisfied" ./munta -m benchmarks/PM_all_5.muntax
ML «
fun mk__benchmark__check__gen munta mk_prop name num__states satisfied =
let
val prop = mk__prop satisfied
val benchmark = name ~ .muntax
mn
— this line checks that number of states and property satisfaction are correct
./ check__benchmark.sh ~ string_of int num__states ~ T~ prop
— this line runs Munta on the actual benchmark
“munta =~ benchmark
end
val mk_benchmark__check =
mk__benchmark__check__gen ./munta —m
(fn satisfied =>
if satisfied then
verbatim < Property is satisfied!
else
verbatim < Property is not satisfied!»)
val mk_benchmark__check dc =
mk__benchmark__check__gen ./munta —dc —m
(fn satisfied =>
if satisfied then
verbatim «Model has a deadlock!
else
verbatim <Model has no deadlock!y)
val it = mk_benchmark__check PM __all_5 568 false
val it1 = mk_benchmark__check__dc hddi_08 466 false
)

Here is how to compile Munta with MLton and then run some benchmarks:

compile_generated__files code/Simple_Model Checker.ML (in Simple_Network Language Ezxport_Code)
external_ files
<Unsynchronized.sml»
< Writeln.sml>
<Util.sml»
<Muntazx.sml»
<Mlton_ Main.sml»
<library. ML»
<muntax.mlby
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<check__benchmark.sh)
(in ../ML)
and
<HDDI 02.muntax>
<HDDI 02 broadcast.muntaz>
<HDDI 08 broadcast.muntax>
«PM _all 1.muntax»
<PM__all 2 .muntax)
«PM _all 8.muntax>
<PM__all 4 .muntax)
«PM__all _5.muntax>
«PM__all _6.muntax>
«<PM__all_urgent.muntazx>
<bridge.muntax)
<esma__ 05 . muntaxy
<csma__ 06 . muntax>
<fischer.muntaz>
<fischer__05.muntax»
<hddi__ 08 .muntax)
light__switch.muntazy (in ../benchmarks)
export__files <munta) (exe)
where <fn dir =>
let
val exec = Generated_Files.execute dir
val =
exec <Preparation)
muv code/Simple__Model__Checker. ML Simple_Model__Checker.ML
val =
exec <« Compilation>
oSS A B O S B O LRI
verbatim «$ISABELLE MLTON » —
— these additional settings have been copied from the AFP entry PAC _Checker
— they bring down benchmarks/PM__all_6.muntazx from 1000 s to 180 s on an M1 Mac
—const '"MLton.safe false’ —verbose 1 —inline 700 —cc—opt —03
— this one from PAC _Checker does not work on ARM64 though
RGN i /17
— these used to be the only setting for Munta
—default—type int6/
—output munta
muntaz.mlb)
val _ = exec <Test HDDI 02> (mk_benchmark_check HDDI 02 3/ false)
val _ = exec «Test HDDI 02_broadcasty (mk_benchmark__check HDDI 02_broadcast 3/
false)
val _ = exec <Test HDDI 08 broadcasty (mk_benchmark__check HDDI 08 broadcast 466
false)
val _ = exec <Test PM__all_1) (mk_benchmark_check PM__all_4 529 false)
val __ = exec «Test PM__all 1> (mk_benchmark__check PM__all_1 338 false)
val __ = exec «Test PM__all_2»> (mk_benchmark__check PM__all_2 2828 false)
val _ = exec <Test PM__all_3» (mk_benchmark__check PM__all_3 3994 false)
val _ = exec <Test PM__all_4» (mk_benchmark__check PM__all_4 529 false)
val _ = exec <Test PM__all_5) (mk_benchmark__check PM__all_5 568 false)
— 180 s on an M1 Mac
B L1 183560 1 Bty DAL LSO KL B e L e UML) s 6

val __ = exec <Test PM__all_urgenty (mk_benchmark__check PM__all_urgent 8 true)
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val __ = exec <Test bridge) (mk__benchmark__check bridge 73 true)

val _ = exec <Test csma__ 05y (mk_benchmark _check csma__05 8217 false)
val _ = exec <Test csma__ 06> (mk_benchmark_check csma_06 68417 false)
val _ = exec < Test fischery (mk_benchmark__check fischer 4500 true)

val __ = exec <Test fischer_05» (mk_benchmark_check fischer_05 38579 false)

val __ = exec <Test hddi_08) (mk_benchmark__check hddi_08 466 false)

val __ = exec ¢ Test light_switchy (mk_benchmark__check light__switch 2 true)

— a test for the deadlock checker

val _ = exec <Test hddi_08) (mk__benchmark__check_dc hddi_ 08 466 false)
in () end>

end
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