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Abstract

In this paper, we present an Isabelle/HOL formalization of noncommu-
tative and nonassociative algebraic structures known as gyrogroups and
gyrovector spaces. These concepts were introduced by Abraham A. Un-
gar [1] and have deep connections to hyperbolic geometry and special
relativity. Gyrovector spaces can be used to define models of hyper-
bolic geometry. Unlike other models, gyrovector spaces offer the ad-
vantage that all definitions exhibit remarkable syntactical similarities
to standard Euclidean and Cartesian geometry (e.g., points on the line
between a and b satisfy the parametric equation a ® t @ (6a @ b),
for t € R, while the hyperbolic Pythagorean theorem is expressed as
a? @ b? = c?, where ®, @, and © represent gyro operations).

We begin by formally defining gyrogroups and gyrovector spaces
and proving their numerous properties. Next, we formalize Mobius
and Einstein models of these abstract structures (formulated in the
two-dimensional, complex plane), and then demonstrate that these
are equivalent to the Poincaré and Klein-Beltrami models, satisfying
Tarski’s geometry axioms for hyperbolic geometry.

Contents

theory GyroGroup
imports Main
begin

class gyrogroupoid =
fixes gyrozero :: 'a (0,)
fixes gyroplus :: 'a = 'a = 'a (infixl & 100)
begin
definition gyroaut :: (‘a = 'a) = bool where
gyroaut f <—
VMab.fadb)=fadfb)A
bij f
end



class gyrogroup = gyrogroupoid +
fixes gyroinv :: 'a = 'a (O)
fixes gyr : 'a = 'a = 'a = 'a
assumes gyro-left-id [simp]: \ a. 043 ® a = a
assumes gyro-left-inv [simp]: \ a. Sa & a = 0,
assumes gyro-left-assoc: N abz. a ® (b ® 2) = (a®b) ® (gyra b 2)
assumes gyr-left-loop: \ a b. gyr a b = gyr (a ® b) b
assumes gyr-gyroaut: /\ a b. gyroaut (gyr a b)
begin

definition gyrominus :: 'a = ‘a = ’a (infixl &, 100) where
aS,b=0a® (©h)

end

context gyrogroup
begin

lemma gyr-distrib [simp):
gurab(z@y)=gyrabr® gyradby
(proof )

lemma gyr-ingj:
assumes gyra bx = gyra by
shows z =y

{proof)

Def 2.7, (2.2)
definition cogyroplus (infixr @, 100) where
a@cb=10a® (gyra (Sb) b)

definition cogyrominus :: ‘a = ‘a = ‘a (infixl ©., 100) where
a S b=10a®: ()

definition cogyroinv (©.) where
Cca=04 O a
Thm 2.8, (1)

lemma gyro-left-cancel:
assumes a ® b=a D ¢
shows b = ¢

(proof)
Thm 2.8, (2)

definition gyro-is-left-id where
gyro-is-left-id z +— (V z. z @ © = x)

lemma gyro-is-left-id-0 [simp):



shows gyro-is-left-id 0,
(proof)

lemma gyr-id-1"
assumes gyro-is-left-id z
shows gyr z a = id
{proof )

lemma gyr-id-1 [simp]:
shows gyr 0, a = id
(proof )

Thm 2.8, (3)

definition gyro-is-left-inv where
gyro-is-left-inv x a <— v ® a = O,

definition gyro-is-right-inv where
gyro-is-right-inv  a <— a ® = = 0,

lemma gyro-is-left-inv [simp]:
shows gyro-is-left-inv (©a) a
(proof )

lemma gyr-inv-1"
assumes gyro-is-left-inv = a
shows gyr z a = id
{proof )

lemma gyr-inv-1 [simp]:
shows gyr (©a) a = id
{proof )

Thm 2.8, (4)

lemma gyr-id [simp]:
shows gyr a a = id
{proof )

Thm 2.8, (5)

lemma gyro-right-id [simpl:
shows a ® 0, = a
(proof)

lemma gyro-inv-id [simp]: © 04 = 04
{proof)
Thm 2.8, (6)

lemma gyro-left-id-unique:
assumes gyro-is-left-id z
shows z = 0,



(proof)
Thm 2.8, (7)

lemma gyro-left-inv-right-inv:
assumes gyro-is-left-inv = a
shows gyro-is-right-inv © a
(proof)

lemma gyro-rigth-inv [simp):
shows ¢ ® (©a) = 0,
(proof )

Thm 2.8, (8)

lemma
assumes gyro-is-left-inv x a
shows z = Oa
(proof )

Thm 2.8, (9)

lemma gyro-left-cancel’:
shows © a ® (a ® b) = b
(proof)

Thm 2.8, (10)
lemma gyr-def:
shows gyrabz =9 (a ®b) ® (a ® (b D 1))
(proof)

Thm 2.8, (11)

lemma gyr-id-3:
shows gyra b 04 = 0,
(proof )

Thm 2.8, (12)

lemma gyr-inv-3:
shows gyr a b (©z) = © (gyr a b x)
{proof)

Thm 2.8, (13)

lemma gyr-id-2 [simp]:
shows gyr a 0, = id
{proof )

lemma gyr-distrib-gyrominus:
shows gyrab (¢ &y d) = gyrabcSp gyradd

{proof)

lemma gyro-inv-idem [simp]:
shows © (© a) = a



(proof )
lemma gyr-inv-2 [simpl:

shows gyr a (© a) = id
(proof)

(2.3.a)

lemma cogyro-left-id:
shows 0y ®©. a = a
(proof )

(2.3.b)

lemma cogyro-rigth-id:
shows a ®. 04 = a
(proof )

(2.4)

lemma cogyrominus:
shows a ©., b=0a Sy gyra b b

(proof)
(2.7)

lemma cogyro-right-inv:
shows a &, (6. a) = 0,
{proof )

(2.6)

lemma cogyro-left-inv:
shows (6. a) &, a = 0,
(proof)

(2.8)

lemma cogyro-gyro-inv:
shows &, a = © a
(proof)

Thm 2.9, (2.9)

lemma gyr-nested-1:

shows gyr a (b @ ¢) o gyrbc = gyr (a ® b) (gyr a b ¢) o gyr a b (is ?lhs =
2rhs)
(proof)

Thm 2.9, (2.15)

lemma gyr-nested-1":
shows gyr (a ® b) (& (gyr a b b)) o gyr a b = id
(proof)

Thm 2.9, (2.10)

lemma gyr-nested-2:



shows gyr a (& (gyr a b b)) o gyra b =id
(proof )

Thm 2.9, (2.11)

lemma gyr-auto-id1:
shows gyr (© a) (a ® b) o gyra b =id
{proof)

Thm 2.9, (2.12)

lemma gyr-auto-id2:
shows gyr b (a @ b) o gyr a b = id
(proof )

Thm 2.10, (2.18)

lemma gyro-plus-def-co:
shows a & b=a ®. gyra b b
(proof)

Thm 2.11, (2.21)

lemma gyro-polygonal-addition-lemma:
shows (6 a@b) @ gyr (Ca)b(Bbdc)=6ad ¢
(proof)

Thm 2.12, (2.23)
lemma gyro-translation-1:

shows © (©a ® b)) ® (©a @ ¢) = gyr (© a) b (Sb @ ¢)
(proof)

Thm 3.13, (3.33a)

lemma gyro-translation-2a:
shows © (a @ b) ® (a ® ¢) =gyrabd (b D ¢)
{proof)

definition gyro-polygonal-add (#,) where
Gpabec=(Gadb)dgyr(©a)db(Ebdc)

Thm 2.15, (2.34, 2.35)
lemma gyro-equation-right:

showsa s =b+— 2 =S0a® b
(proof )

Thm 2.15, (2.36, 2.37)

lemma gyro-equation-left:
showszt®a=b+—>2=06S. a
(proof )

lemma oplus-ominus-cancel [simp):
shows y =z ® (© 2z ® y)
{proof)



(2.39)

lemma cogyro-right-cancel’:
shows (b Scp a) B a=b
(proof )

(2.40)
lemma gyro-right-cancel’-dual:

shows (b ©p a) B, a=b
(proof)

Thm 2.19 (2.48)

lemma gyroaut-gyr-commute-lemma:

assumes gyroaut A

shows A o gyra b= gyr (A a) (Ab) o A (is ?lhs = %rhs)
(proof)

Thm 2.20

lemma gyroaut-gyr-commute:

assumes gyroaut A

shows gyrab=gyr (Aa) (Ab)«— Aogyrab=gyrabo A
(proof )

2.50

lemma gyr-commute-misc-1:
shows gyr (gyr a b a) (gyr a b b) = gyra b

(proof )
Thm 2.21 (2.52)
definition

cogyroaut f <— (Va b. f (a ®. b) = fa ®. fb) A bijf)

lemma gyro-coaut-iff-gyro-aut:
shows gyroaut f «— cogyroaut f

(proof)
Thm 2.25, (2.76)

lemma gyroplus-inv:
shows © (a ® b) = gyra b (& b Sy a)
{proof)

Thm 2.25, (2.77)

lemma inv-gyr:
shows inv (gyr a b) = gyr (©b) (©a)
(proof)

Thm 2.26, (2.86)

lemma gyr-aut-inv-1:
shows inv (gyr a b) = gyr a (© (gyr a b b))



{proof )
Thm 2.26, (2.87)
lemma gyr-aut-inv-2:
shows inv (gyr a b) = gyr (& a) (a ® b)
{proof )

Thm 2.26, (2.88)

lemma gyr-aut-inv-3:
shows inv (gyr a b) = gyr b (a @ b)
{proof)

Thm 2.26, (2.89)

lemma gyr-1:
shows gyr a b = gyr b (6b © a)
(proof )

Thm 2.26, (2.90)

lemma gyr-2:
shows gyr a b = gyr (Sa) (6b & a)
(proof)

Thm 2.26, (2.91)

lemma gyr-3:
shows gyr a b = gyr (© (¢ @ b)) a
{proof)

Thm 2.27, (2.92)

lemma gyr-even:
shows gyr (& a) (©b) =gyrab
(proof)

Thm 2.27, (2.93)

lemma inv-gyr-sym:
shows inv (gyr a b) = gyr b a
(proof)

Thm 2.27, (2.94a)

lemma gyr-nested-3:
shows gyr b (S (gyr b a a)) = gyrab
(proof)

Thm 2.27, (2.94b)

lemma gyr-nested-4:
shows gyr b (gyr b (© a) a) = gyr a (© b)
{proof)

Thm 2.27, (2.94c)

lemma gyr-nested-5:



shows gyr (& (gyra b b)) a=gyrabd
{proof)

Thm 2.27, (2.94d)

lemma gyr-nested-6:
shows gyr (gyr a (& b) b) a = gyr a (© b)
(proof)

Thm 2.28, (i)

lemma gyro-right-assoc:
shows (a ®b) @ c=a® (b gyrbac)
(proof)

Thm 2.28, (ii)

lemma gyr-right-loop:
shows gyr a b = gyr a (b @ a)
(proof )

Thm 2.29, (a)

lemma gyr-left-coloop:
shows gyr a b = gyr (a S b) b
(proof )

Thm 2.29, (b)

lemma gyr-rigth-coloop:
shows gyr a b = gyr a (b S a)
(proof)

Thm 2.30, (2.101a)
lemma gyr-misc-1:
shows gyr (a ® b) (S a) =gyrabd
(proof )

Thm 2.30, (2.101b)

lemma gyr-misc-2:
shows gyr (© a) (a @ b) = gyrba
(proof )

Thm 2.31, (2.103)

lemma coautomorphic-inverse:
shows © (a @. b) = (© b) &, (© a)
(proof)

Thm 2.32, (2.105a)

lemma gyr-misc-3:
shows gyrabb =6 (6 (a ® b) & a)
(proof )

Thm 2.32, (2.105b)



lemma gyr-misc-4:
shows gyra (©60) b=0 (a S, b) ® a
(proof )

Thm 2.35, (2.124)

lemma mized-gyroassoc-law: (a . b) ® ¢ =a @ gyr a (8 b) (b ® ¢)
(proof)

Thm 3.2

lemma gyrocommute-iff-gyroatomorphic-inverse:
shows (V ab. S (a®b)=0a6p b)«— (V ab a®db=gyrabd (b & a))
(proof )

Thm 3.4

lemma cogyro-commute-iff-gyrocommute:
Vab.a®.b=bB.a)«— ¥V ab. a®b=gyrab (b® a)) (is ?lhs «— ?rhs)
(proof)

end

class gyrocommutative-gyrogroup = gyrogroup +
assumes gyro-commute: a ® b = gyr a b (b @ a)
begin
lemma gyroautomorphic-inverse:
shows © (a ®b) =0 a S b
(proof)

lemma cogyro-commute:
shows a ©. b =b &, a
(proof)

Thm 3.5 (3.15)

lemma gyr-commute-misc-2:
shows gyrabo gyr (b ® a) c=gyra (b ® c)o gyrbec
{proof)

Thm 3.6 (3.17, 3.18)

lemma gyr-parallelogram:

assumes d = (b ®. ¢) S a

shows gyr a (& b) o gyr b (& ¢) o gyr ¢ (& d) = gyr a (& d)
(proof)

Thm 3.8 (3.23, 3.24)

lemma gyr-parallelogram-iff:
d=(b @cc)Opa+— Sc®d=gyrc(Sb) (bSy a)
(proof)

Thm 3.9 (3.26)

lemma gyr-commute-misc-3:

10



gyrab (bd (a®c)=(a®b) ®c
{proof)

Thm 3.10 (3.28)

lemma gyro-left-right-cancel:
shows (a ® b) &y, a=gyrabbd
(proof)

Thm 3.11 (3.29)

lemma cogyro-plus-def:
shows a ®. b=a ® (© a ® b) ® a)
(proof )

Thm 3.12 (3.31)

lemma cogyro-commute-miscl:
shows a @, (a ® b)) =a ® (b & a)
{proof)

Thm 3.13 (3.33b)

lemma gyro-translation-2b:
shows (a ® b) &, (a ® ¢) = gyra b (b Sy ¢)
(proof)

Thm 3.14 (3.34)
(3.37)

lemma gyr-commute-misc-4":
shows gyra (b® ¢) =gyrabo gyr (b ® a) cogyrcbd
(proof )

(3.38)

lemma gyr-commute-misc-4"":
shows gyr (b ® d) (b D ¢)=gyr (b)) dogyrdcogyrcbd
(proof )

Thm 3.14 (3.34)

lemma gyro-commute-misc-4:
shows gyr (© a © b) (a©p ¢) =gyra (©b) ogyrd (8 c)o gyrc (S a)
(proof)

Thm 3.15 (3.40)
lemma gyr-inv-2"
shows gyr a (6b) = gyr (S a® b) (a B b) o gyrad
{proof)
Thm 3.17 (3.48)
lemma gyr-master”:
shows gyraz o gyr (& (z @ a)) (x® b) o gyrx b= gyr (& a) b
{proof)

11



(3.51)
lemma gyr-master:
shows gyraz o gyr (x @ a) (8 (B b)) ogyrzb=gyr (©a)bd
{proof)

(3.52a)
lemma gyr-master-miscl”:
shows gyr (© a) b=gyr (© (¢ @ a)) (a ® b)ogyrabd
(proof )

(3.52b)
lemma gyr-master-miscl’”:
shows gyr (© a) b=gyrabo gyr (b ® a) (& (b b))
(proof)

(3.53a)

lemma gyr-master-misc2":
shows gyr (©a @ b) (a ® b) =gyr (© a) bo gyrba
{proof)

(3.53b)

lemma gyr-master-misc2'":
shows gyr (©a @ b) (a ® b) =gyr (S a® b) bogyrb (adb)
(proof )

Thm 3.18 (3.60)

lemma gyr a z o gyr (© (gyr z a (a Sp b)) (x ® b) o gyr x b = gyr a (© b)
(proof )

definition gyro-covariant :: nat = (‘a list = 'a) = bool where
gyro-covariant n T <— (V 7 xs. length zs = n A gyroaut 7 — (7 (T 2zs)) = T
(map T x8)) A
(V zas. lengthzs=n — x® Tas=T (map (A a. z ® a) 5))

definition gyro-covariant-8 :: ('a = 'a = 'a = 'a) = bool where
gyro-covariant-8 T «— (¥ 7 a b c. gyroaut 1 — (7 (Tabc)) =T (7 a) (7 b)

(1 ¢) A
Vzabecz®dTabe=T (x®a) (z®Db) (zD ¢))

lemma gyro-covariant-3:
shows gyro-covariant-3 T <— gyro-covariant 3 (A xs. T (zs ! 0) (zs! 1) (zs!

2))
(proof)

Thm 3.19 (3.62)

lemma gyro-covariant-3-parallelogram:
shows gyro-covariant-8 (X a b c. (b ®. ¢) O a)

{proof)
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lemma gyro-commaute-misc6:
shows 2 @ ((b®. ¢) Sp a) = ((z @ b) . (z ® ¢)) O (z B a)
{proof)

(3.66)

lemma gyro-commute-misc6:
shows (z ®b) ®. (D c) =2 (b D ¢) ® )
(proof )

(3.67)

lemma gyro-commute-misc6’":
shows (z ® b) ®. (2 S, b)) =2 D z
(proof )

end
type-synonym ’a rooted-gyrovec = 'a X 'a

context gyrogroup
begin

Def 5.2.

fun head :: 'a rooted-gyrovec = 'a where

head (p, q) = q
fun tail :: 'a rooted-gyrovec = 'a where

tail (p, q) = p
fun val :: 'a rooted-gyrovec = 'a where

val (p, q) =© p® g
definition ort :: 'a = ’a rooted-gyrovec where

ort p = (04, p)

fun equiv-rooted-gyro-vec (infixl ~ 100) where
(p, ) ~ (@, d)«—epdg=0p &

lemma equivp-equiv-rooted-gyro-vec [simpl:
shows equivp (~)
(proof )

end

Def 5.4.

quotient-type (overloaded) ‘a gyrovec = 'a :: gyrogroup X ’a / equiv-rooted-gyro-vec
(proof )

lift-definition wvec :: 'a::gyrogroup = 'a = 'a gyrovec is X p q. (p, q) (proof)

definition ort :: ‘a::gyrogroup = 'a gyrovec where
ort A = vec 04 A
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context gyrocommutative-gyrogroup
begin

Thm 5.5. (5.4)

lemma equiv-rooted-gyro-vec-ex-t:

shows (p, ¢) ~ (p, ¢) +— T t.p'=gyrpt (t ©p) ANqg =gyrpt (t ® q))
(is ?lhs <— ?rhs)

(proof)
Thm 5.5. (5.5)

lemma gyro-translate-commute:
assumes p' = gyrpt (t ®p) AN qg' ' =gyrpt (t ® q)
shows t = 6p & p’
(proof)

Def 5.6.

fun gyrovec-translation :: 'a = 'a rooted-gyrovec = 'a rooted-gyrovec where

gyrovec-translation t (p, ¢) = (gyrp t (t ® p), gyrp t (t ® q))
end

lift-definition gyrovec-translation’ :: (‘a::gyrocommutative-gyrogroup) gyrovec =
‘a rooted-gyrovec = 'a rooted-gyrovec is

A (tp, tq) (p, q). gyrovec-translation (& tp @ tq) (p, q)

(proof )

(5.14)

lemma
shows tail (gyrovec-translation t (p, q)) = p ® t
{proof)

(5.15)

lemma gyrovec-translation-id:
shows gyrovec-translation 04 (p, q) = (p, q)
(proof )

Thm 5.7.

lemma equiv-rooted-gyrovec-t:
shows (p, q) ~ (p’, ¢') «— (p/, ¢/) = gyrovec-translation (©p @ p’) (p, q)
(proof )

Thm 5.8.

lemma gyrovec-translation-head:
assumes (p', ) = gyrovec-translation t (p, q)
shows z = p’' & (©p & q)
(proof )

(5.24)

context gyrocommutative-gyrogroup
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begin

definition gyrovec-translation-inv’ :: '‘a = ’‘a = ’a where
gyrovec-translation-inv’ p t = © (gyr p t t)

lemma gyrovec-translation-inv':
shows gyrovec-translation (gyrovec-translation-inv’ p t) (gyrovec-translation t (p,

q)) = (p, 9)
(proof )

definition gyrovec-translation-compose’ :: 'a = 'a = 'a = ’'a where
gyrovec-translation-compose’ p t1 t2 = t1 & gyr t1 p t2

lemma gyrovec-translation-compose’:
gyrovec-translation t2 (gyrovec-translation t1 (p, q)) =
gyrovec-translation (gyrovec-translation-compose’ p t1 t2) (p, q)

(proof)

fun equiv-translate (infixl ~, 100) where
(p1, q1) ~¢ (p2, q2) +— (3 t. gyrovec-translation t (p1, q1) = (p2, ¢2))

lemma equivp-equiv-translate:
equivp ()
(proof)

(5.39)

definition vec :: 'a = ‘a = 'a where
vecab=6a®b

(5.40)

lemma vec 0y b = b
(proof)

(5.41)

lemma
assumes vec a b = v
shows b = a ® v

(proof)
(5.42)

lemma
(a®v)Bu=a® (v gyrvau)
(proof )

(5.43)

lemma
assumes vec a b = v
shows a = ©v ®,. b
(proof )
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lemma
shows (6 a ® b) @ gyr (©a) b (©6bD ¢) =6a D ¢
(proof )

definition torsion-elem::'a= bool where
torsion-elem g <— gbg = 04

end

class tf-tw-group = gyrocommutative-gyrogroup —+

assumes al:Va. torsion-elem a — a = 0O,
assumes a2:Va. 3b. (bdb = a)
begin
T3.32

lemma unique-half:
shows (a®a = ¢ A Db = ¢) — a=b

(proof)
T3.33

lemma unique-gyro-half:
assumes ghdgh = ¢
gyr-h @& gyr-h = gyra b g
shows gyr a b gh = gyr-h
(proof)

3.102

lemma gh-minus:
assumes ghdbgh = © ¢
gh2®gh2 = g
shows © gh2 = gh
(proof)

T3.34

lemma gyration-exclusion:
assumes 3g. g# 0,
shows Va b. gyrab# ©oid
(proof)

T3.35

lemma gyration-exclusion-cons:
shows gyrabb= ©b— b= 0,

(proof)
T3.36

lemma equation-t3-36:
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shows z S, (y &pz)=y<+— =1y
{proof)

end

locale gyrogroup-isomorphism =
fixes ¢ :: ‘a::gyrocommutative-gyrogroup = 'b
fixes gyrozero’ :: 'b (041)
fixes gyroplus’ :: 'b = 'b = b (infixl &1 100)
fixes gyroinv’ :: 'b = b (1)
assumes pzero [simpl: ¢ 04 = 041
assumes pplus [simp]: ¢ (a @ b) =
assumes pminus [simp]: ¢ (S a) =61 (¢ a
assumes @bij [simp]: bij ¢

begin

definition gyr’ where
gyr’ a bz =61 (a @1 b) B1 (a ®1 (b &1 2))

lemma @gyr [simp]:
shows ¢ (gyr a b z) = gyr' (¢ a) (¢ b) (¢ 2)
(proof)

end

sublocale gyrogroup-isomorphism C gyrogroupoid gyrozero' gyroplus’
(proof)

sublocale gyrogroup-isomorphism C gyrocommutative-gyrogroup gyrozero’ gyro-
plus’ gyroinv’ gyr'

(proof)

end
theory More-Real-Vector

imports Main HOL— Analysis.Inner-Product HOL. Real- Vector-Spaces
begin

lemma (in real-vector) inner-eq-1:
assumes norm a = 1 norm b = 1 inner a b = 1
shows a = b

(proof)

end
theory GyroVectorSpace

imports GyroGroup HOL— Analysis.Inner-Product HOL. Real- Vector-Spaces More-Real- Vector
begin
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locale gyrocarrier’ =
fixes to-carrier :: 'a::gyrocommutative-gyrogroup = 'b::{real-inner}
assumes inj-to-carrier [simpl: inj to-carrier
assumes to-carrier-zero [simp|: to-carrier 04 = 0

begin

definition carrier :: 'b set where
carrier = to-carrier ¢ UNIV

lemma bij-betw-to-carrier:
shows bij-betw to-carrier UNIV carrier

{proof)

definition of-carrier :: 'b = ‘a where
of-carrier = inv to-carrier

lemma bij-betw-of-carrier:
shows bij-betw of-carrier carrier UNIV

{proof)

lemma inj-on-of-carrier [simp):
shows inj-on of-carrier carrier
{proof)

lemma to-carrier [simpl:
shows A b. b € carrier = to-carrier (of-carrier b) = b

{proof)

lemma of-carrier [simpl:
shows A a. of-carrier (to-carrier a) = a

(proof)

lemma of-carrier-zero [simp]:
shows of-carrier 0 = 0,
{proof )

lemma to-carrier-zero-iff:
assumes to-carrier a = 0
shows a = 0,

{proof)

definition gyronorm :: 'a = real ({-) [100] 100) where
{(a) = norm (to-carrier a)

definition gyroinner :: ‘a = ’a = real (infixl - 100) where
a - b = inner (to-carrier a) (to-carrier b)

lemma norm-inner: {a) = sqrt (a - a)

{proof)
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lemma norm-zero:
shows (04) = 0
(proof)

lemma norm-zero-iff:
assumes (a) = 0
shows a = 0,

{proof)

definition norms :: real set where
norms = {z. 3 a. v = (a)} U {z. 3 a. z = — {a)}

lemma norm-in-norms [simpl:
shows (a) € norms
{proof)

lemma minus-norm-in-norms [simp):
shows — (a) € norms
{proof)

end

locale gyrocarrier = gyrocarrier’ +
assumes inner-gyroauto-invariant: \ v v a b. (gyruva) - (gyruvd) =a - b
begin

lemma norm-gyr: {gyr v v a) = {a)
{proof)

end

locale pre-gyrovector-space = gyrocarrier +
fixes scale :: real = 'a = ’a (infixl ® 105)
assumes scale-1:

N a:a.
1 ®a=a
assumes scale-distrib:
N (r1 :: real) (12 :: real) (a :: 'a).
(r1+r2)@a=1r1®ad12Q a
assumes scale-assoc:
N (r1 :: real) (r2 :: real) (a :: a).
(rt xr2)@a=rl ® (r2 ® a)
assumes scale-propl:
N\ (7 real) (a :: 'a).
[r # 0; a # 04] = to-carrier (|r| ® a) /r {r ® a) = to-carrier a /r (a)
assumes gyroauto-property:
N (v 'a) (v 'a) (r o real) (a i 'a).

gyruv(r®a)=rQ (gyr u v a)
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assumes gyroauto-id:
N (r1 :: real) (r2 :: real) (v :: a).
gyr (r1 ® v) (r2 ® v) = 1id
begin

lemma scale-minusi:
shows (—1)® a=6a
(proof)

lemma minus-norm:
shows (©a) = (a)
{proof)

(6.3)
lemma scale-minus:
shows (—7) ® a = © (r ® a)
(proof )

lemma scale-minus”:
shows k ®@ (& a) = (k ® a)
(proof )

lemma zero-otimes [simp]:
shows 0 ® z = 0,
{proof)

lemma times-zero [simp]:
shows t ® 04 = 0,
{proof)

Theorem 6.4 (6.4)

lemma monodistributive:
shows r®@ (11 @ a®@r2®a)=7rQ®(rl @ a) ®r ® (r2 ® a)
(proof )

lemma times2: 2 ® a = a & a
(proof)

lemma twosum: 2 @ (a ®b) =a® (2 Qb D a)
(proof)

definition gyrodistance :: 'a = 'a = real (dg) where
dg a b= (S a @ b)

lemma dg a b = (b & a)
(proof)

lemma gyrodistance-metric-nonneg:
shows dg a b > 0
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{proof)

lemma gyrodistance-metric-zero-iff:
shows dgy ab=0++—a=1"

(proof)

lemma gyrodistance-metric-sym:
shows dg a b= dg b a
(proof)

lemma equation-solving:

assumes t D y=a O xDy=>=>

shows z=(1/2)®@ (a S D) Ny=(1/2) ® (a S b) ® b
(proof )

lemma double-plus: (2 @ a) ®b=0a® (a ®b)
(proof )

lemma [6-33:
shows (1/2) ® (a Sy b)) = (=1/2) ® (b ©¢p a)
(proof)

lemma 16-34:
shows (1/2) @ (a S, b)) ® b= (1/2) @ (bScp a) B a
(proof)

lemma 16-35:
)Shows gyrba=gyrd ((1/2) @ (a Sep b) @ ) o (gyr ((1/2) @ (a Sep b) © b)
(proof )

lemma double-half:
shows 2 ® ((1 / 2)® a) =a
(proof)

lemma [6-38:
shows a @ (1/2) @ (& a®. b) = (1/2) @ (a D b)
(proof)

lemma [6-39:
shows a ® (1/2) ® (& a® b)=(1/2) ® (a B b)
(proof )

lemma 16-40:
shows gyr ((r + s) ® a) bz = gyr (r®a) (s®a & b) (gyr (s®a) b z)
{proof)

definition collinear :: 'a => 'a => 'a => bool where
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collinear vy z +— (y= 2V Ttureal. (z =y Pt QR (8 y ® 2))))

lemma collinear-aab:
shows collinear a a b

(proof)

lemma collinear-bab:
shows collinear b a b

{proof)

lemma 76-20:
assumes collinear p1 a b collinear p2 a b a # b pl # p2
shows V. (collinear x p1 p2 — collinear = a b)

(proof)

lemma 7T6-20-1:
assumes collinear p1 a b collinear p2 a b pl # p2a # b
shows YV z. (collinear x a b — collinear x p1 p2)

(proof)

lemma collinear-sym1:
assumes collinear a b ¢
shows collinear b a ¢

{proof)

lemma collinear-sym?2:
assumes collinear a b ¢
shows collinear a ¢ b

{proof)

lemma collinear-transitive:
assumes collinear a b ¢ collinear d b ¢ b # ¢
shows collinear a d b

{proof)

lemma collinear-translate’:
shows 1 = u ® t ® (O u® v)
Cadzr)=Cadu) Pt E©Oadu) & (©ad )
(proof)

definition translate where
translate a x = © a ® x

lemma collinear-translate:
shows collinear u v w <— collinear (translate a u) (translate a v) (translate a
w)

(proof)

definition gyroline :: 'a = 'a = ’a set where

22



gyroline a b = {z. collinear x a b}

definition between :: ‘a => 'a => 'a => bool where
between xy z +— (Jtureal. 0 <tAE< I ANy=2dtQ (8 2))

lemma between-zzy [simp):
shows between x = y

{proof)

lemma between-zyy [simp]:
shows between z y y

{proof)

lemma between-zyx:
assumes between r y x
shows y =
(proof)

lemma between-translate:
shows between u v w <— between (translate a u) (translate a v) (translate a w)

(proof)

definition distance where
distance v v = (O u @ v)

lemma distance-translate:
shows distance u v = distance (translate a u) (translate a v)
(proof)

end

locale gyrocarrier-norms-embed’ = gyrocarrier’ to-carrier

for to-carrier :: 'a::gyrocommutative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
+

assumes norms-carrier: of-real ‘ norms C carrier
begin

definition of-real’ :: real = 'a where
of-real’ = of-carrier o of-real

definition reals :: 'a set where
reals = of-carrier ‘ of-real ¢ norms

lemma bij-reals-norms:
shows bij-betw of-real’ norms reals

{proof)

lemma inj-on-of-real”:
shows inj-on of-real” norms
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{proof)

definition to-real :: 'b = real where
to-real = the-inv-into norms of-real

lemma to-real [simpl:
assumes r € norms
shows to-real (of-real z) = z

{proof)

lemma of-real [simp]:
assumes z € of-real ‘ norms
shows of-real (to-real z) = z

{proof)

definition to-real’ :: 'a = real where
to-real’ = to-real o to-carrier

lemma bij-betw-to-real”:
bij-betw to-real’ reals norms

(proof)

lemma to-real’ [simp]:
assumes € norms
shows to-real’ (of-real’ ©) = z
(proof)

lemma of-real’ [simp):
assumes z € reals
shows of-real’ (to-real’ z) = z
{proof)

lemma to-real’-norm [simp]:
shows to-real’ (of-real’ ({a))) = ({a))
{proof)

lemma gyronorm-of-real’:
assumes r € norms
shows (of-real’ ) = abs x

{proof)

lemma gyronorm-abs-to-real’:
assumes z € reals
shows abs (to-real’ ) = (z)

{proof)

definition oplusR :: real = real = real (infixl ®r 100) where
a ®r b = to-real’ (of-real’ a & of-real’ b)
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definition oinvR :: real = real (©r) where
Er a = to-real’ (& (of-real’ a))

end

locale gyrocarrier-norms-embed = gyrocarrier-norms-embed’ +
fixes scale :: real = 'a = 'a (infixl ® 105)
assumes oplus-reals: \ a b. [a € reals; b € reals] = a @ b € reals
assumes oinv-reals: /\ a. a € reals = © a € reals
assumes otimes-reals: \ a r. a € reals = r ® a € reals
begin

definition otimesR :: real = real = real (infixl ® g 100) where
r ®r a = to-real’ (r @ (of-real’ a))

lemma oplusR-norms:
shows A a b. [a € norms; b € norms] = a ®r b € norms

{proof)

lemma oinvR-norms:
shows A a. ¢ € norms = Sg a € norms

{proof)

lemma otimesR-norms:
shows A a r. a € norms = r g a € norms

(proof)

lemma of-real’-oplusR [simp]:
?hovvfs> of-real’ (({a)) ®r ((b))) = (of-real’ ({a)) & of-real’ ({b)))
Proo

lemma of-real’-otimesR [simp]:
shows of-real’ (r @r ({(a))) = r @ (of-real’ ({a)))
{proof )

lemma of-real’-oinvR [simp]:
shows of-real’ (©r ({a))) = © (of-real’ ({a)))
(proof )

end

locale gyrovector-space-norms-embed =

gyrocarrier to-carrier +

gyrocarrier-norms-embed to-carrier +

pre-gyrovector-space to-carrier

for to-carrier :: 'a::gyrocommautative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
_l’_

assumes homogeneity:

N\ (7 real) (a :: 'a).
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(r©a) =Irl @r ((a))
assumes gyrotriangle:
N (a::7a) (b:: 'a).
(o ®b) < ((a)) @r ((b))
begin

lemma gyrodistance-gyrotriangle:
shows dgy a c < dg ab Br dg b c
(proof)

end

end
theory VectorSpace
imports Main HOL.Real HOL— Types-To-Sets. Linear-Algebra-On- With

begin

locale vector-space-with-domain =
fixes dom :: 'a set
and add :: 'a = 'a = 'a
and zero :: 'a
and smult :: real = 'a = 'a
assumes add-closed: [z € dom; y € dom] = add z y € dom
and zero-in-dom: zero € dom
and add-assoc: [z € dom; y € dom; z€ dom] =>add (add z y) z = add z (add
y 2)
and add-comm: [z € dom; y € dom] = add z y = add y z
and add-zero: [z € dom] = add z zero = x
and add-inv: © € dom = Iy € dom. add x y = zero
and smult-closed: [z € dom] = smult a © € dom
and smult-distr-sadd: [z € dom] =>smult (a + b) z = add (smult a ) (smult
b z)
and smult-assoc: [¢ € dom] = smult a (smult b ) = smult (a * b) z
and smult-one: [r € dom] = smult 1 x = =
and smult-distr-sadd2: [z € dom; yedom] = smult a (add = y) = add (smult
a z) (smult a y)

begin

lemma inv-unique:
assumes a€dom z1E€dom z2€dom
add a z1 = zero
add a z2 = zero
shows z1=22

(proof)

definition inv::’a='a where
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inv a = (if ac€dom then (THE z. (z€dom A add a z = zero)) else undefined)

definition minus::'a="a="a where
minus a b = (if ac€dom A bedom then add a (inv b) else undefined)

lemma module-on-with-is-this:
shows module-on-with dom add minus inv zero smult

{proof)

lemma vector-space-on-with-is-this:
shows vector-space-on-with dom add minus inv zero smult

(proof )
end

end
theory Abe
imports GyroGroup HOL— Analysis. Inner-Product HOL. Real- Vector-Spaces Vec-
torSpace
begin

locale one-dim-vector-space-with-domain =
vector-space-with-domain +
assumes Vy. V. (y€ dom A

xz€ dom A z#zero — (lrreal. y = smult v z))

locale GGV =
fixes fi ::'a::gyrocommutative-gyrogroup = 'b::real-inner
fixes scale ::real = 'a = 'a
fixes plus’::real = real = real
fixes smult”:real = real = real

assumes nj fi

assumes norm (fi (gyr v v a)) = norm (fi a)

assumes scale 1 a = a

assumes scale (r1+712) a = (scale r1 a) & (scale 12 a)

assumes scale (r1xr2) a = scale r1 (scale 12 a)

assumes (a#gyrozero A r#0)— (fi (scale |r| a)) /r (norm (fi (scale r a))) =
(i a) /n (norm (fi @)

assumes gyr u v (scale r a) = scale v (gyr u v a)

assumes gyr (scale r1 v) (scale 2 v) = id

assumes vector-space-with-domain {r.3a. = norm (fi a) V x = — norm (fi
a)} plus’ 0 smult’

assumes norm (fi (scale r a)) = smult’ |r| (norm (fi a))

assumes norm (fi (a @ b)) = plus’ (norm (fi a)) (norm (fi b))
begin
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end

class gyrolinear-space =

gyrocommutative-gyrogroup +

fixes scale :: real = 'a::gyrocommutative-gyrogroup = 'a (infixl ® 105)

assumes scale-1: A a2 ’a. 1 ® a =a

assumes scale-distrib: N\ (r1 :: real) (r2 :: real) (a :: 'a). (r1 + 12) ® a = rl
Radr2®a

assumes scale-assoc: N\ (r1 :: real) (r2 :: real) (a :: ’a). (r1 *1r2) ® a =11 ®
(r2 ® a)

assumes gyroauto-property: N\ (u :: 'a) (v :: 'a) (r = real) (a :: 'a). gyruv (r ®
a) =1 & (gyr uv a)

assumes gyroauto-id: N\ (r1 :: real) (r2 :: real) (v 2 'a). gyr (r1 ® v) (r2 ® v)
=1

begin
end

locale normed-gyrolinear-space =
fixes norm’:'a::gyrolinear-space = real
fixes f::real = real
assumes Y a::'a. (norm’ a > 0)
assumes V y::real. (y€ (norm’ * UNIV) — (fy) > 0)
assumes bij-betw f (norm’ ¢ UNIV) {x::real. >0}
assumes V y::real. ¥V z::real. (( y€ norm’ ¢ UNIV A

z€ norm’ ¢ UNIV A y>z)— (fy) > (f 2))

assumes Vz::'a. Vy::'a. f(norm’ (gyroplus z y)) < (f (norm’ z)) + (f (norm’
v)

assumes f (norm’ (scale r z)) = |r| * (f (norm’ z))

assumes norm’ (gyr uw v ) = norm’ z

assumes Vz::'a. ((norm’ z) = 0 <— = = gyrozero)
begin

definition norms::real set where
norms = norm’' ¢ UNIV

definition norms-neg::real set where
norms-neg = (Az. —1 * norm’ z) ¢ UNIV

definition norms-all::real set where
norms-all = norms U norms-neg

lemma norms-neg-not-empty:
shows norms-neg # {}

(proof)
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lemma zero-only-norms-norms-neg:
assumes rEnorms renorms-neq
shows z=0

{proof)

lemma ai-a2:
shows 3f": real = real. ((Vz:ireal. Vy::real. ( x€norms-all A y €norms-all A
z>y)— (") > (" y))
A (f"0) = 0 A bij-betw f’ norms-all UNIV')
(proof)

end

locale normed-gyrolinear-space’ =

fixes norm’:'a::gyrolinear-space = real

fixes f’:real = real

assumes Y a::'a. (norm’ a > 0)

assumes bij-betw f' ((norm’ ¢ UNIV) U ((Az. —1 * norm’ z) ¢ UNIV)) UNIV

assumes YV y::real. V zireal. (((ye€ ((norm’  UNIV) U ((Az. —1 = norm’ 1)
UNIV)) A
z€ ((norm’ * UNIV) U ((Az. —1 * norm’ x) * UNIV)) A y>z2)— (f" y) > (f’
2)

assumes [’ 0 = 0

assumes Vz::'a. Vy::'a. f'(norm’ (gyroplus z y)) < (f' (norm’ z)) + (f" (norm’
v))

assumes [’ (norm’ (scale r z)) = |r| = (f' (norm’ z))

assumes norm’ (gyr uw v ) = norm’ z

assumes Vz::'a. ((norm’ z) = 0 +— x = gyrozero)
begin

¢

definition norms::real set where
norms = norm’ < UNIV

definition norms-neg::real set where
norms-neg = (Az. —1 * norm’ x) < UNIV

definition norms-all::real set where
norms-all = norms U norms-neg

lemma norms-neg-not-empty:
shows norms-neg # {}

{proof)

lemma zero-only-norms-norms-neg:
assumes TrENOrms rEnorms-neg
shows z=0

{proof)
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definition norm-oplus-f::real = real = real (infixl & 105)

where a @ b = (if (a€norms-all A benorms-all) then (inv-into norms-all f')
((f"a) + (f0))
else undefined)

definition norm-otimes-f::real = real = real (infixl ®; 105)
where r ®; a = (if (a€norms-all) then (inv-into norms-all ') (r = (f' a))
else undefined)

lemma vector-space-of-norms:
shows vector-space-with-domain norms-all norm-oplus-f 0 norm-otimes-f

(proof)

lemma r2:
shows norm’ (z @ y) < (norm’ z) @ (norm’ y)
(proof )

lemma r3:
shows norm’ (r ® z) = |r| ®s (norm’ z)
{proof)

lemma one-dim-vs:
shows one-dim-vector-space-with-domain norms-all norm-oplus-f 0 norm-otimes-f

(proof)

end

locale normed-gyrolinear-space’’ =

fixes norm’:'a::gyrolinear-space = real

fixes oplus’::real = real = real

fixes otimes’::real=real = real

assumes YV a::'a. (norm’ a > 0)

assumes az-space: one-dim-vector-space-with-domain ((norm’ ¢ UNIV) U ((Ax.
—1 % norm’ ) < UNIV))

oplus’ 0 otimes’

assumes az3: Vz::'a. Vy:'a. (norm’ (gyroplus z y)) < oplus’ (norm’ ) (norm’
y)

assumes (norm’ (scale r ©)) = otimes’ |r| (norm’ z)

assumes norm’ (gyr uw v ) = norm’ z

assumes Vz::'a. ((norm’ z) = 0 <— = = gyrozero)
begin

definition norms::real set where
norms = norm’ ¢ UNIV
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definition norms-neg::real set where
norms-neg = (Ax. —1 * norm’ z) ¢ UNIV

definition norms-all::real set where
norms-all = norms U norms-neg

lemma norms-neg-not-empty:
shows norms-neg # {}

{proof)

lemma zero-only-norms-norms-neg:
assumes rEnorms rEnorms-neg
shows z=0

(proof )

lemma not-trivial-domen-has-pos:
assumes Jz. (z€norms-all A x#£0)
shows Jz. (z€norms A 2#£0)

{proof)

lemma iso-with-real:

assumes Jz. (z€norms-all A x#£0)

shows 3 g. (bij-betw g norms-all UNIV A (g 0) = 0 A

(Vu.Yv. (u€norms-all A veEnorms-all — g (oplus’ v v) = (g u) + (g v)))
A (YuVrereal. (u€norms-all — g (otimes’ r u) = r*(g u)))

)
(proof)

definition g-iso::(real=real)=bool where

g-iso g +— (bij-betw g norms-all UNIV A (g 0) = 0 A

(VuV . (u€norms-all N v€Enorms-all — g (oplus’ u v) = (g u) + (g v)))
A (Yu¥r:real. (uenorms-all — g (otimes’ r u) = r+(g u))))

lemma iso-neg-with-real:
assumes Jz. (z€norms-all A x#£0)
shows g-iso g — g-iso (Az. —1 * (g x))

(proof)

lemma iso-with-real-positive-on-norms:

assumes Jz. (z€norms-all A 2#£0)

shows Jg. (g-iso g A (Vz.(z€norms — (g £)>0))
A bij-betw (Az. if © € norms then (g x) else undefined) norms {r::real. r>0})
(proof)

lemma comparing-norms-help:
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assumes rEnorms yEnorms-all
<y
shows ye norms

(proof)

lemma existence-of-f:
assumes Jz. (z€norms-all A x#£0)
shows 3 f. (bij-betw f norms {z::real. >0}
A (Vy:real. V ziireal. (( y€ norms A
z€ norms A y>z)— (fy) > (f 2)))
ANz Vy. f(norm’ (z ® y)) < (f (norm’
A (Vrereal. (Vz. (f (norm’ (r @ x)) = |r| *
(proof)

z)) + (f (norm' y)))
(f (norm” x))))))

end

end

theory GyroVectorSpacelsomorphism
imports GyroVectorSpace

begin

locale gyrocarrier-isomorphism’' =
gyrocarrier-norms-embed’ to-carrier +
gyrocarrier to-carrier +
G: gyrocarrier-norms-embed’ to-carrier’
for to-carrier :: 'a:: gyrocommutative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
and
to-carrier’:: 'c::gyrocommutative-gyrogroup = 'd::{real-inner, real-normed-algebra-1}
_|_
fixes ¢ : ‘a = 'c
begin

definition ¢p :: real = real where
vr z = G.to-real’ (¢ (of-real’ x))

end

locale gyrocarrier-isomorphism = gyrocarrier-isomorphism’ +
assumes @bij [simp]:
bij ¢
assumes @plus [simp]:
ANuvvla p(u@v)=pudpu
assumes pinner-unit:
ANuwvla Ju#0g v# 0] =
inner (to-carrier’ (¢ uw) /r G.gyronorm (¢ w)) (to-carrier’ (¢ v)
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/r G.gyronorm (¢ v)) =
inner (to-carrier u /g gyronorm u) (to-carrier v /g gyronorm v)

assumes pgrgyronorm [simpl:
N\ a. r (gyronorm a) = G.gyronorm (p a)
begin

lemma @invp [simp:
shows ¢ (inv ¢ a) = a
{proof)

lemma invpy [simp]:
shows (inv ) (p a) = a
{proof)

lemma pzero [simp]:
shows ¢ 0, = 0,
{proof )

lemma pminus [simp):
shows ¢ (6 a) = S (p a)
{proof)

lemma invpplus[simp]:
shows (inv ¢)(a ® b) = inv ¢ a @ inv p b
{proof)

lemma pgyr [simp]:
shows ¢ (gyr u v a) = gyr (¢ u) (¢ v) (¢ a)
(proof )

lemma invpgyr [simp:
shows (inv ) (gyr uw v a) = gyr (inv p u) (inv ¢ v) (inv ¢ a)
(proof)

lemma pinner:
assumes u # 0y v # Oy
shows G.gyroinner (¢ u) (¢ v) =
(G.gyronorm (p u) / gyronorm u) xr (G.gyronorm (v v) / gyronorm v)
xR QYroinner u v

(proof)

lemma gyronorm’qyr:
shows G.gyronorm (gyr v v a) = G.gyronorm a

(proof)

end

sublocale gyrocarrier-isomorphism C gyrocarrier to-carrier’

(proof)
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locale pre-gyrovector-space-isomorphism’ =
pre-gyrovector-space to-carrier scale +
gyrocarrier-norms-embed’ to-carrier +
GC: gyrocarrier-norms-embed’ to-carrier’
for to-carrier :: 'a::gyrocommutative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
and
to-carrier’ :: 'c::gyrocommutative-gyrogroup = 'd::{ real-inner, real-normed-algebra-1}
and
scale :: real = 'a = ’a and
scale’ :: real = 'c = ‘¢ +
fixes ¢ :: 'a = ‘¢

sublocale pre-gyrovector-space-isomorphism’ C gyrocarrier-isomorphism’

(proof)

locale pre-gyrovector-space-isomorphism =
pre-gyrovector-space-isomorphism’ +
gyrocarrier-isomorphism +
assumes pscale [simp]:
N roreal. \ w o Yas o (scale v u) = scale’ v (¢ u)
begin

lemma scale’-1:
shows scale’ 1 a = a

(proof)

lemma scale’-distrib:
shows scale’ (r1 4+ 12) a = scale’ 11 a @ scale’ r2 a

{proof)

lemma scale’-assoc:
shows scale’ (r1 * r2) a = scale’ r1 (scale’ 12 a)

{proof)

lemma scale’-gyroauto-id:
shows gyr (scale’ r1 v) (scale’ 12 v) = id

(proof)

lemma scale’-gyroauto-property:
shows gyr u v (scale’ r a) = scale’ r (gyr v v a)

(proof )

end

locale gyrovector-space-isomorphism’ =
pre-gyrovector-space-isomorphism 4+
gyrovector-space-norms-embed scale +
GC: gyrocarrier-norms-embed to-carrier’ scale’ +

34



assumes @reals:
@ ‘reals = GC.reals
begin

lemma pgrnorms:
assumes a € norms
shows pr a € GC.norms

{proof)

lemma pof-real [simp]:
assumes a € norms
shows ¢ (of-real’ a) = GC.of-real’ (pr a)
(proof)

lemma pgyronorm [simp):
shows ¢ (of-real’ (gyronorm a)) = GC.of-real’ (GC.gyronorm (¢ a))
(proof)

lemma @gplus [simp]:

assumes a € norms b € norms

shows ¢g (a ®r b) = GC.oplusR (¢r a) (pr b)
(proof )

lemma @grplus’ [simp):

vr (({a)) ®r ((b))) = GC.oplusk (vr ((a))) (pr ({b)))

(proof)

lemma @gtimes [simp]:

assumes a € norms

shows ¢r (r ®r a) = GC.otimesR r (¢r a)
(proof)

lemma @gtimes’ [simp]:
shows ¢g (r @r ((a))) = GC.otimesR r (pr ({a)))
{proof )

lemma pginv [simp]:

assumes a € norms

shows ¢ (6 a) = GC.oinvR (¢r a)
(proof )

lemma pginv’ [simp]:

vr (©r ((a))) = GC.oinvR (pr ({a)))
(proof )

lemma scale’-propl "
assumes u # O, 7 # 0
shows to-carrier’ (¢ (scale |r| w)) /r GC.gyronorm (¢ (scale |r| u)) =
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(to-carrier’ (p u) /r GC.gyronorm (¢ u)) (is %a = 2b)
(proof )

lemma scale’-propl:
assumes a # Oy, v # 0
shows to-carrier’ (scale

GC.gyronorm a

(proof)

"Ir] a) /r GC.gyronorm (scale’ r a) = to-carrier’ a /g

lemma scale’-homogeneity:
shows GC.gyronorm (scale’ r a) = GC.otimesR |r| (GC.gyronorm a)

(proof)

end
sublocale gyrovector-space-isomorphism’ C GV pre-gyrovector-space to-carrier’
scale’

{proof)

locale gyrovector-space-isomorphism =
gyrovector-space-isomorphism’ +
assumes QR mMono:
N\ ab. [a € norms; b € norms; 0 < a; a < b = vr a < prb
begin

lemma scale’-triangle:
shows GC.gyronorm (a @ b) < GC.oplusR (GC.gyronorm a) (GC.gyronorm b)

(proof)
end

sublocale gyrovector-space-isomorphism C gyrovector-space-norms-embed scale’ to-carrier’
(proof)

locale gyrocarrier-isomorphism-norms-embed’ = gyrovector-space-norms-embed scale
to-carrier +
GC': gyrocarrier-norms-embed’ to-carrier’
for to-carrier :: 'a::gyrocommutative-gyrogroup = 'b::{real-inner, real-normed-algebra-1}
and
to-carrier’ :: 'c::gyrocommautative-gyrogroup = 'd::{real-inner, real-normed-algebra-1}
and
scale :: real = 'a = 'a +
fixes scale’ :: real = 'c = 'c
fixes ¢ : 'a = 'c
begin

definition ¢g :: real = real where
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vr x = GC.to-real’ (¢ (of-real’ x))
end

locale gyrocarrier-isomorphism-norms-embed = gyrocarrier-isomorphism-norms-embed’
_|_
assumes @bij:
bij ¢
assumes pplus [simp]:
Nuvvilap(udv)=pudepuv
assumes pscale [simp]:
N\ roreal. N\ u o 'a. o (scale ru) = scale’ v (p )
assumes @reals:
p ‘reals = GC.reals
assumes @grgyronorm [simpl:
N\ a. ¢r (gyronorm a) = GC.gyronorm (¢ a)
assumes GCoinvRminus:
N\ a. a € GC.norms = GC.oinvR a = —a
begin

lemma pinve [simpl:
shows ¢ (inv ¢ a) = a
{proof)

lemma pzero [simp]:
shows ¢ 0, = 0,
{proof)

lemma ¢minus [simp]:
shows ¢ (© a) = © (¢ a)
{proof)

lemma @gyronorm [simp]:
shows ¢ (of-real’ (gyronorm a)) = GC.of-real’ (GC.gyronorm (p a))

{proof)

lemma pginv’ [simp]:

¢r (©r ((a))) = GC.oinvR (pr ((a)))
(proof )
end

sublocale gyrocarrier-isomorphism-norms-embed C GV gyrocarrier-norms-embed
to-carrier’ scale’

(proof)

end

theory MoreComplex

imports Complex-Main HOL— Analysis. Inner-Product
begin
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lemma real-compez-cmod:
fixes r::real
shows c¢cmod(r * z) = abs r * cmod z

(proof)

lemma cnj-closed-for-unit-disc:
assumes cmod z1 < 1
shows cmod (cnj 21) <1

(proof)

lemma mult-closed-for-unit-disc:
assumes cmod z1 < 1 cmod 22 < 1
shows c¢cmod (z1%22) < 1

(proof)

lemma cnj-cmod:
shows z1 * cnj z1 = (c¢cmod 21)72

{proof)

lemma cnj-cmod-1:
assumes cmod z1 = 1
shows 21 * cnj z1 = 1

{proof)

lemma den-not-zero:
assumes cmod a < 1 cmod b < 1
shows 1 + cnja *x b # 0
(proof)

lemma cmod-miz-cnj:
assumes cmod u < 1 cmod v < 1
shows cmod ((1 + wuxenj v) / (1 4+ vkenj u)) = 1
(proof)

lemma cnj-miz-ezx-real-k:

assumes v # 0

shows z x cnjv = v x cnj x +— (3 (k:real). x = k % v)
(proof)

lemma two-inner-cnj:
shows 2 x inner u v = cnju *x v+ cnj v * u

{proof)

abbreviation cor = complez-of-real
lemma abs-inner-lt-1:

assumes norm u < 1 norm v < 1
shows abs (inner u v) < 1
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{proof)

lemma inner-lt-1:
assumes norm u < 1 norm v < 1
shows inner u v < 1

{proof)

lemma inner-def1:
shows inner 21 22 = (21 % cnj 22 + 22 x cnj 21) / 2

{(proof)

lemma inner-def2:
shows inner z1 22 = Re (cnj z1 * 22)

{proof)

end
theory GammaFactor

imports Complex-Main MoreComplex
begin

definition gamma-factor :: 'a::real-inner = real () where
v u = (if norm u < 1 then
1/ sqrt (1 — (norm u)?)
else
0)

lemma gamma-factor-nonzero:
assumes norm u < I
shows 1 / sqrt (1 — (norm u)?) # 0
(proof )

lemma gamma-factor-increasing:
fixes t1 t2 ::real
assumes 0 < t21t2 < titl < 1
shows v t2 < v t1

(proof)

lemma gamma-factor-increase-reverse:
fixes t1 t2 :: real
assumes t1 > 0t1 < 1t2>0t2 < 1
assumes 7y t1 > v t2
shows t1 > t2

{proof)

lemma gamma-factor-u-normu:
fixes u :: real
assumes (0 < uu < 1
shows v u = v (norm u)
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{proof)

lemma gamma-factor-positive:
assumes norm u < 1
shows v u > 0

{proof)

lemma norm-square-gamma-factor:
assumes norm u < 1
shows (normu) ™2 =1 —1/(yu) "2
(proof)

lemma norm-square-gamma-factor’:
assumes norm u < 1
shows (normu) ™2 = ((yuw) 2 — 1)/ (y u)"2
(proof )

lemma gamma-factor-square-norm:
assumes norm u < 1
shows (y u)? = 1 / (1 — (norm u)?)
(proof)

lemma gamma-expression-eq-one-1:

assumes norm u < 1

shows I /v u+ (yux(normu)"2) /(1 +~u) =1
(proof)

lemma gamma-ezpression-eg-one-2:

assumes norm u < 1

shows ((v u) "2« (normu)"2) / (1 +vu) 2+ (2xyu) / (yux(l+vyu)
=1
(proof)

end
theory PoincareDisc

imports Complex-Main HOL— Analysis. Inner-Product GammaFactor
begin

typedef PoincareDisc = {z::complex. ecmod z < 1}
morphisms to-complex of-complex

(proof)
setup-lifting type-definition-PoincareDisc

lemma poincare-disc-two-elems:
shows 3 21 2z2::PoincareDisc. z1 # z2

(proof)
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lift-definition inner-p :: PoincareDisc = PoincareDisc = real (infixl - 100) is
inner {proof)

lift-definition norm-p :: PoincareDisc = real ({-) [100] 101) is norm {proof)

lemma norm-Iit-one:
shows (u) < 1

{proof)

lemma norm-geg-zero:
shows (u) > 0

{proof)

lemma square-norm-inner:
shows ((u))? = u - u

(proof)

lift-definition gammma-factor-p :: PoincareDisc = real (v,) is gamma-factor
(proof)

lemma gamma-factor-p-nonzero [simp):
shows v, u # 0
(proof)

lemma gamma-factor-p-positive [simp]:
shows v, u > 0
(proof)

lemma norm-square-gamma-factor-p:
shows ((u)) 2 =1 -1/ (vp u) 2
{proof)

lemma norm-square-gamma-factor-p”:
shows ((u)) ™2 = ((vp w)"2 = 1) / (vp u)"2
(proof )

lemma gamma-factor-p-square-norm:

shows (v, u)? =1 /(1 = ({u))?)
(proof)

end
theory MobiusGyroGroup
imports Complez-Main HOL. Real- Vector-Spaces HOL. Transcendental MoreCom-
plex
GyroGroup PoincareDisc
begin

iti ozero-m' :: complex w
definition ! l here
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ozero-m' = 0

lift-definition ozero-m :: PoincareDisc (0,) is ozero-m’
{proof)

lemma to-complex-0 [simp]:
shows to-complex 0., = 0
(proof)

lemma to-complex-0-iff [iff):
shows to-complex x = 0 +— x = 0,,
(proof )

definition oplus-m’ :: complex = complex = complez where
oplus-m’ a z = (a + 2z) / (1 + (enj a) * 2)

lemma oplus-m’-in-disc:
assumes cmod c1 < 1 cmod c2 < 1
shows cmod (oplus-m’ ¢l ¢2) < 1

(proof)

lift-definition oplus-m :: PoincareDisc = PoincareDisc = PoincareDisc (infixl
D 100) is oplus-m’
(proof )

definition ominus-m’ :: compler = complex where
ominus-m’ z = — 2

lemma ominus-m’-in-disc:
assumes cmod z < 1
shows cmod (ominus-m’ z) < 1

(proof)

lift-definition ominus-m :: PoincareDisc = PoincareDisc (©y,) is ominus-m’
(proof)

lemma m-left-id:
shows 0,, ®,, a = a
(proof)

lemma m-left-inv:
shows ©,, a ®,, a = 0,
(proof )

definition gyr-m' :: complex = complex = complex = complex where
gyr-m’ abz=((1 +a*xcnjb) /(1 +cnjaxbd))x*z

lift-definition gyr,, :: PoincareDisc = PoincareDisc = PoincareDisc = Poincar-
eDisc is gyr-m’
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(proof)

lemma gyr-m-commute:
a Bm b= gyrm abd (b Dy a)
(proof )

lemma gyr-m-left-assoc:
a @ (b O 2) = (6 By b) Dy gyrm a b 2
(proof)

lemma gyr-m-inv:
gYrm a b (gyry baz) =z
(proof)

lemma gyr-m-bij:
shows bij (gyr., a b)
(proof)

lemma gyr-m-not-degenerate:
shows 3 21 22. gyr,, a b z1 # gyry, a b 22

(proof)

lemma gyr-m-left-loop:
shows gyr,, a b = gyr,, (a @y, b) b
(proof)

lemma gyr-m-distrib:
shows gyr,, a b (a’ ®p, b)) = gyrym a b a’ Sy gyrm a b b’
(proof )

interpretation Mobius-gyrogroup: gyrogroup ozero-m oplus-m ominus-m gyry,

(proof)

interpretation Mobius-gyrocommutative-gyrogroup: gyrocommautative-gyrogroup ozero-m
oplus-m ominus-m gyr,
(proof )

instantiation PoincareDisc :: gyrogroupoid
begin

definition gyrozero-PoincareDisc where
gyrozero-PoincareDisc = ozero-m
definition gyroplus-PoincareDisc where
gyroplus-PoincareDisc = oplus-m
instance (proof)

end

instantiation PoincareDisc :: gyrogroup

begin
definition gyroinv-PoincareDisc where
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gyroinv-PoincareDisc = ominus-m
definition gyr-PoincareDisc where
gyr-PoincareDisc = gyrm,
instance (proof)

end

instantiation PoincareDisc :: gyrocommutative-gyrogroup
begin

instance (proof)

end

lemma oplusM-reals:
assumes Im (to-complex ) = 0 Im (to-complex y) = 0
shows Im (to-complez (z @, y)) = 0

(proof)

lemma oplusM-pos-reals:
assumes Im (to-complex ) = 0 Im (to-complex y) = 0
assumes Re (to-complex z) > 0 Re (to complex y) > 0
shows Re (to-complex (z ®,, y)) > 0
{proof )

definition gyr.,,-alternative :: PoincareDisc = PoincareDisc = PoincareDisc =
PoincareDisc where
gyrm-alternative u v w = Sy (U By V) By (U By (v By w))

lemma gyr-m-alternative-gyr-m:
shows gyr,,-alternative v v w = gyry, v v w

(proof)

definition oplus-m’-alternative :: complexr = complex = complexr where
oplus-m/'-alternative v v =
((1 + 2xinner u v + (norm v) "2) xg u + (I — (norm u) " 2) xg v) /
(1 + 2xinner u v + (norm u) "2 * (norm v) 2)

lemma oplus-m’-alternative:
assumes cmod u < 1 cmod v < 1
shows oplus-m’-alternative w v = oplus-m' u v

(proof)

lift-definition oplus-m-alternative :: PoincareDisc = PoincareDisc = Poincare-
Disc is oplus-m’-alternative

(proof)
end

theory Gyrotrigonometry
imports Main GyroVectorSpace
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begin
datatype ‘a otriangle = M-gyrotriangle (A:'a) (B:'a) (C:'a)

context pre-gyrovector-space
begin

definition unit :: ‘a = ‘b where
unit a = to-carrier a /g {a)

lemma norm-inner-le-1:
fixesab::'b
assumes norm a < 1 norm b < 1
shows norm (inner a b) < 1

(proof)

lemma norm-inner-unit:
shows norm (inner (unit (© a @ b)) (unit (© a ® ¢))) < 1
(proof)

definition angle :: 'a = 'a = 'a = real where
angle a b ¢ = arccos (inner (unit (© a ® b)) (unit (& a & ¢)))

definition o-ray :: 'a = 'a = 'a set where
o-ray xp = {s::’a. Jtureal. t > ONs=(zDt® (& xDp))}

lemma 78-5:
assumes b2 € o-ray al b1 b2 # al
c2 € o-ray al cl c2 # al
shows angle al b1 c1 = angle al b2 c2

{(proof)

definition get-a :: ‘a otriangle = 'a where
get-at =6 (Ct) @ (B1)

definition get-b :: 'a otriangle = 'a where
get-bt =0 (Ct) ® (A t)

definition get-c :: 'a otriangle = 'a where
get-ct =0 (Bt) @ (A t)

definition get-alpha :: 'a otriangle = real where
get-alpha t = angle (A t) (B t) (C'¥)

definition get-beta :: 'a otriangle = real where
get-beta t = angle (B t) (Ct) (A t)

definition get-gamma :: 'a otriangle = real where
get-gamma t = angle (C't) (A t) (B1)

definition cong-gyrotriangles :: 'a otriangle = 'a otriangle = bool where
cong-gyrotriangles t1 t2 <+—

({get-a t1) = (get-a t2) N {get-b t1) = (get-b t2) A {get-c t1) = (get-c t2)
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N

(get-alpha t1 = get-alpha t2) A (get-beta t1 = get-beta t2) A (get-gamma t1
= get-gamma t2))
end

end

theory HyperbolicFunctions
imports HOL. Transcendental
begin

lemma artanh-abs-tanh:
fixes z::real
shows artanh (abs (tanh z)) = abs x

(proof)

lemma artanh-nonneg:
fixes x :: real
assumes ( < zz < 1
shows artanh © > 0

(proof)

lemma artanh-not-0:
fixes z :: real
assumes z > Oz < 1
shows artanh © # 0

(proof)

lemma tanh-not-0:
fixes = :: real
assumes z > Oz < 1
shows tanh © # 0

(proof)

lemma tanh-monotone:
fixes x y :: real
assumes r > Yy
shows tanh x > tanh y

{proof)

lemma artanh-monotonel:
fixes z::real
assumes z > 0z < ly>0y<lz<y
shows (1+z) / (1—z) < (1+y) / (1—y)
(proof)

lemma artanh-monotone2:
fixes z::real
assumes z>0 z<1 y>0 y<1 z<y
shows In ((14z)/(1—z)) < In((1+y)/(1—y))
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{proof)

lemma artanh-monotone:
fixes = y :: real
assumes z > 0z < 10 <yy <1
assumes 7 < y
shows artanh x < artanh y

(proof)

lemma tanh-artanh-nonneg:
fixes = r :: real
assumes 7 > (x> 0z < 1
shows tanh (r x artanh z) > 0

{proof)

lemma tanh-artanh-mono:
fixes z y :: real
assumes 0 <zzx < 10<yy<1
assumes z < gy
shows tanh (2 * artanh z) < tanh (2 * artanh y)

(proof)

lemma tanh-def”:
fixes z :: real
shows tanh © = (exp (2xx) — 1) / (exp (2xx) + 1)
(proof)

lemma tanh-artanh:
fixes = :: real
assumes —1 < zzx < 1
shows tanh (artanh ) = x

(proof)

end

theory MobiusGyroVectorSpace

imports Main MobiusGyroGroup GyroVectorSpace Gyrotrigonometry GammaFac-
tor HyperbolicFunctions

begin

lemma norms:

shows {z. Ja. £ = cmod (to-complez a)} U {z. Ja. £ = — cmod (to-complex
W} = {o. |s] < 1}
(proof)

global-interpretation Mobius-gyrocarrier’: gyrocarrier’
where to-carrier = to-complex
rewrites
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Mobius-gyrocarrier’.gyroinner = inner-p and

Mobius-gyrocarrier’.gyronorm = norm-p and

Mobius-gyrocarrier’.carrier = {z. emod z < 1} and

Mobius-gyrocarrier’.norms = {x. abs x < 1}
defines

of-complex = gyrocarrier’.of-carrier to-complex
(proof)

lemma Mobius-gyrocarrier’-norms [simp):
shows gyrocarrier’.norms to-complex = {z. abs © < 1}

(proof)

lemma Mobius-gyrocarrier'-carrier [simpl:
shows gyrocarrier’.carrier to-complexr = {z. emod z < 1}

(proof)

lemma moebius-gyroauto:
shows gyr,, v va- gyrp, uvb=a->0

(proof)

interpretation Mobius-gyrocarrier: gyrocarrier
where to-carrier = to-complex

(proof)

global-interpretation Mobius-gyrocarrier-norms-embed’: gyrocarrier-norms-embed’
where to-carrier = to-complex

rewrites
Mobius-gyrocarrier-norms-embed’.reals = of-complex  cor ‘{x. abs z < 1}

(proof)

lemma Mobius-gyrocarrier-norms-embed’-to-real’:
assumes z € Mobius-gyrocarrier-norms-embed’.reals
shows Mobius-gyrocarrier-norms-embed’.to-real’ © = Re (to-complez x)

(proof)

lemma Mobius-gyrocarrier-norms-embed’-of-real’:

assumes z € Mobius-gyrocarrier’.norms

shows Mobius-gyrocarrier-norms-embed’.of-real’ x = PoincareDisc.of-complex
(cor x)

{proof)

lemma gyronorm-Re:
assumes Re (to-complex ) > 0 Im (to-complex x) = 0
shows (z) = Re (to-compler x)
(proof )
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lemma Mobius-gyrocarrier-norms-embed’-reals [simp]:

shows gyrocarrier-norms-embed’.reals to-complex = of-complex * cor ‘ {xz. |z| <
1}

(proof)

definition otimes’-k :: real = complex = real where
otimes’-k r z = ((1 + emod z) powr r — (1 — cmod z) powr ) /
((1 4+ cmod z) powr r + (1 — emod z) powr )

lemma otimes’-k-tanh:
assumes cmod z < 1
shows otimes’-k r z = tanh (r * artanh (cmod z))

(proof)

lemma cmod-otimes’-k:
assumes cmod z < 1
shows cmod (otimes’-k r z) < 1

{proof)

definition otimes’ :: real = compler = complex where
otimes’ r z = (if z = 0 then 0 else cor (otimes’-k r z) x (z / emod z))

lemma cmod-otimes”:
assumes cmod z < 1
shows cmod (otimes’ r z) = abs (otimes’-k r 2)

(proof)

lift-definition otimes :: real = PoincareDisc = PoincareDisc (infixl ® 105) is
otimes’

(proof)

lemma otimes-distrib-lemma’:
fixes ax bx ay by :: real
assumes azr + bx # 0 ay + by # 0
shows (az * ay — bx * by) / (az * ay + bx * by) =
(az — ba)/(az + bz) + (ay — by)/(ay + by) /
(1 + ((ax — bz)/(az + bx))*((ay — by)/(ay + by))) (is ?lhs = ?rhs)
(proof)

lemma otimes-distrib-lemma:
assumes cmod a < 1
shows otimes’-k (r1 + r2) a = oplus-m’ (otimes’-k r1 a) (otimes’-k r2 a)
(proof)

lemma otimes-oplus-m-distrib:
shows (r1 + 12) @ a =711 ® a ®p, 2 Q@ a
(proof)
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lemma otimes-assoc:
shows (11 x r2) ® a =1l ® (12 ® a)
(proof)

lemma otimes-scale-prop:

fixes r :: real

assumes r # 0

shows to-complex (|r| ® a) / {r ® a) = to-complex a / {a)
(proof)

lemma gamma-factor-eq1-lemmal:
shows c¢cmod(1 + cnj a * b)xcmod(1 + cnj a x b) — cmod(a+b)xcmod(a+b) =
(1 — c¢cmod a * cmod a) * (1 — cmod b * cmod b)
(proof)

lemma gamma-factor-eql-lemmaZ2:

fixes z y::real

assumes y > 0

shows 1 / sqrt(1 — (zxz)/(y*y)) = abs y / sqrt(yxy — zxx)
(proof)

lemma gamma-factor-norm-oplus-m:
shows v ({a @, b)) =
v (to-complex a) *
v (to-complex b) x*
emod (1 + enj (to-complex a) * (to-complex b))
(proof )

lemma gamma-factor-norm-oplus-m”:
shows v, (of-complex (cor ({a &, b)))) =
Yp (@) *
Tp (b) *
cmod (1 + enj (to-complex a) * (to-complex b))
(proof)

lemma gamma-factor-oplus-m-triangle-lemma:
fixes x y ::real
assumes z > O0zrx < 1y>0y <1
shows 1 / sqrt (1 — ((z+y)x(z+y))/ (1 +zxy)«(1+a*y))) =
(I+axy) [ (sqrt (1 —zxx) * sqrt (1—yx*y))
(proof)

lemma gamma-factor-oplus-m-triangle:

shows v ({a @ b)) < v (to-complex ((of-complex ({a))) D (of-complex
((o)))))
(proof)
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lemma mobius-triangle:
shows (a @, b) < {of-complex ({a)) B of-complex ({b)))
(proof)

lemma mobius-triangle’:
shows (a @, b) < Re (to-complex (of-complex ({a)) @ of-complex ({b))))
(proof )

lemma mobius-gyroauto-norm:
shows (gyrm, a b v) = (v)
(proof)

lemma otimes-homogenity:
shows (r ® a) = cmod (to-complez (|r| ® of-complex ({a))))
(proof)

lemma otimes-homogenity’:
shows (r @ a) = Re (to-complex (|r| ® of-complezx ({a))))
(proof)

lemma gyr-m-gyrospace:
shows gyr,, (r1 ® v) (r2 ® v) = id
(proof)

lemma gyr-m-gyrospace2:
shows gyry, v v (r® a) =1 & (gyrm v v a)
{proof)

lemma reals”:
shows cor ‘{z. absz < 1} = {z. emod z < 1 A Im z = 0}
{proof)

lemma zero-times-m [simp]:
shows 0 ® z = 0,,
{proof)

interpretation Mobius-gyrocarrier-norms-embed: gyrocarrier-norms-embed to-complex
otimes

(proof)

interpretation Mobius-pre-gyrovector-space: pre-gyrovector-space to-complex otimes

(proof)

interpretation Mobius-gyrovector-space: gyrovector-space-norms-embed otimes to-complex

{(proof)
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lemma norm-scale-tanh:
shows (r ® z) = |[tanh (r x artanh ({z)))]

(proof)

lemma ominus-m-scale:
shows k£ ® (©,, u) = Op, (K ® u)
(proof)

lemma otimes-2-oplus-m: 2 @ u = u B,y U
(proof )

definition half’ :: complex = complex where
half’v=(yv /(I + v v)) *g v

lift-definition half :: PoincareDisc = PoincareDisc is half’
{proof )

lemma otimes-2-half:
shows 2 ® (half v) = v
(proof )

lemma half:
shows half v =(1/2) ® v
(proof)

lemma half”:
assumes cmod u < 1
shows otimes’ (1/2) u = half’ u
(proof )

lemma half-gamma’:
shows to-compler ((1 / 2) ® u) =
(v (to-complex w)) / (1 + 7 (to-complex u)) * to-complex u
{proof)

definition double’ :: complex = complex where
double’ v= (2 x (yv)? /(2 % (yv)2 — 1)) *g v

lemma double’-cmod:

assumes cmod v < 1

shows 2 x (y v)2 / (2 x (yv)?2 — 1) =2 / (1 + (cmod v)?) (is ?lhs = ?rhs)
(proof)

lemma cmod-double’:
assumes cmod v < 1
shows cmod (double’ v) = 2xcmod v / (1 + (cmod v)?)

(proof)
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lift-definition double :: PoincareDisc = PoincareDisc is double’
(proof)

lemma double’-otimes’-2:
assumes cmod v < 1
shows double’ v = otimes’ 2 v

(proof)

lemma double:
shows double u = 2 ® u

{proof)

end
theory Finstein
imports Complex-Main GyroGroup GyroVectorSpace GyroVectorSpacelsomor-
phism GammaFactor HOL. Real- Vector-Spaces
MobiusGyroGroup MobiusGyro VectorSpace HOL. Transcendental
begin

Einstein zero

definition ozero-e’ :: compler where
ozero-¢' = 0

lift-definition ozero-e :: PoincareDisc (0.) is ozero-e’
{proof)

lemma ozero-e-ozero-m:
shows 0, = 0,,

(proof)
Einstein addition

definition oplus-e’ :: compler = complex = compler where
oplus-e’ wv=(1/ (1 +inneruv)) *g (u+ (I /vyu)*gv+ (yu/ (I +7y
u)) * (inner u v)) *p )

lemma noroplus-m’-e:
assumes norm u < 1 norm v <I
shows norm (oplus-e¢’ u v) "2 =
1/ (1 + inner u v)"2 x (norm(u+v) "2 — ((norm u) "2 *(norm v) 2 —
(inner u v) "2))

(proof)

lemma gamma-oplus-e”:

assumes norm u < 1 norm v < I

shows 1 / sqrt(1 — norm (oplus-¢’ w v)"2) =~y u* vy v * (I + inner u v)
(proof)
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lemma gamma-oplus-e’-not-zero:
assumes norm u < 1 norm v < 1
shows 1 / sqrt(1 — norm(oplus-e¢’ v v)"2) # 0
(proof)

lemma oplus-e’-in-unit-disc:
assumes norm u < 1 norm v < 1
shows norm (oplus-e¢’ u v) < 1

(proof)

lemma gamma-factor-oplus-e’:

assumes norm u < 1 norm v < 1

shows v (oplus-e¢’ u v) = (v u) * (y v) * (I + inner u v)
(proof )

lift-definition oplus-e :: PoincareDisc = PoincareDisc = PoincareDisc (infix]
P 100) is oplus-e’
{proof )

definition ominus-e’ :: complex = complex where
ominus-¢’ v = — v

lemma ominus-e’-in-unit-disc:
assumes norm z < 1
shows norm (ominus-e¢’ z) < 1

{proof)

lift-definition ominus-e :: PoincareDisc = PoincareDisc (©,) is ominus-e’

(proof)

lemma ominus-e-ominus-m:
shows ©, a = ©,, a
(proof)

lemma ominus-e-scale:
shows £ @ (8¢ u) = S (k ® u)
(proof )

lemma gamma-factor-p-positive:
shows v, a > 0

(proof)
lemma gamma-factor-p-oplus-e:

shows 7, (4 ®e v) =vp u*vp v* (I + u- v)
{proof)
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abbreviation v; :: complex = real where
You=vyu/ (1 +vu)

lemma norm-square-gamma-half-scale:

assumes norm u < 1

shows (norm (y2 u *gr u))2 = (yu — 1) / (1 + v u)
(proof)

lemma norm-half-square-gamma:
assumes norm u < 1
shows (norm (half’ u))? = (y2 u)? * (cmod u)?
(proof)

lemma norm-half-square-gamma':
assumes cmod u < 1
shows (norm (half’ u))?> = (yu — 1) / (1 + v u)
(proof)

lemma inner-half-square-gamma:
assumes cmod u < 1 cmod v < 1
shows inner (half’ u) (half’ v) = 2 u * y2 v % inner u v
(proof)

lemma iso-me-help1:

assumes norm v < 1

shows I + (yv—1)/ (I +~vv)=2x~v0v /(1 +~v0v)
(proof)

lemma iso-me-help2:

assumes norm v < 1

shows I —(yv—1)/ (1 +~vv)=2/(1+ v v)
(proof)

lemma iso-me-help3:

assumes norm v < 1 norm u <1

shows 1+ ((y v — 1) / (1 + 7 v) (7 u— 1)/ (1 +7u)) =
< f>2 k(I +(yux(yv) /(1 +vv)* (I +vu) (is %lhs = ?rhs)
proo

lemma half’-oplus-e”:
fixes u v :: complex
assumes cmod v < 1 cmod v < 1
shows half’ (oplus-e¢’ u v) =
yuxyv/(yuxyvx (I +inneruv)+1)* (u+ (I /vu)*xv+(y
uw/ (1 + 7 u))* inner u v * u)

{(proof)

lemma oplus-m’-half":
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fixes u v :: complex
assumes cmod u < 1 cmod v < 1
shows oplus-m’ (half’ u) (half’ v) =
(vuxyv/(yuxvyovx (I + inneruv) + 1)) *
(u+ (1 /~vu v+ (yu/ (I +yu)*inner uv) % u)
(proof)

lemma iso-me-oplus:
shows (1/2) ® (u ®e v) = ((1/2) @ u) B ((1/2) @ )
{(proof)

lemma oplus-e-oplus-m:
shows v B, v=2® ((1/2) ® u ®n, (1/2) ® v)
(proof)

lemma iso-two-me-oplus:
shows 2 ® (u ®,, v) = (2 ® u) ®. (2 ® v)
(proof)

lemma iso-two-me-ominus:
shows 2 ® (O, u) = S, (2 @ u)
(proof )

lemma iso-two-me-zero:
shows 2 ® 0,, = 0.
(proof )

lemma iso-two-me-bij:
shows bij (A z::PoincareDisc. 2 ® )
{proof)

definition gyr.::PoincareDisc = PoincareDisc = PoincareDisc = PoincareDisc
where

gyre UV W = S (U Be V) Be (u Be (v Be w))

typedef PoincareDiscM = UNIV::PoincareDisc set
(proof)
setup-lifting type-definition-PoincareDiscM
lift-definition zero-M :: PoincareDiscM (0p) is O, (proof)

lift-definition ominus-M :: PoincareDiscM = PoincareDiscM (©y) is (Sm)
(proof)

lift-definition oplus-M :: PoincareDiscM =- PoincareDiscM = PoincareDiscM
(infix] ®p; 100) is (©n) (proof)
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lift-definition gyr-M :: PoincareDiscM = PoincareDiscM = PoincareDiscM =
PoincareDiscM is gyr,, {proof)

lift-definition to-complex-M :: PoincareDiscM = complex is to-complex {proof)
interpretation gyrogroupoid-M: gyrogroupoid zero-M oplus-M {proof)

instantiation PoincareDiscM :: gyrogroupoid

begin

definition gyrozero-PoincareDiscM where gyrozero-PoincareDiscM = 0
definition gyroplus-PoincareDiscM where gyroplus-PoincareDiscM = oplus-M
instance

(proof)
end

instantiation PoincareDiscM :: gyrocommutative-gyrogroup

begin

definition gyroinv-PoincareDiscM where gyroinv-PoincareDiscM = ominus-M
definition gyr-PoincareDiscM where gyr-PoincareDiscM = gyr-M

instance (proof)

end

typedef PoincareDiscE = UNIV::PoincareDisc set
(proof)

setup-lifting type-definition-PoincareDiscE

lift-definition zero-E :: PoincareDiscE (0g) is 0. {proof)

lift-definition ominus-E :: PoincareDiscE = PoincareDiscE (Sg) is (&) (proof)

lift-definition oplus-E :: PoincareDiscE = PoincareDiscE = PoincareDiscE (infix]
©p 100) is () (proof)

lift-definition gyr-E :: PoincareDiscE = PoincareDiscE = PoincareDiscE =
PoincareDiscE is gyr. (proof)

lift-definition to-complez-FE :: PoincareDiscE = complex is to-complex {proof)

lift-definition ¢y, g 1 PoincareDiscM = PoincareDiscE is A x::PoincareDisc. 2
® z (proof)

interpretation Finstein-gyrogroup-iso:
gyrogroup-isomorphism @y g zero-E oplus-E ominus-E
rewrites
Einstein-gyrogroup-iso.qyr’ = gyr-E

(proof)

instantiation PoincareDiscE :: gyrogroupoid
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begin

definition gyrozero-PoincareDiscE where gyrozero-PoincareDiscE = Og
definition gyroplus-PoincareDiscE where gyroplus-PoincareDiscE = oplus-E
instance

(proof)
end

instantiation PoincareDiscE :: gyrocommutative-gyrogroup

begin

definition gyroinv-PoincareDiscE where gyroinv-PoincareDiscE = ominus-E
definition gyr-PoincareDiscE where gyr-PoincareDiscE = gyr-E

instance (proof)

end
lift-definition scale-M :: real = PoincareDiscM = PoincareDiscM is (®) (proof)

lift-definition scale-E :: real = PoincareDiscE = PoincareDiscE is (®) (proof)

lemma gyrocarrier'M:
shows gyrocarrier’ to-complex-M

(proof)

lemma gyrocarrier-norms-embed’M:
shows gyrocarrier-norms-embed’ to-complex-M

(proof)

lemma of-carrier-M:

assumes cmod z < 1

shows gyrocarrier’.of-carrier to-complex-M z = Abs-PoincareDiscM (PoincareDisc.of-complex
z)

{proof )

global-interpretation GCM: gyrocarrier-norms-embed’ to-complex-M
rewrites GCM.norms = {z. abs © < 1} and
GCM .reals = Abs-PoincareDiscM ¢ PoincareDisc.of-complex ¢ cor * {x.
o] < 1}
defines of-complex-M = gyrocarrier’.of-carrier to-complex-M
(proof)

lemma of-real’-M:
assumes abs z < 1
shows GCM.of-real’ © = Abs-PoincareDiscM (PoincareDisc.of-complex (cor x))

(proof)
lemma to-real’-M:

assumes z € GCM.reals
shows GCM .to-real’ z = Re (to-complex-M z)
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{proof)

lemma gyronorm-M-lt-1 [simpl:
shows abs (GCM .gyronorm a) < 1
(proof )

lemma gyrocarrier’-norms-M [simp]:
shows gyrocarrier’.norms to-compler-M = GCM .norms

{proof)

lemma gyrocarrier-norms-embed’-reals-M [simp):
shows gyrocarrier-norms-embed’.reals to-complex-M = GCM .reals

{proof)

lemma gyrocarrier'E:
shows gyrocarrier’ to-complex-E

(proof)

lemma gyrocarrier-norms-embed’E:
shows gyrocarrier-norms-embed’ to-complex-E

(proof)

lemma of-carrier-FE:

assumes cmod z < 1

shows gyrocarrier’.of-carrier to-complexr-E z = Abs-PoincareDiscE (PoincareDisc.of-complex
z)

{proof)

global-interpretation GCE: gyrocarrier-norms-embed’ to-complex-E
rewrites GCE.norms = {z. abs ¢ < 1} and
GCE.reals = Abs-PoincareDiscE © PoincareDisc.of-complex  cor ‘ {z. |z|
< 1}
defines of-complex-E = gyrocarrier’.of-carrier to-complex-E
(proof)

lemma of-real’-E:
assumes abs z < 1
shows GCE.of-real’ x = Abs-PoincareDiscE (PoincareDisc.of-complex (cor x))
(proof)

lemma to-real’-FE:
assumes z € GCE.reals
shows GCE.to-real’ 2 = Re (to-complex-E z)
(proof)

lemma gyronorm-E-lt-1 [simp]:

shows abs (GCE.gyronorm a) < 1
(proof )
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lemma gyrocarrier’-norms-E [simp]:
shows gyrocarrier’.norms to-complex-E = GCE.norms

{proof)

lemma gyrocarrier-norms-embed’-reals-E [simpl:
shows gyrocarrier-norms-embed’.reals to-complexr-E = GCE.reals
{proof )

lemma preals-to-reals:
shows o g ¢ gyrocarrier-norms-embed’.reals to-complex-M = gyrocarrier-norms-embed’.reals
to-complex-E

(proof)

interpretation gyrocarrier-norms-embed-M: gyrocarrier-norms-embed to-complex-M
scale-M

(proof)

interpretation pre-gyrovector-space-M: pre-gyrovector-space to-complex-M scale-M
(proof)

interpretation gyrovector-space-norms-embed-M: gyrovector-space-norms-embed scale-M
to-complex-M
(proof)

lemmas bijpr g = Finstein-gyrogroup-iso.pbij

lemma opluspn g:
shows pye (U B V) = omE U B PuE U
(proof)

lemma scalepprg:
shows ¢y g (scale-M r u) = scale-E r (omE u)

{proof)

lemma GCEoinvRMinus:
assumes a € gyrocarrier’.norms to-complex-E
shows GCE.oinvR a = — a

(proof)

lemma gyronormey g:
shows oy g (GCM.of-real’ (GCM .gyronorm a)) = GCE.of-real’ (GCE.gyronorm

(pmE a))
{proof)

interpretation isoME'": gyrocarrier-isomorphism’ to-complex-M to-complex-E o g
(proof )

interpretation isoME': gyrocarrier-isomorphism to-complex-M to-complex-E oy g

(proof)
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interpretation PGVME: pre-gyrovector-space-isomorphism to-complez-M to-complez-E
scale-M scale-E oy g

(proof)

interpretation isoME-norms-embed’: gyrocarrier-isomorphism-norms-embed’ to-complex-M
to-complex-FE scale-M scale-FE oy g

{proof)

interpretation isoMFE-norms-embed: gyrocarrier-isomorphism-norms-embed to-complex-M
to-complex-FE scale-M scale-FE oy E

{proof)

interpretation isoME': gyrovector-space-isomorphism’ to-complex-M to-complez-E
scale-M scale-FE oy p

{proof)

interpretation isoME: gyrovector-space-isomorphism to-complex-M to-complex-E
scale-M scale-F oy g

(proof)

end

theory GyroVectorSpaceTrivial
imports GyroVectorSpace

begin

Every group is a gyrogroup with identity gyration

sublocale group-add C groupGyrogroupoid: gyrogroupoid 0 (+)
(proof)

sublocale group-add C groupGyrogroup: gyrogroup 0 (+) Az. —z A uvz. x
(proof)

locale gyrocarrier-trivial = gyrocarrier’ to-carrier for

to-carrier :: 'a::{ gyrocommutative-gyrogroup, real-inner, real-normed-algebra-1}
= 'a +

assumes gyr-id: A uvz. (gyrii’a = ‘a = 'a= a) uvar =z

assumes to-carrier-id: )\ x. to-carrier r = x

assumes oplus: A zy:'a . 2 Qy=x+y

assumes ominus: \ zii'a . O x = — 1

sublocale gyrocarrier-trivial C gyrocarrier to-carrier

(proof)

sublocale gyrocarrier-trivial C pre-gyrovector-space to-carrier (xg)
(proof )
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sublocale gyrocarrier-trivial C TG': gyrocarrier-norms-embed’ to-carrier
(proof )

context gyrocarrier-trivial
begin

lemma norms-UNIV:
shows norms = UNIV

{proof)

lemma reals-UNIV:
shows T'G'.reals = of-real * UNIV

{proof)

lemma of-real”:
shows TG'.of-real’ = of-real

(proof)

end

sublocale gyrocarrier-trivial C TG: gyrocarrier-norms-embed to-carrier (xg)

(proof)

sublocale gyrocarrier-trivial C gyrovector-space-norms-embed (xg) to-carrier
(proof)

end
theory hDistance

imports MobiusGyro VectorSpace
begin

abbreviation distance-m-expr :: compler = compler = real where
distance-m-expr w v = 1 + 2 * (emod (u — v))? / (1 — (emod uw)?) * (1 —
(cmod v)?))

definition distance-m :: complex = complex = real where
distance-m u v = arcosh (distance-m-expr u v)

lemma arcosh-artanh-lemma:

shows (cmod (1 — cnj u * v))? — (cmod (u — v))? = (1 — (ecmod u)?) * (1 —
(cmod v)?)
(proof)

lemma distance-m-expr-ge-1:
fixes u v :: complex
assumes cmod u < 1 cmod v < 1
shows distance-m-expr u v > 1

(proof)
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lemma arcosh-artanh:
fixes u v :: complex
assumes cmod u <I1 cmod v < 1
shows arcosh (distance-m-expr u v) =
2 x artanh (cmod ((u—v) / (1 — (enj u)*v)))
(proof )

definition distance-m-gyro :: PoincareDisc = PoincareDisc = real where
distance-m-gyro u v = 2 * artanh (Mobius-pre-gyrovector-space.distance u v)

lemma distance-equiv:
shows distance-m-gyro uw v = distance-m (to-complex u) (to-complez v)

(proof)

definition blaschke where
blaschke a z = (z — a) / (I — cnj a x 2)

lemma
fixes a z :: complex
shows blaschke a z = oplus-m’ (ominus-m’ a) z
(proof )

end
theory MobiusCollinear

imports MobiusGyro VectorSpace
begin

lemma collinear-0-proportional”:

assumes v # 0,

shows Mobius-pre-gyrovector-space.collinear © 0., v <— (3 k::real. to-complex
z =k x (to-complex v))

(proof )

lemma

assumes v # 0y,

shows Mobius-pre-gyrovector-space.collinear © 0,, v <— to-complex x * cnj
(to-complex v) = cnj (to-complex x) * to-complex v

(proof)

lemma collinear-0-proportional:

shows Mobius-pre-gyrovector-space.collinear x 0., v <— v = 0, V (3 k::real.
to-complex x = k * (to-complez v))

(proof)

lemma to-complex-0 [simpl:
shows to-complex 0,, = 0

(proof)

lemma to-complex-0-iff [iff]:
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shows to-complex x = 0 «— z = 0,
(proof)

lemma mobius-between-0ry:
shows Mobius-pre-gyrovector-space.between 0., © y +—
(3 kureal. 0 < k ANk < 1 A to-complex x = k x to-complex y)

(proof)

end
theory MobiusGeometry

imports MobiusGyro VectorSpace
begin

lemma mobius-collinear-u0v':

assumes v # 0,

shows Mobius-pre-gyrovector-space.collinear u 0., v <— (3 k::real. to-complex
u = k x (to-complex v))

(proof)

lemma mobius-collinear-u0v:
shows Mobius-pre-gyrovector-space.collinear = 0,, v +—
v="0mn V (3 kureal. to-complex x = k * (to-complex v))
(proof)

lemma mobius-between-0uv:
shows Mobius-pre-gyrovector-space.between 0,, v v —
(3 kureal. 0 < k ANk < 1 A to-complex u = k * to-complex v)

(proof)

abbreviation distance-m-expr :: compler = compler = real where
distance-m-expr w v = 1 + 2 * (emod (u — v))? / (1 — (emod uw)?) * (1 —
(cmod v)?))

definition distance-m :: complex = complex = real where
distance-m u v = arcosh (distance-m-expr u v)

lemma arcosh-artanh-lemma:

shows (cmod (1 — cnj u * v))? — (cmod (u — v))? = (1 — (ecmod u)?) * (1 —
(cmod v)?)
(proof)

lemma distance-m-expr-ge-1:
fixes u v :: complex
assumes cmod u < 1 cmod v < 1
shows distance-m-expr u v > 1

(proof)
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lemma arcosh-artanh:
fixes u v :: complex
assumes cmod u <I1 cmod v < 1
shows arcosh (distance-m-expr u v) =
2 x artanh (cmod ((u—v) / (1 — (enj u)*v)))
(proof )

definition distance,, :: PoincareDisc = PoincareDisc = real where
distance,, v v = 2 % artanh (Mobius-pre-gyrovector-space.distance u v)

lemma distance,,-equiv:
shows distance,, u v = distance-m (to-complex u) (to-complez v)

(proof)

definition cong,, :: PoincareDisc = PoincareDisc = PoincareDisc = Poincare-
Disc = bool where
congm a b ¢ d «— distance,, a b = distance,, c d

end

theory Tarskilsomorphism
imports Poincare-Disc. Tarski

begin

locale TarskiAbsolutelso = TarskiAbsolute +

fixes ¢ :: 'a = 'b

fixes cong’ :: 'b = 'b = 'b = 'b = bool

fixes betw’ :: 'b = 'b = 'b = bool

assumes pbij: bij ¢

assumes pcong: \ zy z w. cong’ (¢ z) (p y) (p 2) (p w) «— congzy z w
assumes pbetw: N\ z y z. betw’ (p x) (¢ y) (¢ 2) +— betw x y 2

sublocale TarskiAbsoluteIso C TA: TarskiAbsolute cong’ betw’
(proof)

context TarskiAbsolutelso
begin
lemma pon-line:
shows TA.on-line (¢ p) (p a) (¢ b) +— on-linep a b

{proof)

lemma pon-ray:
shows TA.on-ray (¢ p) (¢ a) (¢ b) «— on-ray p a b
(proof )

lemma pin-angle:
shows TA.in-angle (¢ p) (¢ a) (¢ b) (p ¢) «— in-anglep a b c
(proof)

lemma pray-meets-line:
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shows TA.ray-meets-line (p ra) (¢ rd) (¢ la) (¢ Ib) +—
ray-meets-line ra rb la Ib

{proof)

end

locale TarskiHyperboliclso = TarskiHyperbolic +
fixes ¢ : ‘la = b
fixes cong’ :: 'b = 'b = 'b = 'b = bool
fixes betw’:: 'b = 'b = 'b = bool
assumes pbij: bij ¢
assumes pcong: \ zy z w. cong’ (¢ z) (¢ y) (¢ 2) (p w) +— congzy zw
assumes pbetw: N\ z y z. betw’ (p z) (¢ y) (¢ 2) +— betw x y 2

sublocale TarskiHyperboliclso C TAI: TarskiAbsolutelso
(proof)

sublocale TarskiHyperbolicIso C TarskiHyperbolic cong’ betw’
(proof)

locale ElementaryTarskiHyperboliclso = Elementary TarskiHyperbolic +
fixes p :: 'a = 'b
fixes cong’ :: 'b = b = 'b = 'b = bool
fixes betw’ :: 'b = b = 'b = bool
assumes @bij: bij
assumes pcong: \ zy z w. cong’ (¢ z) (¢ y) (p 2) (p w) — congzy z w
assumes pbetw: N\ zy z. betw’ (p x) (v y) (¢ 2) — betw x y 2

sublocale ElementaryTarskiHyperbolicIso C THI: TarskiHyperboliclso
(proof )

sublocale FElementaryTarskiHyperbolicIso C Elementary TarskiHyperbolic cong’ betw’

(proof)

end
theory MobiusGyroTarski
imports MobiusGeometry Tarskilsomorphism Poincare-Disc. Poincare-Tarski
begin
This theory depends on the following AFP entries:
https://www.isa-afp.org/entries/Poincare_ Disc.html https://www.isa-afp.org/en-
tries/Complex_ Geometry.html
They must be downloaded in order to check this theory.

The following lemmas can be moved to the cited AFP entries.

lemma eqArgLessCmod:

assumes u # 0 v # 0

shows Arg u = Arg v A cmod uw < emod v +— (3k. k> 0Nk <1 N u= cor
k x v)
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(proof)

lift-definition p-blaschke :: p-point = p-isometry is A a. (moebius-pt (blaschke
(to-complex a)))
(proof )

lemma p-between-p-isometry-pt [simp):

shows p-between (p-isometry-pt f a) (p-isometry-pt f b) (p-isometry-pt f ¢) +—
p-between a b c

(proof)

lemma p-blaschke-id [simp]:
shows p-isometry-pt (p-blaschke z) x = p-zero
(proof)

lemma p-between-0uv:
shows p-between p-zero u v <—
(3k>0. k < 1 A to-complex (Rep-p-point u) = cor k * to-complex (Rep-p-point
v))
(proof)

A bijection between AFP type representing the Poincare disc (based on
complex homogenous coordinates) and our type for poincare disc (based on
ordinary complex numbers)

lift-definition ¢ :: p-point = PoincareDisc is to-complex
(proof)

lemma distance-m-p-dist:
shows distance-m (PoincareDisc.to-complex (¢ x)) (PoincareDisc.to-complex (¢

y)) = p-dist z y
(proof )

definition blaschke’ :: complex = complex = complex where
blaschke’ a z = (z — a) / (1 — enj a * 2)

lemma blaschke'-translation:
fixes a z :: complex
shows blaschke’ a z = oplus-m’ (ominus-m’ a) z
(proof )

lift-definition blaschke-g :: PoincareDisc = PoincareDisc = PoincareDisc is
blaschke'

{proof)

lemma blaschke-translation:
blaschke-g a z = (O a) By, 2
(proof )
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Isomorphism between hyperbolic geometry of Poincare disc defined in
AFP entry, and hyperbolic geometry in Mobius gyrovector space. Since
these two are isomorphic, the geometry of Mobius gyrovector space satisfies
Tarski axioms.

interpretation MobiusGyroTarskilso: ElementaryTarskiHyperboliclso p-congruent
p-between ¢ cong,, Mobius-pre-gyrovector-space.between

{(proof)

interpretation MobiusGyroTarski: ElementaryTarskiHyperbolic cong,, Mobius-pre-gyrovector-space.between
(proof )

end
theory MobiusGyrotrigonometry
imports Main GammaFactor PoincareDisc MobiusGyro VectorSpace MoreCom-
plex
begin

lemma m-gamma-hi:

shows ©,, a ®,, b = of-complex ((to-complex b — to-complex a) / (1 — cnj
(to-complex a) x to-complex b))

{proof)

lemma m-gamma-h2:
shows ((&, a ®,, b))? =
(((b))? + ((a))? — (to-complex a) * cnj (to-complex b) — cnj (to-complex
a) * (to-complezx b)) /
(1 — (to-complex a) * cnj (to-complex b) — cnj(to-complex a) x (to-complex
b) + ((a))? = ((0))?)

(proof)

lemma m-gamma-h3:
shows 1 — ((&, a &y, b>>) =
(1 = (b))% = (a))* + E<< a))? = ((b))?) /

(1 — (to complex a) * cnj (to-complex b) — cnj (to-complex a) * (to-complex

b) + ((a))* = ({b))?) (is ?hs = Prhs)
(proof)

lift-definition gammma-factor-m :: PoincareDisc = real (vy,) is gamma-factor
(proof )

lemma m-gamma-h4:
shows ('Ym (9m a Om b))2 =
(1 — (to-complex a) * cnj (to-complex b) — cnj (to-complex a) * (to-complex
b) + ({a))* = ({b))?) /
< f>(1 = ((0))? — ({a))? + ({a))® * ((b))*)
Proo

lemma m-gamma-equation:
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shows (Vi (©m a ©m b))Z = (Ym a’)2 * (Ym b)2 (1 —2%a-b+ (<<a>>)2 *
((6))?)
(proof )

lemma T8-25-helpl:
assumes At #A BtAt#CtCt+# Bt
a = ({ Mobius-pre-gyrovector-space.get-a t))? b = ({ Mobius-pre-gyrovector-space. get-b
t))? ¢ = ((Mobius-pre-gyrovector-space.get-c t))?
shows to-complex ((of-complex a) &, (of-complex b) By, (S (of-complez ¢)))

(a +b— c— axbxc) / (1 + axb — axc — bxc) (is ?lhs = ?rhs)
(proof)

lemma T8-25-help2:
fixes t :: PoincareDisc otriangle
assumes (A t) # (Bt) (At) #(Ct)(Ct)#(Bt)
a = {Mobius-pre-gyrovector-space.get-a t) b = ( Mobius-pre-gyrovector-space.get-b
t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
shows cos gamma = (a® + b2 — ¢ — (axbxc)?) / (2 x a % b* (1 — c?))

(proof)

lemma T8-25-help3:
fixes t :: PoincareDisc otriangle
assumes (A t) # (Bt) (At)# (Ct)(Ct)#(Bt)
a = {Mobius-pre-gyrovector-space.get-a t) b = { Mobius-pre-gyrovector-space.get-b
t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
beta-a = 1 / sqrt (1 + a?) beta-b = 1 / sqrt (1+b?)
shows 2 * beta-a® * a * beta-b> * b * cos gamma = (a®> + b> — ¢* —
(axbxc)?) / ((1 + a®) * (1 + b2) * (1—c?))
(proof )

lemma T'8-25-help4:
fixes t :: PoincareDisc otriangle
assumes (A t) # (Bt) (At)#(Ct)(Ct)#(Bt)
a = {Mobius-pre-gyrovector-space.get-a t) b = ( Mobius-pre-gyrovector-space.get-b
t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
beta-a = 1 / sqrt (1 + a?) beta-b = 1 / sqrt (1+b?)
shows I — 2 * beta-a® * a * beta-b> * b * cos gamma =
(1 + (axb)? — (axc)? — (bxc)?) / (1 + a?) * (1 + b2) * (1—c?))
(proof)

lemma T25-help5:
fixes t :: PoincareDisc otriangle
assumes (A t) # (Bt) (At)#(Ct)(Ct)#(Bt)
a = {Mobius-pre-gyrovector-space.get-a t) b = ( Mobius-pre-gyrovector-space.get-b
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t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
beta-a = 1 / sqrt (1 + a?) beta-b = 1 / sqrt (1+b?)
shows (2 * beta-a® * a x beta-b? x b x cos gamma) | (1 — 2 * beta-a® * a *
beta-b? * b * cos gamma) =
to-complex ((of-complex (a?)) ®m (of-complex (b%)) G (Sm (of-complex
(c?)))) (is ?lhs = ?rhs)
{proof)

lemma T25-MobiusCosineLaw:
fixes t :: PoincareDisc otriangle
assumes (A t) # (Bt) (At)#(Ct) (Ct)#(Bt)
a = {Mobius-pre-gyrovector-space.get-a t) b = { Mobius-pre-gyrovector-space.get-b
t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t
beta-a = 1 / sqrt (1 + a?) beta-b = 1 / sqrt (1+b?)
shows ¢? = to-complex ((of-complex (a%)) @, (of-complex (b%)) ©m (Om
(of-complex
(2 x beta-a® * a * beta-b> * b * cos(gamma) /
(1 — 2 % beta-a® * a * beta-b> x b x cos gamma)))))

(proof)

abbreviation add-complez (infixl ®,,. 100) where
add-complex c1 c¢2 = to-complex (of-complex c1 @, of-complezr c2)

lemma T-MobiusPythagorean:

fixes t :: PoincareDisc otriangle

assumes (A t) # (Bt) (At)#(Ct) (Ct)#(Bt)

a = {Mobius-pre-gyrovector-space.get-a t) b = { Mobius-pre-gyrovector-space.get-b
t) ¢ = (Mobius-pre-gyrovector-space.get-c t)
gamma = Mobius-pre-gyrovector-space.get-gamma t gamma = pi | 2
shows ¢ = a® &, b>
(proof)

end
theory Poincare

imports Complex-Main HOL— Analysis. Inner-Product GammaFactor
begin

typedef PoincareDisc = {z::complex. ecmod z < 1}
(proof )

setup-lifting type-definition-PoincareDisc
abbreviation to-complex :: PoincareDisc = compler where
to-complex = Rep-PoincareDisc

abbreviation of-complex :: complex = PoincareDisc where
of-complexr = Abs-PoincareDisc
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lemma poincare-disc-two-elems:
shows 3 21 22::PoincareDisc. z1 # 22

(proof)

lift-definition inner-p :: PoincareDisc = PoincareDisc = real (infixl - 100) is
inner (proof)

lift-definition norm-p :: PoincareDisc = real ({-) [100] 101) is norm (proof)

lemma norm-lt-one:
shows (u) < 1

{proof)

lemma norm-geq-zero:
shows (u) > 0

(proof)

lemma square-norm-inner:
shows ((u))? = u - u
{proof)

lift-definition gammma-factor-p :: PoincareDisc = real (v,) is gamma-factor
(proof)

lemma gamma-factor-p-nonzero [simpl:
shows v, u # 0
{proof )

lemma gamma-factor-p-positive [simp]:
shows v, u > 0
(proof )

lemma norm-square-gamma-factor-p:
shows ({u)) 2 =1—1/ (vp u) 2
(proof)

lemma norm-square-gamma-factor-p:
shows ((u)) ™2 = ((vp w) ™2 — 1) / (vp u) "2
(proof)

lemma gamma-factor-p-square-norm:
shows (v, u)® =1 / (1 — ({u))?)
(proof)

end
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