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Abstract

Continuous-time stochastic processes often carry the condition of
having almost-surely continuous paths. If some process X satisfies
certain bounds on its expectation, then the Kolmogorov-Chentsov the-
orem lets us construct a modification of X, i.e. a process X’ such that
Vt.X; = X[ almost surely, that has Holder continuous paths.

In this work, we mechanise the Kolmogorov-Chentsov theorem. To
get there, we develop a theory of stochastic processes, together with
Holder continuity, convergence in measure, and arbitrary intervals of
dyadic rationals.

With this, we pave the way towards a construction of Brownian
motion. The work is based on the exposition in Achim Klenke’s prob-
ability theory text [1].
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1 Supporting lemmas

theory Kolmogorov-Chentsov-FExtras
imports HOL— Probability. Probability
begin

lemma atLeastAtMost-induct[consumes 1, case-names base Suc]:
assumes z € {n..m}
and P n
and Ak. [k > n; k< m; Pk] = P (Suck)
shows P z
by (smt (verit, ccfo-threshold) assms Suc-le-eq atLeastAtMost-iff dec-induct le-trans)

lemma cventually-prodl
assumes eventually P F eventually Q GVzy. Pz — Qy — R (2,y)
shows eventually R (F' xp Q)
using assms eventually-prod-filter by blast

Analogous to [almost-everywhere M ?P; AN. [A\z. z € space M — N =
?P z; N € null-sets M| = ?thesis] = ?thesis

lemma AE-I3:

assumes Az. z € space M — N = Pz N € null-sets M

shows AE zin M. P x

by (metis (no-types, lifting) assms DiffI eventually-ae-filter mem-Collect-eq sub-
setl)

Extends [(?f —— %) ?F; (99 —— ?m) 7F] = ((A\z. dist (?f z) (?g x))
—— dist ?l Ym) ¢F

lemma tendsto-dist-prod:
fixes | m :: 'a :: metric-space
assumes f: (f —— ) F
and ¢g: (9 — m) G
shows ((Az. dist (f (fst x)) (g (snd z))) —— dist L m) (F xp G)
proof (rule tendstol)
fix e :: real assume 0 < e
then have e2: 0 < e¢/2 by simp
show Vp zin F xp G. dist (dist (f (fst z)) (g (snd z))) (dist Im) < e
using tendstoD [OF f e2] tendstoD [OF g e2] apply (rule eventually-prodl’)
apply simp
by (smt (verit) dist-commute dist-norm dist-triangle real-norm-def)
qed

lemma borel-measurable-at-within-metric [measurable]:
fixes f :: 'a :: first-countable-topology = 'b = 'c :: metric-space
assumes [measurable]: \t. t € S = ft € borel-measurable M
and convergent: A\w. w € space M => 31. (At. ft w) —— 1) (at z within S)
and nontrivial: at x within S # L
shows (Aw. Lim (at x within S) (At. ft w)) € borel-measurable M
proof —



obtain [ where [: Aw. w € space M = ((Ml. ft w) —— [l w) (at z within S)
using convergent by metis

then have Lim-eq: Lim (at z within §) (At. ftw) =l w
if w € space M for w
using tendsto-Lim[OF nontrivial] that by blast

from nontrivial have 1: z islimpt S
using trivial-limit-within by blast

then obtain s :: nat = 'a where s: An.sne S — {2} s —— 2
using uslimpt-sequential by blast

then have An. f (s n) € borel-measurable M
using s by simp

moreover have (An. (f (s n) w)) —— lw if w € space M for w
using s l[unfolded tendsto-at-iff-sequentially comp-def, OF that]
by blast

ultimately have [ € borel-measurable M
by (rule borel-measurable-LIMSEQ-metric)

then show ?thesis
using measurable-cong|OF Lim-eq| by fast

qed

lemma Maz-finite-image-ex:
assumes finite S S # {} P (MAX keS. fk)
shows 3k € S. P (fk)
using bezl[of P Maz (f < S) f *S] by (simp add: assms)

lemma measure-leqg-emeasure-ennreal: 0 < r —> emeasure M A < ennreal 1 —
measure M A < z

apply (cases A € M)

apply (metis Sigma-Algebra.measure-def enn2real-lel)

apply (auto simp: measure-notin-sets emeasure-notin-sets)

done

lemma Union-add-subset: (m :: nat) < n = (Uk. A (k + n)) C (Uk. 4 (k +
m))

apply (subst subset-eq)

apply simp

apply (metis add.commute le-iff-add trans-le-add1)
done

lemma floor-in-Nats [simp]: z > 0 = |z] € N
by (metis nat-0-le of-nat-in-Nats zero-le-floor)

lemma triangle-ineg-list:
fixes [ :: (a :: metric-space) list
assumes [ # ||
shows dist (hd 1) (last 1) < (. i=1..length | — 1. dist (I!i) (I1(i—1)))
using assms proof (induct [ rule: rev-nonempty-induct)
case (single x)
then show ?case by force



next
case (snoc z zs)
define S :: ‘a list = real where
S =X (> i=1.length | — 1. dist (%) (I!(i—1)))
have S (zs @Q [z]) = dist x (last zs) + S zs
unfolding S-def apply simp
apply (subst sum.last-plus)
apply (simp add: Suc-lel snoc.hyps(1))
apply (rule arg-cong2[where f=(+)])
apply (simp add: last-conv-nth nth-append snoc.hyps(1))
apply (rule sum.cong)
apply fastforce
by (smt (verit) Suc-pred atLeastAtMost-iff diff-is-0-eq less-Suc-eq nat-less-le
not-less nth-append)
moreover have dist (hd zs) (last zs) < S zs
unfolding S-def using snoc by blast
ultimately have dist (hd zs) x < S (zsQ[z])
by (smt (verit) dist-triangle2)
then show ?case
unfolding S-def using snoc by simp
qed

lemma triangle-ineq-sum:
fixes [ :: nat = 'a :: metric-space
assumes n < m
shows dist (fn) (fm) < (Y. i=Suc n..m. dist (fi) (f (i—1)))
proof (cases n=m)
case True
then show ?thesis by simp
next
case Fulse
then have n < m
using assms by simp
define [ where [ = map (f o nat) [n..m)
have [simp]: | # |]
using «n < m» l-def by fastforce
have [simp]: length | = m — n +1
unfolding I-def apply simp
using assms by linarith
with [-def have hd [ = fn
by (simp add: assms upto.simps)
moreover have last | = fm
unfolding I-def apply (subst last-map)
using assms apply force
using (n < m» upto-rec2 by force
ultimately have dist (f n) (f m) = dist (hd 1) (last 1)
by simp
also have ... < (3 i=1.length | — 1. dist (I'7) (I1(i—1)))
by (rule triangle-ineg-listf OF <l # []»])



also have ... = (3> i=Suc n..m. dist (f ) (f (i—1)))
apply (rule sum.reindex-cong[symmetric, where [=(+) n])
using inj-on-add apply blast
apply (simp add: assms)
apply (rule arg-cong2[where f=dist])
apply simp-all
unfolding [-def apply (subst nth-map, fastforce)
apply (subst nth-upto, linarith)
subgoal by simp (insert nat-int-add, presburger)
apply (subst nth-map, fastforce)
apply (subst nth-upto, linarith)
by (simp add: add-diff-eq nat-int-add nat-diff-distrib’)

finally show ?thesis
by blast

qed

lemma (in product-prob-space) indep-vars-PiM-coordinate:
assumes [ # {}
shows prob-space.indep-vars (y; i€l. M i) M (Az f. fz) I
proof —
have distr (Pipg I M) (Pipg I M) (M. restrict © I) = distr (Pipy I M) (Pip 1
by (rule distr-cong; simp add: space-PiM)
also have ... = PiM I M
by simp
also have ... = Piy; I (Ai. distr (Pipg I M) (M 3) (M. f1))
using PiM-component by (intro PiM-cong, auto)
finally have distr (Pips I M) (Pipg I M) (Ax. restrict x I) = Pipyp I (Ai. distr
(Pin TM) (M) (\f. f1)

then show ?thesis
using assms by (simp add: indep-vars-iff-distr-eq-PiM ")
qed

lemma (in prob-space) indep-sets-indep-set:
assumes indep-sets FI1i e Ije i #j
shows indep-set (F i) (F j)
unfolding indep-set-def
proof (rule indep-setsI)
show (case © of True = F i | False = F j) C events for z
using assms by (auto split: bool.split simp: indep-sets-def)
fix A J assume x: J # {} J C UNIV VjaeJ. A ja € (case ja of True = F i |
False = F'j)
{
assume J = UNIV
then have indep-sets F I {i,j} C I {4, j} # {} finite {i,j} Vz € {ij}. (Az. if
x = i then A True else A False) z € F x
using * assms apply simp-all
by (simp add: bool.split-sel)



then have prob ((je{i, j}. if j = i then A True else A False) = (]]j€{i, j}-
prob (if j = i then A True else A False))
by (rule indep-setsD)
then have prob (A True N A False) = prob (A True) x prob (A False)
using assms by (auto simp: ac-simps)
} note X = this
consider J = {True, False} | J = {False} | J = {True}
using *(1,2) unfolding UNIV-bool by blast
then show prob () (A < J)) = ([[j€J. prob (A j))
using X by (cases; auto)
qed

lemma (in prob-space) indep-vars-indep-var:
assumes indep-vars M’ X Iie Ijeli+#j
shows indep-var (M’ i) (X ) (M'35) (X j)
using assms unfolding indep-vars-def indep-var-eq
by (meson indep-sets-indep-set)

end

2 Intervals of dyadic rationals

theory Dyadic-Interval
imports HOL— Analysis. Analysis
begin

In this file we describe intervals of dyadic numbers S..T for reals S T. We use
the floor and ceiling functions to approximate the numbers with increasing
accuracy.

lemma frac-floor: |x] = z — frac x
by (simp add: frac-def)

lemma frac-ceil: [z] = x + frac (— x)
apply (cases © = real-of-int |x])
unfolding ceiling-altdef apply simp
apply (metis Ints-minus Ints-of-int)
apply (simp add: frac-neg frac-floor)
done

lemma floor-pow2-lim: (An. |2 nx T| /2 " n) —— T
proof (intro LIMSEQ-I)
fix r :: real assume r > 0
obtain k where k: 1 / 27k < r
by (metis <r > 0» one-less-numeral-iff power-one-over reals-power-lt-ex semir-
ing-norm(76))
then have Vn>k. norm (|12 "nxT|] /2 " n—-T)<r
apply (simp add: frac-floor field-simps)
by (smt (verit, ccfo-SIG) <0 < ry frac-lt-1 mult-left-mono power-increasing)



then show Jno. Vn>no. norm (real-of-int |2 "nxT| /2 " n—T)<r
by blast
qed

lemma floor-pow2-leq: [27nx T|] /2 " n<T
by (simp add: frac-floor field-simps)

lemma ceil-pow2-lim: (An. [27nx T] /2 "n) —— T
proof (intro LIMSEQ-I)
fix r :: real assume r > 0
obtain k where k: 1 / 27k < r
by (metis <r > 0» one-less-numeral-iff power-one-over reals-power-lt-ex semir-
ing-norm(76))
then have Vn>k. norm ([2 "nx T /2 " n—-T)<r
apply (simp add: frac-ceil field-simps)
by (smt (verit) <0 < 1 frac-lt-1 mult-left-mono power-increasing)
then show Ino. Vn>no. norm ([2 "n+x T /2 " n—-T)<r
by blast
qed

lemma ceil-pow2-geq: [2n* T| /2 " n>T
by (simp add: frac-ceil field-simps)

dyadic_interval_step n S T is the collection of dyadic numbers in {S..T'}
with denominator 2. As n — oo this collection approximates {S..7'}. Com-
pare with dyadics = J, y, {of-nat m / (2::9'a)%}

definition dyadic-interval-step :: nat = real = real = real set
where dyadic-interval-step n S T = (MAk. k / (2 "n)) ‘{[27nx S]..[27n x T]}

definition dyadic-interval :: real = real = real set
where dyadic-interval S T = (|Jn. dyadic-interval-step n S T)

lemma dyadic-interval-step-empty[simp|: T < S = dyadic-interval-step n S T =
{}
unfolding dyadic-interval-step-def apply simp
by (smt (verit) ceil-pow2-geq floor-le-ceiling floor-mono floor-pow2-leq
linordered-comm-semiring-strict-class.comm-mult-strict-left-mono zero-less-power)

lemma dyadic-interval-step-singleton[simp): X € Z = dyadic-interval-step n X
X ={X}
proof —
assume X € Z
then have x: |2 "k« X| =2 "k« X for k :: nat
by simp
then show ?thesis
unfolding dyadic-interval-step-def apply (simp add: ceiling-altdef)
using * by presburger
qed



lemma dyadic-interval-step-zero [simp]: dyadic-interval-step 0 S T = real-of-int *

{Is1 - 1LT]}

unfolding dyadic-interval-step-def by simp

lemma dyadic-interval-step-mem [intro]:
assumesz > 0T > 0z < T
shows [27n * 2| / 2 T n € dyadic-interval-step n 0 T
unfolding dyadic-interval-step-def by (simp add: assms image-iff floor-mono)

lemma dyadic-interval-step-iff:
x € dyadic-interval-step n S T +—
Gk k>[2n«SIANE<|2nxT|ANz=k/2™n)
unfolding dyadic-interval-step-def by (auto simp add: image-iff)

lemma dyadic-interval-step-memlI [intro]:
assumes Jkint. t = k/2nx > Sx < T
shows z € dyadic-interval-step n S T
proof —
obtain k :: int where z = k/2™n
using assms(1) by blast
then have k: k = 2" n * z
by simp
then have k > [27n * 5]
by (simp add: assms(2) ceiling-le)
moreover from k have £ < [27n x T|
by (simp add: assms(3) le-floor-iff)
ultimately show %thesis
using dyadic-interval-step-iff <x =k / 2 ~ n» by blast
qed

lemma mem-dyadic-interval: © € dyadic-interval S T +— (I n. x € dyadic-interval-step
nST)
unfolding dyadic-interval-def by blast

lemma mem-dyadic-intervall: An. z € dyadic-interval-step n S T =—> = € dyadic-interval
ST
using mem-dyadic-interval by fast

lemma dyadic-step-leq: x € dyadic-interval-step n S T —> = < T
unfolding dyadic-interval-step-def apply clarsimp
by (simp add: divide-le-eq le-floor-iff mult.commute)

lemma dyadics-leq: x € dyadic-interval S T — z < T
using dyadic-step-leq mem-dyadic-interval by blast

lemma dyadic-step-geq: © € dyadic-interval-step n S T — z > S
unfolding dyadic-interval-step-def apply clarsimp
by (simp add: ceiling-le-iff mult.commute pos-le-divide-eq)



lemma dyadics-geq: x € dyadic-interval S T — x > S
using dyadic-step-geq mem-dyadic-interval by blast

corollary dyadic-interval-subset-interval [simpl: (dyadic-interval 0 T) C {0..T}
using dyadics-geq dyadics-leq by force

lemma zero-in-dyadics: T > 0 = 0 € dyadic-interval-step n 0 T
using dyadic-interval-step-def by force

The following theorem is useful for reasoning with at_ within

lemma dyadic-interval-converging-sequence:
assumes t € {0.T} T # 0
shows 3s. Vn. s n € dyadic-interval 0 T — {t} N s ——
proof —
from assms have T > 0
by auto
consider (eq-0) t = 0 | (dyadic) t € dyadic-interval 0 T — {0} | (real) t ¢
dyadic-interval 0 T
by blast
then show ?thesis
proof cases
case eq-0
obtain n where 1 < 2 "nx T
proof —
assume x: An. 1 < 2 " nx T = thesis
obtain n where 2 "n > 1/T
using real-arch-pow by fastforce
then have 2 "nx T > 1
using «T > 0> by (simp add: field-simps)
then show ?thesis
using * by blast
qed
define s :: nat = real where s = (Am. 1/27(m + n))
have Ym. s m € dyadic-interval-step (m + n) 0 T — {0}
unfolding s-def apply (simp add: dyadic-interval-step-iff)
using <1 < 2 "nx T
by (smt (verit, best) <0 < T» le-add2 mult-right-mono power-increasing-iff)
then have Vm. s m € dyadic-interval 0 T — {0}
using mem-dyadic-interval by auto
moreover {
have (Am. (1::real)/2"m) —— 0
by (simp add: divide-real-def LIMSEQ-inverse-realpow-zero)
then have s —— 0
unfolding s-def using LIMSEQ-ignore-initial-segment by auto
}

ultimately show ¢thesis
using eq-0 by blast
next
case dyadic



then have t # 0
by blast
from dyadic obtain n where n: ¢t € dyadic-interval-step n 0 T
by (auto simp: mem-dyadic-interval)
then obtain & :: int where k: t =k / 2 nk < |2 "nx T|
using dyadic-interval-step-iff by blast
then have £ > 0
using <t # 0) dyadic-interval-step-iff n by force
define s :: nat = real where s = Am. (k+ 27 (m+1)—1)/2 " (m+n+1)
have s m € dyadic-interval-step (m +n + 1) 0 T for m
proof —
have k « (2 “(m+1)) — 1 < |2 "nxT]* (2 " (m+1)) — 1
by (smt (verit) k(2) mult-right-mono zero-le-power)
also have ... < [2 "nx T| * [(2 " (m+1))]
by (metis add.commute add-le-cancel-left diff-add-cancel diff-self floor-numeral-power
zero-less-one-class.zero-le-one)
alsohave |2 "nx T| *x [(2 " (m+1))] <12 " nx Tx (2 (m+1))]
by (smt (28) <0 < T» floor-one floor-power le-mult-floor mult-nonneg-nonneg
of-int-1
of-int-add one-add-floor one-add-one zero-le-power)
also have ... = |(2 " (m+4n+1)) * T|
apply (rule arg-cong[where f=floor])
by (simp add: power-add)
finally show ?thesis
unfolding s-def apply (simp only: dyadic-interval-step-iff)
apply (rule exI[where x=k x (2 ~ (m+1)) — 1])
by (simp add: <0 < k»)
qed
then have s m € dyadic-interval 0 T for m
using mem-dyadic-interval by blast
moreover have s m # t for m
unfolding s-def k(1) by (simp add: power-add field-simps)
moreover have s —— ¢
proof
fix e :: real assume 0 < e
then obtain m where 1 / 2 "m < e
by (metis one-less-numeral-iff power-one-over reals-power-lt-ex semir-
ing-norm(76))
{ fix m’ assume m’ > m
then have 1 / 2 "m' < e
using «1/27m < e
by (smt (verit) frac-less2 le-eq-less-or-eq power-strict-increasing zero-less-power)
then have 1/ 27 (m'+n+1) < e
by (smt (verit, ccfv-SIG) divide-less-eq-1-pos half-gt-zero-iff power-less-imp-less-exp

power-one-over power-strict-decreasing trans-less-addl)
have sm’ —t=(kx 2" (m'+1)— 1)/ 2" (m"+n+1)—k/ 2 " n
by (simp add: s-def k(1))
alsohave ... = (k2 " (m'+ 1) — 1) — (k2 (m'+1)))/ 2 " (m'+
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n+ 1)

by (simp add: field-simps power-add)

also have ... = —1/ 2 (m'+n+1)
by (simp add: field-simps)

finally have dist (s m’) t < e
unfolding s-def k(1)
apply (simp add: dist-real-def)
using <1 / 2 " (m'+ n+ 1) < e» by auto

then show Y p  in sequentially. dist (s x) t < e
apply (simp add: eventually-sequentially)
apply (intro exl[where z=m])
by simp
qed
ultimately show ¢thesis
by blast
next
case real
then obtain n where dyadic-interval-step n 0 T # {}
by (metis <0 < T» empty-iff less-eg-real-def zero-in-dyadics)
define s :: nat = real where s = Am. |27 (m+n) « t|] / 2~ (m+n)
have s m € dyadic-interval-step (m+n) 0 T for m
unfolding s-def
by (metis assms(1) atLeastAtMost-iff ceiling-zero dyadic-interval-step-iff
floor-mono
mult.commute mult-eq-0-iff mult-right-mono zero-le-floor zero-le-numeral
zero-le-power)
then have s m € dyadic-interval 0 T for m
using mem-dyadic-interval by blast
moreover have s —— ¢
unfolding s-def using LIMSEQ-ignore-initial-segment floor-pow2-lim by
blast
ultimately show ¢thesis
using real by blast
qed
qed

lemma dyadic-interval-dense: closure (dyadic-interval 0 T) = {0..T}
proof (rule subset-antisym)
have (dyadic-interval 0 T) C {0..T}
by (fact dyadic-interval-subset-interval)
then show closure (dyadic-interval 0 T) C {0..T}
by (auto simp: closure-minimal)
have {0..T} C closure (dyadic-interval 0 T) if T > 0
unfolding closure-def
proof —
{
fix z assume z: 0 < zz < Tz ¢ dyadic-interval 0 T
then have z > 0

11



unfolding dyadic-interval-def

using zero-in-dyadics|OF that] order-le-less by blast
have z islimpt (dyadic-interval 0 T)

apply (simp add: islimpt-sequential)

apply (rule exI [where z=An. [27n * z| / 27n])

apply safe

using dyadic-interval-step-mem mem-dyadic-interval z(1,2) apply auto[1]
apply (smt (verit, ccfu-threshold) dyadic-interval-step-mem mem-dyadic-interval

using floor-pow2-lim apply blast
done
}
thus {0..T} C dyadic-interval 0 T U {z. x islimpt dyadic-interval 0 T}
by force
qed
then show {0..T} C closure (dyadic-interval 0 T')
by (cases T > 0; simp)
qed

corollary dyadic-interval-islimpt:
assumes T > 0t € {0..T}
shows t islimpt dyadic-interval 0 T
using assms by (subst limpt-of-closure[symmetric], simp add: dyadic-interval-dense)

corollary at-within-dyadic-interval-nontrivial[simp):
assumes T > 0t € {0..T}
shows (at t within dyadic-interval 0 T) # bot
using assms dyadic-interval-islimpt trivial-limit-within by blast

lemma dyadic-interval-step-finite[simp)|: finite (dyadic-interval-step n S T)
unfolding dyadic-interval-step-def by simp

lemma dyadic-interval-countable[simp]: countable (dyadic-interval S T')
by (simp add: dyadic-interval-def dyadic-interval-step-def)

lemma floor-pow2-add-leq:
fixes T :: real
shows |2 nxT| /2 " n<|2 (n+tk)* T|/ 2" (nt+k)
proof (induction k)
case ()
then show ?case by simp
next
case (Suc k)
let ?f = frac (2 " (n + k) x T)
and ?f' = frac (2 " (n + (Suc k)) = T)
show ?Zcase
proof (cases ?f < 1/2)
case True
then have ?f + 2f < 1

12



by auto
then have frac (2 "(n+ k)« T)+ (2 " (n+ k)=« T)) = 2f + ?f
using frac-add by meson
then have 2f' = 2f + #f
by (simp add: field-simps)
then have |2 “(n + Suck) « T| /2 " (n+ Suck)=|2"(n+k)xT| /2
“(n + k)
by (simp add: frac-def)
then show ?thesis
using Suc by presburger
next
case Fulse
have ?f'=frac (2 " (n+ k)« T+ 2 " (n+ k) = T)
by (simp add: field-simps)
then have 7f' = 2 x 2f — 1
by (smt (verit, del-insts) frac-add False field-sum-of-halves)
then have 7f’' < ?f
using frac-lt-1 by auto
then have (2 "(n + k)« T — 2/) /2 " (n+ k) < (2 " (n+ (Suck)) =T
— N/ 27 (n+ Suck)
apply (simp add: field-simps)
by (smt (verit, ccfo-threshold) frac-ge-0)
then show ?thesis
by (smt (verit, ccfv-SIG) Suc frac-def)
qed
qged

corollary floor-pow2-mono: mono (An. [27n % (T :: real)] / 2 " n)
apply (intro monol)
subgoal for z y
using floor-pow2-add-leq[of x T y — z] by force
done

lemma dyadic-interval-step-Maz: T > 0 = Maz (dyadic-interval-step n 0 T) =
[2n* T] /2™

apply (simp add: dyadic-interval-step-def)

apply (subst mono-Maz-commute[of Az. real-of-int x / 27n, symmetric])

by (auto simp: mono-def field-simps Max-eq-iff)

lemma dyadic-interval-step-subset:
n < m = dyadic-interval-step n 0 T C dyadic-interval-step m 0 T
proof (rule subsetl)
fix z assume n < m z € dyadic-interval-step n 0 T
then obtain k where k: k> 0k < |2 nxT|z=%k/ 2™n
unfolding dyadic-interval-step-def by fastforce
then have k « 2 " (m — n) € {0 .. [27m *= T|}
proof —
havek /2 "n< |[27mxT] /2 " m
by (smt floor-pow2-mono| THEN monoD, OF «n < m»] k(2) divide-right-mono
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of-int-le-iff zero-le-power)
thenhave £ / 2 "n* 2 "m < [27m* T|
by (simp add: field-simps)
moreover have k / 2 "n*x 2 "m=kx 2" (m — n)
apply (simp add: field-simps)
apply (metis <n < m) add-diff-inverse-nat not-less power-add)
done
ultimately have k x 2 = (m — n) < |27m *x T|
by linarith
then show k « 2 ~(m —n) € {0 .. |27m x T]}
using k(1) by simp
qed
then show z € dyadic-interval-step m 0 T
apply (subst dyadic-interval-step-iff)
apply (rule exI[where z=k x 2 = (m — n)])
apply simp
apply (simp add: <n < my k(3) power-diff)
done
qed

corollary dyadic-interval-step-mono:
assumes z € dyadic-interval-step n 0 T n < m
shows z € dyadic-interval-step m 0 T
using assms dyadic-interval-step-subset by blast

lemma dyadic-as-natural:
assumes z € dyadic-interval-step n 0 T
shows k. z = real k / 2 " n
using assms
proof (induct n)
case ()
then show ?case
apply simp
by (metis 0 ceiling-zero div-by-1 dyadic-interval-step-iff mult-not-zero of-nat-eq-iff
of-nat-nat power.simps(1))
next
case (Suc n)
then show ?case
by (auto simp: dyadic-interval-step-iff, metis of-nat-nat)
qed

lemma dyadic-of-natural:
assumes real k / 2 "n < T
shows real k / 2 " n € dyadic-interval-step n 0 T
using assms apply (induct n)
apply simp
apply (metis atLeastAtMost-iff imagel le-floor-iff of-int-of-nat-eq of-nat-0-le-iff)
apply (simp add: dyadic-interval-step-iff)
by (smt (verit, ccfv-SIG) divide-le-eq le-floor-iff mult.commute of-int-of-nat-eq
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of-nat-0-le-iff zero-less-power)

lemma dyadic-interval-minus:
assumes x € dyadic-interval-step n 0 T y € dyadic-interval-step n 0 T x < y
shows y — = € dyadic-interval-step n 0 T
proof —
obtain kz :: nat where z = real kz / 2 " n
using dyadic-as-natural assms(1) by blast
obtain ky :: nat where y = real ky / 2 " n
using dyadic-as-natural assms(2) by blast
then have y — 2z = (ky — kz) / 2™n
by (smt (verit, ccfv-SIG) «x = real kz / 2 ~ny add-diff-inverse-nat add-divide-distrib

assms(8) divide-strict-right-mono of-nat-add of-nat-less-iff zero-less-power)
then show ?thesis
using dyadic-of-natural
by (smt (verit, best) assms(1,2) dyadic-step-geq dyadic-step-leq)
qed

lemma dyadic-times-nat: © € dyadic-interval-stepn 0 T = (z * 2 " n) € N
using dyadic-as-natural by fastforce

definition dyadic-expansion z n b k = set b C {0,1}
A length b = n A © = real-of-int k + (3>, me{1l..n}. real (b! (m—1))/ 2 " m)

lemma dyadic-expansionl:

assumes set b C {0,1} lengthb=nz =k + (3_me{l.n}. (b! (m—1)) /2"
m)

shows dyadic-expansion z n b k

unfolding dyadic-expansion-def using assms by blast

lemma dyadic-expansionD:
assumes dyadic-expansion z n b k
shows set b C {0,1}
and length b = n
and z = k 4+ (O_me{1.n}. (b! (m—1))/ 2 " m)
using assms unfolding dyadic-expansion-def by simp-all

lemma dyadic-expansion-ex:
assumes z € dyadic-interval-step n 0 T
shows 3b k. dyadic-expansion x n b k
using assms
proof (induction n arbitrary: x)
case ()
then show ?case
unfolding dyadic-expansion-def by force
next
case (Suc n)
then obtain k¥ where k: k € {0..|2 " (Sucn) * T|} x =k / 2~ (Suc n)
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unfolding dyadic-interval-step-def by fastforce
then have div2: k div 2 € {0..|2 "n=* T|}
using k(1) apply simp
by (metis divide-le-eq-numerall (1) floor-divide-of-int-eq floor-mono le-floor-iff
mult.assoc mult.commute of-int-numeral)
then show ?case
proof (cases even k)
case True
then have z = kdiv2 / 2 " n
by (simp add: k(2) real-of-int-div)
then have z € dyadic-interval-step n 0 T
using dyadic-interval-step-def div2 by force
then obtain k'’ b where kb: dyadic-expansion x n b k'
using Suc(1) by blast
show ?thesis
apply (rule exI[where z=b Q [0]])
apply (rule exl[where z=Fk])
unfolding dyadic-expansion-def apply safe
using kb unfolding dyadic-expansion-def apply simp-all
apply (auto introl: sum.cong simp: nth-append)
done
next
case Fulse
then have k = 2 x (k div 2) + 1
by force
then have t = kdiv2 /2 "n+ 1/ 2 (Sucn)
by (simp add: k(2) field-simps)
then have z — 1 / 2 7 (Suc n) € dyadic-interval-step n 0 T
using div2 by (simp add: dyadic-interval-step-def)
then obtain k£’ b where kb: dyadic-expansion (x—1/27Suc n) n bk’
using Suc(1)[of x — 1 / 2 ~ (Suc n)] by blast
have z: x = real-of-int k' + (3 m = 1..n. b (m—1)/ 2 "m) + 1/2 Sucn
using dyadic-ezpansionD(3)[OF kb] by (simp add: field-simps)
show ?thesis
apply (rule exI[where z=b Q [1]])
apply (rule exI[where x=Fk"])
unfolding dyadic-expansion-def apply safe
using kb = unfolding dyadic-expansion-def apply simp-all
apply (auto introl: sum.cong simp: nth-append)
done
qed
qged

lemma dyadic-expansion-frac-le-1:
assumes dyadic-expansion x n b k
shows (>_me{1..n}. (b! (m—1))/ 2 "m) < 1
proof —
have b ! (m — 1) € {0,1} if m € {1..n} for m
proof —
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from assms have set b C {0,1} length b = n
unfolding dyadic-expansion-def by blast+
then have a <n = b!a € {0,1} for a
using nth-mem by blast
moreover have m — 1 < n
using that by force
ultimately show ¢thesis
by blast
qed
then have (). me{l..n}. (b! (m—1))/ 2 "~m) < (D _me{l.n}. 1 /2 " m)
apply (intro sum-mono)
using assms by fastforce
also have ... =1 — 1/2™n
by (induct n, auto)
finally show ?thesis
by (smt (verit, ccfv-SIG) add-divide-distrib divide-strict-right-mono zero-less-power)
qed

lemma dyadic-expansion-frac-range:
assumes dyadic-expansion x n b km € {I..n}
shows b ! (m—1) € {0,1}
proof —
have m — 1 < length b
using dyadic-ezpansionD(2)[OF assms(1)] assms(2) by fastforce
then show ?thesis
using nth-mem dyadic-ezpansionD(1)[OF assms(1)] by blast
qged

lemma dyadic-expansion-interval:
assumes dyadic-expansion t n b kx € {S..T}
shows z € dyadic-interval-step n S T
proof (subst dyadic-interval-step-iff, intro exl, safe)
define k' where k' =k« 2 n+ (i = 1.n b(i—1) * 27(n—1))
show z = k' / 2™n
apply (simp add: dyadic-expansionD(3)|OF assms(1)] k'-def add-divide-distrib
sum-divide-distrib)
apply (intro sum.cong, simp)
apply (simp add: field-simps)
by (metis add-diff-inverse-nat linorder-not-le power-add)
then have k' = [27n x z]
by simp
then show k' < |2 "n x T|
using assms(2) by (auto intro!: floor-mono mult-left-mono)
from <z = k’/27n) have k' = [27n * x]
by force
then show [2 "n x §] < k’
using assms(2) by (auto introl: ceiling-mono mult-left-mono)
qed
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lemma dyadic-expansion-nth-geq:
assumes dyadic-expansion xnbkm € {1.n} b! (m—1) =1
shows z > k+ 1/2"m
proof —
have (3" i=1.n. fi)=fm+ (> i € {1..n} — {m}). fi) for f :: nat =
real
by (meson assms(2) finite-atLeastAtMost sum.remove)
with dyadic-ezpansionD(3)[OF assms(1)] assms(2,8)
have z =k + b/(m—1)/2"m + (3] i€ ({1.n} — {m}). b (i—1)/ 27%)
by simp
moreover have (> i€ ({1.n} — {m}). b! (i—1)/27%) >0
by (simp add: sum-nonneg)
ultimately show ?thesis
using assms(3) by fastforce
qed

lemma dyadic-expansion-frac-geq-0:
assumes dyadic-expansion x n b k
shows (>_me{1..n}. (b! (m—1)) /2 "m) >0
proof —
have b ! (m — 1) € {0,1} if m € {1..n} for m
using dyadic-expansion-frac-range[OF assms| that by blast
then have (}_me{1..n}. (b! (m—1))/ 2 " m)> (>_me{l..n}. 0)
by (intro sum-mono, fastforce)
then show ?thesis
by auto
qged

lemma dyadic-expansion-frac:
assumes dyadic-expansion x n b k
shows frac x = (3. me{1..n}. (b! (m—1))/ 2 " m)
apply (simp add: frac-unique-iff)
apply safe
using dyadic-expansionD(3)[OF assms] apply simp
using dyadic-expansion-frac-geq-0[OF assms| apply simp
using dyadic-expansion-frac-le-1[OF assms] apply simp
done

lemma dyadic-expansion-floor:
assumes dyadic-expansion x n b k
shows k = |z]
proof —
have z = k + (> me{1..n}. (b! (m—1))/ 2 " m)
using assms by (rule dyadic-expansionD(3))
then have z = k + frac z
using dyadic-expansion-frac[OF assms| by linarith
then have k = z — frac x
by simp
then show k = |z]
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by (metis floor-of-int frac-floor)
qed

lemma sum-interval-pow2-inv: (> me{Suc l.n}. (1 = real) / 2 "m) =1/ 271
—1/2nifl<n
using that proof (induct [)
case (
then show ?case
by (induct n; fastforce)
next
case (Suc l)
have (>_ me{Suc l.n} — {Suc l}. (1:real) / 2 " m)=(>_m= Sucl.n. 1/ 2
“m)—1/2" Sucl
using Suc by (auto simp add: Suc sum-diff1, linarith)
moreover have {Suc l.n} — {Suc I} = {Suc (Suc 1)..n}
by fastforce
ultimately have (3> m = Suc (Suc l)..n. (1::real) / 2 " m) = > m = (Suc
Don.1/2 " m)—1/]2(Sucl)

by force
alsohave ... =1 /271—-1/2"n—1/2(Sucl)
using Suc by linarith
alsohave ... =1 /2 " Sucl—1/2"n

by (simp add: field-simps)
finally show ?case
by blast
qged

lemma dyadic-expansion-unique:
assumes dyadic-expansion x n b k
and dyadic-expansion x n ¢ j
shows b=cAj=k
proof (safe, rule ccontr)
show j =k
using assms dyadic-expansion-floor by blast
assume b # ¢
have eq: (3 me{1.n}. (b! (m—1))/ 2 " m)= (> me{l.n}. (¢! (m—1))/ 2
~m)
proof —
have k + (>_me{1.n}. (b! (m—1)) / 2 " m) =j+ O me{l..n}. (¢!
(m=1)) / 2~ m)
using assms dyadic-ezpansionD(3) by blast
then show ?thesis
using j = k» by linarith
qed
have ex: Il <n. bl l#c!l
by (metis list-eq-iff-nth-eq assms b # ¢ dyadic-expansionD(2))
define [ where [ = LEAST .l <nAb!1l#c!l
then have I: [ <nb!l#c!l
unfolding I-def using Leastl-ex[OF ez] by blast+
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have less-I: b ! k= ¢! kif <k < D for k
proof —
have k < n
using that | by linarith
then show b ! k=c !k
using that unfolding [-def using not-less-Least by blast
qed
then have [ € {0.n—1}
using [ by simp
then have [ < n
apply (simp add: algebra-simps)
using ez by fastforce
then have b !l € {0,1} ¢!l € {0,1}
by (metis assms insert-absorb insert-subset dyadic-expansionD(1,2) nth-mem)+
then consider b ! =0 Ac!ll=1|b!l=1Ac!ll=0
by (smt (verit) Leastl-ex emptyE insertE I-def ex)
then have sum-ge-l-noteq:(>_ me{l+1..n}. (b! (m—1)) / 2" m) # (> me{l+1..n}.
(c ! (m—1)) / 2" m)
proof cases
case I
have *: ?thesisif | + 1 =n
using that 1 by auto
{
assume < + 1 < n»
have (3. me{l+1..n}. (¢! (m—=1)) /2 "m) =
(e ((I+1)=1)) /2 " (I4+1) + O me{Suc (I+1)..n}. (¢! (m—1)) /2~
m)

1h

by (smt (verit, ccfo-SIG) Suc-eq-plusl Suc-le-mono Suc-pred’ <l € {0..n —

atLeast AtMost-iff bot-nat-0.not-eq-extremum ex order-less-trans sum.atLeast-Suc-atMost)
also have ... > 1 / 2 " (I+1)
apply (simp add: 1)
apply (rule sum-nonneg)
using dyadic-expansion-frac-range[OF assms(2)] by simp
finally have c-ge: (3" me{l+1..n}. (¢! (m—1))/ 2 "m) > 1/27(l+1) .
have (>_me{l+1..n}. (b! (m—1))/ 2 ~m) =
(b1 ((I+1)-1)) / 2 " (1+1) + O me{Suc (I+1)..n}. (b! (m—1)) / 2
~m)
by (meson <l + 1 < n» nat-less-le sum.atLeast-Suc-atMost)
also have ... = (3_ me{Suc (I4+1)..n}. (b! (m—1)) / 2 " m)
using 1 by auto
also have ... < (3_me{Suc (I4+1)..n}. 1 / 2 " m)
apply (rule sum-mono)
using dyadic-expansion-frac-range[OF assms(1)] apply (simp add: field-simps)
by (metis (no-types, lifting) One-nat-def add-leE nle-le plus-1-eg-Suc)
also have ... < 1 / 2 " (I+1)
using sum-interval-pow2-inv[OF <l 4+ 1 < my] by fastforce
finally have (3 me{l+1..n}. (b! (m—1))/ 2 "m) <1 /2 (l+1).
with c-ge have ?thesis
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by argo
}
then show ?thesis
using * « < ny by linarith
next
case 2
have x: ?thesisif [+ 1 = n
using that 2 by auto
{
assume ( + 1 < n»
have (>_me{l+1..n}. (b! (m—1))/ 2 "~m) =
B ((+1)-1)) /2 " (+1) + O_me{Suc (I+1)..n}. (b (m—1))/ 2"
m)
by (meson <l + 1 < n> nat-less-le sum.atLeast-Suc-atMost)
also have ... > 1 / 2 " (l+1)
apply (simp add: 2)
apply (rule sum-nonneg)
using dyadic-expansion-frac-range[OF assms(1)] by simp
finally have b-ge: (3" me{l+1..n}. (b! (m—1))/ 2 "m)>1/27(l+1) .
have (>_me{l+1..n}. (¢! (m—1)) / 2 " m) =
(e ((I+1)=1))/ 2 " (+1) + O_me{Suc (I+1)..n}. (¢! (m=1)) / 2
~m)
by (meson <l + 1 < n> nat-less-le sum.atLeast-Suc-atMost)
also have ... = (3. me{Suc (I4+1)..n}. (¢! (m—1)) / 2 " m)
using 2 by auto
also have ... < (3_me{Suc (I4+1)..n}. 1 / 2 " m)
apply (intro sum-mono divide-right-mono)
using dyadic-expansion-frac-range[OF assms(2)]
apply (metis (no-types, opaque-lifting) One-nat-def Suc-lel Suc-le-mono
atLeastAtMost-iff
atLeastAtMost-singleton-iff bot-nat-0.extremum bot-nat-0.not-eq-extremum

insert-iff of-nat-eq-1-iff of-nat-le-iff)
apply simp
done
also have ... < 1 / 2 " (I+1)
using sum-interval-pow2-inv[OF <l 4+ 1 < my] by fastforce
finally have (> me{l+1..n}. (¢! (m—1)) /2 " m) <1 /2 (l+1).
with b-ge have ?thesis
by argo
}
then show ?thesis
using * <l < n» by linarith
qed
moreover have sum-upto-l-eq: (>_me{1..l}. (b! (m—1))/ 2 "~m)=
Some{1..0}. (¢! (m—1))/ 2 "m)
apply (safe introl: sum.cong)
apply simp
by (smt (verit, best) Suc-le-eq Suc-pred <l < n» I-def not-less-Least order-less-trans)
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ultimately have (> me{1..n}. (b! (m—1)) / 2 " m) # >_me{l..n}. (¢!
(m—1)) / 2~ m)
proof —
have {1..n} = {1..1} U {I<..n}
using « < n» by auto
moreover have {1..} N {I<.n} = {}
using wl-disj-int-two(8) by blast
ultimately have split-sum: (3 m €{1..n}. (¢! (m—1)) /2 ~m) =
O-m=1.1.(c!'(m=1)) /2 " m)+ O _me{l<.n}. (¢! (m-1))
/2" m)
for c :: nat list
by (simp add: sum-Un)
then show ?thesis
using sum-upto-l-eq sum-ge-l-noteq split-sum[of b] split-sum[of c
by (smt (verit, del-insts) Suc-eg-plusl atLeastSucAtMost-greater ThanAtMost)
qged
then show Fulse
using eq by blast
qed

end

3 Holder continuity

theory Holder-Continuous
imports HOL— Analysis. Analysis
begin

Holder continuity is a weaker version of Lipschitz continuity.

definition holder-at-within :: real = 'a set = 'a = ('a :: metric-space = 'b :

metric-space) = bool where

holder-at-within v D r ¢ = v € {0<..1} A

(3e>0.3C>0.Vse D. distrs<e— dist (pr) (ps)<C = dist rs powr
)

definition local-holder-on :: real = 'a :: metric-space set = (‘a = 'b :: met-
ric-space) = bool where

local-holder-on v D ¢ = v € {0<..1} A

(VteD. e > 0.3C > 0. (VreD.VseD. dist st <e A dist rt < e — dist (¢
r) (¢ s) < C * dist r s powr 7))

definition holder-on :: real = 'a :: metric-space set = (‘a = 'b 1 metric-space)
= bool (-—holder’-on 1000) where

y—holder-on D ¢ +— v € {0<..1} A (3C > 0. (VreD. VseD. dist (¢ r) (¢ s)
< C x dist v s powr 7))

lemma holder-onl:
assumes 7 € {0<..1} 3C > 0. (VreD.VseD. dist (p 1) (p s) < C x dist rs
powr )
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shows y—holder-on D ¢
unfolding holder-on-def using assms by blast

We prove various equivalent formulations of local holder continuity, using
open and closed balls and inequalities.

lemma local-holder-on-cball:
local-holder-on v D ¢ «+— v € {0<..1} A
(VteD. Je > 0.3C > 0. (Vrecballt e N D. Vsecball t € N D. dist (¢ ) (¢ s)
< C * dist v s powr 7))
(is L +— ?R)
proof
assume *: ?L
{
fix t assume t € D
then obtain ¢ C wheree > 0 C > 0
Vreball t e N D. Vs€ball t e N D. dist (¢ 1) (¢ s) < C x dist r s powr 7
using * unfolding local-holder-on-def apply simp
by (metis Int-iff dist-commute mem-ball)
then have xx: Vrecball t (¢/2) N D. Vsecball t (¢/2) N D. dist (¢ ) (¢ s)
C « dist v s powr 7y
by auto
have 3¢ > 0.3C > 0. Vrecball t e N D. Vsecball t e N D. dist (¢ 1) (p 8)
< C * dist r s powr ~y
apply (rule exI[where z = ¢/2])
apply (simp add: < > 0)
apply (rule exI[where z = ()
using xx «C > 0» by blast

IN

}

then show ?R
using * local-holder-on-def by blast
next
assume *: 7R
{
fix t assume ¢t € D
then obtain ¢ C where eC: ¢ > 0C > 0
Vrecballt e N D.Vsecballt e N D. dist (p 1) (¢ 5) < C * dist r s powr v
using * by blast
then have Vr € D. Vs e D. distrt <e Adist st <e — dist (p 1) (¢ s)
< C * dist r s powr ~y
unfolding cball-def by (simp add: dist-commute)
then have de¢>0. 3C>0.Vr € D.Vse€ D. distrt <e ANdistst <e —
dist (p r) (¢ s) < C * dist r s powr v
using eC by blast
}

then show local-holder-on v D ¢
using * unfolding local-holder-on-def by metis

qed

corollary local-holder-on-leg-def: local-holder-on v D ¢ +— v € {0<..1} A
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(VteD. e > 0.3C > 0. (VreD.VseD. dist st <e ANdistrt <e —> dist (¢
r) (¢ s) < C * dist r s powr 7))
unfolding local-holder-on-cball by (metis dist-commute Int-iff mem-cball)

corollary local-holder-on-ball: local-holder-on v D ¢ «— v € {0<..1} A

(VteD. de > 0.3C > 0. (Vreballt e N D. Vs€ball t e N D. dist (p 1) (¢ 8)
< C x dist r s powr 7))

unfolding local-holder-on-def by (metis dist-commute Int-iff mem-ball)

lemma local-holder-on-altdef:

assumes D # {}

shows local-holder-on v D ¢ = (Vt € D. (3¢ > 0. (y—holder-on ((cball t €) N
D) ¢)))

unfolding local-holder-on-cball holder-on-def using assms by blast

lemma local-holder-on-cong[congl:
assumesy=e¢ C =D ANz.2€ C = pz =9z
shows local-holder-on v C' ¢ <— local-holder-on € D 1)
unfolding local-holder-on-def using assms by presburger

lemma local-holder-onl:

assumes vy € {0<..1} (Vt€D.3e > 0.3C > 0. (VreD.VseD. dist st < e A
distrt <e— dist (o r) (ps) < Cx* dist r s powr 7))

shows local-holder-on v D ¢

using assms unfolding local-holder-on-def by blast

lemma local-holder-balll:
assumes v € {0<..1}
and A\t. t € D= 3> 0.3C > 0.VreballtenN D.Vscballt e N D.
dist (p 1) (¢ 5) < C * dist r s powr
shows local-holder-on v D ¢
using assms unfolding local-holder-on-ball by blast

lemma local-holder-onE:
assumes local-holder: local-holder-on v D ¢
and gamma: v € {0<..1}
and t € D
obtains ¢ C wheree > 0C > 0
Ars.reballtenN D= scbilltenD= dist (¢ 1) (¢ s) < C xdistr
s powr 7y
using assms unfolding local-holder-on-ball by auto

Holder continuity matches up with the existing definitions in HOL— Analysis. Lipschitz
lemma holder-1-eq-lipschitz: 1—holder-on D ¢ = (3 C. lipschitz-on C D )
unfolding holder-on-def lipschitz-on-def by (auto simp: fun-eq-iff dist-commute)

lemma local-holder-1-eq-local-lipschitz:
assumes T # {}
shows local-holder-on 1 D ¢ = local-lipschitz T D (\-. )
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proof
assume x: local-holder-on 1 D ¢
{
fix t assume t € D
then obtain ¢ C where eC: ¢ > 0C > 0
(VreD.VseD. dist st <eANdistrt <e— dist (p 1) (ps) < C xdistrs)
using * powr-to-1 unfolding local-holder-on-cball apply simp
by (metis Int-iff dist-commute mem-cball)

fix rsassume rs: r € Dse Ddistst <eANdistrt<e
then have r € cball t e N D s€cballt e N D dist (p 1) (p ) < C x dist s
unfolding cball-def using rs eC' by (auto simp: dist-commute)

then have Vrecballt e N D.Vsecballt e N D. dist (p 1) (¢ s) < C* distrs
by (simp add: dist-commute)

then have C—lipschitz-on ((cball t €) N D) ¢
using eC lipschitz-on-def by blast

then have 3¢>0. 3 C. C—lipschitz-on ((cball t €) N D) ¢
using eC(1) by blast

then show local-lipschitz T D (A-. ¢)
unfolding local-lipschitz-def by blast
next
assume *: local-lipschitz T D (\-. )
{
fix  assume z: z € D
fix t assume t: t € T
then obtain « L where ul: u > 0 Vitccball t u N T. L—lipschitz-on (cball x
uN D)o
using * z t unfolding local-lipschitz-def by blast
then have L—lipschitz-on (cball x w N D) ¢
using t by force
then have 1—holder-on (cball z w N D) ¢
using holder-1-eq-lipschitz by blast
then have 3¢ > 0. (1—holder-on ((cball z €) N D) @)
using ulL by blast
}

then have z € D = Je>0. (1 —holder-on (cball x € N D) ¢) for z
using assms by blast
then show local-holder-on 1 D ¢
unfolding local-holder-on-cball holder-on-def by (auto simp: dist-commute)
qed

lemma local-holder-refine:
assumes ¢: local-holder-on ¢ D ¢ g < 1
and h: h<gh>0
shows local-holder-on h D ¢
proof —

{
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fix t assume t: t € D
then have 3e>0. 3C>0. (VreD.VseD. dist st < e A dist rt < e — dist
(o 1) (¢ s) < C x dist r s powr g)
using ¢(1) unfolding local-holder-on-leq-def by blast
then obtain ¢ C where eC: ¢ > 0C > 0
(VseD.VreD. dist st <e ANdistrt<e— dist (pr) (ps) <C xdistrs
powr g)
by blast
let e = min e (1/2)
{
fix srassume x: s€ Dr € Ddistst < Z2edistrt < e
then have dist (¢ r) (¢ s) < C * dist r s powr g
using eC by simp
moreover have dist r s < 1
by (smt (verit) x dist-triangle2 half-bounded-equal)
ultimately have dist (¢ r) (¢ s) < C x dist r s powr h
by (metis dual-order.trans zero-le-dist powr-mono’ assms(3) eC(2) mult-left-mono

}

then have (VseD. VreD. dist st < %e A dist vt < %e — dist (¢ 1) (¢ 8)
< C « dist v s powr h)
by blast
moreover have ¢ > 0 C > 0
using eC by linarith+
ultimately have 3¢>0. 3C>0. (VreD. VseD. dist st < e Ndist vt <e¢
— dist (¢ r) (p 8) < C * dist r s powr h)
by blast
}

then show ?thesis
unfolding local-holder-on-leq-def using assms by force
qed

)

lemma holder-uniform-continuous:
assumes y—holder-on X ¢
shows uniformly-continuous-on X ¢
unfolding uniformly-continuous-on-def
proof safe
fix e::real
assume 0 < e
from assms obtain C where C: C > 1 (VreX.VseX. dist (¢ 1) (p s) < C *
dist v s powr )
unfolding holder-on-def
by (smt (verit) dist-eq-0-iff mult-le-cancel-right1 powr-0 powr-gt-zero)
{
fix rsassume r € X s € X
have dist-0: dist (¢ r) (p s) =0 = dist (p ) (p 5) < e
using <0 < e» by linarith
then have holder-neg-0: dist (¢ r) (¢ s) < (C + 1) * dist r s powr v if dist
(pr)(ps)>0
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using C(2) that
by (smt (verit, ccfo-SIG) «r € X» «s € X» dist-eq-0-iff mult-le-cancel-right
powr-gt-zero)
have gamma: v € {0<..1}
using assms holder-on-def by blast+
assume dist r s < (e/C) powr (1 / 7)
then have C x dist r s powr v < C * ((e¢/C) powr (1 /7)) powr ~ if dist (p
) (ps) >0
using holder-neq-0 C(1) powr-less-mono2 gamma by fastforce
also have ... = ¢
using C(1) gamma <0 < e> powr-powr by auto
finally have dist (p r) (¢ 5) < e
using dist-0 holder-neq-0 C(2) «r € X» <s € X> by fastforce
}

then show 3d>0. VeeX. Va'eX. distx’' z < d — dist (p 2) (p z) < e

by (metis C(1) <0 < e divide-eq-0-iff linorder-not-le order-less-irrefl powr-gt-zero
zero-less-one)
qed

corollary holder-on-continuous-on: y—holder-on X ¢ = continuous-on X ¢
using holder-uniform-continuous uniformly-continuous-imp-continuous by blast

lemma holder-implies-local-holder: v—holder-on D ¢ = local-holder-on v D ¢
apply (cases D = {})
apply (simp add: holder-on-def local-holder-on-def)
apply (simp add: local-holder-on-altdef holder-on-def)
apply (metis IntD1 inf.commute)
done

lemma local-holder-imp-continuous:
assumes local-holder: local-holder-on v X ¢
shows continuous-on X ¢
unfolding continuous-on-def
proof safe
fix © assume z € X
{
assume X # {}
from local-holder obtain ¢ where 0 < ¢ and holder: y—holder-on ((cball z €)
nX)e
unfolding local-holder-on-altdef[OF «X # {})] using <z € X by blast
have z € ball x € using <0 < &y by simp
then have (¢ —— ¢ z) (at z within cball £ N X)
using holder-on-continuous-on[OF holder] «x € X> unfolding continu-
ous-on-def by simp
moreover have Vr za in at z. (za € challz e N X) = (za € X)
using eventually-at-ball[OF <0 < ey, of x UNIV]
by eventually-elim auto
ultimately have (¢ —— ¢ ) (at z within X)
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by (rule Lim-transform-within-set)
}
then show (¢ —— ¢ z) (at z within X)
by fastforce
qed

lemma local-holder-compact-imp-holder:
assumes compact I local-holder-on v I ¢
shows y—holder-on I ¢
proof —
have x: v € {0<..1} (Vtel. F3e. 3C. e > 0N C >0 A
(VrebaltenI.VseballtenI. dist (pr) (¢ s) < C x dist rs powr 7))
using assms(2) unfolding local-holder-on-ball by simp-all
obtaine C where eC: t € I = ct>0ANCt>0ANNre€balt(ct)nl.
Vseballt (e t)NI. dist (p 1) (¢ s) < Ctx dist rspowr ) for t
by (metis %(2))
have I C (Jt € I. ball t (¢ t))
apply (simp add: subset-iff)
using eC by force
then obtain D where D: D C (At. ball t (¢ t)) ‘I finite DI C|J D
using compact-eq-Heine-Borel[of I] apply (simp add: assms(1))
by (smt (verit, ccfo-SIG) open-ball imageE mem-Collect-eq subset-iff)
then obtain 7 where T: D = (A\t. ballt (e t)) * T T C I finite T
by (meson finite-subset-image subset-image-iff)

o is the Lebesgue number of the cover

from D obtain g :: real where g: Vi € [.3U € D. ballt o C U o > 0
by (smt (verit, del-insts) Elementary-Metric-Spaces.open-ball Heine-Borel-lemma
assms(1) imageE subset-image-iff)
have bounded (p ‘1I)
by (metis compact-continuous-image compact-imp-bounded assms local-holder-imp-continuous)
then obtain [ where I: Vz € [.Vy € I. dist (p z) (p y) <1
by (metis bounded-two-points image-eql)

Simply need to construct C_ bar such that it is greater than any of these

define C-bar where C-bar = maz (>t € T. Ct)) (I * o powr (— 7))
have C-bar-le: C-bar > C'tif t € T for ¢t
proof —
have ge-0: t € T — Ct > 0 for ¢
using T'(2) eC by blast
then have Y (C ‘(T — {t})) > 0
by (metis (mono-tags, lifting) Diff-subset imageE subset-eq sum-nonneg)
then have (3 te T.Ct) > Ct
by (metis T(3) ge-0 sum-nonneg-leg-bound that)
then have maz (> te T. Ct)) S > Ctfor S
by argo
then show C-bar > C't
unfolding C-bar-def by blast
qed
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{

fix s rassume sr: s Irel
{
assume dist s r < 0
then obtain ¢ where t: t € Ts € ballt (e t) r € ball t (¢ t)
by (smt (verit) sr D T o ball-eq-empty centre-in-ball imageE mem-ball
subset-iff)
then have dist (¢ s) (¢ ) < Ct * dist s r powr 7y
using eClof t]| T(2) sr by blast
then have dist (¢ s) (¢ r) < C-bar * dist s r powr
by (smt (verit, best) t C-bar-le mult-right-mono powr-non-neg)
} note le-rho = this
{
assume dist s r > 0
then have dist (¢ s) (¢ r) < 1 * (dist s v/ o) powr
proof —
have (dist s r / 0) > 1
using «dist s 1 > o <o > 0» by auto
then have (dist s v / o) powr v > 1
using (1) ge-one-powr-ge-zero by auto
then show dist (¢ s) (¢ r) < 1 * (dist s/ o) powr
using [
by (metis dist-self dual-order.strict-trans1 lel less-le-not-le mult-less-cancel-left2
sr)
qed
also have ... < C-bar * dist s r powr
proof —
have [ x (dist s v / o) powr v = 1 x o powr (— 7y) * dist s r powr 7
using o(2) divide-powr-uminus powr-divide by force
also have ... < C-bar * dist s r powr =y
unfolding C-bar-def by (simp add: mult-right-mono)
finally show [ x (dist s r / 0) powr v < C-bar = dist s r powr ~

qed
finally have dist (¢ s) (¢ ) < C-bar * dist s r powr

}

then have dist (¢ s) (¢ r) < C-bar * dist s r powr
using le-rho by argo
}

then have Vrel. Vsel. dist (¢ r) (¢ s) < C-bar * dist r s powr 7y
by simp
then show ?thesis
unfolding holder-on-def
by (metis %(1) C-bar-def dist-self div-by-0 divide-nonneg-pos divide-powr-uminus

dual-order.trans | max.cobounded2 powr-0 powr-gt-zero)
qed
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lemma holder-const: y—holder-on C (A-. ¢) «— v € {0<..1}
unfolding holder-on-def by auto

lemma local-holder-const: local-holder-on v C (A-. ¢) «— v € {0<..1}
using holder-const holder-implies-local-holder local-holder-on-def by blast

end

4 Convergence in measure

theory Measure-Convergence
imports HOL— Probability. Probability
begin

We use measure rather than emeasure because ennreal is not a metric space,
which we need to reason about convergence. By intersecting with the set of
finite measure A, we don’t run into issues where infinity is collapsed to 0.

For finite measures this definition is equal to the definition without set A —
see below.

definition tendsto-measure :: 'b measure = (‘a = 'b = ('c :: {second-countable-topology,metric-space}))
= (b= 'c) = 'a filter = bool
where tendsto-measure M X | F = (Vn. X n € borel-measurable M) N | €
borel-measurable M A
(Ve > 0.V A € fmeasurable M.
((An. measure M ({w € space M. dist (X nw) (lw) >e} N A) —— 0) F)

abbreviation (in prob-space) tendsto-prob (infixr ——p 55) where
(f ——p ) F' = tendsto-measure M f 1 F

lemma tendsto-measure-measurable[measurable-dest]:
tendsto-measure M X | F = X n € borel-measurable M
unfolding tendsto-measure-def by meson

lemma tendsto-measure-measurable-lim[measurable-dest]:
tendsto-measure M X | FF => | € borel-measurable M
unfolding tendsto-measure-def by meson

lemma tendsto-measure-mono: F < F' = tendsto-measure M f 1 F' = tend-
sto-measure M f1 F
unfolding tendsto-measure-def by (simp add: tendsto-mono)

lemma tendsto-measurel:
assumes [measurable]: An. X n € borel-measurable M | € borel-measurable M
and \e 4. € > 0 = A € fmeasurable M\ =
((An. measure M ({w € space M. dist (X nw) (lw) >e} N A) ——0)F
shows tendsto-measure M X | F
unfolding tendsto-measure-def using assms by fast
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lemma (in finite-measure) finite-tendsto-measurel:
assumes [measurable]: An. f' n € borel-measurable M f € borel-measurable M
and Ae. € > 0 = ((An. measure M {w € space M. dist (f' n w) (f w) > €})
— 0) F
shows tendsto-measure M ' f F
proof (intro tendsto-measurel)
fix € :: real assume € > 0
then have prob-conv: ((An. measure M {w € space M. e < dist (f' n w) (f w)})
— 0) F
using assms by simp
fix A assume A € fmeasurable M
have An. measure M ({w € space M. e < dist (f' nw) (f w)}) >
measure M ({w € space M. e < dist (f' nw) (f w)} N A4)
by (rule finite-measure-mono; measurable)
then show ((An. measure M ({w € space M. e < dist (f' n w) (f w)} N 4))
— 0) F
by (simp add: tendsto-0-le]OF prob-conv, where K=1])
qged measurable

lemma (in finite-measure) finite-tendsto-measureD:
assumes [measurable]: tendsto-measure M f' f F
shows (Ve > 0. ((An. measure M {w € space M. dist (f' n w) (f w) > ¢}) —
0) F)
proof —
from assms have ((An. measure M ({w € space M. dist (f' n w) (f w) > e} N
space M)) —— 0) F
if e > 0 for ¢
unfolding tendsto-measure-def using that fmeasurable-eq-sets by blast
then show ?thesis
by (simp add: sets.Int-space-eq2[symmetric, where M=M])
qed

lemma (in finite-measure) tendsto-measure-leq:
assumes [measurable]: An. f' n € borel-measurable M f € borel-measurable M
shows tendsto-measure M f' f F +—
(Ve > 0. (An. measure M {w € space M. dist (f' n w) (f w) > €}) —— 0)
F) (is 7L +— ?R)
proof (rule iffI, goal-cases)
case 1
{
fix € :: real assume € > 0
then have ((An. measure M {w € space M. dist (f' n w) (f w) > ¢/2}) —
0) F
using finite-tendsto-measure D[OF 1] half-gt-zero by blast
then have ((An. measure M {w € space M. dist (f' n w) (f w) > e}) —— 0)
F
apply (rule metric-tendsto-imp-tendsto)
using <¢ > 0) by (auto intro!: eventuallyl finite-measure-mono)

}
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then show ?case
by simp
next
case 2
{
fix € :: real assume € > 0
then have *: (An. P(w in M. e < dist (f' n w) (f w))) —— 0) F
using 2 by blast
then have ((An. P(w in M. e < dist (f' nw) (fw))) —— 0) F
apply (rule metric-tendsto-imp-tendsto)
using <¢ > 0) by (auto intro!: eventuallyl finite-measure-mono)
}
then show ?case
by (simp add: finite-tendsto-measurel [OF assms])
qed

abbreviation LIMSEQ-measure M f 1 = tendsto-measure M f | sequentially

lemma LIMSEQ-measure-def: LIMSEQ-measure M f 1 +—
(Vn. fn € borel-measurable M) A (I € borel-measurable M) A
(Ve > 0.V A € fmeasurable M.
(An. measure M ({w € space M. dist (fn w) (lw) >e} N A) —— 0)
unfolding tendsto-measure-def ..

lemma LIMSEQ-measureD:
assumes LIMSEQ-measure M fle > 0 A € fmeasurable M
shows (An. measure M ({w € space M. dist (fnw) (lw) >e} N A) —— 0
using assms LIMSEQ-measure-def by blast

lemma fmeasurable-inter: [A € sets M; B € fmeasurable M] = A N B € fmea-
surable M
proof (intro fmeasurablel, goal-cases measurable finite)
case measurable
then show ?case by simp
next
case finite
then have emeasure M (A N B) < emeasure M B
by (simp add: emeasure-mono)
also have emeasure M B < oo
using finite(2)[THEN fmeasurableD2] by (simp add: top.not-eq-extremum)
finally show ?Zcase .
qged

lemma LIMSEQ-measure-emeasure:
assumes LIMSEQ-measure M fle > 0 A € fmeasurable M
and [measurable]: A\i. fi € borel-measurable M | € borel-measurable M
shows (An. emeasure M ({w € space M. dist (fn w) (lw) >e} N A) —— 0
proof —
have fmeasurable: {w € space M. dist (fn w) (lw) > e} N A € fmeasurable M
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for n
by (rule fmeasurable-inter; simp add: assms(3))
then show ?thesis
apply (simp add: emeasure-eq-measure?2 ennreal-tendsto-0-iff)
using LIMSEQ-measure-def assms by blast
qed

lemma measure-Lim-within-LIMSEQ:

fixes a :: ‘a :: first-countable-topology

assumes At. X t € borel-measurable M L € borel-measurable M

assumes AS. [(Vn. Sn#a A SneT); S —— o] = LIMSEQ-measure M
(An. X (Sn)) L

shows tendsto-measure M X L (at a within T')

apply (intro tendsto-measurel[OF assms(1,2)])

unfolding tendsto-measure-def[where [=L] tendsto-def apply safe

apply (rule sequentially-imp-eventually-within)

using assms unfolding LIMSEQ-measure-def tendsto-def by presburger

definition tendsto-AE :: 'b measure = (‘a = 'b = 'c :: topological-space) = ('b
= 'c) = 'a filter = bool where
tendsto-AE M f' Il F +— (AE w in M. (An. f' nw) — lw) F)

lemma LIMSEQ-ae-pointwise: (Az. (An. fn x) —— lz) = tendsto-AE M f1
sequentially
unfolding tendsto-AE-def by simp

lemma tendsto-AE-within-LIMSEQ:

fixes a :: 'a :: first-countable-topology

assumes AS. [Vn. Sn#aASneT); S —— a] = tendsto-AE M (An.
X (S n)) L sequentially

shows tendsto-AE M X L (at a within T)

00ps

lemma LIMSEQ-dominated-convergence:
fixes X :: nat = real
assumes X —— L (An. Yn < Xn) (An. Yn> L)
shows V¥ —— L
proof (rule metric-LIMSEQ-I)
have X n > L for n
using assms(2,3)[of n] by linarith
fix r :: real assume 0 < r
then obtain N where Vn>N. dist (X n) L < r
using metric-LIMSEQ-D[OF assms(1) <0 < ] by blast
then have N: Vn>N. Xn — L < r
using <An. L < X n) by (auto simp: dist-real-def)
have Vn>N. Yn — L<r
proof clarify
fix n assume «n > N»
then have X n — L < r
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using N by blast
then show Yn — L <r
using assms(2)[of n] by auto
qed
then show Jno. Vn>no. dist (Yn) L <r
apply (intro exl[where z=N])
using assms(3) dist-real-def by auto
qed

Klenke remark 6.4

lemma measure-conv-imp-AE-sequentially:
assumes [measurable]: An. f' n € borel-measurable M f € borel-measurable M
and tendsto-AE M f' f sequentially
shows LIMSEQ-measure M f' f
proof (unfold tendsto-measure-def, safe)
fix € :: real assume 0 < ¢
fix A assume A[measurable]: A € fmeasurable M

From AE convergence we know there’s a null set where f* doesn’t converge

obtain N where N: N € null-sets M {w € space M. = (An. f'nw) —— f
w} C N
using assms unfolding tendsto-AE-def by (simp add: eventually-ae-filter,
blast)
then have measure-0: measure M {w € space M. = (An. f' nw) —— fw} =
0
by (meson measure-eq-0-null-sets measure-notin-sets null-sets-subset)

D is a sequence of sets that converges to N

define D where D = An. {w € space M. 3m > n. dist (f' m w) (f w) > €}
have An. D n € sets M
unfolding D-def by measurable
then have [measurable]: An. D n N A € sets M
by simp
have (N n. D n) € sets M
unfolding D-def by measurable
then have measurable-D-A: (\n. Dn N A) € sets M
by simp
have (n. D n) C {w € space M. = (An. (f' n w)) —— f w}
proof (intro subsetl)
fix x assume z € ((\n. D n)
then have z € space M An. Am > n. e < dist (f' m z) (f z)
unfolding D-def by simp-all
then have = (An. f'na) —— fu
by (simp add: LIMSEQ-def) (meson <0 < & not-less-iff-gr-or-eq order-less-le)
then show z € {w € space M. = (An. f' nw) —— f w}
using <z € space M»> by blast
qed
then have measure M ((\n. Dn) =0
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by (metis (no-types, lifting) N <) (range D) € sets M> measure-eg-0-null-sets
null-sets-subset subset-trans)
then have measure M (\n. Dn N A) =0
proof —
have emeasure M ((\n. D n N A) < emeasure M ((\n. D n)
apply (rule emeasure-mono)
apply blast
unfolding D-def apply measurable
done
then show ?thesis
by (smt (verit, del-insts) N Sigma-Algebra.measure-def <measure M ([ (range
D)) =0
(N (range D) € sets M» <[] (range D) C {w € space M. = (An. f' n w)
—— fwh
dual-order.trans ennZreal-mono ennreal-zero-less-top measure-nonneq
null-setsD1 null-sets-subset)
qed
moreover have (An. measure M (D n N A)) —— measure M ((\n. D n N
A)
apply (rule Lim-measure-decseq)
using A(1) <An. D n € sets M» apply blast
subgoal
apply (intro monotonel)
apply clarsimp
apply (simp add: D-def)
by (meson order-trans)
apply (simp add: A <An. D n € sets M» fmeasurableD2 fmeasurable-inter)
done
ultimately have measure-D-0: (An. measure M (D n N A)) —— 0
by presburger
have An. {w € space M. e < dist (f'nw) (fw)} NAC (DnnA)
unfolding D-def by blast
then have An. emeasure M ({w € space M. e < dist (f' nw) (f w)} N A) <
emeasure M (D n N A)
by (rule emeasure-mono) measurable
then have An. measure M ({w € space M. e < dist (f' nw) (f w)} N A) <
measure M (D n N A)
unfolding measure-def apply (rule enn2real-mono)
by (meson A <A\n. D n € sets M fmeasurableD2 fmeasurable-inter top.not-eq-extremum)
then show (An. measure M ({w € space M. e < dist (f' n w) (f w)} N A))
— 0
by (simp add: LIMSEQ-dominated-convergence[ OF measure-D-0])
qed simp-all

corollary LIMSEQ-measure-pointwise:

assumes Az. (An. fnz) —— f' 2 An. f n € borel-measurable M f' €
borel-measurable M

shows LIMSEQ-measure M f f'

by (simp add: LIMSEQ-ae-pointwise measure-conv-imp-AE-sequentially assms)
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lemma Lim-measure-pointwise:
fixes a :: ‘a :: first-countable-topology
assumes Az. (An. fnz) —— f' z)(at a within T) An. f n € borel-measurable
M f' € borel-measurable M
shows tendsto-measure M f f’ (at a within T)
proof (intro measure-Lim-within-LIMSEQ)
fix S assume Vn. Sn#aANSneTS ——a
then have (An. f (S n) z) —— [’z for x
using assms(1) by (simp add: tendsto-at-iff-sequentially o-def)
then show LIMSEQ-measure M (An. f (S n)) f'
by (simp add: LIMSEQ-measure-pointwise assms(2,3))
qed (simp-all add: assms)

corollary measure-conv-imp-AE-at-within:
fixes x :: 'a :: first-countable-topology
assumes [measurable]: An. f' n € borel-measurable M f € borel-measurable M
and tendsto-AE M f' f (at © within S)
shows tendsto-measure M f' f (at x within S)
proof (rule measure-Lim-within-LIMSEQ[OF assms(1,2)])
fix s assume *: Vn.sn#x ANsn€eSs——z
have AF-seq: AEwin M.VX. (Vi. Xie S —{z}) — X —— 2 — ((An.
ffnw)oX) —— fuw
using assms(3) by (simp add: tendsto-AE-def tendsto-at-iff-sequentially)
then have AE w in M. (Vi.si€ S —{z}) — s —— 2z — ((A\n. f'nw)
o 8) E— f w
by force
then have AE win M. (An. f'nw)os) —— fw
using * by force
then have tendsto-AE M (An. f' (s n)) f sequentially
unfolding tendsto-AE-def comp-def by blast
then show LIMSEQ-measure M (An. f' (s n)) f
by (rule measure-conv-imp-AE-sequentially|OF assms(1,2)])
qed

Klenke remark 6.5

lemma (in sigma-finite-measure) LIMSEQ-measure-unique-AE:
fixes f :: nat = ‘a = 'b :: {second-countable-topology, metric-space}
assumes [measurable]: An. fn € borel-measurable M | € borel-measurable M 1’
€ borel-measurable M
and LIMSEQ-measure M f 1 LIMSEQ-measure M f 1’
shows AEzinM.lz=1z
proof —
obtain A :: nat = ’a set where A: \i. A i € fmeasurable M (|Ji. A i) = space
M
by (metis fmeasurablel infinity-ennreal-def rangel sigma-finite subset-eq top.not-eg-extremum)
have Am e. {z € space M. dist (1 z) (I'z) > e} N A m € fmeasurable M
by (intro fmeasurable-inter; simp add: A)
then have emeasure-leq: emeasure M ({z € space M. dist (Iz) (I'z) >} N A
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m) <
emeasure M ({x € space M. dist (I z) (fnz)>e/2} N Am)+
emeasure M ({z € space M. dist (fnz) (I'z) >¢/2} N Am)if e > 0 for n
me
proof —
have [measurable]:
{z € space M. € /] 2 < dist (lz) (fnz)} N Ame sets M
{z € space M. e | 2 < dist (fnz) (I'2)} N Ame sets M
using A by (measurable; auto)+
have dist (I z) (I’ z) < dist (1 z) (fnz) + dist (fn z) (I’ z) for z
by (simp add: dist-triangle)
then have {z. dist (Iz) (I'z) > e} C {x. dist (I z) (fnz) >e/2} U {z. dist
(Frz) ('2) > =/2)
by (safe, smt (verit, best) field-sum-of-halves)
then have {z € space M. dist (lz) (I'z) >e} N Am C
({z € space M. dist (Iz) (fnzx)>e/2} N Am)U ({x € space M. dist (fn x)
(I'z) >¢e/2} N Am)
by blast
then have emeasure M ({z € space M. dist (I z) (I'z) > e} N Am) <
emeasure M ({x € space M. dist (lz) (fnz) >¢e/2} N AmU{z € space M.
dist (fnz) (I'z) >e/2} N Am)
apply (rule emeasure-mono)
using A by measurable
also have ... < emeasure M ({z € space M. dist (I z) (fnz) >¢e/2} N A m)
_l’_
emeasure M ({x € space M. dist (fnz) (I'z) >¢e/2} N A m)
apply (rule emeasure-subadditive)
using A by measurable
finally show ?thesis .
qed

moreover have tendsto-zero: (An. emeasure M ({x € space M. e | 2 < dist (f
nz) (lz)} N Am)
+ emeasure M ({z € space M. e / 2 < dist (fnz) (I'z)} N Am)) —— 0
if ¢« > 0)forem
apply (rule tendsto-add-zero)
apply (rule LIMSEQ-measure-emeasure] OF assms(4)])
prefer 5 apply (rule LIMSEQ-measure-emeasure]OF assms(5)])
using that A apply simp-all
done
have dist-c-emeasure: emeasure M ({z € space M. e < dist (I z) (I’ z)} N A m)
=0
if «¢« > 0> forem
proof (rule ccontr)
assume emeasure M ({z € space M. e < dist (lz) (I'z)} N A m) # 0
then obtain e where e: ¢ > 0 emeasure M ({z € space M. e < dist (Il z) (I’
)} NAm)>e
using not-gr-zero by blast
have 3no. Vn>no. (emeasure M ({z € space M. e / 2 < dist (fnz) (Iz)} N
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A m)
+ emeasure M ({x € space M. e | 2 < dist (fnz) (I'z)} N Am)) <e
proof —
have measure-tendsto-0: (An. measure M ({x € space M. e |/ 2 < dist (fn
z) (lz)} N Am)
+ measure M ({x € space M. e / 2 < dist (fnz) (I'z)} N Am)) —— 0
apply (rule tendsto-add-zero)
using A(1) LIMSEQ-measure-def assms(4,5) half-gt-zero that by blast+
have enn2real e > 0
by (metis (no-types, lifting) A(1) e(1) e(2) emeasure-neq-0-sets enn2real-eq-0-iff

enn2real-nonneg fmeasurable D2 fmeasurable-inter inf-right-idem linorder-not-less
nless-le top.not-eq-extremum)
then obtain no where ¥V n>no. (measure M ({z € space M. e / 2 < dist (f
nz) (lz)} N Am)
+ measure M ({x € space M. e / 2 < dist (fnz) (I'z)} N Am)) < enn2real
e
using LIMSEQ-D[OF measure-tendsto-0 <enn2real e > 0»] by (simp) blast
then show ?thesis
apply (safe introl: exl[where z=no))
by (smt (verit, del-insts) A(1) Sigma-Algebra.measure-def add-eq-0-iff-both-eq-0

emeasure-eq-measure? emeasure-neq-0-sets enn2real-mono enn2real-plus
enn2real-top
ennreal-0 ennreal-zero-less-top fmeasurable-inter inf-sup-ord(2) le-iff-inf
linorder-not-less top.not-eq-extremum zero-less-measure-iff )
qed
then obtain N where N: emeasure M ({x € space M. e / 2 < dist (f Nz) (I
z)} N A m)
+ emeasure M ({z € space M. e / 2 < dist (f Nz) (I'z)} N Am) <e
by auto
then have emeasure M ({z € space M. e < dist (Iz) (I'z)} N Am) <e
by (smt (verit, del-insts) emeasure-leq[OF that] Collect-cong dist-commute
e(2) leD order-less-le-trans)
then show Fulse
using e(2) by auto
qged
have emeasure M ({x € space M. 0 < dist (I z) (I'x)} N A m) = 0 for m
proof —
have sets: range (An. {x € space M. 1/2™n < dist (1 z) (I'z)} N A m) C sets
M
using A by force
have (Un. {z € space M. 1/2"n < dist (I z) (I' 2)}) = {z € space M. 0 <
dist (1z) (I’ z)}
apply (intro subset-antisym subsetl)
apply force
apply simp
by (metis one-less-numeral-iff power-one-over reals-power-lt-ex semiring-norm(76)
zero-less-dist-iff)
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moreover have emeasure M ({x € space M. 1/2™n < dist (I z) (I'z)} N A
m) = 0 for n
using dist-c-emeasure by simp
then have suminf-zero: (3 n. emeasure M ({z € space M. 1/2"n < dist (I z)
('z)}nAm))=0
by auto
then have emeasure M ((Jn. ({z € space M. 1/27n < dist (lz) (I'z)} N A
m) < 0
apply (subst suminf-zero[symmetric])
apply (rule emeasure-subadditive-countably)
by (simp add: emeasure-subadditive-countably sets)
ultimately show ¢thesis
by simp
qed
then have (3" m. emeasure M ({z € space M. 0 < dist (lz) (I'"z)} N A m)) =
0
by simp
then have emeasure M (|Jm. {z € space M. 0 < dist (I z) (I'z)} N Am) =10
proof —
let 25 = Am. {z € space M. 0 < dist (lz) (I'x)} N Am
have emeasure M (|Jm. 25 m) < (3. m. emeasure M (2S5 m))
apply (rule emeasure-subadditive-countably)
using «Am e. {z € space M. e < dist (lz) (I'x)} N A m € fmeasurable M»
by blast
then show ?thesis
using «(>_ m. emeasure M (25 m)) = 0» by force
qed
then have emeasure M {z € space M. 0 < dist (lz) (I'z)} =0
using A by simp
then show ?thesis
by (auto simp add: AE-iff-null)
qed

corollary (in sigma-finite-measure) LIMSEQ-ae-unique-AE:
fixes f :: nat = ‘a = 'b :: {second-countable-topology, metric-space}
assumes A\n. fn € borel-measurable M | € borel-measurable M 1’ € borel-measurable
M
and tendsto-AE M f | sequentially tendsto-AE M f 1’ sequentially
shows AEzin M. lz=1"zx
proof —
have LIMSEQ-measure M f 1 LIMSEQ-measure M f1'
using assms measure-conv-imp-AE-sequentially by blast+
then show ?thesis
using assms(1—3) LIMSEQ-measure-unique-AE by blast
qed

lemma (in sigma-finite-measure) tendsto-measure-at-within-eq-AE:

fixes f :: 'b it first-countable-topology = 'a = ‘¢ :: {second-countable-topology,metric-space}
assumes f-measurable: A\z. x € S = fx € borel-measurable M

39



and Il-measurable: | € borel-measurable M I’ € borel-measurable M
and tendsto: tendsto-measure M f 1 (at t within S) tendsto-measure M f 1’ (at ¢
within S)
and not-bot: (at t within S) # L
shows AEzin M. lz=1z
proof —
from not-bot have t islimpt S
using trivial-limit-within by blast
then obtain s :: nat = 'b where s: Ai. si€ S — {t} s —— ¢
using islimpt-sequential by meson
then have fs-measurable: An. f (s n) € borel-measurable M
using f-measurable by blast
have *: LIMSEQ-measure M (An. f (s n)) 1
if | € borel-measurable M tendsto-measure M f 1 (at t within S) for |
proof (intro tendsto-measurel[OF fs-measurable that(1)], goal-cases)
case (1 ¢ A)
then have ((An. measure M ({w € space M. e < dist (fn w) (I w)} N A))
— 0)(at t within S)
using that(2) 1 tendsto-measure-def by blast
then show ?case
apply (rule filterlim-compose[where f=s|)
by (smt (verit, del-insts) DiffD1 DiffD2 eventuallyl filterlim-at insertIl s)
qed
show ?thesis
apply (rule LIMSEQ-measure-unique-AE[OF fs-measurable l-measurable))
using * tendsto l-measurable by simp-all
qged
end

5 Stochastic processes

theory Stochastic-Processes
imports Kolmogorov-Chentsov-Extras Dyadic-Interval
begin

A stochastic process is an indexed collection of random variables. For com-
patibility with product_prob_space we don’t enforce conditions on the in-
dex set I in the assumptions.

locale stochastic-process = prob-space +
fixes M':: 'b measure
and I :: 't set
and X :: t= ‘a="b
assumes random-process|measurable]: \i. random-variable M’ (X 1)

sublocale stochastic-process C product: product-prob-space (At. distr M M’ (X t))
using prob-space-distr random-process by (blast intro: product-prob-spacel)

lemma (in prob-space) stochastic-processl:
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assumes Ai. random-variable M’ (X 1)

shows stochastic-process M M' X

by (simp add: assms prob-space-azioms stochastic-process-axioms.intro stochas-
tic-process-def)

typedef ('t, 'a, 'b) stochastic-process =

{(M :: 'a measure, M’ :: 'b measure, I :: 't set, X :: 't = 'a = 'b).

stochastic-process M M’ X}
proof

show (return (sigma UNIV {{}, UNIV}) z, sigma UNIV UNIV, UNIV A- -.
c) €

{(M, M', I, X). stochastic-process M M' X} for x :: 'a and ¢ :: 'b

by (simp add: prob-space-return prob-space.stochastic-processlI)

qed

setup-lifting type-definition-stochastic-process

lift-definition proc-source :: ('t,’a,’b) stochastic-process = 'a measure
is fst .

interpretation proc-source: prob-space proc-source X
by (induction, simp add: proc-source-def Abs-stochastic-process-inverse case-prod-beta’
stochastic-process-def)

lift-definition proc-target :: ('t,’a,’b) stochastic-process = 'b measure
is fst o snd .

lift-definition proc-index :: ('t,’a,’d) stochastic-process = 't set
is fst o snd o snd .

lift-definition process :: ('t,’a,’d) stochastic-process = 't = 'a = 'b
is snd o snd o snd .

declare [[coercion process]|

lemma stochastic-process-construct [simp]: stochastic-process (proc-source X) (proc-target
X) (process X)
by (transfer, force)

interpretation stochastic-process proc-source X proc-target X proc-index X process
X
by simp

lemma stochastic-process-measurable [measurable]: process X t € (proc-source X)
—m (proc-target X)
by (meson random-process)

Here we construct a process on a given index set. For this we need to
produce measurable functions for indices outside the index set; we use the
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constant function, but it needs to point at an element of the target set to
be measurable.

context prob-space
begin

lift-definition process-of :: 'b measure = 't set = ('t = 'a = 'b) = 'b = ('t,’a,’d)
stochastic-process

SAM' I Xw. if Vtel. Xte M —py M) ANw € space M’

then (M, M’, I, (\t. if t € I then X t else (A-. w)))

else (return (sigma UNIV {{}, UNIV}) (SOME z. True), sigma UNIV UNIV,
I, M- w)

by (simp add: stochastic-processl prob-space-return prob-space.stochastic-processl)

lemma index-process-of [simp]: proc-index (process-of M' I X w) =1
by (transfer, auto)

lemma
assumes Vi € [. Xt € M —py M'w € space M’
shows
source-process-of [simp]: proc-source (process-of M' I X w) = M and
target-process-of [simpl: proc-target (process-of M' I X w) = M’ and
process-process-of [simpl: process (process-of M' I X w) = (At. if t € [ then X ¢
else (A-. w))
using assms by (transfer, auto)+

lemma process-of-apply:
assumes Vi€ [. Xt e M —py M'w € space M' t € 1
shows process (process-of M' I X w) t = X t
using assms by (meson process-process-of)

end

We define the finite-dimensional distributions of our process.

lift-definition distributions :: ('t, ‘a, 'b) stochastic-process = 't set = ('t = 'b)
measure
is N(M, M’, -, X) T. (I teT. distr M M' (X t)) .

lemma distributions-altdef: distributions X T = (I t€T. distr (proc-source X)
(proc-target X) (X t))
by (transfer, auto)

lemma prob-space-distributions: prob-space (distributions X J)

unfolding distributions-altdef

by (simp add: prob-space-PiM proc-source.prob-space-distr random-process)
lemma sets-distributions: sets (distributions X J) = sets (PiM J (A-. (proc-target
X))

by (transfer, auto cong: sets-PiM-cong)

lemma space-distributions: space (distributions X J) = (Ilg i€J. space (proc-target
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X))
by (transfer, auto simp add: space-PiM)

lemma emeasure-distributions:

assumes finite J \j. j€J = A j € sets (proc-target X)

shows emeasure (distributions X J) (Pip J A) = ([[j€J. emeasure (distr
(proc-source X) (proc-target X) (X j)) (A 7))

by (simp add: assms(1) assms(2) distributions-altdef product.emeasure-PiM)

interpretation projective-family (proc-index X) distributions X (A-. proc-target
X)
proof (intro projective-family.intro)
fix J and H
let 2 = proc-indexr X
and ?M = proc-source X
and ?M’ = proc-target X
assume *: J C H finite HH C ?1
then have J C ¢1
by simp
show distributions X J = distr (distributions X H) (Pipr J (M- 2M7)) (Mf.
restrict f J)
proof (rule measure-eql)
show sets (distributions X J) = sets (distr (distributions X H) (Pipr J (M-
M) (Mf. restrict f J))
by (simp add: sets-distributions)
fix S assume S € sets (distributions X J)
then have in-sets: S € sets (PiM J (A-. ?M"))
by (simp add: sets-distributions)
have prod-emb-distr: (prod-emb H (A-. 2M’) J S) = (prod-emb H (\t. distr ?M
M’ (X ) JS)
by (simp add: prod-emb-def)
have emeasure (distr (distributions X H) (Pipr J (A-. 2M7)) (Mf. restrict f J))
S =
emeasure (distributions X H) (prod-emb H (A-. ?M’) J S)
apply (rule emeasure-distr-restrict)
by (simp-all add: * sets-distributions in-sets)
also have ... = emeasure (distributions X J) S
unfolding distributions-altdef
using *(1,2) in-sets prod-emb-distr by force
finally show emeasure (distributions X J) S
= emeasure (distr (distributions X H) (Pipr J (M- 2M7)) (Nf. restrict
f7) s
by argo
qed
qed (rule prob-space-distributions)

locale polish-stochastic = stochastic-process M borel :: 'b::polish-space measure I X
for M and [ and X
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lemma distributed-cong-random-variable:

assumes M = KN=LAEzinM. Xe=YzXeM -y NYeEK —y L
f € borel-measurable N

shows distributed M N X f <— distributed K L 'Y f

using assms by (auto simp add: distributed-def distr-cong-AE)

For all sorted lists of indices, the increments specified by this list are inde-
pendent

lift-definition indep-increments :: ('t :: linorder, 'a, 'b :: minus) stochastic-process
= bool is
M, M, I, X).
(Vi set I C 1 A sortedl A lengthl > 2 —
prob-space.indep-vars M (A-. M') (Akv. X (I'k) v — X (II(k—1)) v) {I..<length
).

lemma indep-incrementskE:
assumes indep-increments X
and set | C proc-index X A sorted | A length | > 2
shows prob-space.indep-vars (proc-source X) (A-. proc-target X)
Mev. X (k) v — X (IN(k—1)) v) {1..<length [}

using assms by (transfer, auto)

lemma indep-incrementsl:
assumes Al set | C proc-index X = sorted | = length | > 2 —
prob-space.indep-vars (proc-source X) (A-. proc-target X) (Ak v. X (I'k) v — X
(Nk—1)) v) {1..<length I}
shows indep-increments X
using assms by (transfer, auto)

lemma indep-increments-indep-var:
assumes indep-increments X h € proc-index X j € proc-inder X k € proc-index
Xh<jj<k
shows prob-space.indep-var (proc-source X) (proc-target X) (Av. X jv — X h v)
(proc-target X) (Av. X kv — X jv)
proof —
let 21 = [h,j,k]
have set 2l C proc-index X A sorted ¢l N 2 < length ?]
using assms by auto
then have prob-space.indep-vars (proc-source X) (A-. proc-target X) (Ak v. X
(20k) v — X (21(k—1)) v) {1..<length ?I}
by (rule indep-incrementsE[OF assms(1)])
then show ?thesis
using proc-source.indep-vars-indep-var by fastforce
qed

definition stationary-increments X «— (Vt1t2k. t1 > 0ANt2> 0Nk >0 —
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distr (proc-source X) (proc-target X) (Av. X (t1 + k) v — X t1 v) =
distr (proc-source X) (proc-target X) (Av. X (t2 + k) v — X 2 v))

Processes on the same source measure space, with the same index space,
but not necessarily the same target measure since we only care about the
measurable target space, not the measure

lift-definition compatible :: ('t,’a,’d) stochastic-process = ('t,’a,’b) stochastic-process
= bool

is \(Mz, M'z, Iz, X) (My, M'y, Iy, -). Mz = My A sets M’z = sets M'y A Iz
=1Iy.

lemma compatiblel:
assumes proc-source X = proc-source Y sets (proc-target X) = sets (proc-target
Y)
proc-index X = proc-index Y
shows compatible X Y
using assms by (transfer, auto)

lemma
assumes compatible X Y
shows
compatible-source [dest]: proc-source X = proc-source ¥ and
compatible-target [dest]: sets (proc-target X) = sets (proc-target Y) and
compatible-index [dest]: proc-index X = proc-index YV
using assms by (transfer, auto)+

lemma compatible-refl [simpl: compatible X X
by (transfer, auto)

lemma compatible-sym: compatible X Y = compatible Y X
by (transfer, auto)

lemma compatible-trans:
assumes compatible X Y compatible Y Z
shows compatible X Z
using assms by (transfer, auto)

lemma (in prob-space) compatible-process-of:
assumes measurable: Vt € I. Xt e M —y M'Vtel. Yte M =y M’
and a € space M’ b € space M’
shows compatible (process-of M' I X a) (process-of M’ I Y b)
using assms by (transfer, auto)

definition modification :: ('t,’a,’d) stochastic-process = ('t,’a,’b) stochastic-process
= bool where

modification X Y <— compatible X Y N (Yt € proc-index X. AE x in proc-source
X. Xtz=Ytua)

lemma modificationl [intro]:
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assumes compatible X Y At. t € proc-inder X = AFE z in proc-source X. X t
r=Ytx

shows modification X Y

unfolding modification-def using assms by blast

lemma modificationD [dest]:
assumes modification X Y
shows compatible X Y
and At. t € proc-inder X = AF x in proc-source X. X tx = Yitx
using assms unfolding modification-def by blast+

lemma modification-null-set:
assumes modification X Y t € proc-indexr X
obtains N where {z € space (proc-source X). X tx # Y tz} C NN € null-sets
(proc-source X)
proof —
from assms have AE z in proc-source X. Xtz = Y tx
by (rule modificationD(2))
then have 3 Nenull-sets (proc-source X). {z € space (proc-source X). X t x #
Yta} CN
by (simp add: eventually-ae-filter)
then show ?thesis
using that by blast
qed

lemma modification-refl [simp]: modification X X
by (simp add: modificationI)

lemma modification-sym: modification X Y = modification ¥ X
proof (rule modificationl)
assume *: modification X Y
then show compat: compatible Y X
using compatible-sym modificationD(1) by blast
fix t assume t € proc-index Y
then have ¢ € proc-index X
using compatible-index[OF compat] by blast
have AE z in proc-source Y. Xtz =Ytz
using modificationD(2)[OF « <t € proc-index X))
compatible-source[OF compat] by argo
then show AF z in proc-source Y. Ytrx =Xtz
by force
qged

lemma modification-trans:
assumes modification X Y modification Y Z
shows modification X Z
proof (intro modificationl)
show compatible X Z
using compatible-trans modificationD(1) assms by blast
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fix ¢t assume t: t € proc-index X
have XY: AF x in proc-source X. process X t x = process Y t x
by (fact modificationD(2)[OF assms(1) t))
have t € proc-indexr Y proc-source X = proc-source Y
using compatible-index compatible-source assms(1) modificationD(1) t by
blast+
then have AF z in proc-source X. process Y t © = process Z t x
using modificationD(2)[OF assms(2)] by presburger
then show AF z in proc-source X. process X t x = process Z t «
using XY by fastforce
qged

lemma modification-imp-identical-distributions:
assumes modification: modification X Y
and index: T C proc-index X
shows distributions X T = distributions ¥ T
proof —
have proc-source X = proc-source Y
using modification by blast
moreover have sets (proc-target X) = sets (proc-target Y)
using modification by blast
ultimately have distr (proc-source X) (proc-target X) (X z) =
distr (proc-source Y) (proc-target V) (Y z)
ifz e T for z
apply (rule distr-cong-AE)
apply (metis assms modificationD(2) subset-eq that)
apply simp-all
done
then show ?thesis
by (auto simp: distributions-altdef cong: PiM-cong)
qed

definition indistinguishable :: ('t,’a,’d) stochastic-process = ('t,’a,’d) stochastic-process
= bool where

indistinguishable X Y <— compatible X Y A

(3N € null-sets (proc-source X). Vt € proc-index X. {z € space (proc-source X).
Xtxz#Ytz} CN)

lemma indistinguishablel:

assumes compatible X Y

and AN € null-sets (proc-source X). (¥t € proc-index X. {z € space (proc-source
X). Xte#Ytz} CN)

shows indistinguishable X Y

unfolding indistinguishable-def using assms by blast

lemma indistinguishable-null-set:
assumes indistinguishable X Y

obtains N where
N € null-sets (proc-source X)
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At. t € proc-index X = {z € space (proc-source X). Xtz # Ytz} C N
using assms unfolding indistinguishable-def by force

lemma indistinguishableD:

assumes indistinguishable X Y

shows compatible X Y

and 3N € null-sets (proc-source X). (¥t € proc-index X. {z € space (proc-source
X). Xtz #£Ytz} CN)

using assms unfolding indistinguishable-def by blast+

lemma indistinguishable-eq-AE:
assumes indistinguishable X Y
shows AFE x in proc-source X. ¥Vt € proc-index X. X tx =Ytz
using assms[ THEN indistinguishableD(2)] by (auto simp add: eventually-ae-filter)

lemma indistinguishable-null-ex:

assumes indistinguishable X Y

shows AN € null-sets (proc-source X). {x € space (proc-source X).3t € proc-index
X. Xtz#Ytz} CN

using indistinguishableD(2)[OF assms] by blast

lemma indistinguishable-refl [simp]: indistinguishable X X
by (auto intro: indistinguishablel)

lemma indistinguishable-sym: indistinguishable X Y = indistinguishable ¥ X
unfolding indistinguishable-def apply (simp add: compatible-sym)
by (smt (verit, ccfv-SIG) Collect-cong compatible-index compatible-source indis-
tinguishable-def)

lemma indistinguishable-trans:
assumes ndistinguishable X Y indistinguishable Y Z
shows indistinguishable X Z
proof (intro indistinguishablel)
show compatible X Z
using assms indistinguishableD(1) compatible-trans by blast
have eq: proc-index X = proc-index Y proc-source X = proc-source Y
using compatible-index compatible-source indistinguishableD(1)[OF assms(1)]
by blast+
have AFE x in proc-source X. ¥Vt € proc-index X. X tx = Y itz
by (fact indistinguishable-eq-AE|OF assms(1)])
moreover have AE z in proc-source X. V't € proc-index X. Yix = Ztx
apply (subst eq)+
by (fact indistinguishable-eq-AE[OF assms(2)])
ultimately have AFE z in proc-source X. V't € proc-index X. X tx = Ztzx
using assms by fastforce
then obtain N where N € null-sets (proc-source X)
{z € space (proc-source X).3tEproc-index X. process X t & # process Z t x} C
N
using eventually-ae-filter by (smt (verit) Collect-cong eventually-ae-filter)
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then show 3 Nenull-sets (proc-source X). ¥ t€proc-index X. {x € space (proc-source
X). process X t © # process Z t x} C N
by blast
qed

lemma indistinguishable-modification: indistinguishable X Y = modification X
Y

apply (intro modificationl)

apply (erule indistinguishableD(1))

apply (drule indistinguishableD(2))

using eventually-ae-filter by blast

Klenke 21.5(i)

lemma modification-countable:
assumes modification X Y countable (proc-index X)
shows indistinguishable X Y
proof (rule indistinguishablel)
show compatible X Y
using assms(1) modification-def by auto
let N = (M. {z € space (proc-source X). X t x # Y t x})
from assms(1) have Vit € proc-index X. AE z in proc-source X. Xtz =Ytz
unfolding modification-def by argo
then have At. ¢t € proc-inder X = 3N € null-sets (proc-source X). Nt C N
by (subst eventually-ae-filter|[symmetric|, blast)
then have I N. YVt € proc-index X. N t € null-sets (proc-source X) N /Nt C N

by meson
then obtain N where N: V1t € proc-index X. (N t) € null-sets (proc-source X)
AN?NtC Nt
by blast
then have null: ((Jt € proc-index X. N t) € null-sets (proc-source X)
by (simp add: null-sets-UN' assms(2))
moreover have V t€proc-index X. ?N t C (|t € proc-index X. N t)
using N by blast
ultimately show 3 Ne null-sets (proc-source X). (VY teproc-index X. YNt C N)
by blast
qed

Klenke 21.5(ii). The textbook statement is more general - we reduce right
continuity to regular continuity

lemma modification-continuous-indistinguishable:

fixes X :: (real, 'a, 'b :: metric-space) stochastic-process

assumes modification: modification X Y
and interval: 3T > 0. proc-index X = {0..T}
and rc: AE w in proc-source X. continuous-on (proc-indexr X) (At. X t w)
(is AE w in proc-source X. Zcont-X w)
AFE w in proc-source Y. continuous-on (proc-index V) (At. Yt w)
(is AE w in proc-source Y. ?cont-Y w)

shows indistinguishable X Y
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proof (rule indistinguishablel)
show compatible X Y
using modification modification-def by blast
obtain T where T: proc-index X = {0..T} T > 0
using interval by blast
define N where N = At. {z € space (proc-source X). X tx # Y t x}
have 1: V¢ € proc-indezx X. 35. Nt C S A S € null-sets (proc-source X)
using modificationD(2)[OF modification] by (auto simp add: N-def eventu-
ally-ae-filter)

S is a null set such that X;(z) # Yi(z) = z € S,

obtain S where S: V¢ € proc-index X. Nt C St A St € null-sets (proc-source
X)
using bchoice[OF 1] by blast
have eq: proc-source X = proc-source Y proc-index X = proc-index Y
using <compatible X Y compatible-source compatible-index by blast+
have AE p in proc-source X. ?cont-X p A Zcont-Y p
apply (rule AE-conjI)
using eq rc by argo+

R is a set of measure 1 such that if x € R then the paths at = are continuous
for X and Y

then obtain R where R: R C {p € space (proc-source X). ?cont-X p A Zcont-Y
p}
R € sets (proc-source X) measure (proc-source X) R = 1
using proc-source. AE-E-prob by blast

We use an interval of dyadic rationals because we need to produce a count-
able dense set for {0..T'}, which we have by closure (dyadic-interval 0 ?T)
={0..7T}.

let ?I = dyadic-interval 0 T
let N'=Jne ?[. Nn
have N-subset: \t. t € proc-index X = Nt N R C 2N’
proof
fix t assume t € proc-index X
fix p assume x: p € Nt N R
then obtain ¢ where ¢: 0 < e e = dist (X tp) (Yip)
by (simp add: N-def)
have cont-p: continuous-on {0..T} (At. Y t p) continuous-on {0..T} (At. X ¢
p)
using R (1) T(1)[symmetric] eq(2) by auto
then have continuous-dist: continuous-on {0..T} (At. dist (X t p) (Y ¢ p))
using continuous-on-dist by fast
{
assume Vre 2. Xrp=Yrp
then have dist-0: Ar. r € 21 = dist (X rp) (Yrp) =0
by auto
have dist (X tp) (Yip) =0
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proof —
have dist-tendsto-0: ((At. dist (X t p) (Yt p)) —— 0)(at t within 2I)
using dist-0 continuous-dist
by (smt (verit, best) Lim-transform-within e tendsto-const)
have XY: ((At. X t p) —— X t p)(at t within 2I) (A\t. Yip) — Yt
p)(at t within 21)
by (metis cont-p T(1) <t € proc-index X> continuous-on-def tend-
sto-within-subset dyadic-interval-subset-interval)+
show ?thesis
apply (rule tendsto-unique[of at t within ?I])
apply (simp add: trivial-limit-within)
apply (metis T(1) T(2) <t € proc-index X» dyadic-interval-dense
islimpt-Icc limpt-of-closure)
using tendsto-dist|OF XY dist-tendsto-0
by simp-all
qed
then have Fulse
using ¢ by force
}

then have Jredyadic-interval 0 T. p € N r
unfolding N-def using x R(2) sets.sets-into-space by auto
then show p € |J (N ¢ 9I)
by simp
qed
have null: (space (proc-source X) — R) U (Jr € ?1. Sr) € null-sets (proc-source
X)
apply (rule null-sets. Un)
apply (smt (verit) R(2,3) AE-iff-null-sets proc-source.prob-compl proc-source.prob-eq-0
sets. Diff sets.top)
by (metis (no-types, lifting) S T(1) dyadic-interval-countable dyadic-interval-subset-interval
in-mono null-sets-UN’)
have (Jr € proc-index X. N r) C (space (proc-source X) — R) U (Ur €
proc-index X. N 1)
by blast
also have ... C (space (proc-source X) — R) U ((Jr € 2[. N r)
using N-subset N-def by blast
also have ... C (space (proc-source X) — R) U (Ur € ?I. Sr)
by (smt (verit, ccfo-threshold)S T(1) UN-iff Un-iff dyadic-interval-subset-interval
in-mono subsetl)
finally show 3 Nenull-sets (proc-source X). V t€proc-index X. {z € space (proc-source
X). process X t x # process Yt x} C N
by (smt (verit) N-def null S SUP-le-iff order-trans)
qged

lift-definition restrict-index :: ('t, 'a, 'b) stochastic-process = 't set = ('t, 'a, 'b)
stochastic-process

is N(M, M', I, X) T. (M, M', T, X) by fast

lemma
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shows
restrict-indez-source[simp|: proc-source (restrict-index X T) = proc-source X
and
restrict-index-target[simp|: proc-target (restrict-index X T) = proc-target X and
restrict-index-index[simp: proc-index (restrict-index X T) = T and
restrict-indez-process[simpl: process (restrict-index X T) = process X
by (transfer, force)+

lemma restrict-index-override[simp|: restrict-index (restrict-indexr X T) S = re-
strict-index X S
by (transfer, auto)

lemma compatible-restrict-index:
assumes compatible X Y
shows compatible (restrict-index X S) (restrict-index Y S)
using assms unfolding compatible-def by (transfer, auto)

lemma modification-restrict-index:
assumes modification X Y S C proc-index X
shows modification (restrict-index X S) (restrict-index Y S)
using assms unfolding modification-def
apply (simp add: compatible-restrict-index)
apply (metis restrict-index-source subsetD)
done

lemma indistinguishable-restrict-index:
assumes indistinguishable X Y S C proc-indexr X
shows indistinguishable (restrict-index X S) (restrict-index Y S)
using assms unfolding indistinguishable-def by (auto simp: compatible-restrict-indez)

lemma AFE-eq-minus [intro]:
fixes a :: ‘a = ('b :: real-normed-vector)
assumes AEzin M.az=bzxAExin M. cx=dzx
shows AEzinM.ax —cx=bx—dx
using assms by fastforce

lemma modification-indep-increments:
fixes X Y :: (Ya :: linorder, 'b, 'c :: {second-countable-topology, real-normed-vector})
stochastic-process
assumes modification X Y sets (proc-target Y) = sets borel
shows indep-increments X = indep-increments Y
proof (intro indep-incrementsl, subst proc-source.indep-vars-iff-distr-eq-PiM , goal-cases)
case (11)
then show Zcase by simp
next
case (21 1)
then show ?Zcase
using assms apply measurable
using modificationD(1)[OF assms(1), THEN compatible-source] assms(2)
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by (metis measurable-cong-sets random-process)+
next
case (3 1)
have target-X [measurable]: sets (proc-target X) = sets borel
using assms by auto
then have measurable-target: f € M —; proc-target X = (f € borel-measurable
M) for f and M :: 'b measure
using measurable-cong-sets by blast
have AE w in proc-source X. X (I'i)w=Y ({19 w
if i € {0..<length I} for i
apply (rule assms(1)[THEN modificationD(2)])
by (metis 3(2) that assms(1) atLeastLessThan-iff basic-trans-rules(31)
compatible-index modificationD(1) nth-mem)
then have AF-eq: AFE w in proc-source X. X (IVi) w — X (1(i—1)) w = Y (Il4)
w—=Y (II(i—-1)) w
if i € {1..<length I} for {
using AFE-eq-minus that by auto
have AE-eq": AE x in proc-source X. (Aie{l..<length I}. X (IVi)z — X (1! (4
— 1) a) =
(Nie{1l.<length I}. Y (1! )z — Y (I (i = 1)) z)
proof (rule AE-mp)
show AF w in proc-source X. Vi €{1..<length I}. X (IYi) w — X (I!(i—1)) w
Y (M) w—=Y (I1(i—1)) w
proof —
{
fix 7 assume *: ¢ € {1..<length [}
obtain N where
{w € space (proc-source X). X (i) w — X (I(i—1)) w# Y (i) w = YV
(M(i—-1)) w} C N
N € proc-source X emeasure (proc-source X) N = 0
using AE-eq[OF *, THEN AE-E] .
then have 3N € null-sets (proc-source X).
{w € space (proc-source X). X (i) w — X (M(i—1) w# Y (i) w — Y
(U(i-1) w} € N
by blast
} then obtain N where N: N i € null-sets (proc-source X)
{w € space (proc-source X). X (lli) w — X (I(i—1)) w# Y (i) w = Y
(IN(i—1)) w} C N3
if ¢ € {1..< length I} for i
by (metis (lifting) ext)
have {w € space (proc-source X). = (Vie{l..<length I}. X (1! i) w — X (I!
G—1)w=Y {{!'H)w-Y ! (E-1)w}C 7€ {1.<lengthl}. Ni)
using N by blast
moreover have (|J¢ € {1..< length I}. N i) € null-sets (proc-source X)
apply (rule null-sets.finite-UN)
using 3 N by simp-all
ultimately show Zthesis
by (blast intro: AE-I)
qed
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show AFE z in proc-source
X. (Vie{l..<length l}. process X (1! 4) © — process X (1! (i — 1)) =
= process Y (I14) x — process Y (1! (i — 1)) z) —
(Nie{1..<length l}. process X (1! %) x — process X (1! (i — 1)) z) =
(Nie{1..<length I}. process Y (1! i) x — process Y (1! (i — 1)) )
by (rule AE-I2, auto)
qed
have distr (proc-source Y) (Piy {1..<length 1} (Xi. proc-target Y))
(Az. die{l.<length I}. Y (') z— Y (1! (i — 1)) z)=
distr (proc-source X) (Pip {1..<length I} (\i. proc-target X))
Az, die{l.<length I}. X (I'9))z— X (1! (i — 1)) x)
apply (rule sym)
apply (rule distr-cong-AFE)
using assms(1) apply blast
apply (metis assms(2) sets-PiM-cong target-X)
apply (fact AE-eq’)
apply simp
apply (rule measurable-restrict)
apply (simp add: measurable-target)
subgoal by measurable (meson measurable-target random-process)+
apply (rule measurable-restrict)
by (metis (full-types) assms(2) borel-measurable-diff measurable-cong-sets stochas-
tic-process-measurable)
also have ... = Piys {1..<length I} (Xi. distr (proc-source X) (proc-target X)
M. X (I v—X U (i- 1)) v)
apply (subst proc-source.indep-vars-iff-distr-eq-PiM [symmetric])
subgoal using 3 by simp
apply simp
apply (metis (full-types) borel-measurable-diff measurable-cong-sets stochas-
tic-process-measurable target-X)
apply (rule indep-incrementsE)
apply (fact 3(1))
using 3(2—) assms(1) by blast
also have ... = Piy {1..<length I} (\i. distr (proc-source Y) (proc-target Y')
M. Y (') ov—Y (! (i-1)) )
apply (safe introl: PiM-cong)
apply (rule distr-cong-AFE)
subgoal using assms(1) by blast
subgoal using assms(1) by blast
subgoal using AFE-eq by presburger
subgoal by (metis (mono-tags) borel-measurable-diff measurable-target ran-
dom-process)
by (metis (full-types) assms(2) borel-measurable-diff measurable-cong-sets ran-
dom-process)
finally show ?Zcase .
qed

end
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6 The Kolomgorov-Chentsov theorem

theory Kolmogorov-Chentsov
imports Stochastic-Processes Holder-Continuous Dyadic-Interval Measure-Convergence
begin

6.1 Supporting lemmas

The main contribution of this file is the Kolmogorov-Chentsov theorem:
given a stochastic process that satisfies some continuity properties, we can
construct a Holder continuous modification. We first prove some auxiliary
lemmas before moving on to the main construction.

Klenke 5.11: Markov inequality. Compare with [(Az. ?u = * indicator ?A x)
€ borel-measurable ?M; ?A € sets M| = emeasure ?M {z € ?A. 1 < %c
x fux} < Zc x set-nn-integral M ?A %u

lemma nn-integral-Markov-inequality-extended:
fixes [ :: real = ennreal and ¢ :: real and X :: 'a = real
assumes mono: mono-on (range X U {0<..}) f
and finite: N\z. fz < 00
and e:e > 0fe >0
and [measurable]: X € borel-measurable M
shows emeasure M {p € space M. (X p) > e} < ([t a. f (Xz)OM) /) fe
proof —
have f-eq: f = (Az. ennreal (enn2real (f x)))
using finite by simp
have mono-on (range X) (Az. enn2real (f x))
apply (intro mono-onl)
using mono| THEN mono-onD) finite by (simp add: enn2real-mono)
then have [ € borel-measurable (restrict-space borel (range X))
apply (subst f-eq)
apply (intro measurable-compose[where f=Az. enn2real (f ) and g=ennreal])
using borel-measurable-mono-on-fnc apply blast
apply simp
done
then have (\z. f (X z)) € borel-measurable M
apply (intro measurable-compose[where g=f and f=X and N=restrict-space
borel (range X)])
apply (simp-all add: measurable-restrict-space2)
done
then have {z € space M. f (X z) > f e} € sets M
by measurable
then have f ¢ x emeasure M {z € space M. X © > e} < ([ tz€{z € space M.
fe<f (X)) fedM)
apply (simp add: nn-integral-cmult-indicator)
using e mono-onD[OF mono| zero-le apply (blast intro: mult-left-mono emea-
sure-mono)
done
also have ... < ([ tze{z € space M. f e < f (X 2)}. f (X z) OM)
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apply (rule nn-integral-mono)
subgoal for z
apply (cases f e < f (X z))
using ennreal-lel by auto
done
also have ... < [T z. f (X z) OM
by (simp add: nn-integral-mono indicator-def)
finally have emeasure M {p € space M. e < Xp}«xfe /fe< ([T 2 f (X2
oM) | 1 ¢
by (simp add: divide-right-mono-ennreal field-simps)
then show ?thesis
using mult-divide-eq-ennreal finite[of €] e(2) by simp
qed

lemma nn-integral-Markov-inequality-extended-rnv:
fixes f :: real = real and € :: real and X :: ‘a = 'b :: real-normed-vector
assumes [measurable]: X € borel-measurable M
and mono: mono-on {0..} f
and e:e > 0fe >0
shows emeasure M {p € space M. norm (X p) > e} < ([t z. f (norm (X z))
OM) / f e
apply (rule nn-integral-Markov-inequality-extended)
using mono ennreal-lel unfolding mono-on-def apply force
apply (simp-all add: e)
done

6.2 Kolmogorov-Chentsov

Klenke theorem 21.6 - Kolmorogov-Chentsov

locale Kolmogorov-Chentsov =
fixes X :: (real, 'a, 'b :: polish-space) stochastic-process
and a b C v :: real
assumes index[simp|: proc-index X = {0..}
and target-borel[simp]: proc-target X = borel
and gt-0:a > 0b>0C > 0
and b-leg-a: b < a
and gamma: v € {0<..<b/a}
and ezpectation: Ast. [s > 0; ¢t > 0] =
(J* x dist (X tz) (X saz) powr a dproc-source X) < C  dist t s powr
(1+D)
begin

lemma gamma-0-1[simpl:y € {0<..1}
using gt-0 b-leg-a gamma
by (metis divide-less-eq-1-pos divide-self greater ThanAtMost-iff
greater ThanLess Than-iff nless-le order-less-trans)

lemma gamma-gt-0[simpl: v > 0
using gamma greaterThanLess Than-iff by blast
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lemma gamma-le-1[simp|: v < 1
using gamma-0-1 by auto

abbreviation source = proc-source X

lemma X-borel-measurable[measurable]: X t € borel-measurable source for t
by (metis random-process target-borel)

lemma markov: P(x in source. ¢ < dist (X tz) (X sx)) < (C « dist t s powr (1
+ b)) / € powr a
ifs>0t>0¢e>0forste
proof —
let %inc = Az. dist (X t z) (X s z) powr a
have emeasure source {x € space source. ¢ < dist (X tx) (X s z)}
< z'ntegmlN source ?inc | € powr a
apply (rule nn-integral-Markov-inequality-extended)
using that(1,2) apply measurable
subgoal using ¢t-0(1) imageE powr-mono2 by (auto intro: mono-onl)
using that apply simp-all
done
also have ... < (C x dist t s powr (1 + b)) / ennreal (¢ powr a)
apply (rule divide-right-mono-ennreal)
using ezpectation|OF that(1,2)] ennreal-lel by simp
finally have emeasure source {z € space source. ¢ < dist (X t z) (X s z)}
< (C * dist t s powr (1 + b)) / € powr a
using that(3) divide-ennreal gt-0(3) by simp
moreover have C x dist t s powr (1 + b) / € powr a > 0
using ¢t-0(3) by auto
ultimately show ?thesis
by (simp add: proc-source.emeasure-eq-measure)
qed

lemma conv-in-prob:
assumes t > (
shows tendsto-measure (proc-source X) X (X t) (at t within {0..})
proof —
{
fix pe:: real assume 0 < p 0 < ¢
let g = (p * € powr a / C) powr (1/(1+Db))
have 0 < %q
using <0 < p» gt-0(3) <0 < & by simp
have p-eq: p = (C * 2q powr (1 + b)) / € powr a
using gt-0 <0 < ?¢» <0 < p» by (simp add: field-simps powr-powr)
have 0 < dist rt A dist rt < g — dist P(z in source. ¢ < dist (X t z) (X
rz)) 0 <p
if r € {0..} for r
proof safe
assume (0 < dist vt dist r t < %q
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have 0 < r
using that by auto
from «dist r t < ?¢> have C * dist r t powr (1 + b) / € powr a < p
apply (subst p-eq)
using gt-0(2) gt-0(3) apply (simp add: divide-le-cancel powr-mono2)
done
then show dist P(z in source. € < dist (process X t x) (process X r x)) 0 <

using markov[OF <0 < 1) assms <0 < &)] by (simp add: dist-commute)
qed
then have 3d>0. Vre{0..}. 0 < distrt Ndistrt < d —
dist P(x in source. € < dist (X rz) (Xtz)) 0<p

apply (intro exl[where z=7%q|)

apply (subst(3) dist-commute)

using <0 < p» gt-0(3) <0 < &» dist-commute by fastforce

} then show ?thesis
by (simp add: finite-measure.tendsto-measure-leq, safe, intro Lim-withinI)
qed

lemma conv-in-prob-finite:
assumes t > (
shows tendsto-measure (proc-source X) X (X t) (at t within {0..T})
proof —
have at t within {0..T} < at t within {0..}
by (simp add: at-le)
then show ?thesis
apply (rule tendsto-measure-mono)
using assms by (rule conv-in-prob)
qed

lemma incr: P(z in source. 2 powr (— v * n) < dist (X ((k— 1) % 2 powr — n)
z) (X (k * 2 powr — n) x))
< C * 2 powr (—n * (14+b—axy))
ifk>1n>0forkn
proof —
have P(z in source. 2 powr (— v * n) < dist (X ((k — 1) * 2 powr — n) z) (X
(k % 2 powr — n) 1))
< C xdist (k— 1) x 2 powr — n) (k x 2 powr — n) powr (1 +b) / (2
powr (— v * n)) powr a
using that by (auto intro: markov)

also have ... = C' % 2 powr (—n — b*n) / 2 powr (— v * n * a)
by (auto simp: dist-real-def powr-powr field-simps)
also have ... = C * 2 powr (—n * (1+b—axy))

by (simp add: field-simps powr-add]symmetric])
finally show ?thesis .
qed

end

In order to construct the modification of X, it suffices to construct a modi-
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fication of X on {0..7'} for all finite 7', from which we construct the modi-
fication on {0..} via a countable union.

locale Kolmogorov-Chentsov-finite = Kolmogorov-Chentsov +
fixes T :: real
assumes zero-le-T: 0 < T

begin

A,, will characterise the set of states with increments that exceed the bounds
required for Holder continuity. As n — oo, this approaches the set of states
for which X is not Holder continuous. We define N as this limit, and show
that N is a null set. On w € Q— N, we show that X (w) is Holder continuous
(and therefore uniformly continuious) on the dyadic rationals, and construct
a modification by taking the continuous extension on the reals.

definition A = An. if 2 " n x T < 1 then space source else
{z € space source.
Maz {dist (X (real-of-int (k — 1) * 2 powr — real n) x) (X (real-of-int k * 2
powr — real n) x)
| k. ke {1..[2nx T|}} > 2 powr (—y * real n)}

abbreviation B = An. (Jm. A (m + n))
abbreviation N = () (range B)

lemma A-geq: 2 "nx T > 1 = A n = {z € space source.
Maz {dist (X (real-of-int (k — 1) * 2 powr — real n) z) (X (real-of-int k * 2
powr — real n) x)
| k. ke {1..]27nx T|}} > 2 powr (—v * real n)} for n
by (simp add: A-def)

lemma A-measurable[measurable]: A n € sets source
unfolding A-def apply (cases 2 "nx T < 1)
apply simp
apply (simp only: if-False)
apply measurable
done

lemma emeasure-A-leq:
fixes n :: nat
assumes [simp]: 27 n x T > 1
shows emeasure source (A n) < C % T % 2 powr (— n * (b — a * 7))
proof —
have nonempty: {1..|2"n x T|} # {}
using assms by fastforce
have finite: finite {1..[27n = T|}
by simp
have emeasure source (A n) < emeasure source (| Jk € {1..|27n * T|}.
{z€space source. dist (X (real-of-int (k — 1) * 2 powr — real n) z) (X (real-of-int
k % 2 powr — real n) x) > 2 powr (— v * real n)})
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(is emeasure source (A n) < emeasure source ?R)
proof (rule emeasure-mono, intro subsetl)
fix z assume x: z € A n
from * have in-space: © € space source
using A-measurable sets.sets-into-space by blast
from * have 2 powr (— v * real n) < Max {dist (X (real-of-int (k — 1) * 2
powr — real n) z) (X (real-of-int k * 2 powr — real n) z) |k. k € {1..|2 "nx T|}}
using A-geq assms by blast
then have 3k € {1..[2 “n x T]}. 2 powr (— v * real n) < dist (X (real-of-int
(k — 1) * 2 powr — real n) z) (X (real-of-int k * 2 powr — real n) x)
apply (simp only: setcompr-eg-image)
apply (rule Maz-finite-image-ex[where P=MAz. 2 powr (— v * real n) < z,
OF finite nonempty])
apply (metis Collect-mem-eq)
done
then show z € 7R
using in-space by simp
next
show ?R € sets source
by measurable
qged
also have ... < (D" ke{1..|27n x T]}. emeasure source
{z€space source. dist (X (real-of-int (k — 1) * 2 powr — real n) z) (X (real-of-int
k * 2 powr — real n) x) > 2 powr (— v * real n)})
apply (rule emeasure-subadditive-finite)
apply blast
apply (subst image-subset-iff)
apply (intro balll)
apply measurable
done
also have ... < C % 2powr (—n* (I +b—ax7))x* (card {1..[2 "nx* T|})
proof —
{
fix k assume k € {1..|2 "nx T|}
then have real-of-int k > 1
by presburger
then have P(z in source. 2 powr (— v x real n) < dist (X (real-of-int (k —
1) * 2 powr — real n) z) (X (real-of-int k * 2 powr — real n) z))
< C x 2 powr (—(real n) * (1+b—axy))
using incr gamma by force
} note X = this
then have sum (Ak. P(z in source. 2 powr (— v * real n) < dist (X (real-of-int
(k — 1) % 2 powr — real n) x) (X (real-of-int k * 2 powr — real n) x)))
{1..|12 "n* T|} < of-nat (card {1..|2 "n* T|}) = (C x 2
powr (—(real n) x (1+b—ax*y)))
by (fact sum-bounded-above)
then show ?thesis
using ennreal-lel by (auto simp: proc-source.emeasure-eq-measure mult.commute)
qed
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also have ... < C x 2powr (—nx (I +b—ax*x7))x |2 " nx* T
using nonempty zle-iff-zadd by force

also have ... < C % 2powr (—n* (I+b —a*x7v))*«x 2 n«* T
by (simp add:ennreal-lel gt-0(3))

also have ... = C x 1/(2n) x 2powr (—nx (b —ax7v))* 2 nxT
apply (intro ennreal-cong)
apply (simp add: scale-left-imp-eq field-simps)
by (smt (verit) powr-add powr-realpow)

also have ... = C x T * 2 powr (— n * (b — a * 7))
by (simp add: field-simps)

finally show ?thesis .

qed

lemma measure-A-leq:
assumes 2 nxx T > 1
shows measure source (A n) < C x T x 2powr (—n * (b — a * 7))
apply (intro measure-leg-emeasure-ennreal)
subgoal using ¢t-0(3) zero-le-T by auto
using emeasure-A-leq apply (simp add: A-geq assms)
done

lemma summable-A: summable (Am. measure source (A m))
proof —
have b — a x~v > 0
by (metis diff-gt-0-iff-gt gamma greaterThanLess Than-iff gt-0(1) mult.commute
pos-less-divide-eq)
have 1: 2 powr (— realz x (b — a xv)) = (1 / 2 powr (b — a * )) "z for x
apply (cases z = 0)
by (simp-all add: field-simps powr-add[symmetric] powr-realpow|symmetric]
powr-powr)
have 2: summable (An. 2 powr (— n % (b — a * v))) (is summable ?C')
proof —
have summable (An. (1 / 2 powr (b — a * 7)) ~n)
using <b — a * v > 0) by auto
then show summable (Az. 2 powr (— real x * (b — a * 7)))
using 1 by simp
qged
from zero-le-T obtain N where 2N = T > 1
by (metis dual-order.order-iff-strict mult.commute one-less-numeral-iff pos-divide-le-eq
power-one-over reals-power-lt-ex semiring-norm(76) zero-less-numeral zero-less-power)
then have An.n > N = 2 nx T > |
by (smt (verit, best) <0 < T» mult-right-mono power-increasing-iff)
then have An. n > N = norm (measure source (A n)) < C x T x 2 powr (—
nx(b— ax7))
using measure-A-leq by simp
moreover have summable (An. C x T % 2 powr (— n x (b — a * 7)))
using 2 summable-mult by simp
ultimately show ?thesis
using summable-comparison-test’ by fast
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qed

lemma lim-B: (An. measure source (B n)) —— 0
proof —
have measure-B-le: measure source (B n) < (3 m. measure source (A (m + n)))
for n
apply (rule proc-source. finite-measure-subadditive-countably)
subgoal by auto
apply (subst summable-iff-shift)
using summable-A by blast
have lim-A: (An. (3 m. measure source (A (m + n)))) —— 0
by (fact suminf-exist-split2[OF summable-A])
have convergent (An. measure source (B n))
proof (intro Bseg-monoseq-convergent)
show Bseq (An. Sigma-Algebra.measure source (|Jm. A (m + n)))
apply (rule Bseql'[where K=measure source (|J (range A))])
apply (auto intro!: proc-source.finite-measure-mono)
done
show monoseq (An. Sigma-Algebra.measure source (Jm. A (m + n)))
apply (intro decseq-imp-monoseq[unfolded decseq-def] alll impl proc-source.finite-measure-mono)
apply (simp-all add: Union-add-subset)
done
qed
then obtain L where lim-B: (An. measure source (B n)) —— L
unfolding convergent-def by auto
then have L > 0
by (simp add: LIMSEQ-le-const)
moreover have L < (
using measure-B-le by (simp add: LIMSEQ-le[OF lim-B lim-A])
ultimately show ?thesis
using lim-B by simp
qed

lemma N-null: N € null-sets source
proof —
have (An. measure source (B n)) —— measure source N
apply (rule proc-source.finite-Lim-measure-decseq)
using A-measurable apply fast
apply (intro monotonel, simp add: Union-add-subset)
done
then have measure source N = 0
using lim-B LIMSEQ-unique by blast
then show ?thesis
by (auto simp add: emeasure-eq-ennreal-measure)
qed

lemma notin-N-index:

assumes w € space source — N
obtains ng where w ¢ (|Jn. A (n + no))
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using assms by blast

context

fixes w

assumes w: w € space source — N
begin

definition ng = SOME m. w ¢ (Un. A (n 4+ m)) Am > 0

lemma
shows n-zero: w ¢ (Jn. 4 (n + ng))
and n-zero-nonzero: ng > 0
proof —
have 3m. w ¢ (Un. A (n + m))
using w by blast
then have Im. w ¢ (Un. A (n+ m)) Am >0
by (metis (no-types, lifting) UNIV-I UN-iff add.comm-neutral not-gr-zero zero-less-Suc)
then have w ¢ (|Un. A (n + ng)) A ng > 0
unfolding ng-def by (rule somel-ex)
then show w ¢ (|Jn. A (n + ng)) ng > 0
by blast+
qged

lemma nzero-ge: An. n>nyg = 2 nx*xT > 1
proof (rule ccontr)
fix nassume ng <n-1<2 " nxT
then have A n = space source
unfolding A-def by simp
then have space source C ((Jm. A (m + n))
by (smt (verit, del-insts) UNIV-I UN-upper add-0)
also have (|Jm. A (m + n)) C (Um. 4 (m + ng))
by (simp add: Union-add-subset <ng < n»)
finally show Fulse
using w n-zero by blast
qed

lemma omega-notin: An. n > ny = w ¢ A n
by (metis n-zero UNIV-I UN-iff add.commute le-Suc-ex)

Klenke 21.7

lemma X-dyadic-incr:

assumes k € {I..|2nx* T|} n > ng

shows dist (X ((real-of-int k—1)/2™n) w) (X (real-of-int k/27n) w) < 2 powr
(=7 =n)
proof —

have finite {1..[27n x T|} {1..|27n* T|} # {}

using assms nzero-ge by blast+

then have fin-nonempty: finite {dist (X (real-of-int (k — 1) * 2 powr — real n)

w) (X (real-of-int k * 2 powr — real n) w) |k.
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ke{1..12 " nx T|}} {dist (X (real-of-int (k — 1) * 2 powr — real n)
w) (X (real-of-int k * 2 powr — real n) w) |k.
ke{1..|2 "nxT|}} £ {}
by fastforce+
have 2 powr (— v * real n)
> Mazx {dist (X (real-of-int (k — 1) x 2 powr — real n) w) (X (real-of-int k *
2 powr — real n) w) |k.
ke{1..]2 " n=xT|}}
using nzero-ge[OF assms(2)] omega-notin| OF assms(2)] w A-def by auto
then have 2 powr (— v * real n) > dist (X (real-of-int (k — 1) x 2 powr — real
n) w) (X (real-of-int k * 2 powr — real n) w)
using Maz-less-iff [OF fin-nonempty| assms(1) by blast
then show ?thesis
by (simp, smt (verit, ccfv-threshold) divide-powr-uminus powr-realpow)
qed

Klenke (21.8)

lemma dist-dyadic-mn:
assumes mn: ng < nn < m
and t-dyadic: t € dyadic-interval-step m 0 T
and u-dyadic-n: v € dyadic-interval-step n 0 T
and ut: u < tt —u< 2/2™n
shows dist (X v w) (Xt w) < 2powr (—v*mn) /(I — 2 powr — 7)
proof —
have u-dyadic: u € dyadic-interval-step m 0 T
using mn(2) dyadic-interval-step-subset u-dyadic-n by fast
have 0 < n
using mn(1) n-zero-nonzero by linarith
then have t — u < 1
by (smt (verit) ut(2) One-nat-def Suc-le-eq divide-le-eq-1-pos power-increasing
power-one-right)
obtain b-tu k-tu where tu-exp: dyadic-expansion (t—u) m b-tu k-tu
using dyadic-expansion-ex dyadic-interval-minus|OF u-dyadic t-dyadic <u < ]
by blast
then have k-tu = 0
using dyadic-expansion-floor|OF tu-exp] <t — u < 1) <u < ©» by linarith
have b-tu-0-1: b-tu ! ¢ € {0,1} if ¢ € {0..m—1} for ¢
using dyadic-expansionD(1,2)[OF tu-exp| that
by (metis Suc-pred’ <0 < n» atLeastAtMost-iff le-imp-less-Suc le-trans less-eq-Suc-le
mn(2) nth-mem subsetD)

And hence b;(t — u) = bj(s —u) = 0 for i < n.

have b-t-zero: b-tu ! ¢ = 0 if i+1 < n for
proof (rule ccontr)
assume b-tu ! i # 0
then have b-tu ! i = 1
by (smt (verit) add-lessD1 dyadic-expansionD(1,2) insertE mn(2) nth-mem
order-less-le-trans
singletonD subset-iff that tu-exp)
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then have ¢ — u > (real-of-int 0) + 1/27(i+1)
apply (intro dyadic-expansion-nth-geq)
using tu-exp <k-tu = 0> apply blast
apply (metis One-nat-def Suc-eq-plusl Suc-le-mono atLeastAtMost-iff le-trans
less-Suc-eq linorder-not-le mn(2) nat-less-le that zero-order(1))
apply simp
done
moreover have 1/27(n—1) < 1/(27(i+1) :: real)
apply (intro divide-left-mono)
apply (metis that Suc-eq-plusl Suc-lel less-diff-conv power-increasing
power-one-right two-realpow-ge-one)
by simp-all
ultimately have t —u > 1 /2 " (n — 1)
by linarith
then show False
using ¢ — u < 2/27ny <n > 0> by (auto simp: power-diff)
qed
define ¢’ where t' = Al. (u + O_ i = n..l. b-tul(i—1) / 2 "))
have t' (n—1) = u
unfolding t’-def using «<n > 0) by simp
have t'm = ¢
proof —
have b-tu-eq-0: (> i=1.n—1. b-tul(i—1) / 2 "4i) =0
by (subst sum-nonneg-eq-0-iff, auto simp add: sum-nonneg-eq-0-iff b-t-zero)
have t —u= (>_i=1..m. b-tul(i—1) / 2 %)
using tu-exp| THEN dyadic-expansionD(3)] <k-tu = 0> by linarith
also have ... = (> i=1.n—1. b-tul(i—1) / 2 @)+ O i = n..m. b-tul(i—1)
/270)
proof —
have 1: {1.m} = {1.n—1} U {n..m}
using <n > 0> mn(2) by fastforce
show ?thesis
by (subst 1, auto simp: sum.union-disjoint)
qed
finally have t—u = (3¢ = n.m. b-tul(i—1) / 2 ")
using b-tu-eq-0 by algebra
then show ?thesis
unfolding t’-def by argo
qed
have t-pos: t' 1 > 0 if <l € {n..m}> for I
unfolding t¢’-def apply (rule add-nonneg-nonneg)
using dyadic-step-geq u-dyadic apply blast
by (simp add: sum-nonneg)
have t'-Suc: t' (Sucl) =¢' 1+ b-tu! 1/ 2 (Sucl) if |l €e{n—1..m—1} for |
unfolding t’-def by (simp add: b-t-zero)
have le-add-diff: b < ¢ — a= a+ b < cfor a b c :: real
by argo
have t'-leg: t' | < t if <l € {n..m}> for |
unfolding t’-def apply (intro le-add-diff)
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apply (simp only: tu-exp[THEN dyadic-expansionD(8)] <k-tu = 0> of-int-0
add-0)
apply (rule sum-mono2)
using <0 < n» that by auto
have t’-dyadic: t' | € dyadic-interval-step 1 0 T if | € {n..m} for [
using that
proof (induct | rule: atLeastAtMost-induct)
case base
consider b-tu! (n — 1) =0 | b-tu! (n—1) = 1
using dyadic-expansion-frac-range|OF tu-exp(1), of n] <0 < n» mn(2) by
auto
then show ?case
apply cases
using <0 < ny t’-def apply simp
using u-dyadic-n apply blast
apply (rule dyadic-interval-step-memlI)
apply (simp add: t'-def)
using u-dyadic-n
apply (metis add-divide-distrib dyadic-interval-step-iff of-int-1 of-int-add)
apply (simp add: mn(2) t-pos)
by (meson t'-leg|OF that] atLeastAtMost-iff dual-order.refl dual-order.trans
dyadic-step-leq mn(2) t'-leq t-dyadic)
next
case (Suc )
then have t’-dyadic-Suc: t' | € dyadic-interval-step (Sucl) 0 T
using dyadic-interval-step-mono le-Sucl by blast
from Suc have | € {0..m—1}
by force
then consider b-tull = 0 | b-tull = 1
using b-tu-0-1 by fastforce
then obtain k :: int where k: t' [ + (b-tu!1) / 2 " Sucl=F% /[ 2~ Sucl
apply cases
subgoal using dyadic-interval-step-iff t'-dyadic-Suc by auto
by (metis add.commute add-divide-distrib dyadic-as-natural of-int-of-nat-eq
of-nat-1 of-nat-Suc t'-dyadic-Suc)
have ¢’ (Sucl) < t
by (meson Suc atLeastAtMost-iff le-Sucl less-eq-Suc-le t'-leq)
with Suc(1,2) show ?case
apply (subst t’-Suc)
apply (metis Suc-leD Suc-pred’ <0 < n» atLeastAtMost-iff less-Suc-eq-le
mn(2) order-less-le-trans)
apply (intro dyadic-interval-step-meml)
apply (rule exI[where z=£k])
using k apply blast
using dyadic-step-geq t'-dyadic-Suc apply force
apply (subst t’-Suc[symmetric])
apply force
using dyadic-step-leq order-trans t-dyadic by blast
qed
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have dist (X (t' (n—1)) w) (X (' m) w) < (O] [=Suc (n—1)..m. dist (X (t'1)
@) (X (¢ (1-1)) w)
apply (rule triangle-ineg-sum)
using diff-le-self dual-order.trans mn(2) by blast
also have ... = (3 l=n..m. dist (X (') w) (X (t' (I-1)) w))
using Suc-diff-1 <0 < n» by presburger
also have ... < (3 l=n..m. 2 powr (—y * 1))
proof (rule sum-mono)
fix | assume *: [ € {n..m}
then have [ € {n—1..m}
by (metis atLeastAtMost-iff less-imp-diff-less linorder-not-less order-le-less)
from * have [simp]: 0 < |
using <0 < n» by fastforce
from <« € {n..m}» have b-tu ! (I-1) € {0, 1}
apply (intro dyadic-expansion-frac-range)
apply (rule tu-exp)
using «n > 0> by simp
then consider (zero) b-tu ! (I—1) = 0 | (one) b-tu ! (I-1) = 1
by fast
then show dist (X (') w) (X (' (I — 1)) w) < 2 powr (— 7 * 1)
proof cases
case zero
have {n..l} = insert | {n..I—1}
using 0 < m» <l € {n..m}> by auto
then have sum f {n..l} = sum f {n..l—1} + fl for f :: nat = real
by (metis (no-types, opaque-lifting) Groups.add-ac(8) Suc-le-eq Suc-pred’
<0 < ny atLeastAtMost-iff finite-atLeastAtMost group-cancel.rule0 linorder-not-le
nle-le sum.insert zero-diff zero-less-diff)
then have ¢t/ [ = t' (I-1)
unfolding t’-def using zero by simp
then show ?thesis
by simp
next
case one
then have [simp]: b-tu ! (I — Suc 0) = 1
by simp
obtain k where k: k> 0k < |21« T| ¢t'l=k/271
using t’-dyadic <l € {n..m}» dyadic-interval-step-iff by force
have t' (I-1) € dyadic-interval-step 1 0 T
proof (cases | = n)
case True
then have ¢’ (I-1) = u
using «t' (n — 1) = w by presburger
then show t’ (I—1) € dyadic-interval-step 1 0 T
using True u-dyadic-n by blast
next
case Fulse
then have [—1 € {n..m}
by (metis x Suc-eg-plusl add-leD2 atLeastAtMost-iff diff-le-self dual-order.trans
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le-antisym not-less-eq-eq ordered-cancel-comm-monoid-diff-class.le-diff-conv2)
then show ¢’ (I—1) € dyadic-interval-step 1 0 T
using t’-dyadic dyadic-interval-step-subset diff-le-self by blast
qed
then obtain k' where k" k' > 0 k' < |27« T| t' (I-1) = k'/271
using dyadic-interval-step-iff by auto
then have ¢'-k: t' (I-1) = (k—1) / 271
proof —
have t' [ =t/ (I-1) + real (b-tu! (I-1)) / 2 "1
using t’-Suc[of I—1] apply simp
using x diff-le-mono by presburger
then have k / 271 =1¢'(I-1) + 1/271
by (simp add: k(3))
then show ?thesis
by (simp add: diff-divide-distrib)
qed
then have k£ > 1
using k(1) k'(8) by auto
then show ?thesis
apply (simp only: k(3) t'-k)
apply (subst dist-commute)
apply (intro less-imp-le)
apply (simp only: of-int-diff of-int-1)
apply (rule X-dyadic-incr|of k 1])
using k(2) apply presburger
using <l € {n..m}> mn(1) by auto
qed
qed
also have ... = (3 l=n..m. (2 powr —v) ")
apply (intro sum.cong; simp add: field-simps)
by (smt (verit, ccfv-SIG) powr-powr|symmetric] mult-minus-left powr-gt-zero
powr-realpow)
also have ... < 2 powr (—y * n) / (1 — 2 powr —7v)
apply (subst sum-gp)
using <m > n apply (simp add: field-simps)
apply safe
using gamma-gt-0 apply force
apply (rule divide-right-mono)
apply (simp only: minus-mult-left)
apply (subst powr-powr|symmetric|)
apply (subst powr-realpow[symmetric]; simp)+
by (metis diff-ge-0-iff-ge gamma-gt-0 less-eq-real-def
neg-le-0-iff-le one-le-numeral powr-mono powr-nonneg-iff powr-zero-eq-one)
finally show dist (X v w) (X t w) < 2 powr (— v * real n) / (1 — 2 powr — 7)
using ¢’ (n — 1) = w <t' m = & by blast
qed

lemma dist-dyadic-fixed:
assumes mn: ng < nn < m
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and s-dyadic: s € dyadic-interval-step m 0 T
and t-dyadic: t € dyadic-interval-step m 0 T
and st: s<tt—s<1/2™n
shows dist (Xt w) (X sw) < 2 % 2powr (— vy *n) /(I — 2 powr — )
proof —
have n > 0
using mn(1) n-zero-nonzero by linarith
define u where u = |2 n *x s| / 2™n
have u = Max (dyadic-interval-step n 0 s)
unfolding u-def using dyadic-interval-step-Max[symmetric] dyadic-step-geq| OF
s-dyadic]
by blast
then have u-dyadic-n: v € dyadic-interval-step n 0 T
using dyadic-interval-step-mem dyadic-step-geq dyadic-step-leq s-dyadic u-def
by force

Then, u < s<u+2"andu<t<u+2'""

have u < s
unfolding u-def using floor-pow2-leq by blast
have s < u + 1/2™n
unfolding u-def apply (simp add: field-simps)
using floor-le-iff apply linarith
done
then have s — u < 2/2™n
using <u < s by auto
then have dist-us: dist (X v w) (X sw) < 2 powr (— v * real n) / (I — 2 powr
- )
by (rule dist-dyadic-mn]OF mn s-dyadic u-dyadic-n <u < $3])
have u < ¢
using <u < $ st(1) by linarith
have t < u + 2/2™n
using «s <u + 1/27n» st(2) by force
then have t — u < 2/2™n
by force
then have dist (X v w) (X t w) < 2 powr (— v x real n) / (1 — 2 powr — )
by (rule dist-dyadic-mn]OF mn t-dyadic u-dyadic-n <u < t)])
then show dist (X t w) (X s w) < 2 % (2 powr (—y * n)) / (I — 2 powr — )
using dist-us by metric
qged

definition Cy = 2 * 2 powr v / (1 — 2 powr — 7)

lemma C-zero-ge[simp]: Co > 0
by (smt (verit, ccfv-SIG) Cy-def divide-pos-pos gamma-gt-0 powr-eq-one-iff powr-less-mono)

Klenke (21.9)

Let s,t € D with |s —t| < % By choosing the minimal n > ng such that
|t — s| > 27" we obtain by [ng < ?n; ?n < ?m; ?s € dyadic-interval-step
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m 0 T; ?t € dyadic-interval-step ?m 0 T; %s < %t; 2t — s < 1/ 2?”]]
= dist (process X 7t w) (process X ?s w) < 2 x 2 powr (— ~y * real ?n) /
(1 — 2 powr — 7):

[ Xi(w) = Xs(w)| < Colt — 87

lemma dist-dyadic:
assumes t: t € dyadic-interval 0 T
and s: s € dyadic-interval 0 T
and st-dist: distt s < 1/ 2 " ng
shows dist (Xt w) (X sw) < Co = (dist t s) powr
proof (cases s = t)
case True
then show ?thesis by simp
next
case Fulse
define n where n = LEAST n. distt s > 1/2™n
have dist t s > 0
using Fulse by simp
then have In. distts > 1/ 2™n
by (metis less-eq-real-def one-less-numeral-iff power-one-over reals-power-it-ex
semiring-norm(76))
then have dist t s > 1/2™n
unfolding n-def by (meson Leastl-ex)
then have n > ny
using order-trans[OF <dist t s > 1/27ny st-dist]
by (simp add: field-simps)
have dist t s < 1/27(n—1)
proof —
have n—1 < (LEAST n. dist t s > 1/27n)
using <ng < n» n-zero-nonzero n-def by fastforce
then have — (dist t s > 1/27(n—1))
by (rule not-less-Least)
then show ?thesis
by auto
qed
obtain m where m: m > n s € dyadic-interval-step m 0 T t € dyadic-interval-step
m0T
by (metis dyadic-interval-step-mono linorder-not-le mem-dyadic-interval or-
der.asym s t)
from «n > ng> consider (eq) n = ng | (gt) n > ng
using less-eq-real-def by linarith
then show ?thesis
proof cases
case eq
consider t < s | s <t
by fastforce
then have dist (X t w) (X sw) < 2 % 2 powr (— v *n) /(1 — 2 powr — )
apply cases
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apply (subst dist-commute)

apply (rule dist-dyadic-fized|OF <n > ng> m(1,3,2)])
apply simp

using dist-real-def eq st-dist apply force

apply (rule dist-dyadic-fired|OF <n > ng> m])
apply simp

using dist-real-def eq st-dist apply force

done

also have ... < Cy * 2 powr (— v * n)

unfolding Cy-def apply (simp add: field-simps)

apply (intro divide-right-mono mult-left-mono)
apply (simp add: less-eq-real-def)

apply simp
by (smt (verit) gamma-gt-0 powr-le-cancel-iff powr-zero-eg-one)
also have ... = Cq * (1/27n) powr v

by (smt (verit, del-insts) powr-minus-divide powr-powr powr-powr-swap powr-realpow)
also have ... < Cy * (dist t s) powr ~
using <1 / 2 " n < dist t $) eq st-dist by auto
finally show ?thesis .
next
case gt
consider t < s | s <t
by fastforce
then have dist (Xt w) (X sw) < 2 % 2 powr (— v x (n—1)) / (1 — 2 powr

- )

apply cases
apply (subst dist-commute)
apply (rule dist-dyadic-fized|where m=m)|)
prefer 7 apply (rule dist-dyadic-fized|where m=m|)
using gt m apply simp-all
using «distt s < 1 / 2 " (n — 1)» dist-real-def apply force+
done
also have ... < Cy * 2 powr (— 7 * n)
unfolding Cy-def apply simp
apply (intro divide-right-mono)
apply (simp add: powr-add][symmetric])
apply (metis One-nat-def Suc-lel dual-order.refl gt less-imp-Suc-add mi-

nus-diff-eq mult.right-neutral of-nat-1 of-nat-diff right-diff-distrib zero-less-Suc)

by (metis gamma-gt-0 ge-iff-diff-ge-0 less-eq-real-def neg-le-0-iff-le one-le-numeral

POWTr-MONO POWT-ZET0-€eq-0Nne zero-neg-numeral)

also have ... = Cy * (1/27n) powr v
by (smt (verit, best) powr-minus-divide powr-powr powr-powr-swap powr-realpow)
also have Cy * (1/27n) powr v < Cy * dist t s powr =y
apply (rule mult-left-mono)
using <1 / 2 " n < dist t $) less-eg-real-def powr-mono2 apply force
using C-zero-ge by linarith
finally show ?thesis .
qged

qed
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definition K = Cy * (27nat [27ng * T]) powr (1 — =)

lemma Cy-le-K: Cyg < K
unfolding K-def using nzero-gelof ng| ge-one-powr-ge-zero by force

lemma K-pos: 0 < K
using Cy-le-K C-zero-ge by linarith

Klenke (21.10)

lemma X-dyadic-le-K":
assumes dyadic: s € dyadic-interval 0 T t € dyadic-interval 0 T
and st: s < ¢
shows dist (X s w) (X t w) < K * dist s t powr vy
proof (cases dist st < 1 / 27ng)
case True
then have Cy * dist t s powr v < K x dist t s powr ~y
by (simp add: Cy-le-K powr-def)
then show ?thesis
using dist-dyadic[OF assms(1,2) True] by (simp add: dist-commute)
next
case Fulse
define n :: nat where n = nat [2™ng * T
have dist st / n < 1/2™ng
apply (simp add: n-def field-simps)
by (smt (verit, best) dyadic dist-real-def divide-le-eq-1 dyadics-geq dyadics-leq
mem-dyadic-interval mult-mono of-nat-eq-0-iff of-nat-le-0-iff real-nat-ceiling-ge
zero-le-power)
have dist-st: dist st / 27°n < 1/27ng
apply (rule order-trans[where y=dist s t / n))
apply (rule divide-left-mono; simp?)
apply (simp add: n-def zero-le-T)
apply (fact <dist st / n < 1/27ng)
done
define f where f = Ai:nat. (s + (t—s) * i/27n)
have f-inc: fk=f(k—1)+(t—s)/ 2mnifk > 0 for k
proof —
have f (Suck) =fk+ (t —s) / 2"n for k
by (simp add: f-def field-simps)
then show ?thesis
by (metis Suc-pred’ that)
qed
have f-inc-le: dist (fi) (f (i — 1)) <1/ 2 " ng for i
proof (cases i=0)
case True
then show ?thesis by simp
next
case Fulse
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then show ?thesis
using f-inc dist-real-def dist-st st by auto
qed
have f-ge-s: \i. i < 2°n = fi>s
unfolding f-def using st by auto
have f-le-t: N\i. i < 2n= fi <t
by (smt (verit, del-insts) f-def st divide-le-eq-1 mult-less-cancel-left1 of-nat-1
of-nat-add
of-nat-le-iff of-nat-power one-add-one times-divide-eq-right zero-less-power)
have f-dyadic: i € dyadic-interval 0 T if ¢ < 27n for ¢
proof (rule mem-dyadic-intervall)
have f¢: < T
proof —
have fi < s+t — s
using f-le-t[OF that] by simp
also have ... < T
using dyadic(2) dyadics-leq by simp
finally show ?thesis .
qed
obtain m where s € dyadic-interval-step m 0 T t € dyadic-interval-step m 0

by (metis dyadic dyadic-interval-step-mono mem-dyadic-interval nle-le)
then obtain ks kt where ks: s = real ks / 2”m and kt: t = real kt / 2”m
using dyadic-as-natural by metis
then have ks < kt
using st by (simp add: divide-le-cancel)
from ks kt have ks = 2"m x skt = 2"m * ¢
by simp-all
from ks kt have fi= (ks / 2°m) + (kt / 27m — ks / 2"m) x i [/ 2™n
unfolding f-def by auto
also have ... = (ks x (27n — @) + kt * ) / 27 (m+n)
using <ks < kt» apply (simp add: right-diff-distrib field-simps power-add)
by (metis distrib-left le-add-diff-inverse mult.commute of-nat-add of-nat-numeral
of-nat-power that)
finally have f i € dyadic-interval-step (m+n) 0 T
apply (intro dyadic-interval-step-meml)
apply (rule exI[where z=int (ks x (2"n — i) + kt * 7)])
prefer 3 apply (rule <fi < T»)
by simp-all
then show dn. fi € dyadic-interval-step n 0 T
by blast
qed
have dist (X sw) (X tw) < (3] i=1..2"n. dist (X (f1) w) (X (f (i—1)) w))
proof —
have f0 = s
unfolding f-def by (simp add: field-simps)
moreover have f (27n) =t
unfolding f-def by (simp add: field-simps)
moreover have dist (X (f 0) w) (X (f (27n)) w) < (3. i=Suc 0..27n. dist
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(X () w) (X (f (i—1)) @)
by (rule triangle-ineg-sum, simp)
ultimately show #thesis
by simp
qed
also have ... < (3 i=1..2"n:nat. Cy * (dist (fi) (f (i—1))) powr )
apply (rule sum-mono)
apply (intro dist-dyadic f-dyadic)
apply fastforce
apply fastforce
using f-inc-le .
also have ... < (3 i=1..2"nunat. Co x (dist t s / 27n) powr )
apply (rule sum-mono)
using f-inc by (simp add: dist-real-def)
also have ... < 2™n x Cq * (dist t s / 27n) powr v
by (subst sum-constant, force)
also have ... < K x dist t s powr ~y
unfolding K-def n-def apply (simp add: powr-divide field-simps)
apply (rule mult-left-mono)
apply (smt (verit, ccfo-threshold) powr-add powr-one zero-le-power)
by simp
finally show ?thesis
by (metis dist-commute)
qed

lemma X-dyadic-le-K:
assumes s € dyadic-interval 0 T
and ¢ € dyadic-interval 0 T
shows dist (X s w) (X t w) < K * dist s t powr ~y
by (metis nle-le assms X-dyadic-le-K' dist-commute)

corollary holder-dyadic: v—holder-on (dyadic-interval 0 T) (At. X t w)
apply (intro holder-onI[OF gamma-0-1] exl[where z=K])
using K-pos X-dyadic-le-K by force

lemma uniformly-continuous-dyadic: uniformly-continuous-on (dyadic-interval 0
T) (M. X tw)
using holder-dyadic by (fact holder-uniform-continuous)

lemma Lim-exists: 3L. (As. X s w) —— L) (at t within (dyadic-interval 0 T))
ifte{0.T}
apply (rule uniformly-continuous-on-extension-at-closurelwhere x = t|)
using that dyadic-interval-dense uniformly-continuous-dyadic apply fast
using that apply (simp add: dyadic-interval-dense)
by blast

lemma Lim-unique: 3'L. ((As. X s w) —— L) (at t within (dyadic-interval 0 T))

ift e {0.T}
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by (metis that Lim-exists dyadic-interval-islimpt tendsto-Lim trivial-limit-within
zero-le-T)

definition L = (At. (Lim (at t within dyadic-interval 0 T) (As. X s w)))

lemma X-tendsto-L:
assumes t € {0..T}
shows ((As. X s w) —— L t) (at t within (dyadic-interval 0 T))
proof —
have at t within dyadic-interval 0 T # L
by (simp add: trivial-limit-within dyadic-interval-islimpt[OF zero-le-T assms])
moreover obtain L’ where L”: ((As. X sw) —— L) (at t within (dyadic-interval
0 1))
using Lim-ezists|OF assms] by blast
ultimately have L t = L’
unfolding L-def by (rule tendsto-Lim)
then show ?thesis
using L’ by blast
qed

lemma L-dist-K:
assumes s: s € {0..T}
and t: t € {0..T}
shows dist (L s) (L t) < K * dist s t powr ~y
proof (cases s = t)
case True
then show ?thesis by simp
next
case Fulse
let ?F' = A\x. at x within dyadic-interval 0 T
have (?F s xp ?Ft) # L
by (meson dyadic-interval-islimpt prod-filter-eq-bot s t trivial-limit-within zero-le-T')
moreover have ((Az. K * dist (fst z) (snd z) powr v) —— K x dist s t powr
v) (F s xp 9F t)
apply (rule tendsto-mult-left)
apply (rule tendsto-powr)
using tendsto-dist-prod apply blast
apply simp
using False by simp
moreover have ((Az. dist (X (fst z) w) (X (snd z) w)) —— dist (L s) (L t))
('?F S XFp 2F t)
using X-tendsto-L t s tendsto-dist-prod by blast
moreover have Vi z in ?F s xp 2F t. dist (process X (fst x) w) (process X
(snd z) w)
< K x dist (fst z) (snd x) powr ~
apply (rule eventually-prodl’[where P = Az. z € dyadic-interval 0 T
and Q = A\z. z € dyadic-interval 0 T))
using eventually-at-topological apply blast
using eventually-at-topological apply blast
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using X-dyadic-le-K by simp
ultimately show ?thesis
by (rule tendsto-le)
qed

corollary L-holder: v—holder-on {0..T} L
using K-pos L-dist-K by (auto introl: holder-onI[OF gamma-0-1] exI[where
z=K])

corollary L-local-holder: local-holder-on v {0..T} L
using holder-implies-local-holder[OF L-holder] by blast

lemma X-dyadic-eq-L:
assumes t € dyadic-interval 0 T
shows X tw =1Lt
proof —
have ((Az. X z w) —— X t w) (at t within dyadic-interval 0 T)
using continuous-within|symmetric] uniformly-continuous-dyadic uniformly-continuous-imp-continuous
continuous-on-eq-continuous-within assms by fast
then show ?thesis
by (metis L-def assms dyadic-interval-islimpt dyadic-interval-subset-interval
subsetD
tendsto-Lim trivial-limit-within zero-le-T)
qed
end

definition default :: 'b where default = (SOME x. True)

definition X-tilde :: real = 'a = 'b where
X-tilde = (Mt w. if w € N then default else (Lim (at t within dyadic-interval 0
T) (As. X s w)))

lemma X-tilde-not-N-Lim:
assumes w € space source — N
shows X-tilde t w = Lim (at t within dyadic-interval 0 T) (As. X s w)
using assms X-tilde-def by auto

lemma X-tilde-not-N-L:
assumes w € space source — N
shows X-tildet w =L w t
using assms X-tilde-def L-def[OF assms] by auto

lemma local-holder-X-tilde: local-holder-on v {0.. T} (At. X-tilde t w)
if w € space source for w
proof (cases w € N)
case True
then show ?thesis
unfolding X-tilde-def using local-holder-const by fastforce
next
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case Fulse
then have I1: w € space source — N
using that by blast
show ?thesis
using L-local-holder|OF 1] X-tilde-not-N-L[OF 1]
by (simp only: False if-False)
qed

corollary X-tilde-eq-L-AE: AE w in source. X-tilde t w =L w t
apply (rule AE-Iflwhere N=N])
apply (smt (verit, del-insts) X-tilde-def Diff-iff L-def mem-Collect-eq subsetl)
using N-null apply blast+
done

corollary X-tilde-eq-Lim-AFE:
AFE w in source. X-tilde t w = Lim (at t within dyadic-interval 0 T) (As. X s w)
apply (rule AE-I[where N=N])
apply (smt (verit, del-insts) X-tilde-def Diff-iff L-def mem-Collect-eq subsetl)
using N-null apply blast+
done

lemma X-tilde-tendsto-AE: t € {0..T} = tendsto-AFE source X (X-tilde t) (at t
within dyadic-interval 0 T)

apply (unfold tendsto-AE-def)

apply (rule AE-13[where N=N])

apply (subst X-tilde-not-N-Lim, argo)

unfolding t2-space-class.Lim-def apply (rule thell2)

using Lim-unique apply presburger

apply blast

using N-null by blast

end

context Kolmogorov-Chentsov-finite
begin

By (21.5) 0 < %t = tendsto-measure source (process X) (process X ?t) (at
2t within {0..2T}) and (21.11) %w € space source — (Y\n Um 4 (m + n))
= L %w = At. Lim (at t within dyadic-interval 0 T') (Xs. process X s %w),
PIX #X]=0

lemma X-tilde-measurable[measurable):
assumes t € {0..T}
shows X-tilde t € borel-measurable source
proof —
let ?Lim = (Aw. Lim (at t within dyadic-interval 0 T) (As. process X s w))
have ?Lim € borel-measurable (restrict-space source (space source — N))
unfolding X-tilde-def apply measurable
using measurable-id measurable-restrict-spacel apply blast
using assms Lim-exists space-restrict-space apply simp
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using assms dyadic-interval-islimpt trivial-limit-within zero-le-T by blast
then have (\w. if w € space source — N then ?Lim w else default) € borel-measurable
source
by (subst measurable-restrict-space-iff [symmetric]; simp)
then show ?thesis
apply (subst measurable-cong[where g=(\w. if w € space source — N then
?Lim w else default)])
unfolding X-tilde-def by auto
qed

lemma X-eq-X-tilde-AE: AE w in source. X t w = X-tilde t wif t € {0..T} for ¢

apply (rule sigma-finite-measure.tendsto-measure-at-within-eq-A E[where f=process
X and S=dyadic-interval 0 T])

using proc-source.sigma-finite-measure-axioms apply blast

using X-borel-measurable apply blast

apply measurable

using X-tilde-def apply simp

using that apply simp

using tendsto-measure-mono| OF at-le[ OF dyadic-interval-subset-interval] conv-in-prob-finite]
that

apply force

using X-borel-measurable X-tilde-measurable X-tilde-tendsto-AE measure-conv-imp-AE-at-within
that apply blast

using dyadic-interval-islimpt that trivial-limit-within zero-le-T by blast

lemma X-tilde-modification: modification (restrict-index X {0..T})
(prob-space.process-of source (proc-target X) {0..T} X-tilde default)
apply (intro modificationl compatiblel)
apply simp-all
apply (subst restrict-index-source)
apply (auto simp: X-eq-X-tilde-AE)
done
end

We have now shown that we can construct a modification of X for any inter-
val {0..T'}. We want to extend this result to construct a modification on the
interval {0..} - this can be constructed by gluing together all modifications
with natural-valued T which results in a countable union of modifications,
which itself is a modification.

context Kolmogorov-Chentsov
begin

lemma Kolmogorov-Chentsov-finite: T > 0 = Kolmogorov-Chentsov-finite X a
bC~ T

by (simp add: Kolmogorov-Chentsov-axioms Kolmogorov-Chentsov-finite.intro Kol-
mogorov-Chentsov-finite-azioms-def)

definition Mod = AT. SOME Y. modification (restrict-index X {0..T}) Y A
(V z€space source. local-holder-on v {0..T} (A\t. Yt z))
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lemma Mod: modification (restrict-index X {0..T}) (Mod T)
(V z€space source. local-holder-on v {0..T} (At. (Mod T) tx)) if 0 < T for T
proof —
interpret Kolmogorov-Chentsov-finite X a b C v T
using that by (simp add: Kolmogorov-Chentsov-finite)
have modification (restrict-index X {0..T}) (Mod T) A
(Vz€space source. local-holder-on v {0..T} (At. (Mod T) t z))
unfolding Mod-def apply (rule somel-ex)
apply (rule exI[where z=prob-space.process-of source (proc-target X) {0..T}
X-tilde default])
apply safe
apply (fact X-tilde-modification)
apply (subst local-holder-on-cong[OF refl refl])
using local-holder-X-tilde X-tilde-measurable apply (auto cong: local-holder-on-cong)
done
then show modification (restrict-index X {0..T}) (Mod T)
(Y zespace source. local-holder-on v {0..T} (At. (Mod T) t x))
by blast+
qed

lemma compatible-Mod: compatible (restrict-index X {0..T}) (Mod T) if 0 < T
for T
using Mod that modificationD(1) by blast

lemma Mod-source[simp|: proc-source (Mod T) = source if 0 < T for T
by (metis compatible-Mod compatible-source restrict-index-source that)

lemma Mod-target: sets (proc-target (Mod T)) = sets (proc-target X) if 0 < T
for T
by (metis compatible-Mod|OF that] compatible-target restrict-index-target)

lemma Mod-index[simp]: 0 < T = proc-index (Mod T) = {0..T}
using compatible-Mod[THEN compatible-index] by simp

lemma indistinguishable-mod:
indistinguishable (restrict-index (Mod S) {0..min S T}) (restrict-index (Mod T)
{0..min S T})
ifS>0T>0for ST
proof —
have x: modification (restrict-index (Mod S) {0..min S T}) (restrict-index (Mod
T) {0..min S T})
proof —
have modification (restrict-index X {0..min S T}) (restrict-index (Mod S)
{0..min S T})
apply (cases S < T)
using Mod(1)[OF that(1)] apply clarsimp
apply (metis modification-restrict-index order-refl restrict-indez-index re-
strict-index-override)
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using Mod(1)[OF that(2)] apply clarsimp
by (metis (mono-tags, opaque-lifting) «modification (restrict-index X {0..S})
(Mod S)» atLeastatMost-subset-iff modification-restrict-index nle-le restrict-indez-index
restrict-indez-override)
moreover have modification (restrict-index X {0..min S T}) (restrict-index
(Mod T) {0..min S T})
apply (cases S < T)
using Mod(1)[OF that(1)] apply clarsimp
apply (metis Mod(1) atLeastatMost-subset-iff modification-restrict-index
order.refl restrict-indez-index restrict-indez-override that(2))
using Mod(1)[OF that(2)] apply clarsimp
by (metis (mono-tags, opaque-lifting) atLeastatMost-subset-iff modification-restrict-index
nle-le restrict-index-index restrict-index-override)
ultimately show #thesis
using modification-sym modification-trans by metis
qged
then show ?thesis
proof (rule modification-continuous-indistinguishable,
goal-cases - continuous-S continuous-T)
show 3 Ta>0. proc-index (restrict-index (Mod S) {0..min S T}) = {0..Ta}
by (metis that min-def restrict-index-index)
next
case (continuous-S)
have V1 € space source. continuous-on {0..5} (At. (Mod S) t x)
using Mod[OF that(1)] local-holder-imp-continuous by blast
then have Vz € space source. continuous-on {0..min S T} (At. (Mod S) t z)
using continuous-on-subset by fastforce
then show ?case
by (auto simp: that(1))
next
case (continuous-T)
have Vz € space source. continuous-on {0..T} (At. (Mod T) t x)
using Mod[OF that(2)] local-holder-imp-continuous by fast
then have 2: V& € space source. continuous-on {0..min S T} (At. (Mod T) t
7)
using continuous-on-subset by fastforce
then show ?case
by (auto simp: that(2))
qed
qed

definition N S T = SOME N. N € null-sets source A {w € space source. 3t €
{0.min S T}. (Mod S) t w# (Mod T) t w} C N

lemma N:

assumes S > 01 > 0

shows N S T € null-sets source N\ {w € space source. 3t € {0..min S T}. (Mod
S)tw# (Mod T)tw} CNST
proof —
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have ex: VS > 0. VYT > 0. IN. N € null-sets source A\ {w € space source. It
€ {0..min S T}.
(Mod S) t w# (Mod T) t w} C N
apply (fold Bex-def)
using indistinguishable-mod| THEN indistinguishable-null-ex] by simp
show ?thesis
unfolding N-def apply (rule somel-ex)
using ez assms by blast
qed

definition N-inf where N-inf = (JS e N - {0}. (U Te N —{0}. NS T))

lemma N-inf-null: N-inf € null-sets source
unfolding N-inf-def
apply (intro null-sets-UN’)
apply (rule countable-Diff)
apply (simp add: Nats-def)+
using N by force

lemma Mod-eq-N-inf: (Mod S) t w = (Mod T) t w
if w € space source — N-inft € {0.min ST} S € N—- {0} T € N — {0} for
wtST
proof —
have w € space source — NS T
using that(1,3,4) unfolding N-inf-def by blast
moreover have S > 0T > 0
using that(2,3,4) by auto
ultimately have w € {w € space source. ¥Vt €{0..min S T}. (Mod S) t w =
(Mod T) t w}
using N by auto
then show ?thesis
using that(2) by blast
qed

definition default :: 'b where default = (SOME z. True)

definition X-mod = A\t w. if w € space source — N-inf then (Mod [t+1]) t w else
default

definition X-mod-process = prob-space.process-of source (proc-target X) {0..} X-mod
default

lemma Mod-measurable[measurable]: ¥ t€{0..}. X-mod t € source — ) proc-target
X
proof (intro balll)
fix t :: real assume t € {0..}
then have 0 < [t + 1]
by force
then show X-mod t € source —p; proc-target X
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unfolding X-mod-def apply measurable
apply (subst measurable-cong-sets[where M'= proc-source (Mod [t + 1])
and N’ = proc-target (Mod |t + 1])])
using Mod-source <0 < |t + 1]> apply presburger
using Mod-target <0 < |t + 1> apply presburger
apply (meson random-process)
apply simp
apply (metis N-inf-null Int-def null-setsD2 sets.Int-space-eql sets.compl-sets)
done
qed

lemma modification- X-mod-process: modification X X-mod-process
proof (intro modificationl balll)
show compatible X X-mod-process
apply (intro compatiblel)
unfolding X-mod-process-def
apply (subst proc-source.source-process-of)
using Mod-measurable proc-source.prob-space-axioms apply auto
done
fix t assume t € proc-indexr X
then have t € {0..}
by simp
then have real-of-int |t| + 1 > 0
by (simp add: add.commute add-pos-nonneg)
then have 3 N € null-sets source. YVw € space source — N.
X t w = (prob-space.process-of source (proc-target X) {0..} X-mod default) t
w
proof —
have 1: (prob-space.process-of source (proc-target X) {0..} X-mod default) t w
= (Mod (real-of-int |t| + 1)) t w
if w € space source — N-inf for w
apply (subst proc-source.process-process-of)
apply measurable
unfolding X-mod-def using that <t € {0..}»> apply simp
done
have 3N € null-sets source. Yw € space source — N. X t w = (Mod (real-of-int
[t] + 1)) tw
proof —
obtain N where {z € space source. (restrict-index X {0..real-of-int [t] +
1}) t & # (Mod (real-of-int |t| + 1)) tz} C N A
N € null-sets (proc-source (restrict-index X {0..(real-of-int |t] + 1)}))
using Mod(1)[OF «real-of-int |t| + 1 > 0>, THEN modification-null-set,
of t]
using <t € {0..}> by fastforce
then show ?thesis
by (smt (verit, ccfv-threshold) DiffE mem-Collect-eq restrict-index-process
restrict-index-source subset-eq)
qed
then obtain N where N € null-sets source Yw € space source — N. X t w =
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(Mod (real-of-int |t| + 1)) t w
by blast
then show ?thesis
apply (intro bexI[where z=N U N-inf])
apply (metis 1 DiffE DiffT UnCI)
using N-inf-null by blast
qed
then show AF z in source. X t x = X-mod-process t x
by (smt (verit, del-insts) X-mod-process-def DiffT eventually-ae-filter mem-Collect-eq
subsetl)
qged

lemma local-holder-X-mod: local-holder-on ~v {0..} (At. X-mod t w) for w
proof (cases w € space source — N-inf)
case Fulse
then show ?thesis
apply (simp only: X-mod-def)
apply (metis local-holder-const gamma-0-1)
done
next
case True
then have w: w € space source w ¢ N-inf
by simp-all
then show ?thesis
proof (intro local-holder-balll[OF gamma-0-1] balll)
fix t::real assume t € {0..}
then have real-of-int [t] + 1 > 0
using floor-le-iff by force
have t < real-of-int |t| + 1
by simp
then have local-holder-on v {0..real-of-int |t| + 1} (As. Mod (real-of-int |t]
+1)sw)
using Mod(2) w(1) «real-of-int [t] + 1 > 0> by blast
then obtain ¢ C where eC: ¢ > 0 C > 0 Ars. r € ball t € N {0..real-of-int
lt] + 1} =
s € ball t e N {0..real-of-int |t] + 1} =
dist (Mod (real-of-int |t] + 1) r w) (Mod (real-of-int |t] + 1) s w) < C *
dist T s powr 7y
apply —
apply (erule local-holder-onE)
apply (rule gamma-0-1)
using <t € {0..}» <t < real-of-int |t] + 1> apply fastforce
apply blast
done
define ¢’ where ¢’ = min € (if frac t = 0 then 1/2 else 1 — frac t)
have e e’ <e ANe'> 0 Aballt ' N {0..} C{0..real-of-int |t] + 1}
unfolding ¢’-def apply (simp add: eC(1))
apply safe
apply (simp-all add: eC(1) dist-real-def frac-lt-1 frac-floor)
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apply argo+
done
{
fix rs
assume r: 7 € ball t €' N {0..}
assume s: s € ballt e’ N {0..}

then have rs-ball: v € ball t € N {0..real-of-int |t] + 1}
s € ball t e N {0..real-of-int [t] + 1}
using e’ r s by auto
then have r € {0..min (real-of-int |t| + 1) (real-of-int [r + 1])}
by auto
then have (Mod (real-of-int |[t| + 1)) r w = X-mod r w
unfolding X-mod-def apply (simp only: True if-True)
apply (intro Mod-eq-N-inf[OF True))
apply simp
using <t € {0..}» by auto
(metis (no-types, opaque-lifting) floor-in-Nats Nats-1 Nats-add Nats-cases
of-int-of-nat-eq of-nat-in-Nats, linarith)+
moreover have (Mod (real-of-int |t| + 1)) s w = X-mod s w
unfolding X-mod-def apply (simp only: True if-True)
apply (intro Mod-eq-N-inf[OF True])
using <s € ball t e N {0..real-of-int |t| + 1}» apply simp
using <t € {0..}> apply safe
apply (metis (no-types, opaque-lifting) floor-in-Nats Nats-1 Nats-add
Nats-cases of-int-of-nat-eq of-nat-in-Nats)
apply linarith
apply (smt (verit) Int-iff Nats-1 Nats-add Nats-altdef1 atLeast-iff mem-Collect-eq
s zero-le-floor)
apply (metis Int-iff atLeast-iff floor-correct linorder-not-less one-add-floor
s)

done
ultimately have dist (X-mod r w) (X-mod s w) < C x dist r s powr 7
using eC(3)[OF rs-ball] by simp
}

then show 3¢>0.3C>0.Vreballte N {0..}. Vscball t e N {0..}. dist (X-mod
rw) (X-mod s w) < C * dist r s powr 7y
using e’ eC(2) by blast
qed
qed

lemma local-holder-X-mod-process: local-holder-on v {0..} (At. X-mod-process t w)
for w
unfolding X-mod-process-def
by (smt (verit, best) Mod-measurable UNIV-I local-holder-X-mod local-holder-on-cong
proc-source.process-process-of space-borel target-borel)

theorem continuous-modification:
3 X' modification X X' A (Vw. local-holder-on v {0..} (At. X't w))
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using local-holder-X-mod-process modification-X-mod-process by blast
end

theorem Kolmogorov-Chentsov:
fixes X :: (real, 'a, 'b :: polish-space) stochastic-process
and a b C 7 :: real
assumes index[simp|: proc-index X = {0..}
and target-borel[simp|: proc-target X = borel
and gt-0:a > 0b>0C > 0
and b-leg-a: b < a
and gamma: v € {0<..<b/a}
and expectation: N\s t. [s > 0; ¢ > 0] =
(J* x dist (X tz) (X saz) powr a dproc-source X) < C  dist t s powr
(1+0)
shows 3 X'. modification X X' N (Yw. local-holder-on v {0..} (At. X't w))
using Kolmogorov-Chentsov. continuous-modification Kolmogorov-Chentsov.intro| OF
assms]
by blast
end
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