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Abstract

We formalize new decision procedures for WS1S, M2L(Str), and
Presburger Arithmetics. Formulas of these logics denote regular lan-
guages. Unlike traditional decision procedures, we do not translate
formulas into automata (nor into regular expressions), at least not
explicitly. Instead we devise notions of derivatives (inspired by Br-
zozowski derivatives for regular expressions) that operate on formulas
directly and compute a syntactic bisimulation using these derivatives.
The treatment of Boolean connectives and quantifiers is uniform for
all mentioned logics and is abstracted into a locale. This locale is then
instantiated by different atomic formulas and their derivatives (which
may differ even for the same logic under different encodings of inter-
pretations as formal words).

The WSIS instance is described in the draft paper A Coalgebraic
Decision Procedure for WS1S ! by the author.
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Equivalence Framework

coinductive rel-language where
[oL=0K;Aab. Rab= rel-language R (3 L a) (0 K b)] = rel-language R
LK

declare rel-language. coinduct[consumes 1, case-names Lang, coinduct pred)

lemma rel-language-alt:
rel-language R L K = rel-fun (list-all2 R) (=) (in-language L) (in-language K)
(proof)

lemma rel-language-eq: rel-language (=) = (=)
(proof )

abbreviation 0s = fold (Aa L. 0 L a)

lemma in-language-0s: in-language (0s w L) v +— in-language L (w Q v)
(proof )

lemma 0-0s: 0 (0s w L) «— in-language L w
(proof)

lemma in-language-to-language[simp): in-language (to-language L) w +— w € L
(proof )

lemma rtrancl-fold-product:
shows {((r, s), (far,gbs)|abrs.ac ANbE BARab} ™=
{((r, s), (fold f wl r, fold g w2 s)) | wl w2rs. wl € lists AN w2 € lists B
A list-all2 R w1 w2}
(is 7L = ?R)
(proof)

lemma rtrancl-fold-productl:
shows {(r, s). da € A. s=far} > ={(r, s). Ja € lists A. s = fold f a r} (is



?L = ?R)
(proof)

lemma lang-eq-ext-Nil-fold-Deriv:
fixes KL AR
assumes
Nw. in-language K w = w € lists A
Nw. in-language L w = w € lists B
Naeb Rab=ac A+—beB
defines B = {(0s w! K,0s w2 L) | wl w2. wl € lists A A w2 € lists B A list-all2
R wl w2}
shows rel-language R K L «— (V(K, L) € B.0 K <— 0 L)

(proof)

1.1 Abstract Deterministic Automaton

locale DA =

fixes alphabet :: 'a list

fixes init :: 't = s

fixes delta :: 'a = 's = 's

fixes accept :: 's = bool

fixes wellformed :: 's = bool

fixes Language :: 's = 'a language

fixes wf :: 't = bool

fixes Lang :: 't = 'a language

assumes distinct-alphabet: distinct alphabet

assumes Language-init: wf t = Language (init t) = Lang t

assumes wellformed-init: wf t = wellformed (init t)

assumes Language-alphabet: Jwellformed s; in-language (Language s) w] = w €
lists (set alphabet)

assumes wellformed-delta: [wellformed s; a € set alphabet] = wellformed (delta
as)

assumes Language-delta: [wellformed s; a € set alphabet] = Language (delta a
s) = o (Language s) a

assumes accept-Language: wellformed s => accept s +— o (Language )

begin

lemma this: DA alphabet init delta accept wellformed Language wf Lang (proof)

lemma wellformed-deltas:
[wellformed s; w € lists (set alphabet)] = wellformed (fold delta w s)

{proof)

lemma Language-deltas:

[wellformed s; w € lists (set alphabet)] = Language (fold delta w s) = 0s w
(Language s)

(proof)

Auxiliary functions:



definition reachable :: 'a list = 's = 's set where
reachable as s = snd (the (rtrancl-while (A-. True) (As. map (Aa. delta a s) as)

s))

definition automaton :: 'a list = 's = (('s * 'a) * 's) set where
automaton as s =
snd (the
(tet start = (([s], {s}), {});
test = A(ws, Z), A). ws # [|;
step = AM(ws, Z), A).
(let s = hd ws;
new-edges = map (Ma. ((s, a), delta a s)) as;
new = remdups (filter (\ss. ss ¢ Z) (map snd new-edges))
in ((new @ tl ws, set new U Z), set new-edges U A))
in while-option test step start))

definition match :: 's = ‘a list = bool where
match s w = accept (fold delta w s)

lemma match-correct:
assumes wellformed s w € lists (set alphabet)
shows match s w +— in-language (Language s) w
(proof )

end

locale DAs =

M: DA alphabetl initl deltal acceptl wellformedl Languagel wfl Langl +

N: DA alphabet2 init2 delta2 accept? wellformed2 Language2 wf2 Lang?2

for alphabet! :: 'al list and initl :: 't1 = ’s1 and deltal accept!l wellformedl
Languagel wfl Langl

and alphabet? :: ‘a2 list and init2 :: 't2 = 's2 and delta2 accept2 wellformed2
Language2 wf2 Lang2 +

fixes letter-eq :: 'al = 'a2 = bool

assumes letter-eq: Na b. letter-eq a b => a € set alphabet] +— b € set alphabet2
begin

abbreviation step where
step = (M(p, q). map (A(a, b). (deltal a p, delta2 b q))
(filter (case-prod letter-eq) (List.product alphabetl alphabet2)))

abbreviation closure :: 's1 « 's2 = (('s1 x 's2) list = ('s1 * 's2) set) option
where
closure = rtrancl-while (A(p, q). acceptl p = accept? q) step

theorem closure-sound-complete:

assumes wf: wfl r wf2 s

and result: closure (initl r, init2 s) = Some (ws, R) (is closure (?r, 9s) = -)
shows ws = [| «— rel-language letter-eq (Langl r) (Lang2 s)



(proof)

1.2 The overall procedure

definition check-equ :: 't1 = 't2 = bool where
check-equ r s = (wfl v A wf2 s A (case closure (initl r, init2 s) of Some([], -) =
True | - = False))

lemma soundness:
assumes check-equ r s shows rel-language letter-eq (Langl r) (Lang?2 s)

(proof)

end

1.3 Abstract Deterministic Finite Automaton

locale DFA = DA +
assumes fin: wellformed s = finite {fold delta w s | w. w € lists (set alphabet)}
begin

lemma finite-rtrancl-delta-Imagel :
wellformed r = finite ({(r, s). Fa € set alphabet. s = delta a r} 7 “{r})

(proof )

lemma
assumes wellformed r set as C set alphabet
shows reachable: reachable as r = {fold delta w r | w. w € lists (set as)}
and finite-reachable: finite (reachable as )

(proof)

end

locale DFAs =

M: DFA alphabetl init1 deltal acceptl wellformedl Languagel wfl Langl +

N: DFA alphabet?2 init2 delta2 accept? wellformed2 Language2 wf2 Lang2

for alphabet! :: 'al list and initl :: 't1 = ’s1 and deltal accept!l wellformedl
Languagel wfl Langl

and alphabet? :: 'a2 list and init2 :: 't2 = ’s2 and delta2 accept? wellformed?2
Language2 wf2 Lang2 +

fixes letter-eq :: 'al = 'a2 = bool

assumes letter-eq: \a b. letter-eq a b = a € set alphabet] <— b € set alphabet2
begin

interpretation DAs (proof)
lemma finite-rtrancl-delta-Image:

[wellformed! r; wellformed?2 s] =
finite ({((r, s), (deltal a r, delta2 b s))| a b rs.



a € set alphabet! A b € set alphabet2 A R a b} “{(r, s)})
{proof)

lemma termination:
assumes wellformedl r wellformed2 s
shows Jst. closure (r, s) = Some st (is I -. closure % = -)

(proof)

lemma completeness:
assumes wfl r wf2 s rel-language letter-eq (Langl r) (Lang2 s) shows check-equ
rs

(proof)

end

sublocale DA < DAs
alphabet init delta accept wellformed Language wf Lang
alphabet init delta accept wellformed Language wf Lang (=)

{proof)

sublocale DFA < DFAs
alphabet init delta accept wellformed Language wf Lang
alphabet init delta accept wellformed Language wf Lang (=)

{proof)

lemma (in DA) step-alt: step = (A(p, q). map (Aa. (delta a p, delta a q)) alphabet)
(proof )

2 Derivatives of Abstract Formulas

2.1 Preliminaries

lemma pred-Diff-0[simp]: 0 ¢ A = i € (Az. z — Suc 0) ‘A +— Suci€ A
{proof)

lemma funpow-cycle-mult: (f k) s =2 = (f  (mx*k)) z ==z
{proof)

lemma funpow-cycle: (f " k)z =z = (f D z= (" (modk)) z
(proof)

lemma funpow-cycle-offset:

fixes f :: 'a = "a

assumes (f "k z=("T"izi<ki<lI

shows (f "D xz=(f""((l =14 mod (k— 1)+ 1)z
(proof)

lemma in-set-tID: x € set (tl zs) = x € set xs
{proof)



definition dec k m = (if m > k then m — Suc 0 else m ::

2.2 Abstract formulas

datatype (discs-sels) ('a, 'k) aformula =
F'Bool bool

| FBase 'a

| FNot (‘a, 'k) aformula

| FOr (‘a, 'k) aformula ('a, 'k) aformula

| FAnd ('a, 'k) aformula ('a, 'k) aformula

| FEz 'k ('a, 'k) aformula

| FAIL 'k (Ya, 'k) aformula

derive linorder aformula

fun nFOR where
nFOR || = FBool Fulse
| nFOR [z] = x
| nFOR (xz # xs) = FOr z (nFOR s)

fun nFAND where
nFAND [] = FBool True
| nFAND [z] =z
| nFAND (x # xs) = FAnd © (nFAND xs)

definition NFOR = nFOR o sorted-list-of-set
definition NFAND = nFAND o sorted-list-of-set

fun disjuncts where
disjuncts (FOr ¢ 1) = disjuncts ¢ U disjuncts 1
| disjuncts ¢ = {¢}

fun conjuncts where
conjuncts (FAnd ¢ ) = conjuncts ¢ U conjuncts i

| conjuncts ¢ = {p}

fun disjuncts-list where

nat)

disjuncts-list (FOr ¢ 1) = disjuncts-list ¢ Q disjuncts-list v

| disjuncts-list ¢ = [¢]

fun conjuncts-list where

conjuncts-list (FAnd o ) = conjuncts-list ¢ Q conjuncts-list

| conjuncts-list ¢ = [p]

lemma finite-juncts[simp|: finite (disjuncts @) finite (conjuncts )
and nonempty-juncts[simp]: disjuncts ¢ # {} conjuncts ¢ # {}

{proof)

lemma juncts-eq-set-juncts-list:



disjuncts @ = set (disjuncts-list )
conjuncts ¢ = set (conjuncts-list )
{proof )

lemma notin-juncts:
[ € disjuncts p; is-FOr ] = False
[v € conjuncts p; is-FAnd ] = False
(proof )

lemma juncts-list-singleton:
- is-FOr ¢ = disjuncts-list ¢ = [¢]
= is-FAnd ¢ = conjuncts-list ¢ = [¢]
(proof)

lemma juncts-singleton:
- is-FOr ¢ = disjuncts ¢ = {¢}
= is-FAnd ¢ = conjuncts ¢ = {p}
(proof)

lemma nonempty-juncts-list: conjuncts-list ¢ # [| disjuncts-list o # ||
(proof )

primrec norm-ACI («(-)») where
(FBool by = FBool b
| (FBase a) = FBase a
| (FNot ¢) = FNot (o)
| (FOr ¢ ¢) = NFOR (disjuncts (FOr () (1))
| (FAnd ¢ v) = NFAND (conjuncts (FAnd (@) (¥)))
| (FEx k @) = FEz k ()
| (FAIL K @) = FAILE ()

fun nf-ACI where
nf-ACI (FOr 1 ¢2) = (= is-FOr b1 A (let ps = 11 # disjuncts-list Y2 in

sorted s A distinct ps A nf-ACI ¥1 A nf-ACI 2))

| nf-ACI (FAnd ¥1 ¢2) = (= is-FAnd ¥1 A (let s = Y1 # conjuncts-list ¥ 2 in
sorted ps A distinct s N nf-ACI 1 N nf-ACI ¢ 2))

| nf~-ACI (FNot ) = nf-ACI ¢

| nf-ACI (FEx k @) = nf-ACI ¢

| nf-ACI (FAlIl k @) = nf-ACI ¢

| nf-ACI ¢ = True

lemma nf-ACI-D:
nf-ACI ¢ = sorted (disjuncts-list @)
nf-ACI ¢ = sorted (conjuncts-list )
nf-ACI ¢ = distinct (disjuncts-list @)
nf-ACI ¢ = distinct (conjuncts-list ©)
nf-ACI ¢ = list-all nf-ACI (disjuncts-list @)
nf-ACI ¢ = list-all nf~-ACI (conjuncts-list ¢)
(proof)



lemma disjuncts-list-nFOR:
[list-all (Az. = is-FOr x) @s; s # [|] = disjuncts-list (nFOR ¢s) = s
{proof)

lemma conjuncts-list-nFAND:
[list-all (Az. = is-FAnd z) @s; @s # []] = conjuncts-list (nFAND ¢s) = s
{proof)

lemma disjuncts-NFOR:
[finite X; X # {}; Vo € X. = is-FOr z] = disjuncts (NFOR X) = X
{proof )

lemma conjuncts-NFAND:
[finite X; X # {}; Vo € X. = is-FAnd 2] = conjuncts (NFAND X) = X

(proof)

lemma nf-ACI-nFOR:

[sorted ps; distinct @s; list-all nf-ACI ps; list-all (A\x. = is-FOr x) ¢s] = nf-ACI
(nFOR ¢s)

(proof )

lemma nf-ACI-nFAND:

[sorted @s; distinct ps; list-all nf-ACI s; list-all (Az. = is-FAnd z) ¢s] =
nf-ACI (nFAND ps)

(proof)

lemma nf-ACI-juncts:
[v € disjuncts ; nf-ACI ¢] = nf-ACI v
[¥ € conjuncts @; nf-ACI @] = nf-ACI
(proof )

lemma nf-ACI-norm-ACI: nf-ACI (p)
{proof)

lemma nFOR-Cons: nFOR (xz # xs) = (if xs = [] then z else FOr  (nFOR zs))
(proof)

lemma nFAND-Cons: nFAND (x # zs) = (if zs = [] then x else FAnd © (nFAND

5))
(proof)

lemma nFOR-disjuncts: nf-ACI ¥ = nFOR (disjuncts-list 1) = ¥
(proof)

lemma nFAND-conjuncts: nf-ACI » = nFAND (conjuncts-list ¥) = ¢
(proof )

lemma NFOR-disjuncts: nf-ACI ¢ = NFOR (disjuncts ) = 1



{proof)

lemma NFAND-conjuncts: nf-ACI ¢ = NFAND (conjuncts ) = 1
(proof )

lemma norm-ACI-if-nf-ACI: nf-ACI ¢ = (p) = ¢
(proof)

lemma norm-ACI-idem: ((¢)) = ()
(proof)

lemma norm-ACI-juncts:
nf-ACI ¢ = norm-ACI ‘ disjuncts ¢ = disjuncts ¢
nf-ACI ¢ = norm-ACI ‘ conjuncts ¢ = conjuncts ¢
(proof)

lemma
norm-ACI-NFOR: nf-ACI ¢ =— ¢ = NFOR (norm-ACI ¢ disjuncts ¢) and
norm-ACI-NFAND: nf-ACI ¢ = ¢ = NFAND (norm-ACI ¢ conjuncts ¢)
(proof)

locale Formula-Operations =
fixes TYPEVARS :: 'a :: linorder x i x 'k :: {linorder, enum} x 'n x 'z x 'v

and SUC 1 'k = 'n='n
and LESS :: 'k = nat = 'n = bool

and assigns :: nat = i = 'k = v (<=~ [900, 999, 999] 999)
and nvars :: i = 'n («Fy - [1000] 900)

and FEztend :: 'k = nat = i = 'v= "

and CONS :: 'z = i = /i

and SNOC :: 'z = i = i

and Length :: i = nat

and extend :: 'k = bool = 'tz = 'z
and size :: 'z = n

and zero :: 'n = 'z

and alphabet :: 'n = 'z list

and eval :: 'v = nat = bool
and downshift :: 'v = v
and upshift :: 'v = v

and add :: nat = v = "v
and cut :: nat = v = "v
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and len :: 'v = nat

and restrict :: 'k = 'v = bool
and Restrict :: 'k = nat = (‘a, 'k) aformula

and Iformula0 :: 'a = bool

and FV0 :: 'k = 'a = nat set

and find0 :: 'k = nat = 'a = bool

and wf0 :: 'n = 'a = bool

and decr0 :: 'k = nat = 'a = a

and satisfies0 :: i = 'a = bool (infix <= 50)

and nullable0 :: 'a = bool

and lderiv0 :: 'z = 'a = ('a, 'k) aformula

and rderiv0 :: 'z = 'a = (‘a, 'k) aformula
begin

abbreviation LEQ kln = LESS k1 (SUC k n)

primrec FV where
FV (FBool -) k = {}
(FBase a) k= FV0k a
(FNot ©) k=FV ¢ k
(FOr o ) k= FV o kU FV ¢ k
(FAnd ¢ ) k= FV ¢ kU FV ¢ k
(FEz k' o) k= (if k' = k then (Az. z — 1) *(FV o k — {0}) else FV ¢ k)
(FAILE o) k= (if k' =k then (Az. z — 1) *(FV ¢ k — {0}) else FV ¢ k)

primrec find where
find k1 (FBool -) = False
| find k1 (FBase a) = find0 k1 a
| find k'l (FNot @) = find k1 ¢
| find k1 (FOr ¢ ) = (find k1l ¢ V find k1 9)
| find k'l (FAnd ¢ o) = (find k'l ¢ V find k1 )
| ind k1 (FEz k' ) = find k (if k = k' then Suc l else 1) ¢
| find k1 (FAILE ¢) = find k (if k = k' then Suc [ else 1) ¢

primrec wf :: 'n = (‘a, 'k) aformula = bool where
wf n (FBool -) = True

| wfn (FBase a) = wfl n a

| wfn (FNot ¢) = wfn ¢

| wfn (FOr ¢ ¢) = (wfn o A wfny)

| wf n (FAnd ¢ ) = (uf n o A uf n )

| wfn (FEz k ¢) = wf (SUCkn) ¢

| wfn (FAILk ¢) = wf (SUC kn) ¢

primrec [formula :: (‘a, 'k) aformula = bool where
Iformula (FBool -) = True

11



| lformula (FBase a) = Iformula0 a

| lformula (FNot ¢) = Iformula ¢

| lformula (FOr ¢ ¢) = (Iformula @ A lformula 1)
| lformula (FAnd ¢ ) = (lformula ¢ A lformula 1)
| lformula (FEz k ¢) = lformula ¢

| lformula (FAIL k ) = lformula ¢

primrec decr :: 'k = nat = (‘a, 'k) aformula = (‘a, 'k) aformula where
decr k I (FBool b) = FBool b

| decr k| (FBase a) = FBase (decr0 k1 a)

| decr kI (FNot ¢) = FNot (decr k1 )

| decr k1 (FOr ¢ o) = FOr (decr k1 ) (decr k1 1))

| decr k'l (FAnd ¢ ¢) = FAnd (decr k1 @) (decr k1 1)

| decr k'l (FEx k' ) = FEz k' (decr k (if k = k' then Suc [ else 1) ¢)

| decr k1 (FAILL k" @) = FAIL k' (decr k (if k = k' then Suc [ else 1) ¢)

primrec satisfies-gen :: ('k = 'v = nat = bool) = i = ('a, 'k) aformula = bool
where
satisfies-gen v A (FBool b) = b
| satisfies-gen v 2 (FBase a) = (A o a)
| satisfies-gen r 24 (FNot ¢) = (- satisfies-gen v 2 )
| satisfies-gen r A (FOr @1 pa) = (satisfies-gen v A @1 V satisfies-gen r A ps)
| satisfies-gen r A (FAnd p1 p2) = (satisfies-gen A o1 A satisfies-gen r A p2)
| satisfies-gen r A (FEx k p) = (3 P. rk P (Length A) A satisfies-gen v (Extend k
02AP) o)
| satisfies-gen r A (FAIlk ¢) = (VY P. rk P (Length ) — satisfies-gen r (Extend
k0 AP) )

abbreviation satisfies (infix <=» 50) where
A = ¢ = satisfies-gen (M- - -. True) 2A ¢

abbreviation satisfies-bounded (infix <> 50) where
A |y ¢ = satisfies-gen (A\- Pn.len P < n) A ¢

abbreviation sat-vars-gen where
sat-vars-gen r K A ¢ =
satisfies-gen (Ak P n. restrict k PArkPn) Ao AN (Vke K.Vz € FV ¢ k.
restrict k (z°k))

definition sat where
sat A ¢ = sat-vars-gen (A- - -. True) UNIV A ¢

definition sat, where
sat, A o = sat-vars-gen (A- P n. len P < n) UNIV 2 ¢

fun RESTR where

RESTR (FOr ¢ ) = FOr (RESTR ¢) (RESTR )
| RESTR (FAnd ¢ 1) = FAnd (RESTR ¢) (RESTR )
| RESTR (FNot @) = FNot (RESTR )
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| RESTR (FEz k ¢) = FEx k (FAnd (Restrict k 0) (RESTR ¢))
| RESTR (FAll k ¢) = FAlIl k (FOr (FNot (Restrict k 0)) (RESTR ¢))
| RESTR ¢ = ¢

abbreviation RESTRICT-VARS where
RESTRICT-VARS ks V ¢ =
foldr (%k . foldr (A\x ¢. FAnd (Restrict k x) ) (V k) ¢) ks (RESTR ¢)

definition RESTRICT where
RESTRICT ¢ = RESTRICT-VARS Enum.enum (sorted-list-of-set o FV ) ¢

primrec nullable :: ('a, 'k) aformula = bool where
nullable (FBool b) = b

| nullable (FBase a) = nullable0 a

| nullable (FNot ¢) = (— nullable @)

| nullable (FOr ¢ ) = (nullable ¢ V nullable )

| nullable (FAnd ¢ ) = (nullable ¢ N nullable )

| nullable (FEz k ) = nullable ¢

| nullable (FAIl k ¢) = nullable ¢

fun nFOr :: (‘a, 'k) aformula = (a, 'k) aformula = ('a, 'k) aformula where
nFOr (FBool b1) (FBool b2) = FBool (b1 V b2)

| nF'Or (FBool b) v = (if b then FBool True else 1)

| nF'Or ¢ (FBool b) = (if b then FBool True else @)

| nFOr (FOr @1 ©2) ¢ = nFOr o1 (nFOr ¢2 1)

| nFOr ¢ (FOr 1 ¢2) =

(if ¢ =11 then FOr 1 2

else if ¢ < 1 then FOr ¢ (FOr 1 9¢2)

else FOr 1 (nFOr ¢ ¢2))

nFOr ¢ i =

(if ¢ =9 then ¢

else if ¢ < 1 then FOr ¢ 1

else FOr ¢ ¢)

fun nFAnd :: ('a, 'k) aformula = (‘a, 'k) aformula = ('a, 'k) aformula where
nFAnd (FBool b1) (FBool b2) = FBool (b1 A b2)

| nEAnd (FBool b) ¢ = (if b then 1 else FBool False)

| nFAnd ¢ (FBool b) = (if b then ¢ else FBool False)

| nEAnd (FAnd ©1 ¢2) ¢ = nFAnd @1 (nFAnd ¢2 1)

| nFAnd ¢ (FAnd 41 ¢2) =

(if ¢ = ¥1 then FAnd ¥1 2

else if o < 1 then FAnd ¢ (FAnd ¢1 2)

else FAnd ¥1 (nFAnd ¢ ¥2))

nFAnd ¢ 9 =

(if ¢ = ¥ then

else if ¢ < 1 then FAnd ¢ 1

else FAnd ¢ ¢)

fun nFEz :: 'k = (‘a, 'k) aformula = ('a, 'k) aformula where
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nFEz k (FOr ¢ ¢) = nFOr (nFEz k @) (nFEz k 1)
| nFEx k ¢ = (if find k 0 ¢ then FEx k ¢ else decr k 0 )

fun nFAIll where
nFAll k (FAnd ¢ ) = nFAnd (nFAILk ) (nFAIL k 1)
| nFAILLk o = (if find k 0 ¢ then FAIL k ¢ else decr k 0 )

fun nFNot :: (‘a, 'k) aformula = ('a, 'k) aformula where
nFNot (FNot ¢) = ¢

| nFNot (FOr ¢ ) = nFAnd (nFNot ¢) (nFNot 1)
| nFNot (FAnd ¢ 1) = nFOr (nFNot ¢) (nFNot 1))
| nFNot (FEx b ¢) = nFAIl b (nFNot )

( )

| nFNot (FAIl b ¢) = nFEx b (nF'Not ¢
| nF'Not (FBool b) = FBool (— b)
| nFNot ¢ = FNot ¢

fun norm where
norm (FOr ¢ v) = nFOr (norm ¢) (norm )
| norm (FAnd ¢ 1) = nFAnd (norm @) (norm 1)
| norm (FNot ¢) = nFNot (norm )
| norm (FEz k ¢) = nFEx k (norm ¢)
| norm (FAll k @) = nFAIl k (norm )
| norm ¢ = ¢

context
fixes deriv0 :: 't = 'a = ('a, 'k) aformula
begin

primrec deriv = 'z = (‘a, 'k) aformula = ('a, 'k) aformula where
deriv x (FBool b) = FBool b
| deriv z (FBase a) = deriv0 = a
| deriv z (FNot @) = FNot (deriv z ¢)
| deriv z (FOr ¢ ) = FOr (deriv z ¢) (deriv z 1)
| deriv x (FAnd ¢ ) = FAnd (deriv x ¢) (deriv z 1))
| deriv & (FEx k @) = FEz k (FOr (deriv (extend k True z) ¢) (deriv (extend k
False ) ¢))
| deriv x (FAll k @) = FAlUl k (FAnd (deriv (extend k True x) ¢) (deriv (extend k
False z) ¢))

end

abbreviation lderiv = deriv lderiv0
abbreviation rderiv = deriv rderiv0

lemma fold-deriv-FBool: fold (deriv d0) xs (FBool b) = FBool b
{proof)

lemma fold-deriv-FNot:
fold (deriv d0) xzs (FNot @) = FNot (fold (deriv d0) zs )
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{proof)

lemma fold-deriv-FOr:

fold (deriv d0) zs (FOr ¢ ¢) = FOr (fold (deriv d0) zs ¢) (fold (deriv d0) zs
)

(proof )

lemma fold-deriv-FAnd:

fold (deriv d0) zs (FAnd ¢ ¢) = FAnd (fold (deriv d0) xs ¢) (fold (deriv d0) xs
)

(proof )

lemma fold-deriv-FFEx:
{{fold (deriv d0) xzs (FEx k ¢)) | zs. True} C
{FEz k ¢ | . nf-ACIT ¢ A disjuncts ¢ C (|Jzs. disjuncts (fold (deriv d0) zs
©))}
(proof)

lemma fold-deriv-FAll:
{(fold (deriv d0) zs (FAIl k ¢)) | xs. True} C
{FAILk 9 | . nf-ACI ¢ N\ conjuncts ¢ C (|Jzs. conjuncts (fold (deriv d0) xs
@)}
(proof)

lemma finite-norm-ACI-juncts:
fixes f :: ('a, 'k) aformula = ('a, 'k) aformula
shows finite B = finite {f ¢ | ¢. nf-ACI ¢ A disjuncts ¢ C B}
finite B = finite {f ¢ | p. nf~ACI ¢ A conjuncts ¢ C B}
(proof)

end

locale Formula = Formula-Operations

where TYPEVARS = TYPEVARS
for TYPEVARS :: 'a :: linorder x i x 'k :: {linorder, enum} x 'n X 'z X 'v +

assumes SUC-SUC: SUC k (SUC k' idx) = SUC k' (SUC Fk idx)
and LEQ-0: LEQ k 0 idx
and LESS-SUC: LEQ k (Suc l) ide = LESS k 1 idx

k# k"= LESS k1 (SUCE idx) = LESS k[ idz

and nvars-Extend: #v (Extend ki A P) = SUC k (#v )
and Length-Extend: Length (Extend ki A P) = maz (Length A) (len P)
and Length-0-inj: [Length A = 0; Length B = 0; #v A = #v B] = A =B
and ex-Length-0: 3. Length A = 0 N #v A = idz
and FExtend-commute-safe: [j < i; LEQ ki (#v )] =

Extend k j (Fxtend ki A P) Q = Extend k (Suc i) (Extend kj 2A Q) P
and FEztend-commute-unsafe: k # k' =
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Extend k j (Fxtend k' i A P) Q = Extend k' i (Extend kj A Q) P
and assigns-Extend: LEQ ki (#v A) =
mPatend ki A Prr — (if b = k' then (if m = i then P else dec i m®k) else m* k)
and assigns-SNOC-zero: LESS k m (#y 2A) = mSNOC (zero (v 2A)) Af =
m%k
and Length-CONS: Length (CONS x ) = Length 2 + 1
and Length-SNOC': Length (SNOC z ) = Suc (Length )
and nvars-CONS: #v (CONS z ) = #v AU
and nvars-SNOC: #y (SNOC z ) = #y 2
and Fztend-CONS: #v A = size v => Eaxtend k 0 (CONS z 2A) P =
CONS (extend k (if eval P 0 then True else False) z) (Extend k 0 A (downshift
P))
and Eztend-SNOC-cut: #v A = size v => len P < Length (SNOC z ) =
Eztend k 0 (SNOC z ) P =
SNOC (extend k (if eval P (Length ) then True else False) z) (Extend k 0 2
(cut (Length 2A) P))
and CONS-inj: sizex = #yv A = sizey = #v A = #y A = #y B —=
CONS 2z A= CONSy B +— (z =y N A="B)
and CONS-surj: Length A # 0 = #v A = ide =
Jdz B. A = CONS z B A #yv B = idr A size v = idx

and size-zero: size (zero idr) = idx

and size-extend: size (extend k b z) = SUC k (size x)
and distinct-alphabet: distinct (alphabet idx)

and alphabet-size: x € set (alphabet idx) +— size x = idx

and downshift-upshift: downshift (upshift P) = P

and downshift-add-zero: downshift (add 0 P) = downshift P

and eval-add: eval (add n P) n

and eval-upshift: — eval (upshift P) 0

and eval-ge-len: p > len P = — eval P p

and len-cut-le: len (cut n P) < n

and len-cut: len P <n— cutn P =P

and cut-add: cut n (add m P) = (if m > n then cut n P else add m (cut n P))
and len-add: len (add m P) = maz (Suc m) (len P)

and len-upshift: len (upshift P) = (case len P of 0 = 0 | n = Suc n)

and len-downshift: len (downshift P) = (case len P of 0 = 0 | Suc n = n)

and wf0-decr0: [wf0 (SUC k idx) a; LESS k1 (SUC k idz); — find0 k | o] =
wf0 idz (decr0 k1 a)

and Ilformula0-decr0: lformula0 ¢ = Iformula0 (decr0 k1 ¢)

and Extend-satisfies0: [~ find0 k i a; LESS ki (SUC k (#v A)); lformula0 a Vv
len P < Length 2] =

Extend ki A P =9 a +— A 5o decrO ki a
and nullable0-satisfiesO: Length 2 = 0 = nullable0 a +— A |Eo a
and satisfiesO-eql: wf0 (#v B) a = #v A = #v B = lformulal a =
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(Am k. LESS k m (#y B) = m¥%k = mPk) = A = a +— B = a
and wf-lderiv0: [wf0 idz a; lformula0 o] = wf idzx (lderiv0 z a)
and Ilformula-lderiv0: lformula0 a = Iformula (lderiv0 z a)
and wf-rderiv0: wf0 idr a = wf idx (rderivd z a)
and satisfies-lderiv0:
[wfo (#v A) a; #v A = size x; lformulal a] = A |= lderiv0 x a <— CONS
z A= a
and satisfies-bounded-lderiv0:
[wfo (#v A) a; #v A = size z; lformulal o] = A = lderiv0  a «— CONS
z Ao a
and satisfies-bounded-rderiv0:
[wfo (#v A) a; #v A = size 2] = A |=p rderiv) x a +— SNOC z A =¢ a
and find0-FV0: [wf0 idx a; LESS k lidz] = find0kla+— 1€ FVOka
and finite-F'VO0: finite (FVO0 k a)
and wf0-FV0-LESS: [wf0 idx a; v € FVO k a] = LESS k v idx
and restrict-Restrict: i%k = P = restrict k P +— satisfies-gen v A (Restrict k

and wf-Restrict: LESS k i ide = wf idz (Restrict k 1)

and Iformula-Restrict: l[formula (Restrict k 1)

and finite-lderiv0: lformula0 a = finite {fold lderiv zs (FBase a) | zs. True}
and finite-rderiv0: finite {fold rderiv zs (FBase a) | zs. True}

context Formula
begin

lemma satisfies-eql:

[wf (#v A) @; #y A = #y B; Am k. LESS km (#v %) = m¥%k = mPk;
Iformula @] =

A+ By
(proof)

lemma wf-decr:
[wf (SUC k idz) p; LEQ k [l idz; — find k | ] = wf idz (decr k1 ¢)
{proof)

lemma Iformula-decr:
lformula ¢ = Iformula (decr k1 ¢)

{proof)

lemma FEztend-satisfies-decr:

[ find kio; LEQ ki (#v A); lformula ¢] = Extend ki A P = ¢ «— A |=
decr ki ¢

(proof)

lemma LEQ-SUC: k # k' = LEQ k i (SUC k' idx) = LEQ k i idx
(proof)

lemma Ezxtend-satisfies-bounded-decr:
[= find ki p; LEQ ki (#v A); len P < Length U] =
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Extend ki A P l=p ¢ «— A |=p decr ki ¢
(proof)

2.3 Normalization

lemma wf-nFOr:
wf ide (FOr ¢ ) = wf ide (nFOr ¢ 1)
(proof)

lemma wf-nFAnd:
wf idz (FAnd ¢ ) = wf ide (nFAnd ¢ 1))
(proof)

lemma wf-nFFEx:
wf ide (FEx b ¢) = wf ide (nFEz b )
{proof)

lemma wf-nFAII:
wf idz (FAIL b ¢) = wf idz (nFAIl b @)
(proof)

lemma wf-nFNot:
wf idz (FNot ¢) = wf idz (nFNot ¢)
(proof)

lemma wf-norm: wf idx ¢ = wf ide (norm )
(proof )

lemma Iformula-nFOr:
lformula (FOr ¢ ) = Iformula (nFOr ¢ 1)

{proof)

lemma [formula-nFAnd:
lformula (FAnd ¢ 1) = lformula (nFAnd ¢ )

(proof)

lemma [formula-nFFEx:
lformula (FEz b ¢) = lformula (nFEz b ¢)

{proof)

lemma Iformula-nFAIll:
Iformula (FAll b ¢) = Ilformula (nFAIl b @)

{proof)

lemma [formula-nFNot:
lformula (FNot @) = Ilformula (nFNot )

{proof)

lemma Ilformula-norm: lformula ¢ = Iformula (norm )
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{proof)

lemma satisfies-nFOr:
A= nFOr ¢ p +— A = FOr ¢
(proof )

lemma satisfies-nFAnd:
A = nFAnd ¢ ¢ «— A |= FAnd ¢ ¢

{proof)

lemma satisfies-nFEx: lformula ¢ = A = nFEx b o +— A = FEx b ¢
(proof )

lemma satisfies-nFAIll: Iformula ¢ = A |= nFAIl b ¢ «— A |= FAIL b ¢
(proof)

lemma satisfies-nF'Not:
lformula ¢ = A = nFNot ¢ «— A = FNot ¢

{proof)

lemma satisfies-norm: lformula ¢ = A |= norm ¢ +— A = ¢
(proof )

lemma satisfies-bounded-nFOr:
A = nFOr ¢ ¢ +— A =y FOr ¢ 9
(proof )

lemma satisfies-bounded-nFAnd:
A |y nFAnd ¢ ¥ +— A = FAnd ¢ 9

{proof)

lemma len-cut-0: len (cut 0 P) = 0

{proof)

lemma satisfies-bounded-nFEx: A =y, nFEx b o «— A =y FEx b ¢
{proof)

lemma satisfies-bounded-nFAll: A =, nFAIL b ¢ +— A =, FAIL b ¢
(proof)

lemma satisfies-bounded-nFNot:
A |=p nFNot ¢ +— A = FNot ¢
(proof)

lemma satisfies-bounded-norm: A =, norm ¢ <— A =4
(proof )
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2.4 Derivatives of Formulas

lemma wf-lderiv:
[wf idz @; lformula ] = wf idz (Ideriv x ¢)
(proof )

lemma [formula-lderiv:
lformula ¢ = Iformula (lderiv z @)

{proof)

lemma wf-rderiv:
wf ide ¢ = wf idz (rderiv x @)
{proof )

theorem satisfies-lderiv:
[uf (#v A) ¢; #v A = size z; lformula ¢] = A | lderivz ¢ «+— CONS z AU

F e
(proof)

theorem satisfies-bounded-lderiv:
[uf (#v A) ¢; #v A = size z; lformula o] = A = lderiv x ¢ +— CONS z

2= @
(proof)

theorem satisfies-bounded-rderiv:
[wf (#v A) @; #v A = size 2] = A |=p rderivz ¢ +— SNOC z A = @
(proof)

lemma wf-norm-rderivs: wf ide ¢ = wf idz (((norm o rderiv (zero idx)) ~ k)

)
(proof)

2.5 Finiteness of Derivatives Modulo ACI

lemma finite-fold-deriv:
assumes (d0 = lderiv0 A Ilformula @) V d0 = rderiv0
shows finite {(fold (deriv d0) zs ) | zs. True}

(proof)

lemma [formula-nFOR: Iformula (nRFOR ¢s) = (V¢ € set ps. Iformula @)
(proof )

lemma [formula-nFAND: [formula (nFAND ¢s) = (V¢ € set ps. lformula ¢)
{proof)

lemma Iformula-NFOR: finite ® = Iformula (NFOR ®) = (V¢ € ®. lformula

©)
(proof)

lemma Iformula-NFAND: finite ® = Iformula (NFAND ®) = (V¢ € ®. [formula
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©)
(proof)

lemma I[formula-disjuncts: (Y1 € disjuncts ¢. lformula ¥) = lformula ¢
(proof )

lemma Ilformula-conjuncts: (V1 € conjuncts . lformula ¥) = Ilformula ¢
(proof)

lemma lformula-norm-ACI: lformula (p) = lformula ¢
(proof )

theorem
finite-fold-lderiv: lformula ¢ = finite {(fold lderiv zs ()} | zs. True} and
finite-fold-rderiv: finite {{fold rderiv xs (p)) | zs. True}

(proof)

lemma wf-nFOR: wf ide (nFOR ¢s) <— (N € set ps. wf ide @)
{proof)

lemma wf-nFAND: wf idc (nFAND ¢s) «— (Y € set @s. wf idx ¢)
(proof)

lemma wf-NFOR: finite & = wf ide (NFOR ®) +— (V¢ € ®. wf idz ¢)
{proof)

lemma wf-NFAND: finite ® = wf idx (NFAND @) «— (V¢ € ®. wf idzx )
(proof)

lemma satisfies-bounded-nFOR: A =, nFOR ¢s «— (Fp € set ps. A |=p @)
{proof)

lemma satisfies-bounded-nFAND: A =, nFAND ps +— (V¢ € set ps. A E=p )
{proof )

lemma satisfies-bounded-NFOR: finite ® = A = NFOR ® +— (o € . A |

®)
(proof)

lemma satisfies-bounded-NFAND: finite ® = A = NFAND ® +— (Vp € &. A
= @)

(proof )
lemma wf-juncts:
wf ide ¢ «— (Vo € disjuncts . wf idz 1)

wf ide o +— (V¢ € conjuncts p. wf idz 1))
(proof )

lemma wf-norm-ACI: wf idz {p) = wf idz ¢
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{proof)

lemma satisfies-bounded-disjuncts:
Ay o +— (30 € disjuncts o. A =, 1)
(proof)

lemma satisfies-bounded-conjuncts:

A =y o +— (Vo € conjuncts o. A =y ¥)
{proof)

lemma satisfies-bounded-norm-ACI: A =, {(p) +— A =4 @
(proof)

lemma nvars-SNOCs: #v ((SNOC 277k) ) = #y 2
{proof)

lemma wf-fold-rderiv: wf ide ¢ = wf idz (fold rderiv (replicate k x) @)
{proof )

lemma satisfies-bounded-fold-rderiv:
[wf idz @; #v A = idz; size ¢ = idz] =
A |y fold rderiv (replicate k z) ¢ +— (SNOC 27 k) A =y ¢
(proof )

2.6 Emptiness Check

context

fixes b :: bool

and idz :: 'n

and ¢ :: ('a, 'k) aformula
begin

abbreviation fut-test = Ay, ®). ¢ & set
abbreviation fut-step = A(¢, ®). (norm (rderiv (zero idx) ), ¢ # @)
definition fut-derivs k o = ((norm o rderiv (zero idz)) " k) ¢

lemma fut-derivs-Suc|simp|: norm (rderiv (zero idzx) (fut-derivs k ¢)) = fut-derivs
(Suc k) ¢
{proof)

definition fut-invariant =
(Mo, ). wfide o A (Yo € set @. wf idz @) A
(k. ¢ = fut-derivs k p N ® = map (Ni. fut-derivs i ) (rev [0 ..< k])))
definition fut-spec ¢® = (Vi € set (snd ©P). wf idx p) A
(VU #y A = ide —
(if b then (k. (SNOC (zero idz) "~ k) A Ep ¥) «— (T € set (snd pP). A
o )
else (Vk. (SNOC (zero idz) ~ " k) A | ) «— (Vo € set (snd o). A =
©)))
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definition fut-default =
(v, sorted-list-of-set {(fold rderiv (replicate k (zero idx)) (¥)) | k. True})

lemma finite-fold-rderiv-zeros: finite {(fold rderiv (replicate k (zero idx)) (¥)) | k.
True}

{proof)

definition fut :: (‘a, 'k) aformula where
fut = (if b then nFOR else nFAND) (snd (while-default fut-default fut-test fut-step
(¥, )

context
assumes wf: wf idx
begin

lemma wf-fut-derivs:
wf idx (fut-derivs k 1)
{proof )

lemma satisfies-bounded-fut-derivs:
#v A = ide = A |5y fut-derivs k ¢ +— (SNOC (zero idx) ™ k) A =y ¢
(proof)

lemma fut-init: fut-invariant (¥, [])
(proof )

lemma fut-spec-default: fut-spec fut-default
(proof)

lemma fut-invariant: fut-invariant ¢® = fut-test e® = fut-invariant (fut-step
oy
(proof)

lemma fut-terminate: fut-invariant p® — — fut-test p® = fut-spec p®
(proof)

lemma fut-spec-while-default:
fut-spec (while-default fut-default fut-test fut-step (¢, []))
(proof)

lemma wf-fut: wf idx fut
(proof)

lemma satisfies-bounded-fut:
assumes #y A = idr
shows 2 = fut +—
(if b then (3 k. (SNOC (zero idx) ~ " k) A = ) else (VEk. (SNOC (zero idzx)
) 2y )
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{proof)

end
end

fun finalize :: 'n = ('a, 'k) aformula = ('a, 'k) aformula where

finalize ide (FEx k ) = fut True ide (nFEz k (finalize (SUC k idz) ¢))
| finalize idz (FAll k @) = fut False ide (nFAIll k (finalize (SUC k idz) ¢))
| finalize ide (FOr ¢ ) = FOr (finalize idx ¢) (finalize idzx 1)
| finalize idz (FAnd ¢ ) = FAnd (finalize idx @) (finalize idz 1)
| finalize idz (FNot @) = FNot (finalize idx )
| finalize idz o = ¢

definition final :: 'n = ('a, 'k) aformula = bool where
final idx = nullable o finalize idx

lemma wf-finalize: wf ide ¢ = wf idx (finalize idx )
(proof )

lemma Length-SNOCs: Length ((SNOC z ~" i) ) = Length A + i
(proof)

lemma assigns-SNOCs-zero: M
[LESS km (#v 2); #v A = idz] = m(SNOC (zeroidz) =70) Ap — Ay,
(proof)

lemma Extend-SNOCs-zero-satisfies: [wf (SUC k idz) o; #v A = idx; lformula
o] =
Extend k 0 ((SNOC (zero (#v A)) " i) A) P = «— FExtend k0 A P = ¢
(proof )

lemma finalize-satisfies: [wf idx ¢; #v A = idx; lformula ¢] = A |y finalize
ide o +— A E @
(proof)

lemma Ezxtend-empty-satisfies0:
[Length A = 0; len P = 0] = Extend ki A P |=¢ a +— A o a
(proof)

lemma FEztend-empty-satisfies-bounded:
[Length A = 0; len P = 0] = Extend k 0 AP =, o «— A =y ¢
{proof)

lemma nullable-satisfies-bounded: Length A = 0 = nullable ¢ +— A =4 ¢
(proof)

lemma final-satisfies:
[wf idz @ A lformula p; Length A = 0; #v A = idz] = final ide ¢ = (A = )
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{proof)

2.7 Restrictions

lemma satisfies-gen-restrict-RESTR:
satisfies-gen (Ak P n. restrict k P N rk P n) A ¢ <— salisfies-gen r A (RESTR

)
(proof)

lemma finite-FV: finite (F'V ¢ k)
{proof)

lemma satisfies-gen-restrict:
satisfies-gen v A ¢ A (Yzeset V. restrict k (z2k)) «—
satisfies-gen v A (foldr (A\x. FAnd (Restrict k z)) V ¢)

{proof)

lemma sat-vars-RESTRICT-VARS:
fixes ¢
defines vs = sorted-list-of-set o F'V ¢
assumes Yk € set ks. finite (FV ¢ k)
shows sat-vars-gen r (set ks) A ¢ <— satisfies-gen r A (RESTRICT-VARS ks

vs )
(proof)

lemma sat-RESTRICT: sat A ¢ +— A = RESTRICT ¢
{proof )

lemma sat,-RESTRICT: saty A ¢ +— A |, RESTRICT ¢
(proof)

lemma wf-RESTR: wf idx ¢ = wf ide (RESTR )
(proof)
lemma wf-RESTRICT-VARS: [wf idz ¢; Yk € set ks. Vv € set (vs k). LESS k v
idr] =
wf ide (RESTRICT-VARS ks vs ¢)
(proof)

lemma wf-FV-LESS: [wf idx ¢; v € FV ¢ k] = LESS k v idz
(proof)

lemma wf~-RESTRICT: wf idz ¢ = wf ide (RESTRICT )
(proof )

lemma Ilformula-RESTR: Ilformula ¢ = Ilformula (RESTR )
(proof )

lemma [formula-RESTRICT-VARS: lformula ¢ = lformula (RESTRICT-VARS
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ks vs )
(proof)

lemma lformula-RESTRICT: lformula ¢ = Iformula (RESTRICT )
(proof )

lemma ez-fold-CONS: Fxs B. A = fold CONS zs B N Length B = 0 A Length
A = length xs A

#Hv B =H#y AN Vo € set xs. size x = #y A)
{(proof)

primcorec I where
Lide I = Lang (3. Length A = 0 N #y A =ide AN A € I)
(Xa. if size a = idx then L idx {$B. CONS a B € I} else Zero)

lemma L-empty: L idx {} = Zero
(proof)

lemma L-alt: L idz I =
to-language {zs. 3A € I. 3B. A = fold CONS (rev xs) B A Length B = 0 A
#v B =ide N (Vz € set s. size © = idzx)}

{proof)

definition lang ide ¢ = L ide {A. A = ¢ A #v A = idz}
definition lang, idx ¢ = L idz {A. A =, o A #yv A = ida}
definition language idx ¢ = L idx {A. sat A ¢ N #v A = idz}
definition languagey idz ¢ = L idz {A. saty A o A #v A = idz}

lemma Ilformula ¢ = lang n (norm ¢) = lang n ¢
(proof)

lemma in-language-Zero[simp|: — in-language Zero w
(proof)

lemma in-language-L-size: in-language (L idz I) w = z € set w = size T =
idzx
(proof )

end

sublocale Formula <
bounded: DA alphabet idz Ap. norm (RESTRICT ¢) Aa ¢. norm (lderiv a ¢)
nullable
Ap. wf idz o A lformula ¢ langy idz
Ap. wf idz o A lformula ¢ language, idx for idx
(proof )

sublocale Formula <
unbounded?: DA alphabet idx Ap. norm (RESTRICT ¢) Aa ¢. norm (lderiv a ¢)
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final idx
Ap. wf idz ¢ A lformula ¢ lang idz
Ap. wf idz p A lformula ¢ language idz for idx
(proof)

lemma (in Formula) check-equ-soundness:
[#v A = idz; check-equ idz ¢ V] = sat A o «— sat A
{proof)

lemma (in Formula) bounded-check-equ-soundness:
[#v A = idz; bounded.check-equ idx ¢ ] = saty A ¢ +— saty, A P
{proof)

end
3 WSIS Interpretations

definition eval P z = (z |€| P)

definition downshift P = (Az. © — Suc 0) |9 (P |—| {|0]})

definition upshift P = Suc | P

definition lift bs i P = (if bs ! i then finsert 0 (upshift P) else upshift P)
definition snoc n bs i P = (if bs | ¢ then finsert n P else P)

definition cut n P = ffilter (Ai. i < n) P

definition len P = (if P = {||} then 0 else Suc (fMax P))

datatype order = FO | SO
derive linorder order
instantiation order :: enum begin
definition enum-order = [FO, SO]
definition enum-all-order P = (P FO A P SO)
definition enum-ez-order P = (P FO vV P SO)
lemmas enum-defs = enum-order-def enum-all-order-def enum-ex-order-def
instance (proof)
end

typedef idx = UNIV :: (nat x nat) set (proof)
setup-lifting type-definition-idzx

lift-definition SUC :: order = idx = idx is

Xord (m, n). case ord of FO = (Suc m, n) | SO = (m, Suc n) (proof)
lift-definition LESS :: order = nat = idx = bool is

Aord 1 (m, n). case ord of FO = 1 < m | SO = 1 < n (proof)
abbreviation LEQ ord | ide = LESS ord | (SUC ord idx)

definition MSB Is =
if VP € set Is. P = {||} then 0 else Suc (Maz (|JP € set Is. fset P))
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lemma MSB-Nil[simp]: MSB [| = 0
{proof)

lemma MSB-Cons[simp]: MSB (I # 1s) = maz (if I = {||} then 0 else Suc (fMax
1)) (MSB Is)

(proof) including fset.lifting

{proof )

lemma MSB-append[simp): MSB (I1 Q I2) = max (MSB I1) (MSB 12)
{proof)

lemma MSB-insert-nth]simp]:
MSB (insert-nth n P Is) = max (if P = {||} then 0 else Suc (fMazx P)) (MSB Is)

{proof)

lemma MSB-greater:
[¢ < length Is; p |€| Is ! i] = p < MSB Is
(proof)

lemma MSB-mono: set 11 C set 12 = MSB I1 < MSB I2
(proof) including fset.lifting
(proof )

lemma MSB-map-indez'-CONS|[simp:

MSB (map-index’ i (lift bs) Is) =

(if MSBIs = 0 A (Vi € {i ..< { + length Is}. = bs | i) then 0 else Suc (MSB
Is))

{proof)

lemma MSB-map-index’-SNOC|[simp]:
MSB Is < n = MSB (map-index’ i (snoc n bs) Is) =
(if (Vi€ {i.< i+ length Is}. = bs! i) then MSB Is else Suc n)
{proof )

lemma MSB-replicate[simp]: MSB (replicate n P) = (if P = {||} V. n = 0 then 0
else Suc (fMax P))
(proof)

typedef interp =
{(n 2 nat, I1 :: nat fset list, 12 :: nat fset list) | n 11 12. MSB (I1 @ [2) < n}

(proof )
setup-lifting type-definition-interp

lift-definition assigns :: nat = interp = order = nat fset (<-"-» [900, 999, 999]
999)
is An (-, I1, 12) ord. case ord of FO = if n < length I1 then I1 ! n else {||}
| SO = if n < length I2 then I2 | n else {||} (proof)
lift-definition nvars :: interp = idx (<#v - [1000] 900)
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is A(-, I1, I2). (length 11, length 12) (proof)
lift-definition Length :: interp = nat
is A(n, -, -). n (proof)
lift-definition Eztend :: order = nat = interp = nat fset = interp
is Aord i (n, 11, I2) P. case ord of
FO = (maz n (if P = {||} then 0 else Suc (fMax P)), insert-nth ¢ P 11, 12)
| SO = (maz n (if P = {||} then 0 else Suc (fMax P)), I1, insert-nth i P I2)

{proof)

lift-definition CONS :: (bool list x bool list) = interp = interp
is A(bst, bs2) (n, 11, 12).
(Suc n, map-index (lift bs1) I1, map-index (lift bs2) I2)
(proo)

lift-definition SNOC :: (bool list x bool list) = interp = interp
is A(bst, bs2) (n, 11, 12).
(Suc n, map-index (snoc n bsl) 11, map-index (snoc n bs2) 12)
(proo)

type-synonym atom = bool list X bool list

lift-definition zero :: idz = atom
is A(m, n). (replicate m False, replicate n False) {proof)

definition extend ord b =

A(bs1, bs2). case ord of FO = (b # bsl, bs2) | SO = (bsl, b # bs2)
lift-definition size-atom :: bool list x bool list = idx

is A(bs1, bs2). (length bs1, length bs2) (proof)

lift-definition o :: idz = atom list
is (A(n, N). map (Abs. (take n bs, drop n bs)) (List.n-lists (n + N) [True, False]))
(proof)

lemma fMin-fimage-Suc[simp: © |€| A = fMin (Suc || A) = Suc (fMin A)
{proof)

lemma fMin-eq-0[simp]: 0 |€] A = fMin A = (0 :: nat)
{proof)

lemma insert-nth-Cons[simpl:

insert-nth i x (y # xs) = (case i of 0 = x© # y # zs | Suc i = y # insert-nth i
x xs)

(proof)

lemma insert-nth-commaute[simp]:
assumes j < i1 < length xs
shows insert-nth j y (insert-nth i x xzs) = insert-nth (Suc ¢) z (insert-nth j y xs)
{proof)
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lemma SUC-SUC[simp]: SUC ord (SUC ord’ idz) = SUC ord’ (SUC ord idz)
{proof)

lemma LESS-SUC|[simp):
LESS ord 0 (SUC ord idzx)
LESS ord (Suc l) (SUC ord idx) = LESS ord | idx
ord # ord’ = LESS ord | (SUC ord’ idx) = LESS ord | idzx
LESS ord | idv = LESS ord 1 (SUC ord’ idz)

{proof)

lemma nvars-Extend|simp]:
#v (Extend ord i A P) = SUC ord (#v )
{proof)

lemma Length- Extend[simp):
Length (Extend k i A P) = max (Length ) (if P = {||} then 0 else Suc (fMax

P))
(proof )

lemma assigns-Extend|simp]:

LEQ ord i (#y ) =smbrtend ord i A Porg — (i — i then P else (if m > i
then m — Suc 0 else m)®ord)

ord # ord’ = mEztend ord ¢ A Pooar A a0

{proof)

lemma FEzxtend-commute-safe]simpl:
< i LEQ ord i (#v )] —
Eztend ord j (Extend ord ¢ 2 P1) P2 = Extend ord (Suc %) (Extend ord j A
P2) P1
(proof )

lemma FEztend-commute-unsafe:

ord # ord’ = Extend ord j (Extend ord’ i A P1) P2 = Euxtend ord’ i (Extend
ord j A P2) P1

{proof)

lemma Length-CONS[simp]:
Length (CONS x 1) = Suc (Length )

{proof)

lemma Length-SNOC|[simp]:
Length (SNOC z ) = Suc (Length )
{proof )

lemma nvars-CONS[simpl:
{proof)

lemma nvars-SNOC|[simp]:
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#v (SNOC z ) = #v A
{proof)

lemma assigns-CONS|simp]:
assumes #y A = size-atom bs1-bs2
shows LESS ord z (#y ) = gCONS bsl-bs2 A

(if case-prod case-order bs1-bs2 ord | x then finsert 0 (upshift (z%ord)) else
upshift (z%ord))
{proof)

lemma assigns-SNOC[simp):
assumes #y A = size-atom bs1-bs2
shows LESS ord z (#y ) = gSNOC bsl-bs2 A

(if case-prod case-order bsi-bs2 ord | x then finsert (Length ) (z%ord) else
% ord)
{proof)

lemma map-index’-eq-conv[simp]:

map-index’ i f xs = map-index’ j gaxs = (Vk < length zs. f (i + k) (zs! k) =g
(j+ k) (zs ! k)
(proof)

lemma fMaz-Diff-0[simp]: Suc m |€| P = fMaz (P |—| {|0|}) = fMax P
(proof)

lemma Suc-fMaz-pred-fimage[simp:
assumes Suc p |€| P 0 |¢| P
shows Suc (fMaz ((Az. x — Suc 0) || P)) = fMax P

(proof)

lemma Extend-CONS|[simp|: #v A = size-atom v = Extend ord 0 (CONS z )
_P =

CONS (extend ord (eval P 0) x) (Extend ord 0 2 (downshift P))

(proof)

lemma size-atom-extend[simp]:
size-atom (extend ord b ) = SUC ord (size-atom 1)

{proof)

lemma size-atom-zero[simp):
size-atom (zero idx) = idx
{proof)

lemma interp-eql:

[Length A = Length B; #v A = #v B; Am k. LESS km (#y ) = mAk =
mPk] = A =B

(proof)

lemma FEzxtend-SNOC-cut[unfolded eval-def cut-def Length-SNOC, simp):
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[len P < Length (SNOC z 21); #v A = size-atom z] =
Eztend ord 0 (SNOC z ) P =
SNOC (extend ord (if eval P (Length ) then True else False) x) (Extend ord
0 A (cut (Length 2A) P))
(proof )

lemma nth-replicate-simp: replicate m x ! i = (if i < m then z else [| ! (i — m))
{proof)

lemma MSB-eq-SucD: MSB Is = Suc x => 3 P€set Is. z |€| P
{proof)

lemma append-replicate-ing:
assumes s # [| = last s # z and ys # [| = last ys # =
shows s Q replicate m x = ys @Q replicate n x «— (xs = ys A m = n)

(proof)

lemma fin-lift[simp]: m |€| lift bs i (I ! i) «— (case m of 0 = bs ! i | Suc m =
m|€| I!7)
{proof)

lemma ex-Length-0[simp]:
32U Length 2 = 0 A #y 2 = ide
(proof)

lemma is-empty-inj[simp]: [Length A = 0; Length B = 0; #v A = #v B] =
A=1B
(proof)

lemma set-o-length-atom[simp|: (z € set (o idzx)) «— idx = size-atom x

(proof)

lemma distinct-o[simp]: distinct (o idz)
{proof)

lemma fMin-less-Length[simp): © |€| m1%k = fMin (m1%k) < Length 2
(proof)

lemma fMaz-less-Length|simp): z |€| m1%k = fMaz (m1%k) < Length 2
{proof)

lemma min-Length-fMin[simp]: = |€| m1%k = min (Length ) (fMin (m1%k))
= fMin (m1%k)
{proof)

lemma maz-Length-fMin[simp]: z |€| m1%k = maz (Length A) (fMin (m1%k))
= Length A
(proof)
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lemma min-Length-fMaz[simp): z |€| m1%k = min (Length A) (fMaz (m1%k))
= fMaz (m1%k)
(proof)

lemma maz-Length-fMaz[simp): z |€| m1%k = maz (Length ) (fMaz (m1%k))
= Length 2
{proof)

lemma assigns-less-Length[simp]: © |€| mi1%k = z < Length A
(proof )

lemma Length-notin-assigns[simp): Length A |¢| m*k

{proof)
lemma nth-zero[simp|: LESS ord m (#v 1) => = case-prod case-order (zero (#v
2A)) ord ! m

{proof)

lemma in-fimage-Suc[simp]: z |€| Suc || A +— (Fy. y |€] A A z = Suc y)
{proof)

lemma fimage-Suc-inj[simp]: Suc || A = Suc || B+— A=B
{proof)

lemma MSB-eq0-D: MSB 1 = 0 = z < length I = I !z = {||}
{proof)

lemma Suc-in-fimage-Suc: Suc z |€| Suc || X «— z |€] X

(proof)

lemma Suc-in-fimage-Suc-o-Suc[simp]: Suc z |€] (Suc o Suc) || X «— z |€| Suc
[ X
(proof)

lemma finsert-same-eq-iff [simp]: finsert k X = finsert k' Y +— X |-| {|k|} = YV
=I {I%[}
{proof)

lemma fimage-Suc-o-Suc-eq-fimage-Suc-iff [simp]:
((Suc o Suc) || X = Suc || Y) +— (Suc || X =Y)
(proof )

lemma fMaz-image-Suc[simp]: ¢ |€] P = fMaz (Suc | P) = Suc (fMaz P)
{proof)

lemma fimage-Suc-eg-singleton[simpl: (fimage Suc Z = {|y|}) +— Fz. Z = {|z|}
A Suc z = y)
{proof )
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lemma len-downshift-helper:
z |€] P = Suc (fMaz (Az. z — Suc 0) | (P |—| {|0]}))) # fMaz P = =za |€|
P= 2a=20

(proof )
lemma CONS-inj[simp|: size-atom x = #y A = size-atom y = #v A = F#v
A=#y B =

CONS z20 = CONS y B «— (z =y N 2A=DB)

(proof )

lemma Suc-minusl: Suc (x — Suc 0) = (if x = 0 then Suc 0 else x)
{proof)

lemma fset-eq-empty-iff: (fset X = {}) = (X = {|[})
(proof)

lemma fset-le-singleton-iff: (fset X C {z}) = (X ={||} V X = {|z|})
{proof)

lemma MSB-decreases:
MSB I < Suc m = MSB (map (AX. (M1.I1 — Suc 0) | (X |—| {|0]})) I) <
m

{proof)

lemma CONS-surj[dest]:
assumes Length A > 0
shows Jz B. A = CONS z B N #v B = #v A A size-atom x = #y A

(proof)

4 Concrete Atomic WS1S Formulas (Minimum Se-
mantics for FO Variables)

datatype (FOVO0: 'fo, SOV0: 'so) atomic =
Fo 'fo |
Eqg-Const nat option 'fo nat |
Less bool option 'fo 'fo |
Plus-FO nat option 'fo 'fo nat |
Eq-FO bool "fo 'fo |
Eg-S0 'so 'so |
Suc-SO bool bool 'so 'so |
Empty 'so |
Singleton 'so |
Subset 'so 'so |
In bool 'fo 'so |
Eqg-Maz bool 'fo 'so |
Eg-Min bool "fo 'so |
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Eq-Union 'so 'so 'so |
Eq-Inter 'so 'so 'so |
Eq-Diff 'so 'so 'so |
Disjoint 'so 'so |

Eq-Presb nat option 'so nat

derive linorder option
derive linorder atomic — very slow

type-synonym fo = nat

type-synonym so = nat

type-synonym wsls = (fo, so) atomic
type-synonym formula = (wsls, order) aformula

primrec wf0 where

wf0 idz (Fo m) = LESS FO m idx
| wf0 idz (Eq-Const i m n) = (LESS FO m idx A (case i of Some i = i< n|-=
True))
| wf0 idz (Less - m1 m2) = (LESS FO m1 idx A LESS FO m2 idz)
| wf0 ide (Plus-FO i m1 m2 n) =

(LESS FO m1 ide N LESS FO m2 idx A (case i of Some i = i < n | - = True))
| wf0 ide (Eq-FO - m1 m2) = (LESS FO m1 idx AN LESS FO m2 idx)
| wf0 ide (Eq-SO M1 M2) = (LESS SO M1 idz A LESS SO M2 idz)
| wf0 idz (Suc-SO br bl M1 M2) = (LESS SO M1 idz N LESS SO M2 idx)
| wf0 ide (Empty M) = LESS SO M idx
| wfo idx (Singleton M) = LESS SO M idx
| wf0 ide (Subset M1 M2) = (LESS SO M1 idx A LESS SO M2 idzx)
| wf0 ide (In - m M) = (LESS FO m idz N LESS SO M idx)
| wf0 ide (Eq-Max - m M) = (LESS FO m ide N LESS SO M idx)
| wf0 idx (Eq-Min - m M) = (LESS FO m idz N LESS SO M idzx)
| wf0 ide (Eq-Union M1 M2 M3) = (LESS SO M1 idx A LESS SO M2 idx N LESS
SO MS3 idzx)
| wf0 idz (Eq-Inter M1 M2 M3) = (LESS SO M1 idx N LESS SO M2 idz N LESS
SO MS3 idzx)
| wf0 ide (Eq-Diff M1 M2 M3) = (LESS SO M1 idz A LESS SO M2 idz A LESS
SO M3 idx)
| wf0 idx (Disjoint M1 M2) = (LESS SO M1 idx N LESS SO M2 idzx)
| wf0 ide (Eq-Presb - M n) = LESS SO M idx

inductive [formula0 where
lformula0 (Fo m)

| lformula0 (Eq-Const None m n)

| lformula0 (Less None m1 m2)

| iformula0 (Plus-FO None m1 m2 n)

| lformula0 (Eq-FO False m1 m2)

| lformula0 (Eq-SO M1 M2)

| iformula0 (Suc-SO False bl M1 M2)

| iformula0 (Empty M)

| iformula0 (Singleton M)

S
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| lformula0 (Subset M1 M2)

| lformula0 (In False m M)

| lformula0 (Eq-Max False m M)

| iformula0 (Eq-Min False m M)

| iformula0 (Eq-Union M1 M2 MS3)
| lformula0 (Eq-Inter M1 M2 M3)
| lformula0 (Eq-Diff M1 M2 M3)

| lformula0 (Disjoint M1 M2)

| iformula0 (Eq-Presb None M n)

code-pred Iformula0 (proof)

declare Iformula0.intros|simp]
inductive-cases Iformula0E[elim]: {formula0 a
abbreviation FV0 = case-order FOV0 SOV0

fun find0 where

find0 FO i (Fo m) = (i
| find0 FO i (Eg-Const -
| find0 FO i (Less - m1 m,?) (i=m1Vi=m2)
| find0 FO i (Plus-FO - m1 m2-) = (i = ml1 V i = m2)
| find0 FO i (Eq-FO - m1 m2) = (i = ml1 V { = m2)
| find0 SO i (Eq-SO M1 M2) = (i = M1 V i = M2)
| find0 SO i (Suc-SO - - M1 M2) = (i = M1 V i = M2)
| find0 SO i (Empty M) = (i = M)
| find0 SO i (Singleton M) = (i = M)
| find0 SO i (Subset M1 M2) = (i = M1 V i = M2)

m)
m-) =

(i = m)

| find0 FO i (In - m -) = (i = m)
i=M)

| find0 FO i (E¢-Max - m -) = (i = m)

| find0 SO i (Eq-Maz - - M) = (i = M)

| find0 FO i (Eq-Min - m -) = (i = m)

| find0 SO i (Eq-Min - - M) = (i = M)

| find0 SO i (Eq-Union M1 M2 M3) = (i = M1 VvV i= M2V i= M3)
| find0 SO i (Eq-Inter M1 M2 M3) = (i = M1 V i = M2 V i = M3)
| find0 SO i (Eq-Diff M1 M2 M3) = (i = M1 V i = M2 V i = M3)

| find0 SO i (Disjoint M1 M2) = (i = M1 V i = M2)

| find0 SO i (Eq-Presb - M -) = (i = M)

| find0 - - - = False

(
(
(
(
(
(
(
(
(
(
|ﬁnd0502((n-- M) = (
(
(
(
(
(
(
(
(

abbreviation decr0 ord k = map-atomic (case-order (dec k) id ord) (case-order
id (dec k) ord)

lemma sum-pow2-image-Suc:

finite X = sum ((7) (2 :: nat)) (Suc “X) =2 xsum ((7) 2) X
(proof )
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lemma sum-pow2-insert0:
[finite X; 0 ¢ X] = sum ((7) (2 :: nat)) (insert 0 X) = Suc (sum ((7) 2) X)
{proof )

lemma sum-pow2-upto: sum ((7) (2 :: nat)) {0 .<z} =2 "z — 1
(proof)

lemma sum-pow2-inj:
[finite X; finite YV; O z€X. 2 "z nat) = O 2€Y. 2 T2)] = X =Y
is-—=-=2%X=9%Y = -)

(proof)

lemma finite-pow2-eq:

fixes n :: nat

shows finite {i. 2 ~i = n}
(proof )

lemma finite-pow2-le[simpl:
fixes n :: nat
shows finite {i. 2 ~i < n}
(proof )

lemma le-pow2[simp|: z <y =z < 2 "y
(proof )

lemma ld-bounded: Max {i. 2 " i < Suc n} < Sucn (is ?m < Suc n)

(proof)

primrec satisfies0) where
satisfies0 A (Fo m) = (m3FO # {||})
| satisfies0 A (Eg-Const i m n) =
(let P = m3FO in if P = {||}
then (case i of Some i = Length A = i | - = Fulse)
else fMin P = n)
| satisfies0 A (Less b m1 m2) =
(let P1 = m1%FO; P2 = m2%FO in if P1 = {||} v P2 = {||}
then (case b of None = False | Some True = P2 = {||} | Some False = P1 #
{1
else fMin P1 < fMin P2)
| satisfies0 A (Plus-FO i m1 m2 n) =
(let P1 = m1%FO; P2 = m2%FO in if P1 = {||} v P2 = {||}
then (case i of Some 0 = P1 = P2 | Some i = P2 # {||} N fMin P2 + i =
Length 2 | - = False)
else fMin P1 = fMin P2 + n)
| satisfies0 A (Eq¢-FO b m1 m2) =
(let P1 = m1%FO; P2 = m2%F0 in if P1 = {||} v P2 = {||}
then b N P1 = P2
else fMin P1 = fMin P2)
| satisfies0 A (Eq-SO M1 M2) = (M1%50 = M2%50)
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| satisfiesO A (Suc-SO br bl M1 M2) =
((if br then finsert (Length ) else id) (M1%50) =
(if bl then finsert 0 else id) (Suc || M2%S0))
| satisfies0 A (Empty M) = (M350 = {||})
| satisfies0 A (Singleton M) = (3z. MASO = {|z|})
| satisfies0 A (Subset M1 M2) = (M1%S0 |C| M2%S0)
| satisfiesO A (In b m M) =
(let P = m3FO in if P = {||} then b else fMin P |€| M2SO0)
| satisfiesO0 A (Eq-Max b m M) =
(let P1 = m®FO; P2 = M2S0 in if b then P1 = {||}
else if P1 = {||} vV P2 = {||} then False else fMin P1 = fMax P2)
| satisfies0 A (Eq-Min b m M) =
(let P1 = m*FO; P2 = M350 in if P1 = {||} V P2 = {||} then b A P1 = P2
else fMin P1 = fMin P2)
| satisfies0 A (Eq-Union M1 M2 M3) = (M1%S0 = M2250 |u| M3%50)
| satisfies0 A (Eq-Inter M1 M2 M3) = (M1%S0 = M2%S0 |n| M3%50)
| satisfies0 A (Eq-Diff M1 M2 M3) = (M1%50 = M2%50 |—| M3%50)
| satisfies0 A (Disjoint M1 M2) = (M1%50 |n| M2%S0 = {||})
| satisfies0 A (Eq-Presb i M n) = (3 z€fset (M2S0). 2 ~z) = n) A
(case i of None = True | Some | = Length 2 = 1))

fun lderiv0 where
lderiv0 (bs1, bs2) (Fo m) = (if bs1 ! m then FBool True else FBase (Fo m))
| lderiv0 (bs1, bs2) (Eq-Const None m n) = (if n = 0 A bsl | m then FBool True
else if n = 0 V bs1 | m then FBool False else FBase (Eq-Const None m (n —
1))
| lderiv0 (bsl, bs2) (Less None m1 m2) = (case (bs1 ! m1, bsl ! m2) of
(False, False) = FBase (Less None m1 m?2)
| (True, False) = FBase (Fo m2)
| - = FBool Fulse)|
lderiv0 (bs1, bs2) (Eq-FO False m1 m2) = (case (bs1 ! m1, bs1 ! m2) of
(False, False) = FBase (Eq-FO False m1 m2)
| (True, True) = FBool True
| - = FBool False)
| lderiv0 (bs1, bs2) (Plus-FO None mI m2n) = (if n =0
then
(case (bs1 ! m1, bs1 ! m2) of
(False, False) = FBase (Plus-FO None m1 m2 n)
| (True, True) = FBool True
| - = FBool False)
else
(case (bs1 ! m1, bs1 ! m2) of
(False, False) = FBase (Plus-FO None m1 m2 n)
| (False, True) = FBase (Eq-Const None m1 (n — 1))
| - = FBool False))
| lderiv0 (bsl, bs2) (Eq-SO M1 M2) =
(if bs2 ! M1 = bs2 | M2 then FBase (Eq-SO M1 M2) else FBool False)
| lderiv0 (bsl, bs2) (Suc-SO False bl M1 M2) = (if bl = bs2 | M1
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then FBase (Suc-SO False (bs2 | M2) M1 M2) else FBool Fulse)
| Ideriv0 (bs1, bs2) (Empty M) = (case bs2 ! M of
True = FBool False
| False = FBase (Empty M))
| lderiv0 (bs1, bs2) (Singleton M) = (case bs2 | M of
True = FBase (Empty M)
| False = FBase (Singleton M))
| lderiv0 (bs1, bs2) (Subset M1 M2) = (case (bs2 ! M1, bs2 | M2) of
(True, False) = FBool False
| - = FBase (Subset M1 M2))
| lderiv0 (bsl, bs2) (In False m M) = (case (bsl ! m, bs2 ! M) of
(False, -) = FBase (In False m M)
| (True, True) = FBool True
| - = FBool Fualse)
| Ideriv0 (bs1, bs2) (Eq-Max False m M) = (case (bsl | m, bs2 | M) of
(False, -) = FBase (Eq-Max False m M)
| (True, True) = FBase (Empty M)
| - = FBool False)
| lderiv0 (bs1, bs2) (Eq-Min False m M) = (case (bsl | m, bs2 ! M) of
(False, False) = FBase (Eq-Min False m M)
| (True, True) = FBool True
| - = FBool False)
| lderiv0 (bs1, bs2) (Eq-Union M1 M2 M3) = (if bs2 | M1 = (bs2 | M2 V bs2 |
M3)
then FBase (Eq-Union M1 M2 M3) else FBool False)
| lderiv0 (bs1, bs2) (Eq-Inter M1 M2 M3) = (if bs2 | M1 = (bs2 | M2 A bs2 |
M3)
then FBase (Eq-Inter M1 M2 M3) else FBool False)
| lderiv0 (bsl, bs2) (Eq-Diff M1 M2 M3) = (if bs2 ! M1 = (bs2 ! M2 N — bs2 |
M3)
then FBase (Eq-Diff M1 M2 M) else FBool False)
| lderiv0 (bs1, bs2) (Disjoint M1 M2) =
(if bs2 ! M1 A bs2 ! M2 then FBool Fulse else FBase (Disjoint M1 M2))
| lderiv0 (bs1, bs2) (Eq-Presb None M n) = (if bs2 | M = (n mod 2 = 0)
then FBool False else FBase (Eq-Presb None M (n div 2)))

| lderiv0 - - = undefined
fun ld where

ldo =20
| Id (Suc 0) =0

| Id n = Suc (ld (n div 2))

lemma ld-alt[simp]: n > 0 = ld n = Maz {i. 2 " i < n}

(proof)

fun rderiv0 where
rderiv0 (bsl, bs2) (Fo m) = (if bs1 | m then FBool True else FBase (Fo m))
| rderiv0 (bsl, bs2) (Eq-Const i m n) = (case bsl ! m of
False = FBase (Eg-Const (case i of Some (Suc i) = Some i | - = None) m n)
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| True = FBase (Eq-Const (Some n) m n))
| rderiv0 (bsl, bs2) (Less b m1 m2) = (case bsl | m2 of
False = (case b of
Some False = (case bsl | m1 of
True = FBase (Less (Some True) m1 m2)
| False = FBase (Less (Some False) m1 m2))
| - = FBase (Less b m1 m2))
| True = FBase (Less (Some False) m1 m2))
| rderiv0 (bsl, bs2) (Plus-FO i m1 m2n) = (ifn =10
then
(case (bs1 ! m1, bs1 ! m2) of
(False, False) = FBase (Plus-FO i m1 m2 n)
| (True, True) = FBase (Plus-FO (Some 0) m1 m2 n)
| - = FBase (Plus-FO None m1 m2 n))
else
(case bs1 ! ml1 of
True = FBase (Plus-FO (Some n) m1 m2 n)
| False = (case bsl ! m2 of
False = (case i of
Some (Suc (Suc 7)) = FBase (Plus-FO (Some (Suc i)) m1 m2 n)
| Some (Suc 0) = FBase (Plus-FO None m1 m2 n)
| - = FBase (Plus-FO i m1 m2 n))
| True = (case i of
Some (Suc i) = FBase (Plus-FO (Some i) m1 m2 n)
| - = FBase (Plus-FO None m1 m2 n)))))
| rderiv0 (bsl, bs2) (Eq-FO b m1 m2) = (case (bs1 ! m1, bsl | m2) of
(False, False) = FBase (Eq-FO b m1 m2)
| (True, True) = FBase (Eq-FO True m1 m2)
| - = FBase (Eq-FO False m1 m2))
| rderiv0 (bsl, bs2) (Eq-SO M1 M2) =
(if bs2 ! M1 = bs2 | M2 then FBase (Eq-SO M1 M2) else FBool False)
| rderiv0 (bsl, bs2) (Suc-SO br bl M1 M2) = (if br = bs2 | M2
then FBase (Suc-SO (bs2 ! M1) bl M1 M2) else FBool False)
| rderiv0 (bsl, bs2) (Empty M) = (case bs2 ! M of
True = FBool False
| False = FBase (Empty M))
| rderiv0 (bsl, bs2) (Singleton M) = (case bs2 | M of
True = FBase (Empty M)
| False = FBase (Singleton M))
| rderiv0 (bsl, bs2) (Subset M1 M2) = (case (bs2 | M1, bs2 ! M2) of
(True, False) = FBool False
| - = FBase (Subset M1 M2))
| rderiv0 (bsi, bs2) (In b m M) = (case (bs1 ! m, bs2 ! M) of
(True, True) = FBase (In True m M)
| (True, False) = FBase (In False m M)
| - = FBase (In b m M))
| rderiv0 (bsl, bs2) (Eq-Max b m M) = (case (bs1 ! m, bs2 | M) of
(True, True) = if b then FBool False else FBase (Eq-Max True m M)
| (True, False) = if b then FBool Fulse else FBase (Eq-Max False m M)
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| (False, True) = if b then FBase (Eq-Max True m M) else FBool False
| (False, False) = FBase (Eq-Max b m M))
| rderiv0 (bsl, bs2) (Eq-Min b m M) = (case (bs1 ! m, bs2 ! M) of
(True, True) = FBase (Eq-Min True m M)
| (False, False) = FBase (Eq-Min b m M)
| - = FBase (Eq-Min False m M))
| rderiv0 (bs1, bs2) (Eq-Union M1 M2 M3) = (if bs2 | M1 = (bs2 ! M2 V bs2 |
M3)
then FBase (Eq-Union M1 M2 M3) else FBool False)
| rderiv0 (bsl, bs2) (Eq-Inter M1 M2 M3) = (if bs2 | M1 = (bs2 | M2 A bs2 !
M3)
then FBase (Eq-Inter M1 M2 M3) else FBool False)
| rderiv0 (bs1, bs2) (Eq-Diff M1 M2 M3) = (if bs2 | M1 = (bs2 ! M2 A — bs2 |
M3)
then FBase (Eq-Diff M1 M2 MS3) else FBool False)
| rderiv0 (bsl, bs2) (Disjoint M1 M2) =
(if bs2 ! M1 A bs2 ! M2 then FBool Fulse else FBase (Disjoint M1 MZ2))
| rderiv0 (bsl, bs2) (Eq-Presb I M n) = (case l of
None = if bs2 | M then
if n = 0 then FBool Fulse
else let | = ld n in FBase (Eq-Presb (Some 1) M (n — 2 " 1))
else FBase (Eq-Presb | M n)
| Some 0 = FBool False
| Some (Sucl) = if bs2 ! M A n > 2 "1 then FBase (Eq-Presb (Some l) M (n
—2-0)
else if = bs2 ! M A n < 2 "l then FBase (Eq-Presb (Some 1) M n)
else FBool False)

primrec nullable) where

nullable0 (Fo m) = False
| nullable0 (Eg-Const i m n) = (i = Some 0)
| nullable0 (Less b m1 m2) = (case b of None = False | Some b = b)
| nullable0 (Plus-FO i mi1 m2n) = (i = Some 0)
| nullable0 (Eq-FO b m1 m2) = b
| nullable0 (Eq-SO M1 M2) = True
| nullable0 (Suc-SO br bl M1 M2) = (bl = br)
| nullable0 (Empty M) = True
| nullable0 (Singleton M) = False
| nullable0 (Subset M1 M2) = True
| nullable0 (In b m M) =b
| nullable0 (Eq-Max b m M) = b
| nullable0 (Eq-Min b m M) = b
| nullable0 (Eq-Union M1 M2 M3) = True
| nullable0 (Eg-Inter M1 M2 M3) = True
| nullable0 (Eq-Diff M1 M2 M3) = True
| nullable0 (Disjoint M1 M2) = True
| nullable0 (Eq-Presb ! M n) = (n= 0 A (I = Some 0 V | = None))

definition restrict ord P = (case ord of FO = P # {||} | SO = True)
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definition Restrict ord i = (case ord of FO = FBase (Fo i) | SO = FBool True)

declare [[goals-limit = 50]]

global-interpretation WS1S: Formula SUC LESS assigns nvars Extend CONS
SNOC Length
extend size-atom zero o eval downshift upshift finsert cut len restrict Restrict
Iformula0 FVO find0 wf0 decr0 satisfiesO nullable0 lderiv0 rderiv0 undefined
defines norm = Formula-Operations.norm find0 decr0
and nFOr = Formula-Operations.nFOr :: formula = -
and nFAnd = Formula-Operations.nFAnd :: formula = -
and nFNot = Formula-Operations.nF'Not find0 decr0 :: formula = -
and nFEz = Formula-Operations.nFEzx find0 decr0
and nFAll = Formula-Operations.nFAIll find0 decr0
and decr = Formula-Operations.decr decr0 :: - = - = formula = -
and find = Formula-Operations.find find0 :: - = - = formula = -
and FV = Formula-Operations.F'V FV0
and RESTR = Formula-Operations. RESTR Restrict :: - = formula
and RESTRICT = Formula-Operations. RESTRICT Restrict FV0
and deriv = Ad0 (a :: atom) (¢ :: formula). Formula-Operations.deriv extend d0
a
and nullable = Ay :: formula. Formula-Operations.nullable nullable0 ¢
and fut-default = Formula.fut-default extend zero rderiv0
and fut = Formula.fut extend zero find0 decr0 rderiv0
and finalize = Formula.finalize SUC extend zero find0 decr0 rderiv0
and final = Formula.final SUC extend zero find0 decr0
nullable0 rderiv0 :: ide = formula = -
and wsis-wf = Formula-Operations.wf SUC (wf0 :: ide = wsls = -)
and wsls-Iformula = Formula-Operations.lformula Iformula0 :: formula = -
and check-equ = Nidz. DAs.check-equ
(o idz) (M. norm (RESTRICT ) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
(final idz) (Mg == formula. wsis-wf idz @ N wsls-lformula )
(o idx) (Ap. norm (RESTRICT ¢) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
(final idz) (Mg :: formula. wsis-wf idr ¢ A wsls-lformula @) (=)
and bounded-check-equ = Nidx. DAs.check-equ
(o idz) (Ap. norm (RESTRICT ¢) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
nullable (Ap :: formula. ws1s-wf ide @ N\ wsls-lformula ¢)
(o idz) (Ap. norm (RESTRICT ) :: (wsls, order) aformula)
(Aa ¢. norm (deriv (Ideriv0 :: - = - = formula) (a :: atom) ¢))
nullable (Ap = formula. wsls-wf ide ¢ N wsls-lformula @) (=)
and automaton = DA.automaton
(Aa . norm (deriv lderiv0 (a :: atom) ¢ :: formula))

{(proof)
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lemma check-equ-code|code]: check-equ idx v s =

((ws1s-wf idz r N wsis-lformula ) A (wsls-wf ide s A wsls-lformula s) A

(case rtrancl-while (A(p, q). final idz p = final idz q)
(A(p, q). map (Aa. (norm (deriv lderiv0 a p), norm (deriv lderiv0 a q))) (o idz))
(norm (RESTRICT r), norm (RESTRICT s)) of
None = Fulse

| Some ([], z) = True

| Some (a # list, ©) = False))

{proof)

definition while where [code del, code-abbrev]: while idx ¢ = while-default (fut-default
idx )
declare while-default-code|of fut-default idx ¢ for idx o, folded while-def, code]

lemma check-equ-sound:
[#v A = idx; check-equ idx ¢ ] = (WS1S.sat A v +— WS1S.sat A )

(proof)

lemma bounded-check-equ-sound:

[#v 2 = idx; bounded-check-equ idx ¢ Y] = (WS1S.saty A ¢ +— WS1S.saty
A 1))

(proof)

(ML)

end

5 Concrete Atomic WS1S Formulas (Singleton Se-
mantics for FO Variables)

datatype (FOV0: 'fo, SOV0: 'so) atomic =
Fo 'fo |
Z 'fo |
Less 'fo 'fo |
In 'fo 'so

derive linorder atomic

type-synonym fo = nat

type-synonym so = nat

type-synonym wsls = (fo, so) atomic
type-synonym formula = (wsls, order) aformula

primrec wf0 where
wf0 idx (Fo m) = LESS FO m idx
| wf0 ide (Z m) = LESS FO m idx
| wf0 ide (Less m1 m2) = (LESS FO m1 idx A LESS FO m2 idzx)
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| wf0 ide (In m M) = (LESS FO m idz N LESS SO M idx)

inductive [formula0 where
lformula0 (Fo m)

| iformula0 (Z m)

| lformula0 (Less m1 m2)

| lformula0 (In m M)

code-pred Iformula0 (proof)

declare Iformula0.intros[simp]
inductive-cases Iformula0E[elim]: [formula0 a
abbreviation FV0 = case-order FOV0 SOV0

fun find0 where

find0 FO i (Fo m) = (i = m)
| find0 FO i (Zm) = (i =m
| find0 FO i (Less m1 m2) =
| find0 FO i (Inm )=
| find0 SO i (In - M) = (i = M)
| find0 - - - = False

abbreviation decr0 ord k = map-atomic (case-order (dec k) id ord) (case-order
d (dec k) ord)

primrec satisfies0 where
satisfies0 A (Fo m) = (3z. mAFO = {|z|})
| satisfies0 A (Z m) = (mAFO = {||})
| satisfies0 A (Less m1 m2) =
(let P1 = m1%FO; P2 = m2%FO in if ~(3z. P1 = {|z|}) V ~(3z. P2 = {|z|})
then False
else fthe-elem P1 < fthe-elem P2)
| satisfiesO A (In m M) =
(let P = m3FO in if ~(3z. P = {|z|}) then False else fMin P |€| MZS0)

fun lderiv0 where
lderiv0 (bs1, bs2) (Fo m) = (if bs1 | m then FBase (Z m) else FBase (Fo m))
| lderiv0 (bs1, bs2) (Z m) = (if bs1 | m then FBool False else FBase (Z m))
| lderiv0 (bs1, bs2) (Less m1 m2) = (case (bsl ! m1, bsl ! m2) of
(False, False) = FBase (Less m1 m2)
| (True, False) = FAnd (FBase (Z m1)) (FBase (Fo m2))
| - = FBool False)
| lderiv0 (bs1, bs2) (In m M) = (case (bs1 ! m, bs2 ! M) of
(False, -) = FBase (In m M)
| (True, True) = FBase (Z m)
| - = FBool False)
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primrec rev where
rev (Fo m) = Fom
| rev (Zm) =Zm
| rev (Less m1 m2) = Less m2 m1
| rev (Inm M) = In m M

abbreviation rderiv0 v = map-aformula rev id o lderiv0 v o rev

primrec nullable0 where
nullable0 (Fo m) = False

| nullable0 (Z m) = True

| nullable0 (Less m1 m2) = False

| nullable0 (In m M) = False

lemma fimage-Suc-fsubsetO[simp]: Suc |1 A |C| {|0|} +— A = {||}
(proof )

lemma fsubset-singleton-iff: A |C| {|z|} +— A ={||} V A = {|z|}
{proof)

definition restrict ord P = (case ord of FO = Jz. P = {|z|} | SO = True)
definition Restrict ord i = (case ord of FO = FBase (Fo i) | SO = FBool True)

declare [[goals-limit = 50]]

global-interpretation WS1S-Alt: Formula SUC LESS assigns nvars Extend CONS
SNOC Length

extend size-atom zero o eval downshift upshift finsert cut len restrict Restrict

Iformula0 FVO find0 wf0 decr0 satisfiesO nullable0 lderiv0 rderiv0 undefined

defines norm = Formula-Operations.norm find0 decr0

and nFOr = Formula-Operations.nFOr :: formula = -

and nFAnd = Formula-Operations.nFAnd :: formula = -

and nFNot = Formula-Operations.nF'Not find0 decr0 :: formula = -

and nFEz = Formula-Operations.nFEz find0 decr0

and nFAll = Formula-Operations.nFAIll find0 decr0

and decr = Formula-Operations.decr decr0 :: - = - = formula = -

and find = Formula-Operations.find find0 :: - = - = formula = -

and FV = Formula-Operations.F'V FV0

and RESTR = Formula-Operations. RESTR Restrict :: - = formula

and RESTRICT = Formula-Operations. RESTRICT Restrict FV0

and deriv = Ad0 (a :: atom) (¢ :: formula). Formula-Operations.deriv extend d0
ap

and nullable = Ay :: formula. Formula-Operations.nullable nullable0 ¢

and fut-default = Formula.fut-default extend zero rderiv0

and fut = Formula.fut extend zero find0 decr0 rderiv0

and finalize = Formula.finalize SUC extend zero find0 decr0 rderiv0

and final = Formula.final SUC extend zero find0 decr0

nullable0 rderiv0 :: idz = formula = -
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and wsis-wf = Formula-Operations.wf SUC (wf0 :: ide = wsls = -)
and wsls-Iformula = Formula-Operations.lformula Iformula0 :: formula = -
and check-equ = Nidx. DAs.check-equ
(o idx) (Ap. norm (RESTRICT o) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
(final idx) (A :: formula. wsls-wf idx @ N\ wsls-lformula ¢)
(0 idz) (Ap. norm (RESTRICT ) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
(final idz) (Mg :: formula. wsls-wf idz ¢ A wsls-lformula @) (=)
and bounded-check-equ = Nidx. DAs.check-equ
(o idz) (M. norm (RESTRICT ¢) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
nullable (Ap :: formula. wsis-wf ide @ N\ wsls-lformula o)
(o idz) (Ap. norm (RESTRICT ) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
nullable (Mg :: formula. wsls-wf idx @ N\ wsls-lformula ) (=)
and automaton = DA.automaton
(Aa . norm (deriv lderiv0 (a :: atom) ¢ :: formula))

(proof)

lemma check-equ-code|code]: check-equ idx v s =

((ws1s-wf idz v N wsis-lformula ) A (wsls-wf ide s A wsls-lformula s) A

(case rtrancl-while (A(p, q). final idz p = final idz q)
(A(p, q). map (Aa. (norm (deriv lderiv0 a p), norm (deriv lderiv0 a q))) (o idz))
(norm (RESTRICT r), norm (RESTRICT s)) of
None = Fulse

| Some ([], z) = True

| Some (a # list, ©) = False))

{proof)

definition while where [code del, code-abbrev]: while idx ¢ = while-default (fut-default
idx )
declare while-default-code|of fut-default idx ¢ for idx o, folded while-def, code]

lemma check-equ-sound:
[#v A = idzx; check-equ idx ¢ Y] = (WS1S-Alt.sat A ¢ «— WS1S-Alt.sat A

¥)
(proof )

lemma bounded-check-equ-sound:
[#v 2 = idx; bounded-check-equ idx ¢ ] = (WS1S-Alt.saty A @ +— WS1S-Alt.saty,

A1)
(proof )
(ML)

end
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6 Concrete Atomic Presburger Formulas

declare [[coercion of-bool :: bool = nat]]
declare [[coercion int]]

declare [[coercion-map map)]

declare [[coercion-enabled]]

fun len :: nat = nat where — FIXME yet another logarithm
len 0 =0

| len (Suc 0) = 1

| len n = Suc (len (n div 2))

lemma len-eq0-iff: lenn =0 <— n =0
(proof)

lemma len-mult2[simp]: len (2 x ) = (if x = 0 then 0 else Suc (len x))

(proof)

lemma len-mult2’[simp): len (z * 2) = (if x = 0 then 0 else Suc (len x))
{proof)

lemma len-Suc-mult2[simp]: len (Suc (2 % x)) = Suc (len z)

(proof)

lemma len-le-iff: len v < | +— . < 2 "1

(proof)

lemma len-pow2[simp): len (2 ~z) = Suc z
(proof)

lemma len-div2[simp): len (z div 2) = len x — 1
(proof)

lemma less-pow2-len[simp]: x < 2 " len x
{proof)

lemma len-alt: len x = (LEAST i. x < 2 7 4)
(proof)

lemma len-mono[simpl: z < y = lenz < len y
(proof )

lemma len-div-pow2[simp]: len (x div 2 ~m) = len x — m
{proof)

lemma len-mult-pow2[simp]: len (z * 2 ~m) = (if x = 0 then 0 else len z + m)

{proof)
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lemma map-index’-Suc[simp]: map-indez’ (Suc ) f xs = map-index’ i (\i. f (Suc
1)) xs
{proof)

abbreviation (input) zero n = replicate n False
abbreviation (input) SUC = A-::unit. Suc
definition test-bit m n = (m :: nat) div 2 ~n mod 2 = 1
lemma test-bit-eq-bit: <test-bit = bit»
(proof )
definition downshift m = (m :: nat) div 2
definition upshift m = (m :: nat) x 2
lemma set-bit-def: set-bit n m = m + (if — test-bit m n then 2 ~n else (0 :: nat))
{proof)
definition cut-bits n m = (m :: nat) mod 2 " n
lemma cut-bits-eq-take-bit: <cut-bits = take-bit»
(proof)

typedef interp = {(n :: nat, xs :: nat list). Vo € set xs. len x < n}
{proof)

setup-lifting type-definition-interp

type-synonym atom = bool list

type-synonym value = nat

datatype presb = Eq (tm: int list) (const: int) (offset: int)
derive linorder list

derive linorder presb

type-synonym formula = (presb, unit) aformula

lift-definition assigns :: nat = interp = unit = value (x-"-» [900, 999, 999] 999)
is
An (-, I) - if n < length I then I ! n else 0 (proof)

lift-definition nvars :: interp = nat («Fv - [1000] 900) is
A(-, I). length I (proof)

lift-definition Length :: interp = nat is A(n, -). n {proof)

lift-definition Eztend :: unit = nat = interp = value = interp is
A- 1 (n, I) m. (maz n (len m), insert-nth i m I)
(proof)

lift-definition CONS :: atom = interp = interp is
Abs (n, I). (Suc n, map-index (Nin. 2 *x n + (if bs | i then 1 else 0)) I)
{proof )

lift-definition SNOC :: atom = interp = interp is
Abs (n, I). (Suc n, map-index (Ni m. m + (if bs ! i then 2 " n else 0)) I)
(proof)
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definition extend :: unit = bool = atom = atom where
extend - b bs = b # bs

abbreviation (input) size-atom :: atom = nat where
size-atom = length

definition F'V0 :: unit = presb = nat set where
FVO - fm = (case fm of Eq is - - = {n. n < length is A isln # 0})

lemma FV0-code[code]:

FVO0 x (Eq is i off) = Option.these (set (map-index (\i z. if © = 0 then None
else Some 1) is))

(proof )

primrec wf0 :: nat = presb = bool where
wf0 idx (Eq is - -) = (length is = idx)

fun find0 where
find0 (-::unit) n (Eqis--) = (is! n # 0)

primrec decr0) where
decr0 (-:unit) k (Eqis i d) = Eq (take k is @Q drop (Suc k) is) i d

definition scalar-product :: nat list = int list = int where
scalar-product ns is =
sum-list (map-index (A b. (if © < length ns then ns ! i else 0) * b) is)

lift-definition eval-tm :: interp = int list = int is
A~ I). scalar-product I (proof)

primrec satisfies0) where
satisfies0 I (Eq is i d) = (eval-tm Iis = i — (2 ~ Length I) % d)

inductive [formula0 where
lformula0 (Eqis i 0)

code-pred Iformula0 (proof)

fun Ideriv0 :: bool list = presb = formula where
lderiv0 bs (Eq is i d) = (if d # 0 then undefined else
(let v = i — scalar-product bs is
in if v mod 2 = 0 then FBase (Eq is (v div 2) 0) else FBool Fulse))

fun rderiv0 :: bool list = presb = formula where
rderiv0 bs (Eq is i d) =

(let
I = — sum-list [i. i < s, i < 0];
h = — sum-list [i. { < is, i > 0];
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d’ = scalar-product bs is + 2 x d
in if d' € {min h i .. maz 1 i} then FBase (Eqis i d) else FBool False)

primrec nullable) where
nullable0 (Eq is i off) = (i = off)

definition o :: nat = atom list where
o n = List.n-lists n [True, False]

named-theorems Presb-simps

lemma nvars-Extend|Presb-simps|: #v (Extend () ¢ 2 P) = Suc (#v )
{proof)

lemma Length-Extend|Presb-simps|: Length (Extend () ¢ 2 P) = max (Length 2A)
(len P)

(proof)

lemma Length0-inj[Presb-simps]: Length 2 = 0 = Length B = 0 = #y A =
#V B = A=B
(proof )

lemma ex-LengthOQ[Presb-simps]: 3. Length A = 0 A #v A = idz
(proof )

lemma Eztend-commute-safe[Presb-simps]: [j < i; ¢ < Suc (#v A)] =
Extend k j (Extend ki 2 P) Q = Extend k (Suc i) (Extend kj 2 Q) P
{proof )

lemma Fzrtend-commute-unsafe| Presb-simps]:
k # k' = Extend k j (Extend k' ¢ A P) Q = Eaxtend k' ¢ (Extend k j 2 Q) P
{proof)

lemma assigns-Extend|Presb-simps]: © < Suc (#v A) =
mbwtend ki A Prr — (if | = k' then if m = i then P else dec i m®k else m>k’)
{proof)

lemma assigns-SNOC-zero| Presb-simps]: m < #y A = mSNOC (zero (Fv A)) Ay,

= m2k
(proof )

lemma Length-CONS|[Presb-simps|: Length (CONS x 21) = Suc (Length )
{proof)

lemma Length-SNOC|[Presb-simps]: Length (SNOC x 1) = Suc (Length )
{proof)

lemma nvars-CONS|[Presb-simps|: #v (CONS z ) = #y A
{proof)
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lemma nvars-SNOC|[Presb-simps|: #v (SNOC z ) = #y A
{proof)

lemma FEzxtend-CONS[Presb-simps]: #v A = length =
Extend k 0 (CONS = A) P = CONS (extend k (test-bit P 0) x) (Extend k 0 2
(downshift P))

{proof)

lemma FExtend-SNOC|Presb-simps]: [#v A = length x; len P < Length (SNOC z
A)] =
Eztend k 0 (SNOC z ) P =
SNOC (extend k (test-bit P (Length A)) x) (Extend k 0 A (cut-bits (Length A)
P))
{proof)

lemma odd-neq-even:
Suc (2 x ) = 2 * y «— Fulse
2 x y = Suc (2 * x) «— Fulse
(proof)

lemma CONS-inj[Presb-simps|: size x = #v A = sizey = #v A = #v A =
#V B —

CONS z2A = CONS y B «— (z =y AN2A=DB)

(proof )

lemma mod-2-Suc-iff:
z mod 2 = Suc 0 +— x = Suc (2 * (z div 2))
(proof)

lemma CONS-surj|Presb-simps|: Length A # 0 =
dzB. A= CONSz B ANFH#Hv B =Hy AN sizex =H#y AU
(proof )

lemma [Presb-simps|:
length (extend k b x) = Suc (length z)
downshift (upshift P) = P
downshift (set-bit 0 P) = downshift P
test-bit (set-bit n P) n
- test-bit (upshift P) 0
len P < p => — test-bit P p
len (cut-bits n P) < n
len P < n = cut-bitsn P =P
len (upshift P) = (case len P of 0 = 0 | Suc n = Suc (Suc n))
len (downshift P) = (case len P of 0 = 0 | Suc n = n)

{proof)

lemma Suc0-div-pow2-eq: Suc 0 div 2 i = (if i = 0 then 1 else 0)
(proof)
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lemma set-unset-bit-preserves-len:
assumes x div 2 " m=2xqm < len x
showsz+ 2 "m < 2 "lenzx

(proof)

lemma len-set-bit[ Presb-simps]: len (set-bit m P) = maz (Suc m) (len P)
(proof)

lemma mod-pow2-div-pow?2:
fixes p m n :: nat
shows m <n=pmod 2 "ndiv2 m=pdv2 mmod?2  (n— m)
(proof)

lemma irrelevant-set-bit[simp:

fixes p m n :: nat

assumes n < m

shows (p + 2 "m) mod 2 "n=pmod 2 " n
(proof)

lemma mod-lemma: [ (0:nat) < ¢;r<b] = b*(gmodc)+r<bxc
{proof)

lemma relevant-set-bit[simpl:

fixes p m n :: nat

assumes m < npdiv2 m=2x%q

shows (p+ 2 "m) mod 2 "n=pmod 2 "n+ 2 " m
(proof )

lemma cut-bits-set-bit[ Presb-simps]: cut-bits n (set-bit m p) =
(if n < m then cut-bits n p else set-bit m (cut-bits n p))
{proof)

lemma wf0-decr0[Presb-simps]:
wf0 (Suc idr) a => 1 < Suc ide = — find0 k | a = wf0 idz (decr0 k1 a)
{proof)

lemma [formula0-decr0[Presb-simps]: lformula0 o = Iformula0 (decr0 k1 a)
(proof)

abbreviation sat0-syn (infix <=0 65) where

sat0-syn = satisfies0

abbreviation sat-syn (infix <=» 65) where

sat-syn = Formula-Operations.satisfies Extend Length satisfiesO

abbreviation sat-bounded-syn (infix <=,» 65) where

sat-bounded-syn = Formula-Operations.satisfies-bounded Extend Length len satis-
fies0

lemma scalar-product-Nil[simp]: scalar-product [| xs = 0
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{proof)

lemma scalar-product-Nil2[simp]: scalar-product xs [| = 0
{proof)

lemma scalar-product-Cons|simp]:

scalar-product xs (y # ys) = (case zs of © # xs = x * y + scalar-product s ys |
=0

(proof )

lemma scalar-product-append[simpl: scalar-product ns (xs Q ys) =
scalar-product (take (length xs) ns) xs + scalar-product (drop (length xs) ns) ys

{proof)

lemma scalar-product-trim: scalar-product ns xs = scalar-product (take (length xs)
ns) s
(proof )

lemma Eztend-satisfiesO-decr0|Presb-simps]:
assumes — find0 ki a i < Suc (#v 2A) lformula0 o V len P < Length 2
shows Eztend ki A P =0a =A =0 decr0kia

(proof)

lemma scalar-product-eq0: ¥V c€set ns. ¢ = 0 = scalar-product ns is = 0
(proof)

lemma nullable0-satisfiesO|Presb-simps|: Length A = 0 = nullable0 a = A =0
a

(proof)

lemma satisfiesO-cong: wf0 (#v B) a = #v A = #v B = Iformulal o« =
(Am k. m < #y B = m%% = mPk) = A=0a=B =0a
(proof)

lemma wf-lderiv0|Presb-simps]:

wf0 idz a« = lformula0 a = Formula-Operations.wf (A-. Suc) wf0 idz (Ideriv0
x a)

(proof)

lemma Ilformula-lderiv0[Presb-simps]:
lformula0 o« = Formula-Operations.lformula Iformula0 (lderiv0 z a)
(proof)

lemma wf-rderiv0[Presb-simps:
wf0 ide a = Formula-Operations.wf (A-. Suc) wf0 idz (rderiv0 = a)
{proof)

lemma find0-FV0[Presb-simps]: [wf0 idz a; | < idz] = find0 kla = (I € FVO
k a)
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{proof)

lemma FV0-less|Presb-simps|: wf0 ide a = v € FVO0k o = v < idz
{proof)

lemma finite-FV0|Presb-simps|: finite (FV0 k a)
(proof)

lemma finite-lderiv0|Presb-simps|:

assumes [formula0 a

shows finite {p. Jzs. ¢ = fold (Formula-Operations.deriv extend lderiv0) xs
(FBase a)}

(proof)

lemma finite-rderiv0[Presb-simps]:
finite {p. Fxs. ¢ = fold (Formula-Operations.deriv extend rderiv0) zs (FBase a)}
(proof )

lemma scalar-product-CONS: length xs = length (bs :: bool list) =
scalar-product (map-index (Ain. 2 x n + bs | i) xs) is =
scalar-product bs is + 2 * scalar-product xs is
(proof)

lemma eval-tm-CONS|[simpl:
[length is < #v A; #v A = length 2] =
eval-tm (CONS z ) is = scalar-product © is + 2 x eval-tm 2 is
(proof )

lemma satisfies-lderiv0|Presb-simps]:

[wfo (#v A) a; #v A = length x; lformulal o] = A |= lderiv0 x a +— CONS
zAE0a

(proof )

lemma satisfies-bounded-lderiv0|Presb-simps]:

[wfo (#v ) a; #v A = length z; lformula0 o] = A |y lderiv0 z a +— CONS
zAE0a

(proof)

lemma scalar-product-SNOC': length zs = length (bs :: bool list) —>
scalar-product (map-index (Ai m. m + 2 ~a x bs ! §) xs) is =
scalar-product xs is + 2 ~ a * scalar-product bs is
(proof )

lemma eval-tm-SNOC [simp]:
[length is < #v A; #v A = length 1] =
eval-tm (SNOC z Q) is = eval-tm A is + 2 ~ Length 2  scalar-product z is
(proof )

lemma Length-eq0-eval-tm-eq0[simp]: Length A = 0 => eval-tm 2A is = 0
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{proof)

lemma less-pow2: © < 2 "o = intx < 2 " a
(proof )

lemma scalar-product-upper-bound: ¥ x€set b. len ¢ < a =
scalar-product b is < (2 ~a — 1) x sum-list [i. i < s, i > 0]
(proof)

lemma scalar-product-lower-bound: ¥ z€set b. len © < a —
scalar-product b is > (2 ~a — 1) x sum-list [i. { < is, i < 0]

(proof)

lemma eval-tm-upper-bound: eval-tm A is < (2 ~ Length 2 — 1) * sum-list [i. i
— is, i > 0]
{proof)

lemma eval-tm-lower-bound: eval-tm A is > (2 ~ Length A — 1) * sum-list [i. i
— is, i < 0]
{proof)

lemma satisfies-bounded-rderiv0|Presb-simps]:
[wfo (#v A) a; #v A = length 2] = A |=p rderiv) z a «— SNOC z A =0 a
(proof )

declare [[goals-limit = 100]]

global-interpretation Presb: Formula

where SUC = SUC and LESS = A-. (<) and Length = Length

and assigns = assigns and nvars = nvars and Fatend = Extend and CONS =
CONS and SNOC = SNOC

and extend = extend and size = size-atom and zero = zero and alphabet = o
and eval = test-bit

and downshift = downshift and upshift = upshift and add = set-bit and cut =
cut-bits and len = len

and restrict = A- -. True and Restrict = \- -. FBool True and Iformula0 =
lformula0

and FV0 = FV0 and find0 = find0 and wf0 = wf0 and decr0 = decr0 and
satisfies0 = satisfiesO

and nullable0 = nullable0 and lderiv0 = lderiv0 and rderiv0 = rderiv0

and TYPEVARS = undefined

defines norm = Formula-Operations.norm find0 decr0

and nFOr = Formula-Operations.nFOr :: formula = -

and nFAnd = Formula-Operations.nFAnd :: formula = -

and nFNot = Formula-Operations.nF'Not find0 decr0 :: formula = -

and nFEz = Formula-Operations.nFEzx find0 decr0

and nFAll = Formula-Operations.nFAIll find0 decr0

and decr = Formula-Operations.decr decr0 :: - = - = formula = -

and find = Formula-Operations.find find0 :: - = - = formula = -
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and FV = Formula-Operations.F'V FV0
and RESTR = Formula-Operations. RESTR (\- -. FBool True) :: - = formula
and RESTRICT = Formula-Operations. RESTRICT (\- -. FBool True) FV0
and deriv = Ad0 (a :: atom) (¢ :: formula). Formula-Operations.deriv extend d0
a
and nullable = A\ :: formula. Formula-Operations.nullable nullable0 ¢
and fut-default = Formula.fut-default extend zero rderiv0
and fut = Formula.fut extend zero find0 decr0 rderiv0
and finalize = Formula.finalize SUC extend zero find0 decr0 rderiv0
and final = Formula.final SUC extend zero find0 decr0
nullable0 rderiv0 :: nat = formula = -
and presb-wf = Formula-Operations.wf SUC (wf0 :: nat = presb = -)
and presb-lformula = Formula-Operations.lformula (Iformula0 :: presb = -) ::
formula = -
and check-equ = Nidz. DAs.check-equ
(o idz) (Ap. norm (RESTRICT o) :: formula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
(final idz) (A :: formula. presb-wf ide ¢ A presb-lformula )
(o idz) (Ap. norm (RESTRICT ¢) :: formula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
(final idz) (Mg :: formula. presb-wf idz ¢ A presb-lformula )
=)
and bounded-check-equ = Aidx. DAs.check-equ
(o idz) (Ap. norm (RESTRICT o) :: formula)
(Aa ¢. norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
nullable (A :: formula. presb-wf idx © A presb-lformula ¢)
(o idz) (Ap. norm (RESTRICT o) :: formula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
nullable (Ap :: formula. presb-wf ide ¢ A presb-lformula )
=)
and automaton = DA.automaton
(Aa ¢. norm (deriv lderiv0 (a :: atom) ¢ :: formula))

{proof)

lemma check-equ-code|code]: check-equ idx r s =

((presb-wf idx v A presb-lformula r) A (presb-wf idx s A presb-lformula s) A

(case rtrancl-while (A(p, q). final idz p = final idz q)
(A(p, q). map (Aa. (norm (deriv lderiv0 a p), norm (deriv lderiv0 a q))) (o idz))
(norm (RESTRICT r), norm (RESTRICT s)) of
None = Fulse

| Some ([], ) = True

| Some (a # list, ©) = False))

(proof)

definition while where [code del, code-abbrev]: while idx ¢ = while-default (fut-default

idz @)
declare while-default-code|of fut-default idx ¢ for idx ¢, folded while-def, code]
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lemma check-equ-sound:

[#v 2 = idz; check-equ idz ¢ )] = (Presb.sat 2 @ <— Presb.sat 2 1)
(proof)

lemma bounded-check-equ-sound:

[#v 2 = idz; bounded-check-equ idx ¢ )] = (Presb.saty, A ¢ <— Presb.sat, 2
V)

(proof )

(ML)

end

7 Comparing WS1S Formulas with Presburger For-
mulas

lift-definition letter-eq :: ide = nat = bool list x bool list = bool list = bool is
A(m1,m2) n (bsl, bs2) bs. m1 = 0 A m2 = n A bsl =[] A bs2 = bs (proof)

lemma letter-eq[dest]:

letter-eq idzn a b = (a € set (WS1S-Prelim.o idz)) = (b € set (Presburger-Formula.c
n))

{proof)

global-interpretation WS15-Presb: DAs

WS1S-Prelim.o idx

(Ap. norm (RESTRICT o) :: (wsls, order) aformula)

(Aa . norm (deriv lderiv0 (a :: atom) ¢))

(WS18S. final idx)

(A :: formula. wsls-wf idz ¢ N wsls-lformula )

Ap. Formula.lang WS1S-Prelim.nvars

WS1S-Prelim. Extend WS1S-Prelim. CONS WS1S-Prelim.Length WS1S-Prelim.size-atom

WS1S-Formula.satisfies0 idx ¢

(Mg 2 formula. wsls-wf idx o N wsls-lformula ¢)

Ap. Formula.language WS1S-Prelim.assigns
WS1S-Prelim.nvars WS1S-Prelim.Extend WS1S-Prelim.CONS
WS1S-Prelim.Length WS1S-Prelim.size-atom restrict WS1S-Formula. FV0
WS1S-Formula.satisfies0 idzx ¢

(Presburger-Formula.c n)

(Ap. Presburger-Formula.norm (Presburger-Formula. RESTRICT ¢))

(Aa @. Presburger-Formula.norm (Presburger-Formula.deriv Presburger-Formula.lderiv0

a )

(Presburger-Formula. final n)

(Ap. presb-wf n ¢ A presb-lformula @)

(Ap. Formula.lang Presburger-Formula.nvars

Presburger-Formula. Extend Presburger-Formula. CONS Presburger-Formula. Length
Presburger-Formula.size-atom (E0) n ¢)
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(Ap. presb-wf n ¢ A presb-lformula )
(Ap. Formula.language Presburger-Formula.assigns
Presburger-Formula.nvars Presburger-Formula. Extend Presburger-Formula. CONS
Presburger-Formula. Length Presburger-Formula.size-atom (\- -. True)
Presburger-Formula. FVO (=0)
n )
letter-eq idx n
defines check-equ = \idx n. DAs.check-equ
(o idx) (Ap. norm (RESTRICT ) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
(final idx) (Ap :: formula. wsls-wf idx @ N\ wsls-lformula o)
(Presburger-Formula.o n) (Ap. Presburger-Formula.norm (Presburger-Formula. RESTRICT
)
(Aa . Presburger-Formula.norm ( Presburger-Formula.deriv Presburger-Formula.lderiv0
a )
(Presburger-Formula.final n) (Ap. presb-wf n o A presb-lformula ) (letter-eq
idx n)
(proof)

lemma check-equ-code|code]: check-equ idx n r s +—
((ws1s-wf idx v A wsls-lformula ) A (presb-wf n s A presb-lformula s) N
(case rtrancl-while (A(p, q). final idz p = Presburger-Formula.final n q)

(Ap, 9).
map (A(a, b). (norm (deriv lderiv0 a p),
Presburger-Formula.norm (Presburger-Formula.deriv Presburger-Formula.lderiv0

b q)))

[(z, y)<List.product (o idx) (Presburger-Formula.c n). letter-eq idz n z y|)
(norm (RESTRICT r), Presburger-Formula.norm (Presburger-Formula. RESTRICT

s)) of
None = False
| Some ([], z) = True
| Some (a # list, ©) = False))
(proof)

(ML)
8 Nameful WS1S Formulas

declare [[coercion of-char :: char = nat, coercion-enabled]]
definition is-upper :: char = bool where [simp]: is-upper ¢ = (¢ € {65..90 ::

nat})

definition is-lower :: char = bool where [simp]: is-lower ¢ = (¢ € {97..122
nat})

typedef fo = {s. s # [| A is-lower (hd s)} (proof)
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typedef so = {s. s # [| A is-upper (hd s)} (proof)

datatype wsis =
T|F | Oruwslswsls| And wsls wsls | Not wsls
| Bzl fo wsls | Ex2 so wsls | Alll fo wsls | All2 so wsls
| Lt fo fo
| In fo so
| Eq-Const fo nat
| Eq-Presb so nat
| Eq-FO fo fo
| Eq-FO-Offset fo fo nat
| E¢-SO so so
| E¢-SO-Inc so so
| Eq-Mazx fo so
| Eq-Min fo so
| Empty so
| Singleton so
| Subset so so
| Disjoint so so
| Eq-Union so so so
| Eq-Inter so so so
| Eq-Diff so so so

primrec satisfies :: (fo = nat) = (so = nat fset) = wsls = bool where
satisfies I1 12 T = True

| satisfies 11 I2 F = False

| satisfies 11 I2 (Or ¢ ) = (satisfies I1 12 ¢ V satisfies 11 12 1)

| satisfies 11 I2 (And ¢ ) = (satisfies I1 12 ¢ A satisfies 11 12 1)

| satisfies 11 I2 (Not ) = (— satisfies 11 I2 )

| satisfies 11 I2 (Exl z @) = (I n. satisfies (I1(z :=n

| satisfies 11 I2 (Ex2 X ¢) = (I N. satisfies 11 (12(X :

| satisfies 11 I2 (Alll x ) = (¥ n. satisfies (11 (x

| satisfies 11 12 (All2 X @) = (V N. satisfies I1 (I2(X := N)) ¢)

| satisfies 11 I2 (Lt z y) = (I1 x < I1 y)

| satisfies 11 I2 (In x X) = (I1 z |€| I2 X)

| satisfies 11 I2 (Eq-Const x n) = (I1 x = n)

| satisfies 11 I2 (Eq-Presb X n) = ((O>_x € fset (12 X). 2 " z) = n)

| satisfies 11 I2 (Eq-FO z y) = (I1 x = I1 y)

| satisfies 11 I2 (Eq-FO-Offset x y n) = (I1 x = 11 y + n)

| satisfies 11 I2 (E¢-SO X V)= (12X =127Y)

| satisfies 11 12 (Eq-SO-Inc X V) = (I2 X = Suc || I12Y)

| satisfies 11 I2 (Eq¢-Max x X) = (let Z =12 X in Z # {||} N 11 © = fMazx Z)
| satisfies 11 I2 (Eq-Min x X) = (let Z =12 X in Z # {||} N I1 = = fMin Z)
| satisfies 11 I2 (Empty X) = (12 X = {||})

| satisfies 11 I2 (Singleton X) = (. 12 X = {|z|})

| satisfies 11 I2 (Subset X V) = (I2 X |C| 12 Y)
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| satisfies 11 I2 (Disjoint X Y) = (I2 X |N| I2Y = {||})

| satisfies 11 I2 (Eq-Union X Y Z) = (12 X =12 Y |U| 12 Z)
| satisfies 11 I2 (Eq-Inter X Y Z)= (12X =12Y |N| 12 Z)
| satisfies I1 I2 (E¢-Diff X Y Z)=(I12X =12Y |-| I2 Z)

primrec fos where
fos T = [
| fos F' =]
| fos (Or ¢ ) = List.union (fos @) (fos )
| fos (And ¢ ) = List.union (fos ) (fos 1)
| fos (Not @) = fos ¢
| fos (Ex1 z ) = List.removel z (fos ¢)
| fos (Ex2 X @) = fos ¢
| fos (Alll x ) = List.removel x (fos ¢)
| fos (Ali2 X ) = fos ¢
| fos (Lt z y) = remdups [z, y]
| fos (In z X) = [z]
| fos (Eq-Const x n) = [z]
| fos (Eq-Presb X n) = ||
| fos (Eq-FO z y) = remdups [z, y)
| fos (Eq-FO-Offset x y n) = remdups [z, y]
| fos (Eq-50 X V) = |
| fos (Eq-SO-Inc X Y) = |]
| fos (Eq-Maz z X) = [z]
| fos (Eq-Min z X) = [z]
| fos (Empty X) = |]
| fos (Singleton X) = ||
| fos (Subset X Y) =[]
| fos (Disjoint X V) = |]
| fos (Eq-Union X Y Z) = ]
| fos (Eg-Inter X Y Z) = |]
| Jos (Bq-Diff X Y Z) = |

primrec sos where
sos T =]
| sos F =[]
| sos (Or ¢ ¢) = List.union (sos @) (sos 1)
| sos (And ¢ 1) = List.union (sos p) (sos ¥)
| sos (Not @) = sos ¢
| sos (Exl z ¢) = sos ¢
| sos (Fx2 X @) = List.removel X (sos @)
| sos (Alll x ) = sos ¢
| sos (All2 X @) = List.removel X (sos ¢)
| s0s (Lt 2 9) = |
| sos (Inz X) = [X
| sos (Eg-Const x n) =[]
| sos (Eq-Presb X n) = [X]
| s0s (Eq-FO z y) = ||
| sos (Eq-FO-Offset x y n) = ||
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| sos (Eq¢-SO X Y) = remdups [X, Y]
| sos (Eq-SO-Inc X Y) = remdups [X, Y]
| sos (Eq-Maz z X) = [X]
| sos (Eq-Min ¢ X) = [X]
| sos (Empty X) = [X]

I 508 ESz'ngleton X) = [X]
| sos (

| s0s (

| sos (

| sos (

@» »

sos (Subset X Y) = remdups [X, Y]

o0s (Disjoint X Y) = remdups [X, Y]

0s (Eq-Union X Y Z) = remdups (X, Y, Z]
sos (Eq-Inter X Y Z) = remdups [X, Y, Z]
sos (Eq¢-Diff X Y Z) = remdups [X, Y, Z]

» »

lemma distinct-fos[simpl: distinct (fos @) (proof)
lemma distinct-sos[simp|: distinct (sos @) {proof)

primrec ¢ where

€ bsl bs2 T = FBool True
| € bs1 bs2 F = FBool Fulse
| € bs1 bs2 (Or ¢ ) = FOr (¢ bsl bs2 ¢) (¢ bsl bs2 )
| € bs1 bs2 (And ¢ ) = FAnd (e bs1 bs2 ) (g bsl bs2 )
| € bs1 bs2 (Not @) = FNot (¢ bsl bs2 o)
| € bsl bs2 (Exl x @) = FEx FO (¢ (z # bsl) bs2 ¢)
| € bs1 bs2 (Fz2 X @) = FEx SO (e bs1 (X # bs2) o)
| € bs1 bs2 (Alll x p) = FAIL FO (e (x # bsl) bs2 @)
| € bs1 bs2 (All2 X ) = FAIl SO (g bs1 (X # bs2) )
| € bs1 bs2 (Lt x y) = FBase (Less None (index bsl z) (index bsl y))
| € bsl bs2 (In © X) = FBase (WS1S-Formula.In False (index bsl z) (index bs2
X))
| € bs1 bs2 (Eq-Const x n) = FBase (WS1S5-Formula.Eq-Const None (index bsl x)
n)
| € bsl bs2 (Eq-Presb X n) = FBase (WS1S-Formula.Eq-Presb None (index bs2
X) n)
| € bs1 bs2 (Eq-FO z y) = FBase (WS1S-Formula.Eq-FO False (index bs1 z) (index
bs1 y))
| € bs1 bs2 (Eq-FO-Offset x y n) = FBase (WS1S-Formula.Plus-FO None (index
bsl z) (index bs1 y) n)
| € bst bs2 (Eq-SO X Y) = FBase (WS1S-Formula.Eq-SO (index bs2 X) (index
bs2 Y))
| € bs1 bs2 (Eq-SO-Inc X Y) = FBase (WS1S-Formula.Suc-SO False False (index
bs2 X) (index bs2 Y))
| € bs1 bs2 (Eq-Max z X) = FBase (WS1S-Formula.Eq-Maz False (index bsl z)
(index bs2 X))
| € bst bs2 (Eq-Min x X) = FBase (WS1S-Formula.Eg-Min False (index bsl )
(index bs2 X))
| € bs1 bs2 (Empty X) = FBase (WS1S-Formula. Empty (index bs2 X))
| € bs1 bs2 (Singleton X) = FBase (WS1S-Formula.Singleton (index bs2 X))
| € bs1 bs2 (Subset X Y) = FBase (WS1S-Formula.Subset (index bs2 X) (index
bs2 Y))
| € bs1 bs2 (Disjoint X Y') = FBase (WS1S-Formula.Disjoint (index bs2 X) (index
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bs2 Y))

| € bs1 bs2 (Eq-Union X Y Z) = FBase (WS1S-Formula.Eq-Union (index bs2 X)
(index bs2 Y) (index bs2 Z))

| € bsl bs2 (Eg-Inter X Y Z) = FBase (WS1S-Formula.Eq-Inter (index bs2 X)
(index bs2 Y) (index bs2 Z))

| € bs1 bs2 (FEq-Diff X Y Z) = FBase (WS1S-Formula.Eq-Diff (index bs2 X) (index
bs2 Y) (index bs2 Z))

lift-definition mk-I :

(fo = nat) = (so = nat fset) = fo list = so list = interp is

A1 I2 fs ss. let I1s = map (Az. {|I1 z|}) fs; I2s = map I2 ss in (MSB (I1s @
12s), I1s, I2s)

{proof)

definition dec-11 :: interp = fo list = fo = nat where dec-11 2 fs x = fMin
(index fs X FO)
definition dec-12 :: interp = so list = so = nat fset where dec-12 2 ss X =
index ss X*S0

lemma nvars-mk-1[simpl: #v (mk-I 11 12 fs ss) = Abs-idz (length fs, length ss)
{proof)

lemma assigns-mk-I-FO[simp]:
mMk-L 1112 bs1 bs2 ) — (if m < length bsl then {|I1 (bs1 ! m)|} else {||})
{proof)

lemma assigns-mk-1-SO[simp]:
mMk-L 1112 b1 bs2g0) — (if m < length bs2 then 12 (bs2 ! m) else {||})
{proof)

lemma satisfies-cong:
[Vz € set (fos ). I1 x = Jl z; VX € set (sos ). 12X = J2 X] =
satisfies 11 12 p <— satisfies J1 J2 ¢

(proof)

lemma dec-I-mk-I-satisfies-cong:
[set (fos @) C set bsl; set (sos @) C set bs2; A = mk-I 11 12 bsl bs2] =
satisfies (dec-I1 A bs1) (dec-I2 A bs2) ¢ +— satisfies 11 12 ¢

(proof)
definition ok-I A fs = (Vz € set fs. index fs 22 FO # {||})

lemma ok-I-mk-I[simp): ok-I (mk-I I1 I2 bs1 bs2) bsl
{proof)

lemma in-FV-eD|dest]: [v € FV (¢ bsl bs2 ¢) FO;
set (fos ) C set bsl; set (sos @) C set bs2] =
(y € set bsl. v = index bsl y)

(proof )
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lemma dec-11-Extend-FO[simp]:
dec-11 (Extend FO 0 A P) (xz # bs1) = (dec-I11 A bs1)(x := fMin P)

{proof)

lemma dec-11-Extend-SO[simp): dec-11 (Extend SO i 2 P) bsl = dec-11 A bsl
(proof)

lemma dec-12-Extend-FO|simp]: dec-12 (Extend FO i 2 P) bs2 = dec-12 2 bs2
{proof)

lemma dec-12-Extend-SO[simp):
dec-12 (Extend SO 0 A P) (X # bs2) = (dec-12 A bs2)(X := P)

{proof)

lemma sat-e: [set (fos ¢) C set bsl; set (sos p) C set bs2; ok-I A bsl] =
WS1S.sat A (e bs1 bs2 ¢) «—
satisfies (dec-I1 A bsl) (dec-I2 A bs2) ¢

(proof)

definition equ p ¢ =
(let fs = List.union (fos ) (fos 1); ss = List.union (sos ) (sos )
in check-equ (Abs-idz (length fs, length ss)) (e fs ss ) (g fs ss 1))

lemma equv-sound: equ ¢ v = satisfies 11 12 ¢ <— satisfies 11 12 ¢
(proof )

definition Thm ¢ = equ @ T

lemma Thm ® = satisfies 11 12 ®
(proof )

setup-lifting type-definition-fo
setup-lifting type-definition-so

instantiation fo :: equal

begin
lift-definition equal-fo :: fo = fo = bool is (=) (proof)
instance (proof)

end

instantiation so :: equal

begin
lift-definition equal-so :: so = so = bool is (=) (proof)
instance (proof)

end

63



	Equivalence Framework
	Abstract Deterministic Automaton
	The overall procedure
	Abstract Deterministic Finite Automaton

	Derivatives of Abstract Formulas
	Preliminaries
	Abstract formulas
	Normalization
	Derivatives of Formulas
	Finiteness of Derivatives Modulo ACI
	Emptiness Check
	Restrictions

	WS1S Interpretations
	Concrete Atomic WS1S Formulas (Minimum Semantics for FO Variables)
	Concrete Atomic WS1S Formulas (Singleton Semantics for FO Variables)
	Concrete Atomic Presburger Formulas
	Comparing WS1S Formulas with Presburger Formulas
	Nameful WS1S Formulas

