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Abstract

Worst-case optimal multiway-join algorithms are recent seminal achievement of the database
community. These algorithms compute the natural join of multiple relational databases and
improve in the worst case over traditional query plan optimizations of nested binary joins.
In 2014, Ngo, Ré, and Rudra [1] gave a unified presentation of different multi-way join algo-
rithms. We formalized and proved correct their "Generic Join" algorithm and extended it to
support negative joins.
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1 The algorithm

theory Generic_Join
imports MFOTL_ Monitor. Table
begin

type_synonym ’a atable = nat set x ’a table
type__synonym ’‘a query = 'a atable set
type__synonym vertices = nat set

1.1 Generic algorithm

locale getlJ =
fixes getlJ :: 'a query = 'a query = vertices = vertices X vertices
assumes coreProperties: card V > 2 = getl] Q_pos Q_neg V = (I, J) =
card > 1 NcardJ > 1 ANV =TUJANINJ={}
begin

lemma getlJProperties:
assumes card V > 2
assumes (I, J) = getlJ Q _pos Q_neg V
shows card I > 1 and card J > 1 and card I < card V and card J < card V



and V=JUJand INJ={}
proof —
show 1 < card I using coreProperties[of V Q_pos Q_neg I J] assms by auto
show 1 < card J using coreProperties[of V Q_pos Q_neg I J| assms by auto
show card I < card V by (metis (no_types, lifting) Int _ac(3) One_nat_def Suc_le lessD assms(1)
assms(2) card__gt_0_iff card_seteq dual_order.trans getlJ.coreProperties getlJ _azioms lel
le_iff _inf one_le_numeral sup__gel sup__ge2)
show card J < card V by (metis One_nat_def Suc__1 assms(1) assms(2) card__gt_0_iff card_seteq
getlJ.coreProperties getlJ _axioms lel le_0_eq le_iff inf nat.simps(3) sup__gel sup__ge2)
show V = I U J by (metis assms(1) assms(2) getlJ.coreProperties getlJ__azioms)
show I N J = {} by (metis assms(1) assms(2) getlJ azxioms getlJ def)
qged

fun projectTuable :: vertices = 'a atable = 'a atable where
projectTable V (s, t) = (s NV, Set.image (restrict V) t)

fun filterQuery :: vertices = 'a query = 'a query where
filterQuery V Q = Set.filter (A(s, __). = Set.is_empty (s N V)) @

fun filterQueryNeg :: vertices = 'a query = 'a query where
filterQueryNeg V Q = Set.filter (\M(A, _). AC V) Q

fun projectQuery :: vertices = 'a query = 'a query where
projectQuery V s = Set.image (projectTable V) s

fun isSamelntersection :: 'a tuple = nat set = 'a tuple = bool where
isSamelntersection t1 s t2 = (Vi€s. t1!i = t217)

fun semiJoin :: 'a atable = (nat set X 'a tuple) = 'a atable where
semiJoin (s, tab) (st, tup) = (s, Set.filter (isSamelntersection tup (s N st)) tab)

fun newQuery :: vertices = 'a query = (nat set x ‘a tuple) = ‘a query where
newQuery V Q (st, t) = Set.image (Atab. projectTable V (semiJoin tab (st, t))) @

fun merge_option :: ‘a option x 'a option = 'a option where
merge__option (None, None) = None

| merge_option (Some z, None) = Some x

| merge__option (None, Some z) = Some z

| merge__option (Some a, Some b) = Some a

definition merge :: 'a tuple = 'a tuple = 'a tuple where
merge t1 t2 = map merge__option (zip t1 t2)

function (sequential) genericJoin :: vertices = 'a query = 'a query = 'a table where
genericJoin 'V _pos Q) _neq =
(if card V < 1 then
(N, o) € Qpos. 2) — (U 2) € Q_neg. a)
else
let (I, J) = getl] Q_pos Q_neg V in
let Q_I pos = projectQuery I (filterQuery I Q_pos) in
let Q_I neg = filterQueryNeg I ) _neg in
let R_I = genericJoin I Q_I pos Q_I neg in
let Q@ J neg = Q neg — Q I negin
let Q_J pos = filterQuery J Q_pos in
let X = {(t, genericJoin J (newQuery J Q_J pos (I, t)) (newQuery J Q_J neg (I, t))) | t.t €
R_I}in
(U, z) € X. {merge zz t | zx . zz € z}))



by pat__completeness auto
termination

by (relation measure (A(V, Q_pos, Q_neg). card V)) (auto simp add: getlJProperties)

declare genericJoin.simps [simp del]

definition wrapperGenericJoin :: 'a query = 'a query = ’a table where
wrapperGenericJoin ) _pos Q_neg =
(if (3(A, X)eQ_pos. Set.is_empty X) V (3 (A, X)€Q_neg. Set.is_empty A A — Set.is_empty X))
then
{+
else
let @ = Set.filter (M(A, _). = Set.is_empty A) Q_pos in
if Set.is_empty Q then
(N(A, X)eQ_pos. X) — (U (4, X)€Q_neg. X)
else
let V.= (U4, X)€Q. A) in
let Qn = Set.filter (AM(A, _). AC V Acard A > 1) Q_neg in
genericJoin V Q Qn)

end

1.2 An instantation

definition score :: ‘a query = nat = nat where
score Q i = (let relevant = Set.image (A(_, x). card x) (Set.filter (A(sign, _). i € sign) Q) in
let | = sorted_list__of _set relevant in
foldl (+) 01
)

definition arg_maz_list : ('a = nat) = a list = 'a where
arg_maz_list f1 = (let m = Maz (set (map f1)) in arg_min_list (Az. m — fz) 1)

lemma arg max_list__element:
assumes length | > 1 shows arg_maz_list fl € set |
by (metis One_nat__def arg_max_list_def arg_min__list_in assms le__imp__less_Suc less__irrefl list.size(3))

definition maz_getlJ :: 'a query = 'a query = vertices = vertices X vertices where
maz_getlJ] Q_pos Q_neg V = (
let | = sorted_list_of set V in
if Set.is_empty Q_neg then
let x = arg_mazx_list (score Q_pos) 1 in
({z}, V = {=z})
else
let x = arg_mazx_list (score Q_neg) 1 in

(V = {z}, {=}))

lemma max__getlJ coreProperties:
assumes card V > 2
assumes (I, J) = mazx_getl] Q_pos Q_neg V
shows card I > 1 Ncard J > 1 ANV =TUJAINJ={}
proof —
have finite V using assms(1) card.infinite by force
define | where | = sorted_list_of set V
then have length | > 1 by (metis Suc_1 Suc_le_lessD <finite V> assms(1) distinct_card
distinct__sorted_list_of _set less_imp__le set_sorted_list_of set)
show ?Zthesis
proof (cases Set.is_empty Q_neg)



case True
define z where z = arg_maz_list (score Q_pos) |
then have z € (set l) using <1 < length I> arg_maz_list _element by blast
then have z € V by (simp add: <finite Vs |_def)
moreover have (I, J) = ({z}, V — {z})
proof —
from True have (I, J) = (let | = sorted_list_of _set V in
let x = arg_maz_list (score Q_pos) 1 in
({z}, V — {z})) by (simp add: assms(2) maz_getlJ_def)
then show ?thesis by (metis |_def z_def)
qed
then show ?thesis using Pair_inject <finite V> assms(1) calculation by auto
next
case False
define z where z = arg_maz_list (score Q_neg) |
then have z € (set 1) using <1 < length I» arg_max_list_element by blast
then have z € V by (simp add: <finite V> |_def)
moreover have (I, J) = (V — {z}, {z})
proof —
from False have (I, J) = (let | = sorted list _of set V in
let © = arg_maz_list (score Q_neg) 1
in (V — {z}, {z})) by (simp add: assms(2) maz_getlJ def)
then show ?thesis by (metis |_def z__def)
qed
then show ?thesis using Pair_inject <finite V) assms(1) calculation by auto
qed
qged

global__interpretation New max: getlJ mazx_getl]J
defines New_ max_ getlJ genericJoin = New_maz.genericJoin
and New_max__getlJ wrapperGenericJoin = New__max.wrapperGenericJoin
by standard (metis maz__getlJ__coreProperties)

end

2 Correctness

2.1 Well-formed queries

theory Generic_Join_ Correctness
imports Generic_Join
begin

definition wf_set :: nat = vertices = bool where
wf_setn V +— (VzeV. z < n)

definition wf_atable :: nat = ’a atable = bool where
wf_atable n X <— table n (fst X) (snd X) A finite (fst X)

definition wf query :: nat = vertices = 'a query = 'a query = bool where
wf_query n 'V Q_pos Q_neg «— (VXe€(Q_pos U Q_neg). wf_atable n X) N (wf_set n V) A (card
Q_pos > 1)

definition included :: vertices = 'a query = bool where
included V Q +— (V(S, X)€Q. S C V)

definition covering :: vertices = 'a query = bool where

covering V Q «+— V C (U (S, X)€Q. S)



definition non_empty query :: 'a query = bool where
non__empty_query Q = (VX€Q. card (fst X) > 1)

definition rwf query :: nat = vertices = 'a query = 'a query = bool where
rwf_query n V Qp Qn <— wf_query n V Qp Qn A covering V Qp A included V Qp A included V Qn
A non__empty_query Qp N\ non__empty query Qn

lemma wf_tuple_empty: wf_tuple n {} v «— v = replicate n None
by (auto introl: replicate__eql simp add: wf_tuple_def in__set__conv_nth)

lemma table_empty: table n {} X +— (X = empty_table V X = unit_table n)
by (auto simp add: wf_tuple__empty unit_table_def table_def)

context getlJ begin

lemma isSame__equi__dev:
assumes wf_setn V
assumes wf tuple n A t1
assumes wf tuple n B t2
assumes s
assumes s
assumes A
assumes B C V
shows isSamelntersection t1 s t2 = (restrict s t1 = restrict s t2)
proof —
have (Vi€s. t1li = t21i) «— (restrict s t1 = restrict s t2) (is 24 +— ¢B)
proof —
have 7B = %74
proof —
assume ?B
have Ai. i€s = t1li = t2Vi
proof —
fix i assume ¢ € s
then have i € A using assms(4) by blast
then have i < n using assms(1) assms(6) wf_set_def by auto
then show t1!i = t21i by (metis (no__types, lifting) <i € s» <restrict s t1 = restrict s 12>
assms(2) length__restrict nth__restrict wf_tuple_length)

nININ

A
B
Vv

qed
then show ?A by blast
qed
moreover have ?4A — 7B
proof —
assume 24
obtain length (restrict s t1) = n length (restrict s t2) = n
using assms(2) assms(3) length_restrict wf tuple length by blast
then have Ai. i < n = (restrict s t1)li = (restrict s t2)!4
proof —
fix ¢ assume ¢ < n
then show (restrict s t1)!i = (restrict s t2)!i
proof (cases i € s)
case True
then show ?thesis by (metis <Vi€s. t1 11 = t2 | i i < ny length (restrict s t1) = n»
<length (restrict s t2) = n» length_restrict nth__restrict)
next
case Fualse
then show ?thesis
by (metis (no__types, opaque_lifting) <i < n> assms(2) assms(3) assms(4) assms(5) wf _tuple def



wf_tuple__restrict__simple)
qed
qged
then show ¢B
by (metis «length (restrict s t1) = n» <length (restrict s t2) = n> nth__equalityl)
qged
then show ?2thesis using calculation by linarith
qed
then show ?thesis by simp
qed

lemma wf getlJ:
assumes card V > 2
assumes wf _setn V
assumes (I, J) = getlJ Q _pos Q _neg V
shows wf _set n I and wf_set n J
using assms unfolding wf_set_def by (metis Un__iff coreProperties)+

lemma wf projectTable:
assumes wf_atable n X
shows wf _atable n (projectTable I X) A (fst (projectTable I X) = (fst X N I))
proof —
obtain Y where Y = projectTable I X by simp
obtain sX tX where (sX, tX) = X by (metis surj_pair)
moreover obtain S where § = I N sX by simp
moreover obtain sY tY where (sY, tY) = Y by (metis surj_pair)
then have sY = S
using calculation(1) calculation(2) <Y = projectTable I X» by auto
then have A\t. t € tY = wf_tuplen St
proof —
fix t assume t € tY
obtain z where = € tX t = restrict I x using «(sY, tY) = Y» <t € tY» <Y = projectTable I X»
calculation(1) by auto
then have wf tuple n sX z
proof —
have table n sX tX using assms(1) calculation(1) wf_atable_def by fastforce
then show ?thesis using <z € tX) table def by blast
qed
then show wf tuple n S t using <t = restrict I x> calculation(2) wf_tuple restrict by blast
qed
then have V¢ € tY. wf tuple n St by blast
then have table n S tY using table def by blast
then show %thesis
by (metis «(sY, tY) = Y» <Y = projectTable I X» <sY = S» assms calculation(1) calculation(2)
finite__Int fst_conv inf _commute snd__conv wf_atable__def)
qed

lemma set_filterQuery:
assumes QQ = filterQuery I Q
assumes non__empty_query Q
shows VXe€Q. (card (fst X N 1) > 1 +— X € QQ)
proof —
have AX. X € Q = (card (fst X N 1) > 1 +— X € QQ)
proof —
fix X assume X € @
have card (fst X NI) > 1 = X € QQ
proof —
assume card (fst X N 1) > 1



then have (A(s, _). sN I # {}) X by force
then show ?thesis by (simp add: <case X of (s, uvu_) = sN I # {}» «X € @ assms(1))
qed
moreover have X € QQ = card (fst X N I) > 1
proof —
assume X € QQ
have (A(s, _). sN I # {}) X using <X € Q@» assms(1) by auto
then have fst X N I # {} by (simp add: case_prod_beta")
then show ?thesis
by (metis One_nat_def Suc_lel <X € @ assms(2) card.infinite card_gt_0_iff finite_Int
non__empty query_ def)
qged
then show (card (fst X N I) > 1 +— X € QQ)
using calculation by blast
ged
then show ?thesis by blast
qed

lemma wf filterQuery:
assumes | C V
assumes card [ > 1
assumes rwf_query n V Qp Qn
assumes QQp = filterQuery I Qp
assumes QQn = filterQueryNeg I Qn
shows wf _query n I QQp QQn non__empty__query QQp covering I QQp
proof —
from assms show non__empty_ query QQp
by (simp add: non__empty__query_def rwf _query_ def)
show covering I QQp
proof —
have V Xe€Qp. (card (fst X N I) > 1 +— X € QQp)
using set_filterQuery assms(3) assms(4) rwf_query_def by fastforce
have (|J (S, X)e@Qp. S) NI C (U(S,_)eQQp. S) (is AN I C ?B)
proof (rule subsetl)
fix z assume z € ?AN T
have z € ?A using «z € (J (5, X)e@p. S) N I» by blast
then obtain S X where (S, X) € Qp and z € S by blast
moreover have (S, X) € QQp by (metis Int_iff One_nat_def Suc_le_eq
NVXeQp. (1 <card (fst X NI)) = (X € QQp) «z € (J(S, X)eQp. S) N I assms(2)
calculation(1) calculation(2) card_gt_0_iff empty_iff finite_ Int fst_conv)
ultimately show z € ?B by auto
qged
then show ?%thesis
by (metis (mono__tags, lifting) assms(1) assms(3) covering__def inf.absorb_iff2 le_infI1 rwf _query__def)
qed
show wf _query n I QQp QQn
proof —
have (V X€QQp. wf_atable n X)
using assms(8) assms(4) rwf_query_def wf_query_def by fastforce
moreover have (wf_set n I)
by (meson assms(1) assms(3) rwf_query_def subsetD wf query_def wf set_ def)
moreover have card QQp > 1
proof —
have covering I QQp by (simp add: <covering I QQp>)
have — (Set.is_empty QQp)
proof (rule ccontr)
assume — (- (Set.is_empty QQp))
have Set.is_empty QQp using (= = Set.is_empty QQp> by auto



from «Set.is_empty Q@Qp> have (| (S, X)eQQp. S) = {} by simp
then show Fulse
by (metis <covering I QQp> assms(2) card_eq 0_iff covering _def not_one_le_zero subset__empty)
qed
moreover have finite QQp
by (metis assms(3) assms(4) card.infinite filterQuery.simps finite__filter not_one__le_zero rwf_query__def
wf_query__def)
ultimately show ?thesis
using card_gt_0_iff [of QQp] by simp
qed
moreover have Q@Qn C Qn
proof —
have QQn = filterQueryNeg I Qn by (simp add: assms(5))
then show ?thesis by auto
qged
moreover have wf query n I QQp Qn
by (meson Un__iff assms(8) calculation(1) calculation(2) calculation(3) rwf query def wf query def)
then have (V XeQn. wf_atable n X) by (simp add: wf_query_def)
then show %thesis
by (meson <wf_query n I QQp Qn> calculation(4) subset__eq sup_mono wf_query_def)
ged
qed

lemma wf set subset:
assumes [ C V
assumes card I > 1
assumes wf_setn V
shows wf _set n I
using assms(1) assms(3) wf _set def by auto

lemma wf projectQuery:
assumes card I > 1
assumes wf _query n I Q @Qn
assumes non__empty_query Q
assumes covering I Q
assumes V XeQ. card (fst X N 1) > 1
assumes QQ = projectQuery I Q)
assumes included I Qn
assumes non__empty__query Qn
shows rwf _query n I QQ Qn
proof —
have wf queryn I QQ Qn
proof —
have V X€QQ. wf_atable n X using assms(2) assms(6) wf_query__def
by (simp add: wf_projectTable wf _query_def)
moreover have wf_set n I using assms(2) wf_query_def by blast
moreover have card QQ > 1
proof —
have card QQ = card (Set.image (projectTable I) Q) by (simp add: assms(6))
then show ?thesis
by (metis One_nat_def Suc_le _eq assms(2) card_gt_0_iff finite_imagel image_is_empty
wf_query__def)
qed
then show ?thesis by (metis Un__iff assms(2) calculation(1) wf _query_def)
qed
moreover have covering I QQ
proof —
have I C (U (S, X)€@Q. S) using assms(4) covering def by auto



moreover have (|J (S, X)e@. SN 1) C (U(S, X)eQQ. S)
proof (rule subsetl)
fix £ assume z € (J (S, X)eQ. SN I)
obtain S X where (S, X) € Qand z € SN I using <z € (J(S, X)eQ. S N I)> by blast
then have fst (projectTable I (S, X)) = S N I by simp
have wf_atable n (S, X) using (S, X) € @ assms(2) wf_query_def by blast
then have wf atable n (projectTable I (S, X)) using wf _projectTable by blast
then show z € (J (5, X)€QQ. S) using (S, X) € @ «z € SN D> assms(6) by fastforce
qged
moreover have (|J (S, X)e@. SnI)=(UJ(S, X)eQ. S) NI by blast
then show ?thesis using calculation(1) calculation(2) covering_def inf_absorb2 by fastforce
ged
moreover have included I QQ
proof —
have AS X. (5, X) e QQ = S C I
proof —
fix S X assume (9, X) € QQ
have (S, X) € Set.image (projectTable I) Q using «(S, X) € QQ> assms(6) by simp
obtain XX where XX € @ and (S, X) = projectTable I XX using «(S, X) € projectTable I © Q»
by blast
then have S = I N (fst XX)
by (metis projectTable.simps fst__conv inf _commute prod.collapse)
then show S C I by simp
qed
then have (V (S, X)eQQ. S C I) by blast
then show ?thesis by (simp add: included__def)
ged
moreover have non__empty_query QQ using assms(5) assms(6) non__empty_query_def by fastforce
then show ?thesis
by (simp add: assms(7) assms(8) calculation(1) calculation(2) calculation(3) rwf_query_def)
qed

lemma wf _firstRecursiveCall:
assumes rwf_query n V Qp Qn
assumes card V > 2
assumes (I, J) = getlJ Qp Qn V
assumes @ I pos = projectQuery I (filterQuery I Qp)
assumes @) I neg = filterQueryNeg I Qn
shows rwf query n I Q_I pos Q_I neg
proof —
obtain I C V card I > 1 using assms(2) assms(3) getlJProperties(5) getIJProperties(1) by fastforce
define tQ) where tQ = filterQuery I Qp
obtain wf query n I tQ) Q_I neg non__empty__query tQ) covering I tQ
by (metis wf_filterQuery(1) wf_filterQuery(2) wf_filterQuery(3)
<1 < card I> <I C V> assms(1) assms(5) tQ_def)
moreover obtain card I > 1 and V X€tQ. card (fst X N I) > 1
using set_filterQuery <1 < card I» assms(1) rwf_query_def tQ_def by fastforce
moreover have included I Q_I neg by (simp add: assms(5) included__def)
ultimately show ?thesis
using assms wf_projectQuery < \thesis. (Jwf_query n I tQ Q_I neg; non__empty__query tQ; covering
I tQ] = thesis) = thesis»
by (simp add: non__empty__query__def rwf _query_def tQ__def)
qed

lemma wf atable_subset:
assumes table n V X
assumes Y C X
shows table n V'Y



by (meson assms(1) assms(2) subsetD table _def)

lemma same_set semiJoin:
fst (semiJoin z other) = fst x

proof —
obtain sz tr where z = (sz, tr) by (metis surj_pair)
obtain so to where other = (so, to) by (metis surj_pair)
then show ?thesis by (simp add: <z = (sz, tz)))

qged

lemma wf _semiJoin:
assumes card J > 1
assumes wf _queryn J Q Qn
assumes non__empty_query Q
assumes covering J @
assumes V Xe€Q. card (fst X N J) > 1
assumes QQ = (Set.image (Atab. semiJoin tab (st, t)) Q)
shows wf _query n J QQ Qn non__empty_query QQ covering J QQ
proof —
show wf query n J QQ @Qn
proof —
have V X€QQ. wf_atable n X
proof —
have AX. XeQQ = wf_atable n X
proof —
fix X assume X € QQ
obtain Y where Y € @ and X = semiJoin Y (st, t) using <X € Q@Q> assms(6) by blast
then have wf atable n Y using assms(2) wf_query_def by blast
then show wf atable n X
proof —
have fst X = fst Y
by (metis <X = semiJoin Y (st, t)> fst_conv prod.collapse semiJoin.simps)
moreover have snd X C snd Y
using «X = semiJoin Y (st, t)»
by auto (metis (lifting) New__maz.semiJoin.simps Pair_inject Set.filter_eq mem__Collect _eq
surjective__pairing)
then have table n (fst X) (snd X)
by (metis <wf_atable n Y calculation wf_atable_def wf _atable__subset)
moreover have finite (fst X) by (metis <wf_atable n Y calculation(1) wf _atable_def)
then show %thesis by (simp add: calculation(2) wf _atable def)
qed
qed
then show ?thesis by blast
qed
moreover have wf_set n J using assms(2) wf_query_def by blast
moreover have card QQ > 1
by (metis One_nat_def Suc_lel assms(2) assms(6) card.infinite card__gt_0_iff finite__imagel im-
age__is_empty wf _query__def)
then show ?thesis using calculation(1) calculation(2) wf query def Un_iff assms(2) by metis
qed
show non__empty__query QQ
by (metis (no__types, lifting) assms(3) assms(6) image_iff non__empty query def same__set _semiJoin)
show covering J QQ
proof —
have (|J (S, X)eQ. S) = (U(S, X)eQQ. S) using assms(6) same_set_semiJoin by auto
then show ?thesis by (metis assms(4) covering_def)
qed
qed
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lemma newQuery__equiv__def:
newQuery V Q (st, t) = projectQuery V (Set.image (Atab. semiJoin tab (st, t)) Q)
by (metis image_image newQuery.simps projectQuery.elims)

lemma included__project:
included V (projectQuery V Q)
proof —
have AS X. (S, X)e(projectQuery V Q) = S C V
proof —
fix S X assume (S, X)€(projectQuery V Q)
obtain SS XX where (5, X) = projectTable V (SS, XX)
using (S, X) € projectQuery V @ by auto
then have S = SS N V by auto
then show S C V by simp
qed
then show ?thesis by (metis case__prodI2 included__def)
qged

lemma non__empty_newQuery:
assumes Q1 = filterQuery J Q0
assumes Q2 = newQuery J Q1 (I, t)
assumes V X€ Q0. wf _atable n X
shows non__empty__query Q2
proof —
have AX. X€Q2 = card (fst X) > 1
proof —
fix X assume X € Q2
obtain X2 where X = projectTable J X2 and X2 € Set.image (Atab. semiJoin tab (I, t)) Q1
by (metis (mono__tags, lifting) newQuery.simps <X € Q2> assms(2) image__iff)
then have card (fst X2 N J) > 1
proof —
obtain X/ where X! € Q1 and X2 = semiJoin X1 (I, t)
using «X2 € (Atab. semiJoin tab (I, t)) * Q1> by blast
then have fst X1 = fst X2 by (simp add: same__set__semiJoin)
moreover have X1 € filterQuery J Q0 using <XI1 € QI assms(1) by blast
then have (A(s, ). sN J # {}) X! by auto
then have — (Set.is_empty (fst X1 N J)) by (simp add: case_prod_beta’)
ultimately show ?thesis
using X1 € Q1> assms(1) assms(3)
by (auto simp add: Suc_le_eq card_gt_0_iff wf_atable_def)
qged
then show card (fst X) > 1
by (metis projectTable.simps <X = projectTable J X2» fst_conv prod.collapse)
qed
then show ?thesis by (simp add: non__empty__query__def)
qed

lemma wf newQuery:
assumes card J > 1
assumes wf query n J Q Qno
assumes non__empty__query Q
assumes covering J Q
assumes V X€Q. card (fst X N J) > 1
assumes QQ = newQuery J @t
assumes QQn = newQuery J @Qn t
assumes non__empty__query Qn
assumes Qn = filterQuery J Qno0
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shows rwf query n J QQ QQn
proof —
obtain (t st where (st, it) = ¢t by (metis surj_pair)
have QQ = projectQuery J (Set.image (Atab. semiJoin tab (st, tt)) Q)
by (metis «(st, tt) = t» assms(6) newQuery equiv_def)
define QS where QS = Set.image (Atab. semiJoin tab (st, tt)) @
obtain wf query n J QS Qn0 non__empty query QS covering J QS
by (metis wf _semiJoin(1) wf semiJoin(2) wf semiJoin(8) QS _def
assms(1) assms(2) assms(3) assms(4) assms(5))
moreover have V X€@S. card (fst X N J) > 1 using QS_def assms(5) by auto
then have V X¢e(projectQuery J QS). wf_atable n X
by (metis (no__types, lifting) projectQuery.simps Un__iff calculation(1) image__iff
wf_projectTable wf _query__def)
then have wf query n J QQ QQn
proof —
have AX. XeQ@Qn = wf_atable n X
proof —
fix X assume X € QQn
have QQn = projectQuery J (Set.image (Atab. semiJoin tab (st, tt)) Qn)
using newQuery__equiv__def «(st, tt) = t» assms(7) by blast
then obtain XX where X = projectTable J XX XX € (Set.image (Atab. semiJoin tab (st, tt)) Qn)
using <X € QQn> by auto
then obtain XXX where XX = semiJoin XXX (st, tt) XXX € Qn by blast
then have wf atable n XXX
using assms(2) assms(9) by (simp add: wf query_def)
then have wf atable n XX
proof —
have fst XX = fst XXX
by (simp add: same__set_semiJoin «XX = semiJoin XXX (st, tt)»)
moreover have snd XX = Set.filter (isSamelntersection ¢t (fst XX N st)) (snd XXX)
by (metis semiJoin.simps «<XX = semiJoin XXX (st, tt)> calculation prod.collapse snd__conv)
moreover have snd XX C snd XXX using calculation(2) by auto
then show %thesis

by (metis wf_atable_subset <wf_atable n XXX calculation(1) wf_atable_def)
qed

then show wf _atable n X by (simp add: wf_projectTable <X = projectTable J XX>)
qed
then have V Xe QQn. wf _atable n X by blast
then have VX€(QQ U QQn). wf_atable n X
using QS _def «QQ = projectQuery J ((Atab. semiJoin tab (st, tt)) © Q)» ¥ XEprojectQuery J QS.
wf_atable n X»> by blast
moreover have card QQ > 1
by (metis (no__types, lifting) newQuery.simps One_nat_def Suc_lel «(st, tt) = t» assms(2)
assms(6) card.infinite card__gt_0_iff finite_imagel image__is_empty wf _query__def)
then show ?thesis using assms(2) calculation wf _query_def by blast
qed

moreover have included J QQn
proof —
have QQn = projectQuery J (Set.image (Atab. semiJoin tab (st, it)) Qn)
using newQuery__equiv_def «(st, tt) = t» assms(7) by blast
then show ?thesis using included_project by blast
qed
moreover have covering J QQ
proof —
have QQ = projectQuery J ((Atab. semiJoin tab (st, tt)) ‘Q)
using «QQ = projectQuery J ((Atab. semiJoin tab (st, tt)) ‘ Q)> by blast
then have covering J ((Atab. semiJoin tab (st, tt)) ‘Q) using QS_def calculation(3) by blast
then have J C (|J (9, X)e(((Atab. semiJoin tab (st, tt)) ‘Q)). S)
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by (simp add: covering__def)
then have J C (|J (9, X)e(((Atab. semiJoin tab (st, tt)) ‘Q)). S
moreover have (|J (5, X)e(((Atab. semiJoin tab (st, it)) ‘Q)). S)
tab (st, tt)) ‘Q)). S N J)
using image__cong by auto
then have (|J (59, X)€((Atab. semiJoin tab (st, tt)) ‘Q). S) N J C (U (S, X)e(projectQuery J ((Atab.
semiJoin tab (st, tt)) ‘Q)). S)
by auto
then show ?thesis
by (metis <J C (J (S, X)e(Atab. semiJoin tab (st, tt)) < Q. S)» «QQ = projectQuery J ((Atabd.
semiJoin tab (st, tt)) < Q)» covering_def inf _absorb2)

ynJ by blast
NJ C(U(S, X)e(((Atab. semiJoin

ged
moreover have non_empty_query QQ using QS _def <QQ = projectQuery J ((Atab. semiJoin tab
(st, 1)) * Q@)

VXe@S. 1 < card (fst X N J)» non_empty_query_def by fastforce
moreover have non__empty query QQn
by (metis non__empty_newQuery Un__iff «(st, tt) = t» assms(7) assms(9) calculation(1) wf_query_def)
then show ?thesis
using included_project <QQ = projectQuery J ((Atab. semiJoin tab (st, &t)) < Q)»
calculation(4) calculation(5) calculation(6) calculation(7) rwf query def by blast
qed

lemma subset_ Q) neg:
assumes rwf_query n V Q Qn
assumes QQn C @n
shows rwf _queryn V Q QQn
proof —
have wf queryn V Q QQn
proof —
have VXeQQn. wf_atable n X by (meson Un_iff assms(1) assms(2) rwf_query_def subsetD
wf_query__def)
then show ?%thesis
by (meson UnE Unll assms(1) rwf _query_def wf _query_def)
qed
moreover have included V QQn by (meson assms(1) assms(2) included__def rwf_query__def subsetD)
then show ?thesis by (metis (full _types) assms(2) non__empty_query_def subsetD assms(1) calcula-
tion rwf_query_def)
qed

lemma wf secondRecursiveCalls:
assumes card V > 2
assumes rwf _queryn V Q Qn
assumes ([, J) = getl] Q Qn V
assumes Qns C Qn
assumes @ J neg = filterQuery J Qns
assumes @ _J pos = filterQuery J Q
shows ruf _query n J (newQuery J Q_J_pos t) (newQuery J Q_J_neg t)
proof —
have VXeQ J pos. card (fst X N J) > 1
using set_ filterQuery assms(2) assms(6) rwf_query__def by fastforce
moreover have card J > 1 by (metis assms(1) assms(3) getlJ.coreProperties getlJ _azioms)
moreover have wf query n J Q_J pos @Qns
proof —
have wf query n J Q Qns
by (metis subset @ _neg wf set subset assms(1) assms(2) assms(3) assms(4)
getlJ.coreProperties getl] _axioms rwf_query_def sup__ge2 wf _query_ def)
moreover have  J pos C Q using assms(6) by auto
then have V Xe(Q_J pos U @ns). wf_atable n X using calculation wf _query_def by fastforce
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moreover have card Q_J pos > 1
by (metis wf_filterQuery(1) assms(1) assms(2) assms(3) assms(6) getl].coreProperties
getlJ _axioms sup__ge2 wf _query_ def)
then show ?thesis using calculation(1) calculation(2) wf_query_def by blast
qed
moreover have non__empty_query Q_J_pos
by (metis wf_filterQuery(2) assms(1) assms(2) assms(3) assms(6) getlJ.coreProperties
getlJ_azioms sup__ge2)
moreover have covering J Q_J_pos
by (metis wf_filterQuery(8) assms(1) assms(2) assms(3) assms(6) getlJ.coreProperties
getlJ_azioms sup__ge2)
moreover have non__empty_query QQ_J_neg
using assms by (auto simp add: Suc_le__eq non__empty__query_def not_le rwf _query_def card__gt_0_iff
dest!: subsetD)
then show ?thesis
using wf newQuery assms(5) calculation(1) calculation(2) calculation(3) calculation(4)
calculation(5) by blast
qged

lemma simple _merge_option:
merge__option (a, b) = None +— (a = None A b = None)
using merge__option.elims by blast

lemma wf merge:
assumes wf_tuple n I t1
assumes wf _tuple n J t2
assumes V =1 U J
assumes t = merge t1 t2
shows wf_tuple n V t
proof —
have \i. i <n= (t!i{= None<+— i ¢ V)
proof —
fix ¢
assume { < n
show t ! i = None+— i ¢ V
proof (cases t ! i = None)

case True
have t = merge t1 t2 by (simp add: assms(4))
then have ... = map merge_option (zip t1 t2) by (simp add: merge__def)

then have merge_option (¢t1 ! i, t2 ! i) = None
by (metis True <i < n) assms(1) assms(2) assms(4) length_zip min_less iff conj nth_map
nth__zip wf _tuple_ def)
obtain ¢1 | { = None and t2 | i = None
by (meson <merge__option (t1 ! i, t2 | i) = None> simple_merge__option)
then show ?thesis
using True <i < n» assms(1) assms(2) assms(8) wf _tuple def by auto
next
case Fulse
have ¢ = map merge_option (zip t1 t2) by (simp add: assms(4) merge_def)
then obtain = where merge_option (t1 !4, t2 ! i) = Some z
by (metis False <i < n> assms(1) assms(2) length_zip merge_option.elims min_less iff _conj
nth_map nth__zip wf_tuple def)
then show ?Zthesis
by (metis False Unll Unl2 <i < n> assms(1) assms(2) assms(3) option.distinct(1) sim-
ple__merge__option wf_tuple__def)
qed
qed
moreover have length t = n
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proof —

obtain length t1 = n and length t2 = n

using assms(1) assms(2) wf_tuple_def by blast

then have length (zip t1 t2) = n by simp

then show ?thesis by (simp add: assms(4) merge__def)
ged
then show ?thesis by (simp add: calculation wf _tuple_def)

qed

lemma wf inter:
assumes rwf_query n {i} Q @Qn
assumes (sa, a) € @
assumes (sb, b) € Q
shows table n {i} (a N b)
proof —
obtain card sa > 1 card sb > 1
by (metis assms(1) assms(2) assms(3) fst_conv non_empty__query__def rwf_query__def)
have included {i} Q using assms(1) rwf_query_def by blast
then have (V (S, X)€Q. S C {i}) by (simp add: included__def)
then obtain sa C {i} sb C {{} using assms(2) assms(3) by blast
then obtain sa = {i} sb = {i}
by (metis <1 < card sa) <1 < card sby card.empty not_one_le_zero subset_singletonD)
then show %thesis
using assms(1) assms(2) inf_lel prod.sel(1) prod.sel(2) rwf_query_def wf atable def
wf _atable_subset wf query def Un__iff by metis
qed

lemma table subset:
assumes table n V' T
assumes S C T
shows table n V' S
using wf_atable__subset assms(1) assms(2) by blast

lemma wf base__case:
assumes card V = 1
assumes rwf_queryn V Q Qn
assumes R = genericJoin V Q Qn
shows table n V R
proof —
have wf _query n V Q Qn A included V Q A non__empty_query @ = tablen V ((N(_, z) € Q. x) —
UL o) € Qn. o))
proof (induction card Q — 1 arbitrary: Q)
case (
have card ) = 1
by (metis 0.hyps 0.prems One_nat_def le_add_ diff inverse plus_1_eq Suc wf_query_ def)
obtain s z where Q = {(s, z)}
by (metis One_nat_def <card Q@ = 1y card_eq_0_iff card__eq_SucD card_mono finite_insert insertE
nat.simps(8) not_one_le_zero subrell)
moreover obtain ¢ where V = {i} using assms(1) card_1_singletonE by auto
then have card s > 1
proof —
have (s, z) € Q by (simp add: calculation)
moreover obtain X where X = (s, z) by simp
then show ?thesis
using 0.prems calculation non__empty__query _def rwf _query def by fastforce
qed
moreover obtain ¢ where V = {i} using «Athesis. (\i. V = {i} = thesis) = thesis)> by blast
then have s = {i}
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proof —
have included {i} Q using 0.prems <V = {i}» rwf_query_def by simp
then show ?thesis
by (metis <V = {i}> assms(1) calculation(1) calculation(2) card_seteq case_prodD finite.emptyl
finite.insert] included__def singletonI)
qged
moreover have table n s
using 0.prems calculation(1) rwf_query_def wf_atable_def wf_query_ def
by (simp add: rwf_query_def wf _atable_def wf _query_def)
then show ?case
by (sitmp add: wf atable subset <V = {i}» calculation(1) calculation(3))
next
case (Suc y)
obtain zz where zz € Q by (metis Suc.hyps(2) all_not_in__conv card.empty nat.simps(8) zero__diff)
moreover obtain H where H = Q — {zz} by simp
then have card H — 1 =y
by (metis Suc.hyps(2) calculation card__Diff _singleton diff _Suc__1)
moreover have wf queryn V H Qn A included V H N non__empty_ query H
proof —
have wf _queryn V H Qn
using DiffD1 Suc.hyps(2) Suc.prems <H = Q — {zz}> calculation(1) card_Diff _singleton
le_addl plus_1_eq Suc wf _query__def
by (metis (no_types, lifting) Un__iff)
then show %thesis
using DiffD1 Suc.prems <H = Q — {zz}> included__def non__empty query_def by fastforce
qed
then have wf queryn V H Qn A included V H N non__empty_query H by simp
then have table n V ((N(_, z)eH. z) — (U(_, £)€Qn. z)) using Suc.hyps(1) calculation(2) by
stmp
moreover obtain sa a where (sa, a) € H
by (metis One_nat_def Suc.hyps(2) <H = Q — {zz}>» calculation(1) calculation(2) card.empty
card_eq_0_iff card_le_SucO_iff _eq diff _is_0_eq' equalsOI insert_Diff le0 nat.simps(3) prod.collapse
singletonD)
moreover have — (Set.is_empty sa)
using «wf_query n V H Qn A included V H A non_empty__query H» calculation(4)
by (auto simp add: non__empty__query__def)
then have table n V (N (_, z) € H. ) N (snd 2z)) — (U (., z)€Qn. z))
by (metis Diff _Int2 Diff Int_distrib2 IntE calculation(3) table__def)
then show ?Zcase using INF_insert Int_commute <H = Q — {zz}» calculation(1) insert_ Diff snd__def
by metis
qed
then show ?Zthesis
using assms(1) assms(2) assms(8) genericJoin.simps le_numeral _extra(4) rwf _query def
by (auto simp add: genericJoin.simps)
qed

lemma filter @ _J_ neg_same:
assumes card V > 2
assumes (I, J) = getl] Q Qn V
assumes @ I neg = filterQueryNeg I Qn
assumes rwf _queryn V Q Qn
shows filterQuery J (Qn — Q_I neg) = Qn — Q_I neg (is ?A = ?B)
proof—
have ?A C ?B by (simp add: subset__iff)
moreover have 7B C 74
proof (rule subsetl)
fix x assume z € Qn — Q_I neg
obtain A X where (4, X) = z by (metis surj_pair)
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have card (AN J) > 1
proof (rule ccontr)
assume - (card (AN J) > 1)
then have Set.is_empty (A N J)
using assms(1)
by (auto simp add: Suc_le_eq card_eq_0_iff)
(metis One__nat__def Suc_le_ lessD
assms(2) card_gt_0__iff finite__Int getlJ.coreProperties getlJ_axioms)
moreover have A C [
proof —
have (A, X) € @Qn using «(A, X) = <z € Qn — Q_I_negp> by auto
then have included V Qn using assms(4) rwf_query_def by blast
then have A C V using «(A, X) € Qn> included__def by fastforce
then show ?%thesis
using assms calculation getIJProperties(5) [of VI J Q Qn] by auto
qed
then have (A, X) € Q_I neg using (4, X) = o <z € Qn — Q_IL_neg> assms(8) by auto
then show Fulse using (4, X) = z» <z € Qn — Q_I _neg> by blast
qed
then show z € ?A using (4, X) = o «x € Qn — Q_I neg
by (metis Diff _subset subset_Q_neg assms(4) fst_conv rwf_query__def set_filterQuery)
qed
then show ?%thesis by auto
qed

lemma vars__genericJoin:
assumes card V > 2
assumes (I, J) = getl] Q Qn V
assumes @ _I_pos = projectQuery I (filterQuery I Q)
assumes @ I neg = filterQueryNeg I Qn
assumes R_I = genericJoin I Q_I pos Q_I neg
assumes @ _J neg = filterQuery J (Qn — Q_I neg)
assumes @) _J pos = filterQuery J Q
assumes X = {(t, genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J neg (I, t))) | ¢t.¢
€ R_I}
assumes R = (|J (¢, ) € X. {merge zz t | 2z . zx € z})
assumes rwf_query n V Q Qn
shows R = genericJoin V Q Qn
proof —
have filterQuery J (Qn — Q_I neg) = Qn — Q_I neg
using assms(1) assms(10) assms(2) assms(4) filter_Q__J_neg_same by blast
then have Q_J neg = Qn — Q_I neg by (simp add: assms(6))
moreover have genericJoin V Q Qn =
(if card V < 1 then
N € Qo) — (UL o) e Qn 1)
else
let (I, J) = getl] @ Qn V in
let Q_I pos = projectQuery I (filterQuery I Q) in
let Q_I neg = filterQueryNeg I Qn in
let R_I = genericJoin I Q_I pos Q_I neg in
let @ _J neg = Q@Qn — Q_I negin
let Q_J pos = filterQuery J Q in
let X = {(t, genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg (I, t))) |t.t €
R_I}in
(U, z) € X. {merge zz t | zz . zz € z}))
by (simp add: genericJoin.simps)
moreover have - (card V < 1) using assms(1) by linarith
then have gen: genericJoin V Q Qn = (let (I, J) = getl] Q Qn V in
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let Q_I pos = projectQuery I (filterQuery I Q) in

let @ I neg = filterQueryNeg I Qn in

let R_I = genericJoin I Q_I pos Q_I neg in

let @ _J neg = Q@Qn — Q_I negin

let Q_J _pos = filterQuery J Q in

let X = {(t, genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg (I, t))) | t.t €
R I} in

(U(t, z) € X. {merge zz t | zx . zz € z}))

using assms by (simp add: genericJoin.simps)
then have ... = (

let Q_I pos = projectQuery I (filterQuery I Q) in

let @ I neg = filterQueryNeg I Qn in

let R_I = genericJoin I Q_I pos Q_I neg in

let Q_J neg = @Qn — Q_I negin

let @ _J pos = filterQuery J Q in

let X = {(t, genericJoin J (newQuery J Q_J pos (I, t)) (newQuery J Q_J neg (I, t))) |t.t €
R_I} in

(Ut z) € X. {merge zz t | zz . zx € z}))

using assms(2) by (metis (no__types, lifting) case_prod__conv)
then show ?thesis using assms by (metis calculation(1) gen)

qed

lemma base__genericJoin:
assumes card V < 1
shows genericJoin V.Q Qn = (N(_, z) € Q. z) — (U(, z) € Qn. )
proof —
have genericJoin V Q Qn =
(if card V < 1 then
N 7)€ Qo) - UL ) e Qna)
else
let (I, J) = getl] @ Qn V in
let Q_I pos = projectQuery I (filterQuery I Q) in
let @ I neg = filterQueryNeg I Qn in
let R_I = genericJoin I Q_I pos Q_I neq in

let @ _J neg = Q@Qn — Q_I negin
let Q@ _J_pos = filterQuery J @ in
let X = {(t, genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J _neg (I, ¢t))) |t .t €
R_I}in
(U, z) € X. {merge zz t | zz . zx € z}))
by (simp add: genericJoin.simps)
then show ?thesis using assms by auto
qed

lemma wf genericJoin:
[rwf_query n V Q Qn; card V > 1] = table n V (genericJoin V Q Qn)
proof (induction V Q Qn rule: genericJoin.induct)
case (1 V Q Qn)
then show ?case
proof (cases card V < 1)
case True
then show ?thesis using I.prems(1) 1.prems(2) le_antisym wf base case by blast
next
case Fulse
obtain I J where (I, J) = getlJ Q Qn V by (metis surj_pair)
define Q_I pos where Q_I pos = projectQuery I (filterQuery I Q)
define ) I neg where Q) I neg = filterQueryNeg I Qn
define R_I where R_1I = genericJoin I Q I pos Q_I neg
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define @ _J neg where Q_J_neg = filterQuery J (Qn — Q_I neg)
define ) _J pos where Q_J pos = filterQuery J Q
define X where X = {(¢t, genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg (I,
)| t.te R_I}
define R where R = (|J (¢, z) € X. {merge 2z t | zz . zz € z})
moreover have card V > 2 using False by auto
then have R = genericJoin V Q Qn
using vars__genericJoin[where ?V=V and ?/=I and ?J=J and ?Q_I pos=Q_I pos and ?Q=Q
and ?@Qn=Q@n and
?2Q_I neg=Q_I negand ?R_I=R_1I and ?Q_J neg=Q_J_neg and ?Q_J_pos=Q_J_pos]
using 1.prems(1) Q_I neg _def Q_I pos_def Q_J _neg_def Q_J pos_def R_I def X_def «(I,
J) = getlJ Q Qn V> calculation by blast
obtain card I > 1 card J > 1
using (I, J) = getlJ Q Qn V> <2 < card V> getlJ.getlJProperties(1) getlJProperties(2) getlJ_azioms
by blast
moreover have rwf queryn I Q_ I pos Q_I neg
using 1.prems(1) Q_I _neg_def Q_I pos_def <«(I, J) = getlJ Q Qn V> <2 < card V» getlJ.wf_firstRecursiveCall
getlJ _azxioms by blast
moreover have A\t. t€R_I = table n J (genericJoin J (newQuery J Q_J pos (I, t)) (newQuery
J Q_J _neg (I, t)))
proof —
fix tassume t € R I
have rwf_query n J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg (I, t))
using 1.prems(1) Q_J neg _def Q_J _pos _def (I, J) = getl] @ Qn V> <2 < card V>
getlJ _azxioms
getlJ.wf _secondRecursiveCalls [of getlJ Vn Q Qn I J «(Qn — Q_I _neg)) Q_J_neg Q_J_pos
(I ,t)]
by simp
then show table n J (genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg (I, t)))
by (metis 1.IH(2) 1.prems(1) False Q I neg_def Q _J neg def Q_J pos_def <«(I, J) = getl]
QQn V»
<2 < card V> calculation(8) filter_Q_J_neg_same)
qed
then have At zz. t € R_I A zz € (genericJoin J (newQuery J Q_J pos (I, t)) (newQuery J
Q_J_neg (I, 1)))
= wf_tuple n V (merge xz t)
proof —
fix t zz assume t € R_I A zz € genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg
(1, 1))
have V=7TUJ
using (I, J) = getlJ Q Qn V> <2 < card V> getlJ.coreProperties getl] _axioms by metis
moreover have wf tuple n J zz
using <At. t € R_I = table n J (genericJoin J (newQuery J Q_J pos (I, t)) (newQuery J
Q 7 _neg (1, 1))
<t € R_I N zz € genericJoin J (newQuery J Q_J _pos (I, t)) (newQuery J Q_J _neg (I, t))
table__def by blast
moreover have wf tuple n It
by (metis 1.1H(1) False Q I _neg_def Q I pos_def
R I def «(I,J) = getld Q@ Qn V> <Athesis. ([1 < card I; 1 < card J] = thesis) = thesis»
<rwf_query n I Q_I _pos Q_I neg» <t € R_I A zzx € genericJoin J (newQuery J Q_J_pos (I,
t))
(newQuery J Q_J_neg (I, t))> table def)
then show wf _tuple n V (merge xz t)
by (metis calculation(1) calculation(2) sup__commute wf_merge)
qed
then have VteR_I. Vzzx € (genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg (I,
0)).

wf_tuple n 'V (merge zz t) by blast
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then have VzceR. wf tuple n V x using R_ def X _def by blast
then show ?thesis using <R = genericJoin V @ Qn> table def by blast
ged
qed

2.2 Correctness

lemma base_ correctness:
assumes card V = 1
assumes rwf_queryn V Q Qn
assumes R = genericJoin V Q Qn
shows z € genericJoin V Q Qn «— wf tuplen Vz A (V(A, X)€Q. restrict A z € X) A (V (4, X)eQn.
restrict A z ¢ X)
proof —
have z € genericJoin V Q Qn = wf tuplen Vz A (V(A, X)€Q. restrict A z € X) N (V (4, X)eQn.
restrict A z ¢ X)
proof —
fix z assume z € genericJoin V Q Qn
have wf_tuple n V z by (meson <z € genericJoin V Q Qn> assms(1) assms(2) table__def wf_base__case)
moreover have AA X. (4, X) € Q = restrict A z € X

proof —
fix A X assume (4, X) € Q
have A =V
proof —

have card A > 1
using (A, X) € @ assms(2) non__empty_query_def rwf_query_def by fastforce
moreover have A C V
using (4, X) € @ assms(2) included _def rwf _query_def by fastforce
then show %thesis
by (metis One_nat_def assms(1) calculation card.infinite card _seteq nat.simps(3))
qed
then have restrict A z = z using calculation restrict_idle by blast
moreover have z € (((_, z) € Q. z)
using <z € genericJoin V Q @Qn> assms(1) by (auto simp add: genericJoin.simps)
then have z € X using INT_D «(A, X) € Q> case_prod__conv by auto
then show restrict A z € X using calculation by auto
qed
moreover have AA X. (4, X) € Qn = restrict A z ¢ X
proof —
fix A X assume (4, X) € Qn
have card A > 1 using «(A, X) € Qn> assms(2) non__empty_query__def rwf_query__def by fastforce
moreover have A C V using (4, X) € Qn> assms(2) included__def rwf _query_def by blast
then have A = V by (metis assms(1) calculation card gt _0_iff card_seteq zero_less__one)
then have restrict A z = z using «wf _tuple n V z» restrict_idle by blast
moreover have z ¢ (J(_, z) € @Qn. z)
proof —
have z € (N(_, z) € Q. z) — (U(, z) € Qn. z)
using <z € genericJoin V Q @Qn> assms(1) by (auto simp add: genericJoin.simps)
then show ?thesis by (metis DiffD2)
qed
then show restrict A z ¢ X using UN_iff (A, X) € Qn> calculation(2) prod.sel(2) snd_def by
auto
qed
then show wf tuplen Vz A (V(A, X)€Q. restrict A z € X) N (V(A, X)eQn. restrict A z ¢ X)
using calculation(1) calculation(2) by blast
qed
moreover have wf tuple n Vz A (V (A4, X)€Q. restrict A z € X) AN (V (4, X)eQn. restrict A z ¢ X)
= z € genericJoin V Q Qn
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proof —
assume wf_tuple n Vz A (V (4, X)€Q. restrict A z € X) A (V(A, X)EQn. restrict A z ¢ X)
have genericJoin V Q Qn = (N(_, z) € Q. z) — (U(, ) € Qn. z) by (simp add: assms(1)
genericJoin.simps)
moreover have V (A4, X)eQ. restrict A z = z
by (metis (mono__tags, lifting) One_nat_def <wf_tuple n V z A (V(A, X)€Q. restrict A z € X) A
(V (4, X)eQn. restrict A z ¢ X)»
assms(1) assms(2) card.infinite card_seteq case_prod_beta’ included_def nat.simps(83)
non__empty__query__def restrict_idle rwf_query_def)
moreover have card Q > 1 using assms(2) rwf_query_def wf _query_def by blast
moreover have z ¢ (J(_, z) € Qn. z)
proof —
haveV(_,z) € Qn. z ¢ «
by (metis (mono__tags, lifting) One_nat_def <wf_tuple n V z A (V(A, X)EQ. restrict A z € X)
A (V(A, X)EQn. restrict A z ¢ X)»
assms(1) assms(2) card.infinite card_seteq case__prod_beta’ included_def nat.simps(3)
non__empty__query__def restrict_idle rwf_query__def)
then show ?thesis using UN__iff case_prod_beta’ by auto
qed
moreover have z € (N (_, z) € Q. z)
proof —
haveV(_,z)€ Q. z €z
using <wf_tuple n V 2z A (V(A, X)€Q. restrict A z € X) A (V(A, X)EQn. restrict A z ¢ X)»
calculation(2) by fastforce
then show ?thesis using INT I case_prod_beta’ by auto
qed
ultimately show ?thesis
proof —
have genericJoin V Q Qn C R
using assms(3) by blast
then have (" (N, 2)eQ. Z) — (U (N,
by (metis <genericJoin V Q Qn = ([
then have 37 Za. Z — Za C R A z ¢
by (metis <z € (N (_, 2)€Q. z)» <z ¢
then show ?Zthesis
using assms(3) by blast
qed
qed
then show ?thesis using calculation by linarith
qed

Z)eQ@n. Z) R
(e z) — (UL, 2)€Qn. x))
Za Nz € Z

(U 2)e@n. z))

lemma simple_list_index_equality:
assumes length a = n
assumes length b = n
assumes Vi < n. ali = bli
shows a = b
using assms(1) assms(2) assms(3) nth__equalityl by force

lemma simple restrict _none:
assumes i < length X
assumes ¢ ¢ A
shows (restrict A X)!i = None
by (simp add: assms(1) assms(2) restrict_def)

lemma simple restrict _some:
assumes ¢ < length X
assumes 7 € A
shows (restrict A X)li = X!i
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by (simp add: assms(1) assms(2) restrict_def)

lemma merge_restrict:
assumes A N J = {}
assumes True
assumes length zx = n
assumes length t = n
assumes restrict J zx = 2z
shows restrict A (merge xx t) = restrict A t
proof —
have A\i. i < n = (restrict A (merge zz t))!i = (restrict A t)!i
proof —
fix ¢ assume ¢ < n
show (restrict A (merge zx t))!i = (restrict A t)li
proof (cases i € A)
case True
have (restrict A t)!i = tli by (simp add: True <i < ny assms(4) nth_restrict)
moreover have (restrict A (merge zz t))!i = tli
proof —
have zz!i = None
by (metis True <i < n> assms(1) assms(3) assms(5) disjoint_iff _not__equal simple_restrict_none)
obtain length zz = length t by (simp add: assms(3) assms(4))
moreover have (merge zz t)!i = merge__option (zxli, t!7)
using «i < n <length zz = length t» assms(3) by (auto simp add: merge__def)
moreover have merge_option (None, tli) = tli
by (metis merge__option.simps(1) merge_option.simps(3) option.exhaust)
then have (merge zz t)!i = t!i using «xz | i = None> calculation(2) by auto
moreover have (restrict A (merge zz t))!i = (merge zz t)!4
proof —
have length (zip zz t) = n using assms(8) calculation(1) by auto
then have length (merge zz t) = n by (simp add: merge__def)
then show %thesis by (simp add: True i < n» nth_restrict)
qged
then show ?thesis using calculation(3) by auto
qed
then show ?%thesis by (simp add: calculation)
next
case False
have (restrict A t)!i = None by (simp add: False <i < n) assms(4) restrict_def)
obtain length zz = n and length t = n
by (simp add: assms(3) assms(4))
then have length (merge zz t) = n by (simp add: merge__def)
moreover have (restrict A (merge zz t))!i = None
using False <i < n» calculation simple__restrict_none by blast
then show ?thesis by (simp add: <restrict A t ! i = Noney)
qed
qed
then have Vi < n. (restrict A (merge zz t))!i = (restrict A t)!i by blast
then show ?thesis using simple_ list_index__equality[where 2a=restrict A (merge zx t) and ?b=restrict
A t and ?n=n]
assms(3) assms(4) by (simp add: merge__def)
qed

lemma restrict _idle include:
assumes wf tuple n A v
assumes A C [
shows restrict [ v = v
proof —
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have Ai. i < length v = (restrict I v)!li = vli
proof —
fix 7 assume i < length v
show (restrict I v)!li = vli
proof (cases i € A)
case True
then show ?thesis using i < length vy assms(2) nth_restrict by blast
next
case Fulse
then show ?thesis by (metis <i < length v> assms(1) nth_restrict simple__restrict_none wf_tuple__def)
qed
ged
then show ?thesis by (simp add: list_eq iff _nth__eq)
qed

lemma merge_index:
assumes I N J = {}
assumes wf tuple n I tI
assumes wf tuple n J tJ
assumes t = merge tI tJ
assumes i < n
shows (i € IANtli=tll)) vV (ie JAtli=tJl)V (i¢gINi¢JAtli= None)
proof —
have t!i = merge_option ((zip tI tJ)!%)
by (metis (full _types) assms(2) assms(3) assms(4) assms(5) length_zip merge_ def
min__less__iff _conj nth_map wf_tuple_def)
then have tli = merge_option (tIli, tJ!i) by (metis assms(2) assms(8) assms(5) nth_zip wf _tuple_def)
then show ?Zthesis
proof (cases i € I)
case True
have tli = ¢Ili
proof —
have ¢J!i = None by (meson True assms(1) assms(3) assms(5) disjoint_iff _not__equal wf _tuple def)
moreover have merge_option (tI!i, None) = tI'i
by (metis True assms(2) assms(5) merge__option.simps(2) option.exhaust wf_tuple_def)
then show ?thesis by (simp add: <t ! i = merge_option (¢I ! i, tJ ! i)» calculation)
qed
then show ?thesis using True by blast
next
case False
have i ¢ I by (simp add: False)
then show ?thesis
proof (cases i € J)
case True
have tli = tJ!i
proof —
have tI!li = None using Fualse assms(2) assms(5) wf_tuple_def by blast
moreover have merge_option (None, tJ!i) = tJ!i
by (metis True assms(3) assms(5) merge_option.simps(3) option.ezhaust wf tuple def)
then show ?thesis by (simp add: <t ! i = merge_option (tI ! i, tJ ! 1)) calculation)
qed
then show ?thesis using True by blast
next
case False
obtain tI!i = None and tJ!i = None by (meson False «i ¢ I assms(2) assms(8) assms(5)
wf_tuple__def)
have t!i = None
by (simp add: <t ! i = merge_option (¢I ! i, tJ ! i)y «tI ! i = None> <tJ ! i = None»)

23



then show ?thesis using False <i ¢ I> by blast
qed
ged
qed

lemma restrict _index in:
assumes i < length X
assumes ¢ € |
shows (restrict I X)!i = X3
by (simp add: assms(1) assms(2) nth_restrict)

lemma restrict_index out:
assumes ¢ < length X
assumes i ¢ [
shows (restrict I X)!i = None
by (simp add: assms(1) assms(2) simple_restrict_none)

lemma merge_length:
assumes length a = n
assumes length b = n
shows length (merge a b) = n
by (simp add: assms(1) assms(2) merge_def)

lemma real restrict _merge:
assumes [ N J = {}
assumes wf_tuple n I tI
assumes wf_tuple n J tJ
shows restrict I (merge tI tJ) = restrict I tI A restrict J (merge tI tJ) = restrict J t.J
proof —
have length (merge tI tJ) = n
using assms(2) assms(3) merge_length wf tuple_def by blast
have A\i. i < n = (restrict I (merge tI tJ))!i = (restrict I tI)li
A (restrict J (merge tI tJ))li = (restrict J tJ)i
proof —
fix i assume 7 < n
show (restrict I (merge tI tJ))\i = (restrict I tI)!i A (restrict J (merge tI tJ))\i = (restrict J tJ)!4
proof (cases i € I)
case True
have (merge tI tJ)!i = tI4
by (meson True <i < ny assms(1) assms(2) assms(8) disjoint_iff not _equal merge_index)
then have (restrict I (merge tI tJ))\i = tIli
by (metis True <i < ny «length (merge tI tJ) = n) simple_restrict_some)
then show ?Zthesis
by (metis True <i < n» <length (merge tI tJ) = ny assms(1) assms(2) assms(3) disjoint_iff _not__equal
restrict__idle simple__restrict_none wf_tuple def)
next
case False
have i ¢ I by (simp add: False)
then show ?Zthesis
proof (cases i € J)
case True
have (merge tI tJ)i = tJli
using True <i < ny assms(1) assms(2) assms(8) merge_index by blast
then show ?thesis
by (metis (no_types, lifting) False <i < n» <length (merge tI tJ) = n» assms(2) assms(3)
stmple__restrict_none simple_restrict_some wf_tuple_def)
next
case False

24



have (merge tI tJ)!i = None using False <i < n) <i ¢ I» assms(1) assms(2) assms(3) merge_index
by blast
then show ?2thesis
by (metis False <i < n» <i & I <length (merge tI tJ) = n) assms(2) assms(3) eq iff equalityD1
restrict_idle__include simple__restrict_none wf_tuple def wf_tuple restrict_simple)
qged
qed
qed
then obtain Vi < n. (restrict I (merge tI tJ))li = (restrict I tI)li
and Vi < n. (restrict J (merge tI tJ))!i = (restrict J tJ)!i by blast
moreover have length (merge tI tJ) = n by (meson assms(2) assms(3) wf _merge wf tuple def)
moreover obtain length (restrict I tI) = n and length (restrict J tJ) = n
using assms(2) assms(3) wf _tuple def by auto
then show ?Zthesis
by (metis <\i. i < n = restrict I (merge tI tJ) ! i = restrict I tI | i A restrict J (merge tI tJ) ! i
= restrict J tJ | © calculation(8) length_restrict simple_list _index__equality)
qed

lemma simple_set_image_id:
assumes VzeX. fz =z
shows Set.image f X = X

proof —
have Set.image f X = {fz |z. x € X} by (simp add: Setcompr_eq_image)
then have ... = {z |z. z € X} by (simp add: assms)
moreover have ... = X by simp
then show ?thesis by (simp add: <f * X = {fz |z. x € X} calculation)
qged

lemma nested include restrict:
assumes restrict [ z =t
assumes A C [
shows restrict A z = restrict A t
proof —
have length (restrict A z) = length (restrict A t) using assms(1) by auto
moreover have Ai. i < length (restrict A z) = (restrict A z) | ¢ = (restrict A t) !¢
proof —
fix ¢ assume ¢ < length (restrict A z)
then show (restrict A z) ! i = (restrict A t) ! i
proof (cases i € A)
case True
then show ?Zthesis
by (metis restrict_index_in i < length (restrict A z)) assms(1) assms(2) length__restrict subsetD)
next
case False
then show ?thesis
by (metis simple_restrict_none <i < length (restrict A z)> calculation length_restrict)
qed
qged
ultimately show ?thesis by (simp add: list_eq_iff _nth_eq)
qed

lemma restrict nested:
restrict A (restrict B z) = restrict (A N B) z (is ?lhs = ?rhs)
proof —
have Ai. i < length x = ?lhs!i = %rhsli
by (metis Int_iff length_restrict restrict_index_in simple_restrict_none)
then show ?thesis by (simp add: simple_list_indez__equality)
qed
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lemma newQuery__equi__dev:
newQuery V Q (I, t) = Set.image (projectTable V) (Set.image (Atab. semiJoin tab (I, t)) Q)
by (metis newQuery__equiv__def projectQuery.elims)

lemma projectTable_idle:
assumes table n A X
assumes A C [
shows projectTable I (4, X) = (4, X)
proof —
have projectTable I (A, X) = (A N I, Set.image (restrict I) X)
using projectTable.simps by blast
then have A N I = A using assms(2) by blast
have Az. z € X = (restrict I) . =z
proof —
fix z assume z € X
have wf_tuple n A z using «x € X» assms(1) table_def by blast
then show (restrict I) © = x using assms(2) restrict_idle_include by blast
qed
then have Vz € X. (restrict I) x = z by blast
moreover have Set.image (restrict I) X = X
by (simp add: <\z. © € X = restrict I © = )
then show ?thesis by (simp add: <A NI =A4A)
qed

lemma restrict_partition__merge:
assumes [ U J =V
assumes wf tuple n V z
assumes xx = restrict J z
assumes t = restrict I z
assumes Set.is_empty (I N J)
shows z = merge zz t
proof —
have A\i. i < n = zli = (merge zz t)!3
proof —
fix ¢ assume i < n
show zli = (merge zz t)!4
proof (cases i € I)
case True
have z!li = tli
by (metis True <i < ny assms(2) assms(4) nth_restrict wf tuple def)
moreover have (merge zz t)li = tli
proof —
have zz ! ¢ = None
using True <i < n» assms(2) assms(3) assms(5)
by (auto intro: simple__restrict_none dest: wf_tuple_length)
moreover have (merge xz t) | i = merge_option (zz ! i, ¢t ! 1)
using i < ny assms(2) assms(3) assms(4) wf_tuple_length by (fastforce simp add: merge__def)
ultimately show %thesis
proof (cases t ! 1)
case None
then show ?thesis using <merge zx t | i = merge_option (zx ! 4, t | ©)) <zx ! ¢ = None> by auto
next
case (Some a)
then show ?thesis using <merge zx t | i = merge__option (zx ! 4, t | ©)) <zx ! ¢ = None> by auto
qed
qed
then show ?thesis by (simp add: calculation)
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next
case False
have i ¢ I by (simp add: False)
then show ?thesis
proof (cases i € J)
case True
have zli = zzli
by (metis True i < n> assms(2) assms(3) nth_restrict wf tuple def)
moreover have (merge zz t)li = zzli
proof (cases zz ! i)
case None
then show ?thesis by (metis True Unll <i < n) assms(1) assms(2) calculation sup__commute
wf_tuple__def)
next
case (Some a)
have ¢! i = None by (metis False simple_restrict_none <i < n» assms(2) assms(4) wf_tuple length)
then show ?thesis using Some i < n» assms(2) assms(8) assms(4) wf_tuple_length
by (fastforce simp add: merge__def)
qed
then show ?thesis by (simp add: calculation)
next
case False
have z!i = None by (metis False UnE < < n» <i ¢ I> assms(1) assms(2) wf _tuple def)
moreover have (merge zz t)!i = None
proof —
have zz | ¢ = None
by (metis False New_maz.simple_restrict_none <i < n) assms(2) assms(8) wf_tuple_length)
moreover have ¢! i = None
by (metis New _maz.simple_restrict_none <& < n» <i ¢ I» assms(2) assms(4) wf_tuple_length)
ultimately show ?thesis using i < n» assms(2) assms(3) assms(4) wf_tuple_length
by (fastforce simp add: merge__def)
qed
then show ?thesis by (simp add: calculation)
qed
qed
ged
moreover have length z = n using assms(2) wf_tuple_def by blast
then show ?Zthesis
by (simp add: assms(3) assms(4) calculation simple_list_index__equality merge__def)
qed

lemma restrict _merge:
assumes 2z = restrict [ z
assumes zJ = restrict J z
assumes restrict (A N I) zI € Set.image (restrict 1) X
assumes restrict (A N J) zJ € Set.image (restrict J) (Set.filter (isSamelntersection zI (A N I)) X)
assumes z = merge zJ z[
assumes table n A X
assumes A C T U J
assumes card (AN IT) > 1
assumes wf_set n (I U J)
assumes wf tuplen (I U J) z
shows restrict A z € X
proof —
define zAJ where zAJ = restrict (AN J) zJ
obtain zz where zAJ = restrict J zz isSamelntersection zI (AN I) zz zz € X
using assms(4) zAJ_def by auto
then have restrict (A N 1) zz = restrict A zI
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proof —
have restrict (A N I) zI = restrict (AN I) zz
proof —
have wf_set n A using assms(7) assms(9) wf_set_def by auto
moreover have wf_tuple n I zI using assms(1) assms(10) wf_tuple_restrict_simple by auto
moreover have wf_tuple n A zz using <zz € X» assms(6) table__def by blast
moreover obtain ANT C AANIC I by simp
then show ?thesis using isSame__equi_dev|ofn _ I zI A zz A N 1|
using <isSamelntersection zI (A N I) zz> assms(7) assms(9) calculation(2) calculation(8) by blast
qed
then show ?thesis
by (simp add: restrict_nested assms(1))
qed
then have zz = restrict A z
proof —
have length zz = n using «zz € X» assms(6) table_def wf _tuple def by blast
moreover have length (restrict A z) = n
by (metis <restrict (A N I) zz = restrict A zI» assms(1) calculation length__restrict)
moreover have \i. i < n = zzli = (restrict A z)li
proof —
fix ¢ assume i < n
show zzli = (restrict A z)!i
proof (cases i € A)
case True
have i € A using True by simp
then show ?thesis
proof (cases i € I)
case True
have zzli = (restrict (A N 1) zz)!i
by (simp add: True <i < n» <i € A calculation(1) restrict_index_in)
then have ... = (restrict A zI)!i by (simp add: <restrict (A N I) zz = restrict A zI»)
then show ?thesis
by (metis True <i < ny <i € Ay <zz ! i = restrict (AN 1) zz ! i» assms(1) calculation(2)
length__restrict restrict_index_in)
next
case Fulse
have zzli = (restrict (AN J) 2J)li
by (metis False True UnE i < n» zAJ = restrict J zz» assms(7) calculation(1)
restrict__index__in subsetD zAJ__def)
then have ... = (restrict A zJ)!i by (simp add: assms(2) restrict_nested)
then show ?Zthesis
by (metis False True UnE <i < n) <zz ! i = restrict (AN J) 2J ! 9 assms(2) assms(7)
calculation(2) length_restrict restrict_index_in subsetD)
qed
next
case False
then show ?2thesis
by (metis <i < ny <zz € X» assms(6) calculation(2) length__restrict simple__restrict_none table__def
wf_tuple__def)
qed
qed
then show ?thesis using calculation(1) calculation(2) simple list _index equality by blast
qed
then show ?Zthesis
using <zz € X> by auto
qed

lemma partial_correctness:
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assumes V =1 U J
assumes Set.is_empty (I N J)
assumes card [ > 1
assumes card J > 1
assumes @ _I_pos = projectQuery I (filterQuery I Q)
assumes @) J_ pos = filterQuery J Q
assumes @) I neg = filterQueryNeg I Qn
assumes @ _J_neg = filterQuery J (Qn — Q_I_neg)
assumes NQ _pos = newQuery J Q_J _pos (I, t)
assumes NQ_neg = newQuery J Q_J_neg (I, t)
assumes R__NQ = genericJoin J NQ_pos NQ__neg
assumes Vz. (z € R_I +— wf_tuple n [ z A (V(4, X)€Q_I_pos. restrict A z € X) N (V(4,
X)eQ_I neg. restrict A z ¢ X))
assumes Vy. (y € R_NQ «— wf_tuple n J y A (V(A, X)ENQ_pos. restrict A y € X) AN (V(A4,
X)ENQ_neg. restrict A y ¢ X))
assumes z = merge xT t
assumes t € R |
assumes zz € R NQ
assumes rwf_query n V Q Qn
shows wf_tuple n V 2z A (V (4, X)€Q. restrict A z € X) A (V (4, X)EQn. restrict A z ¢ X)
proof —
obtain wf tuple n It wf tuple n J xx
using assms(12) assms(13) assms(15) assms(16) by blast
then have wf tuple n V z
by (metis wf_merge assms(1) assms(14) sup__commute)
from <wf tuple n I t» <wf _tuple n J zzx> have <length t = n» <length zx = n»
by (auto simp add: wf _tuple_def)
moreover have AA X. (4, X) € Qn = restrict A z ¢ X
proof —
fix A X assume (4, X) € Qn
have restrict I (merge xx t) = restrict I ¢
using «wf_tuple n I t» <wf _tuple n J xz> <length t = n» <length zx = n» assms(2)
by (auto intro: merge__restrict [of __ J __ n] restrict_idle [of n])
moreover have restrict J (merge zz t) = restrict J xzx
using «wf_tuple n I t» «wf _tuple n J xx> <length t = n» <length zx = n> assms(2)
real_restrict_merge [of J I n zz t] by (simp add: ac__simps)
moreover have restrict J zx = xx using «wf_tuple n J zz» restrict_idle by auto
moreover have restrict I t = t using «wf_tuple n I t» restrict_idle by auto
then obtain restrict I z = t restrict J z = zx
using assms(14) calculation(1) calculation(2) calculation(3) by auto
moreover have V (A4, X)eQ I pos. restrict A t € X using assms(12) assms(15) by blast
moreover have V (A, X)ENQ_pos. restrict A zz € X using assms(13) assms(16) by blast
moreover have card A > 1
using (A4, X) € Qn> assms(17) non_empty__query_def rwf_query__def by fastforce
then show restrict A z ¢ X
proof (cases A C I)
case True
have (A, X) € Q_I neg by (simp add: True <(A, X) € Qny assms(7))
have table n A X
proof —
have wf query n V Q Qn using assms(17) rwf_query_def by blast
moreover have (4, X) € (Q U Qn) by (simp add: «(4, X) € Qn»)
then show ?thesis by (metis calculation fst_conv snd__conv wf _atable_def wf_query_def)
qed
then have restrict A t ¢ X using «(A, X) € Q_I neg> assms(12) assms(15) by blast
moreover have restrict A z = restrict A t using True <restrict [ z = t> nested_include__restrict
by blast
then show ?thesis by (simp add: calculation)
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next
case False
have (A, X) € Q_J_neg
proof —
have (A, X) € @Qn — Q_I neg using Fulse <(A, X) € Qn» assms(7) by auto
moreover have card (AN J) > 1
using assms(1) assms(17) assms(2) assms(4) (A, X) € @Qn> False
by (auto simp add: card__gt_0_iff Suc_le_eq rwf _query__def included__def split_def)
(metis False Int_Un__distrib fst_conv le_iff _inf sup__bot_right)
ultimately show ?thesis using assms(8)
by (metis Diff _subset subset__Q_neg assms(17) fst_conv rwf_query__def set_filterQuery)
qged
define AI where Al = ANI
define AJ where AJ = AN J
then have NQ_neg = projectQuery J (Set.image (Atab. semiJoin tab (I, t)) Q_J_neg)
by (metis newQuery__equi_dev projectQuery.simps assms(10))
then obtain XX where (A, XX) = (Atab. semiJoin tab (I, t)) (A, X) by simp
then obtain XXX where (AJ, XXX) € NQ_neg and (A4J, XXX) = projectTable J (4, XX)
by (metis AJ_def newQuery.simps projectTable.simps «(A, X) € Q_J_neg> assms(10) image__eql)
then have restrict AJ zx ¢ XXX
proof —
have zz € R_NQ by (simp add: assms(16))
then have wf _tuple n Jzz A (V (A, X)ENQ_pos. restrict A zz € X) A (V (A, X)ENQ_neg. restrict
Azx ¢ X)
by (simp add: assms(183))
then show ?thesis using ((AJ, XXX) € NQ_neg> by blast
qed

define zA where zA = restrict A z
have z4 ¢ X
proof (rule ccontr)
assume - (zA ¢ X)
then have 24 € X by simp
moreover have restrict (A N I) zA = restrict (AN 1)t
by (metis nested_include__restrict <restrict I z = t» inf_lel inf le2 zA__def)
then have isSamelntersection t (A N 1) zA
proof —
have wf_set n V using assms(17) rwf_query_def wf_query_def by blast
moreover obtain AN T C AANICIIC V using assms(1) by blast
moreover have A C V using (4, X) € Qn» assms(17) included_def rwf query_def by
fastforce
moreover have wf tuple n A zA
using «wf _tuple n V 2> calculation(5) wf _tuple restrict_simple zA__def by blast
then show ?thesis using isSame__equi_devjof n VA zA It AN 1]
by (simp add: <restrict (A N I) zA = restrict (A N I) & «wf_tuple n I t» calculation(1)
calculation(4) calculation(5))
qed
then have 24 € XX using (4, XX) = semiJoin (A, X) (I, t)» calculation by auto
then have restrict J zA € XXX using «(AJ, XXX) = projectTable J (A, XX)> by auto
moreover have restrict AJ zx = restrict J zA
by (metis AJ_def restrict_nested <restrict J z = zz> inf.right_idem inf_commute zA__def)
then show False using <restrict AJ zz ¢ XXX calculation(2) by auto
qed
then show ?thesis using zA_ def by auto
qed
qed
moreover have AA X. (4, X) € Q = restrict A z € X
proof —
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fix A X assume (4, X) € Q
from <wf tuple n I t» «wf _tuple n J zz> have <length xx = ny <length t = n»
by (simp__all add: wf_tuple_def)
from «wf tuple n It <wf_tuple n J zx> <length zx = n> <length t = n» assms(2)
have «(restrict I (merge xx t) = restrict I t»
by (auto intro: merge_restrict [of I J __ n] restrict_idle [of n])
moreover have restrict J (merge zz t) = restrict J zz
using «wf_tuple n I t» <wf_tuple n J xz> <length xx = n> <length t = n» assms(2)
real_restrict_merge [of J I n zz t] by auto
moreover have restrict J rx = xx using «wf_tuple n J zz» restrict_idle by auto
moreover have restrict I t = t using «wf_tuple n I t» restrict_idle by auto
then obtain restrict I z = t restrict J z = zx
using assms(14) calculation(1) calculation(2) calculation(3) by auto
moreover have V (A4, X)eQ I pos. restrict A t € X using assms(12) assms(15) by blast
moreover have V (4, X)ENQ_pos. restrict A zz € X using assms(13) assms(16) by blast
moreover have card A > 1
using (A4, X) € @ assms(17) non_empty__query__def rwf_query__def by fastforce
then show restrict A z € X
proof (cases A C I)
case True
have (A, X) € filterQuery I Q
proof —
have A N [ = A using True by auto
then have A N I # {} using <! < card A> by auto
then have (A(s, ). sN V # {}) (4, X) using assms(1) by blast
then show ?%thesis
by (metis <«(A, X) € @ <1 < card A <A NI = A assms(17) fst_conv rwf_query_def
set_filterQuery)
qed
have tablen A X
proof —
have wf query n V Q Qn using assms(17) rwf_query__def by blast
moreover have (4, X) € (Q U Qn) by (simp add: «(4, X) € @)
then show ?thesis by (metis calculation fst_conv snd__conv wf _atable_def wf _query_def)
qed
moreover have projectTable I (A, X) = (A, X) using True calculation projectTable_idle by blast
then have (4, X) € Q_I pos by (metis <(A, X) € filterQuery I Q> assms(5) image__eql project-
Query.elims)
then have restrict A t € X using «V (A, X)€Q_I pos. restrict A t € X»> by blast
moreover have restrict A z = restrict A t using True <restrict [ z = t» nested_include_restrict
by blast
then show ?thesis by (simp add: calculation(2))
next
case Fulse
have A C V
proof —
have included V Q using assms(17) rwf_query_def by blast
then show ?thesis using (A, X) € @ included__def by fastforce
qed
then have card (A N J) > 1 by (metis False One_nat__def Suc_lel Suc_le_lessD UnE assms(1)
assms(4) card__gt_0_iff disjoint_iff not__equal finite_Int subsetD subsetl)
then show %thesis
proof (cases card (ANI) > 1)
case True
define zI where zI = restrict I z
define zJ where zJ = restrict J z
obtain zI =t zJ = zx
by (simp add: calculation(4) calculation(5) zI _def zJ _def)
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then have wf tuple n I z2I N (V(A, X)eQ_I pos. restrict A zI € X)
using «wf_tuple n I t» calculation(6) by blast
moreover have wf_tuple n J zJ A (V (4, X)ENQ_pos. restrict A zJ € X)
using <V (A, X)ENQ_pos. restrict A zx € X» «wf_tuple n J zx> <2J = zz> by blast
obtain (4, X) € (filterQuery I Q) (4, X) € Q_J_pos
using True «(A, X) € @ <1 < card (AN J)» assms(6) assms(17) rwf_query__def set_filterQuery
by fastforce
define AI where AI = ANI
define XI where XI = Set.image (restrict I) X
then have (AI, XI) = projectTable I (A, X) using Al def XI_def by simp
then have (AI, XI) € Q_I pos by (metis «(A, X) € filterQuery I Q> assms(5) image__eql
projectQuery. elims)
then have restrict Al zI € XI using «wf tuple n I zI N (V (A, X)€Q_I pos. restrict A zI € X)»
by blast
obtain AJ XJ where (AJ, XJ) = projectTable J (semiJoin (A4, X) (I, zI)) by simp
then have AJ = A N J by auto
then have (AJ, XJ) € NQ_pos
using (4, X) € Q_J_pos» «(AJ, XJ) = projectTable J (semiJoin (A, X) (I, zI))» <z = &
image__iff
using assms(9) by fastforce
then have restrict AJ zJ € XJ
using «wf tuple n J zJ A (V(A, X)ENQ_pos. restrict A zJ € X)» by blast
have XJ = Set.image (restrict J) (Set.filter (isSamelntersection zI (A N I)) X)
using «(AJ, XJ) = projectTable J (semiJoin (A, X) (I, zI))» by auto
then have restrict AJ zJ € Set.image (restrict J) (Set.filter (isSamelntersection zI (A N 1)) X)
using «restrict AJ zJ € XJ» by blast
moreover have table n A X
using (A, X) € @ assms(17) rwf_query_def wf _atable_def wf_query_def by fastforce
moreover have A C I U J using (A C V> assms(1) by auto
then show ?thesis using restrict_merge[of zI I z 2J J A X n] AL _def True XI_def <AJ = AN J»
<restrict Al zI € XIy «restrict I z = t» <restrict J z = xzz> <wf tuple n V z» assms(1)
assms(14) assms(17) calculation(2) calculation(8) rwf_query_def wf _query_def zI_def zJ_def
by blast
next
case False
have (A, X) € Q_J_pos using (4, X) € @ «I < card (AN J)> assms(6) assms(17)
rwf_query__def set_filterQuery by fastforce
moreover have A C J
using «I < card Ay <A C V> False assms(1) assms(2)
by (auto simp add: Suc_le_eq card_gt_0_iff)
then have restrict A z = restrict A zx using <restrict J z = xx> nested__include__restrict by blast
define zI where zI = restrict I z
define zJ where zJ = restrict J z
have zJ = zz by (simp add: <restrict J z = xx» zJ_def)
have zI = t by (simp add: <restrict [ z = t» zI__def)
have z = merge zJ zI by (simp add: <zI = t» <zJ = x> assms(14))
obtain AA XX where (AA, XX) = projectTable J (semiJoin (A, X) (I, t)) by simp
have AA=AnNJ
using «((AA, XX) = projectTable J (semiJoin (A, X) (I, t))» by auto
have (AA, XX) € NQ_pos
using ((AA, XX) = projectTable J (semiJoin (A, X) (I, t))» calculation image__iff assms(9)
by fastforce
then have restrict AA zJ € XX
using (A4, XX) € NQ_pos» V(A, X)ENQ__pos. restrict A zx € X» <zJ = xz> by blast
then have restrict A z = restrict A zJ by (simp add: <restrict A z = restrict A zx> <zJ = za»)
moreover have restrict AA zJ = restrict A zJ by (simp add: <A C J» <AA = AN J» inf.absorbl)
then have restrict A z € XX using «restrict AA zJ € XX calculation(2) by auto
moreover have XX C Set.image (restrict J) X
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proof —
obtain AAA XXX where (AAA, XXX) = semiJoin (A, X) (I, t) by simp
then have XXX C X by auto
then have XX = Set.image (restrict J) XXX
using «(AA, XX) = projectTable J (semiJoin (A, X) (I, t))» <«(AAA, XXX) = semiJoin (A,
X) (I, t)» by auto
then show ?thesis by (simp add: < XXX C X» image__mono)
qed
then have restrict A z € Set.image (restrict J) X using calculation(3) by blast
obtain zz where restrict A z = restrict J zz zz € X
using «<restrict A z € restrict J ¢ X» by blast
then have restrict A z = restrict A zz
by (metis Int_absorb2 <A C J» restrict_nested subset_refl)
moreover have restrict A zz = zz
proof —
have (4, X) € Q by (simp add: «(A, X) € Q)
then have table n A X using assms(17) rwf_query_def wf_atable_def wf_query_def by
fastforce
then have wf_tuple n A 2z using <zz € X table_def by blast
then show ?thesis using restrict_idle by blast
qged
then have restrict A zz = zz using «(restrict A z = restrict J zz» calculation(4) by auto
then show ?thesis by (simp add: <zz € X» calculation(4))
qged
qed
qed
then show ?thesis using calculation «wf _tuple n V 2> by auto
qed

lemma simple__set_inter:
assumes | C (JXeA. fX)
shows I C (UX€eA. (fX)Nn1I)
proof —
have A\z. z € ] = z € (UX€A. (fX) N I)
proof —
fix  assume z € [
obtain X where X € A z € f X using <z € I) assms by auto
then show z € (|JX€A. (f X) N I) using <z € I» by blast
ged
then show ?thesis by (simp add: subsetl)
qed

lemma union_restrict:
assumes restrict I z1 = restrict I 22
assumes restrict J z1 = restrict J 22
shows restrict (I U J) z1 = restrict (I U J) 22
proof —
define zz1 where zz1 = restrict (I U J) z1
define zz2 where 222 = restrict (I U J) 22
have length z1 = length 22 by (metis assms(2) length__restrict)
have Ai. i < length 21 = zz11i = 22214
proof —
fix ¢ assume i < length z1
then show zz1!i = 22210
proof (cases i € I)
case True
then show ?thesis
by (metis simple_restrict_none <i < length z1» <length z1 = length 22> assms(1)
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nth__restrict zz1_def zz2__def)
next
case Fulse
then show %thesis
by (metis simple_restrict_none UnE i < length z1» <length z1 = length z2) assms(2)
nth__restrict zz1__def zz2_def)
qed
qed
then have Vi < length z1. (restrict (I U J) z1)!li = (restrict (I U J) 22)li
using zzI1_def 222 _def by blast
then show %thesis
by (simp add: simple_list_index__equality <length z1 = length z2»)
qed

lemma partial_correctness direct:
assumes V =1 U J
assumes Set.is_empty (I N J)
assumes card [ > 1
assumes card J > 1
assumes @ _I_pos = projectQuery I (filterQuery I Q)
assumes @ _J pos = filterQuery J Q
assumes @) I neg = filterQueryNeg I Qn
assumes @ _J_neg = filterQuery J (Qn — Q_I_neg)
assumes R_ I = genericJoin I Q_I pos Q_I neg
assumes X = {(t, genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J neg (I, t))) | ¢t.1¢
€ R I}
assumes R = (|J (¢, z) € X. {merge zz t | zz . zx € z})
assumes R__NQ = genericJoin J NQ_pos NQ _neg
assumes Vz. (z € R_I +— wf_tuple n [ z A (V(4, X)€Q_I_pos. restrict A z € X) N (V(4,
X)eQ_I neg. restrict A z ¢ X))
assumes VieR _I. (Vy. (y € genericJoin J (newQuery J Q_J _pos (I, t)) (newQuery J Q_J_neg (I,
t)) «— wf_tuplen Jy A
(V (4, X)e(newQuery J Q_J_pos (I, t)). restrict A y € X) N (V(A, X)e(newQuery J Q_J_neg (I,
t)). restrict A y ¢ X)))
assumes wf_tuplen V z A (V(A, X)€Q. restrict A z € X) N (V(A, X)EQn. restrict A z ¢ X)
assumes rwf_queryn V Q Qn
shows z € R
proof —
define CI where CI = filterQuery I Q
define 2/ where zI = restrict I z
have wf_tuple n I zI
using assms(1) assms(15) wf_tuple restrict_simple zI_def by auto
have ANA X. ((A, X)€Q_I pos = restrict A zI € X)
proof —
fix A X assume (A, X)eQ I pos
have (A, X) € projectQuery I Q using (4, X) € Q_I pos) assms(5) by auto
then obtain AA XX where X = Set.image (restrict [) XX (AA, XX) € Q A= AA N I by auto
moreover have (restrict AA z) € XX using assms(15) calculation(2) by blast
then have restrict I (restrict AA z) € X by (simp add: calculation(1))
then show restrict A zI € X
by (metis calculation(3) inf.right_idem inf commute restrict_nested zI _def)
qed
moreover have AA X. ((4, X)eQ I neg = restrict A zI ¢ X)
proof —
fix A X assume (A, X)eQ _I neg
then have (4, X) € Qn by (simp add: assms(7))
then have restrict A z ¢ X using assms(15) by blast
moreover have A C [ using (4, X) € Q_I neg> assms(7) by auto
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then have restrict A z = restrict A zI
using nested__include__restrict zI__def by metis
then show restrict A zI ¢ X using calculation by auto
qed
then have 2/ € R_I using <wf_tuple n I zI> assms(18) calculation by auto
define zJ where zJ = restrict J z
have wf tuple n J zJ using assms(1) assms(15) wf_tuple_restrict_simple zJ__def by auto
have A4 X. ((A, X)€Q_J_pos = restrict A z € X) using assms(15) assms(6) by auto
define NQ where NQ = newQuery J Q_J_pos (I, zI)
have AA X. ((A, X)e€Q_J_pos => (isSamelntersection zI (A N I) (restrict A z)))
proof —
fix A X assume (4, X) € Q_J_pos
obtain wf _set n V wf_tuple n I zI using «wf _tuple n I zI> assms(16) rwf_query_def wf_query_def
by blast
moreover have A C V
proof —
have included V Q_J_pos
using assms(16) assms(6) by (auto simp add: included _def rwf _query_ def)
then show %thesis using «(A, X) € Q_J pos> included_def by fastforce
qed
moreover have wf_tuple n A (restrict A z) by (meson assms(15) calculation(3) wf_tuple_restrict_simple)
then show isSamelntersection zI (A N I) (restrict A z)
using isSame__equi_dev[of n V I zI A restrict A z A N 1]
by (metis nested_include_restrict assms(1) calculation(1) calculation(2) calculation(3) inf _lel
inf_le2 sup_gel zI _def)
qed
then have AA X. (4, X)eENQ = restrict A zJ € X)
proof —
fix A X assume (4, X)eNQ
obtain AA XX where (A, X) = projectTable J (semiJoin (AA, XX) (I, zI)) (AA, XX) € Q_J_pos
using NQ_def «(A, X) € NQ> by auto
then have restrict AA z € XX using <\AX A. (4, X) € Q_J_pos = restrict A z € X» by blast
then have restrict AA z € snd (semiJoin (AA, XX) (I, zI))
using (4A, XX) € Q_J pos» <AX A. (4, X) € Q_J _pos = isSamelntersection zI (A N I)
(restrict A z)» by auto
then have restrict J (restrict AA z) € X
using «(A, X) = projectTable J (semiJoin (AA, XX) (I, zI))> by auto
then show restrict A zJ € X
by (metis «(A, X) = projectTable J (semiJoin (AA, XX) (I, zI))» fst_conv inf.idem inf_commute
project Table.simps restrict_nested semiJoin.simps zJ__def)
qed
moreover have Vy. (y € genericJoin J (newQuery J Q_J _pos (I, zI)) (newQuery J Q_J neg (I,
2l)) «— wf _tuplen Jy A
(V(A, X)enewQuery J Q_J_pos (I, zI). restrict Ay € X) N (V (A4, X)enewQuery J Q_J_neg (I, zI).
restrict A y ¢ X))
using <zI € R_I» assms(14) by auto
then have zJ € genericJoin J (newQuery J Q_J_pos (I, zI)) (newQuery J Q_J_neg (I, zI))
+— wf_tuple n J zJ N (V (A, X)enewQuery J Q_J_pos (I, zI). restrict A zJ € X) A
(V (4, X)enewQuery J Q_J _neg (I, zI). restrict A zJ ¢ X) by blast
moreover have V (A, X)enewQuery J Q_J_pos (I, zI). restrict A zJ € X
using NQ_ def calculation(2) by blast
moreover have AA X. (4, X)enewQuery J Q_J neg (I, zI) = restrict A zJ ¢ X
proof —
fix A X assume (A4, X) € newQuery J Q_J _neg (I, zI)
then have (4, X) € (Set.image (Atab. projectTable J (semiJoin tab (I, zI))) Q_J_neg)
using newQuery.simps by blast
then obtain A4 XX where (A, X) = projectTable J (semiJoin (AA, XX) (I, zI)) and (AA, XX)
€ Q_J neg
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by auto
then have A = AA N J by auto
then have (AA, XX) € Qn using ((AA, XX) € Q_J_neg> assms(8) by auto
then have restrict AA z ¢ XX using assms(15) by blast
show restrict A zJ ¢ X
proof (rule ccontr)
assume — (restrict A zJ ¢ X)
then have restrict A zJ € X by simp
then have restrict A zJ € Set.image (restrict J) (Set.filter (isSamelntersection zI (I N AA)) XX)
by (metis projectTable.simps semiJoin.simps (A, X) = projectTable J (semiJoin (AA, XX) (I,

20))»
inf_commute snd__conv)
then obtain zz where restrict A zJ = restrict J zz and zz € (Set.filter (isSamelntersection zI (1
N AA)) XX)
by blast
moreover have restrict A zJ = restrict AA zJ
by (simp add: restrict_nested <A = AA N J» zJ_def)
then have restrict AA z = zz
proof —
have restrict J (restrict AA zz) = restrict J (restrict AA z)
by (metis (no__types, lifting) restrict_nested <restrict A zJ = restrict AA zJ»
calculation(1) inf _commute inf _left_idem zJ__def)
moreover have isSamelntersection zI (I N AA) zz
using «zz € Set.filter (isSamelntersection zI (I N AA)) XX» by auto
moreover have wf tuple n AA zz
proof —
have rwf_query n V Q Qn by (simp add: assms(16))
moreover have (AA, XX) € Q U @Qn by (simp add: <«(AA, XX) € Qn»)
then have wf_atable n (AA, XX) using calculation rwf_query__def wf_query__def by blast
then show ?thesis
using <zz € Set.filter (isSamelntersection zI (I N AA)) XX> table_def wf _atable def by
fastforce
qged
moreover have restrict AA zz = zz using calculation(8) restrict_idle by blast
moreover have A4 C V
proof —
have included V Qn using assms(16) rwf _query_def by blast
then show ?thesis using ((AA, XX) € @Qn) included__def by fastforce
qged
moreover have wf_set n V using assms(16) rwf_query def wf _query_def by blast
moreover have restrict (I N AA) zz = restrict (I N AA) zI
using isSame_equi_devjof n V AA zz V z I N AA]
by (metis (mono__tags, lifting) isSame__equi_dev <wf tuple n I zI» assms(1)
calculation(2) calculation(8) calculation(5) calculation(6) inf _lel inf _le2 sup_gel)
then have restrict I (restrict AA zz) = restrict I (restrict AA z)
by (metis (mono__tags, lifting) restrict_nested inf lel nested_include_restrict zI__def)
then have restrict (I U J) (restrict AA z) = restrict (I U J) (restrict AA zz)
using union__restrict calculation(1) by fastforce
moreover have AACTUJ
by (metis <(AA, XX) € Qn> assms(1) assms(16) case_prodD included_def rwf query_ def)
then show ?thesis
by (metis restrict _nested calculation(4) calculation(7) inf.absorb_iff2)
qed
then show False using <restrict AA z ¢ XX calculation(2) by auto
qed
qed

then have zJ € genericJoin J (newQuery J Q_J_pos (I, zI)) (newQuery J Q_J_neg (I, zI))
using «wf_tuple n J zJ» calculation(8) calculation(4) by blast

36



have z = merge zJ zI
using restrict__partition_merge assms(1) assms(15) assms(2) zIL_def zJ_def by fastforce
moreover have (zI, genericJoin J (newQuery J Q_J_pos (I, zI)) (newQuery J Q_J_neg (I, 2I))) €
X
using «zI € R_I) assms(10) by blast
then show ?thesis
using «zJ € genericJoin J (newQuery J Q_J_pos (I, zI)) (newQuery J Q_J_neg (I, zI))> assms(11)
calculation(5) by blast
qged

lemma obvious_ forall:
assumes VzeX. Pz
assumes r€X
shows P z
by (simp add: assms(1) assms(2))

lemma correctness:
[rwf_query n V Q Qn; card V > 1] = (z € genericJoin V Q Qn +— wf_tuplen V z A
(V(A, X)eQ. restrict A z € X) N (V(4, X)eQn. restrict A z ¢ X))
proof (induction V Q Qn arbitrary: z rule: genericJoin.induct)
case (1 V Q Qn)
then show ?case
proof (cases card V < 1)
case True
have card V = 1 using 1.prems(2) True le_antisym by blast
then show ?thesis using base__correctnessjof V n Q @Qn genericJoin V Q Qn z] using 1.prems(1)
by blast
next
case Faulse
obtain I J where (I, J) = getlJ Q Qn V by (metis surj_pair)
define Q I pos where Q_I pos = projectQuery I (filterQuery I Q)
define ) I neg where Q_I neg = filterQueryNeg I Qn
define R_ I where R_I = genericJoin I Q_I pos Q_I neg
define Q_J neg where Q_J neg = filterQuery J (Qn — Q_I neg)
define @) _J pos where ) _J pos = filterQuery J Q
define X where X = {(t, genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg (I,
t))|t.te R_I}
define R where R = (|J(t, z) € X. {merge zx t | zx . zz € z})
then have R = genericJoin V Q Qn
using vars_genericJoin[of VIJ Q Qn Q_I pos Q_I neg R_I1 Q_J neg Q_J pos X R]
by (metis 1.prems(1) False Q_I neg_def Q I pos_def Q_J neg def Q_J_pos_def R_I def
Suc_ 1 X_ def
(I, J) = getl] Q Qn V> not_less_eq eq)
obtain rwf _query n I Q_I pos Q_I neg and card I > 1
by (metis 1.prems(1) False Q_I neg def Q I pos def Suc_1 «(I, J) = getl] Q@ Qn V>
getlJ.getlJProperties(1)
getlJ.wf _firstRecursiveCall getlJ_azioms not_less_eq eq)
then have Vz. (z € R_I +—
wf _tuplen Iz A (V(A, X)€Q_I pos. restrict Az € X) AN (V(A, X)€Q_I neg. restrict A z ¢ X))
using 1.JH(1) False Q_I neg_def Q_I pos_def R_I def «(I, J) = getl] Q Qn V> by auto
moreover have VieR _I. (Vy. (y € genericJoin J (newQuery J Q_J pos (I, t)) (newQuery J
Q_J neg (I, 1)) «— wf tuplen Jy A
(V (4, X)e(newQuery J Q_J_pos (I, t)). restrict A y € X) N (V(A, X)e(newQuery J Q_J _neg (I,
t)). restrict A y ¢ X)))
proof
fix tassume t € R_ I
have card J > 1
by (metis False Suc_1 «(I, J) = getlJ] Q Qn V> getlJProperties(2) le_SucE nat_le_linear)
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moreover have rwf query n J (newQuery J Q_J _pos (I, t)) (newQuery J Q_J_mneg (I, t))
by (metis 1.prems(1) Diff _subset False Q_J_mneg_def Q_J_pos_def Suc_1 «(I, J) = getl] Q
Qn V>
getlJ.wf _secondRecursiveCalls getlJ _azioms not_less_eq eq)
define NQ_pos where NQ_pos = newQuery J Q_J_pos (I, t)
define NQ_neg where NQ_neg = newQuery J Q_J_neg (I, t)
have Ay. y € genericJoin J NQ_pos NQ_neg «—
wf_tuple n Jy A (V (A, X)ENQ_pos. restrict A y € X) A (V (A, X)ENQ_neg. restrict A y ¢ X)
proof —
fix y
have rwf query n J NQ_pos NQ_neg
using NQ_neg_def NQ_pos_def <rwf_query n J (newQuery J Q_J_pos (I, t)) (newQuery J
Q_J neg (I, t))» by blast
then show y € genericJoin J NQ_pos NQ_neg «—
wf_tuple n Jy A (V(A, X)ENQ_pos. restrict A y € X) N (V(A4, X)ENQ_neg. restrict A y ¢ X)
using 1.JTH(2)[of (I, J) I J Q_I pos @ I neg R_1Q _J neg Q _J posty]
by (metis 1.prems(1) False NQ_neg_def NQ_pos_def Q_I _neg_def Q_I _pos_def Q_J_neg_def
Q _J pos_def R_I def Suc_1 «(I, J) = getl] Q @Qn V> calculation filter _Q _J_neg same
not_less_eq_eq)
qed
then show Vy. (y € genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg (I, t))
> wf _tuplen Jy A
(V (4, X)e(newQuery J Q_J _pos (I, t)). restrict A y € X) N (V(A, X)e(newQuery J Q_J _neg (I,
t)). restrict A y ¢ X))
using NQ _neg_def NQ_pos__def by blast
qed
moreover obtain V =T U J Set.is_empty (I N J) card I > 1 card J > 1
using «(I, J) = getlJ Q @Qn V> coreProperties [of V Q Qn I J] False by (auto simp add: not_le)
moreover have rwf_query n V Q Qn by (simp add: 1.prems(1))
then show %thesis
proof —
have z € genericJoin V Q Qn = wf_tuple n V z A (V(4, X)€Q. restrict A z € X) N (V (4,
X)eQn. restrict A z ¢ X)
proof —
fix z assume z € genericJoin V Q @n
have z € (J(¢, z) € X. {merge zx t | 2z . 2z € x})
using R_ def <R = genericJoin V Q @Qny <z € genericJoin V Q Qn> by blast
obtain t R_NQ where z € {mergezz t | zz . zx € R_NQ} ({, R_NQ) € X
using «z € (|J (¢, z)€X. {merge zz t |zz. zx € z})> by blast
then have t € R_I using X_def by blast
define NQ where NQ = newQuery J Q_J_pos (I, t)
define NQ_neg where NQ_neg = newQuery J Q_J_neg (I, t)
have R_NQ = genericJoin J NQ NQ_neg using NQ_def NQ_neg_def X_def «(t, R_NQ) €
X by blast
obtain zz where z = merge zz t zz € R_NQ
using <z € {merge xz t |zz. v € R_NQ}> by blast
have Vy. (y € R_NQ +— wf_tuple n J y A (V(4, X)ENQ. restrict A y € X) N (V(4,
X)ENQ_neg. restrict A y ¢ X))
proof —
have ViteR_1I. (Vz. (x € genericJoin J NQ NQ_neg
+— wf _tuplen Jx A (V(A, X)ENQ. restrict A z € X) A (V (A, X)ENQ__neg. restrict
A ¢ X))
using NQ_def NQ_neg_def <t € R_I» calculation(2) by auto
moreover have t€R_I by (simp add: <t € R_I))
then have (Vz. (z € genericJoin J NQ NQ _neg
> wf tuple n Jz A (V(A, X)ENQ. restrict A z € X) N (V(4, X)eENQ_neg.
restrict A © ¢ X)))
using obvious_forall[where ?z=t and ?X=R_I| calculation by fastforce
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then show ?thesis using <R__NQ = genericJoin J NQ NQ _neg> by blast
qed
show wf_tuple n V z A (V(A, X)€Q. restrict A z € X) N (V(A, X)eQn. restrict A z ¢ X)
using partial__correctnesslof VI J Q_I pos Q Q_J pos @ I neg Qn Q_J _neg NQ t NQ_neg
R_NQ R_1In z xx]
using 1.prems(1) NQ_def NQ_neg_def Q_I neg_def Q_I pos_def Q_J _neqg def Q_J_pos_def
(R_NQ = genericJoin J NQ NQ_neg> <Vy. (y € R_NQ) = (wf_tuple n Jy A (V (A, X)ENQ.
restrict Ay € X) A (V(A, X)ENQ _neg. restrict Ay ¢ X))
<t € R_I» <zxz € R_NQ@» <z = merge zz t» calculation(1) calculation(8) calculation(4)
calculation(5) calculation(6) by blast
qed
moreover have wf tuple n V z A (V (A, X)€Q. restrict A z € X) A (V(A, X)€Qn. restrict A z
¢ X) = z € genericJoin V Q Qn
proof —
fix z assume wf _tuple n Vz A (V(A, X)€Q. restrict A z € X) N (V(A, X)€Qn. restrict A z ¢
X)
have z € R
using partial_correctness_directlof VI J Q_I pos Q Q_J pos Q_I neg Qn Q_J _neg R_I
XR
___nZ
1.prems(1) Q_I neg def Q I pos def Q J neq def Q J pos def R_I def R_def X _def
<1 < card Iy <1 < card J> <Set.is_empty (I N Jp <<V =1U J»

VteR_I.Vy. (y € genericJoin J (newQuery J Q_J_pos (I, t)) (newQuery J Q_J_neg (I, t)))
= (wf_tuple n J y A (V (4, X)enewQuery J Q_J_pos (I, t). restrict A y € X) N (V(A, X)EnewQuery
J Q_J neg (I,t). restrict Ay ¢ X))

Nz (z € R_I) = (wf tuple n I = A (V(A, X)eQ _I pos. restrict A z € X) A (V (4,
X)eQ_I neg. restrict A x ¢ X))
<cwf tuple n Vz A (V(A, X)€Q. restrict A z € X) A (V(A, X)eQn. restrict A z ¢ X)» by
blast
then show z € genericJoin V @ @Qn using <R = genericJoin V Q Qn> by blast
qed
then show ?thesis using calculation by linarith
qed
qed
qed

lemma wf set finite:
assumes wf_set n A
shows finite A
using assms finite__nat__set_iff bounded wf _set_def by auto

lemma vars_wrapperGenericJoin:
fixes Q :: ‘a query and Q_pos :: 'a query and Q_neg :: 'a query
and V :: nat set and Qn :: 'a query
assumes @Q = Set.filter (A(A, _). = Set.is_empty A) Q_pos
and V = (J(4, X)eQ. A)
and Qn = Set.filter (A(A, _). AC V Acard A> 1) Q_neg
and — Set.is_empty Q
and —((3(4, X)eQ _pos. Set.is_empty X) V (3 (4, X)€Q_neg. Set.is_empty A N — Set.is_empty
X))
shows wrapperGenericJoin Q_pos Q) _neg = genericJoin V Q Qn
using assms wrapperGenericJoin__def
proof —
let ?2r = wrapperGenericJoin Q _pos @ _neg
have ?r = (if (3(4, X)eQ_pos. Set.is_empty X) V (3 (4, X)€Q_neg. Set.is_empty A A\ — Set.is_empty
X)) then
{}

else
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let @ = Set.filter (M(A, _). = Set.is_empty A) Q_pos in
if Set.is_empty Q then
(N(A, X)eQ_pos. X) — (U (4, X)€Q_ney. X)
else
let V.=(U(4 X)€Q. A) in
let Qn = Set.filter (M(A, _). AC V Acard A > 1) Q_neg in
genericJoin V @ Qn) by (simp add: split_def wrapperGenericJoin__def)
also have ... = (let Q = Set.filter (A(A, _). = Set.is_empty A) Q_pos in
if Set.is_empty Q) then
(N(4, X)€Q_pos. X) — (U(A, X)€Q_neg. X)
else
let V.=(U(4, X)€Q. A4) in
let Qn = Set.filter (A(A, ). AC V Acard A > 1) Q_neg in
genericJoin V Q Qn) using assms(5) by simp
moreover have — (let Q = Set.filter (A(A, _). — Set.is_empty A) Q_pos in Set.is_empty Q)
using assms(1) assms(4) by auto
ultimately have (let Q = Set.filter (A(A, _). = Set.is_empty A) Q_pos in
if Set.is_empty Q then
(N(4, X)€Q_pos. X) — (U(A, X)€Q_neg. X)
else
let V.=(U(4, X)€Q. A4) in
let Qn = Set.filter (A(A, ). AC V Acard A > 1) Q_neg in
genericJoin V Q @Qn) = (let Q = Set.filter (A(A, _). = Set.is_empty A) Q_pos in
let V.=(U(4, X)€Q. A4) in
let Qn = Set.filter (M(A, ). AC V Acard A > 1) Q_neg in
genericJoin V Q @Qn) by presburger
also have ... = (genericJoin V @ Qn) using assms(1) assms(2) assms(3) by metis
finally have «*: «(let Q = Set.filter (A(A, uu). - Set.is_empty A) Q_pos
in if Set.is_empty Q
then (N (A, X)eQ_pos. X) —
(U(A, X)eQ_neg. X)
else let V= (4, X)eQ@. A
in Let (Set.filter (A\(A, vu). A C V A1 < card A) Q_neg) (genericJoin V Q)) = genericJoin
VaQon .
show ?%thesis
using assms(5) *
by (auto simp add: split_def Let_def wrapperGenericJoin__def split: if _splits)
qed

lemma wrapper__correctness:

assumes card ()_pos >1

assumes V (A, X)€(Q_pos U Q_neg). table n A X N wf_set n A

shows z € wrapperGenericJoin @ _pos Q_neg <— wf_tuple n (J(4, X)€Q_pos. A) z N (V(A4,
X)eQ_pos. restrict A z € X) N (V(A, X)€Q_neg. restrict A z ¢ X)
proof (cases ((A, X)eQ_pos. Set.is_empty X) V (3(A, X)EQ_neg. Set.is_empty A N\ — Set.is_empty

X))
let ?r = wrapperGenericJoin Q_pos Q_neg
case True

then have ?r = {}
by (simp add: wrapperGenericJoin__def)
have — (wf_tuple n (J (A, X)€Q_pos. A) z A (V (A, X)€Q_pos. restrict A z € X) N (V(A, X)€EQ_neg.
restrict A z ¢ X))
proof (rule notl)
assume wf _tuple n (U (4, X)€Q_pos. A) z A (V (A, X)€Q_pos. restrict A z € X) A (V (A, X)€Q_neg.
restrict A z ¢ X)
then show Fulse
proof (cases (A, X)EQ _pos. Set.is_empty X)
case True
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then show %thesis
using «wf tuple n (|J (A, X)€Q _pos. A) z A (V(A, X)eQ_pos. restrict A z € X) N (V(A4,
X)eQ_neg. restrict A z ¢ X)»
by auto
next
let %v = replicate n None
case False
then have 3 (4, X)eQ_neg. Set.is_empty A A — Set.is_empty X using True by blast
then obtain A X where (A, X) € Q_neg Set.is_empty A — Set.is_empty X by auto
then have table n A X using assms(2) by auto
then have X C {?v} using «Set.is_empty A <= Set.is_empty X»
by (auto simp add: unit_table_def table_def wf_tuple__empty)
then show ?thesis using (A, X) € Q_neg> «Set.is_empty A> <~ Set.is_empty X» <table n A X»
«cwf tuple n (J(A, X)eQ _pos. A) z A (V(A, X)eQ _pos. restrict A z € X) A (V (A, X)eQ_neg.
restrict A z ¢ X)»
apply (cases <X = {replicate n None}»)
apply (auto simp add: empty_table_def split__def table__def elim!: ballE [of Q_neg _ «({}, X)»])
apply (meson empty_subset] wf _tuple_empty wf_tuple_restrict_simple)
done
qed
ged
then show ?thesis using «?r = {}» by simp
next
case Fulse
then have forall: (V (A4, X)€Q_pos. = Set.is_empty X) AN (V(4, X)€EQ_neg. - Set.is_empty A V
Set.is_empty X) by auto
define ) where Q = Set.filter (A(A, _). - Set.is_empty A) Q_pos
define V where V = (J (4, X)€Q. A)
let ?r = wrapperGenericJoin Q_pos Q_neg
show %thesis
proof (cases Q = {})
case True
then have r_def: ?r = (N (A4, X)eQ_pos. X) — (U(4, X)€Q_neg. X) using Q_ def False
by (auto simp add: wrapperGenericJoin__def)
moreover have empty_u: (|J(4, X)e@_pos. A) = {}
using True by (auto simp add: Q__def)
then have V = {} using True V_def by blast
moreover have AA X. (A, X) € Q_pos = X C {replicate n None}
proof —
fix A X assume (A, X) € Q_pos
then have table n A X using assms(2) by auto
then have 4 = {}
proof —
have (A, X) ¢ Q by (simp add: True)
then show ?thesis by (simp add: Q_def «(A, X) € Q_pos»)
qed
then show X C {replicate n None} using (A = {}» <table n A X» table_empty unit_table_def by
fastforce
qed
have ?r C {replicate n None}
proof (rule subsetl)
fix z assume z € ?r
obtain A X where (A, X) € Q_pos using <card Q_pos > 1)
using True card.empty not_one_le_zero by (metis bot.extremum__uniquel subrell)
then have z € X using <z € ?r) r_def by auto
then show z € {replicate n None} using (4, X) € Q _pos» <\AX A. (A, X) € Q_pos = X C
{replicate n None}> by blast
qed

41



let ?v = replicate n None
show %thesis
proof (cases ?7r = {})
case True
have disj: 34 X. (4, X) € Q_pos AN X ={}) V (4, X) € Q_neg A {?} C X)
proof (rule ccontr)
assume JA4 X. (4, X) € Q_pos A X ={}V (4, X) € Q_neg AN {#} C X
then have z_pos: V (A4, X)eQ_pos. X = {?v} using <(AX A. (4, X) € Q_pos = X C {replicate
n None}» by blast
moreover have z_neg: V (A, X)€Q_neg. ?v ¢ X using PA X. (4, X) € Q_pos AN X = {} V
(4, X) € Q_neg A {replicate n None} C X» by blast
ultimately have %v € 9r using r_def
proof —
have 7v € (N (4, X)€Q_pos. X) using z_pos by auto
moreover have ?v ¢ (|J (4, X)€Q_neg. X) using z_neg by auto
ultimately show ¢thesis using r_def by auto
qed
then show False using True by blast
qed
have — (wf_tuple n (| (4, X)€Q _pos. A) z A (V(4, X)EQ_pos. restrict A z € X) N (V(A4,
X)eQ_neg. restrict A z ¢ X))
proof (rule notl)
assume wf_tuple n (|J (4, X)€Q_pos. A) z A (V(A, X)EQ_pos. restrict A z € X) N (V(A4,
X)eQ_neg. restrict A z ¢ X)
have z = %v
using <wf_tuple n (U (4, X)€Q_pos. A) z A (V(A, X)EQ_pos. restrict A z € X) N (V(A4,
X)eQ_neg. restrict A z ¢ X)» empty_u wf_tuple_empty by auto
then have AA. restrict A z = z
by (metis getlJ.restrict_index__out getlJ _axioms length_replicate length__restrict nth__replicate
nth__restrict simple_list_index__equality)
then have (3 (4, X)eQ _pos. z ¢ X)V (3(4, X)€Q_neg. z € X) using disj using <z = replicate
n None» by auto
then show False
using (A A. restrict A z = 2 «wf_tuple n (J (A, X)eQ_pos. A) z N (V (A, X)€Q_pos. restrict
Aze X)N V(4 X)eQ _neg. restrict A z ¢ X)» by auto
qed
then show ?thesis using True by blast
next
case Fulse
then have ?r = {%v} using (wrapperGenericJoin Q_pos Q_neg C {replicate n None}> by blast
then have AA X. (4, X) € Q_pos = X = {%v}
using (AX A. (A, X) € Q_pos = X C {replicate n None}» forall by fastforce
then have V (A, X)€@ pos. X = {?v} by blast
moreover have V (A, X)eQ_neg. ?v ¢ X using «wrapperGenericJoin Q_pos Q_neg = {replicate
n None}r r_def
by (auto simp add: wrapperGenericJoin__def)
ultimately show ?%thesis (is ?a <+— ?b)
proof —
have %0 = %b
proof —
assume ?a
then have z = %v using (wrapperGenericJoin Q_pos Q_neg = {replicate n None}» by blast
then have A\A. restrict A z = z
by (metis getlJ.restrict_index__out getlJ axzioms length_replicate length__restrict nth__replicate
nth__restrict simple_list_index__equality)
then show ?b using vV (A, X)€Q_neg. replicate n None ¢ X» <V (4, X)eQ_pos. X = {replicate
n None}»
<z = replicate n None» empty_u wf _tuple empty by fastforce
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qed
moreover have ?b = %a
using (wrapperGenericJoin Q_pos Q_neg = {replicate n None}» empty_u wf_tuple _empty by
auto
ultimately show ?thesis by blast
qged
qed
next

case False
then have False_prev: Q # {} by simp
have covering V Q using V__def covering def by blast
moreover have included V Q) using included_def V__def by fastforce
define Qn where Qn = Set.filter (A(A, _). AC V Acard A > 1) Q_neg
then have Qn C @ _neg by auto
moreover have wf queryn V Q Qn

proof —
have wf setn V
proof —
have A\z. 2 € V =z < n
proof —

fix z assume z € V
obtain A X where z € A (4, X) € Q using V_def <z € V» by blast
then have (A, X) € (Q_pos U Q_neg) by (simp add: Q__def)
then have wf set n A using assms(2) by auto
then show z < n using <z € A wf_set_def by blast
qed
then show ?thesis using wf set_def by blast
qed
moreover have card @ > 1
proof —
have finite Q_pos using assms(1) not_one_le_zero by fastforce
then have finite Q by (simp add: Q__def)
then show ?thesis using Fualse by (simp add: Suc_lel card_gt_0_iff)
qed
moreover have AY. Y € (QU Q_neg) = wf_atable n Y
proof —
fix Y assume Y € (Q U Q_neg)
then obtain A X where Y = (4, X) by (meson case_prodE case_prodI2)
then have table n A X
using <Y € Q U Q_neg> assms(2)
by (auto simp add: Q__def split_def elim: ballE [of _ __ «(A, X)])
moreover have finite A
proof —
have wf set n A
using <Y = (4, X)» <Y € QU Q_neg> assms(2)
by (auto simp add: Q__def)
then show ?thesis using wf _set_finite by blast
qed
ultimately show wf_atable n Y by (simp add: <Y = (A, X)» wf_atable_def)
qed
ultimately have wf query n V @ Q_neg using wf query def by blast
then show ?%thesis using Un__iff «Qn C Q_neg> subsetD wf _query_def
proof —

obtain pp :: (nat set x 'a option list set) set = (nat set x 'a option list set) set = nat = nat set
x 'a option list set where
fl:¥n N P Pa. (wf_queryn NP PaV =1 < card PV = wf_set n N V = wf_atable n (pp Pa

Pn)ANppPa Pne PUPa)A (1 <cardPAwf _setn NA(Vp. wf_atablenpV p ¢ P U Pa)V —
wf_query n N P Pa)
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by (metis (full _types) wf _query_ def)
have pp Qn Qn € Qn — pp Qn Q n € Q_neg
using «@Qn C @ _neg» by blast
then have pp Qn Q@ n € QU Q _neg V wf_queryn V Q @Qn using <1 < card Q» <wf_set n V> f1
by auto
then show ?thesis using <1 < card @ «<A\Y. Y € QU Q_neg = wf_atable n Y <wf_set n V>
f1 by blast
qed
qged
moreover have non__empty_query Q
proof —
have AA X. (A, X) € Q= card A > 1
proof —
fix A X assume asm: (A, X) € Q
then have wf set n A
by (metis <included V @ calculation(3) case_prodD included_def subsetD wf query_ def
wf_set__def)
then have finite A using wf_set_ finite by blast
then show card A > 1
using asm by (auto simp add: card__gt_0_iff Suc_le_eq Q__def)
qged
then show %thesis
by (auto simp add: non__empty__query__def)
qed
moreover have included V Qn by (simp add: Qn__def case_prod_beta’ included__def)
moreover have non__empty__query Qn by (simp add: Qn__def case_prod__beta’ non__empty__query__def)
then have rwf queryn V Q Qn
by (simp add: <included V Q> calculation(1) calculation(3) calculation(4) calculation(5) rwf _query def)
moreover have card V > 1
proof —
obtain A X where (A, X) € Q_pos — Set.is_empty A using Fualse Q__def by force
then have A C V
using «included V Q> by (auto simp add: Q__def included__def)
moreover have finite V using wf_set finite <wf query n V Q Qn> wf _query_def by blast
ultimately show ?thesis
using «— Set.is_empty A> by (auto simp add: card_gt_0_iff Suc_le_eq)
qed
then have z € genericJoin V Q Qn «— wf_tuple n V z A (V(A, X)€Q. restrict A z € X) N (V (A4,
X)eQn. restrict A z ¢ X)
using correctness[where ?n=n and ?V=V and ?Q=Q and ?z=z] by (simp add: calculation(6))
moreover have ?r = genericJoin V Q Qn
proof —
have Qn = Set.filter (AM(A, _). AC V A1 < card A) Q_neg using Qn_def by blast
moreover have — Set.is_empty Q by (simp add: False_prev)
moreover have - ((3 (A4, X)eQ _pos. Set.is_empty X) V (3(A, X)€Q_neg. Set.is_empty A N\ =
Set.is_empty X))
using forall by blast
ultimately show ?thesis using vars_wrapperGenericJoin[of Q@ Q_pos V Qn Q_neg] Q_def V_def
by simp
qed
moreover have z € genericJoin V Q Qn — (V (A, X)€Q_pos — Q. restrict A z € X) AN (V (A4,
X)eQ _neg — Qn. restrict A z ¢ X)
proof —
assume z € genericJoin V Q Qn
have (AA X. (A, X)€Q_pos — Q = restrict A z € X)
proof —
fix A X assume (4, X) € Q_pos — Q
then have table n A X using assms(2) by auto
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moreover have Set.is_empty A

using (4, X) € Q_pos — @ by (auto simp add: Q__def)

moreover have — Set.is_empty X using forall using «(A, X) € Q_pos — Q> by blast

ultimately have X = {replicate n None} by (simp add: empty__table_def table__empty unit_table_def)
moreover have wf tuple n V z

using «(z € genericJoin V Q Qn) = (wf_tuple n V z A (V (A, X)€Q. restrict A z € X) N (V (A,

X)eQ@n.

restrict A z ¢ X))» <z € genericJoin V Q Qny by linarith

then have restrict A z = replicate n None

using «Set.is _empty A»
by auto (meson empty_subset] wf tuple__empty wf_tuple_ restrict_simple)

then show restrict A z € X by (simp add: calculation)
qged
moreover have AA X. (4, X)eQ _neg — Qn = restrict A z ¢ X
proof —
fix A X assume (4, X) € Q_neg — @Qn
then have notc: = (card A > 1 N A C V) using Qn_ def by auto
then show restrict A z ¢ X

p

roof (cases A C V)
case True
then have card A = 0 using Qn__def using notc by linarith
moreover have (finite V»
using <1 < card V> by (simp add: Suc_le_eq card_gt_0_iff)
then have (finite A»
using True by (rule rev_finite__subset)
ultimately have Set.is_empty X
using (4, X) € Q_neg — Qn> forall
by auto
then show ?thesis by simp

next

X)e@n.

by blast

case Fulse
then obtain { where i € A i ¢ V by blast
then have i < n
proof —
have (4, X) € Q_neg using (4, X) € Q_neg — Qn> by auto
then have wf_set n A using assms(2) by auto
then show ?thesis by (simp add: <i € Ay wf _set_ def)
qed
moreover have table n A X
proof —
have (4, X) € Q_neg using (4, X) € Q_neg — @Qn> by auto
then show ?thesis using assms(2) by auto
qed
have wf tuplen V z
using «(z € genericJoin V Q @Qn) = (wf_tuplen Vz A (V(4, X)€Q. restrict A z € X) N (V (4,
restrict A z ¢ X))» <z € genericJoin V Q Qn» by blast
show #%thesis
proof (rule ccontr)
let 22z = restrict A z
assume - %2z ¢ X
then have %2z € X by blast
then have wf tuple n A ?zz using <table n A X» table_def by blast
then have ?zz ! i # None
by (simp add: <i € Ay calculation wf _tuple_def)
moreover have z ! i = None using <wf _tuple n V 2> <i ¢ V> wf tuple_def using < < n)

ultimately show Fulse

using i < n» i € A «wf _tuple n A (restrict A z)» nth_restrict wf _tuple_length by fastforce
qed
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qed
qed
ultimately show ?thesis by blast
qed
ultimately have z € genericJoin V Q @Qn +— (V (A, X)€Q_pos — Q. restrict A z € X) N (V (4,
X)eQ _neg — Qn. restrict A z ¢ X)
A wf_tuplen Vz A (V(A, X)EQ. restrict A z € X) N (V (A4, X)eQn. restrict A z ¢ X) by blast
moreover have V = (|J (4, X)eQ_pos. A)
proof —
have (U (4, X)e@Q_pos — Q. A) = {}
proof —
have AA X. (4, X) € (Q_pos — Q) = A = {} by (simp add: Q_def)
then show ?thesis by blast
qed
moreover have V = (J (4, X)€Q. A) using V_def by simp
moreover have (|J (A4, X)eQ _pos. A) = (U(4, X)eQ. A) U (U(A, X)eQ_pos — Q. A) using
Q_def by auto
ultimately show ?thesis by simp
qed
ultimately show ?thesis (is ?a = ?b)
proof —
have ?a = ?b using Diff iff «(z € genericJoin V Q Qn) = ((V(4, X)€Q _pos — Q. restrict A z
€ X) N (V(A, X)eQ_neg — Qn. restrict A z ¢ X) N wf _tuplen Vz A (V (4, X)eQ. restrict A z € X)
A (V (4, X)eQn. restrict A z ¢ X))» <V = (U (A4, X)€Q_pos. A)» «wrapperGenericJoin Q_pos Q_neg
= genericJoin V @ @Qn> by blast
moreover have ?b = %q using Q__def Qn_def «(z € genericJoin V Q Qn) = (wf_tuple n V z
A (VY (A, X)eQ. restrict A z € X) N (V(A, X)eQ@Qn. restrict A z ¢ X))» <V = (U(A, X)eQ_pos. A)»
cwrapperGenericJoin Q)_pos Q_neg = genericJoin V Q) Qn> by auto
ultimately show ?thesis by blast
qed
qed
qed

end

end

3 Example instantiations and queries

theory Ezamples_Join
imports Generic_Join
begin

3.1 Instantiations

global__interpretation Maz_getlJ: getlJ A\_ _ V. (V — {Maz V}, {Maz V})

defines Max_getlJ genericJoin = Maz_getlJ.genericJoin

and Max__getlJ _wrapperGenericJoin = Maz__getlJ.wrapperGenericJoin

by standard (metis Diff _disjoint Maz__in One_nat__def Pair_inject Suc__1 Suc_le__mono card.insert_remove
card.empty card.infinite card__insert_disjoint finite.emptyl inf commute insert Diff insert__absorb in-
sert_is_Un insert_not_empty le_numeral_extra(4) not_numeral_le_zero sup__commute)

global__interpretation Min_getlJ: getIlJ A V. ({Min V}, V — {Min V})

defines Min__getlJ genericJoin = Min__getlJ.genericJoin

and Min__getlJ wrapperGenericJoin = Min__getlJ. wrapperGenericJoin

by standard (metis Diff _disjoint Min__in One_nat__def Pair_inject Suc__1 card.insert__remove card.empty
card.infinite card__insert__disjoint finite.emptyl insert_ Diff insert__absorb insert_is__Un insert_mnot__empty
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le_numeral__extra(4) not_less_eq eq not_numeral_le_zero)

3.2 Queries

value Maz_getlJ.genericJoin {0, 1} {({0 , 1}, {[Some (0 :: nat), Some 0], [Some 1, Some 1]}), ({0 ,
1}, {[Some 0, Some 0], [Some 0, Some 1]})} {} :: nat table
value Min__getlJ.genericJoin {0, 1} {({0 , 1}, {[Some (0 :: nat), Some 0], [Some 1, Some 1]}), ({0 ,
1}, {[Some 0, Some 0], [Some 0, Some 1]})} {} :: nat table

fun protoTableTriangle :: nat = nat table where
protoTableTriangle 0 = {[Some 0, Some 0]}
| protoTableTriangle (Suc n) = (protoTableTriangle n) U {[Some (Suc n), Some 0], [Some 0, Some (Suc

n)l}

fun auzInsertNoneTriangle :: nat tuple = nat = nat tuple where
auzxlnsertNoneTriangle | 0 = None # 1

| auzInsertNoneTriangle (z # q) (Suc n) = z # (auzInsertNoneTriangle q n)

| auzInsertNoneTriangle [| (Suc v) = undefined

fun insertNoneTriangle :: nat table = nat = nat table where
insertNoneTriangle t n = {auzInsertNoneTriangle zn | z . x € t}

value set [0 ..< 5]

fun getTableTriangle :: nat = nat = nat atable where
getTableTriangle n ¢ = ({0, 1, 2} — {i}, insertNoneTriangle (protoTable Triangle n) i)

fun getQueryTriangle :: nat = nat query where
getQueryTriangle n = {getTableTriangle n 0, getTableTriangle n 1, getTableTriangle n 2}

definition verticesTriangle :: vertices where verticesTriangle = {0, 1, 2}
value getQueryTriangle 2

value Maz_getlJ.genericJoin verticesTriangle (getQueryTriangle 2) {({0, 2}, {[Some 0, None, Some

01h}

value let n = 2 in let ((_, A), (_, B), (_, C)) = (getTableTriangle n 0, getTableTriangle n 1, getTable-
Triangle n 2) in

let AB = join A True B in join AB True C

value Min_ getlJ.wrapperGenericJoin (getQueryTriangle 2) {}

value Maz__getlJ. wrapperGenericJoin (getQueryTriangle 2) {}

value New__maz.wrapperGenericJoin (getQueryTriangle 2) {}

end
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