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Abstract

We formalize Kraus maps [1, Section 3], i.e., quantum channels of the form
p — Y., M,pM] for suitable families of “Kraus operators” M,. (In the finite-
dimensional setting and the setting of separable Hilbert spaces, those are known to be
equivalent to completely-positive maps, another common formalization of quantum
channels.) Our results hold for arbitrary (i.e., not necessarily finite-dimensional or
separable) Hilbert spaces.

Specifically, in theory Kraus_Families, we formalize the type («, 3,&) kraus_ family
of families of Kraus operators M, (Kraus families for short), from trace-class oper-
ators on Hilbert space a to those on 3, indexed by x of type £. This induces both a
Kraus map p+— >, M,pM}, as well as a quantum measurement with outcomes of
type &.

We define and study various special Kraus families such as zero, identity, appli-
cation of an operator, sum of two Kraus maps, sequential composition, infinite sum,
random sampling, trace, tensor products, and complete measurements.

Furthermore, since working with explicit Kraus families can be cumbersome when
the specific family of operators is not relevant, in theory Kraus_Maps, we define a
Kraus map to be a function between two spaces that is of the form p — > M, pM]
for some Kraus family, and restate our results in terms of such functions.
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1 Miscelleanous missing theorems

theory Misc-Kraus-Maps
imports
Hilbert-Space-Tensor- Product. Hilbert-Space-Tensor- Product
Hilbert-Space-Tensor-Product. Von-Neumann-Algebras

begin

unbundle cblinfun-syntazx

lemma abs-summable-norm:
assumes <f abs-summable-on A»
shows <(A\z. norm (f z)) abs-summable-on A»
using assms by simp

lemma abs-summable-on-add:
assumes (f abs-summable-on A) and <g abs-summable-on A»
shows «(A\z. fz + ¢ z) abs-summable-on A»

proof —

from assms have <(Az. norm (f x) + norm (g x)) summable-on A»
using summable-on-add by blast

then show ?thesis
apply (rule Infinite-Sum.abs-summable-on-comparison-test’)
using norm-triangle-ineq by blast

qed



lemma bdd-above-transform-mono-pos:
assumes bdd: <bdd-above (A\x. g x) * M)»
assumes gpos: <A\z. x € M = gz > 0»
assumes mono: <mono-on (Collect ((<) 0)) f»
shows <bdd-above ((Az. f (g z)) * M)
proof (cases <M = {}»)
case True
then show ?thesis
by simp
next
case Fulse
from bdd obtain B where B: <gz < B) if «<x € M) for «
by (meson bdd-above.unfold imagel)
with gpos Fulse have <B > 0»
using dual-order.trans by blast
have «f (g z) < f By if <z € M) for z
using mono - - B
apply (rule mono-onD)
by (auto introl: gpos that <B > 0)
then show ?thesis
by fast
qed

lemma FEzx-iffI:
assumes (A\z. Pz = Q (fz)»
assumes (A\z. Q x = P (g =)
shows (Ex P +— Ez ()
using assms(1) assms(2) by auto

lemma has-sum-Sigma’-banach:
fixes A :: 'a set and B :: 'a = 'b set
and f :: <a = 'b = ’c::banach
assumes ((A(z,y). fz y) has-sum S) (Sigma A B)
shows ¢((Az. infsum (f z) (B z)) has-sum S) A»
by (metis (no-types, lifting) assms has-sum-cong has-sum-imp-summable has-sum-infsum inf-
suml infsum-Sigma’-banach summable-on-Sigma-banach)

lemma infsum-Sigma-topological-monoid:
fixes A :: 'a set and B :: 'a = 'b set
and f :: <'a x 'b = 'c::{topological-comm-monoid-add, t3-space}>
assumes summableAB: f summable-on (Sigma A B)
assumes summableB: <\z. 1€ A = (\y. f (2, y)) summable-on (B z)»
shows infsum f (Sigma A B) = (3 cc2€A. Y wyEB z. f (2, y))
proof —
have 1: «(f has-sum infsum f (Sigma A B)) (Sigma A B)»
by (simp add: assms)
define b where bz = (3 oyeB z. f (z, y))» for z
have 2: «((\y. f (z, y)) has-sum b z) (B z)» if <z € A for z



using b-def assms(2) that by auto
have 3: «(b has-sum (> ccz€A. b z)) A
using 1 2 by (metis has-sum-SigmaD infsuml)
have 4: «(f has-sum (3" coz€A. b x)) (Sigma A B)»
using 2 3 apply (rule has-sum-Sigmal)
using assms by auto
from 1 / show ?thesis
using b-def[abs-def] infsuml by blast
qed

lemma flip-eq-const: <(Ay. y = z) = ((=) z)»
by auto

lemma sgn-ket[simp]: «sgn (ket z) = ket x>
by (simp add: sgn-div-norm)

lemma tensor-op-in-tensor-vn:
assumes (a € A and b € B>
shows <a ®, b € A ®,n B>
proof —
have <a ®, id-cblinfun € A Q,n B>
by (metis (no-types, lifting) Un-iff assms(1) double-commutant-grows’ image-iff tensor-vn-def)
moreover have <id-cblinfun ®, b € A Q,n B>
by (simp add: assms(2) double-commutant-grows’ tensor-vn-def)
ultimately have «(a ®, id-cblinfun) ocr (id-cblinfun ®, b) € A Q,N B>
using commutant-mult tensor-vn-def by blast
then show ?thesis
by (simp add: comp-tensor-op)
qed

lemma commutant-tensor-vn-subset:
assumes (von-neumann-algebra A> and <von-neumann-algebra B>
shows <commutant A ®,n commutant B C commutant (A ®,n B)»
proof —
have I: <a ®, id-cblinfun € commutant (A ®,n B)» if <a € commutant As for a
apply (simp add: tensor-vn-def)
using that by (auto introl: simp: commutant-def comp-tensor-op)
have 2: <id-cblinfun ®, b € commutant (A ®,n B)» if <b € commutant B for b
apply (simp add: tensor-un-def)
using that by (auto introl: simp: commutant-def comp-tensor-op)
show ?thesis
apply (subst tensor-vn-def)
apply (rule double-commutant-in-vn-algl)
using 1 2
by (auto intro!: von-neumann-algebra-commutant von-neumann-algebra-tensor-vn assms)
qed

lemma commutant-span|simp]: <commutant (span X) = commutant X»
proof (rule order-antisym)



have <commutant X C commutant (cspan X)»
by (simp add: commutant-cspan)
also have «... C commutant (span X)»
by (simp add: commutant-antimono span-subset-cspan)
finally show (commutant X C commutant (span X))
by —
show <commutant (span X) C commutant X>»
by (simp add: commutant-antimono span-superset)
qed

lemma explicit-cblinfun-exists-0[simp|: <explicit-cblinfun-exists (M- -. 0)»
by (auto intro!: explicit-cblinfun-exists-bounded[where B=0] simp: explicit-cblinfun-def)

lemma explicit-cblinfun-0[simpl: <explicit-cblinfun (M- -. 0) = 0>
by (auto intro!: equal-ket Rep-ell2-inject| THEN iffD1] ext simp: Rep-ell2-explicit-cblinfun-ket
zero-ell2.rep-eq)

lemma cnj-of-bool[simp]: <cnj (of-bool b) = of-bool b
by simp

lemma has-sum-single:
fixes f :: <- = -u:{comm-monoid-add,t2-space}»
assumes \j. j#i—=—= jeA = fj=0
assumes (s = (if i€A then f i else 0))
shows HAS-SUM f A s
apply (subst has-sum-cong-neutral[where T=<A N {i}» and g=f])
using assms by auto

lemma classical-operator-None[simp): «classical-operator (A-. None) = 0»
by (auto intro!: equal-ket simp: classical-operator-ket inj-map-def classical-operator-exists-inj)

lemma has-sum-in-in-closedsubspace:
assumes <has-sum-in T f A D>
assumes (A\z. 164 = fr e S
assumes <closedin T S»
assumes <csubspace S»
shows ([ € S»
proof —
from assms
have <limitin T (sum f) 1 (finite-subsets-at-top A)»
by (simp add: has-sum-in-def)
then have <limitin T (AF. if FCA then sum f F else 0) 1 (finite-subsets-at-top A)»
apply (rule limitin-transform-eventually[rotated])
apply (rule eventually-finite-subsets-at-top-weakl )
by simp
then show <« € S»
apply (rule limitin-closedin)
using assms by (auto intro!: complez-vector.subspace-0 simp: complex-vector.subspace-sum



subsetD)
qed

lemma has-sum-coordinatewise:
«(f has-sum s) A «— (Vi. (A\z. fz i) has-sum s i) A)»
proof —
have «(f has-sum s) A «— ((AF. (3 z€F. fz)) —— s) (finite-subsets-at-top A)»
by (simp add: has-sum-def)
also have «... «— (Vi. (AF. O z€F. fz) i) —— s 1) (finite-subsets-at-top A))>
by (simp add: tendsto-coordinatewise)
also have «... «— (Vi. (AF. Y, z€F. fx i) —— s 1) (finite-subsets-at-top A))»
proof (rewrite at <> x€F. fx i) at <AF. X in <V i. X0 to <Y z€F. fz) i» DEADID.rel-mono-strong)
fix i
show (> zeF. fz i) = O z€F. fz) i» for F
apply (induction F rule:infinite-finite-induct)

by auto
show (P = P» for P :: bool
by simp
qged
also have «... «— (Vi. ((A\z. fz ©) has-sum s i) A)»

by (simp add: has-sum-def)
finally show ?thesis
by —
qed

lemma one-dim-butterfly:
<butterfly g h = (one-dim-iso g * cnj (one-dim-iso h)) x¢ 1>
apply (rule cblinfun-eq-on-canonical-basis)
apply simp
by (smt (verit, del-insts) Groups.mult-ac(2) cblinfun.scaleC-left of-complex-def of-complex-inner-1
of-complez-inner-1' one-cblinfun-apply-one one-dim-apply-is-times-def one-dim-iso-def

one-dim-scaleC-1)

lemma one-dim-tc-butterfly:
fixes g :: <a :: one-dim> and h :: <'b :: one-dim>
shows <tc-butterfly g h = (one-dim-iso g * cnj (one-dim-iso h)) *c 15
proof —
have <tc-butterfly g h = one-dim-iso (butterfly g h)»
by (metis (mono-tags, lifting) from-trace-class-one-dim-iso one-dim-iso-inj one-dim-iso-is-of-complex
one-dim-iso-of-complex tc-butterfly.rep-eq)
also have «... = (one-dim-iso g x cnj (one-dim-iso h)) *c 1»
by (simp add: one-dim-butterfly)
finally show ?thesis
by —
qed



lemma one-dim-iso-of-real[simp|: <one-dim-iso (of-real ) = of-real >
apply (simp add: of-real-def)
by (simp add: scaleR-scaleC del: of-complex-of-real-eq)

lemma filter-insert-if:
«Set.filter P (insert © M) = (if P x then insert x (Set.filter P M) else Set.filter P M)
by auto

lemma filter-empty[simpl: «Set.filter P {} = {}»
by auto

lemma has-sum-in-cong-neutral:
fixes f g :: <'a = 'b::comm-monoid-add>
assumes (\z. z€T—-5 = gz = 0>
assumes (A\z. z€S—T = fz = O»
assumes (A\z. 2€SNT = fz =g
shows has-sum-in X f S © «<— has-sum-in X g T x
proof —
have <eventually P (filtermap (sum f) (finite-subsets-at-top S))
= eventually P (filtermap (sum g) (finite-subsets-at-top T))» for P
proof
assume <eventually P (filtermap (sum f) (finite-subsets-at-top S))»
then obtain F0 where «(finite F0> and <F0 C S» and F0-P: <\F. finite F — F C § =
F D2 F0 = P (sum fF)
by (metis (no-types, lifting) eventually-filtermap eventually-finite-subsets-at-top)
define F'0' where <F0'= FO N T)
have [simp]: «finite FO'» <F0' C T»
by (simp-all add: FO'-def <finite F0»)
have <P (sum g F)» if <finite F> <F C T» <F 2 F0’ for F
proof —
have (P (sum f ((FNS) U (FONS)))»
by (intro FO-P) (use <FO C S» «finite F'0» that in auto)
also have «sum f ((FNS) U (FONS)) = sum g F»
by (intro sum.mono-neutral-cong) (use that <finite F0» F0'-def assms in auto)
finally show ?thesis .
qed
with «F0' C T» «finite F0'» show <eventually P (filtermap (sum g) (finite-subsets-at-top
)
by (metis (no-types, lifting) eventually-filtermap eventually-finite-subsets-at-top)
next
assume <eventually P (filtermap (sum g) (finite-subsets-at-top T))»
then obtain F0 where «finite F0» and <F0 C T» and FO-P: <\F. finite F — F C T
= F D F0 = P (sum g F))
by (metis (no-types, lifting) eventually-filtermap eventually-finite-subsets-at-top)
define F0' where <F0' = F0 N S»
have [simp]: <finite FO'» <F0' C S»
by (simp-all add: F0'-def «finite F0»)
have «P (sum f F)» if «finite F» <F C S» <F D F0') for F



proof —
have (P (sum g (FNT) U (FONT)))»
by (intro F0-P) (use <FO C T <finite F0» that in auto)
also have «sum g ((FNT) U (FONT)) = sum f F)»
by (intro sum.mono-neutral-cong) (use that <finite FO» F0'-def assms in auto)
finally show ¢thesis .
qed
with <F0' C Sy <finite FO'» show <eventually P (filtermap (sum f) (finite-subsets-at-top S))»
by (metis (no-types, lifting) eventually-filtermap eventually-finite-subsets-at-top)
qed

then have tendsto-z: limitin X (sum f) z (finite-subsets-at-top S) <— limitin X (sum g) z
(finite-subsets-at-top T) for x
by (simp add: le-filter-def filterlim-def flip: filterlim-nhdsin-iff-limitin)
then show ?thesis
by (simp add: has-sum-in-def)
qed

lemma infsum-in-cong-neutral:
fixes f ¢ :: <'a = 'b::comm-monoid-add>
assumes (\z. z€T—5 = gz = O
assumes (A\z. z€S-T = fz = O»
assumes (A\z. zeSNT = fz =g o
shows «nfsum-in X f S = infsum-in X g T»
apply (rule infsum-in-eql”’)
apply (rule has-sum-in-cong-neutral)
using assms by auto

lemma filter-image: <Set.filter P (f * X) = f “ (Set.filter (Az. P (fx)) X)»
by auto

lemma Sigma-image-left: «(SIGMA x:f‘A. B z) = (M=,y). (fz, y)) ‘ (SIGMA z:A. B (f x))»
by (auto intro!: image-eql simp: split: prod.split)

lemma finite-subset-filter-image:
assumes finite B
assumes (B C Set.filter P (f < A)»
shows 3 CCA. finite C N B=f*C
proof —
from assms have <B C f ¢ A»
by auto
then show ?thesis
by (simp add: assms(1) finite-subset-image)
qed

definition <card-le-1 M <— (3z. M C {z})»

lemma card-le-1-empty[iff]: <card-le-1 {}»



by (simp add: card-le-1-def)

lemma card-le-1-signleton[iff]: «card-le-1 {z}>
using card-le-1-def by fastforce

lemma sgn-tensor-ell2: <sgn (h ®4 k) = sgn h ®4 sgn k»
by (simp add: sgn-div-norm norm-tensor-ell2 scaleR-scaleC tensor-ell2-scaleC1 tensor-ell2-scale C2)

lemma is-ortho-set-tensor:
assumes <is-ortho-set B>
assumes <is-ortho-set C)
shows ¢is-ortho-set (A(z, y). = ®;s y) ‘(B x C))»
proof (intro is-ortho-set-def[ THEN 4ffD2] conjI notl balll impI)
fix bc be' 2 «((Ya x 'b) ell2»
assume <bc € (A(z, y). z ®; y) ‘(B x C)
then obtain b ¢ where b € By <¢c € C) and bc: <bc = b ®; ¢
by fast
assume <bc’ € (A\(z, y). 2 Q5 y) (B x C)
then obtain b’ ¢/ where b’ € B> <¢’ € C» and bc”: (b’ = b’ @4 ¢’
by fast
assume <bc # be's
then consider (negb) <b # b | (negc) ¢ # ¢’
using bc bc’ by blast
then show <is-orthogonal bc bc’s
proof cases
case neqb
with <b € B> <b' € By «is-ortho-set By
have b . b’ = 0»
by (simp add: is-ortho-setD)
then show ?thesis
by (simp add: be be’)
next
case neqc
with «¢c € C» <¢’ € C» «is-ortho-set C
have «c :¢c ¢’ = O»
by (simp add: is-ortho-setD)
then show ?thesis
by (simp add: bc be’)
qed
next
assume <0 € (AN(z, y). z Qs y) ‘(B x CO)»
then obtain b ¢ where (b € By <c € C)> and b ®¢ ¢ = 0>
by auto
then show Fulse
by (metis assms(1,2) is-ortho-set-def tensor-ell2-nonzero)
qed



end

2 Kraus families

theory Kraus-Families
imports
Wlog. Wlog
Hilbert-Space-Tensor-Product. Partial- Trace

Misc-Kraus-Maps

abbrevs
=kr = =, and ==kr = =, and *xkr = *;,
begin

unbundle cblinfun-syntax

2.1 Kraus families

definition <kraus-family € <— bdd-above (A\F. Y  (E,x)€F. Ex ocy E) ‘{F. finite F N F C
EH A0 ¢ fst ‘&
for & :: «((-:chilbert-space =c 1, -:chilbert-space) x -) set)

typedef (overloaded) (’a:chilbert-space, 'b::chilbert-space, 'z) kraus-family =
«Collect kraus-family :: (('a =cr, 'b) x 'z) set sety
by (rule exl|of - «{}], auto simp: kraus-family-def)

setup-lifting type-definition-kraus-family

lemma kraus-familyl:
assumes <bdd-above (AF. >  (E,x)€F. Ex ocr, E) ‘{F. finite F N F C €}))
assumes (0 ¢ fst ‘ &
shows <kraus-family &
by (meson assms kraus-family-def)

lift-definition kf-apply :: <('a::chilbert-space, 'b:: chilbert-space, 'z) kraus-family = ('a,’a) trace-class
= ('b,’d) trace-class) is

AE 0. (O o EE€€. sandwich-te (fst E) o)» .
notation kf-apply (infixr <> 70)

lemma kraus-family-if-finite[iff]: <kraus-family & if <finite & and <0 ¢ fst * &
proof —
define B where (B = (> (E,z)€€. Ex oo E)
have (> (E,z)eM. Ex ocr, F) < B if <finite M» and <M C & for M
unfolding B-def
using «finite € <M C & apply (rule sum-mono2)
by (auto intro!: positive-cblinfun-squarel)
with that show ?thesis
by (auto intro!: bdd-abovel|of - B] simp: kraus-family-def)
qed
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lemma kf-apply-scaleC":
shows <kf-apply € (¢ x¢ ) = ¢ *x¢ kf-apply € >
by (simp add: kf-apply-def cblinfun.scaleC-right case-prod-unfold sandwich-tc-scaleC-right
flip: infsum-scaleC-right)

lemma kf-apply-abs-summable:
assumes <kraus-family &
shows ((A\(E,z). sandwich-tc E ) abs-summable-on &)
proof —
wlog ¢-pos: <o > 0) generalizing o
proof —
obtain o1 02 03 o4 where p-decomp: <o = 01 — 02 + i *x¢c 03 — i *x¢c 04>
and pos: <ol > 0y <02 > 0> <03 > 0> <04 > 0>
apply atomize-elim using trace-class-decomp-4pos’lof o] by blast
have (norm (sandwich-tc = o)
< norm (sandwich-tc x 1)
+ norm (sandwich-tc © 02)
+ norm (sandwich-tc © 03)
+ norm (sandwich-tc © 04)»
(is«- < ?S ) for z
by (auto simp add: o-decomp sandwich-tc-plus sandwich-tc-minus sandwich-tc-scaleC-right
scaleC-add-right scaleC-diff-right norm-mult
introl: norm-triangle-le norm-triangle-le-diff)
then have *: (norm (sandwich-tc (fst ) ¢) < norm (2S (fst z))» for z
by force
show ?thesis
unfolding case-prod-unfold
apply (rule abs-summable-on-comparison-test|OF - x|)
apply (intro Misc-Kraus-Maps.abs-summable-on-add abs-summable-norm abs-summable-on-scaleC-right
pos)
using hypothesis
by (simp-all add: case-prod-unfold pos)
qed

have auz: <trace-norm x = Re (trace z)) if «x > 0» and <trace-class > for z
by (metis Re-complex-of-real that(1) trace-norm-pos)
have trace-EEp-pos: trace ((Ex ocr E) ooy, from-trace-class ¢) > 0» for E :: ('a =¢cp 'b
apply (simp add: cblinfun-assoc-right trace-class-comp-right
flip: circularity-of-trace)
by (auto introl: trace-pos sandwich-pos
simp: cblinfun-assoc-left from-trace-class-pos o-pos
stmp flip: sandwich-apply)
have trace-EEp-lin: <linear (AM. Re (trace (M ocr, from-trace-class p)))» for M
apply (rule linear-compose[where g=Re, unfolded o-def])
by (auto intro!: bounded-linear.linear bounded-clinear.bounded-linear
bounded-clinear-trace-duality’ bounded-linear-Re)
have trace-EEp-mono: <mono-on (Collect ((<) 0)) (M. Re (trace (A ocyr from-trace-class
0))) for M

11



apply (intro mono-onl Re-mono)

apply (subst diff-ge-0-iff-ge[symmetric))

apply (subst trace-minus[symmetric])

by (auto introl: trace-class-comp-right trace-comp-pos
simp: from-trace-class-pos o-pos
stmp flip: cblinfun-compose-minus-left)

from assms
have <bdd-above (A\F. (3. (E,x)EF. Fx ocr, F)) ‘{F. finite F N F C €} )
by (simp add: kraus-family-def)
then have <bdd-above ((AF. Re (trace (3. (E,x)€F. Ex ocr E) ocr from-trace-class p))) *
{F. finite F N F C &})
apply (rule bdd-above-transform-mono-pos)
by (auto introl: sum-nonneg positive-cblinfun-squareI[OF refl] trace-EEp-mono
sitmp: case-prod-unfold)
then have <bdd-above ((AF. Y (E,x)€F. Re (trace ((Ex ocr E) ocr from-trace-class p))) *
{F. F C &N finite F'})»
apply (subst (asm) real-vector.linear-sum[where f=(AM. Re (trace (M ocr, from-trace-class
2)])
by (auto intro!: trace-EFEp-lin simp: case-prod-unfold conj-commute)
then have «(\(E,-). Re (trace ((Ex ocr E) ocyr from-trace-class 9))) summable-on &)
apply (rule nonneg-bdd-above-summable-on[rotated])
using trace-EFEo-pos
by (auto simp: less-eq-complez-def)
then have «(\(E,-). Re (trace (from-trace-class (sandwich-tc E 0)))) summable-on &)
by (simp add: from-trace-class-sandwich-tc sandwich-apply cblinfun-assoc-right trace-class-comp-right
flip: circularity-of-trace)
then have «(\(E,-). trace-norm (from-trace-class (sandwich-tc E p))) summable-on &>
by (simp add: auz from-trace-class-pos p-pos sandwich-tc-pos)
then show «(A(E,z). sandwich-tc E o) abs-summable-on &)
by (simp add: norm-trace-class.rep-eq case-prod-unfold)
qed

lemma kf-apply-summable:
shows ¢(A\(E,z). sandwich-tc E p) summable-on (Rep-kraus-family €))
apply (rule abs-summable-summable)
apply (rule kf-apply-abs-summable)
using Rep-kraus-family by blast

lemma kf-apply-has-sum:
shows <((A(E,z). sandwich-tc E ) has-sum kf-apply € o) (Rep-kraus-family €)»
using kf-apply-summable Rep-kraus-family[of €]
by (auto introl: has-sum-infsum simp add: kf-apply-def kf-apply-summable case-prod-unfold)

lemma kf-apply-plus-right:
shows <kf-apply € (z + y) = kf-apply € x + kf-apply € y»
using kf-apply-summable Rep-kraus-family[of €]
by (auto intro!l: infsum-add
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stmp add: kf-apply-def sandwich-tc-plus scaleC-add-right case-prod-unfold)

lemma kf-apply-uminus-right:
shows <kf-apply € (— z) = — kf-apply € >
using kf-apply-summable Rep-kraus-family[of €]
by (auto introl: infsum-uminus
simp add: kf-apply-def sandwich-tc-uminus-right scale C-minus-right case-prod-unfold)

lemma kf-apply-minus-right:
shows <kf-apply € (z — y) = kf-apply € x — kf-apply € y»
by (simp only: diff-conv-add-uminus kf-apply-plus-right kf-apply-uminus-right)

lemma kf-apply-pos:
assumes <@ > 0
shows «kf-apply € o > 0>
by (auto introl: infsum-nonneg-traceclass scaleC-nonneg-nonneg of-nat-0-le-iff
sandwich-tc-pos assms simp: kf-apply-def)

lemma kf-apply-mono-right:
assumes © > T
shows <kf-apply € o > kf-apply € 1>
apply (subst diff-ge-0-iff-ge[symmetric])
apply (subst kf-apply-minus-right[symmetric])
apply (rule kf-apply-pos)
using assms by (subst diff-ge-0-iff-ge)

lemma kf-apply-geq-sum:
assumes (¢ > 0> and <M C Rep-kraus-family &
shows <kf-apply € 0 > (O (E,-)eM. sandwich-tc E o)
proof (cases «finite M»)
case True
have : «(AE. sandwich-tc (fst E) o) summable-on X» if <X C Rep-kraus-family & for X
apply (rule summable-on-subset-banach[where A=<Rep-kraus-family &])
apply (rule kf-apply-summable[unfolded case-prod-unfold])
using assms that by blast
show ?thesis
apply (subst infsum-finite[symmetric])
using assms
by (auto intro!: infsum-mono-neutral-traceclass * scaleC-nonneg-nonneg of-nat-0-le-iff
True sandwich-tc-pos
simp: kf-apply-def case-prod-unfold)
next
case Fulse
with assms show ?thesis
by (simp add: kf-apply-pos)
qed

lift-definition kf-domain :: <('a::chilbert-space,’b:: chilbert-space,’x) kraus-family = 'z sets is
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AE. snd < &,

lemma kf-apply-clinear|[iff]: <clinear (kf-apply &)
by (auto introl: clinearl kf-apply-plus-right kf-apply-scaleC mult.commute)

lemma kf-apply-0-right[iff]: <kf-apply € 0 = 0>
by (metis ab-left--minus kf-apply-plus-right kf-apply-uminus-right)

lift-definition kf-operators :: «('a::chilbert-space,’b:: chilbert-space,’z) kraus-family = (‘a =c¢p,
'b) set is
<image fst : (Ya =cr b x 'z) set = (‘a =cr 'b) seb.

2.2 Bound and norm

lift-definition kf-bound :: «(’a::chilbert-space, 'b::chilbert-space, 'x) kraus-family = ('a =¢p
‘a)y is
AE. infsum-in cweak-operator-topology (A(E,z). Ex ocr E) &) .

lemma kf-bound-def":

<kf-bound € = Rep-cblinfun-wot (Y o (E,x)€ Rep-kraus-family €. compose-wot (adj-wot (Abs-cblinfun-wot
E)) (Abs-cblinfun-wot E))»

unfolding kf-bound.rep-eq infsum-euclidean-eq[symmetric]

apply transfer’

by simp

definition <kf-norm € = norm (kf-bound €))

lemma kf-norm-sum-bdd: <bdd-above (AF. norm (> (E,x)€F. Ex ocyr, E)) ‘{F. F C Rep-kraus-family
& A finite F})»
proof —
from Rep-kraus-family[of €]
obtain B where B-bound: «(>_ (E,x)€F. Ex ooy E) < B) if «F C Rep-kraus-family ¢ and
<finite F'y for F
by (metis (mono-tags, lifting) bdd-above.unfold imagel kraus-family-def mem-Collect-eq)
have <norm (3 (E,z)€F. Ex ocr, E) < norm B> if <F C Rep-kraus-family & and «finite F
for F
by (metis (no-types, lifting) B-bound norm-cblinfun-mono positive-cblinfun-squarel split-def
sum-nonneg that(1) that(2))
then show <bdd-above (AF. norm (3. (E,x)€F. Ex ocy F)) ‘{F. F C Rep-kraus-family €
A finite F})»
by (metis (mono-tags, lifting) bdd-abovel2 mem-Collect-eq)
qed

lemma kf-norm-geqO|[iff]:
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shows <kf-norm & > 0
proof (cases <Rep-kraus-family € # {}»)
case True
then obtain £ where <E € Rep-kraus-family > by auto
have (0 < (| |Fe{F. F C Rep-kraus-family € A finite F}. norm (3. (E,x)€F. Ex ocr E))
apply (rule cSUP-upper2[where z={E}])
using True by (simp-all add: <E € Rep-kraus-family & kf-norm-sum-bdd)
then show ?thesis
by (simp add: kf-norm-def True)
next
case Fulse
then show ?thesis
by (auto simp: kf-norm-def)
qed

lemma kf-bound-has-sum:
shows <has-sum-in cweak-operator-topology (A(E,z). Ex oc, E) (Rep-kraus-family €) (kf-bound
)
proof —
obtain B where B: (finite F = F C Rep-kraus-family € = (>_ (E,z)€F. Ex ocp E) <
B) for F
using Rep-kraus-family[of €]
by (auto simp: kraus-family-def case-prod-unfold bdd-above-def)
have (summable-on-in cweak-operator-topology (AM(E, ). Ex ocr, E) (Rep-kraus-family &)»
using B by (auto intro!: summable-wot-boundedl positive-cblinfun-squarel simp: kraus-family-def)
then show ?thesis
by (auto introl: has-sum-in-infsum-in simp: kf-bound-def)
qed

lemma kraus-family-iff-summable:
<kraus-family € «— summable-on-in cweak-operator-topology (M(E,z). Ex ocr, E) € A 0 ¢
fst © &
proof (intro iffI conjI)
assume <kraus-family &
have (summable-on-in cweak-operator-topology (A(E,x). Ex ooy, E) (Rep-kraus-family (Abs-kraus-family
&)
using <kraus-family &> kf-bound-has-sum summable-on-in-def by blast
with <kraus-family & show (summable-on-in cweak-operator-topology (A(E,z). Ex oo, E) &)
by (simp add: Abs-kraus-family-inverse)
from <kraus-family € show <0 ¢ fst < &
using kraus-family-def by blast
next
assume <summable-on-in cweak-operator-topology (A(E,x). Ex oo, E) € A 0 ¢ fst * &
then show <kraus-family &
by (auto intro!: summable-wot-bdd-above[where X=€&| positive-cblinfun-squarel simp: kraus-family-def)
qed

lemma kraus-family-iff-summable’:
<kraus-family € «— (MN(E,x). Abs-cblinfun-wot (Ex ocy E)) summable-on € A 0 ¢ fst < &
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apply (transfer’ fizing: €)
by (simp add: kraus-family-iff-summable)

lemma kf-bound-summable:
shows <summable-on-in cweak-operator-topology (A\(E,z). Ex ocr E) (Rep-kraus-family &)»
using kf-bound-has-sum summable-on-in-def by blast

lemma kf-bound-has-sum':

shows «((A(E,z). compose-wot (adj-wot (Abs-cblinfun-wot E)) (Abs-cblinfun-wot E)) has-sum
Abs-cblinfun-wot (kf-bound €)) (Rep-kraus-family &)»

using kf-bound-has-sum[of €]

apply transfer’

by auto

lemma kf-bound-summable’:

((A(E,z). compose-wot (adj-wot (Abs-cblinfun-wot E)) (Abs-cblinfun-wot E)) summable-on
Rep-kraus-family €)»

using has-sum-imp-summable kf-bound-has-sum’ by blast

lemma kf-bound-is-Sup:
shows <is-Sup (AF. > (E,z)€F. Ex ocr E) ‘{F. finite F N F C Rep-kraus-family ¢})
(kf-bound €)»
proof —
from Rep-kraus-family[of €]
obtain B where «finite F = F C Rep-kraus-family ¢ = (3 (E,z)€F. Ex ocy E) < B»
for F
by (metis (mono-tags, lifting) bdd-above.unfold imagel kraus-family-def mem-Collect-eq)
then have <is-Sup (A\F. > (E,z)€F. Ex ocr, E) ‘{F. finite F N F C Rep-kraus-family €})
(infsum-in cweak-operator-topology (A(E, z). Ex ocr E) (Rep-kraus-family €))»
apply (rule infsum-wot-is-Sup[OF summable-wot-boundedl [where B=DB]))
by (auto intro!: summable-wot-boundedI positive-cblinfun-squarel simp: case-prod-beta)
then show ?thesis
by (auto introl: simp: kf-bound-def)
qed

lemma kf-bound-leql:
assumes (\F. finite F = F C Rep-kraus-family ¢ = (> (E,x)€F. Ex ocr, E) < B)
shows (kf-bound ¢ < B)
using kf-bound-is-Suplof €]
by (simp add: assms is-Sup-def)

lemma kf-bound-pos[iff]: <kf-bound & > 0»

using kf-bound-is-Sup|of €]

by (metis (no-types, lifting) empty-subsetl finite.emptyl image-iff is-Sup-def mem-Collect-eq
sum.empty)

lemma not-not-singleton-kf-norm-0:
fixes € :: «('a::chilbert-space,’b:: chilbert-space,’t) kraus-family
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assumes (— class.not-singleton TYPE('a)»
shows <«kf-norm & = 0
by (simp add: not-not-singleton-cblinfun-zero[OF assms| kf-norm-def)

lemma kf-norm-sum-leql:
assumes A\ F. finite F = F C Rep-kraus-family € = norm (>_ (E,z)€F. Ex ocr E) <
B
shows «kf-norm € < B»
proof —
have bpos: <B > 0»
using assms[of «{})] by auto
wlog not-singleton: <class.not-singleton TYPE('a)> keeping bpos
using not-not-singleton-kf-norm-0[OF negation, of €]
by (simp add: <B > 0)
have [simp]: <norm (id-cblinfun :: 'a =cp 'a) = D>
apply (rule norm-cblinfun-id[internalize-sort’ 'a))
apply (rule complez-normed-vector-azioms)
by (rule not-singleton)
have x*: <selfadjoint (> (E,x)€F. Ex ocy E)» for F :: <(("a =¢cr 'b x 'c) set
by (auto intro!: pos-imp-selfadjoint sum-nonneg intro: positive-cblinfun-squarel )
from assms
have (AF. finite F = F C Rep-kraus-family ¢ = (3 (E,x)€F. Ex ocp E) < B x*p
td-cblinfun»
apply (rule less-eq-scaled-id-norm)
by (auto intro!: x )
then have «kf-bound € < B xg id-cblinfun)
using kf-bound-leql by blast
then have norm (kf-bound €) < norm (B *g (id-cblinfun :: 'a =c 'a))
apply (rule norm-cblinfun-mono[rotated))
by simp
then show ?thesis
using bpos by (simp add: kf-norm-def)
qed

lemma kf-bound-geq-sum:
assumes M C Rep-kraus-family &
shows <> (E,-)eM. Ex ocyp E) < kf-bound &
proof (cases <finite M>)
case True
then show ?thesis
using kf-bound-is-Suplof €]
apply (simp add: is-Sup-def case-prod-beta)
using assms by blast
next
case Fulse
then show ?thesis
by simp
qed
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lemma kf-norm-geg-norm-sum:
assumes M C Rep-kraus-family &
shows (norm (> (E,-)eM. Ex ocp E) < kf-norm &)
using kf-bound-geq-sum assms
by (auto introl: norm-cblinfun-mono sum-nonneg
intro: positive-cblinfun-squarel
simp add: kf-norm-def case-prod-beta)

lemma kf-bound-finite: <kf-bound € = (> (E,z)€Rep-kraus-family €. Ex ocy E)» if «finite
(Rep-kraus-family &)»
by (auto intro: kraus-family-if-finite simp: kf-bound-def that infsum-in-finite)

lemma kf-norm-finite: <kf-norm & = norm (>_ (E,z)€ Rep-kraus-family €. Ex ocyp E)»
if <finite (Rep-kraus-family €)»
by (simp add: kf-norm-def kf-bound-finite that)

lemma kf-apply-bounded-pos:
assumes <@ > 0
shows <norm (kf-apply € o) < kf-norm € x norm o>
proof —
have <norm (kf-apply € 9) = Re (trace-tc (3 oo (E,-)€ Rep-kraus-family €. sandwich-tc E 0))»
apply (subst Re-complez-of-real[symmetric])
apply (subst norm-tc-pos)
using <o > 0> apply (rule kf-apply-pos)
by (simp add: kf-apply-def case-prod-unfold)
also have «... = (3 o« (E,-)€Rep-kraus-family €. Re (trace-tc (sandwich-tc E p)))»
using kf-apply-summable|[of - €]
by (simp-all flip: infsum-bounded-linear|of «Az. Re (trace-tc x))]
add: case-prod-unfold bounded-linear-compose|of Re trace-tc] bounded-linear-Re
o-def bounded-clinear.bounded-linear)
also have «... < kf-norm € % norm o
proof (rule infsum-le-finite-sums)
show «(A(E,-). Re (trace-tc (sandwich-tc E p))) summable-on (Rep-kraus-family €)»
unfolding case-prod-beta
apply (rule summable-on-bounded-linear[unfolded o-def, where h=<\z. Re (trace-tc x)])
using kf-apply-summable|of - €]
by (simp-all flip: infsum-bounded-linear|of «Az. Re (trace-tc x))]
add: bounded-linear-compose|of Re trace-tc] bounded-linear-Re bounded-clinear.bounded-linear

o-def trace-tc-scaleC assms kf-apply-def case-prod-unfold)
fix M :: «(('la =cr 'b) X ‘c) set» assume <finite M» and <M C Rep-kraus-family &
have (3 (E,-)eM. Re (trace-tc (sandwich-tc E )))
= (3°(E,-)eM. Re (trace (E ocy from-trace-class ¢ ocy Ex)))
by (simp add: trace-tc.rep-eq from-trace-class-sandwich-te sandwich-apply scaleC-trace-class.rep-eq
trace-scaleC')
also have «... = (3 (E,-)eM. Re (trace (Ex ocr E ocr from-trace-class p)))»
apply (subst circularity-of-trace)
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by (auto introl: trace-class-comp-right simp: cblinfun-compose-assoc)
also have «... = Re (trace ((3_ (E,-)€M. Ex ocy, E) ocr from-trace-class 0))»
by (simp only: trace-class-scaleC trace-class-comp-right trace-class-from-trace-class case-prod-unfold

flip: Re-sum trace-scaleC trace-sum cblinfun.scaleC-left cblinfun-compose-scaleC-left
cblinfun-compose-sum-left)

also have «... < emod (trace (3 (E,-)eM. Ex ocr, E) ocyr from-trace-class p))»
by (rule complez-Re-le-cmod)

also have «... < norm (3> (E,-)eM. Ex ocy, E) x trace-norm (from-trace-class g)»
apply (rule cmod-trace-times)
by simp

also have «... < kf-norm € % norm o

apply (simp add: flip: norm-trace-class.rep-eq)
apply (rule mult-right-mono)
apply (rule kf-norm-geq-norm-sum)
using assms <M C Rep-kraus-family &> by auto
finally show «(> (E,-)eM. Re (trace-tc (sandwich-tc E 9))) < kf-norm & % norm o
by —
qed
finally show ?thesis
by —
qed

lemma kf-apply-bounded:
— We suspect the factor 4 is not needed here but don’t know how to prove that.
«norm (kf-apply € 9) < 4 * kf-norm & x norm o
proof —
have auz: <4/ * x =z + x + = + 2 for z :: real
by auto
obtain o1 02 p3 o4 where p-decomp: <o = 01 — 02 4+ i %c 03 — i *x¢ 04>
and pos: <p1 > 0> <02 > 0> <03 > 0> <04 > 0>
and norm: <norm o1 < norm > <norm 2 < norm > <norm 03 < norm gy <norm 04 <
norm o)
apply atomize-elim using trace-class-decomp-4pos’lof o] by blast
have <norm (kf-apply € o) <
norm (kf-apply € o1) +
norm (kf-apply € 02) +
norm (kf-apply € 03) +
norm (kf-apply € 04)»
by (auto introl: norm-triangle-le norm-triangle-le-diff
simp add: o-decomp kf-apply-plus-right kf-apply-minus-right
kf-apply-scaleC)
also have «... <
kf-norm € x norm ol
+ kf-norm € x norm 02
+ kf-norm € x norm 038
+ kf-norm € x norm 04>
by (auto intro!: add-mono simp add: pos kf-apply-bounded-pos)

also have «... = kf-norm € x (norm o1 + norm 92 + norm 038 + norm 04 )
by argo
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also have «... < kf-norm € x (norm o + norm ¢ + norm o + norm o))
by (auto introl: mult-left-mono add-mono kf-norm-geq0
simp only: aux norm)

also have «... = 4/ x kf-norm & % norm o»
by argo
finally show ?thesis
by —
qed

lemma kf-apply-bounded-clinear[bounded-clinear]:
shows <bounded-clinear (kf-apply €)»
apply (rule bounded-clinearI[where K=</ * kf-norm &])
apply (auto introl: kf-apply-plus-right kf-apply-scaleC mult.commute)[2]
using kf-apply-bounded
by (simp add: mult.commute)

lemma kf-bound-from-map: <y -¢ kf-bound € ¢ = trace-tc (€ xy, tc-butterfly ¢ V)
proof —
have <has-sum-in cweak-operator-topology (A(E,x). Ex ooy, E) (Rep-kraus-family €) (kf-bound
)
by (simp add: kf-bound-has-sum)
then have «((A(E, z). ¥ ¢ (Ex ocr, E) ) has-sum ¢ ¢ kf-bound & ) (Rep-kraus-family
¢)
by (auto intro!: simp: has-sum-in-cweak-operator-topology-pointwise case-prod-unfold)
moreover have (((\(E, z). ¥ -¢ (Ex ocr E) ) has-sum trace-tc (kf-apply € (tc-butterfly ¢
¥))) (Rep-kraus-family €)»
proof —
have x: <trace-te (sandwich-tc E (tc-butterfly ¢ ¥)) = ¢ ¢ (Ex ocr E) ¢ for E :: <'a =7,
by
by (auto introl: simp: trace-tc.rep-eq from-trace-class-sandwich-tc
sandwich-apply tc-butterfly.rep-eq circularity-of-trace[symmetric, of - E]
trace-class-comp-left cblinfun-compose-assoc trace-butterfly-comp)
from kf-apply-has-sum Rep-kraus-family[of €]
have «((A(E,z). sandwich-tc E (tc-butterfly ¢ ©)) has-sum kf-apply € (tc-butterfly ¢ 1))
(Rep-kraus-family &)»
by blast
then have ((A(E,z). trace-tc (sandwich-tc E (tc-butterfly ¢ 1))) has-sum trace-tc (kf-apply
¢ (te-butterfly ¢ ))) (Rep-kraus-family &)»
unfolding case-prod-unfold
apply (rule has-sum-bounded-linear|rotated, unfolded o-def])
by (simp add: bounded-clinear.bounded-linear)
then
show ?thesis
by (simp add: * )
qed
ultimately show ?thesis
using has-sum-unique by blast
qed
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lemma trace-from-kf-bound: <trace-tc (€ xy, ) = trace-tc (compose-tcr (kf-bound €) )
proof —
have (separating-set bounded-clinear (Collect rank1-tc)»
apply (rule separating-set-bounded-clinear-dense)
by simp
moreover have <bounded-clinear (\a. trace-tc (€ *p,. a))
by (intro bounded-linear-intros)
moreover have (bounded-clinear (Ma. trace-tc (compose-ter (kf-bound &) a))»
by (intro bounded-linear-intros)
moreover have <trace-tc (€ %, t) = trace-tc (compose-tcr (kf-bound &) t)y if <t € Collect
rankl-tc) for ¢
proof —
from that obtain z y where t: «t = tc-butterfly z y»
apply (transfer’ fixing: = y)
by (auto simp: rankl1-iff-butterfly)
then have <trace-tc (€ . t) = y -¢ kf-bound € x»
by (simp add: kf-bound-from-map)
also have «... = trace-tc (compose-tcr (kf-bound €) (tc-butterfly © y))»
apply (transfer’ fizing: = y €)
by (simp add: trace-butterfly-comp’)
also have «... = trace-tc (compose-ter (kf-bound €) t)»
by (simp add: t)
finally show ?thesis
by —
qged
ultimately show ?thesis
by (rule eg-from-separatingl [where P=bounded-clinear and S=<Collect ranki-tcy, THEN
fun-cong))
qed

lemma kf-bound-selfadjoint[iff]: <selfadjoint (kf-bound &)
by (simp add: positive-selfadjointl)

lemma kf-bound-leg-kf-norm-id:
shows «kf-bound € < kf-norm & xg id-cblinfun»
by (auto intro!: less-eq-scaled-id-norm simp: kf-norm-def)

2.3 Basic Kraus families

lemma kf-emptyset[iff]: <kraus-family {}
by (auto simp: kraus-family-def)

instantiation kraus-family :: (chilbert-space, chilbert-space, type) (zero» begin
lift-definition zero-kraus-family :: <('a,’b,'z) kraus-familyy is «{}»
by simp
instance..
end
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lemma kf-apply-0[simp): <kf-apply 0 = 0>
by (auto simp: kf-apply-def zero-kraus-family.rep-eq)

lemma kf-bound-0[simpl: <kf-bound 0 = 0»
by (metis (mono-tags, lifting) finite.intros(1) kf-bound.rep-eq kf-bound-finite sum-clauses(1)
zero-kraus-family.rep-eq)

lemma kf-norm-0[simp]: <kf-norm 0 = 0
by (simp add: kf-norm-def zero-kraus-family.rep-eq)

lift-definition kf-of-op :: <(‘a::chilbert-space =, 'b::chilbert-space) = (‘a, 'b, unit) kraus-family»
is

AE:'a=cr'b. if E = 0 then {} else {(E, ()}

by (auto intro: kraus-family-if-finite)

lemma kf-of-op0[simpl: <kf-of-op 0 = 0>
apply transfer’
by simp

lemma kf-of-op-norm[simp): <kf-norm (kf-of-op E) = (norm E)?
by (simp add: kf-of-op.rep-eq kf-norm-finite)

lemma kf-operators-in-kf-of-op[simp): <kf-operators (kf-of-op U) = (if U = 0 then {} else {U})»
apply (transfer’ fizing: U)
by simp

lemma kf-domain-of-op[simpl: <kf-domain (kf-of-op A) = {()}» if <A # O»

apply (transfer’ fizing: A)
using that by auto

definition <kf-id = kf-of-op id-cblinfun»

lemma kf-domain-id[simpl: <kf-domain (kf-id :: ('a::{chilbert-space,not-singleton},-,-) kraus-family)

={0p
by (simp add: kf-id-def)

lemma kf-of-op-id[simp]: <kf-of-op id-cblinfun = kf-id>
by (simp add: kf-id-def)

lemma kf-norm-id-leq!: <kf-norm kf-id < 1>
apply (simp add: kf-id-def del: kf-of-op-id)
apply transfer
by (auto intro!: power-le-one onorm-pos-le onorm-id-le)

lemma kf-norm-id-eql [simp): <kf-norm (kf-id :: (‘a :: {chilbert-space, not-singleton},’a,unit)
kraus-family) = 1»
by (auto intro!: antisym kf-norm-id-leql simp: kf-id-def simp del: kf-of-op-id)

lemma kf-operators-in-kf-id[simp]: <kf-operators kf-id = (if (id-cblinfun::'a:: chilbert-space=c1,-)=0
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then {} else {id-cblinfun::'a=cr-})
by (simp add: kf-id-def del: kf-of-op-id)

instantiation kraus-family :: (chilbert-space, chilbert-space, type) scaleR begin
lift-definition scaleR-kraus-family :: <real = ('a::chilbert-space,’d:: chilbert-space,’z) kraus-family
= ('a,’b,’z) kraus-family is
Ar € if r < 0 then {} else (AM(E,x). (sqrt r xg E, x)) ‘&
proof (rename-tac v €)
fix rand € :: <("a =¢cp b X 'x) set
assume asm: <€ € Collect kraus-family>
define scaled where (scaled = (M(E, y). (sqrt v *g E, y)) ‘' &
show <(if r < 0 then {} else scaled) € Collect kraus-family
proof (cases <r > 0»)
case True
obtain B where B: (> o (E,2)eM. Ex ocr, E) < B) if <M C & and «finite M for M
using asm
by (auto intro!: simp: kraus-family-def bdd-above-def)
have (> o (E,z)EM. Ex oo E) < 1 xg By if Mr€: «M C scaled> and «finite M» for M
proof —
define M’ where <M’ = (\(E,z). (E /gr sqrt r, z)) * M>
then have «finite M’
using that(2) by blast
moreover have (M’ C &
using Mr€& True by (auto intro!: simp: M'-def scaled-def)
ultimately have 1: «(}_ (E,x)eM’. Ex ocp F) < B
using B by auto
have 2: ()" (E.x)eM. Ex ocp, E) = r xg (O oo(E,x)eM’. Ex ocyp, E)
apply (simp add: M’-def case-prod-unfold)
apply (subst infsum-reindex)
using True
by (auto introl: inj-onl simp: o-def infsum-scaleR-right
simp flip: inverse-mult-distrib)
show ?thesis
using 1 2 True scaleR-le-cancel-left-pos by auto
qed
moreover have <0 ¢ fst ‘ scaled> if <r # 0
using asm that
by (auto intro!: simp: scaled-def kraus-family-def)
ultimately show #¢thesis
by (auto introl: simp: kraus-family-def bdd-above-def)
next
case Fulse
then show ?thesis
by (simp add: scaled-def)
ged
qed
instance..
end
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lemma kf-scale-apply:
assumes <(r > (>
shows <kf-apply (r xgr €) 0 = r xg kf-apply € o
proof (cases <r > 0»)
case True
then show ?thesis
apply (simp add: scaleR-kraus-family.rep-eq kf-apply-def)
apply (subst infsum-reindex)
by (auto introl: inj-onl
simp: kf-apply-def case-prod-unfold
o-def sandwich-tc-scaleR-left cblinfun.scaleR-left infsum-scaleR-right)
next
case Fulse
with assms show ?thesis
by (simp add: kf-apply.rep-eq scaleR-kraus-family.rep-eq)
qed

lemma kf-bound-scale[simpl: <kf-bound (c xg €) = ¢ xg kf-bound & if ¢ > O»
apply (rule cblinfun-cinner-eqI)
using that
by (simp add: kf-bound-from-map cblinfun.scaleR-left kf-scale-apply scaleR-scaleC trace-tc-scaleC')

lemma kf-norm-scale[simp]: <kf-norm (¢ *gr €) = ¢ * kf-norm & if <¢ > O»
by (simp add: kf-norm-def that)

lemma kf-of-op-apply: <kf-apply (kf-of-op E) o = sandwich-tc E o
by (simp add: kf-apply-def kf-of-op.rep-eq)

lemma kf-id-apply[simp]: <kf-apply kf-id o = o
by (simp add: kf-id-def kf-of-op-apply del: kf-of-op-id)

lemma kf-scale-apply-neg:
assumes < < 0
shows <kf-apply (r *r €) = 0»
apply (transfer fizing: r)
using assms
by (auto introl: ext simp: scaleR-kraus-family.rep-eq kf-apply.rep-eq)

lemma kf-apply-0-left[iff]: <kf-apply 0 o0 = 0>
apply (transfer’ fizing: o)
by simp

lemma kf-bound-of-op[simp]: <kf-bound (kf-of-op A) = Ax ocp A»
by (simp add: kf-bound-def kf-of-op.rep-eq infsum-in-finite)

lemma kf-bound-id[simp|: <kf-bound kf-id = id-cblinfuns
by (simp add: kf-id-def del: kf-of-op-id)
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2.4 Filtering

lift-definition kf-filter :: «('z = bool) = (‘a::chilbert-space, 'b::chilbert-space, 't) kraus-family
= (‘a::chilbert-space, 'b::chilbert-space, 'x) kraus-family is
A(P::'z = bool) €. Set.filter (A\(E,x). Pz) &
proof (rename-tac P €, rule CollectI)
fix P&
assume (& € Collect kraus-family>
then have (kraus-family &
by simp
then have <bdd-above (sum (A(E, z). Ex ocp, E) ‘{F. finite F N F C €})
by (simp add: kraus-family-def)
then have <bdd-above (sum (AM(E, z). Ex ocr, E) ‘{F. finite F N F C Set.filter P €})»
apply (rule bdd-above-mono?2)
by auto
moreover from <kraus-family & have <0 ¢ fst ¢ Set.filter P &
by (auto simp add: kraus-family-def)
ultimately show <kraus-family (Set.filter P &)»
by (simp add: kraus-family-def)
qed

lemma kf-filter-false[simp]: <kf-filter (\-. False) € = 0»
apply transfer by auto

lemma kf-filter-true[simpl: <kf-filter (A-. True) € = &
apply transfer by auto

definition <kf-apply-on € S = kf-apply (kf-filter (\z. z € S) &)
notation kf-apply-on (- i, Q-/ - [71, 1000, 70] 70)

lemma kf-apply-on-pos:
assumes ¢ > 0
shows («kf-apply-on € X o0 > 0>
by (simp add: kf-apply-on-def kf-apply-pos assms)

lemma kf-apply-on-bounded-clinear|bounded-clinear]:
shows <bounded-clinear (kf-apply-on € X))
by (simp add: kf-apply-on-def kf-apply-bounded-clinear)

lemma kf-filter-twice:
kf-filter P (kf-filter @ €) = kf-filter (A\x. Pz A Q z) &
apply (transfer’ fizing: P Q)
by auto

lemma kf-apply-on-union-has-sum:
assumes (AX Y. XeéF — YeF — X#£Y = disint X ¥
shows (((AX. kf-apply-on € X o) has-sum (kf-apply-on € ((JF) o)) F>
proof —
define EE EEf where (EE = Rep-kraus-family € and <EEf X = Set.filter (\(E,x). z€X)
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EE) for X
have inj: <inj-on snd (SIGMA X:F. EEf X))
using assms by (force introl: simp: inj-on-def disjni-def EEf-def)
have snd-Sigma: <snd ‘* (SIGMA X:F. EEf X) = EEf (I F)
apply (subgoal-tac <Na b z. (a, b)) € FE =z € F = b € © = (a, b) € snd ‘ (SIGMA
X:F. Set.filter (\(E, z). x € X) EE)»)
apply (auto simp add: EEf-def)[1]
by force
have map’-infsum: kf-apply-on € X o0 = (3. «(E, z)€EEf X. sandwich-tc E o)) for X
by (simp add: kf-apply-on-def kf-apply.rep-eq EEf-def kf-filter.rep-eq EE-def case-prod-unfold)
have has-sum: <((A(E,x). sandwich-tc E 9) has-sum (kf-apply-on € X o)) (EEf X)» for X
using kf-apply-has-sum|of o <kf-filter (A\z. z € X) &]
by (simp add: kf-apply-on-def kf-filter.rep-eq EEf-def EE-def)
then have «((A(E,z). sandwich-tc E 9) has-sum (kf-apply-on € (| F) 0)) (snd ‘ (SIGMA X:F.
EEf X))
by (simp add: snd-Sigma)
then have «(A(X,(E,z)). sandwich-tc E g) has-sum (kf-apply-on € (JF) o)) (SIGMA X:F.
EEf X)»
apply (subst (asm) has-sum-reindex)
apply (rule inj)
by (simp add: o-def case-prod-unfold)
then have «((AX. > «(E, 2)€EEf X. sandwich-tc E p) has-sum kf-apply-on € (JF) o) F»
by (rule has-sum-Sigma’-banach)
then show «((AX. kf-apply-on € X o) has-sum kf-apply-on € (|J F) o) F>
by (auto intro: has-sum-cong| THEN iffD2, rotated] simp: map’-infsum)
qed

lemma kf-apply-on-empty[simp|: <kf-apply-on E {} 0 = O»
by (simp add: kf-apply-on-def)

lemma kf-apply-on-union-eql:
assumes (A\X Y. (X,Y)eF = kf-apply-on € X o = kf-apply-on § Y o
assumes (AX Y X' V' (X,)Y)eF = (X|YV)eF = (X, Y)#(XY') = disjnt X X"
assumes (AX Y X' V' (X,Y)eF = (X|V)eF = (X,V)#A(X"Y') = disint Y Y
assumes XX: (XX = J(fst ‘ F)» and YY: <YY = {J(snd ‘ F)»
shows «kf-apply-on € XX o = kf-apply-on § YY o
proof —
define F’' where «(F' = Set.filter (A\(X,Y). X#£{} N Y£{}) >
have inj1: <inj-on fst F'
apply (rule inj-onl)
using assms(2)
unfolding F’-def
by fastforce
have inj2: <inj-on snd F"
apply (rule inj-onl)
using assms(3)
unfolding F'-def
by fastforce
have «((AX. kf-apply-on € X o) has-sum kf-apply-on € XX o) (fst < F)»
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unfolding XX
apply (rule kf-apply-on-union-has-sum)
using assms(2) by force
then have «((AX. kf-apply-on € X o) has-sum kf-apply-on € XX o) (fst * F')
proof (rule has-sum-cong-neutral|OF - - refl, THEN iffD2, rotated —1])
show <(kf-apply-on € X o= 0 if <X € fst ‘F' — fst ‘' F) for X
using that by (auto simp: F'-def)
show <kf-apply-on € X o= 0y if <X € fst ‘' F — fst ‘' F'y for X
proof —
from that obtain Y where «(X,Y) € Fr and <X = {} V Y = {}
apply atomize-elim
by (force introl: simp: F'-def)
then consider (X) «X = {} | (Y)Y ={p
by auto
then show ?thesis
proof cases
case X
then show ?thesis
by simp
next
case Y
then have kf-apply-on § Y o = 0>
by simp
then show ?thesis
using «((X, Y) € F» assms(1) by presburger
qed
qed
qed
then have suml: «(M(X,Y). kf-apply-on € X o) has-sum kf-apply-on € XX o) F"
apply (subst (asm) has-sum-reindezx)
using injl by (auto intro!: simp: o-def case-prod-unfold)
have «((\Y. kf-apply-on § Y o) has-sum kf-apply-on § YY o) (snd ‘ F))
unfolding YY
apply (rule kf-apply-on-union-has-sum)
using assms(3) by force
then have «((\Y. kf-apply-on § Y o) has-sum kf-apply-on § YY o) (snd ‘ F')
proof (rule has-sum-cong-neutral|OF - - refl, THEN iffD2, rotated —1])
show (kf-apply-on §Y o= 0> if <Y € snd ‘ F' — snd ‘' F» for Y
using that by (auto simp: F'-def)
show <kf-apply-on §Y o= 0y if <Y € snd ‘F — snd ‘ F’» for Y
proof —
from that obtain X where «(X,Y) € Frand <X ={} v Y ={}h
apply atomize-elim
by (force introl: simp: F'-def)
then consider (X) «X = {} | (Y)Y ={p
by auto
then show ?thesis
proof cases
case Y
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then show ?thesis
by simp
next
case X
then have «kf-apply-on € X o = 0»
by simp
then show ?thesis
using (X, Y) € F) assms(1) by simp
qed
qed
qed
then have «(A(X,Y). kf-apply-on § Y o) has-sum kf-apply-on § YY o) F'
apply (subst (asm) has-sum-reindex)
using inj2 by (auto intro!: simp: o-def case-prod-unfold)
then have sum?2: <«(\(X,Y). kf-apply-on € X o) has-sum kf-apply-on § YY o) F"
apply (rule has-sum-cong| THEN iffD1, rotated —1])
using assms(1) by (auto simp: F'-def)
from suml sum2 show ?Zthesis
using has-sum-unique by blast
qed

lemma kf-apply-on-UNIV [simp]: <kf-apply-on € UNIV = kf-apply &
by (auto simp: kf-apply-on-def)

lemma kf-apply-on-CARD-1[simp]: <(A&. kf-apply-on € {x::-:CARD-1}) = kf-apply>
apply (subst asm-rijof <{z} = UNIV>])
by auto

lemma kf-apply-on-union-summable-on:
assumes (A\X V. XeF = YeF —= X#Y = disint X ¥
shows «(AX. kf-apply-on € X o) summable-on F»
using assms by (auto intro!: has-sum-imp-summable kf-apply-on-union-has-sum)

lemma kf-apply-on-union-infsum:
assumes (A\X V. XeF = YeF = X#£Y = disint X ¥
shows (> o X€F. kf-apply-on € X o) = kf-apply-on € (JF) o
by (metis assms infsuml kf-apply-on-union-has-sum)

lemma kf-bound-filter:
<kf-bound (kf-filler P &) < kf-bound &)
proof (unfold kf-bound.rep-eq, rule infsum-mono-neutral-wot)
show «summable-on-in cweak-operator-topology (A(E, z). Ex ocr, E) (Rep-kraus-family (kf-filter
P &)
using Rep-kraus-family kraus-family-iff-summable by blast
show (summable-on-in cweak-operator-topology (M E, z). Ex ocr E) (Rep-kraus-family &)»
using Rep-kraus-family kraus-family-iff-summable by blast
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fix Ex :: <'a =¢cr b x ‘o

show «(case Ex of (E, t) = Ex ocr E) < (case Ezx of (E, x) = Ex ocp E)
by simp

show (0 < (case Ex of (E, ) = Ex ocr E)»
by (auto introl: positive-cblinfun-squarel simp: case-prod-unfold)

show «(case Ex of (E, z) = Ex ocr E) < 0
if <Ex € Rep-kraus-family (kf-filter P &) — Rep-kraus-family &
using that
by (auto simp: kf-filter.rep-eq)

qed

lemma kf-norm-filter:
<kf-norm (kf-filter P &) < kf-norm &)
unfolding kf-norm-def
apply (rule norm-cblinfun-mono)

by (simp-all add: kf-bound-filter)

lemma kf-domain-filter[simp]:
<kf-domain (kf-filter P E) = Set.filter P (kf-domain E)»
apply (transfer’ fixing: P)
by force

lemma kf-filter-0-right[simp): <kf-filter P 0 = 0>
apply (transfer’ fizing: P)
by auto

lemma kf-apply-on-0-right[simp]: <kf-apply-on € X 0 = 0»
by (simp add: kf-apply-on-def)

lemma kf-apply-on-0-left[simp]: <kf-apply-on 0 X o0 = 0>
by (simp add: kf-apply-on-def)

lemma kf-apply-on-mono3:
assumes <p < o)
shows (€ %, QX p < €& x5, QX o)
by (simp add: assms kf-apply-mono-right kf-apply-on-def)

lemma kf-apply-on-mono2:
assumes (X C Y and «p > 0>
shows (€ %, QX p < € x4, QY o)
proof —
wlog <Y # {}b
using assms(1) negation by auto
have [simp]: <X U Y = 1)
using assms(1) by blast
from kf-apply-on-union-infsum[where F=«{X, Y—X}) and ¢=¢€ and p=/)]
have <D Xe{X, Y — X}. € %, QX g) = € x4, QY o»
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by (auto simp: disjnt-iff sum.insert)

then have <€ %, QX g + € x5, Q(Y—-X) 0 = € x4, QY o
apply (subst (asm) sum.insert)
using <Y #£ {b
by auto

moreover have (€ %, Q(Y—-X) 0 > 0»
by (simp add: assms(2) kf-apply-on-pos)

ultimately show <& x;,. QX o < & %, QY o
by (metis le-add-same-cancell )

qed

lemma kf-operators-filter: <kf-operators (kf-filter P &) C kf-operators &
apply (transfer’ fizing: P)
by auto

lemma kf-equal-if-filter-equal:
assumes (A\z. kf-filter ((=)z) € = kf-filter ((=)z) B
shows <€ = §)»
using assms
apply transfer’
by fastforce

2.5 Equivalence

definition <kf-eq-weak € § <— kf-apply € = kf-apply §>
definition (kf-eq € § +— (Vz. kf-apply-on € {z} = kf-apply-on § {z})

open-bundle kraus-map-syntaz begin

notation kf-eg-weak (infix =, 50)

notation kf-eq (infix =, 50)

notation kf-apply (infixr <xg,.» 70)

notation kf-apply-on (- . Q-/ - [71, 1000, 70] 70)
end

lemma kf-eq-weak-refll[iff]: <z =g, x>
by (simp add: kf-eq-weak-def)

lemma kf-eq-weak-reflO[iff]: <0 =k, 0>
by (simp add: kf-eq-weak-def)

lemma kf-bound-cong:
assumes <& =, §
shows <«kf-bound & = kf-bound §>»
using assms by (auto intro!: cblinfun-cinner-eql simp: kf-eq-weak-def kf-bound-from-map)

lemma kf-norm-cong:
assumes (& =5, &
shows <kf-norm € = kf-norm &
using assms
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by (simp add: kf-norm-def kf-bound-cong)

lemma kf-eq-weakl:
assumes (No. 0 > 0 = € % 0 = §F *pr 0
shows <€ =4, &
unfolding kf-eq-weak-def
apply (rule eq-from-separatingl)
apply (rule separating-density-opsjwhere B=1])
using assms by auto

lemma kf-eql:
assumes (A\z 0. 0 > 0 = € %, Q{a} 0 = § *pr @z} o
shows (€ =, &
using kf-eq-weakl
using assms
by (auto simp: kf-eq-weak-def kf-eq-def kf-apply-on-def)

lemma kf-eq-weak-trans[trans|:
F =, G = G =, H— F =, H»
by (simp add: kf-eq-weak-def)

lemma kf-apply-eql:
assumes & =, §
shows (€ %, 0 = § *, @
using assms by (simp add: kf-eq-weak-def)

lemma kf-eg-imp-eq-weak:
assumes (& =, &
shows ¢ =5, &
unfolding kf-eq-weak-def
apply (subst kf-apply-on-UNIV [symmetric])+
apply (rule ext)
apply (rule kf-apply-on-union-eql [where F=<range (Az. ({z},{z}))> and ¢=¢ and F=3F))
using assms by (auto simp: kf-eq-def)

lemma kf-filter-cong-eq[cong]:
assumes <& = 3§
assumes (A\z. z € kf-domain € = Pz = Q
shows «kf-filter P € = kf-filter Q &>
using assms
apply transfer
by (force simp: kraus-family-def)

lemma kf-filter-cong:

assumes <& =5, §
assumes (\z. z € kf-domain € = Pz = Q ©
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shows (kf-filter P & =y, kf-filter Q §»
proof —
have <kf-apply (kf-filter (Aza. za = x A P za) €)
= kf-apply (kf-filter (Aza. za = x A Q za) €)) for z
proof (cases «x € kf-domain &)

case True

with assms have (P z = Q o>
by blast

then have «(A\za. za = A P za) = (Aza. za = z A Q za)>
by auto

then show ?thesis
by presburger
next
case Fulse
then have <kf-filter (Aza. za = © A P za) € = 0»
apply (transfer fizing: P x)
by force
have *: «(3_ o E€Set.filter (A(E, za). za = z A P za) €. sandwich-tc (fst E) o) = 0>
if <z ¢ snd ‘ Set.filter (A\(E, z). E # 0) & for € :: <('a =¢r 'b X 'c) set» and ¢ P
apply (rule infsum-0)
using that
by force
have <kf-apply (kf-filter (Aza. za = ¢ A P za) €) = 0» for P
using False
apply (transfer fizing: © P)
using *
by (force intro!: ext simp: kraus-family-def image-iff)
then show ?thesis
by simp
ged
also have <kf-apply (kf-filter (Aza. za = z A Q za) €)
= kf-apply (kf-filter (Aza. za = x A Q za) §)> for z
proof (cases <Q x»)
case True
then have <(z =z A Q 2) +— (z = z)» for z
by auto
with assms show ?thesis
by (simp add: kf-eq-def kf-apply-on-def)
next
case Fulse
then have [simp]: «(z = z A Q z) <— False) for z
by auto
show ?thesis
by (simp add: kf-eq-def kf-apply-on-def)
qed
finally show ?thesis
by (simp add: kf-eq-def kf-apply-on-def kf-filter-twice)
qed
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lemma kf-filter-cong-weak:
assumes <& =i, §
assumes (\z. z € kf-domain € = Pz = Q »»
shows «kf-filter P € =y, kf-filter @ &>
by (simp add: assms kf-eq-imp-eq-weak kf-filter-cong)

lemma kf-eg-refi[iff]: <& =g, &
using kf-eq-def by blast

lemma kf-eg-trans|trans:
assumes (¢ =, &
assumes <§ =, &)
shows (€ =, &)
by (metis assms(1) assms(2) kf-eq-def)

lemma kf-eg-sym|[sym]:
assumes <& =, §
shows (§ =i, &
by (metis assms kf-eq-def)

lemma kf-eq-weak-imp-eq-CARD-1:
fixes € § :: <(‘a::chilbert-space, 'b::chilbert-space, 'z:: CARD-1) kraus-family)
assumes (¢ =, &
shows (€ =, &
by (metis CARD-1-UNIV assms kf-eql kf-eq-weak-def kf-apply-on-UNIV)

lemma kf-apply-on-eql-filter:
assumes <kf-filter (A\z. z € X) € =, kf-filter (Az. z € X)
shows (€ x,,. QX p = §F *1,, QX o
proof (rule kf-apply-on-union-eqI[where F=<(Az.({z},{z})) ‘ X»])
show «(A, B) € (Az. ({z}, {z})) ‘ X =
(A’, By € (Az. ({2}, {=})) ‘X = (4, B) # (4', B') = disjnt A A"
for A B A’ B’
by force
show «(A, B) € (Az. ({z}, {z})) ‘ X =
(A’, By € (Az. ({z}, {=})) ‘X = (4, B) # (4', B) = disjnt B B"
for A B A’ B’

by force

show «X = J (fst * (\z. ({z}, {z})) * X)»
by simp

show «X = (snd * (Az. ({z}, {z})) ‘XD
by simp

show <€ x5, QA o = § %, QB o if «(A, B) € (Az. ({z}, {2})) ‘ X» for A B
proof —
from that obtain z where <z € X» and A: <A = {z}» and B: <B = {z}»
by blast
from <z € X> have x: Az’ z =2’ Az’ € X) = (\z’. 2’ = z)»
by blast
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from assms have kf-filter ((=)z) (kf-filter (A\z. © € X) &) =, kf-filter ((=)z) (kf-filter (Ax.
z e X)F»
by (simp add: kf-filter-cong-weak)
then have <kf-filter (\x'. x'=2) € =y, kf-filter (\z'. 2'=2) T
by (simp add: kf-filter-twice x cong del: kf-filter-cong-eq)
then have (€ xi, @Q{z} o0 = § ., Q{2z}
by (simp add: kf-apply-on-def kf-eq-weak-def)
then show ?thesis
by (simp add: A B)
qed
qed

lemma kf-apply-on-eql:
assumes <& =, §
shows (€ %, QX p = § *r,, QX o
apply (rule kf-apply-on-union-eql [where F=«(Az.({z},{z})) ‘ X»])
using assms by (auto simp: kf-eq-def)

lemma kf-apply-eqOI:
assumes (& =, ()
shows (€ xp,. o = O
using assms kf-eq-weak-def by force

lemma kf-eqg-weak0-imp-kf-eq0:
assumes (& =, ()
shows ¢ =,. 0»
proof —
have <€ %, @{z} o= 0» if <o > 0) for g
proof —
from assms have (€ xp,. QUNIV o = 0>
by (simp add: kf-eq-weak-def)
moreover have (€ x;,. @{z} o < € x,, QUNIV o>
apply (rule kf-apply-on-mono2)
using that by auto
moreover have (€ x;, Q{z} o0 > 0»
using that
by (simp add: kf-apply-on-pos)
ultimately show #thesis
by (simp add: basic-trans-rules(24))
ged
then show ?thesis
by (simp add: kf-eql)
qed

lemma kf-apply-on-eq0I:
assumes (& =, ()
shows (€ %, QX o = O»
proof —
from assms
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have ¢ =, 0>
by (rule kf-eq-weak0-imp-kf-eq0)
then have <€ %, QX o = 0 *, QX o
by (intro kf-apply-on-eql-filter kf-filter-cong refl)
then show ?thesis
by simp
qed

lemma kf-filter-to-domain|simp):
<kf-filter (Az. x € kf-domain €) € = &)
apply transfer
by (force simp: kraus-family-def)

lemma kf-eq-0-iff-eq-0: <E =y, 0 <— E = 0>
proof (rule iffI)
assume asm: (FE =g, 0>
show (£ = 0
proof (insert asm, unfold kf-eq-weak-def, transfer, rename-tac &)
fix € :: «('a =¢cr 'b x 'c) seb
assume (€ € Collect kraus-family>
then have <kraus-family &
by simp
have summablel: «(AE. sandwich-tc (fst E) o) summable-on & for o
apply (rule abs-summable-summable)
using kf-apply-abs-summable[OF <kraus-family €]
by (simp add: case-prod-unfold)
then have summable2: <(AE. sandwich-tc (fst E) o) summable-on €—{E}» for E o
apply (rule summable-on-subset-banach)
by simp
assume (Ao. > o E€€. sandwich-tc (fst E) 0) = (Ao. > o E€{}. sandwich-tc (fst E) o)»
then have sum0: «(}_ o E€€. sandwich-tc (fst E) p) = 0» for o
apply simp by meson
have sand-Fo-0: <sandwich-tc (fst E) o = 0» if <F € & and <9 > 0» for F ¢
proof (rule ccontr)
assume Fop-neq0: <sandwich-tc (fst E) o # 0»
have Fp-geq0: <sandwich-tc (fst E) o > 0»
by (simp add: <0 < o sandwich-tc-pos)
have Ep-ge0: <sandwich-tc (fst E) o > 0»
using Fo-neq0 Eo-geq0 by order
have ()" o E€€. sandwich-tc (fst E) o) = (3. o E€E—{E}. sandwich-tc (fst E) o) +
sandwich-tc (fst E) o
apply (subst asm-ri[of <€ = insert E (E—{E})])
using that apply blast
apply (subst infsum-insert)
by (auto intro!: summable2)
also have «... > 0 + sandwich-tc (fst E) o> (is <- > ...»)
by (simp add: <0 < gy infsum-nonneg-traceclass sandwich-tc-pos)
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also have «... > 0» (is - > ...»)
using Fo-gel
by simp
ultimately have (> o F€€. sandwich-tc (fst E) o) > 0>
by simp
then show Fulse
using sum0 by simp
ged
then have «fst E = 0» if <E € & for F
apply (rule sandwich-tc-eq0-D[where B=1])
using that by auto
then show <& = {}»
using <kraus-family &>
by (auto simp: kraus-family-def)
qed
next
assume F = 0
then show «F =, 0»
by simp
qed

lemma in-kf-domain-iff-apply-nonzero:
<z € kf-domain € «— kf-apply-on € {z} # O»
proof —
define ¢’ where (¢’ = Rep-kraus-family &
have «z ¢ kf-domain € «— (VY (E,z')€Rep-kraus-family €. z'#x)>
by (force simp: kf-domain.rep-eq)
also have «... +— (V(E,z')€Rep-kraus-family (kf-filter (\y. y=xz) €). False)»
by (auto simp: kf-filter.rep-eq)
also have «... <— Rep-kraus-family (kf-filter (A\y. y=z) €) = {}
by (auto simp:)
also have «... «— (kf-filter (Ay. y=2) €) = 0»
using Rep-kraus-family-inject zero-kraus-family.rep-eq by auto
also have «... +— kf-apply (kf-filter (Ay. y=z) €) = 0>
apply (subst kf-eq-0-iff-eq-0[symmetric])
by (simp add: kf-eq-weak-def)
also have «... «— kf-apply-on € {2} = 0>
by (simp add: kf-apply-on-def)
finally show ?thesis
by auto
qed

lemma kf-domain-cong:
assumes <& =i, §
shows «kf-domain € = kf-domain §>
apply (rule Set.set-eql)
using assms
by (simp add: kf-eq-def in-kf-domain-iff-apply-nonzero)
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lemma kf-eg-weak-sym|[sym]:
assumes (¢ =, &
shows (§ =¢, &
by (metis assms kf-eq-weak-def)

lemma kf-eql-from-filter-eq-weak:
assumes (A\z. kf-filter ((=) z) E =g, kf-filter ((=) z) F>
shows «F =, F»
using assms
apply (simp add: kf-eq-weak-def kf-eq-def kf-apply-on-def)
apply (subst flip-eq-const)
apply (subst flip-eq-const)
by simp

lemma kf-eqg-weak-from-separatingl:
fixes E :: «('q::chilbert-space,’r::chilbert-space,’t) kraus-family»
and F :: «('q,'r,"y) kraus-family>
assumes (separating-set (bounded-clinear :: (('q,’q) trace-class = ('r,’r) trace-class) = bool)
Sy
assumes (No. 0 € S = E # 0 = F #pr @
shows «F =, F»
proof —
have <kf-apply E = kf-apply F>
by (metis assms(1) assms(2) kf-apply-bounded-clinear separating-set-def)
then show ?thesis
by (simp add: kf-eq-weakI)
qed

lemma kf-eq-weak-eg-trans[trans): <a =g, b = b =g, ¢ = a =, ©
by (metis kf-eq-imp-eg-weak kf-eq-weak-def)

lemma kf-eq-eq-weak-trans[trans): <a =g b = b =g ¢ = a = ©
by (metis kf-eq-imp-eg-weak kf-eq-weak-def)

instantiation kraus-family :: (chilbert-space,chilbert-space,type) preorder begin
definition less-eq-kraus-family where (€ < §F +— (Vz.V 0>0. kf-apply-on € {z} o0 < kf-apply-on
3 {z} o)
definition less-kraus-family where (&€ < F+— E<FA - E =, B
lemma kf-antisym: <€ =5, F+—> E<FAF S E

for € F :: <(Va, 'b, 'c) kraus-family

by (smt (verit, ccfo-SIG) kf-apply-on-eql kf-eql less-eq-kraus-family-def order.refl

order-antisym-conv)

instance
proof (intro-classes)

fix €F & :: «(‘a, 'b, 'c) kraus-family)

show (E<F) = (E<FA-F<Ep

using kf-antisym less-kraus-family-def by auto
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show ¢ < &)
using less-eq-kraus-family-def by auto
show (€ < F—=3F <6 —= ¢ < &
by (meson basic-trans-rules(23) less-eq-kraus-family-def)
qed
end

lemma kf-apply-on-monol:
assumes (¢ < > and <o > 0
shows (€ %, QX o < § *r,, QX o
proof —
have [simp]: <J((Az. {z}) ‘* X) = X» for X :: ¢ set>
by auto
have ((AX. € %, QX p) has-sum € x, Q(J ((A\z. {z}) ‘ X)) o) ((Az. {z}) ‘ X)»
for € :: «((Ya, 'b, 'c) kraus-family> and X
apply (rule kf-apply-on-union-has-sum)
by auto
then have sum: ((AX. € xg, QX o) has-sum € i, QX o) ((Az. {z}) * X)»
for € :: «(Ya, 'b, 'c) kraus-family> and X
by simp
from assms
have leq: <€ xj, Q{z} o < §F *, @{z} o for z
by (simp add: less-eq-kraus-family-def)
show ?thesis
using sum sum apply (rule has-sum-mono-traceclass)
using leq by fast
qed

lemma kf-apply-mono-left: <€ < F = 0> 0 = € x5, 0 < § *pp O
by (metis kf-apply-on-UNIV kf-apply-on-monol)

lemma kf-apply-mono:
assumes <o > 0
assumes <& < §» and <p < o>
shows (€ x;, 0 < § *p, 0
by (meson assms(1,2,8) basic-trans-rules(23) kf-apply-mono-left kf-apply-mono-right)

lemma kf-apply-on-mono:
assumes <o > 0)
assumes (¢ < % and <X C Y) and <p < o
shows (€ %, QX p < §F *x,- QY o
apply (rule order.trans)
using assms(2,1) apply (rule kf-apply-on-monol)
apply (rule order.trans)
using assms(3,1) apply (rule kf-apply-on-mono2)
using assms(4) by (rule kf-apply-on-mono3)

lemma kf-one-dim-is-id[simp):
fixes € :: «(‘a::one-dim, 'a::one-dim, 'z) kraus-family)

38



shows (€ =, kf-norm € xg kf-id>
proof (rule kf-eq-weakl)
fix t :: <('a, 'a) trace-class
have €1pos[iff]: <€ *p,. 1 > 0>
apply (rule kf-apply-pos)
by (metis one-cinner-one one-dim-iso-of-one one-dim-scaleC-1 tc-butterfly-pos trace-te-butterfly
trace-tc-one-dim-iso)

have €t: (€ xi,. t = trace-tc t x¢ (€ g, 1)y if <NO-MATCH 1 trfor ¢
by (metis kf-apply-scaleC one-dim-scaleC-1 trace-tc-one-dim-iso)
have (kf-bound € = norm (& %y, 1) xg id-cblinfun)
proof (rule cblinfun-cinner-eql)
fixh:'a
assume <norm h = 1»
have <h ¢ kf-bound € h = one-dim-iso h x cnj (one-dim-iso h) x one-dim-iso (&€ g, 1)»
apply (subst kf-bound-from-map)
by (simp add: €t cinner-scaleR-right cblinfun.scaleR-left cdot-square-norm one-dim-tc-butterfly)
also have I: «... = one-dim-iso (€ *j,. 1)
by (smt (verit, best) <norm h = 1 cinner-simps(5) cnorm-eq-1 id-apply more-arith-simps(6)
mult.commute
one-dim-iso-def one-dim-iso-id one-dim-iso-is-of-complex one-dim-scaleC-1)

also have «... = trace-tc (€ *j, 1)
by simp
also have ... = norm (& xp, 1)

apply (subst norm-tc-pos)
by (simp-all add: €1pos)
also have «... = h «¢ (norm (€ *y, 1) *g id-cblinfun xy h)
by (metis <norm h = 1» cblinfun.scaleR-left cinner-commute cinner-scaleR-left cnorm-eq-1
complex-cnj-complez-of-real id-cblinfun.rep-eq mult.commute mult-cancel-right1)
finally show <h ¢ (kf-bound € xy h) = h ¢ (norm (€ %y, 1) xg id-cblinfun *y h)»
by —
qged
then have <kf-norm & = cmod (one-dim-iso (€ *p, 1))
by (simp add: kf-norm-def)
then have norm: <complez-of-real (kf-norm &) = one-dim-iso (& *j, 1))
using norm-tc-pos by fastforce

have ((one-dim-iso (€ *g,. t) :: complex) = one-dim-iso t x one-dim-iso (&€ g, 1)
by (metis (mono-tags, lifting) kf-apply-scaleC of-complez-one-dim-iso one-dim-iso-is-of-complex
one-dim-iso-scaleC one-dim-scaleC-1 scaleC-one-dim-is-times)
also have (... = one-dim-iso t x complex-of-real (kf-norm ),
by (simp add: norm)
also have «... = one-dim-iso (kf-norm € xp t)
by (simp add: scaleR-scaleC')
also have «... = one-dim-iso (kf-norm € xg kf-id *j, t)
by (simp add: kf-scale-apply)
finally show <€ x,. t = kf-norm & xg kf-id *p,. ©
using one-dim-iso-inj by blast
qed
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2.6 Mapping and flattening

definition kf-similar-elements :: <('a::chilbert-space, 'b::chilbert-space, 't) kraus-family = (‘a

=cr 'b) = (la =cr 'b x 'z) sety where

— All elements of the Kraus family that are equal up to rescaling (and belong to the same
output)

<kf-similar-elements € E = {(F,z) € Rep-kraus-family €. (3r>0. E = r xg F)}

definition kf-element-weight where
— The total weight (norm of the square) of all similar elements
<kf-element-weight € E = (3 o (F,-)€kf-similar-elements € E. norm (Fx ocr F))»

lemma kf-element-weight-geq0|[simpl: <kf-element-weight € E > 0»
by (auto intro!: infsum-nonneg simp: kf-element-weight-def)

lemma kf-similar-elements-abs-summable:
fixes € :: «('a::chilbert-space,’b::chilbert-space,’z) kraus-family
shows ((A\(F,-). Fx ocr F) abs-summable-on (kf-similar-elements € E)»
proof (cases <E = 0»)
case True
show ?thesis
apply (rule summable-on-conglwhere g=<\-. 0>, THEN iffD2])
by (auto simp: kf-similar-elements-def True)
next
case Fulse
then obtain ) where Ev: <F ¢ # 0>
by (metis cblinfun.zero-left cblinfun-eql)
define ¢ where «p = ((norm E)? / (¢ ¢ (Ex xy E %y 1)) *c ¥
have normFF: <norm (fst Fxx ocy, fst Fx) = ¢ -¢ (fst Fxx sy fst Fx vy @)
if «Fz € kf-similar-elements € E» for Fx
proof —
define F where <F = fst Fx»
have «(3ra. z = (ra x ) xg 2 if <r > 0> for r and z :: <a =¢p "B
apply (rule exI[of - <inverse r)])
using that
by auto
with that obtain r where FE: <F = r xp E)»
apply atomize-elim
by (auto simp: kf-similar-elements-def F-def)
show «norm (Fx ocr, F) = ¢ ¢ (Fx xy F xy o)
by (simp add: False @-def FE cblinfun.scaleR-left cblinfun.scaleR-right
cblinfun.scaleC-left cblinfun.scaleC-right cinner-adj-right E)
qged

have Yp-mono: <mono (AA. ) ¢ (A *v @)
proof (rule monol)

fix A B:<{a=¢cr 'w

assume (A < B)

then have <B — A > 0»
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by auto
then have <) -¢ (B — A) v ¢) > O»
by (simp add: cinner-pos-if-pos)
then have ) ¢ (B — A) xy ¢) > O»
by (auto intro!: mult-nonneg-nonneg
simp: p-def cblinfun.scaleC-right divide-inverse cinner-adj-right power2-eq-square)
then show <) «¢ (A xy ) < Y ¢ (B *y o)
by (simp add: cblinfun.diff-left cinner-diff-right)
ged

have -linear: <clinear (AA. 1 «¢ (A xy ©))
by (auto introl: clinearl simp: cblinfun.add-left cinner-add-right)

from Rep-kraus-family[of €]
have <bdd-above (AM. > (E, z)eM. Ex ocp E) ‘ {M. finite M N M C Rep-kraus-family
¢y
by (simp add: kraus-family-def)
then have (bdd-above (AM. > (F, z)eM. Fx ocr F) ‘{M. M C kf-similar-elements ¢ E
A finite M})»
apply (rule bdd-above-mono2[OF - - order.refl])
by (auto simp: kf-similar-elements-def)
then have <bdd-above (MAA. ¥ ¢ (A xv @) * (AM. Y. (F, 2)éM. Fx ocp F) ‘{M. M C
kf-similar-elements € E A finite M})»
by (rule bdd-above-image-mono[OF p-mono))
then have <bdd-above (AM. ¢ - (32 (F, 2)EM. Fx ocp F) xy ) ‘{M. M C kf-similar-elements
¢ E A finite M})»
by (simp add: image-image)
then have <bdd-above (AM. > (F, 2)eM. ¢ -c (Fx ocr F) *v ¢)) ‘{M. M C kf-similar-elements
& E A finite M})»
unfolding case-prod-beta
by (subst complez-vector.linear-sum|[OF p-linear, symmetric])
then have <bdd-above (AM. > (F, x)eM. complex-of-real (norm (Fx ocr F))) ‘{M. M C
kf-similar-elements € E A finite M})»
apply (rule bdd-above-mono2|OF - subset-refl])
unfolding case-prod-unfold
apply (subst sum.cong[OF refl normFF])
by auto
then have <bdd-above (AM. Y (F, x)eM. norm (Fx ocr F)) ‘{M. M C kf-similar-elements
¢ E A finite M})»
by (auto simp add: bdd-above-def case-prod-unfold less-eq-complez-def)
then have «(A(F,-). norm (Fx ocrp F)) summable-on (kf-similar-elements € E)»
apply (rule nonneg-bdd-above-summable-on|rotated))
by auto
then show «(\(F,-). Fx ocy F) abs-summable-on kf-similar-elements € E)»
by (simp add: case-prod-unfold)
qed

lemma kf-similar-elements-kf-operators:
assumes ((F.,x) € kf-similar-elements € E»
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shows «F € span (kf-operators €))

using assms

unfolding kf-similar-elements-def

apply (transfer’ fizing: E F x)

by (metis (no-types, lifting) Product-Type.Collect-case-prodD fst-conv image-eql span-base)

lemma kf-element-weight-neq0: <kf-element-weight € E # 0>
if «(E,z) € Rep-kraus-family € and <E # 0>
proof —
have 1: «(E, z) € kf-similar-elements € E)
by (auto intro!: exl[where z=1] simp: kf-similar-elements-def that)

have <kf-element-weight € E = (Y oo (F, 1)€kf-similar-elements € E. (norm F)?)
by (simp add: kf-element-weight-def)

moreover have <... > (3 (F, z)e{(E,z)}. (norm F)?), (is - > ...»)
apply (rule infsum-mono-neutral)
using kf-similar-elements-abs-summable
by (auto intro!: 1 simp: that case-prod-unfold)

moreover have «... > ()
using that by simp

ultimately show ?thesis
by auto

qed

lemma kf-element-weight-0-left[simp]: <kf-element-weight 0 E = 0»
by (simp add: kf-element-weight-def kf-similar-elements-def zero-kraus-family.rep-eq)

lemma kf-element-weight-0-right[simp): <kf-element-weight E 0 = 0>
by (auto introl: infsum-0 simp add: kf-element-weight-def kf-similar-elements-def)

lemma kf-element-weight-scale:
assumes <r > ()
shows (kf-element-weight € (r xg E) = kf-element-weight € E)»
proof —
have [simp]: <«(3r">0. r g E=71"%g F) +— (3r'’>0. E =1'%p F) for F
apply (rule Ez-iffl[where f=\r". v’ /p  and g=\r’. r xg r)])
apply (smt (verit, best) assms divideR-right real-scaleR-def scaleR-scaleR scaleR-simps(7)
zero-le-scale R-iff)
using assms by force
show ?thesis
using assms
by (simp add: kf-similar-elements-def kf-element-weight-def)
qed

lemma kf-element-weight-kf-operators:
assumes <kf-element-weight € E # 0
shows <E € span (kf-operators €)»
proof —
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from assms
have (> o (F, -)e{(F, z). (F, ) € Rep-kraus-family € A (3r>0. E = r xg F)}. norm (Fx
ocL F)) # 0>
by (simp add: kf-element-weight-def kf-similar-elements-def)
then obtain F z r where «(F, z) € Rep-kraus-family & and <E = r xp F»
by (smt (verit, ccfo-SIG) Product-Type.Collect-case-prodD infsum-0)
then have (F' € kf-operators €
by (metis fst-conv image-eql kf-operators.rep-eq)
with «(F = r xgp F» show ?thesis
by (simp add: span-clauses)
qed

lemma kf-map-auz:
fixes f :: <x = "y» and € :: ((‘a::chilbert-space, 'b::chilbert-space, 'x) kraus-family
defines «B = kf-bound &)
defines «filtered y = kf-filter (A\z. fz = y) &
defines <flattened = {(E, y). norm (Ex ocr E) = kf-element-weight (filtered y) E N E # 0}»
defines <good = (A\(E,y). (norm E)* = kf-element-weight (filtered y) E N E # 0)»
shows <has-sum-in cweak-operator-topology (A\(E,-). Ex ocy E) flattened B (is ?has-sum)
and «snd ‘ (SIGMA (E, y):Collect good. kf-similar-elements (filtered y) E)
= {(F, z). (F, z) € Rep-kraus-family € N F # 0}> (is ?snd-sigma)
and <inj-on snd (SIGMA p:Collect good. kf-similar-elements (filtered (snd p)) (fst p))» (is
?ing-snd)
proof —
have E-inv: <kf-element-weight (filtered y) E # 0> if <good (E,y)» for E y
using that by (auto simp: good-def)

show snd-sigma: ?snd-sigma
proof (intro Set.set-eql iffI)
fix Fz
assume asm: <Fz € snd ‘ (SIGMA (E, y):Collect good. kf-similar-elements (filtered y) E)»
obtain F' z where Fi-def: «Fx = (F,z)» by fastforce
with asm obtain F y where Fz-rel-E: «(F, z) € kf-similar-elements (filtered y) E»> and
<good (E,y)»
by auto
then have «(F, z) € Rep-kraus-family &
by (simp add: kf-similar-elements-def filtered-def kf-filter.rep-eq)
from Fz-rel-E obtain r where (F = r xg I
by (smt (verit) kf-similar-elements-def mem-Collect-eq prod.sel(1) split-def)
with <good (E,y)> have <F # 0»
by (simp add: good-def)
with «(F, z) € Rep-kraus-family & show «Fz € {(F, z). (F, z) € Rep-kraus-family € A F
#0h
by (simp add: Fi-def)
next
fix Fr
assume asm: <Fz € {(F, z). (F, z) € Rep-kraus-family € N F # 0}
obtain F'z where Fi-def: «Fx = (F,z)» by fastforce
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from asm have Fz-€: «(F, ©) € Rep-kraus-family € and [simp]: <F # 0»
by (auto simp: Fi-def)
have weight-fr-F-not0: <kf-element-weight (filtered (f x)) F # 0»
using Fz-€ by (simp-all add: filtered-def kf-filter.rep-eq kf-element-weight-neq0)
then have weight-fr-F-pos: <kf-element-weight (filtered (f z)) F > 0»
using kf-element-weight-geq0
by (metis less-eq-real-def)
define E where «FE = (sqrt (kf-element-weight (filtered (f z)) F) / norm F) xg F»
have [simp]: <E # O»
by (auto intro!: weight-fx-F-not0 simp: E-def)
have E-F-same: (kf-element-weight (filtered (f z)) E = kf-element-weight (filtered (f z)) F»
by (simp add: E-def kf-element-weight-scale weight-fz-F-pos)
have «good (E, f z)»
apply (simp add: good-def E-F-same)
by (simp add: E-def)
have 1: «sqrt (kf-element-weight (filtered (f z)) F) / norm F > 0»
by (auto introl: divide-pos-pos weight-fr-F-pos)
then have «(F, z) € kf-similar-elements (filtered (f x)) E»
by (auto introl: <(F, z) € Rep-kraus-family € simp: kf-similar-elements-def E-def «F # 0»
filtered-def kf-filter.rep-eq)
with <good (E.f )
show «Fz € snd ‘ (SIGMA (E, y):Collect good. kf-similar-elements (filtered y) E)»
by (force introl: image-eql[where z=«((E,()),F,x)}| simp: Fa-def filtered-def)
qged

show inj-snd: ?inj-snd
proof (rule inj-onl)
fix EFz EFz’' :: «('la =cp b X 'y) X 'a =¢cp b x v
assume EFx-in: «<EFx € (SIGMA p:Collect good. kf-similar-elements (filtered (snd p)) (fst
p))

p))

assume snd-eq: <snd EFx = snd EFz"
obtain F F z y where [simp]: «<EFz = ((E,y),F,z)
by (metis (full-types) old.unit.exhaust surj-pair)
obtain E’ F' 2z’ y’ where [simp]: <EFz’ = ((E'y'),(F',z"))»
by (metis (full-types) old.unit.exhaust surj-pair)
from snd-eq have [simp]: «<F' = F» and [simp]: <z’ = >
by auto
from EFz-in have <good (E,y)» and F-rel-E: «(F, z) € kf-similar-elements (filtered y) E»
by auto
from EFz’-in have <good (E’y’)» and F-rel-E" «(F, z) € kf-similar-elements (filtered y’)
E’
by auto
from «good (E,y)> have <E # 0»
by (simp add: good-def)
from <good (E',y’)> have <E' # 0»
by (simp add: good-def)
from F-rel-E obtain r where ErF: <E = r xg F» and <r > 0»

and EFz'-in: <EFz’ € (SIGMA p:Collect good. kf-similar-elements (filtered (snd p)) (fst
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by (auto introl: simp: kf-similar-elements-def)
from F-rel-E’ obtain r’ where E'rF: <E' = r' xg F» and <r' > 0»
by (auto introl: simp: kf-similar-elements-def)

from EFz-in have <y = f o>

by (auto introl: simp: filtered-def kf-similar-elements-def kf-filter.rep-eq)
moreover from EFz’-in have (y' = fz’

by (auto intro!: simp: filtered-def kf-similar-elements-def kf-filter.rep-eq)
ultimately have [simp]: <y = y"

by simp

define '’ where «r'' =1’/ 1)

with E'rF ErF <E # 0»

have E'-E: <E' = r" xgp E»
by auto

with «r' > 0y <r > 0> <E' # O0»

have [simp]: <1 > O
by (fastforce simp: r''-def)

from E’-E have <kf-element-weight (filtered y') E' = kf-element-weight (filtered y) E»
by (simp add: kf-element-weight-scale)

with <good (E,y)» <good (E'y")> have «(norm E')? = (norm E)?)
by (auto introl: simp: good-def)

with (B = 1" xp E»

have <E’' = E)»
using <0 < r'» by force

then show (EFx = EFz’
by simp

qed

show %has-sum
proof (unfold has-sum-in-cweak-operator-topology-pointwise, intro alll)
fix Y o 'a
define B’ where <B' = v -¢ B >
define normal where <normal E y = E /g sqrt (kf-element-weight (filtered y) E)» for E y
have <has-sum-in cweak-operator-topology (A(F,z). Fx ocr F) (Rep-kraus-family &) B)
using B-def kf-bound-has-sum by blast
then have (A\(F,z). ¥ ¢ (Fx ocp F) @) has-sum B’) (Rep-kraus-family €)»
by (simp add: B’-def has-sum-in-cweak-operator-topology-pointwise case-prod-unfold)
then have «((A\(F.,z). ¥ ¢ (Fx ocr F) ¢) has-sum B') {(F,z)€Rep-kraus-family €. F #
0}
apply (rule has-sum-cong-neutral| THEN iffD2, rotated —1])
by (auto simp: zero-cblinfun-wot-def)
then have ((A\(F,z). ¥ «¢ (Fx ocr F) ) has-sum B’)
(snd ¢ (SIGMA (E,y):Collect good. kf-similar-elements (filtered y) E))»
by (simp add: snd-sigma)
then have «(A((E,z), (F,y)). ¥ ¢ (Fx ocr F) ¢) has-sum B’)
(SIGMA (E,y):Collect good. kf-similar-elements (filtered y) E)»
apply (subst (asm) has-sum-reindezr)
by (auto introl: inj-on-def inj-snd simp: o-def case-prod-unfold)
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then have sumi: «(\((E,y), (F,z)). (norm F)? xr (¢ -c (normal E y* ocr, normal E y)
©)) has-sum B’)
(SIGMA (E,y):Collect good. kf-similar-elements (filtered y) E)»
apply (rule has-sum-cong[THEN iffD2, rotated])
apply (subgoal-tac <\b aa ba r.
(r x norm aa)? = kf-element-weight (filtered b) (complez-of-real v *¢ aa) =
aa # 0 =
0<r=
(complez-of-real (norm aa))? *
(inverse (complex-of-real (sqrt (kf-element-weight (filtered b) (complez-of-real v *¢ aa))))

(inverse (complex-of-real (sqrt (kf-element-weight (filtered b) (complex-of-real r *¢ aa))))

(complez-of-real v x complex-of-real 1))) #
1 =
is-orthogonal ¥ (aax xy aa xy p)))
apply (auto intro!: simp: good-def normal-def sandwich-tc-scaleR-left power-inverse real-sqrt-pow2
E-inv
kf-similar-elements-def kf-element-weight-scale
eblinfun.scaleC-left cblinfun.scaleC-right cinner-scaleC-right scaleR-scaleC)[1]
by (smt (verit) Extra-Ordered-Fields.mult-sign-intros(5) Extra-Ordered-Fields.sign-simps(9)
inverse-eq-iff-eq left-inverse more-arith-simps(11) of-real-eq-0-iff of-real-mult power2-eq-square
power-inverse real-inv-sqrt-pow?2 zero-less-norm-iff )
then have «(A(E,y). > o (F, z)€kf-similar-elements (filtered y) E.
(norm F)? g (1 ¢ (normal E y* ocr, normal E y) ¢)) has-sum B') (Collect good)>
by (auto intro!: has-sum-Sigma’-banach simp add: case-prod-unfold)
then have (A(E,y). (3. oo(F, z)€kf-similar-elements (filtered y) E.
(norm F)?) xg (¢ «¢ (normal E y* ocr, normal E y) ¢))
has-sum B') (Collect good)»
apply (rule has-sum-cong THEN iffD1, rotated))
apply simp
by (smt (verit) Complex-Vector-Spaces.infsum-scaleR-left cblinfun.scaleR-left infsum-cong
split-def)
then have <((A(E,y). kf-element-weight (filtered y) E xr
(¥ -¢ (normal E yx ocr, normal E y) ¢)) has-sum B') (Collect good)»
by (simp add: kf-element-weight-def)
then have «(((A(E,-). ¥ ¢ (Ex ocr, E) ¢) has-sum B’) (Collect good)»
apply (rule has-sum-cong[THEN iffD1, rotated])
by (auto introl: field-class.field-inverse
simp add: normal-def sandwich-tc-scaleR-left power-inverse real-sqrt-pow2 E-inv
cblinfun.scaleR-left scaleR-scaleC
simp flip: inverse-mult-distrib semigroup-mult.mult-assoc of-real-mult
split!: prod.split)
then have <((A(E,-). ¥ -¢ (Ex ocr E) ¢) has-sum B') flattened)
by (simp add: flattened-def good-def)
then show «((Az. ¥ «¢ ((case x of (E, uu-) = Ex ocp E) *v ¢)) has-sum B') flattened»
by (simp add: case-prod-unfold)
qged
qed

46



lift-definition kf-map :: <("z = 'y) = ('a::chilbert-space, 'b::chilbert-space, 't) kraus-family =
("a, 'b, 'y) kraus-familyy is
N € {(E, y). norm (Ex ocr, E) = kf-element-weight (kf-filter (Ax. fz =vy) €) EANE #
op
proof (rename-tac f )

fix f:: <z = 'y and € :: «(‘a, 'b, 'z) kraus-family

define filtered flattened B

where «<filtered y = kf-filter (A\z. fz = y) &

and «flattened = {(E, y). norm (Ex ocr E) = kf-element-weight (filtered y) E N E # 0}
and «B = kf-bound &

for y

from kf-map-auz|of f €]

have bound-has-sum: <has-sum-in cweak-operator-topology (A(E,-). Ex ocyp E) flattened B>
by (simp-all add: filtered-def flattened-def B-def)

have nonzero: <0 ¢ fst  flattened)
by (auto intro!: simp: flattened-def)

from bound-has-sum nonzero show «flattened € Collect kraus-family>

by (auto simp: kraus-family-iff-summable summable-on-in-def)
qed

lemma
fixes € :: «('a::chilbert-space,’b::chilbert-space,’z) kraus-family
shows kf-apply-map[simp|: <kf-apply (kf-map [ &) = kf-apply &>
and kf-map-bound: <kf-bound (kf-map f €) = kf-bound &
and kf-map-norm[simp|: <kf-norm (kf-map f &) = kf-norm &
proof (rule ext)
fix o :: «(Ya, 'a) trace-class
define filtered good flattened B normal o
where <filtered y = kf-filter (Az. fz = y) &
and <good = (M\(E,y). (norm E)? = kf-element-weight (filtered y) E A E # 0))

and «flattened = {(F, y). norm (Ex ocr E) = kf-element-weight (filtered y) E AN E # 0}
and «B = kf-bound &)

and <normal Ey = E /g sqrt (kf-element-weight (filtered y) E)»
and 0 = € xi,. o

for F y

have E-inv: <kf-element-weight (filtered y) E # 0> if <good (E,y)» for E y
using that by (auto simp: good-def)

from kf-map-auz|of f €]
have snd-sigma: <snd ‘ (SIGMA (E, y):Collect good. kf-similar-elements (filtered y) E)
= {(F, z). (F, z) € Rep-kraus-family E N F # 0}

and inj-snd: <inj-on snd (SIGMA p:Collect good. kf-similar-elements (filtered (snd p)) (fst
p))

and bound-has-sum: <has-sum-in cweak-operator-topology (A(E,-). Ex ocr, E) flattened B>
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by (simp-all add: good-def filtered-def flattened-def B-def)

show (kf-apply (kf-map [ &) 0 = o>
proof —
have «(A(F,z). sandwich-tc F' o) summable-on Rep-kraus-family &)
using kf-apply-summable by (simp add: case-prod-unfold)
then have <((A(F,z). sandwich-tc F 9) has-sum o) (Rep-kraus-family €)»
by (simp add: o-def kf-apply-def split-def)
then have (((A(F,z). sandwich-tc F 9) has-sum o) {(F,z)€Rep-kraus-family €. F # 0}
apply (rule has-sum-cong-neutral| THEN iffD2, rotated —1])
by auto
then have <((A(F,z). sandwich-tc F 9) has-sum o)
(snd ¢ (SIGMA (E,y):Collect good. kf-similar-elements (filtered y) E))»
by (simp add: snd-sigma)
then have <((A((E,z), (F,y)). sandwich-tc F ) has-sum o)
(SIGMA (E,y):Collect good. kf-similar-elements (filtered y) E)»
apply (subst (asm) has-sum-reindezr)
by (auto intro!: inj-on-def inj-snd simp: o-def case-prod-unfold)
then have sum1: «(A((E,y), (F,-). (norm F)? xg sandwich-tc (normal E y) o) has-sum o)
(SIGMA (E,y):Collect good. kf-similar-elements (filtered y) E)»
apply (rule has-sum-cong[THEN iffD2, rotated])
apply (subgoal-tac <\b a 7. (r x norm a)? = kf-element-weight (filtered b) a =
a# 0= 0<r = ((norm a)? * inverse (kf-element-weight (filtered b) a) * 12) xg
sandwich-tc a o = sandwich-tc a o »)
apply (auto intro!: real-vector.scale-one simp: good-def normal-def sandwich-tc-scaleR-left
power-inverse real-sqrt-pow2 E-inv
kf-similar-elements-def kf-element-weight-scale)[1]
by (metis (no-types, opaque-lifting) FEztra-Ordered-Fields.sign-simps(5) linorder-not-less
more-arith-simps(11) mult-eq-0-iff norm-le-zero-iff order.refl power2-eq-square right-inverse scale-one)
then have <((A(E,y). > oo (F, z)€kf-similar-elements (filtered y) E.
(norm F)? xr sandwich-tc (normal E y) o) has-sum o) (Collect good)>
by (auto intro!: has-sum-Sigma’-banach simp add: case-prod-unfold)
then have ((A\(E,y). (3 «(F, z)€kf-similar-elements (filtered y) E. (norm F)?) xg sand-
wich-tc (normal E y) o)
has-sum o) (Collect good)»
apply (rule has-sum-cong| THEN iffD1, rotated))
apply simp
by (smt (verit) Complez-Vector-Spaces.infsum-scaleR-left cblinfun.scaleR-left infsum-cong
split-def)
then have «((A(E,y). kf-element-weight (filtered y) E xr sandwich-tc (normal E y) o) has-sum
o) (Collect good)»
by (simp add: kf-element-weight-def)
then have (((A\(E,-). sandwich-tc E ) has-sum o) (Collect good)>
apply (rule has-sum-cong| THEN iffD1, rotated))
by (auto introl: simp: normal-def sandwich-tc-scale R-left power-inverse real-sqrt-pow2 E-inv)
then have <((A(E,-). sandwich-tc E o) has-sum o) flattened>
by (simp add: flattened-def good-def)
then show <kf-map f € i, 0 = o>
by (simp add: kf-apply.rep-eq kf-map.rep-eq flattened-def
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case-prod-unfold infsuml filtered-def)
qed

from bound-has-sum show bound: <kf-bound (kf-map f &) = B»
apply (simp add: kf-bound-def flattened-def kf-map.rep-eq B-def filtered-def)

using has-sum-in-infsum-in has-sum-in-unique hausdorff-cweak-operator-topology summable-on-in-def
by blast

from bound show <kf-norm (kf-map f €) = kf-norm &
by (simp add: kf-norm-def B-def)
qed

abbreviation <kf-flatten = kf-map (A-. ()

Like kf-map, but with a much simpler definition. However, only makes sense for injective
functions.

lift-definition kf-map-inj :: «('z = 'y) = ('a::chilbert-space, 'b::chilbert-space, 'z) kraus-family
= (‘a, 'b, 'y) kraus-familys is
Af € (ME). (E, fz)) ‘&
proof (rule Collectl, rule kraus-familyl, rename-tac f €)
fix f = ¢z ="y and € :: (Ya =cL b x 'z) set
assume <& € Collect kraus-family»
then obtain B where B: (> (E, z)€F. Ex ocr E) < By if «F € {F. finite F A F C €}
for F
by (auto simp: kraus-family-def bdd-above-def)
show <bdd-above (AF. > (E, 2)€F. Ex ocr, E) ‘{F. finite F N F C (A(E, z). (E, fz)) ¢
¢
proof (rule bdd-abovel2)
fix F' assume <F € {F. finite F N F C (\(E, z). (E, fz)) ‘€
then obtain F' where «finite F/y and «F’' C & and F-F" «F = (\(E, z). (E, fz)) ‘F"
and inj: <inj-on (A\E, z). (E, fz)) F’
by (metis (no-types, lifting) finite-imageD mem-Collect-eq subset-image-inj)
have «(>_ (E, x)€F’. Ex ocy, E) < B
by (auto introl: B (finite F'» <F' C &)
moreover have (> (E, z)€F. Ex ocr E) < (30 (E, z)€F'. Ex ocp E)
apply (simp add: F-F' inj sum.reindezr)
by (simp add: case-prod-beta)
ultimately show «(> (FE, z)€F. Ex ocy E) < B
by simp
qged
from <& € Collect kraus-family>
show <0 ¢ fst * (\(E,z). (E, fz)) ‘&
by (force simp: kraus-family-def)
qed

lemma kf-element-weight-map-ing:

assumes <inj-on f (kf-domain &)

shows <kf-element-weight (kf-map-inj f €) E = kf-element-weight € E»
proof —
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wlog <F # 0>
using negation by simp
have inj2: <inj-on (M(E, z). (E, fz)) {(F, z). (F, z) € Rep-kraus-family € A (3r>0. E =r
*R F)})
proof (rule inj-onl)
fix Fy Gz :: (/¢ =¢cr 'd X '
obtain F y G x where [simp]: <Fy = (F,y)» <Gz = (G,z)»
by (auto simp: prod-eq-iff)
assume Fy € {(F, y). (F, y) € Rep-kraus-family € A (3r>0. E = r xg F)}» and Gz €
{(G, z). (G, ) € Rep-kraus-family € A (3r>0. E =1 xg G)p
then have Fy-€: «(F, y) € Rep-kraus-family & and ErF: <3r>0. E = r xg F) and Gz-¢:
(G, z) € Rep-kraus-family € and ErG: «<3r>0. E = r xg G
by auto
from ErF <E # 0> have (F # 0
by auto
with Fy-€ have <y € kf-domain &)
by (force simp add: kf-domain.rep-eq)
from ErG <E # 0» have <G # 0
by auto
with Gz-€ have «z € kf-domain &
by (force simp add: kf-domain.rep-eq)
assume <(case Fy of (F, y) = (F, fy)) = (case Gz of (G, ) = (G, fz))
then have [simp]: «F = G» and «(fy = fo
by auto
with assms <z € kf-domain & <y € kf-domain €
have <y =
by (simp add: inj-onD)
then show «(Fy = Gx»
by simp
ged

have <kf-element-weight (kf-map-inj f €) E
= (> (F, )e{(F, z). (F, z) € (AME,z). (E, fz)) ¢ Rep-kraus-family € A (3r>0. E = r
xr F)}. (norm F)?)
by (simp add: kf-element-weight-def assms kf-similar-elements-def kf-map-inj.rep-eq)
also have «... = (3 (F, -)e(A(E,x). (E, fz)) ‘{(F, z). (F, ) € Rep-kraus-family € A
(3r>0. E =1 *r F)}. (norm F)?)
apply (rule arg-cong2[where f=infsum))
by auto
also have «... = (3 (F, -)e{(F, z). (F, ) € Rep-kraus-family € A (3r>0. E = r x5 F)}.
(norm F)?%))
apply (subst infsum-reindex)
apply (rule inj2)
using assms by (simp add: o-def case-prod-unfold)
also have «... = kf-element-weight € E)
by (simp add: kf-element-weight-def assms kf-similar-elements-def)
finally show ?thesis
by —
qed

50



lemma kf-eq-weak-kf-map-left: <kf-map f F =g, G if <F =, G»
using that by (simp add: kf-eq-weak-def kf-apply-map)

lemma kf-eq-weak-kf-map-right: <F =g, kf-map f G» if <F =g, G»
using that by (simp add: kf-eq-weak-def kf-apply-map)

lemma kf-filter-map:
fixes & :: «(‘a:chilbert-space,’b:: chilbert-space,’z) kraus-family>
shows <kf-filter P (kf-map f €) = kf-map [ (kf-filter (Az. P (f z)) &)»
proof —
have ((E,z) € Set.filter (\(E, y). Py) {(E, y). norm (Ex ocr E) = kf-element-weight (kf-filter
()\m fe=y) &) EANE# 0}
«— (E,z) € {(E, y). norm (Ex ocr E) = kf-element-weight (kf-filter (\x. fo = y) (kf-filter
(Ae. P (f2)) €)) EA B # 0}
for F z and € :: «(‘a, 'b, 'z) kraus-family
proof (cases <P x»)
case True
then show “thesis
apply (simp add: kf-filter-twice)
by (metis (mono-tags, lifting) kf-filter-cong-eq)
next
case Fulse
then have [simp]: «(Az. fz =2 A P (f2)) = (\-. False)»
by auto
from False show ?thesis
apply (simp add: kf-filter-twice)
by (smt (verit, ccfo-SIG) kf-element-weight-0-left kf-filter-cong-eq kf-filter-false norm-eq-zero
zero-eq-power2)
ged
then show ?thesis
apply (transfer’ fixing: P f)
by blast
qed

lemma kf-filter-map-inj:
fixes & :: «(‘a::chilbert-space,’b:: chilbert-space,’z) kraus-family>
shows <kf-filter P (kf-map-inj f €) = kf-map-inj f (kf-filter (Az. P (f z)) €)»
apply (transfer’ fizing: P f)
by (force simp: case-prod-beta image-iff)

lemma kf-map-kf-map-inj-comp:
assumes <inj-on f (kf-domain &)
shows <kf-map g (kf-map-inj f €) = kf-map (g o f) &
proof (transfer’ fixing: f g €)
from assms
have <inj-on f (kf-domain (kf-filter (Ax. g (fz) = y) €))» for y
apply (rule inj-on-subset) by force
then show ({(E, y). norm (Ex ocp, E) = kf-element-weight (kf-filter (A\z. g x = y) (kf-map-inj
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J€)EANE#0) =
{(E, y). norm (Ex ocy E) = kf-element-weight (kf-filter (Az. (g o f) z =y) €) E A
E # 0}
by (simp add: kf-filter-map-inj kf-element-weight-map-inj assms)
qed

lemma kf-element-weight-equweakO:
assumes ¢ =g, 0»
shows (kf-element-weight € E = 0>
apply (subst kf-eq-0-iff-eq-O[ THEN iffD1])
using assms by auto

lemma kf-map-inj-kf-map-comp:
assumes <inj-on g (f ¢ kf-domain &)
shows <kf-map-inj g (kf-map [ €) = kf-map (g o f) &
proof (transfer’ fizing: f g &, rule Set.set-eql)
fix Bz :: </d =cr 'e x b
obtain E z where [simp]: «Ez = (E,z)»
by (auto simp: prod-eq-iff)
have <Ezx € (M(E, z). (E, g 2)) ‘{(E, y). norm (Ex ocy E) = kf-element-weight (kf-filter
Az, fe=y) ) ENE# 0} +—
(3y. = gy A (norm E)? = kf-element-weight (kf-filter (\z. fz = y) €) E) A E # 0>
by auto
also have «... +— (norm E)? = kf-element-weight (kf-filter (\z. g (f2z) = z) €) EA E # 0»
proof (rule iffI)
assume asm: «(Jy. = gy A (norm E)? = kf-element-weight (kf-filter (\z. fx = y) €) E)
AN E # 0
then obtain y where zy: <z = g i and weight: <(norm E)? = kf-element-weight (kf-filter
Az fz=y) €) B
by auto
from asm have <FE # 0»
by simp
with weight have - kf-filter (\z. fz = y) € =, O»
using kf-element-weight-equweak0 by fastforce
then have - kf-filter (A\z. fz = y A z € kf-domain &) € =¢,. 0)
by (smt (verit, del-insts) kf-eq-0-iff-eq-0 kf-filter-cong-eq)
then have «(A\z. fz = y A © € kf-domain €) # (Az. False))
using kf-filter-false[of €]
by (metis kf-eq-weak-refl0)
then have yf¢&: <y € f ‘ kf-domain &
by fast
have <kf-element-weight ((kf-filter (Az. fz = y) €)) E = kf-element-weight ((kf-filter (Az. g
(f2) =) €) B
apply (rule arg-cong2[where f=Fkf-clement-weight, OF - refi])
apply (rule kf-filter-cong-eq[OF refi])
using yf € assms zy
by (meson image-eql inj-onD)
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then
have «kf-element-weight (kf-filter (A\x. f x = y) €) E = kf-element-weight (kf-filter (Az. g (f
z) =1z) &) E)
by simp
with weight <E # 0»
show ((norm E)? = kf-element-weight (kf-filter (\z. g (f2) = z) €) E A E # 0>
by simp
next
assume asm: ((norm E)? = kf-element-weight (kf-filter (\z. g (fz) = 1) €) EAN E # 0»
then have (E # 0»
by simp
from asm have <= kf-filter (\z. g (f 2) = z) € =, O»
using kf-element-weight-equweak0 by fastforce
then have - kf-filter (A\z. g (f2) = = A z € kf-domain €) € =, O0»
by (smt (verit, ccfo-threshold) kf-eq-0-iff-eq-0 kf-filter-cong-eq)
then have «(\z. g (f2z) = z A z € kf-domain &) # (Az. False)»
using kf-filter-false[of €]
by (metis kf-eq-weak-refl0)
then obtain z where <z € kf-domain € and gfz: «g (f 2) = o
using kf-filter-false[of €]
by auto
have <kf-element-weight ((kf-filter (A\z. fz = f2) €)) E = kf-element-weight ((kf-filter (Az.
g(f2) =) €) B
apply (rule arg-cong2[where f=Fkf-element-weight, OF - refi])
apply (rule kf-filter-cong-eq| OF refl])
using assms gfz <z € kf-domain &)
by (metis image-eql inj-onD)
with asm <E # 0»
show «(3y. z = g y A (norm E)? = kf-element-weight (kf-filter (\x. fz = y) €) E) A E #
0»
by (auto introl: exl[of - «f 2] simp flip: gfz)
qged
also have (... +— Ez € {(E, y). norm (Ex ocy, E) = kf-element-weight (kf-filter (Az. (g o
Nr=y) ENEF0p
by simp
finally show «Ez € (A(E, z). (E, g z)) ‘{(E, y). norm (Ex ocr E) = kf-element-weight
(kf-filter A\z. fo =y) &) EANE # 0} +—
Ex € {(E, y). norm (Ex ocr E) = kf-element-weight (kf-filler (Az. (9o f) z =y) €) F
NE # 0}
by —
qed

lemma kf-apply-map-inj[simp):

assumes <inj-on f (kf-domain €))

shows «kf-map-inj f € %, 0 = € %, @
proof —

define EE where (EE = Set.filter (\(E,z). E#0) (Rep-kraus-family &)»

have <«kf-map-inj f € xp 0 = O o EE(M(E, z). (E, fz)) ‘ Rep-kraus-family €. sandwich-tc
(fst E) o)
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by (simp add: kf-apply.rep-eq kf-map-inj.rep-eq)
also have «... = (3. o E€(A\(E, 2). (E, fz)) ‘ EE. sandwich-tc (fst E) o)»
apply (rule infsum-cong-neutral)
by (force simp: FE-def)+
also have «... = infsum ((AE. sandwich-tc (fst E) o) o (ME, z). (E, fz))) EE>
apply (rule infsum-reindex)
apply (subgoal-tac <\aa ba b. ¥ x€ Rep-kraus-family €. ¥V y€ Rep-kraus-family €. f (snd z) =
f(sndy) — sndz = sndy =
(aa, ba) € Rep-kraus-family € = fb = f ba = (aa, b) € Rep-kraus-family € = aa #
0= b= ba)
using assms
by (auto introl: simp: inj-on-def kf-domain.rep-eq EE-def)

also have «... = (3 «(E,z)€EE. sandwich-tc E o))
by (simp add: o-def case-prod-unfold)
also have «... = (3 o (E,x)€Rep-kraus-family €. sandwich-tc E p)»

apply (rule infsum-cong-neutral)
by (auto simp: EE-def)
also have ¢... = € %, o
by (metis (no-types, lifting) infsum-cong kf-apply.rep-eq prod.case-eq-if )
finally show <kf-map-inj f € %, 0 = € %, 0
by —
qed

lemma kf-map-inj-eq-kf-map:
assumes <inj-on f (kf-domain &)
shows «kf-map-inj f € =, kf-map f &
proof (rule kf-eql)
fix z o
define €fr where «€fr = kf-filter (A\z. fz = z) &
from assms have inj-Cfz: <inj-on f (kf-domain &Efz))
by (auto simp add: inj-on-def kf-domain.rep-eq €fr-def kf-filter.rep-eq)
have <kf-map-inj f & i, Q{x} o0 = kf-filter (\z. 2=x) (kf-map-inj [ &) xg, 0
by (simp add: kf-apply-on-def)
also have «... = kf-map-inj f €fr %, o
apply (rule arg-cong[where f=«\t. kf-apply t 0}])
unfolding €fz-def
apply (transfer’ fixing: f)

by force
also have (... = €fr x;, o
using inj-€fr by (rule kf-apply-map-inj)
also have «... = kf-map [ (kf-filter (\z. fz = z) €) %1, ©
by (simp add: €fz-def)
also have «... = kf-apply (kf-filter (Aza. za = z) (kf-map [ ¢)) o
apply (subst kf-filter-map)
by simp
also have «... = kf-map f € %, Q{z} o

by (simp add: kf-apply-on-def)
finally show <kf-map-inj f € xg, Q{z} 0 = kf-map f € xp,. Q{z} o
by —
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qed

lemma kf-map-inj-id[simp]: <kf-map-inj id € = &
apply transfer’ by simp

lemma kf-map-id: <kf-map id € =5, &
by (metis inj-on-id kf-eq-sym kf-map-inj-eq-kf-map kf-map-inj-id)

lemma kf-map-inj-bound[simp]:
fixes & :: «(‘a:chilbert-space,’b:: chilbert-space,’z) kraus-family>
assumes <inj-on f (kf-domain &)
shows <kf-bound (kf-map-inj f €) = kf-bound &
by (metis assms kf-eq-imp-eg-weak kf-map-inj-eq-kf-map kf-bound-cong kf-map-bound)

lemma kf-map-inj-norm[simpl:
fixes & :: «(‘a::chilbert-space,’b:: chilbert-space,’z) kraus-family>
assumes <inj-on f (kf-domain &)
shows <kf-norm (kf-map-inj f €) = kf-norm &
using assms kf-eqg-imp-eq-weak kf-map-inj-eq-kf-map kf-norm-cong by fastforce

lemma kf-map-cong-weak:
assumes <& =, §
shows «kf-map [ € =i, kf-map ¢ >
by (metis assms kf-eq-weak-def kf-apply-map)

lemma kf-flatten-cong-weak:
assumes <& =, §
shows (kf-flatten € =y, kf-flatten §»
using assms by (rule kf-map-cong-weak)

lemma kf-flatten-cong:
assumes <& =, §
shows (kf-flatten € =i, kf-flatten §»
by (simp add: assms kf-eq-weak-imp-eq-CARD-1 kf-flatten-cong-weak)

lemma kf-map-twice:
kf-map f (kf-map g €) =k, kf-map (f o g) &
apply (rule kf-eql)
by (simp add: kf-filter-map kf-apply-on-def)

lemma kf-map-cong:
assumes (A\z. z € kf-domain € = fz =g n
assumes <& =, §
shows «kf-map [ € =i, kf-map ¢ B
proof —
have <kf-filter (\y. fy = z) € =¢, kf-filter (\y. gy = z) & for z
apply (rule kf-filter-cong-weak)
using assms by auto
then have <€ %, Q(f—4z}) 0 = § *xr Q(g—42z}) o for z o
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by (auto introl: kf-apply-eql simp add: kf-apply-on-def)
then show ?thesis
apply (rule-tac kf-eql)
by (simp add: kf-apply-on-def kf-filter-map)
qed

lemma kf-map-inj-cong-eq:
assumes (A\z. z € kf-domain € = fz =g
assumes <& = )
shows «kf-map-inj f € = kf-map-inj g §>
using assms
apply transfer’
by force

lemma kf-domain-map|simpl:
<kf-domain (kf-map f €) = f < kf-domain &
proof (rule Set.set-eql, rule iffI)
fix z assume <z € kf-domain (kf-map f €)»
then obtain a where ((norm a)? = kf-element-weight (kf-filter (Aza. f za = z) €) a> and <a
# 0>
by (auto intro!: simp: kf-domain.rep-eq kf-map.rep-eq)
then have <kf-element-weight (kf-filter (A\za. fza = ) €) a # 0>
by force
then have () «(E, -)€kf-similar-elements (kf-filter (A\za. f za = z) €) a. (norm E)?) # 0>
by (simp add: kf-element-weight-def)
from this[unfolded not-def, rule-format, OF infsum-0]
obtain E z’ where rel-ops: «(E,z') € kf-similar-elements (kf-filter (Aza. fza = z) €) @
and «(norm E)? # 0>
by fast
then have (E # 0)
by force
with rel-ops obtain E’ where <E' # 0y and «(E’,z’) € Rep-kraus-family (kf-filter (Aza. f za
=1z) E)
apply atomize-elim
by (auto simp: kf-similar-elements-def)
then have «(E’z") € Rep-kraus-family &> and «f z’ = x
by (auto simp: kf-filter.rep-eq)
with <E’ # 0) have <z’ € kf-domain &
by (force simp: kf-domain.rep-eq)
with «fz' = o)
show «x € f ‘ kf-domain &
by fast
next
fix z assume <z € f ¢ kf-domain &)
then obtain y where (x = fy» and <y € kf-domain &

o6



by blast
then obtain F where (F # 0) and «(E,y) € Rep-kraus-family &)
using Rep-kraus-family by (force simp: kf-domain.rep-eq kraus-family-def)
then have Fy: «(E)y) € Rep-kraus-family (kf-filter (Az. f z=x) €)»
by (simp add: kf-filter.rep-eq <z = [ y»)
then have <kf-bound (kf-filter (A\z. f z=x) €) # 0>
proof —
define B where (B = kf-bound (kf-filter (\z. f z=x) &)»
have <has-sum-in cweak-operator-topology (A(E, z). Ex ocr E) {(E,y)} (Ex ocr E)»
apply (subst asm-ri[of <Ex ocr, E = (3. (E,x)e{(E,y)}. Ex ocr E)], simp)
apply (rule has-sum-in-finite)
by auto
moreover have <has-sum-in cweak-operator-topology (A(E, z). Ex ocr, E) (Rep-kraus-family
(kf-filter (A\z. fz = z) €)) B
using kf-bound-has-sum B-def by blast
ultimately have <B > FEx ocr E»
apply (rule has-sum-mono-neutral-wot)
using Fy positive-cblinfun-squarel by auto
then show «B # 0
by (meson <E # 0 basic-trans-rules(24) op-square-nondegenerate positive-cblinfun-squarel)
qged
then have <kf-bound (kf-map f (kf-filter (Az. f z=z) €)) # 0>
by (simp add: kf-map-bound)
then have <kf-bound (kf-filter (Az. z=xz) (kf-map f €)) # 0»
by (simp add: kf-filter-map)
from this[unfolded not-def kf-bound.rep-eq, rule-format, OF infsum-in-0]
obtain E’ z’ where ((E’z") € Rep-kraus-family (kf-filter (\z. z=xz) (kf-map [ &))»
and (E' # 0»
by fastforce
then have «(E’z’) € Rep-kraus-family (kf-map f €)» and <z’ = >
by (auto simp: kf-filter.rep-eq)
with <E’ # 0) show <z € kf-domain (kf-map f &)
by (auto simp: kf-domain.rep-eq image-iff Bex-def)
qed

lemma kf-apply-on-map|simp):
(kf-map f E) *, QX o0 = E %, Q(f —° X) o
by (auto introl: simp: kf-apply-on-def kf-filter-map)

lemma kf-apply-on-map-inj|simp):
assumes <inj-on [ ((f —¢X) N kf-domain E)»
shows «kf-map-inj f E *p, QX o0 = F x5, Q(f = X) o
proof —
from assms
have «inj-on f (Set.filter (Axz. fz € X) (kf-domain E))»
by (simp add: Collect-conj-eq Int-ac(3) vimage-def)
then show ?thesis
by (auto introl: simp: kf-apply-on-def kf-filter-map-inyj)
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qed

lemma kf-map0[simp): <kf-map f 0 = 0>
apply transfer’
by auto

lemma kf-map-inj-kr-eq-weak:
assumes (inj-on [ (kf-domain €)>
shows <«kf-map-inj f € =5, &
by (simp add: assms kf-eq-weakl)

lemma kf-map-inj-0|[simpl: <kf-map-inj f 0 = 0>

apply (transfer’ fizing: f)
by simp

lemma kf-domain-map-inj[simp|: <kf-domain (kf-map-inj f €) = f * kf-domain &)
apply transfer’
by force

lemma kf-operators-kf-map:
<kf-operators (kf-map f €) C span (kf-operators €))
proof (rule subsetl)
fix F
assume (E € kf-operators (kf-map f €)»
then obtain b where «(norm E)? = kf-clement-weight (kf-filter (\x. fz = b) €) E A E #
0
by (auto simp add: kf-operators.rep-eq kf-map.rep-eq)
then have <kf-element-weight (kf-filter (Ax. fz = b) €) E # O»
by force
then have <E € span (kf-operators (kf-filter (Az. fz = b) &))
by (rule kf-element-weight-kf-operators)
then show <E € span (kf-operators €))
using kf-operators-filter[of <«(Az. fz = b)» €]
by (meson basic-trans-rules(31) span-mono)
qed

lemma kf-operators-kf-map-inj[simp|: <kf-operators (kf-map-inj f €) = kf-operators &)
apply transfer’ by force

2.7 Addition

lift-definition kf-plus :: <('a::chilbert-space, 'b:: chilbert-space, 'z) kraus-family = ('a,’d,’y) kraus-family
= (‘a,’b,’z+"y) kraus-family is

AEF. (ANEx). (E, Inl z)) ‘€U ANF,y). (F, Inr y)) ‘3
proof (rename-tac € §)

fix € :: <('a =¢cp b x 'z) sety and F :: «('a =cr b x 'y) seb

assume (& € Collect kraus-familyy and «§ € Collect kraus-family>

then have <kraus-family & and <kraus-family §»

by auto
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then have <kraus-family (M(E, z). (E, Inl z)) ‘€ U (A(F, y). (F, Inr y)) ‘§)»
by (force intro!: summable-on-Un-disjoint
summable-on-reindex[ THEN iffD2] inj-onl
simp: kraus-family-iff-summable’ o-def case-prod-unfold conj-commute)
then show «(A(E, z). (E, Inl z)) ‘€ U (N(F, y). (F, Inry)) ‘§ € Collect kraus-family
by simp
qed

instantiation kraus-family :: (chilbert-space, chilbert-space, type) plus begin

definition plus-kraus-family where <& + § = kf-map (Azy. case zy of Inl x = z | Inr y = y)
(kf-plus € F)»

instance..

end

lemma kf-plus-apply:
fixes & :: «('a::chilbert-space, 'b::chilbert-space, 't) kraus-family»
and § :: <('a, 'b, 'y) kraus-family»
shows <kf-apply (kf-plus € §) o0 = kf-apply € o + kf-apply §F o’
proof —
have <kf-apply (kf-plus € §F) o
(3" wEFe(A(E,z). (E, Inl z))
5. sandwich-tc (fst EF) )
by (simp add: kf-plus.rep-eq kf-apply-def case-prod-unfold)
also have (... = (3, oEFe(A(E,x). (E, Inl z :: 'z+'y)) ‘ Rep-kraus-family €. sandwich-tc
(fst EF) o)

EF) o)
apply (subst infsum-Un-disjoint)
using kf-apply-summable
by (auto intro!: summable-on-reindex| THEN iffD2] inj-onl
simp: o-def case-prod-unfold kf-apply-summable)
also have (... = (3 o F€Rep-kraus-family €. sandwich-tc (fst E) 0) + (O oo F'€ Rep-kraus-family
5. sandwich-tc (fst F') o)
apply (subst infsum-reindex)
apply (auto introl: inj-onI)[1]
apply (subst infsum-reindex)
apply (auto introl: inj-onl)[1]
by (simp add: o-def case-prod-unfold)
also have «... = kf-apply € o + kf-apply § o
by (simp add: kf-apply-def)
finally show ?thesis
by —
qed

Rep-kraus-family € U (A(F,y). (F, Inr y)) ‘ Rep-kraus-family

+ O o EFe(M(F,y). (F, Inr y == 'x+"y)) ‘ Rep-kraus-family §. sandwich-tc (fst

lemma kf-plus-apply”: «(€ + F) *ir 0 = € %pp 0 + T *pr O
by (simp add: kf-plus-apply plus-kraus-family-def)

lemma kf-plus-0-left[simp]: <kf-plus 0 € = kf-map-inj Inr &
apply transfer’ by auto
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lemma kf-plus-0-right[simp]: <kf-plus € 0 = kf-map-inj Inl &
apply transfer’ by auto

lemma kf-plus-0-left'[simp]: <0 + € =g, &
proof —
define merge where <merge xy = (case zy of Inl x = z | Inr y = y)» for zy :: <c + o
have (0 + € = kf-map merge (kf-map-inj Inr €)»
by (simp add: plus-kraus-family-def merge-def|abs-def])
also have «... =g, kf-map merge (kf-map Inr €))
by (auto introl: kf-map-cong kf-map-inj-eq-kf-map)
also have «... =g, kf-map (merge o Inr) &
by (simp add: kf-map-twice)
also have «... = kf-map id &
apply (rule arg-cong2[where f=kf-map))
by (auto simp: merge-def)
also have ¢... =, &
by (simp add: kf-map-id)
finally show ?thesis
by —
qed

lemma kf-plus-0-right”: <€ + 0 =, &
proof —
define merge where <merge xy = (case zy of Inl x = z | Inr y = y)» for zy :: <c + ‘o
have <& + 0 = kf-map merge (kf-map-inj Inl €)»
by (simp add: plus-kraus-family-def merge-def|abs-def])
also have «... =g, kf-map merge (kf-map Inl &)
by (auto intro!: kf-map-cong kf-map-inj-eq-kf-map)
also have «... =g, kf-map (merge o Inl) &
by (simp add: kf-map-twice)
also have «... = kf-map id &
apply (rule arg-cong2[where f=kf-map))
by (auto simp: merge-def)
also have ¢... =, &
by (simp add: kf-map-id)
finally show ?thesis
by —
qed

lemma kf-plus-bound: <kf-bound (kf-plus € §) = kf-bound € + kf-bound F»
proof —
define [ r where (I = (A\(E:'a=c1'b, ©) = (E, Inl z 2 'e+'d))»
and <r = (A(F:'a=cL'b, y) = (F, Inr y = 'c+'d))»
have (Abs-cblinfun-wot (kf-bound (kf-plus € F))
= 0" o(E, z)€l ¢ Rep-kraus-family € U r ¢ Rep-kraus-family §. compose-wot (adj-wot
(Abs-cblinfun-wot E)) (Abs-cblinfun-wot E))»
by (simp add: kf-bound-def’ kf-plus.rep-eq Rep-cblinfun-wot-inverse flip: I-def r-def)
also have «... = (3" «(E, )€l * Rep-kraus-family €. compose-wot (adj-wot (Abs-cblinfun-wot

60



E)) (Abs-cblinfun-wot E))
+ . «(E, x)Er © Rep-kraus-family §. compose-wot (adj-wot (Abs-cblinfun-wot E))
(Abs-cblinfun-wot E))»
apply (rule infsum-Un-disjoint)
apply (metis (no-types, lifting) ext Un-empty-right I-def image-empty kf-bound-summable’
kf-plus.rep-eq
zero-kraus-family.rep-eq)
apply (metis (no-types, lifting) ext r-def empty-subset] image-empty kf-bound-summable’
kf-plus.rep-eq
sup.absorb-iff2 zero-kraus-family.rep-eq)
by (auto introl: simp: I-def r-def)
also have «... = Abs-cblinfun-wot (kf-bound (kf-map-inj Inl € :: (-,-,’c+'d) kraus-family)) +
Abs-cblinfun-wot (kf-bound (kf-map-inj Inr § == (-,-,/c+'d) kraus-family))
by (simp add: kf-bound-def’ Rep-cblinfun-wot-inverse I-def r-def kf-map-inj.rep-eq case-prod-unfold)
also have «... = Abs-cblinfun-wot (kf-bound € + kf-bound F)»
by (simp add: kf-map-inj-bound plus-cblinfun-wot.abs-eq)
finally show ?thesis
by (metis (no-types, lifting) Rep-cblinfun-wot-inverse kf-bound-def’ plus-cblinfun-wot.rep-eq)
qed

lemma kf-plus-bound’: <kf-bound (€ + §) = kf-bound € + kf-bound §»
by (simp add: kf-map-bound kf-plus-bound plus-kraus-family-def)

lemma kf-norm-triangle: <kf-norm (kf-plus € §) < kf-norm € + kf-norm §»
by (simp add: kf-norm-def kf-plus-bound norm-triangle-ineq)

lemma kf-norm-triangle’. <kf-norm (€ + §) < kf-norm € + kf-norm §»
by (simp add: kf-norm-def kf-plus-bound’ norm-triangle-ineq)

lemma kf-plus-map-both:
kf-plus (kf-map f &) (kf-map g §) = kf-map (map-sum f g) (kf-plus € §)»
proof —
have 1: <kf-filter (Azx. map-sum f g x = Inl y) (kf-plus € §) =
kf-map-ing Inl (kf-filter (A\z. foz = y) €)) for y
apply (transfer’ fixing: f g y)
by force
have 2: <kf-filter (Az. map-sum f g x = Inr y) (kf-plus € F) =
kf-map-ing Inr (kf-filter (Az. g z = y) §)» for y
apply (transfer’ fizing: f g y)
by force
show ?thesis
apply (transfer’ fizing: f g € §)
apply (rule Set.set-eql)
subgoal for x
apply (cases <snd x»)
by (auto introl: simp: 1 2 kf-element-weight-map-inj split!: sum.split)
by —
qed
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2.8 Composition

lemma kf-comp-dependent-raw-norm-aux:
fixes € :: (‘a = (’e:chilbert-space, 'f::chilbert-space, 'q) kraus-family»
and F :: <('b::chilbert-space, ‘e, 'a) kraus-family
assumes B: (A\z. z € kf-domain § = kf-norm (€ z) < B»
assumes [simp]: <B > 0»
assumes <(finite C»
assumes C-subset: <C C (A((F,y), (E,x)). (Eocr F, (F,E,y,x))) ‘ (SIGMA (F,y):Rep-kraus-family
5. Rep-kraus-family (€ y))»
shows (" (E,x)eC. Ex ocy E) < (B * kf-norm §) *g id-cblinfun)
proof —
define BF :: <'b = 'b» where <BF = kf-norm § *g id-cblinfun»
then have «kf-bound § < BF»
by (simp add: kf-bound-leg-kf-norm-id)
then have BF: «(>_ (F, y)eM. (Fx ocyr, F)) < BF» if <M C Rep-kraus-family §> and «<finite
M)> for M
using dual-order.trans kf-bound-geg-sum that(1) by blast
define BE : <e =¢ 'e» where (BE = B *g id-cblinfun»
define §z€ where «Fz€ = (SIGMA (F,y): Rep-kraus-family §. Rep-kraus-family (€ y))»
have BE: «(>_ (E,z)eM. (Ex ocr E)) < BE» if <y € kf-domain §» and <M C Rep-kraus-family
(¢ y)» and «<finite M for M y
proof —
from B that(1,2)
have <norm (> (E, x)eM. Ex oo E) < B
by (smt (verit) kf-norm-geq-norm-sum that)
then show ?thesis
by (auto introl: less-eq-scaled-id-norm pos-selfadjoint sum-nonneg intro: positive-cblinfun-squarel
simp: BE-def)
qged

define A where <A = (> (E,x)eC. Ex ocr, E)
define CE CF where «CE y = (A\(-,(F,E,y,x)). (E,x))  Set.filter (\(-,(F,E,y",x)). y'=y) C
and «CF = (A\(-,(F,E,y,x)). (F,y)) < C» for y
with «finite C» have [simp]: finite (CE y)» «finite CF» for y
by auto
have C-C1C2: «<C C (AM(F,y), (E,x)). (E ocr F, (F,E,y,z))) ‘ (SIGMA (F,y):CF. CE y)»
proof (rule subsetl)
fix ¢ assume «c € ()
then obtain EF E F r y where c-def: «<¢c = (EF,(F,E,y,z)))
by (metis surj-pair)
from <c € C» have EF-def: <EF = FE ocy F»
using C-subset by (auto introl: simp: c-def)
from <«c € C» have 1: ((F,y) € CF»
apply (simp add: CF-def c-def)
by force
from «c € C» have 2: «(E,z) € CE y
apply (simp add: CE-def c-def)
by force
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from 1 2 show <c € (A((F, y), E, z). (Eocr F, (F,E,y,x))) ‘ (SIGMA (F, y):CF. CE y)»
apply (simp add: c-def EF-def)
by force
qged

have CE-sub-€: <CE y C Rep-kraus-family (€ y)> and <CF C Rep-kraus-family § for y
using C-subset by (auto simp add: CE-def CF-def Fx€-def case-prod-unfold)

have CE-BE: «(}_ (E, z)eCE y. (Ex ocr, E)) < BE) if <y € kf-domain §> for y
using BE[where y=y| CE-sub-&[of y| that
by auto

have <4 < (3" (E,z) € (AN(F,y), (E.x)). (E ocr F, (F,E,y,z))) ‘ (SIGMA (F,y):CF. CE y).
Ex ocp E)»
using C-C1C2 by (auto intro!: finite-imagel sum-mono2 positive-cblinfun-squarel simp: A-def
stmp flip: adj-cblinfun-compose)[1]
also have «... = (3 ((F,y), (E,x))e(SIGMA (F,y):CF. CE y). (Fx ocr (Ex ocr E) ocy
F))»
apply (subst sum.reindex)
by (auto intro!: inj-onl simp: case-prod-unfold cblinfun-compose-assoc)
also have «... = (3 (F, y)eCF. sandwich (Fx) (> (F, ©)eCE y. (Ex ocr E)))
apply (subst sum.Sigmalsymmetric])
by (auto intro!: simp: case-prod-unfold sandwich-apply cblinfun-compose-sum-right cblin-
fun-compose-sum-left simp flip: )
also have «... < (32 (F, y)eCF. sandwich (Fx) BE)»
proof (rule sum-mono)
fix i :: <'b =¢cr ‘e X 'a> assume <i € CF)
obtain F'y where i: «i = (F,y)»
by force
have 1: «sandwich (Fx) xy (3. (E,x)€CE y. Ex ocr E) < sandwich (Fx) %y BE» if <y €
kf-domain §»
apply (rule sandwich-mono)
using that CE-BE by simp
have (F = 0» if <y ¢ kf-domain §»
using C-subset CF-def <CF C Rep-kraus-family §» <i € CF)» that i
by (smt (verit, ccfv-SIG) Set.basic-monos(7) Set.filter-eq case-prodl image-iff kf-domain.rep-eq
prod.sel(2))
then have 2: (sandwich (Fx) xy (3. (E,2)€CE y. Ex ocr, E) < sandwich (Fx) %y BE» if
<y & kf-domain §»
using that by simp
from 1 2 show «((case i of (F, y) = sandwich (Fx) xy (> (E, )€CE y. Ex ocr, E))
< (case i of (F, y) = sandwich (Fx) xy BE)»
by (auto simp: case-prod-unfold 7)
qged
also have «... = B xr (O_(F, y)eCF. Fx ocp F)»
by (simp add: scaleR-sum-right case-prod-unfold sandwich-apply BE-def)
also have ¢... < B xp BF»
using BF by (simp add: «CF C Rep-kraus-family §» scaleR-left-mono case-prod-unfold)
also have (B xp BF = (B x kf-norm §) *gr id-cblinfun»
by (simp add: BF-def)
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finally show <A < (B x kf-norm §) g id-cblinfun»
by —
qed

lift-definition kf-comp-dependent-raw :: «('z = ('b::chilbert-space,’c:: chilbert-space,'y) kraus-family)
= ('a::chilbert-space,’d,’z) kraus-family
= (‘a, 'c, 'la =cr 'b) x ('b=cr c) x & x 'y) kraus-family is
(AE F. if bdd-above ((kf-norm o €) ¢ kf-domain §) then
Set.filter (A\(EF,-). EF£0) (M(F,y), (E::'b=cr'c,z::"y)). (E ocr F, (F,E,y,z))) ‘ (SIGMA
(F::'a=c 1 b,y::"x): Rep-kraus-family §. (Rep-kraus-family (€ y))))
else {}
proof (rename-tac € §)
fix € :: <o = ('b, ‘e, y) kraus-family> and § :: <(‘a, 'b, 'x) kraus-family
show «((if bdd-above ((kf-norm o €) * kf-domain §)
then Set.filter (A\(EF,-). EF#0) (M(F, y), E, x). (E ocr F, (F, E, y, z))) ‘ (SIGMA
(F, y):Rep-kraus-family §. Rep-kraus-family (€ y)))
else {})
€ Collect kraus-family>
proof (cases <bdd-above ((kf-norm o &) * kf-domain §)»)
case True
obtain B where E-uniform: <y € kf-domain § = kf-norm (€ y) < B> and <B > 0 for y
proof atomize-elim
from True
obtain B0 where (y € kf-domain § = kf-norm (€ y) < B0 for y
by (auto simp: bdd-above-def)
then show (3B. (Vy. y € kf-domain § — kf-norm (€ y) < B) A 0 < B»
apply (rule-tac exI[of - «<max 0 B0>))
by force
qed
define §z€ where «F2€ = (SIGMA (F,y): Rep-kraus-family §. Rep-kraus-family (€ y))»
have <bdd-above (AM. Y (E,x)eM. Ex ocr E) *
{M. M C Set.filter (\(EF, -). EF # 0) (AM(F,y), (E,x)). (E ocr F, (F,E,y,x))) *
Fx€) A finite M})»
proof (rule bdd-abovel, rename-tac A)
fix A:a=cr o
assume <A € (AM. > (E, z)eM. Ex ocr, E) ‘{M. M C Set.filter (\(EF, -). EF # 0)
(\(F.y), (E2). (E ocr, Fr (F.Ey,2))) * 33€) A finite M}
then obtain C where A-def: <A = (> (E,x)eC. Ex ocr, E)»
and CF€E: «C C Set.filter (\(EF,-). EF # 0) (M(F,y), (E,x)). (F ocr F, (F,E,y,z)))
‘Fa€))
and [simp]: «finite C»
by auto
from kf-comp-dependent-raw-norm-auz[OF E-uniform <B > 0) <finite C)]
show (A < (B x kf-norm §) *g id-cblinfun>
using CF¢
by (force introl: simp: A-def FzE-def)
qed
then have <kraus-family (Set.filter (\(EF,-). EF#0) (AM(F, y), E, ). (Eoc F, (F,E,y,z)))
“(SIGMA (F, y):Rep-kraus-family §. Rep-kraus-family (€ y))))»
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by (auto introl: kraus-familyl simp: conj-commute Fz€-def)
then show ?thesis
using True by simp
next
case Fulse
then show ?thesis
by (auto simp: kraus-family-def)
qged
qed

lemma kf-comp-dependent-raw-norm-leq:
fixes € :: (‘a = (’'b::chilbert-space, 'c::chilbert-space, 'd) kraus-family>
and § :: «('e::chilbert-space, 'b, 'a) kraus-family
assumes (\z. z € kf-domain § = kf-norm (€ z) < B»
assumes B > 0>
shows <kf-norm (kf-comp-dependent-raw € §) < B x kf-norm &
proof —
wlog not-singleton: <class.not-singleton TYPE('e)»
using not-not-singleton-kf-norm-0[OF negation, of §)
using not-not-singleton-kf-norm-0[OF negation, of <kf-comp-dependent-raw € ]
by simp
show ?thesis
proof (rule kf-norm-sum-leql)
fix F assume <finite F» and F-subset: <F C Rep-kraus-family (kf-comp-dependent-raw &
%)
have [simp]: <norm (id-cblinfun :: 'e =cp 'e) = I»
apply (rule norm-cblinfun-id[internalize-sort’ 'a])
apply (rule complez-normed-vector-axioms)
by (rule not-singleton)
from assms have bdd: (bdd-above ((Az. kf-norm (€ z)) ¢ kf-domain §)»
by fast
have «(>_ (E, z)eF. Ex ocr, E) < (B % kf-norm §) g id-cblinfun>
using assms <finite Fy apply (rule kf-comp-dependent-raw-norm-auz)
using F-subset by (auto simp: kf-comp-dependent-raw.rep-eq bdd)
then have <norm (3. (E, x)€F. Ex ocr E) < norm ((B * kf-norm §) xgr (id-cblinfun :: 'e
=CL ,6))>
apply (rule norm-cblinfun-mono[rotated)])
using positive-cblinfun-squarel
by (auto intro!: sum-nonneg)
then show <norm (}_ (E, z)€F. Ex ocr, E) < B * kf-norm §»
using «<B > 0) by auto
qged
qed

hide-fact kf-comp-dependent-raw-norm-auz
definition <kf-comp-dependent € § = kf-map (A(F,E,y,x). (y,z)) (kf-comp-dependent-raw € §)»

definition <kf-comp € §F = kf-comp-dependent (A-. €) F»
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lemma kf-comp-dependent-norm-leq:
assumes (A\z. z € kf-domain § = kf-norm (€ z) < B»
assumes B > 0>
shows <kf-norm (kf-comp-dependent € §) < B * kf-norm §
using assms by (auto introl: kf-comp-dependent-raw-norm-leq simp: kf-comp-dependent-def)

lemma kf-comp-norm-leg:
shows <kf-norm (kf-comp € §) < kf-norm € x kf-norm ¥
by (auto intro!: kf-comp-dependent-norm-leq simp: kf-comp-def)

lemma kf-comp-dependent-raw-apply:
fixes € :: 'y = (‘a::chilbert-space, 'b::chilbert-space, ') kraus-family»
and F :: «('c::chilbert-space, 'a, 'y) kraus-family
assumes <bdd-above ((kf-norm o &) * kf-domain §)»
shows («kf-comp-dependent-raw € § *x, o
= (3 oo (F,y)ERep-kraus-family §. € y *g, sandwich-tc F o))
proof —
have sum2: «(A(F, ). sandwich-tc F ¢) summable-on (Rep-kraus-family §)»
using kf-apply-summable[of o | by (simp add: case-prod-unfold)
have ((\E. sandwich-tc (fst E) o) summable-on
(Set.fiter (\(E.2). B £ 0) (\(Foy), (B)). (B oor, F, (F.E,))) © (SIGMA
(F,y):Rep-kraus-family §. Rep-kraus-family (€ y))))»
using kf-apply-summable[of - <kf-comp-dependent-raw € §>] assms
by (simp add: kf-comp-dependent-raw.rep-eq case-prod-unfold)
then have «(\E. sandwich-tc (fst E) o) summable-on
M(F,y), (B\x)). (Focr F, (F,E,y,x))) ‘(SIGMA (F,y): Rep-kraus-family §. Rep-kraus-family
(@ y)
apply (rule summable-on-cong-neutral[ THEN iff D1, rotated —1])
by force+
then have sum?: «(A((F,y), (E,z)). sandwich-tc (E ocr, F') 0) summable-on (SIGMA (F,y): Rep-kraus-family
5. Rep-kraus-family (€ y))»
apply (subst (asm) summable-on-reindezx)
by (auto intro!: inj-onl simp: o-def case-prod-unfold)
have <kf-comp-dependent-raw € § *i, 0
= (Z ooEE(S@t.ﬁlt(fT’ (/\(E,I) E 7é 0) (()‘((F7y)v (E7I)) (E ocr F, (F7E’yvx))) ‘
(SIGMA (F,y):Rep-kraus-family §. Rep-kraus-family (€ y)))). sandwich-tc (fst E) o)
using assms by (simp add: kf-apply-def kf-comp-dependent-raw.rep-eq case-prod-unfold)
alsohave (... = (3. o E€(A((F,y), (E.x)). (Eocy F, (F,E,y,x))) ‘ (SIGMA (F,y):Rep-kraus-family
§. Rep-kraus-family (€ y)). sandwich-tc (fst E) o)»
apply (rule infsum-cong-neutral)
by force+
also have «... = (3. o ((F,y), (E,x))e(SIGMA (F,y):Rep-kraus-family §. Rep-kraus-family
(¢ y)). sandwich-tc (E ocr, F) o)
apply (subst infsum-reindex)
by (auto intro!: inj-onl simp: o-def case-prod-unfold)
also have «... = (3 o (F,y)€Rep-kraus-family §F. > oo (F,x)€Rep-kraus-family (€ y). sand-
wich-tc (E ocr, F) o)
apply (subst infsum-Sigma’-banach[symmetric])
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using suml! by (auto simp: case-prod-unfold)
also have «... = () o (F,y)€Rep-kraus-family §. > o (F,x)€ Rep-kraus-family (€ y). sand-
wich-tc E (sandwich-tc F 9))»
by (simp add: sandwich-tc-compose)
also have «... = (3. o (F,y)€Rep-kraus-family §. kf-apply (€ y) (sandwich-tc F 0))»
by (simp add: kf-apply-def case-prod-unfold)
finally show ?thesis
by —
qed

lemma kf-comp-dependent-apply:
fixes € :: 'y = ('a::chilbert-space, 'b::chilbert-space, ') kraus-family)
and § :: <(‘ci:chilbert-space, 'a, 'y) kraus-family>

assumes (bdd-above ((kf-norm o €) ¢ kf-domain §)»

shows «kf-comp-dependent € § *p, 0
= (O_ oo (F,y)ERep-kraus-family §. € y *k, sandwich-tc F 9)»

using assms by (simp add: kf-comp-dependent-def kf-apply-map
kf-comp-dependent-raw-apply)

lemma kf-comp-apply:

shows <kf-apply (kf-comp € F) = kf-apply € o kf-apply F»
proof (rule ext, rename-tac o)

fix ¢ :: «(Ya, 'a) trace-class

have sumF: «(A(F, y). sandwich-tc F o) summable-on Rep-kraus-family §>
by (rule kf-apply-summable)

have <kf-comp € § x, 0 = (O oo (F,y)ERep-kraus-family §. € xi, sandwich-tc F )
by (auto introl: kf-comp-dependent-apply simp: kf-comp-def)

also have «... = kf-apply € (>_ o (F,y) € Rep-kraus-family §. sandwich-tc F o))
apply (subst infsum-bounded-linear[symmetric, where h=<kf-apply &])
using sumF by (auto intro!: bounded-clinear.bounded-linear kf-apply-bounded-clinear

stmp: o-def case-prod-unfold)

also have «... = (kf-apply € o kf-apply §) o
by (simp add: o-def kf-apply-def case-prod-unfold)

finally show <kf-apply (kf-comp € F) o = (kf-apply € o kf-apply §) o
by —

qed

lemma kf-comp-cong-weak: <kf-comp F G =y, kf-comp F' G"
if «F =4, F» and <G =4, G
by (metis kf-eq-weak-def kf-comp-apply that)

lemma kf-comp-dependent-raw-assoc:
fixes € :: /f = (‘c::chilbert-space,’d::chilbert-space,’e) kraus-family
and § :: ‘g = ('bi:chilbert-space,’c:: chilbert-space,'f) kraus-family>
and & :: «('a::chilbert-space,’b:: chilbert-space,’q) kraus-family>
defines <reorder :: 'a =¢cp ‘¢ X ‘e =cp 'd X (la=cp b x 'b=cp 'c x g x f) x e
= /aﬁc[, b x /béc[, 'd x 'gX /béCL ‘e x /C:>CL 'd x 'f>< e =
MFG:'a =cr e, E'e =cp 'd, (Gila =cp 'b, Fi'b =c1 ‘e, g, f227F), ex'e).
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(G, Eocr F, g9, F, E, f, e)»
assumes <bdd-above (range (kf-norm o €))»
assumes <bdd-above (range (kf-norm o §))»
shows <kf-comp-dependent-raw (Ag::'g. kf-comp-dependent-raw € (§F g)) &
= kf-map-inj reorder (kf-comp-dependent-raw (A(-,-,-,f). € f) (kf-comp-dependent-raw §
&)
(is «?lhs = ?rhs»)
proof (rule Rep-kraus-family-inject| THEN iffD1])
from assms have bdd-E: <bdd-above ((kf-norm o €) ‘ X)» for X
by (simp add: bdd-above-mono2)
from assms have bdd-F: <bdd-above ((kf-norm o §) ¢ X)» for X
by (simp add: bdd-above-mono?2)
have bdd1: <bdd-above ((Az. kf-norm (kf-comp-dependent-raw € (§ z))) ‘ X)» for X
proof —
from bdd-F|where X=UNIV] obtain BF where BF: <kf-norm (§ z) < BF) for z
by (auto simp: bdd-above-def)
moreover from bdd-E[where X=UNIV| obtain BE where BE: (kf-norm (€ z) < BE)
for z
by (auto simp: bdd-above-def)
ultimately have <kf-norm (kf-comp-dependent-raw (Az. € z) (§ z)) < BE x BF) for z
by (smt (verit, best) kf-comp-dependent-raw-norm-leq kf-norm-geq0 landau-omega. R-mult-left-mono)
then show ?thesis
by (auto intro!: bdd-abovel)
qged
have bdd2: (bdd-above ((kf-norm o (A(-::'a =cp 'b, -:'b =¢ ‘¢, -i'g, y::'f). € y)) * X)» for
X
using assms(2) by (auto simp: bdd-above-def)
define EE FF GG where <EE f = Rep-kraus-family (€ f)» and <FF g = Rep-kraus-family
(§ 9) and <GG = Rep-kraus-family > for f g
have «Rep-kraus-family ?lhs
= (Set.filter (\(E,z). E # 0) (AM(F,y), (E, x)). (Eocr F, F, E, y, x)) ¢
(SIGMA (F, y):GG. Rep-kraus-family (kf-comp-dependent-raw € (§ y)))))»
apply (subst kf-comp-dependent-raw.rep-eq)
using bdd! by (simp add: GG-def)
also have «... = (Set.filter (A\(E,z). E # 0) (AM(G, g), (EF, z)). (EF oc1, G, G, EF, g, x))
(SIGMA (G, ¢):GG. Set.filter (A\(E,z). E # 0) (M(F, f), (E, €)). (Eocy F, F, E, f, ¢))
“(SIGMA (F, f):FF g. EE [)))))
unfolding EE-def FF-def
apply (subst kf-comp-dependent-raw.rep-eq)
using assms bdd-E by (simp add: case-prod-beta)
also have «... = (Set.filter (A\(E,z). E # 0) (AM(G, g), (EF, z)). (EF oc, G, G, EF, g, x))
(SIGMA (G, 9):GG. (M(F, f), (E, e). (Eocr F, F, E, f, e)) ‘(SIGMA (F, f):FF g. EE
o)

by force
also have «... = (Set.filter (A\(E,x). E # 0) ((M(F, y), (E, x)). (E ocr F, reorder (F, E,
v, @)
(SIGMA (FG, -, -, -, y):(A(G, 9), (F, [)). (Focr G, G, F, g, f)) * (SIGMA (G, 9):GG.
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FF g). EE y)))
by (force simp: reorder-def image-iff case-prod-unfold cblinfun-compose-assoc)

also have «... = (Set.filter (A\(E,x). E # 0) ((M(F, y), (E, x)). (E ocr F, reorder (F, E,
y, 7)) *
(SIGMA (FG7 T T y):S@t.ﬁlt@’l‘ (A(E"T) E # 0) ((/\((Ga g)’ (Fa f)) (F ocr G, G, F,
g, ) ‘(SIGMA (G, g):GG. FF g)). EE y)))»
by force
also have «... = (Set.filter (A\(E,x). E # 0) ((M(F, y), (E, x)). (E ocr F, reorder (F, E,
y, 7)) *
(SIGMA (FG, (-, -, -, f)):Rep-kraus-family (kf-comp-dependent-raw § &). EE f)))

apply (rule arg-cong[where f=«Set.filter -)])
apply (subst kf-comp-dependent-raw.rep-eq)
using assms bdd-F

by (simp add: flip: FF-def GG-def)

also have «... = (Set.filter (A\(E,z). E # 0) (M(E,z). (E, reorder z)) ‘* (A((F, y), (E, z)). (E
OCLFvFaanvx)) ‘
(SIGMA (FG, (-, -, -, f)):Rep-kraus-family (kf-comp-dependent-raw § ®). EE f)))»
by (simp add: image-image case-prod-beta)
also have «... = (A(E,z). (E, reorder z)) ‘ (Set.filter (\(E,z). E # 0) (A(F, y), (E, z)). (E
ocr F, F, E, y, x)) *
(SIGMA (FG, (-, -, -, f)):Rep-kraus-family (kf-comp-dependent-raw § &). EE f)))
by force+
also have ... = (A(E,z). (E,reorder x)) ‘ Rep-kraus-family
(kf-comp-dependent-raw (A(-, -, -, y). € y) (kf-comp-dependent-raw § &))»

apply (subst (2) kf-comp-dependent-raw.rep-eq)
using bdd2 by (simp add: case-prod-unfold EE-def)
also have «... = Rep-kraus-family ?rhs)
by (simp add: kf-map-inj.rep-eq case-prod-beta)
finally show <Rep-kraus-family ?lhs = Rep-kraus-family ?rhs»
by —
qed

lemma kf-filter-comp-dependent:
fixes § :: <'e = ('buchilbert-space,’c:: chilbert-space,’f) kraus-family
and € :: «(‘a::chilbert-space,’b:: chilbert-space,’e) kraus-family
assumes <bdd-above ((kf-norm o §) ‘ kf-domain &)
shows <kf-filter (A(e,f). F e f A E e) (kf-comp-dependent § €)
= kf-comp-dependent (Me. kf-filter (F' e) (§ e)) (kf-filter E €)»
proof —
from assms
have bdd2: «bdd-above ((Ae. kf-norm (kf-filter (F ¢) (§ e))) ¢ kf-domain &)
apply (rule bdd-above-mono?2)
by (auto introl: kf-norm-filter)
then have bdd3: <bdd-above ((Az. kf-norm (kf-filter (F z) (§ z))) *
kf-domain (kf-filter E €))»
apply (rule bdd-above-mono?2)
by auto
show ?thesis
unfolding kf-comp-dependent-def kf-filter-map
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apply (rule arg-cong[where f=<kf-map -)])

using assms bdd2 bdd3 apply (transfer’ fizing: F E)

by (auto intro!: simp: kf-filter.rep-eq case-prod-unfold image-iff Bez-def)
qed

lemma kf-comp-assoc-weak:
fixes € :: «('c::chilbert-space,’d:: chilbert-space,’e) kraus-family»
and § :: «('b::chilbert-space,’c:: chilbert-space,’f) kraus-family»
and & :: «('a::chilbert-space,’b:: chilbert-space,’q) kraus-family>
shows <kf-comp (kf-comp € §) & =i, kf-comp € (kf-comp § &)
apply (rule kf-eq-weakl)
by (simp add: kf-comp-apply)

lemma kf-comp-dependent-raw-cong-left:

assumes <bdd-above ((kf-norm o &) * kf-domain §)»

assumes <bdd-above ((kf-norm o €') ‘ kf-domain §)»

assumes (\z. z € snd ‘ Rep-kraus-family § = € = = ¢’ 2

shows <kf-comp-dependent-raw € § = kf-comp-dependent-raw ¢’ §»
proof —

show ?thesis

apply (rule Rep-kraus-family-inject] THEN 4ffD1])

using assms
by (force simp: kf-comp-dependent-def kf-comp-dependent-raw.rep-eq
image-iff case-prod-beta Bezx-def)

qed

lemma kf-comp-dependent-cong-left:
assumes <bdd-above ((kf-norm o &) * kf-domain §)»
assumes <bdd-above ((kf-norm o €') ‘ kf-domain §)»
assumes (\z. z € kf-domain § = €z =¢" 1
shows <kf-comp-dependent € § = kf-comp-dependent €’ §»
proof —
have (kf-comp-dependent € § = kf-map (A(F, E, y). y) (kf-comp-dependent-raw € §)»
by (simp add: kf-comp-dependent-def id-def)
also have «... = kf-map (A\(F, E, y). y) ((kf-comp-dependent-raw (Az. (€' z)) (§)))
apply (rule arg-cong[where f=<At. kf-map - t»])
apply (rule kf-comp-dependent-raw-cong-left|OF assms))
using assms by (auto intro!: simp: kf-domain.rep-eq)
also have (... = kf-comp-dependent &’ §»
by (simp add: kf-comp-dependent-def id-def)
finally show ?thesis
by —
qed

lemma kf-domain-comp-dependent-raw-subset:

<kf-domain (kf-comp-dependent-raw € §) C UNIV x UNIV x (SIGMA z:kf-domain §. kf-domain
(¢ z))

70



by (auto introl: simp: kf-comp-dependent-raw.rep-eq kf-domain.rep-eq image-iff Bex-def)

lemma kf-domain-comp-dependent-subset:
<kf-domain (kf-comp-dependent € §) C (SIGMA x:kf-domain §. kf-domain (€ x))»
apply (simp add: kf-comp-dependent-def kf-domain-map id-def)
by (auto introl: simp: kf-comp-dependent-raw.rep-eq kf-domain.rep-eq image-iff Bex-def)

lemma kf-domain-comp-subset: <kf-domain (kf-comp € §) C kf-domain § x kf-domain &
by (metis Sigma-cong kf-comp-def kf-domain-comp-dependent-subset)

lemma kf-apply-comp-dependent-cong:
fixes € :: (/f = ('b::chilbert-space,’c::chilbert-space,’el) kraus-family
and €’ :: 'f = ('bu:chilbert-space,’c::chilbert-space,’e2) kraus-family>
and § §' :: «('a::chilbert-space,’b:: chilbert-space,'f) kraus-family
assumes bdd: <bdd-above ((kf-norm o €) ¢ kf-domain §)»
assumes bdd”: (bdd-above ((kf-norm o €') ‘ kf-domain F')
assumes (f € kf-domain § = kf-apply-on (€ f) E = kf-apply-on (¢’ f) E'
assumes <kf-apply-on § {f} = kf-apply-on §' {fp
shows <«kf-apply-on (kf-comp-dependent € §) ({f} xE) = kf-apply-on (kf-comp-dependent &’
§) (LB
proof (rule ext)
fix o :: «((Ya, 'a) trace-class

have rewrite-comp: <kf-apply-on (kf-comp-dependent € §) ({f}xE) =
kf-apply (kf-comp (kf-filter (\x. z€E) (€ f))
(kf-filter (Az. 2=f) §))»
if <bdd-above ((kf-norm o €) ¢ kf-domain §)»
for F and € :: (/f = ('b::chilbert-space,’c::chilbert-space,’e) kraus-family>
and § :: «(‘a::chilbert-space,’b:: chilbert-space,’f) kraus-family
proof —
have bdd-filter: <bdd-above ((kf-norm o (\f. kf-filter (\z. z€E) (€ f))) * kf-domain §)
apply (rule bdd-above-mono2[OF - subset-refl, rotated))
using kf-norm-filter apply blast
using that
by (metis (mono-tags, lifting) bdd-above-mono2 comp-apply kf-norm-filter order.refl)
have auz: <«(A(z,y). y€E A z=f) = (Az. z€{f} xE)
by auto
have x: <kf-filter (Az. z€{f}xE) (kf-comp-dependent € F)
= kf-comp-dependent (\f. kf-filter (\z. z€E) (€ f))
(kf-filter (A\z. z=f) §)»
using kf-filter-comp-dependent[where €=F and §=¢ and F=«\- z. z€E» and EF=«(\z.
z=f>,
OF that]
unfolding auz by auto
have <kf-apply-on (kf-comp-dependent € F) ({f}x E)
= kf-apply (kf-comp-dependent (N\f. kf-filter (Ax. z€E) (€ [))
(kf-filter (A\z. z=f) §))»
by (auto introl: simp: kf-apply-on-def x )
also have «... = kf-apply
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(kf-comp-dependent (A-. kf-filter (A\z. z€E) (€ f))
(kf-filter (A\z. z=f) §))»
apply (rule arg-cong|where f=X\z. kf-apply z])
apply (rule kf-comp-dependent-cong-left)
using bdd-filter by auto

also have «... = kf-apply (kf-comp (kf-filter (Az. z€E) (€ f))
(kf-filter (A\z. z=f) §))»
by (simp add: kf-comp-def)

finally show ?thesis
by —

qed

have rew-&: <kf-apply (kf-filter (A\z. z€FE) (€ f))
= kf-apply (kf-filter (Az. z€E’) (¢’ f))»
if «f € kf-domain ¥
using assms(3)[OF that]
by (simp add: kf-apply-on-def)
have rew-§: <kf-apply (kf-filter (\f'". f'=f) F")
= kf-apply (kf-filter (Af'. "= f) )
using assms(4)
by (simp add: kf-apply-on-def)
have §-0: <kf-apply (kf-filker (A\f". f'=f)F) = O
if <f ¢ kf-domain §»
proof —

have «kf-filter (A\f'. f'=f) § =g
kf-filter (Nf'. f' = f) (kf-filter (A\z. z € kf-domain §) )
by (auto intro!: kf-filter-cong intro: kf-eq-sym simp: kf-filter-to-domain)
also have «... =i, (kf-filter (A-. False) §)»
using that apply (simp add: kf-filter-twice del: kf-filter-false)
by (smt (verit) kf-eq-def kf-filter-cong-eq)
also have ... =g, O
by (simp add: kf-filter-false)
finally show ?thesis
by (metis kf-apply-0 kf-eq-imp-eq-weak kf-eq-weak-def)
qed

show <kf-comp-dependent € § *, Q({f} x E) o =
kf-comp-dependent €' §' x, Q({f} x E’) o
apply (cases «f € kf-domain F»)
by (auto intro!: ext simp add: rewrite-comp[OF bdd] rewrite-comp[OF bdd’)
kf-comp-apply rew-€ rew-F F-0)
qed

lemma kf-comp-dependent-cong-weak:
fixes € :: (/f = ('b::chilbert-space,’c::chilbert-space,’el) kraus-family
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and €’ :: 'f = ('b::chilbert-space,’c::chilbert-space,’e2) kraus-family»
and § §' :: «(‘a::chilbert-space,’b:: chilbert-space,'f) kraus-family
assumes bdd: <bdd-above ((kf-norm o €) ¢ kf-domain F)»
assumes eq: (A\z. z € kf-domain § = € z =, €' >
assumes § =, 3O
shows <kf-comp-dependent € § =g, kf-comp-dependent €’ F'
proof —
have <kf-apply-on (kf-comp-dependent € §) ({f}x UNIV) = kf-apply-on (kf-comp-dependent
¢ F ({f}x UNIV)) for f
proof —
note bdd
moreover have (bdd-above ((kf-norm o €') ¢ kf-domain F’)»
by (metis (no-types, lifting) assms(1) assms(2) assms(8) comp-apply image-cong kf-norm-cong
kf-domain-cong)
moreover have <kf-apply-on (€ z) UNIV = kf-apply-on (€' z) UNIV) if «z € kf-domain
5 for z
using assms(2) kf-eq-weak-def that
by (metis kf-apply-on-UNIV')
moreover have «kf-apply-on § {f} = kf-apply-on §' {fp
by (meson assms(8) kf-eq-def)
ultimately show ¢thesis
by (rule kf-apply-comp-dependent-cong)
qed
then have <kf-apply-on (kf-comp-dependent € F) (U f. {f} x UNIV) = kf-apply-on (kf-comp-dependent
&' F) (Uf. {f1x UNIV),
apply (rule-tac ext)
apply (rule kf-apply-on-union-eql [where F=<range (Af. ({f}x UNIV {f}x UNIV))])
by auto
moreover have «(|Jf. {f} x UNIV) = UNIV
by fast
ultimately show ?thesis
by (metis kf-eq-weak-def kf-apply-on-UNIV)
qed

lemma kf-comp-dependent-assoc:
fixes € :: (/g = 'f = (‘c::chilbert-space,’d:: chilbert-space,’e) kraus-family»
and § :: <'g = ('b::chilbert-space,’c:: chilbert-space,’f) kraus-family»
and & :: «(‘a::chilbert-space,’b:: chilbert-space,’q) kraus-family»
assumes bdd-E: <bdd-above ((kf-norm o case-prod €) ‘ (SIGMA z:kf-domain &. kf-domain (§
D)
assumes bdd-F: <bdd-above ((kf-norm o §) * kf-domain &)»
shows <(kf-comp-dependent (A\g. kf-comp-dependent (€ g) (F g)) B) =k,
kf-map (A((g.f),e)- (9.f,e)) (kf-comp-dependent (A(g.f). € g f) (kf-comp-dependent § &))»
(is «?lhs =, Prhs))
proof (rule kf-eql)
fix gfe :: </g x 'f x 'e» and p
obtain ¢ f e where gfe-def: «gfe = (g.f,e)
apply atomize-elim
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apply (rule exI[of - «fst gfe>])
apply (rule exI[of - <fst (snd gfe))])
apply (rule exI[of - <snd (snd gfe)»])
by simp
have auz: «(Az. (fst (fst ), snd (fst x), snd z) = gfe) = (Az. z=((g,f),e))»
by (auto simp: gfe-def)
have bdd1: <bdd-above ((Az. kf-norm (kf-filter (A\z. x = f) (§ z))) ¢ kf-domain &)»
using kf-norm-filter bdd-F
by (metis (mono-tags, lifting) bdd-above-mono2 o-apply order.refl)
from bdd-E have bdd2: <bdd-above ((kf-norm o € g) ‘ kf-domain (§ g))» if <g € kf-domain
®» for ¢
apply (rule bdd-above-mono)
using that
by (force simp: image-iff)
from bdd-F have bdd3: <bdd-above ((Az. kf-norm (kf-filter (Az. © = e) (case-prod € x))) *
(SIGMA z:kf-domain &. kf-domain (§ x)))»
apply (rule bdd-above-mono?2)
by (auto simp: kf-norm-filter)
then have bddj: <bdd-above ((Az. kf-norm (kf-filter (Az. x = €) (€ (fst z) (snd z)))) < X)»
if <X C (SIGMA z:kf-domain &. kf-domain (§F z))> for X
apply (rule bdd-above-mono?2)
using that by (auto simp: bdd-above-def)
have bdd5: <bdd-above ((kf-norm o (Ag. kf-comp-dependent (€ g) (F g))) ‘ X)
if X&: <X C kf-domain &) for X
proof —
from bdd-E
obtain BE' where BE": (g € kf-domain & = z € kf-domain (§ g) = kf-norm (€ g z)
< BE’ for g x
by (auto simp: bdd-above-def)
define BE where <BE = maz BE' 0>
from BE' have BE: g € kf-domain & = z € kf-domain (§ g) = kf-norm (€ g z) <
BE) and <BE > 0) for g x
by (force simp: BE-def)+
then have <BE > 0>
by (smt (23) kf-norm-geq0)
from bdd-F obtain BF where BF: <kf-norm (§ z) < BF» if «x € kf-domain &> for z
by (auto simp: bdd-above-def)
have kf-norm (kf-comp-dependent (€ g) (§ g))
< BE * kf-norm (§ g)» if <g € kf-domain &> for g
apply (rule kf-comp-dependent-norm-leq OF BE <BE > 0))])
using that by auto
then have <kf-norm (kf-comp-dependent (€ g) (§ g)) < BE x BF) if <g € kf-domain &)
for ¢
apply (rule order-trans)
using BF <BE > 0> that
by (auto introl: mult-left-mono)
with X® show ?thesis
by (auto intro!: bdd-abovel)
qed
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have (?lhs *j,. @{gfe} o
= kf-comp-dependent
(Ag. kf-filter (Az. z=(f,e)) (kf-comp-dependent (¢ g) (F g)))
(kf-filter (Az. z=g) &) %, 0
unfolding kf-apply-on-def
apply (subst kf-filter-comp-dependent[symmetric])
apply (rule bdd5, rule order-refl)
apply (subst asm-ri[of <Az, y). y = (f, e) Az =g) = (A\z. x € {gfe})])
by (auto simp: gfe-def)
also have «... = kf-comp-dependent
(Ag. kf-comp-dependent
(\F. kffilter (Aa. v=c) (€ g 1)) (hf-filter (\a. 2=F) (3 9)))
(kf-filter (Ax. x=g) ) i, 0
apply (rule kf-apply-eql)
apply (rule kf-comp-dependent-cong-weak[OF - - kf-eg-refl])
apply fastforce
apply (subst kf-filter-comp-dependent[symmetric])
using bdd2 apply fastforce
apply (subst asm-ri[of <«(A(ea, fa). fa = e N ea = f) = (Az. z = (f, €))3])
by auto
also have «... = kf-comp-dependent
(A-. kf-comp-dependent
(. Kffilter (\a. 5=e) (€ g f)) (W-filter (\a. 7=F) (3 9)))
(kf-filter (Az. 1=g) &) *r 0
apply (rule arg-cong[where f=«\t. kf-apply t 0’])
apply (rule kf-comp-dependent-cong-left)
by (auto introl: simp: kf-domain.rep-eq kf-filter.rep-eq)
also have «... = kf-comp-dependent
(A-. kf-comp-dependent
(A-. kf-filter (Az. z=¢€) (€ g f)) (kf-filter (Az. z=f) (F 9)))
(kf-filter (Az. z=g) &) % 0
apply (rule arg-cong[where f=«\t. kf-comp-dependent t - . 0])
apply (rule ext)
apply (rule kf-comp-dependent-cong-left)
by (auto introl: simp: kf-domain.rep-eq kf-filter.rep-eq)
also have «... = kf-comp
(kf-comp
(kf-filter (Az. z=e) (€ g f)) (kf-filter (Az. z=f) (T g)))
(kf-filter (Az. z=g) &) *pr 0O
by (simp add: kf-comp-def)
also have «... = kf-comp (kf-filter (Az. z=e) (€ g f))
(kf-comp (f-filter (Az. 3=f) (3 9)) (Kf-filter (Az. 3=g) ®)) #4, 0
by (simp add: kf-comp-assoc-weak[unfolded kf-eq-weak-def])
also have «... = kf-comp-dependent (A-. kf-filter (Az. z=e) (€ g f))
(kf-comp-dependent (A-. kf-filter (Az. 2=f) (§ g))
(kf-filter (Az. z=g) &)) *ir 0
by (simp add: kf-comp-def)
also have «... = kf-comp-dependent (A(g,f). kf-filter (Az. z=¢) (€ g f))
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(kf-comp-dependent (A-. kf-filter (A\z. z=f) (§ g))
(kf-filter (Ax. z=g) &)) *pr 0
apply (rule arg-cong[where f=«\t. t %1, 0])
apply (rule kf-comp-dependent-cong-left)
apply force
using kf-domain-comp-dependent-subset apply (fastforce introl: bddj simp: o-def case-prod-unfold)
using kf-domain-comp-dependent-subset[of <(A-. kf-filter (A\z. x = f) (§ g))» <kf-filter (Az. z

= g) ©]
by (auto introl: simp: kf-filter.rep-eq case-prod-unfold)
also have «... = kf-comp-dependent (A(g,f). kf-filter (A\z. z=¢) (€ g f))

(kf-comp-dependent (Ag. kf-filter (Az. z=f) (F g))
(kf-filter (Az. =g) &)) *pr 0
apply (rule arg-cong[where f=«\t. kf-comp-dependent - t *j, -)])
apply (rule kf-comp-dependent-cong-left)
by (auto introl: simp: kf-domain.rep-eq kf-filter.rep-eq)
also have «... = kf-comp-dependent (A(g,f). kf-filter (Az. z=¢) (& g f))
(kf-filter (Az. 2=(g.f)) (kf-comp-dependent § &)) *p, o
apply (subst kf-filter-comp-dependent[symmetric])
using bdd-F apply (simp add: bdd-above-mono?2)
apply (subst asm-ri[of <«(A(e, fa). fa = f Ne=g) = (Az. x = (g, f)}])
by auto
also have «... = kf-filter (A\z. z=((g,f),e))
(kf-comp-dependent (A(g,f). € g f) (kf-comp-dependent § &)) *p. 0
unfolding case-prod-beta
apply (subst kf-filter-comp-dependent[symmetric])
using bdd-E kf-domain-comp-dependent-subset[of § | apply (fastforce simp: bdd-above-def)
apply (subst asm-ri[of <«(A(ea, fa). fa = e A ea = (g, f)) = (Az. . = ((g, ), €))])
by auto
also have «... = kf-filter (A\z. x=gfe)
(kf-map (X((9g, f), €)- (g, f, €))
(kf-comp-dependent (A(g,f). € g f) (kf-comp-dependent § &))) *x, 0
apply (simp add: kf-filter-map case-prod-beta aux)
apply (subst auz)
by simp
also have «... = 2rhs %5, Q{gfe} o
by (simp add: kf-apply-on-def)
finally show «?lhs xi, @{gfe} o = %rhs x, @{gfe} o
by —
qed

lemma kf-comp-dependent-assoc-weak:
fixes € :: (/g = 'f = (‘c::chilbert-space,’d:: chilbert-space,’e) kraus-family>
and § :: <'g = ('b::chilbert-space,’c:: chilbert-space,’f) kraus-family
and & :: «(‘a::chilbert-space,’b:: chilbert-space,’q) kraus-family»
assumes bdd-E: <bdd-above ((kf-norm o case-prod €) ‘ (SIGMA z:kf-domain &. kf-domain (§
)
assumes bdd-F: <bdd-above ((kf-norm o §) * kf-domain &)»
shows <kf-comp-dependent (Ag. kf-comp-dependent (¢ g) (§F g)) & =g,
kf-comp-dependent (A(g,f). € g f) (kf-comp-dependent § &)»
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using kf-comp-dependent-assoc[OF assms, THEN kf-eq-imp-eq-weak]
by (metis (no-types, lifting) kf-apply-map kf-eq-weak-def)

lemma kf-comp-dependent-comp-assoc-weak:
fixes & :: «(’c::chilbert-space,’d:: chilbert-space,’e) kraus-family»
and § :: <'g = ('b::chilbert-space,’c:: chilbert-space,'f) kraus-family»
and & :: «(‘a:chilbert-space,’b:: chilbert-space,’q) kraus-family»
assumes <bdd-above ((kf-norm o §) ¢ kf-domain &))
shows <kf-comp-dependent (Ag. kf-comp € (F g)) & =g,
kf-comp € (kf-comp-dependent § &)»
using kf-comp-dependent-assoc-weak[where E=«\- -. & and =086, OF - assms|
by (fastforce simp: case-prod-unfold kf-comp-def)

lemma kf-comp-comp-dependent-assoc-weak:
fixes & :: (/f = ('c::chilbert-space,’d:: chilbert-space,’e) kraus-family)
and § :: <('b::chilbert-space,’c:: chilbert-space,'f) kraus-family
and & :: «(‘a::chilbert-space,’b:: chilbert-space,’q) kraus-family»
assumes bdd-E: <bdd-above ((kf-norm o &) ‘ kf-domain §)»
shows <kf-comp (kf-comp-dependent € §) & =,
kf-comp-dependent (A(-,f). € f) (kf-comp § &)»
proof —
from bdd-E have <bdd-above ((kf-norm o (A(g, y). € y)) ¢ (kf-domain & x kf-domain §))>
by (auto introl: simp: bdd-above-def)
then have <kf-comp-dependent (A-. kf-comp-dependent € §) & =g, kf-comp-dependent (A(-,
) € f) (kf-comp-dependent (A-. §) &)»
apply (rule kf-comp-dependent-assoc-weak)
by auto
then show ?thesis
by (simp add: case-prod-unfold kf-comp-def)
qed

lemma kf-comp-assoc:

fixes € :: «('c::chilbert-space,’d:: chilbert-space,’e) kraus-family»
and § :: <('b::chilbert-space,’c:: chilbert-space,'f) kraus-family
and & :: «(a::chilbert-space,’b:: chilbert-space,’q) kraus-family>

shows <kf-comp (kf-comp € §) & =,

Hemap (\((9.0),6)- (9:1,€)) (kf-comp € (f-comp § ©))»

apply (simp add: kf-comp-def)

apply (rule kf-eq-trans)

apply (rule kf-comp-dependent-assoc)

by (auto simp: case-prod-unfold)

lemma kf-comp-dependent-cong:
fixes € €' :: (/f = ('bi:chilbert-space,’c::chilbert-space,’e) kraus-family)
and § §' :: «(a::chilbert-space,’b:: chilbert-space,'f) kraus-family
assumes bdd: <bdd-above ((kf-norm o €) ¢ kf-domain F)»
assumes (\z. z € kf-domain § = € z =, ¢’
assumes § =i, 3O
shows <kf-comp-dependent € § =y, kf-comp-dependent &’ §'s
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proof (rule kf-eql)
fix ¢ = «(Ya, 'a) trace-class
fix z: (f x e

note bdd
moreover have bdd": «bdd-above ((kf-norm o €')  kf-domain §')
by (metis (no-types, lifting) assms(1) assms(2) assms(3) image-cong kf-eq-imp-eq-weak
kf-norm-cong kf-domain-cong o-apply)
moreover have <kf-apply-on (€ za) {snd z} = kf-apply-on (€' za) {snd z}» if <za € kf-domain
5 for za
by (meson assms(2) kf-eq-def that)
moreover have <kf-apply-on § {fst 2} = kf-apply-on §' {fst z}
by (meson assms(3) kf-eq-def)
ultimately have <kf-apply-on (kf-comp-dependent € §F) ({fst £} x {snd z}) = kf-apply-on
(kf-comp-dependent €' F') ({fst z} x {snd z})»
by (rule kf-apply-comp-dependent-cong)
then show <kf-comp-dependent € § *i,. Q{x} o = kf-comp-dependent €' §' xp, Q{z} o
by simp
qed

lemma kf-comp-cong:
fixes € &' :: «('b::chilbert-space,’c:: chilbert-space,’e) kraus-family»
and § §' 2 «('a::chilbert-space,’b:: chilbert-space,'f) kraus-family
assumes (¢ =, ¢/
assumes § =i, 3"
shows <kf-comp € § =y, kf-comp ¢’ "
by (auto introl: kf-comp-dependent-cong assms
simp add: kf-comp-def)

lemma kf-bound-comp-dependent-raw-of-op:
shows <kf-bound (kf-comp-dependent-raw & (kf-of-op U))
= sandwich (Ux) (kf-bound (€ ()))»
proof —
write compose-wot (infixl oy 55)
define EE where <EE = Rep-kraus-family (€ ())»

have sum1: <summable-on-in cweak-operator-topology (A\(E,z). Ex ocp E) EE»
by (simp add: EE-def kf-bound-summable)
then have sum2: (summable-on-in cweak-operator-topology (A(E,z). Ux ocr (Ex ocp E))
EE)

by (simp add: case-prod-unfold summable-on-in-wot-compose-left)

have <kf-bound (kf-comp-dependent-raw € (kf-of-op U)) =
infsum-in cweak-operator-topology (A(E, x). Ex ocp E)
(Set.filter (A\(EF,-). EF # 0) (A((F, y), (E, ©)). (Focr F, F, E, y, z))) ‘ (SIGMA
(F, y):if U=0 then {} else {(U, ())}. EE))))
by (simp add: kf-bound.rep-eq kf-comp-dependent-raw.rep-eq kf-of-op.rep-eq EE-def)
also have «... = infsum-in cweak-operator-topology (A\(E, z). Ex ocy, E)
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(A(F, ), (B, 2)). (B ocr, F, F, B, y, 2))) * (SIGMA (F, y)-{(U, )}. EE))»
apply (cases «<U=0>; rule infsum-in-cong-neutral)
by force+
also have «... = infsum-in cweak-operator-topology (A(E, x). Ex ocr, F)
(()\(E,{IZ) (E ocr U, U, E, ()7 x)) (EE)>
apply (rule arg-cong[where f=<infsum-in - -3])
by force
also have «... = infsum-in cweak-operator-topology (M E, z). (E ocr, U)x ocr (E ocy U))
EE)
apply (subst infsum-in-reindex)
by (auto introl: inj-onl simp: o-def case-prod-unfold infsum-in-reindex)

also have «... = infsum-in cweak-operator-topology (A(E, z). Ux ocr (Ex ocr E) ocr U)
EE)»
by (metis (no-types, lifting) adj-cblinfun-compose cblinfun-assoc-left(1))
also have «... = Ux ocy infsum-in cweak-operator-topology (M E,z). Ex ooy E) EE ocr U»

using suml! sum2 by (simp add: case-prod-unfold infsum-in-wot-compose-right infsum-in-wot-compose-left)
also have «... = sandwich (Ux) (kf-bound (€ ()))
by (simp add: EE-def kf-bound.rep-eq sandwich-apply)
finally show ?thesis
by —
qed

lemma kf-bound-comp-dependent-of-op:
shows <kf-bound (kf-comp-dependent € (kf-of-op U)) = sandwich (Ux) (kf-bound (€ ()))»
by (simp add: kf-comp-dependent-def kf-map-bound kf-bound-comp-dependent-raw-of-op)

lemma kf-bound-comp-of-op:
shows (kf-bound (kf-comp € (kf-of-op U)) = sandwich (Ux) (kf-bound &)»
by (simp add: kf-bound-comp-dependent-of-op kf-comp-def)

lemma kf-norm-comp-dependent-of-op-coiso:
assumes <isometry (Ux)»
shows <kf-norm (kf-comp-dependent € (kf-of-op U)) = kf-norm (€ ())»
using assms
by (simp add: kf-bound-comp-dependent-of-op kf-norm-def sandwich-apply
norm-isometry-compose norm-isometry-compose’)

lemma kf-norm-comp-of-op-coiso:
assumes <isometry (Ux))
shows <kf-norm (kf-comp € (kf-of-op U)) = kf-norm &
using assms
by (simp add: kf-bound-comp-of-op kf-norm-def sandwich-apply
norm-isometry-compose norm-isometry-compose’)

lemma kf-bound-comp-dependend-raw-iso:

assumes (isometry U»
shows <kf-bound (kf-comp-dependent-raw (A-. kf-of-op U) €)
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= kf-bound &
proof —
write compose-wot (infixl oy 55)
define FE where «(FE = Rep-kraus-family &>

have (bdd-above ((Az. (norm U)?) * kf-domain &)
by auto
then have <kf-bound (kf-comp-dependent-raw (A-. kf-of-op U) &) =
infsum-in cweak-operator-topology (ME, z). Ex ocr E)
(Set.filter (A\(EF, -). EF # 0) (M(F, vy), (E, x)). (Eocr F, F, E, y, () ‘ (SIGMA
(F, y):EE. if U=0 then {} else {(U, ())})))
by (simp add: kf-bound.rep-eq kf-comp-dependent-raw.rep-eq kf-of-op.rep-eq EE-def)
also have «... = infsum-in cweak-operator-topology (A(E, z). Ex ocy, E)
(\(F, v), (B, 2)). (E ocy, F, F, B, y, ())) * (SIGMA (F, y):EE. {(U, ()}))»
apply (cases «U = 0»; rule infsum-in-cong-neutral)
by force+
also have «... = infsum-in cweak-operator-topology (A(E, z). Ex ocyr, F)
((ME,x). (Uocy E, E, U, z, () ‘EE)
apply (rule arg-cong[where f=<infsum-in - -»])
by force
also have «... = infsum-in cweak-operator-topology (A(E, z). (U ocr E)* ocr (U ocr E))
EE»
apply (subst infsum-in-reindezr)
by (auto intro!: inj-onl simp: o-def case-prod-unfold infsum-in-reindezr)

also have «... = infsum-in cweak-operator-topology (A(E, z). Ex ocr, (Ux ocr U) ocr E)
EE)
by (metis (no-types, lifting) adj-cblinfun-compose cblinfun-assoc-left(1))
also have «... = infsum-in cweak-operator-topology (A(E,z). Ex ocy E) EE»
using assms by simp
also have «... = kf-bound &

by (simp add: EE-def kf-bound.rep-eq sandwich-apply)
finally show ?thesis
by —
qed

lemma kf-bound-comp-dependent-iso:
assumes <isometry U»
shows <kf-bound (kf-comp-dependent (A-. kf-of-op U) &) = kf-bound &)
using assms by (simp add: kf-comp-dependent-def kf-map-bound kf-bound-comp-dependend-raw-iso)

lemma kf-bound-comp-iso:
assumes <isometry U»
shows <kf-bound (kf-comp (kf-of-op U) &) = kf-bound &)
using assms by (simp add: kf-bound-comp-dependent-iso kf-comp-def)

lemma kf-norm-comp-dependent-iso:
assumes (isometry U»
shows <kf-norm (kf-comp-dependent (A-. kf-of-op U) €) = kf-norm &
using assms
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by (simp add: kf-bound-comp-dependent-iso kf-norm-def sandwich-apply
norm-isometry-compose norm-isometry-compose’)

lemma kf-norm-comp-iso:
assumes <isometry U
shows <kf-norm (kf-comp (kf-of-op U) &) = kf-norm &
using assms
by (simp add: kf-bound-comp-iso kf-norm-def sandwich-apply
norm-isometry-compose norm-isometry-compose’)

lemma kf-comp-dependent-raw-0-right[simp]: <kf-comp-dependent-raw € 0 = 0»
apply transfer’
by (auto introl: simp: zero-kraus-family.rep-eq)

lemma kf-comp-dependent-raw-0-left[simp|: <kf-comp-dependent-raw 0 € = 0
apply transfer’
by (auto intro!: simp: zero-kraus-family.rep-eq)

lemma kf-comp-dependent-0-left[simp]: <kf-comp-dependent (A-. 0) E = 0>
proof —
have (bdd-above ((kf-norm o 0) * kf-domain E)»
by auto
then have <«kf-comp-dependent 0 E =, 0>
by (auto introl: ext simp: kf-eq-weak-def kf-comp-dependent-apply split-def)
then have «(kf-comp-dependent 0 F) = 0»
using kf-eq-0-iff-eq-0 by auto
then show <kf-comp-dependent (A-. 0) E = 0>
by (simp add: kf-comp-dependent-def zero-fun-def)
qed

lemma kf-comp-dependent-0-right[simp]: <kf-comp-dependent E 0 = 0>
by (auto introl: ext simp add: kf-eq-weak-def kf-comp-dependent-def)

lemma kf-comp-0-left[simp): <kf-comp 0 E = 0>
using kf-comp-dependent-0-left[of E]
by (simp add: kf-comp-def zero-fun-def)

lemma kf-comp-0-right[simp]: <kf-comp E 0 = 0
using kf-comp-dependent-0-right[of «\-. E»)
by (simp add: kf-comp-def)

lemma kf-filter-comp:
fixes § :: <('b::chilbert-space,’c:: chilbert-space,’f) kraus-family
and € :: «(‘a::chilbert-space,’b:: chilbert-space,’e) kraus-family)
shows <kf-filter (M(e,f). F f AN E e) (kf-comp § €)
= kf-comp (kf-filter F' §) (kf-filter E &)»
unfolding kf-comp-def
apply (rule kf-filter-comp-dependent)
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by auto

lemma kf-comp-dependent-invalid:

assumes (— bdd-above ((kf-norm o &) ‘ kf-domain §)»

shows «kf-comp-dependent € § = 0»

by (metis (no-types, lifting) Rep-kraus-family-inject assms kf-comp-dependent-def kf-comp-dependent-raw.rep-eq
kf-map0 zero-kraus-family.rep-eq)

lemma kf-comp-dependent-map-left:
<kf-comp-dependent (Az. kf-map (f z) (E z)) F
=g kf-map (A(z,y). (z, fzy)) (kf-comp-dependent E F)»
proof (cases <bdd-above ((kf-norm o E) ‘ kf-domain F)»)
case True
show ?thesis
proof (rule kf-eql)
fix zy : </c x 'd> and o
obtain z y where zy: <zy = (z, y)»
by force
define F'/ where <F' z = kf-filter (\z’. ' = z) F» for z
define E’'f where (E'f y e = kf-filter (Az. fex = y) (E e)» for e y
have bdd2: <bdd-above ((Az. kf-norm (E'f y x)) ‘ kf-domain (F’ x))»
by (simp add: E'f-def F’-def)
have <kf-comp-dependent (Az. kf-map (f z) (E x)) F *x. @{ay} o
= kf-filter (M (z",y"). y'=y N x'=x) (kf-comp-dependent (Az. kf-map (f z) (E z)) F) %k, 0
(is <%lhs = =)
apply (simp add: kf-apply-on-def zy case-prod-unfold)
by (metis fst-conv prod.collapse snd-conv)
also have «... = kf-apply (kf-comp-dependent (\e. kf-filter (A\y’. y' = y)
(kf-map (f €) (E €))) (F'z))
using True by (simp add: kf-filter-comp-dependent F'-def)
also have «... = kf-apply (kf-comp-dependent
(he. Kemap (f €) (B'f y ) (F' 2))
by (simp add: kf-filter-map E'f-def)
also have «... = kf-apply (kf-comp-dependent (E'f y) (F' z)) o
apply (rule kf-apply-eql)
apply (rule kf-comp-dependent-cong-weak)
by (simp-all add: bdd2 kf-eq-weak-def)
also have «... = kf-apply
(kf-filter (M(z'yy"). f2' y' =y A 2’ = x) (kf-comp-dependent E F)) o
apply (subst kf-filter-comp-dependent)
using True by (simp-all add: o-def F'-def E'f-def[abs-def])

also have «... = kf-apply (kf-map (A(z,y). (z, fz y))
(kf-filter (M(z',y"). fz' y' = y A 2’ = x) (kf-comp-dependent E F))) o
by simp

also have «...

= kf-apply (kf-filter (A\(z",y"). y'=y A 2'=x)
(kf-map (M(z,y). (z, fz y)) (kf-comp-dependent E F))) o
by (simp add: kf-filter-map case-prod-unfold)
also have «... = kf-map (A\(z,y). (z, fz y)) (kf-comp-dependent E F) *p, @{zy} o
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apply (simp add: kf-apply-on-def zy case-prod-unfold)
by (metis fst-conv prod.collapse snd-conv)

finally show <%lhs = ...»
by —

qged
next
case Fulse
then show ?thesis

by (simp add: kf-comp-dependent-invalid)

qed

le

mma kf-comp-dependent-map-right:
<kf-comp-dependent E (kf-map f F)
=i kf-map (A(z,y). (f z, v)) (kf-comp-dependent (Az. E (f x)) F)»
)

proof (cases <bdd-above ((kf-norm o E) ‘ kf-domain (kf-map f F))»
case True
show %thesis
proof (rule kf-eql)

o

fix zy :: </c x 'd> and p
obtain z y where zy: <zy = (z, y)»
by force
define F'f where «F'f x = kf-filter (Axa. f xza = z) F» for z
define E’ where <E' y e = kf-filter (\y". y' = y) (E e)) for ey
have bdd2: <bdd-above ((kf-norm o E'y) ¢ kf-domain (kf-map f (F'f z)))»
apply (simp add: E'-def F'f-def)
by (metis (no-types, lifting) bdd-above.I2 image-iff order.refl)
have bdd3: <bdd-above ((kf-norm o (Az. E (f x))) ¢ kf-domain F)»
by (metis (no-types, lifting) ext True comp-apply image-comp kf-domain-map)
have bddj: <bdd-above ((kf-norm o (A-. E' y x)) * kf-domain (F'f z))»
by fastforce
have «kf-comp-dependent E (kf-map [ F) *p, @{zy} o
= kf-filter (\(z',y"). y'=y N z'=x) (kf-comp-dependent E (kf-map f F)) *g, 0
(is <?lhs = -)
apply (simp add: kf-apply-on-def zy case-prod-unfold)
by (metis fst-conv prod.collapse snd-conv)

also have «... = kf-apply (kf-comp-dependent (E' y) (kf-filter (A\z’. ' = z) (kf-map [ F)))

using True by (simp add: kf-filter-comp-dependent F'f-def E’-def[abs-def])

also have «... = kf-apply (kf-comp-dependent
(E"y) (Kfemap | (F'f2))) o

by (simp add: kf-filter-map F'f-def)
also have «... = kf-apply (kf-comp (E' y z) (kf-map [ (F'f z))) o

unfolding kf-comp-def

apply (rule kf-apply-eql)

using bdd2 apply (rule kf-comp-dependent-cong-weak)

by (auto simp: F'f-def)
also have «... = kf-apply (E' y z) (kf-apply (F'f z) o)»
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by (simp add: kf-comp-apply)

also have «... = kf-apply (kf-comp (E’ y z) (F'f z)) o
by (simp add: kf-comp-apply)
also have «... = kf-apply (kf-comp-dependent (Ae. kf-filter (A\y’. y' = y) (E (fe))) (F'f x))

)
unfolding kf-comp-def
apply (rule kf-apply-eql)
using bdd4 apply (rule kf-comp-dependent-cong-weak)
by (auto introl: simp: F'f-def E’'-def)
also have «... = kf-apply (kf-filter (A (z',y"). v' = y A fz' = z) (kf-comp-dependent (A\z. E
(F2) F)) o
using bdd3 by (simp add: kf-filter-comp-dependent F'f-def[abs-def] E’-def[abs-def])
also have «... = kf-apply (kf-filter (A (z",y"). y'=y N z'=x)
(kf-map Mz, v). (f z, y)) (kf-comp-dependent (\zx. E (f z)) F))) o
by (simp add: kf-filter-map case-prod-unfold)

also have «... = kf-map (\(z, v). (f z, y)) (kf-comp-dependent (A\z. E (f x)) F) *, Q{zy}
0
apply (simp add: kf-apply-on-def zy case-prod-unfold)
by (metis fst-conv prod.collapse snd-conv)
finally show «%lhs = ...»
by —
qed
next
case Fulse

have not-bdd2: «— bdd-above ((kf-norm o (Azx. E (f z))) * kf-domain F)»
by (metis (no-types, lifting) False comp-apply image-comp image-cong kf-domain-map)
show ?thesis
using False not-bdd?2
by (simp add: kf-comp-dependent-invalid)
qed

lemma kf-comp-dependent-raw-map-inj-right:
<kf-comp-dependent-raw E (kf-map-inj f F)
= kf-map-inj (A\(E,F,z,y). (E, F, fz, y)) (kf-comp-dependent-raw (\x. E (f z)) F)>
proof —
have «((A((F, y), (E, z)). (Focr F, F, E, y, x)) ‘(SIGMA (F, y): Rep-kraus-family (kf-map-inj
I F). Rep-kraus-family (E y)) =
(M(F, y),(E,x)). (E ocr F, F, E, fy, ) ‘ (SIGMA (F, y):Rep-kraus-family F.
Rep-kraus-family (E (f y)))»
by (auto introl: image-eql simp: Sigma-image-left kf-map-inj.rep-eq)
then show ?thesis
apply (transfer’ fizing: f)
by (simp add: case-prod-unfold filter-image image-image del: Set.filter-eq)
qed

lemma kf-comp-dependent-map-inj-right:

assumes <inj-on f (kf-domain F))
shows <kf-comp-dependent E (kf-map-inj f F)
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= kf-map-inj (A\(z,y). (f z, y)) (kf-comp-dependent (A\z. E (f x)) F)»
proof —
have dom: <kf-domain (kf-comp-dependent-raw (Az. E (fz)) F) C UNIV x UNIV x kf-domain
F x UNIV)
proof —
have (kf-domain (kf-comp-dependent-raw (Az. E (f x)) F) C UNIV x UNIV x (SIGMA
x:kf-domain F. kf-domain (E (f x)))
by (rule kf-domain-comp-dependent-raw-subset)
also have «... C UNIV x UNIV x kf-domain F x UNIV»
by auto
finally show ?thesis
by —
qed
have inj2: nj-on (M(E, F, z, y). (E, F, fz, y)) (kf-domain (kf-comp-dependent-raw (\z. E
(F2)) F))»
proof —
have <nj-on (A(E, F, z, y). (E, F, fz,y)) (UNIV x UNIV x kf-domain F x UNIV)»
using assms by (auto simp: inj-on-def)
with dom show ?thesis
by (rule inj-on-subset|rotated))
qged
have inj3: <inj-on (A(z, y). (fz, v)) (MF, E, z). z) ¢ kf-domain (kf-comp-dependent-raw (Ax.
E (f2)) F))
proof —
from dom have «((\(F, E, z). ) ‘ kf-domain (kf-comp-dependent-raw (Az. E (f z)) F)) C
kf-domain F x UNIV>»
by auto
moreover have <inj-on (\(z, y). (fz, y)) (kf-domain F x UNIV))
using assms by (auto simp: o-def inj-on-def)
ultimately show ?thesis
by (rule inj-on-subset|[rotated])
qged
have <kf-comp-dependent E (kf-map-inj f F') = kf-map (A(F, E, y). y) (kf-comp-dependent-raw
E (kf-map-inj f F))»
by (simp add: kf-comp-dependent-def id-def)
also have «... = kf-map (\(F,E,y). y) (kf-map-inj (\(E,F,z,y). (E, F, fz, y)) (kf-comp-dependent-raw
(a. E (f2) F)
by (simp add: kf-comp-dependent-raw-map-inj-right)
also have «... = kf-map (A\(E,F,z,y). (f z, y)) (kf-comp-dependent-raw (\z. E (f x)) F)»
apply (subst kf-map-kf-map-inj-comp)
apply (rule inj2)
using assms by (simp add: o-def case-prod-unfold)
also have «... = kf-map-inj (\(z, v). (fz, v)) (kf-map (\(F, E, z). z) (kf-comp-dependent-raw
(. E (f2) F)
apply (subst kf-map-inj-kf-map-comp)
apply (rule inj3)
by (simp add: o-def case-prod-unfold)
also have «... = kf-map-inj (A(z,y). (f z, y)) (kf-comp-dependent (Az. E (f x)) F)»
by (simp add: kf-comp-dependent-def id-def)
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finally show ?thesis
by —
qed

lemma kf-comp-dependent-map-right-weak:
<kf-comp-dependent E (kf-map f F)
=g kf-comp-dependent (A\z. E (f x)) F»
by (smt (verit) kf-apply-eql kf-apply-map kf-comp-dependent-cong kf-comp-dependent-invalid
kf-comp-dependent-map-right kf-eq-def
kf-eq-imp-eq-weak kf-eq-weakl)

lemma kf-comp-map-left:
<kf-comp (kf-map f E) F =i, kf-map (M x,y). (z, fy)) (kf-comp E F))
by (simp add: kf-comp-def kf-comp-dependent-map-left)

lemma kf-comp-map-right:
kf-comp E (kf-map f F) =x, kf-map (\(z.9). (f 7, y)) (kf-comp B F)»
using kf-comp-dependent-map-right[where E=<\-. E> and f=f and F=F]
by (simp add: kf-comp-def)

lemma kf-comp-map-both:
<kf-comp (kf-map e E) (kf-map f F) =g, kf-map (M(z,y). (fz, e y)) (kf-comp E F)»
apply (rule kf-comp-map-left THEN kf-eq-trans])
apply (rule kf-map-cong| THEN kf-eg-trans, OF refl])
apply (rule kf-comp-map-right)
apply (rule kf-map-twice[ THEN kf-eq-trans])
by (simp add: o-def case-prod-unfold)

lemma kf-apply-commute:
assumes (kf-operators § C commutant (kf-operators &)
shows «kf-apply § o kf-apply € = kf-apply € o kf-apply §>
proof (rule eq-from-separatingl [OF separating-density-ops|where B=1], rotated 3])
show <0 < (1 :: real)
by simp
show «clinear ((*gr) § o (kkr) €D
by (simp add: clinear-compose)
show <clinear ((*g,) € o (xgr) )
using clinear-compose by blast
fix t :: <('a, 'a) trace-class
assume <t € {t. 0 <t Anormt < 1}
then have ¢t > 0
by simp
from assms
have <V FE € kf-operators €. ¥V F € kf-operators §. E ocr, F = F ocy E»
unfolding commutant-def by auto
then show «((*,) § o (kkr) €) t = ((*kr) € 0 (x5r) F) b
proof (transfer fizing: t, tactic <FILTER (fn st => Thm.nprems-of st = 1) all-tacy)

fix € :: «("a =¢cr 'a x 'c) sety and §F :: «('a =¢cr ‘a x 'b) set
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assume § € Collect kraus-family> and <& € Collect kraus-family»
then have [iff]: <kraus-family §> <kraus-family &
by auto
assume comm: <Y E€fst ‘ €. YV Fefst ‘§. Focp F = F ocp E»
have sum1: «(AE. sandwich-tc (fst E) t) summable-on &)
apply (rule abs-summable-summable)
apply (rule kf-apply-abs-summable[unfolded case-prod-unfold])
by simp
have sum?2: «(\y. sandwich-tc a (sandwich-tc (fst y) t)) summable-on &) for a
apply (rule summable-on-bounded-linear[where h=<sandwich-tc -»))
by (simp-all add: bounded-clinear.bounded-linear bounded-clinear-sandwich-tc sum1)
have sum3: <(AF. sandwich-tc (fst F') t) summable-on §» for ¢
apply (rule abs-summable-summable)
apply (rule kf-apply-abs-summable[unfolded case-prod-unfold])
by simp

have (((Ao. D oo F'E€F. sandwich-tc (fst F) g) o (Ao. Y. o E€E. sandwich-tc (fst E) p)) t
= (D. o FEF. Y o FEC. sandwich-tc (fst F) (sandwich-tc (fst E) t))> (is «?lhs = -»)
apply (subst infsum-bounded-linear[where h=<sandwich-tc -])
by (simp-all add: bounded-clinear.bounded-linear bounded-clinear-sandwich-tc suml)

also have (... = (D] o E€€. Y FEF. sandwich-tc (fst F) (sandwich-tc (fst E) t))»
apply (rule infsum-swap-positive-tc)
using <t > 0 by (simp-all add: sum2 sum3 sandwich-tc-pos)

also have ... = (3] o E€€. Y FEF. sandwich-tc (fst E) (sandwich-tc (fst F) t))»
apply (intro infsum-cong)
apply (subst sandwich-tc-compose| THEN fun-cong, unfolded o-def, symmetric])+
using comm
by simp

also have «... = ((A\o. Y o F€€. sandwich-tc (fst F) p) o (Ao. > o EE€F. sandwich-tc (fst

E) o)) b
apply (subst infsum-bounded-linearwhere h=<sandwich-tc -])
by (simp-all add: bounded-clinear.bounded-linear bounded-clinear-sandwich-tc sum3)
finally show «%lhs = ...»
by —
qged
qed

lemma kf-comp-commute-weak:
assumes <kf-operators § C commutant (kf-operators &)
shows «kf-comp § € =g, kf-comp € &>
apply (rule kf-eq-weakl)
apply (simp add: kf-comp-apply)
using kf-apply-commute[OF assms, unfolded o-def]
by meson

lemma kf-comp-commute:
assumes <kf-operators § C commutant (kf-operators €)»
shows <kf-comp § € =g, kf-map prod.swap (kf-comp € F)»
proof (rule kf-eql-from-filter-eq-weak)
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fix zy :: </c x 'b
obtain z y where zy: <xy = (z,y)
by (simp add: prod-eq-iff)
have *: kf-operators (kf-filter (=) y) &) C commutant (kf-operators (kf-filter ((=) x) €))»
using kf-operators-filter commutant-antimono|[OF kf-operators-filter] assms
by fastforce
have <kf-filter ((=) zy) (kf-comp § €) = kf-comp (kf-filter ((=) y) §) (kf-filter (=) z) &)
apply (simp add: zy prod-eq-iff [abs-def] case-prod-unfold flip: kf-filter-comp)
by meson
also have «... =y, kf-comp (kf-filter ((=) z) &) (kf-filter (=) y) &)
apply (rule kf-comp-commute-weak)
by (simp add: * )

also have «... = kf-filter ((=) (prod.swap zy)) (kf-comp € F)»
apply (simp add: zy prod-eq-iff [abs-def] case-prod-unfold flip: kf-filter-comp)
by meson

also have «... =g, kf-filter ((=) zy) (kf-map prod.swap (kf-comp € §))»
apply (simp add: kf-filter-map)
by (metis (mono-tags, lifting) kf-eq-refl kf-eq-weak-kf-map-right kf-filter-cong-weak swap-swap)
finally show <kf-filter ((=) zy) (kf-comp § &) =k, kf-filter (=) xy) (kf-map prod.swap (kf-comp
¢ F)
by —
qed

lemma kf-comp-apply-on-singleton:
(kf-comp € § xpr Q{z} 0 = € *i, Q{snd z} (§F *1r Q{fst z} o)

proof —
have <kf-comp € § xi, Q{z} 0 = kf-filter (A (z1,22). 22 = snd z A z1 = fst ) (kf-comp € F)
*kr O
by (simp add: kf-apply-on-def prod-eq-iff case-prod-unfold conj-commute)
also have «... = kf-comp (kf-filter (Az2. 22 = snd z) €) (kf-filter (\z1. 1 = fst z) §) *gr 0
by (simp add: kf-filter-comp)
also have «... = € %, Q{snd z} (§F *x» Q{fst z} o)

by (simp add: kf-apply-on-def kf-comp-apply)
finally show ?thesis
by —
qed

lemma kf-comp-dependent-apply-on-singleton:
assumes <bdd-above ((kf-norm o &) ‘¢ kf-domain §)»
shows <kf-comp-dependent € § . Q{z} 0 = € (fst z) *, Q{snd z} (F *pr Q{fst z} o)
proof —
have <kf-comp-dependent € § *, @Q{z} o = kf-comp-dependent € F *p, Q({fst z} x{snd x})
)
by fastforce
also have «... = kf-comp-dependent (A-. € (fst )) F *rr Q({fst z} x{snd z}) o
apply (rule kf-apply-comp-dependent-cong[ THEN fun-cong)
using assms by auto
also have «... = kf-comp (€ (fst z)) § *rr Q({z}) o
by (simp add: kf-comp-def)
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also have «... = € (fst z) *g, Q{snd z} (F *x» Q{fst z} o)
by (simp add: kf-comp-apply-on-singleton)
finally show ?thesis
by —
qed

lemma kf-comp-id-left: <kf-comp kf-id € =g, kf-map (Az. (z,())) &
proof (rule kf-eqI-from-filter-eq-weak)
fix zy :: ¢ X unity
define = where <z = fst x>
then have zy: «xy = (z,())»
by (auto intro!: prod.expand)
have <kf-filter (=) zy) (kf-comp kf-id &) = kf-comp (kf-filter (\-. True) kf-id) (kf-filter ((=)x)
)
by (auto intro!: arg-cong2|where f=Fkf-filter] simp add: xy simp flip: kf-filter-comp simp del:
kf-filter-true)
also have «... =g, kf-filter ((=)z) &
by (simp add: kf-comp-apply kf-eq-weakl)

also have «... =g, kf-map (A\z. (z,())) (kf-filter ((=)z) &)
by (simp add: kf-eq-weak-def)
also have «... = kf-filter ((=) zy) (kf-map (A\z. (z,())) €)»

by (simp add: kf-filter-map zy)
finally show <kf-filter ((=) zy) (kf-comp kf-id €) =g, .. .»
by —
qed

lemma kf-comp-id-right: <kf-comp € kf-id =g, kf-map (Az. ((),z)) &
proof (rule kf-eql-from-filter-eq-weak)
fix zy :: <unit X ‘o
define y where <y = snd xy>
then have zy: «xy = ((),y)
by (auto introl: prod.expand simp: y-def)
have <kf-filter ((=) zy) (kf-comp € kf-id) = kf-comp (kf-filter ((=)y) €) (kf-filter (A-. True)
kf-id)»
by (auto introl: arg-cong2[where f=kf-filter] simp add: xy simp flip: kf-filter-comp simp del:
kf-filter-true)
also have «... =g, kf-filter ((=)y) &
by (simp add: kf-comp-apply kf-eq-weaklI)
also have «... =g, kf-map (Pair () (kf-filter ((=)y) €)
by (simp add: kf-eq-weak-def)
also have «... = kf-filter ((=) zy) (kf-map (Az. ((),z)) €)
by (simp add: kf-filter-map zy)
finally show <kf-filter ((=) zy) (kf-comp € kf-id) =g, ...»
by —
qed

lemma kf-comp-dependent-raw-kf-plus-left:

fixes © :: 'f = ('b::chilbert-space, 'c::chilbert-space, 'd) kraus-family
fixes € :: /f = ('b::chilbert-space, 'c::chilbert-space, 'e) kraus-family»
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fixes § :: <('a::chilbert-space, 'b, 'f) kraus-family
assumes <bdd-above ((Az. kf-norm (D z)) ‘ kf-domain §)»
assumes <bdd-above ((Az. kf-norm (€ x)) * kf-domain §)»
shows <kf-comp-dependent-raw (Az. kf-plus (D z) (€ 2)) § =
kf-map-inj (Az. case x of Inl (F,D,f,d) = (F, D, f, Inl d) | Inr (F,E,f,e) = (F, E, f, Inr
)
(kf-plus (kf-comp-dependent-raw D §F) (kf-comp-dependent-raw € F))»
proof (rule Rep-kraus-family-inject| THEN iffD1], rule Set.set-eql, rename-tac tuple)
fix tuple :: «('a =cp 'c) X (la=cp 'b) x ('b=cr 'c) x 'f x ('d + 'e)
have [simp]: <bdd-above ((Az. kf-norm (kf-plus (D x) (€ x))) ¢ kf-domain F)»
apply (rule bdd-above-mono2|rotated])
apply (rule order-refl)
apply (rule kf-norm-triangle)
using assms by (rule bdd-above-plus)
obtain EF F F fy where tuple: <tuple = (EF,F.E.f,y)»
by (auto simp: prod-eq-iff)
have <tuple € Rep-kraus-family (kf-comp-dependent-raw (Az. kf-plus (D z) (¢ z)) §)
+—— EF = Eocy F AN EF # 0 AN (F,f) € Rep-kraus-family § N (E,y) € Rep-kraus-family
(Kf-plus (D f) (€ ))»
by (auto intro!: image-eql simp add: tuple kf-comp-dependent-raw.rep-eq)
also have ... «— EF = Eocy F N EF # 0 A (F,f) € Rep-kraus-family § A
(case y of Inl d = (E,d) € Rep-kraus-family (D f)
| Inr e = (E,e) € Rep-kraus-family (€ f))
apply (cases y)
by (auto simp: kf-plus.rep-eq)
also have (... «— (case y of Inld = (EF, F, E, f, d) € Rep-kraus-family (kf-comp-dependent-raw
D 3)
| Inr e = (EF, F, E, f, ) € Rep-kraus-family (kf-comp-dependent-raw
¢ 5)
apply (cases y)
by (force intro!: simp: kf-comp-dependent-raw.rep-eq assms)+
also have «... +— (case y of Inl d = (EF, Inl (F, E, f, d)) € Rep-kraus-family (kf-plus
(kf-comp-dependent-raw ® §) (kf-comp-dependent-raw € §))
| Inr e = (EF, Inr (F, E, f, e)) € Rep-kraus-family (kf-plus
(kf-comp-dependent-raw D §) (kf-comp-dependent-raw € F)))»
apply (cases y)
by (auto introl: simp: kf-plus.rep-eq)
also have «... +—
(tuple € Rep-kraus-family (kf-map-inj
(Ax. case x of Inl (F, D, f, d) = (F, D, f, Inld) | Inr (F, E, f, e) = (F, E, f, Inr
€))
(kf-plus (kf-comp-dependent-raw © §) (kf-comp-dependent-raw € §))))»
apply (cases y)
by (force simp: tuple kf-map-inj.rep-eq split!: sum.split-asm prod.split)+
finally
show «(tuple € Rep-kraus-family (kf-comp-dependent-raw (Ax. kf-plus (D z) (€ z)) §)) +—
(tuple € Rep-kraus-family (kf-map-inj
(Az. case z of Inl (F, D, f,d) = (F, D, f, Inld) | Inr (F, E, f, e) = (F, E, f, Inr
)
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(kf-plus (kf-comp-dependent-raw © §) (kf-comp-dependent-raw € §))))»
by —
qed

lemma kf-comp-dependent-kf-plus-left:
assumes <bdd-above ((Az. kf-norm (D z))  kf-domain §)»
assumes <bdd-above ((Az. kf-norm (€ x))  kf-domain §)»
shows <kf-comp-dependent (Az. kf-plus (D z) (€ z)) § =
kf-map-inj (Az. case x of Inl (f,d) = (f, Inl d) | Inr (f,e) = (f, Inr €)) (kf-plus (kf-comp-dependent
D F) (kf-comp-dependent € F))»
apply (simp add: kf-comp-dependent-def kf-comp-dependent-raw-kf-plus-left| OF assms| kf-plus-map-both)
apply (subst kf-map-kf-map-inj-comp)
apply (auto simp add: inj-on-def split!: sum.split-asm)[1]
apply (subst kf-map-inj-kf-map-comp)
apply (auto simp add: inj-on-def split!: sum.split-asm)[1]
apply (rule arg-cong2[where f=Fkf-map])
by (auto intro!: ext simp add: o-def split!: sum.split)

lemma kf-map-inj-twice:
shows <kf-map-inj f (kf-map-inj g €) = kf-map-inj (f o0 g) &
apply (transfer’ fizing: f g)
by (simp add: image-image case-prod-unfold)

lemma kf-comp-dependent-kf-plus-left’:

assumes <bdd-above ((Az. kf-norm (D z)) ‘ kf-domain §)»

assumes <bdd-above ((Az. kf-norm (€ z)) ‘ kf-domain §)

shows <kf-plus (kf-comp-dependent © §) (kf-comp-dependent € §) =

kf-map-inj (\(f,de). case de of Inl d = Inl (f,d) | Inr e = Inr (f,e)) (kf-comp-dependent

(Az. kf-plus (D z) (€ z)) F)»

apply (subst kf-comp-dependent-kf-plus-left OF assms])

apply (subst kf-map-inj-twice)

apply (rewrite at <kf-map-inj X -» to id DEADID.rel-mono-strong)

by (auto intro!: ext simp: split!: sum.split)

lemma kf-comp-dependent-plus-left:
assumes <bdd-above ((Az. kf-norm (D z))  kf-domain §)»
assumes <bdd-above ((Az. kf-norm (€ x)) * kf-domain §)»
shows <kf-comp-dependent (A\z. © z + € ) §F =g, kf-comp-dependent © §F + kf-comp-dependent
¢
proof —
have <kf-comp-dependent (Az. © = + € z) § =g
kf-map (A(z, y). (z, case y of Inl z = x | Inr y = y)) (kf-comp-dependent (Az. kf-plus (D
z) (€ z)) )
unfolding plus-kraus-family-def
by (rule kf-comp-dependent-map-left)
also have «... = kf-map (\(z, y). (z, case y of Inl z = z | Inr y = y))
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(kf-map-inj (case-sum (A(f, d). (f, Inl d)) (A(f, e). (f, Inr e)))
(kf-plus (kf-comp-dependent © F) (kf-comp-dependent € F)))»

by (simp add: kf-comp-dependent-kf-plus-left[ OF assms])

also have «... = kf-map (\y. case y of Inl z = z | Inr y = y)
(kf-plus (kf-comp-dependent © §) (kf-comp-dependent & F))»
apply (subst kf-map-kf-map-inj-comp)
apply (auto introl: inj-onl split!: sum.split-asm)|[1]
apply (rule arg-cong2|where f=kf-map, OF - refl])
by (auto introl: ext simp add: o-def split!: sum.split)

also have «... = kf-comp-dependent © § + kf-comp-dependent & §»
by (simp add: plus-kraus-family-def)

finally show ?thesis
by —

qed

2.9 Infinite sums

lift-definition kf-infsum :: «('a = ('b::chilbert-space,’c:: chilbert-space,’t) kraus-family) = 'a set
= ('b,’c,’ax'z) kraus-family> is
€ A, if summable-on-in cweak-operator-topology (Aa. kf-bound (€ a)) A
then (A(a,(E,x)). (E,(a,x))) ¢ Sigma A (Aa. Rep-kraus-family (€ a)) else {P
proof (rule Collectl, rename-tac € A)
fix € :: a = (b, 'c, 'z) kraus-family> and A
define ¢’ where <&’ a = Rep-kraus-family (€ a)) for a
show <kraus-family (if summable-on-in cweak-operator-topology (Aa. kf-bound (€ a)) A
then (M(a,(E,x)). (E,(a,z))) < Sigma A €&’
else {})
proof (cases (summable-on-in cweak-operator-topology (Aa. kf-bound (€ a)) A»)
case True
have <kraus-family ((A(a, E, z). (E, a, z)) ‘ Sigma A €')
proof (intro kraus-familyl bdd-abovel)
fix C' assume «C € (A\F. Y. (F, z)€F. Fx ocr E) ‘{F. finite F AN F C (A\(a, E, 7). (E,
a, z)) ‘ Sigma A €'}
then obtain F where «finite F» and F-subset: <F C (A\(a, E, z). (E, a, z)) ‘ Sigma A &"
and C-def: <C = (3. (E, z)€F. Ex ocr E)
by blast
define B F' where (B = infsum-in cweak-operator-topology (Aa. kf-bound (€ a)) A
and «F' = (A(F,a,z). (a,E,z)) ‘ F»

have [iff]: «finite F'
using «finite F'» by (auto intro!: simp: F’-def)
have F'-subset: «F' C Sigma A &'
using F-subset by (auto simp: F'-def)
have Sigma-decomp: «(SIGMA a:(Az. fst x)  F'. snd ¢ Set.filter (A(a’,Ex). a’=a) F') =
F
by force

have <C' = (> (a, (E, z))eF'. Ex ocr E)
unfolding F'-def
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apply (subst sum.reindez)
by (auto intro!: inj-onl simp: C-def case-prod-unfold)
also have «... = (D" a€fst * F'. Y (E, x)€snd * Set.filter (A(a',Ez). a’=a) F'. Ex ocp,
E)
apply (subst sum.Sigma)
by (auto introl: finite-imagel simp: Sigma-decomp simp del: Set.filter-eq)
also have «... = (> a€fst * F'. infsum-in cweak-operator-topology (A(E, z). Ex ocr E)
(snd ‘ Set.filter (M(a',Ez). a’'=a) F'))
apply (rule sum.cong[OF refl])
apply (rule infsum-in-finite| symmetric])
by auto
also have «... < (> a€fst * F'. infsum-in cweak-operator-topology (A(E, z). Ex ocr E)
(€"a))
proof (rule sum-mono, rule infsum-mono-neutral-wot)
fix a assume <a € fst ‘ F
show <summable-on-in cweak-operator-topology (A(E, x). Ex ocy E) (snd ¢ Set.filter
(Ma', Ex). a’ = a) F')
by (auto introl: summable-on-in-finite)
show <summable-on-in cweak-operator-topology (A(E, z). Ex ocr E) (€' a)»
using €’-def[abs-def] kf-bound-has-sum summable-on-in-def by blast
show «(case Ez of (E, z) = Ex ocr E) < (case Ex of (E, ) = Ex ocy, E)» for Ex
by blast
have (snd ‘ Set.filter (A\(a’, Ez). o’ = a) F' < &' &)
using F'’-subset by auto
then show «(case Ex of (E, z) = Ex ocr, E) < 0»
if <Ex € snd ‘ Set.filter (A (a’, Ex). o’ = a) F' — €’ o) for Ex
using that by blast
show <0 < (case Ez of (E, x) = Ex ocr E) for Ex
by (auto introl: positive-cblinfun-squarel simp: case-prod-unfold)
qed
also have «... = (3" a€fst ‘* F'. kf-bound (€ a))»
unfolding &’-def
apply (transfer’ fizing: F')

by simp

also have «... = infsum-in cweak-operator-topology (Aa. kf-bound (€ a)) (fst  F’)
apply (rule infsum-in-finite[symmetric])
by auto

also have «... < infsum-in cweak-operator-topology (Aa. kf-bound (€ a)) A>
proof (rule infsum-mono-neutral-wot)
show <summable-on-in cweak-operator-topology (Aa. kf-bound (€ a)) (fst < F')
by (auto intro!: summable-on-in-finite)
show <summable-on-in cweak-operator-topology (Aa. kf-bound (€ a)) A>
using True by blast
show <kf-bound (€ a) < kf-bound (€ a)» for a
by blast
show (kf-bound (€ a) < 0> if <a € fst * F' — A for a
using F'-subset that by auto
show <0 < kf-bound (€ a)» for a
by simp
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qed
also have ... = B)
using B-def by blast
finally show «C < B»
by —
next
show <0 ¢ fst ‘* (A\(a, E, z). (E, a, z)) ‘ Sigma A €
using Rep-kraus-family by (force simp: €'-def kraus-family-def)
qed
with True show ?thesis
by simp
next
case Fulse
then show ?thesis
by (auto introl: bdd-abovel simp add: kraus-family-def)
qged
qed

definition kf-summable :: <(‘a = ('b::chilbert-space,’c:: chilbert-space,’t) kraus-family) = 'a set
= bool) where
<kf-summable € A +— summable-on-in cweak-operator-topology (Aa. kf-bound (€ a)) A»

lemma kf-summable-from-abs-summable:
assumes sum: <(Aa. kf-norm (€ a)) summable-on A>
shows <kf-summable € A»
using assms
by (simp add: summable-imp-wot-summable abs-summable-summable kf-summable-def kf-norm-def)

lemma kf-infsum-apply:
assumes <kf-summable € A»
shows <kf-infsum € A *p,. 0 = (O wa€A. € a *k, 0)
proof —
from kf-apply-summableof o <kf-infsum & A»)
have summable: <«(A(a, E, ). sandwich-tc E ¢) summable-on (SIGMA a:A. Rep-kraus-family
(€ a))
using assms
by (simp add: kf-summable-def kf-infsum.rep-eq case-prod-unfold summable-on-reindez inj-on-def
prod.expand o-def)
have <kf-infsum € A % 0= (3 o (E,az)e(N(a, E, z) = (E, a, z)) ‘(SIGMA a:A. Rep-kraus-family
(€ a)). sandwich-tc E o)»
using assms unfolding kf-summable-def
apply (transfer’ fizing: &)
by (simp add: case-prod-unfold)
also have ... = (3" (a, E, ) € (SIGMA a:A. Rep-kraus-family (€ a)). sandwich-tc E o)»
apply (subst infsum-reindex)
by (auto intro!: inj-onl simp: o-def case-prod-unfold)
also have «... = (3" «a€A. > (FE, b)€Rep-kraus-family (€ a). sandwich-tc E p)»
apply (subst infsum-Sigma’-banach[symmetric])
using summable by auto

94



also have (... = (3] a€A. € a %, o)
by (metis (no-types, lifting) infsum-cong kf-apply.rep-eq split-def)
finally show ?thesis
by —
qed

lemma kf-infsum-apply-summable:
assumes <kf-summable € A»
shows <(\a. € a xg, 0) summable-on A»
proof —
from kf-apply-summable[of o <kf-infsum & A
have summable: <«(A(a, E, z). sandwich-tc E ¢) summable-on (SIGMA a:A. Rep-kraus-family
(€ a))
using assms
by (simp add: kf-summable-def kf-infsum.rep-eq case-prod-unfold summable-on-reindez inj-on-def
prod.expand o-def)
from summable-on-Sigma-banach[OF this)
have ((Aa. Y «(F, x)€Rep-kraus-family (€ a). sandwich-tc E o) summable-on A)
by simp
then show ?thesis
by (metis (mono-tags, lifting) infsum-cong kf-apply.rep-eq split-def summable-on-cong)
qed

lemma kf-bound-infsum:
fixes [ :: <'a = ('b::chilbert-space,’c:: chilbert-space,’t) kraus-familys
assumes (kf-summable f A>
shows <kf-bound (kf-infsum f A) = infsum-in cweak-operator-topology (\a. kf-bound (f a)) A»
proof —
have pos: <0 < compose-wot (adj-wot a) ar for a :: «(’b,’c) cblinfun-wot»
apply transfer’
using positive-cblinfun-squarel by blast
have sum3: «(Az. Y o (F,-)€Rep-kraus-family (f ). compose-wot (adj-wot (Abs-cblinfun-wot
E)) (Abs-cblinfun-wot E)) summable-on A)
proof —
define b where <b © = kf-bound (f z)> for
have <(\z. Abs-cblinfun-wot (b x)) summable-on A»
using assms unfolding kf-summable-def
apply (subst (asm) b-def[symmetric])
apply (transfer’ fizing: b A)
by simp
then show ?thesis
by (simp add: Rep-cblinfun-wot-inverse kf-bound-def’ b-def)
qged
have sum2: <(A(E, -). compose-wot (adj-wot (Abs-cblinfun-wot E)) (Abs-cblinfun-wot E))
summable-on
Rep-kraus-family (f z)» if «x € A for z
by (rule kf-bound-summable’)
have sumli: <(A(-, E, -). compose-wot (adj-wot (Abs-cblinfun-wot E)) (Abs-cblinfun-wot E))
summable-on
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(SIGMA a:A. Rep-kraus-family (f a))»
apply (rule summable-on-Sigma-wotl)
using sum3 sum2

by (auto introl: pos simp: case-prod-unfold)

have <Abs-cblinfun-wot (kf-bound (kf-infsum f A)) =
(>° «(E, z)€Rep-kraus-family (kf-infsum f A).
compose-wot (adj-wot (Abs-cblinfun-wot E)) (Abs-cblinfun-wot E))»
by (simp add: kf-bound-def’ Rep-cblinfun-wot-inverse)
also have «... = (3 (F, z)e(A(a, E, za). (E, a, za)) ‘ (SIGMA a:A. Rep-kraus-family (f

a)).
compose-wot (adj-wot (Abs-cblinfun-wot E)) (Abs-cblinfun-wot E))»
using assms by (simp add: kf-infsum.rep-eq kf-summable-def)
also have «... = (3 «(a, E, £)€(SIGMA a:A. Rep-kraus-family (f a)). compose-wot (adj-wot
(Abs-cblinfun-wot E)) (Abs-cblinfun-wot E))»
apply (subst infsum-reindex)
by (auto introl: inj-onl simp: o-def case-prod-unfold)
also have (... = (3 wa€A. > «(E, z)€Rep-kraus-family (f a). compose-wot (adj-wot (Abs-cblinfun-wot
E)) (Abs-cblinfun-wot E))»
apply (subst infsum-Sigma-topological-monoid)
using suml sum?2 by auto

also have «... = (3 wca€A. Abs-cblinfun-wot (kf-bound (f a)))»
by (simp add: kf-bound-def’ Rep-cblinfun-wot-inverse)
also have ¢... = Abs-cblinfun-wot (infsum-in cweak-operator-topology (Aa. kf-bound (f a)) A)»

apply (simp only: infsum-euclidean-eq[symmetric])
apply (transfer’ fixing: f A)
by simp
finally show ?thesis
apply (rule Abs-cblinfun-wot-inject| THEN iffD1, rotated —1])
by simp-all
qed

lemma kf-norm-infsum:
assumes sum: <(Aa. kf-norm (€ a)) summable-on A>
shows <kf-norm (kf-infsum € A) < (3. wa€A. kf-norm (€ a))»
proof —
have <«kf-norm (kf-infsum & A) = norm (infsum-in cweak-operator-topology (Aa. kf-bound (&
a)) A
unfolding kf-norm-def
apply (subst kf-bound-infsum)
by (simp-all add: kf-summable-from-abs-summable assms)
also have «... < (3 wca€A. norm (kf-bound (€ a)))»
apply (rule triangle-ineg-wot)
using sum by (simp add: kf-norm-def)
also have ... < (3 wa€A. kf-norm (€ a))
by (smt (verit, del-insts) infsum-cong kf-norm-def)
finally show ?thesis
by —
qed
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lemma kf-filter-infsum:
assumes <kf-summable € A»
shows <kf-filter P (kf-infsum € A)
= kf-infsum (Aa. kf-filler (Az. P (a,z)) (€ a)) {a€A. Fz. P (a,z)p
(is «?lhs = 2rhsy)
proof —
have summ: <summable-on-in cweak-operator-topology (Aa. kf-bound (kf-filter (Az. P (a, x))
(€ a)))
{a € A. 3z. P (a, 2)p
proof (rule summable-wot-boundedl)
fix F' assume <finite F> and F-subset: <F C {a € A. Jz. P (a, 2)}
have «(>" a€F. kf-bound (kf-filter (Az. P (a, x)) (€ a)))
< (3° a€F. kf-bound (€ a))
by (meson kf-bound-filter sum-mono)
also have «... = infsum-in cweak-operator-topology (Aa. kf-bound (€ a)) I
apply (rule infsum-in-finite[symmetric])
by (auto intro!: «finite F»)
also have «... < infsum-in cweak-operator-topology (Aa. kf-bound (€ a)) A>
apply (rule infsum-mono-neutral-wot)
using F-subset assms
by (auto introl: finite F» intro: summable-on-in-finite simp: kf-summable-def)
finally show «(>_ aeF. kf-bound (kf-filter (Az. P (a, z)) (€ a))) < ...»
by —
next
show <0 < kf-bound (kf-filter (Ay. P (z, y)) (€ z))» for
by simp
qed
have <Rep-kraus-family ?lhs = Rep-kraus-family ?rhs»
using assms by (force simp add: kf-filter.rep-eq kf-infsum.rep-eq assms summ kf-summable-def)
then show ¢ %lhs = ?rhs)
by (simp add: Rep-kraus-family-inject)
qed

lemma kf-infsum-empty[simp): <kf-infsum & {} = 0>
apply transfer’ by simp

lemma kf-infsum-singleton|simp|: <kf-infsum € {a} = kf-map-inj (Az. (a,z)) (€ a)>
apply (rule Rep-kraus-family-inject| THEN 4ffD1])
by (force simp add: kf-infsum.rep-eq summable-on-in-finite kf-map-inj.rep-eq)

lemma kf-infsum-invalid:
assumes (— kf-summable & A»
shows <kf-infsum & A = 0>
using assms
apply transfer’
unfolding kf-summable-def
by simp
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lemma kf-infsum-cong:
fixes € § :: <‘a = ('b::chilbert-space, 'c::chilbert-space, 't) kraus-family)
assumes (N\a. a € A = € a =, § @
shows (kf-infsum € A =y, kf-infsum § A»
proof (cases <kf-summable € A)
case True
then have True’: (kf-summable § A»
unfolding kf-summable-def
apply (rule summable-on-in-cong| THEN iffD1, rotated])
by (simp add: kf-bound-cong assms kf-eq-imp-eq-weak)
show ?thesis
proof (rule kf-eql)
fix az :: <a x 'z and p
obtain a z where az-def: <ax = (a,z)»
by fastforce
have x: «({a’. a’' = a AN o’ € A} = (if a€ A then {a} else {})»
by auto
have <kf-infsum € A xy, Q{az} o = (if a€A then € a x5, Q{z} o else 0)
by (simp add: az-def kf-apply-on-def True kf-filter-infsum x
kf-apply-map-inj inj-on-def)

also from assms have «... = (if a€A then § a *r, Q{z} o else 0)
by (auto intro!: kf-apply-on-eql)
also have «... = kf-infsum § A g, Q{az} o

by (simp add: az-def kf-apply-on-def True’ kf-filter-infsum x
kf-apply-map-inj inj-on-def)
finally show <kf-infsum € A xp, Q{az} o = kf-infsum § A *, Q{az} o
by —
qed
next
case Fulse
then have Fualse’: <— kf-summable § A>
unfolding kf-summable-def
apply (subst (asm) assms|[THEN kf-eq-imp-eq-weak,
THEN kf-bound-cong, THEN summable-on-in-cong])
by auto
show ?thesis
by (simp add: kf-infsum-invalid False False')
qed

2.10 Trace-preserving maps

definition (kf-trace-preserving € <+— (V o. trace-tc (€ xg, ) = trace-tc o)
definition <kf-trace-reducing € <— (V¥ 0>0. trace-tc (€ %1, ) < trace-tc p)»
lemma kf-trace-reducing-iff-norm-leq1: <kf-trace-reducing € <— kf-norm € < 1»

proof (unfold kf-trace-reducing-def, intro iffT alll impl)
assume assm: <kf-norm € < 1)
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fix o :: «((Ya, 'a) trace-class
assume <o > 0
have <trace-tc (€ *x, 0) = norm (& *p,. o)
by (simp add: <0 < o kf-apply-pos norm-tc-pos)
also have «... < kf-norm € % norm o
using <0 < gy complez-of-real-mono kf-apply-bounded-pos by blast
also have ... < norm o
by (metis assm complex-of-real-mono kf-norm-geq0 mult-left-le-one-le norm-ge-zero)
also have ¢... = trace-tc o
by (simp add: <0 < gy norm-tc-pos)
finally show «trace-tc (€ g, ) < trace-tc o>
by —
next
assume assm|rule-format]: ¥ 0>0. trace-tc (€ . 0) < trace-tc o
have <«kf-bound & < id-cblinfun>
proof (rule cblinfun-lel)
fix z
have «x -¢ kf-bound € z = trace-tc (€ xy, tc-butterfly x x)»
by (simp add: kf-bound-from-map)
also have «... < trace-tc (tc-butterfly z x)»
apply (rule assm)
by simp
also have «... = z -¢ id-cblinfun o>
by (simp add: te-butterfly.rep-eq trace-butterfly trace-tc.rep-eq)
finally show <z ¢ kf-bound € z < z ¢ id-cblinfun x>
by —
qged
then show <«kf-norm € < 1)
by (smt (verit, best) kf-norm-def kf-bound-pos norm-cblinfun-id-le norm-cblinfun-mono)
qed

lemma kf-trace-preserving-iff-bound-id: <kf-trace-preserving € <— kf-bound € = id-cblinfun»
proof (unfold kf-trace-preserving-def, intro iffI alll)
assume asm[rule-format]: <V g. trace-tc (€ xy, o) = trace-tc o>
have <y ¢ kf-bound € ¢ = i ¢ id-cblinfun > for ¥
proof —
have ) -¢ kf-bound € ¢ = trace-tc (€ *y,. te-butterfly ¥ ¥)»
by (simp add: kf-bound-from-map)

also have ¢... = trace-tc (te-butterfly v )
by (simp add: asm)
also have «... = ¢ ¢ id-cblinfun ¢»

by (simp add: tc-butterfly.rep-eq trace-butterfly trace-tc.rep-eq)
finally show ?thesis
by —
qed
then show <kf-bound & = id-cblinfun>
using cblinfun-cinner-eq0I [where a=<kf-bound & — id-cblinfun)]
by (simp add: cblinfun.real.diff-left cinner-diff-right)
next
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assume asm: <kf-bound & = id-cblinfun>

fix o

have (trace-tc (€ g, 0) = trace-tc (compose-ter (kf-bound €) o)»
by (rule trace-from-kf-bound)

also have ¢... = trace-tc o
using asm by fastforce

finally show <trace-tc (€ %y, o) = trace-tc o
by —

qed

lemma kf-trace-norm-preserving: <kf-norm € < 1» if <kf-trace-preserving &)
apply (rule kf-trace-reducing-iff-norm-leql [THEN 1iffD1])
using that
by (simp add: kf-trace-preserving-def kf-trace-reducing-def)

lemma kf-trace-norm-preserving-eq:
fixes € :: «('a::{chilbert-space,not-singleton}, 'b::chilbert-space, 'c) kraus-family»
assumes (kf-trace-preserving €»
shows «kf-norm € = 1)
using assms by (simp add: kf-trace-preserving-iff-bound-id kf-norm-def)

lemma kf-trace-preserving-map|simp|: <kf-trace-preserving (kf-map f €) +— kf-trace-preserving
&
by (simp add: kf-map-bound kf-trace-preserving-iff-bound-id)

lemma kf-trace-reducing-map[simp|: <kf-trace-reducing (kf-map f €) +— kf-trace-reducing &
by (simp add: kf-trace-reducing-iff-norm-leql)

lemma kf-trace-preserving-id[iff]: <kf-trace-preserving kf-id»
by (simp add: kf-trace-preserving-iff-bound-id)

lemma kf-trace-reducing-id[iff]: <kf-trace-reducing kf-id>
by (simp add: kf-norm-id-leql kf-trace-reducing-iff-norm-leql)

2.11 Sampling

lift-definition kf-sample :: <("z = real) = (‘a::chilbert-space, 'a, 'z) kraus-family) is
Ap.if Yz px>0) A psummable-on UNIV then Set.filter (M(E,-). E#0) (range (Az. (sqrt
(p x) =g id-cblinfun, x))) else {}»
proof —
fix p :: 'z = real
show «?thesis p»
proof (cases «(Vz. p x > 0) A p summable-on UNIV»)
case True
then have <p abs-summable-on UNIV»
by simp
from abs-summable-iff-bdd-above[ THEN iffD1, OF this
obtain B where F-B: «finite F = (}_z€F. pz) < B for F
apply atomize-elim
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using True by (auto simp: bdd-above-def)
have «(>_ (E,z)eF. Ex ocr E) < B xg id-cblinfun>
if «finite F» and «F C Set.filter (A(E,-). E£0) (range (Az. (sqrt (p x) *g id-cblinfun, z)))»
for F :: «("a=cp'a x 'z) sety
proof —
from that
obtain F’ where «finite F'y and F-def: <F = (Az. (sqrt (p z) *g id-cblinfun, z)) < F
using finite-subset-filter-image
by meson
then have «(}_ (E.x)eF. Ex ocr, E) = (D z€F’. (sqrt (p z) xg id-cblinfun)* ocr (sqrt
(p z) *g id-cblinfun))
by (simp add: sum.reindex inj-on-def)

also have «... = (> z€F"’. p © g id-cblinfun)>
using True by simp
also have «... = (D z€F"’. p x) *g id-cblinfun)

by (metis scaleR-left.sum)
also have «... < B xp id-cblinfun>
using <A F. finite F = (>_ z€F. p x) < B> «finite F'» positive-id-cblinfun scaleR-right-mono
by blast
finally show ?thesis
by —
qed
then have <kraus-family (Set.filter (A(E,-). E#0) (range (Az. (sqrt (p x) =g (id-cblinfun
a=corp-), 1))
apply (simp add: kraus-family-def case-prod-unfold del: Set.filter-eq)
apply (safe intro!: bdd-abovel[where M=«B xg id-cblinfun>))
by simp-all
then show ?thesis
using True by simp
next
case Fulse
then show ?thesis
by auto
qed
qed

lemma kf-sample-norm:
fixes p :: ('z = real
assumes (A\z. p z > 0>
assumes <p summable-on UNIV»
shows <kf-norm (kf-sample p :: ('a::{ chilbert-space,not-singleton},’a,’c) kraus-family)
= (S e p 2
proof —
define B :: </a=¢1'a» where «B = kf-bound (kf-sample p)»
obtain v :: ‘a where <norm ¥ = 1»
using ez-normli-not-singleton by blast

have ) «¢ (B *y ¥) = ¢ ¢ (O] . p 2) *g id-cblinfun xy ¥)»
if <norm ¢ = 1, for ¢
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proof —
have <has-sum-in cweak-operator-topology (A(E, x). Ex ooy, E) (Rep-kraus-family (kf-sample
) B
using B-def kf-bound-has-sum by blast
then have <has-sum-in cweak-operator-topology (A(E, z). Ex ocy E) (Set.filter (M(E,-).
E#0) (range (Az. (sqrt (p x) *g id-cblinfun, z)))) B»
by (simp add: kf-sample.rep-eq assms)
then have <has-sum-in cweak-operator-topology (M E, z). Ex ocr, E) (range (Ax. (sqrt (p
x) *g td-cblinfun, z))) B>
apply (rule has-sum-in-cong-neutral[ THEN iffD1, rotated —1])
by auto
then have <has-sum-in cweak-operator-topology (Az. norm (p z) xg id-cblinfun) UNIV B»
by (simp add: has-sum-in-reindez inj-on-def o-def)
then have <has-sum-in cweak-operator-topology (A\z. p x *gr id-cblinfun) UNIV B)
apply (rule has-sum-in-cong[ THEN iffD1, rotated))
by (simp add: assms(1))
then have <has-sum-in euclidean (Az. ¢ -¢ (p © *g id-cblinfun) ) UNIV (¢ -c B )
apply (rule has-sum-in-comm-additive[rotated 3, OF cweak-operator-topology-cinner-continuous,
unfolded o-def])
by (simp-all add: Modules.additive-def cblinfun.add-left cinner-simps)
then have «((A\z. of-real (p z)) has-sum (¢ -¢ B )) UNIV)»
apply (simp add: scaleR-scaleC has-sum-euclidean-iff)
using <norm ¢ = 1) cnorm-eq-1 by force
then have <) -¢ B¢ = (> oz. of-real (p z))
by (simp add: infsumlI)

also have «... = of-real (3. ooz. p )
by (metis infsum-of-real)
also have «... = ¢ ¢ (3] oz p ) *g id-cblinfun) ¥»

using norm ¢ = 1> by (simp add: scaleR-scaleC cnorm-eg-1)
finally show ?thesis
by —
qged
then have «B = (> . p 2) *g id-cblinfun)
by (rule cblinfun-cinner-eql)
then have <norm B = norm (3 co. p x)»
by simp
also have «... = 3  ooz. p z)
by (simp add: abs-of-nonneg assms infsum-nonneg)
finally show ?thesis
by (simp add: kf-norm-def B-def)
qed

2.12 Trace

lift-definition kf-trace :: <'a set = ('a::chilbert-space, 'b::one-dim, 'a) kraus-family is
CAB. if is-onb B then (A\z. (vector-to-cblinfun xx, x)) ‘ B else {}»
proof (rename-tac B)
fix B :: (‘a set»
define family :: «(a =cr 'b X 'a) set) where <family = (Az. (vector-to-cblinfun z*, x)) * B»
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have <kraus-family family> if <is-onb B)
proof —
have «(>_ (E, ©)€F. Ex ocr E) < id-cblinfun> if <finite F» and FB: <F C family> for F :
('a =cr b x 'a) sety
proof —
obtain G where <finite G» and <G C By and FG: <F = (Az. (vector-to-cblinfun zx, x))
Gy
apply atomize-elim
using «(finite F'» and FB
apply (simp add: family-def)
by (meson finite-subset-image)
from (G C B> have [simp]: (is-ortho-set G»
by (meson <is-onb B is-onb-def is-ortho-set-antimono)
from <G C B» have [simp]: <e € G = norm e = 1) for e
by (meson Set.basic-monos(7) <is-onb By is-onb-def)
have [simp]: <inj-on (\z. (vector-to-cblinfun zx, z)) G»
by (meson inj-onl prod.inject)
have «(>_ (E, z)€F. Ex ocr, E) = (3 z€G. selfbutter x)»
by (simp add: FG sum.reindex flip: butterfly-def-one-dim)
also have (> z€@G. selfbutter ) < id-cblinfun>
apply (rule sum-butterfly-leg-id)
by auto
finally show ?thesis
by —
qed
moreover have 0 ¢ fst ¢ family»
apply (simp add: family-def image-image)
using <is-onb By apply (simp add: is-onb-def)
by (smt (verit) adj-0 double-adj imageFE norm-vector-to-cblinfun norm-zero)
ultimately show ?thesis
by (auto intro!: bdd-abovel [where M=id-cblinfun] kraus-familyl)
qged
then
show «(if is-onb B then family else {}) € Collect kraus-family
by auto
qed

lemma kf-trace-is-trace:
assumes <(is-onb B>
shows <kf-trace B *i, o = one-dim-iso (trace-tc o)»
proof —
define o’ where <o’ = from-trace-class o
have <kf-apply (kf-trace B) o = (> woz€B. sandwich-tc (vector-to-cblinfun xx) o))
apply (simp add: kf-apply.rep-eq kf-trace.rep-eq assms)
apply (subst infsum-reindex)
apply (meson inj-onl prod.simps(1))
by (simp add: o-def)
also have «... = (3" «z€B. one-dim-iso (z ¢ (0’ z)))
apply (intro infsum-cong from-trace-class-inject| THEN iffD1])
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apply (subst from-trace-class-sandwich-tc)
by (simp add: sandwich-apply flip: o’-def)
also have «... = one-dim-iso (3_ «wz€B. (z ¢ (o' z)))»
by (metis (mono-tags, lifting) o’-def infsum-cblinfun-apply infsum-cong assms one-cblinfun.rep-eq
trace-class-from-trace-class trace-exists)

also have (... = one-dim-iso (trace o)
by (metis o’-def trace-class-from-trace-class trace-alt-def[OF assms])
also have «... = one-dim-iso (trace-tc o))

by (simp add: o’-def trace-tc.rep-eq)
finally show ?thesis
by —
qed

lemma kf-eq-weak-kf-trace:
assumes <(is-onb Ay and <is-onb B»
shows (kf-trace A =y, kf-trace B>
by (auto simp: kf-eq-weak-def kf-trace-is-trace assms)

lemma trace-is-kf-trace:
assumes <(is-onb B»
shows <trace-tc t = one-dim-iso (kf-trace B %y, t)
by (simp add: kf-trace-is-trace assms)

lemma kf-trace-bound[simp]:
assumes <(is-onb B»
shows <kf-bound (kf-trace B) = id-cblinfun>
using assms
by (auto intro!: cblinfun-cinner-eql simp: kf-bound-from-map kf-trace-is-trace trace-tc-butterfly)

lemma kf-trace-norm-eq1[simp):
fixes B :: 'a::{chilbert-space, not-singleton} set
assumes <is-onb B>
shows <kf-norm (kf-trace B) = 1»
using assms by (simp add: kf-trace-bound kf-norm-def)

lemma kf-trace-norm-leql! [simp]:
fixes B :: <'a::chilbert-space set»
assumes <(is-onb B»
shows <kf-norm (kf-trace B) < 1)
by (simp add: assms kf-norm-def norm-cblinfun-id-le)

2.13 Constant maps

lift-definition kf-constant-onedim :: <('b,’d) trace-class = ('a::one-dim, 'b::chilbert-space, unit)
kraus-family> is
(At:('b,'b) trace-class. if t > 0 then
Set.filter (A(E,-). E#0) ((Av. (vector-to-cblinfun v,()))  spectral-dec-vecs-tc t)
else {}
proof (rule Collectl, rename-tac t)
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fix ¢ :: <('b,’d) trace-class»
show <kraus-family (if t > 0 then Set.filter (A(E,-). E#0) ((Av. (vector-to-cblinfun v ::
‘a=c1'D,())) ¢ spectral-dec-vecs-tc t) else {})»
proof (cases <t > 0»)
case True
have <kraus-family (Set.filter (A(E,-). E#£0) ((Av. (vector-to-cblinfun v :: 'a=c1'b,()))
spectral-dec-vecs-tc t))»
proof (intro kraus-familyl bdd-abovel, rename-tac E)
fix F :: {a =01 o
assume (E € (A\F. Y (E, z)€F. Ex ocp, E) ‘{F. finite F N F C Set.filter (A\(E,-). E£0)
(M. (vector-to-cblinfun v, ())) ‘ spectral-dec-vecs-tc t)}»
then obtain F' where E-def: <E = (3 (E, z)€F. Ex ocyr, E)» and «finite F» and «F C
Set.filter (M(E,-). E£0) ((Av. (vector-to-cblinfun v, ())) ¢ spectral-dec-vecs-tc t)»
by blast
then obtain F’/ where F-def: <F = (A\v. (vector-to-cblinfun v, ()))  F'» and «finite F'"
and F'-subset: «F'' C spectral-dec-vecs-tc t
by (meson finite-subset-filter-image)
have inj: <inj-on (Av. (vector-to-cblinfun v :: 'a=cr’b, ())) F"
proof (rule inj-onl, rule ccontr)
fix zy
assume <z € F'y and <y € F
assume eq: ((vector-to-cblinfun z :: ‘a=c1'b, () = (vector-to-cblinfun y, ()
assume < # >
have ortho: <is-ortho-set (spectral-dec-vecs (from-trace-class t))»
using True
by (auto intro!: spectral-dec-vecs-ortho trace-class-compact pos-selfadjoint
simp: selfadjoint-tc.rep-eq from-trace-class-pos)
with <z # y» F'-subset «<x € F'y <y € F'
have <z -c y = O»
by (auto simp: spectral-dec-vecs-tc.rep-eq is-ortho-set-def)
then have ((vector-to-cblinfun x :: 'a=c1'b)x ocr (vector-to-cblinfun y :: 'a=cr'b) =
0»
by simp
with eq have «(vector-to-cblinfun x :: 'a=cr'b)= 0»
by force
then have (norm z = 0>
by (smt (verit, del-insts) norm-vector-to-cblinfun norm-zero)
with ortho F'-subset <z € F'y show False
by (auto simp: spectral-dec-vecs-te.rep-eq is-ortho-set-def)
qed
have «E = (3 (F, z)eF. Ex ocp E)
by (simp add: E-def)
also have «... = (> veF'. (vector-to-cblinfun v :: 'a=c1'b)* ocr vector-to-cblinfun v))
unfolding F-def
apply (subst sum.reindez)
by (auto introl: inj)

also have «... = (3. veF’. ((norm (vector-to-cblinfun v :: 'a=c1'b))?) *r 1)
by (auto introl: sum.cong simp: power2-norm-eq-cinner scaleR-scaleC')
also have (... = (Y. veF". (norm (vector-to-cblinfun v :: ‘a=>cr'b))?) *g 1>
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by (metis scaleR-left.sum)

also have «... = (3 wveF". (norm (vector-to-cblinfun v :: 'a=>c1'b))?) g 1>
using «finite F'y by force
also have «... < () oo v€spectral-dec-vecs-tc t. (norm (vector-to-cblinfun v :: ‘a=>c1'b))?)
*R 1

apply (intro scaleR-right-mono infsum-mono-neutral)
using F'’-subset
by (auto intro!: one-dim-cblinfun-one-pos spectral-dec-vec-tc-norm-summable True
simp: <finite F'y )
finally show «FE < (3 o vEspectral-dec-vecs-tc t. (norm (vector-to-cblinfun v :: 'a=>c1,'b))?)
*R 1
by —
next
show <0 ¢ fst ¢ Set.filter (A(E, -). E # 0) ((A\v. (vector-to-cblinfun v, ())) * spec-
tral-dec-vecs-tc t)»
by auto
qed
with True show ?thesis
by simp
next
case Fulse
then show ?thesis
by simp
qged
qed

definition kf-constant :: <('b,’b) trace-class = ('a::chilbert-space, 'b::chilbert-space, unit) kraus-family>
where

<kf-constant o = kf-flatten (kf-comp (kf-constant-onedim o :: (complex,-,-) kraus-family) (kf-trace
some-chilbert-basis))»

lemma kf-constant-onedim-invalid: <— o > 0 = kf-constant-onedim o = 0>
apply transfer’
by simp

lemma kf-constant-invalid: <= o > 0 = kf-constant o = 0>
by (simp add: kf-constant-def kf-constant-onedim-invalid)

lemma kf-constant-onedim-apply:
assumes <o > 0
shows <kf-apply (kf-constant-onedim 9) o = one-dim-iso o x¢ 0
proof —
have <kf-apply (kf-constant-onedim o) o
= (3" w(E,x)eSet.filter (AN(E,-). E#0) ((Av. (vector-to-cblinfun v, ()))  spectral-dec-vecs-tc
0). sandwich-tc E o)»
by (simp add: assms kf-apply.rep-eq kf-constant-onedim.rep-eq case-prod-unfold)
also have «... = (3 (E,x)e(Av. (vector-to-cblinfun v, ())) ¢ spectral-dec-vecs-tc p. sand-
wich-tc E o))
apply (rule infsum-cong-neutral)
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by auto
also have «... = (> v € spectral-dec-vecs-tc p. sandwich-tc (vector-to-cblinfun v) o)
apply (subst infsum-reindex)
using vector-to-cblinfun-inj[of UNIV|
by (auto simp: o-def inj-on-def)
also have «... = (3 v € spectral-dec-vecs-tc . one-dim-iso o x¢ te-butterfly v v))
apply (rule infsum-cong)
apply (subst one-dim-scaleC-1[symmetric])
apply (rule from-trace-class-inject| THEN iffD1])
apply (simp only: sandwich-tc-def compose-tcl.rep-eq compose-ter.rep-eq scaleC-trace-class.rep-eq
te-butterfly.rep-eq cblinfun-compose-scaleC-right cblinfun-compose-scaleC-left)
by (simp flip: butterfly-def-one-dim)

also have «... = one-dim-iso o *¢ (D v € spectral-dec-vecs-tc o. te-butterfly v v)»
using infsum-scale C-right by fastforce
also have «... = one-dim-iso o *x¢ o

by (simp add: assms butterfly-spectral-dec-vec-tc-has-sum infsuml)
finally show ?thesis
by —
qed

lemma kf-constant-apply:
assumes <@ > 0
shows <kf-apply (kf-constant g) o = trace-tc o *¢ 0>
using assms by (simp add: kf-constant-def kf-comp-apply kf-trace-is-trace kf-constant-onedim-apply)

lemma kf-bound-constant-onedim|simp):
fixes g :: <('a::chilbert-space, 'a) trace-class
assumes <o > 0
shows <kf-bound (kf-constant-onedim o) = norm o xg id-cblinfun>
proof (rule cblinfun-cinner-eql)
fix ¢ :: 'b assume <norm ¢ = 1>
have ) -¢ kf-bound (kf-constant-onedim o) ¢ = trace-tc (kf-apply (kf-constant-onedim p)

(te-butterfly ¥ ¥))»
by (rule kf-bound-from-map)

also have «... = trace-tc (trace-tc (tc-butterfly 1 1) ¢ o)
by (simp add: kf-constant-onedim-apply assms)
also have ¢... = trace-tc o

by (metis <norm ¥ = 1) cinner-complez-def complez-cnj-one complex-vector.vector-space-assms(4)
norm-mult norm-one norm-te-butterfly norm-te-pos of-real-hom.hom-one one-cinner-one te-butterfly-pos)
also have ... = v -¢ (trace-tc o *¢ id-cblinfun) >
by (metis <norm ¢ = 1) cblinfun.scaleC-left cinner-scaleC-right cnorm-eg-1 id-apply id-cblinfun.rep-eq
of-complez-def one-dim-iso-id one-dim-iso-is-of-complex scale C-conv-of-complex)
also have (... =9 ¢ (norm o *xg id-cblinfun) ¥»
by (simp add: assms norm-tc-pos scaleR-scaleC')
finally show < -¢ kf-bound (kf-constant-onedim ) v = ¢ -¢ (norm o xg id-cblinfun) >
by —
qed

lemma kf-bound-constant|simp]:
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fixes o :: <('a::chilbert-space, 'a) trace-class

assumes <o > 0

shows <kf-bound (kf-constant 9) = norm o *xg id-cblinfun>

apply (rule cblinfun-cinner-eqI)

using assms

by (simp add: kf-bound-from-map kf-constant-apply trace-tc-butterfly norm-te-pos scaleR-scaleC
trace-tc-scaleC)

lemma kf-norm-constant-onedim[simp]:
assumes <@ > 0
shows <kf-norm (kf-constant-onedim o) = norm o>
using assms
by (simp add: kf-bound-constant kf-norm-def)

lemma kf-norm-constant:

assumes ¢ > 0

shows <kf-norm (kf-constant o :: ('a::{ chilbert-space,not-singleton},’b:: chilbert-space,-) kraus-family)
= norm @

using assms by (simp add: kf-norm-def norm-cblinfun-id)

lemma kf-norm-constant-leq:
shows <kf-norm (kf-constant ¢) < norm @
apply (cases <0 > 0»)
apply (simp add: kf-norm-def)
apply (metis Groups.mult-ac(2) mult-cancel-right1 mult-left-mono norm-cblinfun-id-le norm-ge-zero)
by (simp add: kf-constant-invalid)

lemma kf-comp-constant-right:
assumes [iff]: <t > 0>
shows <kf-map fst (kf-comp E (kf-constant t)) =g, kf-constant (E i, t)
proof (rule kf-eql)
fix o :: «(’b, 'b) trace-class) assume [iff]: <0 > O
have [simp]: <fst —“{()} = UNIV»
by auto
have [simp]: <{()} = UNIV»
by auto
fix z
have <kf-map fst (kf-comp E (kf-constant t)) *, @{z} o0 = kf-comp E (kf-constant t) *x, 0
by (simp add: kf-apply-on-map)

also have «... = E xp,. trace-tc o *¢ t
by (simp add: kf-comp-apply kf-constant-apply)
also have «... = kf-constant (E *p, t) *xp,. @Q{z} 0

by (simp add: kf-constant-apply kf-apply-pos kf-apply-scaleC)
finally show <kf-map fst (kf-comp E (kf-constant t)) g, Q{z} 0 = kf-constant (E *j, t) *p,
Q{z} o
by —
qed

lemma kf-comp-constant-right-weak:
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assumes [iff]: <t > )
shows <kf-comp E (kf-constant t) =g, kf-constant (E *p, t)»
by (metis assms kf-apply-map kf-comp-constant-right kf-eq-imp-eq-weak kf-eq-weak-def)

2.14 Tensor products

lemma kf-tensor-raw-bound-aux:
fixes € :: ((‘a ell2 =cr b ell2 x 'z) set> and § == «(c ell2 =¢p 'd ell2 x 'y) seb
assumes (A\S. finite S = S C ¢ = (> (F, 2)€S. Ex ocr E) < B>
assumes (\S. finite S = S C §F = (0. (E, 2)€S. Ex oc E) < C»
assumes <finite U>
assumes U C (A(E, z), F, y). (E ®, F, E, F, z, y)) ‘(€ X §))»
shows (> (G, 2)€U. Gx ocr G) < B ®, ()
proof —
from assms(1)[where S=¢{})] have [simp]: <B > 0»
by simp
define [ :: <«((Ya ell2 =1 b ell2 x 'z) x (‘cell2 =cp 'dell2 x 'y)) = -
where (f = (A(E,x), (F.y)). (E ®, F, (E,F,z,y)))
from assms
obtain V where V-subset: <V C € x §» and [simp|: <finite V> and «U = f* V>
apply (simp flip: f-def)
by (meson finite-subset-image)
define W where «W = fst ‘' V x snd * V>
have <inj-on f W»
by (auto introl: inj-onl simp: f-def)
from «<finite V> have [simp]: <finite W)
using W-def by blast
have <W D V)
by (auto intro!: image-eql simp: W-def)
have «(>° (G, z)eU. Gx ocr G) < (3 (G, z)ef * W. Gx ocr G)
using «<U = f V) <V C W»
by (auto introl: sum-mono2 positive-cblinfun-squarel)
also have «... = >_ ((E,2),(F,y)eW. (E ®, F)* ocr (E ®, F))»
apply (subst sum.reindez)
using <inj-on f W»
by (auto simp: case-prod-unfold f-def)

also have «... = (3. ((E,z),(F,y))eW. (Ex ocr, E) ®, (Fx ocr F))»
by (simp add: comp-tensor-op tensor-op-adjoint)
also have «... = (3 (Ex)€fst‘V. Ex ocr, E) ®, (3. (F,y)€snd‘V. Fx ooy F)»

unfolding W-def
apply (subst sum.Sigmalsymmetric])
apply simp

apply simp

apply (simp add: case-prod-beta tensor-op-cbilinear.sum-left)

by (simp add: tensor-op-chilinear.sum-right)
also have ... < B®, O

using V-subset

by (auto introl: tensor-op-mono assms sum-nonneg intro: positive-cblinfun-squarel)
finally show ?thesis
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by —
qed

lift-definition kf-tensor-raw :: «('a ell2, 'b ell2, 'z) kraus-family = ('c ell2, 'd ell2, 'y) kraus-family
=
(("ax'c) ell2, ('bx'd) ell2, (('a ell2=c1'b ell2)x('c ell2= ¢ 'd ell2) x 'z x"y)) kraus-family>
is
A€ §. (N(E.2), (Fy). (B @, F, (B,F,,y)) * (€x3)
proof (rename-tac € §, intro CollectI)
fix € :: <(‘a ell2 =cp 'bell2 x 'z) sety and § :: «(‘c ell2 =c 'd ell2 x 'y) sety
assume (& € Collect kraus-familyy and «§ € Collect kraus-family>
then have (kraus-family € and <kraus-family §»
by auto
define tensor where (tensor = (M(E, z), F, y). (E ®, F, E, F, z, y)) ‘(& x §))»
show <kraus-family tensor>
proof (intro kraus-familyl)
from <kraus-family &
obtain B where B: () (E, z)€S. Ex ocr E) < By if «finite S» and «S C & for S
apply atomize-elim
by (auto simp: kraus-family-def bdd-above-def)
from B[where S=«{}>] have [simp]: «<B > 0»
by simp
from <kraus-family §>
obtain C where C: «(>(F, )eT. Fx oo F) < C» if «finite T> and «T C §» for T
apply atomize-elim
by (auto simp: kraus-family-def bdd-above-def)
have «(}" (G, 2)eU. Gx ocr, G) < B ®, C) if finite U> and <U C tensor» for U
using that by (auto introl: kf-tensor-raw-bound-auz B C simp: tensor-def)
then show <bdd-above (AF. Y (E, z)€F. Ex ocp E) ‘{F. finite F N F C tensor})
by fast
show <0 ¢ fst ‘ tensor)
proof (rule notl)
assume <0 € fst ‘ tensor)
then obtain E F z y where FF0: <E ®, FF = 0> and Fz: «(E,z) € & and Fy: «((F,y) €
5
by (auto introl: simp: tensor-def)
from <kraus-family € Ex
have (E # 0
by (force simp: kraus-family-def)
from <kraus-family §> Fy
have <F # 0»
by (force simp: kraus-family-def)
from «E # 0) <F' # 0> have <F @, F # 0)
using tensor-op-nonzero by blast
with FF0 show Fualse
by simp
qed
qed
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qed

lemma kf-apply-tensor-raw-as-infsums:
kf-tensor-raw € F xkr 0 = O o ((E,x),(F,y))E€Rep-kraus-family € x Rep-kraus-family §.
sandwich-tc (E ®, F) o)»
proof —
have inj: <inj-on (A\((E, z), F,y). (E®, F, E, F, x, y)) (Rep-kraus-family € x Rep-kraus-family
3)
by (auto intro!: inj-onl)
show <kf-apply (kf-tensor-raw € §) o
= (> o ((E,2),(F,y))€Rep-kraus-family € x Rep-kraus-family §. sandwich-tc (E ®, F') o)»
apply (simp add: kf-apply.rep-eq kf-tensor-raw.rep-eq infsum-reindex inj o-def)
by (simp add: case-prod-unfold)
qed

lemma kf-apply-tensor-raw:
shows <kf-tensor-raw € § i, tc-tensor o o = te-tensor (€ *g,. 0) (F *kr 0)
proof —
have inj: <inj-on (A\((E, z), F, y). (E®, F, E, F, x, y)) (Rep-kraus-family € x Rep-kraus-family
%)
by (auto intro!: inj-onl)
have [simp]: <bounded-linear (Ax. tc-tensor x (kf-apply § o))
by (intro bounded-linear-intros)
have [simp]: <bounded-linear (tc-tensor (sandwich-tc E p))» for E
by (intro bounded-linear-intros)
have sum2: «(\(E, ). sandwich-tc E o) summable-on Rep-kraus-family &)
using kf-apply-summable by blast
have sum3: «(A(F, y). sandwich-tc F o) summable-on Rep-kraus-family §>
using kf-apply-summable by blast

from kf-apply-summable|of - <kf-tensor-raw € F)]
have sum1: «(A((E, z), F, y). sandwich-tc (E ®, F) (tc-tensor g o)) summable-on Rep-kraus-family
¢ X Rep-kraus-family §»
apply (simp add: kf-apply.rep-eq kf-tensor-raw.rep-eq summable-on-reindex inj o-def)
by (simp add: case-prod-unfold)

have <kf-apply (kf-tensor-raw € §) (tc-tensor o o)
= 0. o ((E,x),(F,y))€Rep-kraus-family € x Rep-kraus-family §. sandwich-tc (E ®, F)
(te-tensor g o))
by (rule kf-apply-tensor-raw-as-infsum,)
also have «... = (3_ o (E,x)€Rep-kraus-family €. Y o (F,y)€ Rep-kraus-family §. sandwich-tc
(E ®, F) (tc-tensor g o))
apply (subst infsum-Sigma-banach[symmetric])
using suml! by (auto intro!: simp: case-prod-unfold)
also have «... = (3 o (E,z)€Rep-kraus-family €. > o (F,y)€ Rep-kraus-family §. tc-tensor
(sandwich-tc E ¢) (sandwich-tc F o))»
by (simp add: sandwich-tc-tensor)
also have ... = (3 o (E,z)€Rep-kraus-family €. tc-tensor (sandwich-tc E 9) (3 oo (F,y)€ Rep-kraus-family
5. (sandwich-tc F' 0)))»
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apply (subst infsum-bounded-linear[where h=«tc-tensor (sandwich-tc - g)», symmetric))
apply (auto introl: sums3)[2]
by (simp add: o-def case-prod-unfold)
also have «... = (3 «(E,z)€Rep-kraus-family €. tc-tensor (sandwich-tc E o) (kf-apply §
o))
by (simp add: kf-apply-def case-prod-unfold)
also have «... = te-tensor (3 o (E,z)€Rep-kraus-family €. sandwich-tc E o) (kf-apply § o)
apply (subst infsum-bounded-linear[where h=«\z. tc-tensor x (kf-apply § o), symmetric])
apply (auto introl: sum2)[2]
by (simp add: o-def case-prod-unfold)
also have «... = tc-tensor (kf-apply € o) (kf-apply § o)
by (simp add: kf-apply-def case-prod-unfold)
finally show ?thesis
by —
qed

hide-fact kf-tensor-raw-bound-aux

definition (kf-tensor € § = kf-map (A(E, F, z, y). (z,y)) (kf-tensor-raw & F)»

lemma kf-apply-tensor:
<kf-tensor € § i, tc-tensor g o = te-tensor (€ s, 0) (F *kr o)
by (auto introl: simp: kf-tensor-def kf-apply-map kf-apply-tensor-raw)

lemma kf-apply-tensor-as-infsum:

kf-tensor € F sk 0 = O oo ((E,2),(F,y))ERep-kraus-family € x Rep-kraus-family §. sand-
wich-tc (E ®, F) o)

by (simp add: kf-tensor-def kf-apply-tensor-raw-as-infsum)

lemma kf-bound-tensor-raw:

<kf-bound (kf-tensor-raw € §) = kf-bound € ®, kf-bound F»
proof (rule cblinfun-cinner-tensor-eql)

fix ¥ ¢

from kf-bound-summable[of <kf-tensor-raw € F]
have sum1: «summable-on-in cweak-operator-topology (A\((E,z),(F,y)). (E ®, F)* ocr (E ®,
F))
(Rep-kraus-family € x Rep-kraus-family §)»
unfolding kf-tensor-raw.rep-eq
apply (subst (asm) summable-on-in-reinder)
by (auto simp add: kf-tensor-raw.rep-eq case-prod-unfold inj-on-def o-def)
have sum4: (summable-on-in cweak-operator-topology (A(E,z). Ex oo E) (Rep-kraus-family
&)
using kf-bound-summable by blast
have sum5: <summable-on-in cweak-operator-topology (A(F,y). Fx ocr F) (Rep-kraus-family
5)
using kf-bound-summable by blast
have sum2: <(\(E, z). ¥ ¢ (Ex oo E) xv v¥)) abs-summable-on Rep-kraus-family &)
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using kf-bound-summable by (auto intro!: summable-on-in-cweak-operator-topology-pointwise

simp add: case-prod-unfold simp flip: summable-on-iff-abs-summable-on-complex
sitmp del: cblinfun-apply-cblinfun-compose)
have sum3: <(A\(F,y). ¢ ¢ (Fx ocr F) xy ¢)) abs-summable-on Rep-kraus-family §»
using kf-bound-summable by (auto intro!: summable-on-in-cweak-operator-topology-pointwise
simp add: case-prod-unfold simp flip: summable-on-iff-abs-summable-on-complex
simp del: cblinfun-apply-cblinfun-compose)

have (¢ ®; ¢) ¢ (kf-bound (kf-tensor-raw € §) xy 1 Q4 ¢)

= (¥ ®s ») -c
(infsum-in cweak-operator-topology ((M(E, x). Ex ocr E) o (A(E, z), F, y). (E ®, F,
E? F’ m) y)))
(Rep-kraus-family € x Rep-kraus-family §) v
Y ®s @)

unfolding kf-bound.rep-eq kf-tensor-raw.rep-eq
apply (subst infsum-in-reindex)
by (auto simp add: inj-on-def case-prod-unfold)
also have «... = (¢ ®; ¢) ‘¢
(infsum-in cweak-operator-topology (A((E,z),(F,y)). (E ®, F)*x ocr (E ®, F))
(Rep-kraus-family € x Rep-kraus-family §) v

¥ ®s p)
by (simp add: o-def case-prod-unfold)
also have «... = (3. «((E,x),(F,y)) € Rep-kraus-family € x Rep-kraus-family §.

(6 @4 ¢) -0 (F @0 F)x 001 (B, F)) (b @6 9))>

apply (subst infsum-in-cweak-operator-topology-pointwise)
using suml! by (auto intro!: simp: case-prod-unfold)

also have «... = (3. o ((E,2),(F,y)) € Rep-kraus-family € x Rep-kraus-family §.

(¢ -c (Ex ocr E) ¥) * (¢ ¢ (Fx ocr F) ¢))

apply (rule infsum-cong)
by (simp-all add: tensor-op-adjoint tensor-op-ell2)

also have «... = (3 «(E,z) € Rep-kraus-family €. ¢ -c (Ex ooy E) )

* (O oo(F,y) € Rep-kraus-family §. ¢ ¢ (Fx ocr F) )

apply (subst infsum-product’)
using sum2 sum3 by (simp-all add: case-prod-unfold)

also have «... = (¢ -¢ kf-bound € ) * (¢ ¢ kf-bound §F @)
unfolding kf-bound.rep-eq case-prod-unfold
apply (subst infsum-in-cweak-operator-topology-pointwise[symmetric])
using sum/j apply (simp add: case-prod-unfold)
apply (subst infsum-in-cweak-operator-topology-pointwise[symmetric])
using sumd apply (simp add: case-prod-unfold)
by (rule refl)

also have «... = (¢ ®; ¢) ¢ ((kf-bound € ®, kf-bound §) *v 1 @5 )
by (simp add: tensor-op-ell2)

finally show (¢ ®; ¢) ¢ (kf-bound (kf-tensor-raw € §) xy ) ®; @) =

W ®s 90) °C ((kf'b()und ¢ Qo kf'bound 8) *v ¢ s 90)>
by —
qed
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lemma kf-bound-tensor:
<kf-bound (kf-tensor € F) = kf-bound € ®, kf-bound §>
by (simp add: kf-tensor-def kf-map-bound kf-bound-tensor-raw)

lemma kf-norm-tensor:
<kf-norm (kf-tensor € §) = kf-norm € x kf-norm &
by (auto intro!: norm-cblinfun-mono
simp add: kf-norm-def kf-bound-tensor
simp flip: tensor-op-norm)

lemma kf-tensor-cong-weak:
assumes (¢ =, ¢/
assumes (§ =i, 3
shows <kf-tensor € § =y, kf-tensor €' "
proof (rule kf-eq-weakI)
show <kf-apply (kf-tensor € F) o = kf-apply (kf-tensor €’ F') o» for o
proof (rule eq-from-separatingI2z[where z=p, OF separating-set-bounded-clinear-tc-tensor))
show <bounded-clinear (kf-apply (kf-tensor € F))»
by (simp add: kf-apply-bounded-clinear)
show <bounded-clinear (kf-apply (kf-tensor €' F'))
by (simp add: kf-apply-bounded-clinear)
have E¢": kf-apply € o = kf-apply €’ os for o
by (metis assms(1) kf-eq-weak-def)
have 3T <kf-apply § o = kf-apply F' 0> for o
by (metis assms(2) kf-eq-weak-def)
fix o :: «((Ya ell2, 'a ell2) trace-class» and o :: «('e ell2, e ell2) trace-class»
show «kf-apply (kf-tensor € §) (tc-tensor o o) = kf-apply (kf-tensor €' F') (tc-tensor o o)
by (auto introl: simp: kf-apply-tensor €&’ FF’
simp flip: tensor-ell2-ket tensor-tc-butterfly)
qged
qed

lemma kf-filter-tensor:
kf-filter (M(z,y). Pz A Q y) (kf-tensor € F) = kf-tensor (kf-filter P &) (kf-filter Q F)»
apply (simp add: kf-tensor-def kf-filter-map)
apply (rule arg-cong[where f=<kf-map -)])
apply transfer
by (force simp add: image-iff case-prod-unfold)

lemma kf-filter-tensor-singleton:

kf-filter (=) z) (kf-tensor € §) = kf-tensor (kf-filter (=) (fst x)) &) (kf-filter ((=) (snd x))
5)

by (simp add: kf-filter-tensor[symmetric] case-prod-unfold prod-eq-iff)

lemma kf-tensor-cong:
fixes € €' :: «(‘a ell2, b ell2, 'x) kraus-family
and § ' «(‘c ell2, 'd ell2, 'y) kraus-family

assumes (¢ =, ¢/
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assumes § =i, "
shows <kf-tensor € § =y, kf-tensor ¢’ "
proof (rule kf-eql)

fix zy :: <z x 'y» and p

obtain z y where [simp]: «zy = (z,y)
by fastforce

have auzl: «Azy’. zy' = (2, y)) = (M 2/, y). ' =z Ny = yp
by auto

have (kf-apply-on (kf-tensor € §) {zy}

= kf-apply (kf-tensor (kf-filter (\z. z = x) &) (kf-filter (A\z. z = y) §))»

apply (simp add: kf-apply-on-def auxl kf-filter-tensor)
apply (subst auzl)
by (simp add: kf-apply-on-def auxl kf-filter-tensor)

also have «... = kf-apply (kf-tensor (kf-filter (\z. z = z) &) (kf-filter (M\z. z = y) §'))»
apply (rule ext)
apply (rule kf-apply-eql)
apply (rule kf-tensor-cong-weak)
by (auto intro!: kf-filter-cong-weak assms)

also have «... = kf-apply-on (kf-tensor &' §') {zy}p
apply (simp add: kf-apply-on-def auxl kf-filter-tensor)
apply (subst auxl)
by (simp add: kf-apply-on-def auxl kf-filter-tensor)

finally show <kf-tensor € § *p,. @{zy} o = kf-tensor €' §’ xp, Q{zy} o
by simp

qed

lemma kf-tensor-compose-distrib-weak:
shows <kf-tensor (kf-comp € F) (kf-comp & )
=g kf-comp (kf-tensor € &) (kf-tensor § H)»
by (auto intro!: eg-from-separatingI2[OF separating-set-bounded-clinear-tc-tensor]
kf-apply-bounded-clinear comp-bounded-clinear
simp: kf-eq-weak-def kf-apply-tensor kf-comp-apply)

lemma kf-tensor-compose-distrib:
shows <kf-tensor (kf-comp € F) (kf-comp & 9)
=gr kf-map (A((e,9),(f,h)). ((e,f),(g,h))) (kf-comp (kf-tensor € &) (kf-tensor § $))
proof (rule kf-eql-from-filter-eq-weak)
fix efgh :: <«(e x 'f) x (‘g x 'h)
obtain e f g h where efgh: <efgh = ((e,f),(g,h))>
apply atomize-elim
apply (cases efgh)
by auto
have <kf-filter ((=) efgh) (kf-tensor (kf-comp € F) (kf-comp & 9))
=pr kf-filter (M2,y). (e.f)=z A (g,h)=y) (kf-tensor (kf-comp € F) (kf-comp & $))»
by (smt (verit, best) case-prod-unfold kf-eq-def kf-filter-cong-weak split-pairs2 efgh)
also have «... = kf-tensor (kf-filter ((=) (e,f)) (kf-comp € F)) (kf-filter ((=) (g,h)) (kf-comp
& H))
by (simp add: kf-filter-tensor)
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also have «... = kf-tensor (kf-filter (X(e,f"). f=f' N e=e’) (kf-comp € F)) (kf-filter (A(g',h").
h=h" A g=g") (kf-comp & 9))>
apply (intro arg-cong2[where f=kf-tensor] arg-cong2[where f=kf-filter])
by auto
also have «... = kf-tensor (kf-comp (kf-filter (=) f) €) (kf-filter (=) €) §)) (kf-comp (kf-filter
(=) h) &) (ffilter (=) g) 9)
by (simp add: kf-filter-comp)
also have (... =g, kf-comp (kf-tensor (kf-filter ((=) f) &) (kf-filter ((=) h) &)) (kf-tensor
(kf-filter ((=) €) §) (kf-filter ((=) g) )
by (rule kf-tensor-compose-distrib-weak)
also have «... =g, kf-filter (A((e,g"), (f',h). (f =f'Ah=R"YA(e=¢e"Ng=g") (kf-comp
(kf-tensor € &) (kf-tensor § 9))»
by (simp add: case-prod-unfold flip: kf-filter-tensor kf-filter-comp)
also have «... =g, kf-map (A((e,9),(f.h)). ((e.f),(g,h))) (kf-filter (A((e’.g"), (f,h"). (f = f'
ANh=h")N(e=¢e Ng=g") (kf-comp (kf-tensor € &) (kf-tensor § $)))»
by (simp add: kf-eq-weak-def)
also have «... =g, kf-filter (A((e'.f"), (¢, B). (f =f ' Ah=h")A(e=¢€" A g=g") (kf-map
(A((e,9),(f,h)- ((e.f),(g:h))) (kf-comp (kf-tensor € &) (kf-tensor § $)))
by (simp add: kf-filter-map case-prod-unfold)
also have «... = kf-filter ((=) efgh) (kf-map (M((e,9),(f,h)). ((e,f),(g,h))) (kf-comp (kf-tensor
¢ &) (kf-tensor § 9)))
apply (rule arg-cong2[where f=<kf-filter:])
by (auto simp: efgh)
finally show <kf-filter ((=) efgh) (kf-tensor (kf-comp € §) (kf-comp & 9)) =g, ...»
by —
qed

lemma kf-tensor-compose-distrib’:
shows <kf-comp (kf-tensor € &) (kf-tensor § $)
=kr kf-map (M(e.f),(9,h))- ((e,9),(f.h))) (kf-tensor (kf-comp € F) (kf-comp & $))
proof —
have auz: «(A((ef),(g:0))- (e:91(f:)) 0 A(E9)(F1)- (e),(g:h))) = id>
by auto
have <kf-comp (kf-tensor € &) (kf-tensor § 9) =g, kf-map ((M((e,f),(g,h)). ((e,9),(f,h))) o
(AM(e,9),(f,h). ((e,f),(g,h)))) (kf-comp (kf-tensor € &) (kf-tensor § $))»
by (simp add: aux kf-eq-sym kf-map-id)
also have «... =g, kf-map (A((e,f),(g,h)). ((e,9),(f,h))) (kf-map (M ((e,9),(f,h)). ((e,f),(g,h)))
(kf-comp (kf-tensor € &) (kf-tensor § 9)))
using kf-eq-sym kf-map-twice by blast
also have «... =g, kf-map (A((e,f),(g,h)). ((&,9),(f,h))) (kf-tensor (kf-comp € F) (kf-comp &
)
using kf-eq-sym kf-map-cong| OF refl] kf-tensor-compose-distrib by blast
finally show ?thesis
by —
qed

definition kf-tensor-right :: «('extra ell2, 'extra ell2) trace-class = ('qu ell2, ('qux’extra) ell2,
unit) kraus-familyy where
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— kf-tensor-right o maps o to o ®, 0
kf-tensor-right o = kf-map-inj (A-. () (kf-comp (kf-tensor kf-id (kf-constant-onedim o))

(kf-of-op (tensor-ell2-right (ket ()))))
definition kf-tensor-left :: «('extra ell2, 'extra ell2) trace-class = (‘qu ell2, ('extrax’qu) ell2,
unit) kraus-familys where

— kf-tensor-right o maps o to 0 ®, o

<kf-tensor-left 0 = kf-map-inj (A-. () (kf-comp (kf-tensor (kf-constant-onedim o) kf-id) (kf-of-op
(tensor-ell2-left (ket ()))))

lemma kf-apply-tensor-right[simp):
assumes <@ > 0
shows (kf-tensor-right o *p,. o = tc-tensor o o
proof —
have *: (sandwich-tc (tensor-ell2-right (ket ())) o = te-tensor o (te-butterfly (ket()) (ket()))»
apply transfer’
using sandwich-tensor-ell2-right’ by blast
show ?thesis
by (simp add: kf-tensor-right-def kf-apply-map-inj inj-on-def kf-comp-apply
kf-of-op-apply * kf-apply-tensor kf-constant-onedim-apply assms trace-tc-butterfly
flip: trace-tc-one-dim-iso)
qed
lemma kf-apply-tensor-left[simp):
assumes <o > 0
shows <kf-tensor-left o %, 0 = tc-tensor o o>
proof —
have x: «sandwich-tc (tensor-eli2-left (ket ())) o = tc-tensor (tc-butterfly (ket()) (ket())) o»
apply transfer’
using sandwich-tensor-ell2-left’ by blast
show ?thesis
by (simp add: kf-tensor-left-def kf-apply-map-inj inj-on-def kf-comp-apply
kf-of-op-apply * kf-apply-tensor kf-constant-onedim-apply assms trace-tc-butterfly
flip: trace-tc-one-dim-iso)
qed

lemma kf-bound-tensor-right[simp]:
assumes <@ > 0
shows <kf-bound (kf-tensor-right o) = norm o *¢ id-cblinfun>
proof (rule cblinfun-cinner-eql)
fix v 2 <'b ell2>
have ) -¢ kf-bound (kf-tensor-right o) ¢ = trace-tc (kf-tensor-right o *j, tc-butterfly ¥ )
by (simp add: kf-bound-from-map)

also have «... = trace-tc (tc-tensor (tc-butterfly ¥ 1) o)
using assms by (simp add: kf-apply-tensor-right)
also have «... = trace-tc (tc-butterfly ¥ 1) * trace-tc o

by (metis (no-types, lifting) assms norm-tc-pos norm-tc-tensor of-real-mult te-butterfly-pos
te-tensor-pos)

also have (... = norm ¢ * trace-tc (tc-butterfly ¥ ¥))
by (simp add: assms norm-tc-pos)
also have «... =9 .¢ (norm ¢ *¢ id-cblinfun) ¥»
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by (simp add: trace-tc-butterfly)
finally show < -¢ (kf-bound (kf-tensor-right 0)) ¥ = ¢ -¢ (norm ¢ *¢ id-cblinfun) >
by —
qed
lemma kf-bound-tensor-left[simp]:
assumes <@ > 0
shows <kf-bound (kf-tensor-left o) = norm o *¢ id-cblinfun»
proof (rule cblinfun-cinner-eql)
fix ¢ 2 <'b ell2>
have ) -¢ kf-bound (kf-tensor-left ) 1 = trace-tc (kf-tensor-left o *i, tc-butterfly ¥ ¥)»
by (simp add: kf-bound-from-map)

also have «... = trace-tc (tc-tensor o (tc-butterfly ¥ 1))
using assms by (simp add: kf-apply-tensor-left)
also have «(... = trace-tc o * trace-tc (tc-butterfly ¥ )

by (metis (no-types, lifting) assms norm-tc-pos norm-te-tensor of-real-mult te-butterfly-pos
te-tensor-pos)

also have (... = norm g * trace-tc (tc-butterfly ¥ )
by (simp add: assms norm-tc-pos)
also have (... = ¢ .¢ (norm ¢ *¢ id-cblinfun) ¥»

by (simp add: trace-tc-butterfly)
finally show < -¢ (kf-bound (kf-tensor-left o)) ¥ = ¥ ¢ (norm o *¢ id-cblinfun) ¥
by —
qed

lemma kf-norm-tensor-right[simp):
assumes <@ > 0
shows <kf-norm (kf-tensor-right ¢) = norm p»
using assms by (simp add: kf-norm-def)
lemma kf-norm-tensor-left[simp]:
assumes <@ > 0
shows <kf-norm (kf-tensor-left ¢) = norm p»
using assms by (simp add: kf-norm-def)

lemma kf-trace-preserving-tensor:
assumes <kf-trace-preserving &> and <kf-trace-preserving §»
shows <kf-trace-preserving (kf-tensor € F)»
by (metis assms(1,2) kf-bound-tensor kf-trace-preserving-iff-bound-id tensor-id)

lemma kf-trace-reducing-tensor:
assumes <kf-trace-reducing & and <kf-trace-reducing §»
shows <kf-trace-reducing (kf-tensor € §)»
using assms
by (auto introl: mult-le-one simp: kf-trace-reducing-iff-norm-leq! kf-norm-tensor kf-norm-geq0)

lemma kf-tensor-map-left:

<kf-tensor (kf-map f &) §F =k, kf-map (apfst f) (kf-tensor € F)»
proof (rule kf-eql-from-filter-eq-weak)
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fix zy :: <'e x '
obtain z y where zy: <xy = (z,y)
apply atomize-elim
by (auto intro!: prod.exhaust)
have <kf-filter ((=) zy) (kf-tensor (kf-map f €) §) = kf-tensor (kf-filter ((=)z) (kf-map f €))
(kf-filter ((=)y) 3)
by (auto intro!: arg-cong2[where f=kf-filter] simp add: zy simp flip: kf-filter-tensor)

also have «... = kf-tensor (kf-map f (kf-filter (\z’. z = fz') &)) (kf-filter (=) y) §)
by (simp add: kf-filter-map)
also have «... =g, kf-tensor (kf-filter (A\z’. z = fa') &) (kf-filter ((=) y) F)

apply (rule kf-tensor-cong-weak)
by (simp-all add: kf-eq-weak-def)
also have «... =, kf-filter (A\(z',y"). x = fa' Ay = y') (kf-tensor € F)»
by (auto intro!: arg-cong2[where f=kf-filter] simp add: zy simp flip: kf-filter-tensor)

also have «... =y, kf-map (apfst ) (kf-filter (N(z",y"). z = fz' ANy =y') (kf-tensor € F))
by (simp add: kf-eq-weak-def)
also have «... = kf-filter ((=) zy) (kf-map (apfst f) (kf-tensor € F))»

by (auto introl: arg-cong2|where f=kf-map| arg-cong2|where f=kf-filter] simp add: zy
kf-filter-map simp flip: )
finally show «<kf-filter ((=) xy) (kf-tensor (kf-map f €) §) =gy .. >
by —
qed

lemma kf-tensor-map-right:
kf-tensor € (kf-map f §) =gr kf-map (apsnd f) (kf-tensor € F)»
proof (rule kf-eql-from-filter-eq-weak)
fix zy :: <'e x '
obtain z y where zy: <zy = (z,y)»
apply atomize-elim
by (auto intro!: prod.exhaust)
have <kf-filter (=) zy) (kf-tensor & (kf-map f §)) = kf-tensor (kf-filter ((=)z) &) (kf-filter
(=)y) (Homap f §)
by (auto intro!: arg-cong2[where f=kf-filter] simp add: zy simp flip: kf-filter-tensor)

also have «... = kf-tensor (kf-filter ((=)z) &) (kf-map f (kf-filter A\y". y = fy') §))»
by (simp add: kf-filter-map)
also have «... =g, kf-tensor (kf-filter ((=)x) €) (kf-filter (\y". y = fy") F)

apply (rule kf-tensor-cong-weak)
by (simp-all add: kf-eq-weak-def)
also have «... =, kf-filter (A\(z',y"). x = ' A y = fy’) (kf-tensor € F)»
by (auto intro!: arg-cong2[where f=kf-filter] simp add: zy simp flip: kf-filter-tensor)
also have «... =g, kf-map (apsnd f) (kf-filter (A(z",y"). x = 2’ Ny = fy') (kf-tensor € §))»
by (simp add: kf-eq-weak-def)
also have «... = kf-filter ((=) zy) (kf-map (apsnd f) (kf-tensor € F))»
by (auto introl: arg-cong2|where f=kf-map] arg-cong2|where f=Fkf-filter] simp add: zy
kf-filter-map simp flip: )
finally show <kf-filter ((=) zy) (kf-tensor € (kf-map f F)) =kr .. >
by —
qed
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lemma kf-tensor-map-both:
kf-tensor (kf-map f €) (kf-map g §) =g kf-map (map-prod f g) (kf-tensor € F)
apply (rule kf-tensor-map-left| THEN kf-eq-trans))
apply (rule kf-map-cong| THEN kf-eg-trans, OF refl])
apply (rule kf-tensor-map-right)
apply (rule kf-map-twice] THEN kf-eq-trans))
by (simp add: o-def map-prod-def case-prod-unfold)

lemma kf-tensor-raw-map-inj-both:

<kf-tensor-raw (kf-map-inj f &) (kf-map-inj g §) = kf-map-inj (A(E,F.,x,y). (E,F.f z,9 y))
(kf-tensor-raw & §)»

apply (transfer’ fizing: f g)

by force

lemma kf-domain-tensor-raw-subset:

<kf-domain (kf-tensor-raw € §) C kf-operators € X kf-operators § x kf-domain € x kf-domain
5

apply transfer’

by force

lemma kf-tensor-map-inj-both:
assumes <inj-on f (kf-domain &)
assumes (inj-on g (kf-domain §)»
shows <kf-tensor (kf-map-inj f &) (kf-map-inj g §) = kf-map-inj (map-prod f g) (kf-tensor €
%)
proof —
from assms
have inj1: <inj-on (A\(E, F, z, y). (E, F, fz, g y)) (kf-domain (kf-tensor-raw € §))»
using kf-domain-tensor-raw-subset[of € F]
apply (simp add: inj-on-def ball-def split!: prod.split)
by blast+
from assms
have inj2: <inj-on (map-prod f g) (ME, F, z). z) ¢ kf-domain (kf-tensor-raw & §))»
using kf-domain-tensor-raw-subset[of € F]
apply (simp add: inj-on-def ball-def split!: prod.split)
by blast+
have <kf-tensor (kf-map-inj f &) (kf-map-inj g §) = kf-map (A\(E, F, y). y) (kf-map-inj (A\(E,
F,z,y). (E, F, fz, gy)) (kf-tensor-raw € F))»
by (simp add: kf-tensor-def kf-tensor-raw-map-inj-both id-def)
also have «... = kf-map (A\(E, F, z, y). (fz, g v)) (kf-tensor-raw € §)»
apply (subst kf-map-kf-map-inj-comp)
apply (rule inj1)
by (simp add: case-prod-unfold o-def)
also have «... = kf-map-inj (map-prod f g) (kf-map (A(E, F, z). z) (kf-tensor-raw € §))»
apply (subst kf-map-inj-kf-map-comp)
apply (rule inj2)
by (simp add: o-def case-prod-unfold map-prod-def)
also have «... = kf-map-inj (map-prod f g) (kf-tensor & F)»
by (simp add: kf-tensor-def kf-tensor-raw-map-inj-both id-def)
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finally show ?thesis
by —
qed

lemma kf-operators-tensor-raw:

shows <(kf-operators (kf-tensor-raw € §) = {E ®, F | E F. E € kf-operators € N F €
kf-operators F}

apply (simp add: kf-operators.rep-eq kf-tensor-raw.rep-eq)

by (force simp: case-prod-unfold)

lemma kf-operators-tensor:
shows «(kf-operators (kf-tensor € §) C span {E ®, F | E F. E € kf-operators € N F €
kf-operators F}
proof —
have (kf-operators (kf-tensor € §) C span (kf-operators (kf-tensor-raw & §))»
by (simp add: kf-operators-kf-map kf-tensor-def)
also have (... = span {E ®, F | E F. E € kf-operators € N F € kf-operators §}»
by (metis kf-operators-tensor-raw)
finally show ?thesis
by —
qed

lemma kf-domain-tensor: <kf-domain (kf-tensor € §) = kf-domain € x kf-domain &>
proof (intro Set.set-eql iffT)
fix zy assume zy-dom: <xy € kf-domain (kf-tensor € F)»
obtain z y where zy: <zy = (z,y)
by (auto simp: prod-eq-iff)
from zy-dom obtain E F' where «((E,F,z,y) € kf-domain (kf-tensor-raw € §)»
by (force simp add: kf-tensor-def xy)
then obtain EF where EFEFzy: «(EF,E F,x,y) € Rep-kraus-family (kf-tensor-raw € §)»
by (auto simp: kf-domain-def)
then have «<EF = F ®, F»
by (force simp: kf-tensor-raw.rep-eq case-prod-unfold)
from EFEFzy have <EF # 0»
using Rep-kraus-family
by (force simp: kraus-family-def)
with <(FF = F ®, F» have <F # 0) and <F # 0»
by fastforce+
from EFEFzy have «(E,x) € Rep-kraus-family &
apply (transfer’ fizing: E x)
by auto
with «E # 0) have <z € kf-domain &
apply (transfer’ fizing: E z)
by force
from EFEFzy have «(F,y) € Rep-kraus-family &>
apply (transfer’ fizing: F y)
by auto
with (F' # 0» have <y € kf-domain §>

apply (transfer’ fizing: F y)
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by force
from <z € kf-domain & <y € kf-domain §»
show «zy € kf-domain € x kf-domain §>
by (simp add: zy)
next
fix zy assume zy-dom: <xy € kf-domain € x kf-domain §>
then obtain z y where zy: <2y = (2,y)» and 2FE: <z € kf-domain € and yF: <y € kf-domain
5
by (auto simp: prod-eq-iff)
from zF obtain E where Fz: <(E,x) € Rep-kraus-family &
by (auto simp: kf-domain-def)
from yF obtain F' where Fy: «(F,y) € Rep-kraus-family §»
by (auto simp: kf-domain-def)
from Ezr Fy have «(E ®, F, E, F, z, y) € Rep-kraus-family (kf-tensor-raw € §F)»
by (force simp: kf-tensor-raw.rep-eq case-prod-unfold)
moreover
have <F # 0» and «F # 0»
using Fx Fy Rep-kraus-family
by (force simp: kraus-family-def)+
then have <F ®, F # 0
by (simp add: tensor-op-nonzero)
ultimately have «(E, F, z, y) € kf-domain (kf-tensor-raw € §)»
by (force simp: kf-domain-def)
then show <xy € kf-domain (kf-tensor € F)»
by (force simp: kf-tensor-def zy case-prod-unfold)
qed

lemma kf-tensor-raw-0-left[simp]: <kf-tensor-raw 0 € = 0»
apply transfer’
by simp

lemma kf-tensor-raw-0-right[simp|: <kf-tensor-raw € 0 = 0)
apply transfer’
by simp

lemma kf-tensor-0-left[simp]: <kf-tensor 0 € = 0>
by (simp add: kf-tensor-def)

lemma kf-tensor-0-right[simp]: <kf-tensor € 0 = 0>
by (simp add: kf-tensor-def)

lemma kf-tensor-of-op:
kf-tensor (kf-of-op A) (kf-of-0p B) = kf-map (A). (0,0))) (kf-of-0p (A @, B))»
proof —
wlog Aneq0: <A # 0»
using negation
by simp
wlog Bneq0: <B # 0> keeping Aneq0
using negation
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by simp
have [simp]: <(A(). (), ())) = Pair ()»
by auto
have <kf-tensor-raw (kf-of-op A) (kf-of-op B) = kf-map-inj (A(). (A, B, (), ())) (kf-of-op (A
®o B))»
apply (transfer’ fizing: A B)
by (simp add: case-unit-Unity tensor-op-nonzero)
then show ?thesis
by (simp add: kf-tensor-def kf-map-kf-map-inj-comp inj-on-def o-def case-unit-Unity)
qed

2.15 Partial trace

definition kf-partial-trace-right :: <((ax'b) ell2, 'a ell2, 'b) kraus-family> where
<kf-partial-trace-right = kf-map (A((-,0),-). inv ket b)
(kf-comp (kf-of-op (tensor-ell2-right (ket ())x))
(kf-tensor kf-id (kf-trace (range ket))))»

definition kf-partial-trace-left :: <«(("ax'b) ell2, 'b ell2, 'a) kraus-family> where
<kf-partial-trace-left = kf-map-inj snd (kf-comp kf-partial-trace-right (kf-of-op swap-ell2))»

lemma partial-trace-is-kf-partial-trace:
fixes t :: <(("a x 'b) ell2, ("a x 'b) ell2) trace-class
shows <partial-trace t = kf-partial-trace-right *p, t»
proof —
have (partial-trace t = kf-apply (kf-of-op (tensor-ell2-right (ket ())x))
(kf-apply (kf-tensor kf-id (kf-trace (range ket))) t)»
proof (rule eq-from-separatingl2z[where z=t, OF separating-set-bounded-clinear-tc-tensor])
show <bounded-clinear partial-trace>
by simp
show (bounded-clinear
(At. kf-apply (kf-of-op (tensor-ell2-right (ket ())x))
(kf-apply (kf-tensor kf-id (kf-trace (range ket))) t))»
by (intro bounded-linear-intros)
fix o = <(Ya ell2, 'a ell2) trace-class» and o :: «('b ell2, 'b ell2) trace-class
have <trace (from-trace-class o) *¢ from-trace-class o =
tensor-ell2-right (ket ())x ocr, from-trace-class o ®, of-complex (trace (from-trace-class o))
ocr, tensor-ell2-right (ket ()
by (auto introl: cblinfun-eql simp: tensor-op-ell2 ket-CARD-1-is-1)
then show <partial-trace (tc-tensor o o) =
kf-apply (kf-of-op (tensor-ell2-right (ket ())x*))
(kf-apply (kf-tensor kf-id (kf-trace (range ket))) (tc-tensor o o))
by (auto intro!: from-trace-class-inject| THEN iffD1]
simp: partial-trace-tensor kf-apply-tensor kf-trace-is-trace kf-of-op-apply
from-trace-class-sandwich-tc sandwich-apply trace-tc.rep-eq te-tensor.rep-eq scaleC-trace-class.rep-eq)
qged
then show ?thesis
by (simp add: kf-partial-trace-right-def kf-comp-apply)
qed
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lemma partial-trace-ignores-kraus-family:
assumes <kf-trace-preserving €»
shows <partial-trace (kf-tensor § € %y, 0) = § *p, partial-trace o
proof (rule eq-from-separatingl2z[where x=p, OF separating-set-bounded-clinear-tc-tensor))
show <bounded-clinear (Aa. partial-trace (kf-tensor § € %, a))
by (intro bounded-linear-intros)
show <bounded-clinear (Aa. § i, partial-trace a)»
by (intro bounded-linear-intros)
fix o = <("e ell2, 'e ell2) trace-classy and o :: «('a ell2, 'a ell2) trace-class
from assms
show <partial-trace (kf-tensor § € *j, tc-tensor o o) =
§ *kr partial-trace (te-tensor o o)»
by (simp add: kf-apply-tensor partial-trace-tensor kf-trace-preserving-def kf-apply-scaleC')
qed

lemma kf-partial-trace-bound|simpl:
shows <«kf-bound kf-partial-trace-right = id-cblinfun)
by (simp add: kf-partial-trace-right-def kf-map-bound
unitary-tensor-ell2-right-CARD-1 kf-bound-comp-iso kf-bound-tensor
kf-trace-bound)

lemma kf-partial-trace-norm|simp):
shows <«kf-norm kf-partial-trace-right = 1>
by (simp add: kf-norm-def)

lemma kf-partial-trace-right-apply-singleton:
<kf-partial-trace-right *j, Q{z} o = sandwich-tc (tensor-ell2-right (ket z)x) o
proof —
have <kf-partial-trace-right *j, Q{z} (tc-tensor (tc-butterfly (ket a) (ket b)) (tc-butterfly (ket
) (et d))) =
sandwich-tc (tensor-ell2-right (ket x)*) (tc-tensor (tc-butterfly (ket a) (ket b)) (tc-butterfly
(ket ¢) (ket d)))» for a b :: ‘aand ¢ d :: 'b
proof —
have auzl: «(Aza. (case za of (z, za) = (case z of (uu-, b) = A-. inv ket b) za) € {z}) =
(Me,f). True A inv ket (snd e) = x)»
by auto
have auz2: «(Ae. inv ket (snd €) = z) = (A(a,b). True A inv ket b = z)»
by auto
have <kf-partial-trace-right *j, Q{z} (tc-tensor (tc-butterfly (ket a) (ket b)) (tc-butterfly (ket
c) (ket d))) =
sandwich-tc (tensor-ell2-right (ket ())x)
(te-tensor (te-butterfly (ket a) (ket b)) (kf-apply (kf-filter (A\b. inv ket b = z) (kf-trace
(range ket))) (te-butterfly (ket c) (ket d))))»
by (auto simp only: kf-apply-on-def kf-partial-trace-right-def
kf-filter-map auxl kf-filter-comp kf-of-op-apply
kf-filter-true kf-filter-tensor auz2 kf-apply-map
kf-comp-apply o-def kf-apply-tensor kf-id-apply)
also have (... = sandwich-tc (tensor-ell2-right (ket ())*) (tc-tensor (tc-butterfly (ket a) (ket
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b)) (of-bool (z=c N z=d) *g tc-butterfly (ket ()) (ket ())))>
proof (rule arg-cong[where f=<«\z. sandwich-tc - (tc-tensor - z))])
have «kf-apply (kf-filter (Ab. inv ket b = z) (kf-trace (range ket))) (tc-butterfly (ket c) (ket
d))
= sandwich-tc (vector-to-cblinfun (ket x)x) (tc-butterfly (ket c) (ket d))»
apply (transfer’ fizing: z)
apply (subst infsum-single[where i=<((vector-to-cblinfun (ket x))x, ket x))])
by auto
also have «... = of-bool (z=c N z=d) xg tc-butterfly (ket ()) (ket ())»
by (auto simp add: sandwich-tc-butterfly ket-CARD-1-is-1 cinner-ket)
finally show <kf-apply (kf-filter (Ab. inv ket b = z) (kf-trace (range ket))) (tc-butterfly (ket
c) (ket d))
= of-bool (z=c N z=d) g tc-butterfly (ket ()) (ket ())
by —
qed
also have «... = sandwich-tc (tensor-ell2-right (ket z)x) (tc-tensor (tc-butterfly (ket a) (ket
b)) (te-butterfly (ket c¢) (ket d)))»
by (auto simp: tensor-tc-butterfly sandwich-tc-butterfly)
finally show ?thesis
by —
qged
then show ?thesis
apply (rule-tac eg-from-separatingl2x[where z=o))
apply (rule separating-set-bounded-clinear-tc-tensor-nested)
apply (rule separating-set-te-butterfly-nested)
apply (rule separating-set-ket)
apply (rule separating-set-ket)
apply (rule separating-set-tc-butterfly-nested)
apply (rule separating-set-ket)
apply (rule separating-set-ket)
by (auto intro!: kf-apply-on-bounded-clinear bounded-clinear-sandwich-tc separating-set-te-butterfly-nested
stmp: )
qed

lemma kf-partial-trace-left-apply-singleton:
<kf-partial-trace-left *p, Q{z} o = sandwich-tc (tensor-ell2-left (ket x)*) o

proof —
have auz!: «(Aza. snd za = z) = (A(e,f). f=2 A True)
by auto
have auz2: «(Aza. za € {z}) = (Aza. za = z)»
by auto

have inj-snd: <inj-on (snd :: unitx’'b = 'b) X» for X
by (auto introl: inj-onl)
have auz3: (tensor-ell2-right (ket x)x *y ket (b, a) = of-bool (z=a) xR ket b for z a :: 'z
and b :: 'y
by (smt (verit) cinner-ket-same of-bool-eq(1) of-bool-eq(2) of-real-1 of-real-hom.hom-0-iff
orthogonal-ket scaleR-scaleC' tensor-ell2-ket tensor-ell2-right-adj-apply)
have aux4: <tensor-eli2-left (ket x)x xy ket (a, b) = of-bool (z=a) *gr ket b> for z a :: 'z and
by
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by (smt (verit, del-insts) cinner-ket-same of-bool-eq(1) of-bool-eq(2) of-real-1 of-real-hom.hom-0-iff
orthogonal-ket scaleR-scaleC tensor-ell2-ket tensor-ell2-left-adj-apply)
have auz5: <tensor-ell2-right (ket x)x ocr swap-ell2 = tensor-ell2-left (ket )%
apply (rule equal-ket)
by (auto intro!: simp: auz3 auxs)
have <kf-partial-trace-left xx, Q{z} o
= kf-partial-trace-right *j, Q{z} (sandwich-tc swap-ell2 p)»
by (simp only: kf-partial-trace-left-def kf-apply-on-def kf-filter-map-inj
auxl kf-filter-comp kf-apply-map-inj inj-snd kf-filter-true
kf-comp-apply o-def kf-of-op-apply auz2)
also have «... = sandwich-tc (tensor-ell2-left (ket z)%) o
by (auto intro!: arg-conglwhere f=<\z. sandwich-tc z -)]
simp: kf-partial-trace-right-apply-singleton auzd
simp flip: sandwich-tc-compose|unfolded o-def, THEN fun-cong])
finally show ?thesis
by —
qed

lemma kf-domain-partial-trace-right[simp]: <kf-domain kf-partial-trace-right = UNIV»
proof (intro Set.set-eql iffl UNIV-I)
fixz:'aand y :: b

have (kf-partial-trace-right %, @Q{z} (tc-tensor (tc-butterfly (ket y) (ket y)) (tc-butterfly (ket
z) (ket z)))
= tc-butterfly (ket y) (ket y)»
by (simp add: kf-partial-trace-right-apply-singleton tensor-te-butterfly sandwich-tc-butterfly)
also have «... # 0»
proof —
have «norm (tc-butterfly (ket y) (ket y)) = 1»
by (simp add: norm-tc-butterfly)
then show ?thesis
by auto
qed
finally have <kf-apply-on (kf-partial-trace-right :: (('bx’a) ell2, 'b ell2, 'a) kraus-family) {z}
# 0
by auto
then show <z € kf-domain (kf-partial-trace-right :: (('bx’a) ell2, 'b ell2, 'a) kraus-family)»
by (rule in-kf-domain-iff-apply-nonzero| THEN iffD2])
qed

lemma kf-domain-partial-trace-left[simp]: <kf-domain kf-partial-trace-left = UNIV»
proof (intro Set.set-eql iffl UNIV-I)
fixz:’aand y:: b

have <kf-partial-trace-left i, @{z} (tc-tensor (tc-butterfly (ket x) (ket x)) (tc-butterfly (ket

y) (ket y)))
= te-butterfly (ket y) (ket y)»

by (simp add: kf-partial-trace-left-apply-singleton tensor-te-butterfly sandwich-te-butterfly)
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also have «... # O»
proof —
have «norm (tc-butterfly (ket y) (ket y)) = 1»
by (simp add: norm-tc-butterfly)
then show ?thesis
by auto
qed
finally have <kf-apply-on (kf-partial-trace-left :: ((Yax'd) ell2, 'b ell2, 'a) kraus-family) {z} #
0»
by auto
then show <z € kf-domain (kf-partial-trace-left :: (("ax’b) ell2, 'b ell2, 'a) kraus-family)»
by (rule in-kf-domain-iff-apply-nonzero| THEN iffD2])
qed

2.16 Complete measurement

lemma complete-measurement-aux:
fixes B and F :: «(‘a::chilbert-space =c1 'a x 'a) sebt
defines <family = (A\z. (selfbutter (sgn z), z)) ‘ B>
assumes (finite Fy and FB: <F C family> and <is-ortho-set B»
shows ((>_ (E, z)€F. Ex ocr E) < id-cblinfuny
proof —
obtain G where «finite G> and «G C B> and FG: <F = (A\z. (selfbutter (sgn z), z)) * G»
apply atomize-elim
using <finite F'y and FB
apply (simp add: family-def)
by (meson finite-subset-image)
from <G C B) have [simp]: <is-ortho-set G)
by (simp add: <is-ortho-set By is-ortho-set-antimono)
then have [simp]: <¢ € G = norm (sgn e) = 1) for e
apply (simp add: is-ortho-set-def)
by (metis norm-sgn)
have [simp]: <inj-on (Az. (selfbutter (sgn z), x)) G»
by (meson inj-onl prod.inject)
have [simp]: <inj-on sgn G»
proof (rule inj-onl, rule ccontr)
fix z y assume «x € G» and <y € G» and sgn-eq: <sgn x = sgn y» and <z # y»
with <is-ortho-set G> have <is-orthogonal T y»
by (meson is-ortho-set-def)
then have <is-orthogonal (sgn z) (sgn y)»
by fastforce
with sgn-eq have <sgn ¢ = 0»
by force
with «x € Gy <is-ortho-set G» show False
by (metis <z # y» local.sgn-eq sgn-zero-iff)
qged
have (> (E, z)€F. Ex ocr F) = (>, x€G. selfbutter (sgn z)))
by (simp add: FG sum.reindex cdot-square-norm,)
also
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have (> z€G. selfbutter (sgn x)) < id-cblinfun)
apply (subst sum.reindez[where h=sgn, unfolded o-def, symmetric])
apply simp
apply (subgoal-tac <Az y. VzeG. VyeG. © # y — is-orthogonal z y =

0¢ G=z€ @@= ye G@= sgnz # sgn y = is-orthogonal = y»)

using <is-ortho-set G»
apply (auto introl: sum-butterfly-leq-id simp: is-ortho-set-def sgn-zero-iff )[1]
by fast

finally show ?thesis
by —

qed

lemma complete-measurement-is-kraus-family:
assumes <is-ortho-set B)
shows <kraus-family ((Az. (selfbutter (sgn z), z)) © B)»
proof (rule kraus-familyl)
show (bdd-above (sum (A(E, z). Ex ocy E) ‘{F. finite F N F C (Az. (selfbutter (sgn z), ))
“B})»
using complete-measurement-auz[OF - - assms]
by (auto intro!: bdd-abovel [where M=id-cblinfun] kraus-familyl)
have «selfbutter (sgn ) = 0 = = = 0> for ¢
by (smt (verit, best) mult-cancel-right! norm-butterfly norm-sgn norm-zero)
then show <0 ¢ fst “ (Az. (selfbutter (sgn z), x)) * B>
using assms by (force simp: is-ortho-set-def)
qed

lift-definition kf-complete-measurement :: <'a set = (’a::chilbert-space, 'a, 'a) kraus-family> is
(AB. if is-ortho-set B then (A\z. (selfbutter (sgn ), z)) * B else {}
by (auto intro!: complete-measurement-is-kraus-family)

definition kf-complete-measurement-ket :: «('a ell2, 'a ell2, 'a) kraus-family> where
<kf-complete-measurement-ket = kf-map-inj (inv ket) (kf-complete-measurement (range ket))»

lemma kf-complete-measurement-domain[simp):
assumes <is-ortho-set B)
shows <kf-domain (kf-complete-measurement B) = B»
apply (transfer firing: B)
using assms by (auto simp: image-image)

lemma kf-complete-measurement-ket-domain[simp):
<kf-domain kf-complete-measurement-ket = UNIV»
by (simp add: kf-complete-measurement-ket-def)

lemma kf-complete-measurement-ket-kf-map:
<kf-complete-measurement-ket =, kf-map (inv ket) (kf-complete-measurement (range ket))»
unfolding kf-complete-measurement-ket-def
apply (rule kf-map-inj-eq-kf-map)
using inj-on-inv-into by fastforce+
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lemma kf-bound-complete-measurement:
assumes <(is-ortho-set B»
shows <kf-bound (kf-complete-measurement B) < id-cblinfun»
apply (rule kf-bound-leqI)
by (simp add: assms complete-measurement-auz kf-complete-measurement.rep-eq)

lemma kf-norm-complete-measurement:

assumes <is-ortho-set B>

shows <kf-norm (kf-complete-measurement B) < 1)

by (smt (verit, ccfv-SIG) assms kf-norm-def kf-bound-complete-measurement kf-bound-pos
norm-cblinfun-id-le norm-cblinfun-mono)

lemma kf-complete-measurement-invalid:
assumes (- is-ortho-set B>
shows (kf-complete-measurement B = 0>
apply (transfer’ fizing: B)
using assms by simp

lemma kf-complete-measurement-idem:
<kf-comp (kf-complete-measurement B) (kf-complete-measurement B)
=i kf-map (Ab. (b,0)) (kf-complete-measurement B)»
proof —
wlog [iff]: <is-ortho-set B»
using negation
by (simp add: kf-complete-measurement-invalid)
define f where «f b = (selfbutter (sgn b), selfputter (sgn b), b, b)> for b :: a
have 02: <sgn b -c sgn b = 1» if <b € B) for b
by (metis <b € By (is-ortho-set By cnorm-eq-1 is-ortho-set-def norm-sgn)
have 1: «(F ooy F, F, E, b, ¢) € (Az. (selfbutter (sgn z), fz)) * B>
if <F ocr F # 0> and ((F, b) € Rep-kraus-family (kf-complete-measurement B)> and «(E,
¢) € Rep-kraus-family (kf-complete-measurement B)»
for EFbc
proof —
from that have b € By and <¢ € B> and E-def: (E = selfbutter (sgn ¢)» and F-def: <F =
selfbutter (sgn b)»
by (auto simp add: kf-complete-measurement.rep-eq)
have «F oo, F = (sgn ¢ -¢ sgn b) x¢ butterfly (sgn c) (sgn b)»
by (simp add: E-def F-def)
with that have «c -¢ b # 0>
by fastforce
with «<b € B) <c € B (is-ortho-set B»
have (¢ = b
using is-ortho-setD by blast
then have «(E ocr F, F, E, b, ¢) = (Az. (selfbutter (sgn z), fx)) ©
by (simp add: b2 <b € B) f-def E-def F-def)
with «c € B> show ?thesis
by blast
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qed
have 2: <z € B = selfbutter (sgn z) # 0» for z
by (smt (verit) <is-ortho-set B inverse-1 is-ortho-set-def norm-butterfly norm-sgn norm-zero
right-inverse)
have 3: ((selfbutter (sgn z), fz) € (A(F,y),(E, z)). (Focr F, F, E, y, x)) *
(Rep-kraus-family (kf-complete-measurement B) x Rep-kraus-family (kf-complete-measurement
B))»
if <z € Brand «(E, F, ¢, b) = fn
for EFcbz
apply (rule image-eql[where z=«((selfbutter (sgn z),x),(selfbutter (sgn z),z))])
by (auto introl: simp: b2 that f-def kf-complete-measurement.rep-eq)
have raw: <(kf-comp-dependent-raw (\-. kf-complete-measurement B) (kf-complete-measurement
B))
= kf-map-inj f (kf-complete-measurement B)»
apply (transfer’ fixing: f B)
using 1 2 3
by (auto simp: image-image case-prod-unfold)
have <kf-comp (kf-complete-measurement B) (kf-complete-measurement B)
=kr kf-map (AM(F, E, y). y) ((kf-comp-dependent-raw (A-. kf-complete-measurement B)
(kf-complete-measurement B)))»
by (simp add: kf-comp-def kf-comp-dependent-def id-def)
also have «... =g, kf-map (A\(F, E, y). y) (kf-map-inj f (kf-complete-measurement B))»
by (simp add: raw)

also have «... =g, kf-map (\(F, E, y). y) (kf-map | (kf-complete-measurement B))»
by (auto intro!: kf-map-cong kf-map-inj-eq-kf-map inj-onl simp: f-def)
also have «... =g, kf-map (A\b. (b, b)) (kf-complete-measurement B)»

apply (rule kf-map-twice[ THEN kf-eq-trans])
by (simp add: f-def o-def)
finally show ?thesis
by —
qed

lemma kf-complete-measurement-idem-weak:
<kf-comp (kf-complete-measurement B) (kf-complete-measurement B)
=k kf-complete-measurement B>
by (metis (no-types, lifting) kf-apply-map kf-complete-measurement-idem kf-eq-imp-eq-weak
kf-eq-weak-def)

lemma kf-complete-measurement-ket-idem:
<kf-comp kf-complete-measurement-ket kf-complete-measurement-ket
=gr kf-map (Ab. (b,0)) kf-complete-measurement-ket»
proof —
have <kf-comp kf-complete-measurement-ket kf-complete-measurement-ket
=ir kf-comp (kf-map (inv ket) (kf-complete-measurement (range ket))) (kf-map (inv ket)
(kf-complete-measurement (range ket)))»
by (intro kf-comp-cong kf-complete-measurement-ket-kf-map)
also have «... =, kf-map (A(z, y). (z, inv ket y))
(kf-map (M(z, y). (inv ket z, y)) (kf-comp (kf-complete-measurement (range ket)) (kf-complete-measurement
(range ket))))»
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by (intro kf-comp-map-left[THEN kf-eq-trans| kf-map-cong kf-comp-map-right refl)
also have «... =g, kf-map (\(z, y). (z, inv ket y))
(kf-map (A(z, y). (inv ket z, y)) (kf-map (\b. (b, b)) (kf-complete-measurement (range ket))))»
by (intro kf-map-cong kf-complete-measurement-idem refl)
also have «... =g, kf-map (A\z. (inv ket z, inv ket x)) (kf-complete-measurement (range ket))»
apply (intro kf-map-twice] THEN kf-eq-trans])
by (simp add: o-def)
also have «... =g, kf-map (\b. (b, b)) (kf-map (inv ket) (kf-complete-measurement (range
ket)))»
apply (rule kf-eq-sym)
apply (rule kf-map-twice[ THEN kf-eq-trans])
by (simp add: o-def)
also have «... =g, kf-map (A\b. (b, b)) kf-complete-measurement-ket»
using kf-complete-measurement-ket-kf-map kf-eq-sym kf-map-cong by fastforce
finally show ?thesis
by —
qed

lemma kf-complete-measurement-ket-idem-weak:
<kf-comp kf-complete-measurement-ket kf-complete-measurement-ket
=i kf-complete-measurement-ket)
by (metis (no-types, lifting) kf-apply-map kf-complete-measurement-ket-idem kf-eq-imp-eq-weak
kf-eq-weak-def)

lemma kf-complete-measurement-apply:
assumes [simp|: <is-ortho-set B»
shows <kf-complete-measurement B #i, t = (> coxE€B. sandwich-tc (selfbutter (sgn x)) t)»
proof —
have «kf-complete-measurement B *j, t =
(>° o Ee(Ax. (selfbutter (sgn z), x)) ¢ B. sandwich-tc (fst E) t)»
apply (transfer’ fizing: B t)
by simp
also have «... = (3. woz€B. sandwich-tc (selfbutter (sgn x)) t)»
apply (subst infsum-reindex)
by (auto introl: inj-onl simp: o-def)
finally show ?thesis
by —
qed

lemma kf-complete-measurement-has-sum:
assumes <is-ortho-set B»
shows «((Az. sandwich-tc (selfbutter (sgn x)) o) has-sum kf-complete-measurement B *j, 0)
B»
using kf-apply-has-sum|of - <kf-complete-measurement B>| assms
by (simp add: kf-complete-measurement-apply kf-complete-measurement.rep-eq
has-sum-reindex inj-on-def o-def)
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lemma kf-complete-measurement-has-sum-onb:
assumes <(is-onb B>
shows ¢((Az. sandwich-tc (selfbutter x) o) has-sum kf-complete-measurement B %y, o) B>
proof —
have <is-ortho-set B»
using assms by (simp add: is-onb-def)
have sgnx: <sgn © = =» if <x € B) for z
using assms that
by (simp add: is-onb-def sgn-div-norm)
from kf-complete-measurement-has-sum|[OF <is-ortho-set B»]
show ?thesis
apply (rule has-sum-cong| THEN iffD1, rotated))
by (simp add: sgnzx)
qed

lemma kf-complete-measurement-ket-has-sum:
«((Az. sandwich-tc (selfbutter (ket z)) o) has-sum kf-complete-measurement-ket *j, 0) UNIV»
proof —
from kf-complete-measurement-has-sum-onb
have «((A\z. sandwich-tc (selfbutter z) o) has-sum kf-complete-measurement (range ket) *j,. o)
(range ket)»
by force
then have «((Az. sandwich-tc (selfbutter (ket x)) o) has-sum kf-complete-measurement (range
ket) #p, 0) UNIV)»
apply (subst (asm) has-sum-reindezx)
by (simp-all add: o-def)
then have «((\z. sandwich-tc (selfbutter (ket x)) o) has-sum kf-map (inv ket) (kf-complete-measurement
(range ket)) *x, 0) UNIV)»
by simp
then show ?thesis
by (metis (no-types, lifting) kf-apply-on-UNIV kf-apply-on-eql kf-complete-measurement-ket-kf-map)
qed

lemma kf-complete-measurement-apply-onb:
assumes <is-onb B»
shows (kf-complete-measurement B #i, t = (> coxE€B. sandwich-tc (selfbutter x) t)»
using kf-complete-measurement-has-sum-onb[OF assms]
by (metis (lifting) infsuml)

lemma kf-complete-measurement-ket-apply: <kf-complete-measurement-ket *j, t = (3 oo . sand-
wich-te (selfbutter (ket x)) t)»
proof —

have <kf-complete-measurement-ket *i, t = kf-complete-measurement (range ket) g, t»

by (metis kf-apply-map kf-apply-on-UNIV kf-apply-on-eql kf-complete-measurement-ket-kf-map)

also have «... = (3 cox€range ket. sandwich-tc (selfoutter ) t)»
by (simp add: kf-complete-measurement-apply-onb)
also have «... = (3 wz. sandwich-tc (selfbutter (ket x)) t)»

by (simp add: infsum-reindex o-def)
finally show ?thesis
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by —
qed

lemma kf-bound-complete-measurement-onb|simp]:
assumes <(is-onb B»
shows <kf-bound (kf-complete-measurement B) = id-cblinfun>
proof (rule cblinfun-eq-gen-eql [where G=DB], rule cinner-extensionality-basisjwhere B=DB])
show <ccspan B = T»
using assms is-onb-def by blast
then show <ccspan B = T»
by —
fix z y assume «x € By and <y € B>
have auzl: (j # x = j € B = sandwich-tc (selfbutter j) (tc-butterfly y z) = 0» for j
apply (transfer’ fixing: © B j y)
by (smt (23) <z € B> apply-id-cblinfun assms butterfly-0-right butterfly-adjoint butterfly-def
cblinfun-apply-cblinfun-compose
cblinfun-comp-butterfly is-onb-def is-ortho-setD of-complex-eq-id sandwich-apply vec-
tor-to-cblinfun-adj-apply)
have auz2: (trace-tc (sandwich-tc (selfbutter y) (te-butterfly y y)) = 1>
apply (transfer’ fizing: y)
by (metis (no-types, lifting) ext <y € B> assms butterfly-adjoint butterfly-comp-butterfly
cblinfun-comp-butterfly cinner-simps(6)
is-onb-def norm-one one-cinner-a-scaleC-one one-cinner-one sandwich-apply selfbutter-pos
trace-butterfly trace-norm-butterfly
trace-norm-pos trace-scaleC')
have auz3: «x # y = trace-tc (sandwich-tc (selfbutter x) (tc-butterfly y z)) = 0>
apply (transfer’ fizing: z y)
by (metis (no-types, lifting) ext Trace-Class.trace-0 «x € By <y € By apply-id-cblinfun assms
butterfly-0-left butterfly-def
cblinfun.zero-right cblinfun-apply-cblinfun-compose cblinfun-comp-butterfly is-onb-def
is-ortho-setD of-complez-eq-id
sandwich-apply vector-to-cblinfun-adj-apply)

have <z -¢ (kf-bound (kf-complete-measurement B) xy y) = trace-tc (kf-complete-measurement
B g, te-butterfly y x)»
by (simp add: kf-bound-from-map)

also have «... = trace-tc (> cora€B. sandwich-tc (selfbutter za) (tc-butterfly y x))»
by (simp add: kf-complete-measurement-apply-onb assms)
also have «... = trace-tc (if € B then sandwich-tc (selfbutter x) (tc-butterfly y x) else 0)»

apply (subst infsum-singlelwhere i=x])
using aux! by auto

also have «... = of-bool (z = y)»
using <y € B> auz?2 auz8 by (auto introl: simp: )
also have «... = z -¢ (id-cblinfun xy y)»

using <x € By <y € By assms cnorm-eq-1 is-onb-def is-ortho-setD by fastforce
finally show <z -¢ (kf-bound (kf-complete-measurement B) xy y) = z -¢ (id-cblinfun xy y)»
by —
qed
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lemma kf-bound-complete-measurement-ket|[simp]:
<kf-bound kf-complete-measurement-ket = id-cblinfun>
by (metis is-onb-ket kf-bound-complete-measurement-onb kf-bound-cong kf-complete-measurement-ket-kf-map
kf-eq-imp-eq-weak
kf-map-bound)

lemma kf-norm-complete-measurement-onb|simp):
fixes B :: ('a::{not-singleton, chilbert-space} set
assumes <is-onb B>
shows <kf-norm (kf-complete-measurement B) = 1)
by (simp add: kf-norm-def assms)

lemma kf-norm-complete-measurement-ket[simp):
<kf-norm kf-complete-measurement-ket = 1>

by (simp add: kf-norm-def)

lemma kf-complete-measurement-ket-diagonal-operator|simp]:
<kf-complete-measurement-ket i, diagonal-operator-tc f = diagonal-operator-tc f»
proof (cases <f abs-summable-on UNIV»)
case True
have «kf-complete-measurement-ket x, diagonal-operator-tc f = (> ooz sandwich-tc (selfbutter
(ket x)) (diagonal-operator-tc f))»
by (simp add: kf-complete-measurement-ket-apply)
also have «... = (3 . sandwich-tc (selfbutter (ket z)) (O ooy. fy *c te-butterfly (ket y)
(et y)))»
by (simp add: flip: tc-butterfly-scale C-infsum)
also have «... = (3 0. Y oy sandwich-tc (selfbutter (ket x)) (f y *¢ te-butterfly (ket y)
(et y)))»
apply (rule infsum-cong)
apply (rule infsum-bounded-linear[unfolded o-def, symmetric])
by (auto intro!: bounded-clinear.bounded-linear bounded-clinear-sandwich-tc te-butterfly-scale C-summable
True)
also have «... = (3] 2. > oy 0f-bool (y=2z) *c [z *c te-butterfly (ket z) (ket x))»
apply (rule infsum-cong)+
apply (transfer’ fixing: f)
by (simp add: sandwich-apply)

also have «... = (3 wz. fz *¢ te-butterfly (ket z) (ket z))»
apply (subst infsum-of-bool-scaleC')
by simp

also have «... = diagonal-operator-tc f>

by (simp add: flip: tc-butterfly-scale C-infsum)
finally show ?thesis
by —
next
case Fulse
then have (diagonal-operator-tc f = 0>
by (rule diagonal-operator-tc-invalid)
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then show ?thesis
by simp
qed

lemma kf-operators-complete-measurement:
<kf-operators (kf-complete-measurement B) = (selfbutter o sgn) © B) if (is-ortho-set B»
apply (transfer’ fizing: B)
using that by force

lemma kf-operators-complete-measurement-invalid:
<kf-operators (kf-complete-measurement B) = {}» if <= is-ortho-set B»
apply (transfer’ fizing: B)
using that by force

lemma kf-operators-complete-measurement-ket:
<kf-operators kf-complete-measurement-ket = range (Ac. butterfly (ket c) (ket c))»
by (simp add: kf-complete-measurement-ket-def kf-operators-complete-measurement image-image)

lemma kf-complete-measurement-apply-butterfly:
assumes <is-ortho-set B> and <b € B»
shows <kf-complete-measurement B *y, tc-butterfly b b = tc-butterfly b b
proof —
have (kf-complete-measurement B sy, tc-butterfly b b = (3. x€B. sandwich-tc (selfbutter
(sgn x)) (tc-butterfly b b))
by (simp add: kf-complete-measurement-apply assms)
also have «... = (if b € B then sandwich-tc (selfbutter (sgn b)) (tc-butterfly b b) else 0)»
proof (rule infsum-single[where i=0])
fix ¢ assume <c € B> and <c # b
then have [iff]: <c -¢ b= 0>
using assms(1,2) is-ortho-setD by blast
then have [iff]: <sgn ¢ :c b= 0>
by auto
then
show «sandwich-tc (selfbutter (sgn c)) (tc-butterfly b b) = 0>
by (auto introl: simp: sandwich-tc-butterfly)
qged
also have «... = tc-butterfly b b
by (simp add: <b € B) sandwich-tc-butterfly)
finally show ?thesis
by —
qed

lemma kf-complete-measurement-ket-apply-butterfly:

<kf-complete-measurement-ket xi, tc-butterfly (ket z) (ket ) = tc-butterfly (ket z) (ket x)»
by (simp add: kf-complete-measurement-ket-def kf-apply-map-inj inj-on-def kf-complete-measurement-apply-butterfly
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lemma kf-map-eq-kf-map-inj-singleton:
assumes (card-le-1 (Rep-kraus-family )
shows «kf-map f € = kf-map-inj f &
proof (cases <& = 0»)
case True
then show ?thesis
by simp
next
case Fulse
then have «<Rep-kraus-family € # {}»
using Rep-kraus-family-inject zero-kraus-family.rep-eq by auto
with assms obtain z where Rep€: < Rep-kraus-family € = {z}>
by (meson card-le-1-def subset-singleton-iff)
obtain E y where Ey: <z = (E,y)»
by force
have «(E,y) € Rep-kraus-family &
using Fy Rep€ by force
then have [iff]: <E # 0»
using Rep-kraus-familyof €]
by (force simp: kraus-family-def)
have *: ({(F, za). (F,za) =z A foza=fy AN (3r>0. E=rxg F)} = {(E,y)}
apply (subgoal-tac <Ir>0. E = r xg E»)
apply (auto introl: simp: Fy)[1]
by (metis scaleR-simps(12) verit-comp-simplify(28))
have 1: «(norm E)? = kf-element-weight (kf-filter (\z. fz = fy) €) E»
by (auto simp add: kf-element-weight-def kf-similar-elements-def kf-filter.rep-eq x Rep€)
have 2: <z = fy if «(norm F)? = kf-element-weight (kf-filter (\z. f = 2) €) F» and (F #
0y for F z
proof (rule ccontr)
assume <z #£ f
with Rep€ have (kf-filler (\z. fz = 2) € = O»
apply (transfer’ fizing: f z y x)
by (auto simp: Ey)
then have <kf-element-weight (kf-filter (\z. fx = 2) €) F = 0»
by simp
with that show Fualse
by fastforce
ged
have 3: <F = E) if «(norm F)? = kf-clement-weight (kf-filter (A\z. fx = z) €) F» and «F #
0y and <z = fy for F 2
proof —
from that Rep® have f&: <kf-filter (\z. fz = 2) € = &)
apply (transfer’ fiving: F f z y x)
using Fy Rep-kraus-family-inject kf-filter.rep-eq by fastforce
have <3r>0. F = r xg E)
proof (rule ccontr)
assume - (3r>0. F = r xg E)
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with Rep€ have (kf-similar-elements € F = {}»
by (simp add: kf-similar-elements-def Ey)
with that f€ show False
by (simp add: kf-element-weight-def)
qed
then obtain r where FrE: «<F = r xp E» and rpos: <r > 0
by auto
with Rep€ have <kf-similar-elements € F = {(E,y)p
by (force simp: kf-similar-elements-def Ey)
then have <kf-element-weight € F = (norm E)?)
by (simp add: kf-element-weight-def)
with that have (norm E = norm F)
using €& by force
with FrE rpos have «r = 1)
by simp
with FrE show «F = E)»
by simp
qed
show ?thesis
apply (rule Rep-kraus-family-inject| THEN iffD1])
by (auto introl: 1 2 3 simp: kf-map.rep-eq kf-map-inj.rep-eq Rep& Ey)
qed

lemma kf-map-eq-kf-map-inj-singleton’:
assumes (\y. card-le-1 (Rep-kraus-family (kf-filter ((=)y) €))»
assumes <inj-on f (kf-domain &)
shows «kf-map f € = kf-map-inj f &>
proof —
have 1: (card-le-1 (Rep-kraus-family (kf-filter (Az. x = f z) €))» for z
proof (cases «x € f “ kf-domain &)
case True
then have <kf-filter (A\z. x = f z) € = kf-filter (=) (inv-into (kf-domain €) fz)) &
apply (rule-tac kf-filter-cong-eq)
using assms(2)
by auto
with assms(1) show ?thesis
by presburger
next
case Fulse
then have <kf-filter (A\z. © = fz) € = O»
by (simp add: image-iff)
then show ?thesis
by (simp add: zero-kraus-family.rep-eq)
qed
show ?thesis
apply (rule kf-equal-if-filter-equal)
unfolding kf-filter-map kf-filter-map-inj
apply (rule kf-map-eq-kf-map-inj-singleton)
by (rule 1)
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qed

lemma kf-filter-singleton-kf-complete-measurement:
assumes «x € By and «<is-ortho-set B)
shows «kf-filter ((=)z) (kf-complete-measurement B) = kf-map-inj (A-. x) (kf-of-op (selfbutter
(sqn )
proof —
from assms have [iff]: <selfbutter (sgn x) # 0»
by (smt (verit, best) inverse-1 is-ortho-set-def norm-butterfly norm-sgn norm-zero right-inverse)
show ?thesis
apply (transfer’ fizing: = B)
by (auto introl: simp: assms)
qed

lemma kf-filter-singleton-kf-complete-measurement’:

assumes <z € B» and <is-ortho-set B)

shows <kf-filter ((=)z) (kf-complete-measurement B) = kf-map (A-. z) (kf-of-op (selfbutter
(sgn x)))>

using kf-filter-singleton-kf-complete-measurement[ OF assms]

apply (subst kf-map-eq-kf-map-inj-singleton)

by (auto simp: kf-of-op.rep-eq)

lemma kf-filter-disjoint:
assumes (\z. z € kf-domain € = P z = Fulse
shows «kf-filter P € = 0
using assms
apply (transfer’ fizing: P)
by fastforce

lemma kf-complete-measurement-tensor:
assumes <is-ortho-set B> and «<is-ortho-set C»
shows <kf-map (A(b,c). b ®; ¢) (kf-tensor (kf-complete-measurement B) (kf-complete-measurement
@)
= kf-complete-measurement (A(b,c). b @, ¢) ‘(B x C))»
proof (rule kf-equal-if-filter-equal, rename-tac be)
fix be :: <('a x 'b) ell2)
define BC where <BC = ((A(z, y). 2 ®s y) ‘ (B x C))»
consider (bc-tensor) b ¢ where <b € By «¢c € C) <be = b ®@; o
| (not-be-tensor) <= (3b€B. FcelC. be = b ®5 ¢)»
by fastforce
then show (kf-filter ((=) bc) (kf-map (A(b, ¢). b ®; ¢) (kf-tensor (kf-complete-measurement
B) (kf-complete-measurement C)))
= kf-filter ((=) be) (kf-complete-measurement ((A(b, ¢). b ®s ¢) (B x C)))»
proof cases
case bc-tensor
have uniq: <b = b» ¢ =c) if <b’ € B> and <¢’ € C» and b ®; ¢ = b’ ® ¢'» for b’ ¢’
proof —
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from bc-tensor have «b # 0>
using assms(1) is-ortho-set-def by blast
with that(3) obtain v where upto: <¢ = v x¢ ¢
apply atomize-elim
by (rule tensor-ell2-almost-injective)
from bc-tensor have <c # 0»
using assms(2) is-ortho-set-def by blast
with upto have <y # O
by auto
with (¢ # 0> upto have <c .¢ ¢’ # 0>
by simp
with «¢c € C) <¢’ € C» <is-ortho-set C»
show <c = ¢
using is-ortho-setD by blast
with that have (b @5 ¢ = b/ ®, ©
by simp
with <¢c # 0> <b € B> <b' € B) <is-ortho-set By show «b = b"
by (metis cinner-eg-zero-iff is-ortho-setD nonzero-mult-div-cancel-right tensor-ell2-inner-prod)
qed

have [iff]: «selfbutter (sgn b) # 0>
by (smt (verit, ccfo-SIG) be-tensor assms inverse-1 is-ortho-set-def norm-butterfly norm-sgn
norm-zero right-inverse)
have [iff]: «selfbutter (sgn c) # 0>
by (smt (verit) be-tensor assms inverse-1 is-ortho-set-def norm-butterfly norm-sgn norm-zero
right-inverse)
have [iff]: «selfbutter (sgn bc) # 0>
by (smt (verit, del-insts) <selfbutter (sgn b) # 0> <selfbutter (sgn ¢) # 0> be-tensor(3)
butterfly-0-right mult-cancel-rightl norm-butterfly norm-sgn sgn-zero
tensor-ell2-nonzero)
have <kf-filter ((=) bc) (kf-map (A(b, ¢). b ®s ¢) (kf-tensor (kf-complete-measurement B)
(kf-complete-measurement C)))
= kf-map (M=, v). v Q5 y) (kf-filter (Az. be = (case z of (b, ¢) = b ®; ¢))
(kf-tensor (kf-complete-measurement B) (kf-complete-measurement
o)

by (simp add: kf-filter-map)
also have «... = kf-map (\(z, y). = Qs y) (kf-filter ((=)(b,c))
(kf-tensor (kf-complete-measurement B) (kf-complete-measurement
o))

apply (rule arg-cong[where f=«<kf-map -3])
apply (rule kf-filter-cong-eq| OF refl])
by (auto intro!: uniq simp add: kf-domain-tensor kf-complete-measurement-domain assms
case-prod-beta be-tensor split!: prod.split)
also have «... = kf-map (\(z, y). Qs y) (kf-tensor (kf-filter ((=) b) (kf-complete-measurement

B))
(kf-filter ((=) ¢) (kf-complete-measurement C)))»
by (simp add: kf-filter-tensor-singleton)
also have «... = kf-map (A(z, y). z Qs y) (kf-map (MN(E, F, y). y) (kf-tensor-raw (kf-filter
((=) b) (kf-complete-measurement B))
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(kf-filter ((=) ¢) (kf-complete-measurement C))))»
by (simp add: kf-tensor-def id-def)
also have «... = kf-map (M=, y). z @5 y) (kf-map (ME, F, y). y) (kf-tensor-raw (kf-map
(A-. b) (kf-of-op (selfbutter (sgn b))))
(kf-map (A-. ¢) (kf-of-op (selfbutter (sgn ¢))))))»
by (simp add: kf-filter-singleton-kf-complete-measurement’ be-tensor assms)
also have «... = kf-map-inj (\(z, y). = ®s y) (kf-map-inj (\E, F, y). y) (kf-tensor-raw
(kf-map-ing (A-. b) (kf-of-op (selfbutter (sgn b))))
(kf-map-inj (A-. ¢) (kf-of-op (selfbutter (sgn ¢))))))»
apply (subst (4) kf-map-eq-kf-map-inj-singleton)
apply (simp add: kf-of-op.rep-eq)
apply (subst (3) kf-map-eq-kf-map-inj-singleton)
apply (simp add: kf-of-op.rep-eq)
apply (subst (2) kf-map-eq-kf-map-inj-singleton)
apply (simp add: kf-of-op.rep-eq kf-map-inj.rep-eq kf-tensor-raw.rep-eq)
apply (subst (1) kf-map-eq-kf-map-inj-singleton)
apply (simp add: kf-of-op.rep-eq kf-map-inj.rep-eq kf-tensor-raw.rep-eq)
by blast
also have «... = kf-map-inj (A-. b Qs ¢) (kf-of-op (selfbutter (sgn be)))»
apply (transfer’ fizing: b ¢ bc)
by (auto introl: be-tensor simp: tensor-butterfly simp flip: sgn-tensor-ell2 be-tensor)
also have «... = kf-map (\-. bc) (kf-of-op (selfbutter (sgn bc)))»
apply (subst kf-map-eq-kf-map-inj-singleton)
by (auto introl: be-tensor simp: kf-of-op.rep-eq kf-map-inj.rep-eq kf-tensor-raw.rep-eq simp
flip: be-tensor)
also have «... = kf-filter ((=) bc) (kf-complete-measurement ((A(b, ¢). b ®4 ¢) (B x C)))»
apply (subst kf-filter-singleton-kf-complete-measurement’)
by (auto simp: is-ortho-set-tensor be-tensor assms)
finally show ?thesis
by —
next
case not-be-tensor
have ortho: (is-ortho-set ((Az. case x of (z, za) = & ®s za) ‘(B x C))
by (metis is-ortho-set-tensor not-be-tensor assms)
show ?thesis
apply (subst kf-filter-disjoint)
using not-bc-tensor
apply (simp add: kf-domain-tensor kf-complete-measurement-domain assms)
apply fastforce
apply (subst kf-filter-disjoint)
using not-be-tensor
apply (simp add: kf-domain-tensor kf-complete-measurement-domain ortho)
apply fastforce
by simp
qed
qed

lemma card-le-1-kf-filter: <card-le-1 (Rep-kraus-family (kf-filter P &))) if <card-le-1 (Rep-kraus-family
&)
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by (metis (no-types, lifting) card-le-1-def filter-insert-if kf-filter.rep-eq kf-filter-0-right
subset-singleton-iff that zero-kraus-family.rep-eq)

lemma card-le-1-kf-map-inj[iff]: <card-le-1 (Rep-kraus-family (kf-map-inj f &))» if <(card-le-1
(Rep-kraus-family &)»

using that

apply transfer’

by (auto simp: card-le-1-def case-prod-unfold)

lemma card-le-1-kf-mapliff]: <card-le-1 (Rep-kraus-family (kf-map f &))» if <card-le-1 (Rep-kraus-family
¢)

using kf-map-eg-kf-map-inj-singleton|OF that| card-le-1-kf-map-inj|OF that]

by metis

lemma card-le-1-kf-tensor-raw[iff]: <card-le-1 (Rep-kraus-family (kf-tensor-raw € §))» if <card-le-1
(Rep-kraus-family €)> and <card-le-1 (Rep-kraus-family §)»

using that

apply transfer’

apply (simp add: card-le-1-def)

by fast

lemma card-le-1-kf-tensor[iff|: <card-le-1 (Rep-kraus-family (kf-tensor € §))» if <card-le-1 (Rep-kraus-family
&)y and «<card-le-1 (Rep-kraus-family §)»
by (auto intro!: card-le-1-kf-map card-le-1-kf-tensor-raw that simp add: kf-tensor-def)

lemma card-le-1-kf-filter-complete-measurement: <card-le-1 (Rep-kraus-family (kf-filter ((=)z)
(kf-complete-measurement B)))»
proof —
consider (inB) <is-ortho-set B A © € B) | (not-ortho) <— is-ortho-set By | (notinB) «x ¢ B»
<is-ortho-set B>
by auto
then show ?thesis
proof cases
case inB
then have (Rep-kraus-family (kf-filter ((=)z) (kf-complete-measurement B)) = {(selfbutter
(sgn z),x) b
by (auto simp: kf-filter.rep-eq kf-complete-measurement.rep-eq)
then show ?thesis
by (simp add: card-le-1-def)
next
case not-ortho
then show ?thesis
by (simp add: kf-complete-measurement-invalid zero-kraus-family.rep-eq)
next
case notinB
then have <kf-filter ((=) z) (kf-complete-measurement B) = 0»
by (metis kf-complete-measurement-domain kf-filter-disjoint)
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then show ?thesis
by (simp add: zero-kraus-family.rep-eq)
ged
qed

lemma kf-complete-measurement-ket-tensor:
shows <kf-tensor (kf-complete-measurement-ket :: (-,-,’a) kraus-family) (kf-complete-measurement-ket
i (+-,'b) kraus-family)
= kf-complete-measurement-ket»
proof —
have 1: <(A(b, ¢). b ®; ¢) ‘ (range ket x range ket) = range ket»
by (auto introl: image-eql simp: tensor-ell2-ket case-prod-unfold)
have 2: <inj-on (inv ket o (M(z, y). © ®s y)) (range ket X range ket)»
by (auto intro!: inj-onl simp: tensor-ell2-ket)
have «(kf-complete-measurement-ket :: (-,-,’ax'b) kraus-family)
= kf-map-inj (inv ket) (kf-complete-measurement ((A(b,c). b ®; ¢) ‘ (range ket X range

ket)))»
by (simp add: 1 kf-complete-measurement-ket-def)
also have «... = kf-map-inj (inv ket)

(kf-map (M(z, y). © @ y)
(kf-tensor (kf-complete-measurement (range ket)) (kf-complete-measurement (range ket))))»
by (simp flip: kf-complete-measurement-tensor)
also have «... = kf-map (inv ket o (A(z, y). z Qs y))
(kf-tensor (kf-complete-measurement (range ket)) (kf-complete-measurement (range ket)))»
apply (subst kf-map-inj-kf-map-comp)
by (auto introl: simp: inj-on-def kf-domain-tensor tensor-ell2-ket)
also have «... = kf-map-inj (inv ket o (A(z, y). T Qs y))
(kf-tensor (kf-complete-measurement (range ket)) (kf-complete-measurement (range ket)))»
apply (rule kf-map-eq-kf-map-inj-singleton’)
apply (auto introl: card-le-1-kf-filter-complete-measurement card-le-1-kf-tensor simp: kf-filter-tensor-singleton)[1]
by (simp add: kf-domain-tensor 2)
also have «... = kf-map-inj (map-prod (inv ket) (inv ket))
(kf-tensor (kf-complete-measurement (range ket)) (kf-complete-measurement (range ket)))»
apply (rule kf-map-inj-cong-eq)
by (auto simp: kf-domain-tensor tensor-ell2-ket)
also have «... = kf-tensor (kf-map-inj (inv ket) (kf-complete-measurement (range ket)))
(kf-map-inj (inv ket) (kf-complete-measurement (range ket)))»
by (simp add: kf-tensor-map-inj-both inj-on-inv-into)
also have «... = kf-tensor kf-complete-measurement-ket kf-complete-measurement-ket»
by (simp add: kf-complete-measurement-ket-def)
finally show ?thesis
by simp
qed

2.17 Reconstruction

lemma kf-reconstruction-is-bounded-clinear:
assumes (M\p. ((Aa. sandwich-tc (f a) o) has-sum € g) A
shows (bounded-clinear &)

142



proof —
have linear: «clinear &
proof (rule clinearl)
fix po ¢
have «((Aa. sandwich-tc (f a) 0 + sandwich-tc (f a) o) has-sum (€ o + € o)) A>
by (intro has-sum-add assms)
then have <((Aa. sandwich-tc (f a) (0 + o)) has-sum (€ o + € o)) A»
by (meson has-sum-cong sandwich-tc-plus)
with assms[of <0 + o]
show € (p +0) =€ o+ € o
by (rule has-sum-unique)
from assms|of o]
have «((\a. sandwich-tc (f a) (¢ *¢ 0)) has-sum ¢ x¢ € p) A»
using has-sum-scaleC-rightjwhere A=A and s=«€ o]
by (auto intro!: has-sum-scaleC-right simp: sandwich-tc-scale C-right)
with assms[of <c *c 0]
show (€ (¢ x¢c ) = ¢ *¢ € o
by (rule has-sum-unique)
qged
have pos: <€ g > 0 if <0 > 0» for o
apply (rule has-sum-mono-traceclass[where f=«\-.0> and g=<«(Aa. sandwich-tc (f a) o)»])
using assms
by (auto introl: sandwich-tc-pos simp: that)
have mono: (€ 9o < € o) if (p < o) for p o
proof —
have <€ (o — o) > O»
apply (rule pos)
using that
by auto
then show %thesis
by (simp add: linear complex-vector.linear-diff)
qged
have bounded-pos: <3 B>0. Y 0>0. norm (€ p) < B * norm o
proof (rule ccontr)
assume asm: < (3B>0. V¥ p>0. norm (€ o) < B * norm o)
obtain o0 where €-big0: <norm (€ (00 4)) > 277 * norm (00 i)> and p0-pos: <p0 i > 0>
for 7 :: nat
proof (atomize-elim, rule choice2, rule alll, rule ccontr)

fix ¢
define B :: real where (B = 270
have (B > 0»

by (simp add: B-def)
assume f00. B * norm 00 < norm (€ 00) A 0 < 00>
then have Y 9>0. norm (€ g) < B % norm
by force
with asm «B > 0> show Fulse
by blast
qed
have g0-neq0: <00 i # 0> for ¢
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using €-big0[of 7] linear complex-vector.linear-0 by force
define ¢ where <p i = 90 i /g norm (00 i)» for i
have g-pos: <0 i > 0» for i
by (simp add: o-def 00-pos scaleR-nonneg-nonneg)
have norm-g: <norm (o i) = 1» for ¢
by (simp add: 00-neq0 o-def)
from €-big0 have €-big: <trace-tc (€ (o i)) > 270 for i :: nat
proof —
have <trace-tc (€ (9 7)) = trace-tc (€ (90 1) /r norm (00 1))
by (simp add: o-def linear scaleR-scaleC' clinear.scaleC
bounded-clinear-trace-tc[THEN bounded-clinear.clinear])
also have (... = norm (€ (0 i) /r norm (00 ©))
using 00-pos pos
by (metis linordered-field-class.inverse-nonnegative-iff-nonnegative norm-ge-zero norm-tc-pos
scaleR-nonneg-nonneq)
also have «... = norm (€ (90 7)) / norm (00 i)
by (simp add: divide-inverse-commute)
also have «... > (27 « norm (00 7)) / norm (00 %) (is - > ...»)
using &-big0 00-neq0
by (smt (verit, best) complex-of-real-strict-mono-iff divide-le-eq norm-le-zero-iff)
also have «... = 27
using 00-neq0 by force
finally show ?thesis
by simp
qed
define o 7 where «c n = (D> i<n. pi /g 270)» and <7 = () 0i. 07 /r 27%)» for n :: nat
have «(Ai. ¢ i /r 277) abs-summable-on UNIV»
proof (rule infsum-tc-norm-bounded-abs-summable)
from p-pos show <o i /g 27% > 0> for i
by (simp add: scaleR-nonneg-nonneg)
show «norm (D i€F. p i /g 27%) < 2y if «finite F» for F
proof —
from finite-nat-bounded|OF that]
obtain n where i-le¢g-n: <i < n» if «i € F» for ¢
apply atomize-elim
by (auto intro!: order.strict-implies-order simp: lessThan-def Ball-def simp flip:
Ball-Collect)
have (norm (> i€F. pi /r 27%) < (D i€F. norm (0 i /g 27%))
by (simp add: sum-norm-le)
also have «... = (D i€F. (1/2) i)
using norm-o
by (smt (verit, del-insts) Extra-Ordered-Fields.sign-simps(23) divide-inverse-commute
linordered-field-class.inverse-nonnegative-iff-nonnegative
norm-scaleR power-inverse power-one sum.cong zero-le-power)
also have «... < (> i<n. (1/2)7%)
apply (rule sum-mono2)
using i-leg-n
by auto
also have «... < (>_4. (1/2)7%)»
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apply (rule sum-le-suminf)
by auto
also have «... = 2»
using suminf-geometric[of <1/2 :: real]
by simp
finally show ?thesis
by —
qed
qed
then have summable: <(\i. o i /g 27%) summable-on UNIV)
by (simp add: abs-summable-summable)
have <trace-tc (€ 7) > n» for n :: nat
proof —
have <trace-tc (€ 1) > trace-tc (€ (o n)) (is - > ...»)
by (auto introl: trace-tc-mono mono infsum-mono-neutral-traceclass
simp: T-def o-def summable p-pos scaleR-nonneg-nonneg simp flip: infsum-finite)
moreover have <... = (> i<n. trace-tc (€ (o 7)) / 27i)»
by (simp add: o-def complez-vector.linear-sum linear scaleR-scaleC trace-scaleC
bounded-clinear-trace-tc| THEN bounded-clinear.clinear] clinear.scaleC
add.commute mult.commute divide-inverse)
moreover have «... > (> i<n. 277/ 27%) (is <- > ...»)
apply (intro sum-mono divide-right-mono)
using €-big
by (simp-all add: less-eq-complex-def)
moreover have <... = (> i<n. 1)
by fastforce
moreover have «... = n»
by simp
ultimately show ?thesis
by order
qed
then have Re: <Re (trace-tc (€ 7)) > n» for n :: nat
using Re-mono by fastforce
obtain n :: nat where <n > Re (trace-tc (€ 7))
apply atomize-elim
by (rule reals-Archimedean?2)
with Re show Fulse
by (smt (verit, ccfo-threshold))
qed
then obtain B where bounded-B: <norm (€ p) < B * norm o> and B-pos: <B > 0 if <o
0 for o
by auto
have bounded: <norm (€ p) < (4*B) % norm o for p
proof —
obtain o1 02 03 o4 where p-decomp: <o = 01 — 02 + i *x¢c 03 — i *x¢c 04>
and pos: <ol > 0y <02 > 0> <03 > 0> <04 > 0>

Y

and norm: <norm ol < norm @ <norm 92 < norm > (norm 03 < norm g <norm g4 <

norm o)
apply atomize-elim using trace-class-decomp-4pos’[of o] by blast
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have norm (€ p) < norm (€ p1) + norm (€ p2) + norm (€ p3) + norm (€ g4 )»
using linear
by (auto intro!: norm-triangle-le norm-triangle-le-diff
simp add: p-decomp kf-apply-plus-right kf-apply-minus-right
kf-apply-scaleC complez-vector.linear-diff complex-vector.linear-add clinear.scaleC')
also have «... < B *x norm ol + B x norm 02 + B * norm 08 + B x norm 04>
using pos by (auto introl: add-mono simp add: pos bounded-B)
also have <... = B x (norm o1 + norm 92 + norm 03 + norm o4 )
by argo
also have «... < B x (norm ¢ + norm ¢ + norm ¢ + norm o)»
by (auto introl: mult-left-mono add-mono pos B-pos
simp only: norm)

also have (... = (4 * B) * norm o
by argo
finally show ?thesis
by —
qed

show ?thesis
apply (rule bounded-clinearl[where K=</*B)])
apply (simp add: complez-vector.linear-add linear)
apply (simp add: complez-vector.linear-scale linear)
using bounded by (metis Groups.mult-ac)
qed

lemma kf-reconstruction-is-kraus-family:
assumes sum: <N\o. ((Aa. sandwich-tc (f a) o) has-sum € p) A>
defines (F = Set.filter (A(E,-). E#£0) ((Aa. (f a, a)) < A)
shows <kraus-family F»
proof —
from sum have <(bounded-clinear &
by (rule kf-reconstruction-is-bounded-clinear)
then obtain B where B: <norm (€ p) < B x norm o for p
apply atomize-elim
by (simp add: bounded-clinear-azioms-def bounded-clinear-def mult.commute)
show ?thesis
proof (intro kraus-familyl bdd-abovel2)
fix § assume S € {S. finite S A S C F}p
then have «S C F» and «(finite S»
by auto
then obtain A’ where «finite A» and <A’ C 4> and S-4" «S = (Aa. (f a,a)) ‘A"
by (metis (no-types, lifting) F-def finite-subset-filter-image)
show (> (E, z)€S. Ex ocr, E) < B x¢ id-cblinfun)
proof (rule cblinfun-lel)
fix h :: 'a assume <norm h = 1»
have <h -¢ (O (E, 2)€S. Ex ocr, E) h) = h ¢ (O acA’. (fa)x ocr fa) b
by (simp add: S-A’ sum.reindex inj-on-def)
also have «... = D acA’ h ¢ ((f a)x ocr fa) h)
apply (rule complez-vector.linear-sum)
by (simp add: bounded-clinear.clinear bounded-clinear-cinner-right-comp)
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also have «... = (>  a€A’. trace-tc (sandwich-tc (f a) (tc-butterfly h h)))»
by (auto intro!: sum.cong[OF refi]
simp: trace-tc.rep-eq from-trace-class-sandwich-tc
te-butterfly.rep-eq cblinfun-comp-butterfly sandwich-apply trace-butterfly-comp)
also have «... = trace-tc (> acA’. sandwich-tc (f a) (tc-butterfly h h))>
apply (rule complez-vector.linear-sum[symmetric])
using clinear! trace-tc-plus trace-tc-scaleC by blast
also have «... = trace-tc (D sca€A’. sandwich-tc (f a) (tc-butterfly h h))>
by (simp add: <finite A"y)
also have «... < trace-tc (> oa€A. (sandwich-tc (f a) (tc-butterfly h h)))»
apply (intro trace-tc-mono infsum-mono-neutral-traceclass)
using <A’ C Ay sumlof <tc-butterfly h hy]
by (auto intro!: sandwich-tc-pos has-sum-imp-summable simp: <finite A')

also have «... = trace-tc (€ (tc-butterfly h h))»
by (metis sum infsuml)
also have «... = norm (€ (tc-butterfly h h))»

by (metis (no-types, lifting) infsuml infsum-nonneg-traceclass norm-tc-pos sandwich-tc-pos
sum te-butterfly-pos)
also from B have «... < B * norm (tc-butterfly h h)»
using complez-of-real-mono by blast

also have <... = B»
by (simp add: <norm h = 1) norm-tc-butterfly)
also have «... = h ¢ (complez-of-real B x¢ id-cblinfun xy h)»

using <norm h = 1> cnorm-eq-1 by auto
finally show <k -¢ (3. (E, 2)€S. Ex oo, E) v h) < h -¢ (complez-of-real B ¢ id-cblinfun
Xy h))
by —
qed
next
show <0 & fst * F)
by (force simp: F-def)
qged
qed

lemma kf-reconstruction:
assumes sum: <\o. ((Aa. sandwich-tc (f a) o) has-sum € ) A»
defines «F = Abs-kraus-family (Set.filter (A\(E,-). E£0) ((Aa. (f a, a)) < A))»
shows (kf-apply F = &
proof (rule ext)
fix o = «(Ya, 'a) trace-class
have Rep-F: «Rep-kraus-family F = (Set.filter (A(E,-). E#£0) ((Aa. (f a,a)) < A))»
unfolding F-def
apply (rule Abs-kraus-family-inverse)
by (auto intro!: kf-reconstruction-is-kraus-family|of - - €] assms simp: F-def
simp del: Set.filter-eq)
have (((A(E,z). sandwich-tc E ) has-sum kf-apply F o) (Rep-kraus-family F)»
by (auto intro!: kf-apply-has-sum)
then have «((\(E,z). sandwich-tc E o) has-sum kf-apply F o) ((Aa. (f a,a)) < A)
apply (rule has-sum-cong-neutral| THEN iffD2, rotated —1])
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by (auto simp: Rep-F')
then have «((\a. sandwich-tc (f a) o) has-sum kf-apply F o) A>
apply (subst (asm) has-sum-reindex)
by (auto simp: inj-on-def o-def)
with sum show <kf-apply F 0 = € o)
by (metis (no-types, lifting) infsuml)
qed

2.18 Cleanup

unbundle no cblinfun-syntax
unbundle no kraus-map-syntaz

end

3 Kraus maps

theory Kraus-Maps
imports Kraus-Families
begin

3.1 Kraus maps

unbundle kraus-map-syntax
unbundle cblinfun-syntazx

definition kraus-map :: <(('a::chilbert-space,’a) trace-class = ('b::chilbert-space,’d) trace-class)
= bool) where
kraus-map-def-raw: <kraus-map € «— (IEE :: (‘a,’b,unit) kraus-family. € = kf-apply EE)»

lemma kraus-map-def: <kraus-map € <— (I EE :: ('a::chilbert-space,’b:: chilbert-space,’t) kraus-family.
¢ = kf-apply EE)>
— Has a more general type than the original definition
proof (rule iffI)
assume <kraus-map &)
then obtain EF :: «('a,’b,unit) kraus-family) where FE: <& = kf-apply EE>
using kraus-map-def-raw by blast
define EE’ :: «('a,’b,'z) kraus-family> where <EE' = kf-map (\-. undefined) EFE)»
have <kf-apply EE' = kf-apply EE>»
by (simp add: EE'-def kf-apply-map)
with EFE show 3 EFE :: ('a,’b,’z) kraus-family. € = kf-apply EE)»
by metis
next
assume <3 FE :: (‘a,’d,’z) kraus-family. € = kf-apply EE)»
then obtain EE : <('a,’b,’z) kraus-family> where EE: <& = kf-apply EE)»
using kraus-map-def-raw by blast
define EE’ :: «('a,’b,unit) kraus-family> where <EE’ = kf-map (\-. () EE»
have (kf-apply EE’' = kf-apply EE)
by (simp add: EE'-def kf-apply-map)
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with EF show <kraus-map &)
apply (simp add: kraus-map-def-raw)
by metis
qed

lemma kraus-mapl:
assumes (¢ = kf-apply ¢
shows <kraus-map &)
using assms kraus-map-def by blast

lemma kraus-map-bounded-clinear:
<bounded-clinear &) if <kraus-map &
by (metis kf-apply-bounded-clinear kraus-map-def that)

lemma kraus-map-pos:
assumes <kraus-map & and <o > 0»
shows € o > 0
proof —
from assms obtain €’ :: «(a, ‘b, unit) kraus-family> where €": (& = kf-apply &"
using kraus-map-def by blast
show ?thesis
by (simp add: €’ assms(2) kf-apply-pos)
qed

lemma kraus-map-mono:
assumes <kraus-map &> and <o > 7>
shows (¢ p > € 1)
by (metis assms kf-apply-mono-right kraus-map-def-raw)

lemma kraus-map-kf-applyliff]: <kraus-map (kf-apply €)»
using kraus-map-def by blast

definition km-some-kraus-family :: <«(('a::chilbert-space, 'a) trace-class = (’b::chilbert-space, 'b)
trace-class) = ('a, 'b, unit) kraus-family> where
<km-some-kraus-family € = (if kraus-map € then SOME §. € = kf-apply § else 0))

lemma kf-apply-km-some-kraus-family|[simp]:
assumes <kraus-map €
shows <kf-apply (km-some-kraus-family €) = &
unfolding km-some-kraus-family-def
apply (rule somel2-ex)
using assms kraus-map-def by auto

lemma km-some-kraus-family-invalid:
assumes <~ kraus-map &)
shows <km-some-kraus-family € = 0

by (simp add: assms km-some-kraus-family-def)

definition km-operators-in :: <(('a::chilbert-space,’a) trace-class = ('b::chilbert-space,’d) trace-class)
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= ('a =c 'b) set = bool> where
<km-operators-in € S +— (3F = (Ya,’bunit) kraus-family. kf-apply § = € A kf-operators § C
S

lemma km-operators-in-mono: «<S C T = km-operators-in & S = km-operators-in € T
by (metis basic-trans-rules(23) km-operators-in-def)

lemma km-operators-in-kf-apply:
assumes <span (kf-operators €) C S»
shows <km-operators-in (kf-apply €) S»
proof (unfold km-operators-in-def, intro conjl exl[where z=<kf-flatten &])
show «((xg,) (kf-flatten €) = (x,.) &
by simp
from assms show <kf-operators (kf-flatten &) C S»
using kf-operators-kf-map by fastforce
qed

lemma km-operators-in-kf-apply-flattened:
fixes € :: «(‘a::chilbert-space,’b:: chilbert-space,’t:: CARD-1) kraus-family
assumes <kf-operators & C S»
shows <km-operators-in (kf-apply €) S»
proof (unfold km-operators-in-def, intro conjl exI[where x=<kf-map-inj (Az.()) &])
show <(xg,) (kf-map-inj (AF. () €) = (%) &
by (auto introl: ext kf-apply-map-inj inj-onl)
have <kf-operators (kf-map-inj (A\F. ()) €) = kf-operators &
by simp
with assms show <kf-operators (kf-map-inj (AF. () &) C S»
by blast
qed

lemma km-commudte:
assumes <km-operators-in & S»
assumes <km-operators-in § T»
assumes S C commutant T»
shows <§ 0 € = € 0
proof —
from assms obtain ¢’ :: «(-,-,unit) kraus-family) where € <€ = kf-apply ¢’» and €¢'S:
kf-operators €' C S
by (metis km-operators-in-def)
from assms obtain F' :: «(-,-,unit) kraus-family> where §": F = kf-apply §» and §'T:
<kf-operators §' C T
by (metis km-operators-in-def)

have <kf-operators &' C S»
by (rule ¢'S)

also have «S C commutant T»
by (rule assms)

also have commutant T C commutant (kf-operators §')»
apply (rule commutant-antimono)
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by (rule §'T)
finally show ?thesis
unfolding ¢’ F’
by (rule kf-apply-commute[symmetric])
qed

lemma km-operators-in-UNIV:
assumes <kraus-map &
shows <km-operators-in & UNIV»
by (metis assms kf-apply-km-some-kraus-family km-operators-in-def top.extremum)

lemma separating-kraus-map-bounded-clinear:
fixes S :: «(‘a::chilbert-space,’a) trace-class set)
assumes (separating-set (bounded-clinear :: (- = ('b::chilbert-space,’d) trace-class) = -) S
shows <separating-set (kraus-map :: (- = ('b::chilbert-space,’d) trace-class) = -) S»
by (metis (mono-tags, lifting) assms kraus-map-bounded-clinear separating-set-def)

3.2 Bound and norm

definition km-bound :: «(('a::chilbert-space, 'a) trace-class = ('b::chilbert-space, 'b) trace-class)
= (a, 'a) cblinfun) where

<km-bound € = (if €’ 2 (-, -, unit) kraus-family. € = kf-apply €' then kf-bound (SOME €’ ::
(-, -, unit) kraus-family. € = kf-apply €') else 0)»

lemma km-bound-kf-bound:
assumes (€ = kf-apply §
shows km-bound € = kf-bound §»
proof —
wlog ex: «(3E' :: (-, -, unit) kraus-family. € = kf-apply €
using assms kraus-map-def-raw negation by blast
define ¢’ where (&' = (SOME €’ :: (-, -, unit) kraus-family. € = kf-apply €')»
have (€ = kf-apply (kf-flatten §)»
by (simp add: assms)
then have «¢ = kf-apply ¢"
by (metis (mono-tags, lifting) €’-def somel-ex)
then have ¢/ =, &
using assms kf-eq-weak-def by force
then have <kf-bound €’ = kf-bound §»
using kf-bound-cong by blast
then show ?thesis
by (metis €’-def km-bound-def ex)
qed

definition km-norm :: <(('a::chilbert-space, 'a) trace-class = ('b::chilbert-space, 'b) trace-class)
= real) where
<km-norm € = norm (km-bound €)»

lemma km-norm-kf-norm:
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assumes (€ = kf-apply §
shows <km-norm & = kf-norm §»
by (simp add: assms kf-norm-def km-bound-kf-bound km-norm-def)

lemma km-bound-invalid:
assumes <~ kraus-map &>
shows «km-bound € = 0»
by (metis assms km-bound-def kraus-map-def-raw)

lemma km-norm-invalid:
assumes (— kraus-map &)
shows <km-norm € = 0»
by (simp add: assms km-bound-invalid km-norm-def)

lemma km-norm-geqO[iff]: <km-norm & > 0»
by (simp add: km-norm-def)

lemma kf-bound-pos[iff]: <km-bound & > 0»
apply (cases <kraus-map &)
apply (simp add: km-bound-def)
by (simp add: km-bound-invalid)

lemma km-bounded-pos:
assumes <kraus-map &> and <o > 0»
shows (norm (€ o) < km-norm € % norm o
proof —
from assms obtain €’ :: «(‘a, 'b, unit) kraus-family> where €”: (& = kf-apply ¢"
using kraus-map-def by blast
show ?thesis
by (simp add: €' assms(2) kf-apply-bounded-pos km-norm-kf-norm)
qed

lemma km-bounded:
assumes <kraus-map &
shows <norm (€ o) < 4 x km-norm € x norm o
proof —
from assms obtain €’ :: «(‘a, 'b, unit) kraus-family> where €": «& = kf-apply ¢"
using kraus-map-def by blast
show ?thesis
by (simp add: €' kf-apply-bounded km-norm-kf-norm,)
qed

lemma km-bound-from-map:
assumes <kraus-map &
shows () - km-bound € ¢ = trace-tc (€ (tc-butterfly ¢ 1))
by (metis assms kf-bound-from-map km-bound-kf-bound kraus-map-def-raw)
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lemma trace-from-km-bound:
assumes <kraus-map &
shows <trace-tc (& p) = trace-tc (compose-ter (km-bound &) g)»
by (metis assms km-bound-kf-bound kraus-map-def-raw trace-from-kf-bound)

lemma km-bound-selfadjoint|iff]: <selfadjoint (km-bound &)»
by (simp add: pos-selfadjoint)

lemma km-bound-leq-km-norm-id: <km-bound & < km-norm & xg id-cblinfun>
by (simp add: km-norm-def less-eq-scaled-id-norm,)

lemma kf-norm-km-some-kraus-family[simp): <kf-norm (km-some-kraus-family &) = km-norm
&
apply (cases <kraus-map &)
by (auto intro!: km-norm-kf-norm[symmetric] simp: km-some-kraus-family-invalid km-norm-invalid)

3.3 Basic Kraus maps

Zero map and constant maps. Addition and rescaling and composition of maps.

lemma kraus-map-0[iff]: <kraus-map 0>
by (metis kf-apply-0 kraus-mapI)

lemma kraus-map-0[iff]: <kraus-map (A-. 0)»
using kraus-map-0 unfolding func-zero by simp
lemma km-bound-0[simp]: <km-bound 0 = 0>
using km-bound-kf-bound[of 0 0]
by simp

lemma km-norm-0[simp]: <km-norm 0 = 0»
by (simp add: km-norm-def)

lemma km-some-kraus-family-0|[simp): <km-some-kraus-family 0 = 0»
apply (rule kf-eq-0-iff-eq-O[THEN iffD1])
by (simp add: kf-eq-weak-def)

lemma kraus-map-id[iff]: <kraus-map id>
by (auto introl: ext kraus-mapl[of - kf-id])

lemma km-bound-id[simp): <km-bound id = id-cblinfun>
using km-bound-kf-bound|of id kf-id)
by (simp add: kf-id-apply|abs-def] id-def)

lemma km-norm-id-leql [iff]: <km-norm id < 1>
by (simp add: km-norm-def norm-cblinfun-id-le)

lemma km-norm-id-eql [simp]: <km-norm (id :: ("a :: {chilbert-space, not-singleton}, 'a) trace-class

=) =1
by (simp add: km-norm-def)
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lemma km-operators-in-id[iff]: <km-operators-in id {id-cblinfun}>
apply (subst asm-rlof <id = kf-apply kf-id>])
by (auto simp: km-operators-in-kf-apply-flattened)

lemma kraus-map-add|iff]:
assumes <kraus-map € and <kraus-map §»
shows <kraus-map (Ao. € 0 + § o)
proof —
from assms obtain €’ :: «(’a, 'b, unit) kraus-family> where €": (¢ = kf-apply &"
using kraus-map-def by blast
from assms obtain §' :: <(‘a, 'b, unit) kraus-family> where §" «§F = kf-apply F"
using kraus-map-def by blast
show ?thesis
apply (rule kraus-mapI|[of - <&’ + F"])
by (auto intro!: ext simp: €' F' kf-plus-apply’)
qed

lemma kraus-map-plus'[iff]:
assumes <kraus-map € and <kraus-map §»
shows <kraus-map (€ + §)»
using assms by (simp add: plus-fun-def)

lemma km-bound-plus:
assumes <kraus-map € and <kraus-map §»
shows (km-bound (€ + §) = km-bound & + km-bound F»
proof —
from assms obtain EFE :: «(‘a,’b,unit) kraus-family> where EE: <& = kf-apply EE)»
using kraus-map-def-raw by blast
from assms obtain FF :: <(a,’bunit) kraus-family> where FF: «§ = kf-apply FF»
using kraus-map-def-raw by blast
show ?thesis
apply (rule km-bound-kf-bound|where F=<EE + FF», THEN trans])
by (auto intro!: ext simp: EE FF kf-plus-apply’ kf-plus-bound’ km-bound-kf-bound)
qed

lemma km-norm-triangle:
assumes <kraus-map € and <kraus-map §»
shows <km-norm (€ + §) < km-norm € + km-norm &
by (simp add: km-norm-def km-bound-plus assms norm-triangle-ineq)

lemma kraus-map-constant[iff]: <kraus-map (Ao. trace-tc o *¢ o) if <0 > O»
apply (rule kraus-mapl[where &’'=<kf-constant 0])
by (simp add: kf-constant-apply[OF that, abs-def])

lemma kraus-map-constant-invalid:

<= kraus-map (Ao 2 (‘a::{ chilbert-space,not-singleton},’a) trace-class. trace-tc o xc o) if ™~
o> 0
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proof (rule ccontr)
assume <— - kraus-map (Ao :: (“a,’a) trace-class. trace-tc o *¢ o)»
then have km: <kraus-map (Ao :: (‘a,’a) trace-class. trace-tc o *c o))
by simp
obtain h :: ‘a where <norm h = 1)
using ez-normlI-not-singleton by blast
from km have <trace-tc (tc-butterfly h h) xc 0 > 0»
using kraus-map-pos by fastforce
with <norm h = 1»
have <o > 0»
by (metis mult-cancel-left2 norm-tc-butterfly norm-tc-pos of-real-1 scaleC-one tc-butterfly-pos)
with that show False
by simp
qed

lemma kraus-map-scale:
assumes <kraus-map € and ¢ > 0>
shows (kraus-map (Ag. ¢ xg € o)
proof —
from assms obtain €’ :: «(’a, 'b, unit) kraus-family> where €": (¢ = kf-apply ¢"
using kraus-map-def by blast
then show ?thesis
apply (rule-tac kraus-mapI[where €'=<c xg €"])
by (auto introl: ext simp add: €' kf-scale-apply assms)
qed

lemma km-bound-scale[simp|: <km-bound (Mo. ¢ xgr € 0) = ¢ xg km-bound & if <¢c > 0>
proof —
consider (km) <kraus-map & | (c0) <c = 0> | (not-km) <= kraus-map & <c > 0»
using <0 < ¢ by argo
then show ?thesis
proof cases
case km
then obtain EE : (('a,’bunit) kraus-family> where EFE: <& = kf-apply EE)»
using kraus-map-def-raw by blast
with ¢ > 0 »have <kf-bound (¢ xgr EE) = ¢ xg kf-bound EE)»
by simp
then show ?thesis
using km-bound-kf-bound[of «Mo. ¢ xgr € o> <c xg EE», symmetric]
using kf-scale-apply[OF <c > 0>, of EE, abs-def]
by (simp add: EE km-bound-kf-bound)
next
case c(
then show ?thesis
by (simp flip: func-zero)
next
case not-km
have (= kraus-map (Mo. ¢ xg € o)
proof (rule ccontr)
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assume < - kraus-map (Ao. ¢ xg € o))
then have <kraus-map (Ag. inverse ¢ xg (¢ g € o))
apply (rule-tac kraus-map-scale)
using not-km by auto
then have <kraus-map &
using not-km by (simp add: scaleR-scaleR field.field-inverse)
with not-km show False
by simp
qed
with not-km show ?Zthesis
by (simp add: km-bound-invalid)
qed
qed

lemma km-norm-scale[simp]: <km-norm (Ao. ¢ xg € p) = ¢ x km-norm & if «¢ > 0»
using that by (simp add: km-norm-def)

lemma kraus-map-sandwich[iff]: <kraus-map (sandwich-tc A)»
apply (rule kraus-mapI|[of - <kf-of-op A>])
using kf-of-op-applylof A, abs-def]
by simp

lemma km-bound-sandwich[simp|: <km-bound (sandwich-tc A) = Ax ocp A>
using km-bound-kf-bound[of <sandwich-tc Ay <kf-of-op A, symmetric]
using kf-bound-of-op[of A]
using kf-of-op-apply|of A]
by fastforce

lemma km-norm-sandwich|simp): <km-norm (sandwich-tc A) = (norm A)%
by (simp add: km-norm-def)

lemma km-operators-in-sandwich: <km-operators-in (sandwich-tc U) {U}
apply (subst kf-of-op-apply[abs-def, symmetric])
apply (rule km-operators-in-kf-apply-flattened)
by simp

lemma km-constant-bound[simp]: <km-bound (Ao. trace-tc o ¢ 0) = norm g *g id-cblinfuny if
0> O

apply (rule km-bound-kf-bound| THEN trans])

using that apply (rule kf-constant-apply[symmetric, THEN ext])

using that by (rule kf-bound-constant)

lemma km-constant-norm[simp]: <km-norm (Ao::('a::{ chilbert-space,not-singleton},’a) trace-class.
trace-tc o *¢ 0) = norm o if <o > 0»
apply (subst km-norm-kf-norm[of «(Ao::(‘a,’a) trace-class. trace-tc o *¢ 0)> <kf-constant o))
apply (subst kf-constant-apply|OF that, abs-def], rule refl)
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apply (rule kf-norm-constant)
by (fact that)

lemma km-constant-norm-leq[simp]: <km-norm (Ao::('a::chilbert-space,’a) trace-class. trace-tc o
xc 0) < norm o
proof —
consider (pos) <o > 0» | (singleton) <— class.not-singleton TYPE('a)s | (nonpos) <— o > 0»
«class.not-singleton TYPE('a)
by blast
then show ?thesis
proof cases
case pos
show ?thesis
apply (subst km-norm-kf-norm[of «(Ao::('a,’a) trace-class. trace-tc o *c )» <kf-constant
)
apply (subst kf-constant-apply|OF pos, abs-def], rule refl)
by (rule kf-norm-constant-leq)
next
case nonpos
have «— kraus-map (Ao::('a,’a) trace-class. trace-tc o x¢ 0)»
apply (rule kraus-map-constant-invalid[internalize-sort’ 'al)
apply (rule chilbert-space-axioms)
using nonpos by —
then have <km-norm (Ao::('a,’a) trace-class. trace-tc o x¢ ) = 0»
using km-norm-invalid by blast
then show ?thesis
by (metis norm-ge-zero)
next
case singleton
then have <(\o::('a,’a) trace-class. trace-tc o *c o) = 0>
apply (subst not-not-singleton-tc-zero)
by auto
then show ?thesis
by simp
qged
qed

lemma kraus-map-comp:
assumes <kraus-map € and <kraus-map §»
shows <kraus-map (€ o §)»
proof —
from assms obtain EF :: <('a,’b,unit) kraus-family> where EE: (& = kf-apply EE)»
using kraus-map-def-raw by blast
from assms obtain FF :: «('c,’a,unit) kraus-family> where FF: «<§ = kf-apply FF)»
using kraus-map-def-raw by blast
show ?thesis
apply (rule kraus-mapl[where €'=<kf-comp EE FF)))
by (simp add: EE FF kf-comp-apply)
qed
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lemma km-comp-norm-leq:
assumes <kraus-map & and <kraus-map §»
shows <km-norm (€ o §) < km-norm € *x km-norm §»
proof —
from assms obtain EF :: «(‘a,’b,unit) kraus-family> where EE: <& = kf-apply EE)»
using kraus-map-def-raw by blast
from assms obtain FF :: «('c,’a,unit) kraus-family> where FF: «<§ = kf-apply FF)»
using kraus-map-def-raw by blast
have km-norm (€ o §) = kf-norm (kf-comp EE FF))
by (simp add: EE FF kf-comp-apply km-norm-kf-norm)
also have «... < kf-norm EE x kf-norm FF'
by (simp add: kf-comp-norm-leq)
also have (... = km-norm & x km-norm §»
by (simp add: EE FF km-norm-kf-norm)
finally show ?thesis
by —
qed

lemma km-bound-comp-sandwich:
assumes <kraus-map &)
shows (km-bound (Ao. € (sandwich-tc U p)) = sandwich (Ux) (km-bound &)»
proof —
from assms obtain EFE :: «(‘a,’b,unit) kraus-family> where EE: «& = kf-apply EE»
using kraus-map-def-raw by blast
have km-bound (Ap. € (sandwich-tc U p)) = kf-bound (kf-comp EE (kf-of-op U))»
apply (rule km-bound-kf-bound)
by (simp add: kf-comp-apply o-def EE kf-of-op-apply)

also have «... = sandwich (Ux) xy kf-bound EE)»
by (simp add: kf-bound-comp-of-op)
also have «... = sandwich (Ux) (km-bound &)

by (simp add: EE km-bound-kf-bound)
finally show ?thesis
by —
qed

lemma km-norm-comp-sandwich-coiso:
assumes <isometry (Ux))
shows (km-norm (Ao. € (sandwich-tc U p)) = km-norm &
proof (cases <kraus-map €»)
case True
then obtain EF :: «(-,-,unit) kraus-family) where EE: <& = kf-apply EE>
using kraus-map-def-raw by blast
have km-norm (Ag. € (sandwich-tc U p)) = kf-norm (kf-comp EE (kf-of-op U))»
apply (rule km-norm-kf-norm,)
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by (auto introl: simp: kf-comp-apply o-def EE kf-of-op-apply)

also have «... = kf-norm EE)
by (simp add: assms kf-norm-comp-of-op-coiso)
also have «... = km-norm &

by (simp add: EE km-norm-kf-norm)
finally show ?thesis
by —
next
case Fulse
have (= kraus-map (Ao. € (sandwich-tc U p))»
proof (rule ccontr)
assume <~ - kraus-map (Ao. € (sandwich-tc U o))
then have <kraus-map (Ao. € (sandwich-tc U p))»
by blast
then have <kraus-map (Ao. € (sandwich-tc U (sandwich-tc (Ux) 0)))
apply (rule kraus-map-comp|unfolded o-def])
by fastforce
then have <kraus-map &
using isometryD[OF assms]
by (simp flip: sandwich-tc-compose[unfolded o-def, THEN fun-cong])
then show Fulse
using Fualse by blast
qed
with Fualse show ?thesis
by (simp add: km-norm-invalid)
qed

lemma km-bound-comp-sandwich-iso:
assumes <isometry U»
shows <km-bound (Ao. sandwich-tc U (€ p)) = km-bound &)
proof (cases <kraus-map &)
case True
then obtain EF :: «(-,-,unit) kraus-family> where FE: (¢ = kf-apply EE>»
using kraus-map-def-raw by blast
have (km-bound (Ao. sandwich-tc U (€ p)) = kf-bound (kf-comp (kf-of-op U) EE)»
apply (rule km-bound-kf-bound)
by (auto introl: simp: kf-comp-apply o-def EE kf-of-op-apply)

also have «... = kf-bound FEE»
by (simp add: assms kf-bound-comp-iso)
also have «... = km-bound &

by (simp add: EE km-bound-kf-bound)
finally show ?thesis
by —
next
case Fulse
have - kraus-map (Ao. sandwich-tc U (€ 9))»
proof (rule ccontr)
assume <— - kraus-map (Ag. sandwich-tc U (€ o))
then have <kraus-map (Ao. sandwich-tc U (€ p))»
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by blast
then have <kraus-map (Ao. sandwich-tc (Ux) (sandwich-tc U (€ 9)))
apply (rule kraus-map-comp|unfolded o-def, rotated))
by fastforce
then have <kraus-map )
using isometryD[OF assms]
by (simp flip: sandwich-tc-compose[unfolded o-def, THEN fun-cong])
then show Fulse
using Fulse by blast
qed
with False show ?Zthesis
by (simp add: km-bound-invalid)
qed

lemma km-norm-comp-sandwich-iso:
assumes <(isometry U»
shows (km-norm (Ao. sandwich-tc U (€ p)) = km-norm &
proof (cases <kraus-map &)
case True
then obtain EF :: «(-,-,unit) kraus-family) where FE: <& = kf-apply EE>
using kraus-map-def-raw by blast
have km-norm (Ao. sandwich-tc U (€ 9)) = kf-norm (kf-comp (kf-of-op U) EE)»
apply (rule km-norm-kf-norm,)
by (auto introl: simp: kf-comp-apply o-def EE kf-of-op-apply)
also have «... = kf-norm EE)
by (simp add: assms kf-norm-comp-iso)
also have «... = km-norm &
by (simp add: EE km-norm-kf-norm)
finally show ?thesis
by —
next
case Fulse
have (= kraus-map (Ao. sandwich-tc U (€ o))»
proof (rule ccontr)
assume <— - kraus-map (Ao. sandwich-tc U (€ o))
then have <kraus-map (Ao. sandwich-tc U (€ p))»
by blast
then have <kraus-map (Ao. sandwich-tc (Ux) (sandwich-tc U (€ p)))»
apply (rule kraus-map-comp|unfolded o-def, rotated))
by fastforce
then have <kraus-map &)
using isometryD[OF assms]
by (simp flip: sandwich-tc-compose|unfolded o-def, THEN fun-congl)
then show Fulse
using False by blast
ged
with False show ?Zthesis
by (simp add: km-norm-invalid)
qed
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lemma kraus-map-sum:
assumes (A\z. z€ A = kraus-map (€ xz)»
shows <kraus-map (> z€A. € x)»
apply (insert assms, induction A rule:infinite-finite-induct)
by auto

lemma km-bound-sum:
assumes (\z. €A = kraus-map (€ x)»
shows (km-bound (> z€A. € z) = (D z€A. km-bound (€ z))»
proof (insert assms, induction A rule:infinite-finite-induct)
case (infinite A)
then show ?case
by (metis km-bound-0 sum.infinite)
next
case empty
then show ?case
by (metis km-bound-0 sum.empty)
next
case (insert z F)
have <km-bound (> z€insert z F. € z) = km-bound (€ z + (> z€F. € 1))
by (simp add: insert.hyps)
also have «... = km-bound (€ z) + km-bound (> z€F. &€ z)»
by (simp add: km-bound-plus kraus-map-sum insert.prems)
also have «... = km-bound (€ z) + (> z€F. km-bound (€ z))»
by (simp add: insert)
also have «... = (>  z€insert z F. km-bound (€ x))»
using insert.hyps by fastforce
finally show ?Zcase
by —
qed

3.4 Infinite sums

lemma
assumes (N\p. ((Aa. sandwich-tc (f a) o) has-sum € g) A
defines (FE = Set.filter (A\(E,-). E£0) ((Aa. (f a, a)) * A)
shows kraus-mapl-sum: <kraus-map &)
and kraus-map-sum-kraus-family: <kraus-family EE>
and kraus-map-sum-kf-apply: <& = kf-apply (Abs-kraus-family EE)>
proof —
show <kraus-family EE)»
unfolding EE-def
apply (rule kf-reconstruction-is-kraus-family)
by (fact assms(1))
show (& = kf-apply (Abs-kraus-family EE)»
unfolding FE-def
apply (rule kf-reconstruction[symmetric])
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by (fact assms(1))
then show <kraus-map €
by (rule kraus-mapl)
qed

lemma kraus-map-infsum-sandwich:
assumes (\p. (Aa. sandwich-tc (f a) o) summable-on A»
shows <kraus-map (Ao. Y a€A. sandwich-tc (f a) o)
apply (rule kraus-mapI-sum)
using assms by (rule has-sum-infsum)

lemma kraus-map-sum-sandwich: <kraus-map (Mo. > a€A. sandwich-tc (f a) o)
apply (cases <finite A»)
apply (simp add: kraus-map-infsum-sandwich flip: infsum-finite)
by simp

lemma kraus-map-as-infsum:
assumes <kraus-map &
shows (A M. V. ((AE. sandwich-tc E 9) has-sum € p) M»
proof —
from assms obtain €’ :: «(‘a, 'b, unit) kraus-family> where €": (& = kf-apply ¢"
using kraus-map-def by blast
define M where <M = fst ‘ Rep-kraus-family &'
have (((AE. sandwich-tc E ) has-sum & p) M» for p
proof —
have [simp]: <inj-on fst (Rep-kraus-family €')»
by (auto intro!: inj-onI)
from kf-apply-has-sum[of o €]
have «(A(E, z). sandwich-tc E o) has-sum kf-apply €’ o) (Rep-kraus-family €')
by —
then show ?thesis
by (simp add: M-def has-sum-reindex o-def case-prod-unfold €’)
qged
then show ?thesis
by auto
qed

definition km-summable :: <("a = ('b::chilbert-space,’b) trace-class = ('c::chilbert-space,’c) trace-class)
= 'a set = bool> where
<km-summable € A <— summable-on-in cweak-operator-topology (Aa. km-bound (€ a)) A>

lemma km-summable-kf-summable:
assumes (Na 9. a € A = € a9=7F a * 0
shows (km-summable € A <— kf-summable § A>
proof —
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have <km-summable € A <— summable-on-in cweak-operator-topology (Aa. km-bound (€ a))
A>
using km-summable-def by blast
also have (... «— summable-on-in cweak-operator-topology (Aa. kf-bound (F a)) A»
apply (rule summable-on-in-cong)
apply (rule km-bound-kf-bound)
using assms by fastforce
also have «... +— kf-summable § A>
using kf-summable-def by blast
finally show ?thesis
by —
qed

lemma km-summable-summable:
assumes km: <\a. a€ A = kraus-map (€ a)»
assumes sum: <km-summable € A»
shows ((Aa. € a p) summable-on A>
proof —
from km
obtain FF :: (- = (-,-,unit) kraus-familyy where EE: <& a = kf-apply (EE a)) if (a € A»
for a
apply atomize-elim
apply (rule-tac choice)
by (simp add: kraus-map-def-raw)
from sum
have <kf-summable EE A»
by (simp add: EE km-summable-kf-summable)
then have «(\a. EE a *i, o) summable-on A»
by (rule kf-infsum-apply-summable)
then show ?thesis
by (metis (mono-tags, lifting) EE summable-on-cong)
qed

lemma kraus-map-infsum:
assumes km: (N\a. a€A = kraus-map (€ a)»
assumes sum: <km-summable € A»
shows <kraus-map (Ao. Y cca€A. € a o))
proof —
from km
obtain FF : (- = (-,-,unit) kraus-familyy where EE: <& a = kf-apply (EE a)) if (a € A»
for a
apply atomize-elim
apply (rule-tac choice)
by (simp add: kraus-map-def-raw)
from sum
have <kf-summable EE A»
by (simp add: EE km-summable-kf-summable)
then have <kf-infsum EE A #, 0 = (D s0a€A. EE a %y, o) for g
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by (metis kf-infsum-apply)
also have «... p = (3] wa€A. € a ) for p
by (metis (mono-tags, lifting) EE infsum-cong)
finally show ?thesis
apply (rule-tac kraus-maplI|of - <kf-infsum EE A»])
by auto
qed

lemma km-bound-infsum:
assumes km: <\a. a€ A = kraus-map (€ a)»
assumes sum: <km-summable & A»
shows (km-bound (Ao. > wa€A. € a ) = infsum-in cweak-operator-topology (Aa. km-bound
(€ a)) A
proof —
from km
obtain FF :: - = (-,-,unit) kraus-family> where EE: <& a = kf-apply (EE a)) if <(a € A»
for a
apply atomize-elim
apply (rule-tac choice)
by (simp add: kraus-map-def-raw)
from sum have <kf-summable EE A»
by (simp add: EE km-summable-kf-summable)
have <km-bound (Ao. > wca€A. € a 9) = km-bound (Ao. Y wa€A. EE a *j, o)
apply (rule arg-cong[where f=km-bound))
by (auto intro!: infsum-cong simp add: EE)
also have «... = kf-bound (kf-infsum EE A))
apply (rule km-bound-kf-bound)
using kf-infsum-apply|OF <kf-summable EE A))

by auto

also have (... = infsum-in cweak-operator-topology (Aa. kf-bound (EE a)) A»
using <kf-summable EE Ay kf-bound-infsum by fastforce

also have «... = infsum-in cweak-operator-topology (Aa. km-bound (€ a)) A»

by (metis (mono-tags, lifting) EE infsum-in-cong km-bound-kf-bound)
finally show ?thesis
by —
qed

lemma km-norm-infsum:
assumes km: <A\a. a€ A = kraus-map (€ a)»
assumes sum: ((Aa. km-norm (€ a)) summable-on A>
shows <km-norm (Ao. > a€A. € a 9) < (D wa€A. km-norm (€ a))»
proof —
from km
obtain EF :: (- = (-,-,unit) kraus-family> where EE: <& a = kf-apply (EE a)) if <a € A
for a
apply atomize-elim
apply (rule-tac choice)
by (simp add: kraus-map-def-raw)
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from sum have sum1i: <(Aa. kf-norm (EE a)) summable-on A»
by (metis (mono-tags, lifting) EE km-norm-kf-norm summable-on-cong)
then have sum?2: <kf-summable EE A»
using kf-summable-from-abs-summable by blast
have (km-norm (Ap. > «wa€A. € a p) = km-norm (Ao. > «ca€A. EE a *j, 0)
apply (rule arg-cong[where f=km-norm])
apply (rule ext)
apply (rule infsum-cong)
by (simp add: EE)
also have «... = kf-norm (kf-infsum EFE A)>
apply (subst kf-infsum-apply[OF sum?2, abs-def, symmetric])
using km-norm-kf-norm by blast
also have ... < (3 «a€A. kf-norm (EE a))»
by (metis kf-norm-infsum suml)
also have «... = (3 a€A. km-norm (€ a))
by (metis (mono-tags, lifting) EE infsum-cong km-norm-kf-norm)
finally show ?thesis
by —
qed

lemma kraus-map-has-sum:
assumes (\z. z € A = kraus-map (€ z)»
assumes <km-summable € A»
assumes ((& has-sum §) A»
shows <kraus-map §»
proof —
from «(€ has-sum §) A
have «(Az. € z t) has-sum § t) A> for t
by (simp add: has-sum-coordinatewise)
then have «§F t = (3| «a€A. € a t) for t
by (metis infsuml)
with kraus-map-infsum[OF assms(1,2)]
show <kraus-map §>
by presburger
qed

lemma km-summable-iff-sums-to-kraus-map:
assumes (\a. a€A = kraus-map (€ a)»
shows (km-summable € A «— (3F. (V. (Az. € z ) has-sum § t) A) A kraus-map §)>
proof (rule iffI)
assume asm: <km-summable € A»
define § where <§ t = (3| «a€A. € a t)) for t
from km-summable-summable] OF assms asm]
have «(Az. € z t) has-sum § t) A> for t
using §-def by fastforce
moreover from kraus-map-infsum[OF assms asm)
have <kraus-map §»
by (simp add: §-def[abs-def])
ultimately show «(3F. (Vt. (A\z. € z ¢) has-sum § t) A) A kraus-map F)>
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by auto
next
assume 3F. (Vt. (Az. € z t) has-sum § t) A) A kraus-map §
then obtain § where <kraus-map §> and «((Az. € z t) has-sum § t) A for ¢
by auto
then have <((Az. trace-tc (€ z (tc-butterfly k h))) has-sum trace-tc (§ (tc-butterfly k h))) A»
for h k
using bounded-clinear.bounded-linear bounded-clinear-trace-tc has-sum-bounded-linear by
blast
then have (((\z. trace-tc (€ z (tc-butterfly k h))) has-sum h -¢ (km-bound § *v k)) A for
hk
by (simp add: km-bound-from-map <kraus-map §»)
then have «((Az. h -¢ (km-bound (€ z) v k)) has-sum h - (km-bound § xv k)) A> for h k
apply (rule has-sum-cong[ THEN iffD1, rotated 1))
by (simp add: km-bound-from-map assms)
then have <has-sum-in cweak-operator-topology (Aa. km-bound (€ a)) A (km-bound §)»
by (simp add: has-sum-in-cweak-operator-topology-pointwise)
then show <«km-summable € A»
using summable-on-in-def km-summable-def by blast
qed

3.5 Tensor products

definition km-tensor-exists :: <(('a ell2, 'b ell2) trace-class = ('c ell2, 'd ell2) trace-class)
= (("e ell2, 'f ell2) trace-class = ('g ell2, 'h ell2) trace-class) = bools
where
<km-tensor-ezists € § «— (I €F. bounded-clinear €F N (Vo 0. €F (tc-tensor o o) = te-tensor

(€ o) (30))

definition km-tensor :: <((a ell2, 'c ell2) trace-class = (e ell2, 'g ell2) trace-class)

= (('b ell2, 'd ell2) trace-class = ('f ell2, 'h ell2) trace-class)

= (('a x 'b) ell2, ('c x 'd) ell2) trace-class = (('e x 'f) ell2, (g x 'h) ell2)
trace-class» where

<km-tensor € § = (if km-tensor-exists € §

then SOME €§. bounded-clinear €§ A (Vo 0. EF (tc-tensor ¢ o) = te-tensor
(€ o) (§0))

else 0)»

lemma km-tensor-invalid:
assumes <~ km-tensor-exists € §»
shows <km-tensor € § = 0>
by (simp add: assms km-tensor-def)

lemma km-tensor-exists-bounded-clinear[iff]:
assumes <km-tensor-exists € §»
shows (bounded-clinear (km-tensor € §)»
unfolding km-tensor-def
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apply (rule somel2-ex|where P=<\EF. bounded-clinear €F N (Vo o. EF (tc-tensor ¢ o) =
te-tensor (€ o) (§F o))

using assms

by (simp-all add: km-tensor-exists-def)

lemma km-tensor-apply|simp):

assumes <km-tensor-exists € §»

shows <km-tensor € § (tc-tensor g o) = te-tensor (€ o) (§F o)

unfolding km-tensor-def

apply (rule somel2-ex|where P=\EF. bounded-clinear €F N (Vo 0. E€F (tc-tensor g o) =
te-tensor (€ o) (§F o))

using assms

by (simp-all add: km-tensor-exists-def)

lemma km-tensor-unique:
assumes <bounded-clinear EF»
assumes (\p 0. €F (tc-tensor o o) = te-tensor (€ o) (§ o)
shows (¢F = km-tensor € §»
proof —
define P where (P ¢F «+— bounded-clinear €F N\ (Vo o. €F (tc-tensor o o) = te-tensor (€
0) (§ o)) for EF
have (P &%»
using P-def assms by presburger
then have (km-tensor-exists € §»
using P-def km-tensor-exists-def by blast
with <P €3> have Ptensor: <P (km-tensor € §)»
by (simp add: P-def)
show ?thesis
apply (rule eq-from-separatingI2)
apply (rule separating-set-bounded-clinear-tc-tensor)
using assms Ptensor by (simp-all add: P-def)
qed

lemma km-tensor-kf-tensor: <km-tensor (kf-apply €) (kf-apply §) = kf-apply (kf-tensor € F)»
by (metis kf-apply-bounded-clinear kf-apply-tensor km-tensor-unique)

lemma km-tensor-kraus-map:
assumes <kraus-map € and <kraus-map §»
shows <kraus-map (km-tensor € F))
proof —
from assms obtain EFE :: «(-,-,unit) kraus-family) where FE: <€ = kf-apply EE>
using kraus-map-def-raw by blast
from assms obtain FF :: «(-,-,unit) kraus-family> where FF: §F = kf-apply FF)
using kraus-map-def-raw by blast
show ?thesis
by (simp add: EE FF km-tensor-kf-tensor)
qed

lemma km-tensor-kraus-map-exists:
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assumes <kraus-map € and <kraus-map §»
shows <km-tensor-exists € §»
proof —
from assms obtain EF :: «(-,-,unit) kraus-family) where FE: <€ = kf-apply EE>
using kraus-map-def-raw by blast
from assms obtain FF :: «(-,-,unit) kraus-family> where FF: § = kf-apply FF)
using kraus-map-def-raw by blast
show ?thesis
using FE FF kf-apply-bounded-clinear kf-apply-tensor km-tensor-exists-def by blast
qed

lemma km-tensor-as-infsum:
assumes (N\p. ((A\i. sandwich-tc (E i) o) has-sum € o) I»
assumes (N\p. ((\j. sandwich-tc (F j) o) has-sum § o) J»
shows <km-tensor € § 0 = (3 o (i,7)€IXJ. sandwich-tc (E i @, F j) o)
proof —
define EE FF where <EE = Set.filter (A(E,-). E#0) ((Aa. (E a, a)) ‘ I)) and <FF =
Set.filter (M(E,-). E£0) ((Aa. (F a, a)) “J)
then have [simp]: <kraus-family EE) <kraus-family FF»
using assms kraus-map-sum-kraus-family
by blast+
have ¢ = kf-apply (Abs-kraus-family EE)> and «§ = kf-apply (Abs-kraus-family FF)»
using assms kraus-map-sum-kf-apply EE-def FF-def

by blast+
then have <km-tensor € § o = kf-apply (kf-tensor (Abs-kraus-family EE) (Abs-kraus-family
FF)) o
by (simp add: km-tensor-kf-tensor)
also have «... = (3. o ((E, z), (F, y))€EE x FF. sandwich-tc (E ®, F) o)
by (simp add: kf-apply-tensor-as-infsum Abs-kraus-family-inverse)
also have «... = (3. o ((E, z), (F, y))e(A(i,j). (E i, i), (Fj, 7)) {(IxJ). sandwich-tc (E ®,
F) o)

apply (rule infsum-cong-neutral)
by (auto simp: EE-def FF-def)
also have ... = (3 o (4,j)€IXJ. sandwich-tc (E i ®, F j) o)
by (simp add: infsum-reindex inj-on-def o-def case-prod-unfold)
finally show ?thesis
by —
qed

lemma km-bound-tensor:
assumes <kraus-map € and <kraus-map §»
shows (km-bound (km-tensor € §) = km-bound € ®, km-bound §>
proof —
from assms obtain EFE :: «(-,-,unit) kraus-family) where FE: <& = kf-apply EE»
using kraus-map-def-raw by blast
from assms obtain FF :: «(-,-,unit) kraus-family> where FF: «§ = kf-apply FF»
using kraus-map-def-raw by blast
show ?thesis
by (simp add: EE FF km-tensor-kf-tensor kf-bound-tensor km-bound-kf-bound)
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qed

lemma km-norm-tensor:
assumes <kraus-map € and <kraus-map §»
shows <km-norm (km-tensor € §) = km-norm € x km-norm &>
proof —
from assms obtain EF :: «(-,-,unit) kraus-familyy where EE: <& = kf-apply EE»
using kraus-map-def-raw by blast
from assms obtain FF :: «(-,-,unit) kraus-family> where FF: § = kf-apply FF)
using kraus-map-def-raw by blast
show ?thesis
by (simp add: EE FF km-tensor-kf-tensor kf-norm-tensor km-norm-kf-norm,)
qed

lemma km-tensor-compose-distrib:
assumes <km-tensor-exists € &) and <km-tensor-exists § $»
shows (km-tensor (€ 0 §) (& o 9) = km-tensor € & o km-tensor § $»
by (smt (verit, del-insts) assms(1,2) comp-bounded-clinear km-tensor-exists-def km-tensor-unique

o-apply)

lemma kraus-map-tensor-right[simp]:

assumes <@ > 0

shows <kraus-map (Ao. te-tensor o )

apply (rule kraus-mapI|[of - <kf-tensor-right 0])

by (auto introl: ext simp: kf-apply-tensor-right assms)
lemma kraus-map-tensor-left[simp):

assumes <@ > 0

shows <kraus-map (Ao. te-tensor o o)

apply (rule kraus-mapI|[of - <kf-tensor-left 03])

by (auto introl: ext simp: kf-apply-tensor-left assms)

lemma km-bound-tensor-right|simp):
assumes <o > 0
shows <km-bound (A\o. tc-tensor o ) = norm ¢ *¢ id-cblinfuny
apply (subst km-bound-kf-bound)
apply (rule ext)
apply (subst kf-apply-tensor-right[OF assms])
by (auto intro!: simp: kf-bound-tensor-right assms)
lemma km-bound-tensor-left[simpl:
assumes <@ > 0
shows <km-bound (Ao. te-tensor o o) = norm ¢ x¢ id-cblinfun)
apply (subst km-bound-kf-bound)
apply (rule ext)
apply (subst kf-apply-tensor-left|OF assms))
by (auto intro!: simp: kf-bound-tensor-left assms)

lemma kf-norm-tensor-right[simp):
assumes <p > 0
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shows <km-norm (Ao. tc-tensor o 9) = norm o
by (simp add: km-norm-def km-bound-tensor-right assms)

lemma kf-norm-tensor-left[simp]:
assumes ¢ > 0
shows <km-norm (Ao. tc-tensor o o) = norm o)
by (simp add: km-norm-def km-bound-tensor-left assms)

lemma km-operators-in-tensor:
assumes <km-operators-in & S»
assumes <km-operators-in § T
shows (km-operators-in (km-tensor € §) (span {s ®, t | s t. s€S A t€T})
proof —
have [iff]: <inj-on (A((),()). ()) X» for X
by (simp add: inj-on-def)
from assms obtain €' :: «(-,-,unit) kraus-family) where €-def: <€ = kf-apply ¢’> and €'S:
kf-operators €' C S
by (metis km-operators-in-def)
from assms obtain §' :: «(-,-,unit) kraus-family) where §-def: <§ = kf-apply §» and §'T:
<kf-operators §' C T
by (metis km-operators-in-def)
define €F where «€F = kf-map-inj (A((),()). () (kf-tensor €’ F')
then have <kf-operators €F = kf-operators (kf-tensor €’ F')»
by (simp add: €F-def)
also have <kf-operators (kf-tensor €' §') C span {E ®, F | E F. E € kf-operators €' N F €
kf-operators §'}
using kf-operators-tensor by force
also have ... Cspan {E®, F | EF. E€ SANF € Th
by (smt (verit) Collect-mono-iff €'S F'T span-mono subset-iff)
finally have <kf-operators €F C span {s @, t |st.s€ SAt € Th
using EF-def by blast
moreover have kf-apply E€F = km-tensor € 3>
by (simp add: €F-def E-def §-def kf-apply-bounded-clinear kf-apply-tensor km-tensor-unique)
ultimately show ?thesis
by (auto intro!: exI[of - €F] simp add: km-operators-in-def)
qed

lemma km-tensor-sandwich-tc:
<km-tensor (sandwich-tc A) (sandwich-tc¢ B) = sandwich-tc (A ®, B)»
by (metis bounded-clinear-sandwich-tc km-tensor-unique sandwich-te-tensor)

3.6 Trace and partial trace

definition <km-trace-preserving € «+— (3F::(-,-,unit) kraus-family. € = kf-apply § A kf-trace-preserving
5)
lemma km-trace-preserving-def’: <km-trace-preserving € +— (3F::(~, -, 'c¢) kraus-family. € =
kf-apply § A kf-trace-preserving §)»

— Has a more general type than km-trace-preserving-def
proof (rule iff)
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assume <km-trace-preserving €»
then obtain § :: «(-,-,unit) kraus-family> where €F: <& = kf-apply &> and &pF: <kf-trace-preserving
5
using km-trace-preserving-def by blast
from €F have «¢ = kf-apply (kf-map (\-. undefined :: 'c) )
by simp
moreover from tpF have <kf-trace-preserving (kf-map (A-. undefined :: 'c) F)»
by (metis €F calculation kf-trace-preserving-iff-bound-id km-bound-kf-bound)
ultimately show 3F::(-, -, ‘c) kraus-family. € = (xg,.) § N kf-trace-preserving §»
by blast
next
assume <3F::(-, -, ‘c) kraus-family. € = (%) § A kf-trace-preserving §»
then obtain § :: «(-,-,’c) kraus-family> where €F: <€ = kf-apply > and tpF: kf-trace-preserving
5
by blast
from €F have «¢ = kf-apply (kf-flatten F)»
by simp
moreover from tpF have <kf-trace-preserving (kf-flatten §)»
by (metis €F calculation kf-trace-preserving-iff-bound-id km-bound-kf-bound)
ultimately show <km-trace-preserving &
using km-trace-preserving-def by blast
qed

definition km-trace-reducing-def: <km-trace-reducing € <— (3F::(-,-,unit) kraus-family. € =
kf-apply § A kf-trace-reducing §)»
lemma km-trace-reducing-def': <km-trace-reducing € «— (3F::(-, -, 'c) kraus-family. € = kf-apply
S A kf-trace-reducing §)»
proof (rule iffI)
assume <km-trace-reducing &»
then obtain § :: «(-,-,unit) kraus-familys where €F: <€ = kf-apply §» and tpF: <kf-trace-reducing
5
using km-trace-reducing-def by blast
from EF have <& = kf-apply (kf-map (A-. undefined :: 'c) §)»
by simp
moreover from tpF have <kf-trace-reducing (kf-map (A-. undefined :: 'c) §)»
by (simp add: kf-trace-reducing-iff-norm-leq1)
ultimately show 3F::(-, -, ‘c) kraus-family. € = (x,.) § N kf-trace-reducing §»
by blast
next
assume <3 F::(-, -, ‘c) kraus-family. € = (x,.) § A kf-trace-reducing §
then obtain § :: «(-,-,'c) kraus-familyy where €§: <& = kf-apply §> and tpF: kf-trace-reducing
5
by blast
from €¢F have <€ = kf-apply (kf-flatten §)»
by simp
moreover from ipF have (kf-trace-reducing (kf-flatten §)»
by (simp add: kf-trace-reducing-iff-norm-leq1)
ultimately show <km-trace-reducing &>
using km-trace-reducing-def by blast
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qed

lemma km-trace-preserving-apply[simp): <km-trace-preserving (kf-apply €) = kf-trace-preserving
&
using kf-trace-preserving-def km-trace-preserving-def’ by auto

lemma km-trace-reducing-apply[simp): <km-trace-reducing (kf-apply €) = kf-trace-reducing &)
by (metis kf-trace-reducing-iff-norm-leql km-norm-kf-norm km-trace-reducing-def")

lemma km-trace-preserving-iff: <km-trace-preserving € +— kraus-map € A (V0. trace-tc (€ p)
= trace-tc o)»
proof (intro iffI conjI alll)
assume tp: <km-trace-preserving &)
then obtain § :: «(-,-,unit) kraus-familys where €F: <€ = kf-apply §» and tpF: <kf-trace-preserving
5
by (metis kf-trace-preserving-def kf-trace-reducing-def km-trace-preserving-def order.refl)
then show <kraus-map €
by blast
from tpF show <trace-tc (€ o) = trace-tc o) for o
by (simp add: €F kf-trace-preserving-def)
next
assume asm: <kraus-map € A (V o. trace-tc (€ p) = trace-tc g)»
then obtain § :: «(-,-,unit) kraus-family> where €F: <& = kf-apply &
using kraus-map-def-raw by blast
from asm €F have <trace-tc (kf-apply § o) = trace-tc o> for o
by blast
then have (kf-trace-preserving §»
using kf-trace-preserving-def by blast
with €F show <km-trace-preserving &
using km-trace-preserving-def by blast
qed

lemma km-trace-reducing-iff: <km-trace-reducing € «— kraus-map € A (V 0>0. trace-tc (€ o)
< trace-tc o))
proof (intro iffT conjI alll impl)
assume tp: <km-trace-reducing &»
then obtain § :: «(-,-,unit) kraus-family where €F: <€ = kf-apply > and tpF: <kf-trace-reducing
5
by (metis kf-trace-reducing-def kf-trace-reducing-def km-trace-reducing-def order.refl)
then show <kraus-map &)
by blast
from tpF EF show <trace-tc (€ p) < trace-tc o if <0 > 0» for p
using kf-trace-reducing-def that by blast
next
assume asm: <kraus-map € A (V 0>0. trace-tc (€ g) < trace-tc 9)»
then obtain § :: «(-,-,unit) kraus-family> where €§: <& = kf-apply >
using kraus-map-def-raw by blast
from asm €F have <trace-tc (kf-apply § o) < trace-tc o> if <o > 0» for o
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using that by blast
then have (kf-trace-reducing §»
using kf-trace-reducing-def by blast
with €F show <km-trace-reducing &)
using km-trace-reducing-def by blast
qed

lemma km-trace-preserving-imp-reducing:
assumes <km-trace-preserving &)
shows <km-trace-reducing &)
using assms km-trace-preserving-iff km-trace-reducing-iff by fastforce

lemma km-trace-preserving-id[iff]: <km-trace-preserving id»
by (simp add: km-trace-preserving-iff)

lemma km-trace-reducing-iff-norm-leql: <km-trace-reducing € <— kraus-map € A km-norm €
< I
proof (intro iffI conjI)
assume <km-trace-reducing €»
then show <kraus-map &)
using km-trace-reducing-iff by blast
then obtain EE : <(’a,’bunit) kraus-family> where EE: <& = kf-apply EE)
using kraus-map-def-raw by blast
with <km-trace-reducing &
have <kf-trace-reducing EE)»
using kf-trace-reducing-def km-trace-reducing-iff by blast
then have «kf-norm FE < 1)
using kf-trace-reducing-iff-norm-leql by blast
then show <km-norm ¢ < 1)
by (simp add: EE km-norm-kf-norm,)
next
assume asm: <kraus-map & A km-norm € < 1)
then obtain EE : <(’a,’bunit) kraus-family> where EFE: <& = kf-apply EE)
using kraus-map-def-raw by blast
from asm have <km-norm ¢ < 1»
by blast
then have <kf-norm EE < 1)
by (simp add: EE km-norm-kf-norm)
then have «kf-trace-reducing EE>
by (simp add: kf-trace-reducing-iff-norm-leql)
then show <km-trace-reducing &»
using FE km-trace-reducing-def by blast
qed

lemma km-trace-preserving-iff-bound-id: <km-trace-preserving € <— kraus-map € A km-bound
¢ = id-cblinfun>
proof (intro iffI conjI)

assume <km-trace-preserving &)
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then show <kraus-map &
using km-trace-preserving-iff by blast
then obtain EE : <(a,’byunit) kraus-family> where EE: <& = kf-apply EE)
using kraus-map-def-raw by blast
with <km-trace-preserving &»
have <kf-trace-preserving EE)
using kf-trace-preserving-def km-trace-preserving-iff by blast
then have (kf-bound FE = id-cblinfun»
by (simp add: kf-trace-preserving-iff-bound-id)
then show <km-bound & = id-cblinfun>
by (simp add: EE km-bound-kf-bound)
next
assume asm: <kraus-map € A km-bound € = id-cblinfun>
then have <kraus-map &
by simp
then obtain EF :: «(’a,’b,unit) kraus-family) where FE: <& = kf-apply EE»
using kraus-map-def-raw by blast
from asm have <kf-bound EE = id-cblinfun>
by (simp add: EE km-bound-kf-bound)
then have (kf-trace-preserving EE»
by (simp add: kf-trace-preserving-iff-bound-id)
then show <km-trace-preserving €
using FE km-trace-preserving-def by blast
qed

lemma km-trace-preserving-iff-bound-id’:
fixes € :: «(‘a::{chilbert-space, not-singleton}, 'a) trace-class = -»
shows (km-trace-preserving € <— km-bound & = id-cblinfun>
using km-bound-invalid km-trace-preserving-iff-bound-id by fastforce

lemma km-trace-norm-preserving: <km-norm € < 1) if <km-trace-preserving &
using km-trace-preserving-imp-reducing km-trace-reducing-iff-norm-leql that by blast

lemma km-trace-norm-preserving-eq:
fixes € :: (('a::{ chilbert-space,not-singleton},’a) trace-class = ('b::chilbert-space,’b) trace-class
assumes <km-trace-preserving &)
shows (km-norm € = 1»
using assms
by (simp add: km-trace-preserving-iff-bound-id’ km-norm-def)

lemma kraus-map-trace: <kraus-map (one-dim-iso o trace-tc)»
by (auto introl: ext kraus-maplI[of - <kf-trace some-chilbert-basis)]
simp: kf-trace-is-trace)

lemma trace-preserving-trace-kraus-mapliff]: <km-trace-preserving (one-dim-iso o trace-tc)
using km-trace-preserving-iff kraus-map-trace by fastforce

lemma km-trace-bound[simp]: <km-bound (one-dim-iso o trace-tc) = id-cblinfun»
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using km-trace-preserving-iff-bound-id by blast

lemma km-trace-norm-eq1 [simp]: <km-norm (one-dim-iso o trace-tc :: ('a::{ chilbert-space,not-singleton},’a)
trace-class = -) = 1»
using km-trace-norm-preserving-eq by blast

lemma km-trace-norm-leql [simp]: <km-norm (one-dim-iso o trace-tc) < 1»
using km-trace-norm-preserving by blast

lemma kraus-map-partial-trace[iff]: <kraus-map partial-trace
by (auto introl: ext kraus-mapl|of - <kf-partial-trace-rights] simp flip: partial-trace-is-kf-partial-trace)

lemma partial-trace-ignores-kraus-map:
assumes <km-trace-preserving &)
assumes <kraus-map §>
shows «(partial-trace (km-tensor § € p) = § (partial-trace o)»
proof —
from assms
obtain EF :: «(-,-,unit) kraus-family) where FE-def: <€ = kf-apply EE» and tpEE: <kf-trace-preserving
EE)
using km-trace-preserving-def by blast
obtain FF :: «(-,-,unit) kraus-family> where FF-def: §F = kf-apply FF
using assms(2) kraus-map-def-raw by blast
have (partial-trace (km-tensor § € o) = partial-trace (kf-tensor FF EE %y, 0)
using assms
by (simp add: km-trace-preserving-def partial-trace-ignores-kraus-family
km-tensor-kf-tensor EE-def kf-id-apply|abs-def] id-def FF-def
flip: km-tensor-kf-tensor)

also have «... = FF xg, partial-trace 0>
by (simp add: partial-trace-ignores-kraus-family tpEFE)
also have «... = § (partial-trace o)

using FF-def by presburger
finally show ?thesis
by —
qed

lemma km-partial-trace-bound[simp|: <km-bound partial-trace = id-cblinfun>
apply (subst km-bound-kf-bound|of - kf-partial-trace-right])
using partial-trace-is-kf-partial-trace by auto

lemma km-partial-trace-norm[simpl:
shows <km-norm partial-trace = 1)
by (simp add: km-norm-def)

lemma km-trace-preserving-tensor:
assumes <km-trace-preserving &> and <km-trace-preserving §>
shows <km-trace-preserving (km-tensor € §)»
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proof —
from assms obtain EE :: <(‘a ell2, 'b ell2, unit) kraus-familyy where EE: <€ = kf-apply EE)»
and tE: <kf-trace-preserving EE)»
using km-trace-preserving-def by blast
from assms obtain FF :: «(‘c ell2, 'd ell2, unit) kraus-familyy where FF: <§F = kf-apply FF»
and tF': <kf-trace-preserving FF»
using km-trace-preserving-def by blast
show ?thesis
by (auto introl: kf-trace-preserving-tensor simp: EE FF km-tensor-kf-tensor tE tF)
qed

lemma km-trace-reducing-tensor:
assumes <km-trace-reducing &> and <km-trace-reducing §»
shows <km-trace-reducing (km-tensor € F)»
by (smt (23) assms(1,2) km-norm-geq0 km-norm-tensor km-tensor-kraus-map km-trace-reducing-iff-norm-leq1
mult-left-le-one-le)

3.7 Complete measurements

definition <km-complete-measurement B ¢ = (3 cox€B. sandwich-tc (selfbutter (sgn x)) o)
abbreviation <km-complete-measurement-ket = km-complete-measurement (range ket)»

lemma km-complete-measurement-kf-complete-measurement: <km-complete-measurement B =
kf-apply (kf-complete-measurement B)» if (is-ortho-set B»
by (simp add: kf-complete-measurement-apply| OF that, abs-def] km-complete-measurement-def|abs-def])

lemma km-complete-measurement-ket-kf-complete-measurement-ket: <km-complete-measurement-ket
= kf-apply kf-complete-measurement-ket)
by (metis Complex-L2.is-ortho-set-ket kf-apply-map kf-complete-measurement-ket-kf-map kf-eq-imp-eq-weak
kf-eq-weak-def
km-complete-measurement-kf-complete-measurement)

lemma km-complete-measurement-has-sum:
assumes <is-ortho-set B>
shows «((Az. sandwich-tc (selfbutter (sgn x)) o) has-sum km-complete-measurement B o) B»
using kf-complete-measurement-has-sum|[OF assms] and assms
by (simp add: kf-complete-measurement-apply km-complete-measurement-def)

lemma km-complete-measurement-ket-has-sum:
«((Az. sandwich-tc (selfbutter (ket x)) o) has-sum km-complete-measurement-ket o) UNIV»
by (smt (verit) has-sum-cong has-sum-reindex inj-ket is-onb-ket is-ortho-set-ket kf-complete-measurement-apply
kf-complete-measurement-has-sum-onb km-complete-measurement-def o-def)

lemma km-bound-complete-measurement:
assumes <is-ortho-set B>
shows <km-bound (km-complete-measurement B) < id-cblinfun>
apply (subst km-bound-kf-bound|of - <kf-complete-measurement B>))
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using assms kf-complete-measurement-apply km-complete-measurement-def apply fastforce
by (simp add: assms kf-bound-complete-measurement)

lemma km-norm-complete-measurement:
assumes <(is-ortho-set B)
shows <km-norm (km-complete-measurement B) < 1)
apply (subst km-norm-kf-norm[of - <kf-complete-measurement B»))
apply (simp add: assms km-complete-measurement-kf-complete-measurement)
by (simp-all add: assms kf-norm-complete-measurement)

lemma km-bound-complete-measurement-onb|simp]:
assumes <(is-onb B»
shows <km-bound (km-complete-measurement B) = id-cblinfun>
apply (subst km-bound-kf-bound|of - <kf-complete-measurement B>))
using assms
by (auto intro!: ext simp: kf-complete-measurement-apply is-onb-def km-complete-measurement-def)

lemma km-bound-complete-measurement-ket[simpl: <km-bound km-complete-measurement-ket =
id-cblinfun»
by fastforce

lemma km-norm-complete-measurement-onb|simp:
fixes B :: 'a::{not-singleton, chilbert-space} set
assumes <is-onb B»
shows <km-norm (km-complete-measurement B) = 1»
apply (subst km-norm-kf-norm|of - <kf-complete-measurement B>])
using assms
by (auto intro!: ext simp: kf-complete-measurement-apply is-onb-def km-complete-measurement-def)

lemma km-norm-complete-measurement-ket[simp):
shows (km-norm km-complete-measurement-ket = 1>
by fastforce

lemma kraus-map-complete-measurement:
assumes <is-ortho-set B)
shows <kraus-map (km-complete-measurement B)»
apply (rule kraus-mapl|of - <kf-complete-measurement B>])
by (auto intro!: ext simp add: assms kf-complete-measurement-apply km-complete-measurement-def)

lemma kraus-map-complete-measurement-ket[iff]:
shows <kraus-map km-complete-measurement-ket)
by (simp add: kraus-map-complete-measurement)

lemma km-complete-measurement-idem|[simp):
assumes <is-ortho-set B»
shows <km-complete-measurement B (km-complete-measurement B 9) = km-complete-measurement
B o
using kf-complete-measurement-idem[of B|
kf-complete-measurement-apply| OF assms| km-complete-measurement-def
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by (metis (no-types, lifting) ext kf-comp-apply kf-complete-measurement-idem-weak kf-eq-weak-def
o-def)

lemma km-complete-measurement-ket-idem][simp):

<km-complete-measurement-ket (km-complete-measurement-ket ¢) = km-complete-measurement-ket
0

by fastforce

lemma km-complete-measurement-has-sum-onb:
assumes <(is-onb B»
shows «((Az. sandwich-tc (selfbutter x) o) has-sum km-complete-measurement B g) B>
using kf-complete-measurement-has-sum-onb|OF assms] and assms
by (simp add: kf-complete-measurement-apply km-complete-measurement-def is-onb-def)

lemma km-complete-measurement-ket-diagonal-operator|simp]:
<km-complete-measurement-ket (diagonal-operator-tc ) = diagonal-operator-tc f»
using kf-complete-measurement-ket-diagonal-operator|of f]
by (metis (no-types, lifting) is-ortho-set-ket kf-apply-map kf-apply-on-UNIV kf-apply-on-eql
kf-complete-measurement-apply
kf-complete-measurement-ket-kf-map km-complete-measurement-def)

lemma km-operators-complete-measurement:
assumes <is-ortho-set B>
shows <km-operators-in (km-complete-measurement B) (span (selfbutter ¢ B))»
proof —
have <span ((selfbutter o sgn) ‘ B) C span (selfbutter © B))
proof (intro real-vector.span-minimal[OF - real-vector.subspace-span| subsetl)
fix a
assume <a € (selfbutter o sgn) ‘ B>
then obtain h where (a = selfbutter (sgn h)» and <h € B>
by force
then have <a = (inverse (norm h))? *g selfbutter h>
by (simp add: sgn-div-norm scaleR-scaleC power2-eq-square)
with <h € B»
show <a € span (selfbutter  B)»
by (simp add: span-clauses(1) span-mul)
qed
then show ?thesis
by (simp add: km-complete-measurement-kf-complete-measurement assms km-operators-in-kf-apply
kf-operators-complete-measurement)
qed

lemma km-operators-complete-measurement-ket:
shows <km-operators-in km-complete-measurement-ket (span (range (Ac. (selfbutter (ket c)))))»

by (metis (no-types, lifting) image-cong is-ortho-set-ket km-operators-complete-measurement
range-composition)

lemma km-complete-measurement-ket-butterket|simp):
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<km-complete-measurement-ket (tc-butterfly (ket c) (ket c)) = tc-butterfly (ket c) (ket c)»
by (simp add: km-complete-measurement-ket-kf-complete-measurement-ket kf-complete-measurement-ket-apply-butte

lemma km-complete-measurement-tensor:
assumes <is-ortho-set By and <is-ortho-set C)
shows <km-tensor (km-complete-measurement B) (km-complete-measurement C')
= km-complete-measurement ((A(b,c). b ®s ¢) ‘(B x C))»
by (simp add: km-complete-measurement-kf-complete-measurement assms is-ortho-set-tensor
km-tensor-kf-tensor
flip: kf-complete-measurement-tensor)

lemma km-complete-measurement-ket-tensor:
shows <km-tensor (km-complete-measurement-ket :: ('a ell2, -) trace-class = -) (km-complete-measurement-ket
= (b ell2, -) trace-class = -)
= km-complete-measurement-ket)
by (simp add: km-complete-measurement-ket-kf-complete-measurement-ket km-tensor-kf-tensor
kf-complete-measurement-ket-tensor)

lemma km-tensor-0-left[simp]: <km-tensor (0 :: (‘a ell2, 'b ell2) trace-class = ('c ell2, 'd ell2)
trace-class) € = 0»
proof (cases <km-tensor-exists (0 :: ('a ell2, 'b ell2) trace-class = ('c ell2, 'd ell2) trace-class)
&)
case True
then show ?thesis
apply (rule-tac eg-from-separatingI2| OF separating-set-bounded-clinear-tc-tensor])
by (simp-all add: km-tensor-apply)
next
case Fulse
then show ?thesis
using km-tensor-invalid by blast
qed

lemma km-tensor-0-right[simp|: <km-tensor € (0 :: ('a ell2, 'b ell2) trace-class = ('c ell2, 'd
ell2) trace-class) = 0»
proof (cases <km-tensor-exists € (0 :: ('a ell2, 'b ell2) trace-class = ('c ell2, 'd ell2) trace-class))
case True
then show ?thesis
apply (rule-tac eq-from-separatingI2[OF separating-set-bounded-clinear-tc-tensor])
by (simp-all add: km-tensor-apply)
next
case Fulse
then show ?thesis
using km-tensor-invalid by blast
qed

unbundle no kraus-map-syntax
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unbundle no cblinfun-syntax

end
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