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Abstract

The theory of groups, rings and modules is developed to a great depth.
Group theory results include Zassenhaus’s theorem and the Jordan-Hoelder
theorem. The ring theory development includes ideals, quotient rings and
the Chinese remainder theorem. The module development includes the
Nakayama lemma, exact sequences and Tensor products.
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Chapter 1

Preliminaries

Some of the lemmas of this section are proved in src/HOL/Integ of Isabelle
version 2003.

1.1 Lemmas for logical manipulation

lemma True-then:True — P — P
(proof)

lemma ex-conjl:[P ¢; Q ¢] = Je. Pc A Qc

(proof)

lemma forall-spec:[ Vb. Pb — Q b; Pa] = Q a
(proof)

lemma a-b-exchange:[a; a = b = b

(proof)

lemma eg-prop:[ P; P = Q] = Q
(proof)

lemma forball-contra:[VyeA. Pry — = Q y; VyeA. Qy V R y] =
VycA. (- Pxy)V Ry
(proof)

lemma forball-contral:[VyeA. Pzy — Qy;VyeA. - Qy] = VycA. - Pzy
(proof)
1.2 Natural numbers and Integers

Elementary properties of natural numbers and integers

lemma nat-nonzero-pos:(a:nat) # 0 = 0 < a
(proof)



lemma add-both:(a::nat) = b= a+c=b+ ¢

(proof)

lemma add-bothl:a = b— ¢+ a=c+ b

(proof)

lemma diff-Suc:(n:nat) < m = m — n + Suc 0 = Suc m — n
(proof)

lemma le-convert:Ja = b; a < ¢ = b < ¢

(proof)

lemma ge-convert:[a = b; ¢ < a] = ¢ < b

(proof)

lemma less-convert:[ a = b; c < b] = ¢ < a
(proof)

lemma ineg-convl:a =b; a < ¢] = b < ¢

(proof)

lemma diff-Suc-pos:0 < a — Suc 0 = 0 < a
(proof)

lemma minus-SucSuc:a — Suc (Suc 0) = a — Suc 0 — Suc 0

(proof)

lemma Suc-Suc-Tr:Suc (Suc 0) < n => Suc (n — Suc (Suc 0)) = n — Suc 0
(proof)

lemma Suc-Suc-less:Suc 0 < a = Suc (a — Suc (Suc 0)) < a

(proof)

lemma diff-zero-eq:n = (0:nat) = m =m — n
(proof)

lemma Suc-less-le:x < Sucn — xz < n
(proof)

lemma less-le-diff:x < n = z < n — Suc 0

(proof)

lemma le-pre-le:xx < n — Suc 0 = z < n
(proof)

lemma nat-not-less:— (munat) < n = n < m

(proof)



lemma less-neq:n < (m:nat) = n # m
(proof)

lemma less-le-diff1:n # 0 = ((m::nat) < n) = (m < (n — Suc 0))

(proof)

lemma nat-not-lessl:n # 0 = (= (m:nat) < n) = (= m < (n — Suc 0))
(proof)

lemma nat-eg-le:m = (ninat) = m < n

(proof)

1.2.1 Integers

lemma non-zero-int: (n::int) # 0 = 0 < nV n < 0

(proof)

lemma zgt-0-zge-1:(0::int) < 2z = 1 < z
(proof)

lemma not-zle:(— (n:zint) < m) = (m < n)
(proof)

lemma not-zless:(— (n:int) < m) = (m < n)

(proof)

lemma zle-imp-zless-or-eq:(n:int) < m = n < mVn=m
(proof)

lemma zminus-zadd-cancel: — z + (z + w) = (w::int)

(proof)

lemma int-neg-iff :((w::int) # z) = (w < 2) V (z < w)

{(proof)

lemma zless-imp-zle:(z::int) < 2/ = z < 2’
(proof)

lemma 2diff:z — (w::int) = z + (— w)

(proof)

lemma zle-zless-trans:[ (i::int) < j; j < k] = i < k

(proof)

lemma zless-zle-trans:[ (i:int) < j; j < k] = i < k

(proof)

lemma zless-neq:(i:int) < j = { # j
(proof)



lemma int-mult-mono:[ i < j; (0uint) < k] = kxi<k=xj
(proof)

lemma int-mult-le:[i < j; (0:int) < k] = k*xi < kxj

(proof)

lemma int-mult-lel:[i < j; (0uint) < k] = i« k< jx*k
(proof)

lemma zmult-zminus-right:(w::int) * (— 2) = — (w * 2)

(proof)

lemma zmult-zle-monol-neg:[(iint) < j; k< 0] = j* k < ixk

(proof)

lemma zmult-zless-mono-neg:[(i::int) < j; k < 0] = j*x k< ix*k
(proof)

lemma zmult-neg-neg:[i < (0:int); 1< 0] = 0 < ix*j

(proof)

lemma zmult-pos-pos:[(0::int) < 4; 0 < j] = 0 < i % j
(proof)

lemma zmult-pos-neg:[(0::int) < i;j < 0] = i x5 < 0

(proof)

lemma zmult-neg-pos:[i < (0::int); 0 < j] = i xj < 0
(proof)

lemma zle:((z::int) < w) = (- (w < 2))

(proof)

lemma times-1-both:[(0::int) < z; zx 2/ = 1] = z2=1 AN z' =1
(proof)

lemma zminus-minus:i — — (jint) = i + j
(proof )

lemma zminus-minus-pos:(n:zint) < 0 = 0 < — n

(proof)

lemma zadd-zle-mono:[w’ < w; 2z’ < (zuint)] = w' + 2’ < w + z
(proof)

lemma zmult-zle-mono:[i < (juint); 0 < k] = kx i < k*j

(proof)



lemma zmult-zle-mono-r:[i < (jint); 0 < k] = i x k < jx* k
(proof)

lemma pos-zmult-pos:[ 0 < (aint); 0 < (buint)] = a < a x b

(proof)

lemma pos-mult-l-gt:[(0::int) < w; 1 < j; 0 < i] = i < w * j

(proof)

lemma pos-mult-r-gt:[(0::int) < w; i < j; 0 < i) = i < jxw

(proof)

lemma mult-pos-iff :[(0::int) < & 0 < ixj] = 0 <3
(proof)

lemma zmult-eq:[(0::int) < w; 2 = 2] = w* 2 = w * 2’

(proof)

lemma zmult-eq-r:[(0:int) < w; z=2] = zxw= 2z'xw
(proof)

lemma zdiv-eq-l:[(0::int) < w; zx w =2 s w] = 2z =2’

(proof)

lemma zdiv-eg-r:[(0::int) < w; w* 2z =wx* 2’| = 2z =2’

(proof)

lemma int-nat-minus:0 < (n:int) = nat (n — 1) = (nat n) — 1
(proof)

lemma int-nat-add:[0 < (n:int); 0 < (m:int)] = (nat (n — 1)) + (nat (m —
1)) + (Suc 0) = nat (n + m — 1)
(proof)

lemma int-equation:(zint) =y + 2 = x — y = 2z

(proof)

lemma int-pos-mult-monor:[ 0 < (n:int); 0 < nsm] = 0<m
(proof)

lemma int-pos-mult-monol:[ 0 < (m:int); 0 < nsxm] = 0<n

(proof)

lemma zdiv-positive:[(0::int) < a; 0 < b)) = 0 < a div b
(proof)

lemma zdiv-pos-mono-r:[ (0::int) < w; w* z < w* 2| = 2z < 2’

(proof)



lemma zdiv-pos-mono-l:[ (0::int) < w; z x w < 2/ x W] = 2z < 2’
(proof)

lemma zdiv-pos-pos-I:[ (0::int) < w; 0 < zx w] = 0 < 2

(proof)

1.3 Sets

1.3.1 A short notes for proof steps
1.3.2 Sets

lemma inFr:x € A — JycA. y ==z

(proof)

lemma inFz-rev: dycA. y =z =z € A

{(proof)

lemma nonempty-ex:A # {} = Jz. 2 € A
(proof)

lemma ex-nonempty:3z. x € A = A # {}

(proof)

lemma not-eq-outside:a ¢ A = VbeA. b # a
(proof)

lemma ex-nonempty-set:3a. P a = {z. P z} # {}

(proof)

lemma nonempty: ¢ € A — A # {}
(proof )

lemma subset-self:A C A

(proof)

lemma conditional-subset:{z€A. Pz} C A

(proof)

lemma bsubsetTr:{z. x € ANPax} C A
(proof )

lemma sets-not-eq:[A # B; B C A] = Ja€A. a ¢ B
(proof)

lemma diff-nonempty:[A # B; BC A] = A — B # {}
(proof)



lemma sub-which1:[AC BV BC A;z€ A;x¢ Bj=— BC A
(proof)

lemma sub-which2:[A C BV BC A,z ¢ A;z € B)— ACB
(proof)

lemma nonempty-int: AN B#{} = 3z.2€ ANB
(proof)

lemma no-meeti:ANB={}=Vac A a¢ B
(proof)

lemma no-meet2:ANB={}=VYaec B a¢ A
(proof)

lemma elem-some:x € A = JycA. z =y

(proof)

lemma singleton-sub:a € A = {a} C A
(proof)

lemma eg-elem-in: [a € A;a=b0] = be A
(proof)

lemma eg-set-inc: [a € A; A=B] = a€B

(proof)

lemma eg-set-not-inc:la ¢ A; A=B] = a¢ B
(proof)

lemma int-subsets: [ A1 C A; Bl CB]=— AINBI CANB
(proof)

lemma inter-monoc:A C B=— ANCCBNC
(proof)

lemma sub-Uni1:B € BU C
(proof)

lemma sub-Un2:C C BU C
(proof)

lemma subset-contr:[ A C B; B C A ] = False

(proof)

lemma psubset-contr:| A C B; B C A] = Fualse

{(proof)

lemma egsets-sub:A = B=— A C B
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(proof)

lemma not-subseteq: ~ A C B=— Ja€ A. a ¢ B

(proof)

lemma in-uni:lz2 € AUB; s ¢ Bl =z€ A
(proof)

lemma proper-subset:[A C B; x ¢ A; 2 € Bl = A # B
(proof)

lemma in-un2: [z € AUB; 2 ¢ Al =z € B
(proof)

lemma diff-disj:z ¢ A = A — {z} = A
(proof)

lemma in-diff:[z # a; 2 € A] = z € A — {a}
(proof)

lemma in-diffi:z € A — {a} =z # a

(proof)

lemma sub-insertedl:[Y Cinserta X; - Y C X] = a¢ X Na€Y
(proof)

lemma sub-inserted2:[Y C insert a X; - Y C X] = Y = (Y — {a}) U {a}
(proof)

lemma insert-sub:[ A C B; a € B] = (insert a A) C B

{(proof)

lemma insert-diff:A C (insert b B) = A — {b} C B
(proof)

lemma insert-inc1:A C insert a A

(proof)

lemma insert-inc2:a € insert a A
(proof)

lemma nonempty-some:A # {} = (SOME z. x € A) € A
(proof)

lemma mem-family-sub-Un:A € C —= A C | C
(proof)

lemma sub-Union:3XeC. ACX = ACl C
(proof )
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lemma family-subset-Un-sub:¥ AcC. AC B=|J C C B
(proof)

lemma in-set-with-P:P + — x € {y. P y}

(proof)

lemma sub-single:[A # {}; A C {a}] = A = {a}
(proof)

lemma not-sub-single:[A # {}; A # {a}] = - A C {a}
(proof)

lemma not-sub:m A C B = Ja. a€ANa ¢ B

(proof)

1.4 Functions

definition
emp : ['b = e, 'a = 'b] = ('a = 'c) where
cmp g f = (Az. g (fz))

definition
idmap :: 'a set = (‘a = 'a) where
idmap A = (A\z€A. z)

definition
constmap :: ['a set, 'b set] = ('a ='b) where
constmap A B = (Az€A. SOME y. y € B)

definition
invfun :: ['a set, 'b set, 'a = 'b] = ('b = 'a) where
invfun A B (f = 'a = 'b) = (\yeB.(SOME z. (x € A N fz = y)))

abbreviation
INVFUN :: ['a ="', 'b set, 'a set] = ('b="a) («(3-71..)) [82,82,83]82) where
f_lB7A == invfun A B f

lemma eq-fun:[f € A - B;f=9g] = g€ A— B
(proof)

lemma eg-fun-eq-val: f = g = fx=gx

(proof)

lemma eg-elems-eq-val:x = y = fx = fuy
(proof)

lemma cmp-fun:[f € A— B,geB—-C]=cmpgfeAd—C
(proof)
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lemma cmp-fun-image:[f € A - B;ge B— C ] =
(empgf) “A= g (f"4)
(proof)

lemma cmp-fun-sub-image:[f € A - B; g€ B — C; Al C A] =
(cmp g f) “Al = g (f"Al)
(proof)

lemma restrict-fun-eq:Vz€A. fz = gz = (Az€A. fz) = (Az€A. g 1)
(proof )

lemma funcset-mem: [f € A - Bz € A] = fz € B

(proof)

lemma img-subset:f € A - B=—= f‘ACB
(proof )

lemma funcset-mem1:[VI€A. fl € Bz € A] = fz € B

(proof)

lemma func-to-img:f € A >B= fec A—f‘A
(proof)

lemma funcset-eq:[ f € extensional A; g € extensional A;Vz€A. fe =gz ] =
f=y9
(proof)

lemma eg-funcs:[f € A > B;ge A= B f=g €Al = fz=g=z
{proof )

lemma restriction-of-domain:[ f € A — B; Al C A] =
restrict f Al € Al — B
(proof )

lemma restrict-restrict:[ restrictf A € A — B; Al C A] =
restrict (restrict f A) Al = restrict f Al
(proof)

lemma restr-restr-eq:[ restrict f A € A — B; restrict f A = restrict g A;
Al C A ] = restrict f A1 = restrict g A1

(proof)

lemma funcTr:[ fe A—- B;ge A—> B;f=g;a€ Al = fa=ga
(proof)

lemma funcTri:f = g;a € Al = fa=ga

(proof)
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lemma restrictfun-im:[ (restrict f Ay € A — B; Al CA] =
(restrict f A) < A1 = f‘ Al
(proof)

lemma mem-in-image:[ f € A — B;a€ A] = fac f‘A
(proof)

lemma mem-in-imagel:[ VIEA. fl € B;a € Al = fac f‘A

{(proof)

lemma mem-in-image2:a € A = fa € f‘A
(proof)

lemma mem-in-image3:b € f ‘A= Ja € A. b= fa

(proof)

lemma elem-in-image2: [ f € A — B; Al C A;z € Al] = fz € f* Al
(proof)

lemma funcs-nonempty:[ A #{}; B#{}] = (4 — B) # {}
(proof)

lemma idmap-funcs: idmap A € A — A

{proof)

lemma [l-idmap-comp: [f € extensional A; f € A — B] =
compose A (idmap B) f = f
(proof)

lemma r-idmap-comp:[f € extensional A; f € A — B] =
compose A f (idmap A) = f
(proof)

lemma extend-fun: [f € A— B;BC Bl ]| = f€ A— Bl
(proof )

lemma restrict-fun: [ f € A — B; A1 C A ]| = restrict f Al € Al — B
(proof )

lemma set-of-hom: Vx € A. fx € B= restrict fA € A — B

(proof)

lemma composition : [ f € A— B; g€ B— C] = (compose Agf)e A— C

{proof)

lemma comp-assoc:[f € A —- B;ge B—- C;he C - D] =
compose A h (compose A g f) = compose A (compose B h g) f

14



(proof)

lemma restrictfun-inj: [ inj-on f A; A1 C A ]| = inj-on (restrict f A1) Al

{proof)

lemma restrict-inj:[inj-on f A; Al C A] = inj-on f Al
(proof)

lemma injective:[ inj-on fA;z € Ayye A4yl = fa#fy
{(proof)

lemma injective-iff:[ inj-on f A; x € A; y € A] =
(z=y)={z=17ry)
(proof)

lemma injfun-elim-image:[f € A — B; inj-on f A; z € A] =
frA—Az}) = 4) —{fz}
(proof)

lemma cmp-inj:[f € A — B; g € B — C; inj-on f A; inj-on g B] =
inj-on (ecmp g f) A
(proof)

lemma cmp-assoc:[f € A — B; g€ B— C;he C— D;z e A] =
(emp h (cmp g f)) © = (cmp (cmp h g) f) =
(proof)

lemma biwvar-fun: [f€e A —- (B— C);a€ A] = fa€ B— C
(proof)

lemma bivar-fun-mem: [f € A - (B— C);a€ A;be Bl = fabe C

(proof)

lemma bivar-func-eq:[Va€A. VOEB. fab=gab] =
(Az€A. \yeB. fzy) = (Az€A. A\y€B. gz y)
(proof)

lemma set-image: [ f € A — B; A1 C A; A2 CA] =
JAL 0 A2) C (f* A1) 0 (f* A2)
{proof)

lemma image-sub: [f € A - B; A1l CA] = (f‘A1) C B
(proof)

lemma image-sub0: f € A - B = (f‘'A) C B
(proof)

lemma image-nonempty:[f € A — B; A1 C A; A1 #{} | = f‘ A1 #{}
(proof)

15



lemma im-set-mono: [f €A — B; A1 C A2; A2 CA] = (f“ A1) C (f*A2)
{proof)

lemma im-set-un:| f€EA — B; A1 C A; A2 CA] =
f(A1 U A2) = (f'A1) U (f'A2)
(proof)

lemma im-set-unl:[VIEA. fl € B; A= A1 U A2] =
FAL U A2) = (A1) U f (A2)
(proof)

lemma im-set-un2:A = A1 U A2 = f‘A=f{A1)U f{(A2)
(proof )

definition
invim::['a = 'b, 'a set, 'b set] = 'a set where

invim fA B={z. z€A N fz € B}

lemma invim: [ f:A — B; B1 C B] = invim f A B1 C A
(proof)

lemma setim-cmpfn: [ f:A — B; ¢:B — C; Al CA]| =
(compose A g f)¢ Al = g(f* A1)
(proof)

definition
surj-to :: ['a = 'b, 'a set, 'b set] = bool where
surj-to fA B+— f‘A=1B

lemma surj-to-test:[ f € A — B; VbeB. Ja€A. fa=b] =
surj-to f A B
(proof)

lemma surj-to-image:f € A — B = surj-to f A (f * A)

(proof)

lemma surj-to-el:[ f € A — B; surj-to fA B] = VbeB. JacA. fa=1>
(proof )

lemma surj-to-ell:[ f € A — B; surj-to f A B; béB] = Ja€A. fa=b
(proof )

lemma surj-to-el2:[surj-to f A B; b € Bl = JacA. fa=1
(proof )

lemma compose-surj: [f:A — B; surj-to f A B; g : B — C; surj-to g B C']
= surj-to (compose A g f) A C
(proof)
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lemma cmp-surj: [f:A — B; surj-to f A B; g: B — C; surj-to g B C']
= surj-to (emp g f) A C
(proof)

lemma inj-onTr0:[ f € A — B;z € A;y € A injron fA; fe=fy] ==y
(proof)

lemma inj-onTri:[injon fA;x € A,y € A fe=fy) = z=y

{(proof)

lemma inj-onTr2:[inj-on f A; x € A; y € A; fa # fy] = x#y
(proof )

lemma comp-inj: [ f € A — B; inj-on f A; g € B — C; inj-on g B ]
= inj-on (compose A g f) A
(proof)

lemma cmp-inj-1: [ f € A — B; inj-on f A; g € B — C; inj-on g B ]
= inj-on (cmp g f) A
(proof)

lemma cmp-inj-2: [VI€A. f1 € B; inj-on f A;VkEB. gk € C; inj-on g B ]
= inj-on (cmp g f) A
(proof)

lemma invfun-mem:[ f € A — B; inj-on f A; surj-to f A B; b € B ]
= (invfun ABf)be A
(proof)

lemma inv-func:[ f € A — B; inj-on f A; surj-to f A B]
= (inyfun A Bf) e B— A
(proof )

lemma invfun-r:[ f€A — B; inj-on f A; surj-to f A B; b € B]
= f ((invfun A Bf) b) =b

(proof)

lemma invfun-l:[f € A — B; inj-on f A; surj-to f A B; a € A]
= (invfun A Bf) (fa) = a

(proof)

lemma invfun-inj:[f € A — B; inj-on [ A; surj-to f A B]
= inj-on (invfun A B f) B

{proof )

lemma invfun-surj:[f € A — B; inj-on f A; surj-to f A B]
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= surj-to (invfun A B f) B A
(proof)

definition
bij-to :: ['a = 'b, 'a set, 'b set] = bool where
bij-to f A B <— surj-to f A B A inj-on f A

lemma idmap-bij:bij-to (idmap A) A A
(proof)

lemma bij-invfun:[f € A — B; bij-to f A B] =
bij-to (invfun A B f) B A
(proof)

lemma l-inv-invfun:[ f € A — B; inj-on f A; surj-to f A B]
= compose A (invfun A B f) f = idmap A
(proof)

lemma invfun-meml!:[f € A — B; bij-to f A B; b € B] =
(invfun A Bf) be A
{proof)

lemma invfun-ri:[ feA — B; bij-to f A B; b € B
= [ ((invfun A B f) b) =
(proof)

lemma invfun-l1:[f € A — B; bij-to f A B; a € A]
= (invfun A Bf) (fa) =a
(proof)

lemma compos-invfun-r:[f € A — B; bij-tofAB; g€ A— C; h € B— C
g € extensional A; compose B g (invfun A B f) = h] =
g = compose A h f

(proof)

lemma compos-invfun-l:[f € A — B; bij-to fAB; g€ C — B; h € C — A4
compose C (invfun A B f) g = h; g € extensional C | =
g = compose C [ h
(proof)

lemma invfun-set:[f € A — B; bij-to f A B; C C B] =
f ((invfun A Bf)*C) = C
(proof)

lemma compos-bij:[f € A — B; bij-to f A B; g € B— C; bijto g B (] =
bij-to (compose A g f) A C
{proof )
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1.5 Nsets

definition
nset :: [nat, nat] = (nat) set where
nsetij={k. i <kAk<j}

definition
slide :: nat = nat = nat where
slideij==1+4j

definition
sliden :: nat = nat = nat where
sliden ij==3j — i

definition
jointfun :: [nat, nat = 'a, nat, nat = ’a] = (nat = 'a) where
(jointfun n fm g) = (M. if i < n then fielse g ((sliden (Suc n)) 7))

definition
skip :: nat = (nat = nat) where
skip i = (Az. (if i = 0 then Suc z else
(if x € {j. j < (i — Suc 0)} then z else Suc x)))

lemma nat-pos:0 < (l::nat)
(proof)

lemma Suc-pos:Suc k < r = 0 <r

(proof)

lemma nat-pos2:(k:nat) < r = 0 <r
(proof)

lemma eg-le-not:[(a:nat) < b;-a<b] = a=2>

(proof)

lemma im-of-constmap:(constmap {0} {a}) {0} = {a}
(proof)

lemma noteg-le-less:[ m < (nunat); m #n] = m <n

(proof)

lemma nat-not-le-less:(— (n:nat) < m) = (m < n)
(proof)

lemma self-le:(n::nat) < n

(proof)

lemma n-less-Suc:(n::nat) < Suc n

{(proof)
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lemma less-diff-pos:i < (nunat) = 0 < n — i
(proof)

lemma less-diff-Suc:i < (n:nat) = n — (Suc i) = (n — i) — (Suc 0)

(proof)

lemma less-pre-n:0 < n = n — Suc 0 < n
(proof)

lemma Nset-inc-0:(0::nat) € {i. i < n}

(proof)

lemma Nset-1:{i. i < Suc 0} = {0, Suc 0}
(proof)

lemma Nset-1-1:(k < Suc 0) = (k= 0 V k = Suc 0)
(proof)

lemma Nset-2:{i, j} = {j, i}
(proof)

lemma Nset-nonempty:{i. i < (n:nat)} # {}
(proof)

lemma Nset-leex € {i. i < n} = 2 <n

(proof)

lemma n-in-Nsetn:(n::nat) € {i. i < n}
(proof)

lemma Nset-pre:[ (z:nat) € {i. ¢ < (Sucn)}; z# Sucn] = z € {i. i < n}

(proof)

lemma Nset-prel:{i. i < (Suc n)} — {Suc n} = {i. i < n}
(proof)

lemma le-Suc-mem-Nsetn:x < Sucn = ¢ — Suc 0 € {i. i < n}

(proof)

lemma le-Suc-diff-le:x < Sucn =z — Suc 0 < n

(proof)

lemma Nset-not-pre:[ x ¢ {i. i < n}; z € {i. { < (Suc n)}] = = = Sucn
(proof)

lemma mem-of-Nset:z < (nunat) = x € {i. i < n}

(proof)
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lemma less-mem-of-Nset:x < (n:nat) = z € {i. i < n}
(proof)

lemma Nset-nset:{i. i < (Suc (n + m))} ={i. i < n} U
nset (Suc n) (Suc (n + m))
(proof)

lemma Nset-nset-1:[0 < n; i <n] = {j. j<n}={j.j<i} U
nset (Suc i) n

{(proof)

lemma Nset-img0:[f € {j. j < Suc n} = B; (f (Sucn)) € f“{j. j < n}] =
fAii<Suent =7 {j.j<n}
(proof)

lemma Nset-img:f € {j. j < Sucn} - B =
insert (f (Sue n) (. § < n}) = £ * {j. j < Suc n}
(proof)

primrec nasc-seq :: [nat set, nat, nat] = nat
where
dec-seq-0: nasc-seq A a 0 = a
| dec-seq-Suc: nasc-seq A a (Suc n) =
(SOME b. ((b € A) A (nasc-seq A a n) < b))

lemma nasc-seg-mem:[(a::nat) € A; = (Im. meA A (VzeA. z < m))] =
(nasc-seq A an) € A
(proof )

lemma nasc-seqn:[(a::nat) € 4; = (Im. meA A (VzeA. z < m))] =
(nasc-seq A a n) < (nasc-seq A a (Suc n))

(proof)

lemma nasc-seqnl:[(a::nat) € 4; = (Im. meA A Vz€ed. z < m))] =
Suc (nasc-seq A a n) < (nasc-seq A a (Suc n))
(proof)

lemma ubs-ez-n-mazTr:[(a::nat) € A; = (Im. meA N (Vz€eA. z < m))]
= (a + n) < (nasc-seq A a n)
(proof )

lemma ubs-ez-n-maz:[A # {}; A C {i. i < (nunat)}] =
Ilm. meA N (Vz€A. z < m)
(proof )

definition
n-max :: nat set = nat where
n-max A = (THEm. m € AN (Vz€A. © < m))
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lemma n-maz:[A C {i. i < (nunat)}; A # {}] =
(n-maz A) € AN Vz€A. xz < (n-maz A))
(proof )

lemma n-maz-eq-sets:[A = B; A # {}; In. AC{j. j < n}] =
n-maz A = n-maz B
(proof )

IN

lemma skip-mem:l € {i. i < n} = (skip (1) € {i. ¢

(proof)

(Suc n)}

lemma skip-fun:(skip i) € {i. i < n} — {i. i < (Suc n)}
(proof)

lemma skip-im-Tr0:z € {i. i < n} = skip 0 x = Suc z

(proof)

lemma skip-im-Tr0-1:0 < y = skip 0 (y — Suc 0) =y
{proof)

lemma skip-im-Tr1:[ i € {i. i < (Sucn)}; 0 < i;2<i— Sucl] =
skipix =z

(proof)

lemma skip-im-Tri-1:[ i € {i. i < (Sucn)}; 0 < 4z < i] =
skipixz ==z

(proof)

lemma skip-im-Tr1-2:[ i < (Sucn); ¢ < i) = skipiz =z

{(proof)

lemma skip-im-Tr2:[ 0 < ;7 € {i. i < (Sucn)}; i < z] =
skip i x = Suc z
(proof )

lemma skip-im-Tr2-1:[i € {i. i < (Suc n)}; i < 2] =
skip i x = Suc x
(proof)

lemma skip-im-Tr3:x € {i. i < n} = skip (Sucn) ¢ =z

(proof)

lemma skip-im-Trf:[z < Sucn; 0 < 2] = x — Suc 0 < n

{proof)

lemma skip-fun-im:i € {j. j < (Suc n)} =
(skip i) “{j. j < n} = ({j. j < (Suc n)} — {7})
(proof)
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lemma skip-fun-im1:[i € {j. j < (Suc n)}; z € {j. j < n}] =
(oroof) (skip i) x € ({j. j < (Suc n)} — {i})
proo,

lemma skip-id:l < i = skip il =1
(proof)

lemma Suc-neq:[0 < i; i — Suc 0 <[] = i # Suc
(proof)

lemma skip-il-neq-i:skip i | # 1
(proof)

lemma skip-inj:[i € {k. k < n}; je {k. k<n};i#j] =
skip k i # skip k j
(proof )

lemma le-imp-add-int: i < (jinat) = k. j =1+ k

{proof)

lemma jointfun-hom0:[ f € {j. j < n} = A; g {k. k<m} - B] =
(jointfun n fm g) € {l. 1 < (Suc (n + m))} - (AU B)
(proof)

lemma jointfun-mem:[Vj < (n:nat). fj € A;Vj<m.gj€ B;
I < (Suc (n + m))] = (jointfun n fmg)l e (AU B)
(proof)

lemma jointfun-inj:[f € {j. j < n} = B; inj-on f {j. j < n};
b f{jj<n}]=
ing-on (jointfun n f 0 (Ak€{0:nat}. b)) {j. j < Suc n}
(proof )

lemma slide-hom:i < j = (slide i) € {I. 1 < (j — 9)} — nset i j
(proof)

lemma slide-mem:[ i < j; l € {k. k < (j — i)}] = slide il € nset i j
(proof)

lemma slide-iM:(slide i) *{l. 0 < I} = {k. i < k}

(proof)

lemma jointfun-hom:[ f € {i. i <n} > A;9€{j.j<m} > B] =
(jointfun n fm g) € {j. j < (Suc (n + m))} - AU B

(proof )

lemma im-jointfunTrl:(jointfun n fm g) ‘{i. i < n} =f{i. i < n}

(proof)
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lemma im-jointfunTr2:(jointfun n f m g) ¢ (nset (Suc n) (Suc (n + m))) =
g9 ({j-j<m})
(proof)

lemma im-jointfun:[f € {j. 1 <n} —- A; g€ {j.j <m} - B] =
(jointfun n fm g) {j. 7 < (Suc (n + m))}) =
f.i<ntugdjj< m}
(proof )

lemma im-jointfuni:(jointfun n fm g) ({j. 7 < (Suc (n + m))}) =
fH7<nt Vg {jj<m}
(proof)

lemma jointfun-surj:[f € {j. j < n} = A; surj-to f {j. j < (n:nat)} A;
g € {j. 7 < (mnat)} — B; surj-to g {j. j < m} B] =
surj-to (jointfun n fm g) {j. j < Suc (n + m)} (AU B)

(proof)

lemma Nset-un:{j. j < (Suc n)} = {j. j < n} U {Suc n}
(proof)

lemma Nsetn-sub: {j. j < n} C {j. 7 < (Suc n)}
(proof )

lemma Nset-pre-sub:(0:nat) < k = {j. j < (k — Suc 0)} C {j. j < k}
(proof)

lemma Nset-pre-un:(0::nat) < k = {j. j < k} = {j. j < (k — Suc 0)} U {k}
(proof )

lemma Nsetn-sub-mem: [ € {j. j < n} = 1 € {j. j < (Suc n)}

(proof)

lemma Nsetn-sub-mem1:Vj. j € {j. j < n} — je€ {j. j < (Sucn)}
(proof)

lemma Nset-Suc:{j. j < (Suc n)} = insert (Suc n) {j. j < n}
(proof)

lemma nsetnm-sub-mem:Vj. j €nset n (n + m) — j € nset n (Suc (n + m))

(proof)

lemma Nset-0:{j. j < (0::nat)} = {0}
(proof )

lemma Nset-Suc0:{i. i < (Suc 0)} = {0, Suc 0}
(proof)
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lemma Nset-Suc-Suc:Suc (Suc 0) < n =
{j. 7 < (n — Suc (Suc 0)} ={j. j < n} —{n — Suc 0, n}
(proof)

lemma func-pre:f € {j. j < (Sucn)} - A= fe{j.j<n}— A

(proof)

lemma image-Nset-Suc:f “ ({j. j < (Suc n)}) =
insert (7 (Suc m)) (f * {j. j < n})
(proof)

definition
Nleast :: nat set = nat where
Nleast A = (THE a. (a € A N (Vz€A. a < 1))

definition
NIb :: [nat set, nat] = bool where
Nib An<+— (VacA. n < a)

primrec ndec-seq :: [nat set, nat, nat] = nat where
ndec-seq-0 :ndec-seq A a 0 = a
| ndec-seq-Suc:ndec-seq A a (Suc n) =
(SOME b. (b€ A) A b < (ndec-seq A a n)))

lemma ndec-seg-mem:[a € (A::nat set); = (Im. meA A Vaz€eA. m < 1))] =
(ndec-seq A an) € A
(proof)

lemma ndec-seqn:[a € (A:nat set);— (Im. meA AN Vzed. m < z))] =
(ndec-seq A a (Suc n)) < (ndec-seq A a n)
(proof )

lemma ndec-seqnl:[a € (A::nat set); = (Im. meA A VzeA. m < 1))] =
(ndec-seq A a (Suc n)) < (ndec-seq A a n) — 1

(proof )

lemma ex-NieastTr:[a € (A::nat set); = (Im. meA A (Vzed. m < 1))] =
(ndec-seq A an) < (a — n)

(proof )

lemma nat-le:((a::nat) — (a + 1)) < 0

(proof)

lemma ex-Nleast:(A::nat set) # {} = F!m. meA N (Vz€A. m < )
(proof)

lemma Nieast:(A:nat set) # {} = Nleast A € A N (Vaz€A. (Nleast A) < x)
(proof)
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1.5.1 Lemmas for existence of reduced chain.

lemma jointgd-tooll: 0 < i = 0 < i — Suc 0

(proof)

lemma jointgd-tool2: 0 < i = i = Suc (i — Suc 0)
(proof)

lemma jointgd-tool3:[0 < i; i < m] = i — Suc 0 < (m — Suc 0)

(proof)

lemma jointgd-tool:n < i = i — n = Suc( i — Suc n)
(proof)

lemma pos-prec-less:0 < i = i — Suc 0 < 1@
(proof )

lemma Un-less-Un:[f € {j. 7 < (Suc n)} — (X::'a set set);
AC U H{iJ < (Sucn)});
ie{j i< (Sucn)lje{l. 1< (Sucn)};i#jNficCfi]
= A C |J(compose {j. j < n} f (skip i) ‘{j. j < n})
(proof)

1.6 Lower bounded set of integers
definition Zset = {z. 3 (n::int). z = n}

definition
Zleast :: int set = int where
Zleast A = (THE a. (a € A N (Vz€A. a < 1)))

definition
LB :: [int set, int] = bool where
LBAn= (VacA. n < a)

lemma linorder-linearl:(m:int) < nV n < m

(proof)

primrec dec-seq :: [int set, int, nat] = int
where
dec-seq-0: dec-seq A a 0 = a
| dec-seq-Suc: dec-seq A a (Suc n) = (SOME b. ((b € A) A b < (dec-seq A a n)))

lemma dec-seg-mem:[a € A; A C Zset;— (Im. meA N (VzeA. m < 1))] =
(dec-seq A an) € A
(proof)

lemma dec-seqn:[a € A; A C Zset;= (Im. meA N Vz€eA. m < 1))] =
(dec-seq A a (Suc n)) < (dec-seq A a n)
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(proof)

lemma dec-seqni:[a € A; A C Zset;— (Im. meA A (Vzed. m < 1))] =
(dec-seq A a (Suc n)) < (dec-seq A a n) — 1
(proof)

lemma [bs-ex-ZleastTr:[a € A; A C Zset;= (Im. meA A (VzeA. m < 1))] =
(dec-seq A a n) < (a — int(n))
(proof)

lemma big-int-less:a — int(nat(abs(a) + abs(N) + 1)) < N
(proof)

lemma lbs-ex-Zleast:[A # {}; A C Zset; LB A n] = 3!m. meA A (Vazed. m <
z)
(proof)

lemma Zleast:[A # {}; A C Zset; LB A n] = Zleast A € A A
(VzeA. (Zleast A) < x)

(proof)

lemma less-convertl:[ a =c;a<b] = c<b
(proof)

lemma less-convert2:Jla = b; b < ¢] = a < ¢

(proof)

1.7 Augmented integer: integer and co—oo

definition
zag :: (int % int) set where
zag ={(z,y) |zy. 2 xy=0zint) N(y=—1Vy=0Vy=1)}

definition
zag-pl::[(int = int), (int * int)] = (int * int) where
zag-pl © y == if (snd  + snd y) = 2 then (0, 1)
else if (snd xz 4+ snd y) = 1 then (0, 1)
else if (snd  + snd y) = 0 then (fst z + fst y, 0)
else if (snd x + snd y) = —1 then (0, —1)
else if (snd x + snd y) = —2 then (0, —1) else undefined

definition
zag-t :: [(int * int), (int * int)] = (int * int) where
zag-t zy = (if (snd xz)x(snd y) = 0 then
(if 0 < (fst x)*x(snd y) + (snd x)*(fst y) then (0,1)
else (if (fst z)x(snd y) + (snd z)*(fst y) = 0
then ((fst x)*(fst y), 0) else (0, —1)))
else (if 0 < (snd x)*(snd y) then (0, 1) else (0, —1)))
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definition Ainteg = zag

typedef ant = Ainteg
morphisms Rep-Ainteg Abs-Ainteg
(proof )

definition
ant :: int = ant where
ant m = Abs-Ainteg( (m, 0))

definition
tna :: ant = int where
tna z = (if Rep-Ainteg(z) # (0,1) N Rep-Ainteg(z) # (0,—1) then
fst (Rep-Ainteg(z)) else undefined)

instantiation ant :: {zero, one, plus, uminus, minus, times, ord}
begin

definition
Zero-ant-def : 0 == ant 0

definition
One-ant-def : 1 == ant 1

definition
add-ant-def:
z+ w ==
Abs-Ainteg (zag-pl (Rep-Ainteg z) (Rep-Ainteg w))

definition
minus-ant-def : — z ==
Abs-Ainteg((— (fst (Rep-Ainteg 2)), — (snd (Rep-Ainteg 2))))

definition
diff-ant-def: z — (w:ant) == z + (—w)

definition
mult-ant-def:
Zx W ==

Abs-Ainteg (zag-t (Rep-Ainteg z) (Rep-Ainteg w))

definition
le-ant-def:
(zi:ant) < w == if (snd (Rep-Ainteg w)) = 1 then True
else (if (snd (Rep-Ainteg w)) = 0 then (if (snd (Rep-Ainteg z)) = 1
then False else (if (snd (Rep-Ainteg z)) = 0 then
(fst (Rep-Ainteg z)) < (fst (Rep-Ainteg w)) else True))
else (if snd (Rep-Ainteg z) = —1 then True else False))
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definition
less-ant-def: ((z::ant) < (w:ant)) == (z < w A z # w)

instance (proof)
end

definition
inf-ant :: ant (<00r) where
oo = Abs-Ainteg((0,1))

definition
an :: nat = ant where
an m = ant (int m)

definition
na :: ant = nat where
na z = (if (z < 0) then 0 else
if © # oo then (nat (tna z)) else undefined)

definition
UBset :: ant = ant set where
UBset z = {(xz::ant). z < z}

definition
LBset :: ant = ant set where
LBset z = {(z::ant). z < z}

lemma ant-z-in-Ainteg:(z::int, 0) € Ainteg
(proof)

lemma ant-inf-in-Ainteg:((0::int), 1) € Ainteg

(proof)

lemma ant-minf-in-Ainteg:((0::int), —1) € Ainteg
(proof)

lemma ant-0-in-Ainteg:((0::int), 0) € Ainteg
(proof)

lemma an-0[simpl:an 0 = 0

(proof)

lemma an-1[simpl:an 1 = 1
(proof)

lemma mem-ant:(a::ant) = —oo V (I (z::int). a = ant z) V a = oo

(proof)
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lemma minf:—oo = Abs-Ainteg((0,—1))
(proof)

lemma z-neg-inf[simp]:(ant z) # oo

(proof)

lemma z-neg-minf|[simp]:(ant z) # —oo
(proof)

lemma minf-neg-inf[simpl:—oo # o0

(proof)

lemma a-ipi[simpl:00 + 0o = 00

(proof)

lemma a-zpi[simp]:(ant z) + oo
(proof)

I
g

lemma a-ipz[simp]: oo + (ant z) = o0

(proof)

lemma a-zpz:(ant m) + (ant n) = ant (m + n)
(proof)

lemma a-mpi[simpl:—oc0 + c0 = 0

(proof)

lemma a-ipm[simpl:co + (—o00) = 0
(proof )

lemma a-mpm[simp]:—oo + (—o0) = —0c0
(proof )

lemma a-mpz[simpl:—oo + (ant m) = —oco
(proof )

lemma a-zpm[simpl:(ant m) + (—o0) = —o0
(proof )

lemma a-mdi[simpl:—00 — 00 = — 0
(proof)

lemma a-zdz:(ant m) — (ant n) = ant (m — n)
(proof)

lemma a-i-i[simp]:00 * 00 = 00

(proof)
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lemma a-0-i[simp]:0 * co = 0

(proof )

lemma a-i-0[simp]:00 * 0 = 0
(proof)

lemma a-0-m[simp]:0 * (—o0) = 0
(proof )

lemma a-m-0[simpl:(—o0) * 0 = 0
(proof )

lemma a-m-i[simp]:(—o0) * co = —o0
(proof )

lemma a-i-m[simp]:c0 x (—o00) = — 00
(proof )

lemma a-pos-i[simp]:0 < m = (ant m) * 00 = 0
(proof)

lemma a-i-pos[simp]:0 < m = oo * (ant m) = oo
(proof)

lemma a-neg-i[simp]:m < 0 = (ant m) * 0o = —0o0
(proof)
lemma a-i-neg[simpl:m < 0 = o0 * (ant m) = —oo
(proof)

lemma a-z-z:(ant m) * (ant n) = ant (m*n)

(proof)

lemma a-pos-m[simpl:0 < m = (ant m) x (—o0) = —c0
(proof )
lemma a-m-pos[simpl:0 < m = (—o0) * (ant m) = —oco
(proof )

lemma a-neg-m[simp]:m < 0 = (ant m) * (—o00) = o0

(proof)

lemma neg-a-m[simp|:m < 0 = (—o0) * (ant m) = oo
(proof)

lemma a-m-m[simp]:(—o0) * (—o0) = oo

(proof)
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lemma inj-on-Abs-Ainteg:inj-on Abs-Ainteg Ainteg
(proof)

lemma an-Suc:an (Suc n) = ann + 1

(proof)

lemma aeg-zeq [iff]: (ant m = ant n) = (m = n)
(proof)

lemma aminus:— ant m = ant (—m)

(proof)

lemma aminusZero:— ant 0 = ant 0
(proof)

lemma ant-0: ant 0 = (0::ant)

(proof)

lemma inf-neq-0[simpl:0o0 # 0

(proof)

lemma zero-neg-inf[simpl:0 # oo

(proof)

lemma minf-neg-0|[simpl:—oo # 0
(proof)

lemma zero-neg-minf[simp]:0 # —oo
(proof)

lemma a-minus-zero[simp]:—(0::ant) = 0
(proof)

lemma a-minus-minus: — (— z) = (z::ant)
(proof)

lemma aminus-0: — (— 0) = (0::ant)
(proof)

lemma a-a-2-0:[ 0 < z; a*x ant z = 0] = a =0

(proof)

lemma adiv-eq:[ z # 0; a * (ant 2) = b * (ant 2)] = a = b
(proof)

lemma aminus-add-distrib: — (z + w) = (— z) + (— w::ant)

(proof)
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lemma aadd-commute:(z::ant) + y =y + x
(proof)

definition
aug-inf :: ant set (<Z») where
Zoo = {(z::ant). z £ —o0 }

definition
aug-minf :: ant set (<Z_>) where
Z oo = {(z::ant). z # 00 }

lemma z-in-aug-inf:ant z € Z
(proof)

lemma Zero-in-aug-inf:0 € Z .,

(proof)

lemma z-in-aug-minf:ant z € Z7_
(proof)

lemma mem-aug-minf:a € Z_o, = a = — oo V (2. a = ant 2)

(proof)

lemma minus-an-in-aug-minf: — an n € Z_
(proof)

lemma Zero-in-aug-minf:0 € Z_

(proof)

lemma aadd-assoc-i: [t € Zoo; Yy € Zoo; 2€ Zoo| = (x+y) + 2=z + (y + 2)

{(proof)

lemma aadd-assoc-m: [t € Z_oo; Y € Z—oo; 2 € Z o] =
(z+y+z=2+(y+2)
(proof)

lemma aadd-0-r: © + (0::ant) = z

(proof)

lemma aadd-0-1: (0::ant) + z =z
(proof)

lemma aadd-minus-inv: (— z) + = = (0::ant)

(proof)

lemma aadd-minus-r: z + (— z) = (0::ant)

{(proof)

lemma ant-minus-inj:ant z # ant w = — ant z # — ant w
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(proof)

lemma aminus-mult-minus: (— (ant z)) * (ant w) = — ((ant z) * (ant w))

(proof)

lemma amult-commute: (z::ant) x y = y * x
(proof)

lemma z-le-i[simp]:(ant z) < co

{(proof)

lemma z-less-i[simp]:(ant z) < co
(proof)

lemma m-le-z:—co < (ant x)

(proof)

lemma m-less-z[simp|:—o0 < (ant x)
(proof)

lemma noninf-mem-Z:[z € Zoo; x # oo] = I (z::int). z = ant z

(proof)

lemma z-mem-Z:ant z € Z
(proof)

lemma inf-ge-any[simp]:z < oo

(proof)

lemma zero-lt-inf:0 < oo

{(proof)

lemma minf-le-any[simpl:—oco < z
(proof)

lemma minf-less-0:—oco0 < 0

(proof)

lemma ale-antisym[simp]:[(z::ant) < y; y <z ] =2z =y
(proof)

lemma z-gt-inf[simp]:oo < © = x = oo

(proof)

lemma Zinf-pOp-closed:[z € Zoo; Yy € Zoo] = 2+ y € Zo
(proof)

lemma Zminf-pOp-closed:[t € Z_o; Yy € Z_o] = 2+ ¥y € Z_
(proof)
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lemma amult-distribl:(ant z) # 0 =
(a + b) % (ant z) = a * (ant z) + b x (ant z)
(proof)

lemma amult-0-r:(ant z) * 0 = 0
(proof)

lemma amult-0-1:0 * (ant z) = 0

{(proof)

definition
asprod :: [int, ant] = ant (infixl ¢<x,> 200) where
m kg T ==
if £ = oo then (if 0 < m then oo else (if m < 0 then —oo else
if m = 0 then 0 else undefined))
else (if x = —oo then
(if 0 < m then —oo else (if m < 0 then oo else
if m = 0 then 0 else undefined))
else (ant m) * x)

lemma asprod-pos-inf[simpl:0 < m = m x, 00 = 00

(proof)

lemma asprod-neg-inf[simp]:m < 0 = m %, 00 = —00

(proof)

lemma asprod-pos-minf[simp|:0 < m = m *, (—o0) = (—00)

(proof)

lemma asprod-neg-minf[simp]:m < 0 = m %, (—00) = 00

(proof)

lemma asprod-mult: m *, (ant n) = ant(m * n)

(proof)

lemma asprod-1:1 %, z =z

(proof)

lemma agsprod-assoc-a:m *, (n *4 (ant T)) = (m * n) x4 (ant z)

(proof)

lemma agsprod-assoc:[m # 0; n # 0] = m x4 (n %4 ) = (m % n) *,

(proof)

lemma asprod-distribl:m # 0 => m %, (z + y) = (m *, ) + (M %4 y)

(proof)
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lemma asprod-0-z[simp|:0 *q © = 0

{proof)

lemma asprod-n-0:n *, 0 = 0

(proof)

lemma asprod-distrib2:[0 < i; 0 < j] = (i + J) *a & = (i *q ) + (J *q 2)
(proof)

lemma asprod-minus:x # —00 N & # 00 = — 2 %4 T = 2 *q (— )

(proof)

lemma asprod-div-eq:[n # 0; n %, . =n %, Yy = =y

(proof)

lemma asprod-0:z # 0; z % 2 = 0] = =0
(proof)

lemma asp-2-Z:z %, ant © € Z
(proof)

lemma tna-ant: tna (ant z) = z

(proof)

lemma ant-tna:x # oo A & # —o00 = ant (tna z) = z
(proof )

lemma ant-sol:[a € Zoo; b € Zo; ¢ € Zoo; bF 00;a=b+c] = a—b=c
(proof)

1.7.1 Ordering of integers and ordering nats

1.7.2 The < Ordering

lemma zneg-aneq:(n # m) = ((ant n) # (ant m))
(proof)

lemma ale:(n < m) = ((ant n) <(ant m))
(proof)

lemma aless:(n < m) = ((ant n) < (ant m))

(proof)

lemma ale-refl: w < (w::ant)
(proof)

lemma aeg-ale:(a::ant) = b= a < b
(proof )
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lemma ale-trans: [ (izant) < j;j< k] = i<k
(proof)

lemma aless-le-not-le: (w::ant) < 2) = (w <z A = 2 < w)

(proof)

instance ant :: order
(proof)

lemma ale-linear: (z::ant) < wV w < z
(proof)

instance ant :: linorder

(proof)

lemmas aless-linear = less-linear [where 'a = ant]

lemma ant-eq-0-conv [simp]: (ant n = 0) = (n = 0)

(proof)

lemma aless-zless: (ant m < ant n) = (m<n)
(proof)

lemma a0-less-int-conv [simpl: (0 < ant n) = (0 < n)

(proof)

lemma a0-less-1: 0 < (1::ant)

{(proof)

lemma a0-neg-1 [simp]: 0 # (1::ant)
(proof)

lemma ale-zle [simp]: ((ant ©) < (ant j)) = (i<j)

(proof)

lemma ant-1 [simp]: ant 1 = 1
(proof)

lemma zpos-apos:(0 < n) = (0 < (ant n))

(proof)

lemma zposs-aposss:(0 < n) = (0 < (ant n))
(proof)

lemma an-nat-pos[simp]:0 < an n

(proof)
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lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

lemma
(proof)

lemma

(proof)

lemma
(proof)

1.7.3

lemma

amult-one-l: 1 * (xz::ant) = z

amult-one-r:(z:ant)x 1 = x

amult-eq-eq-r:z # 0; ax ant z="bx ant z)] = a =b

amult-eq-eq-l:[z # 0; (ant z) x a = (ant 2) * b)) = a=b

amult-pos:[0 < b; 0 < 2] = x < (b *4 )

asprod-amult:0 < z => z %, © = (ant z) * «

amult-pos1:[0 < b; 0 < z] = z < ((ant b) * z)

amult-pos-mono-1:0 < w = (((ant w) * ) < ((ant w) x y)) = (z < y)

amult-pos-mono-r:0 < w = ((z * (ant w)) < (y * (ant w))) = (z < y)

apos-neg-minf:0 < a = a # —o0

asprod-pos-mono:0 < w => ((w %, ) < (w *4 y)) = (z < y)

a-inv:(azant) + b= 0 = a = —b

asprod-pos-pos:0 < x = 0 < intn *, T

asprod-1-z[simpl:1 %4 x =

asprod-n-1[simp]:in *, 1 = ant n

Aug ordering

aless-imp-le: © < (y:ant) = z < y
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(proof)

lemma gt-a0-ge-1:(0::ant) < v = 1 < z

(proof)

lemma gt-a0-ge-aN:[0 < z; N # 0] = (ant (int N)) < (int N) *, =
(proof)

lemma aless-le-trans:[(z::ant) < y; y < 2] = z < 2

{(proof)

lemma ale-less-trans:[(xz::ant) < y; y < 2] = z < 2
(proof)

lemma aless-trans:[(z::ant) < y; y < 2] = = < 2

(proof)

lemma ale-neg-less:[ (zant)< y; 2 £y = 2 < y
(proof)

lemma aneg-le:(— (z::ant) < y) = (y < 1)

(proof)

lemma aneg-less:(— z < (y::ant)) = (y < z)
(proof)

lemma aadd-le-mono:x < (y:ant) =z + 2 < y + 2

(proof)

lemma aadd-less-mono-z:(z::ant) < y = (¢ + (ant 2)) < (y + (ant 2))

{(proof)

lemma aless-le-suc[simp):(a:ant) < b= a+ 1 < b
(proof)

lemma aposs-le-1:(0::ant) < z = 1 < z

(proof)

lemma pos-in-aug-inf:(0::ant) < z = = € Z
(proof)

lemma aug-inf-noninf-is-z:[x € Zoo; & # 0] = Jz. x = ant z

(proof)

lemma aadd-two-pos:[0 < (z::ant); 0 < y] = 0 <z +y
(proof)

lemma aadd-pos-poss:[(0::ant) < x; 0 < y] = 0 < (z + y)
(proof)
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lemma aadd-poss-pos:[(0::ant) < z; 0 < y] = 0 < (z + y)
(proof)

lemma aadd-pos-le:0 < (a:ant) = b < a+ b

(proof)

lemma aadd-poss-less:[b # 00; b # —00; 0 < a] = b<a+ b
(proof)

lemma ale-neg:(0::ant) < z = (— z) < 0

(proof)

lemma ale-diff-pos:(z::ant) < y = 0 < (y — z)

(proof)

lemma aless-diff-poss:(z::ant) < y = 0 < (y — z)
(proof)

lemma ale-minus: (z::ant) <y = — y < — x

(proof)

lemma aless-minus:(z::ant) < y = — y < — x
(proof)

lemma aadd-minus-le:(a::ant) < 0 = a + b < b

(proof)

lemma aadd-minus-less:[b # —oco A b # o0; (azant) < 0] = a + b < b
(proof)

lemma an-inj:an n = an m = n = m

(proof)

lemma nat-eg-an-eq:n = m = an n = an m
(proof)

lemma aneg-natneq:(an n # an m) = (n £ m)
(proof)

lemma ale-natle: (an n < an m) = (n < m)

(proof)

lemma aless-natless:(an n < an m) = (n < m)
(proof)

lemma na-an:na (an n) = n

(proof)
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lemma asprod-ge:
0<b=N#*0= an N < int N %, b
(proof )

lemma an-npn:an (n + m) = an n + an m

(proof)

lemma an-ndn:n < m = an (m — n) =anm — an n
{proof)

1.8 Amin, amax

definition
amin :: [ant, ant] = ant where
amin zy = (if (z < y) then x else y)

definition
amaz :: [ant, ant] = ant where
amaz ¢y = (if (x < y) then y else x)

primrec Amin :: [nat, nat = ant] = ant
where
Amin-0 : Amin 0 f = (f 0)
| Amin-Suc :Amin (Suc n) f = amin (Amin n f) (f (Suc n))

primrec Amaz :: [nat, nat = ant] = ant
where
Amax-0 : Amaz 0 f = f 0
| Amaz-Suc :Amax (Suc n) f = amaz (Amaz n f) (f (Suc n))

lemma amin-ge:x < aminzy VvV y < amin z y

(proof)

lemma amin-le-l:amin z y < x
(proof)

lemma amin-le-r:amin zy < y

(proof)

lemma amaz-le:amaz 2y <z V amazzy < y
(proof)

lemma amaz-le-n:[z < n; y < n] = amazzy < n

(proof)

lemma amaz-ge-l:x < amax x y

(proof)

lemma amaz-ge-r:y < amaz x y
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(proof)

lemma amin-mem-i:[x € Zo; Yy € Zoo] = aminz y € Z

(proof)

lemma amaz-mem-m:[z € Z_o0; Yy € Z_oo] = amazzy € Z_
{proof)

lemma amin-commute:amin x y = amin y x

{(proof)

lemma amin-mult-pos:0 < z = amin (z %, ) (2 %4 Y) = 2 %4 amin x y

(proof)

lemma amin-amult-pos:0 < z =
amin ((ant z) * ) ((ant z) * y) = (ant 2) * amin z y

(proof)

lemma times-amin:[0 < a; amin (z * (ant a)) (y * (ant a)) < z * (ant a)] =
aminzy < z

(proof)

lemma Amin-memTr:f € {i. i < n} = Zoo —> Aminn f € Z

(proof)

lemma Amin-mem:f € {i. i < n} - Zo = Aminnf € Z

(proof)

lemma Amaz-memTr:f € {i. i <n} - Z_o — Amaznf € Z_

(proof)

lemma Amaz-mem:f € {i. i < n} - Z_oo = Amaznf € Z_

(proof)

lemma Amin-mem-mem:Vj< n. fj € Zoo = Aminn f € Z,

(proof)

lemma Amaz-mem-mem:Nj < n.fj€ Z_o = Amarnf € Z_

(proof)

lemma Amin-leTr:f € {i. i < n} - Zo — (Vje{i. i < n}. Amin n f < (f7))

(proof)

lemma Amin-le:[f € {j. j < n} = Zs;j€{k. k< n}] = Aminn f < (f7)
(proof)

lemma Amaz-geTr:f € {j. j < n} - Z_o — (Vje{j. j < n}. (fj) < Amaz n
)
(proof)
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lemma Amaz-ge:[f € {j. j<n} > Z_~;j€{j j<n}] =
(f7) < (Amaz n f)
(proof)

lemma Amin-mem-le:[Vj < n. (fj) € Zo;j€{j. 7 < n}] =
(Amin n f) < (f )
(proof)

lemma Amaz-mem-le:[Vj < n. (fj) € Z_x;j€{j. j<n}] =
(/) < (Amaz n f)
(proof)

lemma amin-gel:[(z::ant) < z; 2 < y] = z< aminzy

(proof)

lemma amin-gt:[(z::ant) < z; 2 < y| = z < aminz y
(proof )

(proof)

lemma Amin-gel:[Vj < (Suc n). fj € Zoo; Vi < (Sucn). z < (fj)] =
z < (Amin (Suc n) f)

(proof)

lemma amin-trans1:[z € Zoo; Yy € Zoo; 2 € Zoo; 2 < x| = amin z y < amin x
Y
(proof )

lemma inf-in-aug-inf:oo € Z

(proof)

1.8.1 Maximum element of a set of ants

primrec aasc-seq :: [ant set, ant, nat] = ant
where
aasc-seq-0 : aasc-seq A a 0 = a
| aasc-seq-Suc : aasc-seq A a (Suc n) =
(SOME b. (b € A) A (aasc-seq A a n) < b))

lemma aasc-seg-mem:[a € A; = (Im. meA N Vzed. z < m))] =
(aasc-seq A an) € A

(proof)
lemma aasc-seqn:[a € A; = (Im. meA A (VzeA. z < m))] =
)

(aasc-seq A a n) < (aasc-seq A a (Suc n)
(proof)
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lemma aasc-seqni:[a € A; = (Im. meA A (VzeA. z < m))] =
(aasc-seq A a n) + 1 < (aasc-seq A a (Suc n))
(proof)

lemma aubs-ez-n-mazTr:la € A; = (Im. meA N Vz€eA. z < m))] =
(a + an n) < (aasc-seq A a n)
(proof )

lemma aubs-ex-AMaz:[A C UBset (ant z); A # {}] = I!m. meA N (Va€A.
<m)

(proof)

definition
AMaz :: ant set = ant where
AMazr A= (THE m. m € AN (VzeA. z < m))

definition
AMin::ant set = ant where
AMin A = (THE m. m € A N (Vz€A. m < 1))

definition
rev-o :: ant = ant where
TEV-0 T = — T

lemma AMax:[A C UBset (ant 2); A # {}] =
(AMaz A) € AN (VzeA. z < (AMax A))
(proof )

lemma AMaz-mem:[A C UBset (ant 2); A # {}] = (AMaz A) € A
(proof)

lemma rev-map-nonempty:A # {} = rev-o ‘ 4 # {}
(proof)

lemma rev-map:rev-o € LBset (ant (—z)) — UBset (ant z)

(proof)

lemma albs-ex-AMin:[A C LBset (ant z); A # {}] = I!m. meA A (Vz€d. m
<)
(proof)

lemma AMin:[A C LBset (ant z); A # {}] =
(AMin A) € AN (VzeA. (AMin A) < z)
(proof)

lemma AMin-mem:[A C LBset (ant 2); A # {}] = (AMin A) € A
(proof )
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primrec ASum :: (nat = ant) = nat = ant
where
ASum-0: ASum f0 = f0
| ASum-Suc: ASum f (Suc n) = (ASum fn) + (f (Suc n))

lemma age-plus:[0 < (a:ant); 0 < bja+b<c]= a<c
(proof)

lemma age-diff-le:[(a::ant) < ¢; 0 < b)) = a — b < ¢

{(proof)

lemma adiff-le-adiff:a < (a’:ant) = a — b <a’' —b

(proof)

lemma aplus-le-aminus:[ @ € Z_o; D€ Z_; €€ Z_oo; —bE Z_ o] =
((a + b) < (c:ant)) = (a < ¢ —b)
(proof)

1.9 Cardinality of sets

cardinality is defined for the finite sets only
lemma card-eq:A = B = card A = card B

(proof)

lemma card0:card {} = 0
(proof)

lemma card-nonzero:[finite A; card A # 0] = A # {}
(proof)

lemma finitel:finite {a}
(proof)

lemma card!:card {a} = 1

(proof)

lemma nonempty-card-pos:|[finite A; A # {}] = 0 < card A
(proof)

lemma nonempty-card-pos1:[finite A; A # {}] = Suc 0 < card A
(proof)

lemma card1-tr0:[ finite A; card A = Suc 0; a € A = {a} = A
(proof)

lemma cardi-tri:(constmap {0::nat} {z}) € {0} — {z} A

surj-to (constmap {0::nat} {z}) {0} {z}
{proof)
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lemma card1-Tr2:[finite A; card A = Suc 0] =
Af. f € {0:nat} — A A surj-to f {0} A
(proof)

lemma card2:[ finite A; a € A; b € A; a # b ] = Suc (Suc 0) < card A
(proof)

lemma card2-inc-two:[0 < (n:nat); z € {j. j < n}] =
dye{jj<ntaz#y
(proof )

lemma Nset2-prepl:[finite A; card A = Suc (Suc n) | = Jz. z€4
(proof)

lemma ez-least-set:[A = {H. finite H AN P H}; H € A] =
JdK € A. (LEAST j. j € (card “* A)) = card K

(proof)

lemma Nset2-prep2:x € A= A — {z} U {z} = A
(proof)

lemma Nset2-finiteTr:V A. (finite A A(card A = Suc n) —
3f. fefii<n} = AAsurjtof {i.i<n} A)
(proof)

lemma Nset2-finite:[ finite A; card A = Suc n] =
Af. fe{i.i<n} = AANsurjtof{i.i<n} A
{proof )

lemma Nset2finite-inj-tr0:j € {i. i < (n:nat)} =
card ({i. it < n} — {j}) =n
(proof)

lemma Nset2finite-inj-tri:[ i < (nunat); j < n; fi=fji#j] =
feici<n} = {j}) =f"{ii<n}
(proof)

lemma Nset2finite-inj:[finite A; card A = Suc n; surj-to f {i. i < n} A] =
inj-on f {i. i < n}
(proof)

definition
zmax :: [int, int] = int where
zmaz ¢y = (if (x < vy) then y else x)
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primrec Zmaz :: [nat, nat = int] = int
where
Zmax-0 : Zmazxz 0 f = f 0
| Zmaz-Suc :Zmazx (Suc n) f = zmax (Zmaz n f) (f (Suc n))

lemma Zmazx-memTr:f € {i. i < (n:nat)} — (UNIV:int set) —
Zmazn f € f{i. ¢ <n}
(proof)

lemma zmaz-ge-riy < zmax x y

(proof)

lemma zmaz-ge-l:x < zmax x y

(proof)

lemma Zmaz-geTr:f € {j. j < (n:nat)} — (UNIV::int set) —
(Vieli. j < n}. (f)) < Zmaz n f)
(proof)

(n:nat)} — (UNIV:int set) =

lemma Zmaz-plusl:f € {j. j <
)¢ {ij<n}

((Zmaz n f) + 1
(proof)

lemma image-Nsetn-card-pos: 0 < card (f ‘{i. i < (n:nat)})
(proof)

lemma card-image-Nsetn-Suc
f € {j. j < Suc n} — B;
f(Suen) ¢ fo{jj<n}] =
card (f “{j. j < Suc n}) — Suc 0 =
Suc (card (f “{j. j < n}) — Suc 0)
{proof)
lemma slide-suryj:
<surj-to (slide ©) {I. 1 < (j — i)} (nset i j)» if <i < j» for ij :: nat
(proof)

lemma slide-inj:i < j = inj-on (slide 7) {k. k < (j — i)}

(proof)

lemma card-nset:i < (j :: nat) = card (nset i j) = Suc (j — 7)

(proof)

lemma sliden-hom:i < j = (sliden i) € nsetij — {k. k< (j — 1)}
(proof)

lemma slide-sliden:(sliden 7) (slide i k) = k

(proof)

47



lemma sliden-surj:i < j = surj-to (sliden i) (nset ij) {k. k < (j — i)}
(proof)

lemma sliden-inj: i < j = inj-on (sliden i) (nset i j)

(proof)

definition
transpos :: [nat, nat] = (nat = nat) where
transpos i j = (Mk. if k = i then j else if k = j then i else k)

lemma transpos-id:[ i < n;j<mn;i#j;ze{k k<n}—{ij}]
= transpos 1 jx = x
(proof )

lemma transpos-id-1:i < n; j < mn; i # j; o < n;z # iz # j] =
transpos 1 j T = T
(proof)

lemma transpos-id-2:i < n = transpos i n (Suc n) = Suc n

(proof)

lemma transpos-ij-1:[i < n;j < m;i#j] =
transpos © j © = j
(proof)

lemma transpos-ij-2:[i < n; j < n; { # j] = transpos i jj = i

(proof)

lemma transpos-hom:[i < n; j < n; i # j] =
(transpos i j) € {i. i < n} — {i. i < n}

(proof)

lemma transpos-mem:[i < n; j < n; i # j; | < n] =
(transpos i j 1) < n
(proof)

lemma transpos-inj:[i < n; j < n; i # j]
= inj-on (transpos i j) {i. i < n}

{proof)

lemma transpos-surjec:[i < n; j < n; i # j]
= surj-to (transpos i j) {i. i < n} {i. i < n}

(proof)

lemma comp-transpos:[i < n; j < n; i # j] =
Vk < n. (compose {i. i < n} (transpos i j) (transpos i j)) k = k

(proof)
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lemma comp-transpos-1:[i < n; j < n; i # j; k < n] =
(transpos i j) ((transpos i j) k) = k
(proof)

lemma cmp-transpost:[i < n;j < n; i # j; k < n] =
(emp (transpos i j) (transpos i j)) k = k
(proof)

lemma cmp-transpos:[i < n; i # n; a < (Suc n)] =
(e¢mp (transpos i n) (cmp (tmnspos n (Suc n)) (transpos i n))) a =
transpos i (Suc n) a

(proof)

lemma im-Nset-Suc:insert (f (Suc n)) (f “{i. i < n}) = f {i. i<(Suc n)}
(proof )

lemma Nset-injTr0:[f € {i. i < (Suc n)} — {i. i < (Suc n)};
inj-on f {i. i < (Suc n)}; f (Suc n) = Suc n] =
felici<n}— {i.i<n}Ainjonf{ii<n}

(proof)

(nunat)} — {i. i < n};
(ninat)}] = f“{i. i < n}={i. i <n}

lemma inj-surj:[f € {i. i
inj-on f {i.

IAIA

(proof)

lemma Nset-pre-mem:[f:{i. i<(Suc n)} —{i. i<(Suc n)};
ing-on f {i. i<(Suc n)}; f (Suc n) = Suc n; k < n] = fk € {i. i<n}
(proof )

lemma Nset-injTr1:[ V1 <(Suc n). f1 < (Suc n); inj-on f {i. i < (Suc n)};
f (Suc n) = Suc n | = inj-on f {i. i < n}

(proof)

lemma Nset-injTr2:[VI< (Suc n). f1 < (Suc n); inj-on f {i. i < (Suc n)};
f (Sucn)=Sucn] =VIi<n fl<n
(proof)

lemma TR-inj-inj:[VI< (Suc n). f1 < (Suc n); inj-on f {i. i < (Suc n)};
i < (Sucn);j<(Sucn);i<j]=
ing-on (compose {i. i < (Suc n)} (transpos i j) f) {i. ¢ < (Suc n)}
(proof )

lemma enumeration:[f € {i. i < (n:nat)} — {i. i < m}; inj-on f {i. i < n}]
= n<m
(proof )

lemma enumerate-1:[Vj < (n:nat). fj € A; Vj < (munat). gj € A;

inj-on f {i. i < n};inj-on g {j.j < m}l f4j.j<n}=A
g {jjsm=A]=n=m
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(proof)

definition
ninv :: [nat, (nat = nat)] = (nat = nat) where
ninv n f = (Aye{i. i < n}. (SOME z. (z < n Ay = fx)))

lemma ninv-hom:[f € {i. i < n} — {i. i < n}; inj-on f {i. i < n}] =
ninon f € {i.i <n} — {i.i<n}
(proof)

lemma ninv-r-inv:[f € {i. i < (nunat)} — {i. i < n}; inj-on f {i. i < n};
b<n] = f(ninunfb)=1»>
(proof)

lemma ninv-ing:[f € {i. i < n} = {i. i < n}; inj-on f {i. i < n}] =

inj-on (ninv n f) {i. i < n}

(proof)

1.9.1 Lemmas required in Algebra6.thy

lemma ge2-zmult-pos:
2<m=0<z=1<intmx*z

(proof)

lemma zmult-pos-mono:[ (0::int) < w; w x z < w * 2] = z < 2/
(proof)

lemma zmult-pos-mono-r:
[(0:int) < w; z % w < 2"+ w] = 2z < 2/

(proof)

lemma an-neg-inf:an n # oo
(proof)

lemma an-neqg-minf:an n # —oo

(proof)

lemma aeg-mult:[z # 0; a = b] = a * ant z = b * ant z
(proof)

lemma tna-0[simp):tna 0 = 0

(proof)

lemma ale-nat-le:(an n < an m) = (n < m)

(proof)

lemma aless-nat-less:(an n < an m) = (n < m)
(proof)
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lemma apos-natpos:[a # o0; 0 < a] = 0 < na a
(proof)
lemma apos-tna-pos:[n # oo; 0 < n] = 0 < tna n
(proof)
lemma apos-na-pos:[n # o0o; 0 < n] = 0 < nan
(proof)
lemma aposs-tna-poss:[n # o0o; 0 < n] = 0 < tna n
(proof)
lemma aposs-na-poss:[n # oo; 0 < n] = 0 < nan
(proof)
lemma nat-0-le: 0 < z ==> int (nat z) = z
(proof)
lemma int-e¢:m = n = int m = int n
(proof )
lemma boz-equation:[a = b; a = ¢] = b= ¢
(proof)
lemma aeg-nat-eq:[n # oco; 0 < n; m # oo; 0 < m] =
(n=m) = (nan = nam)
(proof)
lemma na-minf:na (—o0) = 0
(proof)
lemma an-na:fa # oo; 0 < a] = an (na a) = a
(proof)
lemma not-na-le-minf:— (an n < —o0 )
(proof )
lemma not-na-less-minf:— (an n < —o0)
(proof)
lemma not-na-ge-inf:— oo < (an n)
(proof)
lemma an-na-le:j < ann = naj<n
(proof )
lemma aless-neq :(z::ant) < y = x £ y

(proof)
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Chapter 2

Ordered Set

2.1 Basic Concepts of Ordered Sets

record ’a carrier =
carrier :: 'a set

record 'a Order = 'a carrier +
rel :: (Ya X 'a) set

locale Order =
fixes D (structure)
assumes closed: rel D C carrier D x carrier D
and refl: a € carrier D = (a, a) € rel D
and antisym: [a € carrier D; b € carrier D; (a, b) € rel D;
(bya) e rel D) = a=b
and trans: [a € carrier D; b € carrier D; ¢ € carrier D;
(a, b) € rel D; (b, ¢) € rel D] = (a, ¢) € rel D

definition
ole :: - = 'a = 'a = bool (infix (<1 60) where
a <pb<+— (a, b) €rel D

definition
oless :: - = 'a = 'a = bool (infix (<1 60) where
a<pb=a=xpbAa#hb

lemma Order-component:(E::'a Order) = ( carrier = carrier E, rel = rel E )

(proof)

lemma Order-comp-eq:[carrier (E::'a Order) = carrier (F::'a Order);
relE =rel F] = FE =F
(proof)
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lemma (in Order) le-rel:[a € carrier D; b € carrier D] =
(a = b) =((a, b) € rel D)
(proof)

lemma (in Order) less-imp-le:
[a € carrier D; b € carrier D; a < b] = a =< b

(proof)

lemma (in Order) le-refl:a € carrier D = a < a

(proof)

lemma (in Order) le-antisym:[a € carrier D; b € carrier D;
a3bhb=2a]l=a=0b

(proof)

lemma (in Order) le-trans:[a € carrier D; b € carrier D; ¢ € carrier D;
a3bhb=c]=a=<c
(proof)

lemma (in Order) less-trans:[a € carrier D; b € carrier D; ¢ € carrier D
a<bb=<c]l=a<c

(proof)

lemma (in Order) le-less-trans:[a € carrier D; b € carrier D; ¢ € carrier D;
a3bhb<c]=a<c

(proof)

lemma (in Order) less-le-trans:[a € carrier D; b € carrier D; ¢ € carrier D;
a<bb=c]=a<c

{(proof)

lemma (in Order) le-imp-less-or-eq:
[a € carrier D; b € carrier D] = (a < b) =(a < bV a =)
(proof)

lemma (in Order) less-neq: a < b = a # b
{proof)

lemma (in Order) le-neg-less: [a < b; a # b = a < b
{proof)

lemma (in Order) less-irrefl: [a € carrier D; a < a] = C

{proof)

lemma (in Order) less-irrefl”: a € carrier D = - a < a
(proof)

lemma (in Order) less-asym:
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(proof)

a € carrier D = b € carrier D = a < b=0bb<a = C
lemma (in Order) less-asym”:

(proof)

a € carrier D = b € carrier D = a < b= b < a

lemma (in Order) gt-than-any-outside:[A C carrier D; b € carrier D;
VieAd. z <0 = b¢ A

{(proof)

definition

Iod :: - = 'a set = - where
Iod DT =

D (carrier :== T, rel :== {(a, b). (a, b)) € rel DANa€ T ANbe T}
definition
Slod :: 'a Order = 'a set = 'a Order where

Slod D T = (carrier = T, rel = {(a, b). (a, b)) e relDANa€ T ANbe T}
lemma (in Order) Iod-self: D = Iod D (carrier D)
(proof )

lemma Slod-self:Order D = D = Slod D (carrier D)
(proof)

(proof)

lemma (in Order) Od-carrier:carrier (D(carrier :== S, rel :== R))) = S

lemma (in Order) Od-rel:rel (D(carrier :== S, rel := R)) = R
(proof)

lemma (in Order) Iod-carrier:

T C carrier D = carrier (Iod D T) = T
(proof)

lemma Slod-carrier:[Order D; T C carrier D] = carrier (Slod D T) = T
(proof)

lemma (in Order) Od-compare:(S = S’ A R = R’) = (D(carrier :== S, rel := R)|
= D(carrier :== S’, rel := R'))
(proof)

lemma (in Order) Iod-le:

[T C carrier Dyae T; b€ T] = (a Zjpqp 7 b) = (a 2 D)
(proof)

lemma Slod-le:[

C carrier Dy a € T; b € T] =
@ 251od p T b) = (a Zp b)
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(proof)

lemma (in Order) Iod-less:
[T Ccarrier D;ae T; b€ T] = (a <jpqap T b) = (a < D)
(proof)

lemma Slod-less:[T C carrier D; a € T; b € T] =
(¢ <5104 p 7 0) = (a <p b)
(proof)

lemma (in Order) Iod-Order:
T C carrier D = Order (Iod D T)

(proof)

lemma Slod-Order:[ Order D; T C carrier D] = Order (SIod D T)
(proof)

lemma (in Order) emptyset-lod:Order (Iod D {})
(proof)

lemma (in Order) Iod-sub-sub:
[SC T, TC carrier D] = Iod (Iod D T) S = Iod D S
(proof)

lemma Slod-sub-sub:
[SC T, TC carrier D] = Slod (SIod D T) S = Slod D S

(proof)

lemma rel-Slod:[Order D; Order E; carrier E C carrier D;
YV a€carrier E. ¥ becarrier E. (a < b) = (a <p b)] =
rel E = rel (Slod D (carrier E))

(proof)

lemma Slod-self-le:[Order D; Order E;
carrier B C carrier D;
V a€carrier E. ¥ becarrier E. (a =g b) = (a Xp b) | =
E = Slod D (carrier E)

(proof)
2.1.1 Total ordering

locale Torder = Order +
assumes le-linear: [a € carrier D; b € carrier D] =
a=<bVvb=a

lemma (in Order) Iod-empty-Torder: Torder (lod D {})
(proof)
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lemma (in Torder) le-cases:
[a € carrier D; b € carrier D; (a 2 b= C); (b 2 a = C)] = C
(proof )

lemma (in Torder) Order:Order D

(proof)

lemma (in Torder) less-linear:
a € carrier D = b € carrier D = a < bV a=bV b<a

{(proof)

lemma (in Torder) not-le-less:
a € carrier D = b € carrier D —
(ma=2b)=(b=<a)
(proof)

lemma (in Torder) not-less-le:
a € carrier D = b € carrier D =
(ma=<b)=(0b=a)
(proof)

lemma (in Order) Iod-not-le-less:[T C carrier D; a € T; b € T;
Torder (IOd D T)]] = (_‘ a j([od D T) b) =b <(10d D T) a

(proof)

lemma (in Order) Iod-not-less-le:[T C carrier D; a € T; b € T;
Torder (Iod D T)] = (— a =(Iod D T) b)=1" 2(lod D T) @

(proof)

2.1.2 Two ordered sets

definition
Order-Pow :: 'a set = 'a set Order  («(po -)» [999] 1000) where
po A =
(carrier = Pow A,
rel ={(X,Y). X€PowAANY € PowAANXCY})

interpretation order-Pow: Order po A
(proof )

definition

Order-fs :: 'a set = 'b set = (‘a set * (Ya = 'b)) Order where

Order-fs A B =

(carrier = {Z. 3A1f. A1 € Pow ANfe Al — B A

f € extensional A1l N Z = (A1, f)},

rel={Y. Y e ({Z 3A1f. A1 € Pow AN f € Al — B A [ € extensional Al
NZ=(A1,1)}) x {Z FA1f. A1 € Pow AN f e Al — B A f € extensional
Al
NZ= (AL, )}) A fst(fst Y) C fst (snd Y) A
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(Vae (fst (fst Y)). (snd (fst Y)) a = (snd (snd Y)) a)})

lemma Order-fs:Order (Order-fs A B)
(proof)

2.1.3 Homomorphism of ordered sets

definition
ord-inj :: [('a, 'm0) Order-scheme, ('b, 'm1) Order-scheme,
'a = 'b] = bool where
ord-inj D E f <— [ € extensional (carrier D) A
f € (carrier D) — (carrier E) A
(ing-on f (carrier D)) A
(V a€carrier D. ¥ becarrier D. (a <p b) = ((fa) <g (f 1))

definition
ord-isom :: [('a, 'm0) Order-scheme, (b, 'm1) Order-scheme,
'a = 'b] = bool where
ord-isom D E f <— ord-inj D E f A
(surj-to f (carrier D) (carrier E))

lemma (in Order) ord-inj-func:[Order E; ord-inj D E f] =
f € carrier D — carrier E

(proof)

lemma (in Order) ord-isom-func:[Order E; ord-isom D E f] =
f € carrier D — carrier E
(proof)

lemma (in Order) ord-inj-restrict-isom:[Order E; ord-inj D E f; T C carrier D]
= ord-isom (lod D T) (Iod E (f * T)) (restrict f T)
(proof)

lemma ord-inj-Srestrict-isom:[Order D; Order E; ord-inj D E f; T C carrier D]
= ord-isom (SIod D T) (Slod E (f * T)) (restrict f T)
(proof)

lemma (in Order) id-ord-isom:ord-isom D D (idmap (carrier D))
(proof)

lemma (in Order) ord-isom-bij-to:[Order E; ord-isom D E f] =
bij-to f (carrier D) (carrier E)
(proof )
lemma (in Order) ord-inj-mem:[Order E; ord-inj D E f; a € carrier D] =
(f a) € carrier E

(proof)

lemma (in Order) ord-isom-mem:[Order E; ord-isom D E f; a € carrier D] =
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(f a) € carrier E
(proof)

lemma (in Order) ord-isom-surj:[Order E; ord-isom D E f; b € carrier E] =
Jaccarrier D. b = fa

(proof)

lemma (in Order) ord-isom-surj-forall:[ Order E; ord-isom D E f] =
Vb € carrier E. Faccarrier D. b = fa

{(proof)

lemma (in Order) ord-isom-onto:[Order E; ord-isom D E f] =
f “ (carrier D) = carrier E
(proof)

lemma (in Order) ord-isom-inj-on:[Order E; ord-isom D E f] =
inj-on f (carrier D)
(proof)

lemma (in Order) ord-isom-inj:[Order E; ord-isom D E f;
a € carrier D; b € carrier D] = (a = b) = ((fa) = (f b))

(proof)

lemma (in Order) ord-isom-surj-to:[Order E; ord-isom D E f] =
surj-to f (carrier D) (carrier E)

(proof)

lemma (in Order) ord-inj-less:[Order E; ord-inj D E f; a € carrier D;
b € carrier D] = (a <p b) = ((fa) <g (f 1))
(proof)

lemma (in Order) ord-isom-less:[Order E; ord-isom D E f;
a € carrier D; b € carrier D] = (a <p b) = ((fa) <g (f 1))
(proof )

lemma (in Order) ord-isom-less-forall:[ Order E; ord-isom D E ] =
Va € carrier D. ¥ b € carrier D. (a <p b) = ((fa) < (f D))
(proof )

lemma (in Order) ord-isom-le:[Order E; ord-isom D E f;
a € carrier D; b € carrier D] = (a <p b) = ((fa) =g (f b))
(proof)

lemma (in Order) ord-isom-le-forall:[ Order E; ord-isom D E f] =
Ya € carrier D. ¥ b € carrier D. (a < b) = ((fa) <g (b))
(proof)

lemma (in Order) ord-isom-convert:[Order E; ord-isom D E f;
z € carrier D; a € carrier D] = (Vy€carrier D. (z <y — -y < a)) =
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(Vzecarrier E. ((fz) <p 2 — = z <g (f a)))
(proof)

lemma (in Order) ord-isom-sym:[Order E; ord-isom D E f] =
ord-isom E D (invfun (carrier D) (carrier E) f)

(proof)

lemma (in Order) ord-isom-trans:[Order E; Order F; ord-isom D E f;
ord-isom E F g | = ord-isom D F (compose (carrier D) g f)

{(proof)

definition
ord-equiv :: [-, ('b, 'm1) Order-scheme] = bool where
ord-equiv D E +— (3 f. ord-isom D E f)

lemma (in Order) ord-equiv:[Order E; ord-isom D E f] = ord-equiv D E
(proof)

lemma (in Order) ord-equiv-isom:[Order E; ord-equiv D E] =
df. ord-isom D E f
(proof)

lemma (in Order) ord-equiv-reflex:ord-equiv D D
(proof)

lemma (in Order) eq-ord-equiv:[Order E; D = E] = ord-equiv D E
(proof)

lemma (in Order) ord-equiv-sym:[Order E; ord-equiv D E | = ord-equiv E D
(proof)

lemma (in Order) ord-equiv-trans:[Order E; Order F'; ord-equiv D E;
ord-equiv E F]| = ord-equiv D F
(proof)

lemma (in Order) ord-equiv-box:[Order E; Order F; ord-equiv D E;
ord-equiv D F| = ord-equiv E F
(proof)

lemma Slod-isom-Iod:[Order D; T C carrier D | =
ord-isom (SIod D T) (Iod D T) (AzeT. z)

(proof)
definition
minimum-elem :: [- , 'a set, 'a] = bool where

minimum-elem = (AD X a. a € X A (Vz€X. a <p 7))

locale Worder = Torder +
assumes ez-minimum: ¥V X. X C (carrier D) AN X # {} —
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(3 z. minimum-elem D X x)

lemma (in Worder) Order:Order D
(proof)

lemma (in Worder) Torder:Torder D
(proof)

lemma (in Worder) Worder: Worder D
(proof)

lemma (in Worder) equiv-isom:[ Worder E; ord-equiv D E] =
df. ord-isom D E f
(proof)

lemma (in Order) minimum-elem-mem:[X C carrier D; minimum-elem D X a]
= ac X

(proof)

lemma (in Order) minimum-elem-unique:[X C carrier D; minimum-elem D X
al;

minimum-elem D X a2] = al = a2
(proof)

lemma (in Order) compare-minimum-elements:[S C carrier D; T C carrier D;
S C T; minimum-elem D S s; minimum-elem D Tt] = ¢t < s

(proof)

lemma (in Order) minimum-elem-sub:[T C carrier D; X C T]
= minimum-elem D X a = minimum-elem (lod D T) X a

{(proof)

lemma minimum-elem-Ssub:[Order D; T C carrier D; X C T
= minimum-elem D X a = minimum-elem (SIod D T) X a

(proof)

lemma (in Order) augmented-set-minimum:[X C carrier D; a € carrier D;
Y — {a} C X; y — {a} # {}; minimum-elem (Iod D X) (Y — {a}) z;
VzeX. ¢ < a] = minimum-elem (Iod D (insert a X)) Y x

(proof)

lemma augmented-Sset-minimum:[Order D; X C carrier D; a € carrier D;
Y — {a} C X; y — {a} # {}; minimum-elem (Slod D X) (Y — {a}) =;
VzeX. ¢ <p a] = minimum-elem (Slod D (insert a X)) Yz

(proof)

lemma (in Order) ord-isom-minimum:[Order E; ord-isom D F f;

S C carrier D; a € carrier D; minimum-elem D S a] =
minimum-elem E (f‘S) (f a)
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(proof)

lemma (in Worder) pre-minimum:[T C carrier D; minimum-elem D T t;
s€carrier D; s <pt]=-~se T

(proof)

lemma bez-nonempty-subset:da. a € A NP a —
{r.2e ANPz} CAAN{z. 2 € ANPz} #{}
(proof)

lemma (in Worder) to-subset:[T C carrier D; ord-isom D (Iod D T) f] =
Ya. a € carrier D — a < (f a)

(proof)

lemma to-subsetS:[ Worder D; T C carrier D; ord-isom D (Slod D T) f] =
Va. a € carrier D — a <p (f a)

(proof)

lemma (in Worder) isom-Worder:[Order T; ord-isom D T f] = Worder T
(proof)

lemma (in Worder) equiv-Worder:[Order T'; ord-equiv D T| = Worder T
(proof)

lemma (in Worder) equiv-Worderl:[Order T; ord-equiv T D] = Worder T
(proof)

lemma (in Worder) ord-isom-self-id:ord-isom D D f = f = idmap (carrier D)
(proof)

lemma (in Worder) isom-unique:| Worder E; ord-isom D E f; ord-isom D E g

= [=y
(proof)
definition
segment :: - = 'a = 'a set where

segment D a = (if a ¢ carrier D then carrier D else
{z. © <p a Az € carrier D})

definition
Ssegment :: 'a Order = 'a = 'a set where
Ssegment D a = (if a ¢ carrier D then carrier D else
{z. z <p a Az € carrier D})

lemma (in Order) segment-sub:segment D a C carrier D
(proof)

lemma Ssegment-sub:Ssegment D a C carrier D

(proof)
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lemma (in Order) segment-free:a ¢ carrier D =
segment D a = carrier D

(proof)

lemma Ssegment-free:a ¢ carrier D =
Ssegment D a = carrier D

(proof)

lemma (in Order) segment-sub-sub:[S C carrier D; d € S| =
segment (Iod D S) d C segment D d
(proof )

lemma Ssegment-sub-sub:[Order D; S C carrier D; d € §] =
Ssegment (Slod D S) d C Ssegment D d
(proof)

lemma (in Order) a-notin-segment:a ¢ segment D a

(proof)

lemma a-notin-Ssegment:a ¢ Ssegment D a

(proof)

lemma (in Order) Iod-carr-segment:
carrier (Iod D (segment D a)) = segment D a

(proof)

lemma Slod-carr-Ssegment: Order D —>
carrier (SIod D (Ssegment D a)) = Ssegment D a
(proof)

lemma (in Order) segment-inc:[a € carrier D; b € carrier D] =
(a < b) = (a € segment D b)
(proof)

lemma Ssegment-inc:[Order D; a € carrier D; b € carrier D] =
(a <p b) = (a € Ssegment D b)
(proof)

lemma (in Order) segment-incl:b € carrier D =
(a < b A aé€ carrier D) = (a € segment D b)

(proof)

lemma Ssegment-inc:[Order D; b € carrier D] =
(a <p b A a€ carrier D) = (a € Ssegment D b)
(proof)

lemma (in Order) segment-inc-if:[b € carrier D;a € segment D b] —
a=<b
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(proof)

lemma Ssegment-inc-if:[Order D; b € carrier D; a € Ssegment D b] =
a <p b
(proof)

lemma (in Order) segment-inc-less:[W C carrier D; a € carrier D;
y € W; z € segment (Iod D W) a; y < z] = y € segment (Iod D W) a
(proof)

lemma (in Order) segment-order-less:¥ becarrier D. ¥V z€ segment D b. ¥V y€ seg-
ment D b. (z < y) = (z ~(Iod D (segment D b)) v)
(proof )

lemma Ssegment-order-less:Order D —>
YV becarrier D. ¥ z€ Ssegment D b. ¥V y€ Ssegment D b.

(z<py =(z =(SIod D (Ssegment D b)) 0)
(proof)

lemma (in Order) segment-order-le:¥ b€ carrier D. ¥V € segment D b.
Vye segment D b. (z X y) = (z j([od D (segment D b)) v)
(proof)

lemma Ssegment-order-le:¥ b carrier D. ¥ x€ Ssegment D b.
Vye Ssegment D b. (z 2p y) = (= j(Slod D (Ssegment D b)) v)
(proof)

lemma (in Torder) lod-Torder:X C carrier D = Torder (Iod D X)
(proof)

lemma Slod-Torder:[Torder D; X C carrier D] = Torder (SIod D X)
(proof)

lemma (in Order) segment-not-inc:[a € carrier D; b € carrier D;
a < b = b ¢ segment D a

{(proof)

lemma Ssegment-not-inc:[Order D; a € carrier D; b € carrier D; a <p b] =
b ¢ Ssegment D a

(proof)

lemma (in Torder) segment-not-inc-iff:[a € carrier D; b € carrier D] =
(a X b) = (b¢ segment D a)
(proof )

lemma Ssegment-not-inc-iff :[ Torder D; a € carrier D; b € carrier D] =
(a <Xpb) = (b ¢ Ssegment D a)
(proof)
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lemma (in Torder) minimum-segment-of-sub:[X C carrier D;
minimum-elem D (segment (Iod D X) d) m | = minimum-elem D X m

(proof)

lemma (in Torder) segment-out:[a € carrier D; b € carrier D;
a < b] = segment (lod D (segment D a)) b = segment D a

(proof)

lemma (in Torder) segment-minimum-minimum:[X C carrier D; d € X;
minimum-elem (Iod D (segment D d)) (X N (segment D d)) m] =
minimum-elem D X m

(proof)

lemma (in Torder) segment-mono:[a € carrier D; b € carrier D] =
(a < b) = (segment D a C segment D b)

(proof)

lemma Ssegment-mono:[Torder D; a € carrier D; b € carrier D] =
(a <p b) = (Ssegment D a C Ssegment D b)

(proof)

lemma (in Torder) segment-le-mono:[a € carrier D; b € carrier D] =
(a = b) = (segment D a C segment D b)
(proof)

lemma Ssegment-le-mono:[ Torder D; a € carrier D; b € carrier D] =
(a =p b) = (Ssegment D a C Ssegment D b)
(proof)

lemma (in Torder) segment-inj:[a € carrier D; b € carrier D] =
(a = b) = (segment D a = segment D b)
(proof )

lemma Ssegment-inj:[ Torder D; a € carrier D; b € carrier D] =
(a = b) = (Ssegment D a = Ssegment D b)
{proof)

lemma (in Torder) segment-inj-neg:[a € carrier D; b € carrier D] =
(a # b) = (segment D a # segment D b)
(proof)

lemma Ssegment-inj-neq:[ Torder D; a € carrier D; b € carrier D] =
(a # b) = (Ssegment D a # Ssegment D b)
(proof)

lemma (in Order) segment-inc-psub:[x € segment D o] =
segment D x C segment D a

(proof)
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lemma Ssegment-inc-psub:[Order D; x € Ssegment D a] =
Ssegment D x C Ssegment D a

(proof)

lemma (in Order) segment-segment:[b € carrier D; a € segment D b] =
segment (lod D (segment D b)) a = segment D a

(proof)

lemma Ssegment-Ssegment:[Order D; b € carrier D; a € Ssegment D b] —
Ssegment (SIod D (Ssegment D b)) a = Ssegment D a
(proof)

lemma (in Order) Iod-segment-segment:a € carrier (Iod D (segment D b)) =
Iod (Iod D (segment D b)) (segment (Iod D (segment D b)) a) =
Tod D (segment D a)

(proof)

lemma Slod-Ssegment-Ssegment:[Order D; a € carrier (Slod D (Ssegment D b))]
=
Slod (SIod D (Ssegment D b)) (Ssegment (SIod D (Ssegment D b)) a) =
Slod D (Ssegment D a)

(proof)

lemma (in Order) ord-isom-segment-mem:[Order E,
ord-isom D E f; a € carrier D; © € segment D o | =
(f z) € segment E (f a)

(proof)

lemma ord-isom-Ssegment-mem:[Order D; Order E,
ord-isom D E f; a € carrier D; © € Ssegment D a] =
(f z) € Ssegment E (f a)
(proof)

lemma (in Order) ord-isom-segment-segment:[Order E;
ord-isom D E f; a € carrier D | =
ord-isom (Iod D (segment D a)) (lod E (segment E (f a)))
(Az€carrier (Iod D (segment D a)). f x)
(proof)

lemma ord-isom-Ssegment-Ssegment:[ Order D; Order E;
ord-isom D E f; a € carrier D | =
ord-isom (SIod D (Ssegment D a)) (Slod E (Ssegment E (f a)))
(Az€carrier (SIod D (Ssegment D a)). f )
(proof)

lemma (in Order) ord-equiv-segment-segment:
[Order E; ord-equiv D E; a € carrier D]
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= Jte€carrier E. ord-equiv (Iod D (segment D a)) (lod E (segment E t))

(proof)

lemma ord-equiv-Ssegment-Ssegment:

[Order D; Order E; ord-equiv D E; a € carrier D]

= Jt€carrier E. ord-equiv (Slod D (Ssegment D a)) (Slod E (Ssegment E t))
(proof)

lemma (in Order) ord-isom-restricted:
[Order E; ord-isom D E f; DI C carrier D] =
ord-isom (Iod D D1) (Iod E (f * D1)) (A\zeD1. f x)
(proof)

lemma ord-isom-restrictedS:
[Order D; Order E; ord-isom D E f; D1 C carrier D] =
ord-isom (SIod D D1) (SIod E (f * D1)) (AzeD1. f x)
(proof)

lemma (in Order) ord-equiv-induced:
[Order E; ord-isom D E f; DI C carrier D | =
ord-equiv (Iod D D1) (Iod E (f * D1))
(proof)

lemma ord-equiv-inducedsS:
[Order D; Order E; ord-isom D E f; D1 C carrier D | =
ord-equiv (STod D D1) (Slod E (f * D1))
(proof)

lemma (in Order) equiv-induced-by-inj:[ Order E; ord-inj D E f;
D1 C carrier D] = ord-equiv (Iod D D1) (Iod E (f  D1))
(proof)

lemma equiv-induced-by-injS:[Order D; Order E; ord-inj D E f;
D1 C carrier D] = ord-equiv (SIod D D1) (Slod E (f * D1))
(proof)

lemma (in Torder) le-segment-segment:[a € carrier D; b € carrier D] =
(a = b) = (segment (Iod D (segment D b)) a = segment D a)
(proof)

lemma le-Ssegment-Ssegment:[ Torder D; a € carrier D; b € carrier D] =
(a Xp b) = (Ssegment (Slod D (Ssegment D b)) a = Ssegment D a)
(proof)

lemma (in Torder) inc-segment-segment:[b € carrier D;
a € segment D b] = segment (lod D (segment D b)) a = segment D a

(proof)
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lemma (in Torder) segment-segment:[a € carrier D; b € carrier D] =
(segment (Iod D (segment D b)) a = segment D a) =
((segment D a) C (segment D b))

(proof)

lemma (in Torder) less-in-lod:[a € carrier D; b € carrier D; a < b]
= (a < b) = (a € carrier (lod D (segment D b)))
(proof)

definition
SS - = 'a set Order where
SS D = (carrier = {X. 3ac€carrier D. X = segment D a}, rel =
{XX. XX € {X. Jaccarrier D. X = segment D a} X
{X. Jaeccarrier D. X = segment D a} A ((fst XX) C (snd XX))} )

definition
segmap::- = 'a = 'a set where
segmap D = (Az€(carrier D). segment D x)

lemma segmap-func:segmap D € carrier D — carrier (SS D)
(proof)

lemma (in Worder) ord-isom-segmap: ord-isom D (SS D) (segmap D)
(proof)

lemma (in Worder) nonequiv-segment:a € carrier D =
= ord-equiv D (Iod D (segment D a))
(proof)

lemma nonequiv-Ssegment:[| Worder D; a € carrier D] =
= ord-equiv D (SIod D (Ssegment D a))
(proof)

lemma (in Worder) subset-Worder: T C carrier D =
Worder (Iod D T)

(proof)

lemma Slod- Worder:[ Worder D; T C carrier D] = Worder (SIod D T')
(proof)

lemma (in Worder) segment- Worder: Worder (Iod D (segment D a))
(proof)

lemma Ssegment- Worder: Worder D = Worder (SIod D (Ssegment D a))
(proof)
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lemma (in Worder) segment-uniquel:[a € carrier D; b € carrier D; a < b] =
= ord-equiv (Iod D (segment D b)) (Iod D (segment D a))
(proof )

lemma Ssegment-uniquel:[Worder D; a € carrier D; b € carrier D; a <p b] =
= ord-equiv (STod D (Ssegment D b)) (Slod D (Ssegment D a))
(proof)

lemma (in Worder) segment-unique:[a € carrier D; b € carrier D;
ord-equiv (Iod D (segment D a)) (Iod D (segment D b)) | = a = b
(proof)

lemma Ssegment-unique:[ Worder D; a € carrier D; b € carrier D;
ord-equiv (SIod D (Ssegment D a)) (SIod D (Ssegment D b)) | = a = b

(proof)

lemma (in Worder) subset-segment:[T C carrier D;
VoeT. Vz. 2 < bAx¢€ carrierD — z € T;
minimum-elem D (carrier D — T) a] = T = segment D a

(proof)

lemma subset-Ssegment:[ Worder D; T C carrier D;
VoeT. Vx. x <p bAz € carrier D — z € T;
minimum-elem D (carrier D — T) a] = T = Ssegment D a
(proof)

lemma (in Worder) segmentTr:[T C carrier D;
Vbe T.(Vz. (x <bAx € (carrier D) — z € T))] =
(T = carrier D) V (Fa. a € (carrier D) A T = segment D a)

{(proof)

lemma SsegmentTr:[ Worder D; T C carrier D;
Vbe T.(Vz. (z <pbAxe€ (carrierD) — z € T))] =
(T = carrier D) V (3a. a € (carrier D) AN T = Ssegment D a)
(proof)

lemma (in Worder) ord-isom-segment-segment:| Worder E,
ord-isom D E f; a € carrier D | =
ord-isom (Iod D (segment D a)) (lod E (segment E (f a)))
(Azecarrier (Iod D (segment D a)). f z)
(proof)
definition
Tw :: [-, ('b, 'm1) Order-scheme] = 'a = 'b («(2Tw-.)> [60,61]60) where
Twp, 7 = (Aa€ carrier D. SOME . x€carrier T' A
ord-equiv (Iod D (segment D a)) (Iod T (segment T x)))

lemma (in Worder) Tw-func:[ Worder T;
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Y a€carrier D. becarrier T. ord-equiv (lod D (segment D a))
(lod T (segment T b))] = Twp 1 € carrier D — carrier T

(proof)

lemma (in Worder) Tw-mem:[Worder E; x € carrier D;
Y a€carrier D. 3becarrier E. ord-equiv (Iod D (segment D a))
(lod E (segment E'b))] = (Twp g) = € carrier E

(proof)

lemma (in Worder) Tw-equiv:| Worder T
Y a€carrier D. 3becarrier T. ord-equiv (Iod D (segment D a))
(Iod T (segment T b)); © € carrier D | =
ord-equiv (lod D (segment D z)) (lod T (segment T ((Twp, T) )))

(proof)

lemma (in Worder) Tw-inj:[ Worder E;
Y a€carrier D. b€ carrier E. ord-equiv (Iod D (segment D a))
(lod E (segment E b))] = inj-on (Twp ) (carrier D)

{proof)

lemma (in Worder) Tw-eq-ord-isom:]| Worder E;
Y a€carrier D. 3 bcarrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b)); a € carrier D;
ord-isom (lod D (segment D a)) (Iod E (segment E (Tw D E a))) f;
z € segment Da] = fa=TwDEzx

(proof)

lemma (in Worder) Tw-ord-injTr:| Worder E;
Y a€carrier D. 3 b carrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b));
a € carrier D; b € carrier D; a < b] =
TwDEa~<p(TwDED)

(proof )

lemma (in Worder) Tw-ord-inj:[ Worder E,
Y a€carrier D. 3becarrier E. ord-equiv (Iod D (segment D a))
(lod E (segment E b))] = ord-inj D E (Tw D F)

(proof)

lemma (in Worder) ord-isom-restricted-by-Tw:[ Worder E;
Y a€carrier D. 3 becarrier E.
ord-equiv (lod D (segment D a)) (Iod E (segment E b));
D1 C carrier D] =
ord-isom (Iod D D1) (Iod E ((Tw D E) ‘ D1))
(restrict (Tw D E) D1)

(proof)

lemma (in Worder) Tw-segment-segment:[ Worder E;
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Y a€carrier D.3 becarrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b)); a € carrier D]
= Tw D E * (segment D a) = segment E (Tw D E a)

(proof)

lemma (in Worder) ord-isom-Tw-segment:[ Worder E;
Y a€carrier D. 3 becarrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b)); a€carrier D] =
ord-isom (lod D (segment D a)) (lod E (segment E (Tw D E a)))
(restrict (Tw D E) (segment D a))

(proof)

lemma (in Worder) well-ord-comparel:[ Worder F;
YV a€carrier D. 3 becarrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b))] =
(ord-equiv D E) V (3 c€carrier E. ord-equiv D (Iod E (segment E ¢)))

(proof)

lemma bez-nonempty-set:3z € A. Px = {z. 2 € ANPz} # {}

(proof)

lemma nonempty-set-sub:{z. t € AN Pz} # {} =
{z.z€e ANPz} CA

(proof)

lemma (in Torder) less-minimum:[minimum-elem D {z. x € carrier D A P z} d]
= Va. (((a < d) A\ a € carrier D) — — (P a))
(proof )

lemma (in Torder) segment-minimum-empty:[X C carrier D; d € X]| =
(minimum-elem D X d) = (segment (Iod D X) d = {})
(proof)

end

theory Algebra2
imports Algebral
begin

lemma (in Order) less-and-segment:b € carrier D =
(Va.((a < b A a€ carrier D) — (Q a))) =
(Y a€carrier (Iod D (segment D b)).(Q a))

(proof)

lemma (in Worder) Word-compare2:| Worder E;
= (Y a€ecarrier D. 3becarrier E. ord-equiv (Iod D (segment D a))
(Iod E (segment E b)))] =
3 cecarrier D. ord-equiv (Iod D (segment D ¢)) E
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(proof)

lemma (in Worder) Worder-equiv:[ Worder E;
Y a€carrier D. 3becarrier E. ord-equiv (Iod D (segment D a))
(Iod E (segment E b));
Y c€carrier E. Adecarrier D. ord-equiv (Iod E (segment E ¢))
(Iod D (segment D d))] = ord-equiv D E

(proof)

lemma (in Worder) Worder-equivl:[ Worder E; — ord-equiv D E] —>
= ((V a€carrier D. 3 becarrier E.
ord-equiv (Iod D (segment D a)) (Iod E (segment E b))) A
(V cecarrier E. 3 decarrier D.
ord-equiv (Iod E (segment E ¢)) (lod D (segment D d))))

(proof)

lemma (in Worder) Word-compare: Worder E —>
(Faccarrier D. ord-equiv (Iod D (segment D a)) E) V ord-equiv D E V
(3 becarrier E. ord-equiv D (lod E (segment E b)))

(proof)

lemma (in Worder) Word-compareTr1:[ Worder E;
Jaccarrier D. ord-equiv (Iod D (segment D a)) E; ord-equiv D E | =
False

(proof)

lemma (in Worder) Word-compareTr2:[ Worder E; ord-equiv D E;
Jbecarrier E. ord-equiv D (Iod E (segment E b))] = False

(proof)

lemma (in Worder) Word-compareTr3:[ Worder E;
Fbecarrier E. ord-equiv D (lod E (segment E b));
Jaccarrier D. ord-equiv (Iod D (segment D a)) E] = False

(proof)

lemma (in Worder) subset-equiv-segment:S C carrier D —
ord-equiv D (Iod D S) V
(3 a€carrier D. ord-equiv (Iod D S) (Iod D (segment D a)))
(proof)

definition

ordinal-number :: 'a Order = 'a Order set where
ordinal-number S = {X. Worder X A ord-equiv X S}

definition
ODnums :: 'a Order set set where
ODnums = {X. 3S. Worder S A X = ordinal-number S}

definition
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ODord :: ['a Order set, 'a Order set] = bool (infix «C» 60) where
XCVY+«+— (3ze X. Jye Y. (3cccarrier y. ord-equiv z (lod y (segment y

©))))

definition
ODord-le :: ['a Order set, 'a Order set] = bool (infix <C» 60) where
XCY+—=X=YVODordXY

definition
ODrel :: ((('a Order) set) x (("a Order) set)) set where
ODrel = {Z. Z € ODnums x ODnums N ODord-le (fst Z) (snd Z)}

definition
ODnods :: ('a Order set) Order where
ODnods = (carrier = ODnums, rel = ODrel |

lemma Worder-ord-equivTr:[ Worder S; Worder T| =
ord-equiv S T = (3f. ord-isom S T f)
(proof)

lemma Worder-ord-isom-mem:[ Worder S; Worder T; ord-isom S T f; a € carrier
S]

= fa € carrier T
(proof )

lemma Worder-refl: Worder S = ord-equiv S S

(proof)

lemma Worder-sym:[ Worder S; Worder T; ord-equiv S T | = ord-equiv T S
(proof)

lemma Worder-trans:[ Worder S; Worder T; Worder U; ord-equiv S T'; ord-equiv
T U] = ord-equiv S U
(proof)

lemma ordinal-inc-self: Worder S = S € ordinal-number S

(proof)

lemma ordinal-number-eq:[ Worder D; Worder E] =
(ord-equiv D E) = (ordinal-number D = ordinal-number E)
(proof)

lemma mem-ordinal-number-equiv:[ Worder D;
X € ordinal-number D] = ord-equiv X D

(proof)

lemma mem-ordinal-number- Worder:[ Worder D;
X € ordinal-number D] = Worder X

(proof)
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lemma mem-ordinal-number-Worder1:[x € ODnums; X € z] = Worder X
(proof)

lemma mem-ODnums-nonempty:X € ODnums = Jx. z € X

(proof)

lemma carr-ODnods: carrier ODnods = ODnums
(proof)

lemma ordinal-number-mem-carrier-ODnods:
Worder D — ordinal-number D € carrier ODnods

(proof)

lemma ordinal-number-mem-ODnums:
Worder D = ordinal-number D € ODnums

(proof)

lemma ODordTr1: | Worder D; Worder E] =
(ODord (ordinal-number D) (ordinal-number E)) =
(3be carrier E. ord-equiv D (Iod E (segment E b)))

(proof)

lemma ODord: [Worder D; d € carrier D] =
ODord (ordinal-number (Iod D (segment D d))) (ordinal-number D)

(proof)

lemma ord-less-ODord:[Worder D; ¢ € carrier D; d € carrier D;
a = ordinal-number (Iod D (segment D c));
b = ordinal-number (Iod D (segment D d))] =
c<pd= alCb

(proof)

lemma ODord-le-ref:[X € ODnums; Y € ODnums; ODord-le X Y; YC X | =
X=Y

(proof)

lemma ODord-le-trans:[X € ODnums; Y € ODnums; Z € ODnums; X C Y; YV
C7]

= XLCZ
(proof )

lemma ordinal-numberTrl: X € carrier ODnods —> 3 D. Worder D N D € X

(proof)

lemma ordinal-numberTri-1: X € ODnums =—> 3 D. Worder D N D € X

{(proof)

lemma ordinal-numberTri-2:[x € ODnums; S € z; T € z] =
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ord-equiv S T
(proof)

lemma ordinal-numberTr2:[ Worder D; x = ordinal-number D] =
Dex

(proof)

lemma ordinal-numberTr3:[ Worder D; Worder F; ord-equiv D F;
z = ordinal-number D] = x = ordinal-number F

{(proof)

lemma ordinal-numberTr):[Worder D; X € carrier ODnods; D € X | =
X = ordinal-number D

(proof)

lemma ordinal-numberTr5:[x € ODnums; D € x] = = = ordinal-number D

(proof)

lemma ordinal-number-ord:[ X € carrier ODnods; Y € carrier ODnods] =
ODord X YV X =YV ODord Y X

(proof)

lemma ODnum-subTr:[ Worder D; x = ordinal-number D; y € ODnums; y C z; Y
€ 4]

(proof)

= Jcecarrier D. ord-equiv Y (Iod D (segment D c))

lemma ODnum-segmentTr:[ Worder D; x = ordinal-number D; y € ODnums; y C
7] =

Jec. cecarrier D A (Y Ye€y. ord-equiv Y (Iod D (segment D c)))
(proof)

lemma ODnum-segmentTr1:[Worder D; x = ordinal-number D; y € ODnums; y
C z]
= Jc¢. ¢ € carrier D A (y = ordinal-number (Iod D (segment D c)))

(proof)

lemma ODnods-less:[z € carrier ODnods; y € carrier ODnods] =

T <ODnods ¥ = TL Y
(proof)

lemma ODord-less-not-eq:[z € carrier ODnods; y € carrier ODnods; ¢ C y] =

Ty
(proof)

lemma not-ODord:[a € ODnums; b € ODnums; a T b] = = (b C a)

{(proof)

lemma Order-ODnods: Order ODnods
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(proof)

lemma Torder-ODnods: Torder ODnods
(proof)

definition
ODNmap :: 'a Order = ('a Order) set = 'a where
ODNmap D y = (SOME z. (z € carrier D A
(V Yey. ord-equiv Y (Iod D (segment D z)))))

lemma ODNmap-mem:[ Worder D; x = ordinal-number D; y € ODnums; ODord
yz] =
ODNmap D y € carrier D A
(VYey. ord-equiv Y (Iod D (segment D (ODNmap D y))))

(proof)

lemma ODNmapTr1:[Worder D; © = ordinal-number D; y € ODnums; ODord y
7] =

y = ordinal-number (lod D (segment D (ODNmap D y)))
(proof)

lemma ODNmap-self:[ Worder D; ¢ € carrier D;
a = ordinal-number (Iod D (segment D ¢))] = ODNmap D a = ¢

(proof)

lemma ODord-ODNmap-less:[ Worder D; ¢ € carrier D;
a = ordinal-number (Iod D (segment D ¢)); d € carrier D;
b = ordinal-number (Iod D (segment D d)); a C b] =
ODNmap D a <p (ODNmap D b)

(proof)

lemma ODNmap-mem1: [Worder D; y € segment ODnods (ordinal-number D)]
= ODNmap D y € carrier D

(proof)

lemma ODnods-segment-inc-ODord:[ Worder D;
y € segment ODnods (ordinal-number D)] = ODord y (ordinal-number D)

{proof)

lemma restict-ODNmap-func:[ Worder D; x = ordinal-number D] —>
restrict (ODNmap D) (segment ODnods (ordinal-number D))
€ segment ODnods (ordinal-number D) — carrier D

(proof)

lemma ODNmap-ord-isom:[ Worder D; x = ordinal-number D] —>
ord-isom (Iod ODnods (segment ODnods x)) D
(Az€(carrier (Iod ODnods (segment ODnods x))). (ODNmap D x))

(proof)
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lemma ODnum-equiv-segment:[ Worder D; x = ordinal-number D] —
ord-equiv (Iod ODnods (segment ODnods x)) D

(proof)

lemma ODnods-sub-carrier:S C ODnums = carrier (Iod ODnods S) = S

(proof)

lemma ODnum-sub-well-ordered:S C ODnums = Worder (lod ODnods S)
(proof)

2.2 Pre elements

definition
EzPre :: - = 'a = bool where
ExPre D a <— (3z. ¢ € carrier D A z <p a
A = (y€carrier D. x <p y Ay <p a))

definition
Pre :: [-, 'a] = 'a where
Pre D a = (SOME z. x € carrier D A

T <paA
- (Jyecarrier D. x <p y ANy <p a))

lemma (in Order) Pre-mem:[a € carrier D; ExPre D a] =
Pre D a € carrier D
(proof )

lemma (in Order) Not-ExPre:a € carrier D => — ExPre (Iod D {a}) a

(proof)

lemma (in Worder) UniquePre:[a € carrier D; ExPre D a;
al € carrier D A al < a A = (Jy€carrier D. (al <y ANy < a)) ] =
Pre D a = al

(proof)

lemma (in Order) Pre-element:[a € carrier D; ExPre D o] =
Pre D a € carrier D A (Pre D a) < a A
- (yecarrier D. (Pre D a) < y Ay < a))
(proof)

lemma (in Order) Pre-in-segment:[a € carrier D; ExPre D a] =
Pre D a € segment D a
(proof )

lemma (in Worder) segment-forall:[a € segment D b; b € carrier D;

xz € segment D b; © < a; VyEsegment D b. x < y — =y < a] =
Vyecarrier D. x < y — -y < a

76



(proof)

lemma (in Worder) segment-Ezpre:a € segment D b —>
EzPre (lod D (segment D b)) a = EzPre D a

(proof)

lemma (in Worder) Pre-segment:[a € segment D b;
EzPre (Iod D (segment D b)) o] =
ExzPre D a A Pre D a = Pre (Iod D (segment D b)) a

{(proof)

lemma (in Worder) Pre2segment:[a € carrier D; b € carrier D; b < a;
EzPre D b] = ExPre (Iod D (segment D a)) b

(proof)

lemma (in Worder) ord-isom-Prel:[Worder E; a € carrier D; ExPre D a;
ord-isom D E f] = EzPre E (f a)

(proof)

lemma (in Worder) ord-isom-Prell:[Worder E; a € carrier D; ord-isom D E f]
= FzPre D a = EzPre E (f a)

(proof)

lemma (in Worder) ord-isom-Pre2:[ Worder E; a € carrier D; ExPre D a;
ord-isom D E f] = f (Pre D a) = Pre E (f a)
(proof)

2.3 Transfinite induction

lemma (in Worder) transfinite-induction:[minimum-elem D (carrier D) s0; P s0;
Vtecarrier D. ((V u€ segment D t. P u) — P t)] = Vaz€carrier D. P x

(proof)

2.4 Ordered-set?2. Lemmas to prove Zorn’s lemma.

definition
adjunct-ord ::[- , 'a] = - where
adjunct-ord D a = D (carrier := carrier D U {a},
rel == {(z,y). (z, y) € rel D V
(z € (carrier D U {a}) Ay = a)})

lemma (in Order) carrier-adjunct-ord:
carrier (adjunct-ord D a) = carrier D U {a}

(proof)

lemma (in Order) Order-adjunct-ord:a ¢ carrier D —>
Order (adjunct-ord D a)

(proof)
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lemma (in Order) adjunct-ord-large-a:[Order D; a ¢ carrier D] —>
Vaecarrier D. & <qdiunct-ord D a @

(proof)

lemma carr-Ssegment-adjunct-ord:[Order D; a ¢ carrier D] =
carrier D = (Ssegment (adjunct-ord D a) a)

(proof)

lemma (in Order) adjunct-ord-selfD:a ¢ carrier D =
D = Iod (adjunct-ord D a) (carrier D)

(proof)

lemma Ssegment-adjunct-ord:[Order D; a ¢ carrier D] =
D = Slod (adjunct-ord D a) (Ssegment (adjunct-ord D a) a)

(proof)

lemma (in Order) Torder-adjunction:[X C carrier D; a € carrier D;
VzeX. z = a; Torder (Iod D X)] = Torder (Iod D (X U {a}))

(proof)

lemma Torder-Sadjunction:[Order D; X C carrier D; a € carrier D;
VzeX. z <p a; Torder (SIod D X)] = Torder (Slod D (X U {a}))

(proof)

lemma (in Torder) Torder-adjunct-ord:a ¢ carrier D =
Torder (adjunct-ord D a)

(proof)

lemma (in Order) well-ord-adjunction:[X C carrier D; a € carrier D;
VzeX. z = a; Worder (Iod D X)] = Worder (Iod D (X U {a}))

(proof)

lemma well-ord-Sadjunction:[Order D; X C carrier D; a € carrier D;
VzeX. z 2p a; Worder (Slod D X)] = Worder (SIod D (X U {a}))
(proof)

lemma (in Worder) Worder-adjunct-ord:a ¢ carrier D —
Worder (adjunct-ord D a)

(proof)
2.5 Zorn’s lemma
definition

Chain :: - = 'a set = bool where
Chain D C <— C C carrier D A Torder (Iod D C)

definition
upper-bound :: [-, 'a set, 'a] = bool
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(«(8ub1/ -/ -)» [100,101]1100) where
ubp S b +— b€ carrier D A (Vs€S. s <p b)

definition
inductive-set :: - = bool where
inductive-set D <— (V C. (Chain D C — (3b. ubp C'b)))

definition
mazimal-element :: [-, 'a] = bool (<(mazimaly/ -)» [101]100) where
mazimalp m <— m € carrier D A (Y b€carrier D. m <p b — m = b)

definition
upper-bounds::[-, 'a set] = 'a set where
upper-bounds D H = {z. ubp H z}

definition
Sup :: [, 'a set] = 'a where
Sup D X = (THE z. minimum-elem D (upper-bounds D X) x)

definition
S-inductive-set :: - = bool where
S-inductive-set D <— (V¥ C. Chain D C —
(Fz€carrier D. minimum-elem D (upper-bounds D C) x))

lemma (in Order) mem-upper-bounds:[X C carrier D; b € carrier D;
VeeX. oz 2 b = ub X b
(proof)

lemma (in Order) Torder-Chain:[X C carrier D; Torder (Iod D X)]
= Chain D X

{(proof)

lemma (in Order) Chain-Torder:Chain D X =
Torder (Iod D X)

(proof)

lemma (in Order) Chain-sub:Chain D X — X C carrier D

(proof)

lemma (in Order) Chain-sub-Chain:[Chain D X; Y C X | = Chain D Y
(proof)

lemma (in Order) upper-bounds-sub:X C carrier D =
upper-bounds D X C carrier D

(proof)

lemma (in Order) Sup:[X C carrier D; minimum-elem D (upper-bounds D X) a]
. Sup D X = a
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(proof)

lemma (in Worder) Sup-mem:[X C carrier D; 3b. ub X b] =
Sup D X € carrier D

(proof)

lemma (in Order) S-inductive-sup:[S-inductive-set D; Chain D X]| =
minimum-elem D (upper-bounds D X) (Sup D X)
{proof)

lemma (in Order) adjunct-Chain:[Chain D X; b € carrier D; VzeX. ¢ < b] =
Chain D (insert b X)

(proof)

lemma (in Order) S-inductive-sup-mem:[S-inductive-set D; Chain D X]| =
Sup D X € carrier D
(proof )

lemma (in Order) S-inductive-Sup-min-bounds:[S-inductive-set D; Chain D X;
ub X b = Sup DX =<b
(proof)

lemma (in Order) S-inductive-sup-bound:[S-inductive-set D; Chain D X] —
VzeX. z % (Sup D X)
(proof)

lemma (in Order) S-inductive-Sup-in-ChainTr:
[S-inductive-set D; Chain D X; ¢ € carrier (Iod D (insert (Sup D X) X));
Sup D X ¢ X;
V yecarrier (Iod D (insert (Sup D X) X)).
¢ =Jod D (insert (Sup D X) X) ¥ = 7Y =Iod D (insert (Sup D X) X) Sup D
X] =
¢ € upper-bounds D X
(proof)

lemma (in Order) S-inductive-Sup-in-Chain:[S-inductive-set D; Chain D X;
EzPre (lod D (insert (Sup D X) X)) (Sup D X)] = Sup D X € X
(proof)

lemma (in Order) S-inductive-bounds-compare:[S-inductive-set D; Chain D X1
Chain D X2; X1 C X2] = upper-bounds D X2 C upper-bounds D X1

(proof)

lemma (in Order) S-inductive-sup-compare:[S-inductive-set D; Chain D X1;
Chain D X2; X1 C X2] = Sup D X1 < Sup D X2
{proof)

definition
Wa :: [-, 'a set, 'a = 'a, 'a] = bool where
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Wa D Wga<— W C carrier D A Worder (Ied D W) ANae€ WA (NzeW. a
jD :L') A
(VzeW. (if (ExPre (Iod D W) z) then g (Pre (Iod D W) z) = x else
(if a # x then Sup D (segment (Iod D W) z) = z else a = a)))

definition
WWa :: [-, 'a = 'a, 'a] = 'a set set where
WWa D ga={W. WaDWga}

lemma (in Order) mem-of-WWa:[W C carrier D; Worder (Iod D W); a € W,
(VzeW. a < z);
(VzeW. (if (ExPre (Iod D W) z) then g (Pre (Iod D W) z) = x else
(if a # x then Sup D (segment (Iod D W) z) = z else a = a)))] =
We WWaDga
(proof)

lemma (in Order) mem-WWa-then: W € WWa D g a = W C carrier D A
Worder (Iod D W) ANa € WA (NVzeW. a < z) A
(VzeW. (if (ExPre (Iod D W) ) then g (Pre (Iod D W) z) = x else
(if a # x then Sup D (segment (Iod D W) z) = z else a = a)))

(proof)

lemma (in Order) mem-wwa-Worder:W € WWa D g a = Worder (lod D W)
(proof)

lemma (in Order) mem-WWa-sub-carrier:W € WWa D g a = W C carrier D

(proof)

lemma (in Order) Union- W Wa-sub-carrier:] (WWa D g a) C carrier D
(proof)

lemma (in Order) mem-WWa-inc-a:W € WWa D ga = a € W

(proof)

lemma (in Order) mem-WWa-Chain:W € WWa D g a = Chain D W
(proof)
lemma (in Order) Sup-adjunct-Sup:[S-inductive-set D;

f € carrier D — carrier D; a € carrier D; Y x€carrier D. ¢ < f x;

We WWaD fa; Sup DW ¢ W]
= Sup D (insert (Sup D W) W) = Sup D W

(proof)

lemma (in Order) BNTr!:a € carrier D = Worder (Iod D {a})
(proof)

lemma (in Order) BNTr2:[f € carrier D — carrier D; a € carrier D;
Vazecarrier D. x X (fz)] = {a} € WWa D fa
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(proof)

lemma (in Order) BNTr2-1:[f € carrier D — carrier D; a € carrier D;
Vaecarrier D. z = (fz); We WWa D fa] = VzeW.a <z

(proof)

lemma (in Order) BNTr3:[f € carrier D — carrier D; a € carrier D;
Vaeccarrier D. x < (fz); W € WWa D f o] = minimum-elem (Iod D W)
Wa

(proof)

lemma (in Order) Adjunct-segment-sub:[S-inductive-set D; Chain D X| =
segment (lod D (insert (Sup D X) X)) (Sup D X) C X
{proof)

lemma (in Order) Adjunct-segment-eq:[S-inductive-set D; Chain D X;
Sup D X ¢ X] =
segment (lod D (insert (Sup D X) X)) (Sup D X) = X
(proof)

definition
fizp :: 'a = 'a, 'a] = bool where
fixp fa +— fa=a

lemma (in Order) fixp-same:[ W1 C carrier D; W2 C carrier D; t € W1;
b € carrier D; ord-isom (lod D W1) (Iod (Iod D W2) (segment (Iod D W2) b))
g;
YV uesegment (Iod D W1) t. fizp g u] =
segment (Iod D W1) t = segment (lod D W2) (g t)

(proof)

lemma (in Order) BNTr4-1:[f € carrier D — carrier D; a € carrier D;
b € carrier D; ¥ z€carrier D. x < (fz); W1 € WWa D fa; W2 € WWa D f

a;
ord-isom (Iod D W1) (Iod D (segment (Iod D W2) b)) g] =
VeeWl. gz =1z

(proof)

lemma (in Order) BNTr4-2:[f € carrier D — carrier D; a € carrier D;
b € carrier D; ¥V z€carrier D. x <X (fx); W1 € WWa D fa; W2 € WWa D

fa
ord-equiv (Iod D W1) (Iod D (segment (Iod D W2) b))] =
W1 = segment (Iod D W2) b

(proof)

lemma (in Order) BNTr4:[f € carrier D — carrier D; a € carrier D;
Vazecarrier D. x <X (fz); Wi € WWa D fa; W2 € WWa D f a;
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dbecarrier D. ord-equiv (Iod D W1) (Iod D (segment (Iod D W2) b))] =
w1 C W2
(proof)

lemma (in Order) Iod-same:A = B = Iod D A = Iod D B
(proof)

lemma (in Order) eq-ord-equivTr:[ord-equiv D E; E = F| = ord-equiv D F
(proof)

lemma (in Order) BNTr5:[f € carrier D — carrier D; a € carrier D;
Vz€carrier D. © X (fz); W1 € WWa D fa; W2 € WWa D f q;
ord-equiv (Iod D W1) (lIod D W2)] = W1 C W2

{proof)

lemma (in Order) BNTr6:[f € carrier D — carrier D; a € carrier D;
Vazecarrier D. z < (fz); W1 € WWa D fa; W2 € WWa D fa; WI C W2] =
(becarrier (Iod D W2). ord-equiv (Iod D W1) (Iod D (segment (Iod D W2) b)))

(proof)

lemma (in Order) BNTr6-1:[f € carrier D — carrier D; a € carrier D;
Vazecarrier D. z < (fz); W1 € WWa D fa; W2 € WWa D fa; WI C W2] =
(3 becarrier (Iod D W2). W1 = (segment (lod D W2) b))

(proof)

lemma (in Order) BNTr7:[f € carrier D — carrier D; a € carrier D;
Vazecarrier D. x <X (fz); Wi € WWa D fa; W2 € WWa D fa] =
Wi c we2v w2 c Wi

(proof)

lemma (in Order) BNTr7-1:[f € carrier D — carrier D; a € carrier D;
Vazecarrier D. x X fa;x € W; W e WWa D fa; za € |J (WWa D f a);
T4 <1od D (U (WWa D f a)) I]] = xza € W
{proof)

lemma (in Order) BNTr7-1-1:[f € carrier D — carrier D; a € carrier D;
Vz€carrier D. ¢ X fa;x € W; W e WWa D fa;za €|y (WWa D fa);
Ta < 2] = za € W

(proof)

lemma (in Order) BNTr7-2: [f € carrier D — carrier D; a € carrier D
Vaecarrier D. x < fz; x € J(WWa D f a); ExPre (Iod D (J(WWa D f a)))

z]
= VWeWWa D fa. (x € W— EzPre (Iod D W) z)

{(proof)

lemma (in Order) BNTr7-3: [f € carrier D — carrier D; a € carrier D
Vazecarrier D. x < fx; x € J(WWa D f a); ExPre (Iod D (J(WWa D f a)))

z ]
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= VWeWWa D fa. (x € W — Pre (Iod D (J(WWa D fa))) x = Pre (Iod
D W) x)
(proof)

lemma (in Order) BNTr7-4:[f € carrier D — carrier D; a € carrier D;
Vaccarrier D. x X fo; 0 € W; We WWa D fa] =
EzPre (Iod D (J(WWa D f a))) © = ExPre (Iod D W) z

(proof)

lemma (in Order) BNTr7-5: [f € carrier D — carrier D; a € carrier D;
Vazecarrier D. x X fa;z € W; W € WWa D f d]
= (segment (Iod D (J(WWa D f a))) z) = segment (Iod D W) x
(proof)

lemma (in Order) BNTr7-6:[f € carrier D — carrier D;
a € carrier Dy Vaz€carrier D. x X (fz)] = a € |J(WWa D f a)

(proof)

lemma (in Order) BNTr7-7:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; ¥V x€carrier D. z 2 (fz); 3za. Wa D za fa N © € 2a] =
z e J(WWa D fa)

(proof)

lemma (in Order) BNTr7-8:[S-inductive-set D; f € carrier D — carrier D; a €
carrier D; VY x€carrier D. © < (fz); 3za. Wa D za fa N\ © € za] = z € carrier
D

(proof)

lemma (in Order) BNTr7-9:[f € carrier D — carrier D; a € carrier D;
Vaecarrier D. z = (fz); z € J(WWa D fa) ]| = z € carrier D

(proof)

lemma (in Order) BNTr7-10:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; YV xz€carrier D. © < (fz); W € WWa D fa; Sup D W ¢ W]
—
= ExPre (lod D (insert (Sup D W) W)) (Sup D W)
(proof )

lemma (in Order) BNTr7-11:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; b € carrier D; Y x€carrier D. x <X fx; W € WWa D f a;
VeeW.z <2 byz e W] =

ExPre (Iod D (insert b W)) z = ExPre (Iod D W) z

(proof)

lemma (in Order) BNTr7-12:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; b € carrier D; Y x€carrier D. x <X fz; W € WWa D f a;
VeeW. ¢ < b; x € W; ExPre (Iod D W) z] =

Pre (Iod D (insert b W)) ¢ = Pre (Iod D W) z
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(proof)

lemma (in Order) BNTr7-13:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; b € carrier D; Y x€carrier D. x <X fx; W € WWa D f a;
VeeW.z < bz e W] =

(segment (Iod D (insert b W)) z) = segment (Iod D W) z

(proof )

lemma (in Order) BNTr7-14:[S-inductive-set D; f € carrier D — carrier D;
a € carrier Dy Vaz€carrier D. x <X (fz); W e WWa D fa] =
(insert (Sup D W) W) € WWa D fa
(proof)

lemma (in Order) BNTr7-15:[S-inductive-set D; f € carrier D — carrier D;

a € carrier D; ¥V x€carrier D. x X (fz); W € WWa D f a;

f (Sup D W) # Sup D W] =

EzPre (Iod D (insert (f (Sup D W)) (insert (Sup D W) W))) (f (Sup D W))
(proof)

lemma (in Order) BNTr7-16:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; ¥ x€carrier D. x X (fz); W € WWa D f a;
f (Sup D W) # (Sup D W)] =
Pre (Iod D (insert (f (Sup D W)) (insert (Sup D W) W))) (f (Sup D W)) =
(Sup D W)
(proof)

lemma (in Order) BNTr7-17:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; Y x€carrier D. x <X (fz); W € WWa D fa] =
(insert (f (Sup D W)) (insert (Sup D W) W)) € WWa D fa
(proof)

lemma (in Order) BNTr8:[f € carrier D — carrier D; a € carrier D;
Vaze€carrier D. ¢ < (fz)] = U (WWa D fa) € (WWa D fa)
(proof)

lemma (in Order) BNTr10:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; YV x€carrier D. z <X (fz)] =
(Sup D (U(WWa D fa))) € (U(WWa D fa))
(proof)

lemma (in Order) BNTr11:[S-inductive-set D; f € carrier D — carrier D;
a € carrier D; Vaz€carrier D. z < (fz)] =
f (Sup D (U(WWa D fa))) = (Sup D (U(WWa D f a)))
(proof)

lemma (in Order) Bourbaki-Nakayama:[S-inductive-set D;
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f € carrier D — carrier D; a € carrier D; ¥V z€carrier D. © < (f 2)] =
Jz0€carrier D. fx0 = z0

(proof)

definition
mazl-fun :: - = 'a = 'a where
mazl-fun D = (Ax€carrier D. if 3y. ye(upper-bounds D {z}) N y # x then
SOME z. z € (upper-bounds D {z}) A z # x else x)

lemma (in Order) mazl-funTr:[z € carrier D;

Jy. y € upper-bounds D {z} N y # 2] =

(SOME z. z € upper-bounds D {z} A z # z) € carrier D
(proof )

lemma (in Order) mazl-fun-func:mazl-fun D € carrier D — carrier D

(proof)

lemma (in Order) mazl-fun-gt:[x € carrier D;
Jye carrier D. z I yAhzx#y] =
z X (mazl-fun D z) A (maxl-fun D ) # z

(proof)

lemma (in Order) mazl-fun-mazl:[z € carrier D; mazl-fun D z = z |
= mazimal

(proof)

lemma (in Order) mazl-fun-asc:¥Y x€carrier D. © < (mazl-fun D x)
(proof)

lemma (in Order) S-inductive-mazl:[S-inductive-set D; carrier D # {}] =
Im. mazimal m

(proof)

lemma (in Order) mazimal-mem:mazimal m = m € carrier D
(proof)

definition
Chains :: - = ('a set) set where
Chains D == {C. Chain D C}

definition
family-Torder:: - = ('a set) Order
(«(fTo -)» [999]1000) where
fTo D = (carrier = Chains D , rel = {Z. Z € (Chains D) x (Chains D) N (fst
7) C (snd 2)})

lemma (in Order) Chain-mem-fTo:Chain D C = C € carrier (fTo D)
(proof)
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lemma (in Order) fTOrder:Order (fTo D)
(proof)

lemma (in Order) fTo-Order-sub:[A € carrier (fTo D); B € carrier (fTo D)]

{(proof)

lemma (in Order) mem-fTo-Chain:X € carrier (fTo D) = Chain D X
(proof)

lemma (in Order) mem-fTo-sub-carrier:X € carrier (fTo D) = X C carrier D

(proof)

lemma (in Order) Un-fTo-Chain:Chain (fTo D) CC = Chain D (|J CC)
(proof)

lemma (in Order) Un-fTo-Chain-mem-fTo:Chain (fTo D) CC =
(U €C) € carrier (fTo D)
(proof)

lemma (in Order) Un-upper-bound: Chain (fTo D) C =
U C € upper-bounds (fTo D) C
(proof )

lemma (in Order) fTo-conditional-inc-C:C € carrier (fTo D) =
C € carrier (Iod (fTo D) {S € carrier fTo D. C C S})
(proof )

lemma (in Order) fTo-conditional-Un-Chain-mem1: [C € carrier (fTo D);
Chain (lod (fTo D) {S € carrier (fTo D). C C S}) Ca; Ca # {}] =
U Ca € upper-bounds (Iod (fTo D) {S € carrier fTo D. C C S}) Ca

(proof)

lemma (in Order) fTo-conditional-minl: [C' € carrier (fTo D);
Chain (lod (fTo D) {S € carrier (fTo D). C C S}) Ca; Ca # {}] =
minimum-elem (lod (fTo D) {S € carrier fTo D. C C S})
(upper-bounds (Iod (fTo D) {S € carrier (fTo D). C C S}) Ca) (lJ Ca)
(proof)

lemma (in Order) fTo-conditional-Un-Chain-mem2: [C' € carrier (fTo D);
Chain (Iod (fTo D) {S € carrier fTo D. C C S}) Ca; Ca = {}] =
C € upper-bounds (Iod (fTo D) {S € carrier (fTo D). C C S}) Ca
(proof)

lemma (in Order) fTo-conditional-min2: [C' € carrier (fTo D);
Chain (Iod (fTo D) {S € carrier (fTo D). C C S}) Ca; Ca = {}] =
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minimum-elem (lod (fTo D) {S € carrier fTo D. C' C
(upper-bounds (Iod (fTo D) {S € carrier (fTo D). C

(proof)

S1)
C 5}) Co) C

lemma (in Order) fTo-S-inductive:S-inductive-set (fTo D)
(proof)

lemma (in Order) conditional-min-upper-bound: [C' € carrier (fTo D);
Chain (Iod (fTo D) {S € carrier fTo D. C C S}) Ca] =
3 X. minimum-elem (Iod (fTo D) {S € carrier (fTo D). C C S})
(upper-bounds (Iod (fTo D) {S € carrier (fTo D). C C S}) Ca) X

(proof)

lemma (in Order) Hausdorff-acTr:C € carrier (fTo D) =
S-inductive-set (Iod (fTo D) {S. S € (carrier (fTo D)) A C C S})

(proof)

lemma satisfy-cond-mem-set:[ x € A; Pz ]| = z € {y € A. Py}
(proof)

lemma (in Order) mazimal-conditional-maximal: [C € carrier (fTo D);

mazimal j,q (fTo D) {S € carrier (fTo D). C C S} m] = maximal(fTo D) m
(proof)

lemma (in Order) Hausdorff-ac:C € carrier (fTo D) =
I Mecarrier (fTo D). C C M A maximal(fTo py M

(proof)

lemma (in Order) Zorn-lemmaTr:[Chain D C; M € carrier fTo D; C C M,
mazimalr, p M; b € carrier D; VseM. s 2 b ] =
maximal b N\ b € upper-bounds D C

(proof)

lemma (in Order) g-Zorn-lemmal:[inductive-set D; Chain D C] = I m. maxi-
mal m A m € upper-bounds D C

(proof)

lemma (in Order) g-Zorn-lemma2:[inductive-set D; a € carrier D] =
dmecarrier D. maximal m N a < m

{(proof)

lemma (in Order) g-Zorn-lemma3:inductive-set D => Imecarrier D. mazimal
m

(proof)
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Chapter 3

Group Theory. Focused on
Jordan Hoelder theorem

3.1 Definition of a Group

record 'a Group = 'a carrier +

top : ['a, 'a ] = 'a (infix] <v 70)
iop e = 'a (ko - [81] 80)
one u'a («1v)

locale Group =

fixes G (structure)

assumes top-closed: top G € carrier G — carrier G — carrier G

and  tassoc : [a € carrier G; b € carrier G; ¢ € carrier G| =
(a-b)-c=a-(b-c)

and iop-closed:iop G € carrier G — carrier G

and  Ii:a € carrier G = (pa)-a=1

and unit-closed: 1 € carrier G

and l~unit:a € carrier G =1 -a = a

lemma (in Group) mult-closed:[a € carrier G; b € carrier G| =
a-be carrier G

(proof)

lemma (in Group) i-closed:a € carrier G = (¢ a) € carrier G

(proof)

lemma (in Group) r-mult-eqn:[a € carrier G; b € carrier G,
c€carrier G;a=0b = a-c=b-c
(proof)

lemma (in Group) l-mult-eqn:[a € carrier G; b € carrier G,

c€carrier G a=b = c-a=c-b
(proof)
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lemma (in Group) r-i:a € carrier G =
a-(0a)=1
(proof)

lemma (in Group) r-unit:a € carrier G = a -1 = a
(proof)

lemma (in Group) l-i-unique:[a € carrier G; b € carrier G
b-a=1]= (0a) =10
(proof)

lemma (in Group) l-i-i:a € carrier G = (0 (0 a)) - (0 a) =1
(proof)

lemma (in Group) l-div-eqn:[a € carrier G; x € carrier G; y € carrier G
a-rx=a-y|]=z=y

(proof)

lemma (in Group) r-div-eqn:[a € carrier G; x € carrier G; y € carrier G|
zra=y-a]l=zxz=y

(proof)

lemma (in Group) l-mult-eqni:[a € carrier G; x € carrier G; y € carrier G
(¢a) - z=(0a) -yl = 2=y
(proof)

lemma (in Group) tOp-assocTril:[a € carrier G; b € carrier G; ¢ € carrier G,
de€carrier Gl = a-b-c-d=a-b-(c-d)
(proof)

lemma (in Group) tOp-assocTr42:[a € carrier G; b € carrier G; ¢ € carrier G
decarrier Gl = a-b-c-d=a-(b-¢)d
(proof)

lemma (in Group) tOp-assocTri4:[a € carrier G; b € carrier G; ¢ € carrier G
d € carrier G] = (pa)-b-((0c)-d) =
(0 a)-((b-(ec)) - d)
(proof)

lemma (in Group) tOp-assocTri5:[a € carrier G; b € carrier G; ¢ € carrier G;

decarrier Gl = a-b-c-d=a-(b-(c-d))
(proof)

lemma (in Group) one-unique:[a € carrier G; © € carrier G; z - a = 2] =
a=1
(proof)

lemma (in Group) i-one:p1 =1
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(proof)

lemma (in Group) egn-invl:[a € carrier G; © € carrier G; a = (9 z) | =
z=(ea)
(proof)

lemma (in Group) eqn-inv2:[a € carrier G; x € carrier G; z-a=1z - (9 2)] =
z=(ea)
(proof)

lemma (in Group) r-one-unique:[a € carrier G; © € carrier G; a - © = o] =
r=1
(proof)

lemma (in Group) r-i-unique:[a € carrier G; © € carrier G; a - ¢ = 1] =
z = (¢ a)
(proof)

lemma (in Group) iop-i-i:a € carrier G = ¢ (0 a) = a
(proof)

lemma (in Group) i-ab:[a € carrier G; b € carrier G] =
0(a-b)={(eb)-(ea)
(proof )

lemma (in Group) sol-eq-l:[a € carrier G; b € carrier G; x € carrier G;
a-z=b=2x=(0a) b

(proof)

lemma (in Group) sol-eq-r:[a € carrier G; b € carrier G; x € carrier G,
z-a=b]= z=0b-(0a)

(proof)

lemma (in Group) r-div-eq:[a € carrier G; b € carrier G; a - (0 b) = 1] =
a="b
(proof)

lemma (in Group) l-div-eq:[a € carrier G; b € carrier G; (¢ a) - b = 1] =
a=2»
(proof )

lemma (in Group) i-m-closed:[a € carrier G ; b € carrier G] =
(0 a) - b€ carrier G

(proof )

3.2 Subgroups

definition

sg ::[-, 'a set ] = bool (<-» -» [60, 61]60) where
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GyvH<+— H#{} NHC carrier GAN NVa€e HVbeH a-g(0gb) € H)

definition
Gp :: - = 'a set = - (<(fn-)» 70) where
tqH = G ( carrier :== H, top := top G, iop := iop G, one := one G

definition
res i [-, 'a set, 'a] = 'a set (infix ¢-1» 70) where
H-Ga={b.3heH h-ga=>b}

definition
les i [-, 'a, 'a set] = 'a set (infix <O 70) where
agH={b.3heH a-qgh=10}

definition
nsg :: - = 'a set = bool  («-> - [60,61]60) where
GoH+— Gy HANNzccrrierG.H-qgz=1{g H)

definition
set-res :: [-, 'a set] = 'a set set where
set-rcs G H={C. 3a € carrier G. C = H - a}

definition
c-iop = |-, 'a set] = 'a set = 'a set where
c-iop G H = (A\Xeset-res G H. {z.3 2 € X .3he H. h-q (0g z) = 2})

definition
c-top = [-, 'a set] = (['a set, 'a set] = 'a set) where
c-top G H = (AXeset-rcs G H. NYeset-res G H.
{z.3zeX. 3 yeY. z qgy=2})

lemma (in Group) sg-subset:G » H — H C carrier G
(proof )

lemma (in Group) one-Gp-one:G » H = Yepom=1
(proof)

lemma (in Group) carrier-Gp:G » H = (carrier (§H)) = H
(proof)

lemma (in Group) sg-subset-elem:[G » H; h € H | = h € carrier G

(proof)

lemma (in Group) sg-mult-closedr:[G » H; x € carrier G; h € H] =
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z - h € carrier G
(proof)

lemma (in Group) sg-mult-closedl:[G » H; x € carrier G; h € H] =
h -z € carrier G

(proof)

lemma (in Group) sg-condTr1:[H C carrier G; H # {};
Va.Vboace HANbeEH — a-(pb)e Hl= 1€ H

{(proof)

lemma (in Group) sg-unit-closed:G » H =1 € H
(proof)

lemma (in Group) sg-i-closed:[G » H; x € H] = (o z) € H
(proof)

lemma (in Group) sg-mult-closed:[G » H; © € H; y € H] =
z-ye H
(proof)

lemma (in Group) nsg-sg: G> H = G » H
(proof)

lemma (in Group) nsg-subset:G > N = N C carrier G

(proof)

lemma (in Group) nsg-lr-cst-eq:[G > N; a € carrier G] =
aO N=N -a
(proof)

lemma (in Group) sg-i-m-closed:[G » H; a € H ;b€ H| = (pa) - b€ H
(proof)

lemma (in Group) sg-m-i-closed:[G » H;a € H;be H] = a- (0 b) € H
(proof )
definition

sg-gen :: [, 'a set] = 'a set where

sg-gen G A=N{H.G» HNAC H}

lemma (in Group) smallest-sg-gen:[A C carrier G; G » H; A C H] =
sg-gen G A C H
(proof )

lemma (in Group) special-sg-G: G » (carrier G)

{(proof)

lemma (in Group) special-sg-self: G = i(carrier G)
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(proof)

lemma (in Group) special-sg-e: G » {1}
(proof)

lemma (in Group) inter-sgs:[G » H; G » K] = G » (H N K)
(proof)

lemma (in Group) subg-generated:A C carrier G = G » (sg-gen G A)

{(proof)

definition
Qg :: [-, 'a set] =
(carrier: 'a set set, top:: ['a set, 'a set] = 'a set,
iop:: 'a set = 'a set, one:: 'a set |) where
Qg G H = (carrier = set-rcs G H, top = c-top G H, iop = c-iop G H, one = H

)

definition
Pj::[-, 'aset] = ('a=>"aset) where
Pj G H = (\z € carrier G. H - )

no-notation inverse-divide (infixl <'/» 70)

abbreviation
QGRP :: ([('a, "'more) Group-scheme, 'a set] => ('a set) Group)
(infixl <//» 70) where
G/H==QyGH

definition
gHom ::[("a, 'more) Group-scheme, ('b, 'morel) Group-scheme] =
(‘a = 'b) set where
gHom G F = {f. (f € extensional (carrier G) A f € carrier G — carrier F) A
(Vz € carrier G.Vy € carrier G. f (z -qy) = (fz) - (fy)}

definition
gkernel ::[('a, 'more) Group-scheme , ('b, 'morel) Group-scheme, 'a = 'b]
= 'a set where
gkernel G F f = {z. (z € carrier G) A (fz = 1p)}

definition
iim :: [('a, 'more) Group-scheme, ('b, 'morel) Group-scheme, 'a = 'b,
'b set] = 'a set where
itm G FfK = {z. (z € carrier G) A (fz € K)}

abbreviation
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GKER :: [('a, 'more) Group-scheme, ('b, 'morel) Group-scheme, 'a = 'b] = 'a
set
(«(3gker_ - -)» [88,88,89]88) where
gker g g f == gkernel G F f

definition
gsurjec :: [("a, 'more) Group-scheme, ('b, 'morel) Group-scheme,
‘a = 'b] = bool («(3gsurj-- -)> [88,88,89]88) where
gsurjp ¢ | <— [ € gHom F G A surj-to f (carrier F) (carrier G)

definition
ginjec :: [(‘a, 'more) Group-scheme, ('b, 'morel) Group-scheme,
‘a = 0] = bool  («(3ginj- - -)> [88,88,89]88) where
ginj g G f+— f € gHom F G A inj-on f (carrier F)

definition
gbijec :: [("a, 'm) Group-scheme, ('b, 'm1) Group-scheme, 'a = b
= bool («(3gbij_- -)> [88,88,89]88) where
gbijp ¢ | <— gsurjp ¢ f N ginjp ¢ f

definition
Ug :: - = ('a, 'more) Group-scheme where

Ug G =1tg{1g}

definition
Ugp :: - = bool where
Ugp G == Group G A carrier G = {14}

definition
isomorphic :: [('a, 'm) Group-scheme, (b, 'm1) Group-scheme]
= bool (infix (=) 100) where
F =G (3. gbijp.q f)

definition
constghom :: [('a, 'm) Group-scheme, ('b, 'm1) Group-scheme]
= ('a="b) («('1'.-) [88,89]88) where
1p ¢ = (A\z€carrier F. 1)

definition
empghom :: [("a, 'm) Group-scheme, 'b = 'c, 'a = 'b] = 'a = 'c where
cmpghom F g f = compose (carrier F) g f

abbreviation
GCOMP :: ['b = '¢, ('a, 'm) Group-scheme, 'a = 'b] = 'a = ’c
(4(8- 0. -)» [88, 88, 89]88) where
g op f == cmpghom F g f

lemma Group-Ugp:Ugp G = Group G
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(proof)

lemma (in Group) r-mult-in-sg:[G » H; a € carrier G; x € carrier G; ¢ - a € HJ
= 3JheH h- -(ga)==z
(proof)

lemma (in Group) r-unit-sg:[G » H; h € Hl = h-1=h
(proof)

lemma (in Group) sg-l-unit:[G » H; h € H) = 1-h=h
(proof)

lemma (in Group) sg-l-i:[G» Hys € H] = (0 z) -2 =1
(proof)

lemma (in Group) sg-tassoc:[G » H; z € H; y € H; z € H) =
roy-s=5-{y-2)
(proof)

lemma (in Group) sg-condition:[H C carrier G; H # {};
Va.Vb.ace HANbeH — a-(pb)e Hl = G» H

(proof)

definition
Gimage :: [(‘a, 'm) Group-scheme, ('b, 'm1) Group-scheme, 'a = 'b] =
(’b, 'm1) Group-scheme where
Gimage F G f = Gp G (f ((carrier F))
abbreviation
GIMAGE :: [('a, 'm) Group-scheme, ('b, 'm1) Group-scheme,
‘a = 'b] = ('b, 'm1) Group-scheme  («(3Img- . -)» [88,88,89]88) where
Imgp ¢ f == Gimage F G f

lemma (in Group) Group-Gp:G » H = Group (§ H)
(proof)

lemma (in Group) Gp-carrier:G » H = carrier (Gp G H) = H
(proof)

lemma (in Group) sg-s¢:[G » K; G » H; HC K] = Gp G K » H
(proof)

lemma (in Group) sg-subset-of-subG:[G » K; Gp G K » Hl = H C K
(proof)

lemma const-ghom:[Group F; Group G| = 1p g € gHom F G
(proof)

lemma (in G’I“OUp) const—gbij:gbz'j(h {1})’@ {1}) (1(h{1})a(h{1}))
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(proof)

lemma (in Group) unit-Groups-isom: (§ {1}) = (§ {1})
(proof)

lemma Ugp-const-gHom:[Ugp G; Ugp E]| = (Az€carrier G. 1) € gHom G E
(proof)

lemma Ugp-const-gbij:[Ugp G; Ugp E] = gbijq g (Ax€carrier G. 1p)
(proof)

lemma Ugps-isomorphic:[Ugp G; Ugp E] —= G = E
(proof)

lemma (in Group) Gp-mult-induced:[G » L; a € L; b € [] =
a(GpGL) b:ab
(proof )

lemma (in Group) sg-i-induced:[G » L; a € L] = oGpGrLye=2ea
(proof)

lemma (in Group) Gp-mult-induced!:[G » H; G » K;a € HN K; b€ HN K]

= aypgng)b=ag)b
(proof)

lemma (in Group) Gp-mult-induced2:[G » H; G» K;a€ HN K; b e HN K]
= oK) b=k b
(proof)

lemma (in Group) sg-i-induced1:[G » H ; G » K; a € H N K]
— %HNK) = yH)
(proof)

lemma (in Group) sg-i-induced2:[G » H ; G » K; a € H N K]
= OyHNK)?T 0K @
(proof)

lemma (in Group) subg-sg-sg:[G » K; (Gp G K)» H] = G » H
(proof)

lemma (in Group) Gp-inherited:[G » K; G » L; K C L] =
Gp(Gp GL)K=Gp GK
(proof )

3.3 Cosets

lemma (in Group) mem-les:[G » H; a € carrier G; z € o { H] =
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z € carrier G

(proof)

lemma (in Group) lcs-subset:[G » H; a € carrier G] = a { H C carrier G
(proof)

lemma (in Group) a-in-lcs:[G » H; a € carrier G] = a € a O H
(proof)

lemma (in Group) eq-les1:[G » H; a € carrier G; b € carrier G,
r€aH,aOQH=bOH — z€b$ H
(proof )

lemma (in Group) eq-les2:[G » H; a € carrier G; b € carrier G,
aQ H=b0OH = acbdH
(proof)

lemma (in Group) les-mem-ldiv:[G » H; a € carrier G; b € carrier G| =
(aebO H)=((0b)-a€cH)
(proof)

lemma (in Group) lesTr5:[G » H; a € carrier G; b € carrier G;
(0a)-beHyzea Hl = ((0b)-2) e H
(proof)

lemma (in Group) lesTr6:[G » H; a € carrier G; b € carrier G;
(0a) - beH;z€aQH = 2€bO H
(proof)

lemma (in Group) les-Unitl1:G » H =1 H=H
(proof)

lemma (in Group) les-Unit2:[G » H; h € H| = h O H = H
(proof)

lemma (in Group) lesTr7:[G » H; a € carrier G; b € carrier G; (0 a) - b € HJ
WO HC bOH
(proof)

lemma (in Group) lesTr8:[G » H; a € carrier G;h € H) = a-h € a $ H
(proof)

lemma (in Group) les-tooll:[G » H; a € carrier G; b € carrier G,
(0a) - be Hl= (pb)-a€ H
{proof )

theorem (in Group) les-eq:[G » H; a € carrier G; b € carrier G] =
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((ea)-beH)=(a$ H=10b%$ H)
(proof)

lemma (in Group) res-subset:[G » H; a € carrier G] = H - a C carrier G

(proof)

lemma (in Group) mem-rcs:[G » H; x € H - a] = Jh€H. h-a =z
(proof)

lemma (in Group) res-subset-elem:[G » H; a € carrier G; z € H - o] =
x € carrier G

(proof)

lemma (in Group) res-in-set-res:[G » H; a € carrier G] =
H - a€ setres G H

(proof)

lemma (in Group) resTr0:[G » H; a € carrier G; b € carrier G| =
H.(a-b) € set-recs GH
(proof)

lemma (in Group) a-in-res:[G » H; a € carrier G] = a € H + a
(proof)

lemma (in Group) res-nonempty:[G » H; X € set-rcs G H] = X # {}
(proof)

lemma (in Group) res-tool0:[G » H; a € carrier G; b € carrier G|
a-(ob)e Hl=b-(0oa) € H
(proof)

lemma (in Group) resTrl:[G » H; a € carrier G; b € carrier G;
re€H-a;H-a=H-b)=z€H-b
(proof)

lemma (in Group) res-eqTr:[G » H; a € carrier G; b € carrier G|
H-a=H-b)=a€H-b
(proof)

lemma (in Group) res-eqTrl:[G » H; a € carrier G; b € carrier G| =
(aeH-b)= (a-(0ob) e H)
(proof)

lemma (in Group) resTr2:[G » H; a € carrier G; b € H - (o a)] =
b-ac H
(proof )

lemma (in Group) resTr5:[G » H; a € carrier G; b € carrier G;
b-(oa)e Hize H-a] =z -(0b) e H
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(proof)

lemma (in Group) resTr6:[G » H; a € carrier G; b € carrier G,
b-(pa)e H;ze€H-a) = z€ H-b
(proof)

lemma (in Group) res-Unit1:G » H = H -1=H
(proof)

lemma (in Group) unit-res-in-set-rcs:G » H = H € set-rcs G H

(proof)

lemma (in Group) res-Unit2:[G » H; h € H) = H - h=H
(proof)

lemma (in Group) resTr7:[G » H; a € carrier G; b € carrier G; b - (0 a) € HJ
— H - a g H-b
(proof)

lemma (in Group) res-tooll:[G » H; a € carrier G; b € carrier G,
b-(pa) e Hl= a-(0b) € H
(proof)

lemma (in Group) res-tool2:[G » H; a € carrier G; = € H - o] =
dheH h-a=z¢

(proof)

theorem (in Group) rcs-eq:[G » H; a € carrier G; b € carrier G] =
(b-(oa)e Hy=(H-a=H-b)
(proof)

lemma (in Group) res-eql:[G » H; a € carrier G; x € H - o] =
H-a=H-z
(proof)

lemma (in Group) res-eq2:[G » H; a € carrier G; b € carrier G;
(H-a)N(H-b)#{}] = (H-a)=(H-D)
(proof)

lemma (in Group) res-meet:[G » H; X € set-rcs G H; Y € set-res G H;
XNY#{}]]=X=Y
(proof)

lemma (in Group) resTr8:[G » H; a € carrier G; h € Hy x € H - o] =
h-zeH-a
(proof)

lemma (in Group) resTr9:[G » H; a € carrier G; h € H; (o ) € H - a] =
h-(ox)e H:a
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(proof)

lemma (in Group) resTr10:[G » H; a € carrier G,z € H - a; y € H - a] =
z-(ey) €H
(proof)

lemma (in Group) PrSubg4-2:[G » H; a € carrier G; z € H - (0 a)] =
z € {z. 3ve(H - a). IheH. h - (o v) = 2}
(proof)

lemma (in Group) res-fized:[G » H; a € carrier G; H - a = H] = a € H

(proof)

lemma (in Group) res-fizred1:[G » H; a € carrier G; h € H] =
H-a=(H-(h-a)
(proof)

lemma (in Group) rcs-fivred2:G » H = VYheH. H - h = H
(proof)

lemma (in Group) Gp-res:[G » H; G » K; HC K; z € K] =
H'(GPGK)IZ(H'I)
(proof)

lemma (in Group) subg-les:[G » H; G » K; H C K; z € K] =
xO(GpGK)H::L’OH
(proof)

3.4 Normal subgroups and Quotient groups

lemma (in Group) nsgl:[G » H; b € carrier G; h € H;
Va€ carrier G.VheH. (a - h)- (0 a) € Hl= b-h-(0b) € H
(proof)

lemma (in Group) nsg2:[G » H; b € carrier G; h € H;
Vaccarrier G.VheH. (a - h) - (0a) € Hl= (0b)-h-be H
(proof)

lemma (in Group) nsg-subset-elem:[G > H; h € H| = h € carrier G
(proof)

lemma (in Group) nsg-l-rcs-eq:[G > N; a € carrier G] = a O N =N - a

(proof)

lemma (in Group) sg-nsql:[G » H; ¥V a€ carrier G. VheH. (a - h)- (0 a) € H;
becarrierG] = H-b= b H
(proof)
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lemma (in Group) cond-nsg:[G » H; ¥ accarrier G.YheH. a - h - (9 a) € H |
= G H

(proof)

lemma (in Group) special-nsg-e:G » H — Gp G H > {1}
(proof)

lemma (in Group) special-nsg-G:G > (carrier G)
(proof)

lemma (in Group) special-nsg-G1:G » H —= Gp G Hv> H
(proof)

lemma (in Group) nsgTr0:[G > N; a € carrier G; b € carrier G; b € N - a ]
= (a-(ob)eN)AN((0a) -beN)
(proof)

lemma (in Group) nsgTr1:[G > N; a € carrier G; b € carrier G; b - (90 a) € N]
= (0ob)-a€N
(proof)

lemma (in Group) nsgTr2:[a € carrier G; b € carrier G; al € carrier G;
b1 € carrier G| = (a - b) - (0 (al - b1)) =
a-(((b-(ebl))-((¢al)- a))-(ea))
(proof)

lemma (in Group) nsgPr1:[G > N; a € carrier G; h € N] =
w-(h- (o) €N
(proof)

lemma (in Group) nsgPrl-1:[G » N; a € carrier G ; h € N] =
(a-h)-(oa)eN
(proof)

lemma (in Group) nsgPr2:[G > N; a € carrier G; h € N] =
(¢a)-(h-a)eN
(proof)

lemma (in Group) nsgPr2-1:[G > N; a € carrier G; h € N| =
(0a)-h-a€eN
(proof)

lemma (in Group) nsgTr3:[G > N; a € carrier G; b € carrier G,

al € carrier G; b1 € carrier G5 a - (9 al) € N; b - (o bl) € N] =
(a-b)-(o(al -b1)) €N

(proof)

lemma (in Group) nsg-in-Gp:[G > N; G » H; NC H] = (Gp G H)> N
(proof)
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lemma (in Group) nsgTr4:[G > N; a € carrier G; © € N - o] =
(o) € N - (0a)
(proof)

lemma (in Group) c-topTr1:[G > N; a € carrier G; b € carrier G;
al € carrier G; bl € carrier G; N -a= N -al; N-b=N . bl] =
N-(a-b)=N-(al -b1)
(proof)

lemma (in Group) c-topTr2:[G > N; a € carrier G; al € carrier G,
N-a=N-al]J]= N-:-(pa)=N-(pal)
(proof)

lemma (in Group) c-iop-welldefTr1:[G > N; a € carrier G] =
c-iop GN (N -a)C N-(pa)
(proof)

lemma (in Group) c-iop-welldefTr2:[G > N; a € carrier G] =
N-(9a) C ciop GN (N - a)
(proof)

lemma (in Group) c-iop-welldef:[G > N; a € carrier G] =
c-iop GN (N -a)= N (o0 a)
(proof )

lemma (in Group) c-top-welldefTr1:[G > N; a € carrier G;
b€ carrier G;x € N-a;ye N-b)=z-y€ N - (a-Db)
(proof)

lemma (in Group) c-top-welldefTr2:[G > N; a € carrier G; b € carrier G |
= ctop GN (N-a)(N-b)C N-(a-b)
(proof)

lemma (in Group) c-top-welldefTr4:[G > N; a € carrier G; b € carrier G;
z€N-(a-b)] = z€ctop GN(N-a)(N-b)
(proof)

lemma (in Group) c-top-welldefTr5:[G > N; a € carrier G; b € carrier G] =
N:(a-b)Cctop GN (N -a) (N -Db)
(proof)

lemma (in Group) c-top-welldef:[G > N; a € carrier G; b € carrier G] =
N:(a-b)=ctop GN (N +a) (N - D)
(proof)

lemma (in Group) Qg-unitTr:[G > N; a € carrier G] =

ctop GNN (N -a)=N-a
(proof)
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lemma (in Group) Qg-unit:G > N = Vz€set-rcs G N. c-top G NNz =z
(proof)

lemma (in Group) Qg-iTr:[G > N; a € carrier G] =
c-top G N (c-iop G N (N +a)) (N :-a)=N
(proof )

lemma (in Group) Qg-i:G > N —
Vi € set-recs G N. c-top G N (c-iop G Nz) z =N
(proof )

lemma (in Group) Qg-tassocTr:
[G > N; a € carrier G; b € carrier G; ¢ € carrier G | =
c-top G N (N - a) (c-top GN (N - b) (N -¢)) =
c-top G N (c-top GN (N - a) (N b)) (N-c¢)
(proof)

lemma (in Group) Qg-tassoc: G > N =
V Xeset-rcs G N. YV Yeset-res G N. VY Zeset-rcs G N. c-top G N X (c-top G N'Y
)
= c-top GN (¢-top GNXY) Z
(proof)

lemma (in Group) Qg-top:G > N =
c-top G N : set-rcs G N — set-rcs G N — set-rcs G N

(proof)

lemma (in Group) Qg-top-closed:[G > N; A € set-rcs G N; B € set-rcs G N| =
c-top G N A B € set-rcs G N
{proof )

lemma (in Group) Qg-iop: G > N =
c-iop G N :set-rcs G N — set-rcs G N

(proof)

lemma (in Group) Qg-iop-closed:[G > N; A € set-rcs G N] =
c-iop G N A € set-rcs G N
(proof )

lemma (in Group) Qg-unit-closed: G > N = N € set-rcs G N
{proof )

theorem (in Group) Group-Qg:G > N = Group (Qg G N)
(proof)

lemma (in Group) Qg-one:G > N = one (G / N) = N
(proof)
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lemma (in Group) Qg-carrier:carrier (G / (N::'a set)) = set-rcs G N
(proof)

lemma (in Group) Qg-unit-group:G > N —>
(set-rcs G N = {N}) = (carrier G = N)
(proof)

lemma (in Group) Gp-Qg¢:G > N = Gp(G / N) (carrier(G / N)) = G/ N
(proof)

lemma (in Group) Pj-hom0:[G > N; x € carrier G; y € carrier G|
= PjGN (z-y)=(PJGNz) (g, n) (PjGNy)
(proof)

lemma (in Group) Pj-ghom:G > N = (Pj G N) € gHom G (G / N)
(proof)

lemma (in Group) Pj-mem:[G > N; z € carrier Gl = (PjGN)z =N -z
(proof)

lemma (in Group) Pj-gsurjec:G > N = gsurjec G (G/N) (Pj G N)
(proof)

lemma (in Group) les-in-Gp:[G » H; G » K; K C H; a € H] =
aOKzaO(GpGH)K
(proof)

lemma (in Group) res-in-Gp:[G » H; G » K; K C Hya € H] =
K-a:K-(GpGH)a
(proof)

end

theory Algebra8 imports Algebra2 begin

3.5 Setproducts

definition
commutators:: - = 'a set where
commutators G = {z. 3 a € carrier G. 3b € carrier G.

((a-gb) glega) qglegb) ==}

lemma (in Group) contain-commutator:[G » H; (commutators G) C H] = G >
H

(proof)

definition
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s-top :: [-, 'a set, 'a set] = 'a set where
sstop GHK ={2.3z € H Jye K. (z -qy=2)}

abbreviation
S-TOP :: [('a, 'm) Group-scheme, 'a set, 'a set] = 'a set
(¢«(3- <1 -)y [66,67]66) where
Hoqg K == stop G HK

lemma (in Group) s-top-induced:[G » L; H C L; K C L] =
HOGpGLK: HOGK
(proof)

lemma (in Group) s-top-l-unit:G » K = {1} o K = K
(proof)

lemma (in Group) s-top-r-unit:G » K = K o5 {1} = K
(proof)

lemma (in Group) s-top-sub:[G » H; G » K] = H og K C carrier G
(proof)

lemma (in Group) sg-inc-set-mult:[G » Ly H C Ly K C L] = H oq K C L
(proof )

lemma (in Group) s-top-subl:[H C (carrier G); K C (carrier G)] =
Hog K C carrier G
(proof)

lemma (in Group) s-top-elem:[G » H; G » K;a € Hybe K| = a-be Hog
K
(proof)

lemma (in Group) s-top-elem1:[H C carrier G; K C carrier G; a € H; b € K]
.

a-be Hog K
(proof)

lemma (in Group) mem-s-top:[H C carrier G; K C carrier G; u € H o K] =
Jdac H 3be K. (a-b=u)
(proof)

lemma (in Group) s-top-mono:[H C carrier G; K C carrier G; Hl C H; K1 C
K]

= Hl o KI C Hog K
(proof)

lemma (in Group) s-top-unit-closed:[G » H; G » K] = 1€ Hog K
(proof)
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lemma (in Group) s-top-commute:[G » H; G » K; K oq H = H o K;
vweHogK; ve Hog K] = uw-ve Hog K
(proof)

lemma (in Group) s-top-commutel:[G » H; G » K; K o H = H og K;
weEHog K] = (ou) € Hog K
(proof)

lemma (in Group) s-top-commute-sg:[G » H; G » K; K o H = H o K] =
G» (HogK)
(proof)

lemma (in Group) s-top-assoc:[G » H; G » K; G » L] =
(HOGK)OGLZ HOG(KOGL)
(proof)

lemma (in Group) s-topTr6:[G » H1; G » H2; G » K; Hl C K] =
(H] Je. HQ) NK=HI (Jel (HQ n K)

(proof)

lemma (in Group) s-topTr6-1:[G » HI; G » H2; G » K; H2 C K] =
(HI o H2) N K = (HI N K) o H2

(proof)

lemma (in Group) l-sub-smult:[G » H; G » K| = H C H og K
(proof)

lemma (in Group) r-sub-smult:[G » H; G » K] = K C Hog K
(proof)

lemma (in Group) s-topTr8:G » H = H = H o H
(proof )
3.6 Preliminary lemmas for Zassenhaus

lemma (in Group) Gp-sg-subset:[G » H; Gp G H » K] = K C H
(proof )

lemma (in Group) inter-Gp-nsg:[G > N; G » H] = (1H) > (H N N)
(proof)

lemma (in Group) ZassenhausTr0:[G » H; G » H1; G » K; G » K1,
Gp GH> HI; Gp GKv> KI] = Gp G (HN K)»> (H N KI)
(proof)

lemma (in Group) lcs-sub-s-mult:[G » H; G » N;a€ Hl = a O N C Hog N
(proof )

lemma (in Group) res-sub-smult:[G » H; G » Nya€e Hl= N-a C Nog H
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(proof)

lemma (in Group) smult-commute-sg-nsg:[G » H; G N] = H o N = N o
H
(proof)

lemma (in Group) smult-sg-nsg:[G » H; G> N] = G » Hog N
(proof)

lemma (in Group) smult-nsg-sg:[G » H; G > N] = G » N o H
(proof)

lemma (in Group) Gp-smult-sg-nsg:[G » H; G > N]| = Group (Gp G (H o
N))
{proof )

lemma (in Group) N-sg-HN:[G » H; G> N] = Gp G (H o N) » N
(proof)

lemma (in Group) K-absorb-HK:[G » H; G » K; HC K] = Hog K=K
(proof )

lemma (in Group) nsg-Gp-nsg:[G » H; G> N; N C Hl = Gp G H> N
(proof)

lemma (in Group) Gp-smult-nsg:[G » H; G> N] = Gp G (H o N) > N
{proof)

lemma (in Group) Gp-smult-nsgl:[G » H; G> N| = Gp G (N o H) > N
(proof)

lemma (in Group) ZassenhausTr2-3:[G » H; G » H1; Gp G H > H1]| = H1 C
H

(proof)

lemma (in Group) ZassenhausTr2-4:[G » H; G » H1; Gp G H > HI; h € H;
hi € HI] = h-hl - (0o h) € HI
(proof)

lemma (in Group) ZassenhausTrl:[G » H; G » H1; G » K; G » KI;
Gp GH»>H1; Gp GK»>KIl| = Hl o (HNKI1)=(HNKI)oqg Hl
(proof)

lemma (in Group) ZassenhausTr1-1:[G » H; G » H1; G » K; G » KI;
Gp GH»>H1; Gp G K> KIl| = G» (Hl o (H N K1))

(proof)

lemma (in Group) ZassenhausTr2:[G » H; G » H1; G » K; Gp G H > Hl| =
Hl o (HN K) = (H N K) og Hl
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(proof)

lemma (in Group) ZassenhausTr2-1:[G » H; G » H1; G » K; Gp G H > HI]
= G » Hl o (HNK)

(proof)

lemma (in Group) ZassenhausTr2-2:[G » H; G » HI; G » K; G » K1,
Gp GHv>HI; Gp GKv> KI| = Hl og (HN K1) C Hi o (HNK)

(proof)

lemma (in Group) ZassenhausTr2-5:[G » H; G » H1; G » K; G » K1; Gp G H
> Hi;
Gp GKv> Kl;ae HI; be HN KI; c € HI| =
a-b-ce Hl oqg(HNKI)

(proof)

lemma (in Group) ZassenhausTr2-6:[u € carrier G; v € carrier G;
z € carrier Gy y € carrier G| =
(w-v)-(z-y) - (e(u-v)=

u-v-z-(0v) (v-y-(0ov)) - (0u)
(proof )

lemma (in Group) ZassenhausTr2-7:[a € carrier G; x € carrier G; y € carrier
Gl

—a-(z-y)-(ea)=a-z-(¢a) (a-y-(0a))
(proof)

lemma (in Group) ZassenhausTr3:[G » H; G » Hl; G » K; G » K1; Gp G H >
Hi;

Gp GKv> Kl = Gp G (Hl o (HNK))> (HI o (HN K1))
(proof)

lemma (in Group) ZassenhausTr3-2:[G » H; G » H1; G » K; G » K1; Gp G H
> HI;
Gp GKv> Kl = G» Hl og (HN K1) oq (HN K)

(proof)

lemma (in Group) ZassenhausTr3-3:[G » H; G » HI; G » K; G » K1; Gp G H
> HI;

Gp G Ko Ki] = (HI N K)og (HN K1) = (K1 N H)og (KN Hi)
(proof )

lemma (in Group) ZassenhausTr3-4:[G » H; G » HI; G » K; G » K1; Gp G H
> Hi;
Gpr GKvr Kl;ge HNK; he HNKI|] = g-h-(0og) € HN KI

(proof)

lemma (in Group) ZassenhausTr3-5:[G » H; G » HI; G » K; G » K1; Gp G H
> Hi;
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Gp G Ko Ki] = (Gp G (HNK))» (HI NK)og (HN K1)
(proof)

lemma (in Group) ZassenhausTrj:[G » H; G » Hl; G » K; G » K1; Gp G H >
Hi;

Gp G K v KI] = (HI og (H N K1) o (Hl og (H N K)) = Hl og (H
N K)

(proof)

lemma (in Group) ZassenhausTr4-0: [G » H; G » HI; G » K; G » K1; Gp G
Hv> HI;

Gp GK v Kl = Hil og (HN K) = (Hl og (HN K1) o (HN K)
(proof)

lemma (in Group) ZassenhausTrj-1:[G » H; (Gp G H) > H1; (Gp G H) » (H N
K]

= (Gp G (Hl o (H N K))) > HI
(proof)

3.7 Homomorphism

lemma gHom: [Group F; Group G; f € gHom F G ; x € carrier F;
y € carrier F] = f (z -py) = (fz) ¢ (fy)
(proof)

lemma gHom-mem:[Group F; Group G; f € gHom F G ; z € carrier F] =
(f z) € carrier G
(proof)

lemma gHom-func:[Group F; Group G; f € gHom F G] =
f € carrier F — carrier G

(proof)

lemma gHomcomp:[Group F; Group G; Group H; f € gHom F G; g € gHom G
H]

= (gop f) € gHom F H
(proof)

lemma gHom-comp-gsurjec:[ Group F; Group G; Group H; gsurjp @ f;
gsurjg. g 91 = gsurjp i (9 o f)
(proof)

lemma gHom-comp-ginjec:[ Group F; Group G; Group H; ginjp ¢ f; 9inj g q dg]
.

ginjp g (9 oF f)
(proof)
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lemma ghom-unit-unit:[ Group F; Group G; f € gHom F G | =
f(p) =1¢g
(proof)

lemma ghom-inv-inv:[Group F; Group G; f € gHom F G ; z € carrier F] =
flepz) =o¢ (f2)
(proof)

lemma ghomTr3:[Group F; Group G; f € gHom F G ; © € carrier F;
y € carrier F; f (z-p (ep y) =1g]l = fz=fy
(proof)

lemma iim-nonempty:[Group F; Group G; f € gHom F G; G » K] =
(iim F G f K) # {}
{proof )

lemma ghomTr4:[Group F; Group G; f € gHom F G; G » K] =
F» (iim F G fK)
(proof)

lemma (in Group) IdTr0: idmap (carrier G) € gHom G G
(proof)

abbreviation
IDMAP («(I-)» [999]1000) where
I'p == idmap (carrier F)

abbreviation
INVFUN («(3Ifn - - -)» [88,88,89]88) where
Ifn F G f == invfun (carrier F) (carrier G) f

lemma IdTr1:[Group F; x € carrier F] = (Ip) z =z

(proof)

lemma [dTr2:Group F = gbijp p (I )
{(proof )

lemma [d-l-unit:[Group G; gbijg g fl = Igogf=1
(proof)

3.8 Gkernel

lemma gkernTri:[Group F; Group G; f € gHom F G; x € gkerp ¢ f] =
x € carrier F

(proof)

lemma gkernTri-1:[Group F; Group G; f € gHom F G| = gkerRG f C carrier
F

(proof)
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lemma gkernTr2:[Group F; Group G; f € gHom F G; z € gkerp ¢ [ y € gkerp g

/1
= (z-py) € gkerp ¢ f
(proof)

lemma gkernTr3:[Group F; Group G; f € gHom F' G ; x € gkerp ¢ f] =
(oF z) € gkerp ¢ f
(proof)

lemma gkernTr6:[Group F; Group G; f € gHom F' G] = (1p) € gkerp g f
(proof)

lemma gkernTr7:[Group F; Group G; f € gHom F' G | = F » gkerp g f
(proof)

lemma gker-normal:[Group F; Group G; f € gHom F G] = F v gkerp ¢ f
(proof )

lemma Group-coim:[Group F; Group G; f € gHom F G] = Group ( F / gkerp ¢

)
(proof)

lemma gkernl:[Group F; Ugp E; f € gHom F E] = gkerRE f = carrier F
(proof)

lemma gkern2:[Group F; Group G; f € gHom F G; ginjp g f] =
gkerp ¢ f = {1p}

(proof)
lemma gkernTr9:[Group F; Group G; f € gHom F G; a € carrier F; b € carrier
F
]] = ((gherp g f) -ra= (gherp g f)-pb) = (fa=fDh)
(proof)

lemma gkernTri1:[Group F; Group G; f € gHom F G ; a € carrier F] =
(iim F' G f {f a}) = (gkerp ¢ [) *F a
(proof)

lemma gbij-comp-bij:[Group F; Group G Group H; gbijp ¢ f; gbijg m 9]
= gbijp g (9 o f)
(proof)

lemma gbij-automorph:[Group G; gbij ¢ f; gbiiq,q 91 =
gbijg.a (9og f)
(proof)
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lemma [-unit-gHom:[Group F; Group G; f € gHom F G] = (Iq) op f=f
(proof)

lemma r-unit-gHom:[Group F; Group G; f € gHom F G| = fop (Ip) = f
(proof)

3.9 Image

lemma inv-gHom:[Group F'; Group G; gbijp ¢ f] = (Ifn F G f) € gHom G F
(proof)

lemma inv-gbijec-gbijec:[ Group F; Group G; gbijp ¢ f]l = gbijq F (Ifn F G f)
(proof)

lemma l-inv-gHom:[Group F; Group G; gbijp g fl = (Ifn F G f) op f = (IF)
(proof)

lemma img-mult-closed:[ Group F; Group G; f € gHom F G; u € f “(carrier F);
v € f (carrier F)] = w -q v € f (carrier F)

(proof)

lemma img-unit-closed:[ Group F; Group G; f € gHom F G| =
14 € f (carrier F)
{proof)

lemma imgTr7:[Group F; Group G; f € gHom F G; u € f “(carrier F)]
= oq u € f (carrier F)

(proof)

lemma imgTr8:[Group F; Group G; f € gHom F G; F » H; u € f‘ H;
veffH]=u-guvef‘H
(proof )
lemma imgTr9:[Group F; Group G; f € gHom F G; F » Hyu € f‘H] =
oguefH
(proof)

lemma imgTr10:[Group F; Group G; f € gHom F G; F » H| = 1a€ f‘H
{proof )

lemma imgTri1:[Group F; Group G; f € gHom F G; F » H) = G » (f ‘' H)
(proof)

lemma sg-gimg:[Group F; Group G; f € gHom F G| = G » f(carrier F)
{proof)

lemma Group-Img:[Group F; Group G; f € gHom F G | = Group (IngG )
(proof)
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lemma Img-carrier:| Group F; Group G; f € gHom F G | =
carrier (Imgp ¢ f) = f* (carrier F)
(proof)

lemma hom-to-Img:[Group F; Group G; f € gHom F G| => f € gHom F (Imgp

)
(proof)

lemma gker-hom-to-img:[Group F; Group G; f € gHom F G | =
gkerR(ImgF af) [ = gkerp ¢ f
(proof)

lemma Pj-im-subg:[Group G; G » H; G> K; K C H] =
Pj G K ‘H = carrier (Gp G H) /| K)
(proof)

lemma (in Group) subg-Qsubg:[G » H; Gv> K; K C H|] =
(G / K)» carrier (Gp G H) /| K
(proof)

3.10 Induced homomorphisms

lemma inducedhomTr:[Group F; Group G; f € gHom F G,
S € set-res F (gherp ¢ f); s1 € S;82 € S| = fsl =fs2

(proof)

definition
induced-ghom :: [('a, 'more) Group-scheme, ('b, 'morel) Group-scheme,
('a = 'b)] = (‘a set = 'b ) where
induced-ghom F G f = (AX€ (set-res F (gkerp ¢ [)). f (SOME z. z € X))

abbreviation
INDUCED-GHOM :: ['a = 'b, ("a, 'm) Group-scheme, ('b, 'm1) Group-scheme]
= (‘aset = 'b) («(3-".-)» [82,82,83]82) where
f“F,G == induced-ghom F G f

lemma induced-ghom-someTr:[Group F'; Group G; f € gHom F G}
X € set-res F (gkerp g f)] = f (SOME za. za € X) € f (carrier F)

(proof)

lemma induced-ghom-someTr1:[Group F; Group G; f € gHom F G; a € carrier
F] =

f (SOME za. za € (gkerp g f) *pa) = fa
(proof)

lemma inducedHOMTr0:[Group F; Group G; f € gHom F G; a € carrier F] =
(f"r,q) (gherp g [) *pa)=fa
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(proof)

lemma inducedHOMTr0-1:[Group F; Group G; f € gHom F G] =
(f'.F,G) € set-rcs F (gkerRG f) — carrier G

(proof)

lemma inducedHOMTr0-2:[Group F; Group G; f € gHom F G] =
(f"F7g) € set-rcs F (gkerRG f) = f ¢ (carrier F)
(proof)

lemma inducedHom:[Group F; Group G; f € gHom F G| =
(f"F,q) € gHom (F/(gkerp ¢ f)) G
(proof)

lemma induced-ghom-ginjec: [Group F; Group G; f € gHom F G | =
IMi(F ) (gherp ¢ ). U F,G)
(proof)

lemma inducedhomgsurjec:[ Group F; Group G; gsurjp G 1=
9SUTI(F (gker o 1)), G (f"F,c)
(proof)

lemma homomtr: [Group F; Group G; f € gHom F G] =

(f"F,q) € gHom (F / (gkerp ¢ f)) (Imgp g f)
(proof )

lemma homom2img: [Group F; Group G; f € gHom F G | =
P (tmgp g ) € 9Hom (F [ (gkerp, ¢ f)) (Imgp ¢ f)
(proof)

lemma homom2img!:[Group F; Group G; f € gHom F G; X € set-rcs F (gkerF’G

Al
= ("F(tmgp g 1) X = F0) X

(proof)

3.10.1 Homomorphism therems

definition
iota :: ('a, 'm) Group-scheme = (‘a = 'a)

(<(¢-)» [1000]1999) where
tp = (Az € carrier F. x)

lemma iotahomTr0:[Group G; G » H; h € H ] = (L(Gp a H)) h=h
(proof)

lemma iotahom:[Group G; G » H; G > N] =
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YGp G H) € gHom (Gp GH) (Gp G (Hog N))
(proof)

lemma iotaTr0: [Group G; G » H; G > N| =
9mj(Gp G H),(Gp G (H o N)) (UCp @ )
(proof)

theorem homomthml:[Group F; Group G; f € gHom F G | =

gbij(F/ (gkernel F G f)), (Gimage F G f) (fF, (Gimage F Gf))
(proof)

lemma isomTr0 [simp]:Group F — F =< F
(proof)

lemma isomTrl:[Group F; Group G; F =2 G| = G=F
(proof )

lemma isomTr2:[Group F; Group G; Group H; F 2 G; G 2 H] = F >~ H
(proof)

lemma gisom1: [Group F; Group G; f € gHom F G | =
(F/ (gkerp ¢ f)) = (Imgp G )
(proof)

lemma homomth2Tr0: [Group F; Group G; f € gHom F G; G > N =
Fv (iim F GfN)
(proof )

lemma kern-comp-gHom:[Group F; Group G, gsurjp @ f; G N =
gkerp (G/ny (Pj G N)op f)=imF GfN
{proof)

lemma QgrpUnit-1:[Group G; Ugp E; G H; (G / H) 2 E | = carrier G = H
(proof)

lemma QgrpUnit-2:[Group G; Ugp E; G > H; carrier G = H) = (G/H) 2 FE
(proof)

lemma QgrpUnit-3:[Group G; Ugp E; G » H; G » H1; (Gp G H) > HI;
((Gp GH)/ Hl)®E] = H = HI
(proof)

lemma QgrpUnit-4:[Group G; Ugp E; G » H; G » HI; (Gp G H) > HI,
~((Gp GH) ) HI)~E]| = H # Hi
(proof)

definition
Qmp :: [("a, 'm) Group-scheme, 'a set, 'a set] = ('a set = 'a set) where
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Qmp GHN = (AXe€ set-res GH. {z. 3 € X. 3 yeN.(y - gz=2)})

abbreviation
QP :: [-, 'a set, 'a set] = (‘a set = 'a set)
(«(3Qm.- _)» [82,82,83]82) where
Qma g,N== Qmp GHN

lemma (in Group) QmpTr0:[G » H; G » N; H C N ; a € carrier G] =
Qmp GHN (H:a)=(N-a)
(proof)

lemma (in Group) QmpTri:[G » H; G » N; H C N; a € carrier G; b € carrier
G;

H-a=H-))=N-a=N-b
(proof)

lemma (in Group) QmpTr2:[G » H; G » N; H C N ; X € carrier (G/H)]
= (Qmp G HN) X € carrier (G/N)
(proof)

lemma (in Group) QmpTr2-1:[G » H; G » N; HC N | =
Qmp G HN € carrier (G/H) — carrier (G/N)
(proof)

lemma (in Group) QmpTr3:[G > H; G N; H C N; X € carrier (G/H);
Y € carrier (G/H)] =
(Qmp GHN) (c-top GHX Y) = ctop GN (Qmp GHN) X) (@mp G H
N) Y)
(proof)

lemma (in Group) Gp-s-mult-nsg:[G> H; G> N; HC N;a € N| =
H'(GPGN)G/: H-a
(proof)

lemma (in Group) QmpTr5:[Gv> H; G»> N; H C N; X € carrier (G/H);
Y € carrier (G/H) ] = (Qmp G HN) ( X (G ] H) Y) =

((Qmp G HN) X) (¢ y Ny (@mp G HN) Y)
(proof)

lemma (in Group) QmpTr:[G> H; G> N; HC N | =
(Qmg g.N) € gHom (G / H) (G / N)
(proof)

lemma (in Group) Qmpgsurjec:[G > H; G> N; HC N | =

117



gsuricc ) m),(c ) Ny (Qma H.N)
(proof)

lemma (in Group) gkerQmp:[G > H; G> N; HC N | =
gker(G / H)(G ] N) (@mg g N) = carrier (Gp G N)/ H)
(proof)

theorem (in Group) homom2:[G > H; G> N; H C N] =
9 ((G/H)/(carrier ((Gp G N)/H))),(¢/N) (@G H N (G/m),(G/N))
(proof)

3.11 Isomorphims

theorem (in Group) isom2:[G > H; G> N; H C N| =
(oroof) ((G/H)/(carrier (Gp G N)/H))) = (G/N)
prOOo,

theorem homom3:[ Group F; Group G; G > N; gsurjp g f;
NI =(@(imFGf)yN]= (F/ NI)=(G/ N)
(proof )

lemma (in Group) homom3Tr1:[G » H; G N| = HN N =
9ker(Gp G H),((Gp G (H o N))/N)

((Pj (Gp G (Hog N)) N)oay ¢y («(ap G H))
(proof )

3.11.1 An automorphism groups

definition
automg 1 - =
( carrier :: (Ya = 'a) set, top :: ['a = 'a,’a = 'a] = ('a = 'a),
iop :: ('a = 'a) = ('a = 'a), one :: ('a = 'a))) where
automg G = (| carrier = {f. 9ija a ft
top = Age{f. gbijq ¢ f}- Me{f. gbijg.q f}- (g9 oaG ),
iop = AMfE{f. gbijq. ¢ f}- (Ifn G G f), one = I |

lemma automgroup Tr1:[Group G; gbijq ¢ [; 9bijq.q 9 9biig,q h] =
(hogg)ogf= hog(gogf)
(proof)

lemma automgroup: Group G = Group (automg Q)
(proof)
3.11.2 Complete system of representatives

definition
gesrp o - = 'a set = 'a set = bool where
gesrp G HS == 3f. (bij-to [ (set-res G H) S)
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definition
gesrp-map::- = 'a set = 'a set = 'a where
gesrp-map G H == M\X€(set-res G H). SOME z. z € X

lemma (in Group) gesrp-func:G » H = gesrp-map G H € set-res G H — UNIV
(proof)

lemma (in Group) gcsrp-funcl:G » H =
gesrp-map G H € set-res G H — (gesrp-map G H) “ (set-rcs G H)
(proof)

lemma (in Group) gesrp-map-bij:G » H =
bij-to (gesrp-map G H) (set-res G H) ((gesrp-map G H) {(set-res G H))
(proof)

lemma (in Group) image-gcsrp:G » H =
gestp G H ((gesrp-map G H) “(set-res G H))

(proof )

lemma (in Group) gcesrp-exists:G » H = 35. gesrp G H S
(proof)

definition

gesrp-top :: [-, 'a set] = ‘a = 'a = 'a where

gesrp-top G H == Az € ((gesrp-map G H) (set-res G H)).
Ay € ((gesrp-map G H) ‘(set-res G H)).
gesrp-map G H
(c-top G H
((invfun (set-rcs G H) ((gesrp-map G H) “(set-rcs G H)) (gesrp-map G H)) x)
((invfun (set-rcs G H) ((gesrp-map G H) {(set-res G H)) (gesrp-map G H)) y))

definition
gesrp-iop::[- , 'a set] = 'a = 'a where
gesrp-iop G H = (Ax € ((gesrp-map G H) “(set-res G H)).
gesrp-map G H
(c-iop G H
((invfun (set-res G H) ((gesrp-map G H) {(set-rcs G H)) (gesrp-map G H))
7))

definition
gesrp-one::[- , 'a set] = 'a where
gesrp-one G H = gesrp-map G H H

definition
Gesrp - - = 'a set = 'a Group where
Gesrp G N = (carrier = (gesrp-map G N) “(set-res G N),
top = gesrp-top G N, iop = gesrp-iop G N, one = gesrp-one G N
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lemma (in Group) gesrp-top-closed:[Group G; G > N;

a € ((gesrp-map G N) {(set-rcs G N)); b € ((gesrp-map G N) {(set-rcs G N))]
= gesrp-top G N a b € (gesrp-map G N) “(set-rcs G N)
(proof )

lemma (in Group) gcesrp-tassoc:[Group G; G > N;
a € ((gesrp-map G N) “(set-rcs G N));
b € ((gesrp-map G N) {(set-rcs G N));
¢ € ((gesrp-map G N) {(set-rcs G N))] =
(gesrp-top G N (gesrp-top G N a b) ¢) =
(gesrp-top G N a (gesrp-top G N b ¢))
(proof)

lemma (in Group) gcsrp-l-one:[Group G; G > N;
a € ((gesrp-map G N) “(set-res G N))| =
(gesrp-top G N (gesrp-one G N) a) = a
(proof)

lemma (in Group) gesrp-l-i:[G > N; a € ((gesrp-map G N) “(set-res G N))] =
gesrp-top G N (gesrp-iop G N a) a = gesrp-one G N
(proof)

lemma (in Group) gesrp-i-closed:[G > N; a € ((gesrp-map G N) {(set-res G N))]
= gesrp-iop G N a € ((gesrp-map G N) “(set-rcs G N))
(proof)

lemma (in Group) Group-Gesrp:G > N = Group (Gesrp G N)
(proof)

lemma (in Group) gcsrp-map-gbijec:G > N =
gbz’j(G/N% (Gesrp G N) (gesrp-map G N)
(proof)

lemma (in Group) Qg-equiv-Gesrp:G > N = (G / N) = Gesrp G N
(proof)

3.12 Zassenhaus

we show H — H N/N is gsurjective

lemma (in Group) homom4Tr1:[G > N; G » H] = Group ((Gp G (H o N))
/ N)
(proof)

lemma homom3Tr2:[Group G; G » H; G > N] =
95UTi(Gp G H),((Gp G (H o N))/N)

((Pj (Gp G (Hog N)) N)oay a my (Wap ¢ 1))
(proof)
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theorem homomj:[Group G; G> N; G » H| :>gbij((Gp G H)/(H N N)),((Gp G (H og N)) / N)
(Pj (Gp G (Hog N)) N) oGy ¢ 1y (WGp ¢ 1Y) (Gp G H),((Gp G (H og N)) | N))

(proof)

lemma (in Group) homom4-2:[G > N; G » H] = Group ((Gp G H) / (H N
N))
(proof)

lemma isom4:[Group G; G > N; G » H] =
(oroof) ((Gp GH)/(HN N))= ((Gp G (Nog H))/N)
pProo

lemma ZassenhausTr5:[Group G; G » H; G » Hl; G » K; G » K1; Gp G H >
Hi;
Gp GKv Kl =
((Gp G (HNK))/(HI N K)og (HNKIL))) =
((Gp G (HI o (H N K)))/(HI o (H N K1)))

{(proof)

lemma ZassenhausTr5-1:[Group G; G » H; G » Hl; G» K; G» K1; Gp G H >
Hi;
Gp GK>KI| = ((Gp G(KNH))/(KINH)og (KnNHIL))) =
((Gp G (K1 o (K N H)/(K1 o (K 1 H1)))

(proof)

lemma ZassenhausTr5-2: [Group G; G » H; G » HI; G » K; G » K1; Gp G H
> Hi;
Gp GK»> Kl =
((Gp G (HN K))/((HI N K) o (H N K1))) =
((Gp G (KN H))/((KINH)oq (KN HL)))

(proof)

lemma ZassenhausTr6-1:[Group G; G » H; G » H1; G » K; G » K1; Gp G H >
Hi;

)

Gp GKv> K1) = Group (Gp G (HNK) /(HI NKoqg HN K1))
(proof)

lemma ZassenhausTr6-2:[Group G; G » H; G » H1; G » K; G » K1; Gp G H >
Hi;

b

Gp G K > K1] = Group (Gp G (Hl og HN K) / (Hl o HN K1))
(proof)

lemma ZassenhausTr6-3:[Group G; G » H; G » H1; G » K; G » K1; Gp G H >
Hi;

b

Gp G K > K1] = Group (Gp G (K1 o KN H) / (Kl o K N H1))
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(proof)

theorem Zassenhaus:[Group G; G » H; G » Hl; G» K; G» K1; Gp G H > HI;

Gp GKv KI] = (Gp G (Hl o HN K

)/ (H1 og H 0 K1)) =
(Gp G (K1 o KN H) / (

K1 og K N H1))
{proof)

3.13 Chain of groups I

definition
d-gchain :: [-, nat, (nat = 'a set)] = bool where
d-gchain G n g = (if n=0then G » g 0 else (VI< n. G» (gl) A
(V1< (n— Suc0). g (Sucl) Cgl)))

definition
D-gchain :: [-, nat, (nat = 'a set)] = bool where
D-gchain G n g = (if n = 0 then G » (g 0) else (d-gchain G n g) A
(V1< (n— Suc 0). (g (Suc 1) € (g 1))

definition
td-gchain :: [- , nat, (nat = 'a set)] = bool where
td-gchain G n g = (if n=0 then g 0 = carrier G A g 0 = {14} else
d-gchain G n g A g 0 = carrier G A g n = {15})

definition
tD-gchain :: [-, nat, (nat = 'a set)] = bool where
tD-gchain G n g = (if n=0 then g 0 = carrier G N g 0 = {15} else
D-gchain G n g A (g 0 = carrier G) A (gn = {1g}))

definition
w-cmpser :: [-, nat, (nat = 'a set)] = bool where
w-cmpser G n g = (if n = 0 then d-gchain G n g else d-gchain G n g A
(Vi< (n—1).(Gp G (g1)> (g (Sucl))))

definition
W-cmpser :: [- | nat, (nat = 'a set)] = bool where
W-cmpser G n g = (if n = 0 then d-gchain G 0 g else D-gchain G n g A
(Vi< (n—1).(Gp G (g1)> (g (Sucl))))

definition
tw-cmpser :: [-, nat, (nat = 'a set)] = bool where
tw-cmpser G n g = (if n = 0 then td-gchain G 0 g else td-gchain G n g A
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(Vi< (n—1). (Gp G (g1) > (g (Sucl))))

definition
tW-cmpser :: [-, nat, (nat = 'a set)] = bool where
tW-cmpser G n g = (if n = 0 then td-gchain G 0 g else tD-gchain G n g A
(Vi< (n—1).(Gp G (g1)> (g (Sucl))))

definition
Qu-cmpser :: [-, nat = 'a set] = (nat = ('a set) Group) where
Qu-cmpser G f1 = ((Gp G (f1)) / (f (Sucl)))

definition
red-chn :: [- , nat, (nat = 'a set)] = (nat = 'a set) where
red-chn G n f = (SOME g. g € {h.(tW-cmpser G (card (f ‘{i. i < n}) — 1) h)
ANh{ii<(card (f “{i.i<n})— 1)} =fqi i<n}})

definition
chain-cutout :: [nat, (nat = 'a set) | = (nat = 'a set) where
chain-cutout | f = (Nj. f (slide 1 j))

lemma (in Group) d-gchainTr0:[0 < n; d-gchain G n f; k < (n — 1)]
= f (Suck) C fk
(proof )

lemma (in Group) d-gchain-mem-sg:d-gchain G n f = Vi< n. G » (f 1)
(proof)

lemma (in Group) d-gchain-pre:d-gchain G (Suc n) f = d-gchain G n f
(proof)

lemma (in Group) d-gchainTr1:0 < n — (Vf. d-gchain G n f —
(Vi<nVji<nl<j—fjCfl)
(proof )

lemma (in Group) d-gchainTr2:[0 < n; d-gchain G n f; 1 < n;j<n; 1 <j]
= ficfl
(proof)

lemma (in Group) im-d-gchainTr1:[d-gchain G n f;
fle(f{ici<n}) —{f0}] =
J(LEAST j. fje (f*{i.i <n}) —{f0}) € (f "{i.i < n} —{f0})
(proof)

lemma (in Group) im-d-gchainTr1-0:[d-gchain G n f;
fle(fAii<n})—{f0}] =
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0 <(LEAST . fje (f {i.i<n})—A{f0})
(proof)

lemma (in Group) im-d-gchainTri-1:

[d-gchain Gn f; 3 i. fie (f{i.i<n})—{f0}]] =
<f (%MSTJ- fie((Ffii<ny) ={f0}) e (F{i.i<n}) —{f0})
proo

lemma (in Group) im-d-gchainsTri1-2:
[d-gchain Gn f; i <n;fief{ii<n}—-{f0}] =
(LEASTj. fj € (f4i. i < n} — {f0})) < i
(proof)

lemma (in Group) im-d-gchainsTr1-3:[d-gchain G n f; 3i < n.
fieffii<n} —{f0}
k< (LEASTj. fje (f{ii<n}—{f0})] = fk=1f0
(proof)

lemma (in Group) im-gdchainsTr1-4:[d-gchain G n f;
Jvefdi.i<n}y. v {f0} i< (LEASTj. fje (f {i. i < n}) A
fi#f0) = fi=f0

(proof)

lemma (in Group) im-d-gchainsTr1-5:[0 < n; d-gchain G n f; i < n;
fie(f{ii<n} —{f0}); (LEAST j. fj e (f {i. i < n} = {f0})) =]
— i i< G (Sue 0)} = {f0)

(proof )

lemma (in Group) im-d-gchains1:[0 < n; d-gchain G n f; i < n;
fie(f{i.i<n}—{f0})
(LEASTj. fje (f {i.i<n} — {f0}) =j] =
Fhii<ny={f0}U{fili.j<ini<n}
(proof)

lemma (in Group) im-d-gchains1-1:[d-gchain G n f; fn # f 0] =
fHici<n} ={f0}U
{fili. (LEASTj. fje (f4i.i<n}—{f0})<iAni<n}
(proof )

lemma (in Group) d-gchains-leastTr:[d-gchain G n f; fn # f0] =
(LEAST j. fje (fqi.i<n}—{f0}) e{ii<n}A
f(LEAST j. fje (f{i-i<n} —{f0}) #[f0

(proof)

lemma (in Group) im-d-gchainTr2:[d-gchain G n f; j < n; fj # f 0] =
Vi<n fOo=fi— -j<i

{(proof)

lemma (in Group) D-gchain-pre:[D-gchain G (Suc n) f] = D-gchain G n f
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(proof)

lemma (in Group) D-gchain0:[D-gchain G n f; i < n; j < n; i< j =
ficri
{proof)

lemma (in Group) D-gchainl:D-gchain G n f = inj-on f {i. i < n}
(proof)

lemma (in Group) card-im-D-gchain:[0 < n; D-gchain G n f]
= card (f {i. i < n}) = Sucn

(proof)

lemma (in Group) w-cmpser-gr:[0 < r; w-cmpser G r f; i < 7]
= G» (f19)
(proof)

lemma (in Group) w-cmpser-ns:[0 < r; w-cmpser Grf; i < (r — 1)] =

(Gp G (f9)) > (f (Suc i)
(proof )

lemma (in Group) w-cmpser-pre:w-cmpser G (Suc n) f = w-cmpser G n f
(proof)

lemma (in Group) W-cmpser-pre: W-cmpser G (Suc n) f = W-cmpser G n f

(proof)

lemma (in Group) td-gchain-n:[td-gchain G n f; carrier G # {1}] = 0 < n
(proof)

3.14 Existence of reduced chain

lemma (in Group) D-gchain-is-d-gchain:D-gchain G n f = d-gchain G n f
(proof)

lemma (in Group) joint-d-gchains:[d-gchain G n f; d-gchain G m g;
g0 Cfn] = d-gchain G (Suc (n + m)) (jointfun n f m g)
(proof)

lemma (in Group) joint-D-gchains:[D-gchain G n f; D-gchain G m g;
g0 C fn] = D-gchain G (Suc (n + m)) (jointfun n fm g)
(proof)

lemma (in Group) w-cmpser-is-d-gchain:w-cmpser G n f = d-gchain G n f
(proof)

lemma (in Group) joint-w-cmpser:[w-cmpser G n f; w-cmpser G m g;

Gp G (fn) > (g 0)] = w-cmpser G (Suc (n + m)) (jointfun n fm g)
(proof)
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lemma (in Group) W-cmpser-is-D-gchain: W-cmpser G n f = D-gchain G n f
(proof)

lemma (in Group) W-cmpser-is-w-cmpser: W-cmpser G n f = w-cmpser G n f

(proof)

lemma (in Group) tw-cmpser-is-w-cmpser:tw-cmpser G n f = w-cmpser G n f
(proof)

lemma (in Group) tW-cmpser-is-W-cmpser:tW-cmpser G n f => W-cmpser G n

f
(proof)

lemma (in Group) joint-W-cmpser:[ W-cmpser G n f; W-cmpser G m g;
(Gp G (fn)>(g0);90C fn] =
W-cmpser G (Suc (n + m)) (jointfun n fm g)

(proof)

lemma (in Group) joint-d-gchain-n0:[d-gchain G n f; d-gchain G 0 g;
g0 Cfn] = d-gchain G (Suc n) (jointfun n f 0 g)
(proof)

lemma (in Group) joint-D-gchain-n0:[D-gchain G n f; D-gchain G 0 g;
g0 C fn] = D-gchain G (Suc n) (jointfun n f 0 g)
(proof)

lemma (in Group) joint-w-cmpser-n0:[w-cmpser G n f; w-cmpser G 0 g;
(Gp G (fn)) > (g 0)] = w-cmpser G (Suc n) (jointfun n f 0 g)
(proof)

lemma (in Group) joint-W-cmpser-n0:[ W-cmpser G n f; W-empser G 0 g;
(GpG(fn)>(g0);9g0Cfn]=
W-cmpser G (Suc n) (jointfun n f 0 g)
(proof)

definition
simple-Group :: - = bool where
simple-Group G <+— {N. G » N} = {carrier G, {15}}

definition
compseries:: [- , nat, nat = 'a set] = bool where
compseries G n f «— tW-cmpser G n f A (if n = 0 then f0 = {15} else
(Vi < (n — 1). (simple-Group ((Gp G (f1))/(f (Suc 0))))))

definition

length-twempser :: [- , nat, nat = 'a set] = nat where
length-twempser G n f = card (f {i. i < n}) — Suc 0
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lemma (in Group) compseriesTr0:[compseries G n f; i < n] =
G» (fi)
(proof)

lemma (in Group) compseriesTrl:compseries G n f = tW-cmpser G n f
(proof)

lemma (in Group) compseriesTr2:compseries G n f = f 0 = carrier G

{(proof)

lemma (in Group) compseriesTr3:compseries G n f = fn = {1}
(proof)

lemma (in Group) compseriesTrs:compseries G n f = w-cmpser G n f

(proof)

lemma (in Group) im-jointfuniTri:N1l < n. G » (fl) =
fe{i.i<n} — Collect (sg G)
(proof)

lemma (in Group) Nset-Suc-im:¥V1 < (Suc n). G » (f1) =
insert (f (Suc n)) (f ‘{i. ¢ < n})=f{i. i < (Sucn)}
(proof )

definition
NfuncPair-neg-at::[nat = 'a set, nat = 'a set, nat] = bool where
NfuncPair-neq-at f gi «— fi # g i

lemma LeastTr0:[ (i:nat) < (LEAST 1. P (1))] = — P (3)
(proof)

lemma (in Group) funeq-LeastTri:[VI< n. G » fl;VI<n.G» gl;
(I :: nat) < (LEAST k. (NfuncPair-neg-at f g k)) | = fl =g
(proof)

lemma (in Group) funeq-LeastTri-1:[V1 < (n:nat). G » fl;VI<n. G» gl
(I :: nat) < (LEAST k. (fk# gk)] = fl=gl
(proof)

lemma (in Group) Nfunc-LeastTr2-1:[i < n; Vi< n. G» fl; VI<n G» gl
NfuncPair-neg-at f g i] =
NfuncPair-neg-at f g (LEAST k. (NfuncPair-neg-at f g k))

(proof)

lemma (in Group) Nfunc-LeastTr2-2:[i < n; VI <n. G» fl;VI<n G» gl
NfuncPair-neg-at f g i] =
(LEAST k. (NfuncPair-neg-at f g k)) < i
(proof)
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lemma (in Group) Nfunc-LeastTr2-2-1:[i < (nunat); VI < n. G » f1;
Vi<n G»gl;fi#gi] = (LEASTk. (fk#gk)) <1
(proof)

lemma (in Group) Nfunc-LeastTr2-3:[V1 < (n:nat). G » fl; Vi< n. G» gl
i<nfi#gi] =
f (LEAST k. (fk# gk)) # g (LEASTEk. (fk# gk))

(proof )

lemma (in Group) Nfunc-LeastTr2-4:[V1 < (n:nat). G » f; VI <n. G» gl
i<nfi#gi] =(LEASTk. (fk#gk)<n
(proof)

lemma (in Group) Nfunc-LeastTr2-5:[VI< (n:nat). G » fl;VI<n. G» gl
Fi<n (fi#gi)] =
F(LEAST k. (fk# g %) # g (LEAST k. [k # g k))

(proof )

lemma (in Group) Nfunc-LeastTr2-6:[V1 < (n:nat). G » fl; Vi< n G» gl
Ji<n (fi#gi)] = (LEASTk. (fk# gk)) <n
(proof )

lemma (in Group) Nfunc-Least-sym:[V1 < (n:nat). G » f;VI<n. G» gl;
Fi<n (fi#£gi)] =
(LEAST k. (fk# gk)) = (LEAST k. (9k # fk))
{proof)

lemma Nfunc-iNJTr:[inj-on g {i. i < (nznat)}; i <n;j<mji<j]= gi#
9]
{proof )

lemma (in Group) Nfunc-LeastTr2-7:[V1 < (n:nat). G » fl; Y1 <n. G» gl
inj-on g {i. i < n}; Ii < n. (fi # g1);
fk=g(LEASTk.(fk # gk))] =(LEASTk.(fk# gk)) <k

(proof)

lemma (in Group) Nfunc-LeastTr2-8:[V1 < n. G » fl;¥YIi<n. G» gl
injron g{i.i<n};Ii<n. fiAgi fqi.i<n}=gqii<n}]
=3
3 k €(nset (Suc (LEAST 4. (fi # g 1)) n). fk=g (LEAST i. (fi # g 1))
{proof )

lemma (in Group) ex-redchainTrl:[d-gchain G n f;
D-gchain G (card (f “{i. ¢ < n}) — Suc 0) g;
g ‘i i< (ecard (f “{i.i<n})— Suc0)} =f{i.i<n}] =
g (card (f “{i. i< n})— Suc0)=fn

(proof)
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lemma (in Group) ex-redchainTri-1:[d-gchain G (n::nat) f;
D-gchain G (card (f “{i. ¢ < n}) — Suc 0) g;
g ‘i i< (ecard (f “{i.i<n})— Suc0)} =f{i.i<n}] =
g0 =10

(proof)

lemma (in Group) ex-redchainTr2:d-gchain G (Suc n) f
= D-gchain G 0 (constmap {0::nat} {f (Suc n)})

(proof)

lemma (in Group) last-mem-excluded:[d-gchain G (Suc n) f; fn # f (Suc n)]
—

f (Sucn) ¢ f{ii<n}
(proof )

lemma (in Group) ex-redchainTrj:[d-gchain G (Suc n) f; fn # f (Suc n)] =
card (f “{i. i < (Suc n)}) = Suc (card (f *{i. i < n}))
(proof )

lemma (in Group) ex-redchainTr5:d-gchain G n f = 0 < card (f ‘{i. i< n})

(proof)

lemma (in Group) ex-redchainTr6:V f. d-gchain G n f —
(3g. D-gchain G (card (f {i. ¢ < n}) —1)gA
(9 {i. i < (card (f {i. i < n}) — 1)} = [ {i. i < n}))
(proof)

lemma (in Group) ex-redchain:d-gchain G n f —>

(3g. D-gchain G (card (f ‘{i.i < n})—1)gA

g ‘{i.i<(card (f‘{i.i<n})—1D}=f{i.i<n})
(proof)

lemma (in Group) const-W-cmpser:d-gchain G (Suc n) f =
W-cmpser G 0 (constmap {0::nat} {f (Suc n)})
(proof)

lemma (in Group) ex-W-cmpserTrOm:V f. w-cmpser G m f —
(g. (W-cmpser G (card (f {i.i < m}) — 1) g A
g {i. i < (card (f {i. i < m}) — 1)} = f4i. i < m}))
(proof)

lemma (in Group) ex-W-cmpser:w-cmpser G m f —>
Jg. W-empser G (card (f “‘{i. i <m}) —1)g A
g ‘{ii<(card (f{i.i<m})— D}=f{i.i<m}
(proo)
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3.15 Existence of reduced chain and composition
series

lemma (in Group) ex-W-cmpserTrdm1:[tw-cmpser G (m::nat) f;
W-cmpser G ((card (f “{i. i < m})) — 1) g;
g i i < ((card (F {5 i < m}) — 1)} = f 43 i < m}] =
tW-cmpser G ((card (f ‘{i.i <m})) — 1) g

(proof)

lemma (in Group) ex-W-cmpserTr8m:tw-cmpser G m [ —

dg. tW-empser G ((card (f “{i. i < m})) — 1) g A
g{ii<(card (f{i.i<m})—1D}=f{i.i<m}
(proof)
definition
red-ch-cd :: [, nat = 'a set, nat, nat = 'a set | = bool where

red-ch-cd G f m g <— tW-cmpser G (card (f “{i. i < m}) — 1) g A
(g 4i.i<(card (f “{i.i<m})— 1)} =f{ii<m})

definition
red-chain :: [- , nat, nat = 'a set] = (nat = 'a set) where
red-chain G m f = (SOME g. g € {h. red-ch-cd G f m h})

lemma (in Group) red-chainTrOm1-1:tw-cmpser G m f —>
(SOME g. g € {h. red-ch-cd G fm h}) € {h. red-ch-cd G f m h}
(proof)

lemma (in Group) red-chain-m:tw-cmpser G m f =
tW-cmpser G (card (f “{i. i < m}) — 1) (red-chain G m f) A
(red-chain G m f) {i. i < (card (f {i. it < m}) — 1)} = f{i. i < m}
(proof)

3.16 Chain of groups I1

definition
Gchain :: [nat, nat = (('a set), 'more) Group-scheme] = bool where
Gcehain n g +— (V1 < n. Group (g 1))

definition
isom-Gchains :: [nat, nat = nat, nat = (('a set), 'more) Group-scheme,
nat = (('a set), 'more) Group-scheme] = bool where
isom-Gchains n f g h +— (Vi < n. (g i) = (h (f1)))

definition

Gch-bridge :: [nat, nat = (('a set), 'more) Group-scheme, nat =
(('a set), 'more) Group-scheme, nat = nat] = bool where

Geh-bridge n g h f +— (VI < n. fl <n) Aidnjon f {i.i < n} A
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isom-Gchains n f g h

lemma Gchain-pre:Gchain (Suc n) ¢ = Gchain n g

(proof)

lemma (in Group) isom-unit:[G » H; G » K; H = {1}] =
Gp GH=Gp GK — K = {1}
(proof)

lemma isom-gch-unitsTr):[Group F; Group G; Ugp E; F =2 G; F & F] =
G=F

1

(proof)

lemma isom-gch-cmp:[Gchain n g; Gehain n by f1 € {i. i < n} — {i. i < n};
f2 € {i. i < n} = {i. i < n}; isom-Gchains n (cmp f2 f1) g h] =
isom-Gchains n f1 g (cmp h f2)
(proof )

lemma isom-gch-transp:[Gchain n f; i < n; j < n; i < j] =
isom-Gchains n (transpos i j) f (emp f (transpos i j))
(proof)

lemma isom-gch-units-transp Tr0:[Ugp E; Gchain n g; Gehain n h; i < n; j < n;
i < j; isom-Gchains n (transpos i j) g h] =
{i.i<nANgi2E}-{i,jt={i.i<nAhi=E}—{ij}

(proof)

[N}

lemma isom-gch-units-transpTr1:[Ugp E; Gchain n g; i < n; j < n; gj = E;
i # ] =
insertj ({i. i <nAgi=2E}—{i,j})={i.i<nAgixE} - {i}
(proof)

lemma isom-gch-units-transpTr2:[Ugp E; Gchain n g; i < n; j < n; i < j;
gi 2 E] =
{i.i<nANgi=E}=inserti ({i.i<nA gi=E}— {i})
(proof)

lemma isom-gch-units-transpTr3:[Ugp E; Gchain n g; © < n]
= finite ({i. i < n A gi= E} — {i})
(proof )

lemma isom-gch-units-transpTr4:[Ugp E; Gchain n g; i < n]
= finite ({i. i < n A gi= E} — {i, j})
(proof)

lemma isom-gch-units-transp Tr5-1:[Ugp E; Gcehain n g; Gehain n by i < (n:nat);
j < n; i< j; isom-Gchains n (transpos i j) g h] = gi = hj

(proof)
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lemma isom-gch-units-transpTr5-2:[Ugp E; Gchain n g; Gehain n h; i < n;
j < mn; i < j; isom-Gchains n (transpos i j) g h] = gj = hi
(proof)

lemma isom-gch-units-transpTr6:[Gehain n g; i < n] = Group (g )

(proof)

lemma isom-gch-units-transpTr7:[Ugp E; i < n;j < n; gj = hi;
Group (hi); Group (9j); " gj 2 E]= - hiX®E
{(proof)

lemma isom-gch-units-transp Tr8-1:[Ugp E; Gchain n g; i < n; j < n;
gi= B ngj= E] =
{ici<nAgiZE}={i.i<nAgi=E}-{j}

(proof)

lemma isom-gch-units-transpTr8-2:[Ugp E; Gchain n g; i < n; j < n;
ngi=E -gj= E] =
{ici<nAgiZE}={i.i<nAgi=ZE}—-{ij}

(proof )

lemma isom-gch-units-transp:[Ugp E; Gchain n g; Gehain n h; i
i < j; isom-Gchains n (transpos i j) g h] =
card {i. i <nANgi=2E}=card {i.i<nAhiXFE}
(proof)

IN

n;j < m;

lemma TR-isom-gch-units:[Ugp E; Gechain n f; i < n; j < n; i< j =
card {k. k <nAfk=E}=card {k. k <nA
(cmp f (transpos i j)) k = E}

(proof)

lemma TR-isom-gch-units-1:[Ugp E; Gechainn f; i < n;j < n; i <j] =
card {k. k < n A fk=E} =card {k. k < n A f (transpos i j k) = E}
(proof)

lemma isom-tgch-unitsTr0-1:[Ugp E; Gchain (Suc n) g; g (Suc n) & E] =
{i. 1< (Sucn) AN gi=E}=insert (Sucn){i.i <nAgiXFE}

(proof)

lemma isom-tgch-unitsTr0-2:Ugp E = finite ({i. i < (ninat) A gi = E})
(proof)

lemma isom-tgch-unitsTr0-8:[Ugp E; Gchain (Suc n) g; = g (Suc n) = EJ
= {i.i<(Sucn)ANgi2E}={i.i<nAgiZXFE}
(proof)

lemma isom-tgch-unitsTr0:[Ugp E;

card {i. i <nAgi=E}=card {i. i <nAhiZXE};
Gchain (Suc n) g A Gcehain (Suc n) h A Geh-bridge (Suc n) g h f;
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f (Suc n) = Suc n] =
card {i. ¢ < (Sucn) A gi = E} =
card {i. i < (Sucn) A hi = E}
(proof)

lemma isom-gch-unitsTri-1: [Ugp E; Gchain (Suc n) g A Gchain (Suc n) h
A Gceh-bridge (Suc n) g h f; f (Suc n) = Suc n] =
Gcehain n g N Gchain n h N Gch-bridge n g h f
(proof)

lemma isom-gch-unitsTr1-2:[Ugp E; f (Suc n) # Suc n; inj-on f {i. i<(Suc n)};
Vi< (Sucn). fl < (Sucn)] =
(emp (transpos (f (Suc n)) (Suc n)) f) (Suc n) = Suc n

(proof )

lemma isom-gch-unitsTri-3:[Ugp E; f (Suc n) # Suc n;
VI < (Sucn). fl < (Sucn);ing-on f {i. i < (Sucn)}] =
ing-on (cmp (transpos (f (Suc n)) (Suc n)) f) {i. i < (Suc n)}
(proof )

lemma isom-gch-unitsTri-4:[Ugp E; f (Suc n) # Suc n; inj-on f {i. i<(Suc n)};
VI < (Sucn). fl < (Sucn)] =
inj-on (cmp (transpos (f (Suc n)) (Suc n)) f) {i. i < n}

(proof)

lemma isom-gch-unitsTri-5:[Ugp E; Gchain (Suc n) g A Gchain (Suc n) h A
Gch-bridge (Suc n) g h f; f (Suc n) # Suc n | =
Gchain n g A Gchain n (ecmp h (transpos (f (Suc n)) (Suc n))) A
Gch-bridge n g (cmp h (transpos (f (Suc n)) (Suc n)))
(emp (transpos (f (Suc n)) (Suc n)) f)
(proof)

lemma isom-gch-unitsTr1-6:[Ugp E; f (Suc n) # Suc n; Gchain (Suc n) g A
Gchain (Suc n) b A Gch-bridge (Suc n) g h f] = Gchain (Suc n) g A
Gchain (Suc n) (ecmp h (transpos (f (Suc n)) (Suc n))) A
Gceh-bridge (Suc n) g (emp h (transpos (f (Suc n)) (Suc n)))
(emp (transpos (f (Suc n)) (Suc n)) f)
(proof)

lemma isom-gch-unitsTr1-7-0:[ Gehain (Suc n) h; k # Suc n; k < (Suc n)]
= Gchain (Suc n) (ecmp h (transpos k (Suc n)))
(proof)

lemma isom-gch-unitsTr1-7-1:[Ugp E; Gchain (Suc n) h; k # Suc n; k < (Suc
n)]

= {i. 1 < (Suc n) A emp h (transpos k (Suc n)) ¢ = E} — {k, Suc n} =
{i. 1 < (Suecn) ANhi E} —{k, Sucn}
(proof)
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lemma isom-gch-unitsTr1-7-2:[Ugp E; Gchain (Suc n) h; k # Suc n;
k < (Suc n); h (Sucn) 2 E] =
cmp h (transpos k (Suc n)) k= E
(proof )

lemma isom-gch-unitsTr1-7-3:[Ugp E; Gchain (Suc n) h; k # Suc n;
k < (Sucn); h k=2 E] = cmp h (transpos k (Suc n)) (Suc n) = E
(proof )

lemma isom-gch-unitsTr1-7-4:[Ugp E; Gchain (Suc n) h; k # Suc n;
k < (Suc n); = h (Suc n) 2 E] =
- cmp h (transpos k (Suc n)) k=2 F
(proof )

lemma isom-gch-unitsTr1-7-5:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn);-hk=E =
= cmp h (transpos k (Suc n)) (Suc n) 2 E
(proof)

lemma isom-gch-unitsTr1-7-6:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn);h (Sucn) 2 E;hk=FE =
{i.i < (Sucn) AN hiX E} =
insert k (insert (Suc n) ({i. i < (Suc n) A hi = E} — {k, Suc n}))
(proof)

lemma isom-gch-unitsTr1-7-7:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn); h (Sucn) 2 E;,-hk=E =
{i. 1< (Sucn) N hi=E}=
insert (Suc n) ({i. 7 < (Sucn) A hi= E} — {k, Suc n})
(proof)

lemma isom-gch-unitsTr1-7-8:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn); =~ h (Sucn) 2 FE; hk=E] =
{i. 1< (Sucn) N hi=E} =
insert k ({i. i < (Suc n) A hi= E} — {k, Suc n})
(proof)

lemma isom-gch-unitsTr1-7-9:[Ugp E; Gchain (Suc n) h; k # Suc n;
k< (Sucn); - h(Sucn) =2 E;,-hk=E =
{i. 1< (Sucn) N hi=E}=
{i. i < (Sucn) A hi= E} — {k, Suc n}
(proof)
lemma isom-gch-unitsTr1-7:[Ugp E; Gchain (Suc n) h; k # Suc n;
k < (Suc n)] = card {i. i < (Sucn) A
emp h (transpos k (Suc n)) ¢ 2 E} = card {i. 1 < (Sucn) A hi=E}
(proof)

lemma isom-gch-unitsTrl:Ugp E = Y ¢g. Vh. ¥V f. Gchain n g A
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Gchain n h N Geh-bridgen gh f — card {i. i <nAgi = E} =
card {i. i <n AN hi=FE}
(proof )

lemma isom-gch-units:[Ugp E; Gchain n g; Gchain n h; Geh-bridge n g h f] =
card {i. i <nANgi2E}=card {i. i <nAhiZXE}
(proof)

lemma isom-gch-units-1:[Ugp E; Gchain n g; Gechain n h; 3f. Geh-bridge n g h
/1

= card {i. i<nAgiZE}=card {i.i<nAhiXE}
(proof)

3.17 Jordan Hoelder theorem

3.17.1 Rfn-tools. Tools to treat refinement of a cmpser, rtos.
lemma rfn-tooll:[ 0 < (r:nat); (kunat) =ixr + 7,5 <7r]

= (kdivr) =1
(proof)

lemma pos-mult-pos:[ 0 < (rinat); 0 < s] = 0 < r % s

(proof)

lemma rfn-tooll-1:[ 0 < (runat); j < r ]
= (ixr+j)divr=1i

(proof)

lemma rfn-tool2:(a::nat) < s = a < s — Suc 0

{proof)

lemma rfn-tool3:(0::nat) < m = (m +n) —n=m

(proof)

lemma rfn-tooll1:[0 < b; (a:nat) < b — Suc 0] = a < b

{proof)

lemma rfn-tool12:[0 < (s:nat); (i:nat) mod s =s — 1 ] =
Suc (i div s) = (Suc 7) div s
(proof)

lemma 7fn-tool12-1:[0 < (s:nat); (Iznat) mod s < s — 1 ]| =
Suc (I mod s) = (Suc 1) mod s
(proof )

lemma 7fn-tool12-2:[0 < (s:nat); (iz:inat) mod s = s — Suc 0] =

(Suc i) mod s = 0
(proof)
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lemma rfn-tool13:[ (0::nat) < r; a = b] = a mod r = b mod r
(proof)

lemma rfn-tool13-1:[ (0:nat) < r;a=b] = adivr=>bdivr

(proof)

lemma div-Tr1:] (0:nat) <70 < ;1< sxr] = ldivs<r

{proof)

lemma div-Tr2:[(0::nat) < r; 0 < s; 1 < sxr] = ldivs <1 — Suc 0

(proof)

lemma div-Tr8:[(0:nat) < 75 0 < 831 < s * r] = Suc (I divs) <r
(proof)

lemma div-Tr3-1:[(0::nat) < r; 0 < s; Il mod s =s — 1] = Suc l div s = Suc
(I div s)
(proof)

lemma div-Tr3-2:[(0::nat) < r; 0 < s;Ilmod s < s — 1] =
ldivs= Sucldivs

(proof)

lemma mod-div-injTr:[(0::nat) < r; £ mod r = y mod r; z div r = y div 7]
—— I = Y

(proof)

definition

rtos :: [nat, nat] = (nat = nat) where
rtos rsi= (if i <1 xsthen (i mod s) x r + i div s else 1 x )

lemma rtos-hom0:[(0::nat) < r; (0::nat) < 851 < (r * s — Suc 0)] =
idivs <r
(proof)

lemma rtos-hom1:[(0::nat) < r; 0 < s; 1< (r *x s — Suc 0)] =
(rtos rs) 1 < (s*r — Suc 0)

(proof)

lemma rtos-hom2:[(0::nat) < r; (0:nat) < ;1 < (r * s — Suc 0)] =
rtos r sl < (r+s— Suc0)

(proof)
lemma rtos-hom3:[(0::nat) < r; 0 < s34 < (r*s — Suc 0) | =
(rtos rsidivr) =1imod s

(proof)

lemma rtos-hom3-1:[(0::nat) < r; (0:nat) < 850 < (r*s— Suc0) | =
(rtos rsimod 1) =1idivs
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(proof)

lemma rtos-hom&:[(0::nat) < r; (0:nat) < s; ¢ < (r *s — Suc 0);
idivs=r— Suc 0] = Suc (rtos r s ) div r = Suc (i mod s)

(proof)

lemma rtos-hom7:[(0::nat) < r; (0::nat) < s; ¢ < (r *x s — Suc 0);
idivs=r— Suc0] = Suc (rtos rsi) modr =10
(proof)

lemma rtos-inj:[ (0:nat) < r; (0:nat) < s | =
inj-on (rtos r s) {i. i < (r x s — Suc 0)}
(proof )

lemma rtos-rs-Tri:[(0:nat) < r; 0 < s = rtosrs (rxs) =r*s

(proof)

lemma rtos-rs-Tr2:[(0:nat) < r; 0 < s | =
Vi< (rxs). rtosrsl<(rxs)

(proof)

lemma rtos-rs-Tr3:[(0:nat) < r; 0 < s | =
inj-on (rtos r s) {i. i < (r * s)}
(proof)

lemma Quw-cmpser:[Group G; w-cmpser G (Suc n) f ] =
Gchain n (Qu-cmpser G f)
(proof)

definition
wesr-rfns :: [-, nat, nat = 'a set, nat] = (nat = 'a set) set where
wesr-rfns G r fs = {h. tw-cmpser G (s *x ) h A
(Vi<r. h(ixs)=7fi)}

definition
trivial-rfn :: [- , nat, nat = 'a set, nat] = (nat = 'a set) where
trivial-rfn G r fs k == if k < (s x r) then f (k div s) else f r

lemma (in Group) rfn-tool8:[compseries G r f; 0 < r] = d-gchain G r f

(proof)

lemma (in Group) rfn-tool16:[0 < r; 0 < s; i < (s * r — Suc 0);
G» f(idivs); (Gp G (f (i divs))) > f (Suc (i div s));
(Gp G (f (i div s))) » (f (i divs) N g (s — Suc 0))]
(Gp G ((f (Suc (i div s)) oq (f (i divs) N g (s — Suc 0))))) >
(f (Suc (i div s)))
(proof )
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Show existence of the trivial refinement. This is not necessary to prove
JHS

lemma rfn-tool30:[0 < r; 0 < s; ldivs* s+ s<sx*r]
= Suc (I divs) <r

(proof)
lemma (in Group) simple-grouptr0:[G » H; G > K; K C H; simple-Group (G /
K]
= H = carrier GV H=K
(proof)

lemma (in Group) compser-nsg:[0 < n; compseries G n f; i < (n — 1)]
= Gp G (fi)v> (f (Suci))
(proof)

lemma (in Group) compseriesTr5:[0 < n; compseries G n f; i < (n — Suc 0)]
= (f (Suci)) € (f1)
(proof)

lemma (in Group) refine-cmpserTr0:[0 < n; compseries G n f; i < (n — 1);
G» H; f(Suci)CHANHCfi]=— H=Ff(Suci)VH=fi
(proof)

lemma div-Tr4:[ (0:nat) < r; 0 < s;j<sxr]=jdivs*xs+s<r=s

(proof)

lemma (in Group) compseries-is-tW-cmpser:[0 < r; compseries G r f] =
tW-cmpser G r f
(proof )

lemma (in Group) compseries-is-td-gchain:[0 < r; compseries G r ] =
td-gchain G r f
(proof)

lemma (in Group) compseries-is-D-gchain:[0 < r; compseries G r ] =
D-gchain G r f
(proof)

lemma divTr5:[0 < r; 0 < 531 < (r*s)] =
ldivsxs<IANIl < (Suc(ldivs))*s

(proof)

lemma (in Group) rfn-compseries-iMTr1:[0 < r; 0 < s; compseries G r f;
h e wesr-rfns Grfs)] = f{i.i<r}C h{i.i<(sx7)}

(proof)

lemma rfn-compseries-iMTr2:[0 < r; 0 < s; za < s x r | =
za divs* s <r*xsA Suc(zadivs)«s<rsxs
(proof)
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lemma (in Group) rfn-compseries-iMTr3:[0 < r; 0 < s; compseries G r f;
j<mVi<r.h(ixs)=fi]l= h({xs)=fj
(proof )

lemma (in Group) rfn-compseries-iM:[0 < r; 0 < s; compseries G 1 f;
h € wesr-rfns Grfs] = card (h {i. i< (s*71r)}) =71+ 1
(proof)

definition
cemp-rfn :: [-, nat, nat = 'a set, nat, nat = 'a set] = (nat = 'a set) where
cmp-rfn Grfsg= (M. (if i < sx* rthen
f (Suc (¢ div s)) og (f (i divs) N g (i mod s)) else {1q}))

lemma (in Group) cmp-rfn0:[0 < r; 0 < s; compseries G r f; compseries G s g;
i<(r—1)j<(s—1)]= G»f(Suci)og ((fi)N(g]))
(proof)

lemma (in Group) cmp-rfnl:[0 < r; 0 < s; compseries G r f; compseries G s g]
= f (Suc 0) o ((f0 ) N (g 0)) = carrier G
(proof)

lemma (in Group) cmp-rfn2:[0 < r; 0 < s; compseries G r f; compseries G s g;
I<(sx71)] = G» cmp-rfn Grfsgl
(proof)

lemma (in Group) cmp-rfn3:[0 < r; 0 < s; compseries G r f; compseries G s g]
= cmp-rfn Grfsg0 = carrier G A emp-rfn Grfsg(sxr)={1}
{proof )

lemma rfn-tool20:[(0::nat) < m;a=bxm+ c;c<m] = amodm=c
(proof)

lemma Suci-mod-s-2:[0 < r; 0 < s;i <1 x5 — Suc 0; i mod s < s — Suc 0]
= (Suc i) mod s = Suc (i mod s)

(proof)

lemma (in Group) inter-sgsTr1:[0 < r; 0 < s; compseries G r f; compseries G s
gGi<rxs] = G» [ (idivs)Ng(s— Suc0)
(proof )
lemma (in Group) JHS-Tr0-2:[0 < r; 0 < s; compseries G r f; compseries G s
[l
= Vi< (sxr— Suc0). Gp G (cmp-rfn Grfsgi)>

emp-rfn G r fs g (Suc i)

(proof)
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lemma (in Group) cmp-rfnj:[0 < r; 0 < s; compseries G r f;
compseries G s g; 1 < (s * r — Suc 0)] =
emp-rfn Grfsg (Sucl) C emp-rfn Grfsgl
(proof)

lemma (in Group) cmp-rfn5:[0 < r; 0 < s; compseries G r f; compseries G s g]
= Vi<r.cmprfn Grfsg(ixs)=fi
(proof)

lemma (in Group) JHS-Tr0:[(0::nat) < r; 0 < s; compseries G r f;
compseries G s g = cmp-rfn G r fs g € wesr-rfns G rfs
(proof)

lemma rfn-tool17:(a:nat) = b= a—c=b— ¢

(proof)

lemma isom4b:[Group G; G > N; G » H] =
(Gp G (NogH)/N)=(Gp GH /(HnNN))
(proof)

lemma Suc-rtos-div-r-1:] 0 < r; 0 < s; ¢ < 1 % s — Suc 0;

Suc (rtos r s i) < r*s;imods=s— Suc 0;

idivs <r— Suc 0] = Suc (rtos rs i) divr =1imods
(proof)

lemma Suc-rtos-mod-r-1:[0 < r; 0 < s; 1 < r x s — Suc 0; Suc (rtos rsi) <r
x s;imod s = s — Suc 0; 1 divs <r — Suc 0]

= Suc (rtos r s i) mod r = Suc (i div s)
(proof)

lemma i-div-s-less:[0 < r; 0 < s; 0 < 1% s — Suc 0; Suc (rtos r s i) < r x s
imods=s— Suc0; Suci<sxr] = idivs<r— Sucl
(proof)

lemma rtos-mod-r-1:[ 0 < r; 0 < s; ¢ < 1 x5 — Suc 0; rtosrsi < r * s
imods=s— Suc0] = rtosrsimodr=1idivs

(proof)

lemma Suc-i-mod-s-0-1:[0 < 7; 0 < 850 < r* s — Suc 0; i mod s = s — Suc 0]
= Sucimod s =10

(proof)

lemma Suci-div-s-2:[0 < r; 0 < s; i < r*s— Suc 0; i mod s < s — Suc 0]
= Sucidivs=1idivs

{(proof)

lemma rtos-i-mod-r-2:[0 < r; 0 < 5; 1 < 1 % s — Suc 0] => rtos r s i mod r =
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7 div s
(proof)

lemma Suc-rtos-i-mod-r-2:[0 < r; 0 < s; i < 1 % s — Suc 0;
i divs=r — Suc 0] = Suc (rtos r s i) mod r = 0

(proof)

lemma Suc-rtos-i-mod-r-3:[0 < r; 0 < s; i < 1 % s — Suc 0;
idivs <r— Suc 0] = Suc (rtos r s i) mod r = Suc (i div s)

{(proof)

lemma Suc-rtos-div-r-8:[0 < r; 0 < s; imod s < s — Suc 0; i < r x s — Suc 0;
Suc (rtos rsi) < rx s idivs<r— Sucl] =
Suc (rtos r s i) divr = i mod s

(proof)

lemma r-s-div-s:[0 < r; 0 < s] = (r * s — Suc 0) divs=r — Suc 0
(proof)

lemma r-s-mod-s:[0 < r; 0 < s] = (r * s — Suc 0) mod s = s — Suc 0

(proof)

lemma rtos-r-s:[0 < r; 0 < s] = rtosrs (r*s— Suc0)=r1xs— Suc0
(proof)

lemma rtos-rs-1:[ 0 < r; 0 < s; rtos r s i < 1 * 8
= Suc (rtos rsi) <rx*xs] = rtosrsi=rx*s— Sucl

(proof)

lemma rtos-rs-i-rs:[ 0 < r; 0 < 8;1 < r* s — Suc 0;
rtosrsi=rxs— Sucl] = i=r+*s— Suc0

(proof)

lemma JHS-Tr1-1:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s g]
= f (Suc ((r * s — Suc 0) div s)) oq (f ((r*s — Suc 0) divs)Ng ((r*s—
Suc 0) mod s)) = f (r — Suc 0) N g (s — Suc 0)

(proof)

lemma JHS-Tr1-2:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
k<r— Suc0] = ((Gp G (f (Suck)og (fkn g (s— Suc0))))/
(f (Suc (Suc k) o (F (Suc k) N g 0))) =
((Gp G (950 (g (s — Suc 0) NFR)) /
(oroof) (950G (g9 (s — Suc0) N f(Suck))))
proo,

lemma JHS-Tr1-3:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
i < s*r — Suc0; Suc (rtosrsi) < sx*r; Suci <sx*r;
imods < s — Suc0; Sucidivs<r— Suc0;idivs=r— Suc0]

= Group (Gp G (fr og (f (r — Suc 0) N g (¢ mod s))) /
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(frog (f (r — Suc 0) N g (Suc (i mod s)))))
(proof)

lemma JHS-Tr1-4:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
i < s*r — Suc0; Suc (rtosrsi) < sx*r; Suci < sx*r;
imods < s — Suc0; Sucidivs<r— Suc0;idivs=r— Sucl] =
Group (Gp G (g (Suc (i mod s)) o (g (i mod s) N f (r — Suc 0))) /

(g9 (Suc (Suc (i mod s))) o (g9 (Suc (i mod s)) N f0)))

(proof)

lemma JHS-Tr1-5:[Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
i <s*xr — Suc0; Suc (rtos rsi) < sx*r;Suci<sxr;
i mod s < s — Suc 0; i divs < r — Suc 0]
= (Gp G (f (Suc (i div s)) og (f (i divs) N g (i mod s))) /
(f (Suc (i div s)) o (f (¢ divs) N g (Suc (i mod s))))) =
(Gp G (g (Suc (i mod s)) o (g (i mod s) N f (i div s))) /
(g (Suc (Suc (rtos r s i) divr)) o
(g (Suc (rtos r s i) divr) N f (Suc (rtos r s i) mod r))))

(proof)

lemma JHS-Tr1-6: [Group G; 0 < r; 0 < s; compseries G r f; compseries G s g;
i <1 xs— Suc0; Suc (rtosrsi) <rxs] =
((Gp G (emp-rfn Grfsgi))/ (cmp-rfn Grfsg (Suci))) =
((Gp G (g (Suc (rtos r s i div r)) o
(g (rtos r s i divr) N f (rtos r s imodr)))) /
(g9 (Suc (Suc (rtos r s i) divr)) o
(g (Suc (rtos r s i) divr) N f (Suc (rtos r s i) mod r))))
(proof)

lemma JHS-Tr1:[ Group G; 0 < r; 0 < s; compseries G r f; compseries G s g]
= isom-Gchains (r x s — 1) (rtos r s) (Qw-cmpser G (ecmp-rfn G r f s g))
(Qw-cmpser G (cmp-rfn G s g rf))

(proof)

lemma abe-SucTr0:[(0:nat) < a; ¢ < by a — Suc 0 =b — ¢] = a = (Suc b) —
c
(proof)

lemma length-wempser0-0:[ Group G; Ugp E; w-cmpser G (Suc 0) f] =
f i < (Suc 0)} = {1 0, f (Suc 0)}
(proof)

lemma length-wempser0-1:[Group G; Ugp E; w-cmpser G (Suc n) f; i€{i. i <

n};
(Quw-cmpser G f) i 2 E] = fi = f (Suc i)
(proof )

lemma length-wempser0-2:[Group G; Ugp E; w-cmpser G (Suc n) f; i < n;
= (Quw-cmpser G f) i 2 E] = fi # f (Suc i)
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(proof)

lemma length-wempser0-3:[Group G; Ugp E; w-cmpser G (Suc (Suc n)) f;
f (Suc n) # f (Suc (Suc n))] = f (Suc (Suc n)) ¢ f{i. i < (Sucn)}
(proof)

lemma length-wempser0-4:[Group G; Ugp E; w-cmpser G (Suc 0) f] =
card (f “{i. i < Suc 0}) — 1 = Suc 0 — card {i. i = 0 A
Qw-cmpser G fi = F}

(proof)

lemma length-wempser0-5: [Group G; Ugp E; w-cmpser G (Suc (Suc n)) f;
w-cmpser G (Suc n) f;
card (f “{i. i < (Sucn)}) — 1 = Sucn —
card {i. it < n A Quw-cmpser G fi = E};
Qu-cmpser G f (Suc n) = E] =
card (f “{i¢ .4 < (Suc (Sucn))}) — 1 =
Suc (Sue n) — card {i. i < (Suc n) A Qu-cmpser G fi = E}
(proof)

lemma length-wempser0-6:[Group G; w-cmpser G (Suc (Suc n)) f] =
0 < card (f “{i. i < (Suc n)})
(proof)

lemma length-wempser0-7:[Group G; w-cmpser G (Suc (Suc n)) f] =
card {i. i < n AN Qu-cmpser G fi = E} < Sucn
(proof )

lemma length-wempser0:[Group G; Ugp E] =V f. w-empser G (Suc n) f —
card (f ‘{i. 1 < (Sucn)}) — 1 = (Suc n) — (card {i. i < n A

((Qu-cmpser G f) i = E)})
(proof)

lemma length-of-twempser:[ Group G; Ugp E; tw-cmpser G (Suc n) f | =
length-twempser G (Suc n) f =
(Suc n) — (card {i. i < n A ((Qu-cmpser G f) i = E)})
(proof)

lemma JHS-1:[Group G; Ugp E; compseries G r f; compseries G s g; 0<r; 0 <

5]

= r=r*xs—card {i.1 < (r*s— Suc0)A
Qu-cmpser G (ecmp-rfn Gr fsg)i = E}

(proof)

lemma J-H-S:[Group G; Ugp E; compseries G r f; compseries G s g; 0<r;
(0:nat)<s] = r=s
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(proof)

end

theory Algebra4

imports Algebra3

begin

3.18 Abelian groups

record 'a aGroup = 'a carrier +

pop i ['a, 'a] = ‘o (infix] <+ 62)
mop e = a («(—a1 -)» [64]68 )
zero  :'a («0n)

locale aGroup =
fixes A (structure)

assumes
pop-closed: pop A € carrier A — carrier A — carrier A

and  aassoc : [a € carrier A; b € carrier A; ¢ € carrier A] =
(axtb)tc=ax(bxtc)

and  pop-commute:[a € carrier A; b € carrier Al = a+b=b+t a

and mop-closed:mop A € carrier A — carrier A

and I-m:a € carrier A— (—,a)£a=0

and ex-zero: 0 € carrier A

and l-zero:a € carrier A =— 0+ a = a

definition
b-ag :: - =
(carrier:: 'a set, top:: ['a, 'a] = 'a , iop:: 'a = 'a, one:: 'a |) where
b-ag A = (carrier = carrier A, top = pop A, iop = mop A, one = zero A |

definition
asubGroup :: [-, 'a set] = bool where
asubGroup A H «+— (b-ag A) » H

definition
aqgrp = [-, 'a set] =
( carrier::’a set set, pop::|'a set, 'a set] = 'a set,
mop::'a set = 'a set, zero :: 'a set |) where
aqgrp A H = (carrier = set-res (b-ag A) H,
pop = AX. AY. (c-top (b-ag A) HX Y),
mop = AX. (c-iop (b-ag A) H X), zero = H |

definition

ag-idmap :: - = (‘a = 'a) («(al.))) where
al 4 = (Az€carrier A. z)
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abbreviation
ASubG :: [('a, 'more) aGroup-scheme, 'a set] => bool (infixl «+>) 58) where
A +> H == asubGroup A H

definition
Ag-ind :: [-, 'a = 'd] = 'd aGroup where
Ag-ind A f = (carrier = fcarrier A),
pop = Az € f{carrier A). Ay € f(carrier A).
F(((invfun (carrier A) (f{carrier A)) f) x) £ 4
((invfun (carrier A) (f(carrier A)) f) v)),
mop = Az€(f(carrier A)). f (—a g ((invfun (carrier A) (f(carrier A)) f) z)),
zero = f (04))

definition
Agii 2 [-, 'a = 'd] = ('a = 'd) where
Agii A f = (Az€carrier A. f )

lemma (in aGroup) ag-carrier-carrier:carrier (b-ag A) = carrier A
(proof)

lemma (in aGroup) ag-pOp-closed:[z € carrier A; y € carrier A] =
pop A xy € carrier A
(proof)

lemma (in aGroup) ag-mOp-closed:xz € carrier A = (—, ©) € carrier A

(proof)

lemma (in aGroup) asubg-subset:A +> H = H C carrier A
(proof)

lemma (in aGroup) ag-pOp-commute:[xz € carrier A; y € carrier A] =
pop Azy=popAyz
(proof)

lemma (in aGroup) b-ag-group: Group (b-ag A)
(proof)

lemma (in aGroup) agop-gop:top (b-ag A) = pop A
(proof )

lemma (in aGroup) agiop-giop:iop (b-ag A) = mop A
{proof )

lemma (in aGroup) agunit-gone:one (b-ag A) = 0
(proof)

lemma (in aGroup) ag-pOp-add-r:[a € carrier A; b € carrier A; ¢ € carrier A;

a=b = atc= bxtc

(proof)
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lemma (in

(proof)

lemma (in

(proof)

lemma (in

(proof)

lemma (in

(proof)

lemma (in

(proof)

lemma (in

(proof)

lemma (in
(proof)

lemma (in

(proof)

lemma (in
(proof)

lemma (in

(proof)

lemma (in
(proof)

lemma (in
(proof)
lemma (in
(proof)
lemma (in

(proof)

aGroup) ag-add-commute:[a € carrier A; b € carrier A] =
atb=b=xa

aGroup) ag-pOp-add-l:[a € carrier A; b € carrier A; ¢ € carrier A,
a=b = cta= ctb

aGroup) asubg-pOp-closed:[asubGroup A H; x € H; y € H]
— pop Axy€eH

aGroup) asubg-mOp-closed:[asubGroup A H; x € H] = —, z € H

aGroup) asubg-subset!:[asubGroup A H; © € H] = = € carrier A

aGroup) asubg-inc-zero:asubGroup A H = 0 € H

aGroup) ag-inc-zero:0 € carrier A

aGroup) ag-l-zero:x € carrier A — 0+ z =z

aGroup) ag-r-zero:z € carrier A — x + 0 ==z

aGroup) ag-l-invl:x € carrier A = (—, z) £ 2 =10

aGroup) ag-r-invl:z € carrier A =z + (—4 z) = 0

aGroup) ag-pOp-assoc:[z € carrier A; y € carrier A; z € carrier A]
=ty tz=zx(y+£2)

aGroup) ag-inv-unique:[x € carrier A; y € carrier A; ¢ + y = 0] =
Y= —a T

aGroup) ag-inv-inj:[z € carrier A; y € carrier A; x # y] =

<_a .Z') 7é (_a y)
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lemma (in aGroup) pOp-assocTril:[a € carrier A; b € carrier A; ¢ € carrier A,
de€carrier Al = axbtctd=azxb=x (c=*d)

(proof)

lemma (in aGroup) pOp-assocTr42:[a € carrier A; b € carrier A,
c € carrier A; d € carrier Al = atbtctd=ax(btc)td
(proof)

lemma (in aGroup) pOp-assocTri3:[a € carrier A; b € carrier A;
c € carrier A; d € carrier Al = at bt (¢t d)=a+(btc)xd

(proof)

lemma (in aGroup) pOp-assoc-cancel:[a € carrier A; b € carrier A;
cecarrier Al = a+ - bt (bt —pc¢)=a+ — ¢

(proof)

lemma (in aGroup) ag-p-inv:[z € carrier A; y € carrier A] =
(ma (£ y) =(=a 2) £ (=a y)
(proof)

lemma (in aGroup) gEQAddcross: [I1 € carrier A; 12 € carrier A;
rl € carrier A; r1 € carrier A; 11 = r2; 12 = rl] =
1 t12=r1+r2

{proof)

lemma (in aGroup) ag-eg-soll:[a € carrier A; x€ carrier A; b carrier A;
atz=b=2=(—ga) b
(proof)

lemma (in aGroup) ag-eq-sol2:[a € carrier A; € carrier A; b€ carrier A,
rta=0b=z=b+ (-, a)
(proof)

lemma (in aGroup) ag-addj-rel:[a € carrier A; b € carrier A; ¢ € carrier A;
de€carrier Al= axt bt (cxtd) = a+cx (btd)

(proof)

lemma (in aGroup) ag-inv-inv:x € carrier A = —4 (—q ) = T
(proof)

lemma (in aGroup) ag-inv-zero:—, 0 = 0

(proof)

lemma (in aGroup) ag-diff-minus:[a € carrier A; b € carrier A; ¢ € carrier A;
at(—gb)=c)=0bxt(—ga)=(—q0)

(proof)

lemma (in aGroup) pOp-cancel-l:[a € carrier A; b € carrier A; ¢ € carrier A,
cta=ctb]=a=0b
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(proof)

lemma (in aGroup) pOp-cancel-r:[a € carrier A; b € carrier A; ¢ € carrier 4;
atc=btc]=a=0b

(proof)

lemma (in aGroup) ag-eq-diffzero:[a € carrier A; b € carrier A] =
(a=b)=(a* (-4 b)=0)
(proof)

lemma (in aGroup) ag-eq-diffzerol:[a € carrier A; b € carrier A] =
(a=10)=((-aa) £b=0)
(proof)

lemma (in aGroup) ag-neq-diffnonzero:[a € carrier A; b € carrier A] =
(a#b)=(a*(-ab)# 0)
(proof)

lemma (in aGroup) ag-plus-zero:[xz € carrier A; y € carrier A] =
(r=-ay) =(@+ty=0)
(proof)

lemma (in aGroup) asubg-nsubg:A +> H = (b-ag A) > H
(proof)

lemma (in aGroup) subg-asubg:b-ag G » H —= G +> H
{proof)

lemma (in aGroup) asubg-test:[H C carrier A; H # {};
VacH.VbeH. (a £ (-, b)) e H)] = A +> H

{(proof)

lemma (in aGroup) asubg-zero:A +> {0}
(proof )

lemma (in aGroup) asubg-whole:A +> carrier A

(proof)

lemma (in aGroup) Ag-ind-carrier:bij-to f (carrier A) (D::'d set) =
carrier (Ag-ind A f) = f ¢ (carrier A)
(proof)

lemma (in aGroup) Ag-ind-aGroup:[f € carrier A — D;
bij-to f (carrier A) (D::'d set)] = aGroup (Ag-ind A f)
(proof)

3.18.1 Homomorphism of abelian groups

definition
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aHom :: [(Ya, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme] = (‘a = 'b) set
where
aHom A B = {f. f € carrier A — carrier B A f € extensional (carrier A) A
(V a€carrier A. ¥V becarrier A. f (a £4 b) = (fa) £ (f D))}

definition
compos :: [('a, 'm) aGroup-scheme, 'b = ‘¢, 'a = 'b] = 'a = 'c where
compos A g f = compose (carrier A) g f

definition
ker :: [("a, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme] = (‘a = 'b)
= 'a set («(3ker_- -)» [82,82,83]82) where
kerp ¢ f = {a. a € carrier F A\ fa=(0g)}

definition
injec :: [('a, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme, 'a = 'b]
= bool («(3injec-- -)» [82,82,83]82) where
injecp ¢ [ <— [ € aHom F G N\ kerp ¢ [ = {0p}

definition
surjec :: [(a, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme, 'a = 'b]
= bool («(3surjec- - -)» [82,82,83]82) where
surjecp ¢ f <— f € aHom F G A\ surj-to f (carrier F) (carrier G)

definition
bijec :: [("a, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme, 'a = 'b]
= bool («(3bijec-.- -)» [82,82,83]82) where
bz'jecRG f— injecp A surjecp @ f

definition
ainvf 2 [(Ya, 'm) aGroup-scheme, ('b, 'm1) aGroup-scheme, 'a = 'b]
= (b = ’a) («(Bainvf_ - -)> [82,82,83]82) where
ainvf p ¢ [ = invfun (carrier F) (carrier G) f

lemma aHom-mem:[aGroup F; aGroup G; f € aHom F G; a € carrier F|] =
fa € carrier G

(proof)

lemma aHom-func:f € aHom F G = f € carrier F — carrier G
(proof)

lemma aHom-add:[aGroup F; aGroup G; f € aHom F G; a € carrier F,
be carrier F] = f (a £p b) = (fa) £5 (fb)
(proof)

lemma aHom-0-0:[aGroup F; aGroup G; f € aHom F G] = f (0p) = 0¢
(proof)

lemma ker-inc-zero:[aGroup F; aGroup G; f € aHom F G] = Op € kerRG f
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(proof)

lemma aHom-inv-inv:[aGroup F; aGroup G; f € aHom F G; a € carrier F] =
f(=apa) = —ag (fa)
(proof)

lemma aHom-compos:[aGroup L; aGroup M; aGroup N; f € aHom L M; g €
aHom M N |
= compos L g f € aHom L N

{(proof)

lemma aHom-compos-assoc:[aGroup K; aGroup L; aGroup M; aGroup N; f €
aHom K L;

g€ aHom L M; h € aHom M N | =

compos K h (compos K g f) = compos K (compos L h g) f

(proof)

lemma injec-inj-on:[aGroup F; aGroup G injecg G f1 = inj-on f (carrier F)
(proof)

lemma surjec-surj-to:surjecr g f = surj-to f (carrier R) (carrier S)

(proof)

lemma compos-bijec:[aGroup E; aGroup F; aGroup G bz'jecEF f; bijecRG g9 =
bijecp ¢ (compos E g f)
(proof)

lemma ainvf-aHom:[aGroup F; aGroup G; bijecp g f] =
ainvf p ¢ f € aHom G F
(proof)

lemma ainuvf-bijec:[aGroup F; aGroup G bijecp v f] = bijec p (ainvf g ¢ f)
(proof)

lemma ainvf-l:[aGroup E; aGroup F; bijecy f; = € carrier B] =
(ainvf g p f) (f2) = =
(proof)

lemma (in aGroup) al-aHom:al 4 € aHom A A
(proof)

lemma compos-al-l:[aGroup A; aGroup B; f € aHom A B] = compos A alpg f
=f
{proof )

lemma compos-al-r:[aGroup A; aGroup B; f € aHom A B] = compos A f al 4
=f
(proof)
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lemma compos-al-surj:[aGroup A; aGroup B; f € aHom A B; g € aHom B A;
compos A g f = al 4] = surjecg A g
(proof)

lemma compos-al-inj:[aGroup A; aGroup B; f € aHom A B; g € aHom B A;
compos A g f = al 4] = injecy g f
(proof)

lemma (in aGroup) Ag-ind-aHom:[f € carrier A — D;
bij-to f (carrier A) (D::'d set)] = Agii A f € aHom A (Ag-ind A f)
(proof)

lemma (in aGroup) Agii-mem:[f € carrier A — D; x € carrier A;
bij-to f (carrier A) (D::'d set)] = Agii A fx € carrier (Ag-ind A f)
(proof )

lemma Ag-ind-bijec:[aGroup A; f € carrier A — D;
bij-to f (carrier A) (D::'d set)] = bijec 4. (Ag-ind A f) (Agii A f)

(proof)

definition
aimg :: [('b, 'm1) aGroup-scheme, -, 'b = ’a]
= 'a aGroup («(3aimg-_ -)> [82,82,83]82) where
aimgp A f = A\ carrier := f “ (carrier F), pop := pop A, mop := mop A,
zero := zero Al

lemma ker-subg:[aGroup F; aGroup G; f € aHom F G| = F +> kerEG f
(proof)

3.18.2 Quotient abelian group

definition
ar-coset :: ['a, -, 'a set] = 'a set
(«(8-W. -)) [66,66,67)66) where
ar-coset a A H = H “(b-ag A) @

definition
set-ar-cos :: [-, 'a set] = 'a set set where
set-ar-cos A I = {X. Ja€carrier A. X = ar-coset a A I}

definition
aset-sum :: [-, 'a set, 'a set] = 'a set where
aset-sum A H K = s-top (b-ag A) HK
abbreviation
ASBOP1 (infix <Fv 60) where
H 54 K == aset-sum A HK

lemma (in aGroup) ag-a-in-ar-cos:[A +> H; a € carrier A] = a € aWy H
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(proof)

lemma (in aGroup) r-cos-subset:[A +> H; X € set-rcs (b-ag A) H] =
X C carrier A

(proof)

lemma (in aGroup) asubg-costOp-commute:[A +> H; x € set-rcs (b-ag A) H;
y € set-res (b-ag A) H] =
c-top (b-ag A) Hz y = c-top (b-ag A) Hy z
{(proof)

lemma (in aGroup) Subg-Qgroup:A +> H —> aGroup (aqgrp A H)
(proof)

lemma (in aGroup) plus-subgs:[A +> H1; A +> H2] = A +> HI F H2
(proof)

lemma (in aGroup) set-sum:[H C carrier A; K C carrier A] =
Hx K={x 3h€H. JkeK. x = h £ k}

{proof)

lemma (in aGroup) mem-set-sum:[H C carrier A; K C carrier A;
r€HFK] = JheH. JkeK. c =h + k

(proof)

lemma (in aGroup) mem-sum-subgs:[A +> H; A +> K; h € H; k € K] =
h+ke HF K
(proof)

lemma (in aGroup) aqgrp-carrier:A +> H =
set-res (b-ag A ) H = set-ar-cos A H
(proof)

lemma (in aGroup) unit-in-set-ar-cos:A +> H = H € set-ar-cos A H
(proof)

lemma (in aGroup) aqgrp-pOp-maps:[A +> H; a € carrier A; b € carrier A] =
pop (aqgrp A H) (a Wy H) (bWy H) = (a +b) Uy H
(proof)

lemma (in aGroup) aggrp-mOp-maps:[A +> H; a € carrier A] =
mop (aqgrp A H) (a Wy H) = (—q a) Wy H
(proof)

lemma (in aGroup) aqgrp-zero:A +> H = zero (aqgrp A H) = H
(proof)

lemma (in aGroup) arcos-fized:[A +> H; a € carrier A; h € H] =
a&JAH:(h:ta)H'JAH
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{proof)

definition
rind-hom :: [('a, 'more) aGroup-scheme, ('b, 'morel) aGroup-scheme,
('a = 'b)] = (‘a set = 'b ) where
rind-hom A B f = (AX€(set-ar-cos A (ker 4 g f)). [ (SOME z. z € X))

abbreviation
RIND-HOM («(3-°.-)» [82,82,83]82) where
fOF,G == rind-hom F G f

3.19 Direct product and direct sum of abelian groups,
in general case

definition
Un-carrier :: ['i set, 'i = ('a, 'more) aGroup-scheme] = 'a set where
Un-carrier I A = |J{X. 3i€el. X = carrier (A i)}

definition
carr-prodag :: ['i set, 'i = (‘a, 'more) aGroup-scheme] = (i = 'a ) set where
carr-prodag I A = {f. f € extensional I N f € I — (Un-carrier I A) A
(Viel. fi € carrier (A )}

definition
prod-pOp :: ['i set, 'i = ('a, 'more) aGroup-scheme] =
("i = 'a) = (i = 'a) = (i = 'a) where
prod-pOp I A = (Af€carr-prodag I A. Ag€ carr-prodag I A.
Az€l. (f z) i(A 2) (g x))

definition
prod-mOp :: [ set, i = ('a, 'more) aGroup-scheme] =
("i = 'a) = (i = 'a) where
prod-mOp I A = (Afecarr-prodag I A. Azel. (*a(A 2) (fz)))

definition
prod-zero :: ['i set, i = ('a, 'more) aGroup-scheme] = ('i = 'a) where
prod-zero I A = (\z€l. g x))

definition
prodag :: ['i set, i = ('a, 'more) aGroup-scheme] = ('i = 'a) aGroup where
prodag I A = (| carrier = carr-prodag I A,
pop = prod-pOp I A, mop = prod-mOp I A,
zero = prod-zero I Al

definition
PRoject :: ['i set, 'i = ('a, 'more) aGroup-scheme, i)
= ("t = 'a) = 'a ((37_.-) [82,82,83]82) where
PRoject I A z = (\f € carr-prodag I A. fx)
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abbreviation
PRODag («(all. -)» [72,78]72) where
allf A == prodag I A

lemma prodag-comp-i:[a € carr-prodag I A; i € I| = (a i) € carrier (A i)
(proof)

lemma prod-pOp-func:¥ k€l. aGroup (A k) =
prod-pOp I A € carr-prodag I A — carr-prodag I A — carr-prodag I A
(proof)

lemma prod-pOp-mem:[V k€l. aGroup (A k); X € carr-prodag I A;
Y € carr-prodag I A] = prod-pOp [ A X Y € carr-prodag I A
{proof )

lemma prod-pOp-mem-i:[V k€l. aGroup (A k); X € carr-prodag I A;
Y € carr-prodag I A; i € I = prod-pOp [ A X Y i = (X 9) :I:(A i) (Y1)

(proof)

lemma prod-mOp-func:¥Y k€l. aGroup (A k) =
prod-mOp I A € carr-prodag I A — carr-prodag I A

(proof)

lemma prod-mOp-mem:[Vj€l. aGroup (A j); X € carr-prodag I A] =
prod-mOp I A X € carr-prodag I A
(proof)

lemma prod-mOp-mem-i:[V j€I. aGroup (A j); X € carr-prodag I A; i € I] =
prod-mOp [ A X i = ~a(A 9 (X 1)

(proof)

lemma prod-zero-func:vY k€l. aGroup (A k) =
prod-zero I A € carr-prodag I A
(proof)

lemma prod-zero-i:[Vk€l. aGroup (A k); i € I] =

prod-zero I A i = O(A i)
(proof )

lemma carr-prodag-mem-eq:[V k€l. aGroup (A k); X arr-prodag I A;
Y € carr-prodag I A; Vel (X1)= (Y]] = X =

(proof)

€ C
Y

lemma prod-pOp-assoc:[V k€l. aGroup (A k); a € carr-prodag I A;
b € carr-prodag I A; ¢ € carr-prodag I A] =
prod-pOp I A (prod-pOp I A a b) ¢ =
prod-pOp I A a (prod-pOp I A b ¢)
(proof )
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lemma prod-pOp-commute:[V k€l. aGroup (A k); a € carr-prodag I A;
b € carr-prodag I A] =
prod-pOp I A a b = prod-pOp I A b a

(proof)

lemma prodag-aGroup:V k€l. aGroup (A k) = aGroup (prodag I A)
(proof)

lemma prodag-carrier:vy k€l. aGroup (A k) =
carrier (prodag I A) = carr-prodag I A
(proof)

lemma prodag-elemfun:[V k€l. aGroup (A k); f € carrier (prodag I A)] =
f € extensional I

(proof)

lemma prodag-component:[f € carrier (prodag I A); i € I | =
fi € carrier (A 1)
(proof)

lemma prodag-pOp:N k€l. aGroup (A k) =
pop (prodag I A) = prod-pOp I A
(proof)

lemma prodag-iOp:V k€l. aGroup (A k) =
mop (prodag I A) = prod-mOp I A
(proof )

lemma prodag-zero:¥ k€l. aGroup (A k) =
zero (prodag I A) = prod-zero I A

(proof)

lemma prodag-sameTr0:[V k€l. aGroup (A k); Vkel. A k = B k]
= Un-carrier I A = Un-carrier I B

(proof)

lemma prodag-sameTr1:[Vkel. aGroup (A k); Vkel. A k = B k]
= carr-prodag I A = carr-prodag I B

(proof)

lemma prodag-sameTr2:[V k€l. aGroup (A k); Vkel. A k = B k]
= prod-pOp I A = prod-pOp I B
(proof )

lemma prodag-sameTr3:[Vkel. aGroup (A k); Vkel. Ak = B k]

= prod-mOp I A = prod-mOp I B
(proof)
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lemma prodag-sameTr4:[Vkel. aGroup (A k); Vkel. A k = B k]
= prod-zero I A = prod-zero I B

(proof)

lemma prodag-same:[Vk€l. aGroup (A k); Vkel. Ak = B k]
= prodag I A = prodag I B
(proof)

lemma project-mem:[V k€l. aGroup (A k); j € I; x € carrier (prodag I A)] =
(PRoject I A j) x € carrier (A j)
(proof)

lemma project-aHom:[V k€l. aGroup (A k); j € I] =
PRoject I A j € aHom (prodag I A) (A j)

(proof)

lemma project-aHom1:¥ k€l. aGroup (A k) =
Vj € I. PRoject I A j € aHom (prodag I A) (A j)

(proof)

definition
A-to-prodag :: [("a, 'm) aGroup-scheme, i set, i =('a = 'b),
't = ('b, 'm1) aGroup-scheme] = (‘a = ('i ='b)) where
A-to-prodag A I S B = (Aa€carrier A. \k€l. Sk a)

lemma A-to-prodag-mem:[aGroup A; Vkel. aGroup (B k); Vkel. (Sk) €
aHom A (B k); z € carrier A | = A-to-prodag A I S B z € carr-prodag I B

(proof)

lemma A-to-prodag-aHom:[aGroup A; VY k€l. aGroup (B k); Vkel. (S k) €
aHom A (B k)] = A-to-prodag A IS B € aHom A (all} B)

(proof)

definition
finiteHom :: ['i set, 'i = ('a, 'more) aGroup-scheme, 'i = 'a] = bool where
finiteHom I A f «— f € carr-prodag I A AN (3H. H C I A finite H N\ (
Vie = H). (fi) =04 j))

definition
carr-dsumag :: ['i set, 'i = (‘a, 'more) aGroup-scheme] = (i = 'a ) set where
carr-dsumag I A = {f. finiteHom I A f}

definition
dsumag :: ['i set, 'i = (‘a, 'more) aGroup-scheme] = ('i = 'a) aGroup where
dsumag I A = (| carrier = carr-dsumag I A,
pop = prod-pOp I A, mop = prod-mOp I A,
zero = prod-zero I A
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definition
dProj :: ['i set, "i = ('a, 'more) aGroup-scheme, 'i]
= (i = 'a) = 'a where
dProj I A x = (Af€carr-dsumag I A. f x)

abbreviation
DSUMag («(a€p - -)» [72,73])72) where
aP ;1 A == dsumag I A

lemma dsum-pOp-func:¥ kel. aGroup (A k) =
prod-pOp I A € carr-dsumag I A — carr-dsumag I A — carr-dsumag I A

(proof)

lemma dsum-pOp-mem:[V k€l. aGroup (A k); X € carr-dsumag I A;
Y € carr-dsumag I A] = prod-pOp I A X Y € carr-dsumag I A

(proof)

lemma dsum-iOp-func:V k€l. aGroup (A k) =
prod-mOp I A € carr-dsumag I A — carr-dsumag I A

(proof)

lemma dsum-iOp-mem:[V jel. aGroup (A j); X € carr-dsumag I A] =
prod-mOp I A X € carr-dsumag I A
(proof)

lemma dsum-zero-func:¥ k€l. aGroup (A k) =
prod-zero I A € carr-dsumag I A

(proof)

lemma dsumag-sub-prodag:¥Y k€l. aGroup (A k) =
carr-dsumag I A C carr-prodag I A

(proof)

lemma carrier-dsumag:vV k€l. aGroup (A k) =
carrier (dsumag I A) = carr-dsumag I A

(proof)

lemma dsumag-elemfun:[V k€l. aGroup (A k); f € carrier (dsumag I A)] =
f € extensional I

(proof)

lemma dsumag-aGroup:¥Y k€l. aGroup (A k) = aGroup (dsumag I A)
(proof)

lemma dsumag-pOp:V k€l. aGroup (A k) =

pop (dsumag I A) = prod-pOp I A
(proof)
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lemma dsumag-mOp:Y k€l. aGroup (A k) =
mop (dsumag I A) = prod-mOp I A
(proof)

lemma dsumag-zero:¥V k€l. aGroup (A k) =
zero (dsumag I A) = prod-zero I A
(proof)

3.19.1 Characterization of a direct product

lemma direct-prod-mem-eq:[V j€l. aGroup (A j); f € carrier (all] A);
g € carrier (all] A); Vjel. (PRoject I A j) f = (PRoject I A j) g] =
f=y

(proof)

lemma map-family-fun:[Vj€l. aGroup (A j); aGroup S;
vVjiel. ((gj) € aHom S (A j)); © € carrier S| =
(Ay € carrier S. (M€I. (g7) v)) x € carrier (all] A)
(proof)

lemma map-family-aHom:[V jel. aGroup (A j); aGroup S;
vjiel. ((gj) € aHom S (A j))] =
(Ay € carrier S. (Mj€l. (gj) v)) € aHom S (all; A)
{proof )

lemma map-family-triangle:[V jeI. aGroup (A j); aGroup S;
viel. ((gj) € aHom S (A j))] = 3f. f € aHom S (all] A) A
(Vjel. compos S (PRoject I A j) f = (g37))
(proof)

lemma Ag-ind-triangle:[Vjel. aGroup (A j); j € I, f € carrier (all] A) — B;
bij-to f (carrier (all] A)) (B::'d set); j € I] =
compos (all; A) (compos (Ag-ind (allj A) f)(PRoject I A j) (ainvf(al—[[ A), (Ag-ind (all; A) f)
(Agii (ally A) f))) (Agii (allf A) f) =
PRoject I A j
(proof )

definition
ProjInd :: ['i set, 'i = ('a, 'm) aGroup-scheme, ('i = 'a) = 'd, 'i] =
('d = 'a) where
ProjInd I A fj = compos (Ag-ind (aIl7 A) f)(PRoject I A ) (az’n’vf(al—[] A), (Ag-ind (all; A) f)
(Agii (allf A) f))

lemma Projind-aHom:[Vj€ I. aGroup (A j); j € I; f € carrier (all] A) — B,
bij-to f (carrier (all] A)) (B::'d set); j € I] =
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(Projind I A fj) € aHom (Ag-ind (aIl7 A) f) (4 §)
(proof)

lemma Projind-aHom1:[V je I. aGroup (A j); f € carrier (all] A) — B;
bij-to f (carrier (allj A)) (B::'d set)] =
Vjel. (Projind I A fj) € aHom (Ag-ind (allj A) f) (A j)
(proof)

lemma Projind-mem-eq:[Vj€l. aGroup (A j); f € carrier (all; A) — B;
bij-to f (carrier (allf A)) B; aGroup S; x € carrier (Ag-ind (allj A) f);
y € carrier (Ag-ind (allf A) f);
Vjel. (Projind I A fjx = ProjInd TA fjy)] =z =1y

(proof)

lemma Projind-mem-eql:[Vjel. aGroup (A j); f € carrier (all] A) — B;

bij-to f (carrier (allj A)) B; aGroup S;

h € aHom (Ag-ind (Il A) f) (Ag-ind (all] A) f);

Vjel. compos (Ag-ind (ally A) f) (Projind I A fj) h = ProjInd I A fj]
= h = ag-idmap (Ag-ind (all] A) f)
(proof)

lemma Ag-ind-trianglel:[V jel. aGroup (A j); f € carrier (all} A) — B;
bij-to f (carrier (all} A)) (B::'d set); j € I] =
compos (all; A) (Projind I A fj) (Agii (allf A) f) = PRoject I A §
(proof)

lemma map-family-trianglel:[Vjel. aGroup (A j); f € carrier (all] A) — B;
bij-to f (carrier (allj A)) (B::'d set); aGroup S;
vVjiel. ((gj) € aHom S (A j))] = 3'h. h € aHom S (Ag-ind (all} A) ) A
(Vjel. compos S (Projind I A fj) h = (g37))
(proof)

Vjel. gj € aHom S (A j); ff € carrier (all] A) — B;
bij-to ff (carrier (allj A)) B;
h1 € aHom (Ag-ind (allj A) ff) S;
Vjel. compos (Ag-ind (all} A) ff)
h2 € aHom S (Ag-ind (oIl A) ff);
Vjel. compos S (Projind I A [f j) h2 = g j]
= Vjel. compos (Ag-ind (all} A) ff) (Projind I A ff 7)
(compos (Ag-ind (ally A) ff) h2 h1) =
Projind I A ffj

lemma map-family-triangle2:[I # {}; Vjel. aGroup (A j); aGroup S,
B

(g §) h1 = Projind T A ff 7,

(proof)

lemma map-family-triangle3:[VjeI. aGroup (A j); aGroup S; aGroup S1;
Vjel. fj € aHom S (A j); Vjiel. gj € aHom S1 (A j);
hi1 € aHom S1 S; h2 € aHom S S1;
Vjel. compos S (gj) h2 = fj;
Vjel. compos S1 (fj) hl = g 7]
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= Vjel. compos S (f ) (compos S h1 h2) = [ j
(proof )

lemma map-family-triangle4 [V j€I. aGroup (A j); aGroup S,
Viel. fj€ aHom S (A j)] =
Vjel. compos S (f j) (ag-idmap S) = fj

(proof)

lemma prod-triangle:[I # {}; Vj€l. aGroup (A j); aGroup S;
Vjiel. gj € aHom S (A §); [f € carrier (all}] A) — B;
bij-to ff (carrier (all} A)) B;
h1 € aHom (Ag-ind (allj A) ff) S;
Vjel. compos (Ag-ind (all} A) ff)
h2 € aHom S (Ag-ind (allf A) ff);
Vjel. compos S (Projind I A ff j) h2 = g j]
= (compos (Ag-ind (aIl} A) ff) h2 h1) = ag-idmap (Ag-ind (aIl] A) ff)
(proof)

(g9j) h1 = Projind I A ff j;

lemma characterization-prodag:[I # {}; Vje(I::'i set). aGroup ((A j)::
("a, 'm) aGroup-scheme); aGroup (S::'d aGroup);
Viel. ((gj) € aHom S (A j)); 3ff. [f € carrier (all] A) — (B::'d set) A
bij-to ff (carrier (all} A)) B;
YV (S": 'd aGroup). aGroup S’ —
(Vg (Vjel. (¢’ j) € aHom S’ (A j) —
(3 f. f € aHom S' S A (VjEI. compos S’ (gj) f = (9’ )] =
Jh. bijec(pmdag IA),S h
(proof )
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Chapter 4

Ring theory

4.1 Definition of a ring and an ideal

record 'a Ring = 'a aGroup +
tp:: ['a, 'a] = 'a (infixl <1 70)

un e (<1,0)

locale Ring =
fixes R (structure)

assumes
pop-closed: pop R € carrier R — carrier R — carrier R

and pop-aassoc : [a € carrier R; b € carrier R; ¢ € carrier R] =
(axtb)tc=ax(btc)

and  pop-commute:[a € carrier R; b € carrier Rl = a £ b=0b+t a

and mop-closed:mop R € carrier R — carrier R

and I-m:a € carrier R= (—, a) xa=0

and ex-zero: 0 € carrier R

and l-zero:a € carrier R=— 0+ a=a

and tp-closed: tp R € carrier R — carrier R — carrier R

and tp-assoc : [a € carrier R; b € carrier R; ¢ € carrier R] =

(@b vc=a-+ (b c)

and tp-commute: [a € carrier R; b € carrier R = a -+ b=10b - a

and un-closed: (1,) € carrier R

and rg-distrib: [a € carrier R; b € carrier R; ¢ € carrier R] =

ar(bxtc)=a~+b £ a-c
and  rg-l-unit: a € carrier R = (1,) + a = a

definition
zeroring :: (‘a, 'more) Ring-scheme = bool where
zeroring R <— Ring R A carrier R = {0}

primrec nscal :: ('a, 'more) Ring-scheme => 'a => nat => 'a

where
nscal-0: nscal Rz 0 = 0p

161



| nscal-suc: nscal R © (Suc n) = (nscal R x n) £ «

primrec npow :: ('a, 'more) Ring-scheme => 'a => nat => 'a
where

npow-0: npow Rz 0 = 1,p
| npow-suc: npow R z (Suc n) = (npow Rz n) g

primrec nprod :: (‘a, 'more) Ring-scheme => (nat => 'a) => nat => 'a
where

nprod-0: nprod R f 0 = f 0
| nprod-suc: nprod R f (Suc n) = (nprod R fn) -+ g (f (Suc n))

primrec nsum :: (‘a, ‘'more) aGroup-scheme => (nat => 'a) => nat => 'a
where

nsum-0: nsum R f0 = f0
| nsum-suc: nsum R f (Suc n) = (nsum R fn) £ (f (Suc n))

abbreviation
NSCAL :: [nat, ('a, 'more) Ring-scheme, 'a] = 'a
(«(8 - x- -)» [75,75,76]75) where
nxXpx==nscal Rzn

abbreviation
NPOW :: ['a, ('a, 'more) Ring-scheme, nat] = 'a
(«(8-7 ") [77,77,78)77) where
a™ " == npow R an
abbreviation
SUM :: ('a, 'more) aGroup-scheme => (nat => 'a) => nat => 'a
(8%, - - -)» [85,85,86]85) where
e Gfn==nsum G fn

abbreviation
NPROD :: [('a, 'm) Ring-scheme, nat, nat = ’a] = 'a
(«(3ell. - -)» [98,98,99]98) where
ean f==mnprod R fn

definition
fSum :: [-, (nat => 'a), nat, nat] = 'a where
fSum A fnm = (if n < m then nsum A (cmp f (slide n))(m — n)
else 04)
abbreviation
FSUM :: [('a, 'more) aGroup-scheme, (nat = 'a), nat, nat] = 'a
({43 - - - ) [85,85,85,86]85) where

Y Gfnm==fSum G fnm

lemma (in aGroup) nsum-zeroGTr:(Vj < n. fj=0) — nsum A fn =10
(proof)
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lemma (in aGroup) nsum-zeroANj <n.fj=0=— nsum A fn=20
(proof)

definition
sr o[-, 'a set] = bool where
srRS==8Ccarrier RN 1, g€ SN (VzeS.Vye S. 2 £ (—apy) €S A
T wrRpYE S)

definition
Sr o[-, 'a set] = - where
Sr R S = R (carrier := S, pop = Az€S. \yeS. z £ y, mop := Az€S. (—qp
z),
zero := 0p, tp = A\z€S. A\yeS. ¢ v g y, un := 1, |

lemma (in Ring) Ring: Ring R (proof)

lemma (in Ring) ring-is-ag:aGroup R

(proof)

lemma (in Ring) ring-zero:0 € carrier R
(proof)

lemma (in Ring) ring-one:1, € carrier R

(proof)

lemma (in Ring) ring-tOp-closed:[ z € carrier R; y € carrier R] =
x .y € carrier R

(proof)

lemma (in Ring) ring-tOp-commute:[x € carrier R; y € carrier R] =
Ty Y=Y T
(proof)

lemma (in Ring) ring-distrib1:[z € carrier R; y € carrier R; z € carrier R |
=z, (ytz)=zx,yta,z
(proof )

lemma (in Ring) ring-distrib2:[z € carrier R; y € carrier R; z € carrier R |
= (yt2)p 2=yt 2z

(proof)

lemma (in Ring) ring-distrib3:[a € carrier R; b € carrier R; x € carrier R;
y€E€carrier R] = (ax£ b) - (z £ y) =
arrxta,yxtb,ztb,y
(proof)
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lemma (in Ring) rEQMulR:
[z € carrier R; y € carrier R; z € carrier R; . = y |
=T, 2=Y 2

(proof)

lemma (in Ring) ring-tOp-assoc:[z € carrier R; y € carrier R; z € carrier R |
:>($'ry)'7“z:x'r(y'rz)
(proof)

lemma (in Ring) ring-l-one:x € carrier R = 1, . z =

(proof)

lemma (in Ring) ring-r-one:x € carrier R = ¢ - 1, = x

(proof )

lemma (in Ring) ring-times-0-z:z € carrier R =0 -. £ =0
(proof)

lemma (in Ring) ring-times-z-0:x € carrier R — z - 0 =10

(proof)

lemma (in Ring) rMulZeroDiv:
[ = € carrier R; y € carrier R; =0V y=0]= 12z - y=0
(proof)

lemma (in Ring) ring-invi:[ a € carrier R; b € carrier R | =
—a (@ b)=(—qa)+bA—g(abd)=a-+ (-4
(proof )

lemma (in Ring) ring-invi-1:[a € carrier R; b € carrier R | =
—a (@ b) =(=aa) b
(proof )
lemma (in Ring) ring-invl-2:[ a € carrier R; b € carrier R | =
—a (@ 0)=a- (=4 b)
(proof)

lemma (in Ring) ring-times-minusl:a € carrier R = —4 a = (=4 1) v @
(proof)

lemma (in Ring) ring-times-minusr:a € carrier R = —, a = a +» (—q 1)

(proof)

lemma (in Ring) ring-invi-3:[a € carrier R; b € carrier R] =
arb=(—ga)+ (—ab)
(proof)

lemma (in Ring) ring-distrib4:[a € carrier R; b € carrier R;
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x € carrier R; y € carrier R | =
avrbE(—azry)=ar(bt(-ay) @t (-a2)+y
(proof)

lemma (in Ring) rMulLC:
[z € carrier R; y € carrier R; z € carrier R]
=z Y r2)=yr (- 2)
{proof )

lemma (in Ring) Zero-ring:1, = 0 = zeroring R

(proof)

lemma (in Ring) Zero-ringl:— (zeroring R) = 1, # 0
(proof)

lemma (in Ring) Sr-one:sr RS = 1, € S

(proof)

lemma (in Ring) Sr-zero:sr R S = 0¢€ S
(proof)

lemma (in Ring) Sr-mOp-closed:[sr R S; z € §] = — 2 € S
(proof)

lemma (in Ring) Sr-pOp-closed:[sr R S;z € S;ye S]] =z +ye S
(proof)

lemma (in Ring) Sr-tOp-closed:[sr R S;z € S;ye€ S] =z y € S
(proof)

lemma (in Ring) Sr-ring:sr R S = Ring (Sr R 5)
{proof)

4.2 Calculation of elements

4.2.1 nscale

lemma (in Ring) ring-tOp-rel:[x€ carrier R; xza€carrier R; yEcarrier R;
ya € carrier R = (z - za) + (y -» ya) = (z -+ y) -+ (za - ya)
(proof)

lemma (in Ring) nsClose:
A n. [z € carrier R] = nscal R x n € carrier R

(proof)

lemma (in Ring) nsZero:
nscal ROn =20

{proof)
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lemma (in Ring) nsZerol: A n. © =0 = nscal Rxzn =20
{proof)

lemma (in Ring) nsEqElm: [ z € carrier R; y € carrier R; © = y |
= (nscal R x n) = (nscal R y n)
(proof )

lemma (in Ring) nsDistr: = € carrier R
= (nscal R x n) £ (nscal R x m) = nscal R x (n + m)

{(proof)

lemma (in Ring) nsDistrL: [z € carrier R; y € carrier R |
= (nscal R x n) £ (nscal R y n) = nscal R (x £ y) n
{proof)

lemma (in Ring) nsMulDistrL:[ © € carrier R; y € carrier R ]
= ¢+ (nscal R y n) = nscal R (x - y) n
{proof)

lemma (in Ring) nsMulDistrR:[ « € carrier R; y € carrier R]
= (nscal Ry n) -+ x = nscal R (y -~ ) n
(proof )

4.2.2 npow

lemma (in Ring) npClose:x € carrier R = npow R x n € carrier R
(proof )

lemma (in Ring) npMulDistr:\ n m. z € carrier R —>
(npow R z n) - (npow R x m) = npow R z (n + m)
(proof )

lemma (in Ring) npMulEzp:An m. z € carrier R
= npow R (npow R x n) m = npow R z (n x m)

(proof)

lemma (in Ring) npGTPowZero-sub:
A n. [z € carrier R; npow Rz m = 0 ]
=(m <n) — (nppow Rzn=0)
{proof)
lemma (in Ring) npGTPowZero:
A\ n. [z € carrier R; npow R xm = 0; m < n |
= npow Rxn=0
{proof)

lemma (in Ring) npOne: npow R (1,) n = 1,
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{proof)

lemma (in Ring) npZero-sub: 0 < n — npow R 0 n = 0
(proof )

lemma (in Ring) npZero: 0 < n = npow R0 n =0
{proof)

lemma (in Ring) npMulEImL: A\ n. | z € carrier R; 0 < n]
= z - (npow R z n) = npow R x (Suc n)

(proof)

lemma (in Ring) npMulEleL: \ n. © € carrier R
= (npow R zn) -» £ = npow R z (Suc n)

(proof)

lemma (in Ring) npMulEImR: \ n. x € carrier R
= (npow Rz n) -, x = npow R z (Suc n)
{proof)

lemma (in Ring) np-1:a € carrier R = npow R a (Suc 0) = a

(proof)

4.2.3 nsum and fSum

lemma (in aGroup) nsum-memTr: (Vj < n. fj € carrier A) —
nsum A fn € carrier A

{proof)

lemma (in aGroup) nsum-mem:Vj < n. fj € carrier A =
nsum A fn € carrier A

(proof)

lemma (in aGroup) nsum-eqTr:(Vj < n. fj € carrier A N
gj € carrier A A
fi=g1j)
— nsum A fn=nsum A gn
(proof)

lemma (in aGroup) nsum-eq:[Vj < n. fj € carrier A;Vj < n. gj € carrier A,
Vi<n. fji=gjl= nsum Afn=nsumAgn
(proof)
lemma (in aGroup) nsum-cmp-assoc:[Vj < n. fj € carrier A;
gefjjsnt—={jj<nhhe{jj<nt=>{jji<nl]=
nsum A (emp (emp fh) g) n = nsum A (cmp f (emp h g)) n
(proof)

lemma (in aGroup) fSum-Suc:¥Vj € nset n (n + Suc m). fj € carrier A =
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fSum A fn (n+ Sucm) = fSum A fn (n+ m)=£f(n+ Sucm)
(proof)

lemma (in aGroup) fSum-eqTr:(Vj € nset n (n + m). fj € carrier A A
gj € carrier AN fj=g¢gj) —
fSum Af n(n+m)=fSumAgn (n+ m)
(proof)

lemma (in aGroup) fSum-eq:[ Vj € nset n (n + m). fj € carrier A;
Vj € nsetn (n+ m). gj€ carrier A; (Vi€ nset n (n + m). fj = gj)]
—
fSum A fn(n+ m)=fSumAgn (n+ m)
(proof)

lemma (in aGroup) fSum-eql:[n < m; Vj€nset n m. fj € carrier A;
Vj€nset n m. g j € carrier A; Vj€nsetnm. fj=gj =
fSum A fnm= fSum A gnm
(proof)

lemma (in aGroup) fSum-zeroTr:(Vj € nset n (n + m). fj =0) —
fSum Af n(n+m)=0
(proof )

lemma (in aGroup) fSum-zero:Vj € nset n (n + m). fj =0 =
fSum Af n(n+m)=0
(proof)

lemma (in aGroup) fSum-zerol:[n < m; ¥j € nset (Suc n) m. fj =0] =
fSum A f (Sucn) m=20
(proof)

lemma (in Ring) nsumMulEleL: \ n. [V 4. fi € carrier R; x € carrier R |
=z (nsum R fn) =nsum R (A i.z - (fi)) n
{proof)

lemma (in Ring) nsumMulElmL:
A n. [V i fié€ carrier R; x € carrier R |
=z (nsum R fn) =nsum R (Ai.z- (fi)) n
{proof )

lemma (in aGroup) nsumTailTr:
(Vj<(Suc n). fj € carrier A) —
nsum A f (Suc n) = (nsum A (X i. (f (Suci))) n) £ (f0)
(proof )

lemma (in aGroup) nsumTail:
Vj < (Sucn). fj€ carrier A =
nsum A f (Suc n) = (nsum A (X . (f (Suc ©))) n) £ (f 0)
{proof )
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lemma (in aGroup) nsumElmTail:
YVi. fi € carrier A
= nsum A f (Suc n) = (nsum A (X i. (f (Suc9))) n) £ (f0)
(proof)

lemma (in aGroup) nsum-addTr:
(Vj<mn.fjé€ carrier AN gj € carrier A) —
nsum A (A i. (fi) £ (gi)) n= (nsum A fn) £ (nsum A g n)
{proof)

lemma (in aGroup) nsum-add:

[Vi<mn fj€ carrier A;Vj<n.gjé€ carrier A] =

nsum A (XA i. (fi) £ (gi)) n= (nsum A fn) £ (nsum A g n)
(proof)

lemma (in aGroup) nsumEIlmAdd:
[V i. fi€ carrier A; ¥ i. g i € carrier A]
= nsum A (A i. (fi) £ (g7)) n= (nsum A fn) £ (nsum A g n)
{proof)

lemma (in aGroup) nsum-add-nmTr:

(Vj<mn. fjé€ carrier A) N (Vj < m.gj € carrier A) —

nsum A (jointfun n fm g) (Suc (n + m)) = (nsum A fn) £ (nsum A g m)
(proof)

lemma (in aGroup) nsum-add-nm:
Vi <mn. fj€ carrier A;¥Vj < m.gj € carrier A] =

nsum A (jointfun n fm g) (Suc (n + m)) = (nsum A fn) £ (nsum A g m)
(proof)

lemma (in Ring) npeSum2-sub-muly:
[ = € carrier R; y € carrier R | =
y -r(nsum R (Ai. nscal R ((npow R x (n—71)) - (npow R y 1))
(n choose 7)) n)
= nsum R (\i. nscal R ((npow R z (n—1i)) - (npow R y (i+1)))
(n choose 7)) n
(proof )

lemma binomial-n0: (Suc n choose 0) = (n choose 0)
(proof)

lemma binomial-ngt-diff:
(n choose Suc n) = (Suc n choose Suc n) — (n choose n)
{proof)

lemma binomial-ngt-0: (n choose Suc n) = 0
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{proof)

lemma diffLessSuc: m < n = Suc (n—m) = Sucn — m
{proof)

lemma (in Ring) npow-suc-i:
[z € carrier R; i < n ]
= npow Rz (Sucn — i) = z - (npow R z (n—1))
{proof)

lemma (in Ring) npeSum2-sub-mulz: | © € carrier R; y € carrier R | =
z - (nsum R (X i. nscal R ((npow R x (n—i)) - (npow R y 7))
(n choose 7)) n)

= (nsum R (\i. nscal R

((npow R z (Suc n — Suc ©)) - (npow R y (Suc i)))

(n choose Suc 7)) n) £

(nscal R ((npow R x (Suc n — 0)) - (npow R y 0))
(Suc n choose 0))

(proof )

lemma (in Ring) npeSum2-sub-mulz2:
[ z € carrier R; y € carrier R | =
z - (nsum R (X i. nscal R ((npow R z (n—1i)) - (npow R y 7))
(n choose 7)) n)
= (nsum R (\i. nscal R
((npow Rz (n — )) ~» ((npow R y ) -+ 1))
(n choose Suc 7)) n) £
(0 £ ((z - (npow R zn)) - (1,)))
(proof)

lemma (in Ring) npeSum?2:
A n. [z € carrier R; y € carrier R |
= npow R (z £ y) n =
nsum R (X i. nscal R ((npow R x (n—1i)) - (npow R y ©))
( n choose i) ) n
(proof)

lemma (in aGroup) nsum-zeroTr:
An (Vii<n— fi=0)— (nsum A fn=0)
{proof)

lemma (in Ring) npAdd:
[ = € carrier R; y € carrier R;
npow Rz m = 0; npow Ryn =0]
= npow R (z £ y) (m+n)=0
(proof)
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lemma (in Ring) npInverse:
An. © € carrier R
= npow R (—, ) n = npow R x n
V npow R (—, ) n = —, (npow R z n)
(proof )

lemma (in Ring) npMul:
A n. [ € carrier R; y € carrier R |
= npow R (z -+ y) n = (npow R z n) - (npow R y n)
(proof)

4.3 Ring homomorphisms

definition
rHom :: [('a, 'm) Ring-scheme, ('b, 'm1) Ring-scheme]
= (‘a = 'b) set where
rHom A R = {f. f € aHom A R A
(Vzecarrier A. Yyecarrier A. f (z vqy) = (fz) +g (fv))

ANf(1rg)=(1rR)}

definition
rinvim :: [('a, 'm) Ring-scheme, ('b, 'm1) Ring-scheme, ‘a = 'b, 'b set]
= 'a set where
rInvim A R f K = {a. a € carrier AN fa € K}

definition
rimg :: [("a, 'm) Ring-scheme, ('b, 'm1) Ring-scheme, 'a = 'b] =
b Ring where
rimg A R f = (carrier= f {carrier A), pop = pop R, mop = mop R,
zero = zero R, tp = tp R, un = un R |

definition
ridmap :: ('a, 'm) Ring-scheme = (‘a = 'a) where
ridmap R = (Az€carrier R. 1)

definition
r-isom :: [(‘a, 'm) Ring-scheme, (b, 'm1) Ring-scheme] = bool
(infixr <=, 100) where
r-isom R R' +— (3ferHom R R'. bijec, p/ f)

definition
Subring :: [("a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme] = bool where

Subring R S == Ring S A (carrier S C carrier R) A (ridmap S) € rHom S R

lemma ridmap-surjec:Ring A —> surjec A A (ridmap A)
(proof)

lemma rHom-aHom:f € rHom A R = f € aHom A R
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(proof)

lemma rimg-carrier:f € rHom A R = carrier (rimg A R f) = f ‘ (carrier A)

(proof)

lemma rHom-mem:[ f € rHom A R; a € carrier A] = fa € carrier R
(proof)

lemma rHom-func:f € rHom A R = f € carrier A — carrier R

{(proof)

lemma ringhom1:[ Ring A; Ring R; © € carrier A; y € carrier A;

ferHmAR] = f(z£4y) = (fz) £ (fv)
(proof)

lemma rHom-inv-inv:[ Ring A; Ring R; x € carrier A; f € rHom A R |
= [ (=aa 7) = —ar (f2)
(proof)

lemma rHom-0-0:] Ring A; Ring R; f € rHom A R] = f (04) = 0p
(proof)

lemma rHom-tOp:[ Ring A; Ring R; x € carrier A; y € carrier A,
ferHom AR] = f(z 4y =(fz) +g (fy)
(proof)

lemma rHom-add:[f € rHom A R; © € carrier A; y € carrier A] =
[ty =) £R (fy)
(proof)

lemma rHom-one:[ Ring A; Ring R;f € rHom A R]| = f (1,4) = (IrR)
(proof)

lemma rHom-npow:| Ring A; Ring R; x € carrier A; f € rHom A R ]| =
f@tm = (fo)fin
(proof)

lemma rHom-compos:[Ring A; Ring B; Ring C; f € rHom A B; g € rHom B (]

—
compos A g f € rHom A C

(proof)

lemma rimg-ag:[Ring A; Ring R; f € rHom A R] = aGroup (rimg A R f)
(proof)

lemma rimg-ring:[Ring A; Ring R; f € rHom A R ]| = Ring (rimg A R f)
(proof)

definition
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ideal :: [-, 'a set] = bool where
tdeal R I +— (R +> I) A (Vrecarrier R.Vz€l. (r vp x € I))

lemma (in Ring) ideal-asubg:ideal R I = R +> I
(proof)

lemma (in Ring) ideal-pOp-closed:[ideal R I; z € I; y € I ]
= ct+yel

{(proof)

lemma (in Ring) ideal-nsum-closedTr:ideal R I =
Vi<n fjel)— nsumRfnel
(proof)

lemma (in Ring) ideal-nsum-closed:[ideal R I;¥j < n. fj € I] =
nsum R fnel
(proof )

lemma (in Ring) ideal-subsetl:ideal R I = I C carrier R

(proof)

lemma (in Ring) ideal-subset:[ideal R I; h € I] = h € carrier R
(proof)

lemma (in Ring) ideal-ring-multiple:[ideal R I; x € I; r € carrier R] =
re.x €l

(proof)

lemma (in Ring) ideal-ring-multiplel:[ideal R I; x € I; r € carrier R | =
T r el

(proof)

lemma (in Ring) ideal-npow-closedTr:[ideal R I; x € I] =
0<n—azhner

(proof)

lemma (in Ring) ideal-npow-closed:[ideal R I; z € I; 0 < n] = z " e |
(proof)
lemma (in Ring) times-modTr:[a € carrier R; o’ € carrier R; b € carrier R,
b’ € carrier R; ideal R I; a + (=4, b) € I; 0’ £ (=, b)) € I] =

aa (= (b b))el
(proof)

lemma (in Ring) ideal-invi-closed:[ ideal R I; z € I | = —, z €1

(proof)

lemma (in Ring) ideal-zero:ideal R I = 0 € I
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(proof)

lemma (in Ring) ideal-zero-forall:¥V 1. ideal RI — 0 € |

(proof)

lemma (in Ring) ideal-ele-sumTr1:[ ideal R I; a € carrier R; b € carrier R;
axbeljacl]=bel

(proof)

lemma (in Ring) ideal-ele-sumTr2:[ideal R I; a € carrier R; b € carrier R,
artbelibell]=acl

(proof)

lemma (in Ring) ideal-condition:[I C carrier R; I # {};
Veel. Vyel. v £ (—q y) € I; Vrecarrier R.Vz€l. r -z € ] | =
ideal R 1

(proof)

lemma (in Ring) ideal-condition1:[I C carrier R; I # {};
Veel. Vyel. x £ y € I; Vrecarrier R.Nz€l. r - © € I | = ideal R T

(proof)

lemma (in Ring) zero-ideal:ideal R {0}
(proof)

lemma (in Ring) whole-ideal:ideal R (carrier R)

(proof)

lemma (in Ring) ideal-inc-one:[ideal R I; 1, € I | = I = carrier R

{(proof)

lemma (in Ring) ideal-inc-onel:ideal R I =
(1, € I) = (I = carrier R)
(proof)

definition
Unit :: - = 'a = bool where
Unit R a <— a € carrier R A (3b€carrier R. a vp b= 1,p)

lemma (in Ring) ideal-inc-unit:[ideal R I; a € I; Unit R o] = 1, € |

(proof)

lemma (in Ring) proper-ideal:[ideal R I; 1, ¢ I| = I # carrier R
(proof)

lemma (in Ring) ideal-inc-unitl:[a € carrier R; Unit R a; ideal R I; a € I]
= [ = carrier R

(proof)
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lemma (in Ring) int-ideal:[ideal R I; ideal R J] = ideal R (I N J)
(proof)

definition
ideal-prod::[-, 'a set, 'a set] = 'a set (infix «$,1> 90 ) where
ideal-prod R I J == () {L. ideal R L A
{z.(3iel. 3jeJ. =i R j)} C L}

lemma (in Ring) set-sum-mem:[a € I; b € J; I C carrier R; J C carrier R] =
atbelxJ
(proof )

lemma (in Ring) sum-ideals:[ideal R I1; ideal R 12] = ideal R (11 F I2)
(proof)

lemma (in Ring) sum-ideals-lal:[ideal R I1; ideal R I2] = I1 C (I1 F 12)
(proof )

lemma (in Ring) sum-ideals-la2:[ideal R I1; ideal R 12 | = 12 C (I1 F I2)
(proof)

lemma (in Ring) sum-ideals-cont:[ideal RI; ACI;BCI]|]= AFBCI
(proof)

lemma (in Ring) ideals-set-sum:[ideal R A; ideal R B; x € A ¥ B] =
JheA. JkeB.x =h £ k
(proof)

definition
Rza :: [, 'a | = 'a set (infixl «$, 200) where
Rza R a = {z. Arccarrier R. ¢ = (r v p a)}

lemma (in Ring) a-in-principal:a € carrier R = a € Rza R a
(proof)

lemma (in Ring) principal-ideal:a € carrier R = ideal R (Rza R a)

(proof)

lemma (in Ring) rza-in-Rza:[a € carrier R; r € carrier R] =
ra€ Rxa R a

(proof)

lemma (in Ring) Rza-one:Rza R 1, = carrier R

(proof)

lemma (in Ring) Rza-zero:Rza R 0 = {0}
(proof)
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lemma (in Ring) Rza-nonzero:[a € carrier R; a # 0] = Rza R a # {0}
(proof)

lemma (in Ring) ideal-cont-Rza:[ideal R I; a € I] = Rza R a C I

(proof)

lemma (in Ring) Rza-mult-smaller:[ a € carrier R; b € carrier R] =
Rza R (a - b) C Rza R b
(proof)

lemma (in Ring) id-ideal-psub-sum:[ideal R I a € carrier R; a ¢ I] =
I CIlIFRxaRa
(proof )

lemma (in Ring) mul-two-principal-idealsTr:[a € carrier R; b € carrier R;
z € Rza R a; y € Rra R b] = Irecarrier R. - y =1+ (a - b)

(proof)

primrec sum-pr-ideals::[('a, 'm) Ring-scheme, nat = 'a, nat] = 'a set
where
sum-pr0: sum-pr-ideals R f 0 = Rxza R (f 0)
| sum-prn: sum-pr-ideals R f (Suc n) =
(Rza R (f (Suc n))) Fp (sum-pr-ideals R f n)

lemma (in Ring) sum-of-prideals0:
V. (VI < n. fl€ carrier R) — ideal R (sum-pr-ideals R f n)
(proof)

lemma (in Ring) sum-of-prideals:[V1 < n. f1 € carrier R] =
ideal R (sum-pr-ideals R f n)
(proof)

later, we show sum-pr-ideals is the least ideal containing {f 0, f 1,...

n}
lemma (in Ring) sum-of-prideals1:Vf. (V1
fedici < n}

< n. fl € carrier R) —
C (sum-pr-ideals R f n)

(proof)

lemma (in Ring) sum-of-prideals2:¥1 < n. f1 € carrier R
= f{i. i < n} C (sum-pr-ideals R f n)
(proof)
lemma (in Ring) sum-of-prideals3:ideal R I =
V. (VI<n. flecarrierR)AN(f‘{i.i<n}CI) —
(sum-pr-ideals R fn C I)
(proof)

lemma (in Ring) sum-of-prideals4:[ideal R I; V1 < n. f1 € carrier R;
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(f “{i. i < n} CI)] = sum-pr-ideals R fn C I
(proof)

lemma ker-ideal:[Ring A; Ring R; f € rHom A R] = ideal A (ker 4 g f)
(proof)

4.3.1 Ring of integers

definition
Zr ::int Ring where
Zr = (| carrier = Zset, pop = An€Zset. Ame€Zset. (m + n),
mop = M€EZset. —1, zero = 0, tp = AmeZset. An€Zset. m * n, un = 1)

lemma ring-of-integers: Ring Zr

(proof)

lemma Zr-zero:0z,. = 0
(proof)

lemma Zr-one:1, 7. = 1

(proof)

lemma Zr-minus:i—, 7. n = — n
(proof)

lemma Zr-add:n £7. m =n+ m
(proof)

lemma Zr-times:n -z, m = n *x m

{(proof)

definition
lev :: int set = int where
levI = Zleast {n. n € I N 0 < n}

lemma Zr-gen-Zleast:[ideal Zr I; I # {0::int}] =
Rxa Zr (levI) =1
{proof)

lemma Zr-pir:ideal Zr I = 3dn. Rxa Zrn =1

(proof)

4.4 Quotient rings

lemma (in Ring) mem-set-ar-cos:[ideal R I; a € carrier R] =
aWp I € set-ar-cos R 1

(proof)

lemma (in Ring) I-in-set-ar-cos:ideal R I = I € set-ar-cos R I
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(proof)

lemma (in Ring) ar-coset-samel:[ideal R I; a € carrier R; b € carrier R;
bt (—qa)el]=awpl=0bwgI
(proof)

lemma (in Ring) ar-coset-same2:[ideal R I; a € carrier R; b € carrier R;
a&JRI:b&JRI]]:> b:t(—a a)EI
(proof)

lemma (in Ring) ar-coset-same3:[ideal R I; a € carrier R; a Wp I = I] =
acl
(proof)

lemma (in Ring) ar-coset-same3-1:[ideal R I; a € carrier R; a ¢ I] =
awWpl#1
(proof)

lemma (in Ring) ar-coset-same:[ideal R I; a € I] =
awpl=1
(proof)

lemma (in Ring) ar-coset-same4-1:[ideal RI; a W I # I = a ¢ I
(proof)

lemma (in Ring) belong-ar-cosetl:[ideal R I; a € carrier R; x € carrier R;
tt(—qa)€l]= zcaWpl
(proof)

lemma (in Ring) a-in-ar-coset:[ideal R I; a € carrier R = a € a W I

{(proof)

lemma (in Ring) ar-coset-subsetD:[ideal R I; a € carrier R; ¢ € aWp I | =
x € carrier R

{proof)

lemma (in Ring) ar-cos-mem:[ideal R I; a € carrier R] =
aWp I € set-res (b-ag R) T
(proof)

lemma (in Ring) mem-ar-cosetl:[ideal R I; a € carrier R; x € a Wp I]| =
Jhel.hta=2x

(proof)

lemma (in Ring) ar-coset-mem2:[ideal R I; a € carrier R; x € a Wp I]| =
Jhel.z=a £ h

{(proof)

lemma (in Ring) belong-ar-coset2:[ideal R I; a € carrier R; © € a Wg I ]
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= z+ (—qa) el

(proof)

lemma (in Ring) ar-c-top: [ideal R I; a € carrier R; b € carrier R]
= (c-top (b-ag R) I (aWp I) (bWp I)) = (a+b) Wl
(proof )

Following lemma is not necessary to define a quotient ring. But it makes
clear that the binary operation2 of the quotient ring is well defined.

lemma (in Ring) quotient-ring-trl:[ideal R I; al € carrier R; a2 € carrier R;
b1 € carrier R; b2 € carrier R;
al &JRIZGQLﬂR[;bI &JRIZbQ&JR[]]ﬁ
(al -+ b1)WRp I = (a2 - b2) Wp I
(proof)

definition
rcostOp :: |-, 'a set] = (['a set, 'a set] = 'a set) where
rcostOp R I = (AX€E(set-res (b-ag R) I). A\Y€E(set-res (b-ag R) I).
{z.32zeX. FyeY. Jhel. (zvpy) £ h = 2})

lemma (in Ring) rcostOp:[ideal R I; a € carrier R; b € carrier R] =
rcostOp R I (aWp I) (bWRp I) = (a - b) Wp I
(proof)

definition
gring = [('a, 'm) Ring-scheme, 'a set] = (| carrier :: 'a set set,
pop = ['a set, ‘a set] = 'a set, mop :: 'a set = a set,
zero :: 'a set, tp :: ['a set, ‘a set] = 'a set, un :: 'a set |) where
gring R I = (| carrier = set-rcs (b-ag R) I,
pop = c-top (b-ag R) I,
mop = c-iop (b-ag R) I,
zero = I,
tp = rcostOp R I,
un = 1,p Wp I)

abbreviation
QRING (infix] <//,» 200) where
R /. I==gqringRI

lemma (in Ring) carrier-qring:ideal R I =
carrier (qring R I) = set-rcs (b-ag R) I
(proof)

lemma (in Ring) carrier-qringl:ideal R I =

carrier (qring R I) = set-ar-cos R I
(proof)
lemma (in Ring) qring-ring:ideal R I = Ring (qring R I)
(proof)
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lemma (in Ring) gring-carrier:ideal R I —>
carrier (gring R I) = {X. 3a€ carrier R. a ¥ I = X}
(proof )

lemma (in Ring) qring-mem:[ideal R I; a € carrier R] =
aWp I € carrier (qring R I)
(proof)

lemma (in Ring) qring-pOp:[ideal R I; a € carrier R; b € carrier R ]
= pop (qring RI) (aWp I) (bW I)=(axtb)Wpl
(proof )

lemma (in Ring) qring-zero:ideal R I = zero (qring R I) = I

(proof)

lemma (in Ring) gring-zero-1:[a € carrier R; ideal R I; a Wp I = I] =
acl
(proof)

lemma (in Ring) Qring-fizl:[a € carrier R; ideal R I; a € I| = aWp [ =1
(proof)

lemma (in Ring) ar-cos-same:[a € carrier R; ideal R I; © € a W I] =
rWp I =aWwWpl
(proof)

lemma (in Ring) gring-tOp:[ideal R I; a € carrier R; b € carrier R —
tp (gring RI) (awWp I) (bWRr I)=(a- b) W I
(proof)

lemma rind-hom-well-def:[Ring A; Ring R; f € rHom A R; a € carrier A | =
fa=(f°aR) (aWy (kerg g f))
(proof)

lemma (in Ring) set-r-ar-cos:ideal R I =
set-rcs (b-ag R) I = set-ar-cos R T
{proof)

lemma set-r-ar-cos-ker:[Ring A; Ring R; f € rHom A R | =
set-res (b-ag A) (ker g g f) = set-ar-cos A (ker o g f)
(proof)

lemma ind-hom-rhom:[Ring A; Ring R; f € rHom A R] =
(f°a,r) € rHom (qring A (ker s g f)) R
(proof)

lemma ind-hom-injec:[Ring A; Ring R; f € rHom A R] =
NJeC  gring A (ker 4 g )R (f°a,R)
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(proof)

lemma rhom-to-rimg:[Ring A; Ring R; f € rHom A R] =
f € rHom A (rimg A R f)
(proof)

lemma ker-to-rimg:[Ring A; Ring R; f € rHom A R ]| =
kerar f=kery (rimg A R ) [
(proof)

lemma indhom-eq:[Ring A; Ring R; f € rHom A R] = f°A7(m~mg ARSf) = AR
(proof)

lemma indhom-bijec2-rimg:[Ring A; Ring R; f € rHom A R] =
bijec(gring A (ker 4 g 1)).(rimg A R ) ["A.R)
(proof)

lemma surjec-ind-bijec:[Ring A; Ring R; f € rHom A R; surjec4 R 1=
bijec(qm’ng A (kerA’R N).R (foA,R)
{proof )

lemma ridmap-ind-bijec: Ring A —>
bijec(qm’ng A (kerAA (ridmap A))),A ((ridmap A)OAA)
(proof )

lemma ker-of-idmap:Ring A = ker g 5 (ridmap A) = {04}
(proof)

lemma ring-natural-isom:Ring A —
bijec(qTing A{04}),A ((ridmap A)° 4 4)
(proof)

definition
pj i [('a, 'm) Ring-scheme, 'a set] = (‘a => 'a set) where
pj R I = (Az. Pj (b-ag R) I x)

lemma pj-Hom:[Ring R; ideal R I] = (pj R I) € rHom R (qring R I)
(proof)

lemma pj-mem:[Ring R; ideal R I; © € carrier R) = pj R Iz =z Wp I
(proof)

lemma pj-zero:[Ring R; ideal R I; x € carrier R] =
(ij[ZL’:O(R/T])):(IEI)
(proof)
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lemma pj-surj-to:[Ring R; ideal R J; X € carrier (R /. J)] =
dre carrier R.pj R Jr =X
(proof)

lemma invim-of-ideal:[Ring R; ideal R I; ideal (qring R I) J | =
ideal R (rInvim R (qring R I) (pj R I) J)
(proof)

lemma pj-invim-cont-I:[Ring R; ideal R I; ideal (qring R I) J] =
I C (rInvim R (qring R I) (pj R I) J)
(proof )

lemma pj-invim-monol:[Ring R; ideal R I; ideal (qring R I) J1;

ideal (gring R 1) J2; J1 C J2 | =

(rInvim R (gring R I) (pj R I) J1) C (rInvim R (qring R I) (pj R I) J2)
(proof)

lemma pj-img-ideal:[Ring R; ideal R I; ideal R J; I C J] =
ideal (gring R I) ((pj R I)J)
(proof)

lemma npQring:[Ring R; ideal R I; a € carrier R] =
npow (gring R I) (a W I) n = (npow R a n) W I
(proof )

4.5 Primary ideals, Prime ideals

definition
mazimal-set :: ['a set set, ‘a set] = bool where
mazimal-set S mx «— mz € S A (Vs€S. mz C s — s = mzx)

definition
nilpotent :: [-, 'a] = bool where
nilpotent R a +— (3 (n:nat). a7 = Op)

definition
zero-divisor :: [-, 'a] = bool where
zero-divisor R a <— (3z€ carrier R.  # 0p Az v p a = 0p)

definition
primary-ideal :: [-, 'a set] = bool where
primary-ideal R q <— ideal R ¢ AN (1,5) ¢ q¢ A
(Vz€ carrier R. ¥V y€ carrier R.
topy€q — (n. (npow Rz n) e qVyeyq)

definition

prime-ideal :: [-, 'a set] = bool where
prime-ideal R p <— ideal R p A\ (1,p) ¢ p N (Y€ carrier R. Y y€ carrier R.
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definition
mazimal-ideal :: [-, 'a set] = bool where
mazimal-ideal R mx <— ideal R mx N\ 1,5 ¢ ma A
{J. (ideal R J AN mz C J)} = {mz, carrier R}

lemma (in Ring) mazimal-ideal-ideal:[mazimal-ideal R mz] = ideal R mx
(proof)

lemma (in Ring) mazimal-ideal-proper:mazimal-ideal R mz = 1, ¢ mx

(proof)

lemma (in Ring) prime-ideal-ideal:prime-ideal R I = ideal R I

(proof)

lemma (in Ring) prime-ideal-proper:prime-ideal R I = I # carrier R
(proof)

lemma (in Ring) prime-ideal-proper! :prime-ideal R p = 1, ¢ p

(proof)

lemma (in Ring) primary-ideal-ideal:primary-ideal R ¢ = ideal R q
(proof)

lemma (in Ring) primary-ideal-properl:primary-ideal R ¢ = 1, ¢ ¢

(proof)

lemma (in Ring) prime-elems-mult-not:[prime-ideal R P; z € carrier R;
y € carrier Ry ¢ Pyy¢ Pl=xz -y ¢ P
{proof )

lemma (in Ring) prime-is-primary:prime-ideal R p = primary-ideal R p
(proof)

lemma (in Ring) mazimal-prime-Tr0:[maximal-ideal R mz; © € carrier R; © ¢
mx]

= mz F (Rza R z) = carrier R
(proof )

lemma (in Ring) mazimal-prime:mazimal-ideal R mx = prime-ideal R mx

(proof)

lemma (in Ring) chains-un:[c € chains {I. ideal R I N I C carrier R}; ¢ # {}]
= ddeal R (|J ¢)

(proof)

lemma (in Ring) zeroring-no-mazimal:zeroring R = — (3 I. mazimal-ideal R I)
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(proof)

lemma (in Ring) id-mazimal-Ezist:—(zeroring R) = 3 1. mazimal-ideal R 1

{proof)

definition
ideal-Int :: [-, 'a set set] = 'a set where
ideal-Int R S == S

lemma (in Ring) ideal-Int-ideal:[S C {I. ideal R I}; S#{}] =
ideal R () 9)
(proof )

lemma (in Ring) sum-prideals-Int:[V1 < n. f1 € carrier R;
S={l.ideal RINf‘{i.i<n}CI}] =
(sum-pr-ideals R fn) =] S
(proof)

This proves that (sum-pr-ideals R f n) is the smallest ideal containing f
“(Nset n)

primrec ideal-n-prod::[(‘a, 'm) Ring-scheme, nat, nat = 'a set] = 'a set
where
ideal-n-prod0: ideal-n-prod R 0 J = J 0
| ideal-n-prodSn: ideal-n-prod R (Suc n) J =
(ideal-n-prod R n J) $rp (J (Suc n))

abbreviation
IDNPROD («(3il._ -)» [98,98,99]98) where
iRy J == ideal-n-prod R n J

primrec
ideal-pow :: ['a set, (‘a, 'more) Ring-scheme, nat] = 'a set
(«(3-/ @) [120,120,121]120)
where
ip0: 1 OR O = corrier R
| ipSuc: I OR (Sucn) — 1 Orp (1 OR ™

lemma (in Ring) prod-mem-prod-ideals:[ideal R I; ideal R J; i € I; j € J] =
i je I OrJ)
(proof)

lemma (in Ring) ideal-prod-ideal:[ideal R I; ideal R J | =
ideal R (I &y J)
(proof)

lemma (in Ring) ideal-prod-commute:[ideal R I; ideal R J] =

I <>7“ J=1J <>r I
(proof)
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lemma (in Ring) ideal-prod-subTr:[ideal R I; ideal R J; ideal R C;
Viel.VjeJ. i jeCl= 1<, J CC
(proof)

lemma (in Ring) n-prod-idealTr:
(Vk < n. ideal R (J k)) — ideal R (ideal-n-prod R n J)
(proof)

lemma (in Ring) n-prod-ideal:[Vk < n. ideal R (J k)]
= ideal R (ideal-n-prod R n J)
(proof)

lemma (in Ring) ideal-prod-lal:[ideal R I; ideal R J] = (I {$p J) C I
{proof)

lemma (in Ring) ideal-prod-ell:[ideal R I; ideal R J; a € (I &, J)] =
acl
(proof )

lemma (in Ring) ideal-prod-la2:[ideal R I; ideal R J | = (I ¢ J) C J
{proof)

lemma (in Ring) ideal-prod-sub-Int:[ideal R I; ideal R J | =
IO J)CIndJ
(proof)

lemma (in Ring) ideal-prod-el2:[ideal R I; ideal R J; a € (I {p J)] =
acJ
(proof )

illg ,, J is the product of ideals

lemma (in Ring) ele-n-prodTr0:[¥k < (Suc n). ideal R (J k);
a € illp ) J] = ac€ (dlgy, J) N a€ (J (Sucmn))

Suc n

(proof)

lemma (in Ring) ele-n-prodTri:
(Vk < n.ideal R (J k)) A a € ideal-n-prod R n J —
(Vk<n.ae(Jk))
(proof)

lemma (in Ring) ele-n-prod:[Vk < n. ideal R (J k);
a € ideal-n-prod Rn J ]| = Vk<n.aec (Jk)
(proof)

lemma (in Ring) idealprod-whole-l:ideal R I = (carrier R) $rp I =1
(proof)

lemma (in Ring) idealprod-whole-r:ideal R I = I <, (carrier R) = I

(proof)
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lemma (in Ring) idealpow-1-self:ideal R I — I OR (Suc 0) = 1
(proof)

lemma (in Ring) ideal-pow-ideal:ideal R I = ideal R (I OR ™
(proof)

lemma (in Ring) ideal-prod-prime:[ideal R I; ideal R J; prime-ideal R P;
I, JCP]=ICPVJCP
(proof )

lemma (in Ring) ideal-n-prod-primeTr:prime-ideal R P —>
(Vk < n.ideal R (J k)) — (ideal-n-prod R n J C P) —
(i< n. (Ji) CP)
(proof)

lemma (in Ring) ideal-n-prod-prime:[prime-ideal R P;
Vk < n.ideal R (J k); ideal-n-prod R n J C P] =
Ji<n (Ji)CP
(proof)

definition
ppa::[-, nat = 'a set, 'a set, nat] = (nat = 'a) where
ppa RPAil=(SOMExz.z € ANz e (P (skipil)) Nz ¢ Pi)

lemma (in Ring) prod-primeTr:[prime-ideal R P; ideal R A; = A C P;
ideal RB; -~ BCP]=3z.c€ ANzeEBANz¢P

(proof)

lemma (in Ring) prod-primeTr1:[Vk < (Suc n). prime-ideal R (P k);
ideal R A; V1 < (Suc n). - (A C Pl);
VEk < (Sucn).VI< (Sucn). k=1V - (Pk)C(PI);i< (Sucn)] =
Vi<n . ppa RPAile AN

ppa R PAile (P (skipil)) Nppa RPAil¢ (Pi)
(proof)

lemma (in Ring) ppa-mem:[Vk < (Suc n). prime-ideal R (P k); ideal R A;
Vi< (Sucn). - (AC PI);
Vi < (Sucn).VI< (Sucn). k=1V - (Pk)C(PI);
i <(Sucn);l<n]= ppa RPAIilE carrier R

(proof)

lemma (in Ring) nsum-memrTr:(Vi < n. fi € carrier R) —
(VI < n.nsum R fl € carrier R)
(proof)

lemma (in Ring) nsum-memr:¥i < n. fi € carrier R =
VI < n nsum R fl € carrier R
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(proof)

lemma (in Ring) nsum-ideal-incTr:ideal R A =
(Vi<n fie A)— nsumRfne A

(proof)

lemma (in Ring) nsum-ideal-inc:[ideal R A; Vi < n. fi € A] =
nsum R fne A
(proof)

lemma (in Ring) nsum-ideal-excTr:ideal R A =
(Vi< n. fié€carrierR) N (3j<n (Vlie{ii<n}-—{j} fle A
AN(fj¢A) —nsumRfng A

(proof)

lemma (in Ring) nsum-ideal-exc:[ideal R A; Vi < n. fi € carrier R;
Ji<n (Viefi.i <n} —{j}. fle AAN({[j¢dA)]=nsumRfn¢ A
(proof )

lemma (in Ring) nprod-memTr:(¥Vi < n. fi € carrier R) —
(VI.1<n— nprod R fl € carrier R)
(proof)

lemma (in Ring) nprod-mem:[Vi < n. fi € carrier R; | < n] =
nprod R fl € carrier R
(proof)

lemma (in Ring) ideal-nprod-incTr:ideal R A =
(Vi < n. fi€ carrier R) A
Fi<n fle A — nprod R fne A
(proof)

lemma (in Ring) ideal-nprod-inc:[ideal R A; Vi < n. fi € carrier R;
Ji<n. fle Al] = nprod R fne A
(proof)

lemma (in Ring) nprod-excTr:prime-ideal R P —>
(Vi<mn. fi€carrierR) N(VI<n. flé¢ P)—
nprod R fn ¢ P
(proof)

lemma (in Ring) prime-nprod-exc:[prime-ideal R P; Vi < n. fi € carrier R;
Vi<n. fl¢ Pl = nprod Rfn¢ P
(proof)

definition
nilrad :: - = 'a set where
nilrad R = {z. © € carrier R N\ nilpotent R z}
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lemma (in Ring) id-nilrad-ideal:ideal R (nilrad R)
(proof )

definition
rad-ideal :: [-, 'a set | = 'a set where
rad-ideal R I = {a. a € carrier R N\ nilpotent (gring R I) (pj R I) a)}

lemma (in Ring) id-rad-invim:ideal R [ =
rad-ideal R I = (rInvim R (qring R I) (pj R I ) (nilrad (gqring R I)))
(proof)

lemma (in Ring) id-rad-ideal:ideal R I = ideal R (rad-ideal R I)

(proof)

lemma (in Ring) id-rad-cont-I:ideal R I => I C (rad-ideal R I)
(proof)

lemma (in Ring) id-rad-set:ideal R I =
rad-ideal R I = {z. © € carrier R A (3n. npow Rz n € I)}

(proof)

lemma (in Ring) rad-primary-prime:primary-ideal R ¢ =
prime-ideal R (rad-ideal R q)
(proof)

lemma (in Ring) npow-notin-prime:[prime-ideal R P; x € carrier R; © ¢ P]
= Vn.npow Rzn¢P
(proof)

lemma (in Ring) npow-in-prime:[prime-ideal R P; x € carrier R;
dn.nppow Rzne P|l= ze€ P

(proof)

definition
mul-closed-set::[-, 'a set | = bool where
mul-closed-set R S <— S C carrier R A (Vs€S.VteS. s gt e s)

locale Idomain = Ring +
assumes idom:
la € carrier R; b € carrier Ry a - b=0=a=0Vb=0

locale Corps =
fixes K (structure)
assumes f-is-ring: Ring K
and f-inv: Vx€carrier K — {0}. 32’ € carrier K. 2’ - © = 1,
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lemma (in Ring) mul-closed-set-sub:mul-closed-set R S = S C carrier R
(proof )

lemma (in Ring) mul-closed-set-tOp-closed:[mul-closed-set R S; s € S}
teS]=stes

(proof)

lemma (in Corps) f-inv-unique:[ z € carrier K — {0}; z’ € carrier K;
z" € carrier Ky ' - x = 152" v 2z=1,] = z'=z"

{(proof)

definition
invf i [-, 'al = 'a where
imvf Ko = (THE y. y € carrier K Ny v = 1,)

lemma (in Corps) invf-inv:z € carrier K — {0} =
(invf K z) € carrier K A (invf K x) - ¢ = 1,

(proof)

definition
npowf :: - = 'a = int = 'a where
npowf K x n =

(if 0 < n then npow K z (nat n) else npow K (invf K z) (nat (— n)))

abbreviation
NPOWEF :: ['a, -, int] = 'a («(3--7)» [77,77,78]77) where
ar™ == npowf K a n

abbreviation
IOP :: ['a, -] = 'a («(~ 7)» [87,88]87) where
a ¥ == muf K a

lemma (in Idomain) idom-is-ring: Ring R (proof)

lemma (in Idomain) idom-tOp-nonzeros:[z € carrier R;
y € carrier R;  #0; y#0] =z y#0
(proof)

lemma (in Idomain) idom-potent-nonzero:
[z € carrier R; x # 0] = npow R xn # 0
(proof)
lemma (in Idomain) idom-potent-unit:[a € carrier R; 0 < n]
= (Unit R a) = (Unit R (npow R a n))
(proof)

lemma (in Idomain) idom-mult-cancel-r:[a € carrier R;
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b € carrier R; ¢ € carrier Ry c #0;a - c=b - ¢ = a=b
(proof)

lemma (in Idomain) idom-mult-cancel-l:[a € carrier R;
b € carrier R; ¢ € carrier Ry c #0;¢cra=c b)) = a=>

(proof)

lemma (in Corps) invf-closedl:xz € carrier K — {0} =
invf K © € (carrier K) — {0}
(proof)

lemma (in Corps) linvf:z € carrier K — {0} = (invf K z) - z = 1,
(proof)

lemma (in Corps) field-is-ring: Ring K
(proof)

lemma (in Corps) invf-one:1, # 0 = invf K (1,) = 1,
(proof)

lemma (in Corps) field-tOp-assoc:[z € carrier K; y € carrier K; z € carrier K]
=z Y rz2= 5 (Y 2)
(proof )

lemma (in Corps) field-tOp-commute:[z € carrier K; y € carrier K|
=Ty = Y

(proof)

lemma (in Corps) field-inv-inv:[z € carrier K; z # 0] = (¢ K)y K = ¢
(proof)

lemma (in Corps) field-is-idom:Idomain K

(proof)

lemma (in Corps) field-potent-nonzero:[z € carrier K; © # 0] =
IAK n 7& 0
(proof)

lemma (in Corps) field-potent-nonzerol:[z € carrier K; ¢ # 0] = zg™ # 0

(proof)

~K

lemma (in Corps) field-nilp-zero:[z € carrier K; 2™ ™" = 0] = 2z =0

(proof )
lemma (in Corps) npowf-mem:[a € carrier K; a # 0] =
npowf K a n € carrier K

(proof)

lemma (in Corps) field-npowf-exp-zero:[a € carrier K; a # 0] =
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npowf K a 0 = 1,
(proof)

lemma (in Corps) npow-exp-minusTrl:[z € carrier K; © # 0; 0 < i] =
0 <i— (intj) — IK(i — (int j)) — K (nat i) . (:I:—K) ~K j
(proof)

lemma (in Corps) npow-exp-minusTr2:[z € carrier K; x # 0; 0 < i; 0 < j;
0<i-j] = $K(i -7 _ K (nat ) o (ﬁ—K)AK (nat j)
(proof )

lemma (in Corps) npowf-inv:[z € carrier K; x £ 0; 0 < j] = :vK' = (x'K)K(_j)

{(proof)

lemma (in Corps) npowf-invl:[z € carrier K; x # 0; = 0 < j] =
vid = (75 (=9
(proof)

-K) (=)

lemma (in Corps) npowf-inverse:[z € carrier K; z # 0] = IKj = (z
(proof)

lemma (in Corps) npowf-expTrl:[z € carrier K; x # 0; 0 < i; 0 < j;

(proof)

lemma (in Corps) npowf-expTr2:[z € carrier K; x # 0; 0 < i + j] =
ol H D) = ag o o

(proof)

lemma (in Corps) npowf-exp-add:[z € carrier K; z # 0] =
ol H D) = ppi g

(proof)

lemma (in Corps) npowf-exp-1-add:[z € carrier K; z # 0] =
o+ =z apd

(proof)

lemma (in Corps) npowf-minus:[x € carrier K; © # 0] = (a:Kj)'K = xK(_ 7)
(proof )

lemma (in Ring) residue-field Tr:[mazimal-ideal R mz; © € carrier(gring R mz);
T # O(qm'ng R mx)]] =3 yEcarrier (gring R mz). y r(qring R ma) T = JT’(qrfmg R ma)

(proof)

191



lemma (in Ring) residue-field-cd:maximal-ideal R mz =
Corps (qring R mz)
(proof)

lemma (in Ring) mazimal-set-idealTr:
mazimal-set {I. ideal RT NS NI ={}} mx = ideal R mz

(proof)

lemma (in Ring) mazimal-setTr:[mazimal-set {I. ideal R I N S N I = {}} ma;
ideal R J;mz C J] = SnNJ#{}
(proof)

lemma (in Ring) mulDisj:[mul-closed-set R S; 1, € S; 0 ¢ S;
T ={Il.ideal RI NS NI=/{}}; mazimal-set T mz | = prime-ideal R mz
(proof)

lemma (in Ring) ez-mulDisj-mazimal:[mul-closed-set R S; 0 ¢ S; 1, € S
T={Ilideal RINSNI={}}] = Ima. mazximal-set T mz
(proof )

lemma (in Ring) ez-mulDisj-prime:[mul-closed-set R S; 0 ¢ S; 1, € ] =
Ima. prime-ideal R mx A S N mz = {}
(proof)

lemma (in Ring) nilradTr1:— zeroring R = nilrad R = (| {p. prime-ideal R p}
(proof)

lemma (in Ring) nonilp-residue-nilrad:[— zeroring R; x € carrier R;
nilpotent (gring R (nilrad R)) (z Wg (nilrad R))] =
z Wp (nilrad R) = O(qm’ng R (nilrad R))
(proof )

lemma (in Ring) ez-contid-mazimal:[ S = {1,}; 0 ¢ S; ideal RI; I NS = {};
T={J.ideadl RJANSNJ={} ANICJ} = Imz. mazimal-set T mz
(proof)

lemma (in Ring) contid-mazimal:[S = {1,}; 0 ¢ S; ideal R I; I N S = {};
T={J. ideal RJNSNJ={}ANICJ}; marimal-set T mz] =
maximal-ideal R mz
(proof )

lemma (in Ring) ideal-contained-maxid:[-(zeroring R); ideal R I; 1, ¢ I] =

dmazx. maximal-ideal R mx N I C mx
(proof)
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lemma (in Ring) nonunit-principal-id:[a € carrier R; = (Unit R a)] =

(R Op a) # (carrier R)
(proof)

lemma (in Ring) nonunit-contained-maxid:[-(zeroring R); a € carrier R;
- Unit Ra] = I mz. mazimal-ideal R mz A a € mx

(proof)
definition
local-ring :: - = bool where
local-ring R == Ring R A\ — zeroring R A card {mz. mazimal-ideal R mz} = 1

lemma (in Ring) local-ring-diff:[— zeroring R; ideal R mx; mz # carrier R;
Va€ (carrier R — mx). Unit R a | = local-ring R A\ maximal-ideal R mx

(proof)

lemma (in Ring) localring-unit:[—- zeroring R; maximal-ideal R maz;
Vz.z € mzx — Unit R (z £ 1,) | = local-ring R
(proof )

definition
J-rad ::- = 'a set where
J-rad R = (if (zeroring R) then (carrier R) else
N {mz. mazimal-ideal R mx})

lemma (in Ring) zeroring-J-rad-empty:zeroring R = J-rad R = carrier R

(proof)

lemma (in Ring) J-rad-mem:z € J-rad R = = € carrier R

{(proof)

lemma (in Ring) J-rad-unit:[— zeroring R; « € J-rad R] =
YVy. (y€ carrier R — Unit R (1, £ (=4 ) -+ ¥))
(proof)

end

theory Algebra5 imports Algebra4 begin

4.6 Operation of ideals

lemma (in Ring) ideal-sumTr1:[ideal R A; ideal R B] =
AFB=({J. ideal RJ N (AU B) C J}
(proof)

lemma (in Ring) sum-ideals-commute:[ideal R A; ideal R B] =
AFB=BFA
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(proof)

lemma (in Ring) ideal-prod-monol:[ideal R A; ideal R B; ideal R C;
ACB]= A, CC B, C
(proof)

lemma (in Ring) ideal-prod-mono2:[ideal R A; ideal R B; ideal R C;
ACB]= C{,ACCO, B
(proof)

lemma (in Ring) cont-ideal-prod:[ideal R A; ideal R B; ideal R C,
ACC;BCC]=A¢,BCC
(proof )

lemma (in Ring) ideal-distrib:[ideal R A; ideal R B; ideal R O] =
A, (BF C)= AO, BF AO, C
(proof)

definition
coprime-ideals::[-, 'a set, 'a set] = bool where
coprime-ideals R A B +— A Fp B = carrier R

lemma (in Ring) coprimeTr:[ideal R A; ideal R B] =
coprime-ideals RA B=(3ac A.3beB.atb=1,)
(proof)

lemma (in Ring) coprime-int-prod:[ideal R A; ideal R B; coprime-ideals R A B]
= ANB=A4¢, B
(proof)

lemma (in Ring) coprime-elems:[ideal R A; ideal R B; coprime-ideals R A B] =
JacA. JbeB. a £ b= 1,
(proof)

lemma (in Ring) coprime-elemsTr:[ideal R A; ideal R B; a€A; beB; a £ b= 1,]

= pRAb= Ir(qm'ngR A) N pjRBa= IT(qm'ng R B)
(proof )

lemma (in Ring) partition-of-unity:[ideal R A; a € A; b € carrier R;
at+ b= 1, u € carrier R; v € carrier R] =
ppRA(arvtbru)=piRAu
(proof)

lemma (in Ring) coprimes-commute:[ideal R A; ideal R B; coprime-ideals R A B

]

= coprime-ideals R B A
(proof)
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lemma (in Ring) coprime-surjTr:[ideal R A; ideal R B; coprime-ideals R A B;
X € carrier (gring R A); Y € carrier (¢gring R B) | =
drecarrier R. p)j RAr=XANpiRBr=Y
(proof )

lemma (in Ring) coprime-n-idealsTr0:[ideal R A; ideal R B; ideal R C;
coprime-ideals R A C; coprime-ideals R B C | =
coprime-ideals R (A & B) C
(proof)

lemma (in Ring) coprime-n-idealsTr1:ideal R C =
(Vk < n.ideal R (Jk)) A (Vi < n. coprime-ideals R (J i) C) —
coprime-ideals R (illg ,, J) C

(proof )

lemma (in Ring) coprime-n-idealsTr2:[ideal R C; (Vk < n. ideal R (J k));
(Vi < n. coprime-ideals R (J i) C) | =
coprime-ideals R (illg ,, J) C
(proof )

lemma (in Ring) coprime-n-idealsTr3:(¥V k < (Suc n). ideal R (J k)) A

(Vi < (Sucn). Vj< (Sucn).i#j—

coprime-ideals R (J i) (J j)) — coprime-ideals R (illg ,, J) (J (Suc n))
(proof)

lemma (in Ring) coprime-n-idealsTr:[(Vk < (Suc n). ideal R (J k)) A

(Vi < (Sucn). Vi< (Sucn). i#j—

coprime-ideals R (J i) (J j))] = coprime-ideals R (illg ,, J) (J (Suc n))
(proof)

4.7 Direct productl, general case

definition
prod-tOp :: ['i set, 'i = ('a, 'm) Ring-scheme] =
(i = "a) = ("i = 'a) = (‘i = 'a) where
prod-tOp I A = (Af€carr-prodag I A. A\g€ carr-prodag I A.
Azel. (f x) (A ) (g x))

definition
prod-one::['i set, i = (‘a, 'm) Ring-scheme] = ('i = 'a) where
prod-one I A == \z€l. IT(A 2)

definition
prodrg :: ['i set, 'i = ('a, 'more) Ring-scheme] = (i = 'a) Ring where
prodrg I A = (carrier = carr-prodag I A, pop = prod-pOp I A, mop =
prod-mOp I A, zero = prod-zero I A, tp = prod-tOp I A,
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un = prod-one I A )

abbreviation
PRODRING («(rIL./ -)» [72,73]72) where
rll; A == prodrg I A

definition
augm-func :: [nat, nat = 'a,’a set, nat, nat = ’'a, 'a set] = nat = 'a where
augm-func n f A m g B = (M€{j. j < (n+ m)}. if i < n then fielse
if (Sucn) <iAi<n+ mthen g ((sliden (Suc n)) i) else undefined)

definition
ag-setfunc :: [nat, nat = (‘a, 'more) Ring-scheme, nat,
nat = ('a, 'more) Ring-scheme] = (nat = 'a) set = (nat = 'a) set
= (nat = 'a) set where
ag-setfunc n Bl m B2 X Y =
{f- 3g. Ih. (9eX) AN(ReY) A(f = (augm-func n g (Un-carrier {j. j < n} BI)
m h (Un-carrier {j. j < (m — 1)} B2)))}

primrec

ac-fProd-Ryg :: [nat, nat = ('a, 'more) Ring-scheme] =

(nat = 'a) set

where

forod-0: ac-fProd-Rg 0 B = carr-prodag {0::nat} B
| frpod-n: ac-fProd-Rg (Suc n) B = ag-setfunc n B (Suc 0) (compose {0::nat}

B (slide (Suc n))) (carr-prodag {j. 7 < n} B) (carr-prodag {0} (compose {0} B
(slide (Suc n))))

definition
prodB1 :: [(‘a, 'm) Ring-scheme, (‘a, 'm) Ring-scheme] =
(nat = ('a, 'm) Ring-scheme) where
prodB1 R S = (Ak. if k=0 then R else if k=Suc 0 then S else
undefined)

definition
Prod2Rg :: [('a, 'm) Ring-scheme, ('a, 'm) Ring-scheme]
= (nat = ’a) Ring (infixl <@ > 80) where
Al @, A2 = prodrg {0, Suc 0} (prodB1 A1 A2)

Don’t try (Prod-ring (Nset n) B) @, (B (Suc n))

lemma carr-prodrg-mem-eq:[f € carrier (rIl;y A); g € carrier (rll; A);
Viel. fi=gi] = f=yg
(proof)

lemma prod-tOp-mem:[V k€l. Ring (A k); X € carr-prodag I A;
Y € carr-prodag I A] = prod-tOp I A X Y € carr-prodag I A
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(proof)

lemma prod-tOp-func:¥V k€l. Ring (A k) =
prod-tOp I A € carr-prodag I A — carr-prodag I A — carr-prodag I A

(proof)

lemma prod-one-func:V k€l. Ring (A k) =
prod-one I A € carr-prodag I A

{(proof)

lemma prodrg-carrier:N k€l. Ring (A k) =
carrier (prodrg I A) = carrier (prodag I A)

(proof)

lemma prodrg-ring:v k€l. Ring (A k) = Ring (prodrg I A)
(proof)

lemma prodrg-elem-extensional:[V k€I. Ring (A k); f € carrier (prodrg I A)]
= [ € extensional 1

(proof)

lemma prodrg-pOp:¥ k€l. Ring (A k) =
pop (prodrg I A) = prod-pOp I A
(proof)

lemma prodrg-mOp:V k€l. Ring (A k) =
mop (prodrg I A) = prod-mOp I A
(proof)

lemma prodrg-zero:V k€l. Ring (A k) =
zero (prodrg I A) = prod-zero I A

(proof)

lemma prodrg-tOp:¥ k€l. Ring (A k) =
tp (prodrg I A) = prod-tOp T A
(proof)

lemma prodrg-one:V k€l. Ring (A k) =
un (prodrg I A) = prod-one I A
(proof)

lemma prodrg-sameTr5:[Vk€l. Ring (A k); Vkel. A k = B k]
= prod-tOp I A = prod-tOp I B
(proof)

lemma prodrg-sameTr6:[V k€l. Ring (A k); Vkel. A k = B k]
—> prod-one I A = prod-one I B

(proof)
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lemma prodrg-same:[V k€l. Ring (A k); Vkel. A k = B k]
= prodrg I A = prodrg I B
(proof)

lemma prodrg-component:[f € carrier (prodrg I A); i € I] =
fi € carrier (A i)
(proof)

lemma project-rhom:[V k€l. Ring (A k); j € I] =
PRoject I A j € rHom ( prodrg I A) (A j)
(proof)

lemma augm-funcTr:[Vk <(Suc n). Ring (B k);
f € carr-prodag {i. i < (Suc n)} B] =
f = augm-func n (restrict f {i. i < n}) (Un-carrier {i. i < n} B) (Suc 0)
(Aze{0::nat}. f (z + Suc n))
(Un-carrier {0} (compose {0} B (slide (Suc n))))
(proof)

lemma A-to-prodag-mem:[Ring A; Vke€l. Ring (B k); Vkel. (Sk) €
rHom A (B k); x € carrier A | = A-to-prodag A I S B x € carr-prodag I B
(proof)

lemma A-to-prodag-rHom:[Ring A; Vkel. Ring (B k); Vkel. (S k) €
rHom A (B k)] = A-to-prodag A 1S B € rHom A (rII} B)
(proof)

lemma ac-fProd-ProdTr1 ¥k < (Suc n). Ring (B k) =
ag-setfunc n B (Suc 0) (compose {0::nat} B (slide (Suc n)))
(carr-prodag {i. i < n} B) (carr-prodag {0}
(compose {0} B (slide (Suc n)))) C carr-prodag {i. i < (Suc n)} B
(proof)

lemma ac-fProd-Prod:N k < n. Ring (B k) =
ac-fProd-Rg n B = carr-prodag {j. j < n} B
(proof)

A direct product of a finite number of rings defined with ac-fProd-Ryg is
equal to that defined by using carr-prodag.

definition
forodrg :: [nat, nat = ('a, 'more) Ring-scheme| =
(carrier:: (nat = 'a) set, pop:[(nat = 'a), (nat = 'a)]
= (nat = 'a), mop:: (nat = 'a) = (nat = 'a), zero:(nat = 'a),
tp :: [(nat = 'a), (nat = 'a)] = (nat = ’a), un :: (nat = ’a) |) where

forodrg n B = (| carrier = ac-fProd-Rg n B,

pop = Af. Ag. prod-pOp {i. i < n} B fg, mop = A\f. prod-mOp {i. i < n} Bf,
zero = prod-zero {i. i < n} B, tp = Af. Ag. prod-tOp {i. i < n} B f g,
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un = prod-one {i. i < n} B

definition
fPRoject ::[nat, nat = ('a, 'more) Ring-scheme, nat]
= (nat = 'a) = 'a where
fPRoject n B x = (Af€ac-fProd-Rg n B. f x)

lemma fprodrg-ring:v k < n. Ring (B k) = Ring (fprodrg n B)
(proof)

4.8 Chinese remainder theorem

lemma Chinese-remTrl:[Ring A; Vk < (n::nat). ideal A (J k);
Vk<n Bk=gqring A(Jk;Vk<n Sk=pjiA(Jk)] =
ker 4 ( A-to-prodag A {j. j < n} S B) =

N {I. 3kefj. j < n}. I = (Jk)}

Mg g < ny B)
(proof)

lemma (in Ring) coprime-prod-int2Tr:

((VE < (Suc n). ideal R (J k)) A

(Vi < (Sucn). Vj < (Sucn). (i # — coprime-ideals R (J i) (J j))))
— (N {I. 3k < (Suc n). I = (Jk)} = ideal-n-prod R (Suc n) J)

(proof)

lemma (in Ring) coprime-prod-int2:[ ¥k < (Suc n). ideal R (J k);
Vi < (Sucn). Vj< (Sucn). (i #j — coprime-ideals R (J i) (J j))]
= (N {I. 3k < (Sucn). I = (Jk)} = ideal-n-prod R (Suc n) J)
(proof)

lemma (in Ring) coprime-2-n:[ideal R A; ideal R B] =

(gring R A) @, (gring R B) = Il 5 < (Sue 0)} (prodB1 (gring R A) (gqring R
B))

(proof)

In this and following lemmata, ideals A and B are of type ('a, 'more)
RingType-scheme. Don’t try (rIl(Nset n) B) @, B (Suc n)

lemma (in Ring) A-to-prodag2-hom:[ideal R A; ideal R B; S 0 = pj R A;
S (Suc 0) = pj R B] =
A-to-prodag R {j. j < (Suc 0)} S (prodB1 (gqring R A) (gring R B)) €
rHom R (qring R A @, qring R B)

(proof)

lemma (in Ring) A2coprime-rsurjecTr:[ideal R A; ideal R B; S 0 = pj R A;
S (Suc 0) = pj R B] =
(carrier (qring R A @, qring R B)) =
carr-prodag {j. 7 < (Suc 0)} (prodB1 (qring R A) (gring R B))
(proof)
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lemma (in Ring) A2coprime-rsurjec:[ideal R A; ideal R B; S 0 = pj R A;
S (Suc 0) = pj R B; coprime-ideals R A B] =
SurjecR,((qm’ng R A) @ (gring R B))
(A-to-prodag R {j. j<(Suc 0)} S (prodB1 (qring R A) (qring R B)))
(proof)

lemma (in Ring) prod2-n-Tr1:[Vk < (Suc 0). ideal R (J k);
Vk < (Suc 0). Bk = qring R (J k);
Vk< (Suc0). Sk=piR(Jk)] =
A-to-prodag R {j. j < (Suc 0)} S
(prodB1 (gring R (J 0)) (gring R (J (Suc 0)))) =
A-to-prodag R {j. j < (Suc 0)} S B
(proof)

lemma (in aGroup) restrict-prod-Suc:[Vk < (Suc (Suc n)). ideal R (J k);
Vk < (Suc (Sucn)). Bk=R /. Jk;
Vk < (Suc (Suc n)). Sk =pjR (JEk);
f € carrier (rH{j. j < (Suc (Suc n))} B)] =
restrict f {j. 7 < (Suc n)} € carrier (TH{]-. j < (Suc n)} B)

(proof)

lemma (in Ring) Chinese-remTr2:(Vk < (Suc n). ideal R (J k)) A
(VE<(Suc n). Bk = gring R (J k)) A
(VE<(Suc n). Sk=pj R (JEk)) A
(Vi<(Suc n). Vi< (Suc n). (i £j —
coprime-ideals R (J ©) (J j))) —

SUTJGCR7(TH{] ]S (Suc n)} B)

(A-to-prodag R {j. j<(Suc n)} S B)
(proof)

lemma (in Ring) Chinese-remTr3:[Vk < (Suc n). ideal R (J k);
Vk < (Sucn). Bk = gring R (Jk); VE< (Sucn). Sk=pjR (Jk);
Vi < (Sucn). Vj < (Sucn). (i #j — coprime-ideals R (J i) (J j))] =

SR (rILes j < (Sue n)} B)

(A-to-prodag R {j. j < (Suc n)} S B)
(proof)

lemma (in Ring) imset:[V k< (Suc n). ideal R (J k)]
= {I. k< (Sucn). I =Jk} ={Jkl k. ke {jj<(Sucn)}}
(proof )

theorem (in Ring) Chinese-remThm:[(Vk < (Suc n). ideal R (J k));
VEk<(Suc n). Bk = gring R (Jk); Vk < (Sucn). Sk=pjR (Jk);
Vi < (Sucn). Vj< (Sucn). (i #j — coprime-ideals R (J i) (J j))]
== bZ]eC(qm'ng RN A{Jk|k ke{j. j < (Suc n)}})),(rﬂ{j' i < (Suc n)} B)

((A-to-prodag R {j. j < (Suc n)} S B)OR,(prodrg (. j < (Suc n)} B))
(proof )
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lemma (in Ring) prod-prime:[ideal R A; ¥ k<(Suc n). prime-ideal R (P k);
VI<(Suc n). = (A C Pl
VE< (Sucn). VIS (Sucn). k=1V - (Pk)C(Pl)] =
Vi < (Suc n). (nprod R (ppa R P Ai)ne€ AN
(Vie{j j<(Sucn)} — {i}. nprod R (ppa R P Ai)n € Pl) A
(nprod R (ppa R P A i) n ¢ Pi))
(proof)

lemma skip-im1:[i < (Suc n); P € {j. j < (Suc n)} — Collect (prime-ideal R)]
-
compose (. j < n} P (skip i) “ {j. j < n} = P ({j. § < (Sue m)} — {i})
(proof)

lemma (in Ring) mutch-auz!:[ideal R A; i < (Suc n);

P e {j. j < (Sucn)} — Collect (prime-ideal R)] =

compose {j. 7 < n} P (skip i) € {j. j < n} — Collect (prime-ideal R)
(proof)

lemma (in Ring) prime-ideal-cont1Tr:ideal R A —>
VP.((P€{j j<(ninat)} — {X. prime-ideal R X}) A
(AcU (P {jj<n}) — Fi<n AC(Pi))
(proof)

lemma (in Ring) prime-ideal-cont!:[ideal R A; Vi < (n:nat).
prime-ideal R (Pi); ACU {X. Fi<n X=(Pi)}] =
3i< n. AC(P i)

(proof)

lemma (in Ring) prod-n-ideal-contTr0:(VI< n. ideal R (J 1)) —
g, J C N{X. (Fk<n. X = (Jk))}
(proof)

lemma (in Ring) prod-n-ideal-contTr:[V 1< n. ideal R (J )] =
Mp,J € N{X. Gk <n X =(Jk)}
(proof)

lemma (in Ring) prod-n-ideal-cont2:[VI< (n::nat). ideal R (J 1);
prime-ideal R P; {X. (k< n. X = (Jk))} C P] =
i< n. (JI)CP

(proof)

lemma (in Ring) prod-n-ideal-cont3:[VI< (n::nat). ideal R (J 1);
prime-ideal R P; {X. 3k< n. X =(Jk))} = P] =
i< n. (JI)=P

(proof)

definition
ideal-quotient :: [- , 'a set, 'a set] = 'a set where
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ideal-quotient R A B = {z| z. ¢ € carrier R A (VbeB. z -, g b € A)}

abbreviation
IDEALQT («(8-/ t-/ -)» [82,82,83]82) where
A Tr B == ideal-quotient R A B

lemma (in Ring) ideal-quotient-is-ideal:
[ideal R A; ideal R B] = ideal R (ideal-quotient R A B)
(proof)

4.9 Addition of finite elements of a ring and ideal-multiplication

We consider sum in an abelian group

lemma (in aGroup) nsum-mem1Tr: A +> J =
~Vji<n fjeldJ) — nsumAfnelJ
(proof)

lemma (in aGroup) fSum-mem:[Vj € nset (Suc n) m. fj € carrier 4; n < m]
=
fSum A f (Suc n) m € carrier A

(proof)

lemma (in aGroup) nsum-mem1:[A +> J;Vj<n.fje€ J] = nsum A fn e J

(proof)

lemma (in aGroup) nsum-eq-i:[Vj<n. f j € carrier A; Vj<n. gj € carrier A;
i <mVI<ifl=gll= nsum A fi=nsumAgi

(proof)

lemma (in aGroup) nsum-cmp-eq:[f € {j. j<(n:nat)} — carrier A;
hte{jj<nt—={jj<nk h2e{jj<nt—={jj<nhi<n]=
nsum A (emp f (emp h2 h1)) i = nsum A (emp (cmp f h2) hi) i

(proof )

lemma (in aGroup) nsum-cmp-eg-transpos:[ ¥V j<(Suc n). fj € carrier A;
i<ni#n] =

nsum A (emp f (emp (transpos i n) (ecmp (transpos n (Suc n)) (transpos i n))))

(Suc n) = nsum A (ecmp f (transpos i (Suc n))) (Suc n)

(proof)

lemma transpos-Tr-n1:Suc (Suc 0) < n =
transpos (n — Suc 0) nn = n — Suc 0
(proof)

lemma transpos-Tr-n2:Suc (Suc 0) < n =

transpos (n — (Suc 0)) n (n — (Suc 0)) = n
(proof)
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lemma (in aGroup) additionTr0:[0 < n; Vj < n. fj € carrier A]
= nsum A (cmp [ (transpos (n — 1) n)) n = nsum A fn

(proof)

lemma (in aGroup) additionTr1:[Vf. Y h. f € {j. 7<(Suc n)} — carrier A A
h e {j. i<(Suc n)} — {j. j<(Suc n)} A inj-on h {j. j<(Suc n)} —
nsum A (emp fh) (Suc n) = nsum A f (Suc n);

f € {j. i<(Suc (Suc n))} — carrier A;

h € {j. <(Suc (Suc n))} = {j. i<(Suc (Suc n))};

inj-on h {j. j<(Suc (Suc n))}; b (Suc (Suc n)) = Suc (Suc n)]

= nsum A (cmp f h) (Suc (Suc n)) = nsum A f (Suc (Suc n))
(proof)

lemma (in aGroup) additionTri-1:[Vf. Y h. f € {j. j<Suc n} — carrier A A
h € {j. j<Suc n} — {j. j<Suc n} A inj-on h {j. j<Suc n} —
nsum A (emp fh) (Suc n) = nsum A f (Suc n);
f € {j. j<Suc (Suc n)} — carrier 4; i < n] =
nsum A (ecmp f (transpos i (Suc n))) (Suc (Suc n)) = nsum A f (Suc (Suc n))
(proof)

lemma (in aGroup) additionTr1-2:[Vf. Y h. f € {j. j<Suc n} — carrier A A
h € {j. j<Suc n} — {j. 5<Suc n} A
inj-on h {j. j<Suc n} —
nsum A (emp fh) (Suc n) = nsum A f (Suc n);
f e {j. i< Suc (Suc n)} — carrier A; i < (Suc n)] =
nsum A (emp f (transpos i (Suc (Suc n)))) (Suc (Suc n)) =
nsum A f (Suc (Suc n))

(proof)

lemma (in aGroup) additionTr2: Vf. YV h. f € {j. j < (Suc n)} — carrier A A
he{jj<(Sucn)}— {j.j<(Sucn)} A
inj-on h {j. j < (Suc n)} —
nsum A (emp fh) (Suc n) = nsum A f (Suc n)
(proof)

lemma (in aGroup) addition2:[f € {j. 7 < (Suc n)} — carrier A;
he{jj<(Sucn)} — {j. j<(Sucn)}; injonh {j. j < (Sucn)}] =
nsum A (emp fh) (Suc n) = nsum A f (Suc n)

(proo)

lemma (in aGroup) addition21:[f € {j. j < n} — carrier 4,
he{jj<n}—={jji<n};injgonh{jj<n}]=
nsum A (ecmp fh) n=nsum A fn

(proof)

lemma (in aGroup) addition3:[Vj < (Suc n). fj € carrier A; j < (Suc n);

j # Suc n] = nsum A f (Suc n) = nsum A (cmp f (transpos j (Suc n))) (Suc n)
(proof)
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lemma (in aGroup) nsum-splitTr:(Vj < (Suc (n + m)). fj € carrier A) —
nsum A f (Suc (n + m)) = nsum A fn £ (nsum A (cmp f (slide (Suc n))) m)
(proof)

lemma (in aGroup) nsum-split:v¥j < (Suc (n + m)). fj € carrier A =
nsum A f (Suc (n + m)) = nsum A fn £ (nsum A (cmp f (slide (Suc n))) m)

(proof)

lemma (in aGroup) nsum-split!:[Vj < m. fj € carrier A; n < m] =
nsum A fm = nsum A fn £+ (fSum A f (Suc n) m)
(proof)

lemma (in aGroup) nsum-minusTr: (Vj < n. fj € carrier A) —
—a (nsum A fn) = nsum A (A\z€{j. j < n}. — (fz)) n

(proof)

lemma (in aGroup) nsum-minus:¥j < n. fj € carrier A =
—a (nsum A fn) = nsum A (Axe{j. j < n}. —4 (f2)) n
(proof)

lemma (in aGroup) ring-nsum-zeroTr:(¥j < (n::nat). fj € carrier A) A
Vji<n fji=0) — nsumAfn=0
(proof)

lemma (in aGroup) ring-nsum-zeroNj < (n:nat). fj =0 = X, A fn=0

(proof)

lemma (in aGroup) ag-nsum-1-nonzeroTr:

V. (Vj<n. fjé€ carrier A) A
(I<nA(je{jj<n}—{l}.fj=0)
—> nsum A fn=fI

(proof)

lemma (in aGroup) ag-nsum-1-nonzero:[Vj < n. fj € carrier A; | < n;
Vie{j.i<n}—={1}).fi=0] = nsum A fn=fI
(proof)

definition
set-mult :: [-, 'a set, 'a set] = 'a set where
set-mult R A B = {z. 3z€A. 3yeB. z gy = 2z}

definition
sum-mult :: [-, 'a set, 'a set] = 'a set where
sum-mult R A B ={x. 3n. 3f € {j. j < (n:nat)}
— set-mult R A B. nsum R fn = z}

204



lemma (in Ring) set-mult-sub:[A C carrier R; B C carrier R] =
set-mult R A B C carrier R

(proof)

lemma (in Ring) set-mult-mono:[A1 C carrier R; A2 C carrier R; A1 C A2;
B C carrier R] = set-mult R A1 B C set-mult R A2 B

(proof)

lemma (in Ring) sum-mult-Tr1:[A C carrier R; B C carrier R] =
(Vj < n.fje set-mult R A B) — nsum R fn € carrier R

(proof)

lemma (in Ring) sum-mult-mem:[A C carrier R; B C carrier R;
Vj<mn. fje€ set-mult R A B] = nsum R fn € carrier R

(proof)

lemma (in Ring) sum-mult-mem1:[A C carrier R; B C carrier R;
z € sum-mult R A B] —
In. 3fe{j. 7 < (nunat)} — set-mult R A B. nsum R fn =2
(proof)

lemma (in Ring) sum-mult-subR:[A C carrier R; B C carrier R] =
sum-mult R A B C carrier R

(proof)

lemma (in Ring) times-mem-sum-mult:[A C carrier R; B C carrier R;
a€A;beB] = a-+ b€ sum-mult RAB
(proof)

lemma (in Ring) mem-minus-sum-multTr2:[A C carrier R; B C carrier R;
Vji<mn. fjé€ set-mult RA B;i<n]= fié€ carrier R

(proof)

lemma (in aGroup) nsum-jointfun:[Vj < n. fj € carrier A;

Vi< m. gjé€ carrier A] =

Y. A (Jointfun n fm g) (Suc (n +m)) = . AfnE (B Agm)
(proof )

lemma (in Ring) sum-mult-pOp-closed:[A C carrier R; B C carrier R;
a € sum-mult R A B; be sum-mult RAB] = a+xpbe sum-mult R A
B

(proof)

lemma (in Ring) set-mult-mOp-closed:[A C carrier R; ideal R B;
z € set-mult R A B] = —, z € set-mult R A B

(proof)

lemma (in Ring) set-mult-ring-times-closed:[A C carrier R; ideal R B,
z € set-mult R A B; r € carrier Rl = r -, © € set-mult R A B
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(proof)

lemma (in Ring) set-mult-sub-sum-mult:[A C carrier R; ideal R B] =
set-mult R A B C sum-mult R A B

(proof)

lemma (in Ring) sum-mult-pOp-closedn:[A C carrier R; ideal R B] =
(Vj<mn.fje€ set-mult RAB)— ¥, R fn € sum-mult R A B
(proof)

lemma (in Ring) mem-minus-sum-multTr4:[A C carrier R; ideal R B] =
(Vj<mn. fje set-mult RA B) — —, (nsum R fn) € sum-mult R A B
(proof)

lemma (in Ring) sum-mult-iOp-closed:[A C carrier R; ideal R B;
z € sum-mult RAB] = —, z € sum-mult R A B

(proof)

lemma (in Ring) sum-mult-ring-multiplicationTr:
[A C carrier R; ideal R B; r € carrier R] =
(Vj<mn.fje€ set-mult RA B) — r - (nsum R fn) € sum-mult R A B

(proof)

lemma (in Ring) sum-mult-ring-multiplication:[A C carrier R; ideal R B;
r € carrier R; a € sum-mult R A B] = r - a € sum-mult R A B

(proof)

lemma (in Ring) ideal-sum-mult:[A C carrier R; A # {}; ideal R B] =
ideal R (sum-mult R A B)
(proof)

lemma (in Ring) ideal-inc-set-multTr:[A C carrier R; ideal R B; ideal R C|
set-mult RA B C C] =
Vied{j i< (n:nat)} — set-mult RAB. Y. RfneC
(proof )

lemma (in Ring) ideal-inc-set-mult:[A C carrier R; ideal R B; ideal R C;
set-mult RA BC C] = sum-mult RABCC
(proof)

lemma (in Ring) AB-inc-sum-mult:[ideal R A; ideal R B] =
sum-mult RA BC AN B
(proof )

lemma (in Ring) sum-mult-is-ideal-prod:[ideal R A; ideal R B] —>
sum-mult RAB= A<, B
(proof)

lemma (in Ring) ideal-prod-assocTr0:[ideal R A; ideal R B; ideal R C; y € C;
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z € set-mult R A B] = z - y € sum-mult R A (B $, C)
(proof)

lemma (in Ring) ideal-prod-assocTrl:[ideal R A; ideal R B; ideal R C; y € C]
= Vf e {j j<(n:nat)} — set-mult RAB. (3. Rfn)ye A, (BOr C)
(proof )

lemma (in Ring) ideal-quotient-idealTr:[ideal R A; ideal R B; ideal R C;
z € carrier RV ceC. x -, ¢ € ideal-quotient R A B] =
fe{j.i<n} — set-mult RBC — x - (nsum R fn) € A

(proof)

lemma (in Ring) ideal-quotient-ideal:[ideal R A; ideal R B; ideal R C] =
Afr Btr C=Afr B, C
(proof)

lemma (in Ring) ideal-prod-assocTr:[ideal R A; ideal R B; ideal R C] =
Vi (fed{j i< (n:nat)} — set-mult R (A $p B) C —
(X Rfn)e A, (BO, (O))
(proof)

lemma (in Ring) ideal-prod-assoc:[ideal R A; ideal R B; ideal R O] =
(proof)

lemma (in Ring) prod-principal-idealTr0: [a € carrier R; b € carrier R;
z € set-mult R (R $p a) (ROp b)] = 2€ ROy (a1 b)
(proof)

lemma (in Ring) prod-principal-idealTr1: [a € carrier R; b € carrier R] =
Vfe{jj< (nunat)} — set-mult R (R $p a) (R Op b).
YcRfne RO, (ar b)
(proof)

lemma (in Ring) prod-principal-ideal:[a € carrier R; b € carrier R] =

(Rza R a) $, (Rza R b) = Rza R (a - b)
(proof)

lemma (in Ring) principal-ideal-n-powl:a € carrier R =
(Rza R a)®B "™ = Rza R (a™B ™)

{proof)

lemma (in Ring) principal-ideal-n-pow:[a € carrier R; I = Rxa R o] =
19BN — Rya R (a8 M)

(proof)

more about ideal-n-prod
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lemma (in Ring) nprod-eqTr: f € {j. j < (n:nat)} — carrier R A
ge{jj<n}— carrier RNNj<n. fj=gj) —
nprod R fn = nprod R g n

(proof)

lemma (in Ring) nprod-eq:[Vj < n. fj € carrier R;Vj < n. g j € carrier R;
(Vj < (nunat). fj=gj)] = nprod R fn = nprod R g n
(proof)

definition
mprod-expR :: [('b, 'm) Ring-scheme, nat = nat, nat = 'b, nat] = 'b where
mprod-expR R e f n = nprod R (\j. ((fj)AR (e ]))) n

lemma (in Ring) mprodR-Suc:[e € {j. j < (Suc n)} — {j. (0::nat) < j}
fe{j. j<(Sucn)} — carrier R] =
mprod-expR R e f (Suc n) =
(mprod-ezpR R e fn) - ((f (Suc n)) ™ (e (Suc ”)))
(proof )

lemma (in Ring) mprod-expR-memTr:e € {j. j < n} — {j. (0:nat) < j} A
fed{jj<n} — carrier R — mprod-ezpR R e f n € carrier R

(proof)

lemma (in Ring) mprod-expR-mem:[ e € {j. j < n} — {j. (0::nat) < j};
fe{jj<n}— carrier R = mprod-expR R e fn € carrier R
(proof)

lemma (in Ring) prod-n-principal-idealTr:e € {j. j<n} — {j. (0:nat)<j} A

f € {j. j<n} = carrier R A (Vk < n. Jk = (Rza R (fk))OR (e k) —
ideal-n-prod R n J = Rza R (mprod-expR R e f n)

(proof )

lemma (in Ring) prod-n-principal-ideal:[e € {j. j<n} — {j. (0::nat)<j};

f e {j. j<n} = carrier R;Vk< n. Jk = (Rza R (f k)R (e b)] —
ideal-n-prod R n J = Rza R (mprod-ezpR R e f n)

(proof )

lemma (in Idomain) a-notin-n-powl:[a € carrier R; = Unit R a; a # 0; 0 < n]
= a ¢ (Rza R a) OR (Suc n)
(proof)

lemma (in Idomain) a-notin-n-pow2:[a € carrier R; = Unit R a; a # 0;
0 <n] = a "¢ (Rza R a) OR (Suc n)
(proof)
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lemma (in Idomain) n-pow-not-prime:[a € carrier R; a # 0; 0 < n]
= - prime-ideal R ((Rza R a) OR (Suc "))
(proof)

lemma (in Idomain) principal-pow-prime-condTr:
la € carrier R; a # 0; prime-ideal R ((Rza R a) OR (Suc n))]] = n=20
(proof)

lemma (in Idomain) principal-pow-prime-cond:
la € carrier R; a # 0; prime-ideal R ((Rza R a) OR "] = n= Suc0
(proof)

4.10 Extension and contraction

locale TwoRings = Ring +
fixes R’ (structure)
assumes secondR: Ring R’

definition
i-contract :: ['a = 'b, ('a, 'm1) Ring-scheme, ('b, 'm2) Ring-scheme,
'b set] = 'a set where
i-contract f R R’ J = invim f (carrier R) J

definition
i-extension :: ['a = 'b, ('a, 'm1) Ring-scheme, ('b, ‘'m2) Ring-scheme,
‘a set] = 'b set where
i-extension f R R' I = sum-mult R’ (f * I) (carrier R’)

lemma (in TwoRings) i-contract-sub:[f € THom R R'; ideal R’ J | =
(é-contract f R R" J) C carrier R
{proof)

lemma (in TwoRings) i-contract-ideal:[f € rHom R R'; ideal R' J | =
ideal R (i-contract f R R’ J)
(proof)

lemma (in TwoRings) i-contract-mono:[f € rHom R R'; ideal R’ J1; ideal R’ J2;
J1 C J2 | = d-contract f R R" J1 C i-contract f R R’ J2

(proof)

lemma (in TwoRings) i-contract-prime:[f € rHom R R’; prime-ideal R’ P] =
prime-ideal R (i-contract f R R’ P)
(proof)

lemma (in TwoRings) i-extension-ideal:[f € THom R R'; ideal R I | =
ideal R’ (i-extension f R R’ I)
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(proof)

lemma (in TwoRings) i-extension-mono:[f € rHom R R'; ideal R I1; ideal R I12;
I1 C I2 | = (i-extension f R R’ I1) C (i-extension f R R’ 12)
(proof)

lemma (in TwoRings) e-c-inc-self:[f € rHom R R’; ideal R I] =
I C i-contract f R R’ (i-extension f R R’ I)
(proof)

lemma (in TwoRings) c-e-incd-self:[f € rHom R R’ ideal R' J | =
i-extension f R R’ (i-contract f R R' J) C J
(proof )

lemma (in TwoRings) c-e-c-eg-c:[f € rHom R R’; ideal R’ J | =
i-contract f R R’ (i-extension f R R’ (i-contract f R R" J))
= j-contract f R R' J
(proof )

lemma (in TwoRings) e-c-e-eq-e:[f € rHom R R'; ideal R I | =
i-extension f R R’ (i-contract f R R’ (i-extension f R R' I))
= i-extension f R R’ I
(proof)

4.11 Complete system of representatives

definition
csrp-fn i [+, 'a set] = 'a set = 'a where
csrp-fn R I = (Az€carrier (R /, I). (if ¢ = I then O else SOME y. y € z))

definition
esrp i [-, 'a set] = 'a set where
esrp R I == (esrp-fn R I) * (carrier (R /, 1))

lemma (in Ring) csrp-mem:[ideal R I; a € carrier R] =
esrp-fn RI (aWpI) € awWp I
(proof)

lemma (in Ring) csrp-same:[ideal R I; a € carrier R] =
csrp-fn R I (aWp I)Wp I =aWwp I
(proof)

lemma (in Ring) csrp-meml:[ideal R I; x € carrier (R /. I)] =
csrp-fn R ITx € ¢
(proof)

lemma (in Ring) csrp-fn-mem:[ideal R I; © € carrier (R /. I)] =
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(esrp-fn R I x) € carrier R
(proof)

lemma (in Ring) csrp-eq-coset:[ideal R I; x € carrier (R /. I)] =
(csrp-fn RI1x) Wp I =z
(proof )

lemma (in Ring) csrp-nz-nz:[ideal R I; x € carrier (R /. I);
z F# O(R /r 1)] = (csrp-fn R1z) #0
{(proof)

lemma (in Ring) csrp-diff-in-vpr:[ideal R I; x € carrier R] =
x % (—q (csrp-fn RI (pj R Ix))) el
(proof )

lemma (in Ring) csrp-pj:[ideal R I; z € carrier (R /. I)] =
(pj RI) (csrp-fn RI1z)==x
(proof )

4.12 Polynomial ring

In this section, we treat a ring of polynomials over a ring S. Numbers are of
type ant

definition
pol-coeff :: [('a, 'more) Ring-scheme, (nat x (nat = 'a))] = bool where
pol-coeff S ¢ +— (Vj < (fst ¢). (snd ¢) j € carrier S)

definition
c-maz :: [(‘a, 'more) Ring-scheme, nat x (nat = 'a)] = nat where
c-max S c= (if {j. j < (fstc) A (snd c) j # 0g} = {} then 0 else
n-maz {j. j < (fst ¢) A (snd c) j # Og})

definition
polyn-expr :: [(‘a, 'more) Ring-scheme, 'a, nat, nat x (nat = 'a)] = ‘a where
polyn-expr R X k ¢ == nsum R (\j. ((snd ¢) j) -+ R (XTI k

definition
algfree-cond :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme,
'al = bool where
algfree-cond R S X «— (¥ c. pol-coeff S ¢ N (VE < (fst ¢).
(nsum R (Mj. ((snd ¢) j) wp (XTI k=0 —
(Vj < k. (snd c) j = 0g))))

locale PolynRg = Ring +
fixes S (structure)
fixes X (structure)
assumes X-mem-R:X € carrier R
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and not-zeroring:— zeroring S
and subring: Subring R S
and algfree: algfree-cond R S X
and S-X-generate:x € carrier R =
3f. pol-coeff S f N x = polyn-expr R X (fst f) f

4.13 Addition and multiplication of polyn-exprs

4.13.1 Simple properties of a polyn-ring

lemma Subring-subset:Subring R S = carrier S C carrier R

(proof)

lemma (in Ring) subring-Ring:Subring R S = Ring S
(proof)

lemma (in Ring) mem-subring-mem-ring:[Subring R S; x € carrier S| =
x € carrier R
(proof)

lemma (in Ring) Subring-pOp-ring-pOp:[Subring R S; a € carrier S;
becarrier S]] = a+gb=a=+b

(proof)

lemma (in Ring) Subring-tOp-ring-tOp:[Subring R S; a € carrier S;
becarrier S] = a-rgb=a-b

(proof)

lemma (in Ring) Subring-one-ring-one:Subring R S = 1,9 =1,
(proof )

lemma (in Ring) Subring-zero-ring-zero:Subring R S = 0g = 0

(proof)

lemma (in Ring) Subring-minus-ring-minus:[Subring R S; x € carrier S]
=4 —aS§ T = —al
(proof)

lemma (in PolynRyg) Subring-pow-ring-pow:x € carrier S =

N o Rn

(proof)
lemma (in PolynRyg) is-Ring: Ring R (proof)

lemma (in PolynRg) polyn-ring-nonzero:1, # 0

(proof)

lemma (in PolynRg) polyn-ring-S-nonzero:1,gq # Og
(proof )
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lemma (in PolynRyg) polyn-ring-X-nonzero:X # 0
(proof)

4.13.2 Coefficients of a polynomial

lemma (in PolynRg) pol-coeff-split:pol-coeff S f = pol-coeff S (fst f, snd f)
(proof)

lemma (in PolynRyg) pol-coeff-cartesian:pol-coeff S ¢ =
(fst ¢, snd ¢) = ¢
(proof)

lemma (in PolynRyg) split-pol-coeff:[pol-coeff S ¢; k < (fst ¢)] =
pol-coeff S (k, snd c)
(proof)

lemma (in PolynRg) pol-coeff-pre:pol-coeff S ((Suc n), f) =
pol-coeff S (n, f)
(proof)

lemma (in PolynRg) pol-coeff-le:[pol-coeff S ¢; n < (fst ¢)] =
pol-coeff S (n, (snd c))
(proof)

lemma (in PolynRyg) pol-coeff-mem:[pol-coeff S ¢; j < (fst ¢)] =
((snd ¢) j) € carrier S
(proof)

lemma (in PolynRg) pol-coeff-mem-R:[pol-coeff S c; j < (fst ¢)]
= ((snd ¢) j) € carrier R
(proof)

lemma (in PolynRg) Slide-pol-coeff:[pol-coeff S ¢; n < (fst ¢)] =
pol-coeff S (((fst ¢) — Suc n), (Az. (snd ¢) (Suc (n + z)))
(proof)

4.13.3 Addition of polyn-exprs

lemma (in PolynRg) monomial-mem:pol-coeff S ¢ =
Vi< (fste) (sndc)j-r X RJ e carrier R
(proof)

lemma (in PolynRg) polyn-mem:[pol-coeff S ¢; k < (fst ¢)] =
polyn-expr R X k ¢ € carrier R
(proof)

lemma (in PolynRyg) polyn-exprs-eq:[pol-coeff S ¢; pol-coeff S d;
k < (min (fst ¢) (fst d)); Vj < k. (snd ¢) j = (snd d) j] =
polyn-expr R X k ¢ = polyn-expr R X k d
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(proof)

lemma (in PolynRyg) polyn-expr-restrict:pol-coeff S (Suc n, f) =
polyn-expr R X n (Suc n, f) = polyn-expr R X n (n, f)
(proof)

lemma (in PolynRyg) polyn-expr-short:[pol-coeff S ¢; k < (fst ¢)] =
polyn-expr R X k ¢ = polyn-expr R X k (k, snd c)
(proof)

lemma (in PolynRyg) polyn-expr0:pol-coeff S ¢ =
polyn-expr R X 0 ¢ = (snd ¢) 0
(proof)

lemma (in PolynRyg) polyn-expr-split:
polyn-expr R X k f = polyn-expr R X k (fst f, snd f)
(proof)

lemma (in PolynRyg) polyn-Suc:Suc n < (fst ¢) =
polyn-expr R X (Suc n) ((Suc n), (snd ¢)) =
polyn-ezpr R X n ¢ + ((snd ¢) (Suc n)) - (X (Suc "))
(proof)

lemma (in PolynRg) polyn-Suc-split:pol-coeff S (Suc n, f) =
polyn-expr R X (Suc n) ((Suc n), f) =
polyn-expr R X n (n, f) £ (f (Suc n)) - (X (Sue n))
(proof )

lemma (in PolynRg) polyn-n-m:[pol-coeff S ¢; n < m; m < (fst ¢)] =
polyn-expr R X m (m, (snd ¢)) = polyn-expr R X n (n, (snd ¢)) +
(fSum R (Aj. ((snd ¢) j) - (X T9)) (Suc n) m)
{(proof)

lemma (in PolynRyg) polyn-n-m1:[pol-coeff S ¢; n < m; m < (fst ¢)] =
polyn-expr R X m ¢ = polyn-expr R X nc £
(fSum R (Mj. ((snd ¢) j) - (X T9)) (Suc n) m)
(proof)

lemma (in PolynRg) polyn-n-m-mem:[pol-coeff S ¢; n < m; m < (fst ¢)] =
(fSum R (A\j. ((snd ¢) j) - (X T9)) (Suc n) m) € carrier R
(proof )

lemma (in PolynRg) polyn-n-ms-eq:[pol-coeff S ¢; pol-coeff S d;
m < min (fst ¢) (fst d); n < m;
Vjenset (Suc n) m. (snd ¢) j = (snd d) j] =
(fSum R (Aj. ((snd c) ) o (XR)) (Suc n) m) =
(fSum R (Aj. ((snd d) j) - (X J)) (Suc n) m)
(proof)
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lemma (in PolynRyg) polyn-addTr:
(pol-coeff S (n, f)) A (pol-coeff S (n, g)) —
(polyn-expr R X n (n, f)) & (polyn-exzpr R X n (n, g)) =
nsum B (N ((F3) £ (9.9) -+ (X))

{(proof)

lemma (in PolynRg) polyn-add-n:[pol-coeff S (n, f); pol-coeff S (n, 9)] =
(polyn-expr R X n (n, f)) £ (polyn-expr R Xn(n,g) =
nsum R (\j. ((F) £5 (9.9) -+ (X)) n
(proof)

definition
add-cf :: [('a, 'm) Ring-scheme, nat x (nat = 'a), nat x (nat = ’a)] =
nat x (nat = 'a) where
add-cf S cd =
(if (fst c) < (fst d) then ((fst d), M. (if j < (fst c)
then (((snd c) j) £g ((snd d) j)) else ((snd
d) )

else if (fst ¢) = (fst d) then ((fst c), Aj. ((snd ¢) j g (snd d) j))
else ((fst ¢), A\j. (if § < (fst d) then
((snd ¢) j £g (snd d) j) else ((snd c) 7))))

lemma (in PolynRg) add-cf-pol-coeff:[pol-coeff S ¢; pol-coeff S d]
= pol-coeff S (add-cf S ¢ d)
(proof)

lemma (in PolynRg) add-cf-len:[pol-coeff S ¢; pol-coeff S d]
= fst (add-cf S ¢ d) = (max (fst ¢) (fst d))
(proof )

lemma (in PolynRyg) polyn-expr-restrict1:[pol-coeff S (n, f);

pol-coeff S (Suc (m + n), g)] =

polyn-expr R X (m + n) (add-cf S (n, f) (m + n, g)) =

polyn-expr R X (m + n) (m + n, snd (add-c¢f S (n, f) (Suc (m + n), g)))
(proof)

lemma (in PolynRyg) polyn-add-n1:[pol-coeff S (n, f); pol-coeff S (n, 9)] =
(polyn-expr R X n (n, f)) £ (polyn-expr R X n (n, g)) =
polyn-expr R X n (add-¢f S (n, f) (n, g))
(proof)

lemma (in PolynRyg) add-cf-val-hi:(fst ¢) < (fst d) =
snd (add-cf S ¢ d) (fst d) = (snd d) (fst d)
(proof)

lemma (in PolynRyg) add-cf-commute:[pol-coeff S ¢; pol-coeff S d]
= Vj < (mazx (fst ¢) (fst d)). snd (add-¢f S ¢ d) j =
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snd (add-cf S d c) j
(proof)

lemma (in PolynRg) polyn-addTr1:pol-coeff S (n, f) =
Y g. pol-coeff S (n + m, g) —
(polyn-expr R X n (n, f) £ (polyn-expr R X (n + m) ((n + m), g))
= polyn-ezpr R X (n + m) (add-cf S (n, f) ((n + m), g)))
(proof)

lemma (in PolynRg) polyn-add:[pol-coeff S (n, f); pol-coeff S (m, g)]
= polyn-expr R X n (n, f) + (polyn-expr R X m (m, g))
= polyn-expr R X (maz n m) (add-cf S (n, f) (m, g))
(proof)

lemma (in PolynRg) polyn-add1:[pol-coeff S c; pol-coeff S d]
= polyn-expr R X (fst ¢) ¢ + (polyn-expr R X (fst d) d)
= polyn-expr R X (maz (fst ¢) (fst d)) (add-cf S ¢ d)
(proof)

lemma (in PolynRg) polyn-minus-nsum:[pol-coeff S ¢; k < (fst ¢)] = .
—q (polyn-expr R X k ¢) = nsum R (Aj. ((—ag ((snd ¢) j)) -» (X T5))) k
(proof)

lemma (in PolynRg) minus-pol-coeff:pol-coeff S ¢ =

pol-coeff S ((fst ¢), (Aj. (—ag ((snd c) j))))
(proof)

lemma (in PolynRg) polyn-minus:[pol-coeff S ¢; k < (fst ¢)] =
—a (polyn-exzpr R X k ¢) =
polyn-expr R X k (fst ¢, (A\j. (—ag ((snd ¢) 7))))
(proof)

definition
m-cf :: [('a, 'm) Ring-scheme, nat x (nat = 'a)] = nat X (nat = 'a) where
m-cf § ¢ = (fst ¢, (\j- (—ag ((snd c) j))))

lemma (in PolynRg) m-cf-pol-coeff:pol-coeff S ¢ —>
pol-coeff S (m-cf S ¢)
{proof )

lemma (in PolynRg) m-cf-len:pol-coeff S ¢ =
fst (m-cf S ¢) = fstc
(proof)

lemma (in PolynRg) polyn-minus-m-cf:[pol-coeff S ¢; k < (fst ¢)] =
—a (polyn-ezpr R X k ¢) =
polyn-expr R X k (m-cf S ¢)
(proof)
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lemma (in PolynRyg) polyn-zero-minus-zero:[pol-coeff S ¢; k < (fst ¢)] =
(polyn-expr R X k ¢ = 0) = (polyn-expr R X k (m-cf S ¢) = 0)
(proof)

lemma (in PolynRyg) coeff-0-pol-0:[pol-coeff S c; k < fst ¢] =
(Vi< k. (snd c¢) j = 0g) = (polyn-exzpr R X k ¢ = 0)
(proof)

4.13.4 Multiplication of pol-exprs
4.13.5 Multiplication

definition
ext-cf :: [('a, 'm) Ring-scheme, nat, nat X (nat = 'a)] =
nat X (nat = 'a) where
ext-cfSmnc=(n+ fst ¢, M. if n < i then (snd c¢) (sliden n i) else Og)

definition
sp-cf :: [("a, 'm) Ring-scheme, 'a, nat x (nat = ’'a)] = nat x (nat = 'a) where
sp-cf S ac= (fst c, M. a -»g ((snd ¢) j))

definition
special-cf :: ('a, 'm) Ring-scheme = nat x (nat = ‘a) («Cy») where
Co S=1(0,).1,9)

lemma (in PolynRyg) special-cf-pol-coeff:pol-coeff S (Cy S)
(proof)

lemma (in PolynRyg) special-cf-len:fst (Cy S) = 0
(proof)

lemma (in PolynRyg) ext-cf-pol-coeff:pol-coeff S ¢ =
pol-coeff S (ext-cf S n c)
(proof)

lemma (in PolynRyg) ext-cf-len:pol-coeff S ¢ =
fst (ext-cf S m c) = m + fst c
(proof)

lemma (in PolynRyg) ext-special-cf-len:fst (ext-¢f S m (Co S)) = m
(proof)
lemma (in PolynRyg) ext-cf-self:pol-coeff S ¢ =

Vi < (fstc). snd (ext-cf S 0c)j= (sndc)j
(proof)
lemma (in PolynRyg) ext-cf-hi:pol-coeff S ¢ =

(snd ¢) (fst c) =
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snd (ext-cf Sn c) (n + (fst c))
(proof)

lemma (in PolynRyg) ext-special-cf-hizsnd (ext-cf S n (Co S)) n=1,g
(proof)

lemma (in PolynRg) ext-cf-lo-zero:[pol-coeff S ¢; 0 < n; z < (n — Suc 0)]
= snd (ext-cf Snc) z =0g
(proof)

lemma (in PolynRg) ext-special-cf-lo-zero:[0 < n; z < (n — Suc 0)]
= snd (ext-cf Sn (Co S)) z = 0g
(proof)

lemma (in PolynRyg) sp-cf-pol-coeff:[pol-coeff S ¢; a € carrier S| =
pol-coeff S (sp-cf S a c)
(proof)

lemma (in PolynRg) sp-cf-len:[pol-coeff S ¢; a € carrier S| =
fst (sp-cf S ac) = fstc
(proof)

lemma (in PolynRg) sp-cf-val:[pol-coeff S ¢; j < (fst ¢); a € carrier S] =
snd (sp-cfSac)j= a-rg ((sndc)j)
(proof)

lemma (in PolynRyg) polyn-ext-cf-lo-zero:[pol-coeff S ¢; 0 < j| =
polyn-expr R X (j — Suc 0) (ext-cf Sjc) =0
(proof)

lemma (in PolynRg) monomial-d:pol-coeff S ¢ =
polyn-expr R X d (ext-cf S d ¢) = ((snd ¢) 0) -, X d
(proof)

lemma (in PolynRg) X-to-d: X Rd = polyn-expr R X d (ext-cf S d (Co 9))
(proof )

lemma (in PolynRg) c-maz-ext-special-cf:c-mazx S (ext-cf Sn (Cy S)) =n

(proof)

lemma (in PolynRyg) scalar-times-polynTr:a € carrier S —>

Y f. pol-coeff S (n, f) —

a - (polyn-expr R X n (n, f)) = polyn-expr R X n (sp-cf S a (n, f))
(proof )

lemma (in PolynRg) scalar-times-pol-expr:[a € carrier S; pol-coeff S ¢;
n < fst ¢] =
a - (polyn-expr R X n ¢) = polyn-expr R X n (sp-¢f S a ¢)
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(proof)

lemma (in PolynRg) sp-coeff-nonzero:[Idomain S; a € carrier S; a # Og;
pol-coeff S ¢; (snd ¢) j # 0g; j < (fst ¢)] =
snd (sp-cf Sac)j# Og

(proof)

lemma (in PolynRyg) ext-cf-inductTl:pol-coeff S (Suc n, f) =
polyn-expr R X (n + j) (ext-¢f S j (Suc n, f)) =
polyn-expr R X (n + j) (ext-c¢f S j (n, f))
(proof)

lemma (in PolynRyg) low-deg-terms-zeroTr:
pol-coeff S (n, f) —
polyn-expr R X (n + j) (ext-¢f Sj (n, f)) =
(XAR j) - (polyn-expr R X n (n, f))
(proof)

lemma (in PolynRyg) low-deg-terms-zero:pol-coeff S (n, f) =
polyn-expr R X (n + j) (ext-¢f Sj (n, f)) =
(xRt 3y - (polyn-expr R X n (n, f))
(proof)

lemma (in PolynRyg) low-deg-terms-zerol :pol-coeff S ¢ =
polyn-expr R X ((fst ¢) + j) (ext-¢cf Sjc) =

(X Gy .. (polyn-expr R X (fst ¢) c)
(proof)

lemma (in PolynRyg) polyn-expr-tOpTr:pol-coeff S (n, f) =
Y g. (pol-coeff S (m, g) — (T h. pol-coeff S ((n + m), h) A
hn+m) = (Fn) vg (g m) A
(polyn-expr R X (n + m) (n + m, h) =
(polyn-expr R X n (n, f)) - (polyn-expr R X m (m, g)))))
(proof)

lemma (in PolynRg) polyn-expr-tOp:|
pol-coeff S (n, f); pol-coeff S (m, g)] = Fe. pol-coeff S ((n + m), e) A
e (n+m) = (Fn) vg (g m) A
polyn-expr R X (n + m)(n + m, e) =
(polyn-expr R X n (n, f)) - (polyn-expr R X m (m, g))
(proof)

lemma (in PolynRg) polyn-expr-tOp-c:[pol-coeff S ¢; pol-coeff S d] =
Fe. pol-coeff S e A (fst e = fst ¢ + fst d) A
(snd e) (fst e) = (snd ¢ (fst ¢)) -rg (snd d) (fst d) A
polyn-expr R X (fst e) e =
(polyn-expr R X (fst ¢) ¢) - (polyn-expr R X (fst d) d)
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(proof)

4.14 The degree of a polynomial

lemma (in PolynRyg) polyn-degreeTr:[pol-coeff S c; k < (fst ¢)] =
(polyn-expr R X kc=0)= ({j.j < kA (sndc)j+#0g} ={})
(proof)

lemma (in PolynRg) higher-part-zero:[pol-coeff S ¢; k < fst ¢;
Vijenset (Suc k) (fst ¢). snd ¢ j = 0g] =
Yt R(Nj.sndcj-r XTIy (Suc k) (fst ¢c) =0
(proof)

lemma (in PolynRyg) coeff-nonzero-polyn-nonzero:[pol-coeff S ¢; k < (fst c)]
= (polyn-expr R X k ¢ # 0) = (3j<k. (snd c) j # 0g )
(proof)

lemma (in PolynRyg) pol-expr-unique:[p € carrier R; p # 0;
pol-coeff S ¢; p = polyn-expr R X (fst ¢) ¢; (snd c) (fst ¢) # Og;
pol-coeff S d; p = polyn-expr R X (fst d) d; (snd d) (fst d) # 0g] =
(fst ¢) = (fst d) A (Vj < (fst ¢). (snd ¢) j = (snd d) j)

(proof)

lemma (in PolynRyg) pol-expr-unique2:[pol-coeff S c; pol-coeff S d;
fst c = fst d] =
(polyn-expr R X (fst ¢) ¢ = polyn-expr R X (fst d) d ) =
(Vj < (fstc). (snd c) j= (snd d) j)
(proof )

lemma (in PolynRyg) pol-expr-unique3:[pol-coeff S ¢; pol-coeff S d;
fst ¢ < fst d] =
(polyn-expr R X (fst ¢) ¢ = polyn-expr R X (fst d) d ) =
(Vi < (fstc). (snd c) j = (snd d) j) A
(Vjenset (Suc (fst ¢)) (fst d). (snd d) j = 0g))
(proo)

lemma (in PolynRg) polyn-degree-unique:[pol-coeff S ¢; pol-coeff S d;
polyn-expr R X (fst ¢) ¢ = polyn-expr R X (fst d) d] =
c-max S ¢ = c-maz S d

(proof)

lemma (in PolynRyg) ez-polyn-expr:p € carrier R —
Je. pol-coeff S ¢ A p = polyn-expr R X (fst c) ¢
(proof)

lemma (in PolynRyg) c-mazx-eqTr0:[pol-coeff S ¢; k < (fst c);

polyn-expr R X k ¢ = polyn-expr R X (fst ¢) ¢; j<k. (snd c¢) j # 0g] =
c-maz S (k, snd ¢) = c-max S ¢
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(proof)

definition
cf-sol :: [("a, 'b) Ring-scheme, (‘a, 'b1) Ring-scheme, 'a, 'a,
nat x (nat = 'a)] = bool where
cf-sol R S X p ¢ +— pol-coeff S ¢ A (p = polyn-expr R X (fst ¢) ¢)

definition
deg-n ::[("a, 'b) Ring-scheme, ('a, 'b1) Ring-scheme, 'a, 'a] = nat where
deg-n R S X p = c-mazx S (SOME c. ¢f-sol R S X p c)

definition
deg ::[('a, 'b) Ring-scheme, ('a, 'b1) Ring-scheme, 'a, 'a] = ant where
deg RS X p = (if p=0pg then —oo else (an (deg-n R S X p)))

lemma (in PolynRyg) ex-cf-sol:p € carrier R =
Je. ef-sol RSXpc
(proof )

lemma (in PolynRg) deg-in-aug-minf:p € carrier R =
deg RS Xpe€ Z_
(proof)

lemma (in PolynRyg) deg-noninf:p € carrier R —
deg RS X p #
{proof )

lemma (in PolynRyg) deg-ant-int:[p € carrier R; p # 0]
= deg R S X p = ant (int (deg-n R S X p))
(proof)

lemma (in PolynRg) deg-an:[p € carrier R; p # 0]
= deg R S X p=an (deg-n RS X p)
(proof)

lemma (in PolynRg) pol-SOME-1:p € carrier R —
cf-sol R S X p (SOME f. ¢f-sol R S X p f)
(proof)

lemma (in PolynRg) pol-SOME-2:p € carrier R —
pol-coeff S (SOME c. ¢f-sol R S X p ¢) A
p = polyn-expr R X (fst (SOME c. ¢f-sol R S X p ¢))
(SOME c. c¢f-sol R S X p c)
(proof)

lemma (in PolynRyg) coeff-maz-zeroTr:pol-coeff S ¢ =
Vi j<(fste) A (c-mazSc)<j— (sndc)j=0g
(proof)
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lemma (in PolynRg) coeff-maz-nonzeroTr:[pol-coeff S c;
3j < (fst ¢). (snd ¢) j # 0g] = (snd ¢) (c-maz S ¢) # Og
(proof )

lemma (in PolynRyg) coeff-max-bddTr:pol-coeff S ¢ => c-mazx S ¢ < (fst ¢)
(proof)

lemma (in PolynRyg) pol-coeff-max:pol-coeff S ¢ =
pol-coeff S ((c-mazx S ¢), snd ¢)
{(proof)

lemma (in PolynRyg) polyn-c-maz:pol-coeff S ¢ =
polyn-expr R X (fst ¢) ¢ = polyn-expr R X (c-maz S ¢) ¢
(proof)

lemma (in PolynRyg) pol-deg-eq-c-maz:[p € carrier R;
pol-coeff S ¢; p = polyn-expr R X (fst ¢) ] =
deg-n R S X p = c-mazx S ¢
(proof)

lemma (in PolynRyg) pol-deg-le-n:[p € carrier R; pol-coeff S c;
p = polyn-expr R X (fst ¢) ¢] = deg-n R S X p < (fst ¢)
(proof)

lemma (in PolynRg) pol-deg-le-n1:[p € carrier R; pol-coeff S ¢; k < (fst ¢);
p = polyn-expr R X k ¢] = deg-n R S X p < k
{proof)

lemma (in PolynRg) pol-len-gt-deg:[p € carrier R; pol-coeff S c;
p = polyn-expr R X (fst ¢) ¢; deg R S X p < (an j); j < (fst ¢)]
= (snd c) j = 0g

(proof)

lemma (in PolynRg) pol-diff-deg-less:[p € carrier R; pol-coeff S c;
p = polyn-expr R X (fst ¢) ¢; pol-coeff S d;
fst ¢ = fst d; (snd ¢) (fst ¢) = (snd d) (fst d)] =
p £ (—q (polyn-expr R X (fst d) d)) =0 Vv
deg-n R S X (p £ (—a4 (polyn-expr R X (fst d) d))) < (fst ¢)
(proof)

lemma (in PolynRg) pol-pre-lt-deg:[p € carrier R; pol-coeff S c;

deg-n R S X p < (fst ¢); (degn R S X p) # 0;

p = polyn-expr R X (deg-n R S X p) ¢ | =
(deg-n R S X (polyn-expr R X ((deg-n R S X p) — Suc 0) ¢)) < (deg-n R S X p)
(proof)

lemma (in PolynRg) pol-deg-n:[p € carrier R; pol-coeff S ¢;

n < fst ¢; p = polyn-expr R X n ¢; (snd ¢) n # 0g] =
degn R S X p=n
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(proof)

lemma (in PolynRg) pol-expr-deg:[p € carrier R; p # 0]
= Jec. pol-coeff S ¢ A degm R S X p < (fst c) A
p = polyn-expr R X (deg-n R S X p) ¢ A
(snd c) (deg-n R S X p) # Og
(proof)

lemma (in PolynRg) deg-n-pos:p € carrier R = 0 < deg-n R S X p
{(proof)

lemma (in PolynRyg) pol-expr-degl:[p € carrier R; d = na (deg R S X p)] =
Fe. (pol-coeff S ¢ A p = polyn-expr R X d c)
(proof)

end

theory Algebra6 imports Algebra5 begin

definition
s-¢f :: [(a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, 'a]
= nat X (nat = ‘a) where
s-cf RS X p=(if p=0pg then (0, A\j. Og) else
SOME c. (pol-coeff S ¢ A p = polyn-expr R X (fst ¢) ¢ A
(snd ¢) (fst c) # 0g))

definition
lef i [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, 'a] = 'a where
lef RS Xp=(snd (s-¢f RS X p)) (fst (s-¢f RS X p))

lemma (in PolynRg) lcf-val-0:lcf R S X 0 = Og
(proof)

lemma (in PolynRyg) lcf-val:[p € carrier R; p # 0] =
lef RS Xp=(snd (s-¢f RS X p)) (fst (s-¢f R S X p))
(proof)

lemma (in PolynRg) s-cf-pol-coeff:p € carrier R =
pol-coeff S (s-¢cf R S X p)
(proof)

lemma (in PolynRyg) lcf-mem:p € carrier R = (lcf R S X p) € carrier S
(proof)

lemma (in PolynRg) s-cf-expr0:p € carrier R =
pol-coeff S (s-¢cf R S X p) A
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p = polyn-expr R X (fst (s-¢cf R S X p)) (s-¢f R S X p)
(proof )

lemma (in PolynRg) pos-deg-nonzero:[p € carrier R; 0 < deg-n R S X p] =
p#0
(proof)

lemma (in PolynRg) s-cf-expr:[p € carrier R; p # 0] =
pol-coeff S (s-¢f R S X p) A
p = polyn-expr R X (fst (s-¢cf R S X p)) (s-¢f R S X p) A
(snd (s-cf R S X p)) (fst (s-¢cf R S X p)) # Og

(proof)

lemma (in PolynRg) lcf-nonzero:[p € carrier R; p # 0] =
IefRS Xp#0g
(proof)

lemma (in PolynRg) s-cf-deg:[p € carrier R; p # 0] =
deg-n RS X p = fst (s-¢cfR S X p)
(proof)

lemma (in PolynRg) pol-expr-edeg:[p € carrier R; deg R S X p < (an d)] =
3f. (pol-coeff S f A fst f = d A p = polyn-expr R X d f)
(proof )

lemma (in PolynRyg) cf-scf:[pol-coeff S ¢; k < fst ¢; polyn-expr R X k ¢ # 0]
= Vj < fst (s-¢f RS X (polyn-expr R X k ¢)).
snd (s-¢f R S X (polyn-expr R X k ¢)) j = snd ¢ j
(proof)

definition
scf-cond :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, 'a,
nat, nat X (nat = ’a)] = bool where
scf-cond RS X p d ¢ <— pol-coeff S ¢ N fst c = d N p = polyn-expr R X d ¢

definition
scf-d :: [('a, 'm) Ring-scheme, (‘a, 'm1) Ring-scheme, 'a, 'a, nat]
= nat X (nat = ‘a) where
scf-d RS Xpd=(SOME f. scf~cond R S X p df)

lemma (in PolynRg) scf-d-polTr:[p € carrier R; deg R S X p < an d] =
scf-cond RS X pd (sef~d RS X pd)
(proof)

lemma (in PolynRyg) scf-d-pol:[p € carrier R; deg R S X p < an d] =

pol-coeff S (scf-d R S X p d) A fst (s¢f-d RS Xpd)=dA
p = polyn-expr R X d (sc¢f~d R S X p d)
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(proof)

lemma (in PolynRyg) pol-expr-of-X:
X = polyn-expr R X (Suc 0) (ext-¢f S (Suc 0) (Co 9))
(proof)

lemma (in PolynRyg) deg-n-of-X:deg-n R S X X = Suc 0
(proof)

lemma (in PolynRg) pol-X:cf-sol R S X X ¢ =
sndc 0 =0gA sndc(Suc0)=1,g

(proof)

lemma (in PolynRyg) pol-of-deg0:[p € carrier R; p # 0]
= (degn R S X p = 0) = (p € carrier S)
(proof)

lemma (in PolynRg) pols-const:[p € carrier R; (deg R S X p) < 0] =
p € carrier S

(proof)

lemma (in PolynRg) less-deg-add-nonzero:[p € carrier R; p # 0;
q € carrier R; q # 0;
(degn R S X p) < (degn RS X q)] = p+tqg#0
(proof)

lemma (in PolynRyg) polyn-deg-addl:[p € carrier R; p # 0; q € carrier R;
q# 0; (degn R S X p) < (deg-n R S X q)] =
deg-n RS X (p £ q) = (degn R S X q)
(proof)

lemma (in PolynRyg) polyn-deg-add2:[p € carrier R; p # 0; q € carrier R;
q#0;p+q#0;(degn RS Xp)=(degnRSXq] =
deg-n RS X (p £ q) < (degm R S X q)
(proof)

lemma (in PolynRyg) polyn-deg-add3:[p € carrier R; p # 0; q € carrier R;
q#0;p =+ q+#0;(degn RS Xp)<n;(degnRSXq) <n] =
degn RS X (p £ q) <n
(proof)

lemma (in PolynRg) polyn-deg-add4:[p € carrier R; q € carrier R;
(deg R S X p) < (an n); (deg R S X q) < (an n)] =
deg RS X (p £ q) < (ann)
(proof)

lemma (in PolynRg) polyn-deg-add5:[p € carrier R; q € carrier R;
(deg RS X p)<a;(degRSXgq) <a] =
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deg RSX (ptq) <a

(proof)
lemma (in PolynRg) lower-deg-part:[p € carrier R; p # 0; 0 < deg-n R S X p]
—
deg R S X (polyn-expr R X (deg-n R S X p — Suc 0)(SOME f. ¢f-sol R S X p f))
<degRSXp
(proof )
definition

ldeg-p :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, nat, 'al
= 'a where
ldeg-p R S X d p = polyn-expr R X d (scf-d R S X p (Suc d))

definition
hdeg-p :: [(‘a, 'm) Ring-scheme, (‘a, 'm1) Ring-scheme, 'a, nat, 'al
= 'a where
hdeg-p R S X dp = (snd (scf-d R S X p d) d) -, p (X" &)

lemma (in PolynRg) ldeg-p-mem:[p € carrier R; deg R S X p < an (Suc d) | =
ldeg-p R S X d p € carrier R
(proof )

lemma (in PolynRyg) ldeg-p-zero:p = 0p = ldeg-p R S X d p = Op
(proof)

lemma (in PolynRg) hdeg-p-mem:[p € carrier R; deg R S X p < an (Suc d)] =
hdeg-p R S X (Suc d) p € carrier R
{proof )

lemma (in PolynRg) hdeg-p-zero:p = 0 = hdeg-p R S X (Suc d) p =0

{proof )

lemma (in PolynRyg) decompos-p:[p € carrier R; deg R S X p < an (Suc d)] =
p = (ldeg-p R S X d p) + (hdeg-p R S X (Suc d) p)

(proof)

lemma (in PolynRg) deg-ldeg-p:[p € carrier R; deg R S X p < an (Suc d)] =
deg RS X (Idegp RS X dp) <and
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(proof)

lemma (in PolynRg) deg-minus-eq:[p € carrier R; p # 0] =
degn R S X (—a p) =degn RS X p
(proof)

lemma (in PolynRyg) deg-minus-eql:p € carrier R —
deg RS X (—ap)=deg RS Xp
(proof)

lemma (in PolynRyg) ldeg-p-pOp:[p € carrier R; q € carrier R;
deg RS X p < an (Sucd); deg RS X q < an (Suc d)] =
(ldeg-p R S X dp) £ (ldeg-p R S X d q) =

ldeg-p RS X d (p £ q)

(proof)

lemma (in PolynRyg) hdeg-p-pOp:[p € carrier R; q € carrier R;
deg R S X p < an (Suc d); deg R S X q < an (Suc d)] =
(hdeg-p R S X (Suc d) p) £ (hdeg-p R S X (Suc d) q) =

hdeg-p R S X (Suc d) (p £ q)

(proof)

lemma (in PolynRg) ldeg-p-mOp:[p € carrier R; deg R S X p < an (Suc d)] =
—a (ldeg-p RS X dp) =ldeg-p RS X d (—, p)
(proof)

lemma (in PolynRg) hdeg-p-mOp:[p € carrier R;deg R S X p < an (Suc d)]
= —, (hdeg-p R S X (Suc d) p) = hdeg-p R S X (Suc d) (—q p)
(proof )

4.14.1 Multiplication of polynomials

lemma (in PolynRg) deg-mult-pols:[Idomain S;
p € carrier Ry p # 0; q € carrier R; ¢ #0 ] =
porq#F 0N
degn RS X (p+r q¢) =degn RS Xp+ degn RS X q
(proof)

lemma (in PolynRg) deg-mult-polsi:[Idomain S; p € carrier R; q € carrier R]
=
degRSX (pq =degRSXp+degR S Xgq
(proof)

lemma (in PolynRg) const-times-polyn:[Idomain S; ¢ € carrier S; ¢ # Og;
p € carrier By p #0] = (¢ p) #0 A
deg-n R S X (¢ - p) = degn R S X p

(proof)
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lemma (in PolynRg) p-times-monomial-nonzero:[p € carrier R; p # 0] =
(XAR j) r P 7é 0
(proof)

lemma (in PolynRg) p-times-monomial-nonzerol:[Idomain S; p € carrier R;
p # 0; ¢ € carrier S; ¢ # 0g] =(c¢ -» (X EJ) ., p£0
(proof)

lemma (in PolynRg) polyn-ring-integral:Idomain S = Idomain R

(proof)

lemma (in PolynRg) deg-to-X-d:Idomain S = deg-n R S X (X" R d) = ¢4
(proof)

4.14.2 Degree with value in aug-minf

lemma (in PolynRg) nonzero-deg-pos:[p € carrier R; p # 0] =
0<degRSXp
(proof)

lemma (in PolynRyg) deg-minf-pol-0:p € carrier R —
(deg RS X p=—o0)=(p=0)
(proof)

lemma (in PolynRyg) pol-nonzero:p € carrier R —>
(0 < deg RS Xp)=(p#0)
(proof)

lemma (in PolynRg) minus-deg-in-aug-minf:[p € carrier R; p # 0] =
—(deg RS Xp) € Z o
(proof)

lemma (in PolynRyg) deg-of-X:deg R S X X = 1
(proof)

lemma (in PolynRyg) pol-deg-0:[p € carrier R; p # 0]
= (deg RS X p=20)= (p € carrier S)
(proof)

lemma (in PolynRyg) deg-of-X2n:Idomain S = deg R S X (XAR ™M =ann
(proof)

lemma (in PolynRg) add-pols-nonzero:[p € carrier R; q € carrier R;
(deg RS Xp)#(degRSXq] = p+qg#0
(proof)

lemma (in PolynRg) deg-pols-addl:[p € carrier R; q € carrier R;
(deg R SXp)<(degRSXyq)] =
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degRSX (ptq) =degR S Xq
(proof)

lemma (in PolynRyg) deg-pols-add2:[p € carrier R; q € carrier R;
(deg RS X p)=(degR S X q)] =
deg RSX (p£q) <(degR S X q)
(proof)

lemma (in PolynRg) deg-pols-add3:[p € carrier R; q € carrier R;
(deg RS X p)<ann; (deg RS X q) < ann] =
degRSX (ptq) <ann
(proof)

lemma (in PolynRg) const-times-polynl:[Idomain S; p€ carrier R; ¢ € carrier S;
c#0g] = deg RS X (¢ p)=degRSXp
(proof)

4.15 Homomorphism of polynomial rings

definition
cf-h:: (la = 'b) = nat x (nat = ’'a) = nat x (nat = 'b) where
cf-h f = (Ac. (fst e, emp f (snd ¢)))

definition
polyn-Hom :: [('a, 'm) Ring-scheme, (‘a, 'm1) Ring-scheme, 'a,
('b, 'n) Ring-scheme, ('b, 'n1) Ring-scheme, 'b] =
('a = 'b) set
(«(pHom - - -, - - =) [67,67,67,67,67,68]67) where
pHom RS X, ABY ={f. f € rHom R A A f{carrier S) C carrier B A
fX =Y}

definition
erh :: [(Ya, 'm) Ring-scheme, (‘a, 'm1) Ring-scheme, 'a,
(’b, 'n) Ring-scheme, ('b, 'n1) Ring-scheme, 'b, 'a = 'b,
nat, nat x (nat = 'a)] = 'b where
erhRSX ABY fnc= polyn-expr A Y n (cf-h f ¢)

lemma (in PolynRg) cf-h-len:[PolynRg A B Y; f € rHom S B;
pol-coeff S ¢ = fst (¢f-h fc) = fst ¢
(proof)

lemma (in PolynRg) cf-h-coeff:[PolynRg A B'Y; f € rHom S B;
pol-coeff S ¢] = pol-coeff B (cf-h f ¢)
(proof)

lemma (in PolynRg) cf-h-cmp:[PolynRg A B Y pol-coeff S (n, f); h € rHom S
B;

j<n] =
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(snd (cf-h b (n, [))) j = (cmp b f)j
(proof)

lemma (in PolynRyg) cf-h-special-cf:[PolynRg A B Y; h € rHom S B] =
polyn-expr A'Y (Suc 0) (cf-h h (ext-c¢f S (Suc 0) (Co 5))) =
polyn-expr A'Y (Suc 0) (ext-c¢f B (Suc 0) (Cy B))
(proof)

lemma (in PolynRg) polyn-Hom-coeff-to-coeff:
[PolynRg A BY; f € pHom R S X, A B'Y; pol-coeff S c]
= pol-coeff B (cf-h f c)
(proof)

lemma (in PolynRg) cf-h-lenl:[PolynRg A B 'Y; h € rHom S B;
f €pHom RS X, A BY;Vaccarrier S. f x = h x; pol-coeff S ¢] =
fst (cf-h fc) = fst (¢f-h h c)

(proof)

lemma (in PolynRg) cf-h-len2:[PolynRg A B'Y; f € pHom R S X, A BY;
pol-coeff S ¢] = fst (¢f-h fe) = fste
(proof)

lemma (in PolynRg) cmp-pol-coeff:[f € rHom S B;
pol-coeff S (n, ¢)] = pol-coeff B (n,(cmp f ¢))
(proof)

lemma (in PolynRg) cmp-pol-coeff-e:[PolynRg A B'Y; f € pHom R S X, A B 'Y

pol-coeff S (n, ¢)] = pol-coeff B (n, (cmp f c))
(proof)

lemma (in PolynRyg) cf-h-pol-coeff:[PolynRg A B Y; h € rHom S B;
pol-coeff § (n, )] = cf-h h (n, f) = (n, cmp b f)
(proof)

lemma (in PolynRg) cf-h-polyn:[PolynRg A B 'Y; h € rHom S B;
pol-coeff S (n, )] =
polyn-expr A Y n (¢f-h h (n, f)) = polyn-expr A Y n (n, (cmp h f))
(proof)

lemma (in PolynRg) pHom-rHom:[PolynRg A B'Y; f € pHom R S X, A B Y]
=
f€rHom R A

(proof)

lemma (in PolynRg) pHom-X-Y:[PolynRg A B Y; f € pHom R S X, A B Y]
_

fFX=Y
(proof)
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lemma (in PolynRg) pHom-memTr:[PolynRg A B Y;
f€pHom RSX, ABY] =
Y c. pol-coeff S (n, ¢) —
f (polyn-expr R X n (n, ¢)) = polyn-expr A Y n (n, ecmp f ¢)
(proof)

lemma (in PolynRg) pHom-mem:[PolynRg A B Y;

f €pHom RS X, A BY; pol-coeff S (n, ¢)] =

f (polyn-expr R X n (n, ¢)) = polyn-expr A Y n (n, cmp f ¢)
(proof)

lemma (in PolynRg) pHom-memc:[PolynRg A B'Y; f € pHom R S X, A BY;
pol-coeff S ] =
f (polyn-expr R X (fst ¢) ¢) = polyn-expr A 'Y (fst ¢) (cf-h f ¢)

{proof)

lemma (in PolynRg) pHom-memI:[PolynRg A B Y; f € pHom R S X, A B'Y;
p € carrier R] = fp € carrier A
(proof)

lemma (in PolynRg) pHom-pol-mem:[PolynRg A B'Y; f € pHom R S X, A BY,

p € carrier R; p # 0] =
fp = polyn-expr A'Y (deg-n R S X p) (¢f-h f (s-¢f R S X p))
(proof)

lemma (in PolynRg) erh-rHom-coeff:[PolynRg A B Y; h € rHom S B;
pol-coeff S¢] = erhRSXABYhOc= (cmph (sndc)) 0
(proof)

lemma (in PolynRg) erh-polyn-exprs:[PolynRg A B Y; h € rHom S B;
pol-coeff S c; pol-coeff S d;
polyn-expr R X (fst ¢) ¢ = polyn-ezpr R X (fst d) d] =
erhRSXABYh(fstc)c =erhRSXABYh (fstd)d
(proof)

definition
erH :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a,
('b, 'n) Ring-scheme, ('b, 'n1) Ring-scheme, 'b, 'a = 'b] =
‘a = 'b where
erHR S XA BYh= (\x€carrier R. erh RS X ABYh
(fst (s-cf R S X x)) (s-¢f R S X x))

lemma (in PolynRg) erH-rHom-0:[PolynRg A B Y; h € rHom S B] =
(erHRSXABYh)O=0y,

(proof)
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lemma (in PolynRg) erH-mem:[PolynRg A B Y; h € rHom S B; p € carrier R]
=
erHRS XA BYhpe€ carrier A

(proof)

lemma (in PolynRyg) erH-rHom-nonzero:[PolynRg A B Y; f € rHom S B;
p € carrier Ry (erHRSXABY f)p#04] = p#0
(proof)

lemma (in PolynRyg) erH-rHomTr2:[PolynRg A B Y; h € rHom S B] =
(erHRS XA B Yh) (1,) = (1,4)
(proof)

declare maz.absorbl [simp] maz.absorb2 [simp)

lemma (in PolynRyg) erH-multTr:[PolynRg A B Y; h € rHom S B;
pol-coeff S c] =
Y fg. pol-coeff S (m, f) A pol-coeff S (((fst ¢) + m), g) A
(polyn-expr R X (fst ¢) ¢) - (polyn-expr R X m (m, f)) =
(polyn-expr R X ((fst ¢) + m) ((fst ¢) + m, g)) —
(polyn-expr A'Y (fst ¢) (cf-h h ¢)) - 4 (polyn-expr A Y m (cf-h h (m, f))) =
(polyn-expr A'Y ((fst ¢) + m) (cf-h b ((fst ¢)+m, g)))
(proof)

lemma (in PolynRg) erH-multTr1:[PolynRg A B 'Y; h € rHom S B;
pol-coeff S c; pol-coeff S d; pol-coeff S e; fst e = fst ¢ + fst d;
(polyn-expr R X (fst ¢) ¢) - (polyn-expr R X (fst d) d) =
polyn-expr R X ((fst ¢) + (fst d)) e ] =
(polyn-expr A'Y (fst ¢) (c¢f-h b ¢)) - 4 (polyn-expr A Y (fst d) (cf-h h d))
= (polyn-expr A Y (fst €) (c¢f-h h e))
(proof)

lemma (in PolynRg) erHomTr0:[PolynRg A B Y; h € rHom S B; x € carrier R]
= erHRSXABYh(—q2z)=—gq (erHRSXABYhuz)

(proof)

lemma (in PolynRg) erHomTr1:[PolynRg A B Y; h € rHom S B;
a € carrier R; b € carrier R; a # 0; b # 0; a + b # 0;
deg-n R S X a =degn RS X ] =
erHRSXABYh(axb) =erHRSXABYhaty

(erHRSX A BYhb)

(proof)

lemma (in PolynRg) erHomTr2:[PolynRg A B Y; h € rHom S B;
a € carrier R; b € carrier R; a # 0; b # 0; a + b # 0;
degn R S X a < degn R S X b] =
erHRSXABYh(axtb)=erHRSXABYha+y
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(erHRSX A BYhb)
(proof)

lemma (in PolynRg) erH-rHom:[Idomain S; PolynRg A B Y; h € rHom S B]
— erHRSXABYhepHmRSX, ABY

(proof)

lemma (in PolynRg) erH-g-rHom:[Idomain S; mazimal-ideal S P;
PolynRg R' (S /,» P) Y] =
erHRSXR' (S/.P)Y (pjSP)epHom RSX,R'(S /. P)Y
(proof)

lemma (in PolynRg) erH-add:[Idomain S; PolynRg A B 'Y; h € rHom S B;
p € carrier R; q € carrier R] =
erHRSXABYh (ptgq) =
(erHRSXABYhp)£4(erHRSXABYhyg)

(proof)

lemma (in PolynRg) erH-minus:[Idomain S; PolynRg A B Y;
h € rHom S B; p € carrier R] =
erHRSXABYh(—yp)=—ag (erHRSXABYhp)

(proof)

lemma (in PolynRg) erH-mult:[Idomain S; PolynRg A B Y; h € rHom S B;
p € carrier R; q¢ € carrier R] =
erHRSXABYh (p-q) =
(erHRSXABYhp)g(erHRSXABYhyg)

(proof)

lemma (in PolynRg) erH-rHom-cf:[Idomain S; PolynRg A B'Y; h € rHom S B;
s € carrier S| = erHRSXABYhs=nhs

(proof)

lemma (in PolynRg) erH-rHom-coeff:[Idomain S; PolynRg A B Y; h € rHom S
B;

pol-coeff S (n, f)] = pol-coeff B (n, cmp h f)
(proof)

lemma (in PolynRg) erH-rHom-unique:[Idomain S; PolynRg A B Y; h € rHom
S B]

= 3Jlg. g€ pHom RS X, A BY A (Vz€carrier S. hz = g x)
{proof )

lemma (in PolynRg) erH-rHom-uniquel:[Idomain S; PolynRg A B 'Y; h € rHom
S B;
f€pHom RS X, ABY;Vz € carrier S. fo = h 2] =
f=(rHRSXABYh)

(proof)
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lemma (in PolynRg) pHom-dec-deg:[PolynRg A B'Y; f € pHom R S X, A BY;
p € carrier R =
deg ABY (fp) <degRSXp

(proof)

lemma (in PolynRg) erH-map:[Idomain S; PolynRg A B Y; h € rHom S B;
pol-coeff S (n, ¢)] =
(erHR S X A BY h) (polyn-expr R X n (n, ¢)) =
polyn-expr A Y n (n, (cmp h c))
(proof)

4.16 Relatively prime polynomials

definition
rel-prime-pols :: [(‘a, 'm) Ring-scheme, (‘a, 'm1) Ring-scheme, 'a,
‘a, 'a | = bool where
rel-prime-pols R S X p ¢ +— (1,p) € (Rza R p) Fp (Rza R q))

definition
div-condn :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, nat,
‘a, 'a | = bool where
div-condn R S X ngf +— f € carrier RAn=degn RS X f —
(3q. g€ carrier RN ((f £g (—ar (¢ +r 9)) =0g) V (degn R S X
(f £r (=ag (¢ +R 9))) < deg-n R 5 X g)))

lemma (in PolynRyg) divisionTr0:[Idomain S; p € carrier R;
¢ € carrier S; ¢ # 0g] =
lfRSX (¢c-p X . p)=¢g(lefRS X p)
(proof)

lemma (in PolynRyg) divisionTr1:[Corps S; g € carrier R; g # 0;

0 < deg-n RS X g; f € carrier R; f # 0; degn R S X g < deg-n R S X f]

—

J£ =0 ((efRSXf)rs((IfRSXgy5)-,

(XAR ((degmn R S X f) — (deg-n R S Xg))) v g) =0V
degn RS X (f £ —o (If RSX[) wg ((IefRSX gy 5)
(XAR ((degn R S X f) — (deg-n R SXg))) v g)) < degn R S X f

(proof)

lemma (in PolynRyg) divisionTr2:[Corps S; g € carrier R; g # 0;
0 < deg-nRSXg] = Vf. div-condn RS Xnygf
(proof)

lemma (in PolynRg) divisionTr3:[Corps S; g € carrier R; g # 0;
0 < deg-n R S X g; f € carrier R] =
Jge€carrier R. (f £ —a (¢ 9)=0)V (fx -0 (¢ 9) #0A
deg'n RSX (f + Ta (q r g)) < (de.g_n R SXg))

(proof)
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lemma (in PolynRg) divisionTr/:[Corps S; g € carrier R; g # 0;
0 < deg-n R S X g; f € carrier R] =
Jqecarrier R. (f = q - g) V (3r€carrier R.r #0A (f = (¢ -+ g) £ 1)
A (deg-n R S X r) < (degm R S X g))
(proof)

lemma (in PolynRg) divisionTr:[Corps S; g € carrier R; 0 < deg R S X g;
[ € carrier R] =
Jgecarrier R. (3recarrier R. (f = (¢ -+ g) £ 7) A
(deg RS Xr)<(degR S X g))
(proof)

lemma (in PolynRg) rel-prime-equation:[Corps S; f € carrier R; g € carrier R;
0 <degRSXf;0<degRSX g; rel-prime-pols R S X f g;
h € carrier R] =
Ju € carrier R. v € carrier R.
(deg R S X u < amaz ((deg R S X h) — (deg R S X f)) (deg R S X g)) A
(deg RS Xv<(degRSXf)N(u-—f=x(w-g)=h)

(proof)

4.16.1 Polynomial, coeff mod P

definition
P-mod :: [('a, 'm) Ring-scheme, ('a, 'm1) Ring-scheme, 'a, 'a set,
'al = bool where
P-mod RS XPp<+— p=0pV
(Vi< (fst (s-¢f R S X p)). (snd (s-¢cf R S X p)j) € P)

lemma (in PolynRg) P-mod-whole:p € carrier R =
P-mod R S X (carrier S) p

(proof)

lemma (in PolynRg) zero-P-mod:ideal S I = P-mod R S X 10
(proof)

lemma (in PolynRg) P-mod-mod:[ideal S I; p € carrier R; pol-coeff S ¢;
p = polyn-expr R X (fst ¢) ] =
(Vj<(fstec). (sndc)jelI)=(P-mod RSXIp)
(proof )

lemma (in PolynRg) monomial-P-mod-mod:[ideal S I; ¢ € carrier S,
p=c (XY = (ceI)=(P-mod RS XIp)
(proof)

lemma (in PolynRg) P-mod-add:[ideal S I; p € carrier R;
q € carrier R; P-mod R S X I p; P-mod RS X I q] =
P-mod RSXI (p=+q)

(proof)
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lemma (in PolynRg) P-mod-minus:[ideal S I; p € carrier R; P-mod R S X I p]
—
P-mod RS X I (—, p)

(proof)

lemma (in PolynRg) P-mod-pre:[ideal S I; pol-coeff S ((Suc n), f);
P-mod R S X I (polyn-expr R X (Suc n) (Suc n, f))] =
P-mod R S X I (polyn-expr R X n (n, f))

{(proof)

lemma (in PolynRg) P-mod-prel:[ideal S I; pol-coeff S ((Suc n), f);
P-mod R S X I (polyn-expr R X (Suc n) (Suc n, f))] =
P-mod R S X I (polyn-expr R X n (Suc n, f))

(proof)

lemma (in PolynRg) P-mod-coeffTr:[ideal S I; d € carrier S| =
(P-mod R SXId)=(del)
(proof )

lemma (in PolynRg) P-mod-mult-const:[ideal S I; ideal S J;
pol-coeff S (n, f); P-mod R S X I (polyn-expr R X n (n, f));
pol-coeff S (0, g); P-mod R S X J (polyn-expr R X 0 (0, g9))] =

P-mod RS X (I $rg J) ((polyn-expr R X n (n, f)) -»
(polyn-expr R X 0 (0, g)))
(proof)

lemma (in PolynRg) P-mod-mult-const!:[ideal S I; ideal S J;
pol-coeff S (n, f); P-mod R S X I (polyn-expr R X n (n, f));
delJ] =
P-mod R S X (I $rg J) ((polyn-expr R X n (n, f)) - d)

(proof )

lemma (in PolynRg) P-mod-mult-monomial:[ideal S I; p € carrier R] =
(P-mod RSXIp)=(P-mod RSXI (p- XTm)
(proof)

lemma (in PolynRg) P-mod-multTr:[ideal S I; ideal S J; pol-coeff S (n, f);
P-mod R S X I (polyn-expr R X n (n, f))] = Vg. ((pol-coeff S (m, g)
A (P-mod R S X J (polyn-expr R X m (m, g)))) —
P-mod RS X (I $rgJ)
(polyn-capr R X n (n. )) -+ (polyn-copr B X m (m, g))))
(proof)

lemma (in PolynRg) P-mod-mult:[ideal S I; ideal S J; pol-coeff S (n, c);
pol-coeff S (m, d); P-mod R S X I (polyn-expr R X n (n, ¢));
P-mod R S X J (polyn-expr R X m (m, d))] =
P-mod RS X (I $rg J) ((polyn-expr R X n (n, ¢)) -

(polyn-expr R X m (m, d)))
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(proof)

lemma (in PolynRg) P-mod-multl:[ideal S I; ideal S J;
p € carrier R; q € carrier R; P-mod R S X I p; P-mod R S X J q] =
P-mod RS X (I $rgd) (p-r q)

(proof)

lemma (in PolynRg) P-mod-mult2l:[ideal S I; p € carrier R; q € carrier R;
P-mod RSXIp] = P-modRSXI (p- q)

{(proof)

lemma (in PolynRg) P-mod-mult2r:[ideal S I; p € carrier R; q € carrier R;
P-mod RSX1q] = P-modRSXI (p- q)

(proof)

lemma (in PolynRg) csrp-fn-pol-coeff:[ideal S P; PolynRg R’ (S /. P) Y;
pol-coeff (S /r P) (n, )] =
pol-coeff S (n, (¢cmp (csrp-fn S P) ¢'))
(proof)

lemma (in PolynRyg) pj-csrp-mem-coeff:[ideal S P; pol-coeff (S /- P) (n, ¢’)]
= Vj < n (pj§P) ((csrp-fn S P) (c'j) =c"j
(proof)

lemma (in PolynRg) pHom-pj-csrp:[Idomain S; ideal S P;
PolynRg R' (S /- P) Y; pol-coeff (S /+ P) (n, ¢')] =
erHRSXR'(S/.P)Y (pjSP)

(polyn-expr R X n (n, (cmp (csrp-fn S P) c¢)))
= polyn-expr R’ Y n (n, ¢’

(proof)

lemma (in PolynRyg) ext-csrp-fn-nonzero:[Idomain S; ideal S P;
PolynRg R' (S /. P) Y; g' € carrier R'; g’ # Op/ | =
polyn-ezpr R X (deg-n R’ (S /» P) Y ¢') ((deg-n R’ (S /» P) Y ¢'),
(cmp (csrp-f S P) (snd (s-cf B (S [ P) Y g)))) # 0
(proof)

lemma (in PolynRyg) erH-inv:[Idomain S; ideal S P; Ring R’
PolynRg R' (S /. P) Y; g’ € carrier R =
Jg€carrier R. deg R S X g < (deg R’ (S /» P) Y g') A
(rHRSXR'(S /v P) Y (0 SP)) g =g
(proof)
lemma (in PolynRg) P-mod-0:[Idomain S; ideal S P; PolynRg R' (S /, P) Y,
g € carrier R] =
(erHRSXR'(S /- P)Y (pjSP)g=0p)=(P-mod RSXPyg)
(proof)

lemma (in PolynRg) P-mod-I-J:[p € carrier R; ideal S I; ideal S J;

237



ICJ; PmodRSXIp] = P-mod RSXJp
(proof)

lemma (in PolynRg) P-mod-n-1:[Idomain S; t € carrier S; g € carrier R;
P-mod R S X (S Op (75 (Sucn))y gl — Pomod R S X (S Op t) g
(proof)

lemma (in PolynRg) P-mod-n-m:[Idomain S; t € carrier S; g € carrier R;
m < n; P-mod R S X (S ¢p (™ (Suc "))) g =
P-mod R S X (S &, (t75 (Sucm)yy ¢
(proof)

lemma (in PolynRg) P-mod-diff:[Idomain S; ideal S P; PolynRg R’ (S /. P) Y;
g € carrier R; h € carrier R] =
(kHRSXR' (S /. P)Y (pjSP)g=(erHRSXR'(S/, P) Y (pj SP)
h))
— (P-mod RS X P (g% —q b))
(proof)

lemma (in PolynRg) P-mod-erH:[Idomain S; ideal S P; PolynRg R’ (S /. P) Y;
g € carrier R; v € carrier R; t € P | =
(erHRSXR' (S /. P)Y (pjSP)g=
(erHR S X R'(S /v P) Y (pj S P) (g% (- v))))
(proof )

lemma (in PolynRg) coeff-principalTr:[t € carrier S] =
Vf. pol-coeff S (n, fY N(Vji<mn.fje SO, t) —
(3F". pol-coeff S (n, f) N (Vj <. fj=1-rg(f 7))
(proof )

lemma (in PolynRyg) coeff-principal:[t € carrier S; pol-coeff S (n, f);
Vji<n fjES Oy t] =
3f' pol-coeff S (n, f) N (Vi< n. fi=1t-g(f)))

(proof)

lemma (in PolynRg) Pmod-0-principal:[Idomain S; t € carrier S; g € carrier R;
P-mod RS X (S $pt) g = 3he carrier R. g=1 - h
(proof)

lemma (in PolynRg) Pmod0-principal-rev:[Idomain S; t € carrier S;
g € carrier R; 3he carrier R. g =t - h] =
P-mod RSX (SOpt)g
(proof)

lemma (in PolynRg) Pmod0-principal-revl:[Idomain S; t € carrier S,
h € carrier R] = P-mod R S X (S {p t) (t - h)
(proof)
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lemma (in PolynRg) Pmod0-principal-erH-vanish-t:[Idomain S; ideal S (S {p t);
t € carrier S; t # 0g; PolynRg R' (S /» (S Op 1)) YV ] =

erHRSXR' (S /r (SOpt) Y (pjS(SOpt)t=0p
(proof )

lemma (in PolynRg) P-mod-diffxzzl:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S {p t); PolynRg R’ (S /» (S Op t)) Y
f € carrier R; g € carrier R; h € carrier R;
f#0;9#0; h# 0; u € carrier R; v € carrier R,
erHRSXR'(S [+ (S 0p 1) Y (2] S (S Op 1)) g # Opy
erH RS X R (S /, (S 0y ) Y (0 S (S Oy 1) h# O
ra € carrier R;
f:l:—a(g-rh):tASm-rm 0 < m;
(ert RS X R (S [2 (5 Gy 0) ¥ (3] (5 0p 1) 0
wprertHRSXR'(S /[ (SOp 1) Y (pj (5 Opt
(erHRSXR'(S /[ (S Opt) Y (pj (SOZ; )) v)
pt
]]

)

g erHR S XR'(S /v (S <>p ) Y (pj S
erHRSXR' (S /r (80p 1) Y (pjS (S Opt)) m
— Pomod R § X (S ¢, (15 (Suem)y)
(f £ = (g 5™ 0) o (b 5™y )
(proof)

lemma (in PolynRg) P-mod-diffrzxz2:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R’ (S /» (S Op t)) Y5
f € carrier R; g € carrier R; h € carrier R;
deg RS X g<degR'(S/r (§Opt) Y
(erH RS X B (8 /5 (S Op ) Y (5] S (S Op 1)) 0)
deg R S X h +

deg R' (S [+ (S Gp 1)) Y (erH RS X R"(S /r (S Op 1)) Y (pj S (5 Op 1)) 9)
<deg RS X[
0 < deg B/ (S [, (8 Op 1)) ¥
(erH R S X R' (S /r (5 p 1) Y (i S (S Op 1)) 9);
0 < deg R'(S /v (S Gy 1) ¥
(erHRSXR' (S/r (SCp 1) Y (pjS(SOpt) h);
rel-prime-pols R' (S [, (S Op t)) Y
(erHR S X R'(S /v (S5 Qp 1)) Y(J (5 Op 1)) 9)
(erHR S X R' (S /v (§0p 1) Y (pf S (5 Op 1) h)
P-mod R S X (S $p (S ™M) (F + = (g h); 0 < m] =
Jg1 hi. g1 €carrier R N\ h1 € carrier R A
(deg RS X gl <degR' (S /r (SOpt)) Y
(erHR S X R'(S /v (§0p 1)) YV (pi S (5 Op 1) g1)) A
P-mod RS X (S &p (175™) (g —4 g1) A (deg R S X b1 +
deg R' (S [r (8 Op 1)) Y (erH RS X R'(S /1 (5 Op 1)) ¥V (pj S (S Op 1)) 91)
<degRSXf)A
P-mod R S X (S Op (t75™)) (b + —4 h1) A
Pmod R 8 X (8 Op (75 (54 ) (f & (=a (g1 -+ 1))
(proof)
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definition
Hensel-next :: [('a, 'b) Ring-scheme, ('a, 'c) Ring-scheme, 'a, 'a,
("a set, 'm) Ring-scheme, 'a set,’a, nat] = (‘a x ‘a) = (‘a X 'a)
(«(9Hen - - - - - - _ - )y [67,67,67,67,67,67,67,68]67) where

Henp ¢ x 1 R Yf m gh = (SOME ghl.
ghl € carrier R X carrier R N\
(deg R S X (fst ghl) < deg R" (S /» (S Op 1)) ¥V
(erH RS XR'(S [ (S Op ) Y (5 S (5 Op 1)) (fst gh1))) A
P-mod R S X (S Op (175™)) ((fst gh) £ —ag (fst ght)) A
(deg R S X (snd ghl) + deg R' (S /» (S Op t)) Y (erHR S X R’
(S /r (SCp 1) Y (pj S (S Op 1) (fst ght)) < deg RS X f) A
P-mod R S X (S &p (175 ™)) ((snd gh) £ —ap (snd ghl)) A
P-mod R S X (8 Gp (175 (Su¢ M)y (f £ (—ap ((fst ghl) v (snd gh1)))))

lemma cart-prod-fst:x € A x B= fstz € A

(proof)

lemma cart-prod-snd:x € A X B = sndz € B
(proof)

lemma cart-prod-split:((z,y) € A x B) = (x € ANy € B)
(proof)

lemma (in PolynRg) P-mod-diffxzxz3:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R’ (S /» (S Op t)) Y5
f € carrier R; gh € carrier R X carrier R;
deg R S X (fst gh) < deg R' (S /» (S $pt)) Y (erHR S X R’
(S /r (SOp 1) Y (pi S (S Opt)) (f5t gh));
deg R S X (snd gh) + deg R' (S /» (S<Opt) Y (erHRSXR'
(S /r (S Op 1) Y (pj 5 (S Op 1)) (fst gh)) < deg RS X f;
0<degR' (S /- (SOpt)) Y(erHRSXR' (S/, (SOpt)) Y
(pj S (S Op 1)) (fst gh));
0 < deg R'(S /v (S O 1) ¥
(erHRSXR'(S [, (S 0y 1)) Y (3] S (S Op 1)) (snd gh));
rel-prime-pols R' (S /. (S &
(erH R S X R' (S /v (S Op 1)) Y (5] S (S Op 1) (fst gh))
(erHR S X R'(S /r (S Op 1) Y (95 (S Op 1)) (snd gh));
P-mod R S X (S $p (t“s ™) (f £ —a ((fst gh) - (snd gh))); 0 < m] =
Jghl. ghl €carrier R X carrier R A
(deg R S X (fst ght) < deg B (S /, (S Op 1) ¥
(erH R S X R' (S /v (S Op 1)) Y (575 (S 0p ) (st gh1)) A
P-mod R S X (S &p (175 ™)) ((fst gh) & —q (fst gh1)) A
(deg R S X (snd ghl) + deg R' (S /» (S Op 1)) ¥V
(erHR S X R'(S /r (S 0p 1)) Y (pj 5 (S Oy 1)) (fot gh)) <
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deg RS X f) A
P-mod R S X (S &p (175 ™)) ((snd gh) £ —o (snd ghl)) A
< >P-mod RS X (S Oy (479 (Sum)) (F £ (=, ((fst ght) -, (snd ghl))))
proof

lemma (in PolynRg) P-mod-diffxzzs:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R’ (S /» (S Op t)) Y5 f € carrier R;
gh € carrier R X carrier R;
deg R S X (fst gh) < deg R' (S /, (S Op 1)) ¥
(crf R S X RIS /1 (5 0p 0) ¥ (275 (5 0y 0) (5 91):
deg R S X (snd gh) + deg R' (S /» (S<Opt) Y (erHRSXR'
(S /2 (S Gp 1) Y (5 S (S O 1)) (fot gh) < deg R § X f:
0 <deg R' (S /v (SOpt) Y
(erf RS X R’ (S 1, (S Op 1) Y (5] 5 (S Op 1)) (fst gh):
0 < ey B(S 1, (5 05 D) ¥
(rH RS X R' (S /v (S Gp 1)) Y (5] S (5 Gy 1) (snd gh);
rel-prime-pols R' (S /. (S Op 1)) Y
(erH R S X R'(S /v (S Op £)) Y (pj S (S Op 1)) (fst gh)
(er RS X R (S [ (S Gy 1) Y (5] S (S O 1)) (snd gh);
P-mod R S X (S $p (tﬁs ™) (f £ —a ((fst gh) - (snd gh))); 0 < m] =
(Henp ¢ x ¢ R’ yfm gh) € carrier R x carrier R A (deg R S X
(fst (Henp ¢ x ¢ p’ yfm gh)) < deg R' (S [/ (S Op 1)) Y
(erH RS X R (S /, (S Op 1)) Y (0 S (S Op 1))
(fst (Henp g x4 7y r m9h))) A
P-mod R S X (S Op (75 ™)) ((fst gh) + —a (fst (Henp g x 4 pry ; m gh))) A
(deg R S X (snd (Henp g x4 pry 5 m gh)) + deg R' (S /1 (5 Op 1)) Y
(erH RS X R'(S /v (S Op £)) ¥ (0 S (S Op 1)
(fst (Henp ¢ x ¢ R Y f m gh))) < deg RS X f) A
P-mod R S X (S Op (175 ™)) ((snd gh) £ —, (snd (Henp ¢ v 4 g’ y; mgh))
A

'ﬁ

P-mod R S X (S Op (tqu’ (Suc m))) (f £ (—a ((fst (HE“R SXtR Yf ™ gh))
' (snd (H@TLR SXtR, Yf m gh)))))
(proof)

primrec
Hensel-pair :: [('a, 'b) Ring-scheme, ('a, 'c) Ring-scheme, 'a, 'a,
("a set, 'm) Ring-scheme, 'a set, 'a, 'a, 'a, nat] = ('a x 'a)
((10Hpr - - - - - - - - _ ) [67,67,67,67,67,67,67,67,67,68]67)
where
Hpr-0: Hprp ¢ x + R’ Yigh 0= (g, h)
| Hpr-Suc: Hprp ¢ x ¢ g’ Yfgh (Suc m) =
Henp g xy gty (Sucm) (Hprp g x4 g’y rgn ™

lemma (in PolynRg) fst-zxz: [t € carrier S; t # Og; ideal S (S $p t);
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¥ (n:nat). (F n) € carrier R X carrier R;
Vm. P-mod R S X (S $p t) (fst (Fm) £ —4 (fst (F (Suc m))))] =
P-mod RS X (S Op t) (fst (FO) £ —q (fst (Fn)))
(proof)

lemma (in PolynRg) snd-zzz:[t € carrier S; t # Og;
ideal S (S Op t); V(nunat). (F n) € carrier R X carrier R;
Vm. P-mod R S X (S $p t) (snd (Fm) £ —q (snd (F (Suc m))))] =
P-mod RS X (S Op t) (snd (F 0) £ —, (snd (F n)))

(proof)

lemma (in PolynRg) P-mod-diffxzxz5:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R' (S /» (S $p t)) Y5
f € carrier R; (g, h) € carrier R X carrier R;
deg R S X (fst (g, h)) < deg R' (S /» (S Opt)) Y
(erHRSXR'(S [, (S 0y £)) Y (pj S (S G, 1)) (fot (g )
deg R S X (snd (g, h)) + deg R’ (S [r (S Opt) Y
(erf RS X R' (S [, (S Op 1) Y (] 5 (5 O 1) (st (9, 1)) <
0 <degR' (S /r (SOpt) Y(erHRSXR' (S/r (SOpt) Y
(8 5 (5 Gy 1) (st (5, 1))
0<degR' (S/r (SOpt)) Y(erHRSXR' (S /r (SOpt) Y

(0 5 (S Op 1)) (snd (g, h)));
rel-prime-pols R’ (S /» (S $p 1)) Y

(S
(erH R S X R/ (S /1 (S Op 1) Y (57 S (S Op 1)) (fst (g, 1))
(erf RS X R/ (S /s (S Oy 1) Y (5] S (S Gy 1)) (snd (g, 1))
P-mod RS X (S p t) (f £ —a (9 h)] =
(Hprp ¢ x ¢ g’ Yfgh (Suc m)) € carrier R X carrier R A
erHRSXR' (S /r (SOp 1) Y (95 (SOp 1))
(fst (Hprp g x ¢ g' v f g (Suc m))) =
RS X R (S (50 0) V(05 (8 0y 0) (bt (5 ) 1
erHRSXR' (S /r (SCpt) Y (piS(SOpt))
(snd (Hprgp g x ¢+ g’ Yfgh (Suc m))) =
erH R S X R'(S [+ (S Op 1) Y (pj S (S Op 1)) (Snd( h)) A
(deg R S X (fst (Hprp ¢ x ¢ R Yigh (Suc m))) < deg R’ (S /r (SO, 1) Y
(erHRSXR'(S /v (SOpt) Y (9 S (S Op 1))
(fst (Hprp g x ¢ R v f g b (Suc m))))) A
P-mod R S X (S &y (¢75 (U m))) (fst (Hprpg g x 4 g/ y pgn ™) % —a
(fst (Hprp g x ¢ g' v f g 1 (Suc m)))) A
(deg RS X (snd (Hprp ¢ x ¢ R Yfgh (Suc m))) + deg R' (S /» (S Op 1)) ¥
(erHRSXR'(S /[ (SOp 1) Y (pjS(Spt)) (fst (Hprp g x4t r Yfgh
(Suc m)))) < deg RS X f) A
P-mod R S X (8 & (¢75 (59 m))) ((snd (Hpr g x4 gy pgn ™) = —a (snd
(Hprp s x ¢ R' v f g b (Suc m)))) A
P-mod R S X (S & (¢75 (Sue (Suem)yy (f & —, ((fst (Hprp g x 1 p' v ygn
(Suc m))) « (snd (Her SXtR Yfgh (Suc m)))))
(proof )

deg R S X f;
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lemma (in PolynRg) P-mod-diffxzz5-1:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R’ (S /- (S Op 1)) YV
f € carrier R; g € carrier R; h € carrier R;
deg RSXg<degR' (S/r(SOpt) Y
(erH R S X R'(S [ (S Op )) Y (pj S (S Op 1) 9);
deg RS X h+ deg R (S /- (S pt)) (erHR S X R’
(S /r (SGpt) Y (pjS(SOpt)) g) < degRSXF;
0 <degR"(S/r (50pt)) Y
(erHRSXR'(S [ (SOp 1) Y (pf S (5 Op 1)) 9);
0<degR' (S/r(SOpt) Y
(el R S X R’ (5 /r (5 Op 1) Y (i § (S Op 1) h);
rel-prime-pols R' (S [, (S Op t)) Y
(erH R S X R'(S /v (S Op 1) Y (pj S (S Opt)) g)
(erHR S X R'(S /r (§Op 1) Y (pj § (S Op 1)) h);
PmodRSX (SOpt) (f£—a (g h)] =
(Her SXtR Yfgh (Suc m)) € carrier R X carrier R A
et RS X R'(S )y (S Op 1)) Y (] S (S Op 1)
(fst (Hprp g x ¢ B’ Yigh (Suc m))) =
el RS X R/ (S'/, (S 0p 1) Y (] S (S Op 1)) (fst (9, ) A
erH RS X R (S /o (S 0p1) ¥ (215 (5 Op 1)
(snd (Hprp ¢ x ¢ R’ Yigh (Suc m))) =
el RS X R (S [, (S 0p ) Y (9] S (S Op 1)) (snd (g, 1)) A
(deg R S X (fst (Hprp g x ¢ R’ Yigh (Suc m))) < deg R’
(S/r (SCpt) Y(erHRSXR (S/, (SCOpt) Y
(pj S (S Op t)) (fst (Her SXtR Yfgh (Suc m))))) A
P-mod R S X (S Oy (¢75 (U m))) (fst (Hprpg g x 4 g/ y pgn ™) % —a
(fst (Hprp ¢ x ¢ R’ Yfgh (Suc m)))) A
(deg R S X (snd (Hprp g x4 gy f g p (Sucm))) +
deg R' (S /v (S Opt) Y (erHRSXR' (S /v (S Op 1)) Y
(pi 5 (S Op 1) (fst (Hprp g x4 r' v fgn (Sucm)))) < deg RS X[) A
P-mod R S X (S & (¢75 (W€ ™))) ((snd (Hprp g x ¢ g7y fgn ™) * —a

(snd (Hprp ¢ x ¢ R’ Yigh (Suc m)))) A
P-mod R S X (S {p (75 (Suc (Sucm))yy (4
((fst (HpTp g x ¢ R’ Yfgh (Sucm))) - (snd (Hprp ¢ x ¢ g’ Yfgh (Suc m)))))
(proof)

b

lemma (in PolynRg) P-mod-diffxzz5-2:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R’ (S /- (S Op 1)) Y5 f € carrier R;
g € carrier R; h € carrier R;
deg RS X g < degR' (S /r (S<>p )Y

(erH R S X R'(S /, (S Op ) Y (5] S (S Op 1)) 9)
deg RS X h+ deg R' (S /, (S<>p t)) Y (erHR S X R’
(S /r (8Opt) Y (piS(SOpt)g) < degRSX S

0<degR' (S/r (SOp1) Y
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(erH R S X R' (S /v (S Oy 1)) Y (57 S (S Gp ) )
0 <degR' (S /r (SOpt) Y

(erH R S X R' (S /v (S Op ) ¥ (5] S (S Op 1) h)
rel-prime-pols R' (S /, (S Op 1)) Y

(erH R S X R' (S /v (S Op ) ¥ (5 S (5 Op 1) 9)

(erH R S X R/ (S /1 (S Op 1) Y (5] S (S Op 1)) h);
P-mod RS X (S Op t) (f + —a (g h))] =

(Hprp g x ¢ B’ Yigh m) € carrier R x carrier R

(proof)

lemma (in PolynRg) P-mod-diffrzz5-3:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R’ (S /- (S Op 1)) Y f € carrier R;
g € carrier R; h € carrier R;
deg RS X g<degR'(S/r (SOpt) Y
(rHRSXR(S [, (5 0y ) 015 (5 00 0) 3
deg RSXh+degR' (S /r (SCpt) Y (erHRSXR'
(S /r (80p 1) Y (pj S(S p 1) g) < degRSXF;
0 < deg R (S [, (S Oy 1)
(erHRSXR' (S /+ (S
0 < deg R'(S [y (S O 1)) ¥

p 1) Y (pj S (S Opt)) 9);
p 1) Y (i S (S Op 1) h);

(pi S (S Op ) 9)

(pj S (S Op 1)) h);

(g r h))ﬂ =

) ((fSt (Hprp s xt R’ Yfgh m)) £

fst (Hprp ¢ x ¢t R Yfgh(m—i- n)))) A
((snd (Hprp g x ¢ p" v fgn ™) +

nd (Hprp s x ¢ R" v f g 1 (M + 1))

¢
¢
Y
Y
(erHRSXR' (S /(S Y

P-mod RS X (SO, t) (f £
P-mod R S X (S &p (175

P-mod R S X (S O (175™

(proof)

lemma (in PolynRg) P-mod-diffxzx5-4:[Idomain S; t € carrier S; t # Og;
mazimal-ideal S (S $p t); PolynRg R’ (S /- (S Op 1)) Y f € carrier R;
g € carrier R; h € carrier R;
deg RS X g<degR'(S/r (S<>p 1) Y
(erlL RS X RS e (5.0 1) ¥ (55 (5 0y 0) )
deg RSXh+degR' (S /r (SCpt) Y (erHRSXR'
(S/r(SOpt) Y (S (SOpt)) g) < degRSXF;
0<degR' (S/r(SOpt) Y
(erH R S X R/ (S [y (S Op ) Y (5] S (S Op 1)) 9)
0 < da R (5 (50, 0) ¥
(erfl RS X R (S fy (5 Op ) Y (57 S (S Op 1)) )
rel-prime-pols R’ (S /» (S &p )) Y

(erHRSXR'(S /- (SCpt) Y (pjS(S<Cpt))g)
(erHRSXR' (S /r (SO, 1) Y (pj S (S Opt)) h);
P-mod R SX (SOpt) (f£—a (g h)] =
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degRSX(fst(HerSXtnyfghm))SdegRSXg/\
degRSX(snd(HerSXtRlyfghm))SdegRSXf
(proof)

end

theory Algebra7 imports Algebra6 begin
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Chapter 5

Modules

5.1 Basic properties of Modules

record (‘a, 'b) Module = 'a aGroup +
sprod ::'b = 'a = 'a (infixl <1 76)

locale Module = aGroup M for M (structure) +
fixes R (structure)
assumes sc-Ring: Ring R
and sprod-closed :
[ a € carrier R; m € carrier M] = a -5 m € carrier M
and sprod-I-distr:
[a € carrier R; b € carrier R; m € carrier M| =
(a£pb)-sm=a-sm=Epb-sm
and sprod-r-distr:
[ a € carrier R; m € carrier M; n € carrier M | =
a-s(mExpyn)=a-smEpa-sn
and sprod-assoc:
[ a € carrier R; b € carrier R; m € carrier M | =
(arpb)-sm=a-(b-sm)
and sprod-one:
m € carrier M = (1,g) s m=m

definition
submodule :: [('b, 'm) Ring-scheme, (‘a, 'b, 'c) Module-scheme, 'a set] =
bool where
submodule R A H +— H C carrier AN A+> H A (Va. Vm.
(a € carrier RN m € H) — (sprod A a m) € H)

definition
mdl :: [("a, 'b, 'm) Module-scheme, 'a set] = (‘a, 'b) Module where
mdl M H = (carrier = H, pop = pop M, mop = mop M, zero = zero M,
sprod = Aa. Ax€H. sprod M a x|

abbreviation
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MODULE (infixl <module> 58) where
R module M == Module M R

lemma (in Module) module-is-ag: aGroup M (proof)

lemma (in Module) module-inc-zero: Oy € carrier M
(proof)

lemma (in Module) submodule-subset:submodule R M H = H C carrier M

(proof)

lemma (in Module) submodule-asubg:submodule R M H = M +> H
(proof)

lemma (in Module) submodule-subset!:[submodule R M H; h € H] =
h € carrier M

(proof)

lemma (in Module) submodule-inc-0:submodule R M H —>
OM € H
(proof)

lemma (in Module) sc-un: m € carrier M = 1,p s m =m
(proof)

lemma (in Module) sc-mem:[a € carrier R; m € carrier M| =
a-s m € carrier M

(proof)

lemma (in Module) submodule-sc-closed:[submodule R M H;
a € carrier Ry h € H) = a-s h€ H

(proof)

lemma (in Module) sc-assoc:[a € carrier R; b € carrier R;
m € carrier M| = (a -»gp b) s m = a -5 (b5 m)

(proof)

lemma (in Module) sc-l-distr:[a € carrier R; b € carrier R;

m € carrier M| = (a £p b)s m=a-sm=* b-sm

(proof)

lemma (in Module) sc-r-distr:[a € carrier R; m € carrier M; n € carrier M| =
a-s(mEtn)=a-sm= a-sn

(proof)

lemma (in Module) sc-0-m:m € carrier M = Op-s m = 0y

(proof)
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lemma (in Module) sc-a-0:a € carrier R = a -5 0 =0
(proof)

lemma (in Module) sc-minus-am:[a € carrier R; m € carrier M]
= —y (a-sm)=a-s (—g m)

(proof)

lemma (in Module) sc-minus-aml:[a € carrier R; m € carrier M|
= —q (a5 m)=(—aqpa) sm

{(proof)

lemma (in Module) submodule-0:submodule R M {0}
(proof)

lemma (in Module) submodule-whole:submodule R M (carrier M)

(proof)

lemma (in Module) submodule-pOp-closed:[submodule R M H; h € H; k € H]J
—
h+tkeH

(proof)

lemma (in Module) submodule-mOp-closed:[submodule R M H; h € H|
= —, heH
(proof)

definition
mHom :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("c, 'b, 'm2) Module-scheme] = (‘a = 'c) set
where
mHom R M N = {f. f € aHom M N A
(V a€carrier R. ¥V mecarrier M. f (a -5y m) = a sy (fm))}

definition
mimg :: [('b, 'm) Ring-scheme, (‘a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme, 'a = 'c] = (’c, 'b) Module
(«(4mimg- .-/ -)> [88,88,88,89]88) where
mimgg pr,N f = mdl N (f * (carrier M))

definition
mzeromap :: [(‘a, 'b, 'm1) Module-scheme, (c, 'b, 'm2) Module-scheme]
= (‘a = '¢) where
mzeromap M N = (Az€carrier M. Op)

lemma (in Ring) mHom-func:f € mHom R M N = f € carrier M — carrier N
(proof)

lemma (in Module) mHom-test:[R module N; f € carrier M — carrier N A
| € extensional (carrier M) A
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(Vmecarrier M. Y necarrier M. f (m £y n) = fm 5 (fn)) A
(V a€carrier R. Y mecarrier M. f (a -spy m) = a 55 (f m))] =
f € mHom R M N

(proof)

lemma (in Module) mHom-mem:[R module N; f € mHom R M N; m € carrier
M]

= fm € carrier N

(proof)

lemma (in Module) mHom-add:[R module N; f € mHom R M N; m € carrier M,

n € carrier M| = f (m £ n) = fm £x5 (fn)
(proof)

lemma (in Module) mHom-0:[R module N; f € mHom R M N] = f (0) = Oy
(proof)

lemma (in Module) mHom-inv:[R module N; m € carrier M; f € mHom R M N]J
=

f(=am)=—an (fm)
(proof)

lemma (in Module) mHom-lin:[R module N; m € carrier M; f € mHom R M N,
a € carrier Rl = f (a -s m) = a s (fm)

(proof)

lemma (in Module) mker-inc-zero:

[R module N; f € mHom R M N | = 0 € (kerps y f)
(proof)

lemma (in Module) mHom-eq-ker:[R module N; f € mHom R M N; a € carrier
M;

be carrier M; a = (—q b) € kerpy v fl = fa=[b
(proof)

lemma (in Module) mHom-ker-eq:[R module N; f € mHom R M N; a € carrier
M.

b

be carrier M; fa = fb] = a £ (—a b) € kerpy v f
(proof)

lemma (in Module) mker-submodule:[R module N; f € mHom R M N] =
submodule R M (ker s y f)

(proof)

lemma (in Module) mker-mzeromap:R module N —>
ker pr, v (mzeromap M N) = carrier M

(proof)
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lemma (in Module) mdl-carrier:submodule R M H = carrier (mdl M H) = H
(proof)

lemma (in Module) mdl-is-ag:submodule R M H = aGroup (mdl M H)
(proof)

lemma (in Module) mdl-is-module:submodule R M H => R module (mdl M H)
(proof)

lemma (in Module) submodule-of-mdl:[submodule R M H; submodule R M N; H
C N]

= submodule R (mdl M N) H
(proof)

lemma (in Module) img-set-submodule:[R module N; f € mHom R M N] =
submodule R N (f ¢ (carrier M))

(proof)

lemma (in Module) mimg-module:[R module N; f € mHom R M N] =
R module (mimg R M N f)

(proof)

lemma (in Module) surjec-to-mimg:[R module N; f € mHom R M N] =
surjecM7 (mimg R M N f) f

(proof)

definition
tOp-mHom :: [('b, 'm) Ring-scheme, (‘a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme] = (‘a = 'c¢c) = (Ya = '¢) = (‘a = 'c¢) where
tOp-mHom R M N f g = (Ax € carrier M. (fz £ (g9 2)))

definition
iOp-mHom :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, b, 'm2) Module-scheme] = (‘a = 'c¢c) = (‘a = ’c¢) where
iOp-mHom R M N f = (Az € carrier M. (—q.pn (f 2)))

definition
sprod-mHom ::[('b, 'm) Ring-scheme, (‘a, 'b, 'm1) Module-scheme,
("e, b, 'm2) Module-scheme] = 'b = (‘a = 'c¢) = (‘a = 'c¢) where
sprod-mHom R M N a f = (Az € carrier M. a -5y (f z))

definition
HOM :: [('b, 'more) Ring-scheme, ('a, 'b, 'morel) Module-scheme,
("e, 'b, 'more2) Module-scheme] = (‘a = ‘¢, 'b) Module
(«(3HOM_ -/ -)> [90, 90, 91] 90) where
HOMp M N = (carrier = mHom R M N, pop = tOp-mHom R M N,
mop = i10Op-mHom R M N, zero = mzeromap M N, sprod =sprod-mHom R M
N
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lemma (in Module) zero-HOM:R module N =
mzeromap M N = OHOMR MN

{(proof)

lemma (in Module) tOp-mHom-closed:[R module N; f € mHom R M N; g €
mHom R M NJ
= tOp-mHom R M N fg € mHom R M N

(proof)

lemma (in Module) iOp-mHom-closed:[R module N; f € mHom R M N
=— iOp-mHom R M N f € mHom R M N

(proof)

lemma (in Module) mHom-ex-zero:R module N = mzeromap M N € mHom R
M N

(proof)

lemma (in Module) mHom-eq:[R module N; f € mHom R M N; g € mHom R M
N.

b

Vmecarrier M. fm=gm] = f=g

(proof)

lemma (in Module) mHom-l-zero:[R module N; f € mHom R M N]
= tOp-mHom R M N (mzeromap M N) f = f

(proof)

lemma (in Module) mHom-l-inv:[R module N; f € mHom R M N]J
= tOp-mHom R M N (iOp-mHom R M N f) f = mzeromap M N

(proof)

lemma (in Module) mHom-tOp-assoc:[R module N; f € mHom R M N; g €
mHom R M N;
h € mHom R M N] = tOp-mHom R M N (tOp-mHom R M N f g) h =
tOp-mHom R M N f (tOp-mHom R M N g h)

(proof)

lemma (in Module) mHom-tOp-commute:[R module N; f € mHom R M N,
g € mHom R M N] = tOp-mHom R M N f g = tOp-mHom R M N g f

(proof)

lemma (in Module) HOM-is-ag:R module N = aGroup (HOMp M N)
(proof)

lemma (in Module) sprod-mHom-closed:[R module N; a € carrier R;
f € mHom R M N] = sprod-mHom R M N a f € mHom R M N

{(proof)

lemma (in Module) HOM-is-module:R module N = R module (HOM p M N)
(proof)
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5.2 Injective hom, surjective hom, bijective hom
and inverse hom

definition
invmfun :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme, 'a = 'c] = ‘¢ = 'a where
invmfun R M N (f :: 'a = '¢) =
(Ay€(carrier N). SOME z. (x € (carrier M) A fz = y))

definition
misomorphic :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme] = bool where
misomorphic R M N <— (3f. f € mHom R M N A bijecpr, v )

definition
mlId :: (‘a, 'b, 'm1) Module-scheme = 'a = 'a («(mlId./ ) [89]88) where
mldy = (Amecarrier M. m)

definition
mcompose :: [('a, 'r, 'm1) Module-scheme, 'b = 'c, ‘a = 'b] = 'a = 'c where
mcompose M g f = compose (carrier M) g f

abbreviation
MISOM («(3- =. -)» [82,82,83]82) where
M =p N == misomorphic R M N

lemma (in Module) minjec-inj:[R module N; injecys y f] =
ing-on f (carrier M)

(proof)

lemma (in Module) invmfun-l-inv:[R module N; bijecpr N f3 m € carrier M) =
(invmfun R M N f) (fm) = m
(proof)
lemma (in Module) invmfun-mHom:[R module N; bijecM’N f; f € mHom RM N
| =
invmfun R M N f € mHom R N M
(proof)

lemma (in Module) invmfun-r-inv:[R module N; bijecps y f; n € carrier N| =
f ((invmfun R M N f) n) = n
(proof)

lemma (in Module) mHom-compos:[R module L; R module N; f € mHom R L M;

g € mHom R M N | = compos L g f € mHom R L N
(proof)

lemma (in Module) mcompos-inj-inj:[R module L; R module N; f € mHom R L
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M;

g € mHom R M N; injecy, pp f; injecps N g | = injecr, N (compos L g f)
(proof)

lemma (in Module) mcompos-surj-surj:[R module L; R module N; surjecy, pr f;
surjecpr N 9s f € mHom RL M; g€ mHom RMN | =

surjecy, v (compos L g f)
{proof )

lemma (in Module) mId-mHom:mld; € mHom R M M
(proof)

lemma (in Module) mHom-mlId-bijec:[R module N; f € mHom R M N; g € mHom
R N M;
compose (carrier M) g f = mldy; compose (carrier N) fg = mldy] =
bijeCM,N f
(proof )

definition
sup-sharp :: [('r, 'n) Ring-scheme, ('b, 'r, 'm1) Module-scheme,
("e, 'r, 'm2) Module-scheme, ('a, 'r, 'm) Module-scheme, 'b = ’c]
= (‘e = 'a) = ('b = 'a) where
sup-sharp R M N L w = (AfémHom R N L. compos M f u)

definition
sub-sharp :: [('r, 'n) Ring-scheme, ( a, 'r, 'm) Module-scheme,
('b, 'r, 'm1) Module-scheme, ('c, 'r, 'm2) Module-scheme, 'b = 'c]
= (‘a = 'b) = (‘a = 'c) where
sub-sharp R L M N u = (\féemHom R L M. compos L u f)

lemma (in Module) sup-sharp-homTr:[R module N; R module L; v € mHom R M
N;

f € mHom RN L] = sup-sharp RM NL uf € mHom RML
(proof)

lemma (in Module) sup-sharp-hom:[R module N; R module L; w € mHom R M
N] =

sup-sharp R M N L w € mHom R (HOMp N L) (HOMpr M L)
(proof)

lemma (in Module) sub-sharp-homTr:[R module N; R module L; u € mHom R M
N;

f € mHom R L M] = sub-sharp RL M Nuf € mHom RL N
(proof)

lemma (in Module) sub-sharp-hom:[R module N; R module L; w € mHom R M
N] =
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sub-sharp R L M Nu € mHom R (HOMp L M) (HOMp L N)
(proof)

lemma (in Module) mld-bijec:bijec s pr (mld py)
(proof)

lemma (in Module) invmfun-bijec:[R module N; f € mHom R M N; bijecpy n f]
-

bijec y (invmfun R M N f)
(proof)

lemma (in Module) misom-self:M =p M
(proof)

lemma (in Module) misom-sym:[R module N; M =p N|] = N =p M
(proof)

lemma (in Module) misom-trans:[R module L; R module N; L =p M; M =p NJ
.

L~p N
(proof)

definition
mr-coset :: ['a, ('a, 'b, 'more) Module-scheme, 'a set] = 'a set where
mr-coset a M H = a Wy H

definition
set-mr-cos :: [('a, 'b, 'more) Module-scheme, 'a set] = 'a set set where
set-mr-cos M H = {X. Jaccarrier M. X = a Wy H}

definition

mr-cos-sprod :: [(

a, 'b, 'more) Module-scheme, 'a set] =
'b = 'a set = 'a set where
mr-cos-sprod M H a X = {z. 3z€X. 3heH. z = h £)7 (a sy )}

definition
mr-cospOp :: [(

‘a, 'b, 'more) Module-scheme, 'a set] =

‘a set = 'a set = 'a set where
mr-cospOp M H = (AX. A\Y. c-top (b-ag M) HX Y)

definition
mr-cosmOp :: [(‘a, 'b, 'more) Module-scheme, 'a set] =
'a set = 'a set where
mr-cosmOp M H = (AX. c-iop (b-ag M) H X)

definition
gmodule :: [('a, 'r, 'more) Module-scheme, 'a set] =
("a set, 'r) Module where
gmodule M H = (| carrier = set-mr-cos M H, pop = mr-cospOp M H,
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mop = mr-cosmOp M H, zero = H, sprod = mr-cos-sprod M H|)

definition
sub-mr-set-cos :: [(‘a, 'r, 'more) Module-scheme, 'a set, 'a set] =
'a set set where
sub-mr-set-cos M HN = {X.3neN. X = n 4y, H}

abbreviation
QMODULE (infixl </’;,» 200) where
M /m H == gmodule M H

abbreviation
SUBMRSET («(3-/ s'/"-/ -)» [82,82,85]82) where
N s/m H == sub-mr-set-cos M H N

lemma (in Module) gmodule-carr:submodule R M H =
carrier (gmodule M H) = set-mr-cos M H

(proof)

lemma (in Module) set-mr-cos-mem:[submodule R M H; m € carrier M| =
m Wy H € set-mr-cos M H

(proof)

lemma (in Module) mem-set-mr-cos:[submodule R M N; x € set-mr-cos M NJ
=
Im € carrier M. x = m Wy N

(proof)

lemma (in Module) m-in-mr-coset:[submodule R M H; m € carrier M| =
memuy H

(proof)

lemma (in Module) mr-cos-h-stable:[submodule R M H; h € H] =
H=hyy H
(proof)

lemma (in Module) mr-cos-h-stablel:[submodule R M H; m € carrier M; h € HJ
:>(m:|:h) Wy H=muwy H

(proof)
lemma (in Module) z-in-mr-coset:[submodule R M H; m € carrier M; x € m Wy
H]
= dheH. mt h=z
(proof)

lemma (in Module) mr-cos-sprodTr:[submodule R M H; a € carrier R;
m € carrier M| = mr-cos-sprod M Ha (m Wy H) = (a -s m) Wy H
(proof )
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lemma (in Module) mr-cos-sprod-mem:[submodule R M H; a € carrier R;
X € set-mr-cos M H]| = mr-cos-sprod M H a X € set-mr-cos M H

(proof)

lemma (in Module) mr-cos-sprod-assoc:[submodule R M H; a € carrier R,

b € carrier R; X € set-mr-cos M H] = mr-cos-sprod M H (a -+ b) X =
mr-cos-sprod M H a (mr-cos-sprod M H b X)

(proof)

lemma (in Module) mr-cos-sprod-one:[submodule R M H; X € set-mr-cos M HJ
.

mr-cos-sprod M H (1,p) X = X
(proof)

lemma (in Module) mr-cospOpTr:[submodule R M H; m € carrier M; n € carrier
M]

= mr-cospOp M H (m Wy H) (nWy H) = (m £ n) Wy H
(proof)

lemmal(in Module) mr-cos-sprod-distrib1:[submodule R M H; a € carrier R;

b € carrier R; X € set-mr-cos M H] =

mr-cos-sprod M H (a £p b) X =

mr-cospOp M H (mr-cos-sprod M H a X) (mr-cos-sprod M H b X)
(proof)

lemma (in Module) mr-cos-sprod-distrib2:[submodule R M H;
a € carrier R; X € set-mr-cos M H; Y € set-mr-cos M H| =
mr-cos-sprod M H a (mr-cospOp M HX Y) =

mr-cospOp M H (mr-cos-sprod M H a X) (mr-cos-sprod M H a Y)
(proof)

lemma (in Module) mr-cosmOpTr:[submodule R M H; m € carrier M| =
mr-cosmOp M H (m Wyy H) = (—, m) Wy H
(proof)

lemma (in Module) mr-cos-oneTr:submodule R M H = H = 0 Wy H
(proof)

lemma (in Module) mr-cos-oneTr!:[submodule R M H; m € carrier M| =
mr-cospOp M HH (m Wy H) = m Wy H
(proof)

lemma (in Module) gmodule-is-ag:submodule R M H = aGroup (M [, H)
(proof)

lemma (in Module) gmodule-module:submodule R M H = R module (M /., H)
(proof )
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definition
indmhom :: [('b, 'm) Ring-scheme, ('a, 'b, 'm1) Module-scheme,
("e, 'b, 'm2) Module-scheme, 'a = 'c] = 'a set = 'c where
indmhom R M N f = (AX€ (set-mr-cos M (kerps n f)). [ ( SOME z. z € X))

abbreviation
INDMHOM (<(4-°- - -)» [92,92,92,93]92) where
R M,N == indmhom R M N f

lemma (in Module) indmhom-someTr:[R module N; f € mHom R M N;
X € set-mr-cos M (kerps )] = f (SOME za. za € X) € f “(carrier M)

(proof)

lemma (in Module) indmhom-someTr1:[R module N; f € mHom R M N; m €
carrier M]
= f (SOME za. za € (ar-coset m M (kerps ny f))) = fm

(proof)

lemma (in Module) indmhom-someTr2:[R module N; f € mHom R M N;
submodule R M H; m € carrier M; H C kery y f] =
f (SOME za. za € mWy H) = fm
(proof)

lemma (in Module) indmhomTr1:[R module N; f € mHom R M N; m € carrier
M] =

(" r m,N) (m &yp (kerpr y f)) = fm
(proof)

lemma (in Module) indmhomTr2:[R module N; f € mHom R M N]
= (f’p M,N) € set-mr-cos M (kerps y f) — carrier N

{proof)

lemma (in Module) indmhom:[R module N; f € mHom R M N]
= (f"r m,N) € mHom R (M [, (kerpr n f)) N
(proof)

lemma (in Module) indmhom-injec:[R module N; f € mHom R M N] =
njec(ys /., (ker ps v D).N (PR M,N)
(proof)

lemma (in Module) indmhom-surjecl:[R module N; surjecps y f;
; b

J € mHom R M N == surjec(pr /. (kerpy n £)).N 'R M,N)

(proof)

lemma (in Module) module-homTr:[R module N; f € mHom R M N] —
f € mHom R M (mimgp M,Nf)
(proof )
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lemma (in Module) ker-to-mimg:[R module N; f € mHom R M N] =
ke’"M,ming M,fo = kerpy N f
(proof)

lemma (in Module) module-homTr1:[R module N; f € mHom R M N]| =
(MImgR (M /,, (keryy y H)N 'R M,N) = mimgg yrn | (proof)

lemma (in Module) module-Homth-1:[R module N; f € mHom R M N =
M /m (kerM,N ) Sp mimgpr M,Nf
(proof)

definition
mpj = [("ay, 'r, 'm) Module-scheme, 'a set] = (‘a => 'a set) where
mpj M H = (Ax€carrier M. z Wy H)

lemma (in Module) elem-mpj:[m € carrier M; submodule R M H] =
mpj M Hm = m Wy H
(proof )

lemma (in Module) mpj-mHom:submodule R M H = mpj M H € mHom R M
(M /m H)
(proof)

lemma (in Module) mpj-mem:[submodule R M H; m € carrier M| =
mpj M Hm € carrier (M /[, H)
(proof)

lemma (in Module) mpj-surjec:submodule R M H =
surjecM,(M Jm H) (mpj M H)
(proof)

lemma (in Module) mpj-0:[submodule R M H; h € H] =
mijHh :O(M/m H)
(proof )

lemma (in Module) mker-of-mpj:submodule R M H —>
kern (M /. H) (mpj M H) = H
(proof)

lemma (in Module) indmhom1:[submodule R M H; R module N; f € mHom R M
N; H C kerpy n f] = 3lg. g € (mHom R (M /n, H) N) A (compos M g (mpj

MH)) = f
(proof)
definition

mQ@Qmp :: [('a, 'r, 'm) Module-scheme, 'a set, 'a set] =
("a set = 'a set) where
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m@Qmp M HN = (AX€ set-mr-cocs M H. {z. 3z € X. 3 ye N. (y £z = 2)})

abbreviation
MQP («(8Mp- _.)» [82,82,83]82) where
Mpyr g == m@mp M HN

lemma (in Module) m@QmpTr0:[submodule R M H; submodule R M N; H C N;
m € carrier M| = m@Qmp M HN (mWy H) = m Wy N
(proof )

lemma (in Module) m@QmpTr!:[submodule R M H; submodule R M N; H C N;
m € carrier My n € carrier M; m Wy H=nWy Hl = muy N =nWy N
(proof )

lemma (in Module) mQmpTr2:[submodule R M H; submodule R M N; H C N ;
X € carrier (M /[y, H)] = (mQmp M HN) X € carrier (M /., N)
(proof)

lemma (in Module) mQmpTr2-1:[submodule R M H; submodule R M N; H C N

]
= mQ@Qmp M HN € carrier (M /,, H) — carrier (M /m N)

(proof)

lemma (in Module) m@QmpTr3:[submodule R M H; submodule R M N; H C N ;
X € carrier (M [ H); Y € carrier (M [/, H)] = (mQmp M H N) (mr-cospOp
MHXY)=mr-cospOp M N (mQmp M HN) X) (m@Qmp M HN) Y)
(proof)

lemma (in Module) m@QmpTr{:[submodule R M H; submodule R M N; H C N;
a € N] = mr-coset a (mdl M N) H = mr-coset a M H

(proof)

lemma (in Module) m@Qmp-mHom:[submodule R M H; submodule R M N; H C
N] =

(Mppr fr,n) € mHom R (M [m H) (M /m N)
(proof )

lemma (in Module) Mp-surjec:[submodule R M H; submodule R M N; H C N]J
=

surjec(yr /.. H)(M /m N) (MPM H N)
(proof)

lemma (in Module) ker@Qmp:[submodule R M H; submodule R M N; H C N]J
= ker(M S H)(M [m N) (Mpyr g, N) = carrier ((mdl M N) /., H)
(proof)
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lemma (in Module) misom2Tr:[submodule R M H; submodule R M N; H C NJ
=

(M [ H) [m (carrier (mdl M N) /p, H)) = (M /. N)
(proof)

lemma (in Module) eq-class-of-Submodule:[submodule R M H; submodule R M N

H C N] = carrier ((imdlMN) [y, H) = N s/p H
{(proof)

theorem (in Module) misom2:[submodule R M H; submodule R M N; H C N]J
—

(M [y H) [;m (N s/m H) =g (M [m N)
(proof)

primrec natm :: (‘a, 'm) aGroup-scheme => nat = 'a => 'a
where

natm-0: natm M 0z = 0)y
| natm-Suc: natm M (Suc n) © = (natm M n z) )5

definition
finitesum-base :: [('a, 'r, 'm) Module-scheme, 'b set, 'b = 'a set|
= 'a set where
finitesum-base M I f =J{fi |4 i€ I}

definition
finitesum :: [("a, 'r, 'm) Module-scheme, 'b set, 'b = 'a set]
= 'a set where
finitesum M I f ={z. 3n. 3g. g € {j. j < (n:nat)} — finitesum-base M I f
A x= nsum M gn}

lemma (in Module) finitesumbase-sub-carrier:f € I — {X. submodule R M X}
—
finitesum-base M I f C carrier M

(proof)

lemma (in Module) finitesum-sub-carrier:f € I — {X. submodule R M X} —
finitesum M I f C carrier M

(proof)

lemma (in Module) finitesum-inc-zero:[f € I — {X. submodule R M X}; I # {}]
—> 0 € finitesum M If

(proof)
lemma (in Module) finitesum-mOp-closed:

[f € I = {X. submodule R M X}; I # {}; a € finitesum M I f] =
—a @ € finitesum M I f
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(proof)

lemma (in Module) finitesum-pOp-closed:
If € I = {X. submodule R M X}; a € finitesum M I f; b € finitesum M I f]
= a =+ b€ finitesum M I f

(proof)

lemma (in Module) finitesum-sprodTr:[f € I — {X. submodule R M X}; I # {};
r € carrier R] = g €{j. j < (nunat)} — (finitesum-base M I f)
— 715 (nsum M gn) = nsum M (Az. v -5 (g z)) n

(proof)

lemma (in Module) finitesum-sprod:[f € I — {X. submodule R M X}; I # {};
r € carrier R; g €{j. j < (nunat)} — (finitesum-base M If) ] =
r s (nsum M gn) = nsum M (Az. r -5 (9 2)) n
(proof)

lemma (in Module) finitesum-subModule:[f € I — {X. submodule R M X}; I #
{1

= submodule R M (finitesum M I f)

(proof)

lemma (in Module) sSum-cont-H:[submodule R M H; submodule R M K| =
HC HF K

(proof)

lemma (in Module) sSum-commute:[submodule R M H; submodule R M K| =
H¥xF K= KFH
(proof )

lemma (in Module) Sum-of-SubmodulesTr:[submodule R M H; submodule R M K]
—

ge{ji<(nmnat)} - HUK — Y. Mgne HFK
(proof)

lemma (in Module) sSum-two-Submodules:[submodule R M H; submodule R M K]
=
submodule R M (H F K)

(proof)

definition
iotam :: [('a, 'r, 'm) Module-scheme, 'a set, 'a set] = (‘a = 'a)
(«(3vm. _ ) [82, 82, 83]82) where
UMM H K = (/\IEH (I Ty OM))

lemma (in Module) iotam-mHom:[submodule R M H; submodule R M K]
= ump g,k € mHom R (mdl M H) (mdl M (H F K))

(proof)
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lemma (in Module) mhomom3Tr:[submodule R M H; submodule R M K| =
submodule R (mdl M (H + K)) K

(proof)

lemma (in Module) mhomom3Tr0:[submodule R M H; submodule R M K]
= compos (mdl M H) (mpj (mdl M (H F K)) K) (mpr g, k)
€ mHom R (mdl M H) (mdl M (H F K) /m K)
(proof)

lemma (in Module) mhomom3Tr1:[submodule R M H; submodule R M K| =
SUTIEC (mdl M H),((mdl M (H F K))/m K)
(compos (mdl M H) (mpj (mdl M (H ¥ K)) K) (tmpr g, k))
(proof )

lemma (in Module) mhomom3Tr2:[submodule R M H; submodule R M K| —
ker(mdi M H),((mdl M (H F K)) /m K)
(compos (mdl M H) (mpj (mdl M (H ¥ K)) K) (tmpy g ) = HN K
(proof)

lemma (in Module) mhomom-3:[submodule R M H; submodule R M K] =
(mdlMH) /m, HNK) =g (mdlM (HF K)) /m K
(proof)

definition
l-comb :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme, nat] =
(nat = 'r) = (nat = 'a) = 'a where
l-comb R M nsm = nsum M (Nj. (sj) spr (mj)) n

definition
linear-span :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme, 'r set,
'a set] = 'a set where
linear-span R M A H = (if H = {} then {0} else
{z.3n. 3f € {j. j < (nz:nat)} — H.
Jse{j. j < (nunat)} —» A. = l-comb R M n s f})

definition
coefficient :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
nat, nat = 'r, nat = 'a] = nat = 'r where
coefficient RMnsmj=sj

definition
body :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme, nat, nat = 'r,
nat = ’a] = nat = ‘a where
body RMnsmj=mj

lemma (in Module) l-comb-mem-linear-span:[ideal R A; H C carrier M;
se{jj< (nunat)} - A fe{jj<n} - H =
l-comb R M n s f € linear-span R M A H
(proof)
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lemma (in Module) linear-comb-eqTr:H C carrier M =
s € {j. j < (n:nat)} — carrier R A
fef{jji<n}—>HA
ge{ji<n}t—= HNA
(Vie{j.j<n}. fi=9j) —
llcombRMnsf=Il-combRMnsg

(proof)

lemma (in Module) linear-comb-eq:[H C carrier M;
s€{j. j < (nunat)} — carrier R; f € {j. j < n} — H,;
ge{jj<nt - H;Vje{jj<n} fi=ygj] —
l-comb R Mnsf=1lcombRMnsg
(proof )

lemma (in Module) l-comb-Suc:[H C carrier M; ideal R A,
s€{j.j < (Sucn)} = carrier R; f € {j. 7 < (Sucn)} - H =
l-comb R M (Sucn) sf=1IlcombRMmnsf=xs(Sucn) -5 f (Sucn)
(proof )

lemma (in Module) I-comb-jointfun-jj:[H C carrier M; ideal R A;
se{j. j<(nunat)} = A; f € {j. j < (n:nat)} — H;
te{j.j<(munat)} - A g€ {j j<(munat)} - H =
nsum M (Aj. (jointfun n s mt) j -5 (jointfun n fm g) j) n =
nsum M (A\j. sj s fj)n

{proof )

lemma (in Module) I-comb-jointfun-jj1:[H C carrier M; ideal R A;
se{j.j< (nunat)y - A; f € {j. 7 < (nunat)} — H,;
te€{j.j < (munat)} - A4; g€ {j. j < (munat)} - H =
l-comb R M n (jointfun n s m t) (jointfun n fm g) =
l-comb R M n s f

(proof)

lemma (in Module) l-comb-jointfun-jf:[H C carrier M; ideal R A;
s€{j.j<(nunat)} - A; fe{jj<Suc(n+m}— H
t €{j. j < (munat)} - A] =
nsum M (Aj. (jointfun ns mt) j s fj) n=
nsum M (A\j. sj s fj)n

(proof)

lemma (in Module) l-comb-jointfun-jf1:[H C carrier M; ideal R A,
s€{j.j< (nunat)} = A; f € {j. 5 < Suc (n + m)} — H,;
t€{j.j < (munat)} - A] =
l-comb R M n (joinlfun n s mt) f = l-comb R M n s f

(proof)

lemma (in Module) I-comb-jointfun-fi:[H C carrier M; ideal R A;
sefj.j< Suc(n+m)} — A fe{jj<(n:nat)} — H;
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g€ {j. j< (munat)} - H =
nsum M (Aj. s j -5 (jointfun n fm g) j) n =
nsum M (A\j. sj s [j)n

(proof )

lemma (in Module) I-comb-jointfun-fil:[H C carrier M; ideal R A,
se{j.j< Suc(n+m)}— A fe{jj<(n:nat)} - H,;
g € {j.j<(munat)} - H =
l-comb R M n s (jointfun n fm g) = l-comb R M n s f
(proof)

lemma (in Module) linear-comb0-1Tr:H C carrier M =
s€{j. j < (nunat)} - {Og} A
me{jj<n}—H-—lcombRMnsm=0y
(proof)

lemma (in Module) linear-comb0-1:[H C carrier M;
se{j.j<(nunat)} - {0g}yme{jj<n}—-H]|=
l-comb R Mnsm=0,f

(proof)

lemma (in Module) linear-comb0-2Tr:ideal R A = s € {j. j < (n:nat)} — A
AN me{jj<n}— {0y} — lcombR Mnsm=0
(proof)

lemma (in Module) linear-comb0-2:[ideal R A; s € {j. j < (nunat)} — A;
me{j.j<n}—=>{0yt] = lcombR Mnsm=0y
(proof)

lemma (in Module) liear-comb-memTr:[ideal R A; H C carrier M| =
Vs.Vm. s € {jj< (nunat)} = AA
me{j.j<n}—> H— l-combR Mnsm € carrier M

(proof)

lemma (in Module) I-comb-mem:[ideal R A; H C carrier M;
se{jj< (nunat)} = A;me{jj<n} - H =
l-comb R M nsm € carrier M

(proof)

lemma (in Module) I-comb-transpos: [ideal R A; H C carrier M;
se{l.l< Sucn} — A; f e {l.1< Sucn} — H,;
j<Sucn]=
Ye M (ecmp (Mk. sk -5 fk) (transpos j (
Ye M (k. (ecmp s (transpos j (Suc n))

(emp f (transpos j (Suc n))) k) (Suc n)

Suc n))) (Suc n) =
) k ‘s

(
(proof)

lemma (in Module) l-comb-transposl: [ideal R A; H C carrier M;
se{l.l<Sucn} - A fe{l.l<Sucn} — H;j< Sucn] =
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l-comb R M (Sucn) sf=
l-comb R M (Suc n) (cmp s (transpos j (Suc n))) (emp f (transpos j (Suc n)))
(proof)

lemma (in Module) sc-linear-span:[ideal R A; H C carrier M; a € A;
h € H) = a s h € linear-span R M A H
(proof)

lemma (in Module) l-span-cont-H:H C carrier M —>
H C linear-span R M (carrier R) H
(proof)

lemma (in Module) linear-span-inc-0:[ideal R A; H C carrier M| —>
0 € linear-span R M A H
(proof)

lemma (in Module) linear-span-iOp-closedTr1:[ideal R A,
s €{j. j < (nunat)} - A] =
(\welj. j < n}. —ap (s2) € .7 < n} — A
(proof)

lemma (in Module) l-span-gen-mono:[K C H; H C carrier M; ideal R A] =
linear-span R M A K C linear-span R M A H
(proof )

lemma (in Module) l-comb-add:[ideal R A; H C carrier M;
se{j.j< (nunat)} = A; f e {j. j <n} — H,;
te€{jj<(munat)} - A; g€ {j.j<m}— H =

l-comb R M (Suc (n + m)) (jointfun n s m t) (jointfun n fm g) =
l-comb RMnsf+l-combRMmtyg

(proof)

lemma (in Module) l-comb-add1Tr:[ideal R A; H C carrier M| =
fe{jii<(nnat)} > HAse{jj<n}—=>AANte{jji<n}—>A—
l-comb R M n (Aze{j. j < n}. (sz) £p (tz)) f =
l-comb R Mnsf+l-combRMntf
(proof)

lemma (in Module) l-comb-add1:[ideal R A; H C carrier M;
fe{jj<(nunat)} - Hyse{jj<nt-o>4te{jji<nt—oA]=
l-comb R M n (Aze{j. j < n}. (sz) £p (tz)) f =
l-comb RMnsf+l-combRMntf
(proof)

lemma (in Module) linear-span-iOp-closedTr2:[ideal R A; H C carrier M;
fe{jj<(nunat)} - Hyse{j.j<n}—- A4 =
—a (l.comb R M nsf) =
l-comb R M n (Aze{j. j < n}. —ap (s2)) f
(proof)
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lemma (in Module) linear-span-iOp-closed:[ideal R A; H C carrier M;
a € linear-span R M A H| = —, a € linear-span R M A H
(proof)

lemma (in Module) linear-span-pOp-closed:

[ideal R A; H C carrier M; a € linear-span R M A H; b € linear-span R M A H|
= a + b € linear-span R M A H

(proof)

lemma (in Module) l-comb-scTr:[ideal R A; H C carrier M,

r € carrier Ry H# {}] = s€ {j. j < (nunat)} - A A

ge{ji<nt— H — 15 (nsum M (Nk. (sk) s (gk)) n) =
nsum M (Ak. r -5 ((sk) s (gk))) n

(proof)

lemma (in Module) l-comb-sc1Tr:[ideal R A; H C carrier M;

r € carrier Ry H # {}] = s € {j. j < (nunat)} - A A

gef{ji<nt— H —r-s(nsum M (Mk. (sk) s (gk)) n)=
nsum M (Ak. (r -+p (s k)) s (g k) n

(proof)

lemma (in Module) l-comb-sc:[ideal R A; H C carrier M; r € carrier R;
s€{j.j< (nunat)} - A; ge{j.j<n}— H] =

r s (nsum M (M\k. (sk) s (gk)) n) = nsum M (M. r -5 ((s k) 5 (gk))) n

(proof)

lemma (in Module) I-comb-scl:[ideal R A; H C carrier M; r € carrier R;
s€{j.j<(nunat)} - A4; ge{j.j<n}— H] =

r s (nsum M (Mk. (s k) -5 (g k)) n) = nsum M (Ak. (r vp (s k)) s (g k) n

(proof)

lemma (in Module) linear-span-sc-closed:[ideal R A; H C carrier M,
r € carrier R; © € linear-span R M A H] = r -5 © € linear-span R M A H

(proof)

lemma (in Module) mem-single-I-spanTr:[ideal R A; h € carrier M| =
se{j. j<(ninat)} - AA
fe{jji<n}—{h}ANlcombRMnsf e linear-span R M A {h}
— (Ja€ A l.combRMnsf=a-sh)

(proof)

lemma (in Module) mem-single-l-span:[ideal R A; h € carrier M;
s€{j.j < (mnat)} — A f € {j. j < n} — {h};
l-comb R M n s f € linear-span R M A {h}] =
Ja€ A l-combRMnsf=a-sh

{(proof)

lemma (in Module) mem-single-l-spani:[ideal R A; h € carrier M;
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z € linear-span R M A {h}] = Jac A. z=a-s h
(proof)

lemma (in Module) linear-span-subModule:[ideal R A; H C carrier M] —
submodule R M (linear-span R M A H)

(proof)

lemma (in Module) I-comb-mem-submoduleTr:[ideal R A; submodule R M N| =
(se{jj<(nunat)} - ANfe{jj<n}— carrier M A
(Vj<n(sj)s(fj)eN) — lcombRMnsfeN

(proof)

lemma (in Module) I-span-sub-submodule:[ideal R A; submodule R M N; H C NJ
=
linear-span R M A H C N

(proof)

lemma (in Module) linear-span-sub:[ideal R A; H C carrier M| —
(linear-span R M A H) C carrier M

(proof)

definition
smodule-ideal-coeff :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
'r set] = 'a set where
smodule-ideal-coeff R M A = linear-span R M A (carrier M)

abbreviation
SMLIDEALCOEFF («(3-/ ®- -)» [64,64,65]64) where
A Op M == smodule-ideal-coeff R M A

lemma (in Module) smodule-ideal-coeff-is-Submodule:ideal R A —>
submodule R M (A & M)

(proof)

lemma (in Module) mem-smodule-ideal-coeff:[ideal R A; x € A O p M] =
dn.dse{j.j<n} = A Jge {j. j<n} — carrier M.
z=1lcombR Mnsg

(proof )

definition
quotient-of-submodules :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
‘a set, 'a set] = 'r set where
quotient-of-submodules R M N P = {z | z. x€carrier R N\
(linear-span R M (Rza R x) P) C N}

definition
Annihilator :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme]
= 'r set («(Ann. -)» [82,83]82) where
Annp M = quotient-of-submodules R M {0} (carrier M)
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abbreviation
QOFSUBMDS («(4- 4. -)» [82,82,82,83]82) where
N R{M P == quotient-of-submodules R M N P

lemma (in Module) quotient-of-submodules-inc-0:
[submodule R M P; submodule R M Q] = Op € (P gipy Q)

(proof)

lemma (in Module) quotient-of-submodules-is-ideal:
[submodule R M P; submodule R M Q] = ideal R (P gty Q)

(proof)

lemma (in Module) Ann-is-ideal:ideal R (Anng M)
(proof)

lemma (in Module) linmap-im-of-lincombTr:[ideal R A; R module N;
f € mHom R M N; H C carrier M| =
sef{jji<(nnat)} > ANge{jji<n}—>H—

f (l-comb R Mnsg)=Il-combRNns (cmp fg)

(proof)

lemma (in Module) linmap-im-lincomb:[ideal R A; R module N; f € mHom R M

N;
H C carrier M; s € {j. j < (nunat)} > A;9g€{j.j<n}—> H] =
f (l.comb R Mnsg)=1l-combRNns (cmp fg)

(proof)

lemma (in Module) linmap-im-linspan:[ideal R A; R module N; f € mHom R M
N;
H C carrier M; s € {j. j < (nunat)} > A, 9€{j.j<n} > H] =

f (l-comb R M n s g) € linear-span R N A (f * H)

(proof)

lemma (in Module) linmap-im-linspanl:[ideal R A; R module N; f € mHom R M
N;
H C carrier M; h € linear-span R M A H] =

fh € linear-span R N A (f * H)

(proof)

definition
faithful :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme]
= bool where
faithful R M <— Annp M = {Op}
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5.3 nsum and Generators

definition
generator :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
'a set] = bool where
generator R M H == H C carrier M N
linear-span R M (carrier R) H = carrier M

definition
finite-generator :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
'a set] = bool where
finite-generator R M H <— finite H N generator R M H

definition
fGOver :: [("a, 'r, 'm1) Module-scheme, ('r, 'm) Ring-scheme] = bool
where
fGOver M R +— (3 H. finite-generator R M H)

abbreviation
FGENOVER (infixl «fgovery 70) where
M fgover R == fGOver M R

lemma (in Module) h-in-linear-span:[H C carrier M; h € H] =
h € linear-span R M (carrier R) H
(proof)

lemma (in Module) generator-sub-carrier:generator R M H —>
H C carrier M

(proof)

lemma (in Module) lin-span-sub-carrier:[ideal R A,
H C carrier M| = linear-span R M A H C carrier M

(proof)

lemma (in Module) lin-span-coeff-mono:[ideal R A; H C carrier M=
linear-span R M A H C linear-span R M (carrier R) H
(proof)

lemma (in Module) l-span-sum-closedTr:[ideal R A; H C carrier M]—
Vs. Vf. se{j. j < (n:nat)} - AA
fedj j<n}— linear-span R M A H —
(nsum M (Nj. sj-s (fj)) n € linear-span R M A H)

(proo)

lemma (in Module) l-span-closed:[ideal R A; H C carrier M;

se{j.j< (nunat)y = A; fe{j. j<n}— linear-span R M A H ] =
l-comb R M n s f € linear-span R M A H

(proof)
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lemma (in Module) l-span-closed1:[H C carrier M;

s€ {j. 7 < (nunat)} — carrier R;

fe{j.j<n} — linear-span R M (carrier R) H | =

Y M (Nj. sj-s (fj) n € linear-span R M (carrier R) H
(proof)

lemma (in Module) l-span-closed2Tr0:[ideal R A; H C carrier M; Ring R; s € A;
f € linear-span R M (carrier R) H ]| = s -5 f € linear-span R M A H
(proof)

lemma (in Module) l-span-closed2Tr:[ideal R A; H C carrier M| =
se{j.j< (nunat)} - AN
fed{j j<n} — linear-span R M (carrier R) H —
l-comb R M n s f € linear-span R M A H
(proof)

lemma (in Module) l-span-closed2:[ideal R A; H C carrier M;
se{j.j< (nunat)} - A,
fed{jj<n} — linear-span R M (carrier R) H] =
l-comb R M n s f € linear-span R M A H

(proof )

lemma (in Module) l-span-l-span:H C carrier M =
linear-span R M (carrier R) (linear-span R M (carrier R) H) =
linear-span R M (carrier R) H
(proof)

lemma (in Module) l-spanA-l-span:[ideal R A; H C carrier M| =
linear-span R M A (linear-span R M (carrier R) H) =
linear-span R M A H
(proof)

lemma (in Module) l-span-zero:ideal R A = linear-span R M A {0} = {0}
(proof)

lemma (in Module) l-span-closed3:[ideal R A; generator R M H;
A ©Op M = carrier M| = linear-span R M A H = carrier M

(proof)

lemma (in Module) generator-generator:[generator R M H; H1 C carrier M;
H C linear-span R M (carrier R) HI] = generator R M H1

(proof)

lemma (in Module) generator-elimTr:
fed{i i< (n:nat)} — carrier M A generator R M (f “{j. j < n}) A
(Vienset (Suc 0) n. fi €

linear-span R M (carrier R) (f “{j. 7 < (i — Suc 0)})) —
linear-span R M (carrier R) {f 0} = carrier M
(proof)
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lemma (in Module) generator-generator-elim:
If € {j. j < (n:nat)} — carrier M; generator R M (f “ {j. 7 < n});
(Vienset (Suc 0) n. fi € linear-span R M (carrier R)
(F 4. < (i — Suc 0)})] =
linear-span R M (carrier R) {f 0} = carrier M
(proof )

lemma (in Module) surjec-generator:[R module N; f € mHom R M N;
surjecy n f; generator R M H] = generator R N (f * H)

(proof)

lemma (in Module) surjec-finitely-gen:[R module N; f € mHom R M N;
surjecpr N f; M fgover R] = N fgover R

(proof)

5.3.1 Sum up coefficients

Symbolic calculation.

lemma (in Module) similar-termTr:[ideal R A; a € A] =
Vs Vf. se{jj< (nunat)} - AN
fed{jji<n} — carrier M A
mef{jji<n} —
(Fte{j.i<n} = A nsum M (Nj. sj 5 (fj) nta-sm=
nsum M (Aj. tj -5 (fj)) n)
(proof )

lemma (in Module) similar-term1:[ideal R A; a € A; s € {j. j<(n::nat)} — A;
fe{jji<n}t — carrier M;mef{jj<n}]=
Jte{j.j<n} > A . MN.sjs(fj))ntasm=

e M (Nj. tj-s(fi)n

(proof )

lemma (in Module) same-togetherTr:[ideal R A; H C carrier M | =
Vs Vf se{j.j<(n:nat)} > A Nfe{jj<n}—>H—
3te{jj<(card (f “{j.j <n})— Suc0)} = A.
dg€{j.j< (card (f*{j.j < n}) — Suc0)} = f{j.j<n}
surj-to g {j. j < (card (f *{j. j < n}) — Suc 0)} (f *{j. j < n}) A
nsum M (N\j. sj s (f7) n=mnsum M (k. t k-5 (g k))
(card (F* {j. ] < n}) — Suc 0))
(proof)

lemma (in Module) same-together:[ideal R A; H C carrier M;
se{jj< (nunat)} - A fe{jj<n} - H =

Jte {j.j < (card (f ‘{j. 7 < (nunat)}) — Suc 0)} — A.

dge{jj< (card (f{j.j<n})— Suc0)} = f{jj<n}
surj-to g {j. j < (card (f *{j. j < n}) — Suc )} (f “{j. j < n}) A
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Be M (. SJ s (f3)) n
e M ()\k tk (g k) (card (f “{j. j < n}) — Suc 0)

(proof)

lemma (in Module) one-last:[ideal R A; H C carrier M,
se{j.j<(Sucn)} = A; fe{jj<(Sucn)} - H;
bij-to f {j. j < (Suc n)} H; j < (Suc n); j # (Suc n)] =
Jte{jj<(Sucn)} - A Jge{jj<(Sucn)} - H.
e M (Mk. sk -5 (fk) (Sucn) = o M (Mk. tk -5 (gk)) (Sucn) A
g (Sucn)=fjNnt(Sucn)=sjAbitog{jj<(Sucn)} H
(proof )

lemma (in Module) finite-lin-spanTrl:[ideal R A; z € carrier M| =
he{jj<(nunat)} - {ztAnte{jj<n}—>A4 —
(Fse{0:nat} - A.Zc M (Mj. tj-s (hf) n= s0 5 2)

(proof)

lemma (in Module) single-span:[ideal R A; z € carrier M;
he{jj<(nunat)} = {zhtef{jji<n}— A =
Fse{0:nat} - A. S M (M. tj-s(hj)n= 50z

(proof)

definition
coeff-at-k :: [('r, 'm) Ring-scheme, 'r, nat] = (nat = 'r) where
coeff-at-k R a k = (X\j. if j = k then a else (0R))

lemma card-Nset-im:f € {j. j < (nunat)} - A =
(Suc 0) < card (f {4. 5 < n})
(proof)

lemma (in Module) eSum-changeTr!:[ideal R A;
te{k. k< (card (f “{j. 7 < (nlunat)}) — Suc 0)} — A;
gedk k< (card (f ‘{j.j<mnl})— Suc0)} = f4j.j<nilk
Suc 0 < card (f {j. 7 < n1}); gz = h (Suc n); z = Suc n;
card (f {4.j < n1}) — Suc 0 = Suc (card (f *{j. j < nl}) — Suc 0 — Suc 0)]
_—
M Mk tk -5 (gk)) (card (f “{j. 7 < mnl}) — Suc0) =
M Mk tk -5 (gk)) (card (f “{j. 7 < nl}) — Suc 0 — Suc 0) £
(t (Suc (card (f “{j. j < ni1}) — Suc 0 — Suc 0)) -4
(9 ( Suc (card (f “{j. 5 < n1}) — Suc 0 — Suc 0))))
(proof)
definition
zeroi :: [('r, 'm) Ring-scheme] = nat = 'r where

zeroi R = (A\j. OR)

lemma zeroi-func:[Ring R; ideal R A] = zeroi Re€ {j. j < 0} = A

(proof)
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lemma (in Module) prep-arrTrl:[ideal R A; h € {j. j < (Suc n)} — carrier M;
fe{jj<(mlunat)} - h{j.j<(Sucn)};se{jj<ni}— 4
m = l-comb R M nl s f] =
Jie{j. 7 < (Suc n)}. (s€{j. j < (lnat)} — A.
Jge {j.i <} = h 4 j<(Sucn)}. m=1lcombRMlsgA
bij-to g {j. j < I} (f *{j. j < nl}))
(proof)

lemma two-func-imageTr:[ b € {j. j < Suc n} — B;
fef{jji<(munat)} = h{jj<Sucn}; h(Sucn)¢f{jj<
= fe{jji<m}—=>h{jj<n}
(proof)

A
3
=

lemma (in Module) finite-lin-spanTr3-0:[bij-to g {j. § < 1} (g 4j. j < 1});
ideal R A;
Vna. Vse{j. j < na} — A.

Vie{j. j < na} — h “{j. j<n}
Fte{j. j < n} = A. l-comb R M nasf=IlcombRMnth;

h e {j. j< Sucn} — carrier M; s € {j. j < m} — A
fe i< m)— b {j.j < Sucnk
I<Sucn;sae{jj<i}—=>Age{jji<l}—h{jj<Sucn};
O0<bif{ji<mp=g{jj<l}ih(Sucn)=gl]

= 3te{j. j < Suc n} — A. l-comb R Ml sa g = l-comb R M (Sucn) th

(proof )

lemma (in Module) finite-lin-spanTr3:ideal R A —>
he{j i< (n:nat)} — carrier M —
(Vna. Vs € {j. j < (na:nat)} — A.
Vie{j.j<na} - (h‘{j.j<n}).3te{jj<n}— A
l-comb R M na s f = l-comb R M nth))
(proof)

lemma (in Module) finite-lin-span:

[ideal R A; h € {j. j < (n:nat)} — carrier M; s € {j. j <

fef{jji<ni} =-h{jj<n}]= 3tefj. j <n} - A
l-comb R M nlsf=1IlcombRMnth

(nl:nat)} — 4;

(proof)

5.3.2 Free generators

definition
free-generator :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme, 'a set]
= bool where
free-generator R M H <— generator R M H A
(Vn. Vs f. (s€{j. j<(n:nat)} — carrier R A
fediji<nt— HAinjonf{jj<n}A
llcombRMnsf =0y — sc{jj<n}t—{0g})
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lemma (in Module) free-generator-generator:free-generator R M H —
generator R M H

(proof)

lemma (in Module) free-generator-sub:free-generator R M H —
H C carrier M

(proof)

lemma (in Module) free-generator-nonzero:[— (zeroring R);
free-generator R M H; h € H] = h # 0
(proof )

lemma (in Module) has-free-generator-nonzeroring: [free-generator R M H;
dp € linear-span R M (carrier R) H. p # 0] = — zeroring R
{proof )

lemma (in Module) unique-expressionl:[H C carrier M; free-generator R M H,
s€{j. 7 < (nunat)} — carrier Ry m € {j. j < n} — H;
inj-on m {j. 7 < n}; l-comb R M nsm=0] =
Vje{j. j < n}. sj=0p
(proof )

lemma (in Module) free-gen-coeff-zero:[H C carrier M; free-generator R M H;
h € H; a € carrier R; a -s h = 0] = a = 0p
(proof)

lemma (in Module) unique-expression2:[H C carrier M;
fe{jj<(nunat)} - H; s € {j.j<n} — carrier R] =
dmgt. ge ({j.j<(munat)} - H) A
bij-to g {j. j < (mznat)y (f * {j. j < n}) A
t € {j.j <m} — carrier R A
l-combRMnsf=IlcombRMmtg
(proof)

lemma (in Module) unique-expression3-1:[H C carrier M;
fe{l.l<(Sucn)} - H;se{l.1<(Sucn)} — carrier R;
(f (Sue n)) & f({l. 1 < (Sucn)} = {Suc n})] =
Jgmt. ge{l.l < (m:nat)} - HA
inj-on g {I. I < (m:nat)} A
t € {l.1 < (m:nat)} — carrier R A
l-comb R M (Sucn) sf=
l-comb R MmtgAtm=s(Sucn)Agm=f (Sucn)
(proof)

lemma (in Module) unique-expression3-2:[H C carrier M;
fed{k k< (Sucn)} - H;se{k k< (Sucn)} — carrier R;
1< (Sucn); (f) ¢ f({k k< (Sucn)} —{1}); Il # Suc n] =
dgmt. ge{l.1< (munat)} — H A inj-on g {l. 1 < (munat)} A
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t € {l.1 < m} — carrier R A
l-comb R M (Sucn) sf=1IcombRMmtgA
tm=slANgm=fI

(proof)

lemma (in Module) unique-expressions3:
[H C carrier M; f € {k. k < (Suc n)} — H;
s € {k. k < (Suc n)} — carrier R; | < (Suc n);
(FD) &1 ({h k< (Suen)} — {I)] =
dgmt. ge{k k< (munat)} - HA
inj-on g {k. k < m} A
t € {k. k < m} — carrier R A
l-comb R M (Sucn) sf=1lcombRMmtgANtm=slANgm=fl
(proof)

lemma (in Module) unique-expressions:free-generator R M H —>
fed{k k< (n:nat)} - H A inj-on f {k. k< n} A
s€{k. k< n}— carrier RAl-combRMnsf#0 —
(Am gt (ge{k.- k<m} — H)Ainjong{k k< m} A
(9 “{k-E<m} CfAk.k<n})A(te{k k< m}— carrier R) A
Vie{k. k<m} tl#0R) ANl-combRMnsf=IcombRMmtyg)
(proof)

lemma (in Module) unique-prepression5-0:[free-generator R M H;
fE (g < n) - H; ingon f {j. ] < nk
se{j.j<n} — carrier R, g € {j. j < m} — H;
inj-on g {j. 7 < m}; t € {j. j < m} — carrier R;
l-comb R Mnsf=Il-combRMmtgVi<n.sj#O0p Vk<m. tk # Op;
fné¢g{jj<m} 0<n] = False
{proof)

lemma (in Module) unique-expressions:[free-generator R M H;
fe{j j<(ninat)} — H;inj-on f {j. j < n};
s€{j. i< n} — carrier R; g € {j. j < (munat)} — H;
inj-on g {j. j < m}; t € {j. j < m} — carrier R;
l-comb R M nsf=Il-combRMmtg;
Vie{jj<n}t sj#OpVhke{jj<m} tk#0g] =
fldi<nyCg{jj<mj}

(proof)

lemma (in Module) unique-expression6:[free-generator R M H;
fedjj<(n:nat)} — H; injon f {j. j < n};
se{j. 7 < n} — carrier R;
g € {j. j < (minat)} — H; inj-on g {j. j < m};
t € {j. j < m} — carrier R;
l-comb R M nsf=Il-combRMmtg;
Vie{j.j < nh.sj#Op Vke {j.j < m}. tk # 0g] =
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fl.i<nt=9" {57 <m}
(proof)

lemma (in Module) unique-expression-1:[free-generator R M H;
fed{j j<(ninat)} — H;inj-on f {j. j < n};
s € {j.j < n} — carrier R;
g €{j. j < (munat)} — H; inj-on g {j. j < m};
t € {j. j < m} — carrier R;
l-comb RMnsf=Il-combRMmtyg;
Vie{j.j<n}. sj#O0p Vke{j.j<m}. tk#0p] = n=m
(proof)

lemma (in Module) unique-expression7-2:[free-generator R M H;;
fe{jj<(ninat)} — H; inj-onf {j. j<n}
se{j.j < n}— carrier Ry t € {j. j < n} — carrier R;
l.combRMnsf=1lcombRMntf]= Vle{j.j<n}sl=tl)
(proof)

end

theory Algebra8 imports Algebra7 begin

5.4 nsum and Generators (continued)

lemma (in Module) unique-expression-last: [free-generator R M H;
fedjj<Suen} — H;se{j j< Sucn} — carrier R;
g€{jj< Sucn} — H;te{jj< Sucn} — carrier R;
l-comb R M (Suc n) s f = l-comb R M (Suc n) t g;
inj-on f {j. j < Suc n}; inj-on g {j. j < Suc n};

f (Suc n) = g (Suc n)] = s (Suc n) =t (Suc n)

(proof)

lemma (in Module) unique-exprTripl: [free-generator R M H;
Vfsgtm.
fef{jj<n}— HANinjonf{j.j<n}Ase{jj<n}— carrier R A
ge{j.j<m}—HANinjong{j.j<m}Ate{jj<m}— carrier R A
l-comb R Mnsf=1IlcombRMmtgA
(Vi<n.sj#0p) A (Vk<m. tk # 0p) —
n=mAN
Ghhe{jji<nt—={jji<n}A
(Vi<n.ecmp fhl=gl AN cmpshl=tl);
fed{jj<Sucn} = H;se{jj<Sucn} — carrier R;
g€{jj< Sucn} — H;te{j j< Sucn} — carrier R;
l-comb R M (Suc n) s f = l-comb R M (Suc n) tg; Vi<Sucn.sj# Op;
VEk<Suc n. tk # 0p; inj-on f {j. j < Suc n}; inj-on g {j. j < Suc n};
f (Sucn) =g (Sucn)] = Fh. h € {j. j < Sucn} — {j. j < Sucn} A
(Vi<Sucn.emp fhl=glANempshl=tl)
(proof)
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lemma (in Module) unique-expression?:free-generator R M H —>
Visgtm. fe{jj<(n:nat)} - H A inj-onf {j.j<n}A
s €{j.j < n} — carrier R A
g €{j.j< (munat)} — H A inj-on g {j. 7 < m} A
te{j.j<m}— carrier RN\ l-comb R Mnsf=IlcombRMmtgA
(Vied{ji<n}tsj#0p)ANNke{jij<m} thk#0p)—n=mA
Ghhe{ji<nt—={j<npAMle{jji<n} (empfh)l=ygl
A(emp sh)l=tl)
(proof )

lemma (in Module) gen-mHom-eq:[R module N; generator R M H; f € mHom R
M N;

g€ mHom R M N;VheH. fh=gh] = f=yg
(proof)

5.5 Existence of homomorphism

definition
fgs : [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme, 'a set] =
'a set where

fgs R M A = linear-span R M (carrier R) A

definition
fsp =2 [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
('b, 'r, 'm2) Module-scheme, 'a = 'b, 'a set, 'a set, 'a = 'b] = bool where
fsp RMNfHAg<— g€ mHom R (mdl M (fgs RM A)) NN (Vz€A. fz=
gz) NACH

definition
fsps :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm2) Module-scheme, 'a = 'b, 'a set] =
(("a set) * ('a = 'b)) set where
fsosRMNfH={Z. 3Ag. Z=(A, g) Nfsp RMNfHA g}

/

definition
od-fm-fun :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
('b, 'r, 'm2) Module-scheme, 'a = 'b, 'a set] =
(('a set) * ('a = 'b)) Order where
od-fm-fun R M N f H = (carrier = fsps R M N f H,
rel ={Y. Y e (fspsRMNfH) x (fspsRMNfH) A
(fst (fst ¥)) C (fst (snd Y))] )

lemma (in Module) od-fm-fun-carrier:carrier (od-fm-fun R M N f H) =
fsps RMNfH
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(proof)

lemma (in Module) fgs-submodule:a C carrier M =
submodule R M (fgs R M a)

(proof)

lemma (in Module) fgs-sub-carrier:a C carrier M = (fgs R M a) C carrier M
(proof)

lemma (in Module) elem-fgs:[a C carrier M; z € o] = z € fgs R M a

(proof)

lemma (in Module) fst-chain-subset:[R module N; free-generator R M H;
f € H — carrier N; C C fsps RM N f H; (a, b) € C] = a C carrier M
{proof )

lemma (in Module) empty-fsp:[R module N; free-generator R M H;
f € H— carrier N = ({}, (A\z€{0y}. Oy)) € fsps RM NfH
(proof )

lemma (in Module) mem-fgs-I-comb:[K # {}; K C carrier M; z € fgs R M K]
—
3 (n::nat).
f e {j. j < (nunat)} - K.3Is e {j. j < n} — carrier R.
z=1l-combR Mnsf
(proof)

lemma PairE-lemma: Iz y. p = (z, y) (proof)

lemma (in Module) fsps-chain-boundTr1:[R module N; free-generator R M H;
f € H — carrier N; C C fsps R M N f H,;
VaceC.Vbel. fsta C fst bV fstb C fsta;Vab. (a, b)) € C —
(a, b) € fsps RM N fH; 3z. (3b. (z,b) € C) Nz # {}] =
fae {j. j < (nunat)} - J{a 3b. (a, b) € C}
(@ )€ C fa {jj<n}Co)
(proof)

lemma (in Module) fsps-chain-boundTr1-1:[R module N; free-generator R M H;
f € H — carrier N; C C fsps R M N f H;
VacC.VbeCl. fsta C fst bV fst b C fst a;
Jz. (3b. (2, 0) € C) Az # {};
fae {j.j < (nunat)} = UJ{a. 3b. (a, ) € C}] =
I(c,d) e C. fa ‘{j.j<n}Cec
(proof)

lemma (in Module) fsps-chain-boundTr1-2:[R module N; free-generator R M H;
f € H — carrier N; C C fsps R M N f H,;
VacC.Vbel. fst a C fst bV fst b C fst a;
Jz. (3b. (2, b) € C) ANz # {};
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fa € {j. j < (ninat)} = J{a. 3b. (a, ) € C}] =
FPeC.fa‘{j.j<n}CfstP
(proof )

lemma (in Module) eSum-in-SubmoduleTr:[H C carrier M; K C H] =
fe{ii<(nunat)} - KANse{jj<n}— carrier R —
l-comb R (mdl M (fgs RM K)) nsf=IlcombRMnsf

(proof)

lemma (in Module) eSum-in-Submodule:[H C carrier M; K C H;
fedljj<(nunat)} - K; s e {j.j<n} — carrier R] =
l-comb R (mdl M (fgs RM K))nsf=1lcombRMnsf

(proof )

lemma (in Module) fgs-generator:H C carrier M —>
generator R (mdl M (fgs R M H)) H

(proof)

lemma (in Module) fgs-mono:[free-generator R M H; J C K; K C H]
= fgsRMJC fgsRMK

(proof)

lemma (in Module) empty-fgs:fgs R M {} = {0}
(proof)

lemma (in Module) mem-fsps-snd-mHom:[R module N; free-generator R M H;
f € H— carrier N; (a, b) € fsps RM N fH|] =
b € mHom R (mdl M (fgs R M a)) N
(proof)

lemma (in Module) mem-fsps-fst-sub:[R module N; free-generator R M H;
f € H— carrier N; (a, b) € fsps RMNfH] = aCH
(proof)

lemma (in Module) mem-fsps-fst-subl:[R module N; free-generator R M H;
f € H— carrier N; (a, b) € fsps RM N fH| = a C carrier M
(proof)

lemma (in Module) Order-od-fm-fun:[R module N; free-generator R M H;
f € H — carrier N| = Order (od-fm-fun R M N f H)

(proof)

lemma (in Module) fsps-chain-boundTr2-1:[R module N;
free-generator R M H; f € H — carrier N; C C fsps R M N f H,;
(a, b) € C; (aa, ba) € C; x € fgs R M a; = € fgs R M aa; a C ad]
= bxrx=bazx

(proof)
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lemma (in Module) fsps-chain-boundTr2-2:[R module N; free-generator R M H;
f € H — carrier N; C C fsps RM N f H;
VaeC.VbeC. fsta C fst bV fst b C fst a; C #{}; (a, b) € C;
z € fgsRMa; (al,bl) € C;z€ fgsRMall] = bz =0>blzx

(proof )

lemma (in Module) fsps-chain-boundTr2: \z. [R module N; free-generator R M
H;
f € H — carrier N; C C fsps RM N f H;
VacC.Vbel. fsta C fst bV fst b C fst a;
v e (fos B M (U{a. 3b. (a, b) € C}); C # {}] —
(THE y. y € carrier N A (3ab. (a, ) € CANzx € fgsRMaANy=Dbuz)) €
(carrier N) A
(Jal bl. (al,b1)e CAz€EfgsRMal A
(THE y. y € carrier N A (3ab. (a,0) e CANx € fgsRMaAy=>bzx))=
bl x)

(proof)

lemma (in Module) Un-C-submodule:[R module N; free-generator R M H;
f € H — carrier N; C C fsps RM N fH; C #{}
VaceC.VbeC. fsta C fst bV fst b C fst a] =
submodule R M (fgs R M (U{a. 30. (a, b) € C}))
{proof)

lemma (in Module) Un-C-fgs-sub:[R module N; free-generator R M H;
f € H — carrier N; C C fsps RM N fH; C #{};
VacC.VbeC. fsta C fst bV fst b C fst a] =
U{a. 3b. (a, b) € C} C fgs R M (U{a. 3b. (a, b) € C})

(proof)

lemma (in Module) Chain-3-supset:[R module N; free-generator R M H;
f€H — carrier N; C C fsps RM N fH; C # {};
VaeC.Vbel. fst a C fst bV fst b C fst a; (al, b1) € C; (a2, b2) € C;
(a3, 03) € C] = F(g, h)eC.al CgNh a2 CgNha3Cyg

(proof)

lemma (in Module) fsps-chain-bound1:[R module N; free-generator R M H,;
f € H — carrier N; C C fsps R M N f H,;
VaceC.VbeCl. fsta C fst bV fst b C fsta; C # {}] =
(Aze(fgs R M (U{e. 3b. (a, b) € C})). (THE y. y € carrier N A
(Fab. (a, ) e CAhzEfg$sRMaNy=>buz))) €
mHom R (mdl M (fgs R M (J{a. 3b. (a, b) € C}))) N
(proof)

lemma (in Module) fsps-chain-bound2:[R module N; free-generator R M H;
f € H — carrier N; C C fsps RM N fH; C #{};
VaeC.VbeC. fsta C fst bV fst b C fst a] =
Vye(U{a. 3b. (a, b) € C}). (A\ze(fgs R M (U{a. 3. (a, D) € C})).
(THE y. y € carrier N A (3ab. (a,b) e CANzx € fgsRMaNy=0bx)))y=
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Ty
(proof)

lemma (in Module) od-fm-fun-Chain:[R module N; free-generator R M H;
f € H — carrier N; Algebra2.Chain (od-fm-fun R M N f H) C; C # {}] =
VacC.Vbel. fsta C fst bV fst b C fsta

(proof)

lemma (in Module) od-fm-fun-inPr0:[R module N; free-generator R M H;
f € H — carrier N; Algebra2.Chain (od-fm-fun R M N f H) C; C # {};
Jb. (y, b)) e C;z€y] = z€ fgsRM (J{a. 3b. (a, b) € C})
(proof)

lemma (in Module) od-fm-fun-indPr1: [R module N; free-generator R M H;
f € H — carrier N; Algebra2.Chain (od-fm-fun R M N f H) C; C # {}] =
(U{a. 3b. (a, b) € C},
Az € fgs R M (U{a. 3b. (a, b) € C}). THE y. y € carrier N A
(Fab. (e, ) e CNzE€fgsRMaNny="0bzx)) € fspsRMNfH
(proof)

lemma (in Module) od-fm-fun-indPr2: [R module N; free-generator R M H;
f € H — carrier N; Algebra2.Chain (od-fm-fun R M N f H) C; C # {}] =
ubod fm-fun R M N f i C (U{a. 3b. (a, b) € C},
Az € fgs R M (U{a. 3b. (a, b) € C}). THE y. y € carrier N A
(Fab (a,b)e CAhze€fgsRMaNny=>bux))
(proof)

lemma (in Module) od-fm-fun-inductive:[R module N; free-generator R M H;
f € H — carrier N] = inductive-set (od-fm-fun R M N f H)

(proof)

lemma (in Module) sSum-eq:[R module N; free-generator R M H; HI C H;
he H—- HI] = (fgsRMHI)F (fgss RM {h}) = fgs R M (H1 U {h})
(proof)

definition
monofun :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
('b, 'r, 'm2) Module-scheme, 'a = 'b, 'a set, 'a] = (‘a = 'b) where
monofun R M N f Hh = (Azx€fgs R M {h}.
(THE y. (3recarrier R.x =r spp h A y=1 55 (fh)))

lemma (in Module) fgs-single-span:[h € carrier M; z € (fgs R M {h})] =
Jdaccarrier R. © = a -5 h

(proof)

lemma (in Module) monofun-mHomTr:[h € H; free-generator R M H;
a € carrier R; r € carrier Ry a s h=1r-sh) = a=1r

(proof)
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lemma (in Module) monofun-mhomTrl:[R module N; h € H; free-generator R M
H;
f € H — carrier N; a € carrier R] —
monofun R M NfHhI (a-sh)=a- sy (fh)
(proof)

lemma (in Module) monofun-mem:[R module N; h € H; free-generator R M H;
z € fgs R M {h}; f € H = carrier N| =
monofun R M N f Hh z € carrier N

{(proof)

lemma (in Module) monofun-eq-f:[R module N; h € H; free-generator R M H;
f € H— carrier N| = monofun RMNfHhh=/fh

(proof)

lemma (in Module) sSum-unique:[R module N; free-generator R M H; H1 C H;
he€ H— Hi;z1 €(fgs R M H1); 22 € (fgs R M H1);
yl € (fgs R M {h}); y2 € (fgs R M {h}); x1 + yl = 22 + y2] =
xl = x2 N\ yl = y2

(proof )

lemma (in Module) ex-extensionTr:[R module N; free-generator R M H;
f € H — carrier N; H1 C H; h € H; h ¢ HI;
g € mHom R (mdl M (fgs R M H1)) N;
z € fgs R M HI F (fgs R M {h})] =
Jkie fgs R M Hi. 3k2€fgs R M {h}. x = k1 + k2 A
(THE y. 3hl€fgs R M H1. 3h2€fgs R M {h}. x = hl £ h2 Ny =g hl £y
(monofun R M N f Hh h2)) = gkl +p (monofun R M N f H h k2)

(proof)

lemma (in Module) monofun-add:[R module N; free-generator R M H;
f € H — carrier Ny h € H; z € fgs R M {h}; y € fgs R M {h}] =
monofun R M NfHh (z +y) =
monofun R M N f H h x 5 (monofun R M N f H h y)

(proof)

lemma (in Module) monofun-sprod:[R module N; free-generator R M H;
f € H — carrier N; h € H; z € fgs R M {h}; a € carrier R] =
monofun R MNfHhI (a-s2x)=a-sy5 (monofun RM N fHhx)

(proof)

lemma (in Module) monofun-0:[R module N; free-generator R M H;
f € H — carrier N; h € Hl = monofun RMNfHh 0 =0y

(proof)

lemma (in Module) ex-extension:[R module N; free-generator R M H;
f € H — carrier Ny Hl C H; h € H— HI; (H1, g) € fsps RM N f H] =
k. (HI U{h}), k) € fspsRMNfH

(proof)
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lemma (in Module) mHom-mHom:[R module N; g € mHom R (mdl M (carrier
M)) NJ

= g€ mHom R M N
(proof)

lemma (in Module) exist-extension-mhom:[R module N; free-generator R M H;
f € H— carrier N| = 3gemHom R M N.Va€H. gz = fz

{(proof)

5.6 Nakayama lemma

definition
Leg :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme, nat] = bool where
Leg R M j +— (I H. finite-generator R M H A j = card H)

lemma (in Module) NAKTr1:M fgover R =
JH. finite-generator R M H A (LEAST j.
3 L. finite-generator R M L A j = card L) = card H

(proof )

lemma (in Module) NAKTr2:[Leg R M j; k < (LEAST j. Leg R M j)] =
- Leg R Mk

(proof)

lemma (in Module) NAKTr3:[M fgover R; H C carrier M; finite H;
card H < (LEAST j. 3 L. finite-generator R M L A\ j = card L)] =
- finite-generator R M H

(proof)

lemma (in Module) finite-gen-over-ideal:[ideal R A; h € {j. j < (n:nat)} —
carrier M; generator R M (h ‘{j. j < n}); A ©p M = carrier M;
m € carrier M| = 3Jse{j.j<n} - A m=1lcombR Mnsh

(proof)

lemma (in Module) NAKTrj:[ideal R A; h € {j. j < (k:nat)} — carrier M;
0<ky h“{jj<k}CcarrierM;se {jj<k}— A

hk=%Xc M (N.sjs (hj) (k—Suc0)x(sk-s (hk)] =

(Irp R (—ap (5 k) s (A k) =3 M (Nj. 5] -5 (h])) (k= Suc 0)
(proof)

lemma (in Module) NAKTr5:[— zeroring R; ideal R A; A C J-rad R;
A ©p M = carrier M; finite-generator R M H; card H = Suc k; 0 < k] =
Fhe{j.j<k}— carrier M. H=h ‘{j. j <k} A
h k € linear-span R M A (h “ {j. j < (k — Suc 0)})
(proof)
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lemma (in Module) NAK:[— zeroring R; M fgover R; ideal R A; A C J-rad R;
A Op M = carrier M | = carrier M = {0}
(proof)

lemma (in Module) fg-gmodule:[ M fgover R; submodule R M N] =
(M /m N) fgover R
(proof)

lemma (in Module) NAKI:[- zeroring R; M fgover R; submodule R M N;
ideal R A; A C J-rad R; carrier M = A ©p M ¥ N | = carrier M = N
(proof)

5.7 Direct sum and direct products of modules

definition
prodM-sprod :: [('r, 'm) Ring-scheme, 'i set,
't = (‘a, 'r, 'm1) Module-scheme] = 'r = (i = 'a) = (i = ’a) where
prodM-sprod R I A = (Aa€carrier R. Ag€carr-prodag I A.
(L. a (4 j) (9.9))

definition
prodM :: [('r, 'm) Ring-scheme, 'i set, 'i = ('a, 'r, 'm1) Module-scheme] =
( carrier:: (i = 'a) set,
pop:|'i = 'a, i = 'a] = (i = a),
mop:: (i = 'a) = (i = 'a), zero:('i = 'a),
sprod :: ['r, 'i = 'a] = (i = 'a) |) where
prodM R I A = (carrier = carr-prodag I A,
pop = prod-pOp I A, mop = prod-mOp I A,
zero = prod-zero I A, sprod = prodM-sprod R I A )

definition
mProject :: [('r, 'm) Ring-scheme, 'i set,
't = ('a, 'r, 'more) Module-scheme, 'i] = (i = 'a) = 'a where
mProject R I A j = (Af€carr-prodag I A. f7)

abbreviation
PRODMODULES («(3mll. - -)» [72,72,73]72) where
mllp A == prodM R I A

lemma (in Ring) prodM-carr:[Vi€l. (R module (M 7))] =
carrier (prodM R I M) = carr-prodag I M
(proof)
lemma (in Ring) prodM-mem-eq:[Vi€l. (R module (M 1));
m1 € carrier (prodM R I M); m2 € carrier (prodM R I M);
Viel.mli=m2i] = ml = m2

(proof)

lemma (in Ring) prodM-sprod-mem:[Vi€l. (R module (M i)); a € carrier R;
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m € carr-prodag I M| = prodM-sprod R I M a m € carr-prodag I M
(proof)

lemma (in Ring) prodM-sprod-val:[Vi€l. (R module (M 7)); a € carrier R;
m € carr-prodag I M; j € I| = (prodM-sprod RI M am) j = a “s(M j) (m %)

(proof)

lemma (in Ring) prodM-Module:N i€1. (R module (M i)) =
R module (prodM R I M)
(proof )

definition
dsumM :: [('r, 'm) Ring-scheme, i set, 'i = ('a, 'r, 'more) Module-scheme]
= ( carrier:: (i = 'a) set,
pop::["i = a, i = 'a] = (i = 'a),
mop:: (i = 'a) = (i = a),
zero::("i = 'a),
sprod :: ['r, 'i = 'a] = (i = 'a) |) where

dsumM R I A = (| carrier = carr-dsumag I A,
pop = prod-pOp I A, mop = prod-mOp I A,
zero = prod-zero I A, sprod = prodM-sprod R I A

abbreviation
DSUMMOD («(3-24- -)» [72,72,78]72) where
de] A==dsumMRIA

lemma (in Ring) dsumM-carr:carrier (dsumM R I M) = carr-dsumag I M

(proof)

lemma (in Ring) dsum-sprod-mem:[Vi€l. R module M i; a € carrier R,
b € carr-dsumag I M| = prodM-sprod R I M a b € carr-dsumag I M
(proof )

lemma (in Ring) carr-dsum-prod:carr-dsumag I M C carr-prodag I M

(proof)

lemma (in Ring) carr-dsum-prod1:
Vz.z € carr-dsumag I M — z € carr-prodag I M

(proof)

lemma (in Ring) carr-dsumM-mem-eq:[Vi€l. R module M i; x € carr-dsumag I
M;

y € carr-dsumag I M;Vjel. xj=yj] =z =y
{(proof)

lemma (in Ring) dsumM-Module:¥ i€I. R module (M i) => R module (rXq; M)
(proof)
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definition
ringModule :: ('r, 'b) Ring-scheme = ('r, 'r) Module
(«(M-)» [998]999) where
M g = (carrier = carrier R, pop = pop R, mop = mop R,
zero = zero R, sprod = tp R))

lemma (in Ring) ringModule-Module:R module M g
(proof)

definition
dsumMhom :: ['i set, 'i = ('a, 'r, 'm) Module-scheme,
"t = (b, 'r, 'm1) Module-scheme, i = (‘a = 'b)] = (i = 'a) =
(i = 'b) where

dsumMhom I A B S = (Af€carr-dsumag I A. (A\k€l. (Sk) (fk)))

lemma (in Ring) dsumMhom-mem:[Vi€l. R module M i; Vi€I. R module N i;
Viel. Si € mHom R (M) (N i); € carr-dsumag I M]
= dsumMhom I M N S z € carr-dsumag I N

(proof )

lemma (in Ring) dsumMhom-mHom:[Vi€l. (R module (M 1));
Viel. (R module (N ©)); Viel. ((Si) € mHom R (M i) (N1i))] =
dsumMhom I M N S € mHom R (dsumM R I M) (dsumM R I N)
(proof)

end

theory Algebra9 imports Algebra8 begin

5.8 Exact sequence

definition
Zm :: [('r, 'm) Ring-scheme, 'a] = ('a, 'r) Module where
Zm R e = (| carrier = {e}, pop = Aze{e}. Ayc{e}. e, mop =
Aze{e}. e, zero = e, sprod = Ar€carrier R. Az€{e}. ¢)

lemma (in Ring) Zm-Module:R module (Zm R e)
(proof)

lemma (in Ring) Zm-carrier:carrier (Zm R e) = {e}
(proof )

lemma (in Ring) Zm-to-M-0:[R module M; f € mHom R (Zm R e¢) M| =
f € = OM
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(proof)

lemma (in Ring) Z-to-M:[R module M; f € mHom R (Zm R e) M,
geEmHom R (ZmRe)y M| = f=yg
(proof)

lemma (in Ring) mzeromap-mHom:[R module M; R module N] =
mzeromap M N € mHom R M N

(proof)

lemma (in Ring) HOM-carrier:carrier (HOMp M N) = mHom R M N
(proof)

lemma (in Ring) mHom-Z-M:R module M —
mHom R (Zm R e) M = {mzeromap (Zm R e) M}

(proof)

lemma (in Module) Modules-single-carrier-isom:[R module N; carrier M = {0};
carrier N = {ON}] = M =p N
(proof)

lemma (in Ring) Zm-isom:(Zm R (e::'a)) =g (Zm R (u::'d))
(proof)

lemma (in Ring) HOM-Z-M-0:R module M = HOM p (Zm R e) M =p (Zm R
¢)
{proof)

lemma (in Ring) M-to-Z:[R module M; f € mHom R M (Zm R e);
gemHom RM (ZmRe)] = f=yg

{(proof)

lemma (in Ring) mHom-to-zero:R module M = mHom R M (Zm R e) =
{mzeromap M (Zm R ¢€)}

(proof)

lemma (in Ring) carrier-HOM-M-Z:R module M —>
carrier (HOM p M (Zm R e)) = {mzeromap M (Zm R e)}

(proof)

lemma (in Ring) HOM-M-Z-0:R module M = HOMpp M (Zm R €) = (Zm R
¢)
(proof)

lemma (in Ring) M-to-Z-0:[R module M; f € mHom R M (Zm R e)] =
kerM7(Zm R e) f = carrier M

(proof)

definition
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exactd :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme, 'a = b,
('b, 'r, 'm1) Module-scheme, 'b = ‘c, (‘c, 'r, 'm1) Module-scheme] = bool
where
exact3 R LO h0 L1 h1 L2 == h0 ‘ (carrier LO) = ker(r1),(L2) b1

definition
exacty :: [('r, 'm) Ring-scheme, ('a0, 'r, 'm1) Module-scheme, ‘a0 = 'al,
("al, 'r, 'm1) Module-scheme, 'al = ‘a2, (a2, 'r, 'm1) Module-scheme,
‘a2 = 'a3, ('a3, 'r, 'm1) Module-scheme] = bool where
exact{ R LO hO L1 h1 L2 h2 L3 <— h0 * (carrier LO) = ker(r1),(L2) b1 A

h1 ¢ (carrier L1) = kET(LQ),(LB) h2

definition
exacty :: [('r, 'm) Ring-scheme, ('a0, 'r, 'm1) Module-scheme, ‘a0 = 'al,
(‘al, 'r, 'm1) Module-scheme, 'al = 'a2, (a2, 'r, 'm1) Module-scheme,
‘a2 = a3, ('a8, 'r, 'm1) Module-scheme, 'a8 = 'aj,
(a4, 'r, 'm1) Module-scheme] = bool where
exactd R LO h0 L1 h1 L2 h2 L3 h3 L4 == h0 ‘ (carrier LO) = ker(r1),(L2) b
A
h1 ‘(carrier L1) = ker(Lg),(Lg) h2 A h2 (carrier L2) = ker(Lj’),(L4) h&

definition

exact8 :: [('r, 'm) Ring-scheme, ('a0, 'r, 'm1) Module-scheme, ‘a0 = 'al,
("al, 'r, 'm1) Module-scheme, 'al = ‘a2, (a2, 'r, 'm1) Module-scheme,
‘a2 = a3, ('a8, 'r, 'm1) Module-scheme, 'a3 = 'a/,
(a4, 'r, 'm1) Module-scheme, 'aj = 'ab, ("ad, 'r, 'm1) Module-scheme,
‘a5 = a6, ('a6, 'r, 'm1) Module-scheme, ‘a6 = ‘a7,
("a7, 'r, 'm1) Module-scheme] = bool where

exact8 R LO hO L1 h1 L2 h2 L3 h8 L h{ L5 h5 L6 h6 L7 +—
hO * (carrier LO) = ker(L]),(L?) h1 A h1 (carrier L1) = ker(Lg)’(Lg) h2 A

ho ¢ (car?“ief’ LQ) = keT(L3)7(L4) h3 N h3 ¢ (C(J,T”I”Z.GT' L3> = IC@T'(L4)7(L5) h4 A
h4 ¢ (carrier L4) = keT(L5)7(L6) h5 A h5 ¢ (carrier L5) = keT(L6)7(L7) h6

lemma (in Ring) exact3-comp-0:[R module L; R module M; R module N;
f € mHom RL M; g€ mHom RMN; exact3 RL fM g N] =
compos L g f = mzeromap L N

(proof)

lemma (in Ring) exact-im-sub-kern:[R module L; R module M; R module N;
f € mHom RL M; g€ mHom RMN; exact3 RLfM g N] =
[ (carrier L) C kerpr n g
(proof)
lemma (in Ring) mzero-im-sub-ker:[R module L; R module M; R module N;
f € mHom RL M; g € mHom R M N; compos L g f = mzeromap L N] =

[ (carrier L) C kerpr n g
(proof)

lemma (in Ring) left-exact-injec:[R module M; R module N;
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z € mHom R (Zm R e) M; f € mHom R M N; exact3 R (Zm R e) z M f NJ
—

injecpr N f
(proof)

lemma (in Ring) injec-left-exact:[R module M; R module N
z € mHom R (Zm R e) M; f € mHom R M N; injecyy n f] =
exact3 R (Zm R e) 2z M f N

(proof)

lemma (in Ring) injec-mHom-image:[R module N; R module M1; R module M2;

x € mHom R N M2; f € mHom R M1 M2; x * (carrier N) C f ¢ (carrier
M1);
injech,M’g f]]:>
(An €(carrier N). (SOME m. (m € carrier M1 AN zn = fm))) € mHom R N
M1 A
compos N f (An € (carrier N). (SOME m. m € carrier M1 ANz n=fm)) ==z

(proof)

lemma (in Ring) right-exact-surjec:[R module M; R module N; f € mHom R M
N;

p € mHom R N (Zm R e); exact3 R M f N p (Zm R e)] = surjecps y f
(proof)

lemma (in Ring) surjec-right-exact:[R module M; R module N; f € mHom R M
N;

p € mHom R N (Zm R e); surjecpy  f] = exact3 R M f N p (Zm R e)
(proof)

lemma (in Ring) exact4-exact3:[R module M; R module N; z € mHom R (Zm R
e) M;

f € mHom R M N; z1 € mHom R N (Zm R e);

exact4{ R(Zm Re) st MfNzl (ZmRe) ]| =

exact3 R (Zm Re) 2 M f N A exact3 R M f N z1 (Zm R e)

(proof)

lemma (in Ring) exact/-bijec:[R module M; R module N; z € mHom R (Zm R e)
M;

f € mHom R M N; z1 € mHom R N (Zm R e);

eract{ R (Zm R e) 2 M f N 21 (Zm R e)] = bijecps n f

(proof)

lemma (in Ring) exact-im-sub-ker:[R module L; R module M; R module N;
f € mHom RL M; g € mHom R M N; z1 € mHom R N (Zm R e); R module

Z;

exactf RLfM g N z1 (Zm R e); x € mHom R M Z; compos L x f = mzeromap

L 7]
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= (Az€(carrier N). ¢ (SOME y. y € carrier M N gy = z)) € mHom R N Z
(proof)

lemma (in Ring) exact-im-sub-kerl:[R module L; R module M; R module N
f € mHom R L M; g€ mHom R M N; z1 € mHom R N (Zm R e); R module
Z;
exactf RLfMg Nzl (Zm R e); x € mHom R M Z,;
compos L x f = mzeromap L 7 | =
compos M (Az€(carrier N). © (SOME y. y € carrier M N gy =2)) g ==z
(proof)

definition
module-iota :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme] =
'a = 'a («(me- -) [92, 93]92) where
mip M = (Azx€carrier M. )

lemma (in Ring) short-exact-sequence:[R module M; submodule R M N

z € mHom R (Zm R €) (mdl M N); z1 € mHom R (M /[ N) (Zm R e)] =
exzacts R (Zm R e) z (mdl M N)(mep (mdl M N)) M (mpj M N) (M /[, N) 21
(Zm R ¢)

(proof)

lemma (in Ring) rexact4-lexact/-HOM:[R module M1; R module M2; R module
M3,
f € mHom R M1 M2; g € mHom R M2 M3; z1 € mHom R M3 (Zm R e);
exacty{ R M1 f M2 g M3 z1 (Zm R e)] =
VN. R module N —
ezacty R (HOMp (Zm R €) N) (sup-sharp R M3 (Zm R e) N z1) (HOM p M3
N)
(sup-sharp R M2 M3 N g) (HOM p M2 N) (sup-sharp R M1 M2 N f) (HOM p M1
N)

(proof)

lemma ezact-HOM-exactTr:[Ring (R::('r, 'm1) Ring-scheme); f € mHom R M1
M2;

g € mHom R M2 M3; z1 € mHom R M3 (Zm R e); R module NV;

YV (N::(Ya, 'r, 'm) Module-scheme). R module N —

ezactf R (HOM p (Zm R e) N)(sup-sharp R M3 (Zm R e) N z1)

(HOM p M3 N) (sup-sharp R M2 M3 N g) (HOM p M2 N) (sup-sharp R M1
M2 N f)

(HOM p M1 N); R module (L::('a, 'r, 'm) Module-scheme)] =

exacty R (HOMp (Zm R e) L) (sup-sharp R M3 (Zm R €) L z1)

(HOM p M3 L) (sup-sharp R M2 M3 L g) (HOMp M2 L) (sup-sharp R M1 M2
L)
(HOM p M1 L)
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(proof)

lemma lezact-rezacti-HOM:[Ring R; R module M1; R module M2; R module
M3;
f € mHom R M1 M2; g € mHom R M2 M3; z € mHom R (Zm R e) MI;
exact{ R (Zm R e) z M1 f M2 g M3 | =
V' N. R module N — exacty R (HOMp N (Zm R e)) (sub-sharp R N (Zm R e)
M1 z)

(HOMp N M1) (sub-sharp R N M1 M2 f) (HOM p N M2) (sub-sharp R N M2
M3 g)

(HOM p N M3)

(proof)

5.9 Tensor product

definition
prod-carr :: [('a, 'r, 'm) Module-scheme, ('b, 'r, 'm) Module-scheme]
= ('a x 'b) set (infixl <x.» 100) where
M x. N = carrier M x carrier N

definition
bilinear-map :: ['a x 'b = 'c, ('r, 'm) Ring-scheme,
(‘a, 'r, 'm1) Module-scheme, ('b, 'r, 'm1) Module-scheme,
("e, 'r, 'm1) Module-scheme] = bool where
bilinear-map f R M1 M2 N +— f € M1 x. M2 — carrier N A
f € extensional (M1 x., M2) A
(Va1 € carrier M1.V 22 € carrier M1.
Vyecarrier M2.(f (z1 £p50 22, y) = f (z1, y) £x5 (f (22, ¥)))) A
(Vz€carrier M1.V y1 €carrier M2.
Vy2ecarrier M2. f (z, y1 59 y2) = f (2, y1) £5 (f (2, ¥2))) A
(Vzecarrier M1.V yecarrier M2.
Vrecarrier R. f (rspyp @, y) =7 sy (f (2, 9) A
f@orspey) =715y (f (2 9)

lemma (in Ring) prod-carr-mem:[R module M; R module N; m € carrier M;
n € carrier N| = (m, n) € M x. N

(proof)

lemma (in Ring) bilinear-func:bilinear-map f R M N 7 —>
f €M x. N — carrier Z

(proof)

lemma (in Ring) bilinear-mem:[R module M1; R module M2; R module N;
m1 € carrier M1; m2 € carrier M2; bilinear-map f R M1 M2 N] =
f (m1, m2) € carrier N
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(proof)

lemma (in Ring) bilinear-l-add:[R module M1; R module M2; R module N;
ml1l € carrier M1; m12 € carrier M1; m2 € carrier M2,
bilinear-map f R M1 M2 N] =
f(m1l £y m12, m2) = f (m11, m2) £ (f (m12, m2))

(proof)

lemma (in Ring) bilinear-lI-add!:[R module M1; R module M2; R module N;
ml1l € carrier M1; m12 € carrier M1; m2 € carrier M2,
bilinear-map f R M1 M2 N] =
f(m11 £p50 m12, m2) £ —apy (f (m11, m2) £ (f (m12, m2))) = Oy
(proof)

lemma (in Ring) bilinear-r-add:[R module M1; R module M2; R module N;
m € carrier M1; m21 € carrier M2; m22 € carrier M2;
bilinear-map f R M1 M2 N] =

(proof)

lemma (in Ring) bilinear-r-add1:[R module M1; R module M2; R module N;
m € carrier M1; m21 € carrier M2; m22 € carrier M2;
bilinear-map f R M1 M2 N] =
f(m, m21 £pp9 m22) £5 —apn (f (m, m21) £ (f (m, m22))) = Oy
(proof )

lemma (in Ring) bilinear-I-lin:[R module M1; R module M2; R module N;

ml1 € carrier M1; m2 € carrier M2; r € carrier R;

bilinear-map f R M1 M2 N]| = f (v -spg7 m1, m2) =r oy (f (m1, m2))
(proof)

lemma (in Ring) bilinear-I-linl:[R module M1; R module M2; R module N;
ml € carrier M1; m2 € carrier M2; r € carrier R;
bilinear-map f R M1 M2 N] =
frspp ml, m2) £ —ay (7 sy (f (M1, m2))) = Oy
(proof)

lemma (in Ring) bilinear-r-lin:[R module M1; R module M2; R module N

ml € carrier M1; m2 € carrier M2; r € carrier R;

bilinear-map f R M1 M2 N| = f (m1, v -spp0 m2) = r s (f (m1, m2))
(proof)

lemma (in Ring) bilinear-r-lin1:[R module M1; R module M2; R module N;
ml1 € carrier M1; m2 € carrier M2; r € carrier R;
bilinear-map f R M1 M2 N] =
f(ml,rsprpm2) £§ —an (7 sy (f (M1, m2))) = Oy

{proof )

lemma (in Ring) bilinear-I-0:[R module M1; R module M2; R module N;
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m2 € carrier M2; bilinear-map f R M1 M2 N] = f (077, m2) = Oy
(proof )

lemma (in Ring) bilinear-r-0:[R module M1; R module M2; R module N;
ml1 € carrier M1; bilinear-map f R M1 M2 N] = f (m1, 0p9) = Oy
(proof)

definition
universal-property :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
('b, 'r, 'm1) Module-scheme, (‘c, 'r, 'm1) Module-scheme,
‘a x 'b ='c] = bool where
universal—property (R::('r, 'm) Ring-scheme) (M::("a, 'r, 'm1) Module-scheme)
(N:: ('b, 'r, 'm1) Module-scheme) (MN::("c, 'r, 'm1) Module-scheme)
(f:: 'a * 'b = '¢) +— (bilinear-map f R M N MN) A
(V(Z = ('e, 'r, 'm1) Module-scheme). ¥ (g :: 'a * 'b = 'c¢). (R module Z) A
(bzlznear map g R M N Z) — ((3'h. (h € mHom R MN Z) A
(compose (M x. N) h f = g))))

lemma tensor-prod-uniqueTr:[Ring R; R module (M::('a, 'r, 'm1) Module-scheme);

R module (N:: ('b, 'r, 'm1) Module-scheme);

R module (MN:: (“c, 'r, 'm1) Module-scheme);

R module (MN1::("c, 'r, 'm1) Module-scheme);

universal-property R M N MN f; universal-property R M N MN1 g] =
Alk. k € mHom R MNI MN A compose (M x. N) kg=f

(proof)

lemma tensor-prod-unique:[Ring (R:: ('r, 'm) Ring-scheme);
R module (M :: ("a, 'r, 'm1) Module-scheme);
R module (N:: (b, 'r, 'm1) Module-scheme);
R module (MN:: ('c, 'r, 'm1) Module-scheme);
R module (MN1::("c, 'r, 'm1) Module-scheme);
universal-property R M N MN f; universal-property R M N MN1 g] =
MN =p MN1
(proof)
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Chapter 6

Construction of an abelian
group

6.1 Free generated abelian group I, direct sum and
direct product 2

definition
bpp :: ['a = 'a = 'a, 'a, 'a)l = 'a where
bppfab=fabd

definition
ipp = ['la = 'a, 'a] = 'a («(-—/ -)» [64,65]64) where

i—a==1a

definition
sop :: ['r = 'a = 'a, 'r,
sopsra=sra

'al = 'a where

abbreviation
BOP :: ['a, 'a = 'a = 'a, 'a] = 'a
(«(3-/ -4/ -)» [62,62,63]62) where
as+b==0bppfabd

abbreviation
SOP :: ['r, 'r = 'a = 'a, 'al = 'a
(«(8-/ -+ -)» [68,68,69]68) where

T s a==S0pSTa
definition
minus-set :: ['a = 'a, ‘a set] = ’a set where

minus-set i A = {z. Jy€A. z = ;— y}

definition
pm-set :: ['a = 'a, 'a set] = 'a set where
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pm-set i A = A U (minus-set { A)

definition
s-set :: [('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a set] = 'a set where
s-set R s A = {x. Irecarrier R. 3acA. x =r 4 a} U A

primrec add-set :: ['a = 'a = 'a, 'a set] = nat = 'a set
where
add-set-0 : add-set fA 0 = A
| add-set-Suc: add-set f A (Suc n) =
{z. 3s€ (add-set f A n). Itec A. z = s ;+ t}

definition
aug-pm-set :: ['a, '‘a = 'a, 'a set] = 'a set where
aug-pm-set z 1 A = {z} U A U (minus-set i A)

definition
addition-set :: ['a = 'a = 'a, 'a set] = 'a set where
addition-set f A = |J{add-set f A n | n. (0::nat)< n}

definition
assoc-bpp :: ['a set, 'a = 'a = 'a] = bool where
assoc-bpp A f +—
(V a€(addition-set f A). ¥ be(addition-set f A). ¥V c€(addition-set f A). (a ¢+ b)
f+C=af+(bf-‘rc))

definition

commute-bpp :: ['a = 'a = 'a, 'a set] = bool where

commute-bpp f A +— (VY z€addition-set f A. Vycaddition-set f A. z ;+ y =y
st )

definition
zeroA :: ['a, 'a = 'a, 'a = 'a = 'a, 'a set] = 'a = bool where
zeroA z i f A z1 +— (Vz € addition-set f (aug-pm-set z 1 A). z1 ;+ © = )

definition

inv-ipp :: ['a, 'a = 'a, 'a = 'a = 'a, 'a set] = bool where

inv-ipp z 1 f A <— (VY a€addition-set f (aug-pm-set z i A). zeroA zi f A ((;— a)
it a)

definition
ipp-cond! :: ['a set, 'a = 'a] = bool where
ipp-condl A i «— (Vz€A. ;— (;— x) = )

definition
ipp-cond?2 :: ['a, 'a set, 'a = 'a, 'a = 'a = 'a] = bool where
ipp-cond2 z A i f == V z€(addition-set | (aug-pm-set z i A)).
Vye (addition-set f (aug-pm-set z i A)). ;—(z s+ y) = i— y s+ (i— )
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definition
ipp-cond3 :: ['a, 'a = 'a] = bool where
ipp-cond3 z 1 <— ;— 2 = 2

lemma add-set-mono:A C B = add-set f A n C add-set f B n

(proof)

lemma addition-inc-add:add-set f A n C addition-set f A
(proof)

lemma addition-inc-add0: A C addition-set f A
(proof)

lemma addition-set-mono:A C B = addition-set f A C addition-set f B

(proof)

lemma a-in-aug-pm-set:a € A = a € aug-pm-set z i A
(proof )

lemma A-sub-aug-pm-set:A C aug-pm-set z i A

(proof)

lemma addition-sub-aug-pm-addition:
addition-set f A C addition-set f (aug-pm-set z i A)
(proof)

lemma assoc-bpp-restrict:[ A C B; assoc-bpp B f] = assoc-bpp A f
(proof)

lemma addition-assoc:[assoc-bpp A f; © € addition-set [ A;
y € addition-set f A; z € addition-set f A] =
@+ y) ptz=2+ st 2)
(proof)

lemma bpp-closedTr:assoc-bpp A f —
Vry. € add-set fAn ANy € add-set fAm —
T+ y € add-set fA (n + m + Suc 0)
(proof)

lemma bpp-closed1:[assoc-bpp A f; x € add-set f A n; y € add-set f A m] =
T 4+ y € add-set f A (n + m + Suc 0)

(proof )

lemma bpp-closed:[assoc-bpp A f; x € addition-set f A; y € addition-set f A]
= 2 s+ y € addition-set f A

(proof)

lemma aug-addition-inc-z: z € addition-set f (aug-pm-set z i A)

(proof)
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lemma aug-bpp-closed:[assoc-bpp (aug-pm-set z i A) f;
x € addition-set f (aug-pm-set z i A);
y € addition-set [ (aug-pm-set z i A)] =
T 4+ y € addition-set f (aug-pm-set z i A)
(proof )

lemma aug-commute:[commute-bpp [ (aug-pm-set z i A);

x € addition-set f (aug-pm-set z i A);

y € addition-set f (aug-pm-set z 1 A)] =z s+ y =y s+ =
{(proof)

lemma addition-set-inc-z:z € addition-set f (aug-pm-set z i A)
(proof)

lemma aug-ipp-closed0:[commute-bpp f (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; x € add-set f (aug-pm-set z i A) 0] =

i— x € add-set f (aug-pm-set z i A) 0
(proof)

lemma aug-ipp-closed Tr:[commute-bpp f (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-condd z i] =
Vz. z € add-set f (aug-pm-set z i A) n —

i— z € add-set f (aug-pm-set zi A) n

{proof)

lemma aug-ipp-closedTr2:[commute-bpp [ (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; x € add-set f (aug-pm-set z i A) n] =

i— ¢ € add-set f (aug-pm-set z 1 A) n

(proof )

lemma aug-ipp-closed:[commute-bpp | (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; x € addition-set f (aug-pm-set z i A)] =
i— © € addition-set f (aug-pm-set z i A)

(proof)

lemma aug-zero-unique:[commute-bpp [ (aug-pm-set z i A);
z1 € addition-set f (aug-pm-set z i A); zeroA z i f A z;
zeroA z i f A 21| = z = z1

(proof)

lemma inv-aug-addition:[commute-bpp [ (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; inv-ipp z i f A; commute-bpp [ (aug-pm-set z i A);
zeroA z i f A 2] =

Y acaddition-set f (aug-pm-set z ¢ A). (;—a) j+ a = z
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(proof)

definition
fag-gen-by :: ['a set, 'a = 'a = 'a, 'a = 'a, 'a] = 'a aGroup where
fag-gen-by A f i z = (carrier = addition-set f (aug-pm-set z i A),
pop = Ax€(addition-set [ (aug-pm-set z i A)).
Ay€ (addition-set f (aug-pm-set z i A)). z s+ v,
mop = Az€(addition-set f (aug-pm-set z i A)). ;— x, zero = 2|

lemma fag-gen-carrier:[commute-bpp f (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; inv-ipp z i f A; commute-bpp [ (aug-pm-set z i A);
zeroA zi f A 2] =
carrier (fag-gen-by A fi z) = addition-set f (aug-pm-set z i A)
(proof)

lemma addition-set-sub-fag-gen-carrier:[commute-bpp f (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; inv-ipp z i f A; commute-bpp [ (aug-pm-set z i A);
zeroA z i f A z] = addition-set f A C carrier (fag-gen-by A fi z2)

(proof)

lemma fag-aGroup:[commute-bpp | (aug-pm-set z i A);
assoc-bpp (aug-pm-set z i A) f; ipp-condl A i; ipp-cond2 z A i f;
ipp-cond3 z i; inv-ipp z i f A; commute-bpp [ (aug-pm-set z i A);
zeroA z i f A z] = aGroup (fag-gen-by A f i 2)

(proof)

6.2 Abelian group generated by a singleton (con-
structive)

definition
fag-single :: ['a, 'a = 'a = 'a, 'a = 'a, 'a] = 'a aGroup where
fag-single a f i z = fag-gen-by {a} fi z
lemma aug-pm-aug-pm-minus:ipp-cond! {a} i =
aug-pm-set z i {a} = aug-pm-set z i {;— a}

(proof)

lemma ipp-condI-minus:ipp-cond! {a} i = ipp-condl {;— a} @

(proof)

lemma ipp-cond2-minus:[ipp-condl {a} i; ipp-cond2 z {a} i f] =
ipp-cond2 z {;— a} i f
(proof )

lemma zeroA-minus:[ipp-condl {a} i; zeroA z i f {a} 21] =
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zeroA z i f {;— a} 21
(proof)

lemma inv-ipp-minus:[ipp-cond! {a} i inv-ipp z i f {a}] =
inv-ipp z i f {i— a}
(proof )

lemma fag-single-additionTr1:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} 2] =

Vs. s€ add-set f {a} (Sucn) — s j+ ;— a € add-set f {a} n

(proof)

lemma fag-single-additionTr2:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; s € add-set f {a} 0] = s j+ i—a =2z

(proof)

lemma ipp-conditions:[assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i;
ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z ¢ {a}); zeroA z i f {a} 2] =
assoc-bpp (aug-pm-set z i { ;— a}) f A ipp-condl { ;— a} i A
ipp-cond2 z { ;— a} i f N inv-ipp zi f { i— a} A
commute-bpp f (aug-pm-set z ¢ { ;— a}) A zeroA zi f {,— a} z
{proof)

lemma fag-single-additionTr3:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z { {a});
zeroA z i f {a} z; s€ add-set f {;— a} n] =

s f+ i— a € add-set f {;— a} (Suc n)

(proof)

lemma fag-single-elemTr:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} 2] =
V. z € add-set f (aug-pm-set z i {a}) n —
(nl. z € add-set f {a} n1) VvV (3ml. z € add-set f {;— a} ml)V z ==z
(proof)

lemma fag-single-elem:[commute-bpp [ (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} z; x € addition-set f (aug-pm-set z i {a})] =
(Inl. z € add-set f {a} n1) VvV (3ml. z € add-set f {;— a} ml)V z ==z
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(proof)

lemma add-set-singlel Tr:[commute-bpp [ (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z { {a});
zeroA z i f {a} 2] =
Vzy. x € add-set f {a} n Ny € add-set f {a} n — z =1y

(proof)

lemma add-set-single-nonempty! :[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z] = 3. z€add-set f {a} n

(proof)

lemma add-set-single-nonempty2:[commute-bpp f (aug-pm-set z ¢ {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} 2] = 3. z€add-set f {;,— a} n

(proof)

lemma add-set-singlel:[commute-bpp f (aug-pm-set z ¢ {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; € add-set f {a} n; y € add-set f {a} n] =z =y
{proof )

lemma add-set-single2:[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} z; x € add-set f {;— a} n; y € add-set f {;— a} n] =
z=y

(proof)

lemma fag-single-additionTr4:[commute-bpp | (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} z ] =
Vst s € addsetf{a} n Ate€ add-setf{,—a}n— s;+t=2z

(proof)

lemma fag-single-additionTr4-1:[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z;s € add-set f {a} n; t € add-set f {;— a} n] =
sftt=z2

(proof)

lemma fag-single-additionTr5:[assoc-bpp (aug-pm-set z i {a}) f;
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ipp-condl {a} @; ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} 2] =
Vm. m < Sucn — (THE z. x € add-set f {a} (Suc n)) s+

(THE x. x € add-set f {;— a} m) = (THE z. z € add-set f {a} (n — m))

(proof)

lemma fag-single-additionTr5-1:[assoc-bpp (aug-pm-set z i {a}) f;
ipp-condl {a} i; ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} z; m < Suc n] =
(THE z. z € add-set f {a} (Suc n)) ;+ (THE z. z € add-set f {;— a} m) =
(THE z. z € add-set f {a} (n — m))

(proof)

lemma fag-single-additionTr5-2:[assoc-bpp (aug-pm-set z i {a}) f;
ipp-condl {a} i; ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} z; n < Suc m] =
(THE z. z € add-set f {;— a} (Suc m)) s+ (THE z. x € add-set f {a} n) =
(THE z. x € add-set f {;— a} (m — n))

(proof)

definition
free-gen-condition :: ['a = 'a = 'a, 'a = 'a, 'a, 'a] = bool where
free-gen-condition fi a z +— (Vn. z ¢ add-set f {a} n)

definition
fg-elem-single :: ['"a = 'a = 'a, 'a = 'a, 'a, 'a] = int = 'a where
fg-elem-single fi a zn = (if 0 = n then z else
(if 0 < n then (THE z. x € (add-set f {a} (nat (n — 1))))
else (THE x. z € (add-set f {;— a} (nat (— n — 1))))))

abbreviation
FGELEMSNGLE («(5-(--,-,-)> [99,98,98,98,98]99) where
n() af ., == fg-elem-single fi a zn

lemma single-addition-pm-mem:[assoc-bpp (aug-pm-set z i {a}) f;
ipp-condl {a} i; ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp f (aug-pm-set z i {a}); zeroA z i f {a} 2] =
(n®ay; ;) € addition-set f (aug-pm-set z i {a})

(proof)

lemma assoc-aug-assoc:assoc-bpp (aug-pm-set z i {a}) f = assoc-bpp {a} f

(proof)

lemma single-addition-posTr:[commute-bpp f (aug-pm-set z i {(a::'a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} z; 0 < (n:int); 0 < (muint)] =
(THE z. z € add-set f {a} (nat (n — 1))) s+
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(THE z. x € add-set f {a} (nat (m — 1))) =
(THE z. z € add-set f {a} (nat (n + m — 1)))

(proof)

lemma single-addition-pos:[commute-bpp f (aug-pm-set z i {(a::'a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-condd z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z; 0 < (nuzint); 0 < (muint)] =
(nQayg ;) r+ (mOag;.) = (n+ m)Oag ;.

(proof)

lemma single-addition-neg:[commute-bpp f (aug-pm-set z i {(a::'a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp [ (aug-pm-set z i {a});
zeroA z i f {a} z (nuint) < 0; (muint) < 0 ] =
(n@ag ;) r+ (mOag; ) = (n+ m)QOaf; .
(proof)

lemma single-addition-zero:[commute-bpp | (aug-pm-set z i {(a::"a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond?2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} 2] = 0Q af; , = 2

(proof)

lemma s-a-p-1:[assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i;
ipp-cond2 z {a} i f; ipp-cond3 z i; inv-ipp z i f {a};
commute-bpp | (aug-pm-set z i {a}); zeroA z i f {a} z;
m < 0; 0 <n] = (nQays;,) i+ (mOag ;) = (n+ m)Oay;,

(proof)

lemma single-addition-pm:[commute-bpp | (aug-pm-set z i {(a::"a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} 2] = (nOas; ;) 1+ (MO ar;,) = (n+mOayf;,
{proof)

lemma single-inv:[commute-bpp f (aug-pm-set z i {(a::"a)});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} 2] = i— (mOas;,) = (—m)Oay; ,

(proof)

lemma free-ag-single:[commute-bpp f (aug-pm-set z i {a});
assoc-bpp (aug-pm-set z i {a}) f; ipp-condl {a} i; ipp-cond2 z {a} i f;
ipp-cond3 z i; inv-ipp z i f {a}; commute-bpp f (aug-pm-set z i {a});
zeroA z i f {a} z; free-gen-condition fi a z; n # m] =
(n®ayg i) # (MmO ay; )

(proof)
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definition
fags-cond :: ['a = 'a = ’a, 'a, 'a = 'a, 'a] = bool where
fags-cond f z i a «— commute-bpp f (aug-pm-set z i {a}) A
assoc-bpp (aug-pm-set z i {a}) f A ipp-condl {a} i A
ipp-cond2 z {a} i f N ipp-cond3 z i N inv-ipp z i f {a} A
commute-bpp f (aug-pm-set z i {a}) N zeroA zif {a} z A
free-gen-condition f i a z

lemma fag-single-free:[fags-cond f z i a; n # m] = (nO af ; ) # (MO ay; )
(proof)

lemma fag-single-freel:[fags-cond f z i a;(nQ ay ; ;) = (MO af ;)] = n=m
(proof)

definition
fags-carr :: ['a = 'a = 'a, 'a, 'a = 'a, 'a] = 'a set where
fags-carr fzia={z. In. z = nQay; ,}

definition
fags-bpp :: ['"a = 'a = 'a, 'a, 'a = 'a, 'a] = 'a = 'a = 'a where
fags-bpp f z i a = (Ax€(fags-carr f z i a). A\yE(fags-carr f z i a).
((THE n. z = n© af,i,z) + (THE m. y = mQ af,i,z))@ af,i,z)

definition
fags-ipp :: ['a = 'a = 'a, 'a, 'a = ’a, 'a)l = 'a = 'a where
fags-ipp f z i a = (Az€(fags-carr f z i a).
(= (THE n. z = nQ af ; ,)O af ; )

lemma fags-mem:fags-cond f z i a = (n() ay; ;) € fags-carr fzi a

(proof)

lemma fags-ippTr:fags-cond f 2z i a« =
fags-ipp fzia (nQOay;,) = (—n)Oaf;,
{proof )

lemma fags-bppTr:fags-cond f z i a =
fags-bpp fzia (nOay; ) (mOayp;,) = (n+ m)QOaf;,
(proof)

definition
fags :: 'a = 'a = 'a, 'a, 'a = 'a, 'a] = 'a aGroup where
fags f z i a = (carrier = fags-carr f z i a,
pop = fags-bpp f z i a,
mop = fags-ipp f z © a, zero = z)

lemma fags-ag:fags-cond f z i a = aGroup (fags f z i a)

(proof)
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6.3 Abelian Group generated by one element II
(nonconstructive)

definition

ag-single-gen :: [('a, 'm) aGroup-scheme, 'a] = bool where

ag-single-gen A a +— aGroup A A carrier A = (| {H. asubGroup A H A a €
H}

primrec aSum :: [(‘a, 'm) aGroup-scheme, nat,’a] = ’a where
aSum-0: aSum A 0 a = 0y
| aSum-Suc: aSum A (Suc n) a = aSum Ana=£4 a

definition
sprod-n-a ::[('a, 'm) aGroup-scheme, int, 'a] = 'a where
sprod-n-a A nz = (if 0 < n then (aSum A (nat n) x)
else (aSum A (nat (— n)) (—q4 )))

abbreviation
SPRODNA («(3+>-_)» [95,95,96]95) where
n>a 4 == sprod-n-a A n a

lemma (in aGroup) asum-mem:a € carrier A = aSum A n a € carrier A

(proof)

lemma (in aGroup) nt-mem0:a € carrier A => nba g € carrier A

(proof)

lemma (in aGroup) nt-zero0:a € carrier A = 0ray = 0
(proof)

lemma (in aGroup) nt-1:a € carrier A = Iday = a

(proof)

lemma (in aGroup) asumTr:a € carrier A =
aSum A (n + m) a = aSum A n a £ (aSum A m a)
(proof)

lemma (in aGroup) aSum-zero:a € carrier A = aSum A n 0 =10

(proof)

lemma (in aGroup) agsum-addip:[ a € carrier A; 0 < n; 0 < m] =
(n+ m)pay = nbay £ (mday)
(proof)

lemma (in aGroup) agsum-addIm:[ a € carrier A; n < 0; m < 0] =
(n + mpay = nday £ (m>ay)
(proof)
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lemma (in aGroup) agsum-add2Tr:a € carrier A =
0 =aSum A na=x (aSum A n (—, a))

(proof)

lemma (in aGroup) agsum-add2p:[a € carrier A; 0 < n] =
0 =nday £ ((—n)ray)
(proof)

lemma (in aGroup) agsum-add2m:[a € carrier A; n < 0] =
0 =nrayg £ ((—n)ray)
(proof)

lemma (in aGroup) agsum-addSpm:[a € carrier A; 0 < n; m < 0] =
(n + m)pay = nbay £ (mbay)
(proof)

lemma (in aGroup) agsum-add3mp:[ a € carrier A; n < 0; 0 < m] =
(n + mpay = nbay £ (mbay)
(proof)

lemma (in aGroup) nt-sum0:[ a € carrier Al = (n + m)>a 4 = n>ay £ (mbay)

(proof)

lemma (in aGroup) nt-inv0:a € carrier A = —, (nbay) = (— n)>ay
(proof)

lemma (in aGroup) m-z-asum:[ a € carrier A; b € carrier A]
= aSum A m (a £ b) = (aSum A m a) £+ (aSum A m b)
(proof)

lemma (in aGroup) asum-multTr-pp:a € carrier A =
aSum A m (aSum A n a) = aSum A (m % n) a

(proof)

lemma (in aGroup) nt-mult-pp:[ a € carrier A; 0 < m; 0 < n]
= m>(nbag)g = (m * n)>ay

(proof)

lemma (in aGroup) asum-multTr-pm:[a € carrier A; 0 < m; n < 0] =
aSum A (nat m) (aSum A (nat (— n)) (—4 a)) =
aSum A (nat (m * (— n))) (—q a)
(proof)

lemma (in aGroup) nt-mult-pm:[a € carrier A; 0 < m; n < 0] =
m>(nbag) 4 = (m * n)>ay
(proof)

lemma (in aGroup) asum-multTr-mp:[a € carrier A; m < 0; 0 < n] =
aSum A (nat (—m))(—4 (aSum A (nat n) a)) = aSum A (nat ((— m) * n)) (—q
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)
(proof)

lemma (in aGroup) nt-mult-mp:[a € carrier A; m < 0; 0 < n] =
m>(n>ag) 4 = (m* n)>ay

(proof)

lemma (in aGroup) asum-multTr-mm:[a € carrier A; m < 0; n < 0] =
aSum A (nat (—m))(—q (aSum A (nat (— n)) (=4 a))) =
aSum A (nat ((— m) * (— n))) a
(proof)

lemma (in aGroup) nt-mult-mm:[ a € carrier 4; m < 0; n < 0] =
m>(n>ay) g4 = (m x n)>ay

(proof)

lemma (in aGroup) nt-mult-assoc0:a € carrier A = mbn>agq = (m * n)>ay
(proof)

lemma (in aGroup) single-gen-carrTr:a € carrier A =
asubGroup A {z. In. z = (n>ay)}

(proof)

lemma (in aGroup) ag-single-inc-a:ag-single-gen A a = a € carrier A
(proof)

lemma (in aGroup) single-gen:ag-single-gen A a =
carrier A = {g. In. g = (n>ay)}
(proof)

definition
single-gen-free :: [('a, 'm) aGroup-scheme, 'a] = bool where
single-gen-free A a ==Vn.n # 0 — 04 # n>ay
definition

sfg 2 [("a, 'm) aGroup-scheme, 'a] = bool where
sfg A a <— ag-single-gen A a N single-gen-free A a

lemma (in aGroup) single-gen-free-neg:[sfg A a; nbay = 0] = n =0
(proof)

lemma (in aGroup) sfg-G-inc-a:sfg A a = a € carrier A

(proof)

lemma sfg-agroup:sfg A a = aGroup A

{(proof)

lemma (in aGroup) mem-G-nt:[sfg A a; x € carrier A] = In. x = nday
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(proof)

lemma (in aGroup) nt-mem:sfg A a = nba 4 € carrier A

(proof)

lemma (in aGroup) nt-zero:sfg A a = Oray = 0
(proof)

lemma (in aGroup) nt-sum:sfg A a = (n + m)pay = n>ay £ (mbay)

{(proof)

lemma (in aGroup) nt-inv:sfg A a = —,(nbay) = (— n)>ay
(proof)

lemma (in aGroup) nt-mult-assoc:sfg A a = mpndbag g = (m * n)>ay

(proof)

lemma (in aGroup) sfg-free:[sfg A a; n # m | = nray # (mbay)
(proof)

lemma (in aGroup) sfg-free-inj:[sfg A a; nbag = (mpay) | = n=m

(proof)

6.4 Free Generated Modules (constructive)

definition
sop-one:[('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a set] = bool where
sop-one R s A «+— (Vz€A. (1,g) s z = x)

definition
sop-assoc :: [('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a set] = bool where
sop-assoc R s A «— (Y a€carrier R. ¥ b€carrier R. ¥V z€A.
(a TR b) sz =as (bs 1))

definition
sop-inv = [('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a = 'a, 'a set]
= bool where
sop-inv R s i A «— (Vrecarrier R.Vz€A. r s (i— z) = (—ap 7) s T)

definition
sop-distrl :: [('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a = 'a = 'a,
‘a = 'a, 'a set, 'a] = bool where
sop-distrl R s fi A z +— (Y a€carrier R. ¥ becarrier R.
Vze(aug-pm-set zi A). (a £ b) - v = (a s ) s+ (b 5 x))

definition
sop-distr2 :: [('r, 'm) Ring-scheme, 'r = 'a = 'a, 'a = 'a = 'q,
'a = 'a, 'a set, 'a] = bool where
sop-distr® R s fi A z «— (V¥ a€carrier R.
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Y z€addition-set f (aug-pm-set z i A).
Y yEaddition-set f (aug-pm-set z i A).
as (z+y) =(as )+ (asy)

definition
sop-z :: [('r, 'm) Ring-scheme, 'r = ’'a = 'a, 'a] = bool where
sop-z R s z «— (Vrecarrier R. v 4 z = 2)

definition
fgmodule :: [('r, 'm) Ring-scheme, 'a set, 'a, 'a = 'a, 'a = 'a = ’a,
'r='a = "a] = ('a, 'r) Module where
fgmodule R A zi fs =
(carrier = addition-set f (aug-pm-set z i (s-set R s A)),
pop = Az€addition-set f (aug-pm-set z i (s-set R s A)).
Ay€addition-set f (aug-pm-set z i (s-set R s A)). © s+ y,
mop = Az€addition-set f (aug-pm-set z i (s-set R s A)). ;— z,
zero = z,
sprod = Arecarrier R.
Az€addition-set f (aug-pm-set z i (s-set R s A)). r s x|

lemma fgmodule-carr:carrier (fgmodule R A z i fs) =
addition-set  (aug-pm-set z i (s-set R s A)
(proof)

lemma aq-in-s-set:a € A = a € s-set R s A

(proof)

lemma (in Ring) ra-in-s-set:[r € carrier R; a € A] = r - a € s-set R s A
(proof)

lemma in-aug-pm-set:
z € aug-pm-set zi A= (x =2V z € AV x € minus-set i A)

(proof)

lemma (in Ring) in-s-set:x € s-set R s A = (3r € carrier R. 3a € A.
r=rga)VeeA

(proof)

lemma (in Ring) sop-closedTr0:[ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z ;
inv-ipp z 1 f (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s f i (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z;
r € carrier R; x € aug-pm-set z i (s-set R s A)] =
T s+ T € aug-pm-set z i (s-set R s A)

(proof)
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lemma (in Ring) sop-closedTr:[ipp-condl (s-set R s A) i
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i [ (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s f i (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s 2] =
YV recarrier R. ¥V zcadd-set f (aug-pm-set z i (s-set R s A)) n.
T s ¢ € add-set f (aug-pm-set z i (s-set R s A)) n
(proof)

lemma (in Ring) sop-closed:[ipp-condl (s-set R s A) i;
ipp-cond?2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i f (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s f i (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s 2] =
Y recarrier R. ¥V z€addition-set f (aug-pm-set z { (s-set R s A)).
T s ¢ € addition-set f (aug-pm-set z i (s-set R s A))
(proof)

lemma (in Ring) sop-oneTr:[commute-bpp f (aug-pm-set z i (s-set R s A));
assoc-bpp (aug-pm-set z i (s-set R s A)) f;
ipp-condl (s-set R s A) i; ipp-cond2 z (s-set R s A) i f;
ipp-cond3 z i; inv-ipp z i f (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s f i (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-one R s (aug-pm-set z i (s-set R s A))] =
Vz€add-set f (aug-pm-set z i (s-set R s A)) n. (1,) sz ==
(proof)

lemma (in Ring) sop-one:[commute-bpp f (aug-pm-set z i (s-set R s A));
assoc-bpp (aug-pm-set z i (s-set R s A)) f; ipp-condl (s-set R s A) 1;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i  (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s f i (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-one R s (aug-pm-set z i (s-set R s A))] =
V zcaddition-set f (aug-pm-set z i (s-set R s A)). (1,) -z =z
(proof)

lemma (in Ring) sop-assocTr:[ipp-condl (s-set R s A) i
ipp-cond?2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i [ (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s f i (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z] =
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YV a€carrier R. Y b€ carrier R.
Vzecadd-set f (aug-pm-set z i (s-set R s A)) n.
as (bsz)=(a-b) sz
(proof)

lemma (in Ring) sop-assoc:[ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i [ (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr2 R s f i (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A); sop-z R s z;
sop-one R s (aug-pm-set z i (s-set R s A))] =
Y a€carrier R. ¥V becarrier R.
V z€addition-set f (aug-pm-set z i (s-set R s A)).
as (bsx)y=(a-Dd) sz
{proof)

lemma (in Ring) s-set-commute:[commute-bpp [ (aug-pm-set z i (s-set R s A));
z € addition-set f (aug-pm-set z i (s-set R s A));
y € addition-set f (aug-pm-set z i (s-set R s A))] =
T+ yYy=y stz
(proof)

lemma (in Ring) add-s-set-inc-add-set:
add-set f (aug-pm-set z i A) n C
add-set f (aug-pm-set z i (s-set R s A)) n
(proof )

lemma (in Ring) sop-distr1Tr:[commute-bpp | (aug-pm-set z i (s-set R s A));
assoc-bpp (aug-pm-set z i (s-set R s A)) f; ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i
inv-ipp z i [ (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distr] R s fi (s-set R s A) z;
sop-distr2 R s fi (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z] =
Y a€carrier R. ¥ b€carrier R. ¥V x€ add-set f (aug-pm-set z i (s-set R s A)) n.
(atb)sz=0as 5+ (bs 2)
(proof)

lemma (in Ring) sop-distrl:[commute-bpp [ (aug-pm-set z i (s-set R s A));
assoc-bpp (aug-pm-set z i (s-set R s A)) f; ipp-condl (s-set R s A) i;
ipp-cond2 z (s-set R s A) i f; ipp-cond3 z i;
inv-ipp z i  (s-set R s A); zeroA z i f (s-set R s A) z;
sop-distrl R s fi (s-set R s A) z;
sop-distr2 R s f i (s-set R s A) z;
sop-assoc R s (aug-pm-set z i (s-set R s A));
sop-inv R s i (s-set R s A);
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sop-one R s (aug-pm-set z i (s-set R s A)); sop-z R s z] =
Y a€carrier R. Y becarrier R.
Ve addition-set f (aug-pm-set z i (s-set R s A)).
(axtd)sz=0as x5+ (bs )
(proof)

definition
fgmodule-condition ::[('r, ‘'m) Ring-scheme, 'a = 'a = 'a, 'a = 'a,
'r = 'a = 'a, 'a set, 'a] = bool where
fgmodule-condition R fis A z +—
commute-bpp [ (aug-pm-set z i (s-set R s A)) A
assoc-bpp (aug-pm-set z i (s-set R s A)) f A
ipp-condl (s-set R s A) i N\ ipp-cond2 z (s-set R s A) i f A
ipp-cond3 z i N inv-ipp z i f (s-set R s A) A
zeroA z i f (s-set R s A) z A sop-distrl R s fi (s-set R s A) z A
sop-distr2 R s fi (s-set R s A) z A
sop-assoc R s (aug-pm-set z i (s-set R s A)) A
sop-inv R s i (s-set R s A) N\
sop-one R s (aug-pm-set z i (s-set R s A)) A sop-z R s z

lemma (in Ring) sop-closed!:[fgmodule-condition R fi s A z; r € carrier R;
x € addition-set f (aug-pm-set z i (s-set R s A))] =
T s+ x € addition-set f (aug-pm-set z i (s-set R s A))
(proof)

lemma (in Ring) fgmodule-is-module:fgmodule-condition R fi s A z
=> R module (fgmodule R A z i [ s)
(proof)

lemma (in Ring) a-in-carr-fgmodule:a € A
= a € carrier (fgmodule R A z i fs)

(proof)

6.5 A fgmodule and a free module

lemma (in Ring) fg-zeroTr:[fgmodule-condition R fi s A z; a € A] =
0 s-a==z

(proof)

lemma (in Ring) fg-genTr0:[fgmodule-condition R fi s A z;
x € aug-pm-set z i (s-set R s A)] =
z € linear-span R (fgmodule R A z i fs) (carrier R) A
(proof )

lemma (in Ring) fg-genTr:fgmodule-condition R fi s A z =
V. z € (add-set f (aug-pm-set z i (s-set R s A)) n) —
x € linear-span R (fgmodule R A z i f s) (carrier R) A
{proof)
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lemma (in Ring) generator-of-fgm:fgmodule-condition R fi s A z =
generator R (fgmodule R A z i fs) A

(proof)

lemma (in Ring) fg-freeTr1:[R module M; free-generator R M A;
R module fgmodule R A z i f s; free-generator R (fgmodule R A z i [ s) A;
g € mHom R M (fgmodule R A z i fs);Vz€A. gz = 2] =
Vfa sa. fa € {j. 7 < (n:nat)} — A A sa € {j. j<n}— carrier R —
l-comb R (fgmodule R A z i fs) n sa (cmp g fa) =
l-comb R (fgmodule R A zi fs) n sa fa

(proof)

lemma (in Ring) fg-freeTr:[R module M; free-generator R M A;
R module fgmodule R A z i f s;
free-generator R (fgmodule R A z i f s) A;
g € mHom R M (fgmodule R A zi fs);Vz€A. gz = x;
fae {j. 7 < (nunat)} — A; sa € {j. j < n} — carrier R] =
l-comb R (fgmodule R A z i fs) n sa (¢cmp g fa) =
l-comb R (fgmodule R A z i f s) n sa fa

(proof)

lemma (in Ring) fg-freel:[ A # {}; fgmodule-condition R fi s A z;
free-generator R (fgmodule R A z i fs) A; R module M;
free-generator R M A] = M =p (fgmodule R A z i f s)

(proof)

lemma (in Ring) fg-free:[fgmodule-condition R fi s A z;
free-generator R (fgmodule R A z i fs) A; R module M;
free-generator R M A] = M =p (fgmodule R A z i f s)

(proof)

6.6 Direct sum, again

definition
miota :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme] = 'a = 'a where
miota R M1 M = (AxEcarrier M1. z)

definition

msubmodule ::[('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,

("a, 'r, 'm1) Module-scheme] = bool where

msubmodule R M M1 <— miota R M1 M € mHom R M1 M A
(carrier M1) C (carrier M)

definition
ds2 :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme, ('a, 'r, 'm1) Module-scheme] = bool where
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ds2 R M M1 M2 <— R module M N msubmodule R M M1 A msubmodule R M
M2 A
(Vzecarrier M. 3ml1€carrier M1. 3m2€carrier M2. © = m1 £ m2) A

(carrier M1) N (carrier M2) = {0}

abbreviation
DS2 («(4-/ @_,_ - [92,93,92,92]92) where
M1 @R,MMQ == ds2 R M M1 M2

lemma (in Ring) ds2-commute:[R module M1; R module M2; R module M;
M1 @R,M MQ]] — M2 @R,M M1
(proof)

lemma (in Ring) msub-addition:[R module M; R module M1; msubmodule R M
M1,

)

z € carrier M1; y € carrier M1] =z £y y =2 £ ¥
(proof)

lemma (in Ring) msub-mOp:[R module M; R module M1; msubmodule R M M1;
z € carrier M1 = —opp1 ¢ = —ap

(proof)

lemma (in Ring) msub-sprod:[R module M; R module M1; msubmodule R M M1;
a € carrier R; © € carrier M1] = a sy 2= a spy ¢
(proof )

lemma (in Ring) msub-submodule:[R module M; R module M1; msubmodule R M
M1]

= submodule R M (carrier M1)
(proof )

lemma (in Ring) ds2-unique:[R module M; R module M1; R module M2;
ds2 R M M1 M2; ml1 € carrier M1; m1’ € carrier M1;
m2 € carrier M2; m2' € carrier M2;
ml £y m2 =ml’' £y m2'] = mi1 = m1' AN m2 =m2’
(proof)

lemma (in Ring) miota-injec:[R module M; R module M1; R module M2;
ds2 R M M1 M2; msubmodule R M M1] =
miota R M1 M € mHom R M1 M A injecpry py (miota R M1 M)

(proof)

definition
mprojl :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme, ('a, 'r, 'm1) Module-scheme] = 'a = 'a where
mprojl R M1 M2 M = (Az€carrier M. THE z1. 1 € carrier M1 A
(x £ps (—apsr 21)) € carrier M2)
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definition
mproj2 :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
("a, 'r, 'm1) Module-scheme, (‘a, 'r, 'm1) Module-scheme] = 'a = 'a where
mproj2 R M1 M2 M = mprojl R M2 M1 M

lemma (in Ring) ds2-components:[R module M1; R module M2; R module M;
M1 @ gy M2; a € carrier M] =
Jaleccarrier M1. 3 a2€carrier M2. a = al +)5 a2
(proof )

lemma (in Ring) ds2-componentsl:[R module M1; R module M2; R module M;
M1 @ g pm M2; a € carrier M] =
Jaleccarrier M1. a £ —qpy al € carrier M2
(proof)

lemma (in Ring) mprojTri:[R module M1; R module M2; R module M; ds2 R M
M1 M2;
z € carrier M | = 3lzl. 1 € carrier M1 A (z £y —aps 1) € carrier M2

(proof)

lemma (in Ring) mprojTr2:[R module M1; R module M2; R module M; ds2 R M
M1 M2;

z € carrier M; x1 € carrier M1; (x £7 (—apg 21)) € carrier M2;

yl € carrier M1;(xz £p7 (—apg yl1)) € carrier M2 | = z1 = yl1
(proof )

lemma (in Ring) mprojTr3:[R module M1; R module M2; R module M; ds2 R M
M1 M2;
a € carrier M; al € carrier M1; (a £ (—aps ¢1)) € carrier M2] =
(THE z1. z1 € carrier M1 A a £ —qp x1 € carrier M2) = al

(proof)

lemma (in Ring) mproj:[R module M1; R module M2; R module M; ds2 R M M1
M2]

= mprojl R M1 M2 M € mHom R M M1
(proof)

lemma (in Ring) mproj2:[R module M1; R module M2; R module M; M1 @ R.M
M2]

= mproj2 R M1 M2 M € mHom R M M2
(proof )

6.6.1 Existence of the tensor product

definition
fm-gen-by-prod :: [('r, 'm) Ring-scheme, (('a * 'b), 'r, 'm1) Module-scheme,
("ay, 'r, 'm1) Module-scheme, (b, 'r, 'm1) Module-scheme] = bool
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((4FM-/ - - ) [100,100,101]100) where
FMp P M N <— R module P A free-generator R P (M x. N)

lemma (in Ring) free-gen-gen:FM p P M N = generator R P (M x. N)
(proof)

lemma (in Ring) free-gen-mem:[FMp P M N; a € (M X, N)] = a € carrier
p
(proof)

lemma (in Ring) mHom-lin-nsumTr:[R module M; R module N; t € mHom R M
N] =

fed{iji<(ninat)} — carrier M — t (nsum M fn) = nsum N (cmp ¢t f) n
(proof)

lemma (in Ring) mHom-lin-nsum:[R module M; R module N; t € mHom R M

N;
f€d{jj < (nunat)} — carrier M] =

t (nsum M fn) = nsum N (cmp t f) n

(proof)

lemma (in Ring) module-over-zeroring:[zeroring R; R module M| =
carrier M = {0}

(proof)

lemma (in Ring) submodule-over-zeroring:[zeroring R; R module M;
submodule R M N| = N = {0y}
(proof)

definition
Least-submodule :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
‘a set] = 'a set
(«(3LSM_/ -/ -)» [100,100,101]100) where
LSMp M T = ({N. submodule R M N N T C N}

lemma (in Ring) LSM-mem:[R module M; T C carrier M; t € T] =
te (LSMp MT)
(proof)

lemma (in Ring) LSM-sub-M:[R module M; T C carrier M| =
(LSMp M T) C carrier M
(proof)

lemma (in Ring) LSM-sub-submodule:[R module M; T C carrier M;
submodule R M N; T C N| = (LSMpr M T) C N
(proof)

lemma (in Ring) LSM-inc-T:[R module M; T C carrier M] = T C (LSMp M
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7)
(proof)

lemma (in Ring) LSM-submodule:[R module M; T C carrier M| =
submodule R M (LSMp M T)

(proof)

lemma (in Ring) linear-comb-memTr:[R module M; submodule R M N; T C NJ
—
Vis.fed{jj< (nunat)t - TANse{jj<n}— carrier R —
l.comb R MnsfeN
(proof)

lemma (in Ring) linear-comb-mem:[R module M; submodule R M N; T C N;
fedij< (nnat)y = Ty s € {jj<n} — carrier R] =
l-comb RMnsfeN
(proof)

lemma (in Ring) LSM-eq-linear-span:[R module M; T C carrier M| =
(LSMp M T) = linear-span R M (carrier R) T
(proof)

lemma (in Ring) LSM-sub-ker:[R module M; R module N; T C carrier M;
femtom RMN; T C kery n f] = LSMp M T C kerpy y f

(proof)

definition
tensor-relations1 :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm1) Module-scheme, (('a * 'b), 'r, 'm1) Module-scheme] =
("a * 'b) set
(«(4TR1/ -/ -/ -/ -)» [100,100,100,101]100) where
TR1 R M N MN = {z. 3ml€carrier M. Am2&carrier M. 3necarrier N.
z = (ml £y m2, n) £yy (—ayn (M1, n) Tpyn (M2, n)))}

definition
tensor-relations2 :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm1) Module-scheme, (('a * 'b), 'r, 'm1) Module-scheme] =
("a x 'b) set
(«(4TR2/ -/ -/ -/ -)» [100,100,100, 101]100) where
TR2 R M N MN = {z. 3mecarrier M. Inl€carrier N. In2€carrier N.
z = (m, nl £y n2) £yn (—ayn ((m, nl) £y (m, n2)))}

definition
tensor-relations3 :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm1) Module-scheme, (('a * 'b), 'r, 'm1) Module-scheme] =
("a*'b) set
(«(4TR3/ -/ -/ -/ -)» [100,100,100,101]100) where
TR3 R M N P = {z. 3mecarrier M. In€carrier N. 3 a€carrier R.
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xr = (a sM ™M, TL) :tP (7aP (a ‘s P (ma n)))}

definition
tensor-relations4 :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
(’b, 'r, 'm1) Module-scheme, ((‘a * 'b), 'r, 'm1) Module-scheme] =
("a * 'b) set
(«(4TR4/ -/ -/ -/ -)» [100,100,100,101]100) where
TR4 R M N MN = {z. 3m€&carrier M. Anccarrier N. 3 a€carrier R.
z=(m, a-syn) tyn (—ayn (@ s yn (m, 1))}

definition
tensor-relations :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
('b, 'r, 'm1) Module-scheme, ((‘a * 'b), 'r, 'm1) Module-scheme] =
("a % 'b) set
(«(4TR- -/ -/ -)» [100,100,101]100) where
TRp M N MN = LSMp MN ((TR1 R M N MN) U (TR2 R M N MN) U
(TR3 R M N MN) U (TR{ R M N MN))

definition
tensor-product :: [('r, 'm) Ring-scheme, (‘a, 'r, 'm1) Module-scheme,
('b, 'r, 'm1) Module-scheme, (("a % 'b), 'r, 'm1) Module-scheme] =
(("a * 'b) set, 'r) Module where
tensor-product R M N MN = MN /., (TRr M N MN)

abbreviation
TENSORPROD («(4-] -Q -/ -) [92,92,92,93)92) where
M pQ r N == tensor-product R M N P

lemma (in Ring) mem-cartesian:[R module M; R module N; m € carrier M;
n € carrier N| = (m, n) € M x. N

{(proof)

lemma (in Ring) cartesianTr:[R module M; R module N; v € M x, N] =
Im n. mecarrier M N n € carrier N A ¢ = (m, n)

(proof)

lemma (in Ring) free-module-mem:[R module M; R module N; m € carrier M;
n € carrier Ny FMp P M N] = (m, n) € carrier P
(proof)

lemma (in Ring) FM-P-module:[R module M; R module N; FM p P M N|
= R module P

(proof )

lemma (in Ring) TR1-sub-carr:[R module M; R module N; FMp P M N] =
(TR1 R M N P) C carrier P

(proof)

lemma (in Ring) TR2-sub-carr:[R module M; R module N; FMp P M N] =
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(TR2 R M N P) C carrier P
(proof)

lemma (in Ring) TR3-sub-carr:[R module M; R module N; FMp P M N] =
(TR R M N P) C carrier P

(proof)

lemma (in Ring) TR4-sub-carr:[R module M; R module N; FMp P M N] =
(TR4 R M N P) C carrier P

{(proof)

lemma (in Ring) TR-sub-carr:[R module M; R module N; FMp P M N] =
(TRIRMNP)U(TR2ZRMNP)U(TR3RMNP)U (TR{ RMNP)C
carrier P

(proof)

lemma (in Ring) TR-submodule:[R module M; R module N; FMp P M N =
submodule R P (TR M N P)

(proof)

lemma (in Ring) TR-cont-TR1234:[R module M; R module N; FMp P M NJ
—

TRIRMNPUTRZRMNPUTRSRMNPUTR{RMNPC TR M
N P

(proof)

lemma (in Ring) TR1-mem:[R module M; R module N; FMp P M N; ml €
carrier M;

m2 € carrier M; n € carrier N| = (ml £y m2,n) £p —qp ((m1, n) £p (m2,
n))

€ TRR MN P

(proof)

lemma (in Ring) TR2-mem:[R module M; R module N; FM p P M N; m € carrier
M;
nl € carrier N; n2 € carrier N | =
(m, n1 5 n2) £p —ap ((m, n1) £p (m, n2)) € TRr M N P
(proof)

lemma (in Ring) TR3-mem:[R module M; R module N; FM p P M N; m € carrier
M;
n € carrier N; a € carrier R] =
(a-spm, n) £p —ap (a-sp(m,n)) € TRR MNP
(proof)

lemma (in Ring) TR4-mem:[R module M; R module N; FM p P M N; m € carrier
M;

n € carrier N a € carrier R] =
(m,a-syn)£p —ap (a-sp(m,n)) € TRR MNP
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(proof)

lemma (in Ring) tensor-product-module:[R module M; R module N; FMp P M
N] =

R module (tensor-product R M N P)
(proof)

lemma (in Ring) tau-mpj-bilini:[ R module M; R module N; FM p P M N,
zl € carrier M; z2 € carrier M; y € carrier N] =
(mpj P (TRR M N P)) (x1 £)722,y) =
(mpj P (TRr M N P)) (1, y) (M PR g N) (mpj P (TRp M N P) (22,
v))
(proof)

lemma (in Ring) tau-mpj-bilin2:[R module M; R module N; FM p P M N;
m € carrier M; nl € carrier N; n2 € carrier N] —
(mpj P (TRr M N P)) (m, nl £y n2) =
(mpj P (TRp M N P)) (m, nl) (M PR N) (mpj P (TR M N P) (m, n2))

(proof)

lemma (in Ring) tau-mpj-bilin3:[R module M; R module N; FMp P M N;
m € carrier M; n € carrier N; a € carrier R] =
(mpj P (TR M N P)) (a sy m. 1) = (31 @ & M)
(mpj P (TR M N P) (m, n))
(proof )

lemma (in Ring) tau-mpj-biling:[R module M; R module N; FMp P M N;
m € carrier M; n € carrier N; a € carrier R] —
(mpj P (TRR M N P)) (m, a sy 1) = a s\ p@ p N)
(mpj P (TR M N P) (m, n))
(proof )

definition
taw :: [('r, 'm) Ring-scheme, ('a, 'r, 'm1) Module-scheme,
(’b, 'r, 'm1) Module-scheme, (('a * 'b), 'r, 'm1) Module-scheme] =
(a x 'b) = ('a x 'b) where
tau RM N P = (Aze(M x. N). z)

lemma (in Ring) tau-func:[R module M; R module N; FMp P M N] =
tau RM NP e M x. N — carrier P

{proof)

lemma (in Ring) tau-mem:[R module M; R module N; m € carrier M;
n € carrier Ny FMp P M N| = tau R M N P (m, n) € carrier P

(proof)

lemma (in Ring) tau-inj0:[— zeroring R; R module M; R module N; FMp P M
N]
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= inj-on (tau R M N P) (M x. N)
(proof)

lemma (in Ring) tau-inj1:[zeroring R; R module M; R module N; FMp P M NJ
_—

inj-on (tau R M N P) (M x. N)
(proof )

lemma (in Ring) tau-inj:[R module M; R module N; FMp P M N| =
inj-on (tau R M N P) (M x. N)
(proof)

lemma (in Ring) tau-mpj-bilinear:[R module M; R module N; FM p P M N| =

bilinear-map (compose (M x. N) (mpj P (TRp M N P)) (tau R M N P))
RMN (M p®p N)
(proof)

definition
tnm :: [('r, 'm) Ring-scheme, ((Ya x 'b), 'r, 'm1) Module-scheme,
('a, 'r, 'm1) Module-scheme, ('b, 'r, 'm1) Module-scheme] =
('a * 'b) = ('a * 'b) set where
tnm R P M N = compose (M x. N) (mpj P (TRr M N P)) (tau R M N P)

lemma (in Ring) tnm-bilinear:[R module M; R module N; FMp P M N]| =
bilinear-map (tnm R P M N) RM N (M pQ r N)
(proof)

lemma (in Ring) tnm-mem:[ R module M; R module N; FMp P M N; m €
carrier M;
n € carrier N| = tnm R P M N (m, n) € carrier (M p@ r N)

(proof)

definition
tensor-elem :: [('r, 'm) Ring-scheme, (('a % 'b), 'r, 'm1) Module-scheme,
('a, 'r, 'm1) Module-scheme, ('b, 'r, 'm1) Module-scheme] = 'a = 'b
= (‘a * 'b) set where
tensor-elem R P M N mn = tnm R P M N (m, n)

abbreviation
TNSELEM («(6- - -®--/ -)» [100,100,100,100,100,101]101) where
m g p@y,N 1 == tensor-elem R P M N m n

lemma (in Ring) tensor-univ-propTr:[R module M; R module N; FMp P M N;
R module Z; bilinear-map f R M N 7] =
Jg. g € mHom R P Z A (compose (M x. N) g (tau R M N P)) = f

(proof)
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lemma (in Ring) tensor-univ-propTrl:[R module M; R module N; FMp P M N;

R module Z; bilinear-map f R M N 7] =

3lg. ge(mHom R (M p@Q r N) Z) A (compose (M x. N) g (tnm R P M N))
=f
(proof )

lemma (in Ring) tensor-universal-property:[R module M; R module N; FM p P
M N |

= universal-property R M N (M pQ r N) (tnm R P M N)

(proof)

end
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