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Abstract

We redeveloped our formalization of forcing in the set theory frame-
work of Isabelle/ZF. Under the assumption of the existence of a count-
able transitive model of ZFC, we construct proper generic extensions
that satisfy the Continuum Hypothesis and its negation.
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1 Introduction

We formalize the theory of forcing. We work on top of the Isabelle/ZF
framework developed by Paulson and Grabczewski [4]. Our mechanization
is described in more detail in our papers [1] (LSFA 2018), [2], and [3] (IJCAR
2020).

The main entry point of the present session is Definitions_Main.thy (Sec-
tion 33), in which a path from fundamental set theoretic concepts formalized
in Isabelle reaching to our main theorems is expounded. Cross-references to
major milestones are provided there.

In order to provide evidence for the correctness of several of our relativized
definitions, we needed to assume the Axiom of Choice (AC) during the
aforementioned theory. Nevertheless, the whole of our development is inde-
pendent of AC, and the theory CH.thy already provides all of our results
and does not import that axiom.

Release notes

Previous versions of this development can be found at https://cs.famaf.unc.
edu.ar/~pedro/forcing/.

2 Forcing notions

This theory defines a locale for forcing notions, that is, preorders with a
distinguished maximum element.


https://cs.famaf.unc.edu.ar/~pedro/forcing/
https://cs.famaf.unc.edu.ar/~pedro/forcing/

theory Forcing Notions
imports
ZF-Constructible. Relative
Delta__ System__Lemma.ZF _Library
begin

hide__const (open) Order.pred

2.1 Basic concepts

We say that two elements p, ¢ are compatible if they have a lower bound in
P

definition compat_in :: i=i=i=i=0 where
compat_in(A,r,p,q) = IdeA . {d,p)er A (d,q)er

lemma compat_inl :
[ deA ;s (dp)er; (d.g)er | = compat_in(A,r,p.g)
by (auto simp add: compat_in_ def)

lemma refi compat:
[ refi(A,r) ;5 {p,q) € 7| p=q | {¢,p) € 7 ; pEA ; g€ A] = compat_in(A,r,p,q)
by (auto simp add: refl _def compat_inl)

lemma chain__compat:
refl(A,r) = linear(A,r) = (VpeA.N qeA. compat_in(A,r,p,q))
by (simp add: refl_compat linear _def)

lemma subset_fun_image: f:N—P — f“NCP
by (auto simp add: image_fun apply _funtype)

lemma refl _monot__domain: refl(B,r) = ACB = refl(A,r)
unfolding refi__def by blast

locale forcing notion =
fixes P (\) and leq and one (<1))

assumes one_in_P: 1eP
and leq preord: preorder_on(P,leq)
and one_maxz: vV peP. (p,1)€leq
begin

abbreviation Leg :: [7, {] = o (infix] «<» 50)
where z < y = (z,y)€leq

lemma refl_legq:
relP — r<r
using leq preord unfolding preorder _on_ def refl def by simp
A set D is dense if every element p € P has a lower bound in D.

definition



dense :: i=0 where
dense(D) = VpeP. 3deD . d=p

There is also a weaker definition which asks for a lower bound in D only for
the elements below some fixed element ¢.

definition
dense__below :: i=i=0 where
dense__below(D,q) = V peP. p=<q — (IdeD. deP A d=p)

lemma P _dense: dense(PP)
by (insert leq _preord, auto simp add: preorder _on__def refl_def dense__def)

definition
increasing :: 1= o0 where
increasing(F) =VzeF. VY p € P . 2=<p — peF

definition
compat :: i=>i=>0 where
compat(p,q) = compat_in(P,leq,p,q)

lemma leq transD: a=<b — b=<c — a € P— b € P— ¢ € P— a=c
using leq preord trans__onD unfolding preorder _on__def by blast

lemma leq transD’: ACP = a=Xb = b=c = a € A = b € P— ¢ € P~
a=<c
using leq preord trans_onD subsetD unfolding preorder on__ def by blast

lemma compatD|dest!]: compat(p,q) = FdeP. d=<p N d=¢q
unfolding compat_def compat_in_def .

abbreviation Incompatible :: [i, i] = o (infix]l <L) 50)
where p 1 ¢ = — compat(p,q)

lemma compatl[introl]: deP — d=<p = d=<q = compat(p,q)
unfolding compat_def compat_in__def by blast

lemma Incompatible_imp_not_eq: [ p L q; pEP; ¢eP |— p # ¢
using refl_leq by blast

lemma denseD [dest]: dense(D) = peP = 3JdeD. d<p
unfolding dense_def by blast

lemma densel [intro]: [ Ap. peP = 3deD. d= p | = dense(D)
unfolding dense_ def by blast

lemma dense_belowD [dest]:
assumes dense_below(D,p) ¢€P q=p
shows ddeD. delP A d=<q
using assms unfolding dense_below def by simp



lemma dense_belowl [intro!]:
assumes A\ gq. ¢€P = ¢=<p = I deD. deP A d=<q
shows dense__below(D,p)
using assms unfolding dense_below def by simp

lemma dense_below cong: p€P = D = D' = dense__below(D,p) +— dense__below(D’,p)
by blast

lemma dense_below_cong”: peP — [Az. 2eP = Q(z) +— Q'(2)] =
dense__below({q€P. Q(q)},p) +— dense_below({qeP. Q'(q)},p
by blast

lemma dense_below__mono: peP = D C D' = dense__below(D,p) = dense__below(D’,p)
by blast

lemma dense below under:
assumes dense__below(D,p) peP geP ¢=p
shows dense__below(D,q)
using assms leq transD by blast

lemma ideal dense_below:
assumes \gq. ¢€P = ¢=<p = ¢€D
shows dense__below(D,p)
using assms refl_leq by blast

lemma dense below _dense__below:
assumes dense__below({q€P. dense_below(D,q)},p) peP
shows dense__below(D,p)
using assms leq _transD refl _leq by blast

A filter is an increasing set G with all its elements being compatible in G.

definition
filter :: i=0 where
filter(G) = GCP A increasing(G) A (V peG. ¥ qeG. compat_in(G,leq,p,q))

lemma filterD : filter(G) = 2z € G =z € P
by (auto simp add : subsetD filter def)

lemma filter_subset_notion[dest]: filter(G) = G C P
by (auto dest:filterD)

lemma filter _legD : filter(G) = 1€ G = yeP ==y =y € G
by (simp add: filter_def increasing _def)

lemma filter _imp_compat: filter(G) = peG = ¢ G = compat(p,q)
unfolding filter def compat in__def compat_def by blast

lemma low_bound_ filter: — says the compatibility is attained inside G



assumes filter(G) and peG and ¢€G
shows dreG. r=<p A r<q

using assms

unfolding compat_in_ def filter _def by blast

We finally introduce the upward closure of a set and prove that the closure
of A is a filter if its elements are compatible in A.

definition
upclosure :: i=1 where
upclosure(A) = {peP.3 acA. a<p}

lemma upclosurel [intro] : peP = a€ A = a=Xp = pEupclosure(A)
by (simp add:upclosure__def, auto)

lemma upclosureE [elim] :
pEupclosure(A) = (Az a. 2P — a€A — a<2x — R) = R
by (auto simp add:upclosure__def)

lemma upclosureD [dest] :
peupclosure(A) = FacA.(a=p) N peP
by (simp add:upclosure__def)

lemma upclosure_increasing :
assumes ACP
shows increasing(upclosure(A))
unfolding increasing def upclosure _def
using leq _transD'[OF <ACP»] by auto

lemma upclosure_in_P: A C P = upclosure(A) C P
using subsetl upclosure__def by simp

lemma A_ sub_upclosure: A C P = ACupclosure(A)
using subsetl leq preord
unfolding upclosure def preorder _on__def refl _def by auto

lemma elem_upclosure: ACP — 2€A = z€upclosure(A)
by (blast dest:A__sub__upclosure)

lemma closure__compat_filter:
assumes ACP (Vpe AV geA. compat_in(A,leq,p,q))
shows filter(upclosure(A))
unfolding filter def
proof(auto)
show increasing(upclosure(A))
using assms upclosure__increasing by simp
next
let ?UA=upclosure(A)
show compat__in(upclosure(A), leq, p, q) if pe ?UA ¢qe?UA for p ¢
proof -



from that

obtain a b where 1:a€A beA a=<p b=q peP ¢cP
using upclosureD[OF «pe ?UA»] upclosureD[OF «q€ ?UA>] by auto

with assms(2)

obtain d where dcA d=<a d=b
unfolding compat_in_def by auto

with 1

have d<p d=<q de?UA
using A_ sub_upclosure[ THEN subsetD] «ACP»

leq_transD’[of A d a] leq_transD'[of A d b] by auto
then
show ?thesis unfolding compat_in_def by auto
qed
qed

lemma quz RSI: f € N - P = neN = fn € upclosure(f “N)
using elem__upclosure[ OF subset_fun__image] image_ fun
by (simp, blast)

lemma decr succ decr:
assumes [ € nat — P preorder__on(P,leq)
Vnenat. (f ‘succ(n), f ‘n) € leq
menat
shows nenat = n<m = (f ‘m, f ‘n) € legq
using <me_»
proof(induct m)
case (
then show ?case using assms refl_leq by simp
next
case (succ z)
then
have I:f‘succ(z) < fz f'neP faeP f‘succ(z)EP
using assms by simp__all
consider (lt) n<succ(z) | (eq) n=succ(x)
using succ le__succ_iff by auto
then
show ?case
proof(cases)
case [t
with 1 show ?thesis using lel succ leq transD by auto
next
case eq
with 1 show ?thesis using refl_leq by simp
qed
qed

lemma decr _seq linear:
assumes refl(P,leq) f € nat — P
VYnenat. (f “succ(n), f‘n) € leq



trans[P|(leq)
shows linear(f *‘ nat, leq)
proof -
have preorder_on(P,leq)
unfolding preorder_on_ def using assms by simp
{
fix nm
assume ncnat menat
then
have f'm < f'n VvV f'n < f‘m
proof(cases m<n)
case True
with (n€_» <me_»
show ?thesis
using decr_succ__decr[of f n m] assms lel <preorder_on(P,leq)> by simp
next
case Fulse
with <n€_ ) ¢me_»
show ?thesis
using decr_succ__decr[of f m n] assms lel not_le_iff It <preorder_on(P,leq)>
by simp
qed
}
then
show ?thesis
unfolding linear def using ball _image simp assms by auto
qed

end — forcing notion

2.2 Towards Rasiowa-Sikorski Lemma (RSL)

locale countable generic = forcing mnotion +

fixes D
assumes countable_subs_of P: D € nat— Pow(P
and  seq of denses: V' n € nat. dense(D ‘n)
begin
definition

D__generic :: i=0 where
D__generic(G) = filter(G) A (¥ ne€nat.(Dn)NG#0)

The next lemma identifies a sufficient condition for obtaining RSL.

lemma RS sequence imp_rasiowa__sikorski:
assumes
pEP f i nat—P f 0 =p
An. neénat = f “ succ(n)= f ‘n A f “suce(n) € D ‘n
shows

10



3G. peG A D__generic(G)
proof -
note assms
moreover from this
have f“nat C P
by (simp add:subset_fun__image)
moreover from calculation
have refl(f*nat, leq) N trans[P](leq)
using leq preord unfolding preorder__on__def by (blast intro:refl_monot_domain)
moreover from calculation
have Vnenat. [ succ(n)= f“n by (simp)
moreover from calculation
have linear(f‘nat, leq)
using leq _preord and decr_seq linear unfolding preorder_on__def by (blast)
moreover from calculation
have (Vpef‘nat.¥ qef*‘nat. compat_in(f*nat,leq,p,q))
using chain__compat by (auto)
ultimately
have filter(upclosure(f*nat)) (is filter(?G))
using closure__compat_filter by simp
moreover
have Vnenat. D ‘n N ?2G # 0
proof
fix n
assume nenat
with assms
have f‘succ(n) € G A f‘succ(n) € D ‘n
using auz_RSI by simp
then
show D ‘n N ?G # 0 by blast
qed
moreover from assms
have p € ?2G
using aux_RSI by auto
ultimately
show ?thesis unfolding D _ generic_def by auto
qed

end — countable__generic

Now, the following recursive definition will fulfill the requirements of lemma
RS sequence _imp_rasiowa__ sikorski

primrec
RS seq(0,P,leq,p,enum,D) = p
RS _seq(succ(n),P,leq,p,enum,D) =
enum‘(p m. (enum‘m, RS_seq(n,P,leq,p,enum,D)) € leq A enum‘m € D ‘n)

context countable generic

11



begin

lemma countable RS sequence__aux:
fixes p enum
defines f(n) = RS_seq(n,P,leq,p,enum,D)
and Q(g,k,m) = enum‘m= ¢ A enum‘m € D ‘k
assumes nenat peP P C range(enum) enum:nat— M
Nz k. 2€P = kénat = F¢eP. gz A qe D ‘k
shows
f(suce(n)) € P A f(suce(n))= f(n) A f(suce(n)) € D ‘n
using «n€nat)
proof (induct)
case ()
from assms
obtain ¢ where ¢eP ¢=< p ¢ € D ‘ 0 by blast
moreover from this and (P C range(enum)»
obtain m where menat enum‘m = q
using Pi_rangeD[OF <enum:nat— M>] by blast
moreover
have D0 C P
using apply_funtype| OF countable__subs_of P] by simp
moreover note (peP)
ultimately
show ?Zcase
using LeastI[of Q(p,0) m] unfolding Q_def f_def by auto
next
case (succ n)
with assms
obtain ¢ where ¢€P ¢=< f(succ(n)) ¢ € D ‘ succ(n) by blast
moreover from this and P C range(enum)»
obtain m where menat enum‘m= f(succ(n)) enum‘m € D * succ(n)
using Pi_rangeD][OF <enum:nat— M>] by blast
moreover note succ
moreover from calculation
have D‘succ(n) C P
using apply_funtype| OF countable_subs_of P] by auto
ultimately
show ?Zcase
using LeastI[of Q(f(succ(n)),succ(n)) m] unfolding @ def f def by auto
qed

lemma countable RS sequence:
fixes p enum
defines f = Anenat. RS _seq(n,P,leq,p,enum,D)
and Q(¢,k,m) = enum‘m= g A enum‘m € D ‘k
assumes nenat peP P C range(enum) enum:nat— M
shows
f0 = p flsucc(n)= fn A fésuce(n) € D “n fésuce(n) € P
proof -

12



from assms
show f‘0 = p by simp
{
fix z k
assume z€P kenat
then
have 3¢eP. Xz AN qeD ‘k
using seq_of denses apply_funtype| OF countable subs_of P)
unfolding dense_ def by blast
}
with assms
show f‘succ(n)= fn A f'succ(n) € D ‘n f'succ(n)€P
unfolding f def using countable RS _sequence _aux by simp_ all
qed

lemma RS seq type:
assumes n € nat peP P C range(enum) enum:nat— M
shows RS _seq(n,P,leq,p,enum,D) € P
using assms countable RS _sequence(1,3)
by (induct;simp)

lemma RS seq funtype:
assumes peP P C range(enum) enum:nat— M
shows (Anenat. RS _seq(n,P,leq,p,enum,D)): nat — P
using assms lam__type RS _seq type by auto

lemmas countable_rasiowa__sikorski =
RS _sequence _imp_rasiowa__sikorski|OF __ RS _seq funtype countable RS sequence(1,2)]

end — countable__generic

end

3 Cohen forcing notions

theory Cohen_ Posets Relative
imports
Forcing Notions
Transitive_Models. Delta__System,__Relative
Transitive_Models. Partial__Functions Relative
begin
locale cohen_data =
fixes k I J::i
assumes zero_lt kappa: 0<k

begin

lemmas zero_lesspoll_kappa = zero__lesspoll|OF zero__lt _kappal

13



end — cohen_ data

abbreviation
inj_dense :: [i,i,i,i]=i where
inj_dense(I,J,w,z) =
{ peFn(w,Ixw,J) . (Incw. {{w,n),1) € p A {{z,n),0) € p) }

lemma dense_inj dense:
assumes w € [z € [ w # z peFn(w,Ixw,J) 0eJ 1€]
shows 3deinj_dense(I,J,w,z). {d ,p) € Fnle(w,Ixw,J)
proof -
obtain n where (w,n) ¢ domain(p) (z,n) ¢ domain(p) n € w
proof -
{
assume (w,n) € domain(p) V (z,n) € domain(p) if n € w for n
then
have w C range(domain(p)) by blast
then
have — Finite(p)
using Finite_range Finite _domain subset_Finite nat_not_Finite
by auto
with <p € _»
have Fulse
using Fn_nat_eq FiniteFun FiniteFun.dom__subset[of I xw J|
Fin__into_ Finite by auto
}
with that— the shape of the goal puts assumptions in this variable
show ?thesis by auto
qed
moreover
note (p € _ > assms
moreover from calculation
have cons({{z,n),0), p) € Fn(w,Ixw,J)
using FiniteFun.conslI[of (z,n) Ixw 0 J p)
Fn_nat_eq FiniteFun by auto
ultimately
have cons(({(w,n),1), cons({(z,n),0), p) ) € Fn(w,Ixw,J)
using FiniteFun.consI[of {(w,n) I x w I J cons({(z,n),0), p)]
Fn_nat_eq FiniteFun by auto
with <n € w»
show ?thesis
using <p € _» by (intro bexl) auto
qed

locale add_reals = cohen_ data nat _ 2

3.1 Combinatorial results on Cohen posets

sublocale cohen_data C forcing notion Fn(k,I,J) Fnle(k,I,J) 0

14



proof
show 0 € Fn(k, I, J)
using zero_ It _kappa zero_in_ Fn by simp
then
show VpeFn(k, I, J). (p, 0) € Fnle(x, I, J)
unfolding preorder_on_ def refl _def trans _on_ def
by auto
next
show preorder_on(Fn(k, I, J), Fnle(k, I, J))
unfolding preorder on__def refl _def trans_on__def
by blast
qed

context cohen_data
begin

lemma compat_imp Un_is_function:
assumes G C Fn(k, I, J) Ap ¢. p € G = q € G = compat(p,q)
shows function(|J G)
unfolding function_def

proof (intro alll balll impl)

fix zy vy

assume (z, y) € UG (z, y) e UG

then

obtain p ¢ where (z, y) € p (z,y) €qpe Gqge G
by auto

moreover from this and assms

obtain r where r € Fn(k, I, J) r 2 pr 2 gq
using compatD[of p q] by force

moreover from this

have function(r)
using Fn_is function by simp

ultimately

show y = ¢’
unfolding function_def by fastforce

qed

lemma Un_ filter is_function: filter(G) = function(|J G)
using compat__imp_ Un__is_function filter _imp__compat|[of G|
filter _subset__notion
by simp

end — cohen_ data
locale M cohen = M _delta +

assumes
countable__lepoll _assms2:

15



M(A) = M(A) = M(b) = M(f) = separation(M, \y. Iz€A’. y = (x,
wi.xz € if range F_else_F(Xa. {p € A . domain(p) = a}, b, f, 7)))
and
countable__lepoll _assms3:
M(A) = M(f) = M(b) = M(D) = M(r') = M(A)=
separation(M, \y. 3z€A’. y = (z, p i. x € if _range F_else_F(drSR_Y(r’,
D’ A)7 b7 f7 i)>)

lemma (in M_library) Fnle_rel _Aleph_rell_closed[intro,simp):
M(FnleM(R M % My M 9))
by simp

locale M add reals = M _cohen + add_reals
begin

lemmas zero_lesspoll_rel_kappa = zero__lesspoll_rel|OF zero__lt_kappal)

end — M add reals

relativize relational compat_in is_compat_in external
synthesize compat_in from_ definition is compat_in assuming nonempty
context
notes Un__assoc[simp] Un__trasposition__auz2[simp]
begin
arity__theorem for compat_in_fm
end

lemma (in M_ trivial) compat_in__abs[absolut]:
assumes
M(A) M(r) M(p) M(q)
shows
is_compat_in(M,A,r,p,q) +— compat_in(A,r,p,q)
using assms unfolding is compat _in_ def compat_in__def by simp

definition
antichain :: i=1i=i=0 where
antichain(P,leq,A) = ACP A (VpeA. ¥V qeA. p£q — —compat_in(P,leq,p,q))

relativize relational antichain antichain_rel
definition

cee :: 1 = ¢ = o where

cee(P,leq) =V A. antichain(P,leq,A) — |A| < nat
abbreviation

antichain__rel_abbr :: [i=o0,i,i,i]] = o (cantichain—'(_,_,_'))) where
antichain™(P,leq,A) = antichain_rel(M,P,leq,A)
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abbreviation
antichain_r_set :: [i,i,1,9 = o (<antichain—'(_,_, ")) where
antichain™(P,leq,A) = antichain__rel(##M,P,leq,A)

context M trivial
begin

lemma antichain__abs [absolut]:
[ M(A); M(P); M(leq) | = antichain™(P,leq,A) +— antichain(P,leq,A)
unfolding antichain_rel def antichain__def by (simp add:absolut)

end — M _trivial
relativize relational ccc cce rel

abbreviation
cee__rel_abbr :: [i=0,i,{]=0 (<cce—"(__,_')») where
cee_rel_abbr(M) = ccc_rel(M)

abbreviation
cee_r_set :: [i,i,i]=0 (<cce—"(_,__")») where
ccc_r_set(M) = ccc_rel(##M)

context M cardinals
begin

lemma def ccc_rel:
shows
cccM(P leq) «— (Y A[M]. antichainM(P,leq,A) — [A|M < w)
using is_cardinal _iff
unfolding ccc_rel _def by (simp add:absolut)

end — M _cardinals

context M FiniteFun
begin

lemma Fnle_nat_closed[intro,simp):
assumes M(I) M(J)
shows M (Fnle(w,I,J))
unfolding Fnle def Fnlerel def Rrel def
using supset__separation FiniteFun__closed Fn_nat_eq FiniteFun assms by simp

lemma Fn_nat_closed:
assumes M(A) M(B) shows M(Fn(w,A,B))
using assms Fn_nat_eq FiniteFun

by simp

end — M _FiniteFun
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context M add reals
begin

lemma lam__replacement__drSR_Y: M(A) = M(D) = M(r’) = lam__replacement(M,
drSR_Y(r',D,A))

using lam__replacement__drSR_Y

by simp

lemma (in M_trans) mem__F_bound3:
fixes ' A
defines F = dC_F
shows z€F(A,c) = ¢ € (range(f) U {domain(z). z€A})
using apply_ 0 unfolding F_ def
by (cases M(c), auto simp:F_def drSR_Y_def dC_F_def)

lemma ccc_rel Fn_ nat:
assumes M(I)
shows cccM(Fn(nat,1,2), Fnle(nat,I,2))
proof -
have repFun_dom_ closed:M ({domain(p) . p € A}) if M(A) for A
using RepFun__closed domain_replacement__simp transM[OF __ <M (A)»] that
by auto
from assms
have M(Fn(nat,I,2)) using Fn_nat_eq FiniteFun by simp
{
fix A
assume — [A|M < nat M(A) A C Fn(nat, I, 2)
moreover from this
have countable_rel(M,{p€A. domain(p) = d}) if M(d) for d
proof (cases d<Mnat A d C 1)
case True
with <A C Fn(nat, I, 2)) <M(A)>
have {p € A . domain(p) = d} € d =M 2
using domain_of _fun function_space_rel_char[of __ 2]
by (auto,subgoal_tac M(domain(x)),simp__all add:transM[of __ A],force)
moreover from True <M(d)»
have Finite(d —™ 2)
using Finite_ Pi{THEN [2] subset_Finite, of _ d A_. 2]
lesspoll_rel_nat_is_Finite_rel function__space_rel char[of __ 2]
by auto
moreover from «M(d)
have M(d =M 2)
by simp
moreover from <M (A)»
have M({p € A . domain(p) = d})
using separation__closed domain__eq _separation]OF «M(d)»] by simp
ultimately
show ?thesis using subset_Finite[of _ d—M2 |
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by (auto intro!: Finite__imp__countable rel)
next
case Fulse
with <A C Fn(nat, I, 2)» <M(A)
have domain(p) # d if peA for p
proof -
note False that <M(A)»
moreover from this
obtain d’ where d' C I ped’ — 2d' < w
using FnD[OF subsetD[OF <AC » <peAs]]
by auto
moreover from this
have p ~ d’ domain(p) = d’
using function__eqpoll Pi_iff
by auto
ultimately
show ?thesis
using lesspoll_nat_imp_ lesspoll_rel transM[of p]
by auto
qed
then
show ?thesis
using empty_lepoll _rell by auto
qed
have 2:M(z) = z € dC_F(X, i) = M(i) for z X i
unfolding dC _F _def
by auto
moreover
have uncountable_rel(M ,{domain(p) . p € A})
proof
interpret M _replacement lepoll M dC_F
using lam__replacement__dC_F domain__eq separation lam__replacement_inj rel
lam__replacement__minimum
unfolding dC _F _def
proof(unfold_locales,simp__all)
fix X0bf
assume M(X) M(b) M(f)
with 2[of X]
show lam_ replacement(M, \x. u i. © € if _range F else F(Ad. {p € X .
domain(p) = d}, b, f, 1))
using lam_ replacement _dC _F domain__eq separation
mem,__ F_bound8 countable_lepoll _assms2 repFun__dom.__closed
by (rule_tac lam__Least__assumption__general[where U=X__. {domain(z).
z€X}],auto)
qged (auto)
have JacA. v = domain(a) = M(dC_F(A,z)) for z
using <M (A)> transM[OF _ <M (A)>] by (auto)
moreover
have w € A A domain(w) = © = M(x) for w z
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using transM[OF _ «<M(A)] by auto
ultimately
interpret M cardinal_UN_lepoll _ dC _F(A) {domain(p). pc A}
using lam__replacement_dC _F lam__replacement_inj_rel <M(A)»
lepoll__assumptions domain__eq separation lam__replacement_minimum
countable__lepoll _assms2 repFun__dom, _closed
lepoll _assumptions1[OF «M(A)> repFun_dom__closed[OF <M (A))]]
apply (unfold_locales)
by (simp__all del:if _range F_else F _def,
rule_tac lam__ Least__assumption__generallwhere U=X_. {domain(z).
zeA}])
(auto simp del:if _range F_else F_def simp add:dC_F _def)
from <A C Fn(nat, I, 2)
have z:(|J de{domain(p) . p € A}. {p€A. domain(p) = d}) = A
by auto
moreover
assume countable rel(M,{domain(p) . p € A})
moreover
note <A\d. M(d) = countable_rel(M,{pcA. domain(p) = d})»
moreover from (M (A)»
have pc A = M(domain(p)) for p
by (auto dest: transM)
ultimately
have countable_rel(M,A)
using countable_rel_imp_ countable_rel UN
unfolding dC_F _def
by auto
with - [A|M < naty <M (A)>
show Fulse
using countable_rel iff cardinal _rel_le_nat by simp
qed
moreover from (A C Fn(nat, I, 2)» <M(A)»
have p € A = Finite(domain(p)) for p
using lesspoll_rel _nat_is Finite rel[of domain(p)]
lesspoll_nat_imp__lesspoll_rellof domain(p)]
domain__of fun[of p _ A_. 2] by (auto dest:transM)
moreover
note repFun__dom__closed[OF <M(A)»]
ultimately
obtain D where delta_system(D) D C {domain(p) . p € A} D =M ;M M(D)
using delta__system_ uncountable_rel[of {domain(p) . p € A}] by auto
then
have delta:V d1€D. ¥V d2€D. d1 # d2 — d1 N d2 =D
using delta__system__root__eq Inter
by simp
moreover from <D ~M XM, (M(D),
have uncountable_rel(M,D)
using uncountable__rel iff subset_eqpoll _rel Aleph_rell by auto
moreover from this and <D C {domain(p) . p € A}
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obtain p! where p! € A domain(pl) € D
using uncountable rel_not__emptylof D] by blast
moreover from this and «p! € A = Finite(domain(p1))»
have Finite(domain(pl))
using Finite_domain by simp
moreover
define r where r = (D
moreover from <M(D))
have M(r) M(rx2)
unfolding r_def by simp__all

ultimately

have Finite(r) using subset_Finite[of r domain(p1)]
by auto

have countable_rel(M {restrict(p,r) . p€A})

proof -

note <M (Fn(nat, I, 2))) <M(r)
moreover from this
have feFn(nat, I, 2) = M (restrict(f,r)) for f
by (blast dest: transM)
ultimately
have feFn(nat, I, 2) = restrict(f,r) € Pow_rel(M,r x 2) for f
using restrict_subset_Sigmalof f _ X _. 2 1] Pow_rel char
by (auto del:FnD dest!:FnD simp: Pi_def) (auto dest:transM)
with <A C Fn(nat, I, 2)
have {restrict(f,r) . f € A} C Pow_rel(M,r x 2)
by fast
moreover from «M(A) <M(r)
have M ({restrict(f,r) . f € A })
using RepFun_ closed restrict _strong_replacement transM[OF _ «<M(A))]
by auto
moreover
note «Finite(r) <M(r)»
ultimately
show ?thesis
using Finite_ Sigma| THEN Finite_ Pow_rel, of r A\__. 2]
by (intro Finite_imp_ countable_rel) (auto intro:subset_ Finite)
qed
moreover from <M (A)» «M(D)»
have M({p€A. domain(p) € D})
using domain__mem__separation by simp
have uncountable_rel(M,{peA. domain(p) € D}) (is uncountable_rel(M,?X))
proof
from <D C {domain(p) . p € A}
have (Ape?X. domain(p)) € surj(?X, D)
using lam_ type unfolding surj def by auto
moreover from <M (A)y «M(?2X)»
have M(Ape?X. domain(p))
using lam,__closed[OF domain__replacement <M (2X)»] transM[OF _ «<M(?X))]
by simp
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moreover
note <M (?X)) <M(D)»
moreover from calculation
have surjection:(A\p€ ?X. domain(p)) € suriM(2X, D)
using surj_rel char by simp
moreover
assume countable rel(M,?X)
moreover
note <uncountable_rel(M,D)>
ultimately
show Fulse
using surj_rel_countable rel[OF _ surjection] by auto
qed
moreover
have D = (|JfePow_rel(M,rx2) . {y . p€A, restrict(p,r) = f A y=domain(p)
A domain(p) € D})
proof -
{
fix z
assume z € D
with «M(D)»
have (M(z)> by (auto dest:transM)
from <«zeDy <D C _» «<M(A)
obtain p where domain(p) = zp € A M(p)
by (auto dest:transM)
moreover from <A C Fn(nat, I, 2)) <M(z)) and this
have p € z =M 2
using domain_of fun function_space_rel_char by (auto del:FnD
dest!:FnD)
moreover from this <M (z)
have p € z — 2
using domain_of fun function_space_rel_char by (auto)
moreover from this <M(r)»
have restrict(p,r) C r x 2
using function_restrictI[of p r| fun_is_function]of p z A_. 2]
restrict_subset_Sigmalof p z A_. 2 r] function__space__rel_char
by (auto simp:Pi_def)
moreover from M (p)» <M(r)»
have M(restrict(p,r)) by simp
moreover
note <M(r)»
ultimately
have dpeA. restrict(p,r) € Pow_rel(M,rx2) A domain(p) = z
using Pow_rel_char by auto
}

then
show ?thesis
by (intro equalityl) (force)+
qed
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from <M (D)»«M(r)
have M({y . peA, restrict(p,r) = f N y=domain(p) A domain(p) € D}) (is
M(?Y(A,)))
if M(f) M(A) for f A
using drSR__Y__closed[unfolded drSR_Y _def] that
by simp
then
obtain f where uncountable_rel(M,?Y (A,f)) M(f)
proof -
have 1:M (i)
if M(B) M(z)
z € {y .z € B, restrict(z, r) = i A y = domain(z) N domain(z) € D}
for Bz i
using that <M(r)»
by (auto dest:transM)
note <M (r)»
moreover from this
have M(Pow™(r x 2)) by simp
moreover
note <M(A) <ANfA. M(f) = M(A) = M(?Y(A.f))» «<M(D)»
moreover from calculation
interpret M_replacement_lepoll M drSR__Y (r,D)
using countable lepoll _assms8 lam__replacement_inj rel lam__replacement_drSR_Y
drSR_Y closed lam__Least _assumption__drSR__Y lam_ replacement__minimum
by (unfold_locales,simp__all add:drSR_Y _def rule_tac 1,simp__all)
from calculation
have z € PowM(r x 2) = M(drSR_Y(r, D, A, z)) for
unfolding drSR_Y def by (auto dest:transM)
ultimately
interpret M _cardinal _UN_lepoll _ ?Y(A) Pow_rel(M,rx2)
using countable_lepoll _assms3 lam__replacement__drSR_Y
lepoll_assumptions[where S=Pow__rel(M,rx 2), unfolded lepoll_assumptions__defs]
lam__ Least__assumption__drSR__Y[unfolded drSR__Y _def] lam__replacement__minimum
unfolding drSR_Y_def
apply unfold_locales
apply (simp__all add:lam__replacement__inj _rel del: if _range F _else F _def,rule_tac
1,simp__all)
by ((fastforce dest:transM[OF _ «M(A)»])+)
{
from <Finite(r)» «M(r)»
have countable_rel(M,Pow_rel(M,rx2))
using Finite_Sigma|THEN Finite_ Pow__rel] Finite_imp_ countable_rel
by simp
moreover
assume M (f) = countable_rel(M,?Y(A,f)) for f
moreover
note <D = (|JfePow_rel(M,rx2) .2Y(A.f))» «M(r)»
moreover
note <uncountable_rel(M,D)»
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ultimately
have Fualse
using countable rel_imp__countable_rel UN by (auto dest: transM)
}
with that
show ?thesis
by auto
qed
moreover from this <M(A)> and «(M(f) = M(A) = M(?Y(A,f))
have M(?Y(A.f))
by blast
ultimately
obtain j where j € inj_rel(M,nat, ?Y(A,f)) M(j)
using uncountable_rel iff nat_It cardinal_rel| THEN iffD1, THEN lel,
THEN cardinal_rel_le_imp_lepoll_rel, THEN lepoll_relD]
by auto
with «<M(?Y(A,f))
have j0 # j'1 j0 € ?Y(A,f) j‘1 € ?Y(A,f)
using inj _is_fun[THEN apply_type, of j nat ?Y(A,f)]
inj_rel__char
unfolding inj def by auto
then
obtain p ¢ where domain(p) # domain(q) p€ A g€ A
domain(p) € D domain(q) € D
restrict(p,r) = restrict(q,r) by auto
moreover from this and delta
have domain(p) N domain(q) = r
unfolding r_def by simp
moreover
note <A C Fn(nat, I, 2)> Fn_nat_abs|OF «<M(I)» nat_into_ M][of 2],simplified)
moreover from calculation
have p € FnM(nat, I, 2) q € Fn™(nat, I, 2)
by auto
moreover from calculation
have p U ¢ € Fn(nat, I, 2)
using restrict_eq imp__compat_rel InfCard__rel_nat
by simp
ultimately
have IpeA. Iq€A. p # q A compat_in(Fn(nat, I, 2), Fnle(nat, I, 2), p, q)
unfolding compat_in_ def
by (rule_tac bexI[of _ p|, rule_tac bexI[of _ q]) blast

moreover from assms
have M (Fnle(w,I,2))
by simp
moreover note (M (Fn(w,I,2))»
ultimately
show ?thesis using def ccc_rel by (auto simp:absolut antichain__def) fastforce
qed
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end — M add reals

end
theory FEdrel
imports
Transitive._Models.ZF _Miscellanea
Transitive_Models. Recursion_ Thms

begin

3.2 The well-founded relation ed

lemma eclose_sing : x € eclose(a) = z € eclose({a})
using subsetD[OF mem__eclose _subset]
by simp

lemma ecloseFE :
assumes z € eclose(A)
shows z€ AV (3 Be A. x € eclose(B))
using assms
proof (induct rule:eclose_induct _down)
case (1 y)
then
show ?case
using arg_into_eclose by auto
next
case (2 y 2)
from <y € AV (3B€A. y € eclose(B))»
consider (ind) y € A | (exB) (3BeA. y € eclose(B))
by auto
then show ?case
proof (cases)
case inA
then
show ?thesis using 2 arg_into__eclose by auto
next
case ezB
then obtain B where y € eclose(B) BeA
by auto
then
show ?thesis using 2 ecloseD[of y B z] by auto
qed
qed

lemma eclose_singE : © € eclose({a}) = = = a V z € eclose(a)
by (blast dest: ecloseE)

lemma in__eclose_sing :
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assumes z € eclose({a}) a € eclose(z)
shows z € eclose({z})
proof -
from «xz€eclose({a})
consider z=a | z€eclose(a)
using eclose_singF by auto
then
show ?thesis
using eclose__sing mem__eclose__trans assms
by (cases, auto)
qed

lemma in_dom _in_eclose :
assumes z € domain(z)
shows z € eclose(z)
proof -
from assms
obtain y where (z,y) € 2
unfolding domain_def by auto
then
show ?thesis
unfolding Pair_def
using ecloseD[of {z,z}]| ecloseD|of {{z,x},{z,y}}] arg_into_eclose
by auto
qed

termed is the well-founded relation on which wval is defined.

definition ed :: [i,i] = o where
ed(z,y) = z € domain(y)

definition edrel :: ¢ = 7 where
edrel(A) = Rrel(ed,A)

lemma edI[introl]: t€domain(z) = ed(t,x)
unfolding ed_def .

lemma edD]dest!]: ed(t,2) = tedomain(z)
unfolding ed_ def .

lemma rank _ed:
assumes ed(y,x)
shows succ(rank(y)) < rank(z)
proof
from assms
obtain p where (y,p)€z by auto
moreover
obtain s where ycs s€(y,p) unfolding Pair def by auto
ultimately
have rank(y) < rank(s) rank(s) < rank((y,p)) rank({y,p)) < rank(z)
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using rank_ It by blast+
then
show rank(y) < rank(x)
using I/t trans by blast
qed

lemma edrel dest [dest]: © € edrel(A) = 3 a€ A. 3 be A z =(a,b)
by (auto simp add:ed_def edrel_def Rrel def)

lemma edrelD : z € edrel(A) = 3 a€ A. 3 b€ A. z =(a,b) A a € domain(b)
by (auto simp add:ed__def edrel_def Rrel def)

lemma edrell [introl]: €A = yeA = z € domain(y) = (z,y)E€edrel(A)
by (simp add:ed__def edrel _def Rrel_def)

lemma edrel_trans: Transset(A) = yeA = = € domain(y) = (z,y)Eedrel(A)
by (rule edrell, auto simp add: Transset__def domain__def Pair_def)

lemma domain_trans: Transset(A) = yeA = = € domain(y) = €A
by (auto simp add: Transset_def domain__def Pair_def)

lemma relation__edrel : relation(edrel(A))
by (auto simp add: relation__def)

lemma field edrel : field(edrel(A))CA
by blast

lemma edrel_sub_memrel: edrel(A) C trancl(Memrel(eclose(A)))
proof
let
?r=trancl(Memrel(eclose(A)))
fix z
assume z€edrel(A)
then
obtain z y where z€A yeA z=(z,y) x€domain(y)
using edrelD
by blast
moreover from this
obtain u v where z€u ucv vey
unfolding domain__def Pair _def by auto
moreover from calculation
have zececlose(A) yeeclose(A) yCeclose(A)
using arg_into__eclose Transset__eclose[unfolded Transset_def]
by simp__all
moreover from calculation
have veeclose(A)
by auto
moreover from calculation
have u€ceclose(A)
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using Transset__eclose[unfolded Transset_def]
by auto

moreover from calculation

have(z,u)€ ?r (u,v)€ ?r (v,y)€?r
by (auto simp add: r_into__trancl)

moreover from this

have (z,y)€?r
using trancl_trans|OF __ trancl_trans[of _ v _ y]]
by simp

ultimately

show ze 7r
by simp

qed

lemma wf_edrel : wf(edrel(A))
using wf_subset|of trancl(Memrel(eclose(A)))] edrel_sub_memrel
wf _trancl wf_ Memrel
by auto

lemma ed induction:
assumes Az. [Ay. ed(y,x) = Qy) ] = Q(x)
shows Q(a)
proof(induct rule: wf induct2[OF wf _edrel[of eclose({a})] ,of a eclose({a})])
case 1
then show ?case using arg_into_eclose by simp
next
case 2
then show ?case using field edrel .
next
case (3 z)
then
show ?case
using assms|of x| edrell domain__trans[OF Transset__eclose 3(1)] by blast
qed

lemma dom_under_edrel_eclose: edrel(eclose({z})) - {z} = domain(z)
proof(intro equalityl)
show edrel(eclose({z})) - {z} C domain(z)
unfolding edrel def Rrel def ed def
by auto
next
show domain(z) C edrel(eclose({z})) - {z}
unfolding edrel def Rrel_def
using in__dom__in__eclose eclose _sing arg_into__eclose
by blast
qed

lemma ed__eclose : (y,z) € edrel(A) = y € eclose(z)
by (drule edrelD,auto simp add:domain__def in__dom__in__eclose)
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lemma tr_edrel_eclose : (y,z) € edrel(eclose({z})) ™+ = y € eclose(z)
by (rule trancl_induct,(simp add: ed _eclose mem__eclose _trans)+)

lemma restrict_edrel _eq :
assumes 2z € domain(x)
shows edrel(eclose({z})) N eclose({z})xeclose({z}) = edrel(eclose({z}))
proof(intro equalityl subsetl)
let Zec=\ y . edrel(eclose({y}))
let Zez=eclose({z})
let ?rr="%ec(z) N %ez X %ez
fix y
assume y € rr
then
obtain a b where (a,b) € ?rra € ez b € ?ez (a,b) € Pec(z) y=(a,b)
by blast
moreover from this
have a € domain(b)
using edrelD by blast
ultimately
show y € edrel(eclose({z}))
by blast
next
let Zec=\ y . edrel(eclose({y}))
let Zez=eclose({z})
let ?rr="%ec(z) N ez X %ez
fix y
assume y € edrel(%ez)
then
obtain a b where a € %ez b € Yez y=(a,b) a € domain(b)
using edrelD by blast
moreover
from this assms
have z € eclose(z)
using in__dom__in__eclose by simp
moreover
from assms calculation
have a € eclose({z}) b € eclose({x})
using in__eclose__sing by simp__all
moreover from calculation
have (a,b) € edrel(eclose({z}))
by blast
ultimately
show y € %rr
by simp
qed

lemma tr _edrel subset :
assumes z € domain(z)
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shows tr_down(edrel(eclose({z})),z) C eclose({z})
proof(intro subsetl)
let ?r=\ z . edrel(eclose({z}))
fix y
assume y € tr_down(?r(z),z)
then
have (y,z) € ?r(z) ™+
using tr_downD by simp
with assms
show y € eclose({z})
using tr_edrel eclose eclose sing by simp
qed

end

4 Well-founded relation on names

theory FrecR
imports
Transitive_Models. Discipline_ Function
FEdrel
begin

frecR is the well-founded relation on names that allows us to define forcing
for atomic formulas.

definition
ftype :: i=1 where
ftype = fst

definition
namel :: i=1i where
namel(z) = fst(snd(z))

definition
name?2 :: i=1i where
name2(z) = fst(snd(snd(zx)))

definition
cond__of :: i=1 where

cond_of (z) = snd(snd(snd((x))))

lemma components__simp:
ftype((f,n1n2,c)) = f
namel({f,n1,n2,c)) = nl
name2((f,n1,n2,c)) = n2
cond_of ({f,n1,n2,c)) = ¢
unfolding ftype def namel__def name2_def cond_of def
by simp__all
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definition eclose_n :: [i=i,i] = { where
eclose_n(name,z) = eclose({name(x)})

definition
ecloseN :: i = i where
ecloseN(x) = eclose__n(namel,z) U eclose_n(name2,z)

lemma components_in__eclose :
nl € ecloseN({f,n1,n2,c))
n2 € ecloseN({f,n1,n2,c))
unfolding ecloseN__def eclose_n__def
using components_simp arg_into__eclose by auto

lemmas names_simp = components__simp(2) components__simp(3)

lemma ecloseNI1 :
assumes z € eclose(nl) V z€eclose(n2)
shows z € ecloseN((f,n1,n2,c))
unfolding ecloseN__def eclose_n__def
using assms eclose__sing names__simp
by auto

lemmas ecloseNI = ecloseNI1

lemma ecloseN _mono :
assumes u € ecloseN(x) namel(z) € ecloseN(y) name2(z) € ecloseN(y)
shows u € ecloseN(y)
proof -
from «ue_»
consider (a) u€eclose({namel(z)}) | (b) u € eclose({name2(x)})
unfolding ecloseN__def eclose_n__def by auto
then
show ?thesis
proof cases
case q
with <namel(z) €
show ?thesis
unfolding ecloseN__def eclose_n__def
using eclose_singE[OF a] mem__eclose__trans[of v namel(z) | by auto
next
case b
with (name2(z) € _»
show ?thesis
unfolding ecloseN__def eclose_n__def
using eclose_singE[OF b] mem,__eclose__trans[of u name2(z)] by auto
qed
qed

definition
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is_ftype :: (i=0)=i=i=0 where

is_ftype = is_fst

definition
ftype__fm :: [i,i] = ¢ where
ftype__fm = fst_fm

lemma is_ftype iff sats [iff _sats]:
assumes
nth(a,env) = x nth(b,env) = y a€nat benat env € list(A)
shows
is_ftype(##A,x,y) +— sats(A,ftype_fm(a,b), env)
unfolding ftype fm_ def is_ftype def
using assms sats_fst_fm
by simp

definition
is_namel :: (i=0)=i=i=>0 where
is_namel(M,z,t2) = is_hcomp(M is_fst(M),is_snd(M),z,t2)

definition
namel__fm :

[4,i]] = i where
namel__fm(x,t) =

heomp__fm(fst_fm,snd_fm,z,t)

lemma sats_namel__fm [simp]:
[ z € nat; y € natyenv € list(A) | =
(A4, env = namel__fm(x,y)) <— is_namel(##A, nth(x,env), nth(y,env))
unfolding namel_fm_def is namel def
using sats_fst_fm sats_snd_fm sats_hcomp_fmlof A is_fst(##A) __ fst_fm
is_snd(##A))
by simp

lemma is _namel iff sats [iff _sats]:
assumes
nth(a,env) = x nth(b,env) = y a€nat benat env € list(A)
shows
is_namel(##A,x,y) +— A, env = namel_fm(a,b)
using assms sats_namel__fm
by simp

definition

is_snd_snd :: (i=0)=i=i=0 where

is_snd_snd(M,x,t) = is_hcomp(M,is_snd(M),is_snd(M),z,t)
definition

snd_snd_fm :: [i,i]=7 where

snd_snd__fm(z,t) = hecomp_ fm(snd_fm,snd_fm,z,t)

lemma sats_snd2_fm [simp]:
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[ z € nat; y € nat;env € list(A) | =

(4, env |= snd_snd_fm(z,y)) «— is_snd_snd(##A, nth(z,env), nth(y,env))
unfolding snd_snd_fm_ def is _snd_snd__def
using sats_snd_fm sats_hcomp_fmlof A is_snd(##A) _ snd_fmis_snd(##A)]
by simp

definition
is_name2 :: (i=>0)=i=i=0 where
is_name2(M,x,t3) = is_hcomp(M is_fst(M),is_snd_snd(M),z,t3)

definition
name2_fm :: [i,i] = ¢ where
name2_fm(z,t8) = hcomp_ fm(fst_fm,snd_snd_ fm,z,t3)

lemma sats _name2_fm :
[ z € nat; y € nat;env € list(A) |
= (A, env |= name2_fm(z,y)) «— is_name2(##A, nth(z,env), nth(y,env))
unfolding name?2_fm_ def is name2_def
using sats_fst_fm sats_snd2_fm sats_hcomp_fmlof A is_fst(##A) _ fst_fm
is_snd_snd(##A)]
by simp

lemma is _name2 iff sats [iff _sats]:
assumes
nth(a,env) = x nth(b,env) = y a€nat benat env € list(A)
shows
is_name2(##A,x,y) <— A, env = name2_fm(a,b)
using assms sats_name2_fm
by simp

definition
is_cond_of :: (i=0)=i=i=0 where
is_cond_of (M,xz,t)) = is_hcomp(M,is_snd(M),is_snd_snd(M),z,t})

definition
cond_of _fm :: [i,i] = i where
cond_of _fm(x,t4) = hcomp_fm(snd_fm,snd_snd_fm,z,t4)

lemma sats cond_of fm :
[ z € nat; y € nat;env € list(A) | =
(A, env |E cond_of fm(z,y)) +— is_cond_of (##A, nth(z,env), nth(y,env))
unfolding cond_of fm_def is cond_of def
using sats_snd_fm sats_snd2_fm sats_hcomp__fm[of A is_snd(##A) _ snd_fm
is_snd_snd(#4#A)]
by simp

lemma is_cond_of iff sats [iff _sats]:

assumes
nth(a,env) = x nth(b,env) = y a€nat beEnat env € list(A)

33



shows

is_cond_of (##A,z,y) +— A, env = cond_of fm(a,b)
using assms sats__cond__of _fm
by simp

lemma components_type[TC] :
assumes acnat benat
shows
ftype__fm(a,b)Eformula
namel fm(a,b)€formula
name2_fm(a,b)Eformula
cond__of _fm(a,b)€formula
using assms
unfolding ftype fm_ def fst _fm_ def snd_fm_ def snd__snd_fm__def namel__fm__def
name2_fm,__def
cond__of _fm__def hcomp__fm__def
by simp_all

lemmas components_iff sats =is_ftype iff satsis _mamel iff satsis name2_iff sats
is_cond__of iff sats

lemmas components_defs = ftype fm_ def snd_snd_fm_ def hcomp_ fm__def
namel__fm_ def name2_fm_ def cond_of fm_ def

definition
is_eclose_n :: [i=o,[i=0,i,i]]=0,i,i]] = o where
is_eclose_n(N,is_name,en,t) =

Ani1[N].3 s1[N]. is_name(N,t,nl) A is_singleton(N,nl,s1) A is_eclose(N,s1,en)

definition
eclose_nl_fm :: [i,i] = i where
eclose_nl_fm(m,t) = Exists(Ezists(And(And(namel__fm(t+,2,0),singleton_fm(0,1)),
is_eclose_fm(1,m+,2))))

definition
eclose_n2_fm :: [i,i] = i where
eclose_n2_fm(m,t) = Exists(Exists(And(And(name2_fm(t+,2,0),singleton_fm(0,1)),
is_eclose_fm(1,m+,2))))

definition
is_ecloseN :: [i=>0,i,i] = o where
is_ecloseN(N,t,en) = Jenli[N].3 en2[N].
is_eclose_n(N,is_namel,enl,t) A is_eclose_n(N,is_name2,en2,t)A
union(N,enl,en2,en)

definition
ecloseN_fm :: [i,i] = i where
ecloseN_fm(en,t) = FEuxists(Exists(And(eclose_nl_fm(1,t+,2),
And(eclose_n2_fm(0,t+,2),union__fm(1,0,en+,2)))))

34



lemma ecloseN_fm_type [TC] :
[ en € nat ; t € nat | = ecloseN_fm(en,t) € formula
unfolding ecloseN_fm,_ def eclose_ni1_fm_ def eclose_n2_fm__def by simp

lemma sats _ecloseN_fm [simp]:
[ en € nat; t € nat ; env € list(A) ]
= (A, env |= ecloseN_fm(en,t)) «— is_ecloseN (## A,nth(t,env),nth(en,env))
unfolding ecloseN_fm__defis ecloseN __def eclose_nl_fm _ def eclose_n2_fm_ def
is_eclose_n__def
using nth__0 nth__Consl sats_namel__fm sats_name2_fm singleton__iff _sats[symmetric]
by auto

lemma is_ecloseN_iff _sats [iff _sats]:
[ nth(en, env) = ena; nth(t, env) = ta; en € nat; t € nat ; env € list(4) |
= is_ecloseN (## A, ta,ena) +— A, env |E ecloseN_fm(en,t)
by simp

definition
frecR :: i = i = o where
frecR(z,y) =
(ftype(x) = 1 A ftype(y) = 0
A (namel(z) € domain(namel(y)) U domain(name2(y)) N (name2(z) =
namel(y) V name2(xz) = name2(y))))
V (ftype(x) = 0 A ftype(y) = 1 A namel(z) = namel(y) A name2(z) €
domain(name2(y)))

lemma frecR_ ftypeD :
assumes frecR(z,y)

shows (ftype(z) = 0 A ftype(y) = 1) V (ftype(z) = 1 A ftype(y) = 0)
using assms unfolding frecR_ def by auto

lemma frecRI1: s € domain(nl) V s € domain(n2) = frecR((1, s, nl1, q), (0, nl,

n2, q"))
unfolding frecR__def by (simp add:components__simp)

lemma frecRI1": s € domain(nl) U domain(n2) = frecR({1, s, nl, q), (0, nl,

n2, q'))
unfolding frecR_def by (simp add:components__simp)

lemma frecRI2: s € domain(nl) V s € domain(n2) = frecR({1, s, n2, q), (0,
nl, n2, q'))
unfolding frecR_def by (simp add:components__simp)

lemma frecRI2": s € domain(nl) U domain(n2) = frecR({1, s, n2, q), (0, nl,

n2, q"))
unfolding frecR__def by (simp add:components__simp)
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lemma frecRI3: (s, r) € n2 = frecR({0, nl, s, q), (1, nl, n2, q’))
unfolding frecR_ def by (auto simp add:components__simp)

lemma frecRI3" s € domain(n2) = frecR((0, n1, s, q), (1, n1, n2, ¢))
unfolding frecR__def by (auto simp add:components__simp)

lemma frecR_D1 :
frecR(z,y) = ftype(y) = 0 = ftype(z) = 1 A
(namel(z) € domain(namel(y)) U domain(name2(y)) A (name2(z) = namel(y)
V name2(z) = name2(y)))
unfolding frecR__ def
by auto

lemma frecR_D2 :
frecR(z,y) = ftype(y) = 1 = ftype(z) = 0 A
ftype(z) = 0 A ftype(y) = 1 A namel(z) = namel(y) A name2(z) €
domain(name2(y))
unfolding frecR_ def
by auto

lemma frecR__DI :
assumes frecR({a,b,c,d),(ftype(y),namel(y),name2(y),cond_of(y)))
shows frecR({a,b,c,d),y)
using assms
unfolding frecR_ def
by (force simp add:components__simp)

reldb__add ftype is_ftype
reldb__add namel is _namel
reldb__add name?2 is _name2

relativize frecR is_frecR

schematic__goal sats frecR_ fm_auto:
assumes
i€nat jenat envelist(A)
shows
is_frecR(## A, nth(i,env),nth(j,env)) «+— A, env = fr_fm(ij)
unfolding is frecR_ def
by (insert assms ; (rule sep_rules’ cartprod_iff sats components_iff sats
| simp del:sats__cartprod_fm)+)

synthesize frecR from_ schematic sats frecR_ fm _auto

Third item of Kunen’s observations (p. 257) about the trcl relation.

lemma eq_ftypep__not_ frecrR:
assumes ftype(z) = ftype(y)
shows — frecR(z,y)
using assms frecR_ ftypeD by force
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definition
rank_names :: 1 = 1 where
rank_names(z) = max(rank(namel(z)),rank(name2(z)))

lemma rank_names_types [TC):
shows Ord(rank_names(z))
unfolding rank_names_def maz_def using Ord_rank Ord_Un by auto

definition
mtype_form :: i = i where
mitype_form(z) = if rank(namel(z)) < rank(name2(z)) then 0 else 2

definition
type_form :: i = i where
type_form(x) = if ftype(z) = 0 then 1 else miype_form(x)

lemma type_form_tc [TC]:
shows type_form(z) € 3
unfolding type_form__def mtype form__def by auto

lemma frecR_le rnk_names :
assumes frecR(z,y)
shows rank_names(z)<rank_names(y)
proof -
obtain a b ¢ d where
H: a = namel(z) b = name2(x)
¢ = namel(y) d = name2(y)
(a € domain(c)Udomain(d) A (b=cV b=d)) V (a = c A b € domain(d))
using assms
unfolding frecR_ def

by force

then

consider
(m) a € domain(c) A (b=cV b= d)
| (n) a € domain(d) A (b=cV b= d)

| (0) b € domain(d) A a
by auto
then
show ?thesis
proof(cases)
case m
then
have rank(a) < rank(c)
using eclose__rank It in__dom_in__eclose
by simp
with <rank(a) < rank(c)> Hm
show ?thesis
unfolding rank names_def

C
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using Ord_rank maz__cong mazx__cong2 lel
by auto
next
case n
then
have rank(a) < rank(d)
using eclose__rank_ It in__dom__in__eclose
by simp
with <rank(a) < rank(d)> Hn
show ?thesis
unfolding rank names_def
using Ord__rank max__cong2 mazx__cong maz_commutes|of rank(c) rank(d)]
lel
by auto
next
case 0
then
have rank(b) < rank(d) (is ?b < ?d) rank(a) = rank(c) (is %a = _)
using eclose__rank_ It in__dom__in__eclose
by simp__all
with H
show ?thesis
unfolding rank_names def
using Ord_rank maz_commutes maz_cong2[OF lel[OF <2b < 2d»], of 2a]
by simp
qged
qged

definition
I':: i = ¢ where
[(z) = 3 xx rank_names(z) ++ type_form(z)

lemma I"_ type [TC]:
shows Ord(I'(z))
unfolding I def by simp

lemma I" _mono :
assumes frecR(z,y)
shows I'(z) < I'(y)
proof -
have F': type_ form(z) < 3 type_form(y) < 8
using [t/
by simp__all
from assms
have A: rank_names(z) < rank_names(y) (is %z < %y)
using frecR_le_rnk_names
by simp
then
have Ord(?y)
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unfolding rank names_def
using Ord__rank maz__def
by simp
note [eE[OF «?2z<%y)
then
show ?thesis
proof(cases)
case I
then
show ?thesis
unfolding I _def
using oadd_lt_mono2 <%z < ?y» F
by auto
next
case 2
consider (a) ftype(z) = 0 A ftype(y) = 1] (b) ftype(z) = 1 A ftype(y) = 0
using frecR_ ftypeD[OF «frecR(x,y)]
by auto
then show ?thesis
proof(cases)
case b
moreover from this
have type form(y) = 1
using type_form__def by simp
moreover from calculation
have name2(x) = namel(y) V name2(z) = name2(y) (s 7 = %0’V o1 =
7r’)
namel(z) € domain(namel(y)) U domain(name2(y)) (is %o € domain(%0’)
U domain(977))
using assms unfolding type form__ def frecR__def by auto
moreover from calculation
have E: rank(?1) = rank(%c") V rank(?1) = rank(?7’) by auto
from calculation
consider (c) rank(%0) < rank(?c’) | (d) rank(%0) < rank(?r")
using eclose_rank_It in_dom__in__eclose by force
then
have rank(%0) < rank(?7)
proof (cases)
case c
with <rank_names(z) = rank_names(y) »
show ?thesis
unfolding rank names_def mtype_ form__def type_form__def
using maz_D2[OF E ] E assms Ord_rank
by simp
next
case d
with «rank_names(z) = rank_names(y) »
show ?thesis
unfolding rank_names__def mtype_form__def type_form__def
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using maz_D2[OF __ d] max_commutes E assms Ord__rank disj _commute
by simp
qed
with b
have type_form(z) = 0 unfolding type_ form__def mtype_form__def by simp
with <rank_names(z) = rank_names(y) » <type_form(y) = D> <type_form(z)
=0
show ?thesis
unfolding I def by auto
next
case a
then
have namel(z) = namel(y) (is %o = %)
name2(z) € domain(name2(y)) (is ?r € domain(?7’))
type__form(x) = 1
using assms
unfolding type_form__def frecR__def
by auto
then
have rank(%0) = rank(?0’) rank(?1) < rank(?7’)
using eclose_rank_It in__dom__in__eclose
by simp_all
with <rank_names(z) = rank_names(y) »
have rank(?r") < rank(?%0’)
using Ord_rank max_D1
unfolding rank names_def
by simp
with a
have type form(y) = 2
unfolding type form__def mtype_form __def
using not_lt_iff le assms
by simp
with <rank_names(z) = rank_names(y) » <type_form(y) = 2» <type_ form(z)
=D
show ?thesis
unfolding I def by auto
qed
qed
qed

definition
frecrel :: i = i where
frecrel(A) = Rrel(frecR,A)

lemma frecrell :
assumes z € A yeA frecR(z,y)
shows (z,y)€frecrel(A)
using assms unfolding frecrel def Rrel def by auto
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lemma frecrelD :
assumes (z,y) € frecrel(AIx A2x A3x A4)
shows
ftype(z) € Al ftype(z) € Al
namel(z) € A2 namel(y) € A2
name2(z) € A3 name2(z) € A3
cond_of (z) € A4 cond_of(y) € A4
frecR(z,y)
using assms
unfolding frecrel def Rrel_def ftype def by (auto simp add:components__simp)

lemma wf frecrel :
shows wf(frecrel(A))
proof -
have frecrel(A) C measure(AI")
unfolding frecrel def Rrel def measure def
using I'__mono
by force
then
show ?thesis
using wf subset wf_measure by auto
qged

lemma core_induction aux:
fixes A1 A2 :: i
assumes
Transset(Al)
Nt Y9 p. pe A2 = [Nqo. [ qe€A2 ; ocdomain(¥)] = Q(0,1,0,9)] =
Q(],’T,'ﬁ,p)
AT p. pe A2 = [Aqo.[qcA2; oc€domain(r) U domain(¥)] = Q(1,0,7,9)
N Q(1,0,9,9)] = Q(0,7,9,p)
shows a€2x AIxAIx A2 = Q(ftype(a),namel(a),name2(a),cond_of (a))
proof (induct a rule:wf _induct|OF wf _frecrel[of 2x A1x A1x AZ2]))
case (1 z)
let 7 = namel(z)
let 20 = name2(x)
let 2D = 2xAIxAIxA2
assume z € ?D
then
have cond_of (x)€A2
by (auto simp add:components__simp)
from «z€?D»
consider (eq) ftype(z)=0 | (mem) ftype(z)=1
by (auto simp add:components__simp)
then
show Zcase
proof cases
case ¢q
then
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have Q(1, o, %1, q) N Q(1, o, 29, q) if 0 € domain(?1) U domain( %) and
qeA2 for q o
proof -
from 1
have 7€ A1 29€ Al ?r€eclose(Al) ?9€eclose(Al)
using arg_into__eclose
by (auto simp add:components__simp)
moreover from <Transset(Al)> that(1)
have o€eclose(?1) U eclose( 29)
using in__dom__in__eclose
by auto
then
have o€ A1
using mem__eclose__subset[OF «?7€AD] mem__eclose_subset|OF <290€ A1)
Transset__eclose__eq _arg[OF «<Transset(A1))]
by auto
with (¢€A2) <29 € Al «cond_of(z)€A2) «?T€AD
have frecR({1, o, 71, q), x) (is frecR(?T, ))
frecR({1, o, 29, q), x) (is frecR(?U,_))
using frecRI1'|OF that(1)] frecR_DI «<ftype(x) = 0»
frecRI2'|OF that(1)]
by (auto simp add:components__simp)
with «x€?D) <0c€A1 <ge A2
have (?T,x)e frecrel(?D) (¢U,x)€ frecrel(?D)
using frecrell[of T ?D z] frecrell[of ?U ?D
by (auto simp add:components__simp)
with (¢q€A2y «c€AD «?7€AD (P9€AD
have Q(1, o, 77, q)
using 71
by (force simp add:components__simp)
moreover from «qeA2y «c€AD <€Al «PWeAD (2U,x)€ frecrel(?D)>
have Q(1, o, 29, q)
using I by (force simp add:components__simp)
ultimately
show ?thesis
by simp
qed
with assms(3) <ftype(z) = 0> <cond_of (z)€A2)
show ?thesis
by auto
next
case mem
have Q(0, 7, o, q) if 0 € domain(?9) and qeA2 for g o
proof -
from 1 assms
have ?7€A1 29€ A1 cond_of(x)€A2 ?Tceclose(Al) ?9€eclose(Al)
using arg_into__eclose
by (auto simp add:components__simp)
with <Transset(A1)> that(1)
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have o€ eclose( %))
using in__dom__in__eclose
by auto
then
have o€ A1
using mem__eclose__subset| OF «29€ A1)] Transset__eclose__eq arg|OF < Trans-
set(A1)]
by auto
with «¢€A2) <29 € Al <cond_of (x)€A2> «?T€AD (ftype(z) = D
have frecR({0, ?r, o, q), z) (is frecR(?T,_))
using frecRI3'|OF that(1)] frecR_DI
by (auto simp add:components__simp)
with x€?Dy <cg€ A1y «(qeA2) <?T€AD
have (?T,z)€ frecrel(?D) ?T€?D
using frecrell[of ¢T ¢D x]
by (auto simp add:components__simp)
with (¢q€A2y «c€AD «?1€AD (P9€AD 1
show ?thesis
by (force simp add:components__simp)
qed
with assms(2) «ftype(z) = 1» <cond_of (z)€A2)
show ?thesis
by auto
qed
qed

lemma def _frecrel : frecrel(A) = {z€AxA. Jx y. z = (z, y) A frecR(z,y)}
unfolding frecrel def Rrel def ..

lemma frecrel fst snd:
frecrel(A) = {z € AxA .
ftype(fst(z)) = 1 A
ftype(snd(z)) = 0 A namel(fst(z)) € domain(namel(snd(z))) U do-
main(name2(snd(z))) A
(name2(fst(z)) = namel(snd(z)) V name2(fst(z)) = name2(snd(z)))
V (ftype(fst(z)) = 0 A
ftype(snd(z)) = 1 A namel(fst(z)) = namel(snd(z)) A name2(fst(z)) €
domain(name2(snd(2))))}
unfolding def frecrel frecR_ def
by (intro equalityl subsetl Collectl; elim CollectE; auto)

end
theory FrecR_Arities
imports
FrecR
begin

context
notes FOL__arities[simp]
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begin

arity_theorem intermediate for fst fm

lemma arity_fst_fm [arity] :
[zenat ; tenat] = arity(fst_fm(z,t)) = suce(x) U suce(t)
using arity_fst_fm’
by auto

arity__theorem intermediate for snd_fm

lemma arity_snd_fm [arity] :
[zenat ; tenat] = arity(snd_fm(z,t)) = succ(z) U succ(t)
using arity snd_fm’
by auto

lemma arity_snd_snd_fm [arity] :
[z€nat ; tenat] = arity(snd_snd_fm(z,t)) = suce(z) U succ(t)
unfolding snd_snd_fm_ def hcomp_ fm_ def
using arity_snd__fm arity__empty fm union_abs2 pred_Un__ distrib
by auto

lemma arity_ftype_fm [arity] :
[z€nat ; tenat] = arity(ftype_fm(z,t)) = suce(x) U suce(t)
unfolding ftype fm_ def
using arity_fst_fm
by auto

lemma arity_namel__fm [arity] :
[z€nat ; tenat] = arity(namel__fm(x,t)) = succ(z) U succ(t)
unfolding namel_fm_ def hcomp_fm__def
using arity_fst_fm arity_snd_fm union__abs2 pred_ Un__distrib
by auto

lemma arity _name2_fm [arity] :
[z€nat ; tenat] = arity(name2_fm(z,t)) = suce(z) U succ(t)
unfolding name2_fm__def hcomp__fm__def
using arity fst_fm arity _snd_snd_fm union__abs2 pred_Un__distrib
by auto

lemma arity cond_of fm [arity] :
[zenat ; tenat] = arity(cond_of fm(z,t)) = succ(z) U suce(?)
unfolding cond_of fm_def hcomp_fm_ def
using arity snd__fm arity_snd_snd__fm union__abs2 pred_ Un__distrib
by auto

lemma arity eclose_ni1_fm [arity] :
[zenat ; tenat] = arity(eclose__ni_fm(x,t)) = succ(z) U succ(t)

unfolding eclose_ni_fm_ def

using arity_is_eclose_fm arity_singleton_ fm arity_namel__fm union__abs2 pred_ Un__distrib
by auto
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lemma arity eclose_n2_fm [arity] :

[zenat ; tenat] = arity(eclose__n2_fm(x,t)) = suce(z) U succ(t)

unfolding eclose_n2_fm_ def

using arity_is_eclose_fm arity_singleton_ fm arity_name2_fm union__abs2 pred_ Un__distrib
by auto

lemma arity_ecloseN_fm [arity| :

[zenat ; tenat] = arity(ecloseN_fm(z,t)) = succ(z) U suce(t)

unfolding ecloseN_fm,_ def

using arity eclose_nl_fm arity eclose_n2 fm arity union_fm union__abs2
pred__Un__distrib

by auto

lemma arity_frecR_fm [arity]:
[a€nat;benat] = arity(frecR_fm(a,b)) = succ(a) U succ(b)
unfolding frecR__fm__def
using arity_ftype_ fm arity _namel fm arity_name?2_fm arity__domain_ fm
arity__empty_ fm arity_union__fm pred__Un__distrib arity_succ_fm
by auto

end — FOL_arities

end

5 Concepts involved in instances of Replacement

theory F'm_ Definitions
imports
Transitive_ Models. Renaming _Auto
Transitive_ Models. Aleph__Relative
FrecR__Arities
begin

no__notation Aleph («X_» [90] 90)

In this theory we put every concept that should be synthesized in a formula
to have an instance of replacement.

The automatic synthesis of a concept /foo/ requires that every concept used
to define /foo/ is already synthesized. We try to use our meta-programs to
synthesize concepts: given the absolute concept /foo/ we relativize in rela-
tional form obtaining /is_ foo/ and the we synthesize the formula /is_foo_ fm/.
The meta-program that synthesizes formulas also produce satisfactions lem-
mas.

Having one file to collect every formula needed for replacements breaks the
reading flow: we need to introduce the concept in this theory in order to use
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the meta-programs; moreover there are some concepts for which we prove
here the satisfaction lemmas manually, while for others we prove them on
its theory.

declare arity_subset_fm [simp del] arity__ordinal _fm[simp del, arity] arity_transset_fm|[simp
del]
FOL__arities[simp del]

synthesize setdiff from__definition setdiff assuming nonempty
arity__theorem for setdiff fm

synthesize is converse from__definition assuming nonempty
arity__theorem for is converse_fm

relationalize first_rel is_first external
synthesize first fm from__definition is_first assuming nonempty

relationalize minimum_rel is _minimum external
definition is minimum’ where
is_minimum'(M,R,X,u) = (M(u) A u € X AN (Vu[M]. Fa[M]. (veE X — v #
u — a € R) A pair(M, u, v, a))) A
(Fz[M].
(M(z) ANz € X A (Vo[M]. Ja[M]. (ve X — v# 2 — a € R) A pair(M,
z, v, a))) A
Vy[M]. M(y)y hye X A(Vo[M]. Fa[M]. ve X —v#y—a€R)A
pair(M, y, v, a)) — y = z)) V
- (FzM]. (M(z) ANz e X A (Vu[M]. Fa[M]. (ve X —v#2x — a€ R)A
pair(M, z, v, a))) A
(Vy[M]. M(y)y hNye X AN (Vo[M]. Ja[M]. (veEX —v#y —ac€
R) A pair(M, y, v, a)) — y = z)) A
empty(M, u)

synthesize minimum from__definition is_minimum’ assuming nonempty
arity__theorem for minimum_ fm

lemma is_lambda__iff _sats[iff _sats]:

assumes is Fiff sats:

a0 al a2.

[|a0€Aa; al€Aa; a2€ Aal]
==>is_F(al, a0) «— sats(Aa, is_F_fm, Cons(a0,Cons(al,Cons(a2,env))))

shows

nth(A, env) = Ab =

nth(r, env) = ra =

A € nat =

r € nat =

env € list(Aa) =

is_lambda(## Aa, Ab, is_F, ra) +— Aa, env |= lambda__fm(is_F_fm, A, r)
using sats_lambda_fm[OF assms, of A r] by simp

— same as sats_is_wfrec_fm, but changing length assumptions to 0 being in the
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model
lemma sats is _wfrec_fm'”:
assumes MH iff sats:
a0 al a2 a8 a4.
[la0€A; al€A; a2€ A; a3€A; a4eAl]
==> MH(a2, al, a0) <— sats(A, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))
shows
[|z € nat; y € nat; z € nat; env € list(A); 0 € Al
==> sats(4, is_wfrec_fm(p,z,y,2), env) +—
is_wfrec(## A, MH, nth(z,env), nth(y,env), nth(z,env))
using MH__iff _sats [THEN iff _sym] nth__closed sats_is_recfun_fm
by (simp add: is_wfrec_fm_ def is_wfrec_def) blast

lemma is_wfrec_iff sats'[iff _sats]:

assumes MH _iff sats:

a0 al a2 a8 a4.
[|la0€Aa; al€Aa; a2€ Aa; a3€ Aa; a4€ Aal)

==> MH(a2, al, a0) <— sats(Aa, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))
nth(z, env) = xz nth(y, env) = yy nth(z, env) = 2z
T € nat y € nat z € nat env € list(Aa) 0 € Aa

shows
is_wfrec(## Aa, MH, zz, yy, 22) +— Aa, env = is_wfrec_fm(p,x,y,z)

using assms(2-4) sats_is_wfrec_fm'[OF assms(1,5-9)] by simp

lemma is_wfrec_on_iff sats|iff _sats|:

assumes MH _iff sats:

a0 al a2 a3 a4.

[|la0€Aa; al€Aa; a2€ Aa; a3€ Aa; a4€ Aal)
==> MH(a2, al, a0) <— sats(Aa, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))

shows

nth(z, env) = 10 =

nth(y, env) = yy =

nth(z, env) = 2z =

T € nat =

Yy € nat =

z € nat =

env € list(Aa) =

0 € Aa = is_wfrec_on(##Aa, MH, aa,zx, yy, 22) +— Aa, env = is_wfrec_fm(p,z,y,z)
using assms sats_is_wfrec_ fm'[OF assms| unfolding is wfrec_on_ def by simp

Formulas for particular replacement instances

Now we introduce some definitions used in the definition of check; which is
defined by well-founded recursion using replacement in the recursive call.

definition
rcheck :: i = i where
rcheck(z) = Memrel(eclose({z})) ™+

relativize rcheck is_rcheck
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synthesize is rcheck from__definition
arity__theorem for is rcheck fm

— The function used for the replacement.
definition
PHcheck :: [i=0,i,i,i,i] = o where
PHcheck(M,o.f,y.,p) = M(p) N (3 fy[M]. fun_apply(M.f,y.fy) A pair(M.,fy,o,p))

synthesize PHcheck from__definition assuming nonempty
arity_ theorem for PHcheck fm

— The recursive call for check. We could use the meta-program relationalize for
this; but it makes some proofs more involved.
definition

is_Hcheck :: [i=0,i,i,i,i]] = o where

is__Hcheck(M,o0,z,f,he¢) = is_Replace(M,z,PHcheck(M,o,f),hc)

synthesize is Hcheck from__definition assuming nonempty

lemma arity is Hcheck_fm:

assumes menat nenat pcnat ocnat

shows arity(is_Hcheck_fm(m,n,p,0)) = succ(o) U succ(n) U suce(p) U suce(m)

unfolding is Hcheck_ fm _def

using assms arity_ Replace_fm[rule_format,OF PHcheck_fm_type _ _ _ ar-
ity_ PHcheck__fm]

pred__Un__distrib Un__assoc Un__nat_type
by simp

— The relational version of check is hand-made because our automatic tool does
not handle wfrec.
definition
is_check :: [i=0,i,i,i]] = o where
is_check(M,o0,x,2) = rch[M]. is_rcheck(M,x,rch) A
is_wfrec(M is_Hcheck(M,o),rch,x,z)

— Finally, we internalize the formula.
definition
check_fm :: [i,i,i]] = 7 where
check_fm(o,x,z) = Exzists(And(is_rcheck_fm(1+,z,0),
is_wfrec_fm(is_Hcheck_fm(6+,0,2,1,0),0,1+,2,14+,2)))

lemma check fm_type[TC]: z€nat = o€nat = z€nat = check_fm(z,0,2) €
formula
by (simp add:check_fm__def)

lemma sats check_fm :
assumes
o€nat r€nat zEnat envelist(M) 0e M
shows
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(M, env |= check__fm(o,z,2)) <— is__check(## M nth(o,env),nth(z,env),nth(z,env))
proof -
have sats is Hcheck_fm:
Na0 al a2 a3 af a6. | a0EM; aleM; a2eM; a3€M; a4eM;a6 M| =
is__Hcheck(#4#M,a6,a2, al, a0) <—
(M, [a0,al1,a2,a3,a4,r,a6)Qenv |= is_Hcheck fm(6,2,1,0)) if re M for r
using that assms
by simp
then
have (M , [r]Qenv |= is_wfrec_fm(is_Hcheck_fm(6+,0,2,1,0),0,1+,2,14+,2))
> is_wfrec(##M,is__Hcheck(##M nth(o,env)),r ,nth(z,env),nth(z,env))
if re M for r
using that assms is_wfrec_iff _sats’[symmetric]
by simp
then
show ?thesis
unfolding is check def check fm_ def
using assms is_rcheck_iff _sats[symmetric]
by simp
qed

lemma iff sats check_fmliff sats] :
assumes
nth(o, env) = oa nth(z, env) = za nth(z, env) = za 0 € nat z € nat z € nat
env € list(A) 0 € A
shows is_check(##A, oa,za, za) «— A, env = check_fm(o,2,2)
using assms sats__check_fm[symmetric]
by auto

lemma arity_check_fmlarity|:
assumes menat nenat ocnat
shows arity(check_fm(m,n,0)) = succ(o) U succ(n) U succ(m)
unfolding check_fm_ def
using assms arity _is_wfrec_fm[rule_format,OF _ _
pred__Un__distrib Un__assoc arity tran__closure_fm
by (auto simp add:arity)

arity is_Hcheck_fm)

notation check _fm (<Y is _ )

— The pair of elements belongs to some set. The intended set is the preorder.
definition

is_leq :: [i=o0,i,i,i] = o where

is_leq(A,l,q,p) = 3 qp[A]. (pair(A,q.p.qp) N qp€l)

synthesize is leq from__definition assuming nonempty
arity__theorem for is leq fm

abbreviation
fm_leq :: [i,i,i] = i («_=—_-) where
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fm_leq(A,l,B) = is_leq fm(l,A,B)

5.1 Formulas used to prove some generic instances.

definition o repl :: i=1i where
o_repl(l) = rsum({(0, 1), (1, 0)}, id(l), 2, 3, )

lemma f type : {(0, 1), (1, 0)} € 2 > 3
using Pi_iff unfolding function_def by auto

— thmInternalize.sum__type clashes with thm Renaming.sum__type.
hide_ fact Internalize.sum__type

lemma ren_ type :
assumes l€nat
shows o repl(l) : 24,1 — 3+,1
using sum__typelof 2 3 11 {(0, 1), (1, 0)} id(1)] f_type assms id__type
unfolding ¢ repl def by auto

definition Lambda_in_M_fm where [simp|:Lambda__in_M__fm(p,len) =
«(-F-pair_fm(1, 0, 2) A
ren(p) ‘(2 4o len) (3 +4 len) ‘o _repl(len) ) A -0 € len +,, 2-

lemma Lambda_in_M_fm_ type[TC): p€formula = len€nat = Lambda__in_M__fm(p,len)
€formula

using ren_tclof ¢ 2+,len 3+,len o _repl(len)] ren_type

unfolding Lambda_in_ M fm_ def

by simp

definition ¢ pair_repl :: i=1i where
o_pair_repl(l) = rsum({(0, 0), (1, 1), (2, 3)}, id(l), 3, 4, 1)

definition LambdaPair _in_ M _fm where LambdaPair _in_M_fm(p,len) =
«(-3-pair_fm(1, 0, 2) A
ren((-3 (-3 -fst(2) is 0- N ~-snd(2) is 1- A ren(p) ‘(3 +, len) ‘(4 +u
len) ‘o _pair_repl(len) -+)-)) ‘(2 +, len) *
(3 +u len) *
o_repl(len) ) A
-0 € len 4+, 2-

lemma f_type': {(0,0 ), (1, 1), (2, 3)} € 3 = 4
using Pi_iff unfolding function_def by auto

lemma ren_ type’ :
assumes lenat
shows o pair_repl(l) : 34,1 — 4+,
using sum__type[of 3 4 11 {(0, 0), (1, 1), {2, 3)} id(1)] f_type’ assms id_type
unfolding ¢ pair_repl def by auto
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lemma LambdaPair_in_M _fm_type[TC): p€formula = len€nat = Lambda-
Pair_in_M_fm(p,len) €formula

using ren_tc[OF _ _ _ ren_type’,of ¢ len] Lambda_in_M_fm_type
unfolding LambdaPair_in_ M _fm_ def
by simp

5.2 The relation frecrel

definition
frecrelP :: [i=0,i] = o where
frecrelP(M,zy) = (3z[M]. Iy[M]. pair(M,z,y,zy) N\ is_frecR(M,z,y))

synthesize frecrelP from__definition
arity__theorem for frecrelP_fm

definition
is_frecrel :: [i=o0,i,i] = o where
is_frecrel(M,A,r) =3 A2[M)]. cartprod(M,A,A,A2) A is_Collect(M,A2, frecrelP(M)

)

synthesize frecrel from__definition is_frecrel
arity__theorem for frecrel fm

definition
names__below :: ¢ = 1 = i where
names__below(P,x) = 2xecloseN(z)x ecloseN (x)x P

lemma names_belowsD:
assumes z € names_below(P,z)
obtains f nl n2 p where
z = (f,nl,n2,p) f€2 ni€ecloseN(z) n2c€ecloseN(z) peP
using assms unfolding names_below def by auto

synthesize number2 from__definition

lemma number2_iff :

(A)(¢) = number2(A,c) «— (3b[A]. FalA]. successor(A, b, ¢) A successor(A,
a, b) A empty(4, a))

unfolding number2 def numberl _def by auto
arity_ theorem for number?2_fm

reldb__add ecloseN is_ecloseN

relativize names below is _names_below
synthesize is _names below from__definition
arity__theorem for is names below_fm

definition

is_tuple(M,z,t1,t2,p,t) = 3 ¢t1t2p[M]. 3 t2p[M]. pair(M,t2,p,t2p) A pair(M t1,t2p,t1t2p)
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pair(M,z,t1t2p,t)

synthesize is_tuple from__definition
arity__theorem for is tuple fm

5.3 Definition of Forces

5.3.1 Definition of forces for equality and membership

plk 17 =0 if for every ¢ < p both ¢ IF 0 € 7 and ¢ IF ¢ € 6 hold for all
o € dom(7) Udom(#).

definition
eq_case :: [i,i,4,1,i,i] = o where

eq case(t,9,p,P,leq,f) =Vo. o € domain(t) U domain(¥) —
(Vq. ¢eP A (g,p)€leq — (f(1l,0,7,9)=1 +— f{1,0,9,q9) =1))

relativize eq case is_eq case
synthesize eq case from__definition is eq case

p Ik 7 € 8 if for every v < p there exist g, r, and o such that v < ¢, ¢ < r,
(o,r) € 7,and q Ik T = 0.

definition
mem,__case(T,9,p,P,leq,f) = VveP. (v,p)Eleq —
(3¢. Jo. Ir. reP A qeP A (g)€leqg A (o,r) € 9 A {(g,r)Eleg N f{0,7,0,q9) =
1)

relativize mem_ case is_mem__case
synthesize mem__case from__definition is mem_ case
arity__theorem intermediate for eq case fm
lemma arity eq case_fm[arity):
assumes
nl€nat n2€nat penat PEnat legenat fEnat
shows
arity(eq_case_fm(ni,n2,p,Pleq.f)) =
succ(nl) U suce(n2) U suce(p) U suce(P) U suce(leq) U suce(f)
using assms arity_eq case_fm’
by auto

arity_ theorem intermediate for mem_case_fm
lemma arity _mem__case_fmarity] :
assumes
nlenat n2enat penat Penat legenat fenat
shows
arity(mem__case_fm(nl,n2,p,P,leq.f)) =
succ(nl) U suce(n2) U suce(p) U suce(P) U succ(leq) U suce(f)
using assms arity_mem_ case_fm’
by auto
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definition
Hfre :: [i,i,i,i] = o where
Hfre(P,leg,fanc,f) = 3ft. I7. 39. Ip. p€P A fanc = (ft,7,9,p) A
( ft=0N eq_case(t,9,p,P,leq,f)
V ft = 1 N mem__case(T,9,p,P,leq,f))

relativize Hfrc is_Hfrc
synthesize Hfrc from__definition is Hfrc

definition

is_Hfrc_at(M,P,leq,fnnc,f,b) =
(empty(M,b) A — is_Hfre(M,P,leq,fnnc,f))
V (number1(M,b) A is_Hfrc(M,P,leq,fnnc,f))

synthesize Hfrc at from_ definition is Hfrc at
arity__theorem intermediate for Hfrc fm

lemma arity_Hfrc_fmlarity] :
assumes
Penat legenat fnncenat fenat
shows
arity(Hfrc_fm(P,leq,fnnc,f)) = succ(P) U succ(leq) U succ(fanc) U succ(f)
using assms arity Hfrc_ fm’
by auto

arity__theorem for Hfrc at_fm

5.3.2 The well-founded relation forcerel

definition
forcerel :: i = ¢ = i where
forcerel(P,x) = frecrel(names__below(P,z)) +

definition
is_forcerel :: [i=0,i,i,i] = o where
is_forcerel(M,P,x,z) = 3r[M]. Inb[M]. tran__closure(M,r,z) A
(is_names__below(M,P,x,nb) A is_ frecrel(M,nb,r))
synthesize is_forcerel from__definition
arity__theorem for is forcerel fm

5.4 frc_at, forcing for atomic formulas

definition
fre_at :: [i,i,i]] = 7 where
frc_at(P,leq,fnnc) = wfrec(frecrel(names__below(P,fnnc)),fnnc,
Az f. bool _of o(Hfrc(P,leq,z,f)))

— The relational form is defined manually because it uses wfrec.

93



definition
is_frc_at :: [i=0,i,i,i,i]] = o where
is_frc_at(M,P,leq,z,z) = Ir[M]. is_forcerel(M,P,x,r) A
is_wfrec(M,is_Hfrc_at(M,P,leq),r,z,z)

definition
frc_at_fm :: [i,i,i,i] = ¢ where
fre_at_fm(p,l,x,z) = Exists(And(is_forcerel _fm(succ(p),succ(z),0),
is_wfrec_fm(Hfrc_at_fm(6+,p,6+,1,2,1,0),0,5ucc(x),succ(z))))

lemma frc_at_fm_type [TC] :
[p€nat;lenat;zenat;z€nat] = fre_at_fm(p,l,z,2)€formula
unfolding frc_at_fm _def by simp

lemma arity_frc_at_fmlarity] :
assumes penat lenat z€nat z€nat
shows arity(frc_at_fm(p,l,z,2)) = succ(p) U succ(l) U suce(z) U suce(z)
proof -
let %0 = Hfrc_at_fm(6 +, p, 6 +, 1, 2, 1, 0)
note assms
moreover from this
have arity(%p) = (74+,p) U (7T+,1) 2p € formula
using arity_Hfrc_at_fm ord__simp_union
by auto
moreover from calculation
have arity(is_wfrec_fm(%2p, 0, succ(z), succ(z))) = 24,p U (24+,1) U (2+,1)
U (2+4,2)
using arity_is_wfrec_fm[OF «(Zpc_»
pred__succ__eq
union__absl
by auto
moreover from assms
have arity(is_forcerel _fm(succ(p),succ(z),0)) = 24,p U (2+,7)
using arity_is_forcerel _fm ord__simp_ union
by auto
ultimately
show ?thesis
unfolding frc_at fm _ def
using arity is forcerel fm pred Un__ distrib
by (auto simp:FOL__arities)
qed

carity(2p) = _»] pred_ Un__distrib

lemma sats_frc_at_fm :
assumes
penat lenat i€nat jenat envelist(A) ¢ < length(env) j < length(env)
shows
(A, env = fre_at_fm(p,l,i,j)) +—
is_frc_at(##A,nth(p,env),nth(l,env),nth(i,env),nth(j,env))
proof -
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{
fix r pp Il

assume reA
have is_Hfrc_at(##A,nth(p,env),nth(l,env),a2, al, al) +—
(A, [a0,a1,02,03,a4,r]Qenv |= Hfrc_at_fm(6+,p,6+,1,2,1,0))
if a0cA al€A a2€A a3€A a4eA for a0 al a2 a8 a4
using that assms <r€A»
Hfrc__at_iff sats[of 6+wp 6+l 2 1 0 [a0,a1,02,a3,a4,7|Qenv A] by simp
with «reA
have (A,[r]Qenv = is_wfrec_fm(Hfrc_at_fm(6+,p, 6+.,10,2,1,0),0, i+,1,
Jtwl)) «—
is_wfrec(##A, is_Hfrc_at(##A, nth(p,env), nth(l,env)), rnth(i, env),
nth(j, env))
using assms sats_is_wfrec_fm
by simp
}

moreover
have (A, Cons(r, env) |= is_forcerel _fm(succ(p), succ(7), 0)) <—
is_forcerel(## A,nth(p,env),nth(i,env),r) if re A for r
using assms sats_is_forcerel fm that
by simp
ultimately
show ?thesis
unfolding is frc at def frc_at_fm _ def
using assms
by simp
qged

lemma frc_at_fm_iff sats:
assumes nth(i,env) = w nth(j,env) = z nth(k,env) = y nth(l,env) = z
i € nat j € nat k € nat lenat env € list(A) k<length(env) I<length(env)
shows is_frc_at(##A, w, z, y,2) +— (A, env |E frc_at_fm(i,j,k,10))
using assms sats_frc_at_fm
by simp

declare frc_at_fm_iff sats [iff _sats]

definition
forces _eq’ :: [i,i,i,4,i]] = o where
forces_eq'(P,l,p,t1,t2) = frc_at(P,1,(0,t1,t2,p)) = 1

definition

forces_mem'(P,l,p,t1,t2) = frc_at(P,l,(1,t1,t2,p)) = 1

definition

forces_neq'(P,l,p,t1,t2) = = (I q€P. (q,p)El N forces_eq'(P,l,q,t1,t2))
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definition

forces_nmem'(P,l,p,t1,t2) = = (3 q€P. {q,p)€l N forces_mem/'(P,l,q,t1,t2))

— The following definitions are explicitly defined to avoid the expansion of concepts.
definition

is_forces_eq'(M,P,l,p,t1,t2) = 3 o[M]. 3 z[M]. F¢[M]. numberl(M,o) N empty(M,z)
N
is_tuple(M,z,t1,t2,p,t) A is_frc_at(M,P,l,t,0)

definition

is_forces_mem'(M,P,l,p,t1,t2) = Jo[M]. Ft[M]. numberl(M,o) A
is_tuple(M,o0,t1,t2,p,t) A is_frc_at(M,P,lt,0)

definition

is_forces_neq'(M,P,l,p,t1,t2) =
- (3 q[M]. geP A (3 gp[M]. pair(M,q,p,qp) A gpEL A is_forces eq'(M,P,l,q,t1,t2)))

definition
is_forces_nmem'(M,P,l p,t1,t2) =
= (3 ¢[M]. 3 qp[M]. g€P A pair(M,q,p,qp) N qpE€l A is_forces_mem'(M,P,l,q,t1,t2))

synthesize forces eq from__definition is_forces eq’

synthesize forces mem from__definition is forces mem’

synthesize forces neq from__definition is_forces neq’ assuming nonempty
synthesize forces nmem from__definition is_forces nmem’ assuming nonempty

context
notes Un__assoc[simp] Un__trasposition__auz2[simp]
begin
arity__theorem for forces eq fm
arity__theorem for forces mem_ fm
arity__theorem for forces neq fm
arity_ theorem for forces nmem_ fm
end

5.5 Forcing for general formulas

definition
ren_ forces_nand :: i=1 where
ren__forces_nand(p) = Exists(And(Equal(0,1),iterates(Ap. incr_bu(p)‘l , 2, ¢)))

lemma ren_forces _nand__type[TC] :

pEformula = ren__forces_nand(p) €formula
unfolding ren_ forces nand__def
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by simp

lemma arity ren_ forces nand :
assumes € formula
shows arity(ren__forces_nand(p)) < succ(arity(y))
proof -
consider (It) I<arity(p) | (ge) = 1 < arity(p)
by auto
then
show ?thesis
proof cases
case It
with «pe_»
have 2 < succ(arity(p)) 2<arity(p)+,2
using succ_ltI by auto
with «pe_»
have arity(iterates(Ap. incr_bu(p)‘1,2,p)) = 2+, arity(p)
using arity_incr_bv_lemma It
by auto
with «pe_»
show ?thesis
unfolding ren_ forces nand_ def
using [t pred_Un_ distrib union__absl Un__assoc[symmetric] Un_le compat
by (simp add:FOL__arities)
next
case ge
with «pe_»
have arity(p) < 1 pred(arity(p)) < 1
using not_It_iff le le_trans[OF le_ pred)
by simp__all
with «pe_»
have arity(iterates(Ap. incr_bv(p)‘1,2,0)) = (arity(v))
using arity_incr_bu_lemma ge
by simp
with <arity(p) < I «pe_» «pred(_) < D
show ?thesis
unfolding ren_ forces nand_ def
using pred_ Un__distrib union__absl Un__assoc[symmetric] union__abs2
by (simp add:FOL__arities)
qed
qed

lemma sats_ren_ forces nand:
[q,P,leq,0,p] @ env € list(M) = p€formula =
(M, [q,p,P,leq,0] @ env = ren_ forces _nand(p)) +— (M, [q,P,leg,0] @ env |=
©)
unfolding ren_ forces nand__def
using sats_incr_bu_iff [of _ _ M __[q]]
by simp
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definition
ren__forces_forall :: i=1i where
ren__forces_forall(yp) =
Exists( Exists( Exists( Exists( Exists(
And(Equal(0,6),And(Equal(1,7),And(Equal(2,8),And(Equal(3,9),
And(Equal(4,5),iterates(Ap. incr_bu(p)‘d , 5, ¥)))))))))))

lemma arity ren_ forces all :
assumes € formula
shows arity(ren_ forces_forall(p)) = 5 U arity(p)
proof -
consider (It) 5<arity(p) | (ge) = 5 < arity(p)
by auto
then
show ?thesis
proof cases
case It
with «pe_»
have 5 < succ(arity(p)) s<arity(p)+.2 5<arity(v)+.3 S<arity(p)+.4
using succ_ltI by auto
with «pe_»
have arity(iterates(Ap. incr_bu(p)‘5,5,p)) = 5+uarity(p)
using arity_incr_bv_lemma It
by simp
with «pe_»
show ?thesis
unfolding ren_ forces forall def
using pred_ Un__distrib union__abs! Un__assoc[symmetric] union__abs2
by (simp add:FOL__arities)
next
case ge
with «pe_»
have arity(yp) < 5 pred”"5(arity(p)) < 5
using not_It_iff le le_trans[OF le_pred]
by simp__all
with «pe_»
have arity(iterates(Ap. incr_bv(p)‘5,5,p)) = arity(p)
using arity_incr_bv_lemma ge
by simp
with <arity(p) < 5> <pe_» «pred”5(_) < 5
show ?thesis
unfolding ren_ forces forall def
using pred_Un_ distrib union__absl Un__assoc[symmetric] union__abs2
by (simp add:FOL__arities)
qed
qed
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lemma ren_ forces _forall_type[ TC] :
pEformula = ren__forces_forall(y) €formula
unfolding ren_ forces forall def by simp

lemma sats_ren_ forces forall :
[x,P,leq,0,p] Q env € list(M) = @€ formula =
(M, [z,p,P,leq,0] @ env |= ren_ forces forall(p)) «+— (M, [p,P,leq,0,x] @ env
= ®)
unfolding ren_ forces forall def
using sats_incr_bu_iff [of _ _ M __ [p,P,leq,0,]]
by simp

5.5.1 The primitive recursion

consts forces’ :: i=1i
primrec
forces'(Member(z,y)) = forces_mem_ fm(1,2,0,2+,4,y+w4)
forces'(Equal(z,y)) = forces_eq fm(1,2,0,2+u4,y+w.4)
forces’(Nand(p,q)) =
Neg( Exists(And(Member(0,2),And(is_leq_fm(3,0,1),And(ren__forces_nand(forces'(p)),
ren__forces_nand(forces’(q)))))))
forces'(Forall(p)) = Forall(ren_ forces forall(forces’(p)))

definition
forces :: i=1i where
forces(p) = And(Member(0,1),forces’(p))

lemma forces’ _type [TC): @€formula = forces(¢) € formula
by (induct ¢ set:formula; simp)

lemma forces_type[TC| : p€formula = forces(y) € formula
unfolding forces def by simp

5.6 The arity of forces

lemma arity_forces at:
assumes z € nat y € nat
shows arity(forces(Member(z, y))) = (succ(z) U succ(y)) 4w 4
arity(forces(Equal(z, y))) = (succ(z) U succ(y)) +uo 4
unfolding forces_def
using assms arity_forces_mem__fm arity_forces eq fm succ_ Un__distrib ord__simp__union
by (auto simp: FOL__arities,(rule_tac le__anti_sym,simp__all,(rule_tac not_le__anti _sym,simp__all))+)

lemma arity forces”:
assumes € formula
shows arity(forces’(p)) < arity(yp) +u 4
using assms
proof (induct set:formula)
case (Member z y)
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then
show ?case
using arity forces _mem__fm succ_Un__distrib ord__simp__union leI not_le iff It
by simp
next
case (Equal z y)
then
show ?case
using arity_forces _eq fm succ__Un__distrib ord__simp__union lel not_le iff It
by simp
next
case (Nand ¢ 1)
let %o’ = ren_ forces _nand(forces'(p))
let %)’ = ren_ forces_nand(forces'(1))
have arity(is_leq_fm(3, 0, 1)) = 4
using arity _is leq fm succ_Un__distrib ord__simp__union
by simp
have 3 < (4+yarity(p)) U (4+,arity(yp)) (is _ < 2rhs)
using ord__simp__union by simp
from <p€_» Nand
have pred(arity(%p’)) < ?rhs pred(arity(%p’)) < ?rhs
proof -
from <pe_» «wpe_»
have A:pred(arity(?0’)) < arity(forces'(p))
pred(arity( 7)) < arity(forces’(v))
using pred_mono[OF _ arity_ren_ forces _nand] pred_succ__eq
by simp__all
from Nand
have 3 U arity(forces'(p)) < arity(p) +u 4
3 U arity(forces'(v)) < arity(y)) +., 4
using Un_le by simp__all
with Nand
show pred(arity( %2p
pred(arity(7)p’)) <
using le_trans|OF A(1)] le_trans|OF A(2)] le_ Un__iff
by simp__all
qed
with Nand <=4
show ?case
using pred_Un__distrib Un__assoc[symmetric] succ_ Un_ distrib union__absl
Un_lel3[OF <8 < ?rhs)]
by (simp add:FOL__arities)
next
case (Forall ¢)
let %o’ = ren_forces forall(forces'(y))
show ?case
proof (cases arity(p) = 0)
case True
with Forall

) < %rhs
?rhs
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show ?thesis
proof -
from Forall True
have arity(forces’(¢)) < 5
using le_trans[of __ 4 5] by auto
with «pe_»
have arity(?p’) < 5
using arity_ren_forces all[OF forces’ _type|OF «p€_ ]| union__abs2
by auto
with Forall True
show ?thesis
using pred_mono[OF __ <arity(%p’) < 5]
by simp
qed
next
case Fulse
with Forall
show ?thesis
proof -
from Forall False
have arity(?p’) = 5 U arity(forces'(p))
arity(forces'()) < 5 4 arity(p)
4 < S+ arity(p)
using Ord__0_lt arity_ren_forces all
le_trans|OF __ add_le_mono|of 4 5, OF _ le_refl]]
by auto
with «pe_»
have 5 U arity(forces'(p)) < 5+, arity(p)
using ord__simp__union by auto
with «pe_» <arity(%p’) = 5 U _»
show ?thesis
using pred_ Un__distrib succ__pred_eqOF __ <arity(v)#0>]
pred_mono[OF __ Forall(2)] Un_le[OF <4<3+,arity(p)]
by simp
qed
qed
qed

lemma arity forces :
assumes € formula
shows arity(forces(v)) < 4+, arity(p)
unfolding forces def
using assms arity_forces’ le_trans ord_simp_ union FOL__arities by auto

lemma arity forces le :

assumes € formula nenat arity(p) < n

shows arity(forces(p)) < 4+wn

using assms le_trans|OF __ add_le_mono[OF le_refl[of 5] <arity(p)<_>]] ar-
ity_ forces
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by auto

definition rename__split_fm where
rename__split_fm(p) = (-3 (-3 (-3 (-3 (-3--snd(9) is 0- A fst(9) is 4- N --1=11-
N
9=19- N\ -8=18- A --5=7- A
(Ap. incr_bu(p) ‘6) "8(forces(p)) +++++)-))-):)")

lemma rename__split_fm_type[ TC|: pEformula = rename__split_fm(p)€formula
unfolding rename_split_fm_ def by simp

schematic__goal arity_rename__split_fm: p€formula = arity(rename__split_fm(y))
= ?m

using arity_forces[of | forces_type unfolding rename_ split_fm_ def

by (simp add:arity Un__assoc[symmetric] union__absl)

lemma arity rename__split_fm_ le:
assumes € formula
shows arity(rename__split_fm(p)) < 8 U (6 +,, arity(v))
proof -
from assms
have arity_forces 6: = 1 < arity(p) = 6 < n => arity(forces()) < n for n
using le_trans lt_trans[of _ 5 n| not_It_iff le[of 1 arity(p)]
by (auto introl:le_trans|OF arity_forces])
have predl arity forces: = 1 < arity(p) = pred n(arity(forces(p))) < 8 if
nenat for n
using that pred_le[of 7] le_succ[THEN [2] le_trans] arity_forces 6
by (induct rule:nat_induct) auto
have arity_forces le_succ6: pred n(arity(forces(p))) < succ(succ(suce(suce(suce(succ(arity(p)))))))
if nenat for n
using that assms arity_forces|of ¢, THEN le__trans,
OF _le_succ, THEN le_trans, OF _ __ le_succ| le__trans|OF pred_le[OF
_le_succ]]
by (induct rule:nat_induct) auto
note trivial__arities = arity_forces 6
arity_forces_le_succ6|of 1, simplified] arity_forces_le_succ6|of 2, simplified]
arity_forces_le__succ6lof 3, simplified) arity_forces_le_succ6lof 4, simplified]
arity_forces_le__succ6lof 5, simplified] arity_forces_le_succ6|of 6, simplified]
predl__arity forces|of 1, simplified] predl__arity forces|of 2, simplified]
predl__arity_forces[of 3, simplified] predl__arity_forces|of 4, simplified]
predl__arity_forces[of 5, simplified] pred1__arity_forces[of 6, simplified)
show ?thesis
using assms arity_forces[of | arity_forceslof ¢, THEN le_trans, OF __
le__succ]
arity_forces|of v, THEN le_trans, OF __ le _succ, THEN le_trans, OF _ __
le__succ]
unfolding rename_split_fm_ def
by (simp add:arity Un__assoc[symmetric] union__absl arity_forces[of o] forces__type)
((subst arity_incr_bv_lemma; auto simp: arity ord_simp__union forces type
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trivial__arities)+)

qed

definition body ground_repl fm where
body__ground__repl_fm(p) = (-3 (-3-is_Vset_fm(2, 0) A --1 € 0- A rename__split_fm(p)

lemma body__ground__repl_fm__type[ TC): € formula = body__ground_repl_fm(p)Eformula
unfolding body_ground_repl fm __def by simp

lemma arity body ground_repl_fm_ le:
notes le_ trans|trans)
assumes € formula
shows arity(body__ground_repl_fm(p)) < 6 U (arity(yp) +w 4)
proof -
from «peformula>
have ineq: n U pred(pred(arity(rename__split_fm(p))))
< m U pred(pred(8 U (arity(¢) +.6 ))) if n < m nenat menat for n m
using that arity_rename__split_fm_le[of p, THEN [2] pred_mono, THEN [2]
pred_mono,
THEN [2] Un_mono[THEN subset_imp__le, OF _le_imp__subset]] le__imp__subset
by auto
moreover
have eql: pred(pred(pred(4 U 2 U pred(pred(pred(
pred(pred(pred(pred(pred(9 U 1 U 3 U 2))))))))))) = 1
by (auto simp:pred_ Un__distrib)
ultimately
have pred(pred(pred(4 U 2 U pred(pred(pred(
pred(pred(pred(pred(pred(9 U 1 U 3 U 2))))))))))) U
pred(pred(arity(rename__split_fm(p)))) <
1 U pred(pred(8 U (arity(p) +.,6)))
by auto
also from «pe&formula>
have 1 U pred(pred(8 U (arity(¢) +.,6 ))) < 6 U (4+warity(p))
by (auto simp:pred_Un__distrib Un__assoc[symmetric| ord__simp__union)
finally
show ?thesis
using <«p€formulay unfolding body ground repl fm__ def
by (simp add:arity pred_ Un__distrib, subst arity_transrec_fm[ofis_ HVfrom_fm(8,2,1,0)
3 1))
(simp add:arity pred_ Un__distrib,simp__all,
auto simp add:eql arity_is_HVfrom_fm[of 8 2 1 0])
qged

definition ground_ repl fm where
ground_repl_fm(p) = least_fm(body__ground_repl_fm(yp), 1)

lemma ground_repl_fm_ type[TC]:
p€Eformula = ground__repl_fm(yp) € formula

63



unfolding ground_repl fm_def by simp

lemma arity ground__repl _fm:
assumes € formula
shows arity(ground_repl_fm(p)) < 5 U (8 4+, arity(p))
proof -
from assms
have pred(arity(body__ground_repl_fm(p))) < 5 U (3 4w arity(p))
using arity body_ground_repl _fm_le pred__mono succ_Un__distrib
by (rule_tac pred_le) auto
with assms
have 2 U pred(arity(body__ground_repl _fm(p))) < &5 U (8 +,, arity(v))
using Un_le le_Un__iff by auto
then
show ?thesis
using assms arity_forces arity_body__ground_repl_fm_le
unfolding least fm_ def ground repl_fm_ def
apply (auto simp add:arity Un__assoc[symmetric])
apply (simp add: pred_Un Un__assoc, simp add: Un__assoc[symmetric] union__abs1
pred__Un)
by (simp only: Un__commute, subst Un__commute, simp add:ord__simp__union,force)
qged

synthesize is ordermap from__definition assuming nonempty
synthesize is_ordertype from__definition assuming nonempty

synthesize is order body from__definition assuming nonempty
arity__theorem for is order body fm

definition omap_ wfrec_body where
omap_wfrec_body(A,r) = (-3-image_fm(2, 0, 1) A pred_set_fm(9+,A, 3,9+,7,

lemma type__omap__wfrec_body_fm :A€nat = reénat = omap_ wfrec_ body(A,r)€ formula
unfolding omap_wfrec_body def by simp

lemma arity _omap_wfrec_auzx : AEnat = r€nat = arity(omap__wfrec_body(A,r))
= (94wA) U (9+u71)

unfolding omap wfrec_body def

using arity_image_fm arity_pred_set_fm pred_Un__distrib union__abs2[of 5]
union__absl

by (simp add:FOL__arities, auto simp add:Un__assoc[symmetric] union__absl)

lemma arity__omap_wfrec: A€nat = reénat =
arity(is_wfrec_fm(omap_wfrec_body(A,r),r+4,3, 1, 0)) = (4+wAd) U (4+,7)
using Arities.arity_is_wfrec_fm[OF arity__omap_wfrec__auzx,of A r
34,1 1 0]
pred__ Un__distrib union__absl union__abs2 type__omap_wfrec_body_fm
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by auto

lemma arity_isordermap: A€nat — renat = denat—
arity(is__ordermap_ fm(A,r,d)) = succ(d) U (succ(A) U suce(r))
unfolding is ordermap_ fm_ def
using arity_lambda_fm|where i=(4+,A) U (4+,7),OF _ __ __ _ arity_omap_ wfrec,
unfolded omap__wfrec_body_def] pred_Un_ distrib union__absl
by auto

lemma arity is ordertype: A€nat = renat = denat—
arity(is_ordertype_fm(A,r,d)) = succ(d) U (succ(A) U suce(r))
unfolding is ordertype_ fm__def
using arity isordermap arity _image_fm pred_ Un_ distrib FOL__ arities
by auto

lemma arity is_order body: arity(is_order _body_fm(0,1)) = 2
using arity_is order_body fm arity_is ordertype ord__simp__union
by (simp add:FOL__arities)

definition H order pred where
H_order_pred(A,r) = Az f . f* Order.pred(A, z, r)

relationalize H order pred is H order pred
synthesize is H order_ pred from__definition assuming nonempty

definition order pred wfrec_body where
order_pred__wfrec_body(M,A,r,z,x) = Jy[M].
pair(M, z, y, z) A
(3f[M].
(V z[M].
z € f+—
(3 za[M].
Fy[M].
I zaa[M].
3 sx[M].
Ir_sz[M].
Af r sz[M].
pair(M, za, y, 2) A
pair(M, za, z, zaa) A
upair(M, za, Ta, sx) A
pre_image(M, r, sz, r_sz) A
restriction(M, f, r_sx, f_r_sx) A
zaa € r A (Fa[M]. image(M, f_r_sz, a, y) A
pred_set(M, A, za, v, a)))) A
(Fa[M]. image(M, f, a, y) A pred_set(M, A, x, r, a)))

synthesize order pred wfrec _body from_ definition

65



arity_ theorem for order pred wfrec_body fm

definition ordtype_replacement fm where ordtype_replacement_fm = (-3-is_order_body_ fm(1,
0) A +(1,0) is 2 )

definition wfrec_ordertype_fm where wfrec_ordertype_fm = order_pred_wfrec_body_ fm(3,2,1,0)
definition replacement is aleph fm where replacement_is aleph_fm = --0 is

ordinal- A\ -R(0) is 1--

definition
funspace__succ__rep _intf where
funspace_succ_rep_intf = Ap zn. Afb. p = <f,b> & z = {cons(<n,b>, f)}

relativize functional funspace succ_rep intf funspace_succ rep intf rel

— The definition obtained next uses is cons instead of upair as in Paulson’s ~~/
src/ZF/Constructible/Relative.thy.
relationalize funspace_succ _rep_intf rel is funspace succ_rep_intf

synthesize is_funspace_succ_rep_intf from_ definition
arity_ theorem for is funspace succ_rep_intf fm

definition wfrec_Hfrc _at_fm where wfrec_Hfrc_at_fm = (-3 -pair_fm(1, 0, 2)
A is_wfrec_fm(Hfrc_at_fm(8, 9, 2, 1, 0), 5, 1, 0) )

definition list _repll intf fm where list_repll intf fm = (-3 -pair_fm(1, 0, 2)
A is_wfrec_fm(iterates MH_fm(list_functor_fm(13, 1, 0), 10, 2, 1, 0), 3, 1, 0)

definition list_repl2 intf fm where list_repl2 intf fm=--0€ 4 N is_iterates_fm(list_functor_fm(13,
1,0), 38,0, 1) -

definition formula_repl2 intf fm where formula_repl2 intf fm = -0 € 8- A
is_iterates_fm(formula_ functor_fm(1, 0), 2, 0, 1) -

definition eclose__abs_fm where eclose_abs_fm =--0 € 3- A is_iterates_fm(-\J 1
is 0, 2,0, 1) -

definition powapply repl fm where powapply_repl_fm = is__Powapply_fm(2,0,1)
definition wfrec _rank_fm where wfrec_rank_fm = (-3-pair_fm(1, 0, 2) A is_wfrec_fm(is_Hrank_fm(2,
1,0), 8, 1,0) )

definition transrec_ VFrom__fm where transrec_ VFrom_fm = (-3 -pair_fm(1, 0,
2) A is_wfrec_fm(is_HVfrom_fm(8, 2, 1, 0), 4, 1, 0) )

definition wfrec Hcheck_fm where wfrec_Hcheck fm = (-3-pair_fm(1, 0, 2) A
is_wfrec_ fm(is_Hcheck_fm(8, 2, 1, 0), 4, 1, 0) )

definition repl_PHcheck_fm where repl PHcheck_fm = PHcheck_fm(2,3,0,1)
definition tl_repl intf fm where tl_repl intf fm = (-3-pair_fm(1, 0, 2) A
is_wfrec_fm(iterates MH_fm(tl_fm(1,0), 9, 2, 1, 0), 3, 1, 0) --)

definition formula_repll__intf fm where formula_repll_intf fm = (-3 -pair_fm(1,
0, 2) A is_wfrec_fm(iterates MH_fm(formula_functor_fm(1,0), 9, 2, 1, 0), 3, 1,
0) )

definition eclose_closed_fm where eclose_closed fm = (-3-pair_fm(1, 0, 2) A
is_wfrec_fm(iterates_ MH_fm(-\J 1 is 0-, 9, 2, 1, 0), 3, 1, 0) -)
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definition replacement__assm where
replacement__assm(M,env,p) = ¢ € formula — env € list(M) —
arity(p) < 2 +,, length(env) —
strong__replacement(#H#M Az y. (M | [2,y]Qenv = ¢))

definition ground_replacement__assm where
ground__replacement__assm (M env,p) = replacement__assm(M env,ground__repl_fm(y))

end

6 The ZFC axioms, internalized

theory Internal ZFC _Axioms
imports
Fm__ Definitions

begin

schematic__goal ZF union__auto:
Union_az(##A) «— (A, [| E ?zfunion)
unfolding Union__ax_def
by ((rule sep_rules | simp)+)

synthesize ZF union from__schematic ZF union__auto
notation ZF union_fm (< Union Az-)

schematic__goal ZF power_auto:
power_ax(##A) «— (A, [| E %2fpow)
unfolding power ax_def powerset_def subset__def
by ((rule sep_rules | simp)+)

synthesize ZF power from_ schematic ZF power__auto
notation ZF_power_fm («-Powerset Az-»)

schematic__goal ZF pairing auto:
upair_ar(##A) +— (4, [| & ?zfpair)
unfolding upair ax_def
by ((rule sep_rules | simp)+)

synthesize ZF pairing from__schematic ZF pairing auto
notation ZF _pairing fm (< Pairing-»)

schematic__goal ZF foundation__auto:
foundation__ax(##A) «— (A, [| E %2ffound)
unfolding foundation__ax_def
by ((rule sep_rules | simp)+)

synthesize ZF_foundation from__schematic ZF _foundation__auto
notation ZF _foundation_ fm («-Foundation-»)

67



schematic__goal ZF extensionality auto:
extensionality(##A) +— (A, [| E ?2fext)
unfolding extensionality def
by ((rule sep__rules | simp)+)

synthesize ZF extensionality from__schematic ZF extensionality auto
notation ZF _extensionality fm (<-Extensionality-»)

schematic__goal ZF infinity auto:
infinity _az(#4A) < (4, [| | (%(i.h)))
unfolding infinity ax_def
by ((rule sep_rules | simp)+)

synthesize ZF infinity from_ schematic ZF infinity auto
notation ZF infinity fm (< Infinity-)

schematic__goal ZF choice auto:
choice_aa(#44) < (A, | £ (2(ih)))
unfolding choice_az_def
by ((rule sep__rules | simp)+)

synthesize ZF choice from__schematic ZF choice__auto
notation ZF choice_fm (<-AC-»)

lemmas ZFC_fm_ defs = ZF _extensionality fm_ def ZF _foundation_fm_ def ZF _pairing fm__ def
ZF _union_ fm_def ZF _infinity _fm_ def ZF _power_fm_def ZF _choice_fm__ def

lemmas ZFC_fm_ sats = ZF _extensionality _auto ZF _foundation__auto ZF _pairing auto
ZF _union__auto ZF _infinity _auto ZF _power _auto ZF _choice auto

definition
ZF _fin :: i where
ZF _fin = { Eatensionality-, - Foundation-, - Pairing-,
-Union Ax-, -Infinity-, - Powerset Az-}

6.1 The Axiom of Separation, internalized

lemma iteratesForall type [TC]:
[ n € nat; p € formula | = Forall™n(p) € formula
by (induct set:nat, auto)

lemma last_init_eq :
assumes | € list(A) length(l) = succ(n)
shows 3 acA. Fl'elist(A). | = I'Q[a]
proof-
from <le_» «length(_) = >
have rev(l) € list(A) length(rev(l)) = succ(n)
by simp__all
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then

obtain a I’ where acA l'elist(A) rev(l) = Cons(a,l’)
by (cases;simp)

then

have | = rev(l’) Q [a] rev(l’) € list(A)
using rev_rev_ident]|OF <l€_>] by auto

with <a€_»
show ?thesis by blast
qed

lemma take drop eq :
assumes [€list(M)
shows A n . n < succ(length(l)) = | = take(n,l) @ drop(n,l)
using «lelist(M)»
proof induct
case Nil
then show ?case by auto
next
case (Cons a l)
then show ?case
proof -
{
fix ¢
assume i<succ(succ(length(l)))
with «l€list(M)»
consider (lt) i = 0| (eq) kenat. i = succ(k) N k < succ(length(l))
using «l€list(M)> le_natl nat_imp__quasinat
by (cases rule:nat_cases|of i|;auto)
then
have take(i,Cons(a,l)) @ drop(i,Cons(a,l)) = Cons(a,l)
using Cons
by (cases;auto)
}
then show ?thesis using Cons by auto
qed
qed

lemma list_split :
assumes n < succ(length(rest)) rest € list(M)
shows Jreclist(M). Astelist(M). rest = re Q st A length(re) = pred(n)
proof -

from assms

have pred(n) < length(rest)

using pred__mono[OF _ «n<_)] pred_succ_eq by auto
with <reste_»

have pred(n)enat rest = take(pred(n),rest) @ drop(pred(n),rest) (is _ = %re @Q
?st)
using take__drop__eq[OF <reste_ ] le_natl by auto
then
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have length(?re) = pred(n) ?reclist(M) ?stelist(M)
using length_take[rule_format,OF __ <pred(n)e_»] «pred(n) < _» <rest€_»
unfolding min_ def
by auto

then

show ?thesis

using rev_bexI[of _ _ X re. Istelist(M). rest = re Q st A length(re) = pred(n)]

length(%re) = _» <rest = _»
by auto
qged

lemma sats nForall:
assumes
p € formula
shows
nenat = ms € list(M) =
(M, ms = (Forall™n(p))) «+—
(Vrest € list(M). length(rest) = n — M, rest Q ms = ¢)
proof (induct n arbitrary:ms set:nat)
case 0
with assms
show ?case by simp
next
case (succ n)
have (Y restelist(M). length(rest) = succ(n) — P(rest,n)) +—
(VteM. Y res€list(M). length(res) = n — P(res Q [t],n))
if nenat for n P
using that last_init_eq by force
from this[of _ Arest _. (M, rest @ ms = )] <n€nat
have (V restelist(M). length(rest) = succ(n) — M, rest Q@ ms |= ¢) +—
(VteM. Y res€list(M). length(res) = n — M, (res Q [t]) @ ms | ¢)
by simp
with assms succ(1,3) suce(2)[of Cons(__,ms)]
show ?Zcase
using arity_sats_iff[of ¢ _ M Cons(__, ms @ _)] app__assoc
by (simp)
qed

definition
sep_body_fm :: i = i where
sep_body fm(p) = (V(I(V-0€ 1 < -0 € 2- A incr_bvl"2 (p) -)-))

lemma sep__body_fm_type [TC): p € formula = sep__body_ fm(p) € formula
by (simp add: sep__body_fm__def)

lemma sats_sep__body_fm:
assumes
¢ € formula ms€list(M) restelist(M)
shows
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(M, rest @ ms = sep__body_ fm(p)) +—

separation(##M N x. M, [x] Q rest @ ms = )
using assms formula__add_paramsifof _ 2 _ [, ]]
unfolding sep_ body_fm__def separation__def by simp

definition
ZF _separation_fm :: i = i («-Separation’(_")-») where
ZF _separation_ fm(p) = Forall (pred(arity(p)))(sep__body_ fm(p))

lemma ZF _separation_fm_type [TC]: p € formula = ZF _separation_fm(p) €
formula
by (simp add: ZF _separation_ fm__def)

lemma sats ZF separation_fm__iff:
assumes
peformula
shows
(M, [] = -Separation(p)-)
—
(V envelist(M). arity(p) < I +, length(env) —
separation(## M z. M, [z] Q env = ¢))
proof (intro iffI balll impI)
let n=pred(arity(y))
fix env
assume M, [| | ZF_separation_fm(p)
assume arity(p) < 1 +,, length(env) envelist(M)
moreover from this
have arity(p) < succ(length(env)) by simp
then
obtain some rest where some€list(M) rest€list(M)
env = some @ rest length(some) = pred(arity(p))
using list_split[OF <arity(p) < succ(_)> <enve_»] by force
moreover from «pe_»
have arity(p) < succ(pred(arity(y)))
using succpred_lel by simp
moreover
note assms
moreover
assume M, [| = ZF _separation_fm(p)
moreover from calculation
have M, some = sep__body_ fm(y)
using sats_nForall[of sep_body_fm(p) ?n]
unfolding ZF separation_fm_ def by simp
ultimately
show separation(##M, Ax. M, [z] Q env = )
unfolding ZF separation_fm__def
using sats_sep_body_fmlof ¢ [] M some]
arity__sats_iff[of ¢ rest M [_] Q some]
separation__cong[of ##M Ax. M, Cons(z, some Q rest) = ¢ __ ]
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by simp
next — almost equal to the previous implication
let “n=pred(arity(y))
assume asm:V envelist(M). arity(p) < 1+, length(env) —
separation(##M, Az. M, [z] Q env = ¢)
{
fix some
assume some€list(M) length(some) = pred(arity(p))
moreover
note «pe_ )
moreover from calculation
have arity(p) < 1+, length(some)
using le_trans[OF succpred_lel] succpred_lel by simp
moreover from calculation and asm
have separation(##M, Az. M, [z] @ some |= ¢) by blast
ultimately
have M, some |= sep_body_ fm(p)
using sats_sep_body _fm[of ¢ [| M some]
arity_sats_iff[of ¢ _ M [_,_] @ some]
strong__replacement__cong|of ##M Az y. M, Cons(z, Cons(y, some @ _)) =
o]
by simp
}
with (pe_»
show M, [| E ZF_separation_fm(p)
using sats_nForall[of sep_body_fm(p) ?n]
unfolding ZF separation_ fm__ def
by simp
qed

6.2 The Axiom of Replacement, internalized

schematic__goal sats univalent_fm__auto:
assumes

Q_iff satsN\zyz x€ A= ye A= 264 =
Q(z,z) «— (A,Cons(z,Cons(y,Cons(z,env))) = Q1_fm)
NeyzreAd— ye A= 26A =
Q(z,y) +— (A,Cons(z,Cons(y,Cons(z,env))) E Q2_fm)
and
asms: nth(i,env) = B i € nat env € list(A)
shows
univalent(#+#A,B,Q) <— A,env = ?ufm(i)
unfolding univalent_def
by (insert asms; (rule sep_rules Q__iff sats | simp)+)

synthesize_ notc univalent from_ schematic sats univalent_fm__auto

lemma univalent_fm_ type [TC]: ql€ formula = q2€formula = i€nat =
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univalent__fm(q2,q1,i) €formula
by (simp add:univalent_fm__def)

lemma sats univalent_fm :
assumes
Q_iff satsN\zyz. z€ A= ye A= 264 =
Q(z,z) «— (A,Cons(z,Cons(y,Cons(z,env))) = Q1_fm)
NeyzreAd—= ye A= 26A =
Q(z,y) +— (A,Cons(z,Cons(y,Cons(z,env))) E Q2_fm)
and
asms: nth(i,env) = B i € nat env € list(A)
shows
(A,env = univalent _fm(Q1_fm,Q2_fm,i)) +— univalent(##A,B,Q)
unfolding univalent_fm__def using asms sats_univalent _fm__auto[OF Q_iff _sats)
by simp

definition
swap_vars :: =1 where
swap__vars(p) =
Ezists(Exists(And( Equal(0,3),And( Equal(1,2),iterates(Ap. incr_bu(p)‘2 , 2,
©))))

lemma swap_vars_type[TC] :
e formula = swap_vars(y) €formula
unfolding swap wvars def by simp

lemma sats _swap_wvars :
[z,y] @ env € list(M) = peformula =
(M, [z,y] @ env | swap_vars(p)) +— M,[y,z] @ env = ¢
unfolding swap_vars_def
using sats_incr_bu_iff [of _ _ M __ [y,z]] by simp

definition
univalent_ Q1 :: ¢ = 7 where
univalent__Q1(p) = incr_bvl(swap_vars(yp))

definition
univalent__ Q2 :: i = i where
univalent _Q2(p) = incr_bv(swap_vars(y)) ‘0

lemma univalent Qs _type [TC):
assumes € formula
shows univalent_Q1(p) € formula univalent _Q2(p) € formula
unfolding univalent @Q1_ def univalent Q2 _def using assms by simp_ all

lemma sats_univalent_fm__assm:
assumes
r€ Aye A zeA enve list(A) ¢ € formula
shows
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(A, ([z,2] Q env) = @) «— (4, Cons(z,Cons(y,Cons(z,env))) = (univalent_Q1(p)))
(4, ([z,y] Q@ env) = @) «— (A, Cons(z,Cons(y,Cons(z,env))) = (univalent_Q2(p)))
unfolding univalent_ Q1 _def univalent_ Q2 _def
using
sats_incr_bu_ifflof _ _ A __[]] — simplifies iterates of Az. incr_bv(z) ‘0
sats_incr_buvl__ifflof _ Cons(z,env) A z y|
sats__swap_vars assms
by simp__all

definition
rep__body_fm :: i = i where
rep__body_fm(p) = Forall(Implies(
univalent_fm(univalent_ Q1(incr_bv(p) ‘2),univalent_ Q2(incr_bu(p)‘2),0),
Ezists(Forall(
Iff (Member(0,1), Exists(And(Member(0,3),incr_buv(incr_bu(p) ‘2)‘2)))))))

lemma rep_body fm_type [TC]: p € formula => rep__body_fm(p) € formula
by (simp add: rep__body _fm__def)

lemmas ZF _replacement_simps = formula__add_paramsi[of ¢ 2_ M [, ]]
sats_incr_bu_iff[of _ _ M __[]] — simplifies iterates of Az. incr_buv(z) ¢ 0
sats_incr_bu_ifflof _ M __ [, ]|— simplifies Az. incr_bv(z) ¢ 2
sats_incr_bvl_ifflof _ _ M| sats_swap_vars for ¢ M

lemma sats _rep body fm:
assumes
» € formula mselist(M) restelist(M)
shows
(M, rest @ ms = rep__body_fm(yp)) +—
strong_replacement(## M Az y. M, [z,y] Q rest Q@ ms | @)
using assms ZF _replacement__simps
unfolding rep body_fm_ def strong replacement__def univalent_def
unfolding univalent fm_ def univalent Q1_ def univalent Q2 _def
by simp

definition
ZF _replacement fm :: i = i («-Replacement’(_")-») where
ZF _replacement_fm(p) = Forall (pred(pred(arity(p))))(rep__body_ fm(p))

lemma ZF _replacement_fm_ type [TC]: p € formula = ZF _replacement_fm(p)
€ formula
by (simp add: ZF replacement_ fm__def)

lemma sats ZF replacement_fm_ iff:
assumes
pEformula
shows
(M, [] & -Replacement(p)-) +— (V env. replacement__assm(M,env,p))
unfolding replacement assm__def
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proof (intro iffI alll impl)
let n=pred(pred(arity(y)))
fix env
assume M, [| = ZF_replacement__fm(p) arity(¢) < 2+, length(env) envelist(M)
moreover from this
have arity(p) < succ(succ(length(env))) by (simp)
moreover from calculation
have pred(arity(p)) < succ(length(env))
using pred__mono[OF __ <arity(p)<succ(_ )] pred_succ_eq by simp
moreover from calculation
obtain some rest where some€list(M) rest€list(M)
env = some Q rest length(some) = pred(pred(arity(p)))
using list_split[OF «pred(_) < _» <env€_>] by auto
moreover
note «pc_»
moreover from this
have arity(p) < succ(succ(pred(pred(arity(¢)))))
using le_ trans[OF succpred_lel] succpred_lel by simp
moreover from calculation
have M, some = rep_body_fm(p)
using sats_nForalllof rep__body_fm(p) ?n)
unfolding ZF replacement_fm_ def
by simp
ultimately
show strong_replacement(##M, Az y. M, [z, y] @Q env = ¢)
using sats_rep_body_fm[of ¢ [| M some]
arity__sats_iff[of ¢ rest M [_,_] @ some]

strong__replacement__conglof #H#M Az y. M, Cons(z, Cons(y, some Q rest))
Fe_|
by simp
next — almost equal to the previous implication
let ?n=pred(pred(arity(p)))
assume asm:Venv. ¢ € formula —
env € list(M) — arity(p) < 2 +,, length(env) —
strong__replacement(##M, Az y. M, [z, y] Q env = @)
{
fix some
assume some€list(M) length(some) = pred(pred(arity(p)))
moreover
note «pec_
moreover from calculation
have arity(p) < 2 +,, length(some)
using le_ trans|OF succpred_lel] succpred_lel by simp
moreover from calculation and asm
have strong_replacement(## M, Az y. M, [z, y] @ some = ¢) by blast
ultimately
have M, some |= rep_body_fm(p)
using sats_rep__body_fm[of ¢ [| M some]
arity_sats_ifflof ¢ _ M [_, ] Q some]

75



strong_replacement__conglof #H#M Az y. M, Cons(z, Cons(y, some @ _)) =
¢ _ ]
by simp
}
with (pe_»
show M, [| = ZF_replacement_fm(p)
using sats_nForall[of rep_body_fm(yp) n|
unfolding ZF replacement_fm, __def
by simp
qed

definition
ZF schemes :: i where
ZF_schemes = {-Separation(p)- . p € formula } U {- Replacement(p)- . p € formula

}

lemma Un_subset_formula [TC]: ACformula A BC formula = AUB C formula
by auto

lemma ZF _schemes_subset_formula [TC): ZF_schemes C formula
unfolding ZF schemes_def by auto

lemma ZF _fin_subset_formula [TC): ZF _fin C formula
unfolding ZF _fin_def by simp

definition
ZF :: i where
ZF = ZF schemes U ZF _fin

lemma ZF _subset_formula [TC): ZF C formula
unfolding ZF def by auto

definition
ZFC :: i where
ZFC = ZF U {-AC‘}

definition
ZF minus P :: i where
ZF _minus_P = ZF - { -Powerset Az- }

definition

Zermelo__fms :: i (x-Z+») where

Zermelo__fms = ZF_fin U {-Separation(p)- . p € formula }
definition

ZC :: i where

ZC = Zermelo_fms U {-AC-}

lemma ZFC_subset_formula: ZFC C formula
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by (simp add:ZFC _def Un__subset_formula)

Satisfaction of a set of sentences

definition
satT = [ii] = o («_ | _» [36,36] 60) where
AE® = Veed. (4] F o)

lemma satTT [introl]:
assumes A\p. pe® = A = ¢
shows A = @
using assms unfolding satT _def by simp

lemma satTD [dest] A= & = pe® = A = ¢
unfolding satT def by simp

lemma satT_mono: AE® =TV Cd— AT
by blast

lemma satT Un_iff: MEPUV +— M E P A M E VU by auto

lemma sats ZFC iff sats ZF AC:
(N = ZFC) +— (N E ZF) A (N, ]| E -AC")
unfolding ZFC def ZF def by auto

lemma satT ZF imp_satT 7: M = ZF — M E -Z-
unfolding ZF def ZF schemes def Zermelo fms_def ZF _fin_def by auto

lemma satT _ZFC _imp_satT_ZC: M = ZFC = M = ZC
unfolding ZFC def ZF def ZF schemes def ZC def Zermelo_fms_def by

auto

lemma satT 7 _ZF replacement_imp_satT _ZF: N | -Z- = N [ {-Replacement(z)-
. & € formula} = N |E ZF
unfolding ZF def ZF schemes_def Zermelo_fms_def ZF _fin_ def by auto

lemma satT ZC ZF replacement imp_satT ZFC: N = ZC = N = {-Replacement(z)-
.z € formula} = N |= ZFC
unfolding ZFC def ZF def ZF schemes def ZC def Zermelo fms def by

auto
lemma ground_repl _fm_sub_ZF': {-Replacement(ground_repl _fm(p))- . ¢ € for-
mula} C ZF

unfolding ZF def ZF schemes_def by auto
lemma ZF_replacement_fms_sub_ZFC: {-Replacement(p)- . ¢ € formula} C
ZFC

unfolding ZFC def ZF def ZF schemes_def by auto

lemma ground_repl _fm_sub_ZFC: {-Replacement(ground_repl_fm(p))- . ¢ €
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formula} C ZFC
unfolding ZFC def ZF def ZF' _schemes_def by auto

lemma ZF _replacement__ground__repl_fm__type: {- Replacement(ground_repl_fm(p))-
. ¢ € formula} C formula
by auto

end

7 Interface between set models and Constructibil-
ity

This theory provides an interface between Paulson’s relativization results
and set models of ZFC. In particular, it is used to prove that the locale
forcing__data is a sublocale of all relevant locales in ZF-Constructible
(M_trivial, M__basic, M__eclose, etc).

In order to interpret the locales in ZF-Constructible we introduce new
locales, each stronger than the previous one, assuming only the instances
of Replacement needed to interpret the subsequent locales of that session.
From the start we assume Separation for every internalized formula (with
one parameter, but this is not a problem since we can use pairing).

theory Interface
imports
Fm__Definitions
Transitive_ Models. Cardinal _AC _Relative
begin

locale M 7 basic =
fixes M
assumes
upair_ax: upair_ax(##M) and
Union__ax: Union_ax(##M) and
power_ax: power_ax(##M) and
extensionality: extensionality(## M) and
foundation__ax: foundation_az(##M) and
infinity _ax: infinity_az(## M) and
separation_ax: ¢ € formula = env € list(M) =
arity(p) < 1+, length(env) =
separation(#H#M A z. (M, [z] Q env | ¢))

locale M transset =
fixes M
assumes

trans_M: Transset(M)

locale M 7 trans = M__Z basic + M _transset
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locale M 7ZF1 = M 7 basic +
assumes
replacement__axl:
replacement__assm(M ,env,eclose__closed__fm)
replacement__assm(M env,eclose__abs_fm)
replacement__assm(M env,wfrec_rank_fm)
replacement__assm(M env,transrec_ VFrom__fm)

definition instances1_fms where instancesl__fms =
{ eclose__closed__fm,
eclose__abs_fm,
wfrec__rank__fm,
transrec_ VFrom_ fm

}

This set has 4 internalized formulas.

lemmas replacement_instancesl__defs =

list_repll _intf fm_ def list_repl2_intf fm_ def
formula__repll_intf fm_ def formula_ repl2_intf fm _def
eclose_closed__fm,__def eclose__abs_fm__def

wfrec__rank__fm__def transrec_ VFrom__fm_ def tl_repl intf fm_ def

lemma instancesl__fms_type[TC]: instancesl__fms C formula
using Lambda__in_ M _fm_ type
unfolding replacement instancesl _defs instances1__fms _def by simp

declare (in M__ZF1) replacement_instances1__defs[simp]
locale M ZF1 trans = M _ZF1 + M _Z trans

context M 7 trans
begin

lemmas transitivity = Transset_intf[OF trans_M]

7.1 Interface with M trivial

lemma zero _in M: 0€ M
proof -
obtain z where empty(#+#M,z) zeM
using empty__intf[OF infinity_ax)
by auto
moreover from this
have z=0
using transitivity empty def
by auto
ultimately
show ?thesis
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by simp
qed

lemma separation_in_ ctm :
assumes
» € formula envelist(M)
arity(p) < 1+, length(env) and
sats@: N\z. teM = (M, [z]Qenv = ¢) +— Q(z)
shows

separation(##M,Q)
using assms separation__ax sats@) transitivity

separation__conglof ##M \y. (M, [y|Qenv = @) Q]
by simp
end — M 7 trans
locale M ZC basic = M_7Z basic + M_AC ##M
locale M ZFC1 =M ZF1+ M ZC basic
locale M ZFC1 trans = M_ZF1 trans + M_ZFC1

sublocale M 7 trans C M _trans #+#M
using transitivity zero_in_ M exI[of A\x. z€M]
by unfold_locales simp__all

sublocale M 7 trans C M _trivial #+H#M
using wupair_az Union__ax by unfold_locales

7.2 Interface with M basic

definition Intersection where
Intersection(N,B,z) = (Vy[N]. y€B — z€y)

synthesize Intersection from__definition Intersection assuming nonempty
arity_ theorem for Intersection_ fm

definition CartProd where
CartProd(N,B,C,z) = (3z[N]. z€B A (3y[N]. yeC A pair(N,z,y,z)))

synthesize CartProd from_ definition CartProd assuming nonempty
arity__theorem for CartProd_fm

definition ImageSep where
ImageSep(N,B,r,y) = (3p[N]. per A (Fz[N]. z€B A pair(N,z,y,p)))

synthesize ImageSep from__definition assuming nonempty
arity_theorem for ImageSep fm
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definition Converse where
Converse(N,R,z) = 3p[N]. peR A (Fz[N].3 y[N]. pair(N,z,y,p) A pair(N,y,z,z))

synthesize Converse from__definition Converse assuming nonempty
arity__theorem for Converse_fm

definition Restrict where
Restrict(N,A,z) = Fz[N]. z€ A A (3y[N]. pair(N,z,y,2))

synthesize Restrict from__definition Restrict assuming nonempty
arity_ theorem for Restrict_fm

definition Comp where
Comp(N,R,S,xz) = Fz[N]. Fy[N]. 32[N]. zy[N]. Fyz[N].
pair(N,z,z,2z) A pair(N,z,y,2y) A pair(N,y,z,yz) A 2y€S A yz€R

synthesize Comp from_ definition Comp assuming nonempty
arity_ theorem for Comp_ fm

definition Pred where
Pred(N,R,X,y) = 3p[N]. peR A pair(N,y,X,p)

synthesize Pred from__definition Pred assuming nonempty
arity__theorem for Pred fm

definition is Memrel where
is_Memrel(N,z) = Jz[N]. y[N]. pair(N,z,y,z) Nz € y

synthesize is Memrel from__definition is Memrel assuming nonempty
arity__theorem for is Memrel fm

definition RecFun where
RecFun(N,r.f,g,a,b,2) = Jza[N]. Jxb[N].
pair(N,x,a,xa) A za € v A pair(N,z,b,ab) A zb € r A
(3 fz[N]. 3 gz[N]. fun_apply(N,f,z,fr) A fun_apply(N,g,z,9z) A
fr # g)

synthesize RecFun from_ definition RecFun assuming nonempty
arity_ theorem for RecFun_fm

arity__theorem for rtran_ closure _mem_ fm

synthesize wellfounded_trancl from__definition assuming nonempty
arity__theorem for wellfounded trancl _fm

context M 7 trans
begin

lemma inter _sep intf :
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assumes Ac M
shows separation(## M x . VyeM . yc¢ A — z€y)
using assms separation_in__ctm[of Intersection_ fm(1,0) [A] Intersection(##M,A)]
Intersection__iff _sats[of 1 [_,A] A 0 _ M] arity_Intersection_fm Intersec-
tion__fm__type
ord__sitmp__union zero__in_ M
unfolding Intersection__def
by simp

lemma diff sep intf :
assumes BeM
shows separation(## M, \x . ©¢B)
using assms separation__in_ctm[of Neg(Member(0,1)) [B] Az . ¢ B] ord__simp__union
by simp

lemma cartprod__sep_intf :

assumes AcM and BeM

shows separation(## M, z. 3zeM. z€A N (JyeM. yeB A pair(##M,z,y,2)))
using assms separation_in_ ctm[of CartProd_fm(1,2,0) [A,B] CartProd(##M,A,B)]

CartProd_iff _sats[of 1 [_,A,B] A 2 B 0 _ M] arity_CartProd_fm Cart-
Prod__fm__type
ord__stmp__union zero__in_ M
unfolding CartProd__def
by simp

lemma image sep intf :
assumes AcM and BeM
shows separation(##M, \y. IpeM. peB N (JzeM. z€A A pair(##M,x,y,p)))
using assms separation__in__ctm|of ImageSep_ fm(1,2,0) [A,B] ImageSep(## M ,A,B)]
ImageSep__iff sats[of 1 [_,A,B] _ 2 _ 0 _ M] arity_ImageSep_fm Image-
Sep__fm__type
ord__stmp__union zero__in_ M
unfolding ImageSep__def
by simp

lemma converse_sep__intf :
assumes ReM
shows separation(##M A z. ApeM. peR N (zeM.IyeM. pair(##M,z,y,p) A
pair(F4M,y,z,2)))
using assms separation__in__ctm[of Converse_fm(1,0) [R] Converse(##M,R)]
Converse_iff _satslof 1 [_,R] _ 0__ M] arity_Converse_fm Converse_fm__type
ord__stmp__union zero__in_ M
unfolding Converse_def
by simp

lemma restrict_sep intf :
assumes AeM
shows separation(## M M z. IxzeM. €A N (SyeM. pair(##M,z,y,2)))
using assms separation__in__ctm[of Restrict_fm(1,0) [A] Restrict(##M,A)]
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Restrict_iff sats[of 1 [_,A] _ 0 __ M] arity_ Restrict_fm Restrict_fm_ type
ord__stmp__union zero__in__ M
unfolding Restrict_def

by simp

lemma comp_ sep_intf :
assumes ReM and SeM
shows separation(## M xz. JzeM. JyeM. IzeM. JzyeM. Fyze M.
pair(#H#M,z,z,22) N pair(##M,z,y,2xy) A pair(#H#M,y,z,yz) A zyeS A
yz€R)
using assms separation__in__ctm[of Comp__fm(1,2,0) [R,S] Comp(##M,R,S)]
Comp_iff _satslof 1 [_,R,S] _ 2__ 0 __ M] arity_Comp_fm Comp_ fm_ type
ord__stmp__union zero__in_ M
unfolding Comp _def
by simp

lemma pred_sep intf:

assumes ReM and XeM

shows separation(##M, \y. ApeM. peR A pair(##M,y,X,p))

using assms separation__in__ctm[of Pred_fm(1,2,0) [R,X] Pred(##M,R,X)]
Pred__iff _sats[of 1 [_,R,X] _ 2__ 0__ M] arity_Pred_fm Pred_fm__type
ord__stmp__union zero__in_ M

unfolding Pred_ def

by simp

lemma memrel _sep_intf:
separation(## M, \z. JzeM. dyeM. pair(##M,x,y,2) N x € y)
using separation_in__ctm[of is_Memrel_fm(0) [| is_Memrel(##M)]
is_Memrel iff sats[of 0 [ ] _ M] arity _is _Memrel_fm is_Memrel _fm_ type
ord__sitmp__union zero__in_ M
unfolding is Memrel def
by simp

lemma is_recfun_sep intf :
assumes reM feM ge M ae M be M
shows separation(## M, x. Fzac M. Fzbe M.
pair(#H#M,z,a,xa) A za € T A pair(#H#M,x,b,ab) A xb € r A
(BfzeM. FgzeM. fun__apply(#H#M.f,x,fx) A fun__apply(##M,g,z,9z)

fr # gz))
using assms separation__in__ctm[of RecFun_ fm(1,2,3,4,5,0) [r.f,9,a,b] RecFun(##M,r.f,g,a,b)]
RecPun_iff _sats[of 1 [_,r.f,g,a,b] _2__8__ 4 __5__ 0_ M] arity_RecFun_fm
RecFun__fm__type
ord__simp__union zero__in__ M
unfolding RecFun__ def
by simp

A

lemmas M _basic_sep instances =
inter__sep_intf diff _sep_intf cartprod_sep intf
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image__sep__intf converse__sep _intf restrict_sep_intf
pred__sep__intf memrel_sep _intf comp sep intf is_recfun__sep_intf

end — M 7 trans

sublocale M 7 trans C M_basic_no__repl ##M
using power__ax M__basic__sep__instances
by unfold_locales simp__all

lemma Replace_eq Collect:

assumes Az y y'. 2€A = P(z,y) = P(z,y) = y=y' {y .z € A, P(z, y)}
CB

shows {y .z € A, P(z, y)} = {yeB . 3zcA. P(z,y)}

using assms by blast

context M 7 trans
begin

lemma Pow _inter M _closed: assumes A € M shows Pow(4) N M € M
proof -
have {a € Pow(A) . a € M} = Pow(A4) N M by auto
then
show ?thesis
using power__ax powerset__abs assms unfolding power azx def
by auto
qged

lemma Pow’_inter_M_closed: assumes A € M shows {a € Pow(4) . a € M}
eM
using power__azx powerset__abs assms unfolding power ax_def by auto

end — M _Z trans

context M _basic_mno_ repl
begin

lemma Replace funspace succ__rep intf sub:
assumes
shows
{z . p € A, funspace_succ_rep_intf rel(M,p,z,n)}
C PowM(PowM(|J domain(A) U ({n} x range(A)) U (U ({n} x range(A)))))
unfolding funspace succ_rep_intf rel def using assms mem__Pow_rel abs
by clarsimp (auto simp: cartprod__def)

lemma funspace succ_rep_intf unig:
assumes
funspace__succ_rep__intf _rel(M,p,z,n) funspace_succ_rep__intf rel(M,p,z',n)
shows
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/
z=2z
using assms unfolding funspace succ _rep intf rel def by auto

lemma Replace funspace succ_rep_intf eq:
assumes
shows
{z . p € A, funspace__succ_rep_intf rel(M,p,z,n)} =
{z € PowM(PowM(|J domain(A) U ({n} x range(A)) U (U ({n} x range(A)))))

IpeA. funspace_succ_rep_intf rel(M,p,z,n)}
using assms Replace _eq Collect|OF funspace__succ_rep_intf unigq, of A,
OF __ __ Replace_funspace_succ_rep_intf sublof A n], of Az y z. z Az y 2. n]
by (intro equalityl)
(auto dest:transM simp:funspace__succ_rep__intf rel def)

end — M_basic_no__repl

definition fsri where
fsri(N,A,B) = Az. IpeA. Ff[N]. Jb[N]. p = {f, b) A z = {cons((B, b), )}

relationalize fsri is_ fsri
synthesize is fsri from__definition assuming nonempty
arity__theorem for is fsri fm

context M 7 trans
begin

lemma separation_ fsri:
(##M)(A) = (##M)(B) = separation(##M, is_fsri(##M,A,B))
using separation__in__ctm[where env=[A,B] and p=is_fsri_fm(1,2,0)]
zero_in__ M is_fsri_iff sats[symmetric] arity_is_fsri_fm is_fsri_fm_ type
by (simp__all add: ord__simp__union)

lemma separation_funspace__succ__rep__intf rel:
(##M)(A) = (##M)(B) = separation(##M, Az. Ap€A. funspace__succ_rep_intf _rel(##M,p,z,B))
using separation_ fsri zero__in_ M
by (rule_tac separation_cong|THEN iffD1, of _ is_fsri(##M,A,B)])
(auto simp flip:setclass__iff dest:transM
stmp:is_fsri_def funspace succ_rep_intf rel def, force)

lemma Replace funspace succ__rep_intf in_M:
assumes
AeMneM
shows
{z . p € A, funspace__succ_rep_intf _rel(##M,p,z,n)} € M
proof -
have (##M)({z € PowM(PowM (| domain(A) U ({n} x range(A)) U (U ({n}
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x range(A))))) -
IpeA. funspace_succ_rep_intf rel(##M,p,z,n)})
using assms separation_ funspace__succ_rep__intf rel
by (intro separation__closed) (auto simp flip:setclass_iff)
with assms
show ?thesis
using Replace_funspace__succ_rep_intf eq by auto
qed

lemma funspace succ_rep inif:
assumes neM
shows
strong__replacement(## M,
Ap z. AfeM. IbeM. InbeM. FenbfeM.
pair(##M.f,b,p) N pair(#H#M,n,b,nb) A is_cons(#H#M nb,f,enbf) A
upair(## M ,cnbf ,enbf )
using assms pair_in_ M __iff[simplified] cons__closed[simplified)
unfolding strong replacement def univalent_def
apply (clarsimp, rename__tac A)
apply (rule_tac z={z . p € A, funspace_succ_rep_intf rel(##M,p,z,n)} in
bexl)
apply (auto simp:funspace__succ_rep_intf rel def
Replace_funspace__succ_rep__intf in_M[unfolded funspace succ_rep_intf rel def,
simplified])
done

end — M _Z trans

sublocale M 7 trans C M_basic ##M
using power__ax M__basic_sep instances funspace succ__rep intf
by unfold_locales auto

7.3 Interface with M trancl

context M ZF1 trans
begin

lemma rtrancl_separation__intf:
assumes reM AeM
shows separation (#+#M, rtran__closure_mem(##M,A,r))
using assms separation__in__ctm[of rtran__closure_mem__fm(1,2,0) [A,r] rtran__closure_mem(##M,A,r)]
arity__rtran__closure_mem__fm ord__simp__union zero__in_ M
by simp

lemma wftrancl _separation__intf:

assumes reM and ZeM

shows separation (##M, wellfounded_trancl(##M,Z,r))

using assms separation__in__ctm[of wellfounded trancl fm(1,2,0) [Z,r] well-
founded__trancl(##M,Z,r))
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arity_wellfounded__trancl_fm ord__simp__union zero_in_ M
by simp

To prove w € M we get an infinite set I from infinity ax closed under 0
and succ; that shows w C I. Then we can separate I with the predicate A\zx.
T e w.

lemma finite_sep intf: separation(## M, Az. z€nat)
proof -
have (VveM. separation(##M M x. (M, [z,v] = finite__ordinal_fm(0))))
using separation__ax arity_finite__ordinal__fm
by simp
then
have (YveM. separation(## M, finite _ordinal(##M)))
unfolding separation__def
by simp
then
have separation(## M. finite_ordinal(##M))
using separation__in_ ctm zero__in_ M
by auto
then
show ?thesis
unfolding separation def
by simp
qed

lemma nat_subset I: AIeM. nat C I
proof -
have nat C |
if IeM and 0<l and Az. z€] = succ(z)el for I
using that
by (rule_tac subsetl induct tac x,simp__all)
moreover
obtain [ where
IeM 0el Nz. zel = succ(z)el
using infinity_ax transitivity
unfolding infinity azx_def
by auto
ultimately
show ?thesis
by auto
qed

lemma nat _in M: nat € M
proof -
have {z€B . z€¢ A}=A if ACB for A B
using that by auto
moreover
obtain [/ where
IeM natCIl
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using nat_subset_I by auto

moreover from this

have {z€l . z€nat} € M
using finite_sep__intf separation__closed[of Az . xEnat]
by simp

ultimately

show ?thesis
by simp

qed

end — M _ZF1 trans

sublocale M ZF1 trans C M_trancl ##M
using rirancl_separation_intf wftrancl_separation__intf nat_in_ M
wellfounded__trancl _def
by unfold_locales auto

7.4 Interface with M eclose

lemma repl_sats:
assumes
sat: \z z. xe M = ze M = (M, Cons(z,Cons(z,env)) = ¢) <— P(z,z)
shows
strong__replacement(##M A x z. (M, Cons(z,Cons(z,env)) = ¢)) +—
strong__replacement(## M ,P)
by (rule strong_replacement__cong,simp add:sat)

arity__theorem for list functor fm
arity__theorem for formula_functor_fm
arity__theorem for Inl_fm
arity__theorem for Inr_fm
arity__theorem for Nil_fm

arity_ theorem for Cons_fm
arity__theorem for quasilist fm

arity_ theorem for t[_fm

arity_ theorem for big union_fm

context M ZF1 trans
begin

This lemma obtains iterates replacement for predicates without parameters.

lemma iterates repl intf :
assumes
veM and
isfm:is_ F_fm € formula and
arty:arity(is_F_fm)=2 and
satsf: Na b env’. [ aeM ; beM ; env’elist(M) |
= is_F(a,b) +— (M, [b,a|Qenv’ = is_F_fm)
and is F_fm_ replacement:
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Aenv. (-3--(1,0) is 2- A is_wfrec_fm(iterates MH_fm(is_F_fm,9,2,1,0),3,1,0)
) € formula = env € list(M) =
arity((-3--(1,0) is 2- A is_wfrec_ fm(iterates MH_fm(is_F_fm,9,2,1,0),3,1,0)
<)) < 2+, length(env) =
strong__replacement(## M, Az y.
M, [z,y] @ env = (-3--(1,0) is 2- A is_wfrec_fm(iterates. MH_fm(is_F_fm,9,2,1,0),3,1,0)
shows
iterates__replacement(## M ,is_F,v)
proof -
let 2f=(-3-(1,0) is 2- A is_wfrec_fm(iterates. MH _fm(is_F _fm,9,2,1,0),3,1,0)
have arity(?f) = 4 ?f€formula
using arity_iterates MH_fm[where isF=is_F _fm and i=2]
arity_wfrec_replacement__fm[where i=10] isfm arty ord_simp_union
by simp__all
{
fix n
assume nenat
then
have Memrel(succ(n))eM
using nat_into_ M Memrel_closed
by simp
moreover
{
fix a0 al a2 a8 a4 y 2
assume [a0,al,a2,a3,a4,y,x,2|€list(M)
moreover
note <veM> <Memrel(succ(n))eM>
moreover from calculation
have (M, [b,a,c,d,a0,a1,a2,a3,a4,y,z,2,Memrel(succ(n)),v] = is _F_fm) +—
is_F(a,b)
if aeM beM ceM deM for a b c d
using that satsf[of a b [c,d,a0,a1,a2,a3,a4,y,x,2z,Memrel(succ(n)),v]]
by simp
moreover from calculation
have (M, [a0,a1,a2,a3,a4,y,z,2,Memrel(succ(n)),v] = iterates MH_fm(is_F_fm,9,2,1,0))
—
iterates MH(##M,is_F v,a2, al, a0)
using sats_iterates MH_fm[of M is_F is_F_fm]
by simp
}
moreover from calculation
have (M, [y,z,z,Memrel(succ(n)),v] | is_wfrec_fm(iterates MH_fm(is_F_fm,9,2,1,0),3,1,0))
—
is_wfrec(## M, iterates MH(##M ,is_F,v),Memrel(succ(n)), z, y)
if yeM xzeM zeM for y z =z
using that sats_is_wfrec_fm <veM> by simp
moreover from calculation
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have (M, [z,z,Memrel(succ(n)),v] E ¢f) +—

(FyeM. pair(##M,x,y,2) A
is_wfrec(## M, iterates MH(##M,is_F,v) , Memrel(succ(n)), z, y))
if ze M zeM for z 2
using that <veM>
by (simp del:pair_abs)
moreover
note <arity(?f) = 4 «?feformula
moreover from calculation <ve_ >
have strong_replacement(## M, \x z. (M, [z,z,Memrel(succ(n)),v] = ?2f))
using is F_fm_ replacement
by simp
ultimately
have strong_replacement(##M Mz z.
JyeM. pair(##M,x,y,2) N is_wfrec(##M, iterates MH(##M is F,v)

Memprel(suce(n)), z, y))
using repl_sats[of M ?f [Memrel(succ(n)),v]]
by (simp del:pair_abs)
}
then
show ?thesis
unfolding iterates replacement def wfrec__replacement def
by simp
qged

lemma eclose_repli__intf:

assumes AcM

shows iterates _replacement(##M, big_union(##M), A)

using assms arity_big union_ fm
iterates_repl_intf[where is_F_fm=big_union_fm(1,0)]
replacement__ax1(1)[unfolded replacement__assm__def]
ord__simp__union

by simp

lemma eclose__repl2_intf:
assumes AcM
shows strong _replacement(#+# M, n y. nEnat A is_iterates(##M, big_union(#H#M),
A, n, y))
proof -
let ?f = And(Member(0,3),is_iterates fm(big_union_fm(1,0),2,0,1))
note nat_in_ M <AeM)
moreover from this
have big _union(##M,a,b) +—
(M, [b,a,c,d,e,f,g,h,i,j,k,n,y,Anat] = big_union_fm(1,0))
if aeM beM ceM deM ee M fe Mge Mhe Mic Mje M ke M ne M ye M
forabcdefghijkny
using that by simp
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moreover from calculation
have (M, [n,y,A,nat] = is_iterates_fm(big_union_fm(1,0),2,0,1)) <—
is_iterates(## M, big_union(##M), A, n , y)
if neM yeM for n y
using that sats_is_iterates_fm[of M big_union(##M)]
by simp
moreover from calculation
have (M, [n,y,A,nat] E 7f) +—
nenat A is_iterates(##M, big_union(##M), A, n, y)
if neM yeM for n y
using that
by simp
moreover
have arity(?f) = 4
using arity_is_iterates_fm[where p=big_union_fm(1,0) and i=2]
arity_big_union__fm arity_And ord_simp__union
by simp
ultimately
show ?thesis
using repl_sats[of M ?f [A,nat]] replacement__ax1(2)[unfolded replacement _assm__def]
by simp
qged

end — M ZF1 trans

sublocale M ZF1 trans C M _eclose ## M
using eclose_repll _intf eclose__repl2__intf
by unfold_locales auto

Interface with M eclose.

schematic__goal sats is Vset fm_ auto:
assumes
ienat venat envelist(A) 0€A
i < length(env) v < length(env)
shows
is_ Vset(##A,nth(i, env),nth(v, env)) +— (A, env |= %ivs_fm(i,v))
unfolding is Vset def is_ Vfrom_ def
by (insert assms; (rule sep_rules is_HVfrom__iff sats is_transrec_iff sats |
simp)+)

synthesize is Vset from__schematic sats is Vset fm__auto
arity_theorem for is Vset fm

declare is_Hrank_fm_ def[fm__definitions add)

context M ZF1 trans
begin

lemma wfrec_rank :
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assumes XeM
shows wfrec_replacement(#+#M ,is_Hrank(##M),rrank(X))
proof -
let ?f=FEuxists(And(pair_fm(1,0,2),is_wfrec_fm(is_Hrank_fm(2,1,0),3,1,0)))
note assms zero_in_ M
moreover from this
have
is_Hrank(##M,a2, al, a0) «—
(M, [a0,a1,a2,a8,a4,y,z,z,rrank(X)]| = is_Hrank_fm(2,1,0))
if a4eM a3eM a2eM aleM a0eM yeM xeM zeM for a4 a3 a2 al a0y x z
using that rrank_in_ M is _Hrank iff sats
by simp
moreover from calculation
have (M, [y,z,z,rrank(X)] | is_wfrec_fm(is_Hrank_fm(2,1,0),3,1,0)) <—
is_wfrec(##M, is_Hrank(##M) ,rrank(X), x, y)
if yeM xzeM zeM for y z 2
using that rrank_in_ M sats_is wfrec_fm
by simp
moreover from calculation
have (M, [z,z,rrank(X)] E 7f) «—
(FyeM. pair(#H#M,x,y,2) N is_wfrec(#F#M, is_Hrank(##M) ,
rrank(X), x, y))
if ze M zeM for z z
using that rrank__in_ M
by (simp del:pair_abs)
moreover
have arity(?f) = 3
using arity _wfrec_replacement_fm|where p=is_Hrank_ fm(2,1,0) and i=3,simplified)
arity_is_Hrank_fmlof 2 1 0,simplified] ord__simp__union
by simp
moreover from calculation
have strong_replacement(##M M \x z. (M, [z,z,rrank(X)] = ?2f))
using replacement__ax1(3)[unfolded replacement _assm__def] rrank_in_ M
by simp
ultimately
show ?thesis
using repl_sats[of M ?f [rrank(X)]]
unfolding wfrec_replacement def
by (simp del:pair_abs)
qed

lemma trans repl_ HVFrom :
assumes AcM ie M
shows transrec_replacement(#4# M ,is_ HVfrom(#+#M,A),7)
proof -
let ?f=Euxists(And(pair_fm(1,0,2),is_wfrec_fm(is_HVfrom_fm(8,2,1,0),4,1,0)))
note facts = assms zero_in_ M
moreover
have JsacM. Jesac M. A mesac M.
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upair(## M, a,a,sa) A is_eclose(## M ,sa,esa) N\ membership(## M ,esa,mesa)
if aec M for a
using that upair_ax eclose_closed Memrel closed
unfolding upair _ax_ def
by (simp del:upair_abs)
moreover
{
fix mesa
assume mesa€M
moreover
note facts
moreover from calculation
have is_ HVfrom(##M,A a2, al, a0) +—
(M, [a0,a1,a2,a8,a4,y,2,2,A,mesa] = is_HVfrom_fm(8,2,1,0))
if a4eM a3eM a2eM ale M a0cM yeM zeM zeM for a4 a3 a2 al al y z 2
using that sats_is_ HVfrom_ fm
by simp
moreover from calculation
have (M, [y,z,2,A,mesa] = is_wfrec_fm(is_HVfrom_fm(8,2,1,0),4,1,0)) +—
is_wfrec(##M, is_HVfrom(##M,A),mesa, z, y)
if yeM zeM zeM for y z z
using that sats _is_wfrec_fm
by simp
moreover from calculation
have (M, [z,z,A,mesa] = ?f) +—
(FyeM. pair(#H#M,x,y,2) N is_wfrec(#H#M, is_HVfrom(#+#M,A) ,
mesa, T, y))
if xe M zeM for z z
using that
by (simp del:pair_abs)
moreover
have arity(?f) = 4
using arity _wfrec_replacement_fm[where p=is_HVfrom_fm(8,2,1,0) and
i=9|
arity_is _HVfrom_ fm ord__simp__union
by simp
moreover from calculation
have strong_replacement(## M x z. (M, [z,z,A,mesa] = ?f))
using replacement _ax1(4)[unfolded replacement assm__def]
by simp
ultimately
have wfrec_replacement(## M ,is_ HVfrom(##M,A),mesa)
using repl_sats[of M ?f [A,mesal]
unfolding wfrec_replacement__def
by (simp del:pair_abs)
}
ultimately
show ?thesis
unfolding transrec_ replacement _def
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by simp
qed

end — M ZF1 trans

7.5 Interface for proving Collects and Replace in M.

context M ZF1 trans
begin

lemma Collect_in_ M :
assumes
© € formula envelist(M)
arity(p) < 1+, length(env) AeM and
sats@Q: Nz. zteM = (M, [z]Qenv | ¢) +— Q(x)
shows
{yed . Qy)teM
proof -
have separation(##M M x. (M, [z] Q env = ¢))
using assms separation__ax by simp
then
show ?thesis
using (A€M satsQ transitivity separation__closed
separation__conglof #H#M \y. (M, [y]Qenv = ¢) Q]
by simp
qed

— This version has a weaker assumption.
lemma separation_in_ M :
assumes
p € formula envelist(M)
arity(p) < 1+, length(env) AeM and
sats@Q: Nz, 1€ A = (M, [z]Qenv = ¢) +— Q(z)
shows
{yed . Q(y)} e M
proof -
let %o’ = And(w,Member(0,length(env)+, 1))
note assms
moreover
have arity(?p’) < 1 +,, length(env@[A])
using assms Un__le le__trans|of arity(v) 1+, length(env) 2+, length(env)]
by (force simp:FOL__arities)
moreover from calculation
have %p’cformula nth(length(env), env @ [A]) = A
using nth__append
by auto
moreover from calculation
have A z . z € M = (M, [z]Qenv@[A] E 2p') «— Q(z) A z€A
using arity_sats_iff[of _ [A] __ [_]Qenv|
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by auto
ultimately
show ?thesis
using Collect_in_Mlof ?p’ env@[A] _ Az . Q(z) N z€A, OF _ _ _ (AeM)]
by auto
qed

end — M ZF1 trans

context M 7 trans
begin

lemma strong replacement_in__ctm:
assumes
f_fm: ¢ € formula and
foar: arity(p)< 2 +,, length(env) and
fsats: Nz y. e M = yeM = (M ,[z,y]Qenv |= ¢) «— y = f(z) and
felosed: Nz. xe M = f(z) € M and
phi_replacement:replacement__assm(M ,env,p) and
envelist(M)
shows strong replacement(##M, Az y . v = f())
using assms
strong_replacement__conglof #H#M Az y. M [z,y|Qenvi=p Az y. y = f(z)]
unfolding replacement _assm__def
by auto

lemma strong replacement_rel_in_ ctm :

assumes
f_fm: ¢ € formula and
foar: arity(p)< 2 +,, length(env) and
fsats: Nz y. xée M = yeM = (M,[z,y]Qenv E ¢) +— f(x,y) and
phi__replacement:replacement__assm(M ,env,p) and
envelist(M)

shows strong _replacement(##M, f)

using assms
strong__replacement__cong[of ##M Az y. M [z,y]|Qenvi=y f]

unfolding replacement assm__def

by auto

lemma Replace_in_ M :
assumes
f_fm: ¢ € formula and
foar: arity(p)< 2 +,, length(env) and
fsats: Nz y. €A = yeM = (M,[z,y]Qenv = ¢) +— y = f(z) and
felosed: Nz. x€ A = f(z) € M and
AeM envelist(M) and
phi’_replacement:replacement__assm(M,env@Q[A], -¢ A -0 € length(env) +,, 2-

)
shows {f(z) . z€A}eM
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proof -
let 20’ = And(p,Member(0,length(env)+,,2))
note assms
moreover from this
have arity(?2p’) < 2 +,, length(env@[A])
using Un_le le_trans|of arity(e) 2+, (length(env)) 3+, length(env))
by (force simp:FOL__arities)
moreover from calculation
have %p’cformula nth(length(env), env @ [A]) = A
using nth__append by auto
moreover from calculation
have A 2 y. 2 € M = yeM = (M,[z,y]QenvQ[A]|=2p") «— y=f(z) Nz€A
using arity sats_iff[of _ [A] _ [, |Qenv]
by auto
moreover from calculation
have strong_replacement(##M, Az y. M,[z,y|QenvQ[A] = 2p’)
using phi’_replacement assms(1-6) unfolding replacement__assm__def by simp
ultimately
have 4:strong_replacement(##M, Az y. y = f(z) A z€A)
using
strong__replacement__cong[of ##M Az y. M,[z,y|QenvQ[A]E=%" Az y. y =
flz) N z€A]
by simp
then
have {y . z€A ,y=f(x)} e M
using (A€M strong_replacement__closed|OF 4,o0f A] fclosed by simp
moreover
have {f(z). zcA} ={y.z€d,y = f(2)}
by auto
ultimately
show ?thesis by simp
qed

lemma Replace_relativized_in_ M :
assumes
f_fm: ¢ € formula and
f_ar: arity(p)< 2 +, length(env) and
fsats: Nz y. €A = yeM = (M,[z,y]Qenv = ¢) +— is_f(z,y) and
fabs: Az y. 2€A = yeM = is_f(z,y) +— y = f(z) and
felosed: Nz. x€ A = f(z) € M and
AeM envelist(M) and
phi’_replacement:replacement__assm(M,env@[A], ¢ A -0 € length(env) +,, 2-

shows {f(z) . z€A}eM
using assms Replace in_M[of ¢] by auto

lemma ren_action :

assumes
envelist(M) zeM yeM zeM
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shows V ¢ . i < 2+, length(env) —
nth(i,[z,z]Qenv) = nth(o_repl(length(env)) 4,[z,z,y|Qenv)
proof -
let 2f={(0, 1), (1, 0)}
have I:(\j. j < length(env) = nth(j, env) = nth(id(length(env)) ‘7, env))
using assms ltD by simp
have 2:nth(j, [z,2]) = nth(?f ‘ j, [2,2,y]) if j<2 for j
proof -
consider j=0 | j=1 using [tD[OF :j<2)] by auto
then show %thesis
proof(cases)
case I
then show ?Zthesis using apply equality f type by simp
next
case 2
then show ?thesis using apply_equality f_type by simp
qed
qed
show ?thesis
using sum__action|OF _ _ _ __ [ type id_type
assms
unfolding ¢ repl def by simp
qed

2 1,simplified)

lemma Lambda _in M :
assumes
f_fm: ¢ € formula and
foar: arity(p)< 2 +,, length(env) and
fsats: Nz y. €A = yeM = (M,[z,y]Qenv = ¢) «— is_f(z,y) and
fabs: Az y. €A = yeM = is_f(x,y) +— y = f(z) and
felosed: Nz. 1€ A = f(z) € M and
AeM envelist(M) and
phi’_replacement2: replacement__assm(M,envQ[A], Lambda_in_ M _fm(p,length(env)))
shows (Azc€A . f(z)) eM
unfolding lam__def
proof -
let ?ren=g¢ repl(length(env))
let ?j=2+,length(env)
let 2k=3+,length(env)
let Z=ren(p)‘?j‘%k ?ren
let %p’'=Fuxists(And(pair_fm(1,0,2), %))
let ?p=Az y. 3zeM. pair(#H#M,z,2,y) N is_f(z,2)
have %p’cformula 2ip€formula
using <enve_» length__type f_fm ren__type ren__tc[of ¢ 2+, length(env) 3+, length(env)
Zren|
by simp__all
moreover from this
have arity( %) <3+, (length(env)) arity( ?)Enat
using assms arity_ren[OF f_fm _ _ ren_type,of length(env)] by simp__all
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then
have arity(%p’) < 2+, (length(env))
using Un__le pred_ Un__distrib assms pred__le
by (simp add:arity)
moreover from this calculation
have 1€ A = yeM = (M,[z,y]Qenv = 2p’) +— ?p(x,y) for z y
using <enve_» length_type[OF <enve_ | assms transitivity|OF _ «(A€M)>]
sats_iff _sats_ren[OF f _fm___ _ _ ren_type f _ar ren__action|rule_format,of
_zylof _ M]
by auto
moreover
have z€6 A — yeM = %p(z,y) +— y = <z,f(z)> for z y
using assms transitivity|OF __ (A€_»] fclosed
by simp
moreover
have A\ z . 26 A = <z,f(z)> € M
using transitivity|OF _ «(AeM>] pair_in_ M __iff fclosed by simp
ultimately
show {(z.f(z)) . 2€A } e M
using Replace_in_M|[of %o’ env A] phi’_replacement2 <A€M> <enve_»
by simp
qged

lemma ren_action’ :
assumes
enve€list(M) xeM yeM zeM ueM
shows V i . i < 3+,length(env) —
nth(i,[z,z,u]Qenv) = nth(o__pair_repl(length(env)) ‘i, [z,z,y,u]Qenv)
proof -
let 2f={(0, 0), (1, 1), (2,3)}
have I:(\j. j < length(env) = nth(j, env) = nth(id(length(env)) ‘j, env))
using assms ltD by simp
have 2:nth(j, [z,z,u]) = nth(?f * j, [z,2,y,u]) if j<3 for j
proof -
consider j=0 | j=1 | j=2 using [tD[OF :j<3)] by auto
then show ?thesis
proof(cases)
case [
then show ?thesis using apply equality f type’ by simp
next
case 2
then show ?thesis using apply equality f_type’ by simp
next
case 3
then show ?thesis using apply_equality f_type’ by simp
qed
qed
show ?thesis

using sum__action[OF _ [ type’ id_type 2 1,simplified)
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assms
unfolding o pair_repl def by simp
qed

lemma LambdaPair _in_ M :
assumes
f_fm: ¢ € formula and
foar: arity(p)< 8 4+, length(env) and
fsats: Nz zr. e M = ze M = re M = (M,[z,2,7]|Qenv |= @) «— is_f(z,2,7)
and
fabs: Nz zr. 2eM = z2é M = reM = is_f(z,2,1) «— r = f(z,2) and
felosed: Nz z. xe M = ze M = f(z,z) € M and
AeM envelist(M) and
phi’_replacement3: replacement__assm(M,envQ[A],LambdaPair_in_ M _fm(p,length(env)))
shows (Az€A . f(fst(z),snd(z))) €M
proof -
let ?ren=0 pair_repl(length(env))
let ?j=3+,length(env)
let %k=4+length(env)
let Z=ren(p)‘?j‘%k‘?ren
let %p'=FExists(Exists(And(fst_fm(2,0),(And(snd_fm(2,1),%))))))
let 2p=XAz y. is_f(fst(z),snd(z),y)
have %p’cformula 7€ formula
using <enve_ ) length_type f_fm ren_type’ ren_tclof ¢ ?j 2k ?ren]
by simp__all
moreover from this
have arity( 7)) <4+, (length(env)) arity( %p)Enat
using assms arity_ren[OF f_fm _ _ ren_type’ of length(env)] by simp__all
moreover from calculation
have Larity(%0") < 2+, (length(env)) %p’eformula
using Un_le pred_ Un_ distrib assms pred__le
by (simp__all add:arity)
moreover from this calculation
have 2:1€ A = yeM = (M,[z,y]Qenv |= %") «— ?p(z,y) for z y
using
sats_iff _sats_ren[OF f_fm _ _ __ _ ren_type’ [ _ar
ren__action’[rule_format,of __ fst(z) = snd(z) y],simplified]
cenve_» length type[OF <enve ] transitivity|OF _ <AeM))
fst_snd__closed pair_in_ M _iff fsats|of fst(z) snd(z) y,symmetric]
fst_abs snd__abs
by auto
moreover from assms
have 3:z2€¢ A — yeM = ?p(x,y) «— y = f(fst(z),snd(z)) for z y
using fclosed fst_snd_ closed pair_in__ M _iff fabs transitivity
by auto
moreover
have 4\ z . 1€ A = <z, f(fst(z),snd(z))> € M N\ © . z€ A = f(fst(z),snd(z))
e M
using transitivity|OF __ «<A€M>] pair_in_ M __iff fclosed fst_snd_closed
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by simp__all
ultimately
show ?thesis
using Lambda__in_ M[unfolded Lambda_in_M_fm_def, of %o’ OF _

phi’_replacement3[unfolded LambdaPair_in_M_fm_ def]]
cenvE_» (A€ by simp

qed

lemma (in M_ZF1_trans) lam_replacement2_in__ctm :
assumes
f_fm: ¢ € formula and
f_ar: arity(p)< 8 4+, length(env) and
fsats: Nx zr. te M = 2e M = reM = (M,[z,2,r]Qenv = @) +— is_f(z,z,7)
and
fabs: Nz zr. 2eM = zeM = reM = is_f(z,2,1) «— r = f(z,2) and
felosed: Nz z. xe M = ze M = f(z,z) € M and
envelist(M) and
phi’_replacement3: NA. Ae M = replacement__assm(M ,env@[A], LambdaPair_in_M__fm(p,length(env)))
shows lam__replacement(##M , Az . f(fst(x),snd(z)))
using
LambdaPair_in__ M fabs
f_ar ord__simp__union transitivity assms fst_snd_ closed
by (rule_tac lam_replacement_iff lam__closed| THEN iffD2],simp__all)

simple_ rename ren_ U src [z1,x_P, x_leq, x_o, x_t, 22_ (]|
tgt [22_c,z1,z,0 P,z leq, z_o, z_t]

simple__rename ren_V src [fz,x_P, z_leq, x_ox_f, x_t, g7]
tgt [9z.fz,2,0_P, x_leq, ©_o,x_f, x_t]

simple__rename ren_ V3 src [fz,z P, x_leq, z_o,x_f, gz, hZ]
tgt [hz,92,fz,2,2 P, x_leq, x_o,x_f]

lemma separation_sat_after function_ 1:
assumes [a,b,c,d|€list(M) and x€formula and arity(x) < 6
and
f_fm: f_fm € formula and
f_ar: arity(f fm) < 6 and
fsats: \ fr z. freM = zeM = (M,|fz,z]Qla, b, ¢, d] = f_fm) «+— fa=f(z)
and
felosed: Nz . ze M = f(z) € M and
g_fm: g_fm € formula and
g_ar: arity(g_fm) < 7 and
gsats: N\ gz fr z. gteM = freM = zeM = (M,[gz,fr,2]Q[a, b, ¢, d] |E
g_fm) «— gr=g(z) and
gclosed: Nz . teM = g(z) € M
shows separation(##M, \r. M, [f(r), a, b, ¢, d, g(1)] E Xx)
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proof -
note types = assms(1-4)
let Z=ren(x)‘6‘7‘ren_U_fn
let 2'=Exists(And(f_fm,Exists(And(g_fm,?)))))
let Zo=M\z.[f(2), a, b, ¢, d, g(2)]
let ?env=[a, b, ¢, d]
let n=Az.[g(2),f(2),2]@Q%env
note types
moreover from this
have arity(x) < 7 #peformula
using ord__simp__union ren__tc ren__U_thm(2)[folded ren__U__fn__def] le__trans[of
arity(x) 6]
by simp__all
moreover from calculation
have arity(2) < 7 %p’eformula
using arity_ren ren__U_thm(2)[folded ren__U_fn_def] f_fm g_fm
by simp__all
moreover from calculation f _ar g ar f fm g fm
have arity(?)’) < 5
using ord__simp__union pred_le arity_ type
by (simp add:arity)
moreover from calculation fclosed gclosed
have 0:(M, [f(2), @, b, ¢, d, g(2)] k= X) e (M,2n(z)= 26) if (44M)(2) for 2
using sats_iff sats_renfof x 6 7_ _ m(2)]
ren_U_thm(1)[where A=M,folded ren_U_fn_def] ren_U_thm(2)[folded
ren_U_fn_ def] that
by simp
moreover from calculation
have I:(M,?n(2)E %)) +— M,[z]Q%envl= 2" if (##M)(z) for z
using that fsats|OF fclosed|of z],of z] gsats|of g(z) f(2) 2] felosed gclosed f_fm
g _fm
proof(rule__tac iffI,simp,rule_tac rev_bexI[where z=f(z)],simp,(auto)[1])
assume M, [z] @ [a, b, ¢, d] E (-3-f_fm A (:T-g_fm A ren(x) ‘6 7"
ren_U_fn-)-)
then
have JzaeM. (M, [za, z, a, b, ¢, d] = f_fm) A
(FzeM. (M, [z, za, z, a, b, ¢, d] = g_fm) A
(M, [z, za, z, a, b, ¢, d] = ren(x) ‘6 <7 “ren_U_fn))
using that calculation by auto
then
obtain za z where ze M zaeM M, [za, z, a, b, ¢, d] = f_fm
(M, [z, za, z, a, b, ¢, d] E g_fm)
(M, [z, za, z, a, b, ¢, d] |E ren(x) ‘6 *7 “ren_U_fn)
using that calculation by auto
moreover from this
have za=f(z) z=g(z) using fsats[of za] gsats[of x za] that by simp__all
ultimately
show M, [g(z), f(2), 2] Q [a, b, ¢, d] = ren(x) ‘6 “7 ‘ren_U_fn
by auto
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qed
moreover from calculation
have separation(##M, Az. (M,[z]@Q%env = %))
using separation_ax
by simp__all
ultimately
show ?thesis
by (rule_tac separation__cong| THEN iffD2,0F iff trans|OF 0 1]],clarify,force)
qed

lemma separation__sat_after functions:
assumes [a, b, ¢, d|€list(M) and y€Eformula and arity(x) < 7
and
f_fm: f_fm € formula and
f_ar: arity(f_fm) < 6 and
fsats: \ frz. freM = zeM = (M,[fz,z]Qla, b, ¢, d] = f_fm) «— fa=f(z)
and
felosed: Nz . ze M = f(z) € M and
g_fm: g fm € formula and
g_ar: arity(g_fm) < 7 and
gsats: N\ gz fr x. greM = freM — zeM = (M,[gz,fz,2]Q[a, b, ¢, d] =
g_fm) +— gr=g(z) and
gclosed: Nz . ze M = g(z) € M and
h_fm: h_fm € formula and
h_ar: arity(h_fm) < 8 and
hsats: \ hz gz fr x. hte M = gee M = fre M — ze M = (M ,[ha,gz,fz,2]Q]a,
b, ¢, d] = h_fm) <— hz=h(z) and
helosed: Nx . teM = h(z) € M
shows separation(##M, A\r. M, [f(r), a, b, ¢, d, g(r), h(r)] E x)
proof -
note types = assms(1-3)
let 2p=x
let Zp=ren(?p)“7‘8ren_V3_fn
let %)'=FEzists(And(f_fm,Ezxists(And(g_fm,Ezists(And(h_fm,%)))))))
let Zo=Mz.[f(2), a, b, ¢, d,g(2), h(2)]
let Zenv=la, b, ¢, d|
let Zn=MAz.[h(2),9(2),f(2),2]QZenv
note types
moreover from this
have %p€formula by simp
moreover from calculation
have arity(%p) < 9 Zpeformula
using ord__simp__union ren__tc ren__V3_thm(2)[folded ren__V3_fn__def] le__trans|of
arity(x) 7]
by simp__all
moreover from calculation
have arity(2) < 8 #p’eformula
using arity_ren ren__V3_thm(2)[folded ren_V3_fn_def] f_fm g_fm h_fm
by (simp__all)
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moreover from this [ _ar g _ar f fm g fm h_fm h_ar <%p’'e_»
have arity(%)’) < 5
using ord__simp__union arity__type nat_into_ Ord
by (simp add:arity,(rule_tac pred_le,simp,rule_tac Un_le,simp)+,simp__all
add: < #pe_»)
moreover from calculation fclosed gclosed hclosed
have 0:(M, ?0(z) = %p) «— (M,m(2)= %) if (##M)(z) for z
using sats_iff _sats_renfof %o 7 8 20(z) M ()]
ren_ V3 _thm(1)[where A=M folded ren_V3_fn_ def,simplified] ren_V3_thm(2)[folded
ren_ V3 _fn_def] that
by simp
moreover from calculation
have I:(M,?n(2)E %)) +— M,[z]Q%envl= 2" if (##M)(z) for z
using that fsats[OF fclosed|of z],of 2] gsats|of g(z) f(z) 2]
hsats[of h(z) g(z) f(z) 7]
fclosed gclosed hclosed f_fm g fm h_fm
apply(rule_tac iffl,simp,rule_tac rev_bexI[where x=f(z)],simp)
apply(rule_tac conjl,simp,rule_tac rev_bexI[where z=g(z)],simp)
apply(rule_tac conjl,simp,rule_tac rev_bexl[where z=h(z)],simp,rule_tac
congl,simp,simp)
proof -
assume M, [2] @Q [a, b, ¢, d] E (--f_fm A (-T-g_fm A (-3-h_fm A ren(x) ‘7
‘8 “ren_V3_ fn-)-)-)
with calculation that
have 3zeM. (M, [z, 2, a, b, ¢, d] E f_fm) A
(JzaeM. (M, [za, z, 2, a, b, ¢, d] = g_fm) A (3zbeM. (M, [zb, za, z, z,
a, b, ¢, d| |E h_fm) A (M, [zb, za, x, 2, a, b, ¢, d] = ren(x) ‘7 ‘8 ‘ren_V3_fn)))
by auto
with calculation
obtain z where zeM (M, [z, z, a, b, ¢, d| = f_fm)
(JzaeM. (M, [za, z, 2, a, b, ¢, d] = g_fm) A (FzbeM. (M, [zb, za, z, z, a,
b, ¢, d] = h_fm) N (M, [xb, za, x, 2z, a, b, ¢, d] |E ren(x) * 7“8 ‘ren_V3_fn)))
by force
moreover from this
have z=f(z) using fsats[of z] that by simp
moreover from calculation
obtain za where zaeM (M, [za, z, 2, a, b, ¢, d] = g_fm)
(FzbeM. (M, [zb, xa, z, z, a, b, ¢, d] = h_fm) N (M, [zb, za, z, 2, a, b, ¢,
d] = ren(x) ‘78 “ren_V3_fn))
by auto
moreover from calculation
have za=g¢(z) using gsats[of za x] that by simp
moreover from calculation
obtain zb where zbeM (M, [zb, za, z, 2, a, b, ¢, d| = h_fm)
(M, [zb, za, x, 2z, a, b, ¢, d] = ren(x) ‘7“8 ‘ren_V3_fn)
by auto
moreover from calculation
have zb=h(z) using hsats[of zb xa z] that by simp
ultimately
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show M, [h(2), g(2), f(2), 2] Q [a, b, ¢, d] = ren(x) ‘7“8 ‘ren_V3_fn
by auto
qed
moreover from calculation «%p'e_»
have separation(##M, Az. (M,[z]@Q%env = %))
using separation_ax
by simp
ultimately
show ?thesis
by (rule_tac separation__cong| THEN iffD2,0F iff trans|OF 0 1]],clarify,force)
qged

lemma separation_sat_after function:
assumes [a, b, ¢, d, T|€list(M) and x€formula and arity(x) < 7
and
f fm: f fm € formula and
f_ar: arity(f_fm) < 7 and
fsats: N\ fr z. freM = zeM = (M,[fx,z]Q[a, b, ¢, d, 7] E f_fm) +—
fz=f(z) and
felosed: Nz . ze M = f(z) € M and
g_fm: g _fm € formula and
g_ar: arity(g_fm) < 8 and
gsats: \ gz fr z. greM = freM — zeM = (M,[gz,fx,z]Q[a, b, ¢, d, 7]
= g_fm) +— gz=g(z) and
gclosed: Nz . e M = g(z) e M
shows separation(##M, Ar. M, [f(r), a, b, ¢, d, T, g(7)] E X)
proof -
note types = assms(1-3)
let %p=Yx
let Zp=ren(?p)78ren_V_fn
let 2'=Exists(And(f_fm,Exists(And(g_fm,?)))))
let Zo=MAz.[f(2), a, b, ¢, d, T, g(2)]
let Zenv=[a, b, ¢, d, 7]
let n=Az.[g(2),f(2),2]@Q%env
note types
moreover from this
have %p€formula by simp
moreover from calculation
have arity(?2p) < 8 Zeformula
using ord__simp__union ren__tc ren_V_thm(2)[folded ren__V_fn_ def] le_trans[of
arity(x) 7]
by simp__all
moreover from calculation
have arity( %)) < 8 #4p’eformula
using arity ren ren_V_thm(2)[folded ren_V_fn_def] f fm g _fm
by (simp__all)
moreover from calculation [ _ar g _ar f fm g fm
have arity(?’) < 6
using ord__simp__union pred_le arity_ type
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by (simp add:arity)
moreover from calculation fclosed gclosed
have 0:(M, %0(z) = %p) «— (M,%(2)E %) if (##M)(z) for z
using sats_iff _sats_renfof %p 7 8 %0(z) _ n(z2)]
ren_V_thm(1)[where A=M,folded ren_V_fn_def] ren_V_thm(2)[folded
ren_V_fn_def] that
by simp
moreover from calculation
have I:(M,?n(2)E %)) +— M,[z]Q%env= 2" if (##M)(z) for z
using that fsats|OF fclosed|of z],of 2] gsats|of g(z) f(2) 2]
fclosed gclosed f_fm g fm
apply(rule_tac iffl,simp,rule_tac rev_bexl[where x=f(z)],simp)
apply (auto)[1]
proof -
assume M, [z] Q [a, b, ¢, d, 7] E (:3-f_fm A (F-g_fm AN ren(x) ‘7“8 °
ren_V_fn-)-)
then have 3zaceM. (M, [za, 2z, a, b, ¢, d, 7| = f_fm) A
(FzeM. (M, [z, za, 2, a, b, ¢, d, 7| = g_fm) N (M, [z, za, 2, a, b, ¢, d, 7]
E=ren(x) ‘78 ‘ren_V_fn))
using that calculation by auto
then
obtain za where xaceM M, [za, z, a, b, ¢, d, 7] = f_fm
(3 xGM' (M’ I:x7 xa? Z’ a7 b’ C7 d7 T} |: ng) /\ (M’ [I7 Ia’ Z? a7 b’ C’ d7 T] |:
ren(x) ‘78 ‘ren_V_fn))
by auto
moreover from this
have za=f(z) using fsats[of xza] that by simp
moreover from calculation
obtain z where ze M M, [z, za, 2, a, b, ¢, d, T] |E g_fm M, [z, za, 2, a, b, c,
d, 7] Eren(x) 78 ‘ren_V_fn
by auto
moreover from calculation
have z=¢(z) using gsats[of z za] that by simp
ultimately
show M, [g(2), f(2), 2] @ [a, b, ¢, d, 7] = ren(x) “7 8 ‘ren_V_fn
by auto
qed
moreover from calculation
have separation(##M, Az. (M,[2]Q%env &= %))
using separation_az
by simp__all
ultimately
show ?thesis
by (rule_tac separation__cong|THEN iffD2,0F iff _trans|OF 0 1]],clarify,force)
qed
end

definition separation__assm__fm :: [i,i,i] = i
where
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separation__assm_fm(A,x,f fm)= (-3 (3 ~0€ A+, 2- A -(0,1) isz+, 2 - A
£ )

lemma separation__assm__fm__type[ TC]:

Acw= y€w= [ fm € formula = separation__assm_fm(A, y,f _fm) €
formula

unfolding separation__assm__fm__def

by simp

lemma arity_separation_assm_fm : A € w = ¢ € w = [ _fm € formula =
arity(separation__assm__fm(A, z, f_fm)) = succ(A) U succ(x) U pred(pred(arity(f_fm)))
using pred_ Un__distrib
unfolding separation__assm__fm_ def
by (auto simp add:arity)

definition separation__assm__bin_ fm where
separation__assm__bin_ fm(A,y,f _fm) =
(FEIEFEECE3 € A+n 4N (3.2 sy +w 4 ) N f fm A - -fst(3) is O -
A -snd(8) s 1+ ) +)-)):)

lemma separation__assm__bin__fm__type[TC|:

Acw= y€w=f fm € formula = separation__assm_bin_fm(A, y,f fm)
€ formula

unfolding separation__assm_ bin_fm__ def

by simp

lemma arity_ separation__assm_bin_fm : A € w = 1 € w = f_fm € formula
—
arity(separation__assm_bin_fm(A, z, f_fm)) = succ(A) U succ(z) U (pred 4(arity(f_fm)))
using pred_ Un__distrib
unfolding separation__assm_ bin_ fm_ def
by (auto simp add:arity)

context M 7 trans
begin

lemma separation__assm__sats :
assumes
f fm: ¢ € formula and
f_ar: arity(p) = 2 and
fsats: Nenv z y. envelist(M) = zeM = yeM = (M,[z,y]Qenv = ¢) +—
is_f(z,y) and
fabs: Az y. zeM = yeM = is_f(z,y) +— y = f(z) and
felosed: Nz. xe M = f(z) € M and
AeM
shows separation(##M, A\y. 3z € M . z€A AN y = (z, f(z)))
proof -
let 2p'=separation__assm__fm(1,0,p)
let ?p=MAy. JzeM . z€A A y = (z, f(z))
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from f fm

have ?p’eformula
by simp

moreover from this f _ar [ fm

have arity(?p’) = 2
using arity separation__assm__fm[of 1 0 ¢] ord__simp__union
by simp

moreover from (A€M calculation

have separation(##M,\y . M,[y,A] &= 2p)
using separation__ax by auto

moreover

have ye M = (M,[y,A] E %) «— ?p(y) for y
using assms transitivity|OF _ <AeM)]
unfolding separation__assm__fm_ def
by auto

ultimately

show ?thesis
by (rule_tac separation__cong[THEN iffD1],auto)

qed

lemma separation__assm__bin__sats :
assumes
f_fm: ¢ € formula and
f_ar: arity(p) = 3 and
fsats: Nenv z z y. envelist(M) = e M = 2e M = ye M = (M,[z,2,y]Qenv
E ¢) «— is_f(z,z,y) and
fabs: Nz zy. teM = 2e M — yeM = is_f(z,2,y) «— y = f(z,2) and
felosed: Nz z . seM = 2eM = f(x,2) € M and
AeM
shows separation(##M, \y. 3z € M . z€A N y = (=, f(fst(z),snd(z))))
proof -
let 2p'=separation__assm_ bin__fm(1,0,p¢)
let ?p=MAy. 3zeM . z€A A y = (z, f(fst(z),snd(x)))
from f fm
have ?p’cformula
by simp
moreover from this f _ar f fm
have arity(?p’) = 2
using arity separation__assm__bin_fm[of 1 0 o] ord _simp union
by simp
moreover from (A€M> calculation
have separation(##M,\y . M,[y,A] = 2p)
using separation__ax by auto
moreover
have ye M = (M,[y,A] E %) «— ?p(y) for y
using assms transitivity| OF __ «<A€M>] pair_in_ M__iff fst__abs snd__abs fst_ closed
snd__closed
unfolding separation__assm__bin_ fm_ def
by auto
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ultimately
show ?thesis
by (rule_tac separation__cong| THEN iffD1],auto)
qed

lemma separation_ Union: AeM —
separation(##M, Ay. 3z € M . xz€A N y = (z, Union(z)))
using separation__assm__sats[of big_union_ fm(0,1)] arity_big_union_ fm ord_simp__union
Union__closed|simplified]
by simp

lemma lam_replacement_Union: lam__replacement(#+#M, Union)
using lam__replacement_ Union’ separation_ Union transM by simp

lemma separation_ fst: Ac M —
separation(##M, Ay. 3z € M . z€A A y = (z, fst(x)))
using separation__assm__sats[of fst_fm(0,1)] arity_fst_fm ord_simp_union
fst__closed fst__abs
by simp

lemma lam__replacement_fst: lam__replacement(#4#M, fst)
using lam__replacement_ fst’ separation_ fst transM by simp

lemma separation_snd: Ac M —>
separation(##M, Ay. dz € M . z€ A A y = (z, snd(x)))
using separation__assm__sats[of snd_fm(0,1)] arity_snd_fm ord_simp__union
snd__closed[simplified] snd__abs
by simp

lemma lam_replacement _snd: lam__replacement(#+#M, snd)
using lam__replacement_snd’ separation__snd transM by simp

Binary lambda-replacements

lemma separation_Image: AeM —>
separation(##M, Ay. JzeM. z € A N y = (x, fst(z) * snd(z)))
using arity_image_fm ord__simp__union
nonempty image__closed image__abs
by (rule_tac separation__assm__bin__sats[of image_ fm(0,1,2)],auto)

lemma lam_replacement_Image: lam__replacement(## M, Az . fst(z) * snd(z))
using lam_ replacement_Image’ separation_Image
by simp

lemma separation__middle del: Ae M —
separation(##M, Ny. JzeM. z € A N y = (x, middle_del(fst(z), snd(z))))
using arity is _middle_del fm ord_simp_union nonempty
fst_abs snd__abs fst_closed snd__closed pair _in_ M iff
by (rule_tac separation__assm__bin__sats[of is_middle_del_fm(0,1,2)],
auto simp:is_middle_del def middle del def)
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lemma lam__replacement__middle del: lam__replacement(## M, Ar . middle_ del(fst(r),snd(r)))
using lam__replacement__middle_del’ separation_middle_del
by simp

lemma separation_prodRepl: Ae M —
separation(##M, Ay. JzeM. © € A A y = (x, prodRepl(fst(x), snd(x))))
using arity is_prodRepl fm ord__simp_union nonempty
fst_abs snd__abs fst_closed snd__closed pair_in_ M__iff
by (rule_tac separation__assm__bin__sats[of is_prodRepl_fm(0,1,2)],
auto simp:is_prodRepl def prodRepl_def)

lemma lam__replacement__prodRepl: lam__replacement(##M, Ar . prodRepl(fst(r),snd(r)))
using lam__replacement__prodRepl’ separation_ prodRepl
by simp

end — M Z trans

context M trivial
begin

lemma first closed:
M(B) = M(r) = first(u,r,B) = M(u)
using transM|[OF first_is_elem] by simp

is_ iff rel for first
unfolding is_first def first_rel def by auto

is_iff rel for minimum
unfolding is minimum__def minimum__rel def
using is_first_iff The _abs nonempty
by force

end — M _trivial

context M 7 trans
begin

lemma (in M_ basic) is_minimum__equivalence :
M(R) = M(X) = M(u) = is_minimum(M,R,X u) <— is_minimum'(M,R,X u)
unfolding is_minimum_ def is_minimum’_def is_The_ def is_first_def by
stmp

lemma separation_minimum: AeM —>
separation(##M, Ay. JzeM. z € A N y = (x, minimum(fst(z), snd(z))))
using arity _minimum__fm ord__simp__union is_minimum__iff minimum__abs
1s_minimum__equivalence nonempty minimum,__closed minimum__abs
by (rule_tac separation__assm__bin__sats[of minimum_fm(0,1,2)], auto)
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lemma lam__ replacement__minimum: lam__replacement(## M, Az . minimum(fst(z),snd(x)))
using lam__replacement_minimum’ separation_minimum
by simp

end — M _Z trans

end

7.6 More Instances of Separation

theory Separation_ Instances
imports
Interface
begin

The following instances are mostly the same repetitive task; and we just
copied and pasted, tweaking some lemmas if needed (for example, we might
have needed to use some closure results).

definition radd_body :: [i,i,i]] = o where
radd_body(R,S) = Az. 3z y. z = (Ini(x), Inr(y))) V
(32’ z. z = (Inl(z’), Inl(z)) A (z', z) € R) V
(By"y. z = (Inr(y’), Inr(y)) A (y's y) € 5)

relativize functional radd_ body radd_body_ rel
relationalize radd_body rel is_radd_body

synthesize is_radd_body from__definition
arity__theorem for is radd_body_ fm

definition rmult_body :: [i,i,i] = o where
rmult_body(b,d) = Az. 3z’ y' zy. 2 = {(z/, y"), z, y) A (g, z) € bV
=z Ay, y) € d)

relativize functional rmult body rmult_body rel
relationalize rmult body_rel is _rmult_body

synthesize is rmult _body from__definition
arity__theorem for is rmult _body fm

lemma (in M_replacement) separation_well_ord__iso:
(M)(f) = (M)(r) = (M)(A) = separation
(M, Az. z € A — (3y[M]. Ip[M]. is_apply(M, [, z, y) A pair(M, y, z, p)
ANpEr))
using separation__imp separation__in lam__replacement_identity lam__replacement__constant
lam__replacement__apply[of f] lam__replacement_product
by simp

definition is_obase_body :: [i=>0,i,i,i] = o where
is_obase_body(N,A,r,z) =x € A —
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- (Fy[N].
I g[N].
ordinal(N, y) A
@my[N).
3 pzr[N].

membership(N, y, my) A
pred_set(N, A, x, r, par) A
order_isomorphism(N, pxr, v, y, my, g)))

synthesize is obase_body from__definition
arity__theorem for is obase_body_fm

definition is_obase_equals :: [i=o0,i,i,i] = o where
is_obase__equals(N,A,r,a) = Jx[N].
Jg[N].
I ma[N].
I par[N].

ordinal(N, ) A

membership(N, z, mz) A

pred_set(N, A, a, r, par) A order_isomorphism(N, par,
T, T, ML, g)

synthesize is obase_equals from__definition
arity__theorem for is obase equals fm

synthesize PiP_rel from__definition assuming nonempty
arity__theorem for PiP_rel fm

synthesize injP_rel from__definition assuming nonempty
arity_theorem for injP_rel fm

synthesize surjP_rel from_ definition assuming nonempty
arity__theorem for surjP_rel fm

context M ZF1 trans
begin

lemma radd_body abs:
assumes (##M)(R) (A#M)(S) (##M)(z)
shows is_radd_body(#+#M,R,S,z) +— radd_body(R,S,x)
using assms pair_in_ M_iff Inl_in_ M_iff Inr_in_ M_iff
unfolding radd_body def is_radd_body_ def
by (auto)

lemma separation__radd_body:
(##M)(R) = (##M)(S) = separation
(#H#M, Az. Tz y. z = (Inl(z), Inr(y))) V
(Fz' z. z = (Inl(z'), Inl(z)) A (z', ) € R) V
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By’ y. 2 = (nr(y"), Tr()) A g/, 1) € S))
using separation_in_ ctm[where p=is_radd_body_fm(1,2,0) and env=[R,S]]
is_radd__body__def arity_is radd_body_fm ord__simp__union is_radd_body_fm_ type

radd__body__abs
unfolding radd_body_ def
by simp

lemma rmult_body _abs:
assumes (##M)(b) (##M)(d) (##M)(z)
shows is_rmult_body(##M,b,d,x) +— rmult_body(b,d,z)
using assms pair_in_ M__iff apply_closed
unfolding rmult_body def is _rmult_body _def
by (auto)

lemma separation__rmult_body:
(##M)(b) = (##M)(d) = separation
(#HM, Nz. 2" y' zy. 2= {2, y), z, Yy A (2, z) € bV ' =z Ay, y)
€ d))
using separation_in_ctm[where p=is_rmult_body fm(1,2,0) and env=[b,d]]
is_rmult__body__def arity_is _rmult_body_fm ord__simp__union is_rmult_body_fm_ type
rmult__body__abs
unfolding rmult _body def
by simp

lemma separation__is_obase:
(#HHM)(f) = (##M)(r) = (##M)(A) = separation
(#H#HM, Ax. x € A —
- (3yl##M].
3 g[##M].
ordinal(##M, y) N
(3 my[#4£M).
3 par[##M)].
membership(##M, y, my) A
pred_set(##M, A, x, v, pxr) A
order_isomorphism(##M, pzr, r, y, my, g))))
using separation__in__ctm[where p=is_obase_body_fm(1,2,0) and env=[A,r]]
is_obase_body_def arity is obase_body fm ord_simp unionis_obase_body_fm_ type
by simp

lemma separation__obase _equals:
(#H#M)(f) = (##M)(r) = (#4#M)(A) = separation
(##M, Na. Fz[##M)].
Jg[##M].
I maz[#H#M].
I par[## M].
ordinal(##M, z) A
membership(##M, x, mz) A
pred_set(##M, A, a, r, par) N order_isomorphism(##M,
par, r, T, mz, g))
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using separation__in__ctm[where ¢=is_obase__equals_fm(1,2,0) and env=[A,r]]
is_obase__equals _def arity is obase__equals fm ord__simp_union is_obase__equals_fm_ type
by simp

lemma separation_ PiP_rel:
(##M)(A) = separation(## M, PiP_rel(##M,A))
using separation_in_ ctm[where env=[A] and ¢=PiP_rel fm(1,0)]
nonempty PiP_rel iff sats[symmetric| arity_PiP_rel fm PiP_rel fm_ type
by (simp__all add: ord__simp__union)

lemma separation__injP_ rel:
(##M)(A) = separation(## M, injP_rel(##M,A))
using separation_in_ ctm[where env=[A] and p=injP_rel fm(1,0)]
nonempty injP_rel iff sats[symmetric] arity_injP_rel_fm injP_rel_fm_ type
by (simp__all add: ord__simp__union)

lemma separation_ surjP_ rel:

(##M)(A) = (##M)(B) = separation(##M, surjP_rel(##M,A,B))
using separation_in_ctm[where env=[A,B] and ¢=surjP_rel fm(1,2,0)]
nonempty suriP_rel_iff _sats[symmetric] arity_surjP_rel _fm surjiP_rel_fm_ type
by (simp__all add: ord__simp__union)

lemma separation_is_function:

separation(## M, is_function(#+#M))

using separation__in__ctm|where env=[] and p=function_fm(0)] arity_function_fm
by simp

end — M _ZF1 trans

definition fstsnd in_sndsnd :: [i{] = o where
fstsnd__in__sndsnd = Ax. fst(snd(x)) € snd(snd(z))
relativize fstsnd_in_sndsnd is_fstsnd_in__sndsnd
synthesize is_fstsnd _in_sndsnd from__definition assuming nonempty
arity__theorem for is fstsnd in_sndsnd_fm

definition sndfst _eq fstsnd :: [i{] = o where
sndfst_eq fstsnd = Az. snd(fst(z)) = fst(snd(zx))
relativize sndfst _eq fstsnd is_sndfst_eq fstsnd
synthesize is_sndfst _eq fstsnd from__definition assuming nonempty
arity__theorem for is sndfst _eq fstsnd_fm

context M ZF1 trans
begin

lemma fstsnd_in__sndsnd__abs:

assumes (##M)(z)
shows is_fstsnd_in__sndsnd(##M,z) <— fstsnd_in_sndsnd(z)
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using assms pair_in_ M_iff fst_abs snd__abs fst_snd_ closed
unfolding fstsnd_in_sndsnd__def is_fstsnd_in_sndsnd__def
by auto

lemma separation_ fstsnd_in_ sndsnd:
separation(## M, Az. fst(snd(x)) € snd(snd(z)))
using separation_in_ctm[where env=[] and p=is_fstsnd_in_sndsnd_fm(0)
and Q=fstsnd_in__sndsnd]
nonempty fstsnd__in__sndsnd__abs arity_is_fstsnd_in_sndsnd_fm
unfolding fstsnd_in_ sndsnd__def
by simp

lemma sndfst_eq fstsnd__abs:
assumes (##M)(z)
shows is_sndfst_eq fstsnd(##M,x) «— sndfst_eq_fstsnd(x)
using assms pair_in_ M __iff fst_abs snd__abs fst_snd_ closed
unfolding sndfst _eq fstsnd_def is_sndfst_eq fstsnd_ def
by auto

lemma separation__sndfst_eq fstsnd:
separation(##M, Ax. snd(fst(x)) = fst(snd(z)))
using separation_in__ctm[where env=[] and @=is sndfst_eq fstsnd_fm(0)
and Q=sndfst_eq fstsnd]
nonempty sndfst_eq fstsnd__abs arity_is sndfst_eq fstsnd__fm
unfolding sndfst_eq fstsnd_def
by simp

end — M _ZF1 trans

end

8 More Instances of Replacement

theory Replacement Instances
imports
Separation__ Instances
Transitive_Models. Pointed_DC _Relative
begin

lemma composition_fm_type[TC]: a0 € w = al € w = a2 € W =
composition_fm(a0,al,a2) € formula
unfolding composition_fm__def by simp

arity_ theorem for composition_ fm

definition is_omega_ funspace :: [i=0,i,i,i]=0 where

is_omega__ funspace(N,B,n,z) = 3 o[N]. omega(N,0) A n€o A is_funspace(N, n,
B, 2)
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synthesize omega_ funspace from_ definition is omega_ funspace assuming nonempty
arity__theorem for omega funspace fm

definition HAleph_wfrec_repl body where
HAleph__wfrec_repl_body(N,mesa,x,z) = I y[N].
pair(N, z, y, z) A

(34[N].
(Vu [N]
uE g—
@al¥]
Fy[N].
3 az[N].
3 sz[N].
Ir_sz[N].
If r sz[N].
pair(N, a, y, u) A
pair(N, a, z, ax) A
upair(N, a, a, sT) A
pre__ zmage(N mesa, ST, r_sz) A
restriction(N, g, r_sz, f_r_sx) A\ ax € mesa N\ zsfHAleph( ,a, fr_ sz, y)))

A
is_HAleph(N, z, g, y))

arity__theorem for ordinal_fm
arity__theorem for is Limit_fm
arity__theorem for empty fm
arity__theorem for fun_apply fm

synthesize HAleph wfrec_repl_body from__definition assuming nonempty
arity__theorem for HAleph wfrec_repl body fm

definition dcwit_repl body where
dewit_repl _body(N,mesa,A,a,8,R) = Az z. y[N]. pair(N, z, y, 2) A

is_wfrec
(N, An f. is_nat_case
(N, a,
Am bmfm.
3 fm[N].
Jep[N].

is_apply(N, f, m, fm) A
is_Collect(N, A, Az. 3 fmz[N]. (N(z)
A fmz € R) A pair(N, fm, z, fmzx), cp) A
is_apply(N, s, cp, bmfm),
n),
mesa, T, y)

manual__schematic for dcwit_repl body assuming nonempty
unfolding dcwit repl body def
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by (rule iff sats is_nat_case_iff sats is_eclose iff sats sep rules | simp)+
synthesize dcwit_repl body from__schematic

definition dcwit_auz_fm where
dewit_aux_fm(A,s,R) = (-3-4214s 0- A
(-3-Collect_fm
(succ(suce(suce(suce(suce(suce(suce(suce(suce(succ(A)))))))))),
(-3-0¢€
suce(suee(suce(suce(suce(suee(suce(suce(suce(suee(suce(suce(R)))))))))))

pair_fm(3, 1, 0) -),
0) N
- suce(suce(suce(suce(suce(suce(suce(suce(suce(suce(s)))))))))) 0 is

2:0:)1)
arity_ theorem for dcwit auz fm

lemma dcwit_auz_fm_type[TC|: A € w=— s € w = R € w = dcwit_aux_fm(A,s,R)
€ formula
by (simp__all add: dewit_auz__fm__def)

definition is nat case dcwit_aux_fm where
is_nat_case dcwit_auz_fm(A,a,s,R) = is_nat_case_fm
(succ(suce(suce(suce(suce(suce(a)))))),dewit_aux__fm(A,s,R),
2, 0)

lemma is nat_case dcwit_aux_fm_type|TCl: A€ w — a € w = s € w =
R € w = is_nat_case_dcwit_auz_fm(A,a,s,R) € formula
by (simp__all add: is_nat_case__dcwit _auz_fm_ def)

manual__arity for is nat case_dcwit_aux_fm
unfolding is nat_case dcwit _auz fm _def
by (rule arity _dcwit_aux_fm[THEN [6] arity_is_nat_case_fm]) simp_all

manual__arity for dcwit_repl body fm

using arity_is_nat_case_dcwit_aux_fm[THEN [6] arity_is_wfrec_ fm)]

unfolding dcwit_repl body fm_ def is _nat_case dcwit_auz_fm _def dcwit_auz_fm_ def
by (auto simp add: arity(1-33))

lemma arity_dcwit_repl _body: arity(dcwit_repl body_fm(6,5,4,3,2,0,1)) = 7
by (simp__all add: FOL__arities arity_dcwit_repl _body_fm ord__simp__union)

definition fst2 snd2
where fst2 snd2(z) = (fst(fst(z)), snd(snd(z)))

relativize functional fst2 snd2 fst2 snd2 rel
relationalize fst2 snd2_rel is_fst2 snd2
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lemma (in M_trivial) fst2_snd2_abs:
assumes M (z) M(res)
shows is_fst2 snd2(M, z, res) «— res = fst2_snd2(z)
unfolding is fst2 snd2 def fst2_snd2 _def
using fst_rel _abs snd_rel _abs fst_abs snd__abs assms
by simp

synthesize is fst2 snd2 from_ definition assuming nonempty
arity__theorem for is fst2 snd2_fm

definition sndfst fst2 snd2
where sndfst_fst2 snd2(z) = (snd(fst(z)), fst(fst(z)), snd(snd(z)))

relativize functional sndfst_fst2 snd2 sndfst_fst2 snd2_rel
relationalize sndfst fst2 snd2 rel is_sndfst_fst2_ snd2

synthesize is_sndfst_fst2_ snd2 from__definition assuming nonempty
arity_ theorem for is sndfst fst2 snd2_fm

definition order _eq map where
order_eq_map(M,A,r,a,z) = Fz[M]. 3 g[M]. Imz[M]. 3 par[M].
ordinal(M,x) & pair(M,a,z,2) & membership(M,z,mx) &
pred_set(M,A,a,r,par) & order__isomorphism(M ,par,r,z,mz,q)

synthesize order _eq map from__definition assuming nonempty
arity__theorem for is ord_iso_fm
arity__theorem for order _eq map_fm

synthesize is_banach_functor from__definition assuming nonempty
arity__theorem for is banach_ functor_fm

definition banach_body iterates where
banach__body__iterates(M,X,Y f,g, W n,z,2) =
Fy[M].
pair(M, z, y, z) A
(3 fa[M].
(V 2[M].
z € fa +—
(3 za[M].
Jy[M].
Jzaa[M].
3 sz[M].
dr_sz[M].
If r_sx[M]. sn[M]. Imsn[M]. successor(M,n,sn)

membership(M ,sn,msn) A
pair(M, za, y, z) A
pair(M, za, x, zaa) A
upair(M, za, Ta, st) A
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pre_image(M, msn, sz, r_sz) A
restriction(M, fa, _sx, f_r_sx) A
raa € msn N
(empty(M, xza) — y = W) A
(Vm[M].
successor(M, m, xa) —
(I gm[M].
is_apply(M, [_r_sx, m, gm) A
is_banach_functor(M, X, Y, f, g, gm, y))) A
(is_quasinat(M, za) V empty(M, y)))) A
(empty(M, z) — y = W) A
(Vm[M].
successor(M, m, ) —
(Fgm[M]. is_apply(M, fa, m, gm) A is_banach_ functor(M,
X, Y, f, g, gm, y))) A
(is__quasinat(M, z) V empty(M, y)))

synthesize is quasinat from__definition assuming nonempty
arity__theorem for is quasinat_fm

synthesize banach_body_iterates from__definition assuming nonempty
arity_ theorem for banach_body iterates fm

definition banach_is iterates body where
banach__is_iterates _body(M,X,Y f,g,W.,n,y) = 3 om[M]. omega(M,om) A n €
om N
(3 sn[M].
I msn[M].
successor(M, n, sn) A
membership(M, sn, msn) A
(3 fa[M].
(V 2[M].
z € fa +—
(Fz[M].
Jy[M].
Fza[M].
3 sz[M].
Ar_sz[M].
If r sx[M].
pair(M, z, y, z) A
pair(M, z, n, za) A
upair(M, x, x, sz) A
pre_image(M, msn, sz, r_sz) A
restriction(M, fa, _sx, f_r_sx) A
ra € msn N
(empty(M, ) — y= W) A
(Vm[M].
successor(M, m, x) —>
(I gm[M].
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fun_apply(M, f_r_sx, m, gm) A
is_banach_functor(M, X, Y, f, g, gm, y))) A
(is_quasinat(M, x) V empty(M, y)))) A
(empty(M, n) — y = W) A
(Vm[M].
successor(M, m, n) —
(B gm[M]. fun__apply(M, fa, m, gm) A is_banach_functor(M,
X, Y. f. g, gm, y))) A
(is_quasinat(M, n) V empty(M, y))))

synthesize banach_is iterates body from__definition assuming nonempty
arity__theorem for banach_is iterates body fm

definition trans__apply_image where
trans__apply_image(f) = Xa g. f ‘(g ““ a)

relativize functional trans apply image trans apply image_rel
relationalize trans apply image is_trans_apply image

schematic__goal arity_is recfun_fm[arity]:

p € formula = a0 € w = z € w = T € w = arity(is_recfun_fm(p, a, z ,1))
= “Zar

unfolding is recfun_ fm_ def

by (simp add:arity)

schematic__goal arity_is_wfrec_fm|arity]:
p € formula = a € w = z € w = 1 € w = arity(is_wfrec_fm(p, a, z ,r))
= %ar
unfolding is wfrec_fm_ def
by (simp add:arity)
schematic__goal arity_is transrec_fmlarity]:
p € formula = a € w = 2z € w = arity(is_transrec_fm(p, a, z)) = %ar
unfolding is transrec_fm__ def
by (simp add:arity)

synthesize is trans apply image from__definition assuming nonempty
arity__theorem for is trans apply image fm

definition transrec__apply_image_body where
transrec__apply__image__body(M .f,mesa,x,2) = Jy[M]. pair(M, z, y, z) A
(3 fa| M.
(V z[M].
z € fa +—
(za[M].
Fy[M].
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I zaal M].
3 sz[M].
Ir_sz[M].
If r sz[M].
pair(M, za, y, 2) A
pair(M, za, x, zaa) A
upair(M, za, za, st) A
pre_image(M, mesa, sz, r_sz) A
restriction(M, fa, r_sx, f_r_sz) A
raa € mesa N\ z'sitmnsiapplyiimage(M,
[y za, for_sz, y))) A
is_trans__apply image(M, f, z, fa, y))

synthesize transrec__apply image_body from__definition assuming nonempty
arity__theorem for transrec_apply image body_fm

definition is trans apply image body where
is_trans__apply_image_body(M,f,B,a,w) = I z[M]. pair(M,a,z,w) A a€B A (3 sa|M].
Jesa[M].
I mesa[M].

upair(M, a, a, sa) A

is_eclose(M, sa, esa) A

membership(M, esa, mesa) A

(3 fa|M].

(V z[M].
z € fa +—
(Fz[M].
Jy[M].
FzalM].
3 sx[M].
Ir_sz[M].
af r sz[M].
pair(M, z, y, z) A
pair(M, z, a, za) A
upair(M, z, x, sz) A
pre_image(M, mesa, sz, r_sx) A
restriction(M, fa, r_sx, f_r_sz) A
za € mesa A is_trans__apply image(M, f,
o f 1 sz, ) A
is_trans__apply image(M, f, a, fa, 2)))

synthesize is_trans apply image body from_ definition assuming nonempty
arity__theorem for is trans apply image_body fm

definition replacement_is omega_funspace_fm where replacement_is omega__funspace_fm
= omega_ funspace_fm(2,0,1)

definition wfrec_ Aleph__fm where wfrec_ Aleph_fm = HAleph__wfrec_repl_body_fm(2,0,1)
definition replacement is fst2 snd2_fm where replacement is_fst2 snd2_fm
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= ds_fst2_snd2_ fm(0,1)

definition replacement is_sndfst_fst2 snd2 _fm where replacement_is_sndfst_fst2 snd2 fm

= 4s_sndfst_fst2 snd2_fm(0,1)

definition omap_ replacement_fm where omap__replacement_fm = order_eq_map_ fm(2,3,0,1)
definition rec__constr_abs_fm where rec__constr_abs_fm = transrec__apply_image_body__fm(3,2,0,1)
definition banach_replacement_iterates fm where banach__replacement__iterates fm

= banach_is_iterates _body_fm(6,5,4,3,2,0,1)

definition rec_constr_fm where rec__constr_fm = is_trans_apply image_body fm(3,2,0,1)

definition dc_abs fm where dc_abs_fm = dcwit_repl_body fm(6,5,4,3,2,0,1)
definition lam_ replacement__check_fm where lam__replacement__check _fm = Lambda__in_M__fm(check__fm(

The following instances are needed only on the ground model. The first
one corresponds to the recursive definition of forces for atomic formulas; the
next two corresponds to PHcheck; the following is used to get a generic filter
using some form of choice.

locale M ZF ground = M__ZF1 +
assumes
ZF _ground_replacements:
replacement__assm(M env,wfrec_ Hfrc_at_fm)
replacement__assm(M ,env,wfrec_ Hcheck__fm)
replacement__assm(M env,lam__replacement__check_fm)

locale M ZF ground_trans = M__ZF1_ trans + M__ZF ground

definition instances ground_fms where instances ground_fms =
{ wfrec_Hfrc_at_fm,
wfrec__Hcheck__fm,
lam__replacement__check__fm }

lemmas replacement_instances ground__defs =
wfrec__Hfrc_at_fm_ def wfrec_Hcheck_fm__def lam__replacement__check__fm__def

declare (in M__ZF_ground) replacement_instances__ground__defs [simp]

lemma instances _ground_fms_type[TC|: instances_ground_fms C formula
using Lambda_in_ M _fm_ type
unfolding instances ground_fms _def replacement_instances _ground__defs
by simp

locale M ZF ground _notCH = M_ZF ground +
assumes
ZF _ground_notCH__replacements:
replacement__assm(M env,rec_constr_abs_ fm)
replacement__assm(M env,rec__constr_fm)

definition instances ground_notCH _fms where instances ground_notCH__fms

{ rec_constr_abs_fm,
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rec__constr_fm }

lemma instances__ground_notCH__fms_type[ TC]: instances__ground_notCH_fms
C formula
unfolding instances ground_notCH__fms_def rec__constr_abs_fm__ def
rec__constr_fm__def
by simp

declare (in M_ZF _ground_notCH) rec__constr_abs_fm__def[simp)
rec__constr__fm__def [simp]

locale M ZF ground_mnotCH trans= M_ZF ground_trans+ M__ZF ground_notCH

locale M ZF ground_CH = M_ZF ground_notCH +
assumes
dewit_replacement: replacement__assm(M env,dc_abs_fm)

declare (in M_ZF ground CH) dc_abs_fm_ def [simp]
locale M__ZF ground_CH_trans = M_ZF ground_notCH_trans+ M__ZF ground_CH

locale M ctm!1 = M_ZF1 trans + M__ZF ground_trans +
fixes enum
assumes M _countable: enumebij(nat,M)

locale M _ctm1 AC = M ctml + M_ZFC1_trans

context M ZF ground CH _trans
begin

lemma replacement dcwit_repl body:
(#4M) (mesa) — (##M)(A) = (#H#M)(0) = H#M)(s) = (H#H#M)(R)
_—
strong_replacement(## M, dcwit_repl_body(#+# M ,mesa,A,a,s,R))
using strong_replacement_rel_in_ ctm[where p=dcwit_repl_body_ fm(6,5,4,3,2,0,1)
and env=[R,s,a,A,mesa] and f=dcwit_repl body(#+#M mesa,A,a,s,R))
zero__in_ M arity dcwit_repl _body dcwit_replacement
unfolding dc_abs_fm_ def
by simp

lemma dcwit_repl:
(##M)(s0) —
(##M)(esa) =
(##M)(mesa) = (FHM)(A) = ##M)(a) = (H#M)(s) =
(##M)(R) —
strong__replacement
((##M), Az 2. Jy[(#H#M)]. pair((#4#M), z, y, 2)
is_wfrec
((##M), An f. is_nat_case
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(##M), o
Am bmfm.
I fm(#4M)).
3 epl(#4#M)).
is_apply((#4M), f, m, fm) A
is__Collect(##M), A, Az. 3 fmz[(##M)].
(##M)(z) A fmz € R) A pair((##M), fm, z, fmz), cp) A
| is_apply((##M), s, cp, bmfm),
n )
mesa, T, y))
using replacement__dcwit_repl body unfolding dcwit repl body_def by simp

end — M_ZF ground CH_trans

context M ZF1 trans
begin

lemmas M _replacement_ZF instances = lam,__replacement_ fst lam__replacement__snd
lam__replacement__Union lam__replacement__Image
lam__replacement_middle__del lam__replacement__prodRepl

lemmas M separation_ ZF _instances = separation_ fstsnd_in_ sndsnd separation__sndfst_eq fstsnd

lemma separation_is_dcwit_body:
assumes (##M)(A) (#4#M)(a) (##M)(g) (##M)(R)
shows separation(## M ,is_dcwit_body(##M, A, a, g, R))
using assms separation__in__ctm[where env=[A,a,9,R] and ¢=is_dcwit_body_ fm(1,2,3,4,0),
OF _ _ __is_dcwit_body_iff sats[symmetric],
of A_A X _.a)_.g A\_.R Az 1]
nonempty arity _is_dcwit__body_fm is__dcwit_body_fm_ type
by (simp add:ord__simp_ union)

end — M _ZF1 trans

sublocale M ZF1 trans C M_replacement #+#M
using M_ replacement ZF instances M__separation_ZF instances
by unfold_locales simp

context M ZF1 trans
begin

lemma separation_Pow rel: Ae M —
separation(##M, \y. Iz € M . z€A A y = (z, Pow##M(z)))
using separation__assm__sats[of is_Pow_fm(0,1)] arity_is_Pow_fm ord_simp_union
Pow_rel_closed nonempty Pow _rel iff
by simp

lemma strong replacement_Powapply_rel:
feM = strong_replacement(##M, \z y. y = Powapply##M(f z))
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using Powapply_rel _replacement separation_ Pow rel transM
by simp

end — M ZF1 trans

sublocale M ZF1_ trans C M__ Vfrom #+#M

using power__ax strong__replacement__ Powapply _rel phrank__repl trans_repl_HVFrom
wfrec__rank

by unfold_locales auto

sublocale M ZF1 trans C M__Perm #+#M
using separation_ PiP__rel separation__injP__rel separation_ surjP __rel
lam__replacement__imp__strong _replacement[OF
lam__replacement__Sigfun|OF lam__replacement__constant]]
Pi_replacement1 unfolding Sigfun_ def
by unfold_locales simp__all

sublocale M ZF1 trans C M_pre_seqspace #+#M
by unfold_locales

context M ZF1 trans
begin

lemma separation__inj rel: Ac M —>
separation(#H#M, Ay. JzeM. z € ANy = (z, inj_rel(#H#M,fst(z), snd(z))))
using arity is inj fm ord_simp_union
nonempty inj_rel_closed[simplified] inj_rel iff[simplified]
by (rule_tac separation__assm__bin__sats[of is_inj fm(0,1,2)])
(simp__all add:setclass__def)

lemma lam__replacement_inj_rel: lam__replacement(##M, Ax . inj_rel(##M fst(z),snd(x)))
using lam__replacement_inj rel’ separation_inj rel
by simp

end — M _ZF1 trans

lemma (in M_ basic) rel2_trans apply:
M(f) = relation2(M,is_trans__apply_image(M.,f),trans__apply image(f))
unfolding is trans apply image_def trans apply image def relation?_ def
by auto

lemma (in M_ basic) apply_image_closed:
shows M(f) = Vz[M]. V g[M]. M(trans_apply_image(f, z, g))
unfolding trans apply image def by simp

context M__ZF ground_notCH__trans
begin
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lemma replacement__transrec__apply image__body :
(#H#HM)(f) = (#F#M)(mesa) = strong_replacement(## M transrec__apply_image__body(## M,f ,mesa))
using strong_replacement__rel_in_ ctm[where p=transrec__apply_image_body_ fm(3,2,0,1)
and env=[mesa,f]]
zero__in__ M arity_transrec__apply_image__body_fm ord__simp_union
ZF _ground_notCH__replacements(1)
by simp

lemma transrec__replacement _apply_image:

assumes (##M)(f) (##M)(a)

shows transrec_replacement(#+#M, is_trans _apply image(##M, f), a)

using replacement__transrec__apply image_body|unfolded transrec__apply image_body _def]
assms

Memrel__closed singleton__closed eclose__closed
unfolding transrec_replacement__def wfrec_replacement_defis wfrec_def M__is recfun_ def
by simp

lemma rec_trans_apply image__abs:

assumes (#H#M)(f) (##M)(z) (##M)(y) Ord(z)

shows is_transrec(##M ,is_trans_apply_image(##M, f),x,y) +— y = tran-
srec(z,trans__apply__image(f))

using transrec_abs|OF transrec_replacement__apply image rel2_trans _apply]
assms apply__image_closed

by simp

lemma replacement is_trans_apply image:
(#H#HM)(f) = (##M)(B) = strong_replacement(#H#M, \ z z .
Fy[#H#M]. pair(##M,x,y,z) A 2€8 A (is__transrec(## M is_trans__apply_image(##M,
15.3)))
unfolding is transrec__def is_wfrec_def M__is recfun_ def
apply(rule_tac strong_replacement__cong|
where P=\ z z. M,[z,2,8,f] = is_trans_apply_image_body_fm(3,2,0,1), THEN
iffD1])
apply(rule_tacis_trans_apply image body_iff sats[symmetric,unfolded is_trans apply_image_body de;
Env= [f7f76af]])
apply(simp__all add:zero_in_ M)
apply(rule_tac ZF _ground_notCH__replacements(2)[unfolded replacement__assm__def,
rule_ format, where env=|[3,f],simplified])
apply(simp__all add: arity_is trans_apply_image body_fmis_trans_apply_image_body_fm_ type
ord__simp__union)
done

lemma trans_apply abs:
(#HHM)(f) = (##M)(B) = Ord(B) = (##M)(z) = (##M)(2) =
(zeB N z = (=, transrec(z, Aa g. [ * (g ““ a)) ) +—
(B y[#H#M]. pair(#H#M,z,y,2) A €L A (is_transrec(## M is_trans_apply_image(##M,
£):z.y)))

using rec_ trans_apply_image__abs Ord_in_ Ord

125



transrec__closed[OF transrec__replacement__apply image rel2_trans _apply,of
f.simplified]
apply__image_ closed
unfolding trans apply image def
by auto

lemma replacement_trans _apply image:
(H4M)(f) — (#4M)(B) = Ord(8) —
strong__replacement(##M, Az y. x€B N y = (x, transrec(z, Aa g. f * (g *“ a))))
using strong_replacement__cong|THEN iffD1,0F __ replacement__is_trans_apply _image,simplified]
trans__apply__abs Ord_in_ Ord
by simp

end — M_ZF ground_notCH _trans

definition ifrFb_body where
ifrFb_body(M,b.f,x,i) = x €
(if b = 0 then if i € range(f) then
if M(converse(f) i) then converse(f) ‘i else 0 else 0 else if M (i) then i else 0)

relativize functional ifrFb_body ifrFb_body_ rel
relationalize ifrFb_body rel is_ifrFb_body

synthesize is_ifrFb body from__definition assuming nonempty
arity__theorem for is ifrFb_body fm

definition ifrangeF_body :: [i=>0,i,i,i,i] = o where
ifrangeF _body(M,A,b,f) = \y. Jx€A. y = (z,u i. ifrFb_body(M,b,f,z,i))

relativize functional ifrangeF body ifrangeF _body rel
relationalize ifrangeF body_rel is_ifrangeF body

synthesize is_ifrangeFbody from_ definition assuming nonempty
arity__theorem for is ifrangeF body fm

lemma (in M_Z_trans) separation__is_ifrangeF _body:
(#H#M)(A) = (##M)(r) = (#4#M)(s) = separation(##M, is_ifrangeF _body(##M,A,r,s))
using separation__in__ctm|where ¢=is_ifrangeF _body_fm(1,2,3,0) and env=[A,r,s]]
zero__in__ M arity _is ifrangeF body fm ord__simp union is_ifrangeF body fm_ type
by simp

lemma (in M_ basic) is_ifrFb_body_ closed: M (r) = M(s) = is_ifrFb_body(M,
r, s, z, 1) = M(i)
unfolding ifrangeF body def is_ifrangeF body def is_ifrFb body def If abs
by (cases i€range(s); cases r=0; auto dest:transM)

lemma (in M_ZF1_trans) ifrangeF_body__abs:

assumes (##M)(A) (##M)(r) (#H#M)(s) (##M)(z)
shows is_ifrangeF_body(## M, A r s,x) «— ifrangeF _body(##M A, r s,x)
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proof -
{
fix a
assume acM
with assms
have (pi. i€ M A is_ifrFb_body(##M, v, s, z,1))= (u i. is_ifrFb_body(##M,
r, s, z, 1)) for z
using is_ifrFb_body_ closed[of r s 7]
by (rule_tac Least_conglof \i. i€ M A is_ifrFb_body(## M,r,s,z,i)]) auto
moreover
have (u i. is_ifrFb_body(##M, v, s, z, i))= (p i. ifrFb_body(##M, r, s, z,
1)) for z
proof (rule_tac Least _cong[of Ni. is_ifrFb_body(## M ,r,s,2,%) Ni. ifrFb__body(## M ,r,s,2,i)])
fix y
from assms <acM>
show is_ifrFb_body(##M, r, s, z, y) <— ifrFb_body(##M, r, s, z, y)
using If abs apply 0
unfolding ifrFb_body def is_ifrFb_body def
by (cases yeM; cases yErange(s); cases converse(s)‘y € M;
auto dest:transM split del: split_if del:iffT)
(auto simp flip:setclass_iff; (force simp only:setclass_iff))+
qed
moreover from <ac M)
have least(##M, \i. i € M A is_ifrFb_body(##M, r, s, z, i), a)
+—— a=(ui i€ M A is_ifrFb_body(##M, r, s, z,i)) for z
using If abs least_abs'of Ai. (##M)(i) A is_ifrFb_body(##M,r,s,z,i) a
by simp
ultimately
have least(##M, \i. i € M A is_ifrFb_body(##M, r, s, z, i), a)
> a = (p i ifrFb_body(#H#M, r, s, z,i)) for z
by simp
}
with assms
show ?thesis
using pair_in_M__iff apply_closed zero__in_M transitivity[of _ A]
unfolding ifrangeF body def is_ifrangeF body def
by (auto dest:transM)
qed

lemma (in M__ZF1_trans) separation__ifrangeF _body:
(4M)(A) —> (F#M)(5) — (#4M)(f) — separation
(#H#M, \y. Ja€A. y=(z, pi. x € if range F_else F(A\z. if (##M)(x)
then z else 0, b, f, 7)))
using separation_is_ifrangeF _body ifrangeF body abs
separation__conglwhere P=is_ifrangeF body(##M,Ab,f) and M=##M , THEN
iffD1]
unfolding ifrangeF _body_defif range F defif range F else F def ifrFb_body def
by simp
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definition ifrFb_body2 where

ifrFb_body2(M,G,b,f,z,i) = x €

(if b = 0 then if i € range(f) then

if M(converse(f) ‘i) then Gqconverse(f) ‘i) else 0 else 0 else if M (i) then G
else 0)

relativize functional ifrFb_body2 ifrFb_body2 rel
relationalize ifrFb_body2 rel is_ifrFb__body2

synthesize is_ifrFb_body2 from__definition assuming nonempty
arity_ theorem for is ifrFb_body2 fm

ifrangeF_body2(M,A,G,b,f) = Ay. Fz€A. y = (x,u i. ifrFb_body2(M,G,b,f,x,i))

relativize functional ifrangeF body?2 ifrangeF body2 rel
relationalize ifrangeF _body2_rel is_ifrangeF _body2

synthesize is_ifrangeF_body2 from__definition assuming nonempty
arity_theorem for is ifrangeF body2 fm

lemma (in M_Z trans) separation_is_ifrangeF _body2:
(#4M)(4) = F#M)(G) = (HAM)(r) = (#4M)(5) = separation(#4M,
is_ifrangeF_body2(##M,A,G,r,s))
using separation__in__ctm|where ¢=is_ifrangeF _body2_fm(1,2,5,4,0) and env=[A,G,r,s]]
zero__in__ M arity_is_ifrangeF _body2_fm ord__simp__union is_ifrangeF _body2 fm_ type
by simp

lemma (in M_basic) is_ifrFb_body2_closed: M(G) = M(r) = M(s) =
is_ifrFb_body2(M, G, r, s, x, i) = M (%)

unfolding ifrangeF _body2__defis_ifrangeF _body2__defis_ifrFb__body2_def If _abs
by (cases i€range(s); cases r=0; auto dest:transM)

lemma (in M__ZF1_trans) ifrangeF _body2_abs:
assumes (##M)(A) (#4#M)(G) (##M)(r) (F#H#M)(s) (##M)(z)
shows is_ifrangeF_body2(##M,A,G,r,s,z) <— ifrangeF _body2(#+#M,A,G,r,s,)
proof -
{
fix a
assume acM
with assms
have (u i. i€ M A is_ifrFb_body2(##M, G, r, s, z, 1))= (p i. is_ifrFb_body2(##M,
G, r, s, z, 1)) for z
using is_ifrFb_body2_closed[of G r s 2]
by (rule_tac Least_cong[of Ai. i€M A is_ifrFb_body2(#+#M,G,r,s,2,i)])
auto
moreover
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have (u i. is_ifrFb_body2(##M, G, r, s, z, ©))= (u i. ifrFb_body2(##M, G,
r, s, z, 1)) for z
proof (rule_tac Least__conglof N\i. is_ifrFb_body2(#+#M,G,r,s,2,7) Ai. ifrFb_body2(##M,G,r,s,2,i)])
fix y
from assms <acM>
show is_ifrFb_body2(##M, G, r, s, z, y) +— ifrFb_body2(##M, G, r, s,
z, Y)
using If abs apply 0
unfolding ifrFb_body2_def is_ifrFb_body2 def
by (cases yeM; cases yErange(s); cases converse(s)‘y € M;
auto dest:transM split del: split_if del:iffI)
(auto simp flip:setclass_iff; (force simp only:setclass_iff))+
qed
moreover from <a€M)
have least(##M, Xi. i € M A is_ifrFb_body2(##M, G, r, s, z, i), a)
> a= (i i€ M A is_ifrFb_body2(##M, G, r, s, z,i)) for z
using If abs least_abs’[of Ni. (##M)(7) A is_ifrFb_body2(#+#M,G,r,s,2,7)

d
by simp
ultimately
have least(##M, \i. i € M A is_ifrFb_body2(##M, G, r, s, 2, i), a)
> a = (pi. ifrFb_body2(##M, G, r, s, z,i)) for z
by simp
}

with assms
show ?thesis
using pair_in_M__iff apply_closed zero__in_M transitivity[of __ A]
unfolding ifrangeF body2_def is_ifrangeF _body2_ def
by (auto dest:transM)
qed

lemma (in M__ZF1_trans) separation_ ifrangeF _body2:
(#H#M)(A) = (#H#M)(G) = (F#H#M)(b) = (##M)(f) =
separation
(##M,
Ay. Jz€A.
y =
(z, pi. z€
if _range F else F(Ma. if (##M)(a) then G ‘ a else 0, b, f,
i)))
using separation_is_ifrangeF body2 ifrangeF body2 abs
separation__cong[where P=is_ifrangeF _body2(##M,A,G,b,f) and M=##M,THEN
iffD1]
unfolding ifrangeF body2 defif range F defif range F else F _defifrFb_body2 def
by simp

definition ifrFb__body3 where
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ifrFb_body3(M,G,b,f,x,i) = x €

(if b = 0 then if i € range(f) then

if M(converse(f) ¢ i) then G-‘“{converse(f) ¢ i} else 0 else 0 else if M(i) then
G-“{i} else 0)

relativize functional ifrFb_body3 ifrFb_bodyS3 el
relationalize ifrFb_body3 rel is_ifrFb_body3

synthesize is_ifrFb_body3 from__definition assuming nonempty
arity_theorem for is ifrFb_body3 _fm

ifrangeF_body3(M,A,G,b,f) = \y. Jz€A. y = (z,p 1. ifrFb_body3(M,G,b,f,x,i))

relativize functional ifrangeF body3 ifrangeF _body3 rel
relationalize ifrangeF body3 _rel is_ifrangeF _body3

synthesize is_ifrangeF_body3 from_ definition assuming nonempty
arity_ theorem for is_ifrangeF _body3_fm

lemma (in M__Z_trans) separation__is_ifrangeF_body3:
(#H#M)(A) = (#H#M)(G) = (##M)(r) = (##M)(s) = separation(##M,
is_ifrangeF_bodyS(##M,A,G,r,s))
using separation__in__ctm|where ¢o=is_ifrangeF _body3_fm(1,2,3,4,0) and env=[A,G,r,s|]
zero__in__ M arity_is _ifrangeF _body3_fm ord__simp__union is_ifrangeF _body3 fm_ type
by simp

lemma (in M_basic) is_ifrFb_body3_closed: M(G) = M(r) = M(s) =
is_ifrFb_body3(M, G, r, s, z, i) = M(i)

unfolding ifrangeF_body3__defis_ifrangeF _body3_defis_ifrFb_body3 def If abs
by (cases i€range(s); cases r=0; auto dest:transM)

lemma (in M_ZF1_trans) ifrangeF_body3 _abs:
assumes (47 M)(A) (H4M)(G) FAM)(r) (H4M)(s) (H4M)(z)
shows is_ifrangeF_body3(##M,A,G,r,s,x) <— ifrangeF _body3(#+#M,A,G,r,s,x)
proof -
{
fix a
assume acM
with assms
have (u i. i€ M A is_ifrFb_body3(##M, G, r, s, z,1))= (u ¢. is_ifrFb_bodyS(##M,
G, r, s 2 1)) for z
using is_ifrFb__body3_closed[of G 1 s 2]
by (rule_tac Least cong[of Ni. i€ M A is_ifrFb_bodyS(##M,G,r,s,2,i)])
auto
moreover
have (u i. is_ifrFb_bodyS(## M, G, r, s, z, ©))= (u 4. ifrFb_body3(##M, G,
r, s, z, 1)) for z
proof (rule_tac Least _cong[of Ni. is_ifrFb_body3(##M,G r,s,2,i) Ai. ifrFb__body3(##M,G,r s,z,i)])
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fix y
from assms <a€M>
show is_ifrFb_body3(##M, G, r, s, z, y) «— ifrFb_body3(##M, G, r, s,
z, y)
using If abs apply_ 0
unfolding ifrFb_body3 def is_ifrFb_body3 def
by (cases yeM; cases yErange(s); cases converse(s)‘y € M;
auto dest:transM split del: split_if del:iffI)
(auto simp flip:setclass_iff; (force simp only:setclass_iff))+
qed
moreover from <acM>
have least(##M, \i. i € M A is_ifrFb_body3(##M, G, r, s, z, 1), a)
> a= (i i€ M A is_ifrFb_body3(##M, G, r, s, z,4)) for z
using If abs least_abs’[of Ni. (##M)(i) A is_ifrFb_body3(##M,G,r,s,2,i)

by simp
ultimately
have least(##M, \i. i € M A is_ifrFb_body3(##M, G, r, s, z, i), a)
— a = (p i ifrFb_body3(##M, G, r, s, z,1)) for z
by simp
}
with assms
show ?thesis
using pair_in_M__iff apply_closed zero__in_M transitivity[of _ A]
unfolding ifrangeF body3 def is_ifrangeF body3 _def
by (auto dest:transM)
qged

lemma (in M__ZF1_trans) separation__ifrangeF _body3:
(#H#M)(A) = (##M)(G) = (##M)(b) = #H#M)(/) =

separation
(#4#M,
Ay. JzeA.
y =
(x, pi.ze
if _range_F_else_ F(Aa. if (##M)(a) then G-“{a} else 0, b,
£, 1))

using separation_is_ifrangeF body3 ifrangeF _body3 abs
separation__conglwhere P=is_ifrangeF body3(##M,A,G,b.f) and M=##M, THEN
iff D1]
unfolding ifrangeF body3 defif range F defif range F else F defifrFb_bodyS def
by simp

definition ifrF'b_body/ where
ifrFb_body4(G,b,f,x,0) = x €
(if b = 0 then if i € range(f) then G(converse(f) ‘i) else 0 else G%)
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relativize functional ifrFb_body4 ifrFb_body4 el
relationalize ifrFb_body4 rel is_ifrFb_bodyj

synthesize is_ifrFb_body4 from__definition assuming nonempty
arity_theorem for is ifrFb_body4_fm

ifrangeF_body4(M,A,G,b,f) = Ay. Jz€A. y = (z,u i. ifrFb_body4(G,b,f,x,i))

relativize functional ifrangeF body4 ifrangeF _body4 el
relationalize ifrangeF body4_rel is_ifrangeF body4

synthesize is_ifrangeF body4 from__definition assuming nonempty
arity__theorem for is ifrangeF body4_fm

lemma (in M_Z_trans) separation__is_ifrangeF _body/:
(HHM)(A) — (HEM)(G) = (#4M)(r) —> (HH#M)(s) —> separation(#4M,
is_ifrangeF _bodyj(## M, A,G,r,s))
using separation__in__ctm|where o=is_ifrangeF _bodyj_fm(1,2,3,4,0) and env=[A,G,r,s|]
zero__in__ M arity_is _ifrangeF _body4_ fm ord__simp__union is_ifrangeF body4_fm _type
by simp

lemma (in M_basic) is_ifrFb_body4_closed: M(G) = M(r) = M(s) =
is_ifrFb_body4s(M, G, r, s, z, i) = M(3)

using If abs

unfolding ifrangeF _body/4_defis ifrangeF body4_ defis ifrFb _body4_ def fun__apply def
by (cases i€range(s); cases r=0; auto dest:transM)

lemma (in M_ZF1_trans) ifrangeF_bodyj__abs:
assumes (##M)(A) (##M)(G) (##M)(r) (#4#M)(s) (##M) ()
shows is_ifrangeF_bodyj(##M,A,G,rs,x) +— ifrangeF _bodyf(##M,A,G,r,s,x)
proof -
{
fix a
assume aceM
with assms
have (p i. i€ M A is_ifrFb_bodyf(##M, G, r, s, z,1))= (u i. is_ifrFb_bodyf(## M,
G, r, s, 2, 1)) for z
using is_ifrFb_body4_closed[of G T s 2]
by (rule_tac Least_cong[of Ai. i€M A is_ifrFb_bodyf(##M,G,r,s,2,i)])
auto
moreover
have (u i. is_ifrFb_bodyf(##M, G, r, s, z, ©))= (p 4. ifrFb_body4(G, r, s, z,
1)) if ze M for z
proof (rule_tac Least _cong[of Ni. is_ifrFb_bodyf(#+#M,G,r,s,2,%) Ni. ifrFb_body4(G,r,s,2,7)])
fix y
from assms <a€eM)> «zeM>
show is_ifrFb_body4(##M, G, r, s, z, y) «— ifrFb_body4(G, r, s, z, y)
using If abs apply 0
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unfolding ifrFb_body4_ def is_ifrFb _body4 def
apply (cases yeM; cases yErange(s); cases r=0; cases y€domain(G);
auto dest:transM split del: split_if del:iffI)
by (auto simp flip:setclass_iff; (force simp only: fun__apply def setclass_iff))
(auto simp flip:setclass_iff simp: fun__apply_def )
qed
moreover from <acM)>
have least(##M, \i. i € M A is_ifrFb_bodyf(##M, G, r, s, z, i), a)
+—— a= (pi. i€ M A is_ifrFb_body4(##M, G, r, s, z,7)) for z
using If abs least_abs’[of Ni. (##M)(i) A is_ifrFb_body4(##M,G,r,s,z,i)

al
by simp
ultimately
have ze M = least(##M, Xi. i € M A is_ifrFb_body4(##M, G, r, s, z, i),
a)
> a = (p i ifrFb_bodyl(G, r, s, 2,i)) for z
by simp
}

with assms
show ?thesis
using pair_in_M__iff apply_closed zero__in_M transitivity[of __ A]
unfolding ifrangeF body4_def is_ifrangeF _body/_def
by (auto dest:transM)
qed

lemma (in M_ZF1 trans) separation_ ifrangeF body/:

(#HM)(A) = (##M)(G) = (##M)(b) = (##M)(f) =

separation(## M, \y. Jz€A. y = (z, p i. x € if _range_F _else_ F(()(G),

)

using separation_is_ifrangeF body/ ifrangeF body4__abs

separation__cong[where P=is_ifrangeF _body4(#+#M,A,G,b.f) and M=#+#M, THEN
iffD1]

unfolding ifrangeF body4_defif range F defif range F else F _defifrFb_body4_ def

by simp

definition ifrFb__body5 where

ifrFb_body5(G,b,f,x,i) = x €

(if b = 0 then if i € range(f) then {xa € G . converse(f) ‘i € za} else 0 else {za
€ G.i€ za})

relativize functional ifrFb_body5 ifrFb_bodys_ rel
relationalize ifrFb_body5_rel is_ifrFb_bodys

synthesize is_ifrFb_body5 from__definition assuming nonempty
arity__theorem for is ifrFb_bodys_fm

133



ifrangeF _body5(M,A,G,b,f) = Ay. Jz€A. y = (z,p i. ifrFb_body5(G,b,f,x,7))

relativize functional ifrangeF body5 ifrangeF _body5_rel
relationalize ifrangeF body5_rel is_ifrangeF bodyd

synthesize is_ifrangeF_body5 from__definition assuming nonempty
arity_theorem for is ifrangeF body5 fm

lemma (in M_Z_trans) separation_is_ifrangeF _bodyb:
(A M)(4) = (FHM)(G) = (M) (r) —> (#4M)(s) = separation(## M,
is_ifrangeF_body5(##M,A,G r,s))
using separation_in__ctm[where p=is_ifrangeF_body5_fm(1,2,3,4,0) and env=[A,G,r,s|]
zero__in__ M arity_is_ifrangeF _body5__fm ord__simp_ union is_ifrangeF _body5 _fm_ type
by simp

lemma (in M _basic) is_ifrFb_bodys closed: M(G) = M(r) = M(s) =
is_ifrFb_body5(M, G, r, s, z, i) = M(1)

using If abs

unfolding ifrangeF _bodys__defis_ifrangeF _bodyd__defis_ifrFb__bodys__def fun__apply_ def
by (cases i€range(s); cases r=0; auto dest:transM)

lemma (in M_ZF1_trans) ifrangeF__body5__abs:
assumes (AAM)(A) (#H#M)(G) (##M)(r) (##M)(s) (H4M)(2)
shows is_ifrangeF_body5(##M,A,G,r,s,z) <— ifrangeF _bodys(#+#M,A,G,r,s,x)
proof -
{
fix a
assume acM
with assms
have (p 4. i€ M A is_ifrFb_body5(##M, G, r, s, z,1))= (w i. is_ifrFb_body5(##M,
G, r, s 2 1)) for z
using is_ifrFb__body5__closed[of G 1 s 2]
by (rule_tac Least cong[of Ni. i€ M A is_ifrFb_body5(##M,G,r,s,2,)])
auto
moreover
have (p 4. is_ifrFb_body5(##M, G, r, s, z, ©))= (u i. ifrFb_body5(G, r, s,
z, 1)) if 2é M for 2
proof (rule_tac Least__conglof \i. is_ifrFb_body5(##M,G,r,s,2,7) Ai. ifrFb_body5(G,r,s,2,i)])
fix y
from assms <aeM) <z€M)>
show is_ifrFb_body5(##M, G, r, s, z, y) +— ifrFb_body5(G, r, s, z, y)
using If abs apply 0 separation__in__constant separation_in_ rev
unfolding ifrFb_body5_def is_ifrFb_bodys_def
apply (cases yeM; cases yErange(s); cases r=0; cases y€domain(G);
auto dest:transM split del: split_if del:iffI)
apply (auto simp flip:setclass_iff; (force simp only: fun__apply def
setclass__iff))
apply (auto simp flip:setclass_iff simp: fun__apply def)
apply (auto dest:transM)
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done
qed
moreover from <acM)
have least(##M, Xi. i € M A is_ifrFb_body5(##M, G, r, s, z, i), a)
— a= (pi. i€ M A is_ifrFb_body5(##M, G, r, s, z,i)) for z
using If abs least_abs’[of Ai. (##M)(i) N is_ifrFb_body5(##M,G,r,8,2,0)

d
by simp
ultimately
have ze M = least(##M, Xi. i € M A is_ifrFb_body5(##M, G, r, s, z, i),
a)
> a = (p i ifrFb_body5(G, r, s, 2,i)) for z
by simp
}

with assms
show ?thesis
using pair_in_ M __iff apply_closed zero__in_ M transitivity[of __ A]
unfolding ifrangeF bodyd_def is_ifrangeF _bodys _def
by (auto dest:transM)
qed

lemma (in M__ZF1_trans) separation__ifrangeF _body5:

(HHM)(A) — (FEM)(G) —> (#HM)() — (HAM)() —

separation(## M, Ay. Jz€A. y = (z, pi. x € if _range F_else F(A\z. {za

€ G.z€uza}, b f, 1))

using separation_is_ifrangeF bodys ifrangeF body5__abs

separation__cong[where P=is__ifrangeF _body5(##M,A,G,b,f) and M=##M,THEN
iffD1]

unfolding ifrangeF _body5_defif range F _defif range F _else F _defifrFb_body5 def

by simp

definition ifrFb_ body6 where

ifrFb_body6(G,b,f,x,i) = x €

(if b = 0 then if i € range(f) then {peG . domain(p) = converse(f) * i} else 0
else {pe G . domain(p) = i})

relativize functional ifrFb_body6 ifrFb_body6 el
relationalize ifrFb_body6_rel is_ifrFb_body6

synthesize is_ifrFb_body6 from_ definition assuming nonempty
arity_ theorem for is ifrFb_body6_fm

ifrangeF_body6(M,A,G,b,f) = \y. Fz€A. y = (z,u i. ifrFb_body6(G,b,f,x,i))

relativize functional ifrangeF body6 ifrangeF _body6_rel
relationalize ifrangeF _body6__rel is_ifrangeF__body6
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synthesize is_ifrangeF _body6 from_ definition assuming nonempty
arity_ theorem for is_ifrangeF _body6__fm

lemma (in M_Z_trans) separation__is_ifrangeF _body6:
(#H#M)(A) = (##M)(G) = (##M)(r) = (##M)(s) = separation(##M,
is_ifrangeF_body6(##M,A,G r,s))
using separation__in__ctm|where po=is_ifrangeF _body6_fm(1,2,3,4,0) and env=[A,G,r,s|]
zero__in__ M arity_is _ifrangeF _body6__fm ord__simp__union is_ifrangeF _body6__fm _ type
by simp

lemma (in M_ basic) ifrF'b_body6_closed: M(G) = M(r) = M(s) = ifrFb_body6(G,
r, s, z, 1) «— M(i) A ifrFb_body6(G, r, s, x, i)
using If abs
unfolding ifrangeF _body6_defis ifrangeF body6__def ifrFb_body6__def fun__apply def
by (cases i€range(s); cases r=0; auto dest:transM)

lemma (in M_basic) is_ifrFb_body6_closed: M(G) = M(r) = M(s) =
is_ifrFb_body6(M, G, r, s, z, i) => M(%)

using If abs

unfolding ifrangeF _body6__defis_ifrangeF body6__defis_ifrFb_body6__def fun__apply def
by (cases i€range(s); cases r=0; auto dest:transM)

lemma (in M__ZF1_trans) ifrangeF_body6__abs:
assumes (##M)(A) (##M)(G) (##M)(r) (F#4#M)(s) (##M) ()
shows is_ifrangeF_body6(##M,A,G,r,s,x) <— ifrangeF_body6(##M,A,G,r,s,x)
proof -
{
fix a
assume aceM
with assms
have (u i. i€ M A is_ifrFb_body6(##M, G, r, s, z,1))= (u i. is_ifrFb_body6(##M,
G, r, s, 2, 1)) for z
using is_ifrFb_body6_closed[of G T s 2]
by (rule_tac Least_conglof \i. i€ M A is_ifrFb_body6(#+#M,G,r,s,2,1)])
auto
moreover
have (u i. i€M A is_ifrFb_body6(##M, G, r, s, z, ©))= (u i. i€M A
ifrFb_body6(G, r, s, z, 1)) if ze M for z
proof (rule_tac Least_conglof \i. i€ M A is_ifrFb_body6(##M,G,r,s8,2,i) Ai.
i€M A ifrFb_body6(G,r,s,2,0)])
fix y
from assms <aceM)> «zeM>
show ye M A is_ifrFb_bodyG(##M, G, r, s, z, y) «— yeM A ifrFb__body6(G,
T, 8, 2, y)
using If abs apply_ 0 separation__in__constant transitivity[of __ G]
separation__closed converse__closed apply closed range closed zero__in_ M
separation__cong[OF eq__commute, THEN iffD1,0F domain__eq__separation]
unfolding ifrFb_body6__def is_ifrFb__body6__def
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by auto
qed
moreover from <acM)
have least(##M, Xi. i € M A is_ifrFb_body6(##M, G, r, s, z, i), a)
— a= (pi. i€ M A is_ifrFb_body6(##M, G, r, s, z,i)) for z
using If abs least_abs’of Ai. (##M)(i) N is_ifrFb_body6(##M,G,r,s,2,0)

d
by simp
ultimately
have ze M = least(##M, Xi. i € M A is_ifrFb_body6(##M, G, r, s, z, i),
a)
+—— a = (p i ifrFb_body6(G, r, s, 2,i)) for z
using Least_cong[OF ifrFb_body6_closed|of G r s|| assms
by simp
}

with assms
show ?thesis
using pair_in_M__iff apply_closed zero__in_ M transitivity[of _ A]
unfolding ifrangeF _body6__def is_ifrangeF _body6__def
by (auto dest:transM)
qed

lemma (in M__ZF1_trans) separation_ifrangeF _body6:
(#H#M)(A) = (#H#M)(G) = (##M)(b) = (##M)(f) =

separation(## M,
Ay. Jz€A. y = (x, pi. x € if_range_F_else_F(Xa. {p € G . domain(p) =
at, b, f, 9)))

using separation_is_ifrangeF body6 ifrangeF _body6 __abs
separation__conglwhere P=is_ifrangeF _body6(##M,A,G,b.f) and M=##M, THEN
iff D1]
unfolding ifrangeF _body6_defif range F _defif range F else F _defifrFb_body6_ def
by simp

definition ifrFb__body7 where
ifrFb_body7(B,D,Ab.f,i) = = €
(if b = 0 then if i € range(f) then
{d € D . 3reA. restrict(r, B) = converse(f) ‘i A d = domain(r)} else 0
else {d € D . 3reA. restrict(r, B) = i A d = domain(r)})

relativize functional ifrFb_body7 ifrFb_body7 rel
relationalize ifrFb_body7 rel is_ifrFb__body7

synthesize is_ifrFb_body7 from__definition assuming nonempty
arity_theorem for is ifrFb_body7 fm
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ifrangeF_body7(M,A,B,D,G,b,f) = Ay. Jz€A. y = (z,p 3. ifrFb_body7(B,D,G,b.f,x,i))

relativize functional ifrangeF body7 ifrangeF _body7 rel
relationalize ifrangeF body7 rel is_ifrangeF body7

synthesize is_ifrangeF body7 from__definition assuming nonempty
arity_ theorem for is ifrangeF body7 fm

lemma (in M__Z_trans) separation__is_ifrangeF_body7:
(#AM)(A) = (##M)(B) = #AM)(D) —> (##M)(G) = (#4M)(r)
= (##M)(s) = separation(##M, is_ifrangeF _body7(##M,A,B,D,G,r,s))
using separation_in__ctm|where p=is ifrangeF _body7 fm(1,2,3,4,5,6,0) and
env=[A,B,D,G,r,s]|
zero__in__ M arity_is_ifrangeF _body7 _fm ord__simp__union is_ifrangeF _body7 fm_ type
by simp

lemma (in M_ basic) ifrF'b_body7 closed: M(B) = M(D) = M(G) = M(r)

= M(s) =
ifrFb_body7(B,D,G, r, s, x, i) +— M(i) N ifrFb_body7(B,D,G, r, s, x, i)

using If abs

unfolding ifrangeF _body7 defis ifrangeF body7 defifrFb_body7 def fun__apply def
by (cases i€range(s); cases r=0; auto dest:transM)

lemma (in M_basic) is_ifrFb_body7_closed: M(B) = M(D) = M(G) =
is_ifrFb_body7(M, B,D,G, r, s, x, i) = M(i)

using If abs

unfolding ifrangeF _body7 defis_ifrangeF body7 defis_ifrFb_body7 def fun__apply_def
by (cases i€range(s); cases r=0; auto dest:transM)

lemma (in M_ZF1_trans) ifrangeF_body7 _abs:
assumes (#4M)(A) (#4M)(B) (##M)(D) (##M)(G) (##M)(r) (#4M)(s)
(44M) ()
shows is_ifrangeF_body7(## M ,A,B,D,G,r,s,z) <— ifrangeF _body7(##M,A,B,D,G,r,s,x)
proof -
from assms
have sep_dr: ye M = separation(##M, Ad . IreM . reG N y = restrict(r,
B) A d = domain(r)) for y
by (rule_tac separation__conglwhere P'=\d . 3re M . reG A y = restrict(r,
B) A d = domain(r),THEN iffD1,0F _
separation__restrict_eq _dom__eq[rule_format,of G B y|],auto simp:transitivity|of
G))
from assms
have sep dr': ye M = separation(##M, \d . 3reM. r € G A d = domain(r)
A converse(s) ‘y = restrict(r, B)) for y
by (rule__tac separation__cong| THEN iffD1,0F __ separation__restrict_eq dom__eq[rule_ format,of
G B converse(s) ‘y ],
auto simp:transitivity[of _ G| apply__closed[simplified] converse__closed[simplified])
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{

fix a
assume aceM
with assms
have (u i. i€ M A is_ifrFb_body7(#+#M, B,D,G, r, s, z,1))= (p i. is_ifrFb_body7(#+#M,B,D,
G, r, s, 2 1)) for z
using is_ifrFb_body7 closed[of B D G r s z|
by (rule_tac Least_cong[of A\i. i€ M A is_ifrFb_body7(##M,B,D,G,r,s,z,i)])
auto
moreover from this
have (u i. i€ M A is_ifrFb_body7(##M, B,D,G, r, s, z, i))= (u i. i€M A
ifrFb_body7(B,D,G, r, s, z, 1)) if zée M for z
proof (rule_tac Least_conglof Ai. i€ M A is_ifrFb_body7(##M,B,D,G,r,s,z,i)
Ai. i€M A ifrFb_body7(B,D,G,r,s,2,i)])
from assms <aeM)> «zeM>
have is_ifrFb_body7(##M, B,D,G, r, s, z, y) «— ifrFb_body7(B,D,G, r,
s, z, y) if yeM for y
using If abs apply 0
separation__closed converse__closed apply_closed range_closed zero__in_ M
transitivity[of __ D] transitivity[of _ G| that sep__dr sep__dr"
unfolding ifrFb_body7 def is_ifrFb_body7 def
by auto
then
show y € M A is_ifrFb_body7(##M, B, D, G, r, s, 2z, y) «— y € M A
ifrFb_body7(B, D, G, r, s, z, y) for y
using conj_cong
by simp
qed
moreover from <aeM)
have least(##M, Xi. i € M A is_ifrFb_body7(##M, B,D,G, r, s, z, i), a)
—— a= (pi. i€ M A is_ifrFb_body7(##M,B,D,G, r, s, z,i)) for z
using If _abs least_abs’[of Ni. (##M) (i) A is_ifrFb_body7(##M,B,D,G,r,s,z,i)

d
by simp
ultimately
have ze M = least(##M, \i. i € M A is_ifrFb_body7(##M,B,D,G, r, s,
2, 1), a)
+— a = (p i ifrFb_body7(B,D,G, r, s, 2,)) for z
using Least_cong[OF ifrFb_body7 closed[of B D G r s|| assms
by simp
}

with assms
show ?thesis
using pair_in_ M __iff apply_closed zero__in_ M transitivity[of _ A]
unfolding ifrangeF_body7 def is_ifrangeF _body7 def
by (auto dest:transM)
qed

lemma (in M__ZF1_trans) separation__ifrangeF _body7:
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(HHM)(A) = (F4M)(B) — (AHM)(D) — (#4M)(G) = (HAM)(5) —
(HHM)(f) =
separation(## M,
Ay. Jz€A. y={x, pi. x € if _range_F _else_ F(drSR_Y (B, D, G), b, f, 7)))
using separation_is_ifrangeF _body7 ifrangeF _body7 abs drSR__Y _equality
separation__conglwhere P=is_ifrangeF _body7(##M,A,B,D,G,b.f) and M=##M, THEN
iffD1]
unfolding ifrangeF _body7 defif range F _defif range F _else F _defifrFb_body7 def
by simp

definition omfunspace :: [i,i] = o where
omfunspace(B) = Az. Jz. In€w. z€x A © = n—B
relativize functional omfunspace omfunspace_rel
relationalize omfunspace rel is _omfunspace
synthesize is _omfunspace from__definition assuming nonempty
arity_ theorem for is omfunspace_fm

context M pre seqspace
begin

is_ iff rel for omfunspace
using is_function__space__iff
unfolding omfunspace_rel def is _omfunspace_def
by (simp add:absolut)

end — M _pre_segspace

context M ZF1 trans
begin

lemma separation__omfunspace:
assumes (##M)(B)
shows separation(##M, \z. Jz[##M]. In[#H#M]. ncwAzex Az =n—-M
B)
using assms separation__in__ctm[where env=[B] and p=is__omfunspace_fm(1,0)
and Q=is_omfunspace(##M,B))
nonempty is_omfunspace_iff[of B, THEN separation__cong, of ##M)|
arity__is_omfunspace__fm is_omfunspace_fm__type
unfolding omfunspace rel def
by (auto simp add:ord__simp__union)

end — M ZF1 trans

sublocale M ZF1 trans C M_seqspace ##M
using separation__omfunspace by unfold locales

definition cdltgamma :: [i,i] = o where

cdltgamma(y) = A\Z . |Z] <~
relativize functional cditgamma cdltgamma__rel
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relationalize cdltgamma_ rel is_cdltgamma
synthesize is cdltgamma from__definition assuming nonempty
arity__theorem for is cdltgamma_ fm

definition cdeggamma :: [i{] = o where
cdeqgamma = \Z . |fst(Z)| = snd(Z)
relativize functional cdeggamma cdeqgamma_ rel
relationalize cdeqgamma_ rel is__cdeqgamma
synthesize is_cdeqggamma from__definition assuming nonempty
arity__theorem for is cdeggamma_ fm

context M Perm
begin

is_ iff rel for cditgamma
using is_cardinal _iff
unfolding cdltgamma_ rel def is_cdltgamma__def
by (simp add:absolut)

is_ iff rel for cdeqgamma
using is_cardinal iff fst_rel _abs snd_rel abs
unfolding cdeqgamma_ rel_def is _cdeqgamma__def
by (auto simp add:absolut)

lemma is_cdeqgamma__iff split: M(Z) = cdeqgamma_rel(M, Z) +— (Mz,y).
2™ = y)(2)

using fst_rel abs snd_rel abs

unfolding cdeqgamma__rel_def split_def

by simp

end

context M ZF1 trans
begin

lemma separation__cdltgamma:

assumes (##M)(7)

shows separation(## M, N\Z . cardinal_rel(##M,Z) < )

using assms separation_in__ctm[where env=[y] and ¢=is_cdltgamma_ fm(1,0)
and Q=cdltgamma__rel(## M )]

nonempty is__cdltgamma__iff[of 7] arity_is_cdltgamma__fm is_cdltgamma_ fm_ type

unfolding cdltgamma_ rel def

by (auto simp add:ord__simp__union)

lemma separation__cdeqgamma:
shows separation(## M, NZ. (MN(z,y) . cardinal_rel(##M,z) = y)(Z))
using separation__in__ctm[where env=[] and p=is_cdeqgamma__fm(0)
and Q=cdeqgamma__rel(##M)] is_cdeqgamma__iff _split
nonempty is__cdeqgamma__iff arity_is__cdeqgamma__fm is__cdeggamma__fm__type
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separation__cong|OF is__cdeqgamma__iff _split, of #+# M)
unfolding cdeqgamma__rel_def
by (simp add:ord__simp__union)

end — M _ZF1 trans

end

9 Further instances of axiom-schemes

theory ZF Trans Interpretations
imports
Internal _ZFC _Axioms
Replacement__Instances

begin

locale M ZF2 = M ZF1 +
assumes
replacement__ax2:
replacement__assm(M ,env,ordtype replacement_ fm)
replacement__assm (M env,wfrec__ordertype_ fm)
replacement__assm(M env,wfrec_ Aleph_ fm)
replacement__assm(M env,omap_replacement__fm)

definition instances2_fms where instances2_fms =
{ ordtype__replacement__fm,
wfrec__ordertype_ fm,
wfrec__Aleph__fm,
omap__replacement__fm }
lemmas replacement_instances2_defs =
ordtype__replacement_ fm__def wfrec__ordertype fm__ def
wfrec__Aleph__fm__def omap _replacement_fm,__def
declare (in M__ZF2) replacement__instances2__defs [simp]
locale M ZF2 trans = M_ZF1 trans + M_ZF2
locale M ZFC2 = M _ZFC1 + M_ZF2
locale M ZFC2 trans = M_ZFC1_trans + M_ZF2 trans + M _ZFC2
locale M ZF2 ground _notCH = M_ZF2 + M_ZF ground_ notCH

locale M__ZF2 ground_notCH trans= M_ZF2 trans+ M__ZF2 _ground_notCH
+ M_ZF ground_notCH_trans

locale M ZFC2 ground_mnotCH = M_ZFC2 + M__ZF2_ground_notCH
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locale M ZFC2_ground_notCH trans= M_ZFC2 trans + M__ZFC2 ground_notCH
4+ M_ZF2 ground_mnotCH_trans

locale M__ZFC2_ground_CH_trans = M_ZFC2__ground_notCH__trans + M__ZF ground_ CH__trans
locale M_ctm2 = M_ctm1 + M_ZF2 ground_mnotCH_trans

locale M__ctm2 AC =M _ctm2+ M_ctmil_AC+ M_ZFC2_ground_notCH _trans

locale M_ctm2_ _AC_CH = M_ctm2_AC + M_ZFC2_ground_CH__trans

lemmas (in M_ZF1_trans) separation_instances =
separation__well _ord__iso
separation__obase__equals separation__is obase
separation_ PiP__rel separation_surjP__rel
separation_radd_body separation__rmult_body

context M ZF2 trans
begin

lemma replacement_HAleph__wfrec_repl _body:
BeM = strong_replacement(#+#M, HAleph_wfrec_repl_body(#+#M,B))
using strong_replacement_rel_in__ctm[where o=HAleph_ wfrec_repl _body_fm(2,0,1)
and env=[B]]
zero__in_ M arity_HAleph__wfrec_repl _body__fm replacement__ax2(3) ord__simp__union
by simp

lemma HAleph wfrec_repl:
(4 M) (s0) —

(##M)(esa) =

(44 M)(mesa) —>

strong__replacement

(H#M,

Az z. Fy[H#H#M].

pair(#H#M, x, y, z) A
(3 Fl## M)
(¥ <l M),
z € f+—
3zl M)
3y M),
Jzaa[##M)].
3 sz[##M].
Ir_sx[##M].
If r_sx[##M].
pair(##HM, za, y, z2) A
pair(##M, za, z, zaa) A
upair(##M, xa, za, st) A
pre_image(##M, mesa, st, r_sx) A
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restriction(#H#M, f, r_sz, f r_sx) A\ xaa € mesa N is_HAleph(## M, za, f_1_sz,

y)) A
is_HAleph(##M, z, f, y)))
using replacement_HAleph__wfrec__repl body unfolding HAleph_wfrec_repl body def
by simp

lemma replacement_is _order _eq map:

AeM = reM = strong_replacement(#+#M, order _eq map(##M,A,r))

using strong_replacement_rel_in_ ctm|where p=order_eq _map_fm(2,3,0,1)
and env=[A,r] and f=order_eq map(#H#M,A,r)]

order_eq_map_iff _satsjwhere env=[_, ,A,r]] zero_in_M fst_snd_closed
pair_in_ M __iff
arity_order_eq _map_ fm ord_simp__union replacement__az2(4)
by simp

end — M _ZF2 trans

definition omap_ wfrec body where
omap_wfrec_body(A,r) = (-3-image_fm(2, 0, 1) A pred_set_fm(A #+ 9, 3, r

lemma type__omap__wfrec_body_fm :A€nat => renat => omap_ wfrec_ body(A,r)€ formula
unfolding omap_wfrec__body_def by simp

lemma arity _auz : A€nat = reénat = arity(omap_ wfrec_body(A,r)) = (9+,A4)
U (9+.,7)

unfolding omap wfrec_body def

using arity image_fm arity_pred_set_fm pred_Un_ distrib union__abs2[of 3]
union__absl

by (simp add:FOL__arities, auto simp add:Un__assoc[symmetric] union__absl)

lemma arity__omap_wfrec: A€nat — renat —
arity(is_wfrec_fm(omap_wfrec_body(A,r),succ(succ(suce(r))), 1, 0)) =
(4+oA) U (4+wr)
using Arities.arity_is_wfrec_fm[OF
pred__ Un__distrib
union__absl union__abs2 type__omap_wfrec_body_fm
by auto

arity_auz,of A v 3+,r 1 0

lemma arity_isordermap: A€nat = reénat = denat—
arity(is_ordermap_ fm(A,r,d)) = succ(d) U (succ(A) U suce(r))
unfolding is ordermap_ fm_ def

using arity_lambda__fm[where i=(4+,4) U (4+,7),0F _ _____ arity_omap__wfrec,
unfolded omap__wfrec_body_def] pred_Un__distrib union__absl
by auto

lemma arity is ordertype: A€nat = renat = denat—
arity(is_ordertype_ fm(A,r,d)) = succ(d) U (succ(A) U suce(r))
unfolding is_ordertype_fm__def
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using arity_isordermap arity image_fm pred_ Un_ distrib FOL__arities
by auto

lemma arity_is_order_body: arity(is_order_body_fm(1,0)) = 2
using arity_is order_ _body_fm arity_is ordertype ord__simp__union
by (simp add:FOL__arities)

lemma (in M__ZF2 trans) replacement_is_order__body:
strong__replacement(#H#M, Az z . Jy[#H#M]. is_order_body(#H#M,x,y) N z =
(z,9))

apply(rule_tac strong_replacement _cong|
where P=\ z f. M [z,f] = (-3 -is_order_body fm(1,0) A pair_fm(1,0,2)
), THEN iffD1])
apply(simp add: is_order_body_iff sats[where env=[_,_|,symmetric])
apply(simp__all add:zero_in_ M)
apply(rule_tac replacement__az2(1)[unfolded replacement _assm__def, rule_format,
where env=[],simplified])
apply(simp__all add:arity_is_order__body arity pred__Un__distrib ord__simp__union)
done

definition H order pred where
H_order_pred(A,r) = Az f . f* Order.pred(A, z, r)

relationalize H order pred is H order pred

lemma (in M_basic) H_order_pred_abs :
M(A) = M(r) = M(z) = M(f) = M(z) =
is _H_order_pred(M,A,r,xz.f,z) «— z = H_order_pred(A,r,z,f)
unfolding is H order_ pred_def H order pred_ def
by simp

synthesize is H order pred from_ definition assuming nonempty

lemma (in M__ZF2_trans) wfrec_replacement_order _pred:
AeM = re M = wfrec_replacement(##M, Az g z. is_H_order_pred(## M ,A,r,x,9,2)
) T)
unfolding wfrec_replacement__defis _wfrec_def M__is_recfun_defis H _order pred def
apply(rule_tac strong_replacement _cong|
where P=X\ z f. M,[z.f,r,A] = order_pred_wfrec_body_fm(3,2,1,0),THEN
iffD1))
apply (subst order_pred__wfrec_body__def[symmetric])
apply (rule_tac order_pred_wfrec__body__iff _satsjwhere env=[_,_,r,A],symmetric])
apply(simp__all add:zero_in_ M)
apply(rule_tac replacement__az2(2)[unfolded replacement__assm__def, rule_format,
where env=[r,A],simplified])
apply(simp__all add: arity_order_pred_wfrec_body_fm ord_simp__union)
done
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lemma (in M_ZF2_trans) wfrec_replacement order _pred”:
AeM = re M = wfrec_replacement(##M, A\x g z. z= H_order_pred(A,r,z,q)
, T)
using wfrec__replacement__cong|OF H__order_pred__abs[of A r,rule_format] refl, THEN
iffD1,
OF wfrec__replacement__order _pred[of A 1)

sublocale M_ZF2 trans C M_pre_ cardinal__arith ##M
using separation__instances wfrec_replacement__order_pred’[unfolded H__order_pred _def)
replacement__is__order_eq_maplunfolded order_eq _map__def]
by unfold_locales simp__all

definition is_well _ord_fst snd where
is_well _ord_fst_snd(A,x) = (FalA]. Fb[A]. is_well_ord(A,a,b) A is_snd(4, z,
b) A is_fst(A, z, a))

synthesize is_well ord_fst _snd from__definition assuming nonempty
arity__theorem for is well ord_fst _snd_fm

lemma (in M_ZF2 trans) separation_well _ord: separation(#4#M, \x. is_well _ord(#+#M fst(x),
snd(z)))
using arity_is_well_ord_fst_snd_fmis_well _ord_iff sats[symmetric] nonempty
fst__closed snd__closed fst__abs snd__abs
separation__in__ctm[where env=[] and p=is_well_ord_fst_snd_fm(0)]
by (simp__all add: is_well _ord_fst_snd_def)

sublocale M ZF2 trans C M_pre_aleph ##M
using HAleph__wfrec__repl replacement_is_order _body
separation__well__ord separation_ Pow rel
by unfold_locales (simp__all add: transrec__replacement__def
wfrec__replacement__def is_wfrec_def M_is_recfun_ def flip:setclass_iff)

arity_theorem intermediate for is HAleph_fm
lemma arity_is_HAleph_fm: arity(is_HAleph_fm(2, 1, 0)) = 3
using arity_fun__apply_fm[of 11 0 1,simplified)

arity_is HAleph fm' arity ordinal _fm arity is If fm
arity__empty__fm arity_is_Limit_fm
arity_is _If fm
arity_is_Limit_fm arity__empty_fm
arity_Replace_fm[where i=12 and v=10 and n=35]
pred__Un__distrib ord__simp__union

by (simp add:FOL__arities)
lemma arity_is_Aleph[arity]: arity(is_Aleph_fm(0, 1)) = 2

unfolding is_Aleph_fm_ def
using arity transrec_fm[OF _ __ _ _ arity_is_HAleph_fm] ord_simp_union
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by simp

definition bex_Aleph_rel :: [i=0,i,i] = o where
bex_Aleph_rel(M,z) = \y. 3z€x. y = X, M

relationalize bex Aleph el is bex Aleph

schematic__goal sats is bex_Aleph fm __auto:
a € nat = ¢ € nat = env € list(A) =
a < length(env) = ¢ < length(env) = 0 € A =
is_bex_ Aleph(#4#A, nth(a, env), nth(c, env)) +— A, env = ?fm(a, ¢)
unfolding is bex Aleph def
by (rule iff sats | simp)+

synthesize_ notc is_bexr Aleph from__schematic

lemma is_bex_Aleph_fm_ type [TC):
T E€Ew=— 2z €w=>1s_bex Aleph_fm(z, z) € formula
unfolding is bex Aleph fm_ def by simp

lemma sats_is bex Aleph_fm:
r e w—
z € w =1z < length(env) = z < length(env) =
env € list(Aa) =
0€ As =
(Aa, env |= is_bex_Aleph_fm(z, 2z)) +—
is_bex_ Aleph(#4 Aa,nth(z, env), nth(z, env))

using sats_is bex Aleph fm__auto unfolding is bex Aleph defis bex Aleph fm__ def

by simp

lemma is_bex_Aleph_iff sats [iff _sats]:
nth(z, env) = xa =
nth(z, env) = za =
e w—
z € w= 1z < length(env) = z < length(env) =
env € list(Aa) =
0 € Ao =
is_bex_Aleph(#+4 Aa, za, za) +—
Aa, env | is_bex Aleph fm(x, 2)

using sats _is_bex_Aleph_fm by simp

arity__theorem for is bex Aleph_fm

lemma (in M_ZF1_trans) separation_is_bex_ Aleph:
assumes (##M)(A)
shows separation(## M,is_bex_Aleph(##M, A))
using assms separation__in__ctm[where env=[A] and p=is_bex_Aleph_fm(1,0),
OF _ _ __is_bex_Aleph_iff _sats[symmetric],
of \_.A]
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nonempty arity_is bex_Aleph_fm is_bex_Aleph_ fm_ type
by (simp add:ord__simp__union)

lemma (in M_pre_aleph) bex_Aleph_rel abs:
assumes Ord(u) M(u) M(v)
shows is_bex_Aleph(M, u, v) +— bex_Aleph_rel(M u,v)
unfolding is bex Aleph def bex_ Aleph rel def
using assms is_ Aleph__iff transM[of __ u] Ord_in_ Ord
by simp

lemma (in M__ZF2_trans) separation_bex_Aleph_ rel:
Ord(z) = (##M)(z) = separation(##M, bex_ Aleph_rel(##M,x))
using separation_is_bex_ Aleph bex_Aleph_rel _abs
separation__cong|where P=is_bex_ Aleph(##M,z) and M=#+#M,THEN iffD1]
unfolding bex Aleph_rel def
by simp

sublocale M ZF2 trans C M __aleph ##M
using separation__bex_ Aleph_rel[unfolded bex_ Aleph rel def]
by unfold_locales

sublocale M ZF1 trans C M_FiniteFun ##M
using separation__is_function separation__omfunspace
by unfold_locales simp

sublocale M ZFC2 trans C M_cardinal_AC #+#M
using lam__replacement__minimum
by unfold_locales simp

lemma (in M__ZF1_trans) separation__cardinal_rel lesspoll rel:
(##M)(r) = separation(##M, \z. z <M k)
using separation_in_ctm[where p=( -0 < - ) and env=[k]]
1s__lesspoll_iff nonempty
arity_is__cardinal__fm arity_is lesspoll _fm arity is bij fm ord__simp_union
by (simp add:FOL__arities)

sublocale M ZFC2 trans C M_library ##M
using separation__cardinal__rel_lesspoll rel lam__replacement__minimum
by unfold_locales simp__all

locale M ZF3 = M ZF2 +
assumes
ground__replacements3:
ground__replacement__assm(M,env,ordtype_replacement_ fm)
ground__replacement__assm(M ,env,wfrec__ordertype_fm)
ground__replacement__assm(M env,eclose__abs_fm)
ground__replacement__assm(M env,wfrec__rank__fm)
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ground__replacement__assm(M env,transrec_ VErom__fm)
ground__replacement__assm(M env,eclose__closed_fm)
ground__replacement__assm(M ,env,wfrec_ Aleph_ fm)
ground__replacement__assm(M env,omap__replacement_fm)

definition instances3_fms where instances3_fms =

{ ground_repl_fm(ordtype replacement_fm),
ground__repl_ fm(wfrec__ordertype_ fm),
ground__repl_fm(eclose_abs_fm),
ground__repl_fm(wfrec__rank_fm),
ground__repl_fm(transrec_ VFrom_ fm),
ground__repl_fm(eclose__closed_fm),
ground__repl_fm(wfrec__Aleph_fm),
ground__repl_fm(omap__replacement_fm) }

This set has 8 internalized formulas, corresponding to the total count of pre-
vious replacement instances (apart from those 5 in instances_ground_fms
and instances__ground_notCH__fms, and dc__abs_fm).

definition overhead where
overhead = instancesl _fms U instances__ground_ fms

definition overhead notCH where
overhead_notCH = overhead U instances2_fms U
instances3__fms U instances__ground_notCH__fms

definition overhead CH where
overhead CH = overhead_notCH U { dc_abs_fm }

Hence, the “overhead” to create a proper extension of a ctm by forcing
consists of 7 replacement instances. To force —CH, 21 instances are need,
and one further instance is required to force CH.

lemma instances2_fms_type| TC| : instances2_fms C formula
unfolding instances2 fms_def replacement_instances2_defs
by (auto simp del: Lambda_in_M _fm_ def)

lemma overhead_type: overhead C formula
using instancesl__fms_type instances _ground_ fms_type
unfolding overhead_ def replacement_instancesl__defs
by simp

lemma overhead_notCH__type: overhead_notCH C formula
using overhead__type
unfolding overhead_notCH _def rec_constr _abs_fm__def
rec__constr_fm__def instances _ground_notCH_fms_def
instances2__fms_def instances3_fms_def
by (auto simp: replacement_instances1__defs
replacement__instances2_defs simp del: Lambda_in_M_fm_ def)

lemma overhead_ CH _type: overhead_CH C formula
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using overhead notCH _type unfolding overhead CH_def dc_abs_fm_ def
by auto

locale M ZF38 trans = M_ZF2 trans + M_ZF3

locale M ZFC3 = M ZFC2 + M _ZF3

locale M ZFC3 trans = M_ZFC2_ trans + M__ZF3 trans + M__ZFC3
locale M _c¢tm3 = M _ctm2 + M _ZF3 trans

locale M ctm8 AC = M _ctm3 + M_ctml _AC + M_ZFC3_trans

lemma M_satT _imp M_ZF2: (M | ZF) = M_ZF1(M)
proof -
assume M E ZF
then
have fin: upair_az(##M) Union__ax(##M) power _az(H##M)
extensionality(## M) foundation ax(##M) infinity _ax(#H#M)
unfolding ZF def ZF _fin_def ZFC _fm_ defs satT _def
using ZFC_fm__sats[of M] by simp__all
{
fix ¢ env
assume @ € formula envelist(M)
moreover from «M = ZF»
have V peformula. (M, [| |E (ZF_separation_fm(p)))
YV peformula. (M, || E (ZF_replacement_fm(p)))
unfolding ZF def ZF schemes def by auto
moreover from calculation
have arity(¢) < succ(length(env)) = separation(##M, Az. (M, Cons(z, env)

= )
arity(p) < succ(succ(length(env))) = strong_replacement(##HM Nz y.
sats(M p,Cons(z,Cons(y, env))))
using sats ZF separation_ fm__iff sats ZF replacement_fm_ iff
unfolding replacement__assm__def by simp_all
}
with fin
show M_ZF1(M)
by unfold_locales (simp__all add:replacement__assm__def ground__replacement__assm__def)
qed

lemma M satT imp M ZFC1:
shows (M = ZFC) — M_ZFC1(M)
proof -
have (M = ZF) A choice_ax(##M) — M_ZFC1(M)
using M_satT _imp_M_ZF2[of M]
unfolding M ZFC1 _def M__ZC basic_def M__ZF1 def M__AC _def
by auto
then
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show ?thesis
unfolding ZFC def by auto
qed

lemma M satT instancesl imp M ZF1.
assumes (M = -Z- U {-Replacement(p)- . p € instancesl_fms })
shows M_ZF1(M)
proof -

from assms

have fin: upair_ax(##M) Union_ax(##M) power _ax(##M)
extensionality(##M) foundation _ax(##M) infinity _ax(#H#M)
unfolding ZF fin_def Zermelo_fms def ZFC _fm_ defs satT def
using ZFC_fm_sats[of M| by simp__all

moreover

{
fix ¢ env
from <M = -Z- U {-Replacement(p)- . p € instancesl_fms }>
have V peformula. (M, [| |= (ZF_separation_fm(p)))

unfolding Zermelo_fms def ZF def instancesl _fms_def
by auto

moreover

assume ¢ € formula envelist(M)

ultimately

have arity(p) < succ(length(env)) = separation(##M, A\z. (M, Cons(z, env)

E )

using sats ZF separation_ fm__iff by simp_all
}

moreover
{
fix ¢ env
assume ¢ € instancesl__fms envelist(M)
moreover from this and <M = -Z- U {-Replacement(p)- . p € instancesl__fms

have M, [| = -Replacement(y)- by auto
ultimately
have arity(p) < succ(succ(length(env))) = strong_replacement(## M,z y.
sats(M p,Cons(z,Cons(y, env))))
using sats_ZF _replacement__fm,__iff[of ¢] instancesl_fms_type
unfolding replacement__assm__def by auto
}
ultimately
show ?thesis
unfolding instancesl_fms_def
by unfold_locales (simp__all add:replacement__assm__def ground__replacement__assm__def)
qed

theorem M _satT imp M ZF ground_ trans:

assumes Transset(M) M = -Z- U {-Replacement(p)- . p € overhead}
shows M_ZF ground_trans(M)
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proof -
from <M = -Z- U _»
have M | -Z- U { Replacement(p)- . p € instancesl _fms }
M = {-Replacement(p)- . p € instances__ground_fms }
unfolding overhead__def by auto
then
interpret M_ZF1 M
using M_satT instancesl_imp_ M ZF1
by simp
from < Transset(M)»
interpret M ZF1_trans M
using M_satT imp M ZF2
by unfold_locales
{
fix ¢ env
assume @ € instances__ground_ fms envelist(M)
moreover from this and «M = {-Replacement(p)- . p € instances__ground_ fms}>
have M, [| & -Replacement(yp)- by auto
ultimately
have arity(p) < succ(succ(length(env))) = strong_replacement(## M Az y.
sats(M p,Cons(z,Cons(y, env))))
using sats ZF _replacement_fm__iff[of | instances_ground_ fms_type
unfolding replacement__assm__def by auto
}
then
show ?thesis
unfolding instances ground_fms_def
by unfold_locales (simp__all add:replacement _assm__def)
qed

theorem M _satT imp_ M _ZF ground_ notCH trans:
assumes
Transset(M)
M = -Z- U {-Replacement(p)- . p € overhead_notCH}
shows M_ZF ground notCH__trans(M)
proof -
from assms
interpret M_ZF ground_trans M
using M satT imp M ZF ground_trans unfolding overhead notCH _def
by force
{
fix ¢ env
assume @ € instances__ground_notCH_fms env€list(M)
moreover from this and assms
have M, [| = -Replacement(yp)-
unfolding overhead_notCH__def by auto
ultimately
have arity(p) < succ(succ(length(env))) = strong_replacement(## M Az y.
sats(M ,p,Cons(z,Cons(y, env))))
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using sats ZF _replacement_fm__iff[of ] instances _ground_notCH__fms_type
unfolding replacement__assm__def by auto
}
then
show ?thesis
by unfold_locales (simp__all add:replacement__assm__def instances _ground_notCH__fms_def)
qed

theorem M _satT imp_ M ZF ground CH_ trans:
assumes
Transset(M)
M = -Z- U {-Replacement(p)- . p € overhead_CH }
shows M_ZF ground_CH_trans(M)
proof -
from assms
interpret M_ZF ground_notCH_trans M
using M__satT _imp_M_ZF ground notCH _trans unfolding overhead_CH__def
by auto
{
fix env
assume env € list(M)
moreover from assms
have M, [| = -Replacement(dc_abs_fm)-
unfolding overhead_CH__def by auto
ultimately
have arity(dc_abs_fm) < succ(succ(length(env)))
= strong_replacement(#H#HM Nz y. sats(M,dc_abs_fm,Cons(z,Cons(y,
env)))
using sats_ZF replacement_fm_iff[of dc__abs fm]
unfolding replacement__assm__def
by (auto simp:dc__abs_fm__def)

then
show ?thesis
by unfold_locales (simp__all add:replacement _assm__def)
qed

lemma (in M_Z basic) M_satT _Zermelo _fms: M = -Z-
using upair_azx Union__ax power ax extensionality foundation ax
infinity__ax separation__ax sats _ZF separation_ fm_ iff
unfolding Zermelo_fms def ZF _fin_def
by auto

lemma (in M_ZFC1) M_satT _ZC: M = ZC
using upair_ax Union__ax power__ax extensionality foundation__ax
infinity__ax separation__ax sats ZF separation__fm__iff choice_ax
unfolding ZC' def Zermelo_fms def ZF _fin_ def
by auto
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locale M ZF = M 7 basic +
assumes
replacement__az:replacement__assm(M ,env,p)

sublocale M ZF C M _ZF3
using replacement__ax
by unfold_locales (simp__all add:ground_replacement__assm__def)

lemma M_satT _imp M_ZF: M | ZF = M_ZF(M)
proof -
assume M = ZF
then
have fin: upair_az(##M) Union__ax(##M) power _az(H##M)
extensionality(## M) foundation _ax(##M) infinity__ax(#H#M)
unfolding ZF def ZF _fin_def ZFC _fm_ defs satT _def
using ZFC_fm__sats[of M] by simp__all
{
fix ¢ env
assume @ € formula envelist(M)
moreover from <M = ZF»
have V peformula. (M, [| |E (ZF_separation_fm(p)))
Y peformula. (M, [| E (ZF _replacement_fm(p)))
unfolding ZF def ZF schemes def by auto
moreover from calculation
have arity(¢) < succ(length(env)) = separation(##M, Az. (M, Cons(z, env)

= )
arity(p) < succ(succ(length(env))) = strong_replacement(##HM Nz y.
sats(M ,p,Cons(z,Cons(y, env))))
using sats ZF separation_ fm__iff sats ZF replacement_fm__iff
unfolding replacement__assm__def by simp_all
}
with fin
show M_ZF(M)
unfolding M ZF def M 7 basic_def M_ZF axioms_def replacement__assm__def
by simp
qed

lemma (in M_ZF) M_satT_ZF: M = ZF
using upair_azx Union__ax power ax extensionality foundation ax
infinity__ax separation__ax sats _ZF separation_ fm_ iff
replacement__ax sats _ZF replacement_fm_ iff
unfolding ZF def ZF schemes def ZF _fin_ def replacement _assm__def
by auto

lemma M _ZF iff M satT: M_ZF(M) «— (M = ZF)
using M ZF.M_satT ZF M_satT _imp_ M ZF
by auto

locale M ZFC = M _ZF + M_ZC basic
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sublocale M ZFC C M ZFCS8
by unfold_locales

lemma M ZFC iff M satT:
notes iff trans[trans
shows M ZFC(M) <— (M = ZFC)
proof -
have M_ZFC(M) +— (M | ZF) A choice_ax(##M)
using M ZF iff M satT
unfolding M ZFC _def M_ZC _basic_def M_AC _def M_ZF _def by auto
also
have ... +— M = ZFC
unfolding ZFC def by auto
ultimately
show ?thesis by simp
qed

lemma M_satT _imp M_ZF3: (M &= ZF) — M_ZF3(M)
proof
assume M = ZF
then
interpret M_ZF M
using M_satT _imp M ZF by simp
show M_ZF3(M)
by unfold_locales
qged

lemma M satT imp M ZFCS:
shows (M |= ZFC) — M_ZFC3(M)
proof
assume M = ZFC
then
interpret M ZFC M
using M ZFC iff M_satT by simp
show M_ZFC3(M)
by unfold_locales
qed

lemma M _satT overhead_imp M ZFS3:
(M = ZC U {-Replacement(p)- . p € overhead_notCH}) — M _ZFC3(M)
proof
assume M | ZC U {-Replacement(p)- . p € overhead_notCH}
then
have fin: upair _ax(##M) Union__ax(#H#M) power _az(## M) choice_ax(H##M)
extensionality(## M) foundation ax(##M) infinity _ax(#H#M)
unfolding ZC def ZF _fin_def Zermelo_fms def ZFC _fm_ defs satT _def
using ZFC_fm__sats[of M] by simp__all
moreover
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fix ¢ env
from <M |= ZC U {-Replacement(p)- . p € overhead notCH }»
have V peformula. (M, [| |E (ZF_separation_fm(p)))
unfolding ZC def Zermelo_fms_def ZF _def by auto
moreover
assume ¢ € formula envelist(M)
ultimately
have arity(¢) < succ(length(env)) = separation(##M, Az. (M, Cons(z, env)

=)

using sats ZF _separation_ fm__iff by simp_all
}

moreover
{
fix ¢ env
assume ¢ € overhead_notCH envelist(M)
moreover from this and <M |= ZC U {-Replacement(p)- . p € overhead_notCH}»
have M, [| = -Replacement(y)- by auto
ultimately
have arity(p) < succ(succ(length(env))) = strong_replacement(## M Az y.
sats(M p,Cons(z,Cons(y, env))))
using sats ZF _replacement_fm__iff[of @] overhead notCH__type
unfolding replacement__assm__def by auto

}

ultimately
show M__ZFC3(M)
unfolding overhead__def overhead_notCH__def instances1__fms_def
instances2__fms_def instances3_fms__def
by unfold_locales (simp__all add:replacement__assm__def ground__replacement__assm__def)
qed

end

10 Transitive set models of ZF

This theory defines locales for countable transitive models of ZF, and on
top of that, one that includes a forcing notion. Weakened versions of both
locales are included, that only assume finitely many replacement instances.

theory Forcing Data
imports
Forcing _Notions
Cohen__Posets Relative
ZF _Trans Interpretations
begin

no__notation Aleph («X_» [90] 90)
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10.1 A forcing locale and generic filters

Ideally, countability should be separated from the assumption of this locale.
The fact is that our present proofs of the “definition of forces” (and many
consequences) and of the lemma for “forcing a value” of function unneces-
sarily depend on the countability of the ground model.

locale forcing datal = forcing mnotion + M__ctml1 +
assumes P_in_M: Pe M
and leq in_M: leg e M

locale forcing data2 = forcing datal + M__ctm2 AC
locale forcing data3 = forcing data2 + M__ctm8_ AC

context forcing datal
begin

lemma P sub M :PC M
using transitivity P_in_ M by auto

definition
M __generic :: i=o0 where
M__generic(G) = filter(G) A (VDeM. DCP A dense(D)— DNG#0)

declare iff trans [trans]

lemma M _generic_imp_ filter[dest]: M__generic(G) = filter(G)
unfolding M _generic_def by blast

lemma generic_ filter _existence:
peEP = I G. peG N M__generic(G)
proof -
assume pelP
let ?D=Anenat. (if (enumnCP A dense(enum‘n)) then enum‘n else P)
have V nenat. ?Dn € Pow(P)
by auto
then
have ?D:nat— Pow(P)
using lam_ type by auto
have V nenat. dense(?D*n)
proof(intro balll)
fix n
assume nenat
then
have dense(?D‘n) «— dense(if enum‘n C P A dense(enum‘n) then enum‘n
else P)
by simp
also
have ... «+— (—(enum‘n C P A dense(enum‘n)) — dense(P))
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using split_if by simp
finally
show dense(?D‘n)
using P_dense (n€naty by auto
qed
with «?Dc_»
interpret cg: countable_generic P leq 1 2D
by (unfold_locales, auto)
from («peP»
obtain G where I: pe G A filter(G) A (Vnenat.(?D‘n)NG#0)
using cg.countable_rasiowa__sikorskilwhere M=A_. M] P_sub_M
M__countable[ THEN bij _is_fun] M_countablefTHEN bij is_surj, THEN
surj_rangel
unfolding cg.D__generic__def by blast
then
have (V DeM. DCP A dense(D)— DNG#£0)
proof (intro balll impI)
fix D
assume DeM and 2: D C P A dense(D)
moreover
have VyeM. Fzenat. enum‘z=y
using M countable and bij_is_surj unfolding surj def by (simp)
moreover from calculation
obtain n where Fq10: n€nat A enum‘n = D
by auto
moreover from calculation if P
have ?D‘n = D
by simp
moreover
note 1
ultimately
show DNG#£0
by auto
qed
with 1
show ?thesis
unfolding M generic_def by auto
qed

lemma one_in_ M:1 € M
using one_in_ P P_in_ M transitivity
by simp
declare P_in_M [simp,intro]
declare one_in_ M [simp,intro]
declare leq _in_M [simp,intro]

declare one_in_ P [intro]

end — forcing datal
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locale G__genericl = forcing_datal +

fixes G :: i
assumes generic : M__generic(Q)
begin

lemma G_nonempty: G#£0
using generic subset_refllof P| P_dense
unfolding M _generic_def
by auto

lemma M _genericD [dest]: 1€ G = z€P
using generic
by (blast dest:filterD)

lemma M__generic_leqD [dest]: pe G = ¢€P — p=q = ¢€G
using generic

by (blast dest:filter legD)

lemma M _generic_compatD [dest]: peG = reG = J¢€G. ¢=p A ¢=r
using generic
by (blast dest:low__bound__filter)

lemma M _generic_denseD [dest]: dense(D) = DCP — DeM —> J¢q€G. ¢€D
using generic
unfolding M _generic_def by blast

lemma G _subset P: GCP
using generic by auto

lemma one in G:1¢€ G
proof -
have increasing(G)
using generic
unfolding M generic_def filter _def by simp
then
show ?thesis
using G__nonempty one_max
unfolding increasing def by blast
qed

lemma G subset M: G C M
using generic transitivity|OF __ P_in__M)] by auto

end — G__genericl
locale G__genericl AC = G__genericl + M_ctm1_AC

end
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11 The definition of forces

theory Forces Definition
imports
Forcing _Data
begin

This is the core of our development.

11.1 The relation frecrel

lemma names_belowsD:
assumes z € names_below(P,z)
obtains f nl n2 p where
z = (f,nl,n2,p) f€2 nl€ecloseN(z) n2€ecloseN(z) peP
using assms unfolding names_below def by auto

context forcing datal
begin

lemma ftype abs:

[zeM; yeM | = is_ftype(##M 2.y) — y = ftype(z)
unfolding ftype_ def is_ftype def by (simp add:absolut)

lemma namel _abs:

[xeM; yeM | = is_namel(##M,x,y) <— y = namel(z)

unfolding namel_def is _namel def

by (rule is_hcomp__abs|OF fst_abs|,simp__all add: fst_snd__closed[simplified] ab-
solut)

lemma snd_snd_abs:
[zeM; yeM | = is_snd_snd(##M,z,y) «— y = snd(snd(z))
unfolding is snd_snd_ def
by (rule is_hcomp__abs|OF snd__abs],
stmp__all add: conjunct2[OF fst_snd__closed,simplified] absolut)

lemma name2 abs:

[zeM; yeM | = is_name2(##M,z,y) «— y = name2(z)

unfolding name2_def is _name2_def

by (rule is_hcomp_abs|OF fst_abs snd__snd_abs|,simp_all add:absolut con-
Junct2[OF fst_snd__closed,simplified])

lemma cond_of abs:
[zeM; yeM | = is_cond_of (##M,z,y) «— y = cond_of (z)
unfolding cond_of def is _cond_of def
by (rule is_hcomp__abs[OF snd__abs snd__snd__abs|;simp__all add:fst__snd__closed[simplified])

lemma tuple_ abs:
[zeM;t1ie M;t2e M;pe Mste M| =
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is_tuple(## M, z,t1,t2,p,t) +— t = (2,t1,12,p)
unfolding is tuple def using pair_in_ M iff by simp

lemmas components _abs = ftype _abs namel__abs name2__abs cond_of abs
tuple _abs

lemma comp_in_ M:
p=q= peM
pP=q=q<M
using transitivity[of __ leq] pair_in_M__iff by auto

lemma eq case_abs [simp]:
assumes t1eM t2e M peM feM
shows is_eq case(##M,t1,t2,p,Pleq,f) «— eq_case(t1,t2,p,P,leq,f)
proof -
have ¢ <X p = geM for ¢
using comp_in_ M by simp
moreover
have (s,y)et = scdomain(t) if tcM for s y t
using that unfolding domain_ def by auto
ultimately
have
(VseM. s € domain(tl) V s € domain(t2) — (VqeM. geP A ¢ < p —
(f ‘ <17 s, t1, Q> =1+ f" <17 s, 12, q>:1))) —
(Vs. s € domain(tl) V s € domain(t2) — (Vq. ¢€P AN ¢ 2 p —
(f ‘ <1’ 87 tl’ q> :1 H f ‘ <1’ 57 t27 q>:1)))
using assms domain__trans[OF trans_ M ,of t1] domain_trans[OF trans_M,of
t2]
by auto
then
show ?thesis
unfolding eq case def is _eq case_def
using assms pair_in_ M__iff nat_into_M domain__closed apply_closed zero__in_ M
Un_ closed
by (simp add:components__abs)
qed

lemma mem__case__abs [simp]:
assumes t1€ M t2e M peM feM
shows is_mem__case(##M,t1,t2,p,P leq,f) +— mem__case(t1,t2,p,P,leq,f)
proof
{
fix v
assume vEP v <X p is_mem__case(##M,t1,t2,p,P,leq,f)
moreover
from this
have ve M (v,p) € M (##M)(v)
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using transitivity[OF __ P_in_ M, of v| transitivity|OF __ leq in_ M]
by simp__all

moreover

from calculation assms

obtain ¢ r s where
rePANqgePA{(gv)eE MA(s,yEMAN(qg,r) E MNOEMA
(0,11, s, ) e MANg=vA{s,)EL2Ng=TANF 0,11 s q) =1
unfolding is _mem_case def by (auto simp add:components__abs)

then

have 3gsr.rePAgePA g oA (s, ) EL2ZAgITANf (0,11, 5 q) =1
by auto

}

then

show mem__case(t1, t2, p, P, leq, f) if is_mem__case(##M, t1, 12, p, P, leq, f)
unfolding mem_ case_def using that assms by auto
next

{ fix v
assume v € M v € P (v, p) € M v =< p mem__case(t1, t2, p, P, leq, f)
moreover
from this
obtain ¢ s r where r e PAgePA g v A (s, 1) ELZANqgIT N[0t
s, q) =1
unfolding mem_ case_def by auto
moreover
from this <t2€ M>»
have reM ¢eM seMr e PAqePA g3 v A (s, 1) EL2Nq=1 Af* (0,
t1, s, q) = 1
using transitivity domainl|[of s r] domain__closed
by auto
moreover
note «t1e M»
ultimately
have dgeM . I3seM. IreM.
rePAgePA(gv)eEMA(s,T)EMAN{(qg,r) E MNOEMNA
0, t1, s, ) e MANg=uv A (s, Yy EL2Ng=1r Nf(0,1tL s q =1
using pair_in_ M_iff zero_in_ M by auto
}
then
show is_mem_ case(##M, t1, t2, p, P, legq, f) if mem__case(t1, 12, p, P, leq, f)
unfolding is _mem_ case_ def
using assms that zero__in_ M pair_in_ M _iff apply closed nat_into_ M
by (auto simp add:components__abs)
qged

lemma Hfrc_abs:
[fnnceM; feM] =
is_Hfrc(##M P,leq,fonce,f) «— Hfre(P,leq,fnnc,f)
unfolding is_Hfrc_def Hfrc_def using pair_in_ M__iff zero_in_ M
by (auto simp add:components__abs)
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lemma Hfrc _at_abs:
[fnnceM; feM ; ze M| =
is_Hfrc__at(##M P leq,fune,f,z) +— 2z = bool _of _o(Hfrc(P,leg,fanc,f))
unfolding is Hfrc at_def using Hfrc_abs
by auto

lemma components_closed :

€M = (#4M)(ftype(z))

zeM = (##M)(namel(x))

reEM = (##M)(name2(x))

zeM = (##M)(cond_of (z))

unfolding ftype_def namel__def name2_def cond_of def using fst _snd_ closed
by simp__all

lemma ecloseN _closed:
(##M)(A) = (#4:M) (ecloseN(A))
(##M)(A) = (##M)(eclose_n(namel,A))
(#H#M)(A) = (##M)(eclose_n(name2,A))
unfolding ecloseN__def eclose_n__def
using components__closed eclose__closed singleton__closed Un__closed by auto

lemma eclose n_abs :
assumes z€M ece M
shows is_eclose_n(##M,is_namel,ec,z) +— ec = eclose_n(namel,z)
is_eclose_n(##M,is_name2,ec,x) +— ec = eclose_n(name2,z)
unfolding is eclose_n_ def eclose_n__def
using assms namel _abs name2__abs eclose__abs singleton__closed components__closed
by auto

lemma ecloseN _abs :
[xeM;ece M| = is_ecloseN(##M,z,ec) «— ec = ecloseN(x)
unfolding is_ecloseN _def ecloseN __def
using eclose_n__abs Un__closed union__abs ecloseN__closed
by auto

lemma frecR__abs :
€M = ye M = frecR(z,y) «— is_frecR(## M z,y)
unfolding frecR_ def is_frecR_ def
using zero_in_ M domain__closed Un__closed components_closed nat_into_ M
by (auto simp add: components__abs)

lemma frecrelP _abs :
2eM = frecrelP(##M,2) +— (Jz y. z = (z,y) A frecR(z,y))
using pair_in_ M __iff frecR__abs unfolding frecrelP__def by auto

lemma frecrel abs:
assumes AcM reM
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shows is_frecrel(##M,A,;r) «— 1 = frecrel(A)
proof -
from <AeM>
have zeM if ze Ax A for z
using cartprod_ closed transitivity that by simp
then
have Collect(Ax A,frecrelP(##M)) = Collect(Ax A z. 3z y. z = (z,y) A
frecR(z.3)))
using Collect_conglof Ax A Ax A frecrelP(##M)] assms frecrelP_abs by simp
with assms
show ?thesis
unfolding is_frecrel def def frecrel using cartprod_ closed
by simp
qed

lemma frecrel closed:
assumes r€M
shows frecrel(z)e M
proof -
have Collect(zxz, z. Tz y. 2 = (z,y) A frecR(z,y)))EM
using Collect_in_M][of frecrelP_fm(0) []] arity_frecrelP_fm sats_frecrelP_fm
frecrelP_abs <xeM» cartprod__closed
by simp
then
show ?thesis
unfolding frecrel def Rrel def frecrelP__def by simp
qged

lemma field frecrel : field(frecrel(names_below(P,z))) C names_below(P,z)
unfolding frecrel def
using field_ Rrel by simp

lemma forcerelD : uv € forcerel(P,x) = uwve names__below(P,z) x names__below(P,z)
unfolding forcerel def
using trancl_type field frecrel by blast

lemma wf forcerel :
wf (forcerel(P,x))
unfolding forcerel def using wf trancl wf _frecrel .

lemma restrict_trancl_forcerel:
assumes frecR(w,y)
shows restrict(f,frecrel(names_below(P,z))-{y}) ‘w
= restrict(f,forcerel(P,z)-{y}) ‘w
unfolding forcerel def frecrel def using assms restrict_trancl Rrel[of frecR)]
by simp

lemma names_belowl :
assumes frecR({ft,n1,n2,p),{a,b,c,d)) peP
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shows (ft,n1,n2,p) € names_below(P,{a,b,c,d)) (is 2z € names_below(__,%y))
proof -
from assms
have ft € 2a € 2
unfolding frecR__def by (auto simp add:components__simp)
from assms
consider (eq) nl € domain(b) U domain(c) A (n2 = bV n2 =c)
| (mem) n1 = b A n2 € domain(c)
unfolding frecR_def by (auto simp add:components__simp)
then show ?thesis
proof cases
case eq
then
have nl € eclose(b) V nl € eclose(c)
using Un_ iff in_dom__in__eclose by auto
with eq
have n1 € ecloseN(?y) n2 € ecloseN(?y)
using ecloseNI components_in__eclose by auto
with «ft€2) «peP
show ?thesis
unfolding names_below_def by auto
next
case mem
then
have nl € ecloseN(?y) n2 € ecloseN(?y)
using mem,__eclose__trans ecloseNI in__dom__in__eclose components_in__eclose
by auto
with «fte2» «pelP
show ?thesis
unfolding names_below_def
by auto
qed
qed

lemma names below tr :
assumes z€ names_below(P,y) y€ names_below(P,z)
shows z€ names_below(P,z)
proof -
let 2A=M\y . names_below(P,y)
note assms
moreover from this
obtain fr 21 22 px where = = (fr,z1,22,pz) fr€2 xi€ecloseN(y) x2€ecloseN (y)
prelP
unfolding names below def by auto
moreover from calculation
obtain fy yI y2 py where y = (fy,yl,y2,py) fyc?2 yl€ecloseN(z) y2€ecloseN(z)
pyeP
unfolding names_below_def by auto
moreover from calculation
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have zi€ecloseN(z) z2€ecloseN(z)
using ecloseN_mono names__simp by auto
ultimately
have z€ ?A(z)
unfolding names_below_def by simp
then
show ?thesis using subsetl by simp
qed

lemma arg _into__names_below2 :
assumes (z,y) € frecrel(names__below(P,z))
shows 1z € names_below(P,y)
proof -
from assms
have zenames_below(P,z) yenames_below(P,z) frecR(z,y)
unfolding frecrel def Rrel def
by auto
obtain f nl n2 p where z = (f,n1,n2,p) f€2 ni€ecloseN(z) n2€ecloseN(z) peP
using <z€names_below(P,z)»
unfolding names below def by auto
moreover
obtain fy m1 m2 q where ¢€P y = (fy,m1,m2,q)
using «yEnames_below(P,z)»
unfolding names below def by auto
moreover
note <frecR(z,y)
ultimately
show ?thesis
using names__belowl by simp
qed

lemma arg_into__names_below :
assumes (z,y) € frecrel(names_below(P,z))
shows 1z € names_below(P,z)
proof -
from assms
have zenames_below(P,z)
unfolding frecrel def Rrel def
by auto
from «zenames_below(P,z))
obtain f n! n2 p where
z = (f,nl,n2,p) f€2 nicecloseN(z) n2€ecloseN(z) pEP
unfolding names_below_def by auto
then
have nicecloseN(z) n2cecloseN(x)
using components_in__eclose by simp__all
with «f€2) «peP> <z = (f,n1,n2,p)
show ?thesis
unfolding names_below def by simp
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qed

lemma forcerel _arg into_names_below :
assumes (z,y) € forcerel(P,z)
shows 1z € names_below(P,z)
using assms
unfolding forcerel def
by (rule trancl_induct;auto simp add: arg_into_names_below)

lemma names_ below mono :
assumes (z,y) € frecrel(names__below(P,z))
shows names_below(P,x) C names__below(P,y)
proof -
from assms
have zenames_below(P,y)
using arg_into__names_below2 by simp
then
show ?thesis
using names__below _tr subsetl by simp
qed

lemma frecrel _mono :
assumes (z,y) € frecrel(names_below(PP,z))
shows frecrel(names_below(P,z)) C frecrel(names_below(P,y))
unfolding frecrel def
using Rrel_mono names_below _mono assms by simp

lemma forcerel _mono2 :
assumes (z,y) € frecrel(names_below(P,z))
shows forcerel(P,z) C forcerel(P,y)
unfolding forcerel def
using trancl_mono frecrel _mono assms by simp

lemma forcerel _mono__auz :
assumes (z,y) € frecrel(names_below(P, w)) ™+
shows forcerel(P,z) C forcerel(P,y)
using assms
by (rule trancl_induct,simp__all add: subset_trans forcerel _mono2)

lemma forcerel_mono :
assumes (z,y) € forcerel(P,z)
shows forcerel(P,z) C forcerel(P,y)
using forcerel _mono__aux assms unfolding forcerel def by simp

lemma forcerel _eq auz: © € names_below(P, w) = (z,y) € forcerel(P,z) =
(y € names_below(P, w) — (z,y) € forcerel(P,w))
unfolding forcerel def
proof (rule_tac a=z and b=y and
P=Xy . y € names_below(P, w) — (z,y) € frecrel(names__below(P,w)) "+ in
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trancl_induct,simp)
let A=)\ a . names_below(P, a)
let ?R=X\ a . frecrel(?A(a))
let ?fR=X\ a .forcerel(a)
show ue€?A(w) — (zu)€?R(w) ™+ if z€?A(w) (z,y)€?R(2) ™+ (z,u)€?R(2)
for u
using that frecrelD frecrell r_into__trancl
unfolding names below def by simp
{
fix uwv
assume z € ?A(w)
(z, y) € ?R(2) "+
(z, uy € ?R(2) ™+
(u, v) € ?R(z)
u € ?A(w) = (z, u) € ?R(w) ™+
then
have v € ?A(w) = (z, v) € ?R(w) ™+
proof -
assume v € 7A(w)
from «(u,v)e_»
have ue ?A(v)
using arg_into_names_below2 by simp
with v € 24A(w)>
have ue ?4(w)
using names__below_tr by simp
with «ve_» «(u,v)e >
have (u,v)€ ?R(w)
using frecrelD frecrell r_into_trancl unfolding names below def by simp
with (u € ?4(w) = (z, u) € ?R(w) ™+ uc?A(w)
have (z, u) € ?R(w) ™+
by simp
with «(u,v)€ ?R(w)>
show (z,v)€ ?R(w) ™+ using trancl_trans r_into_trancl
by simp
qed
}
then
show v € ?A(w) — (z, v) € ?R(w) ™+
if z € 24(w)

using that
by simp
qed

lemma forcerel_eq :
assumes (z,z) € forcerel(P,z)
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shows forcerel(P,z) = forcerel(IP,z) N names_below(P,z) x names__below(P,z)
using assms forcerel _eq aux forcerelD forcerel _mono|of z x z] subset]
by auto

lemma forcerel _below _auz :
assumes (z,z) € forcerel(P,x) (u,z) € forcerel(P,x)
shows u € names_below(P,z)
using assms(2)
unfolding forcerel def
proof(rule trancl_induct)
show u € names_below(P,y) if (u, y) € frecrel(names_below(P, z)) for y
using that vimage__singleton__iff arg_into__names_below2 by simp
next
show u € names_below(P,z)
if (u, y) € frecrel(names_below(P, z)) "+
(y, z) € frecrel(names_below(P, x))
u € names__below(P, y)
for y 2
using that arg_into__names_below2|of y z z] names_below_tr by simp
qed

lemma forcerel below :
assumes (z,z) € forcerel(P,z)
shows forcerel(P,z) - {2} C names_below(P,z)
using vimage__singleton__iff assms forcerel below aux by auto

lemma relation_ forcerel :
shows relation(forcerel(P,z)) trans(forcerel(IP,z))
unfolding forcerel def using relation_trancl trans_trancl by simp__all

lemma Hfrc_restrict_trancl: bool_of _o(Hfrc(P, leq, y, restrict(f,frecrel(names__below(P,x))-{y})))
= bool_of _o(Hfrc(P, leq, y, restrict(f,(frecrel(names__below(P,z)) +)-‘{y})))
unfolding Hfrc def bool _of o_def eq case_def mem__case def
using restrict_trancl_forcerel frecRI1 frecRI2 frecRI3
unfolding forcerel def
by simp

lemma frc_at_trancl: frc _at(P,leq,z) = wfrec(forcerel(P,z),z,\x f. bool _of o(Hfrc(P,leq,z,f)))
unfolding frc_at_def forcerel def using wf eq trancl Hfrc_restrict_trancl by
stmp

lemma forcerelll :
assumes nl € domain(b) V nl € domain(c) peP deP
shows ((1, n1, b, p), (0,b,c,d))€ forcerel(P,(0,b,c,d))
proof -
let 2z=(1, ni, b, p)
let 2y=(0,b,c,d)
from assms
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have frecR(?z,?y)
using frecRI1 by simp

then

have ?Zzenames_below(P,?y) 2y € names_below(P, ?y)
using names__belowl assms components_in__eclose
unfolding names_below_def by auto

with «frecR( %z, ?y)>

show ?thesis
unfolding forcerel def frecrel def
using subsetD[OF r_subset_trancl|OF relation_ Rrel]] Rrell
by auto

qed

lemma forcerell2 :
assumes nl € domain(b) V n1 € domain(c) peP deP
shows ((1, n1, ¢, p), (0,b,c,d))€ forcerel(P,(0,b,c,d))
proof -
let %z=(1, n1, ¢, p)
let ?y=(0,b,c,d)
note assms
moreover from this
have frecR( %z, %y)
using frecRI2 by simp
moreover from calculation
have ?zenames_below(P,?y) %y € names_below(P, ?y)
using names__belowl components in__eclose
unfolding names_below_def by auto
ultimately
show ?thesis
unfolding forcerel def frecrel def
using subsetD[OF r_subset_trancl|OF relation_Rrel]] Rrell
by auto
qed

lemma forcerell3 :
assumes (n2, ry € ¢ peP deP r € P
shows ((0, b, n2, p),(1, b, ¢, d)) € forcerel(P,(1,b,c,d))
proof -
let 22=(0, b, n2, p)
let y=(1, b, ¢, d)
note assms
moreover from this
have frecR( %z, %y)
using frecRI3 by simp
moreover from calculation
have ?zenames_below(P,%y) ?y € names_below(P,?y)
using names__belowl components_in__eclose
unfolding names_below_def by auto
ultimately
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show ?thesis
unfolding forcerel def frecrel def
using subsetD|OF r_subset_trancl|OF relation_ Rrel]] Rrell
by auto
qed

lemmas forcerell = forcerell]] THEN vimage__singleton_iff [ THEN iffD2]]
forcerelI2| THEN vimage__singleton__iff[THEN iff D2]]
forcerell3] THEN vimage__singleton__iff[THEN iffD2]]

lemma auz_def frc at:
assumes z € forcerel(P,z) -* {z}
shows wfrec(forcerel(P,x), z, H) = wfrec(forcerel(P,z), z, H)
proof -
let ?A=names_below(P,z)
from assms
have (z,z) € forcerel(P,z)
using vimage_singleton__iff by simp
moreover from this
have z € 74
using forcerel _arg_into__names_below by simp
moreover from calculation
have forcerel(P,z) = forcerel(P,x) N (?Ax ?4)
forcerel(P,x) -““ {2z} C 24
using forcerel eq forcerel below
by auto
moreover from calculation
have wfrec(forcerel(P,z), z, H) = wfrec[?A](forcerel(P,x), z, H)
using wfrec_trans_restr|OF relation_ forcerel(1) wf _forcerel relation_ forcerel(2),
of x z 74|
by simp
ultimately
show ?thesis
using wfrec_restr_eq by simp
qed

11.2 Recursive expression of frc at

lemma def frc_ at :
assumes peP
shows
fre_at(P,leq,{ft,n1,n2,p)) =
bool_of o( p €P A
( ft=0Nn (Vs. sedomain(nl) U domain(n2) —
(Vq. ¢€P A q X p —> (fre_at(P,leq,(1,8,n1,q)) =1 +— frc_at(P,leq,(1,8,n2,q))

=1)))

Vft=1AN(VveP.v=<p—

(3¢ Is.Ir.rePAgeP A g v A {(s;r) €n2Aqg=rA frc_at(P,leq,(0,nl,s,q))
= 1))
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proof -
let ?r=M\y. forcerel(P,y) and ?Hf=M\z f. bool of o(Hfrc(P,leq,z,f))
let 2t=\y. ?r(y) -“{y}
let Zarg=(ft,n1,n2,p)
from wf forcerel
have wfr: Vw . wf(r(w)) ..
with wfrec [of ?r(?arg) ?arg ?Hf]
have frc_at(P,leq,?arg) = ?Hf( ?arg, Ax€ ?r(%arg) - { 2arg}. wfrec(?r(%arg), z,

?Hf))
using frc_at_trancl by simp
also
have ... = 2Hf( Zarg, A\x€?r(%arg) -*“ {%arg}. frc_at(P,leq,x))
using aux_def frc_at frc_at_trancl by simp
finally

show ?thesis
unfolding Hfrc _def mem__case def eq case_def
using forcerell assms
by auto
qed

11.3 Absoluteness of frc at

lemma forcerel_in_ M :
assumes €M
shows forcerel(P,x)e M
unfolding forcerel def def frecrel names__below _def
proof -
let 7Q) = 2 x ecloseN(z) x ecloseN(z) x P
have 7Q x ?2Q € M
using <x€eM)> nat_into_ M ecloseN__closed cartprod__closed by simp
moreover

have separation(##M \z. frecrelP(##M,z))

using separation_in__ctm[of frecrelP_fm(0),0F _ _ __ sats_frecrelP_ fm)]
arity_frecrelP__fm frecrelP_fm__type
by auto

moreover from this

have separation(## M \z. 3z y. z = (z, y) A frecR(z, y))
using separation__cong|OF frecrelP__abs]
by force

ultimately

show {z € 7Q x 7Q . 3z y. 2 = (z, y) A frecR(z, y)} + € M
using separation_ closed frecrelP__abs trancl_closed
by simp

qed

lemma relation2 Hfrc_at_abs:
relation2(## M is_Hfrc__at(## M P,leq), z f. bool of o(Hfrc(P,leq,x.f)))
unfolding relation2 def using Hfrc at abs
by simp
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lemma Hfrc at closed :
VzeM. VY geM. function(g) — bool of o(Hfrc(P,leq,x,9))eM
unfolding bool_of o_ def using zero_in_M nat_into_M][of 1] by simp

lemma wfrec_Hfrc__at :
assumes XeM
shows wfrec_replacement(## M ,is_Hfrc_at(## M P,leq),forcerel(P, X))
proof -
have 0:is_Hfrc__at(## M ,P,leq,a,b,c) «—
sats(M ,Hfrc_at_fm(8,9,2,1,0),[¢,b,a,d,e,y,z,2,P,leq,forcerel(P,X)])
if ae M beM ceM deM ee M yeM zeM ze M
forabcdeyzxz
using that <XeM)> forcerel in_M
Hfrc__at_iff _sats[of concl:M Pleqabc 89210
by simp
have 1:sats(M,is_wfrec_fm(Hfrc_at_fm(8,9,2,1,0),5,1,0),[y,z,2,P,leq,forcerel(P,X)])
—
is_wfrec(## M, is_Hfrc_at(#+#M P leq),forcerel(P,X), z, y)
if xe M yeM zeM for z y =
using that < XeM) forcerel_in_M sats_is_wfrec_fm[OF 0]
by simp
let
?f=Fuists(And(pair_fm(1,0,2),is_wfrec_fm(Hfrc_at_fm(8,9,2,1,0),5,1,0)))
have satsf:sats(M, ?f, [z,z,P,leg,forcerel(P,X)]) +—
(FyeM. pair(##M,x,y,2) & is_wfrec(##M, is__Hfrc_at(##M,P,leq),forcerel(P,X),
z, y))
if xe M zeM for z z
using that 1 «<XeM) forcerel in_M by (simp del:pair_abs)
have artyf:arity(?f) = 5
using arity_wfrec_replacement_fm|where p=Hfrc_at_fm(8,9,2,1,0) and
i=10]
arity__Hfrc_at_fm ord _simp__union
by simp
moreover
have ?fe€formula by simp
ultimately
have strong_replacement(##M \x z. sats(M,?f [z,z,P,leq,forcerel(P,X)]))
using ZF _ground_replacements(1) 1 artyf «XeM> forcerel in M
unfolding replacement _assm__def wfrec_Hfrc_at_fm_ def by simp
then
have strong_replacement(##M Az z.
FyeM. pair(##HM,z,y,2) & is_wfrec(##M, is__Hfrc__at(#+4#M P leq),forcerel(P,X),
z, y))
using repl_sats[of M ?f [P,leq,forcerel(P,X)]] satsf by (simp del:pair__abs)
then
show ?thesis unfolding wfrec_replacement_def by simp
qged
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lemma names_below abs :
[QeM;ze M;nbe M| = is_names__below(## M,Q,z,nb) +— nb = names__below(Q,x)
unfolding is names below def names_below _def
using succ_in_ M __iff zero_in_ M cartprod_ closed ecloseN _abs ecloseN__closed
by auto

lemma names below closed:
[QeM;ze M| = names_below(Q,x) € M
unfolding names below _def
using zero_in_ M cartprod__closed ecloseN _closed succ__in_ M _iff
by simp

lemma names_below productE :
assumes Q € Mz € M
NA1 A2 A8 Af. Ale M = A2 e M — A8 e M = Aj € M = R(Al
x A2 x A3 x A4)
shows R(names_below(Q,x))
unfolding names_below def using assms nat_into_ M ecloseN__closed[of z] by
auto

lemma forcerel _abs :
[xeM;ze M| = is_forcerel(## M ,P,x,2) «— z = forcerel(P,z)
unfolding is_forcerel def forcerel def
using frecrel _abs names__below _abs trancl _abs ecloseN _closed names__below__closed
names__below__productE[of concl:\p. is_frecrel(##M,p, ) +— _ = frecrel(p)]
frecrel__closed
by simp

lemma frc_at_abs:
assumes fnnce M ze M
shows is_frc_at(##M P,leq,fnnc,z) +— z = frc__at(P,leg,fanc)
proof -
from assms
have (3reM. is_forcerel(## M P, fanc, r) A is_wfrec(## M, is_Hfrc_at(##M,
P, leq), T, fnnc, 2))
> is_wfrec(##M, is_Hfrc_at(##M, P, leq), forcerel(P,fnnc), fanc, z)
using forcerel _abs forcerel in_ M by simp
then
show ?thesis
unfolding frc_at_trancl is_frc _at def
using assms wfrec_ Hfrc__at|of fanc] wf_forcerel relation_forcerel forcerel _in_ M
Hfrc_at_closed relation2 Hfrc__at_abs
trans_wfrec__abs[of forcerel(P,fanc) fanc z is_Hfrc_at(##M P,leq) Az f.
bool_of _o(Hfrc(P,leg,x,f))]
by (simp flip:setclass_iff)
qed

lemma forces eq’ _abs :
[peM ; t1eM ; t2e M| = is__forces__eq'(## M ,P,leq,p,t1,t2) «— forces__eq'(P,leq,p,t1,t2)
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unfolding is_forces eq’ def forces_eq' _def
using frc_at_abs nat_into_ M pair_in_ M __iff by (auto simp add:components__abs)

lemma forces _mem’ _abs :
[peEM ; t1eM ; t2e M| = is__forces_mem/'(## M P leq,p,t1,t2) «— forces_mem'(P,leq,p,t1,t2)
unfolding is_forces _mem' _def forces _mem' _def
using frc_at_abs nat_into_ M pair_in_ M __iff by (auto simp add:components__abs)

lemma forces neq’ _abs :
assumes peM tie M t2e M
shows is_forces neq'(##M,P,leq,p,t1,t2) <— forces_neq'(P,leq,p,t1,t2)
proof -
have ¢e M if ¢q€P for ¢
using that transitivity by simp
with assms
show ?thesis
unfolding is_forces _neq’ _def forces neq’ _def
using forces eq’ _abs pair_in_ M __iff
by (auto simp add:components__abs,blast)
qed

lemma forces _nmem’ _abs :
assumes peM tie M t2e M
shows is_forces _nmem/'(#4#M P,leq,p,t1,t2) +— forces_nmem'(IP,leq,p,t1,t2)
proof -
have ¢e M if ¢€P for ¢
using that transitivity by simp
with assms
show ?thesis
unfolding is_forces nmem’_def forces _nmem’_def
using forces _mem’ _abs pair_in_ M _iff
by (auto simp add:components _abs,blast)
qed

lemma leq abs:
[1eM ; geM 5 peM | = is_leq(##M,l,q,p) +— (g,p)€l
unfolding is leq def using pair_in_ M iff by simp

11.4 Forcing for atomic formulas in context

definition
forces_eq :: [4,i,i] = o («_ forces, '(_ = _") [36,1,1] 60) where
forces _eq = forces_eq'(P,leq)

definition

forces_mem :: [i,i,i] = o (x_ forces, '(_ € __")» [86,1,1] 60) where
forces_mem = forces _mem'(P,leq)
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abbreviation is_forces eq
where is_forces eq = is_forces eq'(## M ,P,leq)

abbreviation
is_forces_mem :: [i,i,i] = o where
is_forces_mem = is_forces_mem/'(## M P leq)

lemma def forces eq: peP = p forces, (t1 = t2) +—
(Vsedomain(tl) U domain(t2). ¥V q. ¢€P A ¢ 2 p —
(q forces, (s € t1) <— q forces, (s € t2)))
unfolding forces eq def forces mem_ def forces eq’ def forces _mem’ def
using def frc_atlof p 0 t1 t2]
unfolding bool of o def
by auto

lemma def forces _mem: peP = p forces, (t1 € t2) +—

(VveP. v = p —

(g 3s.Ar.reP A geP A g2 v A (s,r) € 12 AN q 2 1 A q forces, (11 = 3)))
unfolding forces eq’ def forces _mem’ _def forces eq def forces _mem__def
using def frc_at[of p 1 t1 t2]
unfolding bool of o_ def
by auto

lemma forces eq abs :
[peM ; t1eM ; t2e M| = is_forces_eq(p,t1,t2) <— p forces, (t1 = t2)
unfolding forces eq def
using forces _eq’ _abs by simp

lemma forces _mem__abs :
[peM ; t1eM ; t2e M| = is_forces_mem(p,t1,t2) <— p forces, (t1 € t2)
unfolding forces _mem__def
using forces_mem’_abs
by simp

definition
forces_meq :: [i,i,i] = o («_ forces, '(_ # _')» [36,1,1] 60) where
p forces, (t1 # t2) = = (F¢q€P. q=p A q forces, (t1 = t2))

definition
forces_nmem :: [i,i,i] = o (x_ forces, '(_ ¢ _')» [36,1,1] 60) where
p forces, (t1 ¢ t2) = - (Fq€P. q=2p A q forces, (t1 € t2))

lemma forces neq :
p forces, (t1 # t2) +— forces_neq'(P,leq,p,t1,t2)
unfolding forces neq def forces neq’ def forces eq def by simp

lemma forces nmem :
p forces, (t1 ¢ t2) «+— forces_nmem/'(P,leq,p,t1,t2)
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unfolding forces _nmem,__def forces_nmem’ _def forces _mem__def by simp

abbreviation Forces :: [, 7, 9 = o («_ - _ _» [36,36,36] 60) where
plFyoenv = M, ([pPleg,1] Q env) = forces(yp)

lemma sats_forces Member :
assumes zenat yenat envelist(M)
nth(z,env)=xz nth(y,env)=yy ¢ M
shows ¢ IF -z € y- env +— ¢ € P A is_forces_mem(q, zz, yy)
unfolding forces def
using assms
by simp

lemma sats_forces Equal :
assumes a€nat benat envelist(M) nth(a,env)=x nth(b,env)=y qeM
shows ¢ I -a = b env <— g € P A is_forces _eq(q, z, y)
unfolding forces def
using assms
by simp

lemma sats_forces Nand :
assumes € formula € formula envelist(M) pe M
shows p IF = (o A ¢)- env «—
pEP A ~(3qeM. geP A is_leq(#+#M,leq,q,p) N (q IF ¢ env) A (¢ IF ¢ env))
unfolding forces def
using sats _is_leq fm__auto assms sats_ren_ forces nand zero__in_ M
by simp

lemma sats forces Neg :
assumes @€ formula envelist(M) pe M
shows p IF -—p- env +—
(peP A ~(FgeM. qeP A is_leq(##M,leq,q,p) N (g IF ¢ env)))
unfolding Neg def using assms sats_forces Nand
by simp

lemma sats_forces Forall :
assumes € formula envelist(M) pe M
shows p IF (V) env «— p e P A (VzeM. p Ik ¢ ([z] Q env))
unfolding forces def using assms sats _ren_ forces forall
by simp
end — forcing datal

end

12 Names and generic extensions

theory Names
imports
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Forcing Data

FrecR__Arities

ZF _Trans_Interpretations
begin

definition
Hv :: [i,i,{]]=17 where
Hu(G,z.f) = { z . y€ domain(z), (3peCG. (y,p) € z) N 2=fy}

The funcion val interprets a name in M according to a (generic) filter G.
Note the definition in terms of the well-founded recursor.

definition
val :: [i,i]=1i where
val(G,7) = wfrec(edrel(eclose({7})), 7 ,Hv(G))

definition
GenExt = [i,d]=1 (<[] [71,1])
where M[G] = {val(G,7). T € M}

lemma map_val_in_MG:
assumes
envelist(M)
shows
map(val(G),env)elist(M[G])
unfolding GenFExt def using assms map__type2 by simp

12.1 Values and check-names

context forcing datal
begin

lemma name_components _in_M:
assumes (o,p)ed ¥ € M
shows oceM peM
using assms transitivity pair_in_ M iff
by auto

definition
Hcheck :: [i,i] = i where
Hcheck(z,f) = { {fy,1) . y € 2}

definition
check :: i = i where
check(z) = transrec(xz , Hcheck)

lemma checkD:

check(z) = wfrec(Memrel(eclose({z})), =, Hcheck)
unfolding check def transrec__def ..
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lemma Hcheck _trancl: Hcheck(y, restrict(f,Memrel(eclose({z}))-“{y}))
= Hcheck(y, restrict(f,(Memrel(eclose({z})) +)-‘“{y}))
unfolding Hcheck_def
using restrict_trans_eq by simp

lemma check_trancl: check(z) = wfrec(rcheck(zx), x, Hcheck)
using checkD wf _eq trancl Hcheck _trancl unfolding rcheck_def by simp

lemma rcheck_in_ M : x € M = rcheck(z) € M
unfolding rcheck__def by (simp flip: setclass_iff)

lemma rcheck_subset M : x € M = field(rcheck(x)) C eclose({z})
unfolding rcheck_def using field_Memrel field trancl by auto

lemma auz_def check: © € y =
wfrec(Memrel(eclose({y})), ©, Hcheck) =
wfrec(Memrel(eclose({x})), x, Hcheck)
by (rule wfrec__eclose__eq,auto simp add: arg_into__eclose eclose__sing)

lemma def check : check(y) = { (check(w),1) . w € y}
proof -
let
r=Ay. Memprel(eclose({y}))
have wfr: Yw . wf(?r(w))
using wf_ Memrel ..
then
have check(y)= Hcheck( y, \x€?r(y) - {y}. wfrec(?r(y), z, Hcheck))
using wfrec[of ?r(y) y Hcheck] checkD by simp

also
have ... = Hcheck( y, Az€y. wfrec(?r(y), =, Hcheck))
using under__Memrel__eclose arg_into__eclose by simp
also
have ... = Hcheck( y, Az€y. check(x))
using aux_def check checkD by simp
finally

show ?thesis
using Hcheck def by simp
qed

lemma def checkS :
fixes n
assumes n € nat
shows check(succ(n)) = check(n) U {{check(n),1)}
proof -
have check(succ(n)) = {(check(i),1) . i € succ(n)}
using def check by blast
also
have ... = {(check(i),1) . i € n} U {(check(n),1)}
by blast
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also

have ... = check(n) U {(check(n),1)}
using def check[of n,symmetric] by simp
finally
show ?thesis .
qed

lemma field Memrel2 :
assumes r € M
shows field(Memprel(eclose({z}))) C M
proof -
have field(Memprel(eclose({z}))) C eclose({z}) eclose({z}) C M
using Ordinal. Memrel _type field_rel subset assms eclose least|OF trans M|
by auto
then
show ?thesis
using subset_trans by simp
qed

lemma auz_def wval:
assumes z € domain(z)
shows wfrec(edrel(eclose({x})),z,Hv(GQ)) = wfrec(edrel(eclose({2})),z,Hv(G))
proof -
let 9r=MAxz . edrel(eclose({z}))
have z€eclose({z})
using arg_in_eclose_sing .
moreover
have relation(?r(z))
using relation__edrel .
moreover
have wf(?r(z))
using wf_edrel .
moreover from assms
have tr_down(%r(z),z) C eclose({z})
using tr_edrel _subset by simp
ultimately
have wfrec(?r(z),z,Hv(G)) = wfrec[eclose({z})](?r(z),z,Hv(Q))
using wfrec_restr by simp
also from <z€domain(z)>

have ... = wfrec(?r(z),2z,Hv(G))
using restrict__edrel _eq wfrec_restr _eq by simp
finally
show ?thesis .
qed

The next lemma provides the usual recursive expresion for the definition of
val.

lemma def val: val(G,z) = {z . tecdomain(z) , (IpeG . (t,p)ex) A z=val(G,t)}
proof -
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let
r=At . edrel(eclose({7}))
let
f=xz€r(x)-“{a}. wfrec(?r(x),z,Hv(G))
have V7. wf(?r(7))
using wf edrel by simp
with wfrec [of _ z]
have val(G,x) = Hv(G,z,?f)
using val_def by simp

also

have ... = Hv(G,z, z€domain(z). wfrec(?r(z),z,Hv(Q)))
using dom__under__edrel__eclose by simp

also

have ... = Hu(G,z,Az€domain(z). val(G,z))
using aux_def wval val _def by simp

finally

show ?thesis
using Hv_def by simp
qed

lemma val_mono : 2Cy = wval(G,z) C val(G,y)
by (subst (1 2) def wval, force)

Check-names are the canonical names for elements of the ground model.
Here we show that this is the case.

lemma val_check : 1 € G = 1 € P = val(G,check(y)) =y
proof (induct rule:eps__induct)
case (1 y)
then show ?case
proof -
have check(y) = { (check(w), 1) . w € y} (is _ = ?C)
using def check .
then
have val(G,check(y)) = val(G, {{check(w), 1) . w € y})
by simp
also
have ... = {z . t€domain(?C), (3peG . (t, p)e?C ) A z=val(G,t) }
using def wval by blast
also
have .. = {z.tedomain(?C) , (wey. t=check(w)) A z=val(G,t) }
using 1 by simp
also
have ... = {val(G,check(w)) . wey }
by force
finally
show val(G,check(y)) =y
using 1 by simp
qged
qged
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lemma val of name :
val(G{zeAXP. Q(z)}) = {z . tcA, FpeP . Q({t,p)) A p € G) A z=val(G,t)}
proof -
let
n={zcAxP. Q(z)} and
r=At . edrel(eclose({7}))
let
f=xzer(n)-“{?n}. val(G,2)
have
wfR : wf(%r(r)) for 7
by (simp add: wf _edrel)
have domain(?n) C A by auto
{ fix t
assume H:t € domain({z € A x P . Q(z)})
then have ?f ‘t = (if t € ?r(%n)-“{?n} then val(G,t) else 0)

by simp
moreover have ... = val(G,t)
using dom_ under__edrel__eclose H if P by auto
}
then

have Eq1: t € domain({xr € A x P. Q(z)}) = val(G,t) = ?ft for ¢
by simp
have val(G,?n) = {z . tedomain(?n), (3p € G . (t,p) € ?n) A z=val(G,t)}
by (subst def _val,simp)
also
have ... = {z . t€domain(?n), (peP . (t,p)€?n N peG) N z=72ft}
unfolding Hv def
by (auto simp add:FEql)
also
have ... = {z . te€domain(?n), (IpeP . (t,p)€?n A peG) A z=(if t€ ?r(?n)-*{ ?n}
then val(G,t) else 0)}
by (simp)
also
have ... = { z . t€domain(?n), (IpeP . (t,p)e?n A peG) A z=val(G,t)}
proof -
have domain(?n) C ?r(?n)-‘{?n}
using dom__under__edrel_eclose by simp
then
have V tedomain(?n). (if t€?r(?n)-“{?n} then val(G,t) else 0) = val(G,t)
by auto
then
show { z . tedomain(?n), (ApeP . (t,p)€?n A peG) N z=(if te?r(?n)-{?n}
then val(G,t) else 0)} =
{ z . tedomain(?n), (IpelP . (t,p)en A peG) A z=val(G,1)}
by auto
qed
also
have ... ={z.tcA, (peP . (t,p)e?n N peG) A z=val(G,t)}

182



by force
finally
show val(G,?n) = { z.teA, (FpeP . Q{t,p)) N pEG) A z=val(G,t)}
by auto
qed

lemma val of name__alt :

val(G{zeAXP. Q(z)}) = {z . teA, (FpePNG . Q({t,p))) N z=val(G,t) }

using val_of name by force

lemma val__only_names: val(F,7) = val(F.{zeT. It€domain(T). I peF. z=(t,p)})
(is _ = wal(F,?name))
proof -
have val(F,?name) = {z . tedomain(?name), (IpeF. (t, p) € ?name) A z=val(F,
t)}
using def wval by blast
also
have ... = {wal(F, t). te{yedomain(r). IApEF. (y, p) € T }}
by blast
also
have ... = {z. tedomain(r), (3peF. (t, p) € 7) N z=val(F, t)}
by blast
also
have ... = val(F, 1)
using def wval[symmetric] by blast
finally
show ?thesis ..
qed

lemma val_only_pairs: val(F,r) = val(F {ze7. 3t p. 2=(t,p)})
proof
have val(F,7) = val(F,{ze7. It€domain(r). IpeF. z=(t,p)}) (is _ = val(F,?name))
using val_only names .
also
have ... C val(F,{zeT. 3¢ p. 2=(t,p)})
using val_monolof ?name {z€7. It p. 2=(t,p)}] by auto
finally
show val(F,7) C val(F {zeT. 3t p. z=(t,p)}) by simp
next
show val(F.{zeT. 3t p. z=(t,p)}) C val(F,7)
using val_monolof {z€7. It p. 2=(t,p)}] by auto
qged

lemma val_subset_domain__times_range: val(F,7) C val(F,domain(T)xrange(r))
using val_only_pairs] THEN equalityD1]
val_monolof {x € 7.3t p. x = (t, p)} domain(r)xrange(r)] by blast

lemma val_of elem: (9,p) € 1 = pe G = val(G,9) € val(G,r)
proof -
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assume (J,p) € 7

then

have Yedomain(m)
by auto

assume pcG

with <dedomain(m)y «((9,p) € m

have val(G,9) € {z . tedomain(w) , (IpeG . (t, p)en) A z=val(G,t) }
by auto

then

show %thesis
by (subst def wal)

qed

lemma elem_of wal: z€val(G,m) = Fd€domain(r). val(GY) = x
by (subst (asm) def _wval,auto)

lemma elem_of wal_pair: z€val(G,m) = 39. IpeG. (I,p)er A val(GY) = z
by (subst (asm) def wval,auto)

lemma elem_ of val pair’”:
assumes 7€M z€val(G,)
shows Jd¥eM. IpeG. (V,p)er A val(G,9) = z
proof -
from assms
obtain ¥ p where peG (J,p)em val(G,9) = z
using elem__of wval _pair by blast
moreover from this «r€M>
have veM
using pair_in_M_iff[THEN iffD1, THEN conjunct!, simplified)
transitivity by blast
ultimately
show ?thesis
by blast
qed

lemma GenFExtD: © € M[G] = I7€M. z = val(G,7)
by (simp add:GenFExt_def)

lemma GenEzxtl: © € M = val(G,x) € M[G]
by (auto simp add: GenExt_def)

lemma Transset MG : Transset(M|[G))
proof -
{ fix ve y
assume vc € M[G] and y € vc
then
obtain ¢ where ce M val(G,c)eM[G] y € val(G,c)
using GenFExtD by auto
from <y € val(G,c)
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obtain ¥ where Yedomain(c) val(G,9) = y
using elem__of wval by blast
with trans M <ce M)
have y € M|[G]
using domain__trans GenExtl by blast
}

then
show ?thesis
using Transset_def by auto
qed

lemmas transitivity MG = Transset_intf[OF Transset_MG]

This lemma can be proved before having check in_ M. At some point Miguel
naively thought that the check_in_ M could be proved using this argument.

lemma check nat M :
assumes n € nat
shows check(n) € M
using assms
proof (induct n)
case ()
then
show ?Zcase
using zero__in_ M by (subst def check,simp)
next
case (succ )
have 1 ¢ M
using one_in_ P P_sub_M subsetD by simp
with «check(z)eM)>
have (check(z),1) € M
using pair_in_ M _iff by simp
then
have {(check(z),1)} € M
using singleton__closed by simp
with «check(z)eM>
have check(z) U {(check(z),1)} € M
using Un_ closed by simp
then
show ?Zcase
using (x€naty def checkS by simp
qed

lemma def PHcheck:
assumes
zeM feM
shows
Hcheck(z,f) = Replace(z,PHcheck(##M,1,f))
proof -
from assms
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have (f‘r,1) € M fzeM if zcz for z
using pair_in_ M _iff transitivity that apply closed by simp__all
then
have {y .z €z, y=(f‘2, 1)} = {y. 2 €2z, y={(‘xz 1) N yeM A faeM}
by simp
then
show ?thesis
using zeM)> «feM) transitivity
unfolding Hcheck__def PHcheck__def RepFun__ def
by auto
qged

lemma wfrec_ Hcheck :
assumes XeM
shows wfrec_replacement(##M ,is_Hcheck(#4# M ,1),rcheck(X))
proof -
let ?f=Fuists(And(pair_fm(1,0,2),
is_wfrec_fm(is_Hcheck_fm(8,2,1,0),4,1,0)))
have is_Hcheck(##M,1,a,b,c) +—
sats(M yis__Hcheck_fm(8,2,1,0),[c,b,a,d,e,y,z,z,1,rcheck(x)])
if ac M beM ceM deM eeM yeM xeM ze M
forabcdeyzxz
using that <XeM)> rcheck_in_M is Hcheck iff sats zero _in_ M
by simp
then
have sats(M,is_wfrec_fm(is_Hcheck_fm(8,2,1,0),4,1,0), [y,z,2,1,rcheck(X)])
> is_wfrec(##M, is_Hcheck(##M,1),rcheck(X), z, y)
if ze M yeM zeM for xz y z
using that sats_is_wfrec_fm «XEeM> rcheck in_ M zero _in_ M
by simp
moreover from this
have satsf:sats(M, ?f, [z,2,1,rcheck(X)]) +—
(ByeM. pair(#H#M,z,y,2) & is_wfrec(#H#M, is_Hcheck(#+#M,1),rcheck(X),
z, y))
if zeM zeM for z 2
using that «<XeM)> rcheck_in_ M
by (simp del:pair_abs)
moreover
have artyf:arity(?f) = 4
using arity_wfrec_replacement_fm[where p=is_Hcheck_fm(8, 2, 1, 0) and
i=9]
arity_is_Hcheck__fm ord__simp_ union
by simp
ultimately
have strong_replacement(##M \x z. sats(M,?f,[z,2z,1,rcheck(X)]))
using ZF_ground_replacements(2) artyf «XeM» rcheck_in_M
unfolding replacement assm__def wfrec_Hcheck_fm__def by simp
then
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have strong_replacement(##M Nz 2.
FyeM. pair(##M,z,y,2) & is_wfrec(##M, is_Hcheck(#+#M,1),rcheck(X),
z, y))
using repl_sats[of M 2f [1,rcheck(X)]] satsf by (simp del:pair_abs)
then
show ?thesis
unfolding wfrec_replacement def by simp
qed

lemma Hcheck_closed’ : feM — ze M — {f ‘z .2 €2} € M
using RepFun__closed|OF lam__replacement__imp__strong_replacement]
lam__replacement__apply apply_ closed transM[of __ Z]
by simp

lemma repl  PHcheck :
assumes fe M
shows lam__replacement(## M \x. Hcheck(z,f))
proof -
have Hcheck(z,f) = {fy . yex}x{1} for z
unfolding Hcheck_def by auto
moreover
note assms
moreover from this
have I:lam_replacement(##M, Az . {f‘y . yex}x{1})
using lam__replacement__RepFun__apply
lam__replacement__constant lam__replacement_fst lam__replacement__snd
singleton__closed cartprod__closed fst__snd__closed Hcheck_ closed’
by (rule_tac lam__replacement__CartProd| THEN [5] lam__replacement__hcomp?2],simp__all)
ultimately
show ?thesis
using singleton_ closed cartprod_ closed Hcheck_closed’
by (rule_tac lam__replacement__cong|OF 1],auto)
qed

lemma univ_PHcheck : [ 26 M ; fe M | = univalent(#4#M ,z, PHcheck(##M ,1,f))
unfolding univalent_def PHcheck_def
by simp

lemma PHcheck closed : [z€ M ; feM ; x€z; PHcheck(##M1,f,xy) | =

(##M)(y)
unfolding PHcheck def by simp

lemma relation2 Hcheck : relation2(#4 M ,is__Hcheck(## M ,1),Hcheck)
proof -
have is_Replace(#4#M,z,PHcheck(## M 1,f),hc) «<— hc = Replace(z,PHcheck(## M 1,f))
if ze M fe M hceM for z f he
using that Replace__abs|OF __ _ univ_PHcheck] PHcheck_ closed|of z f]
by simp
with def PHcheck

187



show ?thesis
unfolding relation2 def is_Hcheck _def Hcheck def
by simp
qed

lemma Hcheck closed : ¥V ye M. N ge M. Hcheck(y,g)e M
proof -
have eq:Hcheck(z,f) = {fy . yex}x{1} for fx
unfolding Hcheck_def by auto
then
have Hcheck(y,g)eM if ye M geM for y g
using eq that Hcheck closed’ cartprod closed singleton__closed
by simp
then
show ?thesis
by auto
qed

lemma wf rcheck : te M = wf(rcheck(x))
unfolding rcheck_def using wf _trancl[OF wf _Memprel] .

lemma trans rcheck : x€e M = trans(rcheck(z))
unfolding rcheck def using trans_trancl .

lemma relation_rcheck : x€ M = relation(rcheck(z))
unfolding rcheck_def using relation_trancl .

lemma check _in_ M : x€ M = check(z) € M
using wfrec_ Hcheck[of z] check_trancl wf rcheck trans_rcheck relation_rcheck
rcheck _in_ M
Hcheck__closed relation2__Hcheck trans_wfrec_closed|of rcheck(x)]
by simp

lemma rcheck abs[Rel] : [ €M ; reM | = is_rcheck(##Mz,r) «— r =
rcheck(x)
unfolding rcheck _def is _rcheck def
using singleton__closed trancl_closed Memrel closed eclose_closed zero__in_ M
by simp

lemma check _abs[Rel] :
assumes reM zeM
shows is_check(##M,1,x,2) +— z = check(z)
proof -
have is_check(##M,1,x,2) < is_wfrec(## M ,is_Hcheck(#4# M ,1),rcheck(z),z,2)
unfolding is check def
using assms rcheck__abs rcheck_in_ M zero_in_ M
unfolding check_trancl is_check__def
by simp
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then
show ?thesis
unfolding check_trancl
using assms wfrec_ Hcheck|of x] wf_rcheck trans__rcheck relation_rcheck rcheck_in_ M
Hcheck__closed relation2__Hcheck trans_wfrec__abs|of rcheck(z) x z is__Hcheck(#4#M,1)
Hcheck)
by (simp flip: setclass__iff)
qed

lemma check_lam_replacement: lam__replacement(## M, check)
proof -
have arity(check_fm(2,0,1)) = 3
by (simp add:ord__simp__union arity)
then
have Lambda(A, check) € M if AeM for A
using that check_in_ M transitivity[of _ A]
sats__check__fm check__abs zero__in_ M
check_fm__type ZF _ground_replacements(3)
by (rule_tac Lambda_in_ M [of check fm(2,0,1) [1]],simp_ all)
then
show ?thesis
using check_in_ M lam__replacement_iff lam_ closed| THEN iffD2]
by simp
qed

lemma check_replacement: {check(z). z€P} € M
using lam__replacement__imp__strong__replacement__aux[OF check__lam__replacement]
transitivity check__in_ M RepFun_ closed
by simp__all

lemma M_subset MG :1 € G = M C M[G]
using check_in_ M GenExt]
by (intro subsetl, subst val_check [of G,symmetric], auto)

The name for the generic filter

definition
G __dot :: i where
G_dot = {(check(p),p) . peP}

lemma G _dot_in M : G _dot € M
using lam_ replacement_Pair|[ THEN [5] lam__replacement__hcomp2, OF
check__lam__replacement lam__replacement__identity|
check__in__ M lam__replacement_imp_ strong replacement _aux
transitivity check _in_ M RepFun_ closed pair_in_ M_iff
unfolding G_ dot_ def
by simp

lemma zero_in_MG : 0 € M|[G]
proof -
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have 0 = val(G,0)
using zero_in_ M elem__of wval by auto
also
have ... € M[G]
using GenFEztl zero_in__ M by simp
finally
show ?thesis .
qed

declare check_in_ M [simp,intro]
end — forcing datal

context G__genericl
begin

lemma val G _dot : val(G,G_dot) = G
proof (intro equalityl subsetl)
fix z
assume zcval(G,G _dot)
then obtain ¥ p where peG (¢,p) € G_dot val(G,9) = z ¥ = check(p)
unfolding G_dot_def using elem_of wval pair G_dot_in_ M
by force
then
show z € G
using G__subset_P one_in_ G val_check P_sub_M by auto
next
fix p
assume peG
have (check(q),q) € G_dot if ¢€P for ¢
unfolding G_dot_def using that by simp
with «peG>
have val(G,check(p)) € val(G,G_dot)
using val_of elem G__dot_in_ M by blast
with «pe G
show p € val(G,G_dot)
using one_in_ G G_subset P P_sub_M wval _check by auto
qed

lemma G _in_Gen_FEzxt : G € M[G]
using G__subset_P one_in_ G val_G_dot GenExtl[of _ G| G_dot_in_M
by force

lemmas generic_simps = val_check[OF one__in_ G one__in__ P]

M__subset_ MG[OF one_in_ G, THEN subsetD]
GenExtl P_in M

lemmas generic_dests = M__genericD M __generic_compatD
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bundle G_genericl_lemmas = generic__simps[simp] generic__dests|dest]
end — G__genericl

sublocale G__genericl C ext: M__trans ##M[G]
using generic transitivity MG zero_in_ MG
by unfold_locales force+

end

13 The Forcing Theorems

theory Forcing Theorems
imports
Cohen__ Posets Relative
Forces _Definition
Names

begin

context forcing datal
begin

13.1 The forcing relation in context

lemma separation_ forces :

assumes
fty: p€formula and
far: arity(p)<length(env) and
envty: envelist(M)

shows
separation(## M Ap. (p Ik ¢ env))

using separation__ax arity_forces far fty envty arity forces le
transitivity[of __ P]

by simp

lemma Collect forces :
assumes
pEformula and
arity(p)<length(env) and
envelist(M)
shows
{peP . p - p env} € M
using assms separation__forces separation__closed
by simp

lemma forces _mem__iff dense_below: pEP = p forces, (t1 € t2) +— dense__below(
{qeP. Is. Ir. reP A (s,r) € t2 A q=r A q forces, (11 = s)}

D)
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using def forces_mem|of p t1 t2] by blast

13.2 Kunen 2013, Lemma IV.2.37(a)

lemma strengthening eq:
assumes peP reP r=p p forces, (t1 = t2)
shows r forces, (t1 = t2)
using assms def _forces_eqof __ t1 t2] leq_transD by blast

13.3 Kunen 2013, Lemma IV.2.37(a)

lemma strengthening mem:
assumes peP reP r=p p forces, (t1 € t2)
shows r forces, (t1 € t2)
using assms forces _mem,__iff dense_below dense below under by auto

13.4 Kunen 2013, Lemma IV.2.37(b)

lemma density mem:
assumes peP
shows p forces, (t1 € t2) <+— dense__below({q€P. q forces, (t1 € t2)},p)
proof
assume p forces, (t1 € t2)
with assms
show dense_below({q€P. q forces, (t1 € t2)},p)
using forces_mem__iff dense_below strengthening_mem|of p] ideal__dense__below
by auto
next
assume dense_below({q € P . q forces, ( t1 € t2)}, p)
with assms
have dense_below({¢€P.
dense_below({q'€P. s r. r € P A (s,r)€t2 N q¢'=r A ¢’ forces, (t1 = s)},q)
}.p)
using forces _mem__iff dense_below by simp
with assms
show p forces, (t1 € t2)
using dense__below__dense__below forces_mem__iff _dense__below[of p t1 t2] by
blast
qed

lemma auz_density_eq:
assumes
dense__below(
{q'€P. V q. qeP A q=q' — q forces, (s € t1) < q forces, (s € 12)}
p)
q forces, (s € t1) q€P peP ¢q=p
shows
dense__below({reP. r forces, (s € t2)},q)
proof
fix r
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assume reP r<gq
moreover from this and (peP» <q=<p> «g€P»

have r=p
using leq transD by simp
moreover
note «q forces, (s € t1)y <dense_below(__,p)» «qg€P»
ultimately

obtain ¢ where qI=r qI1€P q1 forces, (s € t2)
using strengthening _mem|of ¢ _ s t1] refl_leq leq_transD[of __ r ¢] by blast
then
show Jde{r € P. r forces, (s € t2)}. dePAd=<r
by blast
qed

lemma density_eq:
assumes peP
shows p forces, (t1 = t2) +— dense_below({q€P. q forces, (t1 = t2)},p)
proof
assume p forces, (t1 = t2)
with «peP»
show dense__below({q€P. q forces, (t1 = t2)},p)
using strengthening eq ideal__dense__below by auto
next
assume dense_ below({q€P. q forces, (t1 = t2)},p)
{
fix s ¢
let ?D1={q'eP. V scdomain(t1) U domain(t2). Vq. ¢ € P A q=2¢' —
q forces, (s € t1)<—q forces, (s € t2)}
let ?D2={q'€P. V q. ¢€P A q=q' —> q forces, (s € t1) «— q forces, (s € t2)}
assume s€domain(tl) U domain(t2)
then
have ?D1C?D2 by blast
with <dense_below(__,p)»
have dense_below({q'€P. ¥ s€domain(tl) U domain(t2). Vq. ¢ € P N ¢=¢' —
q forces, (s € t1)<—q forces, (s € t2)},p)
using dense__below__cong'|OF <p€Ps def forces eqlof __ t1 t2]] by simp
with (peP» «?2D1C?D2)
have dense_below({q'€P. V q. ¢eP A ¢=¢q¢' —
q forces, (s € t1) <— q forces, (s € t2)},p)
using dense__below mono by simp
moreover from this
have dense_below({q'€P. V q. ¢€P A ¢=q¢' —
q forces, (s € t2) «— q forces, (s € t1)},p)
by blast
moreover
assume q € P ¢=p
moreover
note «pelP)
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ultimately
have q forces, (s € t1) = dense__below({reP. r forces, (s € t2)},q)
q forces, (s € t2) = dense_below({reP. r forces, (s € t1)},q)
using aux_density__eq by simp__all
then
have ¢ forces, (s € t1) «— q forces, ( s € t2)
using density _mem[OF «g€P] by blast
}
with «peP»
show p forces, (t1 = t2) using def forces eq by blast
qed

13.5 Kunen 2013, Lemma IV.2.38

lemma not_ forces_neq:
assumes peP
shows p forces, (t1 = t2) «+— — (3 ¢€P. q=p A q forces, (t1 # t2))
using assms density eq unfolding forces neq def by blast

lemma not_ forces _nmem:
assumes peP
shows p forces, (11 € t2) <— — (3 q€P. q=p A q forces, (t1 ¢ t2))
using assms density _mem unfolding forces nmem__def by blast

13.6 The relation of forcing and atomic formulas

lemma Forces Fqual:
assumes
pEP t1€M t2€ M envelist(M) nth(n,env) = t1 nth(m,env) = t2 nEnat menat
shows
(p IF Equal(n,m) env) <— p forces, (t1 = t2)
using assms sats_forces Equal forces eq abs transitivity
by simp

lemma Forces Member:
assumes
peP tie M t2e M envelist(M) nth(n,env) = t1 nth(m,env) = t2 n€nat menat
shows
(p IF Member(n,m) env) «— p forces, (t1 € t2)
using assms sats__forces__Member forces_mem__abs transitivity
by simp

lemma Forces Neg:
assumes
pEP env € list(M) € formula
shows
(p IF Neg(p) env) «— (3 geM. q€P A ¢=p A (q IF ¢ env))
using assms sats_forces Neg transitivity pair_in_ M _iff leq _abs
by simp
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13.7 The relation of forcing and connectives

lemma Forces Nand:
assumes
pEP env € list(M) p&formula & formula
shows
(p IF Nand(p,ap) env) <— (I geM. geP A q=p A (¢ IF ¢ env) A (q IF ¢ env))
using assms sats_forces Nand transitivity pair_in_ M _iff leq _abs by simp

lemma Forces And _auz:
assumes
pEP env € list(M) € formula e formula
shows
p Ik And(p,0) env  +—
(VgeM. q¢eP A q=p — (FreM. reP A r=g A (r Ik ¢ env) A (r I ¢ env)))
unfolding And_ def using assms Forces_Neg Forces_Nand by (auto simp only:)

lemma Forces And_iff dense_below:
assumes
pEP env € list(M) pEformula e formula
shows
(p Ik And(p ) env) +— dense_below({reP. (r Ik ¢ env) A (r I+ ¢ env) },p)
unfolding dense_below def using Forces And_aux assms
by (auto dest:transitivitylOF __ P_in_M]; rename_tac q; drule_tac xz=q in
bspec)+

lemma Forces Forall:
assumes
peP env € list(M) peformula
shows
(p Ik Forall(y) env) «— (VzeM. (p Ik ¢ ([z] Q env)))
using sats_forces_Forall assms transitivity]OF __ P_in_M]
by simp

bundle some_rules = elem__of wval_pair [dest]
context

includes some_rules
begin

lemma elem__of wall: 39. IpeP. pe G A (9,p)em A val(G,9) = 2 = z€wal(G,m)
by (subst def val, auto)

lemma GenFEzxt_iff: te M[G] «— (37€M. z = val(G,T))
unfolding GenExt def by simp

end

end
context G__genericl
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begin

13.8 Kunen 2013, Lemma IV.2.29

lemma generic_inter _dense__below:
assumes DeM dense_below(D,p) peG
shows DN G # 0
proof -
let D={q¢€P. pLq V qeD}
have dense(?D)
proof
fix r
assume rcP
show 3de{qeP.pl qgvge D}l d=r
proof (cases p L )
case True
with <reP»

show ?thesis using refl_leq[of r] by (intro bexl) (blast+)
next
case Fulse
then
obtain s where s€P s<p s=<r by blast
with assms «reP»
show ?thesis
using dense_belowD[OF assms(2), of s] leq_transD]of _ s 7]
by blast
qed
qed
have ?DCP by auto
let ?d_fm=--—compat_in_fm(1, 2, 3, 0) - V -0 € 4-
from peG)
have pe M
using G_subset_ M subsetD by simp
moreover
have ?d_ fmeformula by simp
moreover
have arity(?d_fm) = 5
by (auto simp add: arity)
moreover from «DeM> «peM>
have (M, [q,P,leq,p,D] = ?d_fm) +— (= is_compat_in(##M P,leq,p,q) V q€D)
if ge M for ¢
using that sats _compat_in__fm zero_in_ M
by simp
moreover from («peM>
have (= is_compat_in(##M P leq,p,q) V q€D) +— pLlq V gD if ¢qe¢ M for ¢
unfolding compat_ def
using that compat_in__abs
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by simp

ultimately

have ?DeM
using Collect_in_Mlof ?d_fm [P,leq,p,D]] «DeM>
by simp

note asm = «dense(?D)> <Z?DCIPy <?DeM)>

obtain z where z€G z€?D
using M__generic_denseD[OF asm]
by force

moreover from this

have zeD
using M _generic_compatD[OF __ <peG», of z] refl_leq compatl[of __ p ]
by force

ultimately

show ?thesis by auto

qed

13.9 Auxiliary results for Lemma IV.2.40(a)

lemma (in forcing datal) IV240a_mem__ Collect:
assumes
meM TeM
shows
{qeP. Jo. 3r. reP A (o,r) € T A q=r A q forces, (1 = o)}eM
proof -
let ?rel_pred= AM z al a2 a3 a4. Io[M]. Ir[M]. Jor[M].
re€al A pair(M,o,r,0r) ANorcaj A is_leq(M,a2,z,r) A is_forces_eq'(M,al,a2,z,a3,0)
let %p=Fuists(Ezists(Exists(And(Member(1,4),And(pair_fm(2,1,0),
And(Member(0,7),And(is_leq fm(5,3,1),forces_eq fm(4,5,3,6,2))))))))
have ceM A reM if (o, r) € 7 for o r
using that <«t€M> pair_in_ M __iff transitivity[of {(o,r) 7] by simp
then
have %rel_pred(##M,q,P,leqm,7) <— (Fo. Ir. r€EP A (o,r) € T A =1 N ¢
forces, (m = o))
if ge M for ¢
unfolding forces eq def
using assms that leq _abs forces eq’ _abs pair_in_ M iff
by auto
moreover
have (M, [¢,P,leq,n,7] = %) +— ?rel_pred(##M,q,P,leq,m,7) if ge M for q
using assms that sats_forces eq fm sats is leq fm zero_in_ M
by simp
moreover
have %p¢cformula by simp
moreover
have arity(?2p)=5
using arity_forces eq fm
by (simp add:ord__simp__union arity)
ultimately
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show ?thesis
unfolding forces eq def using assms Collect _in_ M|of %o [P,leq,m,7]]
by simp
qed

lemma 1V240a_mem:
assumes
pEG meM TEM p forces, (m € T)
Nq 0. ¢€P = ¢ G = o&domain(t) = q forces, (1 = o) =
val(G,m) = val(G,0)
shows
val(G,m)eval(G,T)
proof (intro elem__of wvall)
let ?D={qeP. 0. 3r. r€P A (o,r) € T A g=r A q forces, (m = o)}
from peG>
have peP by blast
moreover
note «reM> «teM)
ultimately
have ?D € M using IV2/0a_mem__ Collect by simp
moreover from assms <peP»
have dense_below(?D,p)
using forces _mem__iff dense_below by simp
moreover
note <peG»
ultimately
obtain ¢ where ¢eG ¢€?D
using generic_inter _dense_below|of ?D p| by blast
then
obtain o r where reP (o,r) € T ¢=r q forces, (m = o) by blast
moreover from this and (g€ G> assms
have r € G val(G,m) = val(G,o) by blast+
ultimately
show 3 o. IpeP. p € G A (o, p) € T A val(G, o) = val(G, w) by auto
qed

lemma refl _forces eq:peP = p forces, (x = x)
using def forces eq by simp

lemma forces_meml: (o,r)eT = peP —> relP — p=<r = p forces, (0 € T)
using refi_forces_eqlof _ o] leq_transD refl_leq
by (blast intro:forces_mem__iff dense_below| THEN iffD2])

lemma 1V240a eq 1st_incl:
includes some_rules
assumes
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pEG p forces, (1 = V)

and

IH:\q 0. ¢€P = ¢ G = o€domain(r) U domain(¥) =
(q forces, (0 € T) — wal(G,0) € val(G,T)) A

(q forces, (o € ¥9) — wal(G,0) € val(G,Y))

shows
val(G,7) C wal(G,9)
proof
fix z
assume z€val(G,T)
then
obtain ¢ r where (o,r)eT r€G val(G,0)=z by blast
moreover from this and (peG)
obtain ¢ where ¢e G ¢=p ¢=r by force
moreover from this and (peG>
have ¢€P peP by blast+
moreover from calculation
have ¢ forces, (o € T)
using forces_meml by auto
moreover
note «p forces, (1 = 9)
ultimately
have ¢ forces, (o € 9)
using def forces eq by auto
with «¢eP» «q€ G IH[of q o] (o,r)eTs wal(G,0) = x>
show z€wval(G,9) by blast
qed

lemma 1V2/0a_eq 2nd_incl:
includes some_rules
assumes
pEG p forces, (T = 1)
and
IH:\q 0. ¢eP = ¢ G = o€domain(r) U domain(¥) =
(q forces, (0 € T) — val(G,o) € val(G,7)) A
(q forces, (o0 € ¥9) — wal(G,0) € val(G,Y))
shows
val(G,9) C val(G,7)
proof
fix z
assume zcval(G,9)
then
obtain ¢ r where (o,r)€0 reG val(G,0)=x by blast
moreover from this and (peG)
obtain ¢ where ¢eG ¢=p ¢=r by force
moreover from this and (peG)
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have ¢€P peP by blast+
moreover from calculation
have q forces, (o € )

using forces_meml by auto
moreover
note «p forces, (1 = )
ultimately
have q forces, (0 € T)

using def forces eq by auto
with «¢eP» «¢eG» IH[of q o] «(o,r)ed wal(G,0) = o
show zc€wval(G,r) by blast

qed

lemma 1V240a_eq:
includes some_rules
assumes
pEG p forces, (1 = 1)
and
IH:\q 0. ¢€P = ¢ G = o€domain(r) U domain(¥) =
(q forces, (o0 € 7) — wval(G,0) € val(G,T)) A
(q forces, (o € ¥9) — wal(G,0) € val(G,Y))
shows
val(G,7) = val(G,9)
using 1V2/0a_eq 1st_incl|OF assms] IV240a_eq 2nd_incl|OF assms| IH by
blast

13.10 Induction on names

lemma (in forcing_datal) core_induction:
assumes
AT 9 p.p e P = [Aqo. [¢€P; c€domain(¥)] = Q(0,7,0,9)] = Q(1,7,9,p)
AT 9 p.peP = [Aqo. [¢€P ; o€domain(r) U domain(¥)] = Q(1,0,7,q)
A Q(170719>Q)]] = Q(O’Tﬂ?vp)
fte2pelP
shows
Qft,r,9.p)
proof -
{
fix ftprtd
have Transset(eclose({T,9})) (is Transset(?e))
using Transset__eclose by simp
have 7 € %e J € %e
using arg_into__eclose by simp__all
moreover
assume ft € 2p e P
ultimately
have (ft,7,9,p)€ 2x Zex ZexP (is ?a€2x Zex 2exP) by simp
then
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have Q(ftype(?a), namel(?a), name2(?a), cond_of(?a))
using core_induction_auz|of ?e P Q ?a,0F < Transset(?e)s assms(1,2) <2a€_ )]
by (clarify) (blast)
then have Q(ft,7,9,p) by (simp add:components__simp)
}
then show ?thesis using assms by simp
qed

lemma (in forcing datal) forces induction_with__conds:
assumes
AT 9 p.peP = [Aqo. [¢€P ; oc€domain(¥)] = Q(q,7,0)] = R(p,7,9)
AT 9 p.p e P = [Aqo. [¢€P ; o€domain(T) U domain(V)] = R(q,0,7) A
R(g.0.0)] — Q(p,r9)
pelP
shows
Q(p,7,9) A R(p,7,9)
proof -
let 2Q=\ft 7 ¥ p. (ft = 0 — Q(p,7,9)) A (ft = 1 — R(p,7,9))
from assms(1)
have AT ¥ p. p € P = [Aq 0. [¢€P ; o€domain(¥)] = ?Q(0,7,0,9)] =
?Q(17T7/l97p)
by simp
moreover from assms(2)
have A7 ¢ p. p € P = [Aq 0. [¢€P ; o€domain(r) U domain(¥)] =
?Q(1,0,7,9) N ?Q(1,0,9,9)] = ?Q(0,7,9,p)
by simp
moreover
note peP»
ultimately
have ?Q(ft,7,9,p) if fte2 for ft
by (rule core_induction[OF __ __ that, of ?Q)])
then
show ?thesis by auto
qed

lemma (in forcing datal) forces induction:
assumes
AT 9. [No. o€domain(¥) = Q(1,0)] = R(7,9)
AT 9. [No. oedomain(T) U domain(9) = R(o,7) A R(0,9)] = Q(7,9)
shows
Q(T,9) A R(t,9)
proof (intro forces_induction__with__conds|OF _ __ one_in_P])
fix7dp
assume ¢ € P = o € domain(¥) = Q(r, o) for q o
with assms(1)
show R(7,9)
using one_in_ P by simp
next
fixt9p
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assume ¢ € P = o € domain(r) U domain(9) = R(o,7) A R(o,0) for q o
with assms(2)
show Q(7,9)
using one_in_ P by simp
qed

13.11 Lemma IV.2.40(a), in full

lemma 1V240a:
shows
(teM — YeM — (YpeG. p forces, (T = 1) — val(G,7) = val(G,9))) A
(teM — YeM — (VY peG. p forces, (1 € 9) — val(G,7) € val(G,9)))
(is ?Q(T,9) A ?R(7,9))
proof (intro forces induction[of ?Q ?R] impl)
fix 79
assume 7€M YeM oedomain(¥) = ?Q(r,0) for o
moreover from this
have oc€domain(9) = q forces, (T = o) = val(G, 7) = val(G, o)
if ¢eP ¢qeG for q o
using that domain__closed[of V] transitivity by auto
ultimately
show YV peG. p forces, (7 € 9) — wval(G,7) € val(G,9)
using IV2/0a_mem domain__closed transitivity by simp
next
fix 7 ¢
assume 7€M JeM and d:o € domain(t) U domain(V) = ?R(o,7) N ?R(0,9)
for o
moreover from this
have IH":(q forces, (o0 € 7) — wal(G, o) € val(G, 7)) A
(q forcesq (0 € 9) — wal(G, o) € val(G, V)
if 0 € domain(t) U domain(v) qeG for q o
proof -
from d that
have A:?R(o,7) ?R(0,0)
by auto
from «7€_ ) «9€M)> <qe Gy <0E_ >
show ?thesis
using transitivity[of o] domain__closed Alrule_format,of q|
by auto
qed
show VpeG. p forces, (1 =19) — val(G,7) = val(G,9)
using IV2/0a_eq(OF __ __ IH'] by simp
qed

13.12 Lemma IV.2.40(b)

lemma 1V2/0b_mem:
includes some_rules
assumes
val(G,m)€val(G,m) meM e M

202



and
IH:N\o. oedomain(T) = val(G,m) = val(G,0) =
IpeG. p forces, (m = o)
shows
IpeG. p forces, (7w € T)
proof -
from <wval(G,m)€val(G,T)>
obtain o r where reG (o,r)er val(G,m) = val(G,0) by auto
moreover from this and IH
obtain p’ where p’eG p’ forces, (m = o) by blast
ultimately
obtain p where p=r p=<p’ peG p forces, (7 = o)
using M__generic_compatD strengthening__eqlof p'| M_genericD by auto
moreover from calculation
have q forces, (m = o) if ¢€P ¢=p for ¢
using that strengthening eq by blast
moreover
note «(o,ryem reGh
ultimately
have reP A (o,r) € T A q=31 A q forces, (m = o) if ¢€P ¢=p for ¢
using that leq_transD[of __ p r] by blast
then
have dense_below({geP. Is r. reP A (s,r) € T A q=r A q forces, (1 = 3)},p)
using refl_leq by blast
moreover
note <peG»
moreover from calculation
have p forces, (m € 7)
using forces _mem__iff dense_below by blast
ultimately
show ?thesis by blast
qed

end — G__genericl

context forcing datal
begin

lemma Collect forces eq in_M:
assumes 7 € M 9 € M
shows {peP. p forces, (1 =)} € M
using assms Collect_in_M|of forces _eq fm(1,2,0,3,4) [P,leq,T,9]]
arity__forces _eq fm sats_forces eq fm forces _eq abs forces _eq fm_ type
by (simp add: union__absl Un__commute)

lemma V2400 eq Collects:

assumes 7 € M J € M

shows {peP. Jocdomain(t) U domain(?). p forces, (o € T) A p forces, (o ¢
¥)}eM and
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{p€eP. Focdomain(t) U domain(V). p forces, (o ¢ T) A p forces, (o0 € ¥)}eM
proof -
let %rel _pred=AM z al a2 a3 a4.
Fo[M]. FJu[M]. 3 da3[M]. 3 daf[M]. is_domain(M,a3,da3) A is_domain(M,a4,da4)
A
union(M,da3,das,u) N o€u A is_forces_mem'(M,al,a2,x,0,a3) A
is_forces_nmem'(M,al,a2,z,0,a4)
let %p=FEuxists(Exists(Erists(Ezists(And(domain_fm(7,1),And(domain__fm(8,0),
And(union_fm(1,0,2),And(Member(3,2),And(forces_mem_fm(5,6,4,3,7),
forces_nmem._fm(5,6,4.3,8)))))
have l:.ceM if (o,y)€d d€M for o 0 y
using that pair_in_ M _iff transitivity[of (o,y) 0] by simp
have abs!:?rel _pred(#+#M,p,P leq,1,9) +—
(Foedomain(t) U domain(9). forces_mem'(P,leq,p,0,7) A forces _nmem/'(P,leq,p,0,9))
if peM for p
unfolding forces mem__def forces _nmem__def
using assms that forces_mem' _abs forces_nmem' _abs
domain__closed Un__closed
by (auto simp add:1[of _ __ 7] 1[of _ _ 9])
have abs2: ?rel _pred(##M,p,Pleq,9,7) +— (o€domain(r) U domain(9).
forces_nmem'(P,leq,p,0,7) A forces_mem'(P,leq,p,0,9)) if pe M for p
unfolding forces mem__def forces _nmem__def
using assms that forces _mem’ _abs forces _nmem’ _abs
domain__closed Un__closed
by (auto simp add:1[of _ _ 7] 1[of _ _ 9))
have fsats1:(M,[p,P,leq,m,9] |E %p) +— ?rel_pred(##M,p,P,leq,r,9) if pe M for
p
using that assms sats_forces _mem_ fm sats_forces _nmem__fm zero in_ M
domain__closed Un__closed by simp
have fsats2:(M,[p,P,leq,9,7] = 2p) +— ?rel_pred(#+#M,p,P,leq,9,7) if pe M for
p
using that assms sats__forces_mem__fm sats_forces_nmem__fm zero_in_M
domain__closed Un__closed by simp
have fty: 2p€formula by simp
have farit:arity(2p)=5
by (simp add:ord_simp__union arity)
show
{p € P . Jdocdomain(r) U domain(¥). p forces, (c € T) A p forces, (o & ¥)}
eM
and {p € P . Joedomain(r) U domain(V). p forcesq (o ¢ 7) A p forces, (o €
Ny e M
unfolding forces mem_ def
using absl fty fsatsl farit assms forces_nmem
Collect_in_M|of %p [P,leq,7,9]]
using abs2 fty fsats2 farit assms forces_nmem domain__closed Un__closed
Collect_in_M|of %p [P,leq,9,7]]
by simp__all
qged
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end — forcing datal
context G genericl

begin

lemma 1V240b eq:
includes some_rules

assumes
val(G,1) = val(GY) Te M deM
and
IH:N\o. o€domain(T)Jdomain(d) =
(val(G,o)eval(G,r) — (Fq€G. q forces, (0 € T))) A
(val(G,0)€val(G,9) — (3¢€G. q forces, (o € ¥)))
shows
Apeq. p forces, (1 = V)
proof -

let ?D1={peP. p forces, (T = 1)}
let ?D2={peP. Jocdomain(r) U domain(d). p forces, (¢ € ) A p forces, (o ¢
)}
let ?D3={peP. Jocdomain(r) U domain(9). p forces, (¢ ¢ T) A p forces, (o €
)}
let YD=%D1 U ?D2 U ?D3
note assms
moreover from this
have domain(r) U domain(¥)eM (is ?BeM) using domain__closed Un__closed
by auto
moreover from calculation
have ?D2eM and ?D3cM using IV240b_eq Collects by simp__all
ultimately
have ?DeM using Collect_forces _eq in_ M Un_ closed by auto
moreover
have dense(?D)
proof
fix p
assume peP
have 3 deP. (d forces, (1 =) V
(Foedomain(t) U domain(). d forces, (o € T) A d forces, (o & U)) V
(Foedomain(t) U domain(9). d forces, (o ¢ 7) A d forcesq (o € 9))) A
d=p
proof (cases p forces, (1 = 0))
case True
with «peP»
show ?thesis using refl _leq by blast
next
case Fulse
moreover note (peP»
moreover from calculation
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obtain o ¢ where oe€domain(T)Udomain(9) ¢€P ¢=p
(q forcesq (0 € T) A = q forces, (o € V)) V
(= q forcesq (0 € T) N q forces, (o € V)
using def forces eq by blast
moreover from this
obtain r where r=<g reP
(r forces, (0 € T) A 1 forces, (o ¢ ¥)) V
(r forcesq (0 & T) A 1 forcesy (o € V)
using not_forces _nmem strengthening mem by blast
ultimately
show ?thesis using leq transD by blast
qed
then
show 3de€?D . d =X p by blast
qed
moreover
have ?D C P
by auto
ultimately
obtain p where peG pe?D
using M__generic_denseD]of ?D] by blast
then
consider
(1) p forces, (T =) |
(2) Joedomain(t) U domain(9). p forces, (o € T) A p forces, (o ¢ ) |
(8) Joedomain(t) U domain(). p forces, (o & 7) A p forces, (o € )
by blast
then
show ?thesis
proof (cases)
case 1
with peG>
show ?thesis by blast
next
case 2
then
obtain ¢ where o€domain(r) U domain(d) p forces, (o € T) p forces, (o ¢

by blast
moreover from this and <peG) and assms
have val(G,0)€val(G,7)
using IV240a]of o 7] transitivity|OF _ domain__closed[simplified]] by force
moreover note val(G,7) = _»
ultimately
obtain ¢ where ¢€G q forces, (o € )
using IH[OF (o€ )]
by auto
moreover from this and (peG»
obtain r where rclP r=<p r<q
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by blast
ultimately
have r forces, (o € V)
using strengthening _mem by blast
with «r=<p) <p forces, (o ¢ 9)) «reP»
have Fulse
unfolding forces nmem__def by blast
then
show ?thesis by simp
next
case 3
then
obtain o where ocdomain(r) U domain(9) p forces, (o0 € V) p forces, (o ¢

by blast
moreover from this and (pe Gy and assms
have val(G,0)€val(G,9)
using IV240a[of o 9] transitivity|OF __ domain__closed[simplified]] by force
moreover note <wval(G,7) = _»
ultimately
obtain ¢ where ¢€G q forces, (o € T)
using [H[OF (o€_)]
by auto
moreover from this and (peG)
obtain r where rcP r<p r=<gq
by blast
ultimately
have r forces, (o € T)
using strengthening mem by blast
with «r=<p) «p forces, (o ¢ 7)» «reP»
have False
unfolding forces _nmem__def by blast
then
show ?thesis by simp
qed
qed

lemma 1V2400b:
(teM—YeM—val(G,7) = val(G,9) — (IpeG. p forces, (1 =1))) A
(reM—v¥eM—val(G,7) € val(G,9) — (IpeG. p forces, (T € ¥)))
(is ?Q(r,9) A ?R(71,9))
proof (intro forces induction)
fix 9 p
assume o€domain(¥) = ?Q(r, o) for o
then show ?7R(r, ¥)
using IV240b_mem domain__closed transitivity by simp
next
fixt9p

207



assume o € domain(r) U domain(9) = ?R(o,7) A ?R(0,9) for o
moreover from this
have [H'"7e M = YeM = o € domain(r) U domain(¥) =
(val(G, o) € val(G, T) — (F¢€G. q forces, (¢ € T))) A
(val(G, o) € val(G, ¥) — (F¢€G. q forces, (o € 9))) for o
using domain__trans[OF trans_ M)
by blast
ultimately
show ?Q(7,9)
using IV240b_eq by auto
qged

lemma truth lemma_mem:
assumes
envelist(M)
n€nat menat n<length(env) m<length(env)
shows
(3peG. pl- Member(n,m) env) <— M[G], map(val(G),env) = Member(n,m)
using assms IV240a|of nth(n,env) nth(m,env)]
IV240b[of nth(n,env) nth(m,env))
M __genericD
Forces_Member[of _ nth(n,env) nth(m,env) env n m] map_val _in MG
by auto

lemma truth_lemma__eq:
assumes
envelist(M)
nenat menat n<length(env) m<length(env)
shows
(3peq. p Ik Equal(n,m) env) <— M[G], map(val(G),env) = Equal(n,m)
using assms 1V2/0a(1)[of nth(n,env) nth(m,env)]
IV240b(1)[of nth(n,env) nth(m,env)]
M __genericD
Forces_Equallof _ nth(n,env) nth(m,env) env n m] map_val_in_MG
by auto

end — G__genericl

lemma arities at aux:
assumes
n € nat m € nat env € list(M) suce(n) U suce(m) < length(env)
shows
n < length(env) m < length(env)
using assms succ_leE[OF Un__leD1, of n succ(m) length(env)]
succ_leE[OF Un_leD2, of succ(n) m length(env)] by auto

13.13 The Strenghtening Lemma

context forcing datal
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begin

lemma strengthening lemma:
assumes
peP peformula reP r=<p
envelist(M) arity(yp)<length(env)
shows
plkp env = rlF ¢ env
using assms(2-)
proof (induct arbitrary:env)
case (Member n m)
then
have n<length(env) m<length(env)
using arities _at_aux by simp__all
moreover
assume envelist(M)
moreover
note assms Member
ultimately
show ?Zcase
using Forces_Member[of __ nth(n,env) nth(m,env) env n m]
strengthening _mem[of p r nth(n,env) nth(m,env)] by simp
next
case (Fqual n m)
then
have n<length(env) m<length(env)
using arities _at_aux by simp__all
moreover
assume envelist(M)
moreover
note assms Fqual
ultimately
show ?Zcase
using Forces Equal[of _ nth(n,env) nth(m,env) env n m]
strengthening _eq[of p r nth(n,env) nth(m,env)] by simp
next
case (Nand ¢ )
with assms
show ?Zcase
using Forces_Nand transitivity|OF __ P_in_ M) pair_in_ M__iff
transitivity|OF __ leq_in_ M| leq_transD by auto
next
case (Forall )
with assms
have p IF ¢ ([z] @ env) if zeM for z
using that Forces Forall by simp
with Forall
have r IF ¢ ([z] @ env) if ze M for z
using that pred_le2 by (simp)
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with assms Forall
show ?case
using Forces Forall by simp
qed

13.14 The Density Lemma

lemma arity  Nand_le:
assumes @ € formula ¥ € formula arity(Nand(p, 1)) < length(env) envelist(A)
shows arity(y) < length(env) arity(v) < length(env)
using assms
by (rule_tac Un_leD1, rule_tac [5] Un_leD2, auto)

lemma dense__below__imp_forces:
assumes
p€EP peformula
envelist(M) arity(p)<length(env)
shows
dense__below({q€P. (¢ I+ ¢ env)},p) = (p IF ¢ env)
using assms(2-)
proof (induct arbitrary:env)
case (Member n m)
then
have n<length(env) m<length(env)
using arities_at_aux by simp_all
moreover
assume envelist(M)
moreover
note assms Member
ultimately
show ?case
using Forces Member[of _ nth(n,env) nth(m,env) env n m]
density_mem][of p nth(n,env) nth(m,env)] by simp
next
case (Fqual n m)
then
have n<length(env) m<length(env)
using arities _at_aux by simp__all
moreover
assume envelist(M)
moreover
note assms Equal
ultimately
show Zcase
using Forces_Equallof _ nth(n,env) nth(m,env) env n m)
density__eqlof p nth(n,env) nth(m,env)] by simp
next

case (Nand ¢ )
{
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fix ¢
assume qeM g€P ¢=X p q IF ¢ env
moreover
note Nand
moreover from calculation
obtain d where deP d |+ Nand(p, ¥) env d=< ¢
using dense__belowl by auto
moreover from calculation
have —(dIF ¢ env) if d IF ¢ env
using that Forces_Nand refl_leq transitivityOF _ P_in_ M, of d] by auto
moreover
note arity_Nand_le[of ¢ 1]
moreover from calculation
have d IF ¢ env
using strengthening _lemmalof q¢ ¢ d env] Un_leD1 by auto
ultimately
have = (¢q IF ¢ env)
using strengthening lemmalof q ¥ d env] by auto
}
with «peP»
show ?case
using Forces Nand[symmetric, OF _ Nand(6,1,3)] by blast
next
case (Forall ¢)
have dense_below({q€P. ¢ I+ ¢ ([a]@Qenv)},p) if aeM for a
proof
fix r
assume r€P r=<p
with <dense_below(__,p)»
obtain ¢ where ¢€P ¢=r ¢ IF Forall(p) env
by blast
moreover
note Forall <aeM>
moreover from calculation
have q IF ¢ ([a]@Qenv)
using Forces_Forall by simp
ultimately
show 3d € {¢€P. ¢ Ik ¢ ([a]@Qenv)}. d € P A d=r
by auto
qed
moreover
note Forall(2)[of Cons(__,env)] Forall(1,3-5)
ultimately
have p IF ¢ ([a]@Qenv) if ae M for a
using that pred_le2 by simp
with assms Forall
show ?case using Forces Forall by simp
qed
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lemma density lemma:

assumes
pEP e formula envelist(M) arity(y)<length(env)
shows
plk o env <— dense_below({q€P. (¢ I+ ¢ env)},p)
proof

assume dense_below({q€P. (¢ IF ¢ env)},p)
with assms
show (p Ik ¢ env)
using dense__below__imp__forces by simp
next
assume p - ¢ env
with assms
show dense_below({q€P. g IF ¢ env},p)
using strengthening lemma refl_leq by auto
qed

13.15 The Truth Lemma

lemma Forces And:
assumes
pEP env € list(M) € formula e formula
arity(p) < length(env) arity(y) < length(env)
shows
p IF And(p,0) env +— (p Ik ¢ env) A (p IF ¢ env)
proof
assume p - And(p, ¥) env
with assms
have dense_below({r € P . (r IF ¢ env) A (r I ¢ env)}, p)
using Forces And_iff dense__below by simp
then
have dense_below({r € P . (r IF ¢ env)}, p) dense_below({r € P . (r IF ¢ env)},
p)
by blast+
with assms
show (p IF ¢ env) A (p Ik ¢ env)
using density lemmalsymmetric] by simp
next
assume (p IF ¢ env) A (p Ik 9 env)
have dense_below({r € P . (r IF ¢ env) A (r I+ ¢ env)}, p)
proof (intro dense_belowl bexl conjl, assumption)
fix ¢
assume ¢€P ¢=< p
with assms «(p IF ¢ env) A (p IF ¢ env)>
show ge{r e P. (r Ik ¢ env) A (r - ¢ env)} ¢= ¢
using strengthening_lemma refl _leq by auto
qed
with assms
show p IF And(p,0) env
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using Forces And_iff _dense__below by simp
qed

lemma Forces Nand_alt:
assumes
pEP env € list(M) € formula e formula
arity(p) < length(env) arity(v) < length(env)
shows
(p IF Nand(p,)) env) «— (p I+ Neg(And(p,1))) env)
using assms Forces Nand Forces And Forces_Neg by auto

end

context G__genericl
begin

lemma truth_lemma_ Neg:
assumes
peformula envelist(M) arity(yp)<length(env) and
IH: (3peq. p Ik ¢ env) +— M[G], map(val(G),env) = ¢
shows
(Ipeq. p Ik Neg(p) env) +— M[G], map(val(G),env) = Neg(p)
proof (intro iffI, elim bexE, rule ccontr)

fix p
assume peG p IF Neg(p) env =(M[G],map(val(G),env) = Neg(p))
moreover
note assms
moreover from calculation
have M[G], map(val(G),env) = ¢ peP
using map_wval_in_ MG by auto
with IH
obtain r where 7 I+ ¢ env r€G reP by blast
moreover from this and (peG»
obtain ¢ where ¢=<p ¢=r qe€G ¢€P ¢e M
using transitivity|OF __ P_in_ M]
by blast
moreover from calculation
have ¢ IF ¢ env
using strengthening lemma
by simp
with assms <p I «q=p> «qeM)> peP> (qcP»
show Fulse
using Forces_Neg
by auto
next
assume M[G], map(val(G),env) = Neg(p)
with assms
have = (M[G], map(val(G),env) = ¢)
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using map_wval_in_ MG by simp
let ?D={peP. (p IF ¢ env) V (p IF Neg(p) env)}
from assms
have ?D € M
using separation__disj separation__closed separation_ forces by simp
moreover
have ?D C P by auto
moreover
have dense(?D)
proof
fix ¢
assume ¢€P
with assms
show 3de{p e P. (plF ¢ env) V (p I Neg(p) env)}. d= ¢
using refl_leq Forces_Neg by (cases q I+ Neg(p) env, auto)
qed
ultimately
obtain p where peG (p IF ¢ env) V (p I Neg(p) env)
by blast
then
consider (1) p IF ¢ env | (2) p IF Neg(p) env by blast
then
show JpeG. (p IF Neg(p) env)
proof (cases)
case I
with — (M[G],map(val(G),env) = )» <peG> IH
show ?thesis
by blast
next
case 2
with peG>
show ?thesis by blast
qed
qed

lemma truth lemma_ And:
assumes
envelist(M) @€ formula Yeformula
arity(p)<length(env) arity(v) < length(env)
and
IH: 3peCG. p Ik ¢ env) «— MI[G], map(val(G),env) = ¢
(FpeG. p Ik Y env) +— M[G], map(val(G),env) = ¢
shows
(Fpeq. (p Ik And(p,9) env)) «— M[G] , map(val(G),env) = And(p,)
using assms map_val_in_MG Forces And[OF M__genericD assms(1-5)]
proof (intro iffI, elim bexE)
fix p
assume peG p b And(p,0) env
with assms

214



show M[G], map(val(G),env) | And(p,))

using Forces And[of _ _ ¢ 9] map_val_in_ MG M__genericD by auto
next
assume M[G], map(val(G),env) = And(p,))
moreover

note assms
moreover from calculation
obtain ¢ r where ¢ IF ¢ env r IF ¢ env ¢q€G reG reP ¢eP
using map_val_in_ MG Forces_And|OF M__genericD assms(1-5)] M__genericD
by auto
moreover from calculation
obtain p where p=<q p=r peG
by auto
moreover from calculation
have (p IF ¢ env) A (p I+ ¢ env)
using strengthening _lemma[OF M__genericD] by force
ultimately
show JpeG. (p I And(p,)) env)
using Forces And[OF M__genericD assms(1-5)] by auto
qed

end

definition
ren__truth _lemma :: i=1 where
ren__truth_lemma(p) =
Erists( Exists( Exists( Exists( Exists(
And(Equal(0,5),And(Equal(1,8),And(Equal(2,9),And(Equal(3,10),And( Equal(4,6),
iterates(\p. incr_bu(p)'5 , 6, )

lemma ren__truth_lemma_ type[TC) :
peformula = ren__truth__lemma(p) €formula
unfolding ren_ truth_lemma_ def
by simp

lemma arity ren_ truth :
assumes € formula
shows arity(ren__truth_lemma(p)) < 6 U succ(arity(p))
proof -
consider (lt) 5 <arity(p) | (ge) = 5 < arity(p)
by auto
then
show ?thesis
proof cases
case It
consider (a) 5<arity(p)+,5 | (b) arity(p)+,5 < 5
using not_It_iff le «p€_» by force
then
show ?thesis
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proof cases
case a
with «pe_» It
have 5 < succ(arity(y)) S<arity(p)+,2 S<arity(p)+wd S<arity(p)+w4
using succ_ltI by auto
with «pe_»
have c:arity(iterates(Ap. incr_bv(p) ‘5,5,0)) = 5+yarity(p) (is arity(%p’) =

using arity_incr_bu_lemma It a
by simp
with «pe_»
have arity(incr_bv(%p")‘5) = 6+, arity(p)
using arity_incr_bu_lemmalof ?p’ 5] a by auto
with (pe_»
show ?thesis
unfolding ren_ truth_lemma_ def
using pred_ Un__distrib union__abs1 Un__assoc[symmetric] a ¢ union__abs2
by (simp add:arity)
next
case b
with «pe_» It
have 5 < succ(arity(p)) 5<arity(p)+,2 S<arity(o)+,3 S<arity(p)+w4
S<arity(p)+wd
using succ_ltI by auto
with <«pe_)»
have arity(iterates(Ap. incr_bu(p)‘5,6,0)) = 6+, arity(p) (is arity(2p’) = )
using arity _incr_by_lemma It
by simp
with (pe_»
show ?thesis
unfolding ren_ truth_lemma_ def
using pred__ Un__distrib union__abs! Un__assoc[symmetric] union__abs2
by (simp add:arity)
qed
next
case ge
with «pe_»
have arity(p) < 5 pred”5(arity(p)) < &
using not_It_iff le le_trans[OF le_ pred)
by auto
with «pe
have arity(iterates(Ap. incr_bv(p) ‘5,6,0)) = arity(p) arity(p)<6 pred 5 (arity(y))
<6
using arity_incr_bv_lemma ge le_trans|OF <arity(p)<5] le_trans|OF
«pred”5(arity(p))<5]
by auto
with <arity(p) < 5> <pe_» <pred”5(_) < 5
show ?thesis
unfolding ren_ truth_lemma_ def
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using pred_Un_ distrib union__absl Un__assoc[symmetric] union__abs2
by (simp add:arity)
qed
qed

lemma sats _ren_truth_lemma:
[¢,b,d,al,a2,a3] @ env € list(M) = ¢ € formula =
(M, [g,b,d,al,a2,a3] Q env |= ren_truth_lemma(p) ) «—
(M, [q,a1,a2,a3,b] @ env |= @)
unfolding ren_ truth_lemma_ def
by (insert sats_incr_bv_iff [of _ _ M __ [q,al,a2,a3,b]], simp)

context forcing datal
begin

lemma truth lemma’ :
assumes
peformula envelist(M) arity(p) < succ(length(env))
shows
separation(#H#M A d. beM. ¥V ¢eP. ¢=<d — —(q IF ¢ ([b]Qenv)))
proof -
let ?rel _pred=\M z al a2 a8. 3beEM.V qe M. q€al A is_leq(#+#M,a2,q,x) —
-(M, [g,a1,a2,a3,b] Q env |= forces(p))
let %p=Exists(Forall(Implies(And(Member(0,3),is_leq _fm(4,0,2)),
Neg(ren__truth__lemma(forces(¢))))))
have ¢eM if ¢€P for q using that transitivityOF _ P_in_ M| by simp
then
have 1:VgeM. geP A R(q) — Q(q) = (V¢€P. R(q) — Q(q)) for R Q
by auto
then
have [b € M;Vg¢eM. g e P A g =d— —(qlF ¢ ([b)]Qenv))] =
JeeM.Vq¢eP. ¢ = d — —(q Ik ¢ ([c]Qenv)) for b d
by (rule bexl,simp__all)
then
have ?rel _pred(M,d,P,leq,1) «— (FbeM. V qeP. q=d — —(q Ik ¢ ([b)]Qenv)))
if deM for d
using that leq _abs assms
by auto
moreover
have Zpcformula using assms by simp
moreover
have (M, [d,P,leq,1]Qenv = 2) «— ?rel_pred(M,d,P,leq,1) if deM for d
using assms that sats_is_leq fm sats_rem_ truth lemma zero_in_ M
by simp
moreover
have arity(?0) < 4+, length(env)
proof -
have eq:arity(is_leq _fm(4, 0, 2)) = 5
using arity _is leq fm succ_Un_ distrib ord__simp__union
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by simp
with «pe_»
have arity(?) = 3 U (pred 2(arity(ren__truth_lemma(forces(¢)))))
using union__abs! pred_Un_ distrib by (simp add:arity)
moreover
have ... < 3 U (pred(pred(6 U succ(arity(forces(¢)))))) (is
using <«p€_» Un_le_compat[OF le_refl[of 3]
le_imp__subset arity_ren__truth[of forces(p)]
pred_mono
by auto
finally
have arity(%)) < ¢r by simp
have i:9r < 4 U pred(arity(forces(v)))
using pred_ Un__distrib pred__succ__eq <p€_» Un__assoc[symmetric] union__absl
by simp
have h:/ U pred(arity(forces(yp))) < 4 U (4+wlength(env))
using <enve_ ) add__commute <p€_ >
Un_le _compatlof 4 4,0F __ pred_mono|OF __ arity forces le[OF __ __
carity(@)<]]
<enve_» by auto
with «pe_ ) <enve_»
show ?thesis
using le_ trans[OF <arity(%p) < ?ry le_trans[OF i h)] ord_simp_ union by
stmp
qed
ultimately
show ?thesis using assms
separation__az[of % [P,leq,1]Qenv]
separation__conglof ##M Ay. (M, [y,P,leq,1]Qenv = %))]
by simp
qed

< 7r)

end

context G genericl
begin

lemma truth lemma:
assumes
pEformula
envelist(M) arity(p)<length(env)
shows
(FpeG. plk ¢ env) <«— M[G], map(val(G),env) = ¢
using assms
proof (induct arbitrary:env)
case (Member z y)
then
show ?case
using truth_lemma_mem|[OF <envelist(M)> <x€nat) <yEnaby] arities_at__auz
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by simp
next
case (Equal z y)
then
show ?Zcase
using truth_lemma_eq[OF <envelist(M)» «z€natly <y€nat)] arities_at_auz by
stmp
next
case (Nand ¢ )
then
show ?Zcase
using truth_lemma_ And truth_lemma_ Neglof <o A -] Forces Nand__alt
M__genericD map_val_in_ MG arity_Nand_le[of ¢ ] FOL__arities by auto
next
case (Forall o)
then
show ?Zcase
proof (intro iffI)
assume JpeG. (p Ik Forall(p) env)
then
obtain p where peG peM peP p I+ Forall(p) env
using transitivity[OF _ P_in_M] by auto
with <envelist(M)» «p€formula)
have p IF ¢ ([z]@Qenv) if zeM for z
using that Forces_Forall by simp
with (pe Gy «p€Eformulay <enve_» <arity(Forall(v)) < length(env)»
Forall(2)[of Cons(__,env)]
show M[G], map(val(G),env) = Forall(y)
using pred_le2 map_wval _in_ MG
by (auto iff:GenExt_iff)
next
assume M[G], map(val(G),env) = Forall(y)
let ?D1={deP. (d IF Forall(v) env)}
let ?D2={deP. 3beM. V qeP. ¢=d — —(q IF ¢ ([b]Qenv))}
define D where D = ?D1 U ?D2
note <arity(Forall(p)) < length(env)y «p€formular <enve€list(M)»
moreover from this
have arp:arity(p)<succ(length(env))
using pred_le2 by simp
moreover from calculation
have ?Die M using Collect_forces by simp
moreover from <envelist(M)) «p€formula
have ?D2e M
using truth_lemma'|of o] separation_ closed ary
by simp
ultimately
have DeM unfolding D def using Un_ closed by simp
moreover
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have D C P unfolding D _def by auto
moreover
have dense(D)
proof
fix p
assume peP
show 3deD. d=< p
proof (cases p IF Forall(y) env)
case True
with «peP»
show ?thesis unfolding D_ def using refl_leq by blast
next
case Fulse
with Forall <peP»
obtain b where beM —(p I+ ¢ ([b]@Qenv))
using Forces_Forall by blast
moreover from this «<p€P»> Forall
have —dense_below({¢q€P. ¢ I- ¢ ([b]Qenv)},p)
using density_lemma pred_le2 by auto
moreover from this
obtain d where d=<p V ¢eP. ¢=xd — —(q IF ¢ ([b)] @ env))
deP by blast
ultimately
show ?thesis unfolding D _def by auto
qed
qged
moreover
note generic
ultimately
obtain d where d € D d € G by blast
then
consider (1) de?D1 | (2) de?D2 unfolding D__def by blast
then
show JpeG. (p IF Forall(p) env)
proof (cases)
case I
with «deG»
show ?thesis by blast
next
case 2
then
obtain b where beM V ¢eP. ¢=xd ——(q IF ¢ ([b] Q env))
by blast
moreover from this(1) and <M[G], _ = Forall(v)> and
Forall(2)[of Cons(b,env)] Forall(1,53-)
obtain p where peG peP p I+ ¢ ([b] @ env)
using pred_le2 map_val_in_ MG M__genericD by (auto iff: GenExt_iff)
moreover
note «(deG»
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ultimately

obtain ¢ where ¢eG ¢€P ¢=d ¢=p
using M__genericD by force

moreover from this and < I- ¢ ([b] @ env)>
Forall <beM> <peP»

have ¢ IF ¢ ([b] @ env)
using pred_le2 strengthening lemma by simp

moreover

note <V ¢€P. ¢=d ——(q IF ¢ ([b] Q env))»

ultimately

show ?thesis by simp

qed
qed
qed

end

context forcing datal
begin

13.16 The “Definition of forcing”

lemma definition_of forcing:
assumes
pEP peformula envelist(M) arity(p)<length(env)
shows
(plF ¢ env) +—
(V G. M_generic(G) A pe G — M[G], map(val(G),env) = ¢)
proof (intro iffI alll impl, elim conjE)
fix G
assume (p IF ¢ env) M__generic(G) p € G
moreover from this
interpret G_genericl P leq 1 M enum G
by (unfold_locales,simp)
from calculation assms
show M|[G], map(val(G),env) = ¢
using truth_lemmalof ¢| by auto
next
assume 1: V G.(M_generic(G)A peG) — M[G] , map(val(G),env) = ¢
{
fix r
assume 2: 7€lP r<p
then
obtain G where re G M_ generic(G)

Here we're using countability (via the existence of generic filters) of M as a
shortcut.

using generic_ filter _existence by auto
moreover from this
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interpret G_genericl P leq 1 M enum G
by (unfold_locales,simp)

from calculation 2 «(peP»

have peG
using filter_leqD by auto

moreover note I

ultimately

have M[G], map(val(G),env) = ¢
by simp

moreover

note assms

moreover from calculation

obtain s where s€G (s I ¢ env)
using truth_lemmalof ¢] by blast

moreover from this <reG)

obtain ¢ where ¢eG ¢=<s ¢=r s€lP ¢geP
by blast

ultimately

have 3 ¢eP. ¢=<r A (¢ IF ¢ env)
using strengthening lemmalof s| by auto

}

then
have dense_below({q€P. (¢ IF ¢ env)},p)
unfolding dense_below def by blast
with assms
show (p IF ¢ env)
using density_lemma by blast
qed

lemmas definability = forces type
end — forcing datal

end

14 Ordinals in generic extensions

theory Ordinals _In_MG
imports
Forcing _Theorems
begin

context G__genericl
begin

lemma rank_val: rank(val(G,z)) < rank(z) (is ?Q(z))
proof (induct rule:ed_induction[of ?Q)])
case (1 z)
have val(G,x) = {val(G,u). ue{t€domain(z). Ipeq . (t,p)ex }}
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using def wal[of G z] by auto

then

have rank(val(G,z)) = (J ue{tedomain(z). Ipe G . (t,p)€x }. succ(rank(val(G,u))))
using rank[of val(G,z)] by simp

moreover

have succ(rank(val(G, y))) < rank(z) if ed(y, z) for y
using I1[OF that] rank_ed[OF that] by (auto intro:lt_transl)

moreover from this

have (| ue{tedomain(z). IpeCG . (t,p)ex }. succ(rank(val(G,w)))) < rank(z)
by (rule_tac UN_least_le) (auto)

ultimately

show Zcase
by simp

qed

lemma Ord_MG _iff:
assumes Ord(a)
shows a € M +— a € M[G]
proof
show a € M[G] if « € M
using M__subset_ MG[OF one_in__G| that ..
next
assume o € M[G]
then
obtain z where ze M val(G,z) = «
using GenExtD by auto
then
have rank(a) < rank(z)
using rank_wval by blast
with assms
have o < rank(zx)
using rank_of Ord by simp
then
have o € succ(rank(z))
using /tD by simp
with <zeM>
show o € M
using cons__closed transitivity[of a succ(rank(z))] rank_closed
unfolding succ def by simp
qed

end — G__genericl

end

15 Auxiliary renamings for Separation

theory Separation_ Rename
imports
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Interface
begin

no__notation Aleph («X_» [90] 90)
lemmas apply_fun = apply iff [ THEN iffD1]

lemma nth_concat : [p,t] € list(A) = enve list(A) = nth(1 +,, length(env),[p]Q
env Q [t]) =t
by (auto simp add:nth__append)

lemma nth_concat2 : enve list(A) = nth(length(env),env Q [p,t]) = p
by (auto simp add:nth__append)

lemma nth__concat3 : enve list(A) = u = nth(succ(length(env)), env Q [pi, u])
by (auto simp add:nth__append)

definition
sep_var :: i = i where
sep_var(n) = {(0,1),(1,3),(2,4),(3,5),(4,0),(54+wn,6),{6+,n,2) }

definition
sep_env :: i = { where
sep_env(n) = X i € (54+,n)-5 . i+,2

definition weak :: [i, i| = ¢ where
weak(n,m) = {i+,m . i € n}

lemma weakD :
assumes n € nat k€nat © € weak(n,k)
shows 3 i € n .z = i+,k
using assms unfolding weak def by blast

lemma weak _equal :
assumes nenat menat
shows weak(n,m) = (m+,n) - m
proof -
have weak(n,m)C(m+,n)-m
proof(intro subsetl)
fix z
assume z€weak(n,m)
with assms
obtain ¢ where
1€EN x=1+,Mm
using weakD by blast
then
have m<i+,m i<n
using add_le__self2[of m i] «mE€nat) <n€naty HI[OF <i€n)] by simp__all
then
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have —i+,m<m
using not_It_iff le in_n_in_nat[OF <nEnaty <i€m] (mEnaty by simp
with <x=i+,m>»
have z¢m
using ItI <menaty by auto
moreover
from assms (x=1+,m> <i<ny
have z<m-+,n
using add_Ilt_monol[OF «<i<n» (n€nats] by simp
ultimately
show z€(m+,n)-m
using ltD Diffl by simp
qed
moreover
have (m+,n)-mCweak(n,m)
proof (intro subsetl)
fix x
assume z€(m+,,n)-m
then
have zem+,n z¢m
using DiffD1[of  n+.,m m] Diff D2[of x n+,m m] by simp__all
then
have z<m+,n r€nat
using lt] in_n_in_nat[OF add_type[of m n]] by simp__all
then
obtain ¢ where
m+en = succ(x+,17)
using less iff succ__add[OF <z€nat,of m+,n| add_type by auto
then
have z+,i<m+,n using succ_le_iff by simp
with <z¢m»
have —z<m using ltD by blast
with (menaty <xenat>
have m<z using not_It iff le by simp
with <x<m+,n (n€nat>
have z-,m<m+,n-,m
using diff _mono[OF <«xz€nat> _ «menatr] by simp
have m+,n-,m = n using diff cancel2 <menat> <n€nat> by simp
with <z-,m<m-+,n-,m> <x€nat
have z-,m € n x=z-,m+,m
using tD add_diff _inverse2|OF «m<x)] by simp__all
then
show zeweak(n,m)
unfolding weak def by auto
qed
ultimately
show ?thesis by auto
qed
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lemma weak zero:
shows weak(0,n) = 0
unfolding weak_def by simp

lemma weakening diff :
assumes n € nat
shows weak(n,7) - weak(n,5) C {5+,n, 6+, n}
unfolding weak def using assms
proof(auto)
{
fix ¢
assume i€n succ(succ(natify(i)))#n Y wen. succ(succ(natify(i))) # natify(w)
then
have i<n
using [t <n€nat> by simp
from <nenaty ien) <succ(succ(natify(i)))#£n
have i€nat succ(succ(i))#n using in_n_in_nat by simp__all
from «<n
have succ(i)<n using succ_lel by simp
with «nenat»
consider (a) succ(i) = n | (b) succ(i) < n
using leD by auto
then have succ(i) = n
proof cases
case a
then show “thesis .
next
case b
then
have succ(succ(i))<n using succ_lel by simp
with «nenat»
consider (a) succ(succ(i)) = n | (b) succ(succ(i)) < n
using leD by auto
then have succ(i) = n
proof cases
case a
with <suce(succ(i))#n> show ?thesis by blast
next
case b
then
have succ(succ(i))€n using ItD by simp
with <ienat
have succ(succ(natify(i))) # natify(succ(suce(7)))
using <V wen. succ(suce(natify(i))) # natify(w)> by auto
then
have Fulse using <i€nat» by auto
then show ?thesis by blast
qed
then show ?thesis .
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qed
with <enaty have succ(natify(i)) = n by simp
}
then
show n € nat =
suce(suce(natify(y))) # n =
YV zen. suce(succ(natify(y))) # natify(z) =
y € n = succ(natify(y)) = n for y
by blast
qed

lemma in_add_del :
assumes r€j+,n nenat jenat
shows z < j V z € weak(n,j)
proof (cases <j)
case True
then show ?thesis ..
next
case Fulse
have zenat j+,nenat
using in_n_in_nat[OF _ «x€j+,n] assms by simp__all
then
have j < z z < j+un
using not_It_iff le False <j€naty «n€naty tI[OF (x€j+,ns] by auto
then
have 7-,j < (.] +w n) wjr=j 4w (7 'wj)
using diff _mono <z€nat) j+,neEnaty jEnatr (nenat>
add__diff _inverse|OF «j<wz)] by simp__all
then
have z-,j < nz = (x-,j ) +u j
using diff _add_inverse <n€nat> add_commute by simp__all
then
have z-,j €n using ItD by simp
then
have z € weak(n,j)
unfolding weak_ def
using = (2-,7) +wj> RepFunl[OF (z-,j€ny| add_commute by force
then show ?thesis ..
qed

lemma sep_env_action:
assumes
[t,p,u,P,leq,0,pi] € list(M)
env € list(M)
shows V i . i € weak(length(env),5) —
nth(sep__env(length(env)) %,[t,p,u,P,leg,0,pi]Qenv) = nth(i,[p,P,leg,0,t] Q env
Q [pi,u])
proof -
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from assms
have A: 5+, length(env)Enat [p, P, leq, o, t| €list(M)
by simp__all
let ?f=sep_env(length(env))
have EQ: weak(length(env),5) = 5+, length(env) - 5
using weak__equal length__type| OF <env€list(M)s] by simp
let %tgt=[t,p,u,P,leq,o0,pi]|Qenv
let ?src=[p,P,leq,0,t] Q@ env @Q [pi,u]
have nth(?f%,[t,p,u,P,leq,0,pi]Qenv) = nth(i,[p,P,leg,0,t] Q@ env Q [pi,u])
if i € (5+,length(env)-5) for i
proof -
from that
have 2: i € 5+, length(env) i ¢ 5 i € nat i-,5€nat i+,2€nat
using in_n_in_nat[OF <5+, length(env)Enaty] by simp__all
then
have 3. = i < 5 using ItD by force
then
have 5 <i2< 45
using not_Ilt_iff le <i€nat> by simp_all
then have 2 < i using le_trans|OF (2<5] by simp
from A i € 5+, length(env)>
have | < 5+, length(env) using It by simp
with <ienaty <2<i) A
have C:i+,2 < 7+,length(env) by simp
with that
have B: ?f% = i+,2 unfolding sep_env_def by simp
from 3 assms(1) <i€nat>
have - i+,2 < 7 using not_Ilt_iff le add_le _mono by simp
from « < 5+, length(env)y 3 <i€nat>
have i-,5 < 5+, length(env) -, 5
using diff mono[of i 5+, length(env) 5,0F i < 54, length(env))]
not_lt_iff _le[THEN iffD1] by force
with assms(2)
have i-,5 < length(env) using diff add_inverse length_type by simp
have nth(i,?src) =nth(i-,5,envQ[pi,u))
using nth__append[OF A(2) <i€naty] 8 by simp

also
have ... = nth(i-,5, env)
using nth__append[OF <env €list(M)) <i-,5€nats] <i-,5 < length(env)) by
stmp
also
have ... = nth(i+, 2, ?tgt)

using nth__append[OF assms(1) <i+,2€naty] - i+,2 <7» by simp
ultimately
have nth(i,?src) = nth(?2f‘,%tgt)
using B by simp
then show %thesis using that by simp
ged
then show ?thesis using EQ by force

228



qed

lemma sep _env_type :
assumes n € nat
shows sep__env(n) : (5+,n)-5 = (7T+4,n)-7
proof -
let ?h=sep env(n)
from <(nenat>
have (5+,n)+w2 = 7+,n 7T+,nEnat 5+,n€nat by simp__all
have
D: sep_env(n)c € (7+,n)-7 if x € (5+,n)-5 for z
proof -
from «z€5+,n-5>
have ?h‘c = z+,2 z<5+,n xEnat
unfolding sep__env_def using It in_n_in_nat[OF <5+,n€naty] by simp__all
then
have z+,2 < 7+,n by simp
then
have z+,2 € 7+,n using tD by simp
from <z€5+,n-5
have z¢5 by simp
then have —z<5 using [tD by blast
then have 5<x using not It iff le <x€nat> by simp
then have 7<z+,2 using add_le _mono <x€nat> by simp
then have —z+,2<7 using not_It_iff le <x€naty by simp
then have z+,2 ¢ 7 using [t] (z€nat> by force
with «x+,2 € 7+,n> show ?Zthesis using «?h‘c = z+,2> Diffl by simp
qed
then show ?thesis unfolding sep env_def using lam__type by simp
qed

lemma sep_wvar_fin__type :
assumes n € nat
shows sep_wvar(n) : 7+,n -||> 7+un
unfolding sep_ var_def
using consl ItD emptyl by force

lemma sep_var_domain :
assumes n € nat
shows domain(sep_var(n)) = 7+,n - weak(n,5)
proof -
let ?A=weak(n,5)
have A:domain(sep_var(n)) C (7+,n)
unfolding sep wvar_def
by (auto simp add: le_natF)
have C: z=5+,n V 2=6+,n V © < 4 if z€domain(sep_var(n)) for z
using that unfolding sep_var_def by auto
have D : z<n+,7 if x€7+,n for z
using that <n€naty ItI by simp
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have - 5+,n < 5+, n using «n€naty It_irrefllof _ False] by force
have — 6+,n < 5+,n using <n€nat> by force
have R: z < 5+,n if z€?A for z
proof -
from that
obtain ¢ where
<n r=95+,1
unfolding weak__def
using [/t <n€nat> RepFun_iff by force
with <n€nat
have 5+,i < 54+,n using add_It _mono2 by simp
with «z=5+,7
show 2 < 5+,n by simp
qed
then
have I:x¢?A if -z <5+,n for z using that by blast
have 5+,n ¢ ?4 6+, ,n¢?A
proof -
show 5+,n ¢ ?4 using 1 <—5+,n<5+,n by blast
with 1 show 6+,n ¢ ?A4 using <—6+,n<5+,n by blast
qged
then
have E:z¢ ?A if xe€domain(sep_var(n)) for z
unfolding weak_def
using C that by force
then
have F: domain(sep_var(n)) C 7+,n - ?A using A by auto
from assms
have z<7 V zcweak(n,7) if z€7+,n for z
using in_add_del|OF <z€7+,n] by simp
moreover
{
fix x
assume asm:x€7+,n ¢ ?A zcweak(n,7)
then
have zedomain(sep_var(n))
proof -
from (nenat>
have weak(n,7)-weak(n,5)C{n+,5,n+,6}
using weakening _diff by simp
with <z¢?4) asm
have ze{n+,5,n+,6} using subsetD Diffl by blast
then
show ?thesis unfolding sep wvar def by simp
qed

}

moreover

{

fix z
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assume asm:z€7+,n t¢?4 <7
then have z€domain(sep_var(n))
proof (cases 2 < n)
case True
moreover
have 0<n using [eD[OF <n€naty <2<m] It_imp_0_It by auto
ultimately
have z<$
using «x<7» «x¢ ?A> <n€natr in_n_in_nat
unfolding weak__def
by (clarsimp simp add:not_1lt_iff le, auto simp add:lt_def)
then
show ?thesis unfolding sep wvar def
by (clarsimp simp add:not_1lt_iff le, auto simp add:lt_def)
next
case Fulse
then
show ?thesis
proof (cases n=0)
case True
then show ?thesis
unfolding sep_ var_def using ItD asm <n€naty by auto
next
case Fulse
then
have n < 2 using <n€naty not_It_iff le <=~ 2 < ny by force
then
have — n <1 using (n#0> by simp
then
have n=1 using not_Ilt_iff le «<n<2> le_iff by auto
then show ?thesis
using «x¢ 74>
unfolding weak def sep_ var _def
using ItD asm (n€nat> by force
qed
qed
}
ultimately
have wedomain(sep_var(n)) if we 7+,n - ¢A for w
using that by blast

then
have 7+,n - ?A C domain(sep_var(n)) by blast
with F
show ?thesis by auto
qed

lemma sep_var_type :
assumes n € nat
shows sep_wvar(n) : (7+,n)-weak(n,5) — 7+,n
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using FiniteFun__is_fun[OF sep_var_fin_type[OF <n€nat)]]
sep_var_domain[OF (n€nat)] by simp

lemma sep_var_action :
assumes
[t,p,u,P,leq,0,pi] € list(M)
env € list(M)
shows V i . i € (7+,length(env)) - weak(length(env),5) —
nth(sep__var(length(env)) ‘i,[t,p,u,P,leq,0,pi]Qenv) = nth(i,[p,P,leg,0,t] @ env
Q [pi,u))
using assms
proof (subst sep_var_domain| OF length__type| OF <env€list(M)>],symmetric],auto)
fix iy
assume (i, y) € sep_var(length(env))
with assms
show nth(sep_var(length(env)) ‘i,
Cons(t, Cons(p, Cons(u, Cons(P, Cons(leq, Cons(o, Cons(pi, env))))))))

nth(i, Cons(p, Cons(P, Cons(leq, Cons(o, Cons(t, env Q [pi, u]))))))
using apply fun[OF sep_var_type] assms
unfolding sep_ var_def
using nth__concat2[OF <envelist(M)>] nth__concat3[OF <envelist(M)»,symmetric)
by force
qed

definition
rensep :: 1 = i where
rensep(n) = union__fun(sep_var(n),sep__env(n), 7+, n-weak(n,5),weak(n,5))

lemma rensep _auz :
assumes nenat
shows (7+,n-weak(n,5)) U weak(n,5) = 7+on 7T+,n U (7 +, n-7) = T+un
proof -
from «nenat)
have weak(n,5) = n+,5-5
using weak__equal by simp
with <nenat>
show (7+,n-weak(n,5)) U weak(n,5) = T+,n T+,n U ( 7+, n-7) = T+un
using Diff partition le_imp_subset by auto
qed

lemma rensep_ type :
assumes nenat
shows rensep(n) € 7+,n — T+,n
proof -
from <n€nat>
have rensep(n) € (7+,n-weak(n,5)) U weak(n,5) — 7+,n U (74+,n - 7)
unfolding rensep__ def
using union_ fun_type sep_wvar_type <n€nat> sep__env_type weak equal
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by force
then
show ?thesis using rensep__auzr (n€nat> by auto
qed

lemma rensep__action :
assumes [t,p,u,P,leq,0,pi] @ env € list(M)
showsV 7.1 < 7+,length(env) — nth(rensep(length(env)) ‘i,[t,p,u,P,leq,0,pi|Qenv)
= nth(i,[p,P,leg,0,t] @ env Q [pi,u])
proof -
let ?tgt=[t,p,u,P,leq,0,pi]Qenv
let ?src=[p,P,leq,0,t] Q@ env Q [pi,u]
let ?m="7 +,, length(env) - weak(length(env),5)
let ?p=weak(length(env),5)
let ?f=sep_var(length(env))
let ?g=sep_env(length(env))
let ?n=length(env)
from assms
have 1 : [t,p,u,P,leq,0,pi] € list(M) env € list(M)
2src € list(M) ?tgt € list(M)
T4+, %n = (7T+, n-weak(?n,5)) U weak(?n,5)
length(2src) = (7+,, n-weak(?n,5)) U weak(?n,5)
using Diff partition le_imp_subset rensep__aux by auto
then
have nth(i, ?src) = nth(union_fun(?f, 29, ?m, ?p) ‘i, ?tgt) if i < 7+, length(env)
for ¢
proof -
from <i<7+,, ?n»
have i € (7+, ?n-weak(?n,5)) U weak(?n,5)
using /tD by simp
then show “thesis
unfolding rensep__def using
union__fun__action[OF «Zsrcelist(M)y « Ztgt€list(M)y <length(?src) = (7+,, Pn-weak(?n,5))
U weak(?n,5)»
sep_var_action|OF <[t,p,u,P,leq,0,pi] € list(M)s <env€list(M))]
sep__env_action[OF <[t,p,u,P,leq,0,pi] € list(M)» <envelist(M)>]
| that
by simp
qed
then show ?thesis unfolding rensep def by simp
qed
definition sep_ren :: [i,i] = i where
sep_ren(n,p) = ren(p) (7T+on) (7+on) ‘rensep(n)

lemma arity_rensep: assumes @€ formula env € list(M)
arity(p) < 7+, length(env)

shows arity(sep_ren(length(env),p)) < 7+ length(env)
unfolding sep_ ren_ def
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using arity_ren rensep__type assms
by simp

lemma type_rensep [TC:
assumes € formula envelist(M)
shows sep__ren(length(env),p) € formula
unfolding sep ren_ def
using ren__tc rensep__type assms
by simp

lemma sepren__action:
assumes arity(p) < 7 +,, length(env)
[t,p,u,P,leq,0,pi] € list(M)
envelist(M)
peformula
shows sats(M, sep_ren(length(env),p),[t,p,u,P,leq,0,pi] Q env) «— sats(M,
©,[p,P,leg,0,t] @ env @ [pi,ul)
proof -
from assms
have I: [t, p, u, P, leq, o, pi] @ env € list(M)
by simp__all
then
have 2: [p,P,leq,0,t] @ env Q [pi,u] € list(M)
using app_ type by simp
show ?thesis
unfolding sep_ ren_ def
using sats__iff _sats_ren[OF «p€formula)
add__type[of 7 length(env))
add__type[of 7 length(env))
21
rensep__type| OF length__type| OF <env€list(M)»]]
carity(p) < 7 4, length(env)]
rensep__action|OF 1,rule_format,symmetric]
by simp
qed

end

16 The Axiom of Separation in M[G]

theory Separation__Aziom
imports Forcing Theorems Separation_ Rename
begin

context G__genericl
begin

lemma map_val :
assumes env€elist(M|[G])
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shows T nenvelist(M). env = map(val(G),nenv)
using assms
proof(induct env)
case Nil
have map(val(G),Nil) = Nil by simp
then show ?case by force
next
case (Cons a l)
then obtain o’ I’ where
1" € list(M) l=map(val(G),l") a = val(G,a’)
Cons(a,l) = map(val(G),Cons(a’,l’)) Cons(a’l") € list(M)
using GenFEzxtD
by force
then show ?case by force
qed

lemma Collect_sats in_ MG :
assumes
Ae MG
© € formula envelist(M[G]) arity(p) < 1 +,, length(env)
shows
{r e A. (M[G], [z] @ env = )} € M[G]
proof -
from (AeM[G]»
obtain m where 7 € M val(G, 7) = A
using GenFEzt_def by auto
then
have domain(m)eM domain(w) x P € M
using cartprod__closed|of __ P,simplified]
by (simp__all flip:setclass__iff)
let ?2x=- 0 € (1 +., length(env)) - A ¢ -
let ?new_form=sep_ren(length(env),forces(?x))
let Zp=(-3(-3--(0,1) is 2 - A Pnew_form - -))
note phi = «p€formulay <arity(p) < 1 +,, length(env)
then
have ?x€formula forces(?x) € formula arity(p) < 2+ length(env)
using definability le__trans[OF <arity(p)<_>] add_le_mono[of 1 2,0F _le_refl]
by simp__all
with <enve_» phi
have arity(?x) < 2+, length(env)
using ord__simp__union lel FOL__arities by simp
with <envelist(_)> phi
have arity(forces(?x)) < 6 +,, length(env)
using arity_forces le by simp
then
have arity(forces(?x)) < 7 4. length(env)
using ord__simp__union arity_forces lel by simp
with <arity(forces(?x)) <7 +. _» <env € _» <p € formula
have arity(?new_form) < 7 +,, length(env) ?new_form € formula 2 €formula
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using arity_rensep| OF definability[of ?x]]
by auto
then
have arity( %)) < 5 +,, length(env)
using ord__simp__union arity_forces pred_mono[OF _ pred_mono[OF _ <ar-
ity(Ynew_form) < ]
by (auto simp:arity)
from <env € _»
obtain nenv where nenvelist(M) env = map(val(G),nenv) length(nenv) =
length(env)
using map_val by auto
from phi <nenve_» <enve_» meM> «pE_» <length(nenv) = length(env)»
have arity(?y) < length([9] @ nenv Q [r]) for
using union__abs2[OF <arity(¢) < 2+, _»] ord_simp_union FOL__arities
by simp
note in_M = weM» <domain(m) x P € M)
have Fquivalence:
(M, [u,Pleq,1,m] @ nenv = %)) «—
(39eM. IpeP. u =(I,p) A
(VF. M_generic(F) AN p € F — M[F], map(val(F), [¢] Q@ nenv Q[r]) =
X))
if u € domain(mw) x P
for u
proof -
from (u € domain(m) x P> <domain(r) x P € M
have ueM by (simp add:transitivity)
have (M, [9,p,u,P,leq,1,m]Qnenv = ?new_form) +—
(VF. M_generic(F) ANp € F — (M[F], map(val(F), [J] Q@ nenvQ[r]) |=
X))

if Ye M peP
for ¥ p
proof -
from «peP»
have peM by (simp add: transitivity)
let Zenv=[p,P,leq,1,9] Q nenv Q [m,u]
let ?new_env= [9,p,u,P,leq,1,7] @ nenv
note types = in_M % € M» <peM> <u € domain(mw) x P» <u € M> <nenve_»

then
have tyenv:Zenv € list(M) ?new_env € list(M)
by simp__all

from types
have eq_env:[p, P, leg, 1] @Q ([¥] Q nenv @ [m,u]) =
([p, P, leg, 1] @ ([9] @ nenv Q [x])) Q [u
using app__assoc by simp
then
have (M, [¢,p,u,P,leq,1,7r] @ nenv = ?new_form) +— (M, ?new_env
Pnew_form)
by simp
from tyenv ¢length(nenv) = length(env)> <arity(forces(?x)) < 7 +,, length(env)»
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forces(?x) € formulay
have ... «+— p IF 2x ([¥] @ nenv @ [r,u])
using sepren__action[of forces(?x) nenv,OF _ _ <nenv€list(M)>]
by simp
also from types phi <enve_» <length(nenv) = length(env) <arity(forces(?x))
< 6 4+, length(env)>
have ... «+— pIF 2x ([¢] @ nenv @ [r])
by (subst eq_env,rule_tac arity_sats__iff ,auto)
also from types phi <p€Ps <arity(forces(?x)) < 6 +,, length(env)s <arity(?x)
length([9] Q nenv @ [x])»
have ...<+— (VF . M_generic(F) Ap € F —
MI[F], map(val(F), [9] @ nenv Q [1]) &= %x)
using definition_ of forcing[where p=-- 0 € (1 +,, length(env)) - A ¢ ]
by auto
finally
show ?thesis
by simp
qed
with in_ M <?new_form € formula> <Z2pE€formulay <nemv € _» <u € do-
main(m) xP»
show ?thesis
by (auto simp add: transitivity)
qed
moreover from <env = _» «meM) nenvelist(M)»
have map_nenv:map(val(G), nenv Q [r1]) = env Q [val(G,m)]
using map__app_ distrib appendl__eq iff by auto
ultimately
have auz:(39eM. IpeP. v =W, p) A (peG — MI[G], [val(G,9)] Q env Q
[wal(Gm)] = 7))
(is (3veM. IpeP. _ ( _ — M[G], ?vals(¥) E _)))
if u € domain(mw) x P M, [u,P,leq,1,7] Q@ nenv = %) for u
using Fquivalence] THEN iffD1, OF that] generic by force
moreover
have [val(G, 9)] @ env Q [val(G, 7)] € list(M[G]) if YeM for ¥
using «reM> <env € list(M[G])» GenExtl that by force
ultimately
have (FYeM. I peP. u=(V,p) A (p€G — val(G,9)enth(1 +., length(env),[val( G,
9)] Q env Q [val(G, 7)])
A (MG, Zoals(d) = ¢)))
if u € domain(mw) x P M, [u,P,leq,1,m] Q@ nenv = %) for u
using auz|[OF that] by simp
moreover from (env € » «meM>
have nth:nth(1 4+, length(env),[val(G, ¥)] Q env @ [val(G, 7)]) = val(G,m)
if 9e M for v
using nth_ concat[of val(G,9) val(G,m) M[G]] that GenEztl by simp
ultimately
have (39eM. IpeP. u=(V,p) A (p€G — val(G,¥)€val(G,m) N (M[G], 2vals(¥)
F ©)

if u € domain(r) x P M, [u,P,leq,1,7m] @ nenv = %) for u

IN
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using that <meM> <env € _» by simp
with <domain(m)xPe M)
have V uedomain(m)xP . (M, [u,P,leq,1,7] @ nenv E %)) — (FIYeM. I peP.
u =(d,p) A
(p € G — wdl(G, 9)evadl(G, ) N (M[G],%vals(V¥) = ¢)))
by (simp add:transitivity)
then
have {u€domain(m)xP . (M,[u,P,leq,1,m] @ nenv = %) } C
{uedomain(m)xP . 39eM. IpeP. u =(I,p) A
(p € G — wdl(G, ¥)ewvad(G, ) N (M[G], ?vals(¥) = ¢))}
(is #nC?m)
by auto
then
have first_incl: val(G,?n) C val(G,?m)
using val_mono by simp
note (wal(G,m) = A
with «Z)eformulay <arity(2p) < _» in_ M <nenv € _) <env € _» ¢length(nenv)
=
have neM
using separation__ax lel separation_iff by auto
from generic
have filter(G) GCP
by auto
from val(G,7m) = A
have val(G,?m) =
{z . tedomain(rw) , (3 ¢P .
(FveM. FpeP. (t,q) = (I, p) A
(pe G— wl(G,9) € AN (M[G], [val(G, 9)] Q@ env Q [4] = ¢)) A
g€ G)A
z=val(G,t)}
using val_of name by auto
also
have ... = {z . tedomain(n) , (3 ¢P.
val(G, t) € AN (M[G], [val(G, t)] @ env Q [A] E ¢) A q € G)
A z=val(G,t)}
using <domain(m)eM> by (auto simp add:transitivity)
also
have ... = {z€Ad .3qeP. 2z € AN (M[G], [7] Q@ env Q [4] E ¢) A q € G}
proof(intro equalityl, auto)

{

fix z ¢
assume M[G], Cons(z, env Q [A]) Epaz€cAdgePqge G
from this <val(G,m) = A»
show z € {y . z € domain(w), val(G, z) € A AN (M[G], Cons(val(G, ), env
Q[4]) Ew) A (3¢eP. g € G) Ay = val(G, z)}
using elem__of wval by force

}

qed
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also

have ... = {z € A. (M[G], [z] Q@ env Q [4] = ¢)}
using «GCPy G_nonempty by force
finally

have val_m: val(G,%m) = {x € A. (M[G], [z] Q env Q [A] = )} by simp
have val(G,?m) C val(G,%n)
proof
fix z
assume z € val(G,?m)
with val_m
have z € {z € A. (M[G], [z] Q@ env @Q [A] |= )} by simp
with «val(G,7) = 4
have z € val(G,7) by simp
then
obtain ¥ ¢ where (¢,¢)en ¢€G val(G,9)=x YeM
using elem__of _wval_pair domain__trans|OF trans_M «mw€_)]
by force
with (teM» <nenv € ) <env = _»
have [val(G,9), val(G,m)] @ env € list(M[G]) [¥] Q nenv Q [r]€list(M)
using GenEzxt_def by auto
with <val(G9)=z> wal(G,m) = A> <z € val(G,m) nth <IeM> «z€ {z € A .
_b
have M[G], [val(G9)] Q env Q [val(G,m)] = -+ 0 € (1 +,, length(env)) - A ¢ -
by auto
— Recall -0 € I +,, length(env)- A ¢- = -0 € 1 +,, length(env)- A ¢-
with <[] @ nenv Q [_] € __» map_nenv <arity(?x) < length(_)> <length(nenv)
=_
obtain r where reG r Ik ?x ([] @ nenv Q [r])
using truth_lemma[OF <?x€_»,of [V] Q@ nenv Q [7]]
by auto
with «filter(G)» and <¢€G»
obtain p where peG p=<q p=r
unfolding filter def compat_in_ def by force
with (reG» <¢ge G» «GCP»
have peP reP ¢qeP peM
using transitivity|OF _ P_in_ M| subsetD
by simp__all
with «p€formulay <9eM> «meM> <p=3ry <nenv € _» <arity(?x) < length(_)»
rlE 2 > <enve_»
have p IF ?x ([9] @ nenv Q [r])
using strengthening lemma
by simp
with (pePy «peformulay «IeM> «meM> <nenv € _» <arity(?x) < length(_ )
have VF. M_generic(F) A p € F —
M[F], map(val(F), [J] Q@ nenv @ [7])
using definition_of _forcing[where p=-- 0 € (1
by simp
with «pePy «deM>
have Fq6: 39'eM. Ip'eP. (I,p) = (W',p") A (VF. M_generic(F) A p' € F

= %
+. length(env)) - A ¢ ¢
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—

M[F], map(val(F), [¥] Q nenv @Q [r]) E ?x) by auto

from «reM) «(¥,q)em «YEM> pEP (pEM)>

have (9,q) € M (9,pye M (9,p)edomain(r)xP
using pair__in_ M__iff transitivity
by auto

with «WeM> Eq6 «peP)

have M, [(9,p),P,leq,1,7] @ nenv = %
using Fquivalence by auto

with «((¢,p)edomain(m)xP»

have (9,p)€ ?n by simp

with (peG> «pelP»

have val(G,9)€val(G,?n)
using val_of elem[of ¥ p] by simp

with <val(G,9)=x

show z€wval(G,%n) by simp

qed
with val _m first_incl

have val(G,?n) = {z € A. (M[G], [z] @ env @ [4] = )} by auto

also from <A€_ ) phi <env € >

have ... ={z € A. (M[G], [z] @ env |= )}
using arity sats_iff[where env=[_|Qenv] transitivity MG
by auto

finally

show {z € A. (M[G], [z] Q@ env = p)}e M[G]

using «<?neM> GenExt def by force

qged

theorem separation_in_MG:
assumes

pEeformula and arity(p) < 1+, length(env) and envelist(M[G])

shows

separation(## M|[G], z. (M[G], [z] Q@ env = ¢))

proof -

{

fix A
assume A€ M|[G]
moreover from <env € _)

obtain nenv where nenvelist(M)env = map(val(G),nenv) length(env)

length(nenv)

}

using GenFzxt_def map_vallof env] by auto

moreover note <«p € _ ) <arity(p) < _» <env € _»

ultimately
have {z € A . (M[G], [z] @ env = ¢)} € M[G]
using Collect_sats_in_ MG by auto

then
show ?thesis

using separation_ iff rev_bexl unfolding is Collect def by force
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qed
end — G__genericl

end

17 The Axiom of Pairing in M|G]

theory Pairing Axiom
imports
Names
begin

context G_genericl
begin

lemma val Upair :
1€ G = val(G{(r,1),(e,1)}) = {val(G,7),val(G,0)}
by (rule trans, subst def val,auto)

lemma pairing_in_ MG : upair_ax(##M[G])
proof -
{

fix x y

assume z € M[G| y € M[G]

moreover from this

obtain 7 ¢ where val(G,7) = zval(G,o) =yo€eE M 7€ M
using GenFEztD by blast

moreover from this

have (17,1) € M {p,1)eM
using pair_in_ M_iff by auto

moreover from this

have {(1,1),(0,1)} € M (is %0 € _)
using upair_in_ M _iff by simp

moreover from this

have val(G,%0) € M[G]|
using GenFEztl by simp

moreover from calculation

have {val(G,7),val(G,0)} € M[G]
using val_Upair one_in_ G by simp

ultimately

have {z,y} € M[G]
by simp

}

then
show ?thesis
unfolding upair_ax_def upair__def by auto
qed
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end — G__genericl

end

18 The Axiom of Unions in M|[G]

theory Union_ Axiom
imports Names
begin

definition Union_name_body :: [4,i,i,i] = o where
Union__name__body(P,leq,r,x) = 3 o€domain(r) . I¢geP . IreP .
(0,9 € T A (fst(z),r) € o A (snd(z),r) € leg A (snd(z),q) € leq

definition Union_name :: [4,i,i] = { where
Union_name(P,leq,7) = {u € domain(|J (domain(7))) x P . Union_name_body(P,leq,r,u)}

context forcing datal
begin

lemma Union_name_closed :
assumes 7 € M
shows Union_name(P,leq,7) € M
proof -
let ?Q=Union_name_ body(P,leq,T)
note Ir_fst2 = lam__replacement__hcomp|OF lam,__replacement_fst lam__replacement__ fst]
and Ir_fst3 = lam__replacement__hcomp|OF lr_fst2] lam__replacement__hcomp| OF
Ir_fst2 Ir_fst2]
note <t M)
moreover from this
have domain(|J (domain(r)))eM (is ?d € _)
using domain__closed Union__closed by simp
moreover from this
have 9d x Pe M
using cartprod_ closed by simp
note types = assms <?dxP € My <?deM>
ultimately
show ?thesis
using domain__closed pair_in_ M__iff fst_closed snd__closed separation__closed
lam__replacement__constant lam__replacement__hcomp
lam__replacement_ fst lam__replacement__snd lam__replacement _product
separation__bex separation__comj separation_in lr_fst2 Ir_fst3
lam__replacement__hcomp[OF Ir_fst3(1) lam_replacement__snd]
unfolding Union_name_body def Union_name__def
by simp
qed

lemma Union MG _Eq :
assumes a € M|[G] and a = val(G,7) and filter(G) and 7 € M
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shows |J a = val(G,Union_name(P,leq,T))
proof (intro equalityl subsetl)
fix z
assume z € |J a
with (a= >
have z € |J (val(G,7))
by simp
then
obtain ¢ where i € val(G,7) z € i
by blast
with <7 € M»
obtain o ¢ where ¢ € G {(0,9) € T val(Go) =i0c € M
using elem__of wval _pair domain__trans[OF trans_M)] by blast
moreover from this <z €
obtain ¥ r where r € G (V,r) € 0 val(G,9) =z € M
using elem__of _val_pair domain__trans|OF trans_M)] by blast
moreover from calculation
have 9 € domain(|J (domain(7)))
by auto
moreover from calculation «filter(G)»
obtain p where p € G (p,r) € leq (p,q) Elegqp e PreP qgeP
using low_bound_filter filterD by blast
moreover from this
have p € M qeM reM
by (auto dest:transitivity)
moreover from calculation
have (¢,p) € Union_name(P,leq,T)
unfolding Union_name__def Union_name_body def
by auto
moreover from this (peP> (pe G
have val(G,9) € val(G,Union_name(P,leq,))
using val_of elem by simp
ultimately
show z € val( G, Union_name(P,leq,T))
by simp
next
fix z
assume z € (val(G,Union_name(PP,leq,T)))
moreover
note «filter(G)» <a=wval(G,T)
moreover from calculation
obtain ¥ p where p € G (¥,p) € Union_name(P,leq,7) val(G,9) = x
using elem__of wval _pair by blast
moreover from calculation
have peP
using filterD by simp
moreover from calculation
obtain ¢ ¢ r where (0,q) € 7 (0,r) € 0 (p,r) € leq (p,q) € leq reP ¢€P
unfolding Union_name_def Union_name_ body_ def
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by auto
moreover from calculation
have r € Gge G
using filter_leqD by auto
moreover from this <(9,r) € o> «((o,q)€T) <¢EP) <reP»
have val(G,0) € val(G,7) val(G,9) € val(G,0)
using val_of elem by simp+
ultimately
show z € |J a
by blast
qed

lemma union_in_ MG :
assumes filter(G)
shows Union__ax(##M[G))
unfolding Union__ax_ def
proof(clarsimp)
fix a
assume a € M|[G|
moreover
note <filter(G)»
moreover from calculation
interpret mgtrans : M__trans ##M[G]
using transitivity MG by (unfold_locales; auto)
from calculation
obtain 7 where 7 € M a=wal(G,7)
using GenExtD by blast
moreover from this
have val( G, Union_name(P,leq,7)) € M[G]
using GenExtl Union_name__closed by simp
ultimately
show Jze M[G] . big_union(##M|[G],a,z)
using Union_ MG _Eq by auto
qed

theorem Union_ MG : M_generic(G) = Union_ax(##M[G])
by (auto simp:union_in_MG)

end — forcing datal

end

19 The Powerset Axiom in M|[G]

theory Powerset Axiom
imports
Separation__ Aziom Pairing  Axiom Union__Axiom
begin
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simple__rename perm_ pow src [ss,p,l,0,fs,x] tgt [fs,ss,5p,p,1,0,X]

context G genericl
begin

lemma sats fst _snd_in_M:
assumes
AeM BeM ¢ € formula peM leM oeM xeM arity(p) <
shows {(s,q)€AxB . M, [¢,p,l,0,8,x] E ¢} € M (is 2 €¢ M
proof -
let 20’ = ren(p) ‘6‘7‘perm__pow_ fn
from <AeM> <BeM)
have AxB € M
using cartprod_ closed by simp
from <arity(¢) < 6> <p€ formula)
have %o’ € formula arity(2o")<7
unfolding perm_pow fn_def
using perm_ pow__thm arity_ren ren__tc Nil_type
by auto
with «%2p’ € formula)
have arty: arity( Exists(Exists(And(pair_fm(0,1,2),%2¢"))))<5 (is arity( 2))<5)
using ord__simp__union pred_le
by (auto simp:arity)
{
fix sp
note (AxB € M) (AeM> «<BeEM)»
moreover
assume sp € AxB
moreover from calculation
have fst(sp) € A snd(sp) € B
using fst_type snd_type by simp__all
ultimately
have sp € M fst(sp) € M snd(sp) € M
using transitivity
by simp__all
note inM = «(AeM) «(BeEM) <peM> <leM) <oeM> «xeM)
speM) «fst(sp)eM> <snd(sp)eM>
with arty <sp € M» «2p’ € formula)
have (M, [sp,p,l,0.x|Q[p] = ?p) — M,[sp.p,l,0.X] = # (is (M,?env0@ = )
— )
using arity_sats_iff[of 2 [p] M Zenv0] by auto
also from inM <«sp € AXB)
have ... «— sats(M,?%p,[fst(sp),snd(sp),sp,p,l,0,x])
by auto
also from inM <p € formulay <arity(e) < 6>
have ... «— M, [snd(sp),p,l,0,fst(sp),x] E ¢
(is sats(__,_,%?envl) +— sats(__, ,?env2))
using sats__iff_sats_ren[of ¢ 6 7 2env2 M ?envi perm__pow__fn] perm__pow__thm
unfolding perm_pow_fn_def by simp

6
)
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finally

have (M,[sp,p,l,0,x,p] |E %) +— M, [snd(sp),p,l,0.fst(sp),x] F ¢
by simp
}

then

have 29 = {spcAxB . sats(M,%),[sp,p,l,0,x,p])}
by auto

with assms <Ax BEM»

show ?thesis
using separation__ax separation_iff arty lel «2p’ € formula
by simp

qed

declare nat_into_M][rule del, simplified setclass_iff, intro]
lemmas ssimps = domain__closed cartprod__closed cons_closed Pow rel closed
declare ssimps [simp del, simplified setclass_iff, simp, intro]

— We keep Pow(a) N M[G] to be consistent with Kunen.
lemma Pow inter MG:
assumes a€M[G|
shows Pow(a) N M[G] € M[G]
proof -
from assms
obtain 7 where 7 € M vwil(G, 7) = a
using GenEztD by auto
let ?Q=Pow™(domain(r)xP)
let ?n=2Qx{1}
let ?b=wal(G, )
from «reM>
have domain(r)xP € M domain(t) € M
by simp__all
then
have ?b € M[G]
by (auto intro!: GenExtI)
have Pow(a) N M[G] C %b
proof
fix ¢
assume ¢ € Pow(a) N M[G]
then
obtain y where ce M[G] x € M val(G,x) = ¢
using GenEzxt iff by auto
let 29={{(0,p) €domain(r)xP . pl- -0 € 1 [0,x] }
have arity(forces( -0 € 1-)) = 6
using arity_forces at by auto
with «domain(r) € M> «x € M>»
have 20 € M
using sats_fst _snd_in_ M
by simp
with <domain(r)xP € M)
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have 29 € 2Q)
using Pow_rel_char by auto
have val(G,?9) = ¢
proof(intro equalityl subsetl)
fix z
assume z € val(G,?9)
then
obtain o p where I: (o,p)e?) peG val(G,0) = =
using elem__of wval_pair

by blast
moreover from «{(o,p)e 29 <% € M
have ce M
using name__components_in_M[of _ _ 2] by auto

moreover from I
have p IF -0 € 1 [0,x] peP
by simp_all
moreover
note «wal(G,x) = ¢ «x € M»
ultimately
have M[G], [z, c] E -0 € I-
using generic definition__of _forcinglwhere p=-0 € 1-] ord__simp__union
by auto
moreover from «oeM) «xeM>
have ze M[G]
using «val(G,0) = > GenkExtl by blast
ultimately
show zec
using «ce M[G]» by simp
next
fix z
assume z € ¢
with (¢ € Pow(a) N M[G]»
have = € a ce M[G] ze M[G]
using transitivity MG by auto
with «val(G, 7) = @
obtain o where oc€domain(r) val(G,0) = z
using elem__of wval by blast
moreover
note «z€o» wal(G,x) = ¢ «ceM[G]> <ze M[G]
moreover from calculation
have val(G,0) € val(G,x)
by simp
moreover from calculation
have M[G], [z, ] E -0 € I-
by simp
moreover
have ceM
proof -
from (oedomain(r)»
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obtain p where (o,p) € T
by auto
with «relM>
show ?thesis
using name__components_in_ M by blast
qed
moreover
note <y € M)
ultimately
obtain p where peG p Ik -0 € 1- [0,X]
using generic truth_lemmalof -0 € 1- [o,x] | ord_simp_union
by auto
moreover from (peG»
have peP
using generic by blast
ultimately
have (o,p)e %)
using <oc€domain(t)) by simp
with «val(G,0) = » (peG»
show zcval(G,?9)

using val_of _elem [of _ __ 29 G] by auto
qed
with <29 € 20
show ce€?b
using one_in_ G generic val_of elem [of 29 1 ?r G]
by auto
qed
then
have Pow(a) N M[G] = {z€?b . 2Ca N 2z M[G]}
by auto
also from <acM[G)
have ... = {z€?% . ( M[G], [z,a] E -0 C 1- )} N M[G]

using Transset MG by force
also from < ?be M[G)»
have ... = {z€?% . ( M[G], [z,a) E -0 C I-)}
by (intro equalityl) (auto dest:ext.transM)
also from < ?be M[G)> <ac M[G]»
have ... € M[G]
using Collect_sats _in_ MG GenFExtl ord_simp_union by (simp add:arity)
finally
show ?thesis .
qed

end — G__genericl
sublocale G_genericl C ext: M__trivial ## M|G)

using generic Union_ MG pairing _in_ MG
by unfold_locales (simp; blast)
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context G__genericl begin

theorem power _in_ MG : power_azx(##(M[G]))
unfolding power ax_def

proof (intro ralll, simp only:setclass_iff rex_setclass_is_bex)
fix a

After simplification, we have to show that for every a € M[G] there exists
some z € M[G] satisfying powerset(##M[G], a, x)

assume a € M|[G]

have {z€Pow(a) . ¢ € M[G]} = Pow(a) N M[G]
by auto

also from <ae M[G]>

have ... € M[G]
using Pow_inter MG by simp

finally

have {zcPow(a) . z € M[G]} € M[G] .

moreover from <a€M[G]s this

have powerset(##M[G], a, {zr€Pow(a) . z € M[G]})
using ext.powerset__abs
by simp

ultimately

show Jze M[G] . powerset(##M[G], a, x)
by auto

qed

end — G__genericl

end

20 The Axiom of Extensionality in M[G]

theory Extensionality Axiom
imports
Names
begin

context forcing datal
begin

lemma extensionality_in_ MG : extensionality(#+#(M[G]))
unfolding extensionality def
proof(clarsimp)
fix zy
assume z€M|[G] ye M[G] VweM[G] . w € z +— w € y)
moreover from this
have z€x «+— ze M[G] A z€y for z
using transitivity MG by auto
moreover from calculation
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have ze M[G] A z€x +— z€y for z
using transitivity MG by auto
ultimately
show z=y
by auto
qed

end — forcing datal

end

21 The Axiom of Foundation in M|G]|

theory Foundation_Axiom
imports
Names
begin

context forcing datal
begin

lemma foundation_in_ MG : foundation__ax(##(M[G]))
unfolding foundation__ax_def
by (rule ralll, cut_tac A=z in foundation, auto intro: transitivity MQ)

lemma foundation__ax(##(M[G]))
proof -
{
fix x
assume z€M[G] JyeM[G] . yex
then
have 3ye M[G] . yeanM|G]
by simp
then
obtain y where ycaNM[G] Vz€y. z ¢ aNM|G]
using foundation]of xNM[G]] by blast
then
have 3yeM[G] .y €z AN (V2eM[G] . 2 ¢ zV z & y)
by auto
}
then
show ?thesis
unfolding foundation ax_def by auto

qed

end — forcing datal
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end

22 The Axiom of Replacement in M|[G]

theory Replacement Axiom
imports
Separation__ Axiom
begin

context forcing datal
begin

bundle sharp_simpsl = snd__abs[simp] fst_abs[simp] fst_closed|[simp del, simpli-
fied, simp]
snd__closed[simp del, simplified, simp] M__inhabited|simplified, simp)
pair_in_M__iff[simp del, simplified, simp)

lemma sats body_ground__repl_fm:
includes sharp__simps1
assumes
It p. z=(t,p) [z,a,m,P,leq,1] Q nenv €list(M)
peformula
shows
(3reM. IVeM. is_Vset(ha. (##M)(a),a,V) AN 7 € V A (snd(z) IF ¢
([fst(z),7]@nenv)))
«— M, [, z, m, P, leq, 1] @ nenv = body__ground__repl_fm(y)
unfolding body_ground_repl fm_ def rename__split_fm__def
by ((insert assms,rule iff sats | simp add:nonempty[simplified])+,

end — forcing datal

context G__genericl
begin

lemma Replace sats _in_ MG:
assumes
ce M[G] env € list(M[G])
€ formula arity(p) < 2 +, length(env)
univalent(#H#M[G], ¢, Az v. (M[G] , [z,9]Qenv = ¢) )
and
ground__replacement:
A\nenv. ground_replacement_assm(M,[P,leq,1] Q nenv, ¢)
shows
{v. z€c, ve M[G] N (M[G] , [z,v]Qenv |= @)} € M[G]
proof -
let R=X2zv.veM[G] N (M[G], [z,0]Qenv |= @)
from <ce M[G)
obtain 7’ where val(G, 7") =cn'e M
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using GenFEzt_def by auto
then
have domain(r')xPeM (is ?reM)
using cartprod_closed domain__closed by simp
from «wal(G, ') = ©
have ¢ C val(G, ?r)
using def wallof G ] elem__of wallof _ G 7’| one_in_G
domain__of _prod[OF one_in_ P, of domain(n’)|
by (force del: M__genericD)
from <env € _»
obtain nenv where nenvelist(M) env = map(val(G),nenv)
using map_val by auto
then
have length(nenv) = length(env) by simp
with <arity(¢) <
have arity(p) < 2 +,, length(nenv) by simp
define f where f(gp) = p . a€M A (I7€M. T € Vset(a) A
(snd(op) I ¢ ([fst(op),7] @ nenv))) (is _ = p a. ?P(pp,a)) for op
have f(op) = (p a. a€eM A (3reM. IVeEM. is_ Vset(##M,o,V) N TEV A
(snd(op) Ik ¢ ([fst(op),7] @ nenv)))) (is _ = (1 a. a€M A ?Q(op,))) for
op
unfolding f def using Vset_abs Vset_closed Ord__Least_conglof ?P(op) A a.
aeM A ?Q(op,a)]
by (simp, simp del:setclass_iff)
moreover
note inM = (nenvelist(M) «?meM)>
moreover
have f(op) € M Ord(f(¢p)) for op
unfolding f def using Least_ closed’[of ?P(op)] by simp__all
ultimately
have I:least(##M M a. ?Q(op,a),f(0p)) for op
using least_abs’[of Aa. aeM N ?Q(op,e) f(op)] least_conj
by (simp flip: setclass__iff)
define Q@ where QQ=70Q
from I
have least(##M M a. QQ(op,x),f(op)) for op
unfolding QQ def .
have body:(M, [op,m,P,leq,1] @ nenv = ground_repl_fm(p)) <— least(##M,
QQ(¢p), m)
if ppeM ope ?m meM for pop m
proof -
note inM that
moreover from this assms 1
have (M , [a,0p,m,P,leq,1] @ nenv = body__ground_repl_fm(p)) +— ?Q(op,)
if ae M for o
using that sats_body_ground_repl_fm[of op o m nenv ¢
by auto
moreover from calculation
have body:A\a. « € M = (I7eM. IVeM. is_Vset(ha. aeM, o, V) A T €
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VA
(snd(gp) I & (fst(ep).7] @ nenv)))
M, Cons(a, [op, m, P, leq, 1] @ nenv) = body__ground__repl_fm(y)
by simp
ultimately
show (M | [op,m,P,leq,1] @ nenv |E ground_repl fm(p)) «— least(##M,
QQ(¢p), m)
using sats_least_fm[OF body,of 1] unfolding QQ_def ground_repl_fm_ def
by (simp, simp flip: setclass_iff)
qged
then
have univalent(##M, ?m, Aop m. M , [op,m] @Q ([P,leq,1] @ nenv) = ground__repl_fm(y))
unfolding univalent_def by (auto intro:unique_ least)
moreover from <length(_) = _» <env € _»
have length([P,leq,1] @ nenv) = 3 +,, length(env) by simp
moreover from <arity(y) < 2 +,, length(nenv)»
<length(_) = length(_)»[symmetric] <nenvE_ ) <p€E_»
have arity(ground_repl_fm(p)) < 5 +,, length(env)
using arity_ground_repl_fm[of ¢| le_trans Un_le by auto
moreover from (p€formula>
have ground_repl_fm(p)€formula by simp
moreover
note «length(nenv) = length(env)s inM
ultimately
obtain Y where YeM
VmeM. m € Y +— (JopeM. op € ?n AN (M, [op,m] @ ([P,leg,1] Q nenv) =
ground_repl_fm(y)))
using ground__replacement|of nenv]
unfolding strong replacement_def ground_replacement assm__def replace-
ment__assm,__def by auto
with east(_,QQ(_),f(L)) «f(L) € M» <?reM> body
have f(op)eY if ope ?r for gp
using that transitivity|OF _ «?meM)]
by (clarsimp,rename_tac o p op, rule_tac x={o,p) in bexl, auto)
from «YelM)
have | {yeY. Ord(y)} € M (is %sup € M)
using separation_ Ord separation__closed Union__closed by simp
then
have {z€ Vset(%sup). v € M} x {1} € M (is ?big_name € M)
using Vset_closed cartprod_closed singleton__closed by simp
then
have val( G, ?big_name) € M[G]
by (blast intro:GenExtl)
have {v. z€c, ?R(z,v)} C val(G,?big_name) (is ?replC ?big)
proof(intro subsetl)
fix v
assume vE repl
moreover from this
obtain z where zcc M[G], [z, v] @ env = ¢ ve M[G]
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by auto
moreover
note «wal(G,m")=c) «r'e M)
moreover
from calculation
obtain ¢ p where (p,p)en’ val(G,0) = = pe G pe M
using elem_of wval pair’ by blast
moreover from this <ve M[G)»
obtain o where val(G,0) = v oM
using GenFEuxtD by (force del:M__genericD)
moreover
note (p€_ ) <nenvE_» <env = _» <arity(p)< 2 4, length(env))
ultimately
obtain ¢ where ¢eG ¢ IF ¢ ([p,0]@nenv) ¢g€P
using truth_lemma[OF <p€_»,of [0,0] @ nenv)
by auto
with «(g,pyen’y (0,q9)e?r = f({0,9))€Y>
have f({o.q))€ ¥
using generic by blast
let ?a=succ(rank(o))
note «oelM>
moreover from this
have 200 € M o € Vset(%a)
using rank__closed cons_closed Vset_Ord__rank _iff
by (simp__all flip: setclass_iff)
moreover
note <q IF ¢ ([0,0] Q@ nenv)»
ultimately
have ?P({0,q),%x) by (auto simp del: Vset_rank_iff)
moreover
have (u . ?P((0,q),2)) = f({0,))
unfolding f def by simp
ultimately
obtain 7 where Te M 7 € Vset(f({0,q))) q IF ¢ ([0,7] @ nenv)
using LeastI[of A a. ?P({0,q),a) ?a] by auto
with (¢€ G> <veM> nenve_» <arity(p)< 2 +, length(nenv))
have M|[G], map(val(G),[0,7] @ nenv) = ¢
using truth_lemma[OF «@p€_», of [0,7] @ nenv] by auto
moreover from «z€c (ce M[G)]»
have z€ M|[G] using transitivity MG by simp
moreover
note <M|[G],[z,v] Q env= @) <env = map(val(G),nenv)s <TeM)> <wal(G,0)=>
cungvalent(##M[G],_,_)» «x€cr «weM[G
ultimately
have v=val(G,T)
using GenFutl[of T G] unfolding univalent def by (auto)
from «r € Vset(f((0,q)))> <Ord(f(L)) <f({e,q))€Y>
have 7 € Vset(?sup)
using Vset Ord__rank_iff It Union__iff[of _ rank(T)] by auto
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with «reM)>
have val(G,7) € val(G,?big_name)
using domain_of prod[of 1 {1} {x€Vset(?sup). x € M} | def wallof G
?big__name]
one_in__G one_in_P by (auto simp del: Vset_rank_iff)
with w=wval(G,1)
show v € val(G, ?big_name)

by simp
qed
from < ?big _namee M)
have ?repl = {ve ?big. Jzcc. M[G], [z,0] Q env |= ¢} (is _ = ?rhs)
proof(intro equalityl subsetl)
fix v

assume ve ?repl
with «?replC ?big»
obtain z where zec M[G], [z, v] Q@ env = ¢ ve ?big
using subsetD by auto
with «univalent(##M[G],_, ) <ce M[G]
show v € ?rhs
unfolding univalent_def
using transitivity MG Replacel[of X\ z v. Fz€c. M[G], [z, v] Q env = ¢] by
blast
next
fix v
assume v€ ?rhs
then
obtain z where
veval(G, ?big_name) M[G], [z, v] Q env |= ¢ z€C
by blast
moreover from this <c€ M[G]»
have ve M[G] ze M[G]
using transitivity_ MG GenExtI[OF «?big_namec_,of G] by auto
moreover from calculation <univalent(##M|[G],_,_)»
have ?R(z,y) = y = v for y
unfolding univalent_def by auto
ultimately
show ve ?repl
using Replacel[of ?R x v (]
by blast
qed
moreover
let %) = (-3--0 € 2 +,, length(env) - A ¢-)
from «pe_»
have 2yeformula arity(?) < 2 +,, length(env)
using pred_mono[OF _ <arity(p)<2+,length(env))] lt_trans|OF __ le_refl]
by (auto simp add:ord__simp__union arity)
moreover
from «pe_» <arity(p) <2+, length(env) <c€ M[G]> <enve_)»
have (Fzcc. M[G], [z,v] Q env |= @) «— M[G], [v] Q env Q [¢] = %) if ve M[G]
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for v
using that nth_concat transitivity MG[OF __ «ce M[G]»] arity_sats_iff[of ¢
[c] _ [ ,v]@Qenv]
by auto
moreover from this
have {ve %big. 3zcc. M[G], [z,v] Q env = ¢} = {ve 2big. M[G], [v] Q env @ [(]

_!
using transitivity  MG[OF __ GenExtl, OF __ <%big_namecM)]
by simp

moreover from calculation and <enve_» <c€ » «?bige M[G)»

have {ve ?big. M[G] , [v] @ env Q [¢] = %} € M[G]
using Collect_sats_in_ MG by auto
ultimately
show ?thesis by simp
qed

theorem strong replacement in_ MG:
assumes
peformula and arity(p) < 2 +,, length(env) env € list(M|[G])
and
ground__replacement:
Anenv. ground_replacement__assm(M,[P,leq,1] @ nenv, @)
shows
strong__replacement(## M| G), Az v. M[G],[z,0] @ env | ¢)
proof -
let R=X\z y . M[G], [z, y] Q env = ¢
{
fix A
let ?Y={v .z € A, veM[G] N ?R(z,v)}
assume I: (##M[G])(A) univalent(##M[G), A, ?R)
with assms
have (44 M[G])(?Y)
using Replace_sats_in_ MG ground_replacement 1
unfolding ground_replacement__assm__def by auto
have b € ?Y «— (Fz[##M[G]]. x € A N ?R(z,b)) if (##M[G])(b) for b
proof(rule)
from «(##M[G])(A)
show Jz[##M[G]]. x € A N ?R(z,b) if b € ?Y
using that transitivity MG by auto
next
show b € ?Y if Ja[##M[G]]. € A N ?R(z,b)
proof -
from «(##M[G])(b)
have be M[G] by simp
with that
obtain z where (##M[G])(z) z€A4 be M[G] N ?R(z,b)
by blast
moreover from this 1 «(##M[G])(b)»
have ze M[G] ze M[G] N ?R(z,z) = b = z for z
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unfolding univalent def
by auto
ultimately
show ?thesis
using Replacel[of X zy. ye M[G] A ?R(z,y)] by blast
qed
qed
then
have VbO[##M[G]]. b € ?Y +— (Fz[##M[G]]. © € A N ?R(x,b))
by simp
with «(##M[G])(?Y)
have (IY[#H#MI[G]]. VOH#H#MI[G]]. b € YV +— (Fz[#H#M[G]]. z € A A
7R(.5)))
by auto
}

then show ?thesis unfolding strong replacement__def
by simp
qed

lemma replacement__assm__ MG:
assumes
ground__replacement:
Anenv. ground_replacement__assm(M,[P,leq,1] @ nenv, @)
shows
replacement__assm(M[G],env,p)
using assms strong_replacement_in_ MG
unfolding replacement _assm__def by simp

end — G__genericl

end

23 The Axiom of Infinity in M|G]

theory Infinity Axiom
imports Union__ Axiom Pairing Axziom
begin

context G_genericl begin

interpretation mg_ triv: M_trivial## M|G)
using transitivity_ MG zero_in_MG|of G| generic Union_ MG pairing_in_ MG
by unfold_locales auto

lemma infinity_in_ MG : infinity _ax(#H#M[G])
proof -
have w € M[G]
using M_ subset_ MG one_in_ G nat_in_M by auto
moreover from this
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have succ(y) € w N M[G] if y € w for y
using that transitivity MG by blast

ultimately

show ?thesis
using transitivity_MG|of 0 w]
unfolding infinity azx def
by auto

qed

end — G__genericl

end

24 The Axiom of Choice in M[G]

theory Choice Aziom
imports

Powerset__Aziom
Extensionality  Axiom
Foundation_Aziom
Replacement__Axiom
Infinity_ Axiom

begin

definition
upair_name :: i = 1 = i = i where
upair_name(T,0,0n) = Upair({T,on),(o,on))

definition
opair_name :: i = i = i = i where
opair_name(T,0,0n) = upair_name(upair_name(T,T,0n),upair_name(T,0,0n),0n)

definition
induced__surj :: i=i=-i=1 where
induced_surj(f,a,e) = f-“(range(f)-a)x{e} U restrict(f,f-*‘a)

lemma domain_induced__surj: domain(induced_surj(f,a,e)) = domain(f)
unfolding induced_surj def using domain__restrict domain__of prod by auto

lemma range_ restrict_vimage:
assumes function(f)
shows range(restrict(f,f-““a)) C a
proof
from assms
have function(restrict(f,f-a))
using function__restrict] by simp
fix y
assume y € range(restrict(f,f-*“a))
then
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obtain z where (z,y) € restrict(f.f-“‘a) = € f-“‘a x€domain(f)
using domain_restrict domainlI[of _ _ restrict(f,f-*‘a)] by auto
moreover
note <function(restrict(f,f-*“a))>
ultimately
have y = restrict(f,f-““a) ‘c
using function__apply _equality by blast
also from «x € f-“w»
have restrict(f,f-*‘a)‘c = f
by simp
finally
have y = fz .
moreover from assms <x€domain(f)
have (z,fz) € f
using function__apply_Pair by auto
moreover
note assms <z € f-“a
ultimately
show yeca
using function__image_vimage[of f a] by auto
qed

lemma induced__surj type:
assumes function(f)

shows
induced_surj(f,a,e): domain(f) — {e} U a
and
z € f-““a = induced_surj(f,a,e)‘c = fz
proof -

let ?f1=f-*(range(f)-a) x {e} and ?f2=restrict(f, f-*‘a)
have domain(?f2) = domain(f) N f-“a
using domain_ restrict by simp
moreover from assms
have domain(?f1) = f-“(range(f))-f-““a
using domain__of prod function_vimage_ Diff by simp
ultimately
have domain(?f1) N domain(?f2) = 0
by auto
moreover
have function(?f1) relation(?f1) range(?f1) C {e}
unfolding function_ def relation__def range def by auto
moreover from this and assms
have ?f1: domain(?f1) — range(?f1)
using function__imp_ Pi by simp
moreover from assms
have ?f2: domain(?f2) — range( ?f2)
using function__imp_ Pi[of restrict(f, f -** a)] function_restrict] by simp
moreover from assms
have range(?f2) C a
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using range_restrict _vimage by simp
ultimately
have induced surj(f,a,e): domain(2f1) U domain(?2f2) — {e} U a
unfolding induced_surj def using fun_is _function fun__ disjoint_ Un fun_weaken__type
by simp
moreover
have domain(?f1) U domain(?f2) = domain(f)
using domain__restrict domain__of prod by auto

ultimately

show induced__surj(f,a,e): domain(f) — {e} U a
by simp

assume z € f-‘‘a

then

have ?f2c = fx
using restrict by simp
moreover from <z € f-“a) «domain(?f1) = »
have z ¢ domain(?f1)
by simp
ultimately
show induced__surj(f,a,e)‘c = fc
unfolding induced__surj _def using fun__disjoint__apply2[of x ?f1 ?f2] by simp
qged

lemma induced_surj is_surj :
assumes
eca function(f) domain(f) = a A\y. y € a = Jz€a. ffz =y
shows induced__surj(f,a,e) € surj(a,a)
unfolding surj def
proof (intro Collect] balll)
from assms
show induced__surj(f,a,e): o — a
using induced__surj_typelof f a €] cons_eq cons_absorb by simp
fix y
assume y € a
with assms
have Jzea. f 'z =y
by simp
then
obtain z where z€a f ‘ = y by auto
with «yea> assms
have zef-“a
using vimage__iff function__apply_ Pair|of f z] by auto
with «f ‘@ = v assms
have induced_surj(f, a, €) ‘z =y
using induced__surj_type by simp
with (z€a) show
Jz€a. induced_suri(f, a, €) ‘z = y by auto
qed

260



lemma (in M_ZF1 _trans) upair_name__closed :
[ zeM; yeM ; oe M] = upair_name(z,y,0)€ M
unfolding upair _name__def
using upair_in_ M__iff pair_in_ M _iff Upair_eq cons
by simp

context G__genericl
begin

lemma val_upair_name : val( G upair_name(r,0,1)) = {val(G,7),val(G,0)}
unfolding upair _name_ def
using val_Upair Upair_eq cons generic one_in_ G
by simp

lemma val_opair_name : val(G,opair_name(t,0,1)) = (val(G,7),val( G,0))
unfolding opair_name_def Pair_def
using val_upair _name by simp

lemma val RepFun_one: val(G{(f(z),1) . z€a}) = {val(G,f(z)) . z€a}
proof -
let 24 = {f(z) . z € a}
let 2Q = MNz,p) .p=1
have 1 € PNG using generic one_in_ G one_in_ P by simp
have {(f(z),1) .z €a} ={t € 2A x P . ?Q(t)}
using one_in_ P by force
then
have val(G,{{f(2),1) .z € a}) = val(G,{t € 24 x P . ?2Q(t)})
by simp
also
have ... = {z .t € 24, (3pePnG . ?Q((t,p))) N 2= val(G,t)}
using val_of name__alt by simp
also from (1ePNG»
have ... = {val(G,t) . t € 7?4}
by force
also
have ... = {val(G,f(z)) . z € a}
by auto
finally
show ?thesis
by simp
qed

end— G__genericl

24.1 M]IG] is a transitive model of ZF

sublocale G_genericl C ext:M_Z_trans M[G)|
using Transset MG generic pairing_in_MG Union_ MG
extensionality_in_ MG power_in_ MG foundation_in_ MG

261



replacement__assm__ MG separation_in_ MG infinity_in_ MG
replacement__axl
by unfold_locales

lemma (in M_ replacement) upair_name_lam__replacement :
M(z) = lam__replacement(M Az . upair_name(fst(z),snd(z),z))
using lam_ replacement_Upair[THEN [5] lam_replacement__hcomp?2)
lam__replacement__product
lam__replacement_ fst lam__replacement__snd lam__replacement__constant
unfolding upair _name_ def
by simp

lemma (in forcing datal) repl _opname_check :
assumes AcM feM
shows {opair_name(check(z),fz,1). z€cAye M
using assms lam__replacement__constant check__lam__replacement lam__replacement__identity
upair_name__lam__replacement| THEN [5] lam__replacement__hcomp?2)
lam__replacement__apply2[THEN [5] lam__replacement__hcomp?2]
lam__replacement__imp__strong_replacement__auzx
transitivity RepFun__closed upair_name__closed apply closed
unfolding opair_name_ def
by simp

theorem (in G_genericl) choice_in_MG:
assumes choice__ax(##M)
shows choice_ax(##M[G])
proof -
{
fix a
assume a€ M |G|
then
obtain 7 where 7eé M val(G,7) = a
using GenFEzxt_def by auto
with «reM)»
have domain(r)eM
using domain__closed by simp
then
obtain s @ where sc€surj(a,domain(r)) Ord(a) se M aeM
using assms choice__ax__abs
by auto
then
have acM[G]
using M_subset_ MG generic one_in_ G subsetD
by blast
let ?A=domain(T)xP
let 29 = {opair_name(check(B),s‘8,1). Bea}
have g € M
using <se M) «a€M> repl_opname__check
by simp
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let 2f dot={{opair_name(check(8),s‘5,1),1). fea}
have ?f dot = 2?9 x {1} by blast
define f where
f = val(G,?f_dot)
from «?geM)> <?f_dot = 2gx{1}»
have ?f dote M
using cartprod__closed singleton_ closed
by simp
then
have f € M[G]
unfolding f_def
by (blast intro: GenExtI)
have f = {val(G,opair_name(check(B),s‘8,1)) . Bea}
unfolding f def
using val RepFun_one
by simp
also
have ... = {(B,val(G,sB)) . fea}
using val_opair_name val_check generic one_in_ G one_in_ P
by simp
finally
have f = {(B,val(G,s‘B)) . Bea} .
then
have 1: domain(f) = « function(f)
unfolding function_def by auto
have 2: y € a = Jzca. f ‘'z =y for y
proof -
fix y
assume
Yy Ea
with «val(G,7) = @
obtain ¢ where ocdomain(r) val(G,0) =y
using elem_of wvallof y _ 7]
by blast
with <s€surj(a,domain(T))»
obtain $ where f€a s8 = o
unfolding surj def
by auto
with «val(G,0) = v
have val(G,sB) = y
by simp
with «f = {(B,val(G,sB)) . Bea}r BE®
have (8,y)€f

by auto
with <function(f)»
have f8 =y

using function__apply _equality by simp
with (f€a» show

dpea. f B =y
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by auto
qed
then
have Jace(M[G]). f'€e(M[G]). Ord(a) A f' € surj(a,a)
proof (cases a=0)
case True
then
show ?thesis
unfolding surj def
using zero_in_ MG
by auto
next
case Fulse
with (ae M[G)»
obtain e where eca ee M[G]
using transitivity MG
by blast
with 7 and 2
have induced surj(f,a,e) € surj(a,a)
using induced__surj is_surj by simp
moreover from <fe M[G)]> «ae M[G]> <eec M[G]
have induced__surj(f,a,e) € M[G]
unfolding induced_surj def
by (simp flip: setclass__iff)
moreover
note «a€M|[G)» <Ord(a))
ultimately
show ?thesis
by auto
qed
}
then
show ?thesis
using ext.choice_ax_abs
by simp
qed

sublocale G__genericl_AC C ext:M__ZC_basic M[G]
using choice_ax choice in_ MG

by unfold_locales

end

25 Separative notions and proper extensions
theory Proper_Ezxtension

imports
Names
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begin

The key ingredient to obtain a proper extension is to have a separative
preorder:

locale separative notion = forcing mnotion +
assumes separative: peP = Jq€P. dreP. ¢ < pAr <pA gL T
begin

For separative preorders, the complement of every filter is dense. Hence an
M-generic filter cannot belong to the ground model.

lemma filter _complement__dense:
assumes filter(G)
shows dense(P - G)
proof
fix p
assume peP
show 3deP - G. d < p
proof (cases peG)
case True
note (peP» assms
moreover
obtain ¢ r where ¢ < pr <X pgq L rqeP reP
using separative|OF «peP»]
by force
with «filter(G)»
obtain s where s < ps¢ GseP
using filter_imp__compat[of G q r]
by auto
then
show ?thesis
by blast
next
case Fulse
with «peP»
show ?thesis
using refl leq unfolding Diff def by auto
qed
qed

end — separative_notion

locale ctm__separative = forcing datal + separative__notion
begin

context

fixes G

assumes generic: M__generic(G)
begin
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interpretation G genericl P leq 1 M enum G
by unfold_locales (simp add:generic)

lemma generic_not_in_M:
shows G ¢ M
proof
assume GeM
then
have P - G e M
using Diff closed by simp
moreover
have =(3¢cG. ¢ € P-G) (P-G)CP
unfolding Diff def by auto
moreover
note generic
ultimately
show Fulse
using filter _complement_dense[of G] M__generic_denseD|of P-G]|
by auto
qed

theorem proper_extension: M # M|G]
using generic G_in_ Gen_ Ext one_in_ G generic_mnot_in_M
by force

end

end — ctm__separative

end

26 A poset of successions

theory Succession__Poset
imports
ZF _Trans Interpretations
Proper__FExtension
begin

In this theory we define a separative poset. Its underlying set is the set of
finite binary sequences (that is, with codomain 2 = 0, 1); of course, one can
see that set as the set w -||> 2 or equivalently as the set of partial functions
Fn(w, w, 2), i.e. the set of partial functions bounded by w.

The order relation of the poset is that of being less defined as functions (cf.
Fnlerel(A<%)), so it could be surprising that we have not used Fn(w, w,
2) for the set. The only reason why we keep this alternative definition is
because we can prove A< € M (and therefore Fnlerel(A<¥) € M) using
only one instance of separation.

definition seq upd :: i = i = ¢ where
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seq_upd(f,a) = X\ j € succ(domain(f)) . if j < domain(f) then f* else a

lemma seq upd_succ_type :
assumes nenat fen—A a€A
shows seq_upd(f,a)€ succ(n) — A
proof -
from assms
have equ: domain(f) = n
using domain_of fun by simp
{
fix j
assume je succ(domain(f))
with equ <ne_»
have j<n
using [t by auto
with (ne_»
consider (lt) j<n | (eq) j=n
using leD by auto
then
have (if j < n then f% else a) € A
proof cases
case It
with «fe_»
show ?thesis
using apply_type ItD|OF lt] by simp

next
case eq
with (ac_
show ?thesis
by auto
qed
}
with equ

show ?thesis
unfolding seq upd_def
using lam__typelof succ(domain(f))]
by auto
qed

lemma seq upd_ type :
assumes fEA<Y qcA
shows seq _upd(f,a) € A<¥
proof -
from (fe_»
obtain y where yenat fey—A
unfolding segspace_def by blast
with <a€A)>
have seq_upd(f,a)€succ(y)—A
using seq upd_succ_type by simp
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with (ye_»
show ?thesis
unfolding segspace_def by auto
qed

lemma seq _upd_apply_domain [simp):
assumes f:n—A nenat
shows seq_upd(f,a)n = a
unfolding seq upd_def using assms domain_of fun by auto

lemma zero__in__segqspace :
shows 0 € A<¥
unfolding segspace def
by force

definition
seglerel :: i = i where
seqlerel(A) = Fnlerel(A<%)

definition
seqle :: i where
seqle = seglerel(2)

lemma seglel[intro!]:
(f,9) € 2°9%2°Y = g C f = (f,9) € seqle
unfolding seqle def seqlerel def seqspace def Rrel def Fnlerel def
by blast

lemma segleD[dest!]:
z € seqle = Jz y. (x,y) € 2°UX2Y ANy Cz A 2= (2,9)
unfolding Rrel def seqle_def seqlerel def Fnlerel def
by blast

lemma upd_lel :
assumes f€2<%¥ q€2
shows (seq upd(f,a),f)Eseqle (is (?f, )€ )
proof
show (7f, f) € 2<% x 2<%
using assms seq _upd__type by auto
next
show f C seq upd(f,a)
proof
fix x
assume z € f
moreover from f € 2<%,
obtain n where necnat f : n — 2
by blast
moreover from calculation
obtain y where yen z=(y,f‘y)
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using Pi_memberD[of fn \_ . 2]
by blast

moreover from «f:n—2)

have domain(f) = n
using domain_of fun by simp

ultimately

show z € seq _upd(f,a)
unfolding seq upd_ def lam__def
by (auto intro:ltI)

qged
qed

lemma preorder _on__seqle: preorder _on(2<% seqle)
unfolding preorder _on__def refl_def trans_on__def by blast

lemma zero__seqle_maz: z€2<Y = (z,0) € seqle
using zero_in_ seqspace
by auto

interpretation sp:forcing notion 2<% seqle 0
using preorder_on__seqle zero__seqle__mazx zero__in__seqspace
by unfold_locales simp__all

notation sp.Leq (infixl <<s» 50)
notation sp.Incompatible (infixl <Ls> 50)

lemma seqspace__separative:
assumes f€2<V
shows seq _upd(f,0) Ls seq _upd(f,1) (is ?f Ls %g)
proof

assume sp.compat(?f, ?g)

then

obtain h where h € 2<% ?f C h 2g C h
by blast

moreover from «f€_»

obtain y where yenat f:y—2
by blast

moreover from this

have ?f: succ(y) — 2 %g: succ(y) — 2
using seq upd_succ_type by blast+

moreover from this

have (y,7fy) € ?f (y,79%y) € ?g
using apply_ Pair by auto

ultimately

have (y,0) € h (y,1) € h
by auto

moreover from «h € 2<%

obtain n where nenat h:n—2
by blast
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ultimately
show Fulse
using fun_is_function[of h n A__. 2]
unfolding segspace_def function__def by auto
qed

definition seqleR_ fm :: ¢ = ¢ where
segleR_fm(fg) = Euxists(Exists(And(pair_fm(0,1,fg+,,2),subset_fm(1,0))))

lemma type_seqleR_fm : fg € nat = seqleR__fm(fg) € formula
unfolding seqleR_ fm_ def
by simp

arity__theorem for seqleR_fm

lemma (in M__ctm1) segleR_ fm_ sats :

assumes fgenat envelist(M)

s;lows )(M7 env = seqleR_fm(fg)) < (3 f[#4M]. 3 gl#4M). pair(##M.f,9.nth(fg,env))
Nf2g

unfolding seqleR_ fm,__def

using assms trans_M sats_subset_fm pair_iff sats

by auto

context M ctml
begin

lemma seqle_in_ M: seqle € M
using arity_seqleR__fm seqleR__fm__ sats type_ seqleR__fm
cartprod__closed seqspace__closed nat__into M nat_in_ M pair_in_ M _iff
unfolding seqle def seqlerel def Rrel def Fnlerel def
by (rule_tac Collect_in_M|of seqleR_fm(0) []],auto)

26.1 Cohen extension is proper

interpretation ctm_separative 2<% seqle 0
proof (unfold_locales)
fix f
let ?g=seq upd(f,0) and ?r=seq upd(f,1)
assume f € 2<%
then
have 29 <s f AN 2r s f N\ ?q 1Ls %r
using upd__lel seqspace_separative by auto
moreover from calculation
have ?g € 2<% ?r ¢ 2<%
using seq_upd__type[of [ 2] by auto
ultimately
show 3¢c2<%. Ire2<W. g <sf AT =<sfAqlsr
by (rule_tac bexl)+ — why the heck auto-tools don’t solve this?
next
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show 2<% ¢ M
using nat_into_ M seqspace__closed by simp
next
show seqle € M
using seqgle_in_ M .
qed

lemma cohen__extension_is_proper: 3G. M__generic(G) N M # M[G]
using proper__extension generic_filter _existence zero__in__seqspace
by force

end — M _ctml

end

27 The existence of generic extensions

theory Forcing Main
imports
Ordinals _In MG
Choice_Axiom
Succession__Poset

begin

27.1 The generic extension is countable

lemma (in forcing datal) surj _nat MG : 3f. f € surj(w,M|[G])
proof -
let ?f=Ancw. val(G,enumn)
have z € w = val(G, enum ‘ z)e M[G] for z
using GenFEztl bij is_fun|OF M__countable)
by simp
then
have ?f: w — M[G]
using lam__type[of w An. val(G,enum‘n) A\_.M[G]] by simp
moreover
have Inew. ?fn = z if e M[G] for z
using that GenExt_iff[of _ G] bij_is_surj|OF M__countable]
unfolding surj def by auto
ultimately
show ?thesis
unfolding surj def by blast
qed

lemma (in G__genericl) MG_egpoll_nat: M[G] ~ w
proof -
obtain f where f € surj(w,M[G))
using surj_nat MG by blast
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then
have M[G] S w
using well_ord_surj_imp_lepoll well_ord__Memrel[of w] by simp
moreover
have w < M[G]
using ext.nat_into_ M subset_imp_ lepoll by (auto del:lepolll)
ultimately
show ?thesis
using eqpolll by simp
qged

27.2 Extensions of ctms of fragments of ZF(C

context G__genericl
begin

lemma sats ground__repl_fm_imp_sats ZF replacement_fm:
assumes
pEeformula M, [] = -Replacement(ground_repl_fm(y))-
shows
M[G], | E -Replacement(p)-
using assms sats_ZF replacement_fm__iff
by (auto simp:replacement__assm__def ground__replacement _assm__def
intro:strong__replacement__in_ MG[simplified])

lemma satT ground_repl fm_imp_ satT ZF replacement fm:
assumes
® C formula M = { -Replacement(ground_repl_fm(p))- . ¢ € @}
shows
M[G] k= { -Replacement(p)- . ¢ € D}
using assms sats__ground_repl _fm_imp_sats ZF replacement_fm
by auto

end — G__genericl

theorem extensions of ctms:
assumes
M =~ w Transset(M)
M E -Z- U {-Replacement(p)- . p € overhead}
O C formula M = { -Replacement(ground_repl_fm(p))- . ¢ € ®}
shows
aN.
M C NAN=wA Transset(N) A M#N A
Va. Ord(ar) — (a € M <— a € N)) A
(M, [|JE -AC-) — N, [| E -AC-) A N = -Z- U { -Replacement(p)- . ¢ € D}
proof -
from <M = -Z- U _» <Transset(M)»
interpret M_ZF ground_trans M
using M_satT imp M _ZF ground_ trans
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by simp
from <M =~ w»
obtain enum where enum € bij(w,M)
using egpoll_sym unfolding eqpoll def by blast
then
interpret M_ctm1 M enum by unfold locales
interpret forcing datal 2<% seqle 0 M enum
using nat_into_ M seqspace__closed seqle_in_ M
by unfold_locales simp
obtain G where M_ generic(G) M # M|G]
using cohen__extension__is _proper
by blast

Recall that M[G] denotes the generic extension of M using the poset of
sequences 2<%,

then
interpret G genericl 2<% seqle 0 _ enum G by unfold locales
interpret MG: M__Z_basic M[G]
using generic pairing_in_ MG
Union_ MG extensionality_in_ MG power _in_ MG
foundation__in_ MG replacement_assm__ MG
separation__in_ MG infinity_in_ MG replacement__axl
by unfold_locales simp
have M, [|= -AC- = MI[G], || E -AC-
proof -
assume M, [| | -AC-
then
have choice__ax(##M)
unfolding ZF choice_fm_ def using ZF choice_auto by simp
then
have choice__ax(## M[G]) using choice_in_ MG by simp
then
show M[G], || &= -AC-
using ZF choice__auto sats ZFC iff sats ZF AC
unfolding ZF choice_fm_ def by simp
qed
moreover
note <M # M[G]> <M = { -Replacement(ground_repl_fm(p))- . ¢ € ®}» «® C
formula»
moreover
have Transset(M[G]) using Transset MG .
moreover
have M C M|[G] using M__subset_MG|OF one_in__G| generic by simp
ultimately
show ?thesis
using Ord_MG _iff MG_eqpoll_nat ext.M__satT _Zermelo_fms
satT _ground__repl_fm_imp_satT_ZF _replacement_fm[of P]
by (rule_tac x=M|[G] in ezl, auto)
qged

273



lemma ZF replacement_overhead sub_ZF: {-Replacement(p)- . p € overhead}
CZF

using instancesl__fms_type instances_ground_fms_type

unfolding overhead_def ZF def ZF _schemes_def by auto

theorem eztensions of ctms ZF:
assumes
M =~ w Transset(M) M = ZF
shows
3N.
M CNAN=wA Transset(N) AN N |= ZF N M#N A
Va. Ord(ar) — (« € M <— a € N)) A
(M, [JFF -AC-) — N = ZFC)
proof -
from assms
have 3 N.
M C NAN=wA Transset(N) A M#N A
Va. Ord(ar) — (a € M <— a € N)) A
(M, [|F -AC-) — N, [] E -AC-) A N = -Z- U { -Replacement(p)- . ¢ €
formula}
using extensions_of _ctms[of M formula] satT _ZF imp_satT _Z[of M]
satT _mono|OF __ ground_repl_fm_sub_ZF, of M]
satT_mono|OF _ ZF _replacement_overhead_sub_ZF, of M)
by (auto simp: satT_Un__iff)
then
obtain N where N |= -Z- U { -Replacement(p)- . ¢ € formula} M C NN ~ w
Transset(N)
M#N Va. Ord(a) — o€ M <— a € N)
by blast
moreover from «N | -Z- U { -Replacement(p)- . ¢ € formula}
have N E ZF
using satT 7 ZF replacement _imp_satT ZF by auto
moreover from this and (M, [|E -AC-) — N, [| = -AC"
have (M, [|E -AC:) — N = ZFC
using sats ZFC _iff sats ZF AC by simp
ultimately
show ?thesis
by auto
qed

end

28 Preservation of cardinals in generic extensions
theory Cardinal _Preservation

imports
Forcing  Main
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begin
context forcing datal
begin

lemma antichain__abs’ [absolut]:
[ AcM | = antichain™(P,leq,A) <— antichain(P,leq,A)
unfolding antichain_rel def antichain__def compat_ def
using transitivity[of _ A]
by (auto simp add:absolut)

lemma inconsistent__imp__incompatible:
assumes p Ik ¢ env ¢ IF Neg(p) env peP geP
arity(p) < length(env) ¢ € formula env € list(M)
shows p L ¢
proof
assume compat(p,q)
then
obtain d where d <X p d <X ¢ d € P by blast
moreover
note assms
moreover from calculation
have d I ¢ env d IF Neg(p) env
using strengthening lemma by simp__all
ultimately
show Fulse
using Forces Neglof d env ] refl_leq
by (auto dest:transitivity; drule_tac bspec; auto dest:transitivity)
qed

notation check («_¥» [101] 100)

end — forcing datal

locale G__generic2 = G__genericl + forcing data2

locale G__generic2_AC = G__genericl_AC + G__generic2

locale G__generic3 = G_generic2 + forcing data8
locale G_generic3_AC = G__generic2 AC + G__generic3

locale G__generic3 _AC_CH = G__generic3_AC + M_ZFC2_ground_CH_trans
sublocale G_generic3 _AC C ext:M_ZFC2_trans M[G]
using ground__replacements3 replacement _assm__ MG

by unfold_locales simp__all

lemma (in forcing datal) forces neq apply imp_incompatible:
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assumes
plF-01 is 2- [f,a,b"]
gk 01 is 2 [f,a,b"]
b+ b
— More general version: taking general names b* and b", satisfying p I+ -—-0 =
1+ [b¥, b™] and ¢ IF -—-0 = 1-- [bY, b™].
and
types:feM ac M beM b'e M pelP qeP
shows
plyg
proof -
{
fix G
assume M _generic(G)
then
interpret G_genericl _ _ _
include G _genericl_lemmas
assume ¢€G
with assms <M__generic(G)»
have M|[G], map(val(G),|f,a,b™]) = -0°1 is 2-
using truth_lemmalof -0°1 is 2- [f,a,b™]]
by (auto simp add:ord__simp__union arity_fun__apply_fm
fun_apply__type)
with <b # b’ types
have M|[G], map(val(G),|f,a,b"]) | -—-0°1 is 2-
using GenExtl by auto
}

with types
have ¢ I+ -—-0°1 is 2-- [f,a,b"]
using definition_of _forcing[where p=-—-0°1 is 2-- ]
by (auto simp add:ord__simp_union arity_fun__apply_fm)
with «p |- 01 is 2- [f,a,b"]> and types
show p 1| ¢
using inconsistent__imp__incompatible
by (simp add:ord__simp__union arity_fun__apply_fm fun__apply type)
qed

G by unfold__locales

context M ctm2 AC
begin

— Simplifying simp rules (because of the occurrence of setclass)

lemmas sharp_simps = Card__rel__Union Card_rel cardinal rel Collect abs
Cons__abs Cons_in_ M __iff Diff closed Equal abs Equal_in_ M _iff Finite abs
Forall _abs Forall_in_ M _iff Inl_abs Inl_in_ M _iff Inr_abs Inr_in_ M _iff
Int_closed Inter _abs Inter closed M__nat Member _abs Member in_ M iff
Memrel__closed Nand__abs Nand__in__ M__iff Nil_abs Nil_in_ M Ord__cardinal_rel
Pow _rel closed Un__closed Union__abs Union_closed and__abs and__closed
apply__abs apply_closed bij_rel closed bijection__abs bool of o__abs
bool_of o _closed cadd_rel 0 cadd_rel closed cardinal rel 0 _iff 0
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cardinal__rel__closed cardinal _rel idem cartprod__abs cartprod__closed
cmult_rel 0 emult_rel_1 cmult_rel closed comp__closed composition__abs
cons__abs cons__closed converse__abs converse__closed csquare_lam,__closed
csquare__rel__closed depth__closed domain__abs domain__closed eclose__abs
eclose__closed empty_abs field _abs field_closed finite_funspace_closed
finite__ordinal_abs fst_ closed function__abs function__space_rel_closed
hd__abs image__abs image_closed inj_rel_closed injection__abs inter _abs
irreflexive__abs is__eclose_n__abs is_funspace _abs

iterates__closed length_closed lepoll_rel refl

limit_ordinal _abs linear _rel _abs

mem,__bij _abs mem__eclose__abs mem__inj _abs membership__abs
minimum,__closed nat__case__abs nat__case__closed nonempty not__abs
not__closed numberl__abs number2 _abs number3 __abs omega__abs

or_abs or__closed order__isomorphism__abs ordermap__closed
ordertype__closed ordinal _abs pair_abs pair_in_ M__iff powerset__abs
pred__closed pred__set _abs quasilist__abs quasinat__abs radd__closed

rall _abs range__abs range_closed relation__abs restrict closed
restriction__abs rex__abs rmult_closed rtrancl abs rtrancl closed
rvimage__closed separation_closed setdiff abs singleton__abs
singleton__in_ M __iff snd_closed strong replacement_closed subset_abs
succ_in__ M __iff successor__abs successor__ordinal _abs sum__abs sum__closed
surj_rel_closed surjection__abs tl_abs trancl _abs trancl_closed
transitive__rel__abs transitive__set__abs typed_function__abs union__abs
upair_abs upair_in_ M _iff vimage__abs vimage_closed well _ord__abs
nth__closed Aleph__rel_closed csucc__rel_closed

Card_rel_Aleph__rel

declare sharp__simps[simp del, simplified setclass_iff, simp]

lemmas sharp_intros = nat_into_ M Aleph__rel_closed Card_rel_Aleph rel
declare sharp_intros[rule del, simplified setclass_iff, intro]

end — M _ctm2 AC

context G_generic3 _AC begin

context
includes G_genericl_lemmas
begin

lemmas mg_sharp_simps = ext.Card_rel_Union ext.Card_rel_cardinal el
ext.Collect__abs ext.Cons__abs ext.Cons__in_ M __iff ext. Diff closed
ext. Fqual__abs ext.Equal _in_ M __iff ext. Finite_abs ext.Forall _abs
ext.Forall in_ M _iff ext.Inl_abs ext.Inl_in_ M iff ext.Inr _abs
ext.Inr_in_ M _iff ext.Int_closed ext.Inter _abs ext.Inter closed
ext.M__nat ext. Member _abs ext. Member__in_ M __iff ext. Memrel closed
ext.Nand__abs ext.Nand__in_ M __iff ext.Nil_abs ext.Nil_in_ M
ext.Ord__cardinal _rel ext.Pow _rel closed ext.Un__closed
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ext. Union__abs ext.Union_ closed ext.and__abs ext.and_ closed
ext.apply_abs ext.apply closed ext.bij rel_closed

ext.bijection__abs ext.bool _of o abs ext.bool of o_ closed
ext.cadd_rel 0 ext.cadd_rel_closed ext.cardinal _rel 0 _iff 0
ext.cardinal_rel_closed ext.cardinal rel idem ext.cartprod__abs
ext.cartprod__closed ext.cmult_rel 0 ext.cmult_rel 1
ext.cmult_rel_closed ext.comp__closed ext.composition__abs
ext.cons__abs ext.cons closed ext.converse abs ext.converse closed
ext.csquare__lam__closed ext.csquare__rel closed ext.depth_ closed
ext.domain__abs ext.domain_closed ext.eclose _abs ext.eclose_closed
ext.empty_abs ext.field abs ext.field_closed
ext.finite_funspace__closed ext.finite_ordinal__abs

ext.fst_closed ext.function _abs ext.function_space_rel_closed
ext.hd__abs ext.image__abs ext.image_closed ext.inj rel closed
ext.injection__abs ext.inter _abs ext.irreflerive abs
ext.is_eclose_n__abs ext.is_funspace abs

ext.iterates_closed ext.length_ closed

ext.lepoll _rel refl ext.limit_ordinal abs ext.linear rel _abs
ext.mem__bij _abs ext.mem__eclose__abs

ext.mem__inj _abs ext.membership __abs

ext.nat__case__abs ext.nat__case_closed

ext.nonempty ext.not__abs ext.not_closed

ext.numberl _abs ext.number?__abs ext.number3 _abs ext.omega__abs
ext.or_abs ext.or__closed ext.order _isomorphism__abs
ext.ordermap__closed ext.ordertype__closed ext.ordinal__abs
ext.pair_abs ext.pair_in_ M __iff ext.powerset_abs ext.pred_ closed
ext.pred__set__abs ext.quasilist _abs ext.quasinat__abs
ext.radd__closed ext.rall _abs ext.range__abs ext.range_closed
ext.relation__abs ext.restrict closed ext.restriction_abs

ext.rex__abs ext.rmult_closed ext.rtrancl _abs ext.rtrancl closed
ext.rvimage__closed ext.separation_ closed ext.setdiff abs
ext.singleton__abs ext.singleton__in_ M __iff ext.snd__closed
ext.strong_replacement_ closed ext.subset _abs ext.succ_in_ M iff
ext.successor__abs ext.successor _ordinal _abs ext.sum __abs
ext.sum__closed ext.surj_rel closed ext.surjection__abs ext.tl _abs
ext.trancl_abs ext.trancl _closed ext.transitive__rel _abs
ext.transitive__set__abs ext.typed_function__abs ext.union__abs
ext.upair_abs ext.upair_in_ M __iff ext.vimage abs ext.vimage_ closed
ext.well _ord _abs ext.nth closed ext.Aleph_rel closed
ext.csucc_rel_closed ext.Card__rel Aleph__rel

— The following was motivated by the fact that ext.apply closed did not simplify
appropriately.

declare mg_sharp__simps[simp del, simplified setclass_iff, simp)

lemmas mg _sharp_intros = ext.nat_into_ M ext.Aleph__rel_closed
ext.Card_rel_Aleph_ rel

declare mg_sharp_intros[rule del, simplified setclass_iff, intro
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— Kunen IV.2.31
lemma forces below _filter:
assumes M[G], map(val(G),env) E o p € G
arity(p) < length(env) ¢ € formula env € list(M)
shows 3¢eG. g X p A ¢l ¢ env
proof -
note assms
moreover from this
obtain r where 7 I+ ¢ env reG
using generic truth__lemmalof ¢ env]
by blast
moreover from this and (peG>
obtain ¢ where ¢ < p ¢ 2 r ¢ € G by auto
ultimately
show ?thesis
using strengthening lemmalof r ¢ __ env] by blast
qed

28.1 Preservation by ccc forcing notions

lemma ccc_fun_ closed_lemma__auz:
assumes f_dote M pe M aeM be M
shows {¢ € P. ¢ <X p A (M, [q, P, leg, 1, f_dot, a¥, b*] = forces(-0°1 is 2- ))}
eM
using separation_ forcesjwhere env=[f_dot, a”, b’] and ¢=-0‘1 is 2- simplified]
assms G_subset_ M[THEN subsetD] generic
separation__in lam__replacement__constant lam__replacement _identity
lam__replacement__product
separation__conj arity_ fun__apply_fm union__absl
by simp_all

lemma ccc_fun_ closed lemma__aux2:
assumes BeM [ _dote M peM aeM
shows (##M)(AbeB. {q e P . g <X p A (M, [q, P, leg, 1, f_dot, a*, b"] =
forces(-0°1 is 2-))})
proof -
have separation(##M, \z. M, [snd(z), P, leq, 1, f_dot, T, fst(2)"] |= forces(-0‘1
is 2-))
if e M for 7
proof -
let 2f fm=snd_fm(1,0)
let ?g_fm=hcomp_ fm(check_fm(6),fst_fm,2,0)
note assms
moreover
have arity(forces(-0‘1 is 2-)) < 7
using arity fun__apply_fm union__absl arity_forces[of -0°1 is 2- ]
by simp
moreover
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have ?f fm € formula arity(?f_fm) < 7 %9_fm € formula arity(?g_fm) < 8
using ord__simp__union
unfolding hcomp_fm__def
by (simp__all add:arity)
ultimately
show ?thesis
using separation__sat_after function assms that sats_fst_fm
snd__abs sats _snd__fm sats_check__fm check__abs fst__abs
unfolding hcomp_fm__ def
by simp
qed
with assms
show ?thesis
using lam__replacement__imp__lam__closed separation__conj separation__in
lam__replacement__product lam__replacement__constant transitivity[of __ B
lam__replacement__snd lam__replacement__Collect’ ccc__fun__closed_lemma__auz
by simp
qed

lemma ccc_fun_ closed lemma:
assumes AcM BeM f_dote M pe M
shows (AacA. {beB. ¢eP. ¢ X p A (¢ I+ -0°1 is 2- [f_dot, a¥, D*])}) € M
proof -
have separation(#4#M, Xz. M, [snd(z), P, leq, 1, f_dot, fst(fst(2))?, snd(fst(z))"]
E forces(-0°1 is 2-))
proof -
let 2f fm=snd_fm(1,0)
let 2g=M\z . fst(fst(fst(2)))"
let ?g_fm=hcomp_ fm(check_fm(6),hcomp_ fm(fst_fm,fst_fm),2,0)
let ?h_fm=hcomp_fm(check_fm(7),hcomp_fm(snd_fm,fst fm),3,0)
note assms
moreover
have arity(forces(-0‘1 is 2-)) < 7
using arity fun_apply_fm union__absl arity_forces[of -0°1 is 2- ]
by simp
moreover
have ?f fm € formula arity(?f_fm) < 6 ?g_fm € formula arity(?g_fm) < 7
?h_fm € formula arity(?h_fm) < 8
using ord__simp__union
unfolding hcomp_fm__def
by (simp__all add:arity)
ultimately
show ?thesis
using separation__sat__after function3 assms sats__check_fm check__abs
fst_abs snd__abs
unfolding hcomp_fm__def
by simp
ged
moreover
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have I:separation(##M, \z. M, [snd(z), P, leq, 1, f_dot, 7, fst(2)"] = forces(-0‘1
is 2-))
if reM for 7
proof -
let ?f fm=snd_fm(1,0)
let 29 fm=hcomp_ fm(check_fm(6),fst_fm,2,0)
note assms
moreover
have arity(forces(-0‘1 is 2-)) < 7
using arity_forces[of -0°1 is 2- ]
by simp
moreover
have ?f fm € formula arity(?f_fm) < 7 %9_fm € formula arity(?g_fm) < 8
using ord__simp__union
unfolding hcomp_ fm__ def
by (simp__all add:arity)
ultimately
show ?thesis
using separation__sat__after function that fst_abs snd__abs sats_check_fm
check__abs
unfolding hcomp_ fm__ def
by simp
qed
moreover note assms
ultimately
show ?thesis
using lam__replacement__imp__lam__closed lam__replacement_ Collect’ transitiv-
itylof _ A]
lam__replacement__constant lam__replacement_identity lam__replacement__snd
lam__replacement__product separation__conj separation_ in separation_ bex sep-
aration__iff’
by simp
qed

arity_fun__apply _fm union__absl

— Kunen IV.3.5
lemma ccc_fun__approximation_lemma:
notes le_trans[trans]
assumes cccM(P,leq) AcM BeEM feM[G] f: A — B
shows
JFEM. F: A — PowM(B) A (YacA. fla € Fa N |FalM < w)
proof -
from <fe M[G)
obtain f_dot where f = val(G,f_dot) f_dote M using GenExtD by force
with assms
obtain p where p I -0:1—2- [f_dot, AY, B*] peG peM
using G__subset_ M truth_lemmalof -0:1—2- [f_dot, A", B"]]
by (auto simp add:ord__simp__union arity_typed_ function_fm
— NOTE: type-checking is not performed here by the Simplifier
typed__function__type)
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define F where F=XacA. {beB. 3¢cP. ¢ < p A (q - -0‘1 is 2- [f_dot, a”, b"])}
from assms «f _dote_» <peM>
have F e M
unfolding F_def using ccc_fun_ closed lemma by simp
moreover from calculation
have f‘a € Faif a € A for a
proof -
note <f: A - B> <a € A>
moreover from this
have f ‘ a € B by simp
moreover
note <fe M[G]» «AeM)
moreover from calculation
have M[G], [f, a, f‘a] = -0°1 is 2-
by (auto dest:transitivity)
moreover
note «BeM> «f = val(G,f_dot)»
moreover from calculation
have ae M val(G, f_dot) ‘ac M
by (auto dest:transitivity)
moreover
note «f doteM> <peG»
ultimately
obtain ¢ where ¢ < p ¢ Ik -0°1 is 2- [f_dot, a’, (f‘a)’] ¢€G
using forces below_filter[of -0°1 is 2- [f_dot, a”, (f‘a)] p]
by (auto simp add: ord_simp__union arity_ fun__apply_fm
fun__apply_type)
with «f‘a € B»
have f‘a € {b€B . 3¢eP. ¢ X p A qIF 01 is 2- [f_dot, a”, b*]}
by blast
with <a€A>
show ?thesis unfolding F'_def by simp
qed
moreover
have |F‘a|M < w A FlaeM if a € A for a
proof -
let 2Q=M\b. {q€P. ¢ < p A (¢ IF -01 is 2- [f_dot, a”, b"])}
from «(F' € M> <a€Ay <AeM)
have F‘a € M aeM
using transitivity|OF __ <AeM>] by simp__all
moreover
have 2:A\z. z€F‘a = zeM
using transitivity|OF __ <F‘a€M>] by simp
moreover
have 3:A\z. z€F‘a = (##M)(?Q(z))
using ccc_fun_ closed_lemma__auz[OF «f _dote M» <peM)> <aeM> 2] transi-
tivity[of __ F‘a)
by simp
moreover
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have 4:lam_ replacement(#H#MNb. {¢ € P . ¢ < p A (M, [q, P, leq, 1, f_dot,
a’, W] k= forces(-0‘1 is 2-))})
using ccc_fun_ closed_lemma__auz2[OF __ <f_dote M» <peM> <a€M)>]
lam__replacement_iff lam__closed| THEN iffD2]
cee__fun__closed_lemma__aux[OF <f_dote M> «peM> <a€M)]
by simp
ultimately
interpret M _Pi assumptions choice ##M F‘a 7Q
using Pi_replacement1[OF __ 3] lam__replacement_Sigfun|OF 4]
lam__replacement__imp__strong_replacement
cee__fun__closed_lemma__aux[OF <f_dote M» <peM> <a€M>]
lam__replacement__hcomp2[OF lam__replacement__constant 4 _
lam__replacement__minimum,unfolded lam__replacement__def]
by unfold_locales simp__all
from <F‘a € M)
interpret M _Pi assumptions2 ##M Fa ?Q \_ . P
using lam__replacement__imp__strong_replacement| OF
lam__replacement__Sigfun|OF lam__replacement _constant))
Pi_replacementl transitivity[of _ F‘a]
by unfold_locales simp__all
from «p Ik -0:1—=2- [f_dot, AY, B*]> <a€ 4>
have Jy. y € 2Q(b) if b € F‘a for b
using that unfolding F_def by auto
then
obtain ¢ where ¢ € PiM(F‘a,?Q) ¢cM using AC_Pi_rel by auto
moreover
note «F‘a € M>»
moreover from calculation
have ¢ : F‘a M P
using Pi_rel_weaken__type def function_space_rel by auto
moreover from calculation
have ¢ : Fa — range(q) q : F'a — P ¢ : F‘a =M range(q)
using mem__function__space_rel _abs range_of fun by simp__all
moreover
have ¢‘b L ¢‘cif b€ Flace Flab# ¢
— For the next step, if the premise b # c is first, the proof breaks down badly
for b ¢
proof -
from b € F‘a» <c € F'e» «q € PiM(F‘a,2Q)» «qeM>
have ¢‘b IF -0°1 is 2- [f_dot, a”, b"]
g‘c Ik -0°1 is 2- [f_dot, a, "]
using mem__Pi_rel_abs|of q] apply_type[of _ _ ?2Q)
by simp_all
with b # o «q: Fla = Py <a€A> <bE_» <c€_)
CAeM) «f doteM> <F‘acM>
show ?thesis
using forces mneq apply_imp__incompatible
transitivity[of __ A] transitivity[of _ F‘a]
by auto
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qed
moreover from calculation
have antichain(P,leq,range(q))
using Pi_range_eqlof _ _ A_ . P
unfolding antichain__def compat_in_ def by auto
moreover from this and «ge M)
have antichain™(P,leq,range(q))
by (simp add:absolut del:P_in_ M)
moreover from calculation
have ¢‘b # q¢'cif b# cb € Face Fafor b c
using that Incompatible_imp_not_eq apply type
mem,__function__space__rel__abs by simp
ultimately
have ¢ € inj™(F‘a,range(q))
using def inj rel by auto
with «F‘a € My <qeM>
have |F‘a|™ < |range(q)|M
using def lepoll rel
by (rule_tac lepoll_rel _imp_cardinal_rel le) auto
also from <antichain™ (P,leq,range(q))> <ccc™(P,leq) «qeM)>
have |range(q)|M < w
using def ccc_rel by simp
finally
show ?thesis using «F‘a€M)> by auto
qed
moreover from this
have F‘acM if a€A for a
using that by simp
moreover from this «<BeM>
have F : A — Pow™(B)
using Pow_rel_char
unfolding F_def by (rule_tac lam__type) auto
ultimately
show ?thesis by auto
qed

end — G_ genericl_lemmas bundle
end — G _generic3_AC

end

29 Model of the negation of the Continuum Hy-
pothesis
theory Not CH

imports
Cardinal__Preservation
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begin

We are taking advantage that the poset of finite functions is absolute, and
thus we work with the unrelativized Fn. But it would have been more
appropriate to do the following using the relative Fn_ rel. As it turns out,
the present theory was developed prior to having Fn relativized!

We also note that Fn(w, £ X w, 2) is separative, i.e. each X € Fn(w, k X
w, 2) has two incompatible extensions; therefore we may recover part of our
previous theorem extensions of ctms ZF. But that result also included
the possibility of not having AC in the ground model, which would not
be sensible in a context where the cardinality of the continuum is under
discussion. It is also the case that extensions of ctms ZF was historically
our first formalized result (with a different proof) that showed the forcing
machinery had all of its elements in place.

abbreviation
Add_subs :: i = 1 where
Add_subs(k) = Fn(w,kxw,2)

abbreviation
Add le :: i = ¢ where
Add_le(k) = Fnle(w,x X w,2)

lemma (in M_aleph) Aleph_rel2_closed|intro,simp): M(XoM)
using nat_into_Ord by simp

locale M_master = M__cohen + M__library +
assumes
UN__lepoll__assumptions:
M(A) = M(b) = M(f) = M(A4') = separation(M, \y. Jz€A’. y = (x,
wi. z€if _range_F_else_ F((“)(A), b, f, 1))

29.1 Non-absolute concepts between extensions

sublocale M master C M__Pi_replacement
by unfold_locales

locale M__master _sub = M_master + N:M__aleph N for N +
assumes
M imp N: M(z) = N(z) and
Ord_iff: Ord(z) = M(z) +— N(z)

sublocale M master _sub C M_N_ Perm
using M__imp_ N by unfold_locales

context M _master sub
begin

lemma cardinal_rel_le_ cardinal rel: M(X) = |X\N < \X|M
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using M__imp_ N N.lepoll_rel cardinal_rel le[OF lepoll rel transfer Card_rel is Ord)
cardinal_rel__eqpoll _rel[THEN eqpoll_rel _sym, THEN eqpoll_rel_imp_ lepoll_rel]
by simp

lemma Aleph_rel _sub_closed: Ord(a) = M(a) = N(RoM)
using Ord_iff[THEN iffD1, OF Card_rel_Aleph_rel[ THEN Card_rel_is_Ord]]
by simp

lemma Card_rel_imp_ Card_rel: Card" (k) = M (k) = CardM (k)
using N.Card_rel_is_Ordlof k] M_imp_N Ord_cardinal_rel_le[of K]
cardinal_rel_le_cardinal_rel[of k] le_anti_sym
unfolding Card_rel def by auto

lemma csucc_rel le csucc rel:
assumes Ord(k) M(k)
shows (kT)M < (k)N
proof -
note assms
moreover from this
have N(L) A Card¥(L) A k < L = M(L) A Card™(L) A k < L
(is P(L) = ?Q(L)) for L
using M _imp_ N Ord_iff[THEN iffD2, of L| N.Card_rel_is Ord It _Ord
Card_rel_imp_ Card_rel by auto
moreover from assms
have N((xT)N) CardV((xt)N) v < (k1)
using N.lt_csucc_rel[of k] N.Card_rel_csucc_rellof k] M_imp_ N by simp__all
ultimately
show ?thesis
using M_imp N Least_antitone[of _ ?P ?(@)] unfolding csucc_rel def by
blast
qed

lemma Aleph_rel_le_ Aleph_rel: Ord(a) = M(a) = R M < v, N
proof (induct rule:trans_induct3)
case (
then
show Zcase
using Aleph_rel_zero N.Aleph rel zero by simp
next
case (succ x)
then
have 8, < RN Ord(z) M(z) by simp_all
moreover from this
have (X,/MH)M < (R, N+)M
using M _imp_ N Ord_iff[THEN iffD2, OF N.Card_rel_is Ord]
by (intro csucc_rel le _mono) simp__all
moreover from calculation
have (X,VH)M < (R, NN
using M_imp N N.Card_rel_is Ord Ord_iff[THEN iffD2, OF N.Card_rel_is_Ord]
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by (intro csucc_rel le csucc_rel) auto
ultimately
show ?case
using M__imp_ N Aleph_rel_succ N.Aleph_rel succ csucc_rel le csucc_rel
le_trans by auto
next
case (limit )
then
show Zcase
using M__imp_ N Aleph_rel_limit N.Aleph__rel_limit
by simp (blast dest: transM intro':le_implies UN_le UN)
qed

end — M _ master sub

lemmas (in M_ZF2 trans) sep_instances =
separation__ifrangeF _body separation__ifrangeF _body2 separation__ifrangeF _body3
separation__ifrangeF _body4 separation ifrangeF _bodyb separation_ifrangeF body6
separation__ifrangeF _body7 separation__cardinal__rel lesspoll rel
separation__is__dcwit__body separation__cdltgamma separation__cdeqgamma

lemmas (in M_ZF2 trans) repl_instances = lam__replacement__inj rel

sublocale M ZFC2 ground_mnotCH__trans C M__master #+#M
using replacement__trans _apply_image
by unfold_locales (simp__all add:repl_instances sep__instances del:setclass iff
add: transrec_replacement__def wfrec_replacement__def)

sublocale M_ZFC2 trans C M__Pi_replacement #+#M
by unfold_locales

29.2 Cohen forcing is ccc

context M ctm2 AC
begin

lemma ccc_Add_subs_Aleph_ 2: ccc™(Add_subs(RoM), Add_le(R,M))
proof -
interpret M _add_reals ##M RNoM x
by unfold_locales blast
show ?thesis
using ccc_rel _Fn_nat by fast
qed

end — M ctm2 AC
sublocale G_generic3_AC C M_master_sub ##M ##(M[G])

using M subset MG[OF one__in_ G] generic Ord_MG__iff
by unfold_locales auto
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lemma (in M_trans) mem_F _bound/:
fixes F' A
defines F = ()
shows z€F(A,c) = ¢ € (range(f) U domain(A))
using apply 0 unfolding Fdef
by (cases M(c), auto simp:F_def)

lemma (in M_trans) mem_F_bound5:
fixes FF A
defines F =)\ _z. Az
shows z€F(A,c) = c € (range(f) U domain(A))
using apply_ 0 unfolding F_ def
by (cases M(c), auto simp:F_def drSR_Y _def dC_F _def)

sublocale M _ctm2 AC C M_replacement_lepoll ##M (9
using UN__lepoll__assumptions lam__replacement__apply lam__replacement__inj el
mem_ F_bound4 apply 0 lam__replacement minimum
unfolding lepoll assumptions _defs
proof (unfold_locales,
rule__tac [3) lam__Least_assumption__general[where U=domain, OF _ mem__F_bound{],
stmp_all)
fix Aix
assume A e Max e Mz e A ‘1
then
show i € M
using apply_0[of i A] transM|[of _ domain(A), simplified)
by force
qed

context G_generic3 _AC begin

context
includes G__genericl__lemmas
begin

lemma G_in_MG: G € M[G]
using G_in_Gen_ FEuxt
by blast

lemma ccc_preserves Aleph_succ:
assumes cccM(P,leq) Ord(z) z € M
shows CardMGI(R

proof (rule ccontr)
assume — CardM[G](R
moreover
note <z € M» «Ord(z)»
moreover from this
have Ord(Nsucc(z)M)

suce(z) )

succe(z) M)

288



using Card_rel _is Ord by fastforce
ultimately
obtain o f where a < Nsucc(z)Mf e suriMlCl(a, NSUCC(Z)M)
using ext.lt _surj_rel_empty imp_Card_rel M_subset MG[OF one_in_G|
by force
moreover from this and z€M) «Ord(z)»
have o € M f € M[G]
using ext.trans_surj rel closed
by (auto dest:transM ext.transM dest!:ltD)
moreover
note <ccc™(P,leq)) z€M>
ultimately
obtain F where F:a%PowM(Nsucc(z)M) VBea. fB € FBYpBea. |[FHM <w
FeM
using ccc_fun__approzimation_lemmalof « NSUCC(Z)M 1]
ext.mem_surj_abs[of f o Ryyee() My Ord(z)
surj_is_fun[of f a Nsucc(z)]w]
then
have § € a = |[FB|M < j,M for
using Aleph_rel_zero by simp
have we F ‘o0 = z € M for wz
proof -
fix wz
assume w € F'x
then
have z € domain(F)
using apply_ 0 by auto
with «F:a—Pow™ (R, M) @ € M)
show = € M using domain_of fun
by (auto dest:transM)
qed
with «a € M) <F:a—>P0wM(Nsucc(z)M)> «(FelM>
interpret M _cardinal UN__lepoll ## M A\3. F6 a
using UN__lepoll _assumptions lepoll _assumptions
lam__replacement__apply lam__replacement__inj rel lam__replacement__minimum
proof (unfold_locales, auto dest:transM simp del:if _range F_else F_def)
fix fb
assume beM feM
with <FeM>
show lam_ replacement(##M, Mz. p i. © € if _range F _else F((*)(F), b, f,
i)

by auto

using UN__lepoll__assumptions mem__F _boundd
by (rule_tac lam__ Least assumption__generallwhere U=domain, OF __
mem__F_bound5])
simp__all
qed
from (o < N, ..

have o <M N, M

(Z)M> <o € My «Ord(z)y «zeM>
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using
cardinal_rel It _csucc_rel iff[of N,M o
le_Card_rel_iff[of N,M a
Aleph__rel_succ|of 2] Card_rel_It_iff[of « NSUCC(Z)M]
It_Ordlof o Ryyee()™]
Card_rel_csucc_rel[of NzM]
Card_rel_Aleph_rel[THEN Card_rel_is _Ord)
by simp
with «a < Nsucc(z)M> vV BEq. |F‘B|M < wr <a € My assms
have ||J fca. FBM < v,M
using InfCard_rel _Aleph_rel[of z] Aleph_rel_zero
subset__imp_lepoll _rel[ THEN lepoll rel_imp_ cardinal_rel _le,
of JpBea. FBNM]| Aleph_rel succ
Aleph__rel_increasing| THEN lel, THEN (2] le_trans, of __ 0 2]
Ord_0_lt_iff[THEN iffD1, of 2]
by (cases 0<z; rule_tac lepoll_rel _imp_cardinal_rel _UN__le) (auto, force)
moreover
note <zeM» «Ord(z)»
moreover from <V fGea. f8 € FB «f € surjM[G](a, N
v € My «f € M[G]» and this
have NSUCC(Z)M C (Upea. Fp)
using ext.mem__surj_abs by (force simp add:surj_def)
moreover from «F € My <a € M
have (Jzeca. F ‘z) e M
using j.B_replacement
by (intro Union__closed[simplified] RepFun__closed|simplified])
(auto dest:transM)
ultimately
have Nsucc(z)
using subset_imp_le_cardinal _rel[of NSUCC(Z)M UJBea. FP)
le_trans by auto
with assms
show Fulse
using Aleph__rel_increasing not_le_iff _lt[of NSUCC(Z)M N, M
Card_rel_Aleph_rel[THEN Card_rel_is_Ord)
by auto
qged

suce(z) M) ’

end — bundle G__genericl_lemmas
end — G_generic3_AC

context M ctml

begin
abbreviation
Add :: 1 where

Add = Fn(w, XM x w, 2)
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end — M _ ctml

locale add_generic3 = G_generic3 AC Fn(w, Ro##M 5 oy 2) Fnle(w, Ro##M
X w, 2)0

sublocale add_generic3 C cohen_data w RoM x w 2 by unfold_locales auto

context add_generic3
begin

notation Leq (infix] <=<» 50)

notation Incompatible (infixl <L) 50)

lemma Add_ subs_preserves_Aleph_succ: Ord(z) = ze M — CardM[G}(N My
using ccc_preserves_Aleph__succ ccc_Add_subs_Aleph_ 2

by auto

suce(z)

lemma Aleph_rel _nats MG eq Aleph_rel _nats M:
includes G__genericl _lemmas
assumes z € w
shows NZM[G] =N,M
using assms
proof (induct)
case (
show ?case
by (rule trans|OF ext.Aleph__rel_zero Aleph__rel _zero[symmetric]])
next
case (succ z)
then
have Nsucc(z)M < Nsucc(z)
using Aleph_rel_le Aleph_rel nat_into_M by simp
moreover from <z € w
have R,M € M[G] Ryyeo(M € M[G]
using nat_into_ M by simp_all
moreover from this and <NzM[G] = NZM
have Nsucc(z)M[G} < Nsucc(z)
using ext.Aleph_rel _succ nat_into M
Add__subs_preserves_Aleph _succ[THEN ext.csucc_rel_le, of 2]
Aleph__rel_increasing|of z succ(z)
by simp
ultimately
show ?Zcase using le__anti_sym by blast
qed

MG

>y (Z € W)

abbreviation
[ G :i(«fe) where
fe=UG
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abbreviation
dom__dense :: i = i where
dom__dense(z) = {p € Add . © € domain(p) }

declare (in M__ctm2_AC) Fn_nat_closed|simplified setclass_iff, simp, intro]
declare (in M _ctm2_ AC) Fnle_nat_closed[simp del, rule del,

simplified setclass_iff, simp, intro]
declare (in M_ctm2_AC) cexp_rel_closed[simplified setclass_iff, simp, intro]
declare (in G_generic3_AC) ext.cexp_rel_closed|simplified setclass_iff, simp,
intro

lemma dom_ dense_closed[intro,simp]: = € RoM x w = dom_ dense(z) € M
using separation_in__domain|of z] nat_into_ M
by (rule_tac separation__closed[simplified], blast dest:transM) simp

lemma domain_f G: assumes x € NQM Yy Ew
shows (z, y) € domain(f )
proof -
from assms
have Add = FnM(w,RyMxw,2)
using Fn_ nat_abs by auto
moreover from this
have Fnle(w,RoMxw,2) = FaleM(w,RyMxw,2)
unfolding Fnle_rel def Fnle def by auto
moreover from calculation assms
have dense(dom__dense({z, y)))
using dense_dom,__dense[of (z,y) RoMxw w 2] InfCard_rel_nat
unfolding dense def by auto
with assms
obtain p where pedom_ dense((z, y)) peG
using M__generic_denseD]of dom__dense({z, y))]
by auto
then
show (z, y) € domain(fg) by blast
qed

lemma f G funtype:
includes G__genericl_lemmas
shows fq : NoM % w — 2
using generic domain_f G Pi_iff Un_ filter is function generic
subset_trans|OF filter__subset_notion Fn_nat_subset_Pow)
by force

lemma inj _dense_closed|intro,simp]:
we VM —= 1 € NoM — inj dense(RoM 2,w,x) € M
using transM[OF __ Aleph_rel2_closed] separation__conj separation__ bex
lam__replacement__product
separation__in lam__replacement_ fst lam__replacement__snd lam__replacement__constant
lam__replacement__hcomp|OF lam__replacement _snd lam__replacement__restrict’]
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separation__bex separation__conj
by simp

lemma Aleph_rel2_new_reals:
assumes w € NoM 2 € NoM w £ 2
shows (A\new. f¢ ‘(w, n)) # (Ancw. fg ‘{(z, n))
proof -
have 0€2 by auto
with assms
have dense(inj_dense(RyM 2,w,z))
unfolding dense_ def using dense_inj dense by auto
with assms
obtain p where pcinj dense(RoM™, 2, w.z) peG
using M_ generic_denseD[of inj dense(RyM,2,w,z)]
by blast
then
obtain n where n € w ((w, n), 1) € p ({z, n), 0) € p
by blast
moreover from this and «(peG>
have ((w, n), 1) € fg {(z, n), 0) € fg by auto
moreover from calculation
have fo ‘(w,n) =1fq ‘(z,n) =0
using f G _ funtype apply_equality
by auto
ultimately
have (Ancw. fg ‘ (w, n)) ‘n # (An€w. fg ‘(z, n)) ‘n
by simp
then
show ?thesis by fastforce
qed

definition
h_G :: i (<hg>) where
he = aeRM Anew. foa,n)

lemma h_G_in_ MG[simp]:
includes G__genericl lemmas
shows hg € M[G]
using ext.curry closed[unfolded curry def] G_in_MG
unfolding h_G_ def
by simp

lemma h_G_inj Aleph_rel2_reals: hg € ian[G](NgM, w —MlG] 2)
using Aleph_rel_sub_closed f G _funtype G_in_ MG Aleph rel sub_closed
ext.curry_rel__explunfolded curry_def] ext.curry closed[unfolded curry def]
ext.mem,__function__space_rel _abs
by (intro ext.mem_inj abs| THEN 4ffD2],simp__all)
(auto simp: inj _def h__ G _def dest: Aleph__rel2 new_ reals)
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lemma Aleph2_extension_le continuum,__rel:
includes G__genericl lemmas
shows NQM[G] < QTN()M[GLM[G}
proof -
have Ny
using ext.def lepoll_rel[of oM w —M[G] 2]
h_G_inj Aleph_rel2 reals Aleph_rel_nats MG _eq Aleph rel nats M
by auto
moreover from calculation
using ext.lepoll_rel _imp_lepoll rel cardinal rel by simp
ultimately
MIG)|MIG) < gtRoMIC), MG

M[G) <MIG] , _,MIG] g

have [N,

using ext.lepoll _rel imp cardinal_rel le[of NQM[G] w —
OF __ __ ext.function__space__rel_closed]
ext. Aleph__rel_zero

unfolding cexp_rel def by simp

then

show NQM[G] < QTNUM[GLM[G]
using ext.Card_rel_Aleph_rellof 2, THEN ext.Card_rel cardinal_rel_eq]
by simp

qed

M[G] g,

lemma Aleph_rel It continuum__rel: N]M[G} < QTN”M[G]’M[G]

using Aleph2_extension_le continuum__rel
ext.Aleph__rel_increasing[of 1 2] le_trans by auto

corollary not CH: N,;MIC] £ 2MMIC M@
using Aleph_rel It continuum__rel by auto

end — add__generic3

29.3 Models of fragments of ZFC + -CH

definition
ContHyp :: o where
ContHyp = N; = 2o

relativize functional ContHyp ContHyp rel
notation ContHyp_ rel («CH—))
relationalize ContHyp_rel is _ ContHyp

context M_ZF library
begin

is_ iff rel for ContHyp
using is_cexp_iff is_Aleph_iff[of 0] is_Aleph__iff[of 1
unfolding is ContHyp def ContHyp_ rel def
by (auto simp del:setclass_iff) (rule rexI[of _ _ M, OF _ nonempty|, auto)
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end — M_ZF library

synthesize is _ContHyp from__definition assuming nonempty
arity__theorem for is ContHyp_ fm

notation is _ContHyp fm («-CH-)

theorem ctm_of not CH:
assumes
M ~ w Transset(M) M = ZC U {-Replacement(p)- . p € overhead_notCH}
O C formula M = { -Replacement(ground_repl_fm(p))- . ¢ € ®}
shows

IN.
M CNAN=wA Transset(N) A N = ZC U {-—-CH--} U { -Replacement(y)-
e DA
(Va. Ord(a) — (@« € M <— «a € N))
proof -

from <M = ZC U {-Replacement(p)- . p € overhead_notCH}»
interpret M_ZFC3 M
using M_satT _overhead__imp M _ZF3 unfolding overhead_notCH__def by
force
from «M = ZC U {-Replacement(p)- . p € overhead_notCH}»> < Transset(M)»
interpret M_ZF ground_notCH_trans M
using M_satT _imp_ M _ZF ground_notCH _trans
unfolding ZC' def by auto
from <M =~ w»
obtain enum where enum € bij(w,M)
using egpoll_sym unfolding eqpoll def by blast
then
interpret M _ctm3 AC M enum by unfold_locales
interpret cohen data w RoM x w 2 by unfold locales auto
have Add € M Add_le(R,™) € M
using nat_into_ M Aleph rel closed M _nat cartprod_closed Fn_nat_closed
Fnle _nat_closed
by simp__all
then
interpret forcing datal Add Add_le(RoM) 0 M enum
by unfold_locales simp__all
obtain G where M _generic(G)
using generic_ filter__existence[OF one__in_ P]
by auto
moreover from this
interpret add_generic3 M enum G by unfold_locales
have — (NZM[G} = QTNUM[G}’M[G])
using not_ CH .
then
have M[G], [| & -—CH-
using ext.is ContHyp_iff
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by (simp add: ContHyp__rel def)
then
have M[G] = ZC U {-—-CH-}
using ext.M_satT ZC by auto
moreover
have Transset(M[G]) using Transset MG .
moreover
have M C M[G] using M_subset_ MG[OF one_in_ G| generic by simp
moreover
note <M = { -Replacement(ground_repl_fm(p))- . ¢ € @} «® C formula)
ultimately
show ?thesis
using Ord_MG__iff MG__eqpoll_nat satT _ground_repl_fm_imp_satT ZF replacement_fm|[of
2]
by (rule_tac x=M|[G] in ezl, blast)
qed

lemma ZF _replacement_overhead_sub_ZFC': {-Replacement(p)- . p € overhead}
C ZFC
using overhead_type unfolding ZFC def ZF def ZF schemes def by auto

lemma ZF replacement_overhead notCH sub_ZFC': {-Replacement(p)- . p €
overhead_notCH} C ZFC

using overhead_notCH __type unfolding ZFC def ZF def ZF _schemes_def by
auto

lemma ZF _replacement__overhead__CH__sub_ZFC' {-Replacement(p)- . p € over-
head CH} C ZFC

using overhead CH_type unfolding ZFC def ZF def ZF schemes_def by
auto

corollary ctm_ZFC _imp_ctm_not_CH:
assumes
M =~ w Transset(M) M = ZFC
shows
IN.
M CNAN=wA Transset(N) A N = ZFC U {---CH-} A
(Va. Ord(a) — (@« € M <— «a € N))
proof-
from assms
have 9 N.
M C N A
N=~wA
Transset(N) A
NEZC AN {—-CH-} NN [ {Replacement(z)- . z € formula} N (Va.
Ord(a) — a € M <— o € N)
using ctm__of not_ CH[of M formula] satT_ZFC_imp_satT _ZC|of M]
satT_mono[OF _ ground_repl_fm__sub_ZFC, of M|
satT _mono|OF __ ZF _replacement_overhead_notCH _sub_ZFC, of M]
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satT _mono|OF __ ZF _replacement_fms_sub_ZFC, of M|
by (simp add: satT _Un__iff)
then
obtain N where N = ZC N | {-—-CH-} N = {-Replacement(z)- . x € formula}
M C NN = w Transset(N) Va. Ord(a) — o € M <— a € N)
by auto
moreover from this
have N = ZFC
using satT ZC ZF replacement_imp_satT ZFC
by auto
moreover from this and <N = {-=-CH--}»
have N = ZFC U {-—-CH-'}
by auto
ultimately
show ?thesis by auto
qed

end

30 Preservation results for x-closed forcing notions

theory Kappa_ Closed Notions
imports
Not_ CH
begin

definition
lerel :: i=1i where
lerel(a) = Memrel(a) U id(«)

lemma lerell[introl]: 1<y = yea = Ord(a) = (z,y) € lerel(a)
using Ord__trans[of x y o] ItD unfolding lerel _def by auto

lemma lerelD[dest]: (z,y) € lerel(a) = Ord(a)) = z<y
using ItI[THEN lel] Ord_in_Ord unfolding lerel def by auto

definition
mono__seqspace :: [i,4,d] = i (\_ «— '(_,_") [61] 60) where
a «— (P,leq) = mono_map(a,Memrel(«),P,leq)

relativize functional mono__seqspace mono__seqspace rel
relationalize mono__segspace_rel is _mono__seqspace

synthesize is_mono__seqspace from__definition assuming nonempty

context M ZF library
begin

rel__closed for mono__segspace
unfolding mono__seqspace_rel _def mono__map__rel def
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using separation_ closed separation__ball separation__imp separation_ in

lam__replacement_fst lam__replacement__snd lam__replacement__hcomp lam__replacement__constant
lam__replacement__product
lam__replacement__apply2[ THEN|5] lam__replacement__hcomp?2)

by simp__all

end — M_ZF library

abbreviation
mono__seqspace_r («_ «—— '(_,_")» [61] 60) where
a <=M (Pleq) = mono_segspace_rel(M,a,P,leq)

abbreviation
mono__seqspace_r_set (<_ «—— '(_,_ ") [61] 60) where
a <=M (Pleq) = mono_seqspace__rel(## Mo, P,leq)

lemma mono__segspacel [introl]:
includes mono_map_ rules
assumes f: A—-P Nz y. 26 A = yed = z<y = (f‘z, fy) € leq Ord(A)
shows f: A .— (P,leq)
using ItI[OF __ Ord_in__Ord[of A], THEN [3] assms(2)] assms(1,3)
unfolding mono__seqspace_def by auto

lemma (in M_ZF _library) mono__seqspace_rel__char:
assumes M(A) M(P) M(leq)
shows A =M (P leq) = {feA -— (P,leq). M(f)}
using assms mono__map__rel__char
unfolding mono__seqspace__def mono__seqspace_rel _def by simp

lemma (in M_ZF _library) mono__seqspace_rell[introl]:
assumes f: A=M P \zy. 1€A — ycAd — <y = (fz, fY) € leg
Ord(A) M(A) M(P) M(leq)
shows f: A =M (P,leq)
using mono__seqspace__rel_char function__space_rel char assms by auto

lemma mono__seqspace_is_fun|dest]:
includes mono__map_rules
shows j: A .— (P,leq) = j: A~ P
unfolding mono_seqspace__def by auto

lemma mono_map_lt le_is _mono[dest]:
includes mono__map_rules
assumes j: A - — (P,leq) a€A c€A a<c Ord(A) refl(P,leq)
shows (j‘a,j‘c) € leq
using assms mono__map__increasing unfolding mono__segspace _def refl_def
by (cases a=c) (auto dest:ltD)

lemma (in M_ZF _library) mem_mono__segspace__abs[absolut]:
assumes M(f) M(A) M(P) M(leq)
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shows f:A =M (Pleq) «— f: A .— (P,leq)
using assms mono__map_rel__char unfolding mono__segspace__def mono__segspace_rel def
by (simp)

definition
mono_map_lt le :: [i,i] = ¢ (infixr ««—<> 60) where
a =< B=a «— (Blerel(B))

lemma mono_map_lt_lel[intro!]:
includes mono__map__rules
assumes f: A->B Az y. 1€ A = yeA = z<y = f@ < fY Ord(A) Ord(B)
shows f: A .—< B
using assms
unfolding mono_map_ It le def by auto

— Kunen 1V.7.13, with “£” in place of “\”
definition

kappa__closed :: [i,i,i] = o (<_-closed’(__,_')») where

k-closed(P,leq) = V4. d<k — (Vfed «— (P,converse(leq)). qeP. Vaed.
(g.f"a)Eleq)

relativize functional kappa_closed kappa_ closed_ rel
relationalize kappa_ closed rel is _kappa_ closed
synthesize is kappa_ closed from__definition assuming nonempty

abbreviation
kappa__closed_r («_-closed—"(__, ')» [61] 60) where
k-closed™(P,leq) = kappa_ closed_rel(M kP, leq)

abbreviation
kappa__closed_r_set («__-closed—"(__, ')y [61] 60) where
k-closed™(P,leq) = kappa_closed_rel(#4 Mk, P,leq)

lemma (in forcing data3) forcing a_ value:
assumes p |- -0:1—=2- [f_dot, AY, B’ a € A
qg=pqePpeP f dot € M AcM BeM
shows 3deP. 3b€B. d = ¢ A d Ik -01 is 2- [f_dot, a”, b"]

proof -
from assms
have ¢ Ik -0:1—=2- [f_dot, A”, BY]
using strengthening lemmalof p -0:1—2- q [f_dot, AY, BY]|
typed__function__type arity_typed_ function_ fm
by (auto simp: union__abs2 union__absl)
from <acA> <AeM>
have acM by (auto dest:transitivity)
from (¢eP»

Here we're using countability (via the existence of generic filters) of M as a
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shortcut, to avoid a further density argument.

obtain G where M _generic(G) ¢eG
using generic_filter _existence by blast
then
interpret G_generic3_AC _ _ _
include G__genericl_lemmas
note (¢G>
moreover
note <q Ik -0:1—=2- [f_dot, A?, B']y <M__generic(G)>
moreover
note «gePy «f dote M» <BeM)> <AeM>
moreover from this
have map(val( G), [f_dot, A, B"]) € list(M[G]) by simp
moreover from calculation
have val(G.f_dot) : A MGl B
using truth_lemmalof -0:1—2- [f_dot, A¥, B"], THEN iffD1]
typed__function__type arity_typed_ function_fm wval_check|OF one_in_G
one_in_P]
by (auto simp: union__abs2 union__absl ext.mem__function__space__rel__abs)
moreover
note «a € M)
moreover from calculation and <a€A>
have val(G,f _dot) ‘a € B (is ?b € B)
by (simp add: ext.mem__function_space_rel _abs)
moreover from calculation
have ?b € M by (auto dest:transitivity)
moreover from calculation
have M[G], map(val(G), [f_dot, a¥, 7b°]) |= -0°1 is 2-
by simp
ultimately
obtain r where r Ik -0°1 is 2 [f_dot, a’, ?b"] reG reP
using truth_lemmalof -0°1 is 2- [f_dot, a¥, ?b"], THEN iffD2]
fun__apply__type arity_fun__apply_fm val _check[OF one_in_G one_in_P]
G_subset P
by (auto simp: union__abs2 union__absl ext.mem__function__space__rel__abs)
moreover from this and (¢eG>
obtain d where d=<q d=<r d€P by force
moreover
note «f dote My <acM> «?beB) <BEM)>
moreover from calculation
have d < ¢ A d IF -0°1 is 2- [f_dot, a”, 7b"]
using fun__apply_type arity_fun_apply_fm
strengthening__lemmalof v -0°1 is 2- d [f_dot, a¥, 2b"]]
by (auto dest:transitivity simp add: union__abs2 union__absl)
ultimately
show ?thesis by auto
qed

G by unfold_locales

locale M_master CH = M__master + M_library_DC

300



sublocale M_ZFC2 ground_CH_trans C M__master CH ##M
using replacement__dcwit_repl body
by unfold__locales (simp__all add:sep_instances del:setclass__iff
add: transrec__replacement__def wfrec__replacement__def dcwit_repl_body_def)

context G_generic8 _AC _CH begin

context
includes G__genericl _lemmas
begin

lemma separation__check snd__aux:
assumes f dote M TeM x€formula arity(x) < 7
shows separation(##M, \r. M, [fst(r), P, leq, 1, f_dot, T, snd(r)"] E x)
proof -
let 2f fm=fst_fm(1,0)
let %g fm=hcomp_ fm(check _fm(6),snd_fm,2,0)
note assms
moreover
have ?f_fm € formula arity(?f_fm) < 7 ?g_fm € formula arity(?g_fm) < 8
using ord__simp__union
unfolding hcomp fm_ def
by (simp__all add:arity)
ultimately
show ?thesis
using separation__sat__after function
using fst_abs snd__abs sats _snd__fm sats_check__fm check__abs
unfolding hcomp_ fm__def
by simp
qed

lemma separation__check fst _snd__aux :
assumes [ dote M re M y<formula arity(x) <
shows separation(##M, A\p. M, [r, P, leq, 1, f_
proof -
let Zo=Mz. [r, P, leg, 1 f dot, fst(z)?, snd(z)"]
let Zo'=Az. [fst(z)", P, leq, 1, f_dot, r, snd(z)”
let %p= (-3(-3 (EI( A3 0=11N1=T N-2=8AN-3=09 A-4=
10- N -5 =6- N
(Ap. iner_bu(p) 6) 76 (x) ++-)))):)")
let ?f fm= hcomme(checkJm(fi),fstJm,],O)
let ?g fm=hcomp_ fm(check_fm(6),snd_fm,2,0)
note assms
moreover
have ?f fm € formula arity(?f_fm) < 7 2g_fm € formula arity(?q_fm) < 8
using ord__simp__union
unfolding hcomp_ fm__ def
by (simp__all add:arity)

7
dot, fst(p)?, snd(p)’] & x)
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moreover from assms
have fm: %p€formula by simp
moreover from «x € formula <arity(x) < 7>
have arity(x) = 0V arity(x) = 1V arity(x) = 2 V arity(x) = 3
Voarity(x) = 4V arity(x) = 5 V arity(x) = 6 V arity(x) = 7
unfolding it def by auto
with calculation and <x € formula>
have ar:arity(?p) < 7
using arity_incr_by_lemma by safe (simp__all add: arity ord_simp__union)
moreover from calculation
have sep:separation(##M Nz. M,?0'(2)[E%p)
using separation_ sat_after function sats_check__fm check__abs
fst_abs snd__abs
unfolding hcomp_ fm__def
by simp
moreover from assms
have ?o(z) € list(M) if (#4#M)(z) for z
using that by simp
moreover from calculation and «r € M» «x € formulay
have (M,?0(z) E x) +— (M,?0'(2)E=%p) if (##M)(z) for z
using that sats_incr_bv_ifflof _ _ M _ [ .., , , ]
by simp
ultimately
show ?thesis
using separation__cong| THEN iffD1,0F __ sep)
by simp
qged

lemma separation_leq and_forces apply auzx:
assumes [ dote M BEM
shows VneM. separation(##M, Az. snd(z) = fst(z) A
(3b€B. M, [snd(z), P, leq, 1, f_dot, ((n))?, b*] |= forces(-0°1 is 2-)))
proof -
have pred_nat_closed: pred(n)eM if ne M for n
using nat_case_ closed that
unfolding pred_def
by auto
have separation(##M, Az. M, [snd(fst(z)), P, leq, 1, f_dot, T, snd(2)"] = x)
if xeformula arity(x) < 7 7€M for x
proof -
let ?f fm=hcomp_ fm(snd_fm,fst_fm,1,0)
let ?q_fm=hcomp_fm(check_fm(6),snd_fm,2,0)
note assms
moreover
have ?f fm € formula arity(?f _fm) < 7 %9_fm € formula arity(?g_fm) < 8
using ord__simp__union
unfolding hcomp_fm__ def
by (simp__all add:arity)
ultimately
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show ?thesis
using separation_sat_after function sats check_fm check abs fst_abs
snd__abs that
unfolding hcomp_ fm__ def
by simp
qed
with assms
show ?thesis
using separation__in lam__replacement__constant lam__replacement__snd lam__replacement_ fst
lam__replacement__product pred_nat_closed
arity_forces[of -0°1 is 2-] arity__fun_apply_fmlof 0 1 2] ord_simp__union
by (clarify,rule_tac separation__conj,simp__all,rule_tac separation_bex,simp__all)
qed

lemma separation_leq and_forces apply aux’:
assumes [ dote M pe M BeM
shows separation
(B#M, Ap . snd(snd(p)) = fst(snd(p)) A
(3beB. M, [snd(snd(p)), P, leg, 1, f_dot, (U fst(p))”, b"] |= forces(-0°1 is 2-)))
proof -
have separation(##M, Az. M, [snd(snd(fst(2))), P, leq, 1, f_dot, (U fst(fst(2)))",
snd(2)"] = X)
if xeformula arity(x) < 7 for x
proof -
let ?f fm=hcomp_ fm(snd_fm,hcomp_ fm(snd_fm,fst_fm),1,0)
let Zg=Xz . (U (fst(fst(2))))"
let ?g fm=hcomp__fm(check_fm(6),hcomp_ fm(big_union_fm,hcomp_ fm(fst_fm,fst_fm)),2,0)
let ?h_fm=hcomp_ fm(check_fm(7),snd_fm,3,0)
note assms
moreover
have f_fm_ facts:?f_fm € formula arity(?f_fm) < 6
using ord__simp__union
unfolding hcomp_ fm_ def
by (simp__all add:arity)
moreover from assms
have ?g_fm € formula arity(?g_fm) < 7 ?h_fm € formula arity(?h_fm) < 8
using ord__simp__union
unfolding hcomp_ fm__ def
by (simp__all add:arity)
ultimately
show ?thesis
using separation__sat__after _function3[OF _ _ __ f_fm_ facts] check__abs
sats__check__fm that fst_abs snd__abs sats_fst_fm sats snd_fm
unfolding hcomp fm_ def
by simp
qed
with assms
show ?thesis
using
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separation__conj separation__bex
lam__replacement__constant lam__replacement__hcomp
lam__replacement_ fst lam__replacement__snd
arity_forces[of -0°1 is 2-] arity_fun__apply_fmlof 0 1 2] ord_simp_union
separation__in|OF __ lam__replacement__product)
by simp
qed

lemma separation_ closed leq and_forces eq check aux :
assumes AcMreGrte M
shows (##M)({qeP. Jh€cA. g < r A qlF -0 = 1 [r, B']})
proof -
have separation(##M, Az. M, [fst(z), P, leq, 1, 7, snd(2)"] | x) if
XEformula arity(x) < 6 for x
proof -
let 2f fm=fst_fm(1,0)
let ?g_fm=hcomp_ fm(check_fm(6),snd_fm,2,0)
note assms
moreover
have ?f fm € formula arity(?f_fm) < 6 ?g_fm € formula arity(?g_fm) < 7
using ord__simp__union
unfolding hcomp_ fm_ def
by (simp__all add:arity)
ultimately
show ?thesis
using separation__sat__after function_ 1 sats_fst_fm that
fst_abs snd__abs sats_snd__fm sats_check_fm check__abs
unfolding hcomp fm_ def
by simp
qed
with assms
show ?thesis
using separation__conj separation_in G__subset_ M[THEN subsetD)|
lam__replacement__constant lam__replacement_ fst lam__replacement__product
arity_forces[of -0 = 1-,simplified] ord__simp_ union
by (rule_tac separation__closed|OF separation__bex|,simp__all)
qed

lemma separation__closed_forces apply aux:
assumes BeM [ dote M re M
shows (##M)({(n,b) € w x B. rIF -0°1 is 2- [f_dot, n", b"]})
using nat__in_ M assms transitivity| OF __ «<B€M)] nat_into_ M separation__check_fst_snd__aux
arity_forces[of -0°1 is 2-] arity_fun_apply_fmlof 0 1 2] ord_simp__union
unfolding split_def
by simp__all

— Kunen 1V.6.9 (3)=-(2), with general domain.

lemma kunen_1V_6 9 function__space_rel_eq:
assumes Ap 7. p Ik -0:1=2- [7, AY, B'] = peP —= 7€ M =
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JqeP. 3heA M B. g <p A qIF-0= 1 [r, h'] AeM BeM
shows
A—-Mp— 4 MGl B
proof (intro equalityl; clarsimp simp add:
assms function__space_rel__char ext.function__space_rel_char)
fix f
assume f € A — B f € M[G]
moreover from this
obtain 7 where val(G,7) = f 1€ M
using GenFEztD by force
moreover from calculation and (A€ M) «BEM)
obtain r where r IF -0:1—-2- [r, A, B"] reG
using truth_lemmalof -0:1—2- [r, A¥, B"]]
typed_function__type arity_typed_ function_fm wval _check[OF one_in_G
one_in__P]
by (auto simp: union__abs2 union__absl)
moreover from (A€M «BeEM) «reGy «t € M»
have {¢€P. 3hcA =M B. ¢ <r A qlF-0= 1 [r, k*]} € M (is ?D € M)
using separation_ closed_leq and_forces eq check _aux by auto
moreover from calculation and assms(2-)
have dense_below(?D, )
using strengthening lemmalof r -0:1—2- _ [r, AY, BY], THEN assms(1)[of _
7]]
leq_transD generic__dests(1)[of 7]
by (auto simp: union__abs2 union__abs1 typed_ function__type arity typed_ function_ fm)
blast
moreover from calculation
obtain ¢ h where heA M B ¢l .0 = 1- [r, h’] ¢ < r ¢eP ¢eG
using generic_inter _dense_below|of ?D r] by blast
note <q - -0 = 1- [r, B}y «reM> <he A =M By <AeM) «<BeEM) qeG>
moreover from this
have map(val(G), [1, h']) € list(M[G]) he M
by (auto dest:transitivity)
ultimately
have h = f
using truth_lemmalof -0=1- [r, h"]] val_check[OF one_in_G one_in_ P]
by (auto simp: ord__simp_ union)
with <he M>
show f € M by simp
qed

30.1 (w+ 1)-Closed notions preserve countable sequences

lemma succ_omega_ closed _imp_mno__new_ mnat _sequences:
assumes succ(w)-closed™(P,leq) f : w — B feM|[G] BeM
shows feM

proof -

The next long block proves that the assumptions of Lemma kunen_IV_6_9 function__space_rel eq
are satisfied.
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fix p f dot
assume p Ik -0:1—=2- [f_dot, w¥, B’] peP f_dote M
let Zsubp={q¢€P. ¢ < p}
from (peP»
have Zsubp € M
using first_section__closed[of P p converse(leq)]
by (auto dest:transitivity)
define S where S = An€nat.
{{q,r) € Psubpx ?subp. r < g A (3beB. r I+ 01 is 2- [f_dot, (U (n))?, b*])}
(is S = An€nat. ?Y(n))
define S’ where S’ = Anenat.
{{q,7) € Zsubpx ?subp. r = g A (3beB. r I+ -01 is 2- [f_dot, (pred(n))”, b*])}
— Towards proving S € M.
moreover
have S = S’
unfolding S def S’ _def using pred_nat__eq lam__cong by auto
moreover from «BeM» «?2subpeM> «f _dote M>»
have {r € Zsubp. 3beB. r IF -0°1 is 2- [f_dot, (J (n))?, b*]} € M (is ?X(n) €
)
if new for n
using that separation__check snd__aux nat_into_ M ord__simp_union
arity _forces|of -0°‘1 is 2:] arity_fun_apply fm
by (rule_tac separation__closed|OF separation_bex,simplified], simp__all)
moreover
have ?Y(n) = (Zsubp x ?X(n)) N converse(leq) for n
by (intro equalityl) auto
moreover
note «Zsubp € M) «BeM) «peP> «f _dote M)
moreover from calculation
have n € w = ?Y(n) € M for n
using nat_into_ M by simp
moreover from calculation
have S ¢ M
using separation_leq and_ forces apply auz separation_leq and_ forces apply auz’
transitivity| OF <p€P»]
unfolding S def split_def
by (rule__tac lam__replacement__Collect'| THEN lam__replacement__imp__lam__closed,simplified],
stmp__all)
ultimately
have S’ € M
by simp
from «peP» «f_doteM> «p Ik -0:1—2- [f_dot, w", B']> «<BEM)»
have exr:3reP. r < g A (3beB. r I+ 01 is 2- [f_dot, pred(n)¥, b])
if ¢ < p q€P new for ¢ n
using that forcing _a_wvalue by (auto dest:transitivity)
have V g€ ?subp. V n€w. Iresubp. {¢,r) € S'*n
proof -

{
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fix gn

assume ¢ € ?subp new

moreover from this

have ¢ <X p ¢ € P pred(n) = Jn
using pred_nat_eq by simp__all

moreover from calculation and exr

obtain r where MM:r < ¢ 3beB. r |- 01 is 2- [f_dot, pred(n)¥, b*] reP
by blast

moreover from calculation <q =< py <p € P»

have r < p
using leq_transD[of r q p] by auto

ultimately

have 3re?subp. r < g A (3beB. r I+ 01 is 2- [f_dot, (pred(n))?, b"])
by auto

}

then
show ?thesis
unfolding S’ def by simp
qed
with (pePy «?subp € M» «S' € M»
obtain g where g € w =™ Zsubp g0 = p ¥ n € nat. (gn,g‘succ(n))eS" succ(n)
using sequence_DC[simplified] refl_leq[of p] by blast
moreover from this and < ?subp € M>
have g:w —>Pge M
using fun_ weaken__typelof g w ?subp P] function__space_rel_char by auto
ultimately
have g : w - =" (P,converse(leq))
using decr_succ__decr|of g leq _preord
unfolding S’ _def by (auto simp:absolut intro:lel)
moreover from <succ(w)-closed™(P,leq)> and this
have 3¢geM. g e PA (VaeM. a € w — ¢ X g ‘a)
using transitivity[simplified, of g] mono__segqspace_rel_closed[of w __ con-
verse(leq)]
unfolding kappa_ closed_rel def
by auto
ultimately
obtain r where r€P reM Vnew. r = g‘n
using nat_into_ M by auto
with <g‘0 = p»
have r < p
by blast
let ?h={(n,b) € w x B. r - 01 is 2- [f_dot, n”, b"]}
have function(?h)
proof (rule_tac functionl, rule_tac ccontr, auto simp del: app_Cons)
fix nbbd
assumen € wb#b'be Bb e B
moreover
assume 7 Ik .01 is 2- [f_dot, n¥, b*] r I 01 is 2- [f_dot, n", b"]
moreover

Mo
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note <r € P»
moreover from this
have - r L r
by (auto introl:refl_leq)
moreover
note «f doteM» <BeM>
ultimately
show Fulse
using forces_neq _apply_imp__incompatible[of v f_dot n® b r b’
transitivity[of __ B] by (auto dest:transitivity)
qed
moreover
have range(?h) C B
by auto
moreover
have domain(?h) = w
proof -
{
fix n
assume n € w
moreover from this
have 1:(|J (n)) = pred(n)
using pred_nat__eq by simp
moreover from calculation and <V n € nat. (gn,g‘succ(n))€S’ ‘succ(n)>
obtain b where g‘(succ(n)) IF -0°1 is 2- [f_dot, n”, b"] beB
unfolding S’ def by auto
moreover from (BeM) and calculation
have be Mne M
by (auto dest:transitivity)
moreover
note (g : w — P «Vnew. r <X gny «rePs «f_dote M>»
moreover from calculation
have r I+ 01 is 2- [f_dot, n, b"]
using fun__apply_type arity_fun__apply fm
strengthening lemmalof g‘succ(n) -0°1 is 2- r [f_dot, n", b"]]
by (simp add: union__abs2 union__absl)
ultimately
have 3beB. r IF .01 is 2- [f_dot, n”, b"]
by auto
}
then
show ?thesis
by force
qed
moreover
have relation(?h)
unfolding relation_def by simp
moreover from «f dote M «reM»> <BeM>
have ?h € M
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using separation_ closed_ forces apply aux by simp
moreover
note <B € M)
ultimately
have ?h: w —M B
using function_imp_ Pi[THEN fun_weaken__typelof ?h _ range(?h) B
function__space__rel__char by simp
moreover
note «p Ik -0:1—=2- [f_dot, w”, B’]» <r < p» <r€P» pePs «f_dote M» <BEM)
moreover from this
have r I+ -0:1—2- [f_dot, w?, BY]
using strengthening lemmalof p -0:1—2- r [f_dot, w”, BY]]
typed__function__type arity_typed_ function_fm
by (auto simp: union__abs2 union__absl)
moreover
note «?heM>
moreover from calculation
have r |- -0 = 1- [f_dot, ?h"]
proof (intro definition_of _forcing| THEN 4{fD2] alll impl,
simp__all add:union__abs2 union__absl del:app_ Cons)
fix H
let ?f=wval(H,f dot)
assume M _generic(H) N r € H
moreover from this
interpret ¢:G_genericl _ H
by unfold_locales simp
note «reP» «f_dote M» «<BeM>»
moreover from calculation
have map(val(H), [f_dot, w¥, BY]) € list(M[H]) reH
by simp__all
moreover from calculation and <reH»> and «r I+ -0:1—2- [f_dot, w¥, B])
have ?f : w — B
using g.truth_lemmalof -0:1—2- [f_dot, w¥, B*],THEN iffD1] g.one_in_G
one_in_ P
typed__function__type arity_typed_function__fm val check
by (auto simp: union__abs2 union__absl)
moreover
have ?h‘n = ?f‘nif n € w for n
proof -
note «n € w» «domain(?h) = w»
moreover from this
have nedomain(?h)
by simp
moreover from this
obtain b where r I+ -0‘1 is 2- [f_dot, n®, b*] beB
by force
moreover
note <function(?h)>
moreover from calculation
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have b = %h‘n
using function__apply equality by simp
moreover
note <B € M)»
moreover from calculation
have ?h‘n € M
by (auto dest:transitivity)
moreover
note <f_dot € M) «r € P» <M__generic(H) A r € H) <map(val(H), [f_dot,
w, BY]) € list(M[H])»
moreover from calculation
have [?f, n, ?hn] € list(M[H])
using M_subset MG nat_into_Mlof n| g.one_in_ G by (auto dest:transitivity)
ultimately
show ?thesis
using definition__of _forcing[of v -0‘1 is 2- [f_dot, n”, b"],
THEN iffD1, rule_format, of H|— without this line is slower
val__check g.one_in__ G one_in_ P nat_into_ M
by (auto dest:transitivity simp add:fun__apply_ type
arity_fun__apply_fm union__abs2 union__absl)
qed
with calculation and «(BeM)> <%h: w —M B»
have ?h = ?f
using function__space_rel char
by (rule_tac fun__extension][of ?h w \_.B ?f]) auto
ultimately
show ?f = wal(H, ?h")
using val check g.one_in_ G one_in_ P generic by simp
qed
ultimately
have 3reP. 3hew M B. r<pArlF-0= 1 [f_dot, h")
by blast
}

moreover
note <B € M) assms
moreover from calculation
have f : w =M B
using kunen_IV_6_9 function_space_rel_eq function__space_rel char
ext.mem__function__space_rel _abs by auto
ultimately
show ?thesis
by (auto dest:transitivity)
qed

declare mono__segspace__rel closed[rule del]
— Mysteriously breaks the end of the next proof

lemma succ_omega_ closed_imp_mno__new_reals:
assumes succ(w)-closed™(P,leq)
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shows w =M 2 = o —MIG] 9
proof -
from assms
have w —MI[G] 2 Cw —M 9
using succ__omega__closed__imp_no_new_nat_sequences function__space_rel_char
ext.function__space_rel__char Aleph_rel _succ Aleph__rel zero
by auto
then
show ?thesis
using function__space_rel_transfer by (intro equalityl) auto
qged

lemma succ_omega_ closed _imp Aleph 1 preserved:
assumes succ(w)-closed™(P,leq)
shows 8, M = N]M[G}
proof -
have NIM[G] < n,M
proof (rule ccontr)
assume — NIM[G] <n,M
then
have & ;M < N]M[G]
— Ridiculously complicated proof
using Card_rel_is Ord ext.Card_rel _is_Ord
not_le_iff W[THEN iffD1] by auto
then
have |X;
using ext.Card_rel It csucc_rel iff ext.Aleph_rel zero
ext.Aleph__rel_succ ext.Card__rel _nat
by (auto introl:ext.lt_csucc_rel iff[THEN iffD1]
intro:Card_rel_Aleph_rel[THEN Card_rel _is_Ord, of 1)
then
obtain f where f € inj(X;Mw) f € M[G]
using ext.countable_rel iff cardinal_rel_le_nat[of R,M THEN iffD2]
unfolding countable rel def lepoll_rel def
by auto
then
obtain g where g € surjM[C] (w, ¥ ;M)
using ext.inj _rel_imp_surj_rellof f _ w, OF _ zero_lt_Aleph_rell|[ THEN
tD])
by auto
moreover from this
have g : w — N;M g € M[G]
using ext.surj _rel char surj_is_fun by simp_all
moreover
note <succ(w)-closed™(P,leq)
ultimately
have g € suri™(w, N;M) g e M
using succ__omega__closed__imp_no_new_nat_sequences
mem__surj__abs ext.mem__surj_abs by simp__all
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then
show Fulse
using surj_rel_implies_cardinal_rel_le[of g w NJM]
Card_rel_nat|THEN Card_rel_cardinal_rel_eq] Card_rel_is_Ord
not_le_iff W[THEN iffD2, OF _ _ nat_It_Aleph_rell]
by simp
qed
then
show ?thesis
using Aleph_rel le Aleph_ rel
by (rule_tac le__anti_sym) simp
qed

end — bundle G__genericl_lemmas
end — G__generic3_AC

end

31 Forcing extension satisfying the Continuum Hy-
pothesis

theory CH
imports
Kappa__Closed__Notions
Cohen__ Posets Relative
begin

context M ctm2 AC
begin

declare Fn_rel_closed[simp del, rule del, simplified setclass_iff, simp, intro]
declare Fnle_rel closed[simp del, rule del, simplified setclass_iff, simp, intro]

abbreviation
Coll :: i where
Coll = PaM(x M R, M () M )

abbreviation
Colleq :: i where
Colleq = FnleM(NIM7 N Moy M 2)

lemma Coll_in_ M{[intro,simp]: Coll € M by simp

lemma Colleq refl : refl(Coll,Colleq)
unfolding Fnle_rel def Fnlerel def refl def
using Rrell by simp
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31.1 Collapse forcing is sufficiently closed

lemma succ_omega_ closed_ Coll: succ(w)-closed™(Coll,Colleq)
proof -
— Case for finite sequences
have ncw = Y f € n .—M (Coll,converse(Colleq)).
FqeM. g € Coll N (VaeM. a € n — {(q, f ‘@) € Colleq) for n
proof (induct rule:nat_induct)
case (
then
show ?case
using zero It _Aleph rell zero _in_Fn_rel
by (auto simp del:setclass_iff) (rule bexI[OF __ zero_in_M], auto)
next
case (succ x)
then
have Y fesucc(z) «—M (Coll,converse(Colleq)). Ya € succ(z). (fz, f < a) €
Colleq
proof(intro balll)
fix f «
assume fesucc(z) «—M (Coll,converse(Colleq)) acsuce(z)
moreover from <z€w) this
have fesuce(z) «— (Coll,converse( Colleg))
using mono__seqspace__rel__char nat_into_ M
by simp
moreover from calculation succ
consider a€zx | a=x
by auto
then
show (fz, f ‘) € Colleq
proof(cases)
case 1
then
have («, z) € Memrel(succ(z)) z€suce(z) a€suce(x)
by auto
with «fesucc(z) «— (Coll,converse(Colleq))»
show ?thesis

using mono_mapD(2)[OF _ «a€succ(z) _ (o, ) € Memrel(succ(z))»]
unfolding mono__seqspace__def
by auto
next
case 2

with <fesucc(z) «— (Coll,converse(Colleq))»
show ?thesis
using Colleq refl mono__seqspace_is_fun|THEN apply_ type]
unfolding refl def
by simp
qed
qed
moreover
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note (zcw)
moreover from this
have fo € Coll if f: succ(z) «—M (Coll,converse(Colleg)) for f
using that mono__seqspace__rel__char[simplified, of succ(x) Coll converse( Colleq))
nat_into__M|[simplified] mono__segspace__is_fun|of converse(Colleq)]
by (intro apply_typelof _ succ(x)]) (auto simp del:setclass__iff)
ultimately
show ?Zcase
using transM[of __ Coll]
by (auto dest:transM simp del:setclass_iff, rule_tac x=fc in bexl)
(auto simp del:setclass_iff, simp)
qed
moreover
— Interesting case: Countably infinite sequences.
have VfeM. f € w -—M (Coll,converse( Colleq)) —
(F3geM. g € Coll AN (VaeM. a € w — (q, [ “ a) € Colleq))
proof(intro balll impl)
fix f
let ?rnf=f‘w
assume fEM f € w -—M (Coll,converse( Colleq))
moreover from this
have few — (Coll,converse(Colleq)) few — Coll
using mono__seqspace__rel__char mono_mapD(2) nat_in_ M
by auto
moreover from this
have countableM(fz) if zcw for z
using that Fn_rel_is_function countable_iff lesspoll_rel Aleph_rel one
by auto
moreover from calculation
have ?rnf € M fCwx Coll
using nat_in_ M image_ closed Pi_iff
by simp__all
moreover from calculation
have 1:3de?rnf. d D hANd 2D gifh e ?rnfg € ?rnf for h g
proof -
from calculation
have ?rnf={fc . zcw}
using image__function[of f w] Pi_iff domain_of _fun

by auto

from < ?rnf=_» that

obtain m n where eq:h=f‘m g=fn ncw mew
by auto

then

have mUncw m<mUn n<mUn
using Un__upperl_le Un_upper2_le nat_into_ Ord by simp__all

with calculation eq <?rnf=_>

have f{(mUn)€ ?rnf f(mUn) D h f{(mUn) 2 g

using Fnle_relD mono_map_lt_le_is_mono converse_refl|OF Colleq_refi]
by auto
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then
show ?thesis
by auto
qed
moreover from calculation
have Zrnf C (N M —~##M (gt M 2))
using subset_trans[OF image__subset[OF <fC_»,of w] Fn_rel subset PFun_ rel]
by simp
moreover
have |J ?rnf € (WM ~##M (ngp M 9))
using pfun_ Un_ filter__closed'[OF <?rnfC_» 1] <?rnfeM)
by simp
moreover from calculation
have |J #rnf <M R, M
using countable_fun__imp__countable__image[of f]
mem,__function__space__rel__abs[simplified, OF nat_in_M Coll_in_ M feM>]
countableI[OF lepoll_rel_refl]
countable iff lesspoll rel Aleph_rel_onelof | ?rnf]
by auto
moreover from calculation
have | ?rnfe Coll
unfolding Fn_rel def
by simp
moreover from calculation
have | ?rnf O f ‘a0 if a€w for «
using that image_function|OF fun__is_function] domain_of fun
by auto
ultimately
show 3¢geM. g € Coll N (VaeM. a € w — (g, f ‘) € Colleq)
using Fn_rel is_function Fnle_rell
by auto
qed
ultimately
show ?thesis
unfolding kappa_closed_rel def by (auto elim!:leE dest:ltD)
qed

end — M _ctm2_ AC

locale collapse CH = G__generic3_AC_CH FaM(X ##M N M, M 9y ppleM (R, ##M
XM =My g

sublocale collapse  CH C forcing_mnotion Coll Colleq 0
using zero [t Aleph rell by unfold_locales

context collapse CH
begin

notation Leq (infix] <=<» 50)
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notation Incompatible (infixl <L 50)

abbreviation
[ G :i(«fe) where
fe=UG

lemma [ G_in_MG]simp]:
shows fg € M[G|
using G_in_ MG by simp

abbreviation
dom__dense :: i=1i where
dom__dense(z) = { peColl . © € domain(p) }

lemma dom__dense__closed[intro,simp|: x€ M = dom__dense(x) € M
using separation__in__domain|of z]
by simp

lemma domain_f G: assumes x € N]M
shows z € domain(fq)
proof -
have (Ancw. 0) € w —M 2
using function__space_rel_nonempty[of 0 2 w]
by auto
with assms
have dense(dom_dense(z)) zeM
using dense__dom__dense InfCard_rel_Aleph__rel[of 1] transitivity|OF __
Aleph_rel_closed|of 1,THEN setclass_iff[THEN iffD1]]]
unfolding dense_ def
by auto
with assms
obtain p where pcdom_ dense(z) peG
using M generic_denseD[of dom__dense(r))
by auto
then
show z € domain(f ) by blast
qed

lemma Un_ filter is_function:
assumes filter(G)
shows function(|J G)
proof -
have Coll C 8, M ~##M (,, LM 9)
using Fn_ rel _subset_PFun_ rel
by simp
moreover
have 3 d € Coll. d D f AN d D gif feG geG for f g
using filter_imp__compat[OF assms <f€G» <g€G>] filterD[OF assms]
unfolding compat_def compat in_ def
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by auto

ultimately

have 3d € ¥, M ##M (o, M 9) 4D fAdDgif feG geG for fg
using rex__mono[of Coll] that by simp

moreover

have GC(Coll
using assms
unfolding filter def
by simp

moreover from this

have G C R, M ##M (, M 9)
using assms unfolding Fn_ rel def
by auto

ultimately

show ?thesis
using pfun_ Un_ filter_closed|of G|
by simp

qed

lemma f G funtype:

shows fq: XM = w —MI[G]

proof -

have z € B=—= Be G = z € };M x (v =M 2) for B«
proof -

assume z€B BeG
moreover from this
have z € M[G]
by (auto dest!: ext.transM simp add:G_in_MGQG)
moreover from calculation
have z € ®,M x (w — 2)
using Fn_ rel_subset_Pow|of NIM N1M w—M 2,
OF __ __ function__space_rel_closed] function__space__rel_char
by (auto dest!: M__genericD)
moreover from this
obtain z w where z=(z,w) 2eX;M w:w — 2 by auto
moreover from calculation
have w € M[G] by (auto dest:ext.transM)
ultimately
show ?thesis using ext.function_space rel char by auto
qed
moreover
have function(f )
using Un_ filter_is_function generic
by fast
ultimately
show ?thesis
using generic domain_f G Pi_iff by auto
qed
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abbreviation
surj_dense :: i=1 where
surj_dense(z) = { peColl . z € range(p) }

lemma surj_dense__closed[intro,simp):
z€w—-M2—= surj dense(x) € M
using separation_in__range transM|of z] by simp

lemma reals sub_image [ G:
assumes z € w —M 2
shows JaeRr M. fa ‘a==2
proof -
from assms
have dense(surj_dense(z))
using dense__surj_dense lepoll_rel_refl InfCard_rel Aleph_ rel
unfolding dense_ def
by auto
with z € w =M 2,
obtain p where pcsurj dense(z) peG
using M__generic_denseD[of surj_dense(z)]
by blast
then
show ?thesis
using succ_omega__closed _Coll f_G_funtype function__apply _equality[of _ x
e
succ__omega__closed__imp__no__new_reals[symmetric)
by (auto, rule_tac bexl) (auto simp:Pi_def)
qed

lemma f G _surj_Aleph_rell _reals: fg € surjM[G](NlM, w —MIG] 2)
using Aleph_rel sub_ closed
proof (intro ext.mem__surj_abs| THEN iffD2],simp__all)
show fg € surj(R;M, w —MIG] 2)
using [ G_ funtype G_in_ MG ext.nat_into_ M f G _in_ MG
reals _sub_image_f G succ_omega_ closed_Coll
succ__omega__closed__imp_no_new_reals
unfolding surj def
by auto
qed

lemma continuum_rel le Alephl extension:
includes G genericl lemmas
shows QTNUM[G]’M[G] < NIM[G]
proof -
have X;M ¢ M[G] Ord(R ;M)
using Card_rel_is Ord by auto
moreover from this
have w —M[G] 2 <M[G] x M
using ext.surj_rel_implies_inj _rel|OF f_G_surj_Aleph_rell _reals]
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f_G_in_ MG unfolding lepoll rel def by auto
with <Ord(X M),
have |w —M[G] g MIG] < |x M| M[C]
using M__subset_ MG[OF one__in__G] Aleph_rel_closed[of 1]
by (rule_tac ext.lepoll_rel imp_cardinal rel_le) simp_all
ultimately
have 2M0™(9LMIG] < |n MIG)M(C]
using ext.lepoll _rel _imp__cardinal_rel_le[of R,M —M[¢G] 2]
ext. Aleph__rel_zero succ__omega__closed__Coll
succ__omega,__closed _imp Aleph 1 _preserved
unfolding cexp rel def by simp
then
show QTNUM[GLM[G] < NIM[G] by simp
qged

theorem CH: N]M[G] = QTNUM[G]’M[G]
using continuum__rel_le Alephl__extension ext.Aleph_rel_succlof 0]
ext.Aleph_rel_zero ext.csucc__rel_le[of QTNOM[G]’M[G] w]
ext.Card_rel_cexp_rel ext.cantor_cexp_rel|of w] ext.Card_rel _nat
le__anti_sym
by auto

end — collapse  CH

31.2 Models of fragments of ZFC + CH

theorem ctm_of CH:
assumes
M =~ w Transset(M)
M = ZC U {-Replacement(p)- . p € overhead_CH}
O C formula M = { -Replacement(ground_repl_fm(p))- . ¢ € ®}
shows
IN.
M CNAN=wA Transset(N) A N |= ZC U {-CH-} U { -Replacement(p)-
Lo e DA
(Va. Ord(a)) — (@« € M <— «a € N))
proof -
from <M = ZC U {-Replacement(p)- . p € overhead CH}»
interpret M_ZFC3 M
using M_satT _overhead_imp M _ZF3 unfolding overhead CH__def over-
head_notCH__def by auto
from «M = ZC U {-Replacement(p)- . p € overhead_CH}> <Transset(M)»
interpret M_ZF ground CH_trans M
using M_satT _imp M _ZF ground_CH_trans
unfolding ZC' def by auto
from <M =~ w»
obtain enum where enum € bij(w,M)
using egpoll_sym unfolding eqpoll def by blast
then
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interpret M ctm2_ AC _CH M enum by unfold locales
interpret forcing datal Coll Colleq 0 M enum
using zero__in_ Fn_ rel[of RMN My, M 2
zero__top_ Fn__rel[of _ RMN My, M 2
preorder_on__Fnle__rel[of NMNMy, M 2]
zero_ It _Aleph rell
by unfold_locales simp__all
obtain G where M_generic(G)
using generic_ filter__existence[OF one__in__P]
by auto
moreover from this
interpret collapse CH M enum G by unfold_locales
have NIM[G] = QTNOM[G]’M[G}
using CH .
then
have M[G], || E -CH:
using ext.is ContHyp_iff
by (simp add: ContHyp__rel_def)
then
have M[G] E ZC U {-CH-}
using ext.M_satT _ZC by auto
moreover
have Transset(M[G]) using Transset MG .
moreover
have M C M[G] using M_subset_ MG[OF one_in_ G| generic by simp
moreover
note <M = { -Replacement(ground_repl_fm(p))- . ¢ € &} <@ C formula
ultimately
show ?thesis
using Ord_ MG __iff MG__eqpoll_nat satT _ground_repl_fm_imp_satT ZF replacement_fm|[of
0]
by (rule_tac x=M|[G] in exI,blast)
qed

corollary ctm_ZFC imp_ctm_CH:
assumes
M ~ w Transset(M) M = ZFC
shows
IN.
M C NAN=wA Transset(N) AN N = ZFC U {-CH-} A
(Va. Ord(a)) — (@« € M <— «a € N))
proof -
from assms
have 3 N.
M C N A
N=~wA
Transset(N) A
N ZC AN [ {CH-} NN = {-Replacement(z)- . x € formula} N (V.
Ord(a) — o € M +— a € N)
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using ctm_of CH|of M formula] satT_ZFC _imp_satT _ZC|of M]
satT _mono|OF __ ground_repl_fm_sub_ZFC, of M|
satT_mono|OF _ ZF _replacement_overhead_CH__sub_ZFC, of M|
satT_mono[OF __ ZF_replacement_fms_sub_ZFC, of M]

by (simp add: satT _Un__iff)

then

obtain N where N = ZC N = {-CH-} N = {-Replacement(z)- . x € formula}
M C NN =~ w Transset(N) Va. Ord(a) — o € M <— a € N)
by auto

moreover from this

have N = ZFC

using satT ZC ZF replacement imp_satT ZFC

by auto
moreover from this and <N = {-CH-}»
have N = ZFC U {-CH-}
using satT ZC ZF replacement_imp_satT ZFC
by auto
ultimately
show ?thesis
by auto
qed

end

32 From M toV

theory Absolute Versions
imports
CH
ZF.Cardinal _AC
begin

hide__const (open) Order.pred

32.1 Locales of a class M hold in V

interpretation V: M_ trivial V
using Union__ax__absolute upair _ax__absolute
by unfold_locales auto

lemmas bad__simps = V.nonempty V.Forall_in_ M _iff V.Inl_in_ M_iff V.Inr_in_M_iff
V.succ_in_ M__iff V.singleton_in_ M _iff V.Equal in_M_iff V.Member_in_ M _iff
V.Nand_in_ M iff
V.Cons_in_ M _iff V.pair_in_ M _iff V.upair_in_ M iff

lemmas bad__M__trivial_simps[simp del] = V.Forall_in_M_iff V.Equal_in_M__iff
V.nonempty

lemmas bad_ M _trivial _rules[rule del] = V.pair_in_MI V.singleton_in_MI
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V.pair_in_MD V.nat_into_ M
V.depth__closed V.length closed V.nat_case closed V.separation_ closed
V.Un__closed V .strong_replacement closed V.nonempty

interpretation V:M _basic V
using power__azx__absolute separation__absolute replacement _absolute
by unfold_locales auto

interpretation V:M _eclose V
by unfold_locales (auto intro:separation__absolute replacement__absolute
simp:iterates__replacement__def wfrec__replacement__def)

lemmas bad M _basic_rules[simp del, rule del] =
V.cartprod__closed V .finite_funspace__closed V.converse__closed
V.list_case’ closed V.pred_ closed

interpretation V:M_cardinal__arith V
by unfold_locales (auto intro:separation__absolute replacement__absolute
simp add:iterates__replacement__def wfrec__replacement _def lam__replacement _def)

lemmas bad__M__cardinals_rules[simp del, rule del] =
V.iterates closed V.M _nat V.trancl _closed V.rvimage_closed

interpretation V:M_ cardinal arith_jump V
by unfold_locales (auto intro:separation__absolute replacement__absolute
simp:wfrec_replacement__def)

lemma choice _ax_ Universe: choice_ax(V)
proof -
{
fix z
obtain f where f € surj(|z|,z)
using cardinal _egpoll unfolding eqpoll def bij def by fast
moreover
have Ord(|z|) by simp
ultimately
have Ja. Ord(a) A (3f. f € surj(a,x))
by fast
}

then
show ?thesis unfolding choice ax def rall _def rex def
by simp
qged

interpretation V:M_master V
using choice__ax_ Universe
by unfold_locales (auto intro:separation__absolute replacement__absolute
simp:lam__replacement__def transrec_replacement__def wfrec__replacement__def
is_wfrec_def M__is_recfun__def)
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named__theorems V_ simps

— To work systematically, ASCII versions of ”__absolute” theorems as those below
are preferable.
lemma egpoll_rel__absolute[V_simps]: ~Y Yy =y

unfolding egpoll def using V.def eqpoll rel by auto
lemma cardinal _rel_absolute[V _simps]: |z|¥ = |z|
unfolding cardinal__def cardinal_rel_def by (simp add:V_simps)

lemma Card_rel absolute[V_simps|: Card (a) <— Card(a)
unfolding Card_rel def Card_def by (simp only:V_simps)

lemma csucc_rel_absolute[V_simps]:(at)Y = ot
unfolding csucc_rel def csucc_def by (simp add:V_simps)

lemma function_space_rel__absolute[V_simps|:x SV y=z—>y
using V.function_space_rel_char by (simp add:V_simps)

lemma cea:pireliabsolute[Visimps]:a:Ty’V = ¢
unfolding cexp rel def cexp_def by (simp only:V_simps)

lemma HAleph_rel_absolute[ V_simps]: HAleph_rel(V,a,b) = HAleph(a,b)
unfolding HAleph_rel def HAleph_def by (auto simp add:V_simps)

lemma Aleph_rel _absolute] V_simps]: Ord(z) = RV =N,
proof -
assume Ord(z)
have R,;Y = transrec(z, Aa b. HAleph_rel(V,a,b))
unfolding Aleph_rel def by simp
also
have ... = transrec(x, HAleph)
by (simp only:V_simps)
also from <Ord(z)>
have ... = N,
using Aleph’ _eq Aleph unfolding Aleph’ def by simp
finally
show ?thesis .
qed

Example of absolute lemmas obtained from the relative versions. Note the
only declarations
lemma Ord_cardinal_idem”: Ord(A) = ||A|| = |A|

using V.O0rd_cardinal_rel_idem by (simp only: V_simps)

lemma Aleph__succ”. Ord(a) = Nyuce(a) = N,
using V.Aleph_rel_succ by (simp only:V_simps)
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These two results are new, first obtained in relative form (not ported).

lemma csucc_cardinal:
assumes Ord(k) shows |s|T = kT
using assms V.csucc_rel _cardinal_rel by (simp only: V_simps)

lemma csucc_le_mono:
assumes k < v shows Kt < vt
using assms V.csucc_rel_le _mono by (simp only:V_simps)

Example of transferring results from a transitive model to V

lemma (in M__Perm) egpoll_rel_transfer _absolute:
assumes M(A) M(B) A ~" B
shows A ~ B
proof -
interpret M N_Perm M V
by (unfold_locales, simp only:V_simps)
from assms
show ?thesis using eqpoll_rel transfer
by (simp only: V_simps)
qed

The “relationalized” CH with respect to V corresponds to the real CH.

lemma is_ContHyp iff CH: is_ContHyp(V) <— ContHyp
using V.is ContHyp_ iff
by (auto simp add: ContHyp_rel _def ContHyp_def V_simps)

end

33 Main definitions of the development

theory Definitions_Main
imports
Absolute_ Versions
begin

This theory gathers the main definitions of the Transitive_Models session
and the present one.

It might be considered as the bare minimum reading requisite to trust that
our development indeed formalizes the theory of forcing. This should be
mathematically clear since this is the only known method for obtaining
proper extensions of ctms while preserving the ordinals.

The main theorem of this session and all of its relevant definitions appear in
Section 33.4. The reader trusting all the libraries on which our development
is based, might jump directly to Section 33.3, which treats relative cardinal
arithmetic as implemented in Transitive_Models. But in case one wants
to dive deeper, the following sections treat some basic concepts of the ZF

324



logic (Section 33.1) and in the ZF-Constructible library (Section 33.2) on
which our definitions are built.

declare [[show__question_marks=false]]

33.1 ZF

For the basic logic ZF we restrict ourselves to just a few concepts.

thm bij _def[unfolded inj _def surj_def]

bij(A, B) =
{feA— B.VweA.VzeA. f‘w=f‘c — w=2z}nN
{fe A— B.VyeB. 3z€A. f ‘z =y}

thm egpoll def

A~ B=3f. fe€bij(4, B)

thm Transset def

Transset(i) = Vaci. © C i

thm Ord_def

Ord(i) = Transset(i) A (Vz€i. Transset(z))

thm [t def le_iff

i< j=1i€jNOordQ)
i<je—i<jVi=jA 0rdQ)

With the concepts of empty set and successor in place,

lemma empty_def” Vz. x ¢ 0 by simp
lemma succ_def”: succ(i) = i U {i} by blast

we can define the set of natural numbers w. In the sources, it is defined as a
fixpoint, but here we just write its characterization as the first limit ordinal.

thm Limit_nat[unfolded Limit_def] nat_le_Limit[unfolded Limit_def]

Ord(w) N 0 <w A Vy. y < w — suce(y) < w)
Ord(i) NO<iN Ny y<i— succ(y) <i) = w<1
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Then, addition and predecessor on w are inductively characterized as follows:

thm add_0_right add__succ_right pred_ 0 pred__succ__eq

m +, suce(n) = suce(m +,, n)
mew=—m-+, 0=m
pred(0) = 0

pred(succ(y)) =y

Lists on a set A can be characterized by being recursively generated from
the empty list || and the operation Cons that adds a new element to the
left end; the induction theorem for them shows that the characterization is
“complete”.

thm Nil Cons list.induct

[| € list(A)

la € A; 1 € list(A)] = Cons(a, 1) € list(A)

[z € list(A); P([]); Aa l. [a € A; 1 € list(A); P(l)] = P(Cons(a, 1))]
= P(x)

Length, concatenation, and nth element of lists are recursively characterized
as follows.

thm length.simps app.simps nth__0 nth_Cons

length(]]) = 0

length(Cons(a, 1)) = succ(length(l))

] @ys=uys

Cons(a, 1) @ ys = Cons(a, | Q ys)

nth(0, Cons(a, 1)) = a

n € w = nth(succ(n), Cons(a, 1)) = nth(n, I)

We have the usual Haskell-like notation for iterated applications of Cons:
lemma Cons_app: [a,b,c] = Cons(a,Cons(b,Cons(c,[]))) ..

Relative quantifiers restrict the range of the bound variable to a class M of
type © = o; that is, a truth-valued function with set arguments.

lemma V z[M]. P(z) =Vz. M(z) — P(z)
Fz[M]. P(z) = 3z. M(z) A P(x)
unfolding rall_def rex_def .

Finally, a set can be viewed (“cast”) as a class using the following function
of type i = i = o.

thm setclass_iff

(##A)(z) «—= z € A
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33.2 Relative concepts

A list of relative concepts (mostly from the ZF-Constructible library) follows
next.

thm big union_ def

big_union(M, A, z) =Vz[M]. z € z +— Jy[M]. y€ ANz €y)

thm upair_def

upair(M, a, b, z) =a€zANbezNVz[M.z€2—2x=aVa=0)

thm pair_def

pair(M, a, b, z) =
Jx[M]. upair(M, a, a, z) A (3y[M]. upair(M, a, b, y) A upair(M, z, y, z))

thm successor_def[unfolded is_cons__def union__def)

successor(M, a, z) =
Jz[M]. upair(M, a, a, ) N (Y za[M]. za € z ¢— za € TV za € a)

thm empty def

empty(M, z) =Vz[M]. z ¢ z

thm transitive__set_ def[unfolded subset__def]

transitive_set(M, a) = Vz[M]. z € a — (Vza[M]. za € T — za € a)
thm ordinal_def

ordinal(M, a) =
transitive__set(M, a) A (Vz[M]. z € a — transitive_set(M, z))

thm image_def

image(M, r, A, z) =
VylM]. y € z +— BwM]. werA@z[M.ze AN pair(M, z, y, w)))

327



thm fun_apply def

is_apply(M, f, z, y) =
Jas[M].
3 fus[M]. upair(M, z, z, zs) A image(M, f, xs, frs) A big_union(M, frs, y)

thm is_function_ def

is_function(M, r) =
V[ M].
v y[M].
vy’ [M].
vV p[M].
v p'[M].
paz’r(M, z, Yy, p) —
pair(M, z, y', p") — per—p er—y=y’

thm is_relation_ def
is_relation(M, r) =V z[M]. z € r — (Fz[M]. Fy[M]. pair(M, z, y, z))
thm is domain_def

is_domain(M, r, z) =
Vz[M]. z € z +— Bw[M]. w e r A (Jy[M]. pair(M, z, y, w)))

thm typed_ function__def

typed__function(M, A, B, r) =

is_function(M, r) A

is_relation(M, r) A

is_domain(M, r, A) A

(Vu[M]. uw € r — (Vz[M]. Yy[M]. pair(M, z, y, u) — y € B))

thm is_function_space_def[unfolded is_funspace_def]
function__space__rel_def surjection__def

is_function__space(M, A, B, fs) =

M(fs) N (VfIM]. f € fs +— typed_function(M, A, B, f))
A =M B = THE d. is_function_space(M, A, B, d)
surjection(M, A, B, f) =

typed__function(M, A, B, f) A

(Vy[M]. y € B— Fz[M]. x € A Nis_apply(M, f, z, y)))
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Relative version of the ZFC axioms

thm extensionality def

extensionality(M) = Va[M]. Vy[M]. V2[M]. z€ z+— z2€y) — z =1y

thm foundation az_def

foundation__ax(M) =
Ve[M]. ByM].yez) — SyMl.ycaxn-3zM.2z€xNz2e€y)

thm upair_az_def

upair_ax(M) = VY z[M]. V y[M]. 3 2[M]. upair(M, z, y, z)
thm Union_ax_def

Union_ax(M) =V x[M]. 3z[M]. big_union(M, z, z)
thm power _az_def[unfolded powerset def subset_def]

power_ax(M) =V z[M]. 3 2[M]. Vza[M]. za € z <— (Vazb[M]. 2b € za — zb €
z)

thm infinity _ax_def

infinity _ax(M) =
3 1[M].
(Fz[M]. empty(M, 2) A z € I) A
(Vy[M]. y € I — (Fsy[M]. successor(M, y, sy) A sy € I))

thm choice _ax_def

choice_ax(M) = ¥V z[M]. Fa[M]. 3f[M]. ordinal(M, a) A surjection(M, a, z, f)
thm separation_ def

separation(M, P) =V z[M]. 3y[M]. Vz[M]. € y +— z € z A P(x)

thm univalent def
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univalent(M, A, P) =
Vz[M]). z € A — (Yy[M]. V2[M]. P(z, y) A P(z, 2) — y = 2)

thm strong_replacement def

strong__replacement(M, P) =
vV A[M].
univalent(M, A, P) — (3 Y[M].Vb[M]. b€ Y +— (Fz[M]. 2 € A A P(z, b))

Internalized formulas

“Codes” for formulas (as sets) are constructed from natural numbers using
Member, Equal, Nand, and Forall.

thm Member Equal Nand Forall formula.induct

[z € w; y € w] = -z €y € formula

[z € w; y € w] = =y € formula

[p € formula; q € formula) = —(p A q)- € formula

p € formula = (\Vp-) € formula

[z € formula; Az y. [r € w; y € w] = P(-x € y-);

Nz y. [z €w; y € w] = P(z=y);

Ap g [p € formula; P(p); q € formula; P(g)] = P(—(p A 0)"):
Ap- [p € formula; P(p)] = P((-Vp-))]

= P(z)

Definitions for the other connectives and the internal existential quantifier
are also provided. For instance, negation:

thm Neg def

—p-=-=(p A p)

thm arity.simps

arity(-x € y-) = succ(z) U succ(y)
arity(-x = y-) = succ(z) U succ(y)
arity(-—~(p A q)-) = arity(p) U arity(q)
arity((-V p-)) = pred(arity(p))

We have the satisfaction relation between €-models and first order formulas
(given a “environment” list representing the assignment of free variables),

thm mem__iff sats equal iff sats sats Nand__iff sats Forall iff
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[nth(i, env) = z; nth(j, env) = y; env € list(A)]

=z c€y+— A env |E i €5

[nth(i, env) = z; nth(j, env) = y; env € list(A)]

= zrz=y+— A, env E-i=j

env € list(A) = (A, env = -=(p A q)) «— = ((4, env E p) A (4, env = q))
env € list(A) = (A, env = (Vp)) «— (Vz€A. A, Cons(z, env) = p)

as well as the satisfaction of an arbitrary set of sentences.
thm satT _def

AE®=Veed. A [ E ¢

The internalized (viz. as elements of the set formula) version of the axioms
follow next.

thm ZF union_iff sats ZF power iff sats ZF pairing iff sats
ZF _foundation_iff sats ZF _extensionality iff sats
ZF _infinity_iff sats sats_ZF _separation_ fm__iff
sats_ZF _replacement_fm_ iff ZF choice_iff sats

Union_az(##A4) <— A [ E -Union Az
power_axr(##A) +— A, [| E -Powerset Az-
upair_ax(##A) «— A, || = -Pairing-
foundation__ax(##A) «— A, [| | -Foundation-
extensionality(##A) <— A, [| | -Extensionality-
infinity_ax(##A) +— A, [| E -Infinity-
@ € formula =
(M, [] & -Separation(p)-) +—
(V envelist(M).
arity(p) < 1 +,, length(env) — separation(##M, Ax. M, [z] Q env |= ¢))
p € formula =
(M, [] & -Replacement(p)-) +— (V env. replacement_assm(M, env, ¢))
choice__ar(##A) «— A, || E -AC-

Above, we use the following:

thm replacement__assm__def

replacement__assm(M, env, v) =

@ € formula —

env € list(M) —

arity(p) < 2 +,, length(env) —
strong_replacement(## M, Az y. M, [z, y] Q@ env = @)

Finally, the axiom sets are defined as follows.
thm ZF fin_def ZF schemes def Zermelo_fms def ZC def ZF def ZFC _def
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ZF_fin =

{: Eztensionality-, - Foundation-, - Pairing-, - Union Az-, -Infinity-,
-Powerset Az-}

ZF schemes =

{-Separation(p)- . p € formula} U {-Replacement(p)- . p € formula}
-Z- = ZF_fin U {-Separation(p)- . p € formula}

70 = -Z- U {-AC)

ZF = ZF _schemes U ZF_fin

ZFC = ZF U {-AC-}

33.3 Relativization of infinitary arithmetic

In order to state the defining property of the relative equipotence relation,
we work under the assumptions of the locale M cardinals. They comprise
a finite set of instances of Separation and Replacement to prove closure
properties of the transitive class M.

lemma (in M_cardinals) eqpoll def":
assumes M(A) M(B) shows A ~™ B «— (3f[M]. f € bij(A,B))
using assms unfolding eqpoll rel def by auto

Below, i denotes the minimum operator on the ordinals.

lemma cardinalities defs:
fixes M:i=o
shows
[AM =i M(G) A i =M A
CardM(a) = a = |a|M
gIM = |y M | M

(kDM = pz. M(z) A Card™(z) Ak <
unfolding cardinal _rel def cexp_rel def
csucc__rel__def Card_rel _def .

context M aleph
begin

Analogous to the previous Lemma eqpoll_def’, we are now under the as-
sumptions of the locale M _aleph. The axiom instances included are suf-
ficient to state and prove the defining properties of the relativized Aleph
function (in particular, the required ability to perform transfinite recur-
sions).

thm Aleph rel zero Aleph_rel_succ Aleph_rel limit

NOM = w
[[OTCZ(O{); M(OL)]] = Nsucc(a)M = (NCYM+)M
[Limit(a); M(a)] = R M = (Jjea. R;M)
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end — M __aleph

lemma ContHyp rel def":
fixes N::i=0
shows
CHN = 8N = 9Mo".N

unfolding ContHyp_ rel def .

Under appropriate hypotheses (this time, from the locale M_ZF library),
CHM is equivalent to its fully relational version is ContHyp. As a sanity
check, we see that if the transitive class is indeed V), we recover the original
CH.

thm M _ZF library.is_ContHyp iff is_ContHyp_ iff CH[unfolded ContHyp _def]

M_ZF_library(M) = is_ContHyp(M) +— CHM
is_ ContHyp(V) +— Ry = 210

In turn, the fully relational version evaluated on a nonempty transitive A is
equivalent to the satisfaction of the first-order formula -CH-.

thm is  ContHyp_iff sats

[env € list(A); 0 € A] = is_ContHyp(##A) +— A, env = -CH-

33.4 Forcing

Our first milestone was to obtain a proper extension using forcing. Its origi-
nal proof didn’t required the previous developments involving the relativiza-
tion of material on cardinal arithmetic. Now it is derived from a stronger
result, namely extensions_of ctms below.

thm eztensions of ctms ZF

[M ~ w; Transset(M); M = ZF]
= JIN.M CNA

N=uwA

Transset(N) A

N = ZF A

M#NANMa. Ordla) —maeM+—ac N)A((M,] E-AC) —
N = ZFC)

We can finally state our main results, namely, the existence of models for
ZFC 4+ CH and ZFC + —CH under the assumption of a ctm of ZFC.

thm ctm_ZFC _imp_ctm_not CH
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[M = w; Transset(M); M = ZFC]
= IJN. M CNA

N=uwA

Transset(N) AN N | ZFC U {—CH-} A Va. Ord(a) — « € M +—
a € N)

thm ctm_ ZFC imp ctm_CH

[M =~ w; Transset(M); M = ZFC]
= IJN.M CNA

N=wA

Transset(N) AN N = ZFC U {-CH-} A Va. Ord(a) — o € M +— «
€ N)

These results can be strengthened by enumerating six finite sets of replace-
ment instances which are sufficient to develop forcing and for the construc-
tion of the aforementioned models: instancesI__fms through instances3_fms,
instances _ground_ fms, and instances _ground_ notCH _fms, which are then
collected into the 31-element set overhead notCH. For example, we have:

thm instancesl _fms def

instances1__fms =
{eclose__closed_fm, eclose__abs_fm, wfrec_rank_fm, transrec_ VFrom_ fm}

thm overhead def overhead_notCH__def

overhead = instances1__fms U instances _ground_ fms

overhead _notCH =

overhead U instances?2_fms U instances3_fms U instances ground_notCH__fms
overhead _CH = overhead_notCH U {dc_abs_fm}

One further instance is needed to force CH, with a total count of 32 in-
stances:

thm overhead CH__def

overhead_CH = overhead _notCH U {dc_abs_fm}

thm extensions of ctms
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[M =~ w; Transset(M); M = -Z- U {-Replacement(p)- . p € overhead};
® C formula; M |= {-Replacement(ground_repl_fm(p))- . ¢ € ®}]
= IJN. M CNA

N=wA

Transset(N) A

M#N A

Va. Ord(a) — a € M «— a € N) A

(M, | | AC) — N, [| = -AC) A

N [ -Z- U {-Replacement(p)- . ¢ € D}

thm ctm_of not_ CH

[M = w; Transset(M); M = ZC U {-Replacement(p)- . p € overhead_notCH };
® C formula; M = {-Replacement(ground_repl_fm(p))- . ¢ € ®}]
= IJN.M CNA

N=wA

Transset(N) A

N |= ZC U {-=-CH--} U {-Replacement(p)- . ¢ € ®} A

(Va. Ord(e) — a € M <— a € N)

thm ctm_of CH

[M = w; Transset(M); M |= ZC U {-Replacement(p)- . p € overhead_CH };
® C formula; M = {-Replacement(ground__repl_fm(yp))- . ¢ € ®}]
= dN.M CNA

N=wA

Transset(N) A

N |= ZC U {-CH-} U {-Replacement(p)- . ¢ € ®} A

(Va. Ord(a) — a € M <— o € N)

In the above three statements, the function ground repl fm takes an ele-
ment ¢ of formula and returns the replacement instance in the ground model
that produces the p-replacement instance in the generic extension. The next
result is stated in the context G__genericl, which assumes the existence of
a generic filter.

context G_genericl
begin

thm sats ground_repl_fm_imp_sats ZF replacement_fm

[¢ € formula; M, [ & -Replacement(ground _repl_fm(p))-]
= MIG], [] = -Replacement(yp)-

end — G__genericl

end
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34 Some demonstrations

theory Demonstrations
imports
Definitions__Main
begin

The following theory is only intended to explore some details of the formal-
ization and to show the appearance of relevant internalized formulas. It is
not intended as the entry point of the session. For that purpose, consult
Independence_ CH.Definitions Main

The snippet (by M. Pagano) commented out below outputs a directed graph
picturing the locale structure.

locale Demo = M__trivial + M_AC +
fixes tl t2
assumes
ts_in_nat[simp|: t1Ew to€w
and
power_infty: power_ax(M) M(w)
begin

The next fake lemma is intended to explore the instances of the axiom
schemes that are needed to build our forcing models. They are categorized as
plain replacements (using strong_replacement), “lambda-replacements” us-
ing a higher order function, replacements to perform transfinite and general
well-founded recursion (using transrec_replacement and wfrec_ replacement
respectively) and for the construction of fixpoints (using iterates _replacement).
Lastly, separations instances.

lemma
assumes
sorried__replacements:
NP. strong_replacement(M,P)
NF. lam__replacement(M,F)
NQ S. iterates replacement(M,Q,S)
AQ S. wfrec_replacement(M,Q,S)
NQ S. transrec__replacement(M,Q,S)
and
sorried__separations: \ Q. separation(M,Q)
shows
M _master(M)
apply unfold_locales
apply
(simp__all add:
sorried__replacements(1-2)
sorried__separations
power_infty)
oops
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— NOTE: Only for pretty-printing purposes, overrides previous fundamental no-

tations

no_ notation
no__notation
no__notation

mem (infixl «€> 50)
conj (infixr <A> 35)
disj (infixr «V» 30)

no__notation iff (infixr +— 25)
no__notation imp (infixr <—» 25)
no__notation not («— _» [40] 40)
no__notation All (</(V_'))
no__notation Ez (<'(3_"))

no__notation Member («-__ €/ )
no__notation Equal (< =/ _-)
no__notation Nand («-—='(_ A/ _")»)
no_ notation And (- A/ _ )
no__notation Or (¢ V/ _9)

no_ notation Iff («_ </ _ )
no__notation Implies (<-__ —/ )
no__notation Neg (¢-—_-»)
no__notation Forall (<'(:¥(/_)-")»)
no__notation Fzists (<'(-3(/_)-"))

notation Member (infixl <€) 50)
notation Fqual (infix]l =) 50)
notation Nand («\—='(_ A/ _')»)
notation And (infixr <A> 35)
notation Or (infixr «V» 30)
notation Iff (infixr «+— 25)
notation Implies (infixr (—» 25)
notation Neg (<— _» [40] 40)
notation Forall (</(V_"))
notation Exists (</(3_"))

/—
/—

lemma forces(t1€ta) = (0 € 1 A forces_mem_ fm(1, 2, 0, t1+w4, ta+wd))
unfolding forces def by simp

definition forces 0_mem__1 where forces_0_mem__1=forces _mem_ fm(1,2,0,t1+w4,t2+w4)
thm forces _0_mem__1__def]

unfolded frc_at_fm_ def ftype fm_ def

namel__fm_ def name2_fm_ def snd__snd_ fm_ def hcomp_ fm_ def

ecloseN__fm__def eclose_nl_fm_ def eclose_n2 fm_ def

is_eclose_fm__def mem__eclose_fm_ def eclose_n_ fm__ def

is_If fm_ def least_fm_ def Replace_fm_ def Collect_fm__def

fm_definitions,simplified)
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named__theorems incr_bv_new_simps

schematic__goal incr_by_Neg:
mem(n,w) = mem(p,formula) = incr_bu(Neg(p))‘n = %z
unfolding Neg def by simp

schematic__goal incr_by_Fuxists [incr_bu_new_ simps:
mem(n,w) = mem(p,formula) = incr_bu(Exists(p))‘n = 2z
unfolding Frists def by (simp add: incr_bu_Neg)

— The two renamings involved in the definition of forces depend on the recursive
function incr_bv. Here we have an apparently exponential bottleneck, since all the
propositional connectives (even Neg) duplicate the appearances of incr_bv.

Not even the double negation of an atomic formula can be managed by the system
(in version 2021-1).

end — Demo

end
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