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Abstract

The theory of groups, rings and modules is developed to a great depth.
Group theory results include Zassenhaus’s theorem and the Jordan-Hoelder
theorem. The ring theory development includes ideals, quotient rings and
the Chinese remainder theorem. The module development includes the
Nakayama lemma, exact sequences and Tensor products.
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Chapter 1

Preliminaries

Some of the lemmas of this section are proved in src/HOL/Integ of Isabelle
version 2003.

1.1 Lemmas for logical manipulation

lemma True-then:True — P —> P
(proof)

lemma ex-conjl:[P ¢; Q ¢] = Jc. Pc A Q¢

(proof)

lemma forall-spec:[ Vb. Pb — Q b; Pa] = Q a
(proof)

lemma a-b-exchange:[a; a = b] = b

(proof)

lemma eg-prop:[ P; P = Q] = @
(proof)

lemma forball-contra:[VyeA. Pxy — = Q y; VyeA. Qy V R y] =
VycA. (W Pzy)VRy
(proof)

lemma forball-contral:[VyeA. Pxy — Q y; VyeAd. - Qy] = VycA. - Pz

Y
(proof)

1.2 Natural numbers and Integers

Elementary properties of natural numbers and integers

lemma nat-nonzero-pos:(a::nat) # 0 = 0 < a



(proof)

lemma add-both:(a:nat) =b = a+ c=0b+ ¢

(proof)

lemma add-bothl:a = b — ¢+ a=c+ b
(proof)

lemma diff-Suc:(n:nat) < m = m — n + Suc 0 = Sucm — n

(proof)

lemma le-convert:[a = b; a < ¢] = b < ¢
(proof)

lemma ge-convert:Ja = b; ¢ < a] = ¢ < b

(proof)

lemma less-convert:[ a = b; c < b] = ¢ < a
(proof)

lemma ineg-convl:[a =b;a < ] = b<c

(proof)

lemma diff-Suc-pos:0 < a — Suc 0 = 0 < a
(proof)

lemma minus-SucSuc:a — Suc (Suc 0) = a — Suc 0 — Suc 0

(proof)

lemma Suc-Suc-Tr:Suc (Suc 0) < n = Suc (n — Suc (Suc 0)) = n — Suc 0

{(proof)

lemma Suc-Suc-less:Suc 0 < a = Suc (a — Suc (Suc 0)) < a
(proof)

lemma diff-zero-eq:n = (0::nat) = m =m — n

(proof)

lemma Suc-less-le:x < Sucn — z < n
(proof)

lemma less-le-diff :x < n =z < n — Suc 0

(proof)

lemma le-pre-le:x < n — Suc 0 =z < n
(proof)

lemma nat-not-less:— (m:znat) < n = n < m

(proof)



lemma less-neq:n < (m:nat) = n # m
(proof)

lemma less-le-diff1:n # 0 = ((m:nat) < n) = (m < (n — Suc 0))

(proof)

lemma nat-not-lessl:n # 0 = (= (munat) < n) = (- m < (n — Suc 0))
(proof)

lemma nat-eq-le:m = (n:nat) = m < n

(proof)

1.2.1 Integers

lemma non-zero-int: (n:int) # 0 = 0 <nVn <0

(proof )

lemma zgt-0-zge-1:(0::int) < z = 1 < 2
(proof )

lemma not-zle:(— (nzint) < m) = (m < n)
(proof )

lemma not-zless:(— (n::int) < m) = (m < n)
(proof)

lemma zle-imp-zless-or-eq:(nint) < m = n < mVn=m

(proof)

lemma zminus-zadd-cancel: — z + (z + w) = (w::int)
(proof)

lemma int-neg-iff :(w::int) # z) = (w < 2) V (2 < w)

(proof)

lemma zless-imp-zle:(z::int) < 2’ = z < 2’
(proof)

lemma 2diff:z — (wint) = z + (— w)

(proof)

lemma zle-zless-trans:[ (i:int) < j;j < k] = i < k
(proof)

lemma zless-zle-trans:[ (i:int) < j;j < k] = i < k

(proof)

lemma zless-neq:(i:int) < j = i #



(proof)

lemma int-mult-mono:[ i < j; (0zint) < k] = kxi <kxj

(proof)

lemma int-mult-le:[i < j; (0:int) < k] = kxi <k xj
(proof )

lemma int-mult-lel:[i < j; (0zint) < k] = ixk <j =k

(proof)

lemma zmult-zminus-right:(w::int) * (— z) = — (w * 2)
(proof)

lemma zmult-zle-monol-neg:[(i::int) < j; k < 0] = jx k < i * k

(proof)

lemma zmuli-zless-mono-neg:[(i:int) < j; k < 0] = j « k < i x k
(proof)

lemma zmult-neg-neg:[i < (0:z:int); j < 0] = 0 < i *j

(proof)

lemma zmult-pos-pos:[(0::int) < i; 0 < j] = 0 < i * j
(proof)

lemma zmult-pos-neg:[(0::int) < 45§ < 0] = i xj < 0

(proof)

lemma zmult-neg-pos:[i < (0:int); 0 < j] = i*xj < 0

{(proof)

lemma zle:((z::int) < w) = (= (w < 2))
(proof)

lemma times-1-both:[(0::int) < z; zx 2 = 1] = z=1 N2 =1

(proof)

lemma zminus-minus:i — — (j:int) = ¢ + j
(proof)

lemma zminus-minus-pos:(n:int) < 0 = 0 < — n

(proof)

lemma zadd-zle-mono:[w’ < w; 2’ < (zuint)] = w' + 2’ < w + 2
(proof )

lemma zmult-zle-mono:[i < (juint); 0 < k] = kx i < k xj

(proof)



lemma zmult-zle-mono-r:[i < (juint); 0 < k] = i« k <jxk
(proof)

lemma pos-zmult-pos:[ 0 < (a:int); 0 < (buint)] = a < a * b

(proof)

lemma pos-mult-l-gt:[(0::int) < w; i < j; 0 < i] =i < w=xj
(proof)

lemma pos-mult-r-gt:[(0::int) < w; i < j; 0 <i] = i <jx*w

(proof)

lemma mult-pos-iff :[(0:int) < 45 0 < ixj] = 0<j

(proof)

lemma zmult-eq:[(0::int) < w; 2 = 2] = wx 2 = w * 2’
(proof)

lemma zmult-eg-r:[(0:int) < w; 2 = 2] = z*xw = 2z’ *x w
(proof)

lemma zdiv-eg-l:[(0:int) < w; z xw =2 xw] = 2z = 2’
(proof)

lemma zdiv-eg-r:[(0::int) < w; w* 2z = w* 2’| = 2z = 2’

(proof)

lemma int-nat-minus:0 < (n:int) = nat (n — 1) = (nat n) — 1

(proof)

lemma int-nat-add:[0 < (n:int); 0 < (m:int)] = (nat (n — 1)) + (nat (m —
1)) + (Suc 0) = nat (n + m — 1)
(proof)

lemma int-equation:(zzint) =y + z =z — y = 2

(proof)

lemma int-pos-mult-monor:[ 0 < (nzint); 0 < nxm] = 0
(proof)

IA
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lemma int-pos-mult-monol:[ 0 < (m:int); 0 <nxm] = 0<n

(proof)

lemma zdiv-positive:[(0::int) < a; 0 < b] = 0 < a div b

(proof)

lemma zdiv-pos-mono-r:[ (0:int) < w; w* z < w* 2] = 2 < z



(proof)

lemma zdiv-pos-mono-l:[ (0::int) < w; z x w < 2z’ x w] = 2 < z

(proof)

lemma zdiv-pos-pos-I:[ (0:int) < w; 0 < z % w] = 0 < z
(proof)

1.3 Sets

1.3.1 A short notes for proof steps
1.3.2 Sets

lemma inFr:x € A = JycAd. y ==z
(proof)

lemma inFEz-rev: 3ycAd. y =2 =z € A

(proof)

lemma nonempty-ex:A # {} = Jz. z € A
(proof)

lemma ex-nonempty:3z. z € A = A # {}

(proof)

lemma not-eq-outside:a ¢ A = VbcA. b # a
(proof)

lemma ez-nonempty-set:3a. P a = {z. Pz} # {}

(proof)

lemma nonempty: x € A = A # {}

(proof)

lemma subset-self:A C A
(proof )

lemma conditional-subset:{xcA. Pz} C A

(proof)

lemma bsubsetTr:{z. 2 € ANPz} C A
(proof)

lemma sets-not-eq:[A # B; B C A] = JacA. a ¢ B
(proof)

lemma diff-nonempty:[A # B; B C A] = A — B # {}
(proof)

/



lemma sub-whichl:[AC BV BC A,z € A;x ¢ B)]— BC A
(proof)

lemma sub-which2:[AC BV BC A,z ¢ Az € Bl — ACB
(proof )

lemma nonempty-int: ANB #{} = 3z.2€ ANB
(proof)

lemma no-meeti:ANB={}=VYac A a¢B
(proof)

lemma no-meet2:A N B ={}=Vac B. a¢ A
(proof)

lemma elem-some:x € A = JycA. z =y
(proof )

lemma singleton-sub:a € A = {a} C A

(proof)

lemma eg-elem-in: [a € A;a=b] = be A
(proof)

lemma eg-set-inc: [a € A; A=B] = a€B

(proof)

lemma eg-set-not-inc:la ¢ A; A=B] = a ¢ B
(proof)

lemma int-subsets: | A1l C A; Bl CB]= A1 nNBlI CANB
(proof)

lemma inter-mono:A C B=— ANCCBNC

(proof)

lemma sub-Uni1:B C B U C
(proof)

lemma sub-Un2:C C B U C
(proof)

lemma subset-contr:[ A C B; B C A] = False
(proof)

lemma psubset-contr:[ A C B; B C A ] = False

(proof)
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lemma egsets-sub:A = B =— A C B
(proof)

lemma not-subseteq: -~ A C B = Ja € A. a ¢ B

(proof)

lemma in-uni:Jz € AUB; s ¢ B] =z € A

(proof)

lemma proper-subset:[A C B; z ¢ A;x € Bl —= A# B
(proof)

lemma in-un2:[z € AUB; 2 ¢ Al =z €B
(proof)

lemma diff-disj:c ¢ A= A —{z} =4
(proof)

lemma in-diff:[x # a; 2 € A) = z € A — {a}
(proof)

lemma in-diffl:x € A — {a} = 2z # a

(proof)

lemma sub-inserted?:[Y Cinsert a X; - Y CX] = a¢ X Na €Y

(proof)

lemma sub-inserted2:[Y C insert a X; - Y C X] = Y = (Y — {a}) U {a}
(proof )

lemma insert-sub:[ A C B; a € B] = (insert a A) C B

(proof)

lemma insert-diff:A C (insert b B) = A — {b} C B
(proof)

lemma insert-incl1:A C insert a A

(proof)

lemma insert-inc2:a € insert a A
(proof)

lemma nonempty-some:A # {} = (SOME z. z € A) € A
(proof)

lemma mem-family-sub-Un:A € C = AC|J C

{(proof)

lemma sub-Union:3XeC. ACX = AC|J C

11



(proof)

lemma family-subset-Un-sub:v AcC. AC B= ) C C B
(proof)

lemma in-set-with-P:P z — z € {y. P y}
(proof )

lemma sub-single:[A # {}; A C {a}] = A = {a}
(proof)

lemma not-sub-single:[A # {}; A # {a}] = = A C {a}
(proof)

lemma not-sub:m A C B = Ja. acAANa ¢ B

(proof)

1.4 Functions

definition
emp = ['b = 'c, 'a = 'b] = ('a = 'c) where
emp g f = (Az. g (fz))

definition
idmap :: 'a set = ('a = 'a) where
idmap A = (A\z€A. 1)

definition
constmap :: ['a set, 'b set] = (‘a ='b) where
constmap A B = (Ax€A. SOME y. y € B)

definition
invfun :: ['a set, 'b set, 'a = 'b] = (b = 'a) where
invfun A B (f =+ 'a = 'b) = (A\yeB.(SOME z. (x € A N fz = y)))

abbreviation
INVFUN :: ['a = 'b, b set, 'a set] = (b = 'a) ((3-71.-) [82,82,83]82) where
fﬁlB,A == invfun A B f

lemma eg-fun:[ f € A—> B;f=9g] =g A— B
(proof)

lemma eg-fun-eq-val: f = g = fx =gz

(proof)

lemma eg-elems-eq-val:x =y = fx = fy

(proof)

lemma cmp-fun:[f € A—-B,ge B> C]=cmpgfeAd—C

12



(proof)

lemma cmp-fun-image:[f € A—- B;g€e B - C] =
(empgf) “A= g*(f"A)
(proof)

lemma cmp-fun-sub-image:[f € A — B; g € B — C; A1l C A] =
(emp g f) *Al = g (f°Al)
(proof)

lemma restrict-fun-eq:Vz€A. fr = gz = (Az€A. fz) = (Ax€A. g x)
(proof )

lemma funcset-mem: [f € A - B;z € A] = fx € B

(proof)

lemma img-subset:f € A - B = f‘ACB
(proof)

lemma funcset-mem1:[VI€A. fl € Bz € A] = fz € B
(proof)

lemma func-to-img:f € A B = fecA—>f‘A
(proof)

lemma restrict-in-funcset: Vee A. fx € B =
(A\z€A. fz)e A— B

(proof)

lemma funcset-eq:[ f € extensional A; g € extensional A; V€A, fz =gz ] =
f=y
(proof)

lemma eq-funcs:[f € A— B;ge A= B;f=g;z € Al = fz=gux
(proof)

lemma restriction-of-domain:[ f € A — B; A1l C A =
restrict f Al € A1l — B

(proof)

lemma restrict-restrict:[ restrict f A € A — B; Al CA] =
restrict (restrict f A) Al = restrict f Al
(proof)

lemma restr-restr-eq:[ restrict f A € A — B; restrict f A = restrict g A;
Al C A ] = restrict f A1 = restrict g A1

(proof )

13



lemma funcTr:[f € A—- B;g€ A—B;f=g;a€ Al = fa=ga
(proof )

lemma funcTri:f =g;a € A] = fa=ga

(proof)

lemma restrictfun-im:[ (restrict fA) € A — B; Al CA] =
(restrict f A) < A1 = f ‘A1
(proof)

lemma mem-in-image:[ f € A — B;a € A] = facf‘A

(proof)

lemma mem-in-imagel:[ VIEA. fl € B;a € A] = facf‘A

(proof)

lemma mem-in-image2:a € A = fa e f‘A
(proof )

lemma mem-in-image3:b € f ‘A= da € A. b=fa

(proof)

lemma elem-in-image2: [ f € A — B; A1 C A;z € Al] = fz € f* Al
(proof )

lemma funcs-nonempty:[ A #{}; B#{}] = (A — B) # {}
(proof)

lemma idmap-funcs: idmap A € A — A

{proof)

lemma [l-idmap-comp: [f € extensional A; f € A — B] =
compose A (idmap B) f = f
(proof)

lemma r-idmap-comp:[f € extensional A; f € A — B] =
compose A f (idmap A) = f
(proof)

lemma extend-fun: [f € A—- B; BC Bl | = f € A— Bl
(proof )

lemma restrict-fun: [ f € A — B; A1 C A ]| = restrict f Al € Al - B
(proof )

lemma set-of-hom: Vx € A. fz € B = restrict fA€ A — B

(proof )

14



lemma composition : [ f € A — B; g€ B — C] = (compose A gf) € A —
C

{proof)

lemma comp-assoc:[f € A—- B;geB—-C;heC - D] =
compose A h (compose A g ) = compose A (compose B h g) f
(proof)

lemma restrictfun-ing: [ inj-on f A; Al C A ] = inj-on (restrict f A1) Al

(proof )

lemma restrict-inj:[inj-on f A; Al C A] = inj-on f Al
(proof)

lemma injective:[ inj-on fA; x € Ay e Asx £yl = fz#fy
(proof)

lemma injective-iff:[ inj-on f A; z € A; y € A] =
(z=y)=(z="ry)
(proof)

lemma injfun-elim-image:[f € A — B; inj-on f A; z € A] =
frA-Az})=(A) —{f=}
(proof)

lemma cmp-inj:[f € A — B; g € B — C; inj-on f A; inj-on ¢ B | =
inj-on (cmp g f) A
(proof)

lemma cmp-assoc:[f € A= B;ge B— C;he C = D;z € A] =
(emp h (emp g f)) x = (emp (emp h g) f) z
(proof)

lemma bwar-fun: [f € A— (B—> C);a € A]= fa€eB— C
(proof)

lemma bivar-fun-mem: [f € A—- (B— C);a € A;0 € B] = fabe C

{proof)

lemma bivar-func-eq:[Va€A. VbeEB. fab=gab] =
(Ax€A. \yeB. fzy) = (Az€A. \y€B. gz y)
(proof )

lemma set-image: [ f €
fi{(A1 n A2) C
{proof)

A— B; A1l CA A2 C A =
(f A1) N (f A2)

lemma image-sub: [f € A — B; A1 C A] = (f'A1)C B
(proof)

15



lemma image-sub0: f € A - B = (f‘A) C B
(proof)

lemma image-nonempty:[f € A — B; A1 C A; A1 #{} | = ‘A1 #{}
(proof)

lemma im-set-mono: [f €A — B; A1 C A2; A2 CA] = (f A1) C (f“A2)
{proof)

lemma im-set-un:[ feA — B; A1 C A; A2 CA] =
F(A1 U A2) = (f'A1) U (f‘A2)
(proof)

lemma im-set-unl:[VI€EA. fl € B; A = A1 U A2] =
f(A1 U A2) = f (A1) U f“(A2)
(proof)

lemma im-set-un2:A = Al U A2 = f‘A=[f‘(A1)U f‘(A2)
(proof )

definition
invim::['a = 'b, 'a set, 'b set] = 'a set where
invim fA B ={x. €A N fz € B}

lemma invim: [ f:A — B; B1 C B = invim fA Bl C A
{proof)

lemma setim-cmpfn: [ f:A — B; ¢:B — C; Al CA] =
(compose A g f)* Al = g‘(f A1)
{proof )

definition
surj-to :: ['a = 'b, 'a set, 'b set] = bool where
surj-to fA B +— ffA=B

lemma surj-to-test:[ f € A — B;VbeB. Ja€A. fa=b] =
surj-to f A B
(proof )

lemma surj-to-image:f € A — B = surj-to f A (f * A)

(proof)

lemma surj-to-el:[ f € A — B; surjto fA B] = VbeB. JacA. fa =1
(proof)

lemma surj-to-ell:[ f € A — B; surj-to f A B; beB] = Ja€A. fa=b>
(proof )
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lemma surj-to-el2:[surj-to fA B; b € B] = JacA. fa=1b
{proof )

lemma compose-surj: [f:A — B; surj-to fA B; g : B — C; surj-to g B C']
= surj-to (compose A g f) A C
(proof)

lemma cmp-surj: [f:A — B; surj-to fA B; g : B — C; surj-to g B C]
= surj-to (emp g f) A C
(proof)

lemma inj-onTr0:[ f € A - B;z € A;y € A;inj-on fA; fa=fyl =z=y
(proof)

lemma inj-onTrl:[inj-on fA;x € A;y e A fe=fy] = ax=y

(proof)

lemma inj-onTr2:[inj-on f A; . € A,y € A fa #fy] =z #vy
(proof)

lemma comp-inj: [ f € A — B; inj-on fA; g € B — C; inj-on g B ]
= inj-on (compose A g f) A
(proof)

lemma cmp-inj-1: [ f € A — B; inj-on fA; g € B — C; inj-on g B ]
= inj-on (cmp g f) A
(proof)

lemma cmp-ing-2: [VI€A. fl € B; inj-on f A;VKEB. gk € C; inj-on g B |
= inj-on (cmp g f) A
(proof)

lemma invfun-mem:[ f € A — B; inj-on f A; surj-to f A B; b € B ]
= (imvfun ABf)be A
(proof)

lemma inv-func:[ f € A — B; inj-on f A; surj-to f A B]
= (imvfun ABf)e B— A
(proof)

lemma invfun-r:[ f€A — B; inj-on f A; surj-to f A B; b € B]
= f ((invfun A Bf) b) = b
(proof)

lemma invfun-l:[f € A — B; inj-on f A; surj-to f A B; a € A]

= (invfun A Bf) (fa) =a
(proof)
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lemma invfun-inj:[f € A — Bj; inj-on f A; surj-to f A B]
= inj-on (invfun A B f) B
(proof )

lemma invfun-surj:[f € A — Bj; inj-on f A; surj-to f A B]
= surj-to (invfun A B f) B A
(proof)

definition
bij-to :: ['a = 'b, 'a set, 'b set] = bool where
bij-to f A B <— surj-to f A B A inj-on f A

lemma idmap-bij:bij-to (idmap A) A A
{proof )

lemma bij-invfun:[f € A — B; bij-to f A B] =
bij-to (invfun A B f) B A
(proof)

lemma l-inv-invfun:[ f € A — B; inj-on f A; surj-to f A B]
= compose A (invfun A B f) f = idmap A
(proof)

lemma invfun-meml!:[f € A — B; bijto fA B; b € B] =
(invfun A Bf) b e A
(proof)

lemma invfun-r1:] fEA — B; bijto f A B; b € B ]
= f ((invfun A Bf) b) = b
{proof )

lemma invfun-l1:[f € A — B; bij-to f A B; a € A]
= (invfun A Bf) (fa) =a
(proof )

lemma compos-invfun-r:[f € A — B; bij-tofAB; g€ A— C; h e B— C,
g € extensional A; compose B g (invfun A B f) = h] =
g = compose A h f

(proof)

lemma compos-invfun-l:[f € A — B; bijtofAB; g€ C — B; h € C — A4
compose C (invfun A B f) g = h; g € extensional C | =
g = compose C [ h
(proof)

lemma invfun-set:[f € A — B; bij-to f A B; C C B] =

f < (Ginvfun A Bf)C)=C
(proof)
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lemma compos-bij:[f € A — B; bij-to f A B; g € B — C; bij-to g B C] =
bij-to (compose A g f) A C
(proof)

1.5 Nsets

definition
nset :: [nat, nat] = (nat) set where
nsetij =1{k. i <kAk<j}

definition
slide :: nat = nat = nat where
slideij ==1 4+ j

definition
sliden :: nat = nat = nat where
slidenij ==3j — 1

definition
jointfun :: [nat, nat = 'a, nat, nat = ’a] = (nat = 'a) where
(jointfun n fm g) = (M. if i < n then fielse g ((sliden (Suc n)) i))

definition
skip :: nat = (nat = nat) where
skip i = (Az. (if i = 0 then Suc x else
(ifz €{j. 7 < (i — Suc 0)} then x else Suc z)))

lemma nat-pos:0 < (I::nat)
(proof)

lemma Suc-pos:Suck <r—= 0<r

(proof)

lemma nat-pos2:(k:nat) < r = 0 <r

(proof)

lemma eg-le-not:[(a:nat) < b;-a<b]=a=b>
(proof)

lemma im-of-constmap:(constmap {0} {a}) {0} = {a}
(proof)

lemma noteg-le-less:[ m < (nunat); m #n] = m <n

(proof)

lemma nat-not-le-less:(— (n:nat) < m) = (m < n)

(proof)
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lemma self-le:(n:nat) < n
(proof)

lemma n-less-Suc:(n::nat) < Suc n

(proof)

lemma less-diff-pos:i < (n:unat) = 0 < n — i
(proof)

lemma less-diff-Suc:i < (n:nat) = n — (Suc i) = (n — i) — (Suc 0)

(proof)

lemma less-pre-n:0 < n = n — Suc 0 < n

(proof )

lemma Nset-inc-0:(0:nat) € {i. i < n}
(proof )

lemma Nset-1:{i. i < Suc 0} = {0, Suc 0}
(proof )

lemma Nset-1-1:(k < Suc 0) = (k= 0 V k = Suc 0)
(proof)

lemma Nset-2:{i, j} = {j, i}
(proof)

lemma Nset-nonempty:{i. i < (n:nat)} # {}
(proof)

lemma Nset-le:x € {i.i < n} =z <n

(proof)

lemma n-in-Nsetn:(n:nat) € {i. i < n}
(proof)

lemma Nset-pre:[ (z::nat) € {i. i < (Sucn)}; z # Suen | =z € {i. i < n}

(proof)

lemma Nset-prel:{i. i < (Suc n)} — {Suc n} = {i. i < n}
(proof)

lemma le-Suc-mem-Nsetn:z < Sucn = z — Suc 0 € {i. i < n}

(proof)

lemma le-Suc-diff-le:x < Sucn =z — Suc 0 < n

(proof)

lemma Nset-not-pre:[ © ¢ {i. i < n}; z € {i. i < (Sucn)}] = = = Sucn
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(proof)

lemma mem-of-Nset:z < (n:nat) = z € {i. i < n}
(proof)

lemma less-mem-of-Nset:x < (n:nat) = z € {i. i < n}
(proof)

lemma Nset-nset:{i. ¢ < (Suc (n + m))} = {i. i < n} U
nset (Suc n) (Suc (n + m))
(proof)

lemma Nset-nset-1:[0 < n; i < n] = {j.j <n}={j.j <i} U
nset (Suc i) n

(proof)

lemma Nset-img0:[f € {j. j < Suc n} — B; (f (Sucn)) € f*{j.j <n}] =
fiAig < Sueny =f {j.j<n}
(proof)

lemma Nset-img:f € {j. j < Sucn} - B =
insert (f (Sucn)) (f*{j.j < n})=f"{j.j < Sucn}
(proof)

primrec nasc-seq :: [nat set, nat, nat] = nat
where

dec-seq-0: nasc-seq A a 0 = a
| dec-seq-Suc: nasc-seq A a (Suc n) =

(SOME b. ((b € A) A (nasc-seq A an) < b))

lemma nasc-seg-mem:[(a:nat) € A; = (Im. meA N Vazed. z < m))] =
(nasc-seq A an) € A

(proof)

lemma nasc-seqn:[(a::nat) € A; = (Im. meA A (VzeA. z < m))] =
(nasc-seq A a n) < (nasc-seq A a (Suc n))

(proof)

lemma nasc-seqnl:[(a::nat) € A; = (Im. meA N (VzeA. z < m))] =
Suc (nasc-seq A a n) < (nasc-seq A a (Suc n))
(proof)

lemma ubs-ex-n-mazTr:[(a::nat) € A; = (Im. meA A (Vzed. z < m))]
= (a + n) < (nasc-seq A a n)
(proof )

lemma ubs-ez-n-maz:[A # {}; A C {i. i < (nunat)}] =
Ilm. med N (Vz€eA. z < m)

(proof)
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definition
n-max :: nat set = nat where
n-maz A = (THE m. m € AN (Vzed. z < m))

lemma n-maz:[A C {i. i < (nunat)}; A # {}] =
(n-maz A) € AN Vzed. z < (n-maz A))
(proof)

lemma n-maz-eq-sets:[A = B; A # {}; In. AC{j.j <n}] =
n-mar A = n-maz B

(proof)

lemma skip-mem:l € {i. i < n} = (skip i 1) € {i. i < (Suc n)}

(proof)

lemma skip-fun:(skip i) € {i. i < n} — {i. i < (Suc n)}
(proof)

lemma skip-im-Tr0:z € {i. i < n} = skip 0z = Suc

(proof)

lemma skip-im-Tr0-1:0 < y = skip 0 (y — Suc 0) =y
(proof )

lemma skip-im-Tr1:[ i € {i. 1 < (Sucn)}; 0 < i;2 <i— Sucl] =
skipix =x
(proof )

lemma skip-im-Tri-1:[ i € {i. i < (Sucn)}; 0 < iy ¢ < i] =
skipix ==z

(proof)

lemma skip-im-Tr1-2:[ i < (Suc n); ¢ < i] = skipiz ==z
(proof)
lemma skip-im-Tr2:[ 0 < i; 1 € {i. i < (Sucn)}; i < z] =
skip i v = Suc z
(proof)
lemma skip-im-Tr2-1:[i € {i. i < (Sucn)}; i < 2] =
skip i x = Suc x

(proof)

lemma skip-im-Tr3:z € {i. i < n} = skip (Sucn) z =z

(proof)

lemma skip-im-Tr{:[z < Sucn; 0 < 2] =z — Suc 0 < n
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{proof)

lemma skip-fun-im:i € {j. j < (Suc n)} =
(skip 1) “{j.j < n} =({j.j < (Sucn)} - {i})
(proof)

lemma skip-fun-im1:[i € {j. 5 < (Sucn)}; z € {j. j < n}] =
(oro0f) (skip i) z € ({j. j < (Suc n)} — {i})
proo,

lemma skip-id:l < i = skip il =1

(proof)

lemma Suc-neq:[0 < i; 1 — Suc 0 < 1] = i # Sucl

(proof)

lemma skip-il-neq-i:skip i | # i
(proof)

lemma skip-inj:[i € {k. k < n};je{k. k<n}ki#j] =
skip ki # skip k j
(proof )

lemma le-imp-add-int: i < (junat) = k. j =i + k

{proof)

lemma jointfun-hom0:[ f € {j.j < n} = A; g€ {k. k <m} - B] =
(jointfun n fm g) € {l. I < (Suc (n + m))} - (AU B)
(proof)

lemma jointfun-mem:[Vj < (n:nat). fj € A;Vj < m.gj € B;
I < (Suc (n 4+ m))] = (jointfun n fmyg)l e (AU B)
(proof)

lemma jointfun-inj:[f € {j. j < n} — B; inj-on f {j. j < n};
begf{ij<nl]=
ing-on (jointfun n f 0 (Ak€{0::nat}. b)) {j. j < Suc n}
(proof )

lemma slide-hom:i < j = (slide i) € {I. | < (j — 4)} — nsetij
(proof)

lemma slide-mem:[ i < j; 1 € {k. k < (j —4)}] = slide il € nset ij

(proof)

lemma slide-iM:(slide i) < {l. 0 <1} = {k. i <k}
(proof)

lemma jointfun-hom:[ f € {i. i <n} - A;9€{j.j <m} - B] =
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(jointfun n fm g) € {j. j < (Suc (n + m))} - AU B
(proof)

lemma im-jointfunTrl:(jointfun n fm g) * {i. i < n} =f°{i. i < n}

(proof)

lemma im-jointfunTr2:(jointfun n f m g)  (nset (Suc n) (Suc (n + m))) =
9 ({47 <m})
(proof)

lemma im-jointfun:[f € {j.j < n} - 4, 9€ {j.j <m} - B] =
(jointfun n fm g) ‘({j. § < (Suc (n + m))}) =
fA.7<ntugdjj< my
(proof)

lemma im-jointfuni:(jointfun n fm g) ‘({j. 7 < (Suc (n + m))}) =
fAij<ntug{jj<m}
(proof)
lemma jointfun-surj:[f € {j. j < n} — A; surj-to f {j. j < (n:nat)} 4;
g €{j.j < (munat)} — B; surjto g {j. j < m} B] =
surj-to (jointfun n fm g) {j. j < Suc (n + m)} (AU B)
(proof)

lemma Nset-un:{j. j < (Sucn)} = {j. j < n} U {Suc n}
(proof )

lemma Nsetn-sub: {j. j < n} C {j. 7 < (Suc n)}
(proof )

lemma Nset-pre-sub:(0::nat) < k = {j. j < (k — Suc 0)} C {j. j < k}
(proof)

lemma Nset-pre-un:(0:nat) < k = {j. j <k} ={j. j < (k — Suc 0)} U {k}
(proof)

lemma Nsetn-sub-mem: 1 € {j. j < n} =1 € {j.j < (Sucn)}

(proof)

lemma Nsetn-sub-mem1:Vj.j € {j.j <n} —j e {j.j < (Sucn)}
(proof )

lemma Nset-Suc:{j. j < (Suc n)} = insert (Suc n) {j. j < n}
(proof)

lemma nsetnm-sub-mem:Vj. j €nset n (n + m) — j € nset n (Suc (n + m))

{(proof)

lemma Nset-0:{j. j < (0:nat)} = {0}
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(proof)

lemma Nset-Suc0:{i. i < (Suc 0)} = {0, Suc 0}
(proof )

lemma Nset-Suc-Suc:Suc (Suc 0) < n =
{j.7 < (n — Suc (Suc 0))} ={j. 5 <n} —{n — Suc 0, n}
(proof )

lemma func-pre:f € {j.j < (Sucn)} = A= fe{j.j<n}— A

(proof)

lemma image-Nset-Suc:f * ({j. j < (Suc n)}) =
insert (f (Suc n) (f* {j. j < n})
(proof)

definition
Nleast :: nat set = nat where
Nleast A = (THE a. (a € AN (Vz€A. a < 1)))

definition
NIb :: [nat set, nat] = bool where
Nib An+— (YacA. n < a)

primrec ndec-seq :: [nat set, nat, nat] = nat where
ndec-seq-0 :ndec-seq A a 0 = a
| ndec-seq-Suc:ndec-seq A a (Suc n) =
(SOME b. (b€ A) N b < (ndec-seq A a n)))

lemma ndec-seg-mem:[a € (A:nat set); = (Im. meA A (VzeAd. m < z))] =
(ndec-seq A an) € A
(proof )

lemma ndec-seqn:[a € (A:nat set);— (Im. meA AN (Vzed. m < z2))] =
(ndec-seq A a (Suc n)) < (ndec-seq A a n)
{proof)

lemma ndec-seqnl:[a € (A:nat set); = (Im. meA A (VzeAd. m < z))] =
(ndec-seq A a (Suc n)) < (ndec-seq A a n) — 1
(proof)

lemma ex-NieastTr:[a € (A::nat set); = (Im. meA A (VzeAd. m < z))] =
(ndec-seq A an) < (a — n)
(proof )

lemma nat-le:((a:nat) — (a + 1)) < 0

(proof)
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lemma ex-Nleast:(A:nat set) # {} = F!m. meA AN (VzeA. m < x)
(proof)

lemma Nieast:(A::nat set) # {} = Nleast A € A N (Vz€A. (Nleast A) < x)
(proof)

1.5.1 Lemmas for existence of reduced chain.

lemma jointgd-tooll: 0 < i = 0 < i — Suc 0
(proof )

lemma jointgd-tool2: 0 < i = i = Suc (i — Suc 0)
(proof )

lemma jointgd-tool3:[0 < i; i < m] = i — Suc 0 < (m — Suc 0)
(proof)

lemma jointgd-toolf:n < i = i — n = Sue( i — Suc n)

(proof)

lemma pos-prec-less:0 < i => i — Suc 0 < i
(proof)

lemma Un-less-Un:[f € {j. j < (Suc n)} — (X::'a set set);
ACUW{s j < (Sucn)});
i€ (< (Suen)ije{l < (Suen)ijAficCfil
— A€ U(compose {j. j < n} f (skip i) * (4. § < n})
(proof)

1.6 Lower bounded set of integers
definition Zset = {z. I (n::int). = n}

definition
Zleast :: int set = int where
Zleast A = (THE a. (a € AN (Vz€A. a < 1))

definition
LB :: [int set, int] = bool where
LBAn=NacA. n < a)

lemma linorder-linear?:(m:int) < nV n < m
(proof)

primrec dec-seq :: [int set, int, nat] = int
where
dec-seq-0: dec-seq A a 0 = a
| dec-seq-Suc: dec-seq A a (Suc n) = (SOME b. (b € A) AN b < (dec-seq A a n)))
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lemma dec-seg-mem:[a € A; A C Zset;= (Im. meA N (VzeA. m < z))] =
(dec-seq A an) € A
(proof)

lemma dec-seqn:[a € A; A C Zset;— (Im. meA A (VzeA. m < 1))] =
(dec-seq A a (Suc n)) < (dec-seq A a n)
(proof )

lemma dec-seqni:[a € A; A C Zset;—~ (Im. meA N Vazed. m < 2))] =
(dec-seq A a (Suc n)) < (dec-seq A a n) — 1
(proof )

lemma lbs-ex-ZleastTr:[a € A; A C Zset;= (Im. meA N (VzeAd. m < z2))] =
(dec-seq A a n) < (a — int(n))
(proof)

lemma big-int-less:a — int(nat(abs(a) + abs(N) + 1)) < N
(proof)

lemma lbs-ex-Zleast:[A # {}; A C Zset; LB A n] = 3!m. meA A (Vz€A. m <
z)
(proof)

lemma Zleast:[A # {}; A C Zset; LB A n] = Zleast A € A A
(VzeA. (Zleast A) < )
(proof)

lemma less-convertl:[ a =c; a <b] = ¢ < b
(proof)

lemma less-convert2:Ja = b; b < ¢] = a < ¢

(proof)

1.7 Augmented integer: integer and oco—oo

definition
zag :: (int * int) set where
zag ={(z,y) |zy. 2 xy=0zint) N\(y=—1Vy=0Vy=1)}

definition
zag-pl::[(int * int), (int * int)] = (int * int) where
zag-pl © y == if (snd x + snd y) = 2 then (0, 1)
else if (snd x + snd y) = 1 then (0, 1)
else if (snd x + snd y) = 0 then (fst x + fsty, 0)
else if (snd z + snd y) = —1 then (0, —1)
else if (snd z + snd y) = —2 then (0, —1) else undefined

definition
zag-t :: [(int * int), (int * int)] = (int * int) where

27



zag-t xy = (if (snd z)*(snd y) = 0 then
(if 0 < (fst x)x(snd y) + (snd z)*(fst y) then (0,1)
else (if (fst z)x(snd y) + (snd z)x(fst y) = 0
then ((fst x)x(fst y), 0) else (0, —1)))
else (if 0 < (snd z)*(snd y) then (0, 1) else (0, —1)))

definition Ainteg = zag

typedef ant = Ainteg
morphisms Rep-Ainteg Abs-Ainteg
(proof)

definition
ant :: int = ant where
ant m = Abs-Ainteg( (m, 0))

definition
tna :: ant = int where
tna z = (if Rep-Ainteg(z) # (0,1) N Rep-Ainteg(z) # (0,—1) then
fst (Rep-Ainteg(z)) else undefined)

instantiation ant :: {zero, one, plus, uminus, minus, times, ord}
begin

definition
Zero-ant-def : 0 == ant 0

definition
One-ant-def : 1 == ant 1

definition
add-ant-def
2+ w ==
Abs-Ainteg (zag-pl (Rep-Ainteg z) (Rep-Ainteg w))

definition
minus-ant-def : — z ==
Abs-Ainteg((— (fst (Rep-Ainteg 2)), — (snd (Rep-Ainteg z))))

definition
diff-ant-def: z — (w::ant) == z + (—w)

definition
mult-ant-def
z ok w ==
Abs-Ainteg (zag-t (Rep-Ainteg z) (Rep-Ainteg w))

definition
le-ant-def:
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(zizant) < w == if (snd (Rep-Ainteg w)) = 1 then True
else (if (snd (Rep-Ainteg w)) = 0 then (if (snd (Rep-Ainteg z)) = 1
then False else (if (snd (Rep-Ainteg z)) = 0 then
(fst (Rep-Ainteg z)) < (fst (Rep-Ainteg w)) else True))
else (if snd (Rep-Ainteg z) = —1 then True else False))

definition
less-ant-def: ((z::ant) < (w:ant)) == (z < w A z # w)

instance (proof)
end

definition
inf-ant :: ant (o0) where
oo = Abs-Ainteg((0,1))

definition
an :: nat = ant where
an m = ant (int m)

definition
na :: ant = nat where
na z = (if (x < 0) then 0 else
if x # oo then (nat (tna z)) else undefined)

definition
UBset :: ant = ant set where
UBset z = {(z::ant). = < z}

definition
LBset :: ant = ant set where
LBset z = {(z::ant). z < z}

lemma ant-z-in-Ainteg:(z::int, 0) € Ainteg

(proof)

lemma ant-inf-in-Ainteg:((0::int), 1) € Ainteg
(proof)

lemma ant-minf-in-Ainteg:((0::int), —1) € Ainteg

(proof)

lemma ant-0-in-Ainteg:((0::int), 0) € Ainteg
(proof)

lemma an-0[simp]:an 0 = 0

(proof)
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lemma an-1[simpl:an 1 = 1
(proof)

lemma mem-ant:(a::ant) = —oco V (I (z::int). a = ant z) V a = 00

(proof)

lemma minf:—oco = Abs-Ainteg((0,—1))
(proof)

lemma z-neg-inf[simp]:(ant z) # oo

(proof)

lemma z-neg-minf[simp]:(ant z) # —oo
(proof)

lemma minf-neg-inf[simp]:—oo0 # oo

(proof)

lemma a-ipi[simp]:00 + 00 = oo

(proof)

lemma a-zpi[simp]:(ant z) + co = oo
(proof)

lemma a-ipz[simp]: co + (ant z) = o0
(proof)

lemma a-zpz:(ant m) + (ant n) = ant (m + n)
(proof)

lemma a-mpi[simpl:—oco + co = 0

(proof)

lemma a-ipm[simp]:00 + (—o0) = 0

(proof)

lemma a-mpm/|simp]:—oco + (—o0) = —o0
(proof)

lemma a-mpz[simpl:—oo + (ant m) = —oco
(proof)

lemma a-zpm[simp]:(ant m) + (—o00) = —00
(proof)

lemma a-mdi[simp]:—o0 — 00 = — o0
(proof)
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lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

a-zdz:(ant m) — (ant n) = ant (m — n)

a-i-i[simpl:00 * 0o = 00

a-0-i[simp]:0 * co = 0

a-i-0[stmpl:00 * 0 = 0

a-0-m[simp]:0 * (—o0) = 0

a-m-0[simp]:(—oc) * 0 = 0

a-m-i[simp]:(—o0) * 0o = —o0

a-i-m[simp|:00 * (—00) = — 00

a-pos-i[simp]:0 < m = (ant m) * 0o = 00

a-i-pos[simp]:0 < m = oo * (ant m) = oo

a-neg-i[simpl:m < 0 = (ant m) * 00 = —00
a-i-neg[simpl:m < 0 = oo * (ant m) = —o0
a-z-z:(ant m) x (ant n) = ant (mxn)
a-pos-m[simp):0 < m = (ant m) * (—o0) = —00
a-m-pos[simp]:0 < m => (—o0) * (ant m) = —oo

a-neg-m[simpl:m < 0 = (ant m) * (—o0) = 00
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lemma neg-a-m[simp]:m < 0 = (—00) * (ant m) = oo
(proof)

lemma a-m-m[simpl:(—o0) % (—00) = oo

(proof)

lemma inj-on-Abs-Ainteg:inj-on Abs-Ainteg Ainteg
(proof)

lemma an-Suc:an (Suc n) = ann + 1

(proof)

lemma aeg-zeq [iff]: (ant m = ant n) = (m = n)

(proof)

lemma aminus:— ant m = ant (—m)
(proof)

lemma aminusZero:— ant 0 = ant 0

(proof)

lemma ant-0: ant 0 = (0::ant)
(proof)

lemma inf-neq-0[simp):00 # 0

(proof)

lemma zero-neg-inf[simp]:0 # oo
(proof)

lemma minf-neq-0[simp]:—oco # 0

(proof)

lemma zero-neqg-minf [simp]:0 # —o0

(proof)

lemma a-minus-zero[simp]:—(0::ant) = 0
(proof)

lemma a-minus-minus: — (— z) = (z::ant)

(proof)

lemma aminus-0: — (— 0) = (0::ant)
(proof)

lemma a-a-2-0:[ 0 < z; a x ant z = 0] = a = 0

(proof)
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lemma adiv-eq:[ z # 0; a % (ant z) = b x (ant 2)] = a =b
(proof)

lemma aminus-add-distrib: — (z + w) = (— z) + (— w::ant)

(proof)

lemma aadd-commute:(z::ant) + y =y + «
(proof)

definition
aug-inf :: ant set (Z~) where
Zs = {(z::ant). z # —c0 }

definition
aug-minf :: ant set (Z_) where
Z oo = {(z::ant). z # 0 }

lemma z-in-aug-inf:ant z € Z
(proof)

lemma Zero-in-aug-inf:0 € Z.

(proof)

lemma z-in-aug-minf:ant z € 7 _
(proof)

lemma mem-aug-minf:a € Z_o, = a = — oo V (2. a = ant 2)

(proof)

lemma minus-an-in-aug-minf: — an n € Z_

{(proof)

lemma Zero-in-aug-minf:0 € Z_
(proof )

lemma aadd-assoc-i: [t € Zoo; Y € Zoo; 2 €E Zoo]) = (z + y) + 2 =2+ (y +
z)
(proof)

lemma aadd-assoc-m: [2 € Z_0; Y € Z— 005 2 € Z— o] =
T+y)+z=2+(y+2)
{proof )

lemma aadd-0-r: © + (0:ant) = x
(proof)

lemma aadd-0-1: (0::ant) + z = =

(proof)
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lemma aadd-minus-inv: (— ) + = = (0::ant)
(proof)

lemma aadd-minus-r: x + (— x) = (0::ant)

(proof)

lemma ant-minus-inj:ant z # ant w = — ant z # — ant w
(proof )

lemma aminus-mult-minus: (— (ant z)) * (ant w) = — ((ant 2) * (ant w))

(proof)

lemma amult-commute: (z::ant) * y = y *
(proof)

lemma z-le-i[simp]:(ant z) < co

(proof)

lemma z-less-i[simp]:(ant z) < oo
(proof)

lemma m-le-z:—co < (ant )
(proof)

lemma m-less-z[simp]:—co < (ant z)

(proof)

lemma noninf-mem-Z:[z € Zoo; © # 0] = I (zint). © = ant z
(proof)

lemma z-mem-Z:ant z € Z

(proof)

lemma inf-ge-any[simp):z < oo
(proof)

lemma zero-lt-inf:0 < oo

(proof)

lemma minf-le-any[simp]:—oo < z
(proof)

lemma minf-less-0:—oco < 0

(proof)

lemma ale-antisym[simp]:[(z:ant) < y; y <z ] =z =y

{(proof)

lemma z-gt-inf[simpl:oo < ¥ = z = ©
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(proof)

lemma Zinf-pOp-closed:[z € Zoo; Yy € Zoo] = 2 + ¥y € Z o
(proof)

lemma Zminf-pOp-closed:[z € Z_; Yy € Z—oo] = T + Yy € Z_
(proof)

lemma amult-distribl:(ant z) # 0 =
(a +b) % (ant z) = a % (ant z) + b x (ant 2)
(proof )

lemma amult-0-r:(ant z) * 0 = 0
(proof)

lemma amult-0-1:0 * (ant 2z) = 0

(proof)

definition

asprod :: [int, ant] = ant (infix]l *, 200) where

m kg T ==

if £ = oo then (if 0 < m then oo else (if m < 0 then —co else
if m = 0 then 0 else undefined))

else (if ¥ = —oco then
(if 0 < m then —oo else (if m < 0 then oo else

if m = 0 then 0 else undefined))

else (ant m) * x)

lemma asprod-pos-inf[simpl:0 < m = m x, 00 = 00

(proof)

lemma asprod-neg-inf[simp]:m < 0 = m %, 00 = —00
(proof)

lemma asprod-pos-minf[simp]:0 < m => m *, (—o0) = (—0)

(proof)

lemma asprod-neg-minf[simp]:m < 0 = m %, (—00) = 00
(proof)

lemma asprod-mult: m *, (ant n) = ant(m * n)

(proof)
lemma asprod-1:1 %, ¢ = x

(proof)

lemma agsprod-assoc-a:m x4 (n *q (ant z)) = (m x n) *, (ant z)
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(proof)

lemma agsprod-assoc:[m # 0; n # 0] = m %4 (0 %4 ) = (M * n) *, T

(proof)

lemma asprod-distribl:m # 0 => m %, (z + y) = (m %4 ) + (M %4 y)
(proof)

lemma asprod-0-z[simp):0 *, x = 0

(proof)

lemma asprod-n-0:n *x, 0 = 0
(proof)

lemma asprod-distrib2:[0 < i; 0 < j] = (i + J) *a @ = (i %4 ) + (J *q T)

(proof)

lemma asprod-minus:z # —00 N T # 00 => — 2 %q T = Z *q (— T)
(proof)

lemma asprod-div-eq:[n # 0; n %, £ =1 %, Y] = ¢ =y

(proof)

lemma asprod-0:[z # 0; z kg 2 = 0] = 2 =0
(proof)

lemma asp-2-Z:z *, ant x € Z

(proof)

lemma tna-ant: tna (ant z) = 2z

{(proof)

lemma ant-tna:z # oo A ¥ # —oco = ant (tna z) = x
(proof)

lemma ant-sol:[a € Zoo; b € Zoo; ¢ € Zogs; b# 00 a=b+c¢] = a—-b=c

(proof)

1.7.1 Ordering of integers and ordering nats
1.7.2 The < Ordering

lemma zneg-aneg:(n # m) = ((ant n) # (ant m))
(proof)

lemma ale:(n < m) = ((ant n) <(ant m))

(proof)

lemma aless:(n < m) = ((ant n) < (ant m))
(proof)
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lemma ale-refl: w < (w::ant)
(proof)

lemma aeg-ale:(a::ant) = b = a < b

(proof)
lemma ale-trans: [ (izant) < j;j <k] = i<k

(proof) -

lemma aless-le-not-le: (w::ant) < z) = (w <z A =z < w)
(proof)

instance ant :: order

(proof)

lemma ale-linear: (z::ant) < w V w < z
(proof)

instance ant :: linorder
(proof)

lemmas aless-linear = less-linear [where ‘a = ant|

lemma ant-eq-0-conv [simp]: (ant n = 0) = (n = 0)
(proof)

lemma aless-zless: (ant m < ant n) = (m<n)

(proof)

lemma a0-less-int-conv [simp]: (0 < ant n) = (0 < n)
(proof)

lemma a0-less-1: 0 < (1::ant)

(proof)

lemma a0-neg-1 [simp]: 0 # (1:ant)
(proof)

lemma ale-zle [simp]: ((ant i) < (ant 7)) = (i<j)

(proof)

lemma ant-1 [simp]: ant 1 = 1

(proof)

lemma zpos-apos:(0 < n) = (0 < (ant n))
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(proof)

lemma zposs-aposss:(0 < n) = (0 < (ant n))

(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma
(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

an-nat-pos[simp):0 < an n

amult-one-l: 1 x (z::ant) = z

amult-one-r:(x:ant)x 1 = x

amult-eq-eq-r:z # 0; a*x antz=b*x antz] = a=1>

amult-eq-eq-l:[z # 0; (ant z) * a = (ant 2) * b = a = b

amult-pos:[0 < b; 0 < z] = z < (b *4 )

asprod-amult:0 < z => z %, © = (ant z) * x

amult-pos1:[0 < b; 0 < z] = z < ((ant b) * x)

amult-pos-mono-1:0 < w = (((ant w) * z) < ((ant w) * y)) = (z

amult-pos-mono-r:0 < w = ((z * (ant w)) < (y * (ant w))) (z
apos-neg-minf:0 < a = a # —o0

asprod-pos-mono:0 < w = ((w *, ) < (w *q y)) = (z < y)
a-inv:(azant) + b =0 = a = —b

asprod-pos-pos:0 < v = 0 < int n %, ¢

asprod-1-z[simpl:1 *, T = «
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lemma asprod-n-1[simp|:n *, 1 = ant n
(proof)

1.7.3 Aug ordering

lemma aless-imp-le: © < (y::ant) = z < y

(proof)

lemma gt-a0-ge-1:(0::ant) < v = 1 <z
(proof)

lemma gt-a0-ge-aN:[0 < z; N # 0] = (ant (int N)) < (int N) %, z
{proof)

lemma aless-le-trans:[(z:ant) < y; y < z] = 2z < z
(proof)

lemma ale-less-trans:[(z::ant) < y; y < 2] = ¢ < 2

(proof)

lemma aless-trans:[(z::ant) < y; y < 2] =z < 2
(proof)

lemma ale-neg-less:[ (z:ant)< y; z # y] = = < y
(proof)

lemma aneg-le:(— (z:ant) < y) = (y < x2)

(proof)

lemma aneg-less:(— © < (y::ant)) = (y < z)
(proof )

lemma aadd-le-mono:z < (y:ant) = =z + 2 < y + 2

(proof)

lemma aadd-less-mono-z:(z::ant) < y = (z + (ant 2)) < (y + (ant z))
(proof)

lemma aless-le-suc[simp]:(a::ant) < b = a + 1 < b

(proof)

lemma aposs-le-1:(0::ant) < ¢ = 1 < z
(proof)

lemma pos-in-aug-inf:(0::ant) < x = = € Z

(proof)

lemma aug-inf-noninf-is-z:[x € Zoo; © # oo] = Jz. z = ant z
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(proof)

lemma aadd-two-pos:[0 < (z:ant); 0 < y] = 0 <z + y

(proof)

lemma aadd-pos-poss:[(0::ant) < z; 0 < y] = 0 < (z + y)
(proof)

lemma aadd-poss-pos:[(0::ant) < z; 0 < y] = 0 < (z + y)

{(proof)

lemma aadd-pos-le:0 < (a:ant) = b < a+ b
(proof)

lemma aadd-poss-less:[b # 00; b # —00; 0 < a] = b<a+b

(proof)

lemma ale-neg:(0::ant) < z = (— z) < 0
(proof)

lemma ale-diff-pos:(z::ant) < y = 0 < (y — )

(proof)

lemma aless-diff-poss:(z::ant) < y = 0 < (y — z)
(proof)

lemma ale-minus: (z::ant) <y —= —y < — =z

(proof)

lemma aless-minus:(z:ant) < y = —y < —

(proof)

lemma aadd-minus-le:(a::ant) < 0 = a + b < b
(proof)

lemma aadd-minus-less:[b # —oco A b # o0; (aant) < 0] = a + b < b

(proof)

lemma an-inj:an n = an m = n =m
(proof)

lemma nat-eqg-an-eq:n = m = an n = an m

(proof)

lemma aneg-natneq:(an n # an m) = (n # m)
(proof)

lemma ale-natle: (an n < an m) = (n < m)

(proof)
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lemma aless-natless:(an n < an m) = (n < m)
(proof)

lemma na-an:na (an n) = n

(proof)

lemma asprod-ge:
0<b=N#0= an N < int N %, b

(proof)

lemma an-npn:an (n + m) = an n + an m
(proof)

lemma an-ndnin < m = an (m — n) = anm — an n

(proof)

1.8 Amin, amax

definition
amin :: [ant, ant] = ant where
amin zy = (if (z < y) then x else y)

definition
amaz :: [ant, ant] = ant where
amaz zy = (if (x < y) then y else x)

primrec Amin :: [nat, nat = ant] = ant
where
Amin-0 : Amin 0 f = (f 0)
| Amin-Suc :Amin (Suc n) f = amin (Amin n f) (f (Suc n))

primrec Amaz :: [nat, nat = ant] = ant
where
Amaz-0 : Amax 0 f = f 0
| Amaz-Suc :Amaz (Suc n) f = amaz (Amaz n f) (f (Suc n))

lemma amin-ge:x < aminzy V y < amin Ty
(proof)

lemma amin-le-l:amin vy < z

(proof)

lemma amin-le-r:amin z y < y
(proof)

lemma amaz-le:amax zy <z V amazzy < y

(proof)
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lemma amaz-le-n:[z < n; y < n] = amazzy < n
(proof)

lemma amaz-ge-l:z < amaz z y

(proof)

lemma amazx-ge-r:y < amaz z y
(proof)

lemma amin-mem-i:[z € Z; Yy € Zoo] = amin z y € Z

(proof)

lemma amaz-mem-m:[z € Z_o; y € Z_o]| = amaz zy € 7 _
(proof)

lemma amin-commute:amin ty = amin y

(proof)

lemma amin-mult-pos:0 < z => amin (z %4 T) (2 *%q Y) = 2 %4 amin z y

(proof)

lemma amin-amult-pos:0 < z =
amin ((ant z) = z) ((ant 2) x y) = (ant z) * amin z y
(proof)

lemma times-amin:[0 < a; amin (z * (ant a)) (y * (ant a)) < z * (ant a)] =
aminzy < 2

(proof)

lemma Amin-memTr:f € {i. i < n} - Zoo — Aminnf € Z

{(proof)

lemma Amin-mem:f € {i. 1
(proof)

IN

n} = Zeo = Aminn f € Z

lemma Amaz-memTr:f € {i. i <n} > Z7_ — Amaznf € Z_

(proof)

lemma Amaz-mem:f € {i. i < n} - Z_o = Amaznf € Z_
{proof)

lemma Amin-mem-mem:Vj< n. fj € Zoo = Aminn f € Z

(proof)

lemma Amaz-mem-mem:Nj < n.fj € Z_o = Amarnf € 7_
(proof)

lemma Amin-leTr:f € {i. 1 < n} = Zoo — (Vje{i. i < n}. Aminn f < (fj5))

(proof)
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lemma Amin-le:[f € {j.j < n} = Zw;je€{k.- k <n}] = Aminn f < (fj)
(proof )

lemma Amaz-geTr:if € {j.j < n} = Z_oo — (Vj{j. 5 < n}. (fj) < Amaz n
f)
(proof)

lemma Amaz-ge:[f € {j.j <n} > Z_;j€{j.j <n}] =
(fj) < (Amaz n f)
{proof)

lemma Amin-mem-le:[Vj < n. (fj) € Zo;j€{j. j <n}] =
(Amin n f) < (fJ)
(proof)

lemma Amaz-mem-le:[Vj < n. (fj) € Z_o;j €{j. j < n}] =
(fj) < (Amaz n f)
(proof)

lemma amin-gel:[(z::ant) < z; 2 <y ] = z < aminz y

(proof)

lemma amin-gt:[(z::ant) < z; 2 < y] = z < amin z y
(proof)

lemma Amin-gelTr:(¥Vj<(Suc n). (fj) € Zoo z < (fj)) —
z < (Amin (Suc n) f)

(proof)

lemma Amin-gel:[Vj < (Sucn). fj € Zoo; Vi < (Sucn). z < (fj)] =
z < (Amin (Suc n) f)
(proof)

lemma amin-transl:[z € Zoo; Y € Zoo; 2 € Zp; 2 < T | =
amin zy < amin Ty

(proof)

lemma inf-in-aug-inf:o0o € Z
(proof)

1.8.1 Maximum element of a set of ants

primrec aasc-seq :: [ant set, ant, nat] = ant
where

aasc-seq-0 : aasc-seq A a 0 = a
| aasc-seq-Suc : aasc-seq A a (Suc n) =

(SOME b. (b € A) A (aasc-seq A a n) < b))
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lemma aasc-seg-mem:Ja € A; = (Im. meA AN Vzed. z < m))] =
(aasc-seq A an) € A
(proof)

lemma aasc-seqn:fa € A; - (Im. meA N (VzeA. z < m))] =
(aasc-seq A a n) < (aasc-seq A a (Suc n))
(proof)

lemma aasc-seqni:[a € A; = (Im. meA A VzeA. z < m))] =
(aasc-seq A an) + 1 < (aasc-seq A a (Suc n))
(proof)

lemma aubs-ez-n-mazTr:[a € A; = (Im. meA AN (VzeA. z < m))] =
(a + an n) < (aasc-seq A a n)

(proof)

lemma aubs-ex-AMaz:[A C UBset (ant z); A # {}] = I!m. meA N (Vz€A.
< m)
(proof)

definition
AMaz :: ant set = ant where
AMaxr A = (THEm. m € AN (VzeA. z < m))

definition
AMin::ant set = ant where
AMin A = (THEm. m € AN (Vz€eA. m < 1))

definition
rev-o :: ant = ant where
TEV-0 T = — I

lemma AMax:[A C UBset (ant z); A # {}] =
(AMaz A) € AN (VzeA. ¢ < (AMaz A))

(proof)

lemma AMax-mem:[A C UBset (ant z); A # {}] = (AMaz A) € A
(proof)

lemma rev-map-nonempty:A # {} = rev-o ‘ A # {}
(proof)

lemma rev-map:rev-o € LBset (ant (—z)) — UBset (ant z)

(proof)
lemma albs-ex-AMin:[A C LBset (ant 2); A # {}] = I!'m. meA N Vz€A. m
<)

(proof)
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lemma AMin:[A C LBset (ant z); A # {}] =
(AMin A) € AN VzeA. (AMin A) < z)
(proof)

lemma AMin-mem:[A C LBset (ant z); A # {}] = (AMin A) € A
(proof)

primrec ASum :: (nat = ant) = nat = ant
where
ASum-0: ASum f0 = f0
| ASum-Suc: ASum f (Suc n) = (ASum fn) + (f (Suc n))

lemma age-plus:[0 < (azant); 0 <b;a+b<c]=a<c
(proof )

lemma age-diff-le:[(a::ant) < ¢; 0 < b] = a — b < ¢

(proof)

lemma adiff-le-adiff:a < (a":ant) = a — b < a’'— b
(proof )

lemma aplus-le-aminus:[ a € Z_o; b € Z_;c € Z_oo; b€ Z_] =

((a + b) < (cizant)) = (a < ¢ — b)
(proof)

1.9 Cardinality of sets

cardinality is defined for the finite sets only

lemma card-eq:A = B = card A = card B

{proof)

lemma card0:card {} = 0
(proof)

lemma card-nonzero:[finite A; card A # 0] = A # {}
(proof)

lemma finitel:finite {a}
(proof )

lemma cardl:card {a} = 1
(proof)

lemma nonempty-card-pos:[finite A; A # {}] = 0 < card A
{proof)

lemma nonempty-card-pos!:[finite A; A # {}] = Suc 0 < card A
(proof)
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lemma card1-tr0:[ finite A; card A = Suc 0; 0 € A] = {a} = A
(proof)

lemma cardi-tri:(constmap {0::nat} {z}) € {0} — {z} A
(oroof) surj-to (constmap {0::nat} {z}) {0} {z}
proo

lemma card1-Tr2:[finite A; card A = Suc 0] =
af. f € {0:nat} — A A surj-to f {0} A
(proof)

lemma card2:[ finite A; a € 4; b € 4; a # b ]| = Suc (Suc 0) < card A
(proof)

lemma card2-inc-two:[0 < (n:nat); ¢ € {j. j < n}] =
Jyefjj<npaz#y
(proof )

lemma Nset2-prepl:[finite A; card A = Suc (Suc n) | = Jz. z€A
(proof)

lemma ez-least-set:[A = {H. finite H AN P H}; H € A] =
JdK € A. (LEAST j.j € (card ‘ A)) = card K

(proof)

lemma Nset2-prep2:x € A= A —{z} U{z} =4
(proof)

lemma Nset2-finiteTr:V A. (finite A A(card A = Suc n) —
Gf.fefici<n}—= AAsurjtof {i.i <n} A))
(proof )

lemma Nset2-finite:[ finite A; card A = Suc n] =
Af. fefi.i<n} = AAsurjtof {i.i<n} A
(proof)

lemma Nset2finite-inj-tr0:j € {i. i < (n:nat)} =
card ({i.1 < n} — {j}) =n

(proof )
lemma Nset2finite-inj-trl:[ i < (nunat); j < n; fi=fj1#j] =
frlici<n} =) =f"{i.i<n}

{(proof)

lemma Nset2finite-ing:[finite A; card A = Suc n; surj-to f {i. i < n} A] =
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inj-on f {i. i < n}
(proof)

definition
zmax :: [int, int] = int where
zmaz xy = (if (z < y) then y else x)

primrec Zmaz :: [nat, nat = int] = int
where
Zmax-0 : Zmaz 0 f = f 0
| Zmaz-Suc :Zmaz (Suc n) f = zmaz (Zmaz n f) (f (Suc n))

lemma Zmaz-memTr:f € {i. i < (n:nat)} — (UNIV:int set) —
Zmarn f € f“{i.i <n}

(proof)

lemma zmaz-ge-r:y < zmaz Ty
(proof)

lemma zmaz-ge-l:x < zmaz z y

(proof)

lemma Zmaz-geTr:f € {j. j < (n:nat)} — (UNIV:int set) —
(Vie{s. j < n}. (f5) < Zmaz n f)
(proof)

(n:nat)} — (UNIV:int set) =

lemma Zmaz-plus:f € {j. j <
)¢ f{jj<n}

((Zmazn f) + 1
(proof)

lemma image-Nsetn-card-pos: 0 < card (f < {i. i < (n:nat)})

(proof)

lemma card-image-Nsetn-Suc
qf € {4. j < Sue n} — B;
f(Suen) ¢ fiijj<nl] =
card (f < {j. 7 < Suc n}) — Suc 0 =
Suc (card (f < {j. 7 < n}) — Suc 0)
(proof)

lemma slide-surj:i < (j::nat) =
surj-to (slide i) {I. 1 < (j — i)} (nset i j)
(proof)

lemma slide-inj:i < j = inj-on (slide i) {k. k < (j — i)}
(proof)

lemma card-nset:i < (j :: nat) = card (nset i j) = Suc (j — i)

(proof)
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lemma sliden-hom:i < j = (sliden i) € nset ij — {k. k < (j — i)}
(proof)

lemma slide-sliden:(sliden i) (slide i k) = k

(proof)

lemma sliden-surj:i < j = surj-to (sliden i) (nset ij) {k. k < (j — i)}
(proof)

lemma sliden-inj: i < j = inj-on (sliden i) (nset i j)

{proof)

definition
transpos :: [nat, nat] = (nat = nat) where
transpos i j = (Mk. if k = i then j else if k = j then i else k)

lemma transpos-id:[ i < n;j <n;i#j;xe€{k. k<n}—{ij}]
= transpos 1 j r = x

(proof)

lemma transpos-id-1:[i < n;j < n;i £ j;z < n;zx #i; ¢ # j] =
transpos © j T = x

(proof)

lemma transpos-id-2:i < n = transpos i n (Suc n) = Suc n

(proof)

lemma transpos-ij-1:[i < n;j < n;i#j] =
transpos 1 j ¢ = j

(proof)

lemma transpos-ij-2:[i < n; j < n; i # j] = transpos i jj = i

(proof)

lemma transpos-hom:[i < n; j < n; i # j] =
(transpos i j) € {i. i < n} — {i. i < n}
(proof)

lemma transpos-mem:[i < n;j < n;i #j; 1 < n] =
(transpos i j 1) < n

(proof)

lemma transpos-inj:[i < n;j < n; i # j]
= ing-on (transpos i j) {i. i < n}

(proof )

lemma transpos-surjec:[i < n; j < n; i # j]
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= surj-to (transpos i j) {i. i < n} {i. i < n}
(proof)

lemma comp-transpos:[i < n; j < n; i # j] =
Vk < n. (compose {i. i < n} (transpos i j) (transpos i j)) k = k
(proof)

lemma comp-transpos-1:[i < n;j < n;i #j; k < n] =
(transpos i j) ((transpos i j) k) = k
(proof)

lemma cmp-transposi:[i < n;j < n; i # j; k < n] =
(ecmp (transpos i j) (transpos i j)) k = k
(proof)

lemma cmp-transpos:[i <
(emp (transpos i n) (cmp
transpos i (Suc

n; i # n; a < (Sucn)] =
(tmnspos n (Suc n)) (transpos i n))) a =

n) a
(proof)

lemma im-Nset-Suc:insert (f (Suc n)) (f “ {i. i < n}) = f* {i. i<(Suc n)}
(proof)

lemma Nset-injTr0:[f € {i. i < (Suc n)} — {i. i < (Sucn)};
ing-on f {i. i < (Suc n)}; f (Suc n) = Suc n] =
fedici<n} = {i.i<n} Aingonf {i i <n}

(proof)

lemma inj-surj:[f € {i. i < (nunat)} — {i. i < nk
ing-on f {i. 1 < (nunat)}] = f“{i. i < n} ={i. i <n}

(proof)

lemma Nset-pre-mem:[f:{i. i<(Suc n)} —{i. i<(Suc n)};
inj-on f {i. i<(Suc n)}; f (Suc n) = Suc n; k < n] = fk € {i. i<n}
(proof)

lemma Nset-injTri:[ V1 <(Suc n). f1 < (Suc n); inj-on f {i. i < (Sucn)};
f (Sucn) = Sucn] = inj-on f {i. i < n}
(proof )

lemma Nset-injTr2:[VI< (Suc n). f1 < (Suc n); inj-on f {i. i < (Suc n)};
f(Sucn)=8ucn] =VIi<n fl<n

(proof)

(Suc n); ing-on f {i. i < (Sucn)};
n);i<j]=
(transpos i j) f) {i. i < (Suc n)}

lemma TR-inj- m] Vi< (Suc n). f
< (Sucn); j < (
inj-on (compose {i. 1 < (Su

(proof)

1<
t

n)
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lemma enumeration:[f € {i. i < (n:nat)} — {i. i < m}; ing-on f {i. i < n}]
= n<m
(proof)

lemma enumerate-1:[Vj < (n:unat). fj € A;Vj < (munat). gj € A;
inj-on f {i. 1 < n};injong {j. 5 < m}; f{j.j < n} =4
g i<mi=A]l = n=m

(proof)

definition
ninv :: [nat, (nat = nat)] = (nat = nat) where
ninv n f = (Ayefi. i < n}. (SOME z. (z < n Ay = fzx)))

lemma ninv-hom:[f € {i. i < n} — {i. i < n}; inj-on f {i. i < n}] =
ninvnf € {i.i <n}—{i.i <n}

(proof)

lemma ninv-r-inv:[f € {i. i < (nunat)} — {i. i < n}; ing-on f {i. i < n};
b<n] = f(ninvnfbd)=1»%
(proof)

lemma ninv-ing:[f € {i. i < n} — {i. i < n}; inj-on f {i. i < n}] =

inj-on (ninvn f) {i. i < n}

(proof)

1.9.1 Lemmas required in Algebra6.thy

lemma ge2-zmult-pos:
2<4<m=0<z=1<intmx*z

(proof)

lemma zmult-pos-mono:[ (0:int) < w; w* 2 < w * 2] = 2z < 2’
(proof)

lemma zmult-pos-mono-r:
[(0zint) < w; zxw < 2/ xw] = 2 < 2’
(proof)

lemma an-neg-inf:an n # oo

(proof)

lemma an-neg-minf:an n # —oo
(proof)

lemma aeg-mult:[z # 0; a = b] = a *x ant z = b * ant z

(proof)

lemma tna-0[simpl:tna 0 = 0
(proof)
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lemma ale-nat-le:(an n < an m) = (n < m)

(proof)

lemma aless-nat-less:(an n < an m) = (n < m)

(proof)

lemma apos-natpos:[a # 00; 0 < a] = 0 < na a

(proof)

lemma apos-tna-pos:[n # oo; 0 < n] = 0 < tna n

(proof)

lemma apos-na-pos:[n # o0; 0 < n] = 0 < nan

(proof)

lemma aposs-tna-poss:[n # oo; 0 < n] = 0 < tna n

(proof)

lemma aposs-na-poss:[n # 00; 0 < n] = 0 < nan

(proof)

lemma nat-0-le: 0 < z ==> int (nat z) = z

(proof)

lemma int-eg:m = n = int m = int n

(proof)

lemma boz-equation:[a = b; a = ¢] = b =c¢

{(proof)

lemma aeg-nat-eq:[n # oco; 0 < ny; m # o0; 0 < m] =
(n =m) = (nan = nam)

(proof)

lemma na-minf:na (—o0) = 0

(proof)

lemma an-na:fa # o0; 0 < a] = an (na a) = a

(proof)

lemma not-na-le-minf:= (an n < —c0 )

(proof)

lemma not-na-less-minf:— (an n < —o0)

{(proof)

lemma not-na-ge-inf:— oo < (an n)

o1



(proof)

lemma an-na-le:j < ann = naj <n
(proof)

lemma aless-neq :(z::ant) < y = x # y
(proof)
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Chapter 2

Ordered Set

2.1 Basic Concepts of Ordered Sets

record ’a carrier =
carrier :: 'a set

record ‘a Order = 'a carrier +
rel :: (a x 'a) set

locale Order =
fixes D (structure)
assumes closed: rel D C carrier D X carrier D
and refl: a € carrier D = (a, a) € rel D
and antisym: [a € carrier D; b € carrier D; (a, b) € rel D;
(b,a) erel D] = a=b
and trans: [a € carrier D; b € carrier D; ¢ € carrier D;
(a, b) € rel D; (b, ¢) € rel D] = (a, ¢) € rel D

definition
ole :: - = 'a = 'a = bool (infix <1 60) where
a=<pb+—(a,b)erelD

definition
oless :: - = 'a = 'a = bool (infix <1 60) where
a<pb=a=xpbAa#hb

lemma Order-component:(E::'a Order) = (| carrier = carrier E, rel = rel E |

(proof)

lemma Order-comp-eq:[carrier (E::'a Order) = carrier (F::'a Order);
relE =rel F] = E=F
(proof)
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lemma (in Order) le-rel:[a € carrier D; b € carrier D] =
(a 2b) =((a, b) € rel D)
(proof)

lemma (in Order) less-imp-le:
[a € carrier D; b € carrier D; a <b] = a < b
(proof )

lemma (in Order) le-refl:a € carrier D = a < a

(proof)

lemma (in Order) le-antisym:[a € carrier D; b € carrier D;
a=<xbhbla]=a=0b

(proof )

lemma (in Order) le-trans:[a € carrier D; b € carrier D; ¢ € carrier D;
a3bb=<c]=a=xc
(proof)

lemma (in Order) less-trans:[a € carrier D; b € carrier D; ¢ € carrier D;
a<bb<c]=a<c
(proof)

lemma (in Order) le-less-trans:[a € carrier D; b € carrier D; ¢ € carrier D;
a=xbb<c]=a<c

(proof)

lemma (in Order) less-le-trans:[a € carrier D; b € carrier D; ¢ € carrier D;
a<bb=c]l=a<c

{(proof)

lemma (in Order) le-imp-less-or-eq:
[a € carrier D; b € carrier D] = (a X b) = (a < bV a=10)
(proof)

lemma (in Order) less-neq: a < b = a # b
(proof)

lemma (in Order) le-neg-less: [a = b; a # b] = a < b
{proof)

lemma (in Order) less-irrefl: [a € carrier D; a < o] = C

{proof)

lemma (in Order) less-irrefl”: a € carrier D = = a < a

(proof)

lemma (in Order) less-asym:
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a € carrter D = b € carrier D — a <b=—=b < a— C
(proof)

lemma (in Order) less-asym”:
a € carrier D = b € carrier D = a < b=—= - b < a

(proof)

lemma (in Order) gt-than-any-outside:[A C carrier D; b € carrier D;
Vied. z <b] = 0b¢ A

(proof)

definition
Iod :: - = 'a set = - where
Iod DT =
D (carrier .= T, rel :== {(a, b). (a, b) € rel D ANa € T ANb e T})

definition
Slod :: 'a Order = 'a set = 'a Order where
Slod D T = (carrier = T, rel = {(a, b). (a,b) €relDANa€ T ANbe T}

lemma (in Order) Iod-self: D = Iod D (carrier D)
(proof)

lemma Slod-self:Order D = D = Slod D (carrier D)
(proof)

lemma (in Order) Od-carrier:carrier (D(carrier := S, rel := R))) = S

(proof)

lemma (in Order) Od-rel:rel (D(carrier := S, rel := R))) = R
(proof)

lemma (in Order) Iod-carrier:
T C carrier D = carrier (Iod D T) =T

(proof)

lemma Slod-carrier:[Order D; T C carrier D] = carrier (Slod D T) = T
(proof)

lemma (in Order) Od-compare:(S = S’ A R = R') = (D(carrier := S, rel := R))
= D(carrier := S', rel := R’)))
(proof)

lemma (in Order) Iod-le:
[T C carrier D; a € T; b € T] = (a <[pqp 7 b) = (a X))
(proof)

lemma Slod-le:[T C carrier D; a € T; b € T] =
(¢ Zs10a p 7 b) = (a Zpb)
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(proof)

lemma (in Order) Iod-less:
[T C carrier D; a € T; b € T] = (a <ppgp 7 b) = (a < b)
(proof)

lemma Slod-less:[T C carrier D; a € T; b € T] =
(@ <gr0d p 7 b) = (a <p b)
(proof)

lemma (in Order) Iod-Order:
T C carrier D = Order (lod D T)

(proof)

lemma Slod-Order:[ Order D; T C carrier D] = Order (SIod D T)
(proof)

lemma (in Order) emptyset-Iod:Order (Iod D {})
(proof)

lemma (in Order) Iod-sub-sub:
[SC T; T C carrier D] = Iod (Iod D T) S = Iod D S
(proof)

lemma Slod-sub-sub:
[SC T; T C carrier D] = Slod (SIod D T) S = Slod D S

(proof)

lemma rel-Slod:[Order D; Order E; carrier E C carrier D;
Va€carrier E. Vbecarrier E. (a <g b) = (a <p b)] =
rel E = rel (SIod D (carrier E))

(proof)

lemma Slod-self-le:[Order D; Order E;
carrier B C carrier D;
Vaccarrier E. VY becarrier E. (o g b) =(a Xpb) ] =
E = Slod D (carrier E)

(proof)
2.1.1 Total ordering

locale Torder = Order +
assumes le-linear: [a € carrier D; b € carrier D] =
a=<bVvVb=<a

lemma (in Order) Iod-empty-Torder: Torder (Iod D {})
(proof)
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lemma (in Torder) le-cases:
[a € carrier D; b € carrier D; (a 2 b= C); (b R a= O)] = C

(proof)

lemma (in Torder) Order:Order D

(proof)

lemma (in Torder) less-linear:
a € carrier D = b € carrier D = a <bVa=bVb=<a

(proof)

lemma (in Torder) not-le-less:
a € carrier D = b € carrier D —
(ma=<b)=(b=<a)
(proof)

lemma (in Torder) not-less-le:
a € carrier D =—> b € carrier D —
(ma<b)=(b=<a)
(proof)

lemma (in Order) Iod-not-le-less:[T C carrier D; a € T; b € T;
Torder (IOd D T)H = (_‘ a j([od D T) b) =) <(10d D T) a

(proof)

lemma (in Order) Iod-not-less-le:[T C carrier D; a € T; b € T;
Torder (Iod D T)] = (— a =(Iod D T) b) =b =(lod D T) @

(proof)

2.1.2 Two ordered sets

definition
Order-Pow :: 'a set = 'a set Order  ((po -) [999] 1000) where
po A =
(carrier = Pow A,
rel ={(X,Y). X € PowANY € PowANX CY}

interpretation order-Pow: Order po A
(proof )

definition

Order-fs :: 'a set = 'b set = ('a set * (a = 'b)) Order where

Order-fs A B =

(carrier = {Z.3A1f. A1l € Pow ANf e Al - BA

f € eatensional A1 N Z = (A1, )},

rel ={Y. Y e ({Z 3A1f. A1 € Pow AN f € Al — B A f € extensional Al
NZ = (A1, f)}) x {Z. A1 f. Al € Pow ANf e Al — B A f € extensional
Al
NZ = (A1, )}) A fst (fst YY) C fst (snd Y) A
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(Vae (fst (fst Y)). (snd (fst Y)) a = (snd (snd Y)) a)})

lemma Order-fs:Order (Order-fs A B)
(proof)

2.1.3 Homomorphism of ordered sets

definition
ord-inj :: [("a, 'm0) Order-scheme, ('b, 'm1) Order-scheme,
'a = 'b] = bool where
ord-inj D E f <— f € extensional (carrier D) A
f € (carrier D) — (carrier E) A
(ing-on f (carrier D)) A
(Va€carrier D. ¥ becarrier D. (a <p b) = ((fa) <g (f b))

definition
ord-isom :: [("a, 'm0) Order-scheme, (b, 'm1) Order-scheme,
'a = 'b] = bool where
ord-isom D E f <— ord-inj D E f A
(surj-to f (carrier D) (carrier E))

lemma (in Order) ord-inj-func:[Order E; ord-inj D E f] =
f € carrier D — carrier E

(proof)

lemma (in Order) ord-isom-func:[Order E; ord-isom D E ] =
f € carrier D — carrier E
(proof)

lemma (in Order) ord-inj-restrict-isom:[Order E; ord-inj D E f; T C carrier D]
= ord-isom (lod D T) (Iod E (f * T)) (restrict f T)
(proof)

lemma ord-inj-Srestrict-isom:[Order D; Order E; ord-inj D E f; T C carrier D]
= ord-isom (SIod D T) (Slod E (f * T)) (restrict f T)
(proof)

lemma (in Order) id-ord-isom:ord-isom D D (idmap (carrier D))
(proof)

lemma (in Order) ord-isom-bij-to:[Order E; ord-isom D E ] =
bij-to f (carrier D) (carrier E)
(proof )
lemma (in Order) ord-inj-mem:[Order E; ord-inj D E f; a € carrier D] =
(f a) € carrier E

(proof)

lemma (in Order) ord-isom-mem:[Order E; ord-isom D E f; a € carrier D] =
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(f a) € carrier E
(proof)

lemma (in Order) ord-isom-surj:[Order E; ord-isom D E f; b € carrier E] =
Jaccarrier D. b = fa

(proof)

lemma (in Order) ord-isom-surj-forall:[ Order E; ord-isom D E ] =
Vb € carrier E. Jaccarrier D. b = fa

(proof)

lemma (in Order) ord-isom-onto:[Order E; ord-isom D E f] =
f ¢ (carrier D) = carrier £
(proof)

lemma (in Order) ord-isom-inj-on:[Order E; ord-isom D F f] =
inj-on f (carrier D)
(proof)

lemma (in Order) ord-isom-inj:[Order E; ord-isom D E f;
a € carrier D; b € carrier D] = (a = b) = ((fa) = (f b))

(proof)

lemma (in Order) ord-isom-surj-to:[Order E; ord-isom D E f] =
surj-to f (carrier D) (carrier E)

(proof)

lemma (in Order) ord-inj-less:[Order E; ord-inj D E f; a € carrier D;
b € carrier D] = (a <p b) = ((fa) <g (f)))
(proof)

lemma (in Order) ord-isom-less:[Order E; ord-isom D E f;
a € carrier D; b € carrier D] = (a <p b) = ((f a) <g (f b))
(proof )

lemma (in Order) ord-isom-less-forall:[ Order E; ord-isom D E f] =
Va € carrier D. Y b € carrier D. (a <p b) = ((fa) <g (f b))
(proof)

lemma (in Order) ord-isom-le:[Order E; ord-isom D E f;
a € carrier D; b € carrier D] = (a <p b) = ((fa) =g (f 1))
(proof)

lemma (in Order) ord-isom-le-forall:[Order E; ord-isom D E ] =
Ya € carrier D.¥ b € carrier D. (a 2b) = ((fa) 25 (fb))
(proof)

lemma (in Order) ord-isom-convert:[Order E; ord-isom D E f;
z € carrier D; a € carrier D] = (Vy€carrier D. (z <y — —y < a)) =
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(Vzecarrier E. ((fz) <g z — = 2z <g (f a)))
(proof)

lemma (in Order) ord-isom-sym:[Order E; ord-isom D F f] =
ord-isom E D (invfun (carrier D) (carrier E) f

(proof)

lemma (in Order) ord-isom-trans:[Order E; Order F'; ord-isom D E f;
ord-isom E F g | = ord-isom D F (compose (carrier D) g f)

(proof)

definition
ord-equiv :: [-, ('b, 'm1) Order-scheme] = bool where
ord-equiv D E +— (3f. ord-isom D E f)

lemma (in Order) ord-equiv:[Order E; ord-isom D E f] = ord-equiv D E
(proof)

lemma (in Order) ord-equiv-isom:[|Order E; ord-equiv D E] =
df. ord-isom D FE f
(proof)

lemma (in Order) ord-equiv-reflex:ord-equiv D D
(proof)

lemma (in Order) eq-ord-equiv:[Order E; D = E] = ord-equiv D E
(proof)

lemma (in Order) ord-equiv-sym:[Order E; ord-equiv D E | = ord-equiv E D
(proof)

lemma (in Order) ord-equiv-trans:[Order E; Order F; ord-equiv D E;
ord-equiv E F]| = ord-equiv D F
(proof)

lemma (in Order) ord-equiv-box:[Order E; Order F; ord-equiv D E;
ord-equiv D F| = ord-equiv E F
(proof)

lemma Slod-isom-Iod:[Order D; T C carrier D | =
ord-isom (SIod D T) (Ied D T) (MAz€T. z)

(proof)
definition
minimum-elem :: |-, 'a set, 'a] = bool where

minimum-elem = (AD X a. a € X N (Vz€X. a <p 1))

locale Worder = Torder +
assumes ez-minimum: ¥ X. X C (carrier D) AN X # {} —
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(3 z. minimum-elem D X x)

lemma (in Worder) Order:Order D
(proof)

lemma (in Worder) Torder:Torder D
(proof)

lemma (in Worder) Worder: Worder D
(proof)

lemma (in Worder) equiv-isom:[ Worder E; ord-equiv D E] —>
df. ord-isom D E f
(proof)

lemma (in Order) minimum-elem-mem:[X C carrier D; minimum-elem D X a]
= a€ X

(proof)

lemma (in Order) minimum-elem-unique:[X C carrier D; minimum-elem D X
al;

minimum-elem D X a2] = al = a2
(proof)

lemma (in Order) compare-minimum-elements:[S C carrier D; T C carrier D;
S C T; minimum-elem D S s; minimum-elem D Tt ] = ¢t < s

(proof)

lemma (in Order) minimum-elem-sub:[T C carrier D; X C T
= minimum-elem D X a = minimum-elem (Iod D T) X a

{(proof)

lemma minimum-elem-Ssub:[Order D; T C carrier D; X C T
= minimum-elem D X a = minimum-elem (Slod D T) X a

(proof)

lemma (in Order) augmented-set-minimum:[X C carrier D; a € carrier D;
Y —{a} C X;y — {a} # {}; minimum-elem (Iod D X) (Y — {a}) z;
VzeX. z % a] = minimum-elem (Iod D (insert a X)) Y x

(proof)

lemma augmented-Sset-minimum:[Order D; X C carrier D; a € carrier D;
Y — {a} C X; y — {a} # {}; minimum-elem (Slod D X) (Y — {a}) z;
VzeX. ¢z <p a] = minimum-elem (SIod D (insert a X)) Y x

(proof)

lemma (in Order) ord-isom-minimum:[Order E; ord-isom D E f;

S C carrier D; a € carrier D; minimum-elem D S o] =
minimum-elem E (f°S) (f a)
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(proof)

lemma (in Worder) pre-minimum:[T C carrier D; minimum-elem D T t;
s € carrier D; s <pt]=-s€e T

(proof)

lemma bex-nonempty-subset:3a. a € AN P a =
{r,c e ANPz} CAN{z. 2 € ANPz}#{}
(proof)

lemma (in Worder) to-subset:[T C carrier D; ord-isom D (Iod D T) f] =
Ya. a € carrier D — a = (f a)

(proof)

lemma to-subsetS:[Worder D; T C carrier D; ord-isom D (Slod D T) f] =
Ya. a € carrier D — a <p (f a)

(proof)

lemma (in Worder) isom-Worder:[Order T; ord-isom D T f] = Worder T
(proof)

lemma (in Worder) equiv-Worder:[Order T; ord-equiv D T| = Worder T
(proof)

lemma (in Worder) equiv-Worderl:[Order T; ord-equiv T D] = Worder T
(proof)

lemma (in Worder) ord-isom-self-id:ord-isom D D f = f = idmap (carrier D)
(proof)

lemma (in Worder) isom-unique:[ Worder E; ord-isom D E f; ord-isom D E g¢]

= [=y
(proof)
definition
segment :: - = 'a = 'a set where

segment D a = (if a ¢ carrier D then carrier D else
{z. z <pa Az € carrier D})

definition
Ssegment :: 'a Order = 'a = 'a set where
Ssegment D a = (if a & carrier D then carrier D else
{z. z <pa Az € carrier D})

lemma (in Order) segment-sub:segment D a C carrier D
(proof)

lemma Ssegment-sub:Ssegment D a C carrier D

(proof)
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lemma (in Order) segment-free:a ¢ carrier D =
segment D a = carrier D

(proof)

lemma Ssegment-free:a ¢ carrier D —>
Ssegment D a = carrier D

(proof)

lemma (in Order) segment-sub-sub:[S C carrier D; d € S] =
segment (lod D S) d C segment D d
(proof )

lemma Ssegment-sub-sub:[Order D; S C carrier D; d € S] =
Ssegment (SIod D S) d C Ssegment D d
(proof )

lemma (in Order) a-notin-segment:a ¢ segment D a

(proof)

lemma a-notin-Ssegment:a ¢ Ssegment D a

(proof)

lemma (in Order) lod-carr-segment:
carrier (Iod D (segment D a)) = segment D a

(proof)

lemma Slod-carr-Ssegment: Order D —>
carrier (Slod D (Ssegment D a)) = Ssegment D a
(proof)

lemma (in Order) segment-inc:[a € carrier D; b € carrier D] =
(a < b) = (a € segment D b)
(proof)

lemma Ssegment-inc:[Order D; a € carrier D; b € carrier D] =
(a <p b) = (a € Ssegment D b)
(proof)

lemma (in Order) segment-incl:b € carrier D =
(a < b A ae€ carrier D) = (a € segment D b)

(proof)

lemma Ssegment-incl:[Order D; b € carrier D] =
(a <p b A a € carrier D) = (a € Ssegment D b)
(proof)

lemma (in Order) segment-inc-if:[b € carrier D;a € segment D b] =
a=<b
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(proof)

lemma Ssegment-inc-if :[Order D; b € carrier D; a € Ssegment D b] =
a <p b
(proof)

lemma (in Order) segment-inc-less:[W C carrier D; a € carrier D;
y € W; z € segment (Iod D W) a; y < z] = y € segment (Iod D W) a
(proof)

lemma (in Order) segment-order-less:¥ becarrier D. YV z€ segment D b. ¥V y€ seg-
ment D b. (z < y) = (z ~(Iod D (segment D b)) y)
(proof )

lemma Ssegment-order-less: Order D —>
YV becarrier D. ¥V z€ Ssegment D b. ¥V ye Ssegment D b.

(z<py)=(z =(SIod D (Ssegment D b)) y)
(proof)

lemma (in Order) segment-order-le:V b€ carrier D. ¥V z€ segment D b.
Vye segment D b. (z X y) = (z j([od D (segment D b)) y)
(proof)

lemma Ssegment-order-le:¥ becarrier D. ¥ x€ Ssegment D b.
Vye Ssegment D b. (z <p y) = (x =(Slod D (Ssegment D b)) )
(proof)

lemma (in Torder) lod-Torder:X C carrier D = Torder (Iod D X)
(proof)

lemma SIod-Torder:[Torder D; X C carrier D] = Torder (SIod D X)
(proof)

lemma (in Order) segment-not-inc:[a € carrier D; b € carrier D;
a < b = b ¢ segment D a

{(proof)

lemma Ssegment-not-inc:[Order D; a € carrier D; b € carrier D; a <p b] =
b ¢ Ssegment D a

(proof)

lemma (in Torder) segment-not-inc-iff :[a € carrier D; b € carrier D] =
(a < b)= (b ¢ segment D a)
(proof )

lemma Ssegment-not-inc-iff :[ Torder D; a € carrier D; b € carrier D] =
(a =p b) = (b ¢ Ssegment D a)
(proof)
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lemma (in Torder) minimum-segment-of-sub:[X C carrier D;
minimum-elem D (segment (lod D X) d) m | = minimum-elem D X m

(proof)

lemma (in Torder) segment-out:[a € carrier D; b € carrier D;
a < b] = segment (Iod D (segment D a)) b = segment D a

(proof)

lemma (in Torder) segment-minimum-minimum:[X C carrier D; d € X;
minimum-elem (Iod D (segment D d)) (X N (segment D d)) m] =
minimum-elem D X m

(proof)

lemma (in Torder) segment-mono:[a € carrier D; b € carrier D] =
(a < b) = (segment D a C segment D b)

(proof)

lemma Ssegment-mono:[Torder D; a € carrier D; b € carrier D] =
(a <p b) = (Ssegment D a C Ssegment D b)

(proof)

lemma (in Torder) segment-le-mono:[a € carrier D; b € carrier D] =
(a < b) = (segment D a C segment D b)
(proof)

lemma Ssegment-le-mono:[Torder D; a € carrier D; b € carrier D] =
(a 2p b) = (Ssegment D a C Ssegment D b)
(proof)

lemma (in Torder) segment-inj:[a € carrier D; b € carrier D] =
(a = b) = (segment D a = segment D b)
(proof )

lemma Ssegment-inj:[ Torder D; a € carrier D; b € carrier D] =
(a = b) = (Ssegment D a = Ssegment D b)
(proof)

lemma (in Torder) segment-inj-neq:[a € carrier D; b € carrier D] =
(a # b) = (segment D a # segment D b)
(proof)

lemma Ssegment-inj-neq:[ Torder D; a € carrier D; b € carrier D] =
(a #b) = (Ssegment D a # Ssegment D b)
(proof)

lemma (in Order) segment-inc-psub:[z € segment D a] =
segment D © C segment D a

(proof)
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lemma Ssegment-inc-psub:[Order D; x € Ssegment D a] =
Ssegment D x C Ssegment D a

(proof)

lemma (in Order) segment-segment:[b € carrier D; a € segment D b] =
segment (lod D (segment D b)) a = segment D a

(proof)

lemma Ssegment-Ssegment:[Order D; b € carrier D; a € Ssegment D b] =
Ssegment (Slod D (Ssegment D b)) a = Ssegment D a
(proof)

lemma (in Order) lod-segment-segment:a € carrier (lod D (segment D b)) =
Iod (Iod D (segment D b)) (segment (Iod D (segment D b)) a) =
Tod D (segment D a)

(proof)
lemma Slod-Ssegment-Ssegment:[Order D; a € carrier (Slod D (Ssegment D b))]

—
Slod (SIod D (Ssegment D b)) (Ssegment (SIod D (Ssegment D b)) a) =
Slod D (Ssegment D a)

(proof)

lemma (in Order) ord-isom-segment-mem:[Order E;
ord-isom D E f; a € carrier D; x € segment D a | =
(fz) € segment E (f a)

(proof)

lemma ord-isom-Ssegment-mem:[Order D; Order E;
ord-isom D E f; a € carrier D; x € Ssegment D o] =
(fz) € Ssegment E (f a)
(proof )

lemma (in Order) ord-isom-segment-segment:[Order E;
ord-isom D E f; a € carrier D | =
ord-isom (lod D (segment D a)) (lod E (segment E (f a)))
(Azecarrier (Iod D (segment D a)). f x)
{proof)

lemma ord-isom-Ssegment-Ssegment:[Order D; Order E;
ord-isom D E f; a € carrier D | =
ord-isom (SIod D (Ssegment D a)) (Slod E (Ssegment E (f a)))
(Azxecarrier (Slod D (Ssegment D a)). f x)
(proof)

lemma (in Order) ord-equiv-segment-segment:
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[Order E; ord-equiv D E; a € carrier D]
= Jtecarrier E. ord-equiv (Iod D (segment D a)) (Iod E (segment E t))

(proof)

lemma ord-equiv-Ssegment-Ssegment:
[Order D; Order E; ord-equiv D E; a € carrier D]
= Jtecarrier E. ord-equiv (Slod D (Ssegment D a)) (Slod E (Ssegment E t))

(proof)

lemma (in Order) ord-isom-restricted:
[Order E; ord-isom D E f; D1 C carrier D] =
ord-isom (lod D D1) (Iod E (f * D1)) (Ax€D1. fx)

(proof)

lemma ord-isom-restrictedsS":
[Order D; Order E; ord-isom D E f; D1 C carrier D] =
ord-isom (SIod D D1) (Slod E (f * D1)) (Az€D1. fx)

(proof)

lemma (in Order) ord-equiv-induced:
[Order E; ord-isom D E f; D1 C carrier D | =
ord-equiv (Iod D D1) (Iod E (f ‘ D1))

(proof)

lemma ord-equiv-inducedS":
[Order D; Order E; ord-isom D E f; D1 C carrier D | =
ord-equiv (SIod D D1) (SIod E (f * D1))

(proof)

lemma (in Order) equiv-induced-by-inj:[Order E; ord-inj D E f;
D1 C carrier D] = ord-equiv (Iod D D1) (Iod E (f * D1))
(proof)

lemma equiv-induced-by-injS:[Order D; Order E; ord-inj D E f;
D1 C carrier D] = ord-equiv (SIod D D1) (SIod E (f < D1))
(proof)

lemma (in Torder) le-segment-segment:[a € carrier D; b € carrier D] =
(a =< b) = (segment (Iod D (segment D b)) a = segment D a)
(proof)

lemma le-Ssegment-Ssegment:[Torder D; a € carrier D; b € carrier D] =
(a =p b) = (Ssegment (Slod D (Ssegment D b)) a = Ssegment D a)
(proof)

lemma (in Torder) inc-segment-segment:[b € carrier D;
a € segment D b] = segment (lod D (segment D b)) a = segment D a
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(proof)

lemma (in Torder) segment-segment:[a € carrier D; b € carrier D] =
(segment (Iod D (segment D b)) a = segment D a) =
((segment D a) C (segment D b))

(proof)

lemma (in Torder) less-in-Iod:[a € carrier D; b € carrier D; a < b]
= (a < b) = (a € carrier (Iod D (segment D b)))

(proof)

definition
SS i1 - = 'a set Order where
SS D = (carrier = {X. Ja€carrier D. X = segment D a}, rel =
{XX. XX € {X. Jaccarrier D. X = segment D a} X
{X. Jaccarrier D. X = segment D a} A ((fst XX) C (snd XX))} )

definition
segmap::- = 'a = 'a set where
segmap D = (Ax€(carrier D). segment D x)

lemma segmap-func:segmap D € carrier D — carrier (SS D)
(proof)

lemma (in Worder) ord-isom-segmap: ord-isom D (58S D) (segmap D)
(proof)

lemma (in Worder) nonequiv-segment:a € carrier D =
= ord-equiv D (Iod D (segment D a))

(proof)

lemma nonequiv-Ssegment:[ Worder D; a € carrier D] =
= ord-equiv D (Slod D (Ssegment D a))

(proof)

lemma (in Worder) subset-Worder: T C carrier D =
Worder (Iod D T)

(proof)

lemma Slod-Worder:[ Worder D; T C carrier D] = Worder (Slod D T)
(proof)

lemma (in Worder) segment-Worder: Worder (lod D (segment D a))
(proof)

lemma Ssegment- Worder: Worder D = Worder (Slod D (Ssegment D a))
(proof)
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lemma (in Worder) segment-uniquel:[a € carrier D; b € carrier D; a < b] =
= ord-equiv (lod D (segment D b)) (Iod D (segment D a))

(proof)

lemma Ssegment-uniquel:[ Worder D; a € carrier D; b € carrier D; a <p b] =
= ord-equiv (Slod D (Ssegment D b)) (Slod D (Ssegment D a))
(proof)

lemma (in Worder) segment-unique:[a € carrier D; b € carrier D;
ord-equiv (Iod D (segment D a)) (Iod D (segment D b)) ] = a =b
(proof )

lemma Ssegment-unique:[ Worder D; a € carrier D; b € carrier D;
ord-equiv (SIod D (Ssegment D a)) (SIod D (Ssegment D b)) | = a = b
(proof)

lemma (in Worder) subset-segment:[T C carrier D;
VbeT.Vz. 2 < b ANz € carrier D — z € T,
minimum-elem D (carrier D — T) o] = T = segment D a

(proof)

lemma subset-Ssegment:[ Worder D; T C carrier D;
VoeT.Vz. x <p b A x € carrier D — x € T}
minimum-elem D (carrier D — T) o] = T = Ssegment D a

(proof)

lemma (in Worder) segmentTr:[T C carrier D;
Vbe T.(Vz. (x < b Az € (carrier D) — z € T))] =
(T = carrier D) V (3a. a € (carrier D) A T = segment D a)
(proof)

lemma SsegmentTr:[ Worder D; T C carrier D;
Vbe T.(Vz. (x <pbAzx¢€ (carrier D) — z€T))] =
(T = carrier D) V (3a. a € (carrier D) N T = Ssegment D a)
(proof)

lemma (in Worder) ord-isom-segment-segment:[ Worder E;
ord-isom D E f; a € carrier D | =
ord-isom (lod D (segment D a)) (lod E (segment E (f a)))
(Ax€carrier (Iod D (segment D a)). f x)
(proof)

definition
Tw :: [-, ('b, 'm1) Order-scheme] = 'a = 'b ((2Tw-.) [60,61]60) where
Twp, 7 = (Aa€ carrier D. SOME z. z€carrier T A
ord-equiv (Iod D (segment D a)) (Iod T (segment T x)))
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lemma (in Worder) Tw-func:[ Worder T
Y a€carrier D. 3becarrier T. ord-equiv (lod D (segment D a))
(lod T (segment T b))] = Twp 7 € carrier D — carrier T
(proof)

lemma (in Worder) Tw-mem:[Worder E; x € carrier D;
Y a€carrier D. 3becarrier E. ord-equiv (Iod D (segment D a))
(lod E (segment E'b))] = (Twp g) = € carrier E

(proof)

lemma (in Worder) Tw-equiv:[ Worder T;
Y a€carrier D. 3becarrier T. ord-equiv (lod D (segment D a))
(lod T (segment T b)); x € carrier D | =
ord-equiv (Iod D (segment D z)) (Iod T (segment T' ((Twp ) x)))
(proof)

lemma (in Worder) Tw-inj:[ Worder E;,
Y a€carrier D. 3becarrier E. ord-equiv (Iod D (segment D a))
(lod E (segment E'b))] = inj-on (Twp g) (carrier D)

(proof)

lemma (in Worder) Tw-eg-ord-isom:[ Worder E;
YV accarrier D. 3becarrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b)); a € carrier D;
ord-isom (Iod D (segment D a)) (Iod E (segment E (Tw D E a))) f;
z € segment Da] = fzr=TwDEx

(proof)

lemma (in Worder) Tw-ord-injTr:[ Worder E;
Y a€carrier D. 3 becarrier E.
ord-equiv (Iod D (segment D a)) (lod E (segment E b));
a € carrier D; b € carrier D; a < 0] =
TwDFEa<p(TwDEDb)
(proof)

lemma (in Worder) Tw-ord-inj:[ Worder E;
Y a€carrier D. becarrier E. ord-equiv (Iod D (segment D a))
(Iod E (segment E b))] = ord-inj D E (Tw D F)
(proof)

lemma (in Worder) ord-isom-restricted-by-Tw:[ Worder E;
Y a€carrier D. Abecarrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b));
D1 C carrier D] =
ord-isom (lod D D1) (Iod E ((Tw D E) ¢ D1))
(restrict (Tw D E) DI)

(proof)

70



lemma (in Worder) Tw-segment-segment:[ Worder E
Y accarrier D.3becarrier E.
ord-equiv (Iod D (segment D a)) (lod E (segment E b)); a € carrier D]
= Tw D E * (segment D a) = segment E (Tw D E a)

(proof)

lemma (in Worder) ord-isom-Tw-segment:[ Worder E;
Y accarrier D. 3becarrier E.
ord-equiv (Iod D (segment D a)) (lod E (segment E b)); a€carrier D] =
ord-isom (lod D (segment D a)) (Iod E (segment E (Tw D E a)))
(restrict (Tw D E) (segment D a))

(proof)

lemma (in Worder) well-ord-comparel:| Worder E;
Y a€carrier D. 3becarrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b))] =
(ord-equiv D E) V (3 c€carrier E. ord-equiv D (lod E (segment E ¢)))

(proof)

lemma bex-nonempty-set:3x € A. Pz = {z. 2 € ANPz } #{}

(proof)

lemma nonempty-set-sub:{z. t € AN Pz} # {} =
{z.t€e ANPz} CA

(proof)

lemma (in Torder) less-minimum:[minimum-elem D {z. © € carrier D A P z}
d]

= Va. (((a < d) A a € carrier D) — = (P a))
(proof)

lemma (in Torder) segment-minimum-empty:[X C carrier D; d € X] =
(minimum-elem D X d) = (segment (Iod D X) d = {})
(proof)

end

theory Algebra2
imports Algebral
begin

lemma (in Order) less-and-segment:b € carrier D =
(Va.((a < b A a € carrier D) — (Q a))) =
(Y a€carrier (Iod D (segment D b)).(Q a))

(proof)

lemma (in Worder) Word-compare2:] Worder E;
- (Ya€carrier D. 3becarrier E. ord-equiv (lod D (segment D a))
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(Iod E (segment E b)))] =
Jcecarrier D. ord-equiv (lod D (segment D ¢)) E

(proof)

lemma (in Worder) Worder-equiv:[ Worder E;
Y accarrier D. Abecarrier E. ord-equiv (Iod D (segment D a))
(Iod E (segment E b));
Y cecarrier E. 3decarrier D. ord-equiv (Iod E (segment E c))
(Iod D (segment D d))] = ord-equiv D E

(proof)

lemma (in Worder) Worder-equivi:[ Worder E; — ord-equiv D E] =
= ((Y a€carrier D. 3 becarrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b))) A
(V c€carrier E. 3 decarrier D.
ord-equiv (Iod E (segment E ¢)) (Iod D (segment D d))))

(proof)

lemma (in Worder) Word-compare: Worder £ —>
(Fa€carrier D. ord-equiv (Iod D (segment D a)) E) V ord-equiv D E V
(3 becarrier E. ord-equiv D (Iod E (segment E b)))

(proof)

lemma (in Worder) Word-compareTr1:[ Worder E;
Ja€carrier D. ord-equiv (Iod D (segment D a)) E; ord-equiv D E | =
False

(proof)

lemma (in Worder) Word-compareTr2:[ Worder E; ord-equiv D E;
Jbecarrier E. ord-equiv D (lod E (segment E b))] = False

{(proof)

lemma (in Worder) Word-compareTr3:[ Worder E;
Jbecarrier E. ord-equiv D (Iod E (segment E b));
Jaccarrier D. ord-equiv (Iod D (segment D a)) E] = False

(proof)

lemma (in Worder) subset-equiv-segment:S C carrier D =
ord-equiv D (Iod D S) V
(Faecarrier D. ord-equiv (Iod D S) (Iod D (segment D a)))
(proof)

definition
ordinal-number :: 'a Order = 'a Order set where
ordinal-number S = {X. Worder X A ord-equiv X S}

definition
ODnums :: 'a Order set set where
ODnums = {X. 35. Worder S N X = ordinal-number S}
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definition
ODord :: ['a Order set, 'a Order set] = bool (infix C 60) where
XCVY+— (3ze X. 3y e Y. (Icecarrier y. ord-equiv x (lod y (segment y

c))))

definition
ODord-le :: ['a Order set, 'a Order set] = bool (infix C 60) where
XCY<+—=X=YVODord XY

definition
ODrel :: ((("a Order) set) * (('a Order) set)) set where
ODrel = {Z. Z € ODnums x ODnums N ODord-le (fst Z) (snd Z)}

definition
ODnods :: ('a Order set) Order where
ODnods = (carrier = ODnums, rel = ODrel |)

lemma Worder-ord-equivTr:[ Worder S; Worder T] =
ord-equiv S T = (3f. ord-isom S T f)
(proof)

lemma Worder-ord-isom-mem:[ Worder S; Worder T'; ord-isom S T f; a € carrier
S]
= fa € carrier T

(proof)

lemma Worder-refl: Worder S =—> ord-equiv S S
(proof)

lemma Worder-sym:[ Worder S; Worder T; ord-equiv S T | = ord-equiv T S
{proof)

lemma Worder-trans:[ Worder S; Worder T; Worder U; ord-equiv S T; ord-equiv
T U] = ord-equiv S U
(proof)

lemma ordinal-inc-self: Worder S = S € ordinal-number S
(proof)

lemma ordinal-number-eq:[ Worder D; Worder E] =
(ord-equiv D E) = (ordinal-number D = ordinal-number E)

(proof)

lemma mem-ordinal-number-equiv:[ Worder D;
X € ordinal-number D] = ord-equiv X D

{(proof)

lemma mem-ordinal-number- Worder:[ Worder D;
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X € ordinal-number D] = Worder X
(proof)

lemma mem-ordinal-number-Worderl:[x € ODnums; X € z] = Worder X

(proof)

lemma mem-ODnums-nonempty:X € ODnums —> Jz. z € X
(proof)

lemma carr-ODnods:carrier ODnods = ODnums

(proof)

lemma ordinal-number-mem-carrier-ODnods:
Worder D = ordinal-number D € carrier ODnods

(proof)

lemma ordinal-number-mem-ODnums:
Worder D —> ordinal-number D € ODnums

(proof)

lemma ODordTr1: [Worder D; Worder E] =
(ODord (ordinal-number D) (ordinal-number E)) =
(3be carrier E. ord-equiv D (Iod E (segment E b)))

(proof)

lemma ODord: [Worder D; d € carrier D] =
ODord (ordinal-number (Iod D (segment D d))) (ordinal-number D)

(proof)

lemma ord-less-ODord:| Worder D; ¢ € carrier D; d € carrier D;
a = ordinal-number (Iod D (segment D c));
b = ordinal-number (Iod D (segment D d))] =
c<pd= alCb
(proof)

lemma ODord-le-ref:[X € ODnums; Y € ODnums; ODord-le X Y; YV C X ]
_
X=Y

(proof)

lemma ODord-le-trans:[X € ODnums; Y € ODnums; Z € ODnums; X T Y; YV
CZ]

— XLCZ
(proof)

lemma ordinal-numberTrl: X € carrier ODnods = 3 D. Worder D N D € X

(proof)

lemma ordinal-numberTri-1: X € ODnums —> 3D. Worder D AN D € X
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(proof)

lemma ordinal-numberTri-2:[x € ODnums; S € z; T € z] =
ord-equiv S T
(proof)

lemma ordinal-numberTr2:[ Worder D; x = ordinal-number D] =
Dex

(proof)

lemma ordinal-numberTr3:[ Worder D; Worder F'; ord-equiv D F;
z = ordinal-number D] = = = ordinal-number F

(proof)

lemma ordinal-numberTrs:[ Worder D; X € carrier ODnods; D € X | =
X = ordinal-number D

(proof)

lemma ordinal-numberTr5:[x € ODnums; D € z] = = = ordinal-number D
(proof)

lemma ordinal-number-ord:[ X € carrier ODnods; Y € carrier ODnods] =
ODord X Y VX =YV ODord Y X

(proof)

lemma ODnum-subTr:[ Worder D; x = ordinal-number D; y € ODnums; y C x;
Y € 4]
= Jcecarrier D. ord-equiv Y (Iod D (segment D c))

(proof)

lemma ODnum-segmentTr:[ Worder D; x = ordinal-number D; y € ODnums; y C
z] =

Je. cecarrier D A (Y Yey. ord-equiv Y (Iod D (segment D c)))
(proof)

lemma ODnum-segmentTrl:[ Worder D; x = ordinal-number D; y € ODnums; y
C 2]

= Je¢. ¢ € carrier D A (y = ordinal-number (lod D (segment D c¢)))
(proof)

lemma ODnods-less:[x € carrier ODnods; y € carrier ODnods] =
T <ODnods ¥ = T L Y

(proof)

lemma ODord-less-not-eq:[x € carrier ODnods; y € carrier ODnods; z C y] =
T Fy
{proof )

lemma not-ODord:[a € ODnums; b € ODnums; a C b] = = (b C a)
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(proof)

lemma Order-ODnods: Order ODnods
(proof)

lemma Torder-ODnods: Torder ODnods
(proof)

definition
ODNmap :: 'a Order = ('a Order) set = 'a where
ODNmap D y = (SOME 2. (z € carrier D A
(VYey. ord-equiv Y (lod D (segment D z)))))

lemma ODNmap-mem:[Worder D; x = ordinal-number D; y € ODnums; ODord
yz] =
ODNmap D y € carrier D A
(VYey. ord-equiv Y (Iod D (segment D (ODNmap D y))))

(proof)

lemma ODNmapTri:[Worder D; x = ordinal-number D; y € ODnums; ODord y
z] =

y = ordinal-number (lod D (segment D (ODNmap D y)))
(proof)

lemma ODNmap-self:[ Worder D; ¢ € carrier D;
a = ordinal-number (Iod D (segment D c))] = ODNmap D a = ¢

(proof)

lemma ODord-ODNmap-less:[ Worder D; ¢ € carrier D;
a = ordinal-number (lod D (segment D c¢)); d € carrier D;
b = ordinal-number (Iod D (segment D d)); a C b] =
ODNmap D a <p (ODNmap D b)

(proof)

lemma ODNmap-meml: [Worder D; y € segment ODnods (ordinal-number D)]
= ODNmap D y € carrier D

(proof)

lemma ODnods-segment-inc-ODord:[ Worder D;
y € segment ODnods (ordinal-number D)] = ODord y (ordinal-number D)

{proof)

lemma restict-ODNmap-func:[ Worder D; x = ordinal-number D] —
restrict (ODNmap D) (segment ODnods (ordinal-number D))
€ segment ODnods (ordinal-number D) — carrier D

(proof)

lemma ODNmap-ord-isom:[ Worder D; x = ordinal-number D] —
ord-isom (lod ODnods (segment ODnods x)) D
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(Azxe(carrier (Iod ODnods (segment ODnods z))). (ODNmap D z))
(proof)

lemma ODnum-equiv-segment:[ Worder D; x = ordinal-number D] =
ord-equiv (Iod ODnods (segment ODnods x)) D

(proof)

lemma ODnods-sub-carrier:S C ODnums = carrier (Iod ODnods S) = S
(proof)

lemma ODnum-sub-well-ordered:S C ODnums => Worder (Iod ODnods S)
(proof)

2.2 Pre elements

definition
EzPre :: - = 'a = bool where
ExPre D a «+— (3z. z € carrier D ANz <p a
A - (Byecarrier D. ¢ <py ANy <p a))

definition
Pre :: [-, 'a] = 'a where
Pre D a = (SOME z. © € carrier D A

T <paAl
- (3yecarrier D. z <p y ANy <p a))

lemma (in Order) Pre-mem:[a € carrier D; ExPre D o] =
Pre D a € carrier D

(proof)

lemma (in Order) Not-ExPre:a € carrier D => = EzPre (Iod D {a}) a
(proof)

lemma (in Worder) UniquePre:[a € carrier D; ExPre D a;
al € carrier D A al < a A = (3y€carrier D. (al <y ANy <a)) ] =
Pre D a = al

(proof)

lemma (in Order) Pre-element:[a € carrier D; ExPre D o] =
Pre D a € carrier D A (Pre D a) < a A
- (Jy€ecarrier D. (Pre D a) < y A y < a))
(proof )

lemma (in Order) Pre-in-segment:[a € carrier D; ExPre D o] =
Pre D a € segment D a

(proof)
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lemma (in Worder) segment-forall:[a € segment D b; b € carrier D;
x € segment D b; x < a; VyEsegment Db.z <y — -y < a] =
Vyeccarrier D. x <y — -y < a

(proof)

lemma (in Worder) segment-Expre:a € segment D b —>
ExPre (Iod D (segment D b)) a = EzPre D a

(proof)

lemma (in Worder) Pre-segment:[a € segment D b;
EzPre (Iod D (segment D b)) o] =
EzPre D a A Pre D a = Pre (lod D (segment D b)) a

(proof)

lemma (in Worder) Pre2segment:[a € carrier D; b € carrier D; b < a;
EzPre D b] = ExPre (Iod D (segment D a)) b

(proof)

lemma (in Worder) ord-isom-Prel:[Worder E; a € carrier D; ExPre D a;
ord-isom D E f] = ExPre E (f a)

(proof)

lemma (in Worder) ord-isom-Prell:[Worder E; a € carrier D; ord-isom D E f]
= EzPre D a = ExPre E (f a)

(proof)

lemma (in Worder) ord-isom-Pre2:[Worder E; a € carrier D; ExPre D a;
ord-isom D E f] = f (Pre D a) = Pre E (f a)
(proof)

2.3 Transfinite induction

lemma (in Worder) transfinite-induction:[minimum-elem D (carrier D) s0; P s0;
Vt€carrier D. (VY u€ segment D t. P u) — P t)] = Va€carrier D. Pz

(proof)

2.4 Ordered-set?2. Lemmas to prove Zorn’s lemma.

definition
adjunct-ord :[- , 'a] = - where
adjunct-ord D a = D (carrier := carrier D U {a},
rel .= {(z,y). (z, y) € rel D V
(z € (carrier D U {a}) Ay = a)})

lemma (in Order) carrier-adjunct-ord:
carrier (adjunct-ord D a) = carrier D U {a}

(proof)
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lemma (in Order) Order-adjunct-ord:a ¢ carrier D =
Order (adjunct-ord D a)

(proof)

lemma (in Order) adjunct-ord-large-a:[Order D; a ¢ carrier D] =
Vaecarrier D. ¢ <qdiunct-ord D a @

(proof)

lemma carr-Ssegment-adjunct-ord:[Order D; a ¢ carrier D] =
carrier D = (Ssegment (adjunct-ord D a) a)

(proof)

lemma (in Order) adjunct-ord-selfD:a ¢ carrier D =
D = Iod (adjunct-ord D a) (carrier D)

(proof)

lemma Ssegment-adjunct-ord:[Order D; a ¢ carrier D] =
D = Slod (adjunct-ord D a) (Ssegment (adjunct-ord D a) a)

(proof)

lemma (in Order) Torder-adjunction:[X C carrier D; a € carrier D;
VzeX. © X a; Torder (Iod D X)] = Torder (Iod D (X U {a}))

(proof)

lemma Torder-Sadjunction:[Order D; X C carrier D; a € carrier D;
VeeX. z <p a; Torder (Slod D X)] = Torder (SIod D (X U {a}))

(proof)

lemma (in Torder) Torder-adjunct-ord:a ¢ carrier D =
Torder (adjunct-ord D a)

(proof)

lemma (in Order) well-ord-adjunction:[X C carrier D; a € carrier D;
VzeX. ¢ = a; Worder (Iod D X)] = Worder (Iod D (X U {a}))

(proof)

lemma well-ord-Sadjunction:[Order D; X C carrier D; a € carrier D;
VeeX. z <p a; Worder (Slod D X)] = Worder (SIod D (X U {a}))

(proof)

lemma (in Worder) Worder-adjunct-ord:a ¢ carrier D =
Worder (adjunct-ord D a)

(proof )
2.5 Zorn’s lemma
definition

Chain :: - = 'a set = bool where
Chain D C <— C C carrier D A Torder (Iod D C')
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definition
upper-bound :: [-, 'a set, 'a] = bool
((Bubr/ -/ -) [100,101]100) where
ubp S b <— b € carrier D A (Vs€S. s <p b)

definition
inductive-set :: - = bool where
inductive-set D «— (VY C. (Chain D C — (3b. ubp C b)))

definition
mazimal-element :: [-, ‘a] = bool ((mazimaly/ -) [101]100) where
mazimalp m <— m € carrier D A (Vbecarrier D. m <p b — m = b)

definition
upper-bounds::[-, 'a set] = 'a set where
upper-bounds D H = {z. ubp H z}

definition
Sup :: [-, 'a set] = 'a where
Sup D X = (THE z. minimum-elem D (upper-bounds D X) x)

definition
S-inductive-set :: - = bool where
S-inductive-set D «— (V C. Chain D C —
(Fz€carrier D. minimum-elem D (upper-bounds D C) x))

lemma (in Order) mem-upper-bounds:[X C carrier D; b € carrier D;
VzeX.z 2 b) = ub X b
(proof)

lemma (in Order) Torder-Chain:[X C carrier D; Torder (Iod D X)]
= Chain D X

(proof)

lemma (in Order) Chain-Torder:Chain D X =
Torder (Iod D X)

(proof)

lemma (in Order) Chain-sub:Chain D X = X C carrier D
(proof)

lemma (in Order) Chain-sub-Chain:[Chain D X; Y C X | = Chain D Y
(proof)

lemma (in Order) upper-bounds-sub:X C carrier D =
upper-bounds D X C carrier D

(proof)
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lemma (in Order) Sup:[X C carrier D; minimum-elem D (upper-bounds D X) a
== Sup D X = a
(proof)

lemma (in Worder) Sup-mem:[X C carrier D; 3b. ub X b] =
Sup D X € carrier D

(proof)

lemma (in Order) S-inductive-sup:[S-inductive-set D; Chain D X| =
minimum-elem D (upper-bounds D X) (Sup D X)
(proof )

lemma (in Order) adjunct-Chain:[Chain D X; b € carrier D;VzeX. z <X ] =
Chain D (insert b X)

(proof)

lemma (in Order) S-inductive-sup-mem:[S-inductive-set D; Chain D X]| =
Sup D X € carrier D
(proof)

lemma (in Order) S-inductive-Sup-min-bounds:[S-inductive-set D; Chain D X,
ub X b)) = Sup DX <b
(proof )

lemma (in Order) S-inductive-sup-bound:[S-inductive-set D; Chain D X| =
VzeX. z <X (Sup D X)
(proof)

lemma (in Order) S-inductive-Sup-in-ChainTr:
[S-inductive-set D; Chain D X; ¢ € carrier (Iod D (insert (Sup D X) X));
Sup D X ¢ X;
YV yecarrier (Iod D (insert (Sup D X) X)).
€ =Jod D (insert (Sup D X) X) ¥ = 7 ¥ =Iod D (insert (Sup D X) X) Sup D
X] =
¢ € upper-bounds D X
(proof)

lemma (in Order) S-inductive-Sup-in-Chain:[S-inductive-set D; Chain D X;
ExzPre (Iod D (insert (Sup D X) X)) (Sup D X)] = Sup D X € X
(proof)

lemma (in Order) S-inductive-bounds-compare:[S-inductive-set D; Chain D X1;
Chain D X2; X1 C X2] = upper-bounds D X2 C upper-bounds D X1
(proof)

lemma (in Order) S-inductive-sup-compare:|[S-inductive-set D; Chain D X1;
Chain D X2; X1 C X2] = Sup D X1 < Sup D X2
(proof )
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definition
Wa :: [-, 'a set, 'a = 'a, 'a] = bool where
Wa D W ga<+— W C carrier D AN Worder (Iod D W) ANa€ WA (NzeW. a
=p ) A
(VzeW. (if (ExPre (Iod D W) z) then g (Pre (Iod D W) z) = z else
(if a # = then Sup D (segment (Iod D W) z) = z else a = a)))

definition
WWa :: [-, 'a = 'a, 'a] = 'a set set where
WWaDga={W. WaD Wgqga}

lemma (in Order) mem-of-WWa:[W C carrier D; Worder (Iod D W); a € W;
VzeW. a = z);
(VzeW. (if (ExPre (Iod D W) z) then g (Pre (Iod D W) z) = z else
(if a # x then Sup D (segment (Iod D W) z) = z else a = a)))] =
We WWaDga
(proof)

lemma (in Order) mem-WWa-then:W € WWa D g a = W C carrier D A
Worder (Ied D W) ANa € WA (NzeW. a=<z)A
(VzeW. (if (ExPre (Iod D W) z) then g (Pre (Iod D W) z) = z else
(if a # x then Sup D (segment (Iod D W) z) = z else a = a)))

(proof)

lemma (in Order) mem-wwa-Worder:W € WWa D g a = Worder (Iod D W)
(proof)

lemma (in Order) mem-WWa-sub-carrier:W € WWa D g a = W C carrier D

(proof)

lemma (in Order) Union- W Wa-sub-carrier:)] (WWa D g a) C carrier D
(proof)

lemma (in Order) mem-WWa-inc-a:W € WWa D ga = a € W
(proof)

lemma (in Order) mem-WWa-Chain:W € WWa D g a = Chain D W
(proof)

lemma (in Order) Sup-adjunct-Sup:[S-inductive-set D;
f € carrier D — carrier D; a € carrier D; ¥ x€carrier D. x < f z;

W e WWaD fa; Sup DW ¢ W]
= Sup D (insert (Sup D W) W) = Sup D W

(proof)

lemma (in Order) BNTr!:a € carrier D = Worder (Iod D {a})
(proof)
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lemma (in Order) BNTr2:[f € carrier D — carrier D; a € carrier D;
Vaecarrier D. ¢ % (fz)] = {a} € WWa D fa
(proof)

lemma (in Order) BNTr2-1:[f € carrier D — carrier D; a € carrier D;
Vazecarrier D. x < (fz); W e WWa D fa] = VaeW.a <z
(proof)

lemma (in Order) BNTr8:[f € carrier D — carrier D; a € carrier D;
Vazecarrier D. ¢ < (fz); W € WWa D f a] = minimum-elem (lod D W)
Wa

(proof)

lemma (in Order) Adjunct-segment-sub:[S-inductive-set D; Chain D X| =
segment (Iod D (insert (Sup D X) X)) (Sup D X) C X
{proof)

lemma (in Order) Adjunct-segment-eq:[S-inductive-set D; Chain D X;
Sup D X ¢ X]| =
segment (Iod D (insert (Sup D X) X)) (Sup D X) = X
(proof)

definition
fixp : ['a = ’a, 'a] = bool where
fixp fa+— fa=a

lemma (in Order) fizp-same:[W1 C carrier D; W2 C carrier D; t € W1;
b € carrier D; ord-isom (Iod D W1) (Iod (Iod D W2) (segment (Iod D W2) b))
9s
YV uesegment (Iod D W1) t. fixzp g u] =
segment (lod D W1) t = segment (Iod D W2) (g t)

{proof)

lemma (in Order) BNTrj-1:[f € carrier D — carrier D; a € carrier D;
b € carrier D; ¥V z€carrier D. x < (fz); W1 € WWa D fa; W2 € WWa D f

a;
ord-isom (Iod D W1) (lod D (segment (Iod D W2) b)) g] =
VeeWl. gz =z

(proof )

lemma (in Order) BNTr4-2:[f € carrier D — carrier D; a € carrier D;
b € carrier D; ¥V az€carrier D. ¢ <X (fz); W1 € WWa D fa; W2 € WWa D

fa
ord-equiv (Iod D W1) (Iod D (segment (Iod D W2) b))] =
W1 = segment (Iod D W2) b

(proof )
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lemma (in Order) BNTrj:[f € carrier D — carrier D; a € carrier D;
Vzecarrier D. x <X (fz); W1 € WWa D fa; W2 € WWa D f a;
Jbecarrier D. ord-equiv (Iod D W1) (Iod D (segment (Iod D W2) b))] =
Wi C W2

(proof)

lemma (in Order) Iod-same:A = B = lod D A = Iod D B
(proof)

lemma (in Order) eq-ord-equivTr:[ord-equiv D E; E = F] = ord-equiv D F
(proof)

lemma (in Order) BNTr5:[f € carrier D — carrier D; a € carrier D;
Vaze€carrier D. x < (fx); W1 € WWa D fa; W2 € WWa D f a;
ord-equiv (Iod D W1) (Iod D W2)] = W1 C W2

{proof)

lemma (in Order) BNTr6:[f € carrier D — carrier D; a € carrier D;
Vaecarrier D. x X (fz); Wi € WWa D fa; W2 € WWa D fa; WI C W2] =
(Fbecarrier (Iod D W2). ord-equiv (Iod D W1) (Iod D (segment (Iod D W2) b)))

(proof)

lemma (in Order) BNTr6-1:[f € carrier D — carrier D; a € carrier D;
Vaecarrier D. x = (fz); Wi € WWa D fa; W2 € WWa D fa; WI C W2] =
(3 becarrier (Iod D W2). W1 = (segment (Iod D W2) b))

(proof)

lemma (in Order) BNTr7:[f € carrier D — carrier D; a € carrier D;
Vaecarrier D. ¢ < (fz); W1 € WWa D fa; W2 € WWa D fa] =
Wi C w2v w2 cC Wit

(proof)

lemma (in Order) BNTr7-1:[f € carrier D — carrier D; a € carrier D;
Vze€carrier D.z X fa; 2 € W; W e WWaD fa;za €l (WWa D fa);
24 <1od D (U (WWa D f a)) (E]] == xa € W
(proof)

lemma (in Order) BNTr7-1-1:[f € carrier D — carrier D; a € carrier D;
Vaz€carrier D.x X fa;x € W; W e WWa D fa;za €y (WWa D fa);
za < ] = za € W
(proof)

lemma (in Order) BNTr7-2: [f € carrier D — carrier D; a € carrier D;
Vaze€carrier D. ¢ X fz; x € |J(WWa D fa); ExPre (Iod D (J(WWa D f a)))

@ |
= VWeWWaDfa (x € W — EzxPre (Iod D W) z)

(proof)
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lemma (in Order) BNTr7-3: [f € carrier D — carrier D; a € carrier D;
Vaecarrier D. ¢ < fz; v € |J(WWa D fa); ExPre (Iod D (U(WWa D f a)))
z ]
= VWeWWaDfa (x € W— Pre (Iod D (J(WWa D fa))) x = Pre (lod
D W) x)
(proof)

lemma (in Order) BNTr7-4:[f € carrier D — carrier D; a € carrier D;
Vaze€carrier D. x X fx;x € W; W € WWa D fa] =
EzPre (Iod D (U(WWa D fa))) © = ExPre (Iod D W) z

(proof)

lemma (in Order) BNTr7-5: [f € carrier D — carrier D; a € carrier D;
Vz€carrier D. x < faz;z € W; W € WWa D f a]
= (segment (Iod D (J(WWa D f a))) x) = segment (Iod D W) z
(proof)

lemma (in Order) BNTr7-6:[f € carrier D — carrier D;
a € carrier D; Vaz€carrier D. z <X (fz)] = a € |J(WWa D fa)
(proof)

lemma (in Order) BNTr7-7:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; ¥V ax€carrier D. x < (fz); 3za. Wa D za fa A x € za] =
zelJ(WWa D fa)

(proof)

lemma (in Order) BNTr7-8:[S-inductive-set D; f € carrier D — carrier D; a €
carrier D; ¥V x€carrier D. x <X (fz); 3za. Wa D za fa N x € za] = x € carrier
D

(proof)

lemma (in Order) BNTr7-9:[f € carrier D — carrier D; a € carrier D;
Vaecarrier D. z < (fz); 2 € J(WWa D fa) ] = = € carrier D
(proof)

lemma (in Order) BNTr7-10:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; VY x€carrier D. x =< (fz); W € WWa D fa; Sup D W ¢ W]
-
- EzPre (Iod D (insert (Sup D W) W)) (Sup D W)
(proof )

lemma (in Order) BNTr7-11:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; b € carrier D; Y x€carrier D. x < fz; W € WWa D f a;
VeeW.z bz e W] =

EzPre (Iod D (insert b W)) ¢ = EzPre (Iod D W) z

(proof)

lemma (in Order) BNTr7-12:[S-inductive-set D; f € carrier D — carrier D;
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a € carrier D; b € carrier D; Y x€carrier D. x < fz; W € WWa D f a;
VeeW. z = b,z € W; EzPre (Iod D W) z] =
Pre (Iod D (insert b W)) © = Pre (lod D W) z

(proof)

lemma (in Order) BNTr7-13:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; b € carrier D; Y x€carrier D. x =X fz; W € WWa D f a;
VeeW.z bz € W] =

(segment (Iod D (insert b W)) z) = segment (Iod D W) z

(proof)

lemma (in Order) BNTr7-14:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; Vz€carrier D. z < (fz); W € WWa D f o] =
(insert (Sup D W) W) € WWa D fa
(proof)

lemma (in Order) BNTr7-15:[S-inductive-set D; f € carrier D — carrier D;

a € carrier D;Vaz€carrier D. z < (fz); W € WWa D f a;

f (Sup D W) # Sup D W] =

ExzPre (Iod D (insert (f (Sup D W)) (insert (Sup D W) W))) (f (Sup D W))
(proof )

lemma (in Order) BNTr7-16:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; Vxz€carrier D. x < (fz); W € WWa D f q;
f (Sup D W) # (Sup D W)] =
Pre (Iod D (insert (f (Sup D W)) (insert (Sup D W) W))) (f (Sup D W))

(Sup D W)
(proof)

lemma (in Order) BNTr7-17:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; Y x€carrier D. x =< (fz); W € WWa D fa] =
(insert (f (Sup D W)) (insert (Sup D W) W)) € WWa D fa
(proof)

lemma (in Order) BNTr8:[f € carrier D — carrier D; a € carrier D;
Vaeccarrier D. ¢ <X (fz)] = U (WWa D fa) € (WWa D fa)

(proof)

lemma (in Order) BNTr10:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; YzE€carrier D. z <X (fz)] =
(Sup D (U(WWa D fa))) € (U(WWaD fa))
(proof)

lemma (in Order) BNTr11:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; Vaz€carrier D. z <X (fz)] =
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(oroof) f (Sup D (U(WWa D fa)) = (Sup D (U(WWa D fa)))
Proo,

lemma (in Order) Bourbaki-Nakayama:[S-inductive-set D;
f € carrier D — carrier D; a € carrier D; Y z€carrier D. z < (fz)] =
dx0€carrier D. fz0 = z0

(proof)

definition
mazl-fun :: - = 'a = 'a where
mazl-fun D = (Ax€carrier D. if Jy. ye(upper-bounds D {z}) A y # x then
SOME z. z € (upper-bounds D {z}) N z # z else x)

lemma (in Order) mazl-funTr:[z € carrier D;

Jy. y € upper-bounds D {z} A y # 2] =

(SOME z. z € upper-bounds D {z} N z # z) € carrier D
(proof )

lemma (in Order) mazl-fun-func:mazl-fun D € carrier D — carrier D
(proof)

lemma (in Order) mazl-fun-gt:[x € carrier D;
Jy€ carrier D. z I yANz#£y] =
z = (mazl-fun D x) A (mazl-fun D z) # x
(proof)

lemma (in Order) mazl-fun-maxl:[z € carrier D; mazl-fun D z = z |
= mazimal

(proof)

lemma (in Order) mazl-fun-asc:V x€carrier D. x < (mazl-fun D x)

(proof)

lemma (in Order) S-inductive-mazl:[S-inductive-set D; carrier D # {}] =
Im. mazimal m

(proof)

lemma (in Order) mazimal-mem:mazimal m = m € carrier D
(proof)

definition
Chains :: - = ('a set) set where
Chains D == {C. Chain D C}

definition
family-Torder:: - = ('a set) Order
((fTo -) [999]1000) where
fTo D = (carrier = Chains D , rel = {Z. Z € (Chains D) x (Chains D) A (fst
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Z) C (snd Z)})

lemma (in Order) Chain-mem-fTo:Chain D C = C € carrier (fTo D)
(proof)

lemma (in Order) fTOrder:Order (fTo D)
(proof)

lemma (in Order) fTo-Order-sub:[A € carrier (fTo D); B € carrier (fTo D)]
= (4 Z(fo p) B) = (A € B)

(proof)

lemma (in Order) mem-fTo-Chain:X € carrier (fTo D) = Chain D X
(proof)

lemma (in Order) mem-fTo-sub-carrier:X € carrier (fTo D) = X C carrier D

{(proof)

lemma (in Order) Un-fTo-Chain:Chain (fTo D) CC = Chain D (I CC)
(proof)

lemma (in Order) Un-fTo-Chain-mem-fTo:Chain (fTo D) CC =
(U CC) € carrier (fTo D)
(proof)

lemma (in Order) Un-upper-bound: Chain (fTo D) C =
U C € upper-bounds (fTo D) C
(proof)

lemma (in Order) fTo-conditional-inc-C:C € carrier (fTo D) =
C € carrier (lod (fTo D) {S € carrier fTo D. C C S})
(proof)

lemma (in Order) fTo-conditional-Un-Chain-mem1: [C € carrier (fTo D);
Chain (lod (fTo D) {S € carrier (fTo D). C C S}) Ca; Ca # {}] =
U Ca € upper-bounds (Iod (fTo D) {S € carrier fTo D. C C S}) Ca

(proof)

lemma (in Order) fTo-conditional-minl: [C € carrier (fTo D);
Chain (Iod (fTo D) {S € carrier (fTo D). C C S}) Ca; Ca # {}] =
minimum-elem (lod (fTo D) {S € carrier fTo D. C C S})
(upper-bounds (Iod (fTo D) {S € carrier (fTo D). C C S}) Ca) (U Ca)
(proof)

lemma (in Order) fTo-conditional-Un-Chain-mem2: [C € carrier (fTo D);

Chain (Iod (fTo D) {S € carrier fTo D. C C S}) Ca; Ca = {}] =
C € upper-bounds (Iod (fTo D) {S € carrier (fTo D). C C S}) Ca
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(proof)

lemma (in Order) fTo-conditional-min2: [C € carrier (fTo D);
Chain (lod (fTo D) {S € carrier (fTo D). C C S}) Ca; Ca = {}] =
minimum-elem (Iod (fTo D) {S € carrier fTo D. C C S})
(upper-bounds (Iod (fTo D) {S € carrier (fTo D). C C S}) Ca) C

(proof)

lemma (in Order) fTo-S-inductive:S-inductive-set (fTo D)
(proof)

lemma (in Order) conditional-min-upper-bound: [C € carrier (fTo D);
Chain (Iod (fTo D) {S € carrier fTo D. C C S}) Ca] =
3X. minimum-elem (Iod (fTo D) {S € carrier (fTo D). C C S})
(upper-bounds (Iod (fTo D) {S € carrier (fTo D). C C S}) Ca) X

(proof)

lemma (in Order) Hausdorff-acTr:C € carrier (fTo D) =
S-inductive-set (Iod (fTo D) {S. S € (carrier (fTo D)) A C C S})

{(proof)

lemma satisfy-cond-mem-set:[ x € A; Pz | = z € {y € A. Py}
(proof)

lemma (in Order) mazimal-conditional-maximal: [C € carrier (fTo D);

mazimal j,q (fTo D) {S € carrier (fTo D). C C S} m] = maximal(fTo D) ™
(proof)

lemma (in Order) Hausdorff-ac:C € carrier (fTo D) =
I Mecarrier (fTo D). C C M A ma:m'mal(fTO D) M

(proof)

lemma (in Order) Zorn-lemmaTr:[Chain D C; M € carrier fTo D; C C M;
mazimalgr, p M; b € carrier D; VseM. s = b | =
mazximal b A b € upper-bounds D C

(proof)

lemma (in Order) g-Zorn-lemmal:[inductive-set D; Chain D C| = I m. mazi-
mal m N m € upper-bounds D C

(proof)

lemma (in Order) g-Zorn-lemma2:[inductive-set D; a € carrier D] =
dmeéecarrier D. mazximal m N a < m

(proof)

lemma (in Order) g-Zorn-lemmaS:inductive-set D = Imecarrier D. mazimal
m
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(proof)
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Chapter 3

Group Theory. Focused on
Jordan Hoelder theorem

3.1 Definition of a Group

record 'a Group = 'a carrier +

top = ['a, 'a ] = ’a (infix] 1 70)
iop e = o (o - [81] 80)
one :'a (L1

locale Group =

fixes G (structure)

assumes top-closed: top G € carrier G — carrier G — carrier G

and  tassoc : [a € carrier G; b € carrier G; ¢ € carrier G] =
(a-b)-c=a-(b-c)

and iop-closed:iop G € carrier G — carrier G

and li:a € carrier G = (pa)-a=1

and unit-closed: 1 € carrier G

and l-unit:a € carrier G =1 -a = a

lemma (in Group) mult-closed:[a € carrier G; b € carrier G] =
a-be carrier G

(proof)

lemma (in Group) i-closed:a € carrier G = (¢ a) € carrier G

(proof)

lemma (in Group) r-mult-eqn:[a € carrier G; b € carrier G;
c€carrier Ga=b = a-c=b-c¢

(proof)

lemma (in Group) l-mult-eqn:[a € carrier G; b € carrier G;
c€carrier Gia=b=c-a=c-b

(proof)
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lemma (in Group) r-i:a € carrier G =
a-(oa)=1
(proof)

lemma (in Group) r-unit:a € carrier G = a -1 = a
(proof)

lemma (in Group) l-i-unique:[a € carrier G; b € carrier G,
b-a=1]= (pa)=0
(proof)

lemma (in Group) l-i-ica € carrier G = (0 (p a)) - (0 a) =1
(proof)

lemma (in Group) l-div-eqn:[a € carrier G; x € carrier G; y € carrier G;
a-rx=a-y|l=z=y
(proof)

lemma (in Group) r-div-eqn:[a € carrier G; x € carrier G; y € carrier G;
rra=y-a]=zc=y

(proof)

lemma (in Group) l-mult-eqnl:[a € carrier G; © € carrier G; y € carrier G;
(¢a) - z=(¢a) -yl = z=y
(proof)

lemma (in Group) tOp-assocTril:[a € carrier G; b € carrier G; ¢ € carrier G;
d€carrier Gl= a-b-c-d=a-b-(c-d)
(proof)

lemma (in Group) tOp-assocTr{2:[a € carrier G; b € carrier G; ¢ € carrier G,
decarrier Gl = a-b-c-d=a-(b-c)d

(proof)

lemma (in Group) tOp-assocTri4:[a € carrier G; b € carrier G; ¢ € carrier G;
d € carrier G] = (0a)-b-((0c)-d)=
(@ a)-((b-(ec))-d)
(proof)

lemma (in Group) tOp-assocTr45:[a € carrier G; b € carrier G; ¢ € carrier G;
decarrier Gl = a-b-c-d=a-(b-(c-d))
(proof)

lemma (in Group) one-unique:[a € carrier G; x € carrier G; z - a = z] =
a=1
(proof)

lemma (in Group) i-one:p1 =1
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(proof)

lemma (in Group) egn-invl:[a € carrier G; x € carrier G; a = (p z) | =
z = (0 a)
(proof)

lemma (in Group) eqn-inv2:[a € carrier G; © € carrier G; = - a =z - (p z)]
_—

z=(0a)
{proof )

lemma (in Group) r-one-unique:[a € carrier G; x € carrier G; a - & = o] =
=1
(proof)

lemma (in Group) r-i-unique:[a € carrier G; x € carrier G; a - z = 1] =
z=(0a)
(proof )

lemma (in Group) iop-i-i:a € carrier G = ¢ (0 a) = a

(proof)

lemma (in Group) i-ab:[a € carrier G; b € carrier G| =
0(a-b)=1(ebd)(ea)
(proof)

lemma (in Group) sol-eq-l:[a € carrier G; b € carrier G; x € carrier G,
a-z=0=xz=(0a) b

(proof)

lemma (in Group) sol-eq-r:[a € carrier G; b € carrier G; © € carrier G;
z-a=b]= z=0>0-(0a)

(proof)

lemma (in Group) r-div-eq:[a € carrier G; b € carrier G; a - (¢ b) = 1] =
a=15
(proof)
lemma (in Group) l-div-eq:[a € carrier G; b € carrier G; (¢ a) - b = 1] =
a=1b
(proof)

lemma (in Group) i-m-closed:[a € carrier G ; b € carrier G] =
(0 a) - b € carrier G
(proof )

3.2 Subgroups

definition
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sg |-, 'a set | = bool (-> - [60, 61]60) where
G>>H<—>H #{}NH Ccarrier GANNaec H VYbe H. a-g(0gb) € H)

definition
Gp = - = 'a set = - ((n-) 70) where
btoH = G ( carrier :== H, top := top G, iop := iop G, one := one G|

definition
res [~ , 'a set, 'a] = 'a set (infix .1 70) where
Hega={b.3heH hga=b}

definition
les i [-, 'a, 'a set] = 'a set (infix $1 70) where
aOgH=1{b.3heH agh=b}

definition
nsg :: - = 'a set = bool (-b> -[60,61]60) where
Go H+— G>HANWNzc€carrierG.H -qgz=20q H)

definition
set-res = [-, 'a set] = 'a set set where
set-rcs G H ={C.3a € carrier G. C = H - a}

definition
c-iop i [-, 'a set] = 'a set = 'a set where
c-iop G H = (NXeset-res GH. {z. 3 z€ X .3he H. h-q(ogz) =2})

definition
c-top :: [+, ‘a set] = (['a set, 'a set] = 'a set) where
c-top G H = (A\Xeset-res G H. NY eset-res G H.
{z.3z2eX. FyeY.z -qgy=2})

lemma (in Group) sg-subset:G > H = H C carrier G

(proof)

lemma (in Group) one-Gp-one:G > H = Yepom =1
(proof)

lemma (in Group) carrier-Gp:G » H = (carrier (§1H)) = H

(proof)

lemma (in Group) sg-subset-elem:[G > H; h € H | = h € carrier G

(proof)
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lemma (in Group) sg-mult-closedr:[G > H; x € carrier G; h € H] =

z - h € carrier G
(proof)

lemma (in Group) sg-mult-closedl:[G > H; x € carrier G; h € H] =

h - x € carrier G
(proof)

lemma (in Group) sg-condTr1:[H C carrier G; H # {};

Va.Vb.a e HANbEH — a-(0b) e Hl= 1€ H

(proof)

lemma (in Group) sg-unit-closed:G > H = 1 € H
(proof)

lemma (in Group) sg-i-closed:[G > H; z € H) = (o z) € H

(proof)

lemma (in Group) sg-mult-closed:[G > H; z € H; y € H] =

r-y€eH
(proof)

lemma (in Group) nsg-sg: G> H —= G > H
(proof)

lemma (in Group) nsg-subset:G > N = N C carrier G

(proof)

lemma (in Group) nsg-lr-cst-eq:[G > N; a € carrier G] =

(ob) e H

aO N=N-a

(proof)
lemma (in Group) sg-i-m-closed:[G > H; a € H ;b € Hl = (0 a) - b€ H
(proof )
lemma (in Group) sg-m-i-closed:[G > Hya € H;be H] = a -
(proof)
definition

sg-gen :: [-, 'a set] = 'a set where

sg-gen GA=N{H.G>HANACH}

lemma (in Group) smallest-sg-gen:[A C carrier G; G » H; A C H] =

sg-gen G A C H
(proof )

lemma (in Group) special-sg-G: G > (carrier G)

(proof)
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lemma (in Group) special-sg-self: G = b(carrier G)
(proof)

lemma (in Group) special-sg-e: G > {1}

(proof)

lemma (in Group) inter-sgs:[G > H; G > K] = G » (H N K)
(proof)

lemma (in Group) subg-generated:A C carrier G — G > (sg-gen G A)

(proof)

definition
Qg :: [, 'a set] =
(carrier:: 'a set set, top:: ['a set, 'a set] = 'a set,
iop:: 'a set = 'a set, one:: 'a set |) where
Qg G H = (carrier = set-res G H, top = c-top G H, iop = c-iop G H, one =
)

definition
Pj:[-, 'aset] = ('a=>'a set) where
Pj G H = (A\z € carrier G. H - )

no-notation inverse-divide (infixl '/ 70)

abbreviation
QGRP :: ([('a, 'more) Group-scheme, 'a set] => ('a set) Group)
(infixl // 70) where
G/H==QyGH

definition
gHom ::[("a, 'more) Group-scheme, ('b, 'morel) Group-scheme] =
('a = 'b) set where
gHom G F = {f. (f € extensional (carrier G) A f € carrier G — carrier F) A
(Vz € carrier G.Vy € carrier G. f (z -qy) = (fz) g (fy))}

definition
gkernel ::[("a, 'more) Group-scheme , ('b, 'morel) Group-scheme, 'a = 'b]
= 'a set where
gkernel G F f = {z. (z € carrier G) A (fz =1p)}

definition
iim = [("a, 'more) Group-scheme, ('b, 'morel) Group-scheme, 'a = 'b,
‘b set] = 'a set where
iim G FfK = {z. (z € carrier G) A (fz € K)}
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abbreviation
GKER :: [('a, 'more) Group-scheme, ('b, 'morel) Group-scheme, 'a = 'b | = 'a
set
((3gker._ -) [88,88,89]88) where
gker g p [ == gkernel G F f

definition
gsurjec :: [(a, 'more) Group-scheme, (b, 'morel) Group-scheme,
‘a = 'b] = bool ((3gsurj- - -) [88,88,89]88) where
gsurjp. ¢ f <— [ € gHom F G A surj-to f (carrier F) (carrier G)

definition
gingec :: [(“a, 'more) Group-scheme, (b, 'morel) Group-scheme,
‘a = 'b] = bool ((3ginj-- -) [88,88,89]88) where
ginjp. ¢ [ «— f € gHom F G A inj-on f (carrier F)

definition
gbijec :: [(a, 'm) Group-scheme, ('b, 'm1) Group-scheme, 'a = 'b]
= bool ((3gbij-,- -) [88,88,89]88) where
gbijp ¢ f < gsurjp g [ N ginjp g f

definition
Ug :: - = (‘a, 'more) Group-scheme where
Ug G =t4¢ {1}

definition
Ugp :: - = bool where
Ugp G == Group G A carrier G = {14}

definition
isomorphic :: [('a, 'm) Group-scheme, ('b, 'm1) Group-scheme]
= bool (infix = 100) where
PG (f. ghijp.gf)

definition
constghom :: [("a, 'm) Group-scheme, ('b, 'm1) Group-scheme]
= (‘a="b) (('1'.-) [88,89]88) where
1p g = (A\z€carrier F. 1¢)

definition
empghom :: [(‘a, 'm) Group-scheme, 'b = ‘¢, ‘a = 'b] = 'a = 'c where
cmpghom F g f = compose (carrier F) g f

abbreviation
GCOMP :: ['b = 'c, ('a, 'm) Group-scheme, 'a = 'b] = 'a = 'c
((8- 0. -) [88, 88, 89]88) where
g op f == cmpghom F g f
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lemma Group-Ugp:Ugp G = Group G

(proof)
lemma (in Group) r-mult-in-sg:[G > H; a € carrier G; © € carrier G; x - a €
H]
= Jhe€H h-(pa)==x
(proof)

lemma (in Group) r-unit-sg:[G > H; h € Hl = h -1 =h
(proof)

lemma (in Group) sg-l-unit:[G > H; h € H] = 1-h =h
(proof)

lemma (in Group) s¢g-l-i:[G > Hyz e H] = (o z) -z =1
(proof)

lemma (in Group) sg-tassoc:[G > H; z € H; y € H; z € H] =
poyz=a(y-2)
(proof)

lemma (in Group) sg-condition:[H C carrier G; H # {};
Va.YVb.a e HANbe H — a-(pb)€e Hl= G> H
(proof)

definition
Gimage :: [('a, 'm) Group-scheme, ('b, 'm1) Group-scheme, 'a = 'b] =
('b, 'm1) Group-scheme where

Gimage F G f = Gp G (f ‘(carrier F'))

abbreviation
GIMAGE :: [('a, 'm) Group-scheme, ('b, 'm1) Group-scheme,
‘a = 'b] = ('b, 'm1) Group-scheme ((3Img- . -) [88,88,89]88) where
IngG f == Gimage F G f

lemma (in Group) Group-Gp:G > H = Group (§ H)
(proof )

lemma (in Group) Gp-carrier:G > H = carrier (Gp G H) = H
(proof)

lemma (in Group) sg-sg:[G > K; G » H; H C K] = Gp G K » H
(proof)

lemma (in Group) sg-subset-of-subG:[G > K; Gp G K > Hl = H C K
(proof)

lemma const-ghom:[Group F; Group G] = 1p ¢ € glom F G
(proof)
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lemma (in Group) const—gbz’j:gbij(h 1, {1}) (Z(h{l})7(h{1}))
(proof)

lemma (in Group) unit-Groups-isom: (§ {1}) = (1 {1})
(proof)

lemma Ugp-const-gHom:[Ugp G; Ugp E] = (Az€E€carrier G. 1) € gHom G E
(proof)

lemma Ugp-const-gbij:[Ugp G; Ugp E] = gbij g  (Az€carrier G. 1p)
(proof)

lemma Ugps-isomorphic:[Ugp G; Ugp F] — G = E
(proof)

lemma (in Group) Gp-mult-induced:[G > L; a € L; b € L] =
a-(GpGL)b:a-b
(proof )

lemma (in Group) sg-i-induced:[G > L; a € L] = oGparye=coa
(proof)

lemma (in Group) Gp-mult-induced1:[G > H ; G > K;a € HNK; b€ HN K]

= o yHnK)b=0@gmb
(proof)

lemma (in Group) Gp-mult-induced2:[G > H ; G > K;a € HNK; b€ HN K]

= o ympnK)b=0@K)b
(proof)

lemma (in Group) sg-i-induced1:[G > H ; G > K; a € H N K]
— OH N K) = OyH) @
(proof )

lemma (in Group) sg-i-induced2:[G > H ; G > K; a € H N K]
= OyHNK)®= %K @
(proof)

lemma (in Group) subg-sg-s¢:[G > K; (Gp G K)> H] — G > H
(proof)

lemma (in Group) Gp-inherited:[G > K; G » L; K C L] =

Gp (Gp GL)K=Gp GK
(proof)

99



3.3 Cosets

lemma (in Group) mem-lcs:[G > H; a € carrier G; z € a { H] =
z € carrier G
(proof)

lemma (in Group) les-subset:[G > H; a € carrier G] = a & H C carrier G

(proof)

lemma (in Group) a-in-les:[G > H; a € carrier G] = a € a O H

(proof)

lemma (in Group) eg-les1:[G » H; a € carrier G; b € carrier G,
z€aOH, a0 H=bOH = 2€b{ H
(proof )

lemma (in Group) eq-les2:[G > H; a € carrier G; b € carrier G,
aOH=bOH = acbO H
(proof)

lemma (in Group) les-mem-ldiv:[G > H; a € carrier G; b € carrier G] =
(aebO H)=((0bd) -a€H)
(proof)

lemma (in Group) lesTr5:[G > H; a € carrier G; b € carrier G
(0a)-beH,z€ad H = ((ob) -z)€e H
(proof)

lemma (in Group) lesTr6:[G » H; a € carrier G; b € carrier G;
(0a) - beH;zcaHl = 2€bO H
(proof)

lemma (in Group) les-Unit1:G > H = 1 H =H
(proof)

lemma (in Group) les-Unit2:[G » H; h € H) = h ) H =H
(proof)

lemma (in Group) lesTr7:[G > H; a € carrier G; b € carrier G; (0 a) - b € H]J
= o OHC bOH
(proof)

lemma (in Group) lesTr8:[G » H; a € carrier G;h € Hl = a-h € a O H
(proof)

lemma (in Group) les-tooll:[G > H; a € carrier G; b € carrier G
(0a)-be H = (0bd)-a€ H
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(proof)

theorem (in Group) lcs-eq:[G > H; a € carrier G; b € carrier G| =
((oa) - beH)=(aOH=b H)
(proof)

lemma (in Group) res-subset:[G > H; a € carrier G] = H - a C carrier G
(proof)

lemma (in Group) mem-rcs:[G » H; z € H - a] = 3h€H. h-a==x

(proof)

lemma (in Group) rcs-subset-elem:[G > H; a € carrier G; z € H - a] =
z € carrier G

(proof)

lemma (in Group) res-in-set-res:[G > H; a € carrier G| =
H - ae€ setres GH

(proof)

lemma (in Group) resTr0:[G » H; a € carrier G; b € carrier G] =
H - (a-b)e€ set-rcs GH
(proof )

lemma (in Group) a-in-res:[G > H; a € carrier G] = a € H - a

(proof)

lemma (in Group) rcs-nonempty:[G > H; X € set-rcs G H] = X # {}
(proof)

lemma (in Group) res-tool0:[G > H; a € carrier G; b € carrier G
a-(ob)e Hl= b -(pa) e H
(proof)

lemma (in Group) resTrl:[G » H; a € carrier G; b € carrier G;
r€H-a;H-a=H-b)=z€H-b
(proof)

lemma (in Group) res-eqTr:[G > H; a € carrier G; b € carrier Gj
H-a=H-b)=acH-b
(proof)

lemma (in Group) rcs-eqTr1:[G > H; a € carrier G; b € carrier G] =
(a€cH-b)= (a-(ob) € H)
(proof)

lemma (in Group) resTr2:[G » H; a € carrier G; b € H - (p a)] =
b-acH
(proof )
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lemma (in Group) resTr5:[G > H; a € carrier G; b € carrier G;
b-(oa)eHyz€H -a)] =1z -(pob)e H
(proof )

lemma (in Group) resTr6:[G > H; a € carrier G; b € carrier G;
b-(oa)eH;z e H-a)]=z€cH-b
(proof )

lemma (in Group) res-Unitl:G > H = H-1=H
(proof)

lemma (in Group) unit-res-in-set-rcs:G > H = H € set-rcs G H
(proof)

lemma (in Group) res-Unit2:[G > H; h € Hl = H - h=H
(proof)

lemma (in Group) resTr7:[G > H; a € carrier G; b € carrier G; b - (0 a) € H]J
= H-a C H-b

(proof)

lemma (in Group) res-tooll:[G > H; a € carrier G; b € carrier G;
b-(pa)e Hl= a-(0ob) € H
(proof)

lemma (in Group) res-tool2:[G > H; a € carrier G; x € H - o] =
dheH h-a=z
(proof)

theorem (in Group) rcs-eq:[G > H; a € carrier G; b € carrier G] =
(b-(oca)e Hy=(H-a=H-b)
(proof)

lemma (in Group) res-eql:[G > H; a € carrier G; z € H - a] =
H-0=H- -z
(proof)

lemma (in Group) rcs-eq2:[G > H; a € carrier G; b € carrier Gj
(H-a)N(H-b)#{}] = (H-0a)=(H-D)
(proof)

lemma (in Group) rcs-meet:[G > H; X € set-res G H; Y € set-res G H,;
XNY#{}]]=X=Y
(proof)

lemma (in Group) resTr8:[G » H; a € carrier G; h € H; z € H - o] =

h-xe€ H-a
(proof)
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lemma (in Group) resTr9:[G > H; a € carrier G; h € H; (o z) € H - o] =
h-(ox)€e H:a
(proof)

lemma (in Group) resTr10:[G » H; a € carrier Gy x € H - a;y € H - o] =

z-(oy) € H
(proof)

lemma (in Group) PrSubgj-2:[G » H; a € carrier G; z € H - (0 a)] =
z € {z. Jve(H - a). IheH. h - (0 v) = z}
(proof )

lemma (in Group) rcs-fized:[G » H; a € carrier G; H - a = H] = a € H

(proof)

lemma (in Group) res-fixred1:[G > H; a € carrier G; h € H| =
H-a=(H-(h-a)
(proof)

lemma (in Group) res-fized2:G > H = VheH. H - h=H
(proof)

lemma (in Group) Gp-res:[G > H; G » K; H C K; z € K] =
(proof)

lemma (in Group) subg-les:[G » H; G » K; H C K; 2z € K] =
(proof )

3.4 Normal subgroups and Quotient groups

lemma (in Group) nsgl:[G » H; b € carrier G; h € H;

Va€ carrier G.VheH. (a - h)- (0 a) € Hl=b-h-(0b) € H
(proof )
lemma (in Group) nsg2:[G > H; b € carrier G; h € H;

Va€carrier G.YheH. (a - h) - (0 a) € Hl = (pb)-h-be H
(proof )

lemma (in Group) nsg-subset-elem:[G > H; h € H| = h € carrier G

(proof)

lemma (in Group) nsg-l-rcs-eq:[G > N; a € carrier Gl = a $ N =N - a
(proof)

lemma (in Group) sg-nsgl:[G > H; ¥ a€ carrier G.VheH. (a - h)- (0 a) € H,;
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becarrierG] = H - -b= b H
(proof )

lemma (in Group) cond-nsg:[G > H; ¥ a€carrier G.Vh€H. a - h - (0 a) € H ]
= G> H

(proof)

lemma (in Group) special-nsg-e:G > H = Gp G H > {1}
(proof)

lemma (in Group) special-nsg-G:G > (carrier G)

(proof)

lemma (in Group) special-nsg-G1:G > H = Gp G H> H
{proof )

lemma (in Group) nsgTr0:[G > N; a € carrier G; b € carrier G; b € N - a]
= (a-(0b)eN)AN((0a) -beN)
(proof)

lemma (in Group) nsgTrl:[G > N; a € carrier G; b € carrier G; b - (0 a) € N]J
= (0b)-a€N
(proof)

lemma (in Group) nsgTr2:[a € carrier G; b € carrier G; al € carrier G,
b1 € carrier G] = (a - b) - (0 (al - b1)) =
a-(((b-(eb1))-((¢al)-a))-(oa))
(proof)

lemma (in Group) nsgPr1:[G > N; a € carrier G; h € N] =
a-(h-(0a)€eN
(proof)

lemma (in Group) nsgPr1-1:[G > N; a € carrier G ; h € N] =
(a-h)-(0a)eN
(proof)

lemma (in Group) nsgPr2:[G > N; a € carrier G; h € N] =
(¢a)-(h-a)eN
(proof)

lemma (in Group) nsgPr2-1:[G > N; a € carrier G; h € N] =
(0a)-h-a€eN
(proof )

lemma (in Group) nsgTr3:[G > N; a € carrier G; b € carrier G;

al € carrier G; bl € carrier G; a - (0o al) € N; b - (0o bl) € N] =
(a-b) (o(al -b1)) €N

(proof)
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lemma (in Group) nsg-in-Gp:[G> N; G > H; N C H] = (Gp G H) > N
(proof)

lemma (in Group) nsgTrf:[G > N; a € carrier G; © € N - a] =
(0xz) €N - (0a)
(proof)

lemma (in Group) c-topTr1:[G > N; a € carrier G; b € carrier G,
al € carrier G; bl € carrier Gy N -a=N -al; N-b=N - bl] =
N-(a-b)=N-(al -bl)
(proof)

lemma (in Group) c-topTr2:[G > N; a € carrier G; al € carrier G;
N-a=N-al]= N-(pa)=N-(poal)
(proof)

lemma (in Group) c-iop-welldefTr1:[G > N; a € carrier G] =
c-iop GN (N -a) C N - (0 a)
(proof)

lemma (in Group) c-iop-welldefTr2:[G > N; a € carrier G] =
N -(pa)C ciop GN (N - a)
(proof)

lemma (in Group) c-iop-welldef:[G > N; a € carrier G] =
c-iop GN (N -a)= N - (0 a)
(proof )

lemma (in Group) c-top-welldefTr1:[G > N; a € carrier G;
b€ carrier GGx € N-a;ye€ N-b)=z-y€N-(a-Dd)

(proof)

lemma (in Group) c-top-welldefTr2:[G > N; a € carrier G; b € carrier G |
= ctop GN (N -a) (N-b)C N-(a-b)
(proof)

lemma (in Group) c-top-welldefTr4:[G > N; a € carrier G; b € carrier G,
z€N:(a-b)] = z€ctop GN (N -a)(N-:b)
(proof )

lemma (in Group) c-top-welldefTr5:[G > N; a € carrier G; b € carrier G] =
N-(a-b)Cectop GN (N -a)(N-b)
(proof )

lemma (in Group) c-top-welldef:[G > N; a € carrier G; b € carrier G] =
N -(a-b)=ctop GN (N -a) (N -b)
(proof )
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lemma (in Group) Qg-unitTr:[G > N; a € carrier G] =
ctop GNN (N -a)=N -a
(proof)

lemma (in Group) Qg-unit:G > N = Vz€set-rcs G N. c-top G NNz = x
(proof)

lemma (in Group) Qg-iTr:[G > N; a € carrier G] =
c-top G N (c-iop GN (N -a)) (N -a)=N
(proof)

lemma (in Group) Qg-i:G > N —
Vi € set-rcs G N. c-top G N (c-iop G Nz) z = N
(proof)

lemma (in Group) Qg-tassocTr:
[G > N; a € carrier G; b € carrier G; ¢ € carrier G| =
c-top G N (N - a) (¢c-top GN (N - b) (N -¢)) =
c-top G N (c-top G N (N - a) (N -b)) (N - ¢
(proof)

lemma (in Group) Qg-tassoc: G > N =
YV X€eset-rcs G N. YV Yéeset-recs G N. YV Zeset-rcs G N. c-top G N X (¢c-top GNY
Z)
= c-top G N (c-top GNXY) Z
(proof)

lemma (in Group) Qg-top:G > N —
c-top G N : set-rcs G N — set-rcs G N — set-rcs G N
(proof)

lemma (in Group) Qg-top-closed:[G > N; A € set-rcs G N; B € set-rcs G N| =
c-top G N A B € set-rcs G N
(proof )

lemma (in Group) Qg-iop: G > N =
c-iop G N :set-rcs G N — set-rcs G N
(proof)

lemma (in Group) Qg-iop-closed:[G > N; A € set-rcs G N| =
c-top G N A € set-rcs G N
{proof )

lemma (in Group) Qg-unit-closed: G > N = N € set-rcs G N
(proof)

theorem (in Group) Group-Qg¢:G > N = Group (Qg G N)
(proof)
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lemma (in Group) Qg-one:G > N = one (G / N) = N
(proof)

lemma (in Group) Qg-carrier:carrier (G |/ (N::'a set)) = set-rcs G N

(proof)
lemma (in Group) Qg-unit-group:G > N —>

(set-rcs G N = {N}) = (carrier G = N)
(proof)

lemma (in Group) Gp-Qg:G > N = Gp(G / N) (carrier(G / N)) = G / N
(proof)

lemma (in Group) Pj-hom0:[G > N; x € carrier G; y € carrier G|
= PjGN (z-y)=(PjGNz) (g, N (PjGNy)

(proof)

lemma (in Group) Pj-ghom:G > N = (Pj G N) € gHom G (G / N)
(proof)

lemma (in Group) Pj-mem:[G > N; x € carrier G = (PfGN)z =N -z
(proof)

lemma (in Group) Pj-gsurjec:G > N = gsurjec G (G/N) (Pj G N)
(proof)

lemma (in Group) les-in-Gp:[G » H; G > K; K C H; a € H] =
GQK:CLO(GPGH)K
(proof)

lemma (in Group) res-in-Gp:[G > H; G > K; K CH;a € H] =
K‘LI,ZK'(GPGH)G,
(proof)

end

theory Algebra3 imports Algebra2 begin

3.5 Setproducts

definition
commutators:: - = 'a set where
commutators G = {z. 3 a € carrier G. 3b € carrier G.

((a-gb) g lega) g legb) =z}

lemma (in Group) contain-commutator:[G > H; (commutators G) C H] = G
> H
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(proof)

definition
s-top = [-, 'a set, 'a set] = 'a set where
stop GHK ={z. 3z € H dy e K. (z -qy=2)}

abbreviation
S-TOP :: [("a, 'm) Group-scheme, 'a set, 'a set] = 'a set
((8- o1 -) [66,67]66) where
Hoqg K ==stop GHK

lemma (in Group) s-top-induced:[G > Ly H C L; K C L] =
HOGpGLK: HOGK
(proof)

lemma (in Group) s-top-l-unit:G > K = {1} oqg K = K
(proof)

lemma (in Group) s-top-r-unit:G > K = K oq {1} = K
(proof)

lemma (in Group) s-top-sub:[G > H; G » K| = H og K C carrier G
(proof)

lemma (in Group) sg-inc-set-mult:[G > L; H C Ly K C L] = H o K C L
(proof )

lemma (in Group) s-top-subl:[H C (carrier G); K C (carrier G)] =
Hog K C carrier G
(proof)

lemma (in Group) s-top-elem:[G > H; G » K; a € H; b€ K] = a-b € H
Nel K
(proof)

lemma (in Group) s-top-elem1:[H C carrier G; K C carrier G; a € H; b € K]
_—

a-beH \gel K
(proof)

lemma (in Group) mem-s-top:[H C carrier G; K C carrier G; u € H o K] =
Jdae H. 3be K. (a-b=u)
(proof)

lemma (in Group) s-top-mono:[H C carrier G; K C carrier G; HI C H; K1 C
K]

= Hl o KI CHog K
(proof)
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lemma (in Group) s-top-unit-closed:[G > H; G > K| = 1€ Hog K
(proof)

lemma (in Group) s-top-commute:[G > H; G » K; K o H = H og K;
veHogK;, ve HogK]= w-veHogk
(proof)

lemma (in Group) s-top-commutel:[G > H; G > K; K og H = H o K;
ue HogK|= (ou) € Hog K
(proof)

lemma (in Group) s-top-commute-sg:[G > H; G » K; K oo H =H o K] =
G > (HoqK)
(proof)

lemma (in Group) s-top-assoc:[G > H; G » K; G » L] =
(HOGK)OGL: HOG(KOGL)
(proof)

lemma (in Group) s-topTr6:[G > H1; G » H2; G > K; Hl C K] =
(H1 o H2) N K = Hi o (H2 N K)

(proof)

lemma (in Group) s-topTr6-1:[G » HI1; G » H2; G > K; H2 C K] =
(Hl o H2) N K = (HI N K) o H2

(proof )

lemma (in Group) l-sub-smult:[G > H; G > K] = H C H og K
(proof)

lemma (in Group) r-sub-smult:[G > H; G > K| = K C H og K
(proof )

lemma (in Group) s-topTr8:G > H = H = H og H
(proof)
3.6 Preliminary lemmas for Zassenhaus

lemma (in Group) Gp-sg-subset:[G > H; Gp G H » K] = K C H
(proof)

lemma (in Group) inter-Gp-nsg:[G > N; G > H] = ({H) > (H N N)

(proof)

lemma (in Group) ZassenhausTr0:[G > H; G > HI; G » K; G » KI;
Gp GHb>HI; Gp GK v Ki] = Gp G (H N K) v (HnN K1)

(proof)

lemma (in Group) lcs-sub-s-mult:[G > H; G » N; a € Hl = a O N C H o
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N
(proof)

lemma (in Group) res-sub-smult:[G > H; G > N;a € Hl]= N -a C Nog H
(proof)

lemma (in Group) smult-commute-sg-nsg:[G > H; G> N] = H og N = N o
H
(proof)

lemma (in Group) smult-sg-nsg:[G > H; G> N] = G > Hog N
(proof)

lemma (in Group) smult-nsg-sg:[G > H; G> N] = G » N og H
(proof)

lemma (in Group) Gp-smult-sg-nsg:[G > H; G > N] = Group (Gp G (H o¢
N))
(proof)

lemma (in Group) N-sg-HN:[G > H; G> N] = Gp G (H o N) » N
(proof)

lemma (in Group) K-absorb-HK:[G > H; G > K; H C K] = Hoqg K =K
(proof)

lemma (in Group) nsg-Gp-nsg:[G > H; G> N; N C Hl = Gp GHv> N
(proof)

lemma (in Group) Gp-smult-nsg:[G > H; G> N] = Gp G (H o N) > N
(proof)

lemma (in Group) Gp-smult-nsgl:[G > H; G> N] = Gp G (N o H)> N
(proof)

lemma (in Group) ZassenhausTr2-3:[G » H; G » HI; Gp G H > Hl] = HI
CH
(proof)

lemma (in Group) ZassenhausTr2-4:[G > H; G » H1; Gp G H > HI1; h € H;
hi € HI] = h - h1 - (o h) € HI
(proof )

lemma (in Group) ZassenhausTrl:[G > H; G » H1; G » K; G » KI;
Gp GH»>HI; Gp GK v KI| = Hl og (HN K1) = (HNKI)og Hi
(proof)

lemma (in Group) ZassenhausTri-1:[G » H; G » H1; G » K; G » KI,;
Gp GHovo HI; Gp GK v KI] = G > (HI o (H N K1))
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(proof)

lemma (in Group) ZassenhausTr2:[G > H; G > Hl; G » K; Gp G Hv> HI| =
Hi o (H N K) = (H N K) og HI
(proof)

lemma (in Group) ZassenhausTr2-1:|G > H; G » H1; G > K; Gp G H > HI]
= G > Hl o (HNK)
(proof)

lemma (in Group) ZassenhausTr2-2:[G > H; G » H1; G » K; G » KI,;
Gp GHv HI; Gp GK v Ki] = Hi og (HN K1) C Hl og (H N K)

(proof)

lemma (in Group) ZassenhausTr2-5:|G » H; G » Hl; G > K; G » K1; Gp G
Hv> Hi;
Gp GKv> Kl;ac Hl; be HN KI; c € HI| =
a-b-ce Hl og (HNKI)

(proof)

lemma (in Group) ZassenhausTr2-6:[u € carrier G; v € carrier G;
z € carrier G; y € carrier G] =
(w-v)-(z-y) (o(u-v)=
w-voa- (o) (0-y-(ev) - (ew)
(proof )

lemma (in Group) ZassenhausTr2-7:[a € carrier G; x € carrier G; y € carrier
G]

—a-(z-y)-(ea)=a-z-(¢a) (a y-(0a))
(proof)

lemma (in Group) ZassenhausTr3:[G > H; G » Hl; G > K; G » K1; Gp G H
> Hi;

Gp GKv> Kl = Gp G (HIl og (HNK))> (Hl o (HN K1))
(proof)

lemma (in Group) ZassenhausTr3-2:[G » H; G » Hl; G > K; G » K1; Gp G
H v Hi;
Gp GK> KIl| = G > Hl o (HNKI)og (HNK)

(proof)

lemma (in Group) ZassenhausTr3-3:[G » H; G » Hl; G > K; G » K1; Gp G
Hv Hi;

Gp G K> K1) = (HI N K) og (HN K1) = (KI N H)og (KN HI)
(proof)

lemma (in Group) ZassenhausTr3-4:|G » H; G > Hl; G > K; G » K1; Gp G
Hv Hi;
Gp GK>Kl;ge HNK;he HNKI] = g-h-(0og) € HN K1
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(proof)

lemma (in Group) ZassenhausTr3-5:|G » H; G » Hl; G > K; G » K1; Gp G
H > HI,;

GpGK>KI|]= (Gp G (HNK))> (HI NK)og (HNKI)
(proof)

lemma (in Group) ZassenhausTrf:[G » H; G » H1; G > K; G » K1; Gp G H
> Hi;

Gp GKv Kl] = (Hl og (HN K1)) oq (Hl oq (H N K)) = HI o (H
N K)
(proof)

lemma (in Group) ZassenhausTr4-0: [G > H; G » H1; G » K; G » K1; Gp G
H > HI;
Gp GK v Ki] = Hiog(HNK)=(Hl og (H N K1)) og (H N K)

(proof)

lemma (in Group) ZassenhausTrj-1:[G > H; (Gp G H) > H1; (Gp G H) » (H
N K)]J

= (Gp G (H1 o (H N K)))> HI
(proof)

3.7 Homomorphism

lemma gHom: [Group F; Group G; f € gHom F G ; x € carrier F;
y € carrier F] = f (z -py) = (fz) g (fy)
(proof)

lemma gHom-mem:[Group F; Group G; f € gHom F G ; x € carrier F] =
(f z) € carrier G

(proof)

lemma gHom-func:[Group F; Group G; f € gHom F G] =
f € carrier F — carrier G

{(proof)

lemma gHomcomp:[Group F'; Group G; Group H; f € gHom F G; g € gHom G
H]

= (gopf) € gHom F H
(proof)

lemma gHom-comp-gsurjec:[Group F; Group G; Group H; gsurj p @ f;
gsuri g, g 91 = gsurip g (9 o f)
(proof)

lemma gHom-comp-ginjec:[ Group F; Group G; Group H; gnjp. ¢ fi 9inj g H q]
=
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ginjp g (9 oF f)
(proof )

lemma ghom-unit-unit:[Group F; Group G; f € gHom F G| =
fAp) =1¢g
(proof)

lemma ghom-inv-inv:[Group F; Group G; f € gHom F G ; z € carrier F] =
flepz) =oq (f7)
(proof)

lemma ghomTr3:[Group F; Group G; f € gHom F G ; © € carrier F;
y € carrier F; f (¢ -p(opy)) =1g]l = fz=fy
(proof)

lemma iim-nonempty:[Group F; Group G; f € gHom F G; G » K] =
(iim F G f K) # {}
(proof)

lemma ghomTr4:[Group F; Group G; f € gHom F G; G » K] =
F > (iim F G f K)
(proof)

lemma (in Group) IdTr0: idmap (carrier G) € gHom G G
(proof)

abbreviation
IDMAP ((I.) [999]1000) where
I p == idmap (carrier F)

abbreviation
INVFUN ((3Ifn - - -) [88,88,89]88) where
Ifn F G f == invfun (carrier F) (carrier G) f

lemma IdTr1:[Group F; © € carrier F] = (Ip) z = x
(proof)

lemma IdTr2:Group F' = gbijp g (I p)
(proof)

lemma Id-l-unit:[Group G; gbijg ¢ [l = Igogf =1
(proof)

3.8 Gkernel

lemma gkernTr1:[Group F; Group G; f € gHom F G; z € gkerp ¢ f] =
x € carrter F

(proof)
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lemma gkernTri-1:[Group F; Group G; f € gHom F G] = gkerF’Gf C carrier
F
(proof)

lemma gkernTr2:[Group F; Group G; f € gHom F G; x € gkerp ¢ fiy € gkerp ¢
il

= (v ‘g y) € gherp ¢ f
(proof)

lemma gkernTr3:[Group F; Group G; f € gHom F G ; z € gkerp a 1=
(op z) € gkerp ¢ f
(proof)

lemma gkernTr6:[Group F; Group G; f € gHom F' G] = (1p) € gkerp g f
{proof )

lemma gkernTr7:[Group F; Group G; f € gHom F G| = F » gkerp ¢ f
(proof)

lemma gker-normal:[Group F; Group G; f € gHom F G] = F » gkerp ¢ f
(proof )

lemma Group-coim:[Group F'; Group G; f € gHom F G] = Group ( F / gkerp ¢

)
(proof)

lemma gkernl:[Group F; Ugp E; f € gHom F E| = gkerp g f = carrier F'
(proof)

lemma gkern2:[Group F'; Group G; f € gHom F G; ginjp ¢ f] =
gkerp. g f = {1p}
(proof)

lemma gkernTr9:[Group F; Group G; f € gHom F G; a € carrier F; b € carrier
F]
= ((gkerp g f) rpa=(gherp g f) -pb)=(fa=fb)

(proof)

lemma gkernTr11:[Group F; Group G; f € gHom F G ; a € carrier F] =
(iim F G f {f a}) = (gkerp ¢ [) -F @
{proof )

lemma gbij-comp-bij:[Group F; Group G; Group H; gbz'jRG I gbijng q]
= gbijp g (9 °oF f)
(proof)

lemma gbij-automorph:[Group G; gbij ¢ ¢ fi 9bij g, 9] =
gbijq.q (906 f)

114



(proof)

lemma l-unit-gHom:[Group F; Group G; f € gHom F G] = (Iq) op f = f
(proof)

lemma r-unit-gHom:[Group F; Group G; f € gHom F G| = fop (Ip) = f
(proof)

3.9 Image

lemma inv-gHom:[Group F'; Group G; gbijp ¢ f] = (Ifn F G f) € gHom G F
(proof)

lemma inv-gbijec-gbijec:[ Group F; Group G; gbijp ¢ f] = gbijg p (Ifn F G f)
{(proof)

lemma [-inv-gHom:[Group F; Group G, 9bi p fl=UnFGf)opf=(Ip)
(proof)

lemma img-mult-closed:[Group F; Group G; f € gHom F G; u € f ‘(carrier F);
v € f “(carrier F)] = u -q v € f ‘(carrier F)

(proof)

lemma img-unit-closed:[Group F; Group G; f € gHom F G] =
1q € f “(carrier F)
(proof )

lemma imgTr7:[Group F; Group G; f € gHom F G; u € f “(carrier F)]
= oq u € f‘(carrier F')
(proof)

lemma imgTr8:[Group F; Group G; f € gHom F G; F » H; u € f “ H;
vefH]=u-qguvef‘H
(proof)

lemma imgTr9:[Group F; Group G; f € gHom F G; F » H; u € f ‘ H] =
ocguef‘H
(proof)

lemma imgTr10:[Group F; Group G; f € gHom F G; F > H| = 1q€ f‘H
(proof)

lemma imgTr11:[Group F; Group G; f € gHom F G; F » H) = G » (f ‘ H)
(proof)

lemma sg-gimg:[Group F; Group G; f € gHom F G| = G > f*(carrier F)
{proof )

lemma Group-Img:[Group F; Group G; f € gHom F G | = Group (IngG )

115



(proof)

lemma I'mg-carrier:[Group F; Group G; f € gHom F G | =
carrier (Imgp ¢ f) = f * (carrier F)
(proof)

lemma hom-to-Img:[Group F; Group G; f € gHom F G] = f € gHom F
(Imgp ¢ f)
(proof)

lemma gker-hom-to-img:[Group F; Group G; f € gHom F G | =
gkeTF,(ImgF af) [ = gkerp g f

(proof )
lemma Pj-im-subg:[Group G; G » H; Gv> K; K C H] =
Pj G K ‘H = carrier (Gp G H) /| K)
(proof )
lemma (in Group) subg-Qsubg:[G > H; G > K; K C H] =
(G / K)> carrier (Gp G ) / K)
(proof)

3.10 Induced homomorphisms

lemma inducedhomTr:[Group F; Group G; f € gHom F G,
S € set-res F (gherp  f); s1 € S;82 € S| = fsl = fs2

(proof)

definition
induced-ghom :: [('a, 'more) Group-scheme, ('b, 'morel) Group-scheme,
('a = )] = (‘a set = 'b ) where
induced-ghom F G f = (AX€ (set-res F (gkerp ¢ f)). f (SOME z. z € X))

abbreviation
INDUCED-GHOM :: ['a = 'b, ('a, 'm) Group-scheme, ('b, 'm1) Group-scheme]
= (‘aset = 'b) ((3-"--) [82,82,83]82) where
f"F,G == induced-ghom F G f

lemma induced-ghom-someTr:[Group F; Group G; f € gHom F G;
X € set-res I (gkerp q f)] = f (SOME za. za € X) € f “(carrier F)
(proof)
lemma induced-ghom-someTr1:[Group F; Group G; f € gHom F G; a € carrier
F] =
f (SOME za. za € (gkerp ¢ f) *p a) = fa
(proof)

lemma inducedHOMTr0:[Group F; Group G; f € gHom F G; a € carrier F] =
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(f"r,q) ((gherp. ¢ f) pa)=fa
(proof )

lemma inducedHOMTr0-1:[Group F; Group G; f € gHom F G] =
(f“F,G) € set-rcs F (gk‘eTF’G f) — carrier G

(proof)

lemma inducedHOMTr0-2:[Group F; Group G; f € gHom F G] =
(f"F7g) € set-res F (gkerF’G f) = f ¢ (carrier F)
(proof)

lemma inducedHom:[Group F'; Group G; f € gHom F G] =
(f"F,q) € gHom (F/(gkerp ¢ f)) G
(proof)

lemma induced-ghom-ginjec: [Group F; Group G; f € gHom F G | =
I (F (gher . 1).6 T F,G)
(proof)

lemma inducedhomgsurjec:[ Group F; Group G; gsurj g 1=
ISUTI(F/ (gker p 1)).G (f"F.c)

{proof )

lemma homomtr: [Group F; Group G; f € gHom F G] =

(f"F,q) € gHom (F [ (gkerp ¢ f)) (Imgp ¢ f)
(proof)

lemma homom2img: [Group F; Group G; f € gHom F G | =
(F" P (tmg o £)) € 9Hom (F [ (gherp ¢ £)) (Imgp ¢ f)
(proof)

lemma homom2img1:[Group F; Group G; f € gHom F G; X € set-rcs F (gkerF’G

Nl
= U"F(tmgp g 1) X =U"F ) X

(proof)

3.10.1 Homomorphism therems

definition
iota :: ('a, 'm) Group-scheme = ('a = 'a)

((¢-) [1000]999) where
tp = (Az € carrier F. x)

lemma iotahomTr0:[Group G; G > H; h € H ] = (L(Gp a H)) h =
(proof)

lemma iotahom:[Group G; G > H; G > N| =
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YGp G H) € gHom (Gp GH) (Gp G (H og N))
(proof)

lemma iotaTr0: [Group G; G » H; G > N] =
9 (Gp G H),(Gp G (H o N)) (U(Gp G 1))
(proof)

theorem homomthml:[Group F; Group G; f € gHom F G | =

gbij(F/ (gkernel F G f)), (Gimage F G f) (fF, (Gimage F Gf))
(proof )

lemma isomTr0 [simp]:Group F = F = F
(proof)

lemma isomTrl:[Group F; Group G; F =2 G| —= GX=F
(proof)

lemma isomTr2:[Group F; Group G; Group H; F =2 G; G2 H] = F =~ H
(proof)

lemma gisom1: [Group F; Group G; f € gHom F G | =
(F/ (gkerp ¢ [)) = (Imgp ¢ f)
(proof)

lemma homomth2Tr0: [Group F; Group G; f € gHom F G; G > N] =
F v (iim F G fN)
(proof)

lemma kern-comp-gHom:[Group F; Group G; gsurjp g f; G > N] =
gkerp /Ny (Pi G N)op f)=imF GfN
{(proof)

lemma QgrpUnit-1:[Group G; Ugp E; G H; (G /| H) 2 E | = carrier G =
H
(proof)

lemma QgrpUnit-2:[Group G; Ugp E; G > H; carrier G = H) = (G/H) 2 E
(proof)

lemma QgrpUnit-3:[Group G; Ugp E; G > H; G » H1; (Gp G H) > HI;
(Gp GH)/HI)~E] = H = HI
(proof)

lemma QgrpUnit-4:[Group G; Ugp E; G > H; G > HI; (Gp G H) > HI;
~((Gp GH) /Hl)~E] = H + HI
(proof)

definition
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Qmp :: [(‘a, 'm) Group-scheme, 'a set, 'a set] = ('a set = 'a set) where
Qmp GHN = (AXesetres GH. {z.32ze€X. T yeN.(y gz =2)})

abbreviation
QP :: [-, 'a set, 'a set] = ('a set = 'a set)
((3Qm- _ ) [82,82,83]82) where
Cmg g N==Qmp GHN

lemma (in Group) QmpTr0:[G > H; G > N; H C N ; a € carrier G] =
Qmp GHN (H - a)=(N - a)
{proof )

lemma (in Group) QmpTrl:[G » H; G » N; H C N; a € carrier G; b € carrier
G;

H-a=H-b)=N-a=N-b
(proof)

lemma (in Group) QmpTr2:[G > H; G > N; H C N ; X € carrier (G/H)]
= (Qmp G HN) X € carrier (G/N)
(proof)

lemma (in Group) QmpTr2-1:[G > H; G » Ny H C N | =
Qmp G HN € carrier (G/H) — carrier (G/N)
(proof )

lemma (in Group) QmpTr8:[G > H; G> N; H C N; X € carrier (G/H);
Y € carrier (G/H)] =
(@mp GHN) (c-top GHXY) = ctop GN (Qmp GHN) X) (Qmp G H
N)Y)
(proof)

lemma (in Group) Gp-s-mult-nsg:[G > H; G> N; HC N;a € N | =
H'(GPGN)G’: H-a
(proof)

lemma (in Group) QmpTr5:[G > H; G> N; H C N; X € carrier (G/H);
Y € carrier (G/H) ] = (Qmp G HN) ( X (G ) H) Y) =
((@mp G HN) X) (g /Ny (@mp GHN) Y)
(proof )

lemma (in Group) QmpTr:[G> H; G> N; HC N | =

(@ma g N) € gHom (G / H) (G / N)
(proof)
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lemma (in Group) Qmpgsurjec:[G > H; G> N; HC N | =
gsuri(G / my,(G ) N) (@mG H,N)
(proof)

lemma (in Group) gkerQmp:[Gv> H; G> N; HC N | =
gker(q / H),(G ] N) (@mg g, N) = carrier ((Gp G N)/ H)
(proof)

theorem (in Group) homom2:[G > H; G> N; H C N] =
9 (G/H) ) (carrier ((Gp G N)/H)),(G/N) (@mG 1N (a/H),(G/N))
(proof)

3.11 Isomorphims

theorem (in Group) isom2:[G > H; G> N; H C N] =
(oro0f) ((G/H)/(carrier (Gp G N)/H))) = (G/N)
Proo

theorem homom3:[ Group F; Group G; G > N, gsurj p G f;
NI =(@{imFGf)yN]= (F/NI)=(G/N)
(proof)

lemma (in Group) homom3Trl:[G » H; G> N] = H N N =
9RT(Gp G H).(Gp G (H o N))/N)

((Pj (Gp G (H oG N)) N)ogy a1y ((ap ¢ 1))
(proof)

3.11.1 An automorphism groups

definition
automg :: - =
( carrier :: ('a = 'a) set, top : ['a = 'a,’a = 'a] = ('a = 'a),
iop :: ('la = 'a) = ("a = 'a), one :: ('a = 'a)|) where
automg G = (| carrier = {f. gbij ¢ ¢ f},
top = Age{f. gbijq q f}- Me{f- gbijg,q [} (g0 f),
iop = Me{f. gbijg,¢ f}+ (Ifn G Gf), one=1¢g)

lemma automgroup Tr1:[Group G; gbijq ¢ f; 9biiq ¢ 95 9viiq,q ] =
(hogg)ogl = hog(gogl)
(proof)

lemma automgroup: Group G = Group (automg Q)
(proof)

3.11.2 Complete system of representatives

definition
gesrp - = 'a set = 'a set = bool where

120



gesrp G HS == 3f. (bij-to f (set-rcs G H) S)

definition
gesrp-map::- = 'a set = 'a set = 'a where
gesrp-map G H == AX€(set-res G H). SOME z. x € X

lemma (in Group) gesrp-func:G > H = gesrp-map G H € set-rcs G H — UNIV
(proof)

lemma (in Group) gesrp-funcl:G > H =
gesrp-map G H € set-res G H — (gesrp-map G H) “ (set-rcs G H)
(proof)

lemma (in Group) gesrp-map-bij:G > H =
bij-to (gesrp-map G H) (set-rcs G H) ((gesrp-map G H) ‘(set-rcs G H))
(proof)

lemma (in Group) image-gcsrp:G > H =
gesrp G H ((gesrp-map G H) “(set-res G H))
(proof)

lemma (in Group) gesrp-exists:G > H — 35. gesrp G H S
(proof)

definition
gesrp-top :: [-, 'a set] = 'a = 'a = 'a where
gesrp-top G H == Az € ((gesrp-map G H) ‘(set-res G H)).
Ay € ((gesrp-map G H) ‘(set-res G H)).
gesrp-map G H
(c-top G H
((invfun (set-rcs G H) ((gesrp-map G H) ‘(set-res G H)) (gesrp-map G H)) z)
((invfun (set-rcs G H) ((gesrp-map G H) ‘(set-res G H)) (gesrp-map G H)) y))

definition
gesrp-iop::[- , 'a set] = ‘a = 'a where
gesrp-iop G H = (Ax € ((gesrp-map G H) ‘(set-res G H)).
gesrp-map G H
(c-iop G H
((invfun (set-res G H) ((gesrp-map G H) ‘(set-rcs G H)) (gesrp-map G H))
)

definition
gesrp-one::]- , 'a set] = 'a where
gesrp-one G H = gesrp-map G H H

definition
Gesrp :: - = 'a set = 'a Group where
Gesrp G N = (carrier = (gesrp-map G N) ‘(set-res G N),
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top = gesrp-top G N, iop = gesrp-iop G N, one = gcesrp-one G N

lemma (in Group) gesrp-top-closed:[Group G; G > N;

a € ((gesrp-map G N) “(set-rcs G N)); b € ((gesrp-map G N) “(set-rcs G N))J
= gesrp-top G N a b € (gesrp-map G N) ‘(set-rcs G N)
(proof)

lemma (in Group) gesrp-tassoc:[Group G; G > N;
a € ((gesrp-map G N) “(set-res G N));
b € ((gesrp-map G N) ‘(set-rcs G N));
¢ € ((gesrp-map G N) ‘(set-rcs G N))] =
(gesrp-top G N (gesrp-top G N a b) ¢) =
(gesrp-top G N a (gesrp-top G N b ¢))
(proof)

lemma (in Group) gesrp-l-one:[Group G; G > N;
a € ((gesrp-map G N) ‘(set-res G N))] =
(gesrp-top G N (gesrp-one G N) a) = a
(proof)

lemma (in Group) gesrp-l-i:[G > N; a € ((gesrp-map G N) ‘(set-res G N))] =

gesrp-top G N (gesrp-iop G N a) a = gesrp-one G N
(proof)

lemma (in Group) gcesrp-i-closed:[G > N; a € ((gesrp-map G N) ‘(set-res G N))]

= gesrp-iop G N a € ((gesrp-map G N) ‘(set-rcs G N))
(proof)

lemma (in Group) Group-Gesrp:G > N = Group (Gesrp G N)
(proof)

lemma (in Group) gesrp-map-gbijec:G > N =
gbij(G/N)’ (Gesrp G N) (gesrp-map G N)
(proof)

lemma (in Group) Qg-equiv-Gesrp:G > N = (G / N) = Gesrp G N
(proof)

3.12 Zassenhaus

we show H — H N /N is gsurjective

lemma (in Group) homomjTr1:[G > N; G > H] = Group ((Gp G (H o N))
/ N)
(proof )
lemma homom3Tr2:[Group G; G > H; G > N| =
9SUTI(Gp G H).(Gp G (H og N))/N)
((Pj (Gp G (H oG N)) N) o(qy a 1) ((ap 6 1))
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{proof)

theorem h0m0m4:[[Gr0up G; Gr N; G > H]] ﬁgblj((Gp G H)/(H N N)),((Gp G (H oG N)) / N)
(27 (Gp G (H o N)) N)o(ay @ iy (W(Gp ¢ 1)) (Gp G H),((Gp G (H o N)) | N))

(proof)

lemma (in Group) homom4-2:[G > N; G > H]| = Group ((Gp G H) / (H N
N))
(proof)

lemma isom4:[Group G; G > N; G » H] =
(oroof) ((Gp G H)/(HNN)) = ((Gp G (N og H))/N)
proo,

lemma ZassenhausTr5:[Group G; G > H; G » H1; G > K; G » K1; Gp G H >
Hi;
Gp G K»> Kl =
((Gp G (H 1 K))/((HI N K) o (H N K1))) =
((Gp G (H1 o (HNK)))/(HI o (H N K1)))

(proof)

lemma ZassenhausTr5-1:[Group G; G > H; G » H1; G > K; G » KI; Gp G H
> Hi;
Gp GK>Kl]= ((Gp G (KNH))/((KINH)og(KnHIL))) =
((Gp G (K1 o (K N H)))/(K1 og (K N H1)))

(proof)

lemma ZassenhausTr5-2: [Group G; G » H; G » Hl; G > K; G > K1; Gp G
H v HI:
Gp GK»p> Kl =
((Gp G (H 1 K)/((HI 1K) o (H N K1) =
((Gp G (KN H))/(KI NH)og (KN HI)))
(proof)

lemma ZassenhausTr6-1:[Group G; G > H; G > H1; G > K; G » K1; Gp G H
> HI;

Gp G K> K1] = Group (Gp G (HNK)/(HINKogHnNKI))
(proof)

lemma ZassenhausTr6-2:[Group G; G > H; G » H1; G > K; G » K1; Gp G H
> HI;

Gp G K > K1] = Group (Gp G (Hl o¢ HN K) / (Hl o H N K1))
(proof)

lemma ZassenhausTr6-3:[Group G; G > H; G » H1; G > K; G » K1; Gp G H
> HI;
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Gp G K> K1] = Group (Gp G (K1 oo KN H) / (Kl og KN HI))
(proof)

theorem Zassenhaus:[Group G; G > H; G » Hl; G > K; G > K1; Gp G H >
Hi;

Gp GK»> Kl = (Gp G (Hl o HN K

) ) (H og H N K1)) =
(Gp G (K1 og K N H) / (

K1 og K N H1))
(proof)

3.13 Chain of groups I

definition
d-gchain :: [- , nat, (nat = 'a set)] = bool where
d-gchain G n g = (if n=0then G » g 0 else (VI< n. G > (gl) A
(V1< (n— Suc0). g (Sucl) CTgl)))

definition
D-gchain :: [-, nat, (nat = 'a set)] = bool where
D-gchain G n g = (if n = 0 then G > (g 0) else (d-gchain G n g) A
(VI < (n = Suc0). (g (Sucl)) C(g1)))

definition
td-gchain :: [- , nat, (nat = 'a set)] = bool where
td-gchain G n g = (if n=0 then g 0 = carrier G A g 0 = {15} else
d-gchain Gn g A g 0 = carrier G A gn ={1g})

definition
tD-gchain :: [-, nat, (nat = 'a set)] = bool where
tD-gchain G n g = (if n=0 then g 0 = carrier G A g 0 = {15} else
D-gchain G n g A (g 0 = carrier G) A (g n = {1q}))

definition
w-cmpser :: [-, nat, (nat = 'a set)] = bool where
w-cmpser G n g = (if n = 0 then d-gchain G n g else d-gchain G n g A
(Vi< (n—1).(Gp G (g1)> (g (Sucl))))

definition
W-cmpser :: [-, nat, (nat = ’a set)] = bool where
W-cmpser G n g = (if n = 0 then d-gchain G 0 g else D-gchain G n g A
(Vi< (n—1).(GpG(gl)v (g (Sucl))))

definition
tw-cmpser :: [-, nat, (nat = 'a set)] = bool where
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tw-cmpser G n g = (if n = 0 then td-gchain G 0 g else td-gchain G n g A
(Vi< (n—1).(Gp G (g1)> (g (Sucl))))

definition
tW-cmpser :: [, nat, (nat = 'a set)] = bool where
tW-cmpser G n g = (if n = 0 then td-gchain G 0 g else tD-gchain G n g A
(Vi< (n—1).(GpG(gl)v (g (Sucl)))

definition
Qu-cmpser :: [-, nat = 'a set] = (nat = ('a set) Group) where
Qu-cmpser G f1 = ((Gp G (f1)) / (f (Sucl)))

definition
red-chn :: [- , nat, (nat = 'a set)] = (nat = 'a set) where
red-chn G n f = (SOME g. g € {h.(tW-cmpser G (card (f * {i. i <n}) — 1) h)
Ahici < (card (f“{i.i <n})— 1)} =f4i.i <n}})

definition
chain-cutout :: [nat, (nat = 'a set) | = (nat = 'a set) where
chain-cutout I f = (Aj. f (slide 1 7))

lemma (in Group) d-gchainTr0:[0 < n; d-gchain G n f; k < (n — 1)]
= f (Suck) C fk
(proof )

lemma (in Group) d-gchain-mem-sg:d-gchain G n f = Vi< n. G > (f i)

{(proof)

lemma (in Group) d-gchain-pre:d-gchain G (Suc n) f = d-gchain G n f
(proof )

lemma (in Group) d-gchainTri:0 < n — (Vf. d-gchain G n f —
(Vi<nVj<nl<j—fjcCfl)
(proof)

lemma (in Group) d-gchainTr2:[0 < n; d-gchain Gn f; 1 <n;j <n;1<j]
= fjC [l
(proof)
lemma (in Group) im-d-gchainTr1:[d-gchain G n f;
fle(f {i.i<n}) - {f0}] =
f(LEAST j. fje (f {ici<n})—{f0})e(f {ii<n}—{f0})
(proof)

lemma (in Group) im-d-gchainTr1-0:[d-gchain G n f;
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fle(f {iii<n})—{f0}] =
: " 0 < (LEASTj. fje(f{i.i<n})—{f0})
proo,

lemma (in Group) im-d-gchainTr1-1:

ld-gchain Gn f; 3 4. fie (f {i.i <n})—-{f0}]] =
<f (J}I;EASTJ'- fie((F {ii<n})={f0}) e ((f{ii<n})—{f0})
Proo

lemma (in Group) im-d-gchainsTr1-2:
[d-gchain Gn f; i <mn;fiefdi.i<n}—-{f0}] =
(LEAST j. fj € (f {i-i < n} —{f0}) <
(proof)

lemma (in Group) im-d-gchainsTr1-3:[d-gchain G n f; 3i < n.
fief{ici<n} —{f0}
k< (LEASTj. fje(f{i.i<n}—{fO0})]=fk=f0
(proof)

lemma (in Group) im-gdchainsTr1-4:[d-gchain G n f;
Joef fi.i <n}. v e {f0};i < (LEAST . fje (f{i.i<n})A
fi#f0)]=fi=f0

(proof)

lemma (in Group) im-d-gchainsTr1-5:[0 < n; d-gchain G n f; i < n;
fie(fdici<n} —A{f0}); (LEAST j. fj € (f {i- i < n} = {f0})) = J]
o S0 o) = (0]

Proo

lemma (in Group) im-d-gchains1:[0 < n; d-gchain G n f; i < n;
fie(f {ii<n}—{f0})
(LEAST j. fj e (f{i.i<n} —{f0})=j]—=
Flici<nb = {0y U{filij<ini<n}
(proof )

lemma (in Group) im-d-gchains1-1:[d-gchain G n f; fn # f0] =
fHici<n}={f0}U
{fili- (LEASTj. fj e (f<{i.i<n}—{fO}) <ini<n)
(proof )

lemma (in Group) d-gchains-leastTr:[d-gchain G n f; fn # f0] =
(LEASTj. fj e (f {i-i < n} — {f0}) € {i-i < n} A

gy EEASTISS € U< S 0D 10

PTOO,

lemma (in Group) im-d-gchainTr2:[d-gchain G n f; j < n; fj # 0] =
Vi<n fO=Ffi—s—j<i

(proof)
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lemma (in Group) D-gchain-pre:[D-gchain G (Suc n) f] = D-gchain G n f
(proof )

lemma (in Group) D-gchain0:[D-gchain G n f;i < n;j < n;i<j] =
ficri
(proof)

lemma (in Group) D-gchainl:D-gchain G n f = inj-on f {i. i < n}
(proof)

lemma (in Group) card-im-D-gchain:[0 < n; D-gchain G n f]
= card (f ‘{i. i < n}) = Sucn

(proof)

lemma (in Group) w-cmpser-gr:[0 < r; w-cmpser G r f; i <
= G > (f1i)

A
=

(proof)

lemma (in Group) w-cmpser-ns:[0 < r; w-cmpser Grf;i < (r —1)] =
(Gp G (fi)) > (f (Suci))
(proof)

lemma (in Group) w-cmpser-pre:w-cmpser G (Suc n) f = w-cmpser G n f
(proof)

lemma (in Group) W-cmpser-pre: W-cmpser G (Suc n) f = W-cmpser G n f

(proof )

lemma (in Group) td-gchain-n:[¢td-gchain G n f; carrier G # {1}] = 0 < n
(proof )

3.14 Existence of reduced chain

lemma (in Group) D-gchain-is-d-gchain:D-gchain G n f = d-gchain G n f
(proof)

lemma (in Group) joint-d-gchains:[d-gchain G n f; d-gchain G m g;
g0 Cfn] = d-gchain G (Suc (n + m)) (jointfun n f m g)
(proof)
lemma (in Group) joint-D-gchains:[D-gchain G n f; D-gchain G m g;
g0 C fn] = D-gchain G (Suc (n + m)) (jointfun n fm g)
(proof)

lemma (in Group) w-cmpser-is-d-gchain:w-cmpser G n f = d-gchain G n f
(proof)

lemma (in Group) joint-w-cmpser:[w-cmpser G n f; w-cmpser G m g;
Gp G (fn) > (9 0)] = w-cmpser G (Suc (n + m)) (jointfun n fm g)
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(proof)

lemma (in Group) W-cmpser-is-D-gchain: W-cmpser G n f = D-gchain G n f

(proof)

lemma (in Group) W-cmpser-is-w-cmpser: W-cmpser G n f = w-cmpser G n f
(proof)

lemma (in Group) tw-cmpser-is-w-cmpser:tw-cmpser G n f = w-cmpser G n f

(proof)

lemma (in Group) tW-cmpser-is-W-cmpser:tW-cmpser G n f = W-cmpser G
n f
(proof)

lemma (in Group) joint-W-cmpser:[ W-cmpser G n f; W-cmpser G m g;
(Gp G (fn))>(90);90C fn] =
W-cmpser G (Suc (n + m)) (jointfun n fm g)

(proof)

lemma (in Group) joint-d-gchain-n0:[d-gchain G n f; d-gchain G 0 g;
g0 Cfn] = d-gchain G (Suc n) (jointfun n f 0 g)
(proof)

lemma (in Group) joint-D-gchain-n0:[D-gchain G n f; D-gchain G 0 g;
g0 C fn] = D-gchain G (Suc n) (jointfun n f 0 g)
(proof)

lemma (in Group) joint-w-cmpser-n0:[w-cmpser G n f; w-cmpser G 0 g;
(Gp G (fn))> (g 0)] = w-cmpser G (Suc n) (jointfun n f 0 g)
(proof)

lemma (in Group) joint-W-cmpser-n0:[ W-cmpser G n f; W-cmpser G 0 g;
(Gp G (fn)e(90);90Cfn] =
W-cmpser G (Suc n) (jointfun n f 0 g)
(proof)

definition
simple-Group :: - = bool where
simple-Group G «— {N. G » N} = {carrier G, {15}}

definition
compseries:: [- , nat, nat = 'a set] = bool where
compseries G n f <— tW-cmpser Gn f A (if n = 0 then f 0 = {15} else
(Vi < (n — 1). (simple-Group ((Gp G (f))/(f (Suc )))))

definition
length-twempser :: [- , nat, nat = 'a set] = nat where
length-twempser G n f = card (f “{i. i < n}) — Suc 0
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lemma (in Group) compseriesTr0:[compseries G n f; i < n] =
G > (i)
(proof)

lemma (in Group) compseriesTrl:compseries G n f = tW-cmpser G n f
(proof)

lemma (in Group) compseriesTr2:compseries G n f = f 0 = carrier G

(proof)

lemma (in Group) compseriesTr3:compseries G n f = fn

(proof)

{1}

lemma (in Group) compseriesTri:compseries G n f = w-cmpser G n f

(proof)

lemma (in Group) im-jointfunlTri:vVl < n. G » (fl) =
fed{i.i <n} — Collect (sg G)
(proof)

lemma (in Group) Nset-Suc-im:¥V1 < (Suc n). G > (f1) =
insert (f (Suen)) (f “{i. i < n})=f*{i. i < (Sucn)}
(proof)

definition
NfuncPair-neg-at::[nat = 'a set, nat = ’'a set, nat] = bool where
NfuncPair-neq-at f g i <— fi # g

lemma LeastTr0:] (i::nat) < (LEAST 1. P (1))] = — P (i)
(proof)

lemma (in Group) funeg-LeastTr1:[VI< n. G > fl; VI < n. G > gl;
(I :: nat) < (LEAST k. (NfuncPair-neg-at fg k)) | = fl=gl
(proof)

lemma (in Group) funeg-LeastTri-1:[V1 < (nunat). G > fl; VI <n. G > gl
(l::nat) < (LEAST k. (fk# gk) ] = fl=gl
(proof)

lemma (in Group) Nfunc-LeastTr2-1:[i < n; VI <n. G > fl;VI<n. G>gl;
NfuncPair-neg-at f g i] =
NfuncPair-neq-at f g (LEAST k. (NfuncPair-neg-at f g k))

(proof)

lemma (in Group) Nfunc-LeastTr2-2:[i < n; VI <n. G > fl;VI<n G>gl;

NfuncPair-neg-at f g i] =
(LEAST k. (NfuncPair-neg-at f g k)) < i
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(proof)

lemma (in Group) Nfunc-LeastTr2-2-1:[i < (n:nat); VI < n. G » f1;
Vi<n Gsglifi#gi] = (LEASTk. (fk # gk)) <i
(proof)

lemma (in Group) Nfunc-LeastTr2-3:[V1 < (n:nat). G > fl; VI <n. G > gl
i<nifi#gi] =
f(LEAST k. (fk # gk)) # g (LEAST k. (fk # gk))

(proof)

lemma (in Group) Nfunc-LeastTr2-4:[V1 < (n:nat). G > fl; VI <n. G > gl;
i<mn;fi#gi] =(LEASTk. (fk#gk)<n
(proof)

lemma (in Group) Nfunc-LeastTr2-5:[VI< (nunat). G > fi; VI <n. G > gl
Ji<n (fi#gi)] =
f(LEAST k. (fk # g k) # g (LEAST k. fk # g k))

(proof)

lemma (in Group) Nfunc-LeastTr2-6:[V1 < (n:nat). G > fl; VI <n. G » gl
Ji<n (fi#gi)] = (LEASTk. (fk#gk)) <n
(proof)

lemma (in Group) Nfunc-Least-sym:[V1 < (n:nat). G > fl; VI<n. G > gl;
Ji<n (fi#g1i)] =
(LEAST k. (fk # gk)) = (LEAST k. (9 k # [k))
(proof)

lemma Nfunc-iNJTr:[inj-on g {i. i < (nunat)}; i <n;j<n;i<j]= gi#
97
(proof)

lemma (in Group) Nfunc-LeastTr2-7:[V1 < (n:nat). G > fI; VI <n. G > gl
inj-on g {i. i < n};Fi < n. (fi#gi);
fhk=g (LEAST k.(fk # gk))] =(LEASTk.(fk # gk)) <k

(proof)

lemma (in Group) Nfunc-LeastTr2-8:[V1 <n. G > fl;VI<n. G> gl
injron g {i. i <n}; i <n.fiFgi;f{i.i<n}=g{i.i<n}
=
3 k €(nset (Suc (LEAST i. (fi # gi))) n). fk =g (LEAST i. (fi # g1))
{proof)

lemma (in Group) ex-redchainTrl:[d-gchain G n f;
D-gchain G (card (f < {i. i < n}) — Suc 0) g;
g ‘{i.i<(card (f{i.i<n})—SucO0)}=f {i.i <n}] =
g (card (f {i.i < n}) — Suc0)=fn

(proof)

130



lemma (in Group) ez-redchainTri-1:[d-gchain G (n:nat) f;
D-gchain G (card (f “ {i. i < n}) — Suc 0) g;
g ‘{i.i<(card (f{i.i <n})—SucO0)}=f {i.i <n}] =
g0=7f0

(proof)

lemma (in Group) ex-redchainTr2:d-gchain G (Suc n) f
= D-gchain G 0 (constmap {0::nat} {f (Suc n)})

(proof)

lemma (in Group) last-mem-excluded:[d-gchain G (Suc n) f; fn # f (Suc n)]
—

f (Sucn) ¢ f{i.i <n}
(proof)

lemma (in Group) ex-redchainTri:[d-gchain G (Suc n) f; fn # f (Suc n)] =
card (f “ {i. 1 < (Suc n)}) = Suc (card (f < {i. i < n}))
(proof)

lemma (in Group) ex-redchainTr5:d-gchain G n f = 0 < card (f * {i. i< n})

(proof)

lemma (in Group) ex-redchainTr6:V f. d-gchain G n f —
(3g. D-gchain G (card (f ‘{i. i < n})— 1) g A
(9 “{i-i < (card (f {i. i < n}) — 1)} = f{i. i <n}))
(proof)

lemma (in Group) ex-redchain:d-gchain G n f —

(3g. D-gchain G (card (f “ {i. i <n}) — 1) g A

g ‘{i.i<(card (f{i.i<n})—1}=f {i.i <n})
(proof)

lemma (in Group) const-W-cmpser:d-gchain G (Suc n) f =
W-cmpser G 0 (constmap {0:nat} {f (Suc n)})
(proof)

lemma (in Group) ex-W-cmpserTrOm:V f. w-cmpser G m f —
(3g. (W-cmpser G (card (f {i. i < m}) — 1) g A
g qi. i < (card (f {i.i < m}) — 1)} =f{i. i <m}))
(proof)

lemma (in Group) ex- W-cmpser:w-cmpser G m [ =
Jg. W-cmpser G (card (f * {i.i < m}) — 1) g A
g {ii < (card (f* {i.i <m}) — 1)} = f* {i i < m}
(proof)
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3.15 Existence of reduced chain and composition
series

lemma (in Group) ex-W-cmpserTr8ml:[tw-cmpser G (m::nat) f;
W-cmpser G ((card (f < {i. i < m})) — 1) g;
g i < ((card (F° (i i < m}) — 1)} = f 4§ < m}] =
tW-cmpser G ((card (f “{i.i <m})) — 1) g

(proof)

lemma (in Group) ex-W-cmpserTr3m:tw-cmpser G m [ =
dg. tW-cmpser G ((card (f “ {i. i <m})) — 1) g A
g {ii < (card (f (i i <m}) — 1)} = {i.i<m)
(proof)

definition
red-ch-cd :: [- |, nat = 'a set, nat, nat = 'a set | = bool where
red-ch-cd G f m g +— tW-ecmpser G (card (f * {i. i < m}) — 1) g A
(g i i < (card (f* {ii < m}) — D)} = f* {i. i < m})

definition
red-chain :: [- , nat, nat = 'a set] = (nat = ’'a set) where
red-chain G m f = (SOME g. g € {h. red-ch-cd G f m h})

lemma (in Group) red-chainTrOm1-1:tw-cmpser G m f —>
(SOME g. g € {h. red-ch-cd G fm h}) € {h. red-ch-cd G f m h}
(proof)

lemma (in Group) red-chain-m:tw-cmpser G m f =
tW-cmpser G (card (f ¢ {i. i < m}) — 1) (red-chain G m f) A
(red-chain G m f) {i. i < (card (f {i. i <m}) — 1)} = f*{i.i < m}
(proof)

3.16 Chain of groups II

definition
Gchain :: [nat, nat = (('a set), 'more) Group-scheme] = bool where
Gchain n g +— (V1 < n. Group (g 1))

definition
isom-Gchains :: [nat, nat = nat, nat = (('a set), 'more) Group-scheme,
nat = (("a set), 'more) Group-scheme] = bool where
isom-Gchains n f g h +— (Vi < n. (g1) = (h (f1)))

definition

Gch-bridge :: [nat, nat = (('a set), 'more) Group-scheme, nat =
(("a set), 'more) Group-scheme, nat = nat] = bool where

Geh-bridge n g h f «— (VI < n. fl <n) Adnj-onf {i.i < n} A
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isom-Gchains n f g h

lemma Gchain-pre:Gchain (Suc n) g = Gchain n g

(proof)

lemma (in Group) isom-unit:[G > H; G » K; H = {1}] =
Gp GH=Gp GK — K = {1}
(proof)

lemma isom-gch-unitsTr4:[Group F; Group G; Ugp E; F = G; F &2 F] =
G=F

1

(proof)

lemma isom-gch-cmp:[Gehain n g; Gehain n h; f1 € {i. i < n} — {i. i < n};
f2 e {i.i <n} — {i.i < n}; isom-Gehains n (emp f2 f1) g h] =
isom-Gchains n f1 g (cmp h f2)
(proof )

lemma isom-gch-transp:[Gchain n f; i < n; j < n; i < j] =
isom-Gchains n (transpos i j) f (emp [ (transpos i j))
(proof)

lemma isom-gch-units-transpTr0:[Ugp E; Gchain n g; Gehain n h; i < n; j < n;
i < j; isom-Gchains n (transpos i j) g h] =
{i.i<nANgi2E}—{i,j}={i.i<nAhixE}—{ij}

(proof)

lemma isom-gch-units-transpTr1:[Ugp E; Gchainn g; i < n;j <mn; gj = E;
i 5] =
insertj ({i.i<nAgi2E}—{i,j})={i.i<nAgi=E} - {i}
(proof)

lemma isom-gch-units-transpTr2:[Ugp E; Gechainn g; i < n; j < n; i < j;
gi 2 E] =
{i.-i<nAgiXE}=inserti ({i.i<nA gi=E}—{i})
(proof)

lemma isom-gch-units-transpTr3:[Ugp E; Gchain n g; i < n]
= finite {i.i < n A gi=E} — {i})
(proof )

lemma isom-gch-units-transpTr4:[Ugp E; Gchain n g; i < n]
= finite ({i.i <nAgi=E} —{i,j})
(proof)

lemma isom-gch-units-transp Tr5-1:[Ugp E; Gchain n g; Gehain n h; @ < (n::nat);
Jj < m; i <j;isom-Gchains n (transpos ij) g h] = gi = hj

(proof)
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lemma isom-gch-units-transpTr5-2:[Ugp E; Gchain n g; Gchain n h; i < n;
J < n; i < j; isom-Gchains n (transpos 1 j) g h] = gj 2 h i
(proof )

lemma isom-gch-units-transpTr6:[ Gehain n g; i < n] = Group (g i)

(proof)

lemma isom-gch-units-transpTr7:[Ugp E; i < n;j < mn; gj = hi;
Group (h i); Group (9j); ~9gj 2 F] = - hi=E
(proof)

lemma isom-gch-units-transpTr8-1:[Ugp E; Gchain n g; i < n; j < n;
gi=E ~gj=E] =
{ici<nAgi=E}={i.i<nAgi=E}—-{j}

(proof)

lemma isom-gch-units-transpTr8-2:[Ugp E; Gchain n g; i < n; j < n;
~gi=E-gj=E] =
{i.i<nAgi2E}={i.i<nAgi2FE}—{ij}

(proof )

lemma isom-gch-units-transp:[Ugp E; Gchain n g; Gchain n h; i < n; j < n;
i < j; isom-Gchains n (transpos i j) g h] =
card {i. i <nANgi=2FE}=card {i. i <n Ahi=FE}

(proof )

lemma TR-isom-gch-units:[Ugp E; Gchainn f; i < n;j < n;i<j] =
card {k. k <n Afk=FE}=card {k. k <nA
(cmp f (transpos i j)) k = E}

(proof )

lemma TR-isom-gch-units-1:[Ugp E; Gechainn f; i < n;j <n;i<j] =
card {k. k <n A fk=FE}=card {k. k < n A f (transpos i jk) = E}
(proof)

lemma isom-tgch-unitsTr0-1:[Ugp E; Gchain (Suc n) g; g (Suc n) 2 E] =
{i.1 < (Sucn) A gi=E} =insert (Sucn) {i.i <nAgiX=FE}
(proof)

lemma isom-tgch-unitsTr0-2:Ugp E — finite ({i. i < (nunat) A gi = E})
(proof)

~

lemma isom-tgch-unitsTr0-3:[Ugp E; Gchain (Suc n) g; = g (Suc n) = EJ
= {i.i<(Sucn)ANgi2FE}={i.i<nAgiZ™=E}

(proof)

lemma isom-tgch-unitsTr0:[Ugp E;

card {i. z<n/\gz—E}—card{z i<nAhi%E}
Gchain (Suc n) g A Gchain (Suc n) h A Gch-bridge (Suc n) g b f;
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f (Suc n) = Suc n] =
card {i. i < (Sucn) A gi = F} =
card {i. 1 < (Sucn) A hi = E}
(proof)

lemma isom-gch-unitsTri-1: [Ugp E; Gchain (Suc n) g A Gchain (Suc n) h
A Gceh-bridge (Suc n) g b f; f (Suc n) = Suc n] =
Gcehain n g N Gchain n h A Gch-bridge n g h f
(proof)

lemma isom-gch-unitsTr1-2:[Ugp E; f (Suc n) # Suc n; inj-on f {i. i<(Suc n)};
Vi< (Sucn). fl<(Sucn)] =
(emp (transpos (f (Suc n)) (Suc n)) f) (Suc n) = Suc n

(proof )

lemma isom-gch-unitsTr1-3:[Ugp E; f (Suc n) # Suc n;
VI < (Sucn). fl < (Sucn);ing-on f {i. i < (Sucn)}] =
ing-on (cmp (transpos (f (Suc n)) (Suc n)) f) {i. i < (Suc n)}
(proof)

lemma isom-gch-unitsTri-4:[Ugp E; f (Suc n) # Suc n; inj-on f {i. i<(Suc n)};
VI < (Sucn). fl < (Sucn)] =
ing-on (cmp (transpos (f (Suc n)) (Suc n)) f) {i. i < n}

(proof)

lemma isom-gch-unitsTr1-5:[Ugp E; Gchain (Suc n) g A Gcehain (Suc n) h A
Gch-bridge (Suc n) g b f; f (Suc n) # Sucn | =
Gchain n g A Gchain n (cmp h (transpos (f (Suc n)) (Suc n))) A
Gch-bridge n g (cmp h (transpos (f (Suc n)) (Suc n)))
(emp (transpos (f (Suc n)) (Suc n)) f)

{(proof)

lemma isom-gch-unitsTr1-6:[Ugp E; f (Suc n) # Suc n; Gehain (Suc n) g A
Gchain (Suc n) h A Gceh-bridge (Suc n) g b f] = Gchain (Suc n) g A
Gchain (Suc n) (emp h (transpos (f (Suc n)) (Suc n))) A
Gceh-bridge (Suc n) g (ecmp h (transpos (f (Suc n)) (Suc n)))
(emp (transpos (f (Suc n)) (Suc n)) f)

(proof)

lemma isom-gch-unitsTr1-7-0:[ Gehain (Suc n) h; k # Suc n; k < (Suc n)]
= Gchain (Suc n) (cmp h (transpos k (Suc n)))
(proof)

lemma isom-gch-unitsTr1-7-1:[Ugp E; Gchain (Suc n) h; k # Suc n; k < (Suc
n)]

= {i. i < (Suc n) A cmp h (transpos k (Suc n)) i =2 E} — {k , Suc n} =
{i.1 < (Sucn) A hi=2FE}—{k, Sucn}
(proof)
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lemma isom-gch-unitsTr1-7-2:[Ugp E; Gchain (Suc n) h; k # Suc n;
k < (Sucn); h (Sucn) = E] =
emp h (transpos k (Suc n)) k = E
(proof )

lemma isom-gch-unitsTr1-7-3:[Ugp E; Gchain (Suc n) h; k # Suc n;
k < (Sucn); hk =2 E] = cmp h (transpos k (Suc n)) (Suc n) 2 E
(proof )

lemma isom-gch-unitsTr1-7-4:[Ugp E; Gchain (Suc n) h; k # Suc n;
k < (Suc n); = h (Sucn) 2 F] =
= cmp h (transpos k (Suc n)) k =2 F
(proof)

lemma isom-gch-unitsTr1-7-5:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn);-~hk=>E] =
= cmp h (transpos k (Suc n)) (Suc n) =2 E
(proof)

lemma isom-gch-unitsTr1-7-6:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn); h (Sucn) 2 E;hk = FE =
{i.1 < (Sucn) N hiX E} =
insert k (insert (Suc n) ({i. i < (Suc n) A hi =2 E} — {k, Suc n}))
(proof)

lemma isom-gch-unitsTr1-7-7:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn); h (Sucn) 2 E;-hk=™FE =
{i.i < (Sucn) AN hi=E} =
insert (Suc n) ({i. 1 < (Sucn) AN hi = E} — {k, Suc n})
(proof)

lemma isom-gch-unitsTr1-7-8:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn); = h (Sucn)2E; hk = E] =
{i.i < (Sucn) AN hi=E} =

insert k ({i. i < (Sucn) A hi = E} — {k, Suc n})

(proof)

lemma isom-gch-unitsTr1-7-9:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn);—h (Sucn) 2 FE;-hk=E] =
{i.i < (Sucn) N hi=E} =
{i. 1 < (Sucn) A hi2>2E} — {k, Sucn}
(proof)
lemma isom-gch-unitsTr1-7:[Ugp E; Gchain (Suc n) h; k # Suc n;
k < (Suc n)] = card {i. i < (Suc n) A
emp h (transpos k (Suc n)) i 2 E} = card {i. i < (Sucn) A hi = E}
(proof)

lemma isom-gch-unitsTrl:Ugp E = VY g. Vh. VY f. Gchain n g A
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Gchain n h A Gch-bridgen gh f — card {i.i <n A gi = E} =
card {i. i < n A hi=FE}
(proof )

lemma isom-gch-units:[Ugp E; Gchain n g; Gehain n h; Geh-bridge n g b f] =

card {i. i <nANgi=E}=card{i.i<nAhiX=FE}
(proof)

lemma isom-gch-units-1:[Ugp E; Gchain n g; Gehain n h; 3f. Geh-bridge n g h

f
= card{i.i<nAgiX2E}=card {i.i<nAhiZXE}

(proof)

3.17 Jordan Hoelder theorem

3.17.1  Rfn-tools. Tools to treat refinement of a cmpser, rtos.
lemma rfn-tooll:[ 0 < (r:nat); (kunat) =i xr + 7,7 <]

= (kdivr) =1
(proof)

lemma pos-mult-pos:[ 0 < (rinat); 0 < s] = 0 < r xs

(proof)

lemma rfn-tooll-1:[ 0 < (runat); j < r ]
= (ixr+j)divr=1

(proof)

lemma rfn-tool2:(a::nat) < s = a < s — Suc 0

{proof)

lemma rfn-tool3:(0::nat) < m = (m + n) —n=m

(proof)

lemma rfn-tooll1:[0 < b; (a:nat) < b — Suc 0] = a < b

{proof)

lemma rfn-tool12:[0 < (s::nat); (i:nat) mod s = s — 1 | =
Suc (i div s) = (Suc i) div s
(proof )

lemma rfn-tool12-1:[0 < (s:nat); (I:inat) mod s < s — 1 | =
Suc (I mod s) = (Suc 1) mod s
(proof )

lemma 7rfn-tool12-2:[0 < (s::nat); (i::nat) mod s = s — Suc 0] =
(Suc i) mod s = 0
(proof)
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lemma rfn-tooll3:[ (0::nat) < r; a = b ] = a mod r = b mod r
(proof)

lemma rfn-tool13-1:] (0::nat) < r;a=>b] = adivr=>0dvr

(proof)

lemma div-Tr1:[ (O:nat) < r; 0 < s; 1< sx*xr] = ldivs <r

{proof)

lemma div-Tr2:[(0::nat) < 7, 0 < s; I < s*xr] = ldivs <r — Suc 0

(proof)

lemma div-Tr8:[(0:nat) < r; 0 < 851 < s * ] = Suc (I divs) <r

(proof)

lemma div-Tr3-1:[(0::nat) < r; 0 < s;lmod s =s — 1] = Suc l divs = Suc
(I div s)
(proof)

lemma div-Tr3-2:[(0::nat) < r; 0 < s; lmod s < s — 1] =
ldivs = Sucldivs
(proof )

lemma mod-div-injTr:[(0::nat) < r; x mod r = y mod r; © div r = y div 7]
> r = Yy

(proof)

definition
rtos :: [nat, nat] = (nat = nat) where
rtos T s i = (if i < r * sthen (i mod s) * r + i div s else T * s)

lemma rtos-hom0:[(0::nat) < r; (0:nat) < s; 4 < (r x s — Suc 0)] =
tdivs <r
(proof )

lemma rtos-hom1:[(0::nat) < r; 0 < s;1 < (r*s — Suc 0)] =
(rtos rs) 1 < (s xr — Suc 0)
(proof )

lemma rtos-hom2:[(0::nat) < r; (0:nat) < s; 1 < (r * s — Suc 0)] =
rtos rsl < (r*s — Suc 0)

(proof)

lemma rtos-hom3:[(0::nat) < r; 0 < s;4 < (r*s — Suc0) ] =
(rtos rs i divr) =1imod s

{(proof)

lemma rtos-hom3-1:[(0::nat) < r; (0:nat) < s; 1 < (r*xs — Suc 0) | =
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(rtos r s i mod 1) =i divs
(proof)

lemma rtos-hom5:[(0::nat) < r; (0:nat) < s; 4 < (r xs — Suc 0);
idivs =1 — Suc 0] = Suc (rtos r s i) divr = Suc (i mod s)

{proof)

lemma rtos-hom7:[(0::nat) < r; (0:nat) < s; i < (r * s — Suc 0);
idivs=r— Suc 0] = Suc (rtos rsi) modr =0

(proof)

lemma rtos-inj:[ (0::nat) < r; (0:nat) < s | =
inj-on (rtos rs) {i. i < (r x s — Suc 0)}
(proof)

lemma rtos-rs-Trl:[(0:nat) < r; 0 < s] = rtosrs (r*s)=1rx*s

(proof)

lemma rtos-rs-Tr2:[(0:nat) < r; 0 < s | =
VI<(rxs) rtosrsl < (rxs)

(proof)

lemma rtos-rs-Tr3:[(0:nat) < r; 0 < s | =
ing-on (rtos rs) {i. i < (r % s)}
(proof)

lemma Qu-cmpser:[Group G; w-cmpser G (Suc n) f | =
Gchain n (Quw-cmpser G f)
(proof)

definition
wesr-rfns :: [-, nat, nat = 'a set, nat] = (nat = ’a set) set where
wesr-rfns G r fs = {h. tw-cmpser G (s x r) h A
Vi<r.h(ixs)=fi)}

definition
trivial-rfn =2 [- | nat, nat = 'a set, nat] = (nat = 'a set) where
trivial-rfn G r f sk == if k < (s x r) then f (k div s) else fr

lemma (in Group) rfn-tool8:[compseries G r f; 0 < r] = d-gchain G r f

(proof)

lemma (in Group) rfn-tooll6:[0 < r; 0 < s; i1 < (s x 7 — Suc 0);

G > f (idivs); (Gp G (f (i divs))) > f (Suc (i divs));

(Gp G (f (idivs))) > (f (idivs)Ng(s— Suc0))] =

(Gp G ((f (Suc (i divs)) og (f (i divs) N g (s — Suc0))))) >
(f (Suc (i div s)))
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(proof)

Show existence of the trivial refinement. This is not necessary to prove
JHS

lemma rfn-tool30:[0 < r; 0 < s; ldivs*s+ s <sx*r]
= Suc (Idivs) <r

{proof)
lemma (in Group) simple-grouptr0:[G > H; G > K; K C H; simple-Group (G /
K]
= H = carrier GV H=K
(proof)

lemma (in Group) compser-nsg:[0 < n; compseries G n f; 1 < (n — 1)]
= Gp G (fi)v (f (Suci))
(proof)

lemma (in Group) compseriesTr5:[0 < n; compseries G n f; i < (n — Suc 0)]
= (f (Suci)) € (f1)
(proof )

lemma (in Group) refine-cmpserTr0:[0 < n; compseries Gn f; i < (n — 1);
G>H; f(Suci) CHANHCYfi]= H=f (Suci)V H=Ffi
(proof)

lemma div-Tr4:[ (O:nat) < r; 0 < s;j<sxr]=jdivsxs+s<rx*s

(proof)

lemma (in Group) compseries-is-tW-cmpser:[0 < r; compseries G r f] =
tW-cmpser G r f
(proof)

lemma (in Group) compseries-is-td-gchain:[0 < r; compseries G r f] =
td-gchain G r f
(proof)

lemma (in Group) compseries-is-D-gchain:[0 < r; compseries G r f] =
D-gchain G r f
(proof)

lemma divTr5:[0 < r; 0 < s;
ldivsxs <I[A

(res)] =

I <
I < (Suc (Idivs)) *s

(proof)

lemma (in Group) rfn-compseries-iMTr1:[0 < r; 0 < s; compseries G r f;
h € wesr-rfns Grfs] = f*{i.i<r}C h‘{i.i<(sx*r)}
(proof)

lemma rfn-compseries-iMTr2:[0 < r; 0 < 8; za < s * r | =
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za divsxs<rxsASuc(zadivs)*xs<rxs
(proof)

lemma (in Group) rfn-compseries-iMTr8:[0 < r; 0 < s; compseries G r f;
J<mVi<r.h(ixs)=fi]= h(xs)=fj
(proof)

lemma (in Group) rfn-compseries-iM:[0 < r; 0 < s; compseries G r f;
h € wesr-rfns Grfs] = card (b “{i. i < (sx1)}) =1+ 1
{(proof)

definition
emp-rfn [, nat, nat = 'a set, nat, nat = 'a set] = (nat = 'a set) where
emp-rfn Grfsg= (. (if i < s *rthen
f (Suc (i div s)) oq (f (i divs) N g (i mod s)) else {14}))

lemma (in Group) cmp-rfn0:[0 < r; 0 < s; compseries G r f; compseries G s g;
i<(r=1)j<(s—1)]= G> [ (Suci)og ((fi)Nn(g4))
(proof)

lemma (in Group) cmp-rfnl:[0 < r; 0 < s; compseries G r f; compseries G s ]
= f (Suc 0) oq ((f0 ) N (g 0)) = carrier G
(proof)

lemma (in Group) cmp-rfn2:[0 < r; 0 < s; compseries G r f; compseries G s g;
[<(sx7r)] = G>cmprfnGrfsgl
(proof )

lemma (in Group) emp-rfn3:[0 < r; 0 < s; compseries G r f; compseries G s ¢]
= cmp-rfn Grfsg0 = carrier G A emp-rfn Grfsg(s*r)={1}
(proof)

lemma rfn-tool20:[(0:nat) < m; a=bxm+ ¢c;c<m] = amodm=c
(proof)

lemma Suci-mod-s-2:[0 < r; 0 < s; 4 <71 x5 — Suc 0;imods < s — Suc 0]
= (Suc i) mod s = Suc (i mod s)
(proof )

lemma (in Group) inter-sgsTr1:[0 < r; 0 < s; compseries G r f; compseries G s
gi<rxs] = Gx»f (idivs)Ng (s — Suc0)
(proof )

lemma (in Group) JHS-Tr0-2:[0 < r; 0 < s; compseries G r f; compseries G s

g1
= Vi< (sxr— Suc0). Gp G (¢cmp-rfn Grfsgi)>
cmp-rfn G r fs g (Suc i)
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(proof)

lemma (in Group) cmp-rfng:[0 < r; 0 < s; compseries G r f;
compseries G s g; 1 < (s % r — Suc 0)] =
emp-rfn Gr fsg (Sucl) C emp-rfn Grfsgl
(proof)

lemma (in Group) emp-rfnd:[0 < r; 0 < s; compseries G r f; compseries G s ¢]
= Vi<r.cmprfn Grfsg (ixs)=fi

(proof)

lemma (in Group) JHS-Tr0:[(0::nat) < r; 0 < s; compseries G r f;
compseries G s g] = cmp-rfn G r fsg € wesr-rfns Gr fs

(proof)

lemma rfn-tool17:(a::nat) = b = a —c=b — ¢
(proof)

lemma isom4b:[Group G; G > N; G » H] =
(Gp G (N og H) / N) = (Gp G H [ (H 1 N))
(proof )

lemma Suc-rtos-div-r-1:[ 0 < r; 0 < s;1 < r % s — Suc 0;
Suc (rtos r s i) < r* s;imods =s — Suc 0;
idivs <r — Suc 0] = Suc (rtos r s i) divr = 1imod s

(proof)

lemma Suc-rtos-mod-r-1:[0 < r; 0 < s; 1 < r x s — Suc 0; Suc (rtos r s i) <r
x 83 imod s =8 — Suc 0; 1 divs <r — Suc 0]
= Suc (rtos r s i) mod r = Suc (i div s)

(proof)

lemma i-div-s-less:[0 < r; 0 < s; 4 < 1 x5 — Suc 0; Suc (rtos rsi) < r x s;
imods=5— Suc0; Suci<sx*xr] = idiws <r — Suc0
(proof)

lemma rtos-mod-r-1:] 0 < r; 0 < s;1 < r*xs — Suc 0; rtosr si <1 * s
imods =35 — Suc 0] = rtosrsimodr =idivs
(proof)

lemma Suc-i-mod-s-0-1:[0 < r; 0 < s; 1 <1 x s — Suc 0; i mod s = s — Suc 0]
= Suc i mod s = 0

(proof)

lemma Suci-div-s-2:[0 < r; 0 < s; 4 <1 x5 — Suc 0; i mod s < s — Suc 0]
= Sucidivs =1idivs

(proof)
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lemma rtos-i-mod-r-2:[0 < r; 0 < ;1 < r % s — Suc 0] = rtos r s i mod r =
1 div s

(proof)

lemma Suc-rtos-i-mod-r-2:[0 < r; 0 < s; i < r x s — Suc 0,
idivs =1 — Suc 0] = Suc (rtos r s i) mod r = 0
(proof)

lemma Suc-rtos-i-mod-r-3:[0 < r; 0 < s; i < r % s — Suc 0;
idivs <r — Suc 0] = Suc (rtos r s i) mod r = Suc (i div s)

(proof)

lemma Suc-rtos-div-r-3:[0 < r; 0 < s;imod s < s — Suc 0; 1 < r x s — Suc 0;
Suc (rtosrsi) <rx*s;idivs <r — Sucl] =
Suc (rtos v s i) divr =i mod s

(proof)

lemma r-s-div-s:[0 < r; 0 < s] = (r* s — Suc 0) divs =r — Suc 0

(proof)

lemma r-s-mod-s:[0 < r; 0 < s] = (r x s — Suc 0) mod s = s — Suc 0
(proof)

lemma rtos-r-s:[0 < r; 0 < s] = rtosrs (r+s — Suc0) =1 xs — Suc0

(proof)

lemma rtos-rs-1:[ 0 < r; 0 < s; rtos r s i < r * s;
- Suc (rtos rsi) <rxs] = rtosrsi=rx*s— Suc0
(proof)

lemma rtos-rs-i-rs:[ 0 < r; 0 < s;1 < r % s — Suc 0;
rtosrsi=r+s— Sucl] = i=rx*s— Sucl
(proof)

lemma JHS-Tri-1:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s ¢]
= f (Suc ((r *+ s — Suc 0) divs)) oq (f (r*xs— Suc0)divs)Ng((r=s—
Suc 0) mod s)) = f (r — Suc 0) N g (s — Suc 0)

(proof)

lemma JHS-Tr1-2:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
k<r— Su 0] = ((Gp G (f (Suc k) og (fknNg (s — Suc 0)))) /
(f (Suc (Suc k) o (f (Suc k) N g 0))) =
(G € (g5 06 (9 (5 — Suc 0)0 FR))) /
(95 oG (g (s — Suc 0) N'f (Suc K)))
(proof)

lemma JHS-Tr1-3:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
i< s*xr1 — Suc0; Suc (rtos rsi) < sx*r;Suci<sx*r;
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imods < s — Suc0; Sucidivs <r — Suc0;idivs=r— Suc0]
= Group (Gp G (frog (f (r — Suc 0) N g (i mod s))) /
(frog (f (r — Suc 0) N g (Suc (i mod s)))))
(proof )

lemma JHS-Tr1-4:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
i< s*xr1 — Suc0; Suc (rtos rsi) < sx*r;Suci <sx*r;
imods < s — Suc 0; Sucidivs <r— Suc0;idivs=r— Sucl] =
Group (Gp G (g (Suc (it mod s)) o (g (i mod s) N f (r — Suc 0))) /

(g (Suc (Suc (i mod s))) o (g (Suc (i mod s)) N f0)))

(proof)

lemma JHS-Tr1-5:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
i <s*xr — Suc0; Suc (rtos rsi) <sx*r;Suci <sx*r;
imods <s— Suc0;idivs <r — Suc0]
= (Gp G (f (Suc (i div s)) og (f (i divs) N g (i mod s))) /
(f (Suc (i divs)) oq (f (z div s) N g (Suc (i mod s))))) =
(Gp G (g (Suc (i mod s)) o (g (i mod s) N f (idivs))) /
(g (Suc (Suc (rtos r s 1) w r)) oq
(g (Suc (rtos r s i) divr) N f (Suc (rtos r s i) mod r))))

(proof)

lemma JHS-Tri1-6: [Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
i <rxs— Suc0; Suc (rtosrsi) <rxs] =
((Gp G (emp-rfn Grfsgi))/ (ecmp-rfn Gr fsg (Suci))) =
((Gp G (g (Suc (rtos r s i divr)) og
(g (rtosrsidivr) N f (rtosrsimodr)))) /
(g (Suc (Suc (rtos r s i) divr)) o
(g (Suc (rtos r s i) divr) N f (Suc (rtos v s i) mod r))))

(proof)

lemma JHS-Tr1:[ Group G; 0 < r; 0 < s; compseries G r f; compseries G s g]
= isom-Gchains (r * s — 1) (rtos r s) (Quw-cmpser G (cmp-rfn G r [ s g))
(Qw-cmpser G (ecmp-rfn G s g r f))

{proof)

lemma abe-SucTr0:[(0::nat) < a; ¢ < b; a — Suc 0 = b — ¢] = a = (Suc b)
—c

{proof)

lemma length-wempser0-0:[Group G; Ugp E; w-cmpser G (Suc 0) f] =
fedici < (Suc0)}y ={f0,f (Suc 0)}

{proof)

lemma length-wempser0-1:[Group G; Ugp E; w-cmpser G (Suc n) f; i€{i. i <
n};

(Qu-cmpser G f) i 2 E] = fi = f (Suc i)

(proof)
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lemma length-wempser0-2:[Group G; Ugp E; w-cmpser G (Suc n) f; i < n;
- (Qu-cmpser G f) i 2 E] = fi # f (Suc 1)
(proof)

lemma length-wempser0-3:[Group G; Ugp E; w-cmpser G (Suc (Suc n)) f;
f (Suc n) # f (Suc (Suc n))] = f (Suc (Sucn)) ¢ f*{i. i < (Sucn)}
(proof)

lemma length-wempser0-4:[Group G; Ugp E; w-cmpser G (Suc 0) f] =
card (f < {i. i < Suc 0}) — 1 = Suc 0 — card {i. i =0 A
Qw-cmpser G fi = E}

(proof)

lemma length-wempser0-5: [Group G; Ugp E; w-cmpser G (Suc (Suc n)) f;
w-cmpser G (Suc n) f;
card (f < {i. i < (Sucn)}) — 1 = Sucn —
card {i. i <n A Quw-cmpser G fi = E};
Quw-cmpser G f (Suc n) & F] =
card (f “ {i .1 < (Suc (Sucn))}) — 1 =
Suc (Suc n) — card {i. i < (Suc n) A Qu-cmpser G fi = E}
(proof)

lemma length-wempser0-6:[Group G; w-cmpser G (Suc (Suc n)) f] =
0 < card (f “ {i. i < (Sucn)})
(proof )

lemma length-wempser0-7:[ Group G; w-cmpser G (Suc (Suc n)) f] =
card {i. i < n A Qu-cmpser G fi =2 E} < Sucn
(proof)

lemma length-wempser0:[Group G; Ugp E] =V f. w-cmpser G (Suc n) f —
card (f < {i. 1 < (Sucn)}) — 1 = (Suc n) — (card {i. i < n A

((Qu-cmpser G f) i = E)})
(proof)

lemma length-of-twempser:[Group G; Ugp E; tw-cmpser G (Suc n) f | =
length-twempser G (Suc n) f =
(Suc n) — (card {i. i < n A ((Qu-cmpser G f) i = E)})
{proof )

lemma JHS-1:[Group G; Ugp E; compseries G r f; compseries G s g; 0<r; 0 <
s]
= r=rxs—card {i.1 < (rxs— Suc0)A
Qu-cmpser G (ecmp-rfn Grfsg)i = E}
(proof)
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lemma J-H-S:[Group G; Ugp E; compseries G r f; compseries G s g; 0<r;
(O:nat)<s ]| = r=s

(proof)

end

theory Algebraj

imports Algebra3

begin

3.18 Abelian groups

record 'a aGroup = 'a carrier +

pop = ['a, 'a] = 'a (infixl 41 62)
mop s’ = a ((—a1 -) [64]63 )
zero  :'a (01)

locale aGroup =
fixes A (structure)

assumes
pop-closed: pop A € carrier A — carrier A — carrier A

and  aassoc : [a € carrier A; b € carrier A; ¢ € carrier A] =
(atbd)xtc=a=x(b=xc)

and  pop-commute:[a € carrier A; b € carrier Al = a £ b=b+ta

and mop-closed:mop A € carrier A — carrier A

and I-m:a € carrier A= (—, a) xa=0

and  ex-zero: 0 € carrier A

and l-zero:a € carrier A= 0+ a = a

definition
b-ag :: - =
(carrier:: 'a set, top:: ['a, 'a] = 'a , iop:: 'a = 'a, one:: 'a |) where
b-ag A = (carrier = carrier A, top = pop A, iop = mop A, one = zero A )

definition
asubGroup :: [- , 'a set] = bool where
asubGroup A H <— (b-ag A) > H

definition
aqgrp |-, 'a set] =
( carrier::'a set set, pop::['a set, 'a set] = a set,
mop::'a set = 'a set, zero :: 'a set |) where
aqgrp A H = (carrier = set-rcs (b-ag A) H,
pop = AX. AY. (c-top (b-ag A) HX Y),
mop = AX. (c-iop (b-ag A) H X), zero = H |

definition
ag-idmap :: - = ('a = 'a) ((al.)) where
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al 4 = (Az€carrier A. )

abbreviation
ASubG :: [(“a, 'more) aGroup-scheme, 'a set] => bool (infixl +> 58) where
A +> H == asubGroup A H

definition
Ag-ind :: [-, 'a = 'd] = 'd aGroup where
Ag-ind A f = (carrier = f*(carrier A),
pop = Az € f(carrier A). Ay € f‘(carrier A).
f((Gnvfun (carrier A) (f*(carrier A)) f) x) £4

((invfun (carrier A) (f‘(carrier A)) f) y)),
mop = Axe(f*(carrier A)). f (—aa ((invfun (carrier A) (f'(carrier A)) f) z)),

zero = f (04)))

definition
Agii 2 [-, 'a = 'd] = (‘a = 'd) where
Agii A f = (Ax€carrier A. f )

lemma (in aGroup) ag-carrier-carrier:carrier (b-ag A) = carrier A

(proof)

lemma (in aGroup) ag-pOp-closed:[z € carrier A; y € carrier A] =
pop A xy € carrier A
(proof)

lemma (in aGroup) ag-mOp-closed:x € carrier A = (—, ©) € carrier A

(proof)

lemma (in aGroup) asubg-subset:A +> H = H C carrier A

(proof)

lemma (in aGroup) ag-pOp-commute:[x € carrier A; y € carrier A] =
pop Azy=popAyzx

(proof)

lemma (in aGroup) b-ag-group:Group (b-ag A)
(proof)

lemma (in aGroup) agop-gop:top (b-ag A) = pop A
(proof )

lemma (in aGroup) agiop-giop:iop (b-ag A) = mop A
(proof)

lemma (in aGroup) agunit-gone:one (b-ag A) =0

(proof)

lemma (in aGroup) ag-pOp-add-r:[a € carrier A; b € carrier A; ¢ € carrier A;
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(proof)

lemma (in

(proof)

lemma (in

(proof)

lemma (in

(proof)

lemma (in

(proof)

lemma (in
(proof)

lemma (in
(proof)

lemma (in

(proof)

lemma (in
(proof)

lemma (in

(proof)

lemma (in
(proof)

lemma (in

(proof)
lemma (in
{proof )
lemma (in

(proof)

lemma (in

a:b]] == a+c= bZxc

aGroup) ag-add-commute:[a € carrier A; b € carrier A] =
atb=>bb=xa

aGroup) ag-pOp-add-l:[a € carrier A; b € carrier A; ¢ € carrier A;
a=0 = cta= cxb

aGroup) asubg-pOp-closed:[asubGroup A H; x € H; y € H]
= pop Azy € H

aGroup) asubg-mOp-closed:[asubGroup A H; x € H] = —, ¢ € H

aGroup) asubg-subsetl:[asubGroup A H; ¢ € H] = x € carrier A

aGroup) asubg-inc-zero:asubGroup A H = 0 € H

aGroup) ag-inc-zero:0 € carrier A

aGroup) ag-l-zero:x € carrier A = 0+ z =z

aGroup) ag-r-zero:z € carrier A =z £ 0=z

aGroup) ag-l-invl:x € carrier A= (—qz) £ 2 =0

aGroup) ag-r-invl:x € carrier A=z £ (—, ) =0

aGroup) ag-pOp-assoc:[z € carrier A; y € carrier A; z € carrier A]
= (zty +tz=z=+ (y %+ 2)

aGroup) ag-inv-unique:[z € carrier A; y € carrier A; z £ y = 0] =
Y= —al

aGroup) ag-inv-inj:[z € carrier A; y € carrier A; x # y] =

(—a2) # (—a ¥)
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(proof)

lemma (in aGroup) pOp-assocTrjl:[a € carrier A; b € carrier A; ¢ € carrier A;
d€carrier Al = a+btctd=a+b=x (c=*d)

(proof)

lemma (in aGroup) pOp-assocTri2:[a € carrier A; b € carrier A;
¢ € carrier A; d € carrier Al = at+btctd=ax(btec)xd

(proof)

lemma (in aGroup) pOp-assocTr43:[a € carrier A; b € carrier A,
¢ € carrier A; d € carrier Al = ax b+t (ctd)=ax(btc)td

(proof)

lemma (in aGroup) pOp-assoc-cancel:[a € carrier A; b € carrier A;
c€carrier Al = a+ -, b (bt —c)=a+ — ¢

(proof)

lemma (in aGroup) ag-p-inv:[z € carrier A; y € carrier A] =
(a (@t y)=(-az) £ (-ay)
(proof)

lemma (in aGroup) gEQAddcross: [l1 € carrier A; 12 € carrier A;
rl € carrier A; r1 € carrier A; 11 = r2; 12 = rl] =
1 +12=r1+r2

(proof )

lemma (in aGroup) ag-eq-soll:[a € carrier A; z€ carrier A; b carrier A;
atz=0=z=(—ga) b
(proof)

lemma (in aGroup) ag-eg-sol2:[a € carrier A; x€ carrier A; b carrier A;
rta=0=1z=>b% (-4 a)
(proof )

lemma (in aGroup) ag-addj-rel:[a € carrier A; b € carrier A; ¢ € carrier A;
decarrier Al = axtbt(ctd) = atct(b+£d)

(proof)

lemma (in aGroup) ag-inv-inv:z € carrier A = —, (—q ) = @
(proof)

lemma (in aGroup) ag-inv-zero:—, 0 = 0

(proof)

lemma (in aGroup) ag-diff-minus:[a € carrier A; b € carrier A; ¢ € carrier A,
at(—ab)=c]=b=£ (-4 a)=(—q )
(proof )
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lemma (in aGroup) pOp-cancel-l:[a € carrier A; b € carrier A; ¢ € carrier A;
cta=cxtb]=a=1b
(proof)

lemma (in aGroup) pOp-cancel-r:[a € carrier A; b € carrier A; ¢ € carrier A,
atc=btc]=a=b
(proof)

lemma (in aGroup) ag-eg-diffzero:[a € carrier A; b € carrier A] =
(a=10)=(a+(=ad)=0)
(proof)

lemma (in aGroup) ag-eg-diffzerol:[a € carrier A; b € carrier A] =
(a=8) = ((~a ) £ b= 0)
(proof)

lemma (in aGroup) ag-neg-diffnonzero:[a € carrier A; b € carrier A] =
(a#b) =(a % (=ab)# 0)
(proof)

lemma (in aGroup) ag-plus-zero:[z € carrier A; y € carrier A] =
(r=-y) =(zx£y=0)
(proof)

lemma (in aGroup) asubg-nsubg:A +> H = (b-ag A) > H
(proof)

lemma (in aGroup) subg-asubg:b-ag G > H — G +> H
(proof)

lemma (in aGroup) asubg-test:[H C carrier A; H # {};
VaceH.VbeH. (a £ (-4 b) € H)] = A+> H
(proof)

lemma (in aGroup) asubg-zero:A +> {0}
(proof)

lemma (in aGroup) asubg-whole:A +> carrier A
(proof)

lemma (in aGroup) Ag-ind-carrier:bij-to f (carrier A) (D::'d set) =
carrier (Ag-ind A f) = f ¢ (carrier A)
(proof)

lemma (in aGroup) Ag-ind-aGroup:[f € carrier A — D;
big-to f (carrier A) (D::'d set)] = aGroup (Ag-ind A f)
(proof)
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3.18.1 Homomorphism of abelian groups

definition
aHom :: [(Ya, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme] = (‘a = 'b) set
where
aHom A B = {f. f € carrier A — carrier B A [ € extensional (carrier A) N
(Va€carrier A. Y becarrier A. f (a £4 b) = (fa) £5 (f b))}

definition
compos :: [('a, 'm) aGroup-scheme, 'b = ‘¢, 'a = 'b] = 'a = 'c where
compos A g f = compose (carrier A) g f

definition
ker :: [(‘a, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme] = (‘a = 'b)
= 'a set ((Sker. . -) [82,82,83]82) where
kerp ¢ f ={a. a € carrier F N\ fa = (0¢)}

definition
ingec :: [('a, 'm) aGroup-scheme, (b, 'm1) aGroup-scheme, 'a = 'b]
= bool ((3ingec- - -) [82,82,83]82) where
injecp ¢ f < f € aHom F G A kerp ¢ f = {OF}

definition
surjec :: [('a, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme, 'a = 'b]
= bool ((3surjec. - -) [82,82,83]82) where
surjecp ¢ [ «— f € aHlom F G A surj-to f (carrier F) (carrier G)

definition
bijec :: [("a, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme, 'a = 'b]
= bool ((3bijec- - -) [82,82,83]82) where
bijecp ¢ | <— injecp ¢ [ N surjecp g f

definition
ainvf :: [("a, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme, 'a = 'b]
= (b = 'a) ((Bainvf - - -) [82,82,83]82) where
ainvf p ¢ f = invfun (carrier ') (carrier G) f

lemma aHom-mem:[aGroup F; aGroup G; f € aHom F G; a € carrier F] =
fa € carrier G
(proof )

lemma aHom-func:f € aHom F G = f € carrier F — carrier G

(proof)

lemma aHom-add:[aGroup F; aGroup G; f € aHom F G; a € carrier F;
b e carrier F] = f (a £p b) = (fa) £¢ (f))
(proof )

lemma aHom-0-0:[aGroup F; aGroup G; f € aHom F G] = f (0p) = 0¢
(proof )
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lemma ker-inc-zero:[aGroup F; aGroup G; f € aHom F G] = Op € kerp G f
(proof)

lemma aHom-inv-inv:[aGroup F; aGroup G; f € aHom F G; a € carrier F] =
f(=apa) =—ag (fa)
(proof)

lemma aHom-compos:[aGroup L; aGroup M; aGroup N; f € aHom L M; g €
aHom M N |
= compos L g f € aHom L N

(proof)

lemma aHom-compos-assoc:[aGroup K; aGroup L; aGroup M; aGroup N; f €
aHom K L;

g € aHom L M; h € aHom MN | =

compos K h (compos K g f) = compos K (compos L h g) f

(proof)

lemma injec-inj-on:[aGroup F; aGroup G; injecp ¢ f] = inj-on f (carrier F)

(proof)

lemma surjec-surj-to:surjecp g f = surj-to f (carrier R) (carrier S)
(proof)

lemma compos-bijec:[aGroup E; aGroup F; aGroup G; bijecE7F f; bz'jecF,G q]
_—

bijec ¢ (compos E g f)
(proof)

lemma ainvf-aHom:[aGroup F; aGroup G; bijecp ¢ 1=
anvf p ¢ | € aHom G F
(proof)

lemma ainvf-bijec:[aGroup F; aGroup G, bijecp g 1= bijecq p (ainvaG 1)
(proof)

lemma ainvf-l:[aGroup E; aGroup F, bijecEJ: f; « € carrier E] =
(ainvf p p f) (fz) = =
(proof )

lemma (in aGroup) al-aHom:al 4 € aHom A A

(proof)

lemma compos-al-l:[aGroup A; aGroup B; f € aHom A B] = compos A al g f
=f
{proof )

lemma compos-al-r:[aGroup A; aGroup B; f € aHom A B] = compos A f al 4
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=/
(proof)

lemma compos-al-surj:[aGroup A; aGroup B; f € aHom A B; g € aHom B A;
compos A g f = ol 4] = surjecp A g
(proof)

lemma compos-al-inj:[aGroup A; aGroup B; f € aHom A B; g € aHom B 4;
compos A g f = al ] = injecy g f
(proof)

lemma (in aGroup) Ag-ind-aHom:[f € carrier A — D;
big-to f (carrier A) (D::'d set)] = Agii A f € aHom A (Ag-ind A f)
(proof)

lemma (in aGroup) Agii-mem:[f € carrier A — D; © € carrier A;
bij-to f (carrier A) (D::'d set)] = Agii A fx € carrier (Ag-ind A f)
(proof )

lemma Ag-ind-bijec:[aGroup A; f € carrier A — D;
bij-to f (carrier A) (D::'d set)] = bijec 4. (Ag-ind A f) (Agit A f)
(proof)

definition
aimg :: [('b, 'm1) aGroup-scheme, -, 'b = 'a]
= 'a aGroup ((Saimg- - -) [82,82,83]82) where
aimgp A [ = A ( carrier := f ¢ (carrier F), pop := pop A, mop := mop A,
zero := zero Al

lemma ker-subg:[aGroup F; aGroup G; f € aHom F G| = F +> kerF,G f
(proof)

3.18.2 Quotient abelian group

definition
ar-coset :: ['a, -, 'a set] = 'a set
((3-W. -) [66,66,67]66) where
ar-coset a A H = H “(b-ag A) ¢

definition
set-ar-cos :: [-, 'a set] = 'a set set where
set-ar-cos A I = {X. Jaccarrier A. X = ar-coset a A I}

definition
aset-sum :: [-, 'a set, 'a set] = 'a set where
aset-sum A H K = s-top (b-ag A) H K
abbreviation

ASBOP! (infix F1 60) where
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H x4 K == aset-sum A HK

lemma (in aGroup) ag-a-in-ar-cos:[A +> H; a € carrier Al = a € a Wy H

(proof)

lemma (in aGroup) r-cos-subset:[A +> H; X € set-rcs (b-ag A) H] =
X C carrier A
(proof)

lemma (in aGroup) asubg-costOp-commute:[A +> H; x € set-rcs (b-ag A) H;
y € set-res (b-ag A) H] =
c-top (b-ag A) Hzxzy = c-top (b-ag A) Hy x
(proof)

lemma (in aGroup) Subg-Qgroup:A +> H = aGroup (aqgrp A H)
(proof)

lemma (in aGroup) plus-subgs:[A +> H1; A +> H2] — A +> H1 F H?2
(proof)

lemma (in aGroup) set-sum:[H C carrier A; K C carrier A] =
HF K ={z.3heH. 3keK. z =h £ k}
{proof)

lemma (in aGroup) mem-set-sum:[H C carrier A; K C carrier A;
t€HFK]= 3JheH. JkeK. z =h +t k

(proof)

lemma (in aGroup) mem-sum-subgs:[A +> H; A +> K; h € H; k € K] =
htkeHFK
(proof)

lemma (in aGroup) aqgrp-carrier:A +> H —>
set-res (b-ag A) H = set-ar-cos A H
(proof)

lemma (in aGroup) unit-in-set-ar-cos:A +> H —> H € set-ar-cos A H

(proof)

lemma (in aGroup) aqgrp-pOp-maps:[A +> H; a € carrier A; b € carrier A] =
pop (agqgrp A H) (a Wy H) (bWy H) = (a £ b) Wy H
{proof )
lemma (in aGroup) aggrp-mOp-maps:[A +> H; a € carrier A] =
mop (aqgrp A H) (a €y H) = (—q a) Wq H
(proof)

lemma (in aGroup) aqgrp-zero:A +> H = zero (aqgrp A H) = H
(proof)
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lemma (in aGroup) arcos-fized:[A +> H; a € carrier A; h € H ] =
awWg H=(h+ta)wy H
{proof)

definition
rind-hom :: [('a, 'more) aGroup-scheme, ('b, 'morel) aGroup-scheme,
('a = 'b)] = (‘a set = 'b ) where
rind-hom A B f = (AX€(set-ar-cos A (ker o g f)). f (SOME z. z € X))

abbreviation
RIND-HOM ((3-°_-) [82,82,83]82) where
fOF’G == rind-hom F G f

3.19 Direct product and direct sum of abelian groups,
in general case

definition
Un-carrier :: ['i set, 'i = ('a, 'more) aGroup-scheme] = 'a set where
Un-carrier I A = |J{X. 3iel. X = carrier (A i)}

definition
carr-prodag :: ['i set, 'i = (‘a, 'more) aGroup-scheme] = ('i = 'a ) set where
carr-prodag I A = {f. f € extensional I N f € I — (Un-carrier I A) A
(Viel. fi € carrier (A 1))}

definition
prod-pOp :: ['i set, 't = ('a, 'more) aGroup-scheme| =
(i = 'a) = (i = 'a) = (i = 'a) where
prod-pOp I A = (\f€carr-prodag I A. Ag€carr-prodag I A.
Azel. (fz) 42 (g x))

definition
prod-mOp :: ['i set, i = ('a, 'more) aGroup-scheme] =
(i = 'a) = (Yi = 'a) where
prod-mOp I A = (\f€carr-prodag I A. Az€l. (_a(A z) (fz)))

definition
prod-zero :: [i set, i = ('a, 'more) aGroup-scheme] = ('i = 'a) where
prod-zero I A = (Azel. 04 x))

definition
prodag :: ['i set, 'i = ('a, 'more) aGroup-scheme] = ('i = 'a) aGroup where
prodag I A = (| carrier = carr-prodag I A,
pop = prod-pOp I A, mop = prod-mOp I A,
zero = prod-zero I Al

definition
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PRogect :: ['i set, "i = ('a, 'more) aGroup-scheme, ']
= ("1 = 'a) = 'a ((37..-) [82,82,83]82) where
PRoject I A © = (N € carr-prodag I A. f x)

abbreviation
PRODag ((all. -) [72,73]72) where
all; A == prodag I A

lemma prodag-comp-i:[a € carr-prodag I A; i € I] = (a i) € carrier (A i)

(proof)

lemma prod-pOp-func:V k€l. aGroup (A k) =
prod-pOp I A € carr-prodag I A — carr-prodag I A — carr-prodag I A
(proof)

lemma prod-pOp-mem:[Vke€l. aGroup (A k); X € carr-prodag I A,
Y € carr-prodag I A] = prod-pOp I A X Y € carr-prodag I A
(proof)

lemma prod-pOp-mem-i:[Vk€l. aGroup (A k); X € carr-prodag I A;
Y € carr-prodag I A; i € I| = prod-pOp T A X Y i = (X1) i(A i) (Y4)

(proof)

lemma prod-mOp-func:V kel. aGroup (A k) =
prod-mOp I A € carr-prodag I A — carr-prodag I A
(proof)

lemma prod-mOp-mem:[Vj€l. aGroup (A j); X € carr-prodag I A] =
prod-mOp I A X € carr-prodag I A
(proof)

lemma prod-mOp-mem-i:[Vj€l. aGroup (A j); X € carr-prodag I A; i € I] =
prod-mOp I A X i = —q(4 4 (X 9)

(proof)

lemma prod-zero-func:¥ k€l. aGroup (A k) =
prod-zero I A € carr-prodag I A

(proof)

lemma prod-zero-i:[V k€l. aGroup (A k); i € I] =
prod-zero I A i = O(A D)

(proof)

lemma carr-prodag-mem-eq:[V k€l. aGroup (A k); X € carr-prodag I A;
Y € carr-prodag I A;Viel. (X1)=(YI)] = X =

(proof)

€
Y

lemma prod-pOp-assoc:[V k€. aGroup (A k); a € carr-prodag I A;
b € carr-prodag I A; ¢ € carr-prodag I A] =
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prod-pOp I A (prod-pOp I A a b) ¢ =
prod-pOp I A a (prod-pOp I A b c)
(proof )

lemma prod-pOp-commute:[Vk€l. aGroup (A k); a € carr-prodag I A;
b € carr-prodag I A] =
prod-pOp I A a b = prod-pOp I A b a

(proof )

lemma prodag-aGroup:¥ k€l. aGroup (A k) = aGroup (prodag I A)
(proof)

lemma prodag-carrier:¥ k€l. aGroup (A k) =
carrier (prodag I A) = carr-prodag I A

(proof)

lemma prodag-elemfun:[V k€l. aGroup (A k); f € carrier (prodag I A)] =
f € eatensional I

(proof)

lemma prodag-component:[f € carrier (prodag I A); i € I | =
fi € carrier (A 1)
(proof)

lemma prodag-pOp:V k€l. aGroup (A k) =
pop (prodag I A) = prod-pOp I A
{(proof )

lemma prodag-iOp:V k€l. aGroup (A k) =
mop (prodag I A) = prod-mOp I A
{proof )

lemma prodag-zero:N k€l. aGroup (A k) =
zero (prodag I A) = prod-zero I A

(proof)

lemma prodag-sameTr0:[V k€l. aGroup (A k); Vkel. Ak = Bk]
= Un-carrier I A = Un-carrier I B

(proof)

lemma prodag-sameTr1:[Vkel. aGroup (A k); Vkel. Ak = Bk]
= carr-prodag I A = carr-prodag I B

(proof )

lemma prodag-sameTr2:[Vkel. aGroup (A k); Vkel. A k = B k]
= prod-pOp I A = prod-pOp I B

(proof)

lemma prodag-sameTr3:[Vkel. aGroup (A k);Vkel. Ak = B k]
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= prod-mQOp I A = prod-mQOp I B
(proof)

lemma prodag-sameTr4:[Vkel. aGroup (A k); Vkel. Ak = B k]
—> prod-zero I A = prod-zero I B

(proof)

lemma prodag-same:[Vk€l. aGroup (A k); Vkel. Ak = Bk]
= prodag I A = prodag I B
(proof)

lemma project-mem:[Vk€l. aGroup (A k); j € I; & € carrier (prodag I A)] =
(PRoject I A j) z € carrier (A j)
(proof)

lemma project-aHom:[Vk€I. aGroup (A k); j € I]| =
PRoject I A j € aHom (prodag I A) (A j)

(proof)

lemma project-aHom1:N k€l. aGroup (A k) =
Vj € I. PRoject I A j € aHom (prodag I A) (A 7)

(proof)

definition
A-to-prodag :: [(‘a, 'm) aGroup-scheme, i set, i =('a = 'b),
i = ('b, 'm1) aGroup-scheme] = (‘a = ('i ='b)) where
A-to-prodag A I S B = (Aa€carrier A. \k€l. Sk a)

lemma A-to-prodag-mem:[aGroup A; Vke€I. aGroup (Bk); Vkel. (Sk) €
aHom A (B k); x € carrier A ]| = A-to-prodag A I S B = € carr-prodag I B

(proof)

lemma A-to-prodag-aHom:[aGroup A; VkeI. aGroup (B k); Vkel. (Sk) €
aHom A (B k)] = A-to-prodag A I S B € aHom A (all; B)

(proof)

definition
finiteHom :: ['i set, i = (‘a, 'more) aGroup-scheme, 't = 'a] = bool where
finiteHom I A f <— f € carr-prodag I A AN (3H. H C I A finite H A (
Vje( = H).(fj) =0 ;)
definition

carr-dsumag :: [t set, 'i = ('a, 'more) aGroup-scheme] = (i = 'a ) set where
carr-dsumag I A = {f. finiteHom I A f}

definition
dsumag :: ['i set, 'i = ('a, 'more) aGroup-scheme] = ('i = 'a) aGroup where
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dsumag I A = (| carrier = carr-dsumag I A,
pop = prod-pOp I A, mop = prod-mOp I A,
zero = prod-zero I A))

definition
dProj :: [ set, 't = ('a, 'more) aGroup-scheme, 'i
= (i = 'a) = 'a where
dProj I A x = (\f€carr-dsumag I A. f x)

abbreviation
DSUMag ((a€p - -) [72,73]72) where
a@P 1 A== dsumag I A

lemma dsum-pOp-func:Y k€l. aGroup (A k) =
prod-pOp I A € carr-dsumag I A — carr-dsumag I A — carr-dsumag I A

(proof)

lemma dsum-pOp-mem:[Vkel. aGroup (A k); X € carr-dsumag I A;
Y € carr-dsumag I A] = prod-pOp I A X Y € carr-dsumag I A

(proof)

lemma dsum-iOp-func:V k€l. aGroup (A k) =
prod-mOp I A € carr-dsumag I A — carr-dsumag I A
(proof)

lemma dsum-iOp-mem:[Vj€l. aGroup (A j); X € carr-dsumag I A] =
prod-mOp I A X € carr-dsumag I A
(proof)

lemma dsum-zero-func:¥ k€l. aGroup (A k) =
prod-zero I A € carr-dsumag I A

(proof)

lemma dsumag-sub-prodag:v k€l. aGroup (A k) =
carr-dsumag I A C carr-prodag I A
(proof)

lemma carrier-dsumag:¥ k€l. aGroup (A k) =
carrier (dsumag I A) = carr-dsumag I A

(proof)

lemma dsumag-elemfun:[Vk€l. aGroup (A k); f € carrier (dsumag I A)] =
f € eatensional I

(proof)

lemma dsumag-aGroup:¥V k€l. aGroup (A k) = aGroup (dsumag I A)
{proof )

lemma dsumag-pOp:¥ k€l. aGroup (A k) =
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pop (dsumag I A) = prod-pOp I A
(proof)

lemma dsumag-mOp:¥Y k€l. aGroup (A k) =
mop (dsumag I A) = prod-mOp I A
(proof)

lemma dsumag-zero:V k€l. aGroup (A k) =
zero (dsumag I A) = prod-zero I A

{(proof)

3.19.1 Characterization of a direct product

lemma direct-prod-mem-eq:[Vj€I. aGroup (A j); f € carrier (all] A);
g € carrier (allj A); Vjel. (PRoject I A j) f = (PRoject I A j) g] =
f=y9

(proof)

lemma map-family-fun:[Vj€l. aGroup (A j); aGroup S;
Vjiel. ((g7) € aHom S (A j)); ¢ € carrier S| =
(Ay € carrier S. (M€I. (97) y)) z € carrier (allf A)
(proof )

lemma map-family-aHom:[Vj€I. aGroup (A j); aGroup S;
Viel. ((gj) € aHom S (A j))] =
(Ay € carrier S. (M€l. (g7) y)) € aHom S (all A)
(proof)

lemma map-family-triangle:[Vj€I. aGroup (A j); aGroup S;
Viel. ((gj) € aHom S (A j))] = 3!f. f € aHom S (all] A) A
(Vjel. compos S (PRoject I A j) f = (g97))
(proof)

lemma Ag-ind-triangle:[Vj€l. aGroup (A j); j € I; f € carrier (all] A) — B;
bij-to f (carrier (all; A)) (B::'d set); j € I] =
compos (all; A) (compos (Ag-ind (all; A) f)(PRoject I A j) (amvf(al—[[ A), (Ag-ind (all] A) f)
(Agii (aIlf A) f))) (Agii (allf A) f) =
PRoject I A j
(proof)

definition
ProjInd :: ['i set, i = (‘a, 'm) aGroup-scheme, ('i = 'a) = 'd, 'i] =
('d = 'a) where
ProjInd I A fj = compos (Ag-ind (allj A) f)(PRoject I A j) (az’nvf(al—[] A), (Ag-ind (all] A) f)
(Agii (aIlf A) [))
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lemma Projlnd-aHom:[Vj€ I. aGroup (A j); j € I; f € carrier (all] A) — B
big-to f (carrier (allj A)) (B::'d set); j € I] =
(ProjInd I A fj) € aHom (Ag-ind (allj A) f) (A 7)
(proof )

i

lemma Projind-aHoml1:[Vj€ I. aGroup (A j); f € carrier (all] A) — B;
big-to f (carrier (ally A)) (B::'d set)] =
Vjiel. (ProjInd I A fj) € aHom (Ag-ind (allf A) f) (A j)
(proof)

lemma ProjInd-mem-eq:[Vj€l. aGroup (A j); f € carrier (all} A) — B;
bij-to f (carrier (allj A)) B; aGroup S; x € carrier (Ag-ind (allf A) f);
y € carrier (Ag-ind (allj A) f);
Vjel. (Projind I A fjxz = Projlnd [ A fjy)] = z =1y

(proof)

lemma Projlnd-mem-eql:[Vj€l. aGroup (A j); f € carrier (all] A) — B;
bij-to f (carrier (allj A)) B; aGroup S;
h € aHom (Ag-ind (all} A) f) (Ag-ind (allj A) f);
Vjiel. compos (Ag-ind (all} A) f) (Projind I A fj) h = Projind I A fj]
= h = ag-idmap (Ag-ind (all] A) f)
(proof)

lemma Ag-ind-trianglel:[Vjel. aGroup (A j); f € carrier (all] A) — B;
bij-to f (carrier (allj A)) (B::'d set); j € I] =
compos (all; A) (Projind I A fj) (Agii (allf A) f) = PRoject I A j
(proof)

lemma map-family-trianglel:[Vj€l. aGroup (A j); f € carrier (all] A) — B;
bij-to f (carrier (allj A)) (B::'d set); aGroup S,
Vjel. ((gj) € aHom S (A j))] = 3'h. h € aHom S (Ag-ind (allf A) f) A
(Vgel. compos S (Projind I A fj) h = (g937))
(proof )

lemma map-family-triangle2:[I # {}; Vi€Il. aGroup (A j); aGroup S;

Vjiel. gj € aHom S (A j); ff € carrier (allf A) — B;

big-to ff (carrier (all; A)) B;

h1 € aHom (Ag-ind (all] A) ff) S;

Vjel. compos (Ag-ind (allf A) ff) (g j) h1 = Projind I A ff j;

h2 € aHom S (Ag-ind (oIl A) ff);

Vjel. compos S (Projind I A ffj) h2 = g j]

= Vjel. compos (Ag-ind (all; A) ff) (Proﬂnd TAffj)
(compos (Ag-ind (all; A) ff) h2 h1) =
Projind I A [ff

(proof)

lemma map-family-triangle3:[Vj€l. aGroup (A j); aGroup S; aGroup S1;
Vjel. fj € aHom S (A j);Vjel. gj € aHom S1 (A j);
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hi1 € aHom S1 S; h2 € aHom S S1;

Vje€l. compos S (g j) h2 = f7;

Vjel. compos S1 (fj) hl = g j]

= Vjel. compos S (fj) (compos S h1 h2) = fj
{proof)

lemma map-family-triangle:[Vj€l. aGroup (A j); aGroup S;
Vjel. fj € aHom S (A j)] =
Vj€el. compos S (fj) (ag-idmap S) = fj

(proof)

lemma prod-triangle:[I # {}; Vj€l. aGroup (A j); aGroup S;

Vjel. gj € aHom S (A j); ff € carrier (all] A) — B;

bij-to ff (carrier (allj A)) B;

h1 € aHom (Ag-ind (all; A) ff) S;

Vjel. compos (Ag-ind (ally A) ff) (g j) h1 = ProjInd I A ff j;

h2 € aHom S (Ag-ind (aIl7 A) ff);

Vjel. compos S (Projind I A ffj) h2 = g j]

= (compos (Ag-ind (all; A) ff) h2 h1) = ag-idmap (Ag-ind (all] A) ff)
(proof)

lemma characterization-prodag:[I # {}; Vi€(I::'i set). aGroup ((A4 j):
(‘a, 'm) aGroup-scheme); aGroup (S::'d aGroup);
Viel. ((gj) € aHom S (A 3)); 3ff. [f € carrier (all] A) — (B::'d set) A
bij-to ff (carrier (allj A)) B;
Y (S": 'd aGroup). aGroup S’ —
(Vg (Vjel. (¢g'j) € aHom S’ (A j) —
3V f.f€eaHom S"S A (Viel. compos S’ (g7) f = (9'7)))] =
Jh. bijec(prodag IA),S h
(proof)
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Chapter 4

Ring theory

4.1 Definition of a ring and an ideal

record 'a Ring = 'a aGroup +
tp :: ['a, 'a ] = 'a (infixl -1 70)
un = 'a (1,1)

locale Ring =
fixes R (structure)

assumes
pop-closed: pop R € carrier R — carrier R — carrier R
and pop-aassoc : [a € carrier R; b € carrier R; ¢ € carrier R] =
(atbd)xtc=a=x(b=xc)
and  pop-commute:[a € carrier R; b € carrier Rl = a £ b=b =+ a
and mop-closed:mop R € carrier R — carrier R
and I-m:a € carrier R—=— (—,a) £ a=0
and ex-zero: 0 € carrier R
and l-zero:a € carrier R=—= 0=+ a =a
and tp-closed: tp R € carrier R — carrier R — carrier R
and tp-assoc : [a € carrier R; b € carrier R; ¢ € carrier R] =
(@ b)c=a- (b c)
and tp-commute: [a € carrier R; b € carrier Rl = a -+ b=10 - a
and un-closed: (1,) € carrier R
and rg-distrib: [a € carrier R; b € carrier R; ¢ € carrier R] =
ar(bEtc)=a+b + a-c
and  rg-l-unit: a € carrier R = (1,) » a = a

definition
zeroring :: ('a, 'more) Ring-scheme = bool where
zeroring R <— Ring R A carrier R = {Op}

primrec nscal :: ('a, 'more) Ring-scheme => 'a => nat => 'a

where
nscal-0: nscal Rz 0 = 0p
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| nscal-suc: nscal R x (Suc n) = (nscal R x n) £

primrec npow :: (‘a, ‘more) Ring-scheme => 'a => nat => 'a
where

npow-0: npow Rz 0 = 1,p
| npow-suc: npow R x (Suc n) = (npow Rz n) +p

primrec nprod :: ('a, 'more) Ring-scheme => (nat => 'a) => nat => 'a
where

nprod-0: nprod R f 0 = f 0
| nprod-suc: nprod R f (Suc n) = (nprod R fn) -»p (f (Suc n))

primrec nsum :: (‘a, ‘'more) aGroup-scheme => (nat => 'a) => nat => 'a
where

nsum-0: nsum R f0 = f0
| nsum-suc: nsum R f (Suc n) = (nsum R fn) £ (f (Suc n))

abbreviation
NSCAL :: [nat, ('a, 'more) Ring-scheme, 'a] = 'a
((8 - x--)[75,75,76]75) where
n Xpr==mnscal Rzn

abbreviation
NPOW :: ['a, ('a, 'more) Ring-scheme, nat] = ’'a
((8-""7) [77,77,78]77) where
a B == npow R an
abbreviation
SUM :: ('a, 'more) aGroup-scheme => (nat => 'a) => nat => 'a
(3% - - -) [85,85,86]85) where
e Gfn==nsum G fn

abbreviation
NPROD :: [('a, 'm) Ring-scheme, nat, nat = ’a] = 'a
((Zell_ - -) [98,98,99]98) where
ellp f==mnprod R fn

definition
fSum :: [, (nat => 'a), nat, nat] = 'a where
fSum A fnm = (if n < m then nsum A (cmp f (slide n))(m — n)
else 04)
abbreviation
FSUM :: [('a, 'more) aGroup-scheme, (nat = 'a), nat, nat] = 'a
(4 - - - -) [85,85,85,86)85) where

Y Gfnm==fSum Gfnm

lemma (in aGroup) nsum-zeroGTr:(Vj < n.fj=0) — nsum A fn =20

(proof)
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lemma (in aGroup) nsum-zeroANj < n.fj=0= nsum A fn=20
(proof)

definition
sr o[-, 'a set] = bool where
srRS==8 CcarrierRN1,p e SANNzeS.Vye S .z £t (—apy) €S A
zwpy€S)

definition
Sr i [-, 'a set] = - where
Sr RS =R (carrier :== S, pop := Az€S. \yeS. z £p y, mop := A\z€S. (—ap
z),
zero = 0p, tp := Az€S. A\yeS. z g y, un := 1, |

lemma (in Ring) Ring: Ring R (proof)

lemma (in Ring) ring-is-ag:aGroup R

(proof)

lemma (in Ring) ring-zero:0 € carrier R
(proof)

lemma (in Ring) ring-one:1, € carrier R

(proof)

lemma (in Ring) ring-tOp-closed:[ x € carrier R; y € carrier R] =
x -y € carrier R

(proof)

lemma (in Ring) ring-tOp-commute:[z € carrier R; y € carrier R] =
T Y=Y T
(proof)

lemma (in Ring) ring-distrib1:[z € carrier R; y € carrier R; z € carrier R |
=z, (ytz)=z,yLtz,z
(proof )

lemma (in Ring) ring-distrib2:[z € carrier R; y € carrier R; z € carrier R |
= (yt2)vz=yrz+t 22

(proof)

lemma (in Ring) ring-distrib3:[a € carrier R; b € carrier R; © € carrier R;
y €carrier R] = (a £ b) - (x £ y) =
arrta,ytb,zEtb .y
(proof)
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lemma (in Ring) rEQMulR:
[z € carrier R; y € carrier R; z € carrier R; z = y |
=T 2=y 2

(proof)

lemma (in Ring) ring-tOp-assoc:[z € carrier R; y € carrier R; z € carrier R |
:>(x‘ry)'rz:$'r(y'rz)
(proof)

lemma (in Ring) ring-l-one:x € carrier R = 1, + z =z

(proof)

lemma (in Ring) ring-r-one:x € carrier R = x -+ 1, = x

(proof )

lemma (in Ring) ring-times-0-z:x € carrier R = 0 -, © = 0
(proof)

lemma (in Ring) ring-times-z-0:x € carrier R = 2z - 0 =0

(proof)

lemma (in Ring) rMulZeroDiv:
[ z € carrier R; y € carrier R; 2 =0V y=0] =1z - y=0
(proof)

lemma (in Ring) ring-invi:[ a € carrier R; b € carrier R | =
—w (a4 bd)=(—ga)+bAN—g(arb)=a-+ (—4b)
(proof )

lemma (in Ring) ring-invi-1:[a € carrier R; b € carrier R | =
—a (@ b) = (=aa) b
(proof )
lemma (in Ring) ring-invl-2:] a € carrier R; b € carrier R | =
—a (@ b)=a- (=4 )
(proof)

lemma (in Ring) ring-times-minusl:a € carrier R = —, a = (—q 1) -+ a
(proof)

lemma (in Ring) ring-times-minusr:a € carrier R = —g a = a -+ (—q 1)

(proof)

lemma (in Ring) ring-invi-3:[a € carrier R; b € carrier R] =
a-b=1(—¢a) (—ab)
(proof)

lemma (in Ring) ring-distrib4:[a € carrier R; b € carrier R,
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x € carrier R; y € carrier R | =
arbt(—arry)=ay (bt (—y)E(ax(-az)) "y
(proof)

lemma (in Ring) rMulLC"
[z € carrier R; y € carrier R; z € carrier R]
=z (Y r2)=y (4 2)
{proof)

lemma (in Ring) Zero-ring:1, = 0 = zeroring R

(proof)

lemma (in Ring) Zero-ringl:— (zeroring R) = 1, # 0
(proof)

lemma (in Ring) Sr-one:sr R S = 1, € S

(proof)

lemma (in Ring) Sr-zero:sr R S = 0¢€ S
(proof)

lemma (in Ring) Sr-mOp-closed:[sr R S; x € S] = —, z € S
(proof)

lemma (in Ring) Sr-pOp-closed:[sr R S;z € S;y € S]] =2+ y €S
(proof)

lemma (in Ring) Sr-tOp-closed:[sr R S;z € S;y € S]] =z -y € S
(proof)

lemma (in Ring) Sr-ring:sr R S = Ring (Sr R 5)
(proof)

4.2 Calculation of elements

4.2.1 nscale

lemma (in Ring) ring-tOp-rel:[x€carrier R; za€carrier R; yEcarrier R;
ya € carrier R ]| = (z +» za) ++» (y +» ya) = (x -+ y) - (za - ya)
(proof)

lemma (in Ring) nsClose:
A n. [z € carrier R] = nscal R x n € carrier R

(proof)

lemma (in Ring) nsZero:
nscal RO n =20

{proof)

167



lemma (in Ring) nsZerol: A n. £ =0 = nscal Rxn =10
{proof)

lemma (in Ring) nsEqElm: [ x € carrier R; y € carrier R; x = y |
= (nscal R z n) = (nscal R y n)

(proof)

lemma (in Ring) nsDistr: x € carrier R
= (nscal R x n) = (nscal R x m) = nscal R z (n + m)

(proof)

lemma (in Ring) nsDistrL: [z € carrier R; y € carrier R |
= (nscal R x n) £ (nscal R y n) = nscal R (z £ y) n
{proof)

lemma (in Ring) nsMulDistrL:[ « € carrier R; y € carrier R |
=z - (nscal R y n) = nscal R (z - y) n
{proof)

lemma (in Ring) nsMulDistrR:[ © € carrier R; y € carrier R]
= (nscal Ryn) +x=nscal R (y -~ ) n
{proof)

4.2.2 npow

lemma (in Ring) npClose:x € carrier R = npow R x n € carrier R
(proof )

lemma (in Ring) npMulDistr:\ n m. x € carrier R —>
(npow R z n) - (npow R x m) = npow R z (n + m)
{proof )

lemma (in Ring) npMulExp:An m. x € carrier R
= npow R (npow R xn) m = npow R x (n x m)

(proof)

lemma (in Ring) npGTPowZero-sub:
A\ n. [ z € carrier R; npow R x m = 0 ]
=(m <n) — (npow Rxzn=0)
{proof)
lemma (in Ring) npGTPowZero:
A\ n. [z € carrier R; npow Rxm =0; m < n |
= npow Rxn =20
{proof)

lemma (in Ring) npOne: npow R (1,) n = 1,
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{proof)

lemma (in Ring) npZero-sub: 0 < n — npow R 0 n = 0
(proof )

lemma (in Ring) npZero: 0 < n = npow R 0 n =0
{proof)

lemma (in Ring) npMulEImL: \ n. [ © € carrier R; 0 < n]
= z - (npow R x n) = npow R z (Suc n)

(proof)

lemma (in Ring) npMulEleL: \ n. z € carrier R
= (npow Rz n) -» v = npow R x (Suc n)

(proof)

lemma (in Ring) npMulEImR: \ n. z € carrier R
= (npow Rz n) -» v = npow R x (Suc n)
{proof)

lemma (in Ring) np-1:a € carrier R = npow R a (Suc 0) = a

(proof)

4.2.3 nsum and fSum

lemma (in aGroup) nsum-memTr: (Vj < n. fj € carrier A) —
nsum A fn € carrier A

{proof)

lemma (in aGroup) nsum-mem:¥j < n. fj € carrier A =
nsum A fn € carrier A

(proof)

lemma (in aGroup) nsum-eqTr:(Vj < n. fj € carrier A A
gj € carrier A A
fi=979)
— nsum A fn=mnsum A gn
(proof)

lemma (in aGroup) nsum-eq:[Vj < n. fj € carrier A;¥j < n. gj € carrier A;
Vi<n. fji=gj]l= nsumAfn=nsumAgn
(proof)
lemma (in aGroup) nsum-cmp-assoc:[Vj < n. fj € carrier A;
geljjsnt=>{.j<nhhe{jj<nt—={jj<nl]=
nsum A (ecmp (cmp fh) g) n = nsum A (ecmp f (ecmp h g)) n
(proof)

lemma (in aGroup) fSum-Suc:Vj € nset n (n + Suc m). fj € carrier A =
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fSum A fn (n+ Sucm)=fSumAfn(n+m)xf(n+ Sucm)
(proof )

lemma (in aGroup) fSum-eqTr:(Vj € nset n (n + m). fj € carrier A A
gj € carrier AN fj=gj) —
fSum Af n(n+m)=fSumAgn (n+ m)
(proof)

lemma (in aGroup) fSum-eq:[ Vj € nset n (n + m). fj € carrier A;
Vj € nsetn (n+ m). gj € carrier A; (Vj€ nsetn (n + m). fj = g7)]
—
fSum A fn(n+ m)=fSumAgn (n+ m)
(proof)

lemma (in aGroup) fSum-eql:[n < m; Vjenset n m. fj € carrier A;
Vj€nset n m. gj € carrier A; Vji€nset nm. fj = gj] =
fSum A fnm = fSum A gnm
(proof)

lemma (in aGroup) fSum-zeroTr:(Vj € nset n (n + m). fj =0) —
fSum Af n(n+m)=0
(proof )

lemma (in aGroup) fSum-zeroNj € nset n (n + m). fj =0 =
fSum Af n(n+m)=0
{(proof)

lemma (in aGroup) fSum-zerol:[n < m;Vj € nset (Suc n) m. fj = 0] =
fSum A f (Sucn) m =0
(proof)

lemma (in Ring) nsumMulEleL: \ n. [V 4. fi € carrier R; x € carrier R |
=z (nsum R fn) =nsum R (Ni.z - (fi)) n
{proof)

lemma (in Ring) nsumMulElmL:
A n. [V i fié€ carrier Ry x € carrier R |
=z (nsum R fn) =nsum R (A i.z - (fi)) n
{proof )

lemma (in aGroup) nsumTailTr:
(Vi<(Suc n). fj € carrier A) —
nsum A f (Suc n) = (nsum A (X i. (f (Suc i))) n) £ (f0)
(proof)

lemma (in aGroup) nsumTail:
Vi < (Sucn). fj € carrier A =
nsum A f (Suc n) = (nsum A (X i. (f (Suc ©))) n) £ (f0)
(proof )
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lemma (in aGroup) nsumElmTail:
Vi. fi € carrier A
= nsum A f (Suc n) = (nsum A (X i. (f (Suci))) n) £ (f0)
{proof)

lemma (in aGroup) nsum-addTr:
(Vj <mn.fj€ carrier AN gj € carrier A) —
nsum A (A i. (fi) £ (g4)) n = (nsum A fn) £ (nsum A g n)
{proof)

lemma (in aGroup) nsum-add:

[Vi<mn. fje€ carrier A;¥j < n.gj € carrier A] =

nsum A (A i. (fi) £ (gi)) n= (nsum A fn) £ (nsum A g n)
(proof)

lemma (in aGroup) nsumEIlmAdd:
[V i.fi€ carrier A;V i. gi € carrier A]
= nsum A (Ai. (fi) £ (g4) n= (nsum A fn) £ (nsum A g n)
{proof)

lemma (in aGroup) nsum-add-nmTr:

(Vj <mn.fj€ carrier A) AN (Vj < m.gj € carrier A) —

nsum A (jointfun n fm g) (Suc (n + m)) = (nsum A fn) £ (nsum A g m)
(proof)

lemma (in aGroup) nsum-add-nm:
Vi < mn.fjé€ carrier A;¥j < m. gj € carrier A] =

nsum A (jointfun n fm g) (Suc (n + m)) = (nsum A fn) £ (nsum A g m)
(proof)

lemma (in Ring) npeSum2-sub-muly:
[ x € carrier R; y € carrier R | =
y r(nsum R (Mi. nscal R ((npow R x (n—1i)) - (npow R y 1))
(n choose 1)) n)
= nsum R (Ai. nscal R ((npow R z (n—1)) - (npow R y (i+1)))
(n choose ©)) n
(proof )

lemma binomial-n0: (Suc n choose 0) = (n choose 0)
{proof)

lemma binomial-ngt-diff:
(n choose Suc n) = (Suc n choose Suc n) — (n choose n)
{proof)

lemma binomial-ngt-0: (n choose Suc n) = 0
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{proof)

lemma diffLessSuc: m < n = Suc (n—m) = Suc n — m
{proof)

lemma (in Ring) npow-suc-i:
[ z € carrier R; i < n ]
= npow Rz (Sucn — i) = z - (npow Rz (n—i))
{proof)

lemma (in Ring) npeSum2-sub-mulz: | © € carrier R; y € carrier R | =
z - (nsum R (X i. nscal R ((npow R z (n—1)) - (npow R y i))
(n choose 1)) n)

= (nsum R (\i. nscal R

((npow R = (Suc n — Suc i)) - (npow R y (Suc 7)))

(n choose Suc i)) n) +

(nscal R ((npow R z (Sucn — 0)) - (npow R y 0))
(Suc n choose 0))

(proof )

lemma (in Ring) npeSum2-sub-mulz2:
[ z € carrier R; y € carrier R ]| =
z - (nsum R (X i. nscal R ((npow R z (n—1)) - (npow R y i))
(n choose 1)) n)
= (nsum R (\i. nscal R
((npow Rz (n — i) - ((npow Ry i) - y ))
(n choose Suc 1)) n) +
(0 £ ((z - (npow R zn)) - (1,)))
(proof)

lemma (in Ring) npeSum?2:
A n. [ « € carrier R; y € carrier R |
= npow R (x + y) n =
nsum R (X i. nscal R ((npow R z (n—1)) - (npow R y i))
( n choose i) ) n
{proof )

lemma (in aGroup) nsum-zeroTr:
An (Vii<n— fi=0)— (nsum A fn =0)
{proof)

lemma (in Ring) npAdd:
[ = € carrier R; y € carrier R;
npow Rz m = 0; npow Ryn =0
= npow R (x £ y) (m+n)=0
(proof)
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lemma (in Ring) npInverse:
An. © € carrier R
= npow R (—4 ) n = npow Rz n
V npow R (—q ) n = —, (npow R x n)
(proof )

lemma (in Ring) npMul:
A n. [ z € carrier R; y € carrier R |
= npow R (z -+ y) n = (npow R x n) - (npow R y n)
{proof)

4.3 Ring homomorphisms

definition
rHom :: [('a, 'm) Ring-scheme, ('b, 'm1) Ring-scheme]
= ('a = 'b) set where
rHom A R = {f. f € aHom A R A
(Vzecarrier A. Vyecarrier A. f (z v q y) = (fz) +g (fv))

ANf(1ra) = (1rR)}

definition
rinvim :: [('a, 'm) Ring-scheme, ('b, 'm1) Ring-scheme, 'a = b, 'b set]
= 'a set where
rInvim A R f K = {a. a € carrier AN fa € K}

definition
rimg :: [(‘a, 'm) Ring-scheme, ('b, 'm1) Ring-scheme, 'a = 'b] =
‘b Ring where
rimg A R f = (carrier= f ‘(carrier A), pop = pop R, mop = mop R,
zero = zero R, tp = tp R, un = un R |

definition
ridmap :: (‘a, 'm) Ring-scheme = ('a = 'a) where
ridmap R = (Ax€&carrier R. 1)

definition
r-isom :: [('a, 'm) Ring-scheme, ('b, 'm1) Ring-scheme] = bool
(infixr 2, 100) where
r-isom R R’ +— (3ferHom R R’. bijec g f)

definition
Subring :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme] = bool where

Subring R S == Ring S A (carrier S C carrier R) A (ridmap S) € rHom S R

lemma ridmap-surjec:Ring A = surjec 4. A (ridmap A)

(proof)

lemma rHom-aHom:f € rHom A R = f € aHom A R
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(proof)

lemma rimg-carrier:f € rHom A R = carrier (rimg A R f) = f  (carrier A)

(proof)

lemma rHom-mem:[ f € rHom A R; a € carrier A] = fa € carrier R
(proof)

lemma rHom-func:f € rHom A R = f € carrier A — carrier R

{(proof)

lemma ringhom1:[ Ring A; Ring R; © € carrier A; y € carrier A;

ferHmAR] = f(zt+4y) = (fz) £ (fv)
(proof)

lemma rHom-inv-inv:[ Ring A; Ring R; © € carrier A; f € rHom A R ]
= [ (zaa ) = —ap (f2)
(proof)

lemma rHom-0-0:] Ring A; Ring R; f € rHom A R] = f (04) = Op
(proof)

lemma rHom-tOp:[| Ring A; Ring R; © € carrier A; y € carrier A;

ferHmAR] = f (z vqy)=(fz) g (fv)
(proof)

lemma rHom-add:[f € rHom A R; x € carrier A; y € carrier A] =
[ty =) £p (fy)
(proof )

lemma rHom-one:[ Ring A; Ring R;f € tHom AR = f (1,4) = (1,R)
(proof )

lemma rHom-npow:[ Ring A; Ring R; = € carrier A; f € rHom A R ] =
f Ay = (fa) fin
(proof)

lemma rHom-compos:[Ring A; Ring B; Ring C; f € rHom A B; g € rHom B C]

=
compos A g f € rHom A C

(proof)

lemma rimg-ag:[Ring A; Ring R; f € rHom A R] = aGroup (rimg A R f)
(proof)

lemma rimg-ring:[Ring A; Ring R; f € rHom A R ]| = Ring (rimg A R f)
(proof)

definition
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ideal :: [-, 'a set] = bool where
ideal R I <— (R +> I) A (Vrecarrier R.Vzel. (r wp xz € 1))

lemma (in Ring) ideal-asubg:ideal R I — R +> I
(proof)

lemma (in Ring) ideal-pOp-closed:[ideal R I; x € I; y € 1]
=z xtyel

(proof)

lemma (in Ring) ideal-nsum-closedTr:ideal R I =
Vji<n fjel)— nsumRfnel
(proof)

lemma (in Ring) ideal-nsum-closed:[ideal R I;¥j < n. fj € I] =
nsum R fn el
(proof)

lemma (in Ring) ideal-subsetl:ideal R I = I C carrier R

(proof)

lemma (in Ring) ideal-subset:[ideal R I; h € I] = h € carrier R
(proof)

lemma (in Ring) ideal-ring-multiple:[ideal R I; x € I; r € carrier R] =
re.x €l

(proof)

lemma (in Ring) ideal-ring-multiplel:[ideal R I; x € I; r € carrier R | =
.1 €1

(proof)

lemma (in Ring) ideal-npow-closedTr:[ideal R I; z € I] =
0<n—zliner
(proof)

lemma (in Ring) ideal-npow-closed:[ideal R I; z € I; 0 < n] = z" B " eI
(proof)
lemma (in Ring) times-modTr:[a € carrier R; a’ € carrier R; b € carrier R;
b’ € carrier R; ideal R I; a + (=4 b) € I; o' + (=, b)) € I] =

aa £ (=4 (b b))el
(proof)

lemma (in Ring) ideal-invi-closed:[ ideal R I; x € I | = —p z € I
(proof)

lemma (in Ring) ideal-zero:ideal R I — 0 € I
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(proof)

lemma (in Ring) ideal-zero-forall:¥V 1. ideal R I — 0 € 1

(proof)

lemma (in Ring) ideal-ele-sumTr1:] ideal R I; a € carrier R; b € carrier R;
atrbel;acl]=bel

(proof)

lemma (in Ring) ideal-ele-sumTr2:[ideal R I; a € carrier R; b € carrier R;
atbelibell]=acl

(proof)

lemma (in Ring) ideal-condition:[I C carrier R; I # {};
Vezel. Vyel. v + (=4 y) € I; Vrecarrier R.Nzel. r - x € I | =
ideal R 1

(proof)

lemma (in Ring) ideal-condition1:[I C carrier R; I # {};
Veel . Vyel. x + y € I;Vrecarrier R.Vze€l. v x € I | = ideal R T
(proof )

lemma (in Ring) zero-ideal:ideal R {0}
(proof)

lemma (in Ring) whole-ideal:ideal R (carrier R)

(proof)

lemma (in Ring) ideal-inc-one:[ideal R I; 1, € I | = I = carrier R

{(proof)

lemma (in Ring) ideal-inc-onel:ideal R I =
(1, € I) = (I = carrier R)
(proof)

definition
Unit :: - = 'a = bool where
Unit R a <— a € carrier R A\ (3b€carrier R. a -vgp b = 1,p)

lemma (in Ring) ideal-inc-unit:[ideal R I; a € I; Unit R o] = 1, € I

(proof)

lemma (in Ring) proper-ideal:[ideal R I; 1, ¢ I] = I # carrier R
(proof)

lemma (in Ring) ideal-inc-unitl:[a € carrier R; Unit R a; ideal R I; a € I
= [ = carrier R

(proof)
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lemma (in Ring) int-ideal:[ideal R I; ideal R J]| = ideal R (I N J)
(proof)

definition
ideal-prod::[-, 'a set, 'a set] = 'a set (infix 1 90 ) where
ideal-prod R I J == () {L. ideal R L A
{w.(3iel. 3je. v = i vg §)} C L}

lemma (in Ring) set-sum-mem:[a € I; b € J; I C carrier R; J C carrier R] =
atbel FJ
(proof )

lemma (in Ring) sum-ideals:[ideal R I1; ideal R I2] = ideal R (I1 F I2)
(proof)

lemma (in Ring) sum-ideals-lal:[ideal R I1; ideal R I2] = I1 C (11 F I2)
(proof )

lemma (in Ring) sum-ideals-la2:[ideal R I1; ideal R 12 | = I2 C (I1 F I2)
(proof)

lemma (in Ring) sum-ideals-cont:[ideal RI; ACI; BCI]|]= AFBCI
(proof)

lemma (in Ring) ideals-set-sum:[ideal R A; ideal R B; © € A F B] =
JheA. JkeB.x =h + k
(proof)

definition
Rza :: [-, 'a | = 'a set (infixl $, 200) where
Rza R a = {z. Arccarrier R. ¢ = (r -» g a)}

lemma (in Ring) a-in-principal:a € carrier R — a € Rza R a
(proof)

lemma (in Ring) principal-ideal:a € carrier R = ideal R (Rza R a)

(proof)

lemma (in Ring) rza-in-Rza:[a € carrier R; r € carrier R] =
ra€ Rra R a

(proof)

lemma (in Ring) Rza-one:Rxza R 1, = carrier R

(proof)

lemma (in Ring) Rza-zero:Rza R 0 = {0}
(proof)
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lemma (in Ring) Rza-nonzero:[a € carrier R; a # 0] = Rza R a # {0}
(proof)

lemma (in Ring) ideal-cont-Rza:[ideal R I; a € I] = Rza R a C I

(proof)

lemma (in Ring) Rza-mult-smaller:[ a € carrier R; b € carrier R] =
Rza R (a -» b) C Rza R b
(proof)

lemma (in Ring) id-ideal-psub-sum:[ideal R I; a € carrier R; a ¢ 1] =
I CIFRzaRa
(proof )

lemma (in Ring) mul-two-principal-idealsTr:[a € carrier R; b € carrier R;
z € Rta R a; y € Rra R b] = Ireccarrier R.z - y =71 - (a -+ b)

(proof)

primrec sum-pr-ideals::[("a, 'm) Ring-scheme, nat = 'a, nat] = 'a set
where
sum-pr0: sum-pr-ideals R f 0 = Rxa R (f 0)
| sum-prn: sum-pr-ideals R f (Suc n) =
(Rza R (f (Suc n))) Fgr (sum-pr-ideals R f n)

lemma (in Ring) sum-of-prideals0:
Vi. (VI <n. flé€ carrier R) — ideal R (sum-pr-ideals R f n)
(proof)

lemma (in Ring) sum-of-prideals:[V1 < n. f1 € carrier R] =
ideal R (sum-pr-ideals R f n)
(proof)

later, we show sum-pr-ideals is the least ideal containing {f 0, f 1,...

n}

lemma (in Ring) sum-of-prideals1:Vf. (VI < n. fl € carrier R) —
fe{i.i < n} C (sum-pr-ideals R f n)

{proof )

lemma (in Ring) sum-of-prideals2:¥1 < n. fl € carrier R
= f“{i. i < n} C (sum-pr-ideals R fn)
(proof)
lemma (in Ring) sum-of-prideals3:ideal R I —
V. (VIi<n. flecarrierR)AN(f {i.i<n}CIT)—
(sum-pr-ideals R fn C I)
(proof)

lemma (in Ring) sum-of-prideals/:[ideal R I; V1 < n. f1 € carrier R;
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(f“{i.i <n} CI)] = sum-pr-ideals R fn C I
(proof)

lemma ker-ideal:[Ring A; Ring R; f € rHom A R] = ideal A (ker o g f)
{proof)

4.3.1 Ring of integers

definition
Zr . int Ring where
Zr = (| carrier = Zset, pop = An€Zset. Ame€Zset. (m + n),
mop = Al€Zset. —1, zero = 0, tp = Ame€Zset. An€Zset. m x n, un = 1))

lemma ring-of-integers: Ring Zr

(proof)

lemma Zr-zero:0y,. = 0

{(proof)

lemma Zr-one:1, 7. = 1
(proof)

lemma Zr-minus:—qz, n = — n

(proof)

lemma Zr-add:n £7. m =n + m
(proof)

lemma Zr-times:n 7. m =n * m

(proof)

definition
lev :: int set = int where
lev I = Zleast {n.n € I A0 < n}

lemma Zr-gen-Zleast:[ideal Zr I; I # {0::int}] =
Rxa Zr (levI) =1
{proof)

lemma Zr-pir:ideal Zr I —> An. Rxa Zrn = 1

(proof)

4.4 Quotient rings

lemma (in Ring) mem-set-ar-cos:[ideal R I; a € carrier R] =
aWp I € set-ar-cos R 1

(proof)

lemma (in Ring) I-in-set-ar-cos:ideal R I = I € set-ar-cos R I
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(proof)

lemma (in Ring) ar-coset-samel:[ideal R I; a € carrier R; b € carrier R;
bt (—qa)el] = aWpl=>bupl
(proof)

lemma (in Ring) ar-coset-same2:[ideal R I; a € carrier R; b € carrier R,
aH—JRI:b&JRI]]:> b:l:(—aa)éf
(proof)

lemma (in Ring) ar-coset-same3:[ideal R I; a € carrier R; a Wp [ = I] =
acl
(proof)

lemma (in Ring) ar-coset-same3-1:[ideal R I; a € carrier R; a ¢ I] =
awpl #1
(proof)

lemma (in Ring) ar-coset-same4:[ideal R I; o € I] =
awWwpl=1
(proof)

lemma (in Ring) ar-coset-same4-1:[ideal R I; a Wp I # I] = a ¢ I
(proof)

lemma (in Ring) belong-ar-coset!:[ideal R I; a € carrier R; x € carrier R;
tEt(—qa)€l]= z€avpl
(proof )

lemma (in Ring) a-in-ar-coset:[ideal R I; a € carrier R = a € a W I

{(proof)

lemma (in Ring) ar-coset-subsetD:[ideal R I; a € carrier Ry z € a Wp I | =
x € carrier R

{proof)

lemma (in Ring) ar-cos-mem:[ideal R I; a € carrier R] =
a Wg I € set-res (b-ag R) I
(proof )

lemma (in Ring) mem-ar-cosetl:[ideal R I; a € carrier R; z € a Wp I[] =
Jhel. h £ a=2x

(proof )

lemma (in Ring) ar-coset-memZ2:[ideal R I; a € carrier R; z € a Wp I] =
Jhel. z =ax h

(proof)

lemma (in Ring) belong-ar-coset2:[ideal R I; a € carrier R; z € a W I ]
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=zt (—qa)el

(proof)

lemma (in Ring) ar-c-top: [ideal R I; a € carrier R; b € carrier R]
= (c-top (brag R) I (aWRI) (bWRI)) =(a+bd)WgpI
(proof )

Following lemma is not necessary to define a quotient ring. But it makes
clear that the binary operation2 of the quotient ring is well defined.

lemma (in Ring) quotient-ring-trl:[ideal R I; al € carrier R; a2 € carrier R;
b1 € carrier R; b2 € carrier R;
al Wp I = a2 Wp I; bl &JRIZbQ&JRI]]ﬁ
(al o b]) Wp I = (a2 r b,?) Wp 1
(proof)

definition
rcostOp :: [-, 'a set] = (['a set, 'a set] = 'a set) where
rcostOp R I = (AX€(set-res (b-ag R) I). NY €(set-res (b-ag R) I).
{z.32zeX. 3 yeY.3hel. (z vpy) £p h = z})

lemma (in Ring) rcostOp:[ideal R I; a € carrier R; b € carrier R] =
rcostOp R I (a W I) (bWR I) = (a - b) Wp I
(proof)

definition
gring = [('a, 'm) Ring-scheme, 'a set] = (| carrier :: 'a set set,
pop :: ['a set, 'a set] = 'a set, mop :: 'a set = 'a set,
zero :: 'a set, tp :: ['a set, 'a set] = 'a set, un :: 'a set |) where
gring R I = ( carrier = set-rcs (b-ag R) I,
pop = c-top (b-ag R) I,
mop = c-iop (b-ag R) I,
zero = 1,
tp = rcostOp R 1,
un = 1, Wg I)

abbreviation
QRING (infixl '/, 200) where
R/, I==qringR1I

lemma (in Ring) carrier-qring:ideal R I =
carrier (qring R I) = set-rcs (b-ag R) I
(proof)

lemma (in Ring) carrier-qringl:ideal R I —>

carrier (qring R I) = set-ar-cos R 1
(proof)
lemma (in Ring) qring-ring:ideal R I = Ring (qring R I)
(proof)
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lemma (in Ring) gring-carrier:ideal R I —
carrier (gring R I) = {X. 3a€ carrier R. a Wp I = X}
(proof )

lemma (in Ring) qring-mem:[ideal R I; a € carrier R] =
a Wp I € carrier (gring R I)
(proof)

lemma (in Ring) qring-pOp:[ideal R I; a € carrier R; b € carrier R ]
= pop (qring RI) (aWRp I) (bWR I)=(ax0b)Wpl
(proof)

lemma (in Ring) qring-zero:ideal R I = zero (qring R I) = I

(proof)

lemma (in Ring) gring-zero-1:[a € carrier R; ideal R I; a W I = I] =
a€l
(proof)

lemma (in Ring) Qring-fixl:[a € carrier R; ideal R I; a € I] = aWp I =1
(proof)

lemma (in Ring) ar-cos-same:[a € carrier R; ideal R I; z € a Wg [] =
rWp I =aWpl
(proof)

lemma (in Ring) gring-tOp:[ideal R I; a € carrier R; b € carrier R] =
tp (gring RI) (awWp I) (bwWplI)=(a- b)WRrI
(proof)

lemma rind-hom-well-def:[Ring A; Ring R; f € rHom A R; a € carrier A | =
fa=(far) (aWy (kerg g f))
(proof)

lemma (in Ring) set-r-ar-cos:ideal R I =
set-res (b-ag R) I = set-ar-cos R T
(proof )

lemma set-r-ar-cos-ker:[Ring A; Ring R; f € rHom A R ] =
set-res (b-ag A) (ker g g f) = set-ar-cos A (ker g g f)
(proof)

lemma ind-hom-rhom:[Ring A; Ring R; f € rHom A R] =
(f°a,r) € rHom (qring A (ker g g f)) R
(proof)

lemma ind-hom-injec:[Ring A; Ring R; f € rHom A R] —
injeC(qug A (kerA,R N),R (foA,R)
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(proof)

lemma rhom-to-rimg:[Ring A; Ring R; f € rHom A R] =
f € rHom A (rimg A R f)
(proof)

lemma ker-to-rimg:[Ring A; Ring R; f € rHom A R | =
kera,r f=kera (rimg A R f) [
(proof)

lemma indhom-eq:[Ring A; Ring R; f € rHom A R] = fOA,(m‘mgA Rf) =
fPaR
(proof)
lemma indhom-bijec2-rimg:[Ring A; Ring R; f € rHom A R] =
bijec(qring A (ker g g [)),(rimg A R [) (foA,R)
(proof)

lemma surjec-ind-bijec:[Ring A; Ring R; f € rHom A R; surjecy g f] =
bi]éC(qrmg A (keTA,R )R (fOA7R)
(proof)

lemma ridmap-ind-bijec: Ring A =
biec(qring A (ker 4y (ridmap A))),A ((ridmap A)°4 4)
(proof)

lemma ker-of-idmap:Ring A = ker g 5 (ridmap A) = {04}
(proof)

lemma ring-natural-isom:Ring A —>
bijec  gring A {041).4 ((ridmap A)° 4 4)
(proof)

definition
pj = [("a, 'm) Ring-scheme, 'a set] = (‘a => 'a set) where
pj R I = (Az. Pj (b-ag R) I z)

lemma pj-Hom:[Ring R; ideal R I| = (pj R I) € rHom R (qring R I)
(proof)

lemma pj-mem:[Ring R; ideal R I; x € carrier Rl = pjRIz =z W I
(proof)

lemma pj-zero:[Ring R; ideal R I; © € carrier R] =
(ij]‘x:O(R/TI)):(xGI)
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(proof)

lemma pj-surj-to:[Ring R; ideal R J; X € carrier (R /. J)] =
dre carrier R.py R Jr =X
(proof )

lemma invim-of-ideal:[Ring R; ideal R I; ideal (gqring RI) J ]| =
ideal R (rInvim R (gqring R I) (pj R I) J)
(proof)

lemma pj-invim-cont-I:[Ring R; ideal R I; ideal (qring R I) J] =
I C (rInvim R (qring RI) (pj RI) J)
(proof )

lemma pj-invim-monol:[Ring R; ideal R I; ideal (qring R I) J1;

ideal (qring R I) J2; J1 C J2 | =

(rInvim R (qring R I) (pj R I) J1) C (rInvim R (gqring R I) (pj R I) J2)
(proof)

lemma pj-img-ideal:[Ring R; ideal R I; ideal R J; I C J] =
ideal (qring R I) ((pj R I)‘J)
(proof)

lemma npQring:[Ring R; ideal R I; a € carrier R] =
npow (gring R I) (a W I) n = (npow R an) Wp I
{(proof)

4.5 Primary ideals, Prime ideals
definition

mazimal-set :: ['a set set, 'a set] = bool where
mazimal-set S mz «— mx € S A (Vs€S. mx C s — s = mz)

definition

nilpotent :: [-, 'a] = bool where

nilpotent R a <— (3 (n:nat). o 7 = 0R)
definition

zero-divisor :: [-, 'a] = bool where

zero-divisor R a <— (3z€ carrier R. ¢ #0g ANz -»p a = OpR)

definition
primary-ideal :: [-, 'a set] = bool where
primary-ideal R q <— ideal R ¢ A (1,p) ¢ ¢ A
(Vz€ carrier R. Y y€ carrier R.
ztwpy€q — (In. (nppwRzn)e€qVyceq)

definition
prime-ideal :: [-, 'a set] = bool where
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prime-ideal R p <— ideal R p A (1,p) ¢ p A (Yz€ carrier R. Y y€ carrier R.
(z+pyep—zEpVyEcnp)

definition
mazximal-ideal :: [-, 'a set] = bool where
mazimal-ideal R mz <— ideal R mz A 1,5 ¢ mx A
{J. (ideal R J N mz C J)} = {mz, carrier R}

lemma (in Ring) mazimal-ideal-ideal:[mazimal-ideal R mz] = ideal R mx

(proof)

lemma (in Ring) mazimal-ideal-proper:maximal-ideal R mez = 1, ¢ mx
(proof)

lemma (in Ring) prime-ideal-ideal:prime-ideal R I = ideal R I

(proof)

lemma (in Ring) prime-ideal-proper:prime-ideal R I =—> I # carrier R
(proof)

lemma (in Ring) prime-ideal-proper! :prime-ideal R p = 1, ¢ p

(proof)

lemma (in Ring) primary-ideal-ideal:primary-ideal R ¢ = ideal R q
(proof)

lemma (in Ring) primary-ideal-proper! :primary-ideal R ¢ = 1, ¢ q

(proof)

lemma (in Ring) prime-elems-mult-not:[prime-ideal R P; x € carrier R;
yEcarrierRyx ¢ Pyy¢ Pl =z -y ¢ P
(proof)

lemma (in Ring) prime-is-primary:prime-ideal R p = primary-ideal R p
(proof)

lemma (in Ring) mazimal-prime-Tr0:[mazimal-ideal R mz; x € carrier R; x ¢
mx]

= mz F (Rza R x) = carrier R
(proof )

lemma (in Ring) mazimal-prime:mazimal-ideal R mz => prime-ideal R mz

(proof)
lemma (in Ring) chains-un:[c € chains {I. ideal R I N I C carrier R}; ¢ # {}]

= ideal R (| ¢)
(proof)
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lemma (in Ring) zeroring-no-mazimal:zeroring R = — (3 I. mazimal-ideal R I)
(proof )

lemma (in Ring) id-mazimal-Exist:—=(zeroring R) = 3 I. mazimal-ideal R T

(proof )

definition
ideal-Int :: [-, 'a set set] = 'a set where
ideal-Int R S ==\ S

lemma (in Ring) ideal-Int-ideal:[S C {I. ideal R I1}; S#{}] =
ideal R (N S)
(proof)

lemma (in Ring) sum-prideals-Int:[V1 < n. f1 € carrier R;
S={l.ideal RIANf‘{i.i<n}CI} =
(sum-pr-ideals R fn) =) S
(proof)

This proves that (sum-pr-ideals R f n) is the smallest ideal containing f
“ (Nset n)

primrec ideal-n-prod::[('a, 'm) Ring-scheme, nat, nat = 'a set] = 'a set
where
ideal-n-prod0: ideal-n-prod R 0 J = J 0
| ideal-n-prodSn: ideal-n-prod R (Suc n) J =
(ideal-n-prod R n J) $rp (J (Suc n))

abbreviation
IDNPROD ((5iI1_. -) [98,98,99]98) where
(A15-3% J == ideal-n-prod R n J

primrec
ideal-pow :: ['a set, ('a, 'more) Ring-scheme, nat] = 'a set
((3-/ 0- 7)) [120,120,121]120)
where
ip0: 1 OR 0 = carrier R
| ipSuc: I OR (Sucn) — 1 Orp (1 OR ™

lemma (in Ring) prod-mem-prod-ideals:[ideal R I; ideal R J; i € I; j € J] =
i 'rj € (I <>T J)
(proof)

lemma (in Ring) ideal-prod-ideal:[ideal R I; ideal R J | =
ideal R (I $r J)
(proof)

lemma (in Ring) ideal-prod-commute:[ideal R I; ideal R J] =
TG, =080, 1
(proof)
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lemma (in Ring) ideal-prod-subTr:[ideal R I; ideal R J; ideal R C;
vViel.VjeJ. i je C] =1, JCC
(proof )

lemma (in Ring) n-prod-idealTr:
(Vk < n.ideal R (J k)) — ideal R (ideal-n-prod R n J)
(proof )

lemma (in Ring) n-prod-ideal:[V k < n. ideal R (J k)]
= ideal R (ideal-n-prod R n J)
(proof )

lemma (in Ring) ideal-prod-lal:[ideal R I; ideal R J] = (I & J) C I
{proof)

lemma (in Ring) ideal-prod-ell:[ideal R I; ideal R J; a € (I &r J)] =
acl
(proof )

lemma (in Ring) ideal-prod-la2:[ideal R I; ideal R J | = (I & J) C J
{proof)

lemma (in Ring) ideal-prod-sub-Int:[ideal R I; ideal R J | =
(Io,J)CInJd
(proof)

lemma (in Ring) ideal-prod-el2:[ideal R I; ideal R J; a € (I &r J)] =
a€J
(proof )

illg p, J is the product of ideals

lemma (in Ring) ele-n-prodTr0:[Vk < (Suc n). ideal R (J k);
a € dllp J] = a€(illg, J)Aa€(J (Sucn))

Suc n)

(proof)

lemma (in Ring) ele-n-prodTri:
(VEk < n.ideal R (Jk)) A a € ideal-n-prod R n J —
Vk <n.ae(Jk))
(proof)

lemma (in Ring) ele-n-prod:[Vk < n. ideal R (J k);
a € ideal-n-prod RnJ] = Vk <n.a€ (Jk)
(proof)

lemma (in Ring) idealprod-whole-l:ideal R I = (carrier R) $rp I =1
(proof)

lemma (in Ring) idealprod-whole-r:ideal R I => I {,. (carrier R) = 1
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(proof)

lemma (in Ring) idealpow-1-self:ideal R I = I OR (Suc 0) = 1
(proof)

lemma (in Ring) ideal-pow-ideal:ideal R I = ideal R (I OR o)
(proof)

lemma (in Ring) ideal-prod-prime:[ideal R I; ideal R J; prime-ideal R P;
I, JCP]=ICPVJCP
(proof)

lemma (in Ring) ideal-n-prod-primeTr:prime-ideal R P —>
(Vk < mn.ideal R (J k)) — (ideal-n-prod R n J C P) —
(Fi<n. (Ji) CP)
(proof )

lemma (in Ring) ideal-n-prod-prime:[prime-ideal R P;
Vk < n.ideal R (J k); ideal-n-prod R n J C P] =
di<n (Ji)CP
(proof )

definition
ppa::[-, nat = 'a set, 'a set, nat] = (nat = 'a) where
ppa RPAil=(SOMEz.z € ANz e (P (skipil)) Nz ¢ Pi)

lemma (in Ring) prod-primeTr:[prime-ideal R P; ideal R A; = A C P;
ideal RB;, - BCP]=3Jz.2€ ANz €eEBANz¢&P
(proof)

lemma (in Ring) prod-primeTr1:[V k < (Suc n). prime-ideal R (P k);
ideal R A; V1 < (Suc n). - (A C Pl
VEk < (Sucn). VI<(Sucn). k=1V-(Pk)C(Pl)i<(Sucn)] =
Vi<n.ppa RPAilec AN
ppa RP A il e (P (skipil)) Nppa RPAil¢ (Pi)
(proof)

lemma (in Ring) ppa-mem:[Vk < (Suc n). prime-ideal R (P k); ideal R A;
Vi< (Sucn). - (AC Pl
Vk < (Sucn). Vi< (Sucn). k=1V - (Pk)C (Pl
i < (Sucn);l<n]= ppa RPAilE carrier R

(proof)

lemma (in Ring) nsum-memrTr:(Vi < n. fi € carrier R) —
(VI < n.nsum R fl € carrier R)

(proof)

lemma (in Ring) nsum-memr:¥i < n. fi € carrier R =
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Vi< n. nsum R fl € carrier R
(proof )

lemma (in Ring) nsum-ideal-incTr:ideal R A =
Vi<n.fieAd) — nsumRfneA

{proof)

lemma (in Ring) nsum-ideal-inc:[ideal R A; Vi < n. fi € A] =
nsum R fn € A
(proof)

lemma (in Ring) nsum-ideal-excTr:ideal R A =
(Vi <mn.fié€carrier R) AN (3j <n. Vied{ii<n}—{j}. fleA
AN(fj¢ A) —nsumRfng¢ A

(proof)

lemma (in Ring) nsum-ideal-exc:[ideal R A; Vi < n. fi € carrier R;
Jj<n (Viefi.i <n} —{j}. fle AN({Fj¢A]=nsumRfn¢A
(proof)

lemma (in Ring) nprod-memTr:(Vi < n. fi € carrier R) —
(Vi.1<n — nprod R fl € carrier R)
(proof )

lemma (in Ring) nprod-mem:[Vi < n. fi € carrier R; | < n] =
nprod R fl € carrier R
(proof )

lemma (in Ring) ideal-nprod-incTr:ideal R A =
(Vi < mn.fié€ carrier R) A
(3l<n fle Ay — nprod R fn € A
(proof )

lemma (in Ring) ideal-nprod-inc:[ideal R A; Vi < n. fi € carrier R;
i< n. fle Al = nprod Rfne A
(proof)

lemma (in Ring) nprod-excTr:prime-ideal R P —>
(Vi <mn.fiecarrierR) N ¥l <mn.fl¢P)—
nprod R fn ¢ P
(proof)

lemma (in Ring) prime-nprod-exc:[prime-ideal R P; Vi < n. fi € carrier R;
Vi<n.fl¢ P] = nprod R fn ¢ P
(proof)

definition

nilrad :: - = 'a set where
nilrad R = {x. © € carrier R N nilpotent R x}
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lemma (in Ring) id-nilrad-ideal:ideal R (nilrad R)
(proof)

definition
rad-ideal :: [-, 'a set | = 'a set where
rad-ideal R I = {a. a € carrier R A nilpotent (qring R I) ((pj R I) a)}

lemma (in Ring) id-rad-invim:ideal R I =
rad-ideal R I = (rInvim R (gring R I) (pj R I ) (nilrad (qring R I)))
(proof)

lemma (in Ring) id-rad-ideal:ideal R I = ideal R (rad-ideal R I)

(proof)

lemma (in Ring) id-rad-cont-I:ideal R I = I C (rad-ideal R I)
(proof)

lemma (in Ring) id-rad-set:ideal R I =
rad-ideal R I = {x. x € carrier R A (3n. npow R zn € I)}

(proof)

lemma (in Ring) rad-primary-prime:primary-ideal R ¢ =
prime-ideal R (rad-ideal R q)
(proof)

lemma (in Ring) npow-notin-prime:[prime-ideal R P; x € carrier R; x ¢ P]
= Vn. npowRzn ¢ P
(proof)

lemma (in Ring) npow-in-prime:[prime-ideal R P; x € carrier R;
dn.npow Rxn € P =z € P
(proof)

definition
mul-closed-set::[-, 'a set | = bool where
mul-closed-set R S <— S C carrier R A (Vs€S. VteS. s gt €5)

locale Idomain = Ring +
assumes idom:
la € carrier R; b € carrier Ry a - b =0 = a=0Vb=0

locale Corps =
fixes K (structure)
assumes f-is-ring: Ring K
and f-inv: Vz€carrier K — {0}. 32’ € carrier K. z’ -, © = 1,
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lemma (in Ring) mul-closed-set-sub:mul-closed-set R S = S C carrier R

(proof)

lemma (in Ring) mul-closed-set-tOp-closed:[mul-closed-set R S; s € S;
teS]=s-,tesS
(proof)

lemma (in Corps) f-inv-unique:[ € carrier K — {0}; ' € carrier K;
z" € carrier K; o' - x=1,2" vo=1,] = z'=2z"

(proof)

definition
invf = [-, 'a] = 'a where
inf Ke = (THE y. y € carrier K Ay v g ¢ = 1, )

lemma (in Corps) invf-inv:z € carrier K — {0} =
(invf K z) € carrier K A (invf K ) - ¢ = 1,

(proof)

definition
npowf :: - = 'a = int = 'a where
npowf K x n =

(if 0 < n then npow K = (nat n) else npow K (invf K z) (nat (— n)))

abbreviation
NPOWF :: ['a, -, int] = 'a ((3--7) [77,77,78]77) where
ag™ == npowf K an

abbreviation

IOP : ['a, -] = 'a ((- 7) [87,88]87) where
ok == muf K a

lemma (in Idomain) idom-is-ring: Ring R (proof)

lemma (in Idomain) idom-tOp-nonzeros:[xz € carrier R;
y Ecarrier Ry x #0; y#0) =z y#0
(proof )

lemma (in Idomain) idom-potent-nonzero:
[z € carrier R; © # 0] = npow Raxn # 0

(proof)

lemma (in Idomain) idom-potent-unit:[a € carrier R; 0 < n]
= (Unit R a) = (Unit R (npow R a n))
(proof)

191



lemma (in Idomain) idom-mult-cancel-r:[a € carrier R;
b € carrier R; ¢ € carrier Ry c #0; a rc=b - ¢c] = a =15

(proof)

lemma (in Idomain) idom-mult-cancel-l:[a € carrier R;
b € carrier R; ¢ € carrier Ry ¢ #0; ¢ a=c - b = a=10
(proof)

lemma (in Corps) invf-closedl:x € carrier K — {0} =
invf K z € (carrier K) — {0}
(proof)

lemma (in Corps) linvf:x € carrier K — {0} = (invf K z) -» © = 1,
(proof)

lemma (in Corps) field-is-ring: Ring K
(proof)

lemma (in Corps) invf-one:1, # 0 = invf K (1,) = 1,
(proof)

lemma (in Corps) field-tOp-assoc:[z € carrier K; y € carrier K; z € carrier K]
=Ty rz= T (Y2
(proof)

lemma (in Corps) field-tOp-commute:[z € carrier K; y € carrier K|
— Ty = Yr

(proof)

lemma (in Corps) field-inv-inv:[z € carrier K; © # 0] = (275K

(proof)

=T

lemma (in Corps) field-is-idom:Idomain K
(proof)

lemma (in Corps) field-potent-nonzero:[x € carrier K; x # 0] =
.CL'AK n ?é 0
{proof )

lemma (in Corps) field-potent-nonzerol:[z € carrier K; z # 0] = g™ #0
(proof )

lemma (in Corps) field-nilp-zero:[z € carrier K; 2" K" = 0] = z =0

(proof)

lemma (in Corps) npowf-mem:[a € carrier K; a # 0] =
npowf K a n € carrier K
(proof)
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lemma (in Corps) field-npowf-exp-zero:[a € carrier K; a # 0] =
npowf K a 0 = 1,
(proof)

lemma (in Corps) npow-exp-minusTrl:[z € carrier K; ¢ # 0; 0 < i] =
(proof )

lemma (in Corps) npow-exp-minusTr2:[z € carrier K; z # 0; 0 < i; 0 < j;
0<i—j] = a0 -9 = AK(natz),r( -K) ~K (nat )

{(proof)

lemma (in Corps) npowf-inv:[z € carrier K; z # 0; 0 < j] = zpJ = (x'K)K(_j)

(proof)

lemma (in Corps) npowf-invl:[z € carrier K; x # 0; - 0 < j] =
v = (a75) (=9
(proof)

lemma (in Corps) npowf-inverse:[z € carrier K; & # 0] = zgJ = (:r'K)K(*j)
(proof)

lemma (in Corps) npowf-expTrl:[z € carrier K; x # 0; 0
ng—]H:}xK(fj)forng( .7)

IN

i; 0 < g5
(proof )

lemma (in Corps) npowf-expTr2:[z € carrier K; x # 0; 0 < i + j] =

w0 T = gpt . 2l

(proof)

lemma (in Corps) npowf-ezp-add:[z € carrier K; z # 0] =
w0 = gpt . 2t

(proof)

lemma (in Corps) npowf-exp-1-add:[z € carrier K; x # 0] =
oI+ =g 2

(proof)

lemma (in Corps) npowf-minus:[z € carrier K; = # 0] = (z /) K

(proof)

lemma (in Ring) residue-fieldTr:[mazimal-ideal R mz; x € carrier(gring R mz);
x # O(qrmg R mx)]] =3 y€Ecarrier (qring R mz). y “r(gring R ma) T = Zr(qm-ng R mz)

(proof)
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lemma (in Ring) residue-field-cd:mazximal-ideal R mx —>
Corps (gring R mx)
(proof)

lemma (in Ring) mazimal-set-ideal Tr:
mazimal-set {I. ideal R I AN S NI ={}} mx = ideal R mz
(proof)

lemma (in Ring) mazimal-setTr:[mazimal-set {I. ideal R I A S NI = {}} ma;
ideal R J; me CJ] = SnNJ#{}
(proof )

lemma (in Ring) mulDisj:[mul-closed-set R S; 1, € S; 0 ¢ S;
T ={I.ideal RI NS NI={}}; mazimal-set T mz | = prime-ideal R mz
(proof)

lemma (in Ring) ez-mulDisj-mazimal:[mul-closed-set R S; 0 ¢ S; 1, € S;
T={l.ideadl RINSNI={}}] = Imzx. mazimal-set T mz
(proof)

lemma (in Ring) ex-mulDisj-prime:[mul-closed-set R S; 0 ¢ S; 1, € §] =
Imzx. prime-ideal R mz A S N mz = {}
(proof )

lemma (in Ring) nilradTr1:— zeroring R = nilrad R = (| {p. prime-ideal R p}
(proof)

lemma (in Ring) nonilp-residue-nilrad:[— zeroring R; x € carrier R;
nilpotent (gring R (nilrad R)) (z Wg (nilrad R))] =
z ¥R (nilrad R) = O(qring R (nilrad R))
(proof)

lemma (in Ring) ex-contid-mazimal:[ S = {1,}; 0 ¢ S; ideal RI; I N S = {};
T={J.ideal RIANSNJ={}ANICJ} = Imz. mazximal-set T mz
(proof)

lemma (in Ring) contid-mazimal:[S = {1,}; 0 ¢ S; ideal RI; I N S = {};
T={J.ideal RJ ANSNJ={}ANICJ} mazimal-set T mz] =
mazimal-ideal R mx

{(proof)

lemma (in Ring) ideal-contained-mazxid:[—(zeroring R); ideal R I; 1, ¢ I] =
dmzx. mazimal-ideal R mz N I C mx
(proof)
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lemma (in Ring) nonunit-principal-id:[a € carrier R; = (Unit R a)] =
(R $p a) # (carrier R)
(proof)

lemma (in Ring) nonunit-contained-maxid:[-(zeroring R); a € carrier R;
- Unit R a] = Imz. mazimal-ideal R mz A a € mzx

(proof)
definition
local-ring :: - = bool where
local-ring R == Ring R N — zeroring R A card {mz. mazimal-ideal R mz} = 1

lemma (in Ring) local-ring-diff :[~ zeroring R; ideal R mz; mx # carrier R;
Va€ (carrier R — mx). Unit R a | = local-ring R N\ mazimal-ideal R mx

(proof)

lemma (in Ring) localring-unit:[~ zeroring R; mazimal-ideal R maz;
Vz.z € me — Unit R (x + 1,) | = local-ring R

(proof)

definition
J-rad ::- = 'a set where
J-rad R = (if (zeroring R) then (carrier R) else
N {mz. mazimal-ideal R mz})

lemma (in Ring) zeroring-J-rad-empty:zeroring R = J-rad R = carrier R
(proof)

lemma (in Ring) J-rad-mem:x € J-rad R = = € carrier R

(proof)

lemma (in Ring) J-rad-unit:[— zeroring R; x € J-rad R] =
YVy. (y€ carrier R — Unit R (1, £ (=4 @) -+ y))
(proof)

end

theory Algebrab imports Algebraj begin

4.6 Operation of ideals

lemma (in Ring) ideal-sumTr1:[ideal R A; ideal R B] =
AFB=( {J. ideal RJA(AUB)C J}
(proof)

lemma (in Ring) sum-ideals-commute:[ideal R A; ideal R B] =
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AFB=BFA
(proof )

lemma (in Ring) ideal-prod-monol:[ideal R A; ideal R B; ideal R C,
ACB]= A4¢,CC B, C
(proof)

lemma (in Ring) ideal-prod-mono2:[ideal R A; ideal R B; ideal R C;
ACB]|=C{, ACC<, B
(proof)

lemma (in Ring) cont-ideal-prod:[ideal R A; ideal R B; ideal R C;
ACC;BCC])]=AO.,BCC
(proof)

lemma (in Ring) ideal-distrib:[ideal R A; ideal R Bj; ideal R C] =
AOT(B:FC): AS, BF AS, C
(proof )

definition
coprime-ideals::[-, 'a set, 'a set] = bool where
coprime-ideals R A B <— A F¥p B = carrier R

lemma (in Ring) coprimeTr:[ideal R A; ideal R B] =
coprime-ideals RA B =(3a€ A.3be B.atb=1,)
(proof)

lemma (in Ring) coprime-int-prod:[ideal R A; ideal R B; coprime-ideals R A B]
— ANB=A<, B
(proof)

lemma (in Ring) coprime-elems:[ideal R A; ideal R B; coprime-ideals R A B] =
JacA. JbeB. a £ b =1,

(proof)
lemma (in Ring) coprime-elemsTr:[ideal R A; ideal R B; a€A; bEB; a + b =
1.]
= pRAb= 17‘(qm’ngR A) ApjRBa= JT(qring R B)
{proof)

lemma (in Ring) partition-of-unity:[ideal R A; a € A; b € carrier R;
atb=1,; u € carrier R; v € carrier R] =
ppRA(arvEbu)=piRAu
(proof)

lemma (in Ring) coprimes-commute:[ideal R A; ideal R B; coprime-ideals R A B

]

= coprime-ideals R B A
(proof)
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lemma (in Ring) coprime-surjTr:[ideal R A; ideal R B; coprime-ideals R A B;
X € carrier (qring R A); Y € carrier (¢gring R B) | =
drecarrier R. py RAr=X ANpfjRBr=Y
(proof)

lemma (in Ring) coprime-n-idealsTr0:[ideal R A; ideal R B; ideal R C;
coprime-ideals R A C; coprime-ideals R B C' | =
coprime-ideals R (A & B) C
(proof )

lemma (in Ring) coprime-n-idealsTr1:ideal R C =
(Vk < n.ideal R (Jk)) N (Vi < n. coprime-ideals R (J i) C) —
coprime-ideals R (illg ,, J) C

(proof)

lemma (in Ring) coprime-n-idealsTr2:[ideal R C; (YVk < n. ideal R (J k));
(Vi < n. coprime-ideals R (J i) C) | =
coprime-ideals R (illp , J) C
(proof)

lemma (in Ring) coprime-n-idealsTr3:(Vk < (Suc n). ideal R (J k)) A

(Vi < (Sucn). Vi< (Sucn).i#j—

coprime-ideals R (J i) (J j)) — coprime-ideals R (illg ,, J) (J (Suc n))
(proof )

lemma (in Ring) coprime-n-idealsTr4:[(¥Vk < (Suc n). ideal R (J k)) A

(Vi < (Sucn). Vi< (Sucn).i#j—

coprime-ideals R (J i) (J j))] = coprime-ideals R (illg ,, J) (J (Suc n))
(proof )

4.7 Direct productl, general case

definition
prod-tOp :: ['i set, i = ('a, 'm) Ring-scheme] =
(i = 'a) = (i = 'a) = ('i = 'a) where
prod-tOp I A = (A\f€carr-prodag I A. Ag€carr-prodag I A.
Azel. (fz) (A ) (g x))

definition
prod-one::['i set, 't = ('a, 'm) Ring-scheme] = (‘i = ’a) where
prod-one I A == \z€el. 17«(,4 )

definition
prodrg :: ['i set, i = ('a, 'more) Ring-scheme] = (i = ’a) Ring where
prodrg I A = (carrier = carr-prodag I A, pop = prod-pOp I A, mop =
prod-mOp I A, zero = prod-zero I A, tp = prod-tOp I A,
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un = prod-one I A

abbreviation
PRODRING ((rIl./ -) [72,78]72) where
rIl; A == prodrg I A

definition
augm-func :: [nat, nat = 'a,’a set, nat, nat = 'a, 'a set] = nat = ’‘a where
augm-func n f A m g B = (MN€{j.j < (n+ m)}. if i < nthen fielse
if (Sucn)<iAi<mn-+ mthen g ((sliden (Suc n)) i) else undefined)

definition
ag-setfunc :: [nat, nat = ('a, 'more) Ring-scheme, nat,
nat = (‘a, 'more) Ring-scheme] = (nat = 'a) set = (nat = 'a) set
= (nat = 'a) set where
ag-setfuncn Bl m B2 X Y =
{f-3g. 3h. (9eX) AN(heY) A(f = (augm-func n g (Un-carrier {j. j < n} BI)

m h (Un-carrier {j. j < (m — 1)} B2)))}

primrec

ac-fProd-Ryg :: [nat, nat = (‘a, 'more) Ring-scheme] =

(nat = 'a) set

where

forod-0: ac-fProd-Rg 0 B = carr-prodag {0::nat} B
| frpod-n: ac-fProd-Rg (Suc n) B = ag-setfunc n B (Suc 0) (compose {0:nat}

B (slide (Suc n))) (carr-prodag {j. j < n} B) (carr-prodag {0} (compose {0} B
(slide (Suc n))))

definition
prodB1 :: [('a, 'm) Ring-scheme, ('a, 'm) Ring-scheme] =
(nat = (‘a, 'm) Ring-scheme) where
prodB1 R S = (Mk. if k=0 then R else if k=Suc 0 then S else
undefined)

definition
Prod2Rg :: [('a, 'm) Ring-scheme, ('a, 'm) Ring-scheme]
= (nat = 'a) Ring (infixl @, 80) where
Al @, A2 = prodrg {0, Suc 0} (prodB1 A1 A2)

Don’t try (Prod-ring (Nset n) B) @, (B (Suc n))

lemma carr-prodrg-mem-eq:[f € carrier (rIl; A); g € carrier (rII; A);
Viel. fi=gi]=f=y
(proof )

lemma prod-tOp-mem:[V k€l. Ring (A k); X € carr-prodag I A;
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Y € carr-prodag I A] = prod-tOp I A X Y € carr-prodag I A
(proof)

lemma prod-tOp-func:V k€l. Ring (A k) =
prod-tOp I A € carr-prodag I A — carr-prodag I A — carr-prodag I A

(proof)

lemma prod-one-func:V k€l. Ring (A k) =
prod-one I A € carr-prodag I A

(proof)

lemma prodrg-carrier:N k€l. Ring (A k) =
carrier (prodrg I A) = carrier (prodag I A)

(proof)

lemma prodrg-ring:¥ k€Il. Ring (A k) = Ring (prodrg I A)
(proof )

lemma prodrg-elem-extensional:[Vk€I. Ring (A k); f € carrier (prodrg I A)]
= f € eatensional I

(proof)

lemma prodrg-pOp:¥Y k€l. Ring (A k) =
pop (prodrg I A) = prod-pOp I A
(proof)

lemma prodrg-mOp:V ke€l. Ring (A k) =
mop (prodrg I A) = prod-mOp I A
(proof)

lemma prodrg-zero:V k€l. Ring (A k) =
zero (prodrg I A) = prod-zero I A

(proof)

lemma prodrg-tOp:V k€l. Ring (A k) =
tp (prodrg I A) = prod-tOp I A
(proof)

lemma prodrg-one:¥Y k€l. Ring (A k) =
un (prodrg I A) = prod-one I A
{proof )

lemma prodrg-sameTr5:[Vk€l. Ring (A k); Vkel. Ak = Bk]
= prod-tOp I A = prod-tOp I B
(proof)

lemma prodrg-sameTr6:[Vk€l. Ring (A k); Vkel. Ak = Bk]
= prod-one I A = prod-one I B
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(proof)

lemma prodrg-same:[Vkel. Ring (A k); Vkel. Ak = B k]
= prodrg I A = prodrg I B
(proof)

lemma prodrg-component:[f € carrier (prodrg I A); i € I] =
fi € carrier (A 1)
(proof)

lemma project-rhom:[Vk€l. Ring (A k); j € I] =
PRoject I A j € rHom ( prodrg I A) (A j7)

(proof)

lemma augm-funcTr:[Vk <(Suc n). Ring (B k);
f € carr-prodag {i. i < (Suc n)} B] =
[ = augm-func n (restrict f {i. i < n}) (Un-carrier {i. i < n} B) (Suc 0)
(Aze{0:nat}. f (z + Suc n))
(Un-carrier {0} (compose {0} B (slide (Suc n))))
(proof)

lemma A-to-prodag-mem:[Ring A; Vkel. Ring (Bk); Vkel. (Sk) €
rHom A (B k); x € carrier A | = A-to-prodag A I S B x € carr-prodag I B
(proof)

lemma A-to-prodag-rHom:[Ring A; Vk€I. Ring (B k); Vkel. (Sk) €
rHom A (B k)] = A-to-prodag A IS B € rHom A (rll B)
(proof)

lemma ac-fProd-ProdTr1:Nk < (Suc n). Ring (B k) =
ag-setfunc n B (Suc 0) (compose {0::nat} B (slide (Suc n)))
(carr-prodag {i. i < n} B) (carr-prodag {0}
(compose {0} B (slide (Suc n)))) C carr-prodag {i. i < (Suc n)} B
(proof)

lemma ac-fProd-Prod:Y'k < n. Ring (B k) =
ac-fProd-Rg n B = carr-prodag {j. j < n} B
(proof)

A direct product of a finite number of rings defined with ac-fProd-Ryg is
equal to that defined by using carr-prodag.

definition
forodrg :: [nat, nat = (‘a, 'more) Ring-scheme] =
(carrier:: (nat = 'a) set, pop::[(nat = 'a), (nat = 'a)]
= (nat = ’'a), mop:: (nat = 'a) = (nat = 'a), zero::(nat = 'a),
tp 2 [(nat = 'a), (nat = 'a)] = (nat = 'a), un :: (nat = 'a) |) where

forodrg n B = (| carrier = ac-fProd-Rg n B,
pop = Af. Ag. prod-pOp {i. i < n} B fg, mop = Af. prod-mOp {i. i < n} B
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/s
zero = prod-zero {i. i < n} B, tp = Af. Ag. prod-tOp {i. i < n} B fg,
un = prod-one {i. i < n} B

definition
fPRoject ::[nat, nat = ('a, 'more) Ring-scheme, nat]
= (nat = 'a) = 'a where
fPRoject n B x = (Af€ac-fProd-Rg n B. f x)

lemma fprodrg-ring:V k < n. Ring (B k) = Ring (fprodrg n B)
(proof)

4.8 Chinese remainder theorem

lemma Chinese-remTrl:[Ring A; Vk < (n:nat). ideal A (J k);
Vk<n.Bk=gqring A(Jk;Vk<n Sk=pjA(Jk)] =
kerA( ) (A-to-prodag A {j. j < n} S B) =

N {I.3kelj.j <n).I=(Jk)}

Mg j<ny B
(proof)

lemma (in Ring) coprime-prod-int2Tr:

(Vk < (Suc n). ideal R (J k)) A

(Vi < (Suc n). Vi < (Suc n). (i #j — coprime-ideals R (J i) (J 7))))
— (N {I. 3k < (Sucn). I = (Jk)} = ideal-n-prod R (Suc n) J

(proof )

lemma (in Ring) coprime-prod-int2:[ Vk < (Suc n). ideal R (J k);
Vi < (Sucn). Vj < (Sucn). (i #j — coprime-ideals R (J i) (J j))]
= (N {I. 3k < (Suc n). I = (Jk)} = ideal-n-prod R (Suc n) J)
(proof)

lemma (in Ring) coprime-2-n:[ideal R A; ideal R B] —

(qring R A) @, (gring R B) = rH{j_j < (Suc 0)} (prodB1 (qring R A) (gring R
B))

(proof)

In this and following lemmata, ideals A and B are of type (‘a, 'more)
Ring Type-scheme. Don’t try (rII(Nset n) B) @, B (Suc n)

lemma (in Ring) A-to-prodag2-hom:[ideal R A; ideal R B; S 0 = pj R A;
S (Suc 0) = pj R B] =
A-to-prodag R {j. j < (Suc 0)} S (prodB1 (qring R A) (gring R B)) €
rHom R (qring R A @, qring R B)

(proo)

lemma (in Ring) A2coprime-rsurjecTr:[ideal R A; ideal R B; S 0 = pj R A;
S (Suc 0) = pj R B] =
(carrier (qring R A @, qring R B)) =
carr-prodag {j. j < (Suc 0)} (prodB1 (gring R A) (gring R B))
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(proof)

lemma (in Ring) AZ2coprime-rsurjec:[ideal R A; ideal R B; S 0 = pj R A;
S (Suc 0) = pj R B; coprime-ideals R A B] =
SUIICCR ((qring R A) @, (qring R B))
(A-to-prodag R {j. j<(Suc 0)} S (prodB1 (gring R A) (qring R B)))
(proof)

lemma (in Ring) prod2-n-Tr1:[Vk < (
Vk < (Suc 0). Bk = gring R (J k
Vk<(Suc0). Sk=pjR(JEk)] =
A-to-prodag R {j. j < (Suc 0)} S
(prodB1 (gring R (J 0)) (gring R (J (Suc 0)))) =
A-to-prodag R {j. j < (Suc 0)} S B

Suc 0). ideal R (J k);
)i

(proof)

lemma (in aGroup) restrict-prod-Suc:[Vk < (Suc (Suc n)). ideal R (J k);
Vk < (Suc (Sucn)). Bk=R /. Jk;
VEk < (Suc (Sucn)). Sk=pjR (Jk);
f € carrier (TH{]'.]- < (Suc (Suc n))} B)] =
restrict f {j. 7 < (Suc n)} € carrier (rﬂ{j.j < (Suc n)} B)

(proof)

lemma (in Ring) Chinese-remTr2:(Vk < (Suc n). ideal R (J k)) A
(Vk<(Suc n). Bk = gring R (J k)) A

(VEk<(Sucn). Sk=pj R (Jk)) A

(Vi<(Suc n). Vi< (Suc n). (i A —

coprime-ideals R (J i) (Jj))) —

PER(TL < (Sue n)) B)

(A-to-prodag R {j. j<(Suc n)} S B)
(proof )

lemma (in Ring) Chinese-remTr3:[Vk < (Suc n). ideal R (J k);
Vi < (Sucn). Bk =gqring R (Jk); Vk< (Sucn). Sk =pjR (Jk);
Vi < (Suc n). Vi < (Suc n). (i #j — coprime-ideals R (J i) (J 7))] =

sumecm(rn{j'j < (Suc n)} B)

(A-to-prodag R {j. j < (Suc n)} S B)
(proof)
lemma (in Ring) imset:[V k< (Suc n). ideal R (J k)]
= {I.3k< (Sucn). I =Jk}y={Jk|lk. ke {j.j <(Sucn)}}
(proof)
theorem (in Ring) Chinese-remThm:[(Vk < (Suc n). ideal R (J k));

VEk<(Sucn). Bk = gring R (Jk); Vk < (Sucn). Sk=pjR (Jk),
Vi < (Suc n). Vi < (Sucn). (i #j — coprime-ideals R (J i) (J j))]

= biec(gring R (" {J k | k. ke{j. j < (Suc WD G < (Sue n)y B)
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((A-to-prodag R {j. j < (Suc n)} S B)OR’(pdeg (. j < (Sucn)} B))
(proof)

lemma (in Ring) prod-prime:[ideal R A; ¥V k<(Suc n). prime-ideal R (P k);
VI<(Suc n). = (A C Pl);
VE< (Suc n). VI< (Sucn). k=1VvV - (Pk)C(Pl)] =
Vi < (Suc n). (nprod R (ppa R P Ai)ne AN
(Vle{j. j<(Sucn)} — {i}. nprod R (ppa R P Ai)n € PI) A
(nprod R (ppa R P A i) n ¢ P 1))
(proo)

lemma skip-im1:[i < (Suc n); P € {j. j < (Suc n)} — Collect (prime-ideal R)]
-
compose {j. 7 < n} P (skipi) ‘{j.7<n}=P° {j.j <(Sucn)} — {i})
(proof )

lemma (in Ring) mutch-auzl:[ideal R A; i < (Suc n);

P e {j.j < (Sucn)} = Collect (prime-ideal R)] =

compose {j. 7 < n} P (skip i) € {j. j < n} — Collect (prime-ideal R)
(proof)

lemma (in Ring) prime-ideal-cont1Tr:ideal R A —
VP. ((Pe{j. j<(nunat)} = {X. prime-ideal R X}) A
AcU (P {jj<n})) — Fi<n AC(Pi))
(proof)

lemma (in Ring) prime-ideal-cont!:[ideal R A; Vi < (n:nat).
prime-ideal R (P i); AC U {X.(3i<n. X =(Pi)}] =
Fi< n. AC(P i)

(proof)

lemma (in Ring) prod-n-ideal-contTr0:(¥ (< n. ideal R (J 1)) —
i, J C€ N{X. Fk<n. X = (Jk))
(proof)

lemma (in Ring) prod-n-ideal-contTr:[VI< n. ideal R (J )] =
Mg, J € N{X. Gk <n. X =(Jk)}
(proof)

lemma (in Ring) prod-n-ideal-cont2:[V 1< (n::nat). ideal R (J 1);
prime-ideal R P; N{X. (k< n. X =(Jk))} C P] =
Ji<n. (JI)C P

(proof)

lemma (in Ring) prod-n-ideal-cont3:[V 1< (n::nat). ideal R (J 1);
prime-ideal R P; N{X. k< n. X = (Jk))} = P] =
<0 (Jl) =P

(proof)
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definition
ideal-quotient :: [- | 'a set, 'a set] = 'a set where
ideal-quotient R A B = {z| z. € carrier R A (VbeB. z v p b € A)}

abbreviation
IDEALQT ((3-/ -/ -) [82,82,83]82) where
A tr B == ideal-quotient R A B

lemma (in Ring) ideal-quotient-is-ideal:
[ideal R A; ideal R B] = ideal R (ideal-quotient R A B)
(proof)

4.9 Addition of finite elements of a ring and ideal-multiplication

We consider sum in an abelian group

lemma (in aGroup) nsum-memI1Tr: A +> J =
Vji<n. fjeld) —nsumAfneld
(proof)

lemma (in aGroup) fSum-mem:[Vj € nset (Suc n) m. fj € carrier A; n < m]
=
fSum A f (Suc n) m € carrier A

(proof)

lemma (in aGroup) nsum-mem1:[A +> J;Vj <n.fje J] = nsum A fneJ
(proof)

lemma (in aGroup) nsum-eq-i:[Vj<n. fj € carrier A;Vj<n. gj € carrier 4,
i <mVIi<i.fl=gl]= nsum A fi=mnsumA gi
(proof)

lemma (in aGroup) nsum-cmp-eq:[f € {j. j<(nunat)} — carrier A;
hiefj.j<nt—={j.j<nk h2e{jj<n}—>{j.j<n}hi<n]=
nsum A (emp f (ecmp h2 h1)) i = nsum A (¢cmp (emp fh2) hi) i

(proof )

lemma (in aGroup) nsum-cmp-eg-transpos:[ Vj<(Suc n). fj € carrier A;
i<ni#£n] =

nsum A (emp [ (ecmp (transpos i n) (ecmp (transpos n (Suc n)) (transpos i n))))

(Suc n) = nsum A (emp f (transpos i (Suc n))) (Suc n)

(proo)

lemma transpos-Tr-n1:Suc (Suc 0) < n =
transpos (n — Suc 0) nn = n — Suc 0

(proof)

lemma transpos-Tr-n2:Suc (Suc 0) < n =
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n

transpos (n — (Suc 0)) n (n — (Suc 0))
(proof)

lemma (in aGroup) additionTr0:[0 < n;Vj < n. fj € carrier A
= nsum A (ecmp f (transpos (n — 1) n)) n = nsum A fn

(proof)

lemma (in aGroup) additionTr1:[Vf. Vh. f € {j. j<(Suc n)} — carrier A A
h e {j. i<(Suc n)} = {j. 7<(Suc n)} A inj-on h {j. j<(Suc n)} —
nsum A (emp fh) (Suc n) = nsum A f (Suc n);

f e {j. i<(Suc (Suc n))} — carrier A;

h € {j. 1<(Suc (Suc n))} — {j. j<(Suc (Suc n))};

ing-on h {j. 7<(Suc (Suc n))}; h (Suc (Suc n)) = Suc (Suc n)]

= nsum A (ecmp f h) (Suc (Suc n)) = nsum A f (Suc (Suc n))
(proof)

lemma (in aGroup) additionTri-1:[Vf.Vh. f € {j. j<Suc n} — carrier A A
he{j. j<Sucn} — {j. j<Suc n} A inj-on h {j. j<Suc n} —
nsum A (ecmp fh) (Suc n) = nsum A f (Suc n);
fe{j. 5<Suc (Suc n)} — carrier A; i < n] =
nsum A (cmp f (transpos i (Suc n))) (Suc (Suc n)) = nsum A f (Suc (Suc n))
(proof )

lemma (in aGroup) additionTr1-2:[Vf. Vh. f € {j. j<Suc n} — carrier A A
he{j. j<Sucn} — {j. 5<Sucn} A
inj-on h {j. j<Suc n} —
nsum A (emp fh) (Suc n) = nsum A f (Suc n);
f € {j. j< Suc (Suc n)} — carrier 4; i < (Suc n)] =
nsum A (emp f (transpos i (Suc (Suc n)))) (Suc (Suc n)) =
nsum A f (Suc (Suc n))

{(proof)

lemma (in aGroup) additionTr2: Vf.Vh. f € {j. j < (Suc n)} — carrier A A
he{jj<(Sucn)} —{j.7 < (Sucn)} A
inj-on h {j. j < (Suc n)} —
nsum A (emp fh) (Suc n) = nsum A f (Suc n)
(proof)

lemma (in aGroup) addition2:[f € {j. j < (Suc n)} — carrier A;
he{jj<(Sucn)} = {j.j < (Sucn)};inj-onh {j. 5 < (Sucn)}] =
nsum A (emp fh) (Suc n) = nsum A f (Suc n)

(proof)

lemma (in aGroup) addition21:[f € {j. j < n} — carrier A;

he{j.j<n}—={j.j<nkinonh{jj<n}]=
nsum A (ecmp fh) n = nsum A fn

(proof)

lemma (in aGroup) addition3:[Vj < (Suc n). fj € carrier A; j < (Suc n);
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j)# Suc n] = nsum A f (Suc n) = nsum A (cmp f (transpos j (Suc n))) (Suc
n
(proof)

lemma (in aGroup) nsum-splitTr:(¥Vj < (Suc (n + m)). fj € carrier A) —
nsum A f (Suc (n + m)) = nsum A fn £+ (nsum A (ecmp [ (slide (Suc n))) m)
(proof )

lemma (in aGroup) nsum-split:Vj < (Suc (n + m)). fj € carrier A =
nsum A f (Suc (n + m)) = nsum A fn £ (nsum A (ecmp f (slide (Suc n))) m)

(proof)

lemma (in aGroup) nsum-split1:[Vj < m. fj € carrier A; n < m] =
nsum A fm = nsum A fn £ (fSum A f (Suc n) m)
(proof)

lemma (in aGroup) nsum-minusTr: (Vj < n. fj € carrier A) —
—q (nsum A fn) =nsum A (Aze{j. j < n}. — (f2z)) n
(proof)

lemma (in aGroup) nsum-minus:vVj < n. fj € carrier A =
—q (nsum A fn) = nsum A (Aze{j. j < n}. — (fz)) n
(proof)

lemma (in aGroup) ring-nsum-zeroTr:(Vj < (nunat). fj € carrier A) A
Vji<n.fj=0 —nsumAfn=0
(proof)

lemma (in aGroup) ring-nsum-zeroNj < (nunat). fj =0 = 3. Afn=0

(proof)

lemma (in aGroup) ag-nsum-1-nonzeroTr:

V. (Vj < n. fj € carrier A) A
(1<nA(Vielj<nt— (I} 1j=0)
—nsum A fn=fI

(proof)

lemma (in aGroup) ag-nsum-1-nonzero:[Vj < n. fj € carrier A; | < n;
Vie{j.j<n}—={l}). fi=0] = nsum A fn=7FfI
(proof)

definition
set-mult =2 [-, 'a set, 'a set] = 'a set where
set-mult R A B = {z. 3zcA. 3yeB. z gy = 2}

definition
sum-mult :: [-, 'a set, 'a set] = 'a set where
sum-mult R A B = {z.3n. 3f € {j. 7 < (n:nat)}
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— set-mult R A B. nsum R fn =z}

lemma (in Ring) set-mult-sub:[A C carrier R; B C carrier R] =
set-mult R A B C carrier R

(proof)

lemma (in Ring) set-mult-mono:[A1 C carrier R; A2 C carrier R; A1 C A2;
B C carrier R] = set-mult R A1 B C set-mult R A2 B
(proof)

lemma (in Ring) sum-mult-Tr1:[A C carrier R; B C carrier R] =
(Vj <mn.fje€ set-mult RAB)— nsum R fn € carrier R
(proof )

lemma (in Ring) sum-mult-mem:[A C carrier R; B C carrier R;
Vi< mn. fje€ set-mult R AB] = nsum R fn € carrier R
(proof)

lemma (in Ring) sum-mult-meml1:[A C carrier R; B C carrier R;
z € sum-mult R A B] =
dn. 3fe{j. j < (n:nat)} — set-mult R A B. nsum R fn =2z
(proof)

lemma (in Ring) sum-mult-subR:[A C carrier R; B C carrier R] =
sum-mult R A B C carrier R

(proof)

lemma (in Ring) times-mem-sum-mult:[A C carrier R; B C carrier R;
a€AbeB] = a- besum-mult RAB

(proof)

lemma (in Ring) mem-minus-sum-multTr2:[A C carrier R; B C carrier R;
Vj<n. fje€ set-mult R AB;i<n]= fi€ carrier R
(proof)

lemma (in aGroup) nsum-jointfun:[Vj < n. fj € carrier A;

Vj < m.gj € carrier A] =

Y A (jointfun n fm g) (Suc (n +m)) = L. Afn+ (2. Agm)
(proof)

lemma (in Ring) sum-mult-pOp-closed:[A C carrier R; B C carrier R;
a € sum-mult RAB; b€ sum-mult RAB] = axpbe sum-mult R A
B

(proof)

lemma (in Ring) set-mult-mOp-closed:[A C carrier R; ideal R B;
z € set-mult R A B] = —, « € set-mult R A B
(proof)
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lemma (in Ring) set-mult-ring-times-closed:[A C carrier R; ideal R B;
z € set-mult R A B; r € carrier R] = r -, z € set-mult R A B

(proof)

lemma (in Ring) set-mult-sub-sum-mult:[A C carrier R; ideal R B] =
set-mult R A B C sum-mult R A B

(proof)

lemma (in Ring) sum-mult-pOp-closedn:[A C carrier R; ideal R B] —
(Vj<mn.fje€set-mult RAB)— X Rfn € sum-mult R AB
(proof )

lemma (in Ring) mem-minus-sum-multTr4:[A C carrier R; ideal R B] =
(Vj<n.fje€set-mult RAB)— —, (nsum R fn) € sum-mult R A B
(proof)

lemma (in Ring) sum-mult-iOp-closed:[A C carrier R; ideal R B;
z € sum-mult RAB]| = —, ¢ € sum-mult R A B

(proof)

lemma (in Ring) sum-mult-ring-multiplicationTr:

[A C carrier R; ideal R B; r € carrier R] =

(Vi <n.fjeset-mult RAB)— r - (nsum R fn) € sum-mult R A B
(proof)

lemma (in Ring) sum-mult-ring-multiplication:[A C carrier R; ideal R B;
r € carrier R; a € sum-mult R A B] = r -, a € sum-mult R A B

(proof)

lemma (in Ring) ideal-sum-mult:[A C carrier R; A # {}; ideal R B] =
ideal R (sum-mult R A B)
(proof)

lemma (in Ring) ideal-inc-set-multTr:[A C carrier R; ideal R Bj; ideal R C;
set-mult RA B C C ]| =
Vfe{jj<(n:nat)} — set-mult RAB.X. RfneC
(proof)

lemma (in Ring) ideal-inc-set-mult:[A C carrier R; ideal R B; ideal R C;
set-mult RA B C C]| = sum-mult RABC C
(proof)

lemma (in Ring) AB-inc-sum-mult:[ideal R A; ideal R B] =
sum-mult RA B CANB
(proof)

lemma (in Ring) sum-mult-is-ideal-prod:[ideal R A; ideal R B] =
sum-mult RAB= A, B
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(proof)

lemma (in Ring) ideal-prod-assocTr0:[ideal R A; ideal R B; ideal R C; y € C;
z € set-mult R A B] = z -+ y € sum-mult R A (B $, C)

(proof)

lemma (in Ring) ideal-prod-assocTrl:[ideal R A; ideal R B; ideal R C; y € C]
= Vfe{j j<(n:nat)} — set-mult RAB. (3. Rfn)yec A (B, C)
(proof)

lemma (in Ring) ideal-quotient-idealTr:[ideal R A; ideal R Bj; ideal R C;
x € carrier RV ceC. x - ¢ € ideal-quotient R A B] —
fe{sj. i <n} — set-mult RBC — z - (nsum R fn) € A

(proof)

lemma (in Ring) ideal-quotient-ideal:[ideal R A; ideal R B; ideal R C] =
Afr Bir C=A1fr B, C
(proof)

lemma (in Ring) ideal-prod-assocTr:[ideal R A; ideal R Bj; ideal R C] =
V. (f€{j. j<(n:nat)} — set-mult R (A $, B) C —
(Xe Rfn)e Ao, (B O, 0))
(proof )

lemma (in Ring) ideal-prod-assoc:[ideal R A; ideal R B; ideal R C] =
(proof )

lemma (in Ring) prod-principal-idealTr0: [a € carrier R; b € carrier R;
z € set-mult R (R $p a) (ROp b)] = 2€ ROy (a4 b)
(proof)

lemma (in Ring) prod-principal-idealTr1: [a € carrier R; b € carrier R] =
Vied{j j<(n:nat)} — set-mult R (R $p a) (R Op b).
Y Rfne RO, (a- D)
(proof)

lemma (in Ring) prod-principal-ideal:[a € carrier R; b € carrier R] =
(Rza R a) {, (Rza R b) = Rxa R (a -+ b)
(proof)

lemma (in Ring) principal-ideal-n-powl:a € carrier R —
(Rza R a)OR " = Rza R (a"B M)
(proof)

lemma (in Ring) principal-ideal-n-pow:[a € carrier R; I = Rxa R a] =
19B™ — Rya R (a " m)
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(proof )
more about ideal-n-prod
lemma (in Ring) nprod-eqTr: f € {j. j < (nunat)} — carrier R A
g€{j.j<n}—carrier RANNj<n.fj=gj) —
nprod R fn = nprod R g n
(proof)

lemma (in Ring) nprod-eq:[Vj < n. fj € carrier R;¥Vj < n. g j € carrier R;
(Vi < (nunat). fj=gj)] = nprod R fn =nprod R gn
(proof)

definition
mprod-expR :: [('b, 'm) Ring-scheme, nat = nat, nat = 'b, nat] = 'b where
mprod-expR R e f n = nprod R (Nj. ((f7) R (6]))) n

lemma (in Ring) mprodR-Suc:[e € {j. j < (Suc n)} — {j. (0:inat) < j};
fed{j.j <(Sucn)} — carrier R] =
mprod-expR R e f (Suc n) =
(mprod-exzpR R e fn) - ((f (Suc n)) & (e (Suc n)))
{proof)

lemma (in Ring) mprod-expR-memTr:e € {j. j < n} — {j. (0:nat) < j} A
fedj.j <n} — carrier R — mprod-expR R e f n € carrier R

(proof)

lemma (in Ring) mprod-expR-mem:[ e € {j. 7 < n} — {j. (0::nat) < j};
fe€d{j.j<n} — carrier R = mprod-expR R e f n € carrier R
(proof)

lemma (in Ring) prod-n-principal-idealTr:e € {j. j<n} — {j. (0:nat)<j} A

fe{j. j<n} — carrier R A (Vk < n. Jk = (Rza R (fk))OF (ek)y —
ideal-n-prod R n J = Rxa R (mprod-expR R e f n)

(proof)

lemma (in Ring) prod-n-principal-ideal:[e € {j. j<n} — {j. (0::nat)<j};

fedj. i<n} — carrier R;Vk< n. Jk = (Rza R (f k‘))<>R (e k)]] =
ideal-n-prod R n J = Rxa R (mprod-expR R e fn)

(proof )

lemma (in Idomain) a-notin-n-powl:[a € carrier R; = Unit R a; a # 0; 0 < n]
— a ¢ (Rza R a) OF (Suc n)
(proof )

lemma (in Idomain) a-notin-n-pow?2:[a € carrier R; ~ Unit R a; a # 0;
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0<n]= aB"¢ (ReaR a) OR (Suc n)
(proof)

lemma (in Idomain) n-pow-not-prime:[a € carrier R; a # 0; 0 < n]
= - prime-ideal R ((Rza R a) OR (Suc n))
{(proof)

lemma (in Idomain) principal-pow-prime-condTr:
[a € carrier R; a # 0; prime-ideal R ((Rza R a) OR (Suc ”))]] = n=20
(proof)

lemma (in Idomain) principal-pow-prime-cond:
[a € carrier R; a # 0; prime-ideal R ((Rza R a) OR ™M) = n = Suc 0
(proof)

4.10 Extension and contraction

locale TwoRings = Ring +
fixes R’ (structure)
assumes secondR: Ring R’

definition
i-contract :: ['a = 'b, ("a, 'm1) Ring-scheme, ('b, 'm2) Ring-scheme,
'b set] = 'a set where
i-contract f R R' J = invim f (carrier R) J

definition
i-extension :: ['a = 'b, ('a, 'm1) Ring-scheme, ('b, 'm2) Ring-scheme,
‘a set] = 'b set where
i-extension f R R’ I = sum-mult R’ (f  I) (carrier R’)

lemma (in TwoRings) i-contract-sub:[f € rHom R R'; ideal R' J | =
(i-contract f R R' J) C carrier R
{proof )

lemma (in TwoRings) i-contract-ideal:[f € rHom R R'; ideal R' J | =
ideal R (i-contract f R R' J)

(proof)

lemma (in TwoRings) i-contract-mono:[f € rHom R R’; ideal R’ J1; ideal R’ J2;
J1 C J2 ]| = i-contract f R R’ J1 C i-contract f R R’ J2

(proof)

lemma (in TwoRings) i-contract-prime:[f € rHom R R'; prime-ideal R’ P] =
prime-ideal R (i-contract f R R’ P)
(proof)
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lemma (in TwoRings) i-extension-ideal:[f € rHom R R'; ideal R I | =
ideal R’ (i-extension f R R’ I)
(proof)

lemma (in TwoRings) i-extension-mono:[f € rHom R R’ ideal R I1; ideal R I2;
I1 C I2 | = (i-extension f R R’ I1) C (i-extension f R R’ 12)
(proof)

lemma (in TwoRings) e-c-inc-self:[f € rHom R R’ ideal R I| =
I C i-contract f R R’ (i-extension f R R' I)
(proof )

lemma (in TwoRings) c-e-incd-self:[f € rHom R R'; ideal R’ J | =
i-extension f R R’ (i-contract f R R’ J) C J
(proof)

lemma (in TwoRings) c-e-c-eq-c:[f € rHom R R'; ideal R’ J | =
i-contract f R R’ (i-extension f R R’ (i-contract f R R’ J))
= j-contract f R R" J
(proof )

lemma (in TwoRings) e-c-e-eq-e:[f € rHom R R'; ideal R I | =
i-extension f R R’ (i-contract f R R’ (i-extension f R R’ I))
= j-extension f R R' I
(proof)

4.11 Complete system of representatives

definition
csrp-fn :: [-, 'a set] = 'a set = 'a where
csrp-fn R I = (Az€carrier (R /, I). (if © = I then Op else SOME y. y € z))

definition
esrp |-, 'a set] = 'a set where
esrp R I == (csrp-fn R I) * (carrier (R /, I))

lemma (in Ring) csrp-mem:[ideal R I; a € carrier R] =
csrp-fn R I (aWp I) € awWp I
(proof)

lemma (in Ring) csrp-same:[ideal R I; a € carrier R] =
esrp-fn RI (aWp I)Wp I =aWp I
(proof)

lemma (in Ring) csrp-meml:[ideal R I; x € carrier (R /. I)] =

csrp-fn R Iz € ¢
(proof)
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lemma (in Ring) csrp-fn-mem:[ideal R I; © € carrier (R /. I)] =
(esrp-fn R I ) € carrier R

(proof)

lemma (in Ring) csrp-eg-coset:[ideal R I; x € carrier (R /. I)] =
(ecsrp-fn RI1z)Wp Il =2
(proof )

lemma (in Ring) csrp-nz-nz:[ideal R I; © € carrier (R /, I);
T # O(R /r I)ﬂ = (csrp-fn R Ix) #0
(proof)

lemma (in Ring) csrp-diff-in-vpr:[ideal R I; x € carrier R] =
z =+ (—q (esrp-fn RI (pjRIzx))) el
(proof)

lemma (in Ring) csrp-pj:[ideal R I; x € carrier (R /. I)] =
(pfRI) (csrp-fn RIzx)==x
(proof)

4.12 Polynomial ring

In this section, we treat a ring of polynomials over a ring S. Numbers are of
type ant

definition
pol-coeff :: [("a, 'more) Ring-scheme, (nat x (nat = 'a))] = bool where
pol-coeff S ¢ +— (Vj < (fst ¢). (snd ¢) j € carrier S)

definition
c-maz :: [('a, 'more) Ring-scheme, nat x (nat = 'a)] = nat where
c-maz S ¢ = (if {j.j < (fstc) A (sndc)j#0g}={} then 0 else
n-mazx {j. j < (fst ¢) A (snd ¢) j # 0g})

definition
polyn-expr :: [('a, 'more) Ring-scheme, 'a, nat, nat x (nat = ‘a)] = 'a where
polyn-expr R X k ¢ == nsum R (Aj. ((snd ¢) j) -+ g (XAR N) k

definition
algfree-cond :: [('a, 'm) Ring-scheme, (‘a, 'm1) Ring-scheme,
'a] = bool where
algfree-cond R § X <— (¥ c. pol-coeff S ¢ A (Vk < (fst ¢).
(nsum R (Nj. ((snd ¢) §) g (X" BI)) k=05 —
(V7 < k. (snd c) j = 0g))))

locale PolynRg = Ring +
fixes S (structure)
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fixes X (structure)
assumes X-mem-R:X € carrier R
and not-zeroring:— Zero-ring S
and subring: Subring R S
and algfree: algfree-cond R S X
and S-X-generate:x € carrier R =
3f. pol-coeff S f N x = polyn-expr R X (fst f) f

4.13 Addition and multiplication of polyn-exprs

4.13.1 Simple properties of a polyn-ring

lemma Subring-subset:Subring R S = carrier S C carrier R
(proof )

lemma (in Ring) subring-Ring:Subring R S = Ring S
(proof )

lemma (in Ring) mem-subring-mem-ring:[Subring R S; « € carrier S| =
x € carrier R
(proof)

lemma (in Ring) Subring-pOp-ring-pOp:[Subring R S; a € carrier S,
be carrier S| = atgb=a+b
(proof)

lemma (in Ring) Subring-tOp-ring-tOp:[Subring R S; a € carrier S;
becarrierS] = a-wgb=a- b

(proof)

lemma (in Ring) Subring-one-ring-one:Subring R S = 1,g= 1,
(proof)

lemma (in Ring) Subring-zero-ring-zero:Subring R S = 0g = 0
(proof)

lemma (in Ring) Subring-minus-ring-minus:[Subring R S; z € carrier S|

= 49T =0T
(proof)
lemma (in PolynRg) Subring-pow-ring-pow:z € carrier S —>
29N — o Bn

(proof)
lemma (in PolynRyg) is-Ring: Ring R {proof)

lemma (in PolynRg) polyn-ring-nonzero:1, # 0
(proof)
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lemma (in PolynRg) polyn-ring-S-nonzero:1,g # 0g
(proof )

lemma (in PolynRyg) polyn-ring-X-nonzero:X # 0
(proof)

4.13.2 Coefficients of a polynomial

lemma (in PolynRyg) pol-coeff-split:pol-coeff S f = pol-coeff S (fst f, snd f)
(proof)

lemma (in PolynRg) pol-coeff-cartesian:pol-coeff S ¢ =
(fst e, snd ¢) = ¢
(proof)

lemma (in PolynRg) split-pol-coeff:[pol-coeff S ¢; k < (fst ¢)] =
pol-coeff S (k, snd c)
(proof)

lemma (in PolynRg) pol-coeff-pre:pol-coeff S ((Suc n), f) =
pol-coeff S (n, f)
(proof)

lemma (in PolynRyg) pol-coeff-le:[pol-coeff S ¢; n < (fst ¢)] =
pol-coeff S (n, (snd ¢))
(proof )

lemma (in PolynRg) pol-coeff-mem:[pol-coeff S ¢; j < (fst ¢)] =
((snd ¢) j) € carrier S

(proof)

lemma (in PolynRyg) pol-coeff-mem-R:[pol-coeff S ¢; j < (fst ¢)]
= ((snd ¢) j) € carrier R
(proof)

lemma (in PolynRg) Slide-pol-coeff :[pol-coeff S ¢; n < (fst ¢)] =
pol-coeff S (((fst ¢) — Suc n), (Az. (snd ¢) (Suc (n + x)))
(proof)

4.13.3 Addition of polyn-exprs

lemma (in PolynRg) monomial-mem:pol-coeff S ¢ =
Vi < (fstc). (sndc)j-» X I e carrier R
(proof)
lemma (in PolynRg) polyn-mem:[pol-coeff S ¢; k < (fst ¢)] =
polyn-expr R X k ¢ € carrier R
(proof)

lemma (in PolynRg) polyn-exprs-eq:[pol-coeff S ¢; pol-coeff S d;
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k < (min (fst ) (fst d));
polyn-expr R X k c

k. (snd ¢) j = (snd d) j] =
polyn-expr R X k d

I IA

(proof)

lemma (in PolynRg) polyn-expr-restrict:pol-coeff S (Suc n, f) =
polyn-expr R X n (Suc n, f) = polyn-expr R X n (n, f)
(proof)

lemma (in PolynRg) polyn-expr-short:[pol-coeff S ¢; k < (fst ¢)] =
polyn-expr R X k ¢ = polyn-expr R X k (k, snd c)
(proof)

lemma (in PolynRg) polyn-expr0:pol-coeff S ¢ =
polyn-expr R X 0 ¢ = (snd ¢) 0
{proof )

lemma (in PolynRg) polyn-expr-split:
polyn-expr R X k f = polyn-expr R X k (fst f, snd f)
(proof)

lemma (in PolynRg) polyn-Suc:Suc n < (fst ¢) =
polyn-expr R X (Suc n) ((Suc n), (snd ¢)) =
polyn-expr R X n ¢ £ ((snd ¢) (Suc n)) - (X" (Suc n))
(proof)

lemma (in PolynRg) polyn-Suc-split:pol-coeff S (Suc n, ) =
polyn-expr R X (Suc n) ((Suc n), f) =
polyn-expr R X n (n, f) £+ (f (Suc n)) - (X (Suc "))
(proof)

lemma (in PolynRg) polyn-n-m:[pol-coeff S ¢; n < m; m < (fst ¢)] =
polyn-expr R X m (m, (snd ¢)) = polyn-expr R X n (n, (snd ¢)) £
(fSum R (Aj. ((snd ¢) §) - (X B I)) (Suc n) m)
(proof)

lemma (in PolynRg) polyn-n-m1:[pol-coeff S ¢; n < m; m < (fst ¢)] =
polyn-expr R X m ¢ = polyn-expr R X n ¢ £ A
(fSum R (Aj. ((snd ¢) §) - (X B I)) (Suc n) m)
(proof)

lemma (in PolynRg) polyn-n-m-mem:[pol-coeff S ¢; n < m; m < (fst ¢)] =
(fSum R (Mj. ((snd ¢) §) - (X ) (Suc n) m) € carrier R
(proof)

lemma (in PolynRg) polyn-n-ms-eq:[pol-coeff S c; pol-coeff S d;
m < min (fst ¢) (fst d); n < m;
Vjienset (Suc n) m. (snd ¢) j = (snd d) j] =
(fSum R (Mj. ((snd ¢) §) - (X B I)) (Suc n) m) =
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(fSum R (\j. ((snd d) §) - (X BI)) (Suc n) m)
(proof)

lemma (in PolynRg) polyn-addTr:
(pol-coeff S (n, f)) A (pol-coeff S (n, g)) —
(polyn-expr R X n (n, f)) £ (polyn-expr R X n (_n, 9)) =
nsum R (\j. ((f7) %5 (9.9)) -+ (X" 9)) n
(proof)

lemma (in PolynRg) polyn-add-n:[pol-coeff S (n, f); pol-coeff S (n, g)] =
(polyn-expr R X n (n, f)) = (polyn-expr RXn (n, 9)) =
nsum R (\j. ((f4) £g (94)) » (X" EI))n
(proof)

definition
add-cf :: [('a, 'm) Ring-scheme, nat x (nat = 'a), nat X (nat = ’a)] =
nat x (nat = 'a) where
add-cf S cd =
(if (fst ¢) < (fst d) then ((fst d), Aj. (if j < (fst ¢)
then (((snd c) j) £g ((snd d) j)) else ((snd
4) 1))

else if (fst ¢) = (fst d) then ((fst c), Aj. ((snd ¢) j £g (snd d) j))
else ((fst ¢), Nj. (if 7 < (fst d) then

((snd c) j +g (snd d) j) else ((snd c) j))))

lemma (in PolynRg) add-cf-pol-coeff :[pol-coeff S ¢; pol-coeff S d]
= pol-coeff S (add-cf S ¢ d)
{proof )

lemma (in PolynRyg) add-cf-len:[pol-coeff S ¢; pol-coeff S d]
= fst (add-cf S ¢ d) = (mazx (fst ¢) (fst d))
(proof )

lemma (in PolynRg) polyn-expr-restrict!:[pol-coeff S (n, f);

pol-coeff S (Suc (m + n), g)] =

polyn-expr R X (m + n) (add-cf S (n, f) (m + n, g)) =

polyn-expr R X (m + n) (m + n, snd (add-cf S (n, f) (Suc (m + n), g)))
(proof)

lemma (in PolynRg) polyn-add-n1:[pol-coeff S (n, f); pol-coeff S (n, g)] =
(polyn-expr R X n (n, f)) £ (polyn-expr R X n (n, g)) =
polyn-expr R X n (add-cf S (n, f) (n, g))
(proof)

lemma (in PolynRyg) add-cf-val-hi:(fst ¢) < (fst d) =

snd (add-cf S ¢ d) (fst d) = (snd d) (fst d)
(proof)
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lemma (in PolynRg) add-cf-commute:[pol-coeff S c; pol-coeff S d]
= Vj < (mazx (fst ¢) (fst d)). snd (add-cf S cd) j =
snd (add-cf S dc)j
(proof)

lemma (in PolynRg) polyn-addTr1:pol-coeff S (n, f) =
Y g. pol-coeff S (n + m, g) —
(polyn-expr R X n (n, f) £ (polyn-expr R X (n + m) ((n + m), g
= polyn-expr R X (n + m) (add-¢f S (n, f) ((n + m), g)))
{(proof)

lemma (in PolynRg) polyn-add:[pol-coeff S (n, f); pol-coeff S (m, g)]
= polyn-expr R X n (n, f) & (polyn-expr R X m (m, g))
= polyn-expr R X (maz n m) (add-cf S (n, f) (m, g))
(proof)

lemma (in PolynRg) polyn-add1:[pol-coeff S ¢; pol-coeff S d]
= polyn-expr R X (fst ¢) ¢ £ (polyn-expr R X (fst d) d)
= polyn-expr R X (maz (fst ¢) (fst d)) (add-¢f S ¢ d)
(proof)

lemma (in PolynRg) polyn-minus-nsum:[pol-coeff S c; k < (fst ¢)] =
—q (polyn-expr R X k ¢) = nsum R (A\j. ((—ag ((snd ¢) 7)) -» (X RI)) k
(proof)

lemma (in PolynRg) minus-pol-coeff :pol-coeff S ¢ =
pol-coeff S ((fst ¢), (Aj. (=ag ((snd c) j))))
(proof)

lemma (in PolynRg) polyn-minus:[pol-coeff S ¢; k < (fst ¢)] =
—a (polyn-ezpr R X k ¢) =
polyn-expr R X k (fst ¢, (A\j. (—ag ((snd ¢) 7))))
(proof)

definition
m-cf :: [("a, 'm) Ring-scheme, nat x (nat = 'a)] = nat x (nat = 'a) where

m-cf S ¢ = (fst ¢, (\j. (—ag ((snd c) j))))

lemma (in PolynRg) m-cf-pol-coeff :pol-coeff S ¢ =
pol-coeff S (m-cf S ¢)
(proof )

lemma (in PolynRg) m-cf-len:pol-coeff S ¢ =
fst (m-cf S ¢) = fst c
(proof)

lemma (in PolynRg) polyn-minus-m-cf:[pol-coeff S ¢; k < (fst ¢)] =
—a (polyn-expr R X k ¢) =
polyn-expr R X k (m-cf S ¢)
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(proof)

lemma (in PolynRg) polyn-zero-minus-zero:[pol-coeff S ¢; k < (fst ¢)] =
(polyn-expr R X k ¢ = 0) = (polyn-expr R X k (m-cf S ¢) = 0)
(proof)

lemma (in PolynRg) coeff-0-pol-0:[pol-coeff S c; k < fst ¢] =
(Vi< k. (snd c) j =0g) = (polyn-expr R X k ¢ = 0)
(proof)

4.13.4 Multiplication of pol-exprs
4.13.5 Multiplication

definition
ext-cf :: [("a, 'm) Ring-scheme, nat, nat x (nat = 'a)] =
nat x (nat = 'a) where
ext-cf Snc= (n+ fstc, M. if n < i then (snd c) (sliden n i) else Og)

definition
sp-cf :: [("a, 'm) Ring-scheme, 'a, nat x (nat = 'a)] = nat X (nat = 'a) where
sp-cf Sac=(fstc, \j. a -»g ((snd ¢) 7))

definition
special-cf :: (a, 'm) Ring-scheme = nat x (nat = 'a) (Cy) where
Co S =1(0,X.1,9)

lemma (in PolynRyg) special-cf-pol-coeff :pol-coeff S (Cy S)
{proof)

lemma (in PolynRg) special-cf-len:fst (Cy S) = 0
(proof)

lemma (in PolynRg) ext-cf-pol-coeff :pol-coeff S ¢ =
pol-coeff S (ext-cf S n c)
(proof)

lemma (in PolynRg) ext-cf-len:pol-coeff S ¢ =
fst (ext-cf Smc) =m + fstc
(proof)

lemma (in PolynRyg) ext-special-cf-len:fst (ext-cf S m (Cy S)) = m
(proof)

lemma (in PolynRg) ext-cf-self :pol-coeff S ¢ =

Vi < (fst c). snd (ext-cf S 0c)j=(sndc)j
(proof)
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lemma (in PolynRg) ext-cf-hi:pol-coeff S ¢ =
(snd c) (fst c) =
snd (ext-cf Snc) (n + (fst c))
(proof)

lemma (in PolynRyg) ext-special-cf-hi:snd (ext-cf Sn (Co S)) n = 1,g
(proof)

lemma (in PolynRyg) ext-cf-lo-zero:[pol-coeff S ¢; 0 < n; z < (n — Suc 0)]
= snd (ext-cf Snc) z = 0g
(proof)

lemma (in PolynRg) ext-special-cf-lo-zero:[0 < n; ¢ < (n — Suc 0)]
= snd (ext-cf Sn (Cy S)) z = 0g
(proof)

lemma (in PolynRg) sp-cf-pol-coeff:[pol-coeff S ¢; a € carrier S] =
pol-coeff S (sp-cf S a ¢)
(proof)

lemma (in PolynRg) sp-cf-len:[pol-coeff S ¢; a € carrier S| =
fst (sp-cf S ac) = fstec
(proof )

lemma (in PolynRg) sp-cf-val:[pol-coeff S ¢; 7 < (fst ¢); a € carrier S| =
snd (sp-cf Sac)j= a-rg((sndc)j)
(proof )

lemma (in PolynRyg) polyn-ext-cf-lo-zero:[pol-coeff S ¢; 0 < j] =
polyn-expr R X (j — Suc 0) (ext-cf Sjc) =0
(proof)

lemma (in PolynRg) monomial-d:pol-coeff S ¢ =
polyn-expr R X d (ext-cf S d ¢) = ((snd ¢) 0) -, X" 11 d
(proof)

lemma (in PolynRg) X-to-d: X fd— polyn-expr R X d (ext-cf S d (Cy S))
(proof)

lemma (in PolynRyg) c-maz-ext-special-cf:c-max S (ext-cf Sn (Cy S)) = n
(proof)
lemma (in PolynRg) scalar-times-polynTr:a € carrier S =

YV f. pol-coeff S (n, f) —

a - (polyn-expr R X n (n, f)) = polyn-expr R X n (sp-¢f S a (n, f))
(proof)

lemma (in PolynRg) scalar-times-pol-expr:[a € carrier S; pol-coeff S ¢;
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n < fst ] =
a - (polyn-expr R X n ¢) = polyn-expr R X n (sp-c¢f S a c)
(proof)

lemma (in PolynRg) sp-coeff-nonzero:[Idomain S; a € carrier S; a # Og;
pol-coeff S ¢; (snd ¢) j # 0g; j < (fst ¢)] =
snd (sp-cf Sac)j# Og

(proof)

lemma (in PolynRyg) ext-cf-inductTl:pol-coeff S (Suc n, f) =
polyn-expr R X (n + j) (ext-cf S j (Suc n, f)) =
polyn-expr R X (n + j) (ext-¢f Sj (n, f))
(proof)

lemma (in PolynRyg) low-deg-terms-zeroTr:
pol-coeff S (n, f) —
polyn-expr R X (n + j) (ext-cf Sj (n, f)) =
(X "R I) -, (polyn-ezpr R X n (n, f))
(proof)

lemma (in PolynRg) low-deg-terms-zero:pol-coeff S (n, f) =
polyn-expr R X (n + j) (ext-¢cf Sj (n, f)) =
(XAR 3y - (polyn-expr R X n (n, f))
(proof)

lemma (in PolynRg) low-deg-terms-zerol :pol-coeff S ¢ =
polyn-expr R X ((fst ¢) + j) (ext-cf Sjc) =
(X"BJ)y .. (polyn-expr R X (fst c) c)
(proof)

lemma (in PolynRg) polyn-expr-tOpTr:pol-coeff S (n, [) =
Y g. (pol-coeff S (m, g) — (I h. pol-coeff S ((n + m), h) A
h(n+m)=(fn) g (gm)A
(polyn-expr R X (n + m) (n + m, h) =
(polyn-expr R X n (n, f)) - (polyn-expr R X m (m, g)))))
(proof)

lemma (in PolynRg) polyn-expr-tOp:|
pol-coeff S (n, f); pol-coeff S (m, g)] = Te. pol-coeff S ((n + m), e) A
e (n+m) = (1) -rg (g m) A
polyn-expr R X (n + m)(n + m, e) =
(polyn-expr R X n (n, f)) - (polyn-expr R X m (m, g))
(proof)

lemma (in PolynRg) polyn-expr-tOp-c:[pol-coeff S ¢; pol-coeff S d] =
Je. pol-coeff S e N (fst e = fst ¢ + fst d) A
(snd e) (fst e) = (snd ¢ (fst ¢)) -rg (snd d) (fst d) A
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polyn-expr R X (fst e) e
(polyn-expr R X (fst ¢) ¢) - (polyn-exzpr R X (fst d) d)

(proof)

4.14 The degree of a polynomial

lemma (in PolynRg) polyn-degreeTr:[pol-coeff S ¢; k < (fst ¢)] =
(polyn-expr R X ke=0)=({j. 7 <k A (sndc)j+#0g}=1{})
(proof )

lemma (in PolynRg) higher-part-zero:[pol-coeff S ¢; k < fst c;
Vjienset (Suck) (fst c). snd cj = 0g] =
S R(N.sndcj - X RI) (Suck) (fst ¢) =0
(proof)

lemma (in PolynRyg) coeff-nonzero-polyn-nonzero:[pol-coeff S ¢; k < (fst ¢)]
= (polyn-expr R X k ¢ # 0) = (3j<k. (snd ¢) j # 0g )
(proof)

lemma (in PolynRyg) pol-expr-unique:[p € carrier R; p # 0;
pol-coeff S ¢; p = polyn-expr R X (fst ¢) ¢; (snd ¢) (fst ¢) # Og;
pol-coeff S d; p = polyn-expr R X (fst d) d; (snd d) (fst d) # 0g] =
(fstc) = (fst d) N (Vj < (fst c). (snd ¢) j = (snd d) j)

(proof)

lemma (in PolynRyg) pol-expr-unique2:[pol-coeff S ¢; pol-coeff S d;
fst ¢ = fst d] =
(polyn-expr R X (fst ¢) ¢ = polyn-expr R X (fst d) d ) =
(Vg < (fstc). (sndc)j=(sndd)j)
(proof)

lemma (in PolynRyg) pol-expr-unique3:[pol-coeff S ¢; pol-coeff S d;
fst ¢ < fst d] =
(polyn-expr R X (fst ¢) ¢ = polyn-expr R X (fst d) d ) =
(Vi < (fste). (snd c) j = (snd d) j) A
(Vjienset (Suc (fst ¢)) (fst d). (snd d) j = 0g))
{proof)

lemma (in PolynRg) polyn-degree-unique:[pol-coeff S ¢; pol-coeff S d;
polyn-expr R X (fst ¢) ¢ = polyn-expr R X (fst d) d] =
c-max S ¢ = c-mazx S d

(proof)

lemma (in PolynRg) ex-polyn-expr:p € carrier R =
Fe. pol-coeff S ¢ N p = polyn-expr R X (fst ¢) ¢

(proof)

lemma (in PolynRyg) c-maz-eqTr0:[pol-coeff S ¢; k < (fst ¢);
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polyn-expr R X k ¢ = polyn-expr R X (fst ¢) ¢; 3j<k. (snd c) j # 0g] =
c-maz S (k, snd ¢) = c-mazx S ¢
(proof )

definition
cf-sol :: [('a, 'b) Ring-scheme, ('a, 'b1) Ring-scheme, 'a, 'a,
nat x (nat = 'a)] = bool where
cf-sol R S X p ¢ «— pol-coeff S ¢ N\ (p = polyn-expr R X (fst ¢) c)

definition
deg-n ::[('a, 'b) Ring-scheme, ('a, 'b1) Ring-scheme, 'a, 'a] = nat where
deg-n R S X p = c-maz S (SOME c. ¢f-sol R S X p ¢)

!

definition
deg ::[('a, 'b) Ring-scheme, ('a, 'b1) Ring-scheme, 'a, 'a] = ant where
deg RS X p = (if p=0p then —co else (an (deg-n R S X p)))

/

lemma (in PolynRg) ex-cf-sol:p € carrier R —>
Jec. ¢f-sol RS X pc

(proof)

lemma (in PolynRg) deg-in-aug-minf:p € carrier R =
deg RS Xpe€eZ o
(proof)

lemma (in PolynRg) deg-noninf:p € carrier R =
deg RS X p # o0
(proof)

lemma (in PolynRg) deg-ant-int:[p € carrier R; p # 0]
= deg R S X p = ant (int (deg-n R S X p))
(proof)

lemma (in PolynRg) deg-an:[p € carrier R; p # 0]
= deg RS X p=an (degn RS X p)
(proof)

lemma (in PolynRg) pol-SOME-1:p € carrier R =
cf-sol RS X p (SOME f. cf-sol RS X p f)

(proof)

lemma (in PolynRg) pol-SOME-2:p € carrier R =
pol-coeff S (SOME c. c¢f-sol R S X p ¢) A
p = polyn-expr R X (fst (SOME c. ¢f-sol R S X p ¢))
(SOME c. ¢f-sol R S X p ¢)
(proof)

lemma (in PolynRg) coeff-max-zeroTr:pol-coeff S ¢ =
Vi.j<(fstc)A (ccmaz Sc)<j— (sndc)j=0g
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(proof)

lemma (in PolynRyg) coeff-maz-nonzeroTr:[pol-coeff S ¢;
dj < (fstc). (snd c¢) j # 0g] = (snd ¢) (c-maz S ¢) # Og
(proof )

lemma (in PolynRg) coeff-max-bddTr:pol-coeff S ¢ = c-max S ¢ < (fst ¢)
(proof)

lemma (in PolynRg) pol-coeff-max:pol-coeff S ¢ =
pol-coeff S ((¢-mazx S ¢), snd c)
(proof)

lemma (in PolynRg) polyn-c-maz:pol-coeff S ¢ =
polyn-expr R X (fst ¢) ¢ = polyn-expr R X (¢-mazx S ¢) ¢
(proof)

lemma (in PolynRg) pol-deg-eq-c-maz:[p € carrier R;
pol-coeff S ¢; p = polyn-expr R X (fst ¢) ¢] =
deg-n R S X p = c-maz S ¢
(proof )

lemma (in PolynRg) pol-deg-le-n:[p € carrier R; pol-coeff S c;
p = polyn-expr R X (fst ¢) ¢] = degn R S X p < (fst ¢)
(proof)

lemma (in PolynRyg) pol-deg-le-n1:[p € carrier R; pol-coeff S ¢; k < (fst ¢);
p = polyn-expr R X k ¢] = degm R S X p <k
(proof)

lemma (in PolynRg) pol-len-gt-deg:[p € carrier R; pol-coeff S ¢;
p = polyn-expr R X (fst ¢) ¢; deg R S X p < (an j); j < (fst ¢)]
= (sndc) j =0g

(proof)

lemma (in PolynRg) pol-diff-deg-less:[p € carrier R; pol-coeff S c;
p = polyn-expr R X (fst ¢) ¢; pol-coeff S d;
fst ¢ = fst d; (snd c) (fst ¢) = (snd d) (fst d)] =
p £ (—q (polyn-ezpr R X (fst d) d)) =0V
deg-n R S X (p £ (—4 (polyn-expr R X (fst d) d))) < (fst ¢)
(proof)

lemma (in PolynRyg) pol-pre-lt-deg:[p € carrier R; pol-coeff S c;

deg-n RS X p < (fst ¢); (degn R S X p) # 0;

p = polyn-expr R X (degn R S X p) ¢ | =
(deg-n R S X (polyn-expr R X ((deg-n R S X p) — Suc 0) ¢)) < (deg-n R S X p)
(proof)

lemma (in PolynRyg) pol-deg-n:[p € carrier R; pol-coeff S c;
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n < fst ¢; p = polyn-expr R X n ¢; (snd ¢) n # 0g] =
degn R S X p=n
(proof)

lemma (in PolynRyg) pol-expr-deg:[p € carrier R; p # 0]
= Jec. pol-coeff S ¢ A deg-n RS X p < (fst c) A
p = polyn-expr R X (deg-n R S X p) ¢ A
(snd ¢) (deg-n R S X p) # Og
(proof)

lemma (in PolynRg) deg-n-pos:p € carrier R = 0 < deg-n R S X p
(proof)

lemma (in PolynRyg) pol-expr-degl:[p € carrier R; d = na (deg R S X p)] =
Je. (pol-coeff S ¢ N p = polyn-expr R X d c)
(proof)

end

theory Algebra6 imports Algebra5 begin

definition
s-¢f : [("a, 'm) Ring-scheme, (‘a, 'm1) Ring-scheme, 'a, 'a]
= nat x (nat = 'a) where
sscf RSXp=(if p=0p then (0, A\j. Og) else
SOME c. (pol-coeff S ¢ A p = polyn-expr R X (fst ¢) ¢ A
(snd ¢) (fst ) # 0g))

definition
lef =+ [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, 'a] = ’a where
lefRSXp=(snd (s-¢cf RS X p)) (fst (s-¢f R S X p))

lemma (in PolynRg) lcf-val-0:lcf R S X 0 = 0g
{proof)

lemma (in PolynRg) lcf-val:[p € carrier R; p # 0] =
lef RS Xp=(snd (s-¢cf RS Xp)) (fst (s-¢f RS X p))
(proof)
lemma (in PolynRg) s-cf-pol-coeff:p € carrier R =
pol-coeff S (s-cf R S X p)
(proof)

lemma (in PolynRyg) lcf-mem:p € carrier R = (lcf R S X p) € carrier S

(proof)
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lemma (in PolynRg) s-cf-expr0:p € carrier R —>
pol-coeff S (s-¢f R S X p) A
p = polyn-expr R X (fst (s-¢cf R S X p)) (s-¢fR S X p)
(proof )

lemma (in PolynRg) pos-deg-nonzero:[p € carrier R; 0 < deg-n R S X p] =

p#0
(proof)

lemma (in PolynRyg) s-cf-expr:[p € carrier R; p # 0] =
pol-coeff S (s-¢f R S X p) A
p = polyn-expr R X (fst (s-¢f R S X p)) (s-¢f R S X p) A
(snd (s-cf R S X p)) (fst (s-cf R S X p)) # Og

(proof)

lemma (in PolynRyg) lcf-nonzero:[p € carrier Ry p # 0 | =
IecfRSXp#0g
(proof)

lemma (in PolynRyg) s-cf-deg:[p € carrier R; p # 0] =
deg-n RS X p = fst (s-cf RS X p)
(proof)

lemma (in PolynRg) pol-expr-edeg:[p € carrier R; deg R S X p < (an d)] =
3f. (pol-coeff S f A fst f = d N p = polyn-expr R X d f)
(proof)

lemma (in PolynRg) cf-scf:[pol-coeff S ¢; k < fst ¢; polyn-expr R X k ¢ # 0]
= Vj < fst (s-¢f R S X (polyn-expr R X k ¢)).
snd (s-¢f R S X (polyn-expr R X k¢)) j =sndcj
{proof )

definition
scf-cond :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, 'a,
nat, nat X (nat = 'a)] = bool where
scf-cond RS X p d ¢ «— pol-coeff S ¢ A fst c = d N p = polyn-expr R X d ¢

definition
scf-d :: [("a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, 'a, nat]
= nat x (nat = 'a) where
scf-d RS Xpd= (SOME f. scf-cond RS X pdf)

lemma (in PolynRg) scf-d-polTr:[p € carrier R; deg R S X p < an d] =
scf-cond RS X pd (s¢f-dRSXpd)
{proof )

lemma (in PolynRyg) scf-d-pol:[p € carrier R; deg R S X p < an d] =
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pol-coeff S (scf-d RS X pd) A fst (s¢f~dRSXpd)=dA
p = polyn-expr R X d (scf-d R S X p d)
(proof)

lemma (in PolynRg) pol-expr-of-X:
X = polyn-expr R X (Suc 0) (ext-¢f S (Suc 0) (Coy 9))
(proof)

lemma (in PolynRg) deg-n-of-X:deg-n R S X X = Suc 0
(proof)

lemma (in PolynRg) pol-X:cf-sol R S X X ¢ =
snd ¢ 0 =0gA sndc (Suc0)=1,g

(proof)

lemma (in PolynRyg) pol-of-deg0:[p € carrier R; p # 0]
= (degn RS Xp=0)=(p € carrier S)
(proof)

lemma (in PolynRyg) pols-const:[p € carrier R; (deg R S X p) < 0] =
p € carrier S

(proof)

lemma (in PolynRyg) less-deg-add-nonzero:[p € carrier R; p # 0;
q € carrier R; q # 0;
(degn R S X p) < (degm RS X q)] = p £t ¢ #0
(proof)

lemma (in PolynRg) polyn-deg-addl:[p € carrier R; p # 0; q € carrier R;
q# 0; (degn RS Xp)<(degnRSXyq)] =
deg-n R S X (p £ q) = (deg-n R S X q)
(proof)

lemma (in PolynRg) polyn-deg-add2:[p € carrier R; p # 0; q € carrier R;
q#0;p+q#0;(degn RS Xp)=(degn RSXq)] =
degn R S X (p =+ q) < (degn R S X q)
(proof)

lemma (in PolynRg) polyn-deg-addS3:[p € carrier R; p # 0; q € carrier R;
q#0;p+q#0;(degn RS Xp)<n;(degnRSXq) <n] =
degn R S X (p £ q) < n
(proof)

lemma (in PolynRg) polyn-deg-adds:[p € carrier R; q € carrier R;
(deg R S X p) < (an n); (deg R S X q) < (an n)] =
deg RS X (p+q) < (ann)
(proof)
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lemma (in PolynRyg) polyn-deg-add5:[p € carrier R; q € carrier R;
(deg RS X p)<a;(degRSXq) <a] =
degRSX (pt g <a
(proof )

lemma (in PolynRyg) lower-deg-part:[p € carrier R; p # 0; 0 < deg-n R S X p]
=
deg R S X (polyn-expr R X (deg-n R S X p — Suc 0)(SOME f. c¢f-soll R S X p
)

{proof)

<degRSXp

definition
ldeg-p :: [("a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, nat, 'a]
= 'a where
ldeg-p R S X d p = polyn-expr R X d (scf~-d R S X p (Suc d))

definition
hdeg-p :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, nat, 'a]
= 'a where
hdeg-p RS X dp = (snd (scf-d R S X p d) d) -np (X" &)

lemma (in PolynRg) ldeg-p-mem:[p € carrier R; deg R S X p < an (Suc d) | =
ldeg-p R S X d p € carrier R
(proof)

lemma (in PolynRg) ldeg-p-zero:p = 0p = ldeg-p R S X dp = Op
(proof)

lemma (in PolynRg) hdeg-p-mem:[p € carrier R; deg R S X p < an (Suc d)] =
hdeg-p R S X (Suc d) p € carrier R
(proof)

lemma (in PolynRg) hdeg-p-zero:p = 0 = hdeg-p R S X (Suc d) p =0
(proof)

lemma (in PolynRg) decompos-p:[p € carrier R; deg R S X p < an (Suc d)] =
p = (ldeg-p R S X d p) £ (hdeg-p R S X (Suc d) p)
(proof)
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lemma (in PolynRg) deg-ldeg-p:[p € carrier R; deg R S X p < an (Suc d)] =
deg R S X (ldeg-p R S X dp) < an d
(proof )

lemma (in PolynRg) deg-minus-eq:[p € carrier R; p # 0] =
degn RS X (—a p) =degn RS X p
(proof)

lemma (in PolynRg) deg-minus-eql:p € carrier R =
deg RS X (—yp)=deg RS Xp
(proof)

lemma (in PolynRyg) ldeg-p-pOp:[p € carrier R; q € carrier R;
deg RS X p < an (Sucd); deg RS X q < an (Suc d)] =
(ldeg-p R S X dp) £p (ldegp R S X d q) =

ldeg-p R S X d (p £R q)

(proof)

lemma (in PolynRg) hdeg-p-pOp:[p € carrier R; q € carrier R;
deg RS X p < an (Sucd); deg RS X q < an (Suc d)] =
(hdeg-p R S X (Suc d) p) £ (hdeg-p R S X (Suc d) q) =

hdeg-p R S X (Suc d) (p £ q)

(proof)

lemma (in PolynRg) ldeg-p-mOp:[p € carrier R; deg R S X p < an (Suc d)] =

—a (ldeg-p RS X dp) =ldeg-p RS Xd (-4 p)
(proof )
lemma (in PolynRg) hdeg-p-mOp:[p € carrier R;deg R S X p < an (Suc d)]
= —, (hdeg-p R S X (Suc d) p) = hdeg-p R S X (Suc d) (—, p)
(proof )

4.14.1 Multiplication of polynomials

lemma (in PolynRg) deg-mult-pols:[Idomain S;
p € carrier R; p # 0; q € carrier R; ¢ 20 | =

prqg#O0A
degn R S X (p - q) = degn R S X p + degn R S X ¢
(proof)
lemma (in PolynRg) deg-mult-polsl:[Idomain S; p € carrier R; q € carrier R]
—
deg RS X (p+q =degRSXp+degR S Xq
(proof)

lemma (in PolynRg) const-times-polyn:[Idomain S; ¢ € carrier S; ¢ # 0g;
p € carrier R; p #0] = (¢ -+ p) #0 A
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degn R S X (¢ -+ p) = degm R S X p
(proof)

lemma (in PolynRg) p-times-monomial-nonzero:[p € carrier R; p # 0] =
(X p#£o0
(proof)

lemma (in PolynRg) p-times—monomial-nonzem]:[[Idomain S; p € carrier R;
p # 0; ¢ € carrier S; ¢ # OS]] =(c - (XARJ)) Y p#0
(proof)

lemma (in PolynRg) polyn-ring-integral:Idomain S = Idomain R

(proof)

lemma (in PolynRg) deg-to-X-d:Idomain S —> deg-n R § X (X" d)y =4
(proof)

4.14.2 Degree with value in aug-minf

lemma (in PolynRg) nonzero-deg-pos:[p € carrier R; p # 0] =
0<degRSXp
(proof)

lemma (in PolynRg) deg-minf-pol-0:p € carrier R =
(deg RS X p=—00)=(p=0)
(proof)

lemma (in PolynRg) pol-nonzero:p € carrier R =
(0 < deg RS Xp)=(p+#0)
{proof )

lemma (in PolynRg) minus-deg-in-aug-minf:[p € carrier R; p # 0] =
—(deg RS Xp) e Z_
(proof)

lemma (in PolynRg) deg-of-X:deg R S X X = 1
(proof)

lemma (in PolynRg) pol-deg-0:[p € carrier R; p # 0]
= (deg RS X p=20)=(p € carrier S)
(proof)

lemma (in PolynRg) deg-of-X2n:Idomain S = deg R S X (X" B ") = ann
(proof)

lemma (in PolynRg) add-pols-nonzero:[p € carrier R; q € carrier R;
(deg RS Xp)# (degRSXq)] = ptqg#0
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(proof)

lemma (in PolynRg) deg-pols-add1:[p € carrier R; q € carrier R;
(deg RS Xp)<(degR S X q)] =
deg RS X (p+q)=degR S Xyq
(proof)

lemma (in PolynRg) deg-pols-add2:[p € carrier R; q € carrier R;
(deg RS Xp)=(degRSXq)] =
deg RS X (p+q) <(degRSXyq)
(proof)

lemma (in PolynRg) deg-pols-add3:[p € carrier R; q € carrier R;
(deg RS Xp)<ann; (degRSXq) <ann] =
deg RS X (p+q) <ann
(proof)

lemma (in PolynRg) const-times-polynl:[Idomain S; p€ carrier R; ¢ € carrier S;
¢c#0g] = deg RSX (¢, p)=degRSXp
(proof)

4.15 Homomorphism of polynomial rings

definition
cf-h : ('la = 'b) = nat x (nat = 'a) = nat x (nat = 'b) where
cf-h f = (Ae. (fst ¢, emp f (snd ¢)))

definition
polyn-Hom :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a,
('b, 'n) Ring-scheme, ('b, 'nl) Ring-scheme, 'b] =
('a = 'b) set

((pHom - - -, - - -) [67,67,67,67,67,68]67) where
pHom RS X, ABY ={f. f € rHom R A A f(carrier S) C carrier B N\
fx =¥}
definition

erh :: [("a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a,

(’b, 'n) Ring-scheme, ('b, 'n1) Ring-scheme, 'b, 'a = b,
nat, nat X (nat = 'a)] = 'b where
erh RSX A BY fnc= polyn-expr A Y n (c¢f-h f c)

lemma (in PolynRyg) cf-h-len:[PolynRg A B Y; f € rHom S B;
pol-coeff S ¢] = fst (c¢f-h fc) = fst ¢
(proof )

lemma (in PolynRyg) cf-h-coeff:[PolynRg A B Y; f € rHom S B;
pol-coeff S ¢] = pol-coeff B (cf-h f c)
(proof)
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lemma (in PolynRg) cf-h-cmp:[PolynRg A B Y; pol-coeff S (n, f); h € rHom S
B;
j<n]=
(snd (cf-h b (n, f))) j = (cmp h f)j
(proof)

lemma (in PolynRg) cf-h-special-cf:[PolynRg A B Y; h € rHom S B] =
polyn-expr A'Y (Suc 0) (¢f-h h (ext-¢f S (Suc 0) (Cy S5))) =
polyn-expr A Y (Suc 0) (ext-c¢f B (Suc 0) (Cy B))
(proof )

lemma (in PolynRg) polyn-Hom-coeff-to-coeff:
[PolynRg A B'Y; f € pHom R S X, A B Y; pol-coeff S (]
= pol-coeff B (cf-h f ¢)
{proof)

lemma (in PolynRg) cf-h-lenl:[PolynRg A B Y; h € rHom S B;
f€pHom RS X, ABY;Vzecarrier S. f x = h x; pol-coeff S ¢] =
fst (¢f-h f ¢) = fst (¢f-h h ¢)

{proof)

lemma (in PolynRg) cf-h-len2:[PolynRg A B'Y; f € pHom R S X, A B Y
pol-coeff S ¢] = fst (c¢f-h fc) = fst c
(proof)

lemma (in PolynRg) cmp-pol-coeff:[f € rHom S B;
pol-coeff S (n, ¢)] = pol-coeff B (n,(cmp f ¢))
(proof )

lemma (in PolynRg) cmp-pol-coeff-e:[PolynRg A BY; f € pHom R S X, A B Y,

pol-coeff S (n, ¢)] = pol-coeff B (n, (¢cmp f ¢))
(proof)

lemma (in PolynRyg) cf-h-pol-coeff:[PolynRg A B Y; h € rHom S B;
pol-coeff S (n, )] = cf-h b (n, f) = (n, cmp b f)
(proof)

lemma (in PolynRg) cf-h-polyn:[PolynRg A B Y; h € rHom S B;
pol-coeff S (n, )] =
polyn-expr A Y n (cf-h h (n, f)) = polyn-expr A Y n (n, (cmp h f))
(proof)

lemma (in PolynRg) pHom-rHom:[PolynRg A B'Y; f € pHom R S X, A B Y]
=
fe€erHomRA

(proof)
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lemma (in PolynRg) pHom-X-Y:[PolynRg A B'Y; f € pHom R S X, A B Y]
.

fX=Y
(proof )

lemma (in PolynRg) pHom-memTr:[PolynRg A B Y,
fepHom RS X, ABY] —
Y c. pol-coeff S (n, ¢) —
f (polyn-expr R X n (n, ¢)) = polyn-expr A Y n (n, cmp f c)
(proof )

lemma (in PolynRg) pHom-mem:[PolynRg A B Y

f€pHom RS X, A BY; pol-coeff S (n, ¢)] =

f (polyn-expr R X n (n, ¢)) = polyn-expr A Y n (n, cmp f c)
{proof )

lemma (in PolynRg) pHom-memc:[PolynRg A B'Y; f € pHom R S X, A BY;
pol-coeff S c] =
I (polyn-expr R X (fst ¢) ¢) = polyn-expr A Y (fst c¢) (cf-h f ¢)

(proof)

lemma (in PolynRg) pHom-meml:[PolynRg A B'Y; f € pHom R S X, A B 'Y
p € carrier R] = fp € carrier A

(proof)

lemma (in PolynRg) pHom-pol-mem:[PolynRg A B Y; f € pHom R S X, A B
Y
p € carrier R; p # 0] =
fp = polyn-expr A'Y (deg-n R S X p) (¢f-h f (s-¢f R S X p))

(proof)

lemma (in PolynRg) erh-rHom-coeff:[PolynRg A B Y; h € rHom S B;
pol-coeff Sc¢] = erhRSXABYhOc= (cmph (sndc)) 0

(proof)

lemma (in PolynRyg) erh-polyn-exprs:[PolynRg A B Y; h € rHom S B;
pol-coeff S c; pol-coeff S d;
polyn-expr R X (fst ¢) ¢ = polyn-expr R X (fst d) d] =
erhRSXABYh (fstc)c =erhRSXABYh(fstd)d
(proof)

definition
erH :: [("a, 'm) Ring-scheme, (‘a, 'm1) Ring-scheme, 'a,
(’b, 'n) Ring-scheme, ('b, 'n1) Ring-scheme, b, 'a = 'b] =
‘a = 'b where
erHRSXABYh= (A\xccarrier R. erh RSXABYh
(fst (s-¢f R S X z)) (s-¢cf RS X z))

233



lemma (in PolynRg) erH-rHom-0:[PolynRg A B Y; h € rHom S B] —
(erHRSXABYh)0=0y
(proof )

lemma (in PolynRg) erH-mem:[PolynRg A B Y; h € rHom S B; p € carrier R]
—
erHRS XA BYhp € carrier A

(proof)

lemma (in PolynRg) erH-rHom-nonzero:[PolynRg A B Y; f € rHom S B;
p € carrier R; (erHRSXABYf)p#0y] = p#0
(proof)

lemma (in PolynRg) erH-rHomTr2:[PolynRg A B Y; h € rHom S B] =
(erHRSXABYHh)(1,)=(1,y4)
(proof)

declare maz.absorbl [simp] max.absorb2 [simp)

lemma (in PolynRyg) erH-multTr:[PolynRg A B Y; h € rHom S B;
pol-coeff S ¢] =
YV fg. pol-coeff S (m, f) A pol-coeff S (((fst ¢) + m), g) A
(polyn-expr R X (fst ¢) ¢) - (polyn-expr R X m (m, f)) =
(polyn-expr R X ((fst ¢) + m) ((fst ¢) + m, g)) —
(polyn-expr A'Y (fst ¢) (cf-h h c)) -4 (polyn-expr A Y m (cf-h b (m, f))) =
(polyn-expr A'Y ((fst ¢) + m) (cf-h h ((fst ¢)+m, g)))
(proof )

lemma (in PolynRg) erH-multTr1:[PolynRg A B Y; h € rHom S B;
pol-coeff S c; pol-coeff S d; pol-coeff S e; fst e = fst ¢ + fst d;
(polyn-expr R X (fst ¢) ¢) - (polyn-expr R X (fst d) d) =
polyn-ezpr R X ((fst ¢) + (fst d)) e | =
(polyn-expr A'Y (fst ¢) (¢f-h h c)) -r 4 (polyn-expr A'Y (fst d) (cf-h h d))
= (polyn-expr A'Y (fst e) (c¢f-h h e))
(proof)

lemma (in PolynRg) erHomTr0:[PolynRg A B Y; h € rHom S B; z € carrier R]
= ertHRSXABYh(—qz)=—gq(erHRSXABYhuz)
(proof)

lemma (in PolynRg) erHomTr1:[PolynRg A B Y; h € rHom S B;
a € carrier R; b € carrier R; a # 0; b # 0; a + b # 0;
degn R S X a = degn R S X )] =
erHRSXABYh(atb)=erHRSXABYha+y

(erHRSXABYhb)

(proof)
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lemma (in PolynRg) erHomTr2:[PolynRg A B Y; h € rHom S B;
a € carrier R; b € carrier R; a # 0; b # 0; a + b # 0;
deg-n R S X a < deg-n R S X V] =
erHRSXABYh(atb)=erHRSXABYha=£y

(erHRSXABYhb)

(proof)

lemma (in PolynRg) erH-rHom:[Idomain S; PolynRg A B 'Y; h € rHom S B]
= erHRSXABYhepHmRSX,ABY
(proof )

lemma (in PolynRg) erH-q-rHom:[Idomain S; mazimal-ideal S P;
PolynRg R' (S /, P) Y] =
erHRSXR' (S/-P)Y (pySP)e pHomRSX,R' (S /. P)Y
(proof)

lemma (in PolynRg) erH-add:[Idomain S; PolynRg A B Y; h € rHom S B;
p € carrier R; q € carrier R] =
erHRSXABYh(p=£gq) =
(rHRSXABYhp)+4(erHRSXABYhg)

(proof)

lemma (in PolynRg) erH-minus:[Idomain S; PolynRg A B Y;
h € rHom S B; p € carrier R] =
erHRSXABYh(—4p)=—q(erHRSXABYhp)
(proof)

lemma (in PolynRg) erH-mult:[Idomain S; PolynRg A B Y; h € rHom S B;
p € carrier R; q € carrier R] =
erHRSXABYh (p-q) =
(rHRSXABYhp)rg(erHRSXABYhg)

{proof )
lemma (in PolynRg) erH-rHom-cf:[Idomain S; PolynRg A B Y; h € rHom S B;

s € carrier S| = erHRSXABYhs=hs
(proof)

lemma (in PolynRg) erH-rHom-coeff:[Idomain S; PolynRg A B Y; h € rHom S
B;

pol-coeff S (n, f)] = pol-coeff B (n, cmp h f)
{proof )
lemma (in PolynRg) erH-rHom-unique:[Idomain S; PolynRg A B Y; h € rHom
S BJ

= 3Jlg.g € pHom RS X, ABY A (Vaz€carrier S. hz = g )
{proof )

lemma (in PolynRg) erH-rHom-uniquel:[Idomain S; PolynRg A B Y; h € rHom
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S B;
fepHom RS X, ABY;Vz € carrier S. fz = hz] =
f=(erHRSXABYh)

{proof)

lemma (in PolynRg) pHom-dec-deg:[PolynRg A BY; f € pHom R S X, ABY;
p € carrier R] =
deg ABY (fp)<degRSXp
(proof)

lemma (in PolynRg) erH-map:[Idomain S; PolynRg A B Y; h € rHom S B;
pol-coeff S (n, ¢)] =
(erHR S X A BY h) (polyn-expr R X n (n, ¢)) =
polyn-expr A Y n (n, (cmp h ¢))
(proof)

4.16 Relatively prime polynomials

definition
rel-prime-pols :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a,
'a, 'a | = bool where
rel-prime-pols R S X p ¢ <— (1,Rr) € ((Rza R p) Fg (Rza R ¢q))

definition
div-condn :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, nat,
'a, 'a | = bool where
div-condn RS Xngf «— f € carrier RAn=degn RSXf —
(3q. q € carrier RN ((f £g (—ar (¢ +rg 9)) =0R) V (deg-n R S X
(f £r (—ar (¢ +R 9))) < deg-n R S X g)))

lemma (in PolynRg) divisionTr0:[Idomain S; p € carrier R;
c € carrier S; ¢ # 0g] =
IefRSX (cn X B p)=¢ g (lef R S X p)
(proof)

lemma (in PolynRyg) divisionTr1:[Corps S; g € carrier R; g # 0;

0 < deg-n RS X g; f € carrier R; f # 0; deg-n R S X g < deg-n R S X f]

s

f = ((ef RSXf) v ((lef RSX gy ®)

(XAR ((degm R S X f) — (deg-n R SXg))) v g) =0V
degn RS X (f + —o (IfRSX[) vg (lfRS X g) ) -,
(XAR ((degm R S X f) — (deg-n R SXg))) v g) < degn RSXf

(proof)
lemma (in PolynRyg) divisionTr2:[Corps S; g € carrier R; g # 0;

0 < deg-n RSXg] = Vf. div-condn RSXngf
(proof)
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lemma (in PolynRyg) divisionTr3:[Corps S; g € carrier R; g # 0;
0 < deg-n RS X g; f € carrier R] =
Jgeccarrier R. (f £+ —a (¢ g)=0)V (f £ -0 (¢ g)#Z0A
deg-n R S X (f £ —a (¢ 9)) < (deg-n R S X g))

(proof)

lemma (in PolynRg) divisionTr/:[Corps S; g € carrier R; g # 0;
0 < deg-n R S X g; f € carrier R] =
Jqeccarrier R. (f = q - g) V (3r€carrier R.r Z0AN (f =(q -+ g) £ 1)
A (deg-n R S X r) < (degm R S X g))
(proof)

lemma (in PolynRg) divisionTr:[Corps S; g € carrier R; 0 < deg R S X ¢;
f € carrier R] =
dgecarrier R. (3recarrier R. (f = (¢ » g) £ 1) A
(deg R SXr)<(degR S Xyg))
(proof)

lemma (in PolynRyg) rel-prime-equation:[Corps S; f € carrier R; g € carrier R;
0 <degRSXf;0<degRS X g; rel-prime-pols R S X f g;
h € carrier R] =
Ju € carrier R. 3v € carrier R.
(deg R S X u < amaz ((deg R S X h) — (deg R S X f)) (deg R S X g)) A
(deg RSXv<(degRSX[f)AN(u-f=E(v-g) =h)

(proof)

4.16.1 Polynomial, coeff mod P

definition
P-mod :: [("a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme,
'a] = bool where
P-mod RS X Pp<+—p=0pV
(Vg < (fst (s-¢f R S X p)). (snd (s-cf R S X p) j) € P)

‘a, 'a set,

lemma (in PolynRg) P-mod-whole:p € carrier R =
P-mod R S X (carrier S) p
(proof )

lemma (in PolynRyg) zero-P-mod:ideal S I = P-mod R S X 1 0
(proof)

lemma (in PolynRg) P-mod-mod:[ideal S I; p € carrier R; pol-coeff S ¢;
p = polyn-expr R X (fst ¢) ] =
(Vi <(fstc). (sndc)jel)=(P-mod RSXIp)
(proof)

lemma (in PolynRg) monomial-P-mod-mod:[ideal S I; ¢ € carrier S;
p=c (X B = (cel)=(P-modRSXIp)
(proof)
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lemma (in PolynRg) P-mod-add:[ideal S I; p € carrier R;
q € carrier R; P-mod R S X I p; P-mod R S X I q] =
P-mod RS XI (p+£q)

(proof)

lemma (in PolynRg) P-mod-minus:[ideal S I; p € carrier R; P-mod R S X I p]
_—

P-mod RS X I (—, p)
(proof)

lemma (in PolynRg) P-mod-pre:[ideal S I; pol-coeff S ((Suc n), f);
P-mod R S X I (polyn-expr R X (Suc n) (Suc n, f))] =
P-mod R S X I (polyn-expr R X n (n, f))

(proof)

lemma (in PolynRg) P-mod-prel:[ideal S I; pol-coeff S ((Suc n), f);
P-mod R S X I (polyn-expr R X (Suc n) (Suc n, f))] =
P-mod R S X I (polyn-expr R X n (Suc n, f))

(proof)

lemma (in PolynRg) P-mod-coeffTr:[ideal S I; d € carrier S| =
(P-mod R S X Id) = (d € I)
(proof)

lemma (in PolynRg) P-mod-mult-const:[ideal S I; ideal S J;
pol-coeff S (n, f); P-mod R S X I (polyn-expr R X n (n, f));
pol-coeff S (0, g); P-mod R S X J (polyn-expr R X 0 (0, g))] =

P-mod RS X (I $rgJ) ((polyn-expr R X n (n, f)) -
(polyn-expr R X 0 (0, g)))
(proof)

lemma (in PolynRg) P-mod-mult-constl:[ideal S I; ideal S J;
pol-coeff S (n, f); P-mod R S X I (polyn-expr R X n (n, f));
del] =
P-mod R S X (I $rg J) ((polyn-expr R X n (n, f)) -+ d)

(proof)

lemma (in PolynRg) P-mod-mult-monomial:[ideal S I; p € carrier R] =
(P-mod RSXIp)=(P-modRSXI (p- X ftmy)
(proof)

lemma (in PolynRg) P-mod-multTr:[ideal S I; ideal S J; pol-coeff S (n, f);
P-mod R S X I (polyn-expr R X n (n, f))] = Yg. ((pol-coeff S (m, g)
A (P-mod R S X J (polyn-expr R X m (m, g)))) —
P-mod RS X (I $rgd)
((polyn-eapr R X n (n. f)) -+ (polyn-expr R X m (m, 9)))
(proof)
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lemma (in PolynRg) P-mod-mult:[ideal S I; ideal S J; pol-coeff S (n, c);
pol-coeff S (m, d); P-mod R S X I (polyn-expr R X n (n, c));
P-mod R S X J (polyn-expr R X m (m, d))] =
P-mod R S X (I $rg J) ((polyn-expr R X n (n, c)) -

(polyn-expr R X m (m, d)))

(proof)

lemma (in PolynRg) P-mod-mult1:[ideal S I; ideal S J;
p € carrier R; q € carrier R; P-mod R S X I p; P-mod R S X Jq] =
P-mod R S X (I $rgJ) (p v )

(proof)

lemma (in PolynRg) P-mod-mult2l:[ideal S I; p € carrier R; q € carrier R;
P-mod RSXIp] = P-mod RSXI (p- q)

(proof)

lemma (in PolynRg) P-mod-mult2r:[ideal S I; p € carrier R; q € carrier R,
P-modRSXI1q] = P-modRSXI (p - q)
(proof)

lemma (in PolynRg) csrp-fn-pol-coeff:[ideal S P; PolynRg R’ (S /. P) Y;
pol-coeff (S /» P) (n, )] =
pol-coeff S (n, (¢cmp (csrp-fn S P) )
(proof)

lemma (in PolynRg) pj-csrp-mem-coeff:[ideal S P; pol-coeff (S /. P) (n, ¢’)]
= Vj < n.(pj S P) ((csrp-fn S P) (¢'j)) = ¢'j
(proof)

lemma (in PolynRg) pHom-pj-csrp:[Idomain S; ideal S P;
PolynRg R’ (S /. P) Y; pol-coeff (S /» P) (n, ¢')] =
erHRSXR' (S /. P)Y (pjSP)

(polyn-expr R X n (n, (cmp (csrp-fn S P) ¢’)))
= polyn-expr R’ Y n (n, ¢)

(proof)

lemma (in PolynRyg) ext-csrp-fn-nonzero:[Idomain S; ideal S P;
PolynRg R’ (S /, P) Y; g' € carrier R'; g' # 0p/ | =
polyn-expr R X (deg-n R' (S /» P) Y g") ((degm R' (S /. P) Y g'),
(emp (csrp-fn S P) (snd (s-¢f R’ (S /- P) Y g"))) #0
(proof)

lemma (in PolynRg) erH-inv:[Idomain S; ideal S P; Ring R’
PolynRg R' (S /» P) Y; g’ € carrier R =
Jgecarrier R. deg R S X g < (deg R’ (S /. P) Y g') A
(erHRSXR(S/, P)Y (0 SP) g= g
(proof)

lemma (in PolynRg) P-mod-0:[Idomain S; ideal S P; PolynRg R’ (S /» P) Y;
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g € carrier R =
(erHRSXR'(S /- P)Y (pjSP)g=0p)=(P-mod RS XP yg)
(proof )

lemma (in PolynRg) P-mod-I-J:[p € carrier R; ideal S I; ideal S J;
ICJ; PmodRSXIp]= P-modRSXJp
(proof)

lemma (in PolynRg) P-mod-n-1:[Idomain S; t € carrier S; g € carrier R;
P-mod R S X (8 <, (¢°5 (Sucn)yy gl — Pomod RS X (S Op t) g
(proof)

lemma (in PolynRg) P-mod-n-m:[Idomain S; t € carrier S; g € carrier R;
m < n; P-mod R SX (S ¢, (t9 (Suc ”))) 9] =
P-mod R S X (8 &, (175 (Sucm)yy ¢
(proof)

lemma (in PolynRg) P-mod-diff :[Idomain S; ideal S P; PolynRg R’ (S /. P) Y;

g € carrier R; h € carrier R] =
(rHRSXR' (S /- P) Y (pjSP)g=(erHRSXR'(S /- P)Y (pjSP)
h))
= (P-modRSXP (¢g£—.,h))
(proof)

lemma (in PolynRg) P-mod-erH:[Idomain S; ideal S P; PolynRg R’ (S /. P) Y,

g € carrier R; v € carrier R; t € P | =
(erHRSXR' (S /-P)Y (pjSP)g=
(erHRSXR'(S /r P)Y (pjSP) (g% (L))
{proof)

lemma (in PolynRg) coeff-principalTr:[t € carrier S| =
Vf. pol-coeff S (n, f) AN(Vji<n. fjeSOpt) —
(3" pol-coeff S (n, f) N (Vj < n. fj=1-+g5(f"]))
(proof)

lemma (in PolynRyg) coeff-principal:[t € carrier S; pol-coeff S (n, f);
Vi<n fjieSOpt] =
37 pol-coeff S (n, £) A (Vj < n. f§ = v (F9))

(proof )

lemma (in PolynRg) Pmod-0-principal:[Idomain S; t € carrier S; g € carrier R,
P-mod RS X (S $pt) g] = 3h€ carrier R. g =1t -+ h
(proof )

lemma (in PolynRg) Pmod0-principal-rev:[Idomain S; t € carrier S,

g € carrier R; 3he carrier R. g =t - h] =
P-modRSX (SOpt)yg
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(proof)

lemma (in PolynRg) Pmod0-principal-revl:[Idomain S; t € carrier S;
h € carrier R] = P-mod R S X (S {p t) (t -+ h)
(proof)

lemma (in PolynRg) Pmod0-principal-erH-vanish-t:[Idomain S; ideal S (S $p t);

t € carrier S; t # 0g; PolynRg R’ (S /» (S $p t)) YV ] =
erHRSXR' (S /[ (SOpt) Y (pjS(SOpt))t=0p

(proof)

lemma (in PolynRg) P-mod-diffrzzl:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S {p t); PolynRg R’ (S /» (S Op 1)) YV
f € carrier R; g € carrier R; h € carrier R;
f#0;9#0;h#0; u € carrier R; v € carrier R;
erH RS X R'(S [ (S Opt)) Y (pj S (5 Opt)) g#0ps
erHRSXR'(S /[ (SOpt) Y (pjS(SOpt))h#0ps
ra € carrier R;
fi—a(g-rh):tAsm-Tm;0<m,
(erH RS X R (S [, (S Op 1)) ¥ (] 5 (S Op 1)) 0)
wprertHRSXR'(S /r (SO, 1) Y (pjS(SOpt)) gEp
(etH RS X R'(S /o (S 0p 1) ¥ (] 5 (S Op ) 0)
wprerHRSXR'(S [ (S Opt) Y (pjS(SOpt) h=
erHRSXR' (S /r (SCpt) Y (pj S (S Opt)) ra]
= P-mod R § X (S &, (¢°5 (Sucm)y)
(f £ —a ((g £ ¢S m v v) e (b £ ¢S m v u)))

)

(proof)

lemma (in PolynRg) P-mod-diffrzz2:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S {p t); PolynRg R’ (S /- (S Op 1)) Y
f € carrier R; g € carrier R; h € carrier R;
deg RSXg<degR'(S/r (SOpt) Y
(erHRSXR' (S /r (SOpt) Y (pj S (S Opt)) g);

b

deg RS X h +
deg R (S /v (S Op ) Y (erH R S X R' (S /1 (S 0p 1)) ¥ (3] 5 (S Op 1)) 9)
< deg RS X f;
0 < deg R (S /o (S Op 1)) ¥
(erll R S X (5 )y (5 00 ) ¥ (315 (S 0y ) )
0 < deg R'(S /1 (S Op 1)) ¥
(crHRSX R (S ], (S Op 1) Y (0] S (5 Op 1) 1)
rel-prime-pols R’ (S /[, (S ¢p )) Y
(erHR S XR'(S [, (S Op D) ¥ (3 S (S O 1)) 9)
(erHRSXR' (S /r(SOpt))
P-mod R S X (S Op (£75™) (f £ —
Jg1 h1. g1 €carrier R A hl € carri erR
(deg R S X g1 < deg R' (S /(8 Op t))
(erHR S XR'(S /r (S Op 1) ¥ (3] S (S Op 1)) 91)) A

Y (pj S (S p t)) h);
a (g h);0<m]=
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P-mod R S X (S $p (5™ (g + —4 g1 (deg R S X h1 +

) A
deg R' (S /1 (S Gpt)) Y (erHR S XR' (S /v (S Op 1) Y (9j S (S Op 1)) g1

<degRSXf)A
P-mod RS X (S Op (15 ™)) (h + —4 h1) A
P-mod R S X (8 &p (¢ <S“C M) (f + (= (g1 - h1)))
(proof)

definition
Hensel-next :: [(‘a, 'b) Ring-scheme, ('a, 'c) Ring-scheme, 'a, 'a,
('a set, 'm) Ring-scheme, 'a set,’a, nat] = ('a x 'a) = ('a x 'a)
((9Hen - - - - - - _ - ) [67,67,67,67,67,67,67,68)67) where

Henp ¢ x ¢ g/ Y/ m gh = (SOME ghl.
ghl € carrier R X carrier R A
(deg R S X (fst ghl) < deg R' (S /[, (S Op 1)) YV
(erHR S X R' (S [, (S 0p ) ¥ (5 S (S &y 1)) (fst gh1))) A
P-mod R S X (S Op (t75™)) ((fst gh) £ —ap (fst ghl)) A
(deg R S X (snd ght) + deg R' (S /» (S Opt)) Y (erHR S X R’
(S /r (§0p 1) Y (pj S (S Op 1) (fst ghl)) < deg R S X f) A
P-mod R S X (S Op (£75™)) ((snd gh) £ —apg (snd ghl)) A

P-mod R § X (8 G, (175 (Sue M)y (f £ (—op ((fst gh1) g (snd ghl)))))

lemma cart-prod-fst:x € A x B = fstx € A

(proof)

lemma cart-prod-snd:x € A X B = sndz € B

(proof)

lemma cart-prod-split:((z,y) € A x B) =(x € ANy € B)
(proof)

lemma (in PolynRg) P-mod-diffrzz3:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S {p t); PolynRg R’ (S /- (S Op 1)) Y
f € carrier R; gh € carrier R x carrier R;
deg R S X (fst gh) < deg R’ (S /r (S Opt)) Y (erHR S X R’
(S /v (8 0p 1)) Y (23 8 (5 Op 1)) (fi gh));

deg R S X (snd gh) + deg R' (S /, (S ¢pt)) Y (erHR S X R’

(S /r (SCp 1) Y (pj S (S Qpt)) (fst gh)) < deg R S X f;
0<degR' (S /v (SOpt)) Y (erHRSXR' (S [ (SOpt) Y

(pj S (S Op ) (fst gh));
0<degR' (S /r (SCpt) Y

(erH R S X R (S [, (5 0y 1) Y (05 (S Op 1)) (snd gh));
rel-prime-pols R’ (S /. (S ¢
(erHRSXR' (S /- (S
(erHRSXR' (S /- (S
P-mod R S X (8 ¢, (75

p 1) Y
Op t) Y (pj S (S Op 1)) (fst gh))
Op 1)) Y (pj S (S Op 1)) (snd gh));

+ —a ((fst gh) v (snd gh))); 0 < m] =

P

)

242

)



Jghl. ghl €carrier R X carrier R A
(deg R S X (fst ght) < deg R' (S /5 (S Op 1) Y
(erHR S X R'(S [ (8 Op ) Y (75 (S Op 1)) (fst ghl))) A
P-mod R S X (S Op (£75™)) ((fst gh) + —q (fst gh1)) A
(deg R S X (snd ghl) + deg R’ (S /» (S ¢p t)) YV
(erH RS X R'(S [ (S Op 1) Y (95 (S Op 1)) (fst ghl)) <
deg RS X f) A
P-mod RS X (8§ Op (7 SmY) ((snd gh) + —q (snd gh1)) A
g TR X (5 05 S (Sue ) (f % (=a ((fst ght) -1 (snd gh1))))
proo

lemma (in PolynRg) P-mod-diffrzzs:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R’ (S /» (S Op t)) Y f € carrier R;
gh € carrier R x carrier R;
deg R S X (fst gh) < deg R" (S /r (S <>p )Y
(erHRSXR' (S /r (SOpt) Y (pj S (5 p 1)) (fst gh));
deg R S X (snd gh) + deg R' (S /+ (S $p )) (erHR SXR'
(S /r(SOpt) Y (pjS(SOpt) (fstgh)) < degRSXF;
0 < deg R (S [, (S Gp 1)) ¥
(erH R S X R/ (S /1 (S 0p 1)) ¥ (5] S (S O 1)) (fst gh));
0 <degR'"(S/r(SOpt) Y
(

(erH RS X R (S, (S 0y 1)) Y (3 5 (S O 1)) (snd gh));
rel-prime-pols R' (S /. (S p t)) Y
(er RS X R/ (S /1 (S Op 1)) ¥ (3 S (8 Op ) (fot gh)
(ertl RS X' (S, (S Oy 0) ¥ (8 (S Oy 1)) (o gh):

P-mod RS X (S $p (t7°™) (f £ —4 ((fst gh) - (snd gh))); 0 < m] =
(Henp ¢ x 4 g’ yf m gh) € carrier R X carrier R A (deg R S X
(fst (HenR SXtR Y/ m gh)) < deg R' (S /» (S Opt)) Y
(erHRSXR'(S/r (SOp1) Y (S (SOpt))
(fst (Henp ¢ x ¢ R’ yfm gh)))) A
P-mod RS X (S Gp (£°5™)) ((fst gh) + —a (fst (Henp g x ¢ g7y p m gh))) A

(deg R S X (snd (Henp ¢ x4 g v/ m gh)) + deg R' (S /» (S Op 1)) YV
(erHRSXR' (S /[ (SOpt) Y (pjiS (S Opt)
(fst (Henp ¢ x ¢ p’ Yy m gh))) < deg RS X f) A

P-mod R S X (S $p (t5 ™)) ((snd gh) + —q (snd (Henp ¢ x4 g’ ygm gh)))
A

P-mod R S X (S &y (75 (Su¢m))) (f (=, ((fst (Henp g x 4 pry p m gh)

(snd (HenR SXtR' Yf ™ gh)))))

(proof)

primrec
Hensel-pair :: [('a, 'b) Ring-scheme, ('a, 'c) Ring-scheme, 'a, 'a,
('a set, 'm) Ring-scheme, 'a set, 'a, 'a, 'a, nat] = (‘a X 'a)
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((10Hpr - - - - ... __ ) [67,67,67,67,67,67,67,67,67,68]67)

Hpr-0: Hprp ¢ x + R’ Yfghoz (g, h)
| Hpr-Suc: Hprp ¢ x ¢ R’ Yfgh (Suc m) =
Henp g x gy (Suem) (Hprp o x g yfgn ™)

lemma (in PolynRyg) fst-zxz: [t € carrier S; t # Og; ideal S (S $p t);
¥ (n:nat). (F n) € carrier R X carrier R;
Vm. P-mod R S X (S Op t) (fst (Fm) £ —4 (fst (F (Suc m))))] =
P-mod RS X (S $p t) (fst (F0) £ —4 (fst (Fn)))
(proof)

lemma (in PolynRg) snd-zzz:[t € carrier S; t # Og;
ideal S (S Op t); V(nunat). (F n) € carrier R X carrier R;
Vm. P-mod R S X (S {p t) (snd (Fm) £ —, (snd (F (Suc m))))] =
P-mod RS X (S $p t) (snd (FO0) £ —, (snd (Fn)))

(proof)

lemma (in PolynRg) P-mod-diffrzaz5:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R' (S /» (S Op t)) Y
f € carrier R; (g, h) € carrier R x carrier R
deg R S X (fst (g, h)) < deg R' (S /» (S Opt)) ¥
(erHR S X R' (S /v (§Op 1)) Y (p7 S (S Op 1) (fst (g, h)));
deg R S X (snd (g, h)) + deg R' (S /» (S Op t)) ¥V
(erHRSXR'(S /r (SOpt) Y (pj S (5 Opt)) (fst (g, 1)) <
0 <degR'"(S/r (SOpt) Y(erHRSXR' (S /r (SOpt) Y
(pi S (S Op t)) (st (g, h)));
(rHRSXR (S/r(SOpt) Y
(pj S (S Op t)) (snd (g, h)));

deg RS X f;

0 < deg R' (S [, (S 0p 1) ¥

rel-prime-pols R (S /» (S ¢p t)) YV

(erH RS X R (S /v (S Op ) Y (] 5 (S Op £)) (st (g, )

(el REX RS /1 (8 Gy 0) ¥ (515 (5 0y 1) (md (g, )

P-mod RSX (SOpt) (f£—a (g h)] =
(Hprp ¢ x ¢ R’ Yfgh (Suc m)) € carrier R x carrier R A
eHRSX R (S0 (S 0p 1) Y (5 S (S O 1)

(fst (Horp s x tR' Y gh (Suc m))) =
erH RS X R' (S /r (S Op t)) (pj S (S Op 1) (fst (g, b)) A

erHRSXR'(S [y (S Op 1) Y (15 (5 Op 1)
(snd (Her SXtR' fg p, (Suc m))) =
erHRSXR' (S /r (SOpt) Y (p]S(SOp)(snd( h)) A
(deg RS X (fst (Hprgp g x ¢ R’ Yfgh (Suc m))) < R’ (S /r (SOpt) Y
wans i n oL e P ors (5 00y
(fst (Hprp ¢ x ¢ R’ Yfgh (Suc m))))) A
P-mod R S X (S O (75 (Suem))) ((fst (Hprip g x gy pgn ™) * —a
(fst (Hprp g x ¢ ' v f g b (Sucm)))) A
(deg RS X (snd (Hprp ¢ x ¢ g Yfgh (Suc m))) +deg R' (S /- (S Opt)) Y

(erHR S X R' (S /v (S Op 1) Y (pj 5 (5 Op 1)) (fst (HerSXtR' Yfgh
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(Suc m)))) < deg R S Xf)

P-mod RS X (8§ p (27 § (Suc m))) ((snd (Hprp ¢ x ¢ R Yfgh m)) £ —a (snd
(Hprp s Xt R Y fgh (5“0 m)))) A

P-mod R S X (S G, (¢ (Sue (Suem)yy (r & ((fst (Hprp g x4 p! Yfgh

(Suc m))) - (snd (Hprp g x 4 g’ Yfgh (Suc m)))))
(proof)

lemma (in PolynRg) P-mod-diffxzz5-1:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R’ (S /» (S Op t)) Y5
f € carrier R; g € carrier R; h € carrier R;
deg RS X g < deg R' (S [, (S Oy 1)) ¥
(erHRSXR' (S /r (S Op 1) Y (i S (5 Opt)) g);
deg RSXh+degR (S /- (SCpt) Y (erHRSXR'
(S /r (S Cp 1) Y (pjS(5Opt))g)<degRSXF;
0 <degR'(S /r (SOpt) Y
(erHR S X R'(S /1 (S Qp 1) Y (75 (S <p 1) 9);
0 < deg R (S /r (S pt) Y
(erH R S X R' (S /, (5 Op 1)) Y (i S (S Op 1) h);
rel-prime-pols R’ (S /. (S $p t)) YV
(erHR S X R'(S [ (S Op 1)) Y (7S5 (S Opt)) 9)
(erH RS X R'(S [ (S Op 1) Y (pj S (S Op 1)) h);
PmOdRSX(SQ;D)(fj:_a( rh))]]:>
(Hprp ¢ x ¢ R Y/fgh (Suc m)) € carrier R x carrier R A
erl R § X R’ (S/r( Op 1) Y (pj S (S Opt))
(fst (Hprp g x ¢ R' v fgn (Sucm))
erHR S X R’ (S/T(
erHRSXR' (S /v (S Op t))
(snd (Hprp g x ¢ g Yf h
erf RS XR(S [5G 0) Y (315 (S 0y 0) (snd (5. 1) A
(deg R S X (fst (Hprp ¢ x ¢ R Yfgh (Suc m))) < deg R’
(5 /0 (SCOpt) Y (erHR S X R (5/ (5 0pt)) Y
(pj S (S <>p t)) (fst (Hprp ¢ x ¢ R’ Yfgh (Suc m))))) A
P-mod R S X (S O (+°5 (SUe ™))y ((fst (Hprp ¢ x4 5/ Yigh™) * —a
(fst (Hprp g x ¢ R' v f g b (Sucm)))) A
(deg R S X (snd (Hprp ¢ x4 g’ Yfgh (Suc m))) +
deg R' (S /, (S 0y 1)) Y (erH RS X R' (S /, (S 0y 1) ¥
(pi S (S Opt)) (fst (Her SXtR Yfgh (Suc m)))) < deg RS X f) A
P-mod R S X (S O (755U ™)) ((snd (Hprp g x 4 g/ y jg 0 ™) * —a
(snd (Hprp ¢ x ¢ R Yfgh (Suc m)))) A
P-mod R S X (8 ¢, (179 (Suc (Suem))yy (p 4
((fst (Hprp ¢ x ¢ R’ Yfgh (Sucm))) - (snd (Hprp ¢ x ¢ g’ Yfgh (Sucm)))))
(proof)

bS]

( ) =
S Op 1) Y (pj 5 (5 Gp 1)) (fst (g, h)) A
z’ ( )

QA‘@
k
@)
n

PSS
i
=
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lemma (in PolynRg) P-mod-diffxzz5-2:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R' (S /v (S Op t)) Y5 f € carrier R;
g € carrier R; h € carrier R;
deg RS X g <degR'(S/r (SOpt)) Y
(erH RS X' (S [, (5 Gp 1) Y (35 (S Op 1)) 9):
deg RSXh+degR (S /r (SOpt) Y (erHRSXR'
(S /r (§Cp 1) Y (pjS(SOpt))g) <degRSXF;
0 <degR'"(S/r(SOpt) Y
(erH R S X R/ (S /1 (5 0y 1) ¥ (9] 5 (S Op 1)) 9):
0 < deg R (8 [, (S Op 1) V
(erHRSXR' (S /r (S Opt) Y (pj S (5 Op b)) h);
rel-prime-pols R’ (S /» (S ¢p t)) YV
(erH RS X R'(S /v (S Op ) ¥ (S (5 0p 1) 9)
(erHR S XR'(S [+ (SOpt) Y (pj S (S Opt) h);
P-mod R S X (S O;D t) (f + — (g r h))ﬂ =
(Hprp ¢ x ¢ R Yfgh m) € carrier R x carrier R

(proof)

lemma (in PolynRg) P-mod-diffxzz5-3:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S {p t); PolynRg R’ (S /» (S Op t)) Y5 f € carrier R;
g € carrier R; h € carrier R;
deg RS X g<degR'(S /r (S p )) Y
(erHRSXR' (S/r (SOpt) Y (pjS(
deg RS X h + deg R’ (S /» (S<>p t) Y (e
(S /r (S Cp )Y (pJS(SQp t)
0<degR' (S /r (SCpt) Y
(erHR SXR'(S /[ (S Op 1) Y (pj S (5 Op ) 9);
0<degR' (S /r (SCpt) Y

S Op t) 9);
rHRSXR'
)g) < deg RS X f;

(erHRSXR'(S/r (SOpt) Y (pj S (S Opt)) h);
rel-prime-pols R' (S /. (S $p t)) YV
(erHRSXR'(S [+ (SOpt)) Y (pj S (S Opt)) g)
(erHRSXR'(S /[ (S0p 1)) Y (S (S Opt)) h)

P-mod R S X (S Op t) (fi (g o+ h)] =
t”

P-mod R S X (S ¢p (

P-mod R S X (S Op (t75™)) ((snd (Hprg ¢ x 4 g Yignm)*
(snd (Her SXtR Yfgh (m + n))))

a

{proof)

lemma (in PolynRg) P-mod-diffrzz5-4:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S {p t); PolynRg R’ (S /» (S Op 1)) Y f € carrier R;
g € carrier R; h € carrier R;
deg RS X g<degR'(S/r (S<>p 1) Y
(erH RS XR'(S /, (S Op ) ¥ (pj S (S Op 1)) 9):
deg RS X h + deg R’ (S /r (S<>p t)) Y (erHR S X R’
(S /r (SOp 1) Y (pfS(SOpt)g)<degRSXS;
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0 <degR' (S /r (SOpt) Y
(erHRSXR' (S /r (SOp 1) Y (pjS(SOpt) g);
0 <degR'" (S /- (SOpt) Y
(erHRSXR'(S /[ (SOp 1) Y (pj S (S Opt)) h);
rel-prime-pols R' (S /, (S Op t)) YV
(erHRSXR'(S /- (SOpt) Y (pjS(S<Opt))g)
(erHRSXR'(S /r (SOpt) Y (pj S (S Opt)) h);
P-mod RSX (SOpt) (f£—a (g h)] =

degRSX(fst(HerSXtR/Yfghm))gdegRSXg/\
degRSX(snd(HerSXtR/Yfghm))SdegRSXf
(proof )

declare maz.absorbl [simp del] maz.absorb2 [simp del]

end

theory Algebra7 imports Algebra6 begin
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Chapter 5

Modules

5.1 Basic properties of Modules

record ('a, 'b) Module = 'a aGroup +
sprod ::'b = 'a = 'a (infixl -;1 76)

locale Module = aGroup M for M (structure) +
fixes R (structure)
assumes sc-Ring: Ring R
and sprod-closed :
[ a € carrier R; m € carrier M] = a -s m € carrier M
and sprod-I-distr:
[a € carrier R; b € carrier R; m € carrier M| =
(axpb)-sm=a-sm=Epb-sm
and sprod-r-distr:
[ a € carrier R; m € carrier M; n € carrier M | =
as(mEtyn)=a-sm=Epa-sn
and sprod-assoc:
[ @ € carrier R; b € carrier R; m € carrier M | =
(arpb)sm=a-(b-sm)
and sprod-one:
m € carrier M = (1,p) s m =m

definition
submodule :: [('b, 'm) Ring-scheme, ('a, 'b, 'c) Module-scheme, 'a set] =
bool where
submodule R A H <— H C carrier AN A+> H A (Va. Vm.
(a € carrier RN m € H) — (sprod A a m) € H)

definition
mdl :: [("a, 'b, 'm) Module-scheme, 'a set] = ('a, 'b) Module where
mdl M H = (carrier = H, pop = pop M, mop = mop M, zero = zero M,
sprod = Aa. \x€H. sprod M a x|)

abbreviation
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MODULE (infix]l module 58) where
R module M == Module M R

lemma (in Module) module-is-ag: aGroup M (proof)

lemma (in Module) module-inc-zero: 0y € carrier M
(proof)

lemma (in Module) submodule-subset:submodule R M H = H C carrier M

(proof)

lemma (in Module) submodule-asubg:submodule R M H = M +> H
(proof)

lemma (in Module) submodule-subset!:[submodule R M H; h € H] =
h € carrier M

(proof)

lemma (in Module) submodule-inc-0:submodule R M H —>
OM € H
(proof)

lemma (in Module) sc-un: m € carrier M = 1,p s m =m
(proof)

lemma (in Module) sc-mem:[a € carrier R; m € carrier M| =
a-s m € carrier M

(proof)

lemma (in Module) submodule-sc-closed:[submodule R M H;
a € carrier Ry h € H) = a-sh € H

(proof)

lemma (in Module) sc-assoc:[a € carrier R; b € carrier R;
m € carrier M] = (a +p b) s m= a -5 (b -5 m)

(proof)

lemma (in Module) sc-lI-distr:[a € carrier R; b € carrier R;

m € carrier M| = (a £p b)s m=a-sm =+ b-gm

(proof)

lemma (in Module) sc-r-distr:[a € carrier R; m € carrier M; n € carrier M| =
as(mtn)=a-sm=* a-sn

(proof)

lemma (in Module) sc-0-m:m € carrier M = Op-s m = 0y

(proof)
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lemma (in Module) sc-a-0:a € carrier R = a -5 0 =0
(proof)

lemma (in Module) sc-minus-am:[a € carrier R; m € carrier M|
= —p (a-sm)=a-s (— m)

(proof)

lemma (in Module) sc-minus-aml1:[a € carrier R; m € carrier M|
= —q (a-sm)=(—aqp a) sm

(proof)

lemma (in Module) submodule-0:submodule R M {0}
(proof)

lemma (in Module) submodule-whole:submodule R M (carrier M)

(proof)

lemma (in Module) submodule-pOp-closed:[submodule R M H; h € H; k € H]
—
h+keH

(proof)

lemma (in Module) submodule-mOp-closed:[submodule R M H; h € H]
= —, h€eH
(proof)

definition
mHom :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme] = (‘a = 'c) set
where
mHom R M N = {f. f € aHom M N A
(V a€carrier R. Y me&carrier M. f (a -spy m) = a sy (fm))}

definition
mimg :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme, 'a = 'c] = (‘c¢, 'b) Module
((4mimg- -/ -) [88,88,88,89]88) where
mimgpg pr N f = mdl N (f * (carrier M))

definition
mzeromap :: [('a, 'b, 'm1) Module-scheme, ('c, 'b, 'm2) Module-scheme)
= ('a = 'c¢) where
mzeromap M N = (Ax€carrier M. 0p)

lemma (in Ring) mHom-func:f € mHom R M N = [ € carrier M — carrier N
(proof)

lemma (in Module) mHom-test:[R module N; f € carrier M — carrier N A
| € extensional (carrier M) A
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(Vmecarrier M. ¥ n€carrier M. f (m £y n) = fm 5 (fn)) A
(Va€carrier R. Y mecarrier M. f (a -spym) = a sy (fm))] =
f € mHom R M N

(proof)

lemma (in Module) mHom-mem:[R module N; f € mHom R M N; m € carrier
M]

= fm € carrier N

(proof)

lemma (in Module) mHom-add:[R module N; f € mHom R M N; m € carrier
M;

n € carrier M| = f (m £ n) = fm x5 (f n)
(proof)

lemma (in Module) mHom-0:[R module N; f € mHom R M N] = f (0) = Oy
(proof)

lemma (in Module) mHom-inv:[R module N; m € carrier M; f € mHom R M
N] =

f(=am)=—=an (fm)
(proof)

lemma (in Module) mHom-lin:[R module N; m € carrier M; f € mHom R M N,
a € carrier Rl = f (a s m) = a sy (fm)

{(proof)

lemma (in Module) mker-inc-zero:

[R module N; f € mHom R M N | = 0 € (kerps y f)
(proof)

lemma (in Module) mHom-eq-ker:[R module N; f € mHom R M N; a € carrier
M;

be carrier My a &= (= b) € keryy N fl = fa=fb
(proof)

lemma (in Module) mHom-ker-eq:[R module N; f € mHom R M N; a € carrier
M;

be carrier M; fa = fb] = a £ (=a b) € kery N f
(proof)

lemma (in Module) mker-submodule:[R module N; f € mHom R M N] =
submodule R M (kerpr n f)

(proof)

lemma (in Module) mker-mzeromap:R module N =
kerpr, y (mzeromap M N) = carrier M

(proof)
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lemma (in Module) mdl-carrier:submodule R M H = carrier (mdl M H) = H
(proof)

lemma (in Module) mdl-is-ag:submodule R M H = aGroup (mdl M H)
(proof)

lemma (in Module) mdl-is-module:submodule R M H = R module (mdl M H)
(proof)

lemma (in Module) submodule-of-mdl:[submodule R M H; submodule R M N; H
c N

= submodule R (mdl M N) H
(proof)

lemma (in Module) img-set-submodule:[R module N; f € mHom R M N] =
submodule R N (f ¢ (carrier M))

(proof)

lemma (in Module) mimg-module:[R module N; f € mHom R M N| =
R module (mimg R M N f)

(proof)

lemma (in Module) surjec-to-mimg:[R module N; f € mHom R M N] =
surjecM7 (mimg R M N f) f

(proof)

definition
tOp-mHom :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme] = (‘a = '¢) = ('a = 'c¢) = (‘a = 'c) where
tOp-mHom R M N f g = (Ax € carrier M. (fx £5 (g 2)))

definition
iOp-mHom :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme] = (‘a = '¢) = ('a = 'c) where
iOp-mHom R M N f = (Az € carrier M. (—qpn (f 2)))

definition
sprod-mHom ::[('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme] = 'b = ('a = '¢) = (‘a = 'c) where
sprod-mHom R M N a f = (Ax € carrier M. a -5y (f x))

definition
HOM :: [('b, 'more) Ring-scheme, ('a, 'b, 'morel) Module-scheme,
("c, 'b, 'more2) Module-scheme] = ('a = ‘¢, 'b) Module
((3HOM . -/ -) [90, 90, 91] 90) where
HOMp M N = (carrier = mHom R M N, pop = tOp-mHom R M N,
mop = iOp-mHom R M N, zero = mzeromap M N, sprod =sprod-mHom R M
N
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lemma (in Module) zero-HOM:R module N =
mzeromap M N = OHOMR MN

(proof)

lemma (in Module) tOp-mHom-closed:[R module N; f € mHom R M N; g €
mHom R M NJ
= tOp-mHom R M N fg € mHom R M N

(proof)

lemma (in Module) iOp-mHom-closed:[R module N; f € mHom R M N]|
= Op-mHom R M N f € mHom R M N

(proof)

lemma (in Module) mHom-ex-zero:R module N = mzeromap M N € mHom R
M N

(proof)

lemma (in Module) mHom-eq:[R module N; f € mHom R M N; g € mHom R M
N.

)

Vméecarrier M. fm=gm] = f =g
(proof)

lemma (in Module) mHom-l-zero:[R module N; f € mHom R M N]J
= tOp-mHom R M N (mzeromap M N) f = f

(proof)

lemma (in Module) mHom-l-inv:[R module N; f € mHom R M NJ
= tOp-mHom R M N (iOp-mHom R M N f) f = mzeromap M N

(proof)

lemma (in Module) mHom-tOp-assoc:[R module N; f € mHom R M N; g €
mHom R M N;
h € mHom R M N]| = tOp-mHom R M N (tOp-mHom R M N f g) h =
tOp-mHom R M N f (tOp-mHom R M N g h)

(proof)

lemma (in Module) mHom-tOp-commute:[R module N; f € mHom R M N;
g € mHom R M N] = tOp-mHom R M N f g = tOp-mHom R M N ¢ f

(proof)

lemma (in Module) HOM-is-ag:R module N = aGroup (HOM p M N)
(proof)

lemma (in Module) sprod-mHom-closed:[R module N; a € carrier R;
f € mHom R M N] = sprod-mHom R M N a f € mHom R M N

(proof)

lemma (in Module) HOM-is-module:R module N => R module (HOM p M N)
(proof)
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5.2 Injective hom, surjective hom, bijective hom
and inverse hom

definition
invmfun :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme, 'a = '¢c] = 'c = 'a where
invmfun R M N (f :: 'a = '¢c) =
(Ay€(carrier N). SOME z. (x € (carrier M) A\ fz = y))

definition
misomorphic :: [('b, 'm) Ring-scheme, (‘a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme] = bool where
misomorphic R M N «+— (3f. f € mHom R M N A bijecpr N )

definition
mlId :: ("a, 'b, 'm1) Module-scheme = 'a = 'a ((mlId./ ) [89]88) where
mldyr = (Ame&carrier M. m)

definition
mcompose :: [('a, ', 'm1) Module-scheme, 'b = ¢, 'a = 'b] = 'a = 'c where
mcompose M g f = compose (carrier M) g f

abbreviation
MISOM ((3- = -) [82,82,83]82) where
M = N == misomorphic R M N

lemma (in Module) minjec-inj:[R module N; injecps n f] =
ing-on f (carrier M)

(proof)

lemma (in Module) invmfun-l-inv:[R module N; bijecpr N f; m € carrier M) =
(invmfun R M N f) (fm) =m
(proof)

lemma (in Module) invmfun-mHom:[R module N; bijecyr N f; f € mHom R M
N]=

invmfun R M N f € mHom R N M
(proof)

lemma (in Module) invmfun-r-inv:[R module N; bijecpr N f; n € carrier N =
f ((invmfun R M N f) n) =n
(proof)

lemma (in Module) mHom-compos:[R module L; R module N; f € mHom R L
M.

g € mHom R M N | = compos L g f € mHom R L N
(proof)

lemma (in Module) mcompos-inj-inj:[R module L; R module N; f € mHom R L
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M;

g € mHom R M N; injecy, py [; injecps N g | = injecy, N (compos L g f)
(proof)

lemma (in Module) mcompos-surj-surj:[R module L; R module N; surjecy, pr f;
surjecM’Ng;f € mHom RL M; g € mHom RM N | =
surjecy, N (compos L g f)
(proof)

lemma (in Module) mId-mHom:mlId; € mHom R M M
(proof)

lemma (in Module) mHom-mlId-bijec:[R module N; f € mHom R M N; g € mHom
R N M:;
compose (carrier M) g f = mlId g, compose (carrier N) fg = mldy] =
bijecpr N f
(proof)

definition
sup-sharp :: [('r, 'n) Ring-scheme, ('b, 'r, 'm1) Module-scheme,
("e, 'ry 'm2) Module-scheme, ('a, 'r, 'm) Module-scheme, 'b = 'c]
= (‘¢ = 'a) = (b = 'a) where
sup-sharp R M N L uw = (A\fémHom R N L. compos M f u)

definition
sub-sharp :: [('r, 'n) Ring-scheme, ('a, 'r, 'm) Module-scheme,
(’b, 'r, 'm1) Module-scheme, (‘c, 'r, 'm2) Module-scheme, 'b = 'c]
= ('la = 'b) = ('a = 'c) where
sub-sharp R L M N u = (A\fémHom R L M. compos L u f)

lemma (in Module) sup-sharp-homTr:[R module N; R module L; w € mHom R
M N;

f € mHom R NL] = sup-sharp RM NL uf € mHom R ML
(proof)

lemma (in Module) sup-sharp-hom:[R module N; R module L; w € mHom R M
N] =

sup-sharp R M N L uw € mHom R (HOMpr NL) (HOMp M L)
(proof)

lemma (in Module) sub-sharp-homTr:[R module N; R module L; w € mHom R M
N.

)

f € mHom R L M| = sub-sharp RL M Nuf € mHom RL N
(proof)

lemma (in Module) sub-sharp-hom:[R module N; R module Ly w € mHom R M
N] =
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sub-sharp R L M Nu € mHom R (HOMp L M) (HOMp L N)
(proof)

lemma (in Module) mld-bijec:bijec y pr (mld )
(proof)

lemma (in Module) invmfun-bijec:[R module N; f € mHom R M N; bijecpr N f1
_—

bijecy pr (invmfun R M N f)
(proof)

lemma (in Module) misom-self:M =p M
(proof)

lemma (in Module) misom-sym:[R module N; M =p N] = N =p M
(proof )

lemma (in Module) misom-trans:[R module L; R module N; L =p M; M = NJ
.

L=p N
(proof)

definition
mr-coset :: ['a, ('a, 'b, 'more) Module-scheme, 'a set] = 'a set where
mr-coset a M H = a Wy H

definition
set-mr-cos :: [('a, 'b, 'more) Module-scheme, 'a set] = 'a set set where
set-mr-cos M H = {X. Jaccarrier M. X = a Wy H}

definition
mr-cos-sprod :: [('a, 'b, 'more) Module-scheme, 'a set] =
'b = 'a set = 'a set where
mr-cos-sprod M H a X = {z. 3z€X. IheH. z = h )7 (a -sp5 2)}

definition
mr-cospOp :: [("a, 'b, 'more) Module-scheme, 'a set] =
'a set = 'a set = 'a set where
mr-cospOp M H = (AX. AY. c-top (b-ag M) HX Y)

definition
mr-cosmOp :: [("a, 'b, 'more) Module-scheme, 'a set] =
'a set = 'a set where
mr-cosmOp M H = (AX. c-iop (b-ag M) H X)

definition
gmodule :: [("a, 'r, 'more) Module-scheme, 'a set] =
(‘a set, 'r) Module where
gmodule M H = (| carrier = set-mr-cos M H, pop = mr-cospOp M H,
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mop = mr-cosmOp M H, zero = H, sprod = mr-cos-sprod M H))

definition
sub-mr-set-cos :: [('a, 'r, 'more) Module-scheme, 'a set, 'a set] =
‘a set set where
sub-mr-set-cos M HN = {X.3neN. X = ny; H}

abbreviation
QMODULE (infixl '/, 200) where
M [/, H == gmodule M H

abbreviation
SUBMRSET ((3-/ s'/’-/ -) [82,82,85]82) where
N s/m H == sub-mr-set-cos M H N

lemma (in Module) gmodule-carr:submodule R M H =
carrier (gmodule M H) = set-mr-cos M H

(proof)

lemma (in Module) set-mr-cos-mem:[submodule R M H; m € carrier M| =
m Wy H € set-mr-cos M H

(proof)

lemma (in Module) mem-set-mr-cos:[submodule R M N; z € set-mr-cos M N]
=
Idm € carrier M.z = m Wy N

(proof)

lemma (in Module) m-in-mr-coset:[submodule R M H; m € carrier M| =
memy H

(proof)

lemma (in Module) mr-cos-h-stable:[submodule R M H; h € H] =
H=hwy H
(proof)

lemma (in Module) mr-cos-h-stablel:[submodule R M H; m € carrier M; h € H]
:>(m:|:h)&JMH:mH'JMH

(proof )
lemma (in Module) z-in-mr-coset:[submodule R M H; m € carrier M; x € m Wy
H]
= JdheH. m*t h=z
(proof )

lemma (in Module) mr-cos-sprodTr:[submodule R M H; a € carrier R;
m € carrier M| = mr-cos-sprod M Ha (m Wy H) = (a s m) Wy H

(proof)
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lemma (in Module) mr-cos-sprod-mem:[submodule R M H; a € carrier R;
X € set-mr-cos M H] = mr-cos-sprod M H a X € set-mr-cos M H

(proof)

lemma (in Module) mr-cos-sprod-assoc:[submodule R M H; a € carrier R;

b € carrier R; X € set-mr-cos M H] = mr-cos-sprod M H (a -+ b) X =
mr-cos-sprod M H a (mr-cos-sprod M H b X)

(proof)

lemma (in Module) mr-cos-sprod-one:[submodule R M H; X € set-mr-cos M H]
.

mr-cos-sprod M H (1,g) X = X
(proof)

lemma (in Module) mr-cospOp Tr:[submodule R M H; m € carrier M; n € carrier
M]

= mr-cospOp M H (mWyy H) (nWyy H) = (m £ n) Wy H
(proof)

lemmal(in Module) mr-cos-sprod-distrib1:[submodule R M H; a € carrier R;

b € carrier R; X € set-mr-cos M H] =

mr-cos-sprod M H (a £ b) X =

mr-cospOp M H (mr-cos-sprod M H a X)) (mr-cos-sprod M H b X))
(proof)

lemma (in Module) mr-cos-sprod-distrib2:[submodule R M H;
a € carrier R; X € set-mr-cos M H; Y € set-mr-cos M H| —
mr-cos-sprod M H a (mr-cospOp M HX Y) =

mr-cospOp M H (mr-cos-sprod M H a X)) (mr-cos-sprod M H a Y')
(proof)

lemma (in Module) mr-cosmOpTr:[submodule R M H; m € carrier M| =
mr-cosmOp M H (m Wy H) = (—q m) Wy H
(proof)

lemma (in Module) mr-cos-oneTr:submodule R M H = H = 04y H
(proof)

lemma (in Module) mr-cos-oneTr!:[submodule R M H; m € carrier M| =
mr-cospOp M HH (m Wy H) = m Wy H
(proof)

lemma (in Module) gmodule-is-ag:submodule R M H = aGroup (M /., H)
(proof)

lemma (in Module) gmodule-module:submodule R M H => R module (M /., H)
(proof )
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definition
indmhom :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme, 'a = 'c] = 'a set = 'c where
indmhom R M N f = (AX€ (set-mr-cos M (kerps n f)). f ( SOME z. z € X))

abbreviation
INDMHOM ((4—b_ -, -) [92,92,92,93192) where
R M,N == indmhom R M N f

lemma (in Module) indmhom-someTr:[R module N; f € mHom R M N;
X € set-mr-cos M (kerpy n f)] = f (SOME za. za € X) € f “(carrier M)
(proof)

lemma (in Module) indmhom-someTr1:[R module N; f € mHom R M N; m €
carrier M|

= [ (SOME za. za € (ar-coset m M (kerpr n f))) = fm
(proof)

lemma (in Module) indmhom-someTr2:[R module N; f € mHom R M N,
submodule R M H; m € carrier M; H C kerM’N 1=
f (SOME za. za € m Wy H) = fm
(proof)

lemma (in Module) indmhomTr1:[R module N; f € mHom R M N; m € carrier
M) =

(f"r m.N) (m Wy (kerpy § f)) = fm
(proof)

lemma (in Module) indmhomTr2:[R module N; f € mHom R M N]
= (f’p M,N) € set-mr-cos M (kerps n f) — carrier N
(proof )

lemma (in Module) indmhom:[R module N; f € mHom R M N]
= (’r M,N) € mHom R (M [, (kerpr n f)) N
(proof )

lemma (in Module) indmhom-injec:[R module N; f € mHom R M N]| =
injec(pyr /., (kerpr v )N ("R M,N)
(proof)

lemma (in Module) indmhom-surjeci:[R module N; surjecps y f;
f € mHom R M N] = surjec(M Jm (kerpr N )N (be M,N)
(proof)

lemma (in Module) module-homTr:[R module N; f € mHom R M N]| =
f € mHom R M (mimgp pr N f)
(proof )
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lemma (in Module) ker-to-mimg:[R module N; f € mHom R M N] =
kerM7ming M,fo = kerpy N f
(proof)

lemma (in Module) module-homTr1:[R module N; f € mHom R M N] =
(MIMIR (M /o (kery y £)N 'R MN)) = mimgp ap n [ (proof)

lemma (in Module) module-Homth-1:[R module N; f € mHom R M N] =

M [m (kerpr n f) =g mimgg pr N f
(proof)

definition
mpj == [(‘a, 'r, 'm) Module-scheme, 'a set] = (‘a => 'a set) where
mpj M H = (Az€carrier M. z Wy H)

lemma (in Module) elem-mpj:[m € carrier M; submodule R M H] =
mpj M Hm =m Wy H
(proof )

lemma (in Module) mpj-mHom:submodule R M H — mpj M H € mHom R M
(M /m H)
(proof)

lemma (in Module) mpj-mem:[submodule R M H; m € carrier M| =
mpj M Hm € carrier (M [, H)
(proof)

lemma (in Module) mpj-surjec:submodule R M H —>
surjecM,(M i H) (mpj M H)
(proof)

lemma (in Module) mpj-0:[submodule R M H; h € H] =
mpj M H h :O(M/m H)
(proof )

lemma (in Module) mker-of-mpj:submodule R M H —>
kerMy(M /m H) (mijH) =H
(proof)

lemma (in Module) indmhom1:[submodule R M H; R module N; f € mHom R M
N; H C kery y f] = 3lg. g € (mHom R (M /;, H) N) A (compos M g (mpj
MH)) = f

(proof)

definition
mQ@mp :: [('a,

'r, 'm) Module-scheme, 'a set, 'a set] =

('a set = 'a set) where
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m@mp M HN = (AX€ set-mr-cos M H. {z. 3 z€ X. 3 ye N. (yxtyz=
2)})

abbreviation
MQP ((3Mp. _.) [82,82,83]82) where
Mpyr g,N == mQmp M H N

lemma (in Module) mQmpTr0:[submodule R M H; submodule R M N; H C N;
m € carrier M| = mQmp M HN (mWyf H) = m Wy N
(proof)

lemma (in Module) mQmpTr1:[submodule R M H; submodule R M N; H C N;
m € carrier M; n € carrier M; m Wy H=nWy Hl = m Wy N=nldy N
(proof)

lemma (in Module) mQmpTr2:[submodule R M H; submodule R M N; H C N ;
X € carrier (M /[y, H)] = (mQmp M HN) X € carrier (M /m N)
(proof)

lemma (in Module) m@QmpTr2-1:[submodule R M H; submodule R M N; H C N
]

= mQmp M HN € carrier (M [/, H) — carrier (M /[, N)
(proof)

lemma (in Module) mQmpTr3:[submodule R M H; submodule R M N; H C N ;
X € carrier (M [, H); Y € carrier (M /., H)] = (mQmp M H N) (mr-cospOp
MHXY)=mr-cospOp M N (m@Qmp M HN) X) (mQmp M HN) Y)
(proof)

lemma (in Module) mQmpTrj:[submodule R M H; submodule R M N; H C N;
a € N] = mr-coset a (mdl M N) H = mr-coset a M H

(proof)

lemma (in Module) m@Qmp-mHom:[submodule R M H; submodule R M N; H C
N] =

(Mpyr g N) € mHom R (M /p H) (M /m N)
(proof )

lemma (in Module) Mp-surjec:[submodule R M H; submodule R M N; H C N]
—

surjec(M Jm H),(M /m N) (Mp g H,N)
(proof)

lemma (in Module) ker@Qmp:[submodule R M H; submodule R M N; H C N]J
= ker(ym /., H),(M /m N) (Mppr g,N) = carrier ((mdl M N) /[, H)
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(proof)

lemma (in Module) misom2Tr:[submodule R M H; submodule R M N; H C N]
=

(M [ H) [/m (carrier (mdl M N) /,, H)) 2 (M /» N)
(proof )

lemma (in Module) eq-class-of-Submodule:[submodule R M H; submodule R M N

H C N] = carrier (mdlM N) /p, H) = N /i H
(proof)

theorem (in Module) misom2:[submodule R M H; submodule R M N; H C N]J
_—

(M [ H) [m (N s/m H) =g (M /m N)
(proof )

primrec natm :: (‘a, 'm) aGroup-scheme => nat = 'a => 'a
where

natm-0: natm M 0z = 0y
| natm-Suc: natm M (Suc n) z = (natm M nz) £)7

definition
finitesum-base :: [('a, 'r, 'm) Module-scheme, 'b set, 'b = 'a set]
= 'a set where
finitesum-base M I f = J{fi|i. i€ 1}

definition
finitesum :: [("a, 'r, 'm) Module-scheme, 'b set, 'b = 'a set]
= 'a set where
finitesum M If = {z.3n.3g. g € {j. j < (n:nat)} — finitesum-base M I f
ANx = nsum Mgn}

lemma (in Module) finitesumbase-sub-carrier:f € I — {X. submodule R M X}
=
finitesum-base M I f C carrier M

(proof)

lemma (in Module) finitesum-sub-carrier:f € I — {X. submodule R M X} =
finitesum M I f C carrier M

(proof)

lemma (in Module) finitesum-inc-zero:[f € I — {X. submodule R M X }; I # {}]
= 0 € finitesum M I f

(proof)

lemma (in Module) finitesum-mOp-closed:
[f €I = {X. submodule R M X}; I # {}; a € finitesum M I f] =
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—a G € finitesum M I f
(proof )

lemma (in Module) finitesum-pOp-closed:
[f € I — {X. submodule R M X}; a € finitesum M I f; b € finitesum M I f]
= a £ b € finitesum M I f

(proof)

lemma (in Module) finitesum-sprodTr:[f € I — {X. submodule R M X}; I # {};
r € carrier R] = g €{j. j < (nunat)} — (finitesum-base M I f)
—r s (nsum M gn)= nsum M (Az. 7 5 (g2)) n

(proof)

lemma (in Module) finitesum-sprod:[f € I — {X. submodule R M X}; I # {};
r € carrier R; g €{j. j < (n:nat)} — (finitesum-base M 1) | =
7 s (nsum M gn) = nsum M (Az. r -5 (gx)) n
(proof )

lemma (in Module) finitesum-subModule:[f € I — {X. submodule R M X}; I #
{1

(proof)

= submodule R M (finitesum M I f)

lemma (in Module) sSum-cont-H:[submodule R M H; submodule R M K] =
HC HF K
(proof )

lemma (in Module) sSum-commute:[submodule R M H; submodule R M K| —>
HFF K= KFH
(proof)

lemma (in Module) Sum-of-SubmodulesTr:[submodule R M H; submodule R M
K] =

ge{j.j<(nnat)} > HUK — 3. Mgnec HF K
(proof)

lemma (in Module) sSum-two-Submodules:[submodule R M H; submodule R M
K] =

submodule R M (H ¥ K)
(proof)

definition
iotam :: [("a, 'r, 'm) Module-scheme, 'a set, 'a set] = (‘a = 'a)
((3em-_-) [82, 82, 83]82) where
LM HK = (AzeH. (z £37 0pp))

lemma (in Module) iotam-mHom:[submodule R M H; submodule R M K]
= umpr g,k € mHom R (mdl M H) (mdl M (H ¥ K))

(proof)
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lemma (in Module) mhomom8Tr:[submodule R M H; submodule R M K] —
submodule R (mdl M (H ¥ K)) K

(proof)

lemma (in Module) mhomom3Tr0:[submodule R M H; submodule R M K]
= compos (mdl M H) (mpj (mdl M (H ¥ K)) K) (vmp g k)
€ mHom R (mdl M H) (mdilM (H ¥ K) /m K)
(proof)

lemma (in Module) mhomom3Tr1:[submodule R M H; submodule R M K] =
SUTIEC (mdl M H),((mdl M (H F K))/m K)
(compos (mdl M H) (mpj (mdl M (H ¥ K)) K) (vmp g k)
(proof )

lemma (in Module) mhomom8Tr2:[submodule R M H; submodule R M K| =
Ker (mai M H),(mdl M (H F K)) /m K)
(compos (mdl M H) (mpj (mdl M (H ¥ K)) K) umpy g i) = HNK
(proof)

lemma (in Module) mhomom-3:[submodule R M H; submodule R M K| =
(mdl M H) [, (HNK) =g (mdlM (HF K)) /m K
(proof)

definition
l-comb :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme, nat] =
(nat = 'r) = (nat = 'a) = 'a where
l-comb R M nsm = nsum M (Nj. (s]j) spy (mJ)) n

definition
linear-span :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme, 'r set,
'a set] = 'a set where
linear-span R M A H = (if H = {} then {0} else
{z.3n.3f € {j. j < (n:nat)} — H.
dse{j. 7 < (nunat)} - A. z =1l-comb R M nsf})

definition
coefficient :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
nat, nat = 'r, nat = 'a] = nat = 'r where
coefficient RMnsmj=sj

definition
body :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme, nat, nat = 'r,
nat = 'a] = nat = 'a where
body RMnsmj=mj

lemma (in Module) I-comb-mem-linear-span:[ideal R A; H C carrier M;

se€fj.j<(nunat)} - A;fe{j.j<n} - H =
l-comb R M n s f € linear-span R M A H
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(proof)

lemma (in Module) linear-comb-eqTr:H C carrier M =
s €{j. 7 < (nunat)} — carrier R A
fe{j.i<n}—>HNA
ge{j.j<nt—>HA
(Vie{j. j <n}. fi=g3j) —
l.comb R Mnsf=1lcombRMnsyg

(proof)

lemma (in Module) linear-comb-eq:[H C carrier M;
s€{j.j < (n:nat)} — carrier R; f € {j. j < n} — H;
g€{i-j<n}>HVje{j.j<n} fi=ygjl =
l-combRMnsf=1IlcombRMnsyg
(proof)

lemma (in Module) I-comb-Suc:[H C carrier M; ideal R A;
se{j.j<(Sucn)} = carrier R; f € {j. j < (Sucn)} - H =
l-comb R M (Sucn) sf=1IlcombRMnsf+Es (Sucn) -5 f (Sucn)

(proof)

lemma (in Module) I-comb-jointfun-jj:[H C carrier M; ideal R A,
se€{j.j<(nunat)} - A; f € {j.j < (n:nat)} - H;
tedj.j < (munat)} = A; g€ {j.j < (munat)} - H =
nsum M (Nj. (jointfun n s m t) j -5 (jointfun n fm g) j) n =
nsum M (Nj. sj s fj)n

(proof)

lemma (in Module) I-comb-jointfun-jj1:[H C carrier M; ideal R A;
se{j.j<(nunat)} - A; f € {j. j < (n:inat)} — H,;
te{j.j<(munat)} - 4;,9€{j.j<(munat)} - H =
l-comb R M n (jointfun n s m t) (jointfun n fm g) =
l-comb R M n s f

(proof)

lemma (in Module) I-comb-jointfun-jf:[H C carrier M; ideal R A;
se{j.j<(nunat)} - A fe{j.j <Suc(n+m)}— H;
t€{j.j < (munat)} - A] =
nsum M (N\j. (jointfun nsmt)j s fj)n=
nsum M (Nj. sj s fj)n

(proof)

lemma (in Module) I-comb-jointfun-jf1:[H C carrier M; ideal R A;
se€{j.j<(nunat)} = A; fe{j.j<Suc(n+m)}— H;
te{j.j < (munat)} - A] =
l-comb R M n (jointfun n s m t) f = l-comb R M n s f

(proof)

lemma (in Module) I-comb-jointfun-fj:[H C carrier M; ideal R A;
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se{j.j<Suc(n+m)} = A fe{jj<(n:nat)}y - H,
g €{j. 7 <(munat)} - H] =
nsum M (N\j. s j -5 (jointfun n fm g) j) n =
nsum M (Nj. sj s fj)n
(proof )

lemma (in Module) I-comb-jointfun-fil:[H C carrier M; ideal R A4;
se{j.j<Suc(n+m)}—A4fed{jj<(ninat)} = H;
g€{j.j <(munat)} - H =
l-comb R M n s (jointfun n fm g) = l-comb R M n s f
(proof)

lemma (in Module) linear-comb0-1Tr:H C carrier M =
s €{j.j < (nunat)} — {0g} A
me{j.j<n}—H—lcombRMnsm=0y

(proof)

lemma (in Module) linear-comb0-1:[H C carrier M;
s€{j.j < (nunat)} - {Opysme{j.j<n} > H]=
l.comb R M nsm =0y,

(proof )

lemma (in Module) linear-comb0-2Tr:ideal R A = s € {j. j < (n:nat)} — A
AN me{j.j<n}t— {0yt — lcombR Mnsm=0)
(proof)

lemma (in Module) linear-comb0-2:[ideal R A; s € {j. j < (n:nat)} — 4;
me{j.j<n}—=>{0y}]= lcombR Mnsm=0)
(proof)

lemma (in Module) liear-comb-memTr:[ideal R A; H C carrier M| =
Vs.¥m.s € {j.j<(nunat)} - AN

me{j.j<n}— H — l-combR Mnsm € carrier M
(proof)

lemma (in Module) I-comb-mem:[ideal R A; H C carrier M;
se{j.j<(nunat)} - A;me{j.j<n} - H =
l.comb R M n s m € carrier M

(proof)

lemma (in Module) I-comb-transpos: [ideal R A; H C carrier M;
se{l.l< Sucn} = A; fe{l.l < Sucn} — H;
j<Sucn] =
Ye M (emp (Mk. sk -5 fk) (transpos j (Suc n))) (Suc n) =
Ye M (Ak. (cmp s (transpos j (Suc n))) k -5

(emp f (transpos j (Suc n))) k) (Suc n)

(proof)

lemma (in Module) I-comb-transpos!: [ideal R A; H C carrier M,
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se{l.l<Sucn} - A fe{l.l<Sucn}— H;j< Sucn] =
l-comb R M (Sucn) sf=
l-comb R M (Suc n) (cmp s (transpos j (Suc n))) (cmp f (transpos j (Suc n)))
(proof)

lemma (in Module) sc-linear-span:[ideal R A; H C carrier M; a € A;
h € H] = a s h € linear-span R M A H
(proof)

lemma (in Module) l-span-cont-H:H C carrier M =
H C linear-span R M (carrier R) H
(proof)

lemma (in Module) linear-span-inc-0:[ideal R A; H C carrier M] =
0 € linear-span R M A H
(proof)

lemma (in Module) linear-span-iOp-closedTr!:[ideal R A;
se{j. j < (nunat)} - A] =
(Ave{j. j < n}. —op (s2)) € {j. 5 < n} — A
(proof)

lemma (in Module) I-span-gen-mono:[K C H; H C carrier M; ideal R A] =
linear-span R M A K C linear-span R M A H
(proof)

lemma (in Module) I-comb-add:[ideal R A; H C carrier M;
se€{j.j<(nunat)} - A; fe{j.j<n}— H;
te{j.j<(mumat)} - 4;,9€{j.j <m}—- H =

l-comb R M (Suc (n + m)) (jointfun n s m t) (jointfun n fm g) =
lccomb RMnsf 4+ l-combRMmtg

(proof)

lemma (in Module) I-comb-add1Tr:[ideal R A; H C carrier M| =
fe{jj<(nunat)} = HAse{j.j<n}—=oANte{j.j<n}—>A—
l-comb R Mn (Aze{j.j < n}. (sz) £g (tz)) f =
l-comb R Mnsf+l-combRMntf
(proof )

lemma (in Module) I-comb-addl:[ideal R A; H C carrier M;
fef{jj<(nunat)} = H;yse{j.j<n}—oAte{j.j<n}—- 4] =
l-comb R Mn (Aze{j.j <n}. (sz) £p (tz)) f =
l-comb R Mnsf 4+ l-combRMntf
(proof)

lemma (in Module) linear-span-iOp-closedTr2:[ideal R A; H C carrier M;
fe{jj<(nunat)} - H;yse{j.j<n}— 4] =
—q (l-comb R M nsf) =
l.comb R M n (Aze{j.j < n}. —qp (sz)) f
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(proof)

lemma (in Module) linear-span-iOp-closed:[ideal R A; H C carrier M;
a € linear-span R M A H] = —, a € linear-span R M A H
(proof)

lemma (in Module) linear-span-pOp-closed:
[¢deal R A; H C carrier M; a € linear-span R M A H; b € linear-span R M A
H]
= a + b € linear-span R M A H
(proof)

lemma (in Module) I-comb-scTr:[ideal R A; H C carrier M;

r € carrier Ry H #{}] = s € {j. j < (nunat)} - A A

ge{j.j<nt— H —r s (nsum M (k. (sk) s (gk)) n)=
nsum M (Mk. r 5 ((sk) s (gk))) n

(proof)

lemma (in Module) I-comb-sc1Tr:[ideal R A; H C carrier M;

r € carrier R; H £ {}] = s € {j.j < (nunat)} = A A

ge{j.j<nt— H —r s (nsum M (k. (sk) s (gk)) n)=
nsum M (Mk. (r g (sk)) s (gk)) n

(proof )

lemma (in Module) I-comb-sc:[ideal R A; H C carrier M; r € carrier R;
se{j.j<(nunat)} - A ge{j.j<n}— H =

r s (nsum M (Mk. (s k) s (gk)) n) =nsum M (Me. 7 5 ((sk) s (gk))) n

(proof)

lemma (in Module) I-comb-scl:[ideal R A; H C carrier M; r € carrier R;
se{j.j<(nunat)} - A ge{j.j<n}— H =

r s (nsum M (Mk. (s k) s (gk)) n) =nsum M (Nk. (r v (sk)) s (gk) n

(proof)

lemma (in Module) linear-span-sc-closed:[ideal R A; H C carrier M;
r € carrier R; x € linear-span R M A H] = r -5 « € linear-span R M A H

(proof)

lemma (in Module) mem-single-l-spanTr:[ideal R A; h € carrier M| =
se{j.j < (nunat)} - AA
fef{j.jg<n}—{h} Nl-combR Mnsf € linear-span R M A {h}
— (Ja€ A l-combRMnsf=a-sh)

(proof)

lemma (in Module) mem-single-l-span:[ideal R A; h € carrier M;
se{j.j<(nunat)} - A; fe{j.j<n}—{h}
l-comb R M n s f € linear-span R M A {h}] =
Ja € A. l-combRMnsf=a-sh

(proof)
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lemma (in Module) mem-single-l-spanl:[ideal R A; h € carrier M;
z € linear-span R M A{h}] = Jac A z=a s h
(proof )

lemma (in Module) linear-span-subModule:[ideal R A; H C carrier M| =
submodule R M (linear-span R M A H)

(proof)

lemma (in Module) I-comb-mem-submoduleTr:[ideal R A; submodule R M N] =
(se{j.j<(nunat)} - ANfe{jj<n}— carrier M N

(Vi <n(sj)s(fj) € N) — l-combRMnsfeN

(proof)

lemma (in Module) I-span-sub-submodule:[ideal R A; submodule R M N; H C N]
—
linear-span R M A H C N

(proof)

lemma (in Module) linear-span-sub:[ideal R A; H C carrier M] =
(linear-span R M A H) C carrier M

(proof)

definition
smodule-ideal-coeff :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
'r set] = 'a set where
smodule-ideal-coeff R M A = linear-span R M A (carrier M)

abbreviation
SMLIDEALCOEFF ((3-/ ®- -) [64,64,65]64) where
A ©p M == smodule-ideal-coeff R M A

lemma (in Module) smodule-ideal-coeff-is-Submodule:ideal R A =
submodule R M (A ©p M)

(proof)

lemma (in Module) mem-smodule-ideal-coeff:[ideal R A; z € A O M] =
dn.dse{j.j<n} = A Jge{j.j<n}— carrier M.
x=1lcombRMmnsg

(proof)

definition
quotient-of-submodules :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
‘a set, 'a set] = 'r set where
quotient-of-submodules R M N P = {z | x. x€carrier R A
(linear-span R M (Rza R z) P) C N}

definition
Annihilator :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme)
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= r set ((Ann- -) [82,83]82) where
Annp M = quotient-of-submodules R M {0} (carrier M)

abbreviation
QOFSUBMDS ((4- +. -) [82,82,82,83]82) where
N pim P == quotient-of-submodules R M N P

lemma (in Module) quotient-of-submodules-inc-0:
[submodule R M P; submodule R M Q] = O € (P gy Q)

(proof)

lemma (in Module) quotient-of-submodules-is-ideal:
[submodule R M P; submodule R M Q] = ideal R (P gty Q)

(proof)

lemma (in Module) Ann-is-ideal:ideal R (Annp M)
(proof)

lemma (in Module) linmap-im-of-lincombTr:[ideal R A; R module N;
f € mHom R M N; H C carrier M| =
sefj.j<(nunat)} = ANge{j.j<n}—>H—

f (I-comb R M nsg)=1IlcombRNns (cmp fg)

(proof)

lemma (in Module) linmap-im-lincomb:[ideal R A; R module N; f € mHom R M

N;
H C carrier M; s € {j. j < (n:nat)} > A;9€{j.j<n} > H] =
f (I-comb R M nsg)=1IlcombRNns (cmp fg)

(proof)

lemma (in Module) linmap-im-linspan:[ideal R A; R module N; f € mHom R M
N;
H C carrier M; s € {j. j < (nunat)} > 4;9€{j.j<n}—-H] =

f (l-comb R M n s g) € linear-span R N A (f ‘' H)

{(proof)

lemma (in Module) linmap-im-linspanl:[ideal R A; R module N; f € mHom R M
N;
H C carrier M; h € linear-span R M A H] =
fh € linear-span R N A (f “ H)
(proof)

definition
faithful :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme]
= bool where
faithful R M <— Annp M = {Op}
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5.3 nsum and Generators

definition
generator :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
'a set] = bool where
generator R M H == H C carrier M A
linear-span R M (carrier R) H = carrier M

definition
finite-generator :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
'a set] = bool where
finite-generator R M H <— finite H N\ generator R M H

definition
fGOver :: [(‘a, 'r, 'm1) Module-scheme, ('r, 'm) Ring-scheme] = bool
where
fGOver M R +— (3 H. finite-generator R M H)

abbreviation
FGENOVER (infixl fgover 70) where
M fgover R == fGOver M R

lemma (in Module) h-in-linear-span:[H C carrier M; h € H] =
h € linear-span R M (carrier R) H
(proof)

lemma (in Module) generator-sub-carrier:generator R M H —>
H C carrier M

(proof)

lemma (in Module) lin-span-sub-carrier:[ideal R A;
H C carrier M| = linear-span R M A H C carrier M

{(proof)

lemma (in Module) lin-span-coeff-mono:[ideal R A; H C carrier M]|—>
linear-span R M A H C linear-span R M (carrier R) H
(proof)

lemma (in Module) I-span-sum-closedTr:[ideal R A; H C carrier M]|—
Vs. Vf. se{j.j < (nunat)} - A A
fed{j.j <n} — linear-span R M A H —
(nsum M (Aj. sj s (f7)) n € linear-span R M A H)

(proof)

lemma (in Module) I-span-closed:[ideal R A; H C carrier M;

se{j.j < (nunat)} — A; fe€{j.j <n} — linear-span RM A H]| =
l-comb R M n s f € linear-span R M A H

(proof)
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lemma (in Module) I-span-closedl:[H C carrier M;

se€d{j.j < (nunat)} — carrier R;

fed{j.j <n} — linear-span R M (carrier R) H | =

e M (Nj. sj s (fj)) n € linear-span R M (carrier R) H
(proof)

lemma (in Module) l-span-closed2Tr0:[ideal R A; H C carrier M; Ring R; s € 4;
f € linear-span R M (carrier R) H | = s -5 f € linear-span R M A H
(proof)

lemma (in Module) I-span-closed2Tr:[ideal R A; H C carrier M| =
se{j.j < (nunat)} — A A
fed{j. i <n} — linear-span R M (carrier R) H —
l-comb R M n s f € linear-span R M A H
(proof)

lemma (in Module) I-span-closed2:[ideal R A; H C carrier M;
se{j.j < (nunat)} — A;
fed{j.j <n} — linear-span R M (carrier R) H] =
l-comb R M n s f € linear-span R M A H

(proof )

lemma (in Module) I-span-l-span:H C carrier M —>
linear-span R M (carrier R) (linear-span R M (carrier R) H) =
linear-span R M (carrier R) H
(proof )

lemma (in Module) I-spanA-l-span:[ideal R A; H C carrier M| =
linear-span R M A (linear-span R M (carrier R) H) =
linear-span R M A H
(proof)

lemma (in Module) l-span-zero:ideal R A = linear-span R M A {0} = {0}
(proof )

lemma (in Module) I-span-closed3:[ideal R A; generator R M H;
A Op M = carrier M] = linear-span R M A H = carrier M

(proof)

lemma (in Module) generator-generator:[generator R M H; H1 C carrier M;
H C linear-span R M (carrier R) H1] = generator R M H1

(proof)

lemma (in Module) generator-elimTr:
fed{j. i <(nunat)} — carrier M A generator R M (f < {j. 7 < n}) A
(Vienset (Suc 0) n. fi €

linear-span R M (carrier R) (f * {j. j < (i — Suc 0)})) —
linear-span R M (carrier R) {f 0} = carrier M
(proof)
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lemma (in Module) generator-generator-elim:
If € {4. 7 < (nunat)} — carrier M; generator R M (f * {j. j < n});
(Vienset (Suc 0) n. fi € linear-span R M (carrier R)
(f {7 <@ = Suc 0)}))] =
linear-span R M (carrier R) {f 0} = carrier M
(proof )

lemma (in Module) surjec-generator:[R module N; f € mHom R M N;
surjecr N [ generator R M H] = generator R N (f * H)

(proof)

lemma (in Module) surjec-finitely-gen:[R module N; f € mHom R M N;
Surjec\r N f; M fgover R] = N fgover R

(proof)

5.3.1 Sum up coefficients

Symbolic calculation.

lemma (in Module) similar-termTr:[ideal R A; a € A] =
Vs. Vi se{j.j<(n:nat)} = AA
fedj. i <n}— carrier M A
mefi{j.j<n}—
Fte{j. i <n} = A nsum M (Nj.sj s (fj)nta-sm=
nsum M (M.t -+ (f4)) n)
(proof)

lemma (in Module) similar-term1:[ideal R A; a € A; s € {j. j<(n:nat)} — 4;
fef{jjg<n}— carrierM;mef{j.j<n}] =
Jte{j.j<n} > A Z. M N.sjs (fi)ntasm=

Ye M (Aj. tj-s (fi)n

{(proof)

lemma (in Module) same-togetherTr:[ideal R A; H C carrier M | =
Vs. Vf. se{j.j <(nunat)} = A ANfe{jj<n}—>H—
Ftedj.j<(card (f{j.7 <n})— Suc0)} = A.
g €{j. 7 < (card (f* {j. j < n}) — Suc 0)} — £ {j. j < n}.
surj-to g {j. j < (card (f “{j. j < n}) — Sue 0)} (f * {j. j < n}) A
nsum M (Nj. sj s (fj)) n=mnsum M (Mk. t k -5 (g k))
(card (f * {j. j < n}) — Suc 0))
(proof)

lemma (in Module) same-together:[ideal R A; H C carrier M;
se{j.j<(nunat)} - A; fe{j.j <n}—> H =
t e {j.j < (card (f ‘ {j. j < (n:nat)}) — Suc 0)} — A.
Jge{j.j<(card (f {j.7<n})—Suc0)} = f{j.j7<n}
surj-to g {j. j < (card (f * {j.j < n}) — Suc 0)} (f “ {j. 5 < n}) A
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Te M (Af. 5] s (f7)) n
e M (\k. tk s (g k) (card (f < {j. 7 < n}) — Suc 0)

(proof)

lemma (in Module) one-last:[ideal R A; H C carrier M;
se{j.j<(Sucn)} = A; fedj.j<(Sucn)} - H;
big-to f {j. 7 < (Suc n)} H; j < (Suc n); j # (Suc n)] =
Jte{j.j <(Sucn)}—>A Elge{j j < (Sucn)} — H.
e M (Mk. sk -5 (fk) (Suen)= e M (Mk. tk -5 (gk)) (Sucn) A
g (Sucn)=fj ANt (Sucn)=sjAbijgtog{j.j<(Sucn)} H
(proof )

lemma (in Module) finite-lin-spanTrl:[ideal R A; z € carrier M| =
he{jj<(nunat)} > {z}Ate{j.j<n}—>4 —
(se{0:nat} - A. S M (M. tj s (hj)n= s0-5z)
(proof)

lemma (in Module) single-span:[ideal R A; z € carrier M;
he{jj<(nunat)} - {z};te{j.j<n}— A =
Ise{0:nat} - A S M (Nj.tj s (hj)n= s0 5z

(proof)

definition
coeff-at-k :: [('r, 'm) Ring-scheme, 'r, nat] = (nat = 'r) where
coeff-at-k R a k = (N\j. if j = k then a else (OR))

lemma card-Nset-im:f € {j. 7 < (n:nat)} - A =
(Suc 0) < card (f {j. j < n})
(proof)

lemma (in Module) eSum-changeTr!:[ideal R A;
te{k. k< (card (f *{j. 7 < (nlunat)}) — Suc 0)} — A;
ge{k. k< (card (f “{j. 7 <mnil})— Suc0)} = f{j.5 <ni}
Suc 0 < card (f {j. 5 < n1}); gz = h (Sucn); = Sucn;
card (f {j. 7 < n1}) — Suc 0 = Suc (card (f * {j. 7 < ni1}) — Suc 0 — Suc 0)]
_—
M (Me.tk -5 (gk)) (card (f “ {j. 7 < nl}) — Suc0) =
M (Mk. tk 5 (gk)) (card (f “{j. 5 < nl}) — Suc 0 — Suc 0) £
(t (Suc (card (f “{j. 7 < nil}) — Suc 0 — Suc 0)) -5
(g ( Suc (card (f * {j. j < n1}) — Suc 0 — Suc 0))))
(proof)
definition
zeroi :: [('r, 'm) Ring-scheme] = nat = 'r where

zeroi R = (A\j. Op)

lemma zeroi-func:[Ring R; ideal R A] = zeroi R € {j.j < 0} — A

(proof)
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lemma (in Module) prep-arrTri:[ideal R A; h € {j. j < (Suc n)} — carrier M;
fef{ijg<niunat)} = h {j.j<(Sucn)};se{jj<nl}— A4
m = l-comb R M nl s f] =
Jie{j. 7 < (Sue n)}. (3se{j. 7 < (lznat)} — A.
Jge{j. 7 <} > h{j.j < (Sucn)}. m=1IlcombRMIlsgA
bij-to g {5.j <1} (f{j.j < ni}))
(proof)

lemma two-func-imageTr:[ h € {j. j < Suc n} — B;
fe{jjg<(munat)} - h{j.j<Sucn}; h(Sucn) ¢ f {j.j<m}]
= fe{jj<mp—=h {j.j<n}
(proof)

lemma (in Module) finite-lin-spanTr3-0:[bij-to g {j. 7 < I} (g {j. J < 1});
ideal R A;
Vna. Vse{j. j < na} — A.
Vie{j.j <na} - h‘{j.j <n}

Jtef{j.j < n} = A. l-comb R M nasf=1lcombRMnth;
he{j.j<Sucn} — carrier M; s € {j. j < m} — A4
felij<m)—>h{ij< Suen
I <Sucn;sae{j.j<li}—>Ag9ge{j.j<I}—=>h* {j.j<Sucn}
O0<bif {j.j<mp=g°{j.j<I}h(Sucn)=gl]

= 3Jte{j. 5 < Sucn} — A. l-comb R Ml sa g =1l-combR M (Sucn)th
(proof )

lemma (in Module) finite-lin-spanTr3:ideal R A —>
he{j. j<(n:nat)} — carrier M —
(Vna. Vs € {j. j < (na:nat)} — A.
Vied{j.j<mna} - (h“{j.j<n}) 3te{jj<n}— A
l-comb R M na s f = 1l-comb R Mnth))

(proof)

lemma (in Module) finite-lin-span:

[ideal R A; h € {j. j < (nunat)} — carrier M; s € {j. j < (nl:nat)} — A4

fefji<ni}y=h{j.j<n}] = 3Fte{j.j < n} - A
l-comb R M nlsf=1IlcombRMmnth

(proof)

5.3.2 Free generators

definition
free-generator :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme, 'a set]
= bool where
free-generator R M H <+— generator R M H N
(Vn. (Vs f. (s e{j.j < (nunat)} — carrier R A
feli-j<nt—HANinjonf{j.j<n}A
llcombRMnsf =0y — se{j.j<n}—{0g})
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lemma (in Module) free-generator-generator:free-generator R M H —>
generator R M H

(proof)

lemma (in Module) free-generator-sub:free-generator R M H —
H C carrier M

(proof)

lemma (in Module) free-generator-nonzero:[— (zeroring R);
free-generator R M H; h € H] = h # 0
(proof )

lemma (in Module) has-free-generator-nonzeroring: [free-generator R M H;
dp € linear-span R M (carrier R) H. p # 0] = — zeroring R
{proof )

lemma (in Module) unique-expressionl:[H C carrier M; free-generator R M H,;
sed{j.j < (nunat)} — carrier Ry m € {j. j < n} — H;
inj-onm {j. j < n}; l-comb R Mnsm=0] =
Vjelj.j < n} sj=0p
(proof )

lemma (in Module) free-gen-coeff-zero:[H C carrier M; free-generator R M H;
h € H; a € carrier R; a -s h = 0] = a = 0p
(proof)

lemma (in Module) unique-expression2:[H C carrier M;
fed{jji<(nunat)} - H;se€{j.j<n} — carrier R] =
dmgt. ge {j. 7 < (munat)} - H) A
bij-to g {j. j < (mznat)} (f* {j. 5 < n}) A
t€{j.5 <m} — carrier R A
l-comb RMnsf=IlcombRMmtg
(proof)

lemma (in Module) unique-expression3-1:[H C carrier M;
fe{l.i<(Sucn)} = H;s e {l.l <(Sucn)} — carrier R;
(f (Sucn)) & f({I. I < (Suc n)} — {Suc n})] =
Jgmt.ge {l.1 < (munat)} — HA
ing-on g {l. 1 < (munat)} A
t € {l. I < (m:nat)} — carrier R A
l-comb R M (Sucn) sf =
l-combRMmtgAtm=s (Sucn)ANgm=f (Sucn)
(proof )

lemma (in Module) unique-expression3-2:[H C carrier M;
fe{k. k< (Sucn)} — H;s €{k. k < (Sucn)} — carrier R;
1 < (Sucn); (fl) ¢ f({k.- k < (Sucn)} —{i}); | # Sucn] =
dgmt. ge{l.l< (munat)} — H A inj-on g {l. | < (m:nat)} A
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t € {l. 1 < m} — carrier R A
l-comb R M (Sucn) sf=IlcombRMmtgA
tm=slANgm=fl

(proof)

lemma (in Module) unique-expression3:
[H C carrier M; f € {k. k < (Sucn)} — H;
s € {k. k < (Sucn)} — carrier R; | < (Suc n);
(F) & F° ((k k< (Sucn)} — {1))] =
Jgmt. ge{k. k< (munat)} - H A
inj-on g {k. k < m} A
t € {k. kK < m} — carrier R A
l-comb R M (Sucn)sf=IlcmbRMmtgAhtm=slAgm=fl
(proof)

lemma (in Module) unique-expression:free-generator R M H —
fe{k. k<(nunat)} - H A inj-on f {k. k <n} A
se{k.k<n} — carrier RANl-combRMnsf#0 —
(Amgt. (g €{k. k <m} — H) Ainjon g {k. k < m} A
(g {k.k<m}yCf{k.k<n}) A(te{k k<m}— carrier R) A
Vief{k. k<m} tl#0g) ANl-combRMnsf=IlcombRMmtyg)
(proof)

lemma (in Module) unique-prepression5-0:[free-generator R M H;
felji<n) - H injonf {j.j < n}
s€{j.j<n}— carrierR; g € {j.j <m} — H;
inj-on g {j. 7 < m}; t € {j. 5 < m} — carrier R;
l-comb R Mnsf=1lcombRMmtgVji<n.sj#Opr Vk<m.tk # Op;
fnég{j.j<m} 0<n] = False

{proof)

lemma (in Module) unique-expressiond:|free-generator R M H;;
fed{jj<(nunat)} = H;inj-onf {j.j <nk
s€{j.j <n} — carrier R; g € {j. j < (munat)} — H;
inj-on g {j. j < m}; t € {j. j < m} — carrier R;
l-comb R Mnsf=IlcombRMmtyg;
Viel{j.j<n}tsj#0gVke{jj<m} tk+#0g =
fAli<ntCg {jj<m}

(proof)

lemma (in Module) unique-expression6:|free-generator R M H;;
fed{jj<(n:inat)} - H;inj-on f {j. 7 < n};
se€d{j.j < n} — carrier R;
g €{j.j < (munat)} = H; inj-on g {j. 5 < m};
t €{j. 75 < m} — carrier R;
l-comb R Mnsf=IlcombRMmtyg;
Vie{j.j <n}.sj#0g Vke {j.j < m}. tk #0pg] =
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flag<snt=9g"{j.j<m}
(proof)

lemma (in Module) unique-expression-1:[free-generator R M H;

fe{jj<(nunat)} — H;ing-on f {j.j < nk

s €{j.j <n} — carrier R;

g €{j. 7 <(munat)} — H;inj-on g {j. j < m};

t€{j.j < m} — carrier R;

l-comb RMnsf =IlcombRMmtyg;

Vie{j.j<n} sj#0pVkel{j.j <m} tk#0g] = n=m
(proof)

lemma (in Module) unique-expression7-2:[free-generator R M H;
fed{jj<(nunat)} = H; inj-onf {j.j < n};
s€{j.j <n} — carrier Ry t € {j. j < n} — carrier R;
l.combRMnsf=1lcmbRMntf]= (Vi€ {j.j<n} sl=tl)
(proof)

end

theory Algebra8 imports Algebra7 begin

5.4 nsum and Generators (continued)

lemma (in Module) unique-expression-last: [free-generator R M H;
fe{jj<Sucn}— H;se{j j< Sucn} — carrier R;
g€{j.j<Sucn} — H;te{j j< Sucn} — carrier R;
l-comb R M (Suc n) s f = l-comb R M (Suc n) tg;
inj-on f {j. j < Suc n}; inj-on g {j. j < Suc n};

f (Suc n) =g (Sucn)] = s (Sucn) =t (Sucn)

(proof)

lemma (in Module) unique-exprTripl: [free-generator R M H;
Vfsgtm.
feljjg<nt—=HANinjgonf{j.j<n}ANse{jj<n}— carrier R A
ge{j.j<m}—HANinjong{j.7 <m}Ate{j.j<m} — carrier R A
l-comb RMnsf=1combRMmtgA
(Vi<n.sj #0p) AN (Vk<m. tk #0p) —
n=mA
Bh.he{j.j<nt—={j.j<n}A
(Vi<n.emp fhl=glANcmpshl=tl));
fef{j.j<Sucn} — H;se{j.j<Sucn} — carrier R;
g€{j.j <Sucn}— H;te{j.j< Sucn} — carrier R;
l-comb R M (Suc n) s f = l-comb R M (Sucn)tg; Vi<Sucn.sj# Op;
VEk<Suc n. t k # 0p; inj-on f {j. j < Suc n}; inj-on g {j. j < Suc n};
f (Suecn)=yg (Sucn)] = Ih.he{j.j<Sucn} —{j.j < Sucn} A
(Vi<Sucn.cmp fhl=glANempshl=tl)
(proof)
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lemma (in Module) unique-expression?:free-generator R M H —
Visgtm.fe{j.j<(nunat)} - HAinjonf{j.j<n}A
s €{j.j <n} — carrier R A
g€ {j.j<(munat)} - H Ainjong{j.j <m}A
te{j.j <m} — carrier RN\ l-comb R Mnsf=1IlcombRMmtgA
Vie{jj<n}t.sj#0p)ANNMke{j.j<m}ttk#0p)—n=mA
Fhohe{jj<nt=>{i<ntANe{ji<n}t(ecmpfh)l=ygl
A (emp sh)l=tl))
(proof)

lemma (in Module) gen-mHom-eq:[R module N; generator R M H; f € mHom R
M N;

g€ mHom RMN;VheH. fh=gh] = f=yg
(proof)

5.5 Existence of homomorphism

definition
fgs = [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme, 'a set] =
'a set where

fgs R M A = linear-span R M (carrier R) A

definition
fsp = [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm2) Module-scheme, 'a = 'b, 'a set, 'a set, 'a = 'b] = bool where
fso RMNfHAg<+— g€ mHom R (mdl M (fgs RM A)) NN (Vz€A. fz =
gz) NACH

definition
fsps = [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm2) Module-scheme, 'a = 'b, 'a set] =
(("a set) * ('"a = 'b)) set where
fsosRMNfH={Z.3A9g.Z=(A,9)NfspRMNfHA g}

definition
od-fm-fun :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
('b, 'r, 'm2) Module-scheme, 'a = 'b, 'a set] =
(("a set) * ('a = 'b)) Order where
od-fm-fun R M N f H = (carrier = fsps R M N f H,
rel ={Y.Y € (fspsRMNfH) x (fsps RMNfH)A
(st (fst ¥))'C (fst (snd Y)Y )

lemma (in Module) od-fm-fun-carrier:carrier (od-fm-fun R M N f H) =
fsps RMNfH
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(proof)

lemma (in Module) fgs-submodule:a C carrier M =
submodule R M (fgs R M a)

(proof)

lemma (in Module) fgs-sub-carrier:a C carrier M = (fgs R M a) C carrier M
(proof)

lemma (in Module) elem-fgs:[a C carrier M; x € a] = = € fgs R M a

(proof)

lemma (in Module) fst-chain-subset:[R module N; free-generator R M H;
f € H— carrier N; C C fsps RM N f H; (a, b) € C] = a C carrier M
{proof )

lemma (in Module) empty-fsp:[R module N; free-generator R M H;
f € H— carrier N| = ({}, (A\z€{0p}. On)) € fsps RM N fH
(proof )

lemma (in Module) mem-fgs-l-comb:[K # {}; K C carrier M; z € fgs R M K]
—
3 (n::nat).
dfe{j.j < (nunat)} - K.3Js € {j. j < n} — carrier R.
z =1l-combRMmnsf
(proof)

lemma PairE-lemma: 3z y. p = (z, y) (proof)

lemma (in Module) fsps-chain-boundTr1:[R module N; free-generator R M H;
f € H — carrier N; C C fsps R M N f H;
VacC.Vbel. fsta C fstbV fstb C fsta;Vab. (a,d) € C —
(a,b) € fsps RM N fH;3z. (3b. (z,0) € O) ANz £ {}] =
fa e {j.j < (nunat)} — J{a. 3b. (a, b) € C}
— (B(e,d) € C. fa  {j. j < n} C o)
(proof)

lemma (in Module) fsps-chain-boundTr1-1:[R module N; free-generator R M H;
f€H — carrier N; C C fsps R M N f H;
VaeC.Vbel. fsta C fst bV fst b C fst a;
Jz. (3b. (z,0) € C) Az # {};
fa € {j.j < (nunat)} - J{a. 3b. (a, b) € C}] =
(e, d)ye C.fa‘{j.j<n}Cec
(proof)

lemma (in Module) fsps-chain-boundTr1-2:[R module N; free-generator R M H;;
f € H — carrier N; C C fsps R M N f H;
VaeC.Vbel. fsta C fst bV fst b C fst a;
Jz. (3b. (z,0) € C) Az #{}
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fa € {j.j < (nunat)} - J{a. 3b. (a, b) € C}] =
FPeC.fa‘{j.j <n}CfstP
(proof )

lemma (in Module) eSum-in-SubmoduleTr:[H C carrier M; K C H] =
fe{j.j<(nunat)} - KANse{jj<n}— carrier R —
l-comb R (mdl M (fgs RMK))nsf=IlcombRMnsf

(proof )

lemma (in Module) eSum-in-Submodule:[H C carrier M; K C H;
fed{ji<(nunat)} - K;se€{j.j<n}— carrier R] =
l-comb R (mdl M (fgs RMK))nsf=IlcombRMnsf

(proof )

lemma (in Module) fgs-generator:H C carrier M —>
generator R (mdl M (fgs R M H)) H

(proof)

lemma (in Module) fgs-mono:[free-generator R M H; J C K; K C H|
= fgsRMJ C fgs RM K

(proof)

lemma (in Module) empty-fgs:fgs R M {} = {0}
(proof)

lemma (in Module) mem-fsps-snd-mHom:[R module N; free-generator R M H;
f € H— carrier N; (a, b) € fsps RM N f H] =
b€ mHom R (mdl M (fgs R M a)) N
(proof)

lemma (in Module) mem-fsps-fst-sub:[R module N; free-generator R M H;
f € H— carrier N; (a, b) € fsps RMNfH] = aCH
(proof)

lemma (in Module) mem-fsps-fst-sub1:[R module N; free-generator R M H;
f € H — carrier N; (a, b) € fsps RM N fH] = a C carrier M
(proof)

lemma (in Module) Order-od-fm-fun:[R module N; free-generator R M H;
f € H — carrier N| = Order (od-fm-fun R M N f H)

(proof)

lemma (in Module) fsps-chain-boundTr2-1:[R module N;
free-generator R M H; f € H — carrier N; C C fsps R M N f H;
(a, b) € C; (aa, ba) € C; z € fgs R M a; x € fgs R M aa; a C aa]
= bzx=bacz

(proof)
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lemma (in Module) fsps-chain-boundTr2-2:[R module N; free-generator R M H;
f € H — carrier N; C C fsps R M N f H;
VaeC.VbeCl. fsta C fst bV fst b C fst a; C # {}; (a, b) € C;
z € fgsRMa;(al,bl) € C;z € fgsRMal] = bz =blz

(proof )

lemma (in Module) fsps-chain-boundTr2:\z. [R module N; free-generator R M
H;

f € H — carrier N; C C fsps R M N f H;

VaeC.Vbel. fsta C fst bV fst b C fst a;

v e (fgs R M (Ufa. 3b. (0, b) € OD); C £ (}] —
(THE y. y € carrier N A (3ab. (a, b)) e CANzx € fgsRMaNny=>bz)) €
(carrier N) A
(Jal bl. (al,b1) e C Az € fgs RMal A
(THE y. y € carrier N A (3ab. (a,b) e CANz € fgsRMaAy

bl )

I
=
S

~—
~—
|

(proof)

lemma (in Module) Un-C-submodule:[R module N; free-generator R M H;
f € H — carrier N; C C fsps RM N fH; C # {};
VaeC.VbeC. fsta C fst bV fst b C fst a] =
submodule R M (fgs R M ((U{a. 30b. (a, b) € C}))
{proof)

lemma (in Module) Un-C-fgs-sub:[R module N; free-generator R M H;
f € H — carrier N; C C fsps RM N fH; C # {};
VaeC.VbeC. fsta C fst bV fst b C fst a] =
U{a. 3b. (a, 0) € C} C fgs R M (U{a. 3b. (a, b) € C})

(proof)

lemma (in Module) Chain-3-supset:[R module N; free-generator R M H;
f € H — carrier N; C C fsps RM N fH; C # {};
VacC.Vbel. fsta C fst bV fst b C fst a; (al, b1) € C; (a2, b2) € C;
(a3, 03) € C] = 3J(g, h)eC. al CgNha2CgAhal Cyg

(proof)

lemma (in Module) fsps-chain-boundl:[R module N; free-generator R M H;
f € H — carrier N; C C fsps R M N f H;
VacC.VbeC. fsta C fstbV fstb C fsta; C #{}] =
(Aze(fgs R M (U{a. 3b. (a, b) € C})). (THE y. y € carrier N A
(Fab.(a,b)eCAzEefgsRMaAny=0>bz))) €
mHom R (mdl M (fgs R M (J{a. 3b. (a, b) € C}))) N
(proof)

lemma (in Module) fsps-chain-bound2:[R module N; free-generator R M H;
f € H— carrier N; C C fsps RM N fH; C # {};
VaeC.VbeCl. fsta C fst bV fst b C fst a] =
Vye(U{a. 3b. (a, b) € C}). (Aze(fgs R M (U{a. 3b. (a, b) € C})).
(THE y. y € carrier N A (ab. (a,b) e CANz e fgsRMany=>bz)))y=
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Ty
(proof)

lemma (in Module) od-fm-fun-Chain:[R module N; free-generator R M H;
f € H — carrier N; Algebra2.Chain (od-fm-fun R M N fH) C; C # {}] =

VacC.VbeC. fsta C fst bV fst b C fsta
(proof)

lemma (in Module) od-fm-fun-inPr0:[R module N; free-generator R M H;
f € H — carrier N; Algebra2.Chain (od-fm-fun R M N f H) C; C # {};
3b. (y,0) e C;z€y] = z€ fgsRM (J{a. 3b. (a, b) € C})
(proof)

lemma (in Module) od-fm-fun-indPr1: [R module N; free-generator R M H;
f € H — carrier N; Algebra2.Chain (od-fm-fun R M N fH) C; C # {}] =
(U{a. 3b. (a, b) € C},
Az € fgs R M (J{a.3b. (a, b) € C}). THE y. y € carrier N A
(Fab. (a,b) e CAhzEfgsRMaNny=bz)) € fspsRMNfH
(proof)

lemma (in Module) od-fm-fun-indPr2: [R module N; free-generator R M H;
f € H — carrier N; Algebra2.Chain (od-fm-fun R M N fH) C; C # {}] =
Ubod—fm—fun RMNfH C (U{a. 3b. (a, b) € C},
Az € fgs R M (J{a.3b. (a, b) € C}). THE y. y € carrier N A
(Fab. (a,0) e CANzE€fgsRMaAny=Dbuz))
(proof)

lemma (in Module) od-fm-fun-inductive:[R module N; free-generator R M H;
f € H — carrier N] = inductive-set (od-fm-fun R M N f H)

(proof)

lemma (in Module) sSum-eq:[R module N; free-generator R M H; HI C H;
he H— Hl]| = (fgs R M H1) F (fgs R M {h}) = fgs R M (HI1 U {h})
(proof)

definition
monofun :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm2) Module-scheme, 'a = 'b, 'a set, 'a] = ('a = 'b) where
monofun R M N f Hh = (Az€fgs R M {h}.
(THE y. (3re€carrier R.x =r spr h Ay =155 (fh))

lemma (in Module) fgs-single-span:[h € carrier M; © € (fgs R M {h})] =
Jdaccarrier R. x = a -5 h

(proof)

lemma (in Module) monofun-mHomTr:[h € H; free-generator R M H;
a € carrier R; r € carrier Ry a s h=r -sh] = a=r

(proof)
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lemma (in Module) monofun-mhomTr1:[R module N; h € H; free-generator R M
H;
f € H — carrier N; a € carrier R] =
monofun R M NfHhI (a-sh)=a-sy(fh)
(proof)

lemma (in Module) monofun-mem:[R module N; h € H; free-generator R M H;;
xz € fgs R M {h}; f € H — carrier N] =
monofun R M N f Hh x € carrier N

(proof)

lemma (in Module) monofun-eq-f:[R module N; h € H; free-generator R M H;
f € H— carrier N] = monofun RM NfHhh=Ffh
{proof )

lemma (in Module) sSum-unique:[R module N; free-generator R M H; H1 C H;
h e H— Hi;zl €(fgs R M H1); 22 € (fgs R M H1);
yl € (fgs R M {h}); y2 € (fgs R M {h}); 21 £ yI = 22 £+ y2] =
1l =22 N yl = y2

(proof )

lemma (in Module) ez-extensionTr:[R module N; free-generator R M H;

f € H— carrier N; Hl C H; h € H; h ¢ HI,

g € mHom R (mdl M (fgs R M H1)) N,

z € fgs R M HI F (fgs R M {h})] =

Jkie fgs R M Hi. 3k2€fgs R M {h}. x = k1 + k2 A
(THE y. 3hicfgs R M Hi. 3h2€fgs R M {h}. x = hl £ h2 ANy =ghl £y
(monofun R M N f Hh h2)) = gkl +pn (monofun R M N f H h k2)

(proof)

lemma (in Module) monofun-add:[R module N; free-generator R M H;
f € H — carrier Ny h € Hyz € fgs RM {h}; y € fgs R M {h}] =
monofun RMNfHhI (z £+ y) =
monofun R M N f H h x £p (monofun R M N f H h y)
(proof)

lemma (in Module) monofun-sprod:[R module N; free-generator R M H;
f € H— carrier N; h € H; x € fgs R M {h}; a € carrier R] =
monofun RMNfHhI (a-5sz)=a- sy (monofun RMN fHhuz)

(proof)

lemma (in Module) monofun-0:[R module N; free-generator R M H;
f € H— carrier Ny h € H) = monofun RMNfHhR 0 =0y
(proof)

lemma (in Module) exz-extension:[R module N; free-generator R M H;

f€H — carrier Ny Hl C H;h € H — H1; (H1,g) € fspsRMN fH] =
k. (H U{h}), k) € fspsRM N fH
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(proof)

lemma (in Module) mHom-mHom:[R module N; g € mHom R (mdl M (carrier
M)) N]

= g € mHom R M N
(proof)

lemma (in Module) ezist-extension-mhom:[R module N; free-generator R M H;
f € H— carrier N = 3gemHom R M N.Vz€eH. gz = fzx

(proof)

5.6 Nakayama lemma

definition
Leg =2 [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme, nat] = bool where
Leg R M j «— (3 H. finite-generator R M H N\ j = card H)

lemma (in Module) NAKTr1:M fgover R —
3 H. finite-generator R M H N (LEAST j.
3 L. finite-generator R M L A j = card L) = card H

(proof)

lemma (in Module) NAKTr2:[Lcg R M j; k < (LEAST j. Leg R M j)] =
- Leg R Mk
(proof )

lemma (in Module) NAKTr3:[M fgover R; H C carrier M; finite H;
card H < (LEAST j. 3 L. finite-generator R M L A\ j = card L)] =
- finite-generator R M H

(proof)

lemma (in Module) finite-gen-over-ideal:[ideal R A; h € {j. j < (n:nat)} —
carrier M; generator R M (h “ {j. j < n}); A ©p M = carrier M;
m € carrier M ] = 3Js€{j.j < n} > A m=1IlcombR Mnsh

(proof)

lemma (in Module) NAKTrj:[ideal R A; h € {j. j < (k:nat)} — carrier M;
0<k; hi{j.j <k} Ccarrier M;s e {j.j <k} — A4

hk=%X.M (N.sjs(hj) (k- Suc0)+ (sk-s (hk))] =

(g %7 (—ap (s B))) s (WB) = Se M (M. 5 -« (b)) (k — Suc 0)
(proof)

lemma (in Module) NAKTr5:[— zeroring R; ideal R A; A C J-rad R;
A ORr M = carrier M; finite-generator R M H; card H = Suc k; 0 < k] =
Jhe{j.j <k} — carrier M. H="0h" {j.j <k} A
h k € linear-span R M A (h “ {j. 7 < (k — Suc 0)})
(proof )
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lemma (in Module) NAK:[— zeroring R; M fgover R; ideal R A; A C J-rad R;
A Op M = carrier M | = carrier M = {0}
(proof )

lemma (in Module) fg-gmodule:[ M fgover R; submodule R M N| =
(M /m N) fgover R
(proof)

lemma (in Module) NAKI1:[- zeroring R; M fgover R; submodule R M N;
ideal R A; A C J-rad R; carrier M = A ©@p M F N | = carrier M = N
(proof)

5.7 Direct sum and direct products of modules

definition
prodM-sprod :: [('r, 'm) Ring-scheme, i set,
't = ('a, 'r, 'm1) Module-scheme] = 'r = (i = 'a) = (‘i = 'a) where
prodM-sprod R I A = (Aa€carrier R. Ag€carr-prodag I A.
(MeEL a5y 4y (97))

definition
prodM :: [('r, 'm) Ring-scheme, 'i set, 'i = (‘a, 'r, 'm1) Module-scheme| =
( carrier: (i = 'a) set,
pop:['i = 'a, i = 'a] = (Yi = 'a),
mop:: (i = 'a) = ('t = 'a), zero:("i = 'a),
sprod = ['r, 't = 'a] = (i = 'a) |) where
prodM R I A = (carrier = carr-prodag I A,
pop = prod-pOp I A, mop = prod-mOp I A,
zero = prod-zero I A, sprod = prodM-sprod R I A )

definition
mProject :: [('r, 'm) Ring-scheme, i set,
i = ('a, 'r, 'more) Module-scheme, "i] = (i = 'a) = 'a where
mProject R I A j = (Af€carr-prodag I A. f7)

abbreviation
PRODMODULES ((3mlIl. _ -) [72,72,73]72) where
mllp 1 A == prodM RITA

lemma (in Ring) prodM-carr:[Vi€l. (R module (M i))] =
carrier (prodM R I M) = carr-prodag I M
(proof )

lemma (in Ring) prodM-mem-eq:[Vi€l. (R module (M 7));
m1 € carrier (prodM R I M); m2 € carrier (prodM R I M);
Viel.mli=m2i] = ml = m2

(proof)
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lemma (in Ring) prodM-sprod-mem:[¥ i€I. (R module (M i)); a € carrier R;
m € carr-prodag I M| = prodM-sprod R I M a m € carr-prodag I M
(proof )

lemma (in Ring) prodM-sprod-val:[Vi€l. (R module (M i)); a € carrier R;
m € carr-prodag I M; j € I] = (prodM-sprod RI M am) j = a (M ) (m j4)

{(proof)

lemma (in Ring) prodM-Module:¥Yi€l. (R module (M i)) =
R module (prodM R I M)
(proof )

definition
dsumM :: [('r, 'm) Ring-scheme, i set, i = ('a, 'r, 'more) Module-scheme]
= (| carrier:: ("t = 'a) set,
pop::['i = 'a, 't = 'a] = (Yi = 'a),
mop:: ("t = 'a) = (i = 'a),
zero:("i = 'a),
sprod :: ['r, 't = 'a] = (i = 'a) |) where

dsumM R I A = (| carrier = carr-dsumag I A,
pop = prod-pOp I A, mop = prod-mOp I A,
zero = prod-zero I A, sprod = prodM-sprod R I Al

abbreviation
DSUMMOD ((3-34- -) [72,72,73]72) where
RY4f A== dsumM RIA

lemma (in Ring) dsumM-carr:carrier (dsumM R I M) = carr-dsumag I M

(proof)

lemma (in Ring) dsum-sprod-mem:[Vi€I. R module M i; a € carrier R;
b € carr-dsumag I M| = prodM-sprod R I M a b € carr-dsumag I M
(proof)

lemma (in Ring) carr-dsum-prod:carr-dsumag I M C carr-prodag I M
(proof )

lemma (in Ring) carr-dsum-prodl:
Vz.xz € carr-dsumag I M — x € carr-prodag I M

(proof)

lemma (in Ring) carr-dsumM-mem-eq:[Vi€I. R module M i; © € carr-dsumag 1
M;

y € carr-dsumag I M;Vjel. zj=yj] =z =y
(proof)

lemma (in Ring) dsumM-Module:V i€l. R module (M i) => R module (rXa; M)
(proof)
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definition
ringModule :: ('r, 'b) Ring-scheme = ('r, 'r) Module
((M-) [998]999) where
M g = (carrier = carrier R, pop = pop R, mop = mop R,
zero = zero R, sprod = tp R)

lemma (in Ring) ringModule-Module: R module M p
(proof)

definition
dsumMhom :: ['i set, i = ('a, 'r, 'm) Module-scheme,
't = ('b, 'r, 'm1) Module-scheme, i = (‘a = 'b)] = (Yi = 'a) =
(i = 'b) where

dsumMhom I A B S = (Af€carr-dsumag I A. (A\k€l. (S k) (fk)))

lemma (in Ring) dsumMhom-mem:[Vi€l. R module M i; Vi€l. R module N i;
Viel. Si € mHom R (M i) (N i); z € carr-dsumag I M]
= dsumMhom I M N S x € carr-dsumag I N

(proof)

lemma (in Ring) dsumMhom-mHom:[Vi€l. (R module (M 1));
Viel. (R module (N i)); Viel. ((Si) € mHom R (M i) (N 1))] =
dsumMhom I M N S € mHom R (dsumM R I M) (dsumM R I N)
(proof)

end

theory Algebra9 imports Algebra8 begin

5.8 Exact sequence
definition
Zm :: [('r, 'm) Ring-scheme, 'a] = (‘a, 'r) Module where
Zm R e = ( carrier = {e}, pop = Az€{e}. A\ye{e}. e, mop =
Aze{e}. e, zero = e, sprod = Ar€carrier R. Az€{e}. e

lemma (in Ring) Zm-Module:R module (Zm R e)
(proof)

lemma (in Ring) Zm-carrier:carrier (Zm R e) = {e}

(proof)

lemma (in Ring) Zm-to-M-0:[R module M; f € mHom R (Zm R ¢) M| =
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f € = OM
(proof )

lemma (in Ring) Z-to-M:[R module M; f € mHom R (Zm R e) M;
geEmHom R (ZmRe) M| = f=g
(proof )

lemma (in Ring) mzeromap-mHom:[R module M; R module N| =
mzeromap M N € mHom R M N

(proof)

lemma (in Ring) HOM-carrier:carrier (HOM p M N) = mHom R M N
(proof)

lemma (in Ring) mHom-Z-M:R module M —>
mHom R (Zm R e) M = {mzeromap (Zm R e) M}
(proof )

lemma (in Module) Modules-single-carrier-isom:[R module N; carrier M = {0};
carrier N = {On}] = M =p N
(proof)

lemma (in Ring) Zm-isom:(Zm R (e::'a)) =g (Zm R (u:'b))
(proof)

lemma (in Ring) HOM-Z-M-0:R module M = HOM p (Zm R ¢) M = (Zm R
e)
{proof)

lemma (in Ring) M-to-Z:[R module M; f € mHom R M (Zm R e);
gemHom RM (ZmRe)] = f=g
(proof)

lemma (in Ring) mHom-to-zero:R module M = mHom R M (Zm R e) =
{mzeromap M (Zm R e)}

(proof)

lemma (in Ring) carrier-HOM-M-Z:R module M =
carrier (HOMp M (Zm R e)) = {mzeromap M (Zm R e)}

(proof)

lemma (in Ring) HOM-M-Z-0:R module M = HOM p M (Zm R e) 2 (Zm R
€)
(proof)

lemma (in Ring) M-to-Z-0:[R module M; f € mHom R M (Zm R e)] =
kerM7(Zm Re) f = carrier M

(proof)

289



definition
exactd :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme, 'a = 'b,
('b, 'r, 'm1) Module-scheme, 'b = 'c, ('c, 'r, 'm1) Module-scheme] = bool
where
exact3 R LO hO L1 h1 L2 == h0 ‘ (carrier L0O) = ker(11),(L2) M

definition
exactq = [('r, 'm) Ring-scheme, (‘a0, 'r, 'm1) Module-scheme, ‘a0 = 'al,
("al, 'r, 'm1) Module-scheme, 'al = ‘a2, ('a2, 'r, 'm1) Module-scheme,
‘a2 = 'a3, ('a8, 'r, 'm1) Module-scheme] = bool where
exact{ R LO h0 L1 h1 L2 h2 L8 <— h0 * (carrier LO) = ker(LZ),(LQ) h1 A

hi * (carrier L1) = ker 1,9y (1,3) h2

definition
exacts5 :: [('r, 'm) Ring-scheme, ('a0, 'r, 'm1) Module-scheme, a0 = 'al,
("al, 'r, 'm1) Module-scheme, 'al = a2, (a2, 'r, 'm1) Module-scheme,
‘a2 = ‘a3, ('a8, 'r, 'm1) Module-scheme, ‘a3 = a4,
(a4, 'r, 'm1) Module-scheme] = bool where
exactd R LO h0 L1 h1 L2 h2 L3 h3 L4 == h0 * (carrier LO) = ker(LZ),(LQ) h1
A
h1 ¢ (carrier L1) = ker(LQ)’(Lg) h2 A h2 ‘(carrier L2) = ker(Lg)’(L“ h&

definition

exact8 :: [('r, 'm) Ring-scheme, ('a0, 'r, 'm1) Module-scheme, ‘a0 = 'al,
(‘al, 'r, 'm1) Module-scheme, 'al = 'a2, ('a2, 'r, 'm1) Module-scheme,
‘a2 = a3, ('a8, 'r, 'm1) Module-scheme, ‘a3 = ‘a4,
(a4, 'r, 'm1) Module-scheme, 'aj = ‘a5, ('a5, 'r, 'm1) Module-scheme,
‘a5 = ‘a6, ('a6, 'r, 'm1) Module-scheme, ‘a6 = a7,
("a7, 'r, 'm1) Module-scheme] = bool where

exact8§ R LO hO L1 h1 L2 h2 L3 h8 L h{ L5 h5 L6 h6 L7 +—
hO ¢ (carrier LO) = ker(Ll) (L2) h1 A h1 ¢ (carrier L1) = ker(LQ),(LS’) h2 A
h2 ¢ (carrier L2) = ker(1),(L4) b3 N B3 ° (carrier L3) = ker(Lp),(L5) M A
h4 ¢ (carrier L{) = ker (L5),(L6) h5 N h5 ¢ (carrier L5) = keT(L6),(L7) h6

lemma (in Ring) exact3-comp-0:[R module L; R module M; R module N;
f € mHom RL M; g € mHom R M N; exact3 RL f Mg N|] =
compos L g f = mzeromap L N

(proof)

lemma (in Ring) exact-im-sub-kern:[R module L; R module M; R module N;
f € mHom RL M; g € mHom R M N; exact3 RLfMgN] =
[ (carrier L) C kerpr y g
(proof )

lemma (in Ring) mzero-im-sub-ker:[R module L; R module M; R module N;
fe€mHom RLM; g€ mHom R M N; compos L g f = mzeromap L N|] =

[ (carrier L) C kerpr n g
(proof)
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lemma (in Ring) left-exact-injec:[R module M; R module N;

z € mHom R (Zm R e) M; f € mHom R M N; exact8 R (Zm R e) z M f N]|
.

injecpr N f
(proof)

lemma (in Ring) injec-left-exact:[R module M; R module N;
z € mHom R (Zm R e) M; f € mHom R M N; injec s v f] =
exact3 R (Zm R e) z M f N

(proof)

lemma (in Ring) injec-mHom-image:[R module N; R module M1; R module M2;

z € mHom R N M2; f € mHom R M1 M2; z * (carrier N) C f ¢ (carrier
M1);
injec g M2 fl=
(An €(carrier N). (SOME m. (m € carrier M1 N x n = fm))) € mHom R N
M1 A
compos N f (An € (carrier N). (SOME m. m € carrier M1 AN xn = fm)) =z

(proof)

lemma (in Ring) right-ezact-surjec:[R module M; R module N; f € mHom R M
N;

p € mHom R N (Zm R e); ezact3 R M f N p (Zm R e)] = surjecps y f
(proof)

lemma (in Ring) surjec-right-exact:[R module M; R module N; f € mHom R M
N;

p € mHom R N (Zm R e); surjecpr n f] = ezacts R M fNp (Zm R e)
(proof)

lemma (in Ring) ezactf-exact3:[R module M; R module N; z € mHom R (Zm R
e) M,

f € mHom R M N; z1 € mHom R N (Zm R e);

exactf R (Zm Re) zMfN z1 (ZmRe) ]| =

exact3 R (Zm R e) 2 M f N N exact3 R M f N z1 (Zm R e)
(proof)

lemma (in Ring) exactf-bijec:[R module M; R module N; z € mHom R (Zm R
e) M;

f € mHom R M N; z1 € mHom R N (Zm R e);

ezact{ R (Zm R e) z M f N z1 (Zm R e)] = bijecps y f
(proof)

lemma (in Ring) exact-im-sub-ker:[R module L; R module M; R module N;
f € mHom RL M; g € mHom R M N; 21 € mHom R N (Zm R ¢); R module

)

Z
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exactf RLfMgN z1 (Zm R ¢e); x € mHom R M Z; compos L x f = mzeromap
L 7]

= (Az€(carrier N). x (SOME y. y € carrier M N gy = z)) € mHom R N Z
(proof)

lemma (in Ring) exact-im-sub-kerl:[R module L; R module M; R module N;
f€mHom RL M; g € mHom RM N; z1 € mHom RN (Zm R e); R module
Z;
exact4 RLfMgN 21 (Zm R e); v € mHom R M Z,;
compos L z f = mzeromap L 7 | =
compos M (Az€(carrier N). © (SOME y. y € carrier M N gy =2)) g ==z

(proof)

definition
module-iota :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme] =
‘a = 'a ((me- -) [92, 93]92) where
mip M = (Az€carrier M. x)

lemma (in Ring) short-exact-sequence:[R module M; submodule R M N

z € mHom R (Zm R e) (mdl M N); z1 € mHom R (M /m N) (Zm R e)] =
exacts R (Zm R e) z (mdl M N)(mep (mdl M N)) M (mpj M N) (M /[, N) 21
(Zm R e)

{proof)

lemma (in Ring) rexact4-lexact{-HOM:[R module M1; R module M2; R module
M3,
f € mHom R M1 M2; g € mHom R M2 M3; 21 € mHom R M3 (Zm R e);
exact{ R M1 f M2 g M3 z1 (Zm R e)] =
VN. R module N —
exact{ R (HOMp (Zm R e) N) (sup-sharp R M3 (Zm R e) N z1) (HOM p M3
N)
(sup-sharp R M2 M3 N g) (HOM p M2 N) (sup-sharp R M1 M2 N f) (HOM g
M1 N)

(proof)

lemma ezact-HOM-exactTr:[Ring (R::('r, ‘'m1) Ring-scheme); f € mHom R M1
M2;
g € mHom R M2 M3; z1 € mHom R M3 (Zm R e); R module NV;
YV (N::('a, 'r, 'm) Module-scheme). R module N —»
exact4 R (HOM p (Zm R e) N)(sup-sharp R M3 (Zm R e) N z1)
(HOM p M3 N) (sup-sharp R M2 M3 N g) (HOM p M2 N) (sup-sharp R M1
M2 N f)
(HOM p M1 N); R module (L::('a, 'r, 'm) Module-scheme)] =
exact{ R (HOM p (Zm R e) L) (sup-sharp R M3 (Zm R e) L z1)
(HOM g M3 L) (sup-sharp R M2 M3 L g) (HOM p M2 L) (sup-sharp R M1 M2
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L f)
(HOM p M1 L)

(proof)

lemma lexactf-rexact4-HOM:[Ring R; R module M1; R module M2; R module
M3;
f € mHom R M1 M2; g € mHom R M2 M8; z € mHom R (Zm R e) M1,
exactf R (Zm R e) z M1 f M2 g M3 | =
VN. R module N — ezxact4 R (HOMpr N (Zm R e)) (sub-sharp R N (Zm R e)
M1 z2)

(HOM p N M1) (sub-sharp R N M1 M2 f) (HOM p N M2) (sub-sharp R N M2
M3 g)

(HOM N M3)

(proof)

5.9 Tensor product

definition
prod-carr :: [("a, 'r, 'm) Module-scheme, ('b, 'r, 'm) Module-scheme]
= ('a * 'b) set (infixl x. 100) where
M x. N = carrier M x carrier N

definition
bilinear-map :: ['a x 'b = ‘¢, ('r, 'm) Ring-scheme,
('a, 'r, 'm1) Module-scheme, ('b, 'r, 'm1) Module-scheme,
("e, 'r, 'm1) Module-scheme] = bool where
bilinear-map f R M1 M2 N <— f € M1 x. M2 — carrier N A
| € extensional (M1 x. M2) A
(Vz1 € carrier M1.V 22 € carrier M1.
v yecarrier M2.(f (a1 %511 92, 9) = f (a1, 9) £ (f (22, 1)) A
(Vzecarrier M1. Y y1€&carrier M2.
Vy2ecarrier M2. f (z, y1 £pp0 y2) = f (2, y1) £5 (f (=, ¥2))) A
(V z€carrier M1. Y y€Ecarrier M2.
Vrecarrier R. f (r sy @, y) =1 55 (f (2, 9)) A
7oz y) = 7w (F (@ 9)

lemma (in Ring) prod-carr-mem:[R module M; R module N; m € carrier M;
n € carrier N = (m, n) € M x. N
(proof )
lemma (in Ring) bilinear-func:bilinear-map f R M N Z —
fE€M x. N — carrier Z

(proof)

lemma (in Ring) bilinear-mem:[R module M1; R module M2; R module N;
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mi1 € carrier M1; m2 € carrier M2; bilinear-map f R M1 M2 N| =
f (m1, m2) € carrier N

(proof)

lemma (in Ring) bilinear-lI-add:[R module M1; R module M2; R module N;
ml1l € carrier M1; m12 € carrier M1; m2 € carrier M2,
bilinear-map f R M1 M2 N =
f(mi1 £y mi2, m2) = f (m11, m2) £n (f (m12, m2))

(proof)

lemma (in Ring) bilinear-lI-add1:[R module M1; R module M2; R module N;
ml1l € carrier M1; m12 € carrier M1; m2 € carrier M2;
bilinear-map f R M1 M2 N] =
f(m11 £y, m12, m2) £ —apn (f (m11, m2) £5 (f (m12, m2))) = Oy
(proof )

lemma (in Ring) bilinear-r-add:[R module M1; R module M2; R module N
m € carrier M1; m21 € carrier M2; m22 € carrier M2;
bilinear-map f R M1 M2 N] =
[ (m, m21 +p19 m22) = f (m, m21) £ (f (m, m22))

(proof )

lemma (in Ring) bilinear-r-addl:[R module M1; R module M2; R module N;
m € carrier M1; m21 € carrier M2; m22 € carrier M2;
bilinear-map f R M1 M2 N] =
f (m, m21 £y79 m22) £ —apn (f (m, m21) £5 (f (m, m22))) = Oy
(proof)

lemma (in Ring) bilinear-I-lin:[R module M1; R module M2; R module N;

ml1 € carrier M1; m2 € carrier M2; r € carrier R;

bilinear-map f R M1 M2 N] = f (r -sppy m1, m2) = r sy (f (m1, m2))
{proof)

lemma (in Ring) bilinear-I-lin1:[R module M1; R module M2; R module N;
ml1 € carrier M1; m2 € carrier M2; r € carrier R;
bilinear-map f R M1 M2 N] =

f sy ml, m2) £y —an (r sy (f (m1, m2))) =0y
(proof)

lemma (in Ring) bilinear-r-lin:[R module M1; R module M2; R module N

ml1 € carrier M1; m2 € carrier M2; r € carrier R;

bilinear-map f R M1 M2 N] = f (m1, r -39 m2) =1 sy (f (m1, m2))
(proof)

lemma (in Ring) bilinear-r-linl:[R module M1; R module M2; R module N;
ml1 € carrier M1; m2 € carrier M2; r € carrier R;
bilinear-map f R M1 M2 N] =

< J;>(m17 Tospe m2) N —ay (7 osy (f (ml, m2))) =0y
proo
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lemma (in Ring) bilinear-I-0:[R module M1; R module M2; R module N;
m2 € carrier M2; bilinear-map f R M1 M2 N]| = f (047, m2) = Oy
(proof )

lemma (in Ring) bilinear-r-0:[R module M1; R module M2; R module N
ml € carrier M1; bilinear-map f R M1 M2 N] = f (m1, Oppp) = Oy
(proof )

definition
universal-property :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
(’b, 'r, 'm1) Module-scheme, ('c, 'r, 'm1) Module-scheme,
‘a x 'b ='c] = bool where
universal—pmperty (R::('r, 'm) Ring-scheme) (M::(‘a, 'r, 'm1) Module-scheme)
(N:: (’b r, 'm1) Module-scheme) (MN::('c, 'r, 'm1) Module-scheme)

(f:: 'a x 'b = '¢) +— (bilinear-map f R M N MN) A
(V(Z == (Ye, 'y, 'm1) Module-scheme). ¥ (g :: 'a * 'b = '¢). (R module Z) A
(bzlmear map g R M N Z) — ((3'h. (h € mHom R MN Z) A

(compose (M x. N) h f = g))))

lemma tensor-prod-uniqueTr:[Ring R; R module (M::('a, 'r, 'm1) Module-scheme);

R module (N:: (b, 'r, 'm1) Module-scheme);
R module (MN:: (‘c, 'r, 'm1) Module-scheme);
R module (MN1::('c, 'r, 'm1) Module-scheme);
universal-property R M N MN f; universal-property R M N MN1 g] —
3lk. k € mHom R MN1 MN A compose (M X. N) kg=f
(proaf)

lemma tensor-prod-unique:[Ring (R:: ('r, 'm) Ring-scheme);
R module (M :: ('a, 'r, 'm1) Module-scheme);
R module (N:: (b, 'r, 'm1) Module-scheme);
R module (MN:: ('c, 'r, 'm1) Module-scheme);
R module (MN1::(c, 'r, 'm1) Module-scheme);
universal-property R M N MN f; universal-property R M N MN1 g] =
MN =g MN1
(proof)

295



Chapter 6

Construction of an abelian
group

6.1 Free generated abelian group I, direct sum and
direct product 2

definition
bpp :: ['a = 'a = 'a,
bppfab=fab

‘a, 'al = 'a where

definition
ipp =2 ['a = 'a, 'al = 'a ((-—/ -) [64,65]64) where

i—a==1a

definition
sop = ['r = 'a = 'a,
sopsra=sra

'r, 'a] = 'a where

abbreviation
BOP :: ['a, 'a = 'a = 'a, 'a] = 'a
((3-/ -+/ -) [62,62,63]62) where
af+b==0bppfabd

abbreviation
SOP :: ['r, 'r = 'a = 'a, 'a] = 'a
((3-/ -+ -) [68,68,69]68) where

T s a4 ==S0pSTa
definition
minus-set :: ['a = ’'a, 'a set] = ’a set where

minus-set 1 A = {z. JyeA. z = ;— y}

definition
pm-set :: ['a = 'a, 'a set] = 'a set where
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pm-set i A = A U (minus-set i A)

definition
s-set = [('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a set] = 'a set where
s-set R s A = {x. 3recarrier R. 3a€A. z =r ;- a} U A

primrec add-set :: ['a = 'a = 'a, 'a set] = nat = 'a set
where
add-set-0 : add-set fA 0 = A
| add-set-Suc: add-set f A (Suc n) =
{z. 3s€ (add-set f A n). 3tec A. z = s j+ t}

definition
aug-pm-set :: ['a, 'a = 'a, 'a set] = 'a set where
aug-pm-set z1 A = {z} U A U (minus-set i A)

definition
addition-set :: ['a = 'a = 'a, 'a set] = 'a set where
addition-set f A = |J{add-set f A n | n. (0:nat)< n}

definition
assoc-bpp :: ['a set, 'a = 'a = 'a] = bool where
assoc-bpp A f «—
(V a€(addition-set f A). V be(addition-set f A). ¥ c€(addition-set f A). (a s+ b)
f+C=af+(bf+C))

definition

commute-bpp :: ['a = 'a = 'a, 'a set] = bool where

commute-bpp f A «— (VY z€addition-set f A. Vycaddition-set f A. z s+ y =y
rt )

definition
zeroA :: ['a, 'a = 'a, 'a = 'a = 'a, 'a set] = 'a = bool where
zeroA z i f A z1 +— (Y € addition-set f (aug-pm-set z i A). z1 s+ z = )

definition

inv-ipp == ['a, 'a = 'a, 'a = 'a = 'a, 'a set] = bool where

inv-ipp z i f A <— (V a€addition-set f (aug-pm-set z i A). zeroA zi f A ((;— a)
ft+a))

definition
ipp-cond! :: ['a set, 'a = 'a] = bool where
ipp-condl A i +— (Vz€A. ;— (;— z) = 1)

definition
ipp-cond?2 :: ['a, 'a set, 'a = 'a, 'a = 'a = 'a] = bool where
ipp-cond2 z A i f == V x€(addition-set f (aug-pm-set z i A)).
Vye (addition-set f (aug-pm-set z i A)). i—(z ;+y) =i— y ;+ (i— z)
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definition
ipp-cond3 :: ['a, 'a = 'a] = bool where
ipp-condl z 1 — j— 2z = 2

lemma add-set-mono:A C B = add-set f A n C add-set f B n

(proof)

lemma addition-inc-add:add-set f A n C addition-set f A
(proof)

lemma addition-inc-add0: A C addition-set f A
(proof)

lemma addition-set-mono:A C B = addition-set f A C addition-set f B

(proof)

lemma a-in-aug-pm-set:a € A = a € aug-pm-set z i A
(proof )

lemma A-sub-aug-pm-set:A C aug-pm-set z i A

(proof)

lemma addition-sub-aug-pm-addition:
addition-set f A C addition-set f (aug-pm-set z i A)
(proof)

lemma assoc-bpp-restrict:[ A C B; assoc-bpp B f] = assoc-bpp A f
(proof)

lemma addition-assoc:[assoc-bpp A f; x € addition-set [ A;
y € addition-set f A; z € addition-set f A] =
(@ s+ y) jt 2=+ (y j+ 2)
(proof)

lemma bpp-closedTr:assoc-bpp A f —
Vzy.z € add-set fAn ANy € add-set fA m —
T ;+ y € add-set fA (n + m + Suc 0)
(proof)

lemma bpp-closed1:[assoc-bpp A f; € add-set f A n; y € add-set f A m] =
z g+ y € add-set f A (n + m + Suc 0)

(proof )

lemma bpp-closed:[assoc-bpp A f; x € addition-set f A; y € addition-set f A]
= 2z s+ y € addition-set f A

(proof)

lemma aug-addition-inc-z: z € addition-set f (aug-pm-set z i A)

(proof)
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lemma aug-bpp-closed:[assoc-bpp (aug-pm-set z i A) f;
x € addition-set f (aug-pm-set z i A);
y € addition-set f (aug-pm-set z i A)] =
z ¢+ y € addition-set f (aug-pm-set z i A)
(proof )

lemma aug-commute:[commute-bpp [ (aug-pm-set z i A);

x € addition-set f (aug-pm-set z i A);

y € addition-set f (aug-pm-set z1 A)] =z j+y =y s+«
(proof)

lemma addition-set-inc-z:z € addition-set f (aug-pm-set z i A)
(proof)

lemma aug-ipp-closed0:[commute-bpp f (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; x € add-set f (aug-pm-set z i A) 0] =

i— x € add-set f (aug-pm-set z i A) 0
(proof)

lemma aug-ipp-closedTr:[commute-bpp [ (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i =
Vz.z € add-set f (aug-pm-set z 1 A) n —

i— = € add-set f (aug-pm-set z i A) n

{proof)

lemma aug-ipp-closedTr2:[commute-bpp | (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; x € add-set f (aug-pm-set z i A) n] =

i— © € add-set f (aug-pm-set z i A) n

(proof )

lemma aug-ipp-closed:[commute-bpp f (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; x € addition-set f (aug-pm-set z i A)] =
i— © € addition-set f (aug-pm-set z i A)

(proof)

lemma aug-zero-unique:[commute-bpp f (aug-pm-set z i A);
z1 € addition-set f (aug-pm-set z i A); zeroA z i f A z;
zeroA zi f A 21| = z = z1

(proof)

lemma inv-aug-addition:[commute-bpp | (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; inv-ipp z i f A; commute-bpp f (aug-pm-set z i A);
zeroA z i f A 2] =

YV a€addition-set f (aug-pm-set z 1 A). (;—a) j+ a =z
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(proof)

definition
fag-gen-by :: ['a set, 'a = 'a = 'a, 'a = 'a, 'a] = 'a aGroup where
fag-gen-by A f i z = (carrier = addition-set f (aug-pm-set z i A),
pop = Az€(addition-set f (aug-pm-set z i A)).
Ay€(addition-set f (aug-pm-set z i A)). © ¢+ v,
mop = \x€(addition-set f (aug-pm-set z i A)). ;— x, zero = z|)

/

lemma fag-gen-carrier:[commute-bpp f (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; inv-ipp z i f A; commute-bpp f (aug-pm-set z i A);
zeroA zi f A 2] =
carrier (fag-gen-by A fi z) = addition-set f (aug-pm-set z i A)
(proof)

lemma addition-set-sub-fag-gen-carrier:[commute-bpp f (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; inv-ipp z i f A; commute-bpp f (aug-pm-set z i A);
zeroA z i f A z] = addition-set f A C carrier (fag-gen-by A fi z)

(proof)

lemma fag-aGroup:[commute-bpp f (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; inv-ipp z i f A; commute-bpp f (aug-pm-set z i A);
zeroA z i f A z] = aGroup (fag-gen-by A fi z)

(proof)

6.2 Abelian group generated by a singleton (con-
structive)

definition
fag-single :: ['a, 'a = 'a = 'a, 'a = ’a, 'a] = 'a aGroup where
fag-single a f i z = fag-gen-by {a} fi z
lemma aug-pm-aug-pm-minus:ipp-condl {a} i =
aug-pm-set z i {a} = aug-pm-set z i {;,— a}

(proof)

lemma ipp-condI-minus:ipp-cond! {a} i = ipp-condl {;— a} i

(proof)

lemma ipp-cond2-minus:[ipp-condl {a} i; ipp-cond2 z {a} i f] =
ipp-cond2 z {;— a} i f
(proof )

lemma zeroA-minus:[ipp-cond! {a} i; zeroA z i f {a} z1] =

300



zeroA z i f {i— a} 21
(proof)

lemma inv-ipp-minus:[ipp-condl {a} i; inv-ipp z i f {a}] =
inv-ipp z i f {i— a}
(proof )

lemma fag-single-additionTr1:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} 4; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} 2] =

Vs. s€ add-set f {a} (Sucn) — s s+ ;— a € add-set f {a} n

(proof)

lemma fag-single-additionTr2:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; s € add-set f {a} 0] = s j+ ,—a =2z

(proof)

lemma ipp-conditions:[assoc-bpp (aug-pm-set z i {a}) f; ipp-cond! {a} i;
ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} 2] =
assoc-bpp (aug-pm-set z i { ;— a}) f A ipp-condl { ;— a} i A
ipp-cond2 z { ;— a} i f A inv-ipp zi f { ;— a} A
commute-bpp f (aug-pm-set zi { ;— a}) A zeroA zi f { i— a} 2
(proof)

lemma fag-single-additionTrs:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} z; s€ add-set f {;— a} n] =

s ¢+ ;— a € add-set f {;— a} (Suc n)

(proof)

lemma fag-single-elemTr:[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} 2] =
V. z € add-set f (aug-pm-set z i {a}) n —
(Inl. xz € add-set f {a} n1) VvV (Iml. z € add-set f {;— a} m1)V z =z
(proof)

lemma fag-single-elem:[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} 4; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} z; © € addition-set f (aug-pm-set z i {a})] =
(Inl. xz € add-set f {a} n1) vV (Iml. z € add-set f {;— a} m1)V z =z
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(proof)

lemma add-set-single1 Tr:[ commute-bpp [ (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} 2] =
Vzy. z € add-set f {a} n Ay € add-set f {a} n — z =1y

(proof)

lemma add-set-single-nonemptyl :[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-condd z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} 2] = Jz. z€add-set f {a} n

(proof)

lemma add-set-single-nonempty2:[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} 2] = 3Jz. z€add-set f {;— a} n

(proof)

lemma add-set-singlel:[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; ¢ € add-set f {a} n; y € add-set f {a} n] =z =y
{proof )

lemma add-set-single2:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; ¢ € add-set f {;— a} n; y € add-set f {;— a} n] =
z=y

(proof)

lemma fag-single-additionTr4:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} 4; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} 2] =
Vst s € add-setf {a} n Nt € add-setf {;—a} n— s j+t =12

(proof)

lemma fag-single-additionTr4-1:[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-condd z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z;s € add-set f {a} n; t € add-set f {;— a} n] =
sftt==z2

(proof)

lemma fag-single-additionTr5:[assoc-bpp (aug-pm-set z i {a}) f;
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ipp-condl {a} i; ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} z] =
Vm. m < Sucn — (THE z. © € add-set f {a} (Suc n)) s+

(THE x. x € add-set f {;— a} m) = (THE z. x € add-set f {a} (n — m))

(proof)

lemma fag-single-additionTr5-1:[assoc-bpp (aug-pm-set z i {a}) f;
ipp-cond! {a} i; ipp-cond?2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} z; m < Suc n] =
(THE z. z € add-set f {a} (Suc n)) j+ (THE z. © € add-set f {;— a} m) =
(THE z. z € add-set f {a} (n — m))

(proof)

lemma fag-single-additionTr5-2:[assoc-bpp (aug-pm-set z i {a}) f;
ipp-condl {a} i; ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} z; n < Suc m] =
(THE z. z € add-set f {;— a} (Suc m)) y+ (THE z. ¢ € add-set f {a} n) =
(THE z. © € add-set f {;— a} (m — n))

(proof)

definition
free-gen-condition :: ['a = 'a = 'a, 'a = 'a, 'a, 'a] = bool where
free-gen-condition fi a z <— (Vn. z ¢ add-set f {a} n)

definition
fg-elem-single :: ['a = 'a = 'a, 'a = 'a, 'a, 'a] = int = 'a where
fg-elem-single fi a zn = (if 0 = n then z else
(if 0 < n then (THE z. z € (add-set f {a} (nat (n — 1))))
else (THE z. z € (add-set f {;— a} (nat (— n — 1))))))

abbreviation
FGELEMSNGLE ((5-O---,-) [99,98,98,98,98199) where
n() af i, == fg-elem-single fi a zn

lemma single-addition-pm-mem:[assoc-bpp (aug-pm-set z i {a}) f;
ipp-condl {a} i; ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} 2] =
(n®ay ; ;) € addition-set f (aug-pm-set z i {a})

(proof)

lemma assoc-aug-assoc:assoc-bpp (aug-pm-set z i {a}) f = assoc-bpp {a} f
(proof)

lemma single-addition-posTr:[commute-bpp f (aug-pm-set z i {(a::'a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; 0 < (n:int); 0 < (muint)] =
(THE z. z € add-set f {a} (nat (n — 1))) s+
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(THE z. x € add-set f {a} (nat (m — 1))) =
(THE z. z € add-set f {a} (nat (n + m — 1)))

(proof)

lemma single-addition-pos:[commute-bpp f (aug-pm-set z i {(a::'a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; 0 < (n:int); 0 < (muint)] =
(nQag ;) 1+ (mOag; ) = (n + m)Oay ; ,

(proof)

lemma single-addition-neg:[commute-bpp f (aug-pm-set z i {(a::'a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; (nzint) < 0; (muint) < 0 ] =
(n@ag ;) s+ (mOag ;) = (n+ m)Oayr; ,
(proof)

lemma single-addition-zero:[commute-bpp f (aug-pm-set z i {(a::'a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} 2] = 00 af; , = 2

(proof)

lemma s-a-p-1:[assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i;
ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} z;
m < 0;0<n] = (nQOay;,) s+ (mOays;,)=(n+mOas;,

(proof)

lemma single-addition-pm:[commute-bpp f (aug-pm-set z i {(a::'a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond8 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA zi f {a} z] = (nQag ;) i+ (mOag ;) = (n+ m)Oay; ,
(proof)

lemma single-inv:[commute-bpp [ (aug-pm-set z i {(a::"a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} z] = i— (mOay; ;) = (-m)Oay; ,

(proof)

lemma free-ag-single:[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; free-gen-condition fi a z; n £ m] =
(nQay ;) #(mOar; )

(proof)
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definition
fags-cond :: ['a = 'a = 'a, 'a, 'a = 'a, 'a] = bool where
fags-cond f z i a +— commute-bpp f (aug-pm-set z i {a}) A
assoc-bpp (aug-pm-set z i {a}) f N ipp-condl {a} i A
ipp-cond2 z {a} i f N ipp-cond3 z i A inv-ipp z i f {a} A
commute-bpp f (aug-pm-set z i {a}) N zeroA z i f {a} z A
free-gen-condition f i a z

lemma fag-single-free:[fags-cond f z i a; n # m] = (n© afﬂ»’z) # (mQ af’i’z)
(proof)

lemma fag-single-freel:[fags-cond f z i a;(n© af ; ;) = (MO ayf; )] = n=m
{proof)

definition
fags-carr :: ['a = 'a = 'a, 'a, 'a = 'a, 'a] = 'a set where
fags-carr fzia ={z. 3n. z = nQOay; .}

!/

definition
fags-bpp :: ['a = 'a = 'a, 'a, 'a = 'a, 'a] = 'a = 'a = 'a where
fags-bpp f z i a = (A\x€(fags-carr f z i a). Aye(fags-carr f z i a).
((THE n. z = n(® af,i,z) + (THE m. y = mQ© af,i,z))@ af,i,z)

definition
fags-ipp :: 'a = 'a = 'a, 'a, 'a = 'a, 'a] = 'a = 'a where
fags-ipp f z i a = (Az<(fags-carr f z i a).
(_ (THE n.r = n@ af,i,z))@ af,i,z)

lemma fags-mem:fags-cond f z i a = (n(©) afmz) € fags-carr fz i a

(proof)

/

lemma fags-ippTr:fags-cond f z i a =
Jags-ipp fzia (nQay ;) = (= n)Oaf; ,
(proof)

lemma fags-bppTr:fags-cond f z i a =
fags-bpp fzia (nQag; ;) (mOap; ;) =+ mOar;,
(proof)

definition
fags :: ['a = 'a = 'a, 'a, 'a = 'a, 'a] = 'a aGroup where
fags f z 1 a = (carrier = fags-carr f z i a,
pop = fags-bpp [ z i a,
mop = fags-ipp f z i a, zero = z|)

lemma fags-ag:fags-cond f z i a = aGroup (fags f z i a)

(proof)
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6.3 Abelian Group generated by one element II
(nonconstructive)

definition

ag-single-gen :: [('a, 'm) aGroup-scheme, 'a] = bool where

ag-single-gen A a +— aGroup A A carrier A =\ {H. asubGroup A H N a €
H}

primrec aSum :: [(‘a, 'm) aGroup-scheme, nat,’a] = 'a where
aSum-0: aSum A 0 a = 0y
| aSum-Suc: aSum A (Sucn) a = aSum Ana+4 a

definition
sprod-n-a ::[('a, 'm) aGroup-scheme, int, 'a] = 'a where
sprod-n-a A nx = (if 0 < n then (aSum A (nat n) z)
else (aSum A (nat (— n)) (—ayq )))

abbreviation
SPRODNA ((8>-.) [95,95,96]95) where
n>ay == sprod-n-a A n a

lemma (in aGroup) asum-mem:a € carrier A = aSum A n a € carrier A

(proof)

lemma (in aGroup) nt-mem0:a € carrier A = n>ay € carrier A

(proof)

lemma (in aGroup) nt-zero0:a € carrier A = 0>ay =0
(proof)

lemma (in aGroup) nt-1:a € carrier A = Ivayg = a

(proof)

lemma (in aGroup) asumTr:a € carrier A =
aSum A (n + m) a = aSum A n a £ (aSum A m a)
(proof)

lemma (in aGroup) aSum-zero:a € carrier A = aSum A n 0 =10

(proof)

lemma (in aGroup) agsum-addip:[ a € carrier 4; 0 < n; 0 < m] =
(n + m)pay = nbay = (Mmbay)
(proof)

lemma (in aGroup) agsum-addim:] a € carrier A; n < 0; m < 0] =
(n 4+ m)pay =n>ayg £ (m>ay)
(proof)
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lemma (in aGroup) agsum-add2Tr:a € carrier A =
0 =aSum A na=x (aSum A n (—, a))
(proof)

lemma (in aGroup) agsum-add2p:[a € carrier A; 0 < n] =
0=mnray £ ((—n)>ay)
(proof )

lemma (in aGroup) agsum-add2m:[a € carrier A; n < 0] =
0=nray £ ((—n)ray)
(proof)

lemma (in aGroup) agsum-addSpm:[a € carrier A; 0 < n; m < 0] =
(n + m)pay = nray £ (mbay)
(proof)

lemma (in aGroup) agsum-add3mp:[ a € carrier A; n < 0; 0 < m] =
(n 4+ m)pay = npay £ (m>ay)
(proof)

lemma (in aGroup) nt-sum0:[ a € carrier A] = (n + m)ray = nbay £

(m>ay)
(proof)

lemma (in aGroup) nt-inv0:a € carrier A = —, (n>ay) = (— n)>ay

(proof)

lemma (in aGroup) m-z-asum:[ a € carrier A; b € carrier A]
= aSum A m (a £ b) = (aSum A m a) £ (aSum A m b)
(proof)

lemma (in aGroup) asum-multTr-pp:a € carrier A =
aSum A m (aSum A n a) = aSum A (m * n) a
(proof)

lemma (in aGroup) nt-mult-pp:[ a € carrier A; 0 < m; 0 < n]
= m>(nbay)g = (m * n)>ay

(proof)

lemma (in aGroup) asum-multTr-pm:[a € carrier A; 0 < m; n < 0] =
aSum A (nat m) (aSum A (nat (— n)) (=4 a)) =
aSum A (nat (m x (— n))) (—q a)
(proof)

lemma (in aGroup) nt-mult-pm:[a € carrier A; 0 < m; n < 0] =
m>(n>ag) 4 = (M * n)>ay

(proof)

lemma (in aGroup) asum-multTr-mp:[a € carrier A; m < 0; 0 < n] =
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(;Sum A (nat (—m))(—q (aSum A (nat n) a)) = aSum A (nat ((— m) * n)) (—q
(proof)

lemma (in aGroup) nt-mult-mp:[a € carrier A; m < 0; 0 < n] =
m>(n>ag) 4 = (m * n)>ay
(proof )

lemma (in aGroup) asum-multTr-mm:[a € carrier A; m < 0; n < 0] =
aSum A (nat (—m))(—4 (aSum A (nat (— n)) (=4 a))) =
aSum A (nat ((— m) x (— n))) a
(proof)

lemma (in aGroup) nt-mult-mm:[ a € carrier A; m < 0; n < 0] =
m>(n>ag) g4 = (m * n)>ay

(proof)

lemma (in aGroup) nt-mult-assocO:a € carrier A = mbn>ag 4 = (m * n)>ay
(proof)

lemma (in aGroup) single-gen-carrTr:a € carrier A =
asubGroup A {z. In. x = (nbay)}

(proof)

lemma (in aGroup) ag-single-inc-a:ag-single-gen A a = a € carrier A

{(proof)

lemma (in aGroup) single-gen:ag-single-gen A a =
carrier A = {g. In. g = (n>ay)}
(proof)

definition
single-gen-free :: [('a, 'm) aGroup-scheme, 'a] = bool where
single-gen-free A a ==Vn. n # 0 — 04 # n>ay

definition

sfg = [("a, 'm) aGroup-scheme, 'a] = bool where
sfg A a +— ag-single-gen A a A single-gen-free A a

lemma (in aGroup) single-gen-free-neg:[sfg A a; nbag = 0] = n =0

(proof)

lemma (in aGroup) sfg-G-inc-a:sfg A a = a € carrier A
(proof)

lemma sfg-agroup:sf¢g A a = aGroup A

(proof)
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lemma (in aGroup) mem-G-nt:[sfg A a; © € carrier A] = In. z = nbay
(proof)

lemma (in aGroup) nt-mem:sfg A a = n>ay € carrier A

(proof)

lemma (in aGroup) nt-zero:sfg A a = Oray =0
(proof)

lemma (in aGroup) nt-sum:sfg A a = (n + m)>bay = nbay £ (m>ay)

(proof)

lemma (in aGroup) nt-inv:sfg A a = —4(n>ay) = (— n)>ay
(proof)

lemma (in aGroup) nt-mult-assoc:sfg A a = mpnbayg g = (M x n)>ay

(proof)

lemma (in aGroup) sfg-free:[sfg A a; n # m ]| = nbay # (m>ay)
(proof)

lemma (in aGroup) sfg-free-inj:[sfg A a; nday = (mbay) ] = n=m
(proof)

6.4 Free Generated Modules (constructive)

definition
sop-one::[('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a set| = bool where
sop-one R s A «— (Vz€A. (1,R) s+ ¢ = x)

definition
sop-assoc :: [('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a set] = bool where
sop-assoc R s A «— (¥ a€carrier R. ¥ bEcarrier R. V z€A.
(@vpb)sz=as(bs )

definition
sop-inv :: [('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a = 'a, 'a set]
= bool where
sop-inv R s i A «— (Vrecarrier R.Vz€A. 7 5 (;— ¢) = (—ap T) s* T)

definition
sop-distrl :: [('r, 'm) Ring-scheme, 'r = 'a = ’a, 'a = 'a = 'a,
'a = 'a, 'a set, 'a] = bool where
sop-distr]l R s fi A z +— (VY a€carrier R. ¥V b€carrier R.
Vaze(aug-pm-set 21 A). (a £p b) - v = (a 5 2) s+ (b s 2))

definition

sop-distr2 :: [('r, 'm) Ring-scheme, 'r = 'a = a, 'a = 'a = 'a,
'a = 'a, 'a set, 'a] = bool where
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sop-distr2 R s f i A z <— (V a€carrier R.
V z€addition-set [ (aug-pm-set z i A).
Y y€addition-set f (aug-pm-set z i A).
as (zsty)=(asz)pt+(asy)

definition
sop-z = [('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a] = bool where
sop-z R s z «— (Vrecarrier R. 1 5+ z = 2)

definition
fgmodule :: [('r, 'm) Ring-scheme, 'a set, 'a, 'a = 'a, 'a = 'a = 'a,
'r="'a = 'a] = ('a, 'r) Module where
fgmodule R A zi fs =
(carrier = addition-set f (aug-pm-set z i (s-set R s A)),
pop = Ax€addition-set f (aug-pm-set z i (s-set R s A)).
Ay€addition-set f (aug-pm-set z i (s-set R s A)). = ;+ y,
mop = Ax€addition-set f (aug-pm-set z i (s-set R s A)). ;— x,
zero = z,
sprod = Ar€&carrier R.
Az€addition-set f (aug-pm-set z i (s-set R s A)). r 5~ x|

lemma fgmodule-carr:carrier (fgmodule R A z i f s) =
addition-set f (aug-pm-set z i (s-set R s A)
(proof)

lemma q-in-s-set:a € A = a € s-set R s A

(proof)

lemma (in Ring) ra-in-s-set:[r € carrier R; a € A] = r s a € s-set R s A
(proof)

lemma in-aug-pm-set:
z € aug-pm-set z1 A= (x =2V z € AV z € minus-set i A)
(proof )

lemma (in Ring) in-s-set:z € s-set R s A = (3r € carrier R. 3a € A.
r=rsa)Vzed

(proof)

lemma (in Ring) sop-closedTr0:[ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z 1 f (s-set R s A); zeroA zi f (s-set R s A) z;
sop-distr2 R s fi (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z;
r € carrier R; x € aug-pm-set z i (s-set R s A)] =
r s x € aug-pm-set z i (s-set R s A)

(proof)
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lemma (in Ring) sop-closedTr:[ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i f (s-set R s A); zeroA zi f (s-set R s A) z;
sop-distr2 R s fi (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z] =
YV recarrier R. V x€add-set f (aug-pm-set z i (s-set R s A)) n.
T s ¢ € add-set f (aug-pm-set z i (s-set R s A)) n
(proof )

lemma (in Ring) sop-closed:[ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i f (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s fi (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z] =
V recarrier R. V x€addition-set f (aug-pm-set z i (s-set R s A)).
T s ¢ € addition-set f (aug-pm-set z i (s-set R s A))
(proof)

lemma (in Ring) sop-oneTr:[commute-bpp [ (aug-pm-set z i (s-set R s A));
assoc-bpp (aug-pm-set z i (s-set R s A)) f;
ipp-condl (s-set R s A) i; ipp-cond2 z (s-set R s A) i f;
ipp-cond8 z i; inv-ipp z i f (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s fi (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-one R s (aug-pm-set z i (s-set R s A))] =
Vze€add-set f (aug-pm-set z i (s-set R s A)) n. (1,) sz =2z
(proof)

lemma (in Ring) sop-one:[commute-bpp [ (aug-pm-set z i (s-set R s A));
assoc-bpp (aug-pm-set z i (s-set R s A)) f; ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i f (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s fi (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A))
sop-one R s (aug-pm-set z i (s-set R s A))]
V z€addition-set f (aug-pm-set z i (s-set R s A)). (1,) s
(proof)

)

I
8

lemma (in Ring) sop-assocTr:[ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i f (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s fi (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
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sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z] =
Y a€carrier R. ¥V becarrier R.
Vzeadd-set f (aug-pm-set z i (s-set R s A)) n.
as (bs2x)=(a+0b)sx
(proof)

lemma (in Ring) sop-assoc:[ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i f (s-set R s A); zeroA zi f (s-set R s A) z;
sop-distr2 R s fi (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A); sop-z R s z;
sop-one R s (aug-pm-set z i (s-set R s A))] =
YV a€carrier R. V¥ becarrier R.
YV ze€addition-set f (aug-pm-set z i (s-set R s A)).
as (bsgz)y=(a-b) sz
(proof)

lemma (in Ring) s-set-commute:[commute-bpp f (aug-pm-set z i (s-set R s A));
x € addition-set f (aug-pm-set z i (s-set R s A));
y € addition-set f (aug-pm-set z i (s-set R s A))] =
rity=ysta
(proof)

lemma (in Ring) add-s-set-inc-add-set:
add-set  (aug-pm-set z 1 A) n C
add-set f (aug-pm-set z i (s-set R s A)) n
(proof )

lemma (in Ring) sop-distrlTr:[commute-bpp f (aug-pm-set z i (s-set R s A));
assoc-bpp (aug-pm-set z i (s-set R s A)) f; ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i f (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr] R s fi (s-set R s A) z;
sop-distr2 R s fi (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z] =
Y a€carrier R. ¥ becarrier R. ¥ x€ add-set f (aug-pm-set z i (s-set R s A)) n.
(axd)sz=0as 2+ (bs )
(proof)

lemma (in Ring) sop-distrl:[commute-bpp [ (aug-pm-set z i (s-set R s A));
assoc-bpp (aug-pm-set z i (s-set R s A)) f; ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i f (s-set R s A); zeroA zi f (s-set R s A) z;
sop-distr] R s fi (s-set R s A) z;
sop-distr2 R s f i (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
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sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z] —
YV a€carrier R. VY becarrier R.
Vze addition-set f (aug-pm-set z i (s-set R s A)).
(atd)sz=0as 2+ (bs )
(proof)

definition
fgmodule-condition ::[('r, 'm) Ring-scheme, 'a = 'a = 'a, 'a = 'a,
'r = 'a = 'a, 'a set, 'a] = bool where
fgmodule-condition R fi s A z «—
commute-bpp [ (aug-pm-set z i (s-set R s A)) A
assoc-bpp (aug-pm-set z i (s-set R s A)) f A
ipp-condl (s-set R s A) i A ipp-cond2 z (s-set R s A) i f A
ipp-cond3 z i A inv-ipp z i f (s-set R s A) A
zeroA z i f (s-set R s A) z A sop-distrl R s fi (s-set R s A) z A
sop-distr2 R s fi (s-set R s A) z A
sop-assoc R s (aug-pm-set z i (s-set R s A)) A
sop-inv R s i (s-set R s A) N\
sop-one R s (aug-pm-set z i (s-set R s A)) A sop-z R s z

lemma (in Ring) sop-closed!:[fgmodule-condition R fi s A z; r € carrier R;
z € addition-set f (aug-pm-set z i (s-set R s A))] =
T s x € addition-set f (aug-pm-set z i (s-set R s A))
(proof)

lemma (in Ring) fgmodule-is-module:fgmodule-condition R fi s A 2
= R module (fgmodule R A z i f s)

(proof)

lemma (in Ring) a-in-carr-fgmodule:a € A
= a € carrier (fgmodule R A zi [ s)

(proof)

6.5 A fgmodule and a free module

lemma (in Ring) fg-zeroTr:[fgmodule-condition R fi s A z; a € A] =
0 ;,a==2
(proof)

lemma (in Ring) fg-genTr0:[fgmodule-condition R fi s A z;
x € aug-pm-set z i (s-set R s A)] =
x € linear-span R (fgmodule R A z i f s) (carrier R) A
(proof)

lemma (in Ring) fg-genTr:fgmodule-condition R fi s A z =
Vz. z € (add-set f (aug-pm-set z i (s-set R s A)) n) —
x € linear-span R (fgmodule R A z i f s) (carrier R) A
(proof)
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lemma (in Ring) generator-of-fgm:fgmodule-condition R fi s A 2 =
generator R (fgmodule R A z i fs) A

(proof)

lemma (in Ring) fg-freeTrl:[R module M; free-generator R M A,
R module fgmodule R A z i f s; free-generator R (fgmodule R A z i f s) A;
g € mHom R M (fgmodule R A zifs);Vz€A. gz = z] =
Vfa sa. fa € {j. j < (nunat)} = AN sa € {j.j <n} — carrier R —
l-comb R (fgmodule R A zi fs) n sa (cmp g fa) =
l-comb R (fgmodule R A zi fs) n sa fa

(proof)

lemma (in Ring) fg-freeTr:[R module M; free-generator R M A;
R module fgmodule R A z i f s;
free-generator R (fgmodule R A z i f s) A;
g € mHom R M (fgmodule R A zi fs);Vz€A. gz = x;
fa € {j.j < (nunat)} = A; sa € {j.j < n} — carrier R] =
l-comb R (fgmodule R A zi fs) nsa (¢cmp g fa) =
l-comb R (fgmodule R A z i f s) n sa fa

(proof)

lemma (in Ring) fg-freel:[ A # {}; fgmodule-condition R fi s A z;
free-generator R (fgmodule R A z i fs) A; R module M;
free-generator R M A] = M =p (fgmodule R A z i f s)

(proof)

lemma (in Ring) fg-free:[fgmodule-condition R fi s A z;
free-generator R (fgmodule R A z i fs) A; R module M;
free-generator R M A] = M =p (fgmodule R A z i f s)

(proof)

6.6 Direct sum, again

definition
miota :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme] = 'a = 'a where
miota R M1 M = (Ax€carrier M1. x)

definition

msubmodule ::[('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,

("a, 'r, 'm1) Module-scheme] = bool where

msubmodule R M M1 <— miota R M1 M € mHom R M1 M A
(carrier M1) C (carrier M)

definition
ds2 :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme, ('a, 'r, 'm1) Module-scheme] = bool where
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ds2 R M M1 M2 <— R module M N msubmodule R M M1 N msubmodule R M
M2 A
(Vzecarrier M. Iml€carrier M1. 3m2€&carrier M2. x = ml %y m2) A

(carrier M1) N (carrier M2) = {0/}

abbreviation
DS2 ((4-/ @_’- -) [92,93,92,92]92) where
M] GBR?M M,Q == dSQRMM] Mg

lemma (in Ring) ds2-commute:[R module M1; R module M2; R module M;
M1 @R,M MQ]] = M2 @R,M M1
(proof)

lemma (in Ring) msub-addition:[R module M; R module M1; msubmodule R M
Mi;

z € carrier M1; y € carrier M1 = z £y y =2 )5 ¥
(proof)

lemma (in Ring) msub-mOp:[R module M; R module M1; msubmodule R M M1,
z € carrier M1] = —api1 € = —af T
(proof)

lemma (in Ring) msub-sprod:[R module M; R module M1; msubmodule R M M1;
a € carrier R; ¢ € carrier M1] = a sy = a sy @

(proof)

lemma (in Ring) msub-submodule:[R module M; R module M1; msubmodule R M
M1]
= submodule R M (carrier M1)

(proof)

lemma (in Ring) ds2-unique:[R module M; R module M1; R module M2;
ds2 R M M1 M2; mi1 € carrier M1; m1’ € carrier M1;
m2 € carrier M2; m2' € carrier M2;
ml £y m2 =ml' £y m2] = ml =mi1’' AN m2=m2’
(proof)

lemma (in Ring) miota-injec:[R module M; R module M1; R module M2;
ds2 R M M1 M2; msubmodule R M M1] =
miota R M1 M € mHom R M1 M A injec g pp (miota R M1 M)

(proof)

definition
mprojl = [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme, ('a, 'r, 'm1) Module-scheme] = 'a = ’a where
mprojl R M1 M2 M = (Az€carrier M. THE z1. x1 € carrier M1 A
(x £p7 (—apg 1)) € carrier M2)
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definition
mproj2 = [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme, ('a, 'r, 'm1) Module-scheme] = 'a = ’a where
mproj2 R M1 M2 M = mprojl R M2 M1 M

lemma (in Ring) ds2-components:[R module M1; R module M2; R module M;
M1 @ gy M2; a € carrier M| =
Jalecarrier M1. 3 a2€&carrier M2. a = al %7 a2
(proof)

lemma (in Ring) ds2-components!:[R module M1; R module M2; R module M;
M1 @ gy M2; a € carrier M| =
Jalecarrier M1. a &1 —apy al € carrier M2

(proof)

lemma (in Ring) mprojTrl:[R module M1; R module M2; R module M; ds2 R M
M1 M2;
z € carrier M | = 3lzl. x1 € carrier M1 A (z £ —aps 1) € carrier M2

(proof)

lemma (in Ring) mprojTr2:[R module M1; R module M2; R module M; ds2 R M
M1 M2;

z € carrier M; x1 € carrier M1; (z £ (—aps 1)) € carrier M2;

yl € carrier M1;(z £ (—aps yl)) € carrier M2 | = z1 = yl
(proof)

lemma (in Ring) mprojTr3:[R module M1; R module M2; R module M; ds2 R M
M1 M2
a € carrier M; al € carrier M1; (a £p5 (—aps al)) € carrier M2] =
(THE z1. z1 € carrier M1 A a £p5 —apg x1 € carrier M2) = al

(proof)

lemma (in Ring) mproj:[R module M1; R module M2; R module M; ds2 R M M1

M2]
= mprojl R M1 M2 M € mHom R M M1
(proof )
lemma (in Ring) mproj2:[R module M1; R module M2; R module M; M1 €D g
M2]
= mproj2 R M1 M2 M € mHom R M M2
(proof )

6.6.1 Existence of the tensor product

definition
fm-gen-by-prod :: [('r, 'm) Ring-scheme, (('a % 'b), 'r, 'm1) Module-scheme,
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("a, 'r, 'm1) Module-scheme, ('b, 'r, 'm1) Module-scheme] = bool
(4FM_/ - - °) [100,100,101]100) where
FMp PMN <— R module P A free-generator R P (M x. N)

lemma (in Ring) free-gen-gen:FM p P M N = generator R P (M x. N)
(proof)

lemma (in Ring) free-gen-mem:[FMp P M N; a € (M x. N)] = a € carrier
P
(proof)

lemma (in Ring) mHom-lin-nsumTr:[R module M; R module N; t € mHom R M
N] =
fed{jj<(n:nat)} — carrier M — t (nsum M fn) = nsum N (cmp t f) n

(proof )

lemma (in Ring) mHom-lin-nsum:[R module M; R module N; t € mHom R M
N;
fed{jj<(n:nat)} — carrier M| =
t (nsum M fn) = nsum N (cmp t f) n
(proof)

lemma (in Ring) module-over-zeroring:[zeroring R; R module M| =
carrier M = {0}
(proof)

lemma (in Ring) submodule-over-zeroring:[zeroring R; R module M;
submodule R M N] = N = {0y}

(proof)

definition
Least-submodule :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
‘a set] = 'a set
((3LSM_/ -/ -) [100,100,101)100) where
LSMp M T = ({N. submodule R M N N T C N}

lemma (in Ring) LSM-mem:[R module M; T C carrier M; t € T] =
te (LSMp M T)
(proof)

lemma (in Ring) LSM-sub-M:[R module M; T C carrier M| =
(LSMp M T) C carrier M
(proof )

lemma (in Ring) LSM-sub-submodule:[R module M; T C carrier M;
submodule R M N; TCN]| = (LSMpr MT)CN

(proof)
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lemma (in Ring) LSM-inc-T:[R module M; T C carrier M] = T C (LSMr M
T)
(proof)

lemma (in Ring) LSM-submodule:[R module M; T C carrier M| =
submodule R M (LSMp M T)

(proof)

lemma (in Ring) linear-comb-memTr:[R module M; submodule R M N; T C N]
=
Vis.fef{jj<(nunat)} - T Ase{jj<n}— carrier R —
l.combRMnsfeN
(proof )

lemma (in Ring) linear-comb-mem:[R module M; submodule R M N; T C Nj;
fe{jj<(nunat)} - T;se{j.j<n}— carrier R] =
l-comb R MnsfeN
(proof )

lemma (in Ring) LSM-eq-linear-span:[R module M; T C carrier M| =
(LSMp M T) = linear-span R M (carrier R) T
(proof)

lemma (in Ring) LSM-sub-ker:[R module M; R module N; T C carrier M;
f € mHom R M N; T C kerpy nf]l = LSMp M T C kerps y f
(proof)

definition
tensor-relations! :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm1) Module-scheme, (('a * 'b), 'r, 'm1) Module-scheme] =
("a = 'b) set
(4TR1/ -/ -/ -/ -) [100,100,100,101]100) where
TR1 R M N MN = {z. 3ml€carrier M. Im2€&carrier M. Inccarrier N.
z = (ml £y m2, n) £yN (mapy (M1, n) £y (M2, n)))}

definition
tensor-relations2 :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
(’b, 'r, 'm1) Module-scheme, (("a * 'b), 'r, 'm1) Module-scheme] =
("a * 'b) set
(4TR2/ -/ -/ -] -) [100,100,100, 101]100) where
TR2 R M N MN = {z. 3mé&carrier M. Inlcarrier N. I3n2€carrier N.
z = (m, nl £y n2) £yy (—apn ((m, n1) £y (m, n2)))}

definition
tensor-relations3 :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm1) Module-scheme, (('a * 'b), 'r, 'm1) Module-scheme] =
("a x b)) set
(4TR3/ -/ -/ -/ -) [100,100,100,101]100) where
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TR3 R M N P = {z. 3me€carrier M. 3nccarrier N. 3 aEcarrier R.
z=(a-spym,n) £p(=ap (a-sp(m 1))}

definition
tensor-relationss4 :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
(’b, 'r, 'm1) Module-scheme, (('a * 'b), 'r, 'm1) Module-scheme] =
(‘a x 'b) set
((4TR4/ -/ -/ -/ -) [100,100,100,101]100) where
TR/ R M N MN = {z. 3mé&carrier M. In€carrier N. 3 aEcarrier R.
z = (m, a-syn)yy (—apn (@ -s yn (m, n)))}

definition
tensor-relations :: [('r, ‘'m) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
(’b, 'r, 'm1) Module-scheme, (('a * 'b), 'r, 'm1) Module-scheme] =
("a * 'b) set
(4TR- -/ -/ -) [100,100,101]100) where
TRr MNMN = LSMp MN ((TR1 R M N MN) U (TR2R M N MN) U
(TR3 R M N MN) U (TR{ R M N MN))

definition
tensor-product :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm1) Module-scheme, (("a * 'b), 'r, 'm1) Module-scheme] =
(("a = 'b) set, 'r) Module where
tensor-product R M N MN = MN /., (TRpr M N MN)

abbreviation
TENSORPROD ((4-] -Q -/ -) [92,92,92,93]192) where
M pQ r N == tensor-product R M N P

lemma (in Ring) mem-cartesian:[R module M; R module N; m € carrier M;
n € carrier N | = (m, n) € M x. N

(proof)

lemma (in Ring) cartesianTr:[R module M; R module N; x € M x. N] =
Im n. mecarrier M A n € carrier N N © = (m, n)

(proof)

lemma (in Ring) free-module-mem:[R module M; R module N; m € carrier M;
n € carrier Ny FM p P M N] = (m, n) € carrier P
(proof )

lemma (in Ring) FM-P-module:[R module M; R module N; FM p P M NJ
= R module P

(proof)
lemma (in Ring) TR1-sub-carr:[R module M; R module Ny FMp P M N] =

(TR1 R M N P) C carrier P
(proof)
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lemma (in Ring) TR2-sub-carr:[R module M; R module Ny FMp P M N] =
(TR2 R M N P) C carrier P

(proof)

lemma (in Ring) TR3-sub-carr:[R module M; R module Ny FMp P M N| =
(TR3 R M N P) C carrier P

(proof)

lemma (in Ring) TR4-sub-carr:[R module M; R module Ny FM p P M N] =
(TR4 R M N P) C carrier P

(proof)

lemma (in Ring) TR-sub-carr:[R module M; R module N; FMp P M N| =
(TR1I R MNP)U (TR2ZR M N P)U (TR R M N P) U (TR} R M N P) C
carrier P

(proof)

lemma (in Ring) TR-submodule:[R module M; R module N; FM p P M N| =
submodule R P (TRp M N P)

(proof)

lemma (in Ring) TR-cont-TR1234:[R module M; R module N; FM p P M N]
=

TRIRMNPUTRZRMNPUTRSRMNPUTR{RMNPCTRp M
NP

(proof)

lemma (in Ring) TRI1-mem:[R module M; R module N; FMp P M N; ml €
carrier M;

m2 € carrier M; n € carrier N| = (m1 £y m2, n) £p —qp ((m1, n) £p (m2,
n))

€ TRR MNP

(proof

lemma (in Ring) TR2-mem:[R module M; R module N; FMp P M N; m €
carrier M;
nl € carrier N; n2 € carrier N | =
(m, nl £y n2) £p —qp (M, n1) £p (m, n2)) € TR M N P
(proof)

lemma (in Ring) TR3-mem:[R module M; R module N; FMp P M N; m €
carrier M;
n € carrier N; a € carrier R] =
(a -spyym,n) £p —qp (a -sp (m,n)) € TRR MNP
(proof)

lemma (in Ring) TR4-mem:[R module M; R module N; FMp P M N; m €
carrier M;
n € carrier N; a € carrier R] =
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(m, a-syn)xp—ap(a-sp(m,n) e TR MNP
(proof)

lemma (in Ring) tensor-product-module:[R module M; R module N; FMp P M
N] =

R module (tensor-product R M N P)
(proof)

lemma (in Ring) tau-mpj-bilini:[ R module M; R module N; FM p P M N;
zl € carrier M; 2 € carrier M; y € carrier N] —
(mpj P (TR M N P)) (1 £ 22, y) =
(mpj P (TRp M N P)) (z1, y) (M PR p N) (mpj P (TRp M N P) (22,
y))
(proof)

lemma (in Ring) tau-mpj-bilin2:[R module M; R module N; FM p P M N,
m € carrier M; nl € carrier N; n2 € carrier N| =
(mpj P (TRR M N P)) (m, nl £y n2) =
(mpj P (TR M N P)) (m, nl) £y p@ p N) (mpj P (TRp M N P) (m, n2))

(proof)

lemma (in Ring) tau-mpj-bilin3:[R module M; R module N; FM p P M N;
m € carrier M; n € carrier N; a € carrier R] —
(mpj P (TR M N P)) (a sprm, 1) = a s(\ pQ p N)
(mpj P (TRp M N P) (m, n))
(proof)

lemma (in Ring) tau-mpj-biling:[R module M; R module N; FM p P M N;
m € carrier M; n € carrier N; a € carrier R] —
(mpj P (TRp M N F)) (m, a sy 1) = a sy p® p N)
(mpj P (TRp M N P) (m, n))
(proof)

definition
taw = [('r, ‘'m) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
(’b, 'r, 'm1) Module-scheme, (("a * 'b), 'r, 'm1) Module-scheme] =
("a * 'b) = ('a x 'b) where
tau RM NP = (Aze(M x. N). z)

lemma (in Ring) tau-func:[R module M; R module Ny FMp P M N] =
tau RMNP e M x. N — carrier P

{proof)

lemma (in Ring) tau-mem:[R module M; R module N; m € carrier M;
n € carrier Ny FMp P M N] = tau R M N P (m, n) € carrier P

(proof)

lemma (in Ring) tau-inj0:[— zeroring R; R module M; R module N; FM p P M
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N]
= inj-on (tau R M N P) (M x. N)
(proof)

lemma (in Ring) tau-injl:[zeroring R; R module M; R module N; FM p P M N]
.

inj-on (tau R M N P) (M x. N)
(proof)

lemma (in Ring) tau-inj:[R module M; R module Ny FMp P M N] =
inj-on (tau R M N P) (M x. N)
(proof)

lemma (in Ring) tau-mpj-bilinear:[R module M; R module N; FM p P M N| =

bilinear-map (compose (M x. N) (mpj P (TRr M N P)) (tau R M N P))
RMN (M p@r N)
(proof)

definition
tnm :: [('r, 'm) Ring-scheme, (('a = 'b), 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme, ('b, 'r, 'm1) Module-scheme] =
("a * 'b) = ('a % 'b) set where
tnm R P M N = compose (M x. N) (mpj P (TRr M N P)) (tau R M N P)

lemma (in Ring) tnm-bilinear:[R module M; R module Ny FMp P M N] =
bilinear-map (tnm R PMN)RMN (M pQ pr N)
(proof)

lemma (in Ring) tnm-mem:[ R module M; R module N; FMp P M N; m €
carrier M;

n € carrier N| = tnm R P M N (m, n) € carrier (M pQ r N)
(proof)

definition
tensor-elem :: [('r, 'm) Ring-scheme, (('a % 'b), 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme, ('b, 'r, 'm1) Module-scheme] = 'a = 'b
= ('a * 'b) set where
tensor-elem R P M N mn =tnm R P M N (m, n)

abbreviation
TNSELEM ((6- --®-./ -) [100,100,100,100,100,101]101) where
m R pOM NN == tensor-elem R P M N m n

lemma (in Ring) tensor-univ-propTr:[R module M; R module N; FM p P M N;
R module Z; bilinear-map f R M N 7] =
dg. g € mHom R P Z A (compose (M x. N) g (tau R M N P)) = f

(proof)
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lemma (in Ring) tensor-univ-propTrl:[R module M; R module N; FM p P M N,

R module Z; bilinear-map f R M N 7] =
lg. ge(mHom R (M p@ r N) Z) A (compose (M x. N) g (tnm R P M N))
=f
(proof)
lemma (in Ring) tensor-universal-property:[R module M; R module N; FM p P
M N ]

= wuniversal-property R M N (M p&Q r N) (tnm R P M N)
(proof)

end
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