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Abstract

This entry, derived from the Isabelle Formalization of Rewriting
(IsaFoR) [3], provides a formalized foundation for first-order term rewrit-
ing. This serves as the basis for the certifier CeTA, which is generated
from IsaFoR and verifies termination, confluence, and complexity proofs
for term rewrite systems (TRSs).

This formalization covers fundamental results for term rewriting,
as presented in the foundational textbooks by Baader and Nipkow [1]
and TeReSe [2]. These include:

e Various types of rewrite steps, such as root, ground, parallel, and
multi-steps.

e Special cases of TRSs, such as linear and left-linear TRSs.

e A definition of critical pairs and key results, including the critical
pair lemma.

e Orthogonality, notably that weak orthogonality implies conflu-
ence.

e Executable versions of relevant definitions, such as parallel and
multi-step rewriting.
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1 Introduction

A TRS, as formalized here, is defined as a binary relation over first-order
terms. Given a TRS R, a rule (¢,7) € R is typically written as £ — r. The
rewrite relation induced by R, denoted —, is defined as follows: a term s
rewrites to a term ¢ using the TRS R (i.e, s —x t) if there are a context C,
a substitution o, and a rule (¢,7) € R such that s = C[¢o] and t = C[ro].

The literature typically assumes two restrictions on the variables in a
rule £ — r of a TRS: ¢ must not be a variable, and all variables in 7 must
appear in {. However, many results in term rewriting do not depend on
these conditions. In this entry, such constraints are enforced only where
necessary. A TRS that meets these criteria is called a well-formed TRSs
(wf-trs) in the formalization.

2 Preliminaries

This theory contains some auxiliary results previously located in Auxx.Util
of IsaFoR.

theory FOR-Preliminaries
imports
Polynomial-Factorization. Missing-List
First-Order-Terms. Fun-More
begin

lemma finite-imp-eq [simp]:
finite {x. P x — Q z} <— finite {z. = P z} A finite {z. Q x}
(proof )

definition const :: 'a = 'b = ’a where
const = (A\r y. x)

definition flip :: (la = 'b = 'c) = ('b = 'a = 'c) where
flipf= ey fyz)
declare flip-def|simp]

lemma const-apply[simp: const z y = x
(proof)



lemma foldr-Cons-append-conv [simpl:
foldr (#) zs ys = zs Q ys
(proof )

lemma foldi-flip-Cons[simp]:
foldl (flip (#)) xzs ys = rev ys Q wxs
{proof )

already present as foldr-conv-foldl, but direction seems odd

lemma foldr-flip-rev[simp]:

foldr (flip f) (rev xs) a = foldl f a xs
(proof)

already present as foldl-conv-foldr, but direction seems odd

lemma foldl-flip-rev[simp]:

foldl (flip f) a (rev zs) = foldr f xs a
(proof)

fun debug :: (String.literal = String.literal) = String.literal = 'a = ’'a where

debugitr =z

end

2.1 Option Type

theory Option-Util
imports Main

begin
primrec option-to-list :: 'a option = 'a list
where
option-to-list (Some a) = [a] |

option-to-list None = ||

lemma set-option-to-list-sound [simp]:
set (option-to-list t) = set-option t
{proof)

fun fun-of-map :: ('a = 'b option) = 'b = (‘a = 'b) where
fun-of-map m d a = (case m a of Some b = b | None = d)

end

2.2 Sublists

theory SubList
imports
HOL—- Library.Sublist



HOL—- Library. Multiset
begin

lemmas subseg-trans = subseq-order.order-trans

lemma subseq-Cons-Cons:
assumes subseq (a # as) (b # bs)
shows subseq as bs

{proof)

lemma subseg-induct2:

[ subseq xs ys;

N\ bs. P[] bs;

N a as bs. | subseq as bs; P as bs | = P (a # as) (a # bs);

N a as b bs. [ a # b; subseq as bs; subseq (a # as) bs; P as bs; P (a # as) bs |
= P (a # as) (b # bs) ]

= Puasys
(proof)

lemma subseq-submultiset:
subseq xs ys = mset s CH# mset ys

{proof)

lemma subseq-subset:
subseq xs ys = set xs C set ys

(proof)

lemma remowvel-subseq:
subseq (removel z xs) s

{proof)

lemma subseq-concat:
assumes Az. z € set s = subseq (f z) (g z)
shows subseq (concat (map f xs)) (concat (map g xs))

{proof)

end

3 Term Rewrite Systems

theory Trs
imports
Abstract— Rewriting. Relation-Closure
First-Order-Terms. Term-More
begin

A rewrite rule is a pair of terms. A term rewrite system (TRS) is a set of
rewrite rules.

type-synonym ('f, "v) rule = ('f, 'v) term x ('f, 'v) term



type-synonym ('f, 'v) trs = ('f, 'v) rule set

inductive-set rstep :: - = ('f, 'v) term rel for R :: ('f, 'v) trs
where
rstep: NColr.(I,r)eR=s=C(l-0) = t=C(r- o) = (s, t) €
rstep R

lemma rstep-induct-rule [case-names IH, induct set: rstep]:
assumes (s, t) € rstep R
and NA\Colr. (I,r) e R= P (C{l-0)) (C(r- o))
shows P st
(proof)

An alternative induction scheme that treats the rule-case, the substition-
case, and the context-case separately.

lemma rstep-induct [consumes 1, case-names rule subst ctxt]:
assumes (s, t) € rstep R
and rule: ANlr. (I, 7r) € R= Plr
and subst: Asto. Pst= P (s-0) (t-0)
and ctet: Ast C. Pst = P (C(s)) (C(t))
shows P st

(proof)

lemmas rstepl = rstep.intros [intro]
lemmas rstepE = rstep.cases [elim]

lemma rstep-ctat [intro]: (s, t) € rstep R = (C(s), C(t)) € rstep R
{proof)

lemma rstep-rule [intro]: (I, r) € R = (I, r) € rstep R
(proof)

lemma rstep-subst [intro]: (s, t) € rstep R = (s - 0, t - o) € rstep R
{proof)

lemma rstep-empty [simp]: rstep {} = {}
(proof )

lemma rstep-mono: R C S = rstep R C rstep S
(proof )

lemma rstep-union: rstep (R U S) = rstep R U rstep S
(proof )

lemma rstep-converse [simp|: rstep (R™1) = (rstep R)~!
{proof)

interpretation subst: rel-closure Ao t. t - o Var Az y. y os x {proof)



declare subst.closure.induct [consumes 1, case-names subst, induct pred: subst.closure]
declare subst.closure.cases [consumes 1, case-names subst, cases pred: subst.closure]

interpretation ctat: rel-closure ctzt-apply-term O (o.) (proof)
declare ctzt.closure.induct [consumes 1, case-names ctxt, induct pred: ctat.closure]
declare ctat.closure.cases [consumes 1, case-names ctxt, cases pred: ctxt.closure]

lemma rstep-eq-closure: rstep R = ctxt.closure (subst.closure R)
(proof )

lemma ctzt-closed-rstep [intro]: ctat.closed (rstep R)
{proof)

lemma ctzt-closed-one:
ctat.closed r = (s, t) € r = (Fun f (ss Q s # ts), Fun f (ss Q@ ¢t # ts)) € r
{proof)

3.1 Well-formed TRSs

definition
wf-trs = ('f, 'v) trs = bool
where
wf-trs R = (V1r. (l,r) € R — (3fts. | = Fun fts) A vars-term r C vars-term
1)

lemma wf-trs-imp-lhs-Fun:
wf-trs R = (I,r) € R = 3fts. |l = Fun fts
(proof )

lemma rstep-imp-Fun:
assumes wf-trs R
shows (s, t) € rstep R = 3f ss. s = Fun f ss

(proof)

lemma SN-Var:
assumes wf-trs R shows SN-on (rstep R) { Var z}
(proof)

3.2 Function Symbols and Variables of Rules and TRSs

definition
vars-rule :: ('f, 'v) rule = v set
where
vars-rule r = vars-term (fst r) U vars-term (snd r)

lemma finite-vars-rule:
finite (vars-rule r)
(proof)

definition vars-trs :: ('f, 'v) trs = 'v set where



vars-trs R = ((JreR. vars-rule r)

lemma vars-trs-union: vars-trs (R U S) = vars-trs R U vars-trs S
{proof)

lemma finite-trs-has-finite-vars:
assumes finite R shows finite (vars-trs R)
{proof)

lemmas vars-defs = vars-trs-def vars-rule-def

definition funs-rule :: ('f, 'v) rule = 'f set where
funs-rule v = funs-term (fst r) U funs-term (snd r)

The same including arities.

definition funas-rule :: ('f, 'v) rule = 'f sig where
funas-rule r = funas-term (fst r) U funas-term (snd r)

definition funs-trs :: ('f, 'v) trs = 'f set where
funs-trs R = (| r€R. funs-rule )

definition funas-trs :: ('f, 'v) trs = 'f sig where
funas-trs R = (JreR. funas-rule r)

lemma funs-rule-funas-rule: funs-rule rl = fst * funas-rule rl
(proof)

lemma funs-trs-funas-trs:funs-trs R = fst ‘ funas-trs R
(proof )

lemma finite-funas-rule: finite (funas-rule Ir)
(proof )

lemma finite-funas-trs:
assumes finite R
shows finite (funas-trs R)

{proof)
lemma funas-empty[simp]: funas-trs {} = {} (proof)

lemma funas-trs-union[simpl: funas-trs (R U S) = funas-trs R U funas-trs S
(proof )

definition funas-args-rule :: ('f, 'v) rule = 'f sig where
funas-args-rule v = funas-args-term (fst r) U funas-args-term (snd r)

definition funas-args-trs :: ('f, 'v) trs = 'f sig where
funas-args-trs R = (|J r€R. funas-args-rule r)



lemmas funas-args-defs =
funas-args-trs-def funas-args-rule-def funas-args-term-def

definition roots-rule :: ('f, 'v) rule = 'f sig
where
roots-rule r = set-option (root (fst r)) U set-option (root (snd r))

definition roots-trs :: ('f, 'v) trs = 'f sig where
roots-trs R = (|J reR. roots-rule r)

lemmas roots-defs =
roots-trs-def roots-rule-def

definition funas-head :: ('f, 'v) trs = ('f, 'v) trs = 'f sig where
funas-head P R = funas-trs P — (funas-trs R U funas-args-trs P)

lemmas funs-defs = funs-trs-def funs-rule-def
lemmas funas-defs =

funas-trs-def funas-rule-def

funas-args-defs

funas-head-def

roots-defs

A function symbol is said to be defined (w.r.t. to a given TRS) if it occurs
as root of some left-hand side.

definition
defined :: ('f, 'v) trs = ('f X nat) = bool
where
defined R fn <— (3l r. (I, r) € R A root | = Some fn)

lemma defined-funas-trs: assumes d: defined R fn shows fn € funas-trs R

(proof)

fun root-list :: ('f, 'v) term = ('f x nat) list
where
root-list (Var z) =] |
root-list (Fun f ts) = [(f, length ts)]

definition vars-rule-list :: ('f, "v) rule = v list
where
vars-rule-list r = vars-term-list (fst r) Q vars-term-list (snd )

definition funs-rule-list :: ('f, "v) rule = 'f list
where
funs-rule-list v = funs-term-list (fst r) @ funs-term-list (snd r)

definition funas-rule-list :: ('f, 'v) rule = ('f x nat) list
where
funas-rule-list r = funas-term-list (fst r) Q funas-term-list (snd r)



definition roots-rule-list :: ('f, 'v) rule = ('f x nat) list
where
roots-rule-list r = root-list (fst r) Q root-list (snd r)

definition funas-args-rule-list :: ('f, "v) rule = ('f x nat) list
where
funas-args-rule-list r = funas-args-term-list (fst r) @ funas-args-term-list (snd
r)

lemma set-vars-rule-list [simp]:
set (vars-rule-list ) = vars-rule v

{proof)

lemma set-funs-rule-list [simp]:
set (funs-rule-list r) = funs-rule r

(proof)

lemma set-funas-rule-list [simp]:
set (funas-rule-list r) = funas-rule r
{proof)

lemma set-roots-rule-list [simp]:
set (roots-rule-list ) = roots-rule r

{proof)

lemma set-funas-args-rule-list [simpl:
set (funas-args-rule-list ) = funas-args-rule r
(proof)

definition vars-trs-list :: ('f, "v) rule list = v list
where
vars-trs-list trs = concat (map vars-rule-list trs)

definition funs-trs-list :: ('f, "v) rule list = 'f list
where
funs-trs-list trs = concat (map funs-rule-list trs)

definition funas-trs-list :: ('f, 'v) rule list = ('f x nat) list
where
funas-trs-list trs = concat (map funas-rule-list trs)

definition roots-trs-list :: ('f, 'v) rule list = ('f x nat) list
where
roots-trs-list trs = remdups (concat (map roots-rule-list trs))

definition funas-args-trs-list :: ('f, 'v) rule list = ('f x nat) list

where
funas-args-trs-list trs = concat (map funas-args-rule-list trs)
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lemma set-vars-trs-list [simp]:
set (vars-trs-list trs) = vars-trs (set trs)
{proof)

lemma set-funs-trs-list [simp]:
set (funs-trs-list R) = funs-trs (set R)
{proof )

lemma set-funas-trs-list [simp]:
set (funas-trs-list R) = funas-trs (set R)
{proof )

lemma set-roots-trs-list [simp):
set (roots-trs-list R) = roots-trs (set R)

(proof)

lemma set-funas-args-trs-list [simp]:
set (funas-args-trs-list R) = funas-args-trs (set R)
{proof)

lemmas vars-list-defs = vars-trs-list-def vars-rule-list-def

lemmas funs-list-defs = funs-trs-list-def funs-rule-list-def

lemmas funas-list-defs = funas-trs-list-def funas-rule-list-def

lemmas roots-list-defs = roots-trs-list-def roots-rule-list-def

lemmas funas-args-list-defs = funas-args-trs-list-def funas-args-rule-list-def

lemma vars-trs-list-Nil [simp]:
vars-trs-list [| = [| (proof)

context
fixes R :: ('f, 'v) trs
assumes wf-trs R
begin

lemma funas-term-subst-rhs:
assumes funas-trs R C F and (I, r) € R and funas-term (I - 0) C F
shows funas-term (r - o) C F

(proof)

lemma vars-rule-lhs:
r € R = vars-rule r = vars-term (fst r)

{proof)

end

3.3 Closure Properties

lemma ctzt-closed-R-imp-supt-R-distr:
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assumes ctrt.closed R and s > t and (¢, u) € R shows 3¢t. (s, t) € RAt > u
(proof)

lemma ctat-closed-imp-qge-supt: ctzt.closed R = {>>} O R C R O (R U {>})*
(proof)

Let R be a relation on terms that is closed under contexts. If R is well-
founded then R U > is well-founed.

lemma SN-imp-SN-union-supt:
assumes SN R and ctzt.closed R
shows SN (R U {>})

(proof)

lemma stable-loop-imp-not-SN:
assumes stable: subst.closed r and steps: (s, s - o) € v+
shows - SN-on r {s}

(proof)

lemma subst-closed-supteq: subst.closed {>} (proof)
lemma subst-closed-supt: subst.closed {>} (proof)
lemma ctzt-closed-supt-subset: ctxt.closed R = {>} O R C R O {>} (proof)

3.4 Properties of Rewrite Steps

lemma rstep-relcomp-idempl [simp]:
rstep (rstep R O rstep S) = rstep R O rstep S
{proof )

lemma rstep-relcomp-idemp2 [simp]:

rstep (rstep R O rstep S O rstep T) = rstep R O rstep S O rstep T
(proof)
lemma ctzt-closed-rsteps [intro|: ctat.closed ((rstep R)*) (proof)

lemma subset-rstep: R C rstep R (proof)

lemma subst-closure-rstep-subset: subst.closure (rstep R) C rstep R
(proof )

lemma subst-closed-rstep [intro]: subst.closed (rstep R) (proof)
lemma subst-closed-rsteps: subst.closed ((rstep R)*) (proof)
lemmas supt-rsteps-subset = ctxt-closed-supt-subset [OF ctxt-closed-rsteps]

lemma supteq-rsteps-subset:
{&} O (rstep R)* C (rstep R)* O {>} (is 25 C ?7)

12



{proof)

lemma quasi-commute-rsteps-supt:
quasi-commute ((rstep R)*) {t}

(proof)

lemma rstep-UN:
rstep (|Ji€A. R i) = (|Ji€A. rstep (R 7))
(proof)

definition
rstep-r-p-s = ('f, 'v) trs = ('f, "v) rule = pos = ('f, 'v) subst = ('f, 'v) trs
where
rstep-r-p-s R rp o = {(s, t).
let C = ctat-of-pos-term p s in p € poss s N € RA (C{fst r- o) =3s) A
(C{snd r - o) =1t)}

lemma rstep-r-p-s-def .
rstep-r-p-s R rp o = {(s, t).
pEpPosss NrE€RANs|-p=fstr-o At=replace-at sp (snd r - o)} (is 7
= 7r)

(proof)

lemma parallel-steps:
fixes p; :: pos
assumes (s, t) € rstep-r-p-s Ry (I, r1) p1 01
and (s, u) € rstep-r-p-s Ry (la, 12) p2 02
and par: p; L ps
shows (¢, (ctzt-of-pos-term py w){ry1 - 01)) € rstep-r-p-s Ra (l2, 12) p2 02 A
(u, (ctzt-of-pos-term p1 u)(r1 - 01)) € rstep-r-p-s R1 (I1, r1) p1 01
(proof)

lemma rstep-iff-rstep-r-p-s:
(s, t) € rstep R «— (3lrpo. (s, t) € rstep-r-p-s R (I, r) p o) (is ?lhs = ?rhs)
(proof)

lemma rstep-r-p-s-imp-rstep:
assumes (s, t) € rstep-r-p-s R rp o
shows (s, t) € rstep R
(proof)

Rewriting steps below the root position.

definition
nrrstep :: ('f, ') trs = ('f, ') trs
where
nrrstep R = {(s,t). 37 i ps 0. (s,t) € rstep-r-p-s R r (i#ps) o}
An alternative characterisation of non-root rewrite steps.

lemma nrrstep-def”:
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nrrstep R ={(s,t). 3lrCo. (,r)e RANC#OANs=C{loy Nt = C(ro)}
(is ?lhs = %rhs)
(proof)

lemma nrrstepl: (I,r) € R = s = C{l.o) = t=C(r-o) = C #0 = (s,t)
€ nrrstep R (proof)

lemma nrrstep-union: nrrstep (R U S) = nrrstep R U nrrstep S
{proof)

lemma nrrstep-empty[simp]: nrrstep {} = {} (proof)

Rewriting step at the root position.

definition
rrstep == ('f, ') trs = ('f, ") trs
where

rrstep R = {(s,t). 37 0. (s,t) € rstep-r-p-s R r [ o}

An alternative characterisation of root rewrite steps.

lemma rrstep-def”: rrstep R = {(s, t). 3lro. (I, r) e RAs=1lo ANt =r0}
(is - = ?rhs)
{proof)

lemma rules-subset-rrstep [simp]: R C rrstep R
(proof )

lemma rrstep-union: rrstep (R U S) = rrstep R U rrstep S (proof)

lemma rrstep-empty[simp]: rrstep {} = {}
{proof)

lemma subst-closed-rrstep: subst.closed (rrstep R)
(proof )

lemma rstep-iff-rrstep-or-nrrstep: rstep R = (rrstep R U nrrstep R)

{(proof)

lemma rstep-i-pos-imp-rstep-arg-i-pos:
assumes nrrstep: (Fun f ss,t) € rstep-r-p-s R (I,r) (i#ps) o
shows (ssli,t|-[7]) € rstep-r-p-s R (I,r) ps o

(proof)

lemma ctzt-closure-rstep-eq [simpl: ctat.closure (rstep R) = rstep R
(proof )

lemma subst-closure-rstep-eq [simp]: subst.closure (rstep R) = rstep R
(proof )

lemma supt-rstep-subset:

14



{>} O rstep R C rstep R O {>}
(proof)

lemma ne-rstep-seq-imp-list-of-terms:
assumes (s,t) € (rstep R)"
shows Jts. length ts > 1 A ts!0 = s A ts!(length ts — 1) = ¢ A
(Vi<length ts — 1. (tsli,ts!(Suc i) € (rstep R)) (is Its. - A - A - A 2P ts)
(proof)

locale E-compatible =
fixes R :: ('f,/v)trs and E :: ('f,'v)trs
assumes F: EOR=RIdCFE
begin

definition restrict-SN-supt-E :: ('f, 'v) trs where
restrict-SN-supt-E = restrict-SN R R U restrict-SN (E O {>} O E) R

lemma ctzit-closed-R-imp-supt-restrict-SN-E-distr:
assumes ctzt.closed R
and (s,t) € (restrict-SN (E O {r>}) R)
and (t,u) € restrict-SN R R
shows (3¢. (s,t) € restrict-SN R R A (t,u) € restrict-SN (E O {r>}) R) (is 3 .
- A (t,u) € ?snSub)
(proof)

lemma ctzt-closed-R-imp-restrict-SN-qc-E-supt:

assumes ctzt: ctzt.closed R

shows quasi-commute (restrict-SN R R) (restrict-SN (E O {>} O E) R) (is
quasi-commute r 2s)

{(proof)

lemma ctzt-closed-imp-SN-restrict-SN-E-supt:
assumes ctzt.closed R
and SN: SN (E O {>} O E)
shows SN restrict-SN-supt-FE
(proof)

end

lemma E-compatible-1d: E-compatible R Id
(proof )

definition restrict-SN-supt :: ('f, 'v) trs = (’f, 'v) trs where
restrict-SN-supt R = restrict-SN R R U restrict-SN {>} R

lemma ctzt-closed-SN-on-subt:
assumes ctzt.closed R and SN-on R {s} and s > ¢
shows SN-on R {t}

(proof)
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lemma ctzt-closed-R-imp-supt-restrict-SN-distr:
assumes R: ctzt.closed R
and st: (s,t) € (restrict-SN {>} R)
and tu: (t,u) € restrict-SN R R
shows (3t. (s,t) € restrict-SN R R A (t,u) € restrict-SN {>} R) (is 3 t. - A
(t,u) € ?snSub)
(proof)

lemma ctxt-closed-R-imp-restrict-SN-qc-supt:

assumes ctzt.closed R

shows quasi-commute (restrict-SN R R) (restrict-SN supt R) (is quasi-commute
or 9s)

{proof)

lemma ctxt-closed-imp-SN-restrict-SN-supt:
assumes ctxt.closed R
shows SN (restrict-SN-supt R)

{proof)

lemma SN-restrict-SN-supt-rstep:
shows SN (restrict-SN-supt (rstep R))
(proof)

lemma nrrstep-imp-pos-term:
(Fun f ss,t) € nrrstep R =
Jis. t = Fun f (ss[iz=s]) A (ssli,s) € rstep R A i < length ss
(proof)

lemma rstep-cases[consumes 1, case-names Toot nonroot):
[(s,t) € rstep R; (s,t) € rrstep R = P; (s,t) € nrrstep R — P] = P
(proof)

lemma nrrstep-imp-rstep: (s,t) € nrrstep R = (s,t) € rstep R

{proof)

lemma nrrstep-imp-Fun: (s,t) € nrrstep R = 3f ss. s = Fun f ss
(proof)

lemma nrrstep-imp-subt-rstep:

assumes (s,t) € nrrstep R

shows 314. i < num-args s A num-args s = num-args t A (s|-[7],t|-[7]) € rstep R
NV i 4§ — ] = 1)
(proof)

lemma nrrstep-subt: assumes (s, t) € nrrstep R shows Ju<is. Jv<t. (u, v) €
rstep R

(proof)
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lemma nrrstep-args:
assumes (s, t) € nrrstep R
shows Jfssts. s = Fun fss At = Fun f ts N\ length ss = length ts
A (Fj<length ss. (sslj, tslj) € rstep R A (Vi<length ss. i # j — ssli = tsli))
(proof)

lemma nrrstep-iff-arg-rstep:
(s,t) € nrrstep R <—
(3fssit. s= Fun fss Ai<length ss Nt = Fun f (ss[i:=t"]) A (ssli,t’) €
rstep R)
(is 7L <— ?R)
(proof)

lemma subterms-NF-imp-SN-on-nrrstep:
assumes V s<t. s € NF (rstep R) shows SN-on (nrrstep R) {t}

(proof)

lemma args-NF-imp-SN-on-nrrstep:
assumes Vt€set ts. t € NF (rstep R) shows SN-on (nrrstep R) {Fun f ts}
(proof )

lemma rrstep-imp-rule-subst:

assumes (s,t) € rrstep R

shows 3l ro. (L,r) € RA (l.o) =s A (ro) =1t
(proof)

lemma nrrstep-preserves-root:
assumes (Fun f ss,t) € nrrstep R (is (%s,t) € nrrstep R) shows Jts. t = (Fun

fs)
(proof)

lemma nrrstep-equiv-root: assumes (s,t) € nrrstep R shows 3 f ss ts. s = Fun f
ss Nt = Fun fts
(proof)

lemma nrrstep-reflects-root:
assumes (s,Fun g ts) € nrrstep R (is (s,%t) € nrrstep R)
shows Jss. s = (Fun g ss)

(proof)

lemma nrrsteps-preserve-root:
assumes (Fun f ss,t) € (nrrstep R)*
shows Jts. t = (Fun fts)
(proof )

lemma nrrstep- Fun-imp-arg-rsteps:
assumes (Fun f ss,Fun f ts) € nrrstep R (is (%s,?t) € nrrstep R) and i < length
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58
shows (ssli,tsli) € (rstep R)*
(proof)

lemma nrrstep-imp-arg-rsteps:

assumes (s,t) € nrrstep R and ¢ < num-args s shows (args s'i,args tli) € (rstep
R)*
(proof)

lemma nrrsteps-imp-rsteps: (s,t) € (nrrstep R)* = (s,t) € (rstep R)*

(proof)

lemma nrrstep-Fun-preserves-num-args:
assumes (Fun f ss,Fun f ts) € nrrstep R (is (%s,9t) € nrrstep R)
shows length ss = length ts

(proof)

lemma nrrstep-equiv-num-args:
assumes (s,t) € nrrstep R shows num-args s = num-args t

(proof)

lemma nrrsteps-equiv-num-args:
assumes (s,t) € (nrrstep R)* shows num-args s = num-args t
{proof)

lemma nrrstep-preserves-num-args:
assumes (s,t) € nrrstep R and i < num-args s shows i < num-args t

(proof)

lemma nrrstep-reflects-num-args:
assumes (s,t) € nrrstep R and 7 < num-args t shows { < num-args s

(proof)

lemma nrrsteps-imp-arg-rsteps:
assumes (s,t) € (nrrstep R)* and ¢ < num-args s
shows (args sli,args ti) € (rstep R)*
(proof)

lemma nrrsteps-imp-eq-root-arg-rsteps:
assumes steps: (s,t) € (nrrstep R)*
shows root s = root t A (Vi<num-args s. (s |- [i], t |- [i] ) € (rstep R)*)

(proof)

lemma SN-on-imp-SN-on-subt:
assumes SN-on (rstep R) {t} shows V s<t. SN-on (rstep R) {s}
(proof)

lemma not-SN-on-subt-imp-not-SN-on:
assumes — SN-on (rstep R) {t} and s > ¢
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shows = SN-on (rstep R) {s}
{proof)

lemma SN-on-instance-imp-SN-on-var:
assumes SN-on (rstep R) {t - o} and z € vars-term t
shows SN-on (rstep R) {Var x - o}

(proof)

lemma var-imp-var-of-arg:
assumes z € vars-term (Fun f ss) (is z € vars-term 2s)
shows 3¢ < num-args (Fun f ss). © € vars-term (ss!7)

(proof)

lemma subt-instance-and-not-subst-imp-subt:
so >t =V € vars-term s. =((Var z)-c > t) = Ju. s> u At = uo

(proof)

lemma SN-imp-SN-subt:
SN-on (rstep R) {s} = s > t = SN-on (rstep R) {t}
{proof)

lemma subterm-preserves-SN-gen:
assumes ctzt: ctzt.closed R
and SN: SN-on R {t} and supt: t > s
shows SN-on R {s}

(proof)

context FE-compatible
begin

lemma SN-on-step-E-imp-SN-on: assumes SN-on R {s}
and (s,t) € E

shows SN-on R {t}
(proof)

lemma SN-on-step-REs-imp-SN-on:
assumes R: ctat.closed R
and st: (s,t) € (RUE O {} O E)
and SN: SN-on R {s}
shows SN-on R {t}

(proof)

lemma restrict-SN-supt-E-1:

ctzt.closed R = SN-on R {s} = (s,t) ¢ RU E O {>} O E = (s,t) €
restrict-SN-supt-FE

(proof )

lemma ctzt-closed-imp-SN-on-E-supt:
assumes R: ctrt.closed R
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and SN: SN (E O {>} O F)
shows SN-on (RU E O {>} O E) {t. SN-on R {t}}

(proof)
end

lemma subterm-preserves-SN:
SN-on (rstep R) {t} = t > s = SN-on (rstep R) {s}
(proof )

lemma SN-on-r-imp-SN-on-supt-union-r:
assumes ctxt: ctrt.closed R
and SN-on R T
shows SN-on (supt U R) T (is SN-on 25 T)
(proof)

lemma SN-on-rstep-imp-SN-on-supt-union-rstep:
SN-on (rstep R) T = SN-on (supt U rstep R) T
(proof )

lemma SN-supt-r-trancl:
assumes ctzt: ctzt.closed R
and a: SN R
shows SN ((supt U R)™)

(proof)

lemma SN-supt-rstep-trancl:
SN (rstep R) = SN ((supt U rstep R)™)
(proof )

lemma SN-imp-SN-arg-gen:
assumes ctzt: ctzt.closed R
and SN: SN-on R {Fun f ts} and arg: t € set ts shows SN-on R {t}

(proof)

lemma SN-imp-SN-arg:
SN-on (rstep R) {Fun f ts} = t € set ts => SN-on (rstep R) {t}
(proof)

lemma SNinstance-imp-SN:
assumes SN-on (rstep R) {t - o}
shows SN-on (rstep R) {t}

(proof)
lemma rstep-imp-C-s-:

assumes (s,t) € rstep R

shows 3C o lr. (I,r) € RAs= C{lo) Nt = C(ro)
(proof)

fun map-funs-rule :: ('f = 'g) = (’f, 'v) rule = ('g, 'v) rule
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where
map-funs-rule fg lr = (map-funs-term fg (fst Ir), map-funs-term fg (snd Ir))

fun map-funs-trs = ('f = 'g) = (’f, 'v) trs = ('g, 'v) trs
where
map-funs-trs fg R = map-funs-rule fg ‘* R

lemma map-funs-trs-union: map-funs-trs fg (R U S) = map-funs-trs fg R U map-funs-trs
fg S
(proof )

lemma rstep-map-funs-term: assumes R: A f. f € funs-trs R = h f = f and
step: (s,t) € rstep R
shows (map-funs-term h s, map-funs-term h t) € rstep R

(proof)

lemma wf-trs-map-funs-trs[simp|: wf-trs (map-funs-trs f R) = wf-trs R
{proof )

lemma map-funs-trs-comp: map-funs-trs fg (map-funs-trs gh R) = map-funs-trs
(fg 0 gh) R
(proof)

lemma map-funs-trs-mono: assumes R C R’ shows map-funs-trs fg R C map-funs-trs
fg R
(proof )

lemma map-funs-trs-power-mono:
fixes R R':: ('f,’v)trs and fg :: 'f = 'f
assumes R C R’ shows ((map-funs-trs fg) " n) R C ((map-funs-trs fg) " n) R’
(proof )

declare map-funs-trs.simps[simp del]

lemma rstep-imp-map-rstep:
assumes (s, t) € rstep R
shows (map-funs-term fg s, map-funs-term fg t) € rstep (map-funs-trs fg R)
(proof )

lemma rsteps-imp-map-rsteps: assumes (s,t) € (rstep R)*
shows (map-funs-term fg s, map-funs-term fg t) € (rstep (map-funs-trs fg R))*
(proof )

lemma SN-map-imp-SN:

assumes SN: SN-on (rstep (map-funs-trs fg R)) {map-funs-term fg t}
shows SN-on (rstep R) {t}

{(proof)

lemma rstep-iff-map-rstep:
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assumes nj fg

shows (s, t) € rstep R «— (map-funs-term fg s, map-funs-term fg t) € rstep
(map-funs-trs fg R)
(proof )

lemma rstep-map-funs-trs-power-mono:

fixes R R':: ('f,’v)trs and fg :: 'f = 'f

assumes subset: R C R’ shows rstep (((map-funs-trs fg) " n) R) C rstep (((map-funs-trs
fg)""n) R)

{proof)

lemma subsetl3: (Azy z. (z, y, 2) € A = (2, y, 2) € B) = A C B (proof)

lemma auz: (Ja€P. {(2,y,2). z=fsta A y=snda A Qaz})={(z,y,2). (z,y)
€ PAQ (zy) 2} (is 2P = 2Q)
(proof)

lemma finite-imp-finite-DP-on’:
assumes finite R
shows finite {(, r, u).
Jhwus. u=Funhus A (l,r) € RAr>uA(h, lengthus) € F A= (1> u)}
(proof)

lemma card-image-le’:
assumes finite S
shows card (JyeS{z. z = fy}) < card S

(proof)

lemma subteq-of-map-imp-map: map-funs-term g s > t = Ju. t = map-funs-term
qgu
{proof )

lemma map-funs-term-ing:
assumes inj (fg :: ('f = 'g))
shows inj (map-funs-term fq)
(proof)

lemma rsteps-closed-ctzt:
assumes (s, t) € (rstep R)*
shows (C(s), C(t)) € (rstep R)*
(proof)

lemma one-imp-ctzt-closed: assumes one: N\ f bef s t aft. (s,;t) € r = (Fun f

(bef @ s # aft), Fun f (bef Q t # aft)) € 7

shows ctzt.closed r
(proof)

lemma ctzt-closed-nrrstep [intro]: ctzt.closed (nrrstep R)

(proof)
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definition all-ctzt-closed :: 'f sig = ('f, 'v) trs = bool where
all-ctzt-closed F r «— (¥ f ts ss. (f, length ss) € F' — length ts = length ss —
(Vi. i < length ts — (ts ! i, ss i) € r) — (V i. i < length ts — funas-term
(ts ! i) U funas-term (ss! i) C F) — (Fun fts, Fun f ss) € r) A (V z. (Var ,
Var z) € 1)

lemma all-ctzt-closedD: all-ctzt-closed F'r = (f,length ss) € F = length ts =
length ss
= [\ i. i < length ts = (ts !4, ss1 i) € r]
= [A @ @ < length ts = funas-term (ts ! i) C
= [A i. i < length ts = funas-term (ss! i) C
= (Fun fts, Fun fss) € r
(proof )

Fl
FJ

lemma all-ctzt-closed-sig-reflE: assumes all: all-ctzt-closed F' r
shows funas-term t C F = (t,t) € r

(proof)

lemma all-ctzt-closed-reflE: assumes all: all-ctxt-closed UNIV r
shows (t,t) € r

{proof)

lemma all-ctzt-closed-relcomp: assumes all-ctzt-closed UNIV R all-ctzt-closed UNIV
S

shows all-ctxzt-closed UNIV (R O S)
(proof)

lemma all-ctxt-closed-relpow:
assumes acc:all-ctrt-closed UNIV Q)
shows all-ctat-closed UNIV (Q ~ n)

(proof)

lemma all-ctxt-closed-subst-step-sig:
fixes r :: ('f, 'v) trs and ¢ :: ('f, 'v) term
assumes all: all-ctzt-closed F' r
and sig: funas-term t C F
and steps: A\ z. © € vars-term t = (0 z, T x) € 1
and sig-subst: \ z. x € vars-term t => funas-term (o z) U funas-term (7 x)
CF
shows (t - o, t-7) €r
(proof )

lemma all-ctxt-closed-subst-step:
fixes r :: ('f, 'v) trs and ¢ :: ('f, 'v) term
assumes all: all-ctxt-closed UNIV r
and steps: A\ z. © € vars-term t = (o x, T x) € r
shows (t - o, t-7) €r
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{proof)

lemma all-ctxt-closed-ctatE: assumes all: all-ctat-closed F' R
and Fs: funas-term s C F
and Ft: funas-term t C F
and step: (s,t) € R

shows funas-ctzt C C F = (C (s), C (t)) € R

(proof)

lemma trans-ctzt-sig-imp-all-ctzt-closed: assumes tran: trans r

and refl: \ t. funas-termt C F = (t,t) € r

and ctzt: A\ C s t. funas-ctet C C F = funas-term s C F = funas-term t C
F=(st)er=(C(s),C(t) er
shows all-ctxt-closed F r

(proof)

lemma trans-ctxt-imp-all-ctxt-closed: assumes tran: trans r
and refl: refl r
and ctzt: ctat.closed r

shows all-ctxt-closed F r

(proof)

lemma all-ctat-closed-rsteps[intro]: all-ctxt-closed F ((rstep r)*)
{proof)

lemma subst-rsteps-imp-rsteps:
fixes o :: ('f, 'v) subst
assumes A z. z€vars-term t = (o z, T ©) € (rstep R)*
shows (¢t - o, t - 1) € (rstep R)*
{proof)

lemma rtrancl-trancl-into-trancl:
assumes len: length ts = length ss
and steps: V i < length ts. (ts! i, ss! i) € R*
and i: © < length ts
and step: (ts! i, ss!i) € RT
and ctxt: ctxt.closed R
shows (Fun fts, Fun f ss) € R
(proof)

lemma SN-ctzt-apply-imp-SN-ctxt-to-term-list-gen:
assumes ctzt: ctzt.closed r
assumes SN: SN-on r {C(t)}
shows SN-on r (set (ctxt-to-term-list C))

(proof)

lemma rstep-subset: ctxt.closed R’ = subst.closed R’ = R C R’ = rstep R C
R’ (proof)
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lemma trancl-rstep-ctxt:
(s,t) € (rstep R)T = (C(s), C(t)) € (rstep R)*
(proof)

lemma args-steps-imp-steps-gen:
assumes ctat: N\ bef s t aft. (s, t) € r (length bef) =
length ts = Suc (length bef + length aft) =
(Fun f (bef Q (s :: ('f, 'v) term) # aft), Fun f (bef Q t # aft)) € R*
and len: length ss = length ts
and args: N\ i. i < length ts = (ss ! 4, ts 1 i) € (r O)*
shows (Fun f ss, Fun f ts) € R*
(proof)

lemma args-steps-imp-steps:
assumes ctzt: ctzt.closed R
and len: length ss = length ts and args: Vi<length ss. (ssli, tsli) € R*
shows (Fun f ss, Fun f ts) € R*
(proof)

lemmas args-rsteps-imp-rsteps = args-steps-imp-steps [OF ctat-closed-rstep]

lemma replace-at-subst-steps:
fixes o 7 :: (f, 'v) subst
assumes acc: all-ctzt-closed UNIV r
and refl: refl r
and x: Az. (c z, T z) €1
and p € poss t
and ¢t |-p = Varz
shows (replace-at (t - o) p (T z),t-7) €T
(proof )

lemma replace-at-subst-rsteps:
fixes o 7 :: ('f, 'v) subst
assumes x: A\z. (o z, 7 z) € (rstep R)*
and p € poss t
and ¢ |- p = Varz
shows (replace-at (t - o) p (t z), t - 7) € (rstep R)*
(proof )

lemma substs-rsteps:
assumes Az. (o z, 7 ) € (rstep R)*
shows (t - o, t - 7) € (rstep R)*
(proof )

lemma nrrstep-Fun-imp-arg-rstep:

fixes ss :: ('f,’v)term list

assumes (Fun f ss,Fun f ts) € nrrstep R (is (%s,7t) € nrrstep R)

shows 3 C 7. { < length ss A (ssli,tsli) € rstep R A C(ssli)y = Fun fss A C(tsli)
= Fun fts
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(proof)

lemma pair-fun-eq[simp]:

fixes f::'a="band g :: ‘b= "a
?S)hOWS ((Alzyy)- (z.f ) o (Mzyy)- (2,9 ) = (Mz,y). (z,(f o g) ) (is ?f =
%9
(proof)

lemma restrict-singleton:

assumes z € subst-domain o shows 3t. o |s {z} = (Ay. if y = x then t else Var
0)
(proof )

definition rstep-r-c-s :: ('f,"v)rule = ('f,"v)ctat = ('f,'v)subst = ('f,’v)term rel
where rstep-r-c-s r C o = {(s,t) | st. s = C{fstr-o) ANt = C{sndr - o)}

lemma rstep-iff-rstep-r-c-s: ((s,t) € rstep R) = (3 lr C o. (I,r) € R A (s,t) €
rstep-r-c-s (I,r) C o) (is ?left = ?right)
(proof)

lemma rstep-subset-characterization:

(rstep R Crstep S) =V Ilr.(Ir)e R— 3 U'r" Co.(,rYeSAl=C{
co)y ANr = C{r'-0a))) (is ?left = ?right)
(proof)

lemma rstep-preserves-funas-terms-var-cond:
assumes funas-trs R C F and funas-term s C F and (s,t) € rstep R
and wf: A\ I r. (I,r) € R = vars-term r C vars-term |
shows funas-term t C F

(proof)

lemma rstep-preserves-funas-terms:
assumes funas-trs R C F and funas-term s C F and (s,t) € rstep R
and wf: wf-trs R
shows funas-term t C F
(proof)

lemma rsteps-preserve-funas-terms-var-cond:
assumes F: funas-trs R C F and s: funas-term s C F and steps: (s,t) € (rstep
R)*
and wf: A I r. (I,r) € R = vars-term v C vars-term |
shows funas-term t C F

{proof)

lemma rsteps-preserve-funas-terms:
assumes F: funas-trs R C F and s: funas-term s C F
and steps: (s,t) € (rstep R)* and wf: wf-trs R
shows funas-term t C F

{proof)
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lemma no-Var-rstep [simp]:
assumes wf-trs R and (Var z, t) € rstep R shows False

{proof)

lemma lhs-wf:
assumes R: (I, ) € R and funas-trs R C F
shows funas-term [ C F

{proof)

lemma rhs-wf:
assumes R: (I, ) € R and funas-trs R C F
shows funas-term r C F

{proof)

lemma supt-map-funs-term [intro]:
assumes t > s
shows map-funs-term fg t > map-funs-term fqg s

{proof)

lemma nondef-root-imp-arg-step:
assumes (Fun f ss, t) € rstep R
and wf: V (I, r)€R. is-Fun |
and ndef: — defined R (f, length ss)
shows Ji<length ss. (ss! i, t |- [i]) € rstep R
At = Fun f (take i ss @Q (¢t |- [i]) # drop (Suc i) ss)
(proof)

lemma nondef-root-imp-arg-steps:
assumes (Fun f ss,t) € (rstep R)*
and wf: V (I, r)€R. is-Fun |
and — defined R (f,length ss)
shows T ts. length ts = length ss A t = Fun fts N (Vi<length ss. (ssli,tsli) €
(rstep R)*)
{proof)

lemma rstep-imp-nrrstep:
assumes is-Fun s and — defined R (the (root s)) and V (I,r)ER. is-Fun |
and (s, t) € rstep R
shows (s, t) € nrrstep R
(proof)

lemma rsteps-imp-nrrsteps:
assumes is-Fun s and - defined R (the (root s))
and no-vars: V (I, r)eR. is-Fun |
and (s, t) € (rstep R)*
shows (s, t) € (nrrstep R)*
(proof )
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lemma left-var-imp-not-SN:
fixes R :: ('f,'v)trs and ¢ :: ('f, 'v) term
assumes (Vary, r) € R (is (%y, -) € -)
shows — (SN-on (rstep R) {t})

(proof)

lemma not-SN-subt-imp-not-SN:
assumes ctzt: ctat.closed R and SN: = SN-on R {t} and sub: s > ¢
shows - SN-on R {s}

(proof)

lemma root-Some:
assumes root t = Some fn
obtains ss where length ss = snd fn and t = Fun (fst fn) ss

(proof)

lemma map-funs-rule-power:

fixes f = 'f = 'f

shows ((map-funs-rule f) =" n) = map-funs-rule (f = n)
(proof)

lemma map-funs-trs-power:

fixes f:: 'f = 'f

shows map-funs-trs f =~ n = map-funs-trs (f = n)
(proof)

The set of minimally nonterminating terms with respect to a relation R.

definition Tinf :: ('f, 'v) trs = ('f, 'v) terms
where
Tinf R = {t. = SN-on R {t} A (Vs < t. SN-on R {s})}

lemma not-SN-imp-subt-Tinf:
assumes - SN-on R {s} shows 3tlds. ¢t € Tinf R

(proof)

lemma not-SN-imp-Tinf:
assumes - SN R shows 3t. t € Tinf R
(proof )

lemma ctzt-of-pos-term-map-funs-term-conv [iff]:

assumes p € poss §

shows map-funs-ctzt fg (ctzt-of-pos-term p s) = (ctzt-of-pos-term p (map-funs-term
fg s))

(proof )

lemma var-rewrite-imp-not-SN:
assumes sn: SN-on (rstep R) {u} and step: (¢, s) € rstep R
shows is-Fun t

{proof)
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lemma rstep-id: rstep Id = Id {proof)

lemma map-funs-rule-id [simp]: map-funs-rule id = id
(proof )

lemma map-funs-trs-id [simp]: map-funs-trs id = id
(proof )

definition sig-step :: 'f sig = ('f, "v) trs = (’f, 'v) trs where
sig-step F R = {(a, b). (a, b) € R A funas-term a C F A funas-term b C F}

lemma sig-step-union: sig-step F (R U S) = sig-step F' R U sig-step F' S
(proof )

lemma sig-step-UNIV: sig-step UNIV R = R {(proof)

lemma sig-stepl[introl: (a,b) € R = funas-term a C F = funas-term b C F
= (a,b) € sig-step F' R (proof)

lemma sig-stepE|elim,consumes 1]: (a,b) € sig-step F R = [(a,b) € R = fu-
nas-term a C F = funas-term b C F = P] = P (proof)

lemma all-ctat-closed-sig-rsteps [introl:

fixes R :: ('f, 'v) trs

shows all-ctat-closed F ((sig-step F (rstep R))*) (is all-ctat-closed - (?R*))
(proof)

lemma wf-loop-imp-sig-ctxt-rel-not-SN:
assumes R: (I,C(l)) € R and wf-I: funas-term | C F
and wf-C: funas-ctzt C C F
and ctxt: ctrt.closed R
shows — SN-on (sig-step F' R) {1}
(proof)

lemma [hs-var-imp-sig-step-not-SN-on:
assumes z: (Var z, r) € R and F: funas-trs R C F
shows — SN-on (sig-step F (rstep R)) {Var z}
(proof)

lemma rhs-free-vars-imp-sig-step-not-SN:
assumes R: (I,r) € R and free: = vars-term r C vars-term [
and F: funas-trs R C F
shows = SN-on (sig-step F' (rstep R)) {l}
(proof)

lemma lhs-var-imp-rstep-not-SN: assumes (Var z,r) € R shows = SN(rstep R)
(proof)
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lemma rhs-free-vars-imp-rstep-not-SN:
assumes (/,r) € R and — vars-term r C vars-term |
shows — SN-on (rstep R) {l}
{proof)

lemma free-right-rewrite-imp-not-SN:
assumes step: (t,s) € rstep-r-p-s R (I,r) p o
and vars: — vars-term | O wvars-term r
shows — SN-on (rstep R) {t}
(proof )

lemma not-SN-on-rstep-subst-apply-term[introl:
assumes — SN-on (rstep R) {t} shows = SN-on (rstep R) {t - o}
{proof)

lemma SN-rstep-imp-wf-trs: assumes SN (rstep R) shows wf-trs R

(proof)

lemma SN-sig-step-imp-wf-trs: assumes SN: SN (sig-step F (rstep R)) and F:
funas-trs R C F shows wf-trs R

(proof)

lemma rhs-free-vars-imp-rstep-not-SN':
assumes (I, ) € R and — vars-term r C vars-term |
shows — SN (rstep R)

(proof)

lemma SN-imp-variable-condition:
assumes SN (rstep R)
shows V (I, r) € R. vars-term r C vars-term |

(proof)

lemma rstep-cases’[consumes 1, case-names root nonroot):
assumes rstep: (s, t) € rstep R
and root: ANlro. (I,r)éeR—=1l-0=s=r-o=t=— P
and nonroot: \f ss1 u ss2 v. s = Fun f (ss1 Q u # $s2) = t = Fun [ (ss1
Q v # ss2) = (u, v) € rstep R = P
shows P

(proof)

lemma NF-Var: assumes wf: wf-trs R shows (Var z, t) ¢ rstep R

(proof)

lemma rstep-cases-Fun'[consumes 2, case-names root nonroot]:
assumes wf: wf-trs R
and rstep: (Fun f ss,t) € rstep R
and root”s Nls r o. (Fun fls,r) € R = map (A\t. t-0) ls=ss = ro =t =
P
and nonroot”: \i u. i < length ss = t = Fun [ (take i ssQu#drop (Suc 7) ss)
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= (ssli,u) € rstep R = P
shows P
{proof )

lemma rstep-preserves-undefined-root:
assumes wf-trs R and — defined R (f, length ss) and (Fun f ss, t) € rstep R
shows Fts. length ts = length ss AN t = Fun f ts

(proof)

lemma rstep-ctrt-imp-nrrstep: assumes step: (s,t) € rstep R and C: C # O
shows (C(s),C(t)) € nrrstep R
(proof)

lemma rsteps-ctrt-imp-nrrsteps: assumes steps: (s,t) € (rstep R)* and C: C #
O shows (C(s),C(t)) € (nrrstep R)*
(proof )

lemma nrrstep-mono:
assumes R C R’
shows nrrstep R C nrrstep R’

(proof)

lemma rrstepFE:
assumes (s, t) € rrstep R
obtains [ and r and 0 where (I, r) e Rand s=1-cand t=7r-0

(proof)

lemma nrrstepE:
assumes (s, t) € nrrstep R
obtains C and [ and r and 0 where C # O and (I, r) € R
and s = C(l - o) and t = C(r - o)
(proof )

lemma singleton-subst-restrict [simp):
subst z s |s {z} = subst x s

(proof)

lemma singleton-subst-map [simp]:
fosubstzs=(f o Var)(z := fs) (proof)

lemma subst-restrict-vars [simp]:
(Me.ifz€ Vithenfzelsegz)|sV =Ff|sV
{proof)

lemma subst-restrict-restrict [simp]:
assumes VN W = {}
shows ((\z. if z € Vthen fzelse gz) |s W) =g |s W

{proof)
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lemma rstep-rstep: rstep (rstep R) = rstep R
(proof)

lemma rstep-trancl-distrib: rstep (RT) C (rstep R)™

(proof)

lemma rsteps-closed-subst:
assumes (s, t) € (rstep R)*
shows (s - 0, t - o) € (rstep R)*
(proof )

lemma join-subst:
subst.closed 1 = (s, t) € ¥ = (s -0, t-0) € r¥

(proof)

lemma join-subst-rstep [introl:
(s, t) € (rstep R)Y = (s - o, t - 0) € (rstep R)*
{proof)

lemma join-ctzt [intro]:
assumes (s, t) € (rstep R)
shows (C(s), C(t)) € (rstep R)*
(proof)

lemma rstep-simps:
rstep (R=) = (rstep R)~
rstep (rstep R) = rstep R
rstep (R U S) = rstep R U rstep S
rstep Id = Id
rstep (RT) = (rstep R)*
(proof)

lemma rstep-rtrancl-idemp [simp):
rstep ((rstep R)*) = (rstep R)*
(proof)

lemma all-ctxt-closed-rstep-conversion:
all-ctrt-closed UNIV ((rstep R)<*)

{proof)

definition instance-rule :: ('f, 'v) rule = ('f, 'w) rule = bool where
[code del): instance-rule Ir st <— (3 o. fstlr = fst st - o A snd Ir = snd st - o)

definition eg-rule-mod-vars :: ('f, 'v) rule = ('f, "v) rule = bool where
eq-rule-mod-vars Ir st <— instance-rule Ir st A instance-rule st Ir
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notation egq-rule-mod-vars ((-/ =, -) [51,51] 50)

lemma instance-rule-var-cond: assumes eq: instance-rule (s,t) (I,r)
and wvars: vars-term r C vars-term [
shows vars-term t C vars-term s

(proof)

lemma instance-rule-rstep: assumes step: (s,t) € rstep {ir}
and bezx: Bex R (instance-rule Ir)

shows (s,t) € rstep R

(proof)

lemma eg-rule-mod-vars-var-cond: assumes eq: (I,r) =, (s,t)
and wvars: vars-term r C wvars-term [
shows vars-term t C vars-term s

(proof)

lemma eg-rule-mod-varsE[elim]: fixes I :: ('f,’v)term

assumes (I,r) =, (s,t)

showsd or.l=s-cANr=t-cANs=1-7TANt=r -7 A range o C range
Var A range T C range Var
(proof)

3.5 Linear and Left-Linear TRSs

definition
linear-trs :: ('f, 'v) trs = bool
where
linear-trs R =V (I, r)€R. linear-term | A linear-term r

lemma linear-trsE[elim,consumes 1]: linear-trs R = (l,r) € R = linear-term |
A linear-term r

(proof)

lemma linear-trsi[intro]: [ A\ lr. (I,r) € R = linear-term | A linear-term r] =
linear-trs R

{proof)

definition
left-linear-trs :: ('f, 'v) trs = bool
where
left-linear-trs R «— (¥ (I, r)€R. linear-term [)

lemma left-linear-trs-union: left-linear-trs (R U S) = (left-linear-trs R A left-linear-trs
S)
(proof)

lemma left-linear-mono: assumes left-linear-trs S and R C S shows left-linear-trs
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R
{proof)

lemma left-linear-map-funs-trs[simpl: left-linear-trs (map-funs-trs f R) = left-linear-trs
R
(proof )

lemma left-linear-weak-match-rstep:
assumes rstep: (u, v) € rstep R
and weak-match: weak-match s u
and Il: left-linear-trs R
shows 3t. (s, t) € rstep R A weak-match t v

{proof)

context
begin

private fun S where
SRst0=s
| SR st (Suci) = (SOME u. (SR s ti,u) € rstep R A\ weak-match u (¢(Suc )))

lemma weak-match-SN:
assumes wm: weak-match s t
and [I: left-linear-trs R
and SN: SN-on (rstep R) {s}
shows SN-on (rstep R) {t}
(proof)

end
lemma (hs-notin-NF-rstep: (I, r) € R => | ¢ NF (rstep R) (proof)

lemma NF-instance:
assumes (t - 0) € NF (rstep R) shows ¢t € NF (rstep R)

{proof)

lemma NF-subterm:
assumes t € NF (rstep R) and t > s
shows s € NF (rstep R)

(proof)

abbreviation
lhss : ('f, 'v) trs = ('f, 'v) terms
where
lhss R = fst ‘R

abbreviation
rhss = ('f, ") trs = ('f, 'v) terms
where
rhss R = snd ‘R
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definition map-funs-trs-wa :: ('f X nat = 'g9) = ('f, 'v) trs = ('g, 'v) trs where
map-funs-trs-wa fg R = (\(l, ). (map-funs-term-wa fg 1, map-funs-term-wa fg
r)) ‘R

lemma map-funs-trs-wa-union: map-funs-trs-wa fg (R U S) = map-funs-trs-wa fg
R U map-funs-trs-wa fg S
(proof )

lemma map-funs-term-wa-compose: map-funs-term-wa gh (map-funs-term-wa fg t)
= map-funs-term-wa (A (f,n). gh (fg (f,n), n)) t
(proof )

lemma map-funs-trs-wa-compose: map-funs-trs-wa gh (map-funs-trs-wa fg R) =
map-funs-trs-wa (A (f,n). gh (fg (f,n), n)) R (is 2L = map-funs-trs-wa ?fgh R)
(proof)

lemma map-funs-trs-wa-funas-trs-id: assumes R: funas-trs R C F
and id: A gn. (gn) € F = f (g,n) =g
shows map-funs-trs-wa f R = R

(proof)

lemma map-funs-trs-wa-rstep: assumes step:(s,t) € rstep R

shows (map-funs-term-wa fg s,map-funs-term-wa fg t) € rstep (map-funs-trs-wa
fg R)

(proof)

lemma map-funs-trs-wa-rsteps: assumes step:(s,t) € (rstep R)*

shows (map-funs-term-wa fg s,map-funs-term-wa fg t) € (rstep (map-funs-trs-wa
fg R))*

(proof )

lemma rstep-ground:
assumes wf-trs: Nl r. (I, r) € R = vars-term r C vars-term |
and ground: ground s
and step: (s, t) € rstep R
shows ground t
(proof)

lemma rsteps-ground:
assumes wf-trs: Al r. (I, r) € R = vars-term r C vars-term 1
and ground: ground s
and steps: (s, t) € (rstep R)*
shows ground t
{proof)

definition locally-terminating :: ('f,’v)trs = bool
where locally-terminating R =V F. finite F — SN (sig-step F' (rstep R))
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definition non-collapsing R <— (¥ Ir € R. is-Fun (snd Ir))

lemma supt-rstep-stable:
assumes (s, t) € {>} U rstep R
shows (s - o, t-0) € {>} U rstep R
(proof)

lemma supt-rstep-trancl-stable:
assumes (s, t) € ({>} U rstep R)™
shows (s - o, t-0) € ({>} U rstep R)*
(proof)

lemma supt-rsteps-stable:
assumes (s, t) € ({>} U rstep R)*
shows (s - 0, t- o) € ({>} U rstep R)*
(proof)

lemma eg-rule-mod-vars-refl[simp|: r =,
(proof)

lemma instance-rule-refl[simp): instance-rule r r
{proof )

lemma is-Fun-Fun-conv: is-Fun t = (3f ts. t = Fun f ts) (proof)

lemma wf-trs-def":
wf-trs R = (V (I, r)€R. is-Fun | A vars-term r C vars-term l)
{proof )

definition wf-rule :: ('f, "v) rule = bool where
wf-rule r +— is-Fun (fst r) A vars-term (snd r) C vars-term (fst r)

definition wf-rules :: ('f, "v) trs = (’f, 'v) trs where
wf-rules R = {r. r € R A wf-rule r}

lemma wf-trs-wf-rules[simp|: wf-trs (wf-rules R)
{proof)

lemma wf-rules-subset[simp|: wf-rules R C R
(proof)

fun wf-reltrs :: ('f, 'v) trs = ('f, 'v) trs = bool where
wf-reltrs R S = (
wftrs RN (R # {} — (VIr. (I, r) € S — wvars-term r C vars-term 1)))

lemma SN-rel-imp-wf-reltrs:

assumes SN-rel: SN-rel (rstep R) (rstep S)
shows wf-reltrs R S
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(proof)

lemmas rstep-wf-rules-subset = rstep-mono| OF wf-rules-subset]

definition map-vars-trs :: ('v = 'w) = ('f, 'v) trs = ('f, 'w) trs where
map-vars-trs f B = (A (I, ). (map-vars-term f I, map-vars-term fr)) ‘R

lemma map-vars-trs-rstep:
assumes (s, t) € rstep (map-vars-trs f R) (is - € rstep ?R)
shows (s -7, t-7) € rstep R
(proof )

lemma map-vars-rsteps:
assumes (s,t) € (rstep (map-vars-trs f R))* (is - € (rstep ?R)*)
shows (s - 7, ¢t - 7) € (rstep R)*
(proof )

lemma rsteps-subst-closed: (s,t) € (rstep R)T = (s - o, t - o) € (rstep R)™
(proof)

lemma supteq-rtrancl-supt:
(Rt 0 {>}) C {>}UR)T (is 21 C 2r)
(proof)

lemma rrstepl[intro]: (I, 7r) e R=s=1l-0 = t=1r-0=> (s, 1) € rrstep R
(proof)

lemma CS-rrstep-conv: subst.closure = rrstep
(proof)

Rewrite steps at a fixed position

inductive-set rstep-pos :: ('f, "v) trs = pos = ('f, 'v) term rel for R and p
where
rule [intro]:(l, r) € R=p € poss s = s|-p=1-0 =
(s, replace-at s p (r - o)) € rstep-pos R p

lemma rstep-pos-subst:
assumes (s, t) € rstep-pos R p
shows (s - 0, t - o) € rstep-pos R p

{proof)

lemma rstep-pos-rule:
assumes (I, 1) € R
shows (I, r) € rstep-pos R |]
{proof)

lemma rstep-pos-rstep-r-p-s-conv:

rstep-pos R p = {(s, t) | st r o. (s, t) € rstep-r-p-s Rrpo}
{proof)
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lemma rstep-rstep-pos-conuv:
rstep R = {(s, t) | s t p. (s, t) € rstep-pos R p}
{proof)

lemma rstep-pos-supt:
assumes (s, t) € rstep-pos R p
and ¢: ¢ € poss u and u: u |- ¢ =s
shows (u, (ctzt-of-pos-term q u)(t)) € rstep-pos R (¢ @ p)
(proof )

lemma rrstep-rstep-pos-conv:
rrstep R = rstep-pos R []
(proof)

lemma rrstep-imp-rstep:
assumes (s, t) € rrstep R
shows (s, t) € rstep R
(proof)

lemma not-NF-rstep-imp-subteq-not-NF-rrstep:
assumes s ¢ NF (rstep R)
shows 3t < s. t ¢ NF (rrstep R)

(proof)

lemma all-subt- NF-rrstep-iff-all-subt-NF-rstep:
(Vs < t. s € NF (rrstep R)) «— (Vs < t. s € NF (rstep R))
(proof )

lemma not-in-poss-imp-NF-rstep-pos [simp):
assumes p ¢ poss s
shows s € NF (rstep-pos R p)

{proof)

lemma Var-rstep-imp-rstep-pos-Empty:
assumes (Var z, t) € rstep R
shows (Var z, t) € rstep-pos R |]

{proof)

lemma rstep-args-NF-imp-rrstep:
assumes (s, t) € rstep R
and Vu < s. u € NF (rstep R)
shows (s, t) € rrstep R

{proof)

lemma rstep-pos-imp-rstep-pos-Empty:
assumes (s, t) € rstep-pos R p
shows (s |- p, t |- p) € rstep-pos R ||
(proof)

38



lemma rstep-pos-arg:
assumes (s, t) € rstep-pos R p
and 7 < length ssand ss! i =s
shows (Fun f ss, (ctzt-of-pos-term [i] (Fun f ss))(t)) € rstep-pos R (i # p)
(proof)

lemma rstep-imp-maz-pos:
assumes (s, t) € rstep R
shows Ju. I pEposs s. (s, u) € rstep-pos R p A (Vv < s |- p. v € NF (rstep R))

(proof)

3.6 Normal Forms

abbreviation NF-trs :: ('f, 'v) trs = ('f, 'v) terms where
NF-trs R = NF (rstep R)

lemma NF-trs-mono: r C s =—> NF-trs s C NF-trs r
(proof)

lemma NF-trs-union: NF-trs (R U S) = NF-trs R N NF-trs S
{proof)

abbreviation NF-terms :: ('f, 'v) terms = ('f, 'v) terms where
NF-terms Q = NF (rstep (Id-on Q))

lemma NF-terms-anti-mono:
Q C Q' = NF-terms Q' C NF-terms Q
(proof)

lemma lhs-var-not-NF':
assumes | € T and is-Var | shows ¢ ¢ NF-terms T

(proof)

lemma not-NF-termsE[elim]:
assumes s ¢ NF-terms @
obtains | C 0 where | € Q and s = C(l - o)

(proof)

lemma notin-NF-E [elim]:
fixes R :: ('f, 'v) trs
assumes t ¢ NF-trs R
obtains C' [/ and o :: ('f, 'v) subst where [ € lhss R and t = C(l - o)

(proof)

lemma NF-ctat-subst: NF-terms Q = {t. = (3 Cqo.t = C{qgo) A ¢ € Q)} (is
-= ?R)
(proof)
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lemma some-NF-imp-no-Var:
assumes t € NF-terms @
shows Var z ¢ Q

(proof)

lemma NF-map-vars-term-ingj:
assumes inj: \ z. n (m z) = z and NF: t € NF-terms Q
shows (map-vars-term m t) € NF-terms (map-vars-term m * Q)

(proof)

lemma notin-NF-terms: t € Q = t ¢ NF-terms Q
(proof)

lemma NF-termsl [intro]:
assumes NF: A\ Clo.t=C (l-0) = | € Q = False
shows t € NF-terms @

(proof)

lemma NF-args-imp-NF:
assumes ss: A\ s. s € set ss = s € NF-terms Q
and someNF: t € NF-terms @
and root: Some (f,length ss) ¢ root * Q
shows (Fun f ss) € NF-terms @

(proof)

lemma NF-Var-is-Fun:
assumes Q: Ball Q is-Fun
shows Var z € NF-terms @

(proof)

lemma NF-terms-lhss [simp]: NF-terms (lhss R) = NF (rstep R)
(proof)

3.7 Relative Rewrite Steps
abbreviation relstep R E = relto (rstep R) (rstep E)

lemma args-SN-on-relstep-nrrstep-imp-args-SN-on:
assumes SN: A\ u. s > u = SN-on (relstep R E) {u}
and st: (s,t) € nrrstep (R U E)
and supt: t > u
shows SN-on (relstep R E) {u}

(proof)

lemma Tinf-nrrstep:
assumes tinf: s € Tinf (relstep R E) and st: (s,t) € nrrstep (R U E)
and t: = SN-on (relstep R E) {t}
shows t € Tinf (relstep R E)

{proof)
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lemma subterm-preserves-SN-on-relstep:
SN-on (relstep R E) {s} = s > t => SN-on (relstep R E) {t}
(proof)

inductive-set rstep-rule :: ('f, "v) rule = ('f, 'v) term rel for o
where
rule: s = C{fst p - o) = t = C(snd ¢ - 0) = (s, t) € rstep-rule o

lemma rstep-rulel [intro]:
s=C(l-0) = 1t=C(r- o) = (s, t) € rstep-rule (I, r)
{proof )

lemma rstep-rule-ctxt:
(s, t) € rstep-rule p = (C(s), C(t)) € rstep-rule
{proof)

lemma rstep-rule-subst:
assumes (s, t) € rstep-rule o
shows (s - 0, t - o) € rstep-rule o
(proof )

lemma rstep-rule-imp-rstep:
0 € R= (s, t) € rstep-rule p = (s, t) € rstep R
(proof)

lemma rstep-imp-rstep-rule:
assumes (s, t) € rstep R
obtains [ r where (I, ) € R and (s, t) € rstep-rule (I, 1)

{proof)

lemma term-subst-rstep:
assumes Az. x € vars-term t = (o z, T x) € rstep R
shows (¢t - o, t - 1) € (rstep R)*
{proof)

lemma term-subst-rsteps:
assumes A\z. z € vars-term t => (o z, T x) € (rstep R)*
shows (¢t - o, t - 7) € (rstep R)*
(proof)

lemma term-subst-rsteps-join:
assumes \y. y € vars-term u = (01 y, 02 y) € (rstep R)¥
shows (u - 01, u - 03) € (rstep R)*
(proof)

lemma funas-trs-converse [simp]: funas-trs (R~') = funas-trs R
{proof)
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lemma rstep-rev: assumes (s, t) € rstep-pos {(I,r)} p shows ((¢, s) € rstep-pos

{(r:D} p)
(proof)

lemma conversion-ctrt-closed: (s, t) € (rstep R)“* = (C{(s), C(t)) € (rstep
R)(—}*
(proof)

lemma conversion-subst-closed:
(s, t) € (rstep R)¥* = (s - o, t- o) € (rstep R)*
(proof )

lemma rstep-simulate-conv:
assumes A\ I r. (I, r) € S = (I, r) € (rstep R)**
shows (rstep S) C (rstep R)<*

(proof)

lemma symcl-simulate-conv:
assumes A\ I r. (I, r) € S = (I, r) € (rstep R)**
shows (rstep S) C (rstep R)<*
(proof )

lemma conv-union-simulate:
assumes A\ I r. (I, r) € S = (I, r) € (rstep R)™*
shows (rstep (R U S))“* = (rstep R)©*

(proof)

definition suptrel R = (relto {r>} (rstep R))™
end

4 Critical Pairs

theory Critical-Pairs
imports
Trs
First-Order-Terms. Unification
begin

We also consider overlaps between the same rule at top level, in this way we
are not restricted to wf-trs.

context
fixes ren :: 'v :: infinite renaming?2
begin

definition
critical-Peaks == ('f, "v) trs = ('f, ") trs = (((/f, "w)term x (’f,’v)term x
('f,’v)term)) set
where
critical-Peaks P R = { ((C -c o){r' - 1), l -0, r-0) | lrl' v"1" CoT.
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(LryePAl,rYe RANL=C{") Nis-Funl" A
mgu-vd ren 1" 1" = Some (o, 7) }

definition
critical-pairs == ('f, 'v) trs = ('f, "v) trs = (bool x ('f, "v) rule) set
where
critical-pairs PR = { (C =0, (C -co){r'-7),r-0) | lrl' """ CorT.
(ILLryePAl,rYeRANL=C{") Nis-Funl" A
mgu-vd ren I"" I’ = Some (o, T) }

lemma critical-pairsl:
assumes (I, r) € Pand (I, r') € Rand | = C(I")
and is-Fun I" and mgu-vd ren I"" I’ = Some (o, 7) and t = r - o
and s = (C . o)(r’-7)and b= (C =0O)
shows (b, s, t) € critical-pairs P R
(proof )

lemma critical-pairs-mono:

assumes S; C Ry and Sy C Ry shows critical-pairs S1 So C critical-pairs Ry
Ry

(proof )

lemma critical-Peaks-main:
fixes P R :: ('f, ") trs
assumes tu: (t, u) € rrstep P and ts: (f, s) € rstep R
shows (s, u) € (rstep R) ™ O rrstep P O ((rstep R) %) ™—1 V
@Clmro.s=C{l-o)ANt=C{m-o)ANu=C(r-o) A
(I, m, r) € critical-Peaks P R)
(proof)

lemma critical-Peaks-main-rrstep:
fixes R :: ('f, 'v) trs
assumes tu: (¢, u) € rrstep R and ts: (t, s) € rstep R
shows (s, u) € join (rstep R) V
FCimro s=C{l-o)ANt=C(m-0)ANu=C(r-og) A
(I, m, r) € critical-Peaks R R)
(proof )

lemma parallel-rstep:
fixes p1 :: pos
assumes pi2: pl 1 p2
and pl: pl € poss t
and p2: p2 € poss t
and step2: t |- p2 =12 - 02 (I12,r2) € R
shows (replace-at t p1 v, replace-at (replace-at t p1 v) p2 (r2 - 02)) € rstep R
(is (Zone, ?two) € -)

{(proof)

lemma critical-Peaks-main-rstep:
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fixes R :: ('f, 'v) trs
assumes tu: (¢, u) € rstep R and ts: (¢, s) € rstep R
shows (s, u) € join (rstep R) V
FClmro s=C{l-oc)ANt=C(m-o)ANu=C(r- o)A
((I, m, r) € critical-Peaks R RV (r, m, 1) € critical-Peaks R R))
(proof )

lemma critical-Peak-steps:

fixes R :: ('f, 'v) trs and S

assumes cp: (I, m, r) € critical-Peaks R S

shows (m, l) € rstep S (m,r) € rstep R (m,r) € rrstep R
(proof)

lemma critical-Peak-to-pair: assumes (I, m, r) € critical-Peaks R R
shows 3 b. (b, I, ) € critical-pairs R R
{proof)

lemma critical-pairs-main:
fixes R :: ('f, 'v) trs
assumes stl: (s, t1) € rstep R and st2: (s, t2) € rstep R
shows (t1, t2) € join (rstep R) V
3 Cblro.tl=Cl-0)At2=Clr- o)A
((b, I, r) € critical-pairs R RV (b, r, l) € critical-pairs R R))
(proof )

lemma critical-pairs:
fixes R :: ('f, 'v) trs
assumes cp: A [ rb. (b, I, r) € critical-pairs R R —= | # r =
3 U r’s. instance-rule (I, r) (I, ') A (I', 5) € (rstep R)* A (r', s) € (rstep R)*
shows WCR (rstep R)
(proof)

lemma critical-pairs-fork:
fixes R :: ('f, 'v) trs and S
assumes cp: (b, I, r) € critical-pairs R S
shows (r, ) € (rstep R)™! O rstep S
(proof )

lemma critical-pairs-fork’: assumes (b,l,r) € critical-pairs R S
shows (I,r) € (rstep S)"™—1 O rstep R
(proof )

lemma critical-pairs-complete:
fixes R :: ('f, ") trs
assumes cp: (b, I, r) € critical-pairs R R
and no-join: (I, r) ¢ (rstep R)*
shows - WCR (rstep R)
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(proof)

lemma critical-pair-lemma:
fixes R :: ('f, 'v) trs
shows WCR (rstep R) «—
(VY (b, s, t) € critical-pairs R R. (s, t) € (rstep R)Y)
(is 2l = ?r)
(proof)

lemma critical-pairs-exl:
fixes o :: ('f, 'v) subst
assumes P: (I, r) € Pand R: (I',r') € Rand I: | = C(l")
and " is-Fun " and unif: I"” -o=1"-71
and b: b= (C =0)
shows 3 s t. (b, s, t) € critical-pairs P R
{proof)

end
end

5 Parallel Rewriting

5.1 Multihole Contexts

theory Multihole-Context
imports
Trs
FOR-Preliminaries
SubList
begin

unbundle lattice-syntax

5.1.1 Partitioning lists into chunks of given length

fun partition-by
where
partition-by xs [| =[] |
partition-by xs (y#ys) = take y xs # partition-by (drop y xs) ys

lemma partition-by-map0-append [simp):

partition-by xs (map (Az. 0) ys Q zs) = replicate (length ys) [| @Q partition-by xs
28

(proof )

lemma concat-partition-by [simp]:

sum-list ys = length s = concat (partition-by s ys) = xs
(proof )
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definition partition-by-idx where
partition-by-idz | ys i j = partition-by [0..<I] ys ! i ! j

lemma partition-by-nth-nth-old:
assumes i < length (partition-by xs ys)
and j < length (partition-by xs ys ! 7)
and sum-list ys = length xs
shows partition-by xs ys ! i | j = zs | (sum-list (map length (take i (partition-by
75 15)) + J)
(proof )

lemma map-map-partition-by:
map (map f) (partition-by xs ys) = partition-by (map f xs) ys
(proof )

lemma length-partition-by [simpl:
length (partition-by xs ys) = length ys
{proof )

lemma partition-by-Nil [simp]:
partition-by [| ys = replicate (length ys) ]
(proof )

lemma partition-by-concat-id [simp]:
assumes length rss = length ys
and Ai. i < length ys = length (zss! i) = ys i
shows partition-by (concat xss) ys = xss
(proof )

lemma partition-by-nth:

i < length ys = partition-by xs ys | i = take (ys ! i) (drop (sum-list (take i ys))
xs)
(proof)

lemma partition-by-nth-less:
assumes k < i and 7 < length zs
and length zs = sum-list (take i zs) + j
shows partition-by (zs Q y # ys) zs | k = take (zs ! k) (drop (sum-list (take k
2s)) xs)
(proof )

lemma partition-by-nth-greater:
assumes | < k and k < length zs and j < zs ! §
and length zs = sum-list (take i zs) + j
shows partition-by (xs Q y # ys) zs | k =
take (zs | k) (drop (sum-list (take k zs) — 1) (xs @Q ys))
(proof)
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lemma length-partition-by-nth:
sum-list ys = length xs = i < length ys = length (partition-by xs ys ! i) = ys
g

(proof)

lemma partition-by-nth-nth-elem:
assumes sum-list ys = length xs i < length ys j < ys! i
shows partition-by zs ys ! 1 ! j € set xs

(proof)

lemma partition-by-nth-nth:
assumes sum-list ys = length xs i < length ys j < ys! i
shows partition-by zs ys | i | j = xs | partition-by-idx (length xs) ys i j
partition-by-idz (length zs) ys i j < length xs
(proof )

lemma map-length-partition-by [simp]:
sum-list ys = length s = map length (partition-by xs ys) = ys
(proof)

lemma map-partition-by-nth [simp]:
i < length ys = map f (partition-by zs ys | ©) = partition-by (map f xs) ys ! i
(proof)

lemma sum-list-partition-by [simp]:
sum-list ys = length xs =
sum-list (map (Az. sum-list (map f x)) (partition-by zs ys)) = sum-list (map f
xs)
(proof)

lemma partition-by-map-conv:

partition-by xs ys = map (Ni. take (ys ! ©) (drop (sum-list (take i ys)) zs)) [0 ..<
length ys]

(proof)

lemma UN-set-partition-by-map:

sum-list ys = length xs = (|J z€set (partition-by (map f xs) ys). U (set z)) =
U (set (map [ xs))

{proof )

lemma UN-set-partition-by:

sum-list ys = length zs => (|J zs € set (partition-by xs ys). Uz € set zs. fz) =
(Uz € set xs. fx)

(proof)

lemma Ball-atLeast0Less Than-partition-by-conv:
(Vie{0..<length ys}. Y x€set (partition-by xs ys ! ). P x) =
(Vz € | (set (map set (partition-by zs ys))). P x)
(proof)
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lemma Ball-set-partition-by:

sum-list ys = length s —

(Vz € set (partition-by zs ys). Vy € set x. Py) = (Vz € set zs. P x)
(proof)

lemma partition-by-append?2:

partition-by xs (ys Q zs) = partition-by (take (sum-list ys) xs) ys Q partition-by
(drop (sum-list ys