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Abstract

We formalize the tensor product of Hilbert spaces, and related material. Specif-
ically, we define the product of vectors in Hilbert spaces, of operators on Hilbert
spaces, and of subspaces of Hilbert spaces, and of von Neumann algebras, and study
their properties.

The theory is based on the AFP entry Complex_Bounded_Operators that intro-
duces Hilbert spaces and operators and related concepts, but in addition to their
work, we defined and study a number of additional concepts needed for the tensor
product.

Specifically: Hilbert-Schmidt and trace-class operators; compact operators; posi-
tive operators; the weak operator, strong operator, and weak™ topology; the spectral
theorem for compact operators; and the double commutant theorem.
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1 Misc-Tensor-Product — Miscelleanous results missing from
other theories

theory Misc-Tensor-Product
imports HOL— Analysis. Elementary-Topology HOL— Analysis. Abstract-Topology
HOL— Analysis. Abstract-Limits HOL— Analysis. Function-Topology HOL— Cardinals. Cardinals
HOL—- Analysis.Infinite-Sum HOL— Analysis. Harmonic-Numbers Containers. Containers- Auxiliary
Complex-Bounded-Operators. Extra-General



Complez-Bounded-Operators. Extra- Vector-Spaces
Complez-Bounded-Operators. Extra- Ordered-Fields
begin

unbundle lattice-syntax

lemma local-defE: (\z. ==y = P) = P by metis

— A helper lemma to introduce a local “definition“ in the current goal when backwards
reasoning. apply (rule local-defE[where x=«stuff>]) will insert z = stuff as a premise. This can
be useful before using apply transfer because it will introduce some additional knowledge about
the properties of z into the transferred goal.

lemma inv-prod-swap[simp): <inv prod.swap = prod.swap)
by (simp add: inv-unique-comp)

lemma filterlim-parametric|[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique S»
shows (((R ===> §) ===> rel-filter S ===> rel-filter R ===> (=)) filterlim filterlim»
using filtermap-parametric[transfer-rule] le-filter-parametric[transfer-rule] apply fail?
unfolding filterlim-def
by transfer-prover

definition rel-topology :: <('a = 'b = bool) = ('a topology = 'b topology = bool)> where
crel-topology R S T <— (rel-fun (rel-set R) (=)) (openin S) (openin T')

A (VU. openin S U — Domainp (rel-set R) U) A (Y U. openin T U — Rangep (rel-set R)

U)

lemma rel-topology-eq[relator-eq]: <rel-topology (=) = (=)
unfolding rel-topology-def using openin-inject
by (auto simp: rel-fun-eq rel-set-eq fun-eq-iff)

lemma Rangep-conversep|simp]: «Rangep (R~*~1) = Domainp R>
by blast

lemma Domainp-conversep[simpl: «Domainp (R~'71) = Rangep R
by blast

lemma conversep-rel-fun:
includes lifting-syntax
shows (T ===> U)"!71 = (T717}) ===> (U~ 171),
by (auto simp: rel-fun-def)

lemma rel-topology-conversep[simp): <rel-topology (R=*~1) = ((rel-topology R)~171)
by (auto simp add: rel-topology-def|abs-def] simp flip: conversep-rel-fun[where U=«(=), sim-
plified])

lemma openin-parametric[transfer-rule]:



includes lifting-syntax
shows ¢(rel-topology R ===> rel-set R ===> (=)) openin openin}
by (auto simp add: rel-fun-def rel-topology-def)

lemma topspace-parametric [transfer-rule]:
includes lifting-syntax
shows «(rel-topology R ===> rel-set R) topspace topspace>
proof —
have *: <3yctopspace T'. R x y» if <rel-topology R T T'» «x € topspace T» for x T T' and
R :: g = 'r = bool
proof —
from that obtain U where <openin T U and <z € U>»
unfolding topspace-def
by auto
from <openin T U>
have «Domainp (rel-set R) U»
using «<rel-topology R T T'» rel-topology-def by blast
then obtain V where [transfer-rule]: <rel-set R U V>
by blast
with «x € U) obtain y where <R z y» and <y € V>
by (meson rel-set-def)
from <rel-set R U V' <rel-topology R T T <openin T U»
have <openin T' V>
by (simp add: rel-topology-def rel-fun-def)
with <y € V> have <y € topspace T
using openin-subset by auto
with <R z 3> show (Jyctopspace T'. R z
by auto
qed

show ?thesis
using x[where ?R.1=R]
using x[where ?R.1=«R™171)]
by (auto intro!: rel-setl)
qed

lemma [transfer-rulel:

includes lifting-syntax

assumes [transfer-rule]: <bi-total S»

assumes [transfer-rule]: <bi-unique S»

assumes [transfer-rule]: <bi-total R»

assumes [transfer-rule]: <bi-unique R»

shows «((rel-topology R ===> rel-topology S ===> (R ===> §) ===> (=)) continu-
ous-map continuous-map)

unfolding continuous-map-def Pi-def

by transfer-prover

lemma limitin-closedin:



assumes limitin T f ¢ F»
assumes <range f C S
assumes <closedin T S»
assumes <~ trivial-limit F»
shows «c € S»
proof —
from assms have «T closure-of S = S»
by (simp add: closure-of-eq)
moreover have «c € T closure-of S»
using assms(1) - assms(4) apply (rule limitin-closure-of)
using range-subsetD[OF' assms(2)] by auto
ultimately show ?thesis
by simp
qed

lemma closure-nhds-principal: <a € closure A <— inf (nhds a) (principal A) # bot»
proof (rule iffI)
show <inf (nhds a) (principal A) # boty if <a € closure A»
proof (cases <a € A)
case True
thus ?thesis
unfolding filter-eq-iff eventually-inf eventually-principal eventually-nhds by force
next
case Fulse
have at a within A # bot
using False that by (subst at-within-eg-bot-iff ) auto
also have at a within A = inf (nhds a) (principal A)
using Fualse by (simp add: at-within-def)
finally show ?thesis .
qged
show <a € closure Ay if <inf (nhds a) (principal A) # bot»
by (metis Diff-empty Diff-insert0 at-within-def closure-subset not-in-closure-trivial-limit]
subsetD that)
qed

lemma limit-in-closure:

assumes lim: «((f —— z) F»

assumes nt: <F # bot)

assumes inA: NVpzin F. fz € A>

shows <z € closure A»
proof (rule Lim-in-closed-set[of - - F])

show Vp zin F. fz € closure A

using inA by eventually-elim (use closure-subset in blast)

qged (use assms in auto)

lemma filterlim-nhdsin-iff-limitin:
<l € topspace T A filterlim f (nhdsin T 1) F <— limitin T f1 )



unfolding limitin-def
proof safe
fix U assume *: | € topspace T filterlim f (nhdsin T 1) F openin T U1l € U
hence eventually (\y. y € U) (nhdsin T 1)
unfolding eventually-nhdsin by blast
thus eventually (Az. fz € U) F
using *(2) eventually-compose-filterlim by blast
next
assume *: | € topspace TV U. openin TU ANl € U — VpaxinF. fze U)
show filterlim f (nhdsin T'1) F
unfolding filterlim-def le-filter-def eventually-filtermap
proof safe
fix P :: 'a = bool
assume eventually P (nhdsin T 1)
then obtain U where U: openin T Ul € UVzeU. Pz
using *(1) unfolding eventually-nhdsin by blast
with * have eventually (A\z. fz € U) F
by blast
thus eventually (Az. P (fz)) F
by eventually-elim (use U in blast)
qged
qed

lemma pullback-topology-bi-cont:
fixes g :: <'a = ('b = ’'c::topological-space)y
and f :: (‘a= ‘a= "' and f':: c = c = o
assumes gf-f'g: «<Na bi. g (fabd)i=f"(gai)(gbi)p
assumes f’-cont: «\a’ b'. (case-prod f' —— f’ a’ b’) (nhds a’ xp nhds b')>
defines «T = pullback-topology UNIV g euclidean>
shows <LIM (z,y) nhdsin T a Xp nhdsin T b. fz y :> nhdsin T (f a b)
proof —
have topspace[simp]: <topspace T = UNIV»
unfolding T-def topspace-pullback-topology by simp
have openin: <openin T U +— (3 V. open VN U =g —* V), for U
by (simp add: assms openin-pullback-topology)

have 1: <nhdsin T a = filtercomap g (nhds (g a))>
for a :: 'a
by (auto simp add: filter-eq-iff eventually-filtercomap eventually-nhds eventually-nhdsin

openin,)

have «((g o case-prod f) —— g (f a b)) (nhdsin T a x g nhdsin T b)»
proof (unfold tendsto-def, intro alll impl)
fix S assume <open S» and gfS: <g (fa b) € S»
obtain U where gf-PiE: <g (f a b) € Pig UNIV U» and openU: <V i. openin euclidean (U
i)
and finiteD: «finite {i. U i # topspace euclidean}) and US: «<Pig UNIV U C S)
using product-topology-open-contains-basis|OF <open S»[unfolded open-fun-def] gfS]
by auto



define D where <D = {i. Ui # UNIV}
with finiteD have «finite D»
by auto

from openU have openU: <open (U i)» for i
by auto

have x: <f' (ga i) (¢gbi) e Ui for i
by (metis PiE-mem gf-PiE iso-tuple-UNIV-I gf-f'q)

have Vg z in nhds (g a i) XF nhds (g b i). case-prod f' x € U i» for i
using tendsto-def[THEN iffD1, rule-format, OF f'-cont openU x, of i] by —

then obtain Pa Pb where <cventually (Pa i) (nhds (g a ©))y and <eventually (Pb i) (nhds
(gb 0))
and PaPb-plus: «(Vzy. Paiz — Pbiy — f'zy e Ui) for i
unfolding eventually-prod-filter by (metis prod.simps(2))

from (Ai. eventually (Pa i) (nhds (g a ©))»
obtain Ua where <open (Ua 7)) and a-Ua: <g a i € Ua i» and Ua-Pa: <Ua i C Collect (Pa
i)y for ¢
unfolding eventually-nhds
apply atomize-elim
by (metis mem-Collect-eq subsetl)
from (Ai. eventually (Pb i) (nhds (g b 7))
obtain Ub where <open (Ub i)» and b-Ub: <g b i € Ub i» and Ub-Pb: «Ub i C Collect (Pb
i)y for ¢
unfolding eventually-nhds
apply atomize-elim
by (metis mem-Collect-eq subsetl)
have UaUb-plus: <x € Usi = y€ Ubi = f'zye Ui forixy
by (metis PaPb-plus Ua-Pa Ub-Pb mem-Collect-eq subsetD)

define Ua’ where <Ua’ { = (if i€D then Ua i else UNIV)) for ¢
define Ub’ where «Ub’ i = (if i€ D then Ub i else UNIV)» for i

have Ua’-UNIV: «U i = UNIV = Ua' i = UNIV) for i
by (simp add: D-def Ua’-def)

have Ub’-UNIV: «<U i = UNIV = Ub' i = UNIV) for i
by (simp add: D-def Ub’-def)

have [simp]: <open (Ua’ 7)) for i
by (simp add: Ua’-def <open (Ua -)»)

have [simp]: <open (Ub’ i) for i
by (simp add: Ub’-def <open (Ub -)»)

have a-Ua”: <g a i € Ua’ i for i
by (simp add: Ua’-def a-Ua)

have b-Ub" <g b i € Ub' i) for i
by (simp add: Ub'-def b-Ub)



have UaUb’-plus: <a’ € Ua' i = b’ € Ub'i = f'a’ b’ € Ui for ia’ b’
apply (cases <i € D»)
using UaUb-plus by (auto simp add: Ua’-def Ub’-def D-def)

define Ua'’ where «Ua’' = Pi UNIV Ua’y
define Ub’ where (Ub" = Pi UNIV Ub"

have (open Ua'
using finiteD Ua’-UNIV
by (auto simp add: open-fun-def Ua''-def PiE-UNIV-domain
openin-product-topology-alt D-def intro!: exl[where z=<Ua"] intro: rev-finite-subset)
have <open Ub""
using finiteD Ub’-UNIV
by (auto simp add: open-fun-def Ub"-def PiE-UNIV-domain
openin-product-topology-alt D-def introl: exl[where z=<Ub"] intro: rev-finite-subset)
have a-Ua’": <g a € Ua’
by (simp add: Ua'-def a-Ua’)
have b-Ub": «g b € Ub"»
by (simp add: Ub"'-def b-Ub’)
have UaUb"-plus: <o’ € Ua” = b’ € Ub"' = ' (a’ i) (b'4) € Ui for i a’ b’
using UaUb’-plus by (force simp add: Ua"’-def Ub'-def)

define Ua’" where (Ua'"' = g —¢ Ua"’»
define Ub"’ where <Ub""' = g —* Ub""
have <openin T Ua'"
using <open Ua'’y by (auto simp: openin Ua'"’-def)
have <openin T Ub""
using <open Ub""» by (auto simp: openin Ub""'-def)
have a-Ua'": <a € Ua’"
by (simp add: Ua'"’-def a-Ua'")
have b-Ub": «<b € Ub"""»
by (simp add: Ub"’-def b-Ub")
have UaUb""-plus: <a € Ua""' = b e Ub"' = f'(gai)(gbi)e Ui foriab
by (simp add: Ua'"-def UaUb"-plus Ub'"-def)
define Pa’ where (Pa’ a +— a € Ua'"s for a
define Pb’ where <Pb' b «— b € Ub"" for b

have Pa’-nhd: <eventually Pa’' (nhdsin T a)»

using <openin T Ua’"’s

by (auto simp add: Pa’-def eventually-nhdsin introl: exI[of - <Ua'")] a-Ua’)
have Pb’-nhd: <eventually Pb’ (nhdsin T b)»

using <openin T Ub""

by (auto simp add: Pb’-def eventually-nhdsin intro!: exI[of - <Ub'"»] b-Ub"")
have Pa’Pb’-plus: «(g o case-prod f) (a, b) € Sy if «Pa’ a> <Pb’ b for a b

using that UaUb""-plus US

by (auto simp add: Pa’-def Pb’-def PiE-UNIV-domain Pi-iff gf-f'g)

show Vg z in nhdsin T a X nhdsin T b. (g o case-prod f) x € S»



using Pa’-nhd Pb’-nhd Pa'Pb’-plus
unfolding eventually-prod-filter
apply —
apply (rule exI[of - Pa'])
apply (rule exI[of - Pb']))
by simp
qed
then show ?thesis
unfolding 1 filterlim-filtercomap-iff by —
qed

definition <has-sum-in T f A x +— limitin T (sum f) z (finite-subsets-at-top A)»

lemma has-sum-in-finite:
assumes finite I’
assumes <sum f F € topspace T»
shows has-sum-in T f F (sum f F)
using assms
by (simp add: finite-subsets-at-top-finite has-sum-in-def limitin-def eventually-principal)

definition (summable-on-in T f A +— (z. has-sum-in T f A z)»

definition <infsum-in T f A = (let L = Collect (has-sum-in T f A) in if card L = 1 then the-elem
L else 0)»

lemma hausdorff-OFCLASS-t2-space: s OFCLASS('a::topological-space, t2-space-class)y if < Haus-
dorff-space (euclidean :: 'a topology)>
proof intro-classes
fixab:'a
assume <a # b
from that
show «(3U V. open U A open VNac UNbe VAUNV ={p
unfolding Hausdorff-space-def disjnt-def
using <a # b by auto
qed

lemma hausdorffI:

assumes <Az y. © € topspace T = y € topspace T —> ¢ # y = FU V. openin T U A
openin TV ANz e UNye VAUNTV ={h

shows <Hausdorff-space T»

using assms by (auto simp: Hausdorff-space-def disjnt-def)

lemma hausdorff-euclidean[simp]: «Hausdor(f-space (euclidean :: -:t2-space topology)»

apply (rule hausdor(fI)
by (metis (mono-tags, lifting) hausdorff open-openin)
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lemma has-sum-in-unique:
assumes <Hausdorff-space T
assumes <has-sum-in T f A D>
assumes (has-sum-in T f A 1"
shows <[ = I’
using assms(2,3)[unfolded has-sum-in-def] - assms(1)
apply (rule limitin-Hausdorff-unique)
by simp

lemma infsum-in-def":
assumes (Hausdorff-space T
shows <infsum-in T f A = (if summable-on-in T f A then (THE s. has-sum-in T f A s) else
0)
proof (cases <Collect (has-sum-in T f A) = {}»)
case True
then show ?thesis using True
by (auto simp: infsum-in-def summable-on-in-def Let-def card-1-singleton-iff)
next
case Fulse
then have <summable-on-in T f A»
by (metis (no-types, lifting) empty-Collect-eq summable-on-in-def)
from Fulse «Hausdorff-space T
have <card (Collect (has-sum-in T f A)) = 1»
by (metis (mono-tags, opaque-lifting) has-sum-in-unique is-singletonl’ is-singleton-altdef
mem-Collect-eq)
then show ?thesis
using <summable-on-in T f A>
by (smt (verit, best) assms card-1-singletonE has-sum-in-unique infsum-in-def mem-Collect-eq
singletonl the-elem-eq the-equality)
qed

lemma has-sum-in-infsum-in:
assumes (Hausdorff-space T and summable: <summable-on-in T f A>
shows <has-sum-in T f A (infsum-in T f A)»
apply (simp add: infsum-in-def '|OF <Hausdor(f-space T] summable)
apply (rule thel'[of <has-sum-in T f As])
using has-sum-in-unique| OF «Hausdorff-space T, of f A] summable
by (meson summable-on-in-def)

lemma infsum-in-finite:
assumes finite F'
assumes (Hausdorff-space T
assumes (sum f F € topspace T»
shows infsum-in T f F = sum f F
using has-sum-in-finite|OF assms(1,3)]
using assms(2) has-sum-in-infsum-in has-sum-in-unique summable-on-in-def by blast

lemma nhdsin-mono:

11



assumes [simp]: <\z. openin T' x = openin T >
assumes [simp|: <topspace T = topspace T
shows «(nhdsin T a < nhdsin T' a

unfolding nhdsin-def

by (auto intro!: INF-superset-mono)

lemma has-sum-in-cong:
assumes A\z. 2€A = fr =gz
shows has-sum-in T f A x < has-sum-in T g A x
proof —
have (Vg z in finite-subsets-at-top A. sum fz € U) +— (Vr z in finite-subsets-at-top A.
sum gz € U) for U
apply (rule eventually-subst)
apply (subst eventually-finite-subsets-at-top)
by (metis (mono-tags, lifting) assms empty-subsetl finite.emptyl subset-eq sum.cong)
then show ?thesis
by (simp add: has-sum-in-def limitin-def)
qed

lemma infsum-in-eql "
fixes f g :: <'a = 'b::comm-monoid-add>
assumes (\z. has-sum-in T f A © +— has-sum-in T g B x»
shows nfsum-in T f A = infsum-in T g B>
by (simp add: infsum-in-def assms[abs-def] summable-on-in-def)

lemma infsum-in-cong:
assumes A\z. 2€6A = fr =gz
shows infsum-in T f A = infsum-in T g A
using assms infsum-in-eql’ has-sum-in-cong by blast

lemma limitin-cong: limitin T f ¢ F <— limitin T g ¢ F if eventually (A\z. fz = gz) F
by (smt (verit, best) eventually-elim2 limitin-transform-eventually that)

lemma has-sum-in-reindex:
assumes <inj-on h A»
shows <has-sum-in T g (h * A) x <— has-sum-in T (g o h) A >
proof —
have <has-sum-in T g (h * A) © +— limitin T (sum g) x (finite-subsets-at-top (h < A))>
by (simp add: has-sum-in-def)
also have «... «— limitin T (AF. sum g (h ‘ F)) = (finite-subsets-at-top A)>
apply (subst filtermap-image-finite-subsets-at-top[symmetric])
by (simp-all add: assms eventually-filtermap limitin-def)
also have «... «— limitin T (sum (g o h)) z (finite-subsets-at-top A)»
apply (rule limitin-cong)
apply (rule eventually-finite-subsets-at-top-weakl)
apply (rule sum.reindex)
using assms subset-inj-on by blast
also have (... «— has-sum-in T (g o h) A z

12



by (simp add: has-sum-in-def)
finally show ?thesis .
qed

lemma summable-on-in-reindex:
assumes <inj-on h A>
shows <summable-on-in T g (h * A) +— summable-on-in T (g o h) A
by (simp add: assms summable-on-in-def has-sum-in-reindez)

lemma infsum-in-reindez:
assumes <inj-on h A>
shows <infsum-in T g (h * A) = infsum-in T (g o h) A>
by (metis Collect-cong assms has-sum-in-reindex infsum-in-def)

lemma has-sum-in-reindex-bij-betw:
assumes bij-betw g A B
shows has-sum-in T (Az. f (g z)) A s <— has-sum-in T f B s
proof —
have <has-sum-in T (Az. f (g x)) A s +— has-sum-in T f (g * A) s
by (metis (mono-tags, lifting) assms bij-betw-imp-inj-on has-sum-in-cong has-sum-in-reindex
o-def)
also have «... = has-sum-in T f B s
using assms bij-betw-imp-surj-on by blast
finally show ?thesis .
qed

lemma has-sum-euclidean-iff: <has-sum-in euclidean f A s «— (f has-sum s) A»
by (simp add: has-sum-def has-sum-in-def)

lemma summable-on-euclidean-eq: <summable-on-in euclidean f A <— f summable-on A»
by (auto simp add: infsum-def infsum-in-def has-sum-euclidean-iff [abs-def] has-sum-def
t2-space-class. Lim-def summable-on-def summable-on-in-def)

lemma infsum-euclidean-eq: <infsum-in euclidean f A = infsum f A>
by (auto simp add: infsum-def infsum-in-def’ summable-on-euclidean-eq
has-sum-euclidean-iff [abs-def] has-sum-def t2-space-class. Lim-def)

lemma infsum-in-reindex-bij-betw:
assumes bij-betw g A B
shows infsum-in T (Az. f (g z)) A = infsum-in T f B
proof —
have <infsum-in T (Az. f (g 2)) A = infsum-in T f (g * A)»
by (metis (mono-tags, lifting) assms bij-betw-imp-inj-on infsum-in-cong infsum-in-reindex
o-def)
also have «... = infsum-in T f B>
using assms bij-betw-imp-surj-on by blast
finally show ?thesis .
qed
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lemma limitin-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique S»
shows «(rel-topology S ===> (R ===> §) ===> § ===> rel-filter R ===> (+—))
limitin limitin)
proof (intro rel-funl, rename-tac T T' ff' 11’ F F’)
fix TT' ff 1 FF'
assume [transfer-rule
assume [transfer-rule
assume [transfer-rule
[

: «rel-topology S T T
C(R===>8) [
(SN

assume [transfer-rule]: (rel-filter R F' F''

have topspace: <l € topspace T <— I’ € topspace T
by transfer-prover

have openl: Vp zin F. fz € U
if <openin T U»> and <l € U» and lhs: «(V V. openin T' VAN € V — Vpzin F'. 'z
e V)
for U
proof —
from <rel-topology S T T <openin T U
obtain V where <openin T’ V) and [transfer-rule]: <rel-set S U V)
by (smt (verit, best) Domainp.cases rel-fun-def rel-topology-def)
with <S [ 1" have <’ € V>
by (metis (no-types, lifting) assms bi-uniqueDr rel-setD1 that(2))
with lhs <openin T' V>
have Vpzin F'. f'z e V)
by auto
then show Vg zin F. fzx € U»
by transfer simp
qged

have open2: NVpzin F'. f'z e V)
if <openin T' V> and <’ € V) and lhs: <«(VU. openin TU Nl € U — (VpaxinF. fo €
U))»
for V
proof —
from <rel-topology S T T'> <openin T' V>
obtain U where (openin T U» and [transfer-rule]: <rel-set S U V>
by (auto simp: rel-topology-def rel-fun-def)
with S [l have <l € U
by (metis (full-types) assms bi-unique-def rel-setD2 that(2))
with lhs <openin T U>»
have Vpxzin F. fz € U
by auto
then show Vp zin F'. f'z € V>
by transfer simp
qed
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from topspace openl open2
show «limitin T f1 F = limitin T' f' I’ F'
unfolding limitin-def by auto
qed

lemma finite-subsets-at-top-parametric|transfer-rulel:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique R»
shows «(rel-set R ===> rel-filter (rel-set R)) finite-subsets-at-top finite-subsets-at-top)
proof (intro rel-funl)
fix A B assume <rel-set R A B>
from <bi-unique R) obtain f where Rf: <R z (f z)» if <z € A for z
by (metis (no-types, opaque-lifting) <rel-set R A B) rel-setD1)
have <inj-on f A»
by (metis (no-types, lifting) Rf assms bi-unique-def inj-onl)
have <B=f ‘A
by (metis (mono-tags, lifting) Rf <rel-set R A By assms bi-uniqueDr bi-unique-rel-set-lemma
image-cong)

have RfX: <rel-set R X (f * X)» if <X C A for X
apply (rule rel-setl)
subgoal
by (metis (no-types, lifting) Rf <inj-on f Ay in-mono inj-on-image-mem-iff that)
subgoal
by (metis (no-types, lifting) Rf imageE subsetD that)
done

have Piff: «(3X. finite X NX CAANNY. finite Y ANXCYANYCA—P(fY))) +—
(3X. finite X N\ X CBANY. finte Y ANXCYANYCB— PY))for P
proof (rule iffI)
assume 3 X. finite X N X CAANNY. finite YANXCYANYCA—P(f YY)y
then obtain X where <finite X» and <X C A and XP: <finite Y —= X C Y = Y C
A= P (f‘Ypfor YV
by auto
define X’ where «(X' = f‘X»
have (finite X"
by (metis X'-def «finite X» finite-imagel)
have < X' C B
by (smt (verit, best) Rf X'-def <X C A» ¢rel-set R A By assms bi-uniqueDr image-subset-iff
rel-setD1 subsetD)
have (P Y if «finite Y and <X’ C Y’ and <Y’ C B) for Y’
proof —
define Y where <Y = (f —*Y')n A
have «finite Y
by (metis Y-def <inj-on f Ay finite-vimage-IntI that(1))
moreover have (X C Y)
by (metis (no-types, lifting) X'-def Y-def «X C A» image-subset-iff-subset-vimage le-inf-iff
that(2))
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moreover have (Y C A
by (metis (no-types, lifting) Y-def inf-le2)
ultimately have <P (f * Y)»
by (rule XP)
then show (P Y
by (metis (no-types, lifting) Int-greatest Y-def «B = f ‘A dual-order.refl image-subset-iff-subset-vimage
inf-lel subset-antisym subset-image-iff that(3))
ged
then show (3 X. finite X N X CBANY. finte Y AN XCYANYCB—PY)y
by (metis (no-types, opaque-lifting) «X' C By «finite X")
next
assume 3 X. finite X N X CBANMY. finte Y AXCYAYCB—PY)
then obtain X where <finite X» and <X C By and XP: <finite Y — X C Y = Y C
B=— PY)forY
by auto
define X’ where < X' = (f —*X) N A
have <finite X"
by (simp add: X'-def finite X> <inj-on f A» finite-vimage-IntI)
have (X' C A»
by (simp add: X'-def)
have <P (f ¢ Y')» if <finite Y"» and <X’ C Y and <Y’ C A for Y’
proof —
define Y where <Y = f‘Y"
have «finite Y
by (metis Y-def finite-imagel that(1))
moreover have <X C Y)
using X'-def Y-def <B = f ‘A <X C B> that(2) by blast
moreover have (Y C B)
by (metis Y-def «<B = f © Ay image-mono that(3))
ultimately have (P Y
by (rule XP)
then show <P (f * Y')»
by (smt (23) Y-def «B = f ‘ Ay imageE imagel subset-antisym subset-iff that(3) vimage-eq)
qed
then show 3 X. finite X AN X CAA (VY. finite Y AXCYAYCA— P (fY))
by (metis <X’ C Ay <finite X")
qed

define Z where <Z = filtermap (AM. (M, f*M)) (finite-subsets-at-top A)»
have <V (z, y) in Z. rel-set R © y»
by (auto intro!: eventually-finite-subsets-at-top-weakl simp add: Z-def eventually-filtermap
RfX)
moreover have <map-filter-on {(z, y). rel-set R z y} fst Z = finite-subsets-at-top A»
apply (rule filter-eq-iff [ THEN 4ffD2])
apply (subst eventually-map-filter-on)
subgoal
by (auto intro!: eventually-finite-subsets-at-top-weakl simp add: Z-def eventually-filtermap
REX)[1)

subgoal
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by (auto simp add: Z-def eventually-filtermap eventually-finite-subsets-at-top RfX)
done
moreover have map-filter-on {(x, y). rel-set R x y} snd Z = finite-subsets-at-top B>
apply (rule filter-eq-iff THEN iffD2])
apply (subst eventually-map-filter-on)
subgoal
by (auto introl: eventually-finite-subsets-at-top-weakl simp add: Z-def eventually-filtermap
RFX)(1)
subgoal
by (simp add: Z-def eventually-filtermap eventually-finite-subsets-at-top RfX Piff)
done
ultimately show «rel-filter (rel-set R) (finite-subsets-at-top A) (finite-subsets-at-top B)»
by (rule rel-filter.introsjwhere Z=27])
qed

lemma sum-parametric’[transfer-rule]:
includes lifting-syntax
fixes R :: </a = 'b = bool> and S :: ('c::comm-monoid-add = 'd::comm-monoid-add = bool
assumes [transfer-rule]: <bi-unique R»

assumes [transfer-rule]: (S ===> § ===> §) (+) (+)»

assumes [transfer-rule]: «S 0 0»

shows (((R ===> §) ===> rel-set R ===> §) sum sum»
proof (intro rel-funl)

fix A B f g assume <rel-set R A B> and (R ===> 95) f ¢

from <bi-unique R> obtain p where Rf: (R x (p z)» if <z € A for z
by (metis (no-types, opaque-lifting) <rel-set R A B) rel-setD1)
have <inj-on p A»
by (metis (no-types, lifting) Rf <bi-unique R» bi-unique-def inj-onl)
have <B=p ‘ A
by (metis (mono-tags, lifting) Rf <rel-set R A B) <bi-unique Ry bi-uniqueDr bi-unique-rel-set-lemma
image-cong)

define A-copy where (A-copy = A>

have x: «<S (fz + sum fF) (g9 (px) + sum g (p * F))»
if [transfer-rule]: <S (sum f F) (sum g (p ‘ F))» and [simp]: <x € A> for z F
by (metis (no-types, opaque-lifting) Rf «(R ===> S) f ¢» assms(2) rel-fun-def that(1)
that(2))
have ind-step: «S (sum f (insert z F)) (sum g (p ¢ insert x F))»
if «S (sum fF) (sumg (p‘F))p e A ¢ F<finite Fy «F C A for z F
proof —
have sum g (p “insertz F) =g (pz) + sum g (p ‘ F)
unfolding image-insert using that
by (subst sum.insert) (use inj-onD[OF <inj-on p A», of z] in <auto)
thus ?thesis
using that * by simp
qged

have S (> z€A. fz) O zep “A. g ) if <A C A-copy
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using that

apply (induction A rule:infinite-finite-induct)
unfolding A-copy-def
subgoal
by (metis (no-types, lifting) <inj-on p Ay assms(3) finite-image-iff subset-inj-on sum.infinite)
using S 0 0) ind-step by auto

hence ¢S (> z€A. fz) O zep ‘A g z)
by (simp add: A-copy-def)

also have «... = (> z€B. g x)»
by (metis (full-types) <B = p “ A»)

finally show S (> z€A. fz) O z€B. g x)
by —

qed

lemma has-sum-in-parametric[transfer-rule]:
includes lifting-syntax
fixes R :: <'a = 'b = booly and S :: /c::comm-monoid-add = 'd::comm-monoid-add = bool
assumes [transfer-rule]: <bi-unique R»
assumes [transfer-rule]: <bi-unique S»

[
assumes [transfer-rule]: (S ===> § ===> 5) (+) (+)»
assumes [transfer-rule]: «S 0 0»
shows «(rel-topology S ===> (R ===> §) ===> (rel-set R) ===> § ===> (=))
has-sum-in has-sum-in»
proof —

note sum-parametric’[transfer-rule)
show ?thesis
unfolding has-sum-in-def
by transfer-prover
qed

lemma has-sum-in-topspace: <has-sum-in T f A s = s € topspace T
by (metis has-sum-in-def limitin-def)

lemma summable-on-in-parametric[transfer-rule]:

includes lifting-syntax

fixes R :: <a = 'b = bools

assumes [transfer-rule]: <bi-unique R»
assumes [transfer-rule]: <bi-unique S»
[

]:
assumes [transfer-rule]: «(§ ===> § ===> §) (+) (+)»
assumes [transfer-rule]: <S 0 0»
shows ((rel-topology S ===> (R ===> §) ===> (rel-set R) ===> (=)) summable-on-in

summable-on-in»

proof (intro rel-funl)
fix T T' assume [transfer-rule]: <rel-topology S T T
fix f f’ assume [transfer-rule]: «(R ===> S) f )
fix A A’ assume [transfer-rule]: <rel-set R A A"

define FzT ExT' where <ExT P <— (Fz€Collect (Domainp S). P z)» and <ExT' P’ +—
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(3z€Collect (Rangep S). P’ z)» for P P’
have [transfer-rule]: <((S ===> (+—)) ===> (+—)) EzT EzT"
by (smt (23) Domainp-iff ExT'-def FxT-def RangePI Rangep.cases mem-Collect-eq rel-fun-def)
from <rel-topology S T T"» have topl: <topspace T C Collect (Domainp S)»
unfolding rel-topology-def
by (metis (no-types, lifting) Domainp-set mem-Collect-eq openin-topspace subsetl)
from «<rel-topology S T T’ have top2: <topspace T' C Collect (Rangep S)»
unfolding rel-topology-def
by (metis (no-types, lifting) RangePI Rangep.cases mem-Collect-eq openin-topspace rel-setD2
subsetl)

have «EzT (has-sum-in T f A) = EzT’ (has-sum-in T' f" A')»
by transfer-prover
with topl top2 show (summable-on-in T f A «<— summable-on-in T' f' A"
by (metis ExT'-def ExT-def has-sum-in-topspace in-mono summable-on-in-def)
qed

lemma not-summable-infsum-in-0: <— summable-on-in T f A = infsum-in T f A = 0>
by (smt (verit, del-insts) Collect-empty-eq card-eq-0-iff infsum-in-def summable-on-in-def zero-neg-one)

lemma infsum-in-parametric[transfer-rule:

includes lifting-syntax

fixes R :: <a = 'b = bool

assumes [transfer-rule]: <bi-unique R»
assumes [transfer-rule]: <bi-unique S»
[

assumes [transfer-rule]: «(S ===> § ===> §) (+) (+)
assumes [transfer-rule]: «S 0 0»
shows ((rel-topology S ===> (R ===> §) ===> (rel-set R) ===> S) infsum-in infsum-in>

proof (intro rel-funl)
fix T T' assume [transfer-rule]: <rel-topology S T T

fix f f’ assume [transfer-rule]: «(R ===> S) f "
fix A A’ assume [transfer-rule]: <rel-set R A A"
have S-has-sum: (S ===> (=)) (has-sum-in T f A) (has-sum-in T' f" A'))

by transfer-prover

have sum-iff: <summable-on-in T f A <— summable-on-in T' ' A"
by transfer-prover

define L L' where <L = Collect (has-sum-in T f A)) and <L’ = Collect (has-sum-in T’ f’
A"y

have LT: <L C topspace T
by (metis (mono-tags, lifting) Ball-Collect L-def has-sum-in-topspace subset-iff)
have TS: <topspace T C Collect (Domainp S)»
by (metis (no-types, lifting) Ball-Collect Domainp-set <rel-topology S T T's openin-topspace
rel-topology-def)
have LT’ <L’ C topspace T"
by (metis Ball-Collect L'-def has-sum-in-topspace subset-eq)
have T'S: «topspace T’ C Collect (Rangep S)»
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by (metis (mono-tags, opaque-lifting) Ball-Collect RangePI <rel-topology S T T rel-fun-def
rel-setD2 topspace-parametric)
have Sss”: «<S s s’ = has-sum-in T f A s +— has-sum-in T' f" A’ s"y for s s’
using S-has-sum
by (metis (mono-tags, lifting) rel-funE)

have «rel-set S L L'
by (smt (verit) Domainp.cases L'-def L-def Rangep.cases <L C topspace T» <L’ C topspace
T «A\s’ s. Ss s’ = has-sum-in T f A s = has-sum-in T’ f' A" s"» <topspace T C Collect
(Domainp S)» <topspace T' C Collect (Rangep S)» in-mono mem-Collect-eq rel-setl)

have cardLL" <card L = 1 <— card L' = 1»
by (metis (no-types, lifting) <rel-set S L L’s assms(2) bi-unique-rel-set-lemma card-image)

have S (infsum-in T f A) (infsum-in T' f" A')s if <card L # 1)
using that cardLL’ by (simp add: infsum-in-def L'-def L-def Let-def that <S 0 0> flip: sum-iff)

moreover have S (infsum-in T f A) (infsum-in T’ f' A")» if [simp]: <card L = 1>
proof —
have [simp]: <card L' = 1>
using that cardLL' by simp
have S (the-elem L) (the-elem L')
using «rel-set S L L’
by (metis (no-types, opaque-lifting) <card L' = 1) is-singleton-altdef is-singleton-the-elem
rel-setD1 singleton-iff that)
then show ?thesis
by (simp add: infsum-in-def flip: L'-def L-def)
qed

ultimately show S (infsum-in T f A) (infsum-in T' f" A')
by auto
qed

lemma infsum-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique R»
shows (((R ===> (=)) ===> (rel-set R) ===> (=)) infsum infsum>
unfolding infsum-euclidean-eq[symmetric]
by transfer-prover

lemma summable-on-transfer|transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique R»

shows (R ===> (=)) ===> (rel-set R) ===> (=)) Infinite-Sum.summable-on Infi-
nite-Sum.summable-on»

unfolding summable-on-euclidean-eq[symmetric]

by transfer-prover

lemma abs-gbinomial: <abs (a gchoose n) = (—1) (n — nat (ceiling a)) * (a gchoose n)»
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proof —
have «([][i=0..<n. abs (a — of-nat i)) = (= 1) ~ (n — nat (ceiling a)) * ([[i=0..<n. a —
of-nat 1))
proof (induction n)
case (
then show ?case
by simp
next
case (Suc n)
consider (geq) <of-int n > ay | (It) <of-int n < a»
by fastforce
then show ?case
proof cases
case geq
from geq have <abs (a — of-int n) = — (a — of-int n)>
by simp
moreover from geq have <(Suc n — nat (ceiling a)) =
by (metis Suc-diff-le Suc-eq-plusl ceiling-le nat-le-iff)
ultimately show ?thesis
apply (simp add: Suc)

(n — nat (ceiling a)) + 1»

by (metis (no-types, lifting) <Ja — of-int (int n)| = — (a — of-int (int n))» mult.assoc
mult-minus-right of-int-of-nat-eq)
next
case [t
from [t have <abs (a — of-int n) = (a — of-int n)»
by simp

moreover from It have «(Suc n — nat (ceiling a)) = (n — nat (ceiling a))>
by (smt (verit, ccfo-threshold) Suc-lel cancel-comm-monoid-add-class. diff-cancel diff-commute
diff-diff-cancel diff-le-self less-ceiling-iff linorder-not-le order-less-le zless-nat-eq-int-zless)
ultimately show ?thesis
by (simp add: Suc)
qed
qed
then show ?thesis
by (simp add: gbinomial-prod-rev abs-prod)
qed

lemma gbinomial-sum-lower-abs:
fixes a :: 'a::{floor-ceiling}»
defines <a’ = nat (ceiling a)»
assumes <of-nat m > a—1»
shows (3> k<m. abs (a gchoose k)) =
(—1)7a’ *x ((—1) “m * (a — 1 gchoose m))
— (=1)"a’ * of-bool (a’>0) = ((—1) ~(a’'—1) * (a—1 gchoose (a’—1)))
+ (3 k<a'. abs (a gchoose k))
proof —
from assms
have <a’ < Suc m»
using ceiling-mono by force
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have «(>_ k<m. abs (a gchoose k)) = (>_k=a’..m. abs (a gchoose k)) + (> k<a'. abs (a
gchoose k))»
apply (subst asm-rl[of {..m} = {a’.m} U {..<a'}P])
using <a’ < Suc m» apply auto[1]
apply (subst sum.union-disjoint)
by auto
also have ¢... = (3 k=a'.m. (—1)(k—a’) * (a gchoose k)) + (>_ k<a'. abs (a gchoose k))»
apply (rule arg-cong[where f=\z. z + -)])
apply (rule sum.cong[OF refi])
apply (subst abs-gbinomial)
using a’-def by blast
also have «... = O k=a’.m. (—1)7k * (=1)"a’ % (a gchoose k)) + (>_ k<a'. abs (a gchoose
k)
apply (rule arg-cong[where f=\z. z + -}])
apply (rule sum.cong[OF refi])
by (simp add: power-diff-conv-inverse)
also have «... = (—=1)7a’ * (O] k=a’..m. (a gchoose k) * (—1)7k) + (3_ k<a'. abs (a gchoose
k)
by (auto intro: sum.cong simp: sum-distrib-left)
also have «... = (—1)7a’ * O_k<m. (a gchoose k) * (—1)7k) — (—1)"a’ * (3> k<a' (a
gchoose k) x (—1)7k) + (3_ k<a’. abs (a gchoose k))»
apply (subst asm-rl[of {.m} = {..<a’} U {a’.m}])
using «a’ < Suc m> apply auto[!]
apply (subst sum.union-disjoint)
by (auto simp: distrib-left)
also have «... = (—=1)7a’" % ((— 1) “m x (a — 1 gchoose m)) — (—1)7a’ * (O k<a' (a
gchoose k) « (—1)7k) + (3_ k<a’. abs (a gchoose k))»
apply (subst gbinomial-sum-lower-neg)
by simp
also have «... = (—=1)7a’ *x ((—=1) " m % (a — 1 gchoose m)) — (—1)"a’
* of-bool (a’>0) * ((—1) ~(a’—1) * (a—1 gchoose (a'—1)))
+ (O k<a'. abs (a gchoose k))»
apply (cases <a’ = 0»)
subgoal
by simp
subgoal
by (subst asm-ri[of «{..<a’} = {..a’'—1}]) (auto simp: gbinomial-sum-lower-neg)
done
finally show ?thesis
by —
qed

lemma abs-gbinomial-leq1:
fixes a :: <‘a :: {linordered-field}»
assumes <abs a < 1)
shows <abs (a gchoose b) < 1»
proof —
have x: (-1 < a) <a < 1>
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using abs-le-D2 assms minus-le-iff abs-le-iff assms by auto
have (abs (a gchoose b) = abs (([[7 = 0..<b. a — of-nat i) / fact b)»
by (simp add: gbinomial-prod-rev)

also have «... = abs ((J[i=0..<b. a — of-nat ©)) / fact b»
apply (subst abs-divide)
by simp

also have «... = ([[i=0..<b. abs (a — of-nat 7)) / fact b»

apply (subst abs-prod) by simp
also have «... < ([[i=0..<b. of-nat (Suc 7)) / fact b
proof (intro divide-right-mono prod-mono conjl)
fix i assume i € {0..<b}
have |a — of-nat i| < |a| + |of-nat i|
by linarith
also have |a| < 1
by fact
finally show |a — of-nat i| < of-nat (Suc 7)
by simp
qed auto
also have (... = fact b / fact b
by (subst (2) fact-prod-Suc) auto
also have «... = 1>
by simp
finally show ?thesis
by —
qed

lemma gbinomial-summable-abs:
fixes a :: real
assumes <a > () and <a < 1»
shows <summable (An. abs (a gchoose n))»
proof —
define o’ where <a’ = nat (ceiling a))
have a: a’'=0V a' = 1>
by (metis One-nat-def a’-def assms(2) ceiling-le-one less-one nat-1 nat-mono order-le-less)
have auzl: <absz <z’ = absy <y = abs 2 <2z =z —y+2<z'+y + 2 forzx
yzaz'y 2" real
by auto
have «(>_i<n. |a gchoose i]) = (— 1) "a’x ((— 1) " n * (a — 1 gchoose n)) —
(— 1) Ta’* of-bool (0 < a’)yx ((— 1) " (a" = 1) % (a — 1 gchoose (a' — 1))) +
(3" k<a'. |a gchoose k|)» for n
unfolding a’-def by (rule gbinomial-sum-lower-abs) (use assms in auto)
also have <...n < 1 + 1 + 1) for n
by (rule auzl) (use a’ in <auto simp add: abs-mult abs-gbinomial-leql assms»)
also have «... = %
by simp
finally show ?thesis
by (meson abs-ge-zero bounded-imp-summable)
qed
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lemma summable-tendsto-times-n:
fixes f :: <nat = real
assumes pos: <An. fn > 0>
assumes dec: <decseq (An. (n+M) x f (n + M))»
assumes sum: <summable f»
shows <(An. n x fn) —— 0»
proof (rule ccontr)
assume lim-not-0: <= (An. n x fn) —— 0»
obtain B where «((An. (n+M) * f (n+M)) —— B> and nfB": «(n+M) x f (n+M) > B>
for n
apply (rule decseg-convergentjwhere B=0, OF dec])
using pos that by auto
then have lim-B: <(An. n * fn) —— B>
by — (rule LIMSEQ-offset)
have (B > 0»
apply (subgoal-tac <An. n x fn > 0»)
using Lim-bounded?2 lim-B apply blast
by (simp add: pos)
moreover have (B # 0)
using lim-B lim-not-0 by blast
ultimately have «B > 0»
by linarith

have ge: <fn > B / ny if <n > M) for n
using nfB'[of «n—M>] that <B > 0> by (auto simp: divide-simps mult-ac)

have <summable (An. B / n)»
by (rule summable-comparison-test’[where N=M]) (use sum <B > 0 ge in auto)

moreover have <— summable (An. B / n)»
proof (rule ccontr)
define C where <C = (> n. 1 / real n)»
assume (- — summable (An. B / real n)»
then have <summable (An. inverse B * (B / real n))»
using summable-mult by blast
then have <summable (An. 1 / real n)»
using «B # 0) by auto
then have <> n=1..m. 1 / real n) < C) for m
unfolding C-def by (rule sum-le-suminf) auto
then have <harm m < C» for m
by (simp add: harm-def inverse-eq-divide)
then have <harm (nat (ceiling (exp C))) < C)
by —
then have «In (real (nat (ceiling (exzp C))) + 1) < C»
by (smt (verit, best) In-le-harm)
then show Fulse
by (smt (23) exp-ln In-ge-iff of-nat-0-le-iff real-nat-ceiling-ge)
qged
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ultimately show Fulse
by simp
qed

lemma gbinomial-tendsto-0:
fixes a :: real
assumes <a > —1)
shows ¢(An. (a gchoose n)) —— O»
proof —
have thesisl: <«(An. (a gchoose n)) —— 0y if <a > 0» for a :: real
proof —
define m where <m = nat (floor a)»
have m: <a > real m» <a < real m + 1»
by (simp-all add: m-def that)
show ?thesis
proof (insert m, induction m arbitrary: a)
case (
then have *: <a > 0) (a < 1>
using assms by auto
show ?case
using gbinomial-summable-abs|OF ]
using summable-LIMSEQ-zero tendsto-rabs-zero-iff by blast
next
case (Suc m)
have 1: «(An. (a—1 gchoose n)) —— 0>
by (rule Suc.IH) (use Suc.prems in auto)
then have <(An. (a—1 gchoose Suc n)) —— 0»
using filterlim-sequentially-Suc by blast
with 1 have «(An. (a—1 gchoose n) + (a—1 gchoose Suc n)) —— 0
by (simp add: tendsto-add-zero)
then have «(An. (a gchoose Suc n)) —— 0»
using gbinomial-Suc-Suc[of <a—1>] by simp
then show ?case
using filterlim-sequentially-Suc by blast
qed
qed

have thesis2: «(An. (a gchoose n)) —— 0y if <a > —1)> <a < O»
proof —
have decseq: <decseq (An. abs (a gchoose n))»
proof (rule decseq-Sucl)
fix n
have (|a gchoose Suc n| = |a gchoose n| * (|la — real n| / (1 + n))
unfolding gbinomial-prod-rev by (simp add: abs-mult)
also have «... < |a gchoose n|»
apply (rule mult-left-le)
using assms that(2) by auto
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finally show <|a gchoose Suc n| < |a gchoose n|»
by —
qged
have abs-al: <abs (a+1) = a+1»
using assms by auto

have «0 < |a + 1 gchoose n|s for n
by simp
moreover have <decseq (An. (n+1) * abs (a+1 gchoose (n+1)))»
using decseq apply (simp add: gbinomial-rec abs-mult)
by (smt (verit, best) decseq-def mult.commute mult-left-mono)
moreover have (summable (An. abs (a+1 gchoose n))»
apply (rule gbinomial-summable-abs)
using that by auto
ultimately have ((An. n x abs (a+1 gchoose n)) —— 0»
by (rule summable-tendsto-times-n)
then have <(An. Suc n * abs (a+1 gchoose Suc n)) —— 0
by (rule-tac LIMSEQ-ignore-initial-segment|where k=1 and a=0, simplified])
then have <(An. abs (Suc n * (a+1 gchoose Suc n))) —— 0>
by (simp add: abs-mult)
then have «(An. (a+1) * abs (a gchoose n)) —— 0»
apply (subst (asm) gbinomial-absorption)
by (simp add: abs-mult abs-al)
then have <(An. abs (a gchoose n)) —— 0>
using that(1) by force
then show «(An. (a gchoose n)) —— 0>
by (rule tendsto-rabs-zero-cancel)
qed

from thesisl thesis2 assms show ?thesis
using linorder-linear by blast
qed

lemma gbinomial-abs-sum:
fixes a :: real
assumes <a > (0» and <a < 1»
shows ¢(An. abs (a gchoose n)) sums 2»
proof —
define o’ where <a’ = nat (ceiling a))
have <o’ = I»
using a’-def assms(1) assms(2) by linarith
have lim: <«(An. (a — 1 gchoose n)) —— 0»
by (simp add: assms(1) gbinomial-tendsto-0)
have (> k<n. abs (a gchoose k)) = (— 1) ~a’ *
(— 1) "a’* of-bool (0 < a’)yx ((— 1) " (a'—1)
(>-k<a'. |a gchoose k|)» for n

((= 1) “nx (a — 1 gchoose n)) —
* (a — 1 gchoose (a' — 1))) +
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unfolding a’-def
apply (rule gbinomial-sum-lower-abs)
using assms(2) by linarith
also have «...n =2 — (— 1) " n % (a — 1 gchoose n)> for n
using assms
by (auto simp add: <a’ = 1)
finally have (>  k<n. abs (a gchoose k)) = 2 — (= 1) " n * (a — I gchoose n)) for n
by —
moreover have «(An. 2 — (— 1) " n * (a — 1 gchoose n)) — 2»
proof —
have «(An. ((=1) " n * (a—1 gchoose n))) —— 0>
by (rule tendsto-rabs-zero-cancel) (use lim in <simp add: abs-mult tendsto-rabs-zero-iff»)
then have <(An. 2 — (— 1) "n * (a — 1 gchoose n)) —— 2 — 0»
by (rule tendsto-diff [rotated]) simp
then show ?thesis
by simp
qed
ultimately have ((An. > k<n. abs (a gchoose k)) —— 2
by auto
then show %thesis
using sums-def-le by blast
qed

lemma sums-has-sum:
fixes s :: <‘a :: banach)
assumes sums: {f sums s
assumes abs-sum: <summable (An. norm (f n))»
shows «(f has-sum s) UNIV»
proof (rule has-sumlI-metric)
fix e :: real assume 0 < e
define e’ where ¢/ = ¢/2)
then have <e¢’ > 0»
using <0 < e) half-gt-zero by blast
from suminf-exist-splitfwhere r=e’, OF (0<e’> abs-sum]
obtain N where <norm (> i. norm (f (i + N))) < e’
by auto
then have N: «(> 4. norm (f (i + N))) < e’
by auto
then have N” (norm (3_i. f (i + N)) < e
apply (rule dual-order.strict-trans2)
by (auto intro!: summable-norm summable-iff-shift[ THEN iffD2] abs-sum)

define X where (X = {.<N}
then have (finite X
by auto
moreover have (dist (sum fY) s < e if <finite Y» and <X C V) for ¥
proof —
have «dist (sum fY) s = norm (s — sum f {_.<N} — sum f (Y—{.<N}))
by (metis X-def diff-diff-eq2 dist-norm norm-minus-commute sum.subset-diff that(1)
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that(2))
also have ¢... < norm (s — sum f {..<N}) + norm (sum f (Y—{..<N}))»
using norm-triangle-ineq by blast
also have «... = norm (3 4. f (¢ + N)) + norm (sum f (Y—{..<N})»
apply (subst suminf-minus-initial-segment)
using sums sums-summable apply blast
using sums sums-unique by blast
also have «... < e’ + norm (sum f (Y—{.<N}))
using N’ by simp
also have «... < e’ + norm (> i€ Y—{..<N}. norm (fi))»
apply (rule add-left-mono)
by (smt (verit, best) real-norm-def sum-norm-le)
also have «... < e’ 4+ (> ieY—{..<N}. norm (f7))
apply (rule add-left-mono)
by (simp add: sum-nonneg)
also have () icY—{..<N}. norm (i) = (O i|i+NeY. norm (f (i + N)))
by (rule sum.reindex-bij-witness[of - Xi. i + N Xi. i — NJ) auto
also have e’ + ... < e'+ (O i. norm (f (i + N)))»
by (auto introl: add-left-mono sum-le-suminf summable-iff-shift| THEN 4ffD2] abs-sum
finite-inverse-image «finite Y»)
also have <... < e’/ + e’
using N by simp
also have «... = &
by (simp add: e’-def)
finally show ?thesis
by —
qged
ultimately show <3 X. finite X A X C UNIV A (VY. finite Y AXC Y ANY C UNIV —
dist (sum fY) s < e)
by auto
qed

lemma sums-has-sum-pos:
fixes s :: real
assumes (f sums s>
assumes (An. fn > 0
shows «(f has-sum s) UNIV»
apply (rule sums-has-sum)
apply (simp add: assms(1))
using assms(1) assms(2) summable-def by auto

lemma gbinomial-abs-has-sum:
fixes a :: real
assumes <a¢ > ) and <a < 1)
shows ¢((An. abs (a gchoose n)) has-sum 2) UNIV)
apply (rule sums-has-sum-pos)
apply (rule gbinomial-abs-sum)
using assms by auto
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lemma gbinomial-abs-has-sum-1:
fixes a :: real
assumes <a > () and <a < 1»
shows <((An. abs (a gchoose n)) has-sum 1) (UNIV—{0})»
proof —
have «((An. abs (a gchoose n)) has-sum 2—(>_ ne{0}. abs (a gchoose n))) (UNIV—{0})»
apply (rule has-sum-Diff)
apply (rule gbinomial-abs-has-sum)
using assms apply auto[2]
apply (rule has-sum-finite)
by auto
then show ?thesis
by simp
qed

lemma gbinomial-abs-summable:
fixes a :: real
assumes <a > () and <a < 1»
shows ¢(An. (a gchoose n)) abs-summable-on UNIV»
using assms by (auto intro!: has-sum-imp-summable gbinomial-abs-has-sum)

lemma gbinomial-abs-summable-1:
fixes a :: real
assumes <a > ) and <a < 1»
shows ¢(An. (a gchoose n)) abs-summable-on UNIV—{0}»
using assms by (auto intro!: has-sum-imp-summable gbinomial-abs-has-sum-1)

lemma has-sum-singleton[simp): «(f has-sum y) {z} +— fz =y for y :: /a :: {comm-monoid-add,
t2-space}>
using has-sum-finite[of «{z}] infsumlI|of f {z} y] by auto

lemma has-sum-sums: <f sums s> if «(f has-sum s) UNIV)»
proof —
have ((An. sum f {.<n}) —— &
proof (unfold tendsto-def, intro olll impl)
fix S assume <open S» and s € S»
with «(f has-sum s) UNIV)
have <V  F in finite-subsets-at-top UNIV. sum f F € S»
using has-sum-def tendsto-def by blast
then
show (V g z in sequentially. sum f {.<z} € S»
using eventually-compose-filterlim filterlim-lessThan-at-top by blast
qed
then show ?thesis
by (simp add: sums-def)
qed

lemma The-eql1:
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assumes N\zy. Fo = Fy=—=z =19y
assumes 3z. F 2

assumes (A\z. Fz —= Pz = Qo

shows <P (The F) = Q (The F)»

by (metis assms(1) assms(2) assms(3) thel)

lemma summable-on-uminus|intro!]:
fixes [ :: <'a = 'b :: real-normed-vector»
assumes <f summable-on A»
shows «(\i. — f 1) summable-on A>
apply (subst asm-rljof «(Ai. — fi) = (M. (=1) xg fi)])
apply simp
using assms by (rule summable-on-scaleR-right)

lemma summable-on-diff:
fixes f g :: 'a = 'b::real-normed-vector
assumes <(f summable-on A»
assumes (g summable-on A>
shows <(\z. fx — g x) summable-on A»
using summable-on-add[where f=f and g=«\z. — g ] summable-on-uminus|where f=g|
using assms by auto

lemma gbinomial-1: (1 gchoose n) = of-bool (n<1)»
proof —
consider (0) <n=0> | (1) <n=1> | (bigger) m where <n==Suc (Suc m)»
by (metis One-nat-def not0-implies-Suc)
then show ?thesis
proof cases
case (
then show ?thesis
by simp
next
case 1
then show “thesis
by simp
next
case bigger
then show ?thesis
using gbinomial-reclwhere a=0 and k=<Suc m>]
by simp
qged
qed

lemma gbinomial-a-Suc-n:
<(a gchoose Suc n) = (a gchoose n) * (a—n) / Suc n»
by (simp add: gbinomial-prod-rev)
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lemma has-sum-in-0|simpl:
assumes <0 € topspace T
assumes (\z. 1€A = fz = O»
shows <has-sum-in T f A 0>
proof —
have <has-sum-in T (A-. 0) A 0>
using assms
by (simp add: has-sum-in-def sum.neutral-const[abs-def])
then show ?thesis
apply (rule has-sum-in-cong| THEN iffD2, rotated])
using assms by simp
qed

lemma summable-on-in-cong:
assumes A\z. 1€A = fr =gz
shows summable-on-in T f A +— summable-on-in T g A
by (simp add: summable-on-in-def has-sum-in-cong[OF assms))

lemma infsum-in-0:
assumes <Hausdorff-space T» and <0 € topspace T
assumes (\z. zeM = fz = O
shows <nfsum-in T f M = 0>
proof —
have <has-sum-in T f M 0>
using assms
by (auto introl: has-sum-in-0 Hausdorff-imp-t1-space)
then show ?thesis
by (meson assms(1) has-sum-in-infsum-in has-sum-in-unique not-summable-infsum-in-0)
qed

lemma summable-on-in-finite:
fixes f :: <'a = 'b::{comm-monoid-add,topological-space}»
assumes finite F'
assumes (sum f F € topspace T»
shows summable-on-in T f F
using assms summable-on-in-def has-sum-in-finite by blast

lemma has-sum-diff:
fixes f g :: 'a = 'b::{topological-ab-group-add}
assumes ((f has-sum a) A>
assumes (g has-sum b) A>
shows «((Az. fz — g x) has-sum (a — b)) A»
by (auto intro!: has-sum-add has-sum-uminus| THEN iffD2] assms simp add: simp flip: add-uminus-conv-diff)

lemma has-sum-of-real:
fixes f :: 'a = real
assumes ((f has-sum a) A»
shows ¢((Az. of-real (f z)) has-sum (of-real a :: 'b::{real-algebra-1,real-normed-vector})) A»
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apply (rule has-sum-comm-additivelunfolded o-def, where f=of-real])
by (auto intro!: additive.intro assms tendsto-of-real)

lemma summable-on-cdivide:
fixes f :: 'a = b :: {t2-space, topological-semigroup-mult, division-ring}
assumes <(f summable-on A>
shows (Az. fz / ¢) summable-on A
apply (subst division-ring-class.divide-inverse)
using assms summable-on-cmult-left by blast

lemma has-sum-in-weaker-topology:
assumes <continuous-map T U (Af. f)
assumes <has-sum-in T f A I
shows (has-sum-in U f A Iy
using continuous-map-limit| OF assms(1)]
using assms(2)
by (auto simp: has-sum-in-def o-def)

lemma summable-on-in-weaker-topology:
assumes (continuous-map T U (Af. f)
assumes (summable-on-in T f A»
shows (summable-on-in U f A»
by (meson assms(1,2) has-sum-in-weaker-topology summable-on-in-def)

lemma norm-abs[simp]: <norm (abs x) = norm x» for x :: </a :: {idom-abs-sgn, real-normed-div-algebra}>
proof —
have <norm = = norm (sgn z * abs x)»
by (simp add: sgn-mult-abs)
also have «... = norm |z|»
by (simp add: norm-mult norm-sgn)
finally show ?thesis
by simp
qed

thm abs-summable-product
lemma abs-summable-product:
fixes z :: ‘a = 'b::real-normed-div-algebra
assumes z2-sum: (\i. (z 1)?) abs-summable-on A
and y2-sum: (\i. (y i)?) abs-summable-on A
shows (\i. z i x y i) abs-summable-on A
proof (rule nonneg-bdd-above-summable-on)
show <0 < norm (z i x y i)» for ¢
by simp
show «<bdd-above (sum (Ai. norm (z i * y i) ‘{F. F C A A finite F})
proof (rule bdd-abovel2, rename-tac F')
fix F assume «(F € {F. F C A A finite F'}»
then have finite F and F C A
by auto

32



have norm (z i * y i) < norm (z i * x i) + norm (y ¢ * y ) for {
unfolding norm-mult
by (smt mult-left-mono mult-nonneg-nonneg mult-right-mono norm-ge-zero)
hence (Y. i€F. norm (z i x yi)) < (Y. 4€F. norm ((x ©)?) + norm ((y i)?))
using [[simp-trace]]
by (simp add: power2-eq-square sum-mono)
also have ... = (Y, i€F. norm ((z 9)?)) + (3. 4€F. norm ((y i)?))
by (simp add: sum.distrib)
also have ... < (3" i€A. norm ((z )?)) + (O wi€A. norm ((y i)?))
using z2-sum y2-sum <finite F» <(F C Ay by (auto intro!: finite-sum-le-infsum add-mono)
finally show «(>_ 2za€F. norm (z za * y za)) < (3. i€A. norm ((z )?)) + (O wi€A.
norm ((y 1)%))>
by simp
qged
qed

lemma Cauchy-Schwarz-ineq-infsum:
fixes z :: ‘a = 'b::{real-normed-div-algebra}
assumes z2-sum: (\i. (z 1)) abs-summable-on A
and y2-sum: (\i. (y i)?) abs-summable-on A
shows (3" oi€A. norm (z i % y i) < sqrt (3 wi€A. (norm (z4))?) * sqrt (3 wi€A. (norm
(y 1)?)
proof —
have (3" ooi€A. norm (z i x y 7)) < sqrt (3 woi€A. (norm (z 9))?) * sqrt (3 wi€A. (norm
(y 1)*)
proof (rule infsum-le-finite-sums)
show ((\i. z i x y ) abs-summable-on A»
using Misc- Tensor-Product.abs-summable-product z2-sum y2-sum by blast
fix F assume <(finite F» and <F C A»

have suml1: «(\i. (norm (z 4))?) summable-on A»

by (metis (mono-tags, lifting) norm-power summable-on-cong x2-sum)
have sum2: «(\i. (norm (y ))?) summable-on A>

by (metis (no-types, lifting) norm-power summable-on-cong y2-sum)

have «(>_i€F. norm (z i x y i))? = (3. 4€F. norm (z 1) * norm (y ))»
by (simp add: norm-mult)
also have (... < (Y, 4€F. (norm (x 0))?) » (Y. 4i€F. (norm (y i))*)
using Cauchy-Schwarz-ineq-sum by fastforce
also have (... < (Y i€A. (norm (z0))?) * (3 i€F. (norm (y i))?)
using suml <finite Fy <F C A»
by (auto introl: mult-right-mono finite-sum-le-infsum sum-nonneg)
also have (... < (3] i€A. (norm (z 0))?) * (3 wi€A. (norm (y 7))
using sum?2 <finite F» <F C A»
by (auto intro!: mult-left-mono finite-sum-le-infsum infsum-nonneg)
also have (... = (sqrt (3. wi€A. (norm (z 0))?) * sqrt (3. wi€A. (norm (y i))?))%
by (smt (verit, best) calculation real-sqrt-mult real-sqrt-pow2 zero-le-power2)
finally show «(Y_i€F. norm (z i * y i) < sqrt (3 i€A. (norm (z0))?) * sqrt (3 si€A.
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(norm (y 1))2)>
apply (rule power2-le-imp-le)
by (auto intro!: mult-nonneg-nonneg infsum-nonneg)
qged
then show ?thesis
by —
qed

lemma continuous-map-pullback-both:
assumes cont: <continuous-map T1 T2 g’
assumes ¢'g: <A\z. f1 x € topspace T1 = z € Al = ¢’ (fl z) = f2 (g z)»
assumes topl: <f1 —‘topspace T1 N A1 C g —“ A2
shows ¢continuous-map (pullback-topology A1 f1 T1) (pullback-topology A2 f2 T2) ¢
proof —
from cont
have «continuous-map (pullback-topology A1 f1 T1) T2 (g’ o f1)»
by (rule continuous-map-pullback)
then have <continuous-map (pullback-topology A1 f1 T1) T2 (f2 o g)»
apply (rule continuous-map-eq)
by (simp add: g'g topspace-pullback-topology)
then show ?thesis
apply (rule continuous-map-pullback’)
by (simp add: top1 topspace-pullback-topology)
qed

lemma onorm-case-prod-plus-leq: <onorm (case-prod plus :: - = 'a::real-normed-vector) < sqrt
2)

apply (rule onorm-bound)

using norm-plus-leq-norm-prod by auto

lemma bounded-linear-case-prod-plus[simpl: <bounded-linear (case-prod plus)»
apply (rule bounded-linear-introjwhere K=«<sqrt 2»])
by (auto simp add: scaleR-right-distrib norm-plus-leg-norm-prod mult.commute)

lemma pullback-topology-twice:
assumes (f —*B) N A = C»
shows <pullback-topology A f (pullback-topology B g T) = pullback-topology C (g o f) T»
proof —
have auz: «S=A<+— S=B if <A=B for ABS: "2
using that by simp
have x: «(3V. (openin TUANV =g —UNB)AS=f—"VNA) = (openin TUANS =
(gof) =*UNC) for SU
apply (cases <openin T U»)
using assms
by (auto introl: auzr simp: vimage-comp)
then have x: «(3V. (3U. openin TUANV =g —UNB)AS=f—-"VnNnA=@3U.
openin TUNS =(gof) —<UNC) for S
by metis
show ?thesis
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by (auto introl: x simp: topology-eq openin-pullback-topology)
qed

lemma pullback-topology-homeo-cong:
assumes <homeomorphic-map T S ¢
assumes <range f C topspace T»
shows <pullback-topology A f T = pullback-topology A (g o f) S»
proof —
have <3 Us. openin S Us A f — Ut N A= (gof)—*UsnN A if <openin T Ut for Ut
apply (rule exI[of - <g < Ub])
using assms that apply auto
using homeomorphic-map-openness-eq apply blast
by (smt (verit, best) homeomorphic-map-maps homeomorphic-maps-map openin-subset rangel
subsetD)
moreover have <3 Ut. openin T Ut A (go f) —“UsnN A=f —“Ut N A if <openin S Us
for Us
apply (rule exI[of - «(g —* Us) N topspace T»])
using assms that apply auto
by (meson continuous-map-open homeomorphic-imp-continuous-map)
ultimately show ?thesis
by (auto simp: topology-eq openin-pullback-topology)
qed

definition <opensets-in T = Collect (openin T)»

— This behaves more nicely with the transfer-method (and friends) than openin. So when
rewriting a subgoal, using, e.g., 3 U€copensets T. zzz instead of 3 U. openin T U — xxx can
make transfer work better.

lemma opensets-in-parametric[transfer-rule]:
includes lifting-syntax
assumes <bi-unique R»
shows «(rel-topology R ===> rel-set (rel-set R)) opensets-in opensets-in)
proof (intro rel-funl rel-setl)
fix ST
assume rel-topo: <rel-topology R S T
fix U
assume U € opensets-in S»
then show (3 V € opensets-in T. rel-set R U V>
by (smt (verit, del-insts) Domainp.cases mem-Collect-eq opensets-in-def rel-fun-def rel-topo
rel-topology-def)
next
fix S T assume rel-topo: <rel-topology R S T
fix U assume (U € opensets-in T
then show 3V € opensets-in S. rel-set R 'V U»
by (smt (verit) RangepE mem-Collect-eq opensets-in-def rel-fun-def rel-topo rel-topology-def)
qed

lemma hausdorff-parametric[transfer-rule]:
includes lifting-syntax
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assumes [transfer-rule]: <bi-unique R»
shows ¢(rel-topology R ===> (+—)) Hausdorff-space Hausdor(f-space)
proof —
have Hausdorff-space-def": <« Hausdorff-space T +— (V¥ zE€topspace T. YV yEtopspace T. © # y
— (3 U € opensets-in T. 3V € opensets-in T.2 € UNye VAUNV={})
for T :: <’z topology>
unfolding opensets-in-def Hausdorff-space-def disjnt-def Bex-def by auto
show ?thesis
unfolding Hausdor{f-space-def’
by transfer-prover
qed

lemma sum-cmod-pos:
assumes (A\z. €A = fz > O»
shows «(>_z€A. cmod (f x)) = cmod (3 z€A. fx)
by (metis (mono-tags, lifting) Re-sum assms cmod-Re sum.cong sum-nonneg)

lemma min-power-distrib-left: «(min x y) ~n = min (x ~n) (y ~n) if < > 0> and «y > 0>
for z y :: <- i linordered-semidom,
by (metis linorder-le-cases min.absorb-iff2 min.order-iff power-mono that(1) that(2))

lemma abs-summable-times:
fixes f :: <'a = 'c::{real-normed-algebra}> and g :: <'b = ‘o
assumes sum-f: «f abs-summable-on A>
assumes sum-g: <g abs-summable-on B>
shows <(\(4,5). fi * g j) abs-summable-on A x B)
proof —
have al: «(Aj. norm (f i) * norm (g j)) abs-summable-on B» if <i € A) for i
using sum-g by (simp add: summable-on-cmult-right)
then have a2: «(\j. fi % g j) abs-summable-on B> if <i € A> for i
apply (rule abs-summable-on-comparison-test)
apply (fact that)
by (simp add: norm-mult-ineq)
from sum-f
have <(Az. Y ooy€B. norm (f ) * norm (g y)) abs-summable-on A»
by (auto simp add: infsum-cmult-right’ infsum-nonneg intro!: summable-on-cmult-left)
then have b1: <(A\z. > oy€B. norm (fx % g y)) abs-summable-on A»
apply (rule abs-summable-on-comparison-test)
using al a2 by (simp-all add: norm-mult-ineq infsum-mono infsum-nonneg)
from a2 b1 show ?thesis
by (intro abs-summable-on-Sigma-iff[THEN iffD2]) auto
qed

definition <the-default def S = (if card S = 1 then (THE x. x € S) else def)»
lemma cardil:

assumes a € A
assumes A\z. 2 € A =z =a
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shows <card A = 1»
by (metis One-nat-def assms(1) assms(2) card-eq-Suc-0-ex1)

lemma the-default-CollectI:
assumes P a
and A\z. Pz =z =a
shows P (the-default d (Collect P))
proof —
have card: «card (Collect P) = 15
apply (rule card1I)
using assms by auto
from assms have <P (THE z. P x)»
by (rule thel)
then show ?thesis
by (simp add: the-default-def card)
qed

lemma the-default-singleton[simp]: <the-default def {x} = x>
unfolding the-default-def by auto

lemma the-default-empty[simp]: <the-default def {} = def>
unfolding the-default-def by auto

lemma the-default-The: <the-default z S = (THE x. x € S)» if <card S = 1>
by (simp add: that the-default-def)

lemma the-default-parametricity[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T’
shows (T ===> rel-set T ===> T) the-default the-default>
proof (intro rel-funl, rename-tac def def’ S S)
fix def def’ assume [transfer-rule]: <T def def”
fix S S’ assume [transfer-rule]: <rel-set T S S’
have card-eq: <card S = card S
by transfer-prover
show «T (the-default def S) (the-default def’ S’)»
proof (cases <card S = 1))
case True
define theS theS’ where [no-atp: <theS = (THE z. z € S)» and [no-atp]: «<theS’' = (THE
z.z €S
from True have cardS’: «card S’ = 15
by (simp add: card-eq)
have <theS € S»
unfolding theS-def
by (rule thel’) (use True in <simp add: card-eq-Suc-0-ex1»)
moreover have (theS’' € S
unfolding theS’-def
by (rule thel’) (use cardS’ in «simp add: card-eq-Suc-0-ex1)
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ultimately have T theS theS"
using <rel-set T S S True cardS’
by (auto simp: rel-set-def card-1-singleton-iff)
then show ?thesis
by (simp add: True cardS’ the-default-def theS-def theS'-def)
next
case Fulse
then have cardS": «card S’ # 1»
by (simp add: card-eq)
show ?thesis
using False cardS’ «T def def”
by (auto simp add: the-default-def)
qed
qed

definition «<rel-pred T P @ = rel-set T (Collect P) (Collect @Q)»

lemma Collect-parametric[transfer-rule]:
includes lifting-syntax
shows «(rel-pred T ===> rel-set T) Collect Collect
by (auto simp: rel-pred-def)

lemma fold-graph-finite:
— Exists as comp-fun-commute-on.fold-graph-finite, but the comp-fun-commute-on-assumption
is not needed.

assumes fold-graph fz A y

shows finite A

using assms by induct simp-all

lemma fold-graph-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule, simp): <bi-unique T’
shows (((T ===> U ===> U) ===> U ===> rel-set T ===> rel-pred U)
fold-graph fold-graph»
proof (intro rel-funl, rename-tac ff' z z' A A”)
fix f f’ assume [transfer-rule, simp]: (T ===> U ===> U) f f)
fix z 2z’ assume [transfer-rule, simpl: <U z 2"
fix A A’ assume [transfer-rule, simp)|: <rel-set T A A"
have one-direction: «3y'. fold-graph f' 2" A" y' N Uy y’s if «fold-graph f z A y»
and [transfer-rule]: <U z z'» (T ===> U ===> U) f " <rel-set T A A" <bi-unique T»
for ff' 22" A A'yand U :: (/c1 = 'dl = booly and T :: <'al = 'bl = bools
using <fold-graph f z A y» «rel-set T A A"
proof (induction arbitrary: A’)
case emptyl
then show ?case
by (metis <U z 2"y empty-iff equalsOI fold-graph.intros(1) rel-setD2)
next
case (insertl z A y)
from insert] have foldA: <fold-graph f z A y» and T-zA[transfer-rule]: <rel-set T (insert x
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A) Ay and zA: <z ¢ A>
by simp-all
define DT RT where <DT = Collect (Domainp T)> and <RT = Collect (Rangep T)»
from T-zA have <x € DT)
by (metis DT-def DomainPI insertCI mem-Collect-eq rel-set-def)
then obtain z’ where [transfer-rule]: <T z z')
unfolding DT-def by blast
have z' € A"
apply transfer by simp
define A" where (A" = A’ — {z'}
then have A’-def: <A’ = insert ' A"
using <z’ € A" by fastforce
have <z’ ¢ A"
unfolding A'’-def by simp
have [transfer-rule]: <rel-set T A A"
apply (subst asm-rl[of <A = (insert x A) — {z}])
using insertl.hyps apply blast
unfolding A''-def
by transfer-prover
from insert] . IH[OF this]
obtain y’ where foldA": <fold-graph ' 2z’ A" y""» and [transfer-rule]: <U y y'"
by auto
define y’ where <y’ = f' z’ y'"
have <fold-graph ' z" A’y
unfolding A’-def y’-def
using <z’ ¢ A" foldA"
by (rule fold-graph.intros)
moreover have «U (fz y) y"
unfolding y’-def by transfer-prover
ultimately show “case
by auto
qged

show «rel-pred U (fold-graph f z A) (fold-graph f' z" A')»

unfolding rel-pred-def rel-set-def bex-simps

apply safe

subgoal
by (rule one-direction[of fz A - U z' T f']) auto

subgoal
by (rule one-direction[of f' 2" A" - <U=1=Y 2 «T=1=1 f simplified))

(auto simp flip: conversep-rel-fun)
done
qed

lemma Domainp-rel-filter:

assumes (Domainp r = S»

shows <Domainp (rel-filter r) F «— (F < principal (Collect S))»
proof (intro iffI, elim Domainp.cases, hypsubst)

fix G
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assume <(rel-filter r F G»
then obtain Z where rZ: Vg (z, y) in Z. r z y»
and ZF: map-filter-on {(z, y). rx y} fst Z = F
and map-filter-on {(z, y). rx y} snd Z = G
using rel-filter.simps by blast
show «F < principal (Collect S)»
using 7
by (auto simp flip: ZF assms intro!: filter-lel elim!: eventually-mono
simp: eventually-principal eventually-map-filter-on case-prod-unfold DomainPI)
next
assume asm: <F < principal (Collect S)»
define Z where <Z = inf (filtercomap fst F) (principal {(z, y). r z y})»
have rZ: Vg (z, y) in Z. r z y
by (simp add: Z-def eventually-inf-principal)
moreover
have «(Vp zin Z. P (fst x) A (case z of (z, Ta) = r z za)) = eventually P F> for P
using asm apply (auto simp add: le-principal Z-def eventually-inf-principal eventually-filtercomap)
by (smt (verit, del-insts) DomainpE assms eventually-elim2)
then have <map-filter-on {(z, y). rz y} fst Z = F»
by (simp add: filter-eq-iff eventually-map-filter-on rZ)
ultimately show <Domainp (rel-filter r) F»
by (auto simp: Domainp-iff intro!: exI rel-filter.intros)
qed

lemma map-filter-on-cong:
assumes [simp|: Vp zin F. z € D»
assumes (\z. 2 € D = fax =g
shows (map-filter-on D f F = map-filter-on D g F»
apply (rule filter-eq-iff THEN 4ffD2, rule-format))
apply (simp add: eventually-map-filter-on)
apply (rule eventually-subst)
apply (rule always-eventually)
using assms(2) by auto

lemma filtermap-cong:
assumes Vp zin F. fo =g
shows «filtermap f F = filtermap g F»
apply (rule filter-eq-iff THEN 4ffD2, rule-format))
apply (simp add: eventually-filtermap)
by (smt (verit, del-insts) assms eventually-elim?2)

lemma filtermap-INF-eq:
assumes inj-f: <inj-on f X»
assumes B-nonempty: <B # {}
assumes F-bounded: <\b. b6 B = F b < principal X>»
shows «filtermap f ([ (F ‘ B)) = ([]1b€B. filtermap f (F b))
proof (rule antisym)
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show «filtermap f ([] (F ¢ B)) < ([]beB. filtermap f (F b))»
by (rule filtermap-INF')

define fI where «f1 = inv-into X >

have fif: «x € X = fI (fz) = »» for x
by (simp add: inj-f f1-def)

have ffl:«z € f ‘X = z = f (fl z)) for ¢
by (simp add: f1-def f-inv-into-f)

have «filtermap f (F b) < principal (f * X)» if <b € B for b
by (metis F-bounded filtermap-mono filtermap-principal that)

then have «([]beB. filtermap f (F b)) < ([|beB. principal (f * X))»
by (simp add: INF-greatest INF-lower2)

also have «... = principal (f < X)»
by (simp add: B-nonempty)

finally have <V p z in [ |b€B. filtermap f (F b). z € f* X
using B-nonempty le-principal by auto

then have x: <V p z in [ |b€B. filtermap f (F b). z = f (fI z)»
apply (rule eventually-mono)
by (simp add: [f1)

have Vp zin Fb.z € X» if <b € By for b
using F-bounded le-principal that by blast

then have sx: Vp zin F b. f1 (fz) = 2 if <b € Bs for b
apply (rule eventually-mono)
using that by (simp-all add: f1f)

have «([|beB. filtermap f (F b)) = filtermap f (filtermap f1 ([ beB. filtermap f (F' b)))»
apply (simp add: filtermap-filtermap)
using * by (rule filtermap-cong[where f=id, simplified])

also have «... < filtermap f ([ |bEB. filtermap f1 (filtermap f (F b)))»
apply (rule filtermap-mono)
by (rule filtermap-INF)

also have «... = filtermap f ([ |bE€B. F b)»
apply (rule arg-cong[where f=:«filtermap -3])
apply (rule INF-cong, rule refl)
unfolding filtermap-filtermap
using *x by (rule filtermap-cong|where g=id, simplified])

finally show «([|beB. filtermap f (F b)) < filtermap f ([ (F * B))»
by —

qed

lemma filtermap-inf-eq:

assumes <inj-on f X

assumes «F1 < principal X

assumes <F'2 < principal X)»

shows «filtermap f (F1 M F2) = filtermap f F1 N filtermap f F2»
proof —

have <filtermap f (F1 N F2) = filtermap f (INF FE{F1,F2}. F))

by simp
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also have «... = (INF Fe{F1,F2}. filtermap f F)»
apply (rule filtermap-INF-eq[where X=X])
using assms by auto

also have «... = filtermap f F1 N filtermap f F2»
by simp
finally show ?thesis
by —
qed

definition <transfer-bounded-filter-Inf B M = Inf M M principal B>

lemma Inf-transfer-bounded-filter-Inf: <Inf M = transfer-bounded-filter-Inf UNIV M»
by (metis inf-top.right-neutral top-eq-principal-UNIV transfer-bounded-filter-Inf-def)

lemma Inf-bounded-transfer-bounded-filter-Inf:
assumes (\F. F € M = F < principal B>
assumes (M # {}
shows «Inf M = transfer-bounded-filter-Inf B M»
by (simp add: Inf-less-eq assms(1) assms(2) inf-absorbl transfer-bounded-filter-Inf-def)

lemma transfer-bounded-filter-Inf-parametric[transfer-rule]:
includes lifting-syntax
fixes r :: <'rep = 'abs = bool>
assumes [transfer-rule]: <bi-unique r»
shows «((rel-set 7 ===> rel-set (rel-filter ) ===> rel-filter r)
transfer-bounded-filter-Inf transfer-bounded-filter-Inf>
proof (intro rel-funl, unfold transfer-bounded-filter-Inf-def)
fix BF' BG assume BFBG|[transfer-rule]: <rel-set r BF BG»
fix Fs Gs assume FsGs[transfer-rule]: <rel-set (rel-filter r) Fs Gs»
define D R where <D = Collect (Domainp r)» and <R = Collect (Rangep r)»

have <rel-set r D R»
by (smt (verit) D-def Domainp-iff R-def RangePI Rangep.cases mem-Collect-eq rel-setl)
with <bi-unique 7>
obtain f where (R = f ‘ D) and [simp]: <inj-on f Dy and rf0: <z€D = r z (f z)) for z
using bi-unique-rel-set-lemma
by metis
have rf: «rzy+—x € DA fz =1y forzy
apply (auto simp: rf0)
using D-def apply auto[!]
using D-def assms bi-uniqueDr rf0 by fastforce

from BFBG
have (BF C D)
by (metis rel-setD1 rf subsetl)

have G: <G = filtermap f F» if <rel-filter r F G» for F G
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using that proof cases

case (1 7)

then have Z[simp|: Vg (z,y) in Z. rz
by —

then have «filtermap f F = filtermap f (map-filter-on {(z, y). r x y} fst Z)»
using 1 by simp

also have «... = map-filter-on {(z, y). r z y} (f o fst) Z»
unfolding map-filter-on- UNIV [symmetric]
apply (subst map-filter-on-comp)
using Z by simp-all

also have «... = &
apply (simp add: o-def rf)
apply (subst map-filter-on-cong[where g=snd])
using Z apply (rule eventually-mono)
using 1 by (auto simp: rf)

finally show ?thesis
by simp

qed

have rf-filter: <rel-filter r F G <— F < principal D A filtermap f F = G) for F G
apply (intro iffI conjI)
apply (metis D-def DomainPI Domainp-rel-filter)
using G apply simp
by (metis D-def Domainp-iff Domainp-rel-filter G)

have FD: <F < principal Dy if <F € Fs» for F
by (meson FsGs rel-setD1 rf-filter that)

from BFBG
have [simp]: «<BG = f ‘ BF»
by (auto simp: rel-set-def rf)

from FsGs

have [simp]: <Gs = filtermap f * Fs»
using G apply (auto simp: rel-set-def rf)
by fastforce

show «rel-filter r ([ Fs N principal BF) ([ Gs N principal BG)»
proof (cases <Fs = {}»)
case True
then have «Gs = {}
by transfer
have «<rel-filter r (principal BF') (principal BG)»
by transfer-prover
with True «Gs = {}» show ?thesis
by simp
next
case Fulse
note False[simp)

43



then have [simp]: <Gs # {}
by transfer

have «rel-filter r (['| Fs N principal BF) (filtermap f ([] Fs N principal BF))»
apply (rule rf-filter[ THEN iffD2])
by (simp add: «BF C D» le-infI2)

then show ?thesis
using FD <BF C D»
by (simp add: Inf-less-eq
flip: filtermap-inf-eq[where X=D)] filtermap-INF-eqlwhere X=D] flip: filtermap-principal)

qed
qed

definition «<transfer-inf-principal F M = F 1 principal M>

lemma transfer-inf-principal-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T
shows «(rel-filter T ===> rel-set T ===> rel-filter T') transfer-inf-principal transfer-inf-principal
proof —
have x: <transfer-inf-principal F M = transfer-bounded-filter-Inf M {F}> for F :: 'z filter
and M
by (simp add: transfer-inf-principal-def [abs-def] transfer-bounded-filter-Inf-def)
show ?thesis
unfolding *
apply transfer-prover-start
apply transfer-step+
by transfer-prover
qed

lemma continuous-map-is-continuous-at-point:

assumes <continuous-map T U f>

shows «filterlim f (nhdsin U (f1)) (atin T 1)

by (metis assms atin-degenerate bot.extremum continuous-map-atin filterlim-iff-le-filtercomayp
filterlim-nhdsin-iff-limitin)

lemma set-compr-2-image-collect: <{f x y |z y. P x y} = case-prod f ¢ Collect (case-prod P)»
by fast

lemma closure-image-closure: <continuous-on (closure S) f = closure (f * closure S) = closure
(< )

by (smt (verit) closed-closure closure-closure closure-mono closure-subset image-closure-subset
image-mono set-eq-subset)

lemma has-sum-reindez-bij-betw:
assumes bij-betw g A B
shows ((Az. f (g 2)) has-sum l) A <— (f has-sum ) B
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proof —
have «((Az. f (g z)) has-sum I) A «— (f has-sum [) (g * A)»
apply (rule has-sum-reindex[symmetric, unfolded o-def])
using assms bij-betw-imp-inj-on by blast
also have «... «— (f has-sum [) B»
using assms bij-betw-imp-surj-on by blast
finally show ?thesis .
qed

lemma enum-inj:
assumes i < CARD('a) and j < CARD('a)
shows (Enum.enum ! i :: 'a::enum) = Enum.enum | j +— i = j
using inj-on-nth|OF enum-distinct, where I=«{..<CARD('a)}]
using assms by (auto dest: inj-onD simp flip: card-UNIV-length-enum,)

lemma closedin-vimage:
assumes <closedin U S»
assumes <continuous-map T U f»
shows <closedin T (topspace T N (f —°5))»
by (meson assms(1) assms(2) continuous-map-closedin-preimage-eq)

lemma join-forall: «(¥z. Px) A Vz. Q z) «— (Yz. Pz A Q z)»
by auto

lemma closedin-if-converge-inside:
fixes A :: (‘a set»
assumes AT: <A C topspace T»
assumes zA: <\(F::'a filter) fo. F # 1 = limitin Tfz F = rangef C A=z € A
shows <closedin T A»
proof (cases <A = {})
case True
then show ?thesis by simp
next
case Fulse
then obtain ¢ where «a € A»
by auto
define Ac where <Ac = topspace T — A»
have <3 U. openin T U AN x € U AN U C Ac) if <z € Acy for z
proof (rule ccontr)
assume B U. openin TU Az € UA U C Ao
then have UA: «U N A # {} if <openin T Urand <z € U» for U
by (metis Ac-def Diff-mono Diff-triv openin-subset subset-refl that)
have [simp]: <z € topspace T
using that by (simp add: Ac-def)

define F where (F = nhdsin T x M principal A>
have «(F' #£ 1»

apply (subst filter-eq-iff)
apply (auto introl: exI[of - <\-. False)] simp: F-def eventually-inf eventually-principal
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eventually-nhdsin)
by (meson UA disjoint-iff)

define f where <f y = (if y€A then y else a)) for y
with <a € A have <range f C A»
by force

have Vp yin F. fy € U» if <openin T U> and «x € U» for U
proof —
have <eventually (Az. © € U) (nhdsin T z)»
using eventually-nhdsin that by fastforce
moreover have (3R. (Vz€A. Rz) AN Ve.2 € U — Rz — fz e U)
apply (rule exI[of - <Az. z € A)))
by (simp add: f-def)
ultimately show ¢thesis
by (auto simp add: F-def eventually-inf eventually-principal)
qed
then have <limitin T fx F»
unfolding limitin-def by simp
with <F # 1) <range f C A> zA
have «z € A»
by simp
with that show False
by (simp add: Ac-def)
qged
then have <openin T Ac>
apply (rule-tac openin-subopen|THEN iffD2])
by simp
then show ?thesis
by (simp add: Ac-def AT closedin-def)
qed

lemma cmod-mono: <0 < a — a < b = cmod a < cmod b
by (simp add: cmod-Re less-eq-complex-def)

lemma choice2: <3f. Vz. Q1 = (fz)) AN (Vz. Q2z (fz))
if Vz.3y. Qlzy N Q2z
by (meson that)

lemma choiced: <3f. Va. Q1 z (fz)) AN V. Q2 (fz)) AN (Vz. Q3 z (fz))
if Vz.3y. Qlzy N Q2xy N Q3 z
by (meson that)

lemma choice4: 3f. Vz. Q1 z (fz)) AN Vz. Q2z (fz)) AN (Va. @3z (fz)) AN V. Q4 = (f
z))

if Vo, Jy. Qlzy AN Q2xy N Q3zy AN Qfxzy

by (meson that)

lemma choice5: 3f. Vz. Q1 z (fz)) AN Va. Q2z (fz)) A (V. Q3z (fz)) AN V. Q4 = (f
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z)) AN Vz. Q5 x (fz))
if Vo, dy. Qlzy AN Q2xzy N Q3zy AN Qixy N Q5
apply (simp only: flip: all-conj-distrib)
using that by (rule choice)

lemma is-Sup-unique: <is-Sup X a = is-Sup X b = a=b»
by (simp add: Orderings.order-eq-iff is-Sup-def)

lemma has-Sup-bdd-above: <has-Sup X = bdd-above X
by (metis bdd-above.unfold has-Sup-def is-Sup-def)

lemma is-Sup-has-Sup: <is-Sup X s = has-Sup X»
using has-Sup-def by blast

class Sup-order = order + Sup + sup +
assumes is-Sup-Sup: <has-Sup X = is-Sup X (Sup X)»
assumes is-Sup-sup: <has-Sup {z,y} = is-Sup {z,y} (sup = y)»

lemma (in Sup-order) is-Sup-eg-Sup:
assumes <is-Sup X s
shows s = Sup X»
by (meson assms local.dual-order.antisym local.has-Sup-def local.is-Sup-Sup local.is-Sup-def)

lemma is-Sup-cSup:
fixes X :: ('a::conditionally-complete-lattice set»
assumes <bdd-above X» and <X # {}
shows ¢is-Sup X (Sup X)»
using assms by (auto introl: cSup-upper cSup-least simp: is-Sup-def)

lemma continuous-map-iff-preserves-convergence:
assumes (A\F a. a € topspace T = limitin T id a F = limitin U f (f a) F»
shows <continuous-map T U f»
apply (rule continuous-map-atin| THEN iffD2], intro balll)
using assms
by (simp add: limitin-continuous-map)

lemma SMT-choices:

— Was included as SMT.choices in Isabelle and disappeared
ANQ.Vz. Jyya. Qryya = Iffa.Va. Qx (fz) (fa x)
ANQ. Vz. Jyyayb. Qzyyayb = Iffafbo.Vz. Qz (fz) (fazx) (fbx)
AQ-Vz. 3y ya ybyc. Qzyyaybyc= 3ffafbofe. V. Qz (fz) (fax)(fbz)(fcr)
AQ.Vz. Ty ya yb yc yd. Q z y ya yb yc yd =

31 fa b fo fd. V. Qu (fx) (faz) (fo x) (fex) (fd 2)
AQ. Vz. Ty ya yb yc yd ye. Q z y ya yb yc yd ye =

ffa fo fe fd fe.Vx. Q z (fz) (faz) (foz) (fcz) (fdz) (fe z)
AQ-Vz. 3y ya yb yc yd ye yf. Q xy ya yb yc yd ye yf =

3 fafofefdfe ff. ¥z Qu (Fa) (faz) (fb o) (fe2) (fd 2) (fe ) (F o)
AQ- V. 3y ya yb yc yd ye yf yg. Q z y ya yb ye yd ye yf yg =
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3f fa fo fe fd fe ff fg. V. Q z (f z) (fa z) (fb =) (fe z) (fd z) (fe z) (ff =) (fg )
by metis+

lemma closedin-pullback-topology:
closedin (pullback-topology A f T) S «+— (3 C. closedin T C N S = f—‘C N A)
proof (rule iffI)
define TT PT where «TT = topspace T» and <PT = topspace (pullback-topology A f T)»
assume closed: <closedin (pullback-topology A f T) S»
then have (S C PT)
using PT-def closedin-subset by blast
from closed have <openin (pullback-topology A f T) (PT — S)»
by (auto intro!: simp: closedin-def PT-def)
then obtain U where <openin T U> and S-fUA: <PT — S=f—‘UnN A
by (auto simp: openin-pullback-topology)
define C where <C =TT — U»
have «<closedin T C»
using C-def TT-def <openin T U»> by blast
moreover have <SS =f —“C N A
using S-fUA «S C PT»
apply (simp only: C-def PT-def TT-def)
by (metis Diff-Diff-Int Diff-Int-distrib2 inf.absorb-iff2 topspace-pullback-topology vimage-Diff)
ultimately show <3 C. closedin T C AN S=f—-<CnN A
by auto
next
assume 3 U. closedin T U NS =f —“UnN A
then show «<closedin (pullback-topology A f T) S»
apply (simp add: openin-pullback-topology closedin-def topspace-pullback-topology)
by blast
qed

lemma reqular-space-pullback|introl:
assumes <reqular-space T
shows <reqular-space (pullback-topology A f T)»
proof (unfold reqular-space-def, intro alll impl)
define TT PT where <TT = topspace T» and <PT = topspace (pullback-topology A f T)»
fix Sy
assume asm: <closedin (pullback-topology A f T) S Ny € PT — S»
from asm obtain C where <closedin T C» and S-fCA: <S =f —-‘CnN A
by (auto simp: closedin-pullback-topology)
from asm S-fCA
have «fy € TT — C»
by (auto simp: PT-def TT-def topspace-pullback-topology)
then obtain U’ V' where <openin T U’y and <openin T V'y and «fy € U’y and <C C V)
and <U'NnV'={}h
by (metis TT-def <closedin T C) assms reqular-space-def disjnt-def)
define U V where «U =f —“U'Nn A and«V=f—"V'NA
have <openin (pullback-topology A f T) U>»
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using U-def <openin T U’y openin-pullback-topology by blast
moreover have <openin (pullback-topology A fT) V»
using V-def <openin T Vs openin-pullback-topology by blast
moreover have <y € U»
by (metis DiffD1 Int-iff PT-def U-def <fy € U’ asm topspace-pullback-topology vimagel)
moreover have (S C V»
using S-fCA V-def «C C V' by blast
moreover have «disjnt U V>
using U-def V-def «<U’' N V' = {}> disjnt-def by blast

ultimately show <3 U V. openin (pullback-topology A f T) U A openin (pullback-topology A
fTYVAye UNSCV Adisint UV
apply (rule-tac exI[of - U], rule-tac exI[of - V1)
by auto
qed

lemma t3-space-euclidean-regular[iff]: <regular-space (euclidean :: 'a::t3-space topology)
using t3-space
apply (simp add: regular-space-def disjnt-def)
by fast

definition increasing-filter :: <'a::order filter = bool> where
— Definition suggested by [5]
<increasing-filter F «— (Vp zin F.Np yin F. y > )

lemma increasing-filtermap:
fixes F :: (‘a::order filter> and f :: <'a = 'b:order> and X :: (‘a set»
assumes increasing: <increasing-filter F»
assumes mono: <mono-on X f»
assumes ev-X: <eventually (Az. © € X) F»
shows <increasing-filter (filtermap f F)»
proof —
from increasing
have incr: WVpzin F.Ypyin F.z <
apply (simp add: increasing-filter-def)
by —
have Vpzin F.YpyinF. fz < fp
proof (rule eventually-elim2[OF ev-X incr])
fix z
assume z € X»
assume Vp yin F.z <
then show Vp yin F. fz < fop
proof (rule eventually-elim2[OF ev-X])
fix y assume <y € X» and <z < o
with «x € X» show «fz < fy»
using mono by (simp add: mono-on-def)
qed
qged
then show <increasing-filter (filtermap f F)»
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by (simp add: increasing-filter-def eventually-filtermap)
qed

lemma increasing-finite-subsets-at-top[simp): <increasing-filter (finite-subsets-at-top X)»
apply (simp add: increasing-filter-def eventually-finite-subsets-at-top)
by force

lemma monotone-convergence:
— Following [5]
fixes f :: <'b = 'a::{order-topology, conditionally-complete-linorder}»
assumes bounded: Vg zin F. fz < B)
assumes increasing: <increasing-filter (filtermap f F')»
shows 3l. (f —— ) F)
proof (cases <F # L)
case True
note [simp] = True
define S [ where <Sz«— (VpyinF. fy>z) ANz < B
and <« = Sup (Collect S)) for z
from bounded increasing
have ev-S: <eventually S (filtermap f F)»
by (auto introl: eventually-conj simp: S-def[abs-def] increasing-filter-def eventually-filtermap)
have bdd-S: <bdd-above (Collect S)»
by (auto simp: S-def)
have S-nonempty: «Collect S # {}»
using ev-S
by (metis Collect-empty-eq-bot Set.empty-def True eventually-False filtermap-bot-iff)
have ((f —— 1) F»
proof (rule order-tendstol; rename-tac x)
fix z
assume (z < [
then obtain s where «S s» and «z <
using less-cSupD[OF S-nonempty| I-def
by blast
then
show Vpyin F.z < fy
using S-def basic-trans-rules(22) eventually-mono by force
next
fix z
assume asm: <l <
from ev-S
show Vpyin F. fy <o
unfolding cventually-filtermap
apply (rule eventually-mono)
using asm
by (metis bdd-S cSup-upper dual-order.strict-trans2 I-def mem-Collect-eq)
ged
then show 3. (f —— 1)
by (auto introl: exI[of - ] simp: filterlim-def)
next
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case Fulse
then show 3. (f —— 1) I
by (auto intro!: exI)
qed

lemma monotone-convergence-complex:
fixes f :: <'b = complex>
assumes bounded: NVp xzin F. fz < B)
assumes increasing: <increasing-filter (filtermap f F)»
shows 3. (f —— 1) F»
proof —
have inc-re: <increasing-filter (filtermap (A\z. Re (f x)) F)»
using increasing-filtermap| OF increasing, where f=Re and X=UNIV]
by (simp add: less-eq-complex-def[abs-def] mono-def monotone-def filtermap-filtermap)
from bounded have <V zin F. Re (fz) < Re B»
using eventually-mono less-eq-complex-def by fastforce
from monotone-convergence| OF this inc-re]
obtain re where lim-re: «((Az. Re (fz)) —— re) F»
by auto
from bounded have Vp z in F. Im (fz) = Im B>
by (simp add: less-eq-complez-def|[abs-def] eventually-mono)
then have lim-im: <«((Ax. Im (f z)) —— Im B) F»
by (simp add: tendsto-eventually)
from lim-re lim-im have «(f —— Complex re (Im B)) F»
by (simp add: tendsto-complez-iff)
then show ?thesis
by auto
qed

lemma compact-closed-subset:
assumes (compact s»
assumes <closed t»
assumes <t C $»
shows <compact t»
by (metis assms(1) assms(2) assms(3) compact-Int-closed inf.absorb-iff2)

definition separable where <separable S <— (3 B. countable B A S C closure B)»

lemma compact-imp-separable: <separable S» if <compact S» for S :: ('a::metric-space set»
proof —
from that
obtain K where (finite (K n)> and K-cover-S: «<S C (|Jk€K n. ball k (1 / of-nat (n+1)))
for n :: nat
proof (atomize-elim, intro choice2 alll)
fix n
have «S C (Uk€UNIV. ball k (1 / of-nat (n+1)))
apply (auto intro!: simp: )
by (smt (verit, del-insts) dist-eq-0-iff linordered-field-class.divide-pos-pos of-nat-less-0-iff)
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then show 3 K. finite K NS C (JkeK. ball k (1 / real (n + 1)))
apply (simp add: compact-eq-Heine-Borel)
by (meson Elementary-Metric-Spaces.open-ball compactE-image <compact S»)
qged
define B where <B = (|Jn. K n)»
have <countable B>
using B-def «finite (K -)» uncountable-infinite by blast
have S C closure B»
proof (intro subsetl closure-approachable]l THEN iffD2, rule-format])
fix z assume <z € S»
fix e :: real assume e > 0
define n :: nat where <n = nat (ceiling (1/e))»
with <e > 0» have ne: <1 / real (n+1) < e
proof —
have <1 / real (n+1) < 1 / ceiling (1/e)»
by (simp add: <0 < e linordered-field-class.frac-le n-def)
also have «... < 1/ (1/e)
by (smt (verit, del-insts) <0 < e» le-of-int-ceiling linordered-field-class.divide-pos-pos
linordered-field-class.frac-le)

also have <... = e
by simp
finally show ?thesis
by —
qged

have «S C (Uk€eK n. ball k (1 / of-nat (n+1)))
using K-cover-S by presburger
then obtain k& where <k € K ny and a-ball: <z € ball k (1 / of-nat (n+1))
using «x € S» by auto
from <k € K n» have <k € B»
using B-def by blast
moreover from z-ball have «dist k v < e
by (smt (verit) ne mem-ball)
ultimately show «3keB. dist kz < e
by fast
qged
show <separable S»
using S C closure By <countable B> separable-def by blast
qed

lemma infsum-single:
assumes \j. j# i = jed = fj=0
shows infsum f A = (if i€A then f i else 0)
apply (subst infsum-cong-neutral[where T=«A N {i}> and g=f])
using assms by auto

lemma suminf-eql:
fixes z :: «-::{comm-monoid-add,t2-space}>
assumes <f sums x»
shows <suminf f = x>
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using assms
by (auto intro!: simp: sums-iff)

lemma suminf-If-finite-set:
fixes [ :: <- = -::{comm-monoid-add,t2-space}>
assumes (finite F»

shows (> z€F. fz) = (O . if x€F then f x else 0)
by (auto intro!: suminf-eqI[symmetric] sums-If-finite-set simp: assms)

lemma tendsto-le-complex:
fixes = y :: complex
assumes F: - trivial-limit F
and z: (f —— 2) F
and y: (¢ —— y) F
and ev: eventually (Az. gz < fz) F
shows y < z
proof (rule less-eq-complexl)
note F
moreover have «((Az. Re (f z)) —— Re z) F)
by (simp add: assms tendsto-Re)
moreover have «((A\z. Re (9 )) —— Re y) "
by (simp add: assms tendsto-Re)
moreover from ev have eventually (Az. Re (g z) < Re (fz)) F
apply (rule eventually-mono)
by (simp add: less-eq-complex-def)
ultimately show <Re y < Re z»
by (rule tendsto-le)
next
note F'
moreover have «((A\z. Im (g z)) —— Im y) F»
by (simp add: assms tendsto-Im)
moreover
have «((Az. Im (g ©)) —— Im z) F»
proof —
have «(Az. Im (f z)) —— Im z) F»
by (simp add: assms tendsto-Im)
moreover from ev have Vg z in F. Im (fz) = Im (g z)
apply (rule eventually-mono)
by (simp add: less-eq-complex-def)
ultimately show ?thesis
by (rule Lim-transform-eventually)
qed
ultimately show «Im y = Im o
by (rule tendsto-unique)
qed

lemma bdd-above-mono2:
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assumes <bdd-above (g ‘ B)»

assumes <A C By

assumes (A\z. 2 € A = fz < gm

shows <bdd-above (f < A)»

by (smt (verit, del-insts) Set.basic-monos(7) assms(1) assms(2) assms(3) basic-trans-rules(23)
bdd-above.I2 bdd-above.unfold imagel)

lemma infsum-product:
fixes f :: <a = 'c :: {topological-semigroup-mult,division-ring,banach}>
assumes ((A(z, y). fz * g y) summable-on X x Y
shows (3" wz€X. fz) * O oyeY. gy) = O co(my)eXXY. fa x gy)
using assms
by (simp add: infsum-cmult-right’ infsum-cmult-left’ flip: infsum-Sigma’-banach)

lemma infsum-product’:

fixes f :: <a = ’c :: {banach,times,real-normed-algebra}y and g :: <'b = ‘o

assumes (f abs-summable-on X»

assumes (g abs-summable-on Y

shows (3 oz€X. f1) x (O ov€Y. 9y) = O o(z,y)€XXY. fa x g y)

using assms

by (simp add: abs-summable-times infsum-cmult-right infsum-cmult-left abs-summable-summable
flip: infsum-Sigma’-banach)

lemma infsum-bounded-linear-invertible:
assumes <bounded-linear h»
assumes (bounded-linear h’
assumes h' o h = id>
shows <infsum (Az. h (f x)) A = h (infsum f A)»
proof (cases «f summable-on A»)
case True
then show ?thesis
using assms(1) infsum-bounded-linear by blast
next
case Fulse
have «— (Az. h (f z)) summable-on A»
proof (rule ccontr)
assume = — (Az. h (f z)) summable-on A»
with <bounded-linear h'y have (h’' o h o f summable-on A»
by (auto intro: summable-on-bounded-linear simp: o-def)
then have «f summable-on A»
by (simp add: assms(3))
with Fulse show Fulse
by blast
qed
then show ?%thesis
by (simp add: False assms(1) infsum-not-exists linear-simps(3))
qed
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lemma summable-on-bdd-above-real: <bdd-above (f * M)y if «<f summable-on M» for f :: ('a =
real)
proof —
from that have «f abs-summable-on M)
unfolding summable-on-iff-abs-summable-on-real symmetric]
by —
then have <bdd-above (sum (Az. norm (fz)) ‘{F. F C M A finite F'})»
unfolding abs-summable-iff-bdd-above by simp
then have <bdd-above (sum (Az. norm (f z)) < (A\z. {z}) * M)
by (rule bdd-above-mono) auto
then have <bdd-above ((Az. norm (fz)) * M)»
by (simp add: image-image)
then show ?thesis
by (simp add: bdd-above-mono2)
qed

end

2 Strong-Operator-Topology — Strong operator topology on
complex bounded operators

theory Strong-Operator-Topology
imports
Complez-Bounded-Operators. Complex- Bounded-Linear- Function
Misc-Tensor-Product
begin

unbundle cblinfun-syntax

typedef (overloaded) ('a,’d) cblinfun-sot = <UNIV :: ('a::complex-normed-vector =1, 'b::complez-normed-vector)
sety ..
setup-lifting type-definition-cblinfun-sot

instantiation cblinfun-sot :: (complez-normed-vector, complex-normed-vector) complez-vector

begin

lift-definition scaleC-cblinfun-sot :: <complex = ('a, 'b) cblinfun-sot = ('a, 'b) cblinfun-sot»
is ¢scaleC) .

lift-definition uminus-cblinfun-sot :: «(’a, 'b) cblinfun-sot = ('a, 'b) cblinfun-sot> is uminus .

lift-definition zero-cblinfun-sot :: <('a, 'b) cblinfun-sot> is 0 .

lift-definition minus-cblinfun-sot :: <('a, 'b) cblinfun-sot = ('a, 'b) cblinfun-sot = (‘a, 'b)

cblinfun-soty is minus .

lift-definition plus-cblinfun-sot :: «('a, 'b) cblinfun-sot = ('a, 'b) cblinfun-sot = (‘a, 'b) cblin-

fun-soty is plus .
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lift-definition scaleR-cblinfun-sot :: «real = (‘a, 'b) cblinfun-sot = ('a, 'b) cblinfun-sot> is
scaleR .
instance
apply (intro-classes; transfer)
by (auto simp add: scaleR-scaleC scaleC-add-right scaleC-add-left)
end

instantiation cblinfun-sot :: (complex-normed-vector, complez-normed-vector) topological-space
begin
lift-definition open-cblinfun-sot :: «(’a, 'b) cblinfun-sot set = bool is <openin cstrong-operator-topology>

instance
proof intro-classes
show <open (UNIV :: ('a,’d) cblinfun-sot set)»
apply transfer
by (metis cstrong-operator-topology-topspace openin-topspace)
show <open S = open T = open (SN T) for S T :: <(a,’b) cblinfun-sot set
apply transfer by auto
show «VS€K. open S = open (|J K)» for K :: «(’a,’b) cblinfun-sot set set»
apply transfer by auto
qed
end

lemma transfer-nhds-cstrong-operator-topology|transfer-rule:

includes lifting-syntax

shows <(cr-cblinfun-sot ===> rel-filter cr-cblinfun-sot) (nhdsin cstrong-operator-topology)
nhds»

unfolding nhds-def nhdsin-def

apply (simp add: cstrong-operator-topology-topspace)

by transfer-prover

lemma filterlim-cstrong-operator-topology: <filterlim f (nhdsin cstrong-operator-topology 1) =
limitin cstrong-operator-topology f I»
by (auto simp: cstrong-operator-topology-topspace simp flip: filterlim-nhdsin-iff-limitin)

lemma hausdorff-sot[simp): «Hausdorff-space cstrong-operator-topology>
proof (rule hausdorffI)
fixab: a=cp '»
assume <a # b
then obtain ¢y where (a xy ¥ # b *y ¢
by (meson cblinfun-eql)
then obtain U’ V'’ where <open U’ <open V'» <a xy ¥ € U <b*xy v € VH«U'NV'=
{
by (meson hausdorff)
define U V where «U = {f. Vic{()}. f*v v € U'hr and <V = {f. Vic{()}. f v p € V')
have 1: <openin cstrong-operator-topology U»
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unfolding U-def apply (rule cstrong-operator-topology-basis)
using <open U’ by auto
have 2: <openin cstrong-operator-topology V>
unfolding V-def apply (rule cstrong-operator-topology-basis)
using <open V') by auto
show <3 U V. openin cstrong-operator-topology U A openin cstrong-operator-topology V A a
ceUANbDeVAUNTV={p
by (rule exI[of - U], rule exI[of - V])
(use 1 2 caxy ¢ € Uh by o € VH «U' N V' ={} in <auto simp: U-def V-def»)
qed

instance cblinfun-sot :: (complez-normed-vector, complex-normed-vector) t2-space
proof intro-classes
fix a b :: «('a,’d) cblinfun-sot»
show <a # b= 3U V. open U ANopen VANac UNbe VAUNTV ={h
apply transfer using hausdorff-sot
by (metis UNIV-I cstrong-operator-topology-topspace Hausdorff-space-def disjnt-def)
qed

lemma Domainp-cr-cblinfun-sot[simp]: <Domainp cr-cblinfun-sot = (A-. True)»
by (metis (no-types, opaque-lifting) DomainPI cblinfun-sot.left-total left-totalFE)

lemma Rangep-cr-cblinfun-sot[simpl: «Rangep cr-cblinfun-sot = (A-. True)»
by (meson RangePI cr-cblinfun-sot-def)

lemma Rangep-set|relator-domain]: Rangep (rel-set T) = (MA. Ball A (Rangep T))
by (metis (no-types, opaque-lifting) Domainp-conversep Domainp-set rel-set-conversep)

lemma transfer-euclidean-cstrong-operator-topology|transfer-rule]:
includes lifting-syntax
shows «(rel-topology cr-cblinfun-sot) cstrong-operator-topology euclidean)
proof (unfold rel-topology-def, intro conjl alll impI)
show «((rel-set cr-cblinfun-sot ===> (=)) (openin cstrong-operator-topology) (openin eu-
clidean)»
unfolding rel-fun-def rel-set-def open-openin [symmetric] cr-cblinfun-sot-def
by (transfer, intro alll impI arg-cong|of - - openin x for xz]) blast
next
fix U : «('a =cp 'b) set
assume <openin cstrong-operator-topology U)»
show «Domainp (rel-set cr-cblinfun-sot) U
by (simp add: Domainp-set)
next
fix U :: «('a, 'b) cblinfun-sot set»
assume <openin euclidean U»
show <Rangep (rel-set cr-cblinfun-sot) U»
by (simp add: Rangep-set)
qed
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lemma openin-cstrong-operator-topology: <openin cstrong-operator-topology U <— (3 V. open
VAU=(xv)—V)
by (simp add: cstrong-operator-topology-def openin-pullback-topology)

lemma cstrong-operator-topology-plus-cont: «<LIM (z,y) nhdsin cstrong-operator-topology a X g
nhdsin cstrong-operator-topology b.
x + y > nhdsin cstrong-operator-topology (a + b))
unfolding cstrong-operator-topology-def
by (rule pullback-topology-bi-cont[where f'=plus])
(auto simp: case-prod-unfold tendsto-add-Pair cblinfun.add-left)

instance cblinfun-sot :: (complex-normed-vector, complex-normed-vector) topological-group-add
proof intro-classes
show «(Az. fst x + snd ©) —— a + b) (nhds a Xg nhds b)) for a b :: <("a,’b) cblinfun-sot»
apply transfer
using cstrong-operator-topology-plus-cont
by (auto simp: case-prod-unfold)

have *: (continuous-map cstrong-operator-topology cstrong-operator-topology umsinus»
apply (subst continuous-on-cstrong-operator-topo-iff-coordinatewise)
apply (rewrite at «(Ay. — y xy z)» in V. 10 to <(A\y. y *y — z)» DEADID.rel-mono-strong)
by (auto simp: cstrong-operator-topology-continuous-evaluation cblinfun.minus-left cblin-
fun.minus-right)
show «(uminus —— — a) (nhds a)» for a :: <('a,’d) cblinfun-sot»
apply (subst tendsto-at-iff-tendsto-nhds[symmetric])
apply (subst isCont-def[symmetric])
apply (rule continuous-on-interior[where S=UNIV])
apply (subst continuous-map-iff-continuous2|[symmetric])
apply transfer
using * by auto
qed

lemma continuous-map-left-comp-sot[continuous-intros|:
fixes b :: <'b::complex-normed-vector = ¢ 'c::complex-normed-vector)
and f :: <a = 'd::complez-normed-vector =c b
assumes <continuous-map T cstrong-operator-topology f>
shows <continuous-map T cstrong-operator-topology (Az. b ocy, f )
proof —
have *: <open B = open ((xv) b —° B)» for B
by (simp add: continuous-open-vimage)
have *x: <((Aa. b xy a ) —* BN UNIV) = (Pig UNIV (\i. if i=t¢ then (Aa. b xy a) —° B
else UNIV))»
for ¢ :: 'd and B
by (auto simp: PiE-def Pi-def)
have *: <continuous-on UNIV (A(a::'d = 'b). b xy (a ¢)) for ¢
unfolding continuous-on-open-vimage| OF open-UNIV]
apply (intro alll impI)
apply (subst xx)
apply (rule open-PiFE)
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using * by auto
have x: <continuous-on UNIV (A(a:'d = 'b) . b xy a Y)
apply (rule continuous-on-coordinatewise-then-product)
by (rule x)
have <continuous-map cstrong-operator-topology cstrong-operator-topology
Az = 'd =cp 'b. bocr x)
unfolding cstrong-operator-topology-def
apply (rule continuous-map-pullback’)
subgoal
apply (subst asm-ri[of «(xv) o (ocr) b= (Aaz. b*y (az)) o (xy)])
subgoal by force
subgoal by (rule continuous-map-pullback) (use * in auto)
done
subgoal using * by auto
done
from continuous-map-compose[OF assms this, unfolded o-def)
show ?thesis
by —
qed

lemma continuous-cstrong-operator-topology-plus|continuous-intros|:
assumes (continuous-map T cstrong-operator-topology f>
assumes <continuous-map T cstrong-operator-topology g»
shows <continuous-map T cstrong-operator-topology (Az. fx + g z)»
using assms
by (auto intro!: continuous-map-add
stmp: continuous-on-cstrong-operator-topo-iff-coordinatewise cblinfun.add-left)

lemma continuous-cstrong-operator-topology-uminus|continuous-intros|:
assumes <continuous-map T cstrong-operator-topology f>
shows <continuous-map T cstrong-operator-topology (Az. — f x)»
using assms
by (auto simp add: continuous-on-cstrong-operator-topo-iff-coordinatewise cblinfun.minus-left)

lemma continuous-cstrong-operator-topology-minus|continuous-intros|:
assumes <continuous-map T cstrong-operator-topology f>
assumes <continuous-map T cstrong-operator-topology g»
shows <continuous-map T cstrong-operator-topology (A\z. fx — g x)»
apply (subst diff-conv-add-uminus)
by (intro continuous-intros assms)

lemma continuous-map-right-comp-sot|continuous-intros):
assumes <continuous-map T cstrong-operator-topology f>
shows <continuous-map T cstrong-operator-topology (Az. f x oo, a)
apply (rule continuous-map-compose[OF assms, unfolded o-def])
by (simp add: continuous-on-cstrong-operator-topo-iff-coordinatewise cstrong-operator-topology-continuous-evaluatio

99



lemma continuous-map-scale C-sot[continuous-intros|:
assumes <continuous-map T cstrong-operator-topology f>
shows <continuous-map T cstrong-operator-topology (Az. ¢ ¢ f )
apply (subst asm-rl[of <scaleC ¢ = (ocr) (¢ *¢ id-cblinfun)])
apply auto[!]
using assms by (rule continuous-map-left-comp-sot)

lemma continuous-scaleC-sot[continuous-intros|:
fixes [ :: /a::topological-space = (-,-) cblinfun-sot»
assumes <continuous-on X f»
shows <continuous-on X (Az. ¢ *¢ fz)
apply (rule continuous-on-compose[OF assms, unfolded o-def])
apply (rule continuous-on-subset[rotated, where s=UNIV], simp)
apply (subst continuous-map-iff-continuous2|[symmetric|)
apply transfer
apply (rule continuous-map-scaleC-sot)
by simp

lemma sot-closure-is-csubspace[simp]:
fixes A::('a::complex-normed-vector, 'b::complex-normed-vector) cblinfun-sot set
assumes (csubspace A»
shows <csubspace (closure A)»
proof (rule complez-vector.subspacel)
include lattice-syntax
show 0: <0 € closure A»
by (simp add: assms closure-def complex-vector.subspace-0)
show <z + y € closure A» if «x € closure Ay <y € closure A for z y
proof —
define FF where «FF = ((nhds x 1 principal A) Xp (nhds y N principal A))»
have nt: «<FF # bot)
by (simp add: prod-filter-eq-bot that(1) that(2) FF-def flip: closure-nhds-principal)
have Vg z in FF. fst x € A»
unfolding FF-def
by (smt (verit, ccfv-SIG) eventually-prod-filter fst-conv inf-sup-ord(2) le-principal)
moreover have Vg z in FF. snd x € A
unfolding FF-def
by (smt (verit, ccfo-SIG) eventually-prod-filter snd-conv inf-sup-ord(2) le-principal)
ultimately have FF-plus: <Y p x in FF. fst x + snd z € A>
by (smt (verit, best) assms complez-vector.subspace-add eventually-elim2)

have «((fst —— z) ((nhds x T principal A) x g (nhds y M principal A))>
apply (simp add: filterlim-def)
using filtermap-fst-prod-filter
using le-inf-iff by blast
moreover have «(snd —— y) ((nhds z M principal A) xp (nhds y M principal A))»
apply (simp add: filterlim-def)
using filtermap-snd-prod-filter
using le-inf-iff by blast
ultimately have ((id —— (z,y)) FF»
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by (simp add: filterlim-def nhds-prod prod-filter-mono FF-def)

moreover note tendsto-add-Pair[of = y]
ultimately have ((((Az. fst z + snd z) 0 id) —— (A\z. fst z + snd z) (z,y)) FF»
unfolding filterlim-def nhds-prod
by (smt (verit, best) filterlim-compose filterlim-def filterlim-filtermap fst-conv snd-conv
tendsto-compose-filtermap)

then have «((Az. fst ¢ + snd ©) —— (2x+y)) FF»
by simp
then show «x + y € closure A»
using nt FF-plus by (rule limit-in-closure)
qed
show (¢ x¢ z € closure Ay if <x € closure Ay for z ¢
proof (cases ¢ = 0)
case Fulse
have (x¢) ¢ * A C closure A
using csubspace-scaleC-invariant[of ¢ A] assms False closure-subset[of A] by auto
hence (x¢) ¢ ‘ closure A C closure A
by (intro image-closure-subset) (auto introl: continuous-intros)
thus ?thesis
using that by blast
qged (use 0 in auto)
qed

lemma limitin-cstrong-operator-topology:
<limitin cstrong-operator-topology f 1 F «— (Vi. (Mj. fj *v i) —— L xy @) F)
by (simp add: cstrong-operator-topology-def limitin-pullback-topology
tendsto-coordinatewise)

lemma cstrong-operator-topology-in-closurel:
assumes (A\M . € > 0 = finite M = JacA. VveM. norm ((b—a) v v) < &
shows (b € cstrong-operator-topology closure-of A»
proof —
define F :: <('a set x real) filtery where «F = finite-subsets-at-top UNIV Xp at-right 0»
obtain f where fA: <f M ¢ € Ay and f: «v € M = norm ((f M € — b) xy v) < & if (finite
M) and <« > 0 for M ¢ v
apply atomize-elim
apply (intro alll choice2)
using assms
by (metis cblinfun.diff-left norm-minus-commute)
have F-props: Vg (M) in F. finite M N e > 0»
by (auto intro!: eventually-prodl simp: F-def case-prod-unfold eventually-at-right-less)
then have ind: «Vp (Me) in F. fM e € A
apply (rule eventually-rev-mp)
using fA by (auto intro!: always-eventually)
have <limitin cstrong-operator-topology (case-prod f) b F»
proof —
have Vp (M) in F. norm (f M ¢ xy v — b *y v) < e if <e > 0» for e v
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proof —
have 1: Vp (M) in F. (finite M ANve M)A (e >0 ANe<e)
apply (unfold F-def case-prod-unfold, rule eventually-prodI)
using eventually-at-right that
by (auto simp add: eventually-finite-subsets-at-top)
have 2: <norm (f M € sy v — b xy v) < e if <((finite M Nve M)A (e>0ANe < e)p
for M ¢
by (smt (verit) cblinfun.diff-left f that)
show ?thesis
using ! apply (rule eventually-mono)
using 2 by auto
qed
then have «((A(M). f M € xy v) —— b xy v) F) for v
by (simp add: tendsto-iff dist-norm case-prod-unfold)
then show ?thesis
by (simp add: case-prod-unfold limitin-cstrong-operator-topology)
qed
then show ?thesis
apply (rule limitin-closure-of)
using inA by (auto simp: F-def case-prod-unfold prod-filter-eg-bot)
qed

lemma sot-weaker-than-norm-limitin: <limitin cstrong-operator-topology a A F» if «(a —— A)
F
proof —
from that have «((Az. a © %y ¢) —— A ) F) for ¢
by (auto intro!: cblinfun.tendsto)
then show ?thesis
by (simp add: limitin-cstrong-operator-topology)
qed

lemma [transfer-rule]:
includes lifting-syntax
shows «(rel-set cr-cblinfun-sot ===> (=)) csubspace csubspace)
unfolding complex-vector.subspace-def
by transfer-prover

lemma [transfer-rule]:
includes lifting-syntax
shows «((rel-set cr-cblinfun-sot ===> (=)) (closedin cstrong-operator-topology) closed>
apply (simp add: closed-def[abs-def] closedin-def[abs-def] cstrong-operator-topology-topspace
Compl-eq-Diff-UNIV')
by transfer-prover

lemma [transfer-rulel:
includes lifting-syntax
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shows «((rel-set cr-cblinfun-sot ===> rel-set cr-cblinfun-sot) (Abstract-Topology.closure-of
cstrong-operator-topology) closure)

apply (subst closure-of-hull[where X=-cstrong-operator-topology, unfolded cstrong-operator-topology-topspace,
simplified, abs-def])

apply (subst closure-hull[abs-def])

unfolding hull-def

by transfer-prover

lemma sot-closure-is-csubspace’[simp]:
fixes A::('a::complex-normed-vector =¢ 1 'b::complex-normed-vector) set
assumes (csubspace A»
shows <csubspace (cstrong-operator-topology closure-of A))
using sot-closure-is-csubspace[of <Abs-cblinfun-sot © A>] assms
apply (transfer fixing: A)
by simp

lemma has-sum-closed-cstrong-operator-topology:
assumes aA: <\i. a i € A
assumes closed: <closedin cstrong-operator-topology A»
assumes subspace: <csubspace A»
assumes has-sum: (A\. (Mi. a i xy ) has-sum (b xy ) I»
shows b € A»
proof —
have 1: <range (sum a) C A»
proof —
have <sum a X € Ay for X
apply (induction X rule:infinite-finite-induct)
by (auto simp add: subspace complex-vector.subspace-0 aA complez-vector.subspace-add)
then show ?thesis
by auto
qged

from has-sum

have ((AF. Y i€F. a i xy ) —— b xy ) (finite-subsets-at-top I)» for
using has-sum-def by blast

then have <limitin cstrong-operator-topology (AF. Y i€F. a i) b (finite-subsets-at-top I)»
by (auto simp add: limitin-cstrong-operator-topology cblinfun.sum-left)

then show b € A»
using 1 closed apply (rule limitin-closedin)
by simp

qed

lemma has-sum-in-cstrong-operator-topology:
<has-sum-in cstrong-operator-topology f A 1 +— (V4. (Mi. fi xy ) has-sum (I xy ¢)) A
by (simp add: cblinfun.sum-left has-sum-in-def limitin-cstrong-operator-topology has-sum-def)

lemma summable-sot-absl:
fixes b :: <a = 'b::complex-normed-vector = ¢ 'c::chilbert-space;
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assumes (A\F f. finite F = (> neF. norm (b n xy f)) < K x norm f»
shows <summable-on-in cstrong-operator-topology b UNIV»
proof —
obtain B’ where B": <((An. b n xy f) has-sum (B’ f)) UNIV) for f
proof (atomize-elim, intro choice alll)
fix f
have «(An. b n xy f) abs-summable-on UNIV)
apply (rule nonneg-bdd-above-summable-on)
using assms by (auto intro!: bdd-abovel[where M=K x norm f»])
then show <31. (An. b n xy f) has-sum 1) UNIV»
by (metis abs-summable-summable summable-on-def)
qed
have <bounded-clinear B's
proof (intro bounded-clinearl alll)
fix zy:: 'band c :: complex
from B’[of ] B'[of y]
have «((An. b n xy z 4+ b n *xy y) has-sum B’z + B’ y) UNIV>»
by (simp add: has-sum-add)
with B'lof <z + y]
show «B’ (z + y) = B’z + B'
by (metis (no-types, lifting) cblinfun.add-right has-sum-cong infsuml)
from B'[of z]
have «((An. ¢ x¢ (b n *y x)) has-sum ¢ ¢ B’ ) UNIV)
by (metis cblinfun-scaleC-right.rep-eq has-sum-cblinfun-apply)
with B'lof ¢ ¢ ]
show (B’ (¢ x¢ z) = ¢ x¢ B’ ©»
by (metis (no-types, lifting) cblinfun.scaleC-right has-sum-cong infsuml)
show «norm (B’ ) < norm = * K>
proof —
have x: <(An. b n *y ) abs-summable-on UNIV)
apply (rule nonneg-bdd-above-summable-on)
using assms by (auto introl: bdd-abovel[where M=K * norm z)])
have «norm (B’ z) < (3] oon. norm (b n xy )
using - B'[of z] apply (rule norm-has-sum-bound)
using *x summable-iff-has-sum-infsum by blast
also have (>~ oon. norm (b n xy x)) < K * norm
using * apply (rule infsum-le-finite-sums)
using assms by simp
finally show ?thesis
by (simp add: mult.commute)
qed
qged
define B where <B = CBlinfun B"
with <bounded-clinear B> have BB": «<B xy f = B’ [ for f
by (simp add: bounded-clinear-CBlinfun-apply)
have <has-sum-in cstrong-operator-topology b UNIV B>
using B’ by (simp add: has-sum-in-cstrong-operator-topology BB')
then show ?thesis
using summable-on-in-def by blast
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qed
declare cstrong-operator-topology-topspace[simp

lift-definition cblinfun-compose-sot :: «('a::complez-normed-vector,’b:: complex-normed-vector)
cblinfun-sot = (’'c::complex-normed-vector,’a) cblinfun-sot = ('c,’d) cblinfun-sot»
is cblinfun-compose .

lemma isCont-cblinfun-compose-sot-right[simp: <isCont (AF. cblinfun-compose-sot F G) x»
apply (rule continuous-on-interior[where S=UNIV, rotated], simp)
apply (rule continuous-map-iff-continuous2[ THEN iffD1])
apply transfer
by (simp add: continuous-map-right-comp-sot)

lemma isCont-cblinfun-compose-sot-left[simp]: <isCont (AF'. cblinfun-compose-sot G F) x>
apply (rule continuous-on-interior[where S=UNIV, rotated|, simp)
apply (rule continuous-map-iff-continuous2| THEN iffD1])
apply transfer
by (simp add: continuous-map-left-comp-sot)

lemma additive-cblinfun-compose-sot-right[simp|: <additive (AF. cblinfun-compose-sot F G)»
unfolding additive-def
apply transfer
by (simp add: cblinfun-compose-add-left)

lemma additive-cblinfun-compose-sot-left[simp|: <additive (AF. cblinfun-compose-sot G F)»
unfolding additive-def
apply transfer
by (simp add: cblinfun-compose-add-right)

lemma transfer-infsum-sot[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique R»

shows (((R ===> cr-cblinfun-sot) ===> rel-set R ===> cr-cblinfun-sot) (infsum-in cstrong-operator-topology)
infsum>

apply (simp add: infsum-euclidean-eq[abs-def, symmetric])

by transfer-prover

lemma transfer-summable-on-sot[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique R»

shows (((R ===> cr-cblinfun-sot) ===> rel-set R ===> (+—)) (summable-on-in cstrong-operator-topology)
(summable-on))

apply (simp add: summable-on-euclidean-eq|abs-def, symmetric])

by transfer-prover

lemma sandwich-sot-cont|[continuous-intros|:
assumes (continuous-map T cstrong-operator-topology f>
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shows <continuous-map T cstrong-operator-topology (Az. sandwich A (f x))»
apply (simp add: sandwich-apply)
by (intro continuous-intros assms)

lemma closed-map-sot-unitary-sandwich:
fixes U :: <a::chilbert-space = ¢ 'b::chilbert-space)
assumes <unitary U)»
shows <closed-map cstrong-operator-topology cstrong-operator-topology (Az. sandwich U x)»
apply (rule closed-eq-continuous-inverse-map|where g=<sandwich (Ux)y, THEN iffD2])
using assms
by (auto intro!: continuous-intros
stmp flip: sandwich-compose cblinfun-apply-cblinfun-compose)

unbundle no cblinfun-syntax

end

3 Positive-Operators — Positive bounded operators

theory Positive-Operators
imports
Ordinary-Differential- Equations. Cones
Complez-Bounded-Operators. Complex-L2

Strong-Operator-Topology
begin

no-notation Infinite-Set-Sum.abs-summable-on (infix abs’-summable’-on 50)
hide-const (open) Infinite-Set-Sum.abs-summable-on
hide-fact (open) Infinite-Set-Sum.abs-summable-on-Sigma-iff

unbundle cblinfun-syntax

lemma cinner-pos-if-pos: <f -c (A xy f) > 0> if <A > 0>
using less-eq-cblinfun-def that by force

definition sqrt-op :: <('a::chilbert-space =cr ‘a) = (‘a =¢ 1 'a)> where
sqrt-op a = (if (3b::'a=cp 'a. b> 0 A bx ocp, b= a) then (SOME b. b > 0 A bx ocp, b
= a) else 0))

lemma sgrt-op-nonpos: <sqrt-op a = 0> if <= a > 0>
proof —
have <= (3b. b > 0 A bx ocr, b= a)
using positive-cblinfun-squarel that by blast
then show ?thesis
by (auto simp add: sqrt-op-def)
qed
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lemma generalized-Cauchy-Schwarz:
fixes inner A
assumes Apos: <A > 0>
defines inner z y = z .¢ (4 *xv y)
shows (complex-of-real ((norm (inner z y))?) < inner z x * inner y y»
proof (cases <inner y y = 0»)
case True
have [simp]: <inner (s xc x) y = cnj s % inner z y» for s z y
by (simp add: assms(2))
have [simp]: <inner x (s xc y) = s * inner z y» for sz y
by (simp add: assms(2) cblinfun.scaleC-right)
have [simp]: <inner (z — z') y = inner x y — inner ' y» for z 2’ y
by (simp add: cinner-diff-left inner-def)
have [simp]: <inner z (y — y') = inner x y — inner z y’» for z y y’
by (simp add: cblinfun.diff-right cinner-diff-right inner-def)
have Re0: «Re (inner z y) = 0> for z
proof —
have «: <Re (inner x y) = (inner x y + inner y z) / 2>
by (smt (verit, del-insts) assms(1) assms(2) cinner-adj-left cinner-commute complez- Re-numeral
complez-add-cnj field-sum-of-halves numeral-One numeral-plus-numeral of-real-divide of-real-numeral
one-complex.simps(1) selfadjoint-def positive-selfadjoint] semiring-norm(2))
have «0 < Re (inner (x — s *¢ y) (z — s *¢ y))» for s
by (metis Re-mono assms(1) assms(2) cinner-pos-if-pos zero-complex.simps(1))
also have «... s = Re (inner z ) — s x 2 * Re (inner z y) for s
apply (auto simp: True)
by (smt (verit, ccfo-threshold) Re-complex-of-real assms(1) assms(2) cinner-adj-right
cinner-commute complez-add-cnj diff-minus-eq-add minus-complez.simps(1) positive-selfadjoint]
selfadjoint-def uminus-complex.sel(1))
finally show <Re (inner x y) = 0
by (metis add-le-same-cancell ge-iff-diff-ge-0 nonzero-eq-divide-eq not-numeral-le-zero
zero-neq-numeral)

qed

have <Im (inner z y) = Re (inner (imaginary-unit *xc ) y)»
by simp

also have ... = O»

by (rule Re0)
finally have <inner x y = 0»
using Re0]of z]
using complez-eq-iff zero-complex.simps(1) zero-complex.simps(2) by presburger
then show ?thesis
by (auto simp: True)
next
case Fulse
have inner-commute: <inner  y = cnj (inner y )»
by (metis Apos cinner-adj-left cinner-commute’ inner-def positive-selfadjointl selfadjoint-def)
have [simp]: c¢nj (inner y y) = inner y y for y
by (metis assms(1) cinner-adj-right cinner-commute’ inner-def positive-selfadjointl selfad-
joint-def)
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define r where r = cnj (inner z y) / inner y y
have 0 < inner (z — scaleC ry) (z — scaleC r y)
by (simp add: Apos inner-def cinner-pos-if-pos)
also have ... = innerzax — rxinnerzy — cnj r x inner y x + r * cnj r * inner y y
unfolding cinner-diff-left cinner-diff-right cinner-scaleC-left cinner-scaleC-right inner-def
by (smt (verit, ccfo-threshold) cblinfun.diff-right cblinfun.scale C-right cblinfun-cinner-right.rep-eq
cinner-scaleC-left cinner-scaleC-right diff-add-eq diff-diff-eq2 mult.assoc)

also have ... = inner x x — inner y x x cnj r
unfolding r-def by auto
also have ... = inner z x — inner x y * cnj (inner x y) / inner y y

unfolding r-def
by (metis assms(1) assms(2) cinner-adj-right cinner-commaute complez-cnj-divide mult. commute
positive-selfadjoint] times-divide-eq-left selfadjoint-def)
finally have 0 < inner x x — inner x y * cnj (inner z y) / inner y y .
hence inner z y x cnj (inner z y) / inner y y < inner z x
by (simp add: le-diff-eq)
hence ((norm (inner x y)) ~ 2 / inner y y < inner «
using complex-norm-square by presburger
then show ?%thesis
by (metis False assms(1) assms(2) cinner-pos-if-pos mult-right-mono nonzero-eq-divide-eq)
qed

lemma sandwich-poslintro]: <sandwich b a > 0> if <a > 0»
by (metis (no-types, opaque-lifting) positive-cblinfunl cblinfun-apply-cblinfun-compose cin-
ner-adj-left cinner-pos-if-pos sandwich-apply that)

lemma cblinfun-power-pos: <cblinfun-power a n > 0> if <a > 0>
proof (cases <even ny)
case True
have (0 < (cblinfun-power a (n div 2))* ocyr, (cblinfun-power a (n div 2))»
using positive-cblinfun-squarel by blast
also have «... = cblinfun-power a (n div 2 + n div 2)»
by (metis cblinfun-power-adj cblinfun-power-compose positive-selfadjointl that selfadjoint-def)
also from True have «<... = cblinfun-power a n»
by (metis add-self-div-2 div-plus-div-distrib-dvd-right)
finally show ?thesis
by —
next
case Fulse
have (0 < sandwich (cblinfun-power a (n div 2)) @
using <a > 0) by (rule sandwich-pos)
also have «... = cblinfun-power a (n div 2 + 1 + n div 2)»
unfolding sandwich-apply
by (metis (no-types, lifting) One-nat-def cblinfun-compose-id-right cblinfun-power-0 cblin-
fun-power-Suc’ cblinfun-power-adj cblinfun-power-compose positive-selfadjointl that selfadjoint-def)
also from False have «... = cblinfun-power a n»
by (smt (verit, del-insts) Suc-1 add.commute add.left-commute add-mult-distrib2 add-self-div-2
nat.simps(3) nonzero-mult-div-cancel-left odd-two-times-div-two-succ)
finally show ?thesis
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by —
qed

lemma sqrt-op-existence:
fixes A :: ('a::chilbert-space =c1, 'a::chilbert-space»
assumes Apos: <A > 0»
ShOWS(HB.BZOABOCLB:A/\(VF.AOCLF:FOCLA*)BOCLF:FOCLB)
A B € closure (cspan (range (cblinfun-power A)))»

proof —
define k£ S where <k = norm A> and «S = A /g k — id-cblinfun>
have S < 0»

proof (rule cblinfun-lel)
fix = :: 'a assume [simp]: <norm z = 1)
with assms have auxl: <complez-of-real (inverse (norm A)) x (z ¢ (A *y z)) < I»
by (smt (verit, del-insts) Reals-cnj-iff cinner-adj-left cinner-commute cinner-scaleR-left cin-
ner-scaleR-right cmod-Re complez-inner-class. Cauchy-Schwarz-ineq2 left-inverse less-eq-complez-def
linordered-field-class.inverse-nonnegative-iff-nonnegative mult-cancel-left2 mult-left-mono norm-cblinfun
norm-ge-zero norm-mault norm-of-real norm-one positive-selfadjointl reals-zero-comparable zero-less-one-class.zero-le-
selfadjoint-def)
show «x «¢ (S xy 2) < z ¢ (0 *y z)»
by (auto simp: S-def cinner-diff-right cblinfun.diff-left scaleR-scaleC' cdot-square-norm k-def
complez-of-real-mono-iff[where y=1, simplified]
simp flip: assms of-real-inverse of-real-power of-real-mult power-mult-distrib power-inverse
intro!: power-le-one auxl)
qed
have [simp]: <Sx = S
using «S < 0y adj-0 comparable-selfadjoint’ selfadjoint-def by blast
have «— id-cblinfun < S»
by (simp add: S-def assms k-def scaleR-nonneg-nonneg)
then have <norm (S *v f) < norm f»> for f
proof —
have 1: <— S > 0»
by (simp add: <S5 < 0)
have 2: «f ¢ (= S*v f) < f-c
by (metis <— id-cblinfun < S» id-cblinfun-apply less-eq-cblinfun-def minus-le-iff)

have «(norm (S v f)) 4 = complez-of-real ((cmod ((— S *v f) ¢ (— S *v f)))?)
apply (auto simp: power4-eq-zzxx cblinfun.minus-left complex-of-real-cmod power2-eq-square
stmp flip: power2-norm-eg-cinner)
by (smt (verit, ccfo-SIG) complez-of-real-cmod mult.assoc norm-ge-zero norm-mault norm-of-real
of-real-mult)
also have ... < (= Sy f)c (= S*xy = S*y f)* (f ¢ (— S *xv /)
apply (rule generalized-Cauchy-Schwarz[where A=«—S» and z = «—S *y f> and y = f])
by (fact 1)
also have «... < (= Sx*y f)«c (= S*y — Sxy f)*x (f ¢ )
using 2 apply (rule mult-left-mono)
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using 1 cinner-pos-if-pos by blast
also have <... < (= Sy f) ¢ (= S*y f)* (f ¢ [
apply (rule mult-right-mono)
apply (metis <— id-cblinfun < S» id-cblinfun-apply less-eq-cblinfun-def neg-le-iff-le verit-minus-simplify(4))

by simp

also have (... = (norm (=8 *y f))? * (norm f)*
by (simp add: cdot-square-norm,)

also have ... = (norm (S *y f))? * (norm f)%

by (simp add: cblinfun.minus-left)
finally have (norm (S *v f) ~ 4 < (norm (S v f))? * (norm f)*
using complex-of-real-mono-iff by blast
then have «(norm (S *v f))? < (norm f)*
by (smt (verit, best) <complex-of-real (norm (S *v f) = 4) = complez-of-real ((cmod
(= Sy f) ¢ (= S *v f))?) cblinfun.real. minus-left cinner-ge-zero cmod-Re mult-cancel-left
mult-left-mono norm-minus-cancel of-real-eq-iff power2-eq-square power2-norm-eg-cinner’ zero-less-norm-iff)
then show <norm (S *xy f) < norm f»
by auto
qed
then have norm-Snf: <norm (cblinfun-power S n vy f) < norm f» for fn
by (induction n, auto simp: cblinfun-power-Suc’ intro: order.trans)
have fSnf: <cmod (f ¢ (cblinfun-power S n xy f)) < cmod (f -c f)» for fn
by (smt (23) One-nat-def Re-complex-of-real Suc-1 cdot-square-norm cinner-ge-zero cmod-Re
complez-inner-class. Cauchy-Schwarz-ineq2 mult.commute mult-cancel-right1 mult-left-mono norm-Snf
norm-ge-zero power-0 power-Suc)
from norm-Snf have norm-Sn: (norm (cblinfun-power S n) < 1) for n
apply (rule-tac norm-cblinfun-bound)
by auto
define b where «b = (An. (1/2 gchoose n) xg cblinfun-power S n)»
define B0 B where (B0 = infsum b UNIV»s and <B = sqrt k xg B0>»

have sum-norm-b: <(>_ neF. norm (b n)) < 3> (is «?lhs < ?rhs») if «<finite F» for F
proof —
have [simpl: <[1 / 2 :: real] = 1>
by (simp add: ceiling-eq-iff)
from «finite F» obtain d where <F C {..d}» and [simp]: <d > O0»
by (metis Icc-subset-Tic-iff atLeastOAtMost bot-nat-0.extremum bot-nat-0.not-eq-extrermum
dual-order.trans finite-nat-iff-bounded-le less-one)

have «?lhs = (> neF. norm ((1 / 2 gchoose n) xg (cblinfun-power S n)))»
by (simp add: b-def scaleR-cblinfun.rep-eq)
also have «... < (3 n€eF. abs ((1 / 2 gchoose n)))»
apply (auto introl: sum-mono)
using norm-Sn
by (metis norm-cmul-rule-thm norm-scaleR verit-prod-simplify(2))
also have «... < (3> n<d. abs (1/2 gchoose n))»
using «F C {..d}»> by (auto intro!: mult-right-mono sum-mono2)

also have «... = (2 — (— 1) “d* (— (1 / 2) gchoose d))»
apply (subst gbinomial-sum-lower-abs)
by auto
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also have «... < (2 + norm (— (1/2) gchoose d :: real))>
apply (auto introl: mult-right-mono)
by (smt (verit) left-minus-one-mult-self mult.assoc mult-minus-left power2-eq-iff power2-eq-square)
also have ... < &
apply (subgoal-tac <abs (— (1/2) gchoose d :: real) < 1»)
apply (metis add-le-cancel-left is-num-normalize(1) mult.commute mult-left-mono norm-ge-zero
numeral-Bit0 numeral-Bitl one-add-one real-norm-def)
apply (rule abs-gbinomial-leql)
by auto
finally show ?thesis
by —
qed

have has-sum-b: <(b has-sum B0) UNIV»
apply (auto intro!: has-sum-infsum abs-summable-summable[where f=0b] bdd-abovel [where
M=3] simp: BO-def abs-summable-iff-bdd-above)
using sum-norm-b
by simp

have (B0 > 0»
proof (rule positive-cblinfunl)
fix f :: ‘a assume [simp]: <norm f = 1»
from has-sum-b
have suml1: «(An. f -¢ (b n xy f)) summable-on UNIV»
apply (intro summable-on-cinner-left summable-on-cblinfun-apply-left)
by (simp add: has-sum-imp-summable)
have sum2: «(Az. — (complez-of-real |1 | 2 gchoose x| * (f ¢ f))) summable-on UNIV —
{0}
apply (rule abs-summable-summable)
using gbinomial-abs-summable-1[of «1/2)]
by (auto simp add: cnorm-eq-1[THEN iffD1])
from sum! have sum3: «(An. complez-of-real (1 / 2 gchoose n) = (f +¢ (cblinfun-power S n
xy f))) summable-on UNIV — {0}
unfolding b-def
by (metis (no-types, lifting) cinner-scaleR-right finite.emptyl finite-insert
scaleR-cblinfun.rep-eq summable-on-cofin-subset summable-on-cong)

have aux: <a > — b if <norm a < norm b» and <a € Ry and <b > 0) for a b :: complex
using cmod-eq-Re complez-is-Real-iff less-eq-complex-def that(1) that(2) that(8) by force

from has-sum-b
have «f -¢ (B0 *v f) = (3 ocn. f +c (b n*y f))
by (metis BO-def infsum-cblinfun-apply-left infsum-cinner-left summable-on-cblinfun-apply-left
summable-on-def)
moreover have «... = (D on€UNIV—{0}. f -c (bnxy )+ f-c (b0 xy )
apply (subst infsum-Diff)
using suml by auto
moreover have <... = f :¢ (b 0 xv f) + (3°ccn€UNIV—{0}. f -c ((1/2 gchoose n) *g
cblinfun-power S n *xy f))
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unfolding b-def by simp
moreover have <... = f -¢ (b 0 xy f) + (3. on€UNIV—{0}. of-real (1/2 gchoose n)  (f
-¢ (cblinfun-power S n *y f)))
by (simp add: scaleR-cblinfun.rep-eq)
moreover have <... > f ¢ (b 0 xy f) — O] con€UNIV—{0}. of-real (abs (1/2 gchoose
n)) x (f ¢ ) (is«->...»)
proof —
have x: «<— (complex-of-real (abs (1 / 2 gchoose x)) * (f -¢ f))
< complez-of-real (1 / 2 gchoose z) * (f ¢ (cblinfun-power S x xy f))» for x
apply (rule aux)
by (auto simp: cblinfun-power-adj norm-mult fSnf selfadjoint-def
intro!: cinner-real cinner-selfadjoint-real mult-left-mono Reals-mult mult-nonneg-nonneg)
show ?thesis
apply (subst diff-conv-add-uminus) apply (rule add-left-mono)
apply (subst infsum-uminus[symmetric]) apply (rule infsum-mono-complex)
apply (rule sum2)
apply (rule sum3)
by (rule x)
qed
moreover have ... = f ¢ (b 0 xy f) — (0. on€UNIV—{0}. of-real (abs (1/2 gchoose
W) * (f -c 1)
by (simp add: infsum-cmult-left’)
moreover have (... = of-real (1 — (> con€UNIV—{0}. (abs (1/2 gchoose n)))) = (f -c
o
by (simp add: b-def left-diff-distrib infsum-of-real)
moreover have «... > 0 % (f . f)» (is - > ...»)
apply (auto introl: mult-nonneg-nonneg)
using gbinomial-abs-has-sum-1[where a=<1/2)]
by (auto simp add: infsuml)

moreover have ... = ()
by simp
ultimately show <f - (B0 *vy f) > 0»
by force
qed

then have <B > 0»
by (simp add: B-def k-def scaleR-nonneg-nonneg)
then have (B = Bx»
by (simp add: positive-selfadjoint][unfolded selfadjoint-def])
have <B0 oc; B0 = id-cblinfun + S»
proof (rule cblinfun-cinner-eql)
fix 1
define s bb where <s = ¢ -« ((B0 ocr, B0O) v ¥)> and <bb k = (3. n<k. (b n *y ¥) - (b
(k — n) =y ) for k

have <bb k = (3" n<k. of-real ((1 / 2 gchoose (k — n)) = (1 / 2 gchoose n)) * (¢ -¢
(eblinfun-power S k =y ¢)))» for k
by (simp add: bb-def[abs-def] b-def cblinfun.scaleR-left cblinfun-power-adj mult.assoc
flip: cinner-adj-right cblinfun-apply-cblinfun-compose)
also have «...k = of-real (3. n<k. ((1 / 2 gchoose n) * (1 /| 2 gchoose (k — n)))) * (¢ -¢
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(cblinfun-power S k =y 1)) for k

apply (subst mult.commute) by (simp add: sum-distrib-right)

also have «...k = of-real (1 gchoose k) x (¢ -¢ (cblinfun-power S k xy 1)) for k
apply (simp only: atMost-atLeast0 gbinomial-Vandermonde)
by simp

also have «...k = of-bool (k < 1) * (¢ -¢ (cblinfun-power S k %y 1))» for k
by (simp add: gbinomial-1)

finally have bb-simp: <bb k = of-bool (k < 1) % (¢ -¢ (cblinfun-power S k =y 1)) for k
by —

have bb-sum: «<bb summable-on UNIV)
apply (rule summable-on-cong-neutrallwhere T=¢{..1}> and g=bb, THEN iffD2])
by (auto simp: bb-simp)

from has-sum-b have bip-sum: <(An. b n xy ) summable-on UNIV)
by (simp add: has-sum-imp-summable summable-on-cblinfun-apply-left)

have b2-pos: «(b i xy ¥) -¢ (bj xy ) > 0y if «i#£0> j#£0» for i j
proof —
have gchoose-sign: «(—1) ~ (i+1) * ((1/2 :: real) gchoose i) > 0) if «i#£0» for {
proof —
obtain j where j: «Suc j =
using i # 0> not0-implies-Suc by blast
show ?thesis
proof (unfold j[symmetric], induction j)
case ()
then show ?case
by simp
next
case (Suc j)
have «(— 1) 7 (Suc (Suc j) + 1) = (1 / 2 gchoose Suc (Suc j))
=((—1) " (Sucj+ 1) * (1 / 2gchoose Suc j)) = ((—1) % (1/2—Suc j) / (Suc
(Suc )
apply (simp add: gbinomial-a-Suc-n)
by (smt (verit, ccfv-threshold) divide-divide-eg-left’ divide-divide-eq-right minus-divide-right)
also have ... > 0»
apply (rule mult-nonneg-nonneg)
apply (rule Suc.IH)
apply (rule divide-nonneg-pos)
apply (rule mult-nonpos-nonpos)
by auto
finally show ?case
by —
qed
qed
from «S < 0»
have Sn-sign: < -¢ (cblinfun-power (— S) (i + j) *v ¥) > O»
by (auto intro!: cinner-pos-if-pos cblinfun-power-pos)
have x: «(— 1) “(i + (j + (i + 7)) = (1::complex))
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by (metis Parity.ring-1-class.power-minus-even even-add power-one)

have «(b i xy ¥) - (b ] *xv )
= complez-of-real (1 / 2 gchoose i) x complex-of-real (1 | 2 gchoose j)
* (¢ - (cblinfun-power S (i + j) *v 1))
by (simp add: b-def cblinfun.scaleR-right cblinfun.scaleR-left cblinfun-power-adj
flip: cinner-adj-right cblinfun-apply-cblinfun-compose)
also have (... = complez-of-real ((—1)7(i+1) % (1 / 2 gchoose 1)) * complex-of-real
((=1)(j+1) * (1 / 2 gehoose ))
* (¢ -c (cblinfun-power (=S) (i + j) *xv ¥))»
by (simp add: cblinfun.scaleR-left cblinfun-power-uminus * flip: power-add)
also have «... > 0
apply (rule mult-nonneg-nonneg)
apply (rule mult-nonneg-nonneg)
using complez-of-real-nn-iff gchoose-sign that(1) apply blast
using complez-of-real-nn-iff gchoose-sign that(2) apply blast
by (fact Sn-sign)
finally show ?thesis
by —
qed

have «s = (B0 #y v) «¢ (B0 *y ¥)»
by (metis <0 < B0» cblinfun-apply-cblinfun-compose cinner-adj-left positive-selfadjoint]
s-def selfadjoint-def)
also have «... = D oon. b nxy ¥) ¢ O oon. b n*xy )
by (metis BO-def has-sum-b infsum-cblinfun-apply-left has-sum-imp-summable)
also have «... = (3 oon. bb n)»
using bY-sum by-sum unfolding bb-def
apply (rule Cauchy-cinner-product-infsum|symmetric))
using by-sum bip-sum
apply (rule Cauchy-cinner-product-summablejwhere X=«{0}> and Y=«{0}])
using b2-pos by auto
also have «... = bb 0 + bb I»
apply (subst infsum-cong-neutral[where T=«{..1}> and g=bb))
by (auto simp: bb-simp)
also have «... = ¢ ¢ ((id-cblinfun + S) xy )
by (simp add: cblinfun-power-Suc cblinfun.add-left cinner-add-right bb-simp)
finally show <s = ¢ ¢ ((id-cblinfun + S) xy )
by —
ged
then have <B oc, B = norm A *¢ (id-cblinfun 4+ S)»
apply (simp add: k-def B-def power2-eq-square scaleR-scaleC')
by (metis norm-imp-pos-and-ge of-real-power power2-eq-square real-sqrt-pow?2)
also have «... = A»
by (metis (no-types, lifting) k-def S-def add.commute cancel-comm-monoid-add-class.diff-cancel
diff-add-cancel norm-eq-zero of-real-1 of-real-mult right-inverse scale C-diff-right scaleC-one scale C-scaleC
scaleR-scaleC)
finally have B2A: «<B oo, B = A»
by —
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have BF-comm: <B ocp, F' = F oo By if <A oo, F = F oc, A for F
proof —
have <S oo, F = F oo, S)
by (simp add: S-def that[symmetric] cblinfun-compose-minus-right cblinfun-compose-minus-left

flip: cblinfun-compose-assoc)
then have <cblinfun-power S n ooy, F = F ocp cblinfun-power S n»y for n
apply (induction n)
apply (simp-all add: cblinfun-power-Suc’ cblinfun-compose-assoc)
by (simp flip: cblinfun-compose-assoc)
then have *: <b n ocp F = F ocr, b n» for n
by (simp add: b-def)
have «(>_oon. bn) ocr F = Focp (3 con. b n)
proof —
have [simp]: <b summable-on UNIV»
using has-sum-b by (auto simp add: summable-on-def)
have (> oon. b n) ocr F = O con. (b n) ocr F)»
apply (subst infsum-comm-additivelwhere f=«\z. z oo F», symmetric])
by (auto simp: o-def isCont-cblinfun-compose-left)

also have «... = (> oon. F ooy (b n))
by (simp add: * )
also have «... = Focr, (O con. b n)

apply (subst infsum-comm-additive[where f=<\z. F ocr x», symmetric])
by (auto simp: o-def isCont-cblinfun-compose-right)
finally show ?thesis
by —
qed
then have <B0 oo, F = F ocr BO»
unfolding B0-def
unfolding infsum-euclidean-eq[abs-def, symmetric]
apply (transfer fizing: b F)
by simp
then show ?thesis
by (auto simp: B-def)
qged
have B-closure: <B € closure (cspan (range (cblinfun-power A)))»
proof (cases <k = 0»)
case True
then show ?thesis
unfolding B-def using closure-subset complex-vector.span-zero by auto
next
case Fulse
then have <k # 0>
by —
from has-sum-b
have limit: <«(sum b —— B0) (finite-subsets-at-top UNIV)»
by (simp add: has-sum-def)
have «cblinfun-power (A /g k — id-cblinfun) n € cspan (range (cblinfun-power A))> for n
proof (induction n)
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case (
then show ?case
by (auto intro!: complez-vector.span-base range-eql [where z=0])
next
case (Suc n)
define pow-n where (pow-n = cblinfun-power (A /g k — id-cblinfun) n»
have pow-n-span: <pow-n € cspan (range (cblinfun-power A))»
using Suc by (simp add: pow-n-def)
have A-pow-n-span: <A ocp pow-n € cspan (range (cblinfun-power A))»
proof —
from pow-n-span
obtain F r where <finite F'> and F-A: «F C range (cblinfun-power A)»
and pow-n-sum: pow-n = (Y, a€F. r a *¢ a)
by (auto simp add: complex-vector.span-explicit)
have (A ocy a € range (cblinfun-power A)» if <a € F» for a
proof —
from that obtain m where <a = cblinfun-power A m»
using F-A by auto
then have <A ocr a = cblinfun-power A (Suc m)»
by (simp add: cblinfun-power-Suc’)
then show ?thesis
by auto
qed
then have (> a€F. ra ¢ (4 ocr a)) € cspan (range (cblinfun-power A))»
by (meson basic-trans-rules(31) complex-vector.span-scale complez-vector.span-sum
complez-vector.span-superset)
moreover have <4 ocy pow-n = (>, a€F. ra xc (A ocr a))
by (simp add: pow-n-sum cblinfun-compose-sum-right flip: cblinfun.scaleC-left)
ultimately show ?thesis
by simp
qed
have «cblinfun-power (A /g k — id-cblinfun) (Suc n) = (A ocr pow-n) /r k — pow-n
by (simp add: cblinfun-power-Suc’ cblinfun-compose-minus-left flip: pow-n-def)
also from pow-n-span A-pow-n-span
have (... € cspan (range (cblinfun-power A))»
by (auto intro!: complex-vector.span-diff complex-vector.span-scale
simp: scaleR-scaleC')
finally show ?Zcase
by —
qed
then have b-range: <b n € cspan (range (cblinfun-power A))> for n
by (simp add: b-def S-def scaleR-scaleC complex-vector.span-scale)
have sum-bF: <sum b F € cspan (range (cblinfun-power A))) if «finite F'» for F
using that apply induction
using b-range complez-vector.span-add complez-vector.span-zero by auto
have (B0 € closure (cspan (range (cblinfun-power A)))»
using limit apply (rule limit-in-closure)
using sum-bF by (simp-all add: eventually-finite-subsets-at-top-weakl)
also have «... = closure ((Az. inverse (sqrt k) xp z) ¢ cspan (range (cblinfun-power A)))»
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using <k # 0> by (simp add: scaleR-scaleC csubspace-scaleC-invariant)
also have «... = (Az. inverse (sqrt k) xr z) * closure (cspan (range (cblinfun-power A)))»
by (simp add: closure-scaleR)
finally show ?thesis
apply (simp add: B-def image-def)
using <k # 0> by force
qed
from «B > 0> B2A BF-comm B-closure
show ?thesis
by metis
qed

lemma wecken35hilfssatz:
— Auxiliary lemma from [9]
<3 P. is-Proj P N\ (VF Focr (W - T) = (W — T) ocr, F — Focrp P=Pocyp F)
ANV Wf=0—Pf=Ff)
AN (W = (2 x¢ P — id-cblinfun) ocp T)
if WT-comm: <Wocr, T = T ocr, Wy and <W = Wx and «T = Tx
and WW-TT: (WOCL W = TOCL T»
for W T :: <'a::chilbert-space =cr 'a»
proof (rule exl, intro conjl alll impl)
define P where (P = Proj (kernel (W—T))»
show «(is-Proj P>
by (simp add: P-def)
show thesisl: <F ocrL P = POCL Fy if «F oCL (W — T) = (W — T) ocCrL F for F
proof —
have 1: <F oc, P = Pocy Focp Pyif <Focr, (W —-T)=(W —=T) ocr, F for F
proof (rule cblinfun-eql)
fix ¢
have (P xy 9 € space-as-set (kernel (W — T))»
by (metis P-def Proj-range cblinfun-apply-in-image)
then have «(W — T) sy P xy ¢ = O
using kernel-memberD by blast
then have «(W — T) xy F xy P xy ¥ = (b
by (metis cblinfun.zero-right cblinfun-apply-cblinfun-compose that)
then have <F sy P xy ¢ € space-as-set (kernel (W — T))»
using kernel-memberl by blast
then have <P sy (F xy P xy ¢) = F xy P sy
using P-def Proj-fizes-image by blast
then show «(F ocp P) xy ¢ = (P ocr F ocr P) xv ¢
by simp
qed
have 2: <Fx oo, (W — T) = (W — T) oc F+
by (metis <T = Tx» «W = W adj-cblinfun-compose adj-minus that)
have «<F oo, P = P ocp Focp P»and «Fx ocr, P= P ocp Fx ocr P»
using 1[OF that] 1[OF 2] by auto
then show «F oo, P = P oo, F»
by (metis P-def adj-Proj adj-cblinfun-compose cblinfun-assoc-left(1) double-adyj)
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qed
show thesis2: <P v f = f> if «<W %y f = 0> for f

proof —

from that

have <0 = (W sy f) ¢ (W %y f)
by simp

also from «W = W« have «... = f - (Wocr W) xv )
by (simp add: that)

also from WW-TT have «... = f -¢ (T ocr T) *v )
by simp

also from «T = Tx have «... = (T xy f) «¢ (T xv f)

by (metis cblinfun-apply-cblinfun-compose cinner-adj-left)
finally have <T *y f = 0»
by simp
then have «(W — T) xy f = O
by (simp add: cblinfun.diff-left that)
then show <P xy f = f»
using P-def Proj-fizes-image kernel-memberl by blast
qged
show thesis3: «W = (2 x¢ P — id-cblinfun) ocp T»
proof —
from WW-TT WT-comm have WT-binomial: «(W — T) ocr, (W + T) = 0
by (simp add: cblinfun-compose-add-right cblinfun-compose-minus-left)
have PWT: <Pocr, (W +T)= W+ 1)
proof (rule cblinfun-eql)
fix 1
from WT-binomial have «(W + T) xy ¢ € space-as-set (kernel (W—T))»
by (metis cblinfun-apply-cblinfun-compose kernel-memberl zero-cblinfun.rep-eq)
then show «(Pocr, (W + T)) xy ¢ = (W + T) xy 1
by (metis P-def Proj-idempotent Proj-range cblinfun-apply-cblinfun-compose cblinfun-fixes-range)
qed
from P-def have «(W — T) ocr. P = 0»
by (metis Proj-range thesis cblinfun-apply-cblinfun-compose cblinfun-apply-in-image
eblinfun-eql kernel-memberD zero-cblinfun.rep-eq)
with PWT WT-comm thesisl have <2 x¢ T ocr, P= W + T»
by (metis (no-types, lifting) bounded-cbilinear.add-left bounded-cbilinear-cblinfun-compose
cblinfun-compose-add-right cblinfun-compose-minus-left cblinfun-compose-minus-right eq-iff-diff-eq-0
scaleC-2)
with that(2) that(3) show ?thesis
by (smt (verit, ccfv-threshold) P-def add-diff-cancel adj-Proj adj-cblinfun-compose adj-plus
cblinfun-compose-id-right cblinfun-compose-minus-left cblinfun-compose-scale C-left id-cblinfun-adjoint
scaleC-2)
qged
qed

lemma sqrt-op-pos[simpl: <sqrt-op a > 0>
proof (cases <a > 0»)

case True

from sqrt-op-existence|OF True)
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have *: (3b::'a =¢cr 'a. b > 0 A b*x ocr b= a
by (metis positive-selfadjoint] selfadjoint-def)
then show ?Zthesis
using * by (smt (verit, ccfv-threshold) somel-ex sqrt-op-def)
next
case Fulse
then show ?thesis
by (simp add: sqrt-op-nonpos)
qed

lemma sqrt-op-square[simpl:
assumes <a > 0»
shows <sqrt-op a ooy, sqrt-op a = a)
proof —
from sqrt-op-existence| OF assms]
have *: (3b::'a =cr 'a. b> 0 A bk ocr b= @
by (metis positive-selfadjointl selfadjoint-def)
have (sqrt-op a ocr, sqrt-op a = (sqrt-op a)* ocy, sqrt-op ay
by (metis positive-selfadjointl selfadjoint-def sqrt-op-pos)
also have «((sqrt-op a)* oo sqrt-op a = @
using *x by (metis (mono-tags, lifting) somel-ex sqrt-op-def)
finally show ?thesis
by —
qed

lemma sqrt-op-unique:
— Proof follows [9]
assumes <b > 0» and <bx oo, b = a»
shows <b = sqrt-op a>
proof —
have (a > 0>
using assms(2) positive-cblinfun-squarel by blast
from sqri-op-existence[OF <a > 0)]
obtain sq where <sq > 0> and <sq ocr s¢ = a» and a-comm: <a ocr, F = F oo, a = sq
ocr F = Focyr, sqg for F
by metis
have eg-sq: <b = s¢» if <b > 0> and <bx ocr b = a> for b
proof —
have b oo, a = a oo b»
by (metis cblinfun-assoc-left(1) positive-selfadjointl selfadjoint-def that(1) that(2))
then have b-sqrt-comm: <b oo, sq = sq ocr b
using a-comm by force
from <b > 0» have <b = bx>
by (simp add: assms(1) positive-selfadjointI [unfolded selfadjoint-def])
have sqrt-adj: <sq = sqx»
by (simp add: <0 < sq» positive-selfadjoint] [unfolded selfadjoint-def])
have bb-sqrt: <b ocr, b = sq oo sq
using b = bx» «sq ocr, s¢ = @ that(2) by fastforce
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from wecken35hilfssatz| OF b-sqrt-comm <b = bx) sqrt-adj bb-sqrt]

obtain P where <is-Proj P> and b-P-sq: <b = (2 x¢ P — id-cblinfun) ocyp, sq
and Pcomm: «(F oo (b — sq) = (b — sq) ocr, F = Focp P =P ocyr F» for F
by metis

have 1: «sandwich (id-cblinfun — P) b = (id-cblinfun — P) ocp b
by (smt (verit, del-insts) Pcomm <is-Proj P> b-sqrt-comm cblinfun-assoc-left(1) cblin-
fun-compose-id-left cblinfun-compose-id-right cblinfun-compose-minus-left cblinfun-compose-minus-right
cblinfun-compose-zero-left diff-0-right is- Proj-algebraic is- Proj-complement is- Proj-idempotent sand-
wich-apply)
also have 2: «... = — (id-cblinfun — P) ocr sq
apply (simp add: b-P-sq)
by (smt (verit, del-insts) <0 < sq» <is-Proj P> add-diff-cancel-left’ cancel-comm-monoid-add-class.diff-cancel
cblinfun-compose-assoc cblinfun-compose-id-right cblinfun-compose-minus-right diff-diff-eq2 is-Proj-algebraic
is-Proj-complement minus-diff-eq scaleC-2)
also have (... = — sandwich (id-cblinfun — P) sq
by (metis <(id-cblinfun — P) ocp b = — (id-cblinfun — P) ocy sq calculation cblin-
fun-compose-uminus-left sandwich-apply)
also have (... < 0»
by (simp add: <0 < sq» sandwich-pos)
finally have <sandwich (id-cblinfun — P) b < 0»
by —
moreover from b > 0> have <sandwich (id-cblinfun — P) b > 0>
by (simp add: sandwich-pos)
ultimately have <sandwich (id-cblinfun — P) b = 0>
by auto
with 1 2 have «(id-cblinfun — P) ocyr sq = 0»
by (metis add.inverse-neutral cblinfun-compose-uminus-left minus-diff-eq)
with b-P-sq show <b = sq»
by (metis (no-types, lifting) add.inverse-neutral add-diff-cancel-right’ adj-cblinfun-compose
cblinfun-compose-id-right cblinfun-compose-minus-left diff-0 diff-eq-diff-eq id-cblinfun-adjoint scaleC-2
sqrt-ady)
qed

from eg-sq have (sqrt-op a = s
by (simp add: <0 < a> comparable-selfadjoint[unfolded selfadjoint-def])
moreover from eq-sq have <b = sq
by (simp add: assms(1) assms(2))
ultimately show «b = sqrt-op a>
by simp
qed

lemma sqrt-op-in-closure: <sqrt-op a € closure (cspan (range (cblinfun-power a)))»
proof (cases <a > 0»)
case True
from sqrt-op-existence] OF True]
obtain B :: (a =¢1 'a>» where <B > 0) and (B oc;, B = @
and B-closure: «(B € closure (cspan (range (cblinfun-power a)))»
by metis
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then have <sqrt-op a = B)
by (metis positive-selfadjoint] sqrt-op-unique selfadjoint-def)
with B-closure show ?thesis
by simp
next
case Fulse
then have <sqrt-op a = 0>
by (simp add: sqrt-op-nonpos)
also have (0 € closure (cspan (range (cblinfun-power a)))»
using closure-subset complex-vector.span-zero by blast
finally show ?thesis
by —
qed

lemma sqrt-op-commute:

assumes <4 > 0»

assumes (A ocr, F = F oo, A>

shows <sqrt-op A ocr, F = F ocy, sqrt-op A»

by (metis assms(1) assms(2) positive-selfadjointl sqrt-op-existence sqrt-op-unique selfadjoint-def)

lemma sqrt-op-0[simp]: <sqrt-op 0 = 0»
apply (rule sqrt-op-unique[symmetric])
by auto

lemma sqrt-op-scaleC':
assumes <c > (> and <a > 0>
shows <sqrt-op (¢ *x¢ a) = sqrt ¢ ¢ sqrt-op a»
apply (rule sqrt-op-unique[symmetric])
using assms apply (auto simp: split-scale C-pos-le positive-selfadjoint] [unfolded selfadjoint-def])
by (metis of-real-power power2-eq-square real-sqrt-pow2)

definition abs-op :: <'a::chilbert-space = 'b::complez-inner = 'a =¢r 'a> where <abs-op a
= sqrt-op (ax ocyp a)

lemma abs-op-pos[simp]: <abs-op a > 0>
by (simp add: abs-op-def positive-cblinfun-squarel sqrt-op-pos)

lemma abs-op-0[simpl: <abs-op 0 = 0>
unfolding abs-op-def by auto

lemma abs-op-idem[simp]: <abs-op (abs-op a) = abs-op a>
by (metis abs-op-def abs-op-pos sqrt-op-unique)

lemma abs-op-uminus|[simp]: <abs-op (— a) = abs-op a
by (simp add: abs-op-def adj-uminus bounded-cbilinear.minus-left

bounded-cbilinear.minus-right bounded-cbilinear-cblinfun-compose)

lemma selfbutter-pos[simp]: «selfbutter x > 0>
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by (metis butterfly-def double-adj positive-cblinfun-squarel)

lemma abs-op-butterfly[simp]: <abs-op (butterfly x y) = (norm x / norm y) xg selfbutter y» for
z i <'a::chilbert-spacey and y :: <'b::chilbert-space)
proof (cases <y=0»)
case Fulse
have (abs-op (butterfly © y) = sqrt-op (cinner z x x¢ selfbutter y)»
unfolding abs-op-def by simp
also have «... = (norm z / norm y) *g selfbutter y»
apply (rule sqrt-op-unique[symmetric|)
using Fualse by (auto introl: scaleC-nonneg-nonneg simp: scaleR-scaleC power2-eq-square
simp flip: power2-norm-eq-cinner)
finally show ?thesis

by —
next
case True
then show ?thesis
by simp
qed
lemma abs-op-nondegenerate: <a = 0> if <abs-op a = 0>
proof —
from that

have <sqrt-op (a*x ocr a) = 0>
by (simp add: abs-op-def)
then have <0x ocp 0 = (a*x oc a)
by (metis cblinfun-compose-zero-right positive-cblinfun-squarel sqrt-op-square)
then show <a = 0>
apply (rule-tac op-square-nondegenerate)
by simp
qed

lemma abs-op-scaleC: <abs-op (¢ *c a) = |c| x¢ abs-op @
proof —
define aa where <aa = a*x oo a
have (abs-op (¢ *c a) = sqrt-op (|c|* *¢ aa)>
by (simp add: abs-op-def z-cnj-x aa-def)
also have «... = |c| x¢ sqrt-op aa
by (smt (verit, best) aa-def abs-complex-def abs-nn cblinfun-compose-scaleC-left cblinfun-compose-scale C-right
complez-cnj-complex-of-real o-apply positive-cblinfun-squarel power2-eq-square scaleC-adj scaleC-nonneg-nonneg
scaleC-scaleC' sqri-op-pos sqrt-op-square sqrt-op-unique)
also have «... = |¢| x¢ abs-op @
by (simp add: aa-def abs-op-def)
finally show ?thesis
by —
qed
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lemma kernel-abs-op[simp|: <kernel (abs-op a) = kernel a
proof (rule ccsubspace-eql)
fix z
have «z € space-as-set (kernel (abs-op a)) «— abs-op a © = 0>
using kernel-memberD kernel-memberl by blast
also have «... <— abs-op a x -¢ abs-op a x = 0>
by simp
also have ... +— z -¢ ((abs-op a)x ocr abs-op a) x = O
by (simp add: cinner-adj-right)
also have ... «— z -¢ (ax ocp a) z = O»
by (simp add: abs-op-def positive-cblinfun-squarel positive-selfadjoint] [unfolded selfadjoint-def])
also have ... «—~az -c ax =0
by (simp add: cinner-adj-right)
also have ... ¢«— az =0
by simp
also have «... <— 1z € space-as-set (kernel a)»
using kernel-memberD kernel-memberl by auto
finally show «x € space-as-set (kernel (abs-op a)) <— = € space-as-set (kernel a)»
by —
qed

definition polar-decomposition where
— [1], 3.9 Polar Decomposition
«polar-decomposition A = cblinfun-extension (range (abs-op A)) (Ap. A %y inv (abs-op A) )
ocr Proj (abs-op A xg top)»
for A :: <a::chilbert-space = ¢ 'b::complex-inner»

lemma
fixes A :: ('a :: chilbert-space =c 1, 'b :: chilbert-spaces
— [1], 3.9 Polar Decomposition
shows polar-decomposition-correct: <polar-decomposition A oo abs-op A = A»
and polar-decomposition-final-space: <polar-decomposition A xg top = A xg top>
and polar-decomposition-initial-space|simp|: <kernel (polar-decomposition A) = kernel A)
and polar-decomposition-partial-isometry[simpl: <partial-isometry (polar-decomposition A)»
proof —
have abs-A-norm: <norm (abs-op A h) = norm (A h)) for h
proof —
have <complex-of-real ((norm (A h))?) = A h -c A h»
by (simp add: cdot-square-norm,)

also have ¢... = (A% ocr A) h ¢ b

by (simp add: cinner-adj-left)
also have «... = ((abs-op A)*x ocy abs-op A) h -c h

by (simp add: abs-op-def positive-cblinfun-squarel positive-selfadjointI [unfolded selfad-
joint-def])

also have «... = abs-op A h -¢ abs-op A h»

by (simp add: cinner-adj-left)
also have «... = complez-of-real ((norm (abs-op A h))?))

using cnorm-eg-square by blast
finally show ?thesis
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by (simp add: cdot-square-norm cnorm-eq)
qed

define W W' P
where <W = (M). A xy inv (abs-op A) ¢¥)»
and «W' = cblinfun-extension (range (abs-op A)) W
and <P = Proj (abs-op A *g top)»

have pdA: <polar-decomposition A = W' oo P>
by (auto simp: polar-decomposition-def W'-def W-def P-def)

have AA-norm: <norm (W 1) = norm i if «p € range (abs-op A)) for
proof —
define h where <h = inv (abs-op A) >
from that have absA-h: <abs-op A h = »
by (simp add: f-inv-into-f h-def)
have <complex-of-real ((norm (W 1))?) = complex-of-real ((norm (A h))?)>
using W-def h-def by blast

also have <... = A h-.c Al
by (simp add: cdot-square-norm)
also have «... = (4% ocr, A) h ¢ I
by (simp add: cinner-adj-left)
also have «... = ((abs-op A)x ocr abs-op A) h -¢ h
by (simp add: abs-op-def positive-cblinfun-squarel positive-selfadjointI [unfolded selfad-
joint-def])
also have «... = abs-op A h -¢ abs-op A h»
by (simp add: cinner-adj-left)
also have «... = complex-of-real ((norm (abs-op A h))?)»
using cnorm-egq-square by blast
also have «... = complez-of-real ((norm )?)

using absA-h by fastforce
finally show <norm (W ) = norm »
by (simp add: cdot-square-norm cnorm-eq)
qed
then have AA-norm”. <norm (W ) < 1 % norm » if «) € range (abs-op A)» for
using that by simp

have W-absA: «<W (abs-op A h) = A h» for h
proof —
have <A h = A h'» if <abs-op A h = abs-op A h'> for h h'
proof —
from that have <norm (abs-op A (h — h')) = O»
by (simp add: cblinfun.diff-right)
with AA-norm have <norm (A (h — b)) = 0>
by (simp add: abs-A-norm)
then show <A h = A h'»
by (simp add: cblinfun.diff-right)
qed
then show ?thesis
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by (metis W-def f-inv-into-f rangel)
qed

have range-subspace: <csubspace (range (abs-op A))»
by (auto intro!: range-is-csubspace)

have ezP: (3 P. is-Proj P A range ((xy) P) = closure (range ((xv) (abs-op A)))»
apply (rule exI[of - <Proj (abs-op A xg T)])
by (metis (no-types, opaque-lifting) Proj-is-Proj Proj-range Proj-range-closed cblinfun-image.rep-eq
closure-closed space-as-set-top)

have add: «<W (z + y) = Wa + Wy if z-in: <z € range (abs-op A)) and y-in: <y € range
(abs-op A)» for z y
proof —
obtain z’ y’ where <z = abs-op A z’> and <y = abs-op A y"
using z-in y-in by blast
then show ?thesis
by (simp flip: cblinfun.add-right add: W-absA)
qged

have scale: «<W (¢ x¢ z) = ¢ x¢ W if a-in: <x € range (abs-op A)) for c z
proof —
obtain z’ where (x = abs-op A x5
using z-in by blast
then show ?thesis
by (simp flip: cblinfun.scaleC-right add: W-absA)
qged

have (cblinfun-extension-exists (range (abs-op A)) W»
using range-subspace exP add scale AA-norm’
by (rule cblinfun-extension-exists-proj)

then have W'-apply: <W' sy o = W 9 if <« € range (abs-op A)» for
by (simp add: W'-def cblinfun-extension-apply that)

have norm (W' ) — norm ¢ = 0» if <« € range (abs-op A)» for ¢
by (simp add: W'-apply AA-norm that)
then have <norm (W’ ) — norm ¢ = 0» if ) € closure (range (abs-op A))» for
apply (rule-tac continuous-constant-on-closure[where S=<range (abs-op A)])
using that by (auto introl: continuous-at-imp-continuous-on)
then have norm-W' <norm (W' ) = norm s if «p € space-as-set (abs-op A xg top)s for

(G

using cblinfun-image.rep-eq that by force

show correct: <polar-decomposition A ocp abs-op A = A
proof (rule cblinfun-eql)
fix ¢ :: 'a
have ((polar-decomposition A ocy, abs-op A) xy v = W (P (abs-op A ¥))»
by (simp add: W'-apply P-def pdA Proj-fizes-image)
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also have «... = W (abs-op A ¥)»

by (auto simp: P-def Proj-fixes-image)
also have «... = A y»

by (simp add: W-absA)

finally show «(polar-decomposition A ocy, abs-op A) xy 1 = A xy
by —
qged

show (polar-decomposition A xg top = A *g top
proof (rule antisym)
have x: (A xg top = polar-decomposition A xg abs-op A xg top»
by (simp add: cblinfun-assoc-left(2) correct)
also have «... < polar-decomposition A *g top
by (simp add: cblinfun-image-mono)
finally show <A xg top < polar-decomposition A *xg top)
by —

have «W' v € range A if «p € range (abs-op A)> for
using W'-apply W-def that by blast
then have <W' ¢ € closure (range A) if <) € closure (range (abs-op A))» for 1
using *
by (metis (mono-tags, lifting) P-def Proj-range Proj-fizes-image cblinfun-apply-cblinfun-compose
cblinfun-apply-in-image cblinfun-compose-image cblinfun-image.rep-eq pdA that top-ccsubspace.rep-eq)
then have «W' ¢ € space-as-set (A xg top)) if <) € space-as-set (abs-op A xg top)) for ¢
by (metis cblinfun-image.rep-eq that top-ccsubspace.rep-eq)
then have <polar-decomposition A 1 € space-as-set (A xg top)» for ¥
by (metis P-def Proj-range cblinfun-apply-cblinfun-compose cblinfun-apply-in-image pdA)
then show <polar-decomposition A xg top < A *xg top
using *
by (metis (no-types, lifting) Proj-idempotent Proj-range cblinfun-compose-image dual-order.eq-iff
polar-decomposition-def)
qed

show <partial-isometry (polar-decomposition A)»
apply (rule partial-isometryl [where V=<abs-op A xg top)])
by (auto simp add: P-def Proj-fizes-image norm-W' pdA kernel-memberD)

have <kernel (polar-decomposition A) = — (abs-op A xg top)»
apply (rule partial-isometry-initial[where V=<abs-op A xg top])
by (auto simp add: P-def Proj-fizes-image norm-W' pdA kernel-memberD)
also have «... = kernel (abs-op A)»
by (metis abs-op-pos kernel-compl-adj-range positive-selfadjointl selfadjoint-def)
also have «... = kernel A>
by (simp add: kernel-abs-op)
finally show <kernel (polar-decomposition A) = kernel A»
by —
qed
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lemma polar-decomposition-correct’: <(polar-decomposition A)x oo, A = abs-op A»
for A :: <'a :: chilbert-space =c, 'b :: chilbert-space’
proof —
have <polar-decomposition Ax ocy A = (polar-decomposition Ax ocy, polar-decomposition A)
ocp abs-op A>
by (simp add: cblinfun-compose-assoc polar-decomposition-correct)

also have «... = Proj (— kernel (polar-decomposition A)) ocr abs-op A»

by (simp add: partial-isometry-adj-a-o-a polar-decomposition-partial-isometry)
also have (... = Proj (— kernel A) ocy, abs-op A»

by (simp add: polar-decomposition-initial-space)
also have «... = Proj (— kernel (abs-op A)) ocr abs-op A»

by simp
also have (... = Proj (abs-op A xg top) ocp abs-op A»

by (metis abs-op-pos kernel-compl-adj-range ortho-involution positive-selfadjoint] selfad-
joint-def)

also have «... = abs-op A>

by (simp add: Proj-fizes-image cblinfun-eql)
finally show ?thesis
by —
qed

lemma abs-op-adj: <abs-op (ax) = sandwich (polar-decomposition a) (abs-op a)»
proof —
have pos: <sandwich (polar-decomposition a) (abs-op a) > 0»
by (simp add: sandwich-pos)
have <(sandwich (polar-decomposition a) (abs-op a))* ocr (sandwich (polar-decomposition a)
(abs-op a))
= polar-decomposition a ocy, (abs-op a)* ocr abs-op a ocy, (polar-decomposition a)x»
apply (simp add: sandwich-apply)
by (metis (no-types, lifting) cblinfun-assoc-left(1) polar-decomposition-correct polar-decomposition-correct”)
also have (... = a o¢c ax»
by (metis abs-op-pos adj-cblinfun-compose cblinfun-assoc-left(1) polar-decomposition-correct
positive-selfadjoint] selfadjoint-def)
finally have <sandwich (polar-decomposition a) (abs-op a) = sqrt-op (a ocr ax)
using pos by (simp add: sqrt-op-unique)
also have «... = abs-op (ax)
by (simp add: abs-op-def)
finally show ?thesis
by simp
qed

lemma abs-opl:
assumes <ax ooy @ = bx ocp b
assumes <a > 0»
shows <a = abs-op b
by (simp add: abs-op-def assms(1) assms(2) sqrt-op-unique)

lemma abs-op-id-on-pos: <a > 0 = abs-op a = a»
using abs-opl by force
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lemma norm-abs-op[simp|: <norm (abs-op a) = norm a
for a :: <'a::chilbert-space = ¢, 'b::chilbert-spaces

proof —
have «(norm (abs-op a))? = norm (abs-op ax ocp abs-op a)
by simp
also have ... = norm (a* ocy a))
by (simp add: abs-op-def positive-cblinfun-squarel positive-selfadjoint] [unfolded selfadjoint-def])
also have (... = (norm a)®
by simp
finally show ?thesis
by simp
qed

lemma partial-isometry-iff-square-proj:
— [2], Exercise VIII1.3.15
fixes A :: ('a :: chilbert-space =c 1, 'b :: chilbert-spaces
shows <partial-isometry A <— is-Proj (Ax ocp A)»
proof (rule iffI)
show «(is-Proj (Ax ocy A) if «partial-isometry A»
by (simp add: partial-isometry-square-proj that)
next
show «(partial-isometry Ay if <is-Proj (Ax ocp A)»
proof (rule partial-isometryl)
fix h
from that have norm (Ax ocp A) < I»
using norm-is-Proj by blast
then have normA: <norm A < 1» and normAadj: <norm (Ax) < I»
by (simp-all add: norm-AadjA abs-square-le-1)
assume <h € space-as-set (— kernel A)»

also have «... = space-as-set (— kernel (Ax ocp A))

by (metis (no-types, lifting) abs-opl is-Proj-algebraic kernel-abs-op positive-cblinfun-squarel
that)

also have «... = space-as-set ((Ax ocr A) *xs T)

by (simp add: kernel-compl-adj-range)
finally have (A% xy, A *y h = h»
by (metis Proj-fives-image Proj-on-own-range that cblinfun-apply-cblinfun-compose)
then have <norm h = norm (Ax xy A %y h))
by simp
also have «... < norm (A *y h)
by (smt (verit) normAadj mult-left-le-one-le norm-cblinfun norm-ge-zero)
also have <... < norm h»
by (smt (verit) normA mult-left-le-one-le norm-cblinfun norm-ge-zero)
ultimately show <norm (A4 %y h) = norm h»
by simp
qged
qed
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lemma abs-op-square: (abs-op A)x ocr abs-op A = Ax oo A»
by (simp add: abs-op-def positive-cblinfun-squarel positive-selfadjointl [unfolded selfadjoint-def])

lemma polar-decomposition-0[simpl: <polar-decomposition 0 = (0 :: 'a::chilbert-space = ¢, 'b::chilbert-space)»
proof —
have (polar-decomposition (0 :: 'a::chilbert-space =1, 'b::chilbert-space) g T = 0 xg T»
by (simp add: polar-decomposition-final-space)
then show ?thesis
by simp
qed

lemma polar-decomposition-unique:
fixes A :: ('a::chilbert-space =¢y, 'b::chilbert-spaces
assumes ker: <kernel X = kernel A>
assumes comp: <X ocy, abs-op A = A>
shows <X = polar-decomposition A»
proof —
have (X ¢ = polar-decomposition A iy if ) € space-as-set (kernel A)» for 1)
proof —
have ) € space-as-set (kernel X)»
by (simp add: ker that)
then have <X ¢ = 0>
by (simp add: kernel.rep-eq)
moreover
have ) € space-as-set (kernel (polar-decomposition A))»
by (simp add: polar-decomposition-initial-space that)
then have <polar-decomposition A ¥ = 0>
by (simp add: kernel.rep-eq del: polar-decomposition-initial-space)
ultimately show ?thesis
by simp
qged
then have 1: <X ocy Proj (kernel A) = polar-decomposition A ocy, Proj (kernel A)»
by (metis assms(1) cblinfun-compose-Proj-kernel polar-decomposition-initial-space)
have x: <abs-op A xg T = — kernel A»
by (metis (mono-tags, opaque-lifting) abs-op-pos kernel-abs-op kernel-compl-adj-range or-
tho-involution positive-selfadjointl selfadjoint-def)

have <X ocy abs-op A = polar-decomposition A ocy, abs-op A»
by (simp add: comp polar-decomposition-correct)
then have <X ¢ = polar-decomposition A 1) if «) € space-as-set (abs-op A xg T)» for 9
by (simp add: cblinfun-same-on-image that)
then have 2: <X oc Proj (— kernel A) = polar-decomposition A ocr Proj (— kernel A)»
using x
by (metis (no-types, opaque-lifting) Proj-idempotent cblinfun-eql lift-cblinfun-comp(4) norm-Proj-apply)
from 1 2 have <X oc Proj (— kernel A) + X ocr, Proj (kernel A)
= polar-decomposition A ocy, Proj (— kernel A) + polar-decomposition A ocy Proj
(kernel A)»
by simp
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then show ?thesis
by (simp add: Proj-ortho-compl flip: cblinfun-compose-add-right)
qed

lemma norm-cblinfun-mono:
— Would logically belong in Complex-Bounded-Operators. Complex-Bounded-Linear- Function but
uses sqrt-op from this theory in the proof.
fixes A B :: ('a::chilbert-space =c1, 'a»
assumes (A > 0>
assumes <A < B»
shows <norm A < norm B»
proof —
have <B > 0»
using assms by force
have sqrtA: «(sqrt-op A)x ocp sqrt-op A = A>
by (simp add: <A > 0y positive-selfadjoint] [unfolded selfadjoint-def])
have sqrtB: «(sqrt-op B)x ocp, sqrt-op B = B)
by (simp add: <B > 0) positive-selfadjointI[unfolded selfadjoint-def])
have «norm (sqrt-op A ) < norm (sqrt-op B )» for
apply (auto introl: cnorm-le] THEN iffD2)]
simp: sqrtA sqrtB
stmp flip: cinner-adj-right cblinfun-apply-cblinfun-compose)
using assms less-eq-cblinfun-def by auto
then have <norm (sqrt-op A) < norm (sqrt-op B)»
by (meson dual-order.trans norm-cblinfun norm-cblinfun-bound norm-ge-zero)
moreover have (norm A = (norm (sqrt-op A))?
by (metis norm-AadjA sqrtA)
moreover have <norm B = (norm (sqrt-op B))?
by (metis norm-AadjA sqrtB)
ultimately show «norm A < norm B>
by force
qed

lemma sandwich-mono: <sandwich A B < sandwich A C» if <B < C»
by (metis cblinfun.real.diff-right diff-ge-0-iff-ge sandwich-pos that)

lemma sums-pos-cblinfun:
fixes f :: nat = ('b::chilbert-space =cr, 'b)
assumes (f sums a>
assumes (An. fn > 0
shows a > 0
apply (rule sums-mono-cblinfun[where f=¢\-. 0> and g=f])
using assms by auto

lemma has-sum-mono-cblinfun:
fixes [ :: 'a = ('b::chilbert-space =cr, ')
assumes (f has-sum z) A and (g has-sum y) A
assumes \z. 2 € A = fz < g o
shows z < y
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using assms has-sum-mono-neutral-cblinfun by force

lemma infsum-mono-cblinfun:
fixes f :: 'a = ('b::chilbert-space =¢ 1, ')
assumes [ summable-on A and g summable-on A
assumes \z. 2 € A = fz < g o
shows infsum f A < infsum g A
by (meson assms has-sum-infsum has-sum-mono-cblinfun)

lemma suminf-mono-cblinfun:
fixes [ :: nat = ('bu:chilbert-space =cr, 'b)
assumes summable f and summable g
assumes (A\z. fz < g o
shows suminf f < suminf g
using assms sums-mono-cblinfun by blast

lemma suminf-pos-cblinfun:
fixes f :: nat = ('b::chilbert-space =cr, 'b)
assumes <(summable f»
assumes (\z. fz > 0>
shows suminf f > 0
using assms sums-mono-cblinfun by blast

lemma infsum-mono-neutral-cblinfun:

fixes f :: 'a = ('b::chilbert-space =cp, 'b)

assumes [ summable-on A and g summable-on B

assumes (A\z. z € ANB = fz < g

assumes (A\z. 2 € A—-B = fz < O»

assumes (A\z. 2 € B-A = gz > 0»

shows infsum f A < infsum g B

by (smt (verit, del-insts) assms(1) assms(2) assms(3) assms(4) assms(5) has-sum-infsum
has-sum-mono-neutral-cblinfun)

lemma abs-op-geq: <abs-op a > a> if <selfadjoint a>
proof —
define A P where <A = abs-op a> and <P = Proj (kernel (A + a))»
from that have [simp]: <ax = a»
by (simp add: selfadjoint-def)
have [simp]: <A > 0»
by (simp add: A-def)
then have [simp]: <Ax = A»
using positive-selfadjointl selfadjoint-def by fastforce
have aa-AA: <a oc, a = A oo, A>
by (metis A-def <Ax = Ay abs-op-square that selfadjoint-def)
have [simp]: «(Px = P»
by (simp add: P-def adj-Proj)
have Aa-aA: <A ocr a = a ocp A>
by (metis (full-types) A-def lift-cblinfun-comp(2) abs-op-def positive-cblinfun-squarel sqrt-op-commaute
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that selfadjoint-def)

have ((A—a) ¢ -¢ (A+a) ¢ = 0» for ¢

by (simp add: adj-minus that <Ax = Ay aa-AA Aa-aA cblinfun-compose-add-right cblin-

fun-compose-minus-left
flip: cinner-adj-right cblinfun-apply-cblinfun-compose)

then have «(A—a) ¢ € space-as-set (kernel (A+a)) for ¢

by (metis <Ax = Ay adj-plus call-zero-iff cinner-adj-left kernel-memberl that selfadjoint-def)
then have P-fix: <P ocp (A—a) = (A—a)

by (simp add: P-def Proj-fizes-image cblinfun-eql)
then have <P ocy, (A—a) ocr, P = (A—a) ocr P>

by simp
also have «... = (P ocy (A—a))®

by (simp add: adj-minus <Ax = A» that <Px = P»)
also have «... = (A—a)x

by (simp add: P-fir)
also have «... = A—w»

by (simp add: <Ax = A> that adj-minus)
finally have 1: <P oo (A — a) oo, P=A — @
by —
have 2: <P ocr (A + a) ocr, P = 0»
by (simp add: P-def cblinfun-compose-assoc)
have <A —a=Pocy (A — a) oo, P+ Pocy (A+ a) ocr, P>
by (simp add: 1 2)
also have «... = sandwich P (2 xc A)»
by (simp add: sandwich-apply cblinfun-compose-minus-left cblinfun-compose-minus-right
cblinfun-compose-add-left cblinfun-compose-add-right scaleC-2 «Px = P»)
also have «... > O
by (auto intro!: sandwich-pos scaleC-nonneg-nonneg simp: less-eq-complex-def)
finally show <A > a»
by auto
qed

lemma abs-op-geg-neq: <abs-op a > — ay if <selfadjoint a»
by (metis abs-op-geq abs-op-uminus adj-uminus that selfadjoint-def)

lemma infsum-nonneg-cblinfun:
fixes [ :: 'a = 'bu:chilbert-space =cr b
assumes A\z.2 € M = 0 < fz
shows infsum f M > 0
apply (cases <f summable-on M)
apply (subst infsum-0-simp[symmetric])
apply (rule infsum-mono-cblinfun)
using assms by (auto simp: infsum-not-exists)

lemma adj-abs-op[simp]: <(abs-op a)x = abs-op a)
by (simp add: positive-selfadjointl[unfolded selfadjoint-def])

lemma cblinfun-image-less-eql:
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fixes A :: (‘a::complex-normed-vector = ¢ 'b::complex-normed-vectors
assumes (\h. h € space-as-set S = A h € space-as-set T
shows <4 xg S < T
proof —
from assms have <A ‘ space-as-set S C space-as-set T
by blast
then have <closure (A * space-as-set S) C closure (space-as-set T)»
by (rule closure-mono)
also have «... = space-as-set T
by force
finally show ?thesis
apply (transfer fizing: A)
by (simp add: cblinfun-image.rep-eq ccsubspace-lel)
qed

lemma abs-op-plus-orthogonal:
assumes <ax ocr, b = 0> and <a ocp bx = 0»
shows <abs-op (a + b) = abs-op a + abs-op b
proof (rule abs-opl[symmetric])
have ba: (bx ocp a = 0>
apply (rule cblinfun-eql, rule cinner-extensionality)
apply (simp add: cinner-adj-right flip: cinner-adj-left)
by (simp add: assms simp-a-oCL-b)
have abs-ab: <abs-op a ocr abs-op b = 0>

proof —
have <abs-op b xg T = — kernel (abs-op b))
by (simp add: kernel-compl-adj-range positive-selfadjointl)
also have «... = — kernel b
by simp
also have ¢... = (b*) xg T

by (simp add: kernel-compl-adj-range)
also have «... < kernel a»
apply (auto introl: cblinfun-image-less-eql kernel-memberl simp: )
by (simp add: assms flip: cblinfun-apply-cblinfun-compose)
also have «... = kernel (abs-op a)»
by simp
finally show <abs-op a ocp abs-op b = 0>
by (metis Proj-compose-cancell cblinfun-compose-Proj-kernel cblinfun-compose-assoc cblin-
fun-compose-zero-left)
qged
then have abs-ba: <abs-op b oo abs-op a = 0>
by (metis abs-op-pos adj-0 adj-cblinfun-compose positive-selfadjointl selfadjoint-def)
have «(a + b)x ocr (a + b) = (ax) ocr a + (b*) ocp b
by (simp add: cblinfun-compose-add-left cblinfun-compose-add-right adj-plus assms ba)
also have «... = (abs-op a + abs-op b)x ocr (abs-op a + abs-op b)»
by (simp add: cblinfun-compose-add-left cblinfun-compose-add-right adj-plus abs-ab abs-ba
flip: abs-op-square)
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finally show <(abs-op a + abs-op b)x ocy, (abs-op a + abs-op b) = (a + b)*x ocyp (a + b)
by simp
show <0 < abs-op a + abs-op b
by simp
qed

definition pos-op :: <'a::chilbert-space =c1, 'a = 'a =c1, 'a> where
<pos-op a = (abs-op a + a) /r 2>

definition neg-op :: <'a::chilbert-space =¢cr 'a = 'a =¢r 'a> where
<neg-op a = (abs-op a — a) /g 2>

lemma pos-op-pos:
assumes <selfadjoint a»
shows (pos-op a > 0>
using abs-op-geq-neq| OF assms]
apply (simp add: pos-op-def)
by (smt (verit, best) add-le-cancel-right more-arith-simps(3) scaleR-nonneg-nonneg zero-le-divide-iff )

lemma neg-op-pos:
assumes <selfadjoint a»
shows <neg-op a > 0»
using abs-op-geq| OF assms]
by (simp add: neg-op-def scaleR-nonneg-nonneg)

lemma pos-op-neg-op-ortho:
assumes <selfadjoint a»
shows <pos-op a ocr neg-op a = 0»
apply (auto introl: simp: pos-op-def neg-op-def cblinfun-compose-add-left cblinfun-compose-minus-right)
by (metis (no-types, opaque-lifting) Groups.add-ac(2) abs-op-def abs-op-pos abs-op-square
assms cblinfun-assoc-left(1) positive-cblinfun-squarel positive-selfadjointl selfadjoint-def sqrt-op-commute)

lemma pos-op-plus-neg-op: <pos-op a + neg-op a = abs-op a>
by (simp add: pos-op-def neg-op-def scaleR-diff-right scaleR-add-right pth-8)

lemma pos-op-minus-neg-op: <pos-op a — neg-op a = a
by (simp add: pos-op-def neg-op-def scaleR-diff-right scaleR-add-right pth-8)

lemma pos-op-neg-op-unique:

assumes bca: <b — ¢ = a»

assumes <b > 0 and <¢c > 0»

assumes bc: <b oo, ¢ = 0>

shows b = pos-op a» and ¢ = neg-op a
proof —

from bc have cb: <c ocr, b = 0»
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by (metis adj-0 adj-cblinfun-compose assms(2) assms(3) positive-selfadjointl selfadjoint-def)

from <b > 0» have [simp]: <bx = b
by (simp add: positive-selfadjointI[unfolded selfadjoint-def])
from <c > 0> have [simp]: <cx = ¢
by (simp add: positive-selfadjointl [unfolded selfadjoint-def])
have bc-abs: <b + ¢ = abs-op a»
proof —
have «(b 4+ ¢)x ocp (b+ ¢) =bocr b+ cocr ©
by (simp add: cblinfun-compose-add-left cblinfun-compose-add-right be cb adj-plus)
also have «... = (b — ¢)x ocp (b — ¢)
by (simp add: cblinfun-compose-minus-left cblinfun-compose-minus-right be cb adj-minus)
also from bca have ¢... = ax oo @
by blast
finally show ?thesis
apply (rule abs-opl)
by (simp add: <b > 0> <c > 0»)
qed
from arg-cong2[OF bca be-abs, of plus]
arg-cong2|OF pos-op-minus-neg-op|of a] pos-op-plus-neg-op[of a], of plus, symmetric]
show <b = pos-op a>
by (simp flip: scaleR-2)
from arg-cong2|OF bc-abs bea, of minus]
arg-cong2[OF pos-op-plus-neg-op|of a] pos-op-minus-neg-op|of a], of minus, symmetric)
show <c = neg-op a»
by (simp flip: scaleR-2)
qed

lemma pos-imp-selfadjoint: <a > 0 = selfadjoint a»
using positive-selfadjoint] selfadjoint-def by blast

lemma abs-op-one-dim: <abs-op & = one-dim-iso (abs (one-dim-iso x :: complex)))

by (metis (mono-tags, lifting) abs-opl abs-op-scaleC of-complex-def one-cblinfun-adj one-comp-one-cblinfun
one-dim-iso-is-of-complex one-dim-iso-of-one one-dim-iso-of-zero one-dim-loewner-order one-dim-scaleC-1
zero-less-one-class.zero-le-one)

lemma pos-selfadjoint: <selfadjoint ay if <a > 0>
using adj-0 comparable-selfadjoint selfadjoint-def that by blast

lemma one-dim-loewner-order-strict: <A > B <— one-dim-iso A > (one-dim-iso B :: complez))
for A B :: 'a =¢ 'a:{chilbert-space, one-dim}»
by (auto simp: less-cblinfun-def one-dim-loewner-order)

lemma one-dim-cblinfun-zero-le-one: <0 < (1 :: 'a::one-dim =¢p, 'a)»
by (simp add: one-dim-loewner-order-strict)

lemma one-dim-cblinfun-one-pos: <0 < (1 :: 'a::one-dim =¢r 'a)
by (simp add: one-dim-loewner-order)
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lemma Proj-pos|iff]: <Proj S > 0>
apply (rule positive-cblinfun-squarel[where B=<Proj S»])
by (simp add: adj-Proj)

lemma abs-op-Proj[simp]: <abs-op (Proj S) = Proj S»
by (simp add: abs-op-id-on-pos)

lemma diagonal-operator-pos:
assumes (A\z. fz > 0»
shows <diagonal-operator f > 0>
proof (cases <bdd-above (range (Az. cmod (f x)))»)
case True
have [simp]: <csqrt (f z) = sqrt (ecmod (f z))> for z
by (simp add: complez-of-real-cmod assms abs-pos of-real-sqrt)
have bdd: <bdd-above (range (Az. sqrt (cmod (f x))))»
proof —
from True obtain B where (¢cmod (f ) < B» for z
by (auto simp: bdd-above-def)
then show ?thesis
by (auto intro!: bdd-abovel [where M=«sqrt B>] simp: )
qged
show ?thesis
apply (rule positive-cblinfun-squarel [where B=<diagonal-operator (Ax. csqrt (f z))])
by (simp add: assms diagonal-operator-adj diagonal-operator-comp bdd complex-of-real-cmod
abs-pos
flip: of-real-mult)
next
case Fulse
then show ?thesis
by (simp add: diagonal-operator-invalid)
qed

lemma abs-op-diagonal-operator:
<abs-op (diagonal-operator f) = diagonal-operator (Az. abs (f x))»
proof (cases <bdd-above (range (Az. cmod (f x)))»)
case True
show ?thesis
apply (rule abs-opI[symmetric])
by (auto intro!: diagonal-operator-pos abs-nn simp: True diagonal-operator-adj diagonal-operator-comp
cnj-2-)
next
case Fulse
then show ?thesis
by (simp add: diagonal-operator-invalid)
qed
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unbundle no cblinfun-syntax

end

4 HS2El2 — Representing any Hilbert space as (5(X)

theory HS2FEII2
imports Complez-Bounded-Operators. Complex-L2
begin

unbundle cblinfun-syntazx

typedef (overloaded) ’a:«{chilbert-space, not-singleton} chilbert2ell2 = <some-chilbert-basis
i e sety
using some-chilbert-basis-nonempty by auto

definition ell2-to-hilbert where <ell2-to-hilbert = cblinfun-extension (range ket) (Rep-chilbert2ell2
o0 inv ket)»

lemma ell2-to-hilbert-ket: <ell2-to-hilbert xy ket x = Rep-chilbert2ell2 x»
proof —
have (cblinfun-eztension-ezists (range ket) (Rep-chilbert2ell2 o inv ket)»
proof (rule cblinfun-extension-exists-ortholwhere B=1])
fix Ty :: 'b chilbert2ell2 ell2
assume z € range ket y € range ket x # y
then obtain z’ y’ where z'-y": x = ket 2’ y = ket y' 2/ # vy’
by auto
have is-orthogonal (Rep-chilbert2ell2 x') (Rep-chilbert2ell2 y’)
by (meson Rep-chilbert2ell2 Rep-chilbert2ell2-inject <z’ # y's is-ortho-set-def is-ortho-set-some-chilbert-basis)
thus is-orthogonal ((Rep-chilbert2ell2 o inv ket) z) ((Rep-chilbert2ell2 o inv ket) y)
using z’-y’ by auto
qed (auto simp: Rep-chilbert2ell2 is-normal-some-chilbert-basis)
from cblinfun-extension-apply| OF this]
have cblinfun-extension (range ket) (Rep-chilbert2ell2 o inv ket) xy (ket z) =
(Rep-chilbert2ell2 o inv ket) (ket x)
by blast
thus ?thesis
by (simp add: ell2-to-hilbert-def)
qed

lemma norm-ell2-to-hilbert: <norm ell2-to-hilbert = 1
proof (rule order.antisym)
show <norm ell2-to-hilbert < 15
unfolding ell2-to-hilbert-def
proof (rule cblinfun-extension-exists-ortho-norm|where B=1])
fix Ty :: 'b chilbert2ell2 ell2
assume z € range ket y € range ket x # y
then obtain 2’ y’ where z'-y": x = ket ' y = ket y' 2’/ # y'
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by auto
have is-orthogonal (Rep-chilbert2ell2 x') (Rep-chilbert2ell2 y’)
by (meson Rep-chilbert2ell2 Rep-chilbert2ell2-inject <z’ # y's is-ortho-set-def is-ortho-set-some-chilbert-basis)
thus is-orthogonal ((Rep-chilbert2ell2 o inv ket) z) ((Rep-chilbert2ell2 o inv ket) y)
using z’-y’ by auto
qed (auto simp: Rep-chilbert2ell2 is-normal-some-chilbert-basis)
show <norm ell2-to-hilbert > 15
by (rule cblinfun-norm-geql[where x=<ket undefined)])
(auto simp: ell2-to-hilbert-ket Rep-chilbert2ell2 is-normal-some-chilbert-basis)
qed

lemma unitary-ell2-to-hilbert[simp|: <unitary ell2-to-hilbert
proof (rule surj-isometry-is-unitary)
show <isometry (ell2-to-hilbert :: 'a chilbert2ell2 ell2 =cy, -)»
proof (rule orthogonal-on-basis-is-isometry)
show <ccspan (range ket) = top)
by auto
fix Ty :: <'a chilbert2ell2 ell2»
assume <z € range ket> <y € range ket
then obtain z’ y’ where [simp]: <z = ket 'y <y = ket y"
by auto
show «((ell2-to-hilbert xy z) ¢ (ell2-to-hilbert xy y) = z ¢ ¥
proof (cases «z'=y")
case True
hence Rep-chilbert2ell2 y' -c Rep-chilbert2ell2 y' = 1
using Rep-chilbert2ell2 cnorm-eq-1 is-normal-some-chilbert-basis by blast
then show ?thesis using True
by (auto simp: ell2-to-hilbert-ket)
next
case Fulse
hence is-orthogonal (Rep-chilbert2ell2 x') (Rep-chilbert2ell2 y")
by (metis Rep-chilbert2ell2 Rep-chilbert2ell2-inject is-ortho-set-def is-ortho-set-some-chilbert-basis)
then show ?thesis
using Fulse by (auto simp: ell2-to-hilbert-ket cinner-ket)
qged
qged
have <cblinfun-apply ell2-to-hilbert ‘ range ket O some-chilbert-basis>
by (metis Rep-chilbert2ell2-cases UNIV-I ell2-to-hilbert-ket image-eql subsetl)
then have <ell2-to-hilbert xg top > ccspan some-chilbert-basis> (is <- > ...»)
by (smt (verit, del-insts) cblinfun-image-ccspan ccspan-mono ccspan-range-ket)
also have «... = top
by simp
finally show «<ell2-to-hilbert xg top = top»
by (simp add: top.extremum-unique)
qed

lemma ell2-to-hilbert-adj-ket: <ell2-to-hilbertx xy ¥ = ket (Abs-chilbert2ell2 1)) if <) € some-chilbert-basis)

using ell2-to-hilbert-ket unitary-ell2-to-hilbert
by (metis (no-types, lifting) cblinfun-apply-cblinfun-compose cblinfun-id-cblinfun-apply that
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type-definition. Abs-inverse type-definition-chilbert2ell2 unitaryD1)

definition <cr-chilbert2ell2-ell2 © y <— ell2-to-hilbert xy x = >

lemma bi-unique-cr-chilbert2ell2-ell2[transfer-rule]: <bi-unique cr-chilbert2ell2-ell2)

by (metis (no-types, opaque-lifting) bi-unique-def cblinfun-apply-cblinfun-compose cr-chilbert2ell2-ell2-def
id-cblinfun-apply unitaryD1 unitary-ell2-to-hilbert)
lemma bi-total-cr-chilbert2ell2-ell2[transfer-rule]: <bi-total cr-chilbert2ell2-ell2»

by (metis (no-types, opaque-lifting) bi-total-def cblinfun-apply-cblinfun-compose cr-chilbert2ell2-ell2-def
id-cblinfun-apply unitaryD2 unitary-ell2-to-hilbert)

named-theorems c2(2(2

lemma c2I212-cinner(c212I2]:
includes lifting-syntax
shows ((cr-chilbert2ell2-ell2 ===> cr-chilbert2eli2-ell2 ===> (=)) cinner cinner>
proof —
have x: <ket z -¢ ket y = (ell2-to-hilbert xy ket x) -¢ (ell2-to-hilbert v ket y)» for z y :: (a
chilbert2ell2»
by (metis Rep-chilbert2ell2 Rep-chilbert2ell2-inverse cinner-adj-right ell2-to-hilbert-adj-ket
ell2-to-hilbert-ket)
have «z -¢ y = (ell2-to-hilbert xy z) -¢ (ell2-to-hilbert =y y) » for z y :: <'a chilbert2ell2 ell2»
apply (rule fun-conglwhere r=z))
apply (rule bounded-antilinear-equal-ket)
apply (intro bounded-linear-intros)
apply (intro bounded-linear-intros)
apply (rule fun-conglwhere z=y))
apply (rule bounded-clinear-equal-ket)
apply (intro bounded-linear-intros)
apply (intro bounded-linear-intros)
by (simp add: *)
then show ?thesis
by (auto intro!: rel-funl simp: cr-chilbert2ell2-ell2-def)
qed

lemma c¢21212-norm[c212I2]:
includes lifting-syntax
shows «(cr-chilbert2ell2-ell2 ===> (=)) norm norm)
apply (subst norm-eg-sqrt-cinner|abs-def])
apply (subst (2) norm-eq-sqrt-cinner|abs-def])
using c2I212-cinner|transfer-rule] apply fail?
by transfer-prover

lemma ¢212i2-scaleC[c21212]:

includes lifting-syntax

shows (((=) ===> cr-chilbert2eli2-ell2 ===> cr-chilbert2eli2-eli2) scaleC scaleC»
proof —
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have «(ell2-to-hilbert *y ¢ xc © = ¢ x¢ (ell2-to-hilbert xy z)» for ¢ and z :: <'a chilbert2ell2
ell2»
by (simp add: cblinfun.scaleC-right)
then show ?thesis
by (auto introl: rel-funl simp: cr-chilbert2ell2-ell2-def)
qed

lemma ¢21212-zero[c21212]:
includes lifting-syntax
shows «cr-chilbert2ell2-ell2 0 0>
unfolding cr-chilbert2ell2-ell2-def by simp

lemma c21212-is-ortho-set[c21212]:

includes lifting-syntax

shows «(rel-set cr-chilbert2ell2-ell2 ===> (=)) is-ortho-set (is-ortho-set :: 'a::{ chilbert-space,not-singleton}
set = bool)»

unfolding is-ortho-set-def

using c2I212[where 'a="a, transfer-rule] apply fail?

by transfer-prover

lemma c2I212-ccspan[c21212]:
includes lifting-syntax
shows «(rel-set cr-chilbert2ell2-ell2 ===> rel-ccsubspace cr-chilbert2ell2-ell2) ccspan ccspan)
proof (rule rel-funl, rename-tac A B)
fix A and B :: (‘a set
assume <(rel-set cr-chilbert2ell2-ell2 A B»
then have <B = ell2-to-hilbert * A»
by (metis (no-types, lifting) bi-unique-cr-chilbert2eli2-ell2 bi-unique-rel-set-lemma cr-chilbert2ell2-ell2-def
image-cong)
then have <space-as-set (ccspan B) = ell2-to-hilbert ‘ space-as-set (ccspan A)»
by (subst space-as-set-image-commute[where V=<ell2-to-hilbertx)])
(auto intro: unitaryD2 simp: cblinfun-image-ccspan)
then have «rel-set cr-chilbert2ell2-ell2 (space-as-set (cespan A)) (space-as-set (cespan B))»
by (smt (verit, best) cr-chilbert2ell2-ell2-def image-iff rel-setl)
then show «<rel-ccsubspace cr-chilbert2eli2-ell2 (cespan A) (cespan B))
by (simp add: rel-ccsubspace-def)
qed

lemma ell2-to-hilbert-adj-ell2-to-hilbert [simp]: ell2-to-hilbertx sy ell2-to-hilbert *y = = x
using unitary-ell2-to-hilbert unfolding unitary-def
by (metis cblinfun-apply-cblinfun-compose cblinfun-id-cblinfun-apply)

lemma ell2-to-hilbert-ell2-to-hilbert-adj [simp]: ell2-to-hilbert =y ell2-to-hilbertx xy x = x

using unitary-ell2-to-hilbert unfolding unitary-def
by (metis cblinfun-apply-cblinfun-compose cblinfun-id-cblinfun-apply)
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lemma bi-total-rel-ccsubspace-cr-chilbert2ell2-ell2 [transfer-rule]:

«bi-total (rel-ccsubspace cr-chilbert2ell2-ell2)»

apply (rule bi-totall)

subgoal

by (rule left-total-rel-ccsubspace[where U=ell2-to-hilbert and V=c<ell2-to-hilbertx)])
(auto simp: cr-chilbert2ell2-ell2-def)[ 3]

subgoal

by (rule right-total-rel-ccsubspace[where U=«ell2-to-hilbertx> and V=c<ell2-to-hilbert)])
(auto simp: cr-chilbert2ell2-ell2-def)

done

lemma c2I212-top[c21212]:
includes lifting-syntax
shows «(rel-ccsubspace cr-chilbert2ell2-ell2) top tops
unfolding rel-ccsubspace-def
by (simp add: UNIV-transfer bi-total-cr-chilbert2ell2-ell2)

lemma c21212-is-onb[c2I212]:
includes lifting-syntax
shows «((rel-set cr-chilbert2ell2-ell2 ===> (=)) is-onb is-onb»
unfolding is-onb-def
using c2l212|where 'a='a, transfer-rule] apply fail?
by transfer-prover

unbundle no cblinfun-syntax

end

5  Weak-Operator-Topology — Weak operator topology on com-
plex bounded operators
theory Weak-Operator-Topology

imports Misc-Tensor-Product Strong-Operator-Topology Positive-Operators Wlog. Wiog
begin

unbundle cblinfun-syntax
definition cweak-operator-topology::('a::complez-normed-vector =, 'b::complex-inner) topology
where cweak-operator-topology = pullback-topology UNIV (Aa (z,y). cinner = (a xv y)) eu-
clidean
lemma cweak-operator-topology-topspace[simp):
topspace cweak-operator-topology = UNIV
unfolding cweak-operator-topology-def topspace-pullback-topology topspace-euclidean by auto

lemma cweak-operator-topology-basis:
fixes f::('a::complez-normed-vector =cp, 'b::complez-inner) and U::'i = compler set and
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z::'i = ‘b and y:<'i = ‘o
assumes finite I N\i. i € I = open (U i)
shows openin cweak-operator-topology {f. Vi€l. cinner (z i) (f v y i) € Ui}
proof —
have open {g::(("bx’a)=complex). Viel. g (x4, y i) € Ui}
by (rule product-topology-basis’|OF assms))
moreover have {f. Vie€l. cinner (z i) (f v y i) € Ui}
= (Af (x,y). cinner x (f *v y))—*.. N UNIV
by auto
ultimately show ?thesis
unfolding cweak-operator-topology-def by (subst openin-pullback-topology) auto
qed

lemma wot-weaker-than-sot:
continuous-map cstrong-operator-topology cweak-operator-topology (Af. f)
proof —
have x*: <continuous-on UNIV ((Az. cinner z z) o (Af. fy))» for x : 'band y :: a
apply (rule continuous-on-compose)
by (auto intro: continuous-on-compose continuous-at-imp-continuous-on)
have *: (continuous-map euclidean euclidean (A\f (z::'b, y::'a). x - fy)
apply simp
apply (rule continuous-on-coordinatewise-then-product)
using * by auto
have x: <continuous-map (pullback-topology UNIV (xv) euclidean) euclidean ((Af (z::'b, a::'a).
20 fa)o (k)
apply (rule continuous-map-pullback)
using *x by simp
have *: <continuous-map (pullback-topology UNIV (xy) euclidean) euclidean ((Aa (z::'b, y::'a).
z ¢ (a*xy y)) o (A /)
apply (subst asm-ri[of «((Aa (z, y). ¢ (a *v y)) o (Af. f)) = (Af (a,b). cinner a (f b))
o (kv )])
using * by auto
show ?thesis
unfolding cstrong-operator-topology-def cweak-operator-topology-def
apply (rule continuous-map-pullback’)
using *x by auto
qed

lemma cweak-operator-topology-weaker-than-euclidean:

continuous-map euclidean cweak-operator-topology (Af. f)

by (metis (mono-tags, lifting) continuous-map-compose continuous-map-eq cstrong-operator-topology-weaker-than-e
wot-weaker-than-sot o-def)

lemma cweak-operator-topology-cinner-continuous:
continuous-map cweak-operator-topology euclidean (Af. cinner x (f *v y))
proof —
have continuous-map cweak-operator-topology euclidean (Af. f (z,y)) o (Aa (z,y). cinner z (a
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v ¥)))
unfolding cweak-operator-topology-def apply (rule continuous-map-pullback)

using continuous-on-product-coordinates by fastforce
then show ?thesis unfolding comp-def by simp
qed

lemma continuous-on-cweak-operator-topo-iff-coordinatewise:
continuous-map T cweak-operator-topology f
+— (Vz y. continuous-map T euclidean (Az. cinner x (f z xy y)))
proof (intro iffT alll)
fix z::’c and y::'b
assume continuous-map T cweak-operator-topology f
with continuous-map-compose|OF this cweak-operator-topology-cinner-continuous]
have continuous-map T euclidean ((Af. cinner z (f *v y)) o f)
by simp
then show continuous-map T euclidean (Az. cinner z (f z *v y))
unfolding comp-def by auto
next
assume *: <V z y. continuous-map T euclidean (Az. z -¢ (f z xy y))»
then have *: continuous-map T euclidean ((Aa (z,y). cinner z (a v y)) o f)
by (auto simp flip: euclidean-product-topology)
show continuous-map T cweak-operator-topology f
unfolding cweak-operator-topology-def
apply (rule continuous-map-pullback’)
by (auto simp add: *)
qed

typedef (overloaded) (‘a,’d) cblinfun-wot = <UNIV :: ('a::complex-normed-vector = ¢, 'b::complez-inner)
sety ..
setup-lifting type-definition-cblinfun-wot

instantiation cblinfun-wot :: (complez-normed-vector, complez-inner) complex-vector begin
lift-definition scaleC-cblinfun-wot :: <complex = ('a, 'b) cblinfun-wot = ('a, 'b) cblinfun-wot»

is «scaleC> .
lift-definition uminus-cblinfun-wot :: «(‘a, 'b) cblinfun-wot = (‘a, 'b) cblinfun-wot> is uminus

lift-definition zero-cblinfun-wot :: «(’a, 'b) cblinfun-wots is 0 .
lift-definition minus-cblinfun-wot :: «(’'a, 'b) cblinfun-wot = ('a, 'b) cblinfun-wot = (‘a, 'b)
cblinfun-wot> is minus .
lift-definition plus-cblinfun-wot :: <(‘a, 'b) cblinfun-wot = ('a, 'b) cblinfun-wot = (‘a, 'b)
cblinfun-wot» is plus .
lift-definition scaleR-cblinfun-wot :: <real = ('a, 'b) cblinfun-wot = ('a, 'b) cblinfun-wot» is
scaleR .
instance

apply (intro-classes; transfer)

by (auto simp add: scaleR-scaleC scaleC-add-right scaleC-add-left)
end
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instantiation cblinfun-wot :: (complez-normed-vector, complez-inner) topological-space begin
lift-definition open-cblinfun-wot :: <('a, 'b) cblinfun-wot set = bool is <openin cweak-operator-topology>

instance
proof intro-classes
show <open (UNIV :: (‘a,’d) cblinfun-wot set)»
apply transfer
by (metis cweak-operator-topology-topspace openin-topspace)
show <open S = open T = open (S N T) for S T :: «('a,’d) cblinfun-wot set»
apply transfer by auto
show vV SeK. open S = open (|J K)» for K :: <('a,’d) cblinfun-wot set set
apply transfer by auto
qed
end

lemma transfer-nhds-cweak-operator-topology|transfer-rule]:

includes lifting-syntax

shows «(cr-cblinfun-wot ===> rel-filter cr-cblinfun-wot) (nhdsin cweak-operator-topology)
nhds»

unfolding nhds-def nhdsin-def

apply (simp add: cweak-operator-topology-topspace)

by transfer-prover

lemma limitin-cweak-operator-topology:

limitin cweak-operator-topology f I F +— (Va b. (M. a ¢ (fi *v b)) —— a -¢ (I xy b))
F)

by (simp add: cweak-operator-topology-def limitin-pullback-topology tendsto-coordinatewise)

lemma filterlim-cweak-operator-topology: <filterlim f (nhdsin cweak-operator-topology 1) = lim-
itin cweak-operator-topology f >
by (auto simp: cweak-operator-topology-topspace simp flip: filterlim-nhdsin-iff-limitin)

instance cblinfun-wot :: (complexz-normed-vector, complez-inner) t2-space
proof intro-classes
fix a b:: <«(a,’d) cblinfun-wot)
show <a # b= 3U V. open U ANopen VANac UNbe VAUNTV ={h
proof transfer
fixab: da=cr '»
assume <a # b
then obtain ¢ ¢ where <p -¢ (a *xv ©¥) # ¢ ¢ (b *xy )
by (meson cblinfun-eql cinner-extensionality)
then obtain U’ V' where <open U’ <open V'» and inU": «p ¢ (a xy ) € U’ and inV"
o (bxy ) € Vhiand <U' N V' ={}h
by (meson hausdorff)
define U V :: <«(a =¢ 'b) sety where «<U = {f. Vie{()}. ¢ -¢ (f xv ) € U’} and <V
— {f. Vil ¢ o (f #v ¥) € VD
have <openin cweak-operator-topology U»
unfolding U-def apply (rule cweak-operator-topology-basis)
using <open U’y by auto
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moreover have (openin cweak-operator-topology V>
unfolding V-def apply (rule cweak-operator-topology-basis)
using <open V' by auto
ultimately show «3 U V. openin cweak-operator-topology U A openin cweak-operator-topology
VAaeUANbe VAUNV=A{b
apply (rule-tac exI[of - U))
apply (rule-tac exI[of - V])
using inU’" in V' <U' N V' = {}» by (auto simp: U-def V-def)
ged
qed

lemma Domainp-cr-cblinfun-wot[simp|: «<Domainp cr-cblinfun-wot = (A-. True)»
by (metis (no-types, opaque-lifting) DomainPI cblinfun-wot.left-total left-totalF)

lemma Rangep-cr-cblinfun-wot[simp]: <Rangep cr-cblinfun-wot = (A-. True)»
by (meson RangePI cr-cblinfun-wot-def)

lemma transfer-euclidean-cweak-operator-topology|transfer-rule]:
includes lifting-syntax
shows «(rel-topology cr-cblinfun-wot) cweak-operator-topology euclideany
proof (unfold rel-topology-def, intro conjl alll impI)
show «(rel-set cr-cblinfun-wot ===> (=)) (openin cweak-operator-topology) (openin euclidean)
apply (auto simp: rel-topology-def cr-cblinfun-wot-def rel-set-def intro!: rel-funl)
apply transfer
apply auto
apply (meson openin-subopen subsetl)
apply transfer
apply auto
by (meson openin-subopen subsetl)
next
fix U <«("a=cyp 'b) setr
assume <openin cweak-operator-topology U>
show «Domainp (rel-set cr-cblinfun-wot) U»
by (simp add: Domainp-set)
next
fix U :: «('a, 'b) cblinfun-wot set»
assume <openin euclidean U)»
show (Rangep (rel-set cr-cblinfun-wot) U»
by (simp add: Rangep-set)
qed

lemma openin-cweak-operator-topology: <openin cweak-operator-topology U +— (V. open V
AU = (Aa (z,y). cinner z (a *v y)) = V)
by (simp add: cweak-operator-topology-def openin-pullback-topology)

lemma cweak-operator-topology-plus-cont: «<LIM (z,y) nhdsin cweak-operator-topology a X g nhdsin
cweak-operator-topology b.

x 4+ y > nhdsin cweak-operator-topology (a + b)»
proof —
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show ?thesis
unfolding cweak-operator-topology-def
apply (rule-tac pullback-topology-bi-cont[where f'=plus])
by (auto simp: case-prod-unfold tendsto-add-Pair cinner-add-right cblinfun.add-left)
qed

instance cblinfun-wot :: (complex-normed-vector, complez-inner) topological-group-add
proof intro-classes
show (((Az. fst z + snd ) —— a + b) (nhds a xp nhds b)) for a b :: <('a,’d) cblinfun-wot>
apply transfer
using cweak-operator-topology-plus-cont
by (auto simp: case-prod-unfold)

have *: (continuous-map cweak-operator-topology cweak-operator-topology uminus»
apply (subst continuous-on-cweak-operator-topo-iff-coordinatewise)
apply (rewrite at <(Az. z «¢ (— z xy y))» in Vz y. 10 to «(Az. — x -¢ (2 v y))» DEA-
DID.rel-mono-strong)
by (auto simp: cweak-operator-topology-cinner-continuous cblinfun.minus-left cblinfun.minus-right)
show «(uminus —— — a) (nhds a)» for a :: <('a,’d) cblinfun-wot»
apply (subst tendsto-at-iff-tendsto-nhds[symmetric])
apply (subst isCont-def[symmetric])
apply (rule continuous-on-interior[where S=UNIV])
apply (subst continuous-map-iff-continuous2|[symmetric|)
apply transfer
using * by auto
qed

lemma continuous-map-left-comp-wot:
<continuous-map cweak-operator-topology cweak-operator-topology (Aa::'a::complex-normed-vector
=CL - b OCL a)>
for b :: <'b::chilbert-space =cp 'c::complez-inner;
proof —
have sx: <((Af::'b X 'a = complez. f (bx xy z, y)) —° B N UNIV)
= (Pig UNIV (Az. if z = (bx xy x, y) then B else UNIV))»
for z :: 'c and y :: ‘a and B :: (complex set»
by (auto simp: PiE-def Pi-def)
have *: (continuous-on UNIV (Af::'b X 'a = complex. f (bx xy z, y))» for z y
unfolding continuous-on-open-vimage[OF open-UNIV]
apply (intro alll impl)
apply (subst *x)
apply (rule open-PiFE)
by auto
have x: <continuous-on UNIV (A(f::'b x 'a = complex) (z, y). [ (b*x v z, y))»
apply (rule continuous-on-coordinatewise-then-product)
using * by auto
show ?thesis
unfolding cweak-operator-topology-def
apply (rule continuous-map-pullback’)
apply (subst asm-ri[of «((A(a::'a=cL’c) (z, y). = «¢ (a *v y)) o (ocr) b) = (M (z,y). f
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(bx xy z,y)) o (Aa (z, y). z -¢ (a xv y))])
apply (auto introl: ext simp: cinner-adj-left)[1]
apply (rule continuous-map-pullback)
using *x by auto
qed

lemma continuous-map-scale C-wot: <continuous-map cweak-operator-topology cweak-operator-topology

(scaleC ¢ :: ('a::complez-normed-vector =, 'b::chilbert-space) = -)»
apply (subst asm-rlof <scaleC ¢ = (ocr) (¢ *¢ id-cblinfun))])
apply auto[1]
by (rule continuous-map-left-comp-wot)

lemma continuous-scale C-wot: <continuous-on X (scaleC ¢ :: (-::complex-normed-vector,-:: chilbert-space)
cblinfun-wot = -)»

apply (rule continuous-on-subset|[rotated, where s=UNIV], simp)

apply (subst continuous-map-iff-continuous2|symmetric|)

apply transfer

by (rule continuous-map-scale C-wot)

lemma wot-closure-is-csubspace[simpl:
fixes A::('a::complex-normed-vector, 'b::chilbert-space) cblinfun-wot set
assumes (csubspace A»
shows <csubspace (closure A)»
proof (rule complez-vector.subspacel )
include lattice-syntax
show 0: <0 € closure A»
by (simp add: assms closure-def complez-vector.subspace-0)
show «x + y € closure Ay if «x € closure Ay <y € closure A for z y
proof —
define FF where «FF = ((nhds z M principal A) X (nhds y N principal A))»
have nt: «<FF # bot)
by (simp add: prod-filter-eq-bot that(1) that(2) FF-def flip: closure-nhds-principal)
have Vp z in FF. fst x € A»
unfolding FF-def
by (smt (verit, ccfo-SIG) eventually-prod-filter fst-conv inf-sup-ord(2) le-principal)
moreover have (Vg zin FF. snd z € A»
unfolding FF-def
by (smt (verit, ccfv-SIG) eventually-prod-filter snd-conv inf-sup-ord(2) le-principal)
ultimately have FF-plus: <N p x in FF. fst x + snd z € A>
by (smt (verit, best) assms complex-vector.subspace-add eventually-elim2)

have ((fst —— z) ((nhds x M principal A) X (nhds y M principal A))>
apply (simp add: filterlim-def)
using filtermap-fst-prod-filter
using le-inf-iff by blast
moreover have «(snd —— y) ((nhds z N principal A) xp (nhds y N principal A))»
apply (simp add: filterlim-def)
using filtermap-snd-prod-filter
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using le-inf-iff by blast
ultimately have «(id —— (z,y)) FE»
by (simp add: filterlim-def nhds-prod prod-filter-mono FF-def)

moreover note tendsto-add-Pair|of = y]
ultimately have «(((A\z. fst x + snd z) 0 id) —— (A\z. fst x + snd z) (z,y)) FF»
unfolding filterlim-def nhds-prod
by (smt (verit, best) filterlim-compose filterlim-def filterlim-filtermap fst-conv snd-conv
tendsto-compose-filtermap)

then have «((A\z. fst ¢ + snd ) —— (z+y)) FF»
by simp
then show <z + y € closure A»
using nt FF-plus by (rule limit-in-closure)
qed
show <c ¢ © € closure Ay if <z € closure Ay for z ¢
using that
using image-closure-subset[where S=A and T=«closure A> and f=<scaleC ¢, OF contin-
uous-scale C-wot]
apply auto
by (metis 0 assms closure-subset csubspace-scale C-invariant imagel in-mono scaleC-eq-0-iff)
qed

lemma [transfer-rule]:
includes lifting-syntax
shows «((rel-set cr-cblinfun-wot ===> (=)) csubspace csubspace
unfolding complex-vector.subspace-def
by transfer-prover

lemma [transfer-rule]:
includes lifting-syntax
shows «((rel-set cr-cblinfun-wot ===> (=)) (closedin cweak-operator-topology) closed>
apply (simp add: closed-def[abs-def] closedin-def|abs-def] cweak-operator-topology-topspace
Compl-eq-Diff-UNIV')
by transfer-prover

lemma [transfer-rule]:

includes lifting-syntax

shows «(rel-set cr-cblinfun-wot ===> rel-set cr-cblinfun-wot) (Abstract-Topology.closure-of
cweak-operator-topology) closure)

apply (subst closure-of-hull[where X=-cweak-operator-topology, unfolded cweak-operator-topology-topspace,
simplified, abs-def])

apply (subst closure-hull[abs-def])

unfolding hull-def

by transfer-prover

lemma wot-closure-is-csubspace’[simp]:
fixes A::(‘a::complex-normed-vector = ¢, 'b::chilbert-space) set
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assumes <csubspace A»

shows <csubspace (cweak-operator-topology closure-of A))
using wot-closure-is-csubspacelof <Abs-cblinfun-wot < As] assms
apply (transfer fixing: A)

by simp

lemma has-sum-closed-cweak-operator-topology:
fixes A :: «('b::complex-normed-vector =c¢ 'c::complex-inner) set
assumes aA: <\i. a i € A
assumes closed: <closedin cweak-operator-topology A»
assumes subspace: <csubspace A»
assumes has-sum: <N\ . (Ai. ¢ ¢ (a i *xy ¥)) has-sum ¢ ¢ (b xy ) D>
shows b € A»
proof —
have 1: <range (sum a) C A»
proof —
have (sum a X € Ay for X
apply (induction X rule:infinite-finite-induct)
by (auto simp add: subspace complex-vector.subspace-0 aA complex-vector.subspace-add)
then show ?thesis
by auto
qed

from has-sum
have ((AF. Y i€F. ¢ ¢ (a i xy ¢)) —— ¢ ¢ (b *xy ) (finite-subsets-at-top I)» for ¢ ¢
using has-sum-def by blast
then have <limitin cweak-operator-topology (AF. > i€F. a ) b (finite-subsets-at-top I)»
by (auto simp add: limitin-cweak-operator-topology cblinfun.sum-left cinner-sum-right)
then show b € A
using 1 closed apply (rule limitin-closedin)
by simp
qed

lemma limitin-adj-wot:
assumes <limitin cweak-operator-topology f 1 F»
shows <limitin cweak-operator-topology (Ai. (f ©)x) (Ix) F»
proof —
from assms
have «((Ai. a ¢ (fi *y b)) —— a -¢ (I xy b)) F» for a b
by (simp add: limitin-cweak-operator-topology)
then have «((Ai. cnj (a -¢ (fi *xy b)) —— enj (a -¢ (I xy b)) F> for a b
using tendsto-cnj by blast
then have «((\i. cnj (((f 9)% v a) -¢ b)) —— cnj ((Ix *xy a) ¢ b)) F» for a b
by (simp add: cinner-adj-left)
then have «(\i. b -¢ ((fi)* v a)) —— b ¢ (Ix xy a)) F) for a b
by simp
then show ?thesis
by (simp add: limitin-cweak-operator-topology)
qed

109



lemma hausdorff-cweak-operator-topology[simpl: < Hausdorff-space cweak-operator-topology»
proof (rule hausdorffI)
fix A B :: </a =¢r 'b) assume <A £ B)
then obtain y where <A xy y # B xy
by (meson cblinfun-eql)
then obtain z where <z -¢ (A xy y) # z -¢ (B *y y)
using cinner-ectensionality by blast
then obtain U’ V'’ where <open U"s <open V' and inside: <z -¢ (A xy y) € U» «x ¢ (B
xy y) € V) and disj: <U'N V' ={h
by (meson separation-t2)
define U” V" where «<U" = Pig UNIV (\i. if i=(z,y) then U’ else UNIV)» and «V" =
Pig UNIV (Xi. if i=(z,y) then V' else UNIV)»
from <open U’y <open V'
have <open U’ and <open V'’
by (auto simp: U’'-def V''-def open-fun-def intro!: product-topology-basis)
define U V :: ((Ya =¢1 'b) set» where «U = (A (z, y). 2 ¢ (A xy y)) = U’ and «(V =
Ma (2, y). z-c (axy y) =V
have openin: <openin cweak-operator-topology U> <openin cweak-operator-topology V>
using U-def V-def <open Uy <open V'’s openin-cweak-operator-topology by blast+
have <A € U» <Be V»
using inside by (auto simp: U-def V-def U''-def V''-def)
have <U N V = {b
using disj apply (auto simp: U-def V-def U''-def V''-def PiE-def Pi-iff)
by (metis disjoint-iff)
show <3 U V. openin cweak-operator-topology U A openin cweak-operator-topology V.N A €
UNBeVAUNV={}p
using <A € U» «B € Vy <UN V ={}> openin by blast
qed

lemma hermitian-limit-hermitian-wot:
assumes (F' £ bot»
assumes herm: <\i. (a 9)x = a D
assumes [im: <limitin cweak-operator-topology a A F»
shows (Ax = A»
using - - <F' # boty hausdorff-cweak-operator-topology
apply (rule limitin-Hausdorff-unique)
using lim apply (rule limitin-adj-wot)
unfolding herm by (fact lim)

lemma wot-weaker-than-sot-openin:
<openin cweak-operator-topology © = openin cstrong-operator-topology x>
using wot-weaker-than-sot unfolding continuous-map-def by auto

lemma wot-weaker-than-sot-limitin: <limitin cweak-operator-topology a A F» if «limitin cstrong-operator-topology
aAF»
using that unfolding filterlim-cweak-operator-topology|symmetric] filterlim-cstrong-operator-topology|symmetric]
apply (rule filterlim-mono)
apply (rule nhdsin-mono)
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by (auto simp: wot-weaker-than-sot-openin)

lemma hermitian-limit-hermitian-sot:
assumes (F' £ bot)
assumes (\i. (a i)x = a ©
assumes <limitin cstrong-operator-topology a A F»
shows (Ax = A»
using assms(1,2) apply (rule hermitian-limit-hermitian-wot[where a=a and F=F])
using assms(3) by (rule wot-weaker-than-sot-limitin)

lemma hermitian-sum-hermitian-sot:
assumes herm: <A\i. (a i)x = a O
assumes sum: <has-sum-in cstrong-operator-topology a X A»
shows (Ax = A»
proof —
from herm have herm-sum: «(sum a F)x = sum a F» for F
by (simp add: sum-ady)
show ?thesis
using - herm-sum sum[unfolded has-sum-in-def]
apply (rule hermitian-limit-hermitian-sot)
by simp
qed

lemma wot-is-norm-topology-findim[simp]:
«(cweak-operator-topology :: ('a::{ cfinite-dim,chilbert-space} = ¢, 'b::{ cfinite-dim, chilbert-space})
topology) = euclidean
proof —
have <continuous-map euclidean cweak-operator-topology id>
by (simp add: id-def cweak-operator-topology-weaker-than-euclidean)
moreover have <continuous-map cweak-operator-topology euclidean (id :: 'a =¢p b = -)»
proof (rule continuous-map-iff-preserves-convergence)
fix land F :: «(Ya =¢r 'd) filter
assume lim-wot: <limitin cweak-operator-topology id I F»
obtain A :: <‘a sety where ¢is-onb A»
using is-onb-some-chilbert-basis by blast
then have idA: <id-cblinfun = () z€A. selfbutter x)»
using butterflies-sum-id-finite by blast
obtain B :: ¢'b set> where <is-onb B»
using is-onb-some-chilbert-basis by blast
then have idB: <id-cblinfun = (> x€B. selfbutter x)»
using butterflies-sum-id-finite by blast
from lim-wot have <(Az. b -¢ (z *y a)) —— b ¢ (I *y a)) F» for a b
by (simp add: limitin-cweak-operator-topology)
then have (((Az. (b -¢ (z *v a)) *¢ butterfly b a) —— (b -¢ (I *y a)) *¢ butterfly b a)
F) for a b
by (simp add: tendsto-scaleC')
then have «((A\z. selfbutter b oo, x ooy, selfbutter a) —— (selfbutter b ooy, 1 ocr, selfbutter
a)) Fy for a b
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by (simp add: cblinfun-comp-butterfly)
then have «((Az. > beB. selfbutter b ocr, x ocr selfbutter a) —— (> bEB. selfbutter b
ocr 1 ocyp selfbuiter a)) F» for a
by (rule tendsto-sum)
then have «((\z. z ocp, selfbutter a) —— (I ocp, selfbutter a)) F» for a
by (simp add: flip: cblinfun-compose-sum-left idB)
then have «((Az. > a€A. z ooy selfbutter a) —— (> a€A. l ooy selfbutter a)) F»
by (rule tendsto-sum)
then have «(id —— 1) F)
by (simp add: flip: cblinfun-compose-sum-right idA id-def)
then show <limitin euclidean id (id 1) F»
by simp
qed
ultimately show ?thesis
by (auto simp: topology-finer-continuous-id[symmetric|] simp flip: openin-inject)
qed

lemma sot-is-norm-topology-fin-dim[simp):

«(estrong-operator-topology :: ('a::{ cfinite-dim,chilbert-space} = ¢ 1, 'b::{ cfinite-dim, chilbert-space})
topology) = euclidean
proof —
have 1: (continuous-map euclidean cstrong-operator-topology (id :: 'a=cr1'b = -)»
by (simp add: id-def cstrong-operator-topology-weaker-than-euclidean)
have <continuous-map cstrong-operator-topology cweak-operator-topology (id :: 'a=cr'b = -)»
by (metis eq-id-iff wot-weaker-than-sot)
then have 2: (continuous-map cstrong-operator-topology euclidean (id :: 'a=cr1'b = -)»
by (simp only: wot-is-norm-topology-findim)
from 1 2
show ?thesis
by (auto simp: topology-finer-continuous-id[symmetric] simp flip: openin-inject)
qed

lemma regular-space-wot: <reqular-space cweak-operator-topologys
proof —
have <regular-space (product-topology (Ai::'bx'a. euclidean :: complex topology) UNIV)»
by (simp add: regular-space-product-topology)
then have <regular-space (euclidean :: ('bx'a = complex) topology)»
using euclidean-product-topology by metis
then show ?thesis
unfolding cweak-operator-topology-def
by (rule-tac regqular-space-pullback)
qed

instance cblinfun-wot :: (complex-normed-vector, complex-inner) t3-space
apply intro-classes
apply transfer
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using reqular-space-wot
by (auto simp add: regular-space-def disjnt-def)

instantiation cblinfun-wot :: (chilbert-space, chilbert-space) order begin
lift-definition less-eq-cblinfun-wot :: «('a, 'b) cblinfun-wot = ('a, 'b) cblinfun-wot = bools is
less-eq.
lift-definition less-cblinfun-wot :: «(‘a, 'b) cblinfun-wot = (‘a, 'b) cblinfun-wot = bool) is less.
instance

apply (intro-classes; transfer’)

by auto
end

instance cblinfun-wot :: (chilbert-space,chilbert-space) ordered-comm-monoid-add
proof
fix a b c:: <«('a,’b) cblinfun-wot»
assume <a < b
then show <¢ + a < ¢ + b
apply transfer’
by simp
qed

lemma limitin-wot-add:
assumes <limitin cweak-operator-topology f a F»
assumes <limitin cweak-operator-topology g b F»
shows <limitin cweak-operator-topology (Az. fz + g z) (a + b) F»
proof —
have «(LIM z F. (fx, g x) :> nhdsin cweak-operator-topology a X g nhdsin cweak-operator-topology
by
apply (rule filterlim-Pair)
using assms by (simp-all add: filterlim-cweak-operator-topology)
then have «(LIM z F. case (f z, g x) of (z, y) = z + y :> nhdsin cweak-operator-topology (a
+ b)»
apply (rule filterlim-compose[rotated))
by (rule cweak-operator-topology-plus-cont)
then show ?thesis
by (simp add: filterlim-cweak-operator-topology)
qed

lemma monotone-convergence-wot:

— [1], Proposition 43.1 (i), (ii), but translated to filters.

fixes [ :: <'b = ('a = 'a:chilbert-space)>

assumes bounded: Vg zin F. fz < B)

assumes increasing: <increasing-filter (filtermap f F)»

shows <3 L. limitin cweak-operator-topology f L F»
proof —

wlog nontrivial: <F # 1»

using negation by (auto introl: limitin-trivial)
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wlog pos: Vg zin F. fx > 0> generalizing f B keeping bounded increasing nontrivial
proof —
from increasing
have <V y in F. 3 L. limitin cweak-operator-topology f L F»
unfolding increasing-filter-def eventually-filtermap
proof (rule eventually-mono)
fix z0
assume f-lower: Vg zin F. fz0 < fx»
define g where <g 2 = fz — f 20> for z
from bounded
have bounded-g: Vg xin F. gz < B — fx0>»
apply (rule eventually-mono)
by (simp add: g-def)
from f-lower
have pos-g: Vpaxin F. gz > 0>
apply (rule eventually-mono)
by (simp add: g-def)
from increasing
have increasing-g: <increasing-filter (filtermap g F)»
unfolding increasing-filter-def eventually-filtermap
apply (rule eventually-mono)
apply (erule eventually-mono)
by (simp add: g-def]abs-def])
obtain L where <limitin cweak-operator-topology g L F»
apply atomize-elim
using pos-g bounded-g increasing-g nontrivial by (rule hypothesis)
then have <limitin cweak-operator-topology (Ax. g x + fz0) (L + fz0) F»
apply (rule limitin-wot-add)
by simp
then have <limitin cweak-operator-topology f (L + f z0) F»
by (auto intro!: simp: g-def[abs-def])
then show <3 L. limitin cweak-operator-topology f L F»
by auto
qed
then show ?thesis
by (simp add: nontrivial eventually-const)
qed

define surround where <surround ¥ a = ¢ (a *y ¥)) for ¢ :: 'a and a
have mono-surround: <mono (surround ) for v
by (auto introl: monol simp: surround-def less-eq-cblinfun-def)
obtain !’ where tendsto-l": <«(Az. surround ¢ (f z)) —— I’ ¢) F» for ¢
proof (atomize-elim, intro choice alll)
fix vy a
from bounded
have surround-bound: <NV g x in F. surround ¢ (f z) < surround ¢ B)
unfolding surround-def
apply (rule eventually-mono)
by (simp add: less-eq-cblinfun-def)
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moreover have <increasing-filter (filtermap (Az. surround v (f z)) F)»
using increasing-filtermap| OF increasing mono-surround)
by (simp add: filtermap-filtermap)
ultimately obtain !’ where «((Az. surround ¢ (f z)) —— l') F>»
apply atomize-elim
by (auto introl: monotone-convergence-complex increasing mono-surround
sitmp: eventually-filtermap)
then show 31" ((Az. surround ¢ (fz)) —— 1) F»
by auto
qed
define [ where < p ¥ = (I’ (p+v¢) — ' (p—¢) —ixU'(p +ixc ) +1x1'(p —1i*xc ¥))
/ 4> for o ¢ i 'a
have polar: «p ¢ a ¥ = (surround (o+1¢) a — surround (p—1) a — i * surround (¢ + i *¢
Y) a + 1 % surround (¢ — 1 ¢ ) a) / 4> for a :: <'a =cp ‘e and p ¢
by (simp add: surround-def cblinfun.add-right cinner-add cblinfun.diff-right
cinner-diff cblinfun.scaleC-right ring-distribs)
have tendsto-l: «(Az. ¢ ¢ fz ) —— L@ ) F» for ¢ ¢
by (auto intro!: tendsto-divide tendsto-add tendsto-diff tendsto-l’ simp: I-def polar)
have [-bound: <norm (I ¢ ) < norm B * norm ¢ x norm ¢ for ¢ ¢
proof —
from bounded pos
have Vp z in F. norm (¢ -¢ fz ¢¥) < norm B x norm ¢ * norm i for ¢ 1
proof (rule eventually-elim2)
fix z
assume fz < By and 0 < f
have <¢cmod (¢ ¢ (fz *xv ¥)) < norm @ * norm (f x xy ¥)»
using complex-inner-class. Cauchy-Schwarz-ineq2 by blast
also have «... < norm ¢ * (norm (f ) * norm )
by (simp add: mult-left-mono norm-cblinfun)
also from «fz < B> <0 < fa»

have (... < norm ¢ * (norm B * norm ¥))
by (auto intro!: mult-left-mono mult-right-mono norm-cblinfun-mono simp: )
also have «... = norm B % norm ¢ % norm ¥»
by simp
finally show <norm (¢ -¢ fz ¥) < norm B % norm ¢ * norm i)
by —
qed

moreover from tendsto-l
have «((Az. norm (¢ ¢ fz ¢)) —— norm (I ¢ ¢¥)) F» for ¢ ¢
using tendsto-norm by blast
ultimately show #thesis
using nontrivial tendsto-upperbound by blast
qged
have <bounded-sesquilinear [
proof (rule bounded-sesquilinear.intro)
fix o o' ¥ ¢’ and r :: complex
from tendsto-l have «(A\z. ¢ ¢ fz v + o c fa ) — Lo + 1o ¢') F>
by (simp add: tendsto-add)
moreover from tendsto-l have «(Az. ¢ ¢ fz b + ¢ ¢ fz ) —— 1o (Y + ) F»
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by (simp flip: cinner-add-right cblinfun.add-right)
ultimately show « ¢ (Y + ) =1l + 1o )
by (rule tendsto-unique[ OF nontrivial, rotated))
from tendsto-l have «(Az. ¢ ¢ fz v + ¢ c fa b)) — Lo+ 1 o' ) F»
by (simp add: tendsto-add)
moreover from tendsto-l have «(Az. ¢ «c fz v + @' ¢ fz ) —= 1 (0 + ¢') ¥) F>
by (simp flip: cinner-add-left cblinfun.add-left)
ultimately show <l (¢ + @)Y =1 + 1 '
by (rule tendsto-unique[ OF nontrivial, rotated)])
from tendsto-l have «(Az. r ¢ (¢ ¢ fz V) —— rxc Ll oY) F»
using tendsto-scaleC by blast
moreover from tendsto-l have <(Az. r x¢ (¢ ¢ fz V) ——= Lo (r *c ¥)) F»
by (simp flip: cinner-scaleC-right cblinfun.scaleC-right)
ultimately show <l ¢ (1 x¢c ) = 7 *¢ | p >
by (rule tendsto-unique[ OF nontrivial, rotated)])
from tendsto-l have «((Az. cnj r *c (¢ ¢ fzx V) —— cenjr *¢ L ¢ P) F»
using tendsto-scaleC by blast
moreover from tendsto-l have «((Ax. enj r *¢ (¢ ¢ fz ¥)) —— 1 (r x¢ @) ¥) F»
by (simp flip: cinner-scaleC-left cblinfun.scaleC-left)
ultimately show <l (r x¢ @) ¥ = cnj r x¢ | p >
by (rule tendsto-unique[ OF nontrivial, rotated))
show (3K. Va b. cmod (I a b) < norm a x norm b * K>
using l-bound by (auto introl: exI|of - <norm B»| simp: mult-ac)
qged
define L where <L = (the-riesz-rep-sesqui 1)*>
then have «p «¢ LY =1 ¢ ¢ for ¢ 1
by (auto introl: <bounded-sesquilinear Iy the-riesz-rep-sesqui-apply simp: cinner-adj-right)
with tendsto-l have «((A\z. ¢ ¢ fz ) —— ¢ ¢ L ¢) F» for ¢ 9
by simp
then have «limitin cweak-operator-topology f L F»
by (simp add: limitin-cweak-operator-topology)
then show ?thesis
by auto
qed

lemma summable-wot-bounded!:

fixes f :: <'b = (‘a =¢ 'a:chilbert-space)»

assumes bounded: <\F. finite F — F C X = sum fF < B

assumes pos: <\z. 2 € X = fax > O

shows (summable-on-in cweak-operator-topology f X»
proof —

from pos have incr: <increasing-filter (filtermap (sum f) (finite-subsets-at-top X))»

by (auto intro!: increasing-filtermap[where X=«F. finite F AN F C X})] mono-onl sum-mono2)

show ?thesis

apply (simp add: summable-on-in-def has-sum-in-def)

by (safe intro!: bounded incr monotone-convergence-wot[where B=B] eventually-finite-subsets-at-top-weakl)

qed
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lemma summable-wot-boundedl”:
fixes [ :: <'b = (‘a::chilbert-space, 'a) cblinfun-wot)
assumes bounded: <\F. finite F = F C X = sum fF < B»
assumes pos: {A\z. 2 € X = fz > O
shows «f summable-on X»
apply (subst summable-on-euclidean-eq[symmetric])
using assms
apply (transfer’ fixing: X)
apply (rule summable-wot-boundedl)
by auto

lemma has-sum-mono-neutral-wot:
fixes f :: 'a = ('b::chilbert-space =cr, ')
assumes <has-sum-in cweak-operator-topology f A a> and has-sum-in cweak-operator-topology
gBb
assumes (A\z. z € ANB = fz < gm
assumes (A\z. 2 € A—-B = fz < O
assumes (A\z. 2 € B—4A = gz > 0»
shows a < b
proof —
have ¥-eq: < ¢ a ¥ < ¢ by for ¢
proof —
from assms(1)
have sumA: «(Az. ¢ ¢ fz ) has-sum ¢ ¢ a ) A
by (simp add: has-sum-in-def has-sum-def limitin-cweak-operator-topology
cblinfun.sum-left cinner-sum-right)
from assms(2)
have sumB: «((Az. ¥ -¢ g x ¥) has-sum ¥ -¢ b ) B)
by (simp add: has-sum-in-def has-sum-def limitin-cweak-operator-topology
cblinfun.sum-left cinner-sum-right)
from sumA sumB
show ?thesis
apply (rule has-sum-mono-neutral-complex)
using assms(3—35)
by (auto simp: less-eg-cblinfun-def)
qed
then show «a < b
by (simp add: less-eg-cblinfun-def)
qed

lemma has-sum-mono-wot:

fixes [ :: 'a = ('b::chilbert-space = ¢ 'b)

assumes has-sum-in cweak-operator-topology f A x and has-sum-in cweak-operator-topology g
Ay

assumes \z. 2 € A = fz < gm

shows z < y

using assms has-sum-mono-neutral-wot by force
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lemma infsum-mono-neutral-wot:

fixes f :: 'a = ('b::chilbert-space =cp 'b)

assumes summable-on-in cweak-operator-topology f A and summable-on-in cweak-operator-topology
g B

assumes (A\z. z € ANB = fz < g

assumes (A\z. 2 € A-B = fz < b

assumes (A\z. z € B—A =gz > O

shows infsum-in cweak-operator-topology f A < infsum-in cweak-operator-topology g B

using assms

by (metis (mono-tags, lifting) has-sum-in-infsum-in has-sum-mono-neutral-wot hausdorff-cweak-operator-topology)

lemma has-sum-on-wot-transfer(transfer-rule]:

includes lifting-syntax

shows «(((=) ===> cr-cblinfun-wot) ===> (=) ===> cr-cblinfun-wot ===> (+—))
(has-sum-in cweak-operator-topology) HAS-SUM»

unfolding has-sum-euclidean-iff [abs-def, symmetric] has-sum-in-def[abs-def]

by transfer-prover

lemma summable-on-wot-transfer|[transfer-rule]:

includes lifting-syntax

shows ((((=) ===> cr-cblinfun-wot) ===> (=) ===> (+—)) (summable-on-in cweak-operator-topology)
(summable-on))

apply (auto intro!: simp: summable-on-def[abs-def] summable-on-in-def[abs-def])

by transfer-prover

lemma Abs-cblinfun-wot-transfer|transfer-rule]:
includes lifting-syntax
shows (((=) ===> cr-cblinfun-wot) id Abs-cblinfun-wot»
by (auto introl: rel-funl simp: cr-cblinfun-wot-def Abs-cblinfun-wot-inverse)

lemma infsum-mono-neutral-wot’:
fixes f :: 'a = ('b::chilbert-space, 'b) cblinfun-wot
assumes [ summable-on A and g summable-on B
assumes (A\z. z € ANB = fz < gm
assumes (A\z. 2 € A—-B = fz < O
assumes (A\z. 2 € B—4A =gz > 0»
shows infsum f A < infsum g B
unfolding infsum-euclidean-eq[symmetric]
using assms
apply (transfer’ fizing: A B)
apply (rule infsum-mono-neutral-wot)
by auto

lemma infsum-nonneg-wot":
fixes f :: 'a = (‘c::chilbert-space,’c) cblinfun-wot

118



assumes A\z.2 € M = 0 < fz
shows infsum f M > 0
proof (cases <f summable-on M>)
case True
show ?thesis
apply (subst infsum-0[symmetric, OF refl])
apply (rule infsum-mono-neutral-wot'[where A=M and B=M])
using assms True by auto
next
case Fulse
then have <infsum f M = 0»
using infsum-not-exists by blast
then show ?thesis
by simp
qed

lemma summable-on-Sigma-wotl:
fixes f :: </a x 'b = ('c::chilbert-space,’c) cblinfun-wot
assumes Nz y. r € A= ye€ Bz = f (z,y) > O»
assumes summableA: <(Az. Y y€B . f (z,y)) summable-on A»
assumes summableB: <\z. 1€ A = (\y. [ (2, y)) summable-on (B z)»
shows «f summable-on Sigma A B>
proof (rule summable-wot-boundedl”)
show «fz > 0y if «x € Sigma A B) for x
using assms that by blast
show «sum fF < (3 x€A. Y woy€EB . f (z,y)) if <finite F» and <F C Sigma A B> for F
proof —
define FA where (FA = fst * F»
define FB where <FB z = {y. (z,y)€F}» for z
have F-FAB: «(F = Sigma FA FB»
by (auto simp: FA-def FB-def image-iff Bex-def)
have [simp]: <finite FA> finite (FB z)) for z
using «finite F» by (auto introl: finite-inverse-image injl simp: FA-def FB-def)
have FA-A: <FA C A»
using FA-def that(2) by auto
have FB-B: <FB x C Bz if <z € A) for z
using FB-def «F C Sigma A B> by auto
have <sum fF = (} z€FA. Y yeFBz. f (2,y))
apply (subst sum.Sigma)
by (auto simp: F-FAB)
also have «... = (D z€FA. Y wyeFB . f (z,y))
by fastforce
also have «... < (D zeFA. Y yeB . f (z,y))
apply (rule sum-mono)
apply (rule infsum-mono-neutral-wot”)
using FA-A FB-B assms by auto
also have «... = (3 oz€FA. Y yeBz. f (z,y))
by fastforce
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also have «... < (3] z€A. Y wyeB . f (z,y))
apply (rule infsum-mono-neutral-wot’)
using FA-A assms by (auto intro!: infsum-nonneg-wot’)
finally show «sum f F < (D] 2€A. Y. woyEB z. f (2,y))
by —
qed
qed

lift-definition compose-wot :: «('b::complex-inner,’c::complex-inner) cblinfun-wot = ('a::complex-normed-vector,’d)
cblinfun-wot = ('a,’c) cblinfun-wot) is
cblinfun-compose.

lift-definition adj-wot :: «(’a::chilbert-space, 'b::complex-inner) cblinfun-wot = (’b, 'a) cblin-
fun-woty is adj.

lemma infsum-wot-is-Sup:
fixes [ :: <'b = ('a = 'a:chilbert-space)>
assumes summable: <summable-on-in cweak-operator-topology f X»
— See also summable-wot-boundedl for proving this.
assumes pos: <A\z. 2 € X = fz > O
defines «S = infsum-in cweak-operator-topology f X>»
shows (is-Sup (A\F. Y z€F. fz) ‘{F. finite F N F C X}) S»
proof (rule is-Supl)
have has-sum: <has-sum-in cweak-operator-topology f X S»
unfolding S-def
apply (rule has-sum-in-infsum-in)
using assms by auto
show s < S» if «<s € (A\F. > z€F. fz) ‘{F. finite F AN F C X})» for s
proof —
from that obtain F where [simp]: «finite F» and «F C X»> and s-def: <s = (> z€F. fz)
by auto
show ?thesis
proof (rule has-sum-mono-neutral-wot)
show <has-sum-in cweak-operator-topology f F s>
by (auto intro!: has-sum-in-finite simp: s-def)
show <has-sum-in cweak-operator-topology f X S»
by (fact has-sum)
show «fz < fx» for z
by simp
show «(fz < O if <z € F — X for z
using (F' C X» that by auto
show fz > 0» if <x € X — F» for z
using that pos by auto
qed
qed
show «§ <
if y-bound: «A\z. x € (AF. Y. zeF. fz) ‘{F. finite FANF C X}) = z < gy for y
proof (rule cblinfun-lel, rename-tac 1))
fix vy a
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define g where <g x = 9 ¢ Rep-cblinfun-wot = ) for x
from has-sum have lim: <«((Ai. ¥ -¢ (O] z€i. fz) *v ¥)) —— ¥ .o (S *v ¢)) (finite-subsets-at-top
X)»
by (simp add: has-sum-in-def limitin-cweak-operator-topology)
have bound: ¢ «¢ (D z€F. fz) ¢ < -¢ y i if (finite Fr «<F C X> for F
using y-bound less-eq-cblinfun-def that(1) that(2) by fastforce
show b - (S v ) < ¥ -c y
using finite-subsets-at-top-neg-bot tendsto-const lim apply (rule tendsto-le-complex)
using bound by (auto intro!: eventually-finite-subsets-at-top-weakl)
qed
qed

lemma has-sum-in-cweak-operator-topology-pointwise:
<has-sum-in cweak-operator-topology f X s «+— (V¢ . (Ax. ¥ ¢ fx ) has-sum ) ¢ s ¥)
X)»
by (simp add: has-sum-in-def has-sum-def limitin-cweak-operator-topology
cblinfun.sum-left cinner-sum-right)

lemma summable-wot-bdd-above:
fixes f :: <'b = ('a =¢ 1 'a:chilbert-space)»
assumes summable: (summable-on-in cweak-operator-topology f X»
— See also summable-wot-boundedl for proving this.
assumes pos: <\z. z € X = fax > O
shows <(bdd-above (sum f ‘{F. finite F N F C X})»
using infsum-wot-is-Sup|OF assms)
by (auto intro!: simp: is-Sup-def bdd-above-def)

lemma summable-on-in-cweak-operator-topology-pointwise:
assumes <summable-on-in cweak-operator-topology f X»
shows <(A\z. a -¢ fx b) summable-on X»
using assms
by (auto simp: summable-on-in-def summable-on-def has-sum-in-cweak-operator-topology-pointwise)

lemma infsum-in-cweak-operator-topology-pointwise:

assumes (summable-on-in cweak-operator-topology f X»

shows <a ¢ (infsum-in cweak-operator-topology f X) b = (3 wz€X. a ¢ fz b))

by (metis (mono-tags, lifting) assms has-sum-in-cweak-operator-topology-pointwise has-sum-in-infsum-in
hausdorff-cweak-operator-topology infsuml)

instance cblinfun-wot :: (complex-normed-vector, complex-inner) topological-ab-group-add
by intro-classes

lemma has-sum-in-wot-compose-left:

fixes [ :: </c = 'a::complex-normed-vector = ¢ 'b::chilbert-spaces

assumes <has-sum-in cweak-operator-topology f X s

shows <has-sum-in cweak-operator-topology (Ax. a ocr fz) X (a ocr, s)
proof (rule has-sum-in-cweak-operator-topology-pointwise] THEN iffD2], intro alll, rename-tac
g h)

fix g h
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from assms have «((Az. (ax) g ¢ fx h) has-sum (ax) g ¢ s h) X»
by (metis has-sum-in-cweak-operator-topology-pointwise)
then show «((Az. g -¢ (a ooy, fz) h) has-sum g -¢ (a ocr s) h) X»
by (metis (no-types, lifting) cblinfun-apply-cblinfun-compose cinner-adj-left has-sum-cong)
qed

lemma has-sum-in-wot-compose-right:
fixes f :: <c = 'a::complex-normed-vector = ¢, 'b::complex-inner»
assumes <has-sum-in cweak-operator-topology f X s
shows <has-sum-in cweak-operator-topology (\z. fx ocr, a) X (s ocp a)»
proof (rule has-sum-in-cweak-operator-topology-pointwise] THEN iffD2], intro alll, rename-tac
g h)
fix g h
from assms have <((A\z. g ¢ fz (a h)) has-sum g ¢ s (a h)) X»
by (metis has-sum-in-cweak-operator-topology-pointwise)
then show «((A\z. g :¢ (fz ocr a) h) has-sum g «¢ (s ocr, a) h) X>
by simp
qed

lemma summable-on-in-wot-compose-left:
fixes [ :: </c = 'a::complex-normed-vector = ¢ 'b::chilbert-spaces
assumes <(summable-on-in cweak-operator-topology f X»
shows <summable-on-in cweak-operator-topology (Ax. a ocr, fx) X>
using has-sum-in-wot-compose-left assms
by (fastforce simp: summable-on-in-def)

lemma summable-on-in-wot-compose-right:
assumes (summable-on-in cweak-operator-topology f X»
shows <summable-on-in cweak-operator-topology (A\z. f x ocr a) X»
using has-sum-in-wot-compose-right assms
by (fastforce simp: summable-on-in-def)

lemma infsum-in-wot-compose-left:
fixes [ :: <'c = 'a::complex-normed-vector = ¢, 'b::chilbert-space)
assumes (summable-on-in cweak-operator-topology f X>»
shows <infsum-in cweak-operator-topology (Az. a ocr, fz) X = a ocr, (infsum-in cweak-operator-topology
fX»
by (metis (mono-tags, lifting) assms has-sum-in-infsum-in has-sum-in-unique hausdorff-cweak-operator-topology
has-sum-in-wot-compose-left summable-on-in-wot-compose-left)

lemma infsum-in-wot-compose-right:
fixes f :: <c = 'a::complex-normed-vector = ¢, 'b::complex-inner»
assumes <(summable-on-in cweak-operator-topology f X»
shows <infsum-in cweak-operator-topology (Az. fr oo a) X = (infsum-in cweak-operator-topology
fX)ocr @
by (metis (mono-tags, lifting) assms has-sum-in-infsum-in has-sum-in-unique hausdorff-cweak-operator-topology
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has-sum-in-wot-compose-right summable-on-in-wot-compose-right)

lemma infsum-wot-boundedl:
fixes f :: <'b = (‘a =c1 'a:chilbert-space)»
assumes bounded: <\F. finite F — F C X = sum fF < B
assumes pos: <\z. 2 € X = fa > O
shows <infsum-in cweak-operator-topology f X < B>
proof (rule cblinfun-lel)
fix h
have summ: (summable-on-in cweak-operator-topology f X»
using assms by (rule summable-wot-boundedl )
then have <h -¢ (infsum-in cweak-operator-topology f X «y h) = (3 coz€X. h ¢ (fz %y h))
by (rule infsum-in-cweak-operator-topology-pointwise)
also have «... < h -¢c Bh
proof (rule less-eq-complexI)
from summ have summ”. <(Az. h -¢ (f z v h)) summable-on X»
by (auto intro!: summable-on-in-cweak-operator-topology-pointwise)
have *: «(>_z€F. h -¢ (fz xy h)) < h -¢c B h if (finite F» and <F C X for F
using that bounded
by (simp add: less-eq-cblinfun-def flip: cinner-sum-right cblinfun.sum-left)
show «Im (> ooz€X. h-¢ (fz *xy h)) = Im (h -c (B xy h))
proof —
from *[of «{}>] have <h - B h > 0»
by simp
then have <Im (h ¢ Bh) = O»
using comp-Im-same zero-complex.sel(2) by presburger
moreover then have <Im (h -¢ (fz *y h)) = 0» if <z € X for z
using *[of «{z}] that
by (simp add: less-eq-complex-def)
ultimately show «Im (3" ocz€X. h ¢ (fz *v h)) = Im (h :¢ (B %y h))»
by (auto introl: infsum-0 simp: summ’ simp flip: infsum-Im)
qed
show «Re (> z€X. h ¢ (fz xy h)) < Re (h ¢ (B *v h))»
apply (auto intro!: summable-on-Re infsum-le-finite-sums simp: summ' simp flip: infsum-Re)
using summ’
by (metis x Re-sum less-eq-complex-def)
qed
finally show <k -¢ (infsum-in cweak-operator-topology f X *v h) < h -¢ (B *y h)»
by —
qed

lemma summable-imp-wot-summable:
assumes <(f summable-on A)
shows (summable-on-in cweak-operator-topology f A»
apply (rule summable-on-in-weaker-topology)
apply (rule cweak-operator-topology-weaker-than-euclidean)
by (simp add: assms summable-on-euclidean-eq)
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lemma triangle-ineq-wot:
assumes (f abs-summable-on A)
shows (norm (infsum-in cweak-operator-topology f A) < (3 wxz€A. norm (f z))»
proof —
wlog summable: <summable-on-in cweak-operator-topology f A»
by (simp add: infsum-nonneg negation not-summable-infsum-in-0)
have <cmod (¢ -¢ (infsum-in cweak-operator-topology f A xv ¢)) < (3 ccx€A. norm (f z))»
if <norm ¢ = 1> and <norm ¢ = 1> for ¥ ¢
proof —
have sum1: <«(Aa. ¥ -¢ (f a xy ¢)) abs-summable-on A>
by (metis local.summable summable-on-iff-abs-summable-on-complex summable-on-in-cweak-operator-topology-poi
have ) -¢ infsum-in cweak-operator-topology f A ¢ = (3 wca€A. ¢ -¢ fa o)
using summable by (rule infsum-in-cweak-operator-topology-pointwise)
then have <cmod (¢ -¢ (infsum-in cweak-operator-topology f A xv ¢)) = norm (> «ca€A.
Yo fap)
by presburger
also have «... < (3> a€A. norm (¢ ¢ fa @))
apply (rule norm-infsum-bound)
by (metis summable summable-on-iff-abs-summable-on-complex
summable-on-in-cweak-operator-topology-pointwise)
also have «... < (3" a€A. norm (f a))
using suml! assms apply (rule infsum-mono)
by (smt (verit) complez-inner-class. Cauchy-Schwarz-ineq2 mult-cancel-left1 mult-cancel-right1
norm-cblinfun that(1,2))
finally show ?thesis
by —
qged
then show ?thesis
apply (rule-tac norm-cblinfun-bound-both-sides)
by (auto simp: infsum-nonneg)
qed

unbundle no cblinfun-syntax

end

6 Misc-Tensor-Product-TTS — Miscelleanous results missing
from Complex Bounded_Operators

Here specifically results obtained from lifting existing results using the types to sets
mechanism ([6]).

theory Misc-Tensor-Product-TTS
imports
Complez-Bounded-Operators. Complex-L2

Misc-Tensor-Product
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With-Type. With-Type
begin

unbundle lattice-syntar and cblinfun-syntax

6.1 Retrieving axioms

attribute-setup aziom = «Scan.lift Parse.name-position >> (fn name-pos => Thm.rule-attribute
[
(fn context => fn - =>
let val thy = Context.theory-of context
val (full-name, -) = Name-Space.check context (Theory.aziom-table thy) name-pos
in Thm.aziom thy full-name end))»
<Retrieve an aziom by name. E.g., write Q{thm [source| [[axiom HOL.refl]]}.»

6.2 Auxiliary lemmas

named-theorems unoverload-def

locale local-typedef = fixes S ::'b set and s::'s itself
assumes Fz-type-definition-S: 3 (Rep::'s = 'b) (Abs::'b = 's). type-definition Rep Abs S
begin
definition Rep = fst (SOME (Rep::'s = 'b, Abs). type-definition Rep Abs S)
definition Abs = snd (SOME (Rep::'s = 'b, Abs). type-definition Rep Abs S)
lemma type-definition-S: type-definition Rep Abs S
unfolding Abs-def Rep-def split-beta’
by (rule somel-ex) (use Ex-type-definition-S in auto)
lemma rep-in-S[simp|: Rep v € S
and rep-inverse[simp|: Abs (Rep z) = x
and Abs-inverse[simpl: y € S = Rep (Abs y) = y
using type-definition-S
unfolding type-definition-def by auto
definition cr-S where ¢r-S = As b. s = Rep b
lemma Domainp-cr-S[transfer-domain-rule]: Domainp c¢r-S = (Az. z € S)
by (metis Abs-inverse Domainp.simps cr-S-def rep-in-S)
lemma right-total-cr-S[transfer-rule]: right-total cr-S
by (rule typedef-right-total| OF type-definition-S cr-S-def])
lemma bi-unique-cr-S[transfer-rule]: bi-unique cr-S
by (rule typedef-bi-unique[OF type-definition-S cr-S-def])
lemma left-unique-cr-S[transfer-rulel: left-unique cr-S
by (rule typedef-left-unique[OF type-definition-S cr-S-def])
lemma right-unique-cr-S|[transfer-rule]: right-unique cr-S
by (rule typedef-right-unique[OF type-definition-S cr-S-def])
lemma cr-S-Replintro, simp: c¢r-S (Rep a) a by (simp add: cr-S-def)
lemma cr-S-Abslintro, simp|: a€S = ¢r-S a (Abs a) by (simp add: cr-S-def)
lemma UNIV-transfer(transfer-rule]: <rel-set cr-S S UNIV)»
using Domainp-cr-S right-total-cr-S right-total-UNIV-transfer by fastforce
end
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lemma complete-space-as-set[simp]: <complete (space-as-set V) for V :: <-::cbanach ccsubspacey
by (simp add: complete-eq-closed)

definition (transfer-ball-range A P +— (Vf. range f C A — P f)

lemma transfer-ball-range-parametric'[transfer-rule):

includes lifting-syntax

assumes [transfer-rule, simp: <right-unique T» <bi-total T» <bi-unique U>

shows «(rel-set U ===> ((T ===> U) ===> (—)) ===> (—)) transfer-ball-range
transfer-ball-range»
proof (intro rel-funl impl, rename-tac A B P Q)

fix ABPQ
assume [transfer-rule]: <rel-set U A B)
assume TUPQ[transfer-rule]: «(T ===> U) ===> (—)) P @

assume <transfer-ball-range A P>

then have Pf: <P f» if <range f C A) for f
unfolding transfer-ball-range-def using that by auto

have «Q ¢» if <range g C B) for g

proof —
from that <rel-set U A B»
have (Rangep (T ===> U) ¢

apply (auto simp add: conversep-rel-fun Domainp-pred-fun-eq simp flip: Domainp-conversep)
apply (simp add: Domainp-conversep)
by (metis Rangep.simps range-subsetD rel-setD2)
then obtain f where TUfg[transfer-rule]: «(T ===> U) f ¢»
by blast
from that have (range f C A»
by transfer
then have P f»
by (simp add: Pf)
then show «Q ¢
by (metis TUfg TUPQ rel-funD)
qed
then show <transfer-ball-range B Q>
by (simp add: transfer-ball-range-def)
qed

lemma transfer-ball-range-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule, simp|: <bi-unique T» <bi-total T <bi-unique U>»

shows «(rel-set U ===> ((T ===> U) ===> (+—)) ===> (+—)) transfer-ball-range
transfer-ball-range>
proof —

have «(rel-set U ===> ((T ===> U) ===> (—)) ===> (—)) transfer-ball-range

transfer-ball-range>

using assms(1) assms(2) assms(3) bi-unique-alt-def transfer-ball-range-parametric’ by blast
then have 1: «(rel-set U ===> ((T ===> U) ===> (+—)) ===> (—)) transfer-ball-range
transfer-ball-range»

apply (rule rev-mp)
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apply (intro rel-fun-mono’)
by auto

have «(rel-set (U™171) ===> ((T717! ===> U~17) ===> (—)) ===> (—)) trans-
fer-ball-range transfer-ball-range»
apply (rule transfer-ball-range-parametric’)
using assms(1) bi-unique-alt-def bi-unique-conversep apply blast

by auto
then have «(rel-set U ===> ((T ===> U) ===> (—) " 171) ===> (—)717}) trans-
fer-ball-range transfer-ball-range»
apply (rule-tac conversepD[where r=«(rel-set U ===> ((T ===> U) ===> (—)~!71)

——> (=)~ 7))
by (simp add: conversep-rel-fun del: conversep-iff)
then have 2: ((rel-set U ===> ((T ===> U) ===> (+—)) ===> (—)"171) trans-
fer-ball-range transfer-ball-range>
apply (rule rev-mp)
apply (intro rel-fun-mono’)
by (auto simp: rev-implies-def)

from 1 2 show ?thesis
apply (auto intro!: rel-funl simp: conversep-iff[abs-def])
apply (smt (23) rel-funkE)
by (smt (verit) rel-funE rev-implies-def)
qed

definition <transfer-Times A B = A x B)

lemma transfer- Times-parametricity[transfer-rule]:

includes lifting-syntax

shows «(rel-set T ===> rel-set U ===> rel-set (rel-prod T U)) transfer-Times trans-
fer-Times»

by (auto introl: rel-funl simp add: transfer-Times-def rel-set-def)

lemma csubspace-nonempty: <csubspace X — X # {}
using complex-vector.subspace-0 by auto

definition <transfer-vimage-into f U s = (f —* U) N s

lemma transfer-vimage-into-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique A> <bi-unique B>

shows (((A ===> B) ===> rel-set B ===> rel-set A ===> rel-set A) transfer-vimage-into
transfer-vimage-into»

unfolding transfer-vimage-into-def

apply (auto introl: rel-funl simp: rel-set-def)

by (metis Int-iff apply-rsp’ assms bi-unique-def vimage-eq)+
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lemma make-parametricity-proof-friendly:

shows ((Vz. P — Qz) «— (P — (Vz. Q z))»
and «(Vz.z € § — Q) «— (VzeS. Q z)»
and «(VzCS. R z) «— (Vz€Pow S. R z)»
and {z€S. Q z} = Set.filter Q S»
and ({z. 2 C S A R a} = Set.filter R (Pow S)»
and (AP. (Vf. range f C A — P f) = transfer-ball-range A P>
and <AA B. A x B = transfer-Times A B»
and (\B P. (3ACB. P A) +— (3AcPow B. P A);
and <Af Us. (f = U) N s = transfer-vimage-into f U s
and «(AM B. [|M N principal B = transfer-bounded-filter-Inf B M»
and «(AF M. F N principal M = transfer-inf-principal F M)

by (auto simp: transfer-ball-range-def transfer- Times-def transfer-vimage-into-def

transfer-bounded-filter-Inf-def transfer-inf-principal-def)

6.3 plus

locale plus-ow =
fixes U plus
assumes VzeU. VyeU. plusx y € U
lemma plus-ow-parametricity|transfer-rulel:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows «(rel-set A ===> (A ===> A ===> A) ===> (=))
plus-ow plus-ow>
unfolding plus-ow-def
by transfer-prover

6.3.1 minus

locale minus-ow = fixes U minus assumes VzcU. VyeU. minus ¢y € U>

lemma minus-ow-parametricity[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: (bi-unique A»
shows ((rel-set A ===> (A ===> A ===> A) ===> (=))
MINUS-0W MINUS-0W>
unfolding minus-ow-def
by transfer-prover

6.3.2 uminus
locale uminus-ow = fixes U uminus assumes YV z€ U. uminus ¢ € U>»
lemma uminus-ow-parametricity[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique A»
shows «((rel-set A ===> (A ===> A) ===> (=))
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UMINUS-0W UMINUS-0W)
unfolding uminus-ow-def
by transfer-prover

6.4 semigroup

locale semigroup-ow = plus-ow U plus for U plus +
assumes VzeU. VyeU. VzeU. plus z (plus y z) = plus (plus = y) 2>

lemma semigroup-ow-parametricity[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows «(rel-set A ===> (A ===> A ===> A) ===> (=))
Semigroup-ow Semigroup-ow)
unfolding semigroup-ow-def semigroup-ow-axioms-def
by transfer-prover

lemma semigroup-ow-typeclass[simp, iff]: <semigroup-ow V (+)»

if (A\zy. 2eV = yeV =2+ yec V) for V :: (a:: semigroup-add set

by (auto introl: plus-ow.intro semigroup-ow.intro semigroup-ow-axioms.intro simp: Groups.add-ac
that)

lemma class-semigroup-add-ud[unoverload-def]: <class.semigroup-add = semigroup-ow UNIV»
by (auto intro!: ext plus-ow.intro simp: class.semigroup-add-def semigroup-ow-def semigroup-ow-azioms-def)

6.5 abel-semigroup

locale abel-semigroup-ow = semigroup-ow U plus for U plus +
assumes VzcU. VyeU. plus v y = plus y o

lemma abel-semigroup-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows «(rel-set A ===> (A ===> A ===> A) ===> (=))
abel-semigroup-ow abel-semigroup-owy
unfolding abel-semigroup-ow-def abel-semigroup-ow-axioms-def make-parametricity-proof-friendly
by transfer-prover

lemma abel-semigroup-ow-typeclass[simp, iff]: <abel-semigroup-ow V (+)
if \Ney.26V= yeV =z+ye V> for V: a: ab-semigroup-add set
by (auto simp: abel-semigroup-ow-def abel-semigroup-ow-axioms-def Groups.add-ac that)

lemma class-ab-semigroup-add-ud[unoverload-def): <class.ab-semigroup-add = abel-semigroup-ow
UNIV)»
by (auto introl: ext simp: class.ab-semigroup-add-def abel-semigroup-ow-def
class-semigroup-add-ud abel-semigroup-ow-azioms-def class.ab-semigroup-add-azioms-def)
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6.6 comm-monoid

locale comm-monoid-ow = abel-semigroup-ow U plus for U plus +
fixes zero
assumes (zero € U)
assumes VzeU. plus x zero = x>

lemma comm-monoid-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows «(rel-set A ===> (A ===> A ===> A) ===> A ===> (=5))
comm-monoid-ow comm-monoid-ow>
unfolding comm-monoid-ow-def comm-monoid-ow-axioms-def make-parametricity-proof-friendly
by transfer-prover

lemma comm-monoid-ow-typeclass[simp, iff]: <comm-monoid-ow V (+) 0»
if <0 e Vyand <Az y. 2€V = yeV =2+ y € V) for V :: (a :: comm-monoid-add set)
by (auto simp: comm-monoid-ow-def comm-monoid-ow-azioms-def that)

lemma class-comm-monoid-add-ud[unoverload-def]: <class.comm-monoid-add = comm-monoid-ow
UNIV>»
apply (auto intro: ext simp: class.comm-monoid-add-def comm-monoid-ow-def
class-ab-semigroup-add-ud class.comm-monoid-add-azioms-def comm-monoid-ow-azioms-def)
by (simp-all add: abel-semigroup-ow-def abel-semigroup-ow-azioms-def)

6.7 topological-space

locale topological-space-ow =
fixes U open
assumes <open U>»
assumes VY SCU.VTCU. open S — open T — open (S N T)
assumes VK CPow U. (VS€K. open S) — open (|J K)

lemma topological-space-ow-parametricity|transfer-rule:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (rel-set A ===> (=)) ===> (=))
topological-space-ow topological-space-ow»
unfolding topological-space-ow-def make-parametricity-proof-friendly
by transfer-prover

lemma class-topological-space-ud[unoverload-def]: «<class.topological-space = topological-space-ow
UNIV)»

by (auto intro!: ext simp: class.topological-space-def topological-space-ow-def)

lemma topological-space-ow-from-topology[simp): <topological-space-ow (topspace T') (openin T)»
by (auto introl: topological-space-ow.intro)
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6.8 sum

definition <sum-ow z plus f S =
(if finite S then the-default z (Collect (fold-graph (plus o f) z S)) else z)»
for U z plus S

lemma sum-ow-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique T <bi-unique U)»

shows (T ===> (V ===> T ===> T) ===> (U ===> V) ===> rel-set U ===>
T)

SUM-0W SUM-0W)
unfolding sum-ow-def
by transfer-prover

lemma (in comm-monoid-set) comp-fun-commute-onl: « Finite-Set.comp-fun-commute-on UNIV
(%) © g

apply (rule Finite-Set.comp-fun-commute-on.intro)

by (simp add: o-def left-commute)

lemma (in comm-monoid-set) F-via-the-default: «F g A = the-default def (Collect (fold-graph
() o g) T A))
if <finite A»
proof —
have <y = ) if «fold-graph ((*) o g) 1 A x> and <fold-graph ((*) o g) 1 A y for z y
using that apply (rule Finite-Set.comp-fun-commute-on.fold-graph-determ|rotated 2, where
S=UNIV))
by (simp-all add: comp-fun-commute-onl)
then have «Ez1 (fold-graph ((x) o g) 1 A)»
by (meson finite-imp-fold-graph that)
then have <card (Collect (fold-graph ((*) o g) 1 A)) = 1»
using card-eq-Suc-0-exl by fastforce
then show ?thesis
using that by (auto simp add: the-default-The eq-fold Finite-Set.fold-def)
qed

lemma sum-ud[unoverload-def]: <sum = sum-ow 0 plus>
apply (auto intro!: ext simp: sum-def sum-ow-def comm-monoid-set. F-via-the-default)
apply (subst comm-monoid-set. F-via-the-default)
apply (auto simp add: sum.comm-monoid-set-axioms)
by (metis comm-monoid-add-class.sum-def sum.infinite)

6.9 t2-space

locale t2-space-ow = topological-space-ow +
assumes VzeU.VyeU. x £y — (ASCU. ITCU. open S AN open TNz € SAye T A
SNT={})

lemma t2-space-ow-parametric|transfer-rule]:
includes lifting-syntax

131



assumes [transfer-rule]: <bi-unique A»
shows «(rel-set A ===> (rel-set A ===> (=)) ===> (=))
t2-space-ow t2-space-ow»
unfolding t2-space-ow-def t2-space-ow-axioms-def make-parametricity-proof-friendly
by transfer-prover

lemma class-t2-space-ud[unoverload-def]: <class.t2-space = t2-space-ow UNIV»
by (auto intro!: ext simp: class.t2-space-def class.t2-space-azioms-def t2-space-ow-def
t2-space-ow-axioms-def class-topological-space-ud)

lemma t2-space-ow-from-topology[simp, iff]: «t2-space-ow (topspace T) (openin T)) if <Haus-
dorff-space T»

using that

apply (auto introl: t2-space-ow.intro simp: t2-space-ow-azxioms-def Hausdor(f-space-def dis-
jnt-def)

by (metis openin-subset)

6.9.1 continuous-on

definition continuous-on-ow where <continuous-on-ow A B opnA opnB s f
> (VUCB. opnB U — (3VCA. opnA VA (VNs)=(f —"U)Ns)H
for [ :: (/a = b

lemma continuous-on-ud[unoverload-def]: <continuous-on s f +— continuous-on-ow UNIV UNIV
open open s f>

for f :: <'a::topological-space = 'b::topological-spaces

unfolding continuous-on-ow-def continuous-on-open-invariant by auto

lemma continuous-on-ow-parametric[transfer-rule):
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A> <bi-unique B»
shows «(rel-set A ===> rel-set B ===> (rel-set A ===> (+—)) ===> (rel-set B ===>
(+—)) ===> rel-set A ===> (A ===> B) ===> (+—)) continuous-on-ow continuous-on-ow
unfolding continuous-on-ow-def make-parametricity-proof-friendly
by transfer-prover

6.10 scaleR

locale scaleR-ow =
fixes U and scaleR :: <real = 'a = 'a»
assumes scaleR-closed: <Va € U. scaleR r a € U»

lemma scaleR-ow-typeclass[simp|: «scaleR-ow UNIV scaleR» for scaleR
by (simp add: scaleR-ow-def)

lemma scaleR-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> ((=) ===> A ===> A) ===> (=))
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scaleR-ow scaleR-ow>
unfolding scaleR-ow-def make-parametricity-proof-friendly
by transfer-prover

6.11 scaleC

locale scaleC-ow = scaleR-ow +
fixes scaleC
assumes scaleC-closed: <V a€U. scaleC ¢ a € U)»
assumes (Y a€U. scaleR r a = scaleC (complex-of-real 1) a

lemma scaleC-ow-parametric|[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique A»

shows ((rel-set A ===> ((=) ===> A ===> A) ===> ((=) ===> A ===> A) ===>
(=)

scaleC-ow scaleC-ow»
unfolding scaleC-ow-def scaleC-ow-axioms-def make-parametricity-proof-friendly
by transfer-prover

lemma class-scaleC-ud[unoverload-def]: <class.scaleC = scaleC-ow UNIV»
by (auto intro!: ext simp: class.scaleC-def scaleC-ow-def scaleR-ow-def scaleC-ow-azioms-def)

6.12 ab-group-add

locale ab-group-add-ow = comm-monoid-ow U plus zero + minus-ow U minus + uminus-ow U
UMINUS

for U plus zero minus uminus +

assumes Y acU. uminus a € U

assumes Va€U. plus (uminus a) a = zero

assumes VacU. VbeU. minus a b = plus a (uminus b)

lemma ab-group-add-ow-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique A»

shows «(rel-set A ===> (A ===> A ===> A) ===> A ===> (A ===> A ===> A)
===> (A ===> 4) ===> (=))

ab-group-add-ow ab-group-add-ow>

unfolding ab-group-add-ow-def ab-group-add-ow-azioms-def

apply transfer-prover-start

apply transfer-step+

by transfer-prover

lemma ab-group-add-ow-typeclass|simp):
<ab-group-add-ow V (4) 0 (=) uminus
if<0eVy NVzeV. —z e V) VeeV.VyeV.z +ye V>
for V :: - :: ab-group-add set»
using that
apply (auto introl: ab-group-add-ow.intro ab-group-add-ow-azioms.intro comm-monoid-ow-typeclass
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MINUS-ow.intro wminus-ow.intro)
by force

lemma class-ab-group-add-ud[unoverload-def]: «class.ab-group-add = ab-group-add-ow UNIV»
by (auto introl: ext simp: class.ab-group-add-def ab-group-add-ow-def class-comm-monoid-add-ud
minus-ow-def uminus-ow-def ab-group-add-ow-azioms-def class.ab-group-add-azioms-def)

6.13 wvector-space

locale vector-space-ow = ab-group-add-ow U plus zero minus uminus
for U plus zero minus uminus +
fixes scale :: 'f::field = 'a = 'a
assumes
~NzelU. scale a z € U
VaeU.VyeU. scale a (plus x y) = plus (scale a z) (scale a y)
VazeU. scale (a + b) x = plus (scale a x) (scale b )
VzeU. scale a (scale b x) = scale (a % b) x
VaeU. scale 1 z =z

lemma vector-space-ow-parametric([transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique A»

shows «(rel-set A ===> (A ===> A ===> A) ===> A ===> (A ===> A ===> A)
===> (A ===> A) ===> ((=) ===> A ===> A) ===> (=))

vector-space-ow vector-space-ow
unfolding vector-space-ow-def vector-space-ow-azxioms-def
apply transfer-prover-start
apply transfer-step+
by simp

6.14 complezx-vector

locale complex-vector-ow = vector-space-ow U plus zero minus uminus scaleC' + scaleC-ow U
scaleR scaleC
for U scaleR scaleC plus zero minus uminus

lemma complez-vector-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> ((=) ===> A ===> A) ===> ((=) ===> A ===> A) ===>
(A===> A ===> A) ===>
A===> (A===> A===> A) ===> (A ===> A) ===> (5))
complex-vector-ow complez-vector-ow»
unfolding complex-vector-ow-def make-parametricity-proof-friendly
by transfer-prover

lemma class-complex-vector-ud[unoverload-def]: <class.complez-vector = complex-vector-ow UNIV»

by (auto intro!: ext simp: class.complez-vector-def vector-space-ow-def vector-space-ow-azioms-def
class.complex-vector-axioms-def class.scaleC-def complex-vector-ow-def
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class-scaleC-ud class-ab-group-add-ud)

lemma vector-space-ow-typeclass[simp):
wector-space-ow V (+) 0 (=) uminus (x¢)»
if [simp]: <csubspace V>
for V :: (-::complex-vector set)
by (auto introl: vector-space-ow.intro ab-group-add-ow-typeclass scaleC-left.add
vector-space-ow-axioms.intro complex-vector.subspace-neg scaleC-add-right
complez-vector.subspace-add complex-vector.subspace-scale complex-vector.subspace-0)

lemma complez-vector-ow-typeclass[simpl:
<complez-vector-ow V (xg) (x¢) (+) 0 (=) uminus> if [simp]: <csubspace V>
by (auto intro!: scaleC-ow-def simp add: complez-vector-ow-def scaleC-ow-def
scaleC-ow-azioms-def scaleR-ow-def scaleR-scaleC' complex-vector.subspace-scale)

6.15 open-uniformity

locale open-uniformity-ow = open open + uniformity uniformity
for A open uniformity +
assumes open-uniformity:
ANU. U C A= open U +— (VzeU. eventually (A(z', y). 2’ = x — y € U) uniformity)

lemma open-uniformity-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (rel-set A ===> (=)) ===> rel-filter (rel-prod A A) ===> (=))
open-uniformity-ow open-uniformity-ow>
unfolding open-uniformity-ow-def make-parametricity-proof-friendly
by transfer-prover

lemma class-open-uniformity-ud[unoverload-def]: <class.open-uniformity = open-uniformity-ow
UNIV»
by (auto introl: ext simp: class.open-uniformity-def open-uniformity-ow-def)

lemma open-uniformity-on-typeclass|simp]:
fixes V :: <-::open-uniformity set>
assumes <closed V>
shows <open-uniformity-ow V (openin (top-of-set V')) (uniformity-on V)»
proof (rule open-uniformity-ow.intro, intro alll impI iffI balll)
fix U assume <U C V)
assume <openin (top-of-set V) U»
then obtain T where «<U = T N V) and <open T
by (metis Int-ac(3) openin-open)
with open-uniformity
have x: Vg (z', y) in uniformity. 2’ =z — y € T if «<x € T» for z
using that by blast
have <V (z/, y) in uniformity-on V. z' =z — y € U» if <z € U for z
apply (rule eventually-inf-principal| THEN iffD2])
using *[of z] apply (rule eventually-rev-mp)
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using «<U = T N V> that by (auto introl: always-eventually)
then show <V (2, y) in uniformity-on V. z' =2 — y € U if <x € U» for x
using that by blast
next
fix U assume <U C V)
assume asm: NVzeU. YV r (z', y) in uniformity-on V. 2’ =z — y € U
from asm[rule-format)
have <V (2', y) in uniformity. ' € VAye VAzr =z — ye UU -V if «x € U for
x
unfolding eventually-inf-principal
apply (rule eventually-rev-mp)
using that by (auto intro!: always-eventually)
then have zU: Vp (2, y) in uniformity. ' =z — y € U U =V» if <z € U» for z
apply (rule eventually-rev-mp)
using that «<U C V» by (auto introl: always-eventually)
have (open (—V)»
using assms by auto
with open-uniformity
have <V r (2', y) in uniformity. ' =z — y € =Vrif <z € = V> for z
using that by blast
then have zV: vV (2/, y) in uniformity. 2’ =2 — y € UU =V if <x € = V) for z
apply (rule eventually-rev-mp)
apply (rule that)
apply (rule always-eventually)
by auto
have Vg (2, y) in uniformity. ' =2 — ye UU -V if <z € UU = V) for x
using zV|of z] zU[of z] that
by auto
then have <open (U U —V)
using open-uniformity by blast
then show <openin (top-of-set V') U
using <U C 1
by (auto introl: exI simp: openin-open)
qed

6.16  uniformity-dist

locale uniformity-dist-ow = dist dist + uniformity uniformity for U dist uniformity +
assumes uniformity-dist: uniformity = ([ |e€{0<..}. principal {(z, y)eUxU. dist z y < e})

lemma class-uniformity-dist-ud[unoverload-def]: «class.uniformity-dist = uniformity-dist-ow UNIV»
by (auto intro!: ext simp: class.uniformity-dist-def uniformity-dist-ow-def)

lemma uniformity-dist-ow-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique A»

shows «((rel-set A ===> (A ===> A ===> (=)) ===> rel-filter (rel-prod A A) ===>
(=)

uniformity-dist-ow uniformity-dist-ow>
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proof —
have *: uniformity-dist-ow U dist uniformity +—
uniformity = transfer-bounded-filter-Inf (transfer-Times U U)
((Xe. principal (Set.filter (A (z,y). dist z y < e) (transfer-Times U U))) ‘{0<..})
for U dist uniformity
unfolding uniformity-dist-ow-def make-parametricity-proof-friendly case-prod-unfold
prod.collapse
apply (subst Inf-bounded-transfer-bounded-filter-Inf[where B=<Ux U>])
by (auto simp: transfer-Times-def)
show ?thesis
unfolding *[abs-def]
by transfer-prover
qed

lemma uniformity-dist-on-typeclass[simp): <uniformity-dist-ow V dist (uniformity-on V) for V
= -nuniformity-dist set»

apply (auto simp add: uniformity-dist-ow-def uniformity-dist simp flip: INF-inf-const2)

apply (subst asm-ri[of «N\z. Restr {(za, y). distzay < x} V ={(za, y). za € VAy €V A
dist za y < z}», rule-format])

by auto

6.17 sgn

locale sgn-ow =
fixes U and sgn :: <'a = 'a»
assumes sgn-closed: VY acU. sgn a € U>»

lemma sgn-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (A ===> A) ===> (=))
Sgn-ow sgn-ow>
unfolding sgn-ow-def
by transfer-prover

6.18 sgn-div-norm

locale sgn-div-norm-ow = scaleR-ow U scaleR + norm norm + sgn-ow U sgn for U sgn norm
scaleR +
assumes VzeU. sgn © = scaleR (inverse (norm x)) x

lemma class-sgn-div-norm-udunoverload-def]: «class.sgn-div-norm = sgn-div-norm-ow UNIV»
by (auto introl: ext simp: class.sgn-div-norm-def sgn-div-norm-ow-def sgn-div-norm-ow-azioms-def
unoverload-def sgn-ow-def)

lemma sgn-div-norm-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (A ===> A) ===> (A ===> (=)) ===> ((=) ===> A ===>
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A) ===> (=))
sgn-div-norm-ow sgn-div-norm-ow»
unfolding sgn-div-norm-ow-def sgn-div-norm-ow-azxioms-def make-parametricity-proof-friendly
by transfer-prover

lemma sgn-div-norm-on-typeclass|simp]:

fixes V :: ¢-:isgn-div-norm set»

assumes (A\v r. v€V = scaleR rv e V>

shows <sgn-div-norm-ow V sgn norm (xgr)»

using assms

by (auto simp add: sgn-ow-def sgn-div-norm-ow-azioms-def scaleR-ow-def sgn-div-norm-ow-def
sgn-div-norm,)

6.19 dist-norm

locale dist-norm-ow = dist dist + norm norm + minus-ow U minus for U minus dist norm +
assumes dist-norm: VzeU. VyeU. dist  y = norm (minus © y)

lemma dist-norm-ud[unoverload-def]: <class.dist-norm = dist-norm-ow UNIV)
by (auto introl: ext simp: class.dist-norm-def dist-norm-ow-def dist-norm-ow-azioms-def
minus-ow-def unoverload-def)

lemma dist-norm-ow-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique A»

shows «(rel-set A ===> (A ===> A ===> A) ===> (A ===> A ===> (=)) ===
(4 ===> (=) ===> (=)

dist-norm-ow dist-norm-ow>
unfolding dist-norm-ow-def dist-norm-ow-azxioms-def make-parametricity-proof-friendly
by transfer-prover

lemma dist-norm-ow-typeclass|simp:
fixes A :: «-::dist-norm set»
assumes (\ab. [a€ A;be A]l=a—-be A
shows <dist-norm-ow A (=) dist norm)
by (auto simp add: assms dist-norm-ow-def minus-ow-def dist-norm-ow-axioms-def dist-norm)

6.20 complex-inner

locale complex-inner-ow = complez-vector-ow U scaleR scaleC plus zero minus uminus
+ dist-norm-ow U minus dist norm + sgn-div-norm-ow U sgn norm scaleR
+ uniformity-dist-ow U dist uniformity
+ open-uniformity-ow U open uniformity
for U scaleR scaleC plus zero minus uminus dist norm sgn uniformity open +
fixes cinner :: 'a = 'a = complex
assumes VzeU. VyeU. cinner x y = cnj (cinner y x)
and VzeU.VyeU. V2eU. cinner (plus x y) z = cinner © z + cinner y z
and VzeU. VyeU. cinner (scaleC r x) y = cnj r * cinner ¢ y
and VzeU. 0 < cinner x x
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and VzeU. cinner z z = 0 <— z = zero
and VzeU. norm z = sqrt (cmod (cinner ¢ x))

lemma class-complex-inner-ud[unoverload-def]: «class.complex-inner = complex-inner-ow UNIV»
apply (intro ext)
by (simp add: class.complez-inner-def class.complez-inner-axioms-def complez-inner-ow-def
complez-inner-ow-axioms-def unoverload-def)

lemma complex-inner-ow-parametricity[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T

shows ((rel-set T ===> ((=) ===> T ===>T) ===> ((=) ===> T ===> T) ===>
(T ===>T ===>T) ===> T

===> (T ===> T ===>T) ===> (T ===> T) ===> (T ===> T ===>
(=) ===> (T ===> (<))

===> (T ===> T) ===> rel-filter (rel-prod T T) ===> (rel-set T ===> (=))

===> (T ===> T ===> (=)) ===> (=)) complex-inner-ow complez-inner-ow>

unfolding complex-inner-ow-def complex-inner-ow-azxioms-def
by transfer-prover

lemma complez-inner-ow-typeclass[simpl:
fixes V :: <-::complex-inner set)
assumes [simp]: <closed V' <csubspace V>
shows <complez-inner-ow V (xgr) (x¢) (+) 0 (=) uminus dist norm sgn (uniformity-on V)
(openin (top-of-set V) (-¢)»
apply (auto intro!: complez-vector-ow-typeclass dist-norm-ow-typeclass sgn-div-norm-on-typeclass
simp: complex-inner-ow-def cinner-simps complez-vector.subspace-diff complex-inner-ow-axioms-def
scaleR-scaleC complez-vector.subspace-scale
simp flip: norm-eq-sqrt-cinner)
by —

6.21 is-ortho-set

definition is-ortho-set-ow where <(is-ortho-set-ow zero cinner S <—
(VzeS. VyeS. o # y — cinnerzy = 0) A zero ¢ S)
for zero cinner

lemma is-ortho-set-ow-parametric[transfer-rule:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows (4 ===> (A ===> A ===> (=)) ===> rel-set A ===> (=))
is-ortho-set-ow is-ortho-set-ow»
unfolding is-ortho-set-ow-def make-parametricity-proof-friendly
by transfer-prover

lemma is-ortho-set-ud|[unoverload-def]: <is-ortho-set = is-ortho-set-ow 0 cinner»
by (auto simp: is-ortho-set-ow-def is-ortho-set-def)
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6.22 metric-space

locale metric-space-ow = uniformity-dist-ow U dist uniformity + open-uniformity-ow U open
uniformity
for U dist uniformity open +
assumes Ve e U Vye U. distzy=0+—z =1y
and VzeU.VyeU.VzeU. distzy < dist x 2z + dist y z

lemma metric-space-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (A ===> A ===> (=)) ===> rel-filter (rel-prod A 4) ===>
(rel-set A ===> (=)) ===> (=))
metric-space-ow metric-space-ow»
unfolding metric-space-ow-def metric-space-ow-axioms-def make-parametricity-proof-friendly
by transfer-prover

lemma class-metric-space-ud[unoverload-def]: <class.metric-space = metric-space-ow UNIV»
by (auto intro!: ext simp: class.metric-space-def class.metric-space-axioms-def metric-space-ow-def
metric-space-ow-axioms-def unoverload-def)

lemma metric-space-ow-typeclass[simp):

fixes V :: <-::metric-space set)

assumes <closed V>

shows <metric-space-ow V dist (uniformity-on V) (openin (top-of-set V))»

by (auto simp: assms metric-space-ow-def metric-space-ow-axioms-def class.metric-space-azioms-def
dist-triangle2)

6.23 nhds

definition nhds-ow where <nhds-ow U open a = (INF Se{S. S C U A open S A a € S}.
principal S) M principal U»
for U open

lemma nhds-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (rel-set A ===> (=)) ===> A ===> rel-filter A)
nhds-ow nhds-ow»
unfolding nhds-ow-def|[folded transfer-bounded-filter-Inf-def] make-parametricity-proof-friendly
by transfer-prover

lemma topological-space-nhds-ud[unoverload-def]: <topological-space.nhds = nhds-ow UNIV)
by (auto intro!: ext simp add: nhds-ow-def [[aziom topological-space.nhds-def-raw]))

lemma nhds-ud[unoverload-def]: «<nhds = nhds-ow UNIV open»
by (auto intro!: ext simp add: nhds-ow-def nhds-def)

lemma nhds-ow-topology[simp|: <nhds-ow (topspace T) (openin T) z = nhdsin T x» if «x €
topspace T)
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using that apply (auto intro!: ext simp add: nhds-ow-def nhdsin-def[abs-def])
apply (subst INF-inf-const2[symmetric])
using openin-subset by (auto intro!: INF-cong)

6.24 at-within

definition (at-within-ow U open a s = nhds-ow U open a 1M principal (s — {a})
for U open a s

lemma at-within-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T
shows («((rel-set T) ===> (rel-set T ===> (=)) ===> T ===> rel-set T ===> rel-filter
7)
at-within-ow at-within-ow»
unfolding at-within-ow-def make-parametricity-proof-friendly transfer-inf-principal-def[symmetric]
by transfer-prover

lemma at-within-ud[unoverload-def]: <at-within = at-within-ow UNIV open)
by (auto introl: ext simp: at-within-def at-within-ow-def unoverload-def)

lemma at-within-ow-topology:
<at-within-ow (topspace T) (openin T) a S = nhdsin T a M principal (S — {a})
if <a € topspace T»
using that unfolding at-within-ow-def by (simp add: nhds-ow-topology)

6.25 (has-sum)

definition <has-sum-ow U plus zero open f A © =
filterlim (sum-ow zero plus f) (nhds-ow U (AS. open S) x)
(finite-subsets-at-top A)»
for U plus zero open f A x

lemma has-sum-ow-parametric|transfer-rulel:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique T» <bi-unique U)»

shows «(rel-set T ===> (V ===> T ===> T) ===> T ===> (rel-set T ===> (=))
===> (U ===> V) ===> rel-set U ===> T ===> (=))

has-sum-ow has-sum-ow>
unfolding has-sum-ow-def
by transfer-prover

lemma has-sum-ud[unoverload-def]: <HAS-SUM = has-sum-ow UNIV plus (0::'a::{ comm-monoid-add,topological-spc
open
by (auto introl: ext simp: has-sum-def has-sum-ow-def unoverload-def)

lemma has-sum-ow-topology:

assumes <! € topspace T
assumes <0 € topspace T
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assumes (\z y. z € topspace T = y € topspace T = = + y € topspace T»

shows <has-sum-ow (topspace T) (+) 0 (openin T) f S| +— has-sum-in T fS D)

using assms apply (simp add: has-sum-ow-def has-sum-in-def nhds-ow-topology sum-ud|symmetric])
by (metis filterlim-nhdsin-iff-limitin)

6.26 filterlim

6.27 convergent

definition convergent-ow where
<convergent-ow U open X +— (FLeU. filterlim X (nhds-ow U open L) sequentially)»
for U open

lemma convergent-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T
shows ((rel-set T ===> (rel-set T ===> (=)) ===> ((=) ===> T) ===> (+—))
convergent-ow convergent-ow)
unfolding convergent-ow-def
by transfer-prover

lemma convergent-ud[unoverload-def]: <convergent = convergent-ow UNIV open>
by (auto simp: convergent-ow-def[abs-def] convergent-def|abs-def] unoverload-def)

lemma topological-space-convergent-ud[unoverload-def]: <topological-space.convergent = conver-
gent-ow UNIV»
by (auto intro!: ext simp: [[aziom topological-space.convergent-def-raw|]
convergent-ow-def unoverload-def)

lemma convergent-ow-topology|simp):
<convergent-ow (topspace T) (openin T) f «— (I 1. limitin T f 1 sequentially)>
by (auto simp: convergent-ow-def simp flip: filterlim-nhdsin-iff-limitin)

lemma convergent-ow-typeclass[simp):
<convergent-ow V (openin (top-of-set V)) f «— (I 1. limitin (top-of-set V') f 1 sequentially)>
by (simp flip: convergent-ow-topology)

6.28 uniform-space.cauchy-filter

lemma cauchy-filter-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: bi-unique T

shows (rel-filter (rel-prod T T) ===> rel-filter T ===> (=))
uniform-space.cauchy-filter
uniform-space.cauchy-filter

unfolding [[aziom uniform-space.cauchy-filter-def-raw]]

by transfer-prover
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6.29 uniform-space. Cauchy

lemma uniform-space-Cauchy-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: bi-unique T

shows (rel-filter (rel-prod T T) ===> ((=) ===> T) ===> (=))
uniform-space. Cauchy
uniform-space. Cauchy

unfolding [[aziom uniform-space. Cauchy-uniform-raw|]

using filtermap-parametric[transfer-rule] apply fail?

by transfer-prover

6.30 complete-space

locale complete-space-ow = metric-space-ow U dist uniformity open

for U dist uniformity open +

assumes <range X C U — uniform-space. Cauchy uniformity X — convergent-ow U open
X»

lemma class-complete-space-ud|unoverload-def]: «class.complete-space = complete-space-ow UNIV»
by (auto introl: ext simp: class.complete-space-def class.complete-space-axioms-def complete-space-ow-def
complete-space-ow-azioms-def unoverload-def)

lemma complete-space-ow-parametrictransfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: bi-unique T

shows (rel-set T ===> (T ===> T ===> (=)) ===> rel-filter (rel-prod T T) ===>
(rel-set T ===> (=)) ===> (=))

complete-space-ow complete-space-ow
unfolding complete-space-ow-def complete-space-ow-axioms-def make-parametricity-proof-friendly
by transfer-prover

lemma complete-space-ow-typeclass|simpl:
fixes V :: ¢<-::uniform-space set»
assumes <complete V)
shows <complete-space-ow V dist (uniformity-on V) (openin (top-of-set V))»
proof (rule complete-space-ow.intro)
show «metric-space-ow V dist (uniformity-on V) (openin (top-of-set V))»
apply (rule metric-space-ow-typeclass)
by (simp add: assms complete-imp-closed)
have <31. limitin (top-of-set V) X | sequentially>
if XV:<An. X n e Vy and cauchy: <uniform-space. Cauchy (uniformity-on V) X» for X
proof —
from cauchy
have <uniform-space.cauchy-filter (uniformity-on V) (filtermap X sequentially)>
by (simp add: [[aziom uniform-space. Cauchy-uniform-raw]])
then have <cauchy-filter (filtermap X sequentially)»
by (auto simp: cauchy-filter-def [[axiom uniform-space.cauchy-filter-def-rawl))
then have «Cauchy X»
by (simp add: Cauchy-uniform)
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with <complete V> XV obtain [ where I: <X —— b <l e V>
apply atomize-elim
by (meson completeE)
with XV [ show ?thesis
by (auto introl: exI[of - ] simp: convergent-def limitin-subtopology)
qed
then show <complete-space-ow-azioms V (uniformity-on V) (openin (top-of-set V))»
apply (auto simp: complete-space-ow-azxioms-def complete-imp-closed assms)
by blast
qed

6.31 chilbert-space

locale chilbert-space-ow = complez-inner-ow + complete-space-ow

lemma chilbert-space-ow-parametric|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> ((=) ===> A ===> A) ===> ((=) ===> A ===> A) ===>
(A ===> A ===> A) ===>
A===> (A===> A===> A) ===> (A ===> A) ===> (A ===> A ===> (=))
—==> (4 ===> (=)) ===>
(A ===> A) ===> rel-filter (rel-prod A A) ===> (rel-set A ===> (=)) ===> (4
—==> A ===> (=)) ===> (=))
chilbert-space-ow chilbert-space-ow»
unfolding chilbert-space-ow-def make-parametricity-proof-friendly
by transfer-prover

lemma chilbert-space-on-typeclass|simp]:
fixes V :: (-::complex-inner set)
assumes <complete V» <csubspace V>
shows <chilbert-space-ow V (xg) (x¢) (+) 0 (=) uminus dist norm sgn
(uniformity-on V) (openin (top-of-set V)) (-¢)»
by (auto intro!: chilbert-space-ow.intro complex-inner-ow-typeclass
simp: assms complete-imp-closed)

lemma class-chilbert-space-ud[unoverload-def]:
<class.chilbert-space = chilbert-space-ow UNIV»
by (auto introl: ext simp add: class.chilbert-space-def chilbert-space-ow-def unoverload-def)

6.32 (hull)
definition <hull-ow A S s = ((Az. Sz Az C A) hull s) N A

lemma hull-ow-nondegenerate: <hull-ow A S s = ((Az. Sz Az C A) hull s)» if <z C A> and
<s C 2> and «S )
proof —
have «(Az. Sz Az C A) hull s) C
apply (rule hull-minimal)
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using that by auto
also note (z C A»
finally show ?thesis
unfolding hull-ow-def by auto
qed

definition <transfer-bounded-Inf B M = Inf M M B>

lemma transfer-bounded-Inf-parametrictransfer-rule]:

includes lifting-syntax

assumes <bi-unique T)

shows «(rel-set T ===> rel-set (rel-set T) ===> rel-set T) transfer-bounded-Inf trans-
fer-bounded-Inf»

apply (auto intro!: rel-funl simp: transfer-bounded-Inf-def rel-set-def Bex-def)

apply (metis (full-types) assms bi-uniqueDr)

by (metis (full-types) assms bi-uniqueDI)

lemma hull-ow-parametric[transfer-rule:
includes lifting-syntax
assumes [transfer-rule]: bi-unique T
shows (rel-set T ===> (rel-set T ===> (=)) ===> rel-set T ===> rel-set T)
hull-ow hull-ow
proof —
have «: <hull-ow A S s = transfer-bounded-Inf A (Set.filter (Ax. S« A s C z) (Pow A))> for
ASs
by (auto simp add: hull-ow-def hull-def transfer-bounded-Inf-def)
show ?thesis
unfolding *
by transfer-prover
qed

lemma hull-ow-ud[unoverload-def]: «(hull) = hull-ow UNIV»
unfolding hull-def hull-ow-def by auto

6.33 csubspace

definition
(subspace-ow plus zero scale S = (zero € S N (VzeS. VyeS. pluszy € S) A (Ve VzeS. scale
crx e S

for plus zero scale S

lemma subspace-ow-parametric[transfer-rulel:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique T

shows (T ===> T ===>T) ===> T ===> ((=) ===> T ===> T) ===> rel-set
T ===> (<))

subspace-ow subspace-ow»
unfolding subspace-ow-def
by transfer-prover
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lemma module-subspace-ud[unoverload-def]: «<module.subspace = subspace-ow plus 0>
by (auto intro!: ext simp: [[aziom module.subspace-def-raw]] subspace-ow-def)

lemma csubspace-ud|[unoverload-def]: <csubspace = subspace-ow (+) 0 (x¢)»
by (simp add: csubspace-raw-def module-subspace-ud)

6.34 cspan

definition
<span-ow U plus zero scale b = hull-ow U (subspace-ow plus zero scale) by
for U plus zero scale b

lemma span-ow-on-typeclass:
assumes <csubspace U>
assumes <B C U»
shows <span-ow U plus 0 scaleC B = cspan B>
proof —
have <span-ow U plus 0 scaleC B = (Ax. csubspace z A x C U) hull B»
using assms
by (auto simp add: span-ow-def hull-ow-nondegenerate[where x="U| csubspace-raw-def
simp flip: csubspace-ud)
also have «(A\z. csubspace x A x C U) hull B = cspan B>
apply (rule hull-unique)
using assms(2) complex-vector.span-superset apply force
by (simp-all add: assms complez-vector.span-minimal)
finally show ?thesis
by —
qed

lemma (in Modules.module) span-ud|[unoverload-def): «<span = span-ow UNIV plus 0 scales
by (auto intro!: ext simp: span-def span-ow-def
module-subspace-ud hull-ow-ud)

lemmas cspan-ud[unoverload-def] = complez-vector.span-ud

lemma span-ow-parametric[transfer-rulel:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique T

shows ((rel-set T ===> (T ===> T ===> T) ===> T ===> ((=) ===> T ===>
T) ===> rel-set T ===> rel-set T)

span-ow span-ow)
unfolding span-ow-def
by transfer-prover

6.34.1 (islimpt)

definition <islimpt-ow U open xS +— (VTCU. €T — open T — (FyeS. yeT A y#x))»
for open
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lemma islimpt-ow-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique T

shows «(rel-set T ===> (rel-set T ===> (=)) ===> T ===> rel-set T ===> (+—))
islimpt-ow islimpt-ow>»

unfolding islimpt-ow-def make-parametricity-proof-friendly

by transfer-prover

definition «slimptin T © S +— z € topspace T N (VV.z € V — openin T V — (FyeS.
yeVAy#uz)

lemma islimpt-ow-from-topology: <islimpt-ow (topspace T) (openin T) x S +— islimptin T x S
V z ¢ topspace T

apply (cases «x € topspace T»)

apply (simp-all add: islimpt-ow-def islimptin-def Pow-def)

by blast+

6.34.2 closure

definition <closure-ow U open S = S U {z€U. islimpt-ow U open z S}> for open

lemma closure-ow-with-typeclass|[simp]:
<closure-ow X (openin (top-of-set X)) S = (X N closure (X N S)) U S
proof —
have (closure-ow X (openin (top-of-set X)) S = (top-of-set X) closure-of S U S»
apply (simp add: closure-ow-def islimpt-ow-def closure-of-def)

apply safe
apply (meson Powl openin-imp-subset)
by auto
also have «... = (X N closure (X N §)) U S

by (simp add: closure-of-subtopology)
finally show ?thesis
by —
qed

lemma closure-ow-parametric[transfer-rule):

includes lifting-syntax

assumes [transfer-rule]: <bi-unique T

shows «(rel-set T ===> (rel-set T ===> (=)) ===> rel-set T ===> rel-set T closure-ow
closure-ow»

unfolding closure-ow-def make-parametricity-proof-friendly

by transfer-prover

lemma closure-ow-from-topology: <closure-ow (topspace T) (openin T) S = T closure-of S» if
«S C topspace T»

using that apply (auto simp: closure-ow-def islimpt-ow-from-topology in-closure-of)

apply (meson in-closure-of islimptin-def)

by (metis islimptin-def)
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lemma closure-ud[unoverload-def): <closure = closure-ow UNIV open)
unfolding closure-def closure-ow-def islimpt-def islimpt-ow-def by auto

6.35 continuous

lemma continuous-on-ow-from-topology: <continuous-on-ow (topspace T) (topspace U) (openin
T) (openin U) (topspace T) f +— continuous-map T U f»

if <f ‘ topspace T C topspace U»

apply (simp add: continuous-on-ow-def continuous-map-def)

apply safe

apply (meson image-subset-iff that)

apply (smt (verit) Collect-mono-iff Int-def inf-absorb1 mem-Collect-eq openin-subopen openin-subset
vimage-eq)

by blast

6.36 is-onbd

definition
<is-onb-ow U scaleC plus zero norm open cinner E <— is-ortho-set-ow zero cinner E A (V bEE.
norm b= 1) A
closure-ow U open (span-ow U plus zero scaleC E) = U»
for U scaleC plus zero norm open cinner

lemma is-onb-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»

shows «(rel-set A ===>
(=) ===> A ===> A) ===>
(A ===> A ===> A) ===>
A ===>
(A ===> (=) ===> (rel-set A ===> (=)) ===> (A ===> A ===> (=)) ===>

rel-set A ===> (=))
is-onb-ow is-onb-ow>
unfolding is-onb-ow-def
by transfer-prover

lemma is-onb-ud[unoverload-def]:
<is-onb = is-onb-ow UNIV scaleC plus 0 norm open cinner»
unfolding is-onb-def is-onb-ow-def
apply (subst asm-rijof <\E. ccspan E = T <— closure (cspan E) = UNIV», rule-format])
apply (transfer, rule)
unfolding unoverload-def
apply transfer by auto

6.37 Transferring theorems

lemma closure-of-eql:
fixes fg :: <a= by and T :: <'a topology) and U :: <'b topology>
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assumes hausdorff: <Hausdorff-space U»
assumes f-e¢-g: <N\z. 2 € S = frx =g
assumes z: <z € T closure-of S»
assumes f: (continuous-map T U fy and g: <continuous-map T U g¢»
shows (fz = g o
proof —
have (topspace T # {}»
by (metis assms(3) equalsOD in-closure-of)
have <topspace U # {}
using <topspace T # {}> assms(5) continuous-map-image-subset-topspace by blast

assume 3 (Rep :: 't = ‘a) Abs. type-definition Rep Abs (topspace T)
then interpret T: local-typedef <topspace T) <TYPE('t))

by unfold-locales
assume 3 (Rep :: 'u = 'b) Abs. type-definition Rep Abs (topspace U)
then interpret U: local-typedef <topspace U> « TYPE('u)»

by unfold-locales

note on-closure-eql
note this[unfolded unoverload-def]
note this[unoverload-type 'b, unoverload-type 'a]
note this[unfolded unoverload-def)
note thisjwhere ‘a="t and 'b="u]
note this[untransferred)
note thisjwhere f=f and g=¢g and S=«S N topspace T» and z=z and ?open=openin T
and opena=<openin U)]
note this[simplified)
}
note x = this[cancel-type-definition, OF <topspace T # {}», cancel-type-definition, OF <topspace
U #A{p]

have 2: «f ¢ topspace T C topspace U»
by (meson assms(4) continuous-map-image-subset-topspace)
have 3: <g ‘ topspace T C topspace U>»
by (simp add: continuous-map-image-subset-topspace g)
have 4: <z € topspace T
by (meson assms(3) in-closure-of)
have 5: <topological-space-ow (topspace T) (openin T))
by simp
have 6: «t2-space-ow (topspace U) (openin U))
by (simp add: hausdorff)
from z have <z € T closure-of (S N topspace T)»
by (metis closure-of-restrict inf-commute)
then have 7: «x € closure-ow (topspace T) (openin T) (S N topspace T)»
by (simp add: closure-ow-from-topology)
have 8: <continuous-on-ow (topspace T) (topspace U) (openin T) (openin U) (topspace T) f>
by (meson 2 continuous-on-ow-from-topology f)
have 9: <continuous-on-ow (topspace T) (topspace U) (openin T) (openin U) (topspace T) g
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by (simp add: 3 continuous-on-ow-from-topology g)

show ?thesis
apply (rule )
using 2 3 4 5 6 f-eq-g 78 9 by auto
qed

lemma orthonormal-subspace-basis-exists:
fixes S :: <'a::chilbert-space set»
assumes <(is-ortho-set Sy and norm: <A\z. €S = norm x = 1» and «S C space-as-set V>
shows (3B. B D S A is-ortho-set B A (Yz€B. norm ¢ = 1) A ccspan B = V>

proof —

assume 3 (Rep :: 't = 'a) Abs. type-definition Rep Abs (space-as-set V')
then interpret T: local-typedef <space-as-set Vy <TYPE('t)
by unfold-locales

note orthonormal-basis-exists
note this[unfolded unoverload-def)
note this[unoverload-type 'al
note this[unfolded unoverload-def)
note thisjwhere 'a="t|
note this[untransferred)
note thisjwhere plus=plus and scaleC=scaleC and scaleR=scaleR and zero=0 and mi-
NUS=minus
and uminus=uminus and sgn=sgn and S=S and norm=norm and cinner=cinner and
dist=dist
and ?Zopen=<openin (top-of-set (space-as-set V'))»
and uniformity=<uniformity-on (space-as-set V)]
note this[simplified Domainp-rel-filter prod. Domainp-rel T.Domainp-cr-S]
}
note x = this[cancel-type-definition]
have 1: <uniformity-on (space-as-set V)
< principal (Collect (pred-prod (Ax. x € space-as-set V) (Az. x € space-as-set V)))
by (auto simp: uniformity-dist introl: le-infI2)
have (3 Be{A. Vz€A. © € space-as-set V}.
S C B A is-onb-ow (space-as-set V) (xc) (+) 0 norm (openin (top-of-set (space-as-set V)))
(-c) B
apply (rule x )
using «S C space-as-set V) <is-ortho-set S»
by (auto simp flip: unoverload-def
introl: complex-vector.subspace-scale real-vector.subspace-scale csubspace-is-subspace
csubspace-nonempty complex-vector.subspace-add complex-vector.subspace-diff
complex-vector.subspace-neg sgn-in-spacel 1 norm)

then obtain B where (B C space-as-set V' and «S C B»

and is-onb: <is-onb-ow (space-as-set V) (x¢) (+) 0 norm (openin (top-of-set (space-as-set

V) () B>
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by auto

from <B C space-as-set V)
have [simp]: <cspan B N space-as-set V = cspan B)
by (smt (verit) basic-trans-rules(8) ccspan.rep-eq ccspan-leql cespan-superset complex-vector.span-span
inf-absorb1 less-eq-ccsubspace.rep-eq)
then have [simp]: <space-as-set V N cspan B = cspan B)
by blast
from <B C space-as-set V)
have [simp]: <space-as-set V N closure (cspan B) = closure (cspan B)»
by (metis Int-absorbl ccspan.rep-eq ccspan-leql less-eq-ccsubspace.rep-eq)
have [simp]: <closure X U X = closure X» for X :: <'z::topological-space set»
using closure-subset by blast

from is-onb have <is-ortho-set B»
by (auto simp: is-onb-ow-def unoverload-def)

moreover from is-onb have <norm x = 1» if <x € B» for z
by (auto simp: is-onb-ow-def that)

moreover from is-onb have <closure (cspan B) = space-as-set V»
by (simp add: is-onb-ow-def <B C space-as-set V'
closure-ow-with-typeclass span-ow-on-typeclass flip: unoverload-def)
then have <ccspan B = V>
by (simp add: ccspan.abs-eq space-as-set-inverse)

ultimately show ?thesis
using «S C B) by auto
qed

lemma has-sum-in-comm-additive-general:
fixes f :: <'a = 'b :: comm-monoid-add>
and g :: <'b = 'c :: comm-monoid-add»
assumes T0[simp]: <0 € topspace T» and Tplus[simpl: <Az y. x € topspace T = y € topspace
T = z+y € topspace T
assumes Uplus[simp]: <\z y. © € topspace U => y € topspace U = z+y € topspace U»
assumes grange: <g ‘ topspace T C topspace U»
assumes ¢0: <g 0 = O»
assumes frange: <f ¢S C topspace T
assumes gcont: (filterlim g (nhdsin U (g 1)) (atin T 1)
assumes gadd: <\z y. x € topspace T = y € topspace T = g (z+y) =gz + g
assumes sumf: <has-sum-in T f S )
shows <has-sum-in U (g o f) S (g 1)
proof —
define f’ where <f' z = (if € S then f x else 0)» for z
have <topspace T # {}»
using T0 by blast
then have <topspace U # {}»
using grange by blast
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{
assume 3 (Rep :: 't = 'b) Abs. type-definition Rep Abs (topspace T')
then interpret T: local-typedef <topspace T> «TYPE('t)
by unfold-locales
assume 3 (Rep :: 'u = 'c) Abs. type-definition Rep Abs (topspace U)
then interpret U: local-typedef <topspace U> «TYPE('u)»
by unfold-locales

note [[show-types]]

note has-sum-comm-additive-general

note this[unfolded unoverload-def]

note this[unoverload-type 'b, unoverload-type 'c]

note thisjwhere 'b="t and ‘c="u and 'a="d]

note this[unfolded unoverload-def)

thm this[no-vars]

note this[untransferred)

note thisjwhere f=g¢ and g=f' and zero=0 and zeroa=0 and plus=plus and plusa=plus
and “open=<openin U> and opena=<openin T> and z=I and S=S5 and T=«topspace

)]

note this[simplified)

}

note * = this[cancel-type-definition, OF <topspace T # {}», cancel-type-definition, OF <topspace

U # )

have f'T[simp]: <f' x € topspace T for z
using frange f'-def by force
have [simp]: <l € topspace T»
using sumf has-sum-in-topspace by blast
have [simp]: <z € topspace T = g = € topspace U» for x
using grange by auto
have sumf'T: «(>_ z€F. f' x) € topspace T if «finite F» for F
using that apply induction
by auto
have [simp]: <(>_ z€F. fx) € topspace T» if <F C S» for F
using that apply (induction F rule:infinite-finite-induct)
apply auto
by (metis Tplus f'T f’-def)
have sum-gf: <> xz€F. g (f' z)) = g O z€F. f'a)»
if <finite F> and (F C S» for F
proof —
have «(>_z€F. g (f'z)) = O z€F. g (fz))
apply (rule sum.cong)
using frange that by (auto simp: f’-def)
also have «... = g O z€F. fa)
using <finite F'» «F C S apply induction
using g0 frange apply auto
apply (subst gadd)
by (auto simp: f’-def)
also have «... = g O z€eF. f' z)»
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apply (rule arg-cong[where f=g|)
apply (rule sum.cong)
using that by (auto simp: f’-def)
finally show ?thesis
by —
qed
from sumf have sumf’ <has-sum-in T f' S >
apply (rule has-sum-in-cong| THEN 4ffD2, rotated))
unfolding f’-def by auto
have [simp]: <g | € topspace U>»
using grange by auto
from gcont have contg” «filterlim g (nhdsin U (g 1)) (nhdsin T | T principal (topspace T —
()
apply (rule filterlim-cong| THEN iffD1, rotated —1])
apply (rule refl)
apply (simp add: atin-def)
by (auto introl: exI simp add: eventually-atin)
from T0 grange g0 have [simp]: <0 € topspace U»
by auto

have [simp]:
<comm-monoid-ow (topspace T) (+) 0>
<comm-monoid-ow (topspace U) (+) 0>
by (simp-all add: comm-monoid-ow-def abel-semigroup-ow-def
semigroup-ow-def plus-ow-def semigroup-ow-azxioms-def
comm-monotd-ow-azioms-def Groups.add-ac abel-semigroup-ow-azioms-def)

have <has-sum-ow (topspace U) (+) 0 (openin U) (g o f') S (g I)»
apply (rule x)
by (auto simp: topological-space-ow-from-topology sum-gf sumf’
sum-ud[symmetric] at-within-ow-topology has-sum-ow-topology
contg” sumf'T)

then have <has-sum-in U (g o f') S (g I)»
apply (rule has-sum-ow-topology| THEN iffD1, rotated —1])
by simp-all

then have <has-sum-in U (g o f) S (g 1)
by simp

then show ?thesis
apply (rule has-sum-in-cong| THEN 4ffD1, rotated))
unfolding f’-def using frange grange by auto

qed

lemma has-sum-in-comm-additive:
fixes f :: <'a = 'b :: ab-group-add)
and g :: <'b = ‘¢ :: ab-group-add>
assumes <topspace T = UNIV» and <topspace U = UNIV»
assumes <Modules.additive g»
assumes gcont: <continuous-map T U ¢
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assumes sumf: <has-sum-in T f S I

shows <has-sum-in U (g o f) S (g 1)

apply (rule has-sum-in-comm-additive-general[where T=T and U=U])

using assms

by (auto simp: additive.zero Modules.additive-def introl: continuous-map-is-continuous-at-point)

7 Stuff relying on the above lifting

definition (some-onb-of X = (SOME B. is-ortho-set B A (Vb€B. norm b = 1) A ccspan B =
X))

lemma
fixes X :: </a::chilbert-space ccsubspace)
shows some-onb-of-is-ortho-set[iff]: <is-ortho-set (some-onb-of X)»
and some-onb-of-norml1: <b € some-onb-of X = norm b = 1»
and some-onb-of-ccspan|simpl: <ccspan (some-onb-of X) = X»
proof —
let ?P = (AB. is-ortho-set B A (VbEB. norm b = 1) A cespan B = X»
have (Ex ?P»
using orthonormal-subspace-basis-existsjwhere S=«{}» and V=X]
by auto
then have <?P (some-onb-of X))
by (simp add: some-onb-of-def verit-sko-ex)
then show is-ortho-set-some-onb-of: <is-ortho-set (some-onb-of X))
and <b € some-onb-of X = norm b = 1»
and <ccspan (some-onb-of X) = X»
by auto
qed

lemma ccsubspace-as-whole-type:
fixes X :: </a::chilbert-space ccsubspace)
assumes X # O
shows «let 'b::type = some-onb-of X in
JU::'b ell2 =cy 'a. isometry U AN U xg T = X»
proof with-type-intro
show <some-onb-of X # {}
using some-onb-of-ccspan]of X| assms
by (auto simp del: some-onb-of-ccspan)
fix Rep :: <'b = 'a» and Abs
assume <bij-betw Rep UNIV (some-onb-of X)»
then interpret type-definition Rep <inv Rep» <some-onb-of X»
by (simp add: type-definition-bij-betw-iff)
define U where (U = cblinfun-extension (range ket) (Rep o inv ket)»
have [simp]: <Rep i -¢ Rep j = 0y if «<i # j» for i j
using Rep some-onb-of-is-ortho-set[unfolded is-ortho-set-def] that
by (smt (verit) Rep-inverse)
moreover have [simp]: <norm (Rep i) = 1 for i
using Rep|of i| some-onb-of-norml
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by auto

ultimately have «cblinfun-extension-exists (range ket) (Rep o inv ket)»
apply (rule-tac cblinfun-extension-ezists-ortho)
by auto

then have U-ket[simp]: <U (ket i) = Rep ©» for ¢
by (auto simp: cblinfun-extension-apply U-def)

have <isometry U»
apply (rule orthogonal-on-basis-is-isometry[where B=<range ket)])
by (auto simp: cinner-ket simp flip: cnorm-eq-1)

moreover have <U xg ccspan (range ket) = X»
apply (subst cblinfun-image-ccspan)
by (simp add: Rep-range image-image)

ultimately show <3 U :: 'b ell2 =c 'a. isometry U A U xg T = X»
by auto

qed

lemma some-onb-of-0[simp]: <some-onb-of (0 :: 'a::chilbert-space ccsubspace) = {}
proof —
have no0: <0 ¢ some-onb-of (0 :: 'a ccsubspace)>
using some-onb-of-norm1
by fastforce
have <ccspan (some-onb-of 0) = (0 :: 'a ccsubspace)»
by simp
then have <some-onb-of 0 C space-as-set (0 :: 'a ccsubspace))
by (metis ccspan-superset)
also have «... = {0}
by simp
finally show ?thesis
using no0
by blast
qed

lemma some-onb-of-finite-dim:
fixes S :: ('a::chilbert-space ccsubspaces
assumes <finite-dim-ccsubspace S»
shows «finite (some-onb-of S)»
proof —
from assms obtain C where CS: <cspan C = space-as-set S» and «finite C»
by (meson cfinite-dim-subspace-has-basis csubspace-space-as-set finite-dim-ccsubspace.rep-eq)
then show «finite (some-onb-of S)»
using ccspan-superset complezx-vector.independent-span-bound is-ortho-set-cindependent by
fastforce
qed

lemma some-onb-of-in-spaceliff]:
fixes S :: ('a::chilbert-space ccsubspace)
shows (some-onb-of S C space-as-set S»
using ccspan-superset by fastforce
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lemma sum-some-onb-of-butterfly:
fixes S :: ('a::chilbert-space ccsubspace)
assumes <finite-dim-ccsubspace S»
shows (3" z€some-onb-of S. butterfly © z) = Proj S»
proof —
obtain B where onb-S-in-B: (some-onb-of S C B» and <is-onb B)
apply atomize-elim
apply (rule orthonormal-basis-exists)
by (simp-all add: some-onb-of-norm1)
have S-ccspan: <S = ccspan (some-onb-of S)»
by simp

show ?thesis
proof (rule cblinfun-eq-gen-eql [where G=DB])
show <ccspan B = T)»
using <is-onb B» is-onb-def by blast
fix b assume b € B)
show «(>" xz€some-onb-of S. selfbutter x) *y b = Proj S %y b
proof (cases <b € some-onb-of S»)
case True
have «(>_ z€some-onb-of S. selfbutter x) xy b = (> xEsome-onb-of S. selfputter x *y b)»
using cblinfun.sum-left by blast
also have «... = b
apply (subst sum-single[where i=0])
using True apply (auto introl: simp add: assms some-onb-of-finite-dim)
using is-ortho-set-def apply fastforce
using cnorm-eq-1 some-onb-of-norml1 by force
also have «... = Proj S *y b
apply (rule Proj-fixes-image[symmetric])
using True some-onb-of-in-space by blast
finally show ?thesis
by —
next
case Fulse
have x: (is-orthogonal = by if <z € some-onb-of S» and <z # 0> for z
proof —
have «r € B»
using onb-S-in-B that(1) by fastforce
moreover note b € B)
moreover have «x # b
using False that(1) by blast
moreover note <is-onb B>
ultimately show <is-orthogonal x b
by (simp add: is-onb-def is-ortho-set-def)
qed
have (> xz€some-onb-of S. selfbutter x) xy b = (> x€some-onb-of S. selfbutter T xy b)»
using cblinfun.sum-left by blast
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also have «... = O»
by (auto intro!: sum.neutral simp: * )

also have «... = Proj S %y b
apply (rule Proj-0-compl[symmetric])
apply (subst S-ccspan)
apply (rule mem-ortho-ccspanl)
using * cinner-zero-right is-orthogonal-sym by blast

finally show ?thesis
by —

qed
qed
qed

lemma cdim-infinite-0:
assumes < cfinite-dim S»
shows «cdim S = 0>
proof —
from assms have not-fin-cspan: <— cfinite-dim (cspan S)»
using cfinite-dim-def cfinite-dim-subspace-has-basis complex-vector.span-superset by fastforce
obtain B where (cindependent B> and <cspan S = cspan B)
using csubspace-has-basis by blast
with not-fin-cspan have <infinite B»
by auto
then have «card B = 0»
by force
have «cdim (cspan S) = 0>
apply (rule complez-vector.dim-unique[of B])
apply (auto introl: simp add: <cspan S = cspan By complex-vector.span-superset)
using <cindependent B) <card B = 0» by auto
then show ?thesis
by simp
qed

lemma some-onb-of-card:
fixes S :: ('a::chilbert-space ccsubspaces
shows ¢card (some-onb-of S) = cdim (space-as-set S)»
proof (cases «finite-dim-ccsubspace S»)
case True
show ?thesis
apply (rule complez-vector.dim-eq-card[symmetric])
apply (auto simp: is-ortho-set-cindependent)
apply (metis True ccspan-finite some-onb-of-cecspan complez-vector.span-clauses(1) some-onb-of-finite-dim)
by (metis True ccspan-finite some-onb-of-ccspan complez-vector.span-eq-iff csubspace-space-as-set
some-onb-of-finite-dim)
next
case Fulse
then have <cdim (space-as-set S) = 0»
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by (simp add: cdim-infinite-0 finite-dim-ccsubspace.rep-eq)
moreover from False have <infinite (some-onb-of S)»
using ccspan-finite-dim by fastforce
ultimately show ?thesis
by simp
qed

unbundle no lattice-syntax and no cblinfun-syntax

end

8 FEigenvalues — Material related to eigenvalues and eigenspaces

theory Figenvalues
imports
Weak-Operator-Topology
Misc-Tensor-Product-TTS
begin

unbundle cblinfun-syntax

definition normal-op :: «(’a::chilbert-space = ¢ 'a) = bool> where
<normal-op A +— A oo Ax = Ax ocp A»

definition eigenvalues :: «(’a::complex-normed-vector = ¢y, ‘a) = complex set) where
ceigenvalues a = {z. eigenspace x a # 0}»

definition invariant-subspace :: <'a::complez-inner ccsubspace = (‘a =, 'a) = bool> where
<invariant-subspace S A +— A xg § < S

lemma invariant-subspacel: <A xg S < S = invariant-subspace S A>
by (simp add: invariant-subspace-def)

definition reducing-subspace :: ¢'a::complex-inner ccsubspace = ('a =¢1 'a) = bool» where
<reducing-subspace S A <— invariant-subspace S A A invariant-subspace (—S) A»

lemma reducing-subspacel: <A xg S < § = A xg (—=95) < =8 = reducing-subspace S A>
by (simp add: reducing-subspace-def invariant-subspace-def)

lemma reducing-subspace-ortho[simpl: <reducing-subspace (—S) A «— reducing-subspace S A»
for S :: <'a::chilbert-space ccsubspaces

by (auto simp: reducing-subspace-def)

lemma invariant-subspace-bot[simp|: <invariant-subspace L A»
by (simp add: invariant-subspacel )

lemma invariant-subspace-top[simp|: <invariant-subspace T A>
by (simp add: invariant-subspacel)
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lemma reducing-subspace-bot[simpl: <reducing-subspace L A»
by (metis cblinfun-image-bot eq-refl orthogonal-spaces-bot-right orthogonal-spaces-leq-compl re-
ducing-subspacel )

lemma reducing-subspace-top[simp|: <reducing-subspace T A»
by (simp add: reducing-subspace-def)

lemma kernel-uminus[simp]: kernel (—A) = kernel A
for a :: compler and A :: (-,-) cblinfun
by transfer auto

lemma kernel-scaleC’: kernel (a xc A) = (if a = 0 then T else kernel A)
for a :: compler and A :: (-,-) cblinfun
by (cases a = 0) auto

lemma eigenvalues-0[simp]: <eigenvalues (0 :: 'a::{not-singleton,complez-normed-vector} =cp,

‘a) = {0}

by (auto simp: eigenvalues-def eigenspace-def kernel-scaleC”)

lemma nonzero-ccsubspace-contains-unit-vector:
assumes (S #
shows (3. ¥ € space-as-set S N\ norm ¢ = 1>
proof —
from assms
obtain ¢ where ¢: <) € space-as-set Sy ) #£ 0>
by transfer (auto simp: complez-vector.subspace-0)
have («sgn 1) € space-as-set S»
using ¢ by (simp add: complez-vector.subspace-scale scaleR-scaleC sgn-div-norm)
moreover have (norm (sgn ¢) = 1»
by (simp add: < # 0> norm-sgn)
ultimately show ?thesis
by auto
qed

lemma unit-eigenvector-ex:
assumes (x € eigenvalues a>
shows <3h. norm h=1 AN ah =1z *xc b
proof —
from assms have <eigenspace x a # 0)
by (simp add: eigenvalues-def)
then obtain ¢ where 1)-cv: <) € space-as-set (eigenspace z a)) and ) # 0>
using nonzero-ccsubspace-contains-unit-vector by force
define h where <h = sgn ¥»
with <« # 0» have <norm h = 1»
by (simp add: norm-sgn)
from v-ev have <h € space-as-set (eigenspace x a))
by (simp add: h-def sgn-in-spacel)
then have <a *y h = 2 ¢
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unfolding eigenspace-def
by (transfer’ fixing: x) simp
with (norm h = 1) show ?thesis
by auto
qed

lemma eigenvalue-norm-bound:
assumes <e € eigenvalues a
shows <norm e < norm a»
proof —
from assms obtain h where (norm h = 1> and ah-eh: <a h = e x¢ hb»
using unit-eigenvector-ex by blast
have (cmod e = norm (e *¢ h)»
by (simp add: <norm h = 1)
also have «... = norm (a h))
using ah-eh by presburger
also have «... < norm a»
by (metis <norm h = 1> cblinfun.real.bounded-linear-right mult-cancel-left1 norm-cblinfun.rep-eq
onorm)
finally show <cmod e < norm a»
by —
qed

lemma eigenvalue-selfadj-real:
assumes (e € eigenvalues a
assumes <selfadjoint a>
shows <e € R»
proof —
from assms obtain h where (norm h = 1> and ah-eh: <a h = e *¢ hb»
using unit-eigenvector-ex by blast
have (¢ = h ¢ (e ¢ h)»
by (metis <norm h = 1) cinner-simps(6) mult-cancel-left1 norm-one one-cinner-one power2-norm-eq-cinner
power2-norm-eq-cinner)
also have <... = h ¢ a by
by (simp add: ah-eh)
also from assms(2) have <... € R»
using cinner-selfadjoint-real selfadjoint-def by blast
finally show <e € R»
by —
qed

lemma is-Sup-imp-ex-tendsto:
fixes X :: ‘a::{linorder-topology, first-countable-topology} set
assumes sup: <is-Sup X I
assumes (X # {}
shows (3f. range f C X N f —— D
proof (cases <3z. z < D)
case True
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obtain 4 :: <nat = 'a set) where openA: <open (A n)> and I4: < € A n»
and fl: «(An. fne An) = f —— Db fornf
by (rule Topological-Spaces.countable-basis|of l]) blast
obtain f where fAX: <«fn € Ann X for n
proof (atomize-elim, intro choice alll)
fix n :: nat
from True obtain z where <z < )
by blast

from open-left[OF openA A this]

obtain b where b < > and bl-A: {b<..i} T A m
by blast

from sup <b < I) obtain z where <z € X)> and <z > b
by (meson is-Sup-def leD lel)

from <z € X» sup have «z < D
by (simp add: is-Sup-def)

from <z < Iy and <z > b» and bl-A

have «(x € A n»
by fastforce

with «x € X»

show «(Jz. z € A n N X»
by blast

qed

with fl have «f —— D
by auto

moreover from fAX have (range f C X»
by auto

ultimately show ?thesis
by blast

next

case Fulse

from <X # {}> obtain z where «z € X»
by blast

with <is-Sup X > have <z < I
by (simp add: is-Sup-def)

with Fualse have <z = D
using basic-trans-rules(17) by auto

with «z € X)» have « € X»
by simp

define f where «fn = ) for n :: nat

then have «f —— D
by (auto introl: simp: f-def[abs-def])

moreover from </ € X» have <range f C X»
by (simp add: f-def)

ultimately show ?thesis
by blast

qed

lemma eigenvaluesI:
assumes (A xy h = e x¢ b

161



assumes <h # 0
shows (e € eigenvalues A»
proof —
from assms have <h € space-as-set (eigenspace e A)»
by (simp add: eigenspace-def kernel.rep-eq cblinfun.diff-left)
moreover from <h # 0) have <h ¢ space-as-set L)
by transfer simp
ultimately have (eigenspace e A # 1>
by fastforce
then show ?thesis
by (simp add: eigenvalues-def)
qed

lemma tendsto-diff-const-left-rewrite:
fixes ¢ d :: <'a::{topological-group-add, ab-group-add}»
assumes (((Az. fz) —— ¢ — d) F»
shows «((A\z. ¢ — fz) —— d) F»
by (auto intro!: assms tendsto-eg-intros)

lemma not-not-singleton-no-eigenvalues:
fixes a :: ('a::complex-normed-vector =cp 'a>
assumes (— class.not-singleton TYPE('a)»
shows <eigenvalues a = {}»
proof (rule equalsOI)
fix e assume <e € eigenvalues a
then have <(eigenspace e a # 1>
by (simp add: eigenvalues-def)
then obtain h where <norm h = 1) and <h € space-as-set (eigenspace e a)»
using nonzero-ccsubspace-contains-unit-vector by auto
from assms have (h = 0»
by (rule not-not-singleton-zero)
with <norm h = 1»
show Fulse
by simp
qed

lemma cblinfun-cinner-eq0I:
fixes a :: (‘a::chilbert-space =cy, 'a>
assumes (A\h. h -c a h = 0»
shows «a = 0»
by (rule cblinfun-cinner-eql) (use assms in simp)

lemma normal-op-iff-adj-same-norms:

— [2], Proposition I11.2.16

fixes a :: ('a::chilbert-space =cr1, 'a»

shows (normal-op a «— (Y h. norm (a h) = norm ((ax) h))»
proof —

have auz: <«(Ah. a h = b h) ==> (Vh. a h = (0::complex)) «— (Vh. b h = (0::real))> for a
2 'a = complery and b :: ('a = real
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by simp

have (normal-op a +— (ax ocr a) — (a oo ax) = 0»
using normal-op-def by force

also have «... «— (Vh. h .¢ ((ax ocr a) — (a oc ax)) h = 0)»

by (auto intro!: cblinfun-cinner-eql simp: cblinfun.diff-left cinner-diff-right
stmp flip: cblinfun-apply-cblinfun-compose)

also have (... «— (Vh. (norm (a h))?> — (norm ((ax) h))? = 0)
proof (rule aux)
fix h

have «(norm (a xy h))? — (norm (ax %y h))?

= (a *v h) «c (a *y h) — (a* xy h) ¢ (a% xy h)

by (simp add: of-real-diff flip: cdot-square-norm of-real-power)
also have ¢... = h «¢ ((a*x ocr a) — (a ocp ax)) b

by (simp add: cblinfun.diff-left cinner-diff-right cinner-adj-left
cinner-adj-right flip: cinner-adj-left)

finally show <h ¢ ((ax ocr a) — (a ocr ax)) h = (norm (a *v h))?> — (norm (a* %y h))*
by simp
qed

also have «... +— (Vh. norm (a h) = norm ((ax) h))>
by simp
finally show ?thesis.

qed

lemma normal-op-same-eigenspace-as-ads:

— Shown inside the proof of [2, Proposition I1.5.6]
assumes (normal-op a

shows <eigenspace | a = eigenspace (cnjl) (ax )»
proof —

from <normal-op a»

have <normal-op (a — 1 *¢ id-cblinfun)>

by (auto introl: simp: normal-op-def cblinfun-compose-minus-left
cblinfun-compose-minus-right adj-minus scaleC-diff-right)

then have *: <norm ((a — 1 x¢ id-cblinfun) h) = norm (((a — | *¢ id-cblinfun)x) h)» for h
using normal-op-iff-adj-same-norms by blast
show ?thesis

proof (rule ccsubspace-eql)
fix h

have <& € space-as-set (eigenspace | a) <— norm ((a — 1 *¢ id-cblinfun) h) = 0>
also have «...

by (simp add: eigenspace-def kernel-member-iff)
+— norm (((ax) — cnj l x¢ id-cblinfun) h) = 0>

by (simp add: * adj-minus)
also have «...

+— h € space-as-set (eigenspace (cnj l) (ax))>
by (simp add: eigenspace-def kernel-member-iff)

qged

finally show <h € space-as-set (eigenspace | a) «+— h € space-as-set (eigenspace (cnj l)
(ax))>.
qed
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lemma normal-op-adj-eigenvalues:
assumes (normal-op a>
shows <eigenvalues (ax) = cnj ‘ eigenvalues a)
by (auto intro!: complex-cnj-cnj[symmetric] image-eql
simp: eigenvalues-def assms normal-op-same-eigenspace-as-ady)

lemma invariant-subspace-iff- PAP:
— [2], Proposition I1.3.7 (b)
<invariant-subspace S A <— Proj S ocr A ocr Proj S = A ocp Proj S»
proof —
define S’ where (S’ = space-as-set S»
have <invariant-subspace S A «+— (VheS’. A h € S')
proof safe
fix h assume A: invariant-subspace S A and h: h € S’
from h have A *y h € space-as-set (A xg S)
using cblinfun-apply-in-image’[of h S A] unfolding S’-def by auto
also have space-as-set (A xg ) C S’
using A unfolding S’-def invariant-subspace-def less-eq-ccsubspace-def by auto
finally show A xy h € S'.
next
assume *: VheS'. A xy h e S’
hence 4 xg S < S
unfolding S’-def using cblinfun-image-less-eql by blast
thus invariant-subspace S A
unfolding invariant-subspace-def less-eq-ccsubspace-def map-fun-def o-def id-def .
qged
also have «... «— (Vh. A xy Proj S xy h € S')»
by (metis (no-types, lifting) Proj-fizes-image Proj-range S’-def cblinfun-apply-in-image)
also have «... +— (Vh. Proj S xy A %y Proj S xy h = A xy Proj S xy h)»
using Proj-fizes-image S’-def space-as-setl-via-Proj by blast
also have «... <— Proj S ocr A ocr Proj S = A ocyr Proj S»
by (auto introl: cblinfun-eql simp:
stmp flip: cblinfun-apply-cblinfun-compose cblinfun-compose-assoc)
finally show ?thesis
by —
qed

lemma reducing-iff-PA:
— [2], Proposition I1.3.7 (e)
<reducing-subspace S A <— Proj S oo, A = A ocy Proj S»
proof (rule iffI)
assume red: (reducing-subspace S A»
define P where (P = Proj S»
from red have AP: <P ocy A ocr, P = A ocr P»
by (simp add: invariant-subspace-iff-PAP reducing-subspace-def P-def)
from red have <reducing-subspace (— S) A>
by simp
then have «(id-cblinfun — P) ocr, A ocyp (id-cblinfun — P) = A ocy, (id-cblinfun — P))
using invariant-subspace-iff-PAP[of <— S| reducing-subspace-def P-def Proj-ortho-compl
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by metis
then have <P oc;, A = P ocp A ocp P
by (simp add: cblinfun-compose-minus-left cblinfun-compose-minus-right)
with AP show <P oCL A=A oCL P
by simp
next
define P where (P = Proj S»
assume (P oo, A = A ocr P>
then have <P oCL A oCcL P=A oCL P oCcrL P
by simp
then have <P ocr, A ocr, P = A ocr, P>
by (metis P-def Proj-idempotent cblinfun-assoc-left(1))
then have <invariant-subspace S A»
by (simp add: P-def invariant-subspace-iff-PAP)
have «(id-cblinfun — P) ocp A ocyr (id-cblinfun — P) = A ocy (id-cblinfun — P)»
by (metis (no-types, opaque-lifting) P-def Proj-idempotent Proj-ortho-compl (P ocy A
= A ocr P> cblinfun-assoc-left(1) cblinfun-compose-id-left cblinfun-compose-minus-left cblin-
fun-compose-minus-right)
then have <invariant-subspace (— S) A»
by (simp add: P-def Proj-ortho-compl invariant-subspace-iff-PAP)
with <invariant-subspace S A»
show «(reducing-subspace S A»
using reducing-subspace-def by blast
qed

lemma reducing-iff-also-adj-invariant:
— [2], Proposition I1.3.7 (g)
shows <reducing-subspace S A <— invariant-subspace S A A invariant-subspace S (Ax)»
proof (intro iffI conjI; (erule conjE)?)
assume <invariant-subspace S Ay and <invariant-subspace S (Ax)»
have (invariant-subspace (— S) A»
proof (intro invariant-subspacel cblinfun-image-less-eql)
fix h assume <h € space-as-set (— S)»
show <A xy h € space-as-set (— S)»
proof (unfold uminus-ccsubspace.rep-eq, intro orthogonal-complementl)
fix g assume (g € space-as-set S»
with <invariant-subspace S (Ax)> have ((Ax) g € space-as-set S»
by (metis Proj-compose-cancell Proj-range cblinfun-apply-in-image’ cblinfun-fizes-range
invariant-subspace-def space-as-setl-via-Proj)
have <A h ¢ g =h -¢ (Ax) ¢
by (simp add: cinner-adj-right)
also from «(A4x) g € space-as-set S»> and <h € space-as-set (— S)»
have ... = 0»
using orthogonal-spaces-def orthogonal-spaces-leq-compl by blast
finally show <A h ¢ g = O
by blast
qed
qged
with <nvariant-subspace S A»
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show «(reducing-subspace S A»
using reducing-subspace-def by blast
next
assume <reducing-subspace S A»
then show <invariant-subspace S A»
using reducing-subspace-def by blast
show <invariant-subspace S (Ax)»
by (metis <reducing-subspace S Ay adj-Proj adj-cblinfun-compose reducing-iff-PA reduc-
ing-subspace-def)
qed

lemma eigenspace-is-reducing:
— [2], Proposition I1.5.6
assumes <normal-op a>
shows <reducing-subspace (eigenspace | a) a
proof (unfold reducing-iff-also-adj-invariant invariant-subspace-def
intro conjl cblinfun-image-less-eql subsetl)
fix h
assume h-eigen: <h € space-as-set (eigenspace | a)»
then have <a h = [ x¢ I
by (simp add: eigenspace-memberD)
also have «... € space-as-set (eigenspace | a)»
by (simp add: Proj-fizes-image cblinfun.scaleC-right h-eigen space-as-setl-via-Proj)
finally show <a h € space-as-set (eigenspace | a)».
next
fix h
assume h-cigen: <h € space-as-set (eigenspace | a)»
then have <h € space-as-set (eigenspace (cnj l) (ax))»
by (simp add: assms normal-op-same-eigenspace-as-adj)
then have «(ax) h = cnj l x¢ b
by (simp add: eigenspace-memberD)
also have «... € space-as-set (eigenspace | a)»
by (simp add: Proj-fizes-image cblinfun.scaleC-right h-eigen space-as-setI-via-Proj)
finally show <(ax) h € space-as-set (eigenspace | a)».
qed

lemma invariant-subspace-Inf:
assumes (\S. S € M = invariant-subspace S a>
shows <invariant-subspace ([ | M) a
proof (rule invariant-subspacel)
have (a xg [| M < ([1S€eM. a xg S)»
using cblinfun-image-INF-leqilwhere U=a and V=id and X=M] by simp
also have «... < ([]SeM. S)
by (rule INF-superset-mono, simp) (use assms in <auto simp: invariant-subspace-def>)

also have «... =[|M)»
by simp
finally show «a xs [| M <[] M> .
qed
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lemma invariant-subspace-INF':
assumes (A\z. z € X = invariant-subspace (S z) a>
shows «nvariant-subspace ([1z€X. S z) @
by (smt (verit) assms imageE invariant-subspace-Inf)

lemma invariant-subspace-Sup:
assumes (\S. S € M = invariant-subspace S a>
shows <invariant-subspace (| | M) a
proof —
have x: <a ‘ espan (U SeM. space-as-set S) C space-as-set (|| M)
proof (rule image-subsetl)
fix h
assume <h € cspan (|JSeM. space-as-set S)»
then obtain F r where <h = (3 geF. r g *¢ g)» and F-in-union: «F C (|JSeM.
space-as-set S)»
by (auto introl: simp: complex-vector.span-explicit)
then have <a h = (3}  geF. r g ¢ a g)»
by (simp add: cblinfun.scaleC-right cblinfun.sum-right)
also have «... € space-as-set (|| M)
proof (rule complez-vector.subspace-sum)
show <csubspace (space-as-set (|| M))»
by simp
fix g assume (g € F)
then obtain S where <S € M) and (g € space-as-set S»
using F-in-union by auto
from assms[OF «S € M>] <g € space-as-set S»
have <a g € space-as-set S»
by (simp add: Set.basic-monos(7) cblinfun-apply-in-image’ invariant-subspace-def less-eq-ccsubspace.rep-eq)
also from «S € M>have (... C space-as-set (|| M)»
by (meson Sup-upper less-eq-ccsubspace.rep-eq)
finally show <r g x¢ (a g) € space-as-set (|| M)»
by (simp add: complez-vector.subspace-scale)
qed
finally show <a h € space-as-set (| | M)>.
qged
have (space-as-set (a xg | | M) = closure (a * closure (cspan (|| SEM. space-as-set S)))»
by (metis Sup-ccsubspace.rep-eq cblinfun-image.rep-eq)
also have «... = closure (a ‘ cspan (| | SEM. space-as-set S))»
by (rule closure-bounded-linear-image-subset-eq)
(simp add: cblinfun.real.bounded-linear-right)
also from * have «... C closure (space-as-set (| | M))»
by (meson closure-mono)
also have «... = space-as-set (| | M)»
by force
finally have <a *g | | M < || M)
by (simp add: less-eq-ccsubspace.rep-eq)
then show ?thesis
using invariant-subspacel by blast
qed
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lemma invariant-subspace-SUP:
assumes (A\z. z € X = invariant-subspace (S z) a>
shows <invariant-subspace (| Jz€X. S z) a)
by (metis (mono-tags, lifting) assms imageE invariant-subspace-Sup)

lemma reducing-subspace-Inf:
fixes a :: ('a::chilbert-space =cr1, 'a»
assumes (\S. S € M = reducing-subspace S a>
shows <reducing-subspace ([1M) a»
using assms
by (auto introl: invariant-subspace-Inf invariant-subspace-SUP
simp add: reducing-subspace-def uminus-Inf invariant-subspace-Inf)

lemma reducing-subspace-INF':
fixes a :: (‘a::chilbert-space =cp 'a»
assumes (A\z. z € X = reducing-subspace (S ) a
shows (reducing-subspace ([|z€X. S z) @
by (metis (mono-tags, lifting) assms imageE reducing-subspace-Inf)

lemma reducing-subspace-Sup:
fixes a :: (‘a::chilbert-space =cy, 'a>
assumes (\S. S € M = reducing-subspace S a
shows (reducing-subspace (| | M) a»
using assms
by (auto intro!: invariant-subspace-Sup invariant-subspace-INF
stmp add: reducing-subspace-def uminus-Sup invariant-subspace-Inf)

lemma reducing-subspace-SUP:
fixes a :: ('a::chilbert-space =¢cy, 'a»
assumes (A\z. z € X = reducing-subspace (S ) a
shows <reducing-subspace (| |z€X. S z) a»
by (metis (mono-tags, lifting) assms imageE reducing-subspace-Sup)

lemma selfadjoint-imp-normal: <normal-op as if <selfadjoint a>
using that by (simp add: selfadjoint-def normal-op-def)

lemma eigenspaces-orthogonal:
— [2], Proposition IL.5.7
assumes <e # f»
assumes (normal-op a>
shows <orthogonal-spaces (eigenspace e a) (eigenspace f a)»
proof (intro orthogonal-spaces-def[ THEN iffD2] balll)
fix g h assume g-eigen: <g € space-as-set (eigenspace e a)» and h-eigen: <h € space-as-set
(eigenspace f a)»
with «normal-op a> have «g € space-as-set (eigenspace (cnj e) (ax))»
by (simp add: normal-op-same-eigenspace-as-ady)
then have a-adj-g: «(ax) g = cnj e ¢ ¢
using eigenspace-memberD by blast
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from h-eigen have a-h: <a h = f x¢ h
by (simp add: eigenspace-memberD)
have «f % (g «c h) = g ¢ a b
by (simp add: a-h)

also have «... = (ax) g -¢c b
by (simp add: cinner-adj-left)
also have «... = ex* (g ¢ h)

using a-adj-g by auto
finally have «(f — e) * (g :c h) = O
by (simp add: vector-space-over-itself .scale-left-diff-distrib)
with (e # f)» show g ¢ h = O»
by simp
qed

definition largest-eigenvalue :: <('a::complex-normed-vector =¢y, 'a) = complexy where
<largest-eigenvalue a =
(if Jz. = € eigenvalues a N (Vy € eigenvalues a. cmod > cmod y) then
SOME z. z € eigenvalues a A (Vy € eigenvalues a. cmod © > cmod y) else 0)»

lemma largest-eigenvalue-0-aux:
<largest-eigenvalue (0 :: 'a::{not-singleton,complez-normed-vector} =¢cr 'a) = 0»
proof —
let 2zero = <0 :: 'a =1 ‘o>
define e where <¢ = (SOME z. z € eigenvalues ?zero A (Vy € eigenvalues ?zero. cmod x >
cmod y))»
have (Je. e € eigenvalues ?zero N (V y€eigenvalues ?zero. cmod y < cmod e)» (is < e. 7P e)
by (auto intro!: exl]of - 0])
then have (7P e»
unfolding e-def
by (rule somel-ex)
then have ¢ = 0»
by simp
then show «<largest-eigenvalue ?zero = 0
by (simp add: largest-eigenvalue-def)
qed

lemma largest-eigenvalue-0][simp]:
largest-eigenvalue (0 :: 'a::complez-normed-vector =cp, 'a) = 0>
proof (cases «class.not-singleton TYPE('a)y)
case True
show ?thesis
using complex-normed-vector-axioms True
by (rule largest-eigenvalue-0-auz|internalize-sort’ 'a))
next
case Fulse
then have <eigenvalues (0 :: 'a::complex-normed-vector =cy, 'a) = {}
by (rule not-not-singleton-no-eigenvalues)
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then show ?thesis
by (auto simp add: largest-eigenvalue-def)
qed

hide-fact largest-eigenvalue-0-aux

lemma eigenvalues-nonneg:
assumes <a > ) and v € eigenvalues a>
shows v > 0»
proof —
from assms obtain h where (norm h = 1 and ahvh: <a xy h = v x¢ b
using unit-eigenvector-ex by blast
have <0 < h ¢ a b
by (simp add: assms(1) cinner-pos-if-pos)

also have «... = v * (h -¢ h)
by (simp add: ahvh)
also have ... = »

using norm h = 1) cnorm-eq-1 by auto
finally show v > 0»
by blast
qed

unbundle no cblinfun-syntax

end

9 Compact-Operators — Finite rank and compact operators

theory Compact-Operators
imports
Sqrt-Babylonian.Sqrt- Babylonian- Auziliary
Wlog. Wlog
HOL— Analysis. Abstract-Metric-Spaces

HS2El2
Strong-Operator-Topology
Misc-Tensor-Product-TTS

FEigenvalues
begin

unbundle cblinfun-syntax

9.1 Finite rank operators

definition finite-rank where «finite-rank A <— A € cspan (Collect rankl1))

lemma finite-rank-0[simpl: «finite-rank 0>
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by (simp add: complez-vector.span-zero finite-rank-def)

lemma finite-rank-scaleC[simp|: <finite-rank (¢ *¢ a)» if <finite-rank a»
using complez-vector.span-scale finite-rank-def that by blast

lemma finite-rank-scaleR[simp|: <finite-rank (¢ *r a)» if <finite-rank a>
by (simp add: scaleR-scaleC' that)

lemma finite-rank-uminus[simp): <finite-rank (—a) = finite-rank a>
by (metis add.inverse-inverse complez-vector.span-neg finite-rank-def)

lemma finite-rank-plus[simpl: «finite-rank (a + b)» if <finite-rank a> and «finite-rank b»
using that by (auto simp: finite-rank-def complez-vector.span-add-eq?2)

lemma finite-rank-minus[simpl: «finite-rank (a — b)s if <finite-rank a> and «finite-rank b»
using complez-vector.span-diff finite-rank-def that(1) that(2) by blast

lemma finite-rank-butterfly[simp: «finite-rank (butterfly z y)»
by (cases <x £ 0 Ny # 0»)
(auto intro: complex-vector.span-base complex-vector.span-zero simp add: finite-rank-def)

lemma finite-rank-sum-butterfly:
fixes a :: (‘a::chilbert-space =c 'b::chilbert-spaces
assumes <finite-rank a>
shows Iz y (nunat). a = (O i<n. butterfly (z i) (y i)
proof —
from assms
have (a € cspan (Collect rank1)>
by (simp add: finite-rank-def)
then obtain r ¢t where «(finite t» and t-ranki: <t C Collect rankl>
and a-sum: <a = (D> a€t. r a *¢ a)
by (smt (verit, best) complex-vector.span-alt mem-Collect-eq)
from «finite t) obtain . and n::nat where ¢: <bij-betw ¢ {..<n} t»
using bij-betw-from-nat-into-finite by blast
define ¢ where <ci=r (1 i) *¢ ¢ © for ¢
from ¢ t-ranki
have c-rankl: <ranki (¢ i) V ci = 0y if «<i < n) for {
by (auto intro!: rankl-scaleC simp: c-def bij-betw-apply subset-iff that)
have ac-sum: <a = (D] i<n. ¢ i)
by (smt (verit, best) a-sum ¢ c-def sum.cong sum.reindex-bij-betw)
from c-rankl
obtain z y where <c i = butterfly (x i) (y i)» if <i < n for ¢
apply atomize-elim
apply (rule SMT-choices)
using rankl-iff-butterfly by fastforce
with ac-sum show ?thesis
by auto
qed
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lemma finite-rank-sum: <finite-rank (3" z€F. fz) if «Ax. z€F = finite-rank (f z)
using that by (induction F rule:infinite-finite-induct) (auto intro!: finite-rank-plus)

lemma rankli-finite-rank: <finite-rank a> if <rankl a»
by (simp add: complez-vector.span-base finite-rank-def that)

lemma finite-rank-compose-left:
assumes <finite-rank B>
shows «finite-rank (A ocy B)»
proof —
from assms have «B € cspan (Collect rank1)»
by (simp add: finite-rank-def)
then obtain F t where <finite F» and F-rankl: «F C Collect rankl> and «B = (> z€F. t
T xc T)
by (smt (verit, best) complex-vector.span-explicit mem-Collect-eq)
then have <A oc, B= (D z€F. t z ¢ (A ocr z))»
by (metis (mono-tags, lifting) cblinfun-compose-scaleC-right cblinfun-compose-sum-right
sum.cong)
also have «... € cspan (Collect finite-rank)>
by (intro complex-vector.span-sum complez-vector.span-scale)
(use F-rankl in <auto intro!: complex-vector.span-base rankl-finite-rank rank1-compose-lefty)
also have «... = Collect finite-rank>
by (metis (no-types, lifting) complez-vector.span-superset cspan-eql finite-rank-def mem-Collect-eq
subset-antisym subset-iff’)
finally show ?thesis
by simp
qed

lemma finite-rank-compose-right:
assumes <finite-rank A»
shows «finite-rank (A ocy B)»
proof —
from assms have (A € cspan (Collect rank1)»
by (simp add: finite-rank-def)
then obtain F t where <finite F» and F-rankl: «F C Collect rankl) and <A = (D z€F. t
T *¢ T))
by (smt (verit, best) complez-vector.span-explicit mem-Collect-eq)
then have <A ocr, B = (> z€F. tx x¢ (z ocr B))
by (metis (mono-tags, lifting) cblinfun-compose-scaleC-left cblinfun-compose-sum-left sum.cong)
also have «... € cspan (Collect finite-rank)»
by (intro complex-vector.span-sum complez-vector.span-scale)
(use F-rankl in <auto introl: complex-vector.span-base rankl-finite-rank rank1-compose-right»)
also have «... = Collect finite-rank>
by (metis (no-types, lifting) complez-vector.span-superset cspan-eql finite-rank-def mem-Collect-eq
subset-antisym subset-iff’)
finally show ?thesis
by simp
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qed

lemma ranki-Proj-singleton[iff]: <rankl (Proj (ccspan {z}))
using Proj-range ranki1-def by blast

lemma finite-rank-Proj-singleton[iff]: <finite-rank (Proj (ccspan {z}))
by (simp add: rankl1-finite-rank)

lemma finite-rank- Proj-finite-dim:
fixes S :: <‘a::chilbert-space ccsubspaces
assumes <finite-dim-ccsubspace S»
shows «finite-rank (Proj S)»
proof —
from assms
obtain B where «(is-ortho-set B> and «finite B> and spanB: <cspan B = space-as-set S»
unfolding finite-dim-ccsubspace.rep-eq
using cfinite-dim-subspace-has-onb by force
have (Proj S = Proj (ccspan B)»
by (metis Proj.rep-eq <finite By cblinfun-apply-inject ccspan-finite spanB)
moreover have «finite-rank (Proj (ccspan B))»
using «finite B) (is-ortho-set B»
proof induction
case empty
then show ?case
by simp
next
case (insert ¢ F)
then have <is-ortho-set F»
by (meson is-ortho-set-antimono subset-insertl)
have <Proj (cespan (insert x F)) = proj x + Proj (ccspan F)»
by (subst Proj-orthog-ccspan-insert)
(use insert in <auto simp: is-onb-def is-ortho-set-def>)
moreover have «finite-rank ...»
by (rule finite-rank-plus)
(auto introl: <is-ortho-set F» insert)
ultimately show Zcase
by simp
qed
ultimately show ?thesis
by simp
qed

lemma finite-rank-Proj-finite:
fixes F' :: <'a::chilbert-space set>
assumes <(finite F»
shows «finite-rank (Proj (ccspan F))»
proof —
obtain B where <is-ortho-set By and «finite B> and <cspan B = cspan F»
by (meson assms orthonormal-basis-of-cspan)

173



have <Proj (ccspan F') = Proj (ccspan B)»
by (simp add: <cspan B = cspan F» ccspan.abs-eq)
moreover have <finite-rank (Proj (ccspan B))»
using «finite By <is-ortho-set B)
proof induction
case empty
then show ?case
by simp
next
case (insert z F)
then have <is-ortho-set F»
by (meson is-ortho-set-antimono subset-insertl)
have «Proj (ccspan (insert  F)) = proj x + Proj (ccspan F)»
by (subst Proj-orthog-ccspan-insert)
(use insert in <auto simp: is-onb-def is-ortho-set-def»)
moreover have «finite-rank ...»
by (rule finite-rank-plus) (auto introl: <is-ortho-set F» insert)
ultimately show “case
by simp
qged
ultimately show ?thesis
by simp
qed

lemma finite-rank-cfinite-dim[simp): «finite-rank (a :: 'a :: {cfinite-dim,chilbert-space} =cr 'b
:: complex-normed-vector)»
proof —
obtain B :: (‘a set» where (is-onb B>
using is-onb-some-chilbert-basis by blast
from <is-onb B> have [simp]: «finite B>
by (auto intro!: cindependent-cfinite-dim-finite is-ortho-set-cindependent simp add: is-onb-def)
have [simp]: <cspan B = UNIV)»
proof —
from <is-onb By have <(ccspan B = T
using is-onb-def by blast
then have <closure (cspan B) = UNIV)»
by (metis ccspan.rep-eq space-as-set-top)
then show ?thesis
by simp
ged
have a-sum: <a = (3 b€B. a ocy selfbutter b)»
proof (rule cblinfun-eq-on-UNIV-span[OF <cspan B = UNIV)])
fix s assume [simp]: <s € B>
with <is-onb B» have <(norm s = 1»
by (simp add: is-onb-def)
have 1: (j # s = j € B = (a ocy, selfbutter j) xy s = 0) for j
using <is-onb B> <s € By cblinfun.scaleC-right is-onb-def is-ortho-set-def scaleC-eq-0-iff
by fastforce
have 2: <a xy s = (if s € B then (a ocr selfbutter s) xy s else 0)»
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using <norm s = 1) <s € B> by (simp add: cnorm-eq-1)
show <a xy s = (D bEB. a ocr, selfbutter b) xy $
by (subst cblinfun.sum-left, subst sum-single[where i=s]) (use 1 2 in auto)
qged
have «finite-rank (> beB. a oc 1, selfbutter b)»
by (auto introl: finite-rank-sum simp: cblinfun-comp-butterfly)
with a-sum show ?thesis
by simp
qed

lemma finite-rank-cspan-butterflies:
<finite-rank a +— a € cspan (range (case-prod butterfly))»
for a :: <'a::chilbert-space = ¢, 'b::chilbert-spaces
proof —
have «(Collect finite-rank :: ('a =cr 'b) set) = cspan (Collect rank1)»
using finite-rank-def by fastforce

also have «... = cspan (insert 0 (Collect rankl))»
by force
also have (... = cspan (range (case-prod butterfly))»

by (rule arg-conglwhere f=cspan])
(use butterfly-0-left in «force simp: image-iff rank1-iff-butterfly simp del: butterfly-0-lefty)+
finally show ?thesis
by auto
qed

lemma finite-rank-comp-left: <finite-rank (a ocr, b)> if «<finite-rank a»
for a b :: <-:chilbert-space = ¢ -::chilbert-space)
proof —
from that
have (a € cspan (range (case-prod butterfly))>
by (simp add: finite-rank-cspan-butterflies)
then have <a ocr b € (Aa. a oo b) ‘ cspan (range (case-prod butterfly))>
by fast

also have ... = cspan ((Aa. a oo b) ‘ range (case-prod butterfly))
by (simp add: clinear-cblinfun-compose-left complex-vector.linear-span-image)
also have «... C cspan (range (case-prod butterfly))»

by (force intro!: complez-vector.span-mono
stmp add: image-image case-prod-unfold butterfly-comp-cblinfun image-def)
finally show ?thesis
using finite-rank-cspan-butterflies by blast
qed

lemma finite-rank-comp-right: <finite-rank (a ocr b) if <finite-rank b
for a b :: «(-::chilbert-space = ¢, -::chilbert-space)

proof —
from that
have <b € cspan (range (case-prod butterfly))»
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by (simp add: finite-rank-cspan-butterflies)
then have <a ocr, b € ((oc) a) ¢ cspan (range (case-prod butterfly))

by fast
also have (... = cspan (((ocr) a) ‘ range (case-prod butterfly))»

by (simp add: clinear-cblinfun-compose-right complez-vector.linear-span-image)
also have «... C cspan (range (case-prod butterfly))»

by (force intro!: complez-vector.span-mono

simp add: image-image case-prod-unfold cblinfun-comp-butterfly image-def)

finally show ?thesis

using finite-rank-cspan-butterflies by blast

qed

9.2 Compact operators

definition compact-map where <compact-map f <— clinear f N compact (closure (f ¢ cball 0

)

lemma <bounded-clinear f» if <compact-map f>
— [2], Proposition 11.4.2 (a)
thm bounded-clinear-def
proof (unfold bounded-clinear-def bounded-clinear-axzioms-def, intro conjl)
show «clinear f>
using compact-map-def that by blast
have (compact (closure (f < cball 0 1))»
using compact-map-def that by blast
then have <bounded (f ¢ cball 0 1)»
by (meson bounded-subset closure-subset compact-imp-bounded)
then obtain K where x: <norm (f z) < K» if <norm z < 1) for x
by (force simp: bounded-iff dist-norm ball-def)
have <norm (f z) < norm z x K) for z
proof (cases <x = 0»)
case True
then show ?thesis
using <clinear f» complex-vector.linear-0 by force

next
case Fulse
have «norm (f x) = norm (f (norm z xc sgn x))»
by simp
also have «... = norm z x norm (f (sgn z))»

by (smt (verit, best) <clinear f> complex-vector.linear-scale norm-ge-zero norm-of-real
norm-scaleC')
also have «... < norm z * K»
by (simp add: x mult-left-mono norm-sgn)
finally show ?thesis
by —
qged
then show (3 K. Vz. norm (fz) < norm z x K»
by blast
qed
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lift-definition compact-op :: «(’'a::complez-normed-vector =cr, 'b::complex-normed-vector) =
booly is compact-map.

lemma compact-op-def2: <compact-op a «— compact (closure (a ¢ cball 0 1))
by transfer (use bounded-clinear.clinear compact-map-def in blast)

lemma compact-op-0[simpl: <compact-op 0>
by (simp add: compact-op-def2 image-constant[where z=0] mem-cball-lel[where z=0])

lemma compact-op-scaleC[simpl: <compact-op (¢ *¢ a)y if <compact-op a
proof —
have (compact (closure (a ‘ cball 0 1))
using compact-op-def2 that by blast
then have x: <compact (scaleC ¢ * closure (a ¢ cball 0 1))
using compact-scaleC by blast
have «closure ((¢ *c a) ‘ cball 0 1) = closure (scaleC ¢ ‘a ‘ cball 0 1)»
by (metis (no-types, lifting) cblinfun.scaleC-left image-cong image-image)
also have «... = scaleC ¢ * closure (a  cball 0 1)»
using closure-scaleC by blast
finally have <compact (closure ((c x¢ a) ¢ cball 0 1))»
using *x by simp
then show ?thesis
using compact-op-def2 by blast
qed

lemma compact-op-scaleR[simp]: <compact-op (¢ *g a)» if <compact-op a>
by (simp add: scaleR-scaleC that)

lemma compact-op-uminus[simp|: <compact-op (—a) = compact-op a>
by (metis compact-op-scaleC scaleC-minus1-left verit-minus-simplify(4))

lemma compact-op-plus[simpl: <compact-op (a + b)» if <compact-op a> and <compact-op b
proof —
have (compact (closure (a ‘ cball 0 1))
using compact-op-def2 that by blast
moreover have (compact (closure (b ¢ cball 0 1))
using compact-op-def2 that by blast
ultimately have compact-sum:
<compact {x + y |z y. x € closure ((xy) a “cball 0 1)
Ay € closure ((xy) b “ cball 0 1)} (is <compact ?sumy)
by (rule compact-sums)
have (compact (closure ((a + b) ‘ cball 0 1))
proof —
have «((xy) (a + b) ‘cball 0 1) C Zsum»
using cblinfun.real.add-left closure-subset image-subset-iff by blast
then have <closure ((xy) (a + b) ¢ cball 0 1) C closure ?sum>
by (meson closure-mono)
also have «... = Zsum»
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using compact-sum
by (auto intro!: closure-closed compact-imp-closed)
finally show ?thesis
by (rule compact-closed-subset|[rotated 2]) (use compact-sum in auto)
qged
then show ?thesis
using compact-op-def2 by blast
qed

lemma csubspace-compact-op: <csubspace (Collect compact-op)»
— [2], Proposition 11.4.2 (b)
by (simp add: complez-vector.subspace-def)

lemma compact-op-minus[simpl: <compact-op (a — b)» if <compact-op a» and <compact-op b
by (metis compact-op-plus compact-op-uminus that(1) that(2) uminus-add-conv-diff)

lemma compact-op-sgn[simp|: <compact-op (sgn a) = compact-op a
proof (cases <a = 0»)
case True
then show ?thesis
by simp
next
case Fulse
have (compact-op (sgn a)» if <compact-op a)
by (simp add: sgn-cblinfun-def that)
moreover have <compact-op (norm a *g sgn a)» if <compact-op (sgn a))
by (simp add: that)
moreover have <norm a *g sgn a = a>
by (simp add: False sgn-div-norm)
ultimately show ?thesis
by auto
qed

lemma closed-compact-op:
shows «closed (Collect (compact-op :: ('a::complex-normed-vector = ¢, 'b::chilbert-space) =
bool))»
— [2], Proposition 11.4.2 (b)
proof (intro closed-sequential-limits| THEN iffD2] alll impl conjI)
fix Tand A :: <‘a =¢c1 'O
assume asm: «((Vn. T n € Collect compact-op) N T —— A
have <Met-TC .mtotally-bounded (A * cball 0 1)»
proof (unfold Met-TC .mtotally-bounded-def, intro alll impl)
fix € :: real assume < > 0>
define § where 6 = ¢/%»
then have < > 0»
using « > 0» by simp
from asm[unfolded LIMSEQ-def, THEN conjunct2, rule-format, OF <5 > 0]
obtain n where dist-TA: «dist (T'n) A < &
by auto
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from asm have <compact-op (T n)»
by simp
then have «Met-TC.mtotally-bounded (T n ¢ cball 0 1)
by (subst Met-TC.mtotally-bounded-eq-compact-closure-of )
(auto introl: simp: compact-op-def2 Met-TC .mtotally-bounded-eq-compact-closure-of)
then obtain K where (finite K> and K-T: <K C T n ‘ cball 0 1> and
TK: <Tn “cball 01 C (JkeK. Met-TC.mball k 6)»
unfolding Met-TC .mtotally-bounded-def using 0 > 0> by meson
from <finite K> and K-T obtain H where «finite H> and <H C cball 0 1>
and KTH: <K = Tn ‘ H»
by (meson finite-subset-image)
from TK have TH: «<Tn “cball 01 C (|Jhe€H. ball (T n xy h) §)
by (simp add: KTH)
have <A “cball 0 1 C (|Jhe€H. ball (A h) )
proof (rule subsetl)
fix z assume <z € (xy) A ‘cball 0 1>
then obtain [ where <[ € cball 0 1> and zl: <x = A I

by blast

then have «<T'nl € Tn ‘cball 0 1>
by auto

with TH obtain h where <h € H> and «<Tnl € ball (T n k) 6>
by blast

then have dist-Tlh: «dist (T nl) (T nh) < &
by (simp add: dist-commute)
have «dist (A h) (A1) < &
proof —
have norm-h: <norm h < 1»
using <H C cball 0 1y <h € H> mem-cball-0 by blast
have norm-l: <norm 1l < 1»
using <« € cball 0 1> by auto
have «dist (A h) (T n h) < &
proof —
have «dist (T n xy h) (A xy h) < norm h x dist (T n) A»
using norm-cblinfun[of T n — A h] by (simp add: dist-norm cblinfun.diff-left mult-ac)
also have (... < 1 x dist (T n) A
by (rule mult-right-mono) (use norm-h in auto)
also have «dist (T'n) A < &
by fact
finally show ?thesis
by (simp add: dist-commute)
qged
moreover have «dist (Tnh) (Tnl) <&
using dist-Tlh by (metis dist-commute)
moreover from dist-TA norm-l have «dist (T'nl) (A1) < &
proof —
have «dist (T n xy 1) (A v 1) < norm [ % dist (T n) A
using norm-cblinfun[of T n — A l] by (simp add: dist-norm cblinfun.diff-left mult-ac)
also have «... < 1 x dist (T n) A
by (rule mult-right-mono) (use norm-l in auto)
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also have «dist (T'n) A < &
by fact
finally show ?thesis
by (simp add: dist-commute)
qed
ultimately show ?Zthesis
unfolding J-def
by (rule dist-triangle-third)
qed
then show <z € ((JheH. ball (A h) €)»
using <h € H» by (auto introl: simp: zl)
qed
then show 3 K. finite K AN K C (xy) A ‘cball 0 1 N
(xv) A “cball 01 C (JzeK. Met-TC.mball x €)»
using <H C cball 0 1>
by (force intro!: exlI[of - <A * H)] <finite H» simp: ball-def)
qed
then have «Met-TC .mtotally-bounded (closure (A * cball 0 1))
using Met-TC.mtotally-bounded-closure-of by auto
then have <compact (closure (A ¢ cball 0 1))»
by (simp-all add: Met-TC.mtotally-bounded-eq-compact-closure-of complete-UNIV-cuspace)
then show <A € Collect compact-op»
using compact-op-def2 by blast
qed

lemma ranki-compact-op: <compact-op ay if <rankl a»
proof —
wlog <a # 0>
using negation by simp
with that obtain ¢ where im-a: <a xg T = ccspan {¢}» and «p # 0)
using ranki-def by fastforce
define ¢ where (¢ = norm a / norm »
have compact-ic: <compact ((Az. z *c ¥) “ cball 0 ¢)»
proof —
have <continuous-on (cball 0 ¢) (Az. z ¢ ¥)»
by (auto introl: continuous-at-imp-continuous-on)
moreover have <compact (cball (0::complex) c)»
by (simp add: compact-eq-bounded-closed)
ultimately show #thesis
by (rule compact-continuous-image)
ged
have «a ‘ cball 01 C (Az. z x¢ ) “ cball 0 ©
proof (rule subsetl)
fix ¢
assume asm: «p € a ‘ cball 0 1>
then have (¢ € space-as-set (a xg T)»
using cblinfun-apply-in-image by blast
also have «... = cspan {¢}
by (simp add: ccspan.rep-eq im-a)
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finally obtain d where d: <p = d *¢ ¥
by (metis complez-vector.span-breakdown-eq complex-vector.span-empty eq-iff-diff-eq-0 sin-
gletonD)
from asm obtain v where <¢ = a v» and <norm v < 1>
by force
have <cmod d * norm ¥ = norm >
by (simp add: d)
also have «... < norm a x norm v
using (¢ = a *y 7> complex-of-real-mono norm-cblinfun by blast
also have «... < norm a»
by (metis <norm v < 1) mult.commute mult-left-le-one-le norm-ge-zero)
finally have (cmod d < c¢»
by (smt (verit, ccfv-threshold) «ip # 0> c-def linordered-field-class.pos-divide-le-eq nonzero-eq-divide-eq
norm-le-zero-iff)
then show «p € (Az. z x¢ ¥) ‘ cball 0 ¢
by (auto simp: d)
qed
with compact-1pc have cl-in-cl: <closure (a “ cball 0 1) C ((Az. x *¢ )  cball 0 ¢)»
using closure-monolof - <(Az. = *¢ ) ¢ cball 0 ¢)y] compact-thc
by (simp add: compact-imp-closed)
with compact-yc show <compact-op a»
using compact-closed-subset compact-op-def2 by blast
qed

lemma finite-rank-compact-op: <compact-op as if <finite-rank a>
proof —
from that obtain ¢t r where (finite t) and «t C Collect rank1>
and a-decomp: <a = (D x€t. T T *¢ T)
by (auto simp: finite-rank-def complex-vector.span-explicit)
from <finite t» <t C Collect rankl> show <compact-op a>
by (unfold a-decomp, induction)
(auto introl: compact-op-plus compact-op-scaleC' intro: rankl-compact-op)
qed

lemma bounded-products-sot-lim-imp-lim:
— Implicit in the proof of [2], Proposition 11.4.4 (c)
fixes A :: ('a::complex-normed-vector = ¢ 'b::chilbert-space>
assumes lim-PA: (limitin cstrong-operator-topology (Ax. P x ooy, A) A F»
and <compact-op A»
and P-leg-B: <\z. norm (P z) < B)
shows ¢((A\z. Pz ocp, A) —— A) F»
proof —
wlog <F # L)
using negation by simp
wlog <B # 0»
proof —
from negation assms have P0: <P z = 0) for z
by auto
from lim-PA have «((Az. 0) —— Abs-cblinfun-sot A) F»
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unfolding limitin-canonical-iff [symmetric]
by (transfer fixzing: P F) (use PO in simp)
moreover have «((Az. 0) —— 0) F»
by simp
ultimately have <Abs-cblinfun-sot A = 0
using «F' # 1) tendsto-unique by blast
then have <A = O
by (metis Abs-cblinfun-sot-inverse cstrong-operator-topology-topspace lim-PA
limitin-def zero-cblinfun-sot.rep-eq)
with PO show ?thesis
by simp
qed
have <B > 0»
proof —
from P-leg-B[of undefined] have <B > 0»
by (smt (verit, del-insts) norm-ge-zero)
with <B # 0»
show ?thesis
by simp
qged

show ?thesis
proof (rule metric-space-class.tendstol )
fix € :: real assume < > ()
define 0 v T where (§ = ¢/4> and <y = min ¢ (§/B)> and «T'z = Pz ocr A» for z
then have < > 0»
using <€ > 0> by simp
then have <y > 0»
using «B > 0» by (simp add: v-def)
from <compact-op A> have (Met-TC .mtotally-bounded (A * cball 0 1)»
by (subst Met-TC.mtotally-bounded-eq-compact-closure-of)
(auto introl: simp: compact-op-def2 Met-TC .mtotally-bounded-eq-compact-closure-of)
then obtain K where (finite K> and K-T: <K C A ‘cball 0 1y and
AK: <A “cball 01 C (JkeK. Met-TC.mball k ~)»
unfolding Met-TC .mtotally-bounded-def using <y > 0> by meson
from <finite K» and K-T obtain H where «finite H> and <H C cball 0 1>
and KAH: <K = A ‘ H»
by (meson finite-subset-image)
from AK have AH: <A “cball 01 C ((JheH. ball (A xy h) v)
by (simp add: KAH)
have <Vp zin F.VheH. dist (Tz h) (A L) <
using lim-PA 6 > 0»
by (auto introl: eventually-ball-finite <finite H»
stmp: limitin-cstrong-operator-topology T-def metric-space-class.tendsto-iff)
then show Vp zin F. dist (Tz) A < &
proof (rule eventually-mono)
fix z
assume asm: VheH. dist (T z xy h) (A xy h) < &
have «dist (T z1) (A1) < 3 % & if <norm | = 1» for |
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proof —
from that have <Al € A ‘cball 0 1>
by auto
with AH obtain h where <h € H» and Aly: <Al € ball (A h) 7
by blast
then have dist-Alh: «dist (A1) (A h) <y
by (simp add: dist-commute)
have «dist (A1) (A h) < &
using dist-Alh by (simp add: v-def)
moreover from asm have «dist (A h) (T z h) < &
by (simp add: <h € H» dist-commute)
moreover have «dist (T z h) (T z 1) < &
proof —
have «dist (T« h) (T z 1) < norm (P x) * dist (A h) (A 1)
by (metis T-def cblinfun.real.diff-right cblinfun-apply-cblinfun-compose
dist-norm norm-cblinfun)
also from Alvy P-leq-B have ... < B * )
by (smt (verit, ccfv-SIG) «B # 05 linordered-semiring-strict-class.mult-le-less-imp-less
linordered-semiring-strict-class.mult-strict-mono’ mem-ball norm-ge-zero zero-le-dist)
also have «... < Bx (6§ / B)»
by (smt (verit, best) v-def <0 < B> mult-left-mono)
also have «... < &
by (simp add: <B # 0)
finally show ?thesis
by —
qed
ultimately show ?Zthesis
by (smt (verit) dist-commute dist-triangle2)
qed
then have «dist (Tz) A < 3 % &
unfolding dist-norm using <6 > 0»
by (auto intro!: norm-cblinfun-bound-unit simp: cblinfun.diff-left)
then show «dist (T z) A < &)
by (rule order.strict-transl) (use ¢ > 0) in <simp add: §-def»)
qged
qged
qed

lemma compact-op-finite-rank:
fixes A :: ('a::complex-normed-vector = ¢, 'b::chilbert-space>
shows <compact-op A +— A € closure (Collect finite-rank)>
— [2], Proposition 11.4.4 (c)
proof (rule iffI)
assume <A € closure (Collect finite-rank)»
then have <A € closure (Collect compact-op)»
by (metis closure-sequential finite-rank-compact-op mem-Collect-eq)
also have «... = Collect compact-op>
by (simp add: closed-compact-op)
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finally show <compact-op A»
by simp
next
assume <compact-op A>
then have <compact (closure (A * cball 0 1))
using compact-op-def2 by blast
then have sep-A-ball: <separable (closure (A ¢ cball 0 1))
using compact-imp-separable by blast
define L where (L = closure (range A)»
obtain B :: <nat = - where <L C closure (range B)»
proof atomize-elim
from sep-A-ball obtain B0 where <countable B0»
and A-B0: <A ‘cball 0 1 C closure B0»
by (meson closure-subset order-trans separable-def)
define B! where (B! = (|Jn:nat. scaleR n ‘ BO))
from <countable B0O»> have <countable B1)»
by (auto introl: countable-UN countable-image simp: B1-def)
have «range A = (Un:nat. A ‘ scaleR n * cball (0::'a) 1)
proof —
have <UNIV = (|Jn::nat. scaleR n * cball (0::'a) 1)
proof (intro antisym subset] UNIV-I)
fix z :: 'a
have norm z < 1 + real-of-int [norm x| 1 + real-of-int [norm z| > 0
using norm-ge-zero|of ] by linarith+
hence <z € scaleR (nat (ceiling (norm x)) + 1)  cball (0::'a) 1>
by (intro image-eql[where =<z /r (nat (ceiling (norm z)) + 1))])
(auto simp: divide-simps)
then show <z € (|Jz:nat. (xg) (real z) ‘ cball 0 1)
by blast
qed
then show ?thesis
by fastforce
qed
also have «... = (|Jn:nat. scaleR n * A ‘ cball 0 1))
by (auto simp: cblinfun.scaleR-right image-comp fun-eq-iff)
also have «... C (|n:nat. scaleR n * closure BO)»
using A-B0 by fastforce
also have «... C closure (|Jn::nat. scaleR n ‘ B0)»
by (metis (mono-tags, lifting) SUP-le-iff closure-closure closure-mono closure-scaleR clo-
sure-subset)
also have «... = closure B1»
using BI-def by fastforce
finally have <L C closure B1»
by (simp add: L-def closure-minimal)
with <countable B1)»
show <3 B :: nat = -. L C closure (range B))
by (metis L-def closure-eq-empty empty-not-UNIV image-is-empty range-from-nat-into
subset-empty)
qed
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define P T where (P n = Proj (ccspan (B “ {..n}))»
and «<Tn= P nocy A for n
have <limitin cstrong-operator-topology T A sequentially>
proof (intro limitin-cstrong-operator-topology| THEN iffD2, rule-format] metric-LIMSEQ-I)

fix h and ¢ :: real assume <« > 0
define Ah where <Ah = A h»
have «Ah € closure (range B))
by (metis L-def Ah-def <L C closure (range B)> cblinfun-apply-in-image
cblinfun-image.rep-eq subsetD top-ccsubspace.rep-eq)
then obtain z where «x € range By and «dist x Ah < &>
using (¢ > 0> unfolding closure-approachable by blast
then obtain n0 where z-n0: <x = B n0>»
by blast
have «dist (P n xy Ah) Ah < & if <n > n0» for n
proof —
have «z € space-as-set (P n xg T)»
using «n > n0»
by (auto intro!: ccspan-superset’ simp: P-def x-n0)
from Proj-nearest|OF this, of Ah]
have «dist (P n xy Ah) Ah < dist © Ah>
by (simp add: P-def)
with «dist v Ah < ey show ?thesis
by auto
qed
then show «In0. Vn>n0. dist (T n *y h) (A xy h) < &
unfolding T-def Ah-def by auto
qed
then have «((Az. Pz oo A) —— A) sequentially
unfolding T-def
by (auto intro!: bounded-products-sot-lim-imp-lim[where B=1] <compact-op A> norm-is-Proj
simp: P-def)
moreover have «finite-rank (P z ocy, A)) for z
by (auto intro!: finite-rank-compose-right finite-rank-Proj-finite simp: P-def)
ultimately show <A € closure (Collect finite-rank)»
using closure-sequential by force
qed

typedef (overloaded) (’a::chilbert-space,’b::complex-normed-vector) compact-op =
«Collect compact-op :: ('a =cr 'b) sety
morphisms from-compact-op Abs-compact-op
by (auto intro!: exI[of - 0])
setup-lifting type-definition-compact-op

instantiation compact-op :: (chilbert-space, complez-normed-vector) complex-normed-vector be-
gin

lift-definition scaleC-compact-op :: <complex = (‘a, 'b) compact-op = (‘a, 'b) compact-op> is
scaleC by simp

lift-definition uminus-compact-op :: <('a, 'b) compact-op = ('a, 'b) compact-op> is uminus by
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simp
lift-definition zero-compact-op :: <('a, 'b) compact-op> is 0 by simp
lift-definition minus-compact-op :: «('a, 'b) compact-op = ('a, 'b) compact-op = ('a, 'b) com-
pact-opy is minus by simp
lift-definition plus-compact-op :: «(‘a, 'b) compact-op = ('a, 'b) compact-op = ('a, 'b) com-
pact-opy is plus by simp
lift-definition sgn-compact-op :: «('a, 'b) compact-op = ('a, 'b) compact-opr is sgn by simp
lift-definition norm-compact-op :: «(’a, 'b) compact-op = realy is norm .
lift-definition scaleR-compact-op :: <real = (’a, 'b) compact-op = (a, 'b) compact-op> is scaleR
by simp
lift-definition dist-compact-op :: <('a, 'b) compact-op = ('a, 'b) compact-op = real> is dist .
definition [code del]:
«(uniformity :: (("a, 'b) compact-op x ('a, 'b) compact-op) filter) = (INF ee{0 <..}. principal
{(z, y). distxy < e})»
definition open-compact-op :: ('a, 'b) compact-op set = bool
where [code del]: open-compact-op S = (Vz€S. Vg (z/, y) in uniformity. x' =z — y € 9)
instance
proof
show ((xg) r :: (‘a, 'b) compact-op = -) = (x¢) (complex-of-real r) for r
by (rule ext, transfer) (simp add: scaleR-scaleC')
showa+b+c=a+ (b+ ¢
for a b ¢ :: (‘a, 'b) compact-op
by transfer simp
show a + b=0+a
for a b :: (‘a, 'b) compact-op
by transfer simp
show 0 + a =a
for a :: (‘a, 'b) compact-op
by transfer simp
show — (a::('a, 'b) compact-op) + a = 0
for a :: ("a, 'b) compact-op
by transfer simp
showa —b=a+ -
for a b :: (“a, 'b) compact-op
by transfer simp
show a %¢ (z+ y) = axc z+ a*c y
for a :: complexr and z y :: (‘a, 'b) compact-op
by transfer (simp add: scaleC-add-right)
show (¢ + b)) *c z=a*xc z+ b*xc x
for a b :: complex and z :: ('a, 'b) compact-op
by transfer (simp add: scaleC-left.add)
show a x¢ b x¢c z = (a x ) x¢c z
for a b :: complez and z :: ('a, 'b) compact-op
by transfer simp
show 1 x¢c 2 =z
for z :: ('a, 'b) compact-op
by transfer simp
show dist z y = norm (z — y)
for z y :: (‘a, 'b) compact-op
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by transfer (simp add: dist-norm)
show a *p ( + y) = a*g o+ a*p y
for a :: real and z y :: (‘a, 'b) compact-op
by transfer (simp add: scaleR-right-distrib)
show (¢ + b) xpz =a*gx + b*g x
for a b :: real and z :: ('a, 'b) compact-op
by transfer (simp add: scaleR-left.add)
show a g b *xg = (a % b) xg «
for a b :: real and z :: (“a, 'b) compact-op
by transfer simp
show 1 xp x =z
for z :: (‘a, 'b) compact-op
by transfer simp
show sgn x = inverse (norm x) *r
for z :: ('a, 'b) compact-op
by transfer (simp add: sgn-div-norm)
show uniformity = (INF ec{0<..}. principal {(z, y). dist (z::('a, 'b) compact-op) y < e})
using uniformity-compact-op-def by blast
show open U = (VzeU. Vg (z/, y) in uniformity. 2’ =z — y € U)
for U :: (‘a, 'b) compact-op set
by (simp add: open-compact-op-def)
show (norm z = 0) +— (z = 0)
for z :: (‘a, 'b) compact-op
by transfer simp
show norm (z + y) < norm x + norm y
for z y :: (Ya, 'b) compact-op
by transfer (use norm-triangle-ineq in blast)
show norm (a *p z) = |a| * norm z
for a :: real and z :: ('a, 'b) compact-op
by transfer simp
show norm (a x¢ ) = emod a * norm x
for a :: complex and z :: (“a, 'b) compact-op
by transfer simp
qed
end

lemma from-compact-op-plus: <from-compact-op (a + b) = from-compact-op a + from-compact-op
b
by transfer simp

lemma from-compact-op-scaleC': <from-compact-op (¢ *xc a) = ¢ *¢ from-compact-op a)
by transfer simp

lemma from-compact-op-norm[simp|: <norm (from-compact-op a) = norm a
by transfer simp

lemma compact-op-butterfly[simp|: «compact-op (butterfly x y)»
by (simp add: finite-rank-compact-op)
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lift-definition butterfly-co :: «'a::complez-normed-vector = 'b::chilbert-space = ('b,’a) com-
pact-op> is butterfly
by simp

lemma butterfly-co-add-left: <butterfly-co (a + a’) b = butterfly-co a b + butterfly-co a’ b
by transfer (rule butterfly-add-left)

lemma butterfly-co-add-right: <butterfly-co a (b + b') = butterfly-co a b + butterfly-co a b”
by transfer (rule butterfly-add-right)

lemma butterfly-co-scaleR-left[simp]: butterfly-co (r xr V) @ = r *x¢ butterfly-co ¥ ¢
by transfer (rule butterfly-scaleR-left)

lemma butterfly-co-scaleR-right[simp]: butterfly-co ¥ (r g ©) = r *¢ butterfly-co ¥ ¢
by transfer (rule butterfly-scaleR-right)

lemma butterfly-co-scaleC-left[simp]: butterfly-co (r x¢ V) ¢ = r x¢ butterfly-co ¥ ¢
by transfer (rule butterfly-scaleC-left)

lemma butterfly-co-scaleC-right[simp]: butterfly-co ¥ (r *¢ ) = cnj r *¢ butterfly-co ¥ ¢
by transfer (rule butterfly-scaleC-right)

lemma finite-rank-separating-on-compact-op:
fixes F G :: «('a::chilbert-space,’b:: chilbert-space) compact-op = 'c::complex-normed-vector)
assumes (\z. finite-rank (from-compact-op z) =— Fxz = G ©»
assumes <bounded-clinear F»
assumes (bounded-clinear G»
shows (F = G»
proof —
define FG where <FGz = Fz — Gz for x
from <bounded-clinear F> and <bounded-clinear G»
have <bounded-clinear FG»
by (auto simp: FG-def|abs-def] introl: bounded-clinear-sub)
then have contF'G’: <continuous-map euclidean euclidean FG)»
by (simp add: Complez-Vector-Spaces.bounded-clinear.bounded-linear linear-continuous-on)
have (continuous-on (Collect compact-op) (FG o Abs-compact-op)»
proof
fix a :: '"a =cr 'band e :: real
assume 0 < e and a-compact: a € Collect compact-op
have dist-rw: «dist ' a = dist (Abs-compact-op z") (Abs-compact-op a)y if <compact-op z’»
for z’
by (metis Abs-compact-op-inverse a-compact dist-compact-op.rep-eq mem-Collect-eq that)

from <bounded-clinear FG»
have <continuous-on UNIV FG)
using contFG' continuous-map-iff-continuous2 by blast
then have <3d>0. V' dist z' (Abs-compact-op a) < d — dist (FG z’) (FG (Abs-compact-op
a)) < e
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using <e > 0» by (force simp: continuous-on-iff)
then have <3d>0. V' compact-op ' — dist (Abs-compact-op z') (Abs-compact-op a) <
d—
dist (FG (Abs-compact-op z')) (FG (Abs-compact-op a)) < e»
by blast
then show 3d>0. Vz'€Collect compact-op. dist x’' a < d — dist ((FG o Abs-compact-op)
z') ((FG o Abs-compact-op) a) < e
by (simp add: dist-rw o-def)
ged
then have contFG: <continuous-on (closure (Collect finite-rank)) (FG o Abs-compact-op)»

by (auto simp: compact-op-finite-rank[abs-def])

have FGO: «finite-rank a = (FG o Abs-compact-op) a = 0» for a
by (metis (no-types, lifting) Abs-compact-op-inverse FG-def assms(1) closure-subset comp-apply
compact-op-finite-rank eq-iff-diff-eq-0 mem-Collect-eq subset-eq)

have ((FG o Abs-compact-op) a = 0» if <compact-op a> for a

using contFG FGO
by (rule continuous-constant-on-closure) (use that in <auto simp: compact-op-finite-rank)

then have (FG a = 0) for a
by (metis Abs-compact-op-cases comp-apply mem-Collect-eq)

then show (F' = &)
by (auto simp: FG-def[abs-def] fun-eq-iff)
qed

lemma trunc-ell2-as-Proj: <trunc-ell2 S ¥ = Proj (ccspan (ket ¢ S)) ¢»
proof (rule cinner-ket-eql)
fix z
have x: <Proj (ccspan (ket S)) (ket ) = 0> if <z ¢ S»
by (auto intro!: Proj-0-compl mem-ortho-cespanl simp: that)
have (ket z ¢ trunc-ell2 S v = of-bool (x€S8) % (ket z -c ¢Y)»
by (simp add: cinner-ket-left trunc-ell2.rep-eq)

also have ... = Proj (ccspan (ket ©S)) (ket x) ¢ >
by (cases <x € S») (auto simp add: * ccspan-superset’ Proj-fixes-image)
also have «... = ket z -¢ (Proj (ccspan (ket © S)) *y ¢¥)»

by (simp add: adj-Proj flip: cinner-adj-left)
finally show <ket z -¢ trunc-ell2 S ¢ = ket z -¢ (Proj (ccspan (ket “S)) xy ) .

qed

lemma unitary-between-bij-betw:
assumes <is-onb Ay <is-onb B»
shows <bij-betw ((xv) (unitary-between A B)) A B»
using bij-between-bases-bij|OF assms]
by (rule bij-betw-cong| THEN iffD1, rotated))
(simp add: assms(1) assms(2) unitary-between-apply)
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lemma tendsto-finite-subsets-at-top-image:
assumes <nj-on g X»
shows «(f —— z) (finite-subsets-at-top (g ‘ X)) «— (AS. f (g *S)) —— =) (finite-subsets-at-top
X)»
by (simp add: filterlim-def assms o-def
flip: filtermap-image-finite-subsets-at-top filtermap-compose)

lemma Proj-onb-limit:
shows ¢is-onb A = ((AS. Proj (ccspan S) ) —— 1) (finite-subsets-at-top A)»
proof —
have main: <((AS. Proj (ccspan S) ) —— 1) (finite-subsets-at-top A)» if <is-onb A>
for ¢ 2 'b::{chilbert-space,not-singleton}» and A
proof —
define U where U = unitary-between (ell2-to-hilbertx < A) (range ket)»
have [simp]: «unitary U>»
by (simp add: U-def that unitary-between-unitary unitary-image-onb)
have lim1: «((AS. trunc-ell2 S (U *y ell2-to-hilbertx %y 1)) —— U *y ell2-to-hilberts *y
) (finite-subsets-at-top UNIV)»
by (rule trunc-ell2-lim-at-UNIV)
have lim2: «((AS. ell2-to-hilbert xy Ux xy trunc-ell2 S (U xy ell2-to-hilbertx xy v)) —
ell2-to-hilbert =y Usx xy U xy ell2-to-hilbertx v 1) (finite-subsets-at-top UNIV)»
by (intro cblinfun.tendsto lim1) auto
have «: <ell2-to-hilbert xy Usx sy trunc-ell2 S (U xy ell2-to-hilbertx *y 1))
= Proj (ccspan ((ell2-to-hilbert o Ux o ket) ©S)) ¢ (is «%lhs = ?rhsy) for S
proof —
have «?lhs = (sandwich ell2-to-hilbert xy sandwich (Ux) *y Proj (cespan (ket ¢ S))) *y

P>
by (simp add: trunc-ell2-as-Proj sandwich-apply)
also have «... = Proj (ell2-to-hilbert xg Ux xg ccspan (ket *S)) vy ¢
by (simp add: Proj-sandwich)
also have «... = Proj (ccspan (ell2-to-hilbert * Ux ‘ ket * S)) vy ¢»
by (simp add: cblinfun-image-ccspan)
also have «... = ?rhs

by (simp add: image-comp)
finally show ?thesis
by —
qed
have xx: <ell2-to-hilbert xy Usx xy U xy ell2-to-hilbertx xy 1 =
by (simp add: lift-cblinfun-comp|OF unitaryD1] lift-cblinfun-comp|OF unitaryD2])
have xxx: <range (ell2-to-hilbert o Ux o ket) = A» (is <%lhs = -))
proof —
have bij-betw U (ell2-to-hilbertx ¢ A) (range ket)»
by (auto introl: unitary-between-bij-betw that unitary-image-onb simp add: U-def)
then have bijUadj: <bij-betw (Ux) (range ket) (ell2-to-hilbertx < A))
by (metis <unitary U> bij-betw-imp-surj-on inj-imp-bij-betw-inv unitary-adj-inv unitary-inj)
have «?lhs = ell2-to-hilbert < Ux ‘ range ket
by (simp add: image-comp)
also from this and bijUadj have «... = ell2-to-hilbert ‘ (ell2-to-hilbertx * A)»
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by (metis bij-betw-imp-surj-on)
also have ... = A»
by (metis image-inv-f-f unitary-adj unitary-adj-inv unitary-ell2-to-hilbert unitary-ing)
finally show ?thesis
by —
qed
from lim2 have lim3: «((AS. Proj (ccspan ((ell2-to-hilbert o Ux o ket) ¢ S)) ) —— 1)
(finite-subsets-at-top UNIV)»
unfolding * *x by —
then have lim4: «(A\S. Proj (ccspan S) ¢) —— 1) (finite-subsets-at-top (range (ell2-to-hilbert
o Ux o ket)))
by (rule tendsto-finite-subsets-at-top-image| THEN iffD2, rotated))
(intro inj-compose unitary-inj unitary-ell2-to-hilbert unitary-adj| THEN iffD2] <unitary
U» inj-ket)
then show ?thesis
unfolding **x by —
qed
assume <is-onb A>
show ?thesis
proof (cases <class.not-singleton TYPE('a)»)
case True
show ?thesis
using chilbert-space-class.chilbert-space-axioms True <is-onb A»
by (rule main[internalize-sort’ 'b2])
next
case Fulse
then have ¢ = 0»
by (rule not-not-singleton-zero)
then show ?thesis
by simp
qged
qed

lemma is-ortho-setD:
assumes is-ortho-set Sz € Sye Sz #y
shows z-.cy=20
using assms unfolding is-ortho-set-def by blast

lemma finite-rank-dense-compact:
fixes A :: ('a::chilbert-space set> and B :: <'b::chilbert-space set»
assumes <(is-onb Ay and <(is-onb B>
shows <closure (espan ((A(&,n). butterfly € n) < (A x B))) = Collect compact-op»
proof (rule Set.equalityl)
show «<closure (cspan (A(&,n). butterfly £ n) (A x B))) C Collect compact-op»
proof —
have «closure (cspan (A(&,n). butterfly € n) ‘(A x B))) C closure (Collect finite-rank)»
proof (rule closure-mono; safe)
fix z assume z € cspan (A&, n). butterfly € n) ‘ (A x B))
thus finite-rank x

191



by (induction rule: complez-vector.span-induct-alt) auto
qed
also have «... = Collect compact-op»
by (simp add: Set.set-eql compact-op-finite-rank)
finally show ?thesis
by —
qed
show «Collect compact-op C closure (cspan ((A(&,n). butterfly € n) ‘(A x B)))»
proof —
have «Collect (compact-op :: 'b=>cr'a = -) = closure (cspan (Collect rankl1))>
by (simp add: compact-op-finite-rank[abs-def| finite-rank-def|abs-def])
also have «... C closure (cspan (closure (cspan ((A(&,n). butterfly € n) * (A x B)))))»
proof (rule closure-mono, rule complex-vector.span-mono, rule subsetl)
fix ¢ :: <'b=¢cr 'a> assume «z € Collect rankl>
then obtain a b where zab: <x = butterfly a b
using rankl-iff-butterfly by fastforce
define f where «f F' G = butterfly (Proj (ccspan F') a) (Proj (ccspan G) b))y for F G
have lim: ((case-prod f —— x) (finite-subsets-at-top A X finite-subsets-at-top B)»
proof (rule tendstol, subst dist-norm)
fix e :: real assume <e > 0
define d where «d = (if norm a = 0 A norm b = 0 then 1
else e / (maz (norm a) (norm b)) / 4)
have [simp]: d > 0
unfolding d-def using <e > 0>
by (auto intro!: divide-pos-pos simp: less-mazx-iff-disj)
have d: <norm a x d + norm a x d + norm b x d < e
proof —
have <z x d < e / 4> if z: € {norm a, norm b} for z
proof (cases © = 0)
case Fulse
have d: d = e / (maz (norm a) (norm b)) / 4
using Fualse z by (auto simp: d-def)
have d <e/z /4
unfolding d by (intro divide-left-mono divide-right-mono)
(use z <d > 0> <e > 0> False in <auto simp: less-max-iff-disj»)
thus ?thesis
using Fualse z by (auto simp: field-simps)
qed (use (e > 0» in auto)
hence normax d<e/ jnormbxd <e/ J
by blast+
hence (norm a x d + norm a x d + norm b x d < 8 x e / 4»
by linarith
also have «... < e
by (simp add: <0 < e)
finally show ?thesis .
qged
from Proj-onb-limitjwhere y=a, OF assms(1)]
have <V p F in finite-subsets-at-top A. norm (Proj (ccspan F) a — a) < d
by (metis Lim-null <0 < d» order-tendstoD(2) tendsto-norm-zero-iff)
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moreover from Proj-onb-limit[where ¢=b, OF assms(2)]
have <V r G in finite-subsets-at-top B. norm (Proj (ccspan G) b — b) < d»
by (metis Lim-null <0 < d» order-tendstoD(2) tendsto-norm-zero-iff)
ultimately have FG-close: <V g (F,G) in finite-subsets-at-top A X g finite-subsets-at-top

norm (Proj (ccspan F) a — a) < d A norm (Proj (cespan G) b — b) < d»
unfolding case-prod-beta
by (rule eventually-prodl)
have fFG-dist: <norm (fF G — z) < e
if <norm (Proj (ccspan F) a — a) < d» and <norm (Proj (ccspan G) b — b) < d»
and (FF C A) and <G C B for F G
proof —
have a-split: <a = Proj (ccspan F) xy a + Proj (ccspan (A—F)) v a)
proof —
have A: is-ortho-set A ccspan A = T
using assms unfolding is-onb-def by auto
have Proj (ccspan (F U A)) = Proj (cespan F) + Proj (ccspan (A—F))
by (subst Proj-orthog-ccspan-union [symmetric])
(use that in <auto introl: is-ortho-setD[OF A(1)]»)
also have FU A=A
using that by blast
finally show ?thesis
using A(2) by (simp flip: cblinfun.add-left)
qged

have b-split: <b = Proj (cespan G) xy b + Proj (ccspan (B—G)) vy b
proof —
have B: is-ortho-set B ccspan B = T
using assms unfolding is-onb-def by auto
have Proj (cespan (G U B)) = Proj (cespan G) + Proj (cespan (B—@Q))
by (subst Proj-orthog-ccspan-union [symmetric])
(use that in <auto introl: is-ortho-setD[OF B(1)]»)
also have G U B =B
using that by blast
finally show ?thesis
using B(2) by (simp flip: cblinfun.add-left)
qed

have nl: <norm (f F (B—G)) < norm a x d»> for F
proof —
have «norm (f F (B—G)) < norm a * norm (Proj (ccspan (B—G@G)) b))
by (auto intro!: mult-right-mono is-Proj-reduces-norm simp add: f-def norm-butterfly)
also have «... < norm a * norm (Proj (ccspan G) b — b)»
by (metis add-diff-cancel-left’ b-split less-eq-real-def norm-minus-commaute)
also have «... < norm a * d»
by (meson less-eg-real-def mult-left-mono norm-ge-zero that(2))
finally show ?thesis
by —
qed
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have n2: <norm (f (A—F) G) < norm b x d» for G
proof —
have «norm (f (A—F) G) < norm b * norm (Proj (ccspan (A—F)) a)»
by (auto intro': mult-right-mono is-Proj-reduces-norm simp add: f-def norm-butterfly
mult.commute)
also have «... < norm b * norm (Proj (ccspan F) a — a)»
by (smt (verit, best) a-split add-diff-cancel-left’ minus-diff-eq norm-minus-cancel)
also have «... < norm b * d»
by (meson less-eq-real-def mult-left--mono norm-ge-zero that(1))
finally show ?thesis
by —
qed
have <norm (f F G — ) = norm (— f F (B-G) — f (A-F) (B-G) — f (A—F) G)»
unfolding zab
by (subst a-split, subst b-split)
(simp add: f-def butterfly-add-right butterfly-add-left)
also have «... < norm (f F (B—G)) + norm (f (A—F) (B—G)) + norm (f (A—F)

by (smt (verit, best) norm-minus-cancel norm-triangle-ineq)
also have «... < norm a x d + norm a x d + norm b *x d»
using nl n2
by (meson add-mono-thms-linordered-semiring(1))
also have «... < &
by (fact d)
finally show ?thesis
by —
qed
have Vg (F, G) in finite-subsets-at-top A X finite-subsets-at-top B.
(finite F N F C A) A finite G A G C B
unfolding case-prod-unfold by (intro eventually-prodl) auto
thus <V p FG in finite-subsets-at-top A X finite-subsets-at-top B.
norm ((case FG of (F, G) = fF G) —z) < &
using FG-close by eventually-elim (use fFG-dist in auto)
qed
have nontriv: «finite-subsets-at-top A X g finite-subsets-at-top B # L
by (simp add: prod-filter-eq-bot)
have inside: <V g x in finite-subsets-at-top A X finite-subsets-at-top B.
case-prod f x € cspan ((MN(&,n). butterfly € n) < (A x B))
proof (rule eventually-mp[where P=«\(F,G). finite F A finite G»])
show Vg (F,G) in finite-subsets-at-top A X finite-subsets-at-top B. finite F A finite G»
by (smt (verit) case-prod-conv eventually-finite-subsets-at-top-weakl eventually-prod-filter)
have f-in-span: <f F G € cspan (A(&,n). butterfly € n) (A x B)) if [simp]: «finite F»
finite G» and <F C A» <G C B for FF G
proof —
have «Proj (ccspan F) a € cspan F)»
by (metis Proj-range cblinfun-apply-in-image ccspan-finite that(1))
then obtain r where ProjFsum: <Proj (ccspan F) a = (D z€F. r z *¢ z)
using complez-vector.span-finite] OF «finite F»] by auto
have «Proj (cespan G) b € cspan G»
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by (metis Proj-range cblinfun-apply-in-image ccspan-finite that(2))
then obtain s where ProjGsum: <Proj (ccspan G) b = (3. z€G. s x ¢ )
using complez-vector.span-finite| OF «finite G)] by auto
have <butterfly € n € (A&, n). butterfly € n) ‘(A x B)»
if <(ne G>and ¢ € F) for n £
using <F' C Ay <G C B» that by auto
then show ?thesis
by (auto intro!: complez-vector.span-sum complex-vector.span-scale
complex-vector.span-base[where a=«<butterfly - -»
simp add: f-def ProjFsum ProjGsum butterfly-sum-left butterfly-sum-right)
qed
have Vr (F, G) in finite-subsets-at-top A X finite-subsets-at-top B.
(finite F N F C A) A finite G A G C B
unfolding case-prod-unfold by (intro eventually-prodl) auto
thus <V p z in finite-subsets-at-top A X finite-subsets-at-top B.
(case xz of (F, G) = finite F' A finite G) — (case z of (F, G) = fF G) €
espan (A&, ). butterfly € n) (A x B))»
by eventually-elim (auto introl: f-in-span)
qed
show «x € closure (cspan (A&, n). butterfly € n) < (A x B)))»
using lim nontriv inside by (rule limit-in-closure)
qed
also have «... = closure (cspan ((A(&,n). butterfly € n) (A x B)))»
by (simp add: complez-vector.span-eq-iff THEN iffD2])
finally show ?thesis

by —
qged
qed
lemma compact-op-comp-left: «compact-op (a ocr b)y if <compact-op a
for a b :: <-::chilbert-space = ¢ -::chilbert-space)
proof —

from that have <a € closure (Collect finite-rank)»

using compact-op-finite-rank by blast

then have <a oo b € (Aa. a oo, b) ¢ closure (Collect finite-rank)»
by blast

also have «... C closure ((Aa. a ocr b) ¢ Collect finite-rank)»

by (auto introl: closure-bounded-linear-image-subset bounded-clinear.bounded-linear bounded-clinear-cblinfun-compc

also have «... C closure (Collect finite-rank)>
by (auto intro!: closure-mono finite-rank-comp-left)

finally show <compact-op (a ocr b)»
using compact-op-finite-rank by blast

qed

lemma compact-op-eigenspace-finite-dim:
fixes a :: (a =¢ 'a:chilbert-space
assumes (compact-op a>
assumes <e # ()
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shows «finite-dim-ccsubspace (eigenspace e a)»
proof —
define S where S = space-as-set (eigenspace e a)»
obtain B where <(ccspan B = eigenspace e a» and <is-ortho-set B»
and norm-B: <t € B = norm z = 1) for z
using orthonormal-subspace-basis-existsjwhere S=«{}» and V=c<eigenspace e a’]
by (auto simp: S-def)
then have span-BS: «closure (cspan B) = S»
by (metis S-def ccspan.rep-eq)
have «<finite B»
proof (rule ccontr)
assume <infinite B>
then obtain b :: <nat = ‘a> where range-b: <range b C B> and <inj b
by (meson infinite-countable-subset)
define f where <fn = a (b n)) for n
have range-f: <range f C closure (a ‘ cball 0 1)
using norm-B range-b
by (auto intro!: closure-subset| THEN subsetD] imagel simp: f-def)
from <compact-op a» have compact: <compact (closure (a ‘ cball 0 1))»
using compact-op-def2 by blast
obtain | r where «<strict-mono r and fr-lim: «(for) —— I
using range-f compact[unfolded compact-def, rule-format, of f]
by fast
define d :: real where <d = cmod e *x sqrt 2»
from <e # 0) have «d > 0»
by (auto intro!: Rings.linordered-semiring-strict-class.mult-pos-pos simp: d-def)
have auz: <In>N. P ny if <P (Suc N)) for P N
using Suc-n-not-le-n nat-le-linear that by blast
have «dist (f (rn)) (f (r (Suc n))) = d» for n
proof —
have ortho: <is-orthogonal (b (r n)) (b (r (Suc n)))
proof —
have <b (rn) # b (r (Suc n))»
by (metis Suc-n-not-n <inj by <strict-mono r» ingD strict-mono-eq)
moreover from range-b have <b (r n) € B) and «b (r (Suc n)) € B»
by fast+
ultimately show ?thesis
using <is-ortho-set B>
by (auto intro!: simp: is-ortho-set-def)
qed
have normb: <norm (b n) = 1) for n
by (metis <inj by image-subset-iff inj-image-mem-iff norm-B range-b range-eql )
have <f (rn) = e x¢ b (r n)» for n
proof —
from range-b span-BS
have <b (rn) € S»
using complex-vector.span-superset closure-subset
by (blast dest: range-subsetD[where i = <b n»))
then show ?thesis
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by (auto intro!l: dest!: eigenspace-memberD simp: S-def f-def)
qed
then have «(dist (f (r n)) (f (r (Suc n))))? = (emod e x dist (b (r n)) (b (r (Suc n))))*
by (simp add: dist-norm flip: scaleC-diff-right)
also from ortho have «... = (cmod e * sqrt 2)%
by (simp add: dist-norm polar-identity-minus power-mult-distrib normb)
finally show ?thesis
by (simp add: d-def)
qed
with «d > 0> have = Cauchy (f o )
by (auto introl: exl[of - «d/2)] aux
simp: Cauchy-altdef2 dist-commute simp del: less-divide-eqg-numerall)
with fr-lim show Fulse
using LIMSEQ-imp-Cauchy by blast
qed
with span-BS show ?Zthesis
using S-def cspan-finite-dim finite-dim-ccsubspace.rep-eq by fastforce
qed

lemma eigenvalue-in-the-limit-compact-op:
— [2], Proposition 11.4.14
assumes (compact-op T
assumes <[ # 0
assumes normh: <A\n. norm (h n) = 1»
assumes TI-lim: «(An. (T — | *¢ id-cblinfun) (h n)) —— 0>
shows <l € eigenvalues T»
proof —
from assms(1)
have compact-Thall: <compact (closure (T * cball 0 1))»
using compact-op-def2 by blast
have «T (h n) € closure (T * cball 0 1)» for n
by (smt (23) assms(3) closure-subset image-subset-iff mem-cball-0)
then obtain n f where lim-Thn: <(\k. T (h (n k))) —— f» and <strict-mono n»
using compact-Thall[unfolded compact-def, rule-format, where f=¢T o h», unfolded o-def]
by fast
have [Thk-lim: «(Ak. (I ¢ id-cblinfun — T) (h (n k))) —— O»
proof —
have «((An. (I *¢ id-cblinfun — T) (h n)) —— 0>
using Tl-lim[THEN tendsto-minus]
by (simp add: cblinfun.diff-left)
with <strict-mono n» show ?thesis
by (rule LIMSEQ-subseq-LIMSEQ[unfolded o-def, rotated))
qged
have <h (n k) = inverse | x¢ ((I *¢ id-cblinfun — T) (h (nk)) + T (h (n k)))> for k
by (metis assms(2) cblinfun.real.add-left cblinfun.scaleC-left diff-add-cancel divideC-field-splits-simps-1(5)
id-cblinfun.rep-eq scaleC-zero-right)
moreover have (... —— inverse | x¢ (0 + f)»
by (intro tendsto-intros IThk-lim lim-Thn)
ultimately have lim-hn: «(Ak. h (n k)) —— inverse | x¢ f>
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by simp
have f # O»
proof —
from lim-hn have «(Ak. norm (h (n k))) —— norm (inverse | x¢ f)
by (rule isCont-tendsto-compose[unfolded o-def, rotated]) fastforce
moreover have ((A-. 1) —— 1)
by simp
ultimately have <norm (inverse | x¢ f) = 1>
unfolding normh
using LIMSEQ-unique by blast
then show «f # 0»
by force
qed
from lim-hn have «(Ak. T (h (n k))) —— T (inverse | x¢ f)»
by (rule isCont-tendsto-compose[rotated]) force
with lim-Thn have <f = T (inverse | x¢ f)»
using LIMSEQ-unique by blast
with « # 0> have (¢ f=Tf
by (metis cblinfun.scaleC-right divideC-field-simps(2))
with «f # 0» show <[ € eigenvalues T
by (auto intro!: eigenvaluesl[where h=f])
qed

lemma norm-is-eigenvalue:
— [2], Proposition I1.5.9
fixes a :: ('a = ¢ 'a::{not-singleton, chilbert-space}»
assumes (compact-op a>
assumes <selfadjoint a»
shows «norm a € eigenvalues a V — norm a € eigenvalues a
proof —
wlog «a # 0>
using negation by auto
obtain % e where h-lim: <(Ai. h i -¢ a (h 7)) —— e» and normh: <norm (h i) = 1»
and norme: <cmod e = norm a) for i
proof atomize-elim
have sgn-cmod: <sgn x * cmod © = x> for x
by (simp add: complez-of-real-cmod sgn-mult-abs)
from cblinfun-norm-is-Sup-cinner|OF <selfadjoint a]
obtain f where range-f: <range f C (Ap. ecmod (¢ -¢ (a xv ¥))) “{¢. norm ¢ = 1})»
and f-lim: <f —— norm a>
by (atomize-elim, rule is-Sup-imp-ex-tendsto) (auto simp: ex-norml-not-singleton)
obtain h0 where normh0: <norm (h0 i) = 1> and f-h0: <f i = cmod (h0 i -¢ a (h0 7))
for ¢
by (atomize-elim, rule choice2) (use range-f in auto)
from f-h0 f-lim have hOlim-cmod: «(Ai. ecmod (R0 % -¢ a (h0 ©))) —— norm @
by presburger
have sgn-sphere: <sgn (h0 i -¢ a (h0 7)) € insert 0 (sphere 0 1)) for ¢
using normh0 by (auto introl: left-inverse simp: sgn-div-norm)
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have compact: <compact (insert 0 (sphere (0::complex) 1))
by simp
obtain r | where <strict-mono r and I-sphere: <l € insert 0 (sphere 0 1))
and hOlim-sgn: <«((Ai. sgn (h0 i ¢ a (h0©))) o r) —— b
using compact[unfolded compact-def, rule-format, OF sgn-sphere]
by fast
define h and e where <h ¢ = h0 (r ¢)» and <e = [ *x norm a> for ¢
have hlim-cmod: <(Ai. emod (h i -¢ a (h i))) —— norm @
using LIMSEQ-subseq-LIMSEQ[OF hOlim-cmod <strict-mono 3]
unfolding h-def o-def by auto
with hOlim-sgn have «(Ai. sgn (h i ¢ a (h %)) x emod (hi ¢ a (hi)) —— &
by (auto introl: tendsto-mult tendsto-of-real simp: o-def h-def e-def)
then have hlim: <«(X\i. hi ¢ a (h i) —— &
by (simp add: sgn-cmod)
have <e # 0»
proof (rule ccontr, unfold not-not)
assume e = (»
from hlim have «(Ai. ecmod (h i -¢ a (hi))) —— cmod e
by (rule tendsto-composelwhere g=cmod, rotated))
(smt (verit, del-insts) <e = 0y diff-zero dist-norm metric-LIM-imp-LIM
norm-ge-zero norm-zero real-norm-def tendsto-ident-at)
with <e = 0> hlim-cmod have (norm a = 0»
using LIMSEQ-unique by fastforce
with <a # 0> show Fulse
by simp
qed
then have norme: <norm e = norm a»
using [-sphere by (simp add: e-def norm-mult)
show (Fhe. (Ai. hi-c (a*xy hi)) —— e A (Vi. norm (h i) = 1) A ¢cmod e = norm a»
using norme normh0 hlim
by (auto introl: exl[of - h] exl[of - €] simp: h-def)
qged
have <e € R»
proof —
from h-lim[THEN tendsto-Im)
have *: «(A\i. Im (h i ¢ a (h 7)) —— Im e
by —
have *x: <Im (h i ¢ a (hi)) = 0> for ¢
using assms(2) selfadjoint-def cinner-selfadjoint-real complez-is-Real-iff by auto
have (Im e = 0»
using - x by (rule tendsto-unique) (use **x in auto)
then show ?thesis
using complez-is-Real-iff by presburger
qed
define ¢’ where <¢’ = Re e
with <e € Ry have ee” (e = of-real e’
by simp
have e’ € eigenvalues a>
proof —
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have [trans|: «f —— 0> if <Az. fz < g2 and (¢ —— 0> and <A\z. fz > 0> for f g
t «<nat = real
by (rule real-tendsto-sandwich[where h=g and f=«\-. 0»]) (use that in auto)
have [simp]: ax = a
using assms(2) by (simp add: selfadjoint-def)
have [simp]: Re (hz -c hz) = 1 for z
using normh|of x| by (simp flip: power2-norm-eq-cinner’)
have «(norm ((a — e’ *g id-cblinfun) (h n)))?> = (norm (a (h n)))?> — 2 * ¢’ * Re (hn ¢
a (hn)) + e? for n
by (simp add: power2-norm-eq-cinner’ algebra-simps cblinfun.cbilinear-simps
cblinfun.scaleR-left power2-eq-square|of €'| flip: cinner-adj-right)
also have «...n < e? — 2 x e’ * Re (hn-c a (hn)) + e? forn
proof —
from norme have <e”? = (norm a)%
by (auto simp: ee’ power2-eq-iff abs-if split: if-splits)
then have «(norm (a *y hn))? < e
using norm-cblinfun|of a h n] by (simp add: normh)
then show ?thesis
by auto
qed
also have <... —— O
apply (subst asm-rl[of «(An. e? — 2 x e'* Re (hn-c a(hn)) + e?)=(An. 2 *e (e
— Re (hn ¢ (axy hn))))])
subgoal
by (auto simp: fun-eq-iff right-diff-distrib power2-eq-square)[1]
subgoal
using h-lim[THEN tendsto-Re]
by (auto intro!: tendsto-mult-right-zero tendsto-diff-const-left-rewrite simp: ee’)
done
finally have <(An. (a — e’ xg id-cblinfun) (h n)) —— 0>
by (simp add: tendsto-norm-zero-iff)
then show <e’ € eigenvalues a»
unfolding scaleR-scaleC
by (rule eigenvalue-in-the-limit-compact-op|rotated —1])
(use <a # 0> norme in <auto introl: normh simp: assms ee's)

2

qged
from <e € R> norme
have (¢ = norm a V e = — norm a»

by (smt (verit, best) in-Reals-norm of-real-Re)
with <e’ € eigenvalues a> show ?thesis
using ee’ by presburger
qed

lemma
fixes a :: ('a =¢ 'a::{not-singleton, chilbert-space}»
assumes (compact-op a)
assumes <selfadjoint a»
shows largest-eigenvalue-norm-auz: <largest-eigenvalue a € {norm a, — norm a}»
and largest-eigenvalue-ex: <largest-eigenvalue a € eigenvalues ay
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proof —
define | where I = (SOME z. z € eigenvalues a N (Vy € eigenvalues a. cmod x > cmod y))»
from norm-is-eigenvalue] OF assms]

obtain e where <e € {of-real (norm a), — of-real (norm a)}» and <e € eigenvalues a>
by auto

then have norme: <norm e = norm a»
by auto

have (e € eigenvalues a N (V y€eigenvalues a. cmod y < cmod e)» (is <?P e»)
by (auto introl: <e € eigenvalues a> simp: eigenvalue-norm-bound norme)
then have *: < € eigenvalues a N (VY y€Eeigenvalues a. cmod y < cmod 1)
unfolding I-def largest-eigenvalue-def by (rule somel)
then have [-def”: <l = largest-eigenvalue a»
by (metis (mono-tags, lifting) I-def largest-eigenvalue-def)
from * have <[ € eigenvalues a>
by (simp add: l-def)
then show <largest-eigenvalue a € eigenvalues a»
by (simp add: I-def”)
have <norm | > norm a»
using * norme <e € eigenvalues a> by auto
moreover have <norm | < norm a»
using * eigenvalue-norm-bound by blast
ultimately have (norm | = norm a»
by linarith
moreover have («/ € R»
using <l € eigenvalues a) assms(2) eigenvalue-selfadj-real by blast
ultimately have « € {norm a, — norm a}>
by (smt (verit, ccfo-SIG) in-Reals-norm insertCI I-def of-real-Re)
then show <largest-eigenvalue a € {norm a, — norm a}
by (simp add: I-def”)
qed

lemma largest-eigenvalue-norm:
fixes a :: (a =, 'a:chilbert-space>
assumes <compact-op a»
assumes <selfadjoint a»
shows <largest-eigenvalue a € {norm a, — norm a}»
proof (cases «class.not-singleton TYPE('a)y)
case True
show ?thesis
using chilbert-space-class.chilbert-space-axioms True assms
by (rule largest-eigenvalue-norm-auz|internalize-sort’ 'a))
next
case Fulse
then have <a = 0»
by (rule not-not-singleton-cblinfun-zero)
then show ?thesis
by simp
qed
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hide-fact largest-eigenvalue-norm-aux

lemma cmod-largest-eigenvalue:
fixes a :: ('a = 'a:chilbert-space>
assumes <compact-op a>
assumes <selfadjoint a»
shows <cmod (largest-eigenvalue a) = norm a»
using largest-eigenvalue-norm[OF assms| by auto

lemma compact-op-comp-right: <compact-op (a ocyp b)» if <compact-op by
for a b :: <-::chilbert-space = ¢ -::chilbert-space)
proof —
from that have «b € closure (Collect finite-rank)»
using compact-op-finite-rank by blast
then have <a ocp b € cblinfun-compose a * closure (Collect finite-rank)»
by blast
also have «... C closure (cblinfun-compose a ¢ Collect finite-rank))
by (auto intro!: closure-bounded-linear-image-subset bounded-clinear.bounded-linear bounded-clinear-cblinfun-compc
also have «... C closure (Collect finite-rank)»
by (auto intro!: closure-mono finite-rank-comp-right)
finally show <compact-op (a oy, b)»
using compact-op-finite-rank by blast
qed

unbundle no cblinfun-syntax

end

10  Spectral-Theorem — The spectral theorem for compact op-
erators

theory Spectral-Theorem
imports Compact-Operators Positive-Operators Eigenvalues
begin

unbundle cblinfun-syntax

10.1 Spectral decomp, compact op

fun spectral-dec-val :: «('a::chilbert-space =c1, 'a) = nat = complex)

— The eigenvalues in the spectral decomposition

and spectral-dec-space :: «('a =¢1 'a) = nat = 'a ccsubspace)

— The eigenspaces in the spectral decomposition

and spectral-dec-op :: «('a =c 'a) = nat = (‘a =cr a)

— A sequence of operators mostly for the proof of spectral composition. But see also spec-
tral-dec-op-spectral-dec-proj below.

where <spectral-dec-val a n = largest-eigenvalue (spectral-dec-op a n))

| <spectral-dec-space a n = (if spectral-dec-val a n = 0 then 0 else eigenspace (spectral-dec-val
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a n) (spectral-dec-op a n))»
| <spectral-dec-op a (Suc n) = spectral-dec-op a n oo, Proj (— spectral-dec-space a n)»
| <spectral-dec-op a 0 = a

definition spectral-dec-proj :: <(’a::chilbert-space =¢c1 'a) = nat = (‘a =¢r 'a)y where
— Projectors in the spectral decomposition
«<spectral-dec-proj a n = Proj (spectral-dec-space a n)»

declare spectral-dec-val.simps[simp del]
declare spectral-dec-space.simps[simp del]

lemmas spectral-dec-def = spectral-dec-val.simps
lemmas spectral-dec-space-def = spectral-dec-space.simps

lemma spectral-dec-op-selfads:
assumes <selfadjoint a»
shows <selfadjoint (spectral-dec-op a n)»
proof (induction n)
case (
with assms show ?case
by simp
next
case (Suc n)
define F T where «F = spectral-dec-space a ny and «T = spectral-dec-op a n»
from Suc have <normal-op T
by (auto intro!: selfadjoint-imp-normal simp: T-def)
then have <reducing-subspace E T
by (auto introl: eigenspace-is-reducing simp: spectral-dec-space-def E-def T-def)
then have <reducing-subspace (— E) T»
by simp
then have x: <Proj (— E) ocr T ocr Proj (— E) = T ocr Proj (— E)»
by (simp add: invariant-subspace-iff-PAP reducing-subspace-def)
show ?Zcase
using Suc
apply (simp add: flip: T-def E-def *)
by (simp add: selfadjoint-def adj-Proj cblinfun-compose-assoc)
qed

lemma spectral-dec-op-compact:
assumes (compact-op a>
shows <compact-op (spectral-dec-op a n)»
apply (induction n)
by (auto introl: compact-op-comp-left assms)

lemma spectral-dec-val-eigenvalue-of-spectral-dec-op:
fixes a :: <'a::{chilbert-space, not-singleton} =cr 'ar
assumes <compact-op a>
assumes <selfadjoint a»
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shows <spectral-dec-val a n € eigenvalues (spectral-dec-op a n)»
by (auto intro!: largest-eigenvalue-ex spectral-dec-op-compact spectral-dec-op-selfadj assms
simp: spectral-dec-def)

lemma spectral-dec-proj-finite-rank:
assumes (compact-op a>
shows «finite-rank (spectral-dec-proj a n)»
apply (cases «spectral-dec-val a n = 05)
by (auto intro!: finite-rank-Proj-finite-dim compact-op-eigenspace-finite-dim spectral-dec-op-compact
assms
simp: spectral-dec-proj-def spectral-dec-space-def)

lemma norm-spectral-dec-op:

assumes <compact-op a»

assumes <selfadjoint a»

shows <norm (spectral-dec-op a n) = cmod (spectral-dec-val a n)»

by (simp add: spectral-dec-def cmod-largest-eigenvalue spectral-dec-op-compact spectral-dec-op-selfadj
assms)

lemma spectral-dec-op-decreasing-eigenspaces:
assumes (n > m) and <e # 0
assumes <selfadjoint a»
shows <eigenspace e (spectral-dec-op a n) < eigenspace e (spectral-dec-op a m))
proof —
have x*: <eigenspace e (spectral-dec-op a (Suc n)) < eigenspace e (spectral-dec-op a n)> for n
proof (intro ccsubspace-lel subsetl)
fix h
assume asm: <h € space-as-set (eigenspace e (spectral-dec-op a (Suc n)))»
have (orthogonal-spaces (eigenspace e (spectral-dec-op a (Suc n))) (kernel (spectral-dec-op a
(Suc n)))»
using spectral-dec-op-selfadj[of a «Suc )] <e # 0) <selfadjoint a
by (auto introl: eigenspaces-orthogonal selfadjoint-imp-normal spectral-dec-op-selfadj
simp: spectral-dec-space-def simp flip: eigenspace-0)
then have (eigenspace e (spectral-dec-op a (Suc n)) < — kernel (spectral-dec-op a (Suc n))»
using orthogonal-spaces-leg-compl by blast
also have «... < — spectral-dec-space a n»
by (auto introl: ccsubspace-lel kernel-memberl simp: Proj-0-compl)
finally have <h € space-as-set (— spectral-dec-space a n)»
using asm by (simp add: Set.basic-monos(7) less-eq-ccsubspace.rep-eq)
then have <spectral-dec-op a n h = spectral-dec-op a (Suc n) h
by (simp add: Proj-fizes-image)
also have ... = e ¢ h»
using asm eigenspace-memberD by blast
finally show <h € space-as-set (eigenspace e (spectral-dec-op a n))»
by (simp add: eigenspace-memberl)
qed
define k£ where <k = n — m»
from * have <eigenspace e (spectral-dec-op a (m + k)) < eigenspace e (spectral-dec-op a m)»
by (induction k) (auto simp del: spectral-dec-op.simps intro: order.trans)
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then show ?thesis
using «n > m» by (simp add: k-def)
qed

lemma spectral-dec-val-not-not-singleton:
fixes a :: (‘a::chilbert-space =cy, 'a>
assumes (— class.not-singleton TYPE('a)»
shows <spectral-dec-val a n = 0»
proof —
from assms have <spectral-dec-op a n = 0>
by (rule not-not-singleton-cblinfun-zero)
then have <largest-eigenvalue (spectral-dec-op a n) = 0>
by simp
then show ?thesis
by (simp add: spectral-dec-def)
qed

lemma spectral-dec-val-eigenvalue-aux:
— [2], Theorem II.5.1
fixes a :: ‘a::{chilbert-space, not-singleton} =cr, 'a)
assumes <compact-op a>
assumes <selfadjoint a»
assumes eigen-neq: <spectral-dec-val a n # 0>
shows (spectral-dec-val a n € eigenvalues a)
proof —
define e where (e = spectral-dec-val a n»
with assms have e # 0
by fastforce

from spectral-dec-op-decreasing-eigenspaces[where m=0 and a=a and n=n, OF - <e # 0»
«selfadjoint a)]
have 1: <eigenspace e (spectral-dec-op a n) < eigenspace e a
by simp
have 2: <spectral-dec-space a n # 1)
proof —
have <spectral-dec-val a n € eigenvalues (spectral-dec-op a n)»
by (simp add: assms(1) assms(2) spectral-dec-val.simps spectral-dec-op-compact spec-
tral-dec-op-selfadj largest-eigenvalue-ex)
then show ?thesis
using <e # 0) by (simp add: eigenvalues-def spectral-dec-space.simps e-def)
ged
from 1 2 have (eigenspace e a # L»
by (auto simp: spectral-dec-space-def bot-unique simp flip: e-def simp: <e # 0»)
then show (e € eigenvalues a»
by (simp add: eigenvalues-def)
qed

lemma spectral-dec-val-eigenvalue:
— [2], Theorem 11.5.1
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fixes a :: «(‘a::chilbert-space =c1 'a)
assumes (compact-op a>
assumes <selfadjoint a»
assumes eigen-neq0: <spectral-dec-val a n # 0>
shows (spectral-dec-val a n € eigenvalues a»
proof (cases <class.not-singleton TYPE('a)))
case True
show ?thesis
using chilbert-space-axioms True assms
by (rule spectral-dec-val-eigenvalue-auz|internalize-sort’ 'al)
next
case Fulse
then have <(spectral-dec-val a n = 0»
by (rule spectral-dec-val-not-not-singleton)
with assms show ?thesis
by simp
qed

hide-fact spectral-dec-val-eigenvalue-auz

lemma spectral-dec-val-decreasing:
assumes <compact-op a>
assumes <selfadjoint a»
assumes n > m
shows <cmod (spectral-dec-val a n) < cmod (spectral-dec-val a m)»
proof —
have (norm (spectral-dec-op a (Suc n)) < norm (spectral-dec-op a n)> for n
apply simp
by (smt (verit) Proj-partial-isometry cblinfun-compose-zero-right mult-cancel-left2 norm-cblinfun-compose
norm-le-zero-iff norm-partial-isometry)
then have *: <cmod (spectral-dec-val a (Suc n)) < c¢mod (spectral-dec-val a n)s for n
by (simp add: cmod-largest-eigenvalue spectral-dec-op-compact assms spectral-dec-op-selfadj
spectral-dec-def
del: spectral-dec-op.simps)
define k& where <k = n — m»
have <cmod (spectral-dec-val a (m + k)) < cmod (spectral-dec-val a m)»
apply (induction k arbitrary: m)
apply simp
by (metis * add-Suc-right order-trans-rules(23))
with (n > m) show “thesis
by (simp add: k-def)
qed

lemma spectral-dec-val-distinct-auz:
fixes a :: «(‘a::{chilbert-space, not-singleton} =cr 'a)
assumes n £ m»
assumes <compact-op a>
assumes <selfadjoint a»
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assumes neq0: <spectral-dec-val a n # 0>
shows <spectral-dec-val a n # spectral-dec-val a m»
proof (rule ccontr)

assume < spectral-dec-val a n # spectral-dec-val a m»

then have eq: (spectral-dec-val a n = spectral-dec-val a m»
by blast

wlog nm: <n > m» goal Fulse generalizing n m keeping eq neq0
using hypothesis[of n m] negation assms eq neq0
by auto

define e where (e = spectral-dec-val a n»

with neq0 have <e # 0»
by simp

have <spectral-dec-space a n # L)
proof —
have (e € eigenvalues (spectral-dec-op a n)»
by (auto introl: spectral-dec-val-eigenvalue-of-spectral-dec-op assms simp: e-def)
then show ?thesis
by (simp add: spectral-dec-space-def eigenvalues-def e-def neq0)
qged
then obtain h where (norm h = 1> and h-En: <h € space-as-set (spectral-dec-space a n)»
using ccsubspace-contains-unit by blast
have T-Sucm-h: <spectral-dec-op a (Suc m) h = 0>
proof —
have <spectral-dec-space a n = eigenspace e (spectral-dec-op a n)»
by (simp add: spectral-dec-space-def e-def neq0)
also have «... < eigenspace e (spectral-dec-op a m)»
using <n > m» <e # 0> assms
by (auto intro!: spectral-dec-op-decreasing-eigenspaces simp: )
also have «... = spectral-dec-space a m»
using neq0 by (simp add: spectral-dec-space-def e-def eq)
finally have <h € space-as-set (spectral-dec-space a m)»
using h-En
by (simp add: basic-trans-rules(31) less-eq-ccsubspace.rep-eq)
then show <spectral-dec-op a (Suc m) h = 0»
by (simp add: Proj-0-compl)
qed
have (spectral-dec-op a (Suc m + k) h = 0> if <k <n —m — 1» for k
proof (insert that, induction k)
case (
from T-Sucm-h show ?case
by simp
next
case (Suc k)
define mkl where <mkl = Suc (m + k)
from Suc.prems have (mk1 < n)
using mki-def by linarith
have <eigenspace e (spectral-dec-op a n) < eigenspace e (spectral-dec-op a mk1)»
using (mkl < n> <e # 0» <selfadjoint a>
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by (rule spectral-dec-op-decreasing-eigenspaces)
with h-En have h-mkl: <h € space-as-set (eigenspace e (spectral-dec-op a mkl))»
by (auto simp: e-def spectral-dec-space-def less-eq-ccsubspace.rep-eq neq0)
have (Proj (— spectral-dec-space a mk1) xy h = 0 V Proj (— spectral-dec-space a mkl) *y
h = h
proof (cases <e = spectral-dec-val a mk1»)
case True
from h-mki1 have <Proj (— spectral-dec-space a mk1) h = 0»
using <e # 0» by (simp add: Proj-0-compl True spectral-dec-space-def)
then show ?thesis
by simp
next
case Fulse
have <orthogonal-spaces (eigenspace e (spectral-dec-op a mkl1)) (spectral-dec-space a mkl)»
by (simp add: False assms eigenspaces-orthogonal spectral-dec-space.simps spectral-dec-op-selfady
selfadjoint-imp-normal)
with h-mk1 have <h € space-as-set (— spectral-dec-space a mkl1)»
using less-eq-ccsubspace.rep-eq orthogonal-spaces-leq-compl by blast
then have <Proj (— spectral-dec-space a mk1) h = h
by (rule Proj-fixes-image)
then show ?thesis
by simp
qed
with Suc show Zcase
by (auto simp: mk1-def)
qged
from this[where k=«n — m — 1)]
have <spectral-dec-op a n h = 0»
using n > m)
by (simp del: spectral-dec-op.simps)
moreover from h-En have <spectral-dec-op a n h = e x¢ h»
by (simp add: neq0 e-def eigenspace-memberD spectral-dec-space-def)
ultimately show Fulse
using <norm h = 1) <e # 0»
by force
qed

lemma spectral-dec-val-distinct:
fixes a :: (‘a::chilbert-space =cy, 'a>
assumes n # m»
assumes <compact-op a»
assumes <selfadjoint a»
assumes neq0: <spectral-dec-val a n # 0>
shows <spectral-dec-val a n # spectral-dec-val a m»
proof (cases <class.not-singleton TYPE('a)»)
case True
show ?thesis
using chilbert-space-axioms True assms
by (rule spectral-dec-val-distinct-auz|internalize-sort’ 'a))
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next
case Fulse
then have <spectral-dec-val a n = 0
by (rule spectral-dec-val-not-not-singleton)
with assms show ?thesis
by simp
qed

hide-fact spectral-dec-val-distinct-aux
lemma spectral-dec-val-tendsto-0:

assumes (compact-op a>
assumes <selfadjoint a»
shows «spectral-dec-val a —— 0>
proof (cases «<In. spectral-dec-val a n = 0»)
case True
then obtain n where <spectral-dec-val a n = 0>
by auto
then have <spectral-dec-val a m = 0» if ¢<m > n» for m
using spectral-dec-val-decreasing[OF assms that]
by simp
then show <spectral-dec-val a — 0>
by (auto intro!: tendsto-eventually eventually-sequentiallyl)
next
case Fulse
define F where (F = spectral-dec-val a»
from False have <F n € eigenvalues a» for n
by (simp add: spectral-dec-val-eigenvalue assms E-def)
then have <eigenspace (E n) a # 0) for n
by (simp add: eigenvalues-def)
then obtain e where e-E: <e n € space-as-set (eigenspace (E n) a)
and norm-e: <norm (e n) = 1) for n
apply atomize-elim
using ccsubspace-contains-unit
by (auto intro!: choice2)
then obtain h n where <strict-mono ny and aen-lim: <«(N\j. a (e (nj))) —— b
proof atomize-elim
from <compact-op a>
have compact:<compact (closure (a ¢ cball 0 1))
by (simp add: compact-op-def2)
from norm-e have <a (e n) € closure (a ‘ cball 0 1) for n
using closure-subset[of <a ¢ cball 0 1>] by auto
with compact[unfolded compact-def, rule-format, of <An. a (e n))]
show «3n h. strict-mono n A (Aj. a (e (nj))) —— b
by (auto simp: o-def)
qged
have ortho-en: <is-orthogonal (e (n 7)) (e (n k))» if «j # k> for j k
proof —
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have <nj # n k
by (simp add: <strict-mono ny strict-mono-eq that)
then have <E (nj) # E (n k)
unfolding FE-def
apply (rule spectral-dec-val-distinct)
using Fualse assms by auto
then have <orthogonal-spaces (eigenspace (E (n j)) a) (eigenspace (E (n k)) a)
apply (rule eigenspaces-orthogonal)
by (simp add: assms(2) selfadjoint-imp-normal)
with e-F show %thesis
using orthogonal-spaces-def by blast
qed
have aFe: <a (e n) = En *xc e n for n
by (simp add: e-FE eigenspace-memberD)
obtain o where E-lim: <(An. norm (E n)) ——
by (rule decseg-convergent[where X=«\n. cmod (E n)> and B=0])
(use spectral-dec-val-decreasing| OF assms| in <auto intro!: simp: decseq-def E-def»)
then have (o > 0>
apply (rule LIMSEQ-le-const)
by simp
have aen-diff: <norm (a (e (nj)) — a (e (nk))) > o * sqrt 2> if j # k» for j k
proof —
from E-lim and spectral-dec-val-decreasing| OF assms, folded E-def)
have E-geq-a: <cmod (E n) > «» for n
apply (rule-tac decseq-ge[unfolded decseq-def, rotated))
by auto
have «(norm (a (e (nj)) — a (e (n k))))? = (cmod (E (n7)))? + (cmod (E (n k)))*
by (simp add: polar-identity-minus aFe that ortho-en norm-e)
also have (... > a? + o2 (is - > ...»)
apply (rule add-mono)
using F-geq-a <o > 0» by auto
also have ... = (a *x sqrt 2)%
by (simp add: algebra-simps)
finally show ?thesis
apply (rule power2-le-imp-le)
by simp
qed
have < = 0
proof —
have «a x sqrt 2 < e if <¢ > 0» for ¢
proof —
from «strict-mono n> have cauchy: «Cauchy (k. a (e (n k)))
using LIMSEQ-imp-Cauchy aen-lim by blast
obtain k£ where k: <V m>k. Vna>k. dist (a xy e (n m)) (a *y e (n na)) < e
apply atomize-elim
using cauchy[unfolded Cauchy-def, rule-format, OF <« > 0)]
by simp
define j where ¢j = Suc kb
then have j # b
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by simp
from % have «dist (a (e (nj))) (a (e (nk))) <&
by (simp add: j-def)
with aen-diff[OF <j # k] show <« x sqrt 2 < e»
by (simp add: Cauchy-def dist-norm)
qed
with <« > 0» show o = 0»
by (smt (verit) linordered-semiring-strict-class.mult-pos-pos real-sqrt-le-0-iff )
ged
with FE-lim show ?thesis
by (auto intro!: tendsto-norm-zero-cancel simp: E-def)
qed

lemma spectral-dec-op-tendsto:
assumes (compact-op a)
assumes <selfadjoint a»
shows <spectral-dec-op a — 0>
apply (rule tendsto-norm-zero-cancel)
using spectral-dec-val-tendsto-0[ OF assms]
apply (simp add: norm-spectral-dec-op assms)
using tendsto-norm-zero by blast

lemma spectral-dec-op-spectral-dec-proj:
<spectral-dec-op a n = a — (D i<n. spectral-dec-val a i *c spectral-dec-proj a i)
proof (induction n)
case ()
show ?Zcase
by simp
next
case (Suc n)
have <spectral-dec-op a (Suc n) = spectral-dec-op a n oc, Proj (— spectral-dec-space a n)»
by simp

also have «... = spectral-dec-op a n — spectral-dec-val a n x¢ spectral-dec-proj a ny (is <« ?lhs
= %rhs))
proof —
have «%lhs h = %rhs hy if <h € space-as-set (spectral-dec-space a n)> for h
proof —

have «?lhs h = 0»
by (simp add: Proj-0-compl that)
have <spectral-dec-op a n *v h = spectral-dec-val a n *c h»
by (smt (verit, best) Proj-fizes-image <(spectral-dec-op a n oo, Proj (— spectral-dec-space a
n)) *y h = 0) cblinfun-apply-cblinfun-compose complex-vector.scale-eq-0-iff eigenspace-memberD
spectral-dec-space.elims kernel-Proj kernel-cblinfun-compose kernel-memberD kernel-memberl or-
tho-involution that)

also have «... = spectral-dec-val a n x¢ (spectral-dec-proj a n xy h)»
by (simp add: Proj-fizes-image spectral-dec-proj-def that)
finally

have «?rhs h = 0»
by (simp add: cblinfun.diff-left)
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with «?lhs h = 0) show ?thesis
by simp
qged
moreover have < ?lhs h = ?rhs hy if <h € space-as-set (— spectral-dec-space a n)y for h
by (simp add: Proj-0-compl Proj-fixes-image cblinfun.diff-left spectral-dec-proj-def that)
ultimately have «?lhs h = ?rhs h»
if <h € space-as-set (spectral-dec-space a n Ll — spectral-dec-space a n) » for h
using that by (rule eg-on-ccsubspaces-sup)
then show «?lhs = ?rhs»
by (auto introl: cblinfun-eql simp add: )
qed
also have «... = a — (D i<Suc n. spectral-dec-val a i *¢ spectral-dec-proj a i)»
by (simp add: Suc.IH)
finally show ?case
by —
qed

lemma sequential-tendsto-reorder:
assumes <inj g
assumes (f —— D
shows «(fo g) —— D
proof (intro lim-explicit| THEN iffD2] implI olll)
fix S assume <open Sy and <l € S)
with (f —— D
obtain M where M: «fm € S» if <m > M) for m
using tendsto-obtains-N by blast
define N where <N = Maz (g —*{..<M}) + I»
have N: <gn > M) if <n > N)» for n
proof —
from «inj ¢» have «finite (¢ —“ {..<M})»
using finite-vimagel by blast
then have <N > n) if <n € g —*{..<M}» for n
using N-def that
by (simp add: less-Suc-eg-le)
then have <N > n) if ¢ n < M) for n
by (simp add: that)
with that show «g n > M)
using linorder-not-less by blast
ged
from N M show (3N.Vn>N. (f o g) n € S
by auto
qed

lemma spectral-dec-sums:
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assumes (compact-op a»
assumes <selfadjoint a»
shows <(An. spectral-dec-val a n x¢ spectral-dec-proj a n) sums a
proof —
from spectral-dec-op-tendsto| OF assms)
have «(An. a — spectral-dec-op a n) —— a»
by (simp add: tendsto-diff-const-left-rewrite)
moreover from spectral-dec-op-spectral-dec-proj[of a]
have (a — spectral-dec-op a n = (3 i<n. spectral-dec-val a i *¢ spectral-dec-proj a i)» for n
by simp
ultimately show ?thesis
by (simp add: sums-def)
qed

lemma spectral-dec-val-real:
assumes (compact-op a)
assumes <selfadjoint a»
shows <spectral-dec-val a n € R»
by (metis Reals-0 assms(1) assms(2) eigenvalue-selfadj-real spectral-dec-val-eigenvalue)

lemma spectral-dec-space-orthogonal:
assumes <compact-op a»
assumes <selfadjoint a»
assumes (n # m)
shows <orthogonal-spaces (spectral-dec-space a n) (spectral-dec-space a m)»
proof (cases <spectral-dec-val a n = 0 V spectral-dec-val a m = 0»)
case True
then show ?thesis
by (auto introl: simp: spectral-dec-space-def)
next
case Fulse
have <spectral-dec-space a n < eigenspace (spectral-dec-val a n) a
using <selfadjoint a>
by (metis False spectral-dec-space.elims spectral-dec-op.simps(2) spectral-dec-op-decreasing-eigenspaces
zero-le)
moreover have <spectral-dec-space a m < eigenspace (spectral-dec-val a m) a
using <selfadjoint a»
by (metis False spectral-dec-space.elims spectral-dec-op.simps(2) spectral-dec-op-decreasing-eigenspaces
zero-le)
moreover have <orthogonal-spaces (eigenspace (spectral-dec-val a n) a) (eigenspace (spectral-dec-val
am) a)
apply (intro eigenspaces-orthogonal selfadjoint-imp-normal assms
spectral-dec-val-distinct)
using False by simp
ultimately show ?thesis
by (meson order.trans orthocomplemented-lattice-class.compl-mono orthogonal-spaces-leg-compl)

qed
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lemma spectral-dec-proj-pos: <spectral-dec-proj a n > 0>
by (auto introl: simp: spectral-dec-proj-def)

lemma
assumes (compact-op a>
assumes <selfadjoint a»
shows spectral-dec-tendsto-pos-op: <«(An. maz 0 (spectral-dec-val a n) x¢ spectral-dec-proj a n)
sums pos-op ay (is Pthesisl)
and spectral-dec-tendsto-neg-op: <(An. — min (spectral-dec-val a n) 0 ¢ spectral-dec-proj a
n) sums mneg-op a> (is ?thesis2)
proof —
define I J where <I = {n. spectral-dec-val a n > 0}>
and «J = {n. spectral-dec-val a n < 0}»
define R S where <R = (|| n€l. spectral-dec-space a n)»
and S = (| |neJ. spectral-dec-space a n)»
define aR aS where <aR = a ocy, Proj R» and <aS = — a ocr Proj S»
have spectral-dec-cases: <(0 < spectral-dec-val a n = P) =
(spectral-dec-val a n < 0 = P) =
(spectral-dec-val a n = 0 = P) = P» for n P
apply atomize-elim
using reals-zero-comparable]|OF spectral-dec-val-real|OF assms, of nl)
by auto
have PRP: <spectral-dec-proj a n oo, Proj R = spectral-dec-proj a n» if <n € I for n
by (auto intro!: Proj-o-Proj-subspace-left
simp add: R-def SUP-upper that spectral-dec-proj-def)
have PRO: «spectral-dec-proj a n oo, Proj R = 0» if <n ¢ I) for n
apply (cases rule: spectral-dec-cases|of n))
using that
by (auto intro!: orthogonal-spaces-SUP-right spectral-dec-space-orthogonal assms
simp: spectral-dec-proj-def R-def I-def
stmp flip: orthogonal-projectors-orthogonal-spaces)
have PSP: <spectral-dec-proj a n oo Proj S = spectral-dec-proj a ny if «n € J» for n
by (auto introl: Proj-o-Proj-subspace-left
simp add: S-def SUP-upper that spectral-dec-proj-def)
have PS0: <spectral-dec-proj a n ocr, Proj S = 0y if <n ¢ J» for n
apply (cases rule: spectral-dec-cases|of n))
using that
by (auto introl: orthogonal-spaces-SUP-right spectral-dec-space-orthogonal assms
simp: spectral-dec-proj-def S-def J-def
simp flip: orthogonal-projectors-orthogonal-spaces)
from spectral-dec-sums[OF assms]
have «(An. (spectral-dec-val a n x¢ spectral-dec-proj a n) ocr, Proj R) sums aR»
unfolding aR-def
apply (rule bounded-linear.sums|rotated])
by (intro bounded-clinear.bounded-linear bounded-clinear-cblinfun-compose-left)
then have sum-aR: <(An. maz 0 (spectral-dec-val a n) *c spectral-dec-proj a n) sums aR»
apply (rule sums-cong| THEN iffD1, rotated))
by (simp add: I-def PRO PRP maz-def)
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from sum-aR have <aR > 0>
apply (rule sums-pos-cblinfun)
by (auto intro!: spectral-dec-proj-pos scaleC-nonneg-nonneg simp: maz-def)
from spectral-dec-sums[OF assms]
have ¢(An. spectral-dec-val a n x¢ spectral-dec-proj a n ocy, Proj S) sums — aS»
unfolding aS-def minus-minus cblinfun-compose-uminus-left
apply (rule bounded-linear.sums|rotated])
by (intro bounded-clinear.bounded-linear bounded-clinear-cblinfun-compose-left)
then have sum-aS’: <«(An. min (spectral-dec-val a n) 0 x¢ spectral-dec-proj a n) sums — aS)
apply (rule sums-cong| THEN iffD1, rotated))
by (simp add: J-def PSO PSP min-def)
then have sum-aS: «(An. — min (spectral-dec-val a n) 0 x¢ spectral-dec-proj a n) sums aS»
using sums-minus by fastforce
from sum-aS have <aS > 0>
by (rule sums-pos-cblinfun)
(auto introl: spectral-dec-proj-pos scaleC-nonpos-nonneg simp: maz-def min-def)
from sum-aR sum-aS’
have «(An. maz 0 (spectral-dec-val a n) *¢ spectral-dec-proj a n
+ min (spectral-dec-val a n) 0 x¢ spectral-dec-proj a n) sums (aR — aS)»
using sums-add by fastforce
then have «(\n. spectral-dec-val a n x¢ spectral-dec-proj a n) sums (aR — aS)»
proof (rule sums-cong| THEN iff D1, rotated))
fix n
have <maz 0 (spectral-dec-val a n) + min (spectral-dec-val a n) 0
= spectral-dec-val a n»
apply (cases rule: spectral-dec-cases|of n))
by (auto introl: simp: maz-def min-def)
then
show «maz 0 (spectral-dec-val a n) *¢ spectral-dec-proj a n +
min (spectral-dec-val a n) 0 x¢ spectral-dec-proj a n =
spectral-dec-val a n *c spectral-dec-proj a n»
by (metis scaleC-left.add)
qed
with spectral-dec-sums[OF assms)
have (aR — aS = w
using sums-unique2 by blast
have <aR ocyp aS = 0
by (metis (no-types, opaque-lifting) Proj-idempotent <0 < aR» <aR — aS = a> aR-def
add-cancel-left-left add-minus-cancel adj-0 adj-Proj adj-cblinfun-compose assms(2) cblinfun-compose-minus-right
comparable-selfadjoint lift-cblinfun-comp(2) selfadjoint-def uminus-add-conv-diff)
have <aR = pos-op a» and <aS = neg-op a>
by (intro pos-op-neg-op-unique[where b=aR and c=aS]
aR — aS = a «0 < aR> <0 < aS) <aR ocr aS = O)+
with sum-aR and sum-aS
show ?thesis] and ?thesis2
by auto
qed

lemma spectral-dec-tendsto-abs-op:
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assumes (compact-op a
assumes <selfadjoint a»
shows <(An. cmod (spectral-dec-val a n) xgr spectral-dec-proj a n) sums abs-op a
proof —
from spectral-dec-tendsto-pos-op| OF assms] spectral-dec-tendsto-neg-op[ OF assms]
have <(An. maz 0 (spectral-dec-val a n) x¢ spectral-dec-proj a n
+ — min (spectral-dec-val a n) 0 x¢ spectral-dec-proj a n) sums (pos-op a + neg-op a)»
using sums-add by blast
then have «(An. cmod (spectral-dec-val a n) xgr spectral-dec-proj a n) sums (pos-op a +
neg-op a)»
apply (rule sums-cong| THEN iffD1, rotated))
using spectral-dec-val-real|OF assms]
apply (simp add: complez-is- Real-iff cmod-def max-def min-def less-eq-complezx-def scaleR-scaleC
flip: scaleC-add-right)
by (metis complex-surj zero-complex.code)
then show ?thesis
by (simp add: pos-op-plus-neg-op)
qed

definition spectral-dec-vecs :: <«('a =¢p, 'a) = 'a::chilbert-space sety where
«spectral-dec-vecs a = (| n. scaleC (csqrt (spectral-dec-val a n)) ‘ some-onb-of (spectral-dec-space
amn))

lemma spectral-dec-vecs-ortho:
assumes <selfadjoint a> and <compact-op a>
shows <is-ortho-set (spectral-dec-vecs a)»
proof (unfold is-ortho-set-def, intro conjl balll impl)
show <0 ¢ spectral-dec-vecs a»
proof (rule notl)
assume <0 € spectral-dec-vecs a)
then obtain n v where v0: <0 = csqrt (spectral-dec-val a n) ¢ v> and v-in: <v € some-onb-of
(spectral-dec-space a n)»
by (auto simp: spectral-dec-vecs-def)
from v-in have v # 0
using some-onb-of-normi by fastforce
from v-in have <spectral-dec-space a n # 0>
using some-onb-of-0 by force
then have <spectral-dec-val a n # 0>
by (meson spectral-dec-space.elims)
with v0 <v # 0> show Fulse
by force
qged
fix g h assume g: <g € spectral-dec-vecs ay and h: <h € spectral-dec-vecs a» and <g # h>
from g obtain ng ¢’ where gg”: <g = csqrt (spectral-dec-val a ng) *¢c ¢"» and g’-in: «g’ €
some-onb-of (spectral-dec-space a ng)»
by (auto simp: spectral-dec-vecs-def)
from % obtain nh h’ where hh' <h = csqrt (spectral-dec-val a nh) *c h's and h'-in: <h' €
some-onb-of (spectral-dec-space a nh)»
by (auto simp: spectral-dec-vecs-def)
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have «<is-orthogonal g’ h"
proof (cases <ng = nhy)
case True
with h’-in have <h’ € some-onb-of (spectral-dec-space a nh)»
by simp
with g’-in True <g # h> gg’ hh’
show ?thesis
using is-ortho-set-def by fastforce
next
case Fulse
then have <orthogonal-spaces (spectral-dec-space a ng) (spectral-dec-space a nh)»
by (auto introl: spectral-dec-space-orthogonal assms simp: )
with h'-in g’-in show «(is-orthogonal g’ h'
using orthogonal-spaces-ccspan by force
qed
then show <is-orthogonal g h»
by (simp add: gg’ hh')
qed

lemma spectral-dec-val-nonneg:
assumes <a > 0
assumes <compact-op a>
shows <spectral-dec-val a n > 0»
proof —
define v where v = spectral-dec-val a n»
wlog non0: <spectral-dec-val a n # 0) generalizing v keeping v-def
using negation by force
have [simp]: <selfadjoint a
using adj-0 assms(1) comparable-selfadjoint selfadjoint-def by blast
have (v € eigenvalues a»
by (auto intro!: non0 spectral-dec-val-eigenvalue assms simp: v-def)
then show «<spectral-dec-val a n > 0>
using assms(1) eigenvalues-nonneg v-def by blast
qed

lemma spectral-dec-space-finite-dim[intro]:

assumes (compact-op a)

shows «finite-dim-ccsubspace (spectral-dec-space a n)»

by (auto intro!: compact-op-eigenspace-finite-dim spectral-dec-op-compact assms simp: spec-
tral-dec-space-def)

lemma spectral-dec-space-0:
assumes <spectral-dec-val a n = 0>
shows <spectral-dec-space a n = 0»
by (simp add: assms spectral-dec-space-def)

unbundle no cblinfun-syntax
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end

11 Trace-Class — Trace-class operators

theory Trace-Class
imports Complex-Bounded-Operators. Complex-L2 HS2ElI2
Weak-Operator-Topology Positive-Operators Compact-Operators
Spectral-Theorem
begin

hide-fact (open) Infinite-Set-Sum.abs-summable-on-Sigma-iff
hide-fact (open) Infinite-Set-Sum.abs-summable-on-comparison-test
hide-const (open) Determinants.trace

hide-fact (open) Determinants.trace-def

unbundle cblinfun-syntax

11.1 Auxiliary lemmas

lemma
fixes h :: ‘a::{chilbert-space}>
assumes <(is-onb E»
shows parseval-abs-summable: «(\e. (cmod (e -c h))?) abs-summable-on E>
proof (cases <h = 0»)
case True
then show ?thesis by simp
next
case Fulse
then have (Y we€E. (cmod (e -¢ h))?) # 0>
using assms by (simp add: parseval-identity is-onb-def)
then show ?thesis
using infsum-not-exists by auto
qed

lemma basis-image-square-has-suml:
— Half of [1, Proposition 18.1], other half in basis-image-square-has-sum1.
fixes E :: 'a::complez-inner set) and F :: <'b::chilbert-space set)
assumes <is-onb E» and <is-onb F)
shows «((\e. (norm (A v €))?) has-sum t) E +— ((A(e,f). (cmod (f -c (A *v €)))?) has-sum
t) (ExXF)
proof (rule iffI)
assume asm: (((Ae. (norm (A *v €))?) has-sum t) E»
have sumli: «t = (3 we€E. (norm (A xv ¢))?)
using asm infsuml by blast
have absi: «(Ae. (norm (A xy €))?) abs-summable-on E>
using asm summable-on-def by auto
have sum2: (t = (Y we€E. Y. f€F. (cmod (f «c (A *v €)))?)
apply (subst suml)
apply (rule infsum-cong)
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using assms(2)
by (simp add: is-onb-def flip: parseval-identity)
have abs2: «(Ae. > oof€F. (cmod (f ¢ (A *v €)))?) abs-summable-on E»
using - abs! apply (rule summable-on-cong| THEN iffD2])
apply (subst parseval-identity)
using assms(2) by (auto simp: is-onb-def)
have abs3: «(A(z, y). (emod (y -c (A *v 7)))?) abs-summable-on E x F»
thm abs-summable-on-Sigma-iff
apply (rule abs-summable-on-Sigma-iff[THEN iffD2], rule congl)
using abs2 apply (auto simp del: real-norm-def)
using assms(2) parseval-abs-summable apply blast
by auto
have sum3: «t = (3 o (e,f)EEXF. (emod (f -¢ (A *v €)))*)
apply (subst sum2)
apply (subst infsum-Sigma’-banach[symmetric])
using abs3 abs-summable-summable apply blast
by auto
then show «((\(e,f). (emod (f -¢ (A *v €)))?) has-sum t) (ExF)»
using abs3 abs-summable-summable has-sum-infsum by blast
next
assume asm: <((A(e,f). (cmod (f ¢ (A *v €)))?) has-sum t) (ExF)»
have abs3: «(A(z, y). (emod (y -c (A *v 7)))?) abs-summable-on E x F»
using asm summable-on-def summable-on-iff-abs-summable-on-real
by blast
have sum3: «t = (3 (e,f)EEXFE. (ecmod (f -¢ (A *v €)))*)
using asm infsuml by blast
have sum2: (¢ = (3 we€E. Y. f€F. (cmod (f ¢ (A xv €)))?)
by (metis (mono-tags, lifting) asm infsum-Sigma’-banach infsum-cong sums3 summable-iff-has-sum-infsum)
have abs2: «(Ae. S oof€F. (cmod (f ¢ (A *v €)))?) abs-summable-on E»
by (smt (verit, del-insts) abs3 summable-on-Sigma-banach summable-on-cong summable-on-iff-abs-summable-on-re
have sumi: «t = (3. oce€E. (norm (A xy ¢))?)
apply (subst sum2)
apply (rule infsum-cong)
using assms
by (auto intro!: simp: parseval-identity is-onb-def)
have absl: <(\e. (norm (A %y €))?) abs-summable-on E»
using assms abs2
by (auto introl: simp: parseval-identity is-onb-def)
show «((Xe. (norm (A v €))?) has-sum t) E>
using abs! suml by auto
qed

lemma basis-image-square-has-sum2:

— Half of [1, Proposition 18.1], other half in basis-image-square-has-suml.

fixes F :: <'a::chilbert-space sety and F :: <'b::chilbert-space set»

assumes <is-onb E» and <is-onb F»

shows (((Ae. (norm (A xy €))?) has-sum t) E < ((Af. (norm (A% v [))?) has-sum t) F»
proof —

have «((\e. (norm (A xy €))?) has-sum t) E <— ((A(e,f). (cmod (f ¢ (A *v €)))?) has-sum
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t) (ExF)»
using basis-image-square-has-suml assms by blast
also have «... «+— ((A(e,f). (cmod ((Ax xv f) -c €))?) has-sum t) (ExF))
apply (subst cinner-adj-left)
by (rule refl)
also have (... +— ((A\(f,e). (cmod ((Ax *v f) -c €))?) has-sum t) (FxE)»
apply (subst asm-ri[of <FxE = prod.swap ‘ (ExF)])
apply force
apply (subst has-sum-reindex)
by (auto simp: o-def)
also have ... «+— ((\f. (norm (Ax xy f))?) has-sum t) F>
apply (subst cinner-commute, subst complex-mod-cnyj)
using basis-image-square-has-suml assms
by blast
finally show ?thesis
by —
qed

11.2 Trace-norm and trace-class

lemma trace-norm-basis-invariance:
assumes <(is-onb E) and «<is-onb F»
shows «((Ae. cmod (e -¢ (abs-op A v e))) has-sum t) E +— ((Af. cmod (f -¢ (abs-op A xy
1)) has-sum t) F»
— [1], Corollary 18.2
proof —
define B where «B = sqrt-op (abs-op A)»
have <complez-of-real (cmod (e -¢ (abs-op A xy ¢€))) = (Bx xy Bxy e) ¢ e for e
apply (simp add: B-def positive-selfadjointI [unfolded selfadjoint-def] flip: cblinfun-apply-cblinfun-compose)
by (metis abs-op-pos abs-pos cinner-commute cinner-pos-if-pos complex-cnj-complez-of-real
complez-of-real-cmod)
also have (... e = complez-of-real ((norm (B v ¢))?) for e
apply (subst cdot-square-norm[symmetric))
apply (subst cinner-adj-left[symmetric])
by (simp add: B-def)
finally have *: <cmod (e -¢ (abs-op A xy €)) = (norm (B xy €))% for e
by (metis Re-complex-of-real)

have «((Ae. cmod (e -¢ (abs-op A *y ¢€))) has-sum t) E < ((Ae. (norm (B v €))?) has-sum
t) E»
by (simp add: *)
also have (... = ((\f. (norm (B *v f))?) has-sum t) F»
apply (subst basis-image-square-has-sum2|[where F=F])
by (simp-all add: assms)

also have ... = ((\f. (norm (B *v f))?) has-sum t) F»
using basis-image-square-has-sum2 assms(2) by blast
also have «... = ((Ae. cmod (e ¢ (abs-op A xv ¢€))) has-sum t) F)

by (simp add: *)
finally show ?thesis

220



by simp
qed

definition trace-class :: <('a::chilbert-space = 'b::complex-inner) = bools
where <trace-class A «— (I E. is-onb E N (Ae. e «¢ (abs-op A xv e€)) abs-summable-on E)»

lemma trace-classl:
assumes (is-onb E» and «(Xe. e -¢ (abs-op A xy €)) abs-summable-on E»
shows <trace-class A»
using assms(1) assms(2) trace-class-def by blast

lemma trace-class-iff-summable:
assumes <(is-onb E»
shows <trace-class A «— (Ae. e -¢ (abs-op A xy e)) abs-summable-on E»
apply (auto intro: trace-classI assms simp: trace-class-def)
using assms summable-on-def trace-norm-basis-invariance by blast

lemma trace-class-0[simpl: <trace-class 0»
unfolding trace-class-def
by (auto intro!: exI[of - some-chilbert-basis] simp: is-onb-def is-normal-some-chilbert-basis)

lemma trace-class-uminus: <trace-class t = trace-class (—t)»
by (auto simp add: trace-class-def)

lemma trace-class-uminus-iff [simp]: <trace-class (—a) = trace-class a»
by (auto simp add: trace-class-def)

definition trace-norm where <trace-norm A = (if trace-class A then (>~ oo e€some-chilbert-basis.
cmod (e -¢ (abs-op A xy e))) else 0)»

definition trace where <trace A = (if trace-class A then (3. «e€some-chilbert-basis. e -¢ (A
xy e)) else 0)»

lemma trace-0[simp]: <trace 0 = 0>
unfolding trace-def by simp

lemma trace-class-abs-op[simp): <trace-class (abs-op A) = trace-class A»
unfolding trace-class-def
by simp

lemma trace-abs-op[simp|: <trace (abs-op A) = trace-norm A»
proof (cases <trace-class A»)
case True
have pos: <e -¢ (abs-op A xy €) > 0> for e
by (simp add: cinner-pos-if-pos)
then have abs: <e -¢ (abs-op A xy e) = abs (e -¢ (abs-op A xy e))» for e
by (simp add: abs-pos)
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have (trace (abs-op A) = (3. ce€some-chilbert-basis. e -¢ (abs-op A *y €))»
by (simp add: trace-def True)
also have «... = (3 o e€some-chilbert-basis. complex-of-real (cmod (e - (abs-op A *y €))))
using pos abs complex-of-real-cmod by presburger
also have ... = complex-of-real (> o e€some-chilbert-basis. cmod (e -¢ (abs-op A xy e)))
by (simp add: infsum-of-real)
also have (... = trace-norm A»
by (simp add: trace-norm-def True)
finally show ?thesis
by —
next
case Fulse
then show ?thesis
by (simp add: trace-def trace-norm-def)
qed

lemma trace-norm-pos: <trace-norm A = trace Ay if <A > 0>
by (metis abs-op-id-on-pos that trace-abs-op)

lemma trace-norm-alt-def:

assumes <(is-onb B»

shows <trace-norm A = (if trace-class A then (Y «ce€B. cmod (e -¢ (abs-op A xy ¢€))) else
0)»

by (metis (mono-tags, lifting) assms infsum-eql’ is-onb-some-chilbert-basis trace-norm-basis-invariance
trace-norm-def)

lemma trace-class-finite-dim|[simp]: <trace-class As for A :: <'a::{cfinite-dim,chilbert-space} =c 1,
'b::complex-inners

apply (subst trace-class-iff-summable[of some-chilbert-basis])

by (auto introl: summable-on-finite)

lemma trace-class-scaleC: <trace-class (¢ *c¢ a)» if <trace-class a>
proof —

from that obtain B where (is-onb B> and «(\z. z -¢ (abs-op a *y z)) abs-summable-on B»

by (auto simp: trace-class-def)

then show ?thesis

by (auto intro!: exI|of - B] summable-on-cmult-right simp: trace-class-def <is-onb B) abs-op-scaleC
norm-mault)
qed

lemma trace-scaleC: <trace (¢ x¢ a) = ¢ * trace a»
proof —
consider (trace-class) <trace-class a> | (c0) <c = 0> | (non-trace-class) <— trace-class ay <c #
0»
by auto
then show ?thesis
proof cases
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case trace-class
then have <trace-class (¢ *¢ a))
by (rule trace-class-scaleC')
then have <trace (¢ xc a) = (D oo €€Esome-chilbert-basis. e «¢ (¢ xc a *y €))»
unfolding trace-def by simp
also have ¢... = ¢ * (> oce€some-chilbert-basis. € -c (a *y €))»
by (auto simp: infsum-cmult-right’)
also from trace-class have «... = ¢ x trace a>
by (simp add: Trace-Class.trace-def)
finally show ?thesis
by —
next
case c(
then show ?thesis
by simp
next
case non-trace-class
then have <— trace-class (¢ *¢ a)
by (metis divideC-field-simps(2) trace-class-scaleC)
with non-trace-class show ?thesis
by (simp add: trace-def)
qed
qed

lemma trace-uminus: <trace (— a) = — trace a»
by (metis mult-minus1 scaleC-minusi-left trace-scaleC)

lemma trace-norm-0[simp|: <trace-norm 0 = 0»
by (auto simp: trace-norm-def)

lemma trace-norm-nneg|[simp|: <trace-norm a > 0>
apply (cases <trace-class ay)
by (auto simp: trace-norm-def infsum-nonneg)

lemma trace-norm-scaleC: <trace-norm (¢ *¢ a) = norm c * trace-norm a)
proof —
consider (trace-class) <trace-class a» | (c0) <¢ = 0> | (non-trace-class) <= trace-class ar <c #
0»
by auto
then show ?thesis
proof cases
case trace-class
then have <trace-class (¢ *¢ a))
by (rule trace-class-scaleC')
then have <trace-norm (¢ *¢ a) = (3 oo €€some-chilbert-basis. norm (e -¢ (abs-op (¢ *c
a) sy €)
unfolding trace-norm-def by simp
also have «... = norm ¢ x (3 e€some-chilbert-basis. norm (e -c (abs-op a *y €)))
by (auto simp: infsum-cmult-right’ abs-op-scaleC norm-mult)
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also from trace-class have <... = norm c¢ * trace-norm a»
by (simp add: trace-norm-def)
finally show ?thesis
by —
next
case c(
then show ?thesis
by simp
next
case non-trace-class
then have - trace-class (¢ *¢ a)»
by (metis divideC-field-simps(2) trace-class-scaleC)
with non-trace-class show ?thesis
by (simp add: trace-norm-def)
qed
qed

lemma trace-norm-nondegenerate: <a = 0» if <trace-class a» and <trace-norm a = 0>
proof (rule ccontr)
assume <a # 0>
then have <abs-op a # 0>
using abs-op-nondegenerate by blast
then obtain z where zaz: <z -¢ (abs-op a *y z) # 0>
by (metis cblinfun.zero-left cblinfun-cinner-eql cinner-zero-right)
then have (norm z # 0»
by auto
then have zaz’: <sgn = -¢ (abs-op a *y sgn x) # 0> and [simp]: <norm (sgn z) = 1)
unfolding sgn-div-norm using zax by (auto simp: cblinfun.scaleR-right)
obtain B where sgnz-B: «{sgn 2} C B) and (is-onb B»
apply atomize-elim apply (rule orthonormal-basis-exists)
using <norm z # 0) by (auto simp: is-ortho-set-def sgn-div-norm)

from <is-onb B> that
have summable: <(Ae. e -¢ (abs-op a *y e)) abs-summable-on B»
using trace-class-iff-summable by fastforce

from that have <0 = trace-norm a»
by simp
also from <is-onb B> have <trace-norm a = (3 «e€B. cmod (e -¢ (abs-op a *y €)))
by (smt (verit, ccfo-SIG) abs-norm-cancel infsum-cong infsum-not-exists real-norm-def trace-class-def
trace-norm-alt-def)
also have «... > (3" e€{sgn z}. cmod (e -c (abs-op a *y €)))» (is - > ...»)
apply (rule infsum-mono2)
using summable sgnz-B by auto
also from zaz’ have ¢... > 0»
by (simp add: is-orthogonal-sym xax’)
finally show Fulse
by simp
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qed

typedef (overloaded) ('a:chilbert-space, 'b::chilbert-space) trace-class = <Collect trace-class ::
('a =cr 'b) seb

morphisms from-trace-class Abs-trace-class

by (auto intro!: exI[of - 0])
setup-lifting type-definition-trace-class

lemma trace-class-from-trace-class[simp|: <trace-class (from-trace-class t)»
using from-trace-class by blast

lemma trace-pos: <trace a > 0> if <a > 0>
by (metis abs-op-def complex-of-real-nn-iff sqrt-op-unique that trace-abs-op trace-norm-nneg)

lemma trace-adj-prelim: <trace (ax) = cnj (trace a)y if <trace-class a> and <trace-class (ax)»
— We will later strengthen this as trace-adj and then hide this fact.
by (simp add: trace-def that flip: cinner-adj-right infsum-cnj)

11.3 Hilbert-Schmidt operators

definition hilbert-schmidt where <hilbert-schmidt a <+— trace-class (ax ocp, a)

definition hilbert-schmidt-norm where <hilbert-schmidt-norm a = sqrt (trace-norm (ax ocp,

a))

lemma hilbert-schmidtl: <hilbert-schmidt ay if <trace-class (ax ooy a)
using that unfolding hilbert-schmidt-def by simp

lemma hilbert-schmidt-0[simp]: <hilbert-schmidt 0>
unfolding hilbert-schmidt-def by simp

lemma hilbert-schmidt-norm-pos[simp): <hilbert-schmidt-norm a > 0
by (auto simp: hilbert-schmidt-norm-def)

lemma has-sum-hilbert-schmidt-norm-square:

— [1], Proposition 18.6 (a)

assumes <is-onb B> and <hilbert-schmidt a>

shows «((Az. (norm (a *v z))?) has-sum (hilbert-schmidt-norm a)?) B>
proof —

from <hilbert-schmidt a»

have «(trace-class (ax ocr a)

using hilbert-schmidt-def by blast

with <«is-onb B> have «((Az. cmod (z -¢ ((ax ocr a) *v ))) has-sum trace-norm (a* ocp,
a)) B

by (metis (no-types, lifting) abs-op-def has-sum-cong has-sum-infsum positive-cblinfun-squarel
sqrt-op-unique trace-class-def trace-norm-alt-def trace-norm-basis-invariance)

then show ?thesis

by (auto simp: cinner-adj-right cdot-square-norm of-real-power norm-power hilbert-schmidt-norm-def)
qed
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lemma summable-hilbert-schmidt-norm-square:
— [1], Proposition 18.6 (a)
assumes <(is-onb B> and <hilbert-schmidt a»
shows «(Az. (norm (a *y 1))?) summable-on B>
using assms(1) assms(2) has-sum-hilbert-schmidt-norm-square summable-on-def by blast

lemma summable-hilbert-schmidt-norm-square-converse:
assumes <(is-onb B»
assumes ((A\z. (norm (a *y x))?) summable-on B>
shows <hilbert-schmidt a»
proof —
from assms(2)
have «((Az. ecmod (z -¢ ((ax ooy a) *xy z))) summable-on B>
by (metis (no-types, lifting) cblinfun-apply-cblinfun-compose cinner-adj-right cinner-pos-if-pos
cmod-Re positive-cblinfun-squarel power2-norm-eq-cinner’ summable-on-cong)
then have <trace-class (ax oo a)
by (metis (no-types, lifting) abs-op-def assms(1) positive-cblinfun-squarel sqrt-op-unique
summable-on-cong trace-class-def)
then show ?thesis
using hilbert-schmidtl by blast
qed

lemma infsum-hilbert-schmidt-norm-square:
— [1], Proposition 18.6 (a)
assumes <is-onb By and <hilbert-schmidt a>
shows (3" z€B. (norm (a *v 1))?) = ((hilbert-schmidt-norm a)?)»
using assms has-sum-hilbert-schmidt-norm-square infsuml by blast

lemma

— [1], Proposition 18.6 (d)

assumes <hilbert-schmidt b»

shows hilbert-schmidt-comp-right: <hilbert-schmidt (a ocr, b)»

and hilbert-schmidt-norm-comp-right: <hilbert-schmidt-norm (a oo b) < norm a * hilbert-schmidt-norm
b
proof —

define B :: (/a set) where <B = some-chilbert-basis»

have [simp]: <is-onb B>

by (simp add: B-def)

have leg: <(norm ((a ocr b) *v z))* < (norm a)? * (norm (b xy ))? for
by (metis cblinfun-apply-cblinfun-compose norm-cblinfun norm-ge-zero power-mono power-mult-distrib)

have «(Az. (norm (b xy ))?) summable-on B>
using <is-onb B> summable-hilbert-schmidt-norm-square assms by blast
then have sum2: «(Az. (norm a)? * (norm (b *v z))?) summable-on B)
using summable-on-cmult-right by blast
then have «(\z. ((norm a)? x (norm (b xv z))?)) abs-summable-on B>
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by auto

then have «(\z. (norm ((a ocr b) *v z))?) abs-summable-on B>
apply (rule abs-summable-on-comparison-test)
using leq by force

then have sumi: «(Az. (norm ((a ocr b) xv z))?) summable-on B>
by auto

then show [simp]: <hilbert-schmidt (a ooy, b)»
using <is-onb B»
by (rule summable-hilbert-schmidt-norm-square-converse[rotated))

have «(hilbert-schmidt-norm (a ocr b))? = (3 wz€B. (norm ((a ocr b) *v ¥))?)
apply (rule infsum-hilbert-schmidt-norm-square[symmetric])

by simp-all

also have (... < (3 z€B. (norm a)? x (norm (b *yv z))?)
using sumb sum2 leq by (rule infsum-mono)

also have (... = (norm a)? * (3 0z€B. (norm (b *yv z))?)
by (simp add: infsum-cmult-right”)

also have (... = (norm a)? * (hilbert-schmidt-norm b)?»

by (simp add: assms infsum-hilbert-schmidt-norm-square)
finally show <hilbert-schmidt-norm (a ocr b) < norm a * hilbert-schmidt-norm b»
apply (rule-tac power2-le-imp-le)
by (auto introl: mult-nonneg-nonneg simp: power-mult-distrib)
qed

lemma hilbert-schmidt-adj|simp]:
— Implicit in [1], Proposition 18.6 (b)
assumes <hilbert-schmidt a»
shows <hilbert-schmidt (ax)»
proof —
from assms
have «(Ae. (norm (a *y €))?) summable-on some-chilbert-basis
using is-onb-some-chilbert-basis summable-hilbert-schmidt-norm-square by blast
then have «(\e. (norm (ax *y €))?) summable-on some-chilbert-basis)
by (metis basis-image-square-has-sum2 is-onb-some-chilbert-basis summable-on-def)
then show ?thesis
using is-onb-some-chilbert-basis summable-hilbert-schmidt-norm-square-converse by blast
qed

lemma hilbert-schmidt-norm-adj[simp):
— [1], Proposition 18.6 (b)
shows <hilbert-schmidt-norm (ax) = hilbert-schmidt-norm a»
proof (cases <hilbert-schmidt a»)
case True
then have «((\z. (norm (a *y 1))?) has-sum (hilbert-schmidt-norm a)?) some-chilbert-basis
by (simp add: has-sum-hilbert-schmidt-norm-square)
then have 1: «(Az. (norm (ax *y ))?) has-sum (hilbert-schmidt-norm a)?) some-chilbert-basis)
by (metis basis-image-square-has-sum2 is-onb-some-chilbert-basis)
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from True

have <hilbert-schmidt (ax)»
by simp

then have 2: «((Az. (norm (a* *v 1))?) has-sum (hilbert-schmidt-norm (ax))?) some-chilbert-basis
by (simp add: has-sum-hilbert-schmidt-norm-square)

from 1 2 show ?thesis
by (metis abs-of-nonneg hilbert-schmidt-norm-pos infsuml real-sqrt-abs)
next
case Fulse
then have <— hilbert-schmidt (ax)»
using hilbert-schmidt-adj by fastforce

then show ?thesis
by (metis False hilbert-schmidt-def hilbert-schmidt-norm-def trace-norm-def)
qed

lemma

— [1], Proposition 18.6 (d)

fixes a :: ('a::chilbert-space =¢y, 'b::chilbert-spaces and b

assumes <hilbert-schmidt a»

shows hilbert-schmidt-comp-left: <hilbert-schmidt (a ocyr, b)»

apply (subst asm-rllof <a ocr, b = (bx ocp ax)x], simp)

by (auto intro!: assms hilbert-schmidt-comp-right hilbert-schmidt-adj simp del: adj-cblinfun-compose)

lemma

— [1], Proposition 18.6 (d)

fixes a :: (‘a::chilbert-space = ¢ 'b::chilbert-space> and b

assumes <hilbert-schmidt a»

shows hilbert-schmidt-norm-comp-left: <hilbert-schmidt-norm (a ocr, b) < norm b * hilbert-schmidt-norm
a»

apply (subst asm-rl[of <a ocr b = (bx ooy ax)*)], simp)

using hilbert-schmidt-norm-comp-right[of <ax) <b»)

by (auto intro!: assms hilbert-schmidt-adj simp del: adj-cblinfun-compose)

lemma hilbert-schmidt-scaleC: <hilbert-schmidt (¢ *¢ a)» if <hilbert-schmidt a»
using hilbert-schmidt-def that trace-class-scaleC by fastforce

lemma hilbert-schmidt-scaleR: <hilbert-schmidt (r xg a)> if <hilbert-schmidt a»
by (simp add: hilbert-schmidt-scaleC scaleR-scaleC that)

lemma hilbert-schmidt-uminus: <hilbert-schmidt (— a)» if <hilbert-schmidt a»
by (metis hilbert-schmidt-scaleC' scale C-minus1-left that)

lemma hilbert-schmidt-plus: <hilbert-schmidt (t + u)» if <hilbert-schmidt t» and <hilbert-schmidt
u

for t u :: ('a::chilbert-space =y, 'b::chilbert-spaces

— [1], Proposition 18.6 (e). We use a different proof than Conway: Our proof of trace-class-plus
below was easy to adapt to Hilbert-Schmidt operators, so we adapted that one. However, Con-

228



way’s proof would most likely work as well, and possible additionally allow us to weaken the sort
of 'b to complex-inner.
proof —
define IT :: <a =¢ (‘ax’a)) where <II = cblinfun-left + cblinfun-right
define JJ :: «(('bx'b) =¢ by where «JJ = cblinfun-leftx + cblinfun-rightx>
define t2 u2 where <t2 = tx oo ©» and «u2 = ux ooy u»
define tu :: <(‘ax’a) =cr ('bx’b)y where «tu = (cblinfun-left ocr t oo cblinfun-leftx) +
(eblinfun-right ocr, u ocr cblinfun-rightx))
define tu2 :: <(‘ax’a) =cp (‘ax’a)> where <tu2 = (cblinfun-left oo, t2 oo cblinfun-leftx)
+ (cblinfun-right ocr, u2 ocyr, cblinfun-rightx))
have t-plus-u: <t + v = JJ oo tu ocp ID>
apply (simp add: II-def JJ-def tu-def cblinfun-compose-add-left cblinfun-compose-add-right
cblinfun-compose-assoc)
by (simp flip: cblinfun-compose-assoc)
have tu-tu2: <tux ocp tu = tu2»
by (simp add: tu-def tu2-def t2-def u2-def cblinfun-compose-add-left
cblinfun-compose-add-right cblinfun-compose-assoc adj-plus
isometryD| THEN simp-a-oCL-b] cblinfun-right-left-orthol THEN simp-a-oCL-b]
cblinfun-left-right-ortho| THEN simp-a-oCL-b])
have «<trace-class tu2»
proof (rule trace-classI)
define BL BR B :: «('ax’a) sety where «BL = some-chilbert-basis x {0}
and (BR = {0} x some-chilbert-basis
and <B = BL U BR»
have <BL N BR = {}»
using is-ortho-set-some-chilbert-basis
by (auto simp: BL-def BR-def is-ortho-set-def)
show <(is-onb B»
by (simp add: BL-def BR-def B-def is-onb-prod)
have «tu2 > 0>
by (auto intro!: positive-cblinfunl simp: t2-def u2-def cinner-adj-right tu2-def cblinfun.add-left
cinner-pos-if-pos)
then have abs-tu2: <abs-op tu2 = tu2»
by (metis abs-opI)
have abs-t2: <abs-op t2 = t2»
by (metis abs-opl positive-cblinfun-squarel t2-def)
have abs-u2: <abs-op u2 = u2»
by (metis abs-opl positive-cblinfun-squarel u2-def)

from that(1)
have «(\z. z -¢ (abs-op t2 xy x)) abs-summable-on some-chilbert-basis)
by (simp add: hilbert-schmidt-def t2-def trace-class-iff-summable[ OF is-onb-some-chilbert-basis])
then have «(\z. z -¢ (2 xv z)) abs-summable-on some-chilbert-basis)
by (simp add: abs-t2)
then have sum-BL: <(Ax. z -¢ (tu2 *y z)) abs-summable-on BL»
apply (subst asm-rljof «BL = (Az. (z,0)) ‘ some-chilbert-basis»])
by (auto simp: BL-def summable-on-reindex inj-on-def o-def tu2-def cblinfun.add-left)
from that(2)
have ((Az. z ¢ (abs-op u2 xy x)) abs-summable-on some-chilbert-basis)
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by (simp add: hilbert-schmidt-def u2-def trace-class-iff-summable[ OF is-onb-some-chilbert-basis])
then have <(\z. z -¢ (u2 *y x)) abs-summable-on some-chilbert-basis)
by (simp add: abs-u2)
then have sum-BR: <(A\z. z -¢ (tu2 *v x)) abs-summable-on BR»
apply (subst asm-rljof «<BR = (Az. (0,z)) ‘ some-chilbert-basis»])
by (auto simp: BR-def summable-on-reindex inj-on-def o-def tu2-def cblinfun.add-left)
from sum-BL sum-BR
show «(Az. z -¢ (abs-op tu2 vy x)) abs-summable-on B>
using «BL N BR = {}»
by (auto introl: summable-on-Un-disjoint simp: B-def abs-tu2)
qed
then have (hilbert-schmidt tuy
by (auto simp flip: tu-tu2 intro!: hilbert-schmidtl)
with t-plus-u
show <hilbert-schmidt (¢t + )
by (auto intro: hilbert-schmidt-comp-left hilbert-schmidt-comp-right)
qed

lemma hilbert-schmidt-minus: <hilbert-schmidt (a — b)» if <hilbert-schmidt a> and <hilbert-schmidt
by

for a b :: <’a:chilbert-space =cp 'b::chilbert-spaces

using hilbert-schmidt-plus hilbert-schmidt-uminus that(1) that(2) by fastforce

typedef (overloaded) (‘a::chilbert-space,’b::complex-inner) hilbert-schmidt = < Collect hilbert-schmidt
2 (Ya =cp 'b) set

by (auto intro!: exI[of - 0])
setup-lifting type-definition-hilbert-schmidt

instantiation hilbert-schmidt :: (chilbert-space, chilbert-space)
{zero,scaleC',uminus,plus,minus, dist-norm,sgn-div-norm,uniformity-dist,open-uniformity } be-

gin

lift-definition zero-hilbert-schmidt :: <('a,’d) hilbert-schmidty is 0 by auto

lift-definition norm-hilbert-schmidt :: <(‘a,’d) hilbert-schmidt = realy is hilbert-schmidt-norm

lift-definition scaleC-hilbert-schmidt :: «complex = ('a,’d) hilbert-schmidt = ('a,’d) hilbert-schmidt)
is scaleC'

by (simp add: hilbert-schmidt-scaleC)
lift-definition scaleR-hilbert-schmidt :: <real = ('a,’d) hilbert-schmidt = ('a,’d) hilbert-schmidt
is scaleR

by (simp add: hilbert-schmidt-scaleR)
lift-definition uminus-hilbert-schmidt :: «(’a,’b) hilbert-schmidt = ('a,’d) hilbert-schmidts is
uminus

by (simp add: hilbert-schmidt-uminus)
lift-definition minus-hilbert-schmidt :: <('a,’d) hilbert-schmidt = (’a,’d) hilbert-schmidt = ('a,’d)
hilbert-schmidty is minus

by (simp add: hilbert-schmidt-minus)
lift-definition plus-hilbert-schmidt :: «('a,’d) hilbert-schmidt = ('a,’b) hilbert-schmidt = ('a,’d)
hilbert-schmidty is plus

by (simp add: hilbert-schmidt-plus)
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definition (dist a b = norm (a — b)» for a b :: <(’a,’d) hilbert-schmidt»
definition (sgn z = inverse (norm z) xg x» for z :: <(’a,’d) hilbert-schmidt>
definition <uniformity = (INF ec{0<..}. principal {(z::("a,’b) hilbert-schmidt, y). dist z y <
e
definition <open U = (Vo€ U. Vp (2/, y) in INF ec{0<..}. principal {(z, y). norm (z — y) <
e}. 2’ =z — y € U) for U :: «('a,’b) hilbert-schmidt set
instance
proof intro-classes
show ((xg) r = ((x¢) (complex-of-real r) :: (‘a,’d) hilbert-schmidt = -)» for r :: real
apply (rule ext)
apply transfer
by (auto simp: scaleR-scaleC)
show «dist x y = norm (z — y)» for z y :: <('a,’d) hilbert-schmidt»
by (simp add: dist-hilbert-schmidt-def)
show (sgn x = inverse (norm z) *g o> for = :: «('a,’d) hilbert-schmidt
by (simp add: Trace-Class.sgn-hilbert-schmidt-def)
show <uniformity = (INF ee{0<..}. principal {(x::('a,’d) hilbert-schmidt, y). dist z y < e})»
using Trace-Class.uniformity-hilbert-schmidt-def by blast
show <open U = (VzeU. YV (z/, y) in uniformity. ' = 2 — y € U) for U :: <(a,’d)
hilbert-schmidt set»
by (simp add: uniformity-hilbert-schmidt-def open-hilbert-schmidt-def dist-hilbert-schmidt-def)
qed
end

lift-definition hs-compose :: «('b::chilbert-space,’c::complex-inner) hilbert-schmidt
= ('a::chilbert-space,’d) hilbert-schmidt = ('a,’c) hilbert-schmidt) is
cblinfun-compose
by (simp add: hilbert-schmidt-comp-right)

lemma
— [1], 18.8 Proposition
fixes A :: (‘a :: chilbert-space = 'b :: chilbert-space)
shows trace-class-iff-sqri-hs: <trace-class A «— hilbert-schmidt (sqrt-op (abs-op A)) (is
?thesisl)
and trace-class-iff-hs-times-hs: <trace-class A «— (3B (C::'a=¢ 1 a). hilbert-schmidt B A
hilbert-schmidt C N A = B ocy, C)» (is ?thesis2)
and trace-class-iff-abs-hs-times-hs: <trace-class A <— (3B (C::'a=¢1 a). hilbert-schmidt B
A hilbert-schmidt C A abs-op A = B ocr C)» (is ?thesis3)
proof —
define Sq¢ W where <Sq = sqrt-op (abs-op A)y and «W = polar-decomposition A»
have trace-class-sqrt-hs: <hilbert-schmidt Sq> if <trace-class A>
proof (rule hilbert-schmidtl)
from that
have «(trace-class (abs-op A)»
by simp
then show <trace-class (Sgx ocr Sq)»
by (auto simp: Sq-def positive-selfadjointI [unfolded selfadjoint-def])
qged
have sqrt-hs-hs-times-hs: «<3B (C :: 'a =¢ 'a). hilbert-schmidt B A hilbert-schmidt C N A =
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Bocr Oy
if <hilbert-schmidt Sq>
proof —
have <A = W oc abs-op A>
by (simp add: polar-decomposition-correct W-def)
also have «... = (W ocr Sq) ocr S¢
by (metis Sq-def abs-op-pos cblinfun-compose-assoc positive-selfadjoint] sqrt-op-pos sqrt-op-square)
finally have <A = (W oc Sq) ocr S
by —
then show ?thesis
apply (rule-tac exI[of - <W oo Sq], rule-tac exI[of - Sq])
using that by (auto simp add: hilbert-schmidt-comp-right)
qed
have hs-times-hs-abs-hs-times-hs: <AB (C :: 'a =¢p 'a). hilbert-schmidt B A hilbert-schmidt
C A abs-op A = B ocp O
if (3B (C ::'a =¢r 'a). hilbert-schmidt B A hilbert-schmidt C N A = B ocp, C»
proof —
from that obtain B and C :: (‘a =¢1 'a> where <hilbert-schmidt B> and <hilbert-schmidt
Cy» and ABC: <A = Bocr C»
by auto
from <hilbert-schmidt B»
have hs-WB: <hilbert-schmidt (W+ ocr, B)»
by (simp add: hilbert-schmidt-comp-right)
have <abs-op A = Wx oo A»
by (simp add: W-def polar-decomposition-correct”)
also have «... = (Wx ocr B) ocr C»
by (metis ABC cblinfun-compose-assoc)
finally have <abs-op A = (Wx ocyr, B) ooy, C»
by —
with hs-WB <hilbert-schmidt C»
show ?thesis
by auto
qed
have abs-hs-times-hs-trace-class: <trace-class A»
if <3B (C :: 'a =cr 'a). hilbert-schmidt B A hilbert-schmidt C A abs-op A = B oo, C»
proof —
from that obtain B and C :: <'a =¢, 'a> where <hilbert-schmidt B> and <hilbert-schmidt
C» and ABC: <abs-op A = B ocp C
by auto
from <hilbert-schmidt B»
have <hilbert-schmidt (Bx)»
by simp
then have «(\e. (norm (Bx xy €))?) abs-summable-on some-chilbert-basis
by (metis is-onb-some-chilbert-basis summable-hilbert-schmidt-norm-square summable-on-iff-abs-summable-on-rea
moreover
from <hilbert-schmidt C"
have «(\e. (norm (C =y €))?) abs-summable-on some-chilbert-basis)
by (metis is-onb-some-chilbert-basis summable-hilbert-schmidt-norm-square summable-on-iff-abs-summable-on-rea
ultimately have «(Ae. norm (Bx xy e) * norm (C xy €)) abs-summable-on some-chilbert-basis»
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apply (rule-tac abs-summable-product)
by (metis (no-types, lifting) power2-eq-square summable-on-cong)+
then have <(\e. cinner e (abs-op A xy ¢)) abs-summable-on some-chilbert-basis»
proof (rule Infinite-Sum.abs-summable-on-comparison-test)
fix e :: ‘a assume (e € some-chilbert-basis)
have (norm (e -¢ (abs-op A xy €)) = norm ((Bx xy €) «¢ (C xy e))
by (simp add: ABC cinner-adj-left)
also have (... < norm (Bx *y €) x norm (C %y e)
by (rule Cauchy-Schwarz-ineq2)

also have «... = norm (norm (Bx %y e) x norm (C *y e))
by simp
finally show <cmod (e -¢ (abs-op A *y e)) < norm (norm (Bx xy €) * norm (C xy e))
by —
qed

then show «(trace-class A»
apply (rule trace-classl|rotated]) by simp
qed
from trace-class-sqrt-hs sqrt-hs-hs-times-hs hs-times-hs-abs-hs-times-hs abs-hs-times-hs-trace-class
show ?thesisl and ?thesis2 and ?thesis3
unfolding Sq-def by metis+
qed

lemma trace-exists:

— [1], Proposition 18.9

assumes <(is-onb B> and <trace-class A»

shows ((Ae. e «¢ (A4 *v e)) summable-on B>
proof —

obtain b ¢ :: (‘a =¢c1 'a> where <hilbert-schmidt by <hilbert-schmidt ¢» and Abc: <A = cx
ocL by

by (metis abs-op-pos adj-cblinfun-compose assms(2) double-adj hilbert-schmidt-comp-left

hilbert-schmidt-comp-right polar-decomposition-correct polar-decomposition-correct’ positive-selfadjoint [unfolded
selfadjoint-def] trace-class-iff-hs-times-hs)

have ((Ae. (norm (b *y €))?) summable-on B>

using <hilbert-schmidt by assms(1) summable-hilbert-schmidt-norm-square by auto
moreover have «(Ae. (norm (¢ *y €))?) summable-on B>

using <hilbert-schmidt ¢ assms(1) summable-hilbert-schmidt-norm-square by auto
ultimately have «(\e. (((norm (b *y €))? + (norm (¢ *v €))?)) / 2) summable-on B>

by (auto intro!: summable-on-cdivide summable-on-add)

then have «(\e. (((norm (b *y €))? + (norm (¢ *v ¢€))?)) / 2) abs-summable-on B>
by simp

then have «(Xe. e -¢ (A *y €)) abs-summable-on B>
proof (rule abs-summable-on-comparison-test)
fix e assume (e € B»
obtain v where «¢cmod v = 1y and 7: <y x ((b *xv €) ¢ (¢ xy €)) = abs ((b *xv €) -¢ (¢
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*y €))

apply atomize-elim

apply (cases «(b xy €) -¢ (¢ xy e) # 0»)

apply (rule exI[of - <enj (sgn (b xy €) «¢ (¢ *v €)))])

apply (auto simp add: norm-sgn introl: norm-one)

by (metis (no-types, lifting) abs-mult-sgn cblinfun.scaleC-right cblinfun-mult-right.rep-eq
cdot-square-norm complex-norm-square complez-scale C-def mult. comm-neutral norm-one norm-sgn
one-cinner-one)

have «¢cmod (e -¢ (A *y €)) = Re (abs (e «¢ (A *xy e)))
by (metis abs-nn cmod-Re norm-abs)
also have ... = Re (abs ((b xy ¢e) ¢ (¢ *y €)))
by (metis (mono-tags, lifting) Abc abs-nn cblinfun-apply-cblinfun-compose cinner-adj-left
cinner-commute’ complez-mod-cnj complex-of-real-cmod norm-abs)
also have «... = Re (((b xy €) ¢ (v *¢ (¢ *v €))))
by (simp add: )
also have ... < ((norm (b *v ¢€))? + (norm (v xc (¢ v €)))?) / 2
by (smt (23) field-sum-of-halves norm-ge-zero polar-identity-minus zero-le-power-eq-numeral)
also have (... = ((norm (b *y ¢€))? + (norm (c *y €))?) / 2»
by (simp add: <cmod v = 1))
also have (... < norm (((norm (b xy €))? + (norm (c *v €))?) / 2)»
by simp
finally show <cmod (e -c (A *y €)) < norm (((norm (b *y €))? + (norm (¢ *y €))?) / 2)»
by —
qged

then show ?thesis
by (metis abs-summable-summable)

qed

lemma trace-plus-prelim:
assumes <(trace-class a» <trace-class by <trace-class (a+b)»
— We will later strengthen this as trace-plus and then hide this fact.
shows <trace (a + b) = trace a + trace b
by (auto simp add: assms infsum-add trace-def cblinfun.add-left cinner-add-right
intro!: infsum-add trace-exists)

lemma hs-times-hs-trace-class:
fixes B :: 'b::chilbert-space = ¢, 'c::chilbert-space> and C :: 'a::chilbert-space = ¢, 'b::chilbert-spaces
assumes <hilbert-schmidt By and <hilbert-schmidt C»
shows «trace-class (B ocr C)»
— Not an immediate consequence of trace-class-iff-hs-times-hs because here the types of B, C
are more general.
proof —
define A Sq W where <A = B oc;, C» and «Sq = sqrt-op (abs-op A)y and «W = po-
lar-decomposition A»
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from <hilbert-schmidt B>
have hs-WB: <hilbert-schmidt (W= ocy, B)»
by (simp add: hilbert-schmidt-comp-right)
have <abs-op A = Wx ocp A>
by (simp add: W-def polar-decomposition-correct’)
also have «... = (Wx ocr B) ocr C»
by (metis A-def cblinfun-compose-assoc)
finally have abs-op-A: <abs-op A = (Wx ocr B) ocr, C»
by —
from <hilbert-schmidt (W= ocr B)»
have <hilbert-schmidt (Bx ocy, W)»
by (simp add: assms(1) hilbert-schmidt-comp-left)
then have «(\e. (norm ((Bx ocr. W) *v €))?) abs-summable-on some-chilbert-basis)
by (metis is-onb-some-chilbert-basis summable-hilbert-schmidt-norm-square summable-on-iff-abs-summable-on-real
moreover from <hilbert-schmidt C»
have «(Ae. (norm (C =y €))?) abs-summable-on some-chilbert-basis
by (metis is-onb-some-chilbert-basis summable-hilbert-schmidt-norm-square summable-on-iff-abs-summable-on-real
ultimately have «(Ae. norm ((Bx ocr, W) xv e) % norm (C xy e)) abs-summable-on
some-chilbert-basis»
apply (rule-tac abs-summable-product)
by (metis (no-types, lifting) power2-eq-square summable-on-cong)+
then have <(\e. cinner e (abs-op A xy e)) abs-summable-on some-chilbert-basis)
proof (rule Infinite-Sum.abs-summable-on-comparison-test)
fix e :: 'a assume <e € some-chilbert-basis
have <norm (e -¢ (abs-op A xy €)) = norm ((Bx ocp W) xy €) ¢ (C xy e))
by (simp add: abs-op-A cinner-adj-left cinner-adj-right)
also have «... < norm ((Bx ocr W) %y €) * norm (C *y e)»
by (rule Cauchy-Schwarz-ineq2)
also have ... = norm (norm ((Bx ocr W) *v €) * norm (C xy e))
by simp
finally show <cmod (e «¢ (abs-op A xy €)) < norm (norm ((Bx ocr W) xy e) * norm (C
*y 6)))
by —
qed
then show «trace-class A»
apply (rule trace-classI[rotated]) by simp
qed

instantiation hilbert-schmidt :: (chilbert-space, chilbert-space) complez-vector begin
instance
proof intro-classes
fix a b ¢ :: <("a,’b) hilbert-schmidt
show <«a + b+ c=a+ (b + ¢)
apply transfer by auto
show <a + b =0 + a»
apply transfer by auto
show <0 + a = @
apply transfer by auto
show <— a + a = O
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apply transfer by auto
show <a —b=0a + — b
apply transfer by auto
show (r x¢ (a + b) = r x¢c a + 1 *¢ b for r :: complex
apply transfer
using scaleC-add-right
by auto
show «(r + r') *c a = r *¢ a + 1’ ¢ @ for r r’ :: complex
apply transfer
by (simp add: scaleC-add-left)
show «r xc 1’ xc a = (r x v') x¢ @ for rr’
apply transfer by auto
show <1 *¢ a = @
apply transfer by auto
qed
end

instantiation hilbert-schmidt :: (chilbert-space, chilbert-space) complez-inner begin
lift-definition cinner-hilbert-schmidt :: «(’a,’d) hilbert-schmidt = ('a,’d) hilbert-schmidt = com-
plex» is
<A\b c. trace (bx ocp, ¢) .
instance
proof intro-classes
fix z y z 2 «('a,’d) hilbert-schmidty
show z ¢ y = ¢nj (y ¢ z)»
proof (transfer; unfold mem-Collect-eq)
fixzy: a=cp '»
assume hs-zy: <hilbert-schmidt x> <hilbert-schmidt 1>
then have tc: (trace-class ((yx ocr x)*)» <trace-class (y* ocp )
by (auto introl: hs-times-hs-trace-class)
have <trace (z* ocr y) = trace ((y* ocr x)*)»
by simp
also have ... = cnj (trace (y* ocp )
using tc trace-adj-prelim by blast
finally show <trace (z* ocr y) = cnj (trace (y* ocr x))»
by —
qed
show «(z + y) :cz=2-cz+ y-c 2
proof (transfer; unfold mem-Collect-eq)
fixzyz:da=cr '
assume [simp)|: <hilbert-schmidt x> <hilbert-schmidt y»> <hilbert-schmidt z»
have [simp]: <trace-class ((z + y)* ocr 2)» <trace-class (zx ocyp, z)» <trace-class (y* ocr, z)»
by (auto introl: hs-times-hs-trace-class hilbert-schmidt-adj hilbert-schmidt-plus)
then have [simp]: <trace-class ((zx oo z) + (y* ocr 2))»
by (simp add: adj-plus cblinfun-compose-add-left)
show <trace ((z + y)* ocr z) = trace (xx ocy z) + trace (yx ocr 2)»
by (simp add: trace-plus-prelim adj-plus cblinfun-compose-add-left hs-times-hs-trace-class)
qed
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show «r xc ¢ :c y=cnjr = (z ¢ y) for r
apply transfer
by (simp add: trace-scaleC')
show 0 < z ¢ »
apply transfer
by (simp add: positive-cblinfun-squarel trace-pos)
show «(z .c 2 =0) = (z = 0)»
proof (transfer; unfold mem-Collect-eq)
fixz :: <a =cr 'O
assume [simp)|: <hilbert-schmidt x»
have <trace (zx ocp ) = 0 <— trace (abs-op (x* oo z)) = O»
by (metis abs-op-def positive-cblinfun-squarel sqrt-op-unique)
also have «... +— trace-norm (zx ocp =) = O0»
by simp
also have ... «— zx ocp z = O
by (metis <hilbert-schmidt x> hilbert-schmidt-def trace-norm-0 trace-norm-nondegenerate)
also have ... «+—z =0
using cblinfun-compose-zero-right op-square-nondegenerate by blast
finally show <trace (zx ocp ) = 0 +— z = O0»
by —
qged
show «norm x = sqrt (cmod (z ¢ ))»
apply transfer
apply (auto simp: hilbert-schmidt-norm-def)
by (metis Re-complex-of-real cmod-Re positive-cblinfun-squarel trace-norm-pos trace-pos)
qed
end

lemma hilbert-schmidt-norm-triangle-ineq:

— [1], Proposition 18.6 (e). We do not use their proof but get it as a simple corollary of the
instantiation of hilbert-schmidt as a inner product space. The proof by Conway would probably
allow us to weaken the sort of b to complez-inner.

fixes a b :: 'a::chilbert-space = ¢ 'b::chilbert-space)

assumes <hilbert-schmidt a) <hilbert-schmidt b»

shows <hilbert-schmidt-norm (a + b) < hilbert-schmidt-norm a + hilbert-schmidt-norm b»
proof —

define o’ b’ where <a’ = Abs-hilbert-schmidt a> and «b' = Abs-hilbert-schmidt by

have [transfer-rule]: <cr-hilbert-schmidt a a’»

by (simp add: Abs-hilbert-schmidt-inverse a’-def assms(1) cr-hilbert-schmidt-def)
have [transfer-rule]: «cr-hilbert-schmidt b b’

by (simp add: Abs-hilbert-schmidt-inverse assms(2) b’-def cr-hilbert-schmidt-def)
have <norm (a’ + b’) < norm a’ + norm b’

by (rule norm-triangle-ineq)
then show ?thesis

apply transfer

by —

qed

lift-definition adj-hs :: <(‘a::chilbert-space,’b:: chilbert-space) hilbert-schmidt = ('b,’a) hilbert-schmidt»
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is adj
by auto

lemma adj-hs-plus: <adj-hs (x + y) = adj-hs © + adj-hs y»
apply transfer
by (simp add: adj-plus)

lemma adj-hs-minus: <adj-hs (z — y) = adj-hs x — adj-hs y»
apply transfer
by (simp add: adj-minus)

lemma norm-adj-hs[simp]: <norm (adj-hs ) = norm x>
apply transfer
by simp

lemma hilbert-schmidt-norm-geq-norm:
— [1], Proposition 18.6 (c)
assumes <hilbert-schmidt a»
shows <norm a < hilbert-schmidt-norm a»
proof —
have <norm (a x) < hilbert-schmidt-norm a> if <norm z = 1) for z
proof —
obtain B where <z € B> and «(is-onb B>
using orthonormal-basis-exists[of {z}»] <norm x = 1>
by force
have «(norm (a z))? = (3 soz€{z}. (norm (a z))?)
by simp
also have (... < (3 z€B. (norm (a z))?)
apply (rule infsum-mono-neutral)
by (auto introl: summable-hilbert-schmidt-norm-square <is-onb By assms <x € B»)

also have «... = (hilbert-schmidt-norm a)?
using infsum-hilbert-schmidt-norm-square[OF <is-onb B) assms]
by —
finally show ?thesis
by force
qged

then show ?thesis
by (auto introl: norm-cblinfun-bound-unit)
qed

11.4 Trace-norm and trace-class, continued

lemma trace-class-comp-left: <trace-class (a ocp, b)» if <trace-class ay for a :: <'a::chilbert-space
=1 'b::chilbert-spaces

— [1], Theorem 18.11 (a)
proof —

from <trace-class a

obtain C :: (a =¢ 'b» and B where <hilbert-schmidt C» and <hilbert-schmidt B> and aCB:
<a = Cocp B
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by (auto simp: trace-class-iff-hs-times-hs)

from <hilbert-schmidt B> have <hilbert-schmidt (B ocr, b)»
by (simp add: hilbert-schmidt-comp-left)

with <hilbert-schmidt C) have <trace-class (C ocy, (B ocr b))
using hs-times-hs-trace-class by blast

then show ?thesis
by (simp flip: aCB cblinfun-compose-assoc)

qed

lemma trace-class-comp-right: <trace-class (a ocr, b)> if «trace-class by for a :: <’a::chilbert-space
=cr 'bi::chilbert-space
— [1], Theorem 18.11 (a)
proof —
from <trace-class b
obtain C :: </c = ¢ 'a» and B where <hilbert-schmidt C» and <hilbert-schmidt B> and aCB:
b= C OCL B>
by (auto simp: trace-class-iff-hs-times-hs)
from <hilbert-schmidt C have <hilbert-schmidt (a ocr C)
by (simp add: hilbert-schmidt-comp-right)
with <hilbert-schmidt By have <trace-class ((a ocr, C) ocr B)»
using hs-times-hs-trace-class by blast
then show ?thesis
by (simp flip: aCB add: cblinfun-compose-assoc)
qed

lemma
fixes B :: <(‘a::chilbert-space sety and A :: <‘a =cp 'a> and b :: bi:chilbert-space = ¢,
'c::chilbert-spacey and ¢ :: (¢ =cp b
shows trace-alt-def:
— [1], Proposition 18.9
<is-onb B = trace A = (if trace-class A then (> «e€B. € ¢ (A *y €)) else 0)»
and trace-hs-times-hs: <hilbert-schmidt ¢ = hilbert-schmidt b = trace (¢ ocr b) =
((of-real (hilbert-schmidt-norm ((cx) + b)))? — (of-real (hilbert-schmidt-norm ((cx) —
b))?* —
i x (of-real (hilbert-schmidt-norm (((cx) + i xc b))))? +
i % (of-real (hilbert-schmidt-norm (((cx) — i xc b))))?) / 4>
proof —
have ecbe-has-sum: «((Xe. e -¢ ((¢ ocr, b) *y €)) has-sum
((of-real (hilbert-schmidt-norm ((cx) + b)))? — (of-real (hilbert-schmidt-norm ((cx) —

i % (of-real (hilbert-schmidt-norm ((cx) + i *¢ b)))? +
i % (of-real (hilbert-schmidt-norm ((cx) — i xc b)))?) / 4) B>
if <is-onb B> and <hilbert-schmidt ¢» and <hilbert-schmidt by for B :: <'y::chilbert-space set»
and c :: 'z::chilbert-space =c 1, 'y» and b
apply (simp flip: cinner-adj-left[of c])
apply (subst cdot-norm)
using that by (auto simp add: field-class.field-divide-inverse infsum-cmult-left’
simp del: Num.inverse-eq-divide-numeral
simp flip: cblinfun.add-left cblinfun.diff-left cblinfun.scaleC-left of-real-power
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introl: has-sum-cmult-left has-sum-cmult-right has-sum-add has-sum-diff has-sum-of-real
has-sum-hilbert-schmidt-norm-square hilbert-schmidt-plus hilbert-schmidt-minus hilbert-schmidt-scaleC')

then have ecbe-infsum: (> wce€B. e ¢ ((c ocr b) *xv €)) =
(((of-real (hilbert-schmidt-norm ((cx) + b)))? — (of-real (hilbert-schmidt-norm ((cx) —

i % (of-real (hilbert-schmidt-norm ((cx) + i xc b)))? +
i  (of-real (hilbert-schmidt-norm ((cx) — i xc b)))?) / 4)
if <is-onb B> and <hilbert-schmidt ¢» and <hilbert-schmidt by for B :: 'y::chilbert-space set>
and c :: <'z::chilbert-space =cr "y» and b
using infsuml that(1) that(2) that(3) by blast

show <trace (¢ ooy b) =
((of-real (hilbert-schmidt-norm ((cx) + b)))? — (of-real (hilbert-schmidt-norm ((cx) —
b)) —
i * (of-real (hilbert-schmidt-norm ((cx) + i xc b)))? +
i * (of-real (hilbert-schmidt-norm ((cx) — i xc b)))?) / 4>
if <hilbert-schmidt c» and <hilbert-schmidt b
proof —
from that have tc-cb[simp]: <trace-class (¢ ocr b)»
by (rule hs-times-hs-trace-class)
show ?thesis
using ecbe-infsum[OF is-onb-some-chilbert-basis <hilbert-schmidt ¢ <hilbert-schmidt by]
apply (simp only: trace-def)
by simp
qged

show <trace A = (if trace-class A then (3 e€B. e «¢ (A xy e)) else 0)) if <is-onb B>
proof (cases <trace-class A»)
case True
with that
obtain b ¢ :: <'a =c1 'a» where hs-b: <hilbert-schmidt b> and hs-c: <hilbert-schmidt ¢> and
Acb: <A = cocp b
by (metis trace-class-iff-hs-times-hs)
have [simp]: <trace-class (c ocr b)»
using Acb True by auto

show «trace A = (if trace-class A then (3 cc€€B. e ¢ (A xy e)) else 0)»
using ecbe-infsum[OF is-onb-some-chilbert-basis hs-c hs-b)
using ecbe-infsum[OF <is-onb B hs-c hs-b]
by (simp only: Acb trace-def)
next
case Fulse
then show ?thesis
by (simp add: trace-def)
qed
qed

lemma trace-ket-sum:
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fixes A :: ('a ell2 =¢c1 'a ell2>

assumes (trace-class A»

shows <trace A = (D . ket e -c (A xy ket e))

apply (subst infsum-reindex[where h=ket, unfolded o-def, symmetric])
by (auto simp: <trace-class Ay trace-alt-def[OF is-onb-ket] is-onb-ket)

lemma trace-one-dim[simp|: <trace A = one-dim-iso Ay for A :: <'a::one-dim =cp '@
proof —
have onb: <is-onb {1 :: ‘a}
by auto
have <trace A =1 ¢ (A xy 1)
apply (subst trace-alt-def)
apply (fact onb)
by simp
also have «... = one-dim-iso A»
by (simp add: cinner-cblinfun-def one-dim-iso-def)
finally show ?thesis
by —
qed

lemma trace-has-sum:
assumes <is-onb E)»
assumes <trace-class t»
shows ¢((Ae. e «¢ (¢ *xy e€)) has-sum trace t) E»
using assms(1) assms(2) trace-alt-def trace-exists by fastforce

lemma trace-sandwich-isometry[simp|: <trace (sandwich U A) = trace Ay if <isometry U»
proof (cases <trace-class A»)
case True
note True[simp]
have <is-ortho-set ((xy) U ¢ some-chilbert-basis)»
unfolding is-ortho-set-def
apply auto
apply (metis (no-types, opaque-lifting) cblinfun-apply-cblinfun-compose cblinfun-id-cblinfun-apply
cinner-adj-right is-ortho-set-def is-ortho-set-some-chilbert-basis isometry-def that)
by (metis is-normal-some-chilbert-basis isometry-preserves-norm norm-zero that zero-neg-one)
moreover have «z € (xy) U ‘ some-chilbert-basis = norm z = 1» for z
using is-normal-some-chilbert-basis isometry-preserves-norm that by fastforce
ultimately obtain B where BU: <B D U ‘ some-chilbert-basisy and <is-onb B>
apply atomize-elim
by (rule orthonormal-basis-exists)

have zUy: <x -¢ Uy = 0» if 2BU: <x € B — U ‘ some-chilbert-basis> for = y
proof —
from that <is-onb B> <isometry U>»
have <z .¢ z = 0) if <z € U ‘ some-chilbert-basis> for z
using that by (metis BU Diff-iff in-mono is-onb-def is-ortho-set-def)
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then have <z € orthogonal-complement (closure (cspan (U ¢ some-chilbert-basis)))»
by (metis orthogonal-complementl orthogonal-complement-of-closure orthogonal-complement-of-cspan)
then have <z € space-as-set (— ccspan (U ¢ some-chilbert-basis))»
by (simp add: ccspan.rep-eq uminus-ccsubspace.rep-eq)
then have <z € space-as-set (— (U xg top))»
by (metis cblinfun-image-ccspan ccspan-some-chilbert-basis)
moreover have (U y € space-as-set (U xg top)»
by simp
ultimately show #thesis
apply (transfer fizing: x y)
using orthogonal-complement-orthol by blast
qed

have [simp]: <trace-class (sandwich U A)»
by (simp add: sandwich.rep-eq trace-class-comp-left trace-class-comp-right)
have (trace (sandwich U A) = (3 xe€B. e ¢ ((sandwich U xy A) *y €))»
using <is-onb B> trace-alt-def by fastforce
also have «... = (> €U ‘ some-chilbert-basis. e -¢ ((sandwich U =y A) *y €))»
apply (rule infsum-cong-neutral)
using BU zUy by (auto simp: sandwich-apply)
also have «... = (3 cce€some-chilbert-basis. U e -¢ ((sandwich U %y A) xy U e))
apply (subst infsum-reindex)
apply (metis cblinfun-apply-cblinfun-compose cblinfun-id-cblinfun-apply inj-on-inversel isom-
etry-def that)
by (auto simp: o-def)
also have «... = (3 cce€some-chilbert-basis. e ¢ A €)»
apply (rule infsum-cong)
apply (simp add: sandwich-apply flip: cinner-adj-right)
by (metis cblinfun-apply-cblinfun-compose cblinfun-id-cblinfun-apply isometry-def that)
also have «... = trace A>
by (simp add: trace-def)
finally show ?thesis
by —
next
case Fulse
note False[simp]
then have [simp]: - trace-class (sandwich U A)»
by (smt (verit, ccfo-SIG) cblinfun-assoc-left(1) cblinfun-compose-id-left cblinfun-compose-id-right
isometryD sandwich.rep-eq that trace-class-comp-left trace-class-comp-right)
show ?thesis
by (simp add: trace-def)
qed

lemma circularity-of-trace:
— [1], Theorem 18.11 (e)
fixes a :: (‘a::chilbert-space =¢y, 'b::chilbert-space> and b :: <'b =¢1, 'a»
— The proof from [1] only work for square operators, we generalize it
assumes (trace-class a»
— Actually, trace-class (a ocr b) A trace-class (b ocyr a) is sufficient here, see [3] but the
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proof is more involved. Ouly trace-class (a ocr b) is not sufficient, see [4].
shows «trace (a ocyp, b) = trace (b ocr, a)»
proof —

define a’ b’ :: <("ax'b) =cp ("ax'b)
where <a’ = cblinfun-right ocr, a ocy, cblinfun-lefts
and «b' = cblinfun-left ocr b ocp cblinfun-rights)

have <trace-class a”»

by (simp add: a'-def assms trace-class-comp-left trace-class-comp-right)

have circ’: <trace (a’ oo b') = trace (b' ocr o)
proof —
from <trace-class a’s
obtain B C :: «((Yax'b) =c¢ (‘ax’b)y where <hilbert-schmidt B> and <hilbert-schmidt C»
and aCB: <a’ = Cx ocp B>
by (metis abs-op-pos adj-cblinfun-compose double-adj hilbert-schmidt-comp-left hilbert-schmidt-comp-right
polar-decomposition-correct polar-decomposition-correct’ positive-selfadjointl [unfolded selfadjoint-def]
trace-class-iff-hs-times-hs)
have hs-iB: <hilbert-schmidt (i x¢ B)»
by (metis Abs-hilbert-schmidt-inverse Rep-hilbert-schmidt <hilbert-schmidt By mem-Collect-eq
scale C-hilbert-schmidt.rep-eq)
have x: <Re (trace (C* ocy, B)) = Re (trace (C oo Bx))» if <hilbert-schmidt By <hilbert-schmidt
Cy for B C :: «('ax’d) =cr ('ax'b)
proof —
from that
obtain B’ C’ where (B = Rep-hilbert-schmidt B’y and <C = Rep-hilbert-schmidt C"s
by (meson Rep-hilbert-schmidt-cases mem-Collect-eq)
then have [transfer-rule]: (cr-hilbert-schmidt B B’y <cr-hilbert-schmidt C C"»
by (simp-all add: cr-hilbert-schmidt-def)

have <Re (trace (C* ocp B)) = Re (C'-¢ B')»
apply transfer by simp

also have «... = (1/4) * ((norm (C' + B"))? — (norm (C' — B"))?),
by (simp add: cdot-norm)
also have «... = (1/4) * ((norm (adj-hs C' + adj-hs B'))? — (norm (adj-hs C' — adj-hs
BY)?)
by (simp add: flip: adj-hs-plus adj-hs-minus)
also have (... = Re (adj-hs C' -¢ adj-hs B')»
by (simp add: cdot-norm)
also have «... = Re (trace (C ocr Bx))»

apply transfer by simp
finally show ?thesis
by —
qed
have xx: <trace (Cx oc, B) = cnj (trace (C oo, Bx))» if <hilbert-schmidt By <hilbert-schmidt
Cy for B C :: «("ax'd) =cyp (‘lax'b)
using *[OF <hilbert-schmidt By <hilbert-schmidt C»]

243



using *[OF hilbert-schmidt-scaleC|of - i, OF <hilbert-schmidt B>] <hilbert-schmidt C»]
apply (auto simp: trace-scaleC cblinfun-compose-uminus-right trace-uminus)
by (smt (verit, best) cnj.code complex.collapse)

have <trace (b’ ocr a’) = trace (b’ oo Cx) ocr B)
by (simp add: aCB cblinfun-assoc-left(1))

also from xx <hilbert-schmidt B» <hilbert-schmidt C»> have «... = cnj (trace ((C oo b'*)
ocr Bx))
by (metis adj-cblinfun-compose double-adj hilbert-schmidt-comp-left)
also have «... = ¢nj (trace (C ocr (B ocyr b))*))»
by (simp add: cblinfun-assoc-left(1))
also from xx <hilbert-schmidt B <hilbert-schmidt C» have <... = trace (Cx ocrp (B ocL

b))
by (simp add: hilbert-schmidt-comp-left)
also have «... = trace (a’ oo, b')
by (simp add: aCB cblinfun-compose-assoc)
finally show ?thesis
by simp
qged

have <trace (a oo b) = trace (sandwich cblinfun-right (a ocr, b) :: (‘lax’d) =cr (‘ax’'b))
by simp

also have «... = trace (sandwich cblinfun-right (a ocr (cblinfun-leftx oo (cblinfun-left :
=cr('ax’D))) ocr b) :: ('ax'b) =cp (lax’'b))
by simp
also have «... = trace (a’ ocr, b')
by (simp only: a’-def b’-def sandwich-apply cblinfun-compose-assoc)
also have «... = trace (b’ ocr a’)
by (rule circ’)
also have «... = trace (sandwich cblinfun-left (b oo (cblinfun-rightx ocr (cblinfun-right :

=cr('ax’D))) ocr a) = (lax'b) =cr ("ax'b))
by (simp only: a’-def b’-def sandwich-apply cblinfun-compose-assoc)
also have «... = trace (sandwich cblinfun-left (b ocr a) :: (‘lax’b) =cr (‘lax’db))
by simp
also have «... = trace (b ocyp a)
by simp
finally show <trace (a ocr, b) = trace (b ocyp a)
by —
qed

lemma trace-butterfly-comp: <trace (butterfly z y ocr a) = y -¢ (a *y )
proof —
have <trace (butterfly z y ooy, a) = trace (vector-to-cblinfun yx ocy, (a oo (vector-to-cblinfun
z : compler =cr -)))
unfolding butterfly-def
by (metis cblinfun-compose-assoc circularity-of-trace trace-class-finite-dim)
also have «... =y ¢ (a *y z)
by (simp add: one-dim-iso-cblinfun-comp)
finally show ?thesis
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by —
qed

lemma trace-butterfly: <trace (butterfly x y) = y ¢ ©
using trace-butterfly-comp[where a=id-cblinfun] by auto

lemma trace-butterfly-comp’: <trace (a ocy butterfly z y) = y -¢ (a *y z)»
by (simp add: cblinfun-comp-butterfly trace-butterfly)

lemma trace-norm-adj[simpl: <trace-norm (ax) = trace-norm a»
— [1], Theorem 18.11 (f)
proof —
have <of-real (trace-norm (ax)) = trace (sandwich (polar-decomposition a) xy abs-op a)»
by (metis abs-op-adj trace-abs-op)
also have «... = trace ((polar-decomposition a)* ocy, (polar-decomposition a) ocy, abs-op a)»
by (metis (no-types, lifting) abs-op-adj cblinfun-compose-assoc circularity-of-trace double-adj
polar-decomposition-correct polar-decomposition-correct’ sandwich.rep-eq trace-class-abs-op

trace-def)
also have «... = trace (abs-op a)»
by (simp add: cblinfun-compose-assoc polar-decomposition-correct polar-decomposition-correct’)
also have «... = of-real (trace-norm a)»
by simp
finally show ?thesis
by simp
qed

lemma trace-class-adj[simp]: <trace-class (ax)> if <trace-class a»
proof (rule ccontr)
assume asm: < trace-class (ax)»
then have <trace-norm (ax) = 0»
by (simp add: trace-norm-def)
then have (trace-norm a = 0»
by (metis trace-norm-ady)
then have <a = O»
using that trace-norm-nondegenerate by blast
then have <trace-class (ax)»
by simp
with asm show False
by simp
qed

lift-definition adj-tc :: <('a::chilbert-space, 'b::chilbert-space) trace-class = ('b,’a) trace-class
is adj
by simp

lift-definition selfadjoint-tc :: <(’a::chilbert-space, 'a) trace-class = booly is selfadjoint.

lemma selfadjoint-tc-def’: «selfadjoint-tc a <— adj-tc a = a>
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apply transfer
using selfadjoint-def by blast

lemma trace-class-finite-dim'[simp]: <trace-class Ay for A :: <'a::chilbert-space = ¢, 'b::{ cfinite-dim,chilbert-space}»
by (metis double-adj trace-class-adj trace-class-finite-dim)

lemma trace-class-plus[simpl:

fixes t u :: <’a::chilbert-space =c 1, 'b::chilbert-space>

assumes <(trace-class t» and <trace-class w»

shows <trace-class (t + u)»

— [1], Theorem 18.11 (a). However, we use a completely different proof that does not need the
fact that trace class operators can be diagonalized with countably many diagonal elements.
proof —

define IT :: <'a =¢1 (‘ax’a)) where <II = cblinfun-left + cblinfun-right

define JJ :: «(('bx'b) =¢ by where «(JJ = cblinfun-leftx + cblinfun-rights>

define tu :: «(‘ax’a) =cr ('bx'b)y where «tu = (cblinfun-left ocr t ocr cblinfun-left) +
(cblinfun-right ocr, u ocy, cblinfun-rightx))

have t-plus-u: <t + v = JJ oo tu ocr ID>

apply (simp add: II-def JJ-def tu-def cblinfun-compose-add-left cblinfun-compose-add-right
cblinfun-compose-assoc)
by (simp flip: cblinfun-compose-assoc)
have <trace-class tu»
proof (rule trace-classI)
define BL BR B :: «('ax’a) set» where <BL = some-chilbert-basis x {0}
and <BR = {0} x some-chilbert-basis
and <B = BL U BR»
have «BL N BR = {}»
using is-ortho-set-some-chilbert-basis
by (auto simp: BL-def BR-def is-ortho-set-def)
show <(is-onb B»
by (simp add: BL-def BR-def B-def is-onb-prod)
have abs-tu: <abs-op tu = (cblinfun-left oo, abs-op t oo cblinfun-leftx) + (cblinfun-right
ocr abs-op u ocy cblinfun-rightx)»
using [[show-consts]]
proof —
have «((cblinfun-left oo, abs-op t oo, cblinfun-leftx) + (cblinfun-right oo, abs-op u ocp,
cblinfun-right«))x
ocr, ((cblinfun-left ooy, abs-op t ocy, cblinfun-leftx) + (cblinfun-right ocy, abs-op u ocp,
cblinfun-rightx))
= tux oo tw»
proof —
have tt[THEN simp-a-oCL-b, simp]: <(abs-op t)x ocy abs-op t = tx ocyp
by (simp add: abs-op-def positive-cblinfun-squarel positive-selfadjointI[unfolded selfad-
joint-def])
have wu[ THEN simp-a-oCL-b, simpl: <(abs-op u)* ocy abs-op u = ux ocp w
by (simp add: abs-op-def positive-cblinfun-squarel positive-selfadjointl [unfolded selfad-
joint-def])
note isometryD|THEN simp-a-oCL-b, simp]
note cblinfun-right-left-ortho| THEN simp-a-oCL-b, simp)
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note cblinfun-left-right-ortho| THEN simp-a-oCL-b, simp)
show ?thesis
using tt[of <cblinfun-leftx :: (‘ax’a) =cp ‘@] uulof <cblinfun-rightx :: (‘lax’a) =c1,
"ay]
by (simp add: tu-def cblinfun-compose-add-right cblinfun-compose-add-left adj-plus
cblinfun-compose-assoc)
qed
moreover have «(cblinfun-left ocr abs-op t ooy cblinfun-leftx) + (cblinfun-right ocp,
abs-op u oc, cblinfun-right«) > 0>
apply (rule positive-cblinfunI)
by (auto simp: cblinfun.add-left cinner-pos-if-pos)
ultimately show ?thesis
by (rule abs-opI[symmetric])
qed
from assms(1)
have «((A\z. z -¢ (abs-op t xy x)) abs-summable-on some-chilbert-basis)
by (metis is-onb-some-chilbert-basis summable-on-iff-abs-summable-on-complez trace-class-abs-op
trace-exists)
then have sum-BL: <«(Ax. z -¢ (abs-op tu xy z)) abs-summable-on BL»
apply (subst asm-rljof <BL = (Az. (z,0)) ‘ some-chilbert-basis»])
by (auto simp: BL-def summable-on-reindex inj-on-def o-def abs-tu cblinfun.add-left)
from assms(2)
have «(Az. z -¢ (abs-op u *y z)) abs-summable-on some-chilbert-basis
by (metis is-onb-some-chilbert-basis summable-on-iff-abs-summable-on-complex trace-class-abs-op
trace-exists)
then have sum-BR: <(Az. z -¢ (abs-op tu xy z)) abs-summable-on BR»
apply (subst asm-rljof «<BR = (Az. (0,z)) ‘ some-chilbert-basis»])
by (auto simp: BR-def summable-on-reindex inj-on-def o-def abs-tu cblinfun.add-left)
from sum-BL sum-BR
show «(Az. z -¢ (abs-op tu xy x)) abs-summable-on B»
using <BL N BR = {}»
by (auto introl: summable-on-Un-disjoint simp: B-def)
qed
with t-plus-u
show «(trace-class (t + u)»
by (simp add: trace-class-comp-left trace-class-comp-right)
qed

lemma trace-class-minus[simp): <trace-class t = trace-class u = trace-class (t — u)»
for t u :: ('a::chilbert-space =y, 'b::chilbert-space»
by (metis trace-class-plus trace-class-uminus uminus-add-conv-diff)

lemma trace-plus:

assumes <trace-class a> (trace-class b

shows «trace (a + b) = trace a + trace b

by (simp add: assms(1) assms(2) trace-plus-prelim)
hide-fact trace-plus-prelim

lemma trace-class-sum:
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fixes a :: ('a = 'b::chilbert-space = ¢ 'c::chilbert-space)
assumes (\i. i€] = trace-class (a 1)

shows <trace-class (3 i€l. a i)

using assms apply (induction I rule:infinite-finite-induct)
by auto

lemma
assumes (\i. i€l = trace-class (a i)
shows trace-sum: <trace (> i€l. a i) = (D> i€l. trace (a i))
using assms apply (induction I rule:infinite-finite-induct)
by (auto simp: trace-plus trace-class-sum)

lemma cmod-trace-times: <cmod (trace (a ocr, b)) < norm a * trace-norm by if <trace-class b
for b :: <'a::chilbert-space =c 1, 'b::chilbert-space>
— [1], Theorem 18.11 (e)

proof —
define W where «W = polar-decomposition b»

have (norm W < 1»
by (metis W-def norm-partial-isometry norm-zero order-refl polar-decomposition-partial-isometry
zero-less-one-class.zero-le-one)
have hs1: <hilbert-schmidt (sqrt-op (abs-op b))
using that trace-class-iff-sqrt-hs by blast
then have hs2: <hilbert-schmidt (sqrt-op (abs-op b) oo, Wx ocr ax)»
by (simp add: hilbert-schmidt-comp-left)

from <trace-class b
have <trace-class (a ocp, b)»
using trace-class-comp-right by blast
then have sumlI: <(Me. e -¢ ((a oo b) *v €)) abs-summable-on some-chilbert-basis
by (metis is-onb-some-chilbert-basis summable-on-iff-abs-summable-on-complex trace-exists)

have sum5: «(Az. (norm (sqrt-op (abs-op b) *y 1))?) summable-on some-chilbert-basis)
using summable-hilbert-schmidt-norm-square] OF is-onb-some-chilbert-basis hsl]
by (simp add: power2-eg-square)

have sum/: «(\z. (norm ((sqrt-op (abs-op b) ocr. W+ ocr ax) xv x))?) summable-on some-chilbert-basis)
using summable-hilbert-schmidt-norm-square] OF is-onb-some-chilbert-basis hs2]
by (simp add: power2-eq-square)

have sum3: «(\e. norm ((sqrt-op (abs-op b) oo, Wx oo ax) vy e) *x norm (sqrt-op (abs-op
b) xy e)) summable-on some-chilbert-basis
apply (rule abs-summable-summable)
apply (rule abs-summable-product)
by (intro sumj sumb summable-on-iff-abs-summable-on-real| THEN iffD1])+

have sum2: «(\e. ((sqrt-op (abs-op b) ocr, W ocyp ax) v e) -c (sqrt-op (abs-op b) *y €))

abs-summable-on some-chilbert-basis)
using sum3[THEN summable-on-iff-abs-summable-on-real[ THEN iffD1]]
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apply (rule abs-summable-on-comparison-test)
by (simp add: complez-inner-class. Cauchy-Schwarz-ineq2)

from <trace-class b
have (cmod (trace (a ocr b)) = cmod (3 e€some-chilbert-basis. e «c ((a ocr b) *v €))
by (simp add: trace-class-comp-right trace-def)
also have «... < (> o e€some-chilbert-basis. cmod (e +¢ ((a oo b) *v €)))
using suml! by (rule norm-infsum-bound)
also have (... = (3 e€some-chilbert-basis. cmod (((sqrt-op (abs-op b) ocr, Wk ocp ax)
xy e) -c (sqrt-op (abs-op b) xy e)))
apply (simp add: positive-selfadjointl[unfolded selfadjoint-def] flip: cinner-adj-right cblin-
fun-apply-cblinfun-compose)
by (metis (full-types) W-def abs-op-def cblinfun-compose-assoc polar-decomposition-correct
sqrt-op-pos sqrt-op-square)
also have «... < (3 o e€some-chilbert-basis. norm ((sqrt-op (abs-op b) oo, W oo ax) *v
e) * norm (sqrt-op (abs-op b) xy €))»
using sum?2 sum3 apply (rule infsum-mono)
using complex-inner-class. Cauchy-Schwarz-ineq2 by blast

also have «... = (3 e€some-chilbert-basis. norm (norm ((sqrt-op (abs-op b) ocr. W+ ocp,
ax) xy €) * norm (sqrt-op (abs-op b) *y e)))
by simp

also have «... < sqrt (3. o e€some-chilbert-basis. (norm (norm ((sqrt-op (abs-op b) oo, W
ocr ax) *v e)))?)
x sqrt (3 oo e€some-chilbert-basis. (norm (norm (sqrt-op (abs-op b) xv €)))?)»
apply (rule Cauchy-Schwarz-ineg-infsum)
using sum4 sumd by auto
also have «... = sqrt (> s e€some-chilbert-basis. (norm ((sqrt-op (abs-op b) ocr. W ocp
o) 4y €)?)
* sqrt (Y oo e€some-chilbert-basis. (norm (sqrt-op (abs-op b) xyv €))?)
by simp
also have «... = hilbert-schmidt-norm (sqrt-op (abs-op b) oo, Wx ocr, ax) * hilbert-schmidt-norm
(sqrt-op (abs-op b))
apply (subst infsum-hilbert-schmidt-norm-square, simp, fact hs2)
apply (subst infsum-hilbert-schmidt-norm-square, simp, fact hs1)
by simp
also have «... < hilbert-schmidt-norm (sqrt-op (abs-op b)) * norm (Wx oo, ax) * hilbert-schmidt-norm
(sqrt-op (abs-op b))
by (metis cblinfun-assoc-left(1) hilbert-schmidt-norm-comp-left hilbert-schmidt-norm-pos mult.commute
mult-right-mono that trace-class-iff-sqrt-hs)
also have «... < hilbert-schmidt-norm (sqrt-op (abs-op b)) * norm (Wx) * norm (ax) =
hilbert-schmidt-norm (sqrt-op (abs-op b))
by (metis (no-types, lifting) ab-semigroup-mult-class.mult-ac(1) hilbert-schmidt-norm-pos
mult-right-mono norm-cblinfun-compose ordered-comm-semiring-class.comm-mult-left-mono)
also have «... < hilbert-schmidt-norm (sqrt-op (abs-op b)) * norm (ax) * hilbert-schmidt-norm
(sqrt-op (abs-op b))
by (metis <norm W < 1) hilbert-schmidt-norm-pos mult.right-neutral mult-left-mono mult-right-mono
norm-adj norm-ge-zero)
also have (... = norm a * (hilbert-schmidt-norm (sqrt-op (abs-op b)))*
by (simp add: power2-eg-square)
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also have «... = norm a * trace-norm b»
apply (simp add: hilbert-schmidt-norm-def positive-selfadjointl [unfolded selfadjoint-def])
by (metis abs-op-idem of-real-eq-iff trace-abs-op)
finally show ?thesis
by —
qed

lemma trace-leg-trace-norm][simp|: <cmod (trace a) < trace-norm a
proof (cases <trace-class ay)
case True
then have <cmod (trace a) < norm (id-cblinfun :: 'a =cr 'a) x trace-norm a
using cmod-trace-times|where a=«id-cblinfun :: 'a =¢r 'a> and b=d]
by simp
also have «... < trace-norm a)
apply (rule mult-left-le-one-le)
by (auto introl: mult-left-le-one-le simp: norm-cblinfun-id-le)
finally show ?thesis
by —
next
case Fulse
then show ?thesis
by (simp add: trace-def)
qed

lemma trace-norm-triangle:
fixes a b :: <a::chilbert-space =c 'b::chilbert-space)
assumes [simp]: (trace-class a) <trace-class by
shows <trace-norm (a + b) < trace-norm a + trace-norm by
— [1], Theorem 18.11 (a)
proof —
define w where <w = polar-decomposition (a+b)»
have (norm (wx) < 1>
by (metis dual-order.refl norm-adj norm-partial-isometry norm-zero polar-decomposition-partial-isometry
w-def zero-less-one-class.zero-le-one)
have (trace-norm (a + b) = emod (trace (abs-op (a+b)))»
by simp
also have «... = cmod (trace (w* ocr (a+b)))
by (simp add: polar-decomposition-correct’ w-def)
also have «... < cmod (trace (wx ocy a)) + cmod (trace (wx ocr b))
by (simp add: cblinfun-compose-add-right norm-triangle-ineq trace-class-comp-right trace-plus)
also have «... < (norm (wx) * trace-norm a) + (norm (w*) * trace-norm b)»
by (smt (verit, best) assms(1) assms(2) cmod-trace-times)
also have «... < trace-norm a + trace-norm b»
using norm (wx) < 1)
by (smt (verit, ccfv-SIG) mult-le-cancel-right2 trace-norm-nneg)
finally show ?thesis
by —
qed
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instantiation trace-class :: (chilbert-space, chilbert-space) {complex-vector} begin

lift-definition zero-trace-class :: <('a,’d) trace-classy is 0 by auto
lift-definition minus-trace-class :: <('a,’b) trace-class = ('a,’d) trace-class = ('a,’d) trace-class»
is minus by auto
lift-definition uminus-trace-class :: «(’a,’d) trace-class = ('a,’d) trace-class) is uminus by simp
lift-definition plus-trace-class :: «(‘a,’d) trace-class = ('a,’d) trace-class = ('a,’d) trace-class
is plus by auto
lift-definition scaleC-trace-class :: <complex = ('a,’d) trace-class = ('a,’d) trace-class is scaleC
by (metis (no-types, opaque-lifting) cblinfun-compose-id-right cblinfun-compose-scaleC-right
mem-Collect-eq trace-class-comp-left)
lift-definition scaleR-trace-class :: <real = ('a,’d) trace-class = ('a,’d) trace-class) is scaleR
by (metis (no-types, opaque-lifting) cblinfun-compose-id-right cblinfun-compose-scaleC-right
mem-Collect-eq scaleR-scaleC trace-class-comp-left)
instance
proof standard
fix a b c:: «('a,’d) trace-classy
show «a + b+ c=a+ (b + ¢)
apply transfer by auto
show <a + b=b+ w
apply transfer by auto
show (0 + a = w
apply transfer by auto
show (— a4+ a =0
apply transfer by auto
show <a —b=a+ — b
apply transfer by auto
show «(xgr) r = ((x¢) (complez-of-real r) :: - = (’a,’d) trace-class)» for r :: real
by (metis (mono-tags, opaque-lifting) Trace-Class.scaleC-trace-class-def Trace-Class.scaleR-trace-class-def
id-apply map-fun-def o-def scaleR-scaleC')
show (r x¢ (a + b) = r x¢c a + 1 *¢ b for r :: complex
apply transfer
by (metis (no-types, lifting) scaleC-add-right)
show «(r + 1) *c a = r *¢c a + v’ ¢ @ for r r’ :: complex
apply transfer
by (metis (no-types, lifting) scaleC-add-left)
show «r x¢ 1" x¢c a = (r * 1) x¢ a) for r ' :: complex
apply transfer by auto
show <1 *¢ a = @
apply transfer by auto
qed
end

lemma from-trace-class-0[simp|: <from-trace-class 0 = 0»
by (simp add: zero-trace-class.rep-eq)

lemma not-not-singleton-tc-zero:

«x = 0 if <= class.not-singleton TYPE('a)) for z :: «(‘a::chilbert-space,’b:: chilbert-space)
trace-class»
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apply transfer’
using that by (rule not-not-singleton-cblinfun-zero)

instantiation trace-class :: (chilbert-space, chilbert-space) {complex-normed-vector} begin

lift-definition norm-trace-class :: «(’a,’d) trace-class = reals is trace-norm .
definition sgn-trace-class :: «('a,’d) trace-class = ('a,’b) trace-class) where <sgn-trace-class a
= a /g norm a
definition dist-trace-class :: <('a,’db) trace-class = - = -» where <dist-trace-class a b = norm
(a — b
definition [code del|: uniformity-trace-class = (INF ec{0<..}. principal {(z::('a,’d) trace-class,
y). dist z y < e})
definition [code del]: open-trace-class U = (VzeU. Vg (', y) in INF ee{0<..}. principal {(z,
y). distzy < et.z' =2 — y € U) for U :: (‘a,’b) trace-class set
instance
proof standard
fix a b:: «('a,’d) trace-class
show «dist a b = norm (a — b)»
by (metis (no-types, lifting) Trace-Class.dist-trace-class-def)
show (uniformity = (INF ec{0<..}. principal {(z :: ('a,’d) trace-class, y). dist z y < e})»
by (simp add: uniformity-trace-class-def)
show <open U = (VzeU. Vp (z/, y) in uniformity. '’ = 2 — y € U)) for U :: ('a,’d)
trace-class set»
by (smt (verit, del-insts) case-prod-beta’ eventually-mono open-trace-class-def uniformity-trace-class-def)
show «((norm a = 0) = (a = 0)»
apply transfer
by (auto simp add: trace-norm-nondegenerate)
show «norm (a + b) < norm a + norm b
apply transfer
by (auto simp: trace-norm-triangle)
show (norm (r *¢ a) = ¢mod r x norm a» for r
apply transfer
by (auto simp: trace-norm-scaleC')
then show <norm (r xg a) = |r| * norm a> for r
by (metis norm-of-real scaleR-scaleC')
show («sgn a = a /r norm a
by (simp add: sgn-trace-class-def)
qed
end

lemma trace-norm-comp-right:
fixes a :: <'b::chilbert-space = ¢, 'c::chilbert-spacey and b :: <’a::chilbert-space =cp 'b»
assumes <trace-class b
shows «(trace-norm (a ocr b) < norm a * trace-norm b
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— [1], Theorem 18.11 (g)
proof —
define w w! s where (w = polar-decomposition by and <wl = polar-decomposition (a ocp,
b)
and <s = wlx ocr a ocr W
have abs-ab: <abs-op (a ocr b) = s ocy, abs-op by
by (auto simp: wl-def w-def s-def cblinfun-compose-assoc polar-decomposition-correct po-
lar-decomposition-correct”)
have norm-s-t: <norm s < norm a»
proof —
have (norm s < norm (wl* ocyp a) * norm w»
by (simp add: norm-cblinfun-compose s-def)
also have «... < norm (wlx) * norm a * norm w)
by (metis mult.commute mult-left-mono norm-cblinfun-compose norm-ge-zero)
also have «... < norm a»
by (metis (no-types, opaque-lifting) dual-order.refl mult.commute mult.right-neutral mult-zero-left
norm-adj norm-ge-zero norm-partial-isometry norm-zero polar-decomposition-partial-isometry wi-def
w-def)
finally show ?thesis

by —
qged
have <trace-norm (a ocr, b) = ecmod (trace (abs-op (a oo b))
by simp
also have «... = cmod (trace (s ocr, abs-op b))
using abs-ab by presburger
also have «... < norm s x trace-norm (abs-op b)»

using assms by (simp add: cmod-trace-times)
also from norm-s-t have «<... < norm a * trace-norm b»
by (metis abs-op-idem mult-right-mono of-real-eq-iff trace-abs-op trace-norm-nneg)
finally show ?thesis
by —
qed

lemma trace-norm-comp-left:
— [1], Theorem 18.11 (g)
fixes a :: ('b::chilbert-space = ¢, 'c::chilbert-space> and b :: <’a::chilbert-space =cp1, b
assumes [simp]: (trace-class a)
shows <trace-norm (a ocr, b) < trace-norm a % norm b
proof —
have (trace-norm (bx ocr ax) < norm (bx) * trace-norm (ax))
apply (rule trace-norm-comp-right)
by simp
then have <trace-norm ((bx ocy ax)x) < norm b x trace-norm a
by (simp del: adj-cblinfun-compose)
then show %thesis
by (simp add: mult.commute)
qed

lemma bounded-clinear-trace-duality: <trace-class t = bounded-clinear (\a. trace (t ocr a))
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apply (rule bounded-clinearI [where K=c<trace-norm t))
apply (auto simp add: cblinfun-compose-add-right trace-class-comp-left trace-plus trace-scaleC)[2]
by (metis circularity-of-trace order-trans trace-leg-trace-norm trace-norm-comp-right)

lemma trace-class-butterfly[simp]: <trace-class (butterfly = y)» for z :: 'a::chilbert-space> and y
:: ('bu:chilbert-space»

unfolding butterfly-def

apply (rule trace-class-comp-left)

by simp

lemma trace-adj: <trace (ax) = cnj (trace a)»

by (metis Complex-Inner-Product0.complez-inner-1-right cinner-zero-right double-adj is-onb-some-chilbert-basis
is-orthogonal-sym trace-adj-prelim trace-alt-def trace-class-ady)
hide-fact trace-adj-prelim

lemma cmod-trace-times”: <cmod (trace (a ooy, b)) < norm b * trace-norm ay if <trace-class a
— [1], Theorem 18.11 (e)
apply (subst asm-rllof <a ocr, b = (bx ocp ax)x], simp)
apply (subst trace-ady)
using cmod-trace-times[of <ax> <b%)]
by (auto introl: that trace-class-adj hilbert-schmidt-comp-right hilbert-schmidt-adj simp del:
adj-cblinfun-compose)

lift-definition iso-trace-class-compact-op-dual’ :: <(’a::chilbert-space,’d:: chilbert-space) trace-class
= ('b,’a) compact-op =¢1, compler) is
<At c. trace (from-compact-op ¢ ocy, t)
proof (rename-tac t)
include lifting-syntax
fixt: da=cr B
assume <t € Collect trace-class
then have [simp]: <trace-class
by simp
have <cmod (trace (from-compact-op z ocr, t)) < norm x * trace-norm t» for z
by (metis <trace-class t» cmod-trace-times from-compact-op-norm)
then show <bounded-clinear (\c. trace (from-compact-op ¢ ocyr, t))»
apply (rule-tac bounded-clinearl[where K=«trace-norm t])
by (auto simp: from-compact-op-plus from-compact-op-scaleC cblinfun-compose-add-right
cblinfun-compose-add-left trace-plus trace-class-comp-right trace-scaleC')
qed

lemma iso-trace-class-compact-op-dual’-apply: <iso-trace-class-compact-op-dual’ t ¢ = trace (from-compact-op
¢ ocy, from-trace-class t))
by (simp add: iso-trace-class-compact-op-dual’.rep-eq)

lemma iso-trace-class-compact-op-dual’-plus: <iso-trace-class-compact-op-dual’ (a + b) = iso-trace-class-compact-op-
a + iso-trace-class-compact-op-dual’ b

apply transfer

by (simp add: cblinfun-compose-add-right trace-class-comp-right trace-plus)
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lemma iso-trace-class-compact-op-dual’-scaleC: <iso-trace-class-compact-op-dual’ (¢ ¢ a) = ¢
xc 1so-trace-class-compact-op-dual’ a>

apply transfer

by (simp add: trace-scaleC)

lemma iso-trace-class-compact-op-dual’-bounded-clinear|bounded-clinear, simpl:
— [1], Theorem 19.1
<bounded-clinear (iso-trace-class-compact-op-dual’ :: ('a::chilbert-space,’b:: chilbert-space) trace-class
= )
proof —
let %iso = <iso-trace-class-compact-op-dual’ :: ('a,’d) trace-class = -
have (norm (%iso t) < norm t» for t
proof (rule norm-cblinfun-bound)
show <norm t > 0» by simp
fix ¢
show <cmod (iso-trace-class-compact-op-dual’ t *y ¢) < norm t * norm c»
apply (transfer fizing: c)
apply simp
by (metis cmod-trace-times from-compact-op-norm ordered-field-class.sign-simps(5))
qged
then show <bounded-clinear ?iso»
apply (rule-tac bounded-clinearl[where K=1])
by (auto simp: iso-trace-class-compact-op-dual’-plus iso-trace-class-compact-op-dual’-scaleC')
qed

lemma iso-trace-class-compact-op-dual’-surjective[simp]:
<surj (iso-trace-class-compact-op-dual’ :: ('a::chilbert-space,’b:: chilbert-space) trace-class = -)»
proof —
let %iso = (iso-trace-class-compact-op-dual’ :: ('a,’b) trace-class = -»
have (3 A. & = %iso Ay for @ :: «('b, 'a) compact-op =c complex)
proof —
define p where <p x y = @ (butterfly-co y x)» for z y
have norm-p: <norm (p x y) < norm ® % norm z * norm y» for z y
proof —
have (norm (p z y) < norm ® x norm (butterfly-co y z)»
by (auto simp: p-def norm-cblinfun)

also have (... = norm ® x norm (butterfly y z)»
apply transfer by simp
also have «... = norm ® * norm x * norm y»

by (simp add: norm-butterfly)
finally show ?thesis
by —
qed
have [simp]: <bounded-sesquilinear p)
apply (rule bounded-sesquilinear.intro)
using norm-p
by (auto
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introl: exI[of - <norm ®)]
simp add: p-def butterfly-co-add-left butterfly-co-add-right complez-vector.linear-add
cblinfun.scaleC-right cblinfun.scaleC-left ab-semigroup-mult-class.mult-ac)
define A where (A = (the-riesz-rep-sesqui p)+»
then have zAy: <z -¢c (Ay) =pay for z y
by (simp add: cinner-adj-right the-riesz-rep-sesqui-apply)
have ®C: «® C = trace (from-compact-op C ocr A)» if «finite-rank (from-compact-op C)»
for C
proof —
from that
obtain z y and n :: nat where C-sum: <from-compact-op C = (>_i<n. butterfly (y ) (z
i)
apply atomize-elim by (rule finite-rank-sum-butterfly)
then have <C = (3 i<n. butterfly-co (y i) (z 7))
apply transfer by simp
then have «<® C = (> i<n. ® xy butterfly-co (y i) (z 7))
using cblinfun.sum-right by blast

also have «... = > i<n. p (z9) (y i)
using p-def by presburger

also have «... = (> i<n. (z19) ¢ (4 (y 7))
using zAy by presburger

also have «... = (3 i<n. trace (butterfly (y i) (z i) ocr A))
by (simp add: trace-butterfly-comp)

also have «... = trace ((3_ i<n. butterfly (y i) (z 7)) ocr A)

by (metis (mono-tags, lifting) cblinfun-compose-sum-left sum.cong trace-class-butterfly
trace-class-comp-left trace-sum)
also have «... = trace (from-compact-op C ocy, A)»
using C-sum by presburger
finally show ?thesis
by —
qed
have «(trace-class A»
proof (rule trace-classI)
show (is-onb some-chilbert-basisy
by simp
define W where (W = polar-decomposition A»
have (norm (Wx) < 1»
by (metis W-def nle-le norm-adj norm-partial-isometry norm-zero not-one-le-zero po-
lar-decomposition-partial-isometry)
have (Y z€E. cmod (z -¢ (abs-op A *xy z))) < norm ®» if «(finite ) and «(E C
some-chilbert-basis> for E
proof —
define CF where (CE = (3 z€E. (butterfly z z))»
from «FE C some-chilbert-basis)
have (norm CE < 1»
by (auto intro!: sum-butterfly-is-Proj norm-is-Proj is-normal-some-chilbert-basis simp:
CE-def is-ortho-set-antimono)
have «(>_z€E. cmod (z +¢ (abs-op A xy x))) = ecmod (> z€E. © -¢ (abs-op A xy z))»
apply (rule sum-cmod-pos)
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by (simp add: cinner-pos-if-pos)
also have «... = cmod (> z€E. (W vy z) -¢ (A *v z))

apply (rule arg-cong, rule sum.cong, simp)
by (metis W-def cblinfun-apply-cblinfun-compose cinner-adj-right polar-decomposition-correct’)
also have «... = cmod (Y] z€E. ® (butterfly-co z (W z)))»

apply (rule arg-cong, rule sum.cong, simp)

by (simp flip: p-def zAy)

also have ... = cmod (® (> z€E. butterfly-co z (W x)))»
by (simp add: cblinfun.sum-right)

also have «... < norm ® x norm (>_ z€E. butterfly-co x (W z))»
using norm-cblinfun by blast

also have «... = norm ® x norm (> z€FE. butterfly x (W z))»
apply transfer by simp

also have «... = norm ® x norm (> z€E. (butterfly x x ocr, Wx))»

apply (rule arg-cong, rule sum.cong, simp)
by (simp add: butterfly-comp-cblinfun)

also have (... = norm ® % norm (CE ocy W)
by (simp add: CE-def cblinfun-compose-sum-left)
also have «... < norm ®)

apply (rule mult-left-le, simp-all)
using norm CE < 1y <norm (Wx) < I»
by (metis mult-le-one norm-cblinfun-compose norm-ge-zero order-trans)
finally show ?thesis
by —
qed
then show «(A\z. z -¢ (abs-op A xy z)) abs-summable-on some-chilbert-basis»
apply (rule-tac nonneg-bdd-above-summable-on)
by (auto intro!: bdd-abovel2)
qed
then obtain A’ where A”: (A = from-trace-class A"
using from-trace-class-cases by blast
from ®C have ®C" «® C = %iso A’ O if «finite-rank (from-compact-op C)» for C
by (simp add: that iso-trace-class-compact-op-dual’-apply A’)
have < = %iso A"
apply (unfold cblinfun-apply-inject[symmetric])
apply (rule finite-rank-separating-on-compact-op)
using ®C’ by (auto intro!: cblinfun.bounded-clinear-right)
then show ?thesis
by auto
ged
then show ?thesis
by auto
qed

lemma iso-trace-class-compact-op-dual’-isometric|simp]:

— [1], Theorem 19.1

<norm (iso-trace-class-compact-op-dual’ t) = norm t» for t :: <(‘a::chilbert-space, 'b:: chilbert-space)
trace-class»
proof —
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let %iso = <iso-trace-class-compact-op-dual’ :: ('a,’d) trace-class = -
have (norm (%iso t) < norm t» for t
proof (rule norm-cblinfun-bound)
show <norm t > 0» by simp
fix c
show <cmod (iso-trace-class-compact-op-dual’ t *y ¢) < norm t * norm c»
apply (transfer fizing: c)
apply simp
by (metis cmod-trace-times from-compact-op-norm ordered-field-class.sign-simps(5))
qed
moreover have <norm (%iso t) > norm t) for ¢
proof —
define s where «s E = (3 ecE. cmod (e -¢ (abs-op (from-trace-class t) =y e)))» for E
have bound: <norm (%iso t) > s E» if <finite E> and <FE C some-chilbert-basis> for E
proof —

Partial duplication from the proof of iso-trace-class-compact-op-dual’-surjective. In Con-
way’s text, this subproof occurs only once. However, it did not become clear to use how
this works: It seems that Conway’s proof only implies that iso-trace-class-compact-op-dual’
is isometric on the subset of trace-class operators A constructed in that proof, but not
necessarily on others (if iso-trace-class-compact-op-dual’ were non-injective, there might
be others)

define A ® where (A = from-trace-class t» and «® = %iso t»
define W where «W = polar-decomposition A»
have <norm (Wx) < 1>
by (metis W-def nle-le norm-adj norm-partial-isometry norm-zero not-one-le-zero po-
lar-decomposition-partial-isometry)
define CE where «CE = (3 z€E. (butterfly x x))»
from «E C some-chilbert-basis»
have (norm CE < 1)
by (auto intro!: sum-butterfly-is-Proj norm-is-Proj is-normal-some-chilbert-basis simp:
CE-def is-ortho-set-antimono)

have <s E = ()" z€E. cmod (z ¢ (abs-op A %y z)))

using A-def s-def by blast
also have «... = cmod (3> z€E. z ¢ (abs-op A *y z))

apply (rule sum-cmod-pos)

by (simp add: cinner-pos-if-pos)
also have (... = cmod (> z€E. (W xy z) ¢ (4 *y 2))

apply (rule arg-cong, rule sum.cong, simp)
by (metis W-def cblinfun-apply-cblinfun-compose cinner-adj-right polar-decomposition-correct’)
also have «... = cmod (Y] z€E. ® (butterfly-co z (W z)))»

apply (rule arg-cong, rule sum.cong, simp)
by (auto simp: ®-def iso-trace-class-compact-op-dual’-apply butterfly-co.rep-eq trace-butterfly-comp

simp flip: A-def)

also have «... = ¢cmod (® (3 z€E. butterfly-co x (W z)))»

by (simp add: cblinfun.sum-right)
also have (... < norm ® x norm (> z€FE. butterfly-co x (W z))»

using norm-cblinfun by blast
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also have (... = norm ® x norm (> z€E. butterfly x (W z))»
apply transfer by simp
also have «... = norm ® x norm (3 z€FE. (butterfly x x ocr, Wx))»
apply (rule arg-cong, rule sum.cong, simp)
by (simp add: butterfly-comp-cblinfun)
also have (... = norm ® * norm (CE ocy Wx)»
by (simp add: CE-def cblinfun-compose-sum-left)
also have (... < norm ®»
apply (rule mult-left-le, simp-all)
using (norm CE < 1y <norm (Wx) < I»
by (metis mult-le-one norm-cblinfun-compose norm-ge-zero order-trans)
finally show ?thesis
by (simp add: ®-def)
qed
have <trace-class (from-trace-class t)» and <norm t = trace-norm (from-trace-class t)»
using from-trace-class
by (auto simp add: norm-trace-class.rep-eq)
then have <((Ae. cmod (e -¢ (abs-op (from-trace-class t) =y €))) has-sum norm t) some-chilbert-basis

by (metis (no-types, lifting) has-sum-cong has-sum-infsum is-onb-some-chilbert-basis trace-class-def
trace-norm-alt-def trace-norm-basis-invariance)
then have lim: (s —— norm t) (finite-subsets-at-top some-chilbert-basis))
by (simp add: filterlim-iff has-sum-def s-def)
show ?thesis
using - - lim apply (rule tendsto-le)
by (auto intro!: tendsto-const eventually-finite-subsets-at-top-weakl bound)
qged
ultimately show ?thesis
using nle-le by blast
qed

instance trace-class :: (chilbert-space, chilbert-space) cbanach
proof
let 2UNIVe = <UNIV :: (('b,’a) compact-op = ¢ complex) set
let YUNIVt = <UNIV :: ('a,’d) trace-class set»
let %iso = (iso-trace-class-compact-op-dual’ :: ('a,’b) trace-class = -»
have lin-inv[simp]: <bounded-clinear (inv %iso)»
apply (rule bounded-clinear-inv[where b=1])
by auto
have [simp]: <inj ?iso
proof (rule injI)
fix z y assume < ?iso x = ?iso y»
then have (norm (%iso (z — y)) = 0>
by (metis (no-types, opaque-lifting) add-diff-cancel-left diff-self iso-trace-class-compact-op-dual’-isometric
iso-trace-class-compact-op-dual’-plus norm-eq-zero ordered-field-class.sign-simps(12))
then have <norm (z — y) = 0»
by simp
then show (x = y»
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by simp
qed
have norm-inv[simp|: <norm (inv %iso ) = norm x> for z
by (metis iso-trace-class-compact-op-dual’-isometric iso-trace-class-compact-op-dual’-surjective
surj-f-inv-f)
have <complete 2UNIVe»
by (simp add: complete-UNIV)
then have <complete (inv ?iso * YUNIVc)»
apply (rule complete-isometric-image[rotated 4, where e=1])
by (auto simp: bounded-clinear.bounded-linear)
then have <complete YUNIV?»
by (simp add: inj-imp-surj-inv)
then show «Cauchy X = convergent X» for X :: <nat = ('a, 'b) trace-class
by (simp add: complete-def convergent-def)
qed

lemma trace-norm-geq-cinner-abs-op: < - (abs-op t xy ) < trace-norm t» if <trace-class t»
and <norm ¢ = 1>
proof —
have «3B. {¢} C B A is-onb B»
apply (rule orthonormal-basis-exists)
using <norm ¥ = 1»
by auto
then obtain B where <is-onb B) and ¢ € B>
by auto

have ) -¢ (abs-op t xy V) = (O oV€{t0}. ¥ ¢ (abs-op t xy )
by simp
also have «... < (3" oo¥€B. ¢ ¢ (abs-op t v )
apply (rule infsum-mono-neutral-complex)
using <Y € B» <is-onb B» that
by (auto simp add: trace-exists cinner-pos-if-pos)
also have «... = trace-norm t»
using <is-onb B> that
by (metis trace-abs-op trace-alt-def trace-class-abs-op)
finally show ?thesis
by —
qed

lemma norm-leg-trace-norm: <norm t < trace-norm t» if <trace-class t»
for t :: <'a::chilbert-space = ¢ 'b::chilbert-space)
proof —
wlog not-singleton: <class.not-singleton TYPE('a)»
using not-not-singleton-cblinfun-zero|of t] negation by simp
note cblinfun-norm-approx-witness’ = cblinfun-norm-approz-witness[internalize-sort’ 'a, OF
complez-normed-vector-azioms not-singleton)
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show ?thesis
proof (rule field-le-epsilon)
fix € :: real assume < > 0>

define § :: real where
0 = min (sqrt (e / 2)) (e / (4 = (norm (sqrt-op (abs-op t)) + 1)))»
have <6 > 0»
using <& > 0» apply (auto simp add: §-def)
by (smt (verit) norm-not-less-zero zero-less-divide-iff)
have §-small: <62 + 2 * norm (sqrt-op (abs-op t)) * § < &
proof —
define n where «n = norm (sqrt-op (abs-op t))»
then have «n > 0>
by simp
have 0: <6 = min (sqgrt (¢ / 2)) (e / (4 * (n + 1))
by (simp add: 6-def n-def)

have <02 + 2+ n*6<ec/ 2+ 2% n*d
apply (rule add-right-mono)
apply (subst 0) apply (subst min-power-distrib-left)
using < > 0> <n > 0> by auto

alsohave «... <e/ 2+ 2xnx*x(/ (4 *(n+ 1))
apply (intro add-left-mono mult-left-mono)
by (simp-all add: § <n > 0»)

alsohave ... =/ 2+ 2% (n/ (nt+1)) (e / 4)
by simp

alsohave «... <e/ 2+ 2«1 x(c/ 40
apply (intro add-left-mono mult-left-mono mult-right-mono)
using <n > 0> <¢ > 0> by auto

also have «... = &
by simp
finally show 92 + 2 x nx 6 < &
by —
qed

from <5 > 0» obtain ¢ where ve: (norm (sqrt-op (abs-op t)) — & < norm (sqrt-op (abs-op
t) *y ¥)) and <norm ¢ = 1»
apply atomize-elim by (rule cblinfun-norm-approz-witness’)

have auzl: <2 x complex-of-real x = complex-of-real (2 * z)» for x
by simp

have <complex-of-real (norm t) = norm (abs-op t)»
by simp
also have ... = (norm (sqrt-op (abs-op t)))*
by (simp add: positive-selfadjoint] [unfolded selfadjoint-def] flip: norm-AadjA)
also have «... < (norm (sqrt-op (abs-op t) *y ) + 6)%
by (smt (verit) e complex-of-real-mono norm-triangle-ineqj norm-triangle-sub pos2
power-strict-mono)
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also have «... = (norm (sqrt-op (abs-op t) xv 1)) + 62 + 2 * norm (sqrt-op (abs-op t)
xy ) % &
by (simp add: power2-sum)
also have «... < (norm (sqrt-op (abs-op t) v )% + 62 + 2 * norm (sqrt-op (abs-op t))
x 0)
apply (rule complex-of-real-mono-iff [ THEN 1iffD2])
by (smt (28) <0 < &> <norm ¢ = 1) more-arith-simps(11) mult-less-cancel-right-disj
norm-cblinfun one-power2 power2-eq-square)
also have «... < (norm (sqrt-op (abs-op t) *y ¥))? + &
apply (rule complezx-of-real-mono-iff [ THEN iffD2])
using J§-small by auto

also have «... = ((sqrt-op (abs-op t) *y ¥) - (sqrt-op (abs-op t) xy P)) + &
by (simp add: cdot-square-norm,)
also have «... = (¢ «¢ (abs-op t xy ) + &

by (simp add: positive-selfadjointl[unfolded selfadjoint-def] flip: cinner-adj-right cblin-
fun-apply-cblinfun-compose)
also have «... < trace-norm t + &)
using «norm ¢ = 1) <trace-class t» by (auto simp add: trace-norm-geg-cinner-abs-op)
finally show «norm t < trace-norm t + &»
using complez-of-real-mono-iff by blast
qged
qed

lemma clinear-from-trace-class|iff]: <clinear from-trace-class
apply (rule clinearl; transfer)
by auto

lemma bounded-clinear-from-trace-class[bounded-clinear]:
<bounded-clinear (from-trace-class :: ('a::chilbert-space,’b:: chilbert-space) trace-class = -)»
proof (cases <class.not-singleton TYPE('a)>)
case True
show ?thesis
apply (rule bounded-clinearl[where K=1]; transfer)
by (auto intro!: norm-leg-trace-norm|internalize-sort’ 'a] chilbert-space-axioms True)
next
case Fulse
then have zero: <A = 0 for A :: (a =¢c1 b
by (rule not-not-singleton-cblinfun-zero)
show ?thesis
apply (rule bounded-clinearI[where K=1])
by (subst zero, simp)+
qed

instantiation trace-class :: (chilbert-space, chilbert-space) order begin

lift-definition less-eg-trace-class :: <('a, 'b) trace-class = ('a, 'b) trace-class = bool> is
less-eq.

lift-definition less-trace-class :: <('a, 'b) trace-class = ('a, 'b) trace-class = bool is
less.
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instance
apply intro-classes
apply (auto simp add: less-eg-trace-class.rep-eq less-trace-class.rep-eq)
by (simp add: from-trace-class-inject)
end

lift-definition compose-tcl :: «(’a::chilbert-space, 'b:: chilbert-space) trace-class = (’c::chilbert-space
=cyr 'a) = ('¢,’d) trace-class) is

<cblinfun-compose :: 'a =cr 'b = 'c =>¢cr 'a = 'c =cr '

by (simp add: trace-class-comp-left)

lift-definition compose-ter :: <(a::chilbert-space = ¢ 'b::chilbert-space) = ('c::chilbert-space,
‘a) trace-class = ('c,’d) trace-class) is

<eblinfun-compose :: 'a =cp 'b = 'c =cp 'a = ¢ =cp b

by (simp add: trace-class-comp-right)

lemma norm-compose-tcl: <norm (compose-tel a b) < norm a * norm b
by (auto intro!: trace-norm-comp-left simp: norm-trace-class.rep-eq compose-tcl.rep-eq)

lemma norm-compose-ter: <norm (compose-ter a b) < norm a * norm b
by (auto introl: trace-norm-comp-right simp: norm-trace-class.rep-eq compose-tcr.rep-eq)

interpretation compose-tcl: bounded-cbilinear compose-tcl
proof (intro bounded-cbilinear.intro exl[of - 1] alll)
fix a a’:: <("a,’d) trace-classy and b b’ :: <c =¢ ‘a> and 1 :: complex
show <compose-tcl (a + a’) b = compose-tcl a b + compose-tcl a’ b
apply transfer
by (simp add: cblinfun-compose-add-left)
show (compose-tcl a (b + b') = compose-tcl a b + compose-tcl a b’
apply transfer
by (simp add: cblinfun-compose-add-right)
show <compose-tcl (r x¢ a) b = r ¢ compose-tcl a b
apply transfer
by simp
show (compose-tcl a (r ¢ b) = r x¢ compose-tcl a b
apply transfer
by simp
show <norm (compose-tcl a b) < norm a * norm b * 1)
by (simp add: norm-compose-tcl)
qed

interpretation compose-tcr: bounded-cbilinear compose-ter
proof (intro bounded-cbilinear.intro exl[of - 1] alll)
fix a a’:: ¢'a =cp by and b b’ «(“e,a) trace-class» and r i complex
show (compose-ter (a + a') b = compose-ter a b + compose-ter a’ by
apply transfer
by (simp add: cblinfun-compose-add-left)
show <compose-tcr a (b + b’) = compose-tcr a b + compose-ter a b
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apply transfer
by (simp add: cblinfun-compose-add-right)

show <compose-ter (r xc a) b = r *¢ compose-ter a by
apply transfer
by simp

show <(compose-tcr a (r x¢ b) = r *¢ compose-ter a by
apply transfer
by simp

show <norm (compose-tcr a b) < norm a x norm b * 1»
by (simp add: norm-compose-tcr)

qed

lemma trace-norm-sandwich: <trace-norm (sandwich e t) < (norm €)”2 * trace-norm t» if
<trace-class

apply (simp add: sandwich-apply)

by (smt (28) Groups.mult-ac(2) more-arith-simps(11) mult-left-mono norm-adj norm-ge-zero
power2-eq-square that trace-class-comp-right trace-norm-comp-left trace-norm-comp-right)

lemma trace-class-sandwich: <trace-class b = trace-class (sandwich a b))
by (simp add: sandwich-apply trace-class-comp-right trace-class-comp-left)

definition <sandwich-tc e t = compose-tcl (compose-ter e t) (ex)»

lemma sandwich-tc-transfer[transfer-rule]:

includes lifting-syntax

shows (((=) ===> cr-trace-class ===> cr-trace-class) (Ae. (xv) (sandwich e)) sandwich-tc»

by (auto introl: rel-funl simp: sandwich-tc-def cr-trace-class-def compose-tcl.rep-eq compose-ter.rep-eq
sandwich-apply)

lemma from-trace-class-sandwich-tc:
(from-trace-class (sandwich-tc e t) = sandwich e (from-trace-class t)»
apply transfer
by (rule sandwich-apply)

lemma norm-sandwich-te: <norm (sandwich-tc e t) < (norm e) "2 * norm t
by (simp add: norm-trace-class.rep-eq from-trace-class-sandwich-tc trace-norm-sandwich)

lemma sandwich-tc-pos: <sandwich-tc e t > 0y if <t > 0>
using that apply (transfer fizing: e)
by (simp add: sandwich-pos)

lemma sandwich-tc-scaleC-right: (sandwich-tc e (¢ *¢ t) = ¢ *¢ sandwich-tc e t»

apply (transfer fizing: e c)
by (simp add: cblinfun.scaleC-right)

lemma sandwich-tc-plus: <sandwich-tc e (t + u) = sandwich-tc e t + sandwich-tc e w
by (simp add: sandwich-tc-def compose-tcr.add-right compose-tel.add-left)
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lemma sandwich-tc-minus: <sandwich-tc e (¢t — u) = sandwich-tc e t — sandwich-tc e u
by (simp add: sandwich-tc-def compose-ter.diff-right compose-tcl. diff-left)

lemma sandwich-tc-uminus-right: <sandwich-tc e (— t) = — sandwich-tc e t»
by (metis (no-types, lifting) add.right-inverse arith-simps(50) diff-0 group-cancel.subl sand-
wich-tc-minus)

lemma trace-comp-pos:
fixes a b :: <'a:chilbert-space =c, 'a>
assumes <trace-class b
assumes <a > () and b > 0»
shows <trace (a ocp b) > O0»
proof —
obtain ¢ :: <a =¢ 'a» where <a = cx ocp, ©
by (metis assms(2) positive-selfadjoint] sqrt-op-pos sqrt-op-square selfadjoint-def)
then have <trace (a oo b) = trace (sandwich c b)»
by (simp add: sandwich-apply assms(1) cblinfun-assoc-left(1) circularity-of-trace trace-class-comp-right)
also have (... > 0»
by (auto introl: trace-pos sandwich-pos assms)
finally show ?thesis
by —
qed

lemma trace-norm-one-dim: <trace-norm x = cmod (one-dim-iso x)»
apply (rule of-real-eq-iff [where ‘a=complex, THEN iffD1])
apply (simp add: abs-op-one-dim flip: trace-abs-op)
by (simp add: abs-complez-def)

lemma trace-norm-bounded:
fixes A B :: <'a:chilbert-space =cr 'a»
assumes <A > 0» and <trace-class B»
assumes <4 < By
shows «(trace-class A»
proof —
have «(Az. z -¢ (B *y z)) abs-summable-on some-chilbert-basis)
by (metis assms(2) is-onb-some-chilbert-basis summable-on-iff-abs-summable-on-complex
trace-exists)
then have «(Az. z -¢ (A xy z)) abs-summable-on some-chilbert-basis
apply (rule abs-summable-on-comparison-test)
using <A > 0 (A< B
by (auto intro!: cmod-mono cinner-pos-if-pos simp: abs-op-id-on-pos less-eq-cblinfun-def)
then show ?thesis
by (auto intro!: trace-classI[OF is-onb-some-chilbert-basis| simp: abs-op-id-on-pos <A > 0»)
qed

lemma trace-norm-cblinfun-mono:
fixes A B :: <'a::chilbert-space =cp 'a
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assumes <A > 0» and <trace-class B»
assumes <A < By
shows <trace-norm A < trace-norm B)»
proof —
from assms have <trace-class A»
by (rule trace-norm-bounded)
from (A < By and <4 > 0»
have <B > 0»
by simp
have <cmod (z -¢ (abs-op A xy z)) < emod (z -¢ (abs-op B xy z))» for z
using <A < B»
unfolding less-eq-cblinfun-def
using <A > 0» <B > 0»
by (auto introl: cmod-mono cinner-pos-if-pos simp: abs-op-id-on-pos)
then show <trace-norm A < trace-norm B)
using <trace-class Ay <trace-class B»
by (auto introl: infsum-mono
simp add: trace-norm-def trace-class-iff-summable] OF is-onb-some-chilbert-basis))
qed

lemma norm-cblinfun-mono-trace-class:
fixes A B :: «('a::chilbert-space, 'a) trace-class)
assumes (A > 0>
assumes <A < B»
shows <norm A < norm B»
using assms
apply transfer
apply (rule trace-norm-cblinfun-mono)
by auto

lemma trace-norm-butterfly: <trace-norm (butterfly a b) = (norm a) x (norm b)»
for a b :: - :: chilbert-spaces
proof —
have <trace-norm (butterfly a b) = trace (abs-op (butterfly a b))
by (simp flip: trace-abs-op)

also have «... = (norm a / norm b) * trace (selfbutter b)»
by (simp add: abs-op-butterfly scaleR-scaleC trace-scaleC del: trace-abs-op)
also have «... = (norm a / norm b) * trace ((vector-to-cblinfun b :: complex =cr -)* ocr,

vector-to-cblinfun b)»

apply (subst butterfly-def)
apply (subst circularity-of-trace)

by simp-all

also have «... = (norm a / norm b) * (b -¢ b))
by simp

also have <... = (norm a) * (norm b))

by (simp add: cdot-square-norm power2-eq-square)
finally show ?thesis
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using of-real-eq-iff by blast
qed

lemma from-trace-class-sum:
shows (from-trace-class (3 z€M. fz) = (3, x€M. from-trace-class (f z))»
apply (induction M rule:infinite-finite-induct)
by (simp-all add: plus-trace-class.rep-eq)

lemma has-sum-mono-neutral-traceclass:
fixes f :: ‘a = ('b::chilbert-space, 'b) trace-class
assumes ((f has-sum a) A» and (g has-sum b) B
assumes (A\z. z € ANB = fz < g
assumes (A\z. z € A—-B = fz < O»
assumes (A\z. z € B—A =gz > 0»
shows a < b
proof —
from assms(1)
have «((A\z. from-trace-class (f x)) has-sum from-trace-class a) A»
apply (rule Infinite-Sum.has-sum-bounded-linear|rotated))
by (intro bounded-clinear-from-trace-class bounded-clinear.bounded-linear)
moreover
from assms(2)
have «((A\z. from-trace-class (g z)) has-sum from-trace-class b) B>
apply (rule Infinite-Sum.has-sum-bounded-linear|[rotated))
by (intro bounded-clinear-from-trace-class bounded-clinear.bounded-linear)
ultimately have «from-trace-class a < from-trace-class b
apply (rule has-sum-mono-neutral-cblinfun)
using assms by (auto simp: less-eq-trace-class.rep-eq)
then show ?thesis
by (auto simp: less-eg-trace-class.rep-eq)
qed

lemma has-sum-mono-traceclass:
fixes f :: 'a = ('b::chilbert-space, 'b) trace-class
assumes (f has-sum z) A and (g has-sum y) A
assumes \z. 2 € A = fz < g o
shows z < y
using assms has-sum-mono-neutral-traceclass by force

lemma infsum-mono-traceclass:
fixes [ :: ‘a = ('b::chilbert-space, 'b) trace-class
assumes [ summable-on A and g summable-on A
assumes (A\z. 2 € A = fz < gm
shows infsum f A < infsum g A
by (meson assms has-sum-infsum has-sum-mono-traceclass)

lemma infsum-mono-neutral-traceclass:
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fixes f :: ‘a = ('b::chilbert-space, 'b) trace-class

assumes [ summable-on A and g summable-on B

assumes (A\z. z € ANB = fz < g

assumes (A\z. 2 € A-B = fz < O

assumes (A\z. z € B—A =gz > O»

shows infsum f A < infsum g B

using assms(1) assms(2) assms(3) assms(4) assms(5) has-sum-mono-neutral-traceclass summable-iff-has-sum-infs
by blast

instance trace-class :: (chilbert-space, chilbert-space) ordered-complex-vector
apply (intro-classes; transfer)
by (auto intro!l: scaleC-left-mono scaleC-right-mono)

lemma Abs-trace-class-geqOI: <0 < Abs-trace-class t» if <trace-class t» and <t > 0>
using that by (simp add: zero-trace-class.abs-eq less-eg-trace-class.abs-eq eq-onp-def)

lift-definition tc-compose :: «('b::chilbert-space, 'c::chilbert-space) trace-class
= ('a::chilbert-space, 'b) trace-class = ('a,’c) trace-classy is
cblinfun-compose
by (simp add: trace-class-comp-left)

lemma norm-tc-compose:
«norm (tc-compose a b) < norm a * norm b
proof transfer
fix a : (c=cr ' and b :: <a =¢cp o
assume <a € Collect trace-classy and tc-b: <b € Collect trace-class»
then have <trace-norm (a ocy b) < trace-norm a x norm b
by (simp add: trace-norm-comp-left)
also have «... < trace-norm a * trace-norm b»
using te-b by (auto introl: mult-left-mono norm-leg-trace-norm)
finally show <trace-norm (a ocr b) < trace-norm a * trace-norm b
by —
qed

lift-definition trace-tc :: <('a::chilbert-space, 'a) trace-class = complex> is trace.

lemma trace-tc-plus: <trace-tc (a + b) = trace-tc a + trace-tc by
apply transfer by (simp add: trace-plus)

lemma trace-tc-scaleC': <trace-tc (¢ *¢ a) = ¢ *¢ trace-tc a)
apply transfer by (simp add: trace-scaleC)

lemma trace-tc-norm: <norm (trace-tc a) < norm a»
apply transfer by auto

lemma bounded-clinear-trace-tc[bounded-clinear, simp): <bounded-clinear trace-te

apply (rule bounded-clinearl[where K=1])
by (auto simp: trace-tc-scaleC trace-te-plus introl: trace-tc-norm)
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lemma norm-tc-pos: <norm A = trace-tc Ay if <A > 0»
using that apply transfer by (simp add: trace-norm-pos)

lemma norm-tc-pos-Re: <norm A = Re (trace-tc A)» if <A > 0»
using norm-tc-pos|OF that]
by (metis Re-complex-of-real)

lemma from-trace-class-pos: <from-trace-class A > 0 «— A > 0»
by (simp add: less-eg-trace-class.rep-eq)

lemma infsum-tc-norm-bounded-abs-summable:
fixes A :: ('a = ('b::chilbert-space, 'b::chilbert-space) trace-class
assumes pos: <N\z.z € M = A x> O
assumes bound-B: <\F. finite F = F C M = norm (>_z€F. Az) < B»
shows (A abs-summable-on M>
proof —
have (3 zeF. norm (A z)) = norm () z€F. A z)» if <F C M) for F
proof —
have (complez-of-real (> xz€F. norm (A x)) = (D> x€F. complex-of-real (trace-norm (from-trace-class
(4 )
by (simp add: norm-trace-class.rep-eq trace-norm-pos)
also have ... = (3] z€F. trace (from-trace-class (A x)))»
using that pos by (auto intro!: sum.cong simp add: trace-norm-pos less-eq-trace-class.rep-eq)
also have «... = trace (from-trace-class (> z€F. A z))»
by (simp add: from-trace-class-sum trace-sum)
also have ¢... = norm (> z€F. A z)»
by (smt (verit, ccfo-threshold) calculation norm-of-real norm-trace-class.rep-eq sum-norm-le
trace-leg-trace-norm)
finally show ?thesis
using of-real-eq-iff by blast
qed
with bound-B have bound-B”: «(} z€F. norm (A z)) < B» if <finite F» and <F C M) for F
by (metis that(1) that(2))
then show <A abs-summable-on M>
apply (rule-tac nonneg-bdd-above-summable-on)
by (auto intro!: bdd-abovel)
qed

lemma trace-norm-uminus|[simp|: <trace-norm (—a) = trace-norm a>
by (metis abs-op-uminus of-real-eq-iff trace-abs-op)

lemma trace-norm-triangle-minus:
fixes a b :: <'a::chilbert-space = ¢, 'b::chilbert-space)
assumes [simp|: <trace-class a> <trace-class b
shows <trace-norm (a — b) < trace-norm a + trace-norm b
using trace-norm-triangle[of a <—b)]
by auto
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lemma trace-norm-abs-op[simpl: <trace-norm (abs-op t) = trace-norm t
by (simp add: trace-norm-def)

lemma
fixes t :: <'a =¢1 'a:chilbert-spaces
shows cblinfun-decomp-4pos: «
Jt1 t2 13 t4.
t=1t1 —t2 L i%c t3 —i*c t)
AtI>0NE2>0ANE8>0At >0 (is ?thesisl)
and trace-class-decomp-4pos: <trace-class t —>
Jt1 t2 t3 t.
t=1t1 —t2 4+1i*xc t3 —1ixc t4
A trace-class t1 A trace-class t2 N trace-class t3 N trace-class t/
A trace-norm t1 < trace-norm t A trace-norm t2 < trace-norm t A trace-norm t8
< trace-norm t A trace-norm t4 < trace-norm t
ANt >0NE2>0ALE8> 0Nt >0 (is <- = Zthesis2y)
proof —
define th ta where «th = (1/2) x¢ (t + tx)> and <ta = (=i/2) x¢ (t — tx)
have th-herm: <thx = th)
by (simp add: adj-plus th-def)
have <tax = ta»
by (simp add: adj-minus ta-def scaleC-diff-right adj-uminus)
have (¢t = th + 1 *¢ ta»
by (smt (verit, ccfv-SIG) add.commute add.inverse-inverse complex-i-mult-minus com-
plezx-vector.vector-space-assms(1) complex-vector.vector-space-assms(3) diff-add-cancel group-cancel.add?
i-squared scaleC-half-double ta-def th-def times-divide-eq-right)
define ¢1 ¢t2 where «t1 = (abs-op th + th) /r 2> and <t2 = (abs-op th — th) /r 2>
have <t1 > 0»
using abs-op-geq-neqlunfolded selfadjoint-def, OF <thx = thy] ordered-field-class.sign-simps(15)
by (fastforce simp add: t1-def intro!: scaleR-nonneg-nonneg)
have t2 > 0»
using abs-op-geq[unfolded selfadjoint-def, OF <thx = thy] ordered-field-class.sign-simps(15)
by (fastforce simp add: t2-def intro!: scaleR-nonneg-nonneg)
have «th = t1 — t2»
apply (simp add: t1-def t2-def)
by (metis (no-types, opaque-lifting) Extra-Ordered-Fields.sign-simps(8) diff-add-cancel or-
dered-field-class.sign-simps(2) ordered-field-class.sign-simps(27) scaleR-half-double)
define t3 ¢t/ where «t3 = (abs-op ta + ta) /g 2> and <t/ = (abs-op ta — ta) /g 2>
have «t3 > 0»
using abs-op-geq-neqlunfolded selfadjoint-def, OF <tax = ta>] ordered-field-class.sign-simps(15)
by (fastforce simp add: t3-def intro!: scaleR-nonneg-nonneg)
have <t > 0»
using abs-op-geq[unfolded selfadjoint-def, OF <tax = tay] ordered-field-class.sign-simps(15)
by (fastforce simp add: t4-def intro!: scaleR-nonneg-nonneg)
have <ta = t3 — t4»
apply (simp add: t3-def tj-def)
by (metis (no-types, opaque-lifting) Extra-Ordered-Fields.sign-simps(8) diff-add-cancel or-
dered-field-class.sign-simps(2) ordered-field-class.sign-simps(27) scaleR-half-double)
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have decomp: <t = t1 — t2 +ixc t3 —1i*c t4>
by (simp add: <t = th + i x¢ ta> <th = t1 — t2» <ta = t3 — t4> scaleC-diff-right)
from decomp <t1 > 0> <t2 > 0> «t8 > 0> «t4 > 0>
show ?thesis1
by auto
show ?thesis2 if <trace-class t»
proof —
have «(trace-class thy <trace-class ta>
by (auto simp add: th-def ta-def
intro!: <trace-class t» trace-class-scaleC trace-class-plus trace-class-minus trace-class-uminus
trace-class-ady)
then have tc: (trace-class t1> <(trace-class t2» <trace-class t3» <trace-class t4}>»
by (auto simp add: t1-def t2-def t3-def tj-def scaleR-scaleC introl: trace-class-scaleC')
have tn-th: <trace-norm th < trace-norm t»
using trace-norm-triangle[of t «tx)]
by (auto simp add: that th-def trace-norm-scaleC)
have tn-ta: <trace-norm ta < trace-norm t»
using trace-norm-triangle-minus|[of t <tx]
by (auto simp add: that ta-def trace-norm-scaleC)
have tni: <trace-norm t1 < trace-norm t»
using trace-norm-triangle[of <abs-op thy th] tn-th
by (auto simp add: <trace-class thy t1-def trace-norm-scaleC scaleR-scaleC')
have tn2: <trace-norm t2 < trace-norm t»
using trace-norm-triangle-minus[of <abs-op th> th] tn-th
by (auto simp add: <trace-class thy t2-def trace-norm-scaleC scaleR-scaleC')
have tn3: <trace-norm t3 < trace-norm t»
using trace-norm-triangle[of <abs-op ta» ta] tn-ta
by (auto simp add: <trace-class tay t3-def trace-norm-scaleC scaleR-scaleC')
have tn/j: <trace-norm t4 < trace-norm t»
using trace-norm-triangle-minus[of <abs-op ta ta] tn-ta
by (auto simp add: <trace-class tay t4-def trace-norm-scaleC scaleR-scaleC')
from decomp tc <t1 > 0y <t2 > 0> <t3 > 0> <t4 > 0> tnl tn2 tn3 tn4
show ?thesis2
by auto
qged
qed

lemma trace-class-decomp-4pos’:
fixes t :: <(a::chilbert-space,’a) trace-classy
shows (3 t1 t2 t3 t4.
t=1tl —t2 +1*xc t8 —1ixc t4
A norm t1 < norm t A norm t2 < norm t A norm t8 < norm t A norm t4 < norm

AL >0AE2>0AL>0At >0
proof —
from trace-class-decomp-4pos[of <from-trace-class t», OF trace-class-from-trace-class]
obtain t1't2' t3' t4’
where *: (from-trace-class t = t1' — t2' + i *c t3' — i x*¢c t4'
A trace-class t1' A trace-class t2' A trace-class t3' A trace-class t4’

271



A trace-norm t1' < trace-norm (from—tmce—class t) A trace-norm t2' < trace-norm
(from-trace-class t) N trace-norm t3' < trace-norm (from-trace-class t) A trace-norm t}’ <
trace-norm (from-trace-class t)

ANtI'">0NE2">0ANE3">0N1 >0

by auto
then obtain t1 t2 t3 t4 where
t1234: «t1' = from-trace-class t1y «t2' = from-trace-class t2) <t3' = from-trace-class t3) «t4
= from-trace-class t4>»
by (metis from-trace-class-cases mem-Collect-eq)
with x have n1234: <norm t1 < norm t» <norm t2 < norm t» <norm t3 < norm t» <norm t4
< norm t»
by (metis norm-trace-class.rep-eq)+
have t-decomp: <t = t1 — t2 + i *¢ t8 — 1 x¢ t4»
using * unfolding t1234
by (auto simp: from-trace-class-inject
stmp flip: scaleC-trace-class.rep-eq plus-trace-class.rep-eq minus-trace-class.rep-eq)
have pos1234: <t1 > 0y <t2 > 0> <t3 > 0> <t4 > O
using * unfolding t123/
by (auto simp: less-eq-trace-class-def)
from t-decomp pos1234 ni123/
show ?thesis
by blast
qed

/

thm bounded-clinear-trace-duality
lemma bounded-clinear-trace-duality’: <trace-class t = bounded-clinear (Aa. trace (a ocyp t))»
for t :: <-::chilbert-space = ¢ -::chilbert-space»
apply (rule bounded-clinearI [where K=c<trace-norm t))
apply (auto simp add: cblinfun-compose-add-left trace-class-comp-right trace-plus trace-scaleC')[2]
by (metis circularity-of-trace order-trans trace-leg-trace-norm trace-norm-comp-right)

lemma infsum-nonneg-traceclass:
fixes f :: ‘a = ('b::chilbert-space, 'b) trace-class
assumes \z.2 € M = 0 < fz
shows infsum f M > 0
apply (cases <f summable-on M»)
apply (subst infsum-0-simp[symmetric])
apply (rule infsum-mono-neutral-traceclass)
using assms by (auto simp: infsum-not-exists)

lemma sandwich-tc-compose: <sandwich-tc (A ocr B) = sandwich-tc A o sandwich-tc B»
apply (rule ext)
apply (rule from-trace-class-inject| THEN iffD1])
apply (transfer fizing: A B)
by (simp add: sandwich-compose)

lemma sandwich-tc-0-left[simp]: <sandwich-tc 0 = 0)
by (auto intro!: ext simp add: sandwich-tc-def compose-tcl.zero-left compose-ter.zero-left)
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lemma sandwich-te-0-right[simp): <sandwich-tc e 0 = 0>
by (auto intro!: ext simp add: sandwich-tc-def compose-tcl.zero-left compose-ter.zero-right)

lemma sandwich-tc-scaleC-left: <sandwich-tc (¢ ¢ e) t = (ecmod ¢) "2 *¢ sandwich-tc e t
apply (rule from-trace-class-inject{ THEN iffD1])
by (simp add: from-trace-class-sandwich-tc scaleC-trace-class.rep-eq
sandwich-scaleC-left)

lemma sandwich-tc-scaleR-left: <sandwich-tc (r xg €) t = 12 *xg sandwich-tc e t»
by (simp add: scaleR-scaleC sandwich-tc-scaleC-left flip: of-real-power)

lemma bounded-cbilinear-tc-compose: <bounded-cbhilinear tc-compose)

unfolding bounded-cbilinear-def

apply transfer

apply (auto intro!: exI[of - 1] simp: cblinfun-compose-add-left cblinfun-compose-add-right)

by (meson norm-leg-trace-norm dual-order.trans mult-right-mono trace-norm-comp-right trace-norm-nnegq)
lemmas bounded-clinear-tc-compose-left[bounded-clinear] = bounded-cbilinear.bounded-clinear-left| OF
bounded-cbilinear-tc-compose]
lemmas bounded-clinear-tc-compose-right|bounded-clinear] = bounded-cbilinear.bounded-clinear-right[ OF
bounded-cbilinear-tc-compose]

lift-definition tc-butterfly :: <’a::chilbert-space = 'b::chilbert-space = ('b,’a) trace-class
is butterfly
by simp

lemma norm-te-butterfly: <norm (te-butterfly ¥ ¢) = norm 1 x norm >

apply (transfer fizing: ¢ )
by (simp add: trace-norm-butterfly)

lemma trace-tc-butterfly: <trace-tc (te-butterfly z y) = y ¢
apply (transfer fizing: x y)
by (rule trace-butterfly)

lemma comp-te-butterfly[simp]: <tc-compose (tc-butterfly a b) (tc-butterfly ¢ d) = (b -¢ ¢) *¢
te-butterfly a d»

apply transfer’

by simp

lemma te-butterfly-pos[simp]: <0 < tc-butterfly 1 i
apply transfer
by simp

lift-definition ranki-tc :: <('a::chilbert-space, 'b::chilbert-space) trace-class = booly is rankl.
lift-definition finite-rank-tc :: <('a::chilbert-space, 'b::chilbert-space) trace-class = bools is fi-

nite-rank.

lemma finite-rank-tc-0[iff]: «finite-rank-tc 0>
apply transfer by simp
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lemma finite-rank-te-plus: «finite-rank-tc (a + b)»
if <finite-rank-tc a> and <finite-rank-tc b
using that apply transfer
by simp

lemma finite-rank-tc-scale: «<finite-rank-tc (¢ x¢ a)y if «finite-rank-tc a»
using that apply transfer by simp

lemma csubspace-finite-rank-tc: <csubspace (Collect finite-rank-tc)»
apply (rule complez-vector.subspacel )
by (auto introl: finite-rank-tc-plus finite-rank-tc-scale)

lemma rankl-trace-class: <trace-class a> if <rankl a)
for a b :: <'a::chilbert-space = ¢, 'b::chilbert-space>
using that by (auto intro!: simp: rankl-iff-butterfly)

lemma finite-rank-trace-class: <trace-class a) if <finite-rank a>
for a :: <'a::chilbert-space = 'b::chilbert-spaces
proof —
from «<finite-rank a> obtain F f where «(finite F» and <F C Collect rank1»
and a-def: <a = (Y z€F. fz ¢ )
by (smt (verit, ccfo-threshold) complez-vector.span-explicit finite-rank-def mem-Collect-eq)
then show «<trace-class a»
unfolding a-def
apply induction
by (auto intro!: trace-class-plus trace-class-scaleC intro: ranki1-trace-class)
qed

lemma trace-minus:

assumes <trace-class a» <trace-class b

shows <trace (a — b) = trace a — trace b

by (metis (no-types, lifting) add-uminus-conv-diff assms(1) assms(2) trace-class-uminus trace-plus
trace-uminus)

lemma trace-cblinfun-mono:
fixes A B :: ('a::chilbert-space =¢cy, 'a»
assumes <trace-class Ay and «<trace-class B>
assumes (A < B»
shows <trace A < trace B>
proof —
have sumA: <(Xe. e -¢ (A *y e)) summable-on some-chilbert-basis
by (auto introl: trace-exists assms)
moreover have sumB: «(Xe. e -¢ (B *y €)) summable-on some-chilbert-basis
by (auto introl: trace-exists assms)
moreover have <z .¢ (A xy z) < 1 -¢ (B *y z) for z
using assms(3) less-eq-cblinfun-def by blast
ultimately have (> o e€some-chilbert-basis. e ¢ (A xy ¢e)) < (3. oo eEsome-chilbert-basis.
ec (Bxy e))
by (rule infsum-mono-complex)
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then show ?thesis
by (metis assms(1) assms(2) assms(3) diff-ge-0-iff-ge trace-minus trace-pos)
qed

lemma trace-tc-mono:
assumes (A < B»
shows <trace-tc A < trace-tc B>
using assms
apply transfer
by (simp add: trace-cblinfun-mono)

lemma trace-tc-0[simp): <trace-tc 0 = 0»
apply transfer’ by simp

lemma cspan-te-transfer|[transfer-rule]:

includes lifting-syntax

shows «((rel-set cr-trace-class ===> rel-set cr-trace-class) cspan cspany
proof (intro rel-funl rel-setl)

fix B :: «('a =¢r 'b) set> and C

assume <rel-set cr-trace-class B C»

then have BC: «B = from-trace-class * C»

by (auto introl: simp: cr-trace-class-def image-iff rel-set-def)

show «Jtecspan C. cr-trace-class a t» if <a € cspan B) for a
proof —
from that obtain F f where «finite F» and <F C B> and a-sum: <a = (D z€F. fx x¢ z))
by (auto simp: complez-vector.span-explicit)
from «F C B)
obtain F’ where «F' C C» and FF': (F = from-trace-class ‘ F'’»
by (auto elim!: subset-imageE simp: BC)
define ¢t where «t = (D z€F"’. f (from-trace-class x) *c x)»
have <a = from-trace-class t»
by (simp add: a-sum t-def from-trace-class-sum scaleC-trace-class.rep-eq FF’
sum.reindex o-def from-trace-class-inject inj-on-def)
moreover have <t € cspan C»
by (metis (no-types, lifting) <F' C C) complez-vector.span-clauses(4) complex-vector.span-sum
complez-vector.span-superset subsetD t-def)
ultimately show «3iccspan C. cr-trace-class a t»
by (auto simp: cr-trace-class-def)
ged

show <Jaccspan B. cr-trace-class a t» if <t € cspan C) for t
proof —
from that obtain F f where «finite F» and <F C C) and t-sum: <t = (>, z€F. fx *c =)
by (auto simp: complez-vector.span-explicit)
define a where <a = (> z€F. f 1z xc from-trace-class x)»
then have <a = from-trace-class t»
by (simp add: t-sum a-def from-trace-class-sum scaleC-trace-class.rep-eq)
moreover have «a € cspan B>
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using BC «F C C)
by (auto introl: complex-vector.span-base complez-vector.span-sum complex-vector.span-scale
simp: a-def)
ultimately show #thesis
by (auto simp: cr-trace-class-def)
qed
qed

lemma finite-rank-te-def”: «finite-rank-tc A <— A € cspan (Collect rank1-tc)»
apply transfer’
apply (auto simp: finite-rank-def)
apply (metis (no-types, lifting) Collect-cong rankl-trace-class)
by (metis (no-types, lifting) Collect-cong rankl-trace-class)

lemma tc-butterfly-add-left: <tc-butterfly (a + a’) b = tc-butterfly a b + te-butterfly a’ by
apply transfer
by (rule butterfly-add-left)

lemma tc-butterfly-add-right: <tc-butterfly a (b + b') = te-butterfly a b + tc-butterfly a b’
apply transfer
by (rule butterfly-add-right)

lemma te-butterfly-sum-left: <tc-butterfly (> ieM. ¢ i) ¢ = (O i€M. tc-butterfly (¢ ©) @)
apply transfer
by (rule butterfly-sum-left)

lemma tc-butterfly-sum-right: <tc-butterfly o (> ieM. ¢ i) = (O i€M. te-butterfly ¥ (¢ i))
apply transfer
by (rule butterfly-sum-right)

lemma tc-butterfly-scaleC-left[simp]: te-butterfly (¢ xc ¥) ¢ = ¢ x¢ te-butterfly ¥ ¢
apply transfer by simp

lemma tc-butterfly-scaleC-right[simp]: te-butterfly ¢ (¢ xc @) = enj ¢ *¢ te-butterfly ¢ ¢
apply transfer by simp

lemma bounded-sesquilinear-tc-butterfly[iff]: <bounded-sesquilinear (Aa b. tc-butterfly b a)»
by (auto intro!: bounded-sesquilinear.intro exI[of - 1]
simp: te-butterfly-add-left te-butterfly-add-right norm-te-butterfly)

lemma trace-norm-plus-orthogonal:
assumes <trace-class a> and <trace-class b
assumes <a*x ocr, b = 0» and <a ocp bx = O
shows <trace-norm (a + b) = trace-norm a + trace-norm b
proof —
have <trace-norm (a 4+ b) = trace (abs-op (a + b))
by simp
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also have «... = trace (abs-op a + abs-op b)»
by (simp add: abs-op-plus-orthogonal assms)

also have «... = trace (abs-op a) + trace (abs-op b)»
by (simp add: assms trace-plus)

also have «... = trace-norm a + trace-norm b»
by simp

finally show ?thesis
using of-real-eq-iff by blast
qed

lemma norm-tc-plus-orthogonal:
assumes <(tc-compose (adj-tc a) b = 0> and <tc-compose a (adj-tc b) = 0>
shows <norm (a + b) = norm a + norm b
using assms apply transfer
by (auto intro!: trace-norm-plus-orthogonal)

lemma trace-norm-sum-exchange:
fixes ¢ :: <- = (-:chilbert-space =c 1, -:chilbert-space)»
assumes (\i. i € F = trace-class (t i)
assumes (N\ij i € F—= jeF = i#j= (ti)xocp tj=10
assumes (N\ij i € F—= jeF = i#j=tiocy (tj)x=10
shows <trace-norm (> i€F. t i) = (> i€F. trace-norm (t i))
proof (insert assms, induction F rule:infinite-finite-induct)
case (infinite A)
then show ?case
by simp
next
case empty
show Zcase
by simp
next
case (insert z F)
have (trace-norm (> i€insert x F. t i) = trace-norm (t x + (> z€F. t x))
by (simp add: insert)
also have «... = trace-norm (t ) + trace-norm (Y. z€F. t z)»
proof (rule trace-norm-plus-orthogonal)
show «trace-class (t z)»
by (simp add: insert.prems)
show <trace-class (> z€F. t x)»
by (simp add: trace-class-sum insert.prems)
show «t zx ooy (3 z€F. tz) = O
by (auto intro!: sum.neutral insert.prems simp: cblinfun-compose-sum-right sum-adj in-
sert.hyps)
show <t z oo, (D z€F. tz)x = O»
by (auto intro!: sum.neutral insert.prems simp: cblinfun-compose-sum-right sum-adj in-
sert.hyps)
qged
also have «... = trace-norm (t z) + (3 z€F. trace-norm (t x))»
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apply (subst insert.IH)
by (simp-all add: insert.prems)
also have «... = (> icinsert x F. trace-norm (t i))»
by (simp add: insert)
finally show ?case
by —
qed

lemma norm-tc-sum-exchange:

assumes (\ij. i € F = j € F = i # j = tc-compose (adj-tc (t 7)) (tj) = O»
assumes (\ij. i € F = j € F = i # j = tc-compose (t i) (adj-tc (tj)) = O»
shows «norm (3 i€F. t i) = (D> i€F. norm (t i)
using assms apply transfer
by (auto intro!: trace-norm-sum-exchange)
instantiation trace-class :: (one-dim, one-dim) complez-inner begin
lift-definition cinner-trace-class :: «('a, 'b) trace-class = ('a, 'b) trace-class = complex> is
((-C)>.
instance

proof intro-classes
fix z y z :: «(‘a, 'b) trace-class
show <z ¢ y = cnj (y ¢ =)
apply transfer’
by simp
show «(z + y) cc 2=z c 2+ Yy c »
apply transfer’
by (simp add: cinner-simps)
show «r x¢c ¢ y = cnjr * (z -¢ y) for r
apply (transfer’ fizing: r)
using cinner-simps by blast
show <0 < z ¢
apply transfer’
by simp
show «(z ¢ 2 =0) = (z = 0)
apply transfer’
by auto
show «norm x = sqrt (cmod (z ¢ z))»
proof transfer’
fix z:: <'a =¢c1 'O
define c :: compler where <c = one-dim-iso x>
then have zc: <z = ¢ *x¢ I»
by simp
have <trace-norm x = norm ¢
by (simp add: trace-norm-one-dim xc)
also have (norm ¢ = sqrt (cmod (z -¢ z))»
by (metis inner-real-def norm-eg-sqrit-cinner norm-one norm-scaleC' real-inner-1-right xc)
finally show <trace-norm x = sqrt (cmod (z -¢ z)) »
by (simp add: cinner-cblinfun-def)
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qed
qed
end

instantiation trace-class :: (one-dim, one-dim) one-dim begin
lift-definition one-trace-class :: <('a, 'b) trace-class) is 1
by auto
lift-definition times-trace-class :: <('a, 'b) trace-class = ('a, 'b) trace-class = ('a, 'b) trace-class)
is «(x)»
by auto
lift-definition divide-trace-class :: <('a, 'b) trace-class = ('a, 'b) trace-class = ('a, 'b) trace-class»
is «(/)»
by auto
lift-definition inverse-trace-class :: <('a, 'b) trace-class = ('a, 'b) trace-class is «Fields.inverse)
by auto
definition canonical-basis-trace-class :: «('a, 'b) trace-class list» where <canonical-basis-trace-class
=[1]p
definition canonical-basis-length-trace-class :: <('a, 'b) trace-class itself = nat> where <canon-
ical-basis-length-trace-class = 1>
instance
proof intro-classes
fix x y z . <«('a, 'b) trace-class)
have [simp]: <1 # (0 :: ('a, 'b) trace-class)»
using one-trace-class.rep-eq by force
then have [simp]: <0 # (1 :: (a, 'b) trace-class)»
by force
show «distinct (canonical-basis :: (-,-) trace-class list)
by (simp add: canonical-basis-trace-class-def)
show <cindependent (set canonical-basis :: (-,-) trace-class set)»
by (simp add: canonical-basis-trace-class-def)
show <canonical-basis-length TYPE(('a, 'b) trace-class) = length (canonical-basis :: (-,-) trace-class
list)»
by (simp add: canonical-basis-length-trace-class-def canonical-basis-trace-class-def)
show <z € set canonical-basis = norm x = 1>
apply (simp add: canonical-basis-trace-class-def)
by (smt (verit, ccfo-threshold) one-trace-class-def cinner-trace-class.abs-eq cnorm-eg-1 one-cinner-one
one-trace-class.rsp)
show <canonical-basis = [1 :: ('a,’d) trace-class]
by (simp add: canonical-basis-trace-class-def)
show (a x¢ 1 x b x¢c 1 = (a * b) x¢ (1 :: ('a,’d) trace-class)y for a b :: complex
apply (transfer’ fixing: a b)
by simp
show <x div y = x * inverse y»
apply transfer’
by (simp add: divide-cblinfun-def)
show <inverse (a xc 1 :: ('a,’b) trace-class) = 1 /¢ a» for a :: complex
apply transfer’
by simp
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show «is-ortho-set (set canonical-basis :: ('a,’b) trace-class set))
by (simp add: is-ortho-set-def canonical-basis-trace-class-def)
show <cspan (set canonical-basis :: ('a,’d) trace-class set) = UNIV)»
proof (intro Set.set-eql iff] UNIV-I)
fix z :: <(Ya,’d) trace-class
have <dc. y = c ¢ 1) for y :: <a =¢c1 'O
apply (rule exI[where x=<one-dim-iso y])
by simp
then obtain ¢ where <z = ¢ x¢ 1>
apply transfer’
by auto
then show <z € cspan (set canonical-basis)»
by (auto introl: complez-vector.span-base complex-vector.span-clauses
simp: canonical-basis-trace-class-def)
qed
qed
end

lemma from-trace-class-one-dim-iso[simp|: «from-trace-class = one-dim-iso
proof (rule ext)

fix z:: <«(a, 'b) trace-class

have «from-trace-class x = from-trace-class (one-dim-iso x x¢ 1))

by simp

also have «... = one-dim-iso © *¢ from-trace-class 1>
using scaleC-trace-class.rep-eq by blast

also have (... = one-dim-iso x *¢ 1)
by (simp add: one-trace-class.rep-eq)

also have «... = one-dim-iso z»
by simp

finally show «from-trace-class x = one-dim-iso x>
by —

qed

lemma trace-tc-one-dim-iso[simpl: <trace-tc = one-dim-iso»
by (simp add: trace-tc.rep-eq|abs-def])

lemma compose-ter-id-left[simpl: «compose-ter id-cblinfun t =
by (auto introl: from-trace-class-inject| THEN iffD1] simp: compose-tcr.rep-eq)

lemma compose-tcl-id-right[simp]: <compose-tcl t id-cblinfun = t»

by (auto intro!: from-trace-class-inject| THEN 4ffD1] simp: compose-tcl.rep-eq)
lemma sandwich-tc-id-cblinfun[simpl: <sandwich-tc id-cblinfun t = t»

by (simp add: from-trace-class-inverse sandwich-tc-def)
lemma bounded-clinear-sandwich-tc[bounded-clinear]: <bounded-clinear (sandwich-tc €)»

using norm-sandwich-tc|of e
by (auto intro!: bounded-clinearl[where K=«(norm e)%]
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stmp: sandwich-tc-plus sandwich-tc-scaleC-right cross3-simps)

lemma trace-class-Proj: <trace-class (Proj S) «— finite-dim-ccsubspace S»
proof —
define C where <C' = some-onb-of S»
then obtain B where <is-onb B> and <C C B»
using orthonormal-basis-exists some-onb-of-norml by blast
have card-C: <card C = cdim (space-as-set S)»
by (simp add: C-def some-onb-of-card)
have S-C: «<S = ccspan C»
by (simp add: C-def)

from <is-onb B>
have «(trace-class (Proj S) «— ((Az. z -¢ (abs-op (Proj S) v z)) abs-summable-on B))
by (rule trace-class-iff-summable)
also have «... «— ((Az. cmod (z -¢ (Proj S *v z))) abs-summable-on B)»
by simp
also have «... +— ((Az. 1::real) abs-summable-on C)»
proof (rule summable-on-cong-neutral)
fixz: 'a
show <norm 1 = O if <xv € C' — B
using that «C C B) by auto
show «norm (ecmod (z -¢ (Proj S v z))) = norm (1::real) if <z € BN C»
apply (subst Proj-fizes-image)
using C-def Int-absorb! that <is-onb B»
by (auto simp: is-onb-def cnorm-eq-1)
show <norm (cmod (z ¢ (Proj S *v z))) = 0» if <x € B — C»
apply (subst Proj-0-compl)
apply (subst S-C)
apply (rule mem-ortho-ccspanl)
using that <is-onb B> «C C B
by (force simp: is-onb-def is-ortho-set-def)+
qed
also have «... «— finite C»
using infsum-diverge-constant[where A=C and c=«1::real]
by auto
also have «... «— finite-dim-ccsubspace S»
by (metis C-def S-C ccspan-finite-dim some-onb-of-finite-dim)
finally show ?thesis
by —
qed

lemma not-trace-class-trace0: <trace a = 0> if <= trace-class a»

using that by (simp add: trace-def)

lemma trace-Proj: <trace (Proj S) = cdim (space-as-set S)»
proof (cases <finite-dim-ccsubspace S»)
case True
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define C where (C' = some-onb-of S»
then obtain B where <(is-onb B> and <C C B)»
using orthonormal-basis-exists some-onb-of-norml1 by blast
have [simp]: «finite C»
using C-def True some-onb-of-finite-dim by blast
have card-C: <card C = cdim (space-as-set S)»
by (simp add: C-def some-onb-of-card)
have S-C: <S = cespan C)
by (simp add: C-def)

from True have <trace-class (Proj S)»
by (simp add: trace-class-Proj)
with «is-onb B> have «((Xe. e -¢ (Proj S v e)) has-sum trace (Proj S)) B»
by (rule trace-has-sum)
then have «((Xe. 1) has-sum trace (Proj S)) C)
proof (rule has-sum-cong-neutral| THEN iffD1, rotated —1])
fix z:: 'a
show <1 = 0 if <z € C — B»
using that <C C B> by auto
show «x «¢ (Proj S xy z) = 1> if <z € BN C»
apply (subst Proj-fizes-image)
using C-def Int-absorbl that <is-onb B»
by (auto simp: is-onb-def cnorm-eq-1)
show <is-orthogonal x (Proj S xy z)» if <x € B — C»
apply (subst Proj-0-compl)
apply (subst S-C)
apply (rule mem-ortho-ccspanl)
using that <is-onb By «C C B
by (force simp: is-onb-def is-ortho-set-def )+
ged
then have <trace (Proj S) = card C»
using has-sum-constant|OF «finite C», of 1]

apply simp
using has-sum-unique by blast
also have «... = cdim (space-as-set S)»

using card-C by presburger
finally show ?thesis
by —
next
case Fulse
then have < trace-class (Proj S)»
using trace-class-Proj by blast
then have <trace (Proj S) = 0»
by (rule not-trace-class-trace0)
moreover from Fualse have (cdim (space-as-set S) = 0»
apply transfer
by (simp add: cdim-infinite-0)
ultimately show ?thesis
by simp

282



qed

lemma trace-tc-pos: <t > 0 = trace-tc t > 0>
using trace-tc-mono by fastforce

lift-definition tc-apply :: «(’a::chilbert-space,’b:: chilbert-space) trace-class = 'a = by is cblin-
fun-apply.

lemma bounded-cbilinear-tc-apply: <bounded-cbilinear tc-apply>
apply (rule bounded-cbilinear.intro; transfer)
apply (auto introl: exI[of - 1] cblinfun.add-left cblinfun.add-right cblinfun.scaleC-right)
by (smt (verit, del-insts) mult-right-mono norm-cblinfun norm-ge-zero norm-leg-trace-norm)

lift-definition diagonal-operator-tc :: «('a = complex) = ('a ell2, 'a ell2) trace-class) is
f. if f abs-summable-on UNIV then diagonal-operator f else 0>
proof (rule CollectI)
fix f :: 'a = complex>
show <trace-class (if f abs-summable-on UNIV then diagonal-operator f else 0)»
proof (cases «f abs-summable-on UNIV»)
case True
have bdd: <bdd-above (range (Az. cmod (f x)))»
proof (rule bdd-abovel2)
fix z
have <cmod (f z) = (3 soz€{z}. cmod (f z))
by simp
also have «... < (3 woz. cmod (f z))
apply (rule infsum-mono-neutral)
by (auto introl: True)
finally show <cmod (f z) < (3 coz. ecmod (f z))»
by —
qed
have <(trace-class (diagonal-operator f)»
by (auto introl: trace-classI[OF is-onb-ket] summable-on-reindex| THEN iffD2] True
simp: abs-op-diagonal-operator o-def diagonal-operator-ket bdd)
with True show ?thesis
by simp
next
case Fulse
then show ?thesis
by simp
ged
qed

lemma from-trace-class-diagonal-operator-tc:
assumes <f abs-summable-on UNIV)
shows <from-trace-class (diagonal-operator-tc f) = diagonal-operator f»
apply (transfer fizing: f)
using assms by simp
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lemma tc-butterfly-scaleC-summable:
fixes f :: <'a = complex>
assumes (f abs-summable-on A»
shows <(\z. fx x¢ tc-butterfly (ket x) (ket x)) summable-on A»
proof —
define M where <M = (3 xz€A. norm (f z))»
have «(}Jz€F. ecmod (f z) * norm (tc-butterfly (ket x) (ket x))) < M) if (finite F» and «F
C A for F
proof —
have «(>_z€F. norm (f x) * norm (tc-butterfly (ket x) (ket z))) = (3. z€F. norm (f z))»
by (simp add: norm-tc-butterfly)
also have «... < (3" z€A. norm (f z))»
using assms finite-sum-le-infsum norm-ge-zero that(1) that(2) by blast
also have «... = M
by (simp add: M-def)
finally show ?thesis
by —
qed
then have «(Az. norm (f x ¢ tc-butterfly (ket x) (ket x))) abs-summable-on A»
apply (intro nonneg-bdd-above-summable-on bdd-abovel)
by auto
then show ?thesis
by (auto intro: abs-summable-summable)
qed

lemma tc-butterfly-scaleC-has-sum:

fixes f :: <'a = complex)

assumes <(f abs-summable-on UNIV)

shows (((Az. f z x¢ te-butterfly (ket z) (ket x)) has-sum diagonal-operator-tc f) UNIV»
proof —

define D where <D = (> woz. [z x¢ te-butterfly (ket z) (ket z))»

have bdd-f: <bdd-above (range (Ax. cmod (f x)))»

by (metis assms summable-on-bdd-above-real)

have <ket y -¢ from-trace-class D (ket z) = ket y - from-trace-class (diagonal-operator-tc f)
(ket z)» for y z
proof —
have blin-tc-apply: <bounded-linear (Ma. tc-apply a (ket z))»
by (intro bounded-clinear.bounded-linear bounded-cbilinear.bounded-clinear-left bounded-cbilinear-tc-apply)
have summ: «(Az. f z x¢ tc-butterfly (ket z) (ket x)) summable-on UNIV»
by (intro tc-butterfly-scaleC-summable assms)

have «((Az. fz *¢ tc-butterfly (ket z) (ket x)) has-sum D) UNIV»
by (simp add: D-def summ)
with blin-tc-apply have <((Az. tc-apply (f x ¢ te-butterfly (ket z) (ket z)) (ket 2)) has-sum
te-apply D (ket z)) UNIV)»
by (rule Infinite-Sum.has-sum-bounded-linear)
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then have «((A\z. ket y ¢ tc-apply (f © ¢ te-butterfly (ket z) (ket x)) (ket z)) has-sum ket
y ¢ tc-apply D (ket z)) UNIV)»
by (smt (verit, best) has-sum-cong has-sum-imp-summable has-sum-infsum infsuml inf-
sum-cinner-left summable-on-cinner-left)
then have (((Az. of-bool (z=y) * of-bool (y=z) * fy) has-sum ket y - tc-apply D (ket z2))
UNIV»
apply (rule has-sum-cong| THEN iffD2, rotated))
by (auto intro!: simp: tc-apply.rep-eq scaleC-trace-class.rep-eq te-butterfly.rep-eq)
then have <((Az. of-bool (y=2) * fy) has-sum ket y -c tc-apply D (ket z)) {y}»
apply (rule has-sum-cong-neutral| THEN iffD2, rotated —1])

by auto
then have <ket y -¢ tc-apply D (ket z) = of-bool (y=z) * f y»
by simp
also have «... = ket y -¢ from-trace-class (diagonal-operator-tc f) (ket z)»

by (simp add: diagonal-operator-tc.rep-eq assms diagonal-operator-ket bdd-f)
finally show ?thesis
by (simp add: tc-apply.rep-eq)
qed
then have <from-trace-class D = from-trace-class (diagonal-operator-tc f)»
by (auto intro!: equal-ket cinner-ket-eql)
then have <D = diagonal-operator-tc f>
by (simp add: from-trace-class-inject)
with tc-butterfly-scale C-summable[OF assms)
show ?thesis
using D-def by force
qed

lemma diagonal-operator-tc-invalid: «— f abs-summable-on UNIV = diagonal-operator-tc f =
0>

apply (transfer fizing: f) by simp

lemma tc-butterfly-scale C-infsum:
fixes [ :: <'a = complex>
shows (3" 2. fz *¢ te-butterfly (ket x) (ket x)) = diagonal-operator-tc f>
proof (cases <f abs-summable-on UNIV»)
case True
then show %thesis
using infsuml tc-butterfly-scaleC-has-sum by fastforce
next
case Fulse
then have [simp]: <diagonal-operator-tc f = 0»
apply (transfer fizing: f) by simp
have <= (Az. f x x¢ tc-butterfly (ket z) (ket x)) summable-on UNIV»
proof (rule notl)
assume <(Az. fz ¢ te-butterfly (ket x) (ket x)) summable-on UNIV)
then have «(A\z. trace-tc (f x *¢ te-butterfly (ket z) (ket x))) summable-on UNIV»
apply (rule summable-on-bounded-linear|[rotated))
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by (simp add: bounded-clinear.bounded-linear)
then have <f summable-on UNIV»
apply (rule summable-on-cong| THEN iffD1, rotated])
apply (transfer’ fizing: f)
by (simp add: trace-scaleC trace-butterfly)
with False
show Fulse
by (metis summable-on-iff-abs-summable-on-complex)
ged
then have [simp]: <> oz. f 2 *¢ tc-butterfly (ket x) (ket z)) = 0>
using infsum-not-exists by blast
show ?thesis
by simp
qed

lemma from-trace-class-abs-summable: <f abs-summable-on X = (Az. from-trace-class (f x))
abs-summable-on X)»

apply (rule abs-summable-on-comparison-testjwhere g=«f+])

by (simp-all add: norm-leg-trace-norm norm-trace-class.rep-eq)

lemma from-trace-class-summable: <f summable-on X => (Az. from-trace-class (f x)) summable-on
X

apply (rule Infinite-Sum.summable-on-bounded-linear[where h=from-trace-class])

by (simp-all add: bounded-clinear.bounded-linear bounded-clinear-from-trace-class)

lemma from-trace-class-infsum:

assumes <(f summable-on UNIV»

shows «from-trace-class (> ooz. f 1) = (O 0. from-trace-class (f x))»

apply (rule infsum-bounded-linear-strong[symmetric))

using assms

by (auto intro!: bounded-clinear.bounded-linear bounded-clinear-from-trace-class from-trace-class-summable)

lemma cspan-trace-class:
<espan (Collect trace-class :: ('a::chilbert-space =c 1, 'b::chilbert-space) set) = Collect trace-class)
proof (intro Set.set-eql iffT)
fix z :: </a =c1, 'O
show «x € Collect trace-class = x € cspan (Collect trace-class)»
by (simp add: complez-vector.span-clauses)
assume <z € cspan (Collect trace-class)
then obtain F f where z-def: <x = (D a€F. fa *¢ a)) and «(F C Collect trace-class
by (auto introl: simp: complex-vector.span-explicit)
then have (trace-class x>
by (auto introl: trace-class-sum trace-class-scaleC simp: z-def)
then show <z € Collect trace-class »
by simp
qed

lemma monotone-convergence-tc:
fixes f :: <'b = ('a, 'a::chilbert-space) trace-class)
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assumes bounded: <V g x in F. trace-tc (f z) < B»
assumes pos: Vg zin F. fz > 0»
assumes increasing: <increasing-filter (filtermap f F)»
shows <3L. (f —— L) F»
proof —
wlog «F # L
using negation by simp
then have «(filtermap f F # L)
by (simp add: filtermap-bot-iff)
have (mono-on {t::('a,’a) trace-class. t > 0} trace-tc»
by (simp add: ord.mono-onl trace-tc-mono)
with increasing
have (increasing-filter (filtermap (trace-tc o f) F)»
unfolding filtermap-compose
apply (rule increasing-filtermap)
by (auto introl: pos simp: eventually-filtermap)
then obtain [ where I: ((Az. trace-tc (f z)) —— 1) F»
apply atomize-elim
apply (rule monotone-convergence-complezx)
using bounded by (simp-all add: o-def)
have <cauchy-filter (filtermap f F)»
proof (rule cauchy-filter-metricl)
fix e :: real assume <e > 0»
define d where «d = ¢/4»
have Vg z in filtermap [ F. dist (trace-tc x) | < d»
unfolding cventually-filtermap
using [ apply (rule tendstoD)
using <e > 0 by (simp add: d-def)
then obtain P! where ev-PI: <eventually P1 (filtermap f F)» and P1: «P1 x = dist
(trace-tc x) | < d» for z
by blast
from increasing obtain P2 where ev-P2: <eventually P2 (filtermap f F)) and
P2: «<P21x = (Vp zin filtkermap f F. z > z)» for z
using increasing-filter-def by blast
define P where <P x «— P1 z A P2 x) for x
with ev-P1 ev-P2 have ev-P: <eventually P (filtermap f F)»
by (auto intro!: eventually-conj simp: P-def|abs-def])
have «dist x y < e» if <P x> and <P g for z y
proof —
from <P x> have Vg z in filtermap f F. z > x>
by (simp add: P-def P2)
moreover from (<P y» have <V z in filtermap f F. z >
by (simp add: P-def P2)
ultimately have <V r z in filtermap fF. 2>z ANz >y N Pl 2
using ev-P1 by (auto intro!: eventually-cony)
from eventually-happens'|OF «filtermap f F # L) this]
obtain z where <z > x> and <z > y» and (P1 2
by auto
have «dist x y < norm (z — z) + norm (z — y)»
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by (metis (no-types, lifting) diff-add-cancel diff-add-eq-diff-diff-swap dist-trace-class-def
norm-minus-commaute norm-triangle-sub)
also from «z < z» <y < z» have «... = (trace-tc z — trace-tc x) + (trace-tc z — trace-tc
y)
by (metis (no-types, lifting) cross3-simps(16) diff-left-mono diff-self norm-tc-pos of-real-add
trace-tc-plus)

also from <z < 2> <y < 2> have «... = norm (trace-tc z — trace-tc ) + norm (trace-tc z
— trace-tc y)»
by (simp add: complez-of-real-cmod trace-tc-mono abs-pos)
also have «... = dist (trace-tc z) (trace-tc x) + dist (trace-tc z) (trace-tc y)»
using dist-complex-def by presburger
also have «... < (dist (trace-tc z) | + dist (trace-tc x) 1) + (dist (trace-tc z) | + dist

(trace-tc y) 1)
apply (intro complex-of-real-mono add-mono)
by (simp-all add: dist-triangle2)
also from P1 <P1 2> that have «... < 4 % d»
by (smt (verit, best) P-def complez-of-real-strict-mono-iff)
also have ¢... = e
by (simp add: d-def)
finally show ?thesis
by simp
qed
with ev-P show (3 P. eventually P (filtermap f F) N (Vzy. Pz AN Py — distzy < e)
by blast
qged
then have <convergent-filter (filtermap f F)»
using cauchy-filter-convergent by fastforce
then show 3 L. (f —— L) I
by (simp add: convergent-filter-iff filterlim-def)
qed

lemma nonneg-bdd-above-summable-on-tc:
fixes f :: <'a = ('c::chilbert-space, 'c) trace-class
assumes pos: <N\z. 1€A = fz > 0»
assumes bdd: <bdd-above (trace-tc “ sum f ‘{F. FCA A finite F})
shows «f summable-on A>
proof —
have pos” «(>_z€F. fz) > 0 if «finite F» and <F C A for F
using that pos
by (simp add: basic-trans-rules(31) sum-nonneg)
from pos have incr: <increasing-filter (filtermap (sum f) (finite-subsets-at-top A))»
by (auto intro!: increasing-filtermap[where X=«F. finite F N F C A}] mono-onl sum-mono2)
from bdd obtain B where B: <trace-tc (sum f X) < B» if «finite X> and <X C A for X
apply atomize-elim
by (auto simp: bdd-above-def)
show ?thesis
apply (simp add: summable-on-def has-sum-def)
by (safe introl: pos’ incr monotone-convergence-tc[where B=B| B
eventually-finite-subsets-at-top-weakl)
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qed

lemma summable-Sigma-positive-tc:
fixes f :: <a = 'b = ('c, 'c::chilbert-space) trace-class)
assumes (\z. z€X = f 1z summable-on Y x»
assumes (Az. > oy€Y z. fx y) summable-on X)»
assumes (\zy. 2 € X = ye Yo = fzy> 0
shows «(\(z, y). fx y) summable-on (SIGMA z:X. Y z)»
proof —
have (trace-tc (3 (z,y)eF. fry) < trace-tc (3 ccr€X. Y, oyeY z. fx y) if <F C Sigma X
Y» and «(finite F» for F
proof —
define g where g z y = (if (z,y) € Sigma X Y then f z y else 0)) for z y
have g-pos|iff]: <gzy > 0> for z y
using assms by (auto introl: simp: g-def)
have g-summable: <g © summable-on Y x> for z
by (metis assms(1) g-def mem-Sigma-iff summable-on-0 summable-on-cong)
have sum-g-summable: <(Az. > oy€Y z. g z y) summable-on X»
by (metis (mono-tags, lifting) Sigmal g-def assms(2) infsum-cong summable-on-cong)
have «(3_ (z.y)€F. fzy) = (3 (z,y)€F. gz y)
by (smt (verit, ccfo-SIG) g-def split-cong subsetD sum.cong that(1))
also have «(}_ (z,y)eF. gz y) < O (z,y)efst ‘F x snd ‘F. g z y)
using that assms apply (auto intro!: sum-mono2 assms simp: image-iff)

by force+
also have «... = (D zefst ‘ F. Y ycsnd ‘ F. gz y)»

by (metis (no-types, lifting) finite-imagel sum.Sigma sum.cong that(2))
also have «... = (D zefst ‘F. Y ycsnd ‘F. gz y)

by (metis finite-imagel infsum-finite that(2))
also have «... < (D zefst ‘F. Y wyeY x. gxy)
apply (intro sum-mono infsum-mono-neutral-traceclass)
using assms that
apply (auto intro!: g-summable)
by (simp add: g-def)
also have ¢... = (3] z€fst “F. > ooyeY z. gz y)
using that by (auto introl: infsum-finite[symmetric] simp: )
also have «... < (3" z€X. Y ycYz. gz y)
apply (rule infsum-mono-neutral-traceclass)
using that assms by (auto introl: infsum-nonneg-traceclass sum-g-summable)
also have «... = (3 z€eX. ) cyeY . fzy)
by (smt (verit, ccfo-threshold) g-def infsum-cong mem-Sigma-iff)
finally show ?thesis
using trace-tc-mono by blast
qed
then show ?thesis
apply (rule-tac nonneg-bdd-above-summable-on-tc)
by (auto intro!: assms bdd-abovel2)
qed
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lemma infsum-Sigma-positive-tc:
fixes f :: <'a = 'b = (’ci:chilbert-space, 'c) trace-class)
assumes (\z. z€X = fz summable-on Y x»
assumes Nz y. z € X = ye Yo = fzy> 0
shows (> wz€X. Y wveY . fry) = O o(z,y)ESigma X Y. fz y)
proof (cases «(Az. Y, oy€Y z. f2 y) summable-on X»)
case True
show ?thesis
apply (rule infsum-Sigma’-banach)
apply (rule summable-Sigma-positive-tc)
using assms True by auto
next
case Fulse
then have 1: (> z€X. Y yeY . fzy) = 0
using infsum-not-exists by blast
from False have <= (A\(z,y). f z y) summable-on Sigma X Y
using summable-on-Sigma-banach by blast
then have 2: (> o (z, y)€Sigma X Y. fzy) = O»
using infsum-not-ezists by blast
from 1 2 show ?thesis
by simp
qed

lemma infsum-swap-positive-tc:
fixes f :: <a = 'b = ('c::chilbert-space, 'c) trace-class)
assumes (A\z. z€X = fz summable-on ¥»
assumes (\y. y€ Y = (Az. fz y) summable-on X»
assumes (\zy. 2 € X =y Y = fzy>0
shows (3 o2€X. D oyeY. fry) = O €Y. D ozeX. fay)
proof —
have (D" ocz€X. Y yeY. fzy) = O o(z,y)eXXY. f2y)
apply (rule infsum-Sigma-positive-tc)
using assms by auto
also have «... = (3 oo(y,2)eYxXX. fz y)
apply (subst product-swap|symmetric))
by (simp add: infsum-reindex o-def)
also have «... = (3 ooyeY. > czeX. fay)
apply (rule infsum-Sigma-positive-tc[symmetric])
using assms by auto
finally show ?thesis
by —
qed

lemma separating-density-ops:
assumes (B > ()
shows (separating-set clinear {t :: ('a::chilbert-space, 'a) trace-class. 0 < t A norm t < B}»
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proof —
define S where S = {t :: (‘a, 'a) trace-class. 0 < t A norm t < B}
have <cspan S = UNIV»
proof (intro Set.set-eql iff] UNIV-I)
fix ¢t :: <('a, 'a) trace-class
from trace-class-decomp-4pos’
obtain t1 t2 t3 t/ where t-decomp: <t = t1 — t2 + i x¢c t3 — i x¢ t4»
and pos: <t1 > 0y <t2 > 0y <t8 > 0> <t4 > 0>
by fast
have <t’ € cspan Sy if «t' > 0> for ¢’
proof —
define t"" where <t"’ = (B / norm t') *g t"
have " € S»
using <B > 0»
by (simp add: S-def that zero-le-scaleR-iff t"'-def)
have t'-t": <t' = (norm t’ / B) g t'"
using <B > 0) t”-def by auto
show «t’ € cspan S»
apply (subst t’-t")
using ¢t € S»
by (simp add: scaleR-scaleC complex-vector.span-clauses)
qed
with pos have «t1 € cspan S» and «t2 € cspan S» and «t3 € cspan S» and <t € cspan S»
by auto
then show <t € cspan S»
by (auto introl: complez-vector.span-diff complex-vector.span-add complex-vector.span-scale
intro: complez-vector.span-base simp: t-decomp)
qed
then show <separating-set clinear S»
by (rule separating-set-clinear-cspan)
qed

lemma summable-abs-summable-ic:
fixes f :: <'a = ('b::chilbert-space,’d) trace-class
assumes <f summable-on X
assumes (A\z. 2€X = fz > O»
shows «f abs-summable-on X)»
proof —
from assms(1) have «(Az. trace-tc (f z)) summable-on X»
apply (rule summable-on-bounded-linear|rotated))
by (simp add: bounded-clinear.bounded-linear)
then have «(Az. Re (trace-tc (f z))) summable-on X>
using summable-on-Re by blast
then show «(\z. norm (f z)) summable-on X)»
by (metis (mono-tags, lifting) assms(2) norm-tc-pos-Re summable-on-cong)
qed

lemma sandwich-tc-eq0-D:
assumes eq0: <N\p. 0 > 0 = norm ¢ < B = sandwich-tc a o = 0)
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assumes Bpos: <B > 0»
shows «a = 0»
proof (rule ccontr)
assume <a # 0>
obtain h where <a h # 0
proof (atomize-elim, rule ccontr)
assume A h. a xy h # 0>
then have (¢ h = 0) for h
by blast
then have <a = 0>
by (auto introl: cblinfun-eql)
with <a # 0»
show Fulse
by simp
qed
then have <h # 0
by force

define k£ where <k = sqrt B xg sgn h»
from <a h # 0> Bpos have <a k # 0>
by (smt (verit, best) cblinfun.scaleR-right k-def linordered-field-class.inverse-positive-iff-positive
real-sqrt-gt-zero scaleR-simps(7) sgn-div-norm zero-less-norm-iff)
have <norm (from-trace-class (sandwich-tc a (tc-butterfly k k))) = norm (butterfly (a k) (a
k)
by (simp add: from-trace-class-sandwich-tc te-butterfly.rep-eq sandwich-butterfly)
also have (... = (norm (a k))*
by (simp add: norm-butterfly power2-eq-square)
also from <a k # 0>
have ... # 0»
by simp
finally have sand-neq0: <sandwich-tc a (tc-butterfly k k) # 0>
by fastforce

have (norm (tc-butterfly k k) = B>
using <h # 0> Bpos
by (simp add: norm-tc-butterfly k-def norm-sgn)
with sand-neq0 assms
show Fulse
by simp
qed

lemma sandwich-tc-butterfly: <sandwich-tc ¢ (te-butterfly a b) = te-butterfly (¢ a) (¢ b)»
by (metis from-trace-class-inverse from-trace-class-sandwich-tc sandwich-butterfly tc-butterfly.rep-eq)

lemma tc-butterfly-0-left[simp]: <tc-butterfly 0t = 0>
by (metis mult-eq-0-iff norm-eq-zero norm-tc-butterfly)

lemma tc-butterfly-0-right[simpl: <tc-butterfly t 0 = 0»
by (metis mult-eq-0-iff norm-eq-zero norm-tc-butterfly)
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11.5 More Hilbert-Schmidt

lemma trace-class-hilbert-schmidt: <hilbert-schmidt a> if <trace-class a»
for a :: <'a::chilbert-space =c 1, 'b::chilbert-spaces
by (auto introl: trace-class-comp-right that simp: hilbert-schmidt-def)

lemma finite-rank-hilbert-schmidt: <hilbert-schmidt a» if <finite-rank a»
for a :: <'a::chilbert-space = ¢, 'b::chilbert-spaces
using finite-rank-comp-right finite-rank-trace-class hilbert-schmidtl that by blast

lemma hilbert-schmidt-compact: <compact-op a> if <hilbert-schmidt a»
for a :: <'a::chilbert-space =1 'b::chilbert-spaces
— [1], Corollary 18.7. (Ounly the second part. The first part is stated inside this proof though.)
proof —
have «3b. finite-rank b A hilbert-schmidt-norm (b — a) < e» if «¢ > 0) for ¢
proof —
have «? > 0»
using that by force
obtain B :: ¢‘a set» where (is-onb B»
using is-onb-some-chilbert-basis by blast
with <hilbert-schmidt a> have a-sum-B: <«(Az. (norm (a *y 1))?) summable-on B>
by (auto introl: summable-hilbert-schmidt-norm-square)
then have «(Az. (norm (a *v 7))?) has-sum (3 so2€B. (norm (a xv x))?)) B
using has-sum-infsum by blast
from tendsto-iff[ THEN iffD1, rule-format, OF this[unfolded has-sum-def] «€? > 0)]
obtain F' where [simp|: finite F» and <F C B)
and Fbound: <dist (3" z€F. (norm (a *v 7))?) (3. w2€B. (norm (a xv z))?) < &%
apply atomize-elim
by (auto intro!: simp: eventually-finite-subsets-at-top)
define p b where <p = (> z€F. selfbutter x)> and <b = a ooy P
have [simp]: <p z = o> if <z € F» for ¢
apply (simp add: p-def cblinfun.sum-left)
apply (subst sum-single[where i=x])
using <F' C B) that <is-onb B»
by (auto introl: simp: cnorm-eq-1 is-onb-def is-ortho-set-def)
have [simp]: <p z = 0> if <z € B — F) for z
using <F C B) that <is-onb B»
apply (auto introl: sum.neutral simp add: p-def cblinfun.sum-left is-onb-def is-ortho-set-def)
by auto
have «finite-rank p»
by (simp add: finite-rank-sum p-def)
then have «finite-rank b
by (simp add: b-def finite-rank-comp-right)
with <hilbert-schmidt a> have <hilbert-schmidt (b — a)»
by (auto intro!: hilbert-schmidt-minus intro: finite-rank-hilbert-schmidt)
then have «(hilbert-schmidt-norm (b — a))?> = (3. wor€B. (norm ((b — a) *v z))?)
by (simp add: infsum-hilbert-schmidt-norm-square <is-onb B»)
also have (... = (3. z€B—F. (norm (a *y z))?)
by (auto introl: infsum-cong-neutral
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simp: b-def cblinfun.diff-left)
also have (... = (3 ooz€B. (norm (a *y 1))?) — (3. z€F. (norm (a *v 1))?)
apply (subst infsum-Diff)
using <F' C B» a-sum-B by auto
also have «... < %)
using Fbound
by (simp add: dist-norm)
finally show ?thesis
using <finite-rank b»
using power-less-imp-less-base that by fastforce
qed
then have «3b. finite-rank b A dist b a < &> if <¢ > 0> for e
apply (rule ex-mono[rule-format, rotated))
apply (auto intro!: that simp: dist-norm,)
using hilbert-schmidt-minus <hilbert-schmidt a> finite-rank-hilbert-schmidt hilbert-schmidt-norm-geg-norm
by fastforce
then show ?thesis
by (simp add: compact-op-finite-rank closure-approachable)
qed

lemma trace-class-compact: <compact-op a» if <trace-class a»
for a :: <'a::chilbert-space = 'b::chilbert-spaces
by (simp add: hilbert-schmidt-compact that trace-class-hilbert-schmidt)

11.6 Spectral Theorem

The spectral theorem for trace class operators. A corollary of the one for compact
operators (Hilbert-Space-Tensor-Product.Spectral-Theorem) but not an immediate one.

lift-definition spectral-dec-proj-tc :: <('a::chilbert-space, 'a) trace-class = nat = ('a, 'a) trace-class
is

spectral-dec-proj

using finite-rank-trace-class spectral-dec-proj-finite-rank trace-class-compact by blast

lift-definition spectral-dec-val-tc :: <('a::chilbert-space, 'a) trace-class = nat = complex) is
spectral-dec-val.

lemma spectral-dec-proj-tc-finite-rank:
assumes <adj-tc a = a»
shows «finite-rank-tc (spectral-dec-proj-tc a n)»
using assms apply transfer
by (simp add: spectral-dec-proj-finite-rank trace-class-compact)

lemma spectral-dec-summable-tc:
assumes <selfadjoint-tc a>
shows <(An. spectral-dec-val-tc a n *¢ spectral-dec-proj-tc a n) abs-summable-on UNIV»
proof (intro nonneg-bounded-partial-sums-imp-summable-on norm-ge-zero eventually-finite-subsets-at-top-weakl )
define a’ where (a’ = from-trace-class a»
then have [transfer-rule]: <cr-trace-class a’ a»
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by (simp add: cr-trace-class-def)

have (compact-op a’>
by (auto intro!: trace-class-compact simp: a’-def)
have (selfadjoint o’
using a’-def assms selfadjoint-tc.rep-eq by blast
fix F :: <nat set> assume <finite F»
define R where (R = (|| n€F. spectral-dec-space a’ n)»
have «(>_ z€F. norm (spectral-dec-val-tc a = *c spectral-dec-proj-tc a x))
= norm (D> z€F. spectral-dec-val-tc a x *¢ spectral-dec-proj-tc a x)»
proof (rule norm-tc-sum-exchange[symmetric|; transfer; rename-tac n m F')
fix n m :: nat assume <n % m»
then have x: <Proj (spectral-dec-space o’ n) ocr Proj (spectral-dec-space a’ m) = 0» if
«<spectral-dec-val a’ n # 0y and «<spectral-dec-val a’ m # 0»
by (auto intro!: orthogonal-projectors-orthogonal-spaces| THEN iffD1] spectral-dec-space-orthogonal
<compact-op a’y «selfadjoint a’ssimp: )
show «<(spectral-dec-val a’ n xc spectral-dec-proj a’ n)* ocr spectral-dec-val a’ m *c spec-
tral-dec-proj a’ m = 0>
by (auto intro!: x simp: spectral-dec-proj-def adj-Proj)
show «(spectral-dec-val a’ n xc spectral-dec-proj a’ n ocy (spectral-dec-val a’ m x¢ spec-
tral-dec-proj a’ m)x = 0»
by (auto introl: x simp: spectral-dec-proj-def adj-Proy)
qed
also have «... = trace-norm (3 z€F. spectral-dec-val o’ x *¢c spectral-dec-proj a’ x)»
by (metis (no-types, lifting) a’-def spectral-dec-proj-tc.rep-eq spectral-dec-val-te.rep-eq from-trace-class-sum
norm-trace-class.rep-eq scaleC-trace-class.rep-eq sum.cong)

also have (... = trace-norm (3. z. if z€F then spectral-dec-val a’ z *¢ spectral-dec-proj a’ x
else 0)»
by (simp add: <finite F» suminf-If-finite-set)
also have «... = trace-norm (> z. (spectral-dec-val o’ x x¢ spectral-dec-proj o’ x) oo Proj
R)»
proof —

have <spectral-dec-proj a’ n = spectral-dec-proj a’ n ocy, Proj Ry if <n € F» for n
by (auto intro!: Proj-o-Proj-subspace-left[symmetric] SUP-upper that simp: spectral-dec-proj-def
R-def)
moreover have <spectral-dec-proj a’ n oo, Proj R = 0» if <n ¢ F» for n
using that
by (auto intro!: orthogonal-spaces-SUP-right spectral-dec-space-orthogonal <compact-op a's
«selfadjoint a’s
simp: spectral-dec-proj-def R-def
simp flip: orthogonal-projectors-orthogonal-spaces)
ultimately show ?thesis
by (auto introl: arg-cong[where f=trace-norm] suminf-cong)
qed
also have «... = trace-norm ((>_ x. spectral-dec-val o’ x x¢ spectral-dec-proj o’ x) oo, Proj
R)»
apply (intro arg-cong[where f=trace-norm] bounded-linear.suminf|symmetric]
bounded-clinear.bounded-linear bounded-clinear-cblinfun-compose-left sums-summable)
using «compact-op a’y (selfadjoint o’y spectral-dec-sums by blast
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also have «... = trace-norm (a’ oo, Proj R)»
using spectral-dec-sums[OF (compact-op o’y <selfadjoint a’»] sums-unique by fastforce

also have «... < trace-norm a’ * norm (Proj R)»
by (auto intro!: trace-norm-comp-left simp: a’-def)
also have «... < trace-norm a’

by (simp add: mult-left-le norm-Proj-leql)
finally show «(>_ z€F. norm (spectral-dec-val-tc a x *¢ spectral-dec-proj-tc a z)) < trace-norm
a’y
by —
qed

lemma spectral-dec-has-sum-tc:
assumes <selfadjoint-tc a>
shows <((An. spectral-dec-val-tc a n *¢ spectral-dec-proj-tc a n) has-sum a) UNIV»
proof —
define a’ b b’ where <a’ = from-trace-class a)
and b = (3 won. spectral-dec-val-tc a n x¢ spectral-dec-proj-tc a n)» and <b’ = from-trace-class
b
have [simp]: <compact-op a’>
by (auto intro!: trace-class-compact simp: a’-def)
have [simp]: <selfadjoint a’
using a’-def assms selfadjoint-tc.rep-eq by blast
have [simp]: <trace-class b’
by (simp add: b'-def)
from spectral-dec-summable-tc[OF assms]
have has-sum-b: «((An. spectral-dec-val-tc a n ¢ spectral-dec-proj-tc a n) has-sum b) UNIV)»
by (metis abs-summable-summable b-def summable-iff-has-sum-infsum)
then have «((AF. Y neF. spectral-dec-val-tc a n x¢ spectral-dec-proj-tc a n) —— b) (finite-subsets-at-top
UNIV)»
by (simp add: has-sum-def)
then have «((AF. norm ((>_ neF. spectral-dec-val-tc a n x¢ spectral-dec-proj-tc a n) — b))
—— 0) (finite-subsets-at-top UNIV)»
using LIM-zero tendsto-norm-zero by blast
then have <((AF. norm ((>_ n€F. spectral-dec-val-tc a n x¢ spectral-dec-proj-tc a n) — b))
—— 0) (filtermap (An. {..<n}) sequentially)
by (meson filterlim-compose filterlim-filtermap filterlim-less Than-at-top)
then have «(Am. norm ((3>_ ne{..<m}. spectral-dec-val-tc a n ¢ spectral-dec-proj-tc a n) —
b)) —— 0) sequentially
by (simp add: filterlim-filtermap)
then have (((Am. trace-norm ((>_ ne{..<m}. spectral-dec-val a’ n xc spectral-dec-proj a’ n)
— b)) —— 0) sequentially>
unfolding a’-def b'-def
by transfer
then have «((Am. norm ((3_ ne{..<m}. spectral-dec-val a’ n *¢c spectral-dec-proj a’ n) — b))
—— 0) sequentially>
apply (rule tendsto-0-leflwhere K=1])
by (auto intro!: eventually-sequentiallyl norm-leg-trace-norm trace-class-minus
trace-class-sum trace-class-scaleC' spectral-dec-proj-finite-rank
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intro: finite-rank-trace-class)
then have «(An. spectral-dec-val a’ n ¢ spectral-dec-proj a’ n) sums b’
using LIM-zero-cancel sums-def tendsto-norm-zero-iff by blast
moreover have «(An. spectral-dec-val a’ n x¢ spectral-dec-proj a’ n) sums a’
using <compact-op a’y <selfadjoint o’y by (rule spectral-dec-sums)
ultimately have <a = b»
using a’-def b’-def from-trace-class-inject sums-unique? by blast
with has-sum-b show ?thesis
by simp
qed

lemma spectral-dec-sums-tc:
assumes <selfadjoint-tc a>
shows <(An. spectral-dec-val-tc a n *¢ spectral-dec-proj-tc a n) sums a»
using assms has-sum-imp-sums spectral-dec-has-sum-tc by blast

lift-definition spectral-dec-vecs-tc :: <('a,’a) trace-class = 'a::chilbert-space set) is
spectral-dec-vecs.

lemma compact-from-trace-class[iff]: <compact-op (from-trace-class t)»
by (auto introl: simp: trace-class-compact)

lemma sum-some-onb-of-tc-butterfly:

assumes <finite-dim-ccsubspace S»

shows ¢(3_ z€some-onb-of S. te-butterfly x x) = Abs-trace-class (Proj S)»

by (metis (mono-tags, lifting) assms from-trace-class-inverse from-trace-class-sum sum.cong
sum-some-onb-of-butterfly tc-butterfly.rep-eq)

lemma butterfly-spectral-dec-vec-tc-has-sum:
assumes <t > 0>
shows «((Av. te-butterfly v v) has-sum t) (spectral-dec-vecs-tc t)»
proof —
define t’ where <t' = from-trace-class t»
note power2-csqrt[unfolded power2-eq-square, simp]
note Reals-cng-iff [simp)
have [simp]: <compact-op t")
by (simp add: t'-def)
from assms have (selfadjoint-tc t
apply transfer
apply (rule comparable-selfadjoint][of 0])
by simp-all
have spectral-real[simp]: «spectral-dec-val t' n € R> for n
apply (rule spectral-dec-val-real)
using <selfadjoint-tc t» by (auto introl: trace-class-compact simp: selfadjoint-tc.rep-eq t'-def)

have *: <((A(n,v). te-butterfly v v) has-sum t) (SIGMA n:UNIV. (x¢) (csqrt (spectral-dec-val

t' n)) ¢ some-onb-of (spectral-dec-space t' n))»
proof (rule has-sum-Sigmal[where g=«An. spectral-dec-val t' n x¢ spectral-dec-proj-tc t ny])
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have <spectral-dec-val t' n > 0) for n
by (simp add: assms from-trace-class-pos spectral-dec-val-nonneg t'-def)
then have [simp]: <cnj (csqrt (spectral-dec-val t' n)) * csqrt (spectral-dec-val t' n) = spec-

tral-dec-val t' ny for n

apply (auto simp add: csqrt-of-real-nonneg less-eq-complex-def)
by (metis of-real-Re of-real-mult spectral-real sqrt-sqrt)
have sum: (> ye(Ax. csqrt (spectral-dec-val t' n) x¢ z) ¢ some-onb-of (spectral-dec-space

t’' n). te-butterfly y y) = spectral-dec-val t' n *¢ spectral-dec-proj-tc t n» for n

proof (cases <spectral-dec-val t' n = 0)

case True

then show ?thesis

by (metis (mono-tags, lifting) csqrt-0 imageFE scaleC-eq-0-iff sum.neutral te-butterfly-scale C-left)
next

case Fulse

then have <inj-on (Az. csqrt (spectral-dec-val t' n) x¢ z) X> for X :: ('a set

by (meson csqrt-eq-0 inj-scaleC)
then show ?thesis
by (simp add: sum.reindex False spectral-dec-space-finite-dim sum-some-onb-of-tc-butterfly
spectral-dec-proj-def spectral-dec-proj-te-def flip: scaleC-sum-right t'-def)

qed
then show ¢((Ay. case (n, y) of (n, v) = te-butterfly v v) has-sum spectral-dec-val t' n *¢

spectral-dec-proj-tc t n)

((x¢) (csqrt (spectral-dec-val t’ n)) © some-onb-of (spectral-dec-space t' n))» for n
by (auto intro!: has-sum-finitel finite-imagel some-onb-of-finite-dim spectral-dec-space-finite-dim

simp: t'-def)

show (((An. spectral-dec-val t' n x¢ spectral-dec-proj-tc t n) has-sum t) UNIV»
by (auto introl: spectral-dec-has-sum-tc <selfadjoint-tc t» simp: t’-def simp flip: spec-

tral-dec-val-tc.rep-eq)

show «(A(n, v). te-butterfly v v) summable-on (SIGMA n:UNIV. (x¢) (csqrt (spectral-dec-val

t' n)) ¢ some-onb-of (spectral-dec-space t' n))»

proof —
have inj: <inj-on ((xc) (csqrt (spectral-dec-val t' n))) (some-onb-of (spectral-dec-space t’

n)) for n

proof (cases <spectral-dec-val t' n = 0»)
case True
then have (spectral-dec-space t' n = 0>
using spectral-dec-space-0 by blast
then have <some-onb-of (spectral-dec-space t' n) = {}
using some-onb-of-0 by auto
then show ?thesis
by simp
next
case Fulse
then show ?thesis
by (auto intro!: inj-scaleC)
qed

have 1: «(\z. tc-butterfly x x) abs-summable-on (Aza. csqrt (spectral-dec-val t' n) x¢ za) *

some-onb-of (spectral-dec-space t' n)) for n

by (auto introl: summable-on-finite some-onb-of-finite-dim spectral-dec-space-finite-dim
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simp: t’-def)

have «(An. cmod (spectral-dec-val t' n) x (3 coh€some-onb-of (spectral-dec-space t' n).
norm (tc-butterfly h h))) abs-summable-on UNIV»
proof —
have : (3 oh€some-onb-of (spectral-dec-space t' n). norm (tc-butterfly b h)) = norm
(spectral-dec-proj-tc t n)> for n
proof —
have «(>_ ooh€some-onb-of (spectral-dec-space t' n). norm (tc-butterfly h h))
= (3 soh€some-onb-of (spectral-dec-space t' n). 1)
by (simp add: infsum-cong norm-tc-butterfly some-onb-of-norm1)

also have «... = card (some-onb-of (spectral-dec-space t' n))»
by simp

also have (... = cdim (space-as-set (spectral-dec-space t' n))»
by (simp add: some-onb-of-card)

also have «... = norm (spectral-dec-proj-tc t n)»

unfolding t'-def
apply transfer
by (metis of-real-eq-iff of-real-of-nat-eq spectral-dec-proj-def spectral-dec-proj-pos
trace-Proj trace-norm-pos)
finally show ?thesis
by —
qed
show ?thesis
apply (simp add: * )
by (metis (no-types, lifting) <selfadjoint-tc t» norm-scaleC spectral-dec-summable-tc
spectral-dec-val-tc.rep-eq summable-on-cong t’-def)
qed
then have 2: ((An. > oo vE(x¢) (csqrt (spectral-dec-val t' n)) < some-onb-of (spectral-dec-space
t' n).
norm (tc-butterfly v v)) abs-summable-on UNIV»
apply (subst infsum-reindex)
by (auto intro!: inj simp: o-def infsum-cmult-right’ norm-mult simp del: real-norm-def)
show ?thesis
apply (rule abs-summable-summable)
apply (rule abs-summable-on-Sigma-iff[THEN iffD2])
using 1 2 by auto
qed
qed
have «((Av. tc-butterfly v v) has-sum t) (Un. (x¢) (csqrt (spectral-dec-val t' n)) ¢ some-onb-of
(spectral-dec-space t' n))»
proof —
have xx: «(|Jn. (x¢) (csqrt (spectral-dec-val t' n)) ¢ some-onb-of (spectral-dec-space t’ n)) =
snd ‘ (SIGMA n:UNIV. (x¢) (csqrt (spectral-dec-val t’ n)) ‘ some-onb-of (spectral-dec-space
t' n))
by force
have inj: <inj-on snd (SIGMA n:UNIV. (Az. csqrt (spectral-dec-val t' n) *¢ ) ‘ some-onb-of
(spectral-dec-space t' n))»
proof (rule inj-onl)
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fix nh assume nh: <nh € (SIGMA n:UNIV. (Az. csqrt (spectral-dec-val t' n) ¢ x)
some-onb-of (spectral-dec-space t' n))»
fix mg assume mg: ¢mg € (SIGMA m:UNIV. (Az. csqrt (spectral-dec-val t' m) *c z) ¢
some-onb-of (spectral-dec-space t' m))»
assume <snd nh = snd mg>
from nh obtain n h where nh’ <nh = (n, csqrt (spectral-dec-val t’ n) *c h)» and h: <h
€ some-onb-of (spectral-dec-space t' n)»
by blast
from mg obtain m g where mg”: <mg = (m, csqrt (spectral-dec-val t' m) ¢ ¢)) and g:
<g € some-onb-of (spectral-dec-space t' m)»
by blast
have (n = m»
proof (rule ccontr)
assume [simpl|: <n # m»
from h have val-not-0: <spectral-dec-val t' n # 0>
using some-onb-of-0 spectral-dec-space-0 by fastforce
from <snd nh = snd mg> nh’ mg’ have eq: <csqrt (spectral-dec-val t' n) x¢ h = csqrt
(spectral-dec-val t' m) *c ¢
by simp
from «n # m» have <orthogonal-spaces (spectral-dec-space t' n) (spectral-dec-space t' m)»
apply (rule spectral-dec-space-orthogonal[rotated —1])
using <selfadjoint-tc > by (auto introl: trace-class-compact simp: t’-def selfad-
joint-tc.rep-eq)
with h g have <is-orthogonal h g»
using orthogonal-spaces-ccspan by fastforce
then have (is-orthogonal (csqrt (spectral-dec-val t' n) xc h) (csqrt (spectral-dec-val t' m)
*C g)
by force
with eq have val-h-0: <csqrt (spectral-dec-val t' n) xc h = 0
by simp
with val-not-0 have <h = 0>
by fastforce
with h show Fulse
using some-onb-of-is-ortho-set
by (auto simp: is-ortho-set-def)

qed
with (snd nh = snd mg> nh’ mg’ show <nh = mg»
by simp
qed

from * show ?thesis
apply (subst *x )
apply (rule has-sum-reindex| THEN iffD2, rotated])
by (auto introl: inj simp: o-def case-prod-unfold)
qed
then show ?thesis
by (simp add: spectral-dec-vecs-tc.rep-eq spectral-dec-vecs-def flip: t'-def)
qed
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lemma spectral-dec-vec-tc-norm-summable:
assumes <t > 0>
shows ((\v. (norm v)?) summable-on (spectral-dec-vecs-tc t)»
proof —
from butterfly-spectral-dec-vec-tc-has-sum|[OF assms]
have <(A\v. tc-butterfly v v) summable-on (spectral-dec-vecs-tc t)»
using has-sum-imp-summable by blast
then have <(Av. trace-te (tc-butterfly v v)) summable-on (spectral-dec-vecs-te t)»
apply (rule summable-on-bounded-linear|rotated))
by (simp add: bounded-clinear.bounded-linear)
moreover have x*: (trace-tc (tc-butterfly v v) = of-real ((norm v)?)» for v :: ‘a
by (metis norm-tc-butterfly norm-tc-pos power2-eq-square te-butterfly-pos)
ultimately have «(Av. complez-of-real ((norm v)?)) summable-on (spectral-dec-vecs-tc t)
by simp
then show ?thesis
by (smt (verit, ccfo-SIG) norm-of-real summable-on-cong summable-on-iff-abs-summable-on-complex
zero-le-power?2)
qed

11.7 More Trace-Class

lemma finite-rank-tc-dense-aux: <closure (Collect finite-rank-tc :: ('a::chilbert-space, 'a) trace-class
set) = UNIV»
proof (intro order-top-class.top-le subsetl)
fix a :: «('a,’a) trace-class)
wlog selfadj: <selfadjoint-tc a> goal <a € closure (Collect finite-rank-tc)» generalizing a
proof —
define b ¢ where (b = a + adj-tc @> and <¢c =i x¢ (a — adj-tc a))
have <adj-tc b = b»
unfolding b-def
apply transfer
by (simp add: adj-plus)
have <adj-tc ¢ = ©
unfolding c-def
apply transfer
apply (simp add: adj-minus)
by (metis minus-diff-eq scaleC-right.minus)
have abc: <a = (1/2) x¢ b + (—i/2) *¢c o
apply (simp add: b-def c-def)
by (metis (no-types, lifting) cross3-simps(8) diff-add-cancel group-cancel.add2 scaleC-add-right
scaleC-half-double)
have «b € closure (Collect finite-rank-tc)> and <c € closure (Collect finite-rank-tc)»
using <adj-tc b = b <adj-tc ¢ = ¢ hypothesis selfadjoint-tc-def’ by auto
with abc have <a € cspan (closure (Collect finite-rank-tc))»
by (metis complez-vector.span-add complez-vector.span-clauses(1) complex-vector.span-clauses(4))
also have «... C closure (cspan (Collect finite-rank-tc))»
by (simp add: closure-mono complez-vector.span-minimal complez-vector.span-superset)
also have «... = closure (Collect finite-rank-tc)»
by (metis Set.basic-monos(1) complex-vector.span-minimal complez-vector.span-superset
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csubspace-finite-rank-tc subset-antisym)
finally show ?thesis
by —
qged
then have «(\n. spectral-dec-val-tc a n *¢ spectral-dec-proj-tc a n) sums a>
by (simp add: spectral-dec-sums-tc)
moreover from selfadyj
have «(finite-rank-tc (>_ i<n. spectral-dec-val-tc a i *¢ spectral-dec-proj-tc a i)> for n
apply (induction n)
by (auto introl: finite-rank-tc-plus spectral-dec-proj-tc-finite-rank finite-rank-tc-scale
simp: selfadjoint-te-def”’)
ultimately show <a € closure (Collect finite-rank-tc)»
unfolding sums-def closure-sequential
apply (auto intro!: simp: sums-def closure-sequential)
by meson
qed

lemma finite-rank-tc-dense: <closure (Collect finite-rank-tc :: ('a::chilbert-space, 'b:: chilbert-space)
trace-class set) = UNIV)
proof —
have (UNIV = closure (Collect finite-rank-tc :: (‘ax’b, 'ax’d) trace-class set)
by (rule finite-rank-tc-dense-auz|symmetric|)
define [ r and corner :: <(‘ax’b, ‘ax'b) trace-class = -» where
«I = cblinfun-lefty and <r = cblinfun-right> and
<corner t = compose-tcl (compose-ter (rx) t) Iy for ¢
have [iff]: <bounded-clinear corner»
by (auto intro: bounded-clinear-compose compose-tcl.bounded-clinear-left compose-tcr.bounded-clinear-right

simp: corner-def[abs-def])
have <UNIV = corner ¢ UNIV)
proof (intro UNIV-eq-I range-eql)
fix t
have «from-trace-class (corner (compose-tcl (compose-ter r t) (Ix)))
= (r% oo 1) ocr from-trace-class t ocr, (Ix ocp 1)
by (simp add: corner-def compose-tcl.rep-eq compose-ter.rep-eq cblinfun-compose-assoc)
also have «... = from-trace-class t»
by (simp add: l-def r-def)
finally show <t = corner (compose-tcl (compose-ter rt) (Ix))»
by (metis from-trace-class-inject)
ged
also have «... = corner ‘ closure (Collect finite-rank-tc)
by (simp add: finite-rank-tc-dense-aur)
also have «... C closure (corner ¢ Collect finite-rank-tc)»
by (auto intro!: bounded-clinear.bounded-linear closure-bounded-linear-image-subset)
also have «... C closure (Collect finite-rank-tc)»
proof (intro closure-mono subsetl CollectI)
fix t assume <t € corner ‘ Collect finite-rank-tc»
then obtain u where «finite-rank-tc w» and tu: <t = corner w

I3
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by blast
show «finite-rank-tc t»
using «finite-rank-tc w»
by (auto introl: finite-rank-compose-right[of - 1] finite-rank-compose-left[of - «r+})
simp add: corner-def tu finite-rank-tc.rep-eq compose-tcl.rep-eq compose-ter.rep-eq)
qed
finally show ?thesis
by blast
qed

hide-fact finite-rank-tc-dense-aux

lemma ccspan-finite-rank-tc[simp|: <ccspan (Collect finite-rank-tc) = T»
apply transfer’
apply (rule order-top-class.top-le)
by (metis complez-vector.span-eq-iff csubspace-finite-rank-tc finite-rank-tc-dense order.refl)

lemma ccspan-ranki-te[simp): <ccspan (Collect rankl-tc) = T
by (smt (verit, ccfo-SIG) basic-trans-rules(81) ccspan.rep-eq ccspan-finite-rank-tc cespan-leql
cespan-mono closure-subset
complex-vector.span-superset cspan-eql finite-rank-tc-def’ mem-Collect-eq order-trans-rules(24))

lemma onb-butterflies-span-trace-class:
fixes A :: ('a::chilbert-space sety and B :: <'b::chilbert-space set»
assumes <(is-onb Ay and <is-onb B»
shows <ccspan ((A(z, y). te-butterfly x y) ‘ (AxB)) = T»
proof —
have <closure (cspan (\(z, y). tc-butterfly z y) ‘ (AxB))) 2 Collect rank1-tc»
proof (rule subsetl)
— This subproof is almost identical to the corresponding one in finite-rank-dense-compact,
and lengthy. Can they be merged into one subproof?
fix z :: <('b, 'a) trace-classy assume «x € Collect rankl-tc
then obtain a b where zab: <z = tc-butterfly a b
apply transfer using rank1-iff-butterfly by fastforce
define f where «f F G = tc-butterfly (Proj (ccspan F) a) (Proj (ccspan G) b)» for F G
have lim: (case-prod f —— x) (finite-subsets-at-top A X finite-subsets-at-top B)»
proof (rule tendstol, subst dist-norm,)
fix e :: real assume <e > 0
define d where «d = (if norm a = 0 A norm b = 0 then 1
else e / (maz (norm a) (norm b)) / 4)
have d: <norm a x d + norm a x d + norm b x d < e
proof —
have «norm a x d < e/4»
using <e > 0y apply (auto simp: d-def)
apply (simp add: divide-le-eq)
by (smt (23) Extra-Ordered-Fields.mult-sign-intros(3) <0 < e» antisym-conv divide-le-eq
less-imp-le linordered-field-class. mult-imp-div-pos-le mult-left-mono nice-ordered-field-class.dense-le
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nice-ordered-field-class. divide-nonneg-neg nice-ordered-field-class. divide-nonpos-pos nle-le nonzero-mult-div-cancel-left
norm-imp-pos-and-ge ordered-field-class.sign-simps(5) split-mult-pos-le)
moreover have <norm b *x d < e/4»
using <e > 0y apply (auto simp: d-def)
apply (simp add: divide-le-eq)
by (smt (verit) linordered-field-class.mult-imp-div-pos-le mult-left-mono norm-le-zero-iff
ordered-field-class.sign-simps(5))
ultimately have (norm a * d + norm a x d + norm b x d < 8 x e /| 4»
by linarith
also have «... < e
by (simp add: <0 < e)
finally show ?thesis
by —
qed
have [simp]: «d > 0>
using <e > 0 apply (auto simp: d-def)
apply (smt (verit, best) nice-ordered-field-class.divide-pos-pos norm-eg-zero norm-not-less-zero)
by (smt (verit) linordered-field-class.divide-pos-pos zero-less-norm-iff)
from Proj-onb-limitfwhere ¥=a, OF assms(1)]
have V p F in finite-subsets-at-top A. norm (Proj (ccspan F) a — a) < d»
by (metis Lim-null <0 < d> order-tendstoD(2) tendsto-norm-zero-iff)
moreover from Proj-onb-limit[where ¢)=b, OF assms(2)]
have Vg G in finite-subsets-at-top B. norm (Proj (ccspan G) b — b) < d»
by (metis Lim-null <0 < d> order-tendstoD(2) tendsto-norm-zero-iff)
ultimately have FG-close: <V g (F,G) in finite-subsets-at-top A X g finite-subsets-at-top

norm (Proj (cecspan F) a — a) < d A norm (Proj (cespan G) b — b) < d»
unfolding case-prod-beta
by (rule eventually-prodl)
have fFG-dist: <norm (fF G — z) < e
if <norm (Proj (ccspan F) a — a) < d> and <norm (Proj (ccspan G) b — b) < d»
and <F C Ay and <G C B) for F G
proof —
have a-split: <a = Proj (ccspan F) a + Proj (ccspan (A—F)) a»
using assms apply (simp add: is-onb-def is-ortho-set-def that Proj-orthog-ccspan-union
flip: cblinfun.add-left)
apply (subst Proj-orthog-ccspan-union|symmetric])
apply (metis DiffD1 DiffD2 in-mono that(3))
using <F' C A by (auto introl: simp: Un-absorbl)
have b-split: <b = Proj (ccspan G) b + Proj (cespan (B—@Q)) b
using assms apply (simp add: is-onb-def is-ortho-set-def that Proj-orthog-ccspan-union
flip: cblinfun.add-left)
apply (subst Proj-orthog-ccspan-union|symmetric])
apply (metis DiffD1 DiffD2 in-mono that(4))
using «G C B> by (auto intro!: simp: Un-absorbl)
have n1: <norm (f F (B—G)) < norm a * d» for F
proof —
have (norm (f F (B—G)) < norm a % norm (Proj (ccspan (B—G)) b)»
by (auto intro!: mult-right-mono is-Proj-reduces-norm simp add: f-def norm-tc-butterfly)
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also have «... < norm a * norm (Proj (ccspan G) b — b)»
by (metis add-diff-cancel-left’ b-split less-eq-real-def norm-minus-commute)
also have (... < norm a * d»
by (meson less-eq-real-def mult-left-mono norm-ge-zero that(2))
finally show ?thesis
by —
qed
have n2: <norm (f (A—F) G) < norm b x d> for G
proof —
have (norm (f (A—F) G) < norm b x norm (Proj (ccspan (A—F)) a)»
by (auto introl: mult-right-mono is-Proj-reduces-norm simp add: f-def norm-tc-butterfly
mult.commute)
also have ¢... < norm b x norm (Proj (ccspan F) a — a)»
by (smt (verit, best) a-split add-diff-cancel-left’ minus-diff-eq norm-minus-cancel)
also have «... < norm b * d»
by (meson less-eq-real-def mult-left-mono norm-ge-zero that(1))
finally show ?thesis
by —
qged
have (norm (f F G — z) = norm (— fF (B-G) — f (A—F) (B—G) — f (A—F) G)»
unfolding zab
apply (subst a-split, subst b-split)
by (simp add: f-def tc-butterfly-add-right tc-butterfly-add-left)
also have «... < norm (f F (B—@)) + norm (f (A=F) (B=G)) + norm (f (A—F) G)»
by (smt (verit, best) norm-minus-cancel norm-triangle-ineqs )
also have «... < norm a x d + norm a * d + norm b * d»
using nl n2
by (meson add-mono-thms-linordered-semiring(1))

also have ... < e
by (fact d)
finally show ?thesis
by —
qed

show <V p FG in finite-subsets-at-top A X finite-subsets-at-top B. norm (case-prod f FG
—z) < e
apply (rule eventually-elim?2)
apply (rule eventually-prodl[where P=<\F. finite F N F C Ay and Q=«\G. finite G
A G C B])
apply auto[2]
apply (rule FG-close)
using fFG-dist by fastforce
qed
have nontriv: <finite-subsets-at-top A X p finite-subsets-at-top B # L
by (simp add: prod-filter-eq-bot)
have inside: <V g x in finite-subsets-at-top A X g finite-subsets-at-top B.
case-prod f x € cspan ((A(&,n). te-butterfly £ n) ‘(A x B))
proof (rule eventually-mplwhere P=«\(F,G). finite F A finite G»])
show ¥V p (F,G) in finite-subsets-at-top A X finite-subsets-at-top B. finite F' N\ finite G»
by (smt (verit) case-prod-conv eventually-finite-subsets-at-top-weakl eventually-prod-filter)
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have f-in-span: <f F G € cspan (M(&,n). te-butterfly € n) < (A x B))» if [simp]: «finite F>
finite G» and <F C A» <G C B) for F G
proof —
have <Proj (ccspan F) a € cspan F)»
by (metis Proj-range cblinfun-apply-in-image ccspan-finite that(1))
then obtain r where ProjFsum: «Proj (ccspan F) a = (Y, z€F. r z *¢ )
apply atomize-elim
using complez-vector.span-finite|OF «finite F»]
by auto
have <Proj (ccspan G) b € cspan G)
by (metis Proj-range cblinfun-apply-in-image ccspan-finite that(2))
then obtain s where ProjGsum: <Proj (ccspan G) b = (3. 2€G. s x x¢ x)»
apply atomize-elim
using complez-vector.span-finite|OF «finite G»]
by auto
have <tc-butterfly € n € (A&, n). tc-butterfly € n) ‘(A x B)»
if <n € G» and ¢ € F» for n ¢
using <F C Ay <G C B> that by (auto intro!l: pair-imagel)
then show ?%thesis
by (auto intro!: complex-vector.span-sum complex-vector.span-scale
intro: complezx-vector.span-base[where a=<tc-butterfly - -]
stmp add: f-def ProjFsum ProjGsum tc-butterfly-sum-left tc-butterfly-sum-right)
qed
show (VY p x in finite-subsets-at-top A X finite-subsets-at-top B.
(case z of (F, G) = finite F A finite G) — (case z of (F, G) = fF G) €
cspan (A&, ). te-butterfly € n) < (A x B))»
apply (rule eventually-mono)
apply (rule eventually-prodl[where P=<\F. finite F A F C A and Q=<\G. finite G A
G C B))
by (auto intro!: f-in-span)
qed
show «z € closure (cspan (A&, n). te-butterfly € n) < (A x B)))»
using lim nontriv inside by (rule limit-in-closure)
qed
moreover have (cspan (Collect ranki-tc :: ('b,'a) trace-class set) = Collect finite-rank-tc
using finite-rank-tc-def’ by fastforce
moreover have <closure (Collect finite-rank-tc :: ('b,’a) trace-class set) = UNIV»
by (rule finite-rank-tc-dense)
ultimately have <closure (cspan ((A(z, y). tc-butterfly x y) < (AxB))) 2 UNIV»
by (smt (verit, del-insts) Un-UNIV-left closed-sum-closure-left closed-sum-cspan closure-closure
closure-is-csubspace complex-vector.span-eq-iff complex-vector.subspace-span subset-Un-eq)
then show ?thesis
by (metis ccspan.abs-eq ccspan-UNIV closure-UNIV complex-vector.span-UNIV top.extremum-uniquel )
qed

lemma separating-set-te-butterfly: <separating-set bounded-clinear ((A(g,h). tc-butterfly g h) *
(UNIV x UNIV))»

apply (rule separating-set-mono[where S=«(A(g, h). tc-butterfly g h) ‘ (some-chilbert-basis x
some-chilbert-basis)»])
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by (auto introl: separating-set-bounded-clinear-dense onb-butterflies-span-trace-class)

lemma separating-set-tc-butterfly-nested:
assumes (separating-set (bounded-clinear :: (- = 'c::complex-normed-vector) = -) A»
assumes <(separating-set (bounded-clinear :: (- = ’c conjugate-space) = -) B>
shows <separating-set (bounded-clinear :: (- = '¢) = -) (M(g,h). te-butterfly g h) ‘(A x B))»
proof —
from separating-set-tc-butterfly
have <separating-set bounded-clinear (A(g,h). te-butterfly g h) ‘ prod.swap * (UNIV x UNIV))»
by simp
then have <separating-set bounded-clinear ((A(g,h). te-butterfly h g) < (UNIV x UNIV))»
unfolding image-image by simp
then have <separating-set (bounded-clinear :: (- = '¢) = -) ((M(g,h). te-butterfly h g) ‘(B x
A))»
apply (rule separating-set-bounded-sesquilinear-nested)
apply (rule bounded-sesquilinear-tc-butterfly)
using assms by auto
then have <separating-set (bounded-clinear :: (- = 'c¢) = -) ((A(g,h). tc-butterfly h g) °
prod.swap ‘ (A x B))
by (smt (verit, del-insts) SigmaFE Sigmal eq-from-separatingl image-iff pair-in-swap-image
separating-setl)
then show ?thesis
unfolding image-image by simp
qed

unbundle no cblinfun-syntax

end

12 Weak-Star-Topology — Weak™* topology on complex bounded
operators

theory Weak-Star-Topology
imports Trace-Class Weak-Operator-Topology Misc-Tensor-Product-TTS
begin

unbundle cblinfun-syntazx

definition weak-star-topology :: <('a::chilbert-space =, 'b:: chilbert-space) topologys
where (weak-star-topology = pullback-topology UNIV (Az. At€ Collect trace-class. trace (t ocp,

z))

(product-topology (A-. euclidean) (Collect trace-class))»
lemma open-map-product-topology-reindex:

fixes m :: <'b = ‘o
assumes bij-m: <bij-betw m B A> and ST: <A\z. z€éB = Sz =T (7 z)»
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assumes g-def: <\f. g f = restrict (f o w) B>
shows <open-map (product-topology T A) (product-topology S B) ¢
proof —
define 7’ ¢’ where <r’ = inv-into B m» and g’ f = restrict (f o ') A for f :: <'b= "o
have bij-g: <bij-betw g (Pig A V) (Pig B (V om))» for V
apply (rule bij-betw-by Witness[where f'=g’))
subgoal
unfolding g’-def g-def ©'-def
by (smt (verit, best) PiE-restrict bij-m bij-betw-imp-surj-on bij-betw-inv-into-right comp-eq-dest-lhs
inv-into-into restrict-def restrict-ext)
subgoal
unfolding ¢’-def g-def n'-def
by (smt (verit, ccfv-SIG) PiE-restrict bij-m bij-betwE bij-betw-inv-into-left comp-apply
restrict-apply restrict-ext)
subgoal
unfolding ¢'-def g-def n'-def
using PiE-mem bij-m bij-betw-imp-surj-on by fastforce
subgoal
unfolding g’-def g-def ©'-def
by (smt (verit, best) PiE-mem bij-m bij-betw-iff-bijections bij-betw-inv-into-left comp-def
image-subset-iff restrict-PiE-iff)
done
have open-gU: <openin (product-topology S B) (g “ U)» if <openin (product-topology T A) U>»
for U
proof —
from product-topology-open-contains-basis| OF that]
obtain V where zAV: <x € PiE A (V z)» and openV: <openin (T a) (V z a)) and finiteV:
finite {a. V x a # topspace (T a)}»
and AVU: «Pig A (Vz) C Uy if <x € U» for z a
apply atomize-elim
apply (rule choice4)
by meson
define V' where <V' 2z b = (if b € B then V z (w b) else topspace (S b)) for b z
have PiEV'”. <Pig B (Vz onw) = Pig B (V'z) for z
by (metis (mono-tags, opaque-lifting) PiE-cong V'-def comp-def)
from zAV AVU have AVU": «((Jz€eU. Pig A (Vz)) = U
by blast
have openVb: <openin (S b) (V' z b)» if [simp]: <z € U) for z b
by (auto simp: ST V'-def intro!: openV')
have <bij-betw ' {a€A. V z a # topspace (T a)} {b€B. (V z o w) b # topspace (S b)}» for

apply (rule bij-betw-by Witness[where f'=m])
apply simp
apply (metis w'-def bij-m bij-betw-inv-into-right)
using 7'-def bij-w bij-betw-imp-inj-on apply fastforce
apply (smt (verit, best) ST w'-def bij-m bij-betw-imp-surj-on comp-apply f-inv-into-f
image-Collect-subsetl inv-into-into mem-Collect-eq)
using ST bij-m bij-betwE by fastforce
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then have «finite {b€B. (V x o m) b # topspace (S b)}» if <z € U» for z
apply (rule bij-betw-finite] THEN 4ffD1])
using that finiteV
by simp

also have «({beB. (V z o m) b # topspace (S b)} = {b. V' x b # topspace (S b)}» if <z €

U for z

by (auto simp: V'-def)

finally have finiteVr: <finite {b. V' z b # topspace (S b)}» if <z € U for z
using that by —

from openVb finiteVr

have <openin (product-topology S B) (Pig B (V' z)) if [simp]: <z € U» for z
by (auto intro!: product-topology-basis)

with bij-g PiEV' have <openin (product-topology S B) (g ‘ (Pig A (V x))) if <x € U» for z
by (metis bij-betw-imp-surj-on that)

then have <openin (product-topology S B) (UzeU. (g ‘ (Pig A (V x))))
by blast

with AVU’ show <openin (product-topology S B) (g * U)»
by (metis image-UN)

qged
show <open-map (product-topology T A) (product-topology S B) g¢»
by (simp add: open-gU open-map-def)
qed

lemma homeomorphic-map-product-topology-reindez:
fixes m :: <'b = 'w
assumes big-m: <bij-betw m B Ay and ST: «<\z. z€B = Sz =T (7 z)»
assumes g-def: <\f. g f = restrict (f o 7) B>
shows <homeomorphic-map (product-topology T A) (product-topology S B) ¢»
proof (rule bijective-open-imp-homeomorphic-map)
show open-map: <open-map (product-topology T A) (product-topology S B) g¢»
using assms by (rule open-map-product-topology-reindex)
define 7’ ¢’ where «n’ = inv-into B m» and <«g’ f = restrict (f o ') A for f :: <'b = "o
have <bij-betw ©’ A B»
by (simp add: 7'-def big-m bij-betw-inv-into)

have 11: «x € (Az. restrict (x o w) B) ‘ (Ilg i€A. topspace (T 7)) if <z € (Il i€B. topspace
(S i) for z
proof —
have <g' z € (Ilg i€ A. topspace (T i))
by (smt (23) g'-def PiE-mem 7'-def assms(1) assms(2) bij-betw-imp-surj-on bij-betw-inv-into-right
comp-apply inv-into-into restrict-PiE-iff that)
moreover have <z = restrict (¢’ x o 7) B»
by (smt (verit) PiE-restrict w'-def assms(1) bij-betwE bij-betw-inv-into-left comp-apply
restrict-apply restrict-ext that g’-def)
ultimately show #thesis
by (intro rev-image-eql)
qged
show topspace: <g  topspace (product-topology T A) = topspace (product-topology S B)»
using [1 assms unfolding g-def [abs-def] topspace-product-topology
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by (auto simp: bij-betw-def)

show <inj-on g (topspace (product-topology T A))»
apply (simp add: g-def[abs-def])
by (smt (verit) PiE-ext assms(1) bij-betw-iff-bijections comp-apply inj-on-def restrict-apply”)

have open-map-g”: <open-map (product-topology S B) (product-topology T A) g’
using <bij-betw 7' A B) apply (rule open-map-product-topology-reindex)
apply (metis ST w'-def big-m bij-betw-imp-surj-on bij-betw-inv-into-right inv-into-into)
using ¢’-def by blast
have ¢'g: <g’ (g z) = 2 if «x € topspace (product-topology T A)s for z
using that unfolding g’-def g-def topspace-product-topology
by (smt (verit) PiE-restrict <bij-betw n’ A By w'-def big-m bij-betwE
bij-betw-inv-into-right comp-def restrict-apply’ restrict-ext)
have gg”: <g (¢’ ) =  if <z € topspace (product-topology S B)) for x
unfolding g¢’-def g-def
by (metis (no-types, lifting) g'-def f-inv-into-f g'g g-def inv-into-into that topspace)

from open-map-g'
have <openin (product-topology T A) (g’ ¢ U)» if <openin (product-topology S B) U» for U
using open-map-def that by blast
also have <g’ * U = (g —* U) N (topspace (product-topology T A))» if <openin (product-topology
S B) U» for U
proof —
from that
have U-top: <U C topspace (product-topology S B)»
using openin-subset by blast
from topspace
have topspace”: <topspace (product-topology T A) = ¢’ * topspace (product-topology S B)»
by (metis bij-betw-by Witness bij-betw-def calculation g'g gg’ openin-subset openin-topspace)
show ?thesis
unfolding topspace’
using U-top gg’
by auto
qged
finally have open-gU2: <openin (product-topology T A) ((g —* U) N (topspace (product-topology
T A))
if <openin (product-topology S B) U» for U
using that by blast

then show <continuous-map (product-topology T A) (product-topology S B) ¢
by (smt (verit, best) g'g image-iff open-eq-continuous-inverse-map open-map-g' topspace)
qed

lemma weak-star-topology-def .

cweak-star-topology = pullback-topology UNIV (Az t. trace (from-trace-class t ocy x)) eu-
clideany
proof —

310



define f g where (fz = (At€ Collect trace-class. trace (t oo x))» and <g f' = f' o from-trace-class»
for z :: /a =¢cr ' and [’ :: <'b =¢c1 'a = complex>
have <homeomorphic-map (product-topology (A-. euclidean) (Collect trace-class)) (product-topology
(A\-. euclidean) UNIV) ¢
unfolding g-def|abs-def]
apply (rule homeomorphic-map-product-topology-reindez[where w=from-trace-class])
subgoal
by (smt (verit, best) UNIV-I bij-betwl’ from-trace-class from-trace-class-cases from-trace-class-inject)
by auto
then have homeo-g: <homeomorphic-map (product-topology (\-. euclidean) (Collect trace-class))
euclidean ¢»
by (simp add: euclidean-product-topology)
have <weak-star-topology = pullback-topology UNIV f (product-topology (A-. euclidean) (Collect
trace-class))»
by (simp add: weak-star-topology-def pullback-topology-homeo-cong homeo-g f-def[abs-def])
also have «... = pullback-topology UNIV (g o f) euclidean>
by (subst pullback-topology-homeo-cong)
(auto simp add: homeo-g f-def[abs-def] split: if-splits)
also have «... = pullback-topology UNIV (Ax t. trace (from-trace-class t ocr x)) euclideany
by (auto simp: f-def[abs-def] g-def[abs-def] o-def)
finally show ?thesis
by —
qed

lemma weak-star-topology-topspace[simp]:
topspace weak-star-topology = UNIV
unfolding weak-star-topology-def topspace-pullback-topology topspace-euclidean by auto

lemma weak-star-topology-basis’:
fixes f::('a::chilbert-space = ¢, 'b::chilbert-space) and U::"i = complex set and t::"i = ('b,’a)
trace-class
assumes finite I N\i. i € I = open (U i)
shows openin weak-star-topology {f. Vi€Il. trace (from-trace-class (t i) ocy, f) € Ui}
proof —
have 1: open {g. Viel. g (ti) € Ui}
using assms by (rule product-topology-basis’)
show ?thesis
unfolding weak-star-topology-def’
apply (subst openin-pullback-topology)
apply (intro exI conjl)
using I by auto
qed

lemma weak-star-topology-basis:

fixes f::(‘a::chilbert-space =, 'biichilbert-space) and U::'i = complex set and t¢:"i = ('b
=CL ’a)

assumes finite [ Ni. i € I = open (U i)

assumes tc: <\i. i € I = trace-class (1 i)

shows openin weak-star-topology {f. Vi€l. trace (t i ocr, f) € U i}
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proof —
obtain ¢’ where tt": <t i = from-trace-class (t' i)» if «<i € I for i
by (atomize-elim, rule choice) (use tc from-trace-class-cases in blast)
show ?thesis
using assms by (auto simp: tt' o-def intro!: weak-star-topology-basis’)
qed

lemma wot-weaker-than-weak-star:
continuous-map weak-star-topology cweak-operator-topology (Af. f)
unfolding weak-star-topology-def cweak-operator-topology-def
proof (rule continuous-map-pullback-both)
define ¢’ :: «('b =¢1 ‘a = complex) = 'b X 'a = complex) where
<g' f = A=y). f (butterfly y x))» for f
show «(Az. At€Collect trace-class. trace (t ocr x)) —° topspace (product-topology (A-. eu-
clidean) (Collect trace-class)) N UNIV
C (M. f) —¢ UNIV»
by simp
show <g’ (Ate Collect trace-class. trace (t ocr x)) = (M(za, y). za ¢ (z *v y))»
if «(AteCollect trace-class. trace (t ocr x)) € topspace (product-topology (A-. euclidean)
(Collect trace-class))»
for z
by (auto intro!: ext simp: g’-def trace-butterfly-comp)
show <continuous-map (product-topology (A-. euclidean) (Collect trace-class)) euclidean g'»
apply (subst euclidean-product-topology|[symmetric])
apply (rule continuous-map-coordinatewise-then-product)
subgoal for i
unfolding ¢’-def case-prod-unfold
by (metis continuous-map-product-projection mem-Collect-eq trace-class-butterfly)
subgoal
by (auto simp: g’-def[abs-def])
done
qed

lemma wot-weaker-than-weak-star’:
<openin cweak-operator-topology U = openin weak-star-topology U»
using wot-weaker-than-weak-star[where 'a='a and 'b="b)
by (auto simp: continuous-map-def weak-star-topology-topspace)

lemma weak-star-topology-continuous-duality:
shows continuous-map weak-star-topology euclidean (Axz. trace (from-trace-class t ocr, x))
proof —
have continuous-map weak-star-topology euclidean (Af. ft) o (Azx t. trace (from-trace-class t
ocL ©)))
unfolding weak-star-topology-def’ apply (rule continuous-map-pullback)
using continuous-on-product-coordinates by fastforce
then show ?thesis unfolding comp-def by simp
qed

lemma weak-star-topology-continuous-duality:
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assumes <trace-class t»
shows continuous-map weak-star-topology euclidean (Ax. trace (t ooy, ))
by (metis assms from-trace-class-cases mem-Collect-eq weak-star-topology-continuous-duality”)

lemma continuous-on-weak-star-topo-iff-coordinatewise:
fixes [ :: <a = 'buchilbert-space = ¢ 'c::chilbert-space)
shows continuous-map T weak-star-topology f
+— (Vt. trace-class t — continuous-map T euclidean (Az. trace (t ocr, fx)))
proof (intro iffT alll impl)
fix t :: (e =¢cp b
assume <trace-class t»
assume continuous-map T weak-star-topology f
with continuous-map-compose|OF this weak-star-topology-continuous-duality, OF <trace-class
t]
have continuous-map T euclidean ((Az. trace (t ocr x)) o f)
by simp
then show continuous-map T euclidean (Az. trace (t ocy, f x))
unfolding comp-def by auto
next
assume <V t. trace-class t — continuous-map T euclidean (Az. trace (t ocp fz))
then have <continuous-map T euclidean (Az. trace (from-trace-class t ooy, f x))» for t
by auto
then have x*: continuous-map T euclidean ((Ax t. trace (from-trace-class t ocp, z)) o f)
by (auto simp flip: euclidean-product-topology simp: o-def)
show continuous-map T weak-star-topology f
unfolding weak-star-topology-def’
apply (rule continuous-map-pullback’)
by (auto simp add: *)
qed

lemma weak-star-topology-weaker-than-euclidean:
continuous-map euclidean weak-star-topology (Af. f)
apply (subst continuous-on-weak-star-topo-iff-coordinatewise)
by (auto intro!: linear-continuous-on bounded-clinear.bounded-linear bounded-clinear-trace-duality)

typedef (overloaded) ('a,’d) cblinfun-weak-star = <UNIV :: ('a::complex-normed-vector =cp,
'b::complex-normed-vector) set

morphisms from-weak-star to-weak-star ..
setup-lifting type-definition-cblinfun-weak-star

lift-definition id-weak-star :: «(’a::complex-normed-vector, 'a) cblinfun-weak-star» is id-cblinfun

instantiation cblinfun-weak-star :: (complex-normed-vector, complex-normed-vector) complez-vector
begin
lift-definition scaleC-cblinfun-weak-star :: <complex = ('a, 'b) cblinfun-weak-star = ('a, 'b)
chblinfun-weak-star>

is «scaleC> .

313



lift-definition uminus-cblinfun-weak-star :: «(’a, 'b) cblinfun-weak-star = ('a, 'b) cblinfun-weak-star»
is uminus .
lift-definition zero-cblinfun-weak-star :: <(‘a, 'b) cblinfun-weak-stary is 0 .
lift-definition minus-cblinfun-weak-star :: <('a, 'b) cblinfun-weak-star = ('a, 'b) cblinfun-weak-star
= ('a, 'b) cblinfun-weak-stary is minus .
lift-definition plus-cblinfun-weak-star :: <('a, 'b) cblinfun-weak-star = ('a, 'b) cblinfun-weak-star
= ('a, 'b) cblinfun-weak-stary is plus .
lift-definition scaleR-cblinfun-weak-star :: <real = ('a, 'b) cblinfun-weak-star = ('a, 'b) cblin-
fun-weak-stary is scaleR .
instance

by (intro-classes; transfer) (auto simp add: scaleR-scaleC scaleC-add-right scaleC-add-left)
end

instantiation cblinfun-weak-star :: (chilbert-space, chilbert-space) topological-space begin
lift-definition open-cblinfun-weak-star :: <('a, 'b) cblinfun-weak-star set = bools is <openin
weak-star-topology> .
instance
proof intro-classes
show <open (UNIV :: (‘a,’b) cblinfun-weak-star set))
by transfer (metis weak-star-topology-topspace openin-topspace)
show <open S = open T = open (S N T) for S T :: «('a,’d) cblinfun-weak-star set»
by transfer auto
show «V S€K. open S = open (|J K)» for K :: <('a,’d) cblinfun-weak-star set set)
by transfer auto
qed
end

lemma transfer-nhds-weak-star-topology[transfer-rule]:
includes lifting-syntax

shows «( cr-cblinfun-weak-star ===> rel-filter cr-cblinfun-weak-star) (nhdsin weak-star-topology)
nhds»
proof —

have (cr-cblinfun-weak-star ===> rel-filter cr-cblinfun-weak-star)

(Aa. [] (principal “ {S. openin weak-star-topology S N\ a € S}))
(Aa. [] (principal ‘< {S. open S A a € S}))
by transfer-prover
thus ?thesis
unfolding nhds-def nhdsin-def weak-star-topology-topspace by simp
qed

lemma limitin-weak-star-topology’:

limitin weak-star-topology f 1 F +— (Vt. ((Aj. trace (from-trace-class t ocy, fj)) —— trace
(from-trace-class t ocyp, 1)) F)»

by (simp add: weak-star-topology-def’ limitin-pullback-topology tendsto-coordinatewise)

lemma limitin-weak-star-topology:

<limitin weak-star-topology f 1 F +— (Vt. trace-class t — ((N\j. trace (t ocp fj)) —— trace
(t ocCL l)) F))

by (smt (23) eventually-mono from-trace-class from-trace-class-cases limitin-weak-star-topology’
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mem-Collect-eq tendsto-def)

lemma filterlim-weak-star-topology:
filterlim f (nhdsin weak-star-topology 1) = limitin weak-star-topology f 1
by (auto simp: weak-star-topology-topspace simp flip: filterlim-nhdsin-iff-limitin)

lemma openin-weak-star-topology”: <openin weak-star-topology U <— (3 V. open V AN U = (Az
t. trace (from-trace-class t ocp z)) —* V)
by (simp add: weak-star-topology-def’ openin-pullback-topology)

lemma hausdorff-weak-star[simp): «Hausdorff-space weak-star-topology>
by (metis cweak-operator-topology-topspace hausdorff-cweak-operator-topology
Hausdorff-space-def weak-star-topology-topspace wot-weaker-than-weak-star’)

lemma Domainp-cr-cblinfun-weak-star[simp|: «Domainp cr-cblinfun-weak-star = (A-. True)»
by (metis (no-types, opaque-lifting) DomainPI cblinfun-weak-star.left-total left-totalE)

lemma Rangep-cr-cblinfun-weak-star([simp|: «Rangep cr-cblinfun-weak-star = (A-. True)»
by (meson RangePI cr-cblinfun-weak-star-def)

lemma transfer-euclidean-weak-star-topology[transfer-rule]:
includes lifting-syntax
shows «(rel-topology cr-cblinfun-weak-star) weak-star-topology euclidean)
proof (unfold rel-topology-def, intro conjl alll impl)
show «(rel-set cr-cblinfun-weak-star ===> (=)) (openin weak-star-topology) (openin eu-
clidean)»
unfolding rel-fun-def rel-set-def open-openin [symmetric] cr-cblinfun-weak-star-def
by (transfer, intro alll impl arg-cong|of - - openin z for xz]) blast
next
fix U :: «('a =cr 'b) sets
assume <openin weak-star-topology U>
show «Domainp (rel-set cr-cblinfun-weak-star) U»
by (simp add: Domainp-set)
next
fix U :: «('a, 'b) cblinfun-weak-star set>
assume <openin euclidean U)»
show «Rangep (rel-set cr-cblinfun-weak-star) U»
by (simp add: Rangep-set)
qed

instance cblinfun-weak-star :: (chilbert-space, chilbert-space) t2-space
apply (rule hausdorff-OFCLASS-t2-space)
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apply transfer
by (rule hausdorff-weak-star)

lemma weak-star-topology-plus-cont: «LIM (z,y) nhdsin weak-star-topology a X g nhdsin weak-star-topology
b.
x + y :> nhdsin weak-star-topology (a + b)»
proof —
have trace-plus: <trace (t ocr (a + b)) = trace (t oo a) + trace (t oo, b)» if <trace-class t»
for t :: <'b =¢cr 'a» and a b
by (auto simp: cblinfun-compose-add-right trace-plus that trace-class-comp-left)
show ?thesis
unfolding weak-star-topology-def’
by (rule pullback-topology-bi-cont[where f'=plus])
(auto simp: trace-plus case-prod-unfold tendsto-add-Pair)
qed

instance cblinfun-weak-star :: (chilbert-space, chilbert-space) topological-group-add
proof intro-classes

show «((A\z. fst ¢ + snd ) —— a + b) (nhds a xp nhds b)» for a b :: «('a,’b) cblin-
fun-weak-star>

apply transfer

using weak-star-topology-plus-cont

by (auto simp: case-prod-unfold)

have <continuous-map weak-star-topology euclidean (Axz. trace (t oo, — x))» if <trace-class t»
for t :: <'b =>¢cp ‘o>
using weak-star-topology-continuous-duality[of <—t]
by (auto simp: cblinfun-compose-uminus-left cblinfun-compose-uminus-right introl: that trace-class-uminus)
then have x: <continuous-map weak-star-topology weak-star-topology (uminus :: ('a =¢ ')
= )
by (auto simp: continuous-on-weak-star-topo-iff-coordinatewise)
show «(uminus —— — a) (nhds a)» for a :: <('a,’d) cblinfun-weak-star>
apply (subst tendsto-at-iff-tendsto-nhds[symmetric])
apply (subst isCont-def[symmetric])
apply (rule continuous-on-interior[where S=UNIV])
apply (subst continuous-map-iff-continuous2|[symmetric|)
apply transfer
using * by auto
qed

lemma continuous-map-left-comp-weak-star:
<continuous-map weak-star-topology weak-star-topology (Aa::’a::chilbert-space =c 1, -. b ocr, a)»

for b :: <'b::chilbert-space =1, 'c::chilbert-space»
proof (unfold weak-star-topology-def, rule continuous-map-pullback-both)
define ¢’ :: «('b =¢1 'a = complex) = ('c =¢cr 'a = complezr)) where
<g' f = (AteCollect trace-class. f (t ocp b))» for f
show «(Az. AteCollect trace-class. trace (t ocr ©)) —° topspace (product-topology (A-. eu-
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clidean) (Collect trace-class)) N UNIV
C (ocr) b —¢ UNIV)
by simp
show (g’ (AteCollect trace-class. trace (t ooy, z)) = (At€ Collect trace-class. trace (t ooy (b
ocr z))) for x
by (auto intro!: ext simp: g'-def[abs-def] cblinfun-compose-assoc trace-class-comp-left)
show <continuous-map (product-topology (A-. euclidean) (Collect trace-class))
(product-topology (A-. euclidean) (Collect trace-class)) g
apply (rule continuous-map-coordinatewise-then-product)
subgoal for i
unfolding g’-def
apply (subst restrict-apply’)
subgoal by simp
subgoal by (metis continuous-map-product-projection mem-Collect-eq trace-class-comp-left)
done
subgoal by (auto simp: g'-def|abs-def])
done
qed

lemma continuous-map-right-comp-weak-star:
<continuous-map weak-star-topology weak-star-topology (Ab::'b::chilbert-space = ¢y, -. b oo a)

for a :: <'a::chilbert-space =1 'b::chilbert-spaces
proof (subst weak-star-topology-def, subst weak-star-topology-def, rule continuous-map-pullback-both)
define ¢’ :: «('c =¢cr 'b = complex) = (‘¢ =c¢ 'a = complex)> where
<g' f = (AteCollect trace-class. f (a ocy t))» for f
show «(Az. At€Collect trace-class. trace (t ocr ©)) —° topspace (product-topology (A-. eu-
clidean) (Collect trace-class)) N UNIV
C (Ab. b ocy a) —¢ UNIV)»
by simp
have «: trace (a ocr y ocr x) = trace (y ocr (z ocr a)) if trace-class y for = :: 'b =¢c 'c
and y :: 'c =¢cr 'a
by (simp add: circularity-of-trace simp-a-oCL-b that trace-class-comp-left)
show «<g’ (Ate Collect trace-class. trace (t oo x)) = (At€Collect trace-class. trace (t ocr (x
ocr a))) for z
by (auto intro!: ext simp: g'-def[abs-def] trace-class-comp-right *)
show «<continuous-map (product-topology (A-. euclidean) (Collect trace-class))
(product-topology (A-. euclidean) (Collect trace-class)) g”
apply (rule continuous-map-coordinatewise-then-product)
subgoal for
unfolding g’-def mem-Collect-eq
apply (subst restrict-apply’)
subgoal by simp
subgoal
by (metis continuous-map-product-projection mem-Collect-eq trace-class-comp-right)
done
subgoal by (auto simp: g'-def[abs-def])
done
qed
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lemma continuous-map-scale C-weak-star: <continuous-map weak-star-topology weak-star-topology
(scaleC ¢)»

apply (subst asm-rl[of <scaleC ¢ = (ocr) (¢ *¢ id-cblinfun)])

subgoal by auto

subgoal by (rule continuous-map-left-comp-weak-star)

done

lemma continuous-scaleC-weak-star: «continuous-on X (scaleC ¢ :: (-,-) cblinfun-weak-star =
_))
apply (rule continuous-on-subset[rotated, where s=UNIV])
subgoal by simp
subgoal
apply (subst continuous-map-iff-continuous2[symmetric])
apply transfer
by (rule continuous-map-scale C-weak-star)
done

lemma weak-star-closure-is-csubspace|simp):
fixes A::('a::chilbert-space, 'b::chilbert-space) cblinfun-weak-star set
assumes (csubspace A»
shows <csubspace (closure A)»
proof (rule complez-vector.subspacel)
include lattice-syntax
show 0: <0 € closure A»
by (simp add: assms closure-def complex-vector.subspace-0)
show <z + y € closure A» if «x € closure Ay <y € closure A for z y
proof —
define FF where «FF = ((nhds x 1 principal A) Xp (nhds y N principal A))»
have nt: «<FF # bot)
by (simp add: prod-filter-eq-bot that(1) that(2) FF-def flip: closure-nhds-principal)
have Vg z in FF. fst x € A»
unfolding FF-def
by (smt (verit, ccfv-SIG) eventually-prod-filter fst-conv inf-sup-ord(2) le-principal)
moreover have Vg z in FF. snd x € A
unfolding FF-def
by (smt (verit, ccfo-SIG) eventually-prod-filter snd-conv inf-sup-ord(2) le-principal)
ultimately have FF-plus: <Y p x in FF. fst x + snd z € A>
by (smt (verit, best) assms complez-vector.subspace-add eventually-elim2)

have «((fst —— z) ((nhds x T principal A) x g (nhds y M principal A))>
apply (simp add: filterlim-def)
using filtermap-fst-prod-filter
using le-inf-iff by blast
moreover have «(snd —— y) ((nhds z M principal A) xp (nhds y M principal A))»
apply (simp add: filterlim-def)
using filtermap-snd-prod-filter
using le-inf-iff by blast
ultimately have ((id —— (z,y)) FF»
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by (simp add: filterlim-def nhds-prod prod-filter-mono FF-def)

moreover note tendsto-add-Pair[of = y]
ultimately have ((((Az. fst z + snd z) 0 id) —— (A\z. fst z + snd z) (z,y)) FF»
unfolding filterlim-def nhds-prod
by (smt (verit, best) filterlim-compose filterlim-def filterlim-filtermap fst-conv snd-conv
tendsto-compose-filtermap)

then have «((Az. fst ¢ + snd ©) —— (2x+y)) FF»
by simp
then show «x + y € closure A»
using nt FF-plus by (rule limit-in-closure)
qed
show (¢ x¢ z € closure Ay if <x € closure Ay for z ¢
proof (cases ¢ = 0)
case Fulse
have (x¢) ¢ * closure A C closure A
using csubspace-scaleC-invariant[of ¢ A] <csubspace Ay False closure-subset[of A]
by (intro image-closure-subset continuous-scale C-weak-star closed-closure) auto
thus ?thesis
using that by blast
qed (use 0 in auto)
qed

lemma transfer-csubspace-cblinfun-weak-star|transfer-rule):
includes lifting-syntax
shows «((rel-set cr-cblinfun-weak-star ===> (=)) csubspace csubspace>
unfolding complex-vector.subspace-def
by transfer-prover

lemma transfer-closed-cblinfun-weak-star[transfer-rule]:
includes lifting-syntax

shows ((rel-set cr-cblinfun-weak-star ===> (=)) (closedin weak-star-topology) closed
proof —
have (rel-set cr-cblinfun-weak-star ===> (=))

(AS. openin weak-star-topology (UNIV — 5))
(AS. open (UNIV — §))
by transfer-prover
thus ?thesis
by (simp add: closed-def[abs-def] closedin-def[abs-def] Compl-eq-Diff-UNIV)
qed

lemma transfer-closure-cblinfun-weak-star|transfer-rule):

includes lifting-syntax

shows «(rel-set cr-cblinfun-weak-star ===> rel-set cr-cblinfun-weak-star) (Abstract-Topology.closure-of
weak-star-topology) closure»

apply (subst closure-of-hull[where X=weak-star-topology, unfolded weak-star-topology-topspace,
simplified, abs-def])
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apply (subst closure-hull[abs-def])
unfolding hull-def
by transfer-prover

lemma weak-star-closure-is-csubspace’[simp]:
fixes A::(‘a::chilbert-space =¢p, 'b::chilbert-space) set
assumes <csubspace A»
shows <csubspace (weak-star-topology closure-of A)»
using weak-star-closure-is-csubspace[of <to-weak-star ¢ A>] assms
apply (transfer fixing: A)
by simp

lemma has-sum-closed-weak-star-topology:
assumes aA: <\i. a i € A
assumes closed: <closedin weak-star-topology A»
assumes subspace: <csubspace A»
assumes has-sum: <\t. trace-class t = ((\i. trace (t ocr a ©)) has-sum trace (t ocr b)) D
shows b € A»
proof —
have I: <range (sum a) C A>
proof —
have (sum a X € Ay for X
apply (induction X rule:infinite-finite-induct)
by (auto simp add: subspace complex-vector.subspace-0 aA complex-vector.subspace-add)
then show ?thesis
by auto
qged

from has-sum
have «((AF. Y i€F. trace (t ocr a ©)) — trace (t ocr b)) (finite-subsets-at-top I)» if
<trace-class ty for t
by (auto intro: that simp: has-sum-def)
then have <limitin weak-star-topology (AF. > i€F. a i) b (finite-subsets-at-top I)»
by (auto simp add: limitin-weak-star-topology cblinfun-compose-sum-right trace-sum trace-class-comp-left)
then show b € A»
using 1 closed apply (rule limitin-closedin)
by simp
qed

lemma has-sum-in-weak-star:
<has-sum-in weak-star-topology f A | +—
(Vt. trace-class t — ((Ai. trace (t ocr f 1)) has-sum trace (t ocr 1)) A
proof —
have x: <trace (t ocp, sum f F) = sum (\i. trace (t oo, f 1)) F» if <trace-class t»
for t F
by (simp-all add: cblinfun-compose-sum-right that trace-class-comp-left trace-sum)
show ?thesis
by (simp add: * has-sum-def has-sum-in-def limitin-weak-star-topology)
qed
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lemma has-sum-butterfly-ket: <has-sum-in weak-star-topology (Ai. butterfly (ket i) (ket i)) UNIV
id-cblinfun»
proof (rule has-sum-in-weak-star[ THEN iffD2, rule-format))
fix ¢t :: ('a ell2 =¢p, 'a ell2)
assume [simp]: (trace-class t)
from trace-has-sum|[OF is-onb-ket <trace-class t))
have «((\i. ket i -¢ (t =y ket 7)) has-sum trace t) UNIV)
apply (subst (asm) has-sum-reindez)
by (auto simp: o-def)
then show <(((Ai. trace (t ooy, butterfly (ket ©) (ket 7))) has-sum trace (t ocy, id-cblinfun))
UNIV)»
by (simp add: trace-butterfly-comp’)
qed

lemma sandwich-weak-star-cont[simp):
<continuous-map weak-star-topology weak-star-topology (sandwich A)»
using continuous-map-compose| OF continuous-map-left-comp-weak-star continuous-map-right-comp-weak-star]
by (auto simp: o-def sandwich-apply[abs-def])

lemma has-sum-butterfly-ket-a: <has-sum-in weak-star-topology (Ai. butterfly (a xy ket i) (ket
7)) UNIV a»
proof —
have <has-sum-in weak-star-topology ((Ab. a ocr b) o (Ni. butterfly (ket i) (ket ¢))) UNIV (a
ocr td-cblinfun)y
apply (rule has-sum-in-comm-additive)
by (auto introl: has-sum-butterfly-ket continuous-map-is-continuous-at-point limitin-continuous-map
continuous-map-left-comp-weak-star cblinfun-compose-add-right
stmp: Modules.additive-def)
then show ?thesis
by (auto simp: o-def cblinfun-comp-butterfly)
qed

lemma finite-rank-weak-star-dense[simpl: <weak-star-topology closure-of (Collect finite-rank) =
(UNIV :: (Ya ell2 =c¢r, 'b::chilbert-space) set)»
proof —
have (z € weak-star-topology closure-of (Collect finite-rank)> for x :: 'a ell2 =c1 b
proof (rule limitin-closure-of)
define f :: <'a = 'a ell2 =¢1 'b» where <f = (\i. butterfly (z =y ket ©) (ket i)
have <has-sum-in weak-star-topology f UNIV x>
using f-def has-sum-butterfly-ket-a by blast
then show <limitin weak-star-topology (sum f) x (finite-subsets-at-top UNIV')»
using has-sum-in-def by blast
show <V F in finite-subsets-at-top UNIV .
(3" 4€F. butterfly (z xv ket i) (ket i)) € Collect finite-rank>
by (auto introl: finite-rank-sum simp: f-def)
show «finite-subsets-at-top UNIV # 1>
by simp
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qed
then show ?thesis
by auto
qed

lemma butterkets-weak-star-dense[simp):
cweak-star-topology closure-of cspan (A(&,n). butterfly (ket &) (ket n)) ¢ UNIV) = UNIV)»

proof —
from continuous-map-image-closure-subset| OF weak-star-topology-weaker-than-euclidean)
have <weak-star-topology closure-of (cspan ((A(€,n). butterfly (ket &) (ket )) < UNIV))
2 closure (cspan ((M&,n). butterfly (ket &) (ket m)) “ UNIV))» (is <- D ...»)
by auto
moreover
have «... = Collect compact-op»
unfolding finite-rank-dense-compact|OF is-onb-ket is-onb-ket, symmetric]
by (simp add: image-image case-prod-beta flip: map-prod-image)
moreover have «... D Collect finite-rank»
by (metis closure-subset compact-op-finite-rank mem-Collect-eq subsetl subset-antisym)
ultimately have *: (weak-star-topology closure-of (cspan (A(&,n). butterfly (ket &) (ket n)) *
UNIV)) D Collect finite-rank>
by blast
have (weak-star-topology closure-of cspan ((A(&,n). butterfly (ket &) (ket n)) < UNIV)
= weak-star-topology closure-of (weak-star-topology closure-of cspan ((A(€,n). butterfly
(ket &) (ket m)) < UNIV))»
by simp
also have «... D weak-star-topology closure-of Collect finite-ranks (is <- 2 ...»)
using * closure-of-mono by blast

also have «... = UNIV»
by simp
finally show ?thesis
by auto
qed

lemma weak-star-clinear-eq-butterfly-ketl:
fixes F G :: (('a ell2 =cy 'b ell2) = 'c::complex-vector)
assumes clinear F' and clinear G
and <continuous-map weak-star-topology T F»> and <continuous-map weak-star-topology T G
and < Hausdorff-space T
assumes A¢ j. F' (butterfly (ket ©) (ket j)) = G (butterfly (ket i) (ket 7))
shows F = G
proof —
have FG: <F z = G z» if <z € cspan (A(&,n). butterfly (ket &) (ket n)) ¢ UNIV)) for z
by (smt (verit) assms(1) assms(2) assms(6) complez-vector.linear-eq-on imageE split-def
that)
show ?thesis
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apply (rule ext)

using <Hausdorff-space T» FG

apply (rule closure-of-eqI[where f=F and g=G and S=«<cspan ((A(&,n). butterfly (ket &)
(ket m)) ¢ UNIV))])

using assms butterkets-weak-star-dense by auto
qed

lemma continuous-map-scale C-weak-star'[continuous-intros|:
assumes <continuous-map T weak-star-topology f>
shows <continuous-map T weak-star-topology (Az. scaleC ¢ (f z))»
using continuous-map-compose| OF assms continuous-map-scale C-weak-star]
by (simp add: o-def)

lemma continuous-map-uminus-weak-star|continuous-intros|:
assumes <continuous-map T weak-star-topology f>
shows <continuous-map T weak-star-topology (A\z. — f x)»
apply (subst scaleC-minusi-left[abs-def,symmetric])
by (intro continuous-map-scale C-weak-star’ assms)

lemma continuous-map-add-weak-star|continuous-intros|:
assumes <continuous-map T weak-star-topology f>
assumes <continuous-map T weak-star-topology ¢>
shows <continuous-map T weak-star-topology (Az. fz + g z)»
proof —
have <continuous-map T euclidean (Az. trace (t ocr, fx))» if <trace-class t» for ¢
using assms(1) continuous-on-weak-star-topo-iff-coordinatewise that by auto
moreover have <continuous-map T euclidean (Az. trace (t ocr g x))» if <trace-class t» for t
using assms(2) continuous-on-weak-star-topo-iff-coordinatewise that by auto
ultimately show ?thesis
by (auto intro!: continuous-map-add simp add: continuous-on-weak-star-topo-iff-coordinatewise
cblinfun-compose-add-right trace-class-comp-left trace-plus)
qed

lemma continuous-map-minus-weak-star|continuous-intros|:
assumes <continuous-map T weak-star-topology f>
assumes <continuous-map T weak-star-topology g»
shows <continuous-map T weak-star-topology (A\z. fz — g z)»
by (subst diff-conv-add-uminus) (intro assms continuous-intros)

lemma weak-star-topology-is-norm-topology-fin-dim[simp):
((weak-star-topology :: ('a::{cfinite-dim,chilbert-space} =cp 'b::{cfinite-dim,chilbert-space})
topology) = euclidean
proof —
have 1: (continuous-map euclidean weak-star-topology (id :: '‘a=c1’b = -)»
by (simp add: id-def weak-star-topology-weaker-than-euclidean)
have <continuous-map weak-star-topology cweak-operator-topology (id :: ‘a=cr'b = -)»
by (simp only: id-def wot-weaker-than-weak-star)
then have 2: <continuous-map weak-star-topology euclidean (id :: 'a=c1'b = -)»
by (simp only: wot-is-norm-topology-findim)
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from 1 2
show ?thesis
by (auto simp: topology-finer-continuous-id[symmetric|] simp flip: openin-inject)
qed

lemma infsum-mono-wot:

fixes [ :: 'a = ('b::chilbert-space =cr, ')

assumes summable-on-in cweak-operator-topology f A and summable-on-in cweak-operator-topology
g A

assumes (A\z. 2 € A = fz < gm

shows infsum-in cweak-operator-topology f A < infsum-in cweak-operator-topology g A

by (meson assms has-sum-in-infsum-in has-sum-mono-wot hausdorff-cweak-operator-topology)

unbundle no cblinfun-syntax

end

13  Hilbert-Space-Tensor-Product — Tensor product of Hilbert
Spaces

theory Hilbert-Space-Tensor-Product
imports Complez-Bounded-Operators. Complex-L2 Misc-Tensor-Product
Strong-Operator-Topology Polynomial-Interpolation. Ring-Hom
Positive-Operators Weak-Star-Topology Spectral-Theorem Trace-Class
begin

unbundle cblinfun-syntazx
hide-const (open) Determinants.trace
hide-fact (open) Determinants.trace-def

13.1 Tensor product on - ell2

lift-definition tensor-ell2 :: <'a ell2 = 'b ell2 = (ax'b) ell2» (infixr ®, 70) is
NP @ (44). i *
proof —
fix ¢ :: <'a = complex> and ¢ :: <'b = complex)
assume <has-ell2-norm » <has-ell2-norm ¢»
from <has-ell2-norm ¢> have @-sum: «(\j. (¢ i * ¢ §)?) abs-summable-on UNIV» for i
by (metis ell2-norm-smult(1) has-ell2-norm-def)
have double-sum: «(\i. > ooj. cmod (¢ i * ¢ §)?)) abs-summable-on UNIV»
unfolding norm-mult power-mult-distrib infsum-cmult-right’
by (rule summable-on-cmult-left) (use <has-ell2-norm > in <auto simp: has-ell2-norm-def>)
have «(A(i,5). (¢ i * ¢ §)?) abs-summable-on UNIV x UNIV)»
by (rule abs-summable-on-Sigma-iff [ THEN iffD2]) (use @-sum double-sum in auto)
then show <has-ell2-norm (A(Z, j). ¥ i x @ j)
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by (auto simp add: has-ell2-norm-def case-prod-beta)
qed

lemma tensor-elli2-addl: <tensor-ell2 (a + b) ¢ = tensor-ell2 a ¢ + tensor-ell2 b ¢
by transfer (auto simp: case-prod-beta vector-space-over-itself.scale-left-distrib)

lemma tensor-ell2-add2: <tensor-ell2 a (b + ¢) = tensor-ell2 a b + tensor-ell2 a ¢
by transfer (auto simp: case-prod-beta algebra-simps)

lemma tensor-eli2-scaleC1: <tensor-ell2 (¢ xc a) b = ¢ x¢ tensor-ell2 a b
by transfer (auto simp: case-prod-beta)

lemma tensor-ell2-scaleC2: <tensor-ell2 a (¢ *¢ b) = ¢ *¢ tensor-ell2 a b
by transfer (auto simp: case-prod-beta)

lemma tensor-ell2-diff1: <tensor-ell2 (a — b) ¢ = tensor-ell2 a ¢ — tensor-ell2 b ¢
by transfer (auto simp: case-prod-beta ordered-field-class.sign-simps)

lemma tensor-ell2-diff2: <tensor-ell2 a (b — ¢) = tensor-ell2 a b — tensor-ell2 a ¢
by transfer (auto simp: case-prod-beta ordered-field-class.sign-simps)

lemma tensor-ell2-inner-prod[simp|: <tensor-ell2 a b -¢ tensor-ell2 ¢ d = (a ¢ ¢) * (b ¢ d)»
apply (rule local-defE[where y=<tensor-ell2 a b, rename-tac ab)
apply (rule local-defE[where y=<tensor-ell2 ¢ d»], rename-tac cd)

proof (transfer, hypsubst-thin)
fix a ¢ :: <'a = compler> and b d :: <'b = complex>

assume assms: <has-ell2-norm (A\(%, §). a i * b 7)) <has-ell2-norm (A(i, j). ¢ i * d j)»

have *x: <(Azy. cnj (a (fst zy) * b (snd zy)) * (¢ (fst zy) * d (snd zy))) abs-summable-on
UNIV»
apply (rule abs-summable-product)
subgoal
by (metis (mono-tags, lifting) assms(1) complez-mod-cnj has-ell2-norm-def norm-power
split-def summable-on-cong)
subgoal
by (metis (mono-tags, lifting) assms(2) case-prod-unfold has-ell2-norm-def summable-on-cong)
done

then have *: «(\(z, y). cnj (a z x b y) * (¢ z * d y)) summable-on UNIV x UNIV)»
using abs-summable-summable by (auto simp: case-prod-unfold)

have (> oot. cnj (case i of (i, j) = a i x b j) * (case i of (¢, j) = ci * dj))
= (> oo(i,))EUNIVXUNIV. cnj (ai*bj) * (cixdj)) (is <Zlhs = =)
by (simp add: case-prod-unfold)

also have ... = (D oot D oof- cnj (@i x b j) % (cix dj))
by (subst infsum-Sigma’-banach|[symmetric]) (use * in auto)
also have «... = (3  wi. enj (a @) * c @) * (D ooj- cnj (b 4) x (d 4)) (is - = 7rhs)

by (subst infsum-cmult-left'[symmetric])
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(auto intro!: infsum-cong simp flip: infsum-cmult-right’)
finally show «?lhs = ?rhs) .
qed

lemma norm-tensor-ell2: <norm (a ®s b) = norm a * norm b
by (simp add: norm-eq-sqrt-cinner[where 'a=«(-::type) ell2>] norm-mult real-sqri-mult)

lemma clinear-tensor-ell21: clinear (\b. a ®; b)
by (rule clinearI; transfer)
(auto simp add: case-prod-beta cond-case-prod-eta algebra-simps fun-eq-iff)

lemma bounded-clinear-tensor-ell21: bounded-clinear (Ab. a ®; b)
by (auto intro!: bounded-clinear.intro clinear-tensor-ell21
simp: bounded-clinear-azioms-def norm-tensor-ell2 mult.commute[of norm a])

lemma clinear-tensor-ell22: clinear (Aa. a @4 b)
by (rule clinearI; transfer) (auto simp: case-prod-beta algebra-simps)

lemma bounded-clinear-tensor-ell22: bounded-clinear (\a. tensor-ell2 a b)
by (auto intro!: bounded-clinear.intro clinear-tensor-ell22
simp: bounded-clinear-azioms-def norm-tensor-ell2)

lemma tensor-ell2-ket: tensor-ell2 (ket i) (ket j) = ket (i,j)
by transfer auto

lemma tensor-ell2-0-left[simp]: <0 @5 x = 0>
by transfer auto

lemma tensor-ell2-0-right[simp]: <x ®s 0 = 0>
by transfer auto

lemma tensor-ell2-sum-left: «(>_z€X. az) ®s b= (3 zeX. a v ®5 b)
by (induction X rule:infinite-finite-induct) (auto simp: tensor-ell2-addl)

lemma tensor-ell2-sum-right: <a @5 O z€X. bz) = (D z€X. a ®; b x)
by (induction X rule:infinite-finite-induct) (auto simp: tensor-ell2-add2)

lemma tensor-ell2-dense:
fixes S :: ‘a ell2 sety and T :: <'b ell2 set>
assumes <closure (cspan S) = UNIV» and «<closure (cspan T) = UNIV)»
shows <closure (cspan {a®sb | a b. a€S A beT}) = UNIV»
proof —
define ST where (ST = {a®:b | a b. aeS A beT}H
from assms have 1: <bounded-clinear F' => bounded-clinear G = (Vz€S. F 2z = G 1) =
F =G for F G :: aell2 = complex>
using bounded-clinear-eg-on-closure[of F G S] by auto
from assms have 2: (bounded-clinear F = bounded-clinear G = (Vz€T. Fz = G 1) =
F =G for F G :: b ell2 = complex>
using bounded-clinear-eq-on-closure[of F G T| by auto
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have /' = G»
if [simp]: <bounded-clinear F» <bounded-clinear G and eq: <~V2€ST. Fz = G ©»
for F' G :: «("ax'b) ell2 = complex»
proof —
from eq have eq”: <F (s @5 t) = G (s @, t)» if <s € S» and «t € T for s ¢
using ST-def that by blast
have eq”: <F (s ®5 ket t) = G (s @ ket t)» if <s € S» for s ¢
by (rule fun-cong[where z=<ket ], rule 2)
(use eq’ that in <auto simp: bounded-clinear-compose bounded-clinear-tensor-ell215)
have eq”"": «<F (ket s ® ket t) = G (ket s ®; ket t)) for st
by (rule fun-cong[where z=«<ket )], rule 1)
(use eq" in <auto simp: bounded-clinear-compose bounded-clinear-tensor-ell21
intro: bounded-clinear-compose|OF - bounded-clinear-tensor-ell22]»)
show F' = G
by (rule bounded-clinear-equal-ket) (use eq’”’ in <auto simp: tensor-ell2-ket»)
qged
then show <closure (cspan ST) = UNIV)
using separating-dense-span by blast
qed

definition assoc-ell2 :: <(("ax'b)x’c) ell2 =c1, ("ax('bx’c)) ell2» where
cassoc-ell2 = classical-operator (Some o (A((a,b),c). (a,(b,c))))

lemma unitary-assoc-ell2[simpl: <unitary assoc-ell2»
unfolding assoc-ell2-def
by (rule unitary-classical-operator, rule o-bij[of <«(A(a,(b,c)). ((a,b),c))]) auto

lemma assoc-ell2-tensor: <assoc-ell2 xy ((a ®s b) ®s ¢) = (a ®s (b ®5 ¢))»
proof —
note [simp] = bounded-clinear-compose|OF bounded-clinear-tensor-ell21]
bounded-clinear-compose[ OF bounded-clinear-tensor-ell22]
bounded-clinear-cblinfun-apply
have (assoc-ell2 xy ((ket a ®; ket b) ®; ket ¢) = (ket a ®5 (ket b ®; ket ¢))» for a :: 'a and
b:'band ¢ :: e
by (simp add: inj-def assoc-ell2-def classical-operator-ket classical-operator-exists-inj ten-
sor-ell2-ket)
then have <assoc-ell2 xy ((ket a @, ket b) @, ¢) = (ket a Q5 (ket b ®4 ¢))» for a :: 'a and
b:'b
apply —
apply (rule fun-conglwhere z=c])
apply (rule bounded-clinear-equal-ket)
by auto
then have <assoc-ell2 xy ((ket a ®s b) ®; ¢) = (ket a ®s (b ®s ¢))» for a :: 'a
apply —
apply (rule fun-conglwhere z=»0])
apply (rule bounded-clinear-equal-ket)
by auto
then show <assoc-ell2 *y ((a ®s b) Vs ¢) = (a Qs (b ®s ¢))»
apply —
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apply (rule fun-conglwhere z=a))
apply (rule bounded-clinear-equal-ket)
by auto

qed

lemma assoc-ell2’-tensor: <assoc-ell2x xy tensor-ell2 a (tensor-ell2 b ¢) = tensor-ell2 (tensor-ell2

ab) o

by (metis (no-types, opaque-lifting) assoc-ell2-tensor cblinfun-apply-cblinfun-compose id-cblinfun.rep-eq
unitaryD1 unitary-assoc-ell2)

lemma assoc-ell2’-inv: assoc-ell2 oc assoc-ell2x = id-cblinfun
by (auto intro: equal-ket)

lemma assoc-ell2-inv: assoc-ell2x ocy, assoc-ell2 = id-cblinfun
by (auto intro: equal-ket)

definition swap-ell2 :: <(‘ax’'d) ell2 =¢r ('bx’a) ell2y where
<swap-ell2 = classical-operator (Some o prod.swap)»

lemma unitary-swap-ell2[simp|: <unitary swap-ell2»
unfolding swap-ell2-def by (rule unitary-classical-operator) auto

lemma swap-ell2-tensor[simp]: «swap-ell2 xy (a @5 b) = b ®; a» for a :: ‘a ell2y and b :: b
ell2)
proof —
note [simp] = bounded-clinear-compose|OF bounded-clinear-tensor-ell21]
bounded-clinear-compose| OF bounded-clinear-tensor-ell22]
bounded-clinear-cblinfun-apply
have (swap-ell2 xy (ket a @ ket b) = (ket b ®; ket a)> for a :: ‘a and b :: b
by (simp add: inj-def swap-ell2-def classical-operator-ket classical-operator-exists-inj ten-
sor-ell2-ket)
then have <swap-ell2 xy (ket a ®; b) = (b ®; ket a)) for a :: 'a
apply —
apply (rule fun-conglwhere z=»0])
apply (rule bounded-clinear-equal-ket)
by auto
then show (swap-ell2 xy (a ®; b) = (b ®; a)»
apply —
apply (rule fun-conglwhere z=a))
apply (rule bounded-clinear-equal-ket)
by auto
qed

lemma swap-ell2-ket[simp]: <(swap-ell2 :: ("ax'b) ell2 =c -)xy ket (z,y) = ket (y,z)
by (metis swap-ell2-tensor tensor-ell2-ket)

lemma adjoint-swap-ell2[simp|: <swap-ell2+ = swap-ell2»
by (simp add: swap-ell2-def inv-map-total)
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lemma tensor-ell2-extensionality:
assumes (Ast. a xy (s Qs t) = b *y (s Qs t))
shows a = b
using assms by (auto intro: equal-ket simp flip: tensor-ell2-ket)

lemma tensor-ell2-nonzero: <a @5 b # 0) if <a # 0> and <b # 0»
by (use that in transfer) (auto simp: fun-eq-iff)

lemma swap-ell2-selfinv[simp]: (swap-ell2 ocy, swap-ell2 = id-cblinfuny
by (metis adjoint-swap-ell2 unitary-def unitary-swap-ell2)

lemma bounded-cbilinear-tensor-ell2[bounded-cbilinear]: <bounded-cbilinear (®s)»
proof standard
fix aa’::’aell2and bb'::'bell2 and r :: complex
show <tensor-ell2 (a + a’) b = tensor-ell2 a b + tensor-ell2 a’ b
by (meson tensor-ell2-add1)
show «tensor-ell2 a (b + b") = tensor-ell2 a b + tensor-ell2 a b’
by (simp add: tensor-ell2-add2)
show «(tensor-ell2 (r xc a) b = r *¢ tensor-ell2 a b
by (simp add: tensor-ell2-scaleC1)
show <tensor-ell2 a (r xc b) = r x¢ tensor-ell2 a b
by (simp add: tensor-ell2-scaleC2)
show (3 K. Ya b. norm (tensor-ell2 a b) < norm a * norm b * K »
by (rule exI[of - 1]) (simp add: norm-tensor-ell2)
qed

lemma ket-pair-split: <ket © = tensor-ell2 (ket (fst z)) (ket (snd z))»
by (simp add: tensor-ell2-ket)

lemma tensor-ell2-is-ortho-set:
assumes (is-ortho-set Ay <is-ortho-set B>
shows <is-ortho-set {a @5 blab. a € ANDbe Bp
unfolding is-ortho-set-def
proof safe
fixaa b
assume ab: a € Ao’ € Abe Bb e Ba®,b# a ®,0
hence a # a’'V b # b’
by auto
hence is-orthogonal a a’ V is-orthogonal b b’
using assms is-ortho-setD ab by metis
thus is-orthogonal (a ®s b) (a’ ®s b’
by auto
next
fix a b
assume ab: a € Abe B0 =a®sb
hence a # 0 b # 0
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using assms unfolding is-ortho-set-def by blast+
thus Fualse using ab
using tensor-ell2-nonzero[of a b] by simp
qed

lemma tensor-ell2-dense’: <ccspan {a @5 b |lab. a € ANDb € B} = Ty if <ccspan A = T» and
<cespan B = T
proof —
from that have Adense: <closure (cspan A) = UNIV»
by (transfer’ fizing: A) simp
from that have Bdense: <closure (cspan B) = UNIV»
by (transfer’ fixing: B) simp
show «ccspan {a ®s blab.a € ANbE B =T
by (transfer fizing: A B) (use Adense Bdense in <rule tensor-ell2-densey)
qed

lemma tensor-ell2-is-onb:
assumes <is-onb Ay <is-onb B>
shows <is-onb {a ®; blab.a € AANDE B}p
proof (subst is-onb-def, intro conjl balll)
show <is-ortho-set {a @5 blab.a € AND€E Bp
by (rule tensor-ell2-is-ortho-set) (use assms in <auto simp: is-onb-def?)
show «ccspan {a ®s blab.a € ANbE B =T
by (rule tensor-ell2-dense’) (use <is-onb Ay <is-onb B) in <simp-all add: is-onb-def»)
show <ab € {a ®s blab. a € ANb€E B} = norm ab = 1) for ab
using <is-onb Ay <is-onb B> by (auto simp: is-onb-def norm-tensor-ell2)
qed

lemma continuous-tensor-ell2: <continuous-on UNIV (A(z::'a ell2, y::'b ell2). z ®; y)»
proof —
have cont: «continuous-on UNIV (At. t ® x)» for z :: /b ell2)
by (intro linear-continuous-on bounded-clinear.bounded-linear bounded-clinear-tensor-ell22)
have lip: <local-lipschitz (UNIV :: 'a ell2 set) (UNIV :: b ell2 set) (®s)
proof (rule local-lipschitzI)
fix t 2 <'a ell2y and z :: <D ell2»
define u L :: real where <uv = 1> and <L = norm ¢t + w
have <u > 0»
by (simp add: u-def)
have [simp]: <L > 0>
by (simp add: L-def u-def)
have *: (norm s < Ly if <s€cball t w» for s :: <'a ell2»
using that unfolding L-def mem-cball by norm
have <L—lipschitz-on (cball z u) ((®,) s)» if «s€cball t w» for s :: <a ell2)
by (rule lipschitz-onl)
(auto introl: mult-right-mono *[OF that)
simp add: dist-norm norm-tensor-ell2 simp flip: tensor-ell2-diff2)
with <u > 0> show (Ju>0. 3 L. Vsecball t w N UNIV. L—lipschitz-on (cball z w N UNIV')
(®s) s)
by force
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qed

show ?thesis

by (subst UNIV-Times-UNIV [symmetric]) (use lip cont in <rule Lipschitz.continuous-on-TimesI )
qed

lemma summable-on-tensor-ell2-right: «p summable-on A => (Az. Y ®5 ¢ x) summable-on A»
by (rule summable-on-bounded-linear[where h=\z. ¢ ®; 1)) (intro bounded-linear-intros)

lemma summable-on-tensor-ell2-left: <«p summable-on A = (A\z. p T ®; V) summable-on A»
by (rule summable-on-bounded-linear[where h=«\z. © ®; »]) (intro bounded-linear-intros)

lift-definition tensor-eli2-left :: <'a ell2 = ('b ell2 =c (Yax'b) ell2)) is

AP @s
by (simp add: bounded-cbilinear.bounded-clinear-right bounded-cbilinear-tensor-ell2)

lemma tensor-ell2-left-apply[simp]: <tensor-ell2-left ¥ xy ¢ = ¥ ®; @»
by (transfer fizing: ¥ @) simp

lift-definition tensor-ell2-right :: <'a ell2 = ('b ell2 =cr ('bx'a) ell2) is

AP . @ P
by (simp add: bounded-clinear-tensor-ell22)

lemma tensor-ell2-right-apply[simpl: <tensor-ell2-right b xy @ = ¢ ®g >
by (transfer fixing: ¢ @) simp

lemma isometry-tensor-ell2-right: <isometry (tensor-ell2-right )y if <norm ¢ = 1>
by (rule norm-preserving-isometry) (simp add: norm-tensor-ell2 that)

lemma isometry-tensor-ell2-left: <isometry (tensor-ell2-left ) if <norm ¢ = 1>
by (rule norm-preserving-isometry) (simp add: norm-tensor-ell2 that)

lemma tensor-ell2-right-scale: <tensor-ell2-right (a *xc V) = a *¢ tensor-ell2-right >
by transfer (auto simp: tensor-ell2-scaleC2)

lemma tensor-ell2-left-scale: <tensor-ell2-left (a *c V) = a *¢ tensor-ell2-left 1
by transfer (auto simp: tensor-ell2-scaleC1)

lemma tensor-ell2-right-0[simpl: <tensor-ell2-right 0 = 0»
by (auto intro!l: cblinfun-eql)

lemma tensor-ell2-left-0[simp): <tensor-ell2-left 0 = 0>
by (auto intro!: cblinfun-eql)

lemma tensor-ell2-right-adj-apply[simp]: <(tensor-ell2-right V%) xy (@ ®s B) = (¥ ¢ B) *c a»
by (rule cinner-extensionality) (simp add: cinner-adj-right)

lemma tensor-ell2-left-adj-apply[simp]: <(tensor-ell2-left ¥x) xy (o ®s B) = (Y ¢ @) *¢ B
by (rule cinner-extensionality) (simp add: cinner-adj-right)

lemma infsum-tensor-ell2-right: < Q5 (3. wr€A. ¢ ) = (3. 0Z€A. Y ®5 ¢ z)»
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proof —
consider (summable) <«p summable-on A> | (summable’) <) # 0> «(Az. ¥ ®5 ¢ x) summable-on
A

| (¥0) «p = 0>
| (not-summable) «(— @ summable-on Ay <= (Az. ¥ @5 ¢ z) summable-on A)
by auto

then show ?thesis
proof cases
case summable
then show ?thesis
by (rule infsum-bounded-linear[symmetric, unfolded o-def, rotated])
(intro bounded-linear-intros)
next
case summable’
then have *: «(¢ /g (norm ¥)?) «c ¥ = 1»
by (simp add: scaleR-scaleC cdot-square-norm)
from summable’(2) have «(Az. (tensor-ell2-left (¢ /g (norm ¥)?))x *y (b ®s ¢ 2))
summable-on A»
by (rule summable-on-bounded-linear[unfolded o-def, rotated])
(intro bounded-linear-intros)
with x have «p summable-on A»
by simp
then show ?thesis
by (rule infsum-bounded-linear[symmetric, unfolded o-def, rotated))
(intro bounded-linear-intros)
next
case 0
then show ?thesis
by simp
next
case not-summable
then show ?thesis
by (simp add: infsum-not-exists)
qed
qed

lemma infsum-tensor-ell2-left: (3 cot€A. ¢ ) ®s Y = (D 0T€A. ¢ T R, V)
proof —
from infsum-tensor-ell2-right
have (swap-ell2 xy (Y @ (O] €A, ¢ )) = swap-ell2 xy (O 0rEA. ¢ Q5 @ )
by metis
then show ?thesis
by (simp add: invertible-cblinfun-isometry flip: infsum-cblinfun-apply-invertible)
qed

lemma tensor-ell2-extensionality3:
assumes (Astu. a xy (s Qs t Q5 u) = b xy (s Qs t Qs u))
shows a = b
by (rule equal-ket) (use assms in <auto simp flip: tensor-ell2-ket»)
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lemma cblinfun-cinner-tensor-eql:
assumes A\ . (¥ @, @) ¢ (Axv (¥ @5 ) = (¥ @5 9) ¢ (B v (¢ @5 )
shows (4 = B
proof —
define C where «C = A — B»
from assms have assmC: (¢ ®; ¢) ¢ (C *xy (Y ®5 v)) = 0> for P ¢
by (simp add: C-def cblinfun.diff-left cinner-simps(3))

have «(z ®; y) ¢ (C *xy (2 ®s w)) = 0 for z y z w
proof —

definedefghjkimmnpq
where defs: «d = (2 ®; y) ¢ (C *y z Q5 w)

<6—(Z ®s y) ¢ (Cxv z @5 y)

(x®s ) C(C*Vx®s y)>
<g—(2®s w) ¢ (C*y z ®, y)
th= (2 ®sy) ¢ (Cxv 2z sy
GJ=(r®sw) ¢ (C*y 2z y)
k= (2 ®s w) o (C*y 2R y)
(d=(2Qs w) ¢ (C*y Qs w)

<m:(:p®sy) (O*V‘T@)s )
n=(2Qsy) ¢ (Cxy Qs w)
(p=(2Q®s 9y) ¢ (Cxy z Qs w)
(@ =(z ®s5 w) ¢ (Cx*xy 2z Qs w)

have constraint: <cnjax e+ cnjBxf+cnjBxcnjaxg+axh+a*xcnjf*xj+
axcenjBxenjaxk+Bxm+Bxcenjaxn+ BxcenjfB*xcenjaxl+
Bxaxd+ Bxaxcnjaxp+ BxaxcnjfBxq=0
(is <%lhs = -) for a
proof —
from assms
have (0 = ((z + a ¢ 2) ®s (y + B *c w)) ¢ (C xy ((z + a *¢ 2) ®s (y + B *c w)))»
by (simp add: assmC')
also have «... = ?lhs»
by (simp add: tensor-ell2-add1 tensor-ell2-add2 cinner-add-right cinner-add-left
cblinfun.add-right tensor-ell2-scaleC1 tensor-ell2-scaleC2 semiring-class.distrib-left
cblinfun.scaleC-right assmC defs flip: add.assoc mult.assoc)
finally show ?thesis
by simp
qed

have auzl: <a =0 = b=0 = a+ b= 0> for a b :: complex

by auto

have auz2: <a = 0 —= b=0 = a — b= 0> for a b :: complex
by auto

have auxj: <2 x a = 0 <— a = 0) for a :: complex
by auto

have auz5: <8 = 2 x 2 x (2::complex)>
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by simp

from constraint[of 1 0]
have 1: <e + h = 0»
by simp
from constraintof i 0]
have 2: <h = e
by simp
from 1 2
have [simp]: <e = 0> <h = O»
by auto
from constraintof 0 1]
have &: <f + m = 0>
by simp
from constraint[of 0 i
have /: <m = f»
by simp
from 3 /
have [simp]: «<m = 0» <f = O»
by auto
from constraint[of 1 1]
have 5:«xg+j+k+n+1l+d+p+qg=0
by simp
from constraint[of 1 «—1)]
have 6:«—g—-j—-—k—-—n+l—-d—-—p+q=0
by simp
from auzl1[OF 5 6]
have 7: <l + ¢ = 0>
by algebra
from auz2[OF 5 7]
have 8:«xg+j+k+n+d+p=0
by (simp add: algebra-simps)
from constraint|[of 1 i]
have 9: «(— (i*xg) —ixj—ixk+ixn+l+ixd+ixp+qg=0
by simp
from constraint[of 1 «—1)]
have 10: <ix g +i*xj+ixk—ixn—+Il—ixd—ixp+q=0
by simp
from auz2[OF 9 10]
have 11: in+d+p—-—k—j5—g=0
using i-squared by algebra
from auz2[OF 8 11]
have 12: <g+j+ k= O»
by algebra
from auz![OF 8 11]
have 13: «in +d+p=0
by algebra
from constraint[of 1 1]
have 1/: <ixj—ixg4+k—ixn—ixl4+ixd+p+ixqg=0
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by simp

from constraint[of 1 <— 1))

have 15: ixg—ixj—k+isn—ixl—ixd—p+ixqg= 0D
by simp

from auz![OF 14 15]

have [simp]: <¢ = I
by simp

from 7

have [simp]: <¢ = O» <l = 0>
by auto

from 14

have 16: <ixj—ix g+ k—ixn+ixd+p=0
by simp

from constraint[of «—i» 1]

have 17: dixg—ixj+k+ixn—ixd+p=0

by simp
from auzl [OF 16 17
have [simp]: <k = — p»
by algebra

from auz2[OF 16 17)

have 18: j+d—n—g=0
using i-squared by algebra

from constraint[of «—i» 1]

have 19: ix g —ixj+i*xn—ixd=0
by (simp add: algebra-simps)

from constraint[of <—iy (—1)]

have 20: <ixj—ixg—i*xn+ixd= 0
by (simp add: algebra-simps)

from constraint|of 1 i]

have 21: ¢j —g+n—d+ 2xixp=0
by (simp add: algebra-simps)

from constraint[of 1 (—1)]

have 22: <«g —j—n+d—2xixp= 0
by (simp add: algebra-simps)

from constraint[of 2 1]

have 23: g+ j+n+d= 0
using 12 13 <k = —p> by algebra

from auz2[OF 23 18]

have [simp]: <g = —
by algebra

from 23

have [simp]: G = — d»

by (simp add: add-eq-0-iff2)

have 8 # (i p) + (4 * (i + d) + 4 * (i + n) = 0
using constraint[of 2 i] by simp

hence 24: <2 xp+d+n=0
using complez-i-not-zero by algebra

from auz2[OF 24 13|

have [simp]: <p = 0»
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by simp
then have [simp]: <k = 0>
by auto
from 12
have <g = — j»
by simp
from 21
have «d = — ¢»
by auto

show «d = 0»
using reflof d]
apply (subst (asm) «d = — @)
apply (subst (asm) <g = — j»)
apply (subst (asm) <j = — d»)
by simp
qed
then show ?thesis
by (auto intro!: equal-ket cinner-ket-eql
simp: C-def cblinfun.diff-left cinner-diff-right
simp flip: tensor-ell2-ket)
qed

lemma unitary-tensor-ell2-right-CARD-1:
fixes ¢ :: </a :: {CARD-1,enum} ell2»
assumes <norm Y = 1)
shows <unitary (tensor-ell2-right ¢)»
proof (rule unitaryl)
show <tensor-ell2-right 1+ oo tensor-ell2-right ¢ = id-cblinfun>
by (simp add: assms isometry-tensor-ell2-right)
have *: «(¢¥ ¢ @) * (p «c V) = ¢ ¢ ¢ for ¢
proof —
define ¢’ ¢’ where «¢p' = 1 .¢ ¢» and o' =1 ¢
have ¢: <) = ' x¢ 1»
by (metis 1’-def one-cinner-a-scaleC-one)
have p: <p = ¢’ *¢ 1>
by (metis ¢'-def one-cinner-a-scaleC-one)
show ?thesis
unfolding ¢ ¢
by (metis (no-types, lifting) Groups.mult-ac(1) ¢ assms cinner-simps(5) cinner-simps(6)
norm-one of-complex-def of-complex-inner-1 power2-norm-eq-cinner)
qged
show «<tensor-ell2-right ¥ ocy tensor-ell2-right ¥+ = id-cblinfun>
by (rule cblinfun-cinner-tensor-eql) (simp add: x)
qed

13.2 Tensor product of operators on - ¢/l2

definition tensor-op :: «(‘a ell2, 'b ell2) cblinfun = (‘c ell2, 'd ell2) cblinfun
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= (("ax'c) ell2, ('bx'd) ell2) cblinfun) (infixr ®, 70) where
<tensor-op M N = cblinfun-extension (range ket) (Mk. case (inv ket k) of (x,y) = tensor-ell2
(M vy ket z) (N v ket y))»

lemma
— Loosely following [7, Section IV.1]
fixes a :: ‘o> and b :: <'by and ¢ :: (‘o> and d :: </d> and M :: (‘a ell2 =c1 b ell2y and N
w e ell =0 'd ell2y
shows tensor-op-ell2: «(M ®, N) xy (¥ Qs p) = (M xy 1) @ (N *y )
and tensor-op-norm: <norm (M ®, N) = norm M x norm N)
proof —
define S71 :: «(Yax’d) ell2 sety and fI g1 extgl
where «(S1 = range ket>
and «fI k = (case (inv ket k) of (x,y) = tensor-ell2 (M v ket x) (ket y))»
and <g! = cconstruct S1 f1y and <extgl = cblinfun-extension (cspan S1) g1
for k
define S2 :: «((Yax’c) ell2 set> and f2 g2 extg2
where <S2 = range ket)
and «f2 k = (case (inv ket k) of (z,y) = tensor-ell2 (ket z) (N v ket y))»
and <g2 = cconstruct S2 f2»> and <extg2 = cblinfun-extension (cspan S2) g2
for k
define tensorMN where <tensorMN = extgl ooy extg2»

have extgl-ket: <extgl *v ket (z,y) = (M *y ket ) ®; ket y»
and norm-extgl: <norm extgl < mnorm M> for z y
proof —
have [simp]: <cindependent S1»
using S1-def cindependent-ket by blast
have [simp]: <closure (cspan S1) = UNIV)»
by (simp add: S1-def)
have [simp]: <ket (z, y) € cspan S1» for z y
by (simp add: S1-def complez-vector.span-base)
have g1-f1: <g1 (ket (z,y)) = f1 (ket (z,y))» for z y
by (metis S1-def <cindependent S1» complex-vector.construct-basis g1-def rangel)
have [simp]: <clinear g1»
unfolding gI-def using <cindependent S1> by (rule complex-vector.linear-construct)
then have gl-add: «g1 (z + y) = g1 = + g1 v if «<x € cspan S1» and <y € cspan S1» for
Ty
using clinear-iff by blast
from «clinear g1 have gl-scale: <g1 (¢ *¢c x) = ¢ *¢ gl x» if «x € cspan S1) for = ¢
by (simp add: complex-vector.linear-scale)

have g1-bounded: <norm (g1 ¥) < norm M * norm ) if «) € cspan S1» for 9
proof —
from that obtain ¢ r where «finite t» and <t C range ket> and ¥-tr: <« = (> a€t. r a
kC Q)
by (smt (verit) complex-vector.span-explicit mem-Collect-eq S1-def)
define X Y where <X = fst “inv ket ‘) and <Y = snd ‘ inv ket ‘ t»
have g1-ket: «<g1 (ket (z,y)) = (M xy ket z) ®, ket y» for z y
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by (simp add: g1-def S1-def complex-vector.construct-basis f1-def)
define { where € y = (3 zeX. if (ket (z,y) € t) then r (ket (z,y)) *c ket z else 0)> for

Y
have ¢¥&: «p = (D yeY. £ y R ket y)»
proof —
have «(>_yeY. £ y ®; ket y) = O ayeX x Y. if ket zy € t then r (ket zy) *c ket zy
else 0)»

unfolding &-def tensor-ell2-sum-left
by (subst sum.swap)
(auto simp: sum.cartesian-product tensor-ell2-scaleC1 tensor-ell2-ket intro!: sum.cong)

also have «... = O aycket ‘(X x Y). if zy € t then r zy *¢ zy else 0)»
by (subst sum.reindex) (auto simp add: inj-on-def)
also have ... = »

unfolding v-tr
proof (rule sum.mono-neutral-cong-right, goal-cases)
case 2
show ¢t C ket ‘(X x Y)
proof
fix z assume z € ¢
with <t C range ket> obtain a b where ab: © = ket (a, b)
by fast
also have ket (a, b) € ket (X x Y)
by (metis X-def Y-def <z € t» ab f-inv-into-f fst-conv image-eql
ket-injective mem-Sigma-iff rangel snd-conv)
finally show z € ket ‘(X x Y) .
qed
qed (auto simp add: X-def Y-def «finite t»)
finally show ?thesis
by simp
qed
have <(norm (g1 ¥))? = (norm (3 yeY. (M vy £ y) ®s ket y))
by (auto simp: & complex-vector.linear-sum &-def tensor-ell2-sum-left
complex-vector.linear-scale g1-ket tensor-ell2-scaleC1
complez-vector.linear-0 tensor-ell2-ket
introl: sum.cong arg-cong|where f=norm])

also have «... = (3 yeY. (norm (M v € y) ®s ket y))?)»
unfolding Y-def by (rule pythagorean-theorem-sum) (use <finite t» in auto)
also have «... = (3 yeY. (norm (M xy £ y))?)»

by (simp add: norm-tensor-ell2)
also have «... < (> yeY. (norm M x norm (£ y))?)
by (meson norm-cblinfun norm-ge-zero power-mono sum-mono)

also have (... = (norm M)? x (3. yeY. (norm (€ y ®; ket y))?)»
by (simp add: power-mult-distrib norm-tensor-ell2 flip: sum-distrib-left)
also have (... = (norm M)? x (norm (3. yeY. & y @, ket y))®

unfolding Y-def
by (subst pythagorean-theorem-sum) (use <finite ¢» in auto)
also have (... = (norm M)? x (norm )%

using Y€ by fastforce
finally show «norm (g1 ) < norm M * norm ¢»
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by (metis mult-nonneg-nonneg norm-ge-zero power2-le-imp-le power-mult-distrib)
qed

have extgl-exists: «cblinfun-extension-exists (cspan S1) g1»
by (rule cblinfun-extension-exists-bounded-denselwhere B=<«norm M>])
(use g1-add g1-scale g1-bounded in auto)

then show <extgl *y ket (z,y) = (M *y ket x) ®; ket y» for z y
by (simp add: extgl-def cblinfun-extension-apply g1-f1 f1-def)

from g1-add g1-scale g1-bounded
show <norm extgl < norm M)

by (auto simp: extgl-def intro!: cblinfun-extension-norm-bounded-dense)
qged

have extgl-apply: <extgl v (VY ®s @) = (M *y ¥) ®¢ > for ¢ ¢
proof —
have 1: <bounded-clinear (Aa. extgl =y (a ®, ket y))» for y
by (intro bounded-clinear-cblinfun-apply bounded-clinear-tensor-ell22)
have 2: <bounded-clinear (Aa. (M xy a) ®; ket y)» for y :: 'd
by (auto intro!: bounded-clinear-tensor-ell22[ THEN bounded-clinear-compose] bounded-clinear-cblinfun-apply)
have 3: <bounded-clinear (Aa. extgl *y (¢ ®s a))
by (intro bounded-clinear-cblinfun-apply bounded-clinear-tensor-ell21)
have 4: <bounded-clinear ((®s) (M *v 1))
by (auto intro!: bounded-clinear-tensor-ell21 [ THEN bounded-clinear-compose] bounded-clinear-cblinfun-apply)

have eg-ket: <extgl xy tensor-ell2 ¢ (ket y) = tensor-ell2 (M v 1) (ket y)> for y
by (rule bounded-clinear-eq-on-closure[where t=1¢ and G=<range ket)))
(use 1 2 extgl-ket in <auto simp: tensor-ell2-ket))
show ?thesis
by (rule bounded-clinear-eg-on-closurelwhere t=¢ and G=<range ket)))
(use 3 4 eq-ket in auto)
qed

have extg2-ket: <extg2 xv ket (z,y) = ket x @ (N *y ket y)»
and norm-extg2: <norm extg2 < norm N> for z y
proof —
have [simp]: <cindependent S2»
using S2-def cindependent-ket by blast
have [simp]: <closure (cspan S2) = UNIV)»
by (simp add: S2-def)
have [simp]: <ket (z, y) € cspan S2) for z y
by (simp add: S2-def complez-vector.span-base)
have ¢2-f2: «g2 (ket (z,y)) = f2 (ket (z,y))> for z y
by (metis S2-def <cindependent S2» complex-vector.construct-basis g2-def rangel)
have [simp]: <clinear g2»
unfolding ¢2-def using <cindependent S2) by (rule complex-vector.linear-construct)
then have g2-add: g2 (z + y) = g2z + g2 v if «x € cspan 52> and <y € cspan S2) for
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using clinear-iff by blast
from «<clinear g2> have g2-scale: <g2 (¢ *¢ ©) = ¢ *¢ g2 x» if «x € cspan S2) for = ¢
by (simp add: complez-vector.linear-scale)

have ¢2-bounded: <norm (g2 ¢¥) < norm N x norm v if «p € cspan S2) for
proof —
from that obtain ¢ r where «finite t» and <t C range ket> and ¥-tr: <« = (> a€t. r a
ko Q)
by (smt (verit) complez-vector.span-explicit mem-Collect-eq S2-def)
define X Y where <X = fst ‘inv ket ‘) and <Y = snd ‘ inv ket ‘ t»
have ¢2-ket: <g2 (ket (z,y)) = ket x ®5 (N xv ket y) for z y
by (auto simp add: f2-def complex-vector.construct-basis g2-def S2-def)
define £ where «§ z = (> yeY. if (ket (z,y) € t) then r (ket (z,y)) *c ket y else 0)> for

have ¢&: «p = (D zeX. ket x ®; & z)»
proof —
have (Y zeX. ket z @5 £ ) = (O ayeX x Y. if ket zy € ¢ then r (ket zy) *c ket xy
else 0)»
by (auto simp: £-def tensor-ell2-sum-right sum.cartesian-product tensor-ell2-scaleC2
tensor-ell2-ket intro!: sum.cong)

also have «... = D aycket ‘(X X Y). if zy € t then r zy *¢ zy else 0)»
by (subst sum.reindex) (auto simp add: inj-on-def)
also have «... = ¥»

unfolding v¢-tr
proof (rule sum.mono-neutral-cong-right, goal-cases)
case 2
show ¢t C ket ‘(X x Y)
proof
fix z assume z € ¢
with «t C range ket> obtain a b where ab: © = ket (a, b)
by fast
also have ket (a, b) € ket ‘(X x Y)
by (metis X-def Y-def <x € t» ab f-inv-into-f fst-conv image-eql
ket-injective mem-Sigma-iff rangel snd-conv)
finally show z € ket ‘(X x Y) .
qed
qed (auto simp add: X-def Y-def «finite t»)
finally show ?thesis
by simp
qed
have «(norm (g2 ¥))? = (norm (>, z€X. ket z @5 (N xy € z)))5
by (auto simp: & complex-vector.linear-sum &-def tensor-ell2-sum-right
complex-vector.linear-scale g2-ket tensor-ell2-scaleC2
complez-vector.linear-0 tensor-ell2-ket
introl: sum.cong arg-cong[where f=norm])

also have «... = (Y. zeX. (norm (ket z ®5 (N xy € )))?)
unfolding X-def by (rule pythagorean-theorem-sum) (use <finite t» in auto)
also have «... = (3 z€X. (norm (N xy & 2))?)

by (simp add: norm-tensor-ell2)
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also have «... < (3 z€X. (norm N x norm (£ z))?)
by (meson norm-cblinfun norm-ge-zero power-mono sum-mono)
also have (... = (norm N)? x (3" z€X. (norm (ket x ®; & 7))?)>
by (simp add: power-mult-distrib norm-tensor-ell2 flip: sum-distrib-left)
also have (... = (norm N)? % (norm (3. z€X. ket z ®, & z))%
unfolding X-def by (subst pythagorean-theorem-sum) (use <finite t» in auto)
also have «... = (norm N)? x (norm ¥)%
using Y€ by fastforce
finally show <norm (g2 ¢) < norm N * norm »
by (metis mult-nonneg-nonneg norm-ge-zero power2-le-imp-le power-mult-distrib)
qed

have extg2-exists: <cblinfun-extension-exists (cspan S2) g2»
by (rule cblinfun-extension-ezists-bounded-dense[where B=<norm N)])
(use g2-add g2-scale g2-bounded in auto)

then show <extg2 *y ket (z,y) = ket ¢ ®5s N xy ket y» for z y
by (simp add: extg2-def cblinfun-extension-apply g2-f2 f2-def)

from g¢2-add g2-scale g2-bounded
show (norm extg2 < norm N>

by (auto simp: extg2-def introl: cblinfun-extension-norm-bounded-dense)
qed

have extg2-apply: <extg2 xv (Y Qs ¢) = ¥ Q5 (N *y @) for ¥ ¢
proof —
have 1: (bounded-clinear (Aa. extg2 xv (ket © @, a))» for z
by (intro bounded-clinear-cblinfun-apply bounded-clinear-tensor-ell21)
have 2: (bounded-clinear (Ma. ket x ®s (N *y a))» for z :: 'a
by (auto intro!: bounded-clinear-tensor-ell21 [ THEN bounded-clinear-compose] bounded-clinear-cblinfun-apply)
have 3: (bounded-clinear (Aa. extg2 xv (a @5 ©))»
by (intro bounded-clinear-cblinfun-apply bounded-clinear-tensor-ell22)
have 4: < bounded-clinear (Aa. a ®5 (N *y ¢))»
by (auto intro!: bounded-clinear-tensor-ell22[ THEN bounded-clinear-compose] bounded-clinear-cblinfun-apply)

have eg-ket: <extg2 xy (ket z ®¢ @) = ket x @5 (N *y @) for z
by (rule bounded-clinear-eq-on-closure[where t=p and G=«<range ket>])
(use 1 2 extg2-ket in <auto simp: tensor-ell2-ket»)
show ?thesis
by (rule bounded-clinear-eq-on-closure[where t=1¢ and G=(range ket>])
(use 8 4 eq-ket in auto)
qged

have tensorMN-apply: <tensorMN xy (¢ ®s ¢) = (M xy ¢) ®s (N *y @) for ¢ ¢
by (simp add: extgl-apply extg2-apply tensorMN-def)

have «cblinfun-extension-exists (range ket) (Ak. case inv ket k of (z, y) = (M v ket z) ®q

(N =y ket y))

by (rule cblinfun-extension-ezistsI[where B=tensorMN])
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(use tensorMN-apply|of <ket -» <ket -] in <auto simp: tensor-ell2-ket»)

then have otimes-ket: «(M ®, N) xy (ket (a,¢)) = (M *v ket a) ®5 (N xy ket ¢)» for a ¢
by (simp add: tensor-op-def cblinfun-extension-apply)

have tensorMN-otimes: <M ®, N = tensorMN)
by (rule equal-ket)
(use tensorMN-apply|of <ket -» <ket -] in <auto simp: otimes-ket tensor-ell2-ket»)

show otimes-apply: «(M ®, N) v (¥ @5 @) = (M *y ¥) ®5 (N xy @) for ¢ ¢
by (simp add: tensorMN-apply tensorMN-otimes)

show «norm (M ®, N) = norm M * norm N»
proof (rule order.antisym)
show (norm (M ®, N) < norm M x norm N»
unfolding tensorMN-otimes tensorMN-def
by (smt (verit, best) mult-mono norm-cblinfun-compose norm-extgl norm-extg2 norm-ge-zero)
have norm (M ®, N) > norm M x norm N x &) if «¢ < 1) and « > 0» for ¢
proof —
obtain Ya where 1: <norm (M *y ¢¥a) > norm M x sqrt ey and <norm va = 1»
by (atomize-elim, rule cblinfun-norm-approz-witness-mult[where e=<sqrt ey and A=M])
(use < < 1» in auto)
obtain b where 2: <norm (N xy ¥b) > norm N x sqrt &> and <norm ¥b = 1»
by (atomize-elim, rule cblinfun-norm-approx-witness-mult[where e=<sqrt ey and A=N]))
(use <& < 15 in auto)
have (norm (M ®, N) xy (Ya @5 ¥b)) / norm (Ya ®s 1) = norm (M ®, N) xv (¢a
®s Pb))
using <norm Ya = 1> <norm b = 1»
by (simp add: norm-tensor-ell2)
also have «... = norm (M *y a) x norm (N *y b))
by (simp add: norm-tensor-ell2 otimes-apply)
also from 1 2 have ¢... > (norm M x sqrt €) * (norm N x sqrt €)» (is <- > ...»)
by (rule mult-mono’) (use <¢ > 0» in auto)
also have «... = norm M x norm N * &)
using ¢ > 0> by force
finally show ?thesis
using cblinfun-norm-geql by blast
qed
then show <norm (M ®, N) > norm M x norm N)
by (metis field-le-mult-one-interval mult.commute)
ged
qed

lemma tensor-op-ket: <tensor-op M N xy (ket (a,c)) = tensor-ell2 (M *y ket a) (N %y ket c)»
by (metis tensor-ell2-ket tensor-op-ell2)

lemma comp-tensor-op: (tensor-op a b) ocyr (tensor-op ¢ d) = tensor-op (a ooy, ¢) (b ooy d)

for a :: e ell2 =cp ‘cell2 and b :: 'fell2 =¢r 'd ell2 and
c:'aell2 =g 'eell2 and d :: 'b ell2 =cp, 'f ell2
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by (rule equal-ket) (auto simp flip: tensor-ell2-ket simp: tensor-op-ell2)

lemma tensor-op-left-add: «(z + y) ®o b =2 Q@ b + y ®, b
for z y :: <'a ell2 =cr 'cell2y and b :: <'b ell2 = 'd ell2y
by (auto intro!: equal-ket simp: tensor-op-ket plus-cblinfun.rep-eq tensor-ell2-add1)

lemma tensor-op-right-add: <b ®, (z + y) = b Qo  + b ®, Y
for z y :: <'a ell2 =cyp 'cell2y and b :: <'b ell2 =cp 'd ell2y
by (auto intro!: equal-ket simp: tensor-op-ket plus-cblinfun.rep-eq tensor-ell2-add2)

lemma tensor-op-scaleC-left: (¢ xc ) ®, b = ¢ *¢ (z ®, b)
for z :: (a ell2 =cr 'cell2y and b :: <'b ell2 =c1 'd ell2)
by (auto intro!: equal-ket simp: tensor-op-ket tensor-ell2-scaleC1)

lemma tensor-op-scaleC-right: <b ®, (¢ *¢ ) = ¢ *¢ (b ®, )
for z :: </a ell2 =¢cyr, ‘cell2y and b :: <'b ell2 =¢cp, 'd ell2)
by (auto introl: equal-ket simp: tensor-op-ket tensor-ell2-scaleC2)

lemma tensor-op-bounded-cbilinear|[simpl: <bounded-cbilinear tensor-op»
by (auto intro!: bounded-cbilinear.intro exl|of - 1]
simp: tensor-op-left-add tensor-op-right-add tensor-op-scaleC-left tensor-op-scaleC-right
tensor-op-norm)

lemma tensor-op-cbilinear|[simpl: <cbilinear tensor-op»
by (simp add: bounded-cbilinear.add-left bounded-chilinear.add-right cbilinear-def clinearl ten-
sor-op-scaleC-left tensor-op-scaleC-right)

lemma tensor-butter: <butterfly (ket i) (ket j) ®, butterfly (ket k) (ket 1) = butterfly (ket (i,k))
(ket (3,0))>
by (rule equal-ket)
(auto simp flip: tensor-ell2-ket simp: tensor-op-ell2 butterfly-def tensor-ell2-scaleC1 ten-
sor-ell2-scaleC2)

lemma cspan-tensor-op-butter: <cspan {tensor-op (butterfly (ket i) (ket j)) (butterfly (ket k)
(ket 1))] (i::-::findte) (j:-i:finite) (k::-:finite) (I:-:findte). True} = UNIV)

unfolding tensor-butter

by (subst cspan-butterfly-ket[symmetric]) (metis surj-pair)

lemma cindependent-tensor-op-butter: <cindependent {tensor-op (butterfly (ket i) (ket 7)) (butterfly
(ket k) (ket 1))| i j k1. True}

unfolding tensor-butter

using cindependent-butterfly-ket

by (smt (23) Collect-mono-iff complez-vector.independent-mono)

lift-definition right-amplification :: <('a ell2 =cr b ell2) =cr ((ax’c) ell2 =cr ('bx'c)
ell2)y is

Aa. a ®, id-cblinfuny

by (simp add: bounded-cbilinear.bounded-clinear-left)

343



lift-definition left-amplification :: <('a ell2 =c b ell2) =cr (('ex’a) ell2 =cp ('ex'b) ell2))
is

<Aa. id-cblinfun ®, a>

by (simp add: bounded-cbilinear.bounded-clinear-right)

lemma sandwich-tensor-ell2-right: <sandwich (tensor-ell2-right ) xy a ®, b = (¢ -¢ (b *y
V) *¢ a

by (rule cblinfun-eql) (simp add: sandwich-apply tensor-op-ell2)
lemma sandwich-tensor-ell2-left: <sandwich (tensor-ell2-left x) xy a ®, b = (¢ ¢ (a *y ¥))
*o b»

by (rule cblinfun-eql) (simp add: sandwich-apply tensor-op-ell2)

lemma tensor-op-adjoint: «(tensor-op a b)* = tensor-op (ax) (bx)»
by (rule cinner-ket-adjointl [symmetric])
(auto simp flip: tensor-ell2-ket simp: tensor-op-ell2 cinner-adj-left)

lemma has-sum-id-tensor-butterfly-ket: <((Ai. (id-cblinfun ®, butterfly (ket i) (ket 7)) v )
has-sum ) UNIV»
proof —
have «: «(>_i€F. (id-cblinfun ®, butterfly (ket i) (ket i)) =y ) = trunc-ell2 (UNIV x F)
Yy if <finite F» for F
proof (rule Rep-ell2-inject| THEN iffD1], rule ext, rename-tac zy)
fix zy :: <'b x 'w
obtain z y where zy: <zy = (z,y)»
by fastforce
have (Rep-ell2 (> i€F. (id-cblinfun @, butterfly (ket i) (ket i)) *v ) zy
= ket zy ¢ (D i€F. (id-cblinfun @, butterfly (ket i) (ket i)) v )
by (simp add: cinner-ket-left)
also have «... = (D" i€F. ket zy -¢ ((id-cblinfun ®, butterfly (ket ©) (ket 7)) *v 1))
using cinner-sum-right by blast
also have «... = (D i€F. ket zy -¢ ((id-cblinfun ®, butterfly (ket ©) (ket ©))* xy 1))
by (simp add: tensor-op-adjoint)
also have «... = (> ieF. ((id-cblinfun ®, butterfly (ket i) (ket i) *v ket zy) -c V)
by (meson cinner-adj-right)
also have «... = of-bool (yeF') x (ket zy ¢ V)
by (subst sum-single[where i=y])
(auto simp: zy tensor-op-ell2 cinner-ket that simp flip: tensor-ell2-ket)

also have «... = of-bool (yeF) x (Rep-ell2 ¢ zy)»
by (simp add: cinner-ket-left)
also have «... = Rep-ell2 (trunc-ell2 (UNIV x F) ¢) zy

by (simp add: trunc-ell2.rep-eq zy)
finally show «Rep-ell2 (3 i€F. (id-cblinfun ®, butterfly (ket i) (ket 7)) =y ) xzy = ...
by —
qed

have ((AF. trunc-ell2 F ) —— trunc-ell2 UNIV ) (filtermap ((x) UNIV) (finite-subsets-at-top
UNIV))»
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by (rule trunc-ell2-lim-general)
(auto simp add: filterlim-def le-filter-def eventually-finite-subsets-at-top
eventually-filtermap intro!: exl[where z=«<snd ‘ -)])
then have «((\F. trunc-ell2 (UNIVXF) ¢) —— 1) (finite-subsets-at-top UNIV)»
by (simp add: filterlim-def filtermap-filtermap)
then have «((AF. (3 i€F. (id-cblinfun ®, butterfly (ket i) (ket i)) *v 1)) —— ¥) (finite-subsets-at-top
UNIV)»
by (rule Lim-transform-eventually)
(simp add: * eventually-finite-subsets-at-top-weakl)
then show ?thesis
by (simp add: has-sum-def)
qed

lemma tensor-op-dense: <cstrong-operator-topology closure-of (cspan {a ®, b | a b. True}) =
UNIV)

— [7, p.185 (10)], but we prove it directly.
proof (intro order.antisym subset-UNIV subsetl)

fix ¢ :: <(a x 'b) ell2 =¢cp (e x 'd) ell2»

define ¢’ where ¢’ i j = (tensor-ell2-right (ket ©))x ocr ¢ ocy, tensor-ell2-right (ket j)» for
ij

define AB :: <(('a x 'b) ell2 =cp ('c x 'd) ell2) setr where

<AB = cstrong-operator-topology closure-of (cspan {a ®, b | a b. True})

have [simp]: <closedin cstrong-operator-topology AB)
by (simp add: AB-def)

have [simp]: <csubspace AB»
using AB-def sot-closure-is-csubspace’ by blast

have x: <c' i j ®, butterfly (ket ©) (ket j) = (id-cblinfun ®, butterfly (ket i) (ket 7)) ocr ¢
ocr, (id-cblinfun ®, butterfly (ket j) (ket j))» for i j
proof (rule equal-ket, rule cinner-ket-eql, rename-tac a b)
fix a :: </a x by and b :: (‘¢ x 'd>
obtain bi bj ai aj where b: <b = (bi,bj)» and a: <a = (ai,aj)
by (meson surj-pair)
have ket b -¢ ((¢' i j ®, butterfly (ket i) (ket j)) xv ket a) = of-bool (j = aj A bj = i) *
((ket bi ®¢ ket ©) «¢ (¢ *xy ket ai ®g ket aj))»
by (auto simp add: a b tensor-op-ell2 cinner-ket c’-def cinner-adj-right
simp flip: tensor-ell2-ket)
also have «... = ket b -¢ ((id-cblinfun ®, butterfly (ket i) (ket ©) ocr ¢ ooy, td-cblinfun ®,
butterfly (ket 7) (ket §)) xv ket a)
apply (subst asm-rl[of <id-cblinfun ®, butterfly (ket i) (ket i) = (id-cblinfun ®, butterfly
(ket ©) (ket ©))%])
subgoal
by (simp add: tensor-op-adjoint)
subgoal
by (auto simp: a b tensor-op-ell2 cinner-adj-right cinner-ket
simp flip: tensor-ell2-ket)
done
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finally show <ket b -¢ ((¢’ ij ®, butterfly (ket i) (ket j)) *v ket a) =
ket b -¢ ((id-cblinfun ®, butterfly (ket ©) (ket i) ocr ¢ ocr id-cblinfun ®, butterfly
(ket j) (ket §)) =v ket a)»
by —
qged

have ¢’ i j ®, butterfly (ket i) (ket j) € AB) for i j
proof —
have «¢’' i j ®, butterfly (ket ©) (ket j) € {a ®, b | a b. True}>
by auto
also have «... C cspan ...»
by (simp add: complez-vector.span-superset)
also have «... C cstrong-operator-topology closure-of ...»
by (rule closure-of-subset) simp
also have (... = AB»
by (simp add: AB-def)
finally show ?thesis
by simp
qged
with x have ABI: «(id-cblinfun ®, butterfly (ket ©) (ket 7)) ocr, ¢ ocr (id-cblinfun ®, butterfly
(ket j) (ket j)) € AB» for i j
by simp
have «((\i. ((id-cblinfun ®, butterfly (ket i) (ket i)) ocr ¢ ocr (id-cblinfun ®, butterfly (ket
) ket 1)) #v )
has-sum (¢ ocyp (id-cblinfun ®, butterfly (ket j) (ket j))) =y @) UNIV) for j 9
by (simp add: has-sum-id-tensor-butterfly-ket)
then have AB2: «(c ocr (id-cblinfun ®, butterfly (ket j) (ket j))) € AB» for j
by (rule has-sum-closed-cstrong-operator-topology[rotated —1]) (use AB1 in auto)

have «((Aj. (¢ ocr (id-cblinfun ®, butterfly (ket j) (ket §))) *v ) has-sum ¢ xy ) UNIV)»
for
by (simp add: has-sum-cblinfun-apply has-sum-id-tensor-butterfly-ket)
then show ABS3: «c € AB)
by (rule has-sum-closed-cstrong-operator-topology[rotated —1]) (use AB2 in auto)
qed

lemma tensor-extensionality-finite:

fixes F G :: «((("a::finite x 'b::finite) ell2) =cr (('c::finite x 'd::finite) ell2)) = 'e::complex-vector»
assumes [simp]: clinear F clinear G

assumes tensor-eq: (A\a b. F (tensor-op a b) = G (tensor-op a b))

shows F' = G
proof (rule ext, rule complex-vector.linear-eq-on-span|where f=F and ¢g=G])

show «<clinear F» and <clinear G»

using assms by (simp-all add: cbilinear-def)
show <z € cspan {tensor-op (butterfly (ket i) (ket j)) (butterfly (ket k) (ket 1))| i j k. True}»

for z :: <("a x 'b) ell2 =cp ('c x 'd) eli2»
using cspan-tensor-op-butter by auto
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show «F x = G o if «x € {tensor-op (butterfly (ket ©) (ket j)) (butterfly (ket k) (ket 1)) i jk
l. True}» for
using that by (auto simp: tensor-eq)
qed

lemma tensor-id[simp|: <tensor-op id-cblinfun id-cblinfun = id-cblinfun)
by (rule equal-ket) (auto simp flip: tensor-ell2-ket simp: tensor-op-ell2)

lemma tensor-butterfly: tensor-op (butterfly ¥ ') (butterfly ¢ ') = butterfly (tensor-ell2
©) (tensor-ell2 ¢’ ')
by (rule equal-ket)
(auto simp flip: tensor-ell2-ket simp: tensor-op-ell2 butterfly-def tensor-ell2-scaleC1 ten-
sor-ell2-scaleC2)

definition tensor-lift :: <(('al::finite ell2 =c 'a2::finite ell2) = ('b1::finite ell2 = ¢, 'b2::finite
ell2) = 'c)
= ((("alx'b1) ell2 =cr ('a2x'b2) ell2) = 'c::complex-normed-vector)»
where
tensor-lift F2 = (SOME G. clinear G A (Ya b. G (tensor-op a b) = F2 a b))

lemma
fixes F2 :: 'a:finite ell2 =cp 'b::finite ell2
= 'ci:finite ell2 =c 'd:finite ell2
= 'e::complex-normed-vector
assumes cbilinear F2
shows tensor-lift-clinear: clinear (tensor-lift F2)
and tensor-lift-correct: <(Aa b. tensor-lift F2 (a ®, b)) = F2»
proof —
define F2' t/ ¢ where
«F2' = tensor-lift F2) and
<t = (A(4,5,k,0). tensor-op (butterfly (ket i) (ket j)) (butterfly (ket k) (ket 1)))» and
«p m = (let (i,4,k,l) = inv t4 m in F2 (butterfly (ket ©) (ket j)) (butterfly (ket k) (ket I)))»
for m
have tjinj: x = y if t4 x = t4 y for z y
proof (rule ccontr)
obtain i j k | where z: z = (i,4,k,l) by (meson prod-cases))
obtain i’ j' k' I’ where y: y = (i',j',k’,l") by (meson prod-casess )
have 1: bra (i,k) *v t} x *y ket (4,1) = 1
by (auto simp: tj-def x tensor-op-ell2 butterfly-def cinner-ket simp flip: tensor-ell2-ket)
assume <z # y»
then have 2: bra (i,k) v t4 y *v ket (4,1) = 0
by (auto simp: t4-def x y tensor-op-ell2 butterfly-def cinner-ket
sitmp flip: tensor-ell2-ket)
from 1 2 that
show Fulse
by auto
qged
have «p (tensor-op (butterfly (ket ©) (ket 7)) (butterfly (ket k) (ket 1)) = F2 (butterfly (ket 7)
(ket 7)) (butterfly (ket k) (ket 1)) for i j k1
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apply (subst asm-ri[of <tensor-op (butterfly (ket i) (ket j)) (butterfly (ket k) (ket 1)) = t4
(i:,k,00])

subgoal by (simp add: t4-def)

subgoal by (auto simp add: injl t4inj inv-f-f p-def)

done

have *: (range t4 = {tensor-op (butterfly (ket ©) (ket j)) (butterfly (ket k) (ket 1)) |i j k L.
True}»
by (force simp: case-prod-beta t4-def image-iff)

have cblinfun-extension-exists (range t4) ¢
by (rule cblinfun-extension-exists-finite-dim)
(use * cindependent-tensor-op-butter cspan-tensor-op-butter in auto)

then obtain G where G: <G v (t4 (i,7,k,0)) = F2 (butterfly (ket i) (ket 7)) (butterfly (ket
k) (ket 1)) for i j k!l
unfolding cblinfun-extension-exists-def
by (metis (no-types, lifting) t4inj @-def f-inv-into-f rangel split-conv)

have x: «G *y tensor-op (butterfly (ket i) (ket j)) (butterfly (ket k) (ket 1)) = F2 (butterfly
(ket ©) (ket j)) (butterfly (ket k) (ket 1)) for i j k1
using G by (auto simp: tj-def)
have x: (G *y tensor-op a (butterfly (ket k) (ket 1)) = F2 a (butterfly (ket k) (ket 1))» for a
kl
apply (rule complez-vector.linear-eq-on-span[where g=<A\a. F2 a -» and B=«{butterfly (ket
k) (ket )|k 1. Truep])
unfolding cspan-butterfly-ket
using * apply (auto intro!: clinear-compose[unfolded o-def, where f=<¢\a. tensor-op a -»
and g=«(xy) G])
apply (metis cbilinear-def tensor-op-cbilinear)
using assms unfolding cbilinear-def by blast
have G-F2: «G xy tensor-op a b = F2 a by for a b
apply (rule complez-vector.linear-eq-on-span[where g=<F2 a» and B=«{butterfly (ket k)
(ket )|k 1. True}])
unfolding cspan-butterfly-ket
using * apply (auto simp: cblinfun.add-right clinearl
intro!: clinear-compose|unfolded o-def, where f=«(tensor-op a> and g=«(xy)
&)
apply (meson cbilinear-def tensor-op-cbilinear)
using assms unfolding cbilinear-def by blast

have (clinear F2' A (Y a b. F2' (tensor-op a b) = F2 a b)»
unfolding F2’-def tensor-lift-def
apply (rule somel[where z=«(xy) G)» and P=«\G. clinear G A (Ya b. G (tensor-op a b)
= F2a b))
using G-F2 by (simp add: cblinfun.add-right clinearI)

then show «clinear F2' and <«(Aa b. tensor-lift F2 (tensor-op a b)) = F2)
unfolding F2’-def by auto
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qed

lemma tensor-op-nonzero:
fixes a :: (‘a ell2 =¢cyp, 'cell2y and b :: <'b ell2 = 'd ell2»
assumes <a # 0> and <b # 0
shows (a ®, b # 0»
proof —
from <a # 0) obtain { where i: <a *y ket i # 0>
by (metis cblinfun.zero-left equal-ket)
from b # () obtain j where j: <b %y ket j # 0»
by (metis cblinfun.zero-left equal-ket)
from i j have ijneq0: «(a xy ket ©) ®; (b *y ket j) # 0>
by (simp add: tensor-ell2-nonzero)
have «(a xy ket i) ®; (b xy ket j) = (a ®, b) xv ket (i,j)
by (simp add: tensor-op-ket)
with jneq0 show <a ®, b # 0>
by force
qed

lemma inj-tensor-ell2-left: <inj (Aa::'a ell2. a @, b)y if <b # 0 for b :: <'b ell2»
proof (rule injl, rule ccontr)
fix zy:: aell2
assume eq: (r Qs b =y Qg b
assume neq: <z # y»
define a where <a =z —
from neq a-def have neq0: <a # 0»
by auto
with <b # 0> have <a ®4 b # 0»
by (simp add: tensor-ell2-nonzero)
then have (x ®; b # y Q5 b
unfolding a-def
by (metis add-cancel-left-left diff-add-cancel tensor-ell2-add1)
with eq show False
by auto
qed

lemma inj-tensor-ell2-right: <inj (Ab::'b ell2. a ®; b)» if <a # 0) for a :: ('a ell2)
proof (rule injl, rule ccontr)
fix zy:: <bell2y
assume eq: <a Vg T = a Qg Y
assume neq: {x £ y»
define b where b =z —
from neq b-def have neq0: <b # 0»
by auto
with «a # 0> have <a ®, b # 0»
by (simp add: tensor-ell2-nonzero)
then have (o ®s = # a Qs
unfolding b-def
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by (metis add-cancel-left-left diff-add-cancel tensor-ell2-add2)
with eq show False
by auto
qed

lemma inj-tensor-left: <inj (Aa::'a ell2 =¢cp ‘c ell2. a ®, b)y if <b # 0> for b :: <'b ell2 =¢p,
'd ell2»
proof (rule injl, rule ccontr)
fix zy: aell2 =cp 'cell2
assume ¢eq: <z ®, b = y Q, b
assume neq: (x # y»
define a where <a =z — o
from neq a-def have neq0: <a # 0>
by auto
with «b # 0> have <a ®, b # 0»
by (simp add: tensor-op-nonzero)
then have (z ®, b # y ®, b
unfolding a-def
by (metis add-cancel-left-left diff-add-cancel tensor-op-left-add)
with eq show Fulse
by auto
qed

lemma inj-tensor-right: <inj (Ab::'b ell2 =cp, 'c ell2. a ®, b)» if <a # 0) for a :: ('a ell2 =¢ 1,
'd ell2»
proof (rule injl, rule ccontr)
fix zy:: <bell2 =cr 'cell2
assume eq: <a Qo T = a Qp Y>»
assume neq: (x # y»
define b where <b =z — y»
from neq b-def have neq0: <b # 0»
by auto
with <a # 0> have <a ®, b # 0»
by (simp add: tensor-op-nonzero)
then have (¢ ®, © # a ®,
unfolding b-def
by (metis add-cancel-left-left diff-add-cancel tensor-op-right-add)
with eq show Fulse
by auto
qed

lemma tensor-ell2-almost-injective:
assumes <tensor-ell2 a b = tensor-ell2 ¢ d»
assumes <a # 0»
shows (37. b = v x¢ d»
proof —
from <a # 0> obtain i where i: <cinner (ket i) a # 0>
by (metis cinner-eq-zero-iff cinner-ket-left ell2-pointwise-ortho)
have <cinner (ket i ®; ket j) (a ®s b) = cinner (ket i ®; ket j) (¢ ®s d)> for j
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using assms by simp
then have eq2: ((cinner (ket i) a) x (cinner (ket j) b) = (cinner (ket i) ¢) * (cinner (ket j)
d)» for j
by (metis tensor-ell2-inner-prod)
then obtain v where (cinner (ket i) ¢ = v * cinner (ket i) a
by (metis i eq-divide-eq)
with eg2 have «(cinner (ket i) a) * (cinner (ket j) b) = (cinner (ket i) a) x (v * cinner (ket
j) d)» for j
by simp
then have <cinner (ket j) b = cinner (ket j) (v *¢ d)> for j
using ¢ by force
then have <b = v x¢ d»
by (simp add: cinner-ket-eqI)
then show ?thesis
by auto
qed

lemma tensor-op-almost-injective:
fixes a ¢ :: ('a ell2 =c1, 'b ell2»
and b d :: (‘c ell2 =¢yr 'd ell2>
assumes <tensor-op a b = tensor-op ¢ d»
assumes (a # 0>
shows (37. b = v x¢ &
proof (cases «d = 0»)
case Fulse
from <a # () obtain v where ¥: <a xy ¥ # 0»
by (metis cblinfun.zero-left cblinfun-eql)
have «(a @, b) (1 @, ¢) = (c @, d) (b 3, @) for ¢
using assms by simp
then have eg2: «(a ¥) ®s (b @) = (¢ ¥) ®; (d ¢)» for ¢
by (simp add: tensor-op-ell2)
then have eq2”: «(d ) @5 (c ¥) = (b ) ®s (a P)» for ¢
by (metis swap-ell2-tensor)
from Fulse obtain 0 where ¢0: <d p0 # 0>
by (metis cblinfun.zero-left cblinfun-eql)
obtain v where «c ¢ = v *¢ a Y
apply atomize-elim
using eq2’ 0 by (rule tensor-ell2-almost-injective)
with eq2 have ((a ) ®; (b ) = (a ¥) ®s (v x¢ d @) for ¢
by (simp add: tensor-ell2-scaleC1 tensor-ell2-scaleC2)
then have (b ¢ = v ¢ d ¢ for ¢
by (smt (verit, best) ¥ complex-vector.scale-cancel-right tensor-ell2-almost-injective ten-
sor-ell2-nonzero tensor-ell2-scaleC2)
then have <b = v x¢ d»
by (simp add: cblinfun-eql)
then show ?thesis
by auto
next
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case True
then have (¢ ®, d = 0»
by (metis add-cancel-right-left tensor-op-right-add)
then have <a ®, b = 0»
using assms(1) by presburger
with <a # 0> have <b = 0
by (meson tensor-op-nonzero)
then show ?thesis
by auto
qed

lemma clinear-tensor-left[simp]: <clinear (Aa. a ®, b :: - ell2 =cp, - ell2)
apply (rule clinearl)
apply (rule tensor-op-left-add)
by (rule tensor-op-scaleC-left)

lemma clinear-tensor-right[simp]: <clinear (Ab. a ®, b :: - ell2 =, - ell2)
apply (rule clinearl)
apply (rule tensor-op-right-add)
by (rule tensor-op-scaleC-right)

lemma tensor-op-0-left[simp]: <tensor-op 0 x = (0 :: ("ax'b) ell2 =cr (ex'd) ell2)»
apply (rule equal-ket)
by (auto simp flip: tensor-ell2-ket simp: tensor-op-ell2)

lemma tensor-op-0-right[simp]: <tensor-op x 0 = (0 :: ("ax’d) ell2 =cp ('ex'd) eli2))
apply (rule equal-ket)
by (auto simp flip: tensor-ell2-ket simp: tensor-op-ell2)

lemma bij-tensor-ell2-one-dim-left:
assumes () # 0>
shows «bij (Az::'b ell2. (¢ :: 'a::CARD-1 ell2) ®4 z)»
proof (rule bijl)
show «inj (Az::'b ell2. (¢ :: 'a::CARD-1 ell2) ®; z)»
using assms by (rule inj-tensor-ell2-right)
have (Jz. ¥ ®; z = ) for ¢ = «(('ax’d) ell2»
proof (use assms in transfer)
fix ¢ :: </a = complex) and ¢ :: <'ax'b = complex>
assume <has-ell2-norm > and «p # (A-. 0)
define ¢ where ¢ = 9 undefined>
then have < a = ¢ for a
by (subst everything-the-same[of - undefined]) simp
with «) # (A-. 0)» have ¢ # 0»
by auto

define z where <z j = ¢ (undefined, j) / ¢» for j
have «(A(i, j). Y i x zj) = ¢
proof (rule ext, safe)

fixa:’aand b:: b
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show ¢ a x 2 b = ¢ (a, b)
using <c # 0) by (simp add: c-def z-def everything-the-same[of a undefined])
qged
moreover have <has-ell2-norm x>
proof —
have <(A(7,7). (¢ (4,5))?) abs-summable-on UNIV»
using <has-ell2-norm > has-ell2-norm-def by auto
then have «(\(i,j). (¢ (i,7))?) abs-summable-on Pair undefined < UNIV»
using summable-on-subset-banach by blast
then have «(\j. (¢ (undefined,j))?) abs-summable-on UNIV
by (subst (asm) summable-on-reindex) (auto simp: o-def inj-def)
then have «(\j. (¢ (undefined,j) / c)?) abs-summable-on UNIV )
by (simp add: divide-inverse power-mult-distrib norm-mult summable-on-cmult-left)
then have «(\j. (7 j)?) abs-summable-on UNIV)»
by (simp add: z-def)
then show ?thesis
using has-ell2-norm-def by blast
qed
ultimately show «3z€ Collect has-ell2-norm. (\(%, §). ¥ i * z j) = ¢
by (intro bexl[where z=z|) auto
qged

then show «surj (Az::'b ell2. (¢ :: 'a::CARD-1 ell2) Q4 x)»
by (metis surj-def)
qed

lemma bij-tensor-op-one-dim-left:
fixes a :: ('a::{CARD-1,enum} ell2 =cp 'b:{ CARD-1,enum} ell2)
assumes <a # 0>
shows <bij (Az::'c ell2 =cyp 'd ell2. a ®, z)»
proof —
have [simp]: <bij (Pair (undefined::'a))»
by (rule o-bij[of snd]) auto
have [simp]: <bij (Pair (undefined::'b))»
by (rule o-bij[of snd]) auto
define ¢t where (t 1z = a ®, 2> for z :: <c ell2 =¢c1, 'd ell2»
define u :: <‘c ell2 =c (‘ax’c) ell2y where (u = classical-operator (Some o Pair undefined)»
define v :: </d ell2 =¢ 1, ('bx’d) ell2> where «v = classical-operator (Some o Pair undefined))
have [simp]: <unitary u> <unitary v
by (simp-all add: u-def v-def)
have u-ket[simp]: <u xy ket © = ket (undefined, z)> for z
by (simp add: u-def classical-operator-ket classical-operator-exists-inj inj-def)
have uwadj-ket[simp]: <ux *xy ket (z, x) = ket x> for z 2z
by (subst everything-the-same|of - undefined])
(metis (no-types, opaque-lifting) u-ket cinner-adj-right cinner-ket-eql cinner-ket-same
orthogonal-ket prod.inject)
have v-ket[simp]: v xy ket x = ket (undefined, z)» for z
by (simp add: v-def classical-operator-ket classical-operator-exists-inj inj-def)
have [simp]: <v *xy x = ket undefined ®, z» for
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by (rule fun-cong|where z=z|, rule bounded-clinear-equal-ket)
(auto simp add: bounded-clinear-tensor-ell21 cblinfun.bounded-clinear-right tensor-ell2-ket)

define a’ :: compler where <a’ = one-dim-iso a
from assms have <a’ # 0>

using a’-def one-dim-iso-of-zero’ by auto
have a-a’: <a = of-complex a’)

by (simp add: a’-def)
have «t z xy ket (i,j) = (a’ *c v oo, T oo ux) xy ket (i,j)> for x i j

apply (simp add: t-def)

apply (simp add: ket-CARD-1-is-1 tensor-op-ell2 flip: tensor-ell2-ket)

by (metis a’-def one-cblinfun-apply-one one-dim-scaleC-1 scaleC-cblinfun.rep-eq tensor-ell2-scale C'1)

then have ¢: <t © = (a' *¢ v oc = ocp ux)) for z
by (intro equal-ket) auto
define s where s y = (inverse a’ x¢ (v)* ocr y ocr u) for y
have (s (t z) = (a’ * inverse a’) x¢ (((v)x ocr v) ocr = ocr (ux ocr w))» for z
apply (simp add: s-def t cblinfun-compose-assoc)
by (simp flip: cblinfun-compose-assoc)?
also have «... z = o) for z
using <a’ # 0> by simp
finally have <s o t = id»
by auto
have «t (s y) = (a’ x inverse a') *¢ ((v ocr (v)*) ocr y ocr (u ocr ux)) for y
apply (simp add: s-def t cblinfun-compose-assoc)
by (simp flip: cblinfun-compose-assoc)?
also have ... y = 1 for y
using <a’ # 0> by simp
finally have <t o s = id>
by auto
from s ot = id) <t 0 s = id>
show «bij t»
using o-bij by blast
qed

lemma bij-tensor-op-one-dim-right:
assumes (b # 0>
shows <bij (A\z::'c ell2 = 'dell2. x ®, (b:: 'a::{ CARD-1,enum} eli2 =¢r 'b:{ CARD-1,enum}
ell2))
(is <bij 2f»)
proof —
let ?sf = «(Ax. swap-ell2 ocp, (?f z) ocr swap-ell2)
let ?s = «(Az. swap-ell2 ocr x oo swap-ell2)
let 29 = <«(Az::’c ell2 =¢yp 'd ell2. (b :: 'az:{CARD-1,enum} ell2 =¢ 'b::{CARD-1,enum}
ell2) ®, )
have «%sf = ?¢»
by (auto introl: ext tensor-ell2-extensionality simp add: swap-ell2-tensor tensor-op-ell2)
have <bij ?¢g>
using assms by (rule bij-tensor-op-one-dim-left)
have <%s o ?sf = ¢f»
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apply (auto intro: ext simp: cblinfun-assoc-left)
by (auto simp: cblinfun-assoc-right)?

also have (bij ?s»
apply (rule o-bij[where g=«(Az. swap-ell2 oo, © ooy swap-ell2))])
apply (auto introl: ext simp: cblinfun-assoc-left)
by (auto simp: cblinfun-assoc-right)?

show «bij 2f»
apply (subst <?s o ?sf = 2f>[symmetric], subst <?sf = 2g»)
using <bij 29> «bij ?sy by (rule bij-comp)

qed

lemma overlapping-tensor:
fixes a23 :: «('a2x'a8) ell2 =cp ('b2+'b3) ell2»
and 012 :: «('al*'a2) ell2 =cp ('b1%'b2) ell2»
assumes eq: <butterfly ¥ V' ®, a23 = assoc-ell2 oo, (b12 ®, butterfly p ©') ocr assoc-ell2x*>
assumes ¢ £ 0> «p' # 0> <p # 0y <«p' # 0>
shows <3 c. butterfly ¥ V' @, a23 = butterfly ¢ V' ®, ¢ ®, butterfly ¢ v’
proof —
let ?id1 = <id-cblinfun :: unit ell2 = ¢ unit ell2>
note id-cblinfun-eq-1[simp del]
define d where <d = butterfly ¥ V' ®, a23»

define ¢, ¥, a23,, where «,, = ¢ /¢ norm 1y and «,," = ¥’ /¢ norm ¢’y and <a28, =
norm ¢ *c norm ¢’ xc a23»
have [simp]: <norm 1, = 1> <norm ¥, = 1>
using ) # 0y b’ # 0y by (auto simp: ¥,-def ¥, '-def norm-inverse)
have n1: <butterfly ¥, V¥n' ®, a23, = butterfly ¥ ¥’ ®, a23>
by (auto simp: V¥, -def 1, '-def a23 ,-def tensor-op-scale C-left tensor-op-scale C-right field-simps)

define ¢, ¢,’ b12,, where (@, = ¢ /o norm ¢ and «p,’ = ¢’ /¢ norm ¢’» and <b12, =
norm @ *c norm @' xc b12)
have [simp]: <norm ¢, = 1) <norm p,' = 1»
using «p # 0 «p' # 0> by (auto simp: on-def @, '-def norm-inverse)
have n2: <b12,, ®, butterfly v, v’ = b12 ®, butterfly ¢ "
by (auto simp: on,-def @, '-def b12,,-def tensor-op-scaleC-left tensor-op-scale C-right field-simps)

define ¢’ :: <(unit+'a2xunit) ell2 =cp (unitx'b2xunit) ell2»
where ¢’ = (vector-to-cblinfun 1,, ®, id-cblinfun ®, vector-to-cblinfun p,)* ocr d
ocr, (vector-to-cblinfun 1’ ®, id-cblinfun ®, vector-to-cblinfun ¢,")»

define ¢’ :: ‘a2 ell2 =c1 b2 ell2»
where <¢” = inv (Ac'’. id-cblinfun ®, ¢ ®, id-cblinfun) ¢

have x: <bij (Ac'::'a2 ell2 =¢p b2 ell2. ?2idl ®, ¢ ®, ?idl))
by (subst asm-rl[of - = (Az. id-cblinfun ®, x) o (Ac". ¢"" ®, id-cblinfun))))
(auto introl: bij-comp bij-tensor-op-one-dim-left bij-tensor-op-one-dim-right)
have c¢’-¢': <¢' = %2idl ®, ¢'' ®, ?%idl>

unfolding c¢'’-def
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by (rule surj-f-inv-f[where y=c’, symmetric]) (use x in <rule bij-is-surj»)

define c :: ‘a2 ell2 =c1 b2 ell2»
where <¢c = ¢” /¢ norm ¥ /¢ norm ¥’ /¢ norm ¢ /¢ norm o’

have auz: <assoc-ell2x ocy, (assoc-ell2 ooy, © oo assoc-ell2x) ocy, assoc-ell2 = x) for z
apply (simp add: cblinfun-assoc-left)
by (simp add: cblinfun-assoc-right)?
have auz2: «(assoc-ell2 ocr ((x ®, y) ®o 2) 0cL assoc-ell2x) =z ®, (y ®, 2)» for z y z
by (intro equal-ket) (auto simp flip: tensor-ell2-ket simp: assoc-ell2’-tensor assoc-ell2-tensor
tensor-op-ell2)

have «d = (butterfly ¥, ¥, ®, id-cblinfun) ocr d ocr (butterfly ¥, ¥, ®, id-cblinfun)»
by (auto simp: d-def n1[symmetric] comp-tensor-op cnorm-eq-1|THEN iffD1])
also have «... = (butterfly ¥, ¥n ®, id-cblinfun) oo assoc-ell2 ooy, (012, R, butterfly v,
on')
ocr assoc-ell2x ooy, (butterfly ¥, ¥, ®, id-cblinfun)
by (auto simp: d-def eq n2 cblinfun-assoc-left)
also have «... = (butterfly ¥, V¥, ®, id-cblinfun) ocr assoc-ell2 ocp,
((id-cblinfun ®, butterfly ©n pn) ocr (012, ®, butterfly o, wn') ocr (id-cblinfun
®o butterfly n' ¢n'))
ocr assoc-ell2x ooy (butterfly ¥, v, ®, id-cblinfun)
by (auto simp: comp-tensor-op cnorm-eq-1[THEN iffD1])
also have «... = (butterfly ¥, V¥, ®, id-cblinfun) ocr assoc-ell2 ocp,
((id-cblinfun ®, butterfly ¢, pn) ocr (assoc-ell2x ocy d ocr assoc-ell2) ocy
(id-cblinfun ®, butterfly ¢n’ pn"))
ocr assoc-ell2x ooy (butterfly ¥, v, ®, id-cblinfun)
by (auto simp: d-def n2 eq aux)
also have «... = ((butterfly ¥, ¥, ®, id-cblinfun) ocrp (assoc-ell2 ooy (id-cblinfun ®,
butterfly pn wn) ocr assoc-ell2x))
ocr docyr ((assoc-ell2 ooy, (id-cblinfun ®, butterfly v, n’) ocr assoc-ell2x) ocp,
(butterfly v’ ¥y’ ®, id-cblinfun)))
by (auto simp: sandwich-def cblinfun-assoc-left)
also have «... = (butterfly ¥, ¥, ®, id-cblinfun ®, butterfly ¢, vn)
ocr d ocyr (butterfly ¥’ ¥, ®, id-cblinfun ®, butterfly pn' ©n')
apply (simp only: tensor-id[symmetric] comp-tensor-op auz2)
by (simp add: cnorm-eq-1[THEN iffD1])
also have «... = (vector-to-cblinfun ¥,, ®, id-cblinfun ®, vector-to-cblinfun v,,)
ocr ¢ ocr (vector-to-cblinfun i, ®, id-cblinfun ®, vector-to-cblinfun ¢, ”’)*>
apply (simp add: c’-def butterfly-def-one-dim[where 'c=unit ell2] cblinfun-assoc-left comp-tensor-op
tensor-op-adjoint cnorm-eq-1[THEN 4ffD1])
by (simp add: cblinfun-assoc-right comp-tensor-op)

also have «... = butterfly V¥, VY.’ ®, ¢" ®, butterfly v, o,"
by (simp add: ¢’-¢"" comp-tensor-op tensor-op-adjoint butterfly-def-one-dim[symmetric])
also have (... = butterfly ¥ ' ®, ¢ ®, butterfly © ©"

by (simp add: Vp-def V¥, '-def pn-def p,'-def c-def tensor-op-scaleC-left tensor-op-scale C-right)
finally have d-c: «d = butterfly ¢ V' ®, ¢ ®, butterfly ¢ "

by —
then show ?thesis
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by (auto simp: d-def)
qed

lemma tensor-op-pos: <a ®, b > 0 if [simp]: <a > 0> <b > 0>
for a :: <'a ell2 =cyr, 'a ell2> and b :: <'b ell2 =c, 'b ell2>
— [8, Lemma 18]
proof —
have «(sqrt-op a ®, sqrt-op b)x ocr, (sqrt-op a ®, sqrt-op b) = a ®, b
by (simp add: tensor-op-adjoint comp-tensor-op positive-selfadjointl [unfolded selfadjoint-def])
then show <a ®, b > 0»
by (metis positive-cblinfun-squarel)
qed

lemma abs-op-tensor: <abs-op (a ®, b) = abs-op a ®, abs-op by
— [8, Lemma 18]
proof —
have ((abs-op a ®, abs-op b)*x ocr (abs-op a ®, abs-op b) = (a ®, b)* ocr (a ®, b))
by (simp add: tensor-op-adjoint comp-tensor-op abs-op-def positive-cblinfun-squarel posi-
tive-selfadjointl [unfolded selfadjoint-def])
then show ?Zthesis
by (metis abs-opl abs-op-pos tensor-op-pos)
qed

lemma trace-class-tensor: <trace-class (a ®, b)» if <trace-class a> and <trace-class b
— [8, Lemma 32]
proof —
from <trace-class a
have a: «(A\z. ket z -¢ (abs-op a *yv ket x)) abs-summable-on UNIV»
by (auto simp add: trace-class-iff-summable[OF is-onb-ket] summable-on-reindex o-def)
from «<trace-class b
have b: «(Ay. ket y -¢ (abs-op b *y ket y)) abs-summable-on UNIV)
by (auto simp add: trace-class-iff-summable| OF is-onb-ket] summable-on-reindex o-def)
from o b have «(A(z,y). (ket = -¢ (abs-op a =y ket x)) x (ket y -¢ (abs-op b *xy ket y)))
abs-summable-on UNIV x UNIV)»
by (rule abs-summable-times)
then have «(\(z,y). (ket = ®; ket y) ¢ ((abs-op a ®, abs-op b) *y (ket v ® ket y)))
abs-summable-on UNIV x UNIV»
by (simp add: tensor-op-ell2 case-prod-unfold flip: tensor-ell2-ket)
then have «(Azy. ket zy -¢ ((abs-op a ®, abs-op b) *y ket zy)) abs-summable-on UNIV»
by (simp add: case-prod-beta tensor-ell2-ket)
then have <(\zy. ket 2y -¢ (abs-op (a ®, b) *xy ket zy)) abs-summable-on UNIV)
by (simp add: abs-op-tensor)
then show «<trace-class (a ®, b)»
by (auto simp add: trace-class-iff-summable[OF is-onb-ket] summable-on-reindex o-def)
qed

lemma swap-tensor-op[simp]: «swap-ell2 ocy, (a ®, b) ocr swap-ell2 = b ®, a
by (auto introl: equal-ket simp add: tensor-op-ell2 simp flip: tensor-ell2-ket)
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lemma swap-tensor-op-sandwich[simp]: <sandwich swap-ell2 (a ®, b) = b ®, @
by (simp add: sandwich-apply)

lemma swap-ell2-commute-tensor-op:
<swap-ell2 ocp, (a ®, b) = (b ®, a) ocr swap-ell2»
by (auto introl: tensor-ell2-extensionality simp: tensor-op-ell2)

lemma trace-class-tensor-op-swap: <trace-class (a ®, b) «— trace-class (b ®, a)»
proof (rule iff)
assume <trace-class (a ®, b))
then have <trace-class (swap-ell2 oo, (a ®, b) ocr swap-ell2)»
using trace-class-comp-left trace-class-comp-right by blast
then show «<trace-class (b ®, a)»
by simp
next
assume <trace-class (b ®, a)»
then have <trace-class (swap-ell2 ocr, (b ®, a) oo swap-ell2))
using trace-class-comp-left trace-class-comp-right by blast
then show «<trace-class (a ®, b)»
by simp
qed

lemma trace-class-tensor-iff: <trace-class (a ®, b) «— (trace-class a N trace-class b) V a = 0
Vb=0
proof (intro iffI)
show <trace-class a A trace-class bV a = 0 V b = 0 = trace-class (¢ ®, b)»
by (auto simp add: trace-class-tensor)
show «(trace-class a A trace-class bV a = 0 V b = 0» if <trace-class (a ®, b)»
proof (cases <a =0V b= 0»)
case True
then show ?thesis
by simp
next
case Fulse
then have ¢a # 0> and <b # 0
by auto
have «: <trace-class a» if <trace-class (a ®, b)) and <b # 0» for a :: e ell2 =¢cp g ell2)
and b :: <fell2 =cp 'h ell2>
proof —
from <b # 0» have <abs-op b # 0>
using abs-op-nondegenerate by blast
then obtain ¢¥0 where ¥0: <0 - (abs-op b *y ¥0) # 0>
by (metis cblinfun.zero-left cblinfun-cinner-eql cinner-zero-right)
define ) where ) = sgn ¢ 0>
with ¢ 0 have <) -¢ (abs-op b xy ¥) # 0> and <norm ¢ = 1)
by (auto simp add: ¥-def norm-sgn sgn-div-norm cblinfun.scaleR-right field-simps)
then have «3B. {¢)} C B A is-onb B>
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by (intro orthonormal-basis-exists) auto
then obtain B where [simp]: <is-onb B> and <) € B»
by auto
define A :: (‘e ell2 sety where <A = range ket)
then have [simp]: <is-onb Ay by simp
with <is-onb B» have (is-onb {a ®; 8 |a B. a € AN B € B}
by (simp add: tensor-ell2-is-onb)
with <trace-class (a ®, b)>
have ((\y. v ¢ (abs-op (a ®, b) xy 7)) abs-summable-on {a ®, B |a B. « € AN B € B}»
using trace-class-iff-summable by auto
then have «(\y. v -¢ (abs-op (a ®, b) *y 7)) abs-summable-on (M. o ®; ) * A>
by (rule summable-on-subset-banach) (use <) € B> in blast)
then have «(Aa. (o ®; ¥) -¢ (abs-0p (a ®, b) v (a ®s 1)) abs-summable-on A»
proof (subst (asm) summable-on-reindex)
show inj-on (. a ®; ) A
by (metis UNIV-I <norm v = 1y inj-on-subset inj-tensor-ell2-left norm-le-zero-iff
not-one-le-zero subset-iff)
qed (simp-all add: o-def)
then have ((Aa. norm (a -¢ (abs-0p a *y «)) * norm (¢ -¢ (abs-op b *y ¥))) summable-on
A
by (simp add: abs-op-tensor tensor-op-ell2 norm-mult)
then have «(A\a. a -¢ (abs-op a *y «)) abs-summable-on A)
by (rule summable-on-cmult-left'| THEN iffD1, rotated))
(use <y -¢ (abs-op b *xy ) # 0> norm-eq-zero in <blast))
then show «trace-class a>
using <is-onb A» trace-classI by blast
qed
from x[of a b] <b # 0> <trace-class (a ®, b)) have <trace-class a
by simp
have <trace-class (b ®, a)»
using that trace-class-tensor-op-swap by blast
from x[of b a] <a # 0> <trace-class (b ®, a)» have (trace-class b
by simp
from <trace-class ay <trace-class b> show ?thesis
by simp
qged
qed

lemma trace-tensor: <trace (a ®, b) = trace a * trace b
— [8, Lemma 32]
proof —
consider (tc) <trace-class ay <trace-class by | (zero) <a = 0 V b = 0> | (nota) <a # 0> <b #
0> «— trace-class ay | (notb) <a # 0» <b # 0> <= trace-class b
by blast
then show %thesis
proof cases
case tc
then have x: (trace-class (a ®, b)»
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by (simp add: trace-class-tensor)

have sum: «(A(z, y). ket (z, y) ¢ ((a ®, b) *xv ket (z, y))) summable-on UNIV»
using trace-exists|OF is-onb-ket x]
by (simp-all add: o-def case-prod-unfold summable-on-reindex)

have «trace a * trace b = (3 0. D oy ket z -¢ (a xy ket z) * (ket y -¢ (b *y ket y)))»
apply (simp add: trace-ket-sum tc flip: infsum-cmult-left’)
by (simp flip: infsum-cmult-right’)

also have «... = (0" oz D ooy ket (2,y) ¢ ((a ®p b) *v ket (z,y)))
by (simp add: tensor-op-ell2 flip: tensor-ell2-ket)
also have «... = (3  coayc UNIV. ket zy ¢ ((a ®, b) *v ket zy))

apply (simp add: sum infsum-Sigma’-banach)
by (simp add: case-prod-unfold)
also have «... = trace (a ®, b)»
by (simp add: * trace-ket-sum)
finally show ?thesis
by simp
next
case zero
then show ?thesis by auto
next
case nota
then have [simp]: <trace a = 0»
unfolding trace-def by simp
from nota have <= trace-class (a ®, b)>
by (simp add: trace-class-tensor-iff)
then have [simp]: <trace (a ®, b) = 0»
unfolding trace-def by simp
show ?thesis
by simp
next
case notb
then have [simp]: <trace b = 0»
unfolding trace-def by simp
from notb have «— trace-class (a ®, b)»
by (simp add: trace-class-tensor-iff)
then have [simp]: <trace (a ®, b) = 0»
unfolding trace-def by simp
show ?thesis
by simp
ged
qed

lemma isometry-tensor-op: <isometry (U ®, V) if <isometry U and <isometry V>
unfolding isometry-def using that by (simp add: tensor-op-adjoint comp-tensor-op)

lemma is-Proj-tensor-op: <is-Proj a = is-Proj b = is-Proj (a ®, b)»
by (simp add: comp-tensor-op is-Proj-algebraic tensor-op-adjoint)
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lemma isometry-tensor-id-right[simp]:
fixes U :: ('a ell2 =c1 b ell2»
shows <isometry (U &, (id-cblinfun :: 'c ell2 =¢yp, -)) +— isometry U»
proof (rule iffI)
assume <isometry U»
then show <isometry (U ®, id-cblinfun)»
unfolding isometry-def
by (auto simp add: tensor-op-adjoint comp-tensor-op)
next
let 2id = <id-cblinfun :: 'c ell2 =cp -
assume asm: <isometry (U ®, ?%id)»
then have «(Ux ocp U) ®, ?id = id-cblinfun ®, ?id»
by (simp add: isometry-def tensor-op-adjoint comp-tensor-op)
then have «Ux ooy U = id-cblinfun>
by (rule inj-tensor-left[of ?id, unfolded inj-def, rule-format, rotated]) simp
then show <isometry U»
by (simp add: isometry-def)
qed

lemma isometry-tensor-id-left[simp):
fixes U :: </a ell2 =cr 'b ell2)
shows (isometry ((id-cblinfun :: 'c ell2 =c -) ®, U) +— isometry U
proof (rule iffI)
assume <isometry U»
then show <isometry (id-cblinfun ®, U)»
unfolding isometry-def
by (auto simp add: tensor-op-adjoint comp-tensor-op)
next
let 2id = <id-cblinfun :: 'c ell2 =cp -
assume asm: <isometry (%id ®, U)
then have «%id ®, (Ux ocr, U) = %id ®, id-cblinfun>
by (simp add: isometry-def tensor-op-adjoint comp-tensor-op)
then have «Ux ooy U = id-cblinfun>
by (rule inj-tensor-right|of ?id, unfolded inj-def, rule-format, rotated)) simp
then show <isometry U»
by (simp add: isometry-def)
qed

lemma unitary-tensor-id-right[simp|: <unitary (U ®, id-cblinfun) +— unitary U»
unfolding unitary-twosided-isometry
by (simp add: tensor-op-adjoint)

lemma unitary-tensor-id-left[simp): <unitary (id-cblinfun ®, U) +— unitary U>

unfolding unitary-twosided-isometry
by (simp add: tensor-op-adjoint)

lemma sandwich-tensor-op: <sandwich (a ®, b) (¢ ®, d) = sandwich a ¢ ®, sandwich b d»
by (simp add: sandwich-apply tensor-op-adjoint flip: cblinfun-compose-assoc comp-tensor-op)
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lemma sandwich-assoc-ell2-tensor-op[simp]: «sandwich assoc-ell2 ((a ®, b) ®, ¢) = a Q, (b
®o )
by (auto intro!: tensor-ell2-extensionality3
stmp: sandwich-apply assoc-ell2’-tensor assoc-ell2-tensor tensor-op-ell2)

lemma unitary-tensor-op: <unitary (a ®, b)» if [simp]: <unitary a <unitary b
by (auto intro!: unitaryl simp add: tensor-op-adjoint comp-tensor-op)

lemma tensor-ell2-right-butterfly: <tensor-ell2-right v ocp tensor-ell2-right px = id-cblinfun
®, butterfly 1 >

by (auto introl: equal-ket cinner-ket-eql simp: tensor-op-ell2 simp flip: tensor-ell2-ket)
lemma tensor-ell2-left-butterfly: <tensor-ell2-left b oo tensor-ell2-left o+ = butterfly ¥ ¢ R,
id-cblinfun»

by (auto intro!: equal-ket cinner-ket-eql simp: tensor-op-ell2 simp flip: tensor-ell2-ket)

lift-definition tc-tensor :: <(‘a ell2, 'b ell2) trace-class = ('c ell2, 'd ell2) trace-class =
(("a x 'c) ell2, ('b x 'd) ell2) trace-class) is
tensor-op
by (auto intro!: trace-class-tensor)

lemma trace-norm-tensor: <trace-norm (a ®, b) = trace-norm a * trace-norm b
by (rule of-real-hom.injectivity[where 'a=complex))
(simp add: abs-op-tensor trace-tensor flip: trace-abs-op)

lemma bounded-cbilinear-tc-tensor: (bounded-cbilinear tc-tensor»

unfolding bounded-cbilinear-def

by transfer

(auto intro!: exl|of - 1]
simp: trace-norm-tensor tensor-op-left-add tensor-op-right-add tensor-op-scaleC-left

tensor-op-scale C-right)
lemmas bounded-clinear-tc-tensor-left[bounded-clinear] = bounded-cbilinear.bounded-clinear-left| OF
bounded-cbilinear-te-tensor]
lemmas bounded-clinear-te-tensor-right|bounded-clinear] = bounded-cbilinear.bounded-clinear-right| OF
bounded-cbilinear-tc-tensor]

lemma tc-tensor-scaleC-left: <tc-tensor (¢ *¢ a) b = ¢ x¢ te-tensor a by
by transfer’ (simp add: tensor-op-scaleC-left)

lemma tc-tensor-scaleC-right: <tc-tensor a (¢ x¢ b) = ¢ *¢ te-tensor a by
by transfer’ (simp add: tensor-op-scaleC-right)

lemma comp-tc-tensor: <tc-compose (tc-tensor a b) (te-tensor ¢ d) = te-tensor (tc-compose a
¢) (te-compose b d)»

by transfer’ (rule comp-tensor-op)

lemma norm-te-tensor: <norm (tc-tensor a b) = norm a * norm b
by (transfer’, rule of-real-hom.injectivity[where 'a=complez])
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(simp add: abs-op-tensor trace-tensor flip: trace-abs-op)

lemma tc-tensor-pos: <tc-tensor a b > 0y if <a > 0> and <b > 0>
for a :: <("a ell2,’a ell2) trace-class) and b :: <('b ell2,’b ell2) trace-class)
using that by transfer’ (rule tensor-op-pos)

interpretation tensor-op-cbilinear: bounded-cbilinear tensor-op
by simp

lemma tensor-op-mono-left:
fixes a :: (‘a ell2 =¢cp 'a ell2) and c :: /b ell2 =cp, b ell2)
assumes a < by and <¢c > 0»
shows <a ®, ¢ < b ®, ¢
proof —
have (b — a > O»
by (simp add: assms(1))
with <¢ > 0» have «(b — a) ®, ¢ > 0>
by (intro tensor-op-pos)
then have (b ®, ¢ — a ®, ¢ > O
by (simp add: tensor-op-cbilinear.diff-left)
then show ?Zthesis
by simp
qed

lemma tensor-op-mono-right:
fixes a :: (‘a ell2 =¢cy, 'a ell2y and b :: <'b ell2 =c1, b ell2y
assumes b < ¢ and «a > 0>
shows (¢ ®, b < a ®, ¢
proof —
have (¢ — b > 0>
by (simp add: assms(1))
with <¢ > 0) have «a ®, (¢ — b) > O»
by (intro tensor-op-pos)
then have <a ®, ¢ — a ®, b > 0>
by (simp add: tensor-op-cbilinear.diff-right)
then show ?thesis
by simp
qed

lemma tensor-op-mono:
fixes a :: (‘a ell2 =¢yp, 'a ell2y and c :: (/b ell2 =c 'b ell2)
assumes <a¢ < by and <¢ < d> and b > 0> and ¢ > 0>
shows (¢ ®, ¢ < b ®, d»
proof —
have (¢ ®, ¢ < b ®, ©
using <a < b and <c > 0
by (rule tensor-op-mono-left)
also have ... < b ®, d»
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using <¢ < d» and <b > 0
by (rule tensor-op-mono-right)
finally show ?thesis
by —
qed

lemma sandwich-tc-tensor: (sandwich-tc (E ®, F) (tc-tensor t u) = te-tensor (sandwich-tc E
t) (sandwich-tc F u)»
by (transfer fizing: E F) (simp add: sandwich-tensor-op)

lemma tensor-te-butterfly: te-tensor (te-butterfly 1 ') (te-butterfly ¢ ') = te-butterfly (tensor-ell2

P @) (tensor-ell2 ' @)
by (transfer fizing: ¢ @' ¥ V') (simp add: tensor-butterfly)

lemma separating-set-bounded-clinear-tc-tensor:
shows <separating-set bounded-clinear ((A(0,0). te-tensor o o) * (UNIV x UNIV))»
proof —
have «T = ccspan ((M(z, y). te-butterfly x y) ¢ (range ket X range ket))»
by (simp add: onb-butterflies-span-trace-class)
also have «... = cespan ((A(z, y, z, w). te-butterfly (z @5 y) (z s w))  (range ket X range
ket x range ket x range ket))»
by (auto intro!: arg-cong[where f=ccspan] image-eql simp: tensor-ell2-ket)
also have «... = cespan ((\(z, y, z, w). te-tensor (tc-butterfly x z) (tc-butterfly y w))  (range
ket x range ket x range ket X range ket))»
by (simp add: tensor-tc-butterfly)
also have «... < cespan ((A(o, 0). te-tensor ¢ o)  (UNIV x UNIV))»
by (auto intro!: ccspan-mono)
finally show ?thesis
by (intro separating-set-bounded-clinear-dense) (use top-le in blast)
qed

lemma separating-set-bounded-clinear-tc-tensor-nested:
assumes (separating-set (bounded-clinear :: (- => 'e::complez-normed-vector) = -) A»
assumes (separating-set (bounded-clinear :: (- => 'e::complex-normed-vector) = -) B»
shows (separating-set (bounded-clinear :: (- => 'e::complez-normed-vector) = -) ((A(0,0).
te-tensor o o) ‘(A x B))
using separating-set-bounded-clinear-tc-tensor bounded-cbilinear-tc-tensor assms
by (rule separating-set-bounded-cbilinear-nested)

lemma tc-tensor-0-left[simpl: <tc-tensor 0 x = 0>
by transfer’ simp

lemma tc-tensor-0-right[simp]: <tc-tensor © 0 = 0>
by transfer’ simp
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lemma sandwich-tensor-ell2-right”. «sandwich (tensor-ell2-right ¥) *v a = a ®, selfbutter ¥
apply (rule cblinfun-cinner-tensor-eql)
by (simp add: sandwich-apply tensor-op-ell2 cblinfun.scale C-right)

lemma sandwich-tensor-ell2-left’. <sandwich (tensor-ell2-left 1) xy a = selfbutter ¥ ®, a»
apply (rule cblinfun-cinner-tensor-eql)
by (simp add: sandwich-apply tensor-op-ell2 cblinfun.scale C-right)

13.3 Tensor product of subspaces

definition tensor-ccsubspace (infixr ®g 70) where
tensor-cecsubspace A B = cespan {1 ®s ¢ | ¥ @. ¥ € space-as-set A N\ ¢ € space-as-set B}»

lemma tensor-ccsubspace-via-Proj: <A ®¢s B = (Proj A ®, Proj B) xs T»
proof (rule antisym)
have ) ®; ¢ € space-as-set ((Proj A ®, Proj B) xg T)» if « € space-as-set Ay and <p €
space-as-set By for ¢ ¢
by (metis Proj-fizes-image cblinfun-apply-in-image tensor-op-ell2 that(1) that(2))
then show <4 ®g B < (Proj A ®, Proj B) xg T»
by (auto introl: ccspan-leql simp: tensor-ccsubspace-def)
have x: <cespan {p @5 ¢ | (¢::'a ell2) (¢::'b ell2). True} = T»
using tensor-ell2-dense’[where A=<UNIV :: 'a ell2 set> and B=<UNIV :: b ell2 set)]
by auto
have «(Proj A ®, Proj B) *y ¥ ®; ¢ € space-as-set (A ®g B)» for ¢ ¢
unfolding tensor-op-ell2 tensor-ccsubspace-def
by (smt (verit) Proj-range cblinfun-apply-in-image ccspan-superset mem-Collect-eq subsetD)
then show «(Proj A ®, Proj B) xs T < A ®g B>
by (auto intro!: ccspan-leql simp: cblinfun-image-ccspan simp flip: *)
qed

lemma tensor-ccsubspace-top[simpl: «<T ®g T = T»
by (simp add: tensor-ccsubspace-via-Proj)

lemma tensor-ccsubspace-0-left[simp]: <0 ®s X = 0>
by (simp add: tensor-ccsubspace-via-Proj)

lemma tensor-ccsubspace-0-right[simpl: <X ®g 0 = 0»
by (simp add: tensor-ccsubspace-via-Proj)

lemma tensor-ccsubspace-image: (A xg T) ®s (B xs U) = (A ®, B) s (T ®s U)»
proof —
have «(A xs T) ®g (B *xs U) = cespan (A, @). ¥ @5 @) * (space-as-set (A xg T) X
space-as-set (B xg U)))»
by (simp add: tensor-ccsubspace-def set-compr-2-image-collect ccspan.rep-eq)
also have «... = cespan (AW, ¢). ¥ ®5 @)  closure ((A * space-as-set T) x (B * space-as-set
)
by (simp add: cblinfun-image.rep-eq closure-Times)
also have «... = cespan (closure (A, ¢). ¥ @5 @)  ((A ¢ space-as-set T') x (B ‘ space-as-set
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U))))

by (subst closure-image-closure[symmetric])
(use continuous-on-subset continuous-tensor-ell2 in auto)

also have «... = ccspan (A(¢, ¢). ¥ ®@s @) ((A ‘ space-as-set T) x (B * space-as-set U)))
by simp
also have «... = (A ®, B) xs ccspan (A(¢, ¢). ¥ Qs @)  (space-as-set T X space-as-set

U)
by (simp add: cblinfun-image-ccspan image-image tensor-op-ell2 case-prod-beta
flip: map-prod-image)
also have ... = (A ®, B) xs (T ®s U)
by (simp add: tensor-ccsubspace-def set-compr-2-image-collect)
finally show ?thesis
by —
qed

lemma tensor-ccsubspace-bot-left[simp]: «L ®g S = L
by (simp add: tensor-ccsubspace-via-Proj)

lemma tensor-ccsubspace-bot-right[simp]: «S ®g L = L»
by (simp add: tensor-ccsubspace-via-Proj)

lemma swap-ell2-tensor-ccsubspace: <swap-ell2 xg (S @s T) = T ®g S
by (force intro!: arg-conglwhere f=ccspan]
simp add: tensor-ccsubspace-def cblinfun-image-ccspan image-image set-compr-2-image-collect)

lemma tensor-ccsubspace-right1dim-member:
assumes () € space-as-set (S ®@g cespan{p})»
shows (Y’ ¢ = ' @ @
proof (cases <«p = 0»)
case True
with assms show ?thesis
by simp
next
case Fulse
have «({¢) ®; ¢’ | ¢’ 1 € space-as-set S N ' € space-as-set (ccspan {p})}
={¢Y ®; ¢ | Y. ¥ € space-as-set S}»
proof —
have ) € space-as-set S = Y’ P R ¢ xc ¢ = V' R, © A P’ € space-as-set S» for ¢
by (rule exI[where z=<c *¢c ¥])
(auto simp: tensor-ell2-scaleC2 tensor-ell2-scaleC1
complezx-vector.subspace-scale)
moreover have ) € space-as-set S —>
' o Y R p =0 Qs @' N Y € space-as-set S N o’ € range (Mk. k xc @) for ¢
by (rule exI[where z=1], rule exl[where z=¢])
(auto introl: range-eql[where x=«1::complez)])
ultimately show #thesis
by (auto simp: ccspan-finite complex-vector.span-singleton)
qged
moreover have <csubspace {1p Q¢ ¢ |[¢. b € space-as-set S}
proof (rule complez-vector.subspacel )
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show «0 € {¥ ®; ¢ |[1. ¥ € space-as-set S}
by (auto intro!: exI[where z=0])
show «x + y € {¢ ®s ¢ 1. ) € space-as-set S}
if z: <z € {¢ ®s ¢ |¢. ¥ € space-as-set S}»
and y: <y € {¢ ®s ¢ |¢. ¥ € space-as-set S}» for x y
using that complex-vector.subspace-add tensor-ell2-add1
unfolding mem-Collect-eq by (metis csubspace-space-as-set)
show «c xc z € {¢p ®; ¢ |[¢b. ¥ € space-as-set S}
if z: <z € {¢ ®; ¢ [¢. ¢ € space-as-set S}» for ¢ x
using that complex-vector.subspace-scale tensor-ell2-scaleC2 tensor-ell2-scaleC1
unfolding mem-Collect-eq by (metis csubspace-space-as-set)
qed
moreover have (closed {p ®; ¢ 1. P € space-as-set S}
proof (rule closed-sequential-limits| THEN iffD2, rule-format])
fix x 1
assume asm: <(Vn. zn € { @ ¢ |¥. ¥ € space-as-set S}) Nt —— D
then obtain ¢’ where z-def: «<x n = ¥’ n ®, ¢ and ’-S: «p' n € space-as-set S» for n
unfolding mem-Collect-eq by metis
from asm have <z —— D
by simp
have <Cauchy "
proof (rule Cauchyl)
fix e :: real assume e > 0>
define d where «d = e * norm ¢»
with Fualse <e > 0> have <d > 0
by auto
from <z —— D
have «Cauchy x>
using LIMSEQ-imp-Cauchy by blast
then obtain M where Vm>M.Vn>M. norm (xm — zn) < d
using Cauchy-iff <0 < d> by blast
then show (I M.Vm>M.Vn>M. norm (' m — ' n) < e
by (intro exI[of - M])
(use False in <auto simp add: z-def norm-tensor-ell2 d-def simp flip: tensor-ell2-diff1>)
qged
then obtain !’ where )/ — 1’
using convergent-eq-Cauchy by blast
with ¢’-S have I’-S: <I’ € space-as-set S»
by (metis <Cauchy ¢’y completeE complete-space-as-set limlI)
from <)) —— 1’y have <z —— ' ®, >
by (auto intro: tendsto-eg-intros simp: z-def[abs-def])
with <z —— I» have <[ = ' ®5 ¢
using LIMSEQ-unique by blast
then show < € {¢p ®; ¢ |1. P € space-as-set S}
using I’-S by auto
qed
ultimately have <space-as-set (cespan { @ p' | @’ 1 € space-as-set S N @' € space-as-set
(cespan {o})})
= {¢ ®s ¢ |P. ¥ € space-as-set S}
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by (simp add: ccspan.rep-eq complex-vector.span-eq-iff [THEN iffD2])
with assms have < € {¢ ®; ¢ |[¢. ¢ € space-as-set S}
by (simp add: tensor-ccsubspace-def)
then show I’ ¢ = ' @, ¢
by auto
qed

lemma tensor-ccsubspace-left1dim-member:
assumes () € space-as-set (cespan{p} ®g )
shows F’. ) = p ®, )
proof —
from assms
have <swap-ell2 %y ) € space-as-set (swap-ell2 g (ccspan {¢} ®s 5))
by (metis rev-image-eql space-as-set-image-commute swap-ell2-selfinv)
then have <swap-ell2 ¢ € space-as-set (S ®g ccspan{p})
by (simp add: swap-ell2-tensor-ccsubspace)
then obtain ¢’ where " <swap-ell2 ) = 1)’ Q5 @
using tensor-ccsubspace-rightldim-member by blast
have ¢ = swap-ell2 *y swap-ell2 xy >
by (simp flip: cblinfun-apply-cblinfun-compose)

also have «... = swap-ell2 *y (V' Q5 @)
by (simp add: ¥’)
also have «... = ¢ ®, ¥’
by simp
finally show ?thesis
by auto
qed

lemma tensor-ell2-mem-tensor-ccsubspace-left:
assumes (a ®;s b € space-as-set (S ®g T)» and <b # 0>
shows (a € space-as-set S»
proof (cases <a = 0»)
case True
then show ?thesis
by simp
next
case Fulse
have <norm (Proj S a) * norm (Proj T b) = norm ((Proj S a) ®s (Proj T b))»
by (simp add: norm-tensor-ell2)
also have «... = norm (Proj (S ®s T) (a ®; b))
by (simp add: tensor-ccsubspace-via-Proj Proj-on-own-range is-Proj-tensor-op
tensor-op-ell2)
also from assms have <... = norm (a ®; b)»
by (simp add: Proj-fizes-image)
also have «... = norm a * norm b
by (simp add: norm-tensor-ell2)
finally have prod-eq: <norm (Proj S xy a) x norm (Proj T =y b) = norm a % norm b
by —
with False <b # 0> have Tb-non0: <norm (Proj T sy b) # 0»
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by fastforce
have (norm (Proj S a) = norm a
proof (rule ccontr)
assume asm: norm (Proj S xy a) # norm a)
have Sa-leq: <norm (Proj S xy a) < norm a)
by (simp add: is-Proj-reduces-norm)
have Tb-leq: <norm (Proj T *xy b) < norm b
by (simp add: is-Proj-reduces-norm)
from asm Sa-leq have «norm (Proj S xy a) < norm a)
by simp
then have <norm (Proj S xy a) * norm (Proj T v b) < norm a * norm (Proj T v b))
using Tb-non0 by auto
also from Tb-leq have ¢... < norm a x norm b»
using False by force
also note prod-eq
finally show Fulse
by simp
qed
then show <a € space-as-set S»
using norm-Proj-apply by blast
qed

lemma tensor-ell2-mem-tensor-ccsubspace-right:
assumes (a ®; b € space-as-set (S ®g T)» and <a # 0»
shows <b € space-as-set T
proof —
have (swap-ell2 xy (a @5 b) € space-as-set (swap-ell2 g (S ®g T))
using assms(1) cblinfun-apply-in-image’ by blast
then have b ®; a € space-as-set (T ®g S)
by (simp add: swap-ell2-tensor-ccsubspace)
then show «b € space-as-set T»
using <a # 0) by (rule tensor-ell2-mem-tensor-ccsubspace-left)
qed

lemma tensor-ell2-in-tensor-ccsubspace: <a ®s b € space-as-set (A ®g B)» if <a € space-as-set
A> and (b € space-as-set B>

— Converse is tensor-ell2-mem-tensor-ccsubspace-left and . .. -right.

using that by (auto intro!: ccspan-superset| THEN subsetD| simp add: tensor-ccsubspace-def)

lemma tensor-ccsubspace-INF-left-top:
fixes S :: </a = 'b ell2 ccsubspaces
shows ((INF z€X. S z) ®g (T::'c ell2 ccsubspace) = (INF z€X. Sz ®@g T)
proof (rule antisym|rotated))
let ?top = «T :: 'c ell2 ccsubspaces
have x: <) ®; ¢ € space-as-set ([|z€X. Sz ®g ?top)
if <) € space-as-set ([|z€X. S z)» for ¢ ¢
proof —
from that(1) have <) € space-as-set (S z)» if <z € X» for z
using that by (simp add: Inf-ccsubspace.rep-eq)
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then have ) ®; ¢ € space-as-set (S ®@g T)» if <z € X>» for z
using ccspan-superset that by (force simp: tensor-ccsubspace-def)
then show ?thesis
by (simp add: Inf-ccsubspace.rep-eq)
qged
show «(INF z€X. S 1) ®g ?top < (INF zeX. Sz ®g ?top)
by (subst tensor-ccsubspace-def, rule ccspan-leql) (use * in auto)

show «([|zeX. Sz ®s ?top) < ([z€X. S 1) ®s “top
proof (rule ccsubspace-lel-unit)
fix
assume asm: < € space-as-set ([|z€X. Sz ®s top)
obtain ¢’ where ¥'b-b: <)’ b ®; ket b = (id-cblinfun ®, butterfly (ket b) (ket b)) *y 1> for
b
proof (atomize-elim, rule choice, intro alll)
fix b:: e
have «(id-cblinfun ®, butterfly (ket b) (ket b)) xy ¢ € space-as-set (T ®g ccspan {ket b})»
by (simp add: butterfly-eq-proj tensor-ccsubspace-via-Proj)
then show <3¢’ ' @, ket b = (id-cblinfun ®, butterfly (ket b) (ket b)) *v >
by (metis tensor-ccsubspace-right1dim-member)
qed

have )" b € space-as-set (S z)» if <z € X for z b
proof —
from asm have -ST: 1) € space-as-set (S z ®g top)»
by (meson INF-lower Set.basic-monos(7) less-eq-ccsubspace.rep-eq that)
have ' b ®; ket b = (id-cblinfun ®, butterfly (ket b) (ket b)) *v >
by (simp add: 1¥'b-b)
also from -ST
have (... € space-as-set (((id-cblinfun ®, butterfly (ket b) (ket b))) xs (S & ®s Ztop))»
by (meson cblinfun-apply-in-image”)
also have (... = space-as-set (((id-cblinfun ®, butterfly (ket b) (ket b)) ocr (Proj (S z)
®, id-cblinfun)) xs T)»
by (simp add: cblinfun-compose-image tensor-ccsubspace-via-Proj)

also have (... = space-as-set ((Proj (S z) @, (butterfly (ket b) (ket b) ocyr, id-cblinfun))
*g T))
by (simp add: comp-tensor-op)
also have «... = space-as-set ((Proj (S z) ®, (id-cblinfun ocr butterfly (ket b) (ket b)))
*g T))
by simp
also have (... = space-as-set (((Proj (S z) ®, id-cblinfun) ocp (id-cblinfun ®, butterfly

(ket b) (ket b)) xs T)
by (simp add: comp-tensor-op)
also have «... C space-as-set ((Proj (S ©) ®, id-cblinfun) *g T)»
by (metis cblinfun-compose-image cblinfun-image-mono less-eq-ccsubspace.rep-eq top-greatest)
also have (... = space-as-set (S x ®g top)
by (simp add: tensor-ccsubspace-via-Proj)
finally have «)' b ®; ket b € space-as-set (S z ®g ?top)
by —
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then show <’ b € space-as-set (S x)»
using tensor-ell2-mem-tensor-ccsubspace-left
by (metis ket-nonzero)
qed

then have )’ b € space-as-set ([|z€X. S x)» if <z € X» for z b
using that by (simp add: Inf-ccsubspace.rep-eq)

then have *: <)’ b ®, ket b € space-as-set (([|z€X. S z) ®s ?top)» for b
by (auto introl: ccspan-superset[ THEN set-mp)
simp add: tensor-ccsubspace-def Inf-ccsubspace.rep-eq)

have <) € space-as-set (ccspan (range (Ab. ¥’ b ®; ket b)))» (is <y € 2rhs))
proof —
define v where <y F' = (3 beF. (id-cblinfun ®, butterfly (ket b) (ket b)) *v )» for F
have v-rhs: <y F € ?rhs) for F
using ccspan-superset by (force introl: complex-vector.subspace-sum simp add: y-def
¥'b-b)
have ~v-trunc: <y F = trunc-ell2 (UNIV x F) ¢» if finite F» for F
proof (rule cinner-ket-eql)
fix x :: </b x 'c» obtain z1 22 where z-def: <x = (z1,22)»
by force
have x: <ket z -¢ ((id-cblinfun ®, butterfly (ket j) (ket j)) *v ¥) = of-bool (j=12) x*
Rep-ell2 ¢ x> for j
apply (simp add: z-def tensor-op-ell2 tensor-op-adjoint cinner-ket
flip: tensor-ell2-ket cinner-adj-left)
by (simp add: tensor-ell2-ket cinner-ket-left)
have <ket z - v F = of-bool (z2€F) *c Rep-ell2 ¢ x>
using that
apply (simp add: z-def v-def complez-vector.linear-sum[of <cinner -»] bounded-clinear-cinner-right

bounded-clinear.clinear sum-singlelwhere i=z2] tensor-op-adjoint tensor-op-ell2
cinner-ket
flip: tensor-ell2-ket cinner-adj-left)
by (simp add: tensor-ell2-ket cinner-ket-left)
moreover have ket © -¢ trunc-ell2 (UNIV x F) ¢ = of-bool (z2€F) *c Rep-ell2 ¢ )
by (simp add: trunc-ell2.rep-eq cinner-ket-left z-def)
ultimately show <ket z - v F = ket z -¢ trunc-ell2 (UNIV x F) ¢»
by simp
qed
have «(y —— ) (finite-subsets-at-top UNIV)»
proof (rule tendsto-iff[THEN iffD2, rule-format])
fix e :: real assume <e > 0
from trunc-ell2-lim-at-UNIV|of 9]
have Vg F in finite-subsets-at-top UNIV. dist (trunc-ell2 F ) ¢ < e
by (simp add: <0 < e> tendstoD)
then obtain M where «(finite M» and less-e: (finite F = F 2 M = dist (trunc-ell2
F¢) ¢ < e for F
by (metis (mono-tags, lifting) eventually-finite-subsets-at-top subset-UNIV')
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define M’ where <M’ = snd ‘ M>
have «finite M’
using M'-def «finite M> by blast
have «dist (y F') ¢ < e» if «finite F"» and <F' > M’ for F’
proof —
have <dist (y F') ¢ = norm (trunc-ell2 (— (UNIV x F')) ¥)»
using that by (simp only: y-trunc dist-norm trunc-ell2-uminus norm-minus-commute)
also have «... < norm (trunc-ell2 (— ((fst * M) x F')) ¥)»
by (meson Compl-anti-mono Set.basic-monos(1) Sigma-mono subset-UNIV trunc-ell2-norm-mono)
also have «... = dist (trunc-ell2 ((fst * M) x F') ¢) ¢»
apply (simp add: trunc-ell2-uminus dist-norm)
using norm-minus-commute by blast
also have «... < &
apply (rule less-e)
subgoal
using «finite F'y <finite M> by force
subgoal
using «F' D M'y M'-def by force
done
finally show ?thesis
by —
qed
then show <V p F' in finite-subsets-at-top UNIV. dist (v F') ¢ < e
using «finite M’y by (auto simp add: eventually-finite-subsets-at-top)
qed
then show <y € 2rhs»
by (rule Lim-in-closed-set[rotated —1]) (use vy-rhs in auto)
qed
also from * have «... C space-as-set (([|z€X. S z) ®g ?top)
by (meson ccspan-leql image-subset-iff less-eq-cesubspace.rep-eq)

finally show < € space-as-set (([|z€X. S z) ®g Ztop)»
by —
qed
qed

lemma tensor-ccsubspace-INF-right-top:
fixes S :: <'a = 'b ell2 ccsubspace)
shows «(T::'c ell2 ccsubspace) ®s (INF z€X. S z) = (INF zeX. T Qg S z)»
proof —
have ((INF zeX. S z) ®g (T::'c ell2 ccsubspace) = (INF z€X. Sz ®g T)»
by (rule tensor-ccsubspace-INF-left-top)
then have (swap-ell2 xg ((INF z€X. S z) ®s (T::'c ell2 ccsubspace)) = swap-ell2 xg (INF
zeX. Sz ®s T)H
by simp
then show ?%thesis
by (cases <X = {}»)
(simp-all add: swap-ell2-tensor-ccsubspace)
qed
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lemma tensor-ccsubspace-INF-left: «(INF z€X. S z) s T = (INF zeX. Sz ®g T) if <X #
it
proof (cases «<T=0>)
case True
then show ?thesis
using that by simp
next
case Fulse
from ccsubspace-as-whole-type| OF False)
have «let 't::type = some-onb-of T in
(INF zeX. Sz) ®s T = (INFzeX. Sz ®s T)
proof with-type-mp
with-type-case
from with-type-mp.premise
obtain U :: ('t ell2 = 'c ell2) where [simp]: <isometry U» and imU: «U xg T = T)

by auto
have «(id-cblinfun ®, U) *s (([1z€X. S 2) ®s T) = (id-cblinfun @, U) s ([|z€X. S z
Xs T))

by (rule arg-conglwhere f=\z. - xg ], rule tensor-ccsubspace-INF-left-top)
then show «([|z€X. Sz) ®s T = ([|z€X. Sz ®s T)
using that by (simp add: imU flip: tensor-ccsubspace-image)
qed
from this[cancel-with-type]
show ?thesis
by —
qed

lemma tensor-ccsubspace-INF-right: <(INF z€X. T ®s S z) = (INF zeX. T ®g S z)» if <X
£ (b
proof —
from that have «(INF z€X. Sz) ®¢ T = (INF zeX. Sz ®s T)
by (rule tensor-ccsubspace-INF-left)
then have <swap-ell2 g ((INF z€X. S z) g T) = swap-ell2 xg (INF z€X. Sz ®g T)
by simp
then show ?thesis
by (cases <X = {}»)
(simp-all add: swap-ell2-tensor-ccsubspace)
qed

lemma tensor-ccsubspace-ccspan: <ccspan X ®@g cespan Y = cespan {x Qs y |z y. z € X Ny
eYh
proof (rule antisym)
show «ccspan {z ®s y |z y. 2 € X Ny € Y} < cespan X ®g cespan Yy
using ccspan-superset[of X| ccspan-superset[of Y]
by (auto intro!: ccspan-mono Collect-mono ex-mono simp add: tensor-ccsubspace-def)
next
have «({¢) ®, ¢ |¢ . ¢ € space-as-set (cespan X) A ¢ € space-as-set (cespan Y)}
C closure {z ®s y |z y. x € cspan X A y € cspan Y}
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proof (rule subsetl)
fix v
assume <y € {Y Q5 ¢ | v. V¥ € space-as-set (cespan X) A ¢ € space-as-set (cespan Y}
then obtain ¢ ¢ where ¥: <) € space-as-set (ccspan X))y and p: «p € space-as-set (ccspan
Y)y and ~v-def: <y = ¢ @, ¢
by blast
from o
obtain ¢’ where lim1: <)’ —— » and ¥'X: <)’ n € cspan X» for n
using closure-sequential unfolding ccspan.rep-eq by blast
from ¢
obtain ¢’ where lim2: «p/ —— o and ¢'Y: <@’ n € cspan Y» for n
using closure-sequential unfolding ccspan.rep-eq by blast
interpret tensor: bounded-cbilinear tensor-ell2
by (rule bounded-cbilinear-tensor-ell2)
from lim1 lim2 have <(An. ' n ®; ¢’ n) —— ¥ @, @
by (rule tensor.tendsto)
moreover have (' n ®s; ¢’ n € {z Qs y |z y. © € cspan X A y € cspan Y} for n
using ¥'X 'Y by auto
ultimately show «y € closure {z Q¢ y |z y. © € cspan X A y € cspan Y}
unfolding v-def
by (meson closure-sequential)
qed
also have <closure {z ®; y |t y. = € cspan X A y € cspan Y}
C closure (cspan {z @s y|lzy. 2 € X Ny € Yip
proof (intro closure-mono subsetl)
fix v
assume 7y € {2 Qs y |z y. z € cspan X N y € cspan Y}
then obtain z y where ~y-def: <y = ¢ ®, > and <x € cspan X» and <y € cspan Y»
by blast
from <x € cspan X»
obtain X'z’ where <finite X"» and <X’ C X» and z-def: <z = (Y i€ X' 2’ i x¢ i)
using complez-vector.span-explicit|of X] by auto
from <y € cspan Y»
obtain Y’ y’ where «finite Y» and <Y’ C Y» and y-def: <y = >_jeY' y' j *xc j)
using complez-vector.span-explicit|of Y] by auto
from z-def y-def ~y-def
have ¢y = (Y i€X’. 2’ i *c i) ®s (O F€EY". y' j *c j)

by simp
also have «... = (D ieX’ Y jeY' (¢ ixc 1) Qs (Y j *c J))

by (smt (verit) sum.cong tensor-ell2-sum-left tensor-ell2-sum-right)
also have «... = (> ieX’. Y jeY' (z'ix y'j) *c (i ®s j))

by (metis (no-types, lifting) scaleC-scaleC sum.cong tensor-ell2-scaleC1 tensor-ell2-scaleC2)
also have (... € cspan {z @ y|[ry. 2 € X ANye Y}
using <X’ C Xb <Y/ C Y»
by (auto intro!: complez-vector.span-sum complex-vector.span-scale
complex-vector.span-base[of - ®; -)])
finally show ¢y € cspan {2 Qs y |lzy. € X Nye YD
by —
qed
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also have (... = space-as-set (ccspan {z @s y|lzry.x € X ANy € Y}p
using ccspan.rep-eq by blast
finally show <ccspan X ®g cespan Y < cespan {z @5 y |z y. 2 € X ANy € Yh
by (auto intro!: ccspan-leql simp add: tensor-ccsubspace-def)
qed

lemma tensor-ccsubspace-mono: <A ®s B < C ®g Dy if <A < C» and <B < D»
apply (auto introl: ccspan-mono simp add: tensor-ccsubspace-def)
using that
by (auto simp add: less-eq-ccsubspace-def)

lemma tensor-ccsubspace-element-as-infsum:
fixes A :: ('a ell2 ccsubspace> and B :: <'b ell2 ccsubspace)
assumes () € space-as-set (A ®g B)»
shows <(J¢ 0. (Vn:nat. p n € space-as-set A) A (Vn. § n € space-as-set B)
A ((An. o n ®s 6 n) has-sum 1) UNIV)
proof —
obtain A’ where spanA’: <ccspan A’ = Ay and orthoA’: <is-ortho-set A"y and normA’: <a €
A" = norm a = 1» for a
using some-onb-of-ccspan some-onb-of-is-ortho-set some-onb-of-norm1
by blast
obtain B’ where spanB’: <ccspan B’ = B> and orthoB': (is-ortho-set B> and normB’: <b €
B'= norm b= 1) for b
using some-onb-of-ccspan some-onb-of-is-ortho-set some-onb-of-norml
by blast
define AB’ where (AB'={a®; b|ab.ac A’ANbe B}
define ABnon0 where <ABnon0 = {ab € AB’. (ab ¢ ¥) *¢ ab # 0}
have ABnon0-def’: «ABnon0 = {ab € AB’. (norm (ab -c ¥))* # 0}
by (auto simp: ABnon0-def)
have <is-ortho-set AB’
by (simp add: AB’-def orthoA’ orthoB’ tensor-ell2-is-ortho-set)
have normAB’: <ab € AB' = norm ab = 1) for ab
by (auto simp add: AB’-def norm-tensor-ell2 normA’ normB’)
have spanAB’: <ccspan AB' = A ®g5 B»
by (simp add: tensor-ccsubspace-cespan AB'-def flip: spanA’ spanB’)
have sum1: «((Aab. (ab ¢ ) x¢ ab) has-sum ) AB"
apply (rule basis-projections-reconstruct-has-sum)
by (simp-all add: spanAB’ (is-ortho-set AB’s normAB’ assms)
have «(A\ab. (norm (ab -¢ v))?) summable-on AB"
by (rule parseval-identity-summable)
(simp-all add: spanAB’ <is-ortho-set AB"y normAB’ assms)
then have <countable ABnon0>
using A Bnon0-def’ summable-countable-real by blast
obtain f and N :: <nat set> where bij-f: <bij-betw f N ABnon0>
using <countable ABnon0) countableE-bij by blast
then obtain p0 60 where f-def: <fn = p0n ®; 60 n» and p0A" «p0n € A" and 00B"
«60n € B if <n € N» for n
apply atomize-elim
apply (subst all-conj-distrib[symmetric] choice-iff[symmetric])+
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apply (simp add: bij-betw-def ABnon0-def)
using AB’-def «bij-betw f N ABnon0» bij-betwE mem-Collect-eq by blast
define ¢ where <¢c n = (p0n ®;s 60 n) -¢ ¥ for n
from suml1 have «((Aab. (ab -¢ ) *c ab) has-sum ) ABnon0»
by (rule has-sum-cong-neutral[THEN iffD1, rotated —1]) (auto simp: ABnon0-def)
then have «((An. (f n -¢ ¥) *x¢ fn) has-sum ) N»
by (rule has-sum-reindez-bij-betw|OF bij-f, THEN iffD2])
then have sum2: «(An. ¢ n ¢ (0 n ®;s 60 n)) has-sum ) N>
by (rule has-sum-cong|[THEN iffD1, rotated]) (simp add: f-def c-def)
define ¢ 6 where «p n = (if n€N then ¢ n x¢ ¢0 n else 0)) and 5 n = (if n€N then 60 n
else 0)> for n
then have I: <p n € space-as-set A» and 2: <§ n € space-as-set By for n
using p0A’ §0B’ spanA’ spanB’ ccspan-superset
by (auto introl: complex-vector.subspace-scale simp: p-def §-def)
from sum2 have sum3: <((An. ¢ n ®s 6 n) has-sum ) UNIV)
by (rule has-sum-cong-neutral[ THEN iffD2, rotated —1])
(auto simp: p-def d-def tensor-ell2-scaleC1)
from 1 2 sum3 show ?thesis
by auto
qed

lemma ortho-tensor-ccsubspace-right: «<— (T ®g A) = T Qg (— A
proof —
have [simp]: <is-Proj (id-cblinfun ®, Proj X)» for X
by (metis Proj-is-Proj Proj-top is-Proj-tensor-op)

have (Proj (— (T ®g A)) = id-cblinfun — Proj (T ®g A)»
by (simp add: Proj-ortho-compl)

also have «... = id-cblinfun — (id-cblinfun ®, Proj A)»

by (simp add: tensor-ccsubspace-via-Proj Proj-on-own-range)
also have «... = id-cblinfun ®, (id-cblinfun — Proj A)»

by (metis cblinfun.diff-right left-amplification.rep-eq tensor-id)
also have «... = Proj T ®, Proj (— A)»

by (simp add: Proj-ortho-compl)
also have «... = Proj (T ®g (— A))»

by (simp add: tensor-ccsubspace-via-Proj Proj-on-own-range)
finally show ?thesis
using Proj-inj by blast
qed

lemma ortho-tensor-ccsubspace-left: (— (A @g T) = (— A) ®s T»
proof —
have (— (A ®g T) = swap-ell2 xs (— (T ®g A))»
by (simp add: unitary-image-ortho-compl swap-ell2-tensor-ccsubspace)

also have «... = swap-eli2 g (T ®s (— 4))»
by (simp add: ortho-tensor-ccsubspace-right)
also have «... = (- A) ®¢ T»

by (simp add: swap-ell2-tensor-ccsubspace)
finally show ?thesis
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by —
qed

lemma kernel-tensor-id-left: <kernel (id-cblinfun ®, A) = T Qg kernel A
proof —

have <kernel (id-cblinfun ®, A) = — ((id-cblinfun ®, A)* xg T)»
by (rule kernel-compl-adj-range)
also have «... = — (id-cblinfun g T Qg A% *g T)

by (metis cblinfun-image-id id-cblinfun-adjoint tensor-ccsubspace-image tensor-ccsubspace-top
tensor-op-adjoint)

also have «... =T ®g (— (Ax xg T))»
by (simp add: ortho-tensor-ccsubspace-right)
also have ... = T ®g kernel A»

by (simp add: kernel-compl-adj-range)
finally show ?thesis
by —
qed

lemma kernel-tensor-id-right: <kernel (A ®, id-cblinfun) = kernel A @g T»
proof —
have ker-swap: <kernel swap-ell2 = 0>
by (simp add: kernel-isometry)
have <kernel (id-cblinfun ®, A) = T ®g kernel A»
by (rule kernel-tensor-id-left)
from this|THEN arg-cong, of <cblinfun-image swap-ell2]
show ?thesis
by (simp add: swap-ell2-tensor-ccsubspace cblinfun-image-kernel-unitary
flip: swap-ell2-commute-tensor-op kernel-cblinfun-compose[OF ker-swap))
qed

lemma eigenspace-tensor-id-left: <eigenspace ¢ (id-cblinfun ®, A) = T ®g eigenspace ¢ A)
proof —
have (eigenspace ¢ (id-cblinfun ®, A) = kernel (id-cblinfun ®, (A — ¢ *¢ id-cblinfun))»
unfolding eigenspace-def
by (metis (no-types, lifting) complez-vector.scale-minus-left tensor-id tensor-op-right-add
tensor-op-scale C-right uminus-add-conv-diff)
also have <kernel (id-cblinfun ®, (A — ¢ *¢ id-cblinfun)) = T ®g kernel (A — ¢ *¢
id-cblinfun)»
by (simp add: kernel-tensor-id-left)
also have (... = T ®g eigenspace c A»
by (simp add: eigenspace-def)
finally show ?thesis
by —
qed

lemma eigenspace-tensor-id-right: <eigenspace ¢ (A ®, id-cblinfun) = eigenspace ¢ A ®@g T)

proof —
have <eigenspace ¢ (id-cblinfun ®, A) = T ®g eigenspace ¢ A»

377



by (rule eigenspace-tensor-id-left)
from this|[THEN arg-cong, of <cblinfun-image swap-ell2)]
show ?thesis
by (simp add: swap-ell2-commute-tensor-op cblinfun-image-eigenspace-unitary swap-ell2-tensor-ccsubspace)
qed

unbundle no cblinfun-syntax

end

14  Partial-Trace — The partial trace

theory Partial-Trace
imports Trace-Class Hilbert-Space-Tensor-Product
begin

unbundle cblinfun-syntax

hide-fact (open) Infinite-Set-Sum.abs-summable-on-Sigma-iff
hide-fact (open) Infinite-Set-Sum.abs-summable-on-comparison-test
hide-const (open) Determinants.trace

hide-fact (open) Determinants.trace-def

definition partial-trace :: <((‘a x 'c) ell2, (b x 'c) ell2) trace-class = (‘a ell2, 'b ell2)
trace-classy where

<partial-trace t = (3 ooj. compose-tcl (compose-ter ((tensor-ell2-right (ket j))) t) (tensor-ell2-right
(ket )

lemma partial-trace-def’: «partial-trace t = (D ooj. sandwich-tc ((tensor-ell2-right (ket j))*) t)»
— We cannot use this as the definition of partial-trace because this definition has a more restricted
type (t is a square operator).

by (auto introl: simp: partial-trace-def sandwich-tc-def)

lemma partial-trace-abs-summable:

<(Aj. compose-tcl (compose-ter ((tensor-ell2-right (ket 5))x) t) (tensor-ell2-right (ket j))) abs-summable-on
UNIV)»

and partial-trace-has-sum:

<((Aj. compose-tcl (compose-ter ((tensor-ell2-right (ket j))x) t) (tensor-ell2-right (ket j7)))

has-sum partial-trace t) UNIV»

and partial-trace-norm-reducing: <norm (partial-trace t) < norm t
proof —

define t’ where <t’ = from-trace-class t»

define s where <s k = compose-tcl (compose-ter ((tensor-ell2-right (ket k))x) t) (tensor-ell2-right
(ket k))> for k

have bound: <(>_ k€F. norm (s k)) < norm t»
if <Fe{F.FC UNIV A finite F}
for F :: ¢'a seb

proof —
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from that have [simp]: «finite F»

by force
define tk where <tk k = tensor-ell2-right (ket k)x ocr, t' oo tensor-ell2-right (ket k)» for

k

have tc-t'[simp]: <trace-class t"

by (simp add: t’-def)
then have tc-tk[simp]: <trace-class (tk k)> for k

by (simp add: tk-def trace-class-comp-left trace-class-comp-right)
define uk where <uk k = (polar-decomposition (tk k))x> for k
define u where (u = (3" k€F. uk k ®, butterfly (ket k) (ket k))»
define B :: ¢'b ell2 set> where (B = range ket>

have auzl: <tensor-ell2-right (ket x)x xy u *xy a = 0> if <x ¢ F» for z a
proof —
have *: <ux ocy, tensor-ell2-right (ket x) = 0»
by (auto introl: equal-ket simp: u-def sum-adj tensor-op-adjoint tensor-ell2-right-apply
cblinfun.sum-left tensor-op-ell2 cinner-ket sum-single[where i=z| <x ¢ F»)
have <tensor-eli2-right (ket ©)* ocr uw = 0>
by (rule adj-inject] THEN iffD1]) (use * in simp)
then show ?thesis
by (simp flip: cblinfun-apply-cblinfun-compose)
qed

have auz2: <uk x xy tensor-ell2-right (ket x)x xy a = tensor-ell2-right (ket )% *y u %y a
if<cxe F)forza
proof —
have *: <tensor-ell2-right (ket x) ocr (uk x)x = ux ocp tensor-ell2-right (ket x)»
by (auto introl: equal-ket simp: u-def sum-adj tensor-op-adjoint tensor-ell2-right-apply
cblinfun.sum-left tensor-op-ell2 <z € F» cinner-ket sum-single[where i=z])
have «uk z ocp tensor-ell2-right (ket x)x = tensor-ell2-right (ket z)x ocr w
by (rule adj-inject] THEN iffD1]) (use * in simp)
then show ?thesis
by (simp flip: cblinfun-apply-cblinfun-compose)
qed

have sum1: <«(\(z, y). ket (y, ) ¢ (u *v t’' *y ket (y, x))) summable-on UNIV>
proof —
have (trace-class (v ocp t')
by (simp add: trace-class-comp-right)
then have «(Ayz. yz -¢ (v ocr t') *v yz)) summable-on (range ket)»
using is-onb-ket trace-exists by blast
then have «(A\yz. ket yz -¢ ((u oo t') xv ket yx)) summable-on UNIV)
apply (subst summable-on-reindex-bij-betw[where g=ket and A=UNIV and B=<range
ket])
using bij-betw-def inj-ket by blast
then show ?thesis
by (subst summable-on-reindez-bij-betw[where g=prod.swap and A=UNIV | symmetric])
auto
qed
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have norm-u: (norm u < 1)
proof —
define u2 uk2 where <u2 = ux oo w and «uk2 k = (uk k)x ocp uk k> for k
have x: «(>_i€F. (uk ix ooy, uk k) ®, (ket i -¢ ket k) xc butterfly (ket i) (ket k))
= (uk kx ocr uk k) ®, butterfly (ket k) (ket k)» if [simp]: <k € F» for k
apply (subst sum-single[where i=Fk|)
by (auto simp: cinner-ket)
have xx: «(>_ ka€F. (uk2 ka oo uk2 k) ®, (ket ka -c ket k) ¢ butterfly (ket ka) (ket k))
= (uk2 k oo uk2 k) ®, butterfly (ket k) (ket k)» if [simp]: <k € F» for k
apply (subst sum-single[where i=Fk])
by (auto simp: cinner-ket)
have proj-uk2: <is-Proj (uk2 k)» for k
unfolding uk2-def
apply (rule partial-isometry-square-proj)
by (auto introl: partial-isometry-square-proj partial-isometry-adj simp: uk-def)
have u2-explicit: «u2 = (Y k€F. uk2 k ®, butterfly (ket k) (ket k))»
by (simp add: u2-def u-def sum-adj tensor-op-adjoint cblinfun-compose-sum-right
cblinfun-compose-sum-left tensor-butter comp-tensor-op * uk2-def)
have (u2x = u2)
by (simp add: u2-def)
moreover have (u2 ocr u2 = u2»
by (simp add: u2-explicit cblinfun-compose-sum-right cblinfun-compose-sum-left
comp-tensor-op xx proj-uk2 is- Proj-idempotent)
ultimately have «<is-Proj u2»
by (simp add: is-Proj-I)
then have (norm u2 < I»
using norm-is-Proj by blast
then show <norm u < 1»
by (simp add: power-le-one-iff norm-AAadj u2-def)
qed

have (3> keF. norm (s k))
= (> keF. trace-norm (tk k))»
by (simp add: s-def tk-def norm-trace-class.rep-eq compose-tcl.rep-eq compose-ter.rep-eq
t’-def)
also have «... = cmod (Y k€F. trace (uk k ocyp tk k))»
by (smt (verit, best) norm-of-real of-real-hom.hom-sum polar-decomposition-correct’ sum.cong
sum-nonneg trace-abs-op trace-norm-nneg uk-def)
also have «... = c¢mod (> k€F. trace (tensor-ell2-right (ket k)x ocp u ocp t' ocy ten-
sor-ell2-right (ket k)))»
apply (rule arg-cong[where f=cmod), rule sum.cong|OF refl], rule arg-conglwhere f=trace])
by (auto introl: equal-ket simp: tk-def auz2)
also have «... = cmod (D k€F. Y j. ket j - ((tensor-ell2-right (ket k)x ocr uw ocp t’
ocr, tensor-ell2-right (ket k)) v ket j))»
by (auto introl: sum.cong simp: trace-ket-sum trace-class-comp-left trace-class-comp-right)
also have «... = cmod (3 ok€F. > ooj. ket j ¢ ((tensor-ell2-right (ket k)x ocr uw ocp t’
ocr, tensor-ell2-right (ket k)) v ket j))»
by (simp add: <finite F»)
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also have «... = cmod (3. wok- . oj- ket j -¢ ((tensor-ell2-right (ket k)* ocr wocr t' ocr,
tensor-ell2-right (ket k)) =y ket j))»

apply (rule arg-cong[where f=cmod))
apply (rule infsum-cong-neutral)
by (auto simp: auxl)

also have ¢... = cmod (3. k. Y. ooj- ket (j,k) ¢ (v ocr t') *v ket (4,k)))
apply (rule arg-cong[where f=cmod)|, rule infsum-cong, rule infsum-cong)
by (simp add: tensor-ell2-right-apply cinner-adj-right tensor-ell2-ket)

also have «... = cmod (3 (k.j). ket (j,k) ¢ ((uw oo t') xv ket (j,k)))»
apply (rule arg-cong[where f=cmod])
apply (subst infsum-Sigma’-banach)
using suml! by auto

also have «... = cmod (3 wojk. ket jk - (v ocp t') *v ket jk))»
apply (subst infsum-reindez-bij-betw[where g=prod.swap and A=UNIV, symmetric])
by auto

also have ¢... = cmod (trace (u ocyp, t'))

by (simp add: trace-ket-sum trace-class-comp-right)
also have «... < trace-norm (u ocr t')

using trace-leg-trace-norm by blast
also have «... < norm u * trace-norm t’

by (simp add: trace-norm-comp-right)
also have «... < trace-norm t'

using norm-u

by (metis more-arith-simps(5) mult-right-mono trace-norm-nneg)
also have «... = norm t»

by (simp add: norm-trace-class.rep-eq t'-def)
finally show «(3_ k€F. norm (s k)) < norm t

by —

qed

show abs-summable: <s abs-summable-on UNIV»
by (intro nonneg-bdd-above-summable-on bdd-abovel2[where M=<norm t»] norm-ge-zero
bound)

from abs-summable
show has-sum: (s has-sum partial-trace t) UNIV»
by (simp add: abs-summable-summable partial-trace-def s-def[abs-def] t'-def)

show <«norm (partial-trace t) < norm t»
proof —
have «norm (partial-trace t) < (3 ook. norm (s k))»
using - has-sum apply (rule norm-has-sum-bound)
using abs-summable has-sum-infsum by blast
also from bound have «(> k. norm (s k)) < norm t»
by (simp add: abs-summable infsum-le-finite-sums)
finally show ?thesis
by —
qged
qed
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lemma partial-trace-abs-summable”:
<«(Aj. sandwich-tc ((tensor-ell2-right (ket j))*) t) abs-summable-on UNIV)
and partial-trace-has-sum’:
«((Aj. sandwich-tc ((tensor-ell2-right (ket j))*) t) has-sum partial-trace t) UNIV»
using partial-trace-abs-summable partial-trace-has-sum
by (auto introl: simp: sandwich-tc-def sandwich-apply)

lemma trace-partial-trace-compose-eq-trace-compose-tensor-id:
<trace (from-trace-class (partial-trace t) oo, ©) = trace (from-trace-class t oo, (x ®, id-cblinfun))»
proof —
define s where «s = trace (from-trace-class (partial-trace t) ocr z)»
define s’ where s’ e = ket e -¢ ((from-trace-class (partial-trace t) ooy, ) *v ket e) for e
define u where <u j = compose-tcl (compose-ter ((tensor-ell2-right (ket 7))x) t) (tensor-ell2-right
(ket j))» for j
define v’ where <u’ e j = ket e -¢ (from-trace-class (u j) %y x *y ket e)» for e j
have «(u has-sum partial-trace t) UNIV»
using partial-trace-has-sum[of t]
by (simp add: u-def[abs-def])
then have «((Au. from-trace-class u *y z xy ket €) o u has-sum from-trace-class (partial-trace
t) xy « *y ket e) UNIV) for e
proof (rule has-sum-comm-additive[rotated —1])
show «Modules.additive (Au. from-trace-class u v x xy ket e)
by (simp add: Modules.additive-def cblinfun.add-left plus-trace-class.rep-eq)
have bounded-clinear: <bounded-clinear (Au. from-trace-class u xy x xy ket e)»
proof (rule bounded-clinearI[where K=<norm (z %y ket e))])
show <from-trace-class (b1 + b2) xy x xy ket e = from-trace-class bl =y x *y ket e +
from-trace-class b2 =y x *xy ket e» for b1 b2
by (simp add: plus-cblinfun.rep-eq plus-trace-class.rep-eq)
show «(from-trace-class (r xc b) xy x xy ket e = r x¢ (from-trace-class b xy x xy ket e))
for b r
by (simp add: scaleC-trace-class.rep-eq)
show <norm (from-trace-class t xy x xy ket €) < norm t * norm (z =y ket e)) for ¢
proof —
have <norm (from-trace-class t xy © *xy ket e) < norm (from-trace-class t) * norm (z xy
ket e)»
by (simp add: norm-cblinfun)
also have «... < norm t x norm (z *xy ket e))
by (auto introl: mult-right-mono simp add: norm-leg-trace-norm norm-trace-class.rep-eq)
finally show ?thesis
by —
qed
qed
have «isCont (Au. from-trace-class u xy x *y ket €) (partial-trace t)»
using bounded-clinear clinear-continuous-at by auto
then show <(A\u. from-trace-class u *y = *y ket e) —partial-trace t— from-trace-class
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(partial-trace t) xy x xy ket e
by (simp add: isCont-def)
ged
then have «((\v. ket e -¢ v) o ((Au. from-trace-class u xy x xy ket e) o u) has-sum ket e -¢
(from-trace-class (partial-trace t) xy x xy ket e)) UNIV» for e
proof (rule has-sum-comm-additive[rotated —1])
show «Modules.additive (Av. ket e -¢ v)»
by (simp add: Modules.additive-def cinner-simps(2))
have bounded-clinear: <bounded-clinear (Av. ket e -¢ v)»
using bounded-clinear-cinner-right by auto
then have <isCont (Av. ket e ¢ v) > for |
by simp
then show <(\v. ket e -¢ v) —l— ket e -¢ I for |
by (simp add: isContD)
qed
then have has-sum-u": <((\j. v’ e j) has-sum s’ e¢) UNIV» for e
by (simp add: o-def u'-def s’-def)
then have infsum-u”: s’ e = infsum (u’ e) UNIV)» for e
by (metis infsuml)
have tc-u-z[simp]: <trace-class (from-trace-class (u j) ocr x)» for j
by (simp add: trace-class-comp-left)

have summable-u'-pairs: «(A(e, j). u’ e j) summable-on UNIV x UNIV)
proof —
have <trace-class (from-trace-class t oo (r ®, id-cblinfun))
by (simp add: trace-class-comp-left)
from trace-exists|OF is-onb-ket this]
have «(\ej. ket ej -¢ (from-trace-class t xy (x ®, id-cblinfun) xy ket ef)) summable-on
UNIV»
by (simp-all add: summable-on-reindex o-def)
then show ?thesis
by (simp-all add: o-def u’-def[abs-def] u-def
trace-class-comp-left trace-class-comp-right Abs-trace-class-inverse tensor-ell2-right-apply

ket-pair-split tensor-op-ell2 case-prod-unfold cinner-adj-right
compose-tcl.rep-eq compose-ter.rep-eq)
qed

have u’-tensor: <u’ e j = ket (e,j) -¢ ((from-trace-class t oo, (z ®, id-cblinfun)) =y ket (e,j))
for e j
by (simp add: u'-def u-def tensor-op-ell2 tensor-ell2-right-apply Abs-trace-class-inverse
trace-class-comp-left trace-class-comp-right cinner-adj-right compose-tcl.rep-eq compose-tcr.rep-eq
flip: tensor-ell2-ket)

have «((Xe. e -¢ ((from-trace-class (partial-trace t) ocr ) *v e)) has-sum s) (range ket)»
unfolding s-def
apply (rule trace-has-sum)
by (auto simp: trace-class-comp-left)

then have «(s’ has-sum s) UNIV»
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apply (subst (asm) has-sum-reindez)

by (auto simp: o-def s'-def[abs-def])
then have <s = infsum s’ UNIV)»

by (simp add: infsuml)

also have «... = infsum (Xe. infsum (u’ e) UNIV) UNIV»
using infsum-u’ by presburger
also have «... = (> (e, )€UNIV. u' e j)

apply (subst infsum-Sigma’-banach)
apply (rule summable-u’-pairs)
by simp
also have «... = trace (from-trace-class t ocr, (x ®, id-cblinfun))»
unfolding u’-tensor
by (simp add: trace-ket-sum cond-case-prod-eta trace-class-comp-left)
finally show ?thesis
by (simp add: s-def)
qed

lemma right-amplification-weak-star-cont]simp):
<continuous-map weak-star-topology weak-star-topology (Aa. a ®, id-cblinfun)>
— Logically does not belong in this theory but uses the partial trace in the proof.
proof (unfold weak-star-topology-def’, rule continuous-map-pullback-both)
show (S C f —“ UNIV) for S :: ('z set» and [ :: (' = "y
by simp
define g’ :: <(('b ell2, 'a ell2) trace-class = complex) = (('b x 'c) eli2, ('a x 'c) ell2)
trace-class = complex> where
<g' T t = 7 (partial-trace t)» for T t
have «continuous-on UNIV g’
by (simp add: continuous-on-coordinatewise-then-product g'-def)
then show <continuous-map euclidean euclidean g’
using continuous-map-iff-continuous?2 by blast
show «g’ (At. trace (from-trace-class t oo z)) =
(At. trace (from-trace-class t oo, © ®, td-cblinfun))> for z
by (auto introl: ext simp: g'-def trace-partial-trace-compose-eg-trace-compose-tensor-id)
qed

lemma left-amplification-weak-star-cont|simp):
<continuous-map weak-star-topology weak-star-topology (Ab. id-cblinfun ®, b :: (‘ex’a) ell2
=cr (ex’d) ell2)»
— Logically does not belong in this theory but uses the partial trace in the proof.
proof —
have <continuous-map weak-star-topology weak-star-topology (
(Az. z ocr swap-ell2) o (Az. swap-ell2 ocr x) 0 (Aa. a ®, id-cblinfun :: ('ax’c) ell2
=cr ('bx’c) ell2))
by (auto intro!: continuous-map-compose[where X’'=weak-star-topology]
continuous-map-left-comp-weak-star continuous-map-right-comp-weak-star)
then show ?thesis
by (auto simp: o-def)
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qed

lemma partial-trace-plus: <partial-trace (t + u) = partial-trace t + partial-trace u»
proof —
from partial-trace-has-sum|of t| and partial-trace-has-sum|of u]
have <((\j. compose-tcl (compose-ter ((tensor-ell2-right (ket j))x) t) (tensor-ell2-right (ket j))
+ compose-tel (compose-ter ((tensor-ell2-right (ket 7))*) u) (tensor-ell2-right (ket j)))
has-sum
partial-trace t + partial-trace w) UNIV» (is «(?f has-sum -) -»)
by (rule has-sum-add)
moreover have <?f j = compose-tcl (compose-ter ((tensor-ell2-right (ket j))*) (t + u))
(tensor-ell2-right (ket 7))y (is «<?fj = %g j») for j
by (simp add: compose-tcl.add-left compose-tcr.add-right)
ultimately have <(%g has-sum partial-trace t + partial-trace u) UNIV»
by simp
moreover have «(?g has-sum partial-trace (t + w)) UNIV»
by (simp add: partial-trace-has-sum)
ultimately show ?thesis
using has-sum-unique by blast
qed

lemma partial-trace-scaleC: <partial-trace (¢ ¢ t) = ¢ *¢ partial-trace t»
by (simp add: partial-trace-def infsum-scale C-right compose-ter.scaleC-right compose-tcl.scale C-left)

lemma partial-trace-tensor: <partial-trace (tc-tensor t u) = trace-tc u *¢
proof —
define t’ v’ where «t' = from-trace-class t» and «u’ = from-trace-class u»
have 1: <(\j. ket j -¢ (from-trace-class u vy ket 7)) summable-on UNIV»
using trace-existsjwhere B=<range ket and A=«from-trace-class u>]
by (simp add: summable-on-reindex o-def)
have <partial-trace (tc-tensor t u) =
(3" woj. compose-tel (compose-ter (tensor-ell2-right (ket 7)x) (te-tensor t u)) (tensor-ell2-right

(ket 7))
by (simp add: partial-trace-def)
also have «... = (3 «oj. (ket j ¢ (from-trace-class u v ket j)) ¢ t)»
proof —

have x: <tensor-ell2-right (ket j)x ocr t' ®, u’ ocr tensor-ell2-right (ket j) =
(ket j -¢ (u’ *y ket j)) ¢ t» for j
by (auto intro!: cblinfun-eql simp: tensor-op-ell2)
show ?thesis
apply (rule infsum-cong)
by (auto intro!: from-trace-class-inject| THEN iffD1] simp flip: t'-def u’-def
sitmp: * compose-tcl.rep-eq compose-ter.rep-eq te-tensor.rep-eq scaleC-trace-class.rep-eq)
qed

also have «... = trace-tc u *¢ t»
by (auto intro!: infsum-scaleC-left simp: trace-tc-def trace-alt-def [ OF is-onb-ket] infsum-reindex
o-def 1)

finally show ?thesis
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by —
qed

lemma bounded-clinear-partial-trace[bounded-clinear, iff]: <bounded-clinear partial-trace)
apply (rule bounded-clinearl[where K=1])
by (auto simp add: partial-trace-plus partial-trace-scaleC partial-trace-norm-reducing)

lemma vector-sandwich-partial-trace-has-sum:
((Az. ((z ®s ket 2) - (from-trace-class o xy (y ®s ket z))))
has-sum © - (from-trace-class (partial-trace o) xy y)) UNIV)
proof —
define zpy where (xpy = z -¢ (from-trace-class (partial-trace o) *v y)»
have <((Aj. compose-tcl (compose-ter ((tensor-ell2-right (ket j))*) o) (tensor-eli2-right (ket
)
has-sum partial-trace ¢) UNIV»
using partial-trace-has-sum by force
then have (((\j. z «¢ (from-trace-class (compose-tcl (compose-ter ((tensor-ell2-right (ket j))«)
0) (tensor-ell2-right (ket j))) *v y))
has-sum zoy) UNIV»
unfolding zpy-def
apply (rule Infinite-Sum.has-sum-bounded-linear|rotated))
by (intro bounded-clinear.bounded-linear bounded-linear-intros)
then have «((\j. = -¢ (tensor-ell2-right (ket j)* xy from-trace-class o xy y ®; ket j)) has-sum
zoy) UNIV)
by (simp add: compose-tcl.rep-eq compose-tcr.rep-eq)
then show ?thesis
by (metis (no-types, lifting) cinner-adj-right has-sum-cong tensor-ell2-right-apply zoy-def)
qed
lemma vector-sandwich-partial-trace:
@ +¢ (from-trace-class (partial-trace o) *v y) =
- oz ((z ®5 ket 2) ¢ (from-trace-class o xv (y ®s ket 2))))

by (metis (mono-tags, lifting) infsuml vector-sandwich-partial-trace-has-sum)

unbundle no cblinfun-syntax

end

15  Von-Neumann-Algebras — Von Neumann algebras and the
double commutant theorem

theory Von-Neumann-Algebras
imports Hilbert-Space-Tensor-Product
begin

unbundle cblinfun-syntax
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15.1 Commutants

definition <commutant F = {z. VyEF. z ocp y = y ocr =}

lemma sandwich-unitary-commutant:
fixes U :: <a::chilbert-space = ¢ 'b::chilbert-space)
assumes [simp|: <unitary U>
shows <sandwich U ‘ commutant X = commutant (sandwich U ‘ X))
proof (rule Set.set-eql)
fix z
let 2comm = <Aab. a ocr, b=10o0cr @
have <z € sandwich U ¢ commutant X «— sandwich (Ux) x € commutant X»
apply (subst inj-image-mem-iff [symmetric, where f=<sandwich (Ux))])
by (auto introl: inj-sandwich-isometry simp: image-image
stmp flip: cblinfun-apply-cblinfun-compose sandwich-compose)
also have «... +— (VyeX. Zcomm (sandwich (Ux) z) y)»
by (simp add: commutant-def)
also have «... «— (VyeX. comm z (sandwich U y))
apply (rule ball-cong, simp)
apply (simp add: sandwich-apply)
by (smt (verit) assms cblinfun-assoc-left(1) cblinfun-compose-id-left cblinfun-compose-id-right
unitaryD1 unitaryD2)
also have «... «— (Vyesandwich U * X. comm z y)
by fast
also have (... «+— z € commutant (sandwich U ‘ X)»
by (simp add: commutant-def)
finally show «(z € (xv) (sandwich U) ‘ commutant X) <— (z € commutant ((xv) (sandwich
U) “ X))
by —
qed

lemma commutant-tensorl: «commutant (range (Aa. a ®, td-cblinfun)) = range (\b. id-cblinfun
®o b)
proof (rule Set.set-eql, rule iffI)
fix x :: <('a x 'b) ell2 =c (‘a x ') ell2y
fix~y:'a
assume <z € commutant (range (Aa. a ®, id-cblinfun))>
then have comm: «(a ®, id-cblinfun) *y = xy ¥ = z *y (a ®, id-cblinfun) =y s for a ¢
by (metis (mono-tags, lifting) commutant-def mem-Collect-eq rangel cblinfun-apply-cblinfun-compose)

define op where <op = classical-operator (Mi. Some (v,i::'b))»

have [simp]: <classical-operator-exists (Ai. Some (7,i))
apply (rule classical-operator-exists-ing)
using inj-map-def by blast

define 7’ where <z’ = op* ocr T ocr, op

have z": <cinner (ket j) (z' xy ket l) = cinner (ket (v,7)) (z *v ket (v,0))» for jl
by (simp add: z'-def op-def classical-operator-ket cinner-adj-right)

have <cinner (ket (,j)) (z v ket (k1)) = cinner (ket (i,j)) ((id-cblinfun ®, x’) *v ket (k1))
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for i j k1
proof —
have <cinner (ket (i,5)) (z xy ket (k1))
= cinner ((butterfly (ket i) (ket v) ®, id-cblinfun) xv ket (v,j)) (z *v (butterfly (ket k)
(ket v) ®, id-cblinfun) =y ket (v,0))»
by (auto simp: tensor-op-ket tensor-ell2-ket)
also have «... = cinner (ket (v,f)) ((butterfly (ket v) (ket i) ®, id-cblinfun) xy x *yv
(butterfly (ket k) (ket v) ®, id-cblinfun) =y ket (,1))»
by (metis (no-types, lifting) cinner-adj-left butterfly-adjoint id-cblinfun-adjoint tensor-op-adjoint)
also have «... = cinner (ket (v,j)) (z xv (butterfly (ket v) (ket i) ®, id-cblinfun ocp,
butterfly (ket k) (ket v) ®, id-cblinfun) xyv ket (v,1))
unfolding comm by (simp add: cblinfun-apply-cblinfun-compose)

also have «... = cinner (ket i) (ket k) * cinner (ket (v,5)) (z *v ket (v,0))
by (simp add: comp-tensor-op tensor-op-ket tensor-op-scaleC-left cinner-ket tensor-ell2-ket)
also have «... = cinner (ket i) (ket k) * cinner (ket j) (z' *v ket 1)
by (simp add: z")
also have «... = cinner (ket (i,7)) ((id-cblinfun ®, z') xy ket (k1))

apply (simp add: tensor-op-ket)
by (simp flip: tensor-ell2-ket)
finally show %thesis by —
qged
then have <z = (id-cblinfun ®, z’)
by (auto introl: equal-ket cinner-ket-eql)
then show <z € range (\b. id-cblinfun ®, b)»
by auto
next
fix £ :: <('a x 'b) ell2 =cr ('a x 'b) ell2»
assume <z € range (Ab. id-cblinfun ®, b)>
then obtain b where z: <z = id-cblinfun ®, b
by auto
then show <z € commutant (range (Aa. a ®, id-cblinfun))>
by (auto simp: © commutant-def comp-tensor-op)
qed

lemma csubspace-commutant|[simp|: <csubspace (commutant X)»
by (auto simp add: complex-vector.subspace-def commutant-def cblinfun-compose-add-right
cblinfun-compose-add-left)

lemma closed-commutant[simpl: <closed (commutant X)»
proof (subst closed-sequential-limits, intro alll impl, erule conjE)
fix s :: <nat = - and [
assume s-comm: <V n. s n € commutant X»
assume (s —— D
have <l ocp, ¢ — z oo | = O» if <z € X» for
proof —
from <s —— D
have «(An. snocp © — xzo0cp sn) —— locr * — x oo b
apply (rule isCont-tendsto-compose[rotated))
by (intro continuous-intros)
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then have «(\-. 0) —— locr ¢ — z ooy I
using s-comm that by (auto simp add: commutant-def)
then show ?thesis
by (simp add: LIMSEQ-const-iff that)
qged
then show </ € commutant X
by (simp add: commutant-def)
qed

lemma closed-csubspace-commutant[simp]: <closed-csubspace (commutant X)»
apply (rule closed-csubspace.intro) by simp-all

lemma commutant-mult: <a oo, b € commutant X» if <a € commutant X» and <b € commutant
X»

using that

apply (auto simp: commutant-def cblinfun-compose-assoc)

by (simp flip: cblinfun-compose-assoc)

lemma double-commutant-grows[simp]: <X C commutant (commutant X)»
by (auto simp add: commutant-def)

lemma commutant-antimono: <X C Y — commutant X O commutant Y»
by (auto simp add: commutant-def)

lemma triple-commutant[simp]: <commutant (commutant (commutant X)) = commutant X»
by (auto simp: commutant-def)

lemma commutant-adj: <adj * commutant X = commutant (adj * X)»
apply (auto intro!: image-eql double-adj[symmetric] simp: commutant-def simp flip: adj-cblinfun-compose)
by (metis adj-cblinfun-compose double-adj)

lemma commutant-empty[simp]: <commutant {} = UNIV)
by (simp add: commutant-def)

lemma commutant-weak-star-closed[simp): <closedin weak-star-topology (commutant X)»
proof —
have comm-inter: <commutant X = ((Jz€X. commutant {z})
by (auto simp: commutant-def)
have comm-z: <commutant {z} = (Ay. 2 ocr y — y ocr ) — {0} for z :: (a =¢cL '@
by (auto simp add: commutant-def vimage-def)
have cont: <continuous-map weak-star-topology weak-star-topology (Ay. x ocr y — y ocrL x)»
for z : {a =c1 '@
apply (rule continuous-intros)
by (simp-all add: continuous-map-left-comp-weak-star continuous-map-right-comp-weak-star)
have <closedin weak-star-topology ((Ay. © ocr y — y ocr ) —{0}) for z :: ¢'a =¢cr '@
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using closedin-vimage[where U=<weak-star-topology> and S=«{0}> and T=weak-star-topology]
using cont by (auto simp add: closedin-Hausdor(f-singleton)
then show ?%thesis
apply (cases <X = {})
using closedin-topspace|of weak-star-topology]
by (auto simp add: comm-inter comm-x)
qed

lemma cspan-in-double-commutant: <cspan X C commutant (commutant X)»
by (simp add: complez-vector.span-minimal)

lemma weak-star-closure-in-double-commutant: <weak-star-topology closure-of X C commutant
(commutant X)»
by (simp add: closure-of-minimal)

lemma weak-star-closure-cspan-in-double-commutant: (weak-star-topology closure-of cspan X C
commutant (commutant X)»
by (simp add: closure-of-minimal cspan-in-double-commutant)

lemma commutant-memberl:
assumes (\y. y € X = zocr y = y oo T
shows <x € commutant X»
using assms by (simp add: commutant-def)

lemma commutant-sot-closed: <closedin cstrong-operator-topology (commutant A)»
— [2], Exercise IX.6.2
proof (cases <A = {})
case True
then show ?thesis
apply simp
by (metis closedin-topspace cstrong-operator-topology-topspace)
next
case Fulse
have closed-a: <closedin cstrong-operator-topology (commutant {a})» for a :: <a =cp '@
proof —
have comm-a: «commutant {a} = (A\b. a oo, b — b ocr a) —* {0}
by (auto simp: commutant-def)
have closed-0: «closedin cstrong-operator-topology {0}
apply (rule closedin-Hausdorff-singleton)
by simp-all
have cont: (continuous-map cstrong-operator-topology cstrong-operator-topology (Ab. a ocr,
b—1b ocrL a)>
by (intro continuous-intros continuous-map-left-comp-sot continuous-map-right-comp-sot)
show ?thesis
using closedin-vimage[OF closed-0 cont]
by (simp add: comm-a)
qged
have *: <commutant A = ([ a€A. commutant {a})
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by (auto simp add: commutant-def)
show ?thesis
by (auto intro!: closedin-Inter simp: x False closed-a)
qed

lemma commutant-tensorl”’ «commutant (range (\a. id-cblinfun ®, a)) = range (A\b. b ®,
id-cblinfun)»
proof —
have <commutant (range (\a. id-cblinfun ®, a)) = commutant (sandwich swap-ell2 * range
(Aa. a ®, id-cblinfun))s
by (metis (no-types, lifting) image-cong range-composition swap-tensor-op-sandwich)

also have «... = sandwich swap-ell2 * commutant (range (Aa. a ®, id-cblinfun))>
by (simp add: sandwich-unitary-commutant)

also have «... = sandwich swap-ell2 ‘ range (Aa. id-cblinfun ®, a)»
by (simp add: commutant-tensorl)

also have «... = range (Ab. b ®, id-cblinfun))
by force

finally show ?thesis
by —

qed

lemma closed-map-sot-tensor-op-id-right:

<closed-map cstrong-operator-topology cstrong-operator-topology (Aa. a ®, id-cblinfun :: ('a x
D) ell2 =cr ('a x 'b) ell2)
proof (unfold closed-map-def, intro alll impI)

fix U ¢('aell2 =cyr 'a ell2) set

assume closed-U: <closedin cstrong-operator-topology U>»

have auzl: <range f C X +— (Vz. fz € X) for f :: <z = 'y and X
by blast

have (I € (Aa. a ®, id-cblinfun) * U» if range: <range (Az. fz) C (Aa. a ®, id-cblinfun) < U»
and limit: <limitin cstrong-operator-topology f 1 Fy and <F # 1»
for fand [ :: <("a x 'b) ell2 =cr ('a x 'b) ell2> and F :: <((Ya x 'b) ell2 =¢cr ('a x 'b)
ell2) filter>
proof —
from range obtain f’ where f'U: (range f' C U» and f-def: «f y = ' y ®, id-cblinfun)
for y
apply atomize-elim
apply (subst auxl)
apply (rule choice2)
by auto
have «I € commutant (range (Aa. id-cblinfun ®, a))»
proof (rule commutant-memberl)
fix ¢ : «(Ya x 'b) ell2 =cp ('a x 'b) ell2»
assume <c € range (Aa. id-cblinfun ®, a)
then obtain ¢’ where c-def: (¢ = id-cblinfun ®, ¢’
by blast
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from limit have 1: <limitin cstrong-operator-topology ((Az. z ocr ¢) o f) (Locyr ¢) F»
apply(rule continuous-map-limit[rotated))
by (simp add: continuous-map-right-comp-sot)
from limit have 2: <limitin cstrong-operator-topology ((Az. ¢ ocp z) o f) (¢ ocr 1) F»
apply(rule continuous-map-limit|rotated))
by (simp add: continuous-map-left-comp-sot)
have 3: <fx ocp ¢ = c ooy fx» for z
by (simp add: f-def c-def comp-tensor-op)
from 1 2 show <l ocr ¢ = ¢ oo, Iy
unfolding 3 o-def
by (meson hausdorff-sot limitin-Hausdorff-unique that(3))
qed
then have <[ € range (Aa. a ®, id-cblinfun)
by (simp add: commutant-tensorl’)
then obtain I’ where I-def: <l = I’ ®, id-cblinfuns
by blast
have <limitin cstrong-operator-topology f' 1’ F»
proof (rule limitin-cstrong-operator-topology| THEN iffD2], rule alll)
fix ¢ ix b:: b
have (A\z. fz xy (¥ ®; ket b)) —— | xy (¥ Q4 ket b)) F»
using limitin-cstrong-operator-topology that(2) by auto
then have <((Az. (f' z *y ¢) ®s ket b)) —— (I’ xy ) ®, ket b) F»
by (simp add: f-def I-def tensor-op-ell2)
then have <((Az. (tensor-ell2-right (ket b))x v ((f' z xv ©) ®s ket b))
—— (tensor-ell2-right (ket b))x v ((I' *y ¥) s ket b)) F»
apply (rule cblinfun.tendsto[rotated])
by simp
then show «((Az. f' z xy ) —— ' %y ) F»
by (simp add: tensor-ell2-right-adj-apply)
qed
with closed-U f'U <F # 1) have <’ € U»
by (simp add: Misc-Tensor-Product.limitin-closedin)
then show <[ € (Aa. a ®, id-cblinfun) ¢ U»
by (simp add: I-def)
qged
then show <closedin cstrong-operator-topology ((Aa. a ®, id-cblinfun :: (‘a x 'b) ell2 =¢p,
('a x 'b) ell2) “ U)
apply (rule-tac closedin-if-converge-inside)
by simp-all
qed

lemma id-in-commutant[iff]: <id-cblinfun € commutant A>
by (simp add: commutant-memberl)

lemma double-commutant-hull: <commutant (commutant X) = (AX. commutant (commutant
X)=X) hull X»

by (smt (verit) commutant-antimono double-commutant-grows hull-unique triple-commutant)

lemma commutant-adj-closed: «(\z. © € X = zx € X) = z € commutant X = a* €
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commutant X
by (metis (no-types, opaque-lifting) commutant-adj commutant-antimono double-adj imagel
subset-iff)

lemma double-commutant-Un-left: <commutant (commautant (commutant (commutant X) U Y))
= commutant (commutant (X U Y))

apply (simp add: double-commutant-hull cong: arg-cong[where f=<Hull.hull -)])

using hull-Un-left by fastforce

lemma double-commutant-Un-right: <commutant (commutant (X U commutant (commutant
Y))) = commutant (commutant (X U Y))»
by (metis Un-ac(3) double-commutant- Un-left)

lemma amplification-double-commutant-commute:
<commutant (commutant ((Aa. a ®, id-cblinfun) ¢ X))
= (Aa. a ®, id-cblinfun) ¢ commutant (commutant X)»
— [7], Corollary IV.1.5
proof —
define 7 :: ((‘a ell2 =¢p 'a ell2) = (('a x 'b) ell2 =¢c1 (a x 'b) ell2)y where
(T a = a Q, id-cblinfuny for a
define U :: <'b = 'a ell2 =¢c1 (a x 'b) ell2) where U i = tensor-ell2-right (ket i) for i
= 'b
write commutant (s-'"> [120] 120)
— Notation X’ for X’
write id-cblinfun (<1»)
have x: «(r ‘ X)" C range m for X
proof (rule subsetl)
fix z assume asm: <z € (7 ‘X))
fix t
define y where <y = U tx oo z ocp Ut
have ket (k1) -c (z xy ket (m,n)) = ket (k,0) ¢ (7 y *v ket (m,n))> for ki mn
proof —
have comm: <z ocr, (Uiocr Ujx) = (Uiocr Uj*) oo x» for ij
proof —
have «U i ocp U jx = id-cblinfun ®, butterfly (ket i) (ket j)»
by (simp add: U-def tensor-ell2-right-butterfly)
also have «... € (7 ‘X))
by (simp add: w-def commutant-def comp-tensor-op)
finally show ?thesis
using asm
by (simp add: commutant-def)
qed
have ket (k,0) ¢ (z *y ket (m,n)) = ket k «¢ (U lx xy z %y Un xy ket m))
by (simp add: cinner-adj-right U-def tensor-ell2-ket)

also have (... = ket k -¢ (Ulx xy z xy Un xy Utk xy Ut xy ket m))
using U-def by fastforce
also have «... = ket k «¢ (Ulx xy Un xy Utx xy z xy Ut *xy ket m)

using simp-a-oCL-b'[OF comm]
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by simp
also have (... = of-bool (I=n) * (ket k -¢ (U t* xy © xy Ut *xy ket m))»
using U-def by fastforce
also have «... = of-bool (I=n) * (ket k -¢ (y *v ket m))»
using y-def by force
also have «... = ket (k) -¢ (7 y xv ket (m,n))
by (simp add: w-def tensor-op-ell2 flip: tensor-ell2-ket)
finally show ?thesis
by —
qed
then have x = 7
by (metis cinner-ket-eql equal-ket surj-pair)
then show <z € range m
by simp
qed
have x+: <m ‘(Y ) = (7 *Y)' N range m for Y
using inj-tensor-left[of id-cblinfun]
apply (auto simp add: commutant-def w-def comp-tensor-op
intro!: image-eql)
using injD by fastforce
have 1: «(m “‘X)”" C 7w ‘(X ") for X
proof —
have «(7 “* X)” C (7 * X)” N range m
by (simp add: *)
also have «... C ((w ‘ X)' N range w)’ N range m
by (simp add: commutant-antimono inf.coboundedI1)
also have <... =7 (X ")
by (simp add: *x )
finally show ?thesis
by —
qged

have <z oo y =y ocr » if <x €m (X ") and <y € (7 X)) for z y
proof (intro equal-ket cinner-ket-eql)

fix ij: dax b

from that obtain w where «<w € X ' and z-def: <z = w ®, 1>

by (auto simp: w-def)

obtain i! i2 where i-def: <i = (i1, i2)» by force

obtain jI j2 where j-def: <j = (j1, j2)» by force

define yo where <yg = U i2% ocr y ocr U j2»

have <yg € X %
proof (rule commutant-memberl)
fix z assume <z € X»
then have (z ®, 1 € 7 ‘ X»
by (auto simp: w-def)
have <yg ocr 2 = U i2% ocr y ocr (2 ®, 1) ocr, U j2»
by (auto intro!: equal-ket simp add: yo-def U-def tensor-op-ell2)
also have (... = U i2% oo (2 ®, 1) ocr y ocr U j2»
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using 2 ®, 1 € 7 ‘ X» and <y € (7 ‘X))
apply (auto simp add: commutant-def)
by (simp add: cblinfun-compose-assoc)
also have «... = z oo yo»
by (auto intro!: equal-ket cinner-ket-eql
stmp add: yo-def U-def tensor-op-ell2 tensor-op-adjoint simp flip: cinner-adj-left)
finally show <yg ocr 2 = z ocr Yo*

by —
qed
have <ket i ¢ ((z ocr y) *v ket j) = ket il ¢ (U i2% xy (w Q, 1) xy y xy U j2 *v ket
J1)
by (simp add: U-def i-def j-def tensor-ell2-ket cinner-adj-right x-def)
also have ... = ket il -¢ (U i2% xy (w ®, 1) xy (Ui2 ocp U i2%) xy y xv U j2 =y ket
1)

by (simp add: U-def tensor-ell2-right-butterfly tensor-op-adjoint tensor-op-ell2
flip: cinner-adj-left)

also have «... = ket i1 -¢ (w *xy yo *v ket j1)»
by (simp add: yo-def tensor-op-adjoint tensor-op-ell2 U-def flip: cinner-adj-left)
also have «... = ket il -¢ (yo *xv w xy ket j1)»

using <yo € X h«w e X '
apply (subst (asm) (2) commutant-def)
using lift-cblinfun-comp(4) by force

also have «... = ket il -¢ (U i2% xy y *v (Uj2 ocr U j2x) xy (w @, 1) *y U j2 =y ket
J1)n
by (simp add: yo-def tensor-op-adjoint tensor-op-ell2 U-def flip: cinner-adj-left)
also have «... = ket il ¢ (U i2% xy y *y (w ®, 1) *xy U j2 =y ket j1)»

by (simp add: U-def tensor-ell2-right-butterfly tensor-op-adjoint tensor-op-ell2
flip: cinner-adj-left)
also have ... = ket i -¢ ((y oo ) *v ket j)»
by (simp add: U-def i-def j-def tensor-ell2-ket cinner-adj-right x-def)
finally show <ket i -¢ ((z ocr y) *v ket j) = ket i ¢ ((y ocr x) *v ket j)»
by —
qed
then have 2: «(w ‘X)" D xw ‘(X ')
by (auto intro!: commutant-memberl)
from 1 2 show ?thesis
by (auto simp flip: w-def)
qed

lemma amplification-double-commutant-commute’:
ccommutant (commutant ((Aa. id-cblinfun ®, a) ‘ X))
= (Aa. id-cblinfun ®, a) ¢ commutant (commutant X)»
proof —
have <commutant (commutant ((Aa. id-cblinfun ®, a) ‘ X))
= commutant (commutant (sandwich swap-ell2 * (Aa. a ®, id-cblinfun) * X))
by (simp add: swap-tensor-op-sandwich image-image)

also have «... = sandwich swap-ell2 ¢ commutant (commutant ((Aa. a ®, id-cblinfun) ¢ X))
by (simp add: sandwich-unitary-commutant)
also have «... = sandwich swap-ell2 ‘ (Aa. a ®, id-cblinfun) * commutant (commutant X)»
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by (simp add: amplification-double-commutant-commute)
also have «... = (Aa. id-cblinfun ®, a) © commutant (commutant X)»
by (simp add: swap-tensor-op-sandwich image-image)
finally show ?thesis
by —
qed

lemma commutant-cspan: <commutant (cspan A) = commutant A»
by (meson basic-trans-rules(24) commautant-antimono complez-vector.span-superset cspan-in-double-commutant
dual-order.trans)

lemma double-commutant-grows”: <z € X = ¢ € commutant (commutant X)»
using double-commutant-grows by blast

15.2 Double commutant theorem

fun inflation-op’ :: <nat = (‘a ell2 =cp 'b ell2) list = (‘axnat) ell2 =cp ('bxnat) ell2»
where

<inflation-op’ n Nil = 0
| <inflation-op’ n (a#as) = (a ®, butterfly (ket n) (ket n)) + inflation-op’ (n+1) as

abbreviation <inflation-op = inflation-op’ 0»

fun inflation-state’ :: <nat = 'a ell2 list = ('axnat) ell2> where
<inflation-state’ n Nil = 0»
| <inflation-state’ n (a#as) = (a ®5 ket n) + inflation-state’ (n+1) as

abbreviation <inflation-state = inflation-state’ 0>

fun inflation-space’ :: <nat = 'a ell2 ccsubspace list = (‘axnat) ell2 ccsubspacey where
<inflation-space’ n Nil = 0»
| <inflation-space’ n (S#Ss) = (S ®g cespan {ket n}) + inflation-space’ (n+1) Ss»

abbreviation <inflation-space = inflation-space’ 0>

definition inflation-carrier :: <nat = (‘axnat) ell2 ccsubspacer where
<inflation-carrier n = inflation-space (replicate n T)»

definition inflation-op-carrier :: <nat = ((axnat) ell2 =c ('bxnat) ell2) set> where
<inflation-op-carrier n = { Proj (inflation-carrier n) ocr a ooy, Proj (inflation-carrier n) | a.
True }»

lemma inflation-op-compose-outside: <inflation-op’ m ops ocr (a ®, butterfly (ket n) (ket n))
= 0 if «<n < m»

using that apply (induction ops arbitrary: m)

by (auto simp: cblinfun-compose-add-left comp-tensor-op cinner-ket)

lemma inflation-op-compose-outside-rev: «(a ®, butterfly (ket n) (ket n)) ocr inflation-op’ m
ops = 0y if <n < m»
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using that apply (induction ops arbitrary: m)
by (auto simp: cblinfun-compose-add-right comp-tensor-op cinner-ket)

lemma Proj-inflation-carrier: <Proj (inflation-carrier n) = inflation-op (replicate n id-cblinfun)»
proof —
have ¢Proj (inflation-space’ m (replicate n T)) = inflation-op’ m (replicate n id-cblinfun)» for
m
proof (induction n arbitrary: m)
case (
then show ?case
by simp
next
case (Suc n)
have x: <orthogonal-spaces ((T = 'b ell2 ccsubspace) ®g cespan {ket m}) (inflation-space’
(Suc m) (replicate n T))»
by (auto simp add: orthogonal-projectors-orthogonal-spaces Suc tensor-ccsubspace-via-Proj
Proj-on-own-range is-Proj-tensor-op inflation-op-compose-outside-rev butterfly-is-Proj
simp flip: butterfly-eq-proj)
show ?Zcase
apply (simp add: Suc x Proj-sup)
by (metis (no-types, opaque-lifting) Proj-is-Proj Proj-on-own-range Proj-top
butterfly-eq-proj is-Proj-tensor-op norm-ket tensor-ccsubspace-via-Proj)
qged
then show ?thesis
by (force simp add: inflation-carrier-def)
qed

lemma inflation-op-carrierl:
assumes (Proj (inflation-carrier n) ocr a ocr Proj (inflation-carrier n) = a)
shows «a € inflation-op-carrier n»
using assms by (auto introl: exl[of - a| simp add: inflation-op-carrier-def)

lemma inflation-op-compose: <inflation-op’ n opsl ocy inflation-op’ n ops2 = inflation-op’ n
(map?2 cblinfun-compose opsl ops2)»
proof (induction ops2 arbitrary: opsl n)
case Nil
then show Zcase by simp
next
case (Cons op ops2)
note IH = this
fix opsl :: «('c ell2 =cp b ell2) list
show «inflation-op’ n opsl ocr, inflation-op’ n (op # ops2) =
inflation-op’ n (map2 (ocr) opsl (op # ops2))»
proof (cases opsl)
case Nil
then show ?thesis
by simp
next
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case (Cons a list)
then show ?thesis
by (simp add: cblinfun-compose-add-right cblinfun-compose-add-left tensor-op-ell2
inflation-op-compose-outside comp-tensor-op inflation-op-compose-outside-rev
flip: IH)
qed
qed

lemma inflation-op-in-carrier: <inflation-op ops € inflation-op-carrier ny if <length ops < n»
apply (rule inflation-op-carrierl)
using that
by (simp add: Proj-inflation-carrier inflation-op-carrier-def inflation-op-compose
zip-replicatel zip-replicate? o-def)

lemma inflation-op’-apply-tensor-outside: <n < m = inflation-op’ m as xy (v Qs ket n) = 0»
apply (induction as arbitrary: m)
by (auto simp: cblinfun.add-left tensor-op-ell2 cinner-ket)

lemma inflation-op’-compose-tensor-outside: <n < m = inflation-op’ m as oc, tensor-ell2-right
(ket n) = 0»

apply (rule cblinfun-eql)

by (simp add: inflation-op’-apply-tensor-outside)

lemma inflation-state’-apply-tensor-outside: «<n < m = (a ®, butterfly ¢ (ket n)) *v infla-
tion-state’ m vs = 0»

apply (induction vs arbitrary: m)

by (auto simp: cblinfun.add-right tensor-op-ell2 cinner-ket)

lemma inflation-op-apply-inflation-state: <inflation-op’ n ops *v inflation-state’ n vecs = infla-
tion-state’ n (map2 cblinfun-apply ops vecs)»
proof (induction vecs arbitrary: ops n)
case Nil
then show ?Zcase by simp
next
case (Cons v vecs)
note IH = this
fix ops 2 <('b ell2 =cr 'a ell2) listy
show «inflation-op’ n ops *y inflation-state’ n (v # vecs) =
inflation-state’ n (map2 (xv) ops (v # vecs))
proof (cases ops)
case Nil
then show ?thesis
by simp
next
case (Cons a list)
then show ?thesis
by (simp add: cblinfun.add-right cblinfun.add-left tensor-op-ell2
inflation-op’-apply-tensor-outside inflation-state’-apply-tensor-outside
flip: IH)
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qed
qed

lemma inflation-state-in-carrier: <inflation-state vecs € space-as-set (inflation-carrier n)s if
<length vecs + m < n»

apply (rule space-as-setl-via-Proj)

using that

by (simp add: Proj-inflation-carrier inflation-op-apply-inflation-state zip-replicatel o-def)

lemma inflation-op’-apply-tensor-outside’: <n > length as + m = inflation-op’ m as xy (v Ry
ket n) = 0>

apply (induction as arbitrary: m)

by (auto simp: cblinfun.add-left tensor-op-ell2 cinner-ket)

lemma Proj-inflation-carrier-outside: «Proj (inflation-carrier n) xy (¢ ®g ket i) = 0y if i >
n
by (simp add: Proj-inflation-carrier inflation-op’-apply-tensor-outside’ that)

lemma inflation-state’-is-orthogonal-outside: <n < m = is-orthogonal (a ®s ket n) (inflation-state’
m vs)»

apply (induction vs arbitrary: m)

by (auto simp: cinner-add-right)

lemma inflation-op-adj: «(inflation-op’ n ops)* = inflation-op’ n (map adj ops)»
apply (induction ops arbitrary: n)
by (simp-all add: adj-plus tensor-op-adjoint)

lemma inflation-state0:
assumes (\v. v € set f = v = 0>
shows <inflation-state’ n f = 0»
using assms apply (induction f arbitrary: n)
apply simp
using tensor-ell2-0-left by force

lemma inflation-state-plus:
assumes <length f = length ¢
shows <inflation-state’ n f + inflation-state’ n g = inflation-state’ n (map2 plus f g)
using assms apply (induction f g arbitrary: n rule: list-induct2)
by (auto simp: algebra-simps tensor-ell2-add1)

lemma inflation-state-minus:
assumes <length f = length ¢
shows <inflation-state’ n f — inflation-state’ n g = inflation-state’ n (map2 minus f g)»
using assms apply (induction f g arbitrary: n rule: list-induct2)
by (auto simp: algebra-simps tensor-ell2-diff1)

lemma inflation-state-scaleC"
shows <c x¢ inflation-state’ n f = inflation-state’ n (map (scaleC c) f)»
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apply (induction f arbitrary: n)
by (auto simp: algebra-simps tensor-ell2-scaleC1)

lemma inflation-op-compose-tensor-ell2-right:
assumes (¢ > n» and < < n + length [»
shows <inflation-op’ n f oo tensor-ell2-right (ket i) = tensor-ell2-right (ket i) ocr (f!(i—n))
proof (insert assms, induction f arbitrary: n)
case Nil
then show ?case
by simp
next
case (Cons a f)
show ?Zcase
proof (cases <i = ny)
case True
have «a ®, butterfly (ket n) (ket n) ocr tensor-ell2-right (ket n) = tensor-ell2-right (ket n)
ocrp @
apply (rule cblinfun-eql)
by (simp add: tensor-op-ell2 cinner-ket)
with True show ?thesis
by (simp add: cblinfun-compose-add-left inflation-op’-compose-tensor-outside)
next
case Fulse
with Cons.prems have 1: «Suc n < 7
by presburger
have 2: (a ®, butterfly (ket n) (ket n) ocyr tensor-ell2-right (ket i) = 0>
apply (rule cblinfun-eql)
using False by (simp add: tensor-op-ell2 cinner-ket)
show ?thesis
using Cons.prems 1
by (simp add: cblinfun-compose-add-left Cons.IH|where n=<Suc n»] 2)
qged
qed

lemma inflation-op-apply:
assumes i > n» and < < n + length f»
shows <inflation-op’ n f xy (V¥ ®g ket ©) = (f1(i—n) xy ) ®; ket D
by (simp add: inflation-op-compose-tensor-ell2-right assms
flip: tensor-ell2-right-apply cblinfun-apply-cblinfun-compose)

lemma norm-inflation-state:
(norm (inflation-state’ n f) = sqrt (3. vf. (norm v)?)
proof —
have «(norm (inflation-state’ n f))* = (3. v<f. (norm v)?)
proof (induction f arbitrary: n)
case Nil
then show ?case by simp
next
case (Cons v f)

400



have «(norm (inflation-state’ n (v # £)))? = (norm (v ®s ket n + inflation-state’ (Suc n)
)?
by simp
also have ... = (norm (v ®; ket n))? + (norm (inflation-state’ (Suc n) f))*
apply (rule pythagorean-theorem)
apply (rule inflation-state’-is-orthogonal-outside)

by simp

also have (... = (norm (v ®, ket n))? + (3. v<f. (norm v)?)»
by (simp add: Cons.IH)

also have «... = (norm v)? + (3. v<f. (norm v)?),
by (simp add: norm-tensor-eli2)

also have (... = (3 v<v#f. (norm v)?))
by simp

finally show ?Zcase
by —

qged

then show ?thesis
by (simp add: real-sqrt-unique)
qed

lemma cstrong-operator-topology-in-closure-algebraicl:
— [2], Proposition IX.5.3
assumes space: <csubspace A»
assumes mult: <Naa’. a € A= a'€ A= aocp a’ € A
assumes one: (id-cblinfun € A>
assumes main: <A\n S. S < inflation-carrier n = (\a. a € A = inflation-op (replicate n
a) xg S < 8§) =
inflation-op (replicate n b) xg S < S»
shows <b € cstrong-operator-topology closure-of A»
proof (rule cstrong-operator-topology-in-closurel)
fix F :: ¢/a ell2 set» and ¢ :: real
assume <(finite F» and <« > 0
obtain f where (set f = F» and «<distinct f>
using <finite F'» finite-distinct-list by blast
define n M’ M where «n = length f»
and <M’ = ((\a. inflation-state (map (cblinfun-apply a) f)) < A)»
and (M = ccspan M’
have M-carrier: «M < inflation-carrier n»
proof —
have <M’ C space-as-set (inflation-carrier n)»
by (auto intro!: inflation-state-in-carrier simp add: M'-def n-def)
then show ?thesis
by (simp add: M-def ccspan-leql)
qed

have <inflation-op (replicate n a) xg M < M> if <a € A) for a

proof (unfold M-def, rule cblinfun-image-ccspan-legl)
fix v assume v € M"
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then obtain o’ where <a’ € Ay and v-def: «v = inflation-state (map (cblinfun-apply a’) f)
using M’-def by blast
then have <inflation-op (replicate n a) v v = inflation-state (map ((xv) (a ocr a’)) f)»
by (simp add: v-def n-def inflation-op-apply-inflation-state map2-map-map
flip: cblinfun-apply-cblinfun-compose map-replicate-const)
also have (... € M’
using M'-def <a’ € Ay <a € Ay mult
by simp
also have «... C space-as-set (ccspan M)
by (simp add: ccspan-superset)
finally show <inflation-op (replicate n a) *y v € space-as-set (ccspan M')»
by —
qed
then have b-invariant: <inflation-op (replicate n b) xg M < M)
using M-carrier by (simp add: main)
have f-M: <inflation-state f € space-as-set M»
proof —
have <inflation-state f = inflation-state (map (cblinfun-apply id-cblinfun) f)»
by simp
also have (... € M’
using M’-def one by blast
also have «... C space-as-set M»
by (simp add: M-def ccspan-superset)
finally show ?thesis
by —
qged
have <csubspace M’
proof (rule complez-vector.subspacel )
fixczry
show 0 € M"
apply (auto intro!: image-eql [where xz=0] simp add: M’-def)
apply (subst inflation-state0)
by (auto simp add: space complez-vector.subspace-0)
showxr e M= ye M =z +yec M)
by (auto intro!: image-eql[where z=«- + -]
simp add: M’-def inflation-state-plus map2-map-map
cblinfun.add-left]abs-def] space complex-vector.subspace-add)
show <c x¢c z € M’ if «<x € M’
proof —
from that
obtain a where <a € A> and <z = inflation-state (map ((xv) a) f)
by (auto simp add: M’-def)
then have <c x¢ z = inflation-state (map ((xv) (¢ *¢ a)) f)
by (simp add: inflation-state-scaleC o-def scaleC-cblinfun.rep-eq)
moreover have (¢ x¢c a € A»
by (simp add: <a € A> space complex-vector.subspace-scale)
ultimately show ?Zthesis
unfolding M '-def
by (rule image-eql)
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qed
qed
then have M-closure-M": <space-as-set M = closure M
by (metis M-def ccspan.rep-eq complez-vector.span-eq-iff)
have <inflation-state (map (cblinfun-apply b) f) € space-as-set M»
proof —
have «map2 (xv) (replicate n b) f = map ((xv) b) f>
using map2-map-map[where h=cblinfun-apply and g=id and f=«\-. b» and zs=f]
by (simp add: n-def flip: map-replicate-const)
then have <inflation-state (map (cblinfun-apply b) f) = inflation-op (replicate n b) *y
inflation-state f>»
by (simp add: inflation-op-apply-inflation-state)
also have «... € space-as-set (inflation-op (replicate n b) xg M)»
by (simp add: f-M cblinfun-apply-in-image’)
also have «... C space-as-set M»
using b-invariant less-eq-ccsubspace.rep-eq by blast
finally show ?thesis
by —
qged
then obtain m where <m € M’y and m-close: <norm (m — inflation-state (map (cblinfun-apply
b 1) <o
apply atomize-elim
apply (simp add: M-closure-M’ closure-approachable dist-norm)
using <« > 0) by fastforce
from «m € M"
obtain a where <a € A> and m-def: «<m = inflation-state (map (cblinfun-apply a) f)»
by (auto simp add: M’-def)
have (Y v«f. (norm ((a — b) *y v))?) < &%
proof —
have (3" v f. (norm ((a — b) *v v))?) = (norm (inflation-state (map (cblinfun-apply (a
—B) /)
apply (simp add: norm-inflation-state o-def)
apply (subst real-sqrt-pow?2)
apply (rule sum-list-nonneg)
by (auto simp: sum-list-nonneg)
also have «... = (norm (m — inflation-state (map (cblinfun-apply b) f)))*»
by (simp add: m-def inflation-state-minus map2-map-map cblinfun.diff-left[abs-def])
also have «... < &2
by (simp add: m-close power-mono)
finally show ?thesis
by —
qged
then have «(norm ((a — b) *y v))? < &% if «w € F) for v
using that apply (simp flip: sum.distinct-set-conv-list add: <distinct f»)
by (smt (verit) <finite F» <set f = F» sum-nonneg-leg-bound zero-le-power2)
then show «JacA. VfeF. norm (b — a) xv ) < &
using <0 < € <a € A»
by (metis cblinfun.real. diff-left norm-minus-commaute power2-le-imp-le power-eq-0-iff power-zero-numeral
realpow-pos-nth-unique zero-compare-simps(12))

2
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qed

lemma commutant-inflation:
— One direction of [2], Proposition IX.6.2.
fixes n
defines <A X. commutant’ X = commutant X N inflation-op-carrier n
shows «(\a. inflation-op (replicate n a)) ¢ commutant (commutant A)
C commutant’ (commutant’ ((Aa. inflation-op (replicate n a)) “ A))
proof (unfold commutant’-def, rule subsetl, rule Intl)
fix b
assume <b € (Aa. inflation-op (replicate n a)) * commutant (commutant A)»
then obtain b0 where b-def: <b = inflation-op (replicate n b0)> and b0-A": <b0 € commutant
(commutant A)»
by auto
show «b € inflation-op-carrier n»
by (simp add: b-def inflation-op-in-carrier)
show «b € commutant (commutant ((Aa. inflation-op (replicate n a)) * A) N inflation-op-carrier
n)»
proof (rule commutant-memberl)
fix c
assume <c € commutant ((Aa. inflation-op (replicate n a)) © A) N inflation-op-carrier n
then have c-comm: <¢ € commutant ((Aa. inflation-op (replicate n a)) < A)>
and c-carr: <c € inflation-op-carrier n»
by auto
define ¢’ where ¢’ i j = (tensor-ell2-right (ket ©))x ocr ¢ ocp tensor-ell2-right (ket j)»
for 7 j
have «¢'ijocr a = aocp ¢’ ijif <a € A and i < ny and «j < n» for a i j
proof —
from c-comm have <c ocr, inflation-op (replicate n a) = inflation-op (replicate n a) ocp,
¢
using that by (auto simp: commutant-def)
then have «(tensor-ell2-right (ket i))x ocr, ¢ ocr (inflation-op (replicate n a) ocy ten-
sor-ell2-right (ket j))
= (inflation-op (replicate n (ax)) ocyr (tensor-ell2-right (ket i)))* ocr ¢ ocr
tensor-ell2-right (ket j)»
apply (simp add: inflation-op-adj)
by (metis (no-types, lifting) lift-cblinfun-comp(2))
then show ?thesis
apply (subst (asm) inflation-op-compose-tensor-ell2-right)
apply (simp, simp add: that)
apply (subst (asm) inflation-op-compose-tensor-ell2-right)
apply (simp, simp add: that)
by (simp add: that ¢’-def cblinfun-compose-assoc)
qed
then have (¢’ i j € commutant A> if i < n» and <j < n» for i j
using that by (simp add: commutant-memberl)
with b0-A' have b0-c”: <b0 ocyp, ¢’ ij = c'ijocr b0 if <i < ny and <j < n for i j
using that by (simp add: commutant-def)

404



from c-carr obtain ¢’ where ¢’ <¢ = Proj (inflation-carrier n) ocr ¢ ocr Proj
(inflation-carrier n)»
by (auto simp add: inflation-op-carrier-def)

have c0: <c xy (¢ ®; ket ©) = 0> if i > n) for ¢
using that by (simp add: ¢ Proj-inflation-carrier-outside)
have cadj0: <cx xy (Y ®; ket j) = 0y if <j > n> for j ¢
using that by (simp add: ¢ adj-Proj Proj-inflation-carrier-outside)

have <inflation-op (replicate n b0) ocy, ¢ = ¢ ooy inflation-op (replicate n b0)»
proof (rule equal-ket, rule cinner-ket-eqI)
fix @i jj
obtain ¢’ j’ :: ‘a and i j :: nat where di-def: <ii = (i,i)> and jj-def: <jj = (j',5)
by force
show <ket i - ((inflation-op (replicate n b0) ooy, ¢) *v ket jj) =
ket it <« ((c ocr inflation-op (replicate n b0)) *v ket jj)»
proof (cases <i < n A j<n)
case True
have <ket ii -¢ ((inflation-op (replicate n b0) ocr c) xv ket jj) = ((b0* *y ket i') ®s
ket ©) ¢ (¢ xv ket j' Q4 ket j)»
using True by (simp add: ii-def jj-def inflation-op-adj inflation-op-apply flip: ten-
sor-ell2-inner-prod
flip: tensor-ell2-ket cinner-adj-left[where G=«inflation-op -])
also have «... = (ket i’ ®; ket i) -¢ (¢ xy (b0 *y ket j") ®; ket j)»
using b0-c¢’ apply (simp add: c¢’-def flip: tensor-ell2-right-apply cinner-adj-right)
by (metis (no-types, lifting) True simp-a-oCL-b")
also have «... = ket ii -¢ ((¢ ocr inflation-op (replicate n b0)) *xy ket jj)»
by (simp add: True ii-def jj-def inflation-op-adj inflation-op-apply flip: tensor-ell2-inner-prod
flip: tensor-ell2-ket cinner-adj-left[where G=«inflation-op -])
finally show ?thesis
by —
next
case Fulse
then show ?thesis
apply (auto simp add: ii-def jj-def inflation-op-adj c0 inflation-op’-apply-tensor-outside’
simp flip: tensor-ell2-ket cinner-adj-leftifwhere G=«inflation-op -)])
by (simp add: cadjO flip: cinner-adj-leftfwhere G=c|)
qed
qed
then show (b ocr, ¢ = ¢ oo, b
by (simp add: b-def)
qged
qed

lemma double-commutant-theorem-aux:

— Basically the double commutant theorem, except that we restricted to spaces of the form ‘a
ell2

— [2], Proposition IX.6.4

fixes A :: «((‘a ell2 =¢cr 'a ell2) set
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assumes (csubspace A»
assumes (N\aa. a € A= o' € A= aocp o’ € A
assumes <id-cblinfun € A»
assumes (N\a. a € A = ax € A
shows <commutant (commutant A) = cstrong-operator-topology closure-of A»
proof (intro Set.set-eql iffI)
show «x € commutant (commutant A)» if «x € cstrong-operator-topology closure-of A) for x
using closure-of-minimal commutant-sot-closed double-commutant-grows that by blast
next
show «b € cstrong-operator-topology closure-of A if b-A"": <b € commutant (commutant A)»
for b
proof (rule cstrong-operator-topology-in-closure-algebraicl)
show <csubspace A» and <a € A = a' € A = a oc a’ € A and <id-cblinfun € A» for
aa
using assms by auto
fix n M
assume asm: <a € A = inflation-op (replicate n a) xg M < M) for a
assume M-carrier: <M < inflation-carrier n»
define commutant’ where <commutant’ X = commutant X N inflation-op-carrier ny for X
2 «(("a x nat) ell2 =cr ('a x nat) ell2) set
define An where (An = (\a. inflation-op (replicate n a)) “ A>
have x: <Proj M ocy, (inflation-op (replicate n a) ocy Proj M) = inflation-op (replicate n
a) ocr, Proj M) if <a € A for a
apply (rule Proj-compose-cancell)
using asm that by (simp add: cblinfun-compose-image)
have <Proj M ocy, inflation-op (replicate n a) = inflation-op (replicate n a) ocr Proj M» if
<a € A for a

proof —
have <Proj M ocy, inflation-op (replicate n a) = (inflation-op (replicate n (ax)) ocr Proj
M)
by (simp add: inflation-op-adj adj-Proj)
also have (... = (Proj M oc, inflation-op (replicate n (ax)) ocr, Proj M)x»

apply (subst x[symmetric])
by (simp-all add: that assms flip: cblinfun-compose-assoc)

also have (... = Proj M ocr, inflation-op (replicate n a) ocr Proj M»
by (simp add: inflation-op-adj adj-Proj cblinfun-compose-assoc)
also have «... = inflation-op (replicate n a) oc Proj M>»

apply (subst x[symmetric])
by (simp-all add: that flip: cblinfun-compose-assoc)
finally show ?thesis
by —
qed
then have <Proj M € commutant’ An>
using M-carrier
apply (auto intro!: inflation-op-carrierl simp add: An-def commutant-def commutant’-def)
by (metis Proj-compose-cancell Proj-range adj-Proj adj-cblinfun-compose)
from b-A" have <inflation-op (replicate n b) € commutant’ (commutant’ An)»
using commutant-inflation[of n A, folded commutant’-def]
by (auto simp add: An-def commutant’-def)
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with <Proj M € commutant’ An>
have x: «inflation-op (replicate n b) ocr Proj M = Proj M ocr, inflation-op (replicate n b)»
by (simp add: commutant-def commutant’-def)
show <inflation-op (replicate n b) xg M < M)
proof —
have <inflation-op (replicate n b) xs M = (inflation-op (replicate n b) ocr, Proj M) xg T»
by (metis lift-cblinfun-comp(3) Proj-range)
also have (... = (Proj M ocy, inflation-op (replicate n b)) xg T»
by (simp add: )
also have «... < M»
by (metis lift-cblinfun-comp(8) Proj-image-leq)
finally show ?thesis
by —
qed
qed
qed

lemma double-commutant-theorem-auz2:
— Basically the double commutant theorem, except that we restricted to spaces of typeclass
not-singleton
— [2], Proposition IX.6.4
fixes A :: «(‘a::{chilbert-space,not-singleton} =cr 'a) set>
assumes subspace: <csubspace A>
assumes mult: <Naa’. a € A= a'€ A= aocp a' € A
assumes id: <id-cblinfun € A»
assumes adj: <\a. a € A = ax € A
shows <commutant (commutant A) = cstrong-operator-topology closure-of A»
proof —
define A’ :: «(’a chilbert2ell2 ell2 =1, 'a chilbert2ell2 ell2) set)
where <A’ = sandwich (ell2-to-hilbertx) ¢ A»
have subspace: <csubspace A's
using subspace by (auto intro!: complez-vector.linear-subspace-image simp: A’-def)
have mult: <Na a’. a € A’= a' € A’ = a ocr a’ € A"
using mult by (auto simp add: A’-def sandwich-arg-compose unitary-ell2-to-hilbert)
have id: <id-cblinfun € A’
using id by (auto introl: image-eql simp add: A’-def sandwich-isometry-id unitary-ell2-to-hilbert)
have adj: <\a. a € A’ = ax € A"
using adj by (auto intro!: image-eql simp: A’-def simp flip: sandwich-apply-ady)
have homeo: <homeomorphic-map cstrong-operator-topology cstrong-operator-topology
((*v) (sandwich ell2-to-hilbert))
by (auto intro!: continuous-intros homeomorphic-maps-imp-map[where g=<sandwich (ell2-to-hilbertx)]
simp: homeomorphic-maps-def unitary-ell2-to-hilbert
stmp flip: cblinfun-apply-cblinfun-compose sandwich-compose)
have (commutant (commutant A') = cstrong-operator-topology closure-of A’y
using subspace mult id adj by (rule double-commutant-theorem-aux)
then have (sandwich ell2-to-hilbert ¢ commutant (commutant A’) = sandwich ell2-to-hilbert ¢
(estrong-operator-topology closure-of A')»
by simp
then show ?thesis
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by (simp add: A’-def unitary-ell2-to-hilbert sandwich-unitary-commutant image-image homeo
flip: cblinfun-apply-cblinfun-compose sandwich-compose
homeomorphic-map-closure-of [where Y=cstrong-operator-topology))
qed

lemma double-commutant-theorem:
— [2], Proposition IX.6.4
fixes A :: «(‘a::{chilbert-space} =cp 'a) sets
assumes subspace: <csubspace A»
assumes mult: <Naa’. a € A= a'€ A= aocp a’ € A
assumes id: <id-cblinfun € A>
assumes adj: <\a. a € A = ax € A
shows <commutant (commutant A) = cstrong-operator-topology closure-of A»
proof (cases <UNIV = {0::'a}»)
case True
then have «(z :: ‘a) = 0» for z
by auto
then have UNIV-0: <UNIV = {0 :: "a=cr'a}
by (auto intro!: cblinfun-eql)
have <0 € commutant (commutant A)»
using complex-vector.subspace-0 csubspace-commutant by blast
then have 1: <commutant (commutant A) = UNIV»
using UNIV-0
by force
have <0 € A»
by (simp add: assms(1) complex-vector.subspace-0)
then have (0 € cstrong-operator-topology closure-of A»
by (simp add: assms(1) complex-vector.subspace-0)
then have 2: (cstrong-operator-topology closure-of A = UNIV»
using UNIV-0
by force
from 1 2 show ?thesis
by simp
next
case Fulse
note auz? = double-commutant-theorem-auz2[where ‘a=<'z::{ chilbert-space,not-singleton}»,
rule-format, internalize-sort <'z::{ chilbert-space,not-singleton}]
have hilbert: <class.chilbert-space (xg) (x¢) (+) (0::'a) (=) uminus dist norm sgn uniformity
open (-c¢)»
by (rule chilbert-space-class.chilbert-space-azioms)
from Fulse
have not-singleton: <class.not-singleton TYPE('a)»
by (rule class-not-singletonl-monoid-add)
show ?thesis
apply (rule auz2)
using assms hilbert not-singleton by auto
qed

hide-fact double-commutant-theorem-aux double-commutant-theorem-aux?2

408



lemma double-commutant-theorem-span:
fixes A :: «(‘a::{chilbert-space} =c1 'a) sety
assumes mult: <Naa’. a € A= a'€ A= aocp a’ € A
assumes id: <id-cblinfun € A>
assumes adj: <N\a. a € A = ax € A
shows <commutant (commutant A) = cstrong-operator-topology closure-of (cspan A)»
proof —
have <commutant (commutant A) = commutant (commutant (cspan A)))
by (simp add: commutant-cspan)
also have «... = cstrong-operator-topology closure-of (cspan A)»
apply (rule double-commutant-theorem)
using assms
apply (auto simp: cspan-compose-closed cspan-adj-closed)
using complez-vector.span-clauses(1) by blast
finally show ?thesis
by —
qed

15.3 Von Neumann Algebras

definition one-algebra :: «('a =c 'a::chilbert-space) sety where
cone-algebra = range (Ac. ¢ x¢ id-cblinfun))

definition von-neumann-algebra where von-neumann-algebra A +— (Va€A. ax € A) A com-
mutant (commutant A) = A>

definition von-neumann-factor where <von-neumann-factor A +— von-neumann-algebra A N
A N commutant A = one-algebras

lemma von-neumann-algebral: «(\a. a€ A = ax € A) = commutant (commutant A) C A
= von-neumann-algebra A> for §

apply (auto simp: von-neumann-algebra-def)

using double-commutant-grows by blast

lemma von-neumann-factorl:
assumes (von-neumann-algebra A»
assumes (A N commutant A C one-algebray
shows <von-neumann-factor A»
proof —
have 1: <A D one-algebra>
apply (subst asm-ri[of <A = commutant (commutant A)»])
using assms(1) von-neumann-algebra-def apply blast
by (auto simp: commutant-def one-algebra-def)
have 2: <commutant A O one-algebra»
by (auto simp: commutant-def one-algebra-def)
from 1 2 assms show ?thesis
by (auto simp add: von-neumann-factor-def)
qed
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lemma commutant-UNIV: <commutant (UNIV :: ('a =¢, 'a::chilbert-space) set) = one-algebras

proof —
have 1: <c x¢ id-cblinfun € commutant UNIV» for c
by (simp add: commutant-def)
moreover have 2: <z € range (Ac. ¢ x¢ id-cblinfun)s if x-comm: <x € commutant UNIV» for
z e =cr o
proof —
obtain B :: (‘a sety where (is-onb B»
using is-onb-some-chilbert-basis by blast
have (Jc. z xy ¥ = ¢ x¢ Y for ¢
proof —
have <norm (z xy ) = norm ((x ocp selfbutter (sgn ¥)) *y 1)
by (simp add: cnorm-eq-1)

also have «... = norm ((selfbutter (sgn V) ocr ) *y )
using z-comm by (simp add: commutant-def del: butterfly-apply)
also have «... = norm (proj ¢ *y (z *v ¥))

by (simp add: butterfly-sgn-eq-proj)
finally have «x xy ¥ € space-as-set (cespan {¢})>
by (metis norm-Proj-apply)
then show ?thesis
by (auto simp add: ccspan-finite complex-vector.span-singleton)
qged
then obtain f where f: «x xy ¥ = f ¢ *¢ » for ¢
apply atomize-elim apply (rule choice) by auto

have «f v = f o if «¢ € By and «p € B) for ¢ ¢
proof (cases <) = »)
case True
then show ?thesis by simp
next
case Fulse
with that <is-onb B>
have [simp]: <) -¢c ¢ = O0»
by (auto simp: is-onb-def is-ortho-set-def)
then have [simp]: <p ¢ ¥ = 0>
using is-orthogonal-sym by blast
from that <is-onb B> have [simp]: <) # 0>
by (auto simp: is-onb-def)
from that <is-onb B> have [simp]: «p # 0)
by (auto simp: is-onb-def)

have «f (Y+¢) xc ¥ + [ (U+¢) xc ¢ = [ (V+¢) xo (¥ + ¢
by (simp add: complez-vector.vector-space-assms(1))

also have «... =z xy (¥ + o)
by (simp add: f)
also have «... =z xy ¥ + = xy ¢

by (simp add: cblinfun.add-right)
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also have «... = f ¥ x¢c ¥ + f ¢ x¢
by (simp add: f)
finally have « <f (¢ + @) xc ¥ + f (W + @) xc ¢ = f b *xc b + f o xc ¢
by —
have «f (1) + @) = f
using x[THEN arg-cong[where f=<cinner 1]
by (simp add: cinner-add-right)
moreover have «f (¢ + ¢) = f ¢
using *x[THEN arg-conglwhere f=<cinner ||
by (simp add: cinner-add-right)
ultimately show «f v = f ¢
by simp
qed
then obtain ¢ where <f p = ¢ if < € B) for ¢
by meson
then have <z xy 1 = (¢ *¢ id-cblinfun) xy ¢ if «p € B> for ¢
by (simp add: f that)
then have «x = ¢ x¢ id-cblinfun>
apply (rule cblinfun-eq-gen-eqI[where G=DB])
using <is-onb By by (auto simp: is-onb-def)
then show <z € range (Ac. ¢ *¢ id-cblinfun)>
by (auto)
qed

from 1 2 show %thesis
by (auto simp: one-algebra-def)
qed

lemma von-neumann-algebra-UNIV: <von-neumann-algebra UNIV»
by (auto simp: von-neumann-algebra-def commutant-def)

lemma von-neumann-factor-UNIV: <von-neumann-factor UNIV»
by (simp add: von-neumann-factor-def commutant-UNIV von-neumann-algebra-UNIV)

lemma von-neumann-algebra-UNION:
assumes (A\z. z € X = von-neumann-algebra (A z)»
shows (von-neumann-algebra (commutant (commutant (JzeX. A x)))»
proof (rule von-neumann-algebral)
show <commutant (commutant (commutant (commutant ((JzeX. A z))))
C commutant (commutant ((JzeX. A z))»
by (meson commutant-antimono double-commutant-grows)
next
fix a
assume <a € commutant (commutant ((JzeX. 4 z))»
then have <ax € adj ‘ commutant (commutant (JzeX. A z))»
by simp
also have «... = commutant (commutant ((Jz€X. adj ‘ A x))
by (simp add: commutant-adj image-UN)
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also have «... C commutant (commutant ((Jz€X. A z))»
using assms by (auto simp: von-neumann-algebra-def introl: commutant-antimono)
finally show <ax € commutant (commutant (JzeX. A x))»
by —
qed

lemma von-neumann-algebra-union:

assumes (von-neumann-algebra A»

assumes (von-neumann-algebra B)

shows (von-neumann-algebra (commutant (commutant (A U B)))»

using von-neumann-algebra-UNION [where X=«{True,False}» and A=<\z. if x then A else
By]

by (auto simp: assms Un-ac(3))

lemma von-neumann-algebra-commutant: <von-neumann-algebra (commutant A)» if <von-neumann-algebra
A
proof (rule von-neumann-algebral)

show <ax € commutant A if <a € commutant A> for a

by (smt (verit) Set.basic-monos(7) <von-neumann-algebra Ay commutant-adj commutant-antimono
double-adj image-iff image-subsetl that von-neumann-algebra-def)

show «commutant (commutant (commutant A)) C commutant A »

by simp

qed

lemma von-neumann-algebra-def-sot:
<von-neumann-algebra § +—
(Va€F. ax € F) A csubspace § N (Va€F. VOES. a oo, b € §) A id-cblinfun € F A
closedin cstrong-operator-topology §»
proof (unfold von-neumann-algebra-def, intro iffI conjl; elim conjE; assumption?)
assume comm: <commutant (commutant §) = §
from comm show «<closedin cstrong-operator-topology §»
by (metis commutant-sot-closed)
from comm show <csubspace §»
by (metis csubspace-commutant)
from comm show Va€§. VIEF. a oo, b € §F
using commutant-mult by blast
from comm show <id-cblinfun € §»
by blast
next
assume adj: <V a€F. ax € §
assume subspace: <csubspace §»
assume closed: <closedin cstrong-operator-topology §»
assume mult: <V a€F. VIEF. a oo, b € T
assume id: <id-cblinfun € §»
have <commutant (commutant §) = cstrong-operator-topology closure-of §»
apply (rule double-commutant-theorem)
thm double-commutant-theorem|[of F)
using subspace subspace mult id adj
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by simp-all
also from closed have (... = %
by (simp add: closure-of-eq)
finally show (commutant (commutant §) = §»
by —
qed

lemma double-commutant-hull”:
assumes (A\z. z € X = 2% € X»
shows <commutant (commutant X) = von-neumann-algebra hull X»
proof (rule antisym)
show <commutant (commutant X) C von-neumann-algebra hull X»
apply (subst double-commutant-hull)
apply (rule hull-antimono)
by (simp add: von-neumann-algebra-def)
show (von-neumann-algebra hull X C commutant (commutant X))
apply (rule hull-minimal)
by (simp-all add: von-neumann-algebra-def assms commutant-adj-closed)
qed

lemma commutant-one-algebra: <commutant one-algebra = UNIV»
by (metis commutant-UNIV commutant-empty triple-commutant)

definition tensor-vn (infixr ®,x 70) where
<tensor-vn X Y = commutant (commutant ((Aa. a ®, id-cblinfun) < X U (Aa. id-cblinfun ®,
a) ‘Y)p

lemma von-neumann-algebra-adj-image: <von-neumann-algebra X = adj ‘ X = X»
by (auto simp: von-neumann-algebra-def introl: image-eql [where z=<-x)])

lemma von-neumann-algebra-tensor-vn:
assumes <von-neumann-algebra X»
assumes (von-neumann-algebra Y
shows <von-neumann-algebra (X Q,n Y)»
proof (rule von-neumann-algebral)
have <adj ‘ (X @,n Y) = commutant (commutant (Aa. a ®, id-cblinfun) ‘adj * X U (Aa.
id-cblinfun ®, a) “adj * Y))
by (simp add: tensor-vn-def commutant-adj image-image image-Un tensor-op-adjoint)
also have «... = commutant (commutant ((Aa. a ®, id-cblinfun) * X U (Aa. id-cblinfun ®,
a) ‘Y)p
using assms by (simp add: von-neumann-algebra-adj-image)
also have ... = X ®,ny Y
by (simp add: tensor-vn-def)
finally show <ax € X ®,ny Y» if <a € X ®,n Y for a
using that by blast
show (commutant (commutant (X Q,n Y)) C X @,y ¥
by (simp add: tensor-vn-def)
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qed

lemma tensor-vn-one-one[simpl: <one-algebra ®, N one-algebra = one-algebra)
apply (simp add: tensor-vn-def one-algebra-def image-image
tensor-op-scaleC-left tensor-op-scale C-right)
by (simp add: commutant-one-algebra commutant-UNIV flip: one-algebra-def)

lemma sandwich-swap-tensor-vn: <sandwich swap-ell2 * (X Qy,n Y) =Y Q,n X»
by (simp add: tensor-vn-def sandwich-unitary-commautant image-Un image-image Un-commute)

lemma tensor-vn-one-left: <one-algebra @, X = (Az. id-cblinfun ®, ) * X> if <von-neumann-algebra
X»
proof —
have <one-algebra @,y X = commutant
(commutant ((Aa. id-cblinfun ®, a) ‘ X))
apply (simp add: tensor-vn-def one-algebra-def image-image)
by (metis (no-types, lifting) Un-commute Un-empty-right commutant-UNIV commutant-empty
double-commutant- Un-right image-cong one-algebra-def tensor-id tensor-op-scaleC-left)

also have «... = (Aa. id-cblinfun ®, a) ‘ commutant (commutant X)»
by (simp add: amplification-double-commutant-commute”)
also have «... = (\a. id-cblinfun ®, a) * X»

using that von-neumann-algebra-def by blast
finally show ?thesis
by —
qed
lemma tensor-vn-one-right: <X ®,n one-algebra = (Az. x ®, id-cblinfun) ‘ X if (von-neumann-algebra
X»
proof —
have (X ®,n one-algebra = sandwich swap-ell2 * (one-algebra @,n X)»
by (simp add: sandwich-swap-tensor-vn)

also have «... = sandwich swap-ell2  (Az. id-cblinfun @, z) * X»
by (simp add: tensor-vn-one-left that)
also have «... = (A\z. z ®, id-cblinfun) ‘ X

by (simp add: image-image)
finally show ?thesis
by —
qed

lemma double-commutant-in-vn-algl: <commutant (commutant X) C Y)
if <von-neumann-algebra V> and <X C Y»
by (metis commutant-antimono that(1) that(2) von-neumann-algebra-def)

lemma von-neumann-algebra-compose:
assumes <von-neumann-algebra M>
assumes x € M»> and y € M)
shows «x ocr, y € M>»
using assms apply (auto simp: von-neumann-algebra-def commutant-def)
by (metis (no-types, lifting) assms(1) commutant-mult von-neumann-algebra-def)
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lemma von-neumann-algebra-id:
assumes <von-neumann-algebra M>
shows <id-cblinfun € M>
using assms by (auto simp: von-neumann-algebra-def)

lemma tensor-vn-UNIV[simp]: <UNIV ®,n UNIV = (UNIV :: (("ax'd) ell2 =¢ -) set)
proof —
have ((UNIV ®,n UNIV :: (("lax'd) ell2 =¢y, -) set) =
commutant (commutant (range (Aa. a ®, id-cblinfun) U range (Aa. id-cblinfun ®, a)))»
(is - = 7rhs)
by (simp add: tensor-vn-def commutant-cspan)
also have ... 2 commutant (commutant {a ®, b |a b. True})> (is - 2 ...»)
proof (rule double-commutant-in-vn-algl)
show vn: <von-neumann-algebra ?rhs»
by (metis calculation von-neumann-algebra- UNIV von-neumann-algebra-tensor-vn)
show ({a ®, b |(a :: ‘a ell2 =cp -) (b b ell2 =cr -). True} C ?rhs
proof (rule subsetl)
fix z :: <("a x 'b) ell2 =cr ('a x 'b) ell2)
assume <z € {a ®, b |a b. True}
then obtain a b where <z = a ®, b
by auto
then have <z = (a ®, id-cblinfun) ocy, (id-cblinfun ®, b)»
by (simp add: comp-tensor-op)
also have «... € ?rhs
proof —
have <a ®, id-cblinfun € %rhs)
by (auto intro!: double-commutant-grows’)
moreover have <id-cblinfun ®, b € ?rhs»
by (auto intro!: double-commutant-grows”)
ultimately show ?thesis
using commutant-mult by blast

qed
finally show <z € ?rhs»
by —
qged
qged
also have «... = cstrong-operator-topology closure-of (cspan {a ®, b |a b. True})

apply (rule double-commutant-theorem-span)
apply (auto simp: comp-tensor-op tensor-op-adjoint)

using tensor-id[symmetric] by blast+

also have «... = UNIV)
using tensor-op-dense by blast

finally show ?thesis
by auto

qed

unbundle no cblinfun-syntax
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end

16  Tensor-Product-Code — Support for code generation

theory Tensor-Product-Code
imports Hilbert-Space-Tensor-Product
Complez-Bounded-Operators. Cblinfun-Code
begin

Automatic evaluation of formulas involving finite dimensional tensor products. Builds
upon Complex-Bounded-Operators. Cblinfun-Code and reduces computations to the ex-
isting procedures from Jordan_Normal_Form.

unbundle cblinfun-syntaz and jnf-syntaz
hide-const (open) Finite-Cartesian-Product.vec
hide-const (open) Finite-Cartesian-Product.mat

definition tensor-pack :: nat = nat = (nat X nat) = nat
where tensor-pack X Y = (A(z, y). % Y + y)

definition tensor-unpack :: nat = nat = nat = (nat X nat)
where tensor-unpack X Y zy = (zy div Y, zy mod Y)

lemma tensor-unpack-ing:
assumes | < Ax Band j < A x B
shows tensor-unpack A B i = tensor-unpack A Bj+— ¢ =]
by (metis div-mult-mod-eq prod.sel(1) prod.sel(2) tensor-unpack-def)

lemma tensor-unpack-bound1[simp: ¢ < A * B = fst (tensor-unpack A B i) < A
unfolding tensor-unpack-def
by (auto intro!: less-mult-imp-div-less)

lemma tensor-unpack-bound2[simpl: i < A * B = snd (tensor-unpack A B i) < B
unfolding tensor-unpack-def
by (auto intro!: mod-less-divisor Nat.grOI)

lemma tensor-unpack-fstfst: <fst (tensor-unpack A B (fst (tensor-unpack (A * B) C1)))
= fst (tensor-unpack A (B x C) i)»
unfolding tensor-unpack-def by (auto simp flip: div-mult2-eq simp: mult.commute)
lemma tensor-unpack-sndsnd: <snd (tensor-unpack B C (snd (tensor-unpack A (B x C) 7)))
= snd (tensor-unpack (A x B) Ci)»
unfolding tensor-unpack-def by (auto simp: mod-mod-cancel)
lemma tensor-unpack-fstsnd: <fst (tensor-unpack B C (snd (tensor-unpack A (B x C) 1)))
= snd (tensor-unpack A B (fst (tensor-unpack (A * B) C 7))
unfolding tensor-unpack-def
by (cases <C = 0») (simp-all add: mult.commute [of B C] mod-mult2-eq [of i C' B])

definition tensor-state-jnf ¢ ¢ = (let d1 = dim-vec ¢ in let d2 = dim-vec @ in
vec (d1%d2) (Ai. let (i1,i2) = tensor-unpack d1 d2 i in (vec-index 1) il) * (vec-index ¢ i2)))
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lemma tensor-state-jnf-dim[simp]: <dim-vec (tensor-state-jnf b @) = dim-vec ¥ * dim-vec )
unfolding tensor-state-jnf-def Let-def by simp

lemma enum-prod-nth-tensor-unpack:
assumes ({ < CARD('a) x CARD('b)»
shows (Enum.enum ! i :: 'a::enumXx 'b::enum) =
(let (i1,i2) = tensor-unpack CARD('a) CARD('b) i in
(Enum.enum | i1, Enum.enum ! i2))
using assms
by (simp add: enum-prod-def product-nth tensor-unpack-def)

lemma vec-of-basis-enum-tensor-state-index:
fixes ¢ :: <az:enum ell2> and ¢ :: (b:enum ell2>
assumes [simp]: <i < CARD('a) x CARD('b)»
shows <vec-of-basis-enum (¢ ®s @) $ i = (let (i1,i2) = tensor-unpack CARD(’a) CARD('D)
iin
vec-of-basis-enum 1 $ i1 x vec-of-basis-enum ¢ $ i2)»
proof —
define if i2 where il = fst (tensor-unpack CARD('a) CARD('D) i)
and i2 = snd (tensor-unpack CARD('a) CARD('D) 1)
have [simp]: il < CARD('a) i2 < CARD(’b)
using assms i1-def tensor-unpack-boundl apply presburger
using assms i2-def tensor-unpack-bound2 by presburger

have (vec-of-basis-enum (Y @5 p) $ i = Rep-ell2 (¢ ®; ¢) (enum-class.enum ! )
by (simp add: vec-of-basis-enum-ell2-component)

also have «... = Rep-ell2 ¢ (Enum.enum!il) x Rep-ell2 ¢ (Enum.enum!i2))
apply (transfer fizing: i il i2)
by (simp add: enum-prod-nth-tensor-unpack case-prod-beta i1-def i2-def)

also have (... = vec-of-basis-enum 1 $ il * vec-of-basis-enum ¢ $ i2»
by (simp add: vec-of-basis-enum-ell2-component)

finally show ?thesis
by (simp add: case-prod-beta i1-def i2-def)

qed

lemma vec-of-basis-enum-tensor-state:

fixes 1 :: <a:enum ell2y and ¢ :: b:enum ell2>

shows <vec-of-basis-enum (Y Q5 @) = tensor-state-jnf (vec-of-basis-enum 1) (vec-of-basis-enum
©)

apply (rule eg-vecl, simp-all)

apply (subst vec-of-basis-enum-tensor-state-index, simp-all)

by (simp add: tensor-state-jnf-def case-prod-beta Let-def)

lemma mat-of-cblinfun-tensor-op-index:
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fixes a :: (a:zenum ell2 =cr 'biienum ell2y and b :: (ci:ienum ell2 =c1 'diienum ell2)»
assumes [simp]: <i < CARD('b) x CARD('d)»
assumes [simp]: <j < CARD('a) x CARD('c)»
shows (mat-of-cblinfun (tensor-op a b) $$ (i,5) =
(let (i1,i2) = tensor-unpack CARD('b) CARD('d) i in
let (j1,j2) = tensor-unpack CARD('a) CARD('c) j in
mat-of-cblinfun a $$ (i1,j1) * mat-of-cblinfun b $$ (i2,52))»
proof —
define i1 i2 j1 j2
where i1 = fst (tensor-unpack CARD('b) CARD('d) 1)
and i2 = snd (tensor-unpack CARD(’b) CARD('d) 1)
and jI = fst (tensor-unpack CARD('a) CARD('c) j)
and j2 = snd (tensor-unpack CARD('a) CARD('c) j)
have [simp]: i1 < CARD('b) i2 < CARD(’d) j1 < CARD('a) j2 < CARD(’c)
using assms i1-def tensor-unpack-boundl apply presburger
using assms i2-def tensor-unpack-bound2 apply blast
using assms(2) jl-def tensor-unpack-bound! apply blast
using assms(2) j2-def tensor-unpack-bound2 by presburger

have (mat-of-cblinfun (tensor-op a b) $3$ (i,7)
= Rep-ell2 (tensor-op a b xy ket (Enum.enum!j)) (Enum.enum ! )
by (simp add: mat-of-cblinfun-ell2-component)
also have (... = Rep-ell2 ((a xv ket (Enum.enum!jl)) ®s (b xy ket (Enum.enum!j2)))
(Enum.enum!i)»
by (simp add: tensor-op-ell2 enum-prod-nth-tensor-unpack[where i=j| Let-def case-prod-beta
j1-def[symmetric] j2-def[symmetric] flip: tensor-ell2-ket)

also have «... = vec-of-basis-enum ((a *y ket (Enum.enum!jl)) ®s b *y ket (Enum.enum!j2))
$ 0
by (simp add: vec-of-basis-enum-ell2-component)
also have (... = vec-of-basis-enum (a *y ket (enum-class.enum ! j1)) $ il =

vec-of-basis-enum (b xy ket (enum-class.enum ! j2)) $ i2»
by (simp add: case-prod-beta vec-of-basis-enum-tensor-state-index i1-def [symmetric] i2-def [symmetric])
also have «... = Rep-ell2 (a *v ket (enum-class.enum ! j1)) (enum-class.enum ! i1) *
Rep-ell2 (b v ket (enum-class.enum ! j2)) (enum-class.enum ! i2)»
by (simp add: vec-of-basis-enum-ell2-component)
also have (... = mat-of-cblinfun a $3$ (i1, j1) * mat-of-cblinfun b $$ (i2, j2)»
by (simp add: mat-of-cblinfun-ell2-component)
finally show ?thesis
by (simp add: il-def[symmetric] i2-def[symmetric] jl1-def[symmetric] j2-def][symmetric]
case-prod-beta)
qed

definition tensor-op-jinf A B =
(let r1 = dim-row A in
let ¢1 = dim-col A in
let r2 = dim-row B in
let ¢2 = dim-col B in
mat (r1 * r2) (c1 * c2)
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(A(2,9). let (i1,i2) = tensor-unpack r1 12 % in
let (j1,j2) = tensor-unpack c1 ¢2 j in
(A 88 (i1,j1)) * (B 83 (i2,j2))))

lemma tensor-op-jnf-dim[simp):
<dim-row (tensor-op-jnf a b) = dim-row a * dim-row b»
<dim-col (tensor-op-jnf a b) = dim-col a x dim-col b
unfolding tensor-op-jnf-def Let-def by simp-all

lemma mat-of-cblinfun-tensor-op:
fixes a :: (a:zenum ell2 =cr 'biienum ell2y and b :: (ci:ienum ell2 =c1 'diienum ell2)»
shows (mat-of-cblinfun (tensor-op a b) = tensor-op-jnf (mat-of-cblinfun a) (mat-of-cblinfun
b)
apply (rule eq-matl, simp-all add: canonical-basis-length)
apply (subst mat-of-cblinfun-tensor-op-index, simp-all)
by (simp add: tensor-op-jnf-def case-prod-beta Let-def canonical-basis-length)

lemma mat-of-cblinfun-assoc-ell2[simp]:

<mat-of-cblinfun (assoc-ell2x :: (('a::enumx ('b::enumx’c::enum)) ell2 =cyp -)) = one-mat
(CARD('a)x* CARD('b)x CARD('c))»

(is mat-of-cblinfun ?assoc = -)
proof (rule mat-eq-iff[THEN iffD2], intro conjl alll impI)

show «dim-row (mat-of-cblinfun ?assoc) =
dim-row (1., (CARD('a) * CARD('d) * CARD('c)))»
by (simp add: canonical-basis-length)

show «dim-col (mat-of-cblinfun ?assoc) =
dim-col (1., (CARD('a) x CARD('b) * CARD(’c)))»
by (simp add: canonical-basis-length)

fix ij
let 2i = Enum.enum ! i ((‘lax’d)x’c) and 2j = Enum.enum ! j :: ("lax('bx’c))

assume <i < dim-row (1, (CARD('a) * CARD('b) x CARD('c)))»

then have iB[simp|: <i < CARD('a) x CARD('b) * CARD(’c)) by simp
then have iB/[simp|: <i < CARD('a) x (CARD('b) x CARD('c))» by linarith
assume <j < dim-col (1, (CARD('a) x CARD('b) x CARD('c)))»

then have jB[simp]: <j < CARD(’a) x CARD(’b) x CARD('c)> by simp
then have jB'[simp]: <j < CARD('a) * (CARD(’b) x CARD('c))» by linarith

define i1 i23 i2 i3
where i1 = fst (tensor-unpack CARD('a) (CARD('b)xCARD('c)) i)
and 23 = snd (tensor-unpack CARD('a) (CARD('b)xCARD(’c)) i)
and 2 = fst (tensor-unpack CARD(’b) CARD('c) i23)
and i3 = snd (tensor-unpack CARD('b) CARD('c) i23)
define j12 j1 j2 j3
where j12 = fst (tensor-unpack (CARD('a)xCARD('b)) CARD('c) )
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and jI = fst (tensor-unpack CARD('a) CARD('b) j12)
and j2 = snd (tensor-unpack CARD('a) CARD('b) j12)
and j3 = snd (tensor-unpack (CARD('a)xCARD(’'b)) CARD('c) )

have [simp]: j12 < CARD('a)xCARD(’b) i23 < CARD(’b)* CARD('c)
using j12-def jB tensor-unpack-boundl apply presburger
using i23-def iB’ tensor-unpack-bound2 by blast

have j1 " «fst (tensor-unpack CARD('a) (CARD(’b) x CARD('c)) j) = jI»
by (simp add: j1-def j12-def tensor-unpack-fstfst)

let ?i1 = Enum.enum ! il :: 'a and 22 = Fnum.enum ! i2 :: 'b and %i3 = Enum.enum ! i3
e
let %j1 = Enum.enum ! j1 :: 'a and 2j2 = Fnum.enum ! j2 :: 'b and %j3 = Enum.enum ! j3
e
have i: «%i = ((%i1,%i2),%13)»
by (auto simp add: enum-prod-nth-tensor-unpack case-prod-beta
tensor-unpack-fstfst tensor-unpack-fstsnd tensor-unpack-sndsnd i1-def i2-def 123-def
i3-def)
have j: %] = (%j1,(%j2,%j3))»
by (auto simp add: enum-prod-nth-tensor-unpack case-prod-beta
tensor-unpack-fstfst tensor-unpack-fstsnd tensor-unpack-sndsnd j1-def j2-def j12-def j3-def)
have ijeq: «(%i1,%i2,%i3) = (2j1,2j2,9j3) < i = j»
unfolding i1-def i2-def i3-def j1-def j2-def j3-def apply simp
apply (subst enum-inj, simp, simp)
apply (subst enum-inj, simp, simp)
apply (subst enum-inj, simp, simp)
apply (subst tensor-unpack-inj[symmetric, where i=i and j=j and A=CARD('a) and
B=CARD('b)* CARD('c)], simp, simp)
unfolding prod-eq-iff
apply (subst tensor-unpack-inj[symmetric, where i=<snd (tensor-unpack CARD('a) (CARD('b)
x CARD('c)) i)» and A=CARD('b) and B=CARD('c)], simp, simp)
by (simp add: il-def[symmetric] j1-def[symmetric] i2-def[symmetric] j2-def][symmetric]
i3-def[symmetric] j3-def [symmetric]
i23-def[symmetric] j12-def[symmetric] j1’
prod-eq-iff tensor-unpack-fstsnd tensor-unpack-sndsnd)

have (mat-of-cblinfun ?assoc 8% (i, j) = Rep-ell2 (assoc-ell2x xy ket 2§) 20>
by (subst mat-of-cblinfun-ell2-component, auto)

also have «... = Rep-ell2 ((ket 21 ®; ket 2j2) ®s ket 2j3) %i>
by (simp add: j assoc-ell2’-tensor flip: tensor-ell2-ket)

also have «... = (if (%i1,%i2,%i8) = (%j1,2j2,%2j3) then 1 else 0)»
by (auto simp add: ket.rep-eq i tensor-ell2-ket)

also have «... = (if i=j then 1 else 0)»
using ijeq by simp

finally

show «mat-of-cblinfun ?assoc $$ (i, j) =

1m (CARD('a) + CARD('b) * CARD('c)) $$ (i, j)»
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by auto
qed

lemma mat-of-cblinfun-assoc-ell2[simp]:

<mat-of-cblinfun (assoc-ell2 :: ((('a::enumx’b:enum)X’c::enum) ell2 =cp -)) = one-mat
(CARD('a)* CARD('b)xCARD('c))»

(is mat-of-cblinfun ?assoc = -)
proof —

let Zassoc’ = assoc-ell2x :: (('a::enumX ('b::enumx’c::enum)) ell2 =c, -)

have one-mat (CARD('a)x CARD('b)x CARD('c)) = mat-of-cblinfun (%assoc ocy ?assoc’)

by (simp add: mult.assoc mat-of-cblinfun-id)

also have (... = mat-of-cblinfun ?assoc * mat-of-cblinfun ?assoc’s
using mat-of-cblinfun-compose by blast

also have (... = mat-of-cblinfun ?assoc x one-mat (CARD('a)x CARD('b)x CARD('c))»
by simp

also have «... = mat-of-cblinfun ?assoc»

apply (rule right-mult-one-mat’)
by (simp add: canonical-basis-length)
finally show ?thesis
by simp
qed

unbundle no cblinfun-syntax and no jnf-syntaz

end
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