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Abstract

Recently a new method directly translating linear temporal logic
(LTL) formulas to deterministic (generalized) Rabin automata was de-
scribed in [1].

Compared to the existing approaches of constructing a non-deterministic
Buechi-automaton in the first step and then applying a determinization
procedure (e.g. some variant of Safra’s construction) in a second step,
this new approach preservers a relation between the formula and the
states of the resulting automaton. While the old approach produced a
monolithic structure, the new method is compositional. Furthermore
it was shown in some cases the resulting automata were much smaller
than the automata generated by existing approaches. In order to guar-
antee the correctness of the construction this entry contains a complete
formalisation and verification of the translation. Furthermore from this
basis executable code is generated.

Contents
1 Auxiliary Facts 5
1.1 Finite and Infinite Sets . . . . . . . . ... ... ... ..... 5
1.2 Cofinite Filters . . . . . .. .. .. . o 6
2 Auxiliary Map Facts 6
3 Auxiliary Mapping Facts 7
4 Deterministic Transition Systems 8
4.1 Infinite Runs . . . ... ... ... ... .. ... . ..., 8
4.2 Reachable States and Transitions . . . . . . ... ... .. .. 9
4.2.1 Relationtoruns . . . ... ... . 0oL 9
4.2.2 Compute reach Using DFS . . . ... ... ... ... 10
4.3 Product of DTS . . . . . . .. ... ... 11
4.4 (Generalised) Product of DTS . . . . . . ... ... ... ... 12



4.5 Simple Product Construction Helper Functions and Lemmas 12

4.6  Product Construction Helper Functions and Lemmas . . . . . 14
4.7 Transfer Rules . . ... ... ... ... .. ... ....... 15
4.8 Lift to Mapping . . . . . . . . . ... 16
Mojmir Automata (Without Final States) 16
5.1 Definitions . . . . . . . . ... 17
5.1.1 Iterative Computation of State-Ranks . . . .. .. .. 18
5.1.2 Properties of Tokens . . . . ... ... ... ...... 19
52 Token Run . . ... ... ... .. . . ... . ... 19
52.1 StepLemmas . . . .. ... ... ... ......... 20
5.3 Configuration . . . . . . . . ... Lo 21
5.3.1 Properties . . . . . ... o 21
5.3.2 Monotonicity . . .. ... oo 21
5.3.3 Pull-Up and Push-Down . . . . . ... ... ...... 21
5.3.4 Step Lemmas . . . .. ... oL 21
5.4 Oldest Token . . . . . ... ... .. ... ... . ....... 23
5.4.1 Properties . . . . .. ..o o 23
5.4.2 Monotonicity . . . . . ... Lo 23
5.4.3 Pull-Up and Push-Down . . . . . ... ... ...... 23
5.5 Senior Token . . ... ... ... ... .. .. ... ..., 23
5.5.1 Properties . . . . . . ... ... 23
5.5.2 Monotonicity . . . . ... oL 24
5.5.3 Pull-Up and Push-Down . . . . . ... ... ...... 24
5.6 Set of Older Seniors . . . . ... ... ... ... ....... 24
5.6.1 Properties . . . . . ... Lo 24
5.6.2 Monotonicity . . . . ... o oo 26
5.6.3 Pull-Up and Push-Down . . . . . ... ... ...... 27
5.6.4 Tower Lemma . . . . . . . ... ... .. .. ...... 27
57 Rank . . . . . . . 28
5.7.1 Properties . . . . . . .. ... oo 28
5.7.2 Bounds . . ... ... ... 29
5.7.3 Monotonicity . . . .. ... 29
5.7.4 Pull-Up and Push-Down . . . . . . .. .. ... .... 30
5.7.5 Pulled-Up Lemmas . . . . . ... ... ... ...... 30
576 StableRank . . . ... ... ... ... ... ...... 30
5,77 Tower Lemma . . . . . . . ... .. ... .. ...... 31
5.8 Senior States . . . . . ... ... 31
5.9 Rankof States . . .. ... ... ... .. .. .. ... ... 33
5.9.1 Alternative Definitions . . . . . . . . ... ... .... 33
5.9.2 Pull-Up and Push-Down . . . . . ... ... ... ... 33
5.9.3 Properties . . . ... ..o Lo 33
5.10 Step Function . . . . . . . . ... ... . ... ... ... .. 35
5.10.1 Definition of initial and step . . . . . . . . .. ... .. 37



6 Mojmir Automata 38

6.1 Definitions. . . . . . . . . 38
6.2 Token Properties . . . . . .. . ... .o oL, 40
6.2.1 Alternative Definitions . . . . . . . . . ... ... ... 40
6.2.2 Properties . . . . .. ... L o 40
6.2.3 Pulled-Up Lemmas . . . . . .. ... ... .. ..... 40

6.3 Mojmir Acceptance . . . . . . ... 41
6.4 Equivalent Acceptance Conditions . . ... ... ... .. .. 41
6.4.1 Token-Based Definitions . . . . . . .. ... ... ... 41
6.4.2 Time-Based Definitions . . . ... .. ... ... ... 42
6.4.3 Relation to Mojmir Acceptance . . . . . .. ... ... 45

6.5 Succeeding Tokens (Alternative Definition) . . ... ... .. 45
7 (Generalized) Rabin Automata 46
7.1 Restriction Lemmas . . . . . . . . ... ... ... .. .... 48
7.2 Abstraction Lemmas . . . . ... ... ... ... 49
7.3 LTS Lemmas . . .. . ... . . . . ... . ... 49
7.4 Combination Lemmas . . . ... ... .. ... ........ 50
8 Auxiliary List Facts 50
81 remdups_fwd . . . . . ... 50
8.2 Split Lemmas . . . . .. .. ... ... 51
8.3 Short-circuited Version of foldl . . . . . ... ... ... ... 54
84 Suffixes . . . . ... 54

9 Translation to Deterministic Transition-Based Rabin Au-

tomata 54
9.1 Well-formedness . . . ... ... ... ... .......... 56
9.2 Correctness . . . . . . . ..o 56
10 LTL (in Negation-Normal-Form, FGXU-Syntax) 57
10.1 Syntax . . . . . . L 57
10.2 Semantics . . . . . . ..o 57
10.2.1 Properties . . . . . . . . ..o oo 58
10.2.2 Limit Behaviour of the G-operator . . . . .. ... .. 59

10.3 Subformulae . . . . . . . . .. ... 60
10.3.1 Propositions . . . . ... ... o o 60
10.3.2 G-Subformulae . . . . ... ... ... 0o 60

10.4 Propositional Implication and Equivalence . . . . . . . .. .. 61
10.4.1 Quotient Type for Propositional Equivalence . . . . . 62
10.4.2 Propositional Equivalence implies LTL Equivalence . . 63

10.5 Substitution . . . . . ... oo 63
10.6 Additional Operators . . . . . . . . . . .. ... ... ..... 64
106.1 And . . . ..o 64



10.6.2 Lifted Variant . . . . . .. ... ... ... .......
10.6.3 Or . . . . . . . .
10.6.4 evalg . . . . . .
10.7 Finite Quotient Set . . . . . . . . . . ... .. ... ... ...

11 af - Unfolding Functions

1.1 af . . . .
11.2 afa . . . . o e
11.3 G-Subformulae Simplification . . . . .. ... ... ... ...
11.4 Relation between af and afg . . . . . . . .. ... ... ...
11.5 Continuation . . . . . . . . .. ... ... ... ...
11.6 Eager Unfolding af and afg . . . . . . . . .. ... ... ...
11.7 Lifted Functions . . . . . . . . .. . ... ... . .......

11.7.1 Properties . . . . . . . . . ... o

12 Logical Characterization Theorems
12.1 Eventually True G-Subformulae . . . . . . .. . ... ... ..
12.2 Eventually Provable and Almost All Eventually Provable . .
12.2.1 Proof Rules . . . . . . ... .. ... ... ... ..
12.2.2 Threshold . . . . .. .. .. ... o
12.2.3 Relation to LTL semantics. . . . . . .. ... ... ..
12.2.4 Closed Sets . . . . . . . ...
12.2.5 Conjunction of Eventually Provable Formulas . . . . .
12.3 Technical Lemmas . . . . . . . .. ... ... ... ......
12.4 Main Results . . . . .. .. .. . o oo

13 Translation from LTL to (Deterministic Transitions-Based)

Generalised Rabin Automata

13.1 Preliminary Facts . . . . . . .. .. .. .o o

13.2 Single Secondary Automaton . . . .. .. .. ... ... ...
13.2.1 LTL-to-Mojmir Lemmas . . . . . . . .. ... .. ...

13.3 Product of Secondary Automata . . .. ... ... ......

13.4 Automaton Template . . . . . . . . . ... ... . ... ....

13.5 Generalized Deterministic Rabin Automaton . . . . ... ..
13.5.1 Definition . . . . . . . . .. ... .o
13.5.2 Correctness Theorem . . . . . . . ... .. ... ....

14 Eager Unfolding Optimisation
14.1 Preliminary Facts . . . . . . .. .. .. . o .
14.2 Equivalences between the standard and the eager Mojmir con-
struction . . . . . ... L
14.3 Automaton Definition . . . . . . . ... ... ...
14.4 Properties . . . . . . . . . oL
14.5 Correctness Theorem . . . . . . . . .. .. .. ... .. ...,

68
68
70
71
72
73
73
75
76



15 LTL Translation Layer 94

16 LTL Code Equations 96
16.1 Subformulae . . . . . . . . .. ... ... 96
16.2 Propositional Equivalence . . . . . ... ... ... ... ... 97
16.3 Remove Constants . . . . . . . .. .. ... ... ....... 97
16.4 And/Or Constructors . . . .. .. ... ... ... ...... 98

17 af - Unfolding Functions - Optimized Code Equations 99
17.1 Helper Function. . . . . . . . ... ... ... ... ... 100
17.2 Optimized Equations . . . . . . . . . ... ... ... ..... 100
17.3 Register Code Equations . . . . . . . ... .. ... ...... 105

18 Executable Translation from Mojmir to Rabin Automata 106

18.0.1 nxt Properties . . . ... ... ... ... ... ... 107
18.0.2 rk Properties . . . . .. .. ... o 107
18.0.3 Relation to (Semi) Mojmir Automata . .. ... ... 108
18.1 Compute Rabin Automata List Representation . . . . . . .. 110
18.2 Code Generation . . . . . . ... ... ... 110

19 Executable Translation from LTL to Rabin Automata 111

19.1 Template . . . . . . .. .. . .. ... 111
19.1.1 Definition . . . . . . ... ... ... ... ..., 111
19.1.2 Correctness . . . . . . . . . .. ... 113

19.2 Generalized Deterministic Rabin Automaton (af) . . . . . .. 114

19.3 Generalized Deterministic Rabin Automaton (eager af) . . . . 115

20 Code Generation 116
20.1 External Interface . . . . .. .. .. .. ... .. 116
20.2 Normalize Equivalence Classes During DFS-Search . . . . . . 117
20.3 Register Code Equations . . . . . .. .. .. ... ... .. .. 118

1 Auxiliary Facts

theory Preliminaries?
imports Main HOL— Library.Infinite-Set
begin

1.1 Finite and Infinite Sets

lemma finite-product:
assumes fst: finite (fst < A)
and  snd: finite (snd ¢ A)
shows finite A

(proof)



1.2 Cofinite Filters

lemma almost-all-commutative:
finite S = (Vz € S. Voi. Px (itnat)) = (Vooi. Vz € S. P i)
(proof)

lemma almost-all-commutative':
finite S = (N\z. 2 € S = V i. Pz (iznat)) = (Vi. Vo € S. P x1)
(proof)

fun index
where
index P = (if ¥ ooi. P i then Some (LEAST i.Vj > i. P j) else None)

lemma index-properties:
fixes i :: nat
shows indexr P = Some i — 0 <i=—= - P (i — 1)
and index P = Some i — j > i =— P
(proof )

end

2 Auxiliary Map Facts

theory Map2
imports Main
begin

lemma map-of-tabulate:
map-of (map (Az. (z, fz)) zs) © # None «— = € set zs

(proof )

lemma map-of-tabulate-simp:
map-of (map (Az. (z, fx)) xs) x = (if v € set xs then Some (f z) else
None)

(proof)

lemma dom-map-update:
dom (m (k — v)) = dom m U {k}
(proof)

lemma map-equal:
dom m = dom m' = (N\z. z € domm = mz=m'z) = m =m

(proof )

/



lemma map-reduce:
assumes dom m = {a} U B
shows 3m’. dom m’"= BA Vx € B. mz =m'z)

(proof)

end

3 Auxiliary Mapping Facts

theory Mapping2
imports Main Map2 HOL— Library. Mapping
begin

lemma lookup-delete:
Mapping.lookup (Mapping.delete k m) k = None

(proof )

lemma lookup-tabulate:
Mapping.lookup (Mapping.tabulate zs f) v = (if x € set xs then Some (f
x) else None)

(proof )

lemma lookup-tabulate-Some:
z € set s = the (Mapping.lookup (Mapping.tabulate zs f) ) = fz

(proof )

lemma finite-keys-tabulate:
finite (Mapping.keys (Mapping.tabulate zs f))
(proof)

lemma keys-empty-iff-map-empty:
Mapping.keys m = {} <— m = Mapping.empty
(proof )

lemma mapping-equal:
Mapping.keys m = Mapping.keys m' = (\z. © € Mapping.keys m —>
Mapping.lookup m x = Mapping.lookup m' ) = m = m/’

(proof )

fun mapping-generator :: (‘a = 'b list) = 'a list = (‘a, 'b) mapping set
where
mapping-generator V [| = {Mapping.empty}



| mapping-generator V (k4#tks) = { Mapping.update k v m | vm. v € set (V
k) A m € mapping-generator V ks}

fun mapping-generator-list :: ('a = 'b list) = 'a list = ('a, 'b) mapping list
where

mapping-generator-list V [| = [Mapping.empty]
| mapping-generator-list 'V (k#ks) = concat (map (Am. map (Av. Map-
ping.update k v m) (V k)) (mapping-generator-list V ks))

lemma mapping-generator-code [code]:
mapping-generator V K = set (mapping-generator-list V K)

(proof )

lemma mapping-generator-set-eq:

mapping-generator VK = {m. Mapping.keys m = set K N\ (Vk € (set K).
the (Mapping.lookup m k) € set (V k))}
(proof )

end

4 Deterministic Transition Systems

theory DTS
imports Main HOL— Library. Omega- Words-Fun Auziliary/ Mapping2 KBPs.DFS
begin

— DTS are realised by functions

type-synonym ('a, 'b) DTS ="a = 'b = 'a
type-synonym (‘a, 'b) transition = (‘a x b x 'a)

4.1 Infinite Runs

fun run :: (¢,/a) DTS = 'q = 'a word = 'q word
where

run 0 qo w0 = qo
| run 0 qo w (Suc i) =0 (run § qo w i) (w i)

fun run; = (‘q,’a) DTS = 'q = 'a word = ('q * 'a * 'q) word
where
rung & qo wi = (run § qo w i, wi, run § qo w (Suc 7))

lemma run-foldl:
run A qo w i = foldl A qo (map w [0..<i])



(proof )

lemma run;-foldl:

rung A qo w i = (foldl A qo (map w [0..<i]), w i, foldl A qo (map w
[0..<Suc i]))

(proof )

4.2 Reachable States and Transitions

definition reach :: 'a set = ('b, 'a) DTS = b = 'b set
where
reach 3 6 qo = {run 0 qo wn | wn. range w C X}

definition reach; :: 'a set = ('b, 'a) DTS = 'b = ('b, 'a) transition set
where
reachy ¥ 8 qo = {runy § qo wn | wn. range w C X}

lemma reach-foldl-def:
assumes ¥ # {}
shows reach ¥ 0 qo = {foldl § qo w | w. set w C ¥}

(proof)

lemma reachy;-foldl-def:

reachy ¥ 6 qo = {(foldl § qo w, v, foldl 6 qo (WQ[v])) | w v. set w C X A
v e X} (is ?lhs = ?rhs)
(proof )

lemma reach-card-0:
assumes ¥ # {}
shows infinite (reach ¥ 0 qo) <— card (reach ¥ 6 qo) = 0

(proof )

lemma reach;-card-0:
assumes X # {}
shows infinite (reachy ¥ 6 qo) +— card (reachy X 6 qo) = 0

(proof )

4.2.1 Relation to runs

lemma run-subseteq-reach:
assumes range w C X

shows range (run 6 qo w)

and range (run; 6 qp w)

(proof )

reach X § qo

-
C reachs ¥ 6 qo



lemma limit-subseteg-reach:
assumes range w C X
shows limit (run 6 go w)
and limit (rung 0 qo w)

(proof )

reach ¥ § qq

-
C reachs 3§ qq

lemma run;-finite:
assumes finite (reach ¥ 6 qo)
assumes finite X
assumes range w C 3
defines r = run; § qo w
shows finite (range r)

(proof)

4.2.2 Compute reach Using DFS

definition Qr, :: ‘a list = ('b, 'a) DTS = 'b = 'b set
where

Qr X6 qo = (if ¥ # [ then gen-dfs (Aq. map (§ q) X) Set.insert (€) {}
[q0] else {})

definition list-dfs :: (("a, 'b) transition = ('a, 'b) transition list) = ('a, 'b)
transition list => ('a, 'b) transition list => ('a, 'b) transition list
where

list-dfs succ S start = gen-dfs succ List.insert (Ax xs. © € set xs) S start

definition ¢y, :: ‘a list = ('b, 'a) DTS = 'b = ('b, 'a) transition set
where
op X6 qo = set (
let
start = map (A\v. (qo, v, 0 qo v)) X;
suce = A(-, -, q). (map (\v. (¢, v, d qv)) %)
mn
(list-dfs succ || start))

lemma @y -reach:
assumes finite (reach (set ¥) § qo)
shows Q1 X § qo = reach (set X) 0 qo

(proof)

lemma 1, -reach:
assumes finite (reachy (set X) 0 qo)
shows 7, ¥ 6 qo = reachy (set ¥) § qo

10



(proof)

lemma reach-reach;-fst:
reach 3 0 qo = fst ‘ reachy 3§ qq

(proof)

lemma finite-reach:
finite (reachy X2 § qo) = finite (reach ¥ § qp)

(proof)

lemma finite-reachy:
assumes finite (reach ¥ § qo)
assumes finite 3
shows finite (reach; ¥ § qo)

(proof )

lemma Qr-eq-dr:
assumes finite (reachy (set ¥) 0 qo)
shows Qr X qo = fst * (0 ¥ 9§ qo)
(proof)

4.3 Product of DTS

fun simple-product :: ('a, 'c) DTS = ('b, 'c) DTS = (‘a x 'b, '¢) DTS («-
X -))
where

01 X 92 = (A(q1, q2) v. (61 q1 v, 02 q2 V))

lemma simple-product-run:
fixes 51 52 w q1 g2
defines ¢ = run (01 x 02) (q1, q2) w
defines 901 = run 61 ¢1 w

defines gy = run d2 qo w
shows o i = (01 ¢, 02 1)
(proof )

theorem finite-reach-simple-product:
assumes finite (reach ¥ 01 q1)
assumes finite (reach ¥ d2 q2)
shows finite (reach X (01 x d2) (q1, q2))

(proof)

11



4.4 (Generalised) Product of DTS

fun product :: ('a = ('b, '¢) DTS) = ('a = b, 'c) DTS (<Ax»)
where
Ay 0m = (Aq v. (Az. case ¢ x of None = None | Some y = Some (0, x

yv)))

lemma product-run-None:
fixes ¢, 0y W
defines ¢ = run (Ax 6pm) tm w
assumes (,, kK = None
shows ¢ 7 £k = None

(proof )

lemma product-run-Some:
fixes 1 0 w qo K
defines ¢ = run (Ax ) tm w
defines o' = run (6, k) qo w
assumes ., k = Some qq
shows o i k = Some (o' i)
(proof)

theorem finite-reach-product:
assumes finite (dom tp,)
assumes Az. z € dom t,, = finite (reach ¥ (6, ) (the (tm )))
shows finite (reach ¥ (Ax dm) tm)
(proof)

4.5 Simple Product Construction Helper Functions and Lem-
mas

fun embed-transition-fst :: ('a, 'c) transition = (‘a x 'b, 'c) transition set
where
embed-transition-fst (q, v, q¢) = {((q, z), v, (¢', v)) | z y. True}

fun embed-transition-snd :: ('b, 'c) transition = (‘a x 'b, 'c) transition set
where
embed-transition-snd (q, v, ¢') = {((z, q), v, (y, ¢')) | z y. True}

lemma embed-transition-snd-unfold:
embed-transition-snd t = {((z, fst t), fst (snd t), (y, snd (snd t))) | z y.
True}

(proof )
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fun project-transition-fst :: (‘a x 'b, 'c) transition = ('a, 'c) transition
where
project-transition-fst (x, v, y) = (fst x, v, fst y)

fun project-transition-snd :: ('a x 'b, 'c) transition = ('b, 'c) transition
where
project-transition-snd (z, v, y) = (snd z, v, snd y)

lemma

fixes 01 62 w q1 @2

defines o = run; (§1 x d2) (q1, ¢2) w

defines o1 = run; 01 1 w

defines g9 = run; ds g2 w

shows product-run-project-fst: project-transition-fst (o i) = o1 i
and product-run-project-snd: project-transition-snd (o i) = o2 @
and product-run-embed-fst: ¢ i € embed-transition-fst (o1 1)
and product-run-embed-snd: o i € embed-transition-snd (g2 1)

(proof)

lemma

fixes 01 62 w q1 qo

defines o = run; (§1 x d2) (q1, ¢2) w

defines o1 = run; 01 1 w

defines g9 = run; ds g2 w

assumes finite (range o)

shows product-run-finite-fst: finite (range 01)
and product-run-finite-snd: finite (range 03)

(proof )

lemma

fixes (51 52 w q1 g2

defines o = run; (61 x d2) (g1, q2) w

defines o1 = run; 61 1 w

assumes finite (range o)

shows product-run-project-limit-fst: project-transition-fst ‘ limit o = limit
01

and product-run-embed-limit-fst: limit o C |J (embed-transition-fst *

(limit 01))
(proof )

lemma
fixes (51 52 w q1 g2
defines ¢ = run; (61 x d2) (g1, q2) w
defines g9 = run; ds g2 w

13



assumes finite (range o)
shows product-run-project-limit-snd: project-transition-snd ‘ limit o =
limit o9
and product-run-embed-limit-snd: limit o C |J (embed-transition-snd *
(limit 02))
(proof )

lemma

fixes (51 52 w q1 g2

defines o = run; (61 x d2) (g1, q2) w

defines o1 = run; 61 1 w

defines gy = run; 03 g2 w

assumes finite (range o)

shows product-run-embed-limit-finiteness-fst: limit o N (|J (embed-transition-fst
“9)) ={} «— limit o1 N S = {} (is %thesisl)

and product-run-embed-limit-finiteness-snd: limit o N (|J (embed-transition-snd
“SN) =A{} +— limit oo N S’ = {} (is ?thesis2)
(proof)

4.6 Product Construction Helper Functions and Lemmas

fun embed-transition :: '‘a = (b, 'c) transition = (‘a — 'b, 'c) transition
set (<1-»)
where

12 (¢, v, ¢)) = {(m, v, m") | m m’. m z = Some g A m’" z = Some q'}

fun project-transition :: 'a = ('a — 'b, 'c) transition = ('b, 'c) transition
()
where

le (my, v, m’) = (the (m z), v, the (m' x))

fun embed-pair :: 'a = (('b, 'c) transition set x ('b, 'c) transition set) =
(('a = 'b, ') transition set x (‘a — 'b, 'c) transition set) (<]-»)
where

Te (87 SI) = (U“z ‘S>a Uﬂz {S/))

fun project-pair :: ‘a = (("a — 'b, 'c) transition set x (‘a —'b, 'c) transition
set) = (('b, 'c) transition set x ('b, 'c) transition set) (<|-»)
where

le (57 S/) = (Jac ‘S, le (S/)
lemma embed-transition-unfold:

embed-transition x t = {(m, fst (snd t), m’) | m m’. m z = Some (fst t)
A m'z = Some (snd (snd t))}

14



(proof )

lemma
fixes iy, 0m w qo
fixes z :: 'a
defines ¢ = run; (Ax dm) tm w
defines o' = runy (6, ) qo w
assumes ., T = Some qq
shows product-run-project: |, (0 i) = 0’ i
and product-run-embed: o i € 1, (o' 1)

(proof )

lemma

fixes t,, 0y w qo

defines ¢ = run; (Ax dm) tm w

defines o' = runy (6, ) qo w

assumes ., T = Some qq

assumes finite (range o)

shows product-run-project-limit: |, * limit o = limit o’

and product-run-embed-limit: limit o C |J (1, ¢ (limit o"))

(proof)

lemma product-run-embed-limit-finiteness:
fixes i, 0m w qo k
defines ¢ = runy (Ax dm) tm w
defines o' = run; (0, k) qo w
assumes .., k = Some qq
assumes finite (range o)
shows limit o N (U (1x ©9)) = {} «— limit o' N S = {}
(is ?lhs <— ?rhs)
(proof)

4.7 Transfer Rules

context includes lifting-syntax
begin

lemma product-parametric [transfer-rule]:

((A ===> B ===> (€ ===> B) ===> (A ===> rel-option B)
===> ( ===> A ===> rel-option B) product product
(proof)

lemma run-parametric [transfer-rule]:

(A ===> B ===> A) ===> A ===> ((=) ===> B) ===> (=)

15



===> A) run run
(proof )

lemma reach-parametric [transfer-rule]:

assumes bi-total B

assumes bi-unique B

shows (rel-set B ===> (A ===> B ===> A) ===> A ===> rel-set
A) reach reach
(proof)

end

4.8 Lift to Mapping

lift-definition product-abs :: (‘a = ('b, '¢) DTS) = (('a, 'b) mapping, 'c)
DTS («1Ayx») is product
parametric product-parametric (proof)

lemma product-abs-run-None:

Mapping.lookup vy, k = None = Mapping.lookup (run (TAx dm) tm w
i) k = None

(proof)

lemma product-abs-run-Some:

Mapping.lookup iy, k = Some q9 = Mapping.lookup (run (TAx dm) tm
w i) k = Some (run (6, k) qo w 7)

(proof)

theorem finite-reach-product-abs:

assumes finite (Mapping.keys ty,)

assumes Az. x € (Mapping.keys t,y,) = finite (reach ¥ (0, x) (the
(Mapping.lookup v, T)))

shows finite (reach ¥ (TAx O0m) tm)

(proof)

end

5 Mojmir Automata (Without Final States)

theory Semi-Mojmir
imports Main Auziliary/Preliminaries?2 DTS
begin
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5.1 Definitions

locale semi-mojmir-def =
fixes
— Alphapet
Y 'a set
fixes
— Transition Function
§ :: ('b, 'a) DTS
fixes
— Initial State
qo = 'b
fixes
— w-Word
w :: 'a word
begin

definition sink :: 'b = bool
where
sink q=(q#q NVveX.dqv=ygq)

declare sink-def [code]

fun token-run :: nat = nat = 'b
where
token-run x n = run ¢ qo (suffic x w) (n — z)

fun configuration :: 'b = nat = nat set
where
configuration ¢ n = {z. © < n A token-run x n = q}

fun oldest-token :: 'b = nat = nat option
where

oldest-token q n = (if configuration g n # {} then Some (Min (configuration
g n)) else None)

fun senior :: nat = nat = nat
where
senior x n = the (oldest-token (token-run x n) n)

fun older-seniors :: nat = nat = nat set
where

older-seniors x n = {s. Jy. s = senior y n A\ s < senior  n N\ — sink
(token-run s n)}
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fun rank :: nat = nat = nat option
where
rank v n =
(if x < n A —sink (token-run x n) then Some (card (older-seniors x n))
else None)

fun senior-states :: 'b = nat = 'b set
where
sentor-states q n =
{p. 3z y. oldest-token p n = Some y A oldest-token ¢ n = Some = A y
< x A - sink p}

fun state-rank :: 'b = nat = nat option
where

state-rank g n = (if configuration q¢ n # {} N —sink q then Some (card
(senior-states q n)) else None)

definition max-rank :: nat
where
maz-rank = card (reach ¥ 0 qo — {q. sink q})

5.1.1 Iterative Computation of State-Ranks

fun initial :: 'b = nat option
where
initial ¢ = (if ¢ = qo then Some 0 else None)

fun pre-ranks :: ('b = nat option) = 'a = 'b = nat set
where

pre-ranks r v ¢ ={i.3q" rq¢' = Somei AN ¢ =10 q' v} U (if ¢ = qo then
{maz-rank} else {})

fun step :: ('b = nat option) = 'a = ('b = nat option)

where
steprv qg=(
if
—sink g A pre-ranks r v q # {}
then

Some (card {q'. —sink q¢' N pre-ranks r v q¢' # {} N Min (pre-ranks r
v q') < Min (pre-ranks r v q)})
else
None)
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5.1.2 Properties of Tokens

definition token-squats :: nat = bool
where
token-squats x = (¥ n. =sink (token-run x n))

end

locale semi-mojmir = semi-mojmir-def —+
assumes
— The alphabet is finite. Non-emptiness is derived from well-formed w
finite-33: finite %
assumes
— The set of reachable states is finite
finite-reach: finite (reach ¥ 6 qq)
assumes
— w only contains letters from the alphabet
bounded-w: range w C X
begin

lemma nonempty-%: ¥ # {}
(proof)

lemma bounded-w" wi € Y

(proof)

lemma sink-rev-step:
—sink ¢ = q=0 ¢ v=— v eEX = —sink q’
—sink ¢ = q =19 ¢ (wi) = —sink q’

(proof )

5.2 Token Run

lemma token-stays-in-sink:
assumes sink ¢
assumes token-run x n = q
shows token-run x (n + m) = ¢

(proof )

lemma token-is-not-in-sink:
token-run © n ¢ A = token-run x (Suc n) € A = —sink (token-run x
n)

(proof)
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lemma token-run-intial-state:
token-run r x = qq

(proof)

lemma token-run-P:
assumes — P (token-run z n)
assumes P (token-run z (Suc (n + m)))
shows 3m’ < m. = P (token-run x (n + m”)) A P (token-run z (Suc (n

+ m))
(proof )

lemma token-run-merge-Suc:
assumes ¢z < n
assumes y < n
assumes token-run x n = token-run y n
shows token-run x (Suc n) = token-run y (Suc n)

(proof )

lemma token-run-merge:
[z < n; y < n; token-run z n = token-run y n] = token-run z (n + m)
= token-run y (n + m)

(proof )

lemma token-run-mergepoint:
assumes r < y
assumes token-run = (y + n) = token-run y (y + n)
obtains m where z < (Suc m) and y < (Suc m)
and y = Suc m V token-run x m # token-run y m
and token-run z (Suc m) = token-run y (Suc m)

(proof )

5.2.1 Step Lemmas

lemma token-run-step:
assumes z < n
assumes token-run z n = q’
assumes ¢ = 6 ¢/ (w n)
shows token-run z (Suc n) = ¢

(proof )

lemma token-run-step”:
r < n => token-run x (Suc n) = § (token-run x n) (w n)

(proof )
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5.3 Configuration
5.3.1 Properties

lemma configuration-distinct:
q # q' = configuration q n N configuration ¢’ n = {}

(proof )

lemma configuration-finite:
finite (configuration q n)
(proof )

lemma configuration-non-empty:
r < n = configuration (token-run x n) n # {}

(proof )

lemma configuration-token:
r < n =z € configuration (token-run z n) n

(proof )

lemmas configuration-Maz-in = Maz-in|OF configuration-finite]
lemmas configuration-Min-in = Min-in[OF configuration-finite]

5.3.2 Monotonicity

lemma configuration-monotonic-Suc:
r < n = configuration (token-run x n) n C configuration (token-run x

(Suc n)) (Suc n)
(proof )

5.3.3 Pull-Up and Push-Down

lemma pull-up-token-run-tokens:
[z < n; y < n; token-run x n = token-run y n] = 3 q. x € configuration
gn Ay € configuration q n

(proof)

lemma push-down-configuration-token-run:
[x € configuration q n; y € configuration ¢ n] = z < n Ay <nA
token-run © n = token-run y n

(proof )

5.3.4 Step Lemmas

lemma configuration-step:
z € configuration ¢' n => q¢ =0 ¢’ (wn) = x € configuration q (Suc n)
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(proof )

lemma configuration-step-non-empty:

configuration ¢' n # {} = ¢ =90 ¢’ (w n) = configuration q (Suc n) #
{}

(proof )

lemma configuration-rev-step”:
assumes  # Suc n
assumes z € configuration q (Suc n)
obtains ¢’ where ¢ = § ¢’ (w n) and x € configuration q' n

(proof )

lemma configuration-rev-step’”:
assumes z € configuration qo (Suc n)
shows z = Suc n V (3¢’ g0 = 6 ¢’ (wn) A z € configuration ¢’ n)
{proof )

lemma configuration-step-eq-qo:

configuration qo (Suc n) = {Suc n} U |J{configuration ¢' n | q'. qo =9
q' (wn)}

(proof)

lemma configuration-rev-step:
assumes ¢ # qo
assumes z € configuration q (Suc n)
obtains ¢’ where ¢ = 0 ¢’ (w n) and z € configuration q¢' n

(proof )

lemma configuration-step-eq:

assumes ¢ # qq

shows configuration q (Suc n) = |J{configuration ¢’ n | q¢. ¢ =6 ¢’ (w
n)}

(proof)

lemma configuration-step-eq-unified:

shows configuration q (Suc n) = |J{configuration ¢’ n | q¢". ¢ =6 ¢’ (w
n)} U (if ¢ = qo then {Suc n} else {})

(proof)
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5.4 Oldest Token
5.4.1 Properties

lemma oldest-token-always-def:
3i. ¢ < x A oldest-token (token-run x n) n = Some i

(proof )

lemma oldest-token-bounded:
oldest-token ¢q n = Some x = = < n

(proof )

lemma oldest-token-distinct:
q # q' = oldest-token q n = Some i = oldest-token q' n = Some j —

i #£ ]
(proof )

lemma oldest-token-equal:
oldest-token q n = Some i = oldest-token ¢’ n = Some i = q¢ = ¢’

(proof )

5.4.2 Monotonicity

lemma oldest-token-monotonic-Suc:
assumes z < n
assumes oldest-token (token-run x n) n = Some i
assumes oldest-token (token-run = (Suc n)) (Suc n) = Some j
shows ¢ > j

(proof )
5.4.3 Pull-Up and Push-Down

lemma push-down-oldest-token-configuration:
oldest-token ¢ n = Some v = = € configuration q n

(proof )

lemma push-down-oldest-token-token-rumn:
oldest-token ¢ n = Some v = token-run r n = q

(proof )

5.5 Senior Token
5.5.1 Properties

lemma senior-le-token:
sentorxn < x
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(proof )

lemma senior-token-run:
senior x n = senior y n <— token-run xr n = token-run y n

(proof)

The senior of a token is always in the same state

lemma senior-same-state:
token-run (senior x n) n = token-run x n

(proof )

lemma senior-senior:
senior (senior x m) n = senior  n

(proof )

5.5.2 Monotonicity

lemma senior-monotonic-Suc:
r < n = senior x n > senior x (Suc n)

(proof)

5.5.3 Pull-Up and Push-Down

lemma pull-up-configuration-senior:
[z € configuration q n; y € configuration q n] = senior x n = senior y n

(proof)

lemma push-down-senior-tokens:
[z < n; y < n; senior x n = senior y n] = I q. © € configuration g n A
y € configuration q n

(proof)

5.6 Set of Older Seniors
5.6.1 Properties

lemma older-seniors-cases-subseteq [case-names le gel:
assumes older-seniors x n C older-seniors y n =—> P
assumes older-seniors x n O older-seniors y n = P
shows P (proof)

lemma older-seniors-cases-subset [case-names less equal greater]:
assumes older-seniors x n C older-seniors y n =—> P
assumes older-seniors t n = older-seniors y n =—> P
assumes older-seniors x n O older-seniors y n = P
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shows P (proof)

lemma older-seniors-finite:
finite (older-seniors x n)

(proof)

lemma older-seniors-older:
y € older-seniorszn — y < x

(proof)

lemma older-seniors-senior-simp:
older-seniors (senior © n) n = older-seniors x n

(proof )

lemma older-seniors-not-self-referential:
senior x n ¢ older-seniors x n

(proof )

lemma older-seniors-not-self-referential-2:
x ¢ older-seniors x n

(proof )

lemma older-seniors-subset:
y € older-seniors x n = older-seniors y n C older-seniors x n

(proof )

lemma older-seniors-subset-2:
assumes — sink (token-run x n)
assumes older-seniors x n C older-seniors y n
shows senior x n € older-seniors y n

(proof )

lemmas older-seniors-Maz-in = Maz-in[OF older-seniors-finite]

lemmas older-seniors-Min-in = Min-in[OF older-seniors-finite]

lemmas older-seniors-Max-coboundedl = Max.coboundedI[OF older-seniors-finite]
lemmas older-seniors-Min-cobounded] = Min.coboundedl [OF older-seniors-finite]
lemmas older-seniors-card-mono = card-mono[OF older-seniors-finite]

lemmas older-seniors-psubset-card-mono = psubset-card-mono[ OF older-seniors-finite]

lemma older-seniors-recursive:
fixes z n
defines os = older-seniors x n
assumes os # {}
shows o0s = {Maz os} U older-seniors (Max 0s) n
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(is ?lhs = ?rhs)

(proof )

lemma older-seniors-recursive-card:
fixes z n
defines os = older-seniors x n
assumes os # {}
shows card 0os = Suc (card (older-seniors (Maz 0s) n))

(proof)

lemma older-seniors-card:
card (older-seniors x n) = card (older-seniors y n) <— older-seniors x n
= older-seniors y n

(proof)

lemma older-seniors-card-le:
card (older-seniors x n) < card (older-seniors y n) «— older-seniors x n
C older-seniors y n

(proof )

lemma older-seniors-card-less:
card (older-seniors x n) < card (older-seniors y n) <— older-seniors x n
C older-seniors y n

(proof )

5.6.2 Monotonicity

lemma older-seniors-monotonic-Suc:
assumes z < n
shows older-seniors x n 2O older-seniors x (Suc n)

(proof)

lemma older-seniors-monotonic:
z < n = older-seniors © n O older-seniors x (n + m)

(proof )

lemma older-seniors-stable:

z < n = older-seniors x n = older-seniors = (n + m + m') =
older-seniors x n = older-seniors x (n + m)
(proof)

lemma card-older-seniors-monotonic:
z < n = card (older-seniors x n) > card (older-seniors x (n + m))

(proof)
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5.6.3 Pull-Up and Push-Down

lemma pull-up-senior-older-seniors:
senior T n = senior y n = older-seniors © n = older-seniors y n

(proof)

lemma pull-up-senior-older-seniors-less:
sengor x n < senior y n = older-seniors x n C older-seniors y n

(proof )

lemma pull-up-senior-older-seniors-less-2:
assumes — sink (token-run x n)
assumes senior r n < Senior y n
shows older-seniors x n C older-seniors y n

(proof )

lemma pull-up-senior-older-seniors-le:
senior x n < senior y n = older-seniors x n C older-seniors y n

(proof )

lemma push-down-older-seniors-senior:
assumes — sink (token-run x n)
assumes — sink (token-run y n)
assumes older-sentors T n = older-seniors y n
shows senior © n = senior y n

(proof )

5.6.4 Tower Lemma

lemma older-seniors-tower":
assumes z < n
assumes y < n
assumes —sink (token-run  n)
assumes —sink (token-run y n)
assumes older-seniors © n = older-seniors x (Suc n)
assumes older-seniors y n C older-seniors x n
shows older-seniors y n = older-seniors y (Suc n)

(proof)

lemma older-seniors-tower’'2:
assumes z < n
assumes y < n
assumes —sink (token-run x (n + m))
assumes —sink (token-run y (n + m))

27



assumes older-seniors © n = older-seniors x (n + m)
assumes older-sentors y n C older-seniors x n
shows older-seniors y n = older-seniors y (n + m)

(proof )

lemma older-seniors-tower":
assumes y € older-seniors r n
assumes older-seniors © n = older-seniors x (Suc n)
shows older-seniors y n = older-seniors y (Suc n)
(is ?lhs = ?rhs)

(proof )

lemma older-seniors-tower:
[x < n; y € older-seniors x n; older-seniors © n = older-seniors x (n +
m)] = older-seniors y n = older-seniors y (n + m)

(proof)

5.7 Rank
5.7.1 Properties

lemma rank-None-before:
x> n = rank x n = None

(proof )

lemma rank-None-Suc:
assumes z < n
assumes rank £ n = None
shows rank z (Suc n) = None

(proof)

lemma rank-Some-time:
rank x n = Some j = x < n

(proof)

lemma rank-Some-sink:
rank © n = Some j = —sink (token-run z n)

(proof )

lemma rank-Some-card:
rank © n = Some j = card (older-seniors x n) = j

(proof )

lemma rank-initial:
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4. rank x T = Some 1

(proof )

lemma rank-continuous:
assumes rank x n = Some 1
assumes rank z (n + m) = Some j
assumes m’' < m
shows 3k. rank x (n + m') = Some k

(proof)

lemma rank-token-squats:
token-squats x = x < n = 4. rank x n = Some |

(proof )

lemma rank-older-seniors-bounded:
assumes y € older-seniors r n
assumes rank x n = Some j
shows 35’ < j. rank y n = Some j'
(proof)

5.7.2 Bounds

lemma mazx-rank-lowerbound:
0 < mazx-rank

(proof)

lemma older-seniors-card-bounded:
assumes —sink (token-run x n) and z < n
shows card (older-seniors x n) < card (reach ¥ § qo — {q. sink q})
(is card 2S84 < card ?50)

(proof)

lemma rank-upper-bound:
rank © n = Some i = i < max-rank

(proof )

lemma rank-range:
4. range (rank x) C {None} U Some ‘ {0..<i}

(proof)
5.7.3 Monotonicity

lemma rank-monotonic:
[rank © n = Some i; rank x (n + m) = Some j] = i > j
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(proof )

5.7.4 Pull-Up and Push-Down

lemma pull-up-senior-rank:
[z < n; y < n; senior x n = senior y n] = rank x n = rank y n

(proof)

lemma pull-up-configuration-rank:
[z € configuration q n; y € configuration q n] = rank x n = rank y n

(proof)

lemma push-down-rank-older-seniors:

[rank x n = rank y n; rank © n = Some i] = older-seniors x n =
older-seniors y n
(proof)

lemma push-down-rank-senior:
[rank x n = rank y n; rank x n = Some i] = senior x n = senior y n

(proof)

lemma push-down-rank-tokens:
[rank x n = rank y n; rank x n = Some i] = (3 q. x € configuration g n
Ay € configuration q n)

(proof)

5.7.5 Pulled-Up Lemmas

lemma rank-senior-senior:
r < n = rank (senior x n) n = rank  n

(proof)

5.7.6 Stable Rank

definition stable-rank :: nat = nat = bool
where
stable-rank © i = (V oon. rank x n = Some 1)

lemma stable-rank-unique:
assumes stable-rank i
assumes stable-rank r j
shows i = j

(proof)

lemma stable-rank-equiv-token-squats:
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token-squats x = (3 1. stable-rank x 7)
(is ?lhs = ?rhs)

(proof)

lemma stable-rank-same-tokens:
assumes stable-rank x i
assumes stable-rank y j
assumes z € configuration q n
assumes y € configuration q n
shows i = j

(proof)

5.7.7 Tower Lemma

lemma rank-tower:
assumes 7 < j
assumes rank © n = Some j
assumes rank x (n + m) = Some j
assumes rank y n = Some i
shows rank y (n + m) = Some 7

(proof )

lemma stable-rank-alt-def:
rank © n = Some j A stable-rank x j «— (V'm > n. rank z m = Some j)
(is ?rhs <— ?lhs)

(proof)

lemma stable-rank-tower:
assumes j < ¢
assumes rank x n = Some j
assumes rank y n = Some i
assumes stable-rank y i
shows stable-rank x j

(proof )

5.8 Senior States

lemma senior-states-initial:
senior-states q 0 = {}

(proof )

lemma senior-states-cases-subseteq [case-names le ge:
assumes senior-states p n C senior-states g n — P
assumes senior-states p n O senior-states ¢ n = P
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shows P (proof)

lemma senior-states-cases-subset [case-names less equal greater]:
assumes senior-states p n C senior-states g n — P
assumes senior-states p n = senior-states g n — P
assumes senior-states p n O senior-states g n =— P
shows P (proof)

lemma senior-states-finite:
finite (senior-states q n)

(proof )

lemmas senior-states-card-mono = card-mono|OF senior-states-finite]
lemmas senior-states-psubset-card-mono = psubset-card-mono[ OF senior-states-finite]

lemma senior-states-card:
card (senior-states p n) = card (senior-states q n) <— senior-states p n
= senior-states q n

(proof )

lemma senior-states-card-le:
card (senior-states p n) < card (senior-states q n) <— senior-states p n
C sentor-states q n

(proof )

lemma senior-states-card-less:
card (senior-states p n) < card (senior-states q n) «— senior-states p n
C sentor-states g n

(proof)

lemma senior-states-older-seniors:
(A\y. token-run y n) ¢ older-seniors x n = senior-states (token-run x n) n
(is ?lhs = ?rhs)

(proof)

lemma card-older-senior-senior-states:
assumes ¢ € configuration g n
shows card (older-seniors x n) = card (senior-states q n)
(is ?lhs = ?rhs)

(proof)
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5.9 Rank of States
5.9.1 Alternative Definitions

lemma state-rank-eq-rank:

state-rank q n = (case oldest-token q n of None = None | Some t = rank
tn)

(is ?lhs = ?rhs)

(proof )

lemma state-rank-eq-rank-SOME:
state-rank q n = (if configuration q n # {} then rank (SOME z. z €
configuration q n) n else None)

(proof)

lemma rank-eq-state-rank:
r < n = rank  n = state-rank (token-run x n) n

(proof )

5.9.2 Pull-Up and Push-Down

lemma pull-up-configuration-state-rank:
configuration ¢ n = {} = state-rank ¢ n = None

(proof )

lemma push-down-state-rank-tokens:
state-rank g n = Some i => configuration ¢ n # {}

(proof )

lemma push-down-state-rank-configuration-None:
state-rank ¢ n = None =—> —sink ¢ = configuration ¢ n = {}

(proof )

lemma push-down-state-rank-oldest-token:
state-rank q n = Some i = Jx. oldest-token q n = Some x

(proof)

lemma push-down-state-rank-token-run:
state-rank q n = Some i = dx. token-runzn=qgANz <n

(proof)

5.9.3 Properties

lemma state-rank-distinct:
assumes distinct: p # q
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assumes ranked-1: state-rank p n = Some i
assumes ranked-2: state-rank ¢ n = Some j
shows i # j

(proof )

lemma state-rank-initial-state:
obtains ¢ where state-rank qo n = Some i

(proof )

lemma state-rank-sink:
sink ¢ = state-rank ¢ n = None

(proof )

lemma state-rank-upper-bound:
state-rank ¢ n = Some i = { < mazx-rank

(proof)

lemma state-rank-range:
state-rank g n € {None} U Some ‘{0..<maz-rank}

(proof)

lemma state-rank-None:
—sink ¢ = state-rank g n = None <— oldest-token ¢ n = None

(proof )

lemma state-rank-Some:

—sink ¢ = (31. state-rank ¢ n = Some i) <— (3j. oldest-token q n =
Some j)

(proof )

lemma state-rank-oldest-token:
assumes state-rank p n = Some 1
assumes state-rank ¢ n = Some j
assumes oldest-token p n = Some x
assumes oldest-token ¢ n = Some y
shows i < j+— z <y

(proof )

lemma state-rank-oldest-token-le:
assumes state-rank p n = Some i
assumes state-rank ¢ n = Some j
assumes oldest-token p n = Some x
assumes oldest-token ¢ n = Some y
shows i < j+— <y
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(proof )

lemma state-rank-in-function-set:
shows (Aq. state-rank q t) € {f. (Vz. z ¢ reach ¥ § qo — fx = None)
A
(Vz. z € reach £ 6 qo — fz € {None} U Some ‘ {0..<maz-rank})}

(proof)

5.10 Step Function

fun pre-oldest-tokens :: 'b = nat = nat set
where

pre-oldest-tokens ¢ n = {z. 3 q’. oldest-token ¢’ n = Some x N ¢ = § ¢’
(wn)} U (if ¢ = qo then {Suc n} else {})

lemma pre-oldest-configuration-range:
pre-oldest-tokens ¢ n C {0..Suc n}

(proof )

lemma pre-oldest-configuration-finite:
finite (pre-oldest-tokens q n)

(proof)
lemmas pre-oldest-configuration-Min-in = Min-in] OF pre-oldest-configuration-finite]

lemma pre-oldest-configuration-obtain:
assumes z € pre-oldest-tokens ¢ n — {Suc n}
obtains ¢’ where oldest-token ¢’ n = Some z and ¢ = ¢ ¢’ (w n)

(proof )

lemma pre-oldest-configuration-element:
assumes oldest-token q' n = Some ot
assumes ¢ = 6 ¢’ (w n)
shows ot € pre-oldest-tokens q n
(proof)

lemma pre-oldest-configuration-initial-state:
Suc n € pre-oldest-tokens g n = q¢ = qq

(proof )

lemma pre-oldest-configuration-initial-state-2:
q = qo = Suc n € pre-oldest-tokens ¢ n

(proof)
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lemma pre-oldest-configuration-tokens:
pre-oldest-tokens q n # {} <— configuration q (Suc n) # {}
(is ?lhs <— ?rhs)

(proof )

lemma oldest-token-rec:
oldest-token q (Suc n) = (if pre-oldest-tokens q¢ n # {} then Some (Min
(pre-oldest-tokens q n)) else None)

(proof )

lemma pre-ranks-range:
pre-ranks (Aq. state-rank g n) v ¢ C {0..maz-rank}

(proof )

lemma pre-ranks-finite:
finite (pre-ranks (Aq. state-rank q n) v q)
(proof )

lemmas pre-ranks-Min-in = Min-in|OF pre-ranks-finite]

lemma pre-ranks-state-obtain:
assumes r, € pre-ranks r v ¢ — {maz-rank}
obtains ¢’ where r ¢ = Some rgand ¢ =0 ¢' v

(proof )

lemma pre-ranks-element:

assumes state-rank ¢’ n = Some r

assumes ¢ = 6 ¢’ (w n)

shows r € pre-ranks (\q. state-rank g n) (wn) g
(proof )

lemma pre-ranks-initial-state:
maz-rank € pre-ranks (\q. state-rank ¢ n) v ¢ = ¢ = qo

(proof )

lemma pre-ranks-initial-state-2:
q = qo = mazx-rank € pre-ranks r v q

(proof)

lemma pre-ranks-tokens:
assumes —sink q
shows pre-ranks (\q. state-rank q n) (w n) q¢ # {} <— configuration q

(Suc n) # {}

(is ?lhs = ?rhs)
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(proof)

lemma pre-ranks-pre-oldest-token-Min-state-special:

assumes —sink q

assumes configuration q (Suc n) # {}

shows Min (pre-ranks (Aq. state-rank ¢ n) (w n) q) = maz-rank <— Min
(pre-oldest-tokens ¢ n) = Suc n

(is ?lhs <— ?rhs)
(proof )

lemma pre-ranks-pre-oldest-token-Min-state:
assumes —sink g
assumes ¢ = 6 ¢/ (w n)
assumes configuration q (Suc n) # {}
defines min-r = Min (pre-ranks (\q. state-rank q n) (w n) q)
defines min-ot = Min (pre-oldest-tokens q n)
shows state-rank ¢’ n = Some min-r <— oldest-token ¢’ n = Some min-ot
(is ?lhs <— ?rhs)
(proof )

lemma Min-pre-ranks-pre-oldest-tokens:
fixes n
defines r = (\q. state-rank q n)
assumes configuration p (Suc n)
and configuration q (Suc n) #
assumes —sink q
and —sink p
shows Min (pre-ranks r (w n) p) < Min (pre-ranks r (w n) q) <— Min
(pre-oldest-tokens p n) < Min (pre-oldest-tokens q n)
(is ?lhs <— ?rhs)

(proof )

7 {}
{

5.10.1 Definition of initial and step

lemma state-rank-initial:
state-rank q 0 = initial q

(proof )

lemma state-rank-step:
state-rank q (Suc n) = step (Aq. state-rank q n) (w n) q
(is ?lhs = ?rhs)

(proof)

lemma state-rank-step-foldl:
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(Ag. state-rank q n) = foldl step initial (map w [0..<n])
(proof)

end

end

6 Mojmir Automata

theory Mojmir
imports Main Semi-Mojmir
begin

6.1 Definitions

locale mojmir-def = semi-mojmir-def +
fixes
— Final States
F ::'b set
begin

definition token-succeeds :: nat = bool
where
token-succeeds © = (I n. token-run x n € F)

definition token-fails :: nat = bool
where
token-fails x = (I n. sink (token-run x n) A token-run x n ¢ F)

definition accept :: bool (<acceptyr»)
where
accept +— (V sox. token-succeeds )

definition fail :: nat set
where
fail = {z. token-fails z}

definition merge :: nat = (nat x nat) set
where
merge i = {(z, y) |zynj. j<i
A (token-run x n # token-run y n A rank y n # None V y = Suc n)
A token-run x (Suc n) = token-run y (Suc n)
A token-run x (Suc n) ¢ F
A rank x n = Some j}
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definition succeed :: nat = nat set
where
succeed i = {x. In. rank x n = Some i
A token-run xn ¢ F — {qo}
A token-run x (Suc n) € F}

definition smallest-accepting-rank :: nat option
where
smallest-accepting-rank = (if accept then
Some (LEAST i. finite fail A finite (merge i) A infinite (succeed 7)) else
None)

definition fail-t :: nat set
where

fail-t = {n. 3q q'. state-rank ¢ n # None A ¢' =06 q (wn) AN ¢’ ¢ F A
sink q'}

definition merge-t :: nat = nat set
where
merge-t i = {n. 3q q' j. state-rank gqn = Some j AN j < i N q¢ =0 q (w
n)Aq' & F AN
(3q". ¢"# qNq' =6 q" (wn) A state-rank q” n # None) V q¢' = qo)}

definition succeed-t :: nat = nat set
where

succeed-t i = {n. 3 q. state-rank g n = Some i A ¢ ¢ F — {q} NJ q (w
n) € F}

fun S
where
S n=FU{q. (3j> the smallest-accepting-rank. state-rank q n = Some

7}
end

locale mojmir = semi-mojmir + mojmir-def +
assumes
— All states reachable from final states are also final
wellformed-F: Nqv. g € F = d qv € F
begin

lemma token-stays-in-final-states:
token-run x n € F = token-run x (n + m) € F
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(proof)

lemma token-run-enter-final-states:
assumes token-run tn € F
shows 3m > xz. token-run x m ¢ F — {qo} A token-run z (Suc m) € F

(proof )

6.2 Token Properties
6.2.1 Alternative Definitions

lemma token-succeeds-alt-def:
token-succeeds v = (V son. token-run x n € F)

(proof )

lemma token-fails-alt-def:
token-fails x = (¥ son. sink (token-run z n) A token-run x n ¢ F)
(is ?lhs = ?rhs)

(proof)

lemma token-fails-alt-def-2:
token-fails © <— —token-succeeds x N —token-squats x

(proof)

6.2.2 Properties

lemma token-succeeds-run-merge:
r < n= y < n= token-run r n = token-run y n = token-succeeds
r = token-succeeds y

(proof)

lemma token-squats-run-merge:
r < n=— y < n=— token-run x n = token-run y n =—> token-squats
= token-squats y

(proof)
6.2.3 Pulled-Up Lemmas

lemma configuration-token-succeeds:
[x € configuration q n; y € configuration q n] = token-succeeds x =
token-succeeds y

(proof )

lemma configuration-token-squats:
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[x € configuration q n; y € configuration q n] = token-squats v = to-
ken-squats y

(proof)

6.3 Mojmir Acceptance

lemma Mojmir-reject:
= accept «— (I oox. ~token-succeeds x)

(proof )

lemma mojmir-accept-alt-def:
accept «— finite {z. —token-succeeds x}

(proof )

lemma mojmir-accept-initial:
qo € F' = accept

(proof )

6.4 Equivalent Acceptance Conditions
6.4.1 Token-Based Definitions

lemma merge-token-succeeds:
assumes (z, y) € merge i
shows token-succeeds © +— token-succeeds y

(proof)

lemma merge-subset:
1 < j = merge 1 C merge j
(proof)

lemma merge-finite:
i < j = finite (merge j) = finite (merge 1)

(proof )

lemma merge-finite”:
i < j = finite (merge j) = finite (merge 7)

(proof )

lemma succeed-membership:
token-succeeds © <— (3i. x € succeed i)
(is ?lhs <— ?rhs)

(proof)

lemma stable-rank-succeed:
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assumes infinite (succeed 1)
and z € succeed 1
and qg ¢ F

shows —stable-rank x i

(proof)

lemma stable-rank-bounded:
assumes stable: stable-rank x j
assumes inf: infinite (succeed 17)
assumes ¢y ¢ F
shows j < ¢

(proof)

lemma mojmir-accept-token-set-defl1:

assumes accept

shows 37 < max-rank. finite fail A finite (merge i) A infinite (succeed )
A (Vj < i. finite (succeed j))
(proof)

lemma mojmir-accept-token-set-def2:
assumes finite fail
and finite (merge i)
and infinite (succeed 1)
shows accept

(proof)

theorem mojmir-accept-iff-token-set-accept:

accept <— (31 < maz-rank. finite fail A finite (merge i) A infinite (succeed
i)

(proof)

theorem mojmir-accept-iff-token-set-accept2:

accept «— (i < maz-rank. finite fail A finite (merge i) A infinite (succeed
i) N (Y] < i. finite (merge j) A finite (succeed j)))

(proof)

6.4.2 Time-Based Definitions

lemma finite-monotonic-image:
fixes A B :: nat set
assumes N\i. i € A = i< fi
assumes f ‘A =B
shows finite A <— finite B

(proof )
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lemma finite-monotonic-image-pairs:
fixes A :: (nat x nat) set
fixes B :: nat set
assumes N\i. i € A = (fsti) < fi+ ¢
assumes N\i. i € A = (sndi) < fi+ d
assumes f ‘A =B
shows finite A «<— finite B

(proof )

lemma token-time-finite-rule:

fixes A B :: nat set

assumes unique: Nz yz. Pry— Prz— y =2
and existsA: N\z. v € A = (Jy. Pz y)
and ezistsB: \y. y € B=— (3z. Pz y)
and inA: Nty Pry— z€ A
and inB: Nty Pry=— y€B
and mono: Nzy. Prxy=— 2 <y

shows finite A +— finite B

(proof )

lemma token-time-finite-pair-rule:
fixes A :: (nat x nat) set
fixes B :: nat set
assumes unique: Nxyz. Pry— Prz— y =z
and existsA: N\z. x € A = (3y. Pz y)
and existsB: \y. y € B= (3z. Pz y)
and inA: Nzy. Przy=—z€ A
and inB: Nty Pry— y€B
and mono: Nzry. Przy= fstz<y+cAsndz<y+d
shows finite A «— finite B
(proof)

lemma fail-t-inclusion:
assumes ¢z < n
assumes —sink (token-run z n)
assumes sink (token-run z (Suc n))
assumes token-run ¢ (Suc n) ¢ F
shows n € fail-t

(proof)
lemma merge-t-inclusion:

assumes z < n
assumes (35’ token-run x n # token-run y n A y < n A state-rank
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(token-run y n) n = Some j') V y = Suc n
assumes token-run r (Suc n) = token-run y (Suc n)
assumes token-run z (Suc n) ¢ F
assumes state-rank (token-run x n) n = Some j
assumes j < i
shows n € merge-t i

(proof)

lemma succeed-t-inclusion:
assumes rank r n = Some i
assumes token-run zn ¢ F — {qo}
assumes token-run ¢ (Suc n) € F
shows n € succeed-t ©

(proof)

lemma finite-fail-t:
finite fail = finite fail-t
(proof)

lemma finite-succeed-t':
assumes ¢y ¢ F
shows finite (succeed ©) = finite (succeed-t 7)

(proof)

lemma initial-in-F-token-run:
assumes qg € F
shows token-run z y € F

(proof )

lemma finite-succeed-t""
assumes qg € F
shows finite (succeed i) = finite (succeed-t 7)
(is ?lhs = ?rhs)

(proof)

lemma finite-succeed-t:
finite (succeed i) = finite (succeed-t 7)

(proof)

lemma finite-merge-t:
finite (merge i) = finite (merge-t 7)
(proof)
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6.4.3 Relation to Mojmir Acceptance

lemma token-iff-time-accept:
shows (finite fail A\ finite (merge ©) A infinite (succeed i) N (Vj < i. finite
(succeed j)))
= (finite fail-t N finite (merge-t i) A infinite (succeed-t i) N (Vj < i.
finite (succeed-t 7)))
(proof)

6.5 Succeeding Tokens (Alternative Definition)

definition stable-rank-at :: nat = nat = bool
where
stable-rank-at x n = 4. Vm > n. rank x m = Some 1

lemma stable-rank-at-ge:
n < m —> stable-rank-at x n —> stable-rank-at x m

(proof )

lemma stable-rank-equiv:
(3. stable-rank z i) = (I n. stable-rank-at = n)

(proof )

lemma smallest-accepting-rank-properties:

assumes smallest-accepting-rank = Some i

shows accept finite fail finite (merge i) infinite (succeed i) Vj < i. finite
(succeed j) © < maz-rank

(proof)

lemma token-smallest-accepting-rank:

assumes smallest-accepting-rank = Some i

shows V .on. V. token-succeeds © <— (x > n V (3j > i. rank x n =
Some j) V token-run x n € F)

(proof )

lemma succeeding-states:

assumes smallest-accepting-rank = Some @

shows V on. Vq. ((3z € configuration q n. token-succeeds ©) — q € S
n) A (g €S n— Yz € configuration q n. token-succeeds x))

(proof )

end

end
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7 (Generalized) Rabin Automata

theory Rabin
imports Main DTS
begin

‘a, 'b) transition set x ('a, 'b) tran-

type-synonym (’a, 'b) rabin-pair = ((
sition set)
type-synonym (‘a, 'b) generalized-rabin-pair = ((‘a, 'b) transition set x

("a, 'b) transition set set)

type-synonym (’a, 'b) rabin-condition = (‘a, 'b) rabin-pair set
type-synonym (‘a, 'b) generalized-rabin-condition = ('a, 'b) generalized-rabin-pair
set

type-synonym (a, 'b) rabin-automaton = (‘a, 'b) DTS x 'a x ('a, 'b)
rabin-condition

type-synonym (’a, 'b) generalized-rabin-automaton = (‘a, 'b) DTS X 'a
x (a, 'b) generalized-rabin-condition

definition accepting-pairg :: ('a, 'b) DTS = 'a = (‘a, 'b) rabin-pair = 'b
word = bool
where

accepting-pairg 0 qo P w = limit (rung 0 qo w) N fst P = {} A limit (run;
d qo w) N snd P # {}

definition acceptr :: (‘a, 'b) rabin-automaton = b word = bool
where

acceptr R w = (3P € (snd (snd R)). accepting-pairr (fst R) (fst (snd
R)) P w)

definition accepting-pairgp :: (‘a, 'b) DTS = 'a = ('a, 'b) generalized-rabin-pair
= 'b word = bool
where
accepting-pairgr 6 qo P w = limit (rung § qo w) N fst P = {} N (VI €
snd P. limit (runy § qo w) NI # {})

definition acceptgr = ('a, 'b) generalized-rabin-automaton = 'b word =
bool
where

acceptgr R w = (3 (Fin, Inf) € (snd (snd R)). accepting-pairgr (fst R)
(fst (snd R)) (Fin, Inf) w)

declare accepting-pair r-def[simp]
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declare accepting-pairgg-def[simp]

lemma accepting-pair g-simp|simp):

accepting-pairr 6 qo (F,I) w = limit (runy 6 qo w) N F = {} A limit (run,
6 qo w) NI #{}

(proof)

lemma accepting-pairagr-simp|simp):

accepting-pairgr 6 qo (F, Z) w = limit (runy 6 g0 w) N F ={} A (VI €
Z. limit (rung 0 qo w) NI # {})

(proof )

lemma acceptp-simp|[simp]:

acceptr (0, qo, @) w = (3 (Fin, Inf) € a. limit (runs § qo w) N Fin = {}
A limit (rung & qo w) N Inf # {})

(proof)

lemma acceptar-simp[simp]:

acceptar (0, qo, @) w «— (I (Fin, Inf) € . limit (runy § qo w) N Fin
={} A (VI € Inf. limit (run; § qo w) NI # {}))

(proof)

lemma acceptgr-simp2:
acceptar (0, qo, @) w +— (I P € a. accepting-pairgr § qo P w)

(proof )
type-synonym ('a, 'b) LTS = ('a, 'b) transition set

definition LTS-is-inf-run :: ('q,'a) LTS = 'a word = 'q word = bool
where
LTS-is-inf-run A wr <— (Vi. (ri, wi, r (Suci)) € A)

fun acceptr-LTS :: (('a, 'b) LTS x 'a x ('a, 'b) rabin-condition) = 'b word
= bool
where
acceptr-LTS (8, qo, o) w <— (3 (Fin, Inf) € a. 3.
LTS-is-inf-run § wr AN r 0 = qq
A limit (Ni. (r i, wi, v (Suc i) N Fin = {}
A limit (Ni. (r i, wi, v (Suc i))) N Inf # {})

definition accepting-pairgr-LTS :: ('a, 'b) LTS = 'a = ('a, 'b) general-
ized-rabin-pair = 'b word = bool
where

accepting-pairgr-LTS 6 qo P w = dr. LTS-is-inf-run 6 wr A r 0 = qo
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A limit (Ni. (r i, wi, v (Suc 7)) N fst P = {}
AN (VI € snd P. limit (Ni. (ri, wi, r (Suci))) NI#{})

fun acceptgr-LTS :: (('a, 'b) LTS X 'a x ('a, 'b) generalized-rabin-condition)
= 'b word = bool
where

acceptar-LTS (8, qo, «) w = (3 (Fin, Inf) € a. accepting-pairgr-LTS 6
40 (Flnv Inf) ’LU)

lemma acceptgr-LTS-E:

assumes acceptgr-LTS R w

obtains F' I where (F, I) € snd (snd R)

and accepting-pairgr-LTS (fst R) (fst (snd R)) (F, I) w
(proof)

lemma acceptgr-LTS-1:

accepting-pairgr-LTS 0 qo (F,Z) w = (F, Z) € a« = acceptgr-LTS
(6, o, @) w

(proof)

lemma acceptgpr-I:
accepting-pairgr 0 qo (F,I) w = (F,7T) € a« = acceptgr (9, qo, o) w

(proof )

lemma transfer-accept:
accepting-pairg 0 qo (F, I) w <— accepting-pairgr 0 qo (F, {I}) w
acceptr (0, qo, @) w «— acceptgr (9, qo, (AN(F, I). (F, {I})) ‘a) w
(proof)

7.1 Restriction Lemmas

lemma accepting-pairqg-restrict:

assumes range w C 3

shows accepting-pairar § qo (F, Z) w = accepting-pairgr § qo (F N
reachy X 6 qo, (N. I N reachy ¥ 0 qo) ‘Z) w
(proof)

lemma acceptgr-restrict:
assumes range w C X

shows acceptcr (0, qo, {(fz, g ) | . P z}) w = acceptar (9, qo, {(f =
N reachy X 6 qo, (AL. I N reachy ¥ 0 qo) ‘gz) | z. Pz}) w

(proof )

lemma accepting-pair g-restrict:
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assumes range w C X

shows accepting-pairg § qo (F, I) w = accepting-pairr 6 qo (F N reachy
¥ 0 qo, I N reachy ¥ 6 qp) w

(proof )

lemma acceptp-restrict:

assumes range w C X

shows acceptr (9, qo, {(fz, g ) | . P x}) w = acceptr (J, qo, {(fz N
reachs ¥ 8 qo, g x N reachy ¥ 6 qo) | z. P x}) w

(proof )

7.2 Abstraction Lemmas

lemma accepting-pairqgr-abstract:

assumes finite (reachy 3 0 qo)

and finite (reachy ¥ 8 qo")

assumes range w C X

assumes run; § qo w = f o (runs 8’ qo’ w)

assumes A\t. ¢t € reachy ¥ 6" qo' = ft € F «— t € F'

assumes N\ti.i € Z =t € reachy X 6" qo' = fteli+—tel'i

shows accepting-pairgr 6 qo (F,{Ii|i. i € I}) w <— accepting-pairgr
8 g (F'{I'i|i.iel}) w
(proof)

lemma accepting-pair g-abstract:

assumes finite (reachy 3 0 qo)

and finite (reachy ¥ 8’ qo”)

assumes range w C X

assumes run; 6 qo w = fo (runs 6" qo’ w)

assumes A\t. ¢t € reachy ¥ 6 qo' = ft € F «— t € F'

assumes A\t. t € reachy ¥ 0" qo' = fte Il +—te I’

shows accepting-pairr 6 qo (F, I) w <— accepting-pairr 6" qo’ (F', I')
w

(proof)

7.3 LTS Lemmas

lemma accepting-pairgr-LTS:

assumes range w C X

shows accepting-pairgr 6 qo (F, Z) w +— accepting-pairgr-LTS (reachy
X6 q0) g0 (F,I) w

(is ?lhs <— ?rhs)
(proof)
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lemma acceptgr-LTS:
assumes range w C 3
shows acceptar (9, qo, @) w <— acceptgr-LTS (reachy ¥ 9 qo, qo, @) w

(proof)

lemma acceptp-LTS:
assumes range w C X
shows acceptr (9, qo, o) w <— acceptr-LTS (reachy 3 6 qo, qo, @) w

(proof )

7.4 Combination Lemmas

lemma combine-rabin-pairs:

(Az. x € I = accepting-pairg 6 qo (f x, g x) w) = accepting-pairgr o
o U{fzlzzel},{gz|a.xzel})w

(proof)

lemma combine-rabin-pairs-UNIV:
accepting-pairr & qo (fin, UNIV) w = accepting-pairgr § qo (fin', inf’)
w = accepting-pairgr 6 qo (fin U fin', inf’) w

(proof )

end

8 Auxiliary List Facts

theory List2
imports Main HOL— Library. Omega- Words-Fun List—Index.List-Index
begin

8.1 remdups_ fwd

fun remdups-fwd-acc
where
remdups-fwd-acc Ace [] = |]
| remdups-fwd-acc Acc (z#xs) = (if © € Acc then || else [z]) @ remdups-fwd-acc
(insert x Acc) xs

lemma remdups-fwd-acc-append|[simp]:

remdups-fwd-acc Acc (zsQys) = (remdups-fwd-acc Acc zs) @ (remdups-fwd-acce
(Acc U set xs) ys)

(proof)
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lemma remdups-fwd-acc-set][simp]:
set (remdups-fwd-acc Acc xs) = set xs — Acc

(proof)

lemma remdups-fwd-acc-distinct:
distinct (remdups-fwd-acc Acc xs)

(proof)

lemma remdups-fwd-acc-empty:
set xs C Acc +— remdups-fwd-acc Acc xs = |

(proof )

lemma remdups-fwd-acc-drop:
set ys C Acc U set xs = remdups-fwd-acc Acc (zs Q ys Q zs) = remdups-fwd-acc
Acc (zs @Q 2s)

(proof)

lemma remdups-fwd-acc-filter:
remdups-fwd-acc Acc (filter P xs) = filter P (remdups-fwd-acc Acc xs)

(proof)

fun remdups-fwd
where
remdups-fwd xs = remdups-fwd-acc {} xs

lemma remdups-fwd-eq:
remdups-fwd s = (rev o remdups o rev) zs

(proof )

lemma remdups-fwd-set|simp]:
set (remdups-fwd xs) = set xs

(proof )

lemma remdups-fwd-distinct:
distinct (remdups-fwd xs)

(proof )

lemma remdups-fwd-filter:
remdups-fwd (filter P zs) = filter P (remdups-fwd xs)

(proof)

8.2 Split Lemmas

lemma map-splitFE:
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assumes map frs = ys Q zs
obtains us vs where zs = us Q vs and map f us = ys and map f vs =
28

(proof )

lemma filter-split’:

filter P xs = ys @ zs = Jus vs. zs = us @Q vs A filter P us = ys A filter
Pous = zs
(proof)

lemma filter-splitE:

assumes filter P xs = ys Q zs

obtains us vs where xs = us @ vs and filter P us = ys and filter P vs
= 28

(proof )

lemma filter-map-splitE:

assumes filter P (map f xs) = ys Q zs

obtains us vs where s = us @Q vs and filter P (map f us) = ys and
filter P (map f vs) = zs

(proof)

lemma filter-map-split-iff:

filter P (map fxs) = ys Q zs <— (Jus vs. zs = us Q vs A filter P (map
fus) = ys A filter P (map fvs) = zs)

(proof )

lemma list-empty-prefic:
rs Q y # 28 =y # us = y ¢ set 1s = xs = ||

(proof )

lemma remdups-fwd-split:
remdups-fwd-acc Acc xs = ys Q zs = Jus vs. xs = us Q vs A remdups-fwd-acc
Acc us = ys A remdups-fwd-acc (Acc U set ys) vs = zs

(proof)

lemma remdups-fwd-split-exact:

assumes remdups-fwd-acc Acc xs = ys Q ¢ # zs

shows Jus vs. 1s = us Q z # vs Az ¢ Acc A\ x ¢ set ys N\ remdups-fwd-acc
Acc us = ys A remdups-fwd-acc (Acc U set ys U {z}) vs = zs

(proof )

lemma remdups-fwd-split-exactE:
assumes remdups-fwd-acc Acc xs = ys Q ¢ # zs
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obtains us vs where zs = us Q ¢ # vs and = ¢ set us and remdups-fwd-acc
Acc us = ys and remdups-fwd-acc (Ace U set ys U {z}) vs = zs

(proof)

lemma remdups-fwd-split-exact-iff:
remdups-fwd-acc Acc xs = ys Q x # 25 +—
(Jus vs. zs = us Q x # vs N x ¢ Acc N\ x ¢ set us A remdups-fwd-acc
Acc us = ys A\ remdups-fwd-acc (Acc U set ys U {z}) vs = 2s)
{proof )

lemma sorted-pre:
(Azxyxs ys. zs = xs Q [z, y] Q ys = z < y) = sorted zs

(proof )

lemma sorted-list:
assumes z € set zs and y € set xs
assumes sorted (map fxs) and fz < fy
shows Jdzs’ zs"" xs". s = 28’ Q@ z # zs” Q y # xs""

(proof)

lemma take While-foo:
z ¢ set ys => ys = takeWhile (\y. y # z) (ys Q x # zs)
(proof)

lemma take While-split:

T € set xs = y € set (takeWhile (\y. y # ) xs) = Fas' xs"" xs"". s
=5’ Qy # x5 Q z # xs""

(proof )

lemma take While-distinct:
distinct (zs' Q x # xs") = y € set (takeWhile (\y. y # z) (zs' Q z #
zs")) «— y € set zs’

(proof )

lemma finite-lists-length-eqF:
assumes finite A
shows finite {zs. set xs = A A length s = n}

(proof)

lemma finite-set2:
assumes finite A
shows finite {zs. set xs = A A distinct zs}

(proof)
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lemma set-list:
assumes finite (set * X9)
assumes Azs. zs € XS = distinct zs
shows finite XS

(proof)

lemma set-foldl-append:
set (foldl (Q) i zs) = set i U |J{set x | z. z € set zs}

(proof)

8.3 Short-circuited Version of foldl

fun foldl-break :: ('b = 'a = 'b) = (b = bool) = 'b = 'a list = 'b
where

foldl-break fsa || = a
| foldl-break f s a (z # xs) = (if s a then a else foldl-break f s (f a x) xs)

lemma foldl-break-append:

foldl-break f s a (xzs @ ys) = (if s (foldl-break f s a zs) then foldl-break f s
a zs else (foldl-break f s (foldl-break f s a xs) ys))

(proof)

8.4 Suffixes

fun suffizes
where

suffizes || = |
| suffives (z#xs) = (suffizes xs) Q [z#xs|

lemma suffizes-append:
suffizes (zs Q ys) = (suffizes ys) Q@ (map (Azs. zs Q ys) (suffizes xs))
(proof )

lemma suffizes-alt-def:
suffizes xs = rev (prefix (length zs) (Ai. drop i xs))
(proof)

end

9 Translation to Deterministic Transition-Based
Rabin Automata

theory Mojmir-Rabin
imports Main Mojmir Rabin Auziliary/List2
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begin

locale mojmir-to-rabin-def = mojmir-def
begin

definition failr :: ('b = nat option, 'a) transition set
where
failg = {(r, v, 8) | rvsqq.rq# None AN q =06 qv A q' ¢&F N sink

q'}

definition succeedr :: nat = ('b = nat option, 'a) transition set
where

succeedr i = {(r,v, s) |rvsq rq=SomeiNqg¢ F — {q} N (0 qv)
€ F}

definition merger :: nat = ('b = nat option, 'a) transition set
where
mergeg i = {(r,v,8) | rvsqq jorqg=SomejNj<iNg =§qvA
(Fq" ¢'=06q¢"vANrq"# None ANq"# q)V g =q)Nq ¢F}

abbreviation Qg
where
Qr = reach X step initial

abbreviation ¢r
where
qr = initial

abbreviation i
where
ORr = step

abbreviation Accr
where
Acer j = (failp U merger j, succeedr j)
abbreviation R
where

R = (0r, qr, {Accr j | j. 7 < maz-rank})

end
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9.1 Well-formedness

lemma function-set-finite:

assumes finite R

assumes finite A

shows finite {f. (V2. 2 ¢ R — fz =c¢) AN (V. x € R — fz € A)}
(is finite 7F)

(proof)

lemma (in semi-mojmir) wellformed-R:
shows finite (reach ¥ step initial)

(proof)

locale mojmir-to-rabin = mojmir + mojmir-to-rabin-def begin

9.2 Correctness

lemma imp-and-not-imp-eq:
assumes P — (@)
assumes ~P — —()
shows P = @)

(proof )

lemma finite-limit-intersection:
assumes finite (range f)
assumes Az:nat. t € A «— (fz) € B
shows finite A «— limit f N B = {}
(proof)

lemma finite-range-run:
defines r = run; g qr w
shows finite (range r)
(proof)

theorem mojmir-accept-iff-rabin-accept-rank:
shows (finite (fail) A finite (merge 7) A infinite (succeed 1))
< accepting-pairg or qr (Acer ©) w
(is ?lhs = ?rhs)

(proof)

theorem mojmir-accept-iff-rabin-accept:
accept <— acceptp R w

(proof)
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definition smallest-accepting-rankyr :: nat option
where
smallest-accepting-rankg = (if acceptr R w then
Some (LEAST i. accepting-pairg dr qr (Accr i) w) else None)

theorem Mojmir-rabin-smallest-accepting-rank:
smallest-accepting-rank = smallest-accepting-ranky

(proof )

lemma smallest-accepting-rankg -properties:
smallest-accepting-rankr = Some | = accepting-pairr dr qr (Accr 17)
w

(proof )

end

end

10 LTL (in Negation-Normal-Form, FGXU-Syntax)

theory LTL-FGXU
imports Main HOL— Library. Omega- Words-Fun
begin

Inspired/Based on schimpf/LTL

10.1 Syntax
datatype (vars: 'a) ltl =
LTLTrue (<truey)
| LTLFalse (<falsey)
| LTLProp 'a («<p'(-"))
| LTLPropNeg 'a («<np'(-")» [86] 85)

| LTLAnd 'a Itl 'a Itl (¢<- and -» [83,83] 82)
| LTLOr 'a ltl 'a It («- or -» [82,82] 81)

| LTLNext 'a It (X - [88] 87)
| LTLGlobal (theG: 'a ltl) (<G -» [85] 84)
| LTLF'inal 'a It («<F - [84] 83)

| LTLUntil 'a 1tl 'a itl (<~ U - [87,87] 86)

10.2 Semantics

fun ltl-semantics :: ['a set word, 'a ltl]] = bool (infix <> 80)
where
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w = true = True

| w = false = False

| w k= p(g) = (¢ €w0)

| w = np(q) = (¢ ¢ w0)

lwh g and = (w ko A w )
lwEpory=(wkEeVwEY)

lwk X ¢ = (suffis L w = o)

|wkE Go= "k suffic kw = @)

| wE F o= 3k suffit kw = @)

lwE e Uy =3k suffitkwkEy A Vi <k sufficjwlE )

fun ltl-prop-entailment :: ['a ltl set, 'a Itl]] = bool (infix <E=p> 80)
where

A =p true = True
| A =p false = False
| AEppand = (AEp o AN AEPY)
|AEppory=(AEpeVAEpY)
| AEp = (pe€A

10.2.1 Properties

lemma LTL-G-one-step-unfolding:

wEGeo+— (wEeAwE X (Gy)
(is ?lhs <— ?rhs)

(proof)

lemma LTL-F-one-step-unfolding:

wEFes— (wEeVuwEX(F)
(is ?lhs <— ?rhs)

(proof )

lemma LTL-U-one-step-unfolding:
wEeU¢s— (wEyYV(wEeAwEX (¢ U))

(is ?lhs <— ?rhs)
(proof)

lemma LTL-GF-infinitely-many-suffizes:

wE G (F @)= (Tt suffitiwkE= ¢)
(is ?lhs = ?rhs)

(proof)
lemma LTL-FG-almost-all-suffizes:

whEFGo= i suffiziwlp o)
(is ?lhs = ?rhs)
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(proof)

lemma LTL-FG-suffix:
(suffiz i w) = F (G ) = wl= F (G o)
(proof)

lemma LTL-GF-suffiz:
(sufficiw) = G (F¢)=wl G (F )
(proof)

lemma LTL-suffiz-G:
wkE G = suffitiwkE Gy
(proof )

lemma LTL-prop-entailment-monotonl [introl:
SEpp=S5CS' = S'Epyp
(proof)

lemma [tl-models-equiv-prop-entailment:

wke={xwkx}tkFre
(proof)

10.2.2 Limit Behaviour of the G-operator

abbreviation Only-G

where
Only-G S =V e S.dy. z2=Guy

lemma tl-G-stabilize:

assumes finite G

assumes Only-G G

obtains i where A\x j. x € ¢ = suffir i w = x = suffiz (i + j) w = x
(proof)

lemma [tl-G-stabilize-property:
assumes finite G
assumes Only-G G
assumes A\x j. x € § = suffiri w E x = suffix (i + j) w E x
assumes G ¢ € G N {x. w = F x}
shows suffiz i w = G ¢
(proof )
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10.3 Subformulae
10.3.1 Propositions

fun propos :: 'a ltl ='a Itl set
where
propos true = {}
| propos false = {}
| propos (¢ and ) = propos ¢ U propos v
| propos (@ or ¥) = propos ¢ U propos
| propos o = {¢}

fun nested-propos :: 'a Itl ='a It] set
where
nested-propos true = {}
| nested-propos false = {}
| nested-propos (¢ and 1) = nested-propos ¢ U nested-propos ¢
| nested-propos (p or 1) = nested-propos ¢ U nested-propos
| nested-propos (F ) = {F ¢} U nested-propos ¢
| nested-propos (G ¢) = {G ¢} U nested-propos ¢
| nested-propos (X ¢) = {X ¢} U nested-propos ¢
| nested-propos (¢ U ) = {¢ U ¥} U nested-propos ¢ U nested-propos 1
| nested-propos ¢ = {p}

lemma finite-propos:
finite (propos ) finite (nested-propos @)
(proof)

lemma propos-subset:
propos @ C nested-propos
(proof)

lemma LTL-prop-entailment-restrict-to-propos:
S p ¢ = (5 N propos @) Ep ¢
(proof)

lemma propos-foldl:

assumes Az y. propos (f x y) = propos U propos y

shows |J{propos y |y. y = i V y € set xs} = propos (foldl f i xs)
(proof )

10.3.2 G-Subformulae

Notation for paper: mathdsG
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fun G-nested-propos :: 'a ltl ='a It set (<G»)
where

lemma G-nested-finite:
finite (G ¢)
(proof )

lemma G-nested-propos-alt-def:
G ¢ = nested-propos ¢ N {Y. Fz. v = G z)}
(proof)

lemma G-nested-propos-Only-G:
Only-G (G )
(proof)

lemma G-not-in-G:
Gpg Gy
(proof)

lemma G-subset-G:
YveGpep=>GyYyCGoy
GYpeGep=GyYCGoy
(proof)

lemma G-properties:
assumes G C G ¢
shows G-finite: finite G and G-elements: Only-G G
(proof )

10.4 Propositional Implication and Equivalence

definition ltl-prop-implies :: ['a ltl, 'a ltl]] = bool (infix <—p> 75)
where
o —pV=VA AEpp — AEpv¢

definition ltl-prop-equiv :: ['a ltl, 'a ltl] = bool (infix <=p> 75)
where

61



p=ptp=VA AEpp+— AEp

lemma [tl-prop-implies-equiv:
o —pPYPNANY —pp—p=py

(proof)

lemma Itl-prop-equiv-equivp:
equivp (=p)

(proof)

lemma [trans]:
p=pyY =Y =pxX=9=pX

(proof )

10.4.1 Quotient Type for Propositional Equivalence

quotient-type ’a ltl-prop-equiv-quotient = 'a ltl | (=p)
morphisms Rep Abs
(proof)

type-synonym ’a ltlp = 'a ltl-prop-equiv-quotient
instantiation [tl-prop-equiv-quotient :: (type) equal begin

lift-definition ltl-prop-equiv-quotient-eq-test :: 'a ltlp = 'a ltlp = bool is
Az y. T =py
(proof)

definition
eq: equal-class.equal = ltl-prop-equiv-quotient-eq-test

instance

(proof)

end

lemma ltip-abs-rep: Abs (Rep @) = ¢
(proof)

lift-definition [tl-prop-entails-abs :: 'a ltl set = 'a ltlp = bool (- T=p -)

is (=p)
(proof)

lift-definition ltl-prop-implies-abs :: 'a ltlp = 'a ltlp = bool (<- t—p -»)
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is (—)p)

(proof )

10.4.2 Propositional Equivalence implies LTL Equivalence

lemma [tl-prop-implication-implies-ltl-implication:
wkp =9 —pp= w1
(proof)

lemma [tl-prop-equiv-implies-Itl-equiv:
p=pY=uwlEp=wgEy
(proof)

10.5 Substitution

fun subst :: ‘a ltl = ('a ltl — 'a lt]) = 'a It
where
subst true m = true
| subst false m = false
| subst (¢ and ) m = subst @ m and subst 1 m
| subst (p or ¥) m = subst ¢ m or subst ¥ m
| subst o m = (case m ¢ of Some ¢’ = ' | None = ¢)

Based on Uwe Schoening’s Translation Lemma (Logic for CS, p. 54)

lemma [tl-prop-equiv-subst-S:

S Ep subst o m = ((S — dom m) U {x | x X" x € domm A m x =
Some x" A S =p x') FEpP ¢

(proof)

lemma subst-respects-ltl-prop-entailment:
w —p Y = subst ¢ m —>p subst Yy m
w =p Y = subst ¢ m =p subst Y m

(proof )

lemma subst-respects-ltl-prop-entailment-generalized:
N Nzv.z2eS=AEpzr) = AFEpy) = (A\z.z€ S= AEp
subst x m) = A [=p subst y m

(proof)

lemma decomposable-function-subst:

[f true = true; f false = false; N V. f (@ and ) = f ¢ and f ; Np .
fpori)=foorf] = fe=substp (Ax. Some (f X))
(proof)
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10.6 Additional Operators
10.6.1 And

lemma foldl-LTLAnd-prop-entailment:
S Ep foldl LTLAnd i xzs = (S Ep i A (Vy € set xs. S Ep y))
(proof)

fun And :: 'a ltl list = 'a It
where

And [| = true
| And (z#xs) = foldl LTLAnd x xs

lemma And-prop-entailment:
SEp And zs = (Vx € set xs. S |=p x)

(proof)

lemma And-propos:
propos (And xs) = |J{propos z| z. = € set zs}

(proof )

lemma And-semantics:
wk= And zs = (Vx € set zs. w = ©)

(proof )

lemma And-append-syntactic:
zs # [| = And (zs Q ys) = And ((And zs)#ys)
(proof)

lemma And-append-S:
S Ep And (xs Q ys) = S Ep And zs and And ys
(proof )

lemma And-append:
And (zs Q ys) =p And xs and And ys

(proof)
10.6.2 Lifted Variant

lift-definition and-abs :: 'a ltlp = 'a ltlp = 'a ltlp (<- Tand ) is Az y. z
and y
(proof )

fun And-abs :: 'a ltlp list = 'a ltlp (<t And>)
where
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TAnd zs = foldl and-abs (Abs true) xs

lemma foldl-LTLAnd-prop-entailment-abs:
S T=p foldl and-abs i zs = (S T=p i N (Vyeset zs. S T=p y))
(proof)

lemma And-prop-entailment-abs:
S t=p tAnd zs = (Vo € set xs. S TE=p )
{proof )

lemma and-abs-conjunction:

S tep ¢ tand ¥ «— S tp ¢ A S tep ¢
(proof )

10.6.3 Or

lemma foldl-LTLOr-prop-entailment:
S f=p foldl LTLOr ixs = (S =p iV (3y € set xs. S =p y))
(proof)

fun Or :: 'a It list = 'a It
where

Or [| = false
| Or (z#zs) = foldl LTLOr x xs

lemma Or-prop-entailment:
Stp Orazs = (3z € set zs. S E=p 1)
(proof)

lemma Or-propos:
propos (Or xs) = |J{propos z| . © € set xs}
(proof)

lemma Or-semantics:
wE Orazs = (3z € set zs. w = x)
(proof)

lemma Or-append-syntactic:
zs # [ = Or (zs Q ys) = Or ((Or zs)#ys)
(proof)

lemma Or-append-S:
S Ep Or (zs @ ys) =S Ep Oras or Or ys
(proof )
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lemma Or-append:
Or (zs Q ys) =p Or xs or Or ys

(proof)
10.6.4 evalg
fun evalg
where
evalg S (p and ) = evalg S ¢ and evalg S
| evalg S (¢ or ¢) = evalg S ¢ or evalg S 9
| evalg S (G ) = (if G ¢ € S then true else false)

| evalg S ¢ = ¢
— Syntactic Properties

lemma cvalg-And-map:
evalg S (And xs) = And (map (evalg S) xs)
(proof )

lemma evalg-Or-map:
evalg S (Or xs) = Or (map (evalg S) xs)
(proof )

lemma evalg-G-nested:
G (evalg G ¢) C G ¢
(proof)

lemma evalg-subst:
evalg S ¢ = subst ¢ (A\x. Some (evalg S X))

(proof)

lemma evalq-prop-entailment:
S Epevalg S +— SEP
(proof)

lemma evalg-respectfulness:
p —p Y = evalg S ¢ —p evalg S Y
0 =p Y = evalg S ¢ =p evalg S Y

(proof)

lemma cvalg-respectfulness-generalized:

(N Nrv.zeS=AEpzr) = AFEpy) = (N\z.z€ S = AEp
evalg P ) = A |=p evalg Py
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(proof )

lift-definition evalg-abs :: 'a ltl set = 'a ltlp = 'a ltlp (Tevalgy) is evalg

(proof )

10.7 Finite Quotient Set

If we restrict formulas to a finite set of propositions, the set of quotients of
these is finite

lemma Rep-Abs-prop-entailment|simp]:
A =p Rep (Abs ) = A l=p ¢
(proof)

fun sat-models :: 'a ltl-prop-equiv-quotient = 'a Itl set set
where
sat-models a = {A. A =p Rep(a)}

lemma sat-models-invariant:
A € sat-models (Abs ¢) = A |E=p @
(proof)

lemma sat-models-inj:
inj sat-models

(proof )

lemma sat-models-finite-image:
assumes finite P
shows finite (sat-models ‘ { Abs ¢ | . nested-propos ¢ C P})

(proof )

lemma [tl-prop-equiv-quotient-restricted-to-P-finite:
assumes finite P
shows finite {Abs ¢ | . nested-propos ¢ C P}
(proof)

locale lift-ltl-transformer =
fixes
folaltl="b= "altl
assumes
respectfulness: p =p Y = fpv=p fY v
assumes
nested-propos-bounded: nested-propos (f ¢ v) C nested-propos ¢
begin
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lift-definition f-abs :: ‘a ltlp = 'b = 'a ltlp is f

(proof)

lift-definition f-foldl-abs :: 'a ltlp = b list = 'a ltlp is foldl f
(proof )

lemma f-foldl-abs-alt-def:
f-foldl-abs (Abs ¢) w = foldl f-abs (Abs ¢) w
(proof)

definition abs-reach :: 'a ltl-prop-equiv-quotient = 'a ltl-prop-equiv-quotient
set
where

abs-reach ® = {foldl f-abs ® w |w. True}

lemma finite-abs-reach:
finite (abs-reach (Abs ¢))

(proof)

end

end

11 af - Unfolding Functions

theory af
imports Main LTL-FGXU Auxiliary/ List2
begin

11.1 af

fun af-letter :: 'a ltl = 'a set = 'a It
where
af-letter true v = true
| af-letter false v = false
| af-letter p(a) v = (if a € v then true else false)
| af-letter (np(a)) v = (if a ¢ v then true else false)
| af-letter (¢ and ) v = (af-letter ¢ v) and (af-letter ¢ v)
| af-letter (¢ or o) v = (af-letter ¢ v) or (af-letter ¢ v)
| af-letter (X @) v =
| af-letter ©)
| af-letter (F )
| af-letter (¢ U 1)

©

v
v G ¢) and (af-letter ¢ v)
v = (F @) or (af-letter ¢ v)

(¢ U ¢ and (af-letter ¢ v)) or (af-letter ¢ v)

NN N N N N
I
N

G
F
2

<
I
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abbreviation af :: 'a ltl = 'a set list = 'a Ul (<af>)
where
af © w = foldl af-letter ¢ w

lemma af-decompose:
af (¢ and ¥) w = (af ¢ w) and (af ¥ w)
af (¢ or ) w= (af ¢ w) or (af ¥ w)
(proof)

lemma af-simps|[simp]:
af true w = true
af false w = false

af (X @) (a#ws) = af ¢ (x3)
(proof )

lemma af-F:
af (F o) w= Or (F ¢ # map (af ¢) (suffizes w))
(proof)

lemma af-G:
of (G ) w=And (G ¢ # map (af v) (suffizes w))
(proof )

lemma af-U:
af (¢ U ) (z#tas) = (of (¢ U ¢) as and of ¢ (z#ws)) or af ¢ (z#ws)
(proof)

lemma af-respectfulness:
© —p Y = af-letter ¢ v —p af-letter Y v
© =p Y = af-letter ¢ v =p af-letter ¢ v
(proof )

lemma af-respectfulness”:

¢ —pY = af pw—paf Y w
p=p¢=af pw=paf Ypw
(proof)

lemma af-nested-propos:
nested-propos (af-letter ¢ v) C nested-propos
(proof )

69



11.2  afq

fun af-G-letter :: 'a ltl = 'a set = 'a lt
where
af-G-letter true v = true
| af-G-letter false v = false
| af-G-letter p(a) v = (if a € v then true else false)
| af-G-letter (np(a)) v = (if a & v then true else false)
| af-G-letter (¢ and ) v = (af-G-letter ¢ v) and (af-G-letter ¢ v)
| af-G-letter (¢ or ¢) v = (af-G-letter ¢ v) or (af-G-letter 1) v)
| af-G-letter (X @) v = ¢
| af-G-letter (G ¢) v = (G )
| af-G-letter (F @) v = (F ¢) or (af-G-letter ¢ v)
| af-G-letter (¢ U ) v = (¢ U 9 and (af-G-letter ¢ v)) or (af-G-letter
v
)

abbreviation afg :: a Itl = 'a set list = 'a ltl
where
afc ¢ w = (foldl af-G-letter ¢ w)

lemma af o-decompose:
afa (¢ and ¢¥) w = (afg ¢ w) and (afc ¥ w)
afc (¢ or ¥) w= (afc p w) or (afc ¢ w)
(proof )

lemma af g-simps|simp):
af g true w = true
af g false w = false
afc (G o) w= Gy
afc (X ) (z#zs) = af ¢ (as)
(proof )

lemma afq-F:
afc (F @) w= Or (F ¢ # map (afc ¢) (suffives w))
(proof)

lemma afg-U:

afc (¢ U ¥) (z#ws) = (afc (¢ U ) as and afg ¢ (z#as)) or afq
(z#ws)

(proof)

lemma af g-subsequence-U:

afc (¢ U ) (w [0 — Sucn]) = (afc (¢ U ) (w1 — Sucn]) and afq
¢ (w [0 — Suc n))) or afg ¥ (w [0 — Suc n))
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(proof)

lemma af-G-respectfulness:
o —p Y = af-G-letter p v —>p af-G-letter ¢ v
p =p Y = af-G-letter p v =p af-G-letter ¢ v
(proof )

lemma af-G-respectfulness’:
¢ —p Y= afg o w —pafg P w
o =p Y= afc pw=pafcPuw

(proof )

lemma af-G-nested-propos:
nested-propos (af-G-letter ¢ v) C nested-propos ¢
(proof )

lemma af-G-letter-sat-core:
Only-G G = G Ep ¢ = G =p af-G-letter p v
(proof)

lemma af ¢-sat-core:
Only-GG= G lpy =G Fprafc pw
(proof)

lemma af ¢-sat-core-generalized:

Only-G G = i< j=— G Epafcg v (w[0 —i]) = G Ep afc ¢ (w
[0 = j))

(proof )

lemma aof o-evalg:
Only-G G = G [=p afg (evalg G ¢) w +— G [=p evalg G (afc ¢ w)
(proof )

lemma aof o-keeps-F-and-S:
assumes ys # []
assumes S =p afg ¢ ys
shows S =p afc (F ¢) (zs Q ys)
(proof)

11.3 G-Subformulae Simplification

lemma G-af-simp|[simp]:
G (af pw)=Go
(proof)
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lemma G-af g-simp[simp]:
G (afg pw) = G ¢
(proof)

11.4 Relation between af and afg

lemma af-G-letter-free-F"
G ¢ = {} = G (af-letter p v) = {}
G ¢ = {} = G (af-G-letter p v) = {}
(proof )

lemma af-G-free:
assumes G ¢ = {}
shows af ¢ w = afg ¢ w

(proof )

lemma af-equals-af g-base-cases:
af true w = afg true w
af false w = af g false w
af p(a) w = afq p(a) w
af (np(a)) w= afg (np(a)) w
(proof)

lemma af-implies-afg:
SEpaf o w=— S kEpafcg v w
(proof)

lemma af-implies-af-2:
wkE=af o xs = w = afg ¢ s

(proof )

lemma afg-implies-af-evalg”:

assumes S =p evalg G (afq ¢ w)

assumes \Y. G € G = S Ep G ¢

assumes Ay i. G € G = i < length w = S [=p evalg G (afg ¢
(drop i w))

shows S Ep af p w

(proof)

lemma af g-implies-af-evalg:
assumes S =p evalg G (afq ¢ (w [0—7]))
assumes \Y. G € G = S Ep G ¢
assumes \¢Y i. Gy € G = i < j = S Ep evalg G (afc ¥ (w [{ —
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i)
shows S =p af ¢ (w [0—7])
(proof)

11.5 Continuation

lemma af-ltl-continuation:
(w—~w) e w Ea pw
(proof )

lemma af-ltl-continuation-suffizc:
wE @ «— suffiriw = af ¢ (w0 — 1))
(proof)

lemma af-G-ltl-continuation:

VyeGo. v EyY=(w—~w)E¢v= (vw~uw)kEyp+—vEada
Y w
(proof)

lemma af ¢-ltl-continuation-suffiz:

Ve Gy wEY=(suffitiw) F¢ = wEy <+ suffitiwlE= afg
@ (w [0 — i)

(proof)
11.6 Eager Unfolding af and af¢

fun Unf :: a ltl = 'a It

where
Unf (F ¢) = F ¢ or Unf ¢
| Unf (G ¢) = G ¢ and Unf ¢
| Unf (¢ U ) = (¢ U and Unf ¢) or Unf ¥
| Unf (¢ and ¥) = Unf ¢ and Unf 9
| Unf (¢ or &) = Unf ¢ or Unf ¥
| Unf o = ¢

where
Unfa (F @) = F ¢ or Unfc ¢
| Unfa (G o) =G o
| Unfa (¢ U ) = (¢ Uy and Unfg @) or Unfg
| Unfa (¢ and ¥) = Unfg ¢ and Unfg ¢
| Unfa (p or ¢) = Unfg ¢ or Unfg ¥
| Unfc v = ¢
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fun step :: 'a ltl = 'a set = 'a It
where
step p(a) v = (if a € v then true else false)
| step (np(a)) v = (if a ¢ v then true else false)
| step (X o) v =1¢
| step (¢ and ) v = step ¢ v and step ¢ v
| step (¢ or W) v = step @ v or step ¢ v
| step pv =1

fun af-letter-opt
where
af-letter-opt ¢ v = Unf (step ¢ v)

fun af-G-letter-opt
where
af-G-letter-opt ¢ v = Unfg (step ¢ v)

abbreviation af-opt :: 'a ltl = 'a set list = 'a ltl (<afy>)
where
afy @ w = (foldl af-letter-opt ¢ w)

abbreviation af-G-opt :: 'a ltl = 'a set list = 'a ltl (<afgy>)
where
afau ¢ w = (foldl af-G-letter-opt ¢ w)

lemma af-letter-alt-def:
af-letter ¢ v = step (Unf ¢) v
af-G-letter ¢ v = step (Unfg ¢) v
(proof )

lemma af-to-af-opt:
Unf (af ¢ w) = afu (Unf ¢) w
Unfc (afc ¢ w) = afcu (Unfc ») w
(proof )

lemma af-equiv:
af ¢ (w @ [V]) = step (afy (Unf ¢) w) v
(proof)

lemma af-equiv”:
af ¢ (w [0 — Suci]) = step (afy (Unf @) (w [0 — 1])) (w 7)
(proof)
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11.7 Lifted Functions

lemma respectfulness:
© —p Y = af-letter-opt p v —>p af-letter-opt ¢ v
w =p v = af-letter-opt p v =p af-letter-opt v v
© —p Y = af-G-letter-opt ¢ v — p af-G-letter-opt ¥ v
© =p Y = af-G-letter-opt ¢ v =p af-G-letter-opt ¥ v
@ —p ) => step p v —>p step Y v
w =p ) = step p v =p step Y v
¢ —ptp = Unf o —p Unf ¢
p=pv = Unfo=p Unfy
o —p Y = Unfg ¢ —p Unfc ¢
¢ =p Y = Unfqg ¢ =p Unfg ¢
(proof)

lemma nested-propos:
nested-propos (step ¢ v) C nested-propos ¢
nested-propos (Unf @) C nested-propos ¢
nested-propos (Unfa ¢) C nested-propos ¢
nested-propos (af-letter-opt ¢ v) C nested-propos ¢
nested-propos (af-G-letter-opt ¢ v) C nested-propos ¢
(proof )

Lift functions and bind to new names

e N NN

interpretation af-abs: lift-ltl-transformer af-letter

(proof )

definition af-letter-abs (<Taf>)
where

Taf = af-abs.f-abs

interpretation af-G-abs: lift-ltl-transformer af-G-letter
(proof)

definition af-G-letter-abs (<Tafa»)
where
Tafq = af-G-abs.f-abs

interpretation af-abs-opt: lift-ltl-transformer af-letter-opt

(proof)
definition af-letter-abs-opt (<Tafy>)

where

Tafy = af-abs-opt.f-abs
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interpretation af-G-abs-opt: lift-ltl-transformer af-G-letter-opt
(proof)

definition af-G-letter-abs-opt (<Tafcy>)
where

Tafasy = af-G-abs-opt.f-abs

lift-definition step-abs :: ‘a ltlp = 'a set = 'a ltlp («Tstepy) is step

(proof )

lift-definition Unf-abs :: 'a ltlp = 'a ltlp (<1 Unf>) is Unf
(proof )

lift-definition Unfg-abs :: ‘a ltlp = 'a ltlp (<1 Unfey) is Unfa
(proof)

11.7.1 Properties

lemma af-G-letter-opt-sat-core:
Only-G G = G Ep ¢ = G Ep af-G-letter-opt ¢ v
(proof)

lemma af-G-letter-sat-core-lifted:
Only-G G = G |=p Rep ¢ = G [=p Rep (af-G-letter-abs ¢ v)
(proof)

lemma af-G-letter-opt-sat-core-lifted:
Only-G G = G [=p Rep ¢ = G |=p Rep (Tafcu ¢ v)
(proof )

lemma af-G-letter-abs-opt-split:
TUnfg (Tstep ® v) = tafey @ v
(proof)

lemma af-unfold:
taf = (\p v. Tstep (1Unf @) v)
(proof)

lemma af-opt-unfold:
Tafy = (A v. TUnf (Tstep ¢ v))
(proof)

lemma af-abs-equiv:
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foldl taf ¢ (zs @Q [z]) = Tstep (foldl Tafy (TUnf ¢) xs) x
(proof)

lemma Rep-Abs-equiv:
Rep (Abs v) =p ¢
(proof)

lemma Rep-step:
Rep (Tstep ® v) =p step (Rep @) v
(proof)

lemma step-G:
Only-G G —= G Ep v = G Ep step p v
(proof )

lemma Unfg-G:
Only-G G = G Fp v = G =p Unfg ¢
(proof)

hide-fact (open) respectfulness nested-propos

end

12 Logical Characterization Theorems

theory Logical-Characterization
imports Main af Auziliary/ Preliminaries2
begin

12.1 Eventually True G-Subformulae

fun Grg : 'a Itl = 'a set word = 'a Itl set
where
Grg true w = {}
| Gra (false) w = {}
| Gra (p(a)) w = {}
| Gra (np(a)) w = {}
| Gra (p1 and p2) w = Grg 1 wU Grg w2 w
| Gra (p1 or v2) w = Grg ¢1 wU Gpg w2 w
| Gra (F @) w=Grg ¢ w
| Gra (
| Gra (
| Gra (

F
Go)w=(ifwEF G e then {G ¢} UGpg ¢ welse Grag ¢ w)
X p)w=Grg o w

e Uy)w=GrcowUGpgpw
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lemma G pg-alt-def:
Ggra pw={Gv . GYeGonwEF (G}
(proof)

lemma Grg-Only-G:
Only-G (Gra ¢ w)
(proof )

lemma Gpg-suffix[simp):
Gra ¢ (suffiviw) = Gpg o w
(proof)

12.2 [Eventually Provable and Almost All Eventually Prov-
able

abbreviation 3

where
PoGwi=3j.GEpafc e (wi—j])

definition almost-all-eventually-provable :: 'a ltl = 'a It set = 'a set word

= bool (¢Poo?)
where

Poo PG W=Veoi B Guwi

12.2.1 Proof Rules

lemma almost-all-eventually-provable-monotonl [intro]:
PopGuw=6CG = P p G’ w
(proof)

lemma almost-all-eventually-provable-restrict-to-G:
Po ¢ G w=—= Only-G G = P ¢ (GNG ) w
(proof )

fun G-depth :: 'a Itl = nat
where

G-depth (¢ and ) = mazx (G-depth ¢) (G-depth 1)
| G-depth (¢ or ¢) = maz (G-depth @) (G-depth 1))
| G-depth (F ) = G-depth ¢
| G-depth (G ) = G-depth ¢ + 1
| G-depth (X ¢) = G-depth ¢
| G-depth (¢ U v) = max (G-depth ) (G-depth 1)
| G-depth ¢ = 0
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lemma almost-all-eventually-provable-restrict-to-G-depth:
assumes P, ¢ G w
assumes Only-G G
shows P, ¢ (G N {¢. G-depth p < G-depth ¢}) w
(proof)

lemma almost-all-eventually-provable-suffiz:
Poo © G w = Poo ¢ G’ (suffix i w)
(proof)

12.2.2 Threshold

The first index, such that the formula is eventually provable from this time
on

fun threshold :: 'a Itl = 'a set word = 'a ltl set = nat option
where
threshold ¢ w G = index (Aj. B ¢ G w j)

lemma threshold-properties:
threshold ¢ w G = Some i = 0 < i = -G Ep afc ¢ (Ww[(i— 1) —

k])
threshold ¢ w G = Some i = j > i = k. G Ep afg ¢ (w [j — k])

(proof)

lemma threshold-suffiz:
assumes threshold ¢ w G = Some k
assumes threshold ¢ (suffiz i w) G = Some k'
shows k < k' + §

(proof )
12.2.3 Relation to LTL semantics

lemma [tl-implies-provable:
wEe= P (Gregew wl
(proof )

lemma [tl-implies-provable-almost-all:
wE @ =Voi.Grc ¢ wEp afcg ¢ (w [0 — i)
(proof)

12.2.4 Closed Sets

abbreviation closed
where
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closed G w = finite G A\ Only-G G N (VY. G € G — Poo ¥ G w)

lemma closed-FG:
assumes closed G w
assumes G ¢ € G
shows w = F G

(proof)

lemma closed-Grq:
closed (Grg ¢ w) w
(proof)

12.2.5 Conjunction of Eventually Provable Formulas

definition F
where

F o wGj= And (map (Ni. afc ¢ (w [i — j])) [the (threshold ¢ w G)
..< Suc j])

lemma almost-all-suffizes-model-F:

assumes closed G w

assumes G p € G

shows V j. suffix j w = evalg G (F ¢ w G j)
(proof)

lemma almost-all-commutative’:
assumes finite S
assumes Only-G S
assumes A\z. Gz € S = Vi. Pz (i:nat)
shows V. Vo. Gz e S — Pz

(proof)

lemma almost-all-suffizes-model-F -generalized:
assumes closed G w
shows V j. V. Gy € G — suffiz j w = evalg G (F ¢ w G j)
(proof)

12.3 Technical Lemmas

lemma threshold-suffiz-2:
assumes threshold 1) w G' = Some k
assumes k < [
shows threshold ¢ (suffiz l w) G' = Some 0

(proof )
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lemma threshold-closed:
assumes closed G w
shows 3k. V. G € G — threshold ¢ (suffic k w) G = Some 0

(proof)

lemma F-drop:
assumes Poo ¢ G' w
assumes S =p F o w G' (i + j)
shows S E=p F ¢ (suffix i w) G'j
(proof)

12.4 Main Results

definition accept ;s
where

acceptyr 0 G w = (Vooj. VS. V. G € G — S Ep G NS Ep
evalg G (F ¢ w G j)) — S =p af ¢ (w [0 — j]))

lemma lemmaD:
assumes w = @
assumes A\¢. G ¢ € Gpg ¢ w = threshold Y w (Grg ¢ w) = Some 0
shows acceptyr ¢ (Gra ¢ w) w

(proof)

theorem ltl-FG-logical-characterization:
wWEFGp+— 3G§CG (FGyo). GoeGAclosed G w)
(is ?lhs <— ?rhs)

(proof )

theorem ltl-logical-characterization:
wE @ +— (3G C G ¢. acceptyr ¢ G w A closed G w)
(is ?lhs <— ?rhs)

(proof)

end

13 Translation from LTL to (Deterministic Transitions-
Based) Generalised Rabin Automata

theory LTL-Rabin
imports Main Mojmir-Rabin Logical-Characterization
begin
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13.1 Preliminary Facts

lemma run-af-G-letter-abs-eq-Abs-af-G-letter:
run Tafg (Abs @) w i = Abs (run af-G-letter ¢ w i)
(proof)

lemma finite-reach-af:
finite (reach X Taf (Abs @))
(proof)

lemma ltl-semi-mojmir:
assumes finite X
assumes range w C X
shows semi-mojmir X Tafq (Abs ) w

(proof )

13.2 Single Secondary Automaton

locale [tl-FG-to-rabin-def =
fixes
Y a set set
fixes
o a ltl
fixes
G :: 'a ltl set
fixes
w :: 'a set word
begin

sublocale mojmir-to-rabin-def ¥ tafg Abs ¢ w {q. G =p Rep q} (proof)
abbreviation dp = step

abbreviation qr = initial

abbreviation Accr j = (failg U merger j, succeedp j)

abbreviation maz-rankr = maz-rank

abbreviation smallest-accepting-rankr = smallest-accepting-rank
abbreviation acceptr’ = accept

abbreviation Sp = S

lemma Rep-token-run-af:
Rep (token-run x n) =p afg ¢ (w [z — n])
(proof)

end
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locale [tl-FG-to-rabin = ltl-FG-to-rabin-def +
assumes
wellformed-G: Only-G G
assumes
bounded-w: range w C X
assumes
finite-3: finite %
begin

sublocale mojmir-to-rabin ¥ Tafg Abs ¢ w {q. G =p Rep q}
(proof )

lemma [tl-to-rabin-correct-exposed’:
P © G w <— accept
(proof)

lemma [tl-to-rabin-correct-exposed:
Poo © G w — acceptr (Or, qr, {Accr i | i. i < maz-rankgr}) w
(proof )
lemmas max-rank-lowerbound = maz-rank-lowerbound
lemmas state-rank-step-foldl = state-rank-step-foldl
lemmas smallest-accepting-rank-properties = smallest-accepting-rank-properties

lemmas wellformed-R = wellformed-R
end

fun Itl-to-rabin
where

ltl-to-rabin ¥ ¢ G = (ltl-FG-to-rabin-def.0gp ¥ ¢, ltlI-FG-to-rabin-def.qr
o, {ltl-FG-to-rabin-def Accr ¥ ¢ G i | i. i < ltl-FG-to-rabin-def .maz-rankp
X ¢})

context
fixes
Y o set set
assumes
finite-3: finite %
begin

lemma ltl-to-rabin-correct:

assumes range w C X

shows w = FGo=(3G6CG (Gp). GpeGANNVp. Gype G —
acceptr (Iltl-to-rabin 3 ¢ G) w))

83



(proof)

end

13.2.1 LTL-to-Mojmir Lemmas

lemma F-eq-S:

assumes finite-X: finite 3

assumes bounded-w: range w C X

assumes closed G w

assumes G ¢ € G

shows Vj. (VS. (SEp FYwGjNG CS)«— (Vq. ¢ € (Itl-FG-to-rabin-def Sk
S G wj) — S Ep Rep q))
(proof)

lemma F-eq-S-generalized:

assumes finite-X: finite 3

assumes bounded-w: range w C 3

assumes closed G w

shows Voj. V. G € G — (VS. (SEp FYwGjiNGCS) «—
(Vq. q € (ltl-FG-to-rabin-def.Sp X ¢ G) wj — S Ep Rep q))
(proof)

13.3 Product of Secondary Automata

context
fixes
Y it 'a set set
begin

fun product-initial-state :: 'a set = (‘a = 'b) = (Ya — 'b) («ux»)
where
tx K qm = (Mk. if k € K then Some (qm k) else None)

fun combine-pairs :: ((‘a, 'b) transition set x ('a, 'b) transition set) set =
(("a, 'b) transition set x ('a, 'b) transition set set)
where

combine-pairs P = (|J (fst ‘ P), snd ‘ P)

fun combine-pairs’ :: (('a ltl = ('a ltl-prop-equiv-quotient = nat option)
option, 'a set) transition set x ('a ltl = ('a ltl-prop-equiv-quotient = nat op-
tion) option, 'a set) transition set) set = (('a ltl = ('a ltl-prop-equiv-quotient

= nat option) option, 'a set) transition set x (‘a ltl = ('a ltl-prop-equiv-quotient
= nat option) option, 'a set) transition set set)
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where
combine-pairs’ P = (| (fst * P), snd ‘ P)

lemma combine-pairs-prop:

(VP € P. accepting-pairgr 6 qo P w) = accepting-pairgr 6 qo (combine-pairs
P) w

(proof)

lemma combine-pairs2:
combine-pairs P € a« = (\P. P € P = accepting-pairg 6 qo P w )
= acceptar (9, g0, @) w

(proof )

lemma combine-pairs’-prop:

(V P € P. accepting-pairr § qo P w) = accepting-pairgr 6 qo (combine-pairs’
P) w

(proof)

fun [tl-FG-to-generalized-rabin :: 'a ltl = (‘a ltl — 'a ltlp — nat, 'a set)
generalized-rabin-automaton (<P»)
where
ltl-FG-to-generalized-rabin ¢ = (

Ay (Ax. lH-FG-to-rabin-def.0r ¥ (theG X)),

tx (G (G ¢)) (Ax. ltl-FG-to-rabin-def .qr (theG Y)),

{combine-pairs’ {embed-pair x (ltl-FG-to-rabin-def.Accr ¥ (theG x) G
(™ X)) | x- x € G}

|GT.GCG(Go)NGpeGA (Vx. mx <lt-FG-to-rabin-def .maz-rankpg
S (theG X))

context
assumes
finite-X: finite X
begin

lemma [tl-FG-to-generalized-rabin-wellformed:

finite (reach X (fst (P ¢)) (fst (snd (P ¢))))
(proof)

theorem ltl-FG-to-generalized-rabin-correct:
assumes range w C X
shows w = F G ¢ = acceptgr (P ) w
(is ?lhs = ?rhs)

(proof)
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end

end

13.4 Automaton Template

locale ltl-to-rabin-base-def =
fixes
d:'altlp = 'a set = 'altlp
fixes
Oar i a ltlp = 'a set = 'a ltlp
fixes
qo :: 'a ltl = 'a ltlp
fixes
qonr :: 'a ltl = 'a ltlp
fixes
M-fin =2 ("a ltl — nat) = (‘a ltlp x ("a ltl — 'a ltlp — nat), 'a set)
transition set
begin

— Transition Function and Initial State

fun delta
where
delta ¥ = § x Ay (semi-mojmir-def.step ¥ dpr 0 qonr o theG)

fun initial
where
initial © = (qo @, tx (G @) (semi-mojmir-def.initial o qoprr o the@))

— Acceptance Condition

definition maz-rank-of
where
maz-rank-of ¥ 1 = semi-mojmir-def.maz-rank ¥ 0pr (qons (theG 1))

fun Acc-fin
where
Acc-fin ¥ m x = | (embed-transition-snd ‘| (embed-transition x ¢

(mojmir-to-rabin-def .failr ¥ d0pr (qoar (theG X)) {q. dom 7 T=p ¢}
U mojmir-to-rabin-def.merger dar (qonr (theG x)) {q. dom 7 T=p q}

(the (T X)))))

fun Acc-inf
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where
Acc-inf m x = | (embed-transition-snd ‘| J (embed-transition x °
(mojmir-to-rabin-def.succeedr Opr (qoar (theG x)) {q. dom 7 T=p q}
(the (m X)))))

abbreviation Acc
where
Ace ¥ 7 x = (Ace-fin ¥ m x, Acc-inf 7 x)

fun rabin-pairs :: ‘a set set = 'a ltl = (‘a ltlp x ('a ltl — 'a ltlp — nat),
'a set) generalized-rabin-condition
where
rabin-pairs ¥ ¢ = {(M-fin # U |J{Acc-fin ¥ 7 x | x. x € dom 7}, {Acc-inf
T x| x. x € dom 7})
| 7. domm C G ¢ A (Vx € dom 7. the (7 x) < maz-rank-of ¥ x)}

fun ltl-to-generalized-rabin :: 'a set set = 'a ltl = ('a ltlp x (a ltl — 'a
ltlp — nat), 'a set) generalized-rabin-automaton (<A»)
where

A Y ¢ = (delta X, initial @, rabin-pairs ¥ ¢)

end

locale ltl-to-rabin-base = ltl-to-rabin-base-def +
fixes
Y 'a set set
fixes
w :: 'a set word
assumes
finite-3: finite X2
assumes
bounded-w: range w C X
assumes
M-fin-monotonic: dom m = dom 7’ = (A\x. x € dom ® = the (7 X)
< the (' x)) = M-fin @ C M-fin 7’
assumes
finite-reach”. finite (reach X § (qo ¥))
assumes
mojmir-to-rabin: Only-G G = mojmir-to-rabin ¥ dpr (qonr ¥) w {q. G
TEP q}
begin

lemma semi-mojmir:
semi-mojmir X dpr (qom ) w
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(proof )

lemma finite-reach:
finite (reach ¥ (delta ) (initial ¢))

(proof)

lemma run-limit-not-empty:
limit (run; (delta X) (initial ) w) # {}
{proof )

lemma run-properties:

fixes ¢

defines r = run (delta ) (initial ¢) w

shows fst (r i) = foldl 6 (qo ) (w [0 — 1))

and Ax ¢. x € G ¢ = the (snd (r1i) x) ¢ = semi-mojmir-def.state-rank
X oum (qom (theG X)) w qi
(proof )

lemma acceptgr-I:
assumes acceptgr (A X ) w
obtains m where dom 7 C G ¢
and Ax. x € dom 7 = the (7 x) < maz-rank-of ¥ x
and accepting-pairg (delta ¥) (initial ¢) (M-fin m, UNIV) w
and Ax. x € dom m = accepting-pairg (delta ¥) (initial @) (Acc ¥ 7
X) w
(proof )

context
fixes
o laltl
begin

context
fixes
v a ltl
fixes
m e ltl — nat
assumes
Gy € domw
assumes
dom ™ C G @
begin

interpretation 9: mojmir-to-rabin ¥ 651 qoar ¥ w {q. dom ® T=p q}
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(proof )

lemma Acc-property:
accepting-pairg (delta X) (initial ¢) (Ace ¥ m (
ing-pairg M.og M.qr (M. Accr (the (m (G ¥)))) w
(is ?Acc = ?Acer)

(proof)

G ) w <— accept-

lemma Acc-to-rabin-accept:
[accepting-pairg (delta ¥) (initial ¢) (Acc ¥ m (G ¢)) w; the (7 (G v¥))
< M.maz-rank] = acceptr MR w

(proof )

lemma Acc-to-mojmir-accept:
[accepting-pairgr (delta 3) (initial ¢) (Acc ¥ m (G ¢)) w; the (7 (G ¥))
< M.maz-rank] = M.accept

(proof )

lemma rabin-accept-to-Acc:

lacceptr MR w; m (G ) = M.smallest-accepting-rank] = accept-
ing-pairg (delta ) (initial p) (Acc ¥ 7 (G ¥)) w

(proof)

lemma mojmir-accept-to-Acc:

[9.accept; © (G ) = M.smallest-accepting-rank] — accepting-pairg
(delta X) (initial @) (Acc ¥ w (G ¢)) w

(proof)

end

lemma normalize-m:
assumes dom-subset: dom ™ C G ¢
assumes A\x. x € dom m = the (7 x) < maz-rank-of ¥ x
assumes accepting-pairg (delta ) (initial ¢) (M-fin w, UNIV) w
assumes A\x. x € dom m = accepting-pairg (delta ¥) (initial ) (Acc
Y7wx) w
obtains m4 where dom m = dom w4
and Ax. x € dom 14 = w4 X = mojmir-def.smallest-accepting-rank
% 0m (qom (theG x)) w {q. dom ma T=p ¢}
and accepting-pairg (delta X) (initial p) (M-fin w4, UNIV) w
and Ax. x € dom w4 = accepting-pairg (delta X) (initial ¢) (Acc X
TAX) W
(proof)
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end

end

13.5 Generalized Deterministic Rabin Automaton
13.5.1 Definition

fun M-fin = (‘a ltl — nat) = (‘a ltlp x ('a ltl — 'a ltlp — nat), 'a set)
transition set
where
Mfin © = {((¢", m), v, p).
—(VS. (Vx € dom 7. S TE=p Abs x A (Vq. (3] > the (7 x). the (m X)
q = Some j) — S TEp Tevalg (dom 7) q)) — S TE=p ¢')}

locale ltl-to-rabin-af = ltl-to-rabin-base Taf Tafg Abs Abs M-fin begin

abbreviation 64 = delta
abbreviation 14 = initial
abbreviation Accy = Acc

abbreviation F 4 = rabin-pairs
abbreviation A = itl-to-generalized-rabin

13.5.2 Correctness Theorem

theorem ltl-to-generalized-rabin-correct:
w = ¢ = acceptgr (ltl-to-generalized-rabin ¥ @) w
(is ?lhs = ?rhs)

(proof )

end

fun [tl-to-generalized-rabin-af
where

ltl-to-generalized-rabin-af 3 @ = ltl-to-rabin-base-def .ltl-to-generalized-rabin
Taf Tafqg Abs Abs M-fin ¥ ¢

lemma [tl-to-generalized-rabin-af-wellformed:
finite ¥ = range w C ¥ = ltl-to-rabin-af ¥ w

(proof )

theorem ltl-to-generalized-rabin-af-correct:
assumes finite
assumes range w C X
shows w = ¢ = acceptgr (ltl-to-generalized-rabin-af ¥ @) w
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(proof)
thm [tl-to-generalized-rabin-af-correct ltl-FG-to-generalized-rabin-correct

end

14 Eager Unfolding Optimisation

theory LTL-Rabin-Unfold-Opt
imports Main LTL-Rabin
begin

14.1 Preliminary Facts

lemma finite-reach-af-opt:
finite (reach ¥ Tafy (Abs ¢))
(proof )

lemma finite-reach-af-G-opt:
finite (reach ¥ Tafgy (Abs ¢))
(proof )

lemma wellformed-mojmir-opt:

assumes Only-G G

assumes finite

assumes range w C X

shows mojmir ¥ Tafcy (Abs ) w {q. G =p Rep q}
(proof )

locale [tl-FG-to-rabin-opt-def =
fixes
Y it 'a set set
fixes
o altl
fixes
G :: 'a ltl set
fixes
w :: 'a set word
begin

sublocale mojmir-to-rabin-def ¥ Tafcy Abs (Unfa ¢) w {q. G |=p Rep q}
(proof )

end
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locale [tl-FG-to-rabin-opt = [tl-FG-to-rabin-opt-def +
assumes
wellformed-G: Only-G G
assumes
bounded-w: range w C X
assumes
finite-X3: finite X
begin

sublocale mojmir-to-rabin ¥ Tafqy Abs (Unfa ¢) w {q. G =p Rep ¢}
(proof)

end

14.2 Equivalences between the standard and the eager Mo-
jmir construction

context
fixes
Y i 'a set set
fixes
o laltl
fixes
G :: 'a ltl set
fixes
w :: 'a set word
assumes
context-assms: Only-G G finite ¥ range w C X
begin

— Create an interpretation of the mojmir locale for the standard construc-
tion
interpretation M: tl-FG-to-rabin ¥ ¢ G w
(proof)
interpretation U: [tl-FG-to-rabin-opt % ¢ G w
(proof)

lemma unfold-token-run-eq:
assumes z < n
shows M.token-run = (Suc n) = Tstep (h.token-run z n) (w n)
(is ?lhs = ?rhs)

(proof )
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lemma unfold-token-succeeds-eq:
IMN.token-succeeds x = .token-succeeds ©

(proof)

lemma unfold-accept-eq:
IM.accept = U.accept
(proof)

lemma unfold-S-eq:

assumes M.accept

shows V on. M.S (Suc n) = (Aq. step-abs ¢ (wn)) ‘ (US n) U {Abs ¢}
U {q- G =p Rep q}
(proof)

end

14.3 Automaton Definition

fun M-fin :: (a ltl — nat) = (‘a ltlp x ('a ltl — 'a ltlp — nat), 'a set)
transition set
where

My-fin m = {((¢’, m), v, p). °(VS. (Vx € (dom 7). S T=p Abs x A S
TEp Tevalg (dom m) (Abs (theG x)) A (Vq. (37 > the (7 x). the (m Xx) ¢
= Some j) — S TEp Tevalg (dom w) (Tstep q v))) — S TEp (Tstep ¢’
V)

locale ltl-to-rabin-af-unf = ltl-to-rabin-base Tafy Tafgu Abs o Unf Abs o
Unfa My-fin begin

abbreviation Jy = delta

abbreviation vy = initial

abbreviation Accy-fin = Acc-fin
abbreviation Accg-inf = Acc-inf
abbreviation Fy = rabin-pairs
abbreviation Accy = Acc

abbreviation Ay = [ti-to-generalized-rabin

14.4 Properties
14.5 Correctness Theorem

lemma unfold-optimisation-correct-M:
assumes dom 74 C G ¢
assumes dom wy = dom T4
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assumes \x. x € dom w4 = w4 x = mojmir-def.smallest-accepting-rank

X tafa (Abs (theG X)) w {q. dom ma T=p ¢}
assumes A\ x. x € dom wy = gy x = mojmir-def.smallest-accepting-rank

Y af-G-letter-abs-opt (Abs (Unfg (theG x))) w {q. dom 7y T=p ¢}

shows accepting-pairg (ltl-to-rabin-af .0 4 ) (lti-to-rabin-af.c 4 ) (M-fin
w4, UNIV) w <— accepting-pairg (0y X) (ty @) (My-fin my, UNIV) w
(proof)

theorem ltl-to-generalized-rabin-correct:
w = ¢ «— acceplgr (Ayg X o) w
(is - «— ?rhs)

(proof)

end

fun ltl-to-generalized-rabin-af
where

ltl-to-generalized-rabin-afy ¥ p = ltl-to-rabin-base-def .ltl-to-generalized-rabin
Tafy Tafcyu (Abs o Unf) (Abs o Unfg) My-fin ¥ ¢

lemma ltl-to-generalized-rabin-af o -wellformed:
finite ¥ = range w C ¥ = ltl-to-rabin-af-unf ¥ w

(proof )

theorem ltl-to-generalized-rabin-af-correct:
assumes finite 3
assumes range w C X
shows w |= ¢ = acceptgr (ltl-to-generalized-rabin-afy ¥ @) w

(proof)

thm [tl- FG-to-generalized-rabin-correct ltl-to-generalized-rabin-af-correct ltl-to-generalized-rabin-af -

end

15 LTL Translation Layer

theory LTL-Compat
imports Main LTL.LTL ../LTL-FGXU
begin

— The following infrastructure translates the generic datatype ‘a ltin =

truey, | false, | Prop-ltin 'a | Nprop-ltin 'a | And-ltin (‘a ltln) ('a ltin) | Or-ltin
("a ltln) ("a ltin) | Next-ltin ('a ltln) | Until-ltln (‘e ltin) ('a ltin) | Release-ltin
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(‘a ltin) ('a ltin) | WeakUntil-ltln ('a ltin) ('a ltin) | StrongRelease-ltin ('a
ltin) ('a ltin) datatype to special structure used in this project

abbreviation LTLRelease :: 'a ltl = 'a ltl = 'a ltl (<- R -» [87,87] 86)
where

e Ry = (G ) or (¥ U (p and 9))

abbreviation LTLWeakUntil :: 'a ltl = 'a It = 'a Itl (<- W - [87,87] 86)
where

o Wb =(p U)or (G o)

abbreviation LTLStrongRelease :: 'a ltl = 'a ltl = 'a Itl (<- M - [87,87]
86)
where

e My =19 U(p and )

fun ltin-to-ltl :: 'a ltin = 'a ltl
where
ltin-to-ltl true, = true
| ltin-to-ltl false, = false
| ltin-to-1tl prop,(q) = p(q)
| ltin-to-Itl nprop,(q) = np(q)
| ltin-to-ltl (¢ and, ) = ltin-to-ltl ¢ and ltin-to-Itl v
| ltin-to-ltl (¢ ory ) = ltin-to-ltl ¢ or ltin-to-ltl 1
| ltin-to-ltl (¢ Uyp ¥) = (if ¢ = truey, then F (ltin-to-ltl ) else (Itin-to-ltl
) U (ltin-to-1tl v))
| ltin-to-ltl (¢ Ry o) = (if ¢ = falsen then G (ltin-to-ltl ) else (Itin-to-ltl
) R (ltin-to-ltl 1))
| ltin-to-ltl (o W, o) = (if b = false, then G (ltin-to-ltl ) else (Itin-to-ltl
©) W (ltin-to-1tl 1))
| ltin-to-ltl (¢ M, ) = (if Y = true, then F (ltin-to-ltl @) else (Iltin-to-ltl
©) M (ltin-to-ltl ¥))
| ltin-to-ltl (X,, ») = X (ltin-to-ltl )

lemma ltin-to-ltl-semantics:
w = ltn-to-ltl p +— w =y, ¢
(proof )

lemma ltin-to-ltl-atoms:
vars (ltin-to-ltl v) = atoms-ltin ¢

(proof )

fun atoms-list :: 'a ltln ='a list
where
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atoms-list (¢ and, 1) = List.union (atoms-list ) (atoms-list )
| atoms-list (¢ ory ) = List.union (atoms-list ¢) (atoms-list V)

(
| atoms-list (¢ Uy, tp) = List.union (atoms-list ) (atoms-list 1))
| atoms-list (¢ Ry, ) = List.union (atoms-list ) (atoms-list )
| atoms-list (¢ Wy, @) = List.union (atoms-list p) (atoms-list )
| atoms-list (¢ My, ) = List.union (atoms-list ) (atoms-list ¢)
| atoms-list (Xy, ¢) = atoms-list ¢
| atoms-list (propp(a)) = [a]
| atoms-list (nprop,(a)) = [d]
| atoms-list - = ]

lemma atoms-list-correct:
set (atoms-list p) = atoms-ltin ¢

(proof)

lemma atoms-list-distinct:
distinct (atoms-list )

(proof)

end

16 LTL Code Equations

theory LTL-Impl
imports Main
../LTL-FGXU
Boolean-Ezpression-Checkers. Boolean-Expression-Checkers
Boolean-Ezpression-Checkers. Boolean- Expression-Checkers- A List-Mapping
begin

16.1 Subformulae
fun G-list :: 'a ltl ='a It] list

where
G-list (¢ and ) = List.union (G-list ) (G-list 1)
| G-list (¢ or 1) = List.union (G-list p) (G-list )
| G-list (F @) = G-list ¢
| G-list (G @) = List.insert (G o) (G-list ¢)
| G-list (X ¢) = G-list ¢
| G-list (¢ U ) = List.union (G-list @) (G-list )
| G-list ¢ =[]

lemma G-eq-G-list:
G ¢ = set (G-list @)
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(proof )

lemma G-list-distinct:
distinct (G-list o)
(proof)

16.2 Propositional Equivalence

fun ifex-of-itl :: 'a Itl = 'a Itl ifex
where
ifex-of-ltl true = Trueif
| ifex-of-ltl false = Falseif
| ifex-of-ltl (¢ and ) = normif Mapping.empty (ifex-of-ltl ) (ifex-of-ltl 1))
Falseif
| ifex-of-Itl (¢ or ) = normif Mapping.empty (ifex-of-ltl v) Trueif (ifex-of-ltl
V)
| ifex-of-ltl ¢ = IF ¢ Trueif Falseif

lemma val-ifex:
val-ifex (ifex-of-ltl b) s = (Fp) {z. sz} b
(proof )

lemma reduced-ifex:

reduced (ifex-of-Itl b) {}
(proof)

lemma ifex-of-ltl-reduced-bdt-checker:
reduced-bdt-checkers ifex-of-ltl (A\y s. {z. s z} =p y)

(proof )

lemma [code]:
(p =p ¥) = equiv-test ifex-of-ltl ¢ ¥
(proof )

lemma [code]:
(¢ —>p V) = impl-test ifex-of-ltl ¢ ¥
(proof)

export-code (=p) (—p) checking

16.3 Remove Constants

fun remove-constantsp :: 'a ltl = 'a lt]
where
remove-constantsp (¢ and ) = (
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case (remove-constantsp ) of
false = false
| true = remove-constantsp
| ' = (case remove-constantsp ¢ of
false = false
| true = ¢’
| ' = ' and ¥1)
| remove-constantsp (¢ or ) = (
case (remove-constantsp ) of
true = true
| false = remove-constantsp
| ¢’ = (case remove-constantsp 1 of
true = true
| false = ¢’
| "= ¢ or ¢))

| remove-constantsp ¢ = ¢

lemma remove-constants-correct:
S Ep ¢ +— S |Ep remove-constantsp

(proof)

16.4 And/Or Constructors

fun in-and

where
in-and z (y and z)

| in-and z y = (z

(in-and x y V in-and x z)

Y)
fun in-or
where

in-or x (y or z) = (in-or x y V in-or x z2)
| in-orzy = (z =1y)

lemma in-entailment:
inrandzy = S Epy=—= S Epuz
inorzy = S kEpr= SkEpy

(proof )

definition mk-and
where
mk-and f x y = (case f x of false = false | true = fy
| 2/ = (case fy of false = false | true = z’
| v/ = if in-and z" y' then y' else if in-and y' z' then z' else x’ and y'))
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definition mk-and’
where
mk-and’ x y = case y of false = false | true = z | - = x and y

definition mk-or
where
mk-or fz y = (case f x of true = true | false = fy
| 2/ = (case fy of true = true | false = '
| v/ = if in-or x’ y' then y' else if in-or y’' z’ then ' else ' or y'))

definition mk-or’
where
mk-or’ x y = case y of true = true | false = z | - = z ory

lemma mk-and-correct:
SEp mkand fry<+— SEp frzandfy
(proof )

lemma mk-and’-correct:
S Ep mk-and’ xy <— S Ep xzand y
(proof)

lemma mk-or-correct:
SkEp mkorfay<+— SEpfrorfy
(proof)

lemma mk-or’-correct:
S Ep mk-or'zy+— SkEpzory
(proof)

end

17 af- Unfolding Functions - Optimized Code Equa-
tions

theory af-Impl
imports Main ../af LTL-Impl
begin

Provide optimized code definitions for Taf and other functions, which use
heuristics to reduce the formula size
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17.1 Helper Function

fun remove-and-or
where
remove-and-or (z or y) = (case z of
(((z" and z’) or y') and z) = if x = ' A y = y' then ((2' and z') or
y’) else remove-and-or z or remove-and-or y
| - = remove-and-or z or remove-and-or y)
| remove-and-or (z and y) = remove-and-or x and remove-and-or y
| remove-and-or © = x

lemma remove-and-or-correct:
S =p remove-and-or v <— S Ep x

(proof)

17.2 Optimized Equations

fun af-letter-simp
where
af-letter-simp true v = true
| af-letter-simp false v = false
| af-letter-simp p(a) v = (if a € v then true else false)
| af-letter-simp (np(a)) v = (if a ¢ v then true else false)
| af-letter-simp (¢ and ) v = (case ¢ of
true = af-letter-simp 1 v
| false = false
| p(a) = if a € v then af-letter-simp i v else false
| np(a) = if a ¢ v then af-letter-simp 1 v else false
| G o' =
(let
o' = af-letter-simp @’ v;
V' = af-letter-simp ¢ v
m
(if " =" then mk-and’ (G ') ¢"" else mk-and id (mk-and’ (G ¢’)
@) ")
| - = mk-and id (af-letter-simp ¢ v) (af-letter-simp ¢ v))
| af-letter-simp (¢ or ) v = (case ¢ of
true = true
| false = af-letter-simp ¢ v
| p(a) = if a € v then true else af-letter-simp ¢ v
| np(a) = if a & v then true else af-letter-simp 1 v
| F o' =
(let
o' = af-letter-simp @’ v;
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V" = af-letter-simp 1 v

mn

(if @" =" then mk-or’ (F ¢') @' else mk-or id (mk-or’ (F ¢') ¢
L))

| - = mk-or id (af-letter-simp ¢ v) (af-letter-simp ¢ v))

| af-letter-simp (X ¢) v = ¢
| af-letter-simp (G ¢) v = mk-and’ (G @) (af-letter-simp ¢ v)
| af-letter-simp (F @) v = mk-or’ (F ¢) (af-letter-simp ¢ v)
| af-letter-simp (¢ U ¢) v = mk-or’ (mk-and’ (¢ U ) (af-letter-simp ¢ v))
(af-letter-simp 1 v)

lemma af-letter-simp-correct:
S =p af-letter p v +— S |Ep af-letter-simp ¢ v
(proof)

fun af-G-letter-simp
where
af-G-letter-simp true v = true
| af-G-letter-simp false v = false
| af-G-letter-simp p(a) v = (if a € v then true else false)
| af-G-letter-simp (np(a)) v = (if a ¢ v then true else false)
| af-G-letter-simp (¢ and ) v = (case ¢ of
true = af-G-letter-simp ¢ v
| false = false
| p(a) = if a € v then af-G-letter-simp 1 v else false
| np(a) = if a ¢ v then af-G-letter-simp ¢ v else false
| - = mk-and id (af-G-letter-simp ¢ v) (af-G-letter-simp ¢ v))
| af-G-letter-simp (¢ or ¢¥) v = (case ¢ of
true = true
| false = af-G-letter-simp ¢ v
| p(a) = if a € v then true else af-G-letter-simp ¢ v
| np(a) = if a & v then true else af-G-letter-simp ¢ v
| Fo'=
(let
" = af-G-letter-simp @' v;
V" = af-G-letter-simp 1) v
m
(if @" =" then mk-or’ (F ¢') @' else mk-or id (mk-or’ (F ¢') ¢
)
| - = mk-or id (af-G-letter-simp ¢ v) (af-G-letter-simp 1 v))
| af-G-letter-simp
| af-G-letter-simp
| af-G-letter-simp
| af-G-letter-simp

mk or’ (F ¢) (af-G-letter-simp ¢ v)
V) v = mk-or’ (mk-and’ (¢ U 1) (af-G-letter-simp
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o v)) (af-G-letter-simp 1 v)

lemma af-G-letter-simp-correct:
S p af-G-letter ¢ v <— S E=p af-G-letter-simp ¢ v
(proof)

fun step-simp
where
step-simp p(a) v = (if a € v then true else false)
| step-simp (np(a)) v = (if a ¢ v then true else false)
| step-simp (¢ and ) v = (mk-and id (step-simp ¢ v) (step-simp ¥ v))
| step-simp (@ or ¥) v = (mk-or id (step-simp ¢ v) (step-simp ¢ v))
| step-simp (X ¢) v = remove-constantsp ¢
| step-simp o v = @

lemma step-simp-correct:
S |=p step p v <— S |Ep step-simp ¢ v
(proof)

fun Unf-simp
where
Unf-simp (¢ and ¥) = (case ¢ of
true = Unf-simp
| false = false
| Go'=
(let
o = Unf-simp ¢'; " = Unf-simp 1)
in
(if " =" then mk-and’ (G ¢') ¢" else mk-and id (mk-and’ (G @)
") ¥")
| - = mk-and id (Unf-simp ¢) (Unf-simp 1))
| Unf-simp (¢ or ) = (case ¢ of
true = true
| false = Unf-simp
| F o' =
(let
o = Unf-simp ¢'; " = Unf-simp 1
n
(if " =" then mk-or’ (F ¢') ¢ else mk-or id (mk-or’ (F ¢') ¢"")
¥")
| - = mk-or id (Unf-simp ) (Unf-simp 1))
| Unf-simp (G @) = mk-and’ (G ¢) (Unf-simp ¢)
| Unf-simp (F @) = mk-or’ (F ) (Unf-simp ¢)
| Unf-simp (¢ U ) = mk-or’ (mk-and’ (¢ U ) (Unf-simp ¢)) (Unf-simp
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¥)
| Unf-simp ¢ = ¢

lemma Unf-simp-correct:
S kEp Unf ¢ «— S Ep Unf-simp ¢
(proof )

fun Unfg-simp
where
Unfg-simp (¢ and ) = mk-and id (Unfg-simp @) (Unfg-simp 1)
| Unfg-simp (¢ or 1) = (case ¢ of
true = true
| false = Unfg-simp 1
| F o' =
(let
¢" = Unfg-simp ¢'; "' = Unfg-simp 1
in
(if @" =" then mk-or’ (F ¢') @' else mk-or id (mk-or’ (F ¢') ¢”)
()
| - = mk-or id (Unfg-simp @) (Unfg-simp 1))
| Unfg-simp (F @) = mk-or’ (F ¢) (Unfg-simp )
| Unfg-simp (¢ U ) = mk-or’ (mk-and’ (¢ U ) (Unfg-simp ¢)) (Unfg-simp
¥)
| Unfg-simp ¢ = ¢

lemma Unfg-simp-correct:
S Ep Unfa ¢ «— S Ep Unfg-simp ¢
(proof )

fun af-letter-opt-simp
where
af-letter-opt-simp true v = true
| af-letter-opt-simp false v = false
| af-letter-opt-simp p(a) v = (if a € v then true else false)
| af-letter-opt-simp (np(a)) v = (if a ¢ v then true else false)
| af-letter-opt-simp (¢ and ) v = (case ¢ of
true = af-letter-opt-simp ¥ v
| false = false
| p(a) = if a € v then af-letter-opt-simp ¢ v else false
| np(a) = if a & v then af-letter-opt-simp ¥ v else false
| G o' =
(let
@' = Unf-simp ¢,
V" = af-letter-opt-simp 1 v
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in
(if " =" then mk-and’ (G ') ¢"" else mk-and id (mk-and’ (G ')
") ¥")
| - = mk-and id (af-letter-opt-simp ¢ v) (af-letter-opt-simp ¥ v))
| af-letter-opt-simp (¢ or ) v = (case ¢ of
true = true
| false = af-letter-opt-simp v
| p(a) = if a € v then true else af-letter-opt-simp ¢ v
| np(a) = if a ¢ v then true else af-letter-opt-simp ¢ v
| Fo'=
(let
@' = Unf-simp ¢,
P! = af-letter-opt-simp 1) v
in
(if " =" then mk-or’ (F ¢') ¢ else mk-or id (mk-or’ (F ¢') ¢’
()
| - = mk-or id (af-letter-opt-simp ¢ v) (af-letter-opt-simp 1 v))
| af-letter-opt-simp (X ¢) v = Unf-simp ¢
| af-letter-opt-simp (G @) v = mk-and’ (G ) (Unf-simp )
| af-letter-opt-simp (F ) v = mk-or’ (F @) (Unf-simp ¢)
| af-letter-opt-simp (p U ) v = mk-or’ (mk-and’ (¢ U ) (Unf-simp ¢))
(Unf-simp )

lemma af-letter-opt-simp-correct:
S Ep af-letter-opt ¢ v <— S =p af-letter-opt-simp ¢ v
(proof)

fun aof-G-letter-opt-simp
where
af-G-letter-opt-simp true v = true
| af-G-letter-opt-simp false v = false
| af-G-letter-opt-simp p(a) v = (if a € v then true else false)
| af-G-letter-opt-simp (np(a)) v = (if a ¢ v then true else false)
| af-G-letter-opt-simp (¢ and ) v = (case ¢ of
true = af-G-letter-opt-simp ¢ v
| false = false
| p(a) = if a € v then af-G-letter-opt-simp ) v else false
| np(a) = if a ¢ v then af-G-letter-opt-simp ¢ v else false
| - = mk-and id (af-G-letter-opt-simp ¢ v) (af-G-letter-opt-simp ¢ v))
| af-G-letter-opt-simp (¢ or ¥) v = (case ¢ of
true = true
| false = af-G-letter-opt-simp ¢ v
| p(a) = if a € v then true else af-G-letter-opt-simp ¢ v
| np(a) = if a ¢ v then true else af-G-letter-opt-simp 1) v
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| F o' =
(let
¢" = Unfg-simp ¢,
V" = af-G-letter-opt-simp 1) v
in
(if " =" then mk-or’ (F ¢') ¢ else mk-or id (mk-or’ (F ¢') ¢”)
()
| - = mk-or id (af-G-letter-opt-simp ¢ v) (af-G-letter-opt-simp ¢ v))
| af-G-letter-opt-simp (X ¢) v = Unfg-simp ¢
| af-G-letter-opt-simp (G ¢) v = G ¢
| af-G-letter-opt-simp (F @) v = mk-or’' (F ¢) (Unfg-simp ¢)
| af-G-letter-opt-simp (¢ U ) v = mk-or’ (mk-and’ (¢ U ) (Unfg-simp
©)) (Unfg-simp 1)

lemma af-G-letter-opt-simp-correct:
S Ep af-G-letter-opt ¢ v <— S |=p af-G-letter-opt-simp ¢ v
(proof)

17.3 Register Code Equations

lemma [code]:
Taf (Abs @) v = Abs (remove-and-or (af-letter-simp ¢ v))
(proof)

lemma [code]:
Tafa (Abs ) v = Abs (remove-and-or (af-G-letter-simp ¢ v))
(proof)

lemma [code]:
Tstep (Abs p) v = Abs (step-simp ¢ v)
(proof)

lemma [code]:
TUnf (Abs ) = Abs (remove-and-or (Unf-simp ¢))
(proof )

lemma [code]:
1Unfa (Abs p) = Abs (remove-and-or (Unfg-simp ¢))
(proof )

lemma [code]:
Tafy (Abs ) v = Abs (remove-and-or (af-letter-opt-simp ¢ v))
(proof)
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lemma [code]:
Tafau (Abs @) v = Abs (remove-and-or (af-G-letter-opt-simp ¢ v))
(proof)

end

18 Executable Translation from Mojmir to Rabin
Automata

theory Mojmir-Rabin-Impl
imports Main ../ Mojmir-Rabin
begin

— Ranking functions are stored as lists sorted ascending by the state rank

fun init :: 'a = 'a list
where
init qo = [qo]

fun nat :: 'b set = (‘a, 'b) DTS = 'a = ('a list, 'b) DTS
where

nxt X 0 qo = (Ags v. remdups-fwd ((filter (Aq. ~semi-mojmir-def.sink %
§ qo q) (map (Ag. 6 q v) gs)) @ [qo]))

— Recompute the rank from the list

fun 7k :: 'a list = 'a = nat option
where
rk gs ¢ = (let © = index qs q in if i # length qs then Some i else None)

— Instead of computing the whole sets for fail, merge, and succeed, we define
filters (a.k.a. characteristic functions)

fun fail-filt = 'b set = (‘a, 'b) DTS = 'a = (‘a = bool) = ('a list, 'b)
transition = bool
where

fail-filt ¥ 6 qo F (r, v, -) = (3q € set r. let ¢/ =6 qv in (=F ¢) A
semi-mojmir-def.sink ¥ 6 qo q')

fun merge-filt :: (‘a, 'b) DTS = 'a = ('a = bool) = nat = ('a list, 'b)
transition = bool
where

merge-filt 6 qo F i (r,v,-) = (3¢ € set r. let ¢’ =8 q v in the (rk r q)
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fun succeed-filt :: ('a, 'b) DTS = 'a = ('a = bool) = nat = ('a list, 'b)
transition = bool
where

succeed-filt § qo F i (r,v,-) = 3qesetr.letq =06qvinrkrq=
Some i N (—~FqV q=qo) N F ¢

18.0.1 nxt Properties

lemma nzt-run-distinct:
distinct (run (nzt X A qo) (init qo) w n)
(proof )

lemma nzt-run-reverse-step:
fixes ¥ 6 gqo w
defines r = run (nzt ¥ § qo) (init qo) w
assumes ¢ € set (r (Suc n))
assumes ¢ # qq
shows 3¢’ € set (rn).d ¢’ (wn) =gq
(proof)

lemma nzt-run-sink-free:

q € set (run (nat X 0 qo) (init qo) w n) = —semi-mojmir-def .sink X &
9o ¢

(proof)

18.0.2 rk Properties

lemma rk-bounded:
rk s x = Some ¢ = i < length xs

(proof)

lemma rk-facts:
x € set xs «— 1k s x # None
z € set xs < (Ii. vk xs x = Some 1)

(proof )

lemma rk-split:
y ¢ set xs = 1k (zs Q y # zs) y = Some (length xs)

(proof )

lemma rk-split-card:
y ¢ set xs = distinct xs = 1k (zs Q y # zs) y = Some (card (set zs))
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(proof )

lemma rk-split-card-take While:
assumes ¢ € set xS
assumes distinct xs
shows rk zs x = Some (card (set (takeWhile (\y. y # x) xs)))

(proof)

lemma take-rk:
assumes distinct s
shows set (take i xs) = {q. 3j < i. vk s ¢ = Some j}
(is ?rhs = ?lhs)

(proof )

lemma drop-rk:

assumes distinct s

shows set (drop i xs) = {q. 3j > i. rk s ¢ = Some j}
(proof)

18.0.3 Relation to (Semi) Mojmir Automata

lemma (in semi-mojmir) nxt-run-configuration:
defines r = run (nzt X 0 qo) (init qo) w
shows ¢ € set (r n) <— —sink g A configuration ¢ n # {}

(proof)

lemma (in semi-mojmir) nxt-run-sorted:
defines r = run (nzt ¥ § qo) (init qo) w
shows sorted (map (Aq. the (oldest-token q n)) (r n))

(proof )

lemma (in semi-mojmir) nat-run-senior-states:
defines r = run (nzt ¥ 0 qo) (init qo) w
assumes —sink q
assumes configuration ¢ n # {}
shows senior-states ¢ n = set (takeWhile (A\q’. ¢’ # q) (r n))
(is ?lhs = ?rhs)

(proof)

lemma (in semi-mojmir) nxt-run-state-rank:
state-rank g n = vk (run (nzt ¥ § qo) (init o) wn) g
(proof)

lemma (in semi-mojmir) nat-foldl-state-rank:
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state-rank g n = vk (foldl (nzt ¥ § qo) (init qo) (map w [0..<n])) ¢
(proof)

lemma (in semi-mojmir) nzt-run-step-run:
run step initial w = 1k o (run (naxt X § qo) (init qp) w)

(proof )

definition (in semi-mojmir-def) Qg
where
Qr = reach ¥ (nxt X § qo) (init qo)

lemma (in semi-mojmir) finite-Q:
finite Qg
(proof )

lemma (in mojmir-to-rabin-def) filt-equiv:
(rk z, v, y) € failp «— fail-filt ¥ 6 qo (A\z. z € F) (z, v, y’)
(rk z, v, y) € succeedr i +— succeed-filt 6 qo (A\z. x € F) i (z, v, y')
(rk z, v, y) € merger i +— merge-filt § qo (\z. x € F) i (z, v, v
(proof)

lemma fail-filt-eq:

fail-filt X6 qo P (z, v, y) +— (rk x, v, y') € mojmir-to-rabin-def.failg
Y0 qo {z. Pz}

(proof)

lemma merge-filt-eq:

merge-filt 6 qo P i (z, v, y) +— (rk z, v, y') € mojmir-to-rabin-def .merger
5 qo {z. Px}i

(proof )

lemma succeed-filt-eq:

succeed-filt 6 qo P i (z, v, y) «— (rkz, v, y") € mojmir-to-rabin-def .succeedp
5 qo {z. Px}i

(proof)

theorem (in mojmir-to-rabin) rabin-accept-iff-rabin-list-accept-rank:
accepting-pairg or qr (Accr ©) w <— accepting-pairg (nzt X § qo) (init
q0) ({t. fail-filt ¥ 6 qo (A\z. © € F) t} U {t. merge-filt § qo (A\x. © € F) @
t}, {t. succeed-filt § qo (A\x. x € F) i t}) w
(is accepting-pairp dr qr (?F, ?I) w <— accepting-pairg (nxt X § qo)
(init qo) (2F', 2I') w)
(proof)
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18.1 Compute Rabin Automata List Representation

fun mojmir-to-rabin-exec
where
maojmir-to-rabin-ezec ¥ 6 qo F = (
let
qo’ = init qo;
0'=6r X (nat (set 3) 6 q0) q0';
maz-rank = card (Set.filter (Not o semi-mojmir-def.sink (set 3) § qo)
(Qr % 6 q0));
fail = Set.filter (fail-filt (set ) § qo F) d;
merge = (\i. Set.filter (merge-filt § qo F i) 0);
succeed = (N\i. Set.filter (succeed-filt § qo F i) 0”)
in
(07, qo’, (Mi. (fail U (merge i), succeed 7)) ‘{0..<maz-rank}))

18.2 Code Generation

declare semi-mojmir-def.sink-def [code]

— Drop computation of length by different code equation
fun indez-option :: nat = 'a list = 'a = nat option
where
indez-option n [| y = None
| indez-option n (x # zs) y = (if z = y then Some n else index-option (Suc
n) s y)

declare rk.simps [code del]

lemma rk-eg-index-option [code]:
rk xs x = index-option 0 xs x
(proof)
export-code init nat fail-filt succeed-filt merge-filt mojmir-to-rabin-exec check-
ing

lemma (in mojmir) maz-rank-card:

assumes Y = set ¥/

shows maz-rank = card (Set.filter (Not o semi-mojmir-def.sink (set 3')
§ qo) (Qr X'6 qo))

(proof )

theorem (in mojmir-to-rabin) exec-correct:
assumes X = set 3’
shows accept «— acceptr-LTS (mojmir-to-rabin-exec X' § qo (A\z. z €
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F)) w (is ?lhs <— ?rhs)

(proof )

end

19 Executable Translation from LTL to Rabin Au-
tomata

theory LTL-Rabin-Impl

imports Main ../ Auxiliary/ Map?2 ../ LTL-Rabin ../ LTL-Rabin-Unfold-Opt
af-Impl Mojmir-Rabin-Impl
begin

19.1 Template
19.1.1 Definition

locale ltl-to-rabin-base-code-def = ltl-to-rabin-base-def +
fixes
M-finc =2 'a It = (‘a ltl, nat) mapping = (‘a ltlp x ("a ltl, 'a ltlp list)
mapping, 'a set) transition = bool
begin

— Transition Function and Initial State

fun deltac
where
deltac X = 0 X TAx (nzt X dpr 0 qonr 0 theQ)

fun initials
where
initialc ¢ = (qo @, Mapping.tabulate (G-list ) (init o gorr o the@))

— Acceptance Condition

definition mazx-rank-of o
where

maz-rank-of o 3 1 = card (Set.filter (Not o semi-mojmir-def.sink (set X)
oar (qonr (theG ) (Qr X 0n (qonm (theG 1)))))

fun Acc-finc
where

Acc-fing X m x ((-, m'), v, -) = (
let
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t = (the (Mapping.lookup m' x), v, []); — Third element is unused.
Hence it is safe to pass a dummy value.
G = Mapping.keys m
m
fail-filt ¥ 0pr (qons (theG x)) (Itl-prop-entails-abs G) t
V merge-filt pr (qonr (theG x)) (ltl-prop-entails-abs G) (the (Mapping.lookup
7 X)) 1)

fun Acc-infc
where
Acc-info m x (('7 ml)v v, -) = (
let
t = (the (Mapping.lookup m' x), v, []); — Third element is unused.
Hence it is safe to pass a dummy value.
G = Mapping.keys m
mn
succeed-filt dpr (qoar (theG x)) (ltl-prop-entails-abs G) (the (Mapping.lookup

™ X)) t)

definition mappingsc :: 'a set list = 'a ltl = ('a ltl, nat) mapping set
where

mappingsc X ¢ = {m. Mapping.keys 71 C G ¢ A (Vx € (Mapping.keys
7). the (Mapping.lookup 7 x) < max-rank-ofc X x)}

definition reachable-transitionsc
where
reachable-transitionsc ¥ ¢ = 61, ¥ (deltac (set X)) (initialc )

fun ltl-to-generalized-rabing
where
ltl-to-generalized-rabing ¥ ¢ = (
let
0-LTS = reachable-transitionsc ¥ ;
a-fin-filker = Amw t. M-finc ¢ w t V (3 x € Mapping.keys w. Acc-finc
(set X) m x t);
to-pair = Am. (Set.filter (a-fin-filter w) 6-LTS, (Ax. Set.filter (Acc-infc
7w x) 0-LTS) * Mapping.keys m);
a = to-pair ‘ (mappingsc ¥ @) — Multi-thread here!, prove mappings
(set ...) equation
mn
(6-LTS, initialc o, @)

lemma mappingsc-code:
mappingsc X ¢ = (
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let

Gs = G-list
maz-rank = Mapping.lookup (Mapping.tabulate Gs (maz-rank-of o X))
m

set (concat (map (mapping-generator-list (Axz. [0 ..< the (maz-rank
z)])) (subsegs Gs))))
(is ?lhs = ?rhs)
(proof )

lemma reach-delta-initial:
assumes (z, y) € reach ¥ (deltac X) (initialc @)
assumes y € G ¢
shows Mapping.lookup y x # None (is ?t1)
and distinct (the (Mapping.lookup y x)) (is #t2)

(proof )

end

19.1.2 Correctness

fun abstract-state :: 'z x ('y, 'z list) mapping = 'z x ('y = 'z — nat)
where
abstract-state (a, b) = (a, (map-option k) o (Mapping.lookup b))

fun abstract-transition
where
abstract-transition (q, v, q') = (abstract-state q, v, abstract-state q’)

locale ltl-to-rabin-base-code = ltl-to-rabin-base + ltl-to-rabin-base-code-def
_|_
assumes
M-finc-correct: [t € reachy ¥ (deltac ) (initialc ¢); dom m C G ¢]
_—
abstract-transition t € M-fin 1 = M-finc ¢ (Mapping. Mapping ) t
begin

lemma finite-reachc:
finite (reachy X (deltac X)) (initialc ¢))
(proof)

lemma max-rank-of o-eq:

assumes X = set X’

shows maz-rank-ofc X' ¢ = maz-rank-of X 1
(proof)
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lemma reachable-transitionsc-eq:
assumes X = set 3/
shows reachable-transitionsc X' ¢ = reachy X (deltac ) (initialc @)

(proof)

lemma run-abstraction-correct:

run (delta X) (initial ) w = abstract-state o (run (deltac X) (initialc @)
w)
(proof )

lemma
assumes ¢ € reachy ¥ (deltac ) (initialc o)
assumes x € G ¢
shows Acc-fing-correct:
abstract-transition t € Acc-fin ¥ m x «— Acc-finc ¥ (Mapping. Mapping
m) x t(is 7t1)
and Acc-infc-correct:
abstract-transition t € Acc-inf ™ x +— Acc-infc (Mapping. Mapping )
X t (is 7t2)
(proof)

theorem ltl-to-generalized-rabinc-correct:

assumes - = set X’

shows acceptar (ltl-to-generalized-rabin ¥ @) w <— acceptgr-LTS (Itl-to-generalized-rabine
o) w

(is ?lhs <— ?rhs)

(proof)

end

19.2 Generalized Deterministic Rabin Automaton (af)

definition M-finc-af-lhs :: 'a ltl = (‘a ltl, nat) mapping = (‘a ltl, ('a ltlp
list)) mapping = 'a ltlp
where
M-finc-af-lhs o m m' =
let
G = Mapping.keys ;
G = filter (\z. x € G) (G-list p);
mk-conj = X\x. foldl and-abs (Abs x) (map (Tevalg G) (drop (the
(Mapping.lookup m X)) (the (Mapping.lookup m' x))))
in
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TAnd (map mk-conj Gr)

fun M-finc-af :: 'a ltl = (‘a ltl, nat) mapping = ('a ltlp x (("a ltl, ('a ltlp
list)) mapping), 'a set) transition = bool
where

M-finc-af ¢ m ((¢', m'), -) = Not ((M-finc-af-lhs ¢ ™ m') +—p ¢’)

lemma M-finc-af-correct:

assumes ¢ € reach; ¥ (ltl-to-rabin-base-code-def . deltac Taf Tafc Abs X)
(ltl-to-rabin-base-code-def .initialc Abs Abs )

assumes dom m C G ¢

shows abstract-transition t € M-fin m1 = M-finc-af ¢ (Mapping. Mapping
)t
(proof)

definition
ltl-to-generalized-rabinc-af = ltl-to-rabin-base-code-def .ltl-to-generalized-rabingc
Taf Tafqg Abs Abs M-fing-af

theorem litl-to-generalized-rabinc-af-correct:
assumes range w C set X
shows w = ¢ <— acceptgr-LTS (ltl-to-generalized-rabinc-af ¥ @) w
(is ?lhs <— ?rhs)

(proof )

19.3 Generalized Deterministic Rabin Automaton (eager af)

definition M-finc-afy-lhs :: 'a ltl = ('a ltl, nat) mapping = (‘a ltl, ('a ltlp
list)) mapping = 'a set = 'a ltlp
where
M-finc-afy-lhs o m m' v =
let
G = Mapping.keys ;
Gr = filter (\z. x € G) (G-list p);
mk-conj = \x. foldl and-abs (and-abs (Abs x) (Tevalg G (Abs (theG
X)))) (map (Tevalg G o (Aq. Tstep q v)) (drop (the (Mapping.lookup 7 X))
(the (Mapping.lookup m’ x))))
m
TAnd (map mk-conj Gr)

fun M-finc-afy :: 'a ltl = (‘a ltl, nat) mapping = ('a ltlp x (("a ltl, ('a
ltlp list)) mapping), 'a set) transition = bool
where

M-finc-afy ¢ © ((¢p', m'), v, -) = Not (M-finc-afy-lhs ¢ T m' v) T—p

115



(tstep ' v))

lemma M-fing-afg-correct:

assumes ¢ € reachy ¥ (ltl-to-rabin-base-code-def.deltac Tafy Tafcy (Abs
o Unfg) X) (ltl-to-rabin-base-code-def .initialc (Abs o Unf) (Abs o Unfg)
)

assumes dom ™ C G ¢

shows abstract-transition t € My-fin 1 = M-finc-afy ¢ (Mapping. Mapping
)t
(proof )

definition
ltl-to-generalized-rabing-af s = ltl-to-rabin-base-code-def .ltl-to-generalized-rabing
Tafu Tafcu (Abs o Unf) (Abs o Unfg) M-finc-afy

theorem ltl-to-generalized-rabinc-af-correct:
assumes range w C set ¥
shows w |= ¢ +— acceptar-LTS (ltli-to-generalized-rabinc-afy X ¢) w
(is ?lhs <— ?rhs)

(proof)

end

20 Code Generation

theory FEzport-Code
imports Main LTL-Compat LTL-Rabin-Impl
HOL—- Library.A List-Mapping
LTL.Rewriting
HOL— Library. Code-Target-Numeral
begin

20.1 External Interface

definition
ltle-to-rabin eager mode (p. :: String.literal ltlc) =

(let
on = ltle-to-ltin p;
Y = map set (subseqs (atoms-list py,));
@ = ltin-to-Itl (simplify mode @,,)

in

(if eager then ltl-to-generalized-rabinc-afy X ¢ else ltl-to-generalized-rabinc-af

¥ p))
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theorem ltlc-to-rabin-exec-correct:
assumes range w C Pow (atoms-ltlc ¢.)
shows w |=. ¢, <— acceptar-LTS (ltlc-to-rabin eager mode ¢.) w
(is ?lhs = ?rhs)

(proof)

20.2 Normalize Equivalence Classes During DFS-Search

fun norm-rep
where
norm-rep (i, (¢, v, p)) (¢, v', p') = (
let
eg-¢ = (¢ =q); eqg-p=(p = p");
q" = if eq-q then ¢’ else if ¢ = p' then p’ else g;
p" = if eq-p then p’ else if p = q' then ¢’ else p
m
(i ] (eq-q & eg-p & v =v'), ¢", v, p"))

fun norm-fold :: ('a, 'b) transition = ('a, 'b) transition list = (bool x 'a x
b x 'a)
where

norm-fold (q, v, p) zs = foldl-break norm-rep fst (False, q, v, if ¢ = p
then q else p) xs
definition norm-insert :: (‘a, 'b) transition = (‘a, 'b) transition list =
(bool * ('a, 'b) transition list)
where

norm-insert x xs = let (i, ') = norm-fold = xs in if i then (i, xs) else (i,

z' # xs)

lemma norm-fold:

norm-fold (q, v, p) zs = ((q, v, p) € set s, q, v, p)
(proof )

lemma norm-insert:
norm-insert x xs = (z € set xs, List.insert x xs)

(proof )

lemma list-dfs-norm-insert |code]:

list-dfs succ S [| = S

list-dfs succ S (x # xs) = (let (memb, S') = norm-insert x S in list-dfs
suce S’ (if memb then xs else succ x @Q zs))

(proof)
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20.3 Register Code Equations

lemma [code]:

1A f (AList-Mapping. Mapping xs) ¢ = AList-Mapping. Mapping (map-ran
(Aa b. fabc) xs)

(proof)

lemmas [tl-to-rabin-base-code-export [code] =
ltl-to-rabin-base-code-def .ltl-to-generalized-rabinc. simps
ltl-to-rabin-base-code-def .reachable-transitionsc-def
ltl-to-rabin-base-code-def .mappingsc-code
ltl-to-rabin-base-code-def .deltac.simps
ltl-to-rabin-base-code-def .initialc.simps
ltl-to-rabin-base-code-def . Acc-inf ¢.simps
ltl-to-rabin-base-code-def . Acc-finc.simps
ltl-to-rabin-base-code-def .maz-rank-of c-def

lemmas M-finc-lhs [code del, code-unfold] =
M-finc-afg-ths-def M-finc-af-lhs-def

— Test code export
export-code true. Iff-ltlc Nop true Abs AList-Mapping. Mapping set ltlc-to-rabin
checking

— Export translator (and also constructors)
export-code true. Iff-ltlc Nop true Abs A List-Mapping. Mapping set ltlc-to-rabin

in SML module-name LTL file «../Code/LTL-to-DRA-Translator.sml»

end
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