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Abstract

We formalize the theory of forcing in the set theory framework
of Isabelle/ZF. Under the assumption of the existence of a countable
transitive model of ZFC', we construct a proper generic extension and
show that the latter also satisfies ZFC'
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1 Introduction

We formalize the theory of forcing. We work on top of the Isabelle/ZF
framework developed by Paulson and Grabczewski [4]. Our mechanization
is described in more detail in our papers [1] (LSFA 2018), [2], and [3] (IJCAR
2020).

Release notes

We have improved several aspects of our development before submitting it
to the AFP:

1. Our session Forcing depends on the new release of ZF-Constructible.
2. We streamlined the commands for synthesizing renames and formulas.

3. The command that synthesizes formulas produces the lemmas for them
(the synthesized term is a formula and the equivalence between the
satisfaction of the synthesized term and the relativized term).

4. Consistently use of structured proofs using Isar (except for one coming
from a schematic goal command).

A cross-linked HTML version of the development can be found at https:
//cs.famaf.unc.edu.ar/~pedro/forcing/.

2 Forcing notions

This theory defines a locale for forcing notions, that is, preorders with a
distinguished maximum element.

theory Forcing Notions
imports ZF-Constructible. Relative
begin

2.1 Basic concepts

We say that two elements p, ¢ are compatible if they have a lower bound in
P

definition compat in :: i=i=i=i=0 where
compat_in(A,r,p,q) = Id€A . (d,p)er A (d,q)ET

definition
is_compat_in :: [i=0,i,i,i,i] = o where
is_compat_in(M,A,;r.p,q) = 3d[M]. deA A (dp[M]. pair(M,d,p,dp) N dpET A

(3 dg[M]. pair(M,d,q,dq) A dger))


https://cs.famaf.unc.edu.ar/~pedro/forcing/
https://cs.famaf.unc.edu.ar/~pedro/forcing/

lemma compat_inl :
[ deA; (dp)er; (dg)er | = compat_in(A,r.pg)
by (auto simp add: compat_in__def)

lemma refl__compat:
[ refi(Ar) s (p,q) € v | p=q | (¢.p) € 7 ; pEA 5 q€A] = compal_in(A,r,p,q)
by (auto simp add: refl_def compat_inl)

lemma chain__compat:
refl(A,r) = linear(A,r) = (VpeAN qeA. compat_in(A,r,p,q))
by (simp add: refl_compat linear _def)

lemma subset_fun_image: f:N—P = f*NCP
by (auto simp add: image__fun apply_funtype)

lemma refl _monot_domain: refl(B,r) = ACB = refi(A,r)
unfolding refi__def by blast

definition
antichain :: i=1i=1i=>0 where
antichain(P,leq,A) = ACP N (Y pe AN qeA.(— compat_in(P,leq,p,q)))

definition
cce t it = 1 = o0 where
cce(P,leq) =V A. antichain(P,leq,A) — |A] < nat

locale forcing notion =
fixes P leq one

assumes one_in_P: one € P
and leq preord: preorder_on(P,leq)
and one_maz: YV peP. (p,one)Eleq
begin

abbreviation Leqg :: [i, i = o (infix]l << 50)
where z < y = (2,y)Eleq

lemma refl_leq:
reP — r=r
using leq preord unfolding preorder on__def refl _def by simp

A set D is dense if every element p € P has a lower bound in D.

definition
dense :: i=0 where
dense(D) = VpeP. 3deD . d=p

There is also a weaker definition which asks for a lower bound in D only for
the elements below some fixed element g¢.

definition



dense__below :: i=i=0 where
dense__below(D,q) = VpeP. p=xq — (3deD. deP A d=p)

lemma P_dense: dense(P)
by (insert leq_preord, auto simp add: preorder_on__def refl_def dense__def)

definition
increasing :: i=o0 where
increasing(F) =Va€F.Y p € P . 2=3p — peF

definition
compat :: i=i=0 where
compat(p,q) = compat_in(P,leq,p,q)

lemma leg transD: a=b = b<c = a € P—> b € P— ¢ € P— a=c
using leq preord trans__onD unfolding preorder _on_ def by blast

lemma leq transD’: ACP — a=b=—= bXc = a € A=— b€ P— c € P—
a=c
using leq preord trans _onD subsetD unfolding preorder on__def by blast

lemma leq refll: pe P = p=<p
using leq preord unfolding preorder on_def refl _def by blast

lemma compatD[dest!]: compat(p,q) = FdeP. d=<p A d=q
unfolding compat_ def compat_in_ def .

abbreviation Incompatible :: [i, i) = o (infix]l <L) 50)
where p L ¢ = = compat(p,q)

lemma compatl[intro!]: deP — d=p = d=q = compat(p,q)
unfolding compat_def compat_in_def by blast

lemma denseD [dest]: dense(D) = peP = 3IdeD. d<p
unfolding dense_def by blast

lemma densel [introl]: [ Ap. p€P = 3deD. d= p | = dense(D)
unfolding dense_def by blast

lemma dense_belowD [dest]:
assumes dense_below(D,p) qeP q=p
shows ddeD. deP N d=<q
using assms unfolding dense below def by simp

lemma dense_belowl [introl]:
assumes \q. ¢¢P = ¢=<p = IdeD. deP A d=q
shows dense__below(D,p)



using assms unfolding dense below def by simp

lemma dense_below__cong: p€ P = D = D' = dense__below(D,p) «— dense__below(D’,p)
by blast

lemma dense_below_cong”: pe P = [A\z. 2P = Q(z) +— Q'(z)] =
dense__below({qeP. Q(q)},p) «— dense_below({qeP. Q'(q)},p
by blast

lemma dense__below_mono: p¢ P — D C D' = dense__below(D,p) = dense__below(D’,p)
by blast

lemma dense below under:
assumes dense__below(D,p) peP qeP q=p
shows dense__below(D,q)
using assms leq_transD by blast

lemma ideal dense_ below:
assumes \gq. ¢¢P = ¢=<p = ¢€D
shows dense__below(D,p)
using assms leq_refil by blast

lemma dense below dense below:
assumes dense_below({qgeP. dense_below(D,q)},p) peP
shows dense__below(D,p)
using assms leq _transD leq refil by blast

definition
antichain :: i=o0 where
antichain(A) = ACP A (Vpe AN qeA.(—compat(p,q)))

A filter is an increasing set G with all its elements being compatible in G.

definition
filter :: i=>0 where
filter(G) = GCP A increasing(G) N (VpeG. ¥ qeG. compat_in(G,leq,p,q))

lemma filterD : filter(G) —= 2 € G = x € P
by (auto simp add : subsetD filter _def)

lemma filter _legD : filter(G) = 2€ G —= y€ P = =y —= y € G
by (simp add: filter _def increasing _def)

lemma filter _imp__compat: filter(G) = peG = ¢€ G = compat(p,q)
unfolding filter def compat in_ def compat_def by blast

lemma low_bound_ filter: — says the compatibility is attained inside G
assumes filter(G) and peG and ¢€G



shows IreG. r=p A r=q
using assms
unfolding compat_in_ def filter _def by blast

We finally introduce the upward closure of a set and prove that the closure
of A is a filter if its elements are compatible in A.

definition
upclosure :: =1 where
upclosure(A) = {peP.3acA. a=p}

lemma upclosurel [intro] : pe P — a€A = a=<p = pEupclosure(A)
by (simp add:upclosure__def, auto)

lemma upclosureE [elim] :
pEupclosure(A) = (A\z a. 2éP = €A — o<z = R) = R
by (auto simp add:upclosure__def)

lemma upclosureD [dest] :
pEupclosure(A) = JacA.(a=xp) A peP
by (simp add:upclosure__def)

lemma upclosure_increasing :
assumes ACP
shows increasing(upclosure(A))
unfolding increasing def upclosure _def
using leq _transD'[OF ¢(ACP»] by auto

lemma wupclosure _in_P: A C P = upclosure(A) C P
using subsetl upclosure__def by simp

lemma A_sub_upclosure: A C P = ACupclosure(A)
using subsetl leq _preord
unfolding upclosure def preorder__on__def refl _def by auto

lemma elem_upclosure: ACP = € A = x€upclosure(A)
by (blast dest:A__sub__upclosure)

lemma closure_compat_ filter:
assumes ACP (VpeAV qeA. compat_in(A,leq,p,q))
shows filter(upclosure(A))
unfolding filter def
proof (auto)
show increasing(upclosure(A))
using assms upclosure__increasing by simp
next
let ?UA=upclosure(A)
show compat__in(upclosure(A), leq, p, q) if p€ ?UA q€?UA for p g
proof -
from that



obtain a b where 1:a€A b€A a=p b=q peP q€P
using upclosureD[OF «p€ 2UA>] upclosureD[OF <qe ?UA»] by auto

with assms(2)

obtain d where dcA d=<a d=<b
unfolding compat_in__def by auto

with 1

have 2:d<p d=<q de?UA
using A_ sub_upclosure[ THEN subsetD] <ACP)

leq_transD’[of A d a] leq_transD'[of A d b] by auto
then
show ?thesis unfolding compat_in_ def by auto
qed
qed

lemma auz_RS1: f € N - P = neN = f‘n € upclosure(f “N)
using elem__upclosure| OF subset_fun__image] image_fun
by (simp, blast)

lemma decr succ decr:
assumes f € nat — P preorder_on(P,leq)
Vnenat. (f ‘succ(n), f ‘n) € leg
menat
shows nenat = n<m = (f ‘m, f ‘n) € leq
using <me_ )
proof (induct m)
case (
then show ?case using assms leq_refll by simp
next
case (succ x)
then
have I:f‘succ(z) < fo f‘n€P fo€P f'succ(x)EP
using assms by simp__all
consider (lt) n<succ(z) | (eq) n=succ(z)
using succ le__succ_iff by auto
then
show ?case
proof (cases)
case It
with 1 show ?thesis using lel succ leq transD by auto
next
case eq
with 1 show ?thesis using leq refll by simp
qed
qed

lemma decr_seq linear:
assumes refl(P,leq) f € nat — P
Vnenat. (f ‘succ(n), f ‘n) € leg
trans[P](leq)



shows linear(f ‘‘ nat, leq)
proof -
have preorder_on(P,leq)
unfolding preorder _on_ def using assms by simp
{
fix nm
assume ncnat menat
then
have f'm < f'n VvV f'n < f'm
proof(cases m<n)
case True
with (ne_ ) ¢me_»
show ?thesis
using decr_succ__decr|of f n m| assms lel <preorder_on(P,leq)> by simp
next
case Fulse
with (ne_ ) ¢me_»
show ?thesis
using decr_succ__decr[of f m n] assms lel not_le_iff It <preorder_on(P,leq)»
by simp
qed
}
then
show ?thesis
unfolding linear_def using ball_image simp assms by auto
qed

end

2.2 Towards Rasiowa-Sikorski Lemma (RSL)

locale countable generic = forcing mnotion +

fixes D
assumes countable_subs_of P: D € nat— Pow(P)
and  seq of denses: V' n € nat. dense(D ‘n)
begin
definition

D__generic :: i=>0 where
D__generic(G) = filter(G) A (Vnenat.(Dn)NG#0)

The next lemma identifies a sufficient condition for obtaining RSL.

lemma RS sequence imp__rasiowa__sikorski:
assumes
peEP f:nat—Pf 0 =p
An. nenat = f ‘succ(n)= f‘n A f ‘succ(n) €D ‘n
shows
3G. peG N D_generic(G)

10



proof -
note assms
moreover from this
have f“nat C P
by (simp add:subset_fun__image)
moreover from calculation
have refl(f*nat, leq) A trans[P](leq)
using leq preord unfolding preorder _on__def by (blast intro:refl_monot__domain)
moreover from calculation
have Vnenat. f ‘ succ(n)=< f ‘n by (simp)
moreover from calculation
have linear(f*nat, leq)
using leq _preord and decr_seq linear unfolding preorder on_ def by (blast)
moreover from calculation
have (Vpef‘nat.V qef*‘nat. compat_in(f*nat,leq,p,q))
using chain__compat by (auto)
ultimately
have filter(upclosure(f‘nat)) (is filter(?G))
using closure__compat__filter by simp
moreover
have Vnenat. D ‘n N ?2G # 0
proof
fix n
assume necnat
with assms
have f‘succ(n) € ?G A f‘succ(n) € D ‘n
using aux_ RSI by simp
then
show D ‘n N ?G # 0 by blast
qed
moreover from assms
have p € ?G
using auz_RSI by auto
ultimately
show ?thesis unfolding D_generic_def by auto
qed

end

Now, the following recursive definition will fulfill the requirements of lemma
RS _sequence__imp_ rasiowa__sikorski

primrec
RS seq(0,P,leq,p,enum,D) = p
RS seq(succ(n),P,leq,p,enum,D) =
enum‘(p m. (enum‘m, RS _seq(n,P,leq,p,enum,D)) € leg A enum‘m € D ‘ n)

context countable__generic
begin

11



lemma preimage_rangeD:

assumes f€Pi(A,B) b € range(f)

shows Ja€A. fa=1b

using assms apply__equality[OF __ assms(1), of __ b] domain__type[OF _ assms(1)]
by auto

lemma countable RS sequence__auz:
fixes p enum
defines f(n) = RS_seq(n,P,leq,p,enum,D)
and Q(g,k,m) = enum‘m= g A enum‘m € D ‘k
assumes nenat pe P P C range(enum) enum:nat— M
Nz k. 2€P = kénat = JqeP. gz AN qg€D ‘k
shows
f(succ(n)) € P A f(suce(n))= f(n) A f(suce(n)) € D “n
using (n€nat>
proof (induct)
case ()
from assms
obtain ¢ where ¢geP ¢q=X p ¢ € D ‘ 0 by blast
moreover from this and <P C range(enum)»
obtain m where menat enumm = q
using preimage_rangeD[OF <enum:nat—M>] by blast
moreover
have D0 C P
using apply_funtype| OF countable_subs_of P] by simp
moreover note (peP»
ultimately
show ?Zcase
using LeastI[of Q(p,0) m] unfolding Q_def f_def by auto
next
case (succ n)
with assms
obtain ¢ where ¢€P ¢= f(succ(n)) ¢ € D ‘ succ(n) by blast
moreover from this and <P C range(enum))
obtain m where menat enum‘m= f(succ(n)) enum‘m € D ‘ succ(n)
using preimage__rangeD[OF <enum:nat—M>] by blast
moreover note succ
moreover from calculation
have D‘succ(n) C P
using apply_funtype| OF countable_subs_of P] by auto
ultimately
show ?Zcase
using Leastl[of Q(f(succ(n)),succ(n)) m] unfolding @ def f def by auto
qed

lemma countable RS sequence:

fixes p enum
defines f = An€nat. RS _seq(n,P,leq,p,enum,D)

12



and Q(g,k,m) = enum‘m= g A enum‘m € D ‘k
assumes nenat pe P P C range(enum) enum:nat— M
shows
0 = p flsuce(n)= fn A fsuce(n) € D “n fésuce(n) € P
proof -
from assms
show f‘0 = p by simp
{
fix z k
assume z€P kenat
then
have d¢geP. g2z ANqeD ‘k
using seq _of denses apply_funtype[OF countable__subs_of P]
unfolding dense_ def by blast
}
with assms
show f‘succ(n)=< f‘n A f'succ(n) € D ‘n fisucc(n)eP
unfolding f def using countable RS sequence _aux by simp__all
qed

lemma RS _seq type:
assumes n € nat pe P P C range(enum) enum:nat— M
shows RS _seq(n,P,leq,p,enum,D) € P
using assms countable_RS _sequence(1,3)
by (induct;simp)

lemma RS seq funtype:
assumes peP P C range(enum) enum:nat— M
shows (An€nat. RS_seq(n,P,leq,p,enum,D)): nat — P
using assms lam__type RS _seq type by auto

lemmas countable_rasiowa__sikorski =
RS _sequence__imp_rasiowa__sikorskilOF _ RS _seq funtype countable_ RS sequence(1,2)]
end

end

3 A pointed version of DC

theory Pointed DC imports ZF.AC

begin
This proof of DC is from Moschovakis "Notes on Set Theory"

consts dc_witness :: 1 = 1 = 1 = 1 = | = {
primrec
wit0  : dc_witness(0,4,a,8,R) = a
witrec :dc_witness(succ(n),A,a,s,R) = s{z€A. (dc_witness(n,A,a,s,R),x)ER }

13



lemma witness_into_A [TC):
assumes a€A
VX . X#0 AN XCA — s'XeX)
VyeA. {z€A. (y,x)eR } # 0 nEnat
shows dc_witness(n, A, a, s, R)€EA
using <nenat)
proof (induct n)
case ()
then show ?case using (a€A> by simp
next
case (succ 1)
then
show ?case using assms by auto
qed

lemma witness__related :
assumes a€A
VX . X£0 AN XCA — s'XeX)
VyeA. {z€A. (y,z)eR } # 0 n€nat
shows (dc_witness(n, A, a, s, R),dc_witness(succ(n), 4, a, s, R))ER
proof -
from assms
have dc_witness(n, A, a, s, R)€A (is %z € A)
using witness_into_Alof _ __ s R n] by simp
with assms
show ?thesis by auto
qged

lemma witness_funtype:
assumes ac€A
(VX . X£0 N XCA — s°XeX)
VyeA. {z€A. (yr)eR } # 0
shows (An€nat. dc_witness(n, A, a, s, R)) € nat — A (is of € _ — _)
proof -
have ?f € nat — {dc_witness(n, 4, a, s, R). n€nat} (is _ € __ — ¢B)
using lam__ funtype assms by simp
then
have B C A
using witness into_A assms by auto
with «?f €
show ?thesis
using fun_weaken__type
by simp
qed

lemma witness to_fun: assumes a€A
(VX . X£0 N XCA — s'XeX)
VyeA. {z€A. (yx)eER } # 0
shows 3f € nat—A. Vnenat. f'n =dc_witness(n,A,a,s,R)

14



using assms bexl[of _ An€nat. dc_witness(n,A,a,s,R)] witness_funtype
by simp

theorem pointed DC' :
assumes (VzeA. FycA. (z,y)€ R)
shows Va€A. (3f € nat—A. f0 = a A (Vn € nat. {fn,f'succ(n))ER))
proof -
have 0:VyeA. {z € A.{y, z) € R} # 0
using assms by auto
from AC_func_Pow[of A]
obtain g
where 1: g € Pow(A) - {0} — A
VX.X#A0ANXCA—g‘XeX
by auto
let ?f =\a.\n€nat. dc_witness(n,A,a,g,R)
{
fix a
assume a€A
from <ac€ A
have f0: ?f(a)‘0 = a by simp
with (acA>
have (?f(a) ‘n, ?f(a) ‘ succ(n)) € R if nenat for n
using witness_related|OF <a€A> 1(2) 0] beta that by simp
then
have Jfenat — A. f 0 = a A (Vnenat. (f “n, f ‘ succ(n)) € R) (is Jz€__
using f0 witness_funtype 0 1 <a€_ > by blast
}

then show ?thesis by auto
qed

lemma auz_DC _on_AzNat2 : VzeAxnat. JycA. (z,(y,succ(snd(z)))) € R =
VzeAxnat. JycAxnat. (z,y) € {(a,b)eR. snd(b) = succ(snd(a))}
by (rule balll, erule tac x=z in ballE, simp _all)

lemma infer_snd : c€ AXB = snd(c) = k = c=(fst(c),k)
by auto

corollary DC _on A x nat :

assumes (Vz€Axnat. 3ycA. (z,(y,succ(snd(x)))) € R) acA

shows 3f € nat—A. f0 = a A (V1 € nat. ({fn,n),(f'succ(n),succ(n)))eR) (is
Jze_.?P(x))
proof -

let ?R'={(a,b)€R. snd(b) = succ(snd(a))}

from assms(1)

have VzeAxnat. 3yc Axnat. (z,y) € ?R’

using aux_DC _on_AzNat2 by simp
with (a€_
obtain f where
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F:fenat—Axnat f < 0 = (a,0) Vnenat. (f ‘n, f‘ succ(n)) € R’
using pointed_DC[of Axnat ?R’] by blast
let ?f=Azenat. fst(fz)
from F
have ?fenat—A ?f ‘0 = a by auto
have 1:n€ nat = f‘n= (?f‘n, n) for n
proof (induct n set:nat)
case (
then show ?case using F by simp
next
case (succ 1)
then
have (f‘z, f‘succ(z)) € 2R’ fc € Axnat f'succ(z)EAXnat
using F' by simp_all
then
have snd(f‘succ(z)) = succ(snd(f‘x)) by simp
with succ <fze_>
show ?case using infer _snd[OF «f‘succ(_)€_»] by auto
qed
have ((?f‘n,n),(?f‘succ(n),succ(n))) € R if n€nat for n
using that 1]of succ(n)] 1[OF «n€_>] F(3) by simp
with «f‘0=(a,0)»
show ?thesis using rev_bexI[OF <?f€_ )] by simp
qed

lemma auz_sequence_DC :
assumes Vz€A. Vnenat. JycA. (z,y) € Sn
R={{{z,n),(y,m)) € (Axnat)x(Axnat). <I,y>€5m }
shows V z€Axnat . JycA. (z,(y,succ(snd(x)))) €
using assms Pair_fst_snd_eq by auto

lemma aux_sequence_DC2 : Vz€A. Vnenat. AyeA. (z,y) € S‘n =
VazeAxnat. JyeA. (z,(y,succ(snd(z)))) € {{{z,n),(y,m))E(Axnat)x (Axnat).
(z,y)eS‘m }
by auto
lemma sequence DC:
assumes Vz€A. Vnenat. JycA. (z,y) € Sn
shows VacA. (3f € nat—A. f0 = a A (Vn € nat. (fn,fsucc(n))eS‘succ(n)))
by (rule balll jinsert assms,drule auz_sequence_DC2, drule DC_on_A_x nat,

auto)

end

4 The general Rasiowa-Sikorski lemma

theory Rasiowa_Sikorski imports Forcing Notions Pointed_DC begin

context countable generic
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begin

lemma RS relation:
assumes pcP nenat
shows JyeP. (p,y) € (Amenat. {{z,y)ePXP. y=z A yeD(pred(m))})n
proof -
from seq of denses <n€nat»
have dense(D ‘ pred(n)) by simp
with <peP>
have 3deD ¢ Arith.pred(n). d= p
unfolding dense_ def by simp
then obtain d where 3: d € D ‘ Arith.pred(n) A d< p
by blast
from countable subs_of P <n€nat»
have D * Arith.pred(n) € Pow(P)
by (blast dest:apply_funtype intro:pred__type)
then
have D ¢ Arith.pred(n) C P
by (rule PowD)
with 3
have d € P A d=<p A d € D * Arith.pred(n)
by auto
with <peP) (n€nat>
show ?thesis by auto
qed

lemma DC imp RS sequence:
assumes peP
shows 3f. f: nat—=P AN f 0 =p A
(Vnenat. f < succ(n)=< f‘n A f‘succ(n) € D ‘n)
proof -
let 2S=(Améenat. {{z,y)ePxP. y=x N yeD (pred(m))})
have Vz€P. Vnenat. 3yeP. (z,y) € 25n
using RS _relation by (auto)
then
have VacP. (3f € nat—P. f0 = a A (Vn € nat. (fn.f'succ(n))€ ?S succ(n)))
using sequence__DC by (blast)
with «peP)
show ?thesis by auto
qed

theorem rasiowa_ sikorski:
peEP = 3 G. peG A D_generic(G)
using RS sequence__imp__rasiowa__sikorski by (auto dest:DC_imp_ RS _sequence)

end

end
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5 Auxiliary results on arithmetic
theory Nat_Miscellanea imports ZF begin

Most of these results will get used at some point for the calculation of arities.

lemmas nat_succl = Ord_succ_mem__iff [THEN iffD2,0F nat_into_ Ord]

lemma nat_succD : m € nat = succ(n) € succ(m) = n € m
by (drule_tac j=succ(m) in ItI,auto elim:ltD)

lemmas zero_in = tD [OF nat_0_le]

lemma in n in nat: m € nat = n € m — n € nat
by (drule ltI[of n),auto simp add: lt_nat_in_nat)

lemma in_succ_in_nat : m € nat = n € succ(m) = n € nat
by(auto simp add:in_n_in_nat)

lemma lt] neg:zcnut = j<cr=j#zr=—=j<z
by (simp add: le_iff)

lemma succ_pred_eq : m € nat = m # 0 = succ(pred(m)) = m
by (auto elim: natE)

lemma succ ItI : succ(j) <n=j<n
by (simp add: succ_leE[OF lel])

lemma succ_In : n € nat = succ(j) € n = j € n
by (rule succ_ItI[THEN ItD], auto intro: ItI)

lemmas succ_leD = succ_leE[OF lel]

lemma succpred_lel : n € nat = n < succ(pred(n))
by (auto elim: natE)

lemma succpred_n0 : succ(n) € p = p#£0
by (auto)

lemma funcl : f e A B=—=ac€ A= b=f‘a= (a,b) €f
by (simp__all add: apply_Pair)

lemmas natEin = natE [OF lt_nat_in_nat)

lemma succ_in : succ(z) <y = z €y
by (auto dest:ltD)

lemmas Un_least It _iffn = Un_least It iff [OF nat_into_ Ord nat_into_ Ord]
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lemma pred_le2 : n€ nat = m € nat = pred(n) < m = n < succ(m)
by (subgoal tac n€nat,rule_tac n=n in natE,auto)

lemma pred le : n€ nat = m € nat = n < succ(m) = pred(n) < m
by (subgoal__tac pred(n)Enat,rule_tac n=n in natE,auto)

lemma Un_leD1 : Ord(i)= Ord(j)= Ord(k)=— iUj< k= i<k
by (rule Un_least_lt_iff[THEN iffD1[THEN conjunctl]],simp_all)

lemma Un_leD2 : Ord(i)— Ord(j)=— Ord(k)— iU j<k = j <k
by (rule Un_least_lt_iff[THEN iffD1[THEN conjunct2]],simp__all)

lemma gt :n€nat =ien=1#0=i# 1 = 1<i
by(rule_tac n=1i in natE,erule in_n_in_nat,auto intro: Ord_0_lt)

lemma pred_mono : m € nat = n < m = pred(n) < pred(m)
by(rule_tac n=n in natE,auto simp add:le_in_nat,erule_tac n=m in natE,auto)

lemma succ_mono : m € nat = n < m = succ(n) < succ(m)
by auto

lemma pred2 Un:
assumes j € natm < jn < j
shows pred(pred(m U n)) < pred(pred(5))
using assms pred_mono|of j| le_in_nat Un_least_lt pred_mono by simp

lemma nat_union__absl :
[ Ord(i) ; Ord(j) ;i< jl=iUj=]
by (rule Un__absorbl,erule le_imp_ subset)

lemma nat_union__abs2 :
[ Ord(i) ; Ord(j) ;i <j]l=juUi=]
by (rule Un__absorb2,erule le__imp__subset)

lemma nat_un_maz : Ord(i) = Ord(j) = i U j = max(4,5)
using max_ def nat_union__absl not_It_iff le lel nat_union__abs2

by auto

lemma nat_maz_ty : Ord(i) = Ord(j) = Ord(maz(i.j))
unfolding maz_def by simp

lemma le_not_lt _nat : Ord(p) = Ord(q) = - p< ¢ = q¢<1p
by (rule ltE,rule not_le_iff W[THEN iffD1],auto,drule ltI[of q p],auto,erule lel)

lemmas nat_simp_union = nat_un_mazx nat_max_ty mazx_def
lemma le_succ : z€nat = z<succ(x) by simp

lemma le_pred : z€nat = pred(z)<x
using pred_le[OF _ _ le_succ] pred_succ__eq

19



by simp

lemma Un_le_compat : 0 < p = ¢ < r = Ord(o) = Ord(p) = Ord(q) =
Ord(r) = oUg<pUr
using le_trans[of ¢ r pUr,OF _ Un_upper2_le] le_trans[of o p pUr,OF __
Un__upperl_le]
nat__simp__union
by auto

lemma Un le:p<r— q¢<r—
Ord(p) = Ord(q) = Ord(r) =
pUg<sr
using nat__simp__union by auto

lemma Un_lel3 :0<r—=p<r=qg<r—=
Ord(o) = Ord(p) = Ord(q) = Ord(r) =
oUpUgqg<r
using nat__simp__union by auto

lemma diff mono :
assumes m € nat n€nat p € nat m < n p<m
shows m+#-p < n#-p
proof -
from assms
have m#-p € nat m#-p #+p =m
using add__diff inverse2 by simp__all
with assms
show ?thesis
using less_diff conv[of n p m #- p, THEN iffD2] by simp
qed

lemma pred_ Un:
z € nat => y € nat = Arith.pred(succ(z) U y) = & U Arith.pred(y)
z € nat => y € nat = Arith.pred(z U succ(y)) = Arith.pred(z) U y
using pred_ Un__distrib pred_succ__eq by simp__all

lemma le_natl : j < n = n € nat = j€nat
by (drule ItD,rule in_n_in_nat,rule nat_succ_iff[THEN iffD2,of n],simp__all)

lemma le _natE : nenat = j < n = jen
by (rule tE[of j n],simp+)

lemma diff cancel :
assumes m € nat n€nat m < n
shows m#-n = 0
using assms diff _is_0_lemma lel by simp

lemma leD : assumes nenat j < n
shows j<n|j=mn
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using leE[OF j<n»,of j<n | j = n] by auto

5.1 Some results in ordinal arithmetic

The following results are auxiliary to the proof of wellfoundedness of the
relation frecR

lemma maz_cong :
assumes z < y Ord(y) Ord(z) shows maz(z,y) < maz(y,z)
using assms
proof (cases y < z)
case True
then show ?thesis
unfolding maz_def using assms by simp
next
case Fulse
then have z < y using assms not_le iff It lel by simp
then show ?thesis
unfolding maz_def using assms by simp
qed

lemma maz commutes :

assumes Ord(z) Ord(y)

shows maz(z,y) = maz(y,z)

using assms Un__commute nat__simp_union(1) nat_simp__union(1)[symmetric|
by auto

lemma maz_cong?2 :

assumes z < y Ord(y) Ord(z) Ord(x)

shows maz(z,z) < maz(y,z)
proof -

from assms

have z U2 <y Uz

using It Ord Ord_Un Un_mono[|OF le_imp_ subset|OF <x<y]] subset_imp_le
by auto

then show ?thesis

using nat_simp__union <Ord(z)» <Ord(z)» «Ord(y)> by simp

qed

lemma maz D1 :

assumes z = y w < z Ord(z) Ord(w) Ord(z) maz(z,w) = maz(y,z)

shows <y
proof -

from assms

have w < z U w using Un_ upper2 [t{OF (w<z)| assms nat_simp_ union by
stmp

then

have w < z using assms lt_Un__iff[of z w w] lt_not_refl by auto

then

have y = y U z using assms maz__commutes nat_simp__union assms lel by
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stmp

then

show ?thesis using Un_leD2 assms by simp
qed

lemma maz D2 :
assumes w =y V w = zz <y Ord(z) Ord(w) Ord(y) Ord(z) maz(z,w) =
maz(y,z)
shows z<w
proof -
from assms
have z < z U y using Un_upper2 It[OF (z<y] by simp
then
consider (a) z < y | (b) z < w
using assms nat__simp_ union by simp
then show ?thesis proof (cases)
case a
consider (¢) w=y | (d) w =z
using assms by auto
then show ?thesis proof (cases)
case c
with a show ?thesis by simp
next
case d
with a
show ?thesis
proof (cases y <w)
case True
then show %thesis using lt_trans[OF (z<y] by simp
next
case Fulse
then
have w < y
using not_It_iff le[OF assms(5) assms(4)] by simp
with <w=2z
have maz(z,y) = y unfolding maxz_def using assms by simp
with assms

have ... = x U w using nat_simp__union max__commutes by simp
then show ?thesis using le Un__iff assms by blast
qed
qed
next
case b
then show ?thesis .
qed
qed

lemma oadd_ It _mono2 :
assumes Ord(n) Ord(a) Ord(B) a < Bz <ny<n0<n
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shows n *x a ++ = < n *x8 ++ y
proof -
consider (0) 8=0 | (s) v where Ord(y) 8 = succ(y) | (I) Limit(0)
using Ord__cases|OF <Ord(B)s,of ?thesis] by force
then show ?thesis
proof cases
case (
then show ?thesis using (a<(> by auto
next
case s
then
have a<v using <a<f> using lel by auto
then
have n #x o < n *x v using omult_le_mono[OF _ «a<y] <Ord(n)> by simp
then
have n *x o ++ © < n *x v ++ n using oadd_Ilt_mono[OF _ «z<m)] by
stmp
also
have ... = n *x 8 using (S=succ(_)» omult_succ <Ord(B)> «Ord(n)> by simp
finally
have n *x a ++ =z < n *x § by auto
then
show ?thesis using oadd_le_self <Ord(5)» lt_trans2 <Ord(n)» by auto
next
case [
have Ord(z) using «x<n) It_Ord by simp
with [
have succ(a) < B using Limit_has_succ «a<(> by simp
have n sx a ++ z < n *x o ++ n
using oadd_lt_mono[OF le_refl[OF Ord_omult|OF _ «Ord(a)]] x<n)]
«Ord(n)> by simp
also
have ... = n #* succ(a) using omult_succ «Ord(a)y <Ord(n)» by simp
finally
have n xx o ++ = < n ** succ(o) by simp
with (succ(a) < B
have n xx a +4+ = < n xx [ using lt_trans omult_lt_mono <Ord(n)> <0<n»
by auto
then show ?thesis using oadd_le_self <Ord(5) It_trans2 «Ord(n)> by auto
qed
qed
end

6 Aids to internalize formulas
theory Internalizations
imports

ZF-Constructible. DPow _absolute
begin

23



We found it useful to have slightly different versions of some results in ZF-
Constructible:

lemma nth_closed :
assumes (€A envelist(A)
shows nth(n,env)eA
using assms(2,1) unfolding nth_def by (induct env; simp)

lemmas FOL _sats iff = sats _Nand__iff sats _Forall iff sats_Neqg iff sats And__iff
sats__Or_iff sats Implies iff sats Iff iff sats Fxists iff

lemma nth_Consl: [nth(n,l) = z; n € nat] = nth(succ(n), Cons(a,l)) = =
by simp

lemmas nth_rules = nth__0 nth__Consl nat_ 0I nat_succl
lemmas sep rules = nth_ 0 nth__Consl FOL__iff sats function__iff sats
fun_plus_iff sats successor _iff sats
omega,__iff sats FOL_sats iff Replace_iff sats

Also a different compilation of lemmas (termsep rules) used in formula
synthesis

lemmas fm_ defs = omega__fm__def limit_ordinal_fm__def empty fm__ def typed_function_ fm_ def
pair_fm__def upair_fm_def domain__fm__def function_fm_ def
succ__fm,__def
cons__fm__def fun__apply _fm__def image_fm_ def big _union_ fm_ def
union__fm__def
relation__fm__def composition__fm__def field _fm__def ordinal_fm__def

range__fm,__def
transset__fm__def subset_fm__ def Replace_fm,_ def

end

7 Some enhanced theorems on recursion
theory Recursion_ Thms imports ZF.FEpsilon begin

We prove results concerning definitions by well-founded recursion on some
relation R and its transitive closure R

lemma fld_restrict_eq: a € A = (r N AxA)-“{a} = (r-“{a} N 4)
by (force)

lemma fld_restrict _mono : relation(r) = A C B = r N AxA C r N BxB
by (auto)

lemma fld_restrict _dom :
assumes relation(r) domain(r) C A range(r)C A
shows rN AxA =r

proof (rule equalityl,blast,rule subsetl)
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{ fix z
assume Ir. r € r
from zr assms have 3 a b . z = (a,b) by (simp add: relation__def)
then obtain a b where (a,b) € r (a,b) € TNAxA z € TNAxA
using assms zr
by force
then have z€ r N Ax A by simp
}
then show z € r = 2z€ rNAxA for z .
qed
definition tr_down :: [i,i]] = i
where tr_down(r,a) = (r’™+)-‘“{a}

lemma tr downD : z € tr_down(r,a) = (z,a) € 1"+
by (simp add: tr_down__def vimage__singleton__iff)

lemma pred down : relation(r) = r-‘{a} C tr_down(r,a)
by(simp add: tr_down__def vimage _mono r_subset_trancl)

lemma tr _down_mono : relation(r) = z € r-‘“{a} = tr_down(r,z) C tr_down(r,a)
by (rule subsetl,simp add:tr_down__def ,auto dest: underD,force simp add: underl
r_into__trancl trancl_trans)

lemma rest_eq :
assumes relation(r) and r-‘“{a} C B and a € B
shows r-‘{a} = (rNBxB)-‘{a}
proof (intro equalityl subsetl)
fix z
assume z € m-‘“{a}
then
have z € B using assms by (simp add: subsetD)
from <ze r-‘“{a}
have (z,a) € r using underD by simp
then
show z € (rNBxB)-‘{a} using «x€B) <a€B) underl by simp
next
from assms
show z € r-“{a} if z € (r N BxB) -“{a} for z
using vimage mono that by auto
qed

lemma wfrec_restr_eq : v’ = r N AxA = wfrec[A](r,a,H) = wfrec(r’,a,H)
by (simp add:wfrec_on__def)

lemma wfrec_restr :

assumes rr: relation(r) and wfr:wf(r)

shows a € A = tr_down(r,a) C A = wfrec(r,a,H) = wfrec[A](r,a,H)
proof (induct a arbitrary:A rule:wf _induct_raw[OF wfr] )
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case (1 a)
have wfRa : wf[A](r)
using wf _subset wfr wf _on_ def Int_lower! by simp
from pred_down rr
have r - {a} C tr_down(r, a) .
with 1
have r-‘“{a} C A by (force simp add: subset_trans)
{
fix z
assume z_a : x € r-‘“{a}
with «-‘“{a} C A
have z € 4 ..
from pred__down rr
have b : r -“{z} C tr_down(r,z) .
then
have tr_down(r,z) C tr_down(r,a)
using tr_down_mono z_a rr by simp
with 1
have tr_down(r,z) C A using subset_trans by force
have (x,a) € r using z_a underD by simp
with 1 <tr_down(r,z) C A «x € A
have wfrec(r,z,H) = wfrec[A](r,x,H) by simp
}
then
have ze r-‘{a} = wfrec(r,x,H) = wfrec[A](r,z,H) for z .
then
have Eq1 :(A z € r-“{a} . wfrec(r,x,H)) = (A x € r-“{a} . wfrec[A](r,z,H))
using lam__cong by simp

from assms

have wfrec(r,a,H) = H(a,A z € r-“{a} . wfrec(r,x,H)) by (simp add:wfrec)

also

have ... = H(a,\ z € r-“{a} . wfrec[A](r,x,H))
using assms FEql by simp

also from 1 ¢r-“{a} C A»

have ... = H(a,\ z € (rNAxA)-“{a} . wfrec[A](r,x,H))
using assms rest_eq by simp

also from (acA>

have ... = H(a,\ z € (r-“{a})NA . wfrec[A](r,x,H))
using fld_restrict_eq by simp

also from <acA> «wf[A](r)

have ... = wfrec[A](r,a,H) using wfrec_on by simp
finally show ?case .
qed
lemmas wfrec_tr_down = wfrec_restr[OF _ _ _ subset_refl]

lemma wfrec_trans_restr : relation(r) = wf(r) = trans(r) = r-‘{a}CA =
a€ A=
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wfrec(r, a, H) = wfrec[A](r, a, H)
by (subgoal tac tr_down(r,a) C
trancl_eq )

lemma field trancl : field(r™+) = field(r)
by (blast intro: r_into__trancl dest!: trancl_type [THEN subsetD])

definition
Rrel :: [i=i=0,i] = i where
Rrel(R,A) = {z€AxA. Jz y. z = (z, y) N R(z,y)}

lemma Rrell : x € A = y € A = R(z,y) = (z,y) € Rrel(R,A)
unfolding Rrel def by simp

lemma Rrel _mem: Rrel(mem,x) = Memrel(x)
unfolding Rrel def Memrel def ..

lemma relation_ Rrel: relation(Rrel(R,d))
unfolding Rrel def relation__def by simp

lemma field Rrel: field(Rrel(R,d)) C d
unfolding Rrel def by auto

lemma Rrel mono : A C B = Rrel(R,A) C Rrel(R,B)
unfolding Rrel def by blast

lemma Rrel restr_eq : Rrel(R,A) N BxB = Rrel(R,ANB)
unfolding Rrel def by blast

lemma field Memrel : field(Memrel(A)) C A
using Rrel_mem field Rrel by blast

lemma restrict _trancl Rrel:
assumes R(w,y)
shows restrict(f,Rrel(R,d)-“{y}) ‘w
= restrict(f,(Rrel(R,d) ™+)-‘“{y}) ‘w
proof (cases yed)
let ?r=Rrel(R,d) and ?s=(Rrel(R,d)) ™+
case True
show ?thesis
proof (cases wed)
case True
with <yed) assms
have (w,y)e ?r
unfolding Rrel def by blast
then
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have (w,y)e ?s
using r_subset_tranclof ?r] relation_Rrellof R d] by blast
with «((w,y)e ?r)
have we ?r-“{y} we ?s-“{y}
using vimage__singleton__iff by simp__all
then
show ?thesis by simp
next
case Fulse
then
have w¢ domain(restrict(f,?r-“{y}))
using subsetD[OF field_Rrel[of R d]] by auto
moreover from (wé¢d>
have w¢ domain(restrict(f,?s-“{y}))
using subsetD[OF field_Rrel[of R d], of w] field_trancl[of ?r]
fieldI1[of w y ?s] by auto
ultimately
have restrict(f,?r-‘“{y}) ‘w = 0 restrict(f,?s-‘“{y})‘w = 0
unfolding apply def by auto
then show ?thesis by simp
qged
next
let ?r=Rrel(R,d)
let 7s=2r"+
case Fulse
then
have 7r-“{y}=0
unfolding Rrel def by blast
then
have w¢ ?r-“{y} by simp
with «y¢d> assms
have yé¢field(?s)
using field_trancl subsetD[OF field_Rrel[of R d]] by force
then
have w¢ ?s-“{y}
using vimage_singleton__iff by blast
with «wé ?r-“{y}
show ?thesis by simp
qed

lemma restrict_trans_eq:
assumes w € y
shows restrict(f,Memrel(eclose({z}))-‘{y}) ‘w
= restrict(f,(Memrel(eclose({z})) ™+)-“{y}) ‘w
using assms restrict_trancl_Rrel[of mem | Rrel _mem by (simp)

lemma wf eq trancl:

assumes A fy . H(y,restrict(f,R-“{y})) = H(y,restrict(f,R™+-“{y}))
shows wfrec(R, z, H) = wfrec(R™+, z, H) (is wfrec(?r,_, ) = wfrec(?r’,_, ))
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proof -
have wfrec(R, z, H) = wftrec(?r™+, z, Ay f. H(y, restrict(f,?r-‘{y})))
unfolding wfrec_ def ..

also

have ... = wftrec(?r ™4+, z, Ay f. H(y, restrict(f,(r™+)-‘{y})))
using assms by simp

also

have ... = wfrec(?r™+, z, H)

unfolding wfrec_def using trancl_eq r[OF relation_trancl trans__trancl] by
simp
finally
show ?thesis .
qed

end

8 Relativization of the cumulative hierarchy

theory Relative_ Univ
imports
ZF-Constructible. Rank
Internalizations
Recursion_ Thms

begin

lemma (in M_trivial) powerset_abs’ [simp]:
assumes
M(z) M(y)
shows
powerset(M,z,y) <— y = {a€Pow(z) . M(a)}
using powerset__abs assms by simp

lemma Collect_inter Transset:
assumes
Transset(M) b € M
shows
{zeb . P(z)} = {z€b. P(x)} N M
using assms unfolding Transset def
by (auto)

lemma (in M_trivial) family_union__closed: [strong_replacement(M, Az y. y =
f(2)); M(A); VzeA. M(f(z))]

= M(Jz€A. f(z))
using RepFun_ closed ..

definition
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HVfrom :: [i=>0,i,i,i] = { where
HVfrom(M,A,z.f) = AU (Uyez. {acPow(fy). M(a)})

definition
is_powapply :: [i=0,i,i,i] = o where
is_powapply(M.f,y,z) = M(z) A (3 fy[M]. fun_apply(M.f,y.fy) N powerset(M.fy,z))

lemma is_powapply_closed: is_powapply(M,f,y,z) = M(z)
unfolding is powapply_def by simp

definition
is_HVfrom :: [i=0,i,i,i,i] = o where
is_HVfrom(M,A,z,f,h) = AU[M]. IR[M]. union(M,A,U,h)
A big_union(M,R,U) A is_Replace(M ,z,is _powapply(M,f),R)

definition
is_Vfrom :: [i=0,i,i,i] = o where
is_ Vfrom(M,Ai,V) = is_transrec(M,is_HVfrom(M,A),i, V)

definition
is_Vset :: [i=>0,i,i]] = o where
is_Vset(M,i,V) = A z[M]. empty(M,z) N is_Vfrom(M,z,i,V)

8.1 Formula synthesis

schematic__goal sats is powapply fm__auto:
assumes
fenat yenat z€nat envelist(A) 0€A
shows
is_powapply(##A,nth(f, env),nth(y, env),nth(z, env))
> sats(A, %ipa_fm(f,y,2),env)
unfolding is powapply_def is Collect def powerset_def subset_def
using nth_ closed assms
by (simp) (rule sep_rules | simp)+

schematic__goal is powapply iff sats:
assumes
nth(f,env) = ff nth(y,env) = yy nth(z,env) = 2z 0€A
f € nat y € nat z € nat env € list(A)
shows
is_powapply(#H#A[f,yy,22) +— sats(A, ?is_one_fm(a,r), env)
unfolding «nth(f,env) = ff>[symmetric] <nth(y,env) = yy»[symmetric]
«nth(z,env) = zz)[symmetric]
by (rule sats_is_powapply fm__auto(1); simp add:assms)
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definition
Hrank :: [4,i] = i where
Hrank(z.f) = (Jyex. suce(fy))

definition
PHrank :: [i=o0,i,i,i] = o where
PHrank(M.f,y,z) = M(2) A (3fy[M]. fun_apply(M.f,y.fy) N successor(M,fy,z))

definition
is_Hrank :: [i=0,i,i,i]] = o where
is_Hrank(M ,x.f,hc) = (3 R[M]. big_union(M,R,hc) Nis_Replace(M,z,PHrank(M,f),R))

definition
rrank :: 1 = ¢ where
rrank(a) = Memprel(eclose({a})) ™+

lemma (in M_eclose) wf _rrank : M(z) = wf(rrank(z))
unfolding rrank_def using wf_trancl|OF wf_Memrel] .

lemma (in M_eclose) trans_rrank : M(z) = trans(rrank(z))
unfolding rrank_def using trans_trancl .

lemma (in M _eclose) relation_rrank : M(z) = relation(rrank(z))
unfolding rrank_def using relation_ trancl .

lemma (in M__eclose) rrank_in_M : M(z) = M(rrank(z))
unfolding rrank_def by simp

8.2 Absoluteness results

locale M _eclose_pow = M__eclose +
assumes
power_azx : power_ax(M) and
powapply__replacement : M(f) = strong_replacement(M ,is_powapply(M,f))
and
HVfrom__replacement : [ M(i) ; M(A) | =
transrec__replacement(M ,is_ HVfrom(M,A),i) and
PHrank_replacement : M(f) = strong_replacement(M,PHrank(M,f)) and
is__Hrank__replacement : M (x) = wfrec_replacement(M ,is_ Hrank(M),rrank(z))

begin
lemma is_powapply abs: [M(f); M(y)] = is_powapply(M,f,y,z) +— M(z) A
z = {z€Pow(fy). M(z)}

unfolding is powapply def by simp

lemma [M(A); M(z); M(f); M(h) ] =
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is_HVfrom(M,A,x.fh) +—
(IR[M]. h=AUUR A is_Replace(M, z \xy. y = {z € Pow(f ‘z) . M(x)},
R))
using is_powapply abs unfolding is HVfrom_ def by auto

lemma Replace is_powapply:
assumes
M(R) M(4) M(f)
shows
is_Replace(M, A, is_powapply(M, f), R) «— R = Replace(A,is_powapply(M,f))
proof -
have univalent(M,A,is_powapply(M,f))
using <M (A)» «M(f)> unfolding univalent def is_powapply def by simp
moreover
have Az y. [ z€4; is_powapply(M.f.z,y) | = M(y)
using <M (A)y «<M(f)> unfolding is powapply def by simp
ultimately
show ?thesis using <M (A)» <M(R)» Replace_abs by simp
qed

lemma powapply_ closed:

[ M(y) ;s M(f) | = M{z € Pow(f ‘y) . M(x)})
using apply_closed power _ax unfolding power ax_def by simp

lemma RepFun__is powapply:
assumes
M(R) M(4) M(f)
shows
Replace(A,is_powapply(M.f)) = RepFun(A, y{z€Pow(fy). M(z)})
proof -
have {y .z € A, M(y) Ny={x € Pow(f ‘z) . Mz)}}={y.z€ A, y={z
€ Pow(f ‘x) . M(z)}}
using assms powapply_closed transM[of __ A] by blast
also
have ... = {{z € Pow(f ‘y) . M(2)} . y € A} by auto
finally
show ?thesis using assms is_powapply__abs transM[of __ A] by simp
qged

lemma RepFun__powapply_ closed:
assumes
M(f) M(4)
shows
M (Replace(A,is_powapply(M.f)))
proof -
have univalent(M,A,is_powapply(M,f))
using «M(A)» <M(f)» unfolding univalent_def is_powapply_def by simp
moreover
have [ z€A ; is_powapply(M.f,z,y) | = M(y) for z y
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using assms unfolding is powapply def by simp
ultimately
show ?thesis using assms powapply_replacement by simp
qed

lemma Union__powapply closed:
assumes
M(x) M(f)
shows
M(Jyez. {acPouw(fy). M(a)})
proof -
have M ({acPow(f‘y). M(a)}) if yez for y
using that assms transM|[of _ z] powapply_closed by simp
then
have M({{ac€Pow(fy). M(a)}. ycz})
using assms transM[of _ x] RepFun__powapply_closed RepFun__is_powapply
by simp
then show ?thesis using assms by simp
qed

lemma relation2_HVfrom: M(A) = relation2(M ,is_HVfrom(M,A),HVfrom(M,A))
unfolding is HVfrom__def HVfrom__def relation2_def
using Replace_is powapply RepFun_is_powapply
Union__powapply__closed RepFun__powapply_closed by auto

lemma HVfrom_ closed :
M(A) = Yz[M]. V g[M]. function(g) — M(HVfrom(M,A,z,q))
unfolding HVfrom_ def using Union_ powapply_closed by simp

lemma transrec_ HVfrom:
assumes M (A)
shows Ord(i) = {z€Vfrom(A,i). M(z)} = transrec(i,HVfrom(M,A))
proof (induct rule:trans__induct)
case (step 1)
have Vfrom(A,i) = AU (Uyei. Pow((Az€i. Vfrom(A, z)) ‘y))
using def transrec|OF Vfrom__def, of A i] by simp
then
have Vfrom(A,i) = AU (|Jyei. Pow(Vfrom(A, y)))
by simp
then
have {z€ Vfrom(A,i). M(z)} = {z€A. M(z)} U (Jyei. {zrePow(Vfrom(A, y)).
M(z)})
by auto
with <M (A)»
have {ze Vfrom(A,7). M(z)} = AU (Jyei. {zePow(Vfrom(4, y)). M(z)})
by (auto intro:transM)
also
have ... = A U (Jy¢&i. {r€Pow({z€ Vfrom(A,y). M(2)}). M(x)})
proof -
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have {z€ Pow(Vfrom(A, y)). M(z)} = {z€Pow({z€ Vfrom(A,y). M(2)}). M(z)}
if yei for y by (auto intro:transM)

then
show ?thesis by simp
qed
also from step
have ... = AU (Jyei. {z€Pow(transrec(y, HVfrom(M, A))). M(z)}) by auto
also
have ... = transrec(i, HVfrom(M, A))

using def _transrec[of \y. transrec(y, HVfrom(M, A)) HVfrom(M, A) i,symmetric]

unfolding HVfrom__def by simp
finally
show ?case .
qed

lemma Vfrom__abs: [ M(A); M(i); M(V); Ord(7) | = is_Vfrom(M,A,i,V) <—
V = {z€Vfrom(A,i). M(z)}
unfolding is_ Vfrom__def
using relation2_HVfrom HVfrom_ closed HVfrom__replacement
transrec__abs|of is_HVfrom(M,A) i HVfrom(M,A)] transrec_HVfrom by simp

lemma Vfrom_ closed: [ M(A); M(3); Ord(i) | = M({z€ Vfrom(A,i). M(x)})
unfolding is  Vfrom_ def
using relation2_HVfrom HVfrom_ closed HVfrom__replacement
transrec__closed|of is_HVfrom(M,A) i HVfrom(M,A)] transrec_HVfrom by
simp

lemma Vset_abs: [ M(i); M(V); Ord(i) | = is_ Vset(M,i,V) +— V = {x€ Vset(i).
M(z)}
using Vfrom__abs unfolding is Vset def by simp

lemma Vset_closed: | M(i); Ord(i) | = M({z€ Vset(i). M(z)})
using Vfrom_ closed unfolding is Vset def by simp

lemma Hrank_trancl: Hrank(y, restrict(f,Memrel(eclose({z}))-{y}))
= Hrank(y, restrict(f,(Memrel(eclose({x})) ™+)-‘{y}))
unfolding Hrank__ def
using restrict _trans _eq by simp

lemma rank_trancl: rank(z) = wfrec(rrank(z), z, Hrank)

proof -

have rank(z) = wfrec(Memrel(eclose({z})), x, Hrank)
(is _ = wfrec(9r,_, ))
unfolding rank def transrec__def Hrank def by simp

also

have ... = wftrec(?r™+, z, \y f. Hrank(y, restrict(f,?r-{y})))
unfolding wfrec_ def ..

also
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have ... = wftrec(?r ™+, z, Ay f. Hrank(y, restrict(f,(?r™+)-‘{y})))
using Hrank_trancl by simp
also
have ... = wfrec(?r™+, x, Hrank)
unfolding wfrec__def using trancl_eq r[OF relation__trancl trans__trancl] by
stmp
finally
show ?thesis unfolding rrank def .
qed

lemma wuniv_PHrank : | M(z2) ; M(f) | = univalent(M ,z,PHrank(M.,f))
unfolding univalent def PHrank _def by simp

lemma PHrank abs :
[ M(f); M(y) | = PHrank(M.fy,z) «— M(z) A z = succ(f*y)
unfolding PHrank_def by simp

lemma PHrank_closed : PHrank(M.f,y,z) = M(z)
unfolding PHrank__def by simp

lemma Replace_ PHrank__abs:
assumes
M(z) M(f) M(hr)
shows
is_Replace(M,z,PHrank(M,f),hr) <— hr = Replace(z,PHrank(M,f))
proof -
have Az y. [z€z; PHrank(M.f.z,y) | = M(y)
using <M (z2)) <M(f)> unfolding PHrank def by simp
then
show ?thesis using <M (z)» <M (hr)> «<M(f)> univ_PHrank Replace__abs by simp
qed

lemma RepFun_ PHrank:
assumes
M(R) M(A) M(f)
shows
Replace(A,PHrank(M,f)) = RepFun(A,\y. succ(fy))
proof -
have {z .y € A, M(2) A z = succ(fy)} ={z .y € A, z = succ(fy)}
using assms PHrank__closed transM|[of _ A] by blast
also
have ... = {succ(f'y) . y € A} by auto
finally
show ?thesis using assms PHrank _abs transM|[of _ A] by simp
qed

lemma RepFun_PHrank closed :
assumes
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M(f) M(A)
shows
M (Replace(A,PHrank(M.,f)))
proof -
have [ z€A ; PHrank(M,f,z,y) | = M(y) for z y
using assms unfolding PHrank def by simp
with univ_ PHrank
show ?thesis using assms PHrank_replacement by simp
qed

lemma relation2  Hrank :
relation2(M,is_ Hrank(M),Hrank)
unfolding is Hrank_def Hrank def relation2 def
using Replace PHrank _abs RepFun_ PHrank RepFun__ PHrank_ closed by auto

lemma Union_PHrank closed:
assumes
M(z) M(f)
shows
M(Uyez. suce(fy))
proof -
have M (succ(f%y)) if yez for y
using that assms transM[of __ z] by simp
then
have M ({succ(fy). yex})
using assms transM[of _ z] RepFun_ PHrank_closed RepFun_ PHrank by
stmp
then show ?thesis using assms by simp
qed

lemma is Hrank_closed :

M(A) = Yz[M]. ¥V g[M]. function(g) — M (Hrank(z,g))

unfolding Hrank def using RepFun_ PHrank closed Union_ PHrank__closed by
stmp

lemma rank_closed: M(a) = M (rank(a))
unfolding rank_trancl
using relation2 Hrank is_Hrank closed is _Hrank replacement
wf_rrank relation__rrank trans__rrank rrank__in_ M

trans_wfrec_ closed|of rrank(a) a is__Hrank(M)] by simp

lemma M into  Vset:

assumes M (a)

shows 3i[M]. 3 V[M]. ordinal(M,i) A is_Vfrom(M,0,i,V) A a€V
proof -

let 2i=succ(rank(a))

from assms
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have ac{zc Vfrom(0,%). M(z)} (is a€?V)
using Vset  Ord_rank_iff by simp

moreover from assms

have M (%)
using rank_ closed by simp

moreover

note M (a)»

moreover from calculation

have M(?V)
using Vfrom_ closed by simp

moreover from calculation

have ordinal(M, %)) A is_Vfrom(M, 0, %i, V) N a € ¢V
using Ord__rank Vfrom__abs by simp

ultimately

show ?thesis by blast

qed

end
end

9 Automatic synthesis of formulas

theory Synthetic_ Definition
imports Utils
keywords synthesize :: thy decl % ML
and synthesize_notc :: thy decl % ML
and from__schematic
begin

ML«
val $¢= curry ((op $) o swap)
infix $°

fun pair f gz = (fz, g z)

fun print__theorem pos (thms, lthy) =
(Proof _Display.print__theorem pos lthy thms; lthy)

fun prove__tc_form goal thms ctxt =
Goal.prove ctzt [| [| goal
(fn {context = ctat’, ...} =>
rewrite__goal_tac ctxt’ thms 1
THEN TypeCheck.typecheck_tac ctat’)

fun prove__sats goal thms thm__auto ctxt =
Goal.prove ctzt [] [| goal
(fn {context = ctat’, ...} =>
let val ctat’” = ctxt’ |> Simplifier.add__simp (thm__auto |> hd) in
rewrite__goal_tac ctzt’ thms 1
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THEN PARALLEL ALLGOALS (asm__simp_tac ctxt')
THEN TypeCheck.typecheck__tac ctat’

end)
fun is_mem Const__<mem for _ _» = true
| is_mem __ = false

fun synth__thm__sats def name term lhs set env hyps vars vs pos thm__auto lthy =
let val (__,tm,ctxtl) = Utils.thm__concl_tm lthy term
val (thm__refs,ctat?2) = Variable.import true [Proof _Context.get_thm lthy term)]
ctetl |>> #2
val vs' = map (Thm.term__of o #2) vs
val vars’ = map (Thm.term__of o #2) vars
val r_tm = tm |> Utils.dest_lhs_def |> fold (op $°) vs’
val sats = Const<apply for Constsatisfies for set _tm) env>
val rhs = Const<«IFOL.eq Type iy for sats Const <succ for Const zeros»»
val concl = Const (iff for lhs rhs
val g_iff = Logic.list_implies(hyps, Utils.tp concl)
val thm = prove__sats g _iff thm__refs thm__auto ctxt2
val name = Binding.name (def_name ~ _iff _sats)
val thm = Utils.fix_vars thm (map (#1 o dest_Free) vars’) lthy
in
Local_Theory.note ((name, []), [thm]) lthy |> print_theorem pos
end

fun synth__thm__tc def _name term hyps vars pos lthy =
let val (__,tm,ctatl) = Utils.thm__concl_tm lthy term
val (thm__refs,ctzt2) = Variable.import true [Proof _Context.get_thm lthy term)]
ctrtl
|>> #2
val vars’ = map (Thm.term__of o #2) vars
val tc__attrib = Q{attributes [TC]}
val 7_tm = tm |> Utils.dest_Ihs_def |> fold (op $°) vars’
val concl = Const <mem for r_tm Const formula»
val g = Logic.list_implies(hyps, Utils.tp concl)
val thm = prove_tc_form g thm_ refs ctxt2
val name = Binding.name (def _name ~ __type)
val thm = Utils.fix_vars thm (map (#1 o dest_Free) vars’) ctzt?2
in
Local _Theory.note ((name, tc_attrib), [thm]) lthy |> print_theorem pos
end

fun synthetic__def def _name thmref pos tc auto thy =
let
val (thm_ref, ) = thmref |>> Facts.ref _name
val thm = Proof _Context.get_thm thy thm__ref;
val thm_vars = rev (Term.add_vars (Thm.full_prop__of thm) |]);
val (((_,inst),thm_tms), ) = Variable.import true [thm] thy
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val vars = map (fn v => (v, the (Vars.lookup inst v))) thm_vars;
val (tm,hyps) = thm__tms |> hd |> pair Thm.concl_of Thm.prems_of
val (lhs,rhs) = tm |> Utils.dest_iff tms o Utils.dest_trueprop
val ((set,t),env) = rhs |> Utils.dest_sats_frm
fun relevant ts Const__<mem for t _» = not (Term.is_Free t) orelse
member (op =) ts (t |> Term.dest_Free |> #1)
| relevant _ = false
val t_vars = sort_strings (Term.add_free_names t [])
val vs = filter (member (op =) t_vars o #1 o #1 o #1) vars
val at = fold_rev (lambda o Thm.term__of o #2) vs t
val hyps’ = filter (relevant t_vars o Utils.dest__trueprop) hyps
in
Local _Theory.define ((Binding.name def _name, NoSyn),
((Binding.name (def _name ~_def), []), at)) thy |> #2 |>
(if tc then synth_thm_tc def _name (def _name ~__def) hyps’ vs pos else I) |>
(if auto then synth_thm_sats def name (def _name ~ __def) lhs set env hyps
vars vs pos thm__tms else I)

end
>
ML«

local
val synth__constdecl =
Parse.position (Parse.string -- ((Parse.$$$ from__schematic |-- Parse.thm)));

val =
Outer__Syntaz.local_theory command__keyword (synthesize> ML setup for
synthetic definitions
(synth__constdecl >> (fn ((bndg,thm),p) => synthetic_def bndg thm p true

true))

val =
Outer__Syntax.local _theory command__keyword <synthesize _notcy ML setup
for synthetic definitions
(synth__constdecl >> (fn ((bndg,thm),p) => synthetic_def bndg thm p false

false))
n

end
)

The synthetic_def function extracts definitions from schematic goals. A
new definition is added to the context.

end
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10 Interface between set models and Constructibil-
ity

This theory provides an interface between Paulson’s relativization results
and set models of ZFC. In particular, it is used to prove that the locale
forcing _data is a sublocale of all relevant locales in ZF-Constructibility
(M_trivial, M__basic, M__eclose, etc).

theory Interface
imports
Nat_ Miscellanea
Relative Univ
Synthetic_Definition
begin

syntax

_sats =i, i, 1] = o («(_,_ E_) [36,36,56] 60)
syntax__consts

__sats = sats
translations

(M,env |= ¢) = CONST sats(M ,p,env)

abbreviation
dec10 :: i (<10>) where 10 = succ(9)

abbreviation
decll i («11>) where 11 = succ(10)

abbreviation
dec12 i (<12») where 12 = succ(11)

abbreviation
dec13 :: i («138>) where 13 = succ(12)

abbreviation
decl) :i («14>) where 1} = succ(13)

definition
infinity_ax :: (i = o) = o where
infinity _ax(M) =
(FIM]. (3 z[M]. empty(M,z) A z€I) A (Vy[M]. yeI — (I sy[M]. succes-
sor(M,y,sy) A syel)))

definition
choice_azx :: (i=0) = o where

choice_ax(M) =V z[M]. a[M]. f[M]. ordinal(M,a) A surjection(M,a,x.f)

context M _basic begin
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lemma choice ax_abs :
choice_ax(M) «— (Vz[M]. Fa[M]. 3f[M]. Ord(a) A f € surj(a,z))
unfolding choice_az_def
by (simp)

end

definition
wellfounded__trancl :: [i=>0,i,i,i] => o where
wellfounded__trancl(M,Z,r,p) =
Fw[M]. Jwz[M]. I rp[M].
w € Z & pair(M,w,p,wz) & tran__closure(M,r,rp) & wz € p

lemma empty_intf :
infinity _ax(M) =
(3 z[M]. empty(M,z))
by (auto simp add: empty_def infinity ax_def)

lemma Transset intf :
Transset(M) — yex —= € M = ye M
by (simp add: Transset_def,auto)

locale M ZF trans =

fixes M

assumes
upair_ax: upair_ax(#H#HM)
and Union_ az: Union_ax(##M)
and power__ax: power_az(H#H#M)

and extensionality: extensionality(#+#M)
and foundation_ax:  foundation__ax(##M)
and infinity_az: infinity__ax(#H#HM)
and separation__ax: peformula = envelist(M) = arity(p) < 1 #+
length(env) =
separation(##M Az sats(M,p,[z] Q env))
and replacement_az:  pE€formula = envelist(M) = arity(p) < 2 #+
length(env) =
strong__replacement(## M, Az y. sats(M,p,[z,y] Q env))
and trans_M: Transset(M)
begin

lemma Transsetl :
(Ay z. yex = zeM = yeM) = Transset(M)
by (auto simp add: Transset_def)

lemma zero in M: 0 € M

proof -
from infinity__ax have
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(Tl M). empty(#4M,2))
by (rule empty_intf)
then obtain z where
zm: empty(##M,z) 2eéM
by auto
with trans M have z=0
by (simp add: empty_def, blast intro: Transset_intf )
with zm show ?thesis
by simp
qed

10.1 Interface with M trivial

lemma mitrans :
M__trans(##M)
using Transset_intf[OF trans_M] zero_in_M exI[of Az. z€M]
by unfold_locales auto

lemma miriv :
M_trivial(##M)
using trans_ M M __trivial.intro mtrans M__trivial _axioms.intro upair__ax Union__ax
by simp

end

sublocale M_ZF trans C M_ trivial ##M
by (rule mtriv)

context M ZF trans
begin

10.2 Interface with M basic

schematic__goal inter_fm_ auto:
assumes
nth(i,env) = x nth(j,env) = B
i € nat j € nat env € list(A)
shows
(VyeA . yeB — z€y) <— sats(A,2ifm(i,j),env)
by (insert assms ; (rule sep__rules | simp)+)

lemma inter_sep intf :
assumes
AeM
shows
separation(## MMz . VyeM . yeA — z€y)
proof -
obtain ifm where
fmsats: Aenv. envelist(M) = (V¥ yeM. ye(nth(1,env)) — nth(0,env)€y)
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> sats(M ifm(0,1),env)
and
ifm(0,1) € formula
and
arity(ifm(0,1)) = 2
using (A€ M) inter_fm__auto
by (simp del: FOL__sats_iff add: nat_simp__union)

then

have VaeM. separation(##M, Az. sats(M,ifm(0,1) , [z, al))
using separation__ax by simp

moreover

have (VyeM . yca — z€y) <— sats(M,ifm(0,1),[z,a])
if ae M zeM for a x
using that fmsats[of [z,a]] by simp

ultimately

have YV ac M. separation(##M, A\x . VyeM . y€a — z€y)
unfolding separation_ def by simp

with (AeM> show ?thesis by simp

qed

schematic__goal diff fm_ auto:
assumes
nth(i,env) = x nth(j,env) = B
i € nat j € nat env € list(A)
shows
z¢ B +— sats(A, ?dfm(i,j),env)
by (insert assms ; (rule sep_rules | simp)+)

lemma diff sep intf :
assumes
BeM
shows
separation(## M Nz . z¢B)
proof -
obtain dfm where
fmsats: Nenv. envelist(M) = nth(0,env)é¢nth(1,env)
> sats(M,dfm(0,1),env)
and
dfm(0,1) € formula
and
arity(dfm(0,1)) = 2
using <BeM» diff _fm__auto
by (simp del: FOL__sats_iff add: nat_simp__union)
then
have VbeM. separation(##M, x. sats(M,dfm(0,1) , [z, b]))
using separation__ax by simp
moreover
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have z¢b «— sats(M,dfm(0,1),[z,b])
if be M zeM for b z
using that fmsats|of [z,b]] by simp
ultimately
have V be M. separation(##M, \x . x¢b)
unfolding separation_ def by simp
with (BeM) show ?thesis by simp
qed

schematic__goal cprod_fm__auto:
assumes
nth(i,env) = z nth(j,env) = B nth(h,env) = C
i € nat j € nat h € nat env € list(A)
shows

(Jz€A. zeB A (FycA. yeC A pair(##A,1,y,2))) «— sats(A, 2epfm(i,j,h),env)
by (insert assms ; (rule sep__rules | simp)+)

lemma cartprod_sep_intf :
assumes
AeM
and
BeM
shows
separation(## M, z. JxzeM. z€ A N (3yeM. yeB A pair(##M,z,y,2)))
proof -
obtain cpfm where
fmsats:\env. envelist(M) =
(FzeM. zenth(1,env) A (SyeM. yenth(2,env) A pair(##M,z,y,nth(0,env))))
> sats(M,cpfm(0,1,2),env)
and
epfm(0,1,2) € formula
and
arity(cpfm(0,1,2)) = 3
using cprod_fm__auto by (simp del: FOL__sats_iff add: fm__defs nat__simp__union)
then
have VaeM. VbeM. separation(##M, Az. sats(M,cpfm(0,1,2) , [z, a, b]))
using separation__axr by simp
moreover
have (3zeM. z€a A (FyeM. yeb A pair(##M,x,y,2))) +— sats(M,cpfm(0,1,2),[z,a,b))
if aeM beM zeM for a b 2
using that fmsats|of [z,a,b]] by simp
ultimately
have VaeM. VbeM. separation(##M, Nz . (F3zeM. xz€a N (JyeM. yeb A
pair (#4M,1,y,2))))
unfolding separation_def by simp
with <AeM> «BeEM)> show ?thesis by simp
qed

44



schematic__goal im_ fm_auto:
assumes
nth(i,env) = y nth(j,env) = r nth(h,env) = B
i € natj € nat h € nat env € list(A)
shows
(FpeA. per & (Fz€A. z€B & pair(##A,x,y,p))) +— sats(A, imfm(i,j,h),env)
by (insert assms ; (rule sep_rules | simp)+)

lemma image sep initf :
assumes
AeM
and
reM
shows
separation(##M, \y. IpeM. per & (JzeM. z€A & pair(##M,z,y,p)))
proof -
obtain imfm where
fmsats:\env. envelist(M) =
(IpeM. penth(1,env) & (FzeM. xenth(2,env) & pair(##M ,z,nth(0,env),p)))
+— sats(M,imfm(0,1,2),env)
and
imfm(0,1,2) € formula
and
arity(imfm(0,1,2)) = 8
using im_ fm__auto by (simp del: FOL__sats_iff pair_abs add: fm__defs nat__simp_ union)
then
have VreM. VY aeM. separation(##M, \y. sats(M,imfm(0,1,2) , [y,r,a]))
using separation__ax by simp
moreover
have (3peM. pek & (JzeM. z€a & pair(#H#M,x,y.p))) <— sats(M,imfm(0,1,2),[y,k,a])
if keM aeM yeM for k a y
using that fmsats|of [y,k,a]] by simp
ultimately
have VkeM. VacM. separation(##M, Ay . ApeM. pek & (FJzeM. z€a &
pair (#4M,1,y,p)))
unfolding separation_def by simp
with <re M <Ae M show ?thesis by simp
qged

schematic__goal con_fm_auto:
assumes
nth(i,env) = z nth(j,env) = R
i € nat j € nat env € list(A)
shows
(IpeA. peR & (FzcATyeA. pair(##A,z,y,p) & pair(##A,y,z,2)))
> sats(A, ?cfm(i,5),env)
by (insert assms ; (rule sep_rules | simp)+)

45



lemma converse_sep_intf :
assumes
ReM
shows
separation(## M Nz. ApeM. peR & (FzeM.IyeM. pair(#H#M,z,y,p) &
pair(#+#M.y,z,72)))
proof -
obtain c¢fm where
fmsats:\env. envelist(M) =
(IpeM. penth(1,env) & (JzeM.IFyeM. pair(#F#M,x,y,p) & pair(##M,y,x,nth(0,env))))
+— sats(M,cfm(0,1),env)
and
cfm(0,1) € formula
and
arity(cfm(0,1)) = 2
using con_ fm__auto by (simp del: FOL__sats__iff pair_abs add: fm__defs nat__simp__union)
then
have VreM. separation(##M, \z. sats(M,cfm(0,1) , [z,7]))
using separation__ax by simp
moreover
have (IpeM. per & (FzeM.FyeM. pair(#F#M,x,y,p) & pair(#H#M,y,z,2)))
—
sats(M,cfm(0,1),[z,1])
if zeM reM for z r
using that fmsats|of [z,r]] by simp
ultimately
have VreM. separation(## M, \z . IpeM. per & (FzeM.IyeM. pair(##M,z,y,p)
& pair(##M,y,1,2)))
unfolding separation_def by simp
with (ReM) show ?thesis by simp
qed

schematic__goal rest_fm_auto:
assumes
nth(i,env) = z nth(j,env) = C
i € nat j € nat env € list(A)
shows
(FzeA. zeC & (FyeA. pair(##A,2,y,2)))
> sats(A, ?rfm(i,f),env)
by (insert assms ; (rule sep__rules | simp)+)

lemma restrict_sep intf :
assumes
AeM
shows
separation(#H#HM Az. FzeM. €A & (JyeM. pair(##M,1,y,2)))
proof -
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obtain rfm where
fmsats:\env. envelist(M) =
(FzeM. zenth(1,env) & (FyeM. pair(F#F#M,x,y,nth(0,env))))
+— sats(M,rfm(0,1),env)
and
rfm(0,1) € formula
and
arity(rfm(0,1)) = 2
using rest_fm__auto by (simp del: FOL__sats__iff pair_abs add: fm__defs nat__simp__union)
then
have VaeM. separation(##M, Az. sats(M,rfm(0,1) , [z,a]))
using separation__ax by simp
moreover
have (3zeM. z€a & (3yeM. pair(##M,z,y,2))) —
sats(M,rfm(0,1),]z,a))
if ze M aeM for z a
using that fmsats[of [z,a]] by simp
ultimately
have V a€ M. separation(##M, Az . JzeM. z€a & (FyeM. pair(##M,z,y,2)))
unfolding separation_def by simp
with <AeM> show ?thesis by simp
qged

schematic__goal comp_ fm__auto:
assumes
nth(i,env) = zz nth(j,env) = S nth(h,env) = R
i € nat j € nat h € nat env € list(A)
shows
(FzeA. FyeA. Fz€A. FaycA. Fyz€A.
pair(##A,x,2,22) & pair(##A,2,y,2y) & pair(##A,y,2,y2) & 2yes &
yz€R)
> sats(A, ?cfm(i,j,h),env)
by (insert assms ; (rule sep_rules | simp)+)

lemma comp_sep_intf :
assumes
ReM
and
SeM
shows
separation(## M A zz. JzeM. JyeM. FzeM. JzyeM. FyzeM.
pair(#H#HM x,2,22) & pair(#H#M,x,y,zy) & pair(##M,y,z,yz) & zyesS
& yzeR)
proof -
obtain c¢fm where
fmsats:\env. envelist(M) =
(JzeM. JyeM. FzeM. Jzye M. JyzeM. pair(##M,z,z,nth(0,env)) &
pair(#H#M x,y,zy) & pair(#H#M,y,z,yz) & zyenth(1,env) & yzenth(2,env))
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> sats(M,cfm(0,1,2),env)
and
¢fm(0,1,2) € formula
and
arity(cfm(0,1,2)) = 3
using comp_fm__auto by (simp del:FOL_ sats_iff pair_abs add: fm__defs
nat__simp_union)
then
have VreM. VseM. separation(##M, \y. sats(M,cfm(0,1,2) , [y,s,r]))
using separation__ax by simp
moreover
have (JzeM. JyeM. 3ze M. Fzye M. Fyze M.
pair(#FH#M ,z,z,22) & pair(##M,z,y,2y) & pair(#H#M,y,2,y2) & zy€s
& yzer)
> sats(M,cfm(0,1,2) , [xz,,7])
if xze M seM reM for zz s r
using that fmsats[of [xz,s,r]] by simp
ultimately
have VseM. VreM. separation(##M, A\zz . JzeM. IyeM. FzeM. JzyeM.
JyzeM.
pair(##M,x,2,22) & pair(#HM,z,y,xy) & pair(##M,y,2,yz) & zy€s
& yzer)
unfolding separation_ def by simp
with «SeM) «(ReM)> show ?thesis by simp
qed

schematic__goal pred fm__auto:
assumes
nth(i,env) = y nth(j,env) = R nth(h,env) = X
i € nat j € nat h € nat env € list(A)
shows
(IpeA. peR & pair(##A,y,X,p)) +— sats(A, Zpfm(i,j,h),env)
by (insert assms ; (rule sep_rules | simp)+)

lemma pred_sep intf:
assumes
ReM
and
XeM
shows
separation(##M, \y. ApeM. peR & pair(##M,y,X,p))
proof -
obtain pfm where
fmsats: \env. envelist(M) =
(IpeM. penth(1,env) & pair(#H#M,nth(0,env),nth(2,env),p)) +— sats(M,pfm(0,1,2),env)
and
pfm(0,1,2) € formula
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and
arity(pfm(0,1,2)) = 3
using pred_ fm__auto by (simp del: FOL__sats_iff pair_abs add: fm__defs nat__simp__union)
then
have VzeM. VreM. separation(##M, Ny. sats(M,pfm(0,1,2) , [y,r,z]))
using separation__axr by simp
moreover
have (IpeM. per & pair(##M,y,z,p))
+— sats(M,pfm(0,1,2) , [y,r,z])
if yeM reM zeM for y z r
using that fmsats|of [y,r,z]] by simp
ultimately
have VzeM. VreM. separation(##M, X y . IpeM. per & pair(##M,y,z,p))
unfolding separation_def by simp
with «<XeM> <ReM> show ?thesis by simp
qed

schematic__goal mem_ fm__auto:
assumes
nth(i,env) = z i € nat env € list(A)
shows
(FzeA. FyeA. pair(##A,x,y,2) & z € y) +— sats(A, ?mfm(i),env)
by (insert assms ; (rule sep_rules | simp)+)

lemma memrel _sep_intf:
separation(##M, Az. dzeM. FyeM. pair(##M,x,y,2) & = € y)
proof -
obtain mfm where
fmsats: Aenv. envelist(M) =
(FzeM. FyeM. pair(##M,x,y,nth(0,env)) & = € y) +— sats(M,mfm(0),env)
and
mfm(0) € formula
and
arity(mfm(0)) = 1
using mem__fm__auto by (simp del: FOL__sats__iff pair_abs add: fm__defs nat_simp__union)
then
have separation(##M, Az. sats(M,mfm(0) , [2]))
using separation__ax by simp
moreover
have (FzeM. F3yeM. pair(##M,x,y,z) & © € y) +— sats(M,mfm(0),[2])
if ze M for z
using that fmsats[of [z]] by simp
ultimately
have separation(##M, Az . JzeM. IyeM. pair(#H#M,z,y,2) & = € y)
unfolding separation_def by simp
then show ?thesis by simp
qed
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schematic__goal recfun_ fm_auto:
assumes
nth(il,env) = x nth(i2,env) = r nth(i3,env) = f nth(if,env) = g nth(i5,env)
=a
nth(i6,env) = b il Enat i2€nat i3€nat if Enat i5€nat i6Enat env € list(A)
shows
(FzacA. JabeA. pair(##A,z,a,20) & za € v & pair(#H#A,x,b,ab) & zb € r &
(3fz€A. 3 gueA. fun_apply(#H#Af3.fz) & fun_apply(#4-A,9,7,97)
& fi # gv))
> sats(A, ?rffm(il,i2,i3,i4 ,i5,i6),env)
by (insert assms ; (rule sep_rules | simp)+)

lemma is_recfun_sep intf :
assumes
reM feM geM aeM beM
shows
separation(##HM A z. Izac M. Fzbe M.
pair(##HM,z,a0,20) & za € v & pair(##M,z,b,xb) & zb € r &
(FfreM. I gxeM. fun_apply(##M,f,x,.fr) & fun__apply(##M,g,z,9z)

fr # gz))

&

proof -
obtain rffm where
fmsats: \env. envelist(M) =
(FzacM. Fxbe M. pair(## M ,nth(0,env),nth(4,env),xa) & za € nth(1,env) &
pair(#4#M,nth(0,env),nth(5,env),zdb) & xb € nth(1,env) & (I freM. IgzeM.
fun_apply(##M nth(2,env),nth(0,env),fz) & fun__apply(## M ,nth(3,env),nth(0,env),gx)
& fr # gz))
+— sats(M,rffm(0,1,2,58,4,5),env)
and
rffm(0,1,2,3,4,5) € formula
and
arity(rffm(0,1,2,9,4,5)) = 6
using recfun_fm_auto by (simp del: FOL__sats_iff pair_abs add: fm_ defs
nat__simp_union)
then
have YValeM.Va2eM.Va3eM.VajeM. Y abeM.
separation(#H# M, Ax. sats(M,rffm(0,1,2,3,4,5) , [z,al,a2,a8,a4,a5]))
using separation__ax by simp
moreover
have (FzaeM. JabeM. pair(##M,x,a4,xa) & za € al & pair(##M,z,a5,xb)
& zh € al &
(FfxeM. FgzeM. fun_apply(#H#M,a2,z,fx) & fun__apply(##M,a3,z,91)
& fr # gz))
+— sats(M,rffm(0,1,2,8,4,5) , [z,al,a2,a3,a4,a5))
if zeM aleM a2eM a3€M a4 M a5€M for z al a2 a8 a4 ad
using that fmsats|of [z,al,a2,a3,a4,a5]] by simp
ultimately
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have ValeM. Va2eM.VaS3eM.VaseM. NV a5€M. separation(#H#M, \ x .
Jzae M. FzbeM. pair(##M,z,af,za) & za € al & pair(##M,z,a5,zd)
&abeal &
(freM. FgzeM. fun_apply(#H#M,a2,x,fx) & fun__apply(## M ,a3,z,92)
& fx # gr))
unfolding separation_ def by simp
with (reM» «feM> «geM)> <aeM)> <beM)> show ?thesis by simp
qed

schematic__goal funsp fm__ auto:
assumes
nth(i,env) = p nth(j,env) = z nth(h,env) = n
i € nat j € nat h € nat env € list(A)
shows
(3fcA. FJbcA. InbeA. TenbfeA. pair(##A,f,b,p) & pair(##A,n,bnd) &
is_cons(##A,nb,f,cndbf) &
upair(##A,cnbf enbf 2)) «— sats(A, 2fsfm(i,j,h),env)
by (insert assms ; (rule sep__rules | simp)+)

lemma funspace succ_rep_intf :
assumes
neM
shows
strong__replacement(##M,
Ap z. AfeM. 3beM. InbeM. F enbfeM.

pair(#4M.f,b,p) & pair(#4M,n,bnb) & is_cons(##M,nb.f,cnbf)

upair(##M ,cnbf ,enbf ,2))

&

proof -
obtain fsfm where
fmsats:envelist(M) =
(3feM.FbeM. InbeM. IenbfeM. pair(##M,f,b,nth(0,env)) & pair(##M ,nth(2,env),b,nb)
& is__cons(#H#M nb,f,enbf) & upair(#H#M ,enbf ,cnbf ,nth(1,env)))
+— sats(M,fsfm(0,1,2),env)
and fsfm(0,1,2) € formula and arity(fsfm(0,1,2)) = 3 for env
using funsp_fm__autolof concl:M| by (simp del: FOL__sats_iff pair_abs add:
fm__defs nat__simp__union)
then
have Vn0eM. strong_replacement(#+#M, Ap z. sats(M,fsfm(0,1,2) , [p,z,n0]))
using replacement__ax by simp
moreover
have (3feM.3beM.InbeM. I cenbfeM. pair(##M,f,b,p) & pair(##M,n0,b,nb)
&
is_cons(##M,nb,f,cnbf) & upair(#4#M,cnbf,cnbf,z))
+— sats(M,fsfm(0,1,2) , [p,z,n0])
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if peM zeM n0eM for p z n0
using that fmsats[of [p,z,n0]] by simp
ultimately
have VY n0eM. strong_replacement(##M, A p z.
JfeM.3FbeM. InbeM. I enbfe M. pair(#4#M,f,b,p) & pair(##M,n0,b,nb)
&
is_cons(##M,nb,f,enbf) & upair(## M ,cnbf,cnbf,2))
unfolding strong replacement__def univalent_def by simp
with «<neM> show Zthesis by simp
qged

lemmas M _basic_sep instances =
inter__sep_intf diff _sep__intf cartprod__sep_intf
image__sep__intf converse__sep _intf restrict__sep_intf
pred__sep__intf memrel__sep _intf comp__sep_intf is_recfun__sep intf

lemma mbasic : M__basic(##M)

using trans_ M zero__in_ M power__ax M__basic__sep__instances funspace__succ__rep_intf
miriv

by unfold_locales auto

end

sublocale M ZF trans C M_basic ##M
by (rule mbasic)

10.3 Interface with M trancl

schematic__goal rtran_ closure_mem,__auto:
assumes
nth(i,env) = p nth(j,env) = r nth(k,env) = B
i € nat j € nat k € nat env € list(A)
shows
rtran__closure_mem(##A,B,r,p) <— sats(A, ?rcfm(i,j,k),env)
unfolding rtran_ closure_mem__def
by (insert assms ; (rule sep_rules | simp)+)

lemma (in M_ZF _trans) rtrancl_separation__intf:
assumes
reM
and
AeM
shows
separation (## M, rtran_closure_mem(##M,A,r))
proof -
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obtain rcfm where
fmsats:\env. envelist(M) =
(rtran__closure_mem(## M ,nth(2,env),nth(1,env),nth(0,env))) «— sats(M,rcfm(0,1,2),env)
and
refm(0,1,2) € formula
and
arity(refm(0,1,2)) = 3
using rtran_ closure_mem__auto by (simp del: FOL_sats_iff pair _abs add:
fm__defs nat__simp__union)
then
have VzeM. VacM. separation(##M, \y. sats(M,rcfm(0,1,2) , [y,z,a]))
using separation__ax by simp
moreover
have (rtran__closure_mem(##M,a,x,y))
—— sats(M,rcfm(0,1,2) , [y,z,a))
if yeM zeM acM for y z a
using that fmsats[of [y,z,a]] by simp
ultimately
have VzeM. Y aeM. separation(#+#M, rtran__closure_mem(##M ,a,x))
unfolding separation_def by simp
with <re M <AeM> show ?thesis by simp
qged

schematic__goal rtran_ closure_fm__auto:
assumes
nth(i,env) = r nth(j,env) = rp
i € nat j € nat env € list(A)
shows
rtran__closure(## A,r,rp) «— sats(A, ?rtc(i,j),env)
unfolding rtran_ closure def
by (insert assms ; (rule sep_rules rtran__closure_mem__auto | simp)+)

schematic__goal trans closure_ fm__auto:
assumes
nth(i,env) = r nth(j,env) = rp
i € nat j € nat env € list(A)
shows
tran__closure(## A, r,rp) +— sats(A, ?tc(i,j),env)
unfolding tran_ closure def
by (insert assms ; (rule sep_rules rtran__closure_fm__auto | simp))+

synthesize trans closure fm from__schematic trans closure_fm__auto

schematic__goal wellfounded_trancl fm__auto:
assumes
nth(i,env) = p nth(j,env) = r nth(k,env) = B
i € natj € nat k € nat env € list(A)
shows
wellfounded__trancl(#4#A,B,r,p) +— sats(A, ?wtf(i,j,k),env)
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unfolding wellfounded trancl def
by (insert assms ; (rule sep_rules trans_closure_fm__iff sats | simp)+)

lemma (in M__ZF _trans) wftrancl_separation__intf:
assumes
reM
and
zeM
shows
separation (#4#M, wellfounded__trancl(##M,Z,r))
proof -
obtain rcfm where
fmsats:\env. envelist(M) =
(wellfounded__trancl(#+#M ,nth(2,env),nth(1,env),nth(0,env))) <— sats(M,rcfm(0,1,2),env)
and
refm(0,1,2) € formula
and
arity(refm(0,1,2)) = 3
using wellfounded_trancl_fm__auto[of concl: M nth(2, )] unfolding fm__ defs
trans__closure_fm__def
by (simp del: FOL__sats_iff pair_abs add: fm__defs nat__simp__union)
then
have VzeM. Vze M. separation(##M, \y. sats(M,rcfm(0,1,2) , [y,z,2]))
using separation__ax by simp
moreover
have (wellfounded__trancl(##M,z,z.y))
«—— sats(M,rcfm(0,1,2) , [y,z,2])
if yeM xeM zeM for y z 2
using that fmsats[of [y,z,z]] by simp
ultimately
have VzeM. V ze M. separation(##M, wellfounded_trancl(##M ,z,x))
unfolding separation__def by simp
with <re My «ZeM> show ?thesis by simp
qed

lemma (in M_ZF _trans) finite_sep__intf:
separation(## M, Az. x€Enat)
proof -
have arity(finite__ordinal_fm(0)) = 1
unfolding finite_ ordinal_fm__def limit_ordinal _fm_ def empty_fm_ def succ__fm__def
cons__fm__def
union__fm__def upair_fm__def
by (simp add: nat_union_absl Un_commute)
with separation_ax
have (VveM. separation(## M A x. sats(M,finite__ordinal_fm(0),[z,v])))
by simp
then have (YveM. separation(##M,finite__ordinal(##M)))
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unfolding separation_ def by simp
then have separation(## M finite_ordinal(##M))
using zero_in_ M by auto
then show ?thesis unfolding separation__def by simp
qed

lemma (in M_ZF trans) nat_subset_I':
[IeM ; 0el ; \z. z€] = succ(z)el | = nat C T
by (rule subsetl,induct_tac x,simp+)

lemma (in M_ZF trans) nat_subset_1I :
dIeM. nat C I
proof -
have 37eM. 0l N (VzeM. z€l — succ(z)€el)
using infinity _ax unfolding infinity ax def by auto
then obtain [ where
IeM 0el VzeM. zel — succ(z)el)
by auto
then have \z. z€] = succ(z)€l
using Transset_intf[OF trans_M] by simp
then have natCJ
using «JeM> «0€l) nat_subset_I’ by simp
then show “thesis using «I€M» by auto
qged

lemma (in M_ZF trans) nat_in_M :
nat € M
proof -
have 1:{zeB . zcA}=A if ACB for A B
using that by auto
obtain I where
IeM natCI
using nat_subset_I by auto
then have {z€l . z€nat} € M
using finite_sep__intf separation__closed[of Az . x€nat] by simp
then show ?thesis
using «natCIl» 1 by simp
qed

lemma (in M_ZF _trans) mtrancl : M__trancl(##M)
using mbasic rtrancl_separation__intf wftrancl _separation__intf nat_in_ M
wellfounded__trancl _def
by unfold_locales auto

sublocale M ZF trans C M_trancl ##M

95



by (rule mtrancl)

10.4 Interface with M eclose

lemma repl_sats:
assumes
sat: ANz z. xe M = ze M = sats(M p,Cons(z,Cons(z,env))) +— P(z,z)
shows
strong__replacement(##HM Nz z. sats(M,p,Cons(z,Cons(z,env)))) +—
strong_replacement(##M,P)
by (rule strong_replacement__cong,simp add:sat)

lemma (in M_ZF _trans) nat_trans_M :
neM if nenat for n
using that nat_in_ M Transset_intf[OF trans_M] by simp

lemma (in M_ZF _trans) list_repll _intf:
assumes
AeM
shows
iterates__replacement(##M, is_list _functor(##M,A), 0)
proof -
{
fix n
assume ncnat
have succ(n)eM
using <n€nat> nat_trans M by simp
then have 1:Memrel(succ(n))eM
using <n€nat> Memrel_closed by simp
have 0eM
using nat_0I nat_trans M by simp
then have is_list functor(##M, A, a, b)
+— sats(M, list_functor_fm(13,1,0), [b,a,c,d,a0,al,a2,a3,a4,y,x,z,Memrel(succ(n)),A,0])
if aeM beM ceM deM a0eM aleM a2eM a3eM afeM yeM xeM zeM
forabcdalal a2 a3 afyzz
using that 1 (A€M list_functor_iff sats by simp
then have sats(M, iterates MH_fm(list_functor_fm(13,1,0),10,2,1,0), [a0,al,a2,a3,a4 ,y,z,2, Memrel(st
> idterates MH(## M jis_list _functor(#+#M,A),0,a2, al, a0)
if a0eM aleM a2eM a3eM a4eM yeM zeM zeM
for a0 al a2 a3 a4 yx 2
using that sats_iterates MH__fm[of M is_list_functor(##M,A) _] 1 <0€M>
(AeM> by simp
then have 2:sats(M, is_wfrec_fm(iterates MH_fm(list_functor_fm(13,1,0),10,2,1,0),3,1,0),
[y,2,2, Memrel(succ(n)),A,0])
—
is_wfrec(## M, iterates MH (#+#M is_list_functor(##M,A),0) , Mem-
rel(suce(n)), z, y)
if yeM xeM zeM for y z
using that sats_is_wfrec_fm 1 <0eM)> (AeM> by simp
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let
?f=Fuists(And(pair_fm(1,0,2),
is_wfrec_ fm(iterates MH_fm(list_functor_fm(13,1,0),10,2,1,0),3,1,0)))
have satsf:sats(M, ?f, [z,z,Memrel(succ(n)),A,0])
—
(ByeM. pair(##M,z,y,2) &
is_wfrec(## M, iterates MH(#+#M,is_list_functor(##M,A),0) , Mem-
rel(suce(n)), z, y))
if zte M zeM for z z
using that 2 1 <0eM> <AeM> by (simp del:pair_abs)
have arity(?f) = 5
unfolding iterates  MH _fm,_ defis wfrec_fm_defis recfun_fm_ defis mnat_case fm_def
restriction__fm__def list_functor_fm__def numberl _fm__def cartprod_fm__def
sum__fm__def quasinat_fm_ def pre_image_fm_ def fm__defs
by (simp add:nat_simp__union)
then
have strong_replacement(##M \x z. sats(M,?f [z,z, Memrel(succ(n)),A,0]))
using replacement_ax 1 <AeM) «0€eM)> by simp
then
have strong_replacement(##M \x z.
JyeM. pair(##M,x,y,2) & is_wfrec(#H#M, iterates MH(#+#M yis_list_functor(##M,A),0)

Memprel(suce(n)), z, y))
using repl_sats[of M ?f [Memrel(succ(n)),A,0]] satsf by (simp del:pair_abs)

then

show ?thesis unfolding iterates_replacement_def wfrec_replacement_def by
stmp
qed

lemma (in M_ZF _trans) iterates repl intf :
assumes
veM and
isfm:is_F_fm € formula and
arty:arity(is_F_fm)=2 and
satsf: Na b env’. [ aeM ; beM ; env'€list(M) ]
= is_F(a,b) +— sats(M, is_F_fm, [b,a]@env")
shows
iterates__replacement(## M ,is_F,v)
proof -
{
fix n
assume nenat
have succ(n)eM
using <n€nat> nat_trans M by simp
then have 1:Memrel(succ(n))eM
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using «n€naty Memrel closed by simp
{
fix a0 al a2 a3 af yz 2
assume as:a0eM aleM a2eM a3eM a4 eM yeM zeM ze M
have sats(M, is_F_fm, Cons(b,Cons(a,Cons(c,Cons(d,[a0,al,a2,a3,a4 ,y,2,z,Memrel(succ(n)),v])))))
+—— is_F(a,b)
if acM beM ceM deM for a b c d
using as that 1 satsflof a b [¢,d,a0,al,a2,a3,a4,y,x,z,Memrel(succ(n)),v]]
«wweM> by simp
then
have sats(M, iterates_ MH__fm(is_F_fm,9,2,1,0), [a0,a1,a2,a3,a4,y,z,z,Memrel(succ(n)),v])
> idterates MH(## M ,is F v,a2, al, a0)
using as
sats_iterates MH_fm[of M is_F is_F_fm] 1 <veM» by simp
}
then have 2:sats(M, is_wfrec_fm(iterates. MH _fm(is_F_fm,9,2,1,0),3,1,0),
ly,z,2,Memrel(succ(n)),v])
—
is_wfrec(## M, iterates MH(## M is_F v),Memrel(succ(n)), z, y)
if yeM xeM zeM for y x z
using that sats_is_wfrec_fm 1 <veM> by simp
let
?f=Fuists(And(pair_fm(1,0,2),
is_wfrec_ fm(iterates MH_fm(is_F_fm,9,2,1,0),8,1,0)))
have satsf:sats(M, ?f, [z,z,Memrel(succ(n)),v])
—
(ByeM. pair(##M,z,y,2) &
is_wfrec(##M, iterates MH(## M is F,v) , Memrel(succ(n)), z, y))
if ze M zeM for z z
using that 2 1 «<veM> by (simp del:pair_abs)
have arity(?f) = 4
unfolding iterates  MH_fm_ defis wfrec_fm_ defis recfun_fm_ defis nat_case fm_ def
restriction_ fm_ def pre__image fm_ def quasinat_fm_ def fm__ defs
using arty by (simp add:nat_simp__union)
then
have strong_replacement(##M Az z. sats(M,?f [z,z, Memrel(suce(n)),v]))
using replacement_ax 1 <veM> <is_F_fmée€formula> by simp
then
have strong_replacement(##M Az 2.
JyeM. pair(#H#M,z,y,2) & is_wfrec(## M, iterates MH(#+#M,is_F,v)

Memrel(suce(n)), z, y))
using repl_sats[of M ?f [Memrel(succ(n)),v]] satsf by (simp del:pair_abs)
}
then
show ?thesis unfolding iterates replacement def wfrec_replacement_def by
simp
qged
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lemma (in M_ZF _trans) formula_repll _intf :
iterates__replacement(#+#M, is_formula_functor(##M), 0)
proof -
have 0eM
using nat_0I nat_trans_M by simp
have 1:arity(formula_ functor_fm(1,0)) = 2
unfolding formula_ functor_fm_def fm_ defs sum_ fm_ def cartprod_fm _def
numberl__fm__def
by (simp add:nat_simp__union)
have 2:formula_ functor_fm(1,0)€formula by simp
have is_formula_ functor(##M ,a,b) «—
sats(M, formula_ functor_fm(1,0), [b,a])
if aeM beM for a b
using that by simp
then show ?thesis using <0€M> 1 2 iterates repl_intf by simp
qed

lemma (in M_ZF _trans) nth_repl intf:
assumes
leM
shows
iterates__replacement(#H#M N t. is_ tI(#H#M 1’ t),])
proof -
have 1:arity(tl_fm(1,0)) = 2
unfolding t_fm_def fm_defs quasilist_fm__def Cons_fm_ def Nil_fm_ def
Inr_fm__def numberi_fm_ def
Inl_fm_def by (simp add:nat__simp__union)
have 2:¢l_fm(1,0)€formula by simp
have is_t(##M,a,b) +— sats(M, tl_fm(1,0), [b,a])
if aeM beM for a b
using that by simp
then show ?thesis using (€ M> 1 2 iterates _repl_intf by simp
qed

lemma (in M_ZF _trans) eclose_repll_intf:
assumes
AeM
shows
iterates__replacement(##M, big_union(##M), A)
proof -
have I:arity(big_union_fm(1,0)) = 2
unfolding big_union_fm_ def fm__defs by (simp add:nat__simp__union)
have 2:big_union_fm(1,0)€formula by simp
have big_union(#+#M,a,b) «— sats(M, big_union_fm(1,0), [b,a])
if ae M beM for a b
using that by simp
then show ?thesis using (A€M 1 2 iterates_repl_intf by simp
qed
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lemma (in M_ZF _trans) list_repl2_intf:
assumes
AeM
shows
strong_replacement(## M, n y. nEnat & is_iterates(## M, is_list_functor(##M,A),
0, n,y))
proof -

have 0eM
using nat_0I nat_trans_M by simp

have is_list_functor(##M,A,a,b) +—

sats(M,list_functor_fm(13,1,0),[b,a,c,d,e.f,g,h,i,5,k,n,y,A,0,nat))

if aeM beM ceM deM eeM fe Mge Mhe Mice MjeM ke M neM yeM
forabcdefghijkny
using that <0€eM> nat_in_M <AeM)> by simp

then

have 1:sats(M, is_iterates fm(list_functor fm(13,1,0),3,0,1),[n,y,A,0,nat] )
—

is_iterates(##M, is_list_functor(##M,A), 0, n , y)
if neM yeM for n y
using that <0eM> <AeM> nat_in_ M
sats_is_iterates_fm[of M is_list _functor(##M,A)] by simp
let ?f = And(Member(0,4),is_iterates_fm(list_functor_ fm(13,1,0),3,0,1))
have satsf:sats(M, ?f,[n,y,A,0,nat] ) +—
nenat & is_iterates(#F# M, is_list_functor(##M,A), 0, n, y)
if neM yeM for n y
using that <0€M> <A€M)> nat_in_M 1 by simp
have arity(?f) = 5
unfolding is iterates fm_ def restriction_ fm_ def list_functor_fm_ def num-
berl_fm_ def Memrel fm_ def
cartprod__fm__def sum__fm__ def quasinat_fm__ def pre__image fm_ def fm_ defs
is_wfrec__fm__def
is_recfun_ fm_ def iterates  MH _fm_ def is _nat_case_fm__def
by (simp add:nat__simp__union)
then
have strong_replacement(##M ,An y. sats(M,?f,[n,y,A,0,nat]))
using replacement_ax 1 nat_in_ M (AeM> <0€M> by simp
then

show ?thesis using repl_sats[of M ?f [A,0,nat]] satsf by simp
qed

lemma (in M_ZF trans) formula_repl2_intf:

strong__replacement(##H M A n y. nEnat & is_iterates(## M, is_formula_ functor(##M),
0, n,y))
proof -
have 0eM
using nat_0I nat_trans_M by simp
have is_formula_ functor(##M ,a,b) «—
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sats(M,formula__functor_fm(1,0),[b,a,c,d,e.f,g,h,i,j,k,n,y,0,nat])
if ac M beM ceM deM ec M fe Mge Mhe Mie Mje M ke M neM ye M
forabcdefghijkny
using that <0eM)> nat_in_ M by simp
then
have 1:sats(M, is_iterates fm(formula_ functor fm(1,0),2,0,1),[n,y,0,nat] )
—
is_iterates(## M, is_formula_ functor(##M), 0, n , y)
if neM yeM for n y
using that <0€eM> nat_in_ M
sats__is_iterates_fm[of M is_formula__functor(##M)] by simp
let ?f = And(Member(0,3),is_iterates fm(formula_functor_fm(1,0),2,0,1))
have satsf:sats(M, ?f,[n,y,0,nat] ) «—
nenat & is_iterates(## M, is_formula_ functor(##M), 0, n, y)
if neM yeM for n y
using that <0€M)> nat_in_M 1 by simp
have artyf:arity(?f) = 4
unfolding is iterates fm__def formula_functor _fm_ def fm_ defs sum__fm__def
quasinat__fm__def
cartprod__fm__def numberl_fm__def Memrel _fm__def ordinal fm__ def trans-
set_fm__def
is_wfrec_fm_ defis_recfun_ fm_ def iterates. MH_fm_ defis nat case_fm_ def
subset__fm,__def
pre__image__fm__def restriction_fm__def
by (simp add:nat_simp__union)
then
have strong_replacement(##M ,An y. sats(M,?f,[n,y,0,nat]))
using replacement_ax 1 artyf <0€M)> nat_in_M by simp
then
show ?thesis using repl_sats[of M ?f [0,nat]] satsf by simp
qed

lemma (in M_ZF _trans) eclose_repl2_intf:
assumes
AeM
shows
strong_replacement(## M, An y. nEnat & is_iterates(## M, big _union(##M),
A, n, y))
proof -
have big union(#+#M,a,b) +—
sats(M,big_union_fm(1,0),[b,a,c,d,e.f,g,h,i.5,k,n,y,A,nat])
if aeM beM ceM deM ee M fe Mge Mhe Mie MjeM ke M neM yeM
forabcdefghijkny
using that <AeM)> nat_in_ M by simp
then
have 1:sats(M, is_iterates fm(big_union_fm(1,0),2,0,1),[n,y,A,nat] ) «—
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is_iterates(## M, big _union(##M), A, n , y)
if neM yeM for n y
using that <AeM)> nat_in_ M
sats_is_iterates_fm[of M big_union(#+#M)] by simp
let ?f = And(Member(0,3),is_iterates fm(big_union_fm(1,0),2,0,1))
have satsf:sats(M, ?f,[n,y,A,nat] ) «—
nenat & is_iterates(##M, big_union(##M), A, n, y)
if neM yeM for n y
using that <A€M> nat_in_M 1 by simp
have artyf:arity(?f) = 4
unfolding is iterates fm_ def formula_ functor_fm_ def fm_ defs sum_ fm__ def
quasinat__fm_ def
cartprod__fm__def numberl_fm__def Memrel _fm__def ordinal fm__def trans-
set_fm__def
is_wfrec_fm_ defis_recfun_fm_ def iterates MH_fm_ defis nat_case_fm_ def
subset__fm__def
pre__image_fm__def restriction_ fm_ def
by (simp add:nat__simp__union)
then
have strong_replacement(##M An y. sats(M,?f,[n,y,A,nat]))
using replacement__ax 1 artyf <AeM)> nat_in_ M by simp
then
show ?thesis using repl sats[of M ?f [A,nat]] satsf by simp
qed

lemma (in M_ZF _trans) mdatatypes : M__datatypes(#+#M)
using mitrancl list_repll_intf list_repl2 intf formula_ repll_intf
formula__repl2 _intf nth_repl intf
by unfold_locales auto

sublocale M ZF trans C M_ datatypes ## M
by (rule mdatatypes)

lemma (in M_ZF _trans) meclose : M__eclose(## M)
using mdatatypes eclose__repll__intf eclose_repl2_intf
by unfold_locales auto

sublocale M ZF trans C M __eclose #+#M
by (rule meclose)

definition
powerset__fm :: [i,i] = ¢ where
powerset_fm(A,z) = Forall(Iff (Member(0,succ(z)),subset_fm(0,succ(A))))

lemma powerset__type [TC]:
[ = € nat; y € nat | = powerset_fm(z,y) € formula
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by (simp add:powerset_fm__def)

definition
is_powapply_fm :: [i,i,i]] = i where
is_powapply_fm(f,y,z) =
Ezists(And(fun__apply_fm(succ(f), succ(y), 0),
Forall(Iff (Member(0, succ(succ(z))),
Forall(Implies(Member(0, 1), Member(0, 2)))))))

lemma is_powapply_type [TC] :
[fenat ; yenat; ze€nat] = is_powapply__fm(f,y,z)€formula
unfolding is powapply fm__def by simp

lemma sats_is powapply_fm :
assumes
fenat yenat zenat envelist(A) 0€A
shows
is_powapply(#H#A,nth(f, env),nth(y, env),nth(z, env))
> sats(A,is_powapply_fm(f,y,z),env)
unfolding is powapply def is_powapply_fm__def is_Collect_def powerset_def
subset__def
using nth_ closed assms by simp

lemma (in M_ZF _trans) powapply_repl :
assumes
feM
shows
strong__replacement(## M jis_powapply(#+#M.,f))
proof -
have arity(is_powapply_fm(2,0,1)) = 8
unfolding is powapply_ fm__def
by (simp add: fm__defs nat_simp__union)
then
have V foe M. strong_replacement(## M, \p z. sats(M,is_powapply fm(2,0,1)
, [p,2,f0]))
using replacement__ax by simp
moreover
have is_powapply(##M,f0,p,2) <— sats(M,is_powapply _fm(2,0,1) , [p,z,f0])
if peM zeM foeM for p z f0
using that zero_in_ M sats_is_powapply_fm[of 2 0 1 [p,z,f0] M] by simp
ultimately
have V f0e M. strong _replacement(## M, is_powapply(##M,f0))
unfolding strong replacement def univalent_def by simp
with (fe M) show ?thesis by simp
qed
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definition
PHrank_fm :: [i,i,i] = 7 where
PHrank_fm(f,y,z) = Exists(And(fun__apply_fm(succ(f),suce(y),0)
,suce__fm(0,suce(z))))

lemma PHrank__type [TC]:
[ € nat; y € nat; z € nat | = PHrank_ fm(z,y,z) € formula
by (simp add:PHrank_fm__def)

lemma (in M__ZF _trans) sats__PHrank_fm [simp]:
[z € nat; y € nat; z € nat; env € list(M) |
= sats(M,PHrank_fm(z,y,z),env) <—
PHrank(## M nth(z,env),nth(y,env),nth(z,env))
using zero__in_ M Internalizations.nth__closed by (simp add: PHrank__def PHrank_fm__def)

lemma (in M_ZF _trans) phrank_repl :
assumes
feM
shows
strong__replacement(## M, PHrank(##M.,f))
proof -
have arity(PHrank_fm(2,0,1)) = 3
unfolding PHrank_fm_ def
by (simp add: fm__defs nat_simp__union)

then
have VfoeM. strong replacement(##M, \p z. sats(M,PHrank_fm(2,0,1) ,
[p,2J00)
using replacement__ax by simp
then

have V f0e M. strong _replacement(## M, PHrank(##M .f0))
unfolding strong replacement def univalent def by simp
with (fe M) show ?thesis by simp
qed

definition
is_Hrank_fm :: [i,i,i] = { where
is_Hrank_fm(z,f,hc) = Exists(And(big_union_ fm(0,succ(hc)),
Replace_fm(suce(z),PHrank_fm(succ(succ(suce(f))),0,1),0)))

lemma is_Hrank_type [TC]:
[ = € nat; y € nat; z € nat | = 4is_Hrank_fm(z,y,z) € formula
by (simp add:is_Hrank_fm__def)

lemma (in M__ZF _trans) sats_is_Hrank_fm [simp]:
[ = € nat; y € nat; z € nat; env € list(M)]
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= sats(M,is_Hrank_fm(z,y,z),env) <—
is__Hrank(## M nth(xz,env),nth(y,env),nth(z,env))
using zero_in_ M is_Hrank_def is _Hrank_fm_ def sats_Replace_fm
by simp

lemma (in M_ZF _trans) wfrec_rank :
assumes
XeM
shows
wfrec_replacement(#4M ,is__Hrank(##M),rrank(X))
proof -
have
is_Hrank(##M,a2, al, a0) <—
sats(M, is_Hrank_fm(2,1,0), [a0,al,a2,a3,a4 ,y,2,z,rrank(X)])
if ajeM a3eM a2eM aleM a0eM yeM zeM zeM for a4 a3 a2 al a0 y z 2
using that rrank_in_ M «XeM> by simp
then
have
1:sats(M, is_wfrec_fm(is_Hrank_fm(2,1,0),3,1,0),[y,z,z,rrank(X)])
> is_wfrec(## M, is_Hrank(##M) ,rrank(X), z, y)
if yeM zeM zeM for y x 2
using that <XeM» rrank_in_ M sats is_wfrec_fm by simp
let
?f=Euxists(And(pair_fm(1,0,2),is_wfrec_fm(is_Hrank_fm(2,1,0),8,1,0)))
have satsf:sats(M, ?f, [z,z,rrank(X)])
+— (FyeM. pair(##M,x,y,2) & is_wfrec(##M, is Hrank(#H#M) ,
rrank(X), z, y))
if ze M zeM for z z
using that 1 <XeM» rrank_in_ M by (simp del:pair_abs)
have arity(?f) = &
unfolding is wfrec_fm_ defis_recfun_fm_ defis nat case_fm_defis Hrank_ fm_ def
PHrank_ fm__def
restriction__fm,__def list_functor_fm__def numberl fm_ def cartprod_ fm__def
sum__fm__def quasinat_fm_ def pre_image_fm_ def fm_ defs
by (simp add:nat__simp__union)
then
have strong_replacement(##M Az z. sats(M,?f,[z,z,rrank(X)]))
using replacement _ax 1 < XeM> rrank_in_ M by simp
then
have strong_replacement(##M Az z.
JyeM. pair(##M,x,y,2) & is_wfrec(#F#M, is__Hrank(##M) , rrank(X),
z, y))
using repl_sats[of M ?f [rrank(X)]] satsf by (simp del:pair_abs)
then
show ?thesis unfolding wfrec_replacement_def by simp
qed
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definition
is_HVfrom_fm :: [i,i,i,i] = i where
is_HVfrom_ fm(A,z,f h) = Exists(Ezists(And(union_fm(A #+ 2,1,h #+ 2),
And(big_union_fm(0,1),
Replace_fm(x #+ 2.is_powapply_fm(f #+ 4.0.1),0)))))

lemma is HVfrom_type [TC]:
[ A€nat; x € nat; f € nat; h € nat | = is_HVfrom_fm(A,x.f,h) € formula
by (simp add:is__HVfrom_ fm_ def)

lemma sats _is HVfrom_fm :
[ a€nat; x € nat; f € nat; b € nat; env € list(A); 0€A]
= sats(A,is_HVfrom_fm(a,z,f h),env) <—
is_ HVfrom(## A,nth(a,env),nth(z,env),nth(f,env),nth(h,env))
using is_ HVfrom__defis_HVfrom_fm_ def sats_Replace_ fm[OF sats_is_powapply_ fm)]
by simp

lemma is HVfrom_ iff sats:
assumes
nth(a,env) = aa nth(z,env) = zz nth(f,env) = ff nth(h,env) = hh
a€nat zenat fEnat henat envelist(A) 0€A
shows
is_HVfrom(##A,aa,zx,[f ,hh) «— sats(A, is_HVfrom_fm(a,z.f,h), env)
using assms sats_is_HVfrom_ fm by simp

schematic_ goal sats is Vset fm_ auto:
assumes
i€nat venat envelist(A) 0€A
i < length(env) v < length(env)
shows
is_ Vset(## A,nth(i, env),nth(v, env))
+— sats(A, %ivs_fm(i,v),env)
unfolding is Vset def is Vfrom__def
by (insert assms; (rule sep_rules is_ HVfrom__iff sats is_transrec_iff sats |
simp)+)

schematic__goal is Vset iff sats:
assumes
nth(i,env) = i nth(v,env) = v
i€nat venat envelist(A) 0€A
i < length(env) v < length(env)
shows
is_ Vset(## A ii,ov) +— sats(A, %ivs_fm(iv), env)
unfolding <nth(i,env) = ii>[symmetric] <nth(v,env) = vv)[symmetric]
by (rule sats_is_Vset_fm__auto(1); simp add:assms)

lemma (in M_ZF _trans) memrel_eclose__sing :
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aeEM —> dsacM. Fesac M. Amesac M.

upair(## M ,a,a,sa) & is__eclose(## M ,sa,esa) & membership(#+#M ,esa,mesa)
using upair_az eclose_closed Memrel closed unfolding upair _ax_def
by (simp del:upair_abs)

lemma (in M_ZF _trans) trans_repl HVFrom :
assumes
AeM ieM
shows
transrec__replacement(##M is_ HVfrom(##M,A),i)
proof -
{ fix mesa
assume mesac€M
have
0:is_HVfrom(##M,Aa2, al, a0) «—
sats(M, is_HVfrom_fm(8,2,1,0), [a0,al,a2,a3,a4,y,x,2,A,mesa))
if ajeM a3eM a2eM aleM a0eM yeM zeM zeM for a4 a3 a2 al al y x 2
using that zero__in_ M sats_is_HVfrom__fm <mesac M»> (A€ M)> by simp
have
1:sats(M, is_wfrec_fm(is_HVfrom_fm(8,2,1,0),4,1,0),[y,z,z,A,mesa))
> is_wfrec(##M, is_ HVfrom(##M,A),mesa, z, y)
if yeM xzeM zeM for y z 2
using that <AEM) <mesa€M> sats_is_wfrec_fm[OF 0] by simp
let
?f=Exists(And(pair_fm(1,0,2),is_wfrec_fm(is_HVfrom_fm(8,2,1,0),4,1,0)))
have satsf:sats(M, ?f, [z,z,4,mesa))
+—— (JyeM. pair(##M,x,y,2) & is_wfrec(#H#M, is_ HVfrom(##M, A)
, mesa, T, y))
if xe M ze M for z 2
using that 1 «(AeM> <mesa€M> by (simp del:pair_abs)
have arity(?f) = 4
unfolding is_ HVfrom__fm__defis_wfrec_fm_defis_recfun_fm__defis_nat_case_fm__def
restriction__fm,__ def list__functor__fm__def numberi_fm__def cartprod_fm__def
1s_powapply _fm__def sum__fm__def quasinat_fm_ def pre__image fm__ def
fm__defs
by (simp add:nat_simp__union)
then
have strong_replacement(## M Nz z. sats(M,?f,[z,z,A,mesal))
using replacement_ax 1 <A€M) (mesa€M> by simp
then
have strong_replacement(#+#M Az z.
FyeM. pair(##M,z,y,2) & is_wfrec(##M, is_ HVfrom(##M,A) , mesa,
z, y))
using repl_sats[of M ?f [A,mesa]] satsf by (simp del:pair_abs)
then
have wfrec_replacement(## M is_HVfrom(##M,A),mesa)
unfolding wfrec_ replacement_def by simp
}
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then show ?thesis unfolding transrec_replacement def
using i€ M» memrel__eclose__sing by simp
qed

lemma (in M_ZF trans) meclose_pow : M__eclose_pow(##M)
using meclose power__ax powapply__repl phrank__repl trans__repl_ HVFrom wfrec_rank
by unfold_locales auto

sublocale M ZF trans C M __eclose _pow ##M
by (rule meclose__pow)

lemma (in M_ZF trans) repl_gen :
assumes
f_abs: Az y. [ 2eM; yeM | = is_ F(##M,z,y) +— y = f(x)
and
f_sats: Nz y. [zreM ; yeM | =
sats(M,f _fm,Cons(z,Cons(y,env))) +— is_ F(#H#M,x,y)
and
f_form: f_fm € formula
and
f_arty: arity(f_fm) = 2
and
envelist(M)
shows
strong__replacement(## M, Az y. y = f(z))
proof -
have sats(M,f fm [z,y|Qenv) +— is_ F(##M,z,y) if zte M yeM for z y
using that f_sats[of z y] by simp
moreover
from f form [ arty
have strong_replacement(##M, Az y. sats(M,f_fm,[z,y]Qenv))
using <env€list(M)> replacement__ax by simp
ultimately
have strong_replacement(##M, is F(##M))
using strong_replacement__cong[of ##M Az y. sats(M,f_fm,[x,y|Qenv) is_ F(#H#M)]
by simp
with f_abs show ?thesis
using strong_replacement _conglof ## M is F(##M) Az y. y = f(z)] by simp
qed

lemma (in M_ZF trans) sep_in_M :
assumes
p € formula envelist(M)
arity(p) < 1 #+ length(env) Ae M and
sats@: \xz. zeM = sats(M,p,[z]Qenv) +— Q(z)
shows

{yed . Qly)teM

68



proof -
have separation(##M \z. sats(M,p,[z] Q env))
using assms separation__ax by simp
then show ?thesis using
CAeM)> satsQ trans M
separation__conglof ##M Ny. sats(M,p,[y|Qenv) Q]
separation__closed by simp
qed

end

11 Transitive set models of ZF

This theory defines the locale M ZF trans for transitive models of ZF, and
the associated forcing data that adds a forcing notion

theory Forcing Data
imports
Forcing__Notions
Interface

begin
lemma Transset M :

Transset(M) = yex =z € M = ye M
by (simp add: Transset_def ,auto)

locale M ZF =
fixes M
assumes
upair_ax: upair_ax(#H#HM)
and Union__az: Union__ax(##M)
and power _azx: power__ax(H#H#M)

and extensionality: extensionality(#+#M)
and foundation_azx:  foundation_ax(##M)
and infinity_az: infinity_ax(##M)
and separation__ax: peformula = envelist(M) = arity(p) < 1 #+
length(env) =
separation(##HM Nx. sats(M,p,[z] Q env))
and replacement_az:  pEformula = envelist(M) = arity(p) < 2 #+
length(env) =
strong__replacement(## M, Az y. sats(M,p,[z,y] Q env))

locale M c¢tm = M _ZF +
fixes enum
assumes M _countable: enumebij(nat,M)
and trans M: Transset(M)
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begin
interpretation intf: M_ZF trans M
using M ZF _trans.intro
trans__M upair_ax Union__ax power _ax extensionality
foundation__az infinity__ax separation__ax[simplified]
replacement__ax[simplified)
by simp

lemmas transitivity = Transset__intf[OF trans_M]

lemma zero in M: 0 € M
by (rule intf.zero_in_ M)

lemma tuples in M: AeM — BeM = (A,B)eM
by (simp flip:setclass_iff)

lemma nat _in M : nat € M
by (rule intf.nat_in_M)

lemma n_in_ M : n€nat = neM
using nat_in_ M transitivity by simp

lemma mtriv: M__trivial(## M)
by (rule intf.mtriv)

lemma mtrans: M__trans(## M)
by (rule intf.mtrans)

lemma mbasic: M_basic(#+#M)
by (rule intf.mbasic)

lemma mtrancl: M__trancl(## M)
by (rule intf.mtrancl)

lemma mdatatypes: M__datatypes(#+4#M)
by (rule intf.mdatatypes)

lemma meclose: M__eclose(##M)
by (rule intf.meclose)

lemma meclose__pow: M__eclose__pow(##M)
by (rule intf.meclose__pow)

end
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sublocale M ctm C M _trivial #H#M
by (rule mtriv)

sublocale M _ctm C M_trans ##M
by (rule mtrans)

sublocale M ctm C M_basic ##M
by (rule mbasic)

sublocale M ctm C M _trancl #+H#M
by (rule mtrancl)

sublocale M ctm C M _datatypes ##M
by (rule mdatatypes)

sublocale M ctm C M _eclose ##M
by (rule meclose)

sublocale M _ctm C M__eclose__pow #+#M
by (rule meclose_pow)

context M ctm
begin

11.1  Collects in M

lemma Collect _in_ M Op :

assumes
Qfm : Q_fm € formula and
Qarty : arity(Q_fm) = 1 and
Qsats : N\z. teM = sats(M,Q_fm,[z]) «— is_ Q(##M,z) and
Qabs : Nz. xe M = is_ Q(##M,z) +— Q(z) and
AeM

shows
Collect(A,Q)eM

proof -

have z€¢ A — zeM for z
using (AeM) transitivity|of z A] by simp

then

have 1:Collect(A,is_Q(##M)) = Collect(A,Q)
using Qabs Collect _conglof A A is_ Q(##M) Q] by simp

have separation(##M ,is_ Q(##M))
using separation__axr Qsats Qarty Qfm

separation__conglof #H#M \y. sats(M,Q_fm,[y]) is_ Q(#F#M)]

by simp

then

have Collect(A,is_Q(##M))eM
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using separation_closed (A€M> by simp
then
show ?thesis using 1 by simp
qed

lemma Collect _in_ M 2p :
assumes
Qfm : Q_fm € formula and
Qarty : arity(Q_fm) = 8 and
params_M : yeM ze M and
Qsats : Nx. zeM = sats(M,Q_fm,[z,y,2]) «+— is_Q(##M,z,y,2) and
Qabs : N\z. zeM = is Q(##M,x,y,z) +— Q(z,y,z) and
AeM
shows
Collect(A z. Q(z,y,z))eM
proof -
have 26 A = ze M for 2z
using A€M transitivity[of z A] by simp
then
have 1:Collect(A\x. is_ Q(##M,x,y,2)) = Collect(A, z. Q(z,y,z))
using Qabs Collect_conglof A A Az. is_Q(##M,z,y,2) Az. Q(z,y,z)] by simp
have separation(##M . is_ Q(#H#M,z,y,2))
using separation__axr Qsats Qarty Qfm params_ M
separation__conglof #H#M z. sats(M,Q_fm,[z,y,2]) Az. is_ Q(#H#M,z,y,2)]
by simp
then
have Collect(A\z. is_ Q(#H#M,x,y,z))eM
using separation_ closed <A€M> by simp
then
show ?thesis using 1 by simp
qed

lemma Collect _in_ M 4p :
assumes
Qfm : Q_fm € formula and
Qarty : arity(Q_fm) = 5 and
params_M : aleM a2eM a3eM aj €M and
Qsats : Nx. ze M = sats(M,Q_fm,[x,al,a2,a3,04]) +— is_Q(##M,z,al,a2,a3,a4)
and
Qabs : N\z. ze M = is_ Q(##M ,z,al,a2,a3,04) +— Q(z,al,a2,a3,a4) and
AeM
shows
Collect(A z. Q(z,al,a2,a3,a4))EM
proof -
have z€A —> ze M for =
using (AeM) transitivity|of z A] by simp
then
have 1:Collect(A z. is_Q(##M,z,al,02,a3,a4)) = Collect(A, z. Q(z,al,a2,a3,a4))

72



using Qabs Collect _conglof A A \x. is_ Q(## M ,z,al,a2,a3,a4) Az. Q(z,al,a2,a3,a4)]

by simp

have separation(##M Nx. is_ Q(#F# M ,x,al,a2,a5,04))
using separation__ax Qsats Qarty Qfm params_ M

separation__conglof ##M Ax. sats(M,Q_fm,[z,al,a2,a3,a4])
Az. s Q(##M,x,al,a2,a3,a4))

by simp

then

have Collect(A z. is_Q(##M,z,al,02,a3,a4))EM
using separation_closed <A€M> by simp

then

show ?thesis using 1 by simp

qed

lemma Repl_in_M :
assumes
f_fm: f_fm € formula and
foar: arity(f_fm)< 2 #+ length(env) and
fsats: Nz y. te M = yeM = sats(M,f_fm,[z,y|Qenv) +— is_f(z,y) and
fabs: Az y. e M = yeM = is_f(z,y) «— y = f(z) and
felosed: N\z. 1€ A = f(z) € M and
AeM envelist(M)
shows {f(z). z€A}eM
proof -
have strong_replacement(#+#M, Az y. sats(M,f_fm,[z,y]|@Qenv))
using replacement__az f_fm f_ar <env€list(M)» by simp
then
have strong_replacement(##M, Az y. y = f(x))
using fsats fabs
strong__replacement__cong[of ##M Az y. sats(M,f_fm,[z,y]Qenv) Az y. y =
o)
by simp
then
have { y . 2€A ,y=f(z) } e M
using A€M fclosed strong replacement_closed by simp
moreover
have {f(z). z€A} ={ y.zcA,y = f(z) }
by auto
ultimately show ?thesis by simp
qed

end

11.2 A forcing locale and generic filters

locale forcing data = forcing _notion + M__ctm +
assumes P_in_M: PeM
and leq in_M: leq e M
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begin

lemma transD : Transset(M) —= ye M — y C M
by (unfold Transset_def, blast)

lemmas P_sub_M = transD[OF trans_ M P_in_M)|

definition
M__generic :: i=o0 where
M__generic(G) = filter(G) N (Y DeM. DCP A dense(D)— DNG#0)

lemma M _genericD [dest]: M_generic(G) = 1€ G = z€P
unfolding M _generic_def by (blast dest:filterD)

lemma M _generic_leqD [dest]: M__generic(G) = peG = ¢€P — p=q —
qeG
unfolding M _generic_def by (blast dest:filter legD)

lemma M__generic_compatD [dest]: M__generic(G) = peG = re G = J¢€G.
q=p N q=3r
unfolding M_generic_def by (blast dest:low _bound_filter)

lemma M generic_denseD [dest]: M _generic(G) = dense(D) = DCP =
DeM — dqe@G. qeD
unfolding M__generic_def by blast

lemma G_nonempty: M_generic(G) = G#0
proof -
have PCP ..
assume
M__generic(Q)
with P_in M P_dense «PCP) show
G#0
unfolding M _generic_def by auto
qed

lemma one_in_ G :
assumes M_ generic(G)
shows one € G
proof -
from assms have GCP
unfolding M generic_def and filter def by simp
from «M_ generic(G)> have increasing(G)
unfolding M _generic_def and filter _def by simp
with «GCP» and <M__generic(G)»
show ?thesis
using G__nonempty and one_in_ P and one_mazx
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unfolding increasing def by blast
qed

lemma G_subset_M: M_generic(G) = G C M
using transitivity] OF __ P_in__M] by auto

declare iff trans [trans]

lemma generic_filter _existence:
peEP = 3 G. peG N M__generic(Q)
proof -
assume peP
let ?D=Anenat. (if (enum‘nCP A dense(enum‘n)) then enum‘n else P)
have Vnenat. ?D‘n € Pow(P)
by auto
then
have ?D:nat— Pow(P)
using lam_ type by auto
have Eq4: Vnenat. dense(?Dn)
proof (intro balll)
fix n
assume necnat
then
have dense(?D‘n) «— dense(if enumn C P A dense(enum‘n) then enum‘n
else P)
by simp
also
have ... «— (=(enum‘n C P A dense(enum‘n)) — dense(P))
using split_if by simp
finally
show dense(?D*n)
using P__dense <n€nat> by auto
qed
from «?De_ ) and FEg/
interpret cg: countable_generic P leq one ¢D
by (unfold_locales, auto)
from ¢peP»
obtain G where Eq6: pcG A filter(G) A (¥ n€nat.(?Dn)NG#0)
using cg.countable_rasiowa _sikorskilwhere M=\ . M| P_sub_ M
M_countable] THEN bij_is_fun] M__countablel THEN bij_is_surj, THEN
surj_range]
unfolding cg.D__generic__def by blast
then
have Eq7: (VDeM. DCP A dense(D)— DNG#0)
proof (intro balll impI)
fix D
assume DeM and Eq9: D C P A dense(D)
have VyeM. Jzenat. enum‘z=y
using M countable and bij is surj unfolding surj def by (simp)
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with «DeM) obtain n where Eq10: nenat A enumn = D
by auto

with Eq9 and if P
have ?D‘n = D by (simp)
with Fq6 and Eq10
show DNG+#0 by auto

qed

with Eq6

show ?thesis unfolding M _generic_def by auto

qed

lemma compat_in__abs :
assumes
AeM reM peM qeM
shows
is_compat__in(##M A, r p,q) «— compat_in(A,r,p,q)
proof -
have deA = deM for d
using transitivity <A€M> by simp
moreover from this
have deA = (d, t) € M if teM for t d
using that pair_in_ M iff by simp
ultimately
show ?thesis
unfolding is compat_in_ def compat_in_ def
using assms pair_in_ M__iff transitivity by auto
qed

definition
compat_in__fm :: [i,i,i,i] = i where
compat__in_ fm(A,r,p,q) =
Ezists(And(Member(0,succ(A)),Exists(And(pair_fm(1,p#+2,0),
And(Member(0,r#+2),
Exists(And(pair_fm(2,q#+3,0),Member(0,7#+3))))))))

lemma compat_in__fm__type[TC] :
[ Aenat;renat;penat;qenat] = compat_in_fm(A,r,p,q)€formula
unfolding compat_in_fm_def by simp

lemma sats compat_in__fm:
assumes
A€enat r€nat penat qEnat envelist(M)
shows
sats(M,compat_in_fm(A,r,p,q),env) —
is_compat__in(#H#M nth(A, env),nth(r, env),nth(p, env),nth(q, env))
unfolding compat_in_ fm_ def is_compat_in_def using assms by simp
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end

end

12 The ZFC axioms, internalized

theory Internal ZFC _Axioms
imports
Forcing__Data

begin

schematic__goal ZF union__auto:
Union__az(#4#A) +— (A, [] E ?zfunion)
unfolding Union__ax_def
by ((rule sep_rules | simp)+)

synthesize ZF union_fm from__schematic ZF union__auto

schematic_ goal ZF power auto:

power_az(##A) «— (A, [| E %zfpow)
unfolding power ax_def powerset_ def subset_def
by ((rule sep_rules | simp)+)

synthesize ZF _power_fm from__schematic ZF _power__auto

schematic_ goal ZF pairing auto:

upair_ax(#H#A) +— (A, [| E ?zfpair)
unfolding upair ax_def
by ((rule sep__rules | simp)+)

synthesize ZF pairing fm from__schematic ZF pairing auto
schematic__goal ZF foundation auto:
foundation__az(#4#A) +— (A, [| E ?2fpow)
unfolding foundation_ax_def
by ((rule sep__rules | simp)+)
synthesize ZF foundation_fm from__schematic ZF foundation__auto
schematic_ goal ZF extensionality auto:
extensionality(##A) +— (A, [| E ?zfpow)
unfolding extensionality def
by ((rule sep_rules | simp)+)

synthesize ZF extensionality fm from_ schematic ZF extensionality auto

schematic__goal ZF infinity auto:

infinity _ax(##A) «— (4, [| = (%p(i.4,h)))
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unfolding infinity azx def
by ((rule sep_rules | simp)+)

synthesize ZF infinity fm from_ schematic ZF infinity_auto

schematic__goal ZF choice auto:
choice_az(#44) < (A, | E (%p(i4.h)))
unfolding choice_azx_def
by ((rule sep__rules | simp)+)

synthesize ZF choice_ fm from__schematic ZF choice_ auto

syntax

_ choice = i (KACH)
syntax__consts

_ choice = ZF _choice_fm
translations

AC — CONST ZF _choice_fm

lemmas ZFC _fm_ defs = ZF _extensionality_fm_ def ZF _foundation_fm_ def ZF _pairing fm__ def
ZF _union_ fm_def ZF _infinity _fm_ def ZF _power_fm_ def ZF _choice_fm__def

lemmas ZFC _fm_ sats = ZF _extensionality _auto ZF _foundation__auto ZF _pairing auto
ZF _union__auto ZF _infinity _auto ZF _power__auto ZF _choice auto

definition
ZF_fin 1 i where
ZF_fin = { ZF _exatensionality_fm, ZF _foundation_fm, ZF _pairing_fm,
ZF _union_fm, ZF _infinity _fm, ZF _power_ _fm }

definition
ZFC_fin :: i where
ZFC_fin = ZF_fin U {ZF _choice_fm}

lemma ZFC_fin_type : ZFC _fin C formula
unfolding ZFC_fin_def ZF_fin_def ZFC_fm_ defs by (auto)

12.1 The Axiom of Separation, internalized

lemma iterates_Forall type [TC):
[ n € nat; p € formula | = Forall™n(p) € formula
by (induct set:nat, auto)

lemma last_init_eq :
assumes [ € list(A) length(l) = succ(n)
shows 3 acA. F1'elist(A). | = 1'Qld]
proof-
from <«le€_» «ength(_) =
have rev(l) € list(A) length(rev(l)) = succ(n)
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by simp__all

then

obtain a I’ where ac A l'elist(A) rev(l) = Cons(a,l’)
by (cases;simp)

then

have | = rev(l’) @Q [a] rev(l’) € list(A)
using rev_rev_ident[OF <l€_>] by auto

with <a€_)
show ?thesis by blast
qed

lemma take drop eq :
assumes [€list(M)
shows A n . n < succ(length(l)) = | = take(n,l) Q drop(n,l)
using «lelist(M)»
proof induct
case Nil
then show ?case by auto
next
case (Cons a l)
then show Zcase
proof -
{
fix ¢
assume i<succ(succ(length(l)))
with «l€list(M)>
consider (lt) i = 0 | (eq) Fkenat. i = succ(k) N k < succ(length(l))
using «l€list(M)) le_natl nat_imp_quasinat
by (cases rule:nat__cases|of i];auto)
then
have take(i,Cons(a,l)) @ drop(i,Cons(a,l)) = Cons(a,l)
using Cons
by (cases;auto)
}
then show ?thesis using Cons by auto
qed
qed

lemma list_split :
assumes n < succ(length(rest)) rest € list(M)
shows Jreclist(M). Istelist(M). rest = re Q@ st A length(re) = pred(n)
proof -
from assms
have pred(n) < length(rest)
using pred__mono[OF __ «n<_>] pred_succ_eq by auto
with <reste »
have pred(n)€nat rest = take(pred(n),rest) @ drop(pred(n),rest) (is _ = ?re Q
2st)
using take drop__eq[OF <reste_ | le_natl by auto
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then

have length(?re) = pred(n) ?reclist(M) ?stclist(M)
using length_take[rule_format,OF __ <pred(n)€_»] <pred(n) < _» <reste_)
unfolding min_ def
by auto

then

show ?thesis

using rev_bexl[of _ _ X re. Ist€list(M). rest = re Q st A length(re) = pred(n)]

length(?re) = _» <rest = _»
by auto
qged

lemma sats nForall:
assumes
p € formula
shows
nenat = ms € list(M) =
M, ms | (Forall™n(yp)) +—
(Vrest € list(M). length(rest) = n — M, rest @ ms |= @)
proof (induct n arbitrary:ms set:nat)
case (
with assms
show ?case by simp
next
case (succ n)
have (V restelist(M). length(rest) = succ(n) — P(rest,n)) +—
(VteM. ¥ res€list(M). length(res) = n — P(res @ [t],n)
if nenat for n P
using that last_init_eq by force
from this[of __ Arest __. (M, rest @ ms = )] <n€nat>
have (V restelist(M). length(rest) = succ(n) — M, rest Q@ ms | @) +—
(VteM. ¥V res€list(M). length(res) = n — M, (res Q [t]) Q@ ms | @)
by simp
with assms succ(1,3) succ(2)[of Cons(__,ms)]
show Zcase
using arity_sats_iff[of ¢ _ M Cons(__, ms Q _)] app__assoc
by (simp)
qged

definition
sep_body fm :: ¢ = i where
sep__body_fm(p) = Forall( Exists(Forall(
Iff (Member(0,1),And( Member(0,2),
incr_bul 2(p)))))

lemma sep_body_fm_type [TC]: p € formula = sep__body_ fm(p) € formula
by (simp add: sep_body_fm__def)

lemma sats_sep__body_fm:
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assumes
€ formula mselist(M) restclist(M)
shows
M, rest @ ms = sep__body_fm(p) +—
separation(## M x. M, [z] Q rest @ ms = ¢)
using assms formula__add_paramsifof _ 2 __ [, ]]
unfolding sep body fm__ def separation__def by simp

definition
ZF _separation_fm :: i = i where
ZF _separation__fm(p) = Forall (pred(arity(p)))(sep__body_fm(p))

lemma ZF _separation_fm_type [TC]: p € formula = ZF _separation_fm(p) €
formula
by (simp add: ZF _separation_ fm__def)

lemma sats ZF separation_fm__iff:

assumes

pEformula

shows

(M, [] E (ZF_separation__fm(¢)))

—

(Venvelist(M). arity(p) < 1 #+ length(env) —

separation(##M M z. M, [z] Q env = p))
proof (intro iffT balll impl)

let ?n=Arith.pred(arity(y))

fix env

assume M, [| = ZF _separation_ fm(p)

assume arity(p) < 1 #+ length(env) envelist(M)

moreover from this

have arity(p) < succ(length(env)) by simp

then

obtain some rest where some€list(M) restelist(M)
env = some Q rest length(some) = Arith.pred(arity(y))
using list_split|OF <arity(p) < succ(_)» <enve_»] by force

moreover from «pe_»

have arity(p) < succ(Arith.pred(arity(y)))

using succpred_lel by simp

moreover

note assms

moreover

assume M, [| E ZF_separation_fm(y)

moreover from calculation

have M, some |= sep_body_fm(yp)

using sats_nForall[of sep_body_fm(p) ?n]
unfolding ZF separation_fm__def by simp

ultimately

show separation(##M, Az. M, [z] Q env |= @)
unfolding ZF _separation__fm__def
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using sats_sep_body fm[of ¢ [] M some]
arity_sats_iff[of @ rest M [_] @ some]
separation__conglof ##M \zx. M, Cons(z, some Q rest) = ¢ ]
by simp
next — almost equal to the previous implication
let ?n=Arith.pred(arity(y))
assume asm:V enve€list(M). arity(p) < 1 #+ length(env) —
separation(## M, Az. M, [z] Q env = ¢)

fix some
assume some€list(M) length(some) = Arith.pred(arity(p))
moreover
note «p€c_ )
moreover from calculation
have arity(p) < 1 #+ length(some)
using le_ trans|OF succpred_lel] succpred_lel by simp
moreover from calculation and asm
have separation(##M, \x. M, [x] @ some |= ¢) by blast
ultimately
have M, some = sep_body_ fm(y)
using sats_sep__body_fmlof ¢ [] M some]
arity_sats_ifflof ¢ _ M [, ] @ some]
strong_replacement__conglof ##M Az y. M, Cons(z, Cons(y, some Q@ _)) =
o]
by simp
}
with (pe_»
show M, [| E ZF _separation_ fm(y)
using sats_nForall[of sep_body_fm(p) 7n]
unfolding ZF separation_fm__def
by simp
qed

12.2 The Axiom of Replacement, internalized

schematic__goal sats univalent_fm__auto:
assumes

Q_iff sats\ryz. € A— ye A= 264 =
Q(z,2) +— (A,Cons(z,Cons(y,Cons(z,env))) = Q1_fm)
Neyzzrze€ A= yec A= 264 =
Q(z,y) «— (A4,Cons(z,Cons(y,Cons(x,env))) = Q2_fm)
and
asms: nth(i,env) = B i € nat env € list(A)
shows
univalent(#+#A,B,Q) <— A,env = Zufm(i)
unfolding univalent def
by (insert asms; (rule sep__rules Q_iff sats | simp)+)
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synthesize_ notc univalent fm from_ schematic sats univalent fm_ auto

lemma univalent_fm_ type [TC]: q1 € formula = q2€formula = i€nat =
univalent_fm(q2,q1,i) €formula
by (simp add:univalent_fm__def)

lemma sats univalent fm :
assumes
Q_iff satsN\ryz. € A— ye A= 264 =
Q(z,2) +— (A,Cons(z,Cons(y,Cons(z,env))) = Q1_fm)
Neyzre A= yec A= 26A =
Q(z,y) «— (A4,Cons(z,Cons(y,Cons(x,env))) = Q2_fm)
and
asms: nth(i,env) = B i € nat env € list(A)
shows
A env = undvalent__fm(Q1_fm,Q2_fm,i) +— univalent(#+#A,B,Q)
unfolding univalent_fm__def using asms sats_univalent _fm__auto[OF @ __iff sats]
by simp

definition
swap__vars :: i=1 where
swap__vars(p) =
Ezists(Exists(And(Equal(0,3),And(Equal(1,2),iterates(Ap. incr_bu(p)2 , 2,
®))))

lemma swap_vars_type[TC] :
pEformula = swap_ vars(p) €formula
unfolding swap wvars def by simp

lemma sats _swap_ vars :
[z,y] @ env € list(M) = p<formule =
M, [z,y] @ env |= swap_vars(p)«— M,[y,z] Q env = ¢
unfolding swap_vars_def
using sats_incr_bu_iff [of _ _ M _ [y,z]] by simp

definition
univalent Q1 :: i = i where
univalent__Q1(p) = incr_bvl (swap_vars(p))

definition
univalent__ Q2 :: i = i where
univalent__Q2(p) = incr_bv(swap_vars(y)) ‘0

lemma univalent_ Qs _type [TC]:
assumes @€ formula
shows univalent Q1 (p) € formula univalent _Q2(p) € formula

unfolding univalent Q1_ def univalent_Q2_def using assms by simp__all

lemma sats univalent fm__assm:
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assumes
re€ Aye AzeA enve list(A) ¢ € formula
shows
(4, ([z,2] Q env) | @) +— (A, Cons(z,Cons(y,Cons(z,env))) = (univalent_Q1(p)))
(4, ([z,y] Q env) = ) «— (A, Cons(z,Cons(y,Cons(z,env))) = (univalent_Q2(p)))
unfolding univalent Q1_ def univalent Q2_ def
using
sats_iner_bu_iff[of _ __ A __[]] — simplifies iterates of A\z. incr_bv(z) < 0
sats_incr_bvl__iff[of _ Cons(z,env) A z y]
sats_swap_vars assms
by simp__all

definition
rep__body_fm :: i = i where
rep__body__fm(p) = Forall(Implies(
univalent__fm(univalent_ Q1 (incr_bu(p) ‘2),univalent Q2 (incr_buv(p)‘2),0),
Exists(Forall(
Iff (Member(0,1),Exists(And(Member(0,3),incr_bv(incr_bu(p)‘2)2)))))))

lemma rep_body_fm_type [TC]: p € formula = rep_body_fm(p) € formula
by (simp add: rep__body_fm__def)

lemmas ZF replacement_simps = formula__add_paramsI|of ¢ 2__ M [, ] ]
sats_incr_bu_ifflof _ _ M __[]] — simplifies iterates of Az. incr_bu(x) ¢ 0
sats_iner_bu_ifflof _ _ M _ [, ]]— simplifies Az. incr_bv(z) * 2
sats_iner_bvl__iff[of _ _ M] sats_swap_vars for ¢ M

lemma sats_rep body fm:
assumes
¢ € formula ms€list(M) rest€list(M)
shows
M, rest @ ms = rep__body__fm(yp) +—
strong__replacement(##HM Nz y. M, [z,y] Q@ rest @ ms = @)
using assms ZF _replacement__simps
unfolding rep body_fm__ def strong replacement__def univalent_def
unfolding univalent_fm_ def univalent_Q1_ def univalent_Q2_ def
by simp

definition
ZF _replacement_fm :: i = i where
ZF_replacement_fm(p) = Forall (pred(pred(arity(p))))(rep__body_ fm(p))

lemma ZF _replacement_fm__type [TC]: p € formula = ZF _replacement__fm(p)
€ formula

by (simp add: ZF _replacement_fm__def)
lemma sats ZF replacement_fm_ iff:

assumes
peformula
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shows
(M, || & (ZF_replacement_ fm(p)))
—
(V envelist(M). arity(p) < 2 #+ length(env) —
strong_replacement(## M Az y. M [z,y] Q env = ¢))
proof (intro iffI balll impI)
let ?n=Arith.pred(Arith.pred(arity(p)))
fix env
assume M, [| = ZF _replacement_fm(p) arity(v) < 2 #+ length(env) envelist(M)
moreover from this
have arity(p) < succ(succ(length(env))) by (simp)
moreover from calculation
have pred(arity(p)) < succ(length(env))
using pred__mono|OF __ <arity(¢)<succ(_)s] pred_succ_eq by simp
moreover from calculation
obtain some rest where some€list(M) rest€list(M)
env = some Q rest length(some) = Arith.pred( Arith.pred(arity(y)))
using list_split|OF <pred(_) < _» <envE_ ] by auto
moreover
note «pc_»
moreover from this
have arity(p) < succ(succ(Arith.pred( Arith.pred(arity(¢)))))
using le_ trans[OF succpred_lel] succpred_lel by simp
moreover from calculation
have M, some = rep_body_fm(p)
using sats_nForall[of rep__body_fm(p) n]
unfolding ZF replacement_fm__def
by simp
ultimately
show strong_replacement(##M, Az y. M, [z, y] Q env = @)
using sats_rep_body_fm[of ¢ [| M some]
arity_sats_iff[of ¢ rest M [_,_] @ some]
strong__replacement__conglof ##M Az y. M, Cons(z, Cons(y, some Q rest))
Fe_]
by simp
next — almost equal to the previous implication
let ?n=Arith.pred(Arith.pred(arity(p)))
assume asm:V envelist(M). arity(p) < 2 #+ length(env) —
strong__replacement(## M, A\x y. M, [z, y] Q env | @)
{
fix some
assume some€list(M) length(some) = Arith.pred( Arith.pred(arity(¢)))
moreover
note <p€_»
moreover from calculation
have arity(p) < 2 #+ length(some)
using le_ trans|OF succpred_lel] succpred_lel by simp
moreover from calculation and asm
have strong_replacement(##M, A\x y. M, [z, y] @ some = ¢) by blast
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ultimately
have M, some |= rep_body_fm(p)
using sats_rep_body_fm[of ¢ [| M some]
arity_sats_iff[of ¢ _ M [_,_] @ some]
strong__replacement__cong[of ##M Az y. M, Cons(z, Cons(y, some Q _)) |=
|
by simp
}
with (pe_»
show M, [| = ZF _replacement_ fm(y)
using sats_nForall[of rep__body_fm(yp) n]
unfolding ZF replacement_fm__def
by simp
qed

definition

ZF _inf :: i where

ZF _inf = {ZF _separation_fm(p) . p € formula } U {ZF _replacement_fm(p) .
p € formula }

lemma Un_ subset_formula: ACformula N BCformula — AUB C formula
by auto

lemma ZF inf subset_formula : ZF _inf C formula
unfolding ZF inf def by auto

definition
ZFC :: { where
ZFC = ZF _inf U ZFC_fin

definition
ZF :: ¢ where
ZF = ZF inf U ZF_fin

definition
ZF minus P :: i where
ZF_minus_P = ZF - { ZF_power_fm }

lemma ZFC subset formula: ZFC C formula
by (simp add:ZFC _def Un__subset_formula ZF _inf subset_formula ZFC _fin_ type)

Satisfaction of a set of sentences

definition
satT :: [i,i] = o («_ E _» [36,36] 60) where
AE® = Vped (A] F9)

lemma satTT [intro!]:

assumes A\p. pe® = A = ¢
shows A = @
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using assms unfolding satT def by simp

lemma satTD [dest] A E ® = ¢e® = A E ¢
unfolding satT _def by simp

lemma sats ZFC iff sats ZF AC:
(N E ZFC) «— (N E ZF) A (N, || E AC)
unfolding ZFC def ZFC fin_def ZF _def by auto

lemma M_ZF _iff M_satT: M_ZF(M) +— (M E ZF)
proof
assume M = ZF
then
have fin: upair_ax(##M) Union__ax(##M) power _ax(##M)
extensionality(## M) foundation__ax(##M) infinity__ax(#H#M)
unfolding ZF def ZF _fin_def ZFC _fm__defs satT _def
using ZFC_fm_ sats[of M| by simp__all
{
fix ¢ env
assume ¢ € formula envelist(M)
moreover from <M = ZF»
have V peformula. (M, || = (ZF _separation_ fm(p)))
vV peformula. (M, || | (ZF_replacement_ fm(p)))
unfolding ZF def ZF inf def by auto
moreover from calculation
have arity(¢) < succ(length(env)) = separation(##M, Ax. (M, Cons(z, env)

= ©))
arity(p) < succ(succ(length(env))) = strong_replacement(##M \x y.
sats(M ,p,Cons(z,Cons(y, env))))
using sats ZF separation_ fm_ iff sats ZF replacement_fm__iff by simp__ all

}
with fin
show M_ZF(M)
unfolding M ZF def by simp
next
assume <M _ZF(M)»
then
have M | ZF_fin
unfolding M ZF def ZF _fin_def ZFC_fm_ defs satT _def
using ZFC_fm_ sats[of M] by blast
moreover from «M_ZF(M)»
have V peformula. (M, || | (ZF_separation_fm(p)))
Vpeformula. (M, || = (ZF_replacement__fm(p)))
unfolding M ZF def using sats ZF separation_ fm_ iff
sats _ZF replacement_fm__iff by simp_all
ultimately
show M | ZF
unfolding ZF def ZF inf def by blast
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qed

end

13 Renaming of variables in internalized formulas

theory Renaming
imports
Nat_Miscellanea
ZF-Constructible. Formula
begin

lemma app_nm :

assumes nenat menat fen—m x € nat

shows fz € nat
proof(cases z€n)

case True

then show ?thesis using assms in_n__in_nat apply type by simp
next

case Fulse

then show ?thesis using assms apply_0 domain__of fun by simp
qed

13.1 Renaming of free variables

definition
union__fun :: [i,i,4,i]] = i where
union__fun(f,g,m,p) = A\j € m U p . if j€m then f* else g%

lemma union__fun__type:
assumes f € m — n
geEDP = ¢
shows union_fun(f,g,m,p) € m U p = n U q
proof -
let ?h=union_ fun(f,g,m,p)
have
D: ?h'r e nU qifz € mU p for z
proof (cases © € m)
case True
then have
z € m U p by simp
with zem)»
have ?h‘z = fx
unfolding union_ fun_def beta by simp
with «f € m — n» @wem»
have ?h‘c € n by simp
then show ?thesis ..
next
case Fulse
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with <x € m U p»
have z € p
by auto
with <z¢m)
have ?h‘c = g‘x
unfolding union_fun_ def using beta by simp
with <g € p — ¢ xep
have ?h‘z € q by simp
then show ?thesis ..
qged
have A:function(?h) unfolding union_ fun_ def using function_lam by simp
have ze€ (m U p) x (n U q) if z€ ?h for x
using that lamE[of x m U p _ z € (m U p) x (n U ¢)] D unfolding
union__fun__def
by auto
then have B:?h C (m U p) x (n U q) ..
have m U p C domain(?h)
unfolding union_ fun_ def using domain_lam by simp
with A B
show ?thesis using Pi_iff [THEN iffD2] by simp
qed

lemma union_ fun__action :
assumes
env € list(M)
env’ € list(M)
length(env) = m U p
Y i.i€m— nth(f4env’) = nth(i,env)
YV j.j€p— nth(g9,env’) = nth(j,env)
showsV i.ie mUp —
nth(i,env) = nth(union_ fun(f,g,m,p) ‘i,env’)
proof -
let ?h = union_ fun(f,g,m,p)
have nth(z, env) = nth(?h‘c,env’) if € m U p for z
using that
proof (cases z€m)
case True
with zem)»
have ?h‘z = fz
unfolding union_fun_def beta by simp
with assms <zem)»
have nth(z,env) = nth(?h‘z,env’) by simp
then show ?thesis .
next
case Fulse
with <z € m U p
have
xz € p x¢m by auto
then
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have ?h‘c = g«
unfolding union_fun_def beta by simp

with assms <zep>
have nth(z,env) = nth(?h‘c,env’) by simp
then show ?thesis .

qed

then show ?thesis by simp

qed

lemma id_fn_ type :
assumes n € nat
shows id(n) € n — n
unfolding id_ def using (n€nat> by simp

lemma id_fn_ action:
assumes n € nat envelist(M)
shows A j.j < n = nth(j,env) = nth(id(n),env)
proof -
show nth(j,env) = nth(id(n)‘j,env) if j < n for j using that <n€nat> itD by
stmp
qed

definition

sum(f,g,m,n,p) = A\j € m#+p . if j<m then [ else (¢‘(j#-m))#+n

lemma sum_ inl:
assumes m € nat n€nat
fem—-nzem
shows sum(f,g,m,n,p)‘c = fz
proof -
from (menat>
have m<m+#+p
using add_le_self[of m] by simp
with assms
have zem#+p
using [tI[of z m] It_trans2[of x m m#+p] ItD by simp
from assms
have z<m
using It by simp
with «xem#+p>
show ?thesis unfolding sum__def by simp
qed

lemma sum_inr:

assumes m € nat ncnat penat
geEp—qm < xx < mFF+p
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shows sum(f,g,m,n,p) ‘e = g(z#-m)#+n
proof -
from assms
have zenat
using in_n_in_nat[of m#+p] ItD
by simp
with assms
have - z<m
using not_It_iff le[THEN iffD2] by simp
from assms
have zem#+p
using ItD by simp
with «— z<m»
show ?thesis unfolding sum__def by simp
qed

lemma sum__action :

assumes m € nat n€nat penat genat

f € m—n gep—yq

env € list(M)

env’ € list(M)

envl € list(M)

env? € list(M)

length(env) = m

length(envl) = p

length(env’) = n

N i . i< m = nth(i,env) = nth(f‘,env’)

N Jj. 7 <p= nth(j,envl) = nth(g‘,env2)
shows V i .1 < m#+p —

nth(i,env@envl) = nth(sum(f,g,m,n,p) ‘i, env’Qenv2)
proof -

let ?h = sum(f,g,m,n,p)
from (menat> (n€nat> <g€nat>
have m<m#+p n<n#+q q<n#+q

using add_le_self[of m] add_le_self2[of n q] by simp__all
from <penat>
have p = (m#+p)#-m using diff _add_inverse2 by simp
have nth(z, env @ envl) = nth(?h‘c,env’'Qenv2) if x<m#+p for z
proof (cases z<m)

case True

then

have 2: ?hz= fz zem fz € n z€nat

using assms sum__inl ItD apply_typelof f m _ z] in_n_in_nat by simp_all
with <z<m> assms
have fz < n fe<length(env’) fx€nat
using [tl in_n_in_nat by simp_ all
with 2 <z<m) assms
have nth(z,envQenvl) = nth(z,env)
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using nth__append|OF <env€list(M)y] <z€naty by simp
also
have
.. = nth(f‘z,env’)
using 2 <z<m) assms by simp
also
have ... = nth(f‘z,env'Qenv2)
using nth__append|OF <env’€list(M)] «f‘z<length(env’)) «f‘c €nat> by simp
also

have ... = nth(?h‘z,env'Qenv?2)
using 2 by simp
finally

have nth(z, env Q envl) = nth( ?h‘z,env’Qenv?2) .
then show ?thesis .
next
case Fulse
have zenat
using that in_n_in_nat[of m#F+p x| ItD <pEnat) <menatr by simp
with <length(env) = m)
have m<z length(env) < x
using not_lt_iff le <menaty (—z<m»> by simp__all
with (—z<m» ength(env) = m»
have 2 : ?h'e= g{(x#-m)#+n - z <length(env)
unfolding sum__def
using sum__inr that beta [tD by simp__all
from assms (x€nat) <p=m#+pFH-m»
have z#-m < p

using diff mono[OF _ _ _ «zx<m#+p «m<x] by simp
then have z#-mep using ltD by simp
with «gep—q

have g{(z#-m) € ¢ by simp
with <g€nat> <length(env’) = n»
have g (z#-m) < q g(z#-m)Enat using ltI in_n_in_nat by simp_all
with <genat) (n€nat>
have (g‘(z#-m))#+n <n#+qn < g (z#-m)#+n - g{(z#-m)#+n < length(env’)
using add_It_monol|of g{(x#-m) _ n,0F _ <qg€Enat)
add_le_self2[of n] <length(env’) = n»
by simp__all
from assms «<— z < length(env)> <length(env) = m»
have nth(z,env @ envl) = nth(z#-m,envl)
using nth__append|OF <envelist(M)) <x€naty] by simp
also
have ... = nth(g{(x#-m),env2)
using assms <z#-m < p> by simp
also
have ... = nth((g‘(z#-m)#+n)#-length(env’),env2)
using «length(env’) = n»
diff _add_inverse2 «g‘(xz#£-m)Enat>
by simp
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also
have ... = nth((g(z#-m)#+n),env'Qenv?2)
using nth_append[OF <env’€list(M)>] «n€nat> - g(x#-m)#+n < length(env’)
by simp
also
have ... = nth(?h‘z,env’'Qenv?2)
using 2 by simp
finally
have nth(z, env Q envl) = nth(?hz,env’Qenv2) .
then show ?thesis .
qed
then show ?thesis by simp
qed

lemma sum_ type :
assumes m € nat nc€nat penat gcnat
f € m—n gep—q
shows sum(f,g,m,n.,p) € (m#+p) — (n#+q)
proof -
let ?h = sum(f,g,m,n,p)
from <(mé€naty <n€Enatr <qgEnat»
have m<m#+p n<n#+q ¢<n#+q
using add_le_self[of m| add_le_self2]of n q] by simp__all
from (penat>
have p = (m#+p)#-m using diff _add_inverse2 by simp
{fix =
assume 1: zem#+p z<m
with 1 have ?h‘c= fz ze€m
using assms sum,__inl [tD by simp__all
with «fem—n»
have ?h‘zx € n by simp
with (n€nat> have ?h‘c < n using [tI by simp
with «(n<n#+¢
have ?h‘c < n#+q using It _trans2 by simp
then
have ?h‘cz € n#+q using [tD by simp
}
then have 1:%h‘c € n#+q if zem#+p z<m for z using that .
{fix z
assume [: xeém#F+p m<z
then have x<m#+p z€nat using tl in_n_in_nat[of m#+p] tD by simp__all
with 1
have 2 : ?h'c= g{(x#-m)#+n
using assms sum__inr [tD by simp__all
from assms <x€nat) <p=m#-+pH#-m>
have z#-m < p using diff _mono[OF _ _ _ «x<m#+p> «m<z)] by simp
then have z#-mep using [tD by simp
with <gep—q¢
have ¢ (z#-m) € ¢ by simp
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with (g€nat) have g{(z#-m) < q using It by simp
with <genat>
have (g{(az#-m))#+n <n#+q using add_lt_monol[of g (z#-m) _ n,OF _
<g€naty] by simp
with 2
have ?h‘z € n#+q using ItD by simp
}
then have 2:%h‘c € n#+q if zteém#+p m<zx for z using that .
have
D: ?hx € n#t+q if zem#+p for z
using that
proof (cases z<m)
case True
then show %thesis using 1 that by simp
next
case Fulse
with «(m€nat) have m<z using not_It iff le that in_n_in_nat[of m#+p]
by simp
then show ?thesis using 2 that by simp
qed
have A:function(?h) unfolding sum__def using function_lam by simp
have z€ (m #+ p) x (n #+ q) if z€ ?h for z
using that lamE[of © m#+p _ x € (m #+ p) X (n #+ ¢)] D unfolding
sum,__def
by auto
then have B:%h C (m #+ p) X (n #+ q) ..
have m #+ p C domain(?h)
unfolding sum__def using domain_lam by simp
with A B
show ?thesis using Pi_iff [THEN iffD2] by simp
qed

lemma sum_ type_ id :
assumes
| € length(env)—length(env’)
env € list(M)
env’ € list(M)
envl € list(M)
shows
sum(f,id(length(envl)),length(env),length(env’),length(envl)) €
(length(env)#+length(envl)) — (length(env’)#+length(envl))
using assms length__type id_fn_ type sum__type
by simp

lemma sum_ type id_aux2 :
assumes
fem—n
m € nat n € nat
envl € list(M)
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shows
sum(f,id(length(envl)),m,n,length(envl)) €
(m#+length(envl)) — (n#+length(envl))
using assms id__fn_ type sum__type
by auto

lemma sum__action_id :
assumes
env € list(M)
env’ € list(M)
f € length(env)—length(env’)
envl € list(M)
N\ i . i < length(env) = nth(i,env) = nth(f‘,env’)
shows A i . i < length(env)#+length(envl) =
nth(i,env@envl) = nth(sum(f,id(length(envl)),length(env),length(env’),length(envl)) ‘4, env’Qenvl)
proof -
from assms
have length(env)enat (is Ym € _) by simp
from assms have length(env’)€nat (is ?n € _) by simp
from assms have length(envl)€nat (is ?p € _) by simp
note lenv = id_fn__action[OF < ?pEnaty <envl €list(M)»]
note lenv_ty = id_fn_type|OF <?pEnaty]
{
fix i
assume | < length(env)#+length(envl)
have nth(i,env@envl) = nth(sum(f,id(length(envl)),?m,?n,?p) ‘i,env’'Qenvl)
using sum__action|OF <?menaty <?nEnats < ?pEnaty < ?pEnaty f€ 2m— ?n»
lenv_ty <envelist(M)> <env’€list(M)>
cenvl €list(M)> <envielist(M)y _
_ _ assms(5) lenv
| <i<?m#+length(envl)> by simp

then show A i .7 < ?m#+length(envl) =
nth(i,envQenvl) = nth(sum(f,id(?p),?m,n,?p) ‘i,env’Qenvl) by simp
qed

lemma sum__action_id__aux :
assumes
f € m—n
env € list(M)
env’ € list(M)
envl € list(M)
length(env) = m
length(env’) = n
length(envl) = p
N i. i< m = nth(i,env) = nth(f‘,env’)
shows A i .1 < m#+length(envl) =
nth(i,env@envl) = nth(sum(f,id(length(envl)),m,n,length(envl)) G, env'Qenvl)
using assms length__type id__fn__type sum__action__id
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by auto

definition
sum__id :: [i,i] = i where
sum__id(m,f) = sum(Az€l.z,f,1,1,m)

lemma sum_id0 : menat—>sum__id(m,f)‘0 = 0
by (unfold sum__id__def ,subst sum__inl,auto)

lemma sum_idS : penat = q€nat = fe€p—q = z € p => sum__id(p,f) {(succ(x))
= suce(f‘x)
by (subgoal tac z€nat,unfold sum_id_ def,subst sum__inr,
stmp__all add:1t],simp__all add: app_nm in_n_in_nat)

lemma sum_id_tc_aux :
pEnat = q € nat = f € p— q = sum_id(p,f) € 1#+p — 1#+q
by (unfold sum__id_ def,rule sum__type,simp__all)

lemma sum_id_tc :
n € nat = m € nat = f € n - m = sum_id(n,f) € succ(n) — succ(m)
by (rule ssubstlof succ(n) — succ(m) 1#+n — 1#+m],
stmp,rule sum__id_tc__auz,simp__all)

13.2 Renaming of formulas

consts ren :: i=1
primrec
ren(Member(z,y)) =
(A n € nat . A m € nat. \f € n — m. Member (f‘z, fy))

ren(Equal(z,y)) =
(An € nat. X m € nat. \f € n — m. Equal (fz, f‘))

ren(Nand(p,q)) =
(An € nat. A m € nat. \Af € n — m. Nand (ren(p) ‘n‘m‘f, ren(q) ‘n‘m*f))

ren(Forall(p)) =
(A n € nat. A m € nat. \f € n — m. Forall (ren(p) ‘succ(n) ‘succ(m) ‘sum__id(n,f)))

lemma arity _meml : | € nat = Member(z,y) € formula => arity(Member(z,y))
<l=zx€l

by (simp,rule subsetD,rule le_imp_subset,assumption,simp)
lemma arity_memr : | € nat = Member(z,y) € formula = arity(Member(z,y))
<l=yel

by (simp,rule subsetD,rule le_imp__subset,assumption,simp)
lemma arity_eql : | € nat = Equal(z,y) € formula = arity(Equal(z,y)) < 1
=z cl

by (simp,rule subsetD,rule le_imp_subset,assumption,simp)
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lemma arity_eqr : | € nat = Equal(z,y) € formula = arity(Equal(z,y)) < 1

= yel
by (simp,rule subsetD,rule le_imp_subset,assumption,simp)

lemma nand_arl : p € formula = g€formula =>arity(p) < arity(Nand(p,q))
by (simp,rule Un__upperl_le,simp+)

lemma nand_ar2 : p € formula = q€formula =>arity(q) < arity(Nand(p,q))
by (simp,rule Un__upper2_le,simp+)

lemma nand_arlD : p € formula = q€formula = arity(Nand(p,q)) < n =
arity(p) < n

by (auto simp add: le_trans|OF Un__upperl_le[of arity(p) arity(q)]])
lemma nand_ar2D : p € formula = q€formula = arity(Nand(p,q)) < n =
arity(q) <

by (auto simp add: le_trans|OF Un__upper2_le[of arity(p) arity(q)]])

lemma ren_tc : p € formule =
(Anmf.né€nat = m € nat = f € n—>m = ren(p)‘n‘m‘f € formula)
by (induct set:formula,auto simp add: app_nm sum__id_tc)

lemma arity_ren :
fixes p
assumes p € formula
shows A nm f.n € nat = m € nat = f € n—>m = arity(p) < n =
arity(ren(p) ‘n‘m‘f)<m
using assms
proof (induct set:formula)
case (Member z y)
then have fx € m f'y e m
using Member assms by (simp add: arity _meml apply _funtype,simp add:arity_memr
apply_funtype)
then show ?case using Member by (simp add: Un_least It ItI)
next
case (Fqual z y)
then have fx € m f'y e m
using Fqual assms by (simp add: arity _eql apply_funtype,simp add:arity _eqr
apply__funtype)
then show ?case using FEqual by (simp add: Un_least 1t ItI)
next
case (Nand p q)
then have arity(p)<arity(Nand(p,q))
arity(q)<arity(Nand(p,q))
by (subst nand_arl,simp,simp,simp,subst nand__ar2,simp+)
then have arity(p)<n
and arity(q)<n using Nand
by (rule_tac j=arity(Nand(p,q)) in le_trans,simp,simp)+
then have arity(ren(p) ‘n‘m‘f) < m and arity(ren(q) ‘n‘m‘f) < m
using Nand by auto
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then show ?case using Nand by (simp add:Un__least lt)
next
case (Forall p)
from Forall have succ(n)€nat succ(m)€nat by auto
from Forall have 2: sum_id(n,f) € succ(n)—succ(m) by (simp add:sum_id_tc)
from Forall have 3:arity(p) < succ(n) by (rule_tac n=arity(p) in natE,simp+)
then have arity(ren(p) ‘succ(n) ‘succ(m) ‘sum__id(n,f))<succ(m) using
Forall «succ(n)€naty <succ(m)Enaty 2 by force
then show “case using Forall 2 8 ren__tc arity_type pred_le by auto
qed

lemma arity_forallE : p € formula = m € nat = arity(Forall(p)) < m —
arity(p) < sucec(m)
by(rule_tac n=arity(p) in natE,erule arity_type,simp+)

lemma env_coincidence__sum__id :
assumes m € nat n € nat
0 € list(A) o' € list(4)
fen—->m
N i.i<n= nth(i,0) = nth(f%,0")
a € Aj € suce(n)
shows nth(j,Cons(a,p)) = nth(sum__id(n,f)*,Cons(a,0’))
proof -
let 2g=sum__id(n,f)
have succ(n) € nat using «n€nat) by simp
then have j € nat using (j€succ(n)> in_n_in_nat by blast
then have nth(j,Cons(a,p)) = nth(?2g‘,Cons(a,p’))
proof (cases rule:natE[OF (j€naty])
case I
then show ?thesis using assms sum__id0 by simp
next
case (2 1)
with (j€succ(n)) have succ(i)€succ(n) by simp
with (ne€nat> have i € n using nat_succD assms by simp
have f%em using «fen—my apply_type <i€n> by simp
then have f% € nat using in_n_in_nat <menat> by simp
have nth(succ(i),Cons(a,0)) = nth(i,p) using <i€nat> by simp

also have ... = nth(f‘,0’) using assms <icn) ItI by simp
also have ... = nth(suce(f*),Cons(a,p’)) using «fi€naty by simp
also have ... = nth(?g‘succ(i),Cons(a,0"))

using assms sum__idS[OF (n€natr <menaty <fEn—my i € my] cases by
simp
finally have nth(succ(i),Cons(a,0)) = nth(?g‘succ(i),Cons(a,p”)) .
then show %thesis using j=succ(i)» by simp
qed
then show ?thesis .
qed

lemma sats_iff sats ren :
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fixes ¢
assumes ¢ € formula
shows [ n € nat ; m € nat ; o € list(M) ; o’ € list(M) ; f € n— m ;
arity(i2) < n ;
N i. i< n= nth(i,p) = nth(fi0) ] =
sats(M ,p,0) +— sats(M,ren(p) ‘n‘m‘f,o0")
using «p € formula)
proof (induct ¢ arbitrary:n m o o' f)
case (Member z y)
have ren(Member(z,y)) ‘n‘m‘f = Member(f‘c,f‘y) using Member assms arity__type
by force
moreover
have z € n using Member arity_meml by simp
moreover
have y € n using Member arity_memr by simp
ultimately
show ?case using Member ltI by simp
next
case (Fqual z y)
have ren(Equal(z,y)) ‘n‘m‘f = Equal(f‘z,f‘y) using Fqual assms arity_type by
force
moreover
have z € n using Fqual arity__eql by simp
moreover
have y € n using Fqual arity__eqr by simp
ultimately show ?case using Equal It by simp
next
case (Nand p q)
have ren(Nand(p,q)) ‘n‘m‘f = Nand(ren(p) ‘n‘m‘f,ren(q) ‘n‘m‘f) using Nand by
stmp
moreover
have arity(p) < n using Nand nand__ar1D by simp
moreover from this
have i € arity(p) = i € n for i using subsetD[OF le_imp_ subset[OF <arity(p)
< m]] by simp
moreover from this
have i € arity(p) = nth(i,0) = nth(f‘,0’) for i using Nand ltI by simp
moreover from this
have sats(M,p,0) «— sats(M,ren(p)‘n‘m‘f,0’) using <arity(p)<n> Nand by
stmp
have arity(q) < n using Nand nand_ar2D by simp
moreover from this
have i € arity(q) = i € n for i using subsetD[OF le_imp__subset[OF <arity(q)
< m]] by simp
moreover from this
have i € arity(q) = nth(i,0) = nth(f“,0’) for i using Nand ItI by simp
moreover from this
have sats(M,q,0) +— sats(M,ren(q) ‘n‘m‘f,o’) using assms <arity(q)<n> Nand
by simp
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ultimately
show ?case using Nand by simp
next
case (Forall p)
have 0:ren(Forall(p)) ‘n‘m‘f = Forall(ren(p) ‘succ(n) ‘succ(m) ‘sum_id(n,f))
using Forall by simp
have 1:sum_id(n,f) € succ(n) — succ(m) (is ?g € _ ) using sum__id_tc Forall
by simp
then have 2: arity(p) < succ(n)
using Forall le__trans[of _ succ(pred(arity(p)))] succpred_lel by simp
have succ(n)€nat succ(m)€nat using Forall by auto
then have A:\ j .j < succ(n) = nth(j, Cons(a, 9)) = nth(?g‘, Cons(a, o"))
if acM for a
using that env_coincidence _sum,__id Forall ItD by force
have
sats(M,p,Cons(a,0)) +— sats(M,ren(p) ‘succ(n) ‘succ(m) ‘?g,Cons(a,p")) if ac M
for a
proof -
have C:Cons(a,0) € list(M) Cons(a,o’)€list(M) using Forall that by auto
have sats(M,p,Cons(a,p)) «— sats(M,ren(p) ‘succ(n) ‘succ(m)?g,Cons(a,0"))
using Forall(2)[OF <succ(n)€naty <succ(m)enaty C(1) C(2) 1 2 A[OF
<aeM>]] by simp
then show ?thesis .
qed
then show ?case using Forall 0 1 2 by simp
qged

end
theory Renaming_Auto
imports
Renaming
Utils
ZF . Finite
ZF.List
keywords rename :: thy decl % ML
and simple__rename :: thy decl % ML
and src
and gt
abbrevs simple_rename =
begin

lemmas app_fun = apply_iff [ THEN iffD1]
lemmas nat_succl = nat_succ_iff[THEN iffD2]

ML_ file <renaming. ML)
ML«
fun renaming _def mk_ren name from to ctxt =
let val to = to |> Syntaz.read_term ctat
val from = from |> Syntaz.read_term ctxt
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val (tc_lemma,action_lemma,fvs,r) = mk_ren from to ctat
val (tc_lemma,action_lemma) =
(Renaming.fiz_vars tc_lemma fus ctat, Renaming.fiz_vars action_lemma
fus ctxt)
val ren__fun_name = Binding.name (name ~ __fn)
val ren__fun_def = Binding.name (name ~ __fn_ def)
val ren__thm = Binding.name (name ~ __thm)

mn
Local_Theory.note  ((ren_thm, []), [tc_lemma,action_lemma)) ctzt |> snd
|>
Local__Theory.define ((ren__fun_name, NoSyn), ((ren_fun__def, []), r)) |> snd
end;
)
ML«
local

val ren__parser = Parse.position (Parse.string --
(Parse.$$$ src |-- Parse.string --| Parse.$$$ tgt -- Parse.string));

val =
Outer__Syntax.local _theory command__keyword <rename> ML setup for syn-
thetic definitions
(ren__parser >> (fn ((name,(from,to)), ) => renaming_def Renaming.sum__rename
name from to))

val _ =
Outer__Syntaz.local _theory command__keyword <simple__rename> ML setup
for synthetic definitions
(ren_parser >> (fn ((name,(from,to)), ) => renaming_def Renaming.ren_thm
name from to ))

m
end
)
end

14 Names and generic extensions

theory Names
imports
Forcing Data
Interface
Recursion_ Thms
Synthetic_ Definition
begin

definition
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SepReplace :: [i, i=1i, i= o] = ¢ where
SepReplace(A,b,Q) = {y . z€A, y=b(z) N Q(z)}

syntax

__SepReplace :: [i, pttrn, i, o] = ¢ («(1{_ ../ _€_,_}»)
syntax__consts

_ SepReplace == SepReplace
translations

{b .. z€A, Q} => CONST SepReplace(A, A\z. b, Az. Q)

lemma Sep__and_Replace: {b(z) .. z€A, P(x) } = {b(z) . ze{ycA. P(y)}}
by (auto simp add:SepReplace _def)

lemma SepReplace_subset : ACA'=—> {b .. z€A, Q}C{b .. z€A’, Q}
by (auto simp add:SepReplace__def)

lemma SepReplace iff [simp]: ye{b(z) .. z€A, P(z)} +— (Fz€A. y=b(z) &

P(z))
by (auto simp add:SepReplace _def)

lemma SepReplace__dom, _implies :
(ANz.zeAd = bz) =b(z)= {b(z) .. z€4, Q(z)}={b(z) .. z€A, Q(z)}
by (simp add:SepReplace def)

lemma SepReplace_pred_implies :
V. Q(z)— b(z) = b/(z)= {b(z) .. z€A, Q(z)}={b(z) .. z€A, Q(z)}
by (force simp add:SepReplace_def)

14.1 The well-founded relation ed

lemma eclose_sing : x € eclose(a) = = € eclose({a})
by (rule subsetD[OF mem,__eclose__subset],simp+)

lemma ecloseFE :
assumes z € eclose(A)
shows z€ AV (3 Be A. z € eclose(B))
using assms
proof (induct rule:eclose_induct__down)
case (1 y)
then
show ?case
using arg_into__eclose by auto
next
case (2 y z)
from <y € AV (3BeA. y € eclose(B))
consider (ind) y € A | (exB) (3B€A. y € eclose(B))
by auto
then show ?case
proof (cases)
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case inA

then

show ?thesis using 2 arg_into__eclose by auto
next

case exrB

then obtain B where y € eclose(B) BEA

by auto

then

show ?thesis using 2 ecloseD[of y B z] by auto
qged

qed

lemma eclose_singE : x € eclose({a}) = = = a V = € eclose(a)
by (blast dest: ecloseE)

lemma in__eclose_sing :
assumes z € eclose({a}) a € eclose(z)
shows z € eclose({z})
proof -
from «x€eclose({a})
consider (eq) z=a | (It) x€eclose(a)
using eclose_singF by auto
then
show ?thesis
using eclose__sing mem__eclose_trans assms
by (cases, auto)
qed

lemma in_dom_in_eclose :
assumes z € domain(z)
shows z € eclose(z)
proof -
from assms
obtain y where (z,y) € 2
unfolding domain_def by auto
then
show ?thesis
unfolding Pair_def
using ecloseD[of {z,x}] ecloseD[of {{z,z}{z,y}}] arg _into eclose
by auto
qed

termed is the well-founded relation on which val is defined.

definition
ed :: [i,i] = o where
ed(z,y) = = € domain(y)

definition
edrel :: i = 1 where
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edrel(A) = Rrel(ed,A)

lemma edl[introl]: tedomain(z) = ed(t,x)
unfolding ed_def .

lemma edD[dest!]: ed(t,z) = tE€domain(x)
unfolding ed_ def .

lemma rank _ed:
assumes ed(y,z)
shows succ(rank(y)) < rank(z)
proof
from assms
obtain p where (y,p)cz by auto
moreover
obtain s where ycs s€(y,p) unfolding Pair_def by auto
ultimately
have rank(y) < rank(s) rank(s) < rank({y.p)) rank({y,p)) < rank(z)
using rank_ It by blast+
then
show rank(y) < rank(z)
using It trans by blast
qed

lemma edrel_dest [dest]: z € edrel(A) = 3 a€ A. 3 b € A. z =(a,b)
by (auto simp add:ed__def edrel_def Rrel def)

lemma edrelD : z € edrel(A) = 3 ac A. 3 b € A. z =(a,b) A a € domain(D)
by (auto simp add:ed__def edrel _def Rrel_def)

lemma edrell [introl]: €A = yec A = z € domain(y) = (z,y)<€edrel(A)
by (simp add:ed__def edrel_def Rrel def)

lemma edrel_trans: Transset(A) = ye A = z € domain(y) = (z,y)Eedrel(A)
by (rule edrell, auto simp add: Transset__def domain__def Pair_def)

lemma domain_trans: Transset(A) = yeA = z € domain(y) = z€A
by (auto simp add: Transset_def domain__def Pair_def)

lemma relation__edrel : relation(edrel(A))
by (auto simp add: relation__def)

lemma field edrel : field(edrel(A))CA
by blast

lemma edrel _sub_memrel: edrel(A) C trancl(Memrel(eclose(A)))
proof
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fix z
assume
z€edrel(A)
then obtain z y where
Eq1: zeA yeA z=(z,y) x€domain(y)
using edrelD
by blast
then obtain u v where
Eq2: zeu ucvvey
unfolding domain__def Pair_def by auto
with FqI have
Eq3: xz€eclose(A) yeeclose(A) uceclose(A) ve€eclose(A)
by (auto, rule_tac [3-4] ecloseD, rule_tac [3] ecloseD, simp__all add:arg_into__eclose)
let
?r=trancl(Memrel(eclose(A)))
from FE¢2 and F¢3 have
(zu)e?r (u,v)e?r (v,y)efr
by (auto simp add: r_into__trancl)
then have
(z,y)eor
by (rule_tac trancl_trans, rule_tac [2] trancl_trans, simp)
with Fql show z€?r by simp
qed

lemma wf _edrel : wf(edrel(A))
using wf_subset [of trancl(Memrel(eclose(A)))] edrel_sub_memrel
wf_trancl wf _ Memrel
by auto

lemma ed induction:
assumes Az. [Ay. ed(y,z) = Q(y) | = Q(x)
shows Q(a)
proof (induct rule: wf induct2[OF wf _edrel[of eclose({a})] ,of a eclose({a})])
case 1
then show ?case using arg_into__eclose by simp
next
case 2
then show ?case using field_edrel .
next
case (3 1)
then
show ?case
using assms|of x] edrell domain__trans[OF Transset__eclose 3(1)] by blast
qed

lemma dom_under_edrel_eclose: edrel(eclose({z})) - {z} = domain(zx)
proof
show edrel(eclose({z})) - {z} C domain(z)
unfolding edrel _def Rrel _def ed__def
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by auto
next
show domain(z) C edrel(eclose({z})) - {z}
unfolding edrel def Rrel def
using in__dom__in__eclose eclose__sing arg__into__eclose
by blast
qed

lemma ed_eclose : (y,z) € edrel(4) = y € eclose(z)
by (drule edrelD,auto simp add:domain__def in__dom__in__eclose)

lemma tr_edrel_eclose : (y,z) € edrel(eclose({z})) ™+ = y € eclose(z)
by (rule trancl_induct,(simp add: ed__eclose mem__eclose _trans)+)

lemma restrict_edrel _eq :
assumes z € domain(z)
shows edrel(eclose({z})) N eclose({z})xeclose({z}) = edrel(eclose({z}))
proof (intro equalityl subsetl)
let Zec=\ y . edrel(eclose({y}))
let Zez=eclose({z})
let ?rr="%ec(z) N %ez X %ez
fix y
assume yr:y € ?rr
with yr obtain a b where 1:(a,b) € ?rr a € ?ez b € ?ez (a,b) € Zec(x) y={a,b)
by blast
moreover
from this
have a € domain(b) using edrelD by blast
ultimately
show y € edrel(eclose({z})) by blast
next
let Zec=\ y . edrel(eclose({y}))
let Zez=eclose({z})
let ?rr="7%ec(z) N %ez X %ez
fix y
assume yr:y € edrel(?ez)
then obtain a b where a € %ez b € ez y=(a,b) a € domain(b)
using edrelD by blast
moreover
from this assms
have z € eclose(x) using in__dom__in__eclose by simp
moreover
from assms calculation
have a € eclose({z}) b € eclose({z}) using in__eclose_sing by simp__all
moreover
from this <a€domain(b)>
have (a,b) € edrel(eclose({z})) by blast
ultimately
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show y € ?rr by simp
qed

lemma tr edrel subset :

assumes z € domain(zx)

shows tr_down(edrel(eclose({z})),z) C eclose({z})
proof (intro subsetl)

let ?r=\ z . edrel(eclose({z}))

fix y

assume y € tr_down(?r(z),z)

then

have (y,z) € ?r(z) ™+ using tr_downD by simp

with assms

show y € eclose({z}) using tr_edrel_eclose eclose_sing by simp
qed

context M ctm
begin

lemma upairM : 2 € M = ye M = {z,y} € M
by (simp flip: setclass__iff)

lemma singletonM : a € M = {a} € M
by (simp flip: setclass__iff)

lemma Rep_simp : Replace(u\ y z .z = f(y)) ={ f(y) . y € u}
by (auto)

end

14.2 Values and check-names

context forcing data
begin

definition
Hcheck :: [i,i] = i where
Hcheck(z,f) =1 (fy,one) . y € z}

definition
check :: i = i where
check(z) = transrec(z , Hcheck)

lemma checkD:
check(z) = wfrec(Memrel(eclose({z})), x, Hcheck)
unfolding check def transrec__def ..

definition
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rcheck :: i = i where
rcheck(z) = Memrel(eclose({z})) ™+

lemma Hcheck__trancl: Hcheck(y, restrict(f,Memrel(eclose({z}))-‘{y}))
= Hcheck(y, restrict(f,(Memrel(eclose({z})) ™+)-‘“{y}))
unfolding Hcheck _def
using restrict_trans_eq by simp

lemma check__trancl: check(z) = wfrec(rcheck(x), z, Hcheck)
using checkD wf eq trancl Hcheck trancl unfolding rcheck def by simp

lemma rcheck in_ M :
r € M = rcheck(z) € M
unfolding rcheck_def by (simp flip: setclass_iff)

lemma auz_def check: z € y =
wfrec(Memrel(eclose({y})), z, Hcheck) =
wfrec(Memrel(eclose({z})), x, Hcheck)

by (rule wfrec__eclose__eq,auto simp add: arg_into__eclose eclose__sing)

lemma def check : check(y) = { (check(w),one) . w € y}
proof -
let
r=\y. Memprel(eclose({y}))
have wfr: Yw . wf(?r(w))
using wf Memrel ..
then
have check(y)= Hcheck( y, Ax€?r(y) -* {y}. wfrec(?r(y), z, Hcheck))
using wfrec[of ?r(y) y Hcheck] checkD by simp

also

have ... = Hcheck( y, \x€y. wfrec(?r(y), z, Hcheck))
using under__Memrel__eclose arg_into__eclose by simp

also

have ... = Hcheck( y, Ax€y. check(x))

using aux_def check checkD by simp
finally show ?thesis using Hcheck def by simp
qed

lemma def checksS :
fixes n
assumes n € nat
shows check(succ(n)) = check(n) U {(check(n),one)}
proof -
have check(succ(n)) = {(check(i),one) . i € succ(n)}
using def check by blast
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also have ... = {(check(i),one) . i € n} U {{(check(n),one)}
by blast
also have ... = check(n) U {{check(n),one)}
using def check|of n,symmetric] by simp
finally show ?thesis .
qed

lemma field_Memrel2 :

assumes r € M

shows field(Memrel(eclose({z}))) C M
proof -

have field(Memrel(eclose({z}))) C eclose({z}) eclose({z}) C M

using Ordinal. Memrel _type field_rel subset assms eclose least[OF trans_M]|

by auto

then

show ?thesis using subset_trans by simp
qed

definition
Hv :: i=i=1i=1 where
Hv(G,z,f) = { [y .. y€ domain(z), 3peP. (y,p) Ex Ap € G}

The funcion val interprets a name in M according to a (generic) filter G.
Note the definition in terms of the well-founded recursor.

definition
val :: i=1=-7 where
val(G,1) = wfrec(edrel(eclose({r})), 7 ,Hv(Q))

lemma auz_def val:

assumes z € domain(z)

shows wfrec(edrel(eclose({z})),z,Hv(G)) = wfrec(edrel(eclose({z})),z,Hv(G))
proof -

let 2r=Axz . edrel(eclose({z}))

have z€eclose({z}) using arg_in_eclose_sing .

moreover

have relation(?r(z)) using relation__edrel .

moreover

have wf(?r(z)) using wf_edrel .

moreover from assms

have tr_down(%r(z),z) C eclose({z}) using tr_edrel _subset by simp

ultimately

have wfrec(?r(z),z,Hv(G)) = wfrec[eclose({z})](?r(z),z,Hv(G))

using wfrec_restr by simp
also from <z€domain(z)»
have ... = wfrec(?r(z),z,Hv(G))
using restrict__edrel__eq wfrec_restr_eq by simp

finally show ?thesis .

qed
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The next lemma provides the usual recursive expresion for the definition of
termuwal.

lemma def val: wval(G,z) = {val(G,t) .. t€domain(z) , IpeP . (t,p)€x A p €
G}
proof -
let
r=At . edrel(eclose({T}))
let
= ze ?r(z)-“{z}. wfrec(?r(z),z,Hv(Q))
have V7. wf(?r(7)) using wf_edrel by simp
with wfrec [of __ 1]
have val(G,z) = Hu(G,x,?f) using val _def by simp

also

have ... = Hv(G,z,Az€domain(z). wfrec(?r(z),z,Hv(Q)))
using dom__under__edrel__eclose by simp

also

have ... = Hu(G,z,Az€domain(z). val(G,z))
using aux_def wval val _def by simp

finally

show ?thesis using Huv_def SepReplace__def by simp

qed

lemma val_mono : 2Cy = val(G,x) C val(G,y)
by (subst (1 2) def _wal, force)

Check-names are the canonical names for elements of the ground model.
Here we show that this is the case.

lemma valcheck : one € G = one € P = val(G,check(y)) =y
proof (induct rule:eps_induct)
case (1 y)
then show ?case
proof -
have check(y) = { (check(w), one) . w € y} (is _ = ?2C)
using def check .

then

have val(G,check(y)) = val(G, {{check(w), one) . w € y})
by simp

also

have ... = {val(G,t) .. t€domain(?C) , IpeP . (t, p)e?C ANpeE G}
using def wval by blast

also

have ... = {wal(G,t) .. tedomain(?C) , Jwey. t=check(w) }
using 1 by simp

also

have ... = {val(G,check(w)) . wey }
by force

finally

show val(G,check(y)) = y
using 1 by simp
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qed
qed

lemma val_of name :
val(G{z€AxP. Q(z)}) = {val(G,t) .. tcA ,IpeP . Q({t,p)) A p € G}
proof -
let
n={z€AxP. Q(z)} and
r=At . edrel(eclose({T}))
let
f= z€?r(?n)-“{n}. val(G,2)
have
wfR : wf(?r(1)) for 7
by (simp add: wf _edrel)
have domain(?n) C A by auto
{ fix t
assume H:t € domain({z € A x P . Q(x)})
then have ?f ‘t = (if t € ?r(?n)-‘{?n} then val(G,t) else 0)

by simp
moreover have ... = val(G,t)
using dom__under__edrel__eclose H if P by auto
}
then

have Eq1: t € domain({z € A x P . Q(z)}) = wal(G,t) = ?f‘t for ¢
by simp
have val(G,?n) = {val(G,t) .. tedomain(?n), Ip € P . (t,p) € ?n A p € G}
by (subst def wval,simp)
also
have ... = {7t .. tedomain(?n), IpeP . (t,p)e?n A peG}
unfolding Hv_def
by (subst SepReplace__dom__implies,auto simp add:Eql)
also
have ... = { (if t€?r(?n)-“{?n} then val(G,t) else 0) .. tcdomain(?n), IpeP
. (t,p)E?n A peG}
by (simp)
also
have Eq2: ... = { val(G,t) .. t€domain(?n), ApeP . (t,p)€?n N peG}
proof -
have domain(?n) C #r(%n)-‘{?n}
using dom_ under__edrel__eclose by simp
then
have V tedomain(?n). (if t€ 2r(?n)-*{?n} then val(G,t) else 0) = val(G,t)
by auto
then
show { (if t€?r(?n)-“{?n} then val(G,t) else 0) .. tedomain(?n), IpeP .
(t,p)e?n N peG} =
{ val(G,t) .. tedomain(?n), IpeP . {t,p)En A peG}
by auto
qed
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also
have ... = { val(G,t) .. teA, ApeP . (t,p)€?n N peG}
by force
finally
show wal(G,%n) = { val(G,t) .. t€A, IpeP . Q({t,p)) N peG}
by auto
qed

lemma val_of name_alt :
val(G{z€AxP. Q(x)}) = {wal(G,t) .. t€A , IpePNG . Q({t,p)) }

using val_of name by force

lemma val_only _names: val(F,7) = val(F {zeT. It€domain(r). IpeP. z=(t,p)})

(is _ = wal(F,?name))
proof -
have val(F,?name) = {val(F, t).. t€domain(?name), IpeP. (t, p) € name A
p €I}
using def wal by blast
also
have ... = {wal(F, t). te{yedomain(?name). ApeP. (y, p) € ?name A p € F}}
using Sep__and__Replace by simp
also
have ... = {wal(F, t). te{yedomain(r). IpeP. (y, p) € T A p € F}}
by blast
also
have ... = {wal(F, t).. tedomain(r), IpeP. (t, p) € T A p € F}
using Sep_and_ Replace by simp
also
have ... = val(F, 1)
using def wval[symmetric] by blast
finally
show ?thesis ..
qed

lemma val_only_pairs: val(F,7) = val(F,{z€T. It p. 2=(t,p)})
proof
have val(F,7) = val(F,{z€7. Ite€domain(T). ApeP. z=(t,p)})

(is _ = val(F,?%name))
using val only names .
also

have ... C val(F,{zeT. It p. 2=(t,p)})
using val_monolof ?name {ze€7. It p. x=(t,p)}] by auto
finally
show val(F,7) C val(F {zer. 3t p. z=(t,p)}) by simp
next
show val(F.{zeT. 3t p. z=(t,p)}) C val(F,T)
using val_monolof {z€r. It p. z=(t,p)}] by auto
qed
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lemma val_subset__domain__times_range: val(F,r) C val(F,domain(7)x range(T))
using val_only_pairs] THEN equalityD1]
val_monolof {zx € 7. Ft p. x = (¢, p)} domain(r)xrange(r)] by blast

lemma val_subset__domain__times_P: val(F,r) C val(F,domain(T)x P)

using val_only_names[of F' 7] val_mono[of {x€T. It€domain(r). IpeP. z=(t,p)}
domain(T)x P F|

by auto

definition
GenExt :: =i  («M[_])
where GenFErt(G)= {val(G,7). T € M}

lemma val_of elem: (9,p) € m = pe@ = peP = val(G,9) € val(G,r)
proof -
assume
(Op) em
then
have Yedomain(m) by auto
assume peG peP
with «dedomain(r)y «(9,p) € ™
have val(G,9) € {val(G,t) .. t€domain(r) , IpeP . (t, pyer Ap € G }
by auto
then
show ?thesis by (subst def _wval)
qged

lemma elem_of wval: z€val(G,m) = FIcdomain(r). val(G,9) = x
by (subst (asm) def wval,auto)

lemma elem_of wval pair: z€val(G,m) = 39. IpeG. (I, p)er A val(G,9) =z
by (subst (asm) def wval,auto)

lemma elem_ of val pair”:
assumes 7€M x€val(G,r)
shows JY¥eM. IpeG. (I,p)erm A val(GY) =z
proof -
from assms
obtain ¥ p where peG (J,p)enm val(G,Y) = x
using elem__of wval _pair by blast
moreover from this «<r€M>
have veM
using pair_in_M_iff[THEN iffD1, THEN conjunctl, simplified]
transitivity by blast
ultimately
show ?thesis by blast
qed
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lemma GenExtD:
z € M[|G] = 37eM. z = val(G,7)
by (simp add:GenExt_def)

lemma GenFuxtl:
z € M = wal(G,x) € M[G]
by (auto simp add: GenExt def)

lemma Transset MG : Transset(M[G])
proof -
{ fix ve y
assume vc € M[G] and y € vc
then obtain ¢ where ce M val(G,c)eM[G] y € val(G,c)
using GenFExtD by auto
from «y € val(G,c)»
obtain ¥ where Y€domain(c) val(G9) = y
using elem__of wval by blast
with trans M <ceM>
have y € M[G]
using domain__trans GenExtl by blast
}

then
show ?thesis using Transset_def by auto
qed

lemmas transitivity MG = Transset__intf[OF Transset_MG]

lemma check n M :
fixes n
assumes n € nat
shows check(n) € M
using <n€nat)
proof (induct n)
case ()
then show ?case using zero_in_M by (subst def check,simp)
next
case (succ )
have one € M using one_in_ P P_sub_M subsetD by simp
with «check(z)eM>
have (check(z),one) € M
using tuples in_ M by simp
then
have {(check(z),one)} € M
using singletonM by simp
with <check(z)eM>
have check(z) U {(check(z),one)} € M
using Un_ closed by simp
then show ?case using <z€naty def checkS by simp
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qed

definition
PHcheck :: [i,i,i,i]] = o where
PHcheck(o,f,y,p) = pe M N (3 fy[##M]. fun_apply(###M.f,y.fy) A pair(###M,fy,0,p))

definition
is_Hcheck :: [i,i,i,i] = o where
is_Hcheck(o,z,f,hc) = is_Replace(##M,z,PHcheck(o,f),hc)

lemma one _in_ M: one € M
by (insert one_in_P P_in_M, simp add: transitivity)

lemma def PHcheck:
assumes
zeM feM
shows
Hcheck(z.f) = Replace(z,PHcheck(one,f))
proof -
from assms
have (f‘c,one) € M faecM if zcz for z
using tuples in_ M one_in__ M transitivity that apply_closed by simp__all
then
have {y .z €z, y=(f‘2,one)} = {y.z €2, y={(‘z one) N y¢M A
flaeM}
by simp
then
show ?thesis
using «zeM» «fe M» transitivity
unfolding Hcheck_def PHcheck__def RepFun__def
by auto
qed

definition
PHcheck__fm :: [i,i,i,i] = i where
PHcheck__fm(o.f,y,p) = Exists(And(fun__apply fm(succ(f),succ(y),0)
,pair_fm(0,succ(o),succ(p))))

lemma PHcheck__type [TC]:
[ = € nat; y € nat; z € nat; u € nat | = PHcheck_fm(x,y,z,u) € formula
by (simp add:PHcheck_fm__def)

lemma sats PHcheck fm [simp]:
[ z € nat; y € nat; z € nat; u € nat ; env € list(M)]
= sats(M,PHcheck_fm(z,y,z,u),env) +—
PHcheck(nth(z,env),nth(y,env),nth(z,env),nth(u,env))
using zero__in_ M Internalizations.nth__closed by (simp add: PHcheck def PHcheck fm__def)
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definition
is_Hcheck_fm :: [i,i,i,i]] = ¢ where
is__Hcheck_fm(o,z,f,hc) = Replace__fm(z,PHcheck__fm(suce(succ(0)),succ(suce(f)),0,1),hc)

lemma is_Hcheck type [TC]:
[ = € nat; y € nat; z € nat; u € nat | = is_Hcheck_fm(z,y,z,u) € formula
by (simp add:is_Hcheck_fm__def)

lemma sats_is_Hcheck_fm [simp]:
[ € nat; y € nat; z € nat; u € nat ; env € list(M)]
= sats(M,is_Hcheck_fm(z,y,z,u),env) «—
is__Hcheck(nth(z,env),nth(y,env),nth(z,env),nth(u,env))
using sats Replace_fm unfolding is Hcheck def is_Hcheck fm__def
by simp

lemma wfrec_ Hcheck :
assumes
XeM
shows
wfrec__replacement(#+ M ,is__Hcheck(one),rcheck(X))
proof -
have is_Hcheck(one,a,b,c) +—
sats(M yis__Hcheck_fm(8,2,1,0),[c,b,a,d,e,y,z,z,0ne,rcheck(z)])
if ac M beM ceM deM eeM yeM zeM zeM
forabcdeyzxz
using that one_in_ M <XeM) rcheck _in_ M by simp
then have 1:sats(M,is_wfrec_fm(is_Hcheck_fm(8,2,1,0),4,1,0),
[y,2,z,0ne,rcheck(X)]) «—
is_wfrec(## M, is_Hcheck(one),rcheck(X), x, y)
if ze M yeM zeM for z y z
using that sats_is _wfrec_fm «XEM) rcheck_in_ M one_in_M by simp
let
?f=Euxists(And(pair_fm(1,0,2),
is_wfrec_fm(is_Hcheck_fm(8,2,1,0),4,1,0)))
have satsf:sats(M, ?f, [x,z,0one,rcheck(X)]) +—
(ByeM. pair(##M,z,y,z) & is_wfrec(#+#M, is__Hcheck(one),rcheck(X),
z, y))
if zeM zeM for x z
using that 1 «<XeM)» rcheck_in_M one_in_ M by (simp del:pair_abs)
have artyf:arity(?f) = 4
unfolding is_wfrec_fm_ defis Hcheck_fm_ def Replace_ fm__def PHcheck fm__ def
pair_fm__def upair_fm__defis_recfun_ fm_ def fun__apply_fm_ def big _union_ fm_ def
pre__image__fm__def restriction__fm__def image fm__ def
by (simp add:nat__simp__union)
then
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have strong_replacement(##M Az z. sats(M, ?f [z,z,0ne,rcheck(X)]))
using replacement__ax 1 artyf «XeM> rcheck _in_M one_in_ M by simp
then
have strong_replacement(##M \z z.
JyeM. pair(#H#M,x,y,z) & is_wfrec(#H#M, is_Hcheck(one),rcheck(X),
z, y))
using repl_sats[of M ?f [one,rcheck(X)]] satsf by (simp del:pair_abs)
then
show ?thesis unfolding wfrec_replacement_def by simp
qged

lemma repl PHcheck :
assumes
feM
shows
strong__replacement(## M ,PHcheck(one,f))
proof -
have arity(PHcheck_fm(2,3,0,1)) = 4
unfolding PHcheck__fm_ def fun__apply fm__def big_union_fm__def pair_fm_ def
image__fm__def
upair__fm__def
by (simp add:nat__simp__union)
with <fe M)
have strong_replacement(##M Az y. sats(M,PHcheck_fm(2,3,0,1),[z,y,one.f]))
using replacement__ax one_in_ M by simp
with «feM>
show ?thesis using one__in_ M unfolding strong_ replacement__def univalent_ def
by simp
qed

lemma univ_PHcheck : | zeM ; feM | = univalent(#+#M,z,PHcheck(one,f))
unfolding univalent_def PHcheck_def by simp

lemma relation2 Hcheck :
relation2(##M ,is_Hcheck(one),Hcheck)
proof -
have I:[z€z; PHcheck(one,f,x,y) | = (##M)(y)
if zeM feM for z fz y
using that unfolding PHcheck def by simp
have is_Replace(## M ,z,PHcheck(one,f),hc) «— hc = Replace(z,PHcheck(one,f))
if ze M feM hceM for z f he
using that Replace__abs|OF __ _ univ_PHcheck 1] by simp
with def PHcheck
show ?thesis
unfolding relation2 def is_Hcheck__def Hcheck def by simp
qed

lemma PHcheck_closed :
[zeM ; feM ; z€z; PHcheck(one,f,x,y) | = (##M)(y)
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unfolding PHcheck def by simp

lemma Hcheck closed :
VyeM.V geM. function(g) — Hcheck(y,g)e M
proof -
have Replace(y,PHcheck(one,f))eM if feM yeM for fy
using that repl _PHcheck PHcheck_closed[of y f] univ_PHcheck
strong__replacement__closed
by (simp flip: setclass__iff)
then show ?thesis using def PHcheck by auto
qged

lemma wf rcheck : xe M = wf (rcheck(z))
unfolding rcheck_def using wf_trancl|OF wf_Memrel] .

lemma trans_rcheck : x€ M = trans(rcheck(z))
unfolding rcheck_def using trans trancl .

lemma relation_rcheck : x€ M = relation(rcheck(x))
unfolding rcheck _def using relation_trancl .

lemma check_in_M : xe M = check(z) € M

unfolding transrec_ def

using wfrec_ Hcheck[of z] check__trancl wf _rcheck trans_rcheck relation_ rcheck
rcheck _in_ M

Hcheck__closed relation2__Hcheck trans__wfrec__closed[of rcheck(x) x is_Hcheck(one)
Hcheck]

by (simp flip: setclass__iff)

end

definition
is_singleton :: [i=0,i,i] = o where
is_singleton(A,x,z) = 3 c[A]. empty(A,c) A is_cons(A,z,c,z)

lemma (in M__trivial) singleton__abs[simp] : | M(z) ; M(s) | = is__singleton(M ,z,s)
— s = {z}
unfolding is singleton_def using nonempty by simp

definition
singleton__fm :: [i,i] = i where
singleton_ fm(i,j) = Ewxists(And(empty_fm(0), cons_fm(succ(i),0,succ(j))))

lemma singleton_type[ TC] : [ z € nat; y € nat | = singleton__fm(z,y) € formula
unfolding singleton_ fm__def by simp

lemma is_singleton_iff sats:
[ nth(i,env) = z; nth(j,env) = y;
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i € nat; je€nat ; env € list(A)]
= is_singleton(##A,z,y) <— sats(A, singleton_ fm(i,j), env)
unfolding is singleton_ def singleton__fm__def by simp

context forcing data begin

definition
is_rcheck :: [i,i] = o where
is_rcheck(z,z) = 3reM. tran__closure(##M,r,z) A (3 ece M. membership(## M ec,r)
A
(FseM. is_singleton(#H#M,z,s) N is_eclose(##M,s,ec)))

lemma rcheck abs :
[ zeM ; reM | = is_rcheck(z,r) «— r = rcheck(z)
unfolding rcheck_def is_rcheck def

using singletonM trancl_closed Memrel closed eclose closed by simp

schematic__goal rcheck fm,_auto:
assumes
i € nat j € nat env € list(M)
shows
is_rcheck(nth(i,env),nth(j,env)) +— sats(M,?rch(i,j),env)
unfolding is rcheck def
by (insert assms ; (rule sep_rules is_singleton_iff _sats is_eclose_iff sats
trans__closure__fm__iff _sats | simp)+)

synthesize rcheck fm from__schematic rcheck fm__auto

definition
is_check :: [i,i]] = o where
is_check(z,z) = Irche M. is_rcheck(xz,rch) A is_wfrec(#4 M ,is__Hcheck(one),rch,z,z)

lemma check abs :
assumes
zeM zeM
shows
is_check(z,z) «+— z = check(x)
proof -
have
is_check(z,z) «— is_wfrec(##M is_Hcheck(one),rcheck(z),z,z)
unfolding is check def using assms rcheck__abs rcheck__in_ M
unfolding check_trancl is_check__def by simp
then show ?thesis
unfolding check trancl
using assms wfrec_ Hcheck|[of x| wf_rcheck trans__rcheck relation_ rcheck rcheck__in_ M
Hcheck__closed relation2__Hcheck trans__wfrec__abs|of rcheck(x) x z is__Hcheck(one)
Hcheck]

by (simp flip: setclass__iff)
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qed

definition
check_fm :: [i,i,i] = { where
check__fm(z,0,2) = Exists(And(rcheck_fm(1#+x,0),
is_wfrec_fm(is_Hcheck_fm(6+#+0,2,1,0),0,1#+x,1#+2)))

lemma check fm_ type[TC] :
[xenat;o€nat;z€nat] = check_fm(z,0,2)€formula
unfolding check_fm_ def by simp

lemma sats check_fm :
assumes
nth(o,env) = one x€nat zEnat o€nat envelist(M) z < length(env) z < length(env)
shows
sats(M, check_fm(z,0,z), env) «— is_check(nth(z,env),nth(z,env))
proof -
have sats is Hcheck_fm:
Na0 al a2 a3 af. [ a0EM; al €M; a2€M; a3€M; afeM | =
is_Hcheck(one,a2, al, a0) «—
sats(M, is_Hcheck_fm(64#+0,2,1,0), [a0,al,a2,a3,a4,r|Qenv) if re M for

using that one_in_ M assms by simp

then

have sats(M, is_wfrec_fm(is_Hcheck_fm(6#+0,2,1,0),0,1#~+x,1#+2),Cons(r,env))

> is_wfrec(#4#M,is__Hcheck(one),r,nth(x,env),nth(z,env)) if re M for r

using that assms one_in_ M sats_is _wfrec_fm by simp

then

show ?thesis unfolding is check def check_fm_ def
using assms rcheck__in_ M one__in_ M rcheck_fm__iff _sats[symmetric] by simp

qged

lemma check replacement:
{check(x). zeP} € M
proof -
have arity(check _fm(0,2,1)) = 3
unfolding check fm__def rcheck__fm_ def trans closure_fm__defis eclose_fm __def
mem,__eclose_fm__def
is_Hcheck_fm__def Replace fm__def PHcheck fm_ def finite ordinal fm__def
is_iterates fm__ def
is_wfrec_fm_ def is_recfun_ fm_ def restriction_ fm_ def pre__image_fm_ def
eclose_mn_ fm__def
is_nat_case_fm_def quasinat_fm__def Memrel fm _def singleton_fm __def
fm__defs iterates  MH _fm,__def
by (simp add:nat_simp__union)
moreover
have check(z)eM if zeP for z
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using that Transset_intf[of M x P] trans_M check_in_ M P_in_M by simp
ultimately
show ?thesis using sats_check_fm check abs P_in_ M check_in_M one_in_ M
Repl_in_ M|of check_fm(0,2,1) [one] is_check check] by simp
qed

lemma pair_check : [ pe M ; yeM | = (3 c€M. is_check(p,c) N pair(#H#M,c,p,y))
«— y = (check(p),p)
using check__abs check__in__ M tuples _in_ M by simp

lemma M _subset MG : one € G = M C M|[G]
using check _in_ M one_in_ P GenFEuxtl
by (intro subsetl, subst valcheck [of G,symmetric], auto)

The name for the generic filter

definition
G _dot :: 1 where
G _dot = {(check(p),p) . peP}

lemma G _dot _in_ M :
G dote M
proof -
let %is_pcheck = Az y. 3cheM. is_check(z,ch) N pair(##M,ch,z,y)
let ?pcheck_fm = Exists(And(check fm(1,3,0),pair_fm(0,1,2)))
have sats(M,?pcheck _fm,[z,y,one]) «— %is_pcheck(z,y) if ze M yeM for z y
using sats check_fm that one_in_ M by simp
moreover
have ?%is_pcheck(z,y) «— y = (check(z),z) if ze M yeM for z y
using that check__abs check_in_ M by simp
moreover
have ?pcheck_fmeformula by simp
moreover
have arity( ?pcheck_fm)=3
unfolding check_fm_ def rcheck fm__def trans_closure_fm__ defis eclose_fm__def
mem,__eclose__fm,__def
is_Hcheck_fm__ def Replace_ fm_def PHcheck_fm__def finite_ordinal _fm__def
is_iterates_fm_ def
is_wfrec_fm_ def is_recfun_ fm_ def restriction_ fm_ def pre__image fm__ def
eclose_mn_ fm_ def
is_nat_case_fm__def quasinat_fm__def Memrel fm_ def singleton_fm_ def
fm__defs iterates  MH _fm,__def
by (simp add:nat__simp__union)
moreover
from P_in_ M check_in_M tuples in M P_sub_ M
have (check(p),p) € M if peP for p
using that by auto
ultimately
show ?thesis
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unfolding G dot_def
using one_in_M P_in_ M Repl_in_M][of ?pcheck_fm [one]]
by simp

qed

lemma val G dot :
assumes G C P
one € G
shows wval(G,G_dot) = G
proof (intro equalityl subsetl)
fix z
assume z€val(G,G_dot)
then obtain ¢ p where peG (9,p) € G_dot val(G,9) = z & = check(p)
unfolding G_dot_def using elem_of wval pair G_dot_in_M
by force
with (onec Gy <GCP) show
reG
using valcheck P_sub M by auto
next
fix p
assume pcG
have (check(q),q) € G_dot if qeP for ¢
unfolding G dot_def using that by simp
with (peG» <GCP)
have val(G,check(p)) € val(G,G _dot)
using val_of elem G__dot_in_ M by blast
with <pe G) (GCP) (onecG»
show p € val(G,G_dot)
using P_sub_ M wvalcheck by auto
qed

lemma G _in_ Gen_ FExt :
assumes G C P and one € G
shows G € M[G]
using assms val_G_dot GenFExtl[of _ G| G_dot_in_M
by force

lemma fst_snd_closed: pe M = fst(p) € M A snd(p)e M
proof (cases Ja. 3b. p = (a, b))
case Fulse
then
show fst(p) € M A snd(p) € M unfolding fst_def snd_def using zero_in_ M
by auto
next
case True
then

122



obtain a b where p = (a, b) by blast

with True

have fst(p) = a snd(p) = b unfolding fst def snd_def by simp_all
moreover

assume peM

moreover from this

have ac M

unfolding <p = _» Pair_def by (force intro: Transset_ M[OF trans_M))
moreover from <(peM>
have be M

using Transset_M|[OF trans_M, of {a,b} p] Transset_M[OF trans_M, of b
{a,b}]
unfolding <p = _» Pair_def by (simp)
ultimately
show ?thesis by simp
qed

end

locale G__generic = forcing_data +

fixes G :: i
assumes generic : M__generic(G)
begin

lemma zero _in MG :
0 € M[G]
proof -
have 0 = val(G,0)
using zero_in_ M elem__of wval by auto
also
have ... € M[G]
using GenFEuztl zero__in_ M by simp
finally show ?thesis .

qed
lemma G_nonempty: G#0
proof -

have PCP ..

with P _in M P_dense «PCP)

show G # 0

using generic unfolding M _generic_def by auto

qed
end
end

15 Well-founded relation on names

theory FrecR imports Names Synthetic _Definition begin
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lemmas sep_rules’ = nth_0 nth_ConsI FOL_iff sats function_iff sats
fun__plus_iff sats omega_iff sats FOL _sats iff

frecR is the well-founded relation on names that allows us to define forcing
for atomic formulas.

definition
is_hcomp :: [i=0,i=i=0,i=i=0,i,i] = o where
is_hcomp(M is_fis_g,a,w) = 32[M]. is_g(a,z) N is_f(z,w)

lemma (in M_trivial) hcomp__abs:

assumes
is_f abs:\a z. M(a) = M(z) = is_f(a,z) <— z = f(a) and
is_g abs:N\a z. M(a) = M(z) = is_g(a,z) +— 2z = g(a) and
g_closed:Na. M(a) = M(g(a))
M(a) M(w)

shows
is_hcomp(M,is_f,is_g,a,w) +— w = f(g(a))

unfolding is hcomp def using assms by simp

definition
hcomp__fm :: [i=i=i,i=i=>1,i,i]] = i where
hcomp_ fm(pf.pg,a,w) = Exists(And(pg(succ(a),0),pf(0,succ(w))))

lemma sats hcomp_ fm:
assumes
f_iff _sats:A\a b z. a€nat = benat = 2e M =
is_f(nth(a,Cons(z,env)),nth(b, Cons(z,env))) <— sats(M,pf(a,b),Cons(z,env))
and
g_iff _sats:\a b z. a€nat = bEnat = ze M —>
is_g(nth(a,Cons(z,env)),nth(b,Cons(z,env))) +— sats(M,pg(a,b),Cons(z,env))
and
a€nat wenat envelist(M)
shows
sats(M hecomp__fm(pf,pg,a,w),env) «— is_hcomp(#F#M,is_f,is g,nth(a,env),nth(w,env))

proof -
have sats(M, pf(0, succ(w)), Cons(z, env)) +— is_f(z,nth(w,env)) if zeM
wenat for z w
using [ iff sats[of 0 succ(w) z| that by simp
moreover
have sats(M, pg(succ(a), 0), Cons(z, env)) +— is_g(nth(a,env),x) if zeM
aenat for z a
using g _iff _sats[of succ(a) 0 z] that by simp
ultimately
show ?thesis unfolding hcomp fm_ def is _hcomp_def using assms by simp
qed
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definition
ftype :: i=i where
ftype = fst

definition
namel :: i=17 where
namel (z) = fst(snd(x))

definition
name?2 :: i=1 where
name2(z) = fst(snd(snd(z)))

definition
cond__of :: i=1 where

cond_of (x) = snd(snd(snd((z))))

lemma components__simp:
ftype({f,nl,n2.c)) = f
namel ({f,n1,n2,c)) = nl
name2({f,n1,n2,c)) = n2
cond_of ({f,n1,n2,c)) = ¢
unfolding ftype def namel__def name2_def cond_of def
by simp_ all

definition eclose_n :: [i=i,i] = { where
eclose_n(name,x) = eclose({name(z)})

definition
ecloseN :: i = i where
ecloseN (z) = eclose_n(namel ,x) U eclose_n(name2,x)

lemma components_in__eclose :
nl € ecloseN({f,n1,n2,c))
n2 € ecloseN({f,n1,n2,c))
unfolding ecloseN__def eclose_n__def
using components_simp arg_into__eclose by auto

lemmas names_simp = components__simp(2) components__simp(3)

lemma ecloseNI1 :
assumes z € eclose(nl) V x€eclose(n2)
shows z € ecloseN({f,n1,n2,c))
unfolding ecloseN__def eclose_n__def
using assms eclose__sing names__simp
by auto

lemmas ecloseNI = ecloseNI1
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lemma ecloseN _mono :
assumes u € ecloseN(z) namel(z) € ecloseN(y) name2(x) € ecloseN(y)
shows u € ecloseN(y)
proof -
from (ue
consider (a) u€eclose({namel(z)}) | (b) u € eclose({name2(x)})
unfolding ecloseN_def eclose_n_def by auto
then
show ?thesis
proof cases
case a
with «namel (z) € _»
show ?thesis
unfolding ecloseN__def eclose_n__ def
using eclose__singE[OF a] mem__eclose__trans[of u namel (z) | by auto
next
case b
with (name2(z) € _»
show ?thesis
unfolding ecloseN__def eclose_n__def
using eclose__singE[OF b] mem__eclose__trans|of u name2(z)] by auto
qed
qed

definition
is_fst = (i=0)=i=i=>0 where
is_fst(M,x,t) = (3 2[M]. pair(M,t,z,z)) V
(=(3 2[M]. Fw[M]. pair(M,w,z,x)) A empty(M,t))

definition
fst_fm :: [i,i] = i where
fst_fm(z,t) = Or(Ezists(pair_fm(succ(t),0,succ(x))),
And(Neg(Exists( Exists(pair_fm(0,1,2 #+ x)))),empty_fm(t)))

lemma sats_ fst fm :
[ = € nat; y € nat;env € list(A) ]
= sats(A, fst_fm(z,y), env) +—
is_fst(##A, nth(z,env), nth(y,env))
by (simp add: fst_fm_def is_fst_def)

definition
is_ftype :: (i=0)=i=i=>0 where

is_ftype = is_fst

definition
ftype__fm :: [i,i] = ¢ where
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ftype__fm = fst_fm

lemma sats_ftype fm :
[ z € nat; y € nat;env € list(A) ]

= sats(A, ftype_fm(z,y), env) «—
is_ftype(##A, nth(z,env), nth(y,env))
unfolding ftype fm_ def is_ftype def
by (simp add:sats_fst_fm)

lemma is_ftype iff sats:
assumes
nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
shows
is_ftype(##A,aa,bb) «— sats(A,ftype_fm(a,b), env)

using assms
by (simp add:sats_ftype_fm)

definition
is_snd :: (i=0)=i=1i=0 where
is_snd(M,z,t) = (3 z[M]. pair(M,z,t,x)) V
(=(3 2[M]. Fw[M]. pair(M,z,w,x)) A empty(M,t))

definition
snd_fm :: [i,i] = i where
snd_fm(z,t) = Or(Exists(pair_fm(0,succ(t),succ(x))),
And(Neg(Exists( Exists(pair_fm(1,0,2 #+ x)))),empty_fm(t)))

lemma sats snd_fm :
[ z € nat; y € nat;env € list(A) |
= sats(A, snd_fm(z,y), env) +—
is_snd(##A, nth(z,env), nth(y,env))
by (simp add: snd_fm_ def is_snd_def)

definition
is_namel :: (i=0)=i=i=0 where
is_namel (M,z,t2) = is_hcomp(M,is_fst(M),is_snd(M),z,t2)

definition
namel _fm :

: [i,i] = i where
namel__fm(z,t) =

hcomp__fm(fst_fm,snd_fm,z,t)

lemma sats _namel_ fm :
[ z € nat; y € nat;env € list(A) |
= sats(A, namel _fm(z,y), env) <—
is_namel (##A, nth(z,env), nth(y,env))
unfolding namel_fm_ def is _namel def using sats fst_fm sats _snd_fm
sats_hcomp__fm[of A is_fst(##A) _ fst_fm is_snd(##A)] by simp

lemma is namel iff sats:
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assumes

nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
shows

is_namel (##A4,aa,bb) +— sats(A,namel_fm(a,b), env)
using assms
by (simp add:sats_namel _fm)

definition
is_snd_snd :: (i=0)=i=i=0 where
is_snd_snd(M,z,t) = is_hcomp(M,is_snd(M),is_snd(M),z,t)

definition
snd_snd_fm :: [i,i]=1 where
snd_snd_fm(z,t) = hcomp_ fm(snd_fm,snd_fm,z,t)

lemma sats _snd2_fm :
[ = € nat; y € nat;env € list(A) ]
= sats(A,snd_snd_fm(z,y), env) «—
is_snd_snd(##A, nth(z,env), nth(y,env))
unfolding snd_snd_fm_ def is_snd__snd__def using sats snd__fm
sats_hcomp__fm[of A is_snd(##A) _ snd_fm is_snd(##A)] by simp

definition
is_name2 :: (i=0)=i=i=0 where
is_name2(M,x,t3) = is_hcomp(M,is_fst(M),is_snd_snd(M),z,t3)

definition
name2_fm :: [i,i] = i where
name2_fm(z,t8) = hcomp_ fm(fst_fm,snd_snd_ fm,z,t3)

lemma sats _name2_fm :
[ z € nat; y € nat;env € list(A) |
= sats(A,name2_fm(z,y), env) <—
is_name2(##A, nth(z,env), nth(y,env))
unfolding name2_fm_ def is_name2_def using sats_fst_fm sats_snd2_fm
sats_hcomp_fm[of A is_fst(##A) _ fst_fm is_snd_snd(##A)] by simp

lemma is name2_iff sats:
assumes
nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
shows
is_name2(##A,aa,bb) +— sats(A,name2_fm(a,b), env)
using assms
by (simp add:sats_name2_fm)

definition

is_cond_of :: (i=0)=i=i=0 where
is_cond_of (M,x,t}) = is_hcomp(M is_snd(M),is_snd_snd(M),z,t4)
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definition
cond_of fm :: [i,i] = i where
cond_of fm(z,t4) = hcomp_fm(snd_fm,snd_snd_fm,z,t4)

lemma sats_cond_of fm :
[ z € nat; y € nat;env € list(A) |
= sats(A,cond_of fm(x,y), env) +—
is_cond_of (##A, nth(xz,env), nth(y,env))
unfolding cond_of fm_defis cond_of def using sats snd_fm sats snd2_fm
sats_hcomp_fm[of A is_snd(##A) _ snd_fm is_snd_snd(##A)] by simp

lemma is cond_of iff sats:
assumes
nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
shows
is_cond_of (##A,aa,bb) <— sats(A,cond_of fm(a,b), env)
using assms
by (simp add:sats _cond__of fm)

lemma components_type[TC)| :
assumes a€nat benat
shows
ftype__fm(a,b)€ formula
namel__fm(a,b)€formula
name2_fm(a,b)€formula
cond_of _fm(a,b)€formula
using assms
unfolding ftype fm_ def fst_fm_def snd_fm_ def snd_snd_fm__def namel__fm__def
name2__fm__def
cond__of fm__def hcomp__fm__def
by simp__all

lemmas sats _components_fm[simp] = sats_ftype_fm sats _namel fm sats _name2_fm
sats_cond__of _fm

lemmas components iff sats = is_ftype iff satsis _namel iff satsis name2_iff sats
is_cond_of iff sats

lemmas components_defs = fst_fm_ def ftype_fm__def snd_fm__def snd__snd__fm__def

hcomp__fm__def
namel _fm__def name2_fm__ def cond_of fm_ def

definition
is_eclose_n :: [i=0,[i=>0,i,i]]=0,i,i]] = o where
is_eclose_n(N,is_name,en,t) =
Ini1[N].3s1[N]. is_name(N,t,n1) A is_singleton(N,nl,s1) A is_eclose(N,s1,en)

definition
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eclose_nl_fm :: [i,i] = i where
eclose_nl_fm(m,t) = Ezists(Exists(And(And(namel _fm(t#+2,0),singleton_fm(0,1)),
is_eclose_fm(1,m#+2))))

definition
eclose_n2_fm :: [i,i] = i where
eclose_n2_fm(m,t) = Exists(Exists(And(And(name2_fm(t#-+2,0),singleton_fm(0,1)),
is_eclose_fm(1,m#+2))))

definition
is_ecloseN :: [i=>0,i,i]] = o where
is_ecloseN(N,en,t) = Jenl[N].3 en2[N].
is_eclose_n(N,is_namel enl,t) A is_eclose_n(N,is_name2,en2,t)\
union(N,enl en2,en)

definition
ecloseN__fm :: [i,i]] = i where
ecloseN_fm(en,t) = Exists(Exists(And(eclose_n1_fm(1 t#+2),
And(eclose_n2_fm(0,t#+2),union_fm(1,0,en#+2)))))
lemma ecloseN_fm_type [TC] :
[ en € nat ; t € nat | = ecloseN_fm(en,t) € formula
unfolding ecloseN_fm_ def eclose_ni1_fm_ def eclose_n2_fm_ def by simp

lemma sats_ecloseN_fm [simp]:
[ en € nat; ¢t € nat ; env € list(4) ]
= sats(A, ecloseN_fm(en,t), env) +— is_ecloseN (##A,nth(en,env),nth(t,env))
unfolding ecloseN__fm_ defis ecloseN _def eclose_nl1_fm_ def eclose_n2_fm_ def
is_eclose_n__def
using nth_ 0 nth_ Consl sats_namel fm sats _name2_fm
is_singleton__iff _sats[symmetric]
by auto

definition
frecR :: i = i = o where
frecR(z,y) =
(ftype(z) = 1 A ftype(y) = 0
A (namel(z) € domain(namel(y)) U domain(name2(y)) A (name2(x) =
namel (y) V name2(z) = name2(y))))
V (ftype(z) = 0 A ftype(y) = 1 A namel(z) = namel(y) A name2(z) €
domain(name2(y)))

lemma frecR__ ftypeD :
assumes frecR(z,y)

shows (ftype(z) = 0 A ftype(y) = 1) V (ftype(z) = 1 A ftype(y) = 0)
using assms unfolding frecR__def by auto

lemma frecRI1: s € domain(nl) V s € domain(n2) = frecR({1, s, n1, q), (0,
ni, n2, q'))
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unfolding frecR__def by (simp add:components__simp)

lemma frecRI1": s € domain(nl) U domain(n2) = frecR({1, s, nl, q), (0, nl,

n2, q))
unfolding frecR__def by (simp add:components__simp)

lemma frecRI2: s € domain(nl) V s € domain(n2) = frecR({1, s, n2, q), (0,
ni, n2, q'))
unfolding frecR__def by (simp add:components__simp)

lemma frecRI2": s € domain(nl) U domain(n2) = frecR({1, s, n2, q), (0, nl,

n2, q'))
unfolding frecR_def by (simp add:components__simp)

lemma frecRI3: (s, r) € n2 = frecR((0, nl, s, q), (1, n1, n2, ¢))
unfolding frecR__def by (auto simp add:components__simp)

lemma frecRI3": s € domain(n2) = frecR({0, nl, s, q), (1, n1, n2, ¢))
unfolding frecR__def by (auto simp add:components__simp)

lemma frecR__iff :
frecR(z,y) <+—
(ftype(z) = 1 A ftype(y) = 0
A (namel(z) € domain(namel(y)) U domain(name2(y)) A (name2(z) =
namel (y) V name2(z) = name2(y))))
V (ftype(z) = 0 A ftype(y) = 1 A namel(z) = namel(y) A name2(z) €
domain(name2(y)))
unfolding frecR_def ..

lemma frecR_D1 :
frecR(z,y) = ftype(y) = 0 = ftype(z) = 1 A
(namel(z) € domain(namel(y)) U domain(name2(y)) A (name2(z) =
namel (y) V name2(z) = name2(y)))
using frecR__iff
by auto

lemma frecR_D2 :
frecR(z,y) = ftype(y) = 1 ftype(z) = 0 A
ftype(z) = 0 A ftype(y) = 1 A namel(z) = namel(y) A name2(z) €
domain(name2(y))
using frecR__iff
by auto

lemma frecR_ DI :
assumes frecR({a,b,c,d),(ftype(y),namel (y),name2(y),cond_of (y)))
shows frecR((a,b,c,d),y)
using assms unfolding frecR__def by (force simp add:components__simp)
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definition
is_frecR :: [i=o0,i,i] = o where
is_frecR(M,z,y) = 3 ftz[M]. 3 niz[M]. In2z[M]. 3 fty[M]. Iniy[M]. I n2y[M].
Idn1[M]. I dn2[M].
is_ftype(M,xz,ftx) A is_namel (M,z,nlz)A is_name2(M,z,n2z) A
is_ftype(M,y,fty) A is_namel (M,y,nly) A is_name2(M,y,n2y)
A is_domain(M,nly,dnl) A is_domain(M,n2y,dn2) A
( (numberl (M., ftz) N empty(M.fty) A (nlz € dnl V nlz € dn2) A (n2z
= nly V n2z = n2y))
V (empty(M,ftx) A number! (M, fty) A nlx = nly A n2x € dn2))

schematic__goal sats frecR_ fm__auto:
assumes
i€nat jenat envelist(A) nth(i,env) = a nth(j,env) = b
shows
is_frecR(#4A,a,b) +— sats(A,?fr_fm(i,j),env)
unfolding is frecR_ def is_Collect_ def
by (insert assms ; (rule sep_rules’ cartprod_iff sats components iff sats
| simp del:sats__cartprod_fm)+)

synthesize frecR_ fm from__schematic sats frecR_ fm__auto

lemma eq ftypep_not_ frecrR:
assumes ftype(z) = ftype(y)
shows — frecR(z,y)
using assms frecR__ ftypeD by force

definition
rank_names :: i = { where
rank_names(x) = maz(rank(namel (z)),rank(name2(z)))

lemma rank_names_types [TC]:
shows Ord(rank_names(z))
unfolding rank names def max_def using Ord_rank Ord__Un by auto

definition
mitype_ form :: i = i where
mtype_form(z) = if rank(namel (z)) < rank(name2(z)) then 0 else 2

definition
type_form :: i = ¢ where
type_form(z) = if ftype(x) = 0 then 1 else miype_ form(x)

lemma type_form_tc [TC]:

shows type_form(z) € 3
unfolding type form__def mtype_form__def by auto
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lemma frecR_le_rnk_names :
assumes frecR(z,y)
shows rank_names(z)<rank_names(y)
proof -
obtain a b ¢ d where
H: a = namel(z) b = name2(z)
¢ = namel(y) d = name2(y)
(a € domain(c)Udomain(d) A (b=c V b= d)) V (a = ¢ A b € domain(d))
using assms unfolding frecR__ def by force
then
consider
(m) a € domain(c) N (b
| (n) a € domain(d) A (
| (0) b € domain(d) A a
by auto
then show %thesis proof(cases)
case m
then
have rank(a) < rank(c)
using eclose_rank_It in_dom__in__eclose by simp
with <rank(a) < rank(c)> Hm
show ?thesis unfolding rank_names_def using Ord_rank max__cong max__cong?2
leI by auto
next
case n
then
have rank(a) < rank(d)
using eclose__rank_ It in__dom__in__eclose by simp
with <rank(a) < rank(d)> Hn
show ?thesis unfolding rank_names_def
using Ord__rank max__cong2 max__cong maz_commutes|of rank(c) rank(d)]
lel by auto
next
case 0
then
have rank(b) < rank(d) (is %0 < 2d) rank(a) = rank(c) (is %a = )
using eclose__rank It in_dom__in__eclose by simp__ all
with H
show ?thesis unfolding rank_names_def
using Ord__rank max__commutes max__cong2[OF leI[OF «?b < ?d)], of ?a]
by simp
qed
qed

cVb=d)
b=cVb=d)

C

definition
I':: i = 7 where
[(z) = 8 #* rank_names(z) ++ type_ form(z)
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lemma I' _type [TC]:
shows Ord(I'(z))
unfolding I def by simp

lemma I' _mono :
assumes frecR(z,y)
shows I'(z) < I'(y)
proof -
have F': type_form(z) < 3 type_form(y) < 3
using It by simp_all
from assms
have A: rank_names(z) < rank_names(y) (is %z < ?y)
using frecR_le_rnk _names by simp
then
have Ord(?%y) unfolding rank names_def using Ord_rank max_def by simp
note [eE[OF «?z<7y]
then
show ?thesis
proof (cases)
case I
then
show ?thesis unfolding I _def using oadd It mono2 <%x < %y F by auto
next
case 2
consider (a) ftype(z) = 0 A ftype(y) = 1 | (b) ftype(z) = 1 A ftype(y) = 0
using frecR_ ftypeD[OF <frecR(z,y)>] by auto
then show ?thesis proof(cases)
case b
then
have type form(y) = 1
using type_form__def by simp
from b
have H: name2(z) = namel(y) V name2(z) = name2(y) (is 97 = %'V o1
= 21
namel (z) € domain(namel (y)) U domain(name2(y))
(is %0 € domain(%0’) U domain(?7’))
using assms unfolding type form_ def frecR__def by auto
then
have E: rank(?1) = rank(%0’) V rank(%1) = rank(?7") by auto
from H
consider (a) rank(?c) < rank(%") | (b) rank(%c) < rank(%r’)
using eclose__rank_It in__dom__in__eclose by force
then
have rank(%0) < rank(?r) proof (cases)
case a
with «rank_names(z) = rank_names(y) »
show ?Zthesis unfolding rank_names__def mtype_form__def type_ form__def
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using maz_D2[OF E a]
E assms Ord_rank by simp
next
case b
with «rank_names(z) = rank_names(y) »
show ?thesis unfolding rank_names_ def mtype_form__def type_form__def

using maz_D2[OF __ b] maz__commutes E assms Ord__rank disj_commute
by auto
qed
with b
have type_ form(z) = 0 unfolding type_ form__def mtype_ form__def by simp
with «rank_names(z) = rank_names(y) » <type_form(y) = 1» <type_form(x)
=0
show ?thesis
unfolding I def by auto
next
case a
then
have namel (z) = namel (y) (is %0 = %)
name2(z) € domain(name2(y)) (is ¢ € domain(?7’))
type_form(z) = 1
using assms unfolding type form_ def frecR__def by auto
then
have rank(%0) = rank(?c’) rank(?1) < rank(?1’)
using eclose_rank_It in__dom_in__eclose by simp__all
with <rank_names(xz) = rank_names(y) »
have rank(?r’) < rank(%0’)
unfolding rank names_def using Ord_rank max_D1 by simp
with a
have type_form(y) = 2
unfolding type form__def mtype_form__def using not_lt_iff le assms by
simp
with «rank_names(z) = rank_names(y) » <type_form(y) = 2» <type_form(x)
=1
show ?thesis
unfolding I'_def by auto
qed
qed
qed

definition
frecrel :: i = { where
frecrel(A) = Rrel(frecR,A)

lemma frecrell :
assumes z € A y€A frecR(x,y)
shows (z,y)€Efrecrel(A)
using assms unfolding frecrel _def Rrel def by auto
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lemma frecrelD :
assumes (z,y) € frecrel(A1xA2xA3xA4)
shows ftype(z) € Al ftype(x) € Al
namel (z) € A2 namel(y) € A2 name2(z) € A3 name2(z) € A3
cond_of (z) € A4 cond_of(y) € A4
frecR(z,y)
using assms unfolding frecrel def Rrel_def ftype def by (auto simp add:components__simp)

lemma wf frecrel :
shows wf (frecrel(A))
proof -
have frecrel(A) C measure(A,I")
unfolding frecrel def Rrel def measure def
using I'_mono by force
then show ?thesis using wf _subset wf _measure by auto
qed

lemma core induction auzx:
fixes A1 A2 :: ¢

assumes

Transset(A1)

AT 9 p. pe A2 = [Nq o. [ ¢€¢A2 ; oc€domain(V)] = Q(0,7,0,9)] =
Q(-ZaTvﬁvp)

AT 9 p. pe A2 = [Aq o. [ ¢€¢A2 ; o€domain(T) U domain(¥)] =
Q(1,0,7,9) A Q(1,09,9)] = Q(0,7,9,p)
shows a€2xA1xA1xA2 = Q(ftype(a),namel (a),name2(a),cond_of(a))
proof (induct a rule:wf _induct[OF wf_frecrellof 2x A1 xA1xA2]])
case (1 z)
let 7 = namel(x)
let 29 = name2(z)
let 2D = 2xA1xA1xA2
assume z € ?D
then
have cond_of(z)€A2
by (auto simp add:components__simp)
from «z€?D>
consider (eq) ftype(x)=0 | (mem) ftype(z)=1
by (auto simp add:components__simp)
then
show Zcase
proof cases
case eq
then
have Q(1, o, 21, ¢) A Q(1, o, 29, q) if 0 € domain(?T) U domain(?)) and
qgeA2 for q o
proof -
from 1
have A: 1€ A1 29€ Al ?r€eclose(Al) ?W€eclose(Al)
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using arg_into_eclose by (auto simp add:components__simp)
with <«Transset(A1)» that(1)
have ogeeclose(?1) U eclose( 79)
using in__dom__in__eclose by auto
then
have cc A1
using mem__eclose__subset[OF <?r€A1>] mem__eclose__subset|OF «?29€A1)]

Transset__eclose__eq _arg[OF < Transset(A1)]
by auto
with (q€A2) «?29 € A1y <cond_of (x)€A2) «?T7€A1»
have frecR({1, o, ?1, q), z) (is frecR(?T,_))
frecR((1, o, 79, q), x) (is frecR(?U,_))
using frecRI1'|OF that(1)] frecR_DI «ftype(z) = 0>
frecRI2'[OF that(1)]
by (auto simp add:components__simp)
with «x€?2D) <oc€A1) (q€A2>
have (?T,x)€ frecrel(?D) (?U,z)€ frecrel(?D)
using frecrell[of ?T D z] frecrell[of ?U ?D x| by (auto simp add:components__simp)
with g€ A2y «c€Al) «?1€A1) «(2WEAL
have Q(1, o, %1, ¢q) using 1 by (force simp add:components__simp)
moreover from (¢€A2y «0€A1y «?1€Aly «2I€Aly (?U,x)€ frecrel(?D))
have Q(1, o, %, q) using 1 by (force simp add:components__simp)
ultimately
show ?thesis using A by simp
qged
then show ?thesis using assms(3) «ftype(z) = 0> <cond_of (x)€EA2> by auto
next
case mem
have Q(0, ?r, o, q) if 0 € domain(?9) and ¢eA2 for q o
proof -
from 1 assms
have ?r€ A1 29€ A1 cond_of (x)€A2 ?r€eclose(Al) #ceclose(Al)
using arg_into_eclose by (auto simp add:components__simp)
with «Transset(A1)» that(1)
have o€ eclose( 29)
using in__dom_in__eclose by auto
then
have o€ A1
using mem,__eclose__subset| OF <29€ A1)] Transset__eclose__eq _arg|OF < Trans-
set(A1)]
by auto
with (q€ A2y «?29 € A1y <cond_of (x)€A2) «?T7€AI1>
have frecR({0, %7, o, q), z) (is frecR(?T,_))
using frecRI3'[OF that(1)] frecR_DI «<ftype(z) = 1>
by (auto simp add:components__simp)
with <z€?D) <«c€A1lr <qe A2y <?7€Al>
have (?T,z)€ frecrel(?D) ?T€?D
using frecrell[of ?T ?D x| by (auto simp add:components__simp)
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with «(¢q€A2y <o€Al) <?17€Al) (PI€Al> 1
show %thesis by (force simp add:components__simp)
qed
then show ?thesis using assms(2) <ftype(z) = 1» <cond_of (z)€A2> by auto
qed
qed

lemma def frecrel : frecrel(A) = {z€AxA. Fzy. z = (x, y) A frecR(z,y)}
unfolding frecrel def Rrel def ..

lemma frecrel fst snd:
frecrel(A) = {z € AxA .
Jtype(fst(z)) = 1 A
ftype(snd(z)) = 0 A namel(fst(z)) € domain(namel(snd(z))) U do-
main(name2(snd(z))) A
(name2(fst(z)) = namel (snd(z)) V name2(fst(z)) = name2(snd(z)))
vV (ftype(fst(z)) = 0 A
ftype(snd(z)) = 1 N namel(fst(z)) = namel(snd(z)) N name2(fst(z)) €
domain(name2(snd(z))))}
unfolding def frecrel frecR__def
by (intro equalityl subsetl Collectl; elim CollectE; auto)

end

16 Arities of internalized formulas

theory Arities
imports FrecR
begin

lemma arity_upair_fm : [ t1€nat ; t2€nat ; upEnat | =
arity(upair_fm(t1,t2,up)) = |J {succ(t1),succ(t2),succ(up)}
unfolding wupair fm_ def
using nat_union__absl nat_union__abs2 pred_Un
by auto

lemma arity_pair_fm : [ tl1€nat ; t2€nat ; penat | =
arity(pair_fm(t1,t2,p)) = U {succ(tl),succ(t2),succ(p)}
unfolding pair_fm_ def
using arity_upair__fm nat_union__absl nat_union__abs2 pred_Un
by auto

lemma arity composition_ fm :

[ r€nat ; s€nat ; tenat | = arity(composition_fm(r,s,t)) = J {suce(r),
suce(s), suce(t)}

unfolding composition_ fm,__def

using arity_pair_fm nat_union__absl nat_union__abs2 pred_ Un__distrib

by auto
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lemma arity domain_ fm :
[ renat ; ze€nat | = arity(domain_ fm(r,z)) = suce(r) U succ(z)
unfolding domain_ fm__ def
using arity_pair_fm nat_union__absl nat_union__abs2 pred_ Un__distrib
by auto

lemma arity range_fm :
[ renat ; zenat | = arity(range_fm(r,z)) = succ(r) U succ(z)
unfolding range fm _ def
using arity_pair_fm nat_union__absl nat_union__abs2 pred_ Un__distrib
by auto

lemma arity union_ fm :

[ zenat ; yenat ; z€nat | = arity(union_fm(x,y,2)) = |J {succ(z), succ(y),
suce(z)}

unfolding union_ fm_ def

using nat_union__absl nat_union__abs2 pred_ Un__distrib

by auto

lemma arity image_fm :

[ z€nat ; yenat ; z€nat | = arity(image__fm(z,y,2)) = U {succ(z), succ(y),
suce(z)}

unfolding image fm __def

using arity_pair_fm mnat_union__absl nat_union__abs2 pred_ Un__distrib

by auto

lemma arity pre image_fm :

[ z€nat ; yEnat ; z€nat | = arity(pre_image_fm(z,y,2)) = U {suce(z),
suce(y), suce(z)}

unfolding pre image_fm_ def

using arity_pair_fm mnat_union__absl nat_union__abs2 pred_ Un__distrib

by auto

lemma arity big union_ fm :
[ zenat ; yenat | = arity(big _union_fm(z,y)) = succ(z) U succ(y)
unfolding big union_ fm_ def
using nat_union__absl nat_union__abs2 pred_ Un__distrib
by auto

lemma arity fun_apply_fm :
[ zenat ; yenat ; fenat | =
arity(fun__apply_fm(f,x,y)) = succ(f) U suce(z) U suce(y)
unfolding fun__apply fm_ def
using arity__upair_fm arity_image__fm arity_big_union_ fm nat_union__abs2
pred__Un__distrib
by auto
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lemma arity field fm :
[ renat ; z€nat | = arity(field_fm(r,z)) = suce(r) U succ(z)
unfolding field fm_ def
using arity pair_fm arity _domain__fm arity_range fm arity__union__fm
nat_union__absl nat_union__abs2 pred__Un__distrib
by auto

lemma arity _empty fm :
[ renat | = arity(empty_fm(r)) = succ(r)
unfolding empty fm_ def
using nat_union__absl nat_union__abs2 pred_ Un__distrib
by simp

lemma arity succ_fm :
[xenat;yenat] = arity(succ_fm(z,y)) = suce(z) U suce(y)
unfolding succ_fm_ def cons_fm_ def
using arity_upair_fm arity _union_ fm nat_union__abs2 pred_Un__ distrib
by auto

lemma numberlarity _ fm :
[ renat | = arity(numberl_fm(r)) = succ(r)
unfolding numberl_fm__ def
using arity _empty_fm arity_succ_fm nat_union__absl nat_union__abs2 pred_ Un__distrib
by simp

lemma arity function_ fm :
[ renat | = arity(function_ fm(r)) = succ(r)
unfolding function_fm__ def
using arity pair_fm nat_union__absl nat_union__abs2 pred_ Un__distrib
by simp

lemma arity relation_ fm :
[ renat | = arity(relation_fm(r)) = suce(r)
unfolding relation_fm__ def
using arity pair_fm nat_union__absl nat_union__abs2 pred_ Un__distrib
by simp

lemma arity restriction_ fm :
[ renat ; zenat ; Aenat | = arity(restriction_fm(A,z,r)) = succ(A) U suce(r)
U suce(z)
unfolding restriction_ fm_ def
using arity_pair_fm nat_union__abs2 pred_ Un__distrib
by auto

lemma arity typed_ function_fm :

[ zenat ; yenat ; fenat | =
arity(typed_function_fm(f,x,y)) = U {suce(f), succ(x), suce(y)}
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unfolding typed_ function_fm_ def

using arity _pair_fm arity relation_fm arity_function_fm arity _domain__fm
nat_union__abs2 pred_ Un__distrib

by auto

lemma arity subset_fm :
[z€nat ; yenat] = arity(subset_fm(z,y)) = suce(z) U succ(y)
unfolding subset_fm_ def
using nat_union__abs2 pred_Un__distrib
by auto

lemma arity transset_fm :
[xenat] = arity(transset_fm(z)) = succ(z)
unfolding transset_fm__ def
using arity_subset_fm nat_union__abs2 pred_ Un__distrib
by auto

lemma arity_ordinal__fm :
[zenat] = arity(ordinal_fm(z)) = suce(x)
unfolding ordinal_fm__ def
using arity_transset_fm nat_union__abs2 pred_ Un_ distrib
by auto

lemma arity limit_ordinal__fm :
[zenat] = arity(limit_ordinal_fm(z)) = succ(x)
unfolding limit_ordinal _fm_ def
using arity ordinal fm arity succ_fm arity _empty_fm nat_union__abs2 pred_ Un__distrib
by auto

lemma arity_finite_ordinal__fm :

[xenat] = arity(finite_ordinal_fm(z)) = succ(zx)

unfolding finite_ordinal_fm_ def

using arity_ordinal_fm arity_limit_ordinal__fm arity_succ_fm arity__empty_fm

nat_union__abs2 pred_ Un__distrib
by auto

lemma arity omega_ fm :
[z€nat] = arity(omega_ fm(z)) = succ(z)
unfolding omega_ fm_ def
using arity_limit_ordinal _fm nat_union__abs2 pred_ Un__ distrib
by auto

lemma arity cartprod_fm :

[ Aenat ; Benat ; z€nat | = arity(cartprod_fm(A,B,z)) = succ(A) U suce(B)
U suce(z)

unfolding cartprod_ fm_ def

using arity_pair_fm nat_union__abs2 pred_ Un__ distrib
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by auto

lemma arity_fst_fm :
[zenat ; tenat] = arity(fst_fm(z,t)) = succ(z) U suce(t)
unfolding fst fm_ def
using arity_pair_fm arity__empty_ fm nat_union__abs2 pred_ Un__distrib
by auto

lemma arity _snd_fm :
[xenat ; tenat] = arity(snd_fm(x,t)) = suce(z) U succ(t)
unfolding snd_ fm_ def
using arity_pair_fm arity _empty_fm nat_union__abs2 pred_ Un__distrib
by auto

lemma arity snd_snd_fm :
[xenat ; tenat] = arity(snd_snd_fm(z,t)) = succ(z) U succ(t)
unfolding snd_snd_fm_ def hcomp_ fm_ def
using arity_snd__fm arity__empty fm nat_union__abs2 pred_ Un__ distrib
by auto

lemma arity_ ftype fm :
[xenat ; tenat] = arity(ftype__fm(z,t)) = succ(z) U suce(t)
unfolding ftype fm_ def
using arity_fst_fm
by auto

lemma namelarity__ fm :
[xenat ; tenat] = arity(namel__fm(z,t)) = succ(x) U suce(t)
unfolding namel_fm_ def hcomp_fm__def
using arity fst_fm arity_snd_fm nat_union__abs2 pred_ Un__distrib
by auto

lemma nameZarity___fm :
[z€nat ; tenat] = arity(name2_fm(z,t)) = succ(z) U suce(t)
unfolding name2_fm__def hcomp__fm__def
using arity_fst_fm arity _snd_snd_fm nat_union__abs2 pred_ Un__distrib
by auto

lemma arity cond_of fm :
[z€nat ; tenat] = arity(cond_of _fm(z,t)) = succ(z) U suce(t)
unfolding cond _of fm_def hcomp_fm_ def
using arity _snd__fm arity_snd_snd__fm nat_union__abs2 pred_Un__distrib
by auto

lemma arity singleton__fm :
[zenat ; tenat] = arity(singleton_ fm(x,t)) = succ(z) U suce(t)
unfolding singleton_fm__ def cons_fm__def
using arity _union__fm arity__upair__fm arity__empty_fm nat_union__abs2 pred_ Un__distrib
by auto
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lemma arity  Memrel fm :
[zenat ; tenat] = arity(Memrel_fm(z,t)) = succ(z) U succ(t)
unfolding Memrel fm_ def
using arity_pair_fm nat_union__abs2 pred_ Un__distrib
by auto

lemma arity quasinat_fm :
[zenat] = arity(quasinat_fm(z)) = suce(z)
unfolding quasinat_fm_ def cons_fm__ def
using arity_succ_fm arity__empty_fm
nat_union__abs2 pred_ Un__distrib
by auto

lemma arity is recfun_fm :
[p€formula ; vEnat ; nEnat; Zenat;i€nat] = arity(p) = i =
arity(is_recfun_fm(p,v,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(pred(pred(1))))
unfolding s recfun_fm_ def
using arity upair__fm arity__pair__fm arity__pre_image_ fm arity_restriction__fm
nat_union__abs2 pred_ Un__distrib
by auto

lemma arity is wfrec_fm :
[peformula ; vEnat ; nEnat; Zenat ; i€nat] = arity(p) = i =
arity(is_wfrec_fm(p,v,n,7)) = succ(v) U succ(n) U succ(Z) U pred(pred(pred(pred(pred(i)))))
unfolding is wfrec_fm_ def
using arity_succ_fm arity is_recfun_ fm
nat_union__abs2 pred_ Un__distrib
by auto

lemma arity is nat_case_fm :
[p€formula ; vEnat ; nEnat; ZEnat; i€nat] = arity(p) = i =
arity(is_nat_case_fm(v,p,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(i))
unfolding is nat_case_fm_ def
using arity _succ_fm arity_empty_fm arity _quasinat_fm
nat_union__abs2 pred_ Un__distrib
by auto

lemma arity iterates MH _fm :

assumes isFeformula vEnat nEnat genat zEnat 1€nat

arity(isF') = i
shows arity(iterates MH__fm(isF,v,n,g,2)) =
suce(v) U suce(n) U suce(g) U suce(z) U pred(pred(pred(pred(i))))

proof -

let %p = Exists(And(fun_apply_fm(succ(succ(suce(y))), 2, 0), Forall(Implies( Equal(0,
2), isF))))

let Zar = succ(suce(suce(g))) U pred(pred(7))

from assms

have arity(%p) =%ar ?pcformula
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using arity_fun__apply _fm
nat__union__absl nat_union__abs2 pred_ Un__distrib succ_Un__distrib Un__assoc[symmetric]
by simp__all
then
show ?thesis
unfolding iterates MH _fm_ def
using arity_is_nat_case fm[OF <%p€_»
pred__succ__eq pred__ Un__distrib
by auto
qged

carity(%p) = _ ] assms

lemma arity is iterates fm :
assumes peEformula vEnat nEnat ZEnat i€nat
arity(p) = i
shows arity(is_iterates_fm(p,v,n,Z)) = succ(v) U suce(n) U suce(Z) U
pred(pred(pred(pred(pred(pred(pred(pred(pred(pred(pred(i)))))))))))
proof -
let %p = iterates. MH_fm(p, T#+v, 2, 1, 0)
let ) = is_wfrec_fm(%p, 0, succ(succ(n)),succ(succ(Z)))
from <ve_
have arity(?p) = (8#+v) U pred(pred(pred(pred()))) Zp€formula
using assms arity_iterates  MH_fm nat_union__abs2
by simp__all
then
have arity( %)) = succ(succ(succ(n))) U succ(succ(succ(Z))) U (3#+v) U
pred(pred(pred(pred(pred(pred(pred(pred(pred(i)))))))))

using assms arity_is_wfrec_fm[OF <%pc_» _ _ _ _ carity(%p) = _]
nat_union__absl pred_ Un__distrib
by auto
then

show ?thesis
unfolding is iterates_fm_ def
using arity  Memrel_fm arity__succ_ fm assms nat_union__abs1 pred_ Un__distrib
by auto
qed

lemma arity _eclose_n_ fm :
assumes Acnat z€nat tenat
shows arity(eclose_n_fm(A,z,t)) = succ(A) U succ(z) U succ(t)
proof -
let %o = big_union_fm(1,0)
have arity(?p) = 2 %peformula
using arity big _union_fm nat_union__abs2
by simp__all
with assms
show ?thesis
unfolding eclose_n_ fm_ def
using arity_is_iterates_fm[OF <%pe_> _ _ _jof _ _ _ 2]
by auto
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qed

lemma arity _mem__eclose_fm :
assumes zenat tenat
shows arity(mem__eclose__fm(z,t)) = succ(x) U succ(t)
proof -
let %p=eclose_n_fm(z #+ 2, 1, 0)
from <zEnat)
have arity(?%p) = z#+3
using arity eclose_n_ fm nat_union__abs2
by simp
with assms
show ?thesis
unfolding mem,__eclose_fm__def
using arity finite_ordinal_fm nat__union__abs2 pred_ Un__distrib
by simp
qed

lemma arity is eclose_fm :
[zenat ; tenat] = arity(is_eclose_fm(z,t)) = succ(x) U succ(t)
unfolding is eclose_ fm__def
using arity _mem__eclose_ fm nat_union__abs2 pred_ Un__distrib
by auto

lemma eclose_nlarity _ fm :

[xenat ; tenat] = arity(eclose_nl_fm(z,t)) = succ(z) U succ(t)

unfolding eclose_ni_fm_ def

using arity is _eclose fm arity_singleton_fm namelarity__ fm nat_union__abs2
pred__Un__distrib

by auto

lemma eclose_n2arity___ fm :

[xenat ; tenat] = arity(eclose_n2_fm(z,t)) = succ(z) U succ(t)

unfolding eclose_n2_fm_ def

using arity _is_eclose_fm arity_singleton_fm nameZ2arity___fm nat_union__abs2
pred__Un__distrib

by auto

lemma arity ecloseN__fm :

[z€nat ; tenat] = arity(ecloseN_fm(x,t)) = succ(z) U succ(t)

unfolding ecloseN_fm,_ def

using eclose_nlarity  fm eclose_nZ2arity __ fm arity_union__fm nat_union__abs2
pred__Un__distrib

by auto

lemma arity_frecR_ fm :
[a€nat;benat] = arity(frecR_fm(a,b)) = succ(a) U succ(b)
unfolding frecR_fm__def
using arity_ftype_fm namelarity___fm name2arity___fm arity_domain__fm

145



numberlarity__ fm arity _empty fm nat_union__abs2 pred_ Un_ distrib
by auto

lemma arity Collect_fm :
assumes z € nat y € nat peformula
shows arity(Collect _fm(x,p,y)) = succ(z) U succ(y) U pred(arity(p))
unfolding Collect fm_ def
using assms pred_Un__distrib
by auto

end

17 The definition of forces

theory Forces Definition imports Arities FrecR Synthetic_ Definition begin

This is the core of our development.

17.1 The relation frecrel

definition
frecrelP :: [i=0,i] = o where
frecrelP(M,xy) = (3x[M]. y[M)]. pair(M,z,y,zy) A is_frecR(M,z,y))

definition
frecrelP_fm :: i = i where
frecrelP_fm(a) = Ewists(Erxists(And(pair_fm(1,0,a#+2).frecR_fm(1,0))))

lemma arity_frecrelP_fm :
a€nat = arity(frecrelP_fm(a)) = succ(a)
unfolding frecrelP_fm __def
using arity frecR_ fm arity_pair_fm pred_ Un__ distrib
by simp

lemma frecrelP_fm_ type[TC] :
a€nat = frecrelP_fm(a)€formula
unfolding frecrelP _fm__def by simp

lemma sats_frecrelP_fm :
assumes a€nat envelist(A)
shows sats(A,frecrelP_fm(a),env) +— frecrelP(## A,nth(a, env))
unfolding frecrelP__def frecrelP__fm,__def
using assms by (auto simp add:frecR__fm__iff _sats[symmetric])

lemma frecrelP_iff sats:
assumes
nth(a,env) = aa a€ nat env € list(A)
shows
frecrelP(## A,aa) +— sats(A, frecrelP_fm(a), env)
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using assms

by (simp add:sats_frecrelP_fm)

definition

is_frecrel :: [i=0,i,i]] = o where

is_frecrel(M,A,r) =3 A2[M]. cartprod(M,A,A,A2) A is_Collect(M,A2, frecrelP(M)
)

definition
frecrel_fm :: [i,i]] = i where
frecrel _fm(a,r) = Exists(And(cartprod_fm(a#t+1,a#+1,0),Collect _fm(0,frecrelP_fm(0),r#+1)))

lemma frecrel _fm_ type[TC] :
[a€nat;benat] = frecrel_fm(a,b)€formula
unfolding frecrel fm_ def by simp

lemma arity_frecrel _fm :

assumes acnat benat

shows arity(frecrel_fm(a,b)) = succ(a) U succ(b)

unfolding frecrel fm __def

using assms arity_ Collect_fm arity__cartprod_fm arity_frecrelP_fm pred_ Un__distrib
by auto

lemma sats_frecrel fm :
assumes
a€nat renat envelist(A)
shows
sats(A,frecrel _fm(a,r),env)
> is_frecrel(## A,nth(a, env),nth(r, env))
unfolding is_frecrel def frecrel fm, _def
using assms

by (simp add:sats_Collect_fm sats_frecrelP_fm)

lemma is_frecrel iff sats:
assumes
nth(a,env) = aa nth(r,env) = rr a€ nat r€ nat env € list(A)
shows
is_frecrel(#4#A, aa,rr) +— sats(A, frecrel_fm(a,r), env)
using assms
by (simp add:sats_frecrel_fm)

definition
names__below :: 1 = 1 = ¢ where
names__below(P,z) = 2xecloseN (z)x ecloseN (x)x P

lemma names_belowsD:
assumes z € names_below(P,z)
obtains f n1 n2 p where
z = (f,nl,n2,p) f€2 nicecloseN(z) n2€ecloseN(z) peP
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using assms unfolding names_below def by auto

definition
is_names_below :: [i=0,i,i,i] = o where
is_names__below(M,P,z,nb) = Ip1[M]. Ap0[M]. Ft[M]. T ec[M].
is_ecloseN(M,ec,x) N number2(M,t) A cartprod(M,ec,P,p0) A cart-
prod(M ,ec,p0,p1)
A cartprod(M ,t,p1,nb)

definition
number2_fm :: i=1 where
number2_fm(a) = Exists(And(numberl _fm(0), succ_fm(0,succ(a))))

lemma number2_fm_ type[TC] :
a€nat = number2_fm(a) € formula
unfolding number2 fm_def by simp

lemma number2arity___fm :
a€nat = arity(number?2_fm(a)) = succ(a)
unfolding number2_fm_ def
using numberlarity__ fm arity succ_fm nat_union__abs2 pred_ Un__distrib
by simp

lemma sats_number2_fm [simp:
[ z € nat; env € list(A) ]
= sats(A, number2_fm(z), env) +— number2(##A, nth(z,env))
by (simp add: number2_fm__def number2_def)

definition
is_names_below_fm :: [i,i,i]] = ¢ where
is_names_below_fm(P,z,nb) = FExists( Erists( Exists( Exists(
And(ecloseN_fm(0,x #+ 4),And(number2_fm(1),
And(cartprod_fm(0,P #+ 4,2),And(cartprod_fm(0,2,8),cartprod_fm(1,3,nb#+4)))))))))

lemma arity is names below fm :
[Penat;zenat;nbenat] = arity(is_names below fm(P,z,nb)) = succ(P) U
suce(z) U suce(nb)
unfolding is names below fm_ def
using arity cartprod_ fm number2arity___ fm arity__ecloseN__fm nat_union__abs2
pred__ Un__distrib
by auto

lemma is_names_below _fm_ type[TC]:
[Penat;zenat;nbenat] = is_names_below_fm(P,z,nb)€ formula
unfolding is names below_fm_def by simp

lemma sats is names_below fm :
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assumes
Penat zenat nbenat envelist(A)

shows
sats(A,is_names_below_fm(P,x,nb),env)
> is_names_below(## A,nth(P, env),nth(z, env),nth(nb, env))

unfolding is names_below_fm_ def is _names_below def using assms by simp

definition
is_tuple :: [i=>0,i,i,1,i,i] = o where
is_tuple(M,z,t1,t2,p,t) = I t1t2p[M]. 3 t2p[M]. pair(M,t2,p,t2p) A pair(M,t1,t2p,t1t2p)
A
pair(M,z,t1t2p,t)

definition
is_tuple_fm(z,t1,t2,p,tup) = Exists(Exists(And(pair_fm(t2 #+ 2,p #+ 2

,0)
And(pair_fm(t1 #+ 2,0,1),pair_fm(z #+ 2,1,tup #+ 2))

0 )
)

lemma arity_is_tuple_fm : [ z€nat ; t1€nat ; t2€nat ; pEnat ; tupEnat | =
arity(is_tuple_fm(z,t1,t2,p,tup)) = J {succ(z),succ(t1),succ(t2),succ(p),succ(tup)}
unfolding is tuple fm_ def
using arity pair_fm nat_union__absl nat_union__abs2 pred_ Un__distrib
by auto

lemma is_tuple_fm_ type[ TC] :
zEnat => t1 €Enat = t2€nat = pEnat = tupEnat => is_tuple fm(z,t1,t2,p,tup)€formula
unfolding is tuple fm_def by simp

lemma sats _is tuple fm :
assumes
z€nat tl€nat t2€nat penat tupenat envelist(A)
shows
sats(A,is_tuple fm(z,t1,t2,p,tup),env)
—— is_tuple(##A,nth(z, env),nth(tl, env),nth(t2, env),nth(p, env),nth(tup,
env))
unfolding is tuple def is_tuple fm_ def using assms by simp

lemma is_tuple iff sats:
assumes
nth(a,env) = aa nth(b,env) = bb nth(c,env) = cc nth(d,env) = dd nth(e,env)
= ee
a€nat bEnat ce€nat denat e€nat env € list(A)
shows
is_tuple(##A,aa,bb,cc,dd,ee) «— sats(A, is_tuple fm(a,b,c,d,e), env)
using assms by (simp add: sats_is_tuple fm)

149



17.2 Definition of forces for equality and membership

definition
eq_case :: [i,i,4,i,i,i] = o where
eq_case(t1,t2,p,P,leq,f) =V s. s€domain(tl) U domain(t2) —
(Vq. geP A {q,p)€leq — (f(1,s,t1,q)=1 +— f{1,s,t2,q) =1))

definition
is_eq case(M,t1,t2,p,P,leq.f) =
Vs[M]. (3d[M]. is_domain(M,t1,d) A s€d) V (3d[M]. is_domain(M,t2,d) A
sed)
— (Vq[M]. qeP A (3 qp[M]. pair(M,q.p,qp) N qpEleq) —
(Fost1q[M]. Fost2q[M]. Fo[M]. Fufl[M]. Fuf2[M].
is_tuple(M,o0,s,t1,q,0st1q) N\
is_tuple(M,0,5,t2,q,0st2q) N\ numberl (M ,o0) N
Jun_apply(M.f,0st1g,0f1) A fun_apply(M.f,0524,0f2) A
(vfl = 0 <— vf2 = 0)))

definition
mem,__case :: [i,i,4,1,i,i] = o where
mem,__case(t1,t2,p,P,leq,f) = VveP. (v,p)Eleq —
(3q. Fs. Ir. reP A geP A (qv)€leq A (s,r) € t2 A (g,r)€leg N f(0,t1,5,9)
=1)

definition
is_mem__case(M,t1,t2,p,P,leq.f) = Vo[M]. Yuop[M]. véP A pair(M,v,p,up) A
upEleq —»
(Fq[M]. Is[M]. Ir[M]. Fqu[M]. Fsr[M]. 3 qr[M]. I 2[M]. 3 zt1sq[M]. I o[ M].
re€ P N\ qeP A pair(M,q,v,qu) A pair(M,s,r,sr) A pair(M,q,r,qr) A
empty(M,z) A is_tuple(M,z,t1,s,q,2t1sq) A
numberl (M,o0) A que€leq N sTret2 A greleq A fun__apply(M,f,2t1sq,0))

schematic__goal sats is mem_ case fm__auto:
assumes
nl €nat n2€nat pEnat PEnat legEnat fEnat envelist(A)
shows
is_mem__case(## A, nth(nl, env),nth(n2, env),nth(p, env),nth(P, env), nth(leq,
env),nth(f,env))
+— sats(A, %ime_fm(nl ,n2,p,P,leq,f),env)
unfolding is mem_ case_ def
by (insert assms ; (rule sep_rules’ is_tuple iff sats | simp)+)

synthesize mem__case_fm from__schematic sats is mem__case_fm _auto
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lemma arity _mem_ case_fm :
assumes
nl€nat n2€nat penat Penat legenat fenat
shows
arity(mem__case__fm(ni,n2,p,P,leq.f)) =
suce(nl) U succ(n2) U suce(p) U succ(P) U suce(leq) U suce(f)
unfolding mem_ case_fm__ def
using assms arity__pair_fm arity _is_tuple fm numberlarity _ fm arity_fun__apply_fm
arity__empty_fm
pred__ Un__distrib
by auto

schematic__goal sats is eq case fm__auto:
assumes
nlenat n2€nat penat Penat legenat fenat envelist(A)
shows
is_eq _case(##A, nth(nl, env),nth(n2, env),nth(p, env),nth(P, env), nth(leq,
env),nth(f,env))
> sats(A, %iec_fm(nl,n2,p,P,leq,f),env)
unfolding is eq case_def
by (insert assms ; (rule sep_rules’ is_tuple iff sats | simp)+)

synthesize eq case fm from__schematic sats is eq case fm_ auto

lemma arity _eq case_fm :
assumes
nl€nat n2€nat penat Penat legenat fenat
shows
arity(eq_case_fm(n1,n2,p,Pleq,f)) =
suce(nl) U suce(n2) U suce(p) U suce(P) U succ(leq) U suce(f)
unfolding eq case_fm_ def
using assms arity__pair_fm arity_is_tuple fm numberlarity___ fm arity_fun_apply_fm
arity__empty_ fm
arity__domain__fm pred_Un__ distrib
by auto

definition
Hfre :: [i,i,i,i] = o where
Hfre(P,leq,fnne,f) = 3ft. Inl. In2. Tc. c€P A fanc = (ft,nl ,n2,c) A
( ft=0 N eq_case(nl,n2,c,P,leq,f)
V ft = 1 A mem__case(nl,n2,c,P,leq.f))

definition
is_Hfrc :: [i=>0,i,i,i,i] = o where
is__Hfrc(M,P,leq,fnnc,f) =
Ift[M]. In1[M]. In2[M]. 3 co[M].
co€P A is_tuple(M,ft,;n1,n2,co,fnnc) A
( (empty(M,ft) A is_eq _case(M,n1,n2,co,P,leq,f))
V (numberl (M, ft) N is_mem_case(M,n1,n2,co,Pleq,f)))
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definition
Hfre_fm :: [i,i,i,i]] = i where
Hfrc__fm(P,leq,fnnce,f) =
Ezists(Exists( Exists( Exists(
And(Member(0,P #+ 4),And(is_tuple _fm(3,2,1,0,fanc #+ 4),
Or(And(empty_fm(3),eq_case_fm(2,1,0,P #+ 4.leq #+ 4.f #+ 4)),
And(numberl _fm(3),mem__case_fm(2,1,0,P #+ 4,leq #+ 4.f #+
)

lemma Hfrc_fm_ type[TC] :
[Penat;legenat; fancenat;fenat] = Hfrc_ fm(P,leq,fnnc,f)€formula
unfolding Hfrc_fm_def by simp

lemma arity  Hfrc fm :

assumes
Penat legenat fnncenat fenat

shows
arity(Hfrc_fm(P,leq,fnnc,f)) = succ(P) U succ(leq) U suce(fnne) U suce(f)

unfolding Hfrc_fm _ def

using assms arity_is_tuple_fm arity _mem__case_fm arity_eq case_fm
arity__empty_fm numberlarity__ fm pred_Un__ distrib

by auto

lemma sats Hfrc_fm:
assumes
Penat legenat fancenat feEnat envelist(A)
shows
sats(A,Hfrc_fm(P,leq,fanc,f),env)
> is__Hfrc(##A,nth(P, env), nth(leg, env), nth(fnnc, env),nth(f, env))
unfolding is Hfrc def Hfrc_fm_ def
using assms
by (simp add: sats_is_tuple fm eq case_fm_iff sats[symmetric] mem__case_fm__iff sats[symmetric])

lemma Hfrc iff sats:
assumes
Penat legenat fancenat fEnat envelist(A)
nth(P,env) = PP nth(leq,env) = lleq nth(fnnc,env) = ffnnc nth(f,env) = ff
shows
is_Hfrc(#4# A, PP, lleq,[fnnc,ff)
+— sats(A,Hfrc_fm(P,leq,fnnc,f),env)
using assms
by (simp add:sats_Hfrc_fm)

definition

is_Hfrc_at(M,P,leq,fnnce,f,z) =
(empty(M,z) A = is_Hfrc(M,P,leq,fnnc,f))
V (numberl (M,z) A is_Hfrc(M,P,leq,fanc,f))
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definition
Hfre_at_fm :: [i,i,i,i,i] = i where
Hfrc_at_fm(P,leq,fnnce,f,z) = Or(And(empty_fm(z),Neg(Hfrc_fm(P,leq,fnnc,f))),
And(numberl__fm(z),Hfrc_fm(P,leq,fnnc,f)))

lemma arity Hfrc _at_fm :

assumes
Penat legenat fancenat fenat zenat
shows
arity(Hfrc__at_fm(P,leq,fnnc,f,z)) = succ(P) U suce(leq) U succe(fnnc) U suce(f)
U suce(z)

unfolding Hfrc _at_fm _ def
using assms arity_ Hfrc_fm arity _empty_fm numberlarity _ fm pred_ Un__distrib
by auto

lemma Hfrc_at_fm_type[TC] :
[Penat;legenat;fancEnat;f Enat;z€nat] = Hfrc__at_fm(P,leq,fanc,f,z)Eformula
unfolding Hfrc_at_fm_def by simp

lemma sats Hfrc _at_fm:
assumes
Penat legenat fnncenat feEnat z€nat envelist(A)
shows
sats(A,Hfrc_at_fm(P,leq,fnnce,f,z),env)
+— is_Hfrc_at(#4#A,nth(P, env), nth(leq, env), nth(fnnc, env),nth(f, env),nth(z,
env))
unfolding is Hfrc at _def Hfrc_at_fm_def using assms sats_Hfrc_fm
by simp

lemma is Hfrc at_iff sats:

assumes
Penat legenat fnnceEnat feEnat z€nat envelist(A)
nth(P,env) = PP nth(leg,env) = lleq nth(fanc,env) = ffnnc
nth(f,env) = ff nth(z,env) = 2z

shows
is_Hfrc_at(##A, PP, lleq,ffnne,ff,22)
> sats(A,Hfrc_at_fm(P,leg,fnnc,f,z),env)

using assms by (simp add:sats _Hfrc_at_fm)

lemma arity_tran_ closure_fm :
[xenat;fenat] = arity(trans__closure_fm(x,f)) = succ(x) U succ(f)
unfolding trans_closure_ fm__def
using arity _omega__fm arity_field fm arity typed_function_ fm arity_pair_fm
arity_empty_fm arity_fun__apply_fm
arity__composition__fm arity_succ__fm nat_union__abs2 pred_ Un__distrib
by auto
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17.3 The well-founded relation forcerel

definition
forcerel :: i = i = i where
forcerel(P,x) = frecrel(names__below(P,z)) ™+

definition
is_forcerel :: [i=o0,i,i,i] = o where
is_forcerel(M,P,z,z) = 3r[M]. I3nb[M]. tran__closure(M,r,z) A
(is_names_below(M,P,z,ndb) A is_frecrel(M,nb,r))

definition
forcerel_fm :: i= i = i = i where
forcerel_fm(p,x,z) = Exists(Exists(And(trans_closure__fm(1, z#+2),
And(is_names_below_fm(p#+2,2#+2,0),frecrel_fm(0,1)))))

lemma arity_forcerel fm:
[penat;zenat;z€nat] = arity(forcerel _fm(p,z,z)) = suce(p) U suce(z) U suce(z)
unfolding forcerel_fm__def
using arity_frecrel _fm arity_tran_ closure_fm arity is _mames_below fm pred_ Un__distrib
by auto

lemma forcerel fm_ type[TC]:
[penat;zenat;z€nat] = forcerel_fm(p,x,z)€formula
unfolding forcerel_fm__def by simp

lemma sats_forcerel fm:
assumes
penat xe€nat zenat envelist(A)
shows
sats(A,forcerel _fm(p,x,z),env) <— is_forcerel(## A,nth(p,env),nth(z, env),nth(z,
env))
proof -
have sats(A,trans_closure_fm(1,z #+ 2),Cons(nb,Cons(r,env))) <—
tran__closure(##A, r, nth(z, env)) if re A nbe A for r nb
using that assms trans__closure__fm__iff _sats[of 1 [nb,r|@Qenv _ z#+2,symmetric]
by simp
moreover
have sats(A, is_names_below_fm(succ(succ(p)), succ(succ(z)), 0), Cons(nb,
Cons(r, env))) «—
is_names_below(##A, nth(p,env), nth(z, env), nb)
if re A nbeA for nb r
using assms that sats_is_names_below_fm[of p #+ 2 z #+ 2 0 [nb,r]Qenv]
by simp
moreover
have sats(A, frecrel_fm(0, 1), Cons(nb, Cons(r, env))) +—
is_frecrel(##A, nb, r)
if re A nbe A for r nb
using assms that sats_frecrel _fmlof 0 1 [nb,r]@Qenv| by simp
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ultimately
show ?thesis using assms unfolding is forcerel def forcerel fm__def by simp
qed

17.4 frc_at, forcing for atomic formulas

definition
fre_at :: [i,i,i] = ¢ where
fre_at(P,leq,fnnc) = wfrec(frecrel(names__below(P,fanc)),fnnc,
Az f. bool _of o(Hfrc(P,leq,x,f)))

definition
is_frc_at :: [i=0,i,i,i,i] = o where
is_frc_at(M,P,leq,xz,2) = Ir[M]. is_forcerel(M,P,x,r) A
is_wfrec(M,is_Hfrc_at(M,Pleq),r,x,z)

definition
fre_at_fm :: [i,i,i,i] = { where
fre_at_fm(p,l,x,z) = Exists(And(forcerel _fm(succ(p),suce(z),0),
is_wfrec_fm(Hfrc_at_fm(6#+p,6#+1,2,1,0),0,succ(x),succ(z))))

lemma frc_at_fm_type [TC] :
[penat;l€nat;xenat;zEnat] = fre_at_fm(p,l,z,z)€formula
unfolding frc_at_fm_ def by simp

lemma arity frc _at_fm :
assumes pEnat l€nat xEnat z€Enat
shows arity(frc_at_fm(p,l,x,z)) = suce(p) U succ(l) U suce(z) U suce(z)
proof -
let %0 = Hfrc_at_fm(6 #+ p, 6 #+ 1, 2, 1, 0)
from assms
have arity(%p) = (7#+p) U (T#+1) % € formula
using arity Hfrc_at_fm nat_simp__union
by auto
with assms
have W: arity(is_wfrec_fm(%p, 0, succ(z), succ(z))) = 2#+p U (2#+1) U
(2#+1x) U (2#+2)
using arity _is_wfrec_fm[OF «2p€_»
pred__succ__eq
nat_union__absl
by auto
from assms
have arity(forcerel _fm(succ(p),succ(x),0)) = succ(suce(p)) U suce(suce(x))
using arity forcerel_fm nat_simp__union
by auto
with W assms
show ?thesis
unfolding frc_at fm _def
using arity forcerel_fm pred_Un__distrib

carity(%p) = ] pred_Un__distrib
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by auto
qed

lemma sats_frc_at_fm :
assumes
pEnat l€nat i€nat j€nat envelist(A) i < length(env) j < length(env)
shows
sats(A,frc_at_fm(p,l,i,j),env) +—
is_frc__at(##A,nth(p,env),nth(l,env),nth(i,env),nth(j,env))
proof -

fix r pp Il
assume €A
have 0:is_Hfrc_at(#4# A,nth(p,env),nth(l,env),a2, al, al) +—
sats(A, Hfrc_at_fm(6#+p,6#+1,2,1,0), [a0,al,a2,a3,a4,7|Qenv)
if a0cA al€A a2€A a8€A a4€A for a0 al a2 a3 af
using that assms <reA>
is_Hfrc_at_iff satslof 6#+p 6#+12 1 0 [a0,al,a2,a3,a4,r]Qenv A] by
simp
have sats(A,is_wfrec_fm(Hfrc_at_fm(6 #+ p, 6 #+ 1, 2, 1, 0), 0, succ(i),
suce(f)),[r]Qenv) +—
is_wfrec(##A, is_Hfrc_at(##A, nth(p,env), nth(l,env)), r,nth(i, env),
nth(j, env))
using assms «reA»
sats_is_wfrec_fm[OF 0[simplified]|
by simp
}
moreover
have sats(A, forcerel _fm(succ(p), succ(i), 0), Cons(r, env)) <—
is_forcerel(#4# A,nth(p,env),nth(i,env),r) if re A for r
using assms sats_forcerel _fm that by simp
ultimately
show ?thesis unfolding is frc_at_def frc_at_fm_ def
using assms by simp
qed

definition

forces _eq'(P,l,p,t1,t2) = frc_at(P,l,(0,t1,t2,p)) = 1
definition

forces_mem/'(P,l,p,t1,t2) = frc_at(P,l,{1,t1,t2,p)) = 1
definition

forces_neq'(P,l,p,t1,t2) = = (¢q€P. (q,p)€l A forces_eq’(P,l,q,t1,t2))

definition
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forces_nmem' :: [i,i,i,i,i] = o where
forces_nmem!'(P,l,p,t1,t2) = — (Fq€P. (q,p)€l N forces_mem'(P,l,q,t1,t2))

definition
is_forces_eq'(M,P,l,p,t1,t2) = 3 o[M]. 3 z[M]. Ft[M]. numberi (M,o) A empty(M,z)
A
is_tuple(M,z,t1,t2,p,t) N is_frc_at(M,P,l,t,0)

definition
is_forces_mem'(M,P,l,p,t1,t2) = 3 o[M]. Ft[M]. numberl (M, o) A
is_tuple(M,0,t1,t2,p,t) A is_frc_at(M,P,lt,0)

definition
is_forces _mneq'(M,P,l,p,t1,t2) =
- (3 ¢[M]. qeP A (3 gp[M]. pair(M,q,p,qp) A qpEl A is_forces _eq'(M,P,l,q,t1,t2)))

definition

is_forces _nmem'(M,P,l,p,t1,t2) =
= (3 ¢[M]. 3 gp[M]. g€ P A pair(M,q.p,qp) A qpel N is_forces _mem'(M,P,l,q,t1,t2))

definition

forces _eq_fm(p,l,q,t1,t2) =
Ezists(Exists( Exists(And(numberl__fm(2),And(empty_fm(1),

And(is_tuple_fm(1,t1#+3,2H#+3,q#+3,0),frc_at_fm(p#+3,l#+3,0,2)
)

definition
forces_mem__fm :: [i,i,i,i,i]] = i where
forces_mem__fm(p,l,q,t1,t2) = Ezists(Ezists(And(numberl_fm(1),
And(is_tuple fm(1,t1#+2,t2#+2,q#+2,0).frc_at_fm(p#+2,1#+2,0,1)))))

definition

forces_mneq_fm(p,l,q,t1,t2) = Neg(Ezists(Ezists(And(Member(1,p#+2),
And(pair_fm(1,q#+2,0),And(Member(0,l1#+2),forces _eq fm(p#H+2,1#+2,1 t1#+2,t12#+2)))))))

definition

forces_nmem__fm(p,l,q,t1,t2) = Neg(Exists(Exists(And(Member(1,p#+2),
And(pair_fm(1,q#+2,0),And(Member(0,l#+2),forces_mem__fm(p#+2,1#+2,1 L1 #+2,t2#+2)))))))

lemma forces_eq_fm__type [TC]:
[ penat;lenat;genat;t! €nat;t2€nat] = forces_eq_fm(p,l,q,t1,t2) € formula
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unfolding forces eq fm_def
by simp

lemma forces_mem__fm_ type [TC):
[ pEnat;lenat;gEnat;t! Enat;t2€nat] = forces_mem__fm(p,l,q,t1,t2) € formula
unfolding forces mem_ fm_ def
by simp

lemma forces _neq fm_type [TC]:
[ pEnat;lenat;qEnat;t! Enat;t2€nat] = forces_neq_fm(p,l,q,t1,t2) € formula
unfolding forces_neq_fm_ def
by simp

lemma forces_nmem_ fm_type [TC]:

[ pEnat;lenat;qenat;t! Enat;t2€nat] = forces_nmem_ fm(p,l,q,t1,t2) € for-
mula

unfolding forces nmem_ fm_ def

by simp

lemma arity forces eq fm :
peEnat = l€nat = q€nat = t1 € nat = t2 € nat =
arity(forces_eq_fm(p,l,q,t1,t2)) = succ(tl) U succ(t2) U succ(q) U suce(p) U
suece(l)
unfolding forces eq fm_ def
using numberlarity _ fm arity _empty_fm arity_is_tuple_fm arity_frc_at_fm
pred__Un__distrib
by auto

lemma arity forces mem_ fm :
pEnat = l€nat = q€nat = t1 € nat = t2 € nat =
arity(forces_mem_ fm(p,l,q,t1,t2)) = succ(tl) U succ(t2) U suce(q) U suce(p)
U suce(l)
unfolding forces mem_ fm_ def
using numberlarity___ fm arity _empty fm arity_is tuple fm arity_frc_at_fm
pred__Un__distrib
by auto

lemma sats_forces _eq’ fm:
assumes penat l€nat genat t1€nat t2€nat envelist(M)
shows sats(M,forces_eq _fm(p,l,q,t1,t2),env) <—
is_forces__eq'(#4# M ,nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
unfolding forces eq fm_ def is_forces eq’ def using assms sats_is_tuple fm
sats_frc_at_fm
by simp

lemma sats_forces_mem'_fm:
assumes penat l€nat genat t1€nat t2€nat envelist(M)
shows sats(M ,forces_mem__fm(p,l,q,t1,t2),env) <—
is_forces_mem'(#4# M nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
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unfolding forces_mem_ fm_ def is_forces_mem' _def using assms sats_is_tuple_fm

sats_frc_at_fm
by simp

lemma sats_forces neq’_fm:
assumes peEnat l€nat genat t1 €nat t2€nat envelist(M)
shows sats(M,forces_neq fm(p,l,q,t1,t2),env) «—
is_forces_neq'(## M nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
unfolding forces neq fm_ def is_forces meq’ def
using assms sats_forces _eq’ fm sats_is tuple fm sats_frc_at_fm
by simp

lemma sats_forces_nmem’_fm:
assumes penat l€nat genat t1 €nat t2€nat envelist(M)
shows sats(M ,forces_nmem__fm(p,l,q,t1,t2),env) +—
is_forces _nmem'(#+#M nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
unfolding forces _nmem_ fm_ def is_forces _nmem'_def
using assms sats_forces_mem’_fm sats_is tuple_fm sats_frc_at_fm
by simp

context forcing data
begin

lemma fst_abs [simp]:
[xeM; yeM | = is_fst(##M,x,y) «— y = fst(x)
unfolding fst_ def is_fst_def using pair_in_M__iff zero_in_ M
by (auto;rule_tac the_0 the_0[symmetric],auto)

lemma snd__abs [simp]:
[xeM; yeM | = is_snd(##M,z,y) +— y = snd(x)
unfolding snd_def is _snd_def using pair_in_ M _iff zero_in_M
by (auto;rule_tac the_0 the_0[symmetric],auto)

lemma ftype abs[simp] :
[xeM; yeM | = is_ftype(#H#M,z,y) +— y = ftype(z) unfolding ftype_ def
is_ftype def by simp

lemma namel _abs[simp)] :
[zreM; yeM | = is_namel (##M,z,y) +— y = namel ()
unfolding namel def is _namel def
by (rule hcomp__abs[OF fst__abs|;simp__all add:fst_snd__closed)

lemma snd_snd_abs:
[xeM; yeM | = is_snd_snd(##M,x,y) +— y = snd(snd(z))
unfolding is snd_snd_ def
by (rule hcomp__abs[OF snd__abs|;simp__all add:fst_snd__closed)

lemma name2_abs[simp]:
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[xeM; yeM | = is_name2(##M,z,y) +— y = name2(z)
unfolding name2_def is_name2_ def
by (rule hcomp__abs|OF fst_abs snd__snd__abs];simp__all add:fst_snd_closed)

lemma cond__of _abs[simp]:
[xeM; yeM | = is_cond_of (##M,x,y) «— y = cond_of(x)
unfolding cond_of def is cond_of def
by (rule hcomp__abs|OF snd_abs snd__snd__abs|;simp__all add:fst_snd__closed)

lemma tuple abs[simp]:
[zeM;t1 eM;t2e M;pe M;te M| =
is_tuple(## M ,z,t1,t2,p,t) +— t = (z,t1,t2,p)
unfolding is tuple def using tuples in_ M by simp

lemma oneN__in_M|[simp]: 1€M
by (simp flip: setclass__iff)

lemma twoN in M : 2eM
by (simp flip: setclass__iff)

lemma comp_in_M:
p = q= peM
p =X q= qeM
using leq in_ M transitivity[of __ leq] pair_in_M_iff by auto

lemma eq case__abs [simp]:
assumes
tieM t2eM peM feM
shows
is_eq case(##HM t1,t2,p,P leq,f) <— eq case(tl,t2,p,P,leq,f)
proof -
have ¢ <X p = ¢eM for ¢
using comp_in__ M by simp
moreover
have (s,y)et = sedomain(t) if te M for s y ¢
using that unfolding domain_ def by auto
ultimately
have
(VseM. s € domain(tl) V s € domain(t2) — (VqeM. ¢eP N ¢ <= p —
(f (<1’ s, t1, Q> =1«—=f <Za s, 12, Q>:1))) —
(Vs. s € domain(tl) V s € domain(t2) — (Vq. ¢¢P N ¢ 2 p —
(f ‘ <17 S? tl? q> :1 <—> f ‘ <17 57 t27 q>:1)))
using assms domain__trans|OF trans_M of t1]
domain__trans[OF trans_M ,of t2] by auto
then show ?thesis
unfolding eq case def is_eq case_def
using assms pair_in_ M _iff n_in_M][of 1] domain__closed tuples in_M
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apply__closed leq _in_ M
by simp
qed

lemma mem,__case__abs [simp]:
assumes
t1eM t2€eM peM feM
shows
is_mem__case(## M, t1,t2,p,P,leq,f) +— mem__case(t1,t2,p,P,leq,f)
proof
{
fix v
assume vEP v <X p is_mem__case(##M,t1,12,p,P leq.f)
moreover
from this
have veM (v,p) € M (##M)(v)
using transitivity[OF _ P_in_ M of v] transitivity|OF __ leq_in_ M)
by simp__all
moreover
from calculation assms
obtain ¢ r s where
rePANgePA{(gv)eEMAN(s,YEMAN{(qg,r) € MANO€EMA
0,t1,8,¢) e MANg=vA(s,7)EL2NGgTANFA0,¢L,s q) =1
unfolding is _mem_ case_def by auto
then
have 3gsr.re PAgqeEPAG=vA(s, 1) EL2ZNqgTANF0,11,s q)
=1
by auto
}
then
show mem__case(t1, t2, p, P, leq, f) if is_mem__case(##M, t1, t2, p, P, leq,
)
unfolding mem_ case_def using that assms by auto
next
{ fix v
assume v € M v € P (v, p) € M v < p mem__case(t!, t2, p, P, leq, f)
moreover
from this
obtain g s r where r € PA g€ PAg=uvA (s, T)E2Nqg=31TANf*(0,
t1, s, q) =1
unfolding mem_ case_def by auto
moreover
from this <t2eM>
have re M gqeM seMr e PANgePAg=vA(s,T)E2Ng=TA[f0,
t1, s, q) =1
using transitivity P_in_ M domain__closed|of t2] by auto
moreover
note «t1eM>
ultimately
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have dgeM . IsecM. AreM.
rePANgeEPA{(gv)EMAN(s,T)EMAN(q,7) EMANOEMA
0,t1,s, ) e MANg2uvA(s,T) €2 NgTrNf(0,t1,s,q) =1
using tuples_in_ M zero_in_ M by auto
}
then
show is_mem_ case(##M, t1, t2, p, P, leq, f) if mem__case(t1, t2, p, P, leg,
)
unfolding is _mem_ case__def using assms that by auto
qged

lemma Hfrc_abs:
[fnnceM; feM] =
is_Hfrc(##M,P leq,fanc,f) +— Hfrc(P,leq,fnnc,f)
unfolding is_Hfrc_def Hfrc_def using pair_in_ M__iff
by auto

lemma Hfrc at _abs:
[fanceM; feM ; ze M| =
is_Hfrc__at(##M,P,leq,fanc,f,z) «— 2z = bool_of _o(Hfrc(P,leq,fnnc,f))
unfolding is Hfrc at def using Hfrc_abs
by auto

lemma components_closed :

reM = ftype(z)eM

€M = namel (z)eM

€M = name2(z)eM

zeM = cond_of(x)eM

unfolding ftype def namel_def name2 def cond_of def using fst_snd_ closed
by simp__all

lemma ecloseN _closed:
(##M)(A) = (#4M) (ecloseN(A))
(##M)(A) = (##M)(eclose_n(namel ,A))
(##M)(A) = (##M)(eclose_n(name2,A))
unfolding ecloseN__def eclose_n__def
using components__closed eclose__closed singletonM Un__closed by auto

lemma is eclose n_abs :
assumes €M ece M
shows is_eclose_n(##M is_namel jec,x) «— ec = eclose_n(namel,x)
is_eclose_n(##M,is_name2,ec,x) «— ec = eclose_n(name2,z)
unfolding is eclose_n_def eclose_n__def
using assms namel _abs name2 _abs eclose _abs singletonM components closed
by auto

lemma is_ecloseN__abs :
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[xeM;ece M] = is_ecloseN(## M ,ec,z) «— ec = ecloseN(x)
unfolding is ecloseN__def ecloseN __def

using is_eclose_n__abs Un__closed union__abs ecloseN__closed
by auto

lemma frecR__abs :

zeM = yeM = frecR(x,y) <— is_frecR(##M x,y)

unfolding frecR_ def is_frecR__def using components_closed domain__closed by
stmp

lemma frecrelP__abs :
26M = frecrelP(##M,z) «— (Jz y. z = (x,y) A frecR(z,y))
using pair_in_ M _iff frecR__abs unfolding frecrelP__def by auto

lemma frecrel abs:
assumes
AeM reM
shows
is_frecrel(##M,A,;r) <— 1 = frecrel(A)
proof -
from <AeM>
have ze M if z€ Ax A for 2
using cartprod__closed transitivity that by simp
then
have Collect(Ax A,frecrelP(##M)) = Collect(Ax A z. 3z y. z = (z,y) A
frecR(z,y)))
using Collect_conglof AxA Ax A frecrelP(##M)] assms frecrelP_abs by simp
with assms
show ?thesis unfolding is_frecrel def def frecrel using cartprod_ closed
by simp
qed

lemma frecrel closed:
assumes
xeM
shows
frecrel(z)e M
proof -
have Collect(zxz, 2. 3z y. z = (x,y) A frecR(z,y)))eM
using Collect_in_M_0Op|of frecrelP_fm(0)] arity_frecrelP_fm sats_ frecrelP_fm
frecrelP_abs <x€M> cartprod__closed by simp
then show ?thesis
unfolding frecrel def Rrel def frecrelP__def by simp
qed

lemma field frecrel : field(frecrel(names__below(P,z))) C names_below(P,x)

unfolding frecrel def
using field_ Rrel by simp
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lemma forcerelD : uv € forcerel(P,x) = uwwe names_below(P,x) x names_below(P,z)
unfolding forcerel def
using trancl_type field frecrel by blast

lemma wf forcerel :
wf (forcerel(P,z))
unfolding forcerel _def using wf trancl wf _frecrel .

lemma restrict_trancl_forcerel:
assumes frecR(w,y)
shows restrict(f,frecrel(names_below(P,x))-‘{y}) ‘w
= restrict(f,forcerel( P,z)-“{y}) ‘w
unfolding forcerel def frecrel def using assms restrict_trancl_Rrel[of frecR)
by simp

lemma names__belowl :
assumes frecR({ft,n1,n2,p),(a,b,c,d)) peP
shows (ft,n1,n2,p) € names_below(P,{a,b,c,d)) (is ?z € names_below(__,?y))
proof -
from assms
have ft € 2a € 2
unfolding frecR_def by (auto simp add:components__simp)
from assms
consider (e) nl1 € domain(b) U domain(c) A (n2 = bV n2 =c)
| (m) n1 = b A n2 € domain(c)
unfolding frecR_def by (auto simp add:components__simp)
then show ?thesis
proof cases
case ¢
then
have nl € eclose(b) V nl € eclose(c)
using Un__iff in__dom__in__eclose by auto
with e
have n1 € ecloseN(%y) n2 € ecloseN(?y)
using ecloseNI components_in__eclose by auto
with <fte2) (peP»
show ?thesis unfolding names_below def by auto
next
case m
then
have nl € ecloseN(?y) n2 € ecloseN(?y)
using mem__eclose__trans ecloseNI
in__dom__in__eclose components_in__eclose by auto
with «fte2» «peP»
show ?thesis unfolding names_below def
by auto
qed
qed
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lemma names_below tr :
assumes z€ names_ below(P,y)
y€ names__below(P,z)
shows z€ names_below(P,z)
proof -
let 2A=M\y . names_below(P,y)
from assms
obtain fr z1 2 pz where
z = (fr,zl,22,pz) fre2 xl€ecloseN(y) z2€ecloseN(y) preP
unfolding names below _def by auto
from assms
obtain fy y! y2 py where
y = {fy,yl,y2,py) fyc2 yl€ecloseN(z) y2€ecloseN(z) pyeP
unfolding names below def by auto
from <xl1€_» «x2€ ) (yl€_ > (Y2€_ ) <x=_)» (y=_>
have z1€ecloseN(z) x2€ecloseN (z)
using ecloseN_mono names__simp by auto
with «fre2) pxeP> <z=_)
have z€ ?A(z)
unfolding names below def by simp
then show ?thesis using subsetl by simp
qged

lemma arg into__names_below?2 :
assumes (z,y) € frecrel(names_below(P,z))
shows 1z € names_below(P,y)
proof -
{
from assms
have zenames_below(P,z) yenames_below(P,z) frecR(xz,y)
unfolding frecrel def Rrel def
by auto
obtain fnl n2 p where
z = (f,nl,n2,p) f€2 nlcecloseN(z) n2cecloseN(z) pcP
using «z€names_below(P,z)»
unfolding names below def by auto
moreover
obtain fy m1 m2 ¢ where
q€P y = (fy,m1,m2,q)
using <yEnames_below(P,z))
unfolding names below def by auto
moreover
note <frecR(z,y)»
ultimately
have zenames_below(P,y) using names_belowl by simp
}
then show ?thesis .
qed
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lemma arg into__names_below :
assumes (z,y) € frecrel(names_below(P,z))
shows z € names_below(P,x)
proof -
{
from assms
have zenames_below(P,z)
unfolding frecrel def Rrel def
by auto
from <xenames_below(P,z))
obtain fnl n2 p where
x = (f,;nl,n2,p) f€2 nl€ecloseN(z) n2€ecloseN(z) peP
unfolding names_below def by auto
then
have nl€ecloseN(z) n2€ecloseN(x)
using components__in__eclose by simp__all
with <f€2) <pePy «x = (f,nl,n2,phH
have zenames_below(P,x)
unfolding names_below def by simp
}

then show ?thesis .
qged

lemma forcerel _arg into_names_below :
assumes (z,y) € forcerel(P,z)
shows 1z € names_below(P,x)
using assms
unfolding forcerel def
by (rule trancl _induct;auto simp add: arg_into__names__below)

lemma names_below _mono :
assumes (z,y) € frecrel(names_below(P,z))
shows names__below(P,z) C names__below(P,y)
proof -
from assms
have zenames_below(P,y)
using arg_into_names_below2 by simp
then
show ?thesis
using names_below _tr subsetl by simp
qed

lemma frecrel _mono :
assumes (z,y) € frecrel(names_below(P,z))
shows frecrel(names_below(P,x)) C frecrel(names__below(P,y))
unfolding frecrel def
using Rrel _mono names__below _mono assms by simp

lemma forcerel _mono?2 :
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assumes (z,y) € frecrel(names_below(P,z))
shows forcerel(P,z) C forcerel(P,y)

unfolding forcerel def

using trancl_mono frecrel _mono assms by simp

lemma forcerel _mono__auz :
assumes (z,y) € frecrel(names_below(P, w)) +
shows forcerel(P,z) C forcerel(P,y)
using assms
by (rule trancl_induct,simp__all add: subset_trans forcerel _mono?2)

lemma forcerel _mono :
assumes (z,y) € forcerel(P,z)
shows forcerel(P,z) C forcerel(P,y)
using forcerel _mono__aux assms unfolding forcerel def by simp

lemma aux: z € names_below(P, w) = (z,y) € forcerel(P,z) =
(y € names_below(P, w) — (z,y) € forcerel(P,w))
unfolding forcerel def
proof(rule_tac a=z and b=y and P=\ y . y € names_below(P, w) — (z,y) €
frecrel(names__below(P,w)) "+ in trancl_induct,simp)
let A=)\ a . names_below(P, a)
let ?R=X\ a . frecrel(?A(a))
let ?fR=X\ a .forcerel(a)
show ue?A(w) — (z,u)€?R(w) + if z€?A(w) (z,y)€?R(2) ™+ (z,u)e?R(2)
for u
using that frecrelD frecrell r_into_trancl unfolding names below def by
stmp
{
fix u v
assume z € ?A(w)
(z, y) € ?R(2) ™+
(z, u) € ?R(z) "+
(u, v) € ?R(z)
u € ?A(w) = (z, u) € ?R(w) "+
then
have v € ?A(w) = (z, v) € ?R(w) ™+
proof -
assume v € ?A(w)
from <(u,v)€_»
have ue ?A(v)
using arg_into_names_below2 by simp
with (v € 2A(w)>
have ue ?A(w)
using names_below_tr by simp
with ve_» (u,v)e_»
have (u,v)e ?R(w)
using frecrelD frecrell r_into__trancl unfolding names_below__def by simp
with (u € 7A(w) = (z, u) € ?R(w) +» ue?A(w)>
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have (z, u) € ?R(w) ™+ by simp
with «((u,v)e ?R(w)»
show (z,v)€ ?R(w) ™+ using trancl trans r_into_trancl
by simp
qed
}
then show v € ?4A(w) — (x, v) € ?R(w) ™+
if z € 2A(w)
(z, y) € ?R(2) "+
(z, u) € ?R(2) "+
(u, v) € ?R(2)
u € ?A(w) — (z, u) € ?R(w) ™+ for u v
using that by simp
qed

<
O

O

z,

S

S
S
S

lemma forcerel_eq :
assumes (z,z) € forcerel(P,x)
shows forcerel(P,z) = forcerel(P,x) N names_below(P,z)xnames__below(P,z)
using assms auz forcerelD forcerel _mono|of z x x] subset]
by auto

lemma forcerel _below auz :
assumes (z,z) € forcerel(P,x) (u,z) € forcerel(P,x)
shows u € names_below(P,z)
using assms(2)
unfolding forcerel def
proof (rule trancl _induct)
show u € names_below(P,y) if (u, y) € frecrel(names_below(P, z)) for y
using that vimage_ singleton__iff arg_into__names_below2 by simp
next
show u € names_below(P,z)
if (u, y) € frecrel(names_below(P, z)) ™+
(y, z) € frecrel(names_below(P, x))
u € names__below(P, y)
for y 2
using that arg_into__names_below2[of y z x] names__below_tr by simp
qed

lemma forcerel below :
assumes (z,z) € forcerel(P,x)
shows forcerel(P,x) - {2z} C names_below(P,z)
using vimage_singleton__iff assms forcerel below aux by auto

lemma relation_ forcerel :
shows relation(forcerel(P,z)) trans(forcerel(P,z))
unfolding forcerel def using relation_trancl trans_trancl by simp__all

lemma Hfrc_restrict_trancl: bool _of _o(Hfrc(P, leq, y, restrict(f,frecrel(names_below(P,z))-“{y})))
= bool_of _o(Hfrc(P, leq, y, restrict(f,(frecrel(names__below(P,z)) ™+)-“{y})))
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unfolding Hfrc def bool _of o_def eq case_def mem__case_def
using restrict_trancl_forcerel frecRI1 frecRI2 frecRI3
unfolding forcerel def

by simp

lemma frc_at_trancl: fre_at(P,leq,z) = wfrec(forcerel(P,z),z, x f. bool_of o(Hfrce(P,leq,z,f)))
unfolding frc_at_def forcerel def using wf eq trancl Hfrc_restrict _trancl by
stmp

lemma forcerelll :
assumes nl € domain(b) V nl € domain(c) peP deP
shows ((1, n1, b, p), (0,b,c,d))€ forcerel(P,{0,b,c,d))
proof -
let 2z=(1, ni1, b, p)
let 2y=(0,b,c,d)
from assms
have frecR(%xz,?y)
using frecRI1 by simp
then
have ?zenames_below(P,?y) 2y € names_below(P,?y)
using names_belowl assms components in__eclose
unfolding names below def by auto
with <frecR( %z, ?y)>
show ?thesis
unfolding forcerel def frecrel def
using subsetD[OF r_subset__trancl[OF relation_ Rrel]| Rrell
by auto
qed

lemma forcerell2 :
assumes nl € domain(b) V nl € domain(c) peP deP
shows ((1, n1, ¢, p), (0,b,c,d))€ forcerel(P,{0,b,c,d))
proof -
let 2z=(1, n1, ¢, p)
let 2y=(0,b,c,d)
from assms
have frecR(?z,%y)
using frecRI2 by simp
then
have ?zenames_below(P,?y) %y € names_below(P,?y)
using names__belowl assms components_in__eclose
unfolding names below def by auto
with <frecR( %z, ?y)>
show ?thesis
unfolding forcerel def frecrel def
using subsetD[OF r_subset__trancl[OF relation__Rrel]] Rrell
by auto
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qed

lemma forcerell3 :
assumes (n2, r) € c peP dePr e P
shows ((0, b, n2, p),(1, b, ¢, d)) € forcerel(P,(1,b,c,d))
proof -
let 22=(0, b, n2, p)
let y=(1, b, ¢, d)
from assms
have frecR(?x,?y)
using assms frecRI3 by simp
then
have ?zenames_below(P,?y) ?y € names_below(P,?y)
using names__belowl assms components in__eclose
unfolding names below def by auto
with «frecR( %z, ?y)>
show ?thesis
unfolding forcerel def frecrel def
using subsetD[OF r_subset_trancl|OF relation_ Rrel]] Rrell
by auto
qed

lemmas forcerell = forcerelll [THEN vimage__singleton_iff[THEN iffD2]]
forcerelI2[ THEN vimage__singleton__iff [ THEN iffD2]]
forcerell3| THEN vimage__singleton__iff [ THEN 4ffD2]]

lemma auz_def frc at:
assumes z € forcerel(P,x) - {x}
shows wfrec(forcerel(P,z), z, H) = wfrec(forcerel(P,z), z, H)
proof -
let ?A=names_below(P,z)
from assms
have (z,z) € forcerel(P,x)
using vimage__singleton__iff by simp
then
have z € 74
using forcerel _arg_into__names below by simp
from «(z,z) € forcerel(P,x)»
have E:forcerel(P,z) = forcerel(P,z) N (?Ax ?A)
forcerel(P,x) - {z} C 74
using forcerel eq forcerel below
by auto
with «z€ 74,
have wfrec(forcerel(P,z), z, H) = wfrec[?A](forcerel(P,z), z, H)
using wfrec_trans_restr|OF relation_ forcerel(1) wf _forcerel relation_ forcerel(2),
of x z 74|
by simp
then show ?thesis
using F wfrec_restr_eq by simp
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qed

17.5 Recursive expression of frc at

lemma def frc at :
assumes peP
shows
fre_at(P,leq,(ft,nl,n2,p)) =
bool_of o( p €P A
( ft=0N (Vs. s€domain(nl) U domain(n2) —
(Vq. qeP A q X p —> (frc_at(P,leq,(1,8,n1,q)) =1 +— frc_at(P,leq,(1,8,n2,q))

=1)))

Vft=1AN(VveEP.v=<p—

(3¢ Fs.I3r.rePAgePANg=3vA{s,r) EN2 AN qg=1A frc_at(P,leq,(0,nl,s,q))
=1))))
proof -

let ?r=My. forcerel(P,y) and ?Hf=MAz f. bool _of o(Hfrc(P,leq,z,f))

let 2t=My. ?r(y) - {y}

let Zarg=(ft,n1,n2,p)

from wf forcerel

have wfr: Vw . wf(?r(w)) ..

with wfrec [of ?r(%arg) ?arg ?Hf]

have frc_at(P,leq,?arg) = ?Hf( ?arg, Ax€ ?r(%arg) -* {?arg}. wfrec(?r(2arg), x,

?Hf))
using frc_at_trancl by simp
also
have ... = ?Hf( %arg, A\z€ ?r(?arg) -* {%arg}. frc_at(P,leg,x))
using aux_def frc_at frc_at_trancl by simp
finally

show ?thesis
unfolding Hfrc def mem__case_def eq case_def
using forcerell assms
by auto
qed

17.6 Absoluteness of frc at

lemma trans_forcerel t : trans(forcerel(P,z))
unfolding forcerel def using trans trancl .

lemma relation_forcerel_t : relation(forcerel(P,x))
unfolding forcerel _def using relation__trancl .

lemma forcerel _in_ M :
assumes
xeM
shows
forcerel(P,x)e M
unfolding forcerel def def frecrel names below __def
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proof -
let 7Q = 2 X ecloseN(z) x ecloseN(z) x P
have 7Q) x ?Q € M
using <xeM>» P_in_ M twoN__in_ M ecloseN__closed cartprod__closed by simp
moreover
have separation(##M N z. Iz y. z = (z, y) A frecR(z, y))
proof -
have arity(frecrelP_fm(0)) = 1
unfolding numberi_fm_ def frecrelP_fm__def
by (simp del: FOL__sats__iff pair_abs empty__abs
add: fm__defs frecR__fm__def numberl__fm__def components__defs nat__simp__union)
then
have separation(##M, Az. sats(M,frecrelP_fm(0) , [2]))
using separation__ax by simp

moreover
have frecrelP(##M,z) «— sats(M,frecrelP_fm(0),[z])
if ze M for z
using that sats_frecrelP_fmlof 0 [z]] by simp
ultimately

have separation(#+#M frecrelP(#4#M))
unfolding separation_ def by simp

then

show ?thesis using frecrelP__abs

separation__cong|of ##M frecrelP(##M) Az. Iz y. z = (z, y) A frecR(z,
vl
by simp

qed
ultimately
show {z € ?Q x ?Q .3z y. 2 = (x, y) A frecR(z, y)} + € M
using separation_ closed frecrelP__abs trancl_closed by simp
qed

lemma relation2 Hfrc_at_abs:
relation2 (#4# M is__Hfrc_at(#4#M,P,leq),\x f. bool_of o(Hfrc(P,leq,x,f)))
unfolding relation2 def using Hfrc_at _abs
by simp

lemma Hfrc at closed :
VzeM.VgeM. function(g) — bool_of o(Hfrce(P,leq,x,g9))eM
unfolding bool_of o_ def using zero_in_M n_in_Mlof 1] by simp

lemma wfrec_ Hfrc_at :
assumes
XeM
shows
wfrec__replacement(#+#M jis_Hfrc_at(##M,P,leq),forcerel( P, X))
proof -
have 0:is_Hfrc_at(##M,P,leq,a,b,c) +—
sats(M,Hfrc_at_fm(8,9,2,1,0),[c,b,a,d,e,y,z,2,P,leq,forcerel( P,X)])
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if aeM beM ceM deM ee M yeM zeM ze M
forabcdeyzz
using that P_in_M leq in M «XeM> forcerel _in_ M
is_Hfrc_at_iff sats[of concl:M Pleqabc 89210
[¢,b,a,d,e,y,x,2,P,leq,forcerel(P,X)]] by simp
have 1:sats(M,is_wfrec_fm(Hfrc_at_fm(8,9,2,1,0),5,1,0),[y,z,z,P,leg,forcerel( P,X)])
—
is_wfrec(## M, is_Hfrc_at(#+#M,P,leq),forcerel(P,X), z, y)
if xte M yeM zeM for x y z
using that «<XeM)> forcerel _in_ M P_in_M leq in_ M
sats_is_wfrec_fm[OF 0]
by simp
let
?f=FEuxists(And(pair_fm(1,0,2),is_wfrec_fm(Hfrc_at_ fm(8,9,2,1,0),5,1,0)))
have satsf:sats(M, ?f, [z,z,P,leq,forcerel( P,X)]) «—
(FyeM. pair(##M,x,y,2) & is_wfrec(#H#M, is_Hfrc _at(##M,P leq),forcerel( P,X),
z, y))
if xeM zeM for z z
using that 1 <XeM> forcerel_in_ M P _in_Mleq in_M by (simp del:pair__abs)
have artyf:arity(?f) = 5
unfolding is wfrec_fm_def Hfrc _at_fm_ def Hfrc_fm_ def Replace fm_ def
PHcheck__fm__def
pair_fm__def upair_fm__defis recfun_ fm__def fun__apply fm__def big union_ fm__ def
pre__image_ fm__def restriction__fm__def image_fm__def fm__defs numberi__fm_ def
eq case_fm_ def mem__case_fm_ def is_tuple_fm__ def
by (simp add:nat_simp__union)
moreover
have ?feformula
unfolding fm_ defs Hfrc_at_fm__def by simp
ultimately
have strong_replacement(#+#M Az z. sats(M,?f,[z,z,P,leq,forcerel(P,X)]))
using replacement_ax 1 artyf <XeM)> forcerel _in__ M P_in_M leq in_ M by
stmp
then
have strong_replacement(##M Az z.
FyeM. pair(#H#M,x,y,2z) & is_wfrec(##M, is__Hfrc_at(#4#M,P,leq),forcerel(P,X),
z, y))
using repl_sats[of M 2f [P,leq,forcerel(P,X)]] satsf by (simp del:pair_abs)
then
show ?thesis unfolding wfrec replacement def by simp
qed

lemma names_below abs :
[QeM;ze M;nbe M| = is_names__below(##M,Q,z,nb) «— nb = names__below(Q,x)
unfolding is names below def names_below _def
using succ_in_ M __iff zero__in_ M cartprod__closed is__ecloseN__abs ecloseN__closed
by auto

lemma names_below closed:
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[QeM;ze M] = names_below(Q,z) € M

unfolding names_below def

using zero_in_ M cartprod__closed ecloseN _closed succ__in_ M _iff
by simp

lemma names_below productE :
assumes Q € Mz € M
NAL1 A2 A3 A4. Al e M = A2 e M = A8 ¢ M = A4 € M = R(Al
x A2 x A3 x A4)
shows R(names_below(Q,z))
unfolding names_below__def using assms zero__in__M ecloseN__closed|of ] twoN_in_ M
by auto

lemma forcerel _abs :

[xreM;ze M) = is_forcerel(##M,P,x,z) «— z = forcerel(P,x)

unfolding is forcerel def forcerel def

using frecrel _abs names__below _abs trancl_abs P_in_ M twoN__in__ M ecloseN__closed
names__below closed

names__below__productE|of concl:\p. is_frecrel(##M,p, ) +— __ = frecrel(p)]

frecrel _closed

by simp

lemma frc_at_abs:
assumes fnnce M ze M
shows is_frc_at(#4#M,Pleq,fnnc,z) +— z = frc_at(P,leq,fnnc)
proof -
from assms
have (AreM. is_forcerel(##M,P,fnnc, r) A is_wfrec(## M, is_Hfrc_at(#+#M,
P, leq), r, fnnc, z))
+— is_wfrec(##M, is_Hfrc_at(##M, P, leq), forcerel(P,fanc), fnnc, z)
using forcerel abs forcerel in_ M by simp
then
show ?thesis
unfolding frc_at trancl is_frc_at_def
using assms wfrec_ Hfrc__at[of fnnc] wf_forcerel trans_forcerel_t relation_ forcerel_t
forcerel_in_ M
Hfrc_at_closed relation2 Hfrc__at_abs
trans_wfrec__abs|of forcerel(P,fnnc) fanc z is_Hfrc_at(##M,P,leq) Az f.
bool_of o(Hfrc(P,leq,z,f))]
by (simp flip:setclass_iff)
qed

lemma forces eq’ _abs :
[peM ; t1eM ; t2e M| = is_forces _eq'(##M,P,leq,p,t1,t2) <— forces _eq'(P,leq,p,t1,t2)
unfolding is_forces eq’ def forces _eq’ def
using frc_at_abs zero__in_ M tuples in_M by auto

lemma forces _mem’ _abs :
[peEM ; t1€eM ; t2e M| = is_forces_mem/'(#4#M P leq,p,t1,t2) <— forces_mem'(P,leq,p,t1,t2)
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unfolding is_forces _mem' _def forces _mem’ _def
using frc_at_abs zero_in_ M tuples in_ M by auto

lemma forces _neq’ _abs :
assumes
peEM t1eM t2eM
shows
is_forces_neq'(##M,P,leq,p,t1,t2) «— forces neq’(P,leq,p,t1,t2)
proof -
have geM if geP for q
using that transitivity P_in_ M by simp
then show ?thesis
unfolding is_forces neq’ _def forces neq’ def
using assms forces_eq’ _abs pair_in_ M _iff
by (auto,blast)
qed

lemma forces _nmem’ _abs :
assumes
peEM tieM t2eM
shows
is_forces_nmem'(##M,P leq,p,t1,t2) +— forces_nmem'(P,leq,p,t1,t2)
proof -
have ¢qeM if ¢qeP for q
using that transitivity P_in_ M by simp
then show ?thesis
unfolding is forces mmem’ def forces nmem’ def
using assms forces_mem’_abs pair_in_ M__iff
by (auto,blast)
qed

end

17.7 Forcing for general formulas

definition
ren_ forces _mand :: i=1 where
ren__forces_nand(p) = Exists(And(Equal(0,1),iterates(Ap. incr_bu(p)‘l , 2, ¥)))

lemma ren__forces_nand_type[ TC] :
pEformula = ren__forces _nand(p) €formula
unfolding ren_ forces nand__def
by simp

lemma arity_ren_ forces _mnand :

assumes € formula

shows arity(ren_ forces_nand(p)) < succ(arity(y))
proof -

175



consider (lt) 1<arity(e) | (ge) = 1 < arity(p)
by auto
then
show ?thesis
proof cases
case It
with «pe_»
have 2 < succ(arity(v)) 2<arity(p)#+2
using succ_ltI by auto
with «pe_)»
have arity(iterates(Ap. incr_bu(p)‘1,2,0)) = 2#+arity(p)
using arity _incr_bv_lemma It
by auto
with «pe_ )
show ?thesis
unfolding ren_ forces nand_ def
using It pred_ Un__distrib nat_union__absl Un__assoc[symmetric] Un_le compat
by simp
next
case ge
with «pe_)»
have arity(p) < 1 pred(arity(p)) < 1
using not_It_iff le le_trans[OF le_ pred]
by simp__all
with «pe_ )
have arity(iterates(Ap. incr_bu(p)‘1,2,p)) = (arity(p))
using arity _incr_bu_lemma ge
by simp
with <arity(p) < 1) «pe_» <pred(_) < 1»
show ?thesis
unfolding ren_ forces nand_ def
using pred_ Un__distrib nat_union__abs! Un__assoc[symmetric] nat_union__abs2
by simp
qed
qed

lemma sats ren_ forces nand:

[q,P,leq,0,p] Q@ env € list(M) = pEformula =

sats(M, ren_forces _nand(p),lq,p,P,leq,0] Q env) +— sats(M, v,[q,P,leq,0] @
env)

unfolding ren_ forces nand_ def

using sats_incr_bu_iff [of _ _ M __[q]]

by simp

definition
ren__forces_forall :: i=1 where

ren__forces_forall(p) =
Ezists(Exists( Exists( Exists( Exists(
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And(Equal(0,6),And(Equal(1,7),And(Equal(2,8),And(Equal(3,9),
And(Equal(4,5),iterates(Ap. incr_bu(p)‘5 , 5, ©)))))))))))

lemma arity ren_ forces all :
assumes € formula
shows arity(ren_ forces_forall(p)) = 5 U arity(p)
proof -
consider (lt) 5<arity(p) | (ge) = 5 < arity(p)
by auto
then
show ?thesis
proof cases
case It
with «pe_ )
have 5 < succ(arity(p)) 5<arity(Q)#+2 S<arity(p)#+3 S<arity(p)#+4
using succ_ It by auto
with «pe_»
have arity(iterates(Ap. incr_bu(p)‘5,5,0)) = S#+arity(p)
using arity_incr_bu_lemma It
by simp
with «pe_)»
show ?thesis
unfolding ren_ forces forall def
using pred_ Un__distrib nat_union__absl Un__assoc[symmetric] nat_union__abs2
by simp
next
case ge
with «pe_»
have arity(yp) < 5 pred”5(arity(v)) < 5
using not_It_iff le le_trans|OF le_ pred]
by simp__all
with «pe_»
have arity(iterates(Ap. incr_bu(p)‘5,5,0)) = arity(p)
using arity_incr_bv_lemma ge
by simp
with <arity(p) < 5 «pe_» «pred”5(_) < 5
show ?thesis
unfolding ren_ forces forall def
using pred Un_ distrib nat_union__absl Un__assoc[symmetric] nat_union__abs2
by simp
qed
qged

lemma ren_ forces_forall_type[ TC] :
p€Eformula = ren__forces_forall(y) €formula
unfolding ren_ forces forall def by simp

lemma sats_ren_ forces forall :
[z,P,leq,0,p] @ env € list(M) = @€ formula =
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sats(M, ren__forces_forall(p),[x,p,P,leq,0] @ env) +— sats(M, ¢,[p,P,leq,0,z]
@ enw)
unfolding ren_ forces forall def
using sats_incr_bv_iff [of _ _ M __ [p,P,leq,0,z]]
by simp

definition
is_leq :: [i=0,i,i,i] = o where
is_leq(A,lq,p) = 3 qp[A]. (pair(A,q,p,qp) N qp€l)

lemma (in forcing data) leq _abs[simp):
[ €M ; geM 5 peM | = is_leq(##M l,q,p) «— (q.p)€l
unfolding is leq def using pair_in_M iff by simp

definition
leg_fm :: [i,i,i] = { where
leq_fm(leq,q,p) = Exists(And(pair_fm(q#+1,p#+1,0),Member(0,leq#+1)))

lemma arity_leq fm :
[legenat;qenat;penat] = arity(leq_fm(leq,q,p)) = succ(q) U succ(p) U suce(leq)
unfolding leq fm_ def
using arity pair_fm pred_Un__distrib nat_simp__union
by auto

lemma leq fm_type[TC] :
[legenat;qenat;penat] = leq_fm(leq,q,p)€ formula
unfolding leq fm_ def by simp

lemma sats leq fm :
[ legenat;qenat;penat;envelist(A) | =
sats(A,leq_fm(leq,q,p),env) +— is_leq(## A,nth(leq,env),nth(q,env),nth(p,env))
unfolding leq fm_def is leq def by simp

17.7.1 The primitive recursion

consts forces’ :: i=1i
primrec
forces’(Member(z,y)) = forces_mem_ fm(1,2,0,x#+4,y#+4)
forces’(Equal(z,y)) = forces_eq fm(1,2,0,x#+4,y#+4)
forces'(Nand(p,q)) =
Neg(Exists(And(Member(0,2),And(leq_fm(3,0,1),And(ren__forces_nand(forces'(p)),
ren__forces _nand(forces'(q)))))))
forces'(Forall(p)) = Forall(ren__forces_forall(forces'(p)))

definition
forces :: i=1 where

178



forces(p) = And(Member(0,1),forces’(¢))

lemma forces’ _type [TC): p€formula = forces'(¢) € formula
by (induct ¢ set:formula; simp)

lemma forces type[TC] : p€formula => forces(p) € formula
unfolding forces def by simp

context forcing data
begin

17.8 Forcing for atomic formulas in context

definition
forces__eq :: [i,i,i] = o where
forces_eq = forces__eq'(P,leq)

definition
forces_mem :: [i,i,i] = o where
forces_mem = forces _mem'(P,leq)

definition
is_forces_eq :: [i,i,i] = o where
is_forces eq = is_forces eq'(#+M,P,leq)

definition
is_forces_mem :: [i,i,i] = o where
is_forces _mem = is_forces_mem/'(## M P, leq)

lemma def forces eq: peP = forces__eq(p,t1,t2) «—
(Vs€domain(tl) U domain(t2). Vq. ¢€P N ¢ 3 p —
(forces_mem(q,s,t1) «— forces_mem(q,s,t2)))
unfolding forces eq def forces _mem__def forces_eq’ _def forces _mem’ _def
using def frc_atlof p 0 t1 t2 ] unfolding bool of o def
by auto

lemma def forces_mem: pe P = forces_mem(p,t1,t2) «—

(VveP. v < p —

(3¢. 3s. Ir.reP A geP A g 2 v A (s,r) € t2 A g < 1 A forces _eq(q,t1,s)))
unfolding forces eq’ def forces_mem’_def forces _eq_def forces _mem, _def
using def frc_at[of p 1 t1 t2] unfolding bool_of o_ def
by auto

lemma forces eq abs :

[peEM ; t1€M ; t2e M| = is_forces_eq(p,t1,t2) «— forces eq(p,t1,t2)
unfolding is forces eq def forces eq def
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using forces_eq’ _abs by simp

lemma forces mem__abs :
[peM ; t1eM ; t2e M| = is_forces _mem(p,t1,t2) <— forces_mem(p,tl,t2)
unfolding is forces mem__def forces _mem__def
using forces _mem’ _abs by simp

lemma sats_forces eq fm:
assumes penat l€nat genat t1€nat t2€nat envelist(M)
nth(p,env)=P nth(l,env)=leq
shows sats(M,forces_eq _fm(p,l,q,t1,t2),env) «—
is_forces__eq(nth(q,env),nth(t1,env),nth(t2,env))
unfolding forces eq fm_ def is_forces eq def is_forces_eq’ _def
using assms sats_is_tuple fm sats_frc_at_fm
by simp

lemma sats forces mem_ fm:
assumes penat l€nat genat t1€nat t2€nat envelist(M)
nth(p,env)=P nth(l,env)=leq
shows sats(M ,forces_mem__fm(p,l,q,t1,t2),env) «—
is_forces_mem(nth(q,env),nth(t1 env),nth(t2,env))
unfolding forces _mem_ fm_ def is_forces _mem__def is_forces _mem' _def
using assms sats_is_tuple_fm sats_frc_at_fm
by simp

definition
forces_mneq :: [i,i,i] = o where
forces_mneq(p,t1,t2) = - (Fq€P. q=<p A forces_eq(q,t1,t2))

definition
forces_nmem :: [i,i,i] = o where
forces_nmem(p,t1,t2) = — (Fq€P. ¢=p A forces_mem(q,t1,t2))

lemma forces neq :
forces_neq(p,t1,t2) «— forces_neq’(P,leq,p,t1,t2)
unfolding forces neq def forces_neq’ _def forces eq def by simp

lemma forces nmem :
forces_nmem(p,t1,t2) «<— forces_nmem'(P,leq,p,t1,t2)
unfolding forces nmem__def forces _nmem’ _def forces _mem__def by simp

lemma sats forces Member :
assumes zenat yenat envelist(M)
nth(z,env)=xz nth(y,env)=yy €M
shows sats(M ,forces(Member(z,y)),[q,P,leq,one]Qenv) +—
(qeP A is_forces_mem(q,zz,yy))
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unfolding forces def
using assms sats_forces _mem_fm P_in_M leq in_M one_in_M
by simp

lemma sats_forces Equal :

assumes zenat yenat envelist(M)

nth(z,env)=zx nth(y,env)=yy ¢ M
shows sats(M ,forces( Equal(z,y)),lq,P,leq,one]Qenv) +—

(geP A is_forces eq(q,xz,yy))

unfolding forces def
using assms sats_forces _eq fm P_in_ M leq in_M one_in_ M
by simp

lemma sats_forces Nand :

assumes @€formula Yeformula envelist(M) pe M

shows sats(M ,forces(Nand(p,))),[p,P,leg,one]Qenv) «—

(peP N =(FqeM. geP A is_leq(##M,leq,q,p) N
(sats(M ,forces'(p),[q,P,leq,one]Qenv) A sats(M,forces'(1),[q,P,leq,one]Qenv))))

unfolding forces def using sats leq fm assms sats_ren_ forces _nand P_in_ M
leq_in_M one_in_M

by simp

lemma sats forces Neg :
assumes @cformula envelist(M) pe M
shows sats(M ,forces(Neg(v)),|p,P,leq,one]@env) +—
(peP A ~(FqeM. qeP N is_leq(##M,leq,q,p) N
(sats(M,forces'(v),|q,P,leq,one]Qenv))))
unfolding Neg def using assms sats_forces Nand
by simp

lemma sats_forces Forall :
assumes @€ formula envelist(M) pe M
shows sats(M ,forces(Forall(p)),[p,P,leq,one]Qenv) <—
peEP N (YzeM. sats(M,forces'(v),|p,P,leq,one,x]Qenv))
unfolding forces def using assms sats_ren_ forces forall P_in_M leq in M
one_in_ M
by simp

end

17.9 The arity of forces

lemma arity forces at:
assumes z € nat y € nat
shows arity(forces(Member(z, y))) = (succ(z) U succ(y)) #+ 4
arity(forces(Equal(z, y))) = (succ(z) U succ(y)) #+ 4
unfolding forces def
using assms arity_forces_mem__fm arity forces eq fm succ_ Un__distrib nat_simp__union
by auto
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lemma arity forces”:
assumes €< formula
shows arity(forces’(p)) < arity(p) #+ 4
using assms
proof (induct set:formula)
case (Member z y)
then
show ?case
using arity_forces _mem_ fm succ_ Un__distrib nat__simp__union
by simp
next
case (Equal z y)
then
show ?case
using arity_forces eq fm succ_Un__distrib nat__simp__ union
by simp
next
case (Nand ¢ 1)
let %o’ = ren_ forces _nand(forces’(¢))
let %)’ = ren_ forces _mnand(forces'())
have arity(leq_fm(3, 0, 1)) = 4
using arity_leq fm succ_ Un__distrib nat__simp_ union
by simp
have 3 < (4#+arity(¢)) U (4 #+arity(y)) (is _ < ?rhs)
using nat_simp__union by simp
from «p€e_» Nand
have pred(arity(%p’)) < ?rhs pred(arity(#p’)) < ?rhs
proof -
from «pe_» wpe_»
have A:pred(arity(?¢’)) < arity(forces'(¢))
pred(arity(2") < arity(forces'(v))
using pred__mono[OF __ arity_ren_ forces _nand| pred_succ__eq
by simp__all
from Nand
have 3 U arity(forces'(¢)) < arity(p) #+ 4
3 U arity(forces' () < arity(y) #+ 4
using Un_le by simp__all
with Nand
show pred(arity(?p')) < ?rhs
pred(arity( %)) < 2
using le_ trans|OF A
by simp__all
qed
with Nand < =4»
show ?Zcase
using pred_ Un__distrib Un__assoc[symmetric] succ_ Un__distrib nat_union__absl
Un_lel3[OF <3 < ?rhs)]
by simp

1)] le_trans|OF A(2)] le_Un__iff
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next
case (Forall ¢)
let %o’ = ren_ forces_forall(forces'(v))
show ?Zcase
proof (cases arity(p) = 0)
case True
with Forall
show ?thesis
proof -
from Forall True
have arity(forces’(¢)) < &
using le_trans[of _ 4 5] by auto
with «pe_»
have arity(?p’) < 5
using arity_ren_ forces_all[OF forces’ _type[OF <p€_ ]| nat_union__abs2
by auto
with Forall True
show ?thesis
using pred_mono[OF _ <arity(%p’) < 5)]
by simp
qed
next
case Fulse
with Forall
show ?thesis
proof -
from Forall False
have arity(?p’) = 5 U arity(forces'(y))
arity(forces'()) < &5 #+ arity(y)
4 < succ(suce(suce(arity(p))))
using Ord_0 It arity_ren_ forces all
le_trans|OF __ add_le_monolof 4 5, OF __ le_refl]]
by auto
with «pe_»
have 5 U arity(forces'(¢)) < 5#+arity(p)
using nat_simp__union by auto
with «pe_» <arity(%p’) = 5 U _»
show ?thesis
using pred_Un_ distrib succ_pred_eq[OF __ <arity(¢)#0>]
pred_mono[OF __ Forall(2)] Un_le[OF «4<succ(_ )]
by simp
qed
qed
qed

lemma arity_forces :
assumes € formula

shows arity(forces(p)) < 4#+arity(p)
unfolding forces def
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using assms arity_forces’ le_trans nat_simp__union by auto

lemma arity_forces le :

assumes @€ formula nenat arity(p) < n

shows arity(forces(p)) < 4#+n

using assms le_trans[OF __ add_le_mono[OF le_refilof 5] <arity(p)<_>]] ar-
ity forces

by auto

end

18 The Forcing Theorems

theory Forcing Theorems
imports
Forces _Definition

begin

context forcing data
begin

18.1 The forcing relation in context

abbreviation Forces :: [i, i, i) = o («_IF _ _» [36,36,36] 60) where
plkoenv = M, ([p,P,legone] Q env) |= forces(p)

lemma Collect_forces :
assumes
fty: p€formula and
far: arity(p)<length(env) and
envty: envelist(M)
shows
{peP .p Ik ¢ env} € M
proof -
have ze P — ze M for 2
using P_in_ M transitivity|of z P] by simp
moreover
have separation(##M Ap. (p IF ¢ env))
using separation__ax arity_forces far fty P_in_ M leq in_ M one_in_M
envty arity__forces_le
by simp
then
have Collect(P,\p. (p I+ ¢ env))eM
using separation__closed P_in_ M by simp
then show ?thesis by simp
qed

lemma forces_mem__iff dense_below: pe P = forces_mem(p,t1,t2) +— dense_ below(
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{geP.3s. Ar. reP A (s,r) € t2 N q=r A forces eq(q,t1,s)}

p)
using def forces _mem|of p t1 t2] by blast

18.2 Kunen 2013, Lemma IV.2.37(a)

lemma strengthening_eq:
assumes peP reP r=p forces_eq(p,t1,t2)
shows forces eq(r,t1,t2)
using assms def forces eqlof _ t1 t2] leq transD by blast

18.3 Kunen 2013, Lemma IV.2.37(a)

lemma strengthening_mem:
assumes peP reP r=p forces _mem(p,t1,t2)
shows forces _mem/(r,t1,t2)
using assms forces _mem__iff dense_below dense_below under by auto

18.4 Kunen 2013, Lemma IV.2.37(b)

lemma density mem:
assumes peP
shows forces_mem(p,tl,t2) <«— dense_below({g€P. forces _mem(q,t1,t2)},p)
proof
assume forces _mem(p,t1,t2)
with assms
show dense_below({qeP. forces_mem(q,t1,t2)},p)
using forces_mem__iff dense__below strengthening_mem[of p] ideal__dense__below
by auto
next
assume dense_below({q € P . forces_mem(q, t1, t2)}, p)
with assms
have dense_ below({geP.
dense_below({q'€P. Isr. r € P A (s,r)€t2 N ¢'<r A forces_eq(q’,t1,s)},q)
}:p)
using forces_mem__iff _dense__below by simp
with assms
show forces _mem(p,t1,t2)
using dense__below__dense__below forces_mem__iff dense_below[of p t1 t2] by
blast
qed

lemma auz_density eq:

assumes
dense__below(
{q'eP.Vq. geP A q=q' —> forces_mem/(q,s,t1) <— forces_mem(q,s,t2)}
p)
forces_mem(q,s,t1) q€P peP q=p

shows
dense__below({reP. forces_mem(r,s,t2)},q)
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proof
fix r
assume reP r=gq
moreover from this and «peP> (q=<p> <gEP>

have r=p
using leq transD by simp
moreover
note <forces_mem(q,s,t1)> <dense_below(__,p)) <q€P>
ultimately

obtain ¢/ where qI=<r g1 €P forces_mem(ql,s,t2)
using strengthening _memlof ¢ __ s t1] leq_reflil leq_transD[of __ r q] by blast
then
show 3de{r € P . forces_mem(r, s, t2)}. d € P N d=r
by blast
qed

lemma density eq:
assumes peP
shows forces _eq(p,t1,t2) <— dense_below({qeP. forces_eq(q,t1,t2)},p)
proof
assume forces eq(p,t1,t2)
with «peP)
show dense_below({q€P. forces eq(q,t1,t2)},p)
using strengthening eq ideal__dense__below by auto
next
assume dense__below({q€P. forces _eq(q,t1,t2)},p)
{
fix s q
let ?Di1={q'eP. Vscdomain(tl) U domain(t2). Vq. ¢ € P A ¢=¢' —
forces_mem(q,s,t1)«— forces_mem(q,s,t2)}
let ?D2={q'€P.V q. g€ P N q=q' — forces_mem(q,s,t1) <— forces_mem(q,s,t2)}
assume s€domain(tl) U domain(t2)
then
have ?D1C?D2 by blast
with «dense_below(__,p)»
have dense_below({q'€P. ¥V s€domain(tl) U domain(t2). Vq. ¢ € P A ¢=¢’
H
forces_mem(q,s,t1)+— forces _mem(q,s,t2)},p)
using dense__below_cong'|OF <peP» def forces_eq[of __ t1 t2]] by simp
with <peP»> «¢?D1C?D2)»
have dense_below({q'€P. V¥ q. ¢¢P A ¢3¢’ —
forces_mem(q,s,t1) <— forces_mem(q,s,t2)},p)
using dense_below mono by simp
moreover from this
have dense_below({q’€P.V q. ¢¢P N ¢=q¢' —
forces_mem(q,s,t2) <— forces_mem(q,s,t1)},p)
by blast
moreover
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assume q € P ¢=p
moreover
note <peP»
ultimately
have forces_mem(q,s,t1) = dense__below({reP. forces_mem(r,s,t2)},q)
forces_mem(q,s,t2) = dense__below({reP. forces _mem(r,s,t1)},q)
using aux_density_eq by simp__all
then
have forces_mem(q, s, t1) «— forces_mem(q, s, t2)
using density_mem[OF (g€ P>] by blast
}
with «peP)
show forces eq(p,t1,t2) using def forces eq by blast
qed

18.5 Kunen 2013, Lemma 1V.2.38

lemma not_ forces neq:
assumes peP
shows forces eq(p,t1,t2) «— — (Fg€P. q=p A forces neq(q,t1,t2))
using assms density__eq unfolding forces neq def by blast

lemma not_ forces _nmem:
assumes peP
shows forces _mem(p,t1,t2) <— — (I q€P. q=<p A forces _nmem(q,t1,t2))
using assms density _mem unfolding forces nmem__def by blast

lemma sats_forces Nand':
assumes
pEP e formula e formula env € list(M)
shows
M, [p,P,leq,one] Q env = forces(Nand(p))) «—
—(3geM. qeP A is_leq(#+#M leq,q,p)
M, [q,P,leq,one] @ env |= forces(p) A
M, [q,P,leq,one] @ env = forces(v)))
using assms sats__forces_Nand[OF assms(2-4) transitivity| OF <p€ P>]]
P _in_Mleq in_M one_in_M unfolding forces def
by simp

lemma sats _forces Neg"
assumes
pEP env € list(M) € formula
shows
M, [p,P,leq,one] @ env = forces(Neg(p)) <+—
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—(3geM. qeP A is_leq(#+#M,leq,q,p) N
M, [q,P,leq,one]Qenv |= forces(p))
using assms sats_forces Neg transitivity
P _in_Mleq in_M one in_M unfolding forces def
by (simp, blast)

lemma sats forces Forall’:
assumes
peP env € list(M) peformula
shows
M ,[p,P,leg,one] Q env |= forces(Forall(p)) «—
(VzeM. M, [p,P,leg,one,x] Q env = forces(y))
using assms sats_forces Forall transitivity
P _in_Mleq in_ M one_in_M sats_ren_ forces forall unfolding forces def
by simp

18.6 The relation of forcing and atomic formulas

lemma Forces FEqual:
assumes
peP t1eM t2eM envelist(M) nth(n,env) = t1 nth(m,env) = t2 nEnat menat
shows
(p IF Equal(n,m) env) +— forces_eq(p,t1,t2)
using assms sats_forces Equal forces eq abs transitivity P_in_ M
by simp

lemma Forces Member:
assumes
peEP t1eM t2e M envelist(M) nth(n,env) = t1 nth(m,env) = t2 nEnat menat
shows
(p IF Member(n,m) env) <— forces_mem(p,t1,t2)
using assms sats_forces Member forces _mem,_abs transitivity P_in_ M
by simp

lemma Forces Neg:
assumes
pEP env € list(M) p€&formula
shows
(p IF Neg(p) env) «— —(IgeM. geP A q=p A (q IF ¢ env))
using assms sats_forces_ Neg' transitivity
P_in_ M pair_in_ M _iff leq_in_ M leq abs by simp

18.7 The relation of forcing and connectives

lemma Forces Nand:
assumes
pEP env € list(M) € formula e formula
shows
(p IF Nand(p,) env) <— =(3qeM. qeP A q=p A (qIF ¢ env) A (¢ IF ¢ env))
using assms sats_forces_Nand’ transitivity
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P _in_ M pair_in_ M _iff leq_in_M leq abs by simp

lemma Forces And_auz:
assumes
pEP env € list(M) pEformula e formula
shows
p Ik And(p)) env  —
(VgeM. qeP N q=p — (3reM. reP A r=q A (1 IF ¢ env) A (r IF ¢ env)))
unfolding And_ def using assms Forces_Neg Forces_Nand by (auto simp only:)

lemma Forces_And_iff dense_below:
assumes
pEP env € list(M) € formula e formula
shows
(p Ik And(p)) env) +— dense_below({reP. (r I- ¢ env) A (r Ik env) },p)
unfolding dense_below def using Forces_And__auzx assms
by (auto dest:transitivity[OF __ P_in_ M]; rename_tac ¢; drule_tac x=q in
bspec)+

lemma Forces Forall:
assumes
pEP env € list(M) e formula
shows
(p Ik Forall(p) env) «— (VzeM. (p Ik ¢ ([z] Q@ env)))
using sats_forces Forall’ assms by simp

bundle some_rules = elem_of wval_pair [dest] SepReplace_iff [simp del] SepRe-
place_iff [iff]

context
includes some_rules
begin

lemma elem_of wvall: 39. IpeP. peG A (9,p)em A val(G,9) = 2 = z€val(G,7)
by (subst def val, auto)

lemma GenExtD: ze M[G] «— (37eM. z = val(G,T))
unfolding GenFaxt def by simp

lemma left_in M : taue M = (a,b)€tau = aeM
using fst_snd_closed[of {(a,b)] transitivity by auto

18.8 Kunen 2013, Lemma 1V.2.29

lemma generic_inter__dense__below:
assumes DeM M__generic(G) dense__below(D,p) peG
shows DN G # 0

proof -
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let YD={qeP. plqV ¢eD}
have dense(?D)
proof
fix r
assume reP
show 3de{qe P.p Ll qgVvqge Dl d=r
proof (cases p L r)
case True
with «repP)

show ?thesis using leq _reflI[of r] by (intro bexI) (blast+)
next
case Fulse
then
obtain s where seP s<p s=<r by blast
with assms «reP»
show ?thesis
using dense__belowD[OF assms(8), of s] leq_transD]of __ s 7]
by blast
qed
qged
have ?DCP by auto

let ?d_fm=0r(Neg(compat_in_fm(1,2,8,0)),Member(0,4))
have 1:peM
using «M__generic(G)> M__genericD transitivity OF _ P_in_ M)
«<pe Gy by simp
moreover
have ?d_ fmeformula by simp
moreover
have arity(?d_fm) = 5 unfolding compat_in_ fm__def pair_fm__def upair_fm__def
by (simp add: nat_union__absl Un__commute)

moreover
have (M, [q,P,leq,p,D] = %d_fm) <— (= is_compat_in(#+#M,P,leq,p,q) V
q€D)
if ¢e M for ¢

using that sats _compat_in_fm P_in_Mleq in_ M 1 <DEM)> by simp
moreover
have (= is_compat_in(##M,P,leq,p,q) V q€D) «— pLlq V gD if ge M for ¢
unfolding compat_def using that compat _in_abs P_in_M leq _in_M 1 by
stmp
ultimately
have ?DeM using Collect_in_M_4p[of ?d_fm
zEh]

iiiii Ay zwh wlx Vv
P _in_Mleq in_ M <DeM> by simp
note asm = <M__generic(G)> «dense(?D)s «?DCP) «?DeM)
obtain z where z€G x€?D using M__generic_denseD[OF asm]
by force
moreover from this and <M__generic(G)»
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have zeD
using M _generic_compatD[OF __ <peG», of x|
leq_refll compati[of _ p z] by force
ultimately
show ?thesis by auto
qed

18.9 Auxiliary results for Lemma IV.2.40(a)

lemma 1V2/0a_mem__Collect:
assumes
TeM teM
shows
{¢eP.Jo.Ir. reP AN {o,r) € T A q=31 A forces_eq(q,m,0)}eM
proof -
let ?rel _pred= AM z al a2 a3 a4. Fo[M]. Ir[M]. Jor[M].
real A pair(M,o,r,or) Aor€ad Ais_leq(M,a2,x,r) A is_forces_eq'(M,al,a2,z,a8,0)
let %p=Fuists(Exists(Exists(And(Member(1,4),And(pair_fm(2,1,0),
And(Member(0,7),And(leq_fm(5,3,1),forces_eq fm(4,5,3,6,2))))))))
have ceM A reM if (o, r) € 7 for o r
using that «t€M> pair_in_ M _iff transitivity[of (o,r) T] by simp
then
have ?rel _pred(##M,q,P,leq,n,7) +— (3o. Ir. r€EP A {o,r) € T A ¢=r A
forces_eq(q,m,0))
if ge M for q
unfolding forces eq def using assms that P_in_Mleq in_ M leq abs forces eq’ abs
pair_in_ M __iff
by auto
moreover
have (M, [q,P,leq,m,7] |E %) <— %rel_pred(##M,q,P,leq,n,T) if ¢ M for ¢
using assms that sats_forces _eq’ fm sats leq fm P_in_Mleq in M by simp
moreover
have %p¢cformula by simp
moreover
have arity(2p)=5
unfolding leq fm_ def pair_fm_ def upair_fm_ def
using arity forces _eq fm by (simp add:nat_simp _union Un__commute)
ultimately
show ?thesis
unfolding forces eq def using P_in_ M leq in_ M assms
Collect_in_M_4plof %0 _ _ _ _ _
Agala2a8aj.3o.Ir.r€al A {o,r) €T A q=r A forces_eq'(al,a2,q,a3,0))
by simp
qed

lemma 1V240a_mem:
assumes
M_generic(G) peG meM T€M forces_mem(p,m,T)
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Nq 0. g6 P = ¢ G = o€domain(r) = forces_eq(q,m,0) =
val(G,m) = val(G,0)
shows
val(G,m)€val(G,T)
proof (intro elem__of wvall)
let YD={¢eP.do. Ir. r€P A {(o,r) € T N\ q¢=r A forces eq(q,m,0)}
from <M_ generic(G)> <peG»
have peP by blast
moreover
note «reM)» «teM>
ultimately
have ?D € M using 1V2/0a_mem__Collect by simp
moreover from assms <pEP»
have dense_below(?D,p)
using forces _mem__iff dense_below by simp
moreover
note «M__generic(GQ)» <peG»
ultimately
obtain ¢ where ¢eG ¢€?D using generic_inter__dense__below by blast
then
obtain o r where reP (o,r) € 7 q=r forces_eq(q,m,0) by blast
moreover from this and ¢G> assms
have r € G val(G,r) = val(G,0) by blast+
ultimately
show 3 ¢. 3peP. p € G A (o, p) € T A val(G, o) = val(G, 7) by auto
qged

lemma refl_forces eq:peP = forces__eq(p,z,z)
using def forces eq by simp

lemma forces_meml: (o,r)eT = p€P —> r€P = p=<r = forces_mem(p,o,T)
using refl_forces eqlof __ o] leq_transD leq refll
by (blast intro:forces_mem,__iff dense_below| THEN 1iffD2])

lemma 1V2/0a eq 1st incl:
assumes
M__generic(G) peG forces_eq(p,7,9)
and
IH:A\q 0. ¢¢ P = ¢ G = oedomain(T) U domain(¥) =
(forces_mem(q,0,7) — wval(G,0) € val(G,7)) A
(forces_mem(q,0,9) — val(G,0) € val(G19))

shows
val(G,m) C wval(G,9)
proof
fix z
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assume z€val(G,T)
then
obtain ¢ r where (o,r)eT r€G val(G,0)=1z by blast
moreover from this and <peG> «M__generic(G)»
obtain ¢ where ¢ G ¢=p q=r by force
moreover from this and peG» «(M__generic(G)»
have ¢eP peP by blast+
moreover from calculation and <M __generic(G)»
have forces _mem(q,0,7)
using forces _memlI by blast
moreover
note <forces_eq(p,7,9)»
ultimately
have forces _mem(q,0,9)
using def forces eq by blast
with «¢eP» <qeG) IH[of q o] «(o,r)eTs wal(G,0) = >
show z€wval(G,9) by (blast)
qed

lemma 1V2/0a_eq 2nd_incl:
assumes
M__generic(G) peG forces_eq(p,7,9)
and
IH:A\q 0. ¢¢ P = ¢ G = ocdomain(T) U domain(¥) =
(forces_mem(q,0,7) — wval(G,0) € val(G,T)) A
(forces_mem(q,0,9) — val(G,0) € val(G,19))
shows
val(G,9) C val(G,T)
proof
fix z
assume z€val(G,9)
then
obtain o r where (o,r)ed reG val(G,0)=z by blast
moreover from this and (peG» «M__generic(G)»
obtain ¢ where ¢ G ¢=p ¢q=r by force
moreover from this and <peG> «M__generic(G)»
have ¢eP peP by blast+
moreover from calculation and <M __generic(G)»
have forces _mem(q,0,9)
using forces _memlI by blast
moreover
note <forces_eq(p,7,9)»
ultimately
have forces _mem(q,0,7)
using def forces eq by blast
with «¢eP» <qeG) IH|[of q o] «{o,r)ed (wal(G,0) = >
show z€wval(G,7) by (blast)
qed
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lemma 1V240a_eq:
assumes
M__generic(G) peG forces _eq(p,r,9)
and
IH:\q 0. ¢ P = q€ G = o&domain(t) U domain(¥) =
(forces_mem(q,0,7) — wval(G,0) € val(G,7)) A
(forces_mem(q,0,9) — val(G,0) € val(G,9))
shows
val(G,7) = val(G9)
using IV240a_eq 1st_incl[OF assms] IV240a_eq 2nd_incl[OF assms| IH by
blast

18.10 Induction on names

lemma core induction:
assumes
NT 9 p.pe P=[Aqo.[qeP ; c€domain(9)] = Q(0,7,0,9)]
AT Y p.p € P= [Aqo. [¢eP ; o€domain(r) U domain(9)]
A Q(1,0,9)] = Q(0,7,9,p)
fte2peP
shows
Q(ftﬂ—)’l?vp)
proof -
{
fix ftpt Y
have Transset(eclose({r,9})) (is Transset(?e))
using Transset_eclose by simp
have 7 € %e ¥ € %e
using arg_into_eclose by simp__all
moreover
assume ft € 2p € P
ultimately
have (ft,7,9,p)€ 2x Zex ?ex P (is 2a€2x ?ex ex P) by simp
then
have Q(ftype(?a), namel (?a), name2(%a), cond_of(?a))
using core_induction__auz[of %e P Q %a,0F <Transset(?e)> assms(1,2)
(Za€_ )
by (clarify) (blast)
then have Q(ft,7,9,p) by (simp add:components__simp)
}
then show ?thesis using assms by simp
qed

(Z 7T7197p)

= Q
ﬁ Q(170-7T7Q)

lemma forces induction__with__conds:
assumes
AT ¥ p.pe€ P = [ANqo. [¢EP ; oc€domain(¥)] = Q(q¢,7,0)] = R(p,7,9)
AT ¥ p.p€ P= [Aqo.[¢eP ; c€domain(T) U domain(¥)] = R(q,0,7) A
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R(q,00)] = Q(p,7.9)
peP
shows
Q(p,7,9) A R(p,7,9)
proof -
let 2Q=\ft 7 9 p. (ft = 0 — Q(p,7,9)) A (ft = 1 — R(p,7,9))
from assms(1)
have AT 0 p. p € P = [Aq 0. [¢€P ; o€domain(¥)] = ?Q(0,7,0,9)] =
?Q(Z 17—7797]))
by simp
moreover from assms(2)
have A7 ¥ p. p € P = [Aq 0. [¢eP ; ocdomain(t) U domain(¥)] =
2Q(1,0,m,9) A 2Q(1,0,9,9)] = ?Q(0,7,9,p)
by simp
moreover
note <peP»
ultimately
have ?Q(ft,7,0,p) if fte2 for ft
by (rule core_induction[OF _ __ that, of ?2Q))
then
show ?thesis by auto
qged

lemma forces induction:
assumes
AT 9. [No. o€domain(¥) = Q(1,0)] = R(7.,9)
AT 9. [No. o€domain(T) U domain(¥) = R(o,7) A R(0,9)] = Q(7.,9)
shows
Q(1,9) A R(1,9)
proof (intro forces_induction_with_conds|OF _ _ one_in_P))
fix 7Y p
assume ¢ € P = o € domain(9) = Q(r, o) for q o
with assms(1)
show R(7,9)
using one_in_ P by simp
next
fix 79 p
assume ¢ € P = o € domain(r) U domain(¥) = R(o,7) A\ R(c,9) for q o
with assms(2)
show Q(7,9)
using one_in_ P by simp
qged

18.11 Lemma IV.2.40(a), in full

lemma 1V2/0a:
assumes
M__generic(G)
shows
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(reM — 9eM — (VpeQG. forces eq(p,7,9) — val(G,1) = val(G,9))) A
(TeM — YeM — (VpeQG. forces_mem(p,7,9) — val(G,T) € val(G)))
(is 2Q(1,9) A 2R(7,9))
proof (intro forces_induction|[of ?Q ?R] impl)
fix 7 ¢
assume 7€M YeM oe€domain(¥) = ?Q(1,0) for o
moreover from this
have cedomain(¥) = forces_eq(q, 7, 0) = val(G, 7) = val(G, o)
if geP geG for q o
using that domain__closed[of Y] transitivity by auto
moreover
note assms
ultimately
show V peG. forces_mem(p,7,9) — val(G,1) € val(G,9)
using IV2/0a_mem domain__closed transitivity by (simp)
next
fix 79
assume 7€M JeM o € domain(T) U domain(¥) = ?R(o,7) A ?R(0,9) for o
moreover from this
have IH".0 € domain(t) U domain(¥) = ¢ G =
(forces_mem(q, o, ) — val(G, o) € val(G, 7)) A
(forces_mem(q, o, 9) — wval(G, o) € val(G, ¥)) for q o
by (auto intro: transitivity] OF __ domain__closed|simplified]])
ultimately
show V peG. forces eq(p,7,9) — val(G,1) = val(G,9)
using IV2/0a_eq[OF assms(1) _ _ IH'] by (simp)
qged

18.12 Lemma IV.2.40(b)

lemma 1V240b__mem:
assumes
M_generic(G) val(G,m)eval(G,7) meM TeM
and
IH:N\o. o€domain(t) = val(G,1) = val(G,0) =
Ipeq. forces eq(p,m,0)
shows
IpeG. forces_mem(p,m,T)
proof -
from <wal(G,m)€val(G,T)>
obtain ¢ r where reG (o,r)er val(G,7) = val(G,0) by auto
moreover from this and IH
obtain p’ where p’e G forces_eq(p’,m,0) by blast
moreover
note <M__generic(G)»
ultimately
obtain p where p=r peG forces eq(p,m,0)
using M__generic__compatD strengthening_eqlof p'| by blast
moreover
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note <M__generic(G)»

moreover from calculation

have forces eq(q,m,0) if g€ P q=<p for ¢
using that strengthening eq by blast

moreover

note «(o,r)eT) «reG)

ultimately

have reP A (o,r) € T A q=r A forces_eq(q,m,0) if geP q=p for ¢
using that leq_transD[of _ p r] by blast

then

have dense_below({qeP. Is r. reP A (s,r) € T A q=31 A forces_eq(q,m,$)},p)
using leq refil by blast

moreover

note «M__generic(GQ)» «peG»

moreover from calculation

have forces_mem(p,m,7)
using forces _mem__iff dense_below by blast

ultimately

show ?thesis by blast

qed

end

lemma Collect forces eq in_M:
assumes 7 € M Y € M
shows {peP. forces_eq(p,7,9)} € M
using assms Collect_in_M__4p|of forces_eq_fm(1,2,0,3,4) P leq T ¥
A xplitlt2. is forces eq(x,t1,t2)
Az pltlt2. forces eq(x,t1,t2) P
arity_forces _eq fm P_in_M leq in_ M sats_forces eq fm forces eq abs
forces _eq fm_ type
by (simp add: nat_union__abs! Un__commute)

lemma V2400 eq Collects:
assumes 7 € M ¥ € M

shows {peP. Jocdomain(r) U domain(9). forces_mem(p,o,7) A forces_nmem(p,0,0)}eM

and

{peP. Joedomain(r) U domain(9). forces_nmem(p,o,7) A forces_mem(p,o,9)}eM

proof -
let ?rel _pred=AM x al a2 a3 a4.

Jo[M]. Ju[M]. Fda3[M]. 3 da4[M]. is_domain(M,a3,dad) A is_domain(M,a4 ,das)

A
union(M,da8,da4 ,u) A\ c€u A is_forces_mem'(M,al,a2,z,0,a3) N\
is_forces_nmem'(M,al,a2,z,0,a4)
let %p=FEuwists(Exists( Exists( Exists(And(domain_fm(7,1),And(domain_fm(8,0),
And(union_fm(1,0,2),And(Member(3,2),And(forces_mem_ fm(5,6,4,3,7),
Jorces_nmem._fm(5,6,4,3,8))))))))))
have 1:0eM if (0,y)€0 6eM for o § y
using that pair_in_ M __iff transitivity[of {(o,y) 0] by simp
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have absl1:%rel _pred(##M,p,P,leq,7,9) «—
(Foedomain(r) U domain (). forces_mem'(P,leq,p,0,7) A forces_nmem/'(P,leq,p,0,9))

if peM for p
unfolding forces mem__def forces _nmem,__def
using assms that forces_mem' _abs forces_nmem' _abs P_in_ M leq _in_ M
domain__closed Un__closed
by (auto simp add:1[of _ _ 7] 1[of _ _ 9])
have abs2: ?rel_pred(##M,p,P,leq,9,7) +— (Fo€domain(r) U domain(?).
forces_nmem/(P,leq,p,o,7) N forces_mem'(P,leq,p,0,9)) if pe M for p
unfolding forces mem__def forces _nmem__def
using assms that forces _mem’ _abs forces _mmem’ _abs P_in M leq in M
domain__closed Un__closed
by (auto simp add:1[of _ _ 7] 1[of _ _ 9])
have fsats1:(M,[p,P,leq,m,9] = %p) <— ?rel_pred(##M,p,P,leq,r,9) if pe M
for p
using that assms sats_forces _mem' _fm sats forces_nmem’ _fm P_in_M
leq _in_ M
domain__closed Un__closed by simp
have fsats2:(M,[p,P,leq,0,7] |E %p) «— ?rel_pred(##M,p,P,leq,9,7) if pe M
for p
using that assms sats_forces _mem' _fm sats forces_nmem’ fm P_in_M
leq_in_ M
domain__closed Un__closed by simp
have fty: %pcformula by simp
have farit:arity(2p)=5
unfolding forces nmem_ fm_ def domain__fm_ def pair_fm_ def upair_fm_ def
union__fm__def
using arity forces _mem_ fm by (simp add:nat_simp_union Un__commute)
show
{p € P .3oedomain(r) U domain(9). forces_mem(p, o, 7) A forces_nmem(p,
o,N}teM
and {p € P.Jocdomain(r) U domain(9). forces_nmem(p, o, T) A forces_mem(p,
o,9)} e M
unfolding forces mem__def
using absl fty fsatsl farit P_in_M leq in_M assms forces _nmem
Collect_in_M_4plof %0 _ _ _ _ _
Az plal a2. (o€domain(al) U domain(a2). forces_mem'(p,l,x,0,a1) A
forces_nmem/(p,l,x,0,a2))]
using abs?2 fty fsats2 farit P_in_ M leq in_ M assms forces_nmem domain__closed
Un_ closed
Collect_in_M_4plof %0 P leq ¥ T ?rel_pred
Az pla2al. (Joedomain(al) U domain(a2). forces _nmem'(p,l,z,0,al)

forces_mem/(p,l,x,0,a2)) P]

by simp__all
qed
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lemma V2400 eq:
assumes
M _generic(G) val(G,m) = val(GY) TeM YeM
and
IH:N\o. o€domain(T)Udomain(¥) =
(val(G,o)eval(G,7) — (Fq€G. forces_mem(q,0,7))) A
(val(G,o)eval(G,Y) — (Fq<€@. forces_mem(q,0,9)))

shows
dpeq. forces_eq(p,7,9)
proof -
let D1={peP. forces eq(p,7,9)}
let ?D2={peP. Iocdomain(r) U domain(v). forces_mem(p,o,7) A forces_nmem(p,o,9)}
let ?D3={peP. Jocdomain(r) U domain(}). forces_nmem(p,0,7) A forces_mem(p,0,9)}
let ?D=%D1 U ?D2 U ?D8
note assms
moreover from this
have domain(r) U domain(¥)eM (is ?BeM) using domain_ closed Un__closed
by auto
moreover from calculation
have ?D2eM and ?D38eM using IV240b_eq Collects by simp__all
ultimately
have ?DeM using Collect_forces eq in_M Un_ closed by auto
moreover
have dense(?D)
proof
fix p
assume peP
have 3deP. (forces_eq(d, T, V) V
(Foedomain(r) U domain(). forces_mem(d, o, T) A forces_nmem(d,
o, 9)) Vv
(Foedomain(r) U domain(9). forces _nmem(d, o, ) N forces_mem(d,
7, ) A
d=p
proof (cases forces_eq(p, T, ¥))
case True
with «peP)
show ?thesis using leq refll by blast
next
case Fulse
moreover note <peP)
moreover from calculation
obtain o ¢ where o€domain(r)Udomain(¥) ¢eP q=p
(forces_mem(q, o, 7) N — forces_mem(q, o, 9)) V
(= forces_mem(q, o, T) N\ forces_mem(q, o, V))
using def forces eq by blast
moreover from this
obtain r where r<¢q reP
(forces_mem(r, o, ) A forces_nmem(r, o, 9)) V
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(forces_nmem(r, o, T) A forces_mem(r, o, 9))
using not_forces _nmem strengthening mem by blast
ultimately
show ?thesis using leq transD by blast
qed
then
show 3de?D1 U ?D2 U ?D3. d < p by blast
qed
moreover
have ?D C P
by auto
moreover
note <M__generic(G)»
ultimately
obtain p where peG pe?D
unfolding M_generic_def by blast
then
consider
(1) forces_eq(p;79) |
(2) Foedomain(r) U domain(¥). forces_mem(p,o,7) A forces_nmem(p,0,9) |
(3) Foedomain(r) U domain(9). forces_nmem(p,o,7) A forces_mem(p,o,9)
by blast
then
show ?thesis
proof (cases)
case ]
with (pe G
show ?thesis by blast
next
case 2
then
obtain o where o€domain(r) U domain(9) forces _mem(p,o,7) forces_nmem(p,o,9)

by blast
moreover from this and (peG) and assms
have val(G,0)€val(G,T)
using IV240a]of G o 7] transitivity] OF __ domain__closed[simplified]] by blast
moreover note IH <val(G,7) =
ultimately
obtain ¢ where ¢€G forces_mem(q, o, ¥) by auto
moreover from this and peG> «M__generic(Q)»
obtain r where reP r<p r<gq
by blast
moreover
note «M__generic(G)»
ultimately
have forces_mem(r, o, 9)
using strengthening_mem by blast
with <r=py «forces_nmem(p,0,9)s <reP»
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have Fulse
unfolding forces nmem__def by blast
then
show ?thesis by simp
next
case 3
then
obtain o where oc€domain(r) U domain(9) forces_mem(p,0,9) forces_nmem(p,o,7)

by blast
moreover from this and (peG> and assms
have val(G,0)€val(G,9)
using IV240a]of G o V] transitivityOF __ domain__closed[simplified]] by blast
moreover note [H <val(G,7) = _»
ultimately
obtain ¢ where ¢€G forces_mem(q, o, T7) by auto
moreover from this and <peG» «M__generic(G)»
obtain r where reP r=<p r<q
by blast
moreover
note «M__generic(G)»
ultimately
have forces_mem(r, o, T)
using strengthening mem by blast
with «r=<ps <forces_nmem(p,o,7)) <reP»
have Fulse
unfolding forces nmem__def by blast
then
show ?thesis by simp
qed
qed

lemma 1V2400:
assumes
M__generic(Q)
shows
(rte M—I¥eM—val(G,7) = val(G,9) — (IpeG. forces eq(p,7,9))) A
(te M—YeM—val(G,7) € val(GY) — (3 peG. forces_mem(p,7,9)))
(is 2Q(7,9) N ?R(1,9))
proof (intro forces_induction)
fix 74 p
assume o€domain(¥) = ?Q(r, o) for o
with assms
show ?R(r, 9)
using IV240b_mem domain__closed transitivity by (simp)
next
fix 79 p
assume o € domain(r) U domain(9) = ?R(o,7) A ?R(c,9) for o
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moreover from this
have IH"71e M — YeM = o € domain(7) U domain(¥) =
(val(G, o) € val(G, T) — (3 q€G. forces_mem(q, o, 7))) A
(val(G, o) € val(G, 9) — (F¢€G. forces_mem(q, o, 9¥))) for o
by (blast intro:left_in_ M)
ultimately
show ?2Q(7,9)
using IV240b_eq|OF assms(1)] by (auto)
qed

lemma map_wval_in_MG:
assumes
envelist(M)
shows
map(val(G),env)€elist(M[G])
unfolding GenFxt def using assms map__type2 by simp

lemma truth lemma_mem:
assumes
envelist(M) M__generic(G)
nenat menat n<length(env) m<length(env)
shows
(Ipeq. p Ik Member(n,m) env) <— M[G], map(val(G),env) |= Member(n,m)
using assms IV240a[OF assms(2), of nth(n,env) nth(m,env)]
IV240b[OF assms(2), of nth(n,env) nth(m,env)]
P in_Mleq in M one in M
Forces__Member[of _ nth(n,env) nth(m,env) env n m] map_val_in_ MG
by (auto)

lemma truth_lemma__eq:
assumes
env€list(M) M__generic(Q)
nenat menat n<length(env) m<length(env)
shows
(3peq. p IF Equal(n,m) env) <— MI[G], map(val(G),env) = Equal(n,m)
using assms I1V2/0a(1)[OF assms(2), of nth(n,env) nth(m,env)]
IV240b(1)[OF assms(2), of nth(n,env) nth(m,env)]
P in_Mleq in_ M one in_ M
Forces_Equallof _ nth(n,env) nth(m,env) env n m] map_val_in_ MG
by (auto)

lemma arities at_aux:
assumes
n € nat m € nat env € list(M) succ(n) U succ(m) < length(env)
shows
n < length(env) m < length(env)
using assms succ_leE[OF Un_leD1, of n succ(m) length(env)]
succ_leE[OF Un_leD2, of succ(n) m length(env)] by auto
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18.13 The Strenghtening Lemma

lemma strengthening lemma:
assumes
peP peformula reP rp
shows
Nenv. envelist(M) = arity(p)<length(env) = p IF ¢ env = 1 IF ¢ env
using assms(2)
proof (induct)
case (Member n m)
then
have n<length(env) m<length(env)
using arities _at_aux by simp__all
moreover
assume envelist(M)
moreover
note assms Member
ultimately
show ?Zcase
using Forces_Member[of __ nth(n,env) nth(m,env) env n m)
strengthening_mem/[of p r nth(n,env) nth(m,env)] by simp
next
case (Fqual n m)
then
have n<length(env) m<length(env)
using arities _at_aux by simp_all
moreover
assume envelist(M)
moreover
note assms Equal
ultimately
show Zcase
using Forces Equallof _ nth(n,env) nth(m,env) env n m)
strengthening _eqlof p r nth(n,env) nth(m,env)| by simp
next
case (Nand ¢ 1)
with assms
show Zcase
using Forces Nand transitivity]|OF __ P_in_ M| pair_in_ M__iff
transitivity|OF __ leq_in_ M| leq_transD by auto
next
case (Forall ¢)
with assms
have p IF ¢ ([z] @ env) if zeM for z
using that Forces Forall by simp
with Forall
have r Ik ¢ ([z] @ env) if zeM for x
using that pred_le2 by (simp)
with assms Forall
show ?Zcase
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using Forces Forall by simp
qed

18.14 The Density Lemma

lemma arity Nand_le:
assumes @ € formula ¢ € formula arity(Nand(p, ¥)) < length(env) envelist(A)
shows arity(¢) < length(env) arity(v) < length(env)
using assms
by (rule_tac Un_leD1, rule_tac [5] Un_leD2, auto)

lemma dense_below__imp _forces:
assumes
peP peformula
shows
Nenv. envelist(M) = arity(p)<length(env) =
dense__below({qeP. (¢ I+ ¢ env)},p) = (p IF ¢ env)
using assms(2)
proof (induct)
case (Member n m)
then
have n<length(env) m<length(env)
using arities _at_aux by simp_ all
moreover
assume env€list(M)
moreover
note assms Member
ultimately
show Zcase
using Forces_Member[of __ nth(n,env) nth(m,env) env n m)
density _mem[of p nth(n,env) nth(m,env)] by simp
next
case (Fqual n m)
then
have n<length(env) m<length(env)
using arities_at_aux by simp_all
moreover
assume envelist(M)
moreover
note assms Equal
ultimately
show Zcase
using Forces Equallof _ nth(n,env) nth(m,env) env n m|
density__eqlof p nth(n,env) nth(m,env)] by simp
next
case (Nand ¢ 1)
{
fix ¢
assume geM geP ¢ p qIF ¢ env
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moreover
note Nand
moreover from calculation
obtain d where d€P d I+ Nand(p, ¥) env d=< ¢
using dense__belowl by auto
moreover from calculation
have —(dlF ¢ env) if d I ¢ env
using that Forces_Nand leq_refll transitivityOF _ P_in_ M, of d] by auto
moreover
note arity_ Nand_le[of ¢ 9]
moreover from calculation
have d IF ¢ env
using strengthening lemmalof q¢ ¢ d env] Un_leD1 by auto
ultimately
have — (q IF ¥ env)
using strengthening_lemmalof ¢ ¥ d env] by auto
}
with «peP)
show ?Zcase
using Forces_Nand[symmetric, OF __ Nand(5,1,3)] by blast
next
case (Forall )
have dense_below({qeP. q I+ ¢ ([a]Qenv)},p) if acM for a
proof
fix r
assume r€P r=<p
with <dense__below(__,p)»
obtain ¢ where ¢€P ¢=r ¢ Ik Forall(p) env
by blast
moreover
note Forall <acM>
moreover from calculation
have ¢ IF ¢ ([a]@Qenv)
using Forces Forall by simp
ultimately
show 3d € {¢eP. q I+ ¢ ([a]Qenv)}. d € P A d=r
by auto
qed
moreover
note Forall(2)[of Cons(__,env)] Forall(1,3-5)
ultimately
have p IF ¢ ([a]@Qenv) if ae M for a
using that pred_le2 by simp
with assms Forall
show ?case using Forces Forall by simp
qed

lemma density_lemma:
assumes
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pEP peformula envelist(M) arity(p)<length(env)
shows
plk @ env <— dense below({qeP. (¢ IF ¢ env)},p)
proof
assume dense_below({qeP. (¢ IF ¢ env)},p)
with assms
show (p - ¢ env)
using dense__below _imp_ forces by simp
next
assume p IF ¢ env
with assms
show dense_below({qeP. q I+ ¢ env},p)
using strengthening lemma leq refll by auto
qed

18.15 The Truth Lemma

lemma Forces And:
assumes
pEP env € list(M) peformula e formula
arity(p) < length(env) arity(v) < length(env)
shows
plF And(p)) env «— (plF @ env) A (p Ik env)
proof
assume p - And(p, ¥) env
with assms
have dense_below({r € P . (r IF ¢ env) A (r I 1 env)}, p)
using Forces And_iff dense below by simp
then
have dense_below({r € P . (r Ik ¢ env)}, p) dense_below({r € P . (rIF ¢ env)},
p)
by blast+
with assms
show (p IF ¢ env) A (p Ik 9 env)
using density_lemma[symmetric] by simp
next
assume (p IF ¢ env) A (p IF ¢ env)
have dense_below({r € P . (r IF ¢ env) A (r IF ¢ env)}, p)
proof (intro dense_belowl bexl conjl, assumption)
fix ¢
assume ¢eP ¢=<p
with assms «(p IF ¢ env) A (p IF ¢ env)»
show ge{r € P . (r Ik ¢ env) A (r Ik 9 env)} ¢=< g
using strengthening lemma leq _refll by auto
qed
with assms
show p IF And(p,0) env
using Forces And_iff dense_below by simp
qed
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lemma Forces Nand_alt:
assumes
pEP env € list(M) peformula e formula
arity(p) < length(env) arity(yp) < length(env)
shows
(p IF Nand(p,p) env) <— (p I+ Neg(And(p,))) env)
using assms Forces Nand Forces And ForcesNeg by auto

lemma truth_lemma_ Neg:
assumes
peformula M_generic(G) envelist(M) arity(yp)<length(env) and
IH: (3peqG. p Ik ¢ env) «— M[G], map(val(G),env) = ¢
shows
(3peq. p IF Neg(p) env) +— M|[G], map(val(G),env) = Neg(y)
proof (intro iffI, elim bexE, rule ccontr)

fix p
assume peG p IF Neg(p) env —(M[G],map(val(G),env) = Neg(yp))
moreover
note assms
moreover from calculation
have M[G], map(val(G),env) = ¢
using map_wval_in_ MG by simp
with IH
obtain r where 7 IF ¢ env r€G by blast
moreover from this and <M__generic(G)> <peG»
obtain ¢ where ¢=<p ¢=r ¢eG
by blast
moreover from calculation
have ¢ I ¢ env
using strengthening_lemma[where p=¢] by blast
ultimately
show Fulse
using Forces_Neg[where p=¢| transitivity|OF __ P_in_ M| by blast
next
assume M|[G], map(val(G),env) = Neg(yp)
with assms
have = (M[G], map(val(G),env) = ¢)
using map_wval_in_ MG by simp
let ?D={peP. (p Ik ¢ env) V (p IF Neg(p) env)}
have separation(##M Ap. (p IF ¢ env))
using separation__az arity_forces assms P_in_M leq in_ M one_in_ M ar-
ity forces le
by simp
moreover
have separation(##M Ap. (p IF Neg(p) env))
using separation__az arity_forces assms P_in_M leq in_ M one_in_M ar-
ity _forces_le
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by simp
ultimately
have separation(##M A p. (p Ik ¢ env) V (p IF Neg(p) env))
using separation__disj by simp
then
have ?D € M
using separation_ closed P_in__ M by simp
moreover
have ?D C P by auto
moreover
have dense(?D)
proof
fix q
assume geP
show 3de{p e P . (plF ¢ env) V (p Ik Neg(p) env)}. d= ¢
proof (cases g |- Neg(p) env)
case True
with <¢eP)
show ?thesis using leq refll by blast
next
case Fulse
with <¢ge P> and assms
show ?thesis using Forces Neg by auto
qed
qed
moreover
note <M__generic(G)»
ultimately
obtain p where peG (p I ¢ env) V (p IF Neg(p) env)
by blast
then
consider (1) plF ¢ env | (2) p IF Neg(p) env by blast
then
show JpeG. (p IF Neg(p) env)
proof (cases)
case I
with «— (M[G],map(val(G),env) = @) <peG> IH
show ?thesis

by blast
next
case 2
with <pe G
show ?thesis by blast
qed
qed

lemma truth lemma_ And:
assumes
env€list(M) € formula 1€ formula
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arity(p)<length(env) arity(yp) < length(env) M__generic(Q)

and

IH: (3peqG. p Ik ¢ env) +— M[G], map(val(G),env) E ¢

(FpeG. p Ik Y env) +— M[G], map(val(G),env) E 9

shows

(Fped. (p Ik And(p,0) env)) «— M[G] , map(val(G),env) = And(p,))
using assms map_val_in_MG Forces And[OF M__genericD assms(1-5)]

proof (intro iffI, elim bexE)

fix p
assume peG p - And(p,2)) env
with assms
show M|[G], map(val(G),env) = And(p,1)

using Forces And[OF M__genericD, of _ _ _ ¢ 9] map_val _in_MG by auto
next
assume M[G], map(val(G),env) E And(p,)
moreover

note assms
moreover from calculation
obtain ¢ r where ¢ IF ¢ env r IF ¢ env ¢eG reG
using map_val_in_ MG Forces_And[OF M__genericD assms(1-5)] by auto
moreover from calculation
obtain p where p=<q p=<r pecG
by blast
moreover from calculation
have (p IF ¢ env) A (p Ik 9 env)
using strengthening lemma by (blast)
ultimately
show JpeG. (p IF And(p,0)) env)
using Forces And[OF M __genericD assms(1-5)] by auto
qed

definition
ren__truth_lemma :: i=17 where
ren__truth_lemma(p) =
Exists( Exists( Exists( Exists( Exists(
And(Equal(0,5),And(Equal(1,8),And(Equal(2,9),And(Equal(3,10),And(Equal(4,6),
iterates(Ap. incr_bv(p)‘5 , 6, ©))))))))))

lemma ren_truth_lemma_ type[TC] :
peformula = ren_ truth_lemma(p) €formula
unfolding ren_ truth_lemma__def
by simp

lemma arity ren_ truth :
assumes @€ formula
shows arity(ren_truth_lemma(p)) < 6 U succ(arity(p))
proof -
consider (It) 5 <arity(p) | (ge) = 5 < arity(p)
by auto

209



then
show ?thesis
proof cases
case It
consider (a) s<arity(p)#+5 | (b) arity(e)#+5 < &
using not_It_iff le «p€_ > by force
then
show ?thesis
proof cases
case a
with «pe_» It
have 5 < succ(arity(p)) 5<arity(p)#+2 5S<arity(o)#+3 S<arity(p)#+4
using succ_ltI by auto
with (pe_»
have c:arity(iterates(Ap. incr_bv(p)‘5,5.p)) = 5#+arity(p) (is arity(2p’) =

using arity _incr_bu_lemma It a
by simp
with (pe_»
have arity(incr_bv(%p")‘5) = 6#+arity(p)
using arity_incr_by_lemmalof ?p’ 5] a by auto
with «pe_»
show ?thesis
unfolding ren_ truth_lemma__def
using pred_ Un__distrib nat_union__abs1 Un__assoc[symmetric] a ¢ nat_union__abs2
by simp
next
case b
with «pe_» It
have 5 < succ(arity(p)) S<arity(p)#+2 5S<arity(o)#+3 S<arity(p)#+4
5<arity(o)#+5
using succ_ltI by auto
with «pe_»
have arity(iterates(Ap. incr_bv(p)‘5,6,p)) = 6#+arity(p) (is arity(2p’) =
)
using arity_incr_by_lemma It
by simp
with «pe_»
show ?thesis
unfolding ren_ truth_lemma__def
using pred_ Un__distrib nat_union__absl Un__assoc[symmetric] nat_union__abs2
by simp
qed
next
case ge
with «pe_»
have arity(p) < 5 pred”5(arity(v)) < 5
using not_It_iff _le le_trans|OF le_pred]
by auto
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with «pe_»
have arity(iterates(Ap. incr_bu(p) ‘5,6 ,0)) = arity(p) arity(p)<6 pred 5 (arity(p))
<6
using arity_incr_bu_lemma ge le_trans|OF <arity(p)<5>] le_trans|OF
<pred "5 (arity(v))<5)]
by auto
with <arity(p) < 5y «p€_» «pred”5(_) < 5
show ?thesis
unfolding ren_ truth_lemma_ def
using pred_ Un__distrib nat_union__abs! Un__assoc[symmetric] nat_union__abs2

by simp
qed
qed

lemma sats _ren_truth_lemma:
[g,b,d,al,a2,a3] Q env € list(M) = ¢ € formula =
(M, [q,b,d,al,a2,a3] Q env = ren_truth_lemma(p) ) <—
(M, [q,a1,a2,a8,b] @ env = )
unfolding ren_ truth_lemma__def
by (insert sats_incr_bv_iff [of _ _ M _ [gq,al,a2,a3,b]], simp)

lemma truth lemma’ :
assumes
peformula envelist(M) arity(e) < succ(length(env))
shows
separation(##H M A d. FbeM. Y geP. q=d — —(q IF ¢ ([b]Qenv)))
proof -
let ?rel _pred=AM z al a2 a3. 3bEM.V qe M. g€al A is_leq(##M,a2,q,2) —

-(M, [g,a1,a2,a3,b] Q env |= forces(p))
let %=FErists(Forall(Implies(And(Member(0,3),leq_fm(4,0,2)),
Neg(ren__truth__lemma(forces(¢))))))
have ¢eM if qeP for ¢ using that transitivityOF __ P_in_ M] by simp
then
have 1:V¢eM. qeP A R(q) — Q(¢) = (V¢€P. R(q) — Q(q)) for R Q
by auto
then
have [b € M;VgeM. q€ P A q=<d— —(qlF ¢ ([b]Qenv))] =
JeceM.VqgeP. ¢ = d — —(q Ik ¢ ([c]Qenv)) for b d
by (rule bexl,simp__all)
then
have ?rel_pred(M,d,P,leg,one) +— (FbeEM.V geP. g=d — —(q I ¢ ([b]Qenv)))
if deM for d
using that leq_abs leq_in_ M P_in_ M one_in_ M assms
by auto
moreover
have %peformula using assms by simp
moreover
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have (M, [d,P,leq,one]Qenv = 2) «— %rel_pred(M,d,P,leq,one) if de M for
d

using assms that P_in__Mleq in_M one_in_ M sats_leq fm sats_ren_ truth lemma

by simp
moreover
have arity(2)) < 4#+length(env)
proof -
have eq:arity(leq_fm(4, 0, 2)) = 5
using arity leq fm succ_Un__distrib nat_simp_union
by simp
with «pe_)»
have arity(?)) = 3 U (pred 2 (arity(ren__truth_lemma(forces(p)))))
using nat_union__absl pred_Un__distrib by simp
moreover
have ... < 3 U (pred(pred(6 U succ(arity(forces(¢)))))) (is _ < 9r)
using <«p€ » Un_le compat[OF le_reflof 3]]
le_imp__subset arity ren__truth[of forces(p)]
pred_mono
by auto
finally
have arity(%)) < ?r by simp
have i:9r < / U pred(arity(forces(¢)))

using pred_ Un__distrib pred__succ__eq «p€_» Un__assoc[symmetric] nat_union__absl

by simp
have h:/ U pred(arity(forces(p))) < 4 U (4#+length(env))
using <enve_ > add_commute <pE_ >
Un__le_compat|of 4 4,0F __ pred_mono[OF __ arity_forces_le[OF _
carity(p)<_]] |
<enve_» by auto
with «pe_ ) <enve_»
show ?thesis
using le_trans|OF <arity(?%)) < ?2ry le_trans[OF i h]| nat_simp__union by
stmp
qed
ultimately
show ?thesis using assms P_in_ M leq in_ M one_in_ M
separation__az[of %) [P,leq,one]@Qenv]
separation__conglof ##M \y. (M, [y,P,leq,one]@Qenv = %))]
by simp
qed

lemma truth _lemma:
assumes
peformula M__generic(G)
shows
Nenv. envelist(M) = arity(p)<length(env) =
(FpeG. p Ik ¢ env) +— M[G], map(val(G),env) = ¢
using assms(1)
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proof (induct)
case (Member z y)
then
show Zcase
using assms truth__lemma_mem[OF <envelist(M)) assms(2) sz€naty <yEnat)]

arities__at__auzx by simp
next
case (Equal z y)
then
show ?case
using assms truth_lemma_eq[OF <envelist(M)> assms(2) «z€naty <yEnaty]
arities__at_auzx by simp
next
case (Nand ¢ 1)
moreover
note <M__generic(G)»
ultimately
show Zcase
using truth_lemma__And truth_lemma_Neg Forces Nand__alt
M__genericD map_val_in_MG arity_Nand_le[of ¢ 9] by auto
next
case (Forall ¢)
with <M generic(G)»
show ?case
proof (intro iffT)
assume 3 pe(G. (p Ik Forall(p) env)
with «(M__generic(G)»
obtain p where peG peM peP p Ik Forall(p) env
using transitivity| OF _ P_in_ M| by auto
with <envelist(M)> «p€formula
have p I ¢ ([z]@Qenv) if zeM for z
using that Forces Forall by simp
with (peG» «pE€formulay <enve_» <arity(Forall(p)) < length(env)
Forall(2)[of Cons(__,env)]
show M[G], map(val(G),env) = Forall(y)
using pred_le2 map_wval _in_ MG
by (auto iff: GenExtD)
next
assume M|[G], map(val(G),env) |= Forall(y)
let ?D1={deP. (d I Forall(p) env)}
let ?D2={deP. 3beM.V qeP. q=xd — —~(q IF ¢ ([b]Qenv))}
define D where D = ?D1 U ?D2
have arp:arity(p)<succ(length(env))
using assms <arity(Forall(v)) < length(env)y <p€formula) <envelist(M)»
pred__le2
by simp
then
have arity(Forall(p)) < length(env)
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using pred_le <«p€formulay <enve€list(M)> by simp
then
have ?D1eM using Collect_forces ary «p€formulay <envelist(M)> by simp
moreover
have ?D2eM using <enve€list(M)> «pEformulay truth_lemma’ separation__closed
arp
P in M
by simp
ultimately
have DeM unfolding D def using Un_ closed by simp
moreover
have D C P unfolding D def by auto
moreover
have dense(D)
proof
fix p
assume peP
show 3deD. d=<p
proof (cases p I+ Forall(p) env)
case True
with «peP>
show ?thesis unfolding D_ def using leq refil by blast
next
case Fulse
with Forall <peP)
obtain b where beM —(p Ik ¢ ([b]@Qenv))
using Forces_Forall by blast
moreover from this <peP»> Forall
have —dense_below({qeP. q IF ¢ ([b]Qenv)},p)
using density_lemma pred_le2 by auto
moreover from this
obtain d where d=<p V¢eP. ¢=Xd — —(q IF ¢ ([b] Q env))
deP by blast
ultimately
show ?thesis unfolding D_ def by auto
qed
qged
moreover
note <M __generic(G)»
ultimately
obtain d where d € D d € G by blast
then
consider (1) de?D1 | (2) de?D2 unfolding D_ def by blast
then
show 3peG. (p IF Forall(y) env)
proof (cases)
case I
with «deG»
show ?thesis by blast
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next

case 2

then

obtain b where be M V geP. g=d ——(q IF ¢ ([b] @ env))
by blast

moreover from this(1) and «M[G], _ | Forall(p)> and
Forall(2)[of Cons(b,env)] Forall(1,3-4) <M__generic(G)»

obtain p where peG peP p I+ ¢ ([b] Q@ env)
using pred le2 using map_val_in_ MG by (auto iff: GenExtD)

moreover

note «deG> <M__generic(G)»

ultimately

obtain ¢ where ¢€G ¢eP ¢=d q=p by blast

moreover from this and <p I ¢ ([b] @ env))
Forall <beM) <peP>

have ¢ IF ¢ ([b] @ env)
using pred_le2 strengthening lemma by simp

moreover

note <V ¢eP. q=d ——(q IF ¢ ([b] @ env))»

ultimately

show ?thesis by simp

qed
qed
qed

18.16 The “Definition of forcing”

lemma definition_of forcing:
assumes
pEP e formula envelist(M) arity(p)<length(env)
shows
(plF ¢ env) «—
(VG. M_generic(G) A peG — M[G], map(val(G),env) = ¢)
proof (intro iffT alll impl, elim conjE)
fix G
assume (p IF ¢ env) M_generic(G) p € G
with assms
show M[G], map(val(G),env) = ¢
using truth__lemma by blast

next
assume 1:V G.(M_generic(G)A peG)— M[G] , map(val(G),env) = ¢
{
fix r
assume 2: reP r=<p
then

obtain G where r€G M__generic(G)

using generic_ filter _existence by auto
moreover from calculation 2 «peP»
have peG
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unfolding M generic_def using filter leqD by simp
moreover note I
ultimately
have M[G], map(val(G),env) = ¢
by simp
with assms <M__generic(G)»
obtain s where s€G (s IF ¢ env)
using truth__lemma by blast
moreover from this and <M_generic(G)) <reG»
obtain ¢ where ¢e G ¢=<s ¢=<r
by blast
moreover from calculation <s€ Gy «M__generic(G)»
have seP ¢qeP
unfolding M _generic_def filter _def by auto
moreover
note assms
ultimately
have 3 ¢eP. q=r A (¢ IF ¢ env)
using strengthening lemma by blast
}

then
have dense_below({geP. (¢ IF ¢ env)},p)
unfolding dense_below def by blast
with assms
show (p IF ¢ env)
using density lemma by blast
qed

lemmas definability = forces type
end

end

19 Auxiliary renamings for Separation
theory Separation_ Rename
imports Interface Renaming
begin
lemmas apply_fun = apply_iff [ THEN iffD1]
lemma nth_concat : [p,t] € list(A) => enve list(A) = nth(1 #+ length(env),[p]Q
env @ [t]) =t
by (auto simp add:nth__append)

lemma nth_concat? : enve list(A) = nth(length(env),env @ [p,t]) = p
by (auto simp add:nth__append)

lemma nth_concat3 : enve list(A) = u = nth(succ(length(env)), env Q [pi, u])
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by (auto simp add:nth__append)

definition
sep_var :: ¢ = i where

sep_var(n) = {(0,1),(1,3),(2,4),(3,5),(4,0),(5#+n,6) (6#+n,2)}

definition
sep_env :: © = i where
sep_env(n) = X i € (5#+n)-5 . i#+2

definition weak :: [7, 7| = ¢ where
weak(n,m) = {i#+m . i € n}

lemma weakD :
assumes n € nat k€nat © € weak(n,k)
shows 3 ¢ € n .z = i#+k
using assms unfolding weak def by blast

lemma weak__equal :
assumes ncnat menat
shows weak(n,m) = (m#+n) - m
proof -
have weak(n,m)C(m#+n)-m
proof (intro subsetl)
fix z
assume zc€weak(n,m)
with assms
obtain ¢ where
i€En x=1i#+m
using weakD by blast
then
have m<i#+m i<n
using add_le_self2[of m i] <m€nat) nEnaty HI[OF <i€ny] by simp_all
then
have —i#+m<m
using not_It_iff le in_n_in_nat[OF (n€natr <i€ny] <meEnat> by simp
with «x=i#+m>»
have z¢m
using [tI <menaty by auto
moreover
from assms <x=i#+m> i<n>
have z<m#+n
using add_lt_monol[OF <i<n) <n€nat)] by simp
ultimately
show z€(m#+n)-m
using ltD Diffl by simp
qed
moreover
have (m#+n)-mCweak(n,m)
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proof (intro subsetl)
fix z
assume z€(m#+n)-m
then
have zem#+n z¢m
using DiffD1]of © n#+m m| Diff D2[of = n#+m m] by simp__all
then
have z<m#+n ze€nat
using lt] in_n_in_nat[OF add_typelof m n]] by simp__all
then
obtain ¢ where
m#+n = succ(x#+1)
using less _iff _succ_add[OF <z€naty,of m#+n| add_type by auto
then
have z#+i<m#+n using succ_le iff by simp
with <z¢m
have —x<m using ItD by blast
with (menaty <zenat>
have m<z using not_It_iff le by simp
with <z<m#4+n> <n€naty
have z#-m<m#-+n#-m
using diff _mono[OF «xz€nat> __ «meEnatr] by simp
have m#+n#-m = n using diff cancel2 <menat) <n€nat» by simp
with <z#-m<m#+n#-m) <z€nat>
have z#-m € n z=z#-m#+m
using tD add_diff _inverse2[OF (m<x)] by simp__all
then
show z€weak(n,m)
unfolding weak__def by auto
qed
ultimately
show ?thesis by auto
qed

lemma weak_zero:
shows weak(0,n) = 0
unfolding weak def by simp

lemma weakening diff :
assumes n € nat
shows weak(n,7) - weak(n,5) C {5#+n, 6#+n}
unfolding weak_def using assms
proof (auto)
{
fix i
assume i€n succ(succ(natify(i)))#n ¥V wen. succ(succ(natify(i))) # natify(w)
then
have i<n
using [/t <n€nat> by simp
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from «nenaty <i€ny <suce(succ(natify(i)))#n»
have i€nat succ(succ(i))#n using in_n_in_nat by simp_all
from <i<n)
have succ(i)<n using succ_lel by simp
with «nenat»
consider (a) succ(i) = n | (b) succ(i) < n
using leD by auto
then have succ(i) = n
proof cases
case a
then show %thesis .
next
case b
then
have succ(suce(i))<n using succ_lel by simp
with «nenat»
consider (a) succ(succ(i)) = n | (b) suce(succ(i)) < n
using leD by auto
then have succ(i) = n
proof cases
case a
with (succ(succ(i))#n> show ?thesis by blast
next
case b
then
have succ(succ(i))€n using ItD by simp
with <ienat
have succ(succ(natify(i))) # natify(succ(suce(i)))
using <V wen. succ(succ(natify(i))) # natify(w)> by auto
then
have Fulse using «i€naty by auto
then show ?thesis by blast
qed
then show %thesis .
qed
with «i€nat» have succ(natify(i)) = n by simp
}
then
show n € nat =
suce(succ(natify(y))) # n =
YV zen. succ(succ(natify(y))) # natify(z) =
y € n = succ(natify(y)) = n for y
by blast
qed

lemma in_add_del :
assumes r<€j#+n nenat jenat
shows = < j V = € weak(n,j)
proof (cases £<j)
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case True
then show ?thesis ..
next
case Fulse
have zenat j#+nenat
using in_n_in_nat|OF _ <x€j#+ny] assms by simp_all
then
have j < z x < j#+n
using not_It_iff le False <j€nat) <n€nat) LI[OF (x€j#+ns] by auto
then
have o#-j < (j #+ n) #-jx = j #+ (z #))
using diff mono <x€naty jH#+nEnaty jEnat) (nEnat>
add__diff _inverse]OF <j<z)] by simp__all
then
have t#-j < nx = (z #-j ) #+ j
using diff add_inverse <n€nat> add__commute by simp__all
then
have z#-j €n using ltD by simp
then
have z € weak(n,j)
unfolding weak_ def
using «z= (z#-j) #+5 RepFunl[OF <x#-jeny] add__commute by force
then show %thesis ..
qed

lemma sep_env_action:
assumes
[t,p,u,P,leg,0,pi] € list(M)
env € list(M)
shows V i . i € weak(length(env),5) —
nth(sep__env(length(env)) ‘i,[t,p,u,P,leq,0,pi]Qenv) = nth(i,[p,P,leg,0,t] Q env
@ [pi,u))
proof -
from assms
have A: 5#+length(env)enat [p, P, leg, o, t] €list(M)
by simp__all
let ?f=sep env(length(env))
have EQ: weak(length(env),5) = 5#+length(env) - 5
using weak__equal length_type|OF <env€list(M)»] by simp
let ?tgt=[t,p,u,P,leq,0,pi|Qenv
let ?src=[p,P,leq,0,t] @ env Q [pi,u]
have nth(?f,[t,p,u,P,leq,0,pi]|Qenv) = nth(i,[p,P,leg,0,t] @ env Q [pi,u])
if ¢ € (5#+length(env)-5) for i
proof -
from that
have 2: i € 5#+length(env) i ¢ 5 i € nat i#-5€nat i#+2€nat
using in_n_in_nat]|OF (5#+length(env)Enaty] by simp__all
then
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have 3: = ¢ < 4 using ItD by force
then
have 5 <72 < 4§
using not_Ilt_iff le <i€nat> by simp_all
then have 2 < | using le_trans|OF (2<5)] by simp
from A i € 5#+length(env)
have i < 5#+length(env) using ItI by simp
with «€naty <2<iy A
have C:i#+2 < T#+length(env) by simp
with that
have B: ?f% = i#+2 unfolding sep_env_def by simp
from 3 assms(1) <i€nat
have — i#+2 < 7 using not_Ilt_iff le add_le _mono by simp
from <i < S#+length(env)y 3 <icnat
have i#-5 < 5#-+length(env) #- 5
using diff _monolof i 5#+length(env) 5,0F _ _ _ i < 5#+length(env)))
not_lt_iff le[THEN iffD1] by force
with assms(2)
have i#-5 < length(env) using diff add_inverse length__type by simp
have nth(i,?src) =nth(i#-5,envQ[pi,u])
using nth__append[OF A(2) <i€natr] 3 by simp
also
have ... = nth(i#-5, env)
using nth__append|OF <env €list(M)> <i#t-5€naty] <i#-5 < length(env)) by
stmp
also
have ... = nth(i#+2, ?tgt)
using nth__append|OF assms(1) <i#+2€naty] - i#+2 <7» by simp
ultimately
have nth(i,?src) = nth(?f“, ?tgt)
using B by simp
then show ?thesis using that by simp
qed
then show ?thesis using EQ by force
qed

lemma sep env_type :
assumes n € nat
shows sep__env(n) : (5#+n)-5 — (7#+n)-7
proof -
let ?h=sep _env(n)
from <(n€nat>
have (5#+n)#+2 = 7T#+n T#+nenat 5#+nenat by simp__all
have
D: sep_env(n)‘c € (T#+n)-7 if x € (5#+n)-5 for z
proof -
from <x€5#+n-5>
have ?h‘c = z#+2 x<5#+n z€nat
unfolding sep env_def using ltl in_n_in_nat[OF <5#+n€nat)] by simp__all
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then

have z#+2 < 7#+n by simp

then

have z#+2 € 7#+n using ItD by simp

from «zx€5#+n-5>

have z¢5 by simp

then have —z<5 using ItD by blast

then have 5<z using not It iff le <x€nat> by simp

then have 7<z#+2 using add_le_mono <x€nat> by simp

then have —z#+2<7 using not_Ilt_iff le «<x€naty by simp

then have z#+2 ¢ 7 using ltI <z€nat) by force

with «(x#+2 € 7T#+n> show %thesis using «?h‘c = z#+2> Diffl by simp
qed
then show ?thesis unfolding sep env_def using lam_ type by simp

qed

lemma sep_var_fin_type :
assumes n € nat
shows sep_wvar(n) : T#+n -||> 7#+n
unfolding sep_ var_def
using consl ItD emptyl by force

lemma sep_ var_domain :
assumes n € nat
shows domain(sep_var(n)) = 7T#+n - weak(n,5)
proof -
let ?A=weak(n,5)
have A:domain(sep_var(n)) C (7#+n)
unfolding sep_var_def
by (auto simp add: le_natE)
have C: a=5#+n V z=6#+n V x < J if z€domain(sep_var(n)) for z
using that unfolding sep_ var_def by auto
have D : x<n#+7 if z€7#+n for x
using that <n€nat> ltI by simp
have = 5#+4n < 5#+n using «(n€naty It_irrefllof _ False] by force
have = 6#+n < 5#-+n using «n€nat> by force
have R: x < 5#+n if z€?A for z
proof -
from that
obtain ¢ where
i<n r=5#+i
unfolding weak_ def
using [t <n€naty RepFun_ iff by force
with (nenat>
have 5#+i < 5#+n using add It _mono2 by simp
with <x=5#+7
show z < 5#+n by simp
qged
then
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have 1:2¢ %A if —z <5#+n for z using that by blast
have 5#+n ¢ ?A 6#+n¢?A
proof -
show 5#+n ¢ ?4 using 1 «—5#+n<5#+n> by blast
with 1 show 6#+n ¢ ?A using (—~6#+n<5#+n> by blast
qed
then
have E:x¢?A if x€domain(sep_var(n)) for z
unfolding weak_ def
using C that by force
then
have F: domain(sep_var(n)) C 7#+n - ?A using A by auto
from assms
have z<7 V zcweak(n,7) if z€7#+n for z
using in__add_del|OF «z€7#+n] by simp
moreover
{
fix z
assume asm:x€7#H+n t¢?A xcweak(n,7)
then
have z€domain(sep_var(n))
proof -
from <nenat»
have weak(n,7)-weak(n,5)C{n#+5,n#+6}
using weakening diff by simp
with <z¢?4) asm
have ze{n#+5,n#+6} using subsetD DiffI by blast
then
show ?thesis unfolding sep wvar_def by simp
qed

}

moreover
{
fix z
assume asm:z€7#+n x¢ A x<7
then have z€domain(sep_var(n))
proof (cases 2 < n)
case True
moreover
have 0<n using leD[OF (n€nat> <2<m)] lt_imp_0_It by auto
ultimately
have z<5
using <7y «x¢ ?A> <nEnat> in_n_in_nat
unfolding weak def
by (clarsimp simp add:not_lt_iff le, auto simp add:lt_def)
then
show ?thesis unfolding sep wvar_def
by (clarsimp simp add:not_lt_iff le, auto simp add:lt_def)
next
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case Fulse
then
show ?thesis
proof (cases n=0)
case True
then show ?thesis
unfolding sep wvar _def using ltD asm <n€nat)> by auto
next
case Fulse
then
have n < 2 using <«nenaty not_It_iff le <= 2 < ny by force
then
have — n <1 using n#0» by simp
then
have n=1 using not_It_iff le «<n<2) le_iff by auto
then show ?thesis
using <z¢ 24>
unfolding weak def sep_var_def
using [tD asm <n€nat> by force
qed
qed
}
ultimately
have wedomain(sep_var(n)) if we 7#-+n - ?A for w
using that by blast

then
have 7#+n - ?A C domain(sep_var(n)) by blast
with F
show ?thesis by auto
qed

lemma sep_ var_type :
assumes n € nat
shows sep_var(n) : (7#+n)-weak(n,5) — T#+n
using FiniteFun_is_fun[OF sep_var_fin_type|OF (n€natr]]
sep__var_domain[OF «n€naty] by simp

lemma sep__wvar_action :
assumes
[t,p,u,P,leq,o0,pi] € list(M)
env € list(M)
shows V i . i € (7#+length(env)) - weak(length(env),5) —
nth(sep_var(length(env)) 4,[t,p,u,P,leq,0,pi]Qenv) = nth(i,[p,P,leg,0,t] Q env
@ [pi,u))
using assms
proof (subst sep_var_domain|OF length_ type[ OF <envelist(M))],symmetric],auto)
fix iy
assume (i, y) € sep_var(length(env))
with assms
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¢

show nth(sep_var(length(env)) ‘i,
Cons(t, Cons(p, Cons(u, Cons(P, Cons(leq, Cons(o, Cons(pi, env))))))))

nth(i, Cons(p, Cons(P, Cons(leq, Cons(o, Cons(t, env Q [pi, u]))))))
using apply_fun[OF sep__var_type] assms
unfolding sep_ var_def
using nth_concat2[OF <envelist(M)y] nth__concat3[OF <envelist(M)»,symmetric]
by force
qed

definition
rensep :: i = i where
rensep(n) = union__fun(sep_var(n),sep__env(n),T#+n-weak(n,5),weak(n,5))

lemma rensep _auz :
assumes nenat
shows (7#+n-weak(n,5)) U weak(n,5) = T#+n T#+n U (7 #+ n - 7) =
TH#+n
proof -
from <n€nat>
have weak(n,5) = n#+5-5
using weak__equal by simp
with «ne€nat)
show (7#+n-weak(n,5)) U weak(n,5) = 7#+n T#+n U ( 7 #+ n - 7) =
TH#+n
using Diff partition le_imp_subset by auto
qged

lemma rensep_type :
assumes nenat
shows rensep(n) € 7T#+n — 7T#+n
proof -
from <nenat>
have rensep(n) € (7T#+n-weak(n,5)) U weak(n,5) — T#+n U (T#+n - 7)
unfolding rensep def
using union__fun__type sep__wvar_type <n€nat> sep__eny_type weak _equal
by force
then
show ?thesis using rensep auzx <n€nat> by auto
qed

lemma rensep _action :

assumes [t,p,u,P,leq,0,pi] Q env € list(M)

shows V i . i < 7#+length(env) — nth(rensep(length(env)) ‘i,[t,p,u,P,leq,0,pi]|Qenv)
= nth(i,[p,P,leg,0,t] @ env Q [pi,u])
proof -

let ?tgt=[t,p,u,P,leq,0,pi|Qenv

let ?src=[p,P,leq,0,t] @ env Q [pi,u]

let ?m="7 #+ length(env) - weak(length(env),5)
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let ?p=weak(length(env),5)
let ?f=sep_ wvar(length(env))
let ?g=sep__env(length(env))
let ?n=length(env)
from assms
have 1 : [t,p,u,P,leq,0,pi] € list(M) env € list(M)
Zsrc € list(M) %tgt € list(M)
TH#+n = (T#+ n-weak(?n,5)) U weak(?n,5)
length(?src) = (T#+ ?n-weak(?n,5)) U weak(?n,5)
using Diff partition le__imp_subset rensep__auzr by auto
then
have nth(i, ?src) = nth(union__fun(?f, ?g, ¢m, ?p) ‘i, ?tgt) if i < T#+length(env)
for ¢
proof -
from <i<7#+ ?n»
have i € (7#+ ?n-weak(n,5)) U weak(?n,5)
using tD by simp
then show ?thesis
unfolding rensep_ def using
union__fun__action|OF «Zsrc€list(M)» « 2tgt€list(M)» <length(?src) = (7#+ n-weak(?n,5))
U weak(?n,5)>
sep_var_action[OF <[t,p,u,P,leg,0,pi] € list(M)> <env€list(M))]
sep__env__action|OF <[t,p,u,P,leq,0,pi] € list(M)> <env€list(M)]
| that
by simp
qged
then show ?thesis unfolding rensep__def by simp
qed
definition sep_ren :: [i,i] = 7 where
sep_ren(n,p) = ren(p) (T#+n) (7#+n) ‘rensep(n)

lemma arity rensep: assumes @€ formula env € list(M)
arity(p) < T#+length(env)

shows arity(sep_ren(length(env),p)) < 7#+length(env)
unfolding sep_ren_ def
using arity_ren rensep__type assms
by simp

lemma type_rensep [TC):
assumes € formula envelist(M)
shows sep__ren(length(env),p) € formula
unfolding sep_ ren_ def
using ren_ tc rensep__type assms
by simp

lemma sepren__action:

assumes arity(p) < 7 #+ length(env)
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envelist(M)
peformula
shows sats(M, sep_ren(length(env),p),[t,p,u,P,leq,0,pi] @ env) +— sats(M,
©,[p,P,leq,0,t] Q env Q [pi,u))
proof -
from assms
have 1: [t, p, u, P, leg, o, pi] @ env € list(M)
[P,leq,0,p,t] € list(M)
[pi,u] € list(M)
by simp__all
then
have 2: [p,P,leq,0,t] @ env @ [pi,u] € list(M) using app_ type by simp
show ?thesis
unfolding sep_ren_ def
using sats_iff _sats_ren[OF «p€formula
add__type[of 7 length(env)]
add__type[of 7 length(env)]
21(1)
rensep__type| OF length_type|OF <envelist(M))]]
carity(p) < 7 #+ length(env)s)
rensep__action[OF 1(1),rule_format,symmetric]
by simp
qed

end

20 The Axiom of Separation in M|[G]

theory Separation_Axiom
imports Forcing Theorems Separation_ Rename
begin

context G__generic
begin

lemma map_ val :
assumes envelist(M[G])
shows I nenvelist(M). env = map(val(G),nenw)
using assms
proof (induct env)
case Nil
have map(val(G),Nil) = Nil by simp
then show ?case by force
next
case (Cons a 1)
then obtain «’ I’ where
I € list(M) l=map(val(G),l") a = val(G,a’)
Cons(a,l) = map(val(G),Cons(a’,l")) Cons(a’,l") € list(M)
using «a€M[G]> GenExtD

227



by force
then show ?case by force
qed

lemma Collect sats _in_ MG :
assumes
ceEM|G]
¢ € formula envelist(M[G]) arity(p) < 1 #+ length(env)
shows
{z€c. (M[G], [z] Q env = ¢)}e M[G]
proof -
from <«ce M[G]
obtain 7 where 7 € M vwal(G, 7) = ¢
using GenFEzt_def by auto
let ?xy=And(Member(0,1 #+ length(env)),p) and ?Pl1=[P,leq,one]
let ?new_form=sep_ren(length(env),forces(?x))
let %)p=Euxists(Exists(And(pair_fm(0,1,2),%new_form)))
note phi = «p€formulay <arity(p) < 1 #+ length(env))
then
have ?y€formula by simp
with <enve_ > phi
have arity(?x) < 2#+length(env)
using nat_simp__union lel by simp
with <envelist(_)» phi
have arity(forces(?x)) < 6 #+ length(env)
using arity forces le by simp
then
have arity(forces(?x)) < 7 #+ length(env)
using nat_simp_union arity_ forces lel by simp
with <arity(forces(?x)) <7 #+ _» <env € _ <p € formula
have arity(?new_form) < 7 #+ length(env) ?new_form € formula
using arity rensep|OF definability[of ?x]|] definability[of ?x] type_rensep
by auto
then
have pred(pred(arity(?new_form))) < 5 #+ length(env) %peformula
unfolding pair_fm_ def upair_fm__ def
using nat_simp__union length _type[OF <envelist(M[G])>]
pred_mono[OF __ pred_mono[OF __ <arity(?new_form) < _]]
by auto
with <arity(?new_form) < _» «?new_form € formula
have arity(2)) < 5 #+ length(env)
unfolding pair_fm_ def upair_fm__ def
using nat_simp__union arity_forces
by auto
from <€ formula>
have forces(?x) € formula
using definability by simp
from «meM> P_in M
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have domain(m)eM domain(m) x P € M
by (simp__all flip:setclass_iff)
from (env €
obtain nenv where nenvelist(M) env = map(val(G),nenv) length(nenv) =

length(env)
using map_val by auto
from <arity(p) < _» <env€_ > p€E€_»

have arity(p) < 2#+ length(env)

using le_ trans|OF <arity(o)<_»] add_le_monolof 1 2,0F __ le_refi|

by auto
with <nenve_» <enve_ «mreM> «pe_» <length(nenv) = length(env)»
have arity(?y) < length([9] @ nenv Q@ [r]) for ¥

using nat_union_abs2[OF __ _ <arity(p) < 2#+ _ ] nat_simp__union

by simp
note in_ M = «weM> «domain(w) x P € My P_in_M one_in_M leq_in_M
{

fix u

assume u € domain(n) X Pu € M

with in_ M (?new_form € formula) «2peformulay <nenv € _»

have Eq1: (M, [u] @ ?Pl1 Q [7] Q nenv = %)) «—

(IYeM. IpeP. u =(V,p) A
M, [9,p,u]@2Pl1Q[x] @ nenv = ?new_form)
by (auto simp add: transitivity)
have E¢3: e M — peP —
(M, [9,p,u]Q?Pl1 Q[r|Qnenv | ?new_form) +—
(VF. M_generic(F) AN p € F — (M[F], map(val(F), [¥] Q@ nenvQ[r])
= %)

for ¥ p
proof -
fix p ¢
assume Y € M peP
then
have peM using P_in_M by (simp add: transitivity)
note in M’ = in M % € My <peM> «u € domain(m) x P> «u € M)>
(nenve_»
then
have [9,u] € list(M) by simp
let Zenv=[p|@Q?Pl1Q[J] Q nenv Q [r,u]
let ?new_env= [9,p,u,P,leq,one,m] @ nenv
let %)= Euxists(Exists(And(pair_fm(0,1,2),?new_form)))
have [¢, p, u, 7, leq, one, 7] € list(M)
using in_ M’ by simp
have ?x € formula forces(?x)€ formula
using phi by simp__all
from in_ M’
have ?PI1 € list(M) by simp
from in_ M’ have ?env € list(M) by simp
have Eql” ?new_env € list(M) using in_ M’ by simp
then
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have (M, [9,p,u)@Q?Pl1Q[r] @ nenv = ?new_form) +— (M, ?new_env |
fnew_ form)
by simp
from in_ M’ <env € _» FEql’ length(nenv) = length(env))
carity(forces(2x)) < 7 #+ length(env) «forces(?x)€ formula
(9, p, u, 7, leq, one, w| € list(M)>
have ... «+— M, ?env = forces(%x)
using sepren__action[of forces(?x) nenv,OF _ _ <nenv€list(M)s)
by simp
also from in_ M’
have ... «— M, ([p,P, legq, one,9]|@Qnenv@ [7])Q[u] |= forces(?x)
using app__assoc by simp
also
from in_ M’ <enve_» phi «length(nenv) = length(env)»
carity(forces(2x)) < 6 #+ length(env)y <forces( ?x)€formula)
have ... «+— M, [p,P, legq, one,9]Q nenv Q [r1] = forces(?x)
by (rule_tac arity_sats_iff ,auto)
also
from <arity(forces(?x)) < 6 #+ length(env)y <forces(?x)eformular in_ M’
phi
have ... +— (VF. M_generic(F) N p € F —
MI[F], map(val(F), [¥] @ nenv @Q [r]) = ?x)
using definition_of forcing
proof (intro iff)
assume al: M, [p,P, leq, oned] @Q nenv @Q [rr] = forces(?x)
note definition__of forcing <arity(o)< 1#+_»
with «nenve_» <arity(?x) < length([9] @ nenv Q [r])> <enve_)
have p € P = ?xcformula = [V,7] € list(M) =
M, [p,P, leq, one] Q [9]Q nenv@Q[r] |= forces(?x) =
V G. M_generic(G) A p € G — M[G], map(val(G), [¢] @ nenv Q[x])

E %
by auto
then
show V F. M_generic(F) Np € F —
M[F], map(val(F), [¥] @ nenv @ [71]) E ?x
using < ?xv<€formulay <pePy al <YM «meM> by simp
next
assume YV F. M_generic(F) Ap € F —
MI[F], map(val(F), [¢] @ nenv Q[r]) E 2x
with definition_of forcing [THEN iffD2] <arity(?x) < length([9] @ nenv
Q [#])»
show M, [p, P, leq, one, 9] @ nenv Q [x] = forces(?x)
using <« ?x€formulay <peP> in_M’
by auto
qed
finally
show (M, [9,p,u]@Q?Pl1Q[r]@Qnenv = new_form) «— (VF. M__generic(F)
ANpeF —
MI[F], map(val(F), [¥] @ nenv Q []) = %)
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by simp
qed
with Fqi
have (M, [u] @ ?PlI Q [x] Q nenv = %)) «—
(39eM. IpeP. u =(V,p) A
(VF. M_generic(F) N p € F — MI[F], map(val(F), [¥] Q@ nenv Q [r])
= X))
by auto
}
then
have Equivalence: u€ domain(r) x P —= v € M =
(M, [u] @ ?Pl1 @ [x] @ nenv = %)) «—
(I3veM. IpeP. u =(V,p) A
(VF. M_generic(F) AN p € F — M[F], map(val(F), [9] @ nenv Q[x])
= %)
for u
by simp
moreover from <env = _» «meM)> nenvelist(M)»
have map_ nenv:map(val(G), nenvQ[r]) = env Q [val(G,r)]
using map__app__distrib appendl__eq iff by auto
ultimately
have auz:(39eM. IpeP. u =(I,p) A (p€G — MI[G], [val(G,9)] Q@ env Q
[wal(Gm)] = 7))
(is (3veM. IpeP. _ (_ — _, %als(¥) = _)))
if u € domain(r) x Pu e M M, [u)@ ?Pl1 Qr] Q nenv = %) for u
using Fquivalence] THEN iffD1, OF that] generic by force
moreover
have Ye M = val(G,9)e M[G] for ¥
using GenFExt _def by auto
moreover
have ¥e M = [val(G, ¥)] @ env Q [val(G, 7)] € list(M[G]) for ¢
proof -
from «re M)
have val(G,m)e M|G] using GenFEzxtl by simp
moreover
assume ¥ € M
moreover
note <env € list(M[G])
ultimately
show ?thesis
using GenEztl by simp
qed
ultimately
have (39eM. IpeP. u=(V,p) A (p€G — val(G,9)enth(1 #+ length(env),[val( G,
9)] Q env Q [val(G, m)])
A M[G], %vals(9) = ¢))
if u € domain(r) x Pu € M M, [u] @ ?Pl1 Q[r] Q nenv E %) for u
using auz|[OF that] by simp
moreover from «env € ) <wmeM)>
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have nth:nth(1 #+ length(env),[val(G, 9¥)] @ env Q [val(G, 7)]) = val(G,m)
if YeM for ¢
using nth_ concat|of val(G,9) val(G,m) M|G]] using that GenExtl by simp
ultimately
have (39eM. IpeP. u=(V,p) A (p€G — val(G,9)€val(G,w) A M[G], ?vals(9)
E ©)
if u € domain(r) x Pue€ M M, [u] Q ?Pl1 Q[r] Q nenv = %) for u
using that <mreM> <env € _» by simp
with «domain(m)x PEM>
have YV u€domain(m)xP . (M, [u] @ ?Pll Q[r] @Q nenv E %)) — (VM.
IpeP. u =(I,p) A
(p € G — val(G, V)eval(G, ™) N M[G], %vals(¥) = ¢))
by (simp add:transitivity)
then
have {uedomain(m)xP . (M,[u] @ ?Pl1 Q[r] @ nenv = %) } C
{u€domain(m)x P . 39eM. IpeP. u =(I,p) A
(p € G — val(G, ¥)eval(G, ) A (M[G], ?vals(¥) = ¢))}
(is ?nC?%m)
by auto
with val mono
have first_incl: val(G,?%n) C val(G,?m)
by simp
note «(wal(G,m) = o
with <2 formulay <arity(%p) < _» in_ M <nenv € _» <env € _» (length(nenv)
=
have neM
using separation__ax lel separation_iff by auto
from generic
have filter(G) GCP
unfolding M _generic_def filter _def by simp__all
from «wal(G,7) = ©
have val(G,?m) =
{wal(G,t) .. tedomain(m) , Jq€P .
(3YveM. IpeP. (t,q) = (I, p) A
(pe G— val(G, V) € c A (M[G]7 [val(G, ¥)] Q env Q [c] = ¢)) A

€ G)}
using val _of name by auto
also
have ... = {wval(G.,t) .. tedomain(n) , I gP.
val(G, t) € ¢ A (M[G], [val(G, t)] @ env Q [c] E ») A ¢ € G}
proof -

have te M —

(FgeP. (39eM. IpeP. (t,q) = (I, p) A
(p € G— wal(G, V) € c A (M[G], [val(G, V)] Q env Q [c] = ¢)) A
q € @)
—
(Fg€P. val(G, t) € ¢ A ( M[G], [val(G, t)]Qenv@Q[c]= ¢ ) A g € G) for t
by auto
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then show ?Zthesis using <domain(n)eM> by (auto simp add:transitivity)
qed
also
have ... = {z .. z€c,3geP. z € ¢ A (M[G], [z] Q@ env Q [c] E ¢) A ¢ € G}
proof

show ... C {z .. z€c,3qeP. z € ¢ A (M[G], [z] Q@ env @ [¢c] = ¢) A ¢ € G}
by auto
next

{

fix z
assume z€{z .. z€c , IgeP. z € ¢ AN (M[G], [z] Q env Q [¢] = @) A g €
G}
then
have 3¢eP.x € c A (M[G], [zf] Qenv Q] E ¢) Age G
by simp
with «wal(G,7) = ©
have 3 ¢eP. Ftedomain(r). val(G,t) =z A (M[G], [val(G,t)] Q@ env Q [¢]
F ¢ ANgeG
using Sep__and__ Replace elem__of wval by auto
}
then
show {z..z€c,3qeP. z € c A (M[G], [z] @env @ [c] = p) A ge G} C

using SepReplace iff by force

qed

also

have ... = {z€c. (M[G], [z] Q@ env Q [c] = ¢)}
using «GC P> G_nonempty by force

finally

have val_m: val(G,?m) = {z€c. (M[G], [z] Q env Q [c] = ¢)} by simp
have val(G,?m) C val(G,?n)
proof
fix z
assume z € val(G,?m)
with val_m
have Fg4: z € {z€c. (M[G], [z] Q env Q [¢] = ¢)} by simp
with «wal(G,7) = o
have z € val(G,r) by simp
then
have 39. 3¢eG. (¥,q)er A val(G,9) =z
using elem__of wval _pair by auto
then obtain v ¢ where
(9,9)em qe G val(G,9)=z by auto
from <(9,q)em

have JeM
using domain_trans|OF trans_ M <w€_>] by auto
with (reM> (nenv € _» <env =
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have [val(G,Y), val(G,7)] Q env €list(M[G])
using GenFaxt_def by auto
with Fq4 «wal(G9)=2> wal(G,m) = ¢ «x € val(G,m)y nth «YeM>
have Eq¢5: M[G], [val(G,9)] @ env Q[val(G,r)] E And(Member(0,1 #+
length(env)),p)
by auto

with «eM> meM> Eq5 «M_generic(GQ)» «pE€formula) <nenv € __» <env =
__ ) map_nenv
carity(?x) < length([¥] @ nenv @ [r])»
have (3reG. M, [r,P,leq,one,d] @ nenv Q[r] |= forces(?x))
using truth_lemma
by auto
then obtain r where
reG M, [r,P,leq,oned] Q@ nenv Q ] = forces(?x) by auto
with «filter(G)> and (g€ G» obtain p where
peG p=q p=r
unfolding filter def compat_in_def by force
with «reG» «qeG) (GCP»
have peP reP qeP peM
using P_in_M by (auto simp add:transitivity)
with «p€formula) <9eM> «meM> «p=3ry <nenv € _» <arity(?x) < length([J]
@ nenv Q@ [7])»
(M, [r,P,leq,one,¥] @ nenv Q [rr] |= forces(?x)» <enve_»
have M, [p,P,leq,oned] @ nenv Q [r] = forces(?x)
using strengthening lemma
by simp
with «peP» «peformulay «IeM> «meM> nenv € _» <arity(?x) < length([9] @
nenv Q [r])»
have VF. M_generic(F) ANp € F —
M[F], map(val(F), [9] Q nenv Q[n]) E ?x
using definition__of forcing
by simp
with «peP) «WeM)
have Eq6: 39'eM. Ip’eP. (V,p) = < ;p’> AN VF. M_generic(F) A p' € F
H
MI[F], map(val(F), [0'] Q nenv Q [x]) &= ?x) by auto
from reM)> «(J,q)em
have (¢,q) € M by (simp add:transitivity)
from «(¢,q)em «IeM> «peP> «peM>
have (9,pye M (¥,p)edomain(r)x P
using tuples _in_ M by auto
with «deM> Eqb6 «peP>
have M, [(J,p)] @ ?Pl1 @ [r] @ nenv | %
using Fquivalence by auto
with «(,p)€domain(m)x P>
have (¥,p)e?n by simp
with (pe G peP>
have val(G,9)€val(G,?n)
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using wval _of elem[of 9 p] by simp
with «val(G,9)=m>
show z€wval(G,?n) by simp
qed
with val _m first_incl
have val(G,?n) = {z€c. (M[G], [z] Q env Q [¢] = ¢)} by auto
also
have ... = {z€c. (M[G], [z] @ env = @)}
proof -
{
fix z
assume recc
moreover from assms
have ce M[G]
unfolding GenFEzt_def by auto
moreover from this and «x€c»
have e M[G]
using transitivity MG
by simp
ultimately
have (M[G], ([z] Q env) Q[c] E ¢) «— (M[G], [z] Q env = ¢)
using phi <env € _» by (rule_tac arity sats_iff, simp__all)
}

then show f?thesis by auto
qed
finally
show {z€c. (M[G], [z] @ env = p)}e M[G]
using «?neM)> GenExt_def by force
qed

theorem separation_in_ MG:
assumes
peformula and arity() < 1 #+ length(env) and envelist(M|[G])
shows
separation(#H#M[Gl, z. (M[G], [z] @ env = ¢))
proof -
{
fix ¢
assume ceM|[G]
moreover from <env € _»
obtain nenv where nenvelist(M)
env = map(val(G),nenv) length(env) = length(nenv)
using GenFEzxt_def map_val[of env] by auto
moreover note «p € _ carity(p) < _» <env € _»
ultimately
have Eq1: {z€c. (M[G], [z] @ env = ¢)} € M[G]
using Collect_sats_in_ MG by auto
}

then
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show ?thesis
using separation_ iff rev_bexl unfolding is Collect def by force
qed

end

end

21 The Axiom of Pairing in M|[G]

theory Pairing_Axiom imports Names begin

context forcing data
begin

lemma val Upair :
one € G = val(G,{(T,0ne),(p,0ne)}) = {val(G,7),val(G,0)}
by (insert one_in__ P, rule trans, subst def val,auto simp add: Sep__and_ Replace)

lemma pairing in_ MG :
assumes M _generic(Q)
shows upair _ax(##M[G))
proof -

{
fix z y
have onecG using assms one_in_ G by simp
from assms
have GCP unfolding M generic def and filter def by simp
with (onec G
have onecP using subsetD by simp
then
have onec M using transitivity|OF _ P_in__M] by simp
assume z € M[G] y € M|[G]
then
obtain 7 o where

0:val(Gyr) =zval(Go)=yoeM T7eM
using GenFExtD by blast

with <onecM>
have (r,one) € M (p,one)eM using pair_in_M_iff by auto
then
have 1: {(r,0one),(p,0one)} € M (is %0 € ) using upair _in_M iff by simp
then
have val(G,%0) € M[G] using GenExtl by simp
with 1
have {val(G,7),val(G,0)} € M[G] using val_Upair assms one_in_ G by simp
with 0
have {z,y} € M[G] by simp

}

then show ?thesis unfolding upair ax_def upair _def by auto
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qed

end
end

22 The Axiom of Unions in M|[G]

theory Union_Axiom
imports Names
begin

context forcing data
begin

definition Union_name_body :: [i,i,i,i] = o where
Union__name__body(P'leq’,m,9p) = (3 o|##M].
3 q[##M]. (¢€ P’ A ({0,9) € T A
(3 r[##M].reP’ A ({fst(Vp),r) € o A {(snd(VIp),r) € leg" A (snd(Ip),q)
€ leq")))))

definition Union_name_fm :: ¢ where
Union_name_fm =
Exists(
Ezists(And(pair_fm(1,0,2),
Erists (
Erzists (And(Member(0,7),
Ezists (And(And(pair_fm(2,1,0),Member(0,6)),
FEzists (And(Member(0,9),
Ezists (And(And(pair_fm(6,1,0),Member(0,4)),
Ezists (And(And(pair_fm(6,2,0),Member(0,10)),
Exists (And(pair_fm(7,5,0),Member(0,11)))))))))))))))))

lemma Union_name_fm_type [TC):
Union__name__fm €formula
unfolding Union_name_fm _def by simp

lemma arity  Union_name_ fm :
arity(Union_name_ fm) = 4
unfolding Union_name_fm_ def upair_fm__def pair_fm_ def
by (auto simp add: nat_simp_union)

lemma sats Union_name_fm :

[aeM;beM ;P eM;peM;9eM;TeM;lg'e M] =
sats(M,Union_name_fm,[(¥,p),7,leq’,P'|Q[a,b]) +—
Union__name__body(P’leq’,7,(,p))

unfolding Union_name_fm_ def Union_name__body_def tuples in_ M

by (subgoal_tac (¢,p) € M, auto simp add : tuples in_ M)
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lemma domD :
assumes 7 € M o € domain(r)
shows 0 € M
using assms Transset_ M trans M

by (simp flip: setclass__iff)

definition Union_name :: i = i where
Union_name(t) =
{u € domain(|J (domain(7))) x P . Union_name_body(P,leq,,u)}

lemma Union name M : assumes 7 € M
shows {u € domain(|J (domain(r))) x P . Union_name_body(P,leq,m,u)} € M
unfolding Union_name_def
proof -
let P=M\ x . sats(M,Union_name_ fm,[z,7,leq)Q[P,T,leq])
let Q=X = . Union_name_body(P,leq,T,x)
from <«reM>
have domain(|J (domain(r)))eM (is ?d € ) using domain_ closed Union__closed
by simp
then
have ?d x P € M using cartprod_closed P_in_M by simp
have arity( Union__name_fm)<6 using arity_ Union_name_fm by simp
from assms P_in_M leq _in_ M arity_Union_name_ fm
have [7,leq] € list(M) [P,7,leq] € list(M) by auto
with assms assms P_in_M leq _in_ M <arity(Union_name_fm)<6>
have separation(##M,?P)
using separation__ax by simp
with <%d x P € M»
have A:{ u € %d x P. ?P(u) } € M
using separation__iff by force
have ?P(z)«— ?Q(z) if z€ ¢dxP for z
proof -
from «x€ ?dx P>
have z = (fst(z),snd(z)) using Pair_fst_snd_eq by simp
with «x€2dx P> <?2deM>
have fst(x) € M snd(z) € M
using mirans fst_type snd_type P_in_ M unfolding M trans def by auto
then
have ?P((fst(z),snd(x))) +— ?2Q({fst(x),snd(x)))
using P_in_ M sats_Union_name_fm P_in_ M «teM> leq_in_M by simp
with <z = (fst(z),snd(z))
show ?P(z) +— ?Q(z) using that by simp
qed
then show ?thesis using Collect_cong A by simp
qed
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lemma Union_ MG _FEjq :
assumes ¢ € M[G] and a = val(G,7) and filter(G) and T € M
shows | a = val(G,Union_name(T))
proof -
{
fix z
assume z € |J (val(G,7))
then obtain ¢ where i € val(G,7) z € i by blast
with <7 € M) obtain ¢ ¢ where
g€ G (o,q) eTwvl(Go)=ti0c€eM
using elem__of wval _pair domD by blast
with «x € ¢ obtain 9 r where
re G(r)eocwvl(G@Y) =z9eM
using elem__of wval_pair domD by blast
with «(o,q)e7> have ¥ € domain(|J (domain(7))) by auto
with <filter(G)) <¢€G) <r€G> obtain p where
A:p e G {(p,r) € leq (p,q) €Elegpe Pre Pqe P
using low_bound__filter filterD by blast
then have p € M qeM reM
using mirans P_in_ M unfolding M _trans def by auto
with A «(9,r) € o> (0,9) € T W € M) @ € domain(|J (domain(r)))> <oc€M)>
have
(9,p) € Union_name(r) unfolding Union_name__def Union_name_body__def
by auto
with «peP» «(peG» have val(G,9) € val(G,Union_name(T))
using val_of elem by simp
with «val(G,9)=2> have z € val(G,Union_name(t)) by simp
}
with (a=val(G,7)> have I: z € |J o« = = € val(G,Union_name(r)) for z by
simp
{
fix z
assume z € (val(G,Union_name(T)))
then obtain ¥ p where
p € G (9,p) € Union_name(t) val(GY) = z
using elem__of wval_pair by blast
with <filter(G)> have peP using filterD by simp
from «(¢,p) € Union_name(7)» obtain o ¢ r where
o € domain(t) (o,q) € 7 (9,r) € o r€P q€P (p,r) € leq (p,q) € leg
unfolding Union_name_def Union_name__body_def by force
with <pe G (filter(G)> haver € G q € G
using filter _leqgD by auto
with «(¥,r) € o» «(o,q)eT> (¢€P> <reP» have
val(G,o) € val(G,T) val(G,9) € val(G,o)
using val_of elem by simp+
then have val(G,9) € |J val(G,r) by blast
with «val(G,9)=2> <a=val(G,)> have
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x € a by simp
}
with <a=val(G,T)>
have z € val(G,Union_name(r)) = z € |J a for z by blast
then
show ?thesis using 1 by blast
qed

lemma union_in_MG : assumes filter(G)
shows Union__az(##M[G))
proof -
{ fix a
assume a € M[G]
then
interpret mgtrans : M__trans ##M[G]
using transitivity MG by (unfold_locales; auto)
from <a€_ ) obtain 7 where 7 € M a=val(G,7) using GenFExztD by blast
then
have Union_name(r) € M (is %m € _) using Union_name_ M unfolding
Union__name__def by simp
then
have val(G,?r) € M[G] (is ?U € _) using GenExtl by simp
with «a€_»
have (#4M[G))(a) (#4M[G])(?U) by auto
with «r € M «(filter(G)» <2U € M|[G)> <a=val(G,T)»
have big_union(##M[G),a,?U)
using Union_ MG _Eq Union__abs by simp
with <?U € M[G]»
have 3 z[##M[G]]. big_union(##M|[G),a,z) by force
}
then
have Union__az(##M[G]) unfolding Union__az_def by force
then
show ?thesis by simp
qed

theorem Union MG : M_generic(G) => Union_ax(##M[G])
by (simp add:M__generic_def union_in_ MGQ)

end
end

23 The Powerset Axiom in M|[G]

theory Powerset Axiom
imports Renaming Auto Separation__Azxiom Pairing Axziom Union__ Axziom
begin

simple__rename perm_ pow src [ss,p,l,0,fs,x] tgt [fs,ss,sp,p,1,0,X]
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lemma Collect_inter Transset:
assumes
Transset(M) b € M
shows
{zeb . P(x)} = {z€b. P(x)} N M
using assms unfolding Transset_def
by (auto)

context G_generic begin

lemma name__components_in_ M:
assumes <o,p>€d 9 € M
shows oceM peM

proof -
from assms obtain a where

o€ apeEaac<o,p>

unfolding Pair_def by auto
moreover from assms
have <o,p>eM

using transitivity by simp
moreover from calculation
have ac M

using transitivity by simp
ultimately
show ceM peM

using transitivity by simp__all

qed

lemma sats fst _snd_in_M:

assumes
AeM BeM ¢ € formula peM leM oeM xeM
arity(p) < 6

shows
{sq €AXB . sats(M p,[snd(sq),p,l,0,fst(sq),x])} € M
(is 29 € M)

proof -

have 6enat 7€nat by simp__all

let 20’ = ren(p) ‘6°7‘perm__pow_ fn

from <AeM> «B€M» have
AxB e M
using cartprod_closed by simp

from <arity(p) < 6> «p€ formulay <6€_» <T€_)»

have %o’ € formula arity(%p")<7
unfolding perm_pow fn_def
using perm_ pow_thm arity_ren ren__tc Nil_type
by auto

with <%’ € formula)

have 1: arity(Ezists(Ezists(And(pair_fm(0,1,2),%0")))<5  (is arity(#))<5)
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unfolding pair_fm _ def upair_fm_ def
using nat__simp__union pred_le arity_type by auto
{
fix sp
note <AxB € M»
moreover
assume sp € AxB
moreover from calculation
have fst(sp) € A snd(sp) € B
using fst_type snd_type by simp__all
ultimately
have sp € M fst(sp) € M snd(sp) € M
using <AeM)> «(BEM) transitivity
by simp__all
note inM = «(AeM)> «(BeEM)> «peM) <leM> <oeM> «xeM>
(spEM> <fst(sp)eM» <snd(sp)eM>
with 1 <sp € My <%’ € formula>
have M, [sp,p,l,0,X]Q[p] = 7% <— M,[sp,p,l,0,x] E # (is M,%env0@ _|=
)
using arity_sats_iff[of 2 [p] M Zenv0] by auto
also from inM <sp € AxB»
have ... +— sats(M, %o’ [fst(sp),snd(sp),sp,p,l,0,X])
by auto
also from inM «p € formula) <arity(p) < 6>
have ... «— sats(M p,[snd(sp),p,l,0,fst(sp),x])
(is sats(__, ,%envl) +— sats(__, ,?env2))
using sats_iff _sats_renf[of ¢ 6 7 2env2 M Zenvl perm__pow__fn] perm__pow__thm
unfolding perm_ pow_fn_def by simp
finally
have sats(M,?),[sp,p,l,0,x,p]) +— sats(M p,[snd(sp),p,l,0,fst(sp),x])
by simp
}
then have
20 = {speAxXB . sats(M,%),[sp,p,l,0,x,p])}
by auto
also from assms «<AxBeM>» have
weM
proof -
from 1
have arity(?)) < 6
using lel by simp
moreover from <%’ € formula)
have %) € formula
by simp
moreover note assms <Ax BEM>
ultimately
show {z € AxB . sats(M, %, [z, p, I, 0, x, p))} € M
using separation__ax separation_ iff
by simp
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qed
finally show ?thesis .
qed

lemma Pow _inter MG:
assumes
aeM[G]
shows
Pow(a) N M[G] € M[G]
proof -
from assms obtain 7 where
T€ Mul(G, 7)=a
using GenExtD by auto
let ?Q=Pow(domain(rT)xP) N M
from «reM>
have domain(t)xP € M domain(t) € M
using domain__closed cartprod_closed P_in_ M

by simp__all
then
have ?QQ ¢ M
proof -

from power_azx <domain(t)x P € M>» obtain @ where
powerset(##M,domain(T)xP,Q) Q € M
unfolding power axz_def by auto
moreover from calculation
have 2€ Q = zeM for 2
using transitivity by blast
ultimately
have @ = {ac€Pow(domain(r)xP) . ac M}
using <domain(t)x P € M) powerset_abs[of domain(r)xP Q)
by (simp flip: setclass__iff)
also
have ... = 2Q)
by auto
finally
show ?thesis using <QeM> by simp
qged
let
tn=2Qx{one}
let
2b=val(G, ?r)
from «?QeM>
have ?reM
using one_in_ P P_in_ M transitivity
by (simp flip: setclass__iff)
from «?mreM>
have ?b € M[G]
using GenExtl by simp
have Pow(a) N M[G] C %b
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proof
fix ¢
assume ¢ € Pow(a) N M[G]
then obtain y where
ceEM[G] x € M val(G,x) = ¢
using GenFExtD by auto
let 29={sp €domain(T)x P . snd(sp) I+ (Member(0,1)) [fst(sp),x] }
have arity(forces(Member(0,1))) = 6
using arity forces at by auto
with «domain(t) € M> «x € M>»
have 29 € M
using P_in_ M one_in_ M leq in_M sats_fst_snd_in_M
by simp
then
have 29 € 20
by auto
then
have val(G,?9) € b
using one_in__ G one_in__P generic val_of _elem [of 29 one %1 G]
by auto
have val(G,%9) = ¢
proof (intro equalityl subsetl)
fix z
assume z € val(G, %)
then obtain ¢ p where
1: <o,p>€?) peG val(Gyo) =
using elem_ of wval_pair

by blast
moreover from «<o,p>€?) <2 € M)
have ce M
using name__components_in_M|of _ __ 2] by auto

moreover from I
have (p IF (Member(0,1)) [o,x]) peP
by simp__all
moreover
note <wval(G,x) = o
ultimately
have sats(M[G],Member(0,1),[z,c])
using «<x € M» generic definition__of forcing nat_simp__union
by auto
moreover
have ze M |G|
using (val(G,0) = x «0€M> «xeM> GenExtl by blast
ultimately
show zec
using <ce M[G]> by simp
next
fix z
assume z € ¢
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with ¢ € Pow(a) N M[G]
have z € a ce M[G] ze M[G]
using transitivity MG
by auto
with «val(G, 7) = @
obtain o where

o€domain(t) val(G,o) = =«
using elem__of wval
by blast

moreover note (zcc) «val(G,x) = o
moreover from calculation
have val(G,0) € val(G,x)
by simp
moreover note <ce M[G]» «zeM[G)
moreover from calculation
have sats(M[G],Member(0,1),[z,c])
by simp
moreover
have Member(0,1)€formula by simp
moreover
have ceM
proof -
from <oce€domain(T))
obtain p where <o,p> € 7
by auto
with reM)>
show ?thesis
using name__components_in_ M by blast
qed
moreover note <y € M)
ultimately
obtain p where peG (p IF Member(0,1) [o,x])
using generic truth_lemmalof Member(0,1) G [o,x] ]| nat_simp_union
by auto
moreover from «peG»
have peP
using generic unfolding M _generic_ def filter _def by blast
ultimately
have <o,p>€ %
using <oc€domain(7)) by simp
with «val(G,0) = © peG»
show z€wval( G, ?29)
using val_of _elem [of _ _ 29] by auto
qed
with «wal(G,?9) € 7b
show ce?b by simp
qed
then
have Pow(a) N M[G] = {z€% . 2Ca & zeM[G]}
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by auto
also from <acM[G)>

have ... = {z€? . sats(M[G],subset_fm(0,1),[z,a]) & zeM[G]}
using Transset MG by force

also

have ... = {z€% . sats(M[G],subset_fm(0,1),[z,a])} N M[G]
by auto

also from ¢ ?be M[G]

have ... = {z€?b . sats(M|G|,subset_fm(0,1),[z,a])}
using Collect_inter Transset Transset MG
by simp

also from < ?be M[G)» <ae M[G]>
have ... € M[G]
using Collect_sats_in_ MG GenFExtl nat_simp_union by simp
finally show ?thesis .
qed
end

context G__generic begin

interpretation mgtriv: M_trivial ##M|G]
using generic Union_ MG pairing_in_ MG zero__in_ MG transitivity MG
unfolding M _trivial def M_trans_def M_ trivial_azioms_def by (simp; blast)

theorem power_in_ MG : power_az(##(M[G]))
unfolding power azx_def
proof (intro ralll, simp only:setclass iff rex_setclass_is_bex)

fix a
assume a € M[G]
then
have (##M|[G])(a) by simp
have {zePow(a) . z € M[G]} = Pow(a) N M[G]
by auto
also from <aeM[G)
have ... € M[G]
using Pow _inter MG by simp
finally
have {z€Pow(a) . z € M[G]} € M[G] .
moreover from e M[G)y <{z€Pow(a) . z € M[G]} € _»
have powerset(##M[G], a, {r€Pow(a) . x € M[G]})
using mgtriv.powerset_abs|OF «(##M[G])(a)]
by simp
ultimately
show JzeM[G] . powerset(##M[G], a, x)
by auto
qed
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end
end

24 The Axiom of Extensionality in M|G]

theory Extensionality Azxiom
imports

Names
begin

context forcing data
begin

lemma extensionality_in_ MG : extensionality(##(M[G]))
proof -
{
fixxyz
assume
asms: e M[G] yeM[G] YweM[G] . w € z +— w € y)
from «ze M[G)> have
z€x +— 2€M[G] A z€x
using transitivity MG by auto
also have
o zEeYy
using asms transitivity MG by auto
finally have
ZET > 2€Y .
}

then have
VzeM[G] . VyeM|[G] . V2eM|G] .z €z +— z2€y) —z =1y
by blast
then show ?thesis unfolding extensionality_def by simp
qed

end
end

25 The Axiom of Foundation in M[G]

theory Foundation_Axiom
imports

Names
begin

context forcing data
begin
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lemma foundation_in_MG : foundation__ax(##(M[G]))
unfolding foundation_ax_def
by (rule ralll, cut_tac A=z in foundation, auto intro: transitivity MG)

lemma foundation__az(##(M|[G]))
proof -
{
fix z
assume z€M[G] JyeM|[G] . yex
then
have 3yeM[G] . yeaNM[G] by simp
then
obtain y where yezNM[G] Vz€y. z ¢ xNM[G]
using foundation|of xNM|[G]] by blast
then
have 3yeM[G] .y € z AN (V2eM[G] . z ¢ = V z ¢ y)by auto
}
then show ?thesis
unfolding foundation_ax_def by auto
qed

end
end

26 The binder Least

theory Least
imports
Names

begin

We have some basic results on the least ordinal satisfying a predicate.

lemma Least Ord: (p . R(a)) = (u a. Ord(a) A R())
unfolding Least def by (simp add:lt_Ord)

lemma Ord_Least_cong:
assumes Ay. Ord(y) = R(y) +— Q(v)
shows (p a. R(a)) = (u a. Q(a))
proof -
from assms
have (1 . Ord(a) A R(a)) = (u a. Ord(a) A Q(«))
by simp
then
show ?thesis using Least Ord by simp
qed

definition
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least :: [i=0,i=0,i] = o where
least(M,Q,i) = ordinal(M,i) A (
(empty(M,i) A (Vb[M]. ordinal(M,b) — —Q(b)))
vV (Q(i) A (Vb[M]. ordinal(M,b) N bei—s —=Q(D))))

definition
least_fm :: [i,i] = 7 where
least_fm(q,i) = And(ordinal _fm(7),
Or(And(empty_ fm(i),Forall(Implies(ordinal_fm(0),Neg(q)))),
And(Exists(And(q,Equal(0,succ()))),
Forall(Implies(And(ordinal_fm(0),Member(0,succ(i))),Neg(q))))))

lemma least_fm_ type[TC] i € nat = q€formula = least_fm(q,i) € formula
unfolding least fm__ def
by simp

lemmas basic_fm__simps = sats_subset_fm’ sats_transset_fm’ sats_ordinal__fm’

lemma sats least fm :

assumes p_iff sats:

Na. a € A = P(a) +— sats(4, p, Cons(a, env))
shows

[y € nat; env € list(A) ; 0€A]

= sats(A, least_fm(p,y), env) +—

least(## A, P, nth(y,env))

using nth_ closed p_iff sats unfolding least def least fm_ def
by (simp add:basic__fm__simps)

lemma least iff sats:

assumes is_ Q) _iff sats:
Na. a € A = is_Q(a) «— sats(A, ¢, Cons(a,env))

shows
[nth(j,env) = y; j € nat; env € list(A); 0€A]
= least(#F#A, is_Q, y) +— sats(A, least_fm(q,j), env)
using sats_least_fm [OF is_Q __iff _sats, of j , symmetric]
by simp

lemma least_conj: a€ M = least(## M, Ax. xe M N Q(x),a) +— least(#H#M,Q,a)
unfolding least def by simp

lemma (in M__ctm) unique_least: ae M = be M = least(##M,Q,a) = least(##M,Q,b)
= a=b

unfolding least def

by (auto, erule_tac i=a and j=b in Ord_linear_lt; (drule ItD | simp); auto
intro: Ord_in__Ord)

context M trivial
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begin

26.1 Absoluteness and closure under Least

lemma least abs:
assumes Az. Q(z) = M(z) M(a)
shows least(M,Q,a) +— a = (u z. Q(z))
unfolding least def
proof (cases Vb[M]. Ord(b) — — Q(b); intro iffI; simp add:assms)
case True
with «Az. Q(z) = M(z)
have — (3. Ord(i) A Q(7)) by blast
then
show 0 =(p z. Q(z)) using Least_0 by simp
then
show ordinal(M, p z. Q(z)) A (empty(M, Least(Q)) V Q(Least(Q)))
by simp
next
assume 3 b[M]. Ord(b) A Q(b)
then
obtain ¢ where M (7) Ord(i) Q(i) by blast
assume a = (p z. Q(z))
moreover
note <M(a)>
moreover from <Q(¢)» <Ord(i)»
have Q(u z. Q(z)) (is ?G)
by (blast intro:LeastI)
moreover
have (Vb[M]. Ord(b) AN b € (1 z. Q(z)) — — Q(b)) (is ?H)
using less_LeastE[of Q) __ False]
by (auto, drule_tac ItI, simp, blast)
ultimately

show ordinal(M, u z. Q(z)) A (empty(M, p z. Q(z)) A (Vb[M]. Ord(b) —

Qb)) V G A ?H)

by simp
next
assume 1:3b[M]. Ord(b) AN Q(b)
then
obtain ¢ where M (7) Ord(i) Q(i) by blast
assume Ord(a) A (a = 0 A (V[M]. Ord(b) — = Q(b)) vV Q(a) A (Vb
Ord(b) Nb € a— = Qb))
with 1
have Ord(a) Q(a) Vb[M]. Ord(b) N b € a — — Q(b)
by blast+

moreover from this and <A\z. Q(z) = M(x)
have Ord(b) = b € a = — Q(b) for b
by blast
moreover from this and <Ord(a)>
have b < ¢ = - Q(b) for b
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unfolding It def using Ord_in_ Ord by blast
ultimately
show a = (u z. Q(z))
using Least__equality by simp
qed

lemma Least closed:
assumes Az. Q(z) = M(z)
shows M(p z. Q(z))
using assms LeastI[of Q] Least_0 by (cases (Fi. Ord(i) A Q(7)), auto)

end

end

27 The Axiom of Replacement in M|G]

theory Replacement Aziom
imports
Least Relative_Univ Separation__ Axiom Renaming Auto
begin

rename renrepl src [p,P,leq,0,0,7] tgt [V, 7,0,p,0,P,leq,0]

definition renrep_fn :: i = { where
renrep__fn(env) = sum(renrepl_fn,id(length(env)),6,8,length(env))

definition
renrep :: [i,i] = ¢ where
renrep(p,env) = ren(p) (6#+length(env)) ( 8#+length(env)) ‘renrep_ fn(env)

lemma renrep__type [TC:
assumes € formula env € list(M)
shows renrep(p,env) € formula
unfolding renrep def renrep_ fn_def renrepl fn_ def
using assms renrepl__thm(1) ren_tc
by simp

lemma arity_renrep:
assumes @€ formula arity(p)< 6#+length(env) env € list(M)
shows arity(renrep(p,env)) < 8#+length(env)
unfolding renrep def renrep_ fn_ def renrepl fn_ def
using assms renrepl__thm(1) arity_ren
by simp

lemma renrep_ sats :
assumes arity(p) < 6 #+ length(env)
[P,leq,0,p,0,7] Q@ env € list(M)
VeMaeM
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peformula
shows sats(M, o, [p,P,leq,0,0,7] Q env) «— sats(M, renrep(p,env), [V ,1,0,p,a,P,leq,0]
@ enwv)
unfolding renrep def renrep_ fn_ def renrepl fn_ def
by (rule sats_iff _sats_ren,insert assms, auto simp add:renrepl__thm(1)[of _
M ,simplified)
renrepl__thm(2)[simplified,where p=p and a=q])

rename renpbdyl src [p,p,a,P,leq,0] tgt [o,p,z,a,P,leq,o]

definition renpbdy_fn :: i = i where
renpbdy_fn(env) = sum(renpbdyl_fn,id(length(env)),6,7,length(env))

definition
renpbdy :: [i,i] = { where
renpbdy(p,env) = ren(p) (6#+length(env)) (7#+length(env)) ‘renpbdy_fn(env)

lemma
renpbdy__type [TC): p€formula = envelist(M) = renpbdy(p,env) € formula
unfolding renpbdy_def renpbdy_fn_ def renpbdyl_ fn_ def
using renpbdyl_thm(1) ren_tc
by simp

lemma arity_renpbdy: o€formula = arity(p) < 6 #+ length(env) = envelist(M)
= arity(renpbdy(p,env)) < 7 #+ length(env)

unfolding renpbdy_ def renpbdy_fn_ def renpbdyl_ fn_ def

using renpbdyl_thm(1) arity_ren

by simp

lemma

sats_renpbdy: arity(p) < 6 #+ length(nenv) = [o,p,z,a,P,leq,0,7] Q@ nenv €
list(M) = p€formula =

sats(M, o, [0,p,c, P,leq,0] @ nenv) <— sats(M, renpbdy(p,nenv), [o,p,z,a,P,leq,o0]

@ nenv)

unfolding renpbdy def renpbdy_fn__ def renpbdyl_fn_ def

by (rule sats_iff sats_ren,auto simp add: renpbdyl__thm(1)[of _ M,simplified]

renpbdyl__thm(2)[simplified,where a=a and

r=1])

rename renbodyl src [z,o,P,leq o] tgt [o,z,m,P,leq,o]

definition renbody_fn :: i = i where
renbody__fn(env) = sum(renbodyl_fn,id(length(env)),5,6,length(env))

definition

renbody :: [i,i]] = ¢ where
renbody(p,env) = ren(p) (5 #+length(env)) (6#+length(env)) ‘renbody_fn(env)
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lemma
renbody_type [TC): peformula = envelist(M) = renbody(p,env) € formula
unfolding renbody_def renbody_fn_def renbodyl_fn_def
using renbodyl thm(1) ren_tc
by simp

lemma arity_renbody: p€formula = arity(p) < 5 #+ length(env) = envelist(M)
=

arity(renbody(p,env)) < 6 #+ length(env)

unfolding renbody_ def renbody_ fn_def renbodyl_ fn_def

using renbodyl thm(1) arity ren

by simp

lemma
sats_renbody: arity(e) < 5 #+ length(nenv) = [a,z,m,P,leq,0] @ nenv €
list(M) = p€formula =
sats(M, o, [z,a,P,leq,0] @ nenv) «+— sats(M, renbody(p,nenv), [a,z,m,P,legq,o]
@ nenv)
unfolding renbody_def renbody_fn__def renbodyl_fn_def
by (rule sats_iff _sats_ren, auto simp add:renbodyl__thm(1)[of _ M, simplified)
renbodyl__thm(2)[where a=a and m=m,simplified])

context G__generic
begin

lemma pow_inter M:
assumes
xeM yeM
shows
powerset(#H#M,x,y) +— y = Pow(z) N M
using assms by auto

schematic__goal sats prebody_fm,__auto:
assumes
pEformula [P,leq,one,p,0,1] @ nenv €list(M) acM arity(p) < 2 #+ length(nenv)
shows
(BreM.3VeM.is Vset(#H#M,a,V) ANTEV A sats(M,forces(p),[p,P,leq,one,0,7]
@ nenv))
+— sats(M,?prebody_fm,[o,p,c, P,leq,one] @ nenv)
apply (insert assms; (rule sep__rules is_ Vset_iff _sats|OF
| simp))
apply (rule sep_rules is_Vset iff satsis_Vset iff sats|OF
| simp)+
apply (rule nonempty|simplified))
apply (simp__all)
apply (rule length_type| THEN nat__into__Ord], blast)+
apply ((rule sep_rules | simp))

nonempty|simplified]]

nonempty|[simplified))
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apply ((rule sep_rules | simp))
apply ((rule sep_rules | simp))
apply ((rule sep_rules | simp))
apply ((rule sep_rules | simp))
apply ((rule sep_rules | simp))
apply ((rule sep_rules | simp))
apply (rule renrep__sats[simplified])
apply (insert assms)
apply(auto simp add: renrep__type definability)
proof -
from assms
have nenvelist(M) by simp
with <arity(p)<_» «p€E_>»
show arity(forces(p)) < suce(suce(suce(suce(suce(suce(length(nenv)))))))
using arity forces le by simp
qed

synthesize_ notc prebody_fm from__schematic sats prebody fm __auto

lemma prebody_fm__type [TC):
assumes € formula
env € list(M)
shows prebody_ fm(p,env)€ formula
proof -
from <p€formula)
have forces(p)€formula by simp
then
have renrep(forces(p),env)€eformula
using <env€list(M)» by simp
then show ?thesis unfolding prebody fm_ def by simp
qed

lemmas new_fm_ defs = fm__defs is_transrec_fm__defis eclose fm_ def mem__eclose fm,__def
finite__ordinal_fm__def is_wfrec_fm __def Memrel fm _def eclose _n_fm_defis recfun_fm_ def
is_iterates_fm_ def

iterates MH_fm_ defis nat_case_fm_ def quasinat_fm_ def pre_image fm _ def
restriction_ fm_ def

lemma sats prebody fm:
assumes
[P,leq,one,p,0] @ nenv €list(M) p&formula aeM arity(¢) < 2 #+ length(nenv)
shows
sats(M ,prebody_fm(p,nenv),[o,p,c, P,leq,one] @ nenv) +—
(3reM.3VeM.is Vset(#H#M,a,V) ANTEV A sats(M,forces(p),[p,P,leq,one,0,7]
@ nenv))
unfolding prebody fm__def using assms sats_prebody_fm__auto by force
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lemma arity prebody_fm:
assumes
peformula aeM env € list(M) arity(p) < 2 #+ length(env)
shows
arity(prebody__fm(p,env))<6 #+ length(env)
unfolding prebody fm_ def is HVfrom_ fm_ def is_powapply fm__def
using assms new__fm__defs nat__simp__ union
arity__renrep|of forces(p)] arity_forces le[simplified] pred_le by auto

definition
body _fm' :: [i,i|=1i where
body_fm'(p,env) = Exists(Ezists(And(pair_fm(0,1,2),renpbdy(prebody_fm(p,env),env))))

lemma body_fm'_type[ TC): p€formula = envelist(M) = body__fm'(p,env)€formula
unfolding body_fm’ def using prebody_fm_ type
by simp

lemma arity body fm':
assumes
peformula aeM envelist(M) arity(p) < 2 #+ length(env)
shows
arity(body_fm'(p,env))<5 #+ length(env)
unfolding body_fm' def
using assms new__fm__defs nat__simp__union arity__prebody_fm pred_le arity_renpbdy|of

prebody_fm(p,env)]
by auto

lemma sats_body_fm':
assumes
It p. 2=(t,p) €M [a,P,leg,one,p,0] Q nenv €list(M) pEformula arity(p) < 2
#+ length(nenv)
shows
sats(M,body__fm'(p,nenv),[z,«,P,leq,one] @ nenv) <—
sats(M ,renpbdy(prebody_ fm(p,nenv),nenv),[fst(z),snd(z),z,a,P,leq,one] @ nenv)
using assms fst_snd__closed[OF <z€M)>] unfolding body_fm' _def
by (auto)

definition
body_fm :: [i,i]=i where
body__fm(p,env) = renbody(body_fm'(¢,env),env)

lemma body_fm__type [TC]: envelist(M) = @€ formula => body__fm(p,env)€ formula
unfolding body_fm _def by simp

lemma sats_body_fm:
assumes
It p. z=(t,p) [a,x,m,P,leq,one] Q nenv €list(M)
pEeformula arity(p) < 2 #+ length(nenv)
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shows

sats(M,body_fm(p,nenv),[c,z,m,P,leq,one] @ nenv) +—

sats(M ,renpbdy(prebody_ fm(p,nenv),nenv),[fst(z),snd(z),z,a,P,leq,one] @ nenv)
using assms sats_body_fm’ sats_renbody[OF __ assms(2), symmetric] arity__body__fm’
unfolding body_fm_ def
by auto

lemma sats renpbdy prebody _fm:
assumes
It p. z=(t,p) €M [a,m,P,leq,one] Q nenv €list(M)
peformula arity(p) < 2 #+ length(nenv)
shows
sats(M ,renpbdy(prebody_fm(p,nenv),nenv),[fst(z),snd(z),z,c,P,leq,one] @ nenv)
—
sats(M ,prebody_fm(p,nenv),[fst(z),snd(z),a,P,leq,one] Q@ nenv)
using assms fst_snd__closed[OF <xe€M)]
sats_renpbdy|OF arity _prebody fm _ prebody_fm_ type, of concl:M, symmet-
ric)
by force

lemma body_lemma:
assumes
It p. 2=(t,p) €M [z,00,m,P,leg,one] Q nenv €list(M)
peformula arity(p) < 2 #+ length(nenw)
shows
sats(M,body_ fm(p,nenv),[a,x,m, P leqg,one] Q nenv) <—
(FreM.3VeM. is_Vset(Aa. (##M)(a),a,V) AT € V A (snd(z) IF ¢ ([fst(z),7]Qnenv)))
using assms sats_body fm[of x o m nenv] sats_renpbdy_prebody_fm[of z «]
sats_prebody_fm[of snd(z) fst(z)] fst_snd_closed|OF «xeM>]
by (simp, simp flip: setclass_iff ,simp)

lemma Replace_sats in_ MG:
assumes
ce M[G] env € list(M[G])
¢ € formula arity(p) < 2 #+ length(env)
univalent(#H#M[G], ¢, Az v. (M[G] , [z,v]Qenv | ¢) )
shows
{v. z€c, veM[G] N (M[G] , [z,v]Qenv = )} € M[G]
proof -
let 2R =X zv.veM[G] A (M[G], [z,v]Qenv = @)
from «ce M[G]>
obtain 7’ where val(G, ') = cn’' e M
using GenFEzt_def by auto
then
have domain(r’)x PEM (is ?meM)
using cartprod__closed P_in_ M domain__closed by simp
from <wal(G, ) = o
have ¢ C val(G, ?r)
using def wal[of G ?m] one_in_P one_in_G|[OF generic] elem__of wval

256



domain__of prod]OF one_in_P, of domain(n')] by force
from (env €
obtain nenv where nenvelist(M) env = map(val(G),nenv)
using map_val by auto
then
have length(nenv) = length(env) by simp
define f where f(op) = p a. aeM A (37eM. T € Vset(a) A
(snd(op) I+ ¢ ([fst(op),7] @ nenwv))) (is _ = pu a. ?P(op,a)) for op
have f(op) = (p a. aeM A (37€eM. IVEM. is_Vset(##M,a,V) A TEV A
(snd(op) IF ¢ ([fst(ep),7] @ nenv)))) (is _ = (u a. aeM A ?Q(ep,))) for
op
unfolding f def using Vset abs Vset_closed Ord_Least_conglof ?P(op) A .
aeM A 7Q(op,)]
by (simp, simp del:setclass__iff)
moreover
have f(op) € M for op
unfolding f def using Least_closed[of ?P(op)] by simp
ultimately
have I:least(##M  a. ?Q(op,a),f(op)) for op
using least_abs[of Aa. aeM A ?2Q(op,a) f(op)] least_conj
by (simp flip: setclass__iff)
have Ord(f(op)) for op unfolding f def by simp
define Q@ where QQ=7Q
from I
have least(## M, a. QQ(op,).f(op)) for op
unfolding QQ def .
from <arity(p) < _» «length(nenv) = >
have arity(p) < 2 #+ length(nenv)
by simp
moreover
note assms <nenvelist(M)> «ZmeM»
moreover
have gpe r = It p. op={(t,p) for gp
by auto
ultimately
have body:M , [a,0p,m,P,leq,one] Q@ nenv = body_fm(p,nenv) «— 2Q(op,a)
if ope?m opeM meM acM for o pp m
using that P_in_M leq_in_M one_in_M body_lemmalof op o m nenv @] by
stmp
let ?f fm=least_fm(body_fm(p,nenv),1)
{
fix op m
assume asm: opeEM op€ ?mr meM
note inM = this P_in_M leq_in_M one_in_M <nenv€list(M))
with body
have body No. « € M = (37eM. IVeM. is_Vset(Aa. (##M)(a), o, V)
AT e VA
(snd(op) Ik ¢ ([fst(op),7] @ nenv))) +—
M, Cons(a, [op, m, P, leq, one] @ nenv) = body_fm(p,nenv) by simp

257



from inM

have M | [op,m,P,leq,one] @ nenv = ?f fm +— least(##M, QQ(op), m)
using sats_least_fm[OF body’, of 1] unfolding QQ_ def
by (simp, simp flip: setclass__iff)

then
have M, [op,m,P,leq,one] Q nenv |= 2f_fm <— least(##M, QQ(op), m)
if opeM ope ?r meM for pp m using that by simp
then
have univalent(##M, ?w, Xop m. M | [op,m] @ ([P,leq,one] @ nenv) = 2f_fm)
unfolding univalent_def by (auto intro:unique_least)
moreover from <length(_) = _» <env € _»
have length([P,leq,one] @ nenv) = 3 #+ length(env) by simp
moreover from <arity(_) < 2 #+ length(nenv)
length(_) = length(_)>[symmetric] <nenve_» <p&_ )
have arity(?f_fm) < & #+ length(env)
unfolding body_fm_def new fm_defs least fm_ def
using arity forces arity_renrep arity_renbody arity body fm’ nonempty
by (simp add: pred_Un Un__assoc, simp add: Un__assoc[symmetric] nat_union__absl
pred__Un)
(auto simp add: nat_simp__union, rule pred_le, auto intro:lel)
moreover from <p€formula> <nenvelist(M)»
have ?f fme&formula by simp
moreover
note inM = P_in_ M leq _in_M one_in_M <nenvelist(M)) «?meM>
ultimately
obtain Y where YeM
VmeM. m €Y «— (FopeM. op € 2 N M, [op,m] @ ([P,leq,one] @ nenv)
= 7 fm)
using replacement__az[of ?f_fm [P,leq,one] @ nenv)
unfolding strong replacement_def by auto
with <least(_,QQ(_).f(_)) «f(_) € M> <?meM>
= = = M, E? fm+— least(_, , )
have f(pp)eY if ope?r for op
using that transitivity|OF _ «2meM)]
by (clarsimp, rule_tac z=(z,y) in bexl, auto)
moreover
have {ycY. Ord(y)} € M
using < YeM) separation_ax sats ordinal fm trans M
separation__cong|of ##M \y. sats(M,ordinal_fm(0),[y]) Ord]
separation__closed by simp
then
have |J {yeY. Ord(y)} € M (is ?sup € M)
using Union_ closed by simp
then
have {z€ Vset(%sup). t € M} €¢ M
using Vset_closed by simp
moreover
have {one} € M
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using one_in_ M singletonM by simp
ultimately
have {z€ Vset(%sup). z € M} x {one} € M (is ?big_name € M)
using cartprod_ closed by simp
then
have val(G,?big_name) € M|[G]
by (blast intro:GenExtI)
{
fix vz
assume z€c
moreover
note «val(G,m")=c) «w'e M)
moreover
from calculation
obtain ¢ p where (o,p)en’ wval(G,0) = z peG peM
using elem__of wval_pair’[of ' © G] by blast
moreover
assume veM[G]
then
obtain o where val(G,0) = v c€EM
using GenExtD by auto

moreover
assume sats(M[G], ¢, [z,v] Q env)

moreover

note «p€_ ) <nenve_» senv = _» carity(p)< 2 #+ length(env)»
ultimately

obtain ¢ where ¢€G ¢ I+ ¢ ([p,0]@Qnenv)
using truth_lemma[OF «p€_» generic, symmetric, of [0,0] @ nenv)
by auto
with «(o,p)en’ (o,q)€?m = f((0,q))EY)
have f((¢,q))€Y
using generic unfolding M _generic__def filter_def by blast
let a=succ(rank(o))
note <oc€M>
moreover from this
have a €¢ M
using rank__closed cons__closed by (simp flip: setclass__iff)
moreover
have o € Vset(%a)
using Vset Ord_rank_iff by auto
moreover
note <q IF ¢ ([9,0] @ nenv)»
ultimately
have ?P({o,q), %) by (auto simp del: Vset_rank_iff)
moreover
have (u a. ?P((0,9),2)) = f({0.9))
unfolding f def by simp
ultimately
obtain 7 where 7e M 7 € Vset(f({0,9))) ¢ IF ¢ ([0,7] @ nenv)
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using LeastI[of A a. ?P({p,q),&) %a] by auto
with (g€ Gy «0eM> (nenve_» <arity(p)< 2 #+ length(nenv))
have M[G], map(val(G),[0,7] @ nenv) = ¢
using truth_lemma|OF «p€_» generic, of [p,7] @ nenv] by auto
moreover from «z€c) <ce M[G]»
have z€ M[G] using transitivity_ MG by simp
moreover
note <M[G],[z,v] Q@ envl= ¢y <env = map(val(G),nenv)y «<t€M> wal(G,0)=>
cunvalent(##M|[G],_,_)» «x€c> <wveM[G]
ultimately
have v=val(G,7)
using GenFEztl[of 7 G] unfolding univalent def by (auto)
from «r € Vset(f((0,q))) <Ord(f(_)) <f((0.q))€Y>
have 7 € Vset(%sup)
using Vset_Ord__rank__iff lt_Union__iff[of __ rank(T)] by auto
with «reM)>
have val(G,7) € val(G,?big_name)
using domain_of _prod[of one {one} {z€ Vset(?sup). x € M} | def _wallof G
?big_name]
one_in__G|OF generic] one_in_P by (auto simp del: Vset_rank_iff)
with w=wval(G,)>
have v € val( G {z€ Vset(?sup). x € M} x {one})
by simp
}

then

have {v. z€c, ?R(z,v)} C val(G,?big_name) (is ?replC ?big)
by blast

with < ?big _nameeM>

have ?repl = {ve %big. Ixcc. sats(M[G], ¢, [z,0] Q env )} (is _ = ?rhs)
proof (intro equalityl subsetl)
fix v

assume vE ?repl

with «2replC ?big»

obtain z where zcc M[G], [z, v] Q env = ¢ ve ?big
using subsetD by auto

with <univalent(##M[G], ., )» «ce M[G]»

show v € ?rhs
unfolding univalent_def
using transitivity MG Replacel[of X z v. Jz€c. M[G], [z, v] Q env |= ¢] by

blast
next

fix v

assume v€ ?rhs

then

obtain z where
veval(G, ?big_name) M[G], [z, v] @ env = ¢ z€C
by blast

moreover from this <ce M[G]

have ve M[G] ze M[G]
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using transitivity MG GenEztI[OF «?big_name€_»,of G] by auto
moreover from calculation <univalent(##M|[G],_, )
have 7R(z,y) = y = v for y
unfolding univalent_def by auto
ultimately
show ve ?repl
using Replacel[of ?R z v (]
by blast
qed
moreover
let %) = Exists(And(Member(0,2#+length(env)),p))
have ve M[G] = (Fz€c. M[G], [z,9] Q env = @) «— M[G], [v] Q env Q []
o
arity(2) < 2 #+ length(env) 2peformula
for v
proof -
fix v
assume veM[G]
with (ce M[G]
have nth(length(env)#+1,[v]Qenv@[c]) = ¢
using <enve_nth_concat[of v ¢ M[G] env)
by auto
note inMG= «nth(length(env)#+1,[v]QenvQ|c]) = ¢ <«ceM[G]> «weM|[G]»
(enve_)
show (Fzec. M[G], [z,v] Q env = ) +— M[G], [v] Q@ env Q [¢] = @
proof
assume Jzecc. M[G], [z, v] Q env |= @
then obtain z where
ze€c MG, [z, v] Q env = ¢ 2€ M[G]
using transitivity MG[OF _ «ce M[G))]
by auto
with «pe_» <arity(o)<24#+length(env)y inMG
show M[G], [v] @ env @ [c] |= Exists(And(Member(0, 2 #+ length(env)),
¢))

using arity_sats_iff [of ¢ [¢] __ [z,v]@Qenv]
by auto
next
assume M|[G], [v] Q env @ [¢] = Erxists(And(Member(0, 2 #+ length(env)),
)
with inMG
obtain z where
reM[G] zec M[G], [z,v]QenvQ[c] = ¢
by auto
with «pe » carity(p)<2#+length(env) inMG
show Jzec. M[G], [z, v] Q envl= ¢
using arity_sats_iff [of ¢ [¢] __ [z,v]@Qenv]
by auto
qed
next
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from <enve_ ) «pe_>
show arity( %) <2#+length(env)
using pred_mono[OF __ <arity(p)<2#+length(env)y] lt_trans|OF __ le_refl]
by (auto simp add:nat_simp__union)
next
from «pe_ )
show 2p€formula by simp
qed
moreover from this
have {ve ?big. Jz€c. M[G], [z,v] Q@ env = ¢} = {ve?big. M[G], [v] Q env Q []

= %)
using transitivity MG[OF _ GenExtl, OF __ (?big_name€ M)
by simp
moreover from calculation and <enve_ ) «c€_» «2bige M[G]»

have {ve ?big. M[G] , [v] @ env Q [c] = %} € M[G]
using Collect_sats_in_MG by auto
ultimately
show ?thesis by simp
qed

theorem strong replacement in_ MG:
assumes
peformula and arity(¢) < 2 #4 length(env) env € list(M[G])
shows
strong__replacement(##M[G), z v. sats(M[G],p,[z,v] Q env))
proof -
let R=Azy . M[G], [z, y] Q env |= ¢
{
fix A
let ?Y={v.z € A, ve M[G] N ?R(z,v)}
assume 1: (##M[G])(A)
Ve[##M[G]]. 2 € A — (Vy[##M[G]). VY 2[##M[G]]. R(z,y) N ?R(z,2)
— Yy =2)
then
have univalent(##M|G], A, ?R) Aec M[G]
unfolding univalent_def by simp_all
with assms (Ae
have (##M[G])(?Y)
using Replace_sats _in_MG by auto
have b € ?Y «— (Fz[##M[G]]. z € A A ?R(x,b)) if (##M[G])(b) for b
proof (rule)
from (A
show Jz[##M[G]]. z € A A ?R(z,b) if b € 7Y
using that transitivity MG by auto
next
show b € ?Y if Jz[##M[G]]. x € A A ?R(z,b)
proof -
from «(##M[G])(b)
have be M[G] by simp
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with that
obtain z where (##M|[G])(z) z€A be M[G] N ?R(x,b)
by blast
moreover from this 1 «(#H#M[G])(b)
have ze M|[G] ze M[G] A ?R(z,2) = b = z for z
by auto
ultimately
show ?thesis
using Replacel[of A z y. yeM[G] A ?R(z,y)] by auto
qed
qed
then
have Vb[##M[G]]. b € ?Y +— (Fz[##M[G]]. x € A A ?R(z,b))
by simp
with «(##M[G])(?Y)
have (GY[##M[G]]. VO#H#M[G]]. b € Y «— Fz[##M[G]]. z € A A
?R(z,b))
by auto
}
then show “thesis unfolding strong replacement def univalent def
by auto
qed

end

end

28 The Axiom of Infinity in M|[G]

theory Infinity Axiom
imports Pairing Aziom Union__Aziom Separation_Axiom
begin

context G__generic begin

interpretation mg_ triv: M_trivial## M[G)|
using transitivity MG zero_in_ MG generic Union_ MG pairing _in_ MG
by unfold_locales auto

lemma infinity_in_ MG : infinity_ax(##M[G])
proof -
from infinity axr obtain I where
Eql: IeM 0 € INyeM. y € I — succe(y) € 1
unfolding infinity ax _def by auto
then
have check(I) € M
using check_in_ M by simp
then
have Ie M[G]

263



using valcheck generic one_in_ G one_in_ P GenFEuxtl|of check(I) G| by simp
with «0el»
have 0€M|[G] using transitivity_ MG by simp
with «(JeM)
have y e M if y € I for y

using transitivity]OF __ <I€M>] that by simp
with <Je M[G]»
have succ(y) € I N M[G] if y € I for y

using that Eql transitivity MG by blast
with Eq1 <IeM[G] «0eM[G)
show ?thesis

unfolding infinity ax_def by auto

qed

end
end

29 The Axiom of Choice in M|[G]

theory Choice Aziom
imports Powerset_ Axziom Pairing Axiom Union__ Axiom Extensionality Axiom

Foundation__Aziom Powerset_Axiom Separation__Axiom
Replacement__Aziom Interface Infinity_Axiom
begin

definition
induced__surj :: i=i=>i=>i where
induced__surj(f,a,e) = f-‘(range(f)-a)x{e} U restrict(f,f-*‘a)

lemma domain_induced__surj: domain(induced_surj(f,a,e)) = domain(f)
unfolding induced_surj def using domain__restrict domain_of prod by auto

lemma range_restrict_vimage:
assumes function(f)
shows range(restrict(f,f-“a)) C a
proof
from assms
have function(restrict(f,f-‘‘a))
using function__restrict] by simp

fix y

assume y € range(restrict(f,f-*“a))

then

obtain z where (z,y) € restrict(f,f-““a) z € f-“‘a x€domain(f)
using domain_ restrict domainl[of _ _ restrict(f,f-*‘a)] by auto

moreover

note <function(restrict(f.f-“a))»

ultimately

have y = restrict(f,f-“a) ‘@
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using function__apply_equality by blast
also from <z € f-“a»
have restrict(f,f-a)‘c = fz
by simp
finally
have y=fz .
moreover from assms <z€domain(f)»
have (z.fz) € f
using function__apply_Pair by auto
moreover
note assms <x € f-“‘a»
ultimately
show yeca
using function__image_vimage[of f a] by auto
qed

lemma induced_surj_type:
assumes
function(f)
shows
induced__surj(f,a,e): domain(f) — {e} U a
and
z € f-““a = induced_surj(f,a,e)‘c = f‘z
proof -
let ?f1=f-‘(range(f)-a) x {e} and ?f2=restrict(f, f-“‘a)
have domain(?f2) = domain(f) N f-“a
using domain_ restrict by simp
moreover from assms
have 1: domain(?f1) = f-“(range(f))-f-“a
using domain__of prod function_vimage_ Diff by simp
ultimately
have domain(?f1) N domain(?f2) = 0
by auto
moreover
have function(?f1) relation(?f1) range(?f1) C {e}
unfolding function_ def relation__def range def by auto
moreover from this and assms
have ?f1: domain(?f1) — range(?f1)
using function__imp_ Pi by simp
moreover from assms
have ?f2: domain(?f2) — range(?f2)
using function__imp_ Pi[of restrict(f, f -** a)] function_restrict] by simp
moreover from assms
have range(?f2) C a
using range_restrict_vimage by simp
ultimately
have induced__surj(f,a,e): domain(?f1) U domain(?f2) — {e} U a
unfolding induced__surj _def using fun_is_function fun__ disjoint_ Un fun__weaken__type
by simp
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moreover
have domain(?f1) U domain(?f2) = domain(f)
using domain__restrict domain__of prod by auto

ultimately

show induced__surj(f,a,e): domain(f) — {e} U a
by simp

assume z € f-‘‘a

then

have ?/2c = fx
using restrict by simp
moreover from <z € f-“a> and 1
have z ¢ domain(?f1)
by simp
ultimately
show induced _surj(f,a,e)‘c = fz
unfolding induced _surj_def using fun__disjoint__apply2|[of © ?f1 ?f2] by simp
qed

lemma induced__surj is_surj :
assumes
eca function(f) domain(f) = a Ay. y € a = Jz€a. fxz =y
shows
induced__surj(f,a,e) € surj(a,a)
unfolding surj def
proof (intro Collect] balll)
from assms
show induced_surj(f,a,e): a« — a
using induced__surj_typelof f a €] cons_eq cons_absorb by simp
fix y
assume y € a
with assms
have Jzca. f ‘'z =y
by simp
then
obtain z where z€a f ‘ z = y by auto
with (yea> assms
have zef-“a
using vimage__iff function__apply_Pair|of f z] by auto
with «f ‘z = ¥ assms
have induced_surj(f, a, €) ‘z =y
using induced__surj type by simp
with (z€a» show
Jzea. induced surj(f, a, €) ‘z = y by auto
qed

context G__generic
begin

definition
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upair_name :: i = ¢ = i where
upair_name(t,0) = {(1,0ne),(o,0one)}

definition
is_upair_name :: [i,i,i] = o where
is_upair_name(z,y,z) = dxoe M. Fyoe M. pair(##M ,x,0one,xo) N pair(## M, y,one,yo)
A
upair (#4:M 50,50,2)

lemma upair _name__abs :

assumes reM yeM zeM

shows is_upair_name(z,y,z) «— z = upair_name(x,y)

unfolding is_upair _name__def upair _name__def using assms one__in_ M pair_in_ M _iff
by simp

lemma upair _name_ closed :

[ zeM; yeM | = upair_name(z,y)eM

unfolding upair _name_def using upair_in_ M iff pair_in_ M iff one_in_ M
by simp

definition
upair_name__fm :: [i,i,i,i] = ¢ where
upair_name_fm(z,y,0,z) = Exists(Exists(And(pair_fm(z#+2,0#+2,1),
And(pair_fm(y#+2,0#+2,0),upair_fm(1,0,24+2)))))

lemma upair_name__fm__type[ TC] :
[ s€nat;zenat;yenat;o€nat] = upair_name_fm(s,z,y,0)€formula
unfolding upair_name_fm_def by simp

lemma sats _upair_name_fm :
assumes z€nat yEnat z€nat o€nat envelist(M)nth(o,env)=one
shows
sats(M ,upair_name__fm(z,y,0,z),env) +— is_upair_name(nth(xz,env),nth(y,env),nth(z,env))
unfolding upair _name_fm_ def is_upair_name__def using assms by simp

definition
opair_mname :: i = i = i where
opair_name(T,0) = upair_name(upair_name(T,T),upair_name(r,0))

definition
is_opair_name :: [i,i,i] = o where
is_opair_name(z,y,z) = Juprae M. Juprye M. is_upair_name(z,x,uprz) A is_upair_name(z,y,upry)
A is_upair_name(uprr,upry,z)

lemma opair_name__abs :
assumes reM yeM zeM
shows is_opair_name(z,y,2) +— 2z = opair_name(z,y)
unfolding is opair_name__def opair_name__def using assms upair_name__abs
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upair_name__closed by simp

lemma opair_name_ closed :
[ zeM; yeM | = opair_name(z,y)eM
unfolding opair _name_def using upair_name__closed by simp

definition
opair_name_fm :: [i,i,i,i] = i where
opair_name_fm(x,y,0,z) = Exists(Exists(And(upair_name_fm(z#+2 04+ 2,0#+2,1),
And(upair_name_fm(x#+2,y#+2,0#+2,0),upair_name__fm(1,0,04#+2,z4#+2)))))

lemma opair_name_fm_type[TC] :
[[ sEnat;xEnat;yEnat;oEnat]] = opair_name_fm(s,z,y,0)€formula
unfolding opair_name_fm_ def by simp

lemma sats opair_name_fm :
assumes z€nat yenat z€nat o€nat envelist(M)nth(o,env)=one
shows
sats(M ,opair_name_fm(z,y,0,z),env) «— is_opair_name(nth(z,env),nth(y,env),nth(z,env))
unfolding opair_name_fm_ defis_opair_name__def using assms sats_upair_name_ fm
by simp

lemma val _upair_name : val( G,upair_name(t,0)) = {val(G,7),val(G,0)}
unfolding upair _name_ def using val Upair generic one_in_ G one_in_ P by
stmp

lemma val_opair_name : val(G,opair_name(t,0)) = (val(G,7),val( G,p))
unfolding opair _name_def Pair _def using val _upair _name by simp

lemma val_RepFun_one: val(G{{f(z),one) . z€a}) = {val(G,f(z)) . z€a}
proof -
let A = {f(z) . z € a}
let 2Q = M\(z,p) . p = one
have one € PNG using generic one_in_ G one_in_ P by simp
have {(f(z),one) . z € a} = {t € 24 x P . 7Q(¢)}
using one_in_ P by force
then
have val(G,{(f(z),one) .z € a}) = val(G{t € ?A x P . ?Q(t)})
by simp
also
have ... = {wal(G,t) .. t € ?A , IpePNG . ?Q({t,p))}
using val_of name__alt by simp
also
have ... = {val(G,t) . t € ?A }
using (one€ PNG» by force
also
have ... = {val(G,f(z)) . x € a}
by auto
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finally show ?thesis by simp
qed

29.1 M]JG] is a transitive model of ZF

interpretation mgzf: M_ZF _trans M|G)|
using Transset MG generic pairing _in_ MG Union_ MG
extensionality__in_ MG power_in_ MG foundation_in_ MG
strong__replacement_in_ MG separation__in_ MG infinity_in_ MG
by unfold_locales simp__all

definition
is_opname__check :: [i,i,i] = o where
is_opname__check(s,z,y) = I chze M. Fsz€M. is_check(x,chx) A fun__apply(##M,s,z,sx)
N
is_opair_name(chz,sz,y)

definition
opname__check__fm :: [i,i,i,i] = i where

opname__check_fm(s,z,y,0) = Exists(Ezists(And(check _fm(2#+xz,24+0,1),
And(fun__apply _fm(24#-+s,2#+x,0),0pair_name_ fm(1,0,2#+0,2#+y)))))

lemma opname__check__fm__type[TC] :
[ s€nat;zenat;yenat;oenat] = opname__check_fm(s,z,y,0)Eformula
unfolding opname check fm__def by simp

lemma sats opname_check fm:
assumes z€nat yenat zenat oenat envelist(M) nth(o,env)=one
y<length(env)
shows
sats(M ,opname__check_fm(z,y,z,0),env) «— is_opname__check(nth(z,env),nth(y,env),nth(z,env))
unfolding opname_check fm_ def is _opname__check _def
using assms sats__check__fm sats_opair_name_fm one_in_ M by simp

lemma opname__check__abs :

assumes scM zeM yeM

shows is_opname__check(s,x,y) +— y = opair_name(check(z),s‘c)

unfolding is opname__check_def

using assms check__abs check_in_ M opair _name__abs apply abs apply_ closed
by simp

lemma repl _opname__check :
assumes
AeM feM
shows
{opair_name(check(x),f'c). zcAyeM
proof -
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have arity(opname__check fm(3,0,1,2))= 4
unfolding opname_check fm_ def opair _name_ fm__def upair _name_fm __def
check__fm__def rcheck__fm__def trans_closure_fm__def is_eclose fm__def
mem,__eclose_fm,__def
is_Hcheck__fm__def Replace_ fm__def PHcheck__fm__def finite__ordinal_fm__def
is_iterates_fm_ def
is_wfrec_fm__defis_recfun_fm_ def restriction_ fm __def pre__image_fm__ def
eclose_mn__fm__def
is_nat_case_fm_ def quasinat_fm__def Memrel fm_ def singleton_fm__ def
fm__defs iterates  MH_fm,__def
by (simp add:nat__simp__union)
moreover
have z€ A = opair_name(check(z), f < x)eM for z
using assms opair_name__closed apply_closed transitivity check__in_ M
by simp
ultimately
show ?thesis using assms opname__check__abs|of f] sats_opname__check_fm
one_in M
Repl_in__M|of opname__check_fm(3,0,1,2) [one,f] is_opname__check(f)
Az. opair_name(check(x),fz))
by simp
qged

theorem choice in_ MG:
assumes choice__ax(##M)
shows choice_az(##M[G])
proof -
{
fix a
assume a€M|[G]
then
obtain 7 where 7e M val(G,7) = a
using GenFaxt_def by auto
with reM)
have domain(r)eM
using domain__closed by simp
then
obtain s o where sesurj(a,domain(r)) Ord(a) se M aeM
using assms choice__ax__abs by auto
then
have ac M[G]
using M subset MG generic one_in__ G subsetD by blast
let YA=domain(T)x P
let ?g = {opair_name(check(B),s8). Bea}
have ?g € M using «s€ M> «a€M)> repl_opname__check by simp
let ?f dot={(opair_name(check(5),s'8),one). f€a}
have ?f dot = g9 x {one} by blast
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from one in_M have {one} € M using singletonM by simp
define f where
f = val(G,?f_dot)
from <{one}eM> «?2geM> «?f dot = ?gx{one}>
have ?f dote M
using cartprod__closed by simp
then
have f € M[G]
unfolding f def by (blast intro: GenExtl)
have f = {val(G,opair_name(check(B),s‘8)) . Bea}
unfolding f def using val RepFun_one by simp
also
have ... = {(B,val(G,sB)) . fea}
using val_opair_name valcheck generic one_in_ G one_in_ P by simp
finally
have f = {(B,val(G,s‘B)) . fea} .
then
have 1: domain(f) = a function(f)
unfolding function_def by auto
have 2: y € « = dzca. f ‘o =y for y
proof -
fix y
assume
Yy Ea
with «val(G,7) = @
obtain o where oc&domain(r) val(G,0) = y
using elem__of wallof y __ 7] by blast
with (s€surj(a,domain(T))>
obtain § where fea s = o
unfolding surj def by auto
with <val(G,0) =
have val(G,sB) =y
by simp
with «f = {(B,val(G,sB)) . Bea}r Bea
have (8,y)ef

by auto
with «function(f)
have f3 =y

using function__apply equality by simp
with (8€a» show
dfea. f =y
by auto
qed
then
have Jae(M[G)). 3f'e(M[G]). Ord(a) A [ € surj(a,a)
proof (cases a=0)
case True
then
have 0ecsurj(0,a)
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unfolding surj def by simp
then
show ?thesis using zero_in_ MG by auto
next
case Fulse
with <ae M[G]»
obtain e where eca ec M|[G]
using transitivity MG by blast
with 7 and 2
have induced surj(f,a,e) € surj(a,a)
using induced__surj is_surj by simp
moreover from (fe M[G]> «ac M[G]> <ee M[G]>
have induced surj(f,a,e) € M[G]
unfolding induced_surj def
by (simp flip: setclass__iff)
moreover note
«eM[G]y <Ord(a)»
ultimately show ?thesis by auto
qed
}
then
show ?thesis using mgzf.choice__ax__abs by simp
qed

end

end

30 Ordinals in generic extensions

theory Ordinals _In_MG
imports
Forcing Theorems Relative_ Univ
begin

context G__generic
begin

lemma rank_val: rank(val(G,z)) < rank(z) (is 7Q(z))
proof (induct rule:ed_induction[of ?Q)])
case (I x)
have val(G,z) = {val(G,u). ue{tedomain(z). IpeP . (t,p)ex A p € G }}
using def wval unfolding Sep and_ Replace by blast
then
have rank(val(G,z)) = (Jue{tedomain(z). IpeP . (t,p)ex A p € G }.
suce(rank(val(G,u))))
using rank[of val(G,z)] by simp
moreover
have succ(rank(val(G, y))) < rank(z) if ed(y, z) for y
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using 1[OF that] rank__ed[OF that] by (auto intro:lt_transl)
moreover from this
have (| ue{tedomain(z). IpeP . (t,p)ex A p € G }. succ(rank(val(G,u)))) <
rank(x)
by (rule_tac UN_least_le) (auto)
ultimately
show ?case by simp
qed

lemma Ord MG _iff:
assumes Ord(q)
shows a € M +— a € M[G]
proof
show a € M = o € M[G]
using generic| THEN one_in_ G, THEN M__subset_MG] ..
next
assume o € M[G]
then
obtain z where ze M val(G,x) = o
using GenExtD by auto
then
have rank(a) < rank(z)
using rank_wval by blast
with assms
have o < rank(z)
using rank_of Ord by simp
then
have o € succ(rank(z)) using itD by simp
with «xeM>
show o €¢ M
using cons_closed transitivity[of « succ(rank(z))]
rank__closed unfolding succ_def by simp
qed

end

end

31 Separative notions and proper extensions

theory Proper_Extension
imports
Names

begin

The key ingredient to obtain a proper extension is to have a separative
preorder:

locale separative_notion = forcing notion +
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assumes separative: pe P = 3qeP. d3reP. g X pAr <pAgqglr
begin

For separative preorders, the complement of every filter is dense. Hence an
M-generic filter can’t belong to the ground model.

lemma filter _complement__dense:
assumes filter(G) shows dense(P - G)
proof
fix p
assume peP
show 3deP - G. d <p
proof (cases pe @)
case True
note (peP»> assms
moreover
obtain ¢ r where g < pr <pq L rqeP reP
using separative] OF (p€ P]
by force
with «filter(G)»
obtain s where s < ps¢ Gse P
using filter_imp__compat|of G q r]
by auto
then
show ?thesis by blast
next
case Fulse
with «peP>
show ?thesis using leq refll unfolding Diff def by auto
qed
qed

end

locale ctm__separative = forcing data + separative__notion
begin

lemma generic_not_in_M: assumes M__generic(G) shows G ¢ M
proof
assume GeM
then
have P- G e M
using P_in_ M Diff closed by simp
moreover
have =(3¢cG. qe P-G) (P-G)C P
unfolding Diff def by auto
moreover
note assms
ultimately
show Fulse
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using filter__complement__dense[of G] M_generic_denseD]of G P-G]
M__generic_def by simp — need to put generic ==> filter in claset
qed

theorem proper_extension: assumes M__generic(G) shows M # M[G]
using assms G_in_Gen_ Extlof G] one_in_G|of G] generic_not_in_M
by force

end

end

32 A poset of successions

theory Succession__Poset
imports
Arities Proper__Extension Synthetic_ Definition
Names
begin

32.1 The set of finite binary sequences

We implement the poset for adding one Cohen real, the set 2<% of of finite
binary sequences.

definition
segspace 2§ = i (< "<w» [100]100) where
segspace(B) = |Jnenat. (n—B)

lemma segspacel[intro]: nEnat = fin—B —> f€seqspace(B)
unfolding segspace def by blast

lemma segspaceD[dest]: f€seqspace(B) = In€nat. f:in—B
unfolding seqspace_def by blast

lemma segspace__type:
f € B'<w = dn€nat. f:n—B
unfolding seqspace__def by auto

schematic__goal segspace fm__auto:
assumes
nth(i,env) = n nth(j,env) = z nth(h,env) = B
i € nat j € nat henat env € list(A)
shows
(FomeA. omega(#+#A,0m) A n € om A is_funspace(##A, n, B, z)) +— (A,
env = (?sqsprp(i,j,h)))
unfolding is funspace def
by (insert assms ; (rule sep_rules | simp)+)
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synthesize seqspace_rep fm from__schematic segspace_fm __auto

locale M_seqspace = M __trancl +

assumes

segspace__replacement: M (B) = strong__replacement( M ,An z. n€nat A is__funspace(M ,n,B,z))
begin

lemma seqspace_closed:
M(B) = M(B <w)
unfolding segspace__def using seqspace__replacement|of B] RepFun__closed2
by simp

end

sublocale M ctm C M_seqspace #+#M
proof (unfold_locales, simp)
fix B
have arity(segspace_rep_fm(0,1,2)) < 3 segspace_rep_ fm(0,1,2)€formula
unfolding seqspace_rep fm__def
using arity pair_fm arity__omega__fm arity__typed_ function_ fm nat_simp_ union

by auto
moreover
assume BeM
ultimately
have strong_replacement(##M, Az y. M, [z, y, B] = segspace_rep_ fm(0, 1,
2))
using replacement__az|of seqspace_rep_ fm(0,1,2)]
by simp
moreover
note <Be M)
moreover from this
have univalent(##M, A, Az y. M, [z, y, B] |E segspace_rep_fm(0, 1, 2))
if AeM for A
using that unfolding univalent def seqspace_rep_ fm__def
by (auto, blast dest:transitivity)
ultimately
have strong replacement(##M, An z. Jom[#H#M]. omega(#H#M,om) A n €
om A is_funspace(##M, n, B, z))

using segspace_fm__auto[of 0 [ _,_,B]_ 1__ 2 B M| unfolding seqspace_rep_ fm__def
strong__replacement__def
by simp
with «Be M)

show strong_replacement(##M, An z. n € nat A is_funspace(##M, n, B, z))
using M _nat by simp
qed

definition seq upd :: i = i = i where
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seq_upd(f,a) = X j € succ(domain(f)) . if j < domain(f) then f% else a

lemma seq upd_succ_type :
assumes nenat fen—A a€A
shows seq_upd(f,a)€ succ(n) — A
proof -
from assms
have equ: domain(f) = n using domain_of fun by simp

{

fix j

assume j€succ(domain(f))

with equ <ne_ )

have j<n using It by auto

with (ne_»

consider (lt) j<n | (eq) j=n using leD by auto
then

have (if j < n then f5 else a) € A
proof cases
case It
with fe_»
show ?thesis using apply_type ItD[OF lt] by simp
next
case eq
with (a€_ )
show ?thesis by auto
qged
}
with equ
show ?thesis
unfolding seq upd_def
using lam__type|of succ(domain(f))]
by auto
qed

lemma seq upd_ type :
assumes fEA<w a€A
shows seq _upd(f,a) € A™<w
proof -
from «fe_»
obtain y where ycnat fey—A
unfolding seqspace_def by blast
with <a€A>
have seq_upd(f,a)€succ(y)—A
using seq upd_succ_type by simp
with «ye_»
show ?thesis
unfolding seqspace_def by auto
qed
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lemma seq _upd__apply_domain [simp]:
assumes f:n—A nenat
shows seq_upd(f,a)n = a
unfolding seq upd_def using assms domain_of fun by auto

lemma zero__in_ segqspace :
shows 0 € A"<w
unfolding segspace def
by force

definition
seqleR :: i = i = o where
seqleR(f,g) =g C f

definition
seqlerel :: i = i where
seglerel(A) = Rrel(Az y. y C z,A " <w)

definition
seqle :: © where
seqle = seglerel(2)

lemma seglel[intro!]:
(f,9) € 27<wx2<w = g C f = (f,9) € seqle
unfolding segspace def seqle def seqlerel def Rrel def
by blast

lemma segleD[dest!]:
z € seqle = Jz y. (z,y) € 27<wx2 <w Ay Cz A z= (xy)
unfolding seqle def seqlerel def Rrel def
by blast

lemma upd_lel :
assumes f€2 <w a€?2
shows (seq _upd(f,a).f)€Eseqle (is (?f,_)e_)
proof
show (%f, f) € 27<w x 27<w
using assms seq _upd__type by auto
next
show [ C seq upd(f,a)
proof
fix z
assume z € f
moreover from <f € 27<w>
obtain n where ne€natf:n — 2
using segspace__type by blast
moreover from calculation

obtain y where yen z=(y,f‘y) using Pi_memberD[of fn A_ .

by blast
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moreover from <f:n—2)
have domain(f) = n using domain_of fun by simp
ultimately
show z € seq_upd(f,a)
unfolding seq upd_ def lam__def
by (auto intro:lt)
qed
qed

lemma preorder_on__seqle: preorder_on(2 <w,seqle)
unfolding preorder_on_ def refl _def trans_on__def by blast

lemma zero_seqle_max: x€2"<w = (z,0) € segle
using zero__in_ seqspace
by auto

interpretation forcing notion 27<w segle 0
using preorder__on__seqle zero__seqle__max zero__in__seqspace
by unfold_locales simp__all

abbreviation SEQle :: [i, i] = o (infix]l <<s» 50)
where z <s y = Leq(z,y)

abbreviation SEQIncompatible :: [i, i] = o (infixl <Ls» 50)
where z 1s y = Incompatible(z,y)

lemma segspace__separative:
assumes f€2 <w
shows seq _upd(f,0) Ls seq upd(f,1) (is ?f Ls ?g)
proof
assume compat(?f, ?g)
then
obtain h where h € 27<w 9f C h %9 Ch
by blast
moreover from <«fe )
obtain y where yenat f:y—2 by blast
moreover from this
have ?f: succ(y) — 2 ?g: succ(y) — 2
using seq upd_succ_type by blast+
moreover from this
have (y,?fy) € ?f (y,%9y) € ?g using apply Pair by auto
ultimately
have (y,0) € h (y,1) € h by auto
moreover from h € 27<w)
obtain n where nenat h:n—2 by blast
ultimately
show Fulse
using fun__is_function[of h n A__. 2]
unfolding segspace_def function_def by auto
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qed

definition is_seqleR :: [i=>0,i,i] = o where
is_seqleR(Q.f,9) = g C f

definition seqleR__fm :: i = i where
seqleR__fm(fg) = Exists(Exists(And(pair_fm(0,1,fg#+2),subset_fm(1,0))))

lemma type segleR_fm :
fg € nat = seqleR__fm(fg) € formula
unfolding seqleR_ fm_ def
by simp

lemma arity seqleR_fm :
fg € nat = arity(seqleR__fm(fg)) = succ(fg)
unfolding seqleR__fm_ def
using arity_pair_fm arity _subset_fm nat_simp_union by simp

lemma (in M_basic) seqleR__abs:

assumes M (f) M(g)

shows seqleR(f,g) «— is_seqleR(M.,f,9)

unfolding seqleR_ def is_seqleR__def

using assms apply _abs domain__abs domain__closed|OF <M(f)»] domain__closed[OF
«<M(g)]

by auto

definition
relP :: [i=0,[i=>0,i,i]=0,i] = o where
relP(M,r,zy) = (Fz[M]. 3y[M]. pair(M,z,y,zy) A r(M,z,y))

lemma (in M__ctm) seqleR__fm__sats :
assumes fgenat envelist(M)
shows sats(M,seqleR__fm(fg),env) <— relP(#+#M ,is_segleR,nth(fg, env))
unfolding seqleR_fm_def is_seqleR__def relP__def
using assms trans M sats_subset_fm pair_iff sats
by auto

lemma (in M_basic) is_related__abs :
assumes A fg. M(f) = M(g) = rel(f,g9) <— is_rel(M,f,g)
shows Az . M(z) = relP(M,is_rel,z) «— 3z y. z = (z,y) A rel(z,y))
unfolding relP_def using pair_in_ M iff assms by auto

definition
is_RRel :: [i=0,[i=0,i,i]=0,i,i]] = o where
is_RRel(M,is_r,A,r) =3 A2[M]. cartprod(M,A,A,A2) N is_Collect(M,A2, relP(Mis_r),r)

lemma (in M_basic) is_Rrel _abs :
assumes M(A) M(r)
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NTfg. M(f)= M(g) = rel(f,g) «— is_rel(M.f,g)
shows is_RRel(M,is_rel,A,r) <— 1 = Rrel(rel,A)
proof -
from «M(A)»
have M(z) if z€ Ax A for z
using cartprod__closed transM[of z Ax A] that by simp
then
have A:relP(M, is_rel, z) «— 3z y. z = (z, y) A rel(z, y)) M(z) if zeAxA
for z
using that is_related__abs|of rel is_rel,OF assms(3)] by auto
then
have Collect(Ax A,relP(M is_rel)) = Collect(Ax A z. 3z y. z = (z,y) A rel(z,y)))
using Collect_cong[of AxA Ax A relP(M,is_rel),OF _ A(1)] assms(1) assms(2)
by auto
with assms
show ?thesis unfolding is RRel def Rrel def using cartprod_ closed
by auto
qed

definition
is_seqlerel :: [i=o0,i,i] = o where
is_seqglerel(M,A,r) = is_RRel(M,is_seqleR,A,r)

lemma (in M_ basic) seglerel _abs :
assumes M(A) M(r)
shows is_seqlerel(M,A,r) <— r = Rrel(seqleR,A)
unfolding is seglerel def
using is_Rrel _abs[OF <M(A)» <M(r)»,of seqleR is_seqleR] seqleR__abs
by auto

definition RrelP :: [i=i=>0,i] = 7 where
RrelP(R,A) = {z€AxA. Jx y. z = (z, y) AN R(z,y)}

lemma Rrel eq : RrelP(R,A) = Rrel(R,A)
unfolding Rrel def RrelP__def by auto

context M ctm
begin

lemma Rrel closed:
assumes AecM
N\ a. a € nat = rel_fm(a)Eformula
ATy #HM)f) = (##M)(g) = rel(f,g) «— is_rel(##M.[,g)
arity(rel_fm(0)) = 1
N a.aec M= sats(M,rel_fm(0),la]) «— relP(##M,is_rel,a)
shows (##M)(Rrel(rel,A))
proof -
have z€ M = relP(##M, is_rel, z) +— Bz y. z = (z, y) A rel(z, y)) for z
using assms(3) is_related__abs[of rel is_rel]
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by auto
with assms
have Collect(Ax A z. (3zy. z = (z,y) A rel(z,y))) € M
using Collect_in_M_Oplof rel_fm(0) X\ A z . relP(A,is_rel,z) A z3x y. z =
(&, ) A rel(z, 3) |
cartprod__closed
by simp
then show ?thesis
unfolding Rrel def by simp
qed

lemma seqle in_M: seqle € M
using Rrel_closed seqspace__closed
transitivity|OF __ nat_in_ M| type_seqleR__fm[of 0] arity_seqleR_ fm[of 0]
seqleR__fm__sats|of 0] seqleR__abs seqglerel _abs
unfolding seqle def seqlerel def seqleR__def
by auto

32.2 Cohen extension is proper

interpretation ctm_ separative 27<w seqle 0
proof (unfold_locales)
fix f
let 2g=seq _upd(f,0) and ?r=seq_upd(f,1)
assume [ € 2" <w
then
have 29 <s f N ?r s f AN ?q Ls ?r
using upd_lel seqspace__separative by auto
moreover from calculation
have g € 27<w %r € 27<w
using seq_upd_type[of f 2] by auto
ultimately
show J¢€2<w. Fre2 <w. ¢ IsfArsfANqlsr
by (rule_tac bexl)+ — why the heck auto-tools don’t solve this?
next
show 27<w € M using nat_into_ M seqspace__closed by simp
next
show seqle € M using seqle_in_ M .
qed

lemma cohen__extension_is_proper: 3 G. M__generic(G) N M # GenExt(G)
using proper__extension generic_filter _existence zero__in__seqspace
by force

end

end
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33 The main theorem

theory Forcing Main
imports
Internal ZFC _Axioms
Choice_Aziom
Ordinals_In_ MG

Succession__Poset

begin

33.1 The generic extension is countable

definition
minimum :: 1 = 1 = ¢ where
minimum(r,B) = THE b. be B A (VyeB. y # b — (b, y) € r)

lemma well _ord__imp_min:
assumes
well_ord(A,r) BC AB#0
shows
minimum(r,B) € B
proof -
from «well _ord(A,r)»
have wf[A](r)
using well_ord_is_wf[OF «well_ord(A,r))] by simp
with (BCA)
have wf[B](r)
using Sigma_ mono Int_mono wf _subset unfolding wf on_ def by simp
then
haveV z. z € B— (32€B.Vy. (y, 2) € r"NBxB — y ¢ B)
unfolding wf on_ def using wf eq minimal
by blast
with «B#0)»
obtain z where
B: zeB A (Vy. (y,2)erNBxB — y¢B)
by blast
then
have zeB A (VyeB. y # z — (2, y) € 1)
proof -
{
fix y
assume yeB y#z
with <well_ord(A,r)» B «<BCA»
have (z,y)er|(y,z)er|y==2
unfolding well ord_def tot_ord__def linear_def by auto
with B (yeB» <y#z
have (z,y)er
by (cases;auto)
}
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with B
show ?thesis by blast

qed

have v = zif ve B A (VyeB. y # v — (v, y) € r) for v
using that B by auto

with <zée BA (VyeB. y # 2z — (2, y) € )

show ?thesis
unfolding minimum__def
using the_equality2[OF ex1l[of Az .x€B A (VyeB. y # x — (z, y) € 1) 7]]
by auto

qed

lemma well _ord_surj imp_lepoll:
assumes well_ord(A,r) h € surj(A,B)
shows B < 4
proof -
let ?f=X\beB. minimum(r, {a€A. h‘a=b})
have b € B = minimum(r, {a € A . h ‘a = b}) € {a€A. h‘a=b} for b
proof -
fix b
assume beB
with «h € surj(4,B)
have JacA. h‘a=b
unfolding surj def by blast
then
have {a€A. h‘a=b} # 0
by auto
with assms
show minimum(r.{a€A. h‘a=b}) € {acA. h‘a=b}
using well_ord__imp_min by blast
qed
moreover from this
have ?f : B — A
using lam__type[of B_ \__.A] by simp
moreover
have ?f ‘w=?f ‘0 = w = z if weB zeB for w
proof -
from calculation(1)[OF that(1)] calculation(1)[OF that(2)]
have w = h ‘ minimum(r, {a € A . h ‘ a = w})
z = h ‘minimum(r, {a € A . h ‘a=z})
by simp__all
moreover
assume f ‘w = 9 ‘zx
moreover from this and that
have minimum(r, {a € A . h ‘a = w}) = minimum(r, {a € A . h ‘a = z})
by simp__all
moreover from calculation(1,2,4)
show w=z by simp
qed
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ultimately

show ?thesis

unfolding lepoll def inj def by blast
qed

lemma (in forcing data) surj nat MG :
If. f € surj(nat,M[G])
proof -
let ?f=Anenat. val(G,enum*n)
have z € nat = wval(G, enum ‘ r)€ M[G] for z
using GenExtD|THEN iffD2, of _ G] bij_is_fun|OF M__countable] by force
then
have ?f: nat — M|[G]
using lam__type[of nat An. val(G,enum‘n) A\_.M[G]] by simp
moreover
have Inenat. ?fn = z if ze M[G] for z
using that GenExtD[of _ G] bij_is_surj|OF M__countable]
unfolding surj def by auto
ultimately
show ?thesis
unfolding surj_def by blast
qed

lemma (in G_generic) MG_eqpoll_nat: M[G] ~ nat
proof -
interpret MG: M_ZF _trans M|G]
using Transset MG generic pairing_in_ MG
Union__ MG extensionality in_ MG power _in_ MG
foundation_in_ MG strong_replacement_in_ MG|simplified]
separation__in_ MG[simplified] infinity_in_ MG
by unfold_locales simp__all
obtain f where f € surj(nat,M[G])
using surj nat MG by blast
then
have M[G] < nat
using well_ord__surj_imp_lepoll well_ord_Memrel|of nat]
by simp
moreover
have nat < M[G]
using MG.nat__into_ M subset__imp__lepoll by auto
ultimately
show ?thesis using eqpolll
by simp
qed

33.2 The main result

theorem extensions of ctms:
assumes
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M =~ nat Transset(M) M = ZF
shows
IN.
M C N AN = nat A Transset(N) N N = ZF N M#N A
(Va. Ord(a) — (o« € M +— a € N))
(M, [|E AC — N E ZFC)
proof -
from (M =~ nat»
obtain enum where enum € bij(nat,M)
using eqpoll_sym unfolding eqpoll def by blast
with assms
interpret M ctm M enum
using M ZF iff M satT
by intro_locales (simp__all add:M__ctm__axioms__def)
interpret ctm__separative 27<w seqle 0 M enum
proof (unfold_locales)
fix f
let ?g=seq upd(f,0) and ?r=seq upd(f,1)
assume [ € 2" <w
then
have 29 <s f AN ?r s f A ?q Ls ?r
using upd__lel seqspace__separative by auto
moreover from calculation
have 7g € 27<w 9r € 2"<w
using seq_upd_type|of f 2] by auto
ultimately
show J¢e2 <w. dre2<w. ¢ IsfArsfAqlsr
by (rule_tac bexl)+ — why the heck auto-tools don’t solve this?
next
show 27<w € M using nat_into_ M segspace__closed by simp
next
show segle € M using seqle_in_ M .
qed
from cohen__extension__is proper
obtain G where M_generic(G)
M # GenEzt(G) (is M#¥9N)
by blast
then
interpret G__generic 2"<w seqle 0 _ enum G by unfold_locales
interpret MG: M_ZF ?N
using generic pairing _in_ MG
Union_ MG extensionality_in_ MG power__in_ MG
foundation__in_ MG strong_replacement__in_ MG[simplified]
separation__in_ MG|simplified] infinity_in_ MG
by unfold_locales simp__all
have N = ZF
using M_ZF _iff M_satT[of ?N| MG.M__ZF_azioms by simp
moreover

have M, [[F AC = ?N = ZFC
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proof -
assume M, [| = AC
then
have choice__ax(##M)
unfolding ZF choice_fm_ def using ZF choice__auto by simp
then
have choice__az(## ?N) using choice_in_MG by simp
with <N = ZF)
show ?N = ZFC
using ZF _choice__auto sats ZFC _iff sats ZF AC
unfolding ZF choice_fm_def by simp
qed
moreover
note <M # ?N»
moreover
have Transset(?N) using Transset_ MG .
moreover
have M C ¢N using M_subset_ MG[OF one__in__G] generic by simp
ultimately
show ?thesis
using Ord_MG__iff MG_eqpoll_nat
by (rule_tac x=%N in exl, simp)
qed

end
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