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Abstract

Binary multirelations form a model of alternating nondeterminism

useful for analysing games, interactions of computing systems with
their environments or abstract interpretations of probabilistic pro-
grams. We investigate this alternating structure in a relational lan-
guage based on power allegories extended with specific operations on
multirelations. We develop algebras of modal operators over multire-
lations, related to concurrent dynamic logics, in this language.
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The theories formally verify results in [3, 1, 2]. See these papers for further
details and related work.

The basic algebra of homogeneous binary multirelations is formalised
in [4]. The present theories consider heterogeneous binary multirelations,
which may have different source and target sets. While homogeneous mul-
tirelations arise as a special case where source and target sets coincide, we
do not attempt to generalise the algebras of [4] to the heterogeneous case
but study new concepts instead. Thus the present theories and [4] are com-
plementary. A unification of the two approaches based on category theory
is possible future work.

Algebraic structures for multirelations with Parikh composition are for-
malised in [5].

1 Properties of Binary Relations

theory Relational-Properties
imports Main
begin

no-notation set-difference (infixl \ 65)

This is a general-purpose theory for enrichments of Rel, which is still
quite basic, but helpful for developing properties of multirelations.

notation relcomp (infixl <» 75)
notation converse (<-=» [1000] 999)

type-synonym (’a,’b) rel = (a x 'b) set

lemma modular-law: R; SN T C(RNT;S57); 8
(proof)

lemma compl-conv: —(R~) = (—=R)~
{proof)

definition top :: ('a,’b) rel where
top = {(a,b) |a b. True}

abbreviation neg R = Id N —R

1.1 Univalence, totality, determinism, and related
properties

definition univalent :: ('a,’b) rel = bool where



univalent R = (R~ ; R C Id)

definition total :: (‘a,’d) rel = bool where
total R= (Id C R; R-)

definition injective :: (‘a,’d) rel = bool where
injective R = (R ; R~ C Id)

definition surjective :: (‘a,’b) rel = bool where
surjective R = (Id € R~ ; R)

definition deterministic :: ('a,’b) rel = bool where
deterministic R = (univalent R A total R)

definition bijective :: (‘a,’b) rel = bool where
bijective R = (injective R N surjective R)

lemma univalent-set: univalent R = (Va b c. (a,b) € R A (a,c) € R — b= ¢)
(proof)
Univalent relations feature as single-valued relations in Main.
lemma univ-single-valued: univalent R = single-valued R

{proof)

lemma total-set: total R = (Va. 3b. (a,b) € R)
(proof)

lemma total-var: total R = (R ; top = top)
{proof)

lemma deterministic-set: deterministic R = (Va .3'B . (a,B) € R)
(proof)

lemma deterministic-varl: deterministic R = (R ; —Id = —R)

(proof)

lemma deterministic-var2: deterministic R = (VS. R; =S = —(R; 5))
(proof)

lemma inj-univ: injective R = univalent (R™)
{proof)

lemma injective-set: injective S = (Ya b c. (a,c) € S A (bye) € S — a = b)
{proof)

lemma surj-tot: surjective R = total (R™)

{proof)

lemma surjective-set: surjective S = (Vb. Fa. (a,b) € 5)



{proof)

lemma surj-var: surjective R = (R~ ; top = top)
(proof )

lemma bij-det: bijective R = deterministic (R™)
(proof)

lemma univ-relcomp: univalent R = univalent S = univalent (R ; S)
{proof)

lemma tot-relcomp: total R = total S = total (R ; S)
{proof )

lemma det-relcomp: deterministic R = deterministic S = deterministic (R ;
S)
(proof )

lemma inj-relcomp: injective R = injective S = injective (R ; S)
(proof )

lemma surj-relcomp: surjective R = surjective S = surjective (R ; S)
(proof)

lemma bij-relcomp: bijective R = bijective S = bijective (R ; 5)
(proof )

lemma det-Id: deterministic Id
(proof )

lemma bij-1d: bijective Id
(proof )

lemma tot-top: total top
(proof)

lemma tot-surj: surjective top
(proof)

lemma det-meet-distl: univalent R = R ; (SN T)=R;SNR; T
{proof)

lemma inj-meet-distr: injective T = (RN S); T=R; TNS; T
(proof)

lemma univ-modular: univalent S = R; SN T=(RNT;S57); S

(proof)



1.2 Inverse image and the diagonal and graph functors

definition Invim :: (‘a,’d) rel = 'b set = 'a set where
Invim R = Image (R™)

definition Delta :: 'a set = ('a,’a) rel (<A») where
AP ={(pp) Ip-p € P}

definition Grph :: (‘a = 'b) = (‘a,’d) rel where
Grph f = {(z.y). y = f =z}

lemma Image-Grph [simp]: Image o Grph = image
(proof )

1.3 Relational domain, codomain and modalities

Domain and codomain (range) maps have been defined in Main, but they
return sets instead of relations.

definition dom :: ('a,’d) rel = (‘a,’a) rel where
dom R=IdNR; R~

definition cod :: (‘a,’b) rel = ('b,’b) rel where
cod R = dom (R™)

definition rel-fdia :: ('a,’b) rel = ('b,’b) rel = ('a,’a) rel («(|-)-)» [61,81] 82)
where

|R) @ = dom (R ; dom Q)

definition rel-bdia :: (‘a,’d) rel = (‘a,’a) rel = ('b,’d) rel («({-]-)> [61,81] 82)
where
rel-bdia R = rel-fdia (R™)

definition rel-fbox :: (‘a,’d) rel = ('b,'b) rel = (‘a,’a) rel (<(]-]-)> [61,81] 82)
where
|R]Q = neg (dom (R ; neg (dom Q)))

definition rel-bbox :: ('a,’d) rel = (‘a,’a) rel = ('b,’d) rel («([-|-)> [61,81] 82)
where
rel-bbox R = rel-fbox (R™)

lemma rel-bdia-def-var: rel-bdia = rel-fdia o converse
(proof)

lemma dom-set: dom R = {(a,a) |a. 3b. (a,b) € R}
{proof)

lemma dom-Domain: dom = A o Domain
(proof )



lemma cod-set: cod R = {(b,b) |b. Ja. (a,b) € R}
{proof)

lemma cod-Range: cod = A o Range
(proof )

lemma rel-fdia-set: |R) @ = {(a,a) |a. 3b. (a,b) € R A (b,b) € dom Q}
{proof)

lemma rel-bdia-set: (R| P = {(b,b) |b. Ja. (a,b) € R A (a,a) € dom P}
(proof)

lemma rel-fboz-set: |R] @ = {(a,a) |a. Vb. (a,b) € R — (b,b) € dom Q}
{proof)

lemma rel-bboz-set: [R| P = {(b,b) |b. Va. (a,b) € R — (a,a) € dom P}
(proof)

lemma dom-alt-def: dom R = Id N R ; top
(proof )

lemma dom-gla: (dom RC IdN S)=(RC (IdN S) ; R)
(proof)

lemma dom-gla-top: (dom R C Id N S) = (R C (Id N S) ; top)
(proof)

lemma dom-subid: (dom R = R) = (R = Id N R)
{proof)

lemma dom-cod: (dom R = R) = (cod R = R)
{proof)

lemma dom-top: R ; top = dom R ; top
(proof)

lemma top-dom: dom R = dom (R ; top)
(proof)

lemma cod-top: cod R = Id N top ; R
(proof)

lemma dom-conv [simp]: (dom R)~ = dom R
{proof)

lemma total-dom: total R = (dom R = Id)
{proof)

lemma surj-cod: surjective R = (cod R = Id)



{proof)

lemma fdia-demod: ( |R) P C dom Q) = (R ; dom P C dom Q ; R)
{proof)

lemma bboz-demod: (dom P C [R| Q) = (R ; dom P C dom @ ; R)
(proof)

lemma bdia-demod: ((R| P C dom Q) = (dom P ; R C R ; dom Q)
(proof)

lemma fboz-demod: (dom P C |R] Q) = (dom P ; R C R ; dom Q)
{proof)

lemma fdia-demod-top: ( |R) P C dom Q) = (R ; dom P ; top C dom @Q ; top)
(proof)

lemma bboz-demod-top: (dom P C [R| Q) = (R ; dom P ; top C dom @ ; top)
{proof)

lemma fdia-bbox-galois: ( |R) P C dom Q) = (dom P C [R| Q)
{proof)

lemma bdia-fboz-galois: ((R| P C dom Q) = (dom P C |R] Q)
{proof)

lemma fdia-bdia-conjugation: ( |R) P C neg (dom Q)) = ((R| @ C neg (dom P))
(proof)

lemma bfoz-bboz-conjugation: (neg (dom Q) C |R] P) = (neg (dom P) C [R] Q)
(proof)

1.4 Residuation

definition lres :: (‘a,’c) rel = ('b,’c) rel = ('a,’d) rel (infixl </» 75)
where R / S = {(a,b). Vc. (b,c) € S — (a,c) € R}

definition rres :: (‘c,’a) rel = ('¢c,’d) rel = ('a,’d) rel (infixl <\» 75)
where R\ S = {(b,a). Ve. (¢,b) € R — (c,a) € S}

lemma rres-lres-conv: R\ S = (S~ J R7)~
(proof)

lemma lres-galois: (R; SC T)=(RC T /) S)
{proof)

lemma rres-galois: (R ; SC T)=(SCR\T)
{proof)



lemma lres-compl: R | S = —(—R ; S7)
(proof)

lemma rres-compl: R\ S = —(R~ ; —5)
(proof)

lemma lres-simp [simp]: (R J R) ; R = R
{proof)

lemma rres-simp [simp]: R; (R\ R) = R
(proof)

lemma lres-curry: R ) (T ; S)=(R ) S) ) T
{proof)

lemma rres-curry: (R; S)\ T=S\(R\ T)
(proof)

lemma lres-Id: Id C R /| R
(proof)

lemma det-lres: deterministic R = (R; S) J/ S=R; (S ) S)
(proof)

lemma det-rres: deterministic (R~) = S\ (S; R)=(S\ S5); R
(proof)

lemma rres-bij: bijective S = (R\ T); S=R\ (T ; 5)
{proof)

lemma lres-bij: bijective S = (R ) T—); S=R J (T ; S)~
{proof)

lemma dom-rres-top: (dom P C R\ (dom Q ; top)) = (dom P ; top C R\ (dom

Q ; top))
(proof)

lemma dom-rres-top-var: (dom P C R\ (dom Q ; top)) = (P ; top C R\ (@ ;
top))
(proof)

lemma fdia-rres-top: ( |R)P C dom Q) = (dom P C R\ (dom @ ; top))
{proof)

lemma fdia-rres-top-var: ( |R) P C dom @) = (dom P C R\ (Q ; top))
{proof)

lemma dom-galois-var2: (|R) (IdNP)CIdN Q)= IdNPCR\ ((Idn Q) ;
top))



{proof)

lemma rres-top: R\ (dom @Q ; top) ; top = R\ (dom Q ; top)
{proof)

lemma ddd-var: ( |R) P C dom Q) = (dom P C dom ((R \ (dom @Q ; top)) ;

top))
(proof)

lemma wip-prop: dom ((R \ (dom @Q ; top)) ; top) = neg (cod (neg (dom Q); R))
(proof )

lemma wlip-prop-var: dom ((R \ (dom Q ; top))) = neg (cod ((neg (dom Q)); R))
{proof)

lemma dom-demod: (|R) (IdNP)CIldN Q)= (R;(IdNP)C(IdN Q) ; R)
(proof)

lemma fdia-bboz-galois-var: ( |R) (IdNP)CIdN Q)= (IdN P CIdN — cod
((Id N —@Q); R))
{proof)

lemma dom-demod-var2: (|[R) (IdNP)CIdN Q)={IdNPCR\ ((Idn Q)
P R))
{proof)
1.5 Symmetric quotient
definition syq :: (‘c,’a) rel = ('e,’d) rel = (‘a,’d) rel (infixl <+» 75)
where R+ S=(R\ S)Nn (R~ ) S7)

lemma syg-set: R +~ S = {(a,b). Vc. (c,a) € R +— (¢,b) € S}
{proof)

lemma converse-syq [simp]: (R ~ S)~ =S5 + R

{proof)

lemma syg-compl: R + S =— (R~ ; =5)N—(—(R7);95)
(proof)

lemma syg-compl2 [simp]: —R + —S =R + S
{proof)

lemma syg-expandl: R ; (R + S) = 5N (top; (R+ 5))
(proof)

lemma syg-ezpand2: (R + S); S~ =R~ N ((R+ 5) ; top)
(proof)
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lemma syg-compl: (R + S);(S+T)=(R+ T)N (top; (S =+ T))
(proof)

lemma syg-comp2: (R + 8); (S+T)=(R+T)N((R+S); top)
(proof )

lemma syq-bij: bijective T — (R + S); T=R+ (S; T)
(proof )

end

2 Properties of Power Allegories

theory Power-Allegories-Properties
imports Relational-Properties

begin

2.1 Power transpose, epsilon, epsiloff
definition Lambda :: ('a,’d) rel = (‘a,’b set) rel (<A») where
A R ={(a,B) |a B. B={b. (a,b) € R}}

definition epsilon :: (‘a,’a set) rel where
epsilon = {(a,A). a € A}

definition epsiloff = {(4,a). a € A}

definition alpha :: ('a,’b set) rel = ('a,’d) rel («a>) where
a R = R ; epsiloff
alpha can be seen as a relational approximation of a multirelation. The
next lemma provides a relational definition of Lambda.
lemma Lambda-syqg: A R = R~ =+ epsilon
(proof )

lemma epsiloff-epsilon: epsiloff = epsilon™
(proof)

lemma alpha-set: o R = {(a,b) |a b. b € |J{B. (a,B) € R}}
{proof)

lemma alpha-relcomp [simp]: « (R; S)=R;a S
(proof )

lemma Lambda-epsiloff-upl: f = A R=— R=a f
(proof)
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lemma Lambda-epsiloff-up2: deterministic f — R=a f = f=AR
(proof)

lemma Lambda-epsiloff-up:
assumes deterministic f
shows (R=a f) = (f = A R)
(proof)

lemma det-lambda: deterministic (A R)
{proof)

lemma Lambda-alpha-canc: deterministic f = A (o f) = f
(proof )

lemma alpha-Lambda-canc [simp]: a (A R) = R
{proof)

lemma alpha-cancel:
assumes deterministic f
and deterministic g
showsa f=ag= f=yg
(proof)

lemma Lambda-fusion:
assumes deterministic f
shows A (f; R)=f; AR
(proof)

lemma Lambda-fusion-var: A (A R; S)=AR;AS
{proof)

lemma Lambda-epsiloff [simp]: A epsiloff = Id
(proof)

lemma alpha-epsiloff [simp]: « Id = epsiloff
(proof)

lemma alpha-Sup-pres: « ((JR) = (UR € R. a R)
(proof)

lemma alpha-ord-pres: R C S = alpha R C alpha S
(proof )

lemma alpha-inf-pres: « {(a,A). 3B C. A= BN C A (a,B) € R A (a,C) € S}
=aRNals
(proof )
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2.2 Relational image functor

definition pow :: (‘a, 'b) rel = (‘a set, 'b set) rel («P>) where
P R = A (epsiloff ; R)

lemma pow-set: P R = {(A,B). B = Image R A}
{proof)

lemma pow-set-var: P R = {(A,B). B ={b. 3a € A. (a,b) € R}}
{proof)

lemma pow-converse-set: P (R~) = {(Q,P). P = {a. 3b. (a,b) € RA b € Q}}
(proof)

lemma det-pow: deterministic (P R)
(proof)

lemma Lambda-pow: A (R; S)=AR;P S
(proof)

lemma pow-funcl [simp]: P Id = Id
{proof)

lemma pow-func2: P (R; S)=P R;P S
(proof)

lemma Grph-Image [simp]: Grph o Image = P
{proof)

lemma lambda-alpha-idem [simp]: A (o (A (o R))) = A (o R)
(proof)

2.3 Unit and multiplication of powerset monad

definition eta :: (‘a,’a set) rel (<) where
n=AId

definition mu :: (‘a set set, 'a set) rel («u>) where
u = pow epsiloff

lemma eta-set: n = {(a,{a}) |a. True}
(proof)

lemma alpha-eta [simp]: a n = Id

(proof)

lemma det-eta: deterministic n
{proof )

lemma mu-set: p = {(4,B). B={b.3C. C € ANDbe C}}

13



{proof)

lemma det-mu: deterministic p
{proof)

lemma Lambda-eta:
assumes deterministic R
shows A R=R ;n

(proof)

lemma eta-nat-trans:
assumes deterministic R
shows ;P R=R;n
(proof )

lemma mu-nat-trans:
assumes deterministic R
shows P (PR) ;u=p; PR
(proof)

The standard axioms for the powerset monad are derivable.
lemma pow-monadl [simp]: P p;u=p;pu
(proof)

lemma pow-monad2 [simp]: P n; pn=1Id
(proof)

lemma pow-monad3 [simpl: n ; p = Id

(proof)

lemma Lambda-mu:
assumes deterministic R
shows A(R) ; u =R
(proof)

lemma pow-Lambda-mu [simp]: P (A R) ; u =P R
{proof)

lemma lambda-alpha-mu: A (o« R) = A R ; p
{proof)

lemma alpha-eta-pow [simpl: « (n ; P R) = R
(proof)

lemma eta-pow-Lambda [simpl: n; P R =A R
(proof)

lemma pow-propl: P RC S = RC a (n;5)
(proof)
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lemma pow-prop-2: RCP S = a(n; R)CS
(proof )

lemma pow-prop: R=P S = a(n; R) =S
(proof )

lemma alpha-eta-id [simp]: o (R ;1) = R
{proof)

lemma eta-alpha-idem [simp]: o (o« R;m) ;n=a R ;n
(proof)

lemma lambda-eta-alpha [simp]: A (o (o« R ;1)) = A (o R)
{proof)

lemma eta-lambda-idem [simp]: o (A (« R)) ;n=a R ;n
{proof)

lemma Grph-eta [simp]: Grph (Az. {z}) = n
{proof)

lemma Grph-epsiloff [simp]: Grph (Az. {z}) ; epsiloff = Id
(proof )

lemma Image-epsiloff [simp]: Image epsiloff o (Az. {z}) = id
{proof)

2.4 Subset relation

definition Omega :: (‘a set, ‘a set) rel (<€) where
Q = epsilon \ epsilon

lemma Omega-set: Q = {(A,B). A C B}
(proof)

lemma conv-Omega: Omega™ = epsiloff | epsiloff
(proof)

lemma epsilon-eta-Omega [simpl: n ; Q = epsilon
(proof)

lemma epsiloff-eta-Omega [simp]: Q@ ; n~ = epsiloff
(proof )

lemma epsilon-Omega [simp]: epsilon ; Q = epsilon
(proof)

lemma conv-Omega-epsiloff [simpl: Q~ ; epsiloff = epsiloff

15



{proof)

lemma Lambda-conv [simp]: (A R)~ = epsilon + R~
{proof)

lemma Lambda-Omega: A R ; Q = R~ \ epsilon
(proof)

lemma syg-epsiloff-prop [simp]: O~ ; (epsilon ~ R) = epsiloff | R~
(proof )

lemma pow-semicomm: (P,Q) € P R;Q)=(AP; RCR;A Q)
(proof )

2.5 Complementation relation

definition Compl :: ('a set,’a set) rel («C») where
C = epsilon +~ —epsilon

lemma Compl-set: C = {(4,—A) |A. True}
{proof)

lemma Compl-Compl [simp]: C ; C = Id
(proof )

lemma Compl-def-var: C = A (—epsiloff)
(proof )

lemma converse-Compl [simp]: C~ = C
(proof)

lemma det-Compl: deterministic C
(proof )

lemma bij-Compl: bijective C

{proof)

lemma Compl-compl-epsiloff [simp): C ; —epsiloff = epsiloff
(proof )

lemma Compl-epsiloff [simp]: C ; epsiloff = —epsiloff
(proof)

lemma compl-epsilon-Compl [simp]: —epsilon ; C = epsilon
(proof )

lemma epsilon-Compl [simp]: epsilon ; C = —epsilon
(proof )
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lemma Lambda-Compl-var: A R ; C = R~ + —epsilon
(proof)

lemma Lambda-Compl: A R ; C = A (—R)
(proof)
2.6 Kleisli lifting and Kleisli composition

definition klift :: ("a,’b set) rel = ('a set,’d set) rel (<-p> [1000] 999) where
(R)p =P (a R)

definition kcomp :: (‘a,’d set) rel = ('b,’c set) rel = (‘a,’c set) rel (infixl ¢«p>
70) where
R-pS=R;(Sp

lemma klift-var: (R)p = A (epsiloff ; R ; epsiloff)
(proof )

lemma klift-set: (R)p = {(A,B). B =J (Image R A)}
{proof)

lemma klift-set-var: (R)p = {(A,B). B=J{C.3a € A.(a,C) € R}}
(proof )

lemma klift-mu: (R)p =P R ; u
(proof )

lemma klift-empty: ({},A) € (R)p +— A ={}
(proof )

lemma klift-exti: (R ; (S)p)p = (R)p ; (S)p
{proof)

lemma klift-ext2: deterministic R = n; (R)p = R
(proof)

lemma klift-ext3 [simp]: (n)p = Id
{proof)

lemma pow-klift [simp]: (R ;n)p =P R
(proof)

lemma mu-klift [simp]: (Id)p = u
{proof)

lemma kcomp-var: R -p S=R;P S;pu
(proof)

lemma kcomp-assoc: R -p (S -p T)=(R-p S) pT
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(proof)

lemma kcomp-oner: R -p n = R
(proof )

lemma kcomp-onel: deterministic R —= n -p R =R
(proof)

2.7 Relational box

definition rbox :: (‘a,’d) rel = ('b set, 'a set) rel where
rbox R = A (epsiloff | R)

lemma rboz-set: rbox R = {(Q,P). P = {a. V. (a,b) € R — b € Q}}
(proof)

lemma rboz-exp: ((Q,P) € (rbox (R::('a,’d) rel))) = (P = —{a. 3b. (a,b) € R A
be-Q})
(proof )

lemma rboz-subset: rbox R ; @~ = {(Q,P). P C {a. Vb. (a,b) € R — b € Q}}
{proof )

lemma rboz-semicomm: (Q,P) € rbox R ; @~ = (A P; RCR; A Q)
(proof)

lemma rbox-semicomm-var: (Q,P) € rbox R ; @~ = (AP C(R; A Q) / R)
(proof)

lemma rbox-omega: rbox epsiloff = A (1)
(proof)

lemma Omega-rbox: @ = (a (rbox epsiloff))~

(proof)

lemma pow-rboz: ((Q,P) € rbox R ; Q) = ((P,Q) € P R ; Q)
(proof)

lemma rbox-pow-Compl: rbox R =C ; P (R™) ; C
{proof)

lemma pow-rboz-Compl: P R = C ; rboxz (R™) ; C
(proof)

lemma pow-conjugation: C ; (P (R7); Q)" =P R;C; Q~
(proof )

lemma pow-rboz-eq: rbox R ; @~ = (P R ; Q)~
(proof)
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end

3 Basic Properties of Multirelations

theory Multirelations-Basics
imports Power-Allegories-Properties

begin

This theory extends a previous AFP entry for multirelations with one
single objects to proper multirelations in Rel.

3.1 Peleg composition, parallel composition (inner union)
and units

type-synonym (’a,’b) mrel = ('a,’b set) rel

definition s-prod :: (‘a,’b) mrel = ('b,’c) mrel = (‘a,’c) mrel (infixl <> 75)
where

R-S={(a,A). 3B.(a,B) e RN 3f. WVbe B.(bfb)e S)yNA=U("°
B)))}

definition s-id :: (‘a,’a) mrel (¢1,>) where

1, = (Uea {(a{a})})
definition p-prod :: (‘a,’b) mrel = ('a,’d) mrel = ('a,’b) mrel (infixl <||> 70)
where

R||S={(ad). 3BC.A=BUCA (a,B) € RA (a,C) € 5)}

definition p-id :: (‘a,’db) mrel (<1,>) where

Iz = (Ue {(a{})})

definition U :: (‘a,’b) mrel where
U={(a,A) |a A. True}

abbreviation NC = U — 1,
named-theorems mr-simp
declare s-prod-def [mr-simp| p-prod-def [mr-simp| s-id-def [mr-simp| p-id-def

[mr-simp] U-def [mr-simp]

lemma s-prod-idl [simp]: 1, - R = R
{proof)

lemma s-prod-idr [simp]: R - 1, = R
{proof)
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lemma p-prod-ild [simp]: 1. || R = R
{proof)

lemma c-prod-idr [simp]: R || 1, = R
(proof)

lemma cl7 [simp]: 1, || 1, = 1,
{proof)

lemma p-prod-assoc: R || S || T=R| (S| T)
(proof)

lemma p-prod-comm: R || S =S| R
{proof)

lemma subidem-par: R C R || R
(proof)

lemma meet-le-par: RN S CR| S
(proof )

lemma s-prod-distr: (RUS)- T=R-TUS - T
(proof)

lemma s-prod-sup-distr: (JX)-S=(JRe X.R-5)
(proof)

lemma s-prod-subdistl: R - SUR-T CR-(SUT)
{proof)

lemma s-prod-sup-subdistl: X # {} = (USe€ X.R-S)CR-UX
{proof)

lemma s-prod-isol: RCS=— R -TCS-T
(proof)

lemma s-prod-isor- RC S — T -RCT- S
(proof )

lemma s-prod-zerol [simp]: {} - R = {}
(proof)

lemma s-prod-wzeror: R - {} C R
{proof)

lemma p-prod-zeror [simp]: R || {} = {}
(proof)

lemma s-prod-p-idl [simp]: 1, - R = 1,
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{proof)

lemma p-id-st: R - 1. = {(a,{}) |a. 3B. (a,B) € R}
{proof)

lemma c6: R -1, C 1,
(proof )

lemma p-prod-distl: R || (SUT)=R | SUR| T
{proof)

lemma p-prod-sup-distl: R || (JX) =S € X.R| S5)
{proof)

lemma p-prod-isol: RC S = R|TC S| T
{proof)

lemma p-prod-isor: RC S = T||RC T S
(proof)

lemma s-prod-assocl: (R-S)- T CR-(S-T)
{proof)

lemma seg-conc-subdistr: (R || S)- TCR-T | S-T
{proof)

lemma U-U [simp]: U - U =1U

{proof )

lemma U-par-idem [simp]: U || U =U
{proof)

lemma p-id-NC: R — 1, = RN NC
{proof )

lemma NC-NC [simp]: NC - NC = NC
(proof)

lemma nc-par-idem [simp]: NC || NC = NC
{proof)

lemma cl4:

assumes T || T C T

shows R-T||S-TC(R|S) T
(proof)

lemma cl3: R- (S| T)CR-S|R-T
(proof)
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lemma p-id-assocl: (1 - R)-S =1, -(R-5)
{proof)

lemma p-id-assoc2: (R - 1;)- T=R- (1, -T)
(proof)

lemma cl! [simp]: R- 1, UR-NC=R-U
{proof)

lemma tarski-aux:
assumes R — 1, # {}
and (a,A) € NC
shows (a,4) € NC - (R — 1) - NC)
{proof)

lemma tarski:
assumes R — 1, # {}
shows NC - (R — 1) - NC) = NC
(proof)

lemma tarski-var:
assumes R N NC # {}
shows NC - (RN NC) - NC) = NC
{proof )

lemma s-le-nc: 1, C NC

{proof)

lemma U-nc [simp]: U - NC = U
{proof)

lemma z-y-split [simp]: (RN NC)- SUR-{} =R-S
{proof)

lemma c-ne-compl [simp]: 1, U NC = U
{proof)

3.2 Tests

lemma s-id-st: RN 1, = {(a,{a}) |a. (a,{a}) € R}
(proof)

lemma subid-auz2:
assumes (a,4) € RN 1,
shows A = {a}
(proof )

lemma s-prod-test-auzi:
assumes (¢,A) € R- (PN 1,)
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shows ((a,4) € R A (Va € A. (a,{a}) € (PN 1,)))
(proof)

lemma s-prod-test-auz2:
assumes (a,4) € R
andVa € A. (a,{a}) € S
shows (a,4A) € R - S
(proof)

lemma s-prod-test: (a,A) € R- (PN 1,) +— (a,4) € RA (Va € A. (a,{a}) €
(PN i1,))
{proof)

lemma s-prod-test-var: R - (P N 1,) = {(a,4). (a,A) € RA (Va € A. (a,{a}) €
(PN 1,))}
(proof )

lemma test-s-prod-auzi:
assumes (a¢,A) € (PN 1,) - R
shows (a,{a}) € (PN 1,) A (a,A) € R
(proof )

lemma test-s-prod-aux2:
assumes (a,4) € R
and (a,{a}) € P
shows (a,A) € P - R
(proof )

lemma test-s-prod: (a,A) € (PN 1,) - R «— (a,{a}) € (PN 1,) A (a,4) € R
{proof)

lemma test-s-prod-var: (P N 1,) - R = {(a,A). (a,{a}) € (PN 1,) A (a,A) € R}
(proof)

lemma test-assocl: (R- (PN 1,)-S=R-(PNl1,)-S5)
{proof)

lemma test-assoc2: (PN 1,)-R)-S=(PN1,)-(R-S5)
(proof)

lemma test-assoc3: (R-S) - (PN1y,)=R-(S-(PNl1,))
(proof)

lemma s-distl-test: (PN 1,)- (SUT)=(PN1l,)-SU(PNI1,) T
{proof)

lemma s-distl-sup-test: (PN 1,)-UJUX =(USe X. (PN 1,)- S5
{proof)
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lemma subid-par-idem [simp]: (PN 1,) || (PN 1,) = (PN 1,)
{proof)

lemma seq-conc-subdistrl: (PN 1,) - (S| T)=(PNly)-S) | (PN1iy)-T)
(proof )

lemma test-s-prod-is-meet [simp]: (PN 1,) - (Q@N1,)=PNQNI,
{proof)

lemma test-p-prod-is-meet [simp]: (P N 1,) | (QN1,)=(PN1i,)N(QNI1,)
(proof)

lemma test-multipliciativer: (PN QN 1) - T=(PN1y,)-T)N{(QN1,)-
T)
{proof)

lemma cl9 [simp]: (RN 1,) 1] 1, = RN 1,
(proof)

lemma s-subid-closed [simp]: RN NCN1,=RNI,
{proof)

lemma sub-id-le-nc: RN 1, C NC
(proof )

lemma z-y-prop: 1, N (RN NC)-S)=1,NR-S
(proof)

lemma s-nc-U: 1I,NR-NC=1,NR-U
(proof)

lemma sid-le-nc-var: 1, N R C 1, N (R || NC)
(proof)

lemma s-nc-par-U: 1, N (R || NC) =1, N (R | U)
(proof)

lemma s-id-par-s-prod: (PN 1,) || (@N1,)=(PN1,)-(QN1,)
(proof)

3.3 Parallel subidentities

lemma p-id-zero-st: RN 1. = {(a,{}) |a. (a,{}) € R}
(proof)

lemma p-subid-iff: RC 1, +— R- 1, =R
(proof)

lemma p-subid-iff-var: RC 1, +— R-{} =R
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{proof)

lemma term-par-idem [simp]: (RN 1) || (RN 1) = (RN 1)
{proof)

lemma c! [simp]: R- 1, || R=R

{proof )

lemma p-id-zero: RN 1, =R - {}
{proof)

lemma cl5: (R-S)-(T-{}))=R-(5-(T-{}))

(proof )

lemma c/: (R-S) -1, =R-(S- 1)

(proof)

lemma ¢3: (R||S)-1=R-1|| S I
{proof )

lemma p-id-idem [simp]: (R - 1) - 1 =R - 1,
(proof )

lemma z-c-par-idem [simp]: R - 1. || R- 1, =R - 1,
{proof)

lemma z-zero-le-c: R - {} C 1,
{proof )

lemma p-subid-lb1: R-{} || S-{} C R {}
(proof)

lemma p-subid-b2: R -{} || S-{} €S- {}
{proof )

lemma p-subid-idem [simp]: R - {} || R - {} = R - {}
(proof )

ttgmr?;p-subid-glb: T }cr-{3=17-3cs =7 DI
{proof)

lemma p-subid-glb-iff: T - {} CR-{3JANT-{} S - {}+— T -{}Z(R-{})
| <(5 : ;{C];)
proo

lemma z-c-glb: (T::("a,’d) mrel) - 1, C (R::('a,’b) mrel) - 1, = T - 1, C

(S::("a,’b)y mrel) - 1, = T - 1, C T(FR~ 1)1 (S 1)
(proof)
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lemma z-c-lbl: R- 1, || S -1, CR- 1,
(proof)

lemma z-c-b2: R -1, || S-1,C S 1,
(proof)

lemma z-c-glb-iff: (T::('a,’b) mrel) -
(S:("a,’b) mrel) - 1, +— T - 1
{proof)

lemma nc-iffi: RC NC +— RN 1, ={}
{proof)

lemma nc-iff2: R C NC +— R - {} ={}
(proof)

lemma zero-assoc3: (R-8S) -{} =R (S {})
(proof)

lemma z-zero-interr: R - {} | S - {} = (R | S) - {}
(proof )

lemma p-subid-interr: R - T - 1. || S - T -1, =(R||S)- T 1
(proof)

lemma cl2 [simp]: 1, N (R U NC) =R - {}
{proof)

lemma cl6 [simp]: R-{}-S=R-{}
{proof)

lemma cl11 [simp]: (R N NC) - 1. || NC = (RN NC) - NC
{proof)

lemma z-split [simp]: (RN NC)U (RN 1,) =R
(proof)

lemma z-split-var [simp]: (RN NC)UR-{} =R
{proof)

lemma s-z-c [simp]: 1, "R - 1, = {}
{proof)

lemma s-z-zero [simp]: 1, N R - {} = {}
(proof)

lemma c-nc [simp]: R - 1, N NC = {}
{proof)
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lemma zero-nc [simp]: R - {} N NC = {}
(proof)

lemma nc-zero [simp]: (R N NC) - {} = {}
(proof)

lemma c-def [simp]: U - {} = 1,
{proof)

lemma U-c [simp]: U - 1, = 1,
{proof)

lemma nc-c [simp]: NC - 1, = 1,

(proof)

lemma nc-U [simp]: NC - U =1U
{proof)

le<mrnejlc>:1:-c-nc-split [simp]: (RN NC) - NC)U (R-{} || NC)=(R- 1) || NC
proo

lemma z-c-U-split [simp]: R- UU(R-{}||U)=R- 1. || U
{proof)

lemma p-subid-par-eq-meet [simp]: R - {} || S-{} =R-{}nS-{}
{proof)

lemma p-subid-par-eq-meet-var [simp]: R - 1, || S-1,=R-1,NS - 1,
(proof )

lemma z-zero-add-closed: R - {} U S - {} = (RUS) - {}
{proof)

lemma z-zero-meet-closed: R - {} N S -{} =(RNS) - {}
(proof )

lemma scomp-univalent-pres: univalent R = univalent S = univalent (R - S)
{proof )

lemma univalent s-id
(proof)

lemma det-peleg: deterministic R = deterministic S = deterministic (R - S)
{proof )

lemma deterministic-sid: deterministic 1,
(proof )

27



3.4 Domain

definition Dom :: (‘a,’b) mrel = (‘a,’a) mrel where
Dom R = {(a,{a}) |a. 3B. (a,B) € R}

named-theorems mrd-simp
declare mr-simp [mrd-simp] Dom-def [mrd-simp)

lemma d-def-exzpl: Dom R =R - 1, || 1,
{proof)

lemma s-subid-iff2: (RN 1, = R) = (Dom R = R)
{proof)

lemma cl8-var: Dom R-S =R -1, S
(proof)

lemma cl8 [simp|: R - 1, || 1o - S=R -1, S
{proof)

lemma cl10-var: Dom (R — 1) =1, N (R — 1,) - NC)
(proof)

lemma c10: (RN NC) - 1, || 1o = 1, N (RN NC) - NC)
(proof)

lemma cl9-var [simp]: Dom (RN 1,) = RN 1,
{proof)

lemma d-s-id [simp]: Dom RN 1, = Dom R
{proof)

lemma d-s-id-ax: Dom R C 1,
(proof )

lemma d-assocl: Dom R - (S - T)=(DomR-S)-T
{proof)

lemma d-meet-distr-var: (Dom R N\ Dom S) - T = Dom R - T N Dom S - T
{proof)

lemma d-idem [simp]: Dom (Dom R) = Dom R
{proof)

lemma cd-2-var: Dom (R - 1) - S=R-1.| S
{proof)

lemma dc-propl [simp]: Dom R - 1, =R - 1,
(proof )
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lemma dc-prop2 [simp]: Dom (R - 1) = Dom R
{proof)

lemma ds-prop [simp]: Dom R || 1, = Dom R
(proof)

lemma dc [simp]: Dom 1, = 1,
{proof)

lemma cd-iso [simp]: Dom (R - 1)+ 1, =R - 1,
(proof)

lemma dc-iso [simp]: Dom (Dom R - 1) = Dom R
{proof)

lemma d-s-id-inter [simp]: Dom R - Dom S = Dom R N Dom S
{proof)

lemma d-conc6: Dom (R || S) = Dom R || Dom S
{proof)

lemma d-conc-inter [simp]: Dom R || Dom S = Dom R N Dom S
(proof)

lemma d-conc-s-prod-axz: Dom R || Dom S = Dom R - Dom S
(proof)

lemma d-rest-az [simp]: Dom R - R = R
{proof)

lemma d-loc-az [simp]: Dom (R - Dom S) = Dom (R - 5)
{proof)

lemma assoc-p-subid: (R - S) - (T - 1) =R -(S-(T - 1))
{proof)

lemma d-exp-ax [simp]: Dom (Dom R - S) = Dom R - Dom S
{proof)

lemma d-comm-az: Dom R - Dom S = Dom S - Dom R
(proof)

lemma d-s-id-prop [simp]: Dom 1, = 1,
(proof)

lemma d-s-prod-closed [simp]: Dom (Dom R - Dom S) = Dom R - Dom S
{proof)

lemma d-p-prod-closed [simp]: Dom (Dom R || Dom S) = Dom R || Dom S
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{proof)

lemma d-idem2 [simp]: Dom R - Dom R = Dom R
{proof)

lemma d-assoc: (Dom R - Dom S) - Dom T = Dom R - (Dom S - Dom T)
(proof)

lemma iso-1 [simp]: Dom R - 1, || 1, = Dom R
{proof)

lemma d-idem-par [simp]: Dom R || Dom R = Dom R
{proof)

lemma d-inter-r: Dom R - (S || T) = Dom R - S || Dom R - T
{proof)

lemma d-add-azx: Dom (R U S) = Dom R U Dom S
{proof)

lemma d-sup-add: Dom (JX) = (UR € X. Dom R)
{proof)

lemma d-distl: Dom R - (S U T) = Dom R -S U Dom R - T
{proof)

lemma d-sup-distl: Dom R - | JX = (US € X. Dom R - S)
{proof)

lemma d-zero-az [simp]: Dom {} = {}

(proof)

lemma d-absorbl! [simp]: Dom R U Dom R - Dom S = Dom R
{proof)

lemma d-absord2 [simp]: Dom R - (Dom R U Dom S) = Dom R
(proof)

lemma d-dist1: Dom R - (Dom S U Dom T) = Dom R - Dom S U Dom R -
Dom T

{proof)

lemma d-dist2: Dom R U (Dom S - Dom T) = (Dom R U Dom S) - (Dom R U
Dom T)

{proof)

lemma d-add-prod-closed [simp]: Dom (Dom R U Dom S) = Dom R U Dom S
{proof)
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lemma z-zero-prop: R - {} || S = Dom (R - {}) - S
{proof)

lemma cda-add-ax: Dom (RU S) - T) = Dom (R - T) U Dom (S - T)
(proof)

lemma d-z-zero: Dom (R -{}) =R - {} || 1~
{proof)

lemma cda-ax?2:
assumes (R || S)- Dom T =R-Dom T | S- Dom T
shows Dom (R || S) - T) = Dom (R-T) - Dom (S - T)
{proof)

lemma d-lb1: Dom R - Dom S C Dom R
(proof)

lemma d-162: Dom R - Dom S C Dom S
(proof)

lemma d-glb: Dom T C Dom R A Dom T C Dom S = Dom T C Dom R -
Dom S

{proof)

lemma d-glb-iff: Dom T C Dom R A Dom T C Dom S +— Dom T C Dom R -
Dom S

{proof)

lemma d-interr: R - Dom P || S - Dom P = (R || S) - Dom P
{proof)

lemma cl10-d: Dom (RN NC) =1, N (RN NC) - NC
(proof)

lemma cl11-d [simp]: Dom (R N NC) - NC = (RN NC) - NC
{proof)

lemma cl10-d-varl: Dom (RN NC) =1, N R - NC
(proof)

lemma cl10-d-var2: Dom (RN NC)=1,N (RN NC)- U
(proof)

lemma cl10-d-var3: Dom (RN NC)=1,NR- U
(proof)

lemma d-U [simp]: Dom U = 1,
{proof)
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lemma d-nc [simp]: Dom NC = 1,
{proof)

lemma alt-d-def-nc-ne: Dom (RN NC) =1, N (((RN NC) - 1) | NC)
(proof)

lemma alt-d-def-nc-U: Dom (RN NC) =1, N (((RN NC) - 1) | U)
(proof)

lemma d-def-split [simp]: Dom (R N NC) U Dom (R - {}) = Dom R
(proof)

lemma d-def-split-var [simp]: Dom (R N NC) U (R -{}) || 15) = Dom R
{proof)

lemma az7 [simp]: (1o " R-U)U (R -{} | 1,) = Dom R
(proof)

lemma dom12-d: Dom R =1, N (R - 1, || NC)
(proof)

lemma dom12-d-U: Dom R =1, N (R - 1, | U)
(proof)

lemma dom-def-var: Dom R=(R-U N 1;) | 1,
(proof)

lemma az5-d [simp]: Dom (RN NC)- U= (RN NC)-U
{proof)

lemma az5-0 [simp]: Dom (R -{}) - U=R-{} | U
(proof )

lemma z-c-U-split2: Dom R - NC = (RN NC) - NCU (R - {} | NC)
(proof)

lemma z-c-U-split3: Dom R - U = (RN NC)- UU(R-{} | U)
{proof)

lemma z-c-U-split-d: Dom R - U=R-UU (R-{}| U)
(proof)

lemma z-U-prop2: R - NC = Dom (RN NC) - NC UR - {}
{proof)

lemma z-U-prop3: R - U = Dom (RN NC) - UUR - {}
{proof)

lemma d-z-nc [simp]: Dom (R - NC) = Dom R
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{proof)

lemma d-z-U [simp]: Dom (R - U) = Dom R
{proof)

lemma d-llp1: Dom R C Dom S = R C Dom S - R
(proof )

lemma d-llp2: R C Dom S - R = Dom R C Dom S
(proof)

lemma demodl: Dom (R - S) C Dom T = R - Dom S C Dom T - R
(proof)

lemma demod2: R - Dom S C Dom T - R = Dom (R - S) C Dom T
(proof)

lemma d-meet-closed [simp]: Dom (Dom x N Dom y) = Dom x N Dom y
{proof)

lemma d-add-var: Dom P - RU Dom Q - R = Dom (P U Q) - R
(proof)

lemma d-interr-U: Dom z - U || Domy - U = Dom (z || y) - U
(proof)

lemma d-meet: Dom x - 2N Dom y - 2 = (Dom x N Dom y) - 2
(proof)

lemma cs-hom-meet: Dom (x - 1. Ny - 1) = Dom (x - 1) N Dom (y - 1)

(proof)

lemma iso3 [simp]: Dom (Dom z - U) = Dom z
{proof)

lemma iso4 [simp]: Dom (x - 1, | U)- U=z -1, || U
(proof)

lemma iso3-sharp [simp]: Dom (Dom (z N NC) - NC) = Dom (z N NC)
{proof)

lemma iso4-sharp [simp]: Dom ((x N NC) - NC) - NC = (z N NC) - NC
{proof)

3.5 Vectors

lemma vec-iff1:
assumes Va. (3A. (a,4) € R) — (VA. (a,4) € R)
shows R- 1, || U=R
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{proof)

lemma vec-iff2:
assumes R - 1, | U=R
shows (Va. (3A. (a,4) € R) — (VA. (a,A) € R))
(proof )

lemma vec-iff: (Va. (34. (a,A) € R) — (VA. (a,A) e R))«— R- 1. || U=R
{proof)

lemma U-par-zero [simp]: {} - R || U = {}
{proof)

lemma U-par-s-id [simp]: 1, - 1, || U="TU
{proof)

lemma U-par-p-id [simpl: 1, - 1, || U=TU
(proof )

lemma U-par-nc [simp]: NC - 1, || U=U
(proof)
3.6 Up-closure and Parikh composition

definition s-prod-pa :: ('a,’b) mrel = ('b,’c) mrel = ('a,’c) mrel (infixl (@) 75)
where
R® S ={(a,A). 3B. (a,B) € RN (Vb€ B. (b,4) € 5))}

lemma U-par-st: (a,A) € R|| U +— (3B. BC A A (a,B) € R)
(proof)

lemma p-id-U: R || U = {(a,B). 3A. (a,A) € RN AC B}
{proof)

lemma ucl-iff: (Va A B. (a,A) e RNACB— (a,B)e R)+— R||U=R
(proof)

lemma upclosed-ext: R C R || U
(proof)

lemma onelem: R- S| U C R® (S| U)
(proof)

lemma twolem: R (S||U)CR-S| U
(proof)

lemma pe-pa-sim: R - S || U=R® (S| U)
(proof)
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lemma pe-pa-sim-var: (R || U) - (S| U) || U=(R||U)® (S| U)
(proof)

|1|efél)n)ﬂa pa-assocl: (R || U) @ (S| U)) @ (T || U) € (R || U)® (S| U) @ (T

{proof)

lemma up-closed-par-is-meet: (R || U) || (S| U)=(R || U)n (S| U)
(proof)

lemma U-nc-par [simp]: NC || U = NC
(proof)

lemma uc-par-meet: (R || U)N(S|| U)=R| U S|U
{proof)

lemma uc-unc [simp]: R|| U|| R| U=R| U
(proof)

lemma uc-interr: (R || S) - (T || U)=R-(T|U)||S-(T]| U)
(proof )

lemma iso5 [simp]: (R- 1, || U) -1 =R - 1,
{proof)

lemma iso6 [simp]: (R - 1, || U) - 1| U=R-1,|| U
{proof)

lemma sv-hom-par: (R || S)-U=R-U|S-U
{proof)

lemma vs-hom-meet: Dom (R- 1. || U)N (S 1| U))=Dom (R- 1, | U)
N Dom (S 1, U)
(proof)

lemma cv-hom-meet: (R - 1, NS - 1) | U=(R- 1| U)N(S 1] U)
(proof)

lemma cv-hom-par [simp]: R| U || S| U=(R| S| U
(proof)

lemma ve-hom-meet: (R - 1, || U)N(S -1, U) -1 =(R-1,| U)- 1)
m((s'lﬂ' ” U)'Zﬂ')
(proof )

lemma ve-hom-seq: (R - 1, || U) - (S 1| U)) -1, =R -1, U) 1) -
((S e H U) ’ 17r)
(proof)
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3.7 Nonterminal and terminal multirelations
definition tau :: (‘a,’b) mrel = (‘a,’b) mrel (¢1)) where

TR=R-{}

definition nu :: (‘a,’d) mrel = ('a,’d) mrel («v») where
vR=RnNNC

lemma nc-s [simpl: v 1, = 1,
{proof)

lemma nc-scomp-closed: v R - v § C NC
(proof )

lemma nc-scomp-closed-alt [simp: v (v R-v S)=v R-v S
(proof)

lemma nc-ccomp-closed: v R || v S C NC
{proof)

lemma nc-ccomp-closed-alt [simp]: v (R ||v S) =R ||v S
{proof)

lemma tarski-prod: (v R - NC) - (v S - NC) = (if v S = {} then {} else v R -
NC)
(proof)

lemma nc-prod-auzx [simp]: (v R - NC) - NC =v R - NC
{proof)

lemma nc-vec-add-closed: (v R- NCUv S - NC)-NC=v R-NCUvS-NC
{proof)

lemma nc-vec-par-is-meet: v R - NC ||[v S - NC=v R-NCnvS-NC
{proof)

lemma nc-vec-meet-closed: (v R- NCNv S-NC)-NC=vR-NCnNnvS-NC
{proof)

lemma nc-vec-par-closed: (v R - NC || v S - NC)- NC=v R-NC|vS-NC
{proof)

lemma nc-vec-seg-closed: (v R - NC) - (v S - NC))- NC=(@wR-NC)-(v S -
NC)
(proof)

lemma iso5-sharp [simp]: (v R- 1. || NC) - I, =v R - 1,
(proof)

lemma iso6-sharp [simp]: (v R - NC - 1) || NC =v R - NC
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{proof)

lemma nsv-hom-par: (R || S) - NC =R - NC | S - NC
{proof)

lemma nvs-hom-meet: Dom (v R - NCNv S - NC)= Dom (v R- NC) N Dom
(v S-NC)
(proof)

lemma ncv-hom-meet: R - 1, NS -1, || NC=(R- 1 || NC)N (S 1, ] NC)
(proof)

lemma ncv-hom-par: (R || S) || NC =R | NC | S| NC
{proof)

lemma nvc-hom-meet: (v R- NCNv S -NC)-1,=wR-NC)-1,N({vS -
NO) - 1.
(proof)

lemma tau-int: 7 R < R
(proof)

lemma nu-int: v R < R
(proof )

lemma tau-ret [simp]: 7 (Tt R) =7 R
{proof)

lemma nu-ret [simp]: v (v R) = v R
{proof)

lemma tau-iso: R< S= 7t R<71S8

{proof)

lemma nu-iso: R< S=—=v R<v S
(proof)

lemma tau-zero [simp): 7 {} = {}
{proof)

lemma nu-zero [simp]: v {} = {}
{proof)

lemma tau-s [simp]: 7 1, = {}
{proof)

lemma tau-c [simpl: T 1 = 1,
{proof)
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lemma nu-c [simpl: v 1, = {}
{proof)

lemma tau-nc [simp]: 7 NC = {}
(proof)

lemma nu-nc [simp]: v NC = NC
{proof)

lemma tau-U [simp]: 7 U = 1,
(proof)

lemma nu-U [simp]: v U = NC
{proof)

lemma tau-add [simp]: 7 (RUS) =7 RUT S
(proof)

lemma nu-add [simp]: v (RUS)=v RUv S
{proof)

lemma tau-meet [simp]: T (RN S) =7 RNT S8
(proof)

lemma nu-meet [simp]: v (RN S)=v RNv S
(proof)

lemma tau-seq: 7 (R-S)=7TRUv R -78
{proof)

lemma tau-par [simp]: 7 (R|| S)=7R| 7S
{proof)

lemma nu-par-auzl: R || 7 S = Dom (1 S) - R
{proof)

lemma nu-par-auz3 [simp: v (v R||7S)=v R| 7S
{proof)

lemma nu-par-auxs [simp|: v (t R || 7 5) = {}
(proof)

lemma nu-par: v (R || S) = Dom (1t R) -v SUDom (1 8)-vRUWwR|vS)
(proof)

lemma sprod-tau-nu: R - S =71 RUv R - S
(proof )

lemma pprod-tau-nu: R || S=(w R| v S)U Dom (tr R)-v SUDom (185) v
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RU(TR|TS)
(proof)

lemma tau-idem [simp]: T R-7 R=7 R
(proof)

lemma tau-interr: (R || S) -7 T=R-7T|S-7T
{proof)

lemma tau-le-c: 7 R < 1,
(proof )

lemma c-le-tauc: 1, <7 1,
(proof )

lemma z-alpha-tau [simp]: v RUT R = R
(proof)

lemma alpha-tau-zero [simp): v (7 R) = {}
(proof)

lemma tau-alpha-zero [simp]: 7 (v R) = {}
(proof)

lemma sprod-tau-nu-var [simpl: v (v R - S) =v (R - 9)
(proof)

lemma tau-s-prod [simp]: 7 (R-S)=R-71 S
{proof)

lemma alpha-fp: v R = R +— R - {} = {}
(proof)

lemma p-prod-tau-alpha: R || S=(R||v S)UW@ R || S)U(T R| 7 595)
(proof)

lemma p-prod-tau-alpha-var: R || S=(R||v S)UWw R || S)ur (R| S)
{proof)

lemma alpha-par: v (R || S)=w R | S)U(R| v S)
(proof)

lemma alpha-tau [simp]: v (R -7 S) = {}
{proof)

lemma nu-par-prop: v R=R=v (R||S)=R| S
(proof)

lemma tau-seg-prop: T R=R— R-S =R
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{proof)

lemma tou-seq-prop2: T R=R=717(R-5)=R-S
{proof)

lemma d-nu: v (Dom R - S) = Dom R -v S
{proof)

lemma nu-ideall: v R=R— S<R=—=v =S5
(proof)

lemma tau-ideall: T R =R — S<R—78=S8
(proof )

lemma nu-ideal2: v R=R—=v S=S=v (RUS)=RUS
{proof)

lemma tau-ideal2: T R=R—7175=5S=7(RUS)=RUS
(proof)

lemma tau-add-precong: T R< 78S =7 (RUT)<7(SUT)
(proof )

lemma tau-meet-precong: T R< 7S =717 (RNT)<7(5NT)
(proof)

lemma tau-par-precong: T R< 7S =717 (R|| T) <7 (S| T)
(proof)

lemma tau-seg-precongl: T R <78 =7 (T - R) <7 (T-05)

(proof)

lemma nu-add-precong: v R<v S = v (RUT)<v (SUT)
{proof)

lemma nu-meet-precong: v R<v S=v (RNT)<v (SNT)
(proof)

lemma nu-seg-precongr: v R<v S = v (R-T)<v (S-T)
{proof )

definition
tcgRS=(TR<7SATS<TR)

definition
nggRS=wWR<vSAvS<vR)

lemma tcg-refi: tcg R R
(proof)
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lemma tcg-trans: tcg R S = teg ST = tcg R T
(proof)

lemma tcg-sym: tcg R S = tcg S R
(proof)

lemma ncg-refi: ncg R R
(proof )

lemma ncg-trans: ncg RS = ncg ST = ncg R T
(proof)

lemma ncg-sym: ncg R S = ncg S R

(proof)

lemma tcg-alt: tcg RS = (tr R=1719)
(proof)

lemma ncg-alt: ncg RS = (v R=v 5)
{proof)

lemma itcg-add: T R=78 =7 (RUT)=7(SUT)
(proof)

lemma tcg-meet: T R=75S =7 (RN T)=7(SNT)
(proof)

lemma tcg-par: T R=785 =717 (R| T)=7 (S| T)
(proof)

lemma tcg-seq: TR=75 = 7 (T -R)=7(T-5)
{proof)

lemma ncg-add: v R=v S =v (RUT)=v (SUT)
{proof)

lemma ncg-meet: vR=v S = v (RNT)=v (SN T)
{proof)

lemma ncg-seqr:v R=v S=v (R-T)=v (S -7T)
(proof)

3.8 Powers

primrec p-power :: (‘a,’a) mrel = nat = ('a,’a) mrel where
p-power R 0 =1,
p-power R (Suc n) = R - p-power R n
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‘a,’a) mrel = nat = ('a,’a) mrel where
{
1

primrec power-rd :: (
power-rd R 0

|
power-rd R (Suc n s U R - power-rd R n

primrec power-sq :: ('a,’a) mrel = nat = ('a,’a) mrel where
power-sq R 0 =1,
power-sq R (Suc n) = 1, U R - power-sq R n

lemma power-rd-chain: power-rd R n < power-rd R (n + 1)
(proof )

lemma power-sg-chain: power-sq R n < power-sq R (n + 1)
(proof)

lemma pow-chain: p-power (1, U R) n < p-power (1, U R) (n + 1)
{proof)

lemma pow-prop: p-power (1, UR) (n+ 1) =1, U R - p-power (1, U R) n
(proof )

lemma power-rd-le-sq: power-rd R n < power-sq R n
(proof)

lemma power-sg-le-rd: power-sq R n < power-rd R (Suc n)
(proof )

lemma power-sg-power: power-sq R n = p-power (1, U R) n
(proof )

3.9 Star
lemma iso-prop: mono (AX. S U R - X)
(proof)
lemma gfp-ifp-prop: gfp A X. R- X) Ulfp A X. SUR-X)C gfp (A X. SUR -
X)
{proof )

definition star :: (‘a,’a) mrel = (‘a,’a) mrel where
star R = Ifp (AX. s-id U R - X)

lemma star-unfold: 1, U R - star R < star R
(proof )

lemma star-induct: 1, UR -5 < S = star R< S
(proof)

lemma star-refl: 1, < star R
(proof )
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lemma star-unfold-part: R - star R < star R
(proof)

lemma star-ext-aux: R < R - star R
(proof )

lemma star-ext: R < star R
(proof)

lemma star-co-trans: star R < star R - star R
(proof )

lemma star-iso: R < S = star R < star S

(proof)

lemma star-unfold-eq [simp]: 1, U R - star R = star R
(proof )

lemma nu-stari:

assumes A(R::('a,’a) mrel) (S::('a,’a) mrel) (T::("a,’a) mrel). R - (S - T) =
(R-8)-T

shows star (R::(‘a,’a) mrel) < star (v R) - (1, U T R)

(proof)

lemma nu-star2:
assumes A(R::('a,’a) mrel). star R - star R < star R
shows star (v (R::(‘a,’a) mrel)) - (1, U T R) < star R
(proof)

lemma nu-star:

assumes A(R::(’a,’a) mrel). star R - star R < star R

and A(R:('a,’a) mrel) (S::("a,’a) mrel) (T::('a,’a) mrel). R - (S - T) = (R-5)
- T

shows star (v (R::('a,’a) mrel)) - (1o U T R) = star R

{proof)

lemma tau-star: star (1 R) = 1, UT R
(proof)

lemma tau-star-var:

assumes A(R:(’a,’a) mrel) (S::('a,’a) mrel) (T::("a,’a) mrel). R - (S - T) =
(R-8)-T

and A(R:('a,’a) mrel). star R - star R < star R

shows 7 (star (R::(‘a,’a) mrel)) = star (v R) - 7 R

{proof)

lemma nu-star-sub: star (v R) < v (star R)

(proof)
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lemma nu-star-nu [simp]: v (star (v R)) = star (v R)
{proof)

lemma nu-star-tau [simp]: v (star (7 R)) = 1,
{proof)

lemma tau-star-tau [simp]: T (star (1 R)) =T R
(proof )

lemma tau-star-nu [simp]: T (star (v R)) = {}
{proof)

lemma d-star-unfold [simp]: Dom S U Dom (R - Dom (star R - S)) = Dom (star
R-S)
(proof)

lemma d-star-sim1:

assumes AR S T. Dom (T::("a,’d) mrel) U (R::('a,’a) mrel) - (S::(‘a,’a) mrel)
< S= star R-Dom T < S

shows (R::('a,’a) mrel) - Dom (T::('a,’b) mrel) < Dom T - (S::('a,’a) mrel)
= star R - Dom T < Dom T - star S
(proof)

lemma d-star-induct:

assumes AR S T. Dom (T::('a,’b) mrel) U (R::(‘a,’a) mrel) - (S::("a,’a) mrel)
< S = star R- Dom T < S

shows Dom ((R::('a,’a) mrel) - (S::("a,’a) mrel)) < Dom S = Dom (star R -
S) < Dom S

(proof)

3.10 Omega

definition omega :: (‘a,’a) mrel = ('a,’a) mrel where
omega R = gfp (AX. R - X)

lemma om-unfold: omega R < R - omega R
(proof)

lemma om-coinduct: S < R - S = S < omega R
(proof )

lemma om-unfold-eq [simp]: R - omega R = omega R
(proof )

lemma om-iso: R < § = omega R < omega S
(proof )

lemma zero-om [simp]: omega {} = {}

44



{proof)

lemma s-id-om [simp]: omega 1, = U
{proof)

lemma p-id-om [simp]: omega 1, = 1,
{proof)

lemma nc-om [simp]: omega NC = U
{proof)

lemma U-om [simp]: omega U = U
{proof)

lemma tau-om!: 7 R < 7 (omega R)
(proof)

lemma tau-om2 [simp]: omega (T R) =7 R
{proof)

lemma tau-om3: omega (1 R) < 7 (omega R)
(proof)

lemma om-nu-tau: omega (v R) U star (v R) - 7 R < omega R
(proof)

end

4 Multirelational Properties of Power Allegories

theory Power-Allegories-Multirelations
imports Multirelations-Basics

begin
We start with random little properties.

lemma eta-s-id: n = s-id
{proof)

lemma Lambda-empty [simp]: A {} = p-id
{proof)

lemma alpha-pid [simp]: o p-id = {}
{proof)

4.1 Peleg lifting
definition plift :: (‘a,’b) mrel = ('a set,’b set) rel (<-.> [1000] 999) where

45



R. = {(A,B). 3f. (Va € A. (a.f(a)) € R) A B=J(f  A)}

lemma pcomp-plift: R - S =R ; S,
(proof )

lemma det-plift-klift: deterministic R = R, = (R)p
(proof)

lemma plift-ext2 [simp]: n ; R« = R
(proof )

lemma pliftext-3 [simp]: n. = Id
(proof )

lemma d-dom-plift: (Dom R). = dom (R.)
(proof )

lemma d-pid-plift: (Dom R), C Id
(proof )

lemma d-plift-sub: A C B = (B,B) € (Dom R), = (A,A) € (Dom R).
{proof)

lemma plift-empty: ({},4) € R, «— A ={}
{proof)

lemma univ-plift-klift:
assumes univalent R
shows R, = (Dom R). ; (R)p
(proof)

lemma plift-ext1:
assumes univalent f
shows (R ; fi)« = Ry ; f«
(proof )

lemma plift-assoc-univ: univalent f = (R - S) - f=R - (S - f)
(proof )

lemma Lambda-funct: A (R; S)=AR-AS
{proof)

lemma eta-funct: R ; S ;n=(R;n)-(S;n)
(proof)

lemma alpha-funct-det: deterministic R = deterministic S = o (R - S) = «
R;alfS
{proof)
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lemma pcomp-det: deterministic S = R - S = R ; (S)p
(proof )

lemma pcomp-det2: deterministic R = deterministic S = (R - S)p = (R)p ;
(S)»
(proof)

lemma pcomp-alpha: a« (R - S) = R ; a ((5)«)
(proof)

4.2 Fusion and fission
definition fus :: (‘a,’b) mrel = ('a,’b) mrel where

fus R = A (a R)

definition fis :: (‘a,’d) mrel = ('a,’b) mrel where
fisR=aR;n

lemma fus-set: fus R = {(a,B) |a B. B =J(Image R {a})}
{proof)

lemma fis-set: fis R = {(a,{b}) |a b. b € U (Image R {a})}
{proof)

lemma fis-det-comp: deterministic R => deterministic S = fis (R - S) = fis R
- fis S
(proof )

lemma fis-fiz-det: deterministic R = (fus R = R)
(proof )

4.3 Galois connections for multirelations
lemma sub-subh: R C S = R C S ; (epsiloff | epsiloff)
(proof)

lemma alpha-Lambda-galois: (¢ R C S) = (R C A S ; (epsiloff ) epsiloff))
(proof)
lemma alpha-Lambda-galois-set: (¢ R C S) = (R C {(a,4). 3B. (a,B) € A S A
A C B})

{proof)

lemma epsiloff-eta-lres: epsiloff ; n C epsiloff /| epsiloff
(proof)

lemma eta-alpha-galois: (R ;n C S ; (epsiloff /| epsiloff)) = (R C « S)
(proof)
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lemma eta-alpha-galois-set: (R ; n C {(a,A). IB. (a,B) € SANAC B}) =(RC
a S)
{proof)

lemma Lambda-iso: R C S = A R C A S ; (epsiloff ) epsiloff)
(proof)

lemma eta-iso: R C S = R;n C S;n; (epsiloff | epsiloff)
(proof )

lemma alpha-iso: R C S ; (epsiloff | epsiloff) = a R C «a S
(proof)

lemma Lambda-canc-dcl: R C A (a R) ; (epsiloff /| epsiloff)
{proof)

lemma eta-canc-dcl: « R ; n C R ; (epsiloff | epsiloff)
(proof )

lemma alpha-surj: surj o
(proof )

lemma Lambda-inj: inj A
(proof)

lemma eta-inj: inj (Az. z ; n)
(proof )

lemma fus-least-odet:

assumes A (o §) = S

and R C S ; (epsiloff /| epsiloff)

shows A (a R) C S ; (epsiloff /| epsiloff)
(proof)

lemma fis-greatest-idet:

assumes o S ;n =S5

and S C R ; (epsiloff /| epsiloff)

shows S C a R ; n; (epsiloff /| epsiloff)
(proof)

lemma fis-fus-galois: (a« R ; n C S ; (epsiloff ) epsiloff)) = (R C A (a S) ;
(epsiloff || epsiloff))

(proof)
4.4 Properties of alpha, fission and fusion

lemma alpha-laz: o« (R-S) Ca R;a S
{proof)
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lemma alpha-down [simp]: o (R ; @7) =a R
{proof)

lemma fis-fis [simp]: fis o fis = fis
(proof )

lemma fus-fus [simp]: fus o fus = fus
(proof )

lemma fis-fus [simp]: fis o fus = fis
(proof )

lemma fus-fis [simp]: fus o fis = fus
(proof )

lemma fis-alpha: fis R- S=a R; S
(proof)

lemma fis-laz: fis (R - S) C fis R - fis S
(proof )

lemma klift-fus: (R)p = fus (epsiloff ; R)
(proof)

lemma fus-eta-klift: fus R =1n; (R)p
(proof )

lemma fus-Lambda-mu: fus R = A R ; i
(proof)

4.5 Properties of fusion, fission, nu and tau
lemma alpha-tau [simp]: o (7 R) = {}
(proof )

lemma alpha-nu [simp]: o (v R) = a R
{proof)

lemma nu-fis [simp]: v (fis R) = fis R
(proof)

lemma nu-fis-var: v (fis R) = fis (v R)
(proof)
lemma tau-fis [simp]: T (fis R) = {}
{proof)
Properties of tests and domain
lemma subid-plift: (P N n). = {(A,A)|A.Va € A. (a,{a}) € (PN )}
{proof)
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lemma U-subid: R ; (PN 7)., =RNU; (P Nnk
(proof)

lemma subid-plift-down: U ; (PN ). ; Q7 = U ; (P N7
(proof)

lemma nu-subid-plift: v (R ; (P Nn).) =v R; (P Nn.
(proof)

lemma dom-fis1: dom (fis R) = dom (« R)

{proof)

lemma dom-fis2: dom (fis R) = dom (a (v R))
{proof)

lemma dom-fis3: dom (fis R) = dom (v R)
{proof)

lemma dom-fis/: dom (fis R) = dom (v (fus R))
(proof)

lemma dom-alpha: dom (o R ; (P N'n)) = dom (v (R; Q7)) ; (P N1
{proof )

4.6 Box and diamond

definition boz :: (“a, 'b) mrel = ('b set, 'a set) rel where
box R = rbozx (o R)

definition dia :: ('a, 'b) mrel = ('b set, 'a set) rel where

: ('a,
dia R =P ((a R)~)

lemma boz-set: box R = {(B, A). A ={a.VC. (a, C) € R— C C B}}
{proof)

lemma dia-set: dia R = {(B, A). A={a.3C. (a, C) € RN CN B #{}}}
{proof)

lemma boz-Omega: bor R = A (X~ J/ R)
{proof)

end
theory Multirelations

imports Power-Allegories-Multirelations

begin
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lemma nonempty-set-card:
assumes finite S
shows S # {} «— card S > 1

{proof)

no-notation one-class.one (<1»)
no-notation times-class.times (infixl x> 70)

no-notation rel-fdia (:(]-)-)» [61,81] 82)
no-notation rel-bdia («((-|-)» [61,81] 82)
no-notation rel-fbox (¢(|-]-)> [61,81] 82)
no-notation rel-bbox («([-|-)» [61,81] 82)

declare s-prod-pa-def [mr-simp)

notation s-prod (infixl <x» 70)
notation s-id (<1»)

lemma sp-oi-subdist:
(PNQ@)+«(RNS)CPxR
(proof )

lemma sp-oi-subdist-2:
(PNQ)«(RNS)C(PxR)N(Qx*S9)
(proof )

5 Inner Structure

5.1 Inner union, inner intersection and inner complement

abbreviation inner-union (infixl <UU> 65)
where inner-union = p-prod

definition inner-intersection :: ('a,’b) mrel = ('a,’b) mrel = ('a,’d) mrel (infixl
NNy 65) where
RmnS={(a,B).3CD.B=CNDA(a,C) € RA (a,D) € S}

definition inner-complement :: ('a,’b) mrel = (‘a,’d) mrel (<~ -» [80] 80) where
~R={(a,B) . (a,—B) € R}

abbreviation u-unit (<1y,y)
where 1y = p-id

definition ii-unit :: (‘a,’a) mrel (<1~n»)
where 1nn = { (a,UNIV) | a . True }

declare inner-intersection-def [mr-simp] inner-complement-def [mr-simp]
ii-unit-def [mr-simp)
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lemma fu-assoc:
(RUUS)UU T =RUU(SUUT)
(proof )

lemma u-commute:
RUUS=S5UUR

{proof)

lemma fu-unit:
R uu ZUU = R
(proof )

lemma 7i-assoc:
(RN S)y N T =RnNN(SNN T)

(proof)

lemma 7i-commute:

RNNS=SNR
{proof )

lemma éi-unit [simp):
R nnN Inm - R
{proof )

lemma pa-ic:
~(R®~S)=R® S
(proof)

lemma ic-involutive [simp]:
{proof)

lemma ic-injective:
~R=~S= R=3S
{proof )

lemma ic-antidist-iu:
~(RUU S) =~RNN ~S
(proof )

lemma ic-antidist-ii:
~(RNNS)=~RUU~S
(proof )

lemma ic-iu-unit [simpl:
~Iyy = Inn

(proof)

lemma ic-ii-unit [simp]:
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~Inn = 1uu
{proof)

lemma ii-unit-split-iv [simp:
1 uu N] == Zﬂﬁ
(proof )

lemma aquz-1:
B={a}N D= —-D={a} = B={}
(proof)

lemma iu-unit-split-ii [simp):
1 NN N_Z == 1UU
{proof)

lemma ju-right-dist-ou:
(RUS)UU T = (RUUT)U (SUU T)
(proof)

lemma ii-right-dist-ou:
(RUS)NN T =(RNN T)U (8 NN T)
(proof)

lemma iu-left-isotone:
RCS=— RUWTCSuWT

(proof)

lemma du-right-isotone:
RCS= TUURCTUUS

{proof)

lemma ju-isotone:
RCS—PCQ=—RUUPCSUUQ
(proof )

lemma ii-left-isotone:
RCS=RMTCSNT

{proof)

lemma ii-right-isotone:
RCS=TMRCTMNMMS
(proof )

lemma 7i-isotone:
RCS=—PCQ=—RMPCSNNQ
(proof)

lemma ju-right-subdist-ii:
(RNNS)UU T C (RUUT) NN (SUU T)
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{proof)

lemma i-right-subdist-iu:
(RUUS) M TC (RN T)ud (SNn T)
(proof )

lemma ic-isotone:
RCS— ~RC~S
(proof)

lemma ic-bot [simp]:
~{={
{proof)

lemma ic-top [simp]:
~U=U
(proof)

lemma ic-dist-ou:
~(RUS)=~RUA~S
(proof)

lemma ic-dist-oi:

~(RN S) = ~R N ~S

(proof )
lemma ic-dist-oc:
~—R = ~(~R)
(proof)
lemma di-sub-idempotent:
RCRMR
(proof)

definition inner-Union :: (i = (‘a,’b) mrel) = 'i set = (‘a,’d) mrel (\JU -
[80,80] 80) where
UUXII={ (a.B).3f. B = (Uiel . fi) A (Viel . (a.f i) € X ) }

definition inner-Intersection :: ('t = ('a,’b) mrel) = i set = ('a,’b) mrel
G«NN - [80,80] 80) where
NNX|I={(a,B).3f.B=(Niel.fi)N NViel . (afi)e Xi)}

declare inner-Union-def [mr-simp| inner-Intersection-def [mr-simp)
lemma iU-empty:

UUXH} = luu
(proof)

lemma il-empty:
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ﬂﬂXl{} = Inn
(proof )

lemma ic-antidist-iU:
~UJUXI|I = NN (inner-complement o X)|I
(proof )

lemma ic-antidist-il:
~NN XTI = UJU (inner-complement o X)|I
(proof)

lemma iu-right-dist-oU:
UXuww T=(UReX.RWT)
(proof )

lemma éi-right-dist-oU:
UX N T=(UReX.RNN T)
(proof)

lemma du-right-subdist-il:
ANXITuwu TCONAi. Xiud TH|I
(proof)

lemma ii-right-subdist-iU:
UUXIITmn TCcYUUOi. Xinn TH|I
(proof )

lemma ic-dist-oU:
~J X = U (inner-complement * X)
{proof)

lemma ic-dist-ol:
~N X = N (inner-complement * X)
{proof)

lemma sp-left-subdist-iU:

R+ (JUXID CUUMNi. R = X )T

{proof)

lemma sp-right-subdist-iU:
UUXIDH)« RCUUWi. Xix R)|I

(proof )

lemma sp-right-dist-iU:
assumes VJ:'a set . J £ {} — (UUNj . R)|J) C R
shows (UUXI|I) * R=UU i . X ix R)|(I::'a set)
(proof )
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5.2 Dual

abbreviation dual :: ('a,’b) mrel = ('a,’b) mrel (<-4 [100] 100)
where R! = ~—R

lemma dual:
R*={(a,B).(a,~B) ¢ R}
(proof)

declare dual [mr-simp]

lemma dual-antitone:
RC S = 8% C R?
(proof)

lemma ic-oc-dual:
~R = —R4
(proof )

lemma dual-involutive [simpl:
Rid = R
{proof)

lemma dual-antidist-ou:
(RuU S) = Rin 54
(proof)

lemma dual-antidist-oi:
(RN S) = R4 u 54

(proof)

lemma dual-dist-oc:
(~R)! = —R!
(proof )

lemma dual-dist-ic:
(~R)? = ~R4
(proof )

lemma dual-antidist-oU:
UX) =N (dual “ X)
(proof)

lemma dual-antidist-ol:

(NX)* = U (dual “ X)
(proof)
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5.3 Co-composition

definition co-prod :: ('a,’b) mrel = ('b,’c) mrel = (‘a,’c) mrel (infixl <@> 70)
where

,C).3B.(a,Bye RA(3f.(VbeB.(bfb)eS)AC=N{f
}

lemma co-prod-im:
R@SZ?(CL,C).HB.(G,B)ER/\(Hf.(VbEB.(b,fb)ES)/\CZ
N((Az. fz) “B)) }

{proof)

lemma co-prod-iff:

(a,C) € (%@S)<—>(HB.(a7B)eRA(3f.(VbeB.(b,fb)eS)/\ C =
ﬂ<{fbf\>b -beB}))

proo,

declare co-prod-im [mr-simp]

lemma co-prod:
R®S=r~(R=x*~S)
(proof)

lemma cp-left-isotone:
RCS=ROTCSOT
(proof )

lemma cp-right-isotone:
RCS=TORCT®S
(proof )

lemma cp-isotone:
RCS=—=PCQ=ROPCSOQ
(proof )

lemma ic-dist-cp:
~(R®S)=Rx~S
(proof)

lemma ic-dist-sp:
~(Rx*xS)=R0O~S
(proof )

lemma ic-cp-ic-unit:
~R=R0O ~1
(proof )

lemma cp-left-zero [simp]:

{} o R={}
(proof )
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lemma cp-left-unit [simp]:
1®©R=R
(proof )

lemma cp-ic-unit [simp):
~1 O~ =1
(proof)

lemma cp-right-dist-ou:
(RUS Yo T=RoTH)U(SeT
(proof)

lemma cp-left-iu-unit [simp]:
Iyu © R = Inn
(proof )

lemma cp-right-ii-unit:
R @ Imm Q R UU NR
(proof )

lemma sp-right-iu-unit:
R * JUU Q R NN ~R
(proof)

lemma cp-left-subdist-ii:
Ro(SMT)C(ReS) MR T)
(proof)

lemma cp-right-subantidist-iu:
(RUWS)oTC(RoT)M(Se T)
(proof )

lemma cp-right-antidist-iu:
assumes T’ NN T C T
shows (RUUS)© T=(RoT)M (S e T)
(proof )

lemma cp-right-dist-oU:
UXoT=(UReX.RoT)
(proof )

lemma cp-left-subdist-il:
Ro (NNXIDH SNNOi.Ro X
(proof)

lemma cp-right-subantidist-iU:

UUXID) @ RSNNNi. Xi® R)I
(proof)
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lemma cp-right-antidist-iU:
assumes VJ::'a set . J # {} — (NN (Aj. R)|J) C R
shows (UUX|I) © R=NNAi. X i©® R)|(I::'a set)
(proof)

5.4 Inner order

definition inner-order-iu :: ‘a x 'b set = 'a x 'b set = bool (infix <y, 50)
where
U yY=fstz=fstyAsndx Csndy

definition inner-order-ii :: 'a x 'b set = 'a x 'b set = bool (infix «<~q> 50)
where
T2 Y=fstz=fstyAsndxDsndy

lemma inner-order-dual:
Tpu Y=Y 20T

{proof)

interpretation inner-order-iu: order (Xyu) \ey .z Igu Yy AT # Yy

{proof)

5.5 Up-closure, down-closure and convex-closure

abbreviation up :: (‘a,’b) mrel = (‘a,’d) mrel («-T [100] 100)
where Rt = RUU U

abbreviation down :: (‘a,’b) mrel = (‘a,’b) mrel (<-}» [100] 100)
where Rl = RN U

abbreviation convez :: ('a,’b) mrel = (‘a,’b) mrel (- [100] 100)
where R} = Rt N R}

lemma up:
Rt={(a,B).3C.(a,C) e RANCCB}
(proof )

lemma down:
Rl ={(a,B).3C.(a,C) e RABCC}
(proof)

lemma convex:
Rt={(e,B).3CD . (a,C)e RN (a,D)e RNCCBANBCD}
(proof)

declare up [mr-simp] down [mr-simp| convex [mr-simp]

lemma ic-up:

~(RT) = (~R)
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{proof)

lemma ic-down:
~(RY) = (~R)t
(proof)

lemma ic-convex:
~(R]) = (~R)T

{proof)

lemma up-isotone:
RCS=— Rt CST
(proof )

lemma up-increasing:
R C RY
(proof)

lemma up-idempotent [simp]:
R1T =Rt
(proof )

lemma up-dist-ou:
(RUS)T=RTU ST
(proof )

lemma up-dist-iu:
(RUU S)t = RT LU ST
(proof)

lemma up-dist-ii:
(RNN S)t = RT NN ST
(proof)

lemma down-isotone:
RCS—=— R|CS|
(proof)

lemma down-increasing:
RCR|
(proof )

lemma down-idempotent [simp]:
Rl = R]
{proof)

lemma down-dist-ou:
(RUS) =RLUS|
(proof )
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lemma down-dist-iu:
(RuUU S)) = Rl WU S|
(proof)

lemma down-dist-ii:
(RN S)) = Rl NN S}
(proof )

lemma convex-isotone:
RC S = R} C S}
(proof )

lemma convez-increasing:
R CRJ
(proof )

lemma convez-idempotent [simpl:
R{l = R{
{proof)

lemma down-sp:
Rl =Rx(1,uU1)
(proof)

lemma up-cp:
Rt =~R O (1nn U ~1)
(proof)

lemma down-dist-sp:
(R*S)=Rx*S|
(proof)

lemma up-dist-cp:
(ROST=ROST
(proof )

lemma u-up-oi:
RtUU STt =Rt N ST
(proof)

lemma 7i-down-o1:
Rl NN Sl =Rl NS
(proof )

lemma down-dist-ii-o1:
Rl N Sl =(RNN S
(proof)
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lemma up-dist-iu-oi:
Rt N ST =(RUU ST
(proof)

lemma oi-down-sub-up:
RLN ST C (RLN S
(proof)

lemma oi-down-up:
RlNS={}=RnsSt={}
(proof)

lemma oi-down-up-iff:
RINS={}+— RN STt={}
{proof )

lemma down-double-complement-up:
RLC S+ RC—((-91
(proof)

lemma up-double-complement-down:
Rt CS+—= RC —((-9))
(proof)

lemma below-up-oi-down:
RC RTNR]
(proof)

lemma cp-pa-sim:
(ROSI =R S|
(proof )

lemma domain-up-down-conjugate:
(Rt N S) x 1oy = (RN SY) = 1oy
{proof )

lemma down-below-sp-top:
RICRxU
(proof)

lemma down-oi-up-closed:
assumes QT = @
shows Rl N Q C (RN Q)
(proof)

lemma up-dist-oU:

UX)T = U(up * X)

(proof)
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lemma up-dist-iU:
assumes [ # {}
shows (JU X[1)t = UU (up 0 X)[1
{proof)

lemma up-dist-il:
(MNXINDT = NN (up 0 X)|I
(proof)

lemma down-dist-oU:
(UX)4 = U (down * X)
(proof )

lemma down-dist-iU:

UUX[DL = UU (down o X)|1

(proof)

lemma down-dist-il:
assumes [ # {}

shows (NN X|1)d = NN (down o X)|I
(proof )

lemma iU-up-ol:
assumes [ # {}
shows U (up o X)|T = (up ‘X ‘1)
(proof )

lemma ¢I-down-ol:
assumes [ # {}
shows () (down o X)|I = () (down ‘X ‘1)

(proof)

lemma down-dist-il-ol:
N (down * X 1) = (N X|1)4
(proof)

lemma up-dist-iU-ol:
N(up * X 1) = (UUX[I)T
(proof)

lemma u-up:
(RUU R)T = R?
(proof )

lemma 7i-down:

(RNN R)] = R}
(proof)
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lemma (U-up:
assumes [ # {}
shows (UU (X - R)I)T = RY
{proof)

lemma iI-down:
assumes [ # {}

shows (N (Aj . R)|I)l = R|
(proof)

lemma u-unit-up:

Iout=U
(proof)

lemma u-unit-down:
Iuud = 1uu
(proof)

lemma fu-unit-convex:
1uul = 1uu
(proof)

lemma di-unit-up:

1 mmT = Inn
(proof)

lemma 7i-unit-down:
Innd =U
(proof)

lemma 7i-unit-convex:
1nnl = 1nn
(proof )

lemma sp-unit-down:
1\1/ - 1 U IUU
(proof )

lemma sp-unit-convex:
17=1
(proof )

lemma top-up:
Ur=10U
(proof)

lemma top-down:
Uul=U
(proof)

64



lemma top-conver:
ut=10U
(proof )

lemma bot-up:

{r=1{
(proof)

lemma bot-down:

{H={

{proof)

lemma bot-convez:

=0

(proof)

lemma down-oi-up-convex:
(RLN ST = RLN ST
(proof )

lemma convex-iff-down-oi-up:
R=Ql+— (3IRS.Q=RlNSY
(proof)

lemma convex-closed-ol:

(NReX . RY)T = (NReX . RY)

{proof)

lemma convex-closed-oi:
(RE N SHT = RN ST

(proof)

lemma
(RT UU S7)F = R UU ST
nitpick|ezpect=genuine,card=1,3]
(proof )

6 Powerdomain Preorders
abbreviation lower-less-eq :: (‘a,’b) mrel = ('a,’b) mrel = bool (infixl <C|» 50)
where

RC]S=RCS|
abbreviation upper-less-eq :: (‘a,’d) mrel = ('a,’b) mrel = bool (infixl <C1»
50) where

RCtS=SC Rt

abbreviation convez-less-eq :: ('a,’b) mrel = (’a,’b) mrel = bool (infixl (T}
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50) where
RCIS=RCISARLCTS

abbreviation Convez-less-eq :: ('a,’b) mrel = ('a,’b) mrel = bool (infix]l <C{)»
50) where
RC{S=RC St

lemma lower-less-eq:
RC|S+— (VaB.(a,B)e R— (3C . (a,C) € SABCUQ))
(proof )

lemma upper-less-eq:
RCtS«— (VaC.(a,C0) €S — (3B.(a,B)e RANBC())
(proof )

lemma Convex-less-eq:

RCfS+— (VaC.(a,C) e R— (3BD . (a,B) € SA(a,D)e SABCC
A C C D))

(proof )

lemma Convex-lower-upper:
RC{S+— RLC|SASCTR
(proof)

lemma lower-reflexive:
RCIR
(proof)

lemma upper-refiexive:
RCT R
(proof)

lemma convex-reflexive:
RCIR
{proof )

lemma Convez-reflexive:
RCIR
(proof)

lemma lower-transitive:
RClS= SC| T=RLC| T
(proof)

lemma upper-transitive:
RCTS= St T=RLCHT
(proof )

lemma convezx-transitive:
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RClS= SCI{T= RLC]T
{proof)

lemma Convez-transitive:
RC{S= SC{T= RC{ T
(proof )

lemma bot-lower-least:
{JELR
(proof)

lemma top-upper-least:
UCtR
(proof )

lemma bot-Convex-least:
{JELR
(proof )

lemma top-lower-greatest:
RCLU
(proof)

lemma bot-upper-greatest:

RCT{}
(proof)

lemma top-Convex-greatest:
RCL U
(proof )

lemma lower-iu-increasing:
RCLRUUR
(proof)

lemma upper-iu-increasing:
RCT RUUS
(proof)

lemma convez-iu-increasing:
RCIRUUR
(proof )

lemma Convez-iu-increasing:
RCyPRUUR
(proof )

lemma lower-ii-decreasing:
RN SCLR
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{proof)

lemma upper-ii-decreasing:
RNMM RCT R
(proof )

lemma convez-ii-decreasing:
RN RCIR
(proof )

lemma Convez-ii-increasing:
RCE RN R
{proof )

lemma iu-lower-left-isotone:
RClS=RUUTLC|LSWT
(proof)

lemma iu-upper-left-isotone:
RCtS= RUUTLCTSWT
(proof )

lemma iu-convex-left-isotone:
RCIS= RWTCISWT
(proof)

lemma iu-Convez-left-isotone:
RC{S=RWTLCLSWT
(proof)

lemma iu-lower-right-isotone:
RClS= TUURLC| TUUJUS

{proof)

lemma iu-upper-right-isotone:
RCtS= TUURLCTTUUS
(proof )

lemma iu-convex-right-isotone:
RCl{S= TWRLCITWS
(proof)

lemma iu-Convez-right-isotone:
RC{S= TUJURLCJTUUS
(proof)

lemma 7u-lower-isotone:
RC|S— PL|lQ—=— RUUPLC|] SUUQ
(proof )
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lemma du-upper-isotone:
RCTS=PC1T Q= RUUPLTSUUQ
(proof)

lemma iu-convex-isotone:
RC}S=— PLCl Q= RUWPLCLSUUQ
(proof )

lemma iu-Convex-isotone:
RC{S=PLCl{ Q= RUUPLCSUUQ
(proof )

lemma ii-lower-left-isotone:
RClS=RMNMTLCL ST

(proof)

lemma idi-upper-left-isotone:
RCTS=RMTCT+SNT
(proof )

lemma ii-convez-left-isotone:
RCS=RMTCISNT
(proof)

lemma - Convex-left-isotone:
RCS=RNMTCLSNNT
(proof)

lemma idi-lower-right-isotone:
RClS=TMRLC, TN S

(proof)

lemma di-upper-right-isotone:
RCTS=TMRCTTNNS
(proof )

lemma ii-convez-right-isotone:
RClS=TMRCITMS
{proof )

lemma - Convex-right-isotone:
RCS=TmMRCL TN S
(proof)

lemma 7i-lower-isotone:
RClS— PLlQ=—RMPLC]L SN Q
(proof)
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lemma idi-upper-isotone:
RCTS=PLTQ@=RMNMPLCTISNN Q
(proof)

lemma 7i-convex-isotone:
RCIS=PLCIQ@Q=RNMPLCISNNQ
(proof )

lemma 7i-Convex-isotone:
RC{S=PLCf{Q=RNMMPLCLSNNQ
(proof )

lemma ou-lower-left-isotone:
RCl]S= RUTLC|lSUT
(proof )

lemma ou-upper-left-isotone:
RCTS= RUTLCTSUT
(proof)

lemma ou-convez-left-isotone:
RCIS= RUTCISUT
(proof)

lemma ou-Convez-left-isotone:
RC{S= RUTLCSUT
(proof)

lemma ou-lower-right-isotone:
RClS= TURLC|TUS
(proof )

lemma ou-upper-right-isotone:
RCTS= TURLCTTUS
(proof)

lemma ou-convez-right-isotone:
RClS= TURCITUS
(proof)

lemma ou-Convez-right-isotone:
RCyS= TURCTUS
(proof)

lemma ou-lower-isotone:
RElS= PLEl Q= RUPLC] SUQ
(proof)

lemma ou-upper-isotone:
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RCtS=PCt Q= RUPCTSUQ
{proof)

lemma ou-convex-isotone:
RClS= PLCl Q= RUPLCISUQ
{proof)

lemma ou-Convez-isotone:
RCS=PLE Q= RUPLCSUQ
(proof)

lemma sp-lower-left-isotone:
RClS=— T*«RC|] TxS
(proof )

lemma sp-upper-left-isotone:
RCTS=— T+«RC1TTxS
(proof)

lemma sp-convex-left-isotone:
RCIS= T+«RLCJTxS
(proof)

lemma sp-Convez-left-isotone:
RCyS= Tx*RCy TxS
(proof )

lemma cp-lower-left-isotone:
RClS=TOGRLCITOS
(proof )

lemma cp-upper-left-isotone:
Rt S=TORLCTTO®O®S
(proof)

lemma cp-convez-left-isotone:
RClS= TORCITOS
(proof)

lemma cp-Convex-left-isotone:
RC{S=TORC TGOS
(proof )

lemma lower-ic-upper:
RC| S+— ~SCT~R
(proof )

lemma upper-ic-lower:
RCT S +— ~SLC|~R
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{proof)

lemma convex-ic:
RCl S +— ~SCl~R
(proof)

lemma Convez-ic:
RCy S«+— ~RLC ~S
(proof)

lemma up-lower-isotone:
RCL S = R Cl St
(proof )

lemma up-upper-isotone:
RCT S = RTCt ST
(proof )

lemma up-convex-isotone:
REL S = RTCL ST
(proof)

lemma up-Convez-isotone:
RC} S = Rt CJ St
(proof )

lemma down-lower-isotone:
RCl §S= R|C] S|
(proof )

lemma down-upper-isotone:
RCt S — RLCT 8]
(proof )

lemma down-convex-isotone:
REL S = RICT S|
(proof)

lemma down-Convez-isotone:
REL § = RLCL 5L
(proof)

lemma convem—lower—isotone:
RC| S = R} CJ 51
(proof )

lemma convezr-upper-isotone:

RCt S — R} Ct S1
{proof)
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lemma convex-convex-isotone:
RC} S = RIC1 ST
(proof )

lemma convex—Conve:r—isotone:
RC{ S = R} Cy S
(proof)

lemma subset-lower:
RCS=—RLC|S
(proof )

lemma subset-upper:
RCS= SCTR
(proof )

lemma subset-Convez:
RCS= RC} S
(proof)

lemma oi-subset-lower-left-isotone:
RCS=RNTC|SNT
(proof)

lemma oi-subset-upper-left-antitone:
RCS=SNTCtRNT
(proof)

lemma oi-subset-Convez-left-isotone:
RCS=RNTCESNT

(proof)

lemma oi-subset-lower-right-isotone:
RCS=TNRC]|TNS
(proof )

lemma oi-subset-upper-right-antitone:
RCS=TNSCTTNR
(proof)

lemma oi-subset-Convez-right-isotone:
RCS= TNRCETNS
(proof)

lemma oi-subset-lower-isotone:
RCS—PCQ—RNPLCLSNAQ
(proof)
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lemma oi-subset-upper-antitone:
RCS=PCQRQ=SNQERCTRNP
(proof)

lemma oi-subset-Convex-isotone:
RCS=PCQ=RNPLCESNQ
(proof )

lemma sp-iu-unit-lower:
Rx1yu0ELR
(proof)

lemma cp-ii-unit-upper:
REt RO Inn
(proof )

lemma lower-ii-down:
RC|lS+«— Rl =(RNN S)J
(proof )

lemma lower-ii-lower-bound:
RClS+— RCRMNMS
(proof )

lemma upper-ii-up:
RLCT S «+— STt =(RUUST
(proof)

lemma upper-ii-upper-bound:
RCTS+— SCRUUS
(proof )

lemma
RC|S«+«—R=RnNNS
nitpick|ezpect=genuine,card=1]
(proof)

lemma
Rt S+—S=RUUS
nitpick|ezpect=genuine,card=1]
(proof)

lemma convex-oi-Convex-iu:
RINSICgRWS
(proof )

lemma convez-oi-Conver-ii:

RINSICERMN S
{proof )
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lemma convex-oi-iu-ii:
RN ST =(RUJ ST N (RNNS)]
(proof )

lemma 7i-lower-iu:
RN SCL RUUS
(proof )

lemma di-upper-iu:
RNN SCtRUUS
(proof )

lemma 7i-convex-iu:
RN SCIRUWWS

(proof)

lemma convex-oi-iu-ii-convex:
RINST=(RUJ SN (RNN ST
(proof )

6.1 Functional properties of multirelations

lemma id-one-converse:
Id=1;1~
(proof )

lemma dom-explicit:
DomR=R;UnNI1
(proof)

lemma dom-explicit-2:

Dom R =R ; top N 1
(proof )

lemma total-dom:
total R <—— Dom R = 1

{proof)

lemma total-eq:
total R <— IUU =R % JUU
(proof)

lemma domain-pointwise:
TE€Rx* 1,0 (3aB.(a,B) € RNz = (af}))
(proof)

card only works for finite sets

lemma univalent-2:
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univalent R «— (Va . finite { B. (a,B) € R} N card { B . (a,B) € R} <
one-class.one)
(proof )

lemma univalent-3:
univalent R +— (VS . Rx 1uyu=S* I,LuASCR— S=R)

(proof)

lemma total-2:
total R +— (Va .{ B . (a,B) € R} # {})
(proof )

lemma total-3:

total R «— (Va . finite { B. (a,B) € R} — card { B. (a,B) € R} >
one-class.one)

(proof )

lemma total-4: total R <+— 1uu C R *x 14y
(proof )

lemma deterministic-2:
deterministic R «+— (Va . card { B . (a,B) € R } = one-class.one)

{proof)

lemma univalent-convex:
assumes univalent S
shows S = 57

{proof)

lemma univalent-iu-idempotent:
assumes univalent S
shows S = SUU S

{proof)

lemma univalent-ii-idempotent:
assumes univalent S
shows S =S NN S

{proof)

lemma univalent-down-iu-idempotent:
assumes univalent S
shows S = S| UU §

{proof)

lemma univalent-up-ii-idempotent:
assumes univalent S
shows S = ST NN S

(proof)
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lemma univalent-convex-iu-idempotent:
assumes univalent S
shows § = ST UU S

{proof)

lemma univalent-convex-ii-idempotent:
assumes univalent S
shows S = ST NN S

{proof)

lemma univalent-iu-closed:
univalent R = univalent S = univalent (R UU S)

{proof)

lemma univalent-ii-closed:
univalent R => univalent S = univalent (R NN S)
(proof)

lemma total-lower:
total R <— ZUU EJ, R

(proof)

lemma total-upper:
total R +— R ET _me

{proof)

lemma total-lower-iu:
assumes total T
shows RC| RuU T

{proof)

lemma total-upper-ii:
assumes total T
shows RNN T CT R

{proof)

lemma total-univalent-lower-iu:
assumes total T
and univalent S

and T C| S
shows TUU S = S8
(proof)

lemma total-iu-closed:
total R = total S = total (R UU S)

{proof)

lemma total-ii-closed:
total R = total S = total (R NN S)
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{proof)

lemma deterministic-lower:

assumes deterministic V

shows RC| V+— (VaBC.(a,B)€ RA (a,C) € V — BC ()
(proof)

lemma deterministic-upper:

assumes deterministic V

shows VCt R+— (Va BC . (a,B) € RA (a,C) € V — C C B)
(proof)

lemma deterministic-iu-closed:
deterministic R = deterministic S = deterministic (R UU S)

(proof)

lemma deterministic-ii-closed:
deterministic R = deterministic S = deterministic (R NN S)

{proof)

lemma total-univalent-lower-implies-upper:
assumes total T
and univalent S
and T C| S
shows T C1 S
(proof )

lemma total-univalent-lower-implies-conver:
assumes total T
and wunivalent S
and T C] S
shows T CJ S
(proof)

lemma total-univalent-upper-implies-lower:
assumes total T
and univalent S
and SCT T
shows SC| T
(proof)

lemma total-univalent-upper-implies-conver:
assumes total T
and univalent S
and SCT T
shows S CJ T
(proof )

lemma deterministic-lower-upper:
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assumes deterministic T

and deterministic S
shows SC| T +— SCT T
(proof )

lemma deterministic-lower-convex:
assumes deterministic T
and deterministic S
shows SC| T «— SCI T
(proof )

lemma deterministic-upper-convex:
assumes deterministic T
and deterministic S
shows SCt T «— SCI T
(proof )

lemma total-down-sp-sp-down:
assumes total T
shows R| + TC R* T|

(proof)

lemma total-down-sp-semi-commute:
total T = Rl « T C (R* T)|
(proof )

lemma total-down-dist-sp:
total T = (R * T)] = R} = T|
(proof)

lemma univalent-ic-closed:
univalent R <— univalent (~R)

{proof)

lemma total-ic-closed:
total R +— total (~R)

(proof)

lemma deterministic-ic-closed:
deterministic R <— deterministic (~R)

{proof)

lemma ju-unit-deterministic:
deterministic (1yy)

{proof)

lemma 7i-unit-deterministic:
deterministic (1nn)

{proof)
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lemma univalent-upper-iu:

assumes univalent R

shows (RCT S) «+— (RUU S = 9)
(proof )

lemma univalent-lower-ii:
assumes univalent S
shows (RC] S) = (RNN S = R)
(proof )

6.2 Equivalences induced by powerdomain preorders

abbreviation lower-eq :: ('a,’b) mrel = ('a,’b) mrel = bool (infixl =] 50)
where

R=lS=RC|SASC|R

abbreviation upper-eq :: (‘a,’d) mrel = (‘a,’d) mrel = bool (infixl <=1» 50)
where
R=tS=RCtSASCTR

abbreviation convez-eq :: (‘a,’d) mrel = ('a,’b) mrel = bool (infixl =] 50)
where
R={S=RC}SASCIR

lemma Convez-eq:
R=lS=RCySASCYR
(proof )

lemma convez-lower-upper:
R=}S+—R=lSAR=tS
(proof)

lemma lower-eq-down:
R=]lS+— Rl =S5]
(proof )

lemma upper-eq-up:
R=S+—> Rt =57
(proof )

lemma CONVET-€EqG-CONVET:
R=1S < R} = S}
(proof )

lemma lower-eq:

R=lS+—> VaB.(3C.(a,C)eRABCC)+— (3C.(a,0)e SANBC
@)

(proof)
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lemma upper-eq:

R=S+—> WVaC.(3B.(a,B)e RABCC(C)+— (IB.(a,B)e SABC
)

(proof )

lemma lower-eq-reflexive:
R=|R
(proof )

lemma upper-eq-refiezive:
R=TR
(proof )

lemma convez-eg-reflexive:
R=lR
(proof)

lemma lower-eq-symmetric:
R=lS=S=|lR
(proof )

lemma upper-eq-symmetric:
R=tS8= S=TR
(proof)

lemma convex-eq-symmetric:
R=S=— S=IR
{proof )

lemma lower-eq-transitive:
R=lS=S=lT=R=|T
(proof )

lemma upper-eq-transitive:
R=S=S=T=R=T
(proof )

lemma convez-eq-transitive:
R=1S8=S=l{T=—R=]T
(proof )

lemma ou-lower-eg-left-congruence:
R=]S=RUT=LSUT
(proof)

lemma ou-upper-eq-left-congruence:

R=tS=RUT=tSUT
{proof)
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lemma ou-convex-eq-left-congruence:
R=lS=RUT=[SUT
(proof )

lemma ou-lower-eq-right-congruence:
R=lS=TUR=lTUS
(proof)

lemma ou-upper-eq-right-congruence:
R=tS=TUR=TUS
(proof)

lemma ou-convex-eq-right-congruence:
R=lS=TUR=TUS
(proof )

lemma ou-lower-eq-congruence:
R=l§=P=lQ=RUP=L5UQCQ
(proof )

lemma ou-upper-eg-congruence:
R="S=—P=Q=—=RUP=TSUQ
(proof )

lemma O0U-CONVET-Eq-congruence:
R=lS=P=lQ=RUP=LS5UQ
{proof )

lemma ju-lower-eq-left-congruence:
R=lS=RuUuT=LSUUJT

(proof)

lemma iu-upper-eq-left-congruence:
R=tS=RWIT=SWT
(proof )

lemma iu-convex-eq-left-congruence:
R=lS=RUWT=SWWIT
(proof)

lemma ju-lower-eq-right-congruence:
R=]S= TUWUR=]TUUS
(proof)

lemma iu-upper-eq-right-congruence:

R=1S—=— TUUR=1TUUS
(proof)

82



lemma iu-convex-eq-right-congruence:
R=S=— TUWR=TUWS
{proof)

lemma iu-lower-eq-congruence:
R=]S=P=l@Q= RUUP=]SUUQ
(proof)

lemma iu-upper-eq-congruence:
R=tS=P=Q= RUUP=tSUUQ
(proof)

lemma iu-convex-eq-congruence:
R=lS=P=lQ= RUUP=[SUUQ
(proof)

lemma ii-lower-eq-left-congruence:
R=lS=RMT=SMnNT
{proof )

lemma ii-upper-eg-left-congruence:
R=tS=RmMMT=8SnNT
(proof)

lemma 7i-convez-eq-left-congruence:
R=lS=RmMT=SnT
(proof)

lemma ii-lower-eq-right-congruence:
R=]lS=TmMR=lTNNS
(proof )

lemma ii-upper-eq-right-congruence:
R=tS=TmMR=tTNNS
(proof)

lemma ii-convez-eq-right-congruence:
R=lS= TN R=LTNNS
(proof)

lemma ii-lower-eq-congruence:
R=lS=P=lQ=RMP=L5NNQ
(proof )

lemma di-upper-eq-congruence:
R=S=P=Q=RMP=TSNNQ
(proof )

lemma ii-convez-eq-congruence:
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R=lS=P={Q=RmMP=LSNNQ
{proof )

lemma sp-lower-eq-left-congruence:
R=lS=—Tx+«R=|TxS8
(proof)

lemma sp-upper-eq-left-congruence:
(proof )

lemma sp-convex-eq-left-congruence:
R=lS= T+«R=yTxS
(proof )

lemma cp-lower-eq-left-congruence:
R=|S=TOR=lTOS
(proof)

lemma cp-upper-eq-left-congruence:
R=tS=TOR="TOS
(proof)

lemma cp-convez-eq-left-congruence:
(proof )

lemma lower-eq-ic-upper:
R=] 5S¢ ~R=1~§
(proof )

lemma upper-eq-ic-lower:
R=S+—>~R=]~§
(proof)

lemma convez-eq-ic-lower:
R=} S+~ ~R=]~S
(proof)

lemma up-lower-eq-congruence:
R=lS5= Rt =|57
(proof )

lemma up-upper-eq-congruence:
R=1S = Rt =751
(proof)

lemma up-convex-eq-congruence:
R =18 = Rt =] §1
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{proof)

lemma down-lower-eq-congruence:
R=lS= R] =] 5!
(proof )

lemma down-upper-eq-congruence:
R=tS§= R|=185]
(proof )

lemma down—convea:—eq—congruence:
R=1 8= R| =] 5|
(proof )

lemma conveaz-lower—eq-congruence:
R=| 8= R} =] 51
(proof )

lemma convez-upper-eq-congruence:
R =18 = R} =1 S
(proof)

lemma CONVET-CONVET-EG-CONGTUENCE:
R=}S = R} =1 S}
(proof )

lemma univalent-lower-eq-subset:
assumes univalent S

and S =] R
shows S C R
(proof)

lemma univalent-lower-eq:
assumes univalent R
and univalent S

and R =] §
shows R = §
(proof )

lemma univalent-lower-eq-iff:
assumes univalent R
and univalent S
shows (R =] S) +— (R=95)
(proof)

lemma univalent-upper-eq-subset:
assumes univalent S
and S =T R
shows S C R
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(proof)

lemma univalent-upper-eq:
assumes univalent R
and univalent S

and R =1 §
shows R = §
(proof )

lemma univalent-upper-eq-iff:
assumes univalent R
and univalent S
shows (R =1 S) +— (R =5)
(proof)

lemma univalent-convez-eq-iff:
assumes univalent R
and wunivalent S
shows (R =] S) «— (R=19)
(proof )

lemma total-univalent-upper-ii:
assumes total T
and univalent S

and SCT T
shows TN S =25
(proof )

lemma lower-eq-down-closed:
R =] R}
(proof )

lemma upper-eq-up-closed:
R =t Rt
(proof)

lemma convez-eq-up-closed:
R =] R}
(proof)

lemma lower-join:
(VP.QClP+—RLC|PASC|P)+— Q=LlRUS
(proof)

lemma lower-meet:
(VP.PClQ+— PLCI|RAPLC]S)+—Q=lRMNS
(proof)

lemma upper-join:
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(VP.QCtP+—>RCTPASCHP)«— Q=tRUUS
(proof )

lemma upper-meet:
VP.PCt1 Q«+— PLCtTRAPLCTS)+— Q=tRUS
(proof)

lemma lower-ii-idempotent:
RN R=|R
(proof )

lemma upper-iu-idempotent:
RUUR=TR
(proof )

lemma lower-il-idempotent:
I#{} = (NN . R)I) =L R
(proof)

lemma upper-iU-idempotent:
I'#{} = (UUW - BII) =t R
(proof)

lemma down-closed-intersection-closed:
R=Rl=VI.IT#{} — (NN .RI)CR
(proof)

lemma up-closed-union-closed:
R=Rt=VI.I#{} — UUWN .RI|I)CR
(proof )

lemma ou-down-lower-eq-ou:
RIUSI=lRUS
(proof)

lemma oi-down-lower-eq-ii:
RlNSl=lRNN S
(proof)

lemma ou-up-upper-eq-ou:
RtUSTt=tRUS
(proof)

lemma oi-up-upper-eq-iu:
RTNSt=tRUUS
(proof )

lemma oU-down-lower-eq-oU:

(UReX . R|) =l UX
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{proof)

lemma ol-down-lower-eq-il:
(Niel . X i) = NOX|T
(proof )

lemma oU-up-upper-eq-oU:

(UReX . R =t UX
(proof)

lemma ol-up-upper-eq-il :
(Niel . X it) =+ YU X|I
(proof )

lemma down-order-lower:
R, CSl«+«— RLC|S
(proof )

lemma up-order-upper:
RITCSTt+«—SCTR
(proof )

lemma convez-order-lower-upper:
Rl CSl«+— RC|SASCTR
(proof )

lemma convez-order-Convex:
R} CSt+«— RLC] S
(proof )

6.3 Further results for convex-closure

lemma convex-down:
RYL =Rl
(proof)

lemma convezr-up:
RYt = Rt
(proof )

lemma iu-dist-oi-conver:
assumes R = R]
and S = S}
and T = T7
shows (RN S)UU T=(RUUT)N(SUUT)
nitpick|ezpect=genuine,card=1]
{proof)

lemma 7i-dist-oi-convex:
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assumes R = R]
and S = S}
and T = T7
shows (RN S) )M T=(RMMN T)Nn (S NN T)
nitpick|ezpect=genuine,card=1]
(proof )

lemma ol-up-closed:
assumes VReX . Rt =R
shows (NX)T=NX
(proof)

lemma ol-down-closed:
assumes VReX . Rl = R
shows (NX)l =NX
(proof )

lemma ol-convez-closed:
assumes VReEX . Rl = R
shows (NX)I=NX
(proof )

lemma up-dist-Union:
UX)r=U{Rt|R.ReX}
(proof )

lemma down-dist-Union:
UX)L=U{RL|R.Rex}
(proof )

lemma convex-dist-Union:

UX)=U{RI|R.EecX}

nitpick|[ezpect=genuine,card=1,2]
(proof )

lemma up-dist-Inter:

(NX)t=N{ Rt |R.Re X}

nitpick|ezpect=genuine,card=1]
(proof )

lemma down-dist-Inter:

(NX)b=N{RLIR.ReX)

nitpick|ezpect=genuine,card=1]
(proof )

lemma convex-dist-Inter:

NX)T=M{RI|R.RcX}

nitpick|ezpect=genuine,card=1,2]

{proof)
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lemma Inter-convex-closed:

(NXT=Nx

nitpick|ezpect=genuine,card=1,2]
(proof)

abbreviation convez-iu (infixl (UUJ» 70)
where R UUJ S = (R UU S)7

lemma convez-iu:
RuUUl S =(RLUUS)) N RtN ST
(proof )

lemma convex-iu-sub:
RfUUSCRUULS
(proof)

lemma convez-iu-convez-left:
RUUL S =RlUUL S
(proof)

lemma convex-iu-convex-right:
RUUl S =RUJL ST
{proof )

lemma convez-iu-convex:
RUUL S = RJUUL ST
{proof )

lemma convex-iu-assoc:
(RUUL S)uUJl T'=RUJL (SUUL T)
(proof)

lemma convex-iu-comm:
RUUl S=SUJlR
(proof)

lemma convex-iu-unit:
(proof )

abbreviation convezr-ii (infixl <MY 70)
where R NNy S = (R NN S)3

lemma convez-ii:

Rnny S=(RtNNST) NRL NS
(proof)

lemma convex-ii-sub:
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RN SC RN S
{proof )

lemma convex-ii-convez-left:
Rnny S=RLNNT S
(proof)

lemma convez-ii-convex-right:
RnNny S =RNNT ST
(proof )

lemma convex-ii-convez:
RNNy S =R NNE ST
(proof )

lemma convez-ii-assoc:
(RN S)ynny T =R (SN T)
(proof)

lemma convex-ii-comm:
Rnny =S5 R
(proof )

lemma convex-ii-unit:
(proof)

lemma convez-iu-ic:
~(RUUl S) =~R NN} ~S
(proof)

lemma convex-ii-ic:
~(RNN} S) = ~RUUL ~S
(proof )

abbreviation convez-sup :: (‘a,’b) mrel set = ('a,’b) mrel (<JI») where

Utx = UX)1

lemma CONVET-SUP-CONVET:

UTX = (UTX)T
{proof)

lemma convex-sup-inter:
UtX=nN{Y.Y=YAUXCY}
(proof )

lemma convez-iu-dist-convex-sup:
UXuwul S=UH{RUILS|R.ReX}
(proof)
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lemma convez-ii-dist-convex-sup:
UtXnni S=UH{ RN S|R.Re X}
(proof )

lemma convex-dist-sup:

UX)I=UHRIIR. . ReX}
(proof)

7 Fusion and Fission

7.1 Atoms and co-atoms

definition atoms :: (‘a,’d) mrel (<Ayy»)
where Ayy ={ (a,{b}) | a b . True }

definition co-atoms :: (‘a,’b) mrel (<Ann?)
where Ann = { (a,UNIV — {b}) | a b . True }

declare atoms-def [mr-simp| co-atoms-def [mr-simp]

lemma atoms-solution:
Auut = —1uu
(proof )

lemma atoms-least-solution:
assumes R = —1y
shows A, C R

(proof)

lemma ic-atoms:
~Auu = Ann
(proof)

lemma ic-co-atoms:
~Ann = Auu

{proof)

lemma co-atoms-solution:
Annd = —1an
(proof)

lemma co-atoms-least-solution:
assumes R| = —1qn
shows A C R

{proof)

lemma fu-unit-atoms-disjoint:
Tuu N Auu = {}
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{proof)

lemma di-unit-co-atoms-disjoint:
Inn N Ann = {}
(proof )

lemma atoms-sp-idempotent:
Auu * Avu = Auu
(proof )

lemma atoms-sp-cp:
(RNAuu) * S=(RNAu,) © S
(proof)

7.2 Inner-functional properties

abbreviation inner-univalent :: ('a,’b) mrel = bool where
inmer-univalent R = R C 1,y U Auu

abbreviation inner-total :: ('a,’b) mrel = bool where
inner-total R = R C — 1y

abbreviation inner-deterministic :: (‘a,’b) mrel = bool where
inner-deterministic R = inner-total R A\ inner-univalent R

lemma inner-deterministic-atoms:
inner-deterministic R «— R C A_y
(proof )

lemma inner-univalent:
inner-univalent R <— (WabcB.(a,B)e RANbE BANceEB—b=c¢)

{proof)

lemma inner-univalent-2:
inner-univalent R <— (Va B . (a,B) € R — finite B A card B <
one-class.one)

{proof)

lemma inner-total:
inner-total R +— (Va B . (a,B) € R — (3b. b € B))
(proof )

lemma inner-total-2:
inner-total R +— (Va B . (a,B) € R — B # {})

(proof)

lemma inner-total-3:
inner-total R <— (Ya B . (a,B) € R A finite B — card B > one-class.one)

{proof)
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lemma inner-deterministic:
inner-deterministic R «— (Va B . (a,B) € R — (31b . b € B))
(proof )

lemma inner-deterministic-2:
inner-deterministic R <— (Va B . (a,B) € R — card B = one-class.one)

{proof)

lemma inner-deterministic-sp-unit:
inner-deterministic 1

{proof)

lemma inner-univalent-down:
assumes inner-univalent S
shows S| C S U 1y

(proof)

lemma inner-deterministic-lower-eq:
assumes inner-deterministic V
and inner-deterministic W

and V =] W
shows V = W
(proof )

lemma inner-total-down-closed:
inner-total T = R C T = inner-total R

{proof)

lemma inner-univalent-down-closed:
inner-univalent T — R C T — inner-univalent R

(proof)

lemma inner-deterministic-down-closed:
inner-deterministic T —> R C T — inner-deterministic R

{proof)

lemma inner-univalent-convex:
assumes inner-univalent R
shows R = R}

{proof)

lemma inner-deterministic-alt-closure:
inner-deterministic R = (R O converse 1 O 1 = R)

{proof )
lemma inner-deterministic-s-id-conv-epsiloff:

inner-deterministic R => R O converse s-id = R O epsiloff

{proof)
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lemma inner-deterministic-lower-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (RC] S) +— (RCS)
(proof)

lemma inner-deterministic-upper-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R C1 S) +— (S C R)
(proof)

lemma inner-deterministic-lower-eq-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R =] S) +— (R =95)
(proof)

lemma inner-deterministic-upper-eq-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R =1 S) +— (R=95)
(proof)

lemma inner-deterministic-convez-eq-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R =] S) «— (R=19)
(proof )

lemma
inner-univalent R = inner-univalent S = inner-univalent (R UU S)
nitpick|[ezpect=genuine,card=1,2)]
{proof)

lemma inner-univalent-ii-closed:
inner-univalent R = inner-univalent S = inner-univalent (R NN S)
{proof )

lemma inner-total-iu-closed:
inner-total R = inner-total S = inner-total (R UU S)

{proof)

lemma
inner-total R = inner-total S = inner-total (R NN S)
nitpick|ezpect=genuine,card=1,2]
(proof)
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7.3 Fusion

lemma fusion-set:
fusR={(a,B).B=U{C .(a,C)€R}}
(proof )

declare fusion-set [mr-simp)

lemma fusion-lower-increasing:
R C| fus R
(proof )

lemma fusion-deterministic:
deterministic (fus R)

(proof)

lemma fusion-least:
assumes R C| S
and deterministic S
shows fus R C| S
(proof)

lemma fusion-unique:
assumes VR . RC| fR
and V R . deterministic (f R)
and VRS .RLC| S A deterministic S — fRC| S
shows f T = fus T

{proof)

lemma fusion-down-char:
(fus R) = —((=(R{) N Auu)T)
(proof)

lemma fusion-up-char:

(fus R)T = —((~(R{) N Ann)d)
(proof)

lemma fusion-up-char-2:

(fus Rt = —(((RY N Auy) * ~1)4)
(proof)

lemma fusion-char:
fus B = —((=(R]) N Auu)t) N =((~(RL) N Anp)d)
(proof)

lemma fusion-char-2:

fus B = —((—(RL) 1 Auu)D) 1 —(((RE 0 Auo) * ~1)1)
(proof)

lemma fusion-lower-isotone:

96



RC|l S = fus RC| fus S
{proof )

lemma fusion-iu-idempotent:
fus R UU fus R = fus R
(proof)

lemma fusion-down:
fus R = fus (R))
(proof )

lemma fusion-iu-total:
total T = T UU fus T = fus T
(proof )

lemma fusion-deterministic-fixpoint:
deterministic R <— R = fus R
(proof)

abbreviation non-empty :: (‘a,’d) mrel = ('a,’b) mrel (<ne -» [100] 100)
where ne R= RN —1yy

lemma non-empty:
neR={(a,B)|aB.(a,B)e RANB#{}}
(proof)

lemma ne-equality:
TLER:R(—>R§71UU
(proof)

lemma ne-dist-ou:

ne (RUS)=neRUnelsS
(proof)

lemma ne-down-idempotent:
ne ((ne (R1))}) = ne (R|)
(proof)

lemma ne-up:
(ne R)T = ne R = 11
(proof)

lemma ne-dist-down-sp:
ne (R} = S) = ne (R}) * ne S
(proof)

lemma total-ne-down-dist-sp:
total T = ne ((R x T))) = ne (R]) x ne (T])
(proof)
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lemma inner-univalent-char:
inner-univalent S <— (VR . fus R = fus SARC| S — ne R = ne 5)

(proof)

lemma ne-dist-oU:
ne (UX) = U (non-empty “ X)
(proof )

7.4 Fission

lemma fission-set:
fisR={(a,{b})|ab.3IB.(a,B)e RANDbE B}
(proof)

declare fission-set [mr-simp)

lemma fission-var:
ﬁS R = R\L N AUU
(proof)

lemma fission-lower-decreasing:
fis RCL R
(proof )

lemma fission-inner-deterministic:
inner-deterministic (fis R)
(proof)

lemma fission-greatest:
assumes S C| R
and inner-deterministic S
shows S C| fis R

{(proof)

lemma fission-unique:
assumes VR . fRC| R
and V R . inner-deterministic (f R)
and VR S .S C| R A inner-deterministic S — S C| f R
shows fT = fis T
(proof )

lemma fission-lower-isotone:
RC|lS= fisRC| fis S
(proof )

lemma fission-idempotent:

fis (fis R) = fis R
{proof)
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lemma fission-top:
fis U = Auu
(proof )

lemma fission-down:
fis R = fis (R|)
{proof )

lemma fission-ne-fixpoint:
fis R = ne (fis R)
(proof)

lemma fission-down-ne-fixpoint:

fis R = ne ((fis R)))
(proof)

lemma fission-inner-deterministic-fixpoint:
inner-deterministic R +— R = fis R
(proof )

lemma fission-sp-subdist:
fis (R+S) C fis R« fisS
(proof )

lemma fission-sp-total-dist:
assumes total T
shows fis (R*x T) = fis R x fis T
(proof )

lemma fission-dist-ou:
fis(RUS)=fisRU fis S
(proof)

lemma fission-sp-iu-unit:
ﬁs (R * ZUU) == {}
(proof )

lemma fission-fusion-lower-decreasing:
fis (fus R) T} R
(proof )

lemma fusion-fission-lower-increasing:
R T4 fus (fis R)
(proof)

lemma fission-fusion-galois:

fisRCL S «+— RCJ fus §
(proof )
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lemma fission-fusion:
fis (fus R) = fis R
(proof )

lemma fusion-fission:
fus (fis R) = fus R
{proof )

lemma same-fusion-fission-lower:
fus R = fus S = fis RC| S
(proof)

lemma fission-below-ne-down-fusion:

fis R C ne ((fus R){)
(proof)

lemma ne-fusion-fission:

(ne ((fus R)L)T = (fis R)1
(proof)

lemma fission-up-ne-down-up:
(fis R)T = (ne (R|))T
(proof)

lemma fusion-idempotent:
fus (fus R) = fus R
(proof)

lemma fission-dist-oU:
fis (UX) =U(fis * X)
(proof )

7.5 Co-fusion and co-fission

definition co-fusion :: (‘a,’b) mrel = ('a,’b) mrel (<[]]] -» [80] 80) where
[MME={(a.B). B=N{C.(a,C)€R}}

declare co-fusion-def [mr-simp]

lemma co-fusion-upper-decreasing:
MMRCt R
(proof)

lemma co-fusion-deterministic:
deterministic (['1['| R)
(proof)

lemma co-fusion-greatest:
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assumes S CT R
and deterministic S

shows S CT ][R
(proof)

lemma co-fusion-unique:
assumes VR . fRCT R
and V R . deterministic (f R)
and VR S .S CT R A deterministic S — S CT f R
shows fT =[][1T
(proof)

lemma co-fusion-up-char:

Rt = —((—=(B1) N Ann)d)
(proof)

lemma co-fusion-down-char:

(TR} = =((~(B1) N Auu)?)
(proof)

lemma co-fusion-down-char-2:

(MR = =((BT N Ann) © ~1)1)
(proof )

lemma co-fusion-char:

|_||—|R = _((_(RT) N Amm)i) N _((N(RT) N AUU)T)
(proof )

lemma co-fusion-char-2:
Pﬂ%=—«%RﬁﬂAmﬁUﬁ—«@TﬂAmJ®~Uﬂ
Proo,

lemma co-fusion-upper-isotone:

RET S =TIMNRETTINS
(proof )

lemma co-fusion-ii-idempotent:

NOEA MR =N A

(proof)

lemma co-fusion-up:
MR =T11(RT)
(proof)

lemma co-fusion-ii-total:
total T= T N[N T =TT

(proof)

lemma co-fusion-deterministic-fixpoint:
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deterministic R +— R =T]|[|R
(proof)

abbreviation co-fission :: (‘a,’b) mrel = (‘a,’d) mrel (<atnn - [80] 80) where
atmm R = RT n Amm

lemma co-fission:
atrn R={(a,B)|aB.(3b.-B={b})) A3C.(a,C)e RANCCB)}
(proof)

declare co-fission [mr-simp]

lemma co-fission-upper-increasing:
R Ct athn R
(proof )

lemma co-fission-ic-inner-deterministic:
inner-deterministic (~atnn R)
(proof)

lemma co-fission-least:
assumes R CT S
and inner-deterministic (~S)
shows atnn R CT S

(proof)

lemma co-fission-unique:
assumes VR . RCT f R
and V R . inner-deterministic (~f R)
and VR S . R CT S A inner-deterministic (~S) — fRCtT S
shows f T = athn T
(proof )

lemma co-fission-upper-isotone:
R ET S = athn R ET atnn S
(proof)

lemma co-fission-idempotent:
atmm (atmm R) = atmm R
(proof)

lemma co-fission-top:
atﬁm U= Amm
(proof)

lemma co-fission-up:

atﬂm R = atmﬂ (RT)
(proof)
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lemma co-fission-ic-inner-deterministic-fixrpoint:
inner-deterministic (~R) <— R = atnn R
(proof)

lemma co-fusion-co-fission-upper-decreasing:

MM (atnn R) £ R
(proof)

lemma co-fission-co-fusion-upper-increasing:
R Et atan ([1T1R)
(proof )

lemma co-fusion-co-fission-galois:
(proof )

lemma co-fission-co-fusion:
atmm (|_||_|R) = atmm R
{proof )

lemma co-fusion-co-fission:

[ (atnn R) = TR
{proof)

lemma same-co-fusion-co-fission-upper:

{proof)

lemma co-fusion-idempotent:
M@ R) =T1re
(proof )

8 Modalities

8.1 Tests

abbreviation test :: (‘a,’a) mrel = bool where
test R=R C 1

lemma test:
test R <— (Va B . (a,B) € R — B = {a})
{proof)

lemma test-fixz: test R=RN 1, =R
(proof)

lemma test-ou-closed:
test p = test ¢ = test (p U q)
(proof )
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lemma test-oi-closed:
test p = test (p N q)
(proof )

abbreviation test-complement :: (‘a,’a) mrel = ('a,’a) mrel (@ -» [80] 80)
where
!R=-RnN1

lemma test-complement-closed:
test (1 p)
(proof)

lemma test-double-complement:
testp+— p=11lp
(proof )

lemma test-complement:
(a{a}) € tp+— — (afa}) €p
(proof )

declare test-complement [mr-simp]

lemma test-complement-antitone:
assumes test p
shows p C g +—1¢gCp
(proof)

lemma test-complement-huntington:
testp = p=1QpUlq UlQpUygq)
(proof )

abbreviation test-implication :: (‘a,’a) mrel = ('a,’a) mrel = ('a,’a) mrel
(infixl «<—> 65) where
p—>gqg=lpUyg

lemma test-implication-closed:
test ¢ = test (p — q)
(proof)

lemma test-implication:
(a,{a}) € p = ¢ +—= ((a,{a}) € p — (a.{a}) € ¢)
(proof)

declare test-implication [mr-simp)
lemma test-implication-left-antitone:

assumes test p
shows p Cr=r —->¢Cp—q
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{proof)

lemma test-implication-right-isotone:
assumes test p
shows ¢ Cr=p—=>q¢Cp—>r
(proof)

lemma test-sp-idempotent:
lestp=—=p*xp=0p
(proof )

lemma test-sp:
assumes test p
showspx R=(p*x U)NR
(proof )

lemma sp-test:
testp = R*xp=RnN (U x* p)
(proof)

lemma sp-test-dist-oi:
testp = (RN S)*p=(Rx*p)N (S xp)
(proof )

lemma sp-test-dist-oi-left:
testp = (RN S)xp=(Rxp) NS
(proof)

lemma sp-test-dist-oi-right:
testp = (RN S)*p=RN(S *p)
(proof )

lemma sp-test-sp-oi-left:
testp = (RN (Uxp))* T=Rx*xpx*x T
{proof )

lemma sp-test-sp-oi-right:
testp = Rx((px U)yNT)=Rx+xpxT
(proof )

lemma test-sp-ne:
test p=> p x ne R = ne (p x R)
(proof )

lemma ne-sp-test:
test p = ne R+ p = ne (R * p)
(proof)

lemma top-sp-test-down-closed:
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assumes test p
shows U x p = (U * p)|
(proof)

lemma oc-top-sp-test-up-closed:
testp => —(U * p) = (—=(U * p))t
(proof)

lemma top-sp-test:
test p => (a,B) € U * p +— (VbeB . (b,{b}) € p)
(proof)

lemma oc-top-sp-test:
test p = (a,B) € —(U * p) +— (3beB . (b,{b}) ¢ p)
(proof )

declare top-sp-test [mr-simp| oc-top-sp-test [mr-simp)

lemma oc-top-sp-test-0:
—I1uu *lp=mne (U x*p)
(proof )

lemma oc-top-sp-test-1:

assumes test p

shows —(U * p) = (ne (U * ! p))T
(proof)

lemma oc-top-sp-test-2:
test p = —(U * p) = (—1yy * U p)T
(proof )

lemma split-sp-test:

assumes test p

shows R = (R * p) U (ne RN (ne (R} *x 1 p))?1)
(proof)

lemma top-sp-test-down-iff-1:
assumes test p
shows RC Uxp<«— R, CU=x*p
(proof )

lemma test-ne:
testp =— nep=1p
(proof)

lemma ne-test-up:
test p = ne (p?) = pt
(proof )
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lemma ne-sp-test-up:
test p => (ne (R = p))T = ne R * pt
(proof)

lemma ne-down-sp-test-up:
test p = ne (R| * p1) = ne (R}) * pt
(proof )

lemma test-up-sp:
testp = pt =px 17
(proof)

lemma top-test-oi-top-complement:
test p = (U x p) N (U x 1 p) = 1uu
(proof )

lemma sp-test-oi-complement:
testp = (R+*p)N(R*1p)=RN 1uu
(proof)

lemma ne-top-sp-test-complement:
assumes test p
shows ne (U * p) x ! p = {}
(proof )

lemma complement-test-sp-top:
assumes test p
shows —(px U) =1px* U
(proof)

lemma top-sp-test-shunt:
assumes test p
shows RC Uxp— Rx1pC 1yy
(proof )

lemma top-sp-test-down-iff-2:

assumes test p

shows Rl C U xp<+— Rl *x1p C Iy
(proof )

lemma top-sp-test-down-iff-3:
(proof)

lemma top-sp-test-down-iff-4:
assumes test p
shows Rl N (U x1p) C Iyu «— R, C 1y U (U % p)
(proof )
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lemma top-sp-test-down-iff-5:
assumes test p
shows Rl C U % p+— Rl C 1y U (U % p)
(proof )

lemma iju-test-sp-left-zero:
assumes q C 1y
shows ¢ * R = ¢
(proof )

lemma test-iu-test-split:
tC1Uluju+— Bpg.pC1ANgCIouNt=pUg)
(proof )

lemma test-iu-test-sp-assoc-1:
tCI1UIpju=1tx*(R+xS5)=(t*xR)*S
(proof )

lemma test-iu-test-sp-assoc-2:
tCIloju=Rx*x(txS)=(Rx*t)*S
(proof)

lemma test-iu-test-sp-assoc-3:
assumes t C 1 U 1y
shows R (t x S) = (R*t) * S
(proof)

lemma test-iu-test-sp-assoc-4:
tClou=Rx(S*xt)=(R*xS5) =t
{proof)

lemma test-iu-test-sp-assoc-5:
assumes t C 1 U 1y
shows R % (S xt) = (RxS5) xt
(proof)

lemma inner-deterministic-sp-assoc:
assumes inner-univalent t
shows t x (Rx S) = (t* R) * S
(proof)

lemma fu-unit-below-top-sp-test:
ZUU g U=x R
(proof)

lemma ne-oi-complement-top-sp-test-1:

ne (RN —(Ux8)=RnN—(U=xJ.5)
(proof)
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lemma ne-oi-complement-top-sp-test-2:
neRN—(UxS)=RnN—(U=xS)
(proof)

lemma schroeder-test:
assumes test p
shows Rx pC S ¢+— —S*xpC —R
(proof)

lemma complement-test-sp-test:
testp — —pxp C —1
(proof )

lemma test-sp-commute:
lestp = testq = p*xq=qx*0Dp
(proof )

lemma test-shunting:
assumes test p
and test q
and test r
shows px ¢ Cr+«—pCrulyg
(proof)

lemma test-sp-is-iu:
test p = test q = p * ¢ = p UU ¢q
(proof)

lemma test-set:
testp = p=1{(afa}) | a.(afa}) €p}
(proof)

lemma test-sp-is-ii:
assumes test p
and test q
shows px ¢ =p NN ¢
(proof)

lemma test-galois-1:
assumes test p
and test q
shows px g Cr+—qCp—r
(proof)

lemma test-sp-shunting:
assumes test p
shows!p« RC{}+— RCp=x*R
(proof )

109



lemma test-oU-closed:
VpeX . test p = test (IJX)

{proof)

lemma test-ol-closed:
IpeX . test p = test (N X)
(proof )

lemma sp-test-dist-ol:
assumes test p
and X # {}
shows (N X) *p=(ReX . R * p)
(proof)

lemma test-iU-is-il:
assumes Viel . test (X i)

and I # {}
shows U X|I = NN X|{

{proof)

lemma test-iU-is-ol:
assumes Vi€l . test (X i)

and I # {}
shows YU X|I =N(X ‘1)

(proof )
8.2 Domain and antidomain

declare Dom-def [mr-simp]

abbreviation aDom :: (‘a,’d) mrel = ('a,’a) mrel where
aDom R = Dom R

lemma ad-set: aDom R = {(a,{a})| a. ~(3 A. (a,A) € R)}
(proof )

lemma d-test:
test (Dom R)

{proof)

lemma ad-test:
test (aDom R)

{proof)

lemma ad-expl:
aDom R = —((R % 1yu) WU 1) N 1
(proof )

lemma ad-expl-2:
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aDom (R::('a,’b) mrel) = —((R % (1uu:('b,’a) mrel))t) N (1::('a,’a) mrel)
(proof)

lemma aDom:
aDom R = { (a,{a}) | a. =(3B . (¢,B) € R) }
(proof )

declare aDom [mr-simp)

lemma d-down-oi-up-1:
Dom (R} N S) = Dom (RN S7T)
(proof )

lemma d-down-oi-up-2:
Dom (RL N S) = Dom (R}, N ST)
(proof )

lemma d-ne-down-dp-complement-test:

assumes test p
shows Dom (R N —(U * p)) = Dom (ne (R]) * ! p)
(proof)

lemma d-strict:
R ={} +— Dom R = {}
(proof)

lemma d-sp-strict:
R+« S={}«+— R+ Dom S ={}

{proof)

lemma d-complement-ad:
Dom R = aDom R

{proof)

lemma down-sp-below-iu-unit:
Rl xS C 1y +— RCUxaDom (neS)
(proof)

lemma ad-sp-bot:
aDom R x R = {}
(proof)

lemma sp-top-d:
R+« UC Dom R x U

(proof )
lemma d-sp-top:

Dom (R x U) = Dom R
{proof)
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lemma d-down:
Dom (R}) = Dom R
(proof)

lemma d-up:
Dom (Rt) = Dom R
(proof)

lemma d-isotone:
RC S = Dom R C Dom S

{proof)

lemma ad-antitone:
RC S = aDom S C aDom R

(proof)

lemma d-dist-ou:
Dom (R U S) = Dom R U Dom S

{proof)

lemma d-dist-iu:
Dom (R UUJ S) = Dom R %« Dom S
(proof)

lemma d-dist-ii:
Dom (R NN S) = Dom R * Dom S
{proof )

lemma d-loc:
Dom (R * Dom S) = Dom (R * S)

(proof)

lemma ad-loc:
aDom (R « Dom S) = aDom (R x S)

{proof)

lemma d-ne-down:
Dom (ne (Rl)) = Dom (ne R)
(proof )

lemma ne-sp-iu-unit-up:
neR=R=— (Rx 1yu)1=Rx*x U
(proof )

lemma ne-d-expl:
neR=R=—Dom R=Rx+«xUnNI

(proof)

112



lemma ne-a-expl:
neR=R= aDom R=—(Rx U)N 1
(proof)

lemma d-dist-oU:
Dom (UX) = J (Dom * X)
(proof )

lemma d-dist-iU-i1:
Dom (UUX|T) = Dom (NAX|1)

(proof)

lemma d-dist-iU-ol:
assumes [ # {}
shows Dom (UU X|I) = N (Dom ‘X ‘1)
(proof )

8.3 Left residual

definition sp-lres :: (‘a,’c) mrel = (’b,’c) mrel = ('a,’b) mrel (infixl «@> 65)
where

QoR={(a,B).Vf.(Vbe B.(bfb)eR) — (aJ{fD|b.DEB})E
Q}

declare sp-lres-def [mr-simp]

lemma sp-lres-galois:
S*xRCQ+—SCQOR
(proof)

lemma sp-lres-expl:
QoR=U{S.S«RCQ}
(proof )

lemma bot-sp-lres-d:
{}@ R={} @ Dom R
(proof )

lemma bot-sp-lres-expl:
{} @ R=—(U * Dom R)
(proof)

lemma sp-lres-sp-below:
(@@ R)«RCQ
(proof )

lemma sp-lres-left-isotone:
QCS=QoORCSOR
(proof )
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lemma sp-lres-right-antitone:
SCR=QoRCQ0S
(proof )

lemma sp-lres-down-closed-1:

QLo R=0QloR]
(proof)

lemma sp-lres-down-closed-2:
assumes R| = R
and total T
shows (RO T)l =R o T
(proof)

lemma down-sp-sp:
(proof)

lemma u-unit-sp-lres-iu-unit-ou:
U % aDom (ne R) = 1,y @ (1uu U R)
(proof)

lemma bot-sl-below-complement-d:
{} RC — Dom R
(proof )

lemma sp-unit-oi-bot-sp-lres:
IN—DomR=1nN({}oR)
(proof )

lemma ad-explicit-d:
aDom R = —(U % Dom R) N 1
(proof )

lemma top-test-sp-lres-total-expl-1:

assumes test p

shows VS .S, C(Uxp) @ R+— S C Ux*aDom (RN —(U % p))
(proof)

lemma top-test-sp-lres-total-expl-2:
assumes test p

and total T
shows (U x p) @ T = U * aDom (T N —(U * p))
(proof)

lemma top-test-sp-lres-total-expl-3:
assumes test p
shows (U * p) © R) N 1 = aDom (R N —(U * p))
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(proof)

lemma top-test-sp-lres-total-expl-4:
assumes test p
shows aDom (ne (R}) *1p) = (U *p) @ R) N 1
(proof)

lemma oi-complement-top-sp-test-top-1:

assumes test p

shows (RN —(U xp))x U= (RN —(U=x*p))xU
(proof)

lemma oi-complement-top-sp-test-top-2:

assumes test p

shows (Rl N —(U xp)) * U=mne (R}) x 1 p* U
(proof)

lemma oi-complement-top-sp-test-top-3:
assumes test p
shows (Rl N —(U x p)) *x U = ne (R}) * —(p x U)
(proof )

lemma split-sp-test-2:
testp = RC RxpUne (R *xQpT
(proof)

lemma split-sp-test-3:
testp=> RC R*pUR|=x*(Qp?T
(proof )

lemma split-sp-test-4:
assumes test p
and test q
shows R x (p U ¢q) C R * p U ne (R]) * ¢qT
(proof)

lemma split-sp-test-5:
assumes test p
and test q
shows R (pU ¢) C RxpU R x ¢
(proof)

lemma split-sp-test-6:
assumes test p
and test ¢
shows Dom (R * (p U q)) € Dom (R * p U ne (R]) * q)
(proof)

lemma split-sp-test-7:
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assumes test p

and test ¢
shows Dom (ne (R]) * (p U q)) = Dom (ne (R]) * p U ne (R]) * q)
{proof)

lemma test-sp-left-dist-iu-1:
testp = px (RUUS)=px RUUS
(proof)

lemma test-sp-left-dist-iu-2:
testp = px (RUUS)=RUUp=x S
(proof )

lemma d-sp-below-iu-down:
Dom R+ S C (RUU S)|

(proof)

lemma d-sp-ne-down-below-ne-iu-down:
Dom R * ne (S)) C ne (R UU S)J)
(proof)

lemma top-test:
testp = U xp={(a,B) . (VbeB . (b,{b}) € p) }
(proof )

lemma iu-oi-complement-top-test-ou-up:
testp = (RUUS)N —(U *p) C((RUS)N —(U * p))T
(proof )

lemma d-ne-iu-down-sp-test-ou:
assumes test p
shows Dom (ne (R UU S){) * p) € Dom ((ne (R]) U ne (S])) * p)

(proof)

lemma test-sp-left-dist-iU:
assumes test p

and I # {}
shows p « (JUXI|I) = UU i . p*x X )|I
{proof)

8.4 Modal operations

definition adia :: ('a,’b) mrel = ('b,’b) mrel = (‘a,’a) mrel (| - ) - [50,90] 95)
where
|IR)p ={ (a,{a}) | a.3IB . (a,B) € RN (VbeB . (b{b}) € p) }

definition aboz :: (‘a,’b) mrel = ('b,’b) mrel = (‘a,’a) mrel (<] -] -» [50,90] 95)

where
|Rlp ={ (a,{a}) | a . VB . (a,B) € R — (VbeB . (b,{b}) € p) }
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definition edia :: (‘a,’b) mrel = ('b,’b) mrel = (‘a,’a) mrel (<] -)) - [50,90]
95) where
|R)p ={ (a,{a}) | a.3IB . (a,B) € RA (0B . (b{b}) € p) }

definition ebox :: (‘a,’b) mrel = (’b,’b) mrel = (‘a,’a) mrel (<] -]] - [50,90] 95)
where
|IR|lp = { (a,{a}) | a . VB . (a,B) € R — (3beB . (b,{b}) € p) }

declare adia-def [mr-simp] abox-def [mr-simp] edia-def [mr-simp] ebox-def
[mr-simp]

lemma adia:

assumes test p

shows |R)p = Dom (R * p)
(proof)

lemma aboz-1:

assumes test p

shows |R]p = aDom (RN —(U * p))
(proof)

lemma aboz:
assumes test p
shows |R]p = aDom (ne (R]) * ! p)
(proof)

lemma edia-1:

assumes test p

shows |R))p = Dom (RN —(U * 1 p))
{proof )

lemma edia:
assumes test p
shows |R))p = Dom (ne (R|) * p)
(proof)

lemma ebozx:

assumes test p

shows |R]]p = aDom (R * 1 p)
(proof)

lemma abox-2:
assumes test p

shows |[Rlp = —((RN —(U xp)) « U)N 1
{proof)

lemma abox-3:
assumes ftest p
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shows |R]p = —(ne (Ry) x1p* U) N 1
{proof)

lemma aboz-4:
assumes test p
shows |R]p = (U *xp) @ R) N 1
(proof )

lemma aboz-ebox:
assumes test p
shows |Rlp = |ne (RL)]]p
(proof)

lemma abozx-edia:
assumes test p
shows |R|p =1 [R))(2 p)
(proof)

lemma aboz-adia:
assumes test p
shows |R|p =1 [ne (R))Q p)
(proof)

lemma edia-adia:
assumes test p
shows |R))p = |ne (RL)p
(proof )

lemma edia-abox:
assumes test p
shows |R))p = ¢ [R](2 p)
(proof )

lemma edia-ebox:
assumes test p
shows |R))p =1 |ne (R])]](2 p)
(proof )

lemma aboz-ne-down:
assumes test p
shows |R]p = |ne (R{)]p
(proof )

lemma edia-ne-down:
assumes test p
shows |R))p = |ne (R{)))p
(proof )

lemma adia-up:
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assumes test p
shows |R)p = |R1)p
(proof )

lemma ebox-up:
assumes test p
shows |R]]p = [R1]]p
(proof)

lemma adia-eboz:
assumes test p
shows |R)p = ¢ |R]](2 p)
(proof)

lemma eboz-adia:
assumes test p
shows |R]|p = |R)( p)
(proof)

lemma abox-down:
assumes test p
shows |Rlp = |Ri]p
(proof)

lemma edia-down:
assumes test p
shows |R))p = |R1))p
(proof)

lemma fusion-oi-complement-top-test-up:
testp = fus RN —(U x p) C (RN —(U % p))t
(proof )

lemma adia-left-isotone:
testp = RC S = |R)p C|9p
(proof )

lemma adia-right-isotone:
test p = test ¢ = p C ¢ = |R)p C |R)q
(proof)

lemma aboz-left-antitone:
testp = R C S = |S]p C |R]p
(proof )

lemma abox-right-isotone:

test p = test g = p C ¢ = |R]p C |R]q
(proof)
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lemma edia-left-isotone:
testp = R C S = [R))p C|S))p
{proof)

lemma edia-right-isotone:
test p => test q = p C ¢ = |R))p C |R))q
(proof)

lemma ebox-left-antitone:
test p = R C S = [S]]p C |R]]p
(proof)

lemma eboz-right-isotone:
test p = test ¢ = p C ¢ = |R]]p C |R]]q
(proof )

lemma edia-fusion:
assumes test p
shows |R))p = |fus R))p
(proof )

lemma aboz-fusion:
assumes test p
shows |R|p = |fus R]p
(proof )

lemma aboz-fission:
assumes test p
shows |R]p = |fis R]p
(proof )

lemma edia-fission:
assumes test p
shows |R))p = |fis R))p
(proof)

lemma fission-below:
fisRCS+— (VabB.(a,B) e RANb€eE B — (a,{b}) € 9)
(proof)

lemma below-fission-up:
SC(fisR)r+— (VaB.(a,B)e S— (3C.(a,C) e RANCNB#{})
(proof)

lemma eboz-below-abox:
assumes test p
and fis RC S
shows |S]]p C |R]p
(proof )
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lemma abozx-below-ebox:
assumes test p
and S C (fis R)t
shows |R]p C |9]]p
(proof)

lemma abox-eg-ebox:
assumes test p
and fis RC S
and S C (fis R)t
shows |R]p = |S]|p
(proof)

lemma aboz-eq-eboz-sufficient:
S=fisRVS=mne(Rl)VS=(ne(R,)— fis RCSASC(fisR)?
(proof)

lemma ebox-fission-abox:
test p — |R|p = |fis R]|p
(proof )

lemma eboz-down-ne-up-abox:

test p = |R]p = |(ne (R{))1]]p
{proof)

lemma same-fusion:
assumes fis R C| S
and S C| fus R
shows fis R = fis S
(proof )

lemma same-abox:
assumes fis RC| S
and S C| fus R
and test p
shows |R]p = |S]p
(proof)

lemma aboz-ebox-inner-deterministic:
assumes test p
and inner-deterministic R
shows |R|p = |R]|p
(proof)

lemma adia-edia-inner-deterministic:
assumes test p
and inner-deterministic R
shows |R)p = |R))p
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{proof)

lemma aboz-adia-deterministic:
assumes test p
and deterministic R
shows |R]p = |R)p
(proof)

lemma eboz-edia-deterministic:
assumes test p
and deterministic R
shows [R]|p = |R))p
(proof)

lemma aboz-eboz-fusion:
assumes test p
shows |fis R]p = |fis R]]p
(proof)

lemma aboz-fission-edia-fusion:
assumes test p
shows |fis R]p = |fus R)p
(proof)

lemma aboz-adia-fusion:
assumes test p
shows |fus R]p = |fus R)p
(proof)

8.5 Goldblatt’s axioms without star

lemma abox-sp-unit:
|R]1 = 1
(proof )

lemma ou-unit-abox:
test p = |{}]p = 1
(proof )

lemma ou-unit-test-implication:
testp = {} = p=1
(proof)

lemma sp-unit-abox:
testp = |1]lp=p
(proof)

lemma sp-unit-test-implication:
testp =1 —=>p=p
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{proof)

lemma test-aboz-ebox:
test p = test ¢ = |qlp = |q]]p
(proof)

lemma test-aboz:
test p = test q = |qlp=q — p
(proof)

lemma aboz-ou-adia-sp-unit:
assumes test p
shows |R]p U |R)I = 1
(proof)

lemma d-test-sp:
test p = Dom (p * R) = p x Dom R

{proof)

lemma ad-test-sp:
test p = aDom (p * R) = p U aDom R
(proof )

lemma adia-test-sp:
test p = test ¢ = |p x R)yq = p = |R)q
(proof )

lemma eboz-test-sp:
test p = test ¢ = |p * R]]¢ = 1 p U |R]]q
(proof)

lemma aboz-test-sp:
assumes test p
and test q
shows |p * R]g =1 p U |R]q
(proof)

lemma aboz-test-sp-2:
test p = test ¢ = p U |R]q = 1 p * R|q
(proof)

lemma aboz-test-sp-3:
test p = test ¢ = p — |R]q = |p * R|q
(proof)

lemma fission-sp-dist:

fis (R % S) = fis (R * Dom S)  fis S
(proof)
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lemma abozx-test:
test p = test ( |R]p )
(proof )

lemma adia-test:
test p = test ( |R)p )
(proof )

lemma ebox-test:
test p = test ( |R]]p )

(proof)

lemma edia-test:
test p = test ( |R))p )

(proof)

lemma aboz-sp:
assumes test p

and test q
shows |R|(p * q) = |R]p = |Rlq
(proof)

lemma adia-ou-below-ne-down:
assumes test p
shows [R)(p U q) C [R)p U [ne (R1))( q)
(proof )

lemma aboz-adia-mp:
assumes test p
and test q
shows |R)(p — ¢) * |R]p C |R)q
(proof )

lemma adia-abox-mp:
assumes test p
and test q
shows |R)p = |R](p — q) C |R)q
(proof)

lemma abox-implication-adia:
assumes test p
and test q
shows |R|(p — ¢q) C |R)p — |R)q
(proof)

lemma abox-adia-implication:
assumes test p
and test q
shows |R]p C [R)q — |R)(p * q)
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(proof)

lemma abox-mp:
assumes test p
and test q
shows |R]p « |R](p — q) € |R]q
(proof)

lemma abox-implication:
assumes test p
and test q
shows |R](p — q) € [R]p — |R]q
(proof )

lemma ebox-left-dist-ou:
assumes test p
shows |R U S]]p = [R]]p = |S]]p
(proof )

lemma aboz-left-dist-ou:
assumes test p
shows |R U S|p = |R]p = |S]p
(proof)

lemma adia-left-dist-ou:
assumes test p
shows |[R U S)p = |[R)p U |S)p
(proof)

lemma edia-left-dist-ou:
assumes test p
shows |R U S))p = [R))p U |S))p
(proof)

lemma aboz-dist-iu-1:

assumes test p

shows |R UU S]p = |Dom R * ne (S|)]]p * |Dom S * ne (R])]]p
(proof)

lemma aboz-dist-iu-2:
assumes test p
shows |R UU S]p = |Dom R x S]p = |[Dom S * R]p

(proof)

lemma aboz-dist-iu-3:
assumes test p
shows |[RUU S|p = (|R)I — |S]p ) = (|S)1 — |R]p)
(proof )
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lemma aboz-adia-sp-one-set:
|R||SY1 ={ (e,{a}) | a.VB . (a,B) € R— (YVbeB.3D . (bD) € §)}
(proof)

lemma abox-abox-set:
|R]|S]p ={ (a,{a}) | a.VB.(a,B) € R— (VC . (3beB. (b,C) € S) —

(V<0€Cf~> (c.{c}) € p) }
Proo

lemma sp-abox-set:

IR« Slp={(a{a}) | a.VB.(a,B)e R— (VC.(3f.(VbeB . (bfb) €
S)</\C]'C>:U{fb|b.b€B}) (VeeC . (c{c}) € ))}

proo

lemma abox-sp-1:

assumes test p

shows |R]|S)1 = |R * S]p C |R]|S]p
(proof)

lemma abox-sp-2:

assumes test p

shows |R]|S]p = |R| = S]p
(proof)

lemma abox-sp-3:
assumes test p
shows |R]|S]p C |R = S]p
(proof)

lemma abox-sp-4:

assumes test p

shows |R * S]p C |R]|S)I — |R]|S]p
(proof)

lemma aboz-sp-5:

assumes test p

shows |R]|S)1 = |R * S]p = |R]|S)1 * |R]|S]p
(proof)

lemma aboz-sp-6:
assumes test p
shows |R]|S)1 — |R * S]p = |R]|S)1 — |R]|S]p
(proof )

lemma aboz-sp-7:
assumes test p
and total S
shows |R * Slp = |R]|S]p
(proof)
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lemma adia-sp-associative:

assumes test p

shows |@Q * (R * S))p =1|(Q * R) x S)p
(proof)

lemma eboz-sp-associative:
assumes test p
shows |Q * (R * S)]lp = [(Q@ * R) * S]]p
(proof )

lemma edia-sp-associative:

assumes test p

shows [Q * (R * 5)))p = [(Q x R) = ))p
(proof)

lemma abox-sp-associative:
assumes test p
shows [Q * (R * S)]p = |(Q = R) = S]p
(proof )

lemma aboz-ol:
assumes X # {}
shows |R]N X = (N peX . |R]p)
(proof)

lemma ebox-left-dist-oU:
assumes X # {}
shows |J X]lp = (N ReX . [R]]p)
(proof )

lemma aboz-left-dist-oU:
assumes X # {}
shows |J X]p = (N ReX . |R]p)
(proof)

lemma adia-left-dist-oU:
UX)p = (UReX . |R)p)
(proof)

lemma edia-left-dist-oU:

UX)p = (UReX . [R))p)
(proof)

8.6 Goldblatt’s axioms with star

unbundle no rtrancl-syntax
notation star («-*» [1000] 999)
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lemma star-induct-1:
assumes ] C X
and R* X C X
shows R* C X

(proof)

lemma star-induct:
assumes S C 1 U 1y
and S C X
and R+ X C X
shows R* * § C X
(proof)

lemma star-total:
total (R*)
(proof)

lemma star-down:
R*| = (RL)* U 140
(proof)

lemma ne—star-down:
ne (R*}) = ne ((R1)")
(proof)

lemma ne-down-star:
ne ((R1)*) = (ne (R{))*
(proof)

lemma aboz-star-unfold:

test p = |R*]p = p * |R]|R*]p

(proof)

lemma star-sp-test-commute:
assumes S C 1 U 1y
and @ x S C S *x R
shows Q* * S C S x R*

(proof)

lemma adia-star-induct:
assumes test p

shows |R)p C p «— |R*)p C p

(proof)

lemma ebozx-star-induct:
assumes test p

shows p C |R]]p «+— p C |R*]]p

(proof)
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lemma abox-star-induct:
assumes test p
shows p C |R]p +— p C |R*|p
{proof)

lemma edia-star-induct:
assumes test p
shows |R))p C p «— [R*))p C p
(proof )

lemma aboz-star-induct-1:
assumes test p
and test ¢
and ¢ C p * |R]q
shows ¢ C |R*|p
(proof )

lemma adia-star-induct-1:
assumes test p
and test q
and p U |R)q C ¢
shows |R*)p C ¢
(proof)

lemma abox-segerberg:

assumes test p

shows |R*|(p — |R]p) C p — |R*]p
(proof)

lemma abox-segerberg-adia:

assumes test p

shows [R*](|R)p — p) C |[R")p = p
(proof)

lemma s-p-id-sp:
(s-id U p-id) * R = R U p-id
(proof )

8.7 Propositional Hoare logic

abbreviation hoare :: (‘a,’a) mrel = ('a,’b) mrel = (’b,’b) mrel = bool (<-{-}-»
50,60,50] 95)
where p{R}tq = p C |R]q

abbreviation if-then-else :: (‘a,’a) mrel = ('a,’b) mrel = ('a,’b) mrel = ('a,’d)
mrel

where if-then-else p RS=p*x RUlpx*x S

abbreviation while-do :: (‘a,’a) mrel = (‘a,’a) mrel = (‘a,’a) mrel
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where while-do p R = (p x R)* *x 1 p

lemma hoare-skip:
assumes test p
shows p{1[}p
(proof)

lemma hoare-cons:
assumes test s
and r C p
and ¢ C s
and p{Rf}q
shows r{R}s
(proof )

lemma hoare-seq:
assumes test q
and test r
and p{R}q
and ¢{S|r
shows p{RxS|r
(proof)

lemma hoare-if:
assumes test p
and test q
and test r
and (pxq){R}r
and (¢ p)xq){S}r
shows ¢{if-then-else p R S|}r
(proof )

lemma hoare-while:
assumes test p
and test q
and (pxq){Rfq
shows g¢{while-do p R}(g*(2 p))
(proof)

lemma hoare-par:
assumes test ¢
and p{R[q
and p{Stq
shows p{R UU S|¢
(proof)

9 Counterexamples

locale counterexamples
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begin

lemma counter-01:
= ((U=("a,’d) mrel) * —((U::("d,’c) mrel) * (R::(c,’d) mrel)) C —(U * R))
(proof)

abbreviation a-1 = finite-1.a

lemma counter-02:

3 R::(Enum.finite-1,Enum.finite-1) mrel . Ip . = (test p — (R N —(U * p)) =*
U=Rx—(px*U))

{proof )

lemma counter-03:

3 R::(Enum.finite-1,Enum.finite-1) mrel . Ip . = (test p — (R N —(U * p)) x*
Isu=R=*(—(pxU)N 1))

{proof )

abbreviation b-1 = finite-2.a,
abbreviation b-2 = finite-2.a,

abbreviation b-1-0 = (b-1,{})
abbreviation b-1-1 = (b-1,{b-1})
abbreviation b-1-2 = (b-1,{b-2})
abbreviation b-1-3 = (b-1,{b-1,b-2})
abbreviation b-2-0 = (b-2,{})
abbreviation b-2-1 = (b-2,{b-1})
abbreviation b-2-2 = (b-2,{b-2})
abbreviation b-2-3 = (b-2,{b-1,b-2})

lemma counter-04:

3 R::(Enum.finite-2, Enum.finite-2) mrel . Ip q . - (test p — test ¢ — |R
pla = |R]|plq)

(proof)

lemma counter-05:
~(3f.VRp.testp — [R)p = |f R]p)
(proof)

lemma counter-006:
~(3f.VRp. testp — |R|lp = |f Rp)
(proof)

lemma counter-07:
= (3f.monofANNR. fus R=1Ifp (AX . fR X)))
(proof)

abbreviation c-1 = finite-3.a1

abbreviation c¢-2 = finite-3.as
abbreviation c-3 = finite-3.a3
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lemma counter-08:
= (~(1::(Enum.finite-3,Enum.finite-8) mrel) x ~1 € {1, ~1})
(proof)

lemma counter-09:
= (~(1::(Enum.finite-3,Enum.finite-3) mrel) © 1 € {1, ~1})
{proof)

lemma ex-2-cases:
db. b=0b-1Vb=0>2
(proof )

lemma all-2-cases:
(Vb. b=b-2 ANb=b-1) = False
(proof)

lemma impl-2-cases:
U{X.3b.(b=b-1 - X=YV)A(b=b2 —>X=2)}=YUZ
(proof )

lemma ex-2-set-cases:
(3 B::Enum.finite-2 set . P B) «— P {} V P {b-1} vV P {b-2} v P {b-1,b-2}
(proof)

abbreviation B-0
abbreviation B-1 = {b-1}

abbreviation B-2 = {b-2}

abbreviation B-3 = {b-1,b-2}

abbreviation mkf z y = Az . if z = b-1 then z else y

{}:: Enum.finite-2 set

lemma mkf:
f=mkf (fb-1) (f b-2)
{proof )

lemma mkf2:
fo-l1=XANfb2=Y = f=mkfXY
(proof )

lemma ez-2-mrel-cases:
(3 f::Enum.finite-2 = Enum.finite-2 set . P f) +—
mkf B-0 B-0) V P (mkf B-0 B-1) Vv P (mkf B-0 B-2

P ( ) (mkf B-0 B-3
P (mkf B-1 B-0) V P (mkf B-1 B-1) V P (mkf B-1 B-2)

P( )

P

vV P )V
V P (mkf B-1 B-3) Vv
V P (mkf B-2 B-3) V
V' P (mkf B-3 B-3)

)
mkf B-2 B-0) V P (mkf B-2 B-1) V P (mkf B-2 B-2
mkf B-8 B-0) V P (mkf B-8 B-1) V P (mkf B-3 B-2)
(proof)

lemma counter-10:
3 R:(Enum.finite-2, Enum.finite-2) mrel . = (U::(Enum.finite-2, Enum. finite-2)
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mrel) x (U x R) C U x R
{proof)

lemma counter-11:

I (R::(Enum.finite-2, Enum.finite-2) mrel) (s::(Enum.finite-2,Enum.finite-2)
mrel) (t::(Enum.finite-2,Enum.finite-2) mrel) . = (inner-univalent s A
inner-univalent t — R x (s x t) = (R * s) % )

(proof)

lemma counter-12:
_|(E|S . IUU @ S = Juu)
(proof )

lemma counter-13:
-(3S.VR.R® S =R)

(proof)
end

end
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