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Abstract

We formalise Kneser’s Theorem in combinatorics [2, 3] following the
proof from the 2014 paper "A short proof of Knesers addition theorem
for abelian groups" by Matt DeVos [1]. We also show a strict version
of Kneser’s Theorem as well as the Cauchy—Davenport Theorem as a
corollary of Kneser’s Theorem.
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1 Preliminaries

theory Kneser-Cauchy-Davenport-preliminaries
imports
Complez-Main
Pluennecke- Ruzsa-Inequality. Pluennecke- Ruzsa-Inequality
HOL— Number-Theory. Prime-Powers

begin
context subgroup-of-group
begin

interpretation left: left-translations-of-group (proof)
interpretation right: right-translations-of-group {proof)

interpretation transformation-group left.translation * H G (proof)

lemma Right-Coset-eq-iff:
assumes z € Gand y € G
shows H |- ¢ = (H | y) «— H |- a0 (H | y) # {}
(proof)

end

context additive-abelian-group

begin

1.1 Elementary lemmas on sumsets

lemma sumset-translate-eq-right:
assumes A C Gand BC Gand z € G
shows (sumset A {x} = sumset B {z}) «— A = B (proof)

lemma sumset-translate-eq-left:
assumes A C Gand BC Gand z € G
shows (sumset {z} A = sumset {z} B) +— A = B (proof)

lemma differenceset-translate-eq-right:
assumes A C Gand BC Gand z € G
shows (differenceset A {z} = differenceset B {z}) +— A = B (proof)

lemma differenceset-translate-eq-left:
assumes A C Gand BC Gand z € G
shows (differenceset {z} A = differenceset {z} B) +— A = B {(proof)



lemma sumset-inter-union-subset:

sumset (AN B) (AU B) C sumset A B
{proof)

lemma differenceset-group-eq:
G = differenceset G G

{proof)

lemma card-sumset-singleton-subset-eq:
assumes ¢ € Gand A C G
shows card (sumset {a} A) = card A

{proof)

lemma card-differenceset-singleton-mem-eq:
assumes ¢ € Gand A C G
shows card A = card (differenceset A {a})

(proof)

lemma card-singleton-differenceset-eq:
assumes ¢ € Gand A C G
shows card A = card (differenceset {a} A)

{proof)

lemma sumset-eq-Union-left:
assumes A C G
shows sumset A B = (|J a € A. sumset {a} B)

(proof)

lemma sumset-eq- Union-right:
assumes B C G
shows sumset A B = (|J b € B. sumset A {b})

(proof)

lemma sumset-singletons-eq:
assumes ¢ € Gand b € G
shows sumset {a} {b} = {a & b}
(proof)

lemma sumset-eq-subset-differenceset:
assumes K C G and K # {} and A C G and sumset A K = sumset B K
shows A C differenceset (sumset B K) K

(proof)

end

locale subgroup-of-additive-abelian-group =
subgroup-of-abelian-group H G (@) 0 + additive-abelian-group G (@) 0
for H G and addition (infix]l <®> 65) and zero (<0))



begin
notation Left-Coset (infixl «|> 70)

lemma Left-Coset-eq-sumset:
assumes z € G
shows sumset {z} H =1z | H

{proof)

lemma sumset-subgroup-eq-iff:
assumes ¢ € Gand b € G
shows sumset {a} H = sumset {b} H <—
(sumset {a} H) N (sumset {b} H) # {}
(proof)

lemma card-divide-sumset:
assumes A C G
shows card H dvd card (sumset A H)

(proof)

lemma sumset-subgroup-eq-Class- Union:
assumes A C G
shows sumset A H = (|J (Class © A))

(proof)

lemma Class-image-sumset-subgroup-eq:
assumes A C G
shows Class ‘ (sumset A H) = Class ‘ A

(proof)

lemma Class-cover-imp-subset-or-disj:
assumes A = (|J (Class * C)) and z € Gand C C G
shows Class z C AV Class x N A = {}

(proof)

end
context additive-abelian-group

begin

1.2 Stabilizer and basic properties

We define the stabilizer or group of periods of a nonempty subset of an
abelian group.

definition stabilizer::’a set = 'a set where
stabilizer S = {zx € G. sumset {z} (SN G) =85 N G}



lemma stabilizer-is-subgroup: fixes S :: 'a set
shows subgroup (stabilizer S) G (®) (0)
(proof)

interpretation subgroup-of-additive-abelian-group stabilizer A G (@) 0
(proof)

lemma zero-mem-stabilizer: 0 € stabilizer A (proof)

lemma stabilizer-is-nonempty:
shows stabilizer S # {}
{proof )

lemma Left-Coset-eq-sumset-stabilizer:
assumes z € G
shows sumset {z} (stabilizer B) = x -| (stabilizer B)

(proof)

lemma stabilizer-subset-difference-singleton:
assumes S C Gand s € S
shows stabilizer S C differenceset S {s}

(proof)

lemma stabilizer-subset-singleton-difference:
assumes S C Gand s € S
shows stabilizer S C differenceset {s} S

(proof)

lemma stabilizer-subset-nempty:
assumes S # {} and S C G
shows stabilizer S C differenceset S S

(proof)

lemma stabilizer-coset-subset:
assumes A C Gand z € A
shows sumset {z} (stabilizer A) C A

(proof)

lemma stabilizer-subset-stabilizer-dvd:
assumes stabilizer A C stabilizer B
shows card (stabilizer A) dvd card (stabilizer B)

(proof)

lemma stabilizer-coset-Un:

assumes A C G

shows (|J z € A. sumset {z} (stabilizer A)) = A
(proof)

lemma stabilizer-empty: stabilizer {} = G



{proof)

lemma stabilizer-finite:
assumes S C G and S # {} and finite S
shows finite (stabilizer S)

{proof)

lemma stabilizer-subset-group:
shows stabilizer S C G (proof)

lemma sumset-stabilizer-eq-iff:
assumes a € G and b € G
shows sumset {a} (stabilizer A) = sumset {b} (stabilizer A) +—
(sumset {a} (stabilizer A)) N (sumset {b} (stabilizer A)) # {}

(proof)

lemma sumset-stabilizer-eq-Class-Union:
assumes A C G
shows sumset A (stabilizer B) = (|J (Class B ¢ A))

{proof)

lemma card-stabilizer-divide-sumset:
assumes A C G
shows card (stabilizer B) dvd card (sumset A (stabilizer B))

{proof)

lemma Class-image-sumset-stabilizer-eq:
assumes A C G
shows Class B ‘ (sumset A (stabilizer B)) = Class B “ A

{proof)

lemma Class-cover-imp-subset-or-disj:
assumes A = (|J (Class B “C)) and z € Gand C C G
shows Class Bx C AV Class Bz N A = {}

{proof)

lemma stabilizer-sumset-disjoint:
fixes S1 52 :: 'a set
assumes stabilizer S1 N stabilizer S2 = {0} and S1 C G and 52 C G
and finite S1 and finite S2 and SI1 # {} and 52 # {}
shows card (sumset (stabilizer S1) (stabilizer S2)) =
card (stabilizer S1) * card (stabilizer S2)

(proof)

lemma stabilizer-sub-sumset-left:
stabilizer A C stabilizer (sumset A B)

{(proof)

lemma stabilizer-sub-sumset-right:



stabilizer B C stabilizer (sumset A B)
{proof)

lemma not-mem-stabilizer-obtain:

assumes A # {} and z ¢ stabilizer A and z € G and A C G and finite A
obtains ¢ where a € Aandz @ a ¢ A

(proof)

lemma sumset-eq-sub-stabilizer:
assumes A C G and B C G and finite B
shows sumset A B = B = A C stabilizer B

(proof)

lemma sumset-stabilizer-eq:
shows sumset (stabilizer A) (stabilizer A) = stabilizer A

(proof)

lemma differenceset-stabilizer-eq:
shows differenceset (stabilizer A) (stabilizer A) = stabilizer A

(proof)

lemma stabilizer2-sub-stabilizer:
shows stabilizer(stabilizer A) C stabilizer A

(proof)

lemma stabilizer-left-sumset-invariant:
assumes ¢ € Gand A C G
shows stabilizer (sumset {a} A) = stabilizer A

(proof)

lemma stabilizer-right-sumset-invariant:
assumes ¢ € Gand A C G
shows stabilizer (sumset A {a}) = stabilizer A

(proof)

lemma stabilizer-right-differenceset-invariant:
assumes b € Gand A C G
shows stabilizer (differenceset A {b}) = stabilizer A
(proof)

lemma stabilizer-unchanged:
assumes ¢ € G and b € G
shows stabilizer (sumset A B) = stabilizer (sumset A (sumset (differenceset B

{v}) {a}))
(proof)



lemma subset-stabilizer-of-subset-sumset:
assumes A C sumset {x} (stabilizer B) and z € Gand A # {} and A C G
shows stabilizer A C stabilizer B

(proof)

lemma sumset-stabilizer-eq-self:
assumes A C G
shows sumset (stabilizer A) A = A

(proof)

lemma stabilizer-neg-subset-sumset:
assumes A C sumset {z} (stabilizer B) and z € A and — sumset {z} (stabilizer
B) C C' and
AC Cand C C G
shows stabilizer A # stabilizer B
(proof)

lemma subset-stabilizer-Un:
shows stabilizer A N stabilizer B C stabilizer (A U B)

(proof)

lemma mem-stabilizer- Un-and-left-imp-right:
assumes finite B and z € stabilizer (A U B) and z € stabilizer A and disjnt A
B

shows = € stabilizer B

(proof)

lemma mem-stabilizer- Un-and-right-imp-left:
assumes finite A and z € stabilizer (A U B) and x € stabilizer B and disjnt A
B

shows z € stabilizer A
(proof )

lemma Union-stabilizer-Class-eq:
assumes A C G
shows A = (|J (Class A * A)) (proof)

lemma card-stabilizer-sumset-divide-sumset:
card (stabilizer (sumset A B)) dvd card (sumset A B) (proof)

lemma card-stabilizer-le:

assumes A C G and finite A and A # {}
shows card (stabilizer A) < card A {(proof)

lemma sumset-Inter-subset-sumset:
assumes ¢ € Gand b € G
shows sumset (A N sumset {a} (stabilizer C)) (B N sumset {b} (stabilizer C))



-
sumset {a @ b} (stabilizer C) (is sumset ?A ?B C -)
(proof)

1.3 Convergent

definition convergent :: 'a set = 'a set = 'a set = bool where
convergent C A B = C C sumset A BA C # {} A

card C + card (stabilizer C') > card (A N B) + card (sumset (A U B) (stabilizer
)

definition convergent-set :: 'a set = ’a set = 'a set set where
convergent-set A B = Collect (A C. convergent C' A B)

lemma convergent-set-sub-powerset:
convergent-set A B C Pow (sumset A B) (proof)

lemma finite-convergent-set:
assumes finite A and finite B
shows finite (convergent-set A B)

{proof)

1.4 Technical lemmas from DeVos’s proof of Kneser’s Theo-
rem

The following lemmas correspond to intermediate arguments in the proof of
Kneser’s Theorem by DeVos that we will be following [1].

lemma stabilizer-sumset-psubset-stabilizer:

assumes ¢ € G and b € G and A N sumset {a} (stabilizer C') # {} and

B N sumset {b} (stabilizer C') # {} and hnotsub: = sumset {a @ b} (stabilizer
C) C sumset A B

shows stabilizer (sumset (A N sumset {a} (stabilizer C)) (B N sumset {b}
(stabilizer C))) C

stabilizer C (is ?H C -)

(proof)

lemma stabilizer-eq-stabilizer-union:

assumes ¢ € G and b € G andA N sumset {a} (stabilizer C) # {} and

B N sumset {b} (stabilizer C') # {} and hnotsub: — sumset {a & b} (stabilizer
C) C sumset A B and

C C sumset A B and finite C' and

C N sumset (A N sumset {a} (stabilizer C)) (B N sumset {b} (stabilizer C)) =
{} and C # {} and

finite A and finite B

shows stabilizer (sumset (A N sumset {a} (stabilizer C)) (B N sumset {b}
(stabilizer C))) =

stabilizer (C U sumset (A N sumset {a} (stabilizer C)) (B N sumset {b}

(stabilizer C))) (is stabilizer ?H = stabilizer ?K)

(proof)

10



lemma sumset-inter-ineq:

assumes B N sumset {a} (stabilizer C) = {} and stabilizer (sumset (A N sumset
{a} (stabilizer C)) (B N sumset {b} (stabilizer C))) C stabilizer C and

a € Aand a € G and finite A and finite B and A # {} and B # {} and finite
(stabilizer C)

shows int (card (sumset (A U B) (stabilizer C))) — card (sumset (A U B)
(stabilizer (sumset (A N sumset {a} (stabilizer C)) (B N sumset {b} (stabilizer
) >

int (card (stabilizer C)) — card (sumset (A N sumset {a} (stabilizer C))

(stabilizer (sumset (A N sumset {a} (stabilizer C)) (B N sumset {b} (stabilizer
)

(is int (card (sumset (A U B) (stabilizer C))) — card (sumset (AU B) ?H1) >

int (card (stabilizer C)) — card (sumset ?A1 ?HI))

(proof)

lemma exists-convergent-min-stabilizer:
assumes hind: Vm<n.YCD. C C G — D C G — finite C — finite D —
c#{t —
D # {} — card (sumset C D) + card C = m —
card (sumset C (stabilizer (sumset C' D))) + card (sumset D (stabilizer (sumset
C D)) -
card ((stabilizer (sumset C' D)))
< card (sumset C D) and hAG: A C G and hBG: B C G and hA: finite A
and
hB: finite B and hAne: A # {} and A N B # {} and
heardsum: card (sumset A B) + card A = n and hintercardA: card (A N B) <
card A
obtains X where convergent X A Band A\ Y. Y € convergent-set A B =
card (stabilizer Y) > card (stabilizer X)

{(proof)

end

context normal-subgroup
begin

1.5 A function that picks coset representatives randomly

definition ¢ :: 'a set = 'a where
=Nz ifz e G// K then (SOME a. a € G ANz = a-| K) else undefined)

definition quot-comp-alt :: 'a = 'a = 'a where quot-comp-alt a b = ¢ ((a - b) -|
K)

lemma phi-eq-coset:
assumes p t =agand a € Gandz € G // K
shows 2 = a | K

(proof)
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lemma phi-coset-mem:
assumes a € G
shows ¢ (a -| K) € a | K
(proof )

lemma phi-coset-eq:
assumes ¢ € Gandpzr=agandz € G // K
shows ¢ (a | K) = a (proof)

lemma phi-inverse-right:

assumes g € G

shows quot-comp-alt g (¢ (inverse g -| K)) = ¢ K
(proof)

lemma phi-inverse-left:

assumes g € G

shows quot-comp-alt (¢ (inverse g -| K)) g = ¢ K
(proof)

lemma phi-mem-coset-eq:
assumes ¢ € G // Kand b € G
shows pa € b-| K = a= (b K)
(proof)

lemma forall-unique-repr:
VeeG// K Ikeyp (G//K).z=k K
(proof)

lemma phi-inj-on:
shows inj-on ¢ (G // K)
(proof)

lemma phi-coset-eq-self:
assumes a € G // K
shows 9 a -| K = a
(proof)

lemma phi-coset-comp-eq:
assumes a € G // Kand be G // K
shows ¢ a - ¢ b-| K = a [] b (proof)

lemma phi-comp-eq:
assumes ¢ € G // Kand be G // K
shows ¢ (a [] b) = quot-comp-alt (¢ a) (¢ b)
(proof )

lemma phi-image-subset:

12



p (G K)CG
(proof)

lemma phi-image-group:
Group-Theory.group (¢ ‘(G // K)) quot-comp-alt (¢ K)
(proof)

lemma phi-map: Set-Theory.map ¢ Partition (¢ ¢ Partition)
(proof )

lemma phi-image-isomorphic:

group-isomorphism ¢ (G /] K) ([]) (Class 1) (¢ ‘(G // K)) quot-comp-alt (¢
K)
(proof)

end
context subgroup-of-additive-abelian-group
begin

lemma Union-Coset-card-eq:
assumes hSG: S C G and hSU: (|J (Class © S)) = S
shows card S = card H  card (Class © S)

(proof)

end

context subgroup-of-abelian-group
begin

interpretation GH: additive-abelian-group G // H ([-]) Class 1
(proof)

interpretation GH-repr: additive-abelian-group ¢ ‘ (G // H) quot-comp-alt ¢ H
(proof)

lemma phi-image-sumset-eq:
assumes AC G // Hand BC G // H
shows ¢ ‘ (GH.sumset A B) = GH-repr.sumset (¢ ‘A) (¢ ‘ B)

(proof )
lemma phi-image-stabilizer-eq:

assumes A C G // H
shows ¢ ‘ (GH.stabilizer A) = GH-repr.stabilizer (¢ * A)

(proof)

end
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1.6 Useful group-theoretic results

lemma residue-group: abelian-group {0..(m :: nat)—1} (A z y. ((z + y) mod m))
(0 :: int)
(proof)

lemma (in subgroup-of-group) prime-order-simple:
assumes prime (card G)
shows H = {1} VH =G

(proof)

lemma residue-group-simple:

assumes prime p and subgroup H {0..(p :: nat)—1} (A z y. ((z + y) mod p))
(0 :: int)

shows H = {0} vV H = {0..int(p—1)}
(proof)

end

2 Kneser’s Theorem and the Cauchy—Davenport
Theorem: main proofs

theory Kneser-Cauchy-Davenport-main-proofs
imports
Kneser-Cauchy-Davenport-preliminaries

begin
context additive-abelian-group

begin

2.1 Proof of Kneser’s Theorem

The proof we formalise follows the paper [1]. This version of Kneser’s The-
orem corresponds to Theorem 3.2 in [3], or to Theorem 4.3 in [2].

theorem Kneser:
assumes A C G and B C G and finite A and finite B and hAne: A # {} and
hBne: B # {}
shows card (sumset A B) > card (sumset A (stabilizer (sumset A B))) +
card (sumset B (stabilizer (sumset A B))) — card (stabilizer (sumset A B))

(proof)

2.2 Strict version of Kneser’s Theorem

We show a strict version of Kneser’s Theorem as presented in Theorem 3.2
of [3].

14



theorem Kneser-strict-auzr: fixes A and B assumes hAG: A C G and hBG: B
C G and hA: finite A
and hB: finite B and hAne: A # {} and hBne: B # {} and
hineq: card (sumset A B) > card (sumset A (stabilizer (sumset A B))) +
card (sumset B (stabilizer (sumset A B))) — card (stabilizer (sumset A B))
shows card (sumset A B) > card A + card B

(proof)

theorem Kneser-strict: fixes A and B assumes A C G and BC G and finite
A and finite B
and stabilizer (sumset A B) = H and A # {} and B # {} and card (sumset
A B) < card A + card B
shows card (sumset A B) = card (sumset A (stabilizer (sumset A B))) +
card (sumset B (stabilizer (sumset A B))) — card (stabilizer (sumset A B))

(proof)

2.3 The Cauchy—-Davenport Theorem

We show the Cauchy—Davenport Theorem as a corollary of Kneser’s Theo-
rem, following a comment on Theorem 3.2 in [3].
interpretation Z-p: additive-abelian-group {0..int ((p = nat)—1)} Az y. ((z +
y) mod int p)) 0::int

(proof)

theorem Cauchy-Davenport:
fixes p :: nat
assumes prime p and A # {} and B # {} and finite A and finite B and
AC{0.p—1}and B C {0..p—1}
shows card (Z-p.sumset p A B) > Min {p, card A + card B —1}

(proof)

end
end
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