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Abstract

We present a Theory of Objects based on the original functional ¢-
calculus by Abadi and Cardelli [1] but with an additional parameter to
methods. We prove confluence of the operational semantics following
the outline of Nipkow’s proof of confluence for the A-calculus reusing his
general Commutation.thy [4] a generic diamond lemma reduction. We
furthermore formalize a simple type system for our ¢-calculus including
a proof of type safety. The entire development uses the concept of
Locally Nameless representation for binders [2]. We reuse an earlier
proof of confluence [3] for a simpler ¢-calculus based on de Bruijn
indices and lists to represent objects.
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6 Locally Nameless Sigma Calculus

1 List features

theory ListPre
imports Main
begin

lemma drop-lem[rule-format]:
fixes n :: nat and [ :: ‘a list and g :: 'a list
assumes drop n | = drop n g and length | = length g and n < length g
shows lln = gln
proof —
from assms(2—3) have n < length | by simp

71
71
73
76
83
87
100
100

109
109
110
120
128
136
136

138

from Cons-nth-drop-Suc[OF this] Cons-nth-drop-Suc[OF assms(3)] assms(1)

have lln # drop (Suc n) I = g!n # drop (Suc n) g by simp
thus ?thesis by simp
qed

lemma mem-append-lem”: z € set (1 Q [y]) = x € set IV =y
by auto

lemma nth-last: length | = n = (1 Q [z])ln =z
by auto

lemma take-n:
fixes n :: nat and [ :: 'a list and ¢ :: 'a list

assumes take n | = take n g and Suc n < length g and length | = length g

shows take (Suc n) (I[n := gln]) = take (Suc n) g
proof —



from assms(2) have ng: n < length g by simp

with assms(3) have nlupd: n < length (I{[n := g!n]) by simp

hence ni: n < length | by simp

from
sym[OF assms(1)] id-take-nth-drop|OF ng| take-Suc-conv-app-nth[OF nlupd)
nth-list-update-eq[ OF nl] take-Suc-conv-app-nth|OF ng]
upd-conv-take-nth-drop[ OF nl| assms(2—3)

show ?thesis by simp

qed

lemma drop-n-lem:
fixes n :: nat and [ :: 'a list
assumes Suc n < length [
shows drop (Suc n) (I[n := z]) = drop (Suc n) 1
using assms by simp

lemma drop-n:
fixes n :: nat and [ :: 'a list and ¢ :: 'a list
assumes drop n | = drop n g and Suc n < length g and length | = length g
shows drop (Suc n) (I[n := g!n]) = drop (Suc n) g
proof —
from assms(2—3) have Suc n < length | by simp
from drop-n-lem|[OF this] assms(1) show ?thesis
by (simp, (subst drop-Suc)+, (subst drop-tl)+, simp)
qed

lemma nth-fst[rule-format]: lengthl = n + 1 — (1 @ [z])!0 = 110
by (induct I, simp-all)

lemma nth-zero-app:
fixes | :: ‘a list and z :: '/a and y :: 'a
assumes | # [ and /!0 = z
shows(l @ [y))!0 =«
proof —
have [ £ [|A 0 =2 — (1 Q [y])0 ==z
by (induct I, simp-all)
with assms show ?thesis by simp
qged

lemma rev-induct2[consumes 1]:
fixes zs :: ‘a list and ys :: 'a list and P :: 'a list = 'a list = bool
assumes
length zs = length ys and P [] [] and
Nz zs y ys. [ length zs = length ys; P as ys | = P (zs Q [z]) (ys Q [y])
shows P zs ys
proof (simplesubst rev-rev-ident[symmetric])
from assms(1) have lrev: length (rev zs) = length (rev ys) by simp
from assms have P (rev (rev xs))(rev (rev ys))
by (induct rule: list-induct2][OF lrev], simp-all)



thus P zs (rev (rev ys)) by simp
qed

lemma list-induct3:
Nys zs. [ length xs = length ys; length zs = length xs; P[] [] [;
Nz zs y ys z zs. [ length xs = length ys;
length zs = length xzs; P s ys zs |
— P (o # )y # v9)(2 # 29)
] = P xsys zs
proof (induct s, simp)
case (Cons a s ys 2s)
from <length (a#xs) = length ys) <length zs = length (aftxs)»
have ys # [| A zs # [] by auto
then obtain b ly ¢ Iz where ys = b#ly and zs = c#lz
by (auto simp: neq-Nil-conv)
with <length (af#txs) = length ys» <length zs = length (a#txs)»
obtain length zs = length ly and length lz = length zs
by auto
from
Cons(5)[OF this Cons(1)[OF this <P ] [] [P’]]
Cons(5) <ys = b#Hly> <zs = c#lw
show ?case by simp
qed

primrec list-insert :: 'a list = nat = 'a = ’a list where
list-insert (ah#as) i a =
(case i of
0 = a#ah#as
|Suc j = ah#(list-insert as j a)) |

list-insert [] i a = [a]

lemma insert-eq[simpl: ¥ i<length l. (list-insert l i a)li = a
by (induct I, simp, intro strip, simp split: nat.split)

lemma insert-gt[simp): Vi<length l. ¥V j<i. (list-insert 1i a)lj = lj
proof (induct I, simp)
case (Cons z 1) thus Zcase
proof (auto split: nat.split)
fix n j assume n < length | and j < Suc n
with Cons(1) show (z#(list-insert I n a))lj = (z#1)!j
by (cases j) simp-all
qed
qed

lemma insert-lt[simp|: Vj<length I. ¥V i<j. (list-insert | i a)!Suc j = llj
proof (induct I, simp)

case (Cons z 1) thus Zcase

proof (auto split: nat.split)



fix n j assume j < Suc (length I) and Suc n < j
with Cons(1) show (list-insert I n a)lj = II(j — Suc 0)
by (cases j) simp-all
qed
qed

lemma insert-first[simp|: list-insert 1 0 b = b#l
by (induct I, simp-all)

lemma insert-prepend|simp]:
i = Suc j = list-insert (a#l) i b = a # list-insert 1 j b
by auto

lemma insert-lt2[simpl: Vj. Vi<j. (list-insert 1i a)!Suc j = llj
proof (induct I, simp)
case (Cons z 1) thus Zcase
proof (auto split: nat.split)
fix n j assume Suc n < j
with Cons(1) show (list-insert I n a)lj = II(j — Suc 0)
by (cases j) simp-all
qged
qged

lemma insert-commute[simp]:
Vi<length I. (list-insert (list-insert [ i b) 0 a) =
(list-insert (list-insert 1 0 a ) (Suc ©) b)
by (induct I, auto split: nat.split)

lemma insert-length”: \i z. length (list-insert | i ) = length (z#1)
by (induct I, auto split: nat.split)

lemma insert-length[simp]: length (list-insert [ i b) = length (list-insert 1 j c)
by (simp add: insert-length’)

lemma insert-select[simp]: the ((f(I— t)) 1) =t
by auto

lemma dom-insert[simp]: | € dom f = dom (f(l — t)) = dom f
by auto

lemma insert-select2[simpl: 11 # 12 = ((f(I1 — t)) 12) = (f12)
by auto

lemma the-insert-select|simp]:
[12 € dom f; 11 #12 ] = the ((f(I1 — t)) 12) = the (f12)
by auto

lemma insert-dom-eq: dom f = dom f' = dom (f(I — z)) = dom (f'(I — z’))
by auto



lemma insert-dom-less-eq:
Lo ¢ dom f; 2 ¢ dom f' dom (f(z — y)) = dom (' y") |
= dom [ = dom [’
by auto

lemma one-more-dom|rule-format]:
Viedom f.3f". f=f(l— the(f1)) ANl & dom '
proof
fix [ assume | € dom f
hence Ala. fla = ((Ma. if la = 1 then None else f la)(l — the (f1))) la
by auto
hence f = (Aa. if la = [ then None else f la)(l — the (f1))
by (rule ext)
thus 3f'. f = f(1 — the(f1) ) ANl ¢ dom f’ by auto
qed

end

2 Finite maps with axclasses

theory FMap imports ListPre begin
type-synonym (‘a, 'b) fmap = (‘a :: finite) — 'b (infixl (—~>» 50)

class inftype =
assumes infinite: —finite UNIV

theorem fset-induct:
P {} = (Az (F:('a:finite)set). « ¢ F = P F = P (insertx F)) = P F
proof (rule-tac P=P and F=F in finite-induct)
from finite-subset| OF subset-UNIV] show finite F' by auto
next
assume P {} thus P {} by simp
next
fix 2 F
assume Az F. [z ¢ F; PF ]| = P (insertz F)and ¢ ¢ F and P F
thus P (insert © F) by simp
qed

theorem fmap-unique: © = y = (f:('a,’b)fmap) x = fy
by (erule ssubst, rule refl)

theorem fmap-case:

(F::('a =~> ")) = Map.empty V 3z y (F=:('a =~>'b)). F = F'(z — y))
proof (cases F = Map.empty)

case True thus ?thesis by (rule disjI1)
next

case Fulse thus ?thesis



proof (simp)
from «F # Map.empty> have Jz. F z # None
proof (rule contrapos-np)
assume - (Jz. F z # None)
hence Vz. F © = None by simp
hence Az. F' © = None by simp
thus F = Map.empty by (rule ext)
qed
thus 3z y F'. F = F'(z — y)
proof
fix x assume F z # None
hence Ay. Fy = (F(z — the (F z))) y by auto
hence F = F(x — the (F z)) by (rule ext)
thus ?thesis by auto
qed
qged
qed

definition
set-fmap :: 'a =~> 'b = ('a * 'b)set where
set-fmap F = {(z, y). © € dom F N F x = Some y}

definition
pred-set-fmap :: (('a =~> 'b) = bool) = (('a * 'b)set) = bool where
pred-set-fmap P = (AS. P (\z. if z € fst © S
then (THE y. (3z. y = Some z A (z, 2) € 5))
else None))

definition
fmap-minus-direct :: [(‘la —=~> 'b), (‘a * 'b)] = (‘a —~> 'b) (infix]l «(——> 50)
where
F——xz=z14f (fstz=2zAN((F (fst z)) = Some (snd x)))
then None
else (F z))

lemma insert-lem : insert t A= B— z € B
by auto

lemma fmap-minus-fmap:

fixes Fzab

assumes (F —— z) a = Some b

shows F a = Some b
proof (rule ccontr, cases F a)

case None hence a ¢ dom F by auto

hence (F —— z) a = None

unfolding fmap-minus-direct-def by auto

with «(F —— z) a = Some b> show Fulse by simp

next



assume F a # Some b
case (Some y) thus False
proof (cases fst x = a)
case True thus Fualse
proof (cases snd x = y)
case True with (F a = Some y» <fst x =
have (F —— z) a = None unfolding fmap-minus-direct-def by auto
with «(F —— z) a = Some b> show Fulse by simp
next
case Fulse with (F' a = Some ) (fst z = a»
have F (fst ) # Some (snd z) by auto
with «((F —— z) a = Some b> have F a = Some b
unfolding fmap-minus-direct-def by auto
with <F' a # Some b» show Fulse by simp
qed
next
case Fulse with «(F —— ) a = Some b
have F' a = Some b unfolding fmap-minus-direct-def by auto
with «F' a # Some by show Fualse by simp
qed
qed

lemma set-fmap-minus-iff:
set-fmap ((F::(("a:finite) —~> 'b)) —— x) = set-fmap F — {z}
unfolding set-fmap-def

proof (auto)

fix a b assume (F —— z) a = Some b from fmap-minus-fmap[OF this
show Jy. F a = Some y by blast

next
fix a b assume (F —— z) a = Some b from fmap-minus-fmap[OF this]
show F' a = Some b by assumption

next
fix a b assume (F —— (a, b)) a = Some b

with fmap-minus-fmap|OF this] show Fulse
unfolding fmap-minus-direct-def by auto
next
fix a b assume (a,b) # z and F a = Some b
hence fst x # a V F (fst x) # Some (snd z) by auto
with «F o« = Some b> show Jy. (F —— ) a = Some y
unfolding fmap-minus-direct-def by (rule-tac x = b in exl, simp)
next
fix a b assume (a,b) # z and F a = Some b
hence fst x # a V F (fst x) # Some (snd z) by auto
with «F o« = Some b> show (F —— ) a = Some b
unfolding fmap-minus-direct-def by simp
qed

lemma set-fmap-minus-insert:
fixes F :: (‘a:finite x 'b)set and F': (‘a::finite) —~> 'b and z



assumes z ¢ F and insert x F = set-fmap F'
shows F = set-fmap (F' —— x)
proof —
from «x ¢ F» sym[OF <insert x F = set-fmap F"] set-fmap-minus-iff [of F' z
show ?thesis by simp
qed

lemma notin-fmap-minus: © ¢ set-fmap ((F::(('a::finite) —~> 'b)) —— x)
by (auto simp: set-fmap-minus-iff)

lemma fst-notin-fmap-minus-dom:
fixes F z and F':: (‘a::finite) —~> 'b
assumes insert x F' = set-fmap F’
shows fst © ¢ dom (F' —— x)
proof (rule ccontr, auto)
fix y assume (F’' —— z) (fst z) = Some y
with notin-fmap-minus[of © F’|
have y # snd x
unfolding set-fmap-def by auto
moreover
from insert-lem|[OF <insert x F = set-fmap F'"]
have F’ (fst ) = Some (snd z)
unfolding set-fmap-def by auto
ultimately show Fulse
using fmap-minus-fmap[OF «(F' —— z) (fst ) = Some y]
by simp
qged

lemma set-fmap-pair:
z € set-fmap F = (fst x € dom F A snd x = the (F (fst x)))
by (simp add: set-fmap-def, auto)

lemma set-fmap-invl:
[ fst x € dom F; snd x = the (F (fstz)) ]| = (F —— z)(fstz +— snd z) = F
proof (rule ext)
fix za assume fst x € dom F and snd © = the (F (fst z))
thus (F —— z)(fst x — snd z)) za = F za
unfolding fmap-minus-direct-def
by (case-tac za = fst z, auto)
qed

lemma set-fmap-inv2:
fst x ¢ dom F = insert x (set-fmap F) = set-fmap (F(fst x — snd x))
unfolding set-fmap-def
proof
assume fst © ¢ dom F
thus
insert x {(z, y). ¢ € dom F N F z = Some y} C
{(za, y). za € dom (F(fst x — snd z)) A (F(fst z — snd z)) xa = Some y}



by force
next
have
Nz. z € {(za, y). za € dom (F(fst z — snd z))
A (F(fst © — snd z)) xza = Some y}
= 2z € insert z {(z, y). x € dom FF AN F x = Some y}
proof —
fix z
assume
2z z € {(za, y). za € dom (F(fst © — snd z))
A (F(fst © — snd z)) za = Some y}
hence z = z V ((fst z) € dom F A F (fst z) = Some (snd z))
proof (cases fst x = fst z)
case True thus ?thesis using z by auto
next
case Fulse thus ?thesis using z by auto
qed
thus z € insert ¢ {(z, y). * € dom F N F x = Some y} by fastforce
qed
thus
{(za, y). za € dom (F(fst x — snd z)) A (F(fst  — snd z)) za = Some y} C
insert z {(z, y). * € dom F N F x = Some y} by auto
qed
lemma rep-fmap-base: P (F::('a —~> 'b)) = (pred-set-fmap P)(set-fmap F')
unfolding pred-set-fmap-def set-fmap-def
proof (rule-tac f = P in arg-cong)
have
Ne. Fo=
(Az. if z € fst “{(z, y). ¢ € dom F N F z = Some y}
then THE y. 3z. y = Some z
A (z, z) € {(z, y). z € dom F A F x = Some y}
else None) x
proof auto
fix a b
assume F a = Some b
hence J!z. x = Some b A a € dom F
proof (rule-tac a = F a in exll)
assume F' a = Some b
thus F'a = Some b A a € dom F
by (simp add: dom-def)
next
fix z assume F a = Some b and z = Some b A a € dom F
thus z = F a by simp
qed
hence (THE y. y = Some b A a € dom F) = Some b A a € dom F
by (rule thel’)
thus Some b = (THE y. y = Some b A a € dom F)
by simp

10



next
fix x assume nin-z: x ¢ fst ‘ {(z, y). x € dom F N F z = Some y}
thus F'z = None
proof (cases F )
case None thus ?thesis by assumption
next
case (Some a)
hence z € fst ‘{(z, y). z € dom F AN F z = Some y}
by (simp add: image-def dom-def)
with nin-r show ?Zthesis by simp
qed
qed
thus
F= Mz ifzefst{(z,y). z€domFANFz= Somey}
then THE y. 3z. y = Some z
A (z, z) € {(z, y). z € dom F N F x = Some y}
else None)
by (rule ext)
qed

lemma rep-fmap:

I(Fp ::("a * 'b)set) (P":('a x 'b)set = bool). P (F::("a —~> 'b)) = P’ Fp
proof —

from rep-fmap-base show ?thesis by blast
qed

theorem finite-fsets: finite (F::('a::finite)set)
proof —

from finite-subset[OF subset-UNIV| show finite F' by auto
qed

lemma finite-dom-fmap: finite (dom (F::("a —~> 'b))::('a::finite)set)
by (rule finite-fsets)

lemma finite-fmap-ran: finite (ran (F::(('a::finite) —~> 'b)))
unfolding ran-def
proof —
from finite-dom-fmap finite-imagel
have finite ((\z. the (F z)) ¢ (dom F))
by blast
moreover
have {b. 3a. F a = Some b} = (A\z. the (F z)) ‘ (dom F)
unfolding image-def dom-def by force
ultimately
show finite {b. 3a. F a = Some b} by simp
qed

lemma finite-fset-map: finite (set-fmap (F::(('a::finite) —~> 'b)))
proof —

11



from finite-cartesian-product| OF finite-dom-fmap finite-fmap-ran)
have finite (dom F x ran F) .
moreover
have set-fmap F C dom F x ran F
unfolding set-fmap-def dom-def ran-def by fastforce
ultimately
show ?thesis using finite-subset by auto
qed

lemma rep-fmap-imp:
VFzz x¢ dom (Fi:('"a=">"'b)) — PF — P (F(z — 2))
= (VFzz x¢ fst(set-fmap F) — (pred-set-fmap P)(set-fmap F)
— (pred-set-fmap P) (insert (z,z) (set-fmap F)))
proof (clarify)
fix PFxz
assume
VFzz x¢ dom (Fi:("a=—~">"'b)) — PF — P (F(z — 2)) and
z & fst ¢ set-fmap F and (pred-set-fmap P)(set-fmap F)
hence notin: z ¢ dom F
unfolding set-fmap-def image-def dom-def by simp
moreover
from <pred-set-fmap P (set-fmap F)» have P F by (simp add: rep-fmap-base)
ultimately
have P (F(z — 2)) using VFz 2. 2 ¢ dom F — PF — P (F(z — 2))
by blast
hence (pred-set-fmap P) (set-fmap (F(z — 2)))
by (simp add: rep-fmap-base)
moreover
from notin
have (insert (x,z) (set-fmap F)) = (set-fmap (F(fst (z,z) — snd (z,2))))
by (simp add: set-fmap-inv2)
ultimately
show (pred-set-fmap P) (insert (x,z) (set-fmap F)) by simp
qed

lemma empty-dom:

fixes g

assumes {} = dom g

shows g = Map.empty
proof

fix z from assms show g = None by auto
qged

theorem fmap-induct[rule-format, case-names empty insert|:
fixes P :: ((a:: finite) —~> 'b) = bool and F’:: (Ya —~> 'b)
assumes
P Map.empty and
V(F:('a=">"b)xzz. 2 ¢ domF — PF — P (F(z — 2))
shows P F’

12



proof —
{
fix F :: (a x 'b) set assume finite F
hence V F'. F = set-fmap F' — pred-set-fmap P (set-fmap F')
proof (induct F)
case empty thus Zcase
proof (intro strip)
fix F':: 'a —~> 'b assume {} = set-fmap F’
hence Aa. F' a = None unfolding set-fmap-def by auto
hence F' = Map.empty by (rule ext)
with «P Map.empty> rep-fmap-base[of P Map.empty]
show pred-set-fmap P (set-fmap F') by simp
qed
next
case (insert x Fa) thus ?case
proof (intro strip)
fix Fb::'a —>"b
assume insert x Fa = set-fmap Fb
from
set-fmap-minus-insert|OF «x ¢ Fay this]
N F'. Fa = set-fmap F' — pred-set-fmap P (set-fmap F')»
rep-fmap-base[of P Fb —— x]
have P (Fb —— z) by blast
with
VFzz. z¢ dmF —PF— P (F(z— 2))
fst-notin-fmap-minus-dom[OF <insert © Fa = set-fmap Fb]
have P ((Fb —— z)(fst x — snd x)) by blast
moreover
from
insert-absorb| OF insert-lem[OF <insert x Fa = set-fmap Fb]]
set-fmap-minus-iff [of Fb x|
set-fmap-inv2[OF
fst-notin-fmap-minus-dom[OF <insert © Fa = set-fmap Fb]]
have set-fmap Fb = set-fmap ((Fb —— z)(fst z — snd z))
by simp
ultimately
show pred-set-fmap P (set-fmap Fb)
using rep-fmap-base[of P (Fb —— z)(fst © — snd z)]
by simp
qed
qed
}
from this[OF finite-fset-maplof F)
rep-fmap-base[of P F]
show P F' by blast
qed

lemma fmap-induct3[consumes 2, case-names empty insert|:
N(F2::("a::finite) —~> 'b) (F8:("a —=~> 'D)).

13



[ dom (F1:("a —=~> 'b)) = dom F2; dom F3 = dom F1,
P Map.empty Map.empty Map.empty;
Az abc (F1:("a =">"b) (F2::('"a =~> b)) (F3:('a —~> 'b)).
[ PF1F2FS3; dom F1 = dom F2; dom F8 = dom F1; © ¢ dom F1 ]
= P (F1l(z — a)) (F2(zx — b)) (F3(z — ¢)) ]
— PF1F2F3
proof (induct F1 rule: fmap-induct)
case empty
from <dom Map.empty = dom F2»> have F2 = Map.empty by (simp add:
empty-dom)
moreover
from <dom F3 = dom Map.emptys have F3 = Map.empty by (simp add:
empty-dom)
ultimately
show ?case using <P Map.empty Map.empty Map.empty> by simp
next
case (insert F z y) thus ?case
proof (cases F2 = Map.empty)
case True with «dom (F(z — y)) = dom F2»
have dom (F(z — y)) = {} by auto
thus ?thesis by auto
next
case Fulse thus ?thesis
proof (cases F3 = Map.empty)
case True with «dom F3 = dom (F(z — y))»
have dom (F(z — y)) = {} by simp
thus ?thesis by simp
next
case Fulse thus ?thesis
proof —
from «F2 # Map.empty>
have Viedom F2. 3f". F2 = f'(I — the (F21)) Al & dom f'
by (simp add: one-more-dom)
moreover
from <dom (F(z — y)) = dom F2> have z € dom F2 by force
ultimately have 3f'. F2 = f'(x — the (F2 z)) A z ¢ dom f’ by blast
then obtain F2' where F2 = F2'(z — the (F2 z)) and = ¢ dom F2'
by auto

from «F3 # Map.empty>
have Viedom F3.3f". F8 = f'(l — the (F31)) ANl ¢ dom f’
by (simp add: one-more-dom)
moreover from «dom F3 = dom (F(z — y))» have z € dom F3 by force
ultimately have 3f'. F3 = f'(x — the (F3 z)) A z ¢ dom f’ by blast
then obtain F3’' where F3 = F3'(z — the (F3 z)) and = ¢ dom F3’
by auto

show ?thesis
proof —
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from «dom (F(z — y)) = dom F2) <F2 = F2'(x — the (F2 z))»
have dom (F(z — y)) = dom (F2'(z — the (F2 z))) by simp
with «x ¢ dom F) «x ¢ dom F2'» have dom F = dom F2' by auto

moreover

from <dom F3 = dom (F(x — y))» <F3 = F8'(x > the (F3 x))
have dom (F(z — y)) = dom (F3'(z — the (F3 z))) by simp
with <z ¢ dom F» <z ¢ dom F8'» have dom F3' = dom F by auto

ultimately have P F F2' F3' using insert by simp

with
(NF1F2F3zabec.
[ P F1 F2 F3; dom F1 = dom F2; dom F3 = dom F1; x ¢ dom F1 |
= P (Fi(z — a)) (F2(z— b)) (F3(z — c))
<«dom F = dom F2"
<dom F3' = dom F)
<z ¢ dom F»
have P (F(z — y)) (F2'(x — the (F2 z))) (F8'(z — the (F3 x)))
by simp
with «(F2 = F2'(z — the (F2 z))» <F8 = F3'(x — the (F3 z))
show P (F(z — y)) F2 F3 by simp
qged
qed
qed
qged
qged

lemma fmap-ez-cof2:
A(P:'e = 'c = b option = 'b option = 'a = bool)
(f":(Va::finite) —~> 'b).
[ dom f' = dom (f::('"a =~>'b));
Viedom f. (L. finite L
ANVsp.s¢ LApgLANs#p
S Psp () (D)D)
= 3 L. finite LA (Viedom f. (Vsp.sE LApg LANs#Dp
S Psp (D (D)D)
proof (induct f rule: fmap-induct)
case empty thus ?case by blast
next
case (insert f 1t P f') note imp = this(2) and pred = this(4)
define pred-cof where pred-cof Lbb'l+— (Vsp.s¢ LApg¢ LANs#p—
Pspbbd'l
for Lbb'l
from
map-upd-nonemptylof f 1 t] «dom f' = dom (f(I — t))
one-more-dom[of 1 f]
obtain f’a where
f'= fla(l — the(f' 1)) and [ ¢ dom f'a and
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dom (f'a(l — the(f' 1)) = dom (f(l — t))
by auto
from <« ¢ dom f»
have
fla: Viaedom f. fla = (f(I — t)) la and
Viacdom f. f'a la = (f'a(l — the(f'1))) la
by auto
with «f' = f'a(l — the(f' 1))
have f’ala: Viacdom f. f'a la = f’ la by simp
have 3 L. finite L A (Vla€dom f. pred-cof L (f la) (f'a la) la)
unfolding pred-cof-def
proof
(intro imp|OF insert-dom-less-eq[OF <l ¢ dom f'a> <l ¢ dom f»
<dom (f'a(l — the(f' 1)) = dom (f(I — t))]],
intro strip)
fix la assume la € dom f
with fla f’ala
have
la € dom (f(l — t)) and
fla=(f(l—t) laand flala = f'la
by auto
with pred
show 3 L. finite LA (Vsp.s¢g LAp¢ LANs#p— Psp(fla) (f'ala) la)
by (elim ssubst, blast)
qed
with fla f'ala obtain L where
finite L and predf: ¥V lacdom f. pred-cof L ((f(I — t)) la) (f' la) la
by auto
moreover
have [ € dom (f(I — t)) by simp
with pred obtain L’ where
finite L' and predfl: pred-cof L' ((f(l— t)) 1) (f' 1)1
unfolding pred-cof-def
by blast
ultimately show ?case
proof (rule-tac x = L U L' in ezl
intro conjl, simp, intro strip)
fix s p la assume
sprs¢ LUL' ' ANp¢ LUL A s# pand indom: la € dom (f(l — t))
show Psp ((f(l —t) la) (f' la) la
proof (cases la = 1)
case True with sp predfl show ?thesis
unfolding pred-cof-def
by simp
next
case Fulse with indom sp predf show ?thesis
unfolding pred-cof-def
by force
qed
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qed
qed

lemma fmap-ex-cof:
fixes
P ::'c='c="boption = ('a:finite) = bool
assumes
Viedom (f::('a —~> 'b)).
(3L. finite LN (VNsp.s¢é¢ LApEg LAs#p— Psp(fl)l)
shows
L. finite LA (Viedom f. Vsp.s¢é¢ LApéE LAs#p— Psp(fl)l))
using assms fmap-ex-cof2[of ff Asp b b’ l. P sp bl by auto

lemma fmap-ball-all2:

fixes

Pz :: ¢ = 'd = bool and

P:'c='d = b option = bool

assumes

Viedom (f::('a::finite) —~> 'b). ¥ (z::'c) (y:'d). Prxy — Pz y (f1)

shows

Vey Prozy— (Viedom f. Pzy (fl))
proof (intro strip)

fix x y [ assume Pz z y and | € dom f

with assms show P z y (f 1) by blast
qed

lemma fmap-ball-all2’:
fixes
Pz :: 'c = 'd = bool and
P ::'c="d = "boption = ('a:finite) = bool
assumes
Viedom (f::('a —~>'b)). V(z::'¢c) (y::'d). Przy — Pzy (fl) 1
shows
Vezy Pray — (Viedom f. Pxzy (f1) 1)
proof (intro strip)
fix z y [ assume Pz z y and [ € dom f
with assms show Pz y (f1) | by blast
qged

lemma fmap-ball-all3:
fixes
Pz ::'c = 'd = 'e = bool and
P:'c="'d= "e = 'boption = b option = bool and
f o (Vafinite) —~> 'band f':: 'a —~> b
assumes
dom f' = dom f and
Viedom f.
YV (z::'c) (y:'d) (z:i'e). Prxyz — Pxyz (fl) (f'1)
shows
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Veyz Prazyz— (Viedomf. Pxzyz (fl) (f'1))
proof (intro strip)

fix xy 2zl assume Przyzand [ € dom f

with assms show Pz y z (f1) (f' 1) by blast
qed

lemma fmap-ball-all) "
fixes
Pr::'c='d='e="f = bool and
P:'c="'d="e="f = 'boption = ('a:finite) = bool
assumes
Viedom (f::('a —~> 'b)).
YV (z::'¢) (y:'d) (z::'e) (af). Ptxyza — Pxyza (fl)l
shows
Veyza Przyza— (Viedomf. Pzxyza (fl)]I)
proof (intro strip)
fix zyzalassume Przyzaand!l € dom f
with assms show Pz y z a (f1) | by blast
qed

end

3 Locally Nameless representation of basic Sigma
calculus enriched with formal parameter

theory Sigma
imports ../preliminary/FMap
begin

3.1 Infrastructure for the finite maps

axiomatization mazx-label :: nat where
LabelAvail: mazx-label > 10

definition Label = {n :: nat. n < max-label}

typedef Label = Label
unfolding Label-def by auto

lemmas finite-Label-set = Finite-Set.finite-Collect-le-nat[of max-label]

lemma Univ-abs-label:
(UNIV :: (Label set)) = Abs-Label ‘{n :: nat. n < maz-label}
proof —
have Vz :: Label. x : Abs-Label ‘ {n :: nat. n < maz-label}
proof
fix z :: Label
have Rep-Label z € {n. n < maz-label}
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by (fold Label-def, rule Rep-Label)
hence Abs-Label (Rep-Label x) € Abs-Label ‘ {n. n < max-label}
by (rule imagel)
thus z € Abs-Label ‘ {n. n < maz-label}
by (simp add: Rep-Label-inverse)
qed
thus ?thesis by force
qed

lemma finite-Label: finite (UNIV :: (Label set))
by (simp add: Univ-abs-label finite-Label-set)

instance Label :: finite
proof

show finite (UNIV :: (Label set)) by (rule finite-Label)
qed

consts

Lsuc :: (Label set) = Label = Label
Lmin :: (Label set) = Label

Lmaz :: (Label set) = Label

definition Lt :: [Label, Label] = bool (infix]l <<» 50) where
Lit a b == Rep-Label a < Rep-Label b

definition Lle :: [Label, Label] = bool (infixl «<) 50) where
Lle a b == Rep-Label a < Rep-Label b

definition Ltake-eq :: [Label set, (Label — ’'a), (Label — 'a)] = bool
where Ltake-eq L fg ==VIeL. fl=gqgl

lemma Ltake-eq-all:
fixes f g
assumes dom [ = dom g and Ltake-eq (dom f) f g
shows f = g
proof
fix ¢ from assms show fz =gz
unfolding Ltake-eq-def
by (cases x € dom f, auto)
qed

lemma Ltake-eq-dom:

fixes L :: Label set and f :: Label —~> 'a

assumes L C dom f and card L = card (dom f)

shows L = (dom f)
proof (auto)

fix = :: Label assume z € L

with in-mono[OF assms(1)] show Jy. f & = Some y by blast
next

fix z y assume fz = Some y
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from card-seteq[OF finite-dom-fmap|of f] <L C dom f>] <card L = card (dom f)»
have L = dom f by simp
with <f z = Some y» show z € L by force

qed

3.2 Object-terms in Locally Nameless representation nota-
tion, beta-reduction and substitution

datatype type = Object Label —~> (type X type)

datatype bVariable = Self nat | Param nat
type-synonym fVariable = string

3.2.1 Enriched Sigma datatype of objects

datatype sterm =
Buvar bVariable
| Fvar fVariable
| Obj Label —~> sterm type
| Call sterm Label sterm
| Upd sterm Label sterm

datatype-compat sterm

primrec applyPropOnOption:: (sterm = bool) = sterm option = bool where
f1: applyPropOnOption P None = True |
12: applyPropOnOption P (Some t) = Pt

lemma sterm-induct[case-names Bvar Fvar Obj Call Upd empty insert):
fixes
t :: sterm and P1 :: sterm = bool and
f = Label —~> sterm and P3 :: (Label —~> sterm) = bool
assumes
Ab. P1 (Buvar b) and
Az. P1 (Fvar ) and
a-obj: Nf T. P3 f = P1 (Obj f T) and
Nt11t2. [ P1t1; P1t2 ] = P1 (Call t1112) and
At1 1t2. [ P1t1; P1t2 ] = P1 (Upd t11t2) and
P3 Map.empty and
a-f: Nt1 f1.[1 ¢ dom f; P1tl; PSf] = (P3 (f(l— t1)))
shows P1t A P3f
proof —
have V¢ (f::Label —~> sterm) l. P1t A (applyPropOnOption P1) (f1)
proof (intro strip)
fix t :: sterm and [’ :: Label —~> sterm and [ :: Label
define foobar where foobar = f'1
from assms show P1 t A applyPropOnOption P1 foobar
proof (induct-tac t and foobar rule: compat-sterm.induct compat-sterm-option.induct,
auto)
fix f 1 Label —~> sterm and T :: type
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assume Az. applyPropOnOption P1 (f x)
with a-f «P3 Map.empty> have P3 f
proof (induct f rule: fmap-induct, simp)
case (insert F z z)
note
P1F" = (Aza. applyPropOnOption P1 ((F(z — z)) za)> and
predP3 = <[ Nl ft1. [l ¢ dom f; P1t1; P3f] = P3 (f(l— t1));
P3 Map.empty; N\z. applyPropOnOption P1 (F z)]
= P3 F) and
P3F'" = «Alftf. [l ¢ domf; P1t; P3f] = P3 (f(l— t)»
have Aza. applyPropOnOption P1 (F za)
proof —
fix za :: Label show applyPropOnOption P1 (F za)
proof (cases za = )
case True with PI1F’ <z ¢ dom F» have F za = None by force
thus ?thesis by simp
next
case Fulse hence eq: F za = (F(z — 2)) za by auto
from PI1F’[of za] show applyPropOnOption P1 (F za)
by (simp only: ssubst[OF eq))
qed
qged
from a-f predP3[OF - <P3 Map.empty> this] have P3F: P3 F by simp
from PI1F’[of x]
have applyPropOnOption P1 (Some z) by auto
hence P1 z by simp
from o-f[OF «x ¢ dom F> this P3F] show ?case by assumption
qed
with a-obj show P1 (Obj f T) by simp
qed
qed
with assms show ?thesis
proof (auto)
assume Al ft1. [l ¢ dom f; P3 f] = P8 (f(l — t1))
with <P3 Map.empty> show P3 f by (rule fmap-induct)
qed
qed

lemma ball-tsp-P3:
fixes
P1 :: sterm = bool and
P2 :: sterm = fVariable = fVariable = bool and
P3 :: sterm = bool and f :: Label —~> sterm
assumes
N[ PLt;Vsp.s¢ LApELANs#p— P2tsp] = P3tand
Viedom f. P1 (the(f!)) and
Viedom f.Vsp.s¢ LAp ¢ LANs#p— P2 (the(fl)) sp
shows Vicdom f. P3 (the(f1))
proof (intro strip)
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fix | assume [ € dom f with assms(2) have PI (the(f1)) by blast

moreover

from assms(3) <« € dom f» have Vsp. s ¢ LAp ¢ L Ns#p— P2 (the(f
1) sp

by blast

ultimately

show P3 (the(f 1)) using assms(1) by simp
qed

lemma ball-tt’sp-P3:
fixes
P1 :: sterm = sterm = bool and
P2 :: sterm = sterm = fVariable = fVariable = bool and
P3 :: sterm = sterm = bool and
f i Label —~> sterm and f’:: Label —~> sterm
assumes
Nttt [PlttiVsp.s¢ LApg LAs#p— P2tt'sp] = P3tt' and
dom f = dom f’ and
Viedom f. P1 (the(f1)) (the(f’ 1)) and
Viedom f.Vsp.s¢ LAp ¢ LA s#p— P2 (the(fl)) (the(f' 1)) sp
shows Viedom f'. P3 (the(f 1)) (the(f’ 1))
proof (intro strip)
fix | assume [ € dom f’ with assms(2—3) have P1 (the(f 1)) (the(f' 1))
by blast
moreover
from assms(2,4) <l € dom f"
haveVsp. s ¢ LAp ¢ LNs+#p— P2 (the (f1) (the(f' 1)) s p by blast
ultimately
show P3 (the(f 1)) (the(f' 1)) using assms(1)[of the(f 1) the(f’ 1)]
by simp
qed

3.2.2 Free variables

primrec

FV :: sterm = fVariable set

and

FVoption :: sterm option = fVariable set
where

FV-Buvar : FV(Bvar b) = {}
| FV-Fvar : FV(Fvar z) = {z}
| FV-Call : FV(Calltla) = FVtU FVa
| FV-Upd : FV(Updtls)=FVtUFVs
| FV-Obj : FV(Obj fT) = (U | € dom f. FVoption(f 1))
| FV-None : FVoption None = {}
| FV-Some : FVoption (Some t) = FV ¢

definition closed :: sterm = bool where
closed t «+— FV t = {}
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lemma finite-F'V-FVoption: finite (FV t) A finite (FVoption s)
by (induct - t - s rule: compat-sterm-sterm-option.induct, simp-all)

lemma finite-FV[simp|: finite (FV t)
by (simp add: finite-FV-FVoption)

lemma FV-and-cofinite: [Vz. v ¢ L — P x; finite L |
= 3L (finite L' NFVt CL'AN(N z.2 ¢ L' — P 1))
by (rule-tac x = L U FV t in exl, auto)

lemma exFresh-s-p-cof:
fixes L :: fVariable set
assumes finite L
shows 3sp.s¢é¢ LApE LANs#Dp
proof —
from assms have 3 s. s ¢ L by (simp only: ex-new-if-finite] OF infinite- UNIV-listI])
then obtain s where s ¢ L ..
moreover
from <finite Ly have finite (L U {s}) by simp
hence 3p. p ¢ L U {s} by (simp only: ex-new-if-finite[OF infinite- UNIV-listI])
then obtain p where p ¢ L U {s} ..
ultimately show ¢thesis by blast
qed

lemma FV-option-lem: ¥Yi€dom f. FV (the(f 1)) = FVoption (f 1)
by auto

3.2.3 Term opening

primrec
sopen i [nat, sterm, sterm, sterm] = sterm
(- = [} - [0, 0, 0, 300] 300)

and

sopen-option :: [nat, sterm, sterm, sterm option] = sterm option
where

sopen-Buvar:

{k — [s,p]}(Bvar b) = (case b of (Self i) = (if (k = i) then s else (Bvar b))
| (Param i) = (if (k = %) then p else (Bvar b)))

| sopen-Fvar: {k — [s,p]}(Fvar z) = Fuvar z
| sopen-Call: {k — [s,p]}(Call t 1 a) = Call ({k — [s,p]}¢) I ({k — [s,p]}a)
| sopen-Upd : {k — [s,p]}(Upd t I v) = Upd ({k — [s,p]}t) | ({(Suc k) — [s,p]}u)
| sopen-Obj : {k — [s,p]}(Obj f T) = Obj (Al. sopen-option (Suc k) sp (f1)) T
| sopen-None: sopen-option k s p None = None
| sopen-Some: sopen-option k s p (Some t) = Some ({k — [s,p]}1)
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definition openz :: [sterm, sterm, sterm] = sterm (<(—)["'}> [50, 0, 0] 50) where
tls.p] = {0 — [s,p]}t

lemma sopen-eq-Fvar:
fixesnsptax
assumes {n — [Fvar s,Fvar p|} t = Fvar z
shows
(t = Fvar z) V (x = s A t = (Bvar (Self n)))
V (z = p At = (Bvar (Param n)))
proof (cases t)
case Obj with assms show ?Zthesis by simp
next
case Call with assms show ?thesis by simp
next
case Upd with assms show ?thesis by simp
next
case (Fvar y) with assms show ?thesis
by (cases y = z, simp-all)
next
case (Bvar b) thus ?thesis
proof (cases b)
case (Self k) with assms Bvar show ?thesis
by (cases k = n) simp-all
next
case (Param k) with assms Bvar show ?thesis
by (cases k = n) simp-all
qed
qed

lemma sopen-eg-Fvar':
assumes {n — [Fvar s,Fvar p|} t = Fvar x and = # s and z # p
shows t = Fuar x
proof —
from sopen-eq-Fvar[OF assms(1)] «x # $» <x # p> show ?thesis
by auto
qed

lemma sopen-eq-Buar:

fixesnspth

assumes {n — [Fvar s,Fvar p|} t = Bvar b

shows t = Buvar b
proof (cases t)

case Fvar with assms show ?Zthesis by (simp add: openz-def)
next

case Obj with assms show ?thesis by (simp add: openz-def)
next

case Call with assms show ?thesis by (simp add: openz-def)
next

24



case Upd with assms show ?thesis by (simp add: openz-def)
next
case (Bvar b') show ?thesis
proof (cases b’
case (Self k) with assms Bvar show ?thesis
by (cases k = n) (simp-all add: openz-def)
next
case (Param k) with assms Bvar show ?thesis
by (cases k = n) (simp-all add: openz-def)
qged
qed

lemma sopen-eq-Obj:
fixesnsptfT
assumes {n — [Fvar s,Fvar p|} t = Obj f T
shows
3f" {n — [Fvar s, Fvar p]} Objf' T = Obj f T
AN t=0bjf' T
proof (cases t)
case Fvar with assms show Zthesis by simp
next
case Obj with assms show ?Zthesis by simp
next
case Call with assms show ?thesis by simp
next
case Upd with assms show ?thesis by simp
next
case (Bvar b) thus ?thesis
proof (cases b)
case (Self k) with assms Bvar show ?thesis
by (cases k = n) simp-all
next
case (Param k) with assms Bvar show ?thesis
by (cases k = n) simp-all
qed
qed

lemma sopen-eq-Upd:

fixesnspttllt2

assumes {n — [Fvar s,Fvar p|} ¢t = Upd t1 1 t2

shows

3t1' t2'. {n — [Fvar s,Fvar p|} t1' = t1

A {(Suc n) — [Fvar s,Fvar p|} t2' = t2 ANt = Upd t1'1t2’

proof (cases t)

case Fvar with assms show ?Zthesis by simp
next

case Obj with assms show ?thesis by simp
next

case Cuall with assms show ?thesis by simp
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next
case Upd with assms show ?thesis by simp
next
case (Bvar b) thus ?thesis
proof (cases b)
case (Self k) with assms Bvar show ?thesis
by (cases k = n) simp-all
next
case (Param k) with assms Buvar show ?thesis
by (cases k = n) simp-all
qed
qed

lemma sopen-eq-Call:

fixesnspttllt2

assumes {n — [Fvar s,Fvar p|} t = Call t11t2

shows

3t1’ t2'. {n — [Fvar s,Fvar p|} ¢t1' = t1

A {n — [Fvar s,Fvar p|} t2' =t2 ANt = Call t1'1t2’

proof (cases t)

case Fvar with assms show ?thesis by simp
next

case Obj with assms show ?Zthesis by simp
next

case Call with assms show ?thesis by simp
next

case Upd with assms show ?thesis by simp
next

case (Bvar b) thus ?thesis

proof (cases b)

case (Self k) with assms Bvar show ?thesis
by (cases k = n) simp-all
next
case (Param k) with assms Bvar show ?thesis
by (cases k = n) simp-all

qed

qed

lemma dom-sopenoption-lem[simpl: dom (Al. sopen-option k s t (f1)) = dom f
by (auto, case-tac x € dom f, auto)

lemma sopen-option-lem:
Viedom f. {n — [s,p]} the(f 1) = the (sopen-option n s p (f1))
by auto

lemma pred-sopenoption-lem:
(Viedom (Al. sopen-option n s p (f1)).
(P::sterm = bool) (the (sopen-option n s p (f1)))) =
(Viledom f. (P:sterm = bool) ({n — [s,p]} the (f1))
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by (simp, force)

lemma sopen-FV[rule-format]:
Vnsp. FV {n — [sp]} t) CFVtUFVsUFVp
proof —
fix u
have
(Vnsp FV {n— [sp]} t) CFVtUFVsUPFVp)
& (V' n s p. FVoption (sopen-option n s p u) C FVoption u U FV s U FV p)
apply (induct u rule: compat-sterm-sterm-option.induct)
apply (auto split: bVariable.split)
apply (metis (no-types, lifting) FV-Some UnE domlI sopen-Some subsetCE)
apply blast
apply blast
done
from conjunct1[OF this| show ?thesis by assumption
qed

lemma sopen-commute|[rule-format]:
Vnksps' p.n#k
— {n — [Fvar s’, Fvar p'|} {k — [Fvar s, Fvar p|} t
= {k — [Pvar s, Fvar p|} {n — [Fvar s', Fvar p'|} t
proof —
fix u
have
Vnksps'p.n#k
— {n — [Fvar s’, Fvar p'|} {k — [Fvar s, Fvar p|} t
= {k — [Pvar s, Fvar p|} {n — [Fvar s, Fvar p'} t)
&(Vnksps'p.n#k
— sopen-option n (Fvar s’) (Fvar p') (sopen-option k (Fvar s) (Fvar p) u)
= sopen-option k (Fvar s) (Fvar p)
(sopen-option n (Fvar s') (Fvar p’) u))
by (rule compat-sterm-sterm-option.induct, simp-all split: bVariable.split)
from conjunctl [OF this] show ?thesis by assumption
qed

lemma sopen-fresh-inj[rule-format):

Vnspt. {n— [Fvars, Fvar p]} t = {n — [Fvar s, Fvar p|} t’
— sE¢FVt—s¢ FVI — p¢ FVt —pg¢ FVt — s#p
—t=1t

proof —

{
fix
bspnt
assume
(case b of Self i = if n = i then Fvar s else Bvar b

| Param i = if n = i then Fvar p else Bvar b) = t
hence Fvar s =tV Fvarp =tV Bvar b =t
by (cases b, auto, (rename-tac nat, case-tac n = nat, auto)+)
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note cT = this

fix u
have
(Vnspt' {n— [Fvars, Fvar p|} t = {n — [Fvar s, Fvar p|} t’
— s FVt—s¢FVi —pg& FVt—p¢g FVt — s#p
— t =1t
&(Vn s pu'. sopen-option n (Fvar s) (Fvar p) u
= sopen-option n (Fvar ) (Fvar p) u’
— s ¢ FVoption u — s ¢ FVoption u’
— p & FVoption u — p ¢ FVoption ' — s # p
— u = u')
proof (induct - t - u rule: compat-sterm-sterm-option.induct)
case (Bvar b) thus ?case
proof (auto)
fixspnt
assume
a: (case b of Self i = if n = i then Fvar s else Bvar b
| Param i = if n = i then Fvar p else Bvar b)
= {n — [Fvar s,Fvar p|} t
note cT[OF this)]
moreover assume s ¢ FVtand p ¢ FVtand s # p
ultimately show Bvar b =t
proof (auto)

fix b’
assume
(case b’ of Self i = if n = i then Fvar s else Bvar b’
| Param i = if n = i then Fvar p else Bvar b’) = Fvar s
with <s # p» have b’ = Self n
by (cases b’, auto, (rename-tac nat, case-tac n = nat, auto)+)
}note fuS = this
assume eq-s: Fvar s = {n — [Fvar s,Fvar p|} t
with sym[OF this] <s ¢ FV t» <s # p» foS
have t = Buar (Self n) by (cases t, auto)
moreover
from a sym[OF eg-s] <s # p» fuS[of b]
have Self n = b by simp
ultimately show Bvar b = t by simp
next

fix b’
assume
(case b’ of Self i = if n = i then Fvar s else Bvar b’
| Param i = if n = i then Fvar p else Bvar b’) = Fvar p
with (s # p» have b’ = Param n
by (cases b’, auto, (rename-tac nat, case-tac n = nat, auto)+)
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}note fuP = this
assume eq-p: Fvar p = {n — [Fvar s,Fvar p|} t
with sym[OF this] <p ¢ FV t» <s # p» foP
have t = Buvar (Param n) by (cases t, auto)
moreover
from a sym[OF eq-p] <s # p» foP[of b]
have Param n = b by simp
ultimately show Bvar b = t by simp
next
assume Buvar b = {n — [Fvar s, Fvar p|} ¢
from sym[OF this| show {n — [Fvar s,Fvar p|} t =t
proof (cases t, auto)
fix b’
assume
(case b’ of Self i = if n = i then Fvar s else Bvar b’
| Param i = if n = i then Fvar p else Bvar b’) = Bvar b
from cT[OF this| have Bvar b = Bvar b’ by simp
thus b = b’ by simp
qed
qed
qed
next
case (Fvar z) thus ?case
proof (auto)
fixnspt
assume
a: Pvar © = {n — [Fvar s,Fvar p]} t and
s ¢ FV ({n — [Fvar s,Fvar p|} t)
hence s # = by force
moreover
assume p ¢ FV ({n — [Fvar s,Fvar p|} t)
with ¢ have p # x by force
ultimately
show {n — [Fvar s,Fvar p|} t =t
using a
proof (cases t, auto)
fix b
assume
Fvar © = (case b of Self i = if n = i then Fvar s else Bvar b
| Param ¢ = if n = i then Fvar p else Bvar b)
from c¢T[OF sym[OF this]] <s # x> <p # o
have Fulse by simp
then show
(case b of Self i = if n = i then Fvar s else Bvar b
| Param i = if n = i then Fvar p else Bvar b) = Bvar b ..
qed
qed
next
case (Obj f T) thus ?case
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proof (auto)

fixnspt

assume
Obj (M. sopen-option (Suc n) (Fvar s) (Fvar p) (f1)) T
= {n — [Fvar s,Fvar p|} ¢t and
Viedom f. s ¢ FVoption (f1) and
Viedom f. p ¢ FVoption (f 1) and
s¢ FVtand p ¢ FVtand s # p

thus Obj f T = t using Obj

proof (cases t, auto)

fix b
assume
Obj (Al. sopen-option (Suc n) (Fvar s) (Fvar p) (f1)) T
= (case b of Self i = if n = i then Fvar s else Bvar b
| Param ¢ = if n = i then Fvar p else Bvar b)
from cT[OF sym[OF this]| show Fualse by auto
next

fix f’
assume
nin-s: Viledom f'. s ¢ FVoption (f' 1) and
nin-p: V1€dom f'. p ¢ FVoption (f' 1) and
i (M. sopen-option (Suc n) (Fvar s) (Fvar p) (f1))
= (Al. sopen-option (Suc n) (Fvar s) (Fvar p) (f'1))
have Al. f1=f'1
proof —
fix 1
from ff’
have
sopen-option (Suc n) (Fvar s) (Fvar p) (f1)
= sopen-option (Suc n) (Fvar s) (Fvar p) (f'1)
by (rule cong, simp)
moreover
from
Nledom f. s ¢ FVoption (f 1)
~ledom f. p ¢ FVoption (f 1)
have s ¢ FVoption (f1) and p ¢ FVoption (f1)
by (case-tac I € dom f, auto)+
moreover
from nin-s nin-p have s ¢ FVoption (f' 1) and p ¢ FVoption (f'1)
by (case-tac | € dom f', auto)+
ultimately show f [l = f’ [ using Objlof I] <s # p»

by simp
qed
thus f = f’ by (rule ext)
qed
qed
next
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case (Call t111t2) thus ?case
proof (auto)
fixnspt
assume
s¢ FVil and s ¢ FVit2and p ¢ FV tl and p ¢ FV t2 and
s#pand s¢ FVitand p ¢ FV{ and
Call ({n — [Fvar s,Fvar p|} t1) I ({n — [Fvar s,Fvar p|} t2)
= {n — [Fvar s,Fvar p|} t
thus Call t1 1t2 = t using Call
proof (cases t, auto)

fix b
assume
Call ({n — [Fvar s,Fvar p|} t1) 1 ({n — [Fvar s,Fvar p|} t2)
= (case b of Self i = if n = i then Fvar s else Bvar b
| Param ¢ = if n = i then Fvar p else Bvar b)
from cT[OF sym[OF this]| show Fualse by auto
qed
qed
next
case (Upd t11t2) thus ?case
proof (auto)
fixnspt
assume
s¢ FVil and s ¢ FVi2and p ¢ FVtl and p ¢ FV t2 and
s#pand s¢ FVtand p ¢ FV ¢ and
Upd ({n — [Fvar s,Fvar p]} t1) | ({Suc n — [Fvar s,Fvar p]} t2)
= {n — [Fvar s,Fvar p|} t
thus Upd t1 1t2 = t using Upd
proof (cases t, auto)

fix b
assume
Upd ({n — [Fvar s,Fvar p|} t1) | ({Suc n — [Fvar s,Fvar p]} t2)
= (case b of Self i = if n = i then Fvar s else Bvar b
| Param i = if n = i then Fvar p else Bvar b)
from cT[OF sym[OF this]] show False by auto
qed
qed
next
case None-sterm thus ?case
proof (auto)
fixuspn
assume None = sopen-option n (Fvar s) (Fvar p) u
thus None = u by (cases u, auto)
qed
next
case (Some-sterm t) thus ?case
proof (auto)
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fixuspn
assume
Some ({n — [Fvar s,Fvar p|} t) = sopen-option n (Fvar s) (Fvar p) u and
s¢ FVitand p ¢ FVt¢and s # p and
s & FVoption u and p ¢ FVoption u
with Some-sterm show Some t = u by (cases u) auto
qed
qed
from conjunct1[OF this] show ?thesis by assumption
qged

3.2.4 Variable closing

primrec

sclose i [nat, fVariable, fVariable, sterm| = sterm
(- [} - [0, 0, 0, 300] 300)

and

sclose-option :: [nat, fVariable, fVariable, sterm option] = sterm option
where
sclose-Buar: {k < [s,p]}(Bvar b) = Bvar b
| sclose-Fuar:
{k < [s,p]}(Fvar z) = (if x = s then (Bvar (Self k))
else (if x = p then (Bvar (Param k))
else (Fvar x)))
| sclose-Call: {k + [s,p]}(Call t I a) = Call ({k + [s,p]}t) I ({k < [s,p]}a)
| sclose-Upd : {k < [s,p]}(Upd ¢t l u) = Upd ({k < [s,p]}t) I ({(Suc k) < [s,p]}u)
| sclose-Obj : {k < [s,p]}(Obj f T) = Obj (Al. sclose-option (Suc k) sp (f1)) T
| sclose-None: sclose-option k s p None = None
| sclose-Some: sclose-option k s p (Some t) = Some ({k + [s,p]}t)

definition closez :: [fVariable, fVariable, sterm| = sterm (<o[-,-] - [0, 0, 300])
where

als,p] t = {0 « [s,p]}1

lemma dom-scloseoption-lem[simp]: dom (\l. sclose-option k s t (f1)) = dom f
by (auto, case-tac x € dom f, auto)

lemma sclose-option-lem:
Viedom f. {n < [s,p]} the(f 1) = the (sclose-option n s p (f1))
by auto

lemma pred-scloseoption-lem:
(Viedom (Al. sclose-option n s p (f1)).
(P::sterm = bool) (the (sclose-option n s p (f1)))) =
(Viedom f. (P::sterm = bool) ({n < [s,p]} the (f1))
by (simp, force)

lemma sclose-fresh[simp, rule-format]:
Vnsp.s¢ FVt—p ¢ FVi— {n<[sp]}t=1t
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proof —
have
Vnsp.sg FVi—pg FVt— {n<+ [sp]} t=1)
&(Vn sp. s ¢ FVoption uw — p ¢ FVoption u
— sclose-option n s p u = u)
proof (induct - t - u rule: compat-sterm-sterm-option.induct, auto simp: bVari-
able.split)

fix fnsp

assume
nin-s: Viedom f. s ¢ FVoption (f1) and
nin-p: Vi€dom f. p ¢ FVoption (f 1)

{
fix | from nin-s have s ¢ FVoption (f 1)

by (case-tac | € dom f, auto)
}

moreover

fix [ from nin-p have p ¢ FVoption (f )
by (case-tac | € dom f, auto)
}

moreover
assume
Nz.Vns. s & FVoption (f x)
— (Vp. p ¢ FVoption (f x)
— sclose-option n s p (fz) = fx)

ultimately

have Al. sclose-option (Suc n) s p (f1) = f1 by auto

with ezt show (Al. sclose-option (Suc n) s p (f1)) = f by auto
qed
from conjunct1[OF this] show ?thesis by assumption

qed

lemma sclose-F'V]rule-format]:
Vnsp FV {n <« [sp]} t)=FVt—{s}—{p}
proof —
have
(Vnsp. FV ({n < [sp]} ) = FV ¢ — {s} — {p})
&(Vn s p. FVoption (sclose-option n s p u) = FVoption u — {s} — {p})
by (rule compat-sterm-sterm-option.induct, simp-all split: b Variable.split, blast+)
from conjunct1[OF this] show ?thesis by assumption
qged

lemma sclose-subset-FV [rule-format]:
FV {n <+ [sp]} t) CFVt
by (simp add: sclose-FV, blast)

lemma Self-not-in-closed[simp]: sa ¢ FV ({n < [sa,pa]} ?)
by (simp add: sclose-FV)
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lemma Param-not-in-closed[simp]: pa ¢ FV ({n < [sa,pa]} t)
by (simp add: sclose-FV)

3.2.5 Substitution

primrec

ssubst i [fVariable, sterm, sterm] = sterm
([- = ] - [0, 0, 300] 300)

and

ssubst-option :: [fVariable, sterm, sterm option] = sterm option
where
ssubst-Bvar: [z — u](Bvar v) = Bvar v
| ssubst-Fuvar: [z — u]|(Fvar z) = (if (2 = z) then u else (Fvar x))
| ssubst-Call: [z — u](Call t 1s) = Call ([z = u]t) I ([z = u]s)
| ssubst-Upd : [z — u](Upd t 1 s) = Upd ([z — u]t) I ([z = u]s)
| ssubst-Obj : [z — u)(Obj f T) = Obj (Al. ssubst-option z u (f1)) T
| ssubst-None: ssubst-option z u None = None
| ssubst-Some: ssubst-option z u (Some t) = Some ([z — u]t)

lemma dom-ssubstoption-lem[simp]: dom (Al. ssubst-option z u (f1)) = dom f
by (auto, case-tac x € dom f, auto)

lemma ssubst-option-lem:
Viedom f. [z — u] the(f 1) = the (ssubst-option z u (f 1))
by auto

lemma pred-ssubstoption-lem:
(Viledom (Al. ssubst-option z t (f1)).
(P::sterm = bool) (the (ssubst-option z t (f1)))) =
(Viedom f. (P:sterm = bool) ([t — t] the (f1)))
by (simp, force)

lemma ssubst-fresh|simp, rule-format]:
Vssa. sag FVt— [sa — st =1t
proof —
have
(Vs sa. sa ¢ FVt— [sa — s] t = 1)
&(V's sa. sa ¢ FVoption u —> ssubst-option sa s u = u)
proof (induct - ¢ - u rule: compat-sterm-sterm-option.induct, auto)
fix s sa f
assume
sa:  Vliedom f. sa ¢ FVoption (f ) and
ssubst: Nz. Vs sa. sa ¢ FVoption (f x) — ssubst-option sa s (fz) = fx
{
fix | from sa have sa ¢ FVoption (f1)
by (case-tac | € dom f, auto)
with ssubst have ssubst-option sa s (f1) = f1 by auto

}
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with ezt show (Al. ssubst-option sa s (f1)) = f by auto
qed
from conjunct1[OF this] show ?thesis by assumption
qed

lemma ssubst-commute[rule-format]:
Vspsapa. s#p— s¢& FVpa— p¢ FVsa
— [s > sa] [p— pa] t =[p — pa] [s = sa] t
proof —
have
(Vspsapa. s#£p— s¢ FVpa — p ¢ FV sa
— [s = sa] [p — pa] t = [p — pa] [s = sa] ©)
&(NVspsapa. s#p— s¢ FVpa — p¢& FVsa
— ssubst-option s sa (ssubst-option p pa u)
= ssubst-option p pa (ssubst-option s sa u))
by (rule compat-sterm-sterm-option.induct, simp-all split: bVariable.split)
from conjunct1[OF this] show ?thesis by assumption
qed

lemma ssubst-FV [rule-format]:
Ves. FV (x = s t) CFVsU (FVit — {z})
proof —
have
(Vzs. FV (x = s]t) CFVsU (FVt— {z}))
&(V z s. FVoption (ssubst-option x s u) C FV s U (FVoption u — {z}))
by (rule compat-sterm-sterm-option.induct, simp-all split: bVariable.split, blast+)
from conjunct1[OF this] show ?thesis by assumption
qed

lemma ssubstoption-insert:
l € dom f
= (A(la::Label). ssubst-option z t’ (if la = I then Some t else f la))
= (A(la::Label). ssubst-option z t’ (f la))(l — [z — t'] t)
by (rule Ltake-eg-all, force, simp add: Ltake-eq-def)

3.2.6 Local closure

inductive lc :: sterm = bool
where
le-Fvar[simp, introl]: lc (Fvar z)
| le-Call[simp, introl]: [ le t; lc a ] = lc (Call t 1 a)
| le-Upd[simp, introl] :
[ lc t; finite L;
Vsp.s¢ LApg¢ LANs#p—lc (U[Fvars, Fvarp])]]
= lc (Upd t 1 u)
| le-Obj[simp, intro!] :
[ finite L; ¥ ledom f.
Vsp.s¢ LApg LANs#p—lc (the(flﬂﬂjar& F”‘”"p}) ]
— Ic (Obj f T)
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definition body :: sterm = bool where
bodyt «+— (AL. finite LA Nsp.s¢LApg LANs#p—lc (t[F”‘””S’ Fvarp})))

lemma lc-bvar: lc (Bvar b) = False
by (rule iffI, erule lc.cases, simp-all)

lemma Ic-obj:
le (Obj f T)= (Yiedom f. body (the(f1)))
proof
fix f T assume lc (Obj f T)
thus Viedom f. body (the(f 1))
unfolding body-def
by (rule lc.cases, auto)
next
fix f :: Label —~> sterm and T :: type
assume VIledom f. body (the (f1))
hence
L. finite LA (Viedom f.Vsp.s¢é LApéE LANs#p
— le (the (f l)[Fvar s, Fvar p}))
proof (induct f rule: fmap-induct)
case emptly thus ?case by blast
next
case (insert F z y) thus ?case
proof —
assume z ¢ dom F hence Viedom F. the(F 1) = the (F(z — y)) I)
by auto
with «Viedom (F(z — y)). body (the((F(z — y)) D))
have Viedom F. body (the (F 1)) by force
from insert(2)[OF this]
obtain L where
finite L and
Viedom F.Vsp.s¢é¢ LApg LANs#Dp
— lc (the (F l)[F”“T s, Fuar p]) by auto
moreover
from «Viedom (F(z — y)). body (the((F(z — y)) 1))> have body y by force
then obtain L’ where
finite L' and
Vsp.sé¢ L'ANpg L' ANs#£p
— lc (y[FmT s, Fuar p}) by (auto simp: body-def)

ultimately
show
L. finite L A (Viedom (F(z— y)).Vsp.s¢ LApELANsS#Dp
— le (the ((F(z v y)) 1)[Fvar s,Fvar ply)
by (rule-tac x = L U L' in exI, auto)
qed
qed
thus lc (0Obj f T) by auto
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qed

lemma lc-upd: lc (Upd t1s) = (lct A body s)
by (unfold body-def, rule iffI, erule lc.cases, auto)

lemma lc-call: lc (Call t1s) = (lct A lc s)
by (rule iffI, erule lc.cases, simp-all)

lemma lc-induct[consumes 1, case-names Fvar Call Upd Obj Bnd):

fixes P1 :: sterm = bool and P2 :: sterm = bool
assumes
lc t and
Nz. P1 (Fvar z) and
Ntla [let; P1t;lca; P1a] = P1 (Callt!la)and
Ntlu [let; P1¢; P2u] = P! (Updtlu)and
Nf T.Viedom f. P2 (the(f1)) = P1 (Obj f T) and
AL t. [ finite L;

Vsp.s¢é¢ LApE LANs#p

e (t[Fvar s, Fvar p]) A Pl (t[Fvar s, Fvar p]) I
= P21t
shows P1 ¢
using assms by (induct rule: le.induct, auto)

3.2.7 Connections between sopen, sclose, ssubst, lc and body and
resulting properties

lemma ssubst-intro[rule-format):
Vnspsapa sa ¢ FVit— pa ¢ FV it — sa # pa
— sa ¢ FVp
— {n — [s,p]} t = [sa — s] [pa — p] {n — [Fvar sa, Fvar pa]} t
proof —
have
(Vnspsapa sa ¢ FVi— pa ¢ FVt — sa # pa
— sa ¢ FVp
— {n — [s,p]} t = [sa — 3] [pa — p] {n — [Fvar sa, Fvar pa]} t)
&(Vn s p sapa. sa ¢ FVoption u — pa ¢ FVoption v — sa # pa
—sa ¢ FVyp
—> sopen-option n § p u
= ssubst-option sa s (ssubst-option pa p
(sopen-option n (Fvar sa) (Fvar pa) u)))
proof (induct - t - u rule: compat-sterm-sterm-option.induct)
case Buar thus Zcase by (simp split: bVariable.split)
next
case Fvar thus ?case by simp
next
case Upd thus ?case by simp
next
case Call thus ?case by simp
next
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case None-sterm thus ?case by simp
next
case (Obj f T') thus ?case
proof (clarify)
fix n s p sa pa
assume sa ¢ FV (Obj f T) and pa ¢ FV (Obj f T)
{
fix [
from «sa ¢ FV (Obj f T)» have sa ¢ FVoption (f1)
by (case-tac I € dom f, auto)

}

moreover
{
fix [
from <«pa ¢ FV (Obj f T)> have pa: pa ¢ FVoption (f 1)
by (case-tac I € dom f, auto)
}
moreover assume sa # pa and sa ¢ FV p
ultimately
have
Al sopen-option (Suc n) s p (f1)
= ssubst-option sa s (ssubst-option pa p
(sopen-option (Suc n) (Fvar sa) (Fvar pa) (f1)))
using Obj by auto
with ezt
show
{n = [spl} Objf T
= [sa — §] [pa — p] {n — [Fvar sa,Fvar pa]} Obj f T
by auto
qed
next
case (Some-sterm t) thus ?case
proof (clarify)
fix n s p sa pa
assume sa ¢ FVoption (Some t)
hence sa ¢ FV t by simp
moreover assume pa ¢ FVoption (Some t)
hence pa ¢ FV t by simp
moreover assume sa # pa and sa ¢ FV p
ultimately
have {n — [s,p]} t = [sa — $] [pa — p] {n — [Fvar sa,Fvar pal} t
using Some-sterm by blast
thus
sopen-option n s p (Some t)
= ssubst-option sa s (ssubst-option pa p
(sopen-option n (Fvar sa) (Fvar pa) (Some t)))
by simp
qed
qed
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from conjunct1[OF this] show ?thesis by assumption
qed

lemma sopen-lc-FV [rule-format]:
fixes t
assumes Ic ¢
shows Vn s p. {n — [Fvar s, Foar p|} t =t
using assms
proof
(induct
taking: At. ¥n s p. {Suc n — [Fvar s, Fvar p|} t = ¢
rule: le-induct)
case Fuvar thus ?case by simp
next
case Call thus ?case by simp
next
case Upd thus ?case by simp
next
case (Obj f T) note pred = this
show Zcase
proof (intro strip, simp)
fix nsp
{
fix [
have sopen-option (Suc n) (Fvar s) (Fvar p) (f1) = f1
proof (cases | € dom f)
case Fulse hence f ] = None by force
thus ?thesis by force
next
case True with pred show ?thesis by force
qed
} with ext
show (Al. sopen-option (Suc n) (Fvar s) (Fvar p) (f1)) = f
by auto
qed
next
case (Bnd L t) note cof = this(2)
show Zcase
proof (intro strip)
fixnsp
from «finite Ly exFresh-s-p-cof[of L U FV t U {s} U {p}]
obtain sa pa where
sapa: sa ¢ LU FVtU {s} U{p} Apa¢g LUFVtU{s}U{p} A sa# pa
by auto
with cof
have {Suc n — [Fvar s,Fvar p|} (t[Fvar sa, Fvar pa]) _ (t[Fvar sa, Fvar pa])
by auto
with sopen-commute][OF Suc-not-Zero|of nl]
have
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eq: {0 — [Fvar sa,Fvar pa)} {Suc n — [Fvar s,Fvar p|} t
= {0 — [Fvar sa,Fvar pa)} t

by (simp add: openz-def)

from sapa contra-subsetD[OF sopen-FV|[of - Fvar s Fvar p t|]

have
sa ¢ FV ({Suc n — [Fvar s,Fvar p|} t) and sa ¢ FV t and
pa ¢ FV ({Suc n — [Fvar s,Fvar p} t) and pa ¢ FV t and
sa # pa
by auto

from sopen-fresh-inj[OF eq this]

show {Suc n — [Fvar s,Fvar p|} t = t by assumption

qed
qed

lemma sopen-lc[simp]:
fixes tnsp
assumes Ic ¢
shows {n — [s,;p]} t =t
proof —
from exFresh-s-p-cof[of FV t U FV p]
obtain sa pa where
sa ¢ FVtand pa ¢ FV t and sa # pa and
sa ¢ FVpand pa ¢ FVp
by auto
from ssubst-intro| OF this(1—4)]
have {n — [s,p]} t = [sa — $] [pa — p] {n — [Fvar sa,Fvar pa]} t
by simp
with assms have {n — [s,p]} t = [sa — s] [pa — p| t
using sopen-lc-FV
by simp
with ssubst-fresh|OF <pa ¢ FV )]
have {n — [s,p]} t = [sa — s] ¢t by simp
with ssubst-fresh[OF <sa ¢ FV ]
show {n — [s,p]} t = t by simp
qed

lemma sopen-twice[rule-format]:
Vsps' p'n.lcs—lcp
s (= (%07} {n > [s.pl} £ = {n — [s.p]} ¢
proof —
have
(Vsps'p'n.lcs—lcp
— {n = [s"p]} {n = [spl} t = {n = [s.p]} 1)
&NVsps' p'nlcs—lcp
— sopen-option n s’ p’ (sopen-option n s p u) = sopen-option n s p u)
by (rule compat-sterm-sterm-option.induct, auto simp: bVariable.split)
from conjunct1[OF this] show ?thesis by assumption
qed
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lemma sopen-sclose-commute|rule-format):
Vnkspsapa n#k— sa¢ FVs— sa¢ FVp
—pa ¢ FVs— pa¢ FVp
— {n = [s, pl} {k < [sa,pal} t = {k < [sa,pa]} {n — [s, pl} ¢
proof —
have
(Vnkspsapa.n#k—sa¢ FVs— sa¢ FVp
—pa ¢ FVs— pa¢g FVp
— {n = [s, pl} {k < [sa,pa]} t = {k < [sa,pa]} {n — [s, pl} 1)
&(Vnkspsapa n#k— sag¢ FVs— sa¢ FVp
—pa ¢ FVs— pa¢ FVp
— sopen-option n s p (sclose-option k sa pa u)
= sclose-option k sa pa (sopen-option n s p u))
by (rule compat-sterm-sterm-option.induct, simp-all split: bVariable.split)
from conjunct1[OF this] show ?thesis by assumption
qged

lemma sclose-sopen-eq-t[rule-format]:
Vnsp. s¢ FVt—p¢& FVi—s#p
— {n « [s,p]} {n — [Fvar s, Foar p|} t =t
proof —
have
Vnsp.s¢ FVt—p ¢ FVi— s#p
— {n + [s,p]} {n — [Fvar s, Fvar p|} t = t)
&(Vn sp. s ¢ FVoption u — p ¢ FVoption u — s # p
— sclose-option n s p (sopen-option n (Fvar s) (Fvar p) u) = u)
proof (induct - t - u rule: compat-sterm-sterm-option.induct, simp-all split: bVari-
able.split, auto)

fix fnsp
assume
nin-s: Viledom f. s ¢ FVoption (f ) and
nin-p: V1l€dom f. p ¢ FVoption (f 1)
{
fix | from nin-s have s ¢ FVoption (f 1)
by (case-tac | € dom f, auto)

moreover
{
fix [ from nin-p have p ¢ FVoption (f )
by (case-tac | € dom f, auto)

moreover
assume
s # p and
Nz. Vn s. s & FVoption (f z)
— (Vp. p ¢ FVoption (fz) — s# p
— sclose-option n s p (sopen-option n (Fvar s) (Fvar p) (f z))

= fx)
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ultimately
have Al sclose-option n s p (sopen-option n (Fvar s) (Fvar p) (f1)) = f1
by auto
with ezt
show (Al. sclose-option n s p (sopen-option n (Fvar s) (Fvar p) (f1))) = f
by auto
qed
from conjunct1[OF this] show ?thesis by assumption
qed

lemma sopen-sclose-eq-t[simp, rule-format]:
fixes ¢
assumes lc t
shows Vn s p. {n — [Fvar s, Foar p]} {n + [s,p]} t =t
using assms
proof
(induct
taking: At. ¥Yn s p. {Suc n — [Fvar s, Fvar p|} {Suc n < [s,;p]} t =t
rule: le-induct)
case Fuvar thus ?case by simp
next
case Call thus ?case by simp
next
case Upd thus ?case by simp
next
case (Obj f T) note pred = this
show ?Zcase
proof (intro strip, simp)
fixnsp
{
fix [
have
sopen-option (Suc n) (Fvar s) (Fvar p) (sclose-option (Suc n) s p (f1))
=fl
proof (cases | € dom f)
case Fulse hence f ] = None by force
thus ?thesis by simp
next
case True with pred
show ?thesis by force
qed
}
with ezt
show (Al. sopen-option (Suc n) (Fvar s) (Fvar p)
(sclose-option (Suc n) sp (f1))) = f
by simp
qed
next
case (Bnd L t) note cof = this(2)
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show Zcase
proof (intro strip)
fixnsp
from «finite Ly exFresh-s-p-cof[of L U FV t U {s} U {p}]
obtain sa pa where
sapa: sa ¢ LU FVtU{s} U{p}t Apa¢ LUFVLU/{s}U/{{p}
A sa # pa
by auto
with cof
have
eq: {Suc n — [Fvar s,Fvar p|} {Suc n < [s,p]} (tlFvar sa, Foar pa]y
_ (t[Fvar sa, Fvar pa]) by blast

fix z assume z ¢ FV ¢
from contra-subsetD[OF sclose-subset-FV this)
have z ¢ FV ({Suc n < [s,p]} t) by simp
moreover assume z # p and z # s
ultimately
have x ¢ FV ({Suc n + [s,p]} t) U FV (Fvar s) U FV (Fvar p)
by simp
from contra-subsetD]OF sopen-FV this]
have z ¢ FV ({Suc n — [Fvar s,Fvar p|} {Suc n < [s,p]} t)
by simp
} with sapa
have
s ¢ FV (Fvar sa) and s ¢ FV (Fvar pa) and
p & FV (Fvar sa) and p ¢ FV (Fvar pa) and
sa ¢ FV ({Suc n — [Fvar s,Fvar p|} {Suc n + [s,p]} ¢) and
sa ¢ FV ¢t and
pa ¢ FV ({Suc n — [Fvar s,Fvar p|} {Suc n « [s,p]} t) and
pa ¢ FV t and sa # pa
by auto

from
eq
sym[OF sopen-sclose-commute| OF not-sym[OF Suc-not-Zero|of nl]

this(1—4)]

sopen-commute| OF Suc-not-Zero|of nl]
sopen-fresh-inj[OF - this(5—9)]

show {Suc n — [Fvar s,Fvar p|} {Sucn < [s,p]} t =1t
by (auto simp: openz-def)

qed
qed

lemma ssubst-sopen-distrib[rule-format]:
Vnsptihlet'— [z — t) {n—[sp]} t
={n—=z—=ths [z — tp]} [z = ]t
proof —
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have
Vnspt.let
— =t {n=[spltt={n—=z—ts [z —¢tp|]} [z = t]1)
&NVWnsptl lct
— ssubst-option x t' (sopen-option n s p u)
= sopen-option n ([ — t']s) ([x — t']p) (ssubst-option x t’ u))
by (rule compat-sterm-sterm-option.induct, simp-all split: bVariable.split)
from conjunct1[OF this] show ?thesis by assumption
qed

lemma ssubst-openz-distrib:
le t/ = [z — ¢ (t15P)) = (([z — ] t)llz = tT s, [2 = ] ol
by (simp add: openz-def ssubst-sopen-distrib)

lemma ssubst-sopen-commute: [ lc t’; x ¢ FVs;x & FVp]
==t {n—=[sptt={n—=[sp]} [z —=t]t
by (frule ssubst-sopen-distriblof t" x n s p t], simp)

lemma sopen-commute-gen:
fixessps'p'nkt
assumes [c s and Ic p and Ic s’ and lc p’ and n # k
shows {n — [s,p]} {k — [} t = {k — [s'p]} {n = [s,p]} ¢
proof —
have finite (FV s U FVpU FV s'U FV p' U FV t) by auto
from exFresh-s-p-cof [OF this]
obtain sa pa where
sa ¢ FVsUFVpUFVsUFVp UFVt
ANpad FVsUFVpUFVs UFVp UFVLA sa# paby auto
moreover

hence finite (FVsU FVp U FVs'U FVp'U FV tU {sa} U {pa}) by auto

from exFresh-s-p-cof[OF this]

obtain sb pb where
sb¢ FVsUFVpUFV$UFVp' UFVtU {sa} U {pa}
Apb¢ FVsUFVpUFVsUFVp UFVtU{sa} U {pa}
A sb # pb by auto

ultimately

have
sa ¢ FVtand pa ¢ FVtand sb ¢ FVtand pb ¢ FVtand
sa ¢ FV ({n — [s,p]} t) and pa ¢ FV ({n — [s,p]} t) and
sb ¢ FV ({k — [s',p]} t) and pb ¢ FV ({k — [s',p]} t) and

sa # pa and sb # pb and sb # sa and sb # pa and
pb # sa and pb # pa and

sa ¢ FVsand sa ¢ FVpand pa ¢ FV s and pa ¢ FV p and
sb ¢ FVs'and sb ¢ FVp'and pb ¢ FV s’ and pb ¢ FV p’ and
sa ¢ FVp'and sb ¢ FV p and

sa ¢ FV (Fvar sb) and sa ¢ FV (Fvar pb) and
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pa ¢ FV (Fvar sb) and pa ¢ FV (Fvar pb) and
pb ¢ FV (Fvar sa) and pb ¢ FV (Fvar pa) and
sb ¢ FV (Fvar sa) and sb ¢ FV (Fvar pa) and

lc sand lc p and Ic s’ and Ic p’

using contra-subsetD[OF sopen-FV] assms(1—4)
by auto

from
ssubst-intro[OF <sa ¢ FV t» <pa ¢ FV > <sa # pa> <sa ¢ FV p']
ssubst-intro|OF «sb ¢ FV ({k — [s",p]} t)» «pb ¢ FV ({k — [s",p]} t)»

sb # pby <sb & FV p]
sym[OF ssubst-sopen-commute| OF <lc s”
<sa ¢ FV (Fvar sb)s <sa ¢ FV (Fvar pb))]]
sym[OF ssubst-sopen-commute| OF <lc p”
<pa ¢ F'V (Fvar sb)y <pa ¢ FV (Fvar pb))]]
sopen-commute[OF «n # k]
ssubst-commute| OF <pb # say «pb ¢ FV s «sa ¢ FV p]
ssubst-commute] OF <sb # say <sb ¢ FV s"» <sa ¢ FV &]
ssubst-commute[ OF <pb # pay <pb ¢ FV p’y <pa ¢ FV p]
ssubst-commute[ OF <sb # pa) <sb ¢ FV py <pa ¢ FV ]
ssubst-sopen-commute| OF <lc sy <sb ¢ FV (Fuvar sa)) <sb ¢ FV (Fvar pa)»
ssubst-sopen-commute[OF <lc p» «<pb ¢ FV (Fvar sa)y <pb ¢ FV (Fuvar pa))]
sym[OF ssubst-intro[OF <sb ¢ FV ¢y <pb ¢ FV t) <sb # pb) <sb ¢ FV p]
sym|OF ssubst-intro|OF «sa ¢ FV ({n — [s,p]} t)» <pa ¢ FV ({n — [s,p]} t)»
sa # pay <sa ¢ FV ph]]

show {n — [s,p]} {k = [s"p]} t = {k — [s"pT} {n = [sp]} ¢
by force

qed

]

lemma ssubst-preserves-lc[simp, rule-format]:
fixes ¢
assumes lc t
shows Va t'. lct' — lc ([x — '] ¥)
proof —
define pred-cof
where pred-cof Lt +— (Vsp.s¢é¢ LApg LAs#p—lc (t[FWT 5 F”’“"p]))
for Lt

{

fixzvt
assume
lc v and
Vv lcv— (L. finite L A pred-cof L ([x — v] t))
hence
L. finite L A pred-cof L ([x — v] t)
by auto
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}note Lex = this

from assms show ?thesis
proof
(induct
taking: At. Yz t'. lc t' — (I L. finite L A pred-cof L ([z — t'] t))
rule: le-induct)
case Fvar thus ?case by simp
next
case Call thus ?case by simp
next
case (Upd t | u) note pred-t = this(2) and pred-bnd = this(3)
show ?case
proof (intro strip)
fix z t’ assume lc t’
note Lex[OF this pred-bnd]
from this[of z
obtain L where finite L and pred-cof L ([z — t'] u)
by auto
with «lc t’y pred-t show lc ([z — t'] Upd t 1 u)
unfolding pred-cof-def
by simp
qed
next
case (Obj f T) note pred = this
show ?Zcase
proof (intro strip)
fix x t’ assume Ic t’
define pred-fl where pred-fl s p b1 = lc ([x — t'] the plFvar s, Foar p])
for s p b and [::Label

from <lc t'» fmap-ball-all2[OF pred)
have Viedom f. 3 L. finite L A pred-cof L ([x — t'] the(f 1))
unfolding pred-cof-def
by simp
with fmap-ez-cof|of f pred-fi]
obtain L where
finite L and Viledom f. pred-cof L ([x — t'] the(f 1))
unfolding pred-cof-def pred-fi-def
by auto
with pred-ssubstoption-lem[of x t' f pred-cof L]
show Ic ([z — t'] Obj f T)
unfolding pred-cof-def
by simp
qed
next
case (Bnd L t) note pred = this(2)
show ?case
proof (intro strip)
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fix z t’ assume lc t’
with «finite Ly show 3 L. finite L A pred-cof L ([t — t'] )
unfolding pred-cof-def
proof (
rule-tac © = L U {z} in exl,
intro conjl, simp, intro strip)
fix spassume sp: s¢ LU{s} Apg¢ LU{z} As#p
hence =z ¢ FV (Fvar s) and = ¢ FV (Fuvar p)
by auto
from sp pred <lc t'
have Ic ([z — t/] (t[FmT s, Fvar p}))
by blast
with ssubst-sopen-commute|OF <c t's <z ¢ FV (Fvar s)»
<x ¢ FV (Fvar p)))
show lc ([z — t/] ¢lFvar s, Foar p])
by (auto simp: openz-def)
qed
qed
qed
qed

lemma sopen-sclose-eq-ssubst: | sa # pa; sa ¢ FV p; lct]
= {n — [s,p]} {n « [sa,pa]} t = [sa — s] [pa — p] ¢
by (rule-tac sal = sa and pal = pa and t1 = {n < [sa,pa]} ¢
in ssubst|OF ssubst-intro|, simp+)

lemma ssubst-sclose-commute[rule-format]:
Venspt.s¢ FVt — p ¢ FVt —az#s—ac#p
—r [z =t {n[spl]}t={n+[sp]} [z — t]1
proof —
have
Vznspt. s¢g FVt — p @ FVt —az#£s—az#p
v fo— ] {n e [spl} £ = {0 [s.pl} [ t] )
&NVWaenspt.s¢ FVt — p g FVi —x#£s—x#p
— ssubst-option x t' (sclose-option n s p u)
= sclose-option n s p (ssubst-option x t' u))
by (rule compat-sterm-sterm-option.induct, simp-all split: bVariable.split)
from conjunct1[OF this] show ?thesis by assumption
qed

lemma body-lc-FV:
fixes t s p

assumes body t
shows lc (t[Fvar s, Fvar p])
proof —
from assms
obtain L where
finite L and pred-sp: Vsp. s ¢ LAp & LNs#p—lc (t[Fvar s, Fvar p])
unfolding body-def by auto
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hence finite (L U FV t U {s} U {p}) by simp
from exFresh-s-p-cof[OF this| obtain sa pa where sapa:
sa ¢ LUFVtU{s}U{p} Apa¢ LUFVtU {s}U/{p} A sa#pa
by auto
hence sa ¢ FV ¢t and pa ¢ FV t and sa # pa and sa ¢ FV (Fvar p) by auto

from pred-sp sapa have Ic (t[Fvar sa, Fvar pa]) by blast

with
ssubst-intro[OF <sa ¢ FV t» <pa ¢ FV t» <sa # pa> <sa ¢ FV (Fvar p)»)
ssubst-preserves-lc
show lc (t[er s,Fvar p}) by (auto simp: openz-def)
qed

lemma body-lc:
fixes t s p
assumes body t and lc s and Ic p
shows lc (t[s’ p})
proof —
have finite (FV t U FV p) by simp
from exFresh-s-p-cof[OF this] obtain sa pa where
sa ¢ FVtUFVpApad FVtUFVpA sa+# paby auto
hence sa ¢ FVtand pa ¢ FVt and sa # pa and sa ¢ FV p
by auto

from body-le-FV[OF <body t] have Ic: Ic (t[Fvar sa,Fvar pa]y
by assumption

from
ssubst-intro[OF <sa ¢ FV t» <pa ¢ FV t» <sa # pa> <sa ¢ FV p]
ssubst-preserves-lc[OF lc] <lc sy <lc p»
show Ic (t[s’p]) by (auto simp: openz-def)
qed

lemma Ic-body:
fixes t s p
assumes [c t and s # p
shows body (o]s,p] t)
unfolding body-def
proof
have
Vsapa. sa ¢ FVt U {s} U{p} Apa ¢ FVtU {s} U{p} A sa # pa
— lc (o[s.p] [Fvar sa,Foar pa])
proof (intro strip)
fix sa :: fVariable and pa :: fVariable
assume sa ¢ FVtU {s} U {p} Apa & FVt U {s} U{p} A sa # pa
hence s ¢ F'V (Fuvar pa) by auto
from
sopen-sclose-eq-ssubst[OF <s # py this «lc )]
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ssubst-preserves-lc|OF <lc 1]
show Ic (o[s,p] [Fvar sa, Fuar pa]) by (
qed
thus

finite (FV ¢t U {s} U {p})

A (Vsapa. sa ¢ FVtU {s} U{p} Apa¢ FVtU {s} U{p} A sa# pa

— le (o[s,p] ¢[Fvar sa, Fuar pa])) by simp

stmp add: openz-def closez-def)

qed

lemma ssubst-preserves-lcE-lem[rule-format]:
fixes ¢
assumes lc t
showsVzut' . t=[z— ult'— lcu — lct’
using assms
proof
(induct
taking:
M. Vzut. t=[z— ul t/ — lcu — body t’
rule: le-induct)
case Fvar thus ?case by (intro strip, case-tac t’, simp-all)
next
case Call thus ?case by (intro strip, case-tac t', simp-all)
next
case (Upd t | u) note pred-t = this(2) and pred-u = this(3)
show Zcase
proof (intro strip)
fix z vt assume Upd t lu = [z — v] t"" and lc v
from this(1) have t': (3t' v’ ¢t'" = Upd t' l u') V (t'' = Fvar z)
proof (cases t”, auto)
fix y
assume Upd t | u = (if z = y then v else Fvar y)
thus y = z by (case-tac y = z, auto)
qed
show lc t”
proof (cases t" = Fuvar x)
case True thus ?thesis by simp
next
case False with «<Upd t lu = [x — v] t'» ¢"
show ?thesis
proof (clarify)
fix t' v assume Upd tlu =[xz — v] Upd t' lu'
hence t = [z — v] t'and u = [z — v] v’
by auto
with «c v» pred-t pred-u lc-upd]of t' | u]
show lc (Upd t’' | u’) by auto
qed
qed
qed
next
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case (Obj f T) note pred = this
show ?Zcase
proof (intro strip)
fix x v t' assume Obj f T = [z — v] t' and lc v
from this(1) have t" (3f". t'= Obj f' T) V (¢t' = Fuvar z)
proof (cases t’, auto)
fix y :: fVariable
assume Obj f T = (if ¢ = y then v else Fvar y)
thus y = z by (case-tac y = z, auto)
qed
show lc t’
proof (cases t' = Fuvar z)
case True thus ?thesis by simp
next
case Fulse with <Obj f T = [x — v] t) ¢’
show ?thesis
proof (clarify)
fix f'assume Obj f T =[x — v] Obj f' T
hence
ssubst: Vledom f. the(f 1) = [x — v] the(f' I) and
dom f = dom f'
by auto
with pred <lc vy lc-objlof f' T
show lc (Obj f' T)
by auto
qed
qed
qed
next
case (Bnd L t) note pred = this(2)
show ?Zcase
proof (intro strip)
fix vt assume t = [z — v] t' and lc v
from «finite L) exFresh-s-p-cof[of L U {z} U FV t/]
obtain s p where
s¢ Land p ¢ L and s # p and
z ¢ FV (Fvar s) and x ¢ FV (Fvar p) and
s¢ FVt'and p ¢ FV t/
by auto
from
k=[x — v th
ssubst-sopen-commute[ OF <lc vy «x ¢ FV (Fvar s)> <x ¢ FV (Fvar p)»]
have (t[Fvar s, Fvar p}) = [z — 1] (t/[Fvar s, Fvar p])
by (auto simp: openz-def)
with
s ¢ Ly <p ¢ Ly <s # p <c v pred
have Ic (t/[Fvar s, Fvar p]) by blast
from
le-body| OF this <s # p]
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sclose-sopen-eq-t|OF <s ¢ FV t' <xp ¢ FV t <s # p]
show body t’ by (auto simp: openz-def closez-def)
qed
qed

lemma ssubst-preserves-lIcE: [ lc ([x — t'] t); lct' ] = lc t
by (drule-tact = [z — t'| tand 2 = z and v = t'and t' = ¢
in ssubst-preserves-lcE-lem, simp+)

lemma obj-openz-lc: [ le (Obj f T); le p; | € dom f ] = lc (the(f l)[Objf T, p])
by (rule-tac s = Obj f T and p = p in body-lc, (simp add: lc-0bj)+)

lemma obj-insert-lc:
fixes f Tt 1
assumes lc (Obj f T) and body ¢
shows lc (Obj (f(I — t)) T)
proof (rule ssubst|OF lc-obj], rule balll)
fix I’ :: Label assume !’ € dom (f(l — ¢t)
with assms show body (the ((f(I — t)) 1))
by (cases I’ = 1, (auto simp: lc-0bj))
qed

lemma ssubst-preserves-body|simp]:
fixes t t' x
assumes body t and lc t’
shows body ([x — t/] t)
unfolding body-def
proof —
have
Vsp.sg FVE'U{z} Apg FVt'U{az} Ns#p
— e ([z = ¢ [ Fvar s,Foar p})
proof (intro strip)
fix s :: fVariable and p :: fVariable
from body-lc-FV[OF <body 5]
have lc ({0 — [Fvar s,Fvar p|} t) by (simp add: openz-def)
from ssubst-preserves-lc|OF this <lc t]
have lc ([z — t/] (t[Fvar s, Far p])) by (simp add: openz-def)

moreover assume s ¢ FVt'U{z} Ap¢ FVt' U{z} As#p
hence z ¢ FV (Fvar s) and z ¢ FV (Fuvar p) by auto
note ssubst-sopen-commute[OF <lc t'y this]
ultimately
show lc ([z — /] tlFvar s, Foar p]) by (simp add: openz-def)
qed
thus
L. finite LA (Vsp.s¢ LApg& LANs#p
— e ([z = ¢t ¢ Fvar s,Foar p]))
by (rule-tac x = FV t' U {z} in exl, simp)
qed
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lemma sopen-preserves-body[simp]:
fixes t s p
assumes body t and Ic s and Ic p
shows body ({n — [s,p]} ?)
unfolding body-def
proof —
have
Vsapa. sa ¢ FVtUFVsApaé¢ FVpA sa+#pa
— e ({n = [s,p]} ([Pvar sa,Foar pa])
proof (cases n = 0)
case True thus ?thesis
using body-lc[OF <body t» <lc sy <lc p>] sopen-twice|OF <lc $» <lc p»)
by (simp add: openz-def)
next
case Fulse thus ?thesis
proof (intro strip)
fix sa :: fVariable and pa :: fVariable
from body-lc-FV[OF <body ] have lc (t[er sa, Fvar pa]) by assumption
moreover
from sopen-commute-gen[OF - - <lc $» <lc p» not-sym[OF <n # 0)])
have {n — [s,p]} ([Fvar sa,Fvar pa] _ {n = [s,p]} (t[Fvar sa, Fvar pa])
by (simp add: openz-def)
ultimately show lc ({n — [s,p]} ¢[Fvar sa, Foar pa]) by simp
qed
qed
thus 3 L. finite L
A (Vsapa. sa ¢ LA pa¢ LA sapa
— le ({n = [s.p]} [Fvar sa, Foar pa]))
by (rule-tac z = FV t U FV s U FV p in ezl, simp)
qed

3.3 Beta-reduction

inductive beta :: [sterm, sterm] = bool (infixl <—g» 50)
where
beta[simp, introl]
[ 1€ dom f;lc (Objf T): lca] = Call (Obj f T) la —p (the (f IO [ T), al)
| beta-Upd[simp, intro!]
[1 e domf;lc (ObjfT); bodyt] = Upd (ObjfT)Ilt—p Obj (fl—1) T
| beta-CallL[simp, introl]: [t =g t/;lcu] = Calltlu —pg Callt' lu
| beta-CallR[simp, introl]: [t =gty lcu] = Callult —g Callult’
| beta-UpdL[simp, intro!] : [t =g t; body v ] = Updtlu —g Upd t' lu
| beta- UpdR[simp, introl] :
[ finite L;
Vsp.s¢ LApg LAs#p— (3t ¢lFvar s, Foar p] —g t''A t'= o[s,p]t");
lcu] = Updult —g Updult’
| beta-Obj[simp, intro!]
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[ 1 € dom f; finite L;
Vsp.sé¢ LApg LAs#p— (3t ¢l Fvar s,Foar p] —g t"" A t'= ols,p]t");
Viedom f. body (the (f1)) ]

= 0bj (f(l— 1) T =5 Obj (f(l—1t) T

inductive-cases beta-cases [elim!]:
Callslt =g u
Updslt —gu
ObjsT —pat

abbreviation
beta-reds :: [sterm, sterm] => bool (infixl (—>>) 50) where
s —>> t == beta " ** st

abbreviation
beta-ascii :: [sterm, sterm] => bool (infixl <(—>) 50) where
s —>1==Vbetast

notation (latex)
beta-reds (infixl «—g*» 50)

lemma beta-induct[consumes 1,

case-names CallL CallR UpdL UpdR Upd Obj beta Bnd):
fixes
t :: sterm and t’ :: sterm and
P1 :: sterm = sterm = bool and P2 :: sterm = sterm = bool
assumes
t —p t' and
Ntt'ul [t =gt Pltt;lcu] = PI (Calltlu) (Callt'lu)and
Nt uwl [t =ty PLttlcu] = P1 (Callult) (Callult’) and
Ntt'ul. [t =gt P1tt body u] = P1 (Upd t1w) (Upd t'lu) and
Ntt'wl. [ P2tthlcu] = P1 (Updult) (Updult’ and
N fTt[1edomf;le(0ObjfT); bodyt]

= PI1 (Upd (Obj fT)1t) (Obj (f(l—t)) T) and
N fte' T. [l e domf; P2¢t'yViedom f. body (the (f1)) ]

= P1 (Obj (f(l— 1)) T) (0bj (f(I—t")) T) and
N fTa [ledomf;lc(ObjfT)lcal

= P1 (Call (Obj f T) L a) (the (f [0V f T:aly ana
AL tt

[ finite L;

Vsp.sé¢ LApg LANs#Dp
— (3t ¢[Fvar s,Fvar p] gt
A Pl (t[Fvar s, Fvar p]) t At = alsp] t") ]

= P2ttt
shows P1 ¢ t'
using assms by (induct rule: beta.induct, auto)

lemma Fvar-beta: Fvar x —g t = False
by (erule beta.cases, auto)
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lemma Obj-beta:
assumes Obj f T —3 2
shows
Jif et dom f=domf'ANf=(f(l—1t) Al domf’
A (3 L. finite L
ANVsp.s¢ LApE LAs#p
— (3t t[Fvar s, Foar p] Sg t" A t'= o[s,p]t")))
ANz=0bj(f'l—=1t)) T
proof (cases rule: beta-cases(3)[OF assms])
case (11 fa L tt') thus %thesis
by (rule-tac z = 1 in exl,
rule-tac * = fa in exl,
rule-tac x = t in exl,
rule-tac © = t' in exl, auto)
qed

lemma Upd-beta: Upd tluv —p 2 =
(3t t =g t'Nz=Updt'lu)
V(3 u' L. finite L
ANWVsp.s¢e LApE LANs#Dp
— (3" (u[FvaT’ s, Fvar p]) Sg t" A = os,p]t"))
Az=Updtlu’)
VEfT.ledomfANObfT=tANz=0bj(f(l—u)T)
by (erule beta-cases, auto)

lemma Call-beta: Call tlu —g 2 =
3t t =gt/ Nz="Callt’' lu) vV (Bu'. u—gu ANz=Calltlu)
VEfFT. Obj fT =t AlLEdomfAz= (the (f)[OW ST, uly)
by (erule beta-cases, auto)

3.3.1 Properties

lemma beta-lc[simp]:
fixes ¢ ¢’
assumes t —g t’
shows lc t A lc t’
using assms
proof
(induct
taking: At t'. body t A body t’'
rule: beta-induct)
case CuallL thus ?case by simp
next
case CuallR thus Zcase by simp
next
case UpdR thus ?case by (simp add: lc-upd)
next
case UpdL thus ?case by (simp add: lc-upd)
next
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case beta thus ?case by (simp add: obj-openz-lc)
next
case Upd thus ?case by (simp add: lc-0bj lc-upd)
next
case Obj thus ?2case by (simp add: lc-0bj)
next
case (Bnd L t t') note cof = this(2)
from «finite Ly exFresh-s-p-cof[of L U FV i
obtain s p where
s¢ Land s ¢ FVtand p¢ Land p ¢ FVtand s # p
by auto
with cof obtain t’’ where
le (t[FWT s, Fvar p]) and lc t” and
t' = o[s,p] t" by auto
from
le-body[OF this(1) <s # p]
sclose-sopen-eq-t[OF <s ¢ FV t» <p & FV t) <s # p]
this(3) le-body[OF this(2) <s # p]
show ?case by (simp add: openz-def closez-def)
qed

lemma beta-ssubst[rule-format]:
fixes ¢ t’
assumes t —g t’
shows Vz v. lcv — [z = o] t =g [z — o] ¢/
proof —
define pred-cof
where pred-cof L t t/ «—
Vsp.s¢ LApg LNs#p— (3t tlFvar s, Foar p] —pg t" AN t'=o[s,p]
)
for L tt'
{
fixzovtt
assume
lc v and
Vv lev— (L. finite L A pred-cof L ([x — v] t) ([x = v] t))
hence
3 L. finite L A pred-cof L ([x — v] t) ([z — v] t)
by auto
}note Lex = this

fix x vl and f :: Label = sterm option
assume [ € dom f hence | € dom (Al. ssubst-option z v (f1))
by simp
Inote domssubst = this
{
fix x vl T and f :: Label = sterm option
assume [c (Obj f T) and lc v from ssubst-preserves-lc[OF this)
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have obj: lc (Obj (Al. ssubst-option z v (f1)) T) by simp
}note lcobj = this

from assms show ?thesis
proof
(induct
taking: A\t t'. Yz v. lc v
— (3 L. finite L
A pred-cof L ([x — v] t) ([x = v] t))
rule: beta-induct)
case CallL thus ?case by simp
next
case CuallR thus ?case by simp
next
case UpdL thus ?case by simp
next
case (UpdR t t' u l) note pred = this(1)
show ?case
proof (intro strip)
fix z v assume Ic v
from Lex[OF this pred)
obtain L where
finite L and pred-cof L ([z — v] t) ([z — v] t')
by auto
with ssubst-preserves-Ic[|OF <lc uw <lc v]
show [z — v] Upd ult —g [z — v] Upd ult’
unfolding pred-cof-def
by auto
qed
next
case (beta I f T t) thus ?case
proof (intro strip, simp)
fix z v assume Ic v
from ssubst-preserves-Ic[OF c t» this] have lc ([x — v] t)
by simp
note lem =
beta.beta| OF domssubst[OF <l € dom f»]
lcobj[OF <lc (Obj f T)» <lc v] this]

from < € dom f» have the (ssubst-option x v (f1)) = [x — v] the (f1)
by auto
with lem[of z] ssubst-openz-distrib| OF <lc v)]
show
Call (Obj (M. ssubst-option x v (f1)) T) 1 ([x — v] t)
—g [z — v] (the (f l)[Objf T, t})
by simp
qed
next
case (Upd | f T t) thus ?Zcase
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proof (intro strip, simp)
fix z v assume Ic v
from ssubst-preserves-body[OF <body t» <lc v»] have body ([t — v] t)
by simp
from
beta.beta-Upd[OF domssubst|OF <l € dom f»)
lcobj|OF <lc (Obj f T)» <lc v] this]
ssubstoption-insert[OF <l € dom f>]
show
Upd (Obj (Al. ssubst-option z v (f1)) T) I ([x — v] t)
—3g Obj (Ala. ssubst-option x v (if la = I then Some t else f la)) T
by simp
qed

next

case (Obj L ftt' T) note pred = this(2)
show ?case
proof (intro strip, simp)
fix z v assume lc v
note Lex[OF this pred)
from this[of z] obtain L where
finite L and pred-cof L ([x — v] t) ([x — v] t')
by auto
have Viedom (\l. ssubst-option z v (f1)). body (the (ssubst-option z v (f1)))
proof (intro strip, simp)
fix I’ :: Label assume I’ € dom f
with «Viedom f. body (the(f1))» have body (the (f1’)) by blast
note ssubst-preserves-body| OF this <lc v»]
with I’ € dom f) ssubst-option-lem
show body (the (ssubst-option z v (f 1)) by auto
qed
from
beta.beta-Obj|OF domssubst|OF <l € dom f>] «finite L) - this]
ssubstoption-insert|OF <« € dom f»] <pred-cof L ([z — v] t) ([x — v] t')
show
Obj (Mla. ssubst-option z v (if la = | then Some t else fla)) T
—g Obj (Ala. ssubst-option x v (if la = | then Some t' else f la)) T
unfolding pred-cof-def
by simp
qed

next

case (Bnd L t t') note pred = this(2)
show ?case
proof (intro strip)
fix z v assume Ic v
from <finite L»
show 3 L. finite L A pred-cof L ([x — v] t) ([x = v] t')
proof (rule-tac x = L U {z} U FV v in ezl
unfold pred-cof-def, auto)
fix spassume s ¢ Land p ¢ Land s # p
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with pred <lc v> obtain t’’ where
¢ Foar s,Foar p] —5 t" and

ssubst-beta: [x — v] (t[Fvar s, Fuar p}) —3 [z — v] t" and
t' = o[s,p] t"
by blast
assume s # z and p # x
hence = ¢ FV (Fvar s) and = ¢ FV (Fvar p) by auto
from ssubst-sopen-commaute[OF <lc vy this] ssubst-beta
have [z — v [ Fvar s,Fvar p]
by (simp add: openz-def)
moreover
assume s ¢ FVovand p ¢ FV o
from
ssubst-sclose-commute[ OF this not-sym[OF <s # ]
not-sym[OF <p # ]|

—g [z — v] t”

' = ols,p] t"

have [z — v] t' = o[s,p] [z — 0] ¢"
by (simp add: closez-def)

ultimately

show 3t”. [z — ] t[Fvar s, Foar p] =g t'"' Nz — v t' = ols,p] t”
by (rule-tac © = [z — o] t" in exl, simp)

qed
qed
qed
qed

declare if-not-P [simp] not-less-eq [simp]
— don’t add r-into-rtrancl[intro!]

lemma beta-preserves-FV[simp, rule-format):
fixes t t' x
assumes t —g t’
shows ¢ ¢ FVit — z ¢ FV ¢/
using assms
proof
(induct
taking: A\t t'. x ¢ FVt — x ¢ FV t/
rule: beta-induct)
case CuallL thus ?case by simp
next
case CuallR thus Zcase by simp
next
case UpdL thus ?case by simp
next
case UpdR thus ?case by simp
next
case Upd thus ?case by simp
next
case Obj thus ?case by simp
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next
case (beta I f T t) thus ?case
proof (intro strip)
assume z ¢ FV (Call (Obj f T) 1)
with <[ € dom f> have z ¢ FV (the (f1)) U FV (Obj f T) U FV t
proof (auto)
fix y :: sterm
assume z € FV y and fl = Some y
hence z € FVoption (f1)
by auto
moreover assume Vilcdom f. © ¢ FVoption (f 1)
ultimately show Fulse using (I € dom f>»
by blast
qed
from contra-subsetD[OF sopen-FV this]
show z ¢ FV (the (f l)[Objf T7t]) by (simp add: openz-def)
qed
next
case (Bnd L t t') thus ?case
proof (intro strip)
assume z ¢ FV ¢
from «finite Ly exFresh-s-p-cof[of L U {z}]
obtain s p where sp: s ¢ LU {z} Ap & LU {z} A s # p by auto
with «x ¢ FV t» sopen-FV[of 0 Fvar s Fvar p t]
have z ¢ FV (t[F”ar s, Fvar p]) by (auto simp: openz-def)
with sp Bnd(2) obtain ¢’ where
z ¢ FVt"and t' = o[s,p] t”
by auto
with sclose-subset-FV]of 0 s p t'] show z ¢ FV t’
by (auto simp: closez-def)
qed
qed

lemma rtrancl-beta-le[simp, rule-format]: t —pg* t' =t #t' — lct Nlct’
by (erule rtranclp.induct, simp,
drule beta-lc, blast)

lemma rtrancl-beta-lc2[simp): [ t —p* th lct ] = lc t’
by (case-tac t = t', simp+)

lemma rtrancl-beta-body:
fixes L ¢ t’
assumes
finite L and
Vsp.sé¢ LApg LANs#Dp
— 3t [Fvar s,Fvar p —g* t" A t' = o[s,p] t”) and
body t
shows body t’
proof (cases t = t')
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case True with assms(3) show ?thesis by simp

next
from exFresh-s-p-cof [OF «finite Ly]
obtain s p where sp: s ¢ L A p ¢ L A s+# p by auto
hence s # p by simp

from assms(2) sp
obtain ¢ where ¢[Fvar s,Fvar p] —g* t" and t' = o[s,p] t”
by auto
with <body t» have lc t"’
proof (cases (t[FUar s,Fvar p]) _—
case True with body-lc[OF <body t»] show lc t”’ by auto
next
case Fulse with rtrancl-beta-lc|OF (t[Fvar s, Foar p] —5* ']
show Ic t" by auto
qed
from lc-body|OF this <s # p] <t' = o[s,p] t"» show body t' by simp
qged

lemma rtrancl-beta-preserves-FV [simp, rule-format]:
t =gt =2 ¢ FVt— 2 ¢ FV
proof (induct t t’ rule: rtranclp.induct, simp)
case (rtrancl-into-rtrancl a b ¢) thus Zcase
proof (clarify)
assume z ¢ FVband z € FV ¢
from beta-preserves-FV[OF b —5 ¢ this(1)] this(2)
show Fulse by simp
qed
qed

3.3.2 Congruence rules

lemma rtrancl-beta-CallL [intro!, rule-format]:
[t—=p*thilcu] = Calltlu—pg* Callt’' lu
proof (induct t t' rule: rtranclp.induct, simp)
case (rtrancl-into-rtrancl a b ¢) thus Zcase
proof (auto)
from b =g ¢ «c w> have Call bl u —g Call c l u by simp
with rtrancl-into-rtrancl(2)[OF <c u»)
show Call a l v —g* Call c l u by auto
qed
qed

lemma rtrancl-beta-CallR [intro!, rule-format]:
[t—=p*thilcu] = Callult —g* Callult’
proof (induct t t’ rule: rtranclp.induct, simp)
case (rtrancl-into-rtrancl a b ¢) thus Zcase
proof (auto)
from b =g ¢ «lc w» have Call v lb =g Call vl c by simp
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with rtrancl-into-rtrancl(2)[OF <lc w»)
show Call ula —g* Call ul c by auto
qed
qed

lemma rtrancl-beta-Call [intro!, rule-format]:
[t—p"thilect;u—p" uslcul]
= Calltlu —g* Call t' L u’
proof (induct t t’ rule: rtranclp.induct, blast)
case (rtrancl-into-rtrancl a b ¢) thus Zcase
proof (auto)
from <u —g* u’» <lc w» have lc v’ by auto
with <b =5 ¢ have Call bl u' —5 Call ¢ l u’ by simp
with rtrancl-into-rtrancl(2)[OF <c a» <u —g* u’ <lc w]
show Call a l uw —g* Call ¢ I v’ by auto
qged
qed

lemma rtrancl-beta-UpdL:
[t—p*thbodyu] = Updtlu—p* Updt'lu
proof (induct t t’ rule: rtranclp.induct, simp)
case (rtrancl-into-rtrancl a b ¢) thus ?case
proof (auto)
from <b =g ¢ <body w» have Upd bl v —g Upd c | u by simp
with rtrancl-into-rtrancl(2)[OF <body w)]
show Upd a | uw —g* Upd c | u by auto
qed
qed

lemma beta-binder|rule-format]:
fixes t t’
assumes t —g t’
shows
VLsp. finiteL— s¢ L —p¢gL—s#p
— (3L finite L' A (Vsa pa. sa ¢ L' AN pa ¢ L' A sa # pa
— (3" (o[s.p] t)[FvaT’ sa,Fvar pa) 5t
A ols,p] t' = ofsa,pa] "))
proof (intro strip)
fix L :: fVariable set and s :: fVariable and p :: fVariable
assume s # p
have
Vsapa. sa ¢ LUFVtU{s}U{p} Apa¢ LUFVtU/{s}U{{p} A sa+# pa
— (3t". (o[s,p] t)[Fvar sa,Fvar pal —5 t" A ols,p] t' = o[sa,pa] t")
proof (intro strip)
fix sa :: fVariable and pa :: fVariable
from beta-ssubst|OF <t —g t"]
have [p — Fvar pa] t —g [p — Fvar pa] t’ by simp
from beta-ssubst[OF this
have
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betasubst: [s — Fvar sa] [p — Fvar pa] t —p [s — Fvar sa] [p — Fvar pa] t’

by simp
from beta-lc[OF <t —3 t"] have Ilc t and lc t' by auto

assume
sapa: sa ¢ LU FVtU {s} U{p} Apa¢g LU FVtU{s}U({p} A sa# pa
hence s ¢ F'V (Fvar pa) by auto
from
sopen-sclose-eq-ssubst[OF <s # py this «lc )]
sopen-sclose-eq-ssubst[OF <s # py this <c t))
betasubst
have o[s,p] {[Fvar sa, Fvar pal g (o[s,p] [ Fvar sa, Pvar pa])
by (simp add: openz-def closez-def)

moreover
{
from sapa have sa ¢ FV t by simp
from
contra-subsetD[OF sclose-subset-FV
beta-preserves-FV[OF «t — g t' this]]
have sa ¢ FV (o[s,p] t') by (simp add: closez-def)
moreover
from sapa have pa ¢ FV t by simp
from
contra-subsetD[OF sclose-subset-FV
beta-preserves-FV[OF «t —g t' this]]
have pa ¢ FV (o[s,p] t') by (simp add: closez-def)
ultimately
have sa ¢ FV (o[s,p] t') and pa ¢ FV (o[s,p] t') and sa # pa
using sapa
by auto
note sym|[OF sclose-sopen-eq-t[OF this]]
}
ultimately
show
34 a[s,p] t[FvaT‘ sa, Fvar pa] —5 N O'[S,p] = o[sa,pa] 4+
by (auto simp: openz-def closez-def)
qed
moreover assume finite L
ultimately
show
AL finite L' A (Vsa pa. sa ¢ L' A pa ¢ L' A sa # pa
— (3", o[s.p] {[Fvar sa,Fuar pa] gt
A ols,p] t' = o[sa,pa] t"))
by (rule-tac x = LU FV ¢t U {s} U {p} in exl, simp)
qed

lemma rtrancl-beta-UpdR:
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fixes L tt' ul
assumes
Vsp.s¢é¢ LApE LANs#Dp
— (3 (t[Fvar s, Fvarp]) —g* t" A t' = o[s,p]t”) and
finite L and Ic u
shows Upd u 1t —g* Upd ult’
proof —
from «finite Ly have finite (L U FV t) by simp
from exFresh-s-p-cof[OF this]
obtain s p where sp: s ¢ LUFVitAp¢ LUFViAs+#pby auto
with assms(1) obtain ¢/’ where ¢[Fvar s,Fvar p] —g* t" and t" t' = o[s,p] t"
by auto
with <lc uw» have Upd u [t —g* Upd u l o[s,p] t”’
proof (erule-tac rtranclp-induct)
from sp have s ¢ FVtand p ¢ FV t and s # p by auto
from sclose-sopen-eq-t[|OF this]
show Upd u lt —p* Upd ul (a[s,p](t[F”M s, Fvar p]))
by (simp add: openz-def closez-def)
next
fix y :: sterm and z :: sterm
assume y —g 2z
from sp have s ¢ L and p ¢ L and s # p by auto
from beta-binder|OF <y —g z» <finite L this]
obtain L’ where
finite L' and
Vsa pa. sa ¢ L'\ pa ¢ L' N\ sa # pa
— (3t". ols,p] y[Fvar sa,Fvar pa) 5 t" A ols,p] z = olsa,pa] t'")
by auto
from beta.beta-UpdR[OF this <lc w)]
have Upd ul (o]s,p] y) —p Upd ul (o[s,p] 2) by assumption
moreover assume Upd u 1t —g* Upd ul (o]s,p] y)
ultimately show Upd v [t —g* Upd u l (o[s,p] z) by simp
qed
with ¢’ show Upd u 1t —g* Upd u lt' by simp
qed

lemma rtrancl-beta-Upd:
[ w—g* u’; finite L;
Vsp.sé LApE LANs#Dp
— (3" [Fvar s,Fvar p] Sg* t At = ofs,p)t");
le u; body t ]
= Updult—g* Updu'lt
proof (induct u u’ rule: rtranclp.induct)
case rtrancl-refl thus ?case by (simp add: rtrancl-beta-UpdR)
next
case (rtrancl-into-rtrancl a b ¢) thus ?case
proof (auto)
from rtrancl-beta-body[OF «finite Ly rtrancl-into-rtrancl(5) <body t)] <b —pg ¢
have Upd b I t' —5 Upd c I t' by simp
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with rtrancl-into-rtrancl(2)[OF «finite Ly rtrancl-into-rtrancl(5) <lc a> <body
]
show Upd a lt —g* Upd c I t' by simp
qed
qed

lemma rtrancl-beta-obj:
fixes | fLTtt
assumes
[ € dom f and finite L and
Vsp.sé@ LApE LANs#Dp
— (3" [Fvar s,Fvar p] 5% t" At = o[s,p]t”) and
Viedom f. body (the(f 1)) and body t
shows Obj (f (1 1) T —5* Obj (f (1 t/) T
proof —
from «finite Ly have finite (L U F'V t) by simp
from exFresh-s-p-cof [OF this]
obtain s p where sp: s ¢ LUFVtAp & LUFVLEASs#pDby auto
with assms(3) obtain ¢ where tlFvar s, Foar p] —g* t"” and t' = o[s,p] t"’
by auto
with « € dom f> «Viedom f. body (the(f 1))
have Obj (F(1+— 1)) T —5* Obj (F(1— ofs,p] t')) T
proof (erule-tac rtranclp-induct)
from sp have s ¢ FVtand p ¢ FV ¢ and s # p by auto
from sclose-sopen-eq-t|OF this]
show Obj (f(I+ 1)) T —g* Obj (f(I v ols,p] (¢[Fvar s:Fear plyyy
by (simp add: openz-def closez-def)
next
fix y :: sterm and z :: sterm assume y —g 2
from sp have s ¢ L and p ¢ L and s # p by auto
from beta-binder[OF <y — g 2> <finite L this]
obtain L’ where
finite L' and
Vsapa. sa ¢ L' A pa ¢ L' A sa # pa
— (3t ols,p] ylFvar sa,Foar pa] —g t"" A os,p] z = o[sa,pa] t")
by auto
from beta.beta-Obj[OF <l € dom f»> this <V1€dom f. body (the(f1))]
have Obj (f(1 > ols.p] 1) T —5 Obj (f(1 > ols;p] ) T
by assumption
moreover assume Obj (f(I — t)) T —* Obj (f(I — o[s,p] y)) T
ultimately
show Obj (f(l— t)) T —5* Obj (f(l — o[s,p] z)) T by simp
qed
with «t' = o[s,p] t"» show Obj (f(I — t)) T —* Obj (fl—1t) T
by simp
qed

lemma obj-lem:
fixes [ f T Lt
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assumes
I € dom f and finite L and
Vsp.s¢é¢ LApE LANs#Dp
— (3", ((the(f 1))[Fvar s,Foar ply _y o« 41 A 47 = 5[5,p]t") and
Viedom f. body (the(f 1))
shows Obj f T —p* Obj (f(l— ")) T
proof
(rule-tac P = Ay. Obj y T —g* Obj (f(I — t") T and s = (f(I — the(f1)))
in subst)
from <l € dom f» fun-upd-idem show f(I — the (f1)) = f by force
next
from <l € dom f> «VIedom f. body (the(f1))> have body (the (f1))
by blast
with
rtrancl-beta-obj|OF <l € dom f» «finite Ly assms(3) <V l€dom f. body (the(f1))]
show Obj (f(l — the (f1))) T —g* Obj (f(I — t")) T by simp
qed

lemma rtrancl-beta-obj-lem00:
fixes L f g
assumes
finite L and
Viedom f.Vsp.s¢ LApg LANs#Dp
— 3" ((the(f l))[FvaT‘ s, Fvar p]) gt !
A the(g 1) = ols,p]t”) and
dom f = dom g and Viedom f. body (the (f1))
shows
Vk < (card (dom f)).
(3 ob. length ob = (k + 1)
A (Y obi. obi € set ob — dom (fst(obi)) = dom f A ((snd obi) C dom f))

A (fst (0bl0) = f)

A (card (snd (oblk)) = k)

A (Vi < k. snd (obli) C snd (obk))

A (Obj (fst (0b10)) T —g* Obj (fst (oblk)) T')

A (ca (snd (oblk)) =k

— (Ltake-eq (snd (ob'k)) (fst (oblk)) g)
A (Ltake-eq ((dom f) — (snd (0blk))) (fst (oblk)) f)))
proof

fix k£ :: nat
show
k < card (dom f)
— (Fob. length ob = k + 1
A (Y obi. obi € set ob — dom (fst obi) = dom f A snd obi C dom f)
A fst (ob! 0) = f
A card (snd (ob ! k)) =k
A (Vi<k. snd (ob! i) C snd (ob ! k))
A Obj (fst (ob ! 0)) T —p* Obj (fst (b ! k) T
A (card (snd (ob ! k)) = k
— Ltake-eq (snd (0b ! k)) (fst (0b! k)) g
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A Ltake-eq (dom f — snd (ob ! k)) (fst (0ob ! k)) f))
proof (induct k)
case 0 thus Zcase
by (simp, rule-tac © = [(f,{})] in exl, simp add: Ltake-eq-def)
next
case (Suc k) thus ?case
proof (clarify)
assume Suc k < card (dom f) hence k < card (dom f) by arith
with Suc.hyps
obtain ob where
length ob = k + 1 and
mem-ob: V obi. obi € set ob
— dom (fst obi) = dom f A snd obi C dom f and
fst (ob! 0) = f and
card (snd (ob ! k)) = k and
Vi<k. snd (ob! i) C snd (ob! k) and
Obj (fst (ob ! 0)) T —p* Obj (fst (ob! k)) T and
card-k: card (snd (ob ! k)) =k
— Ltake-eq (snd (ob ! k)) (fst (ob! k)) g
A Ltake-eq (dom f — snd (ob ! k)) (fst (ob ! k)) f
by auto
from <length ob = k + 1) have obkmem: (0b'k) € set ob by auto

with mem-ob have obksnd: snd(oblk) C dom f by blast

from
card-psubset| OF finite-dom-fmap this] <card (snd(oblk)) = k»
<k < card (dom f)»

have snd (0blk) C dom f by simp

then obtain !’ where I’ € dom f and I’ ¢ snd (0blk) by auto

from obkmem mem-ob have obkfst: dom (fst(oblk)) = dom f by blast

define ob’ where ob’ = 0b @ [((fst(ob'k))(I' — the (g’)), insert I’ (snd(ob!k)))]

from nth-fst[OF <length ob = k + 1>] have first: 0b"l0 = 0bl0
by (simp add: ob’-def)

from <length ob = k + 1) nth-last[of ob Suc k]
have last: 0b"\Suc k = ((fst(ob'k))(I" — the (g 1)), insert I’ (snd(ob'k)))
by (simp add: ob’-def)

from <length ob = k + 1> nth-append|of ob - k] have kth: ob"k = oblk
by (auto simp: ob’-def)

from <card (snd(oblk)) = k> card-k

have ass:
Vie(snd(oblk)). fst(oblk) I = gl
Vie(dom f — snd(oblk)). fst(oblk) I = f1
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by (auto simp: Ltake-eq-def)

from <length ob = k + 1) have length ob’ = Suc k + 1
by (auto simp: ob’-def)

moreover
have V obi. obi € set ob’ — dom (fst obi) = dom f A snd obi C dom f
unfolding ob’-def
proof (intro strip)
fix obi :: (Label —~> sterm) x (Label set)
assume obi € set (0b @ [((fst(oblk))(I' + the (g 1)), insert I’ (snd (oblk)))])
note mem-append-lem'[OF this)
thus dom (fst obi) = dom f A snd obi C dom f
proof (rule disjE, simp-all)
assume obi € set ob
with mem-ob show dom (fst obi) = dom f A snd obi C dom f
by blast
next
from obkfst obksnd I’ € dom f»
show
insert I’ (dom (fst (0blk))) = dom f
Al € dom f A snd(oblk) C dom f
by blast
ged
qed

moreover
from first <fst(ob!0) = f» have fst(ob"0) = f by simp

moreover

from obksnd finite-dom-fmap finite-subset

have finite (snd (0blk)) by auto

from card.insert-remove[OF this)

have card (insert I’ (snd (0blk))) = Suc (card (snd(oblk) — {l'}))
by simp

with «’ ¢ snd (oblk)> <card (snd(oblk)) = k> last

have card(snd(ob"\Suc k)) = Suc k by auto

moreover
have Vi<Suc k. snd (ob"i) C snd (0b"\Suc k)
proof (intro strip)

fix i :: nat

from last have snd(ob"\Suc k) = insert I’ (snd (oblk)) by simp
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with <’ ¢ snd (oblk)> have snd(oblk) C snd(ob'Suc k) by auto
moreover
assume 7 < Suc k
with <length ob = k + 1> have 7 < length ob by simp
with nth-append|of ob - 7] have ob’li = obli by (simp add: ob’-def)
ultimately show snd(ob"i) C snd(ob'\Suc k)
proof (cases i < k)
case True
with
Vi<k. snd(obli) C snd(oblk)) <obi = obli
<snd(oblk) C snd(ob'Suc k)»
show snd (0b"i) C snd (0b'\Suc k) by auto
next
case Fulse with i < Suc k> have ¢ = k by arith
with <obli = obli> «<snd(oblk) C snd(ob’lSuc k)»
show snd (0b"i) C snd (0b'\Suc k) by auto
qged
qed

moreover
{
from <’ € dom f» I’ ¢ snd(ob'k)» have I’ € (dom f — snd(ob'k))
by auto
with ass have the(fst(oblk) I") = the(f 1) by auto
with «’ € dom f» assms(2)
have
sp:Vsp.s¢é¢ LApg LANs#Dp
— (3¢, the(fst(oblk) l’)[er s, Fvar pl —g* t"
A the (g 1) = ols,p] t")
by simp

moreover
have Viedom (fst(oblk)). body (the(fst(oblk) 1))
proof (intro strip)
fix la :: Label
assume la € dom (fst(oblk))
with obkfst have inf: la € dom f by auto
with assms(4) have bodyf: body (the(f la)) by auto
show body (the(fst(ob'k) la))
proof (cases la € snd(oblk))
case Fulse with inf have la € (dom f — snd(oblk)) by auto
with ass have fst(oblk) la = f la by blast
with bodyf show body (the (fst(oblk) la)) by auto
next
from exFresh-s-p-cof [OF «finite L»]
obtain s p where s ¢ L Ap ¢ L A s+# p by auto
with assms(2) inf
obtain ¢’ where
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}

the (f la)[Fvar s, Fvar p] —4* t' and
the (g la) = o[s,p] t' by blast
from body-lc[OF bodyf] have lcf: lc (the (f la)[F“ar s,Fuar p]) by auto
hence bodyg: body (the(g la))
proof (cases (the (f la)[FWT s, Far p]) =t
case True
with
lef le-body <s ¢ LAp & LANs#p
<the(g la) = ols,p] th
show body (the(g la)) by auto
next
case Fulse
with
rtrancl-beta-lc[OF <the (f la)[F”‘“" s, FPoar p] —g* th]
le-body <s ¢ L ANp ¢ LA s#pr<the(gla) = o[s,p] t"
show body (the(g la)) by auto
qed
case True with ass bodyg show body (the(fst(oblk) la)) by simp
qed
qged

moreover
from <’ € dom f> obkfst have I’ € dom(fst(oblk)) by auto
note obj-lem[OF this «finite L))

ultimately
have Obj (fst(oblk)) T —p* Obj ((fst(oblk))(I' — the (g 1)) T
by blast

moreover
from last have fst(0blSuc k) = (fst(oblk))(I" — the (g 1))
by auto

ultimately
have Obj (fst(0b"10)) T —g* Obj (fst(ob"Suc k)) T
using
rtranclp-trans[OF <Obj (fst (0b!0)) T —g* Obj (fst (oblk)) 1] first kth
by auto

moreover
from «I’ € dom f> <dom f = dom ¢
have

card (snd(ob"\Suc k)) = Suc k
— Ltake-eq (snd (0b"\Suc k)) (fst (0b"'Suc k)) g

A Ltake-eq (dom f — snd(0b"\Suc k)) (fst(ob"\Suc k)) f
by (auto simp: Ltake-eq-def last ass)
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ultimately
show
Job. length ob = Suc k + 1
A (Y obi. obi € set ob — dom (fst obi) = dom f A snd obi C dom f)
A fst (ob! 0) =f
A card (snd (ob! Suc k)) = Suc k
A (Vi<Suc k. snd (ob ! i) C snd (ob! Suc k))
A Obj (fst (ob ! 0)) T —g* Obj (fst (ob! Suck)) T
A (card (snd (0b! Suc k)) = Suc k
— Ltake-eq (snd (0b ! Suc k)) (fst (ob! Suc k)) g
A Ltake-eq (dom f — snd (ob ! Suc k)) (fst (ob ! Suc k)) f)
by (rule-tac = ob’ in exl, simp)
qed
qed
qed

lemma rtrancl-beta-obj-n:
fixes fgL T
assumes
finite L and
Viedom f.Vsp.s¢ LApg LANs#Dp
— (3", ((the(f l))[FvaT s, Fvar p]) 5" !
A the(g 1) = ols,p]t”) and
dom f = dom g and Viedom f. body (the(f 1))
shows Obj f T —g* Objg T
proof (cases f = Map.empty)
case True with <dom f = dom g¢> have {} = dom g by simp
from «f = Map.empty> empty-dom[OF this] show ?thesis by simp
next
from rtrancl-beta-obj-lem00[OF assms|
obtain ob :: ((Label —~> sterm) x (Label set)) list
where
length ob = card(dom f) + 1 and
Y obi. obi € set ob — dom (fst obi) = dom f A snd obi C dom f and
fst(obl0) = f and
card (snd(oblcard(dom f))) = card(dom f) and
Obj (fst(ob!0)) T —p* Obj (fst(oblcard(dom f))) T and
Ltake-eq (snd(oblcard(dom f))) (fst(oblcard(dom f))) g
by blast
from <length ob = card (dom f) + 1» have (oblcard(dom f)) € set ob by auto
with <V obi. obi € set ob — dom (fst obi) = dom f A snd obi C dom f>»
have dom (fst(ob!card(dom f))) = dom f and snd(oblcard(dom f)) C dom f
by blast+

{
fix | :: Label

from
<snd(oblcard(dom f)) C dom f» <card (snd(oblcard(dom f))) = card(dom f)»
Ltake-eq-dom
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have snd(ob!card(dom f)) = dom f by blast
with (Ltake-eq (snd(oblcard (dom f))) (fst(oblcard (dom f))) ¢
have fst(oblcard(dom f)) l = g
proof (cases | € dom f, simp-all add: Ltake-eq-def)
assume [ ¢ dom f
with <dom f = dom ¢» «dom (fst(oblcard(dom f))) = dom f>
show fst(oblcard(dom f)) | = g | by auto
qed
}
with ezt have fst(oblcard(dom f)) = g by auto
with «fst(0b!0) = f> «Obj (fst(obl0)) T —* Obj (fst(oblcard (dom f))) T»
show Obj f T —3* Obj g T by simp
qed

3.4 Size of sterms

definition fsize0 :: (Label —~> sterm) = (sterm = nat) = nat where
fsizel f sts =
foldl (+) 0 (map sts (Finite-Set.fold (Axz z. zQ[THE y. Some y = fz]) [] (dom
)

primrec

sstze :: sterm = nat

and

ssize-option :: sterm option = nat
where

ssize-Buvar : ssize (Bvar b) = 0
| ssize-Fuvar : ssize (Fvar z) = 0
| ssize-Call : ssize (Call a 1b) = (ssize a) + (ssize b) + Suc 0
| ssize-Upd : ssize (Upd a | b) = (ssize a) + (ssize b) + Suc 0
| ssize-Obj : ssize (Obj f T) = Finite-Set.fold (Az y. y + ssize-option (f x)) (Suc
0) (dom f)
| ssize-None : ssize-option (None) = 0
| ssize-Some : ssize-option (Some y) = ssize y + Suc 0

interpretation comp-fun-commute (Az y::nat. y + (f x))
by (unfold comp-fun-commute-def, force)

lemma SizeOfObjectPos: ssize (Obj (f::Label —~> sterm) T) > 0
proof (simp)
from finite-dom-fmap have finite (dom f) by auto
thus 0 < Finite-Set.fold (A\x y. y + ssize-option (f z)) (Suc 0) (dom f)
proof (induct)
case empty thus Zcase by simp
next
case (insert A a) thus Zcase by auto
qed
qed
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end

4 Parallel reduction

theory ParRed imports HOL— Proofs— Lambda. Commutation Sigma begin

4.1 Parallel reduction

inductive par-beta :: [sterm,sterm| = bool (infixl <=g> 50)
where
pbeta-Fvar|[simp,introl]: Fvar x =3 Fvar x
| pbeta-Obj[simp,introl] :
[ dom f' = dom f; finite L;
Viedomf.Vsp.s¢ LApg LANs#p
— (3t. (the(f 1)lFvar s, Foar p]) =5t
A thel(f71) = ols.p] 1)
Vlcdom f. body (the(f 1)) | = Obj f T =4 Obj f' T
| pbeta-Upd[simp,introl] :
[t =35t lct; finite L;
Vsp.sé LApE LANs#Dp
— (3" (U[Fvar s, Fvar p]) =5 t" A u' = ols,p] t);
body w] = Upd tlu=p5 Updt'lu
| pbeta- Upd'[simp,intro!]:
[ ObjfT =5 Obj f' T; finite L;
Vsp.s¢é¢ LApE LAs#p
—» (3t (tlFvar s, Foar p] =g t'" Nt/ =ols,p] t"); | € dom f;
le (ObjfT); bodyt] = (Upd (Obj fT)Lt) =5 (0Obj (f'(l—1))T)
| pbeta-Call[simp,intro!]:
[t=pthu=pulctlcu]
= Calltlu=p5 Callt'l v
| pbeta-beta[simp,introl]:
[ ObjfT =5 Objf' T; 1€ domf;p=pp;le(ObjfT)lep]
— Call (Obj f T) 1 p =5 (the(f' (O T), pT)

inductive-cases par-beta-cases [eliml]:
Foar z =g t
ObjfT =4t
Callflp=pt
Upd flt =5 u

abbreviation
par-beta-ascii :: [sterm, sterm] => bool (infixl <=>) 50) where

t => u == par-beta t u

lemma Obj-par-red[consumes 1, case-names objl:
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[ObifT =35 %
Nz. [ domlz=dom f; 2=0bj 1z T] = Q] = Q
by (rule par-beta-cases(2), assumption, auto)

lemma Upd-par-red[consumes 1, case-names upd obj):
fixes tlu z
assumes
Upd tl v =3 z and
At w' L. [ t =5 t; finite L;
Vsp.sé¢ LApg LANs#Dp
— (3t (U[Fvar s, Fvar p}) =5 t"
A u' = ols,p|t");
z=Updt'lu'] = Qand
N Tuw L [ledomf; ObjfT =1t ObjfT =5 Objf' T,
finite L;
Vsp.s¢é¢ LApELANs#Dp
— (3" (u[Fvar s, Fvar p]) =g t"
A u' = olsplt");
2= 0B (fl u) T] = Q
shows @
using assms
proof (cases rule: par-beta.cases)
case pbeta-Upd thus ?thesis using assms(2) by force
next
case pbeta-Upd’
from this(1—2) this(5—6) assms(3)[OF - - this(3—4)]
show ?thesis by force
qed

lemma Call-par-red[consumes 1, case-names call betal:
fixes s lu z
assumes
Call s lu =3 z and
Ntu' [s=pt;u=pu;z= Calltliu]
= @Q
N Tu. [ObjfT=s ObjfT =45 Objf' T,
ledomf'; u=pu’
2= (the (f IO S T ul) ] — @
shows @)
using assms
proof (cases rule: par-beta.cases)
case pbeta-Call thus ?thesis using assms(2) by force
next
case pbeta-beta
from this(1—5) assms(3)[OF - this(3)]
show ?thesis by force
qed

lemma pbeta-induct[consumes 1, case-names Fvar Call Upd Upd’ Obj beta Bnd]:
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fixes
t :: sterm and t’ :: sterm and
P1 :: sterm = sterm = bool and P2 :: sterm = sterm = bool
assumes
t =5 t' and
Nz. P1 (Fvar z) (Fvar x) and
Ntt'luu [t=pti Pltthlct;u=pu;Pluuv’;lcu]
= P1 (Calltlu) (Call t' I u') and
Ntt'luu' [t=p5t P1tt]lct; P2uu'; body u |
— PI1 (Upd tlu) (Updt'lu')and
N Ttt'l.[ ObjfT =5 Objf' T; P1 (ObjfT)(Objf"T),
P2ttt 1l e domf;lc (0bjfT); bodyt]
= P1 (Upd (Obj fT)1t) (Obj (f(l—t)) T)and
N f' T. [ dom f' = dom f; Viedom f. body (the(f1));
Viedom f. P2 (the(f 1)) (the(f' 1)) ]
— P1 (Obj f T) (Obj f' T) and
AFF'TUpp' [ Obj f T =5 Objf' T5 P1 (Obj f T) (Oj f' T); le (O] f T);
L€ dom f;p=pps Plpp,lep]
— P1 (Call (Obj f T) 1p) (the(f DIOW " T, 27y and
ALt ¢
[ finite L;
Vsp.sé¢ LApéE LAs#Dp
— (3¢, ¢[Fvar s,Fvar p] =5t
A Pl (t[Fvar s, Fvar p]) t" At = ols,p] t") ]
= P2tt’
shows PI t t'
by (induct rule: par-beta.induct|OF assms(1)], auto simp: assms)

4.2 Preservation

lemma par-beta-lc[simpl:
fixes ¢ ¢’
assumes t =g t’
shows lc t A lc t’
using assms
proof
(induct
taking: At t'. body t'
rule: pbeta-induct)
case Fuvar thus ?case by simp
next
case Call thus ?case by simp
next
case Upd thus ?case by (simp add: lc-upd)
next
case Upd’ thus ?case by (simp add: lc-upd lc-0bj)
next
case Obj thus ?case by (simp add: lc-0bj)
next
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case (beta ff' T lp p’) thus Zcase
by (clarify, simp add: lc-obj body-lc[of the(f' 1) Obj f' T p'])

next

case (Bnd L t t') note cof = this(2)

from exFresh-s-p-cof [OF «finite Ly]

obtain s p where sp: s ¢ LA p ¢ L A s+# pby auto

with cof obtain ¢t where Ic t" and t’' = o[s,p] t"' by blast

with lc-body[of "' s p] sp show body t’' by force
qed

lemma par-beta-preserves-FV [simp, rule-format]:
fixes t t' x
assumes t =3 t’
shows z ¢ FVi— z ¢ FV ¢/
using assms
proof
(induct
taking: Mt t'. x ¢ FVt — z ¢ FV t’
rule: pbeta-induct)
case Fuvar thus ?case by simp
next
case Call thus ?case by simp
next
case Upd thus ?case by simp
next
case Upd’ thus ?case by simp
next
case Obj thus ?case by (simp add: FV-option-lem)
next
case (beta ff' T I p p’) thus Pcase
proof (intro strip)
assume z ¢ FV (Call (Obj f T) 1 p)
with
x & FV (ObjfT) — x ¢ FV (Obj f' T)
¢ FVp— xz¢ FVph
have obj: =z ¢ FV (Obj f' T) and p" = ¢ FV p’
by auto
from <! € dom f» <Obj f T =5 Obj f' T» have | € dom f’
by auto
with
obj’ p’ FV-option-lem[of f]
contra-subsetD[OF sopen-FV[of 0 Obj f' T p’ the(f’ 1)]]
show z ¢ FV (the (f’ l)[Objfl Tﬁ”,]) by (auto simp: openz-def)
qed
next
case (Bnd L t t') note cof = this(2)
from «finite Ly exFresh-s-p-cof[of L U {z}]
obtain s p where
s¢ Land p ¢ L and s # p and
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z ¢ FV (Fvar s) and = ¢ FV (Fvar p)
by auto
with cof obtain ¢’ where
tt". x ¢ FV (tFvar s, Foarply o ¢ Py ¢/ and
t' = ols,p] t”
by auto
show Zcase
proof (intro strip)
assume z ¢ FV ¢
with
tt" «x ¢ FV (Fvar s)y <x ¢ FV (Fvar p)
contra-subsetD[OF sopen-FV|of 0 Fvar s Fvar p t]]
sclose-subset-FVof 0 s p t"] <t' = o[s,p] t'»
show z ¢ FV t' by (auto simp: openz-def closez-def)
qed
qed

lemma par-beta-body[simp):
[ finite L;
Vsp.sé¢ LApEé LANs#p
— 3t [Fvar s,Fvar p] =g t" At =osp] ") ]
= body t A body t'
proof (intro conjI)
fix L :: fVariable set and t :: sterm and t’ :: sterm
assume finite L hence finite (L U FV t) by simp
from exFresh-s-p-cof[OF this]
obtain s p where sp: s ¢ LUFVitAp¢ LU FViAs+#pby auto
hence s ¢ FVtand p ¢ FV t and s # p by auto

assume
Vsp.s¢ LApg LANs#Dp
— (3t fFvar s,Fvar p] _< 11 a 41 — ols,p] t")
with sp obtain ¢/ where t[Fvar s,Fvar p] =p t'""and t' = o[s,p] t"
by blast

from par-beta-Ic[OF this(1)] have lc (t[FwT s,Fvar p]) and lc ¢"
by auto

from

le-body[OF this(1) <s # p]

sclose-sopen-eq-t|OF <s ¢ FV t» <p & FV > <s # p]
show body t

by (simp add: closez-def openz-def)

from lc-body[OF <lc t"y «<s # p] «t' = o[s,p] t'"» show body t’ by simp
qed

76



4.3 Miscellaneous properties of par_beta

lemma Fvar-pbeta [simp]: (Fvar © =g t) = (t = Fvar z) by auto
lemma Obj-pbeta: Obj f T =5 Obj f' T
= dom f' = dom f
A (3 L. finite L
ANViedomf.Vsp.s¢éd LApE LANs#Dp
— (3 t. (the(f l)[F”‘”” s, Fvar p}) =3t
A the("1) = olsp]1)))
A (Viedom f. body (the(f1)))

by (rule par-beta-cases(2), assumption, auto)

lemma Obj-pbeta-subst:
[ finite L;
Vsp.sé LApE LANs#Dp
— (3t (t[Fvar s, Fvar p}) =5 t" At = ols,p] t");
Obj f T =5 Objf' T;lc (0bjfT); body t ]
= 0bj (fl—1)) T =5 Obj (f(l—1t)) T
proof —
fix Lff Titt
assume Obj f T =53 Obj f' T from Obj-pbeta|OF this]
have
dom: dom (f'(I — t’)) = dom (f(l — t)) and
exL: A L. finite L
ANWNViedomf.Vsp.s¢ LApE LANs#p
— (3¢ the (f l)[FU‘" s, Foar p] =3t
A the (f'1) = o[s,p] t)) and
bodyf: Vledom f. body (the (f1))
by auto

assume body t with bodyf
have body: Vi'edom (f(I — t)). body (the ((f(I — t)) 1))
by auto

assume
finite L and
Vsp.s¢ LApg LANs#Dp
— (3 [Fvar s,Fvar p] =5 t" At = ofs,p] t")
with ezl
obtain L’ where
finite (L' U L) and
Vi'‘edom (f(l—1t).Vsp.s¢ LULApg L' ULANs#p
— (3" the (f(1 — ) l/)[Fvar s,Fvar p] =gt
A the ((f'(L— 1) ') = ols,p] t")
by auto
from par-beta.pbeta-Obj[OF dom this body)
show Obj (f(l— 1)) T =5 Obj (f'(l—1t") T
by assumption
qed
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lemma Upd-pbeta: Upd t lu =5 Upd t' 1 v’
=t =gt
A (3 L. finite L
ANNVsp.s¢ LApEéLANs#p
— (3t (u[Fl)aT’ s, Fvar p]) =5 t" A u' = o[s,p]t"))
Alet A body u
by (rule par-beta-cases(4), assumption, auto)

lemma par-beta-refi:
fixes ¢
assumes lc t
shows ¢ =3 ¢
using assms
proof —
define pred-cof
where pred-cof L t <—
(Vsp.sé¢ LApéLAs#p—s (3t (tlFvars, Foar p] =g t' Nt = o[s,p]
)
for Lt
from assms show ?thesis
proof
(induct
taking: \t. body t A (3 L. finite L A pred-cof L t)
rule: le-induct)
case Fuvar thus ?case by simp
next
case Call thus ?case by simp
next
case Upd thus ?case
unfolding pred-cof-def
by auto
next
case (Obj f T) note pred = this
define pred-fl where pred-fl s p b 1 «— (3t’. (the p[Fvar s, Foar p]) =g t' A
the b = ol[s,p|t’)
for s p b and [ :: Label

from fmap-ex-cof|of f pred-fl] pred
obtain L where
finite L and Vledom f. body (the(f 1))
ANVsp.s¢ LApE LANs#p— pred-flsp (fl)])
unfolding pred-cof-def pred-fi-def
by auto
thus Obj f T =5 Obj f T
unfolding pred-fi-def
by auto
next
case (Bnd L t) note pred = this(2)

78



with «finite Ly show ?case
proof

(auto simp: body-def, unfold pred-cof-def,
rule-tac © = L U FV t in exl, simp, clarify)
fix s p assume
s¢ Land p ¢ L and s # p and
s¢ FVitand p ¢ FV ¢
from
this(1—3) pred
sclose-sopen-eq-t|OF this(4—5) this(3)]
show 3t/ ¢lFvar s,Fvar p] — o 4/ t = 5[5 p] ¢/

[Fvar s,Fvar p]

by (rule-tac z =t in exl, simp add: openz-def closez-def)

qed
qed

qed

lemma par-beta-body-refi:
fixes u
assumes body u
shows 3 L. finite LA (Vsp.s¢ LAp g LANs#p

— (3t (ulFor s, Foarply — o 41 4 = os,p] 1))

proof (rule-tac x = FV u in ezxl, simp, clarify)
fix spassume s ¢ FVuand p ¢ FVuand s # p
from
par-beta-refl[OF body-lc[OF assms le-Fvar|of s] lc-Fvar|of p]]]
sclose-sopen-eq-t[OF this)]
show 31" (u[FwT s, Foar p]) =g t'ANu=olsp|t

by (rule-tac . = u
qed

[Foar s, Fuar p] i exl, simp add: openz-def closez-def)

lemma par-beta-ssubst[rule-format]:
fixes t t’
assumes t =g t’
shows Vz v v’ v =30 — [z > v] t =5 [z = v]
proof —
define pred-cof
where pred-cof L t t/ <—

t")

(Vsp.s¢ LApéEé LAs#p— (It ¢l Foar s, Foar p] =3 t'" Nt/ = o[s,p]

for L tt’

{

fixzvov' tt
assume

v =3 v’ and
Vzovv. v=gv — (L. finite L A pred-cof L ([z — v] t) ([z — v'] t'))

hence

L. finite L A pred-cof L ([z — v] t) ([x — v/ t)
by auto
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}note Lex = this

fix z vl and f :: Label = sterm option
assume [ € dom f hence | € dom (Al. ssubst-option z v (f1))
by simp
}note domssubst = this
{
fix zv ! T and f :: Label = sterm option
assume [c (Obj f T) and lc v from ssubst-preserves-lc[OF this)
have obj: lc (0bj (Al. ssubst-option x v (f1)) T) by simp
}note lcobj = this

from assms show ?thesis
proof
(induct
taking: At t'. Vz v v v =5 v’
— (L. finite L
A pred-cof L ([x — v] t) ([zx = v'] ')
rule: pbeta-induct)
case Fuar thus ?case by simp
next
case Call thus ?case by simp
next
case (Upd t t' l u u’) note pred-t = this(2) and pred-u = this(4)
show ?Zcase
proof (intro strip)
fix z v v’ assume v =4 v’
from Lex[OF this pred-u]
obtain L where
finite L and pred-cof L ([x = v] u) ([x = v'] u')
by auto
with
ssubst-preserves-lc[of t v ]
ssubst-preserves-body[of u v z]
e tr par-beta-Ic[OF <v =5 v"] <body u»
w =g v" pred-t
show [z — v] Updtlu=p [z — v] Updt' lu
unfolding pred-cof-def
by auto
qed
next
case (Upd' ff' Ttt'1)
note pred-obj = this(2) and pred-t = this(3)
show ?Zcase
proof (intro strip)
from <Obj f T =5 Obj f' T» <l € dom f> have | € dom f’ by auto
fix z v v’ assume v =4 v’
with
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domssubst[OF <l € dom f»]
ssubst-preserves-lc[of Obj f T v z]
ssubst-preserves-body|of t v z]
e (Obj f T)> par-beta-Ic[OF <v =5 v’] <body
pred-obj
have
[z = v] Obj fT =5 [z — v] Obj f' T and
le ([t — v] Obj f T) and body ([z — v] t)
by auto
note lem =
pbeta-Upd'[OF this(1)[simplified] - -
domssubst[OF <l € dom f»]
this(2)[simplified] this(3)]

from Lez[OF v =3 v pred-t]
obtain L where
finite L and pred-cof L ([z — v] t) ([z — v'] t')
by auto
with lem[of L [z — v'] t'] ssubstoption-insert|OF <l € dom f)]
show [z — v] Upd (Obj fT) 1t =p[z— v] O0bj (fil—1t)) T
unfolding pred-cof-def
by auto
qed
next
case (beta ff" Tl p p’)
note pred-obj = this(2) and pred-p = this(6)
show ?case
proof (intro strip)
fix z v v’ assume v =4 v’
from
par-beta-lc[OF this)
ssubst-preserves-lc[OF <lc p]
have lc v and lc v/ and lc ([z — v] p) by auto
note lem =
pbeta-beta| OF - domssubst[OF <« € dom f>] -
lcobj[OF <lc (Obj f T)» this(1)] this(3)]
from <Obj f T =5 Obj f' T» have dom f = dom f' by auto
with « € dom f> have the (ssubst-option xz v’ (f' 1)) = [z — v'] the (f' )
by auto
with
lem[of © Al. ssubst-option x v’ (f' 1) [ — v'] p]
«w =g v pred-obj pred-p
ssubst-openz-distrib| OF <lc v"]
show L
[z = v] Call (Objf T) 1p =5 [z — v (the (f' HOW S T, pT)
by simp
qed
next
case (Obj f f' T) note pred = fmap-ball-all3[OF this(1) this(3)]
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show ?case
proof (intro strip)
fix z v o’
define pred-bnd
where pred-bnd s p b b’ | +——
(3t [z — v] the plFvar s,Foar p] =35 t'"" N[z — v'] the b’ = o[s,p] t")
for s p b b’ and [::Label
assume v =3 v’
with pred <dom f' = dom f> fmap-ex-cof2[of f' f pred-bnd)
obtain L where
finite L and
predf: Viledom f. pred-cof L ([x — v] the (f1)) ([x — v/] the (f' 1))
unfolding pred-cof-def pred-bnd-def
by auto

have Viledom (Al. ssubst-option z v (f1)). body (the (ssubst-option z v (f1)))
proof (intro strip, simp)
fix I’ :: Label assume !’ € dom f
with «Viedom f. body (the(f 1))> have body (the (f 1)) by blast
note ssubst-preserves-body| OF this]
from
this[of v ] par-beta-Ic[OF (v =3 v))]
" € dom f» ssubst-option-lem[of f x v
show body (the (ssubst-option z v (f1’))) by auto
qed
note intro = pbeta-Obj[OF - «finite Ly - this]
from
predf
ssubst-option-lem[of f x v]
ssubst-option-lem[of f' x v'] «dom f' = dom f»
dom-ssubstoption-lem[of x v f]
dom-ssubstoption-lem[of z v’ ]
show [z = v Obj fT =5 [z = 0] Obj f' T
unfolding pred-cof-def
by (simp, intro intro[of (Al. ssubst-option z v’ (f' 1)) T], auto)
qed
next
case (Bnd L t t') note pred = this(2)
show ?Zcase
proof (intro strip)
fix z v v’ assume v =4 v’
from «finite L»
show 3 L. finite L A pred-cof L ([x — v] t) ([x — v] t')
proof (rule-tac x = L U {z} U FV v’ in exl,
unfold pred-cof-def, auto)
fix spassume s ¢ Land p ¢ Land s # p
with pred
obtain ¢’ where

[Fvar s,Fvar p] =4 t" and
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Veovv' v=5v — [z — v (t[F”aT s,Fvarp]) =3 [z — v] t" and
t' = ofs,p] t"
by blast

from this(2) v =3 v’

have ssubst-pbeta: [z — ) (t[Fvar s,Fvar p]) =5 [z — v'] t" by blast

assume s # z and p # z
hence = ¢ FV (Fvar s) and = ¢ FV (Fvar p) by auto
from
ssubst-pbeta
par-beta-lc[OF v =5 vh] ssubst-sopen-commute| OF - this]
have [z — v tlFvar s, Foar p] =35 [z — v'] t'" by (simp add: openz-def)
moreover
assume s ¢ FVov' and p ¢ FV o'
from
ssubst-sclose-commute[ OF this not-sym[OF <s # ]
not-sym[OF <p # x]]
«t' = ols,p] t""
have [z — v t' = o[s,p] [z — v] t” by (simp add: closez-def)
ultimately
show 3t". [z — v tlFvar s, Foar pl =g t'" N[z — vt =o[sp] t"
by (rule-tac © = [z — v'] t"" in exI, simp)
qed
qed
qed
qed

lemma renaming-par-beta: t =5 t' = [s — Fvar sa] t =3 [s — Fvar sa] t’
by (erule par-beta-ssubst, simp+)

lemma par-beta-beta:
fixes I ff uu'
assumes
le€domfand Obj f T =5 Obj f' T and v =3 v' and Ic (Obj f T) and lc u
shows (the(f )[OW f T5 uly = (the(f' O " T, u'ly
proof —
from Obj-pbeta|OF <Obj f T =5 Obj f' T)]
obtain L where
dom f = dom f’ and
finite L and
pred-sp: Vl€dom fNsp.s¢ LAp g LANs#p
— (3" the (f l)[Fvar s, Fvar p] =gt
A the (f'1) = o[s,p] t") and
Viedom f. body (the (f1))
by auto

from this(2) finite-F'V[of Obj f T| have fin: finite (L U FV (Obj f T) U FV u)
by simp
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from exFresh-s-p-cof[OF this]
obtain s p where

sp:s¢ LUFV (Objf TYUFVuANp @ LUFV (ObjfT)UFVuANs#p

by auto
with </ € dom f» obtain t"’ where
the (f l)[F”‘”" s, Foar p] =5 t'"" and the (f' 1) = ols,p] t”’
using pred-sp by blast
from par-beta-lc[OF this(1)] have lc t”’ by simp
from
sopen-sclose-eq-t[OF this]
<the (f l)[er s, Foar p] =35 t' <the(f' 1) = o[s,p] t'"
have the (f l)[Fvar s, Fvar p) =5 (the (f' l)[Fvar s, Fvar p])
by (simp add: openz-def closez-def)
from par-beta-ssubst|OF this] <u =g u”
have [p — u] (the (f l)[Fvar s, Fvar p]) =5 [p = u/] (the (f' l)[Fvar s, Fvar p})
by simp
note par-beta-ssubst[OF this <Obj f T =5 Obj f' 1]
moreover
from <« € dom f» sp
have s ¢ FV (the(f1)) and p ¢ FV (the(fl)) and s # p and s ¢ FV u
by force+
note ssubst-intro[ OF this]
moreover
from <l € dom f> <dom f = dom f'» have | € dom f' by force
with
par-beta-preserves-FV[OF <Obj f T =5 Obj f' T)]
par-beta-preserves-FV[OF «u =g u"] sp FV-option-lem[of f]
have s ¢ FV (the (f' 1)) and p ¢ FV (the (f'l)) and s # pand s ¢ FV u’
by auto
note ssubst-intro[ OF this]
ultimately
show the (f OV f T ul = 5 (the (57 1)[OW [ T, ul)
by (simp add: openz-def closez-def)
qed

4.4 Inclusions

beta C par-beta C beta *

lemma beta-subset-par-beta: beta < par-beta
proof (clarify)
define pred-cof
where pred-cof L t t/ <—
(Vsp.s¢e LAp¢g LANs#p— (3t (t[ers’ F”‘”"p]) =5 t" At
ols.p] t"))
for L tt'

fix ¢t t' assume t —3 t' thus t =4 t’
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proof
(induct
taking: At t'. body t A body t’ A (L. finite L N pred-cof L t t')
rule: beta-induct)
case CallL thus ?case by (simp add: par-beta-refl)
next
case CallR thus ?case by (simp add: par-beta-refl)
next
case beta thus ?case by (simp add: par-beta-refl)
next
case UpdL
from
par-beta-lc[OF this(2)] this(2)
par-beta-body-refl[OF this(3)] this(3)
show ?case by auto
next
case (UpdR t t' u i)
from this(1) obtain L where
finite L and pred-cof L t t'" and body t
by auto
from
this(2) pbeta-Upd[OF par-beta-refl{OF <lc wy] <lc uy this(1) - this(3)]
show ?case
unfolding pred-cof-def
by auto
next
case (Upd 1 f T t)
from par-beta-body-refl[OF <body t)]
obtain L where
finite L and
Vsp.sé¢ LApg LANs#Dp
— (3t ([Fvar s, Fvar p| =5 t' At =olsp]t)
by auto
from
pbeta-Upd'|OF par-beta-refl|OF <lc (Obj f T)»] this
<l € dom [ <lc (Obj f T)> <body )
show ?case by assumption
next
case (Obj L ftt' T) note cof = this(2) and body = this(3)
from cof obtain L where
body t and finite L and pred-cof L t t’
by auto
from body have lc (Obj f T') by (simp add: lc-0bj)
from
Obj-pbeta-subst|OF «finite Ly - par-beta-refl| OF this] this <body t»]
<pred-cof L t t"
show ?case
unfolding pred-cof-def
by auto
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next
case (Bnd L t t') note pred = this(2)
from «finite Ly exFresh-s-p-cof[of L U FV {]
obtain s p where
s¢ Land p ¢ L and s # p and
s¢ FVitand p ¢ FV {
by auto
with pred obtain ¢’ where
t[Fvar s, Fvar p) =5 t" and t' = o[s,p| t"'
by blast
from
par-beta-lc[OF this(1)] this(2) le-body[OF - <s # p»]
have body a[s,p](t[Fmr s, Fuar p]) and body t' by auto
from this(1) sclose-sopen-eq-t[OF <s ¢ FV t» <p ¢ FV ) <s # p]
have body t by (simp add: openz-def closez-def)
with <body t's «finite L) pred show ?Zcase
unfolding pred-cof-def
by (simp, rule-tac x = L in exl, auto)
qed
qed

lemma par-beta-subset-beta: par-beta < beta xx*
proof (rule predicate2l)
define pred-cof
where pred-cof L t t/ <—
(Vsp.s¢ LApg LAs#p— (It (t[ers’ F”Mp]) —g* t" ANt =
ofs,p] t"))
for L tt'

fix z y assume z =35 y thus z —=g* y
proof (induct
taking: M\t t'. body t' A (3 L. finite L A pred-cof L t t')
rule: pbeta-induct)
case Fuvar thus ?case by simp
next
case Call thus ?case by auto
next
case (Upd t t' 1 u u’)
from this(4) obtain L where
finite L and pred-cof L u v’ by auto
from
this(2)
rtrancl-beta-Upd|OF «t —g* t'y this(1) - <lc t» <body w)]
show ?case
unfolding pred-cof-def
by simp
next
case (Upd' ff' Ttt'l)
from this(3) obtain L where
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body t" and finite L and pred-cof L ¢ t’ by auto
from
this(3)
rtrancl-beta-Upd[OF <Obj f T —g* Obj f' T «finite L -
e (Obj f Ty <body ]
have rtranclp: Upd (Obj f T) It —* Upd (Obj f' T) L t’
unfolding pred-cof-def
by simp

from
Obj-pbeta] OF <Obj f T =5 Obj f' T»] <l € dom f>
par-beta-lc[OF <Obj f T =5 Obj f' T)]
have [ € dom f’ and Ic (Obj f' T) by auto
from beta-Upd|OF this <body t"] rtranclp
show ?case by simp
next
case (Obj f f' T) note body = this(2) and pred = this(3)
define pred-bnd
where pred-bnd s p b b’ | «— (3", the blFvar s;Fvarpl _y « 1 nype pr =
ols.] )
for s p b b’ and I:: Label
from
pred <dom f' = dom f> fmap-ex-cof2[of f' f pred-bnd]
obtain L where
finite L and
Viedomf.Vsp.s¢é¢ LAp g LAs#p— pred-bnd sp (f1) (f'1) 1
unfolding pred-cof-def pred-bnd-def
by auto
from
this(2)
rtrancl-beta-obj-n[OF «finite Ly - sym[OF «dom f' = dom f»] body]
show ?case
unfolding pred-bnd-def
by simp
next
case (beta ff' T lp p')
note
rtrancl-beta-CalllOF «Obj f T —p* Obj f' T» <lc (Obj f T)»
(p —p* ph e p]
moreover
from
Obj-pbeta|OF <Obj f T =5 Obj f' T»] <l € dom f>
par-beta-lc[OF <Obj f T =5 Obj f' T)]
par-beta-lc[OF <p =5 ph]
have | € dom f' and lc (Obj f' T) and lc p’ by auto
note beta.beta|OF this|
ultimately
show ?case
by (auto simp: rtranclp.rtrancl-into-rtrancl|of - - Call (Obj f' T) 1 p'])
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next
case (Bnd L t t') note pred = this(2)
hence pred-cof L t t'
unfolding pred-cof-def
by blast
moreover
from pred «finite Ly par-beta-body[of L t t]
have body t’ by blast
ultimately
show ?Zcase
using «finite L»
by auto
qed
qed

4.5 Confluence (directly)

lemma diamond-binder:

fixes L1 L2t ta tb
assumes
finite L1 and
pred-L1:Ysp. s¢ LI ANp ¢ L1 Ns#p

— (3¢ (t[Fvar s, Fvar p) =5t

A (V2. (tlFvar s, Foar pl — 0 oy (Fu ) =5 u A 2 =5 u)))
A ta = o[s,p|t’) and

finite L2 and
pred-L2:Vsp. s¢ L2 ANp & L2 Ns#p

— (3t tlFvar s, Foar p] — o 41 A th = o[s,p]t")
shows
3L finite L'

AN@EFt". Vsp.s¢ L'ANpE L' Ns#p
— (Ju. talFvar s, Foar p] =g u At = o[s,plu))
ANWNVsp.s¢eL'NpéL' Ns#p
— Ju. tplFvar s, Foar p] =g u At = o[s,plu)))
proof —

from «finite L1) <finite L2> have finite (L1 U L2) by simp
from exFresh-s-p-cof [OF this]
obtain s p where sp: s ¢ L1 UL2 Ap ¢ L1 U L2 A s # p by auto
with pred-L1
obtain ¢’ where

{[FPvar s,Fvar p) =5 t’ and

V2. tlfvar s, Foarpl o o 0 (Ju.t' =45 u A 2 =5 u) and
ta = o[s,p] t’
by blast

from sp pred-L2 obtain t”’ where t[Fvar s, Foar p] =35 t'" and tb = o[s,p] t"

by blast
from <V . ¢[Fvar s,Far p] =5 2z— (Ju. t'=5 u A z=5u) this(1)
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obtain u where t' =3 u and t" =3 u by blast

from «<finite L1 <finite L2»> have finite (L1 U L2 U FV ¢ U {s} U {p}) by simp
moreover
{
fix z :: sterm and y :: sterm
assume ¢[Fvor s, Far p] =g yand z = o[s,p] y and y =3 u
hence
Vsa pa. sa ¢ L1 U L2 U FVitU{s}U{p}
Apa ¢ L1 UL2UFVtU {s}U{p} A sa# pa
— (3t glFvar sa,Fuar pa] =3 t A o[s,p] u = o[sa,pa] 1)
proof (intro strip)
fix sa :: fVariable and pa :: fVariable
assume
sapa: sa ¢ L1 U L2 U FV tU {s} U {p}
Apa¢ L1 UL2UFVtU{s} U {p} A sa# pa
with sp par-beta-lc[OF <y =35 w]
have s # p and s ¢ FV (Fvar pa) and lc y and Ilc u by auto
from
sopen-sclose-eq-ssubst|OF this(1—3)]
sopen-sclose-eq-ssubst|OF this(1—2) this(4)]
renaming-par-beta <x = o[s,p] ¥ <y =5 w
have zlfvar sa, Fvar pa) =5 (o]s,p] ylFvar sa, Foar pa])
by (auto simp: openz-def closez-def)

moreover
from
sapa par-beta-preserves-FV[OF «t [Fvar s,Fuar p] =35 ]
sopen-FV]of 0 Fvar s Fvar p
par-beta-preserves-FV[OF <y =5 w]
sclose-subset-FV[of 0 s p u]
have sa ¢ FV (o[s,p] u) and pa ¢ FV (o[s,p] u) and sa # pa
by (auto simp: openz-def closez-def)
from sym[OF sclose-sopen-eq-t|OF this]]
have o[s,p] u = o[sa,pa] (o[s,p] ulFver sa, Far pa])
by (simp add: openz-def closez-def)

ultimately show J¢. glfvar sa,Fuar pa] =3 t A o[s,p] u = o[sa,pa] ¢
by blast
qed
}note
this|OF <t [Fvar s,Fvar p] =35t <ta = o[s,p] th <t' =5 w)]
this|OF <t [Fvar s,Fvar p] =35 t') b = ols,p] t') «t" =5 w)
ultimately
show
3L finite L'
AN@Et". Vsp.s¢ L'Npg L' Ns#p
— (3¢, tglFvar s,Foar p] =5t/ At = ols,p] t'))
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ANVsp.s¢L'ANpg L' Ns#p
— (3t plFvar s,Fvar p] =5 t' At = os,p] t')))
by (rule-tac x = L1 U L2 U FV t U {s} U {p} in ez, simp, blast)
qged

lemma exL-exMap-lem:
fixes
f 2 Label —~> sterm and
lz :: Label —~> sterm and [’ :: Label —~> sterm
assumes dom f = dom Iz and dom [’ = dom f
shows
VL1 L2. finite L1
— (Viedom f.Vsp.s¢ LI Apg¢ L1 Ns#p
— (3¢t (the(f l)[F”aT s, Foar p] =3t
A (Vz. (the(f l)[F““T s, Foar p] =3 2)
— Ju. t =5 u A z=3u))
A the(f' 1) = ofsp]2))
— finite L2
— (Viedom f.Vsp.s¢ L2 ANpg¢ L2 Ns#p
— (3t the(f HlFvar s, Foar pl — 4 A the(lz 1) = ofs,p]t))
— (3L finite L’
A (Flu. dom lu = dom f
ANNViledomf.Vsp.sé L'ANpé L'Ns#p
— (3t (the(f’ l)[F”‘“” s, Fvar p}) =3t
A the(lu 1) = o[s,p]t))
A (Yiedom f. body (the (f'1)))
ANNViedom f.Vsp.sé L'ANpé L'Ns#p
— (3t. (the(lz l)[FU‘“” s, Fvar p}) =3t
A the(lu 1) = ols,p|t))
A (Yiedom f. body (the (Iz 1)))))
using assms
proof (induct rule: fmap-induct3)
case empty thus ?case by force
next
case (insert z a b ¢ F1 F2 F3) thus ?case
proof (intro strip)
fix L1 :: fVariable set and L2 :: fVariable set
{
fix
L :: fVariable set and
t :: sterm and F :: Label —~> sterm and
P :: sterm = sterm = fVariable = fVariable = bool
assume
dom F1 = dom F and
x: Viedom (F1(x — a)).
Vsp.s¢é¢ LApE LAs#Dp
— P (the (F1(z — a)) 1)) (the (F(z — t)) 1)) sp
hence
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F:Vicdom F1.Vsp.s¢é¢ LApé& LANs#p
— P (the(F1 1)) (the(Fl)) sp

proof (intro strip)

fix [ :: Label and s :: fVariable and p :: fVariable

assume [ € dom F1 hence | € dom (F1(z — a)) by simp

moreover assume s ¢ LAp & LANs#p

ultimately

have P (the((F1(z — a)) 1)) (the((F(z — t)) 1)) sp

using * by blast

moreover from <z ¢ dom F1» <l € dom F1) have | # x by auto

ultimately show P (the(F1 1)) (the(F 1)) s p by force
qed

from « have Vsp. s¢ LAp& LA s#p— Patspby auto
note this F
}
note pred = this
note
tmp =
pred[of - L1 (At t' s p.
=P (t[Fvar s,Fvar p) =g t"
A (Vz. gl Fvar s, Foar p] =32z — (Fu. t"=puNz=3u)))
A th= a[s,p] t')]
note predc = tmp(1) note predF3 = tmp(2)
note tmp = pred|of - L2
(At ' s p. 3¢, glFvar s Fvar pl — oy gyt = g[s,p) 171)]
note predb = tmp(1) note predF2 = tmp(2)

assume
a:Viedom (FI(z — a)).Vsp.s¢ LI Np& LI ANs#p
— (3. (the ((F1(z > a)) 1)lFvar s:Fvarpl o oy
A (V2. the (F1(z v a)) 1)[Fvar s,Fvarp] - o,
— Ju. t =5 u A z=35u)))
A the (F3(z — ¢)) I) = ols,p] t) and
b:Viedom (F1(z v+ a)).Vsp.s¢ L2 ANp ¢ L2 Ns#p
— (3t. the (F1(z — a)) [)lFvar s,Foar p] —
A the ((F2(z — b)) ) = o[s,p] t) and
finite L1 and finite L2
from
diamond-binder|[OF this(3) predc|OF sym[OF <dom F3 = dom F15] this(1)]
this(4) predb|OF <dom F1 = dom F2) this(2)]]
obtain La t where
finite La and
pred-c:Vsp. s ¢ LaANp ¢ LaNs#p
— (Fu. c[Fvar s,Fuar p] =g u At =o[sp u) and
pred-b:Vsp. s ¢ LaApé LaANs#p
— (Fu. plFvar s, Foar p] =g uAt=o[sp] u
by blast
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{
from this(1) have finite (La U FV ¢ U FV b) by simp
from exFresh-s-p-cof [OF this]
obtain s p where
sp:s¢ LaUFVcUFVbAPpE LaUFVcUFVbOAsS#Dp
by auto
with pred-c obtain u where clfvar s,Fvar p| =3 u by blast
from par-beta-lc[OF this] have lc (C[F”’”" s, Fvar p]) by simp
with lc-body[of c[Fvar s,Foar p] p] sp sclose-sopen-eq-t[of s ¢ p 0]
have c¢: body ¢ by (auto simp: closez-def openz-def)

from sp pred-b obtain v where plFvar s, Foar pl =3 u by blast
from par-beta-lc[OF this] have lc (b[FWT s,Fvar p]) by simp
with lc-body[of plFvar s,Foar p| p] sp sclose-sopen-eg-t[of s b p 0]
have body b by (auto simp: closez-def openz-def)
note c this
}note bodych = this
from
predF8[OF sym[OF «dom F3 = dom F1)] a]
predF2[OF <dom F1 = dom F2) b)
<finite L1 <finite L2)»
have
3L finite L’
A (Flu. dom lu = dom F1
AN Viedom F1.Vsp.s¢ L'ANp & L'Ns#p
— (3¢ the (F3 l)[F”“r s, Fvar p] =5t
A the (lul) = ols,p] t))
A (Viedom F1. body (the (F31)))
AN Viedom F1.Vsp.s¢ L'ANp & L' Ns#p
— (3¢. the (F2 l)[F”ar s, Fvar p] =5t
A the (lul) = ols,p] t))
A (Viedom F1. body (the (F21))))
by (rule-tac x = L1 in allE[OF insert(1)], simp)
then obtain Lb f where
finite Lb and dom f = dom FI1 and
pred-F3:Vilcdom F1.¥sp. s ¢ LaULbANp¢ LaULbAs#p
— (3t. the (Fg [)[Fvar s,Foar p] — oy
A the (f1) = ols,p] t) and
body-F3: ¥ledom F1. body (the (F3 1)) and
pred-F2: Viedom F1.Vsp. s ¢ LaULbApé¢& LaULbAs#p
— (3t. the (F2 [)[Fvar s,Foarp] — oy
A the (f1) = ols,p] t) and
body-F2: ¥ l€dom F1. body (the (F21))
by auto
from «finite Lay <finite Lby have finite (La U Lb) by simp
moreover
from <dom f = dom F1» have dom (f(z — t)) = dom (FI1(z — a)) by simp
moreover
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from pred-c pred-F3
have
Viedom (F1(z +— a)).Vsp.s¢ LaULbANp¢ LaULbAs#p
— (3t the ((F3(z — ¢)) 1)lFvar s,Poar p] — s
A the ((f(z = 1)) 1) = o[s,p] 1)
by auto
moreover
from bodycb(1) body-F3
have Viedom (F1(z — a)). body (the (F3(z — ¢)) 1))
by simp
moreover
from pred-b pred-F2
have
Viedom (Fi(z +— a)).Vsp.s¢ LaULbAp¢ LaULbAs#p
— (3t the ((F2(z — b)) 1)lFvar s, Foarp] — pr
A the (f(z > £) 1) = ols.p] )
by auto
moreover
from bodycb(2) body-F2
have Viedom (F1(z — a)). body (the ((F2(x — b)) 1))
by simp
ultimately
show
3L finite L’
A (Flu. dom lu = dom (F1(z — a))
A (Yiedom (F1(z — a)).
Vsp.s¢é¢ L'ANpg L' ANs#£p
— (3" the (F3(z — ¢)) 1)lFvar s,Foar p] s
A the (lul) = ols,p] t))
A (Yiedom (F1(x — a)). body (the (F3(z — ¢)) 1)))
A (Yiedom (F1(z — a)).
Vsp.s¢ L'ANpg L' ANs#p
— (3" the ((F2(z — b)) 1)lFvar s,Poar p] - ¢/
A the (lul) = ols,p] t"))
A (Yiedom (F1(z — a)). body (the ((F2(z — b)) 1))))
by (rule-tac x = La U Lb in exl,
simp (no-asm-simp) only: conjl simp-thms(22),
rule-tac x = (f(z — t)) in exl, simp)
qed
qged

lemma exL-exMap:
[ dom (f::Label —~> sterm) = dom (lz::Label —~> sterm);
dom (f"::Label —~> sterm) = dom f;
finite L1;
Viedom f.Vsp.s¢ L1 ANpg¢ LI Ns#p
— (3 ¢t. (the(f l)[F”‘” s, Fvar p] =35t
A (Y 2. (the(f DIEvar s, Foar pl — 0y s (Ju. t =5 u A 2 =5 u)))

93



A the(f' 1) = olspl0);
finite L2;
Viedomlz.Vsp. s ¢ L2 Ap¢ L2 Ns#p
— (3t. the(f HFvar s, Foar pl — o4 A the(lz 1) = o[s,p]t) |
= 3L’ finite L'
A (Flu. dom lu = dom f
ANNViedomf.Vsp.s¢é L' ANp& L'Ns#p
— (3. (the(f' )lFvar s, Foarply —
A the(lu 1) = o[s,p]t))
A (Yiedom f. body (the (f'1)))
ANNViedomf.Vsp.s¢é¢ L' ANpe&é L'Ns#p
— (3t. (the(lz 1)[Fvar s, Poar ply o 4
A the(lu 1) = o[s,p]t))
A (Yiedom f. body (the (Iz1))))
using exL-exMap-lem[of f Iz f'] by simp

lemma diamond-par-beta: diamond par-beta
unfolding diamond-def commute-def square-def
proof (rule impl [THEN alll [THEN alll]])
fix z y assume z =3 y
thus Vz. 2 =5 2 — Gu. y =5 u A 2 =3 u)
proof (induct rule: par-beta.induct)
case pbeta-Fvar thus ?case by simp
next
case (pbeta-Upd t t' L u u' )
note pred-t = this(2) and pred-u = this(5)
show ?Zcase
proof (intro strip)
fix z assume Upd t | u =3 2
thus Ju. Updt' lu' =g u Nz =5 u
proof (induct rule: Upd-par-red)

case (upd ta ua La)
from
diamond-binder[OF «finite L) pred-u this(2—3)]
this(1) pred-t
par-beta-lc|OF this(1)] par-beta-lc|OF <t =g t"]
obtain L’ ub tb where
t' =4 tb and Ic t’ and ta =5 tb and
lc ta and finite L' and
Vsp.s¢ L'ANpg L'ANs#p
— (Ju. u/lFvar s, Foar p] =3 u A ub = o[s,p] u) and
Vsp.sé L' ANpé L' Ns#p
— (Fu. uglFvar s,Foar p] =5 u A ub = o[s,p| u)
by auto
from
par-beta.pbeta-Upd| OF this(1—2) this(5—6))
par-beta.pbeta-Upd| OF this(3—5) this(7)]
par-beta-body| OF this(5—6)]
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par-beta-body| OF this(5) this(7)] <z = Upd ta | ua
show ?case by (force simp: exI[of - Upd tb I ub))
next
case (0bj f fa T ua La)

from diamond-binder|OF «finite L) pred-u this(4—5)]
obtain Lb ub where
finite Lb and
ubl:Vsp. sé LbAp & LbANs#p
— (Fu. ualFvar s, Foar p] =5 u A ub = o[s,p] u) and
ub2:Vsp. s@é LbAp & LbNs#p
— (Fu. u'[Fvar s, Foar p] =5 u A ub = o[s,p| u)
by auto
from «Obj f T =t <Obj f T =5 Obj fa T»
have t =3 Obj fa T by simp
with pred-t obtain a where t' =3 a Obj fa T =3 a
by auto
with
par-beta-lc|OF this(2)]
par-beta-body|OF «finite Lb> ubl]
obtain fb where
t' =5 Obj fb T and Obj fa T =5 Obj fb T and
le (Obj fa T) and body ua
by auto
from Obj-pbeta-subst[OF «finite Lby ubl this(2—4)]
have 0bj (fa(l — wa)) T =5 Obj (fo(l — ub)) T by assumption
moreover
from
t =5 th Obj fT =t
par-beta-lc[OF <t =5 th] <t =5 Obj fo T
par-beta-body| OF «finite Lb> ub2]
obtain f’ where
t'= Objf' T and Obj f' T =5 Obj fb T and
le (Obj f' T) and body u’
by auto
note par-beta.pbeta-Upd'|OF this(2) «finite Lby ub2 - this(3—4)]
moreover
from
t=>p th ObjfT =1t <t/ = 0bjf' T
<l € dom fr Obj-pbetalof f T ]
have [ € dom [’ by simp
ultimately
show Zcase
using <z = Obj (fa(l — wa)) T» <t = Obj f' T)
by (rule-tac x = Obj (fb(l — ub)) T in exl, simp)
qed
qed
next
case (pbeta-Obj f' f L T) note pred = this(3)
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show ?case
proof (clarify)

fix fa La
assume
dom fa = dom f and finite La and
Viedom f.Vsp.s¢ LaNp ¢ LaNs#p
— (3t. the (f l)[FWT s, Fvar p] =5t
A the (fa l) = ols,p] t)
from
exL-exMap[OF sym|OF this(1)] «dom f' = dom f>
(finite Ly pred this(2)]
this(1) this(3) <dom f’ = dom f»
obtain Lb fb where
dom fb = dom [’ and dom fb = dom fa and finite Lb and
Viedom f'.Vsp.s¢é LbApé& LbAs#p
— (3. the (f' 1)[Fvar s,Fvarp] o 5y
A the (fb 1) = o[s,p] t) and
Viedom f'. body (the (f'1)) and
Viedom fa.Vsp. s ¢ LbAp ¢ LbAs#p
— (3. the (fa l)[Fv‘” s, Foar p] =pt
A the (fo 1) = o[s,p] t) and
Viedom fa. body (the (fa l))
by auto
from
par-beta.pbeta-Obj[OF this(1) this(3—5)]
par-beta.pbeta-Obj[OF this(2) this(3) this(6—7))
show Ju. Obj f' T =g u A Objfa T =5 u
by (rule-tac x = Obj fo T in exl, simp)
qed
next
case (pbeta-Upd' f T f' L tt'1)
note pred-obj = this(2) and pred-bnd = this(4)
show ?Zcase
proof (clarify)
fix z assume Upd (Obj fT) 1t =4 2
thus Ju. Obj (f(l—t) T=puNz=p5u
proof (induct rule: Upd-par-red)

case (upd a ta La) note pred-ta = this(3)

from «Obj f T =3 a» <z = Upd a l ta>

obtain fa where
Objf T =p Obj fa T and z = Upd (Obj fa T) [ ta
by auto

from this(1) pred-obj

obtain b where Obj f' T =5 band Obj fa T =3 b
by (elim allE impE exE conjE, simp)

with
par-beta-lc[OF this(1)] par-beta-lc|OF this(2)]
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obtain fb where

Objf' T =5 Obj fo T and lc (Obj f' T) and

Obj fa T =45 Obj fb T and lc (Obj fa T')

by auto
from diamond-binder|OF «finite Ly pbeta-Upd'(4) «finite La) pred-tal
obtain Lb tb where

finite Lb and

cbl1:Vsp. s¢ LbAp & LbAs#p

— (Fu. ¢/|Fvar s, Fuar p] =3 u A tb = o[s,p] u) and
cb2:Vsp.s¢ LbAp & LbAs#p
— (u. talFvar s,Foar p] =5 u A th = o[s,p] u)

by auto
from

par-beta-body| OF this(1—2)]

Obj-pbeta-subst[OF «finite Lby cbl «Obj f' T =5 Obj fo T»

e (Obj 1 T)H)

have Obj (f/(1— ) T =5 Obj (fo(l — tb)) T

by simp
moreover
from Obj-pbeta|OF <Obj f T =45 Obj fa T»] <l € dom f>
have | € dom fa by simp
from

par-beta-body[OF «finite Lby cb2]

par-beta.pbeta-Upd'[OF <Obj fa T =5 Obj fo T «finite Lb»

cb2 this <lc (Obj fa T)]

have Upd (Obj fa T) 1 ta =5 Obj (fo(l — tb)) T by simp
ultimately
show ?Zcase

using <z = Upd (Obj fa T) I ta

by (rule-tac z = Obj (fb(l — tb)) T in exl, simp)

next

case (obj f" fa T' ta La)
note pred-ta = this(5) and this
hence
l € dom fand Obj f T =5 Obj fa T and
z = 0bj (fa(l — ta)) T
by auto
from diamond-binder|OF «finite L> pred-bnd «finite La) pred-ta)
obtain Lb tb where
finite Lb and
thi:Vsp.s¢ LbAp & LbANs#p
— (Ju. ¢/lFvar s, Poar p] =35 u A th = o[s,p] u) and
th2:Vsp.s¢é LbAp & LbAs#p
— (Ju. talFvar s,Foar p] =3 u A th = o[s,p] u)
by auto
from «Obj f T =5 Obj fa T pred-obj
obtain b where Obj f' T =5 band Obj fa T =5 b
by (elim allE impE exE conjE, simp)
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with par-beta-lc[OF this(1)] par-beta-lc[OF this(2)]
obtain fb where
Obj f' T =45 Obj fo T lc (Obj f' T) and
Obj fa T =5 Obj fo T lc (Obj fa T)
by auto
from
par-beta-body[OF «finite Lby tb1]
Obj-pbeta-subst|OF «finite Lby tb1 this(1—2)]
par-beta-body| OF «finite Lby tb2]
Obj-pbeta-subst| OF «finite Lby tb2 this(3—4)]
have
Obj (f'(1+— ) T =5 Obj (fb(1+— tb)) T and
0bj (fa(l — ta)) T =5 Obj (fo(I — tb)) T
by simp+
with <z = 0bj (fa(l — ta)) T»> show ?case
by (rule-tac z = Obj (fb(l — b)) T in exl, simp)
qed
qed
next
case (pbeta-Call t t' v u' 1)
note pred-t = this(2) and pred-u = this(4)
show ?case
proof (intro strip)
fix z assume Callt lu =5 2
thus Ju. Callt' lu' =g u N z=p5u
proof (induct rule: Call-par-red)

case (call ta ua)

from
this(1—2) pred-t pred-u

obtain tb ub where t' =3 tb v’ =3 ub ta =3 th ua =5 ub
by (elim allE impE exE conjE, simp)

from
par-beta-lc[OF this
par-beta.pbeta-Call
par-beta-lc|OF this
par-beta.pbeta-Call
<z = Call ta | va>

show Zcase
by (rule-tac x = Call th | ub in exl, simp)

next

1)] par-beta-lc|OF this(2)]
OF this(1—2)]
3)] par-beta-lc[OF this(4))
OF this(3—4)]

—_— e~ — o~

case (beta f fa T ua)

from this(1—2) have ¢t =5 Obj fa T by simp

with <u =3 ua> pred-t pred-u

obtain b ub where
t'=p band Obj fa T =5 band u’ =5 ub and ua =5 ub
by (elim allE impE exE conjE, simp)

from this(1—2) par-beta-lc[OF this(2)]
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obtain fb where
t' =5 Obj fb T and
Obj fa T =45 Obj fb T and lc (Obj fa T')
by auto
from
par-beta-beta| OF <1 € dom far this(2) <ua = ub> this(3)]
par-beta-lc[OF <ua =5 ub]
have the (fa [)lOV fa Tyual - o (4pe (i 1)[OV fo Toubl) by simp
moreover
from </ € dom fa> Obj-pbeta|OF <Obj fa T =5 Obj fbo 1))
have | € dom fb by simp
from
<t =g t" sym[OF <Obj f T = t]
par-beta-lc[OF <t =g th] «t' =5 Obj fo T»
obtain f’ where
t'=0bjf' Tand Obj f' T =5 Obj fo T and
le (Obj f''T)
by auto
from
Obj-pbeta| OF this(2)] «I € dom fb>
par-beta.pbeta-beta] OF this(2) - «<u’ =5 ub> this(3)]
par-beta-lc[OF v’ =5 ub]
have Call (Obj f' T) l u' =5 (the (fb l)[Objﬂ’ T’“b]) by auto
ultimately
show ?Zcase
using <t' = Obj f' T» <z = (the (fa 1)IOV fa T\ualy,
by (rule-tac © = (the (fb l)[Objﬂ’ T’Ub}) in exl, simp)
qed
qed

next

case (pbeta-beta f T f' I p p’)
note pred-obj = this(2) and pred-p = this(5)
show ?Zcase
proof (intro strip)
fix z assume Call (Obj fT) lp =p 2
thus Ju. the (f’ l)[Objf/ T.p’ =g UuUNzZ=5u
proof (induct rule: Call-par-red)

case (call a pa)
then obtain fo where
Objf T =5 Obj fa T and z = Call (Obj fa T) [ pa
by auto
from
this(1) <p =3 pa> pred-obj pred-p
obtain b pb where
Obj f' T =5 band Obj fa T =45 b and
p’ =5 pb and pa =3 pb
by (elim allE impE exE conjE, simp)
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with par-beta-lc[OF this(1)] par-beta-lc[OF this(2)]
obtain fb where
Obj f' T =5 Obj fo T and Ic (Obj f' T) and
Obj fa T =4 Obj fb T and lc (Obj fa T')
by auto
from this(1) <l € dom f» <Obj f T =5 Obj f' T» <Obj f T =5 Obj fa T»
have | € dom f' and | € dom fa by auto
from <p’ =3 pb» <pa =5 pb> par-beta-lc
have p’ =3 pb and Ic p’ and pa =3 pb and Ic pa by auto
from
par-beta.pbeta-beta| OF <Obj fa T =5 Obj fb T» <l € dom fa>
this(3) «lc (Obj fa T)» this(4)]
par-beta-beta|OF <l € dom f"» «Obj f' T =5 Obj fo T
this(1) «lc (Obj f' T)» this(2)]
<z = Call (Obj fa T) 1 pa>
show ?Zcase
by (rule-tac z = (the (fb l)[Objﬂ) T,pb}) in exl, simp)
next

case (beta f" fa Ta pa)

hence Obj f T =3 Obj fa T and z = (the (fa l)[Obj fa T’pa])
by auto

with «p =3 pa> pred-obj pred-p

obtain b pb where
Obj f' T =5 band Obj fa T =45 b and
p’ =5 pb and pa =3 pb
by (elim allE impE exE conjE, simp)

with par-beta-lc

obtain fb where
Obj f' T =5 Obj fo T and lc (Obj f' T) and lc p’ and
Obj fa T =5 Obj fo T and lc (Obj fa T) and lc pa
by auto

from <« € dom f> <Obj f T =5 Obj f' T» <Obj f T =3 Obj fa T>

have [ € dom ' and | € dom fa by auto

from
par-beta-beta|OF <1 € dom f'» <Obj f' T =5 Obj fo T»

(p' =3 pb> e (Obj ' T)» <lc ph]
par-beta-beta| OF <1 € dom far <Obj fa T =5 Obj fb T»
(pa =g pb> e (Obj fa T)» <lc pa]

<z = (the (fa l)[Obj fa T,pa])>

show ?case
by (rule-tac © = (the (fb l)[Objﬂ’ T’pb}) in exl, simp)

qed
qed
qed
qed
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4.6 Confluence (classical not via complete developments)

theorem beta-confluent: confluent beta
by (rule diamond-par-beta diamond-to-confluence
par-beta-subset-beta beta-subset-par-beta)+

end

theory FEnvironments imports Main begin

4.7 Type Environments

Some basic properties of our variable environments.

datatype ’a environment =
Env (string — 'a)
| Malformed

primrec
add :: ('a environment) = string = 'a = 'a environment
(«<-(-:-)» [90, 0, 0] 91)
where
add-def: (Env e)(z:a]) =
(if (z ¢ dom e) then (Env (e(z — a))) else Malformed)
| add-mal: Malformed(x:al) = Malformed

primrec

env-dom :: ('a environment) = string set
where

env-dom-def: env-dom (Env e) = dom e
| env-dom-mal: env-dom (Malformed) = {}

primrec

env-get :: ('a environment) = string = 'a option (<-1-))
where

env-get-def: env-get (Enve) z = ex
| env-get-mal: env-get (Malformed) © = None

primrec ok::('a environment) = bool
where

OK-Env [intro]: ok (Env e) = (finite (dom e))
| OK-Mal [intro]: ok Malformed = False

lemma subst-add:
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fixes = y
assumes t # y
shows e(z:a))(y:b) = e(y:b)(z:a)
proof (cases e)
case Malformed thus ?thesis by simp
next
case (Env f) with assms show ?thesis
proof (cases x € dom f, simp)
case Fulse with assms Env show ?thesis
proof (cases y € dom f, simp-all, intro ext)
fix za :: string
case Fulse with assms show (f(z — a,y — b)) za = (f(y — b,z — a)) za
proof (cases za = x, simp)
case Fulse with assms show ?thesis
by (cases xa = y, simp-all)
qed
qed
qed
qed

lemma ok-finite[simp|: ok e => finite (env-dom e)
by (cases e, simp+)

lemma ok-ok[simp]: ok e = Fx. e = (Fnv )
by (cases e, simp+)

lemma env-defined:

fixes z :: string and e :: 'a environment

assumes z € env-dom e

shows 3T . elx = Some T
proof (cases e)

case Malformed with assms show ?thesis by simp
next

case Fnv with assms show ?thesis by (simp, force)
qged

lemma env-bigger: [ a ¢ env-dom e; x € (env-dom e) | = z € env-dom (e(a: X))
by (cases e, simp-all)

lemma env-bigger2:
[ a ¢ env-dom e; b ¢ (env-dom e€); x € (env-dom €); a # b ]
= z € env-dom (e(a:X))(b:Y])
by (cases e, simp-all)
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lemma not-malformed: x € (env-dom e¢) = I fun. e = Env fun
by (cases e, simp-all)

lemma not-malformed-smaller:
fixes e :: 'a environment and a :: string and X :: ‘a
assumes ok (e(a: X))
shows ok e
proof (cases e)
case Malformed with assms show ?thesis by simp
next
case (Env f) with ok-finite|OF assms| assms show ?thesis
by (cases a ¢ dom f, simp-all)
qed

lemma not-in-smaller:
fixes e :: 'a environment and a :: string and X :: ‘a
assumes ok (e(a: X))
shows a ¢ env-dom e
proof (cases e)
case Malformed thus ?thesis by simp
next
case (Fnv f) with assms show ?thesis
by (cases a ¢ dom f, simp-all)
qed

lemma in-add:
fixes e :: 'a environment and a :: string and X :: ‘a
assumes ok (e(a:X])
shows a € env-dom (e(a:X))
proof (cases e)
case Malformed with assms show ?thesis by simp
next
case (Env f) with assms show ?thesis
by (cases a ¢ dom f, simp-all)
qed

lemma ok-add-reverse:
fixes
e :: 'a environment and a :: string and X :: ‘a and
b:: stringand Y :: 'a
assumes ok (e(a:X|))(b:Y))
shows (e(b:Y])(a: X)) = (e(a:X)(b:Y))
proof (cases e)
case Malformed with assms show ?thesis by simp
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next
case (Env f)
with
not-in-smaller[OF <ok (e(a:X|)(b:Y))] in-add[OF assms]
not-in-smaller[ OF not-malformed-smaller|OF assms])
in-add|[OF not-malformed-smaller|OF assms]]
show ?thesis
by (simp, intro conjl impl, elim conjE, auto simp: fun-upd-twist)
qed

lemma not-in-env-bigger:
fixes e :: 'a environment and a :: string and X :: ‘a and z :: string
assumes z ¢ (env-dom e) and z # a
shows z ¢ env-dom (e(a:X))
proof (cases e)
case Malformed thus ?thesis by simp
next
case (Env f) with assms show ?thesis
by (cases a ¢ dom f, simp-all)
qed

lemma not-in-env-bigger-2:
fixes
e :: 'a environment and a :: string and X :: ‘a and
b :: string and Y :: 'a and z :: string
assumes z ¢ (env-dom e¢) and © # a and = # b
shows z ¢ env-dom (e(a:X|)(b:Y))
proof (cases e)
case Malformed thus ?thesis by simp
next
case (Env f) with assms show ?thesis
by (cases a ¢ dom f, simp-all)
qed

lemma not-in-env-smaller:
fixes e :: 'a environment and a :: string and X :: ‘a and z :: string
assumes z ¢ (env-dom (e(a:X))) and z # a and ok (e(a:X])
shows z ¢ env-dom e
proof (cases e)
case Malformed with assms(3) show ?thesis by simp
next
case (Env f) with assms show ?thesis
by (cases a ¢ dom f, simp-all)
qed

lemma ok-add-2:
fixes
e :: 'a environment and a :: string and X :: ‘a and
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b:: string and Y :: 'a

assumes ok (e(a:X|))(0:Y))

shows ok e A\ a ¢ env-dom e A b & env-dom e N a # b
proof —

assume ok (e(b:X))(b:Y))
from not-in-smaller[OF this] in-add[OF not-malformed-smaller[OF this]]
have False by simp
} with assms have a # b by auto
moreover
from assms ok-add-reverse[OF assms| have ok (e(b:Y])(a: X)) by simp
note not-in-smaller| OF not-malformed-smaller[ OF this||
ultimately
show ?thesis
using
not-malformed-smaller| OF not-malformed-smaller|OF assms]|
not-in-smaller[ OF not-malformed-smaller|OF assms]
by simp
qed

lemma in-add-2:

fixes

e :: 'a environment and a :: string and X :: ‘a and

b:: string and Y :: 'a

assumes ok (e(a:X))(b:Y))

shows a € env-dom (e(a:X))(b:Y]) A b € env-dom (e(a:X|)(b:Y])
proof —

from ok-add-2[OF assms] show ?thesis

by (elim conjE, intro conjl, (cases e, simp-all)+)

qed

lemma ok-add-3:
fixes
e :: 'a environment and a :: string and X :: ‘a and
b :: string and Y :: 'a and c¢ :: string and Z :: 'a
assumes ok (e(a:X)(b0:Y)(c:Z))
shows
a ¢ env-dom e A b ¢ env-dom e A ¢ ¢ env-dome N a#bANb#cAa#c
proof —
{
assume ok (e(a:X|))(c:Y)(c:Z))
from not-in-smaller[OF this] in-add[OF not-malformed-smaller| OF this]]
have False by simp
} with assms have b # ¢ by auto
moreover
from assms ok-add-reverse[OF assms] have ok (e(a:X|)(c:Z)(b:Y]) by simp
note ok-add-2[|OF not-malformed-smaller[OF' this]]
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ultimately
show ?thesis using ok-add-2[OF not-malformed-smaller[OF assms]]
by simp
qed

lemma in-env-smaller:
fixes e :: 'a environment and a :: string and X :: ‘a and z :: string
assumes z € (env-dom (e(a:X))) and z # a
shows z € env-dom e
proof —
from not-malformed|OF assms(1)] obtain f where f: e(a:X]) = Env f by auto
with assms show ?thesis
proof (cases e)
case Malformed with <e(a:X|) = Env f»
have False by simp
then show ?thesis ..
next
case (Env f') with assms f show ?thesis
by (simp, cases a € dom f’, simp-all, force)
qed
qed

lemma in-env-smaller?2:
fixes
e :: 'a environment and a :: string and X :: ‘a and
b :: string and Y :: 'a and z :: string
assumes z € (env-dom (e(a:X))(0:Y))) and z # a and = # b
shows z € env-dom e
by (simp add: in-env-smaller|OF in-env-smaller[OF assms(1) assms(3)] assms(2)])

lemma get-env-bigger:
fixes e :: 'a environment and a :: string and X :: ‘a and z :: string
assumes z € (env-dom (e(a:X))) and z # a
shows elz = e(a: X))
proof —
from not-malformed|OF assms(1)] obtain f where f: e(a: X)) = Env f by auto
thus ?thesis proof (cases e)
case Malformed with <e(a: X)) = Env f>
show ?thesis by simp
next
case (Env f') with assms f show ?thesis
by (cases a ¢ dom f', auto)
qed
qed

lemma get-env-bigger2:
fixes
e :: 'a environment and a :: string and X :: ‘a and
b :: string and Y :: ‘a and z :: string
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assumes z € (env-dom (e(a:X)(0:Y))) and z # a and = # b
shows elz = e(a: X)) (b: Y]z
by (simp add: get-env-bigger|OF assms(1) assms(3)]
get-env-bigger|OF in-env-smaller[OF assms(1) assms(3)] assms(2)])

lemma get-env-smaller: | © € env-dom e; a ¢ env-dom e | = e(a: X))z = elz
by (cases e, auto)

lemma get-env-smaller?:
[ z € env-dom e; a ¢ env-dom e; b ¢ env-dom e; a # b ]
= e(a:X)(b:Y)lz = elz
by (cases e, auto)

lemma add-get-eq: [ za ¢ env-dom e; ok e; the e(za:U)lza=T] = U =T
by (cases e, auto)

lemma add-get: [ za ¢ env-dom e; ok e | = the e(za:U)lza = U
by (cases e, auto)

lemma add-get2-1:
fixes e :: ‘a environment and z :: string and A :: ‘a and y :: string and B :: ‘a
assumes ok (e(z:A)(y:B))
shows the e(z:A)(y:B)lz = A
proof —
from ok-add-2[OF assms] show ?thesis
by (cases e, elim conjE, simp-all)
qged

lemma add-get2-2:
fixes e :: ‘a environment and z :: string and A :: ‘a and y :: string and B :: 'a
assumes ok (e(z:A)(y:B))
shows the e(z:A)(y:B)ly = B
proof —
from ok-add-2[OF assms] show ?thesis
by (cases e, elim conjE, simp-all)
qed

lemma ok-add-ok: [ ok e; ¢ env-dom e | = ok (e(z: X))
by (cases e, auto)

lemma env-add-dom:
fixes e :: 'a environment and z :: string
assumes ok ¢ and z ¢ env-dom e
shows env-dom (e(z: X)) = env-dom e U {z}
proof (auto simp: in-add[OF ok-add-ok[OF assms]|, rule ccontr)
fix y assume y € env-dom (e(z:X))) and y ¢ env-dom e and y # =
from in-env-smaller|OF this(1) this(3)] this(2) show Fualse by simp
next
fix y assume y € env-dom e
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from env-bigger[OF not-in-smaller|OF ok-add-ok[OF assms]| this]
show y € env-dom (e(z:X)) by assumption
qed

lemma env-add-dom-2:
fixes e :: 'a environment and z :: string and y :: string
assumes ok e and z ¢ env-dom e and y ¢ env-dom e and = # y
shows env-dom (e(z:X|)(y:Y)) = env-dom e U {z,y}
proof —
from env-add-dom[OF assms(1—2)] assms(8—4)
have y ¢ env-dom (e(z: X)) by simp
from
env-add-dom[OF assms(1—2)]
env-add-dom[OF ok-add-ok[OF assms(1—2)] this]
show ?thesis by auto
qed

fun
env-app :: (‘a environment) = ('a environment) = ('a environment) ((-+-»)
where
env-app (Env a) (Env b) =
(if (ok (Env a) A ok (Env b) A env-dom (Env b) N env-dom (Env a) = {})
then Env (a ++ b) else Malformed )

lemma env-app-dom:
fixes el :: 'a environment and e2 :: 'a environment
assumes ok el and env-dom el N env-dom e2 = {} and ok e2
shows env-dom (el+e2) = env-dom el U env-dom e2

proof —
from ok-ok[OF <ok el5] ok-ok[OF <ok e2)]
obtain fI f2 where el = Env f1 and e2 = Env f2 by auto
with assms(2) ok-finite[OF <ok el>] ok-finite| OF <ok e2)]
show ?thesis by auto

qed

lemma env-app-same[simp:
fixes el :: ‘a environment and e2 :: ‘a environment and x :: string
assumes
ok el and z € env-dom el and
env-dom el N env-dom e2 = {} and ok e2
shows the (el+e2lx) = the ellz
proof —
from ok-ok[OF <ok el>] ok-ok[OF <ok e2)]
obtain fI f2 where el = Env f1 and e2 = Env f2 by auto
with assms(2—3) ok-finite]OF <ok el»] ok-finite[OF <ok e2)]
show ?thesis proof (auto)
fix y :: ‘a assume dom fI N dom f2 = {} and fI z = Some y
from map-add-comm[OF this(1)] this(2) have (f1 ++ f2) z = Some y
by (simp add: map-add-Some-iff)
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thus the ((fI ++ f2) z) = y by auto
qed
qed

lemma env-app-ok[simp]:
fixes el :: ‘a environment and e2 :: 'a environment
assumes ok el and env-dom el N env-dom e2 = {} and ok e2
shows ok (el+e2)

proof —
from ok-ok[OF <ok el’] ok-ok[OF <ok e2)]
obtain fI f2 where el = Env fI and e2 = Env f2 by auto
with assms show ?thesis by (simp,force)

qed

lemma env-app-add[simp]:
fixes el :: ‘a environment and e2 :: ‘a environment and x :: string
assumes
ok el and env-dom el N env-dom e2 = {} and ok e2 and
z ¢ env-dom el and = ¢ env-dom e2
shows (el+e2)(z:X) = el(z:X)+e2
proof —
from ok-ok[OF <ok el>] ok-ok[OF <ok e2>]
obtain fI f2 where el = Env f1 and e2 = Env f2 by auto
with assms show ?thesis proof (clarify, simp, intro impl ext)
fix za :: string
assume z ¢ dom f1 and z ¢ dom f2
thus ((f1 ++ f2)(z — X)) za = (f1(z — X) ++ f2) za
proof (cases © = za, simp-all)
case Fualse thus (fI ++ f2) za = (f1(x — X) ++ f2) za
by (simp add: map-add-def split: option.split)
next
case True with «x ¢ dom f1» «x ¢ dom f2»
have (fI(za — X) ++ f2) za = Some X
by (auto simp: map-add-Some-iff)
thus Some X = (f1(za — X) ++ f2) za by simp
qed
qged
qged

lemma env-app-add2|[simpl:
fixes
el :: 'a environment and e2 :: ‘a environment and
x :: string and y :: string
assumes
ok el and env-dom el N env-dom e2 = {} and ok e2 and
z ¢ env-dom el and z ¢ env-dom e2 and y ¢ env-dom el and
y ¢ env-dom e2 and z # y
shows (el+e2)(z:X)(y:Y) = el (z:X)(y:Y])+e2
proof —
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from ok-ok[OF <ok el>] ok-ok[OF <ok e2)]
obtain f1 f2 where el = Env f1 and e2 = Env f2 by auto
with assms show ?thesis proof (clarify, simp, intro impl ext)
fix za :: string
assume z ¢ dom f1 and z ¢ dom f2 and y ¢ dom f1 and y ¢ dom f2
with <z # y»
show ((fI ++ f2)(z = X, y—= Y)za= (fl(z— X, y—~ Y) ++ f2) za
proof (cases = za, simp)
case True
with «z # v @ & dom f1» «x & dom f2> <y & dom fI» <y & dom f2»
have (fI(za — X,y — Y) ++ f2) za = Some X
by (auto simp: map-add-Some-iff)
thus Some X = (fl (za — X,y — Y) ++ f2) za by simp
next
case Fulse thus ?thesis
proof (cases y = za, simp-all)
case Fulse with «x # za»
show (f1 ++ f2) za = (f1(z — X,y = Y) ++ f2) za
by (simp add: map-add-def split: option.split)
next
case True
with <z # v <z ¢ dom f1) <z & dom f2) <y & dom f1» <y & dom f2>
have (fI(z — X,2a — Y) ++ f2) za = Some Y
by (auto simp: map-add-Some-iff)
thus Some Y = (fI(z = X, za — Y) ++ f2) za by simp
qed
qed
qed
qed

end

5 First Order Types for Sigma terms

theory TypedSigma imports ../preliminary/Environments Sigma begin

5.0.1 Types and typing rules

The inductive definition of the typing relation.

definition
return :: (type X type) = type where
return a = fst a

definition
param :: (type X type) = type where

param a = snd a

primrec
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do :: type = (Label set)
where
do (Object 1) = (dom 1)

primrec

type-get :: type = Label = (type x type) option («-"-» 1000)
where

(Object 1) n = (I n)

inductive
typing :: (type environment) = sterm = type = bool
(-F -: - [80, 0, 80] 230)
where
T-Var[intro!]:
[ ok env; x € env-dom env; (the (envlz)) = T ]
= env - (Fvarz): T
| T-Obj[intro!]:
[ ok env; dom b = do A; finite F;
Vicdo A.Vsp.s¢ FApg FANs#p
— env(s:A))(p:param(the (A7)
F (the (b 1)[Fvar s,Fvar ply . ey (the (A7) |
= envt (Objb A): A
| T-Upd[intro!]:
[ finite F,
Vsp.s¢é¢ FApE FANs#p
— env(s:A))(p:param(the (A71)))
F (n[Fvar s, Fvar p}) : return(the (A7));
envkEa:A;le€doA] = envbk Updaln: A
| T-Call[intro!]:
[ envt a: A; env b b: param(the (A1)); 1 € do A]
= env - (Call a 1 b) : return(the (A7))

inductive-cases typing-elims [elim!]:
eFObjibT: T
et Fvarz: T
e Callalb: T
e-Updaln:T

5.0.2 Basic lemmas

Basic treats of the type system.

lemma not-bvar: et : T = Vi. t # Bvar1i
by (erule typing.cases, simp-all)

lemma typing-reqular’: et : T = ok e
by (induct rule:typing.induct, auto)
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lemma typing-reqular’: et t: T = lc t
by (induct rule:typing.induct, auto)

theorem typing-reqular: et : T = ok e Nlct
by (simp add: typing-reqular’ typing-reqular’”)

lemma obj-inv: e Obj fU: A= A=0U
by (erule typing.cases, auto)

lemma obj-inv-elim:
e 0ObjfU: U
= (dom f = do U)
A (IF. finite F AN (Vledo U. Vsp.s¢ FApg FAs#Dp
— e(s:U|)(p:param(the U))
F (the (f 1)[EFvar s,Fvar ply . ey (the (U))))
by (erule typing.cases, simp-all, blast)

lemma typing-induct[consumes 1, case-names Fvar Call Upd Obj Bnd):
fixes
env :: type environment and t :: sterm and T :: type and
P1 :: type environment = sterm = type = bool and
P2 :: type environment = sterm = type = Label = bool
assumes
envt: T and
Nenv T z. [ ok env; © € env-dom env; the envlz = T ]
= PI env (Fvar z) T and
Nenv Ttlp. [envbt: T; Plenvt T; envt p: param (the(T1));
P1 env p (param (the(T7))); 1 € do T ]
= P1 env (Call t | p) (return (the(T71))) and
Nenv Ttlu [envb t: T, Plenvt T;1€ doT; P2envu TI]
= Pl env (Upd tlu) T and
Nenv T f. [ ok env; dom f = do T; ¥icdom f. P2 env (the(f1)) T1]
= Pl enw (Obj fT) T and
Nenv T Lt L. [ ok env; finite L;
Vsp.s¢ LApg LANs#Dp
— env(s: T|)(p:param (the(T1)))
H (t[Fvar s, Fuar p]) : return (the(T 7))
A P1 (env(s:T)(p:param (the(T))])) (t[Fvar s, Fuar p])
(return (the(T™1))) |
= Plenvt Tl
shows
PienvtT
using assms by (induct rule: typing.induct, auto simp: typing-regular’)

lemma ball-Tltsp:
fixes
P1 :: type = Label = sterm = string = string = bool and
P2 :: type = Label = sterm = string = string = bool
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assumes
Nttt [Vsp.s¢ FApg FAs#p—PITIltsp]
= Vsp.s¢ F'ANpg F'Ns#p— P2TItspand
Viedo T.Vsp.s¢ FAp¢é FANs#p— PITI(the(fl) sp
shows Viedo T.Vsp. s ¢ F'ANp ¢ F'ANs#p— P2TI (the(fl) sp
proof
fix [ assume | € do T
with assms(2)
haveVsp. s ¢ FAp ¢ FANs#p— Pl TI(the(fl) sp
by simp
with assms(1)
show Vsp. s¢ F'ANp g F'ANs#p— P2TI (the(fl)) sp
by simp
qed

lemma ball-ex-finite:
fixes
S ::'asetand F :: 'b set and z :: 'a and
P:'a="b="b= bool
assumes
finite S and finite F' and
VzeS. (3F'. finite F'
ANNVsp.s¢g FFUFANpEF UFANs#p
— Pz sp))
shows
IF'. finite F'
ANNVzeS. Vsp.s¢ FFUFApg FITUF ANs#Dp
— Pxsp)
proof —
from assms show ?thesis
proof (induct S)
case empty thus Zcase by force
next
case (insert z S)
from insert(5)
have
YyeS. (IF'. finite F’
ANVsp.s¢ FFUFANpg FIUFANs#Dp
— Pysp))
by simp
from insert(3)[OF «finite F» this]
obtain F1 where
finite F1 and
pred-S:VyeS.Vsp.s¢ F1UFANp¢g FIUF As#p
— Pysp
by auto
from insert(5)
obtain F2 where
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finite F2 and
Vsp.s¢ F2UFANpg F2UFANs#p— Pxsp
by auto
with pred-S have
Vy€insert x S.Vsp.s¢ F1 UF2UFANpg¢ F1 UF2UF As#p
— Pysp
by auto
moreover
from «finite F1» «finite F2> have finite (F1 U F2) by simp
ultimately
show ?case by blast
qed
qed

lemma bnd-renaming-lem:
assumes
s¢ FVit'andp ¢ FVit'and z ¢ FVi'and y ¢ FV ¢’ and
z ¢ env-dom env’ and y ¢ env-dom env’ and s # p and z # y and
t = {Suc n — [Fvar s, Fvar p|} t' and env = env’(s:A)(p:B) and
pred-bnd:
Vsapa. sa ¢ F A pa ¢ F A sa+# pa
— env(sa: T|)(pa:param(the(T))) F (t[er sa,Fvar pa}) : return(the(T7))
ANMenv t"s"p'x’y" A" B' n'.
sS'EFVE —sp' ¢ FVt" — o' ¢ FV " —s y' ¢ FV ¢ —
z' ¢ env-dom env” — y’' ¢ env-dom env'” — z' £y’ — s’ #£ p’
N (t[Fvar sa, Fvar pa}) = {n’ = [Fvar s',Foar p)} t"
— env(sa: T))(pa:param(the(T))]) = env”(s"A')(p"B’)
— env’'(z":A')(y"B’)
F {n’' — [Pvar z',Fvar y'|} t'" : return(the(T71))) and
FVit CF’
shows
Vsa pa. sa ¢ F U {s,p,z,y} U F’'U env-dom env’
Apaé¢ F U {spzy} UF U env-dom env’
A sa # pa
— env’(|2: A)(y: B (sa: T) (| pa:param(the( T 1))
- ({Suc n — [Foar z, Fvar y)} t/Fvar sa.Fvar paly « popyrn (the(T71))
proof (intro strip, elim conjE)
fix sa pa
assume
nin-sa: sa ¢ F U {s,p,x,y} U F' U env-dom env’ and
nin-pa: pa ¢ F U {s,p,z,y} U F' U env-dom env’ and sa # pa
hence sa ¢ F A pa ¢ F A sa # pa by auto
moreover
{
fix a assume a ¢ FV ¢’ and a € {s,p,2,y}
with
FV t' C F' nin-sa nin-pa <sa # pa
sopen-FV]of 0 Fvar sa Fvar pa t]
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have a ¢ FV (t/[Fvar sa, Fuar pa]) by (auto simp: openz-def)
} note
this|OF «s ¢ FV t"] this|OF «p ¢ FV t)]
this|OF «x ¢ FV t"] this|OF <y ¢ FV t))
moreover
from
not-in-env-bigger-2[OF «x ¢ env-dom env’)
not-in-env-bigger-2[{OF <y ¢ env-dom env’)]
nin-sa nin-pa
have
z ¢ env-dom (env'(sa: T)(pa:param(the(T1))))
Ay ¢ env-dom (env'(sa:T|) (pa:param(the(T1))|)) by auto
moreover
from «t = {Suc n — [Fvar s, Fvar p|} t"» sopen-commute[OF Suc-not-Zero
have (t[Fvar sa,Fvar pa]) = {Suc n — [Fvar s,Fvar p|} (t/[Fvar sa,Fvar pa})
by (auto simp: openz-def)
moreover
from
subst-add]of s sa env’ A T) subst-add[of sa p env’(s:A|) T B]
subst-add[of s pa env'(sa:T|) A param(the(T1))]
subst-add[of p pa env'(sa:T|)(s:A) B param(the(T1))]
<env = env’(s:A)(p:B))» nin-sa nin-pa
have env(sa: T|)(pa:param(the(T))) = env’(sa: T))(pa:param(the( T1))|(s:A)(p: B)
by auto
ultimately
have
env’(sa: T))(pa:param(the T1))(z:A)(y:B)
F {Suc n — [Fvar z, Fvar y|} (t/[Fvar sa,Fvar pa]) : return(the(T 7))
using s # p» «x # y» pred-bnd by auto
moreover
from
subst-add|of y sa env’(z:A|) B T| subst-add|of x sa env’ A T]
subst-add|of y pa env’(sa:T|)(x:A) B param(the(T))]
subst-add]of x pa env'(sa:T|) A param(the(T))]
nin-sa Nin-pa
have
env’(z: A))(y:B))(sa: T)(pa:param(the( T 1))
= env'(|sa: T|)(pa:param(the(T1)))(z:A)(y:B)
by auto
ultimately
show
env’(z:A))(y:B))(sa: T)(pa:param(the( T 1))
F ({Suc n — [Fvar z, Fvar y|} ¢/|Fvar sa,Foar pa]) : return (the(T71))
using sopen-commute| OF not-sym|OF Suc-not-Zero]
by (simp add: openz-def)
qed

lemma type-renaming’[rule-format):
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eHt: C =
(Nenvt'sprzyABn. [s¢ FVi,p¢ FVtia ¢ FV;y¢ FV
z ¢ env-dom env; y ¢ env-dom env; s # p; T # y;
t = {n — [Fvar s,Fvar p|} t'; e = env(s:A)(p:B) ]
= env(z:A)(y:B) F {n — [Fvar z,Fvar y]} t': C)
proof (induct set:typing)
case (T-Call env t1 Tt21lenv’' t' spzy A Bn)
with sopen-eq-Call[OF sym[OF «Call t1 1t2 = {n — [Fvar s,Fvar p|} t"]]
show ?case by auto
next
case (T-Var enva Tenw't' spxzy A Bn)
from <ok env> <env = env’(s:A))(p:B))> ok-add-2[of env’ s A p B|
have ok env’ by simp
from
ok-add-ok[OF ok-add-ok|OF this <z ¢ env-dom env"]
not-in-env-bigger[OF <y ¢ env-dom env’s not-sym[OF <x # ]]]
have ok: ok (env’(z:A))(y:B)) by assumption

from sopen-eq-Fvar|OF sym|OF «Fvar a = {n — [Fvar s,Fvar p|} t]]
show Zcase
proof (elim disjE conjF)
assume t’' = Fvar a with T-Var(4—7)
obtain ¢ # s and a # p and a # z and a # y by auto
note in-env-smaller2[OF - this(1—2)]
from <a € env-dom env) <env = env’(s:A))(p:B|)» this[of env’ A B|
have a € env-dom env’ by simp
from env-bigger2[OF «x ¢ env-dom env’y <y ¢ env-dom env’y this <x # ]
have inenv: a € env-dom (env’(z:A)(y:B)) by assumption
note get-env-bigger2[OF - <a # s <a # p]
from
this[of env’ A B] <a € env-dom envs <the envla = T)»
cenv = env’(s:A))(p:B|)> get-env-bigger2[OF inenv <a # > <a # ]
have the (env'(z:A)(y:B)'a) = T by simp
from typing. T-Var[OF ok inenv this] <t' = Fvar a» show Zcase by simp
next
assume a = s and t’ = Bvar (Self n)
from
this(1) <ok envy <env = env’(s:A)(p:B))> <the envla = T»
add-get2-1[of env' s A p B|
have T = A by simp
moreover
from «t’ = Bvar (Self n)» have {n — [Fvar x,Fvar y|} t' = Fvar x by simp
ultimately
show ?case using in-add-2[OF ok] typing.T-Var[OF ok - add-get2-1[OF ok]]
by simp
next
note subst = subst-add[OF «x # ]
from subst[of env’ A B] ok have ok’ ok (env'(y:B|)(z:A))) by simp
assume a = p and t’ = Bvar (Param n)
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from
this(1) <ok envy <env = env’'(s:A|)(p:B))> <the envla = T»
add-get2-2[of env’ s A p B
have T = B by simp
moreover
from <t’ = Bvar (Param n)> have {n — [Fvar z,Fvar y|} t' = Fvar y by simp
ultimately
show “case
using
subst[of env’ A B] in-add-2[OF ok/]
typing. T-Var[OF ok’ - add-get2-1[OF ok')]
by simp
qed
next
case (T-Upd F env T 1t2t1 env' t' spxzy A B n)
from sopen-eq-Upd[OF sym[OF «Upd t1 1 t2 = {n — [Fvar s,Fvar p|} t)]]
obtain ¢’ t2’ where
t1: t1 = {n — [Fvar s,Fvar p]} t1’ and
t2: t2 = {Suc n — [Fvar s,Fvar p|} t2' and
t 4 = Upd t1' 112
by auto
{ fix a assume a ¢ FV t’ with ¢t' have a ¢ FV t1' by simp }
note
t1' = T-Upd(4)[OF this|OF <s ¢ FV t"] this|OF <p ¢ FV t']
this|OF «x ¢ FV t"] this|OF <y ¢ FV t)]
«x ¢ env-dom env’y <y ¢ env-dom env’
(s # p @ # p tl <env = env’(s:A))(p:B))»)
from ok-finite[of env’] ok-add-2[OF typing-regular'|OF this)|
have findom: finite (env-dom env’) by simp

{ fix a assume a ¢ FV t’ with ¢t' have a ¢ FV t2' by simp }
note
bnd-renaming-lem[OF this|OF «s ¢ FV t"] this|OF «p ¢ FV t]
this|OF «x ¢ FV t"] this|OF <y ¢ FV /]
«x & env-dom env’y <y ¢ env-dom env’
s £ pr«x # yr t2 cenv = env’(s:A)(p: B))]
from this[of F T | FV t2'] T-Upd(2)
have
Vsa pa. sa ¢ F U {s, p, z,y} UFVt2'U env-dom env’
ANpa g FU{s p z yt UFVE2'U env-dom env’
A sa # pa
— env’(|x:A)(y: B)) (sa: T)) (| pa:param(the( T 1))
F ({Suc n — [Fvar z,Fvar y|} t2 (Fvar sa,Foar pa}) : return(the(T 1))
by simp
from
typing. T-Upd[OF - this t1’' <l € do T)]
finite Fy findom t’
show ?case by simp
next
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case (T-Objenv f T Fenv't'spzy A Bn)
from <ok envy <env = env'(s:A|)(p:B|)> ok-add-2[of env’ s A p B|
have ok env’ by simp
from
ok-add-ok[OF ok-add-ok[OF this <x ¢ env-dom env"]
not-in-env-bigger[OF <y ¢ env-dom env’y not-sym[OF <z # ]]]
have ok: ok (env’(z:A))(y:B)) by assumption
from sopen-eq-Obj|OF sym[OF <Obj f T = {n — [Fvar s,Fvar p|} t"]]
obtain f’ where
obj: {n — [Fvar s,Fvar p|} Obj f' T = Obj f T and
t t'= Obj f' T by auto
from
this(1) <dom f = do T
sym[OF dom-sopenoption-lem[of Suc n Fvar s Fvar p )]
dom-sopenoption-lem[of Suc n Fvar x Fvar y ]
have dom: dom (\l. sopen-option (Suc n) (Fvar x) (Fvar y) (f'1)) = do T
by simp

from
finite Fy finite-FV[of Obj f' T
ok-finite[of env’] ok-add-2[OF ok]

have finF: finite (F U {s,p,z,y} U FV (Obj f' T) U env-dom env’)
by simp

have
Viedo T.Vsa pa. sa ¢ F U {s, p, z, y} U FV (Obj f' T) U env-dom env’
ANpa ¢ FU{s, p x, yt UFV (0bjf' T)U env-dom env’
A sa # pa
— env'(|x:A)(y: B)) (sa: T)) (| pa:param(the( T 1))
F (the(sopen-option (Suc n) (Fvar x) (Fvar y) (f' l))[FWT sa,Fvar pa]) :
return(the( T 1))
proof
fix | assume | € do T with T-0bj(4)
have cof:
Vsapa. sa ¢ FANpa¢ F A sa+# pa
— env(sa: T))(pa:param(the(T 1))
b (the(f 1)[Fvar sa,Foar paly . potyrn(the( T))
ANNVenv" t" s p'z’y' A’ B' n'.
S EFVE —sp ¢ FVt" — o' ¢ FV " —s y' ¢ FV "
— 2’ ¢ env-dom env' — y' ¢ env-dom env' — x’ # y’
— s'#p’
— (the(f l)[F”‘“" sa,Fvar pa]) = {n' — [Fvar s’,Fvar p'|} t"”
— env(sa: T))(pa:param(the(T 1)) = env”(s"A')(p"B’)
— env”(z":A’)(y"B)
F{n' — [Fvar ', FPvar y'|} t" : return(the(T1)))
by simp
from
<€ do Ty <dom f =do T <Obj f T ={n — [Fvar s,Fvar p|} t’» obj t’
dom-sopenoption-lem[of Suc n Fvar s Fvar p f']
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have indomf": | € dom [’ by auto
hence
opened: the (sopen-option (Suc n) (Fvar x) (Fvar y) (f'1))
= {Suc n — [Fvar z,Fvar y|} the(f’ 1)
by force
from indomf’ have FVsubset: FV (the(f’ 1)) C FV (Obj f’' T) by force
with
s ¢ FVith «xp ¢ FVih ¢ FVih«y ¢ FV ) objt’
indomf’ FV-option-lem[of ']
obtain
s & FV (the(f' 1)) and p ¢ FV (the(f' 1)) and
z ¢ FV (the(f' 1)) and y ¢ FV (the(f’ 1)) and
the(f 1) = {Suc n — [Fvar s,Fvar p|} the(f' 1) by auto
from
bnd-renaming-lem[OF this(1—4) «x ¢ env-dom env’s <y & env-dom env’
s # pr «x # Y this(5) <env = env’(s:A)(p:B|)»
cof FVsubset]
show
Vsapa. sa ¢ FU{s, p,z, y} UFV (Objf' T) U env-dom env’
ANpaé¢ FU{s, p x, y} UFV (0bjf' T)U env-dom env’
A sa # pa
— env’(z:A)(y:B))(sa: T)(pa:param(the( T1)))
F (the(sopen-option (Suc n) (Fvar z) (Fvar y) (f' l))[Fvar sa, Fuar pa]) :
return(the(T 1))
by (subst opened, assumption)
qed
from typing. T-Obj|OF ok dom finF this] t’ show ?case by simp
qed

lemma type-renaming:
[ e(s:A)(p:B) F {n — [Fvar s,Fvar p|} t: T,
s¢FVi;pd FVit,x ¢ FV i, yé¢ FV i,
x & env-dom e; y & env-dom e; © # y; s # p
= e(z:A)(y:B) + {n — [Fvar z,Fvar y|} t : T
by (auto simp: type-renaming’)

lemma obj-inv-elim”:
assumes
ek ObjfU: U and
nin-s: s ¢ FV (Obj f U) U env-dom e and
nin-p: p ¢ FV (Obj f U) U env-dom e and s # p
shows
(dom f = do U) N (Viedo U. e(s:U))(p:param(the(U 1))
- (the(f 1)[Fvar s.Fvar ply . ety (the(U)))
using assms
proof (cases rule: typing.cases)

case (T-0Obj F)
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thus ?thesis
proof (simp, intro strip)
fix [ assume [ € do U
from «(finite F» finite-F'V]of Obj f U] have finite (F U FV (Obj f U) U {s,p})
by simp
from exFresh-s-p-cof [OF this)
obtain sa pa where
sa # pa and
nin-sa: sa ¢ F U FV (0Obj f U) and
nin-pa: pa ¢ F U FV (Obj f U) by auto
with <[ € do U» T-Obj(4)
have
e(|sa: U))(pa:param(the(UT)))
F (the(f l)[er sa,Fvar pa}) : return(the(U ™))
by simp
moreover
from <« € do U» «dom f = do U>»
have | € dom f by simp
with nin-s nin-p nin-sa nin-pa FV-option-lem[of f]
have
sa ¢ FV (the(f1)) N pa ¢ FV (the(f1))
Ns & FV (the(fl)) Np ¢ FV (the(f1))
A s & env-dom e A\ p ¢ env-dom e by auto
ultimately
show
e(s:U)(p:param(the(U)))
- (the(f 1)[Fvar s,Fvar ply . pepyrn,(the(U))
using type-renaming[OF - - - - - - - 8 £ pr <sa £ pw]
by (simp add: openz-def)
qed
qed

lemma dom-lem: e = Obj f (Object fun) : Object fun = dom f = dom fun
by (erule typing.cases, auto)

lemma abs-typek:

assumes e = Call (Obj fU)1b: T

shows

(3 F. finite F'

ANVsp.s¢ FApg FAs#Dp
— e(s:U)(p: param(the(UN))) F (the(f 1)Evar s:Foar ply . 1y — p)

= P

using assms
proof (cases rule: typing.cases)

case (T-Call A)

assume

cof: AF. finite F
ANNVsp.s¢ FApgFANs#Dp
— e(s:U)(p: param(the(U))) F (the(f l)[F”‘”" s,Fvar p]) . T)
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== P
from
«T = return(the(A0))»
ek Obj fU: A<l € do A obj-inv[of e f U A
obtain et (Obj fU) : U and T = return(the(U 1)) and [ € do U
by simp
from obj-inv-elim[OF this(1)] this(2—3) cof show %thesis by blast
qed

5.0.3 Substitution preserves Well-Typedness

lemma bigger-env-lemmalrule-format]:
assumes et ¢ : T
shows Vz X. z ¢ env-dom e — e(z: X)) F t: T
proof —
define pred-cof
where pred-cof L envt T | +—
(Vsp.s¢ LApg LANs#Dp
— env(s: T|)(p:param (the(T))) + (t[Fv“T s, Fuar p}) : return (the(T)))
for Lenvt T
from assms show ?thesis
proof (induct
taking: Aenvt T 1. Vz X. x ¢ env-dom env
— (3 L. finite L A pred-cof L (env(z:X)) t T 1)
rule: typing-induct)
case Call thus ?case by auto
next
case (Fvar env Ta za) thus ?case
proof (intro strip)
fix z X assume = ¢ env-dom env
from
get-env-smaller[OF <za € env-dom env this)
T-Var[OF ok-add-ok[OF <ok env) this]
env-bigger|OF this <xa € env-dom env))
<the envlza = Ta»
show env(z:X|) F Fvar za : Ta by simp
qed
next
case (Obj env Ta f) note pred-o = this(3)
define pred-cof’
where pred-cof' * X b | «<— (3 L. finite L A pred-cof L (env(z:X)) (the b)
Tal) for x X bl
from pred-o
have pred: Vz X. © ¢ env-dom env — (VI€dom f. pred-cof ' = X (f1) 1)
by (intro fmap-ball-ali2’[of f Az X. x ¢ env-dom env pred-cof ],
unfold pred-cof-def pred-cof’-def, simp)
show ?case
proof (intro strip)
fix z X
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define pred-bnd
where pred-bnd s p b | +—

env(z: X)) (s: Ta|)(p:param (the(Ta™))) F (the plFvar s, Foar p]) :

(the(Ta™))
for sp bl
assume z ¢ env-dom env
with pred fmap-ex-cof [of f pred-bnd] <dom f = do Ta»
obtain L where
finite L and Viedo Ta. pred-cof L (env(z: X)) (the(f1)) Ta l
unfolding pred-bnd-def pred-cof-def pred-cof'-def
by auto
from
T-0bj|OF ok-add-ok[OF <ok envs <z ¢ env-dom env))
<«dom f = do Ta> this(1)]
this(2)
show env(z: X)) F Obj f Ta : Ta
unfolding pred-cof-def
by simp
qed
next
case (Upd env Ta t | u)
note pred-t = this(2) and pred-u = this(4)
show ?Zcase
proof (intro strip)
fix z X assume z ¢ env-dom env
with pred-u obtain L where
finite L and pred-cof L (env(z:X|) v Ta Il by auto
with « € do Ta> «x ¢ env-dom env) pred-t
show env(z: X)) - Upd tlu : Ta
unfolding pred-cof-def
by auto
qed
next
case (Bnd env Ta 1 t L) note pred = this(3)
show ?case
proof (intro strip)
fix z X assume z ¢ env-dom env
thus 3 L. finite L A pred-cof L (env(z:X|) t Ta l
proof (rule-tac x = L U {z} in exl, simp add: <finite L,
unfold pred-cof-def, auto)
fix sp
assume
s¢ Land p ¢ L and s # p and
s#zand p #
note
subst-add][OF not-sym[OF s # x]]
subst-add][OF not-sym[OF <p # x>]]
from
this(1)[of env X Ta] this(2)[of env(s:Tal) X param (the(Ta™))]
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pred <s ¢ Ly <p & L) <s # p»
not-in-env-bigger-2[OF «x ¢ env-dom env»
not-sym|[OF «s # 1] not-sym[OF <p # n]]
show
env(z: X)) (s: Tal) (p:param (the(Ta)))
H (t[Fvar s, Far p]) : return (the(Ta ™))
by auto
qed
qed
qed
qed

lemma bnd-disj-env-lem:
assumes
ok el and env-dom el N env-dom e2 = {} and ok e2 and
Vsp.s¢ FApE FANs#p
— el (s:T)(p:param(the(T1)))
F (tQ[Fvar s,Fuar p}) : return(the(T71))
A (env-dom (el (s:T|)(p:param(the(T1)))) N env-dom e2 = {}
— ok e2
— el(s:T)(p:param(the(T1)))+e2
F (tQ[Fvar s,Fuar p}) : return(the(T)))
shows
Vsp. s¢ F U env-dom (el+e2) AN p ¢ F U env-dom (el+e2) A s # p
— (e1+e2)(s: T)(p:param(the(T))]) F (tQ[Fmr s, Fvar p]) : return(the(T 1))
proof (intro strip, elim conjE)
fix s p assume
nin-s: s ¢ F U env-dom (el+e2) and
nin-p: p ¢ F U env-dom (el+e2) and s # p
from
this(1—2) env-add-dom-2[OF assms(1) - - this(3)]
assms(2) env-app-dom[OF assms(1—3)]
have env-dom (el (s:T|))(p:param(the(T1)))) N env-dom e2 = {} by simp
with
env-app-add2[OF assms(1—3) - - - - <s # p]
env-app-dom[OF assms(1—3)] <ok e2> assms(4) nin-s nin-p <s # p
show (el+e2)(s:T)(p:param(the(T))) + (tQ[FwT s,Fvar p]) : return(the(T 1))
by auto
qed

lemma disjunct-env:
assumes ek t: A
shows (env-dom e N env-dom ¢/ = {} = oke' = e+ e'Ft: A)
using assms
proof (induct rule: typing.induct)
case T-Call thus ?case by auto
next
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case (T-Var envz T)

from
env-app-dom[OF <ok envy <env-dom env N env-dom e’ = {}» <ok e]
<x € env-dom env)

have indom: x € env-dom (env+e’) by simp

from
<ok envy <z € env-dom envy <the envlz = T) <env-dom env N env-dom e’ = {}»
<ok ey
have the (env+e)lz = T by simp
from
typing. T-Var|OF env-app-ok[OF <ok envy <env-dom env N env-dom e’ = {}»
<ok e”]
indom this
show ?case by assumption
next
case (T-Upd F env T 1 t2 t1)
from

typing. T-Upd[OF - bnd-disj-env-lem[OF typing-reqular'|OF <env = t1 : T)]
<env-dom env N env-dom e’ = {}» <ok e"
T-Upd(2)]
T-Upd(4)[OF <env-dom env N env-dom e’ = {}» <ok e"]
€ do T
finite Fy ok-finite|OF env-app-ok|OF typing-reqular’[OF <env - t1 : T)]
<env-dom env N env-dom e’ = {}» <ok eh]]
show ?case by simp
next
case (T-Objenv f T F)
from
ok-finite[ OF env-app-ok[OF <ok envs <env-dom env N env-dom e’ = {}» <ok e’]]
finite F»
have finF: finite (F U env-dom (env+e’)) by simp
note
ball-Tltsplof F
AT 1t sp. env(s:T)(p:param(the(T))) F (t[F”‘” s,Fvar p]) : return(the(T7))
A (env-dom (env(s:T|)(p:param(the(T1)))) N env-dom e’ = {}
— ok e’
— env(s: T|)(p:param(the(T1)))+e’
- (tlFvar s,Fvar ply o petyrn(the( T 1))
T F U env-dom (env+e)
AT 1t s p. (env+e’)(s: T)(p:param(the(T1)))
F (t[Fvar s, Fvar p]) : return(the(T71))]
from
this|OF - T-Obj(4)]
bnd-disj-env-lem[OF <ok envy <env-dom env N env-dom e’ = {}» <ok e"]
typing. T-Obj[OF env-app-ok[OF <ok env»
cenv-dom env N env-dom e’ = {}» <ok e”]
<dom f = do T» finF]
show ?case by simp
qed
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Typed in the Empty Environment implies typed in any Environment

lemma empty-env:
assumes (Env Map.empty) - t : A and ok env
shows env - t: A
proof —
from <ok env) have env = (Env Map.empty)+env by (cases env, auto)
with disjunct-env[OF assms(1) - assms(2)] show ?thesis by simp
qed

lemma bnd-open-lem:
assumes
pred-bnd:
Vsa pa. sa ¢ F A pa ¢ F A sa+# pa
— env(sa: T|)(pa:param(the(T)))
H (t[FmT sa,Fvar pa]) : return(the(T7))
ANNVenw" t"s' p'z’y A'B'n'.s'¢ FV'"UFVa'UFVy
—p' ¢ FV"UFVZ' UFVy — s #£p’
— e Fz': A — env” F y': B’
. (t[Fvar sa,Fvarpa]) = {n' = [Fvar s',Fvar p']} t"
— env(sa: T|)(pa:param(the(T))) = env”(s:A’)(p"B’)
— env” F {n’ — [2"y]} t": return(the(T71))) and
ok env and env = env’(s:A|)(p:B)) and
s¢ FVt"UFVzUFVyandp¢ FVt'"UFVzUFVyand s # p and
env'x: Aand env’' - y: B and
t = {Suc n — [Fvar s,Fvar p|} t'and FV t' C FV "
shows
Vsa pa. sa ¢ F U {s,p} U env-dom env’
Apa ¢ F U {sp} U env-dom env’ A sa # pa
— env'(sa: T|)(pa:param(the(T1)))
F ({Suc n — [2,9]} ¢/1Fvar sa, Fuar pa}) : return(the(T 1))
proof (intro strip, elim conjE)
fix sa pa assume
nin-sa: sa ¢ F U {s,p} U env-dom env’ and
nin-pa: pa ¢ F U {s,p} U env-dom env’ and sa # pa
hence sa ¢ F A pa ¢ F A sa # pa by auto
moreover
{
fix a assume a ¢ FVt"U FVz U FV y and a € {s,p}
with
(FV t' C FV t' nin-sa nin-pa <sa # pa>
sopen-FV]of 0 Fvar sa Fvar pa t']
have a ¢ FV (t’[F”‘” sa,Fvar pa]) U FV z U FV y by (auto simp: openz-def)
} note
this]OF «s ¢ FV t" U FV z U FV ]
this]OF «<p ¢ FV t" U FV z U FV ]
moreover

{

from <ok envy <env = env’(s:A|)(p:B))» ok-add-2[of env’ s A p B]
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have ok env’ by simp
from nin-sa nin-pa <sa # pa> env-add-dom|[OF this|
obtain sa ¢ env-dom env’ and pa ¢ env-dom (env'(sa:T))) by auto
note
bigger-env-lemmal OF bigger-env-lemma]OF <env' b x : Ay this(1)] this(2)]
bigger-env-lemma| OF bigger-env-lemma[OF <env’ & y : By this(1)] this(2)]
}note
this(1)[of param(the(T))]
)]

the
this(2)[of param(the(
moreover
from «t = {Suc n — [Fvar s,Fvar p]} t"» sopen-commutelof 0 Suc n sa pa s p t']
have (t[Fvar sa, Fvar pa]) = {Suc n — [Fvar s,Fvar p|} (t/[Fvar sa, Fvar pa})
by (simp add: openz-def)
moreover
from
subst-add[of p sa env'(s:Al) B T] subst-add[of s sa env’ A T)
subst-add|of p pa env'(sa:T|)(s:A) B param(the(T))]
subst-add[of s pa env'(|sa:T|) A param(the(T1))]
<env = env’(s:A)(p:B))» nin-sa nin-pa
have env(sa: T|)(pa:param(the(T1))) = env'(sa: T))(pa:param(the( T 1)) (s:A)(p: B
by auto
ultimately
show
env’(sa: T))(pa:param(the(T1)))
F ({Suc n — [z,y]} ¢/[Fvar sa, Foar pa]) : return(the(T7))
using
pred-bnd <s # p»
sopen-commute-gen|OF lc-Fvar|of sa] lc-Fvar|of pa]
typing-regular’[OF <env'F z : A)]
typing-regular’[OF <env'F y : B)]
not-sym[OF Suc-not-Zero]
by (auto simp: openz-def)
qed

T
T

lemma open-lemma’:
shows
eFt:C
= (Nenvt’'sprzyABn s¢ FV'UFVazUFVy
= p ¢ FVHUFVaUFVy= s#0p
= envbkz: A= envk y:B
= t = {n — [Fvar s,Fvar p|} t’
= e = env(s:A)(p:B)
= envt {n—[zy]} t': C)
proof (induct set:typing)
case (T-Var envz T env’' t' spy 2z A B n)
from sopen-eq-Fvar|OF sym|[OF «Fvar x = {n — [Fvar s,Fvar p|} t)]]
show Zcase
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proof (elim disjE conjF)
assume t’' = Fvar z
with «<s ¢ FV/UFVyUFV 2 p ¢ FVE'UFVyUFV 2
obtain z # s and z # p by auto
from «xz € env-dom env> <env = env'(s:A)(p:B))> in-env-smaller2[OF - this]
have indom: x € env-dom env’ by simp
from
<ok envy <the envlz = T» <env = env’(s:A))(p:B|)>
ok-add-2[of env’ s A p B] get-env-smaller2|OF this - - <s # p»]
have the env!z = T by simp
from
<ok envy <env = env'(s:A|)(p:B|)>» <t' = Fvar x>
ok-add-2[of env’ s A p B] typing. T-Var|OF - indom this]
show ?case by simp
next
assume T = $
with
<ok envy <the envle = T» <env = env’(s:A))(p:B))»
add-get2-1[of env’ s A p B
have T = A by simp
moreover assume t’' = Buar (Self n)
ultimately show ?thesis using <env’ b y : A» by simp
next
assume z = p
with
<ok envy «the envlz = T» <env = env'(|s:A)(p:B|)»
add-get2-2[of env’ s A p B] have T = B by simp
moreover assume ¢’ = Bvar (Param n)
ultimately show ?thesis using <env’ F 2 : By by simp
qed
next
case (T-Upd F env T1t2tl env't' spxzy A Bn)
from sopen-eq-Upd[OF sym[OF «Upd t1 1 t2 = {n — [Fvar s,Fvar p|} t)]]
obtain ¢1’ t2’ where
t1": t1 = {n — [Fuvar s,Fvar p]} t1’' and
t2": t2 = {Suc n — [Fvar s,Fvar p|} t2' and
t" t' = Upd t1' 1 t2' by auto
hence FV t2' C FV t’' by auto
from
¢ FVH'UFVazUFVyp<xpg¢ FVE'UFV2UFVyp
t’ «finite F» ok-finite| OF typing-regqular'[OF <env’' - z : A)]]
typing. T-Upd[OF - bnd-open-lem[OF T-Upd(2)
typing-regular'[OF <env F t1 : T)]
cenv = env’(s:A)(p:B))»
(s ¢ FVt'UFVzUFVy
(p g FV'UFVzUFVy s#£p
cenv’ b o Ay cenv' oy 0 By t27 this
T-Upd(4)[OF - - <s # p» <env' F z : A <env’' b y : B
t1' cenv = env'(s:A)(p:B))] <l € do T)]
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show ?case by simp
next
case (T-Objenv f T Fenv' t' spzy A Bn)
from sopen-eq-Obj|OF sym|OF <Obj f T = {n — [Fvar s,Fvar p]} t"]]
obtain f’ where
obj: Obj f T = {n — [Fvar s,Fvar p]} Obj f' T and
t t'= 0bj f' T by auto
from
sym[OF this(1)] «dom f = do T»
sym[OF dom-sopenoption-lem[of Suc n Fvar s Fvar p f']]
dom-sopenoption-lem[of Suc n z y f]
have dom: dom (Al. sopen-option (Suc n) zy (f' 1)) = do T by simp

from «finite F» ok-finite]OF typing-regular[OF <env’'F z : A)]]
have finF: finite (F U {s,p} U env-dom env’)
by simp

have
Viedo T.Vsapa. sa ¢ F U {s,p} U env-dom env’
Apa ¢ FU{sp} U env-dom env’
A sa # pa
— env'(sa: T|)(pa:param(the(T1)))
F (the(sopen-option (Suc n) zy (f' l))[Fvar sa, Fuar pa]) : return(the(T 1))
proof
fix [ assume | € do T with T-0bj(4)
have
cof:
Vsapa. sa ¢ F N\ pa ¢ F A sa+# pa
— env(sa: T))(pa:param(the(T)))
E (the(f l)[FWT sa,Fvar pa]) : return(the(T 7))
ANNenw" t" s p'x’y" A" B' n'.
s'¢ FVt"UFV2'UFVy — p' ¢ FV"UFVz'UFVy
— s’ #£p — etz A — env' -y B’
— (the(f l)[FmT sa, Foar pa]) = {n' — [Fvar s’,Fvar p'|} t”
— env(sa: T)(pa:param(the(T))) = env”(sA’)(p"B’)
— env” F{n’ — [z y]} t": return(the(T)))
by simp
from
e do Ty <«dom f=do T ObjfT={n— [Foar s,Fvar p|} t"» obj t’
dom-sopenoption-lem[of Suc n Fvar s Fvar p ]
have indomf": | € dom [’ by auto
with obj sopen-option-lem[of f' Suc n Fvar s Fvar p| FV-option-lem|[of f'] t’
obtain
the(f 1) = {Suc n — [Fvar s,Fvar p|} the(f’ 1) and
FV (the(f' 1)) C FV t' by auto
from
bnd-open-lem[OF cof <ok envy <env = env’(s:A|)(p:B|)»
¢ FVHUFVaUFVypxpg¢ FVE'UFVaUFV
(s #p <env’ bz A cenv’' F y 2 By this]
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indomf’ sopen-option-lem[of f' Suc n z y] T-Obj(4)
show
Vsa pa. sa ¢ F U {s,p} U env-dom env’
Apa ¢ F U {sp} U env-dom env’ A\ sa # pa
— env’(sa: T))(pa:param(the(T1)))
F (the(sopen-option (Suc n) zy (f’ l))[F”“r sa, Foar pa]) s return(the(T 7))
by simp
qed
from typing. T-Obj[OF typing-regular[OF <env' = x : Ay] dom finF this] t’
show ?case by simp
next
case (T-Call env tl T2l env' t' spazy A Bn)
from sopen-eq-Call[OF sym[OF <Call t1 1 t2 = {n — [Fvar s,Fvar p|} t)]]
obtain ¢1’ 2’ where
t1: t1 = {n — [Fvar s,Fvar p|} t1' and
t2: 12 = {n — [Fvar s,Fvar p|} t2' and
t' t' = Call t1' 1 t2' by auto
{fixaassume a ¢ FVt'UFVz U FVy
with t" have a ¢ FV t1'U FV 2 U FV y by simp
}note
t1’ = T-Call(2)[OF this|OF <s ¢ FVt'U FVz U FV ]
this]OF <p ¢ FV t'U FV z U FV o]
s £ p cenv'Fx: A cenv’' oy By
t1 <env = env'(s:A)(p:B))>]
{fixaassume a ¢ FVt'UFVz U FVy
with t" have a ¢ FV t2'U FV 2z U FV y by simp
}
from
typing. T-Call[OF t1' T-Call(4)[OF this|OF <s ¢ FV t'U FV z U FV ]
this|OF «<p ¢ FV t'U FV 2 U FV ]
s £ p <env’Fx: A cenv’' by By
t2 <env = env'(s:A)(p:B))]

€ do T
t/
show ?case by simp
qed

lemma open-lemma:
[ env(s:A)(p:B) + {n — [Fuvar s,Fvar p|} ¢ : T;
s¢ FVtUFVzUFVy, p¢ FVtUFVzUFVy; s#p;
envkEx: A envb y: B]
= ek {n—zyl}t:T
by (simp add: open-lemma’)

5.0.4 Subject reduction

lemma type-dom|[simp]: env b (Obj a A) : A = dom a = do A
by (erule typing.cases, auto)
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lemma select-preserve-typelsimp]:
assumes
env - Obj f (Object t) : Object t and s ¢ FV a and p ¢ FV a and
env(s:(Object t)))(p:param(the(t 12))) + (a[FW‘T s,Fvar p]) : return(the(t 12)) and
l1 € domtand 2 € dom t
shows
3F. finite F
ANNVsp.s¢e FApg FAs#Dp
— env(s:(Object t)))(p:param(the(t 1))
F (the((f(12 +— a)) 11)[Fvar s,Fvar ply . pepyn (the(t 11)))
proof —
from ok-finite[OF typing-regular’|OF <env b Obj f (Object t) : Object t+]]
have finF: finite ({s,p} U env-dom env) by simp

{

note
ok-env = typing-reqular'|OF <env - Obj f (Object t) : Object t3] and
ok-env-sp = typing-regular [OF assms(4)]
fix sa pa assume
nin-sa: sa ¢ {s,p} U env-dom env and
nin-pa: pa ¢ {s,p} U env-dom env and sa # pa
from this(1) ok-add-2[OF ok-env-sp] env-add-dom-2|OF ok-env]
have sa ¢ env-dom (env(s:Object t|)(p:param(the(t 12))]) by simp
from
nin-sa bigger-env-lemma|OF assms(4) this]
subst-add[of sa p env(s:Object t|) Object t param(the(t 2))]
subst-add|of sa s env Object t Object t]
have
aT-sa: env(sa: Object t))(s: Object t))(p:param(the(t 12))])
F (a[FmT s, Fuar p]) s return(the(t 12)) by simp
from
(sa # pay nin-sa nin-pa env-add-dom|[OF ok-env]
ok-add-2[OF ok-env-sp)
obtain
s ¢ env-dom (env(sa:Object t))) and
p & env-dom (env(sa:Object t))) and s # p and
sa ¢ env-dom env and pa ¢ env-dom (env(sa:Object t|))
by auto
with env-add-dom-2[OF ok-add-ok|OF ok-env this(4)] this(1—3)] nin-pa
have pa ¢ env-dom (env(sa:Object t))(s: Object t|)(p:param(the(t 12))]))
by simp
from
nin-pa bigger-env-lemma|OF aT-sa this]
subst-add[of pa p env(sa:Object t))(s: Object t|
param(the(t 12)) param(the(t 12))]
subst-add[of pa s env(sa:Object t)) param(the(t 12)) Object t]
have
aT-sapa:
env(sa: Object t))(pa:param(the(t 12))])(s: Object t))(p:param(the(t 12)))
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F {0 — [Fvar s, Fvar p|} a : return(the(t 12)) by (simp add: openz-def)
from nin-sa nin-pa <s ¢ FV a» <p ¢ FV a» ok-add-2]OF ok-env-sp]
obtain

ninFV-s: s ¢ FV a U FV (Fvar sa) U FV (Fvar pa) and

ninFV-p: p ¢ FV a U FV (Fvar sa) U FV (Fvar pa) and s # p

by auto
from ok-add-2[OF typing-reqular'|OF aT-sapal]
have ok-env-sapa: ok (env(sa:Object t))(pa:param(the(t 12))])

by simp
with ok-add-reverse[OF this)
have ok-env-pasa: ok (env(pa:param(the(t 12)))(sa: Object t))

by simp

from

open-lemmalOF aT-sapa ninFV-s ninFV-p <s # p> -
T-Var[OF ok-env-sapa in-add[OF ok-env-sapa)
add-get2-2[OF ok-env-sapal]]

T-Var[OF ok-env-pasa in-add[OF ok-env-pasa] add-get2-2[OF ok-env-pasal)
ok-add-reverse[OF ok-env-sapal

have
env(sa:(Object t)))(pa:param(the(t 12)))
F (a[FwT sa,Fvar pa]) : return(the(t 12))
by (simp add: openz-def)

Inote alem = this

show ?thesis
proof (cases l1 = 12)
case True with assms obj-inv-elim’[OF assms(1)] show ?thesis
by (simp (no-asm-simp), rule-tac x = {s,p} U env-dom env in exl,
auto simp: finF alem)
next
case Fulse
from obj-inv-elim[OF <env - Obj f (Object t) : Object )
obtain F' where
finite F and
Viledom t.
Vsp.s¢é¢ FApE FANs#Dp
— env(s:Object t))(p:param(the( Object t71)))
F (the(f l)[F“m’ s,Fuar p}) : return(the( Object t71))
by auto
from this(2) <1 € dom t»
have
Vsp.s¢ FApgd FAs#Dp
— env(s: Object t))(p:param(the( Object t711))])
F (the(f 11 )[Fvar s, Fuar p]) : return(the( Object t711))
by auto
thus ?thesis using «finite F» <l1 # 12> by (simp,blast)
qed
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qed

Main Lemma

lemma subject-reduction: et-t: T = (ANt t 5pgt' = et t': T)
proof (induct set: typing)
case (T-Var env z T t')
from Fvar-beta]|OF <Fvar x —g t"] show ?case by simp
next
case (T-Upd F env T 1 t2 t1 t')
from Upd-beta[OF «Upd t11t2 —5 t"»] show Zcase
proof (elim disjE exE conjFE)
fix t1' assume tI —3 t1'and t' = Upd t1' 12
from
this(2) T-Upd(2)
typing. T-Upd[OF «finite F» - T-Upd(4)[OF this(1)] <l € do T)]
show ?case by simp
next
fix t2' F’
assume
finite F' and
pred-F:Vsp.s¢é¢ F'ANpg F'ANs#£p
— (37, tolFvar s,Foar pl _y 41 427 = o[s.p] 1) and
tht' = Upd t1 112’
have
Vsp.s¢ FUF' Ap¢e FUF' ANs#p
— env(s: T)(p:param(the(T1))]) F (2 [ Fvar s, Foar p]) . return(the(T 1))
proof (intro strip, elim conjE)
fix s p assume
nin-s: s ¢ F U F’' and
nin-p: p ¢ FU F'and s # p
with pred-F’ obtain ¢t/ where tolFvar s, Foar p] —p t'"and 2’ = o[s,p] t”’
by auto
with beta-lc[OF this(1)] sopen-sclose-eq-t[of t" 0 s p]
have t2[Fvar s,Fvar p] g (12 | Fvar s,Fvar p})
by (simp add: openz-def closez-def)
with nin-s nin-p <s # p» T-Upd(2)
show env(s: T|)(p:param(the(T1))) F (¢2 [ Fvar s, Foar p]) s return(the(T 1))
by auto
qed
from t’ «finite F» «finite F» typing. T-Upd[OF - this <env b t1 : T» <l € do T)]
show ?case by simp
next
fix f U assume
l € dom fand Obj f U = tI and
tht'= 0bj (f(l—t2)) U
from this(1—2) <env b t1 : Ty obj-inv[of env f U T
obtain ¢ where
objT: env = Obj f (Object t) : (Object t) and
Objectt = Tand T = U
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by (cases T, auto)
from obj-inv-elim[OF objT| <Object t = T» <l € dom f»
have domf’. dom (f(I — t2)) = do T by auto
have

exF:V1'edo T.

(IF'. finite F’
ANVsp.s¢ FFU(FUFVI2)ANp¢ FFU(FUFVI2)ANs#Dp
— env(s: T|))(p:param(the(T71")))
F (the ((f(1 — t2)) 1/)[Fvar s,.Fvar ply o potyrn(the(TTY))))

proof

fix [’assume I’ € do T

with dom-lem[OF objT] <l € dom f» <Object t = T

obtain [l I’ € dom t and | € dom t by auto

from <finite F» have finite (F U FV t2) by simp
from exFresh-s-p-cof [OF this)]
obtain s p where
nin-s: s ¢ F U FV t2 and
nin-p: p ¢ F U FVt2 and s # p
by auto
with T-Upd(2) «Object t = T)»
have
env(s: Object t))(p:param(the(t 1))
H (tQ[er s,Fvar p]) : return(the(t 1))
by auto
from
select-preserve-type|OF objT - - this Il'] sym[OF «Object t = T)]
nin-s nin-p <l € dom t»
obtain F’ where
finite F' and
Vsp.s¢é¢ F'ApE F'ANs#p
— env(s: T|)(p:param(the(T1)))
F (the ((f(1— t2)) 1/)[Fvar s,Foar ply . petyrn(the( T V')
by auto
thus
IF'. finite F'
ANNVsp s¢ FFU(FUFVE2)Apg FTU(FUFV2)ANs#p
— env(s: T))(p:param(the(T1")))
F (the ((f(I — t2)) 17)[Fvar s,Foar ply . pepypn (the(TTY)))
by blast
qed
{ fix Ta from finite-dom-fmap have finite (do Ta) by (cases Ta, auto) }
note fin-doT = this ball-ex-finite[of do T F U FV t2]
from this(2)[OF this(1)[of T] - exF] «finite F»
obtain F’/ where
finite " and
Vi'edo T.Vsp.s¢ FFU(FUFV2)ANpg¢ FIU(FUFVI2)Ns#p
— env(s: T|)(p:param(the(T71")))
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 (the ((F(1 — t2)) 1/)[Fvar s,Fvar Ly« petyrn(the(TV))
by auto
moreover
from «finite F'» <finite F> have finite (F' U (F U FV t2)) by simp
note typing. T-Obj|OF typing-regular'|OF <env & t1 : T)] domf’ this]
ultimately show ?case using ¢’ «<T = U> by auto
qed
next
case (T-Obj env f T F t')
from Obj-beta[OF <Obj f T —p t"] show Zcase
proof (elim exE conjE)
fix [ f' a o’ F’ assume
dom f = dom f'and f = f'(l — a) and | € dom [’ and
t: t'= 0bj (f(Il = a) T and finite F' and
red-sp: Vsp. s¢ F'Ap ¢ FINs#p
— 3t qlFvar s, Puar pl S5 t" A a’ = ofs,p] t")
from this(2) <dom f = do T» have domf" dom (f'(Il — a’)) = do T by auto
have
exF:V0l'edo T.Vsp.s¢ FUF' ANpg FUF' Ns#p
— env(s: T))(p:param(the( T1")))
F (the ((f/(1 — a')) l/)[Fvar s,Fuar p]) : return(the(T71'))
proof (intro strip, elim conjE)
fix I’ s p assume
I"€ do T and
nin-s: s ¢ F U F’'and
nin-p:p ¢ FU F' and s # p
with red-sp obtain t’’ where a
by auto
with
beta-Ic|OF this(1)] sopen-sclose-eq-tlof t"' 0 s p]
f =f(l— a)
have the (f l)[Fvar s, Fvar p) =5 (the((f'(1 — a')) l)[Fvar s, Fvar p])
by (simp add: openz-def closez-def)
with T-0bj(4) nin-s nin-p <s # p» <1’ € do T» «f = f'(I — a)
show
env(s: T))(p:param(the(T1")))
F (the((f'(1 — a')) 1)[Fvar s.Foar ply « potyrn (the( TT))
by auto
qed
from typing. T-Obj|OF <ok envy domf’ - this] «finite F» <finite F'’y t’
show ?case by (simp (no-asm-simp))
qed
next
case (T-Call env t1 T t211t')
from Call-beta|OF <Call t1 1 t2 — 5 t"»] show Zcase
proof (elim disjE conjE exFE)
fix ¢t1’ assume t1 —3 t1'and t' = Call t1' 112
from
typing. T-Call[OF T-Call(2)[OF this(1)]

[Fvar s,Fvar p] 5 t"” and o’ = os,p] t”
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cenv F t2 : param(the(T 1)) <l € do T)]
this(2)
show ?case by simp
next
fix t2' assume t2 —3 t2' and t' = Call t1 1 t2’
from
typing. T-Call[OF <env & t1 : T T-Call(4)[OF this(1)] <l € do T)]
this(2)
show ?case by simp
next
fix f U assume Obj f U = t1 and | € dom f and t": t' = (the(f l)[Objf U,tQ])
from
typing. T-Call[OF <env F t1 : T) <env F t2 : param(the(T 1)) <l € do T>]
sym[OF this(1)] <env b t1 : T» <env b t2 : param(the(T))»
obj-inv[of env f U T)
obtain
objT: env= (Obj fT): Tand T = U and
callT: env & Call (Obj f T) 1 t2 : return(the(T 1))
by auto
have
(3F. finite F
ANVsp.s¢ FApE FANs#p
— env(s: T|))(p:param(the( T 1))
E (the(f l)[FU‘”" s, Fuar p]) : return(the(T7)))
= env - (the (f l)[Objf T7t2]) : return (the(T71)))
proof (elim exE conjE)
fix F
assume
finite F and
pred-F'
Vsp.s¢é¢ FApE FANs#p
— env(s: T|)(p:param(the(T1)))
F (the(f l)[Fvar s,Fvar p]) : return(the(T 7))
from this(1) finite-FV{of Obj f T
have finite (F U FV (Obj f T) U FV t2) by simp
from exFresh-s-p-cof[OF this]
obtain s p where
nin-s: s ¢ F U FV (Obj f T) U FV t2 and
nin-p:p ¢ FUFV (ObjfT)U FVit2ands#p
by auto
with pred-F
have
type-opened: env(s: T))(p:param(the(T1)))
F {0 — [Fvar s,Fvar p]} the(f 1) : return(the(T 1))
by (auto simp: openz-def)
from nin-s nin-p FV-option-lem[of f] objT «l € do T»
obtain
s ¢ FV (the(f1)) U FV (Obj f T) U FV t2 and
p & FV (the(f1)) U FV (Obj f T) U FV t2 by auto
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from
open-lemma| OF type-opened this s # p»
objT <env b 2 : param(the(T1))>]
show ?thesis by (simp add: openz-def)
qed
with abs-typeE[OF callT] t' <T = U> show ?Zcase by auto
qed
qed

theorem subject-reduction”: t —g* t' = ek t: T = et t': T
by (induct set: rtranclp) (iprover intro: subject-reduction)—+

lemma type-members-equal:
fixes A :: type and B :: type
assumes do A = do B and Vi. (A7%) = (B™%)
shows A = B
proof (cases A)
case (Object ta) thus ?thesis
proof (cases B)
case (Object tb)
from «Vi. (A7) = (B7%)» <A = Object tay <B = Object th
have Ai. ta i = tb i by auto
with (A = Object ta) «<B = Object tby show ?Zthesis by (simp add: ext)
qed
qed

lemma not-var: Env Map.empty b a : A = Vz. a # Fvar z
by (rule alll, case-tac z, auto)

lemma Call-label-range: (Env Map.empty) & Call (Obj ¢ T) lb: A = [ € dom
c
by (erule typing-elims, erule typing.cases, simp-all)

lemma Call-subterm-type: Env Map.empty = Call t 1 b: T
= (3T’ Env Map.empty ¢ : T) A (3T'. Env Map.empty b b : T")
by (erule typing.cases) auto

lemma Upd-label-range: Env Map.empty = Upd (Obj ¢ T) lx: A =1 € dom ¢
by (erule typing-elims, erule typing.cases, simp-all)

lemma Upd-subterm-type:
Env Map.empty - Upd t lxz : T = 3T'. Env Map.empty &=t : T'
by (erule typing.cases) auto

lemma no-var: 3T. Env Map.empty = Fvar x : T = False
by (case-tac x, auto)

lemma no-bvar: e - Bvar x : T —> Fulse
by (erule typing.cases, auto)
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5.0.5 Unique Type

theorem type-unique[rule-format]:

assumes env - a: T

shows VT envbk a: T'— T =T'

using assms
proof (induct rule: typing.induct)

case T-Var thus ?case by (auto simp: add-get-eq)
next

case T-Obj show ?case by (auto simp: sym[OF obj-inv))
next

case T-Call from this(2) show ?case by auto
next

case T-Upd from this(4) show ?case by auto
qged

5.0.6 Progress

Final Type Soundness Lemma

theorem progress:
assumes Fnv Map.empty b ¢t : A and =(3¢ A. t = Obj ¢ A)
shows 3b. t =35 b
proof —
fix f
have
(VA. Env Map.empty -t : A — =3¢ T.t=0bjc T) — (3b. t =3 b))
&(V A. Env Map.empty = Obj fA: A — =(Fc¢ T. ObjfA=0bjcT)
— (3b. Obj f A —5 b))
proof (induct rule: sterm-induct)
case (Bvar b) with no-bvar[of Env Map.empty b] show ?Zcase
by auto
next
case (Fuvar x) with Fuvar-beta]of ] show ?case
by auto
next
case Obj show ?case by auto
next
case empty thus ?case by auto
next
case insert show ?case by auto
next
case (Call t11t2) show ?case
proof (clarify)
fix T assume
Env Map.empty b t1 : T and Env Map.empty b t2 : param(the(T 1)) and
ledoT
note lc = typing-regular'[OF this(1)] typing-regular’’|OF this(2)]
from
<Env Map.empty - t1 : T»
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~VA. Env Map.empty - t1 : A — = (3¢ T.t1 = Objc T) — (Ib. t1
—B b))
have (3¢ B. t1 = Obj ¢ B) V (3b. t1 —3 b) by auto
thus 3b. Call t11t2 —5 b
proof (elim disjE exFE)
fix ¢ B assume t1 = Obj ¢ B
with
<Env Map.empty & t1 : T» obj-inv[of Env Map.empty ¢ B T)
<l € do T obj-inv-elim[of Env Map.empty ¢ B|
have | € dom ¢ by auto
with «t1 = Obj ¢ B> lc beta.betalof | ¢ B 2]
show ?thesis by auto
next
fix b assume t1 —3 b
from beta.beta-CallL[OF this lc(2)] show ?thesis by auto
qed
qed
next
case (Upd t11t2) show ?case
proof (clarify)
fix TF
assume
finite F' and
Vsp.s¢ FApE FANs#p
— Env Map.empty(s: T))(p:param(the(T)))
F (tQ[FWT s,Fvar p}) : return(the(T71)) and
Env Map.empty = t1 : T and
ledoT
from typing-reqular’’|OF T-Upd[OF this]] lc-upd|of t1 1 t2]
obtain lc t1 and body t2 by auto
from
<Env Map.empty - t1 : T»
NV A. Env Map.empty - t1 : A — = (3¢ T. t1 = Obj ¢ T) — (I b. t1
—B b))
have (3¢ B. t1 = Obj ¢ B) V (3b. tI —3 b) by auto
thus 3b. Upd t11t2 —5 b
proof (elim disjE exFE)
fix ¢ B assume t1 = Obj ¢ B
with
<Env Map.empty & t1 : T» obj-inv|of Env Map.empty ¢ B T)
<l € do T obj-inv-elim[of Env Map.empty ¢ B|
have | € dom ¢ by auto
with <t1 = Obj ¢ B) <lc t1» <body t2> beta.beta-Upd[of | ¢ B t2]
show ?thesis by auto
next
fix b assume t1 —3 b
from beta.beta-UpdL|OF this <body t2)] show ?thesis by auto
qed
qed
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qed
with assms show ?thesis by auto
qed

end

6 Locally Nameless Sigma Calculus
theory Locally-Nameless-Sigma

imports Sigma/ParRed Sigma/ TypedSigma

begin

end
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