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Abstract

This entry provides reusable theories that lift properties of first-
order (ground and nonground) terms to atoms, literals, and clauses.
These properties include substitutions, orders, entailment, and typing.
The sessions AFP/First_Order_Terms and AFP/Abstract_Substitution

are the basis of this entry.
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theory Generic-Term
imports Main
begin

type-synonym position = nat list

locale subterms =
fixes subterms :: 't = 't list
begin

primrec subterm-at :: 't = position = 't (infixl (4> 6/) where
th]]=t¢
|t i# p=subtermst!ilyp

end

locale smaller-subterms = subterms where subterms = subterms

for subterms :: 't = 't list +

notes conj-cong [fundef-cong]

fixes size :: 't = nat and is-var :: 't = bool

assumes subterms-smaller: \t' t. t' € set (subterms t) = size t' < size t
begin

function positions :: 't = position set where
positions t =
{Ipufi#plip

—is-var t A



i < length (subterms t) A
p € positions ((subterms t) ! i)}
{proof)

termination

(proof)
declare positions.simps [simp del]

lemma empty-positions [simp]: [| € positions ¢
(proof)

lemma nonempty-positions [simp]:

i # p € positions t «— —is-var t A\ i < length (subterms t) A p € positions
((subterms t) ! ©)

(proof )

end

locale term-interpretation = smaller-subterms where subterms = subterms
for subterms :: 't = 't list +
fixes

Fun :: 'f = 'e = 't list = 't and

fun-sym :: 't = 'f and

extra :: 't = e
assumes

term-fun-sym [simp]: \f e ts. fun-sym (Fun f e ts) = f and

term-extra [simp|: \f e ts. extra (Fun f e ts) = e and

subterms [simpl: \f e ts. subterms (Fun f e ts) = ts and

is-var-subterms [simp]: \t. is-var t = subterms ¢t = [] and

term-destruct: \t. —is-var t +— (3f e ts. t = Fun f e ts) and

term-inject [introl:

/\f1 €1 tSl f2 €2 t52. Fun fl €1 2351 = Fun f2 € tSQ — fl = fQ A €1 = €2 A

tSl = tSQ
begin

lemma interpret-term [simp]:
assumes —is-var t
shows Fun (fun-sym t) (extra t) (subterms t) =t

{proof)

inductive is-subterm-eq :: 't = 't = bool (infix <<y 55) where

subterm-refl [simp, introl: is-subterm-eq t t |

subterm [intro]: t' € set (subterms t) = is-subterm-eq t"' t' = is-subterm-eq
t"t

function all-subterms-eq :: 't = 't set where
all-subterms-eq t = {t} U | (all-subterms-eq ‘ set (subterms t))
(proof)



termination
(proof)

declare all-subterms-eq.simps [simp del]
lemmas term-induct = all-subterms-eq.induct

lemma all-subterms-eq-refl [simp]: t € all-subterms-eq t
(proof )

lemma all-subterms-eg-is-var [simp|: is-var t => all-subterms-eq t = {t}
{proof)

lemma all-subterms-eq-Fun [simp]:
all-subterms-eq (Fun f e ts) = {Fun f e ts} U | (all-subterms-eq ¢ set ts)
{proof )

lemma all-subterms-eq-is-subterm-eq: all-subterms-eq t = {t'. t' < t}
(proof)

end

end

theory Context-Notation
imports Main

begin

locale apply-context-notation =
fixes apply-context :: 'c = 't = 't
begin
notation apply-context (<-(-)» [1000, 0] 1000)
end
locale hole-notation =
fixes hole :: 'c
begin
notation hole («[))
end
locale compose-context-notation =
fixes compose-context :: 'c = 'c = 'c

begin

notation compose-context (infixl <o.> 75)



end

locale context-notation =
apply-context-notation +
hole-notation +
compose-context-notation

end

theory Generic-Context
imports Context-Notation

begin

locale context =
context-notation +
assumes
compose-context-iff [simp]: \(c 2 '¢) ¢’ (t =2 't). (¢ o, ¢'){t) = ¢(c'(t)) and
compose-hole [simp]: Nc. O o, ¢ = ¢ Ae. ¢ o, O = ¢ and
apply-hole [simp]: At. O(t) = t and
apply-context-eq: Nc tt'. c(t) = c(t) = t =t¢’

locale context-interpretation =
context where apply-context = apply-context
for apply-context :: 'c = 't = 't +
fixes
More :: 'f = e = 't list = ¢ = 't list = 'c and
fun-sym :: ‘¢ = 'f and
extra :: 'c = 'e and
subterms; :: 'c = 't list and
subcontext :: 'c = ’c and
subterms, :: 'c = 't list
assumes
context-fun-sym [simpl: \f e ls ¢ rs. fun-sym (More f e ls ¢ rs) = f and
contezt-extra [simp): Nf e ls ¢ rs. extra (More f e ls ¢ rs) = e and
subterms; [simp]: N\f e ls ¢ rs. subterms; (More f e ls ¢ rs) = Is and
subcontext [simp]: N\f e ls ¢ rs. subcontext (More f e ls ¢ rs) = ¢ and
subterms, [simpl: \f e ls ¢ rs. subterms, (More f e ls ¢ rs) = rs and
context-destruct: \e. ¢ 20 «— (Ifels ¢’ rs. ¢ = More fels ¢’ rs) and
context-inject [intro]:
More f1 ey ls1 ¢1' rs1 = More fo eo Isy co' 1859 =
fi=faANe=e Alsy =1Isg A et/ = co' A rsy = rsy and
compose-context [simpl: More fels ¢ rs o, ¢/ = More fels (¢ o. ¢) rs
begin

lemma interpretation-not-hole [intro|: More f e ls ¢’ rs # O

{proof)

end



locale smaller-subcontext =
fixes hole :: 'c and size :: 'c = nat and subcontext :: 'c = 'c
assumes subcontezt-smaller: Nc. ¢ # hole = size (subcontext ¢) < size ¢

end
theory Generic-Term-Context
imports
Generic-Term
Generic-Context
begin

locale term-context-interpretation =

term-interpretation where Fun = Fun +

context-interpretation where More = More and fun-sym = fun-sym. and extra
= extra.
for

Fun :: 'f = 'e = 't list = 't and

More :: 'f = 'e = "t list = ¢ = 't list = 'c and

fun-sym, extra. +
assumes apply-context [simp]: Nf e ls ¢ rs t. (More f e ls ¢ rs)(t) = Fun fe (Is @Q
c(t) # rs)
begin

lemma is-subterm-obtain-context [elim]:
assumes t’' < t
obtains ¢ where t = ¢(t')

{proof)

end

locale hole-position =
smaller-subterms where subterms = subterms +
context where apply-context = apply-context
for
subterms :: 't = 't list and
apply-context :: 'c = 't = 't +
fixes hole-position :: 'c = position
assumes
subterm-at-hole-position [simp]: Nc t. ¢(t) |y hole-position ¢ = ¢ and
hole-position-in-positions [intro]: A\c t. hole-position ¢ € positions (c(t))

locale context-at = hole-position where apply-context = apply-context
for apply-context :: 'c = 't = "t +
fixes context-at :: 't = position = 'c (infixl > 64)
assumes
context-at-root [simpl: t !, [| = O and
context-at-hole [simp]: N\c t. ¢(t) ! (hole-position ¢) = ¢ and
context-at-subterm-at [simp]: Ap t. p € positions t = (¢t 1. p)(t 1t p) =t
begin



abbreviation replace-at («-[- := -] [70, 0, 50] 70) where
replace-at t p s = (t 1. p)(s)

lemma replace-at-hole [simp]: c(t)[hole-position ¢ := t'] = ¢(t')
{proof)

lemma replace-at-id [simpl: t[[] :=t] = ¢
{proof)

end

locale replace-at-subterm =
context-at +
term-interpretation +
assumes
replace-at-subterm [simp]:
Nfetsipt. Funfets[i # p:=1] =
Fun f e (take i ts Q ts ! i[p := t] # drop (Suc i) ts)

end
theory Ground-Term-Rewrite-System
imports
Generic-Context
Abstract— Rewriting. Abstract- Rewriting
begin

locale ground-term-rewrite-system =
context where apply-context = apply-context
for apply-context :: 'c = 't = 't

begin

definition compatible-with-context :: 't rel = bool where
compatible-with-context I <— (Yt t' c. (¢, t') € I — (¢(t), ¢(t)) € I)

lemma compatible-with-contextD:
compatible-with-context I = (t, t') € I = (c(t), c(t’)) € I
(proof )

lemma compatible-with-context-converse:
assumes compatible-with-context 1
shows compatible-with-context (I71)

{proof)

lemma compatible-with-context-symcl:
assumes compatible-with-context 1
shows compatible-with-context (I°7)

(proof)



lemma compatible-with-context-rtrancl:
assumes compatible-with-context 1
shows compatible-with-context (I*)

{proof)

lemma compatible-with-context-relcomp:
assumes compatible-with-context I1 and compatible-with-context 12
shows compatible-with-context (11 O I2)

{proof)

lemma compatible-with-context-join:
assumes compatible-with-context 1
shows compatible-with-context (IV)

{proof)

lemma compatible-with-context-conversion:
assumes compatible-with-context 1
shows compatible-with-context (1)

{proof)

definition rewrite-in-context :: 't rel = 't rel where
rewrite-in-context R = {(c(t1), c(t2)) | ¢ t1 ta. (t1, t2) € R}

lemma mem-rewrite-in-context-if-mem-rewrite-rules|introl:
(I, 7) € R = (I, r) € rewrite-in-context R
(proof)

lemma context-mem-rewrite-in-context-if-mem-rewrite-rules|introl:
(I, r) € R = (c(l), ¢(r)) € rewrite-in-context R
{proof)

lemma rewrite-in-context-mono: R C S = rewrite-in-context R C rewrite-in-context

S
{proof)

lemma rewrite-in-context-union:
rewrite-in-context (R U S) = rewrite-in-context R U rewrite-in-context S

{proof)

lemma rewrite-in-context-insert:
rewrite-in-context (insert r R) = rewrite-in-context {r} U rewrite-in-context R

(proof )

lemma converse-rewrite-steps: (rewrite-in-context R)~! = rewrite-in-context (R~1)
{proof )

lemma rhs-lt-lhs-if-rule-in-rewrite-in-context:
fixes less-trm :: 't = 't = bool (infix <; 50)
assumes



rule-in: (t1, t2) € rewrite-in-context R and

ball-R-rhs-lt-lhs: N\t1 t2. (11, t2) € R = t2 <, tI and

compatible-with-context: \t1 t2 c. 12 <, t1 = c(t2) < c(t1)
shows t2 <; t1

(proof)

lemma mem-rewrite-step-union-NF':
assumes (t, t') € rewrite-in-context (R1 U R2)
t € NF (rewrite-in-context R2)
shows (¢, t) € rewrite-in-context R1

(proof)

lemma predicate-holds-of-mem-rewrite-in-context:
assumes rule-in: (t1, t2) € rewrite-in-context R and
ball-P: A\t t2. (t1, t2) € R = P t1 ¢t2 and
preservation: \t1 t2 c. (t1, t2) € R = P t1 t2 = P c(t1) c(t2)
shows P t1 t2

(proof)

lemma compatible-with-context-rewrite-in-context [simp):
compatible-with-context (rewrite-in-context E)

{proof)

lemma subset-rewrite-in-context [simp): E C rewrite-in-context E
(proof)

lemma wf-converse-rewrite-in-context:
fixes E :: 't rel
assumes
wfP-R: wfP R and
R-compatible-with-context: Nc tt'. R tt' = R ¢(t) ¢(t’) and
equations-subset-R: Az y. (¢, y) € E = Ry«z
shows wf ((rewrite-in-context E)~1)
(proof)

lemma rewrite-in-context-add-context [intro):
assumes (s, t) € (rewrite-in-context R)
shows (¢(s), ¢(t)) € (rewrite-in-context R)
{proof )

lemma rewrite-in-context-trancl-add-context [intro):
assumes (s, t) € (rewrite-in-context R)*
shows (¢(s), ¢(t)) € (rewrite-in-context R)*
(proof)

end

end
theory Parallel-Induct



imports First-Order-Terms.Position
begin

lemma parallel-induct [case-names parallel base step):
assumes
parallel: py 1L ps and
base: Ap1 p2 1§ q1 q2- p1 =i # @ => p2 = j # qo = i # j = P p1 p2
and
step:
Ap1p2pkijaqr qo
p=k#pQi# qg =
p2=k#pQj# g —
1 #j=
PpQi# q) (pQj# q2) =
P p1 p2
shows P p; ps

(proof)

end
theory Parallel-Rewrite
imports
Parallel-Induct
Generic-Term-Context
Ground-Term-Rewrite-System
begin

locale parallel-rewrite =
term-interpretation where Fun = Fun and is-var = A-. False +
smaller-subcontext where size = size, +
replace-at-subterm where Fun = Fun and is-var = A-. False +
ground-term-rewrite-system
for Fun :: 'f = ‘e = 't list = 't and size. :: '¢c = nat

begin

lemma parallel-induct-in-positions [case-names parallel p1-in-t ps-in-t base step:
assumes
parallel: py L ps and
p1-in-t: p1 € positions t and
p2-in-t: pa € positions t and
base:
Ap1p2ijar g2tfets
P=1% =
P2 =j# 2=
1 £ j =
t = Fun fets =
j < length ts =
i < length ts =
Ppl P2 t and
step:

10



Ap1p2epkijqg qgatfets.
pr=k#pQi# q =
p2=k#pQjH# =
1# ] =
t = Fun fets =
k < length ts =
p1 € positions t =
p2 € positions T =
P(pQid qi)(pQj# q2) (ts! k) =
Ppipst
shows P p; po t

{proof)

lemma parallel-replace-at:
assumes p; L po py1 € positions t ps € positions t
shows t[p1 = s1][p2 := s2] = t[p2 = s2][p1 = 1]
(proof)

lemma parallel-rewrite-in-context:

assumes
parallel: py L ps and
p1-in-t: p1 € positions t and
p2-in-t: pa € positions t and
122 12 =1 !t P2 and
lo-T9: (12, T‘Q) €R

shows (t[p1 := v], t[p1 := v][p2 := r2]) € rewrite-in-context R (is (?t1,%t2) €

(proof)
end

end
theory Ground-Critical-Pairs
imports
Generic-Term-Context
Ground-Term-Rewrite-System
Parallel-Rewrite
begin

Adapted from First_ Order_ Rewriting.Critical _Pairs
context ground-term-rewrite-system

begin

definition ground-critical-pairs :: 't rel = 't rel where
ground-critical-pairs R = {(c(ra), r1) | ¢ lr1 r2. (¢{l), r1) € R A (I, r2) € R}

abbreviation ground-critical-pair-theorem where

ground-critical-pair-theorem R =
WCR (rewrite-in-context R) <— ground-critical-pairs R C (rewrite-in-context

11



R)*

lemma ground-critical-pairs-fork:
fixes R :: 't rel
assumes ground-critical-pairs: (I, r) € ground-critical-pairs R
shows (r, l) € (rewrite-in-context R)™' O rewrite-in-context R

(proof)

lemma ground-critical-pairs-complete:
fixes R :: 't rel
assumes
ground-critical-pairs: (I, r) € ground-critical-pairs R and
no-join: (1, r) & (rewrite-in-context R)
shows - WCR (rewrite-in-context R)

(proof)

definition ground-critical-peaks ::'t rel = ('t x 't x 't) set where
ground-critical-peaks R = { (c(r'), c(l), r) | lrr’c. (e{l),r) € RA(l, ") € R}

lemma ground-critical-peak-to-pair:
assumes (I, m, r) € ground-critical-peaks R
shows (I, r) € ground-critical-pairs R
(proof)

end

locale ground-critical-pairs =
term-context-interpretation where More = More and is-var = A-. False +
parallel-rewrite where Fun = Fun

for
More :: 'f = e = "t list = 'c = "t list = 'c

begin

lemma ground-critical-peaks-main:

fixes R :: treland tus: 't

assumes t-u: (t, u) € rewrite-in-context R and t-s: (t, s) € rewrite-in-context R

shows

(s, u) € join (rewrite-in-context R) V
Helmr.s=c() Nt =c(m) Nu=c(r) A
((1, m, r) € ground-critical-peaks R Vv (r, m, 1) € ground-critical-peaks R))

(proof)

lemma ground-critical-pairs-main:
assumes (s, 1) € rewrite-in-context R (s, t2) € rewrite-in-context R
shows
(t1, ta) € (rewrite-in-context R)¥ V
Helr. ty=c{l) Ata = c{r) A
((1, r) € ground-critical-pairs R V (r, l) € ground-critical-pairs R))

{proof)

12



lemma ground-critical-pairs:
assumes ground-critical-pairs:
Nl r. (I, r) € ground-critical-pairs R = | # r =
Is. (I, 8) € (rewrite-in-context R)* A (r, s) € (rewrite-in-context R)*
shows WCR (rewrite-in-context R)
(proof)

theorem ground-critical-pair-theorem: ground-critical-pair-theorem R (is 2l = 7r)

{(proof)

end

end

theory Typing
imports Main

begin

locale typing =
fixes welltyped :: 'expr = 'ty = bool
assumes right-unique: right-unique welltyped
begin
lemmas right-uniqueD [dest] = right-uniqueD[OF right-unique]

end

locale base-typing = typing
begin

abbreviation is-welltyped where
is-welltyped expr = 31. welltyped expr T

end

locale typing-lifting = sub: typing where welltyped = sub-welltyped
for sub-welltyped :: 'sub = 'ty = bool +
fixes to-set :: 'expr = 'sub set

begin

definition is-welltyped where
is-welltyped expr = 3 7. V sub € to-set expr. sub-welltyped sub T

abbreviation welltyped where
welltyped expr (-::unit) = is-welltyped expr

sublocale typing where welltyped = welltyped
(proof )

13



end

end
theory Term-Typing
imports
Context-Notation
Typing
begin

locale context-compatible-typing =
apply-context-notation +
fixes welltyped
assumes
welltyped-context-compatible [intro):
Nttier Tl
welltyped t 7/ =
welltyped t' 7/ =
welltyped c(t) 7 =
welltyped c(t’) T

locale subterm-typing =
apply-context-notation +
fixes welltyped
assumes
welltyped-subterm [intro):
Ne t 7. welltyped ¢(t) 7 = A7’ welltyped t 7’

locale term-typing =
base-typing +
context-compatible-typing +
subterm-typing

end
theory IsaFoR-Abstract-Context
imports
First-Order-Terms.Subterm-and-Context
Generic-Context
begin

fun fun-sym. :: ('f, 't) actzt = 'f where
fun-sym. (More f - - -) = f

fun subterms; = ('f, 't) actat = 't list where
subterms; (More - ls - -) = Is

fun subcontext :: ('f, 't) actat = (’f, 't) actrt where
subcontext (More - - ¢ -) = ¢

14



fun subterms, :: ('f, 't) actzt = 't list where
subterms, (More - - - 1s) = rs

interpretation abstract-context: smaller-subcontert where
hole = [0 and subcontert = subcontert and size = size

(proof)

end
theory IsaFoR-Ground-Term
imports
Regular-Tree- Relations. Ground-Terms
Generic-Term
begin

abbreviation (input) is-var where
is-var - = False

interpretation gterm: smaller-subterms where
subterms = gargs and size = size and is-var = is-var
(proof )

interpretation gterm: term-interpretation where

Fun = \f -. GFun f and fun-sym = groot-sym and subterms = gargs and extra
= A-() and

is-var = is-var and size = size

(proof )

end
theory IsaFoR-Ground-Context
imports
Generic-Term-Context
IsaFoR-Abstract-Context
IsaFoR-Ground-Term
begin

type-synonym 'f gcontext = ('f, 'f gterm) actat

abbreviation apply-ground-context (<-(-)¢» [1000, 0] 1000) where
c(t)e = GFun{c;t)

fun context-atg :: 'f gterm = pos = 'f gcontext where

context-atg t [| = O |

context-atg (GFun f ts) (i # ps) = More f (take i ts) (context-atg (ts!i) ps)
(drop (Suc i) ts)

interpretation gcontext: term-context-interpretation where

subterms = gargs and fun-sym = groot-sym and extra = A-. () and is-var =
is-var and

Fun = A\f -. GFun f and

15



hole = O and apply-context = apply-ground-context and compose-context = (o)
and

More = \f-. More f and fun-sym. = fun-sym. and extra. = A-. () and subterms
= subterms; and

subcontext = subcontext and subterms, = subterms, and size = size

(proof)

interpretation gcontext: replace-at-subterm where

subterms = gargs and fun-sym = groot-sym and extra = A-. () and is-var =
is-var and

Fun = A\f -. GFun f and size = size and

hole = O and apply-context = apply-ground-context and compose-context = (o)
and

hole-position = hole-pos and context-at = context-atg

(proof)

end
theory Ground-Term-Typing
imports
Term-Typing
IsaFoR-Ground-Context
begin

type-synonym ('f, 'ty) fun-types = 'f = nat = ("ty list x "ty) option

inductive welltyped for F ::('f, 'ty) fun-types where
GFun: welltyped F (GFun f ts) T if
F f (length ts) = Some (s, T)
list-all2 (welltyped F) ts Ts

notation welltyped (<- + -: - [1000, 0, 50] 50)

global-interpretation term: term-typing where
welltyped = welltyped F and apply-context = apply-ground-context

(proof)
end
theory Nonground-Term

imports Abstract-Substitution. Based-Substitution- Lifting
begin
locale vars-def =

fixes vars-def :: 'expr = 'var
begin

abbreviation vars = vars-def

end

16



locale is-ground-def =
fixes is-ground-def :: 'expr = bool
begin

abbreviation is-ground = is-ground-def
end

locale grounding-def =
fixes
to-ground-def :: 'expr = 'ezprg and
from-ground-def :: 'exprg = 'expr
begin

abbreviation to-ground = to-ground-def
abbreviation from-ground = from-ground-def

end

locale base-properties =
base-substitution +
based-subst-update where
base-vars = vars and base-subst = subst and base-is-ground = is-ground +
all-subst-ident-iff-ground +
exists-non-ident-subst +
grounding +
finite-variables +
renaming-variables +
create-renaming where
base-vars = vars and base-subst = subst and base-is-ground = is-ground +
variables-in-base-imgu where
base-vars = vars and base-subst = subst and base-is-ground = is-ground +
exists-ground

locale nonground-term =
base-properties where
subst = term-subst and vars = term-vars and to-ground = term-to-ground and
from-ground = term-from-ground and is-ground = term-is-ground
for
term-subst :: 't = ‘subst = 't and
term-vars :: 't = 'v set and
term-is-ground :: 't = bool and
term-to-ground :: 't = "tg and
term-from-ground :: 'tq = 't
begin

abbreviation Var where

17



Var x = x -v id-subst
notation term-subst (infixl -t 67)
sublocale vars-def where vars-def = term-vars {proof)
sublocale is-ground-def where is-ground-def = term-is-ground (proof)

sublocale grounding-def where
to-ground-def = term-to-ground and from-ground-def = term-from-ground (proof)

abbreviation is- Var where
is-Var t = dx. t = Var z N\ exists-nonground

abbreviation the-Var where
the-Var t = SOME z. t = Var x

end

locale lifting =
based-substitution-lifting +
all-subst-ident-iff-ground-lifting +
grounding-lifting +
based-subst-update-lifting +
renaming-variables-lifting +
variables-in-base-imgu-lifting +
exists-ground-lifting

locale term-based-lifting =
term: nonground-term +
lifting where
base-subst = term-subst and base-vars = term-vars and base-is-ground = term-is-ground

end
theory Multiset-Extra
imports
HOL- Library. Multiset
HOL— Library. Multiset-Order
Nested-Multisets- Ordinals. Multiset-More
Abstract-Substitution. Natural-Magma-Functor
begin

lemma exists-non-empty-multiset [introl: 3 M. M # {#}
{proof)

global-interpretation muliset-magma: natural-magma-with-empty where
to-set = set-mset and plus = (+) and wrap = M. {#I#} and add = add-mset

and empty = {#}
{proof)
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(ML)

global-interpretation multiset-functor: non-empty-natural-functor where
map = image-mset and to-set = set-mset
(proof)

global-interpretation multiset-functor: natural-functor-conversion where

map = image-mset and to-set = set-mset and map-to = image-mset and
map-from = image-mset and

map’ = image-mset and to-set’ = set-mset

(proof)

global-interpretation muliset-functor: natural-magma-functor where

map = image-mset and to-set = set-mset and plus = (+) and wrap = Al. {#I1#}
and add = add-mset

(proof)

lemma one-le-countE:
assumes I < count M x
obtains M’ where M = add-mset © M’

{proof)

lemma two-le-countE:
assumes 2 < count M x
obtains M’ where M = add-mset z (add-mset x M)
(proof )

lemma three-le-countE:
assumes 3 < count M x
obtains M’ where M = add-mset z (add-mset x (add-mset © M'))

(proof)

lemma one-step-implies-multp g o-strong:
fixes A B J K :: - multiset
defines /=B — Aand K =4 — B
assumes J # {#}and Vk e# K. oz €# J. Rk«
shows multpgo R A B

{proof)

lemma Unig-antimono: Q < P = Uniq Q > Uniq P
(proof )

lemma Unig-antimono”: (Az. @ © = P x) = Uniq P = Uniq Q
(proof )

lemma multp-singleton-right|simp]:

assumes transp R
shows multp R M {#az#} +— (Vy €# M. R y x)
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(proof)

lemma multp-singleton-left[simp]:

assumes transp R

shows multp R {#ax#} M «— ({#z#} CH MV (3y e# M. Rz y))
(proof)

lemma multp-singleton-singleton[simp): transp R = multp R {#az#} {#y#} +—
Raxy
(proof )

lemma multp-subset-supersetl: transp R = multp R A B — C C# A = B
C# D= multp RCD
(proof )

lemma multp-double-doublel:
assumes transp R multp R A B
shows multp R (A + A) (B + B)
(proof )

lemma multp-implies-one-step-strong:
fixes A BI1J K :: - multiset
assumes transp R and asymp R and multp R A B
defines J =B — Aand K =A — B
shows J # {#} and Vk €¢# K. 3z €# J. Rk«

(proof)

lemma multp-double-doubleD:
assumes transp R and asymp R and multp R (A + A) (B + B)
shows multp R A B

{(proof)

lemma multp-double-double:
transp R = asymp R = multp R (A + A) (B + B) +— multp R A B

{proof)

lemma multp-doubleton-doubleton|simp]:
transp R = asymp R = multp R {#=x, a#} {#y, y#} +— Rz y
{proof )

lemma multp-single-doublel: M # {#} = multp R M (M + M)
(proof)

lemma multi-implies-one-step-strong:

assumes trans r and asym r and (A, B) € mult! r

shows B — A # {#}andVke# A — B. 3je# B— A (k j)er
(proof)

lemma asymp-multp:
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assumes asymp R and transp R
shows asymp (multp R)

{proof)

lemma multp-doubleton-singleton: transp R = multp R {# =, © #} {# v #}
<— Rzy

{proof)

lemma image-mset-removel-mset:

assumes nj f

shows removel-mset (f a) (image-mset f X) = image-mset f (removel-mset a
X)

(proof)

lemma multpp rr-map-strong:
assumes
f-mono: monotone-on (set-mset (M1 + M2)) R S f and
M1-lt-M2: multppyr R M1 M2
shows multppyr S (image-mset f M1) (image-mset f M2)
(proof)

lemma multp-map-strong:
assumes
transp: transp R and
f-mono: monotone-on (set-mset (M1 + M2)) R S f and
M1-1t-M2: multp R M1 M2
shows multp S (image-mset f M1) (image-mset f M2)
(proof)

lemma multpyo-add-mset:
assumes asymp R transp R R x y multpgo R X Y
shows multpgo R (add-mset © X) (add-mset y Y)

{proof)

lemma multp-add-mset:
assumes asymp R transp R R x y multp R X Y
shows multp R (add-mset z X) (add-mset y Y)

{proof)

lemma multp-add-mset’:
assumes R z y
shows multp R (add-mset z X) (add-mset y X)

{proof)

lemma multp-add-mset-reficlp:
assumes asymp R transp R Rz y (multp R)™= X Y
shows multp R (add-mset z X) (add-mset y Y)

{proof)
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lemma multp-add-same [simp]:
assumes asymp R transp R
shows multp R (add-mset x X) (add-mset z V) +— multp RX Y

(proof)

lemma inj-mset-plus-same: inj (AX :: 'a multiset . X + X)
(proof)

lemma multp-image-lesseq-if-all-lesseq:
assumes
asymp: asymp R and
transp: transp R and
all-lesseq: Vae#X. R== (fz) (g x)
shows (multp R)== (image-mset f X) (image-mset g X)
(proof)

lemma multp-image-less-if-all-lesseq-ex-less:
assumes
asymp: asymp R and
transp: transp R and
all-less-eq: Y xe#X. R== (fz) (g ) and
ex-less: Jze#X. R (fz) (g x)
shows multp R {# fz. v €# X #} {# guz. v €# X #}
(proof )

lemma not-reflp-multpp pr: — reflp (multppar R)
(proof )

lemma not-less-empty-multppar: — multppy B X {#}

(proof)

lemma not-reflp-multpy o: — reflp (multpgo R)
(proof )

lemma not-less-empty-multpgo: = multpgo R X {#}
(proof)

lemma not-refl-mult: — refl (mult R)
(proof )

lemma not-less-empty-mult: (X, {#}) ¢ mult R
(proof)

lemma empty-less-mult: X # {#} = ({#}, X) € mult R
(proof)

lemma not-reflp-multp: — reflp (multp R)
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{proof)

lemma empty-less-multp: X # {#} = multp R {#} X
(proof)

lemma not-less-empty-multp: — multp R X {#}
(proof)

lemma trans-mult: trans (mult r)
(proof)

lemma transp-multp: transp (multp r)
(proof )

end
theory Multiset-Grounding-Lifting
imports
HOL— Library. Multiset
Abstract-Substitution. Substitution- Lifting
begin

locale multiset-grounding-lifting =
substitution-lifting where to-set = set-mset and map = image-mset +
grounding-lifting where
to-set = set-mset and map = image-mset and to-ground-map = image-mset and
from-ground-map = image-mset and ground-map = image-mset and to-set-ground
= set-mset
begin

sublocale natural-magma-with-empty-grounding-lifting where

plus = (+) and wrap = M. {#I#} and plus-ground = (+) and wrap-ground =
Al {#1#} and

empty = {#} and empty-ground = {#} and to-set = set-mset and map =
image-mset and

to-ground-map = image-mset and from-ground-map = image-mset and ground-map
= image-mset and

to-set-ground = set-mset and add = add-mset and add-ground = add-mset

(proof)
sublocale natural-magma-functor-substitution-lifting where

plus = (+) and wrap = M. {#1#} and to-set = set-mset and map = image-mset
and add = add-mset

(proof)

end

end
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theory Nonground-Clause-Generic
imports
Nonground-Term
Multiset-Extra
Multiset-Grounding-Lifting
Saturation-Framework-Extensions. Clausal-Calculus
begin

1 Nonground Clauses and Substitutions

1.1 Setup for lifting from terms

locale term-based-multiset-lifting =
term-based-lifting where
map = image-mset and to-set = set-mset and to-ground-map = image-mset and
from-ground-map = image-mset and ground-map = image-mset and to-set-ground
= set-mset
begin

sublocale multiset-grounding-lifting

{proof)

end

locale nonground-clause-generic =

literal: term-based-lifting where

sub-vars = atom-vars and sub-subst = atom-subst and

sub-is-ground = atom-is-ground and sub-to-ground = atom-to-ground and

sub-from-ground = atom-from-ground and map = map-literal and to-set =
set-literal and

to-ground-map = map-literal and from-ground-map = map-literal and ground-map
= map-literal and

to-set-ground = set-literal
for

atom-from-ground :: 'g = 'a and

atom-to-ground :: 'a = 'g and

atom-subst :: 'a = 'subst = 'a and

atom-vars :: 'a = 'v set and

atom-is-ground :: 'a = bool
begin

1.2 Nonground Literals

notation atom-subst (infixl -a 66)
notation literal.subst (infixl -[ 66)

lemma vars-literal [simp]:
literal.vars (Pos a) = atom-vars a
literal.vars (Neg a) = atom-vars a
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literal.vars ((if b then Pos else Neg) a) = atom-vars a
{proof)

lemma subst-literal [simp]:
Pos a -l 0 = Pos (a -a o)
Neg a -l 0 = Neg (a -a o)
atm-of (I -1 o) = atm-of | -a o
(proof)

lemma subst-literal-if [simpl:
(if b then Pos else Neg) a -l 0 = (if b then Pos else Neg) (a -a o)
{proof )

lemma subst-polarity-stable:
shows
subst-neg-stable [simp)]: is-neg (I -1 o) <— is-neg | and
subst-pos-stable [simpl: is-pos (I -1 o) +— is-pos |
(proof)

declare literal.discI [intro]

lemma literal-from-ground-atom-from-ground [simp):
literal. from-ground (Neg ag) = Neg (atom-from-ground ac)
literal. from-ground (Pos ag) = Pos (atom-from-ground ac)
(proof )

lemma literal-from-ground-polarity-stable [simp]:
shows
neg-literal-from-ground-stable: is-neg (literal. from-ground lg) <— is-neg lg and
pos-literal-from-ground-stable: is-pos (literal.from-ground lg) <— is-pos lg

(proof)

lemma literal-to-ground-atom-to-ground [simp]:
literal.to-ground (Pos a) = Pos (atom-to-ground a)
literal.to-ground (Neg a) = Neg (atom-to-ground a)

{proof)

lemma literal-is-ground-atom-is-ground [intro]:
literal.is-ground | «— atom-is-ground (atm-of 1)
{proof )

1.3 Nonground Clauses

sublocale clause: term-based-multiset-lifting where

sub-subst = literal.subst and sub-vars = literal.vars and sub-is-ground = lit-
eral.is-ground and

sub-to-ground = literal.to-ground and sub-from-ground = literal.from-ground

{proof)
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notation clause.subst (infixl - 67)

lemmas clause-submset-vars-clause-subset [intro] =
clause.to-set-subset-vars-subset[ OF set-mset-monol

lemmas sub-ground-clause = clause.to-set-subset-is-ground[OF set-mset-mono)

lemma subst-clause-removel-mset [simp]:
assumes [ €# C
shows removel-mset | C - o = removel-mset (I -l o) (C - o)

(proof)

lemma clause-from-ground-removel-mset [simp]:
clause.from-ground (removel-mset lg Cg) =
removel-mset (literal.from-ground lg) (clause.from-ground Cq)

(proof)

end

locale groundable-nonground-clause =

nonground-clause-generic where atom-subst = atom-subst
for

atom-subst :: 'a = 'subst = 'a and

is-ground-instance :: 'env = 'a clause = 'subst = bool +
assumes is-ground-instance-is-ground:

AL C #. is-ground-instance T' C v = clause.is-ground (C - )
begin

definition ground-instances where
ground-instances I' C' = { clause.to-ground (C - v) | 7. is-ground-instance T C

v}

end

end
theory Selection-Function

imports Ordered-Resolution-Prover. Clausal-Logic
begin

type-synonym ’a select = ’a clause = 'a clause

locale selection-function =
fixes select :: 'a select
assumes
select-subset: \C. select C C# C and
select-negative-literals: NC 1. | €# select C = is-neg |

end
theory Nonground-Selection-Function
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imports
Nonground-Clause-Generic
Selection-Function
begin

context nonground-clause-generic
begin

definition is-select-grounding :: 'a select = 'q select = bool where
is-select-grounding select selectg =V Cq. 3C 7.
clause.is-ground (C - ) A
Cq = clause.to-ground (C - 7) A
selecta Cq = clause.to-ground ((select C) - )

end

locale nonground-selection-function =
nonground-clause-generic where atom-to-ground = atom-to-ground +
selection-function select
for
select :: 'a clause = 'a clause and
atom-to-ground :: 'a = 'g
begin

abbreviation is-grounding :: 'q select = bool where
is-grounding selectq = is-select-grounding select selecta

definition select;s where
selectgs = { selectg. is-grounding selects }

definition selectg-simple where
selectg-simple C = clause.to-ground (select (clause.from-ground C'))

lemma selectg-simple: is-grounding selectq-simple
(proof)

lemma select-is-ground:
assumes clause.is-ground C
shows clause.is-ground (select C)

{proof)

lemma is-ground-in-selection:
assumes | €# select (clause.from-ground C)
shows literal.is-ground 1

(proof)
lemma ground-literal-in-selection:

assumes clause.is-ground C lg €7 clause.to-ground C
shows literal.from-ground lg €# C
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{proof)

lemma select-ground-subst:
assumes clause.is-ground (C - )
shows clause.is-ground (select C - )

{proof)

lemma select-neg-subst:
assumes [ €# select C' - vy
shows is-neg [
(proof)

lemma select-vars-subset: \C. clause.vars (select C) C clause.vars C
{proof)

end

end

theory HOL-Eztra
imports Main

begin

lemmas Unigl = Unig-1

lemma Unig-prodl:
assumes Azl yl 22 y2. Pzl yl = P 22 y2 = (x1, y1) = (22, y2)
shows 3<q(z, y). Pz y
(proof )

lemma Unig-implies-exl: 3<12. Pr = Py = 3lz. Pz

(proof)

lemma Unig-antimono: @ < P = Uniq @Q > Uniq P
(proof)

lemma Unig-antimono”. (Nz. Q © = P ©) = Uniq P = Uniq Q
(proof )

lemma Collect-eg-if-Unig: (3<1z. Pz) = {z. Pz} = {} vV (3z. {z. Pz} = {z})
{proof)

lemma Collect-eq-if- Unig-prod:

23 g;ﬂi, y). Pry) = {(z,y). Py} ={} v Bzy. {(z,9). Pzy} = {(z, y)})
PTroo

lemma Ball-Ez-comm:
Vze X.3f. P (fz)2) = (3f.Vz e X. P (fz) x)
3f. Ve X. P (fz)z) = (Vz e X.3f. P (fz) x)
(proof )
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lemma set-map-id:
assumes z € set X fz ¢ set X map fX = X
shows Fulse

(proof)

lemma Ball-singleton: (Vz € {z}. Pz) «— Pz
{proof)

end
theory Grounded-Selection-Function
imports
Nonground-Selection-Function
HOL-Ezxtra
begin

context groundable-nonground-clause
begin

abbreviation select-subst-stability-on-clause where
select-subst-stability-on-clause select selectqg Ca T’ C v =
C - v = clause.from-ground Cg N
selecta Cq = clause.to-ground ((select C) - v) A
is-ground-instance I' C' ~

abbreviation uncurried-ground-instances where
uncurried-ground-instances C = ground-instances (fst C) (snd C)

abbreviation select-subst-stability-on where
select-subst-stability-on select selecta N =
V Cq € U (uncurried-ground-instances * N). (e, C) € N. 3.
select-subst-stability-on-clause select selectg Cq e C vy

lemma obtain-subst-stable-on-select-grounding:
fixes select :: 'a select
obtains selectg where
select-subst-stability-on select selectg N
is-select-grounding select selecta

(proof)

end

locale grounded-selection-function =
nonground-selection-function where select = select and atom-subst = atom-subst
+
groundable-nonground-clause where atom-subst = atom-subst
for
select :: 'a select and
atom-subst :: 'a = 'subst = 'a +
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fixes selecta
assumes selectq: is-select-grounding select selecta
begin

abbreviation subst-stability-on where
subst-stability-on N = select-subst-stability-on select selectq N

lemma selectq-subset: selectg C CH#H C
(proof)

lemma select-negative-literals:
assumes lg €# selectg Ca
shows is-neg g

(proof)

sublocale ground: selection-function selecta
{proof )

end

end

theory Infinite- Variables
imports Fresh-Identifiers. Fresh

begin

locale infinite-variables =
fixes exists-nonground :: bool and variables :: 'v set
assumes
variables = UNIV and
infinite-variables: exists-nonground = infinite (UNIV :: 'v set)

sublocale infinite C infinite-variables True UNIV :: 'a set

(proof)

end
theory Restricted-Order
imports
Main

begin

2 Restricted Orders

locale relation-restriction =
fixes R :: 'a = 'a = bool and lift :: 'b = 'a
assumes inj-lift [intro|: inj lift

begin

definition R, :: 'b = 'b = bool where
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R, bb' = R (lift b) (lift b")

end

2.1 Strict Orders

locale strict-order =

fixes
less :: 'a = 'a = bool (infix < 50)
assumes

transp [intro]: transp (<) and
asymp |intro]: asymp (<)
begin

abbreviation less-eq where less-eq = (<)==

notation less-eq (infix < 50)

sublocale order (%) (<)
{proof )

end
locale strict-order-restriction =
strict-order +
relation-restriction where R = (<)
begin
abbreviation less, = R,
lemmas less,.-def = R,.-def

notation less, (infix <, 50)

sublocale restriction: strict-order (<)
{proof)

abbreviation less-eq, = restriction.less-eq
notation less-eq, (infix <, 50)

end

2.2 Wellfounded Strict Orders

locale restricted-wellfounded-strict-order = strict-order +
fixes restriction
assumes wfp [intro]: wfp-on restriction (<)

locale wellfounded-strict-order =
restricted-wellfounded-strict-order where restriction = UNIV
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locale wellfounded-strict-order-restriction =

strict-order-restriction +

restricted-wellfounded-strict-order where restriction = range lift and less = (<)
begin

sublocale restriction: wellfounded-strict-order (<)
(proof)

end

2.3 Total Strict Orders

locale restricted-total-strict-order = strict-order +
fixes restriction
assumes totalp [intro]: totalp-on restriction (<)
begin

lemma restricted-not-le:
assumes a € restriction b € restriction = b < a
shows a < b

(proof)
end

locale total-strict-order =
restricted-total-strict-order where restriction = UNIV
begin

sublocale linorder (<) (<)
{proof)

end
locale total-strict-order-restriction =
strict-order-restriction +
restricted-total-strict-order where restriction = range lift and less = (<)

begin

sublocale restriction: total-strict-order (<)

(proof)

end

locale restricted-wellfounded-total-strict-order =
restricted-wellfounded-strict-order + restricted-total-strict-order

end
theory Tiebreakers
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imports Restricted-Order Nonground-Clause-Generic
begin

type-synonym ('g, ‘a) tiebreakers =
'g clause = 'a clause = 'a clause = bool

locale tiebreakers =

fixes tiebreakers :: ('g, 'a) tiebreakers

assumes A\ Cq. wfp (tiebreakers Cg) A transp (tiebreakers Cg)
begin

sublocale wellfounded-strict-order tiebreakers Cg
(proof)

end

end

theory Typed-Tiebreakers
imports Tiebreakers

begin

context tiebreakers
begin

abbreviation typed-ticbreakers :: 'g clause = 'V X 'a clause = 'V x 'a clause =
bool where
typed-tiebreakers Co C1 Co = tiebreakers Cg (snd C1) (snd C3)

sublocale typed-tiebreakers: wellfounded-strict-order typed-tiebreakers Cg
(proof)

end

end

theory Collect-FExtra
imports Main

begin

lemma Collect-if-eq: {z. if bz then Pz else Qz } ={z. bz APz} U {z. -bx
A Qx}
{proof)

lemma Collect-not-mem-conj-eq: {x. t ¢ X N Pz} = {x. Pz} — X
{proof)

end
theory Infinite- Variables-Per-Type
imports
HOL- Library. Countable-Set
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HOL— Cardinals. Cardinals
Fresh-Identifiers. Fresh
Collect-Extra

begin

lemma infinite-prods:
assumes infinite (UNIV :: 'a set)
shows infinite {p :: 'a x 'a. fst p = z}
(proof)

lemma surj-infinite-set: surj g = infinite {z. fx = 7} = infinite {z. f (g z) =
T}
(proof )

definition infinite-variables-per-type-on :: 'v set = (‘v = 'ty) = bool where
infinite-variables-per-type-on X V =V1 € V “ X. infinite {z. V = = 7}

abbreviation infinite-variables-per-type :: ('v = 'ty) = bool where
infinite-variables-per-type = infinite-variables-per-type-on UNIV

lemma infinite-variables-per-type-on-empty [simp): infinite-variables-per-type-on {}
1%
(proof)

lemma obtain-type-preserving-ing:
fixes V :: 'v = 'ty
assumes
finite-X: finite X and
V: infinite-variables-per-type-on Y V
obtains f :: 'v = 'v where

inj f

Xnpoy={

Vee Y.V (fz)=Vx
(proof)

lemma obtain-type-preserving-injs:
fixes V1 Vo it v = 'ty
assumes
finite-X: finite X and
Vso: infinite-variables-per-type-on Y Vo
obtains f f’:: v = v where
inj finj f’
XY =
Vee X. VWV (fZL’) =V
Ve eY. VQ (f/ZL') :Vg T
(proof)

lemma obtain-type-preserving-injs”:
fixes V1 Vo :: 'v = 'ty
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assumes
finite-Y: finite Y and
V1: infinite-variables-per-type-on X V1
obtains f f’:: 'v = v where
inj finj f’
FEXAfY =g}
Vee X. Vi (fe) =V 2
VeeY. Vo (ffz)=Vau
(proof )

lemma obtain-infinite-variables-per-type-on:
assumes
infinite-UNIV: infinite (UNIV :: 'v set) and
finite-Y: finite Y and
finite-Z: finite Z and
disjoint: Y N Z = {}
obtains V :: 'v = 'ty
where infinite-variables-per-type-on X VNV € Y.V =V zVr € Z.V x =
V'
(proof)

lemma obtain-infinite-variables-per-type-on’:
assumes infinite-UNIV: infinite (UNIV :: 'v set) and finite-Y: finite Y
obtains V :: v = 'ty
where infinite-variables-per-type-on X VVz € Y.V =V'z
(proof )

lemma obtain-infinite-variables-per-type-on'”:
assumes finite Y
obtains V :: v :: infinite = 'ty
where infinite-variables-per-type-on X VVz € Y.V z =V'z
(proof )

lemma infinite-variables-per-type-on-subset:

X C Y = infinite-variables-per-type-on Y V = infinite-variables-per-type-on
XV

(proof )

definition infinite-variables-for-all-types :: ("v = 'ty) = bool where
infinite-variables-for-all-types V = V7. infinite {z. V = = 7}

lemma exists-infinite-variables-for-all-types:
assumes |UNIV :: 'ty set| <o |UNIV :: (‘v :: infinite) set|
shows 3V :: 'v = ty. infinite-variables-for-all-types V
(proof)

lemma obtain-infinite-variables-for-all-types:

assumes |UNIV :: 'ty set| <o |UNIV :: 'v set|
obtains V :: 'v :: infinite = 'ty where infinite-variables-for-all-types V
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{proof)

lemma infinite-variables-per-type-if-infinite-variables-for-all-types:
infinite-variables-for-all-types ¥V = infinite-variables-per-type V
(proof )

end
theory Typed-Substitution
imports
Typing
Abstract-Substitution. Based-Substitution
Infinite- Variables-Per-Type
begin

type-synonym ('v, 'ty) var-types = v = 'ty

locale base-typed-substitution =
base-substitution where id-subst = id-subst and apply-subst = apply-subst +

subst-update where id-subst = id-subst and apply-subst = apply-subst
for

id-subst :: 'subst and

welltyped :: ("v, 'ty) var-types = 'base = 'ty = bool and

apply-subst :: 'v = 'subst = 'base (infixl -v 69) +
assumes

AV. typing (welltyped V) and

welltyped-id-subst [intro]:

AV z. welltyped V (z -v id-subst) (V z) V (A1. welltyped V (z -v id-subst) T)
begin

notation welltyped (<-+ -: - [1000, 0, 50] 50)

sublocale typing welltyped V
(proof )

v, "ty) var-types = ’subst = bool

abbreviation type-preserving-on :: v set = (
where
type-preserving-on X V o =Ver € X. VF x -wid-subst : V2 — VFEzwvo:V

X

abbreviation type-preserving-on’ :: 'v set = (v, 'ty) var-types = ’subst = bool
where

type-preserving-on’ X Vo =Ve € X. V7.Vt z -vwid-subst : 7 — VFz vo:
.

lemma type-preserving-on X V o +— type-preserving-on’ X V o
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{proof)

abbreviation type-preserving where
type-preserving = type-preserving-on UNIV

lemma type-preserving-on-subst-update:

assumes type-preserving-on X Vo rx € X — VF x -wid-subst : V r — V I
update : V x

shows type-preserving-on X V (o[z := update])

(proof )

lemma type-preserving-on-subset:
assumes type-preserving-on ¥ Vo X C Y
shows type-preserving-on X V o

(proof)

lemma type-preserving-on-union [simp):

type-preserving-on (X U Y) V p «— type-preserving-on X V u A type-preserving-on
YVu

(proof )

lemma type-preserving-on-id-subst [intro|: type-preserving-on X V id-subst
(proof)

abbreviation type-preserving-unifier where
type-preserving-unifier V v expr expr’ =
type-preserving-on (vars expr U vars expr’) V v A expr - v = expr’ - v

end

locale typed-substitution =
based-substitution where vars = vars and id-subst = id-subst and apply-subst
= apply-subst +
base: base-typed-substitution where
subst = base-subst and vars = base-vars and is-ground = base-is-ground and
welltyped = base-welltyped and id-subst = id-subst and apply-subst = apply-subst
for
base-welltyped :: ('v, "ty) var-types = 'base = 'ty = bool and
vars :: 'expr = 'v set and
welltyped :: ("v, 'ty) var-types = 'expr = 'ty’ = bool and
id-subst :: 'subst and
apply-subst :: 'v = 'subst = 'base (infixl -v 69) +
assumes AV. typing (welltyped V)
begin

sublocale typing welltyped V
(proof )

lemma only-ground-infinite-variables-per-type-on:
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assumes —ezxists-nonground
shows infinite-variables-per-type-on (vars expr) V
(proof)

end

locale witnessed-typed-substitution =
typed-substitution +
finite-variables +
subst-update +

vars-grounded-iff-is-grounding +
assumes types-witnessed: \V 7. 3b. base-is-ground b A base-welltyped V b T
begin

lemma type-preserving-on-ground-subst-extension:
assumes
grounding: is-ground (expr - ) and
~-type-preserving-on: base.type-preserving-on (vars expr) V 7y
obtains '
where
is-ground (expr’ - ')
base.type-preserving-on (vars expr U vars expr’) V ~
Vx € vars expr. x vy =1 vy’
expr - v = expr - v’
{proof )

/

end

sublocale base-typed-substitution C typed-substitution where
base-subst = subst and base-vars = vars and base-is-ground = is-ground and
base-welltyped = welltyped

{proof)

locale typed-grounding-substitution = typed-substitution + grounding

locale typed-subst-stability = typed-substitution +
assumes
welltyped-subst-stability [simp]: \V expr o T.
base.type-preserving-on (vars expr) V o = welltyped V (expr - o) T +—
welltyped V expr T
begin

lemma welltyped-subst-stability’ [simp):
assumes base.type-preserving-on X V o vars expr C X
shows welltyped V (expr - o) T «— welltyped V expr T

(proof)
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lemma type-preserving-unifier:
assumes
unifier: expr - v = expr’ - v and
type-preserving: base.type-preserving-on (vars expr U vars expr’) V v
shows A7. welltyped V expr T +— welltyped V expr’ T

{proof)

lemma type-preserving-is-unifier:
assumes
unifier: is-unifier v X and
type-preserving: base.type-preserving-on (| (vars ¢ X)) V v
shows A7. VexpreX. Vexpr'eX. welltyped V expr 7 +— welltyped V expr’ T
(proof)

lemma unifier-same-type:

assumes base.type-preserving-on (vars expr U vars expr’) V p is-unifier p {expr,
expr'}

shows V7. welltyped V expr T <— welltyped V expr’ T

(proof)

lemma imgu-same-type:

assumes base.type-preserving-on X V p is-imgu p {{expr, expr’}} vars expr U
vars expr’ C X

shows V7. welltyped V expr T <— welltyped V expr’ T

(proof )

end

locale base-typed-subst-stability =
base-typed-substitution +
typed-subst-stability where
base-subst = subst and base-vars = vars and base-is-ground = is-ground and
base-welltyped = welltyped
begin

lemma type-preserving-ground-compose-ground-subst:

assumes is-ground-subst v’ type-preserving-on UNIV 'V ~' type-preserving-on X
Vo

shows type-preserving-on X V (1 © v')

(proof)

lemma type-preserving-on-subst-compose [introl:
assumes
o-type-preserving: type-preserving-on X V o and
o'-type-preserving: type-preserving-on (| (vars ¢ var-subst o * X)) V o
shows type-preserving-on X V (o ® o’)
(proof)

/

lemma type-preserving-on-subst-compose’ [introl:
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assumes
o-type-preserving: type-preserving-on Y V o and
o'-type-preserving: type-preserving-on Z V ¢’ and
X-Y: X C Y and
X-Z: | (vars ‘ var-subst o * X) C Z

shows type-preserving-on X V (o ® o)

(proof)

lemma type-preserving-subst-compose [intro]:
assumes
o-type-preserving: type-preserving ¥V o and
o'-type-preserving: type-preserving ¥V o’
shows type-preserving V (¢ ® o)
(proof )

end

locale replaceable-V = typed-substitution +
assumes replace-V:
Nexpr V V' 7.V z€ vars expr. V x = V' © = welltyped V expr 7 = welltyped
V' expr T
begin

lemma replace-V-iff:
assumes YV z€ vars expr. V z = V' z
shows welltyped V expr 7 +— welltyped V' expr 7

{proof)

lemma replace-V-iff "
assumes Vze X.V z = V' z vars expr C X
shows welltyped V expr 7 +— welltyped V' expr 7

(proof)

lemma is-ground-replace-V:
assumes is-ground expr
shows welltyped V expr 7 <— welltyped V' expr T

(proof)

end

locale base-replaceable-V =
base-typed-substitution +
replaceable-V where
base-subst = subst and base-vars = vars and base-is-ground = is-ground and
base-welltyped = welltyped
begin

lemma is-ground-subst-replace-V:
assumes
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is-ground-subst ~y
type-preserving-on X V vy
VeeX. Vz=V'z

shows type-preserving-on X V'~

(proof)

end

locale typed-renaming =
typed-substitution +
renaming-variables +
assumes
welltyped-renaming [simp]:
AV V' expr o 7. is-renaming o =>
Yz € vars expr. V . = V' (rename ¢ ) =
welltyped V' (expr - o) T «— welltyped V expr T

locale base-typed-renaming =
base-typed-substitution where
welltyped = welltyped +

typed-renaming where
base-subst = subst and base-vars = vars and base-is-ground = is-ground and
base-welltyped = welltyped and welltyped = welltyped +

replaceable-)V where
base-subst = subst and base-vars = vars and base-is-ground = is-ground and
base-welltyped = welltyped and welltyped = welltyped +

based-subst-update where
base-subst = subst and base-vars = vars and base-is-ground = is-ground +

create-renaming where base-subst = subst and base-vars = vars and base-is-ground
= is-ground +

subst-updates-compat
for welltyped :: (v, 'ty) var-types = 'expr = 'ty = bool
begin

lemma typed-renaming-grounding-subst-compose:

assumes
o: is-renaming ¢ and
grounding: ¥ expr € (var-subst (0 @ ) ¢ X). is-ground expr and
welltyped-p: type-preserving-on X V o and
welltyped-y: type-preserving-on (| (vars ¢ var-subst o * X)) V' v and
rename: Vz € X. V z =V’ (rename ¢ )

shows type-preserving-on X V (9 © 7)

(proof)
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lemma typed-renaming-ground-subst-subst-compose:

assumes
o: is-renaming o and
v: is-ground-subst v and
welltyped-p: type-preserving-on X V p and
welltyped-y: type-preserving-on (| (vars ¢ var-subst o * X)) V' v and
rename: Vo € X. V z = V' (rename ¢ )

shows type-preserving-on X V (0 © =)

(proof )

lemma obtain-type-preserving-renaming:
fixes V :: ('v, 'ty) var-types
assumes
exists-nonground: erists-nonground and
finite-X: finite X and finite-Y: finite Y and
V: infinite-variables-per-type-on Y 'V
obtains o where
is-renaming o
var-subst id-subst ¢ X N var-subst o * Y = {}
type-preserving-on YV o
(proof)

lemma obtain-type-preserving-renamings:
fixes V1 Vs (v, 'ty) var-types
assumes
exists-nonground
finite X finite Y
infinite-variables-per-type-on Y Vo
obtains 0; g2 where
1s-renaming 01
1S-renaming 02
var-subst o1 ¢ X N var-subst g2 ‘Y = {}
type-preserving-on X V1 01
type-preserving-on Y Vs 09
(proof )

lemma obtain-type-preserving-renamings'”:
fixes V1 Vo =i (v, 'ty) var-types
assumes
exists-nonground
finite Y finite X
infinite-variables-per-type-on X V,
obtains 0, g2 where
is-renaming 01
1S-renaming 02
var-subst o1 ¢ X N var-subst g2 ‘Y = {}
type-preserving-on X V1 01
type-preserving-on Y Vo 09
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(proof )
end

lemma (in renaming-variables) obtain-merged-V:
assumes
o1: is-renaming o1 and
02: is-renaming oo and
rename-apart: vars (expr - p1) N vars (expr’ - p2) = {} and
finite-vars: finite (vars expr) finite (vars expr’) and
infinite-UNIV: exists-nonground = infinite (UNIV :: 'c set)
obtains V3 where
exists-nonground = infinite-variables-per-type-on X V3
Y z€vars expr. V1 © = V3 (rename g1 )
Y z€vars expr’. Vo x = V3 (rename g2 x)

(proof)

lemma (in renaming-variables) obtain-merged-V-infinite-variables-for-all-types:
assumes
01: is-renaming o1 and
02: is-renaming po and
rename-apart: vars (expr - 1) N vars (expr’ - 92) = {} and
Va: infinite-variables-for-all-types Vo and
finite-vars: finite (vars expr)
obtains V3 where
YV z€vars expr. V1 x = V3 (rename o1 x)
YV z€vars expr’. Vo x = V3 (rename g3 1)
infinite-variables-for-all-types V3
(proof)

lemma (in renaming-variables) obtain-merged-V'-infinite-variables-for-all-types:
assumes
01: is-renaming o1 and
02: is-renaming oo and
rename-apart: vars (expr - 1) N vars (expr’ - p2) = {} and
V1: infinite-variables-for-all-types V1 and
finite-vars: finite (vars expr’)
obtains V3 where
Y z€vars expr. V1 & = V3 (rename 01 )
Vaz€vars expr’. Vo x = V3 (rename 92 z)
infinite-variables-for-all-types V3
(proof )

locale based-typed-renaming =
base: base-typed-renaming where
subst = base-subst and vars = base-vars :: 'base = v set and
welltyped = base-welltyped :: ("v, 'ty) var-types = 'base = "ty = bool and
is-ground = base-is-ground +
typed-renaming +
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subst-updates-compat
begin

lemma renaming-grounding:
assumes
renaming: base.is-renaming o and
o-y-type-preserving: base.type-preserving-on (vars expr) V (0 ® «) and
grounding: is-ground (expr - o ® 7) and
V-V VYV € vars expr. V x = V' (rename o x)
shows base.type-preserving-on (vars (expr - 9)) V'~

(proof)

lemma obtain-merged-grounding:

fixes V1 Vo = ('v, "ty) var-types

assumes
base.type-preserving-on (vars expr) Vi 71
base.type-preserving-on (vars expr’) Vo 72
is-ground (expr - 1)
is-ground (expr' - v2) and

Va: base.ezists-nonground = infinite-variables-per-type-on (vars expr’) Vo and
finite-vars: finite (vars expr) and
finite-vars”: finite (vars expr’)

obtains 0, g2 ¥ where
base.is-renaming o1
base.is-renaming oo
vars (expr - 01) N vars (expr’ - p2) = {}
base.type-preserving-on (vars expr) V1 01
base.type-preserving-on (vars expr’) Va 09
VY € vars expr. £ vy = T v 01 O
Vx € vars expr’. z v yo =T v 02 ® Y
expr - y1 = expr - 01 © Y
expr’ - yo = expr’ - 09 @

(proof)

lemma obtain-merged-grounding”:

fixes V1 Vo (v, 'ty) var-types

assumes
typed-y1: base.type-preserving-on (vars expr) V1 v1 and
typed-ys: base.type-preserving-on (vars expr’) Vo 2 and
expr-grounding: is-ground (expr - v1) and
expr’-grounding: is-ground (expr’ - y2) and
V1: infinite-variables-per-type-on (vars expr) V1 and
finite-vars: finite (vars expr’) finite (vars expr)

obtains 0, g2 ¥ where
base.is-renaming o1
base.is-renaming o2
vars (expr - 01) N vars (expr’ - g2) = {}
base.type-preserving-on (vars expr) Vi 01
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base.type-preserving-on (vars expr’) Vs 09
Vi € vars expr. z v y1 =T v 01 O 7
YV € vars expr’. x v yo = T 0 02 ® Y
expr - Y1 = expr - 01 © 7y
expr’ - y2 = expr’ - 02 © 7

(proof )

end

sublocale base-typed-renaming C
based-typed-renaming where
base-vars = vars and base-subst = subst and base-is-ground = is-ground and
base-welltyped = welltyped

{proof)

locale type-preserving-imgu = base-typed-substitution +
assumes
exists-type-preserving-imgu:
AV v expr expr’. type-preserving-unifier V v expr expr’ =
Fp. type-preserving V u A is-imgu p {{expr, expr'}}

begin

lemma obtain-type-preserving-imgu:
fixes v
assumes type-preserving-unifier V v expr expr’
obtains u
where type-preserving V u is-imgu p {{expr, expr’}}
(proof )

lemma obtain-type-preserving-on-imgu:
fixes v
assumes type-preserving-unifier V v expr expr’
obtains u
where type-preserving-on X V p is-imgu p {{expr, expr'}}
(proof)

end

end
theory Nonground-Context
imports
Generic-Context
Nonground-Term
begin

3 Nonground Contexts and Substitutions

locale ground-context = contert where
hole = ground-hole and apply-context = apply-ground-contexrt and
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compose-context = compose-ground-context
for ground-hole apply-ground-context compose-ground-context
begin

notation compose-ground-context (infixl <o.q» 75)
notation ground-hole (<Og»)
notation apply-ground-context (<-(-)g> [1000, 0] 1000)

end

locale context-properties =
based-substitution +
grounding +
variables-in-base-imgu

locale nonground-context =

term: nonground-term where

term-to-ground = term-to-ground and term-subst = term-subst and term-vars
= term-vars —+

context-properties where
base-vars = term-vars and base-subst = term-subst and base-is-ground =
term-is-ground and
to-ground = to-ground +

context +

ground-context: ground-context where apply-ground-context = apply-ground-context
for

term-to-ground :: 't = "t¢ and

term-subst :: 't = ‘subst = 't and

term-vars :: 't = 'v set and

to-ground :: 'c = 'cg and

apply-ground-context :: 'cq = 'tqg = "tg +
assumes

hole-if-context-ident [simp]: ¢(t) = t = ¢ = 0 and

term-to-ground-context-to-ground [simp]:
Nc t. term.to-ground c(t) = (to-ground c)(term.to-ground t)c and
term-from-ground-context-from-ground [simp):
Nce ta. term.from-ground cq(ta)a = (from-ground cg){term.from-ground tg)
and
apply-context-is-ground [simp]: NAc t. term.is-ground c(t) <— is-ground ¢ A
term.is-ground t and
from-ground-compose [simp]: N\c¢ ¢'. from-ground (¢ o.q ¢') = from-ground ¢ o,
from-ground ¢’ and
apply-context-vars [simp]: N\c t. term.vars ¢(t) = vars ¢ U term.vars t and
apply-context-subst [simpl: Nc t o. c(t) -t o = (subst ¢ 0)(t -t o) and
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context-Var: Nz t. © € term.vars t => (Jc. t = c(term.Var z)) and

subst-to-context:
t-tvy=cg(tg) = term.is-ground (¢ -t v) =
Bett=clth Nt ty=1tg ANsubstcy=rcg)V
(Feeg' x. t = c(term.Var x) A cg = (subst ¢ ) o, ¢g’)
begin

notation subst (infixl -t. 67)

lemma term-from-ground-context-to-ground:
assumes is-ground ¢
shows term.from-ground (to-ground c){tg)c = c{term.from-ground tg)

(proof)

lemmas safe-unfolds =
term-to-ground-context-to-ground
term-from-ground-context-from-ground

lemma composed-context-is-ground [simpl: is-ground (¢ o, ¢') +— is-ground ¢ A
is-ground c’
{proof )

lemma ground-context-ident-iff-hole [simp]: c(t)g = t +— ¢ = Og
(proof)

lemma from-ground-hole [simp]: from-ground cq = O +— ¢q = Qg
(proof )

lemma hole-simps [simp]: from-ground Og = O to-ground O = Og
(proof )

lemma to-ground-compose [simp]:
assumes is-ground c is-ground c’
shows to-ground (c o. ¢') = to-ground ¢ o.¢ to-ground c’

(proof)

lemma hole-subst [simp]: O -t. 0 = O
{proof)

lemma subst-into-Var:
assumes
t-y: t -t v = ca(te) and
t-grounding: term.is-ground (t -t ) and
not-subst-into-Fun: fct’. t = c(t) ANt -ty =1tg A c-t.y = cg A~ term.is-Var
t/
shows Jc t' cg’. t = c(t) A term.is-Var t' A cg = (¢ -te ) oc ca’

(proof)
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end

locale occurences =
nonground-context where term-vars = term-vars and apply-context = apply-context
for apply-context :: 'c = "t = 't and term-vars :: 't = v set +
fixes occurences :: 't = v = nat
assumes
occurences:
Nte ¢ z. term.ezists-nonground = term.is-ground tg =
occurences (c{term.Var x)) © = Suc (occurences (c(tg)) =) and
vars-occurences: \z t. x € term.vars t «— 0 < occurences t ©
begin

lemma is-ground-no-occurences: term.is-ground t => occurences t t = 0
(proof)

lemma occurences-obtain-context:
assumes update: term.is-ground tg and occurences-in-t: occurences t x = Suc n

obtains ¢ where
t = c(term.Var z)
occurences c¢{tg) T = n

(proof)

lemma one-occurence-obtain-context:
assumes occurences t T = 1
obtains ¢ where
t = c(term.Var z)
T & vars c

(proof)

end

locale nonground-term-with-context =

term: nonground-term +

context: nonground-contert where

is-ground = context-is-ground and subst = context-subst and vars = contexrt-vars
and

from-ground = context-from-ground and to-ground = context-to-ground +

occurences where

is-ground = context-is-ground and subst = context-subst and vars = context-vars
and

from-ground = context-from-ground and to-ground = context-to-ground
for context-is-ground context-subst context-vars context-from-ground context-to-ground
begin
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notation context-subst (infixl -t. 67)
end

end
theory Nonground-Term-Typing
imports
Term-Typing
Typed-Substitution
Nonground-Context
begin

locale compatibility =
base-substitution +
subst-eq +
vars-grounded-iff-is-grounding where
base-subst = subst and base-vars = vars and base-is-ground = is-ground +
subst-updates-compat

locale base-typing-properties =
base-typed-renaming +
base-typed-subst-stability +
base-replaceable-V +
typed-grounding-substitution where
base-subst = subst and base-vars = vars and base-is-ground = is-ground and
base-welltyped = welltyped +
compatibility
begin

lemma type-preserving-on-subst-compose-renaming:
assumes
o: is-renaming o and
o-type-preserving: type-preserving-on X V o and
0-o-type-preserving: type-preserving-on X V (o ® o)
shows type-preserving-on (| (vars ‘ var-subst ¢ ‘X)) V o
(proof)

end

locale term-typing-properties =
term: nonground-term where term-vars = term-vars +

base-typed-substitution where
subst = term-subst and vars = term-vars and is-ground = term-is-ground and

welltyped = welltyped +

term: base-typing-properties where
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subst = term-subst and vars = term-vars and is-ground = term-is-ground and
comp-subst = (®) and

to-ground = term-to-ground and from-ground = term-from-ground and welltyped
= welltyped +

type-preserving-imgu where

welltyped = welltyped and subst = term-subst and vars = term-vars and is-ground
= term-is-ground
for

welltyped :: ("v, 'ty) var-types = 't = "ty = bool and

term-vars :: 't = v set
begin

notation welltyped (<-+ -: - [1000, 0, 50] 50)

sublocale term: base-typing where welltyped = welltyped V for V
{proof )

end

locale base-witnessed-typing-properties =
base-typing-properties +
witnessed-typed-substitution where
welltyped = welltyped and base-subst = subst and base-vars = vars and
base-is-ground = is-ground and base-welltyped = welltyped

locale context-compatible-term-typing-properties =
nonground-term-with-context where term-vars = term-vars +
term-typing-properties where welltyped = welltyped and term-vars = term-vars
for
welltyped :: ('v, 'ty) var-types = 't = 'ty = bool and
term-vars :: 't = 'v set +
assumes AV. term-typing (welltyped V) apply-context
begin

sublocale term: term-typing where
welltyped = welltyped V and apply-context = apply-context for V

(proof )
end

end
theory Natural-Magma-Typing-Lifting
imports
Abstract-Substitution. Natural-Magma
Typing
begin
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locale natural-magma-is-typed-lifting =
natural-magma where to-set = to-set +
typing-lifting where to-set = to-set and sub-welltyped = sub-welltyped
for to-set :: 'expr = 'sub set and sub-welltyped :: 'sub = unit = bool
begin

abbreviation (input) sub-is-welltyped where
sub-is-welltyped expr = sub-welltyped expr ()

lemma add [simp]: is-welltyped (add sub M) +— (sub-is-welltyped sub A is-welltyped
M)
{proof)

lemma plus [simp]:
is-welltyped (plus M M) «— is-welltyped M A is-welltyped M’
(proof)

end

locale natural-magma-with-empty-is-typed-lifting =
natural-magma-is-typed-lifting + natural-magma-with-empty
begin

lemma empty [intro]: is-welltyped empty
(proof)

end

locale natural-magma-typing-lifting =
welltyped: natural-magma-is-typed-lifting where sub-welltyped = sub-welltyped +
typing-lifting +
natural-magma

locale natural-magma-with-empty-typing-lifting =
natural-magma-typing-lifting +
welltyped: natural-magma-with-empty-is-typed-lifting where sub-welltyped = sub-welltyped

end
theory Multiset- Typing-Lifting
imports
Natural-Magma- Typing-Lifting
Multiset-Extra
begin

locale mulitset-typing-lifting =
typing-lifting where
to-set = set-mset and sub-welltyped = sub-welltyped
for sub-welltyped :: 'sub = unit = bool

begin
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sublocale natural-magma-with-empty-typing-lifting where

to-set = set-mset and plus = (+) and wrap = M. {#I#} and add = add-mset
and empty = {#}

(proof )

end

end
theory Literal-Functor
imports
Abstract-Substitution. Natural-Functor
Saturation-Framework-Extensions. Clausal-Calculus
begin

(ML)

lemma literal-cases: [P € {Pos, Neg}; P = Pos = P; P = Neg = P] = P
(proof )

lemma literals-distinct [simp]: Pos # Neg Neg # Pos
(proof )

lemma set-literal-not-empty [iff]: set-literal | # {}
{proof)

global-interpretation literal-functor: natural-functor-conversion where

map = map-literal and to-set = set-literal and map-to = map-literal and
map-from = map-literal and

map’ = map-literal and to-set’ = set-literal

(proof)

end
theory Clause-Typing-Generic
imports
Multiset-Typing-Lifting
Multiset-Extra
Literal-Functor
begin

locale clause-typing-generic = atom: typing atom-welltyped
for atom-welltyped
begin

sublocale literal: typing-lifting where
sub-welltyped = atom-welltyped and to-set = set-literal

(proof)

sublocale clause: mulitset-typing-lifting where
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sub-welltyped = literal. welltyped
{proof )

end

end
theory Typed-Substitution-Lifting
imports
Typed-Substitution
Abstract-Substitution. Based-Substitution- Lifting
begin

locale typed-substitution-lifting =
sub: typed-substitution where
vars = sub-vars and subst = sub-subst and is-ground = sub-is-ground and
welltyped = sub-welltyped and base-vars = base-vars +

based-substitution-lifting where
to-set = to-set and base-vars = base-vars
for
sub-welltyped :: ('v, 'ty) var-types = 'sub = "ty’ = bool and
to-set :: 'expr = 'sub set and
base-vars :: 'base = 'v set
begin

sublocale typing-lifting where sub-welltyped = sub-welltyped V
(proof)

sublocale typed-substitution where
vars = wvars and subst = subst and is-ground = is-ground and welltyped =
welltyped

(proof)

end

locale witnessed-typed-substitution-lifting =

typed-substitution-lifting +

subst-update-lifting +

finite-variables-lifting +

vars-grounded-iff-is-grounding-lifting +

sub: witnessed-typed-substitution where

vars = sub-vars and subst = sub-subst and is-ground = sub-is-ground and
welltyped = sub-welltyped
begin

sublocale witnessed-typed-substitution where
vars = wvars and subst = subst and is-ground = is-ground and welltyped =
welltyped

{proof)
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end

locale typed-subst-stability-lifting =

typed-substitution-lifting +

sub: typed-subst-stability where

welltyped = sub-welltyped and wvars = sub-vars and subst = sub-subst and
is-ground = sub-is-ground
begin

sublocale typed-subst-stability where

welltyped = welltyped and subst = subst and vars = vars and is-ground =
is-ground
(proof)

end

locale replaceable-V-lifting =

typed-substitution-lifting +

sub: replaceable-) where

welltyped = sub-welltyped and vars = sub-vars and subst = sub-subst and
is-ground = sub-is-ground
begin

sublocale replaceable-V where

subst = subst and vars = wvars and is-ground = is-ground and welltyped =
welltyped

(proof)

end

locale typed-renaming-lifting =
typed-substitution-lifting where
base-welltyped = base-welltyped :: ('v, "ty) var-types = 'base = 'ty = bool +
renaming-variables-lifting +

subst-updates-compat-lifting +

sub: based-typed-renaming where

subst = sub-subst and wvars = sub-vars and is-ground = sub-is-ground and
welltyped = sub-welltyped
begin

sublocale based-typed-renaming where

subst = subst and vars = wvars and is-ground = is-ground and welltyped =
welltyped

{proof)

end
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end
theory Nonground-Typing-Generic
imports

Nonground-Term- Typing
Clause-Typing-Generic
Typed-Substitution-Lifting
Nonground-Clause-Generic

begin

type-synonym (‘a, v, 'ty) typed-clause = (v, 'ty) var-types X 'a clause

locale nonground-typing-lifting =
typed-subst-stability-lifting +
replaceable-V-lifting +
typed-renaming-lifting +
grounding-lifting +
subst-updates-compat-lifting +
subst-eq-lifting

locale term-based-nonground-typing-lifting =
term-typing-properties +
nonground-typing-lifting where
base-welltyped = welltyped and comp-subst = (®) and
base-subst = (-t) and base-vars = term.vars and base-is-ground = term.is-ground

locale term-based-witnessed-nonground-typing-lifting =
term-based-nonground-typing-lifting +
witnessed-typed-substitution-lifting where
comp-subst = (®) and base-subst = (-t) and base-vars = term.vars and
base-is-ground = term.is-ground and base-welltyped = welltyped

locale nonground-typing-generic =
term-typing-properties where welltyped = welltyped +

literal: term-based-nonground-typing-lifting where sub-welltyped = atom-welltyped
and

sub-to-ground = atom-to-ground :: 'a = 'g and sub-from-ground = atom-from-ground
and

sub-subst = atom-subst and sub-vars = atom-vars and sub-is-ground = atom-is-ground
and

map = map-literal and to-set = set-literal and to-ground-map = map-literal and

from-ground-map = map-literal and ground-map = map-literal and

to-set-ground = set-literal and welltyped = welltyped +

nonground-clause-generic
for
welltyped :: ("v, 'ty) var-types = 't = "ty = bool and
atom-welltyped :: ('v, "ty) var-types = 'a = 'ty’ = bool
begin
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sublocale clause-typing-generic atom-welltyped V
(proof)

sublocale clause: term-based-nonground-typing-lifting where

sub-vars = literal.vars and sub-subst = (-1) and sub-is-ground = literal.is-ground
and

map = image-mset and to-set = set-mset and sub-welltyped = literal. welltyped
and

sub-to-ground = literal.to-ground and sub-from-ground = literal. from-ground and

to-ground-map = image-mset and from-ground-map = image-mset and ground-map
= image-mset and

to-set-ground = set-mset

(proof )

end

locale witnessed-nonground-typing-generic =

literal: term-based-witnessed-nonground-typing-lifting where

sub-welltyped = atom-welltyped and sub-is-ground = atom-is-ground and

sub-to-ground = atom-to-ground :: 'a = 'g and sub-from-ground = atom-from-ground
and

sub-subst = atom-subst and sub-vars = atom-vars and map = map-literal and
to-set = set-literal and

to-ground-map = map-literal and from-ground-map = map-literal and ground-map
= map-literal and

to-set-ground = set-literal and welltyped = welltyped +

nonground-typing-generic
begin

sublocale clause: term-based-witnessed-nonground-typing-lifting where

sub-vars = literal.vars and sub-subst = (-1) and map = image-mset and to-set
= set-mset and

sub-is-ground = literal.is-ground and sub-welltyped = literal.welltyped and

sub-to-ground = literal.to-ground and sub-from-ground = literal. from-ground and

to-ground-map = image-mset and from-ground-map = image-mset and ground-map
= image-mset and

to-set-ground = set-mset

(proof)

end
end
theory Untyped-Calculus
imports Nonground- Typing-Generic

begin

abbreviation remove-types :: (‘a, v, 'ty) typed-clause inference = 'a clause in-
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ference where
remove-types v = Infer (map snd (prems-of 1)) (snd (concl-of )

abbreviation empty-typed :: 'C = (("v = unit) x 'C’) where
empty-typed C = ((A-. (), C)

abbreviation empty-typed-inference :: 'C inference = (('v = unit) x 'C) infer-
ence where

empty-typed-inference « = Infer (map empty-typed (prems-of 1)) (empty-typed
(concl-of 1))

lemma comp-empty-typed-snd [simp|: empty-typed o snd = id
(proof )

lemma empty-typed-snd [simp]: empty-typed (snd C) = C
(proof)

lemma remove-types [simp]:
Ninference. remove-types ‘ { Infer [(V, D)] (V', C) |V D V' C. inference D C}

{ Infer [D] C | D C. inference D C}

Ninference.
remove-types ‘ { Infer [(V, D), V', E)] V", C) |V D V' E V" C. inference
DEC}=
{ Infer [D, E] C | D E C. inference D E C}
(proof )

lemma V-all-same [simp]:
fixes V :: 'v = unit
shows V = (A-. ()
{proof)

lemma all-infinite-variables-per-type [introl:
fixes V :: v :: infinite = unit
shows infinite-variables-per-type-on X V
(proof )

locale untyped-consequence-relation =
typed: consequence-relation where Bot = typed-bottom and entails = typed-entails
for
typed-bottom :: ('a, 'v, unit) typed-clause set (1L,) and
typed-entails (infix <=;» 50) +
fixes
bottom (L) and
entails (infix (=) 50)
defines
bottom = snd ‘ typed-bottom and
AN N'. entails N N’ = empty-typed * N =, empty-typed ‘ N’
begin
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sublocale consequence-relation where Bot = 1y
(proof)

end

locale untyped-inference-system =
typed: inference-system where Inf = typed-inferences
for typed-inferences :: (‘a, 'v, unit) typed-clause inference set +
fixes inferences
defines inferences = remove-types ¢ typed-inferences
begin

sublocale inference-system inferences (proof)
end

locale untyped-sound-inference-system =

untyped-inference-system +

untyped-consequence-relation +

typed: sound-inference-system where

Inf = typed-inferences and Bot = typed-bottom and entails = typed-entails
begin

sublocale sound-inference-system where Inf = inferences and Bot = 1

(proof)

end

locale untyped-calculus =
typed: calculus where
Inf = typed-inferences and Bot = typed-bottom and entails = typed-entails and
Red-I = typed-Red-1 and Red-F = typed-Red-F +
untyped-consequence-relation +
untyped-inference-system
for
typed-Red-I and
typed-Red-F :: ('a, 'v, unit) typed-clause set = ('a, "v, unit) typed-clause set +
fixes
Red-I and
Red-F
defines
AN. Red-F N = snd ‘ typed-Red-F (empty-typed * N) and
AN. Red-I N = remove-types  typed-Red-I (empty-typed ‘ N)
begin

sublocale calculus where Inf = inferences and Bot = 1

(proof)
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end

locale untyped-complete-calculus =
untyped-calculus +
typed: statically-complete-calculus where
Inf = typed-inferences and Bot = typed-bottom and entails = typed-entails and
Red-I = typed-Red-1 and Red-F = typed-Red-F
begin

sublocale statically-complete-calculus where Inf = inferences and Bot = 1

(proof)

end

end
theory IsaFoR-Nonground-Term
imports
Nonground-Term
Generic-Term
Abstract-Substitution.Substitution-First-Order-Term
begin

global-interpretation term: nonground-term where

comp-subst = (o5) and id-subst = Var and term-subst = (-) and apply-subst =
apply-subst and

subst-update = fun-upd and term-vars = vars-term and term-to-ground = gterm-of-term
and

term-from-ground = term-of-gterm and term-is-ground = is-ground

(proof)

fun fun-sym where
fun-sym (Fun f-) = f

global-interpretation term: term-interpretation where

subterms = args and size = size and is-var = term.is-Var and Fun = \f -. Fun
f and

fun-sym = fun-sym and extra = A-. ()

(proof)

end
theory Uprod-FEuxtra
imports
HOL- Library. Uprod
Multiset-Extra
Abstract-Substitution. Natural-Functor
begin

(ML)
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abbreviation upair where
upair = XNz, y). Upair z y

lemma Upair-sym: Upair © y = Upair y
(proof )

lemma upair-in-sym [simp]:
assumes sym |
shows Upair a b € upair ‘1 <— (a, b)) € I A (b, a) € 1
(proof)

lemma ex-ordered-Upair:
assumes tot: totalp-on (set-uprod p) R
shows dzy. p= Upairzy AN R== x y
{proof )

definition mset-uprod :: 'a uprod = 'a multiset where
mset-uprod = case-uprod (Abs-commute (\x y. {#z, y#}))

lemma Abs-commute-inverse-mset [simp:

apply-commute (Abs-commute (Az y. {#x, y#})) = Az y. {#z, y#})
{proof)

lemma set-mset-mset-uprod [simp]: set-mset (mset-uprod up) = set-uprod up
(proof )

lemma mset-uprod-Upair [simp]: mset-uprod (Upair z y) = {#=z, y#}
(proof)

lemma mset-uprod-not-empty [simpl: mset-uprod up # {#}

(proof)

lemma map-uprod-inverse: (Az. f (g z) = ) = (Ay. map-uprod f (map-uprod
9y) =Y
{proof)

lemma mset-uprod-image-mset: mset-uprod (map-uprod f p) = image-mset f (mset-uprod
p)
(proof)

lemma ball-set-uprod [simp]: (¥ t€set-uprod (Upair t1 t2). P t) «— P t; A P to
(proof)

lemma inj-mset-uprod: inj mset-uprod
(proof)

lemma mset-uprod-plus-neq: mset-uprod a # mset-uprod b + mset-uprod b
(proof)
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lemma set-uprod-not-empty [iff]: set-uprod a # {}
{proof)

global-interpretation uprod-functor: non-empty-finite-natural-functor where
map = map-uprod and to-set = set-uprod
(proof)

global-interpretation uprod-functor: natural-functor-conversion where

map = map-uprod and to-set = set-uprod and map-to = map-uprod and map-from
= map-uprod and

map’ = map-uprod and to-set’ = set-uprod

(proof)

lemma uprod-mem-image-iff-prod-mem [simp]:
assumes sym |
shows Upair t t' € upair ‘I <— (t, t') € I
(proof)

lemma rep-uprod-Upairl: P (a, b) = P (b, a) = P (rep-uprod (Upair a b))
{proof)

lemma rep-uprod-UpairE: P (rep-uprod (Upair a b)) = P (a, b) V P (b, a)
{proof)

end

theory Uprod-Literal-Functor
imports Literal-Functor Uprod-FExtra

begin

lemma true-lit-uprod-iff-true-lit-prod[simp):
assumes sym [
shows
upair I |=l Pos (Upair t t') «— I |=1 Pos (¢, t')
upair ‘I |=l Neg (Upair t t') <— I |=l Neg (t, t')
(proof )

abbreviation Pos-Upair (infix ~ 66) where
Pos-Upair ¢t t' = Pos (Upair t t')

abbreviation Neg-Upair (infix !~ 66) where
Neg-Upair t t' = Neg (Upair t t')

abbreviation uprod-literal-to-set where uprod-literal-to-set | = | (set-uprod * set-literal

)

lemma uprod-literal-to-set-atm-of : uprod-literal-to-set | = set-uprod (atm-of )
(proof)
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abbreviation map-uprod-literal where map-uprod-literal f = map-literal (map-uprod

)

global-interpretation uprod-literal-functor: non-empty-finite-natural-functor where
map = map-uprod-literal and to-set = uprod-literal-to-set
(proof)

global-interpretation uprod-literal-functor: natural-functor-conversion where

map = map-uprod-literal and to-set = uprod-literal-to-set and map-to = map-uprod-literal
and

map-from = map-uprod-literal and map’ = map-uprod-literal and to-set’ = up-
rod-literal-to-set

(proof)

type-synonym 't atom = 't uprod
type-synonym 't clause = 't atom clause

end
theory Nonground-Clause- With-Equality
imports
Nonground-Clause-Generic
Uprod-Literal- Functor
begin

4 Nonground Clauses with Equality

locale nonground-clause = term: nonground-term
begin

4.1 Nonground Atoms

sublocale atom: term-based-lifting where

sub-subst = (-t) and sub-vars = term.vars and map = map-uprod and to-set =
set-uprod and

sub-to-ground = term.to-ground and sub-from-ground = term.from-ground and

to-ground-map = map-uprod and from-ground-map = map-uprod and ground-map
= map-uprod and

to-set-ground = set-uprod and sub-is-ground = term.is-ground

(proof )

notation atom.subst (infixl -a 67)

lemma vars-atom [simp]: atom.vars (Upair t; t2) = term.vars t1 U term.vars to
(proof)

lemma subst-atom [simp]:
Upair t1 ta -a 0 = Upair (t; -t o) (t2 -t 0)
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{proof)

lemma atom-from-ground-term-from-ground [simp]:

atom.from-ground (Upair tc1 tg2) = Upair (term.from-ground tg1) (term.from-ground
taz2)

(proof )

lemma atom-to-ground-term-to-ground [simpl:
atom.to-ground (Upair t; t3) = Upair (term.to-ground t1) (term.to-ground ts)

(proof)

lemma atom-is-ground-term-is-ground [simp]:
atom.is-ground (Upair t1 to) <— term.is-ground t; A term.is-ground to
(proof )

lemma obtain-from-atom-subst:
assumes Upair t1' t3' = a -a o
obtains t; t»
where a = Upair t1 tog t1/ =11 -t ot/ =ty -t o
(proof )

4.2 Nonground Literals

sublocale nonground-clause-generic where

atom-vars = atom.vars and atom-subst = (-a) and atom-to-ground = atom.to-ground
and

atom-from-ground = atom.from-ground and atom-is-ground = atom.is-ground

(proof)

lemma obtain-from-pos-literal-subst:
assumes [ -l o = t1' ~ t5’
obtains t; t»
where [ = t1 = to tl/: t1 -to tz/: to -t o
(proof )

lemma obtain-from-neg-literal-subst:
assumes [ -l o = t1' 1= ty’
obtains t; to
where | = t; Ity t] to =t ty -t o=ty
(proof )

lemmas obtain-from-literal-subst = obtain-from-pos-literal-subst obtain-from-neg-literal-subst

4.3 Nonground Literals - Alternative

lemma uprod-literal-subst-eq-literal-subst: map-uprod-literal (A\t. t -t o)l =110
(proof)

3

lemma uprod-literal-vars-eg-literal-vars: |J (term.vars
literal.vars 1

uprod-literal-to-set 1) =
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{proof)

lemma uprod-literal-from-ground-eg-literal-from-ground:
map-uprod-literal term.from-ground lg = literal.from-ground I

(proof)

lemma uprod-literal-to-ground-eq-literal-to-ground:
map-uprod-literal term.to-ground | = literal.to-ground |

{proof)

sublocale uprod-literal: term-based-lifting where
sub-subst = (-t) and sub-vars = term.vars and map = map-uprod-literal and
to-set = uprod-literal-to-set and sub-to-ground = term.to-ground and
sub-from-ground = term.from-ground and to-ground-map = map-uprod-literal
and
from-ground-map = map-uprod-literal and ground-map = map-uprod-literal and
to-set-ground = uprod-literal-to-set and sub-is-ground = term.is-ground
rewrites
uprod-literal-subst [simp]: N\l o. uprod-literal.subst | o = literal.subst | o and
uprod-literal-vars [simpl: \l. uprod-literal.vars | = literal.vars | and
uprod-literal-is-ground [simp]: \l. uprod-literal.is-ground | <— literal.is-ground |
and
uprod-literal-from-ground [simp|: \lg. uprod-literal. from-ground lg = literal. from-ground
lg and
uprod-literal-to-ground [simp]: \l. uprod-literal.to-ground | = literal.to-ground !

(proof)

4.4 Nonground Clauses

lemmas clause-safe-unfolds =
atom-to-ground-term-to-ground
literal-to-ground-atom-to-ground
atom-from-ground-term-from-ground
literal-from-ground-atom-from-ground
literal-from-ground-polarity-stable
subst-atom
subst-literal
vars-atom
vars-literal

end

end
theory IsaFoR-Nonground-Clause- With- Equality
imports
IsaFoR-Nonground-Term
Nonground- Clause- With- Equality
begin
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interpretation nonground-clause where
comp-subst = (os) and id-subst = Var and subst-update = fun-upd and
apply-subst = apply-subst and term-subst = (-) and term-vars = vars-term and
term-to-ground = term.to-ground and term-from-ground = term.from-ground
and
term-is-ground = term.is-ground

{proof)

end
theory Context-Functor
imports
Regular-Tree-Relations. Term-Context
Abstract-Substitution. Natural- Functor
begin

(ML)
type-synonym ('f, "v) context = ('f, 'v) ctat

global-interpretation context: non-empty-finite-natural-functor where
map = map-args-actrt and to-set = setZ-actxt

(proof)

global-interpretation context: natural-functor-conversion where

map = map-args-actrt and to-set = set2-actxt and map-to = map-args-actrt
and

map-from = map-args-actrt and map’ = map-args-actzt and to-set’ = set2-actwt

{proof)

end
theory IsaFoR-Nonground-Context
imports

IsaFoR-Nonground-Term
IsaFoR-Ground-Context
Nonground-Context
Context-Functor

begin

type-synonym ('f, 'v) context = ('f, "v) ctxt

abbreviation occurences where
occurences t x = count (vars-term-ms t)

interpretation contezt: term-based-lifting where
comp-subst = (os) and id-subst = Var and apply-subst = apply-subst and
subst-update = fun-upd and sub-subst = (-) and sub-vars = term.vars and
sub-to-ground = term.to-ground and sub-from-ground = term.from-ground and
term-vars = term.vars and term-subst = (-) and term-to-ground = term.to-ground
and
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term-from-ground = term.from-ground and term-is-ground = term.is-ground
and

sub-is-ground = term.is-ground and to-ground-map = map-args-actrt and

ground-map = map-args-actrt and from-ground-map = map-args-actrt and map
= map-args-actzt and

to-set = set2-actxt and to-set-ground = set2-actzt

(proof)

no-notation subst-apply-actzt (infixl <> 67)
notation context.subst (infixl <-.» 67)

interpretation context: nonground-contert where

comp-subst = (os) and id-subst = Var and subst-update = fun-upd and

apply-subst = apply-subst and term-subst = () and term-is-ground = term.is-ground
and

term-vars = term.vars and compose-context = (o.) and term-from-ground =
term.from-ground and

term-to-ground = term.to-ground and hole = [J and apply-context = ctxt-apply-term
and

ground-hole = O and compose-ground-context = (o.) and

apply-ground-context = apply-ground-context and is-ground = context.is-ground
and

subst = () and vars = context.vars and from-ground = context.from-ground
and

to-ground = context.to-ground

(proof)

interpretation term: occurences where
comp-subst = (os) and id-subst = Var and subst-update = fun-upd and
apply-subst = apply-subst and term-subst = () and term-vars = term.vars and
compose-context = (o.) and term-from-ground = term.from-ground and
term-is-ground = term.is-ground and term-to-ground = term.to-ground and hole
= [0 and
apply-context = ctxt-apply-term and ground-hole = [0 and compose-ground-context
= (o.) and
apply-ground-context = apply-ground-context and occurences = occurences and
is-ground = context.is-ground and subst = (-.) and vars = context.vars and
from-ground = context.from-ground and to-ground = context.to-ground

(proof)

end
theory Context-Compatible-Order
imports
Context-Notation
Restricted-Order
begin

locale restriction-restricted =
fixes restriction context-restriction restricted restricted-context
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assumes
restricted:
At. t € restriction <— restricted ¢
Nec. ¢ € context-restriction «— restricted-context c

locale restricted-context-compatibility =
restriction-restricted +
apply-context-notation +
fixes R :: 't = 't = bool
assumes
context-compatible [simp]:
N(c::e) ty to.
restricted t; =
restricted to =
restricted-contert ¢ =
R C<t1> C<t2> +— R t1 to

locale context-compatibility = restricted-context-compatibility where

restriction = UNIV and context-restriction = UNIV and restricted = A\-. True
and

restricted-context = A\-. True
begin

lemma context-compatibility [simp]: R c(t1) c(t2) = R 11 ta
{proof)

end

locale context-compatible-restricted-order =

restricted-total-strict-order +

restriction-restricted +

apply-context-notation +

assumes less-context-compatible:

Nc t1 to. restricted t1 = restricted to = restricted-context ¢ = t1 < to =

C<t1> < C<t2>
begin

sublocale restricted-context-compatibility where R = (<)
(proof)

sublocale less-eq: restricted-context-compatibility where R = (=)
(proof )

lemma context-less-term-lesseq:
assumes
restricted t
restricted t'
restricted-context c
restricted-context ¢’
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Nt. restricted t = ¢(t) < ¢/(t)
t =<t

shows c¢(t) < ¢'(t')

(proof)

lemma context-lesseq-term-less:

assumes
restricted t
restricted t'
restricted-context c
restricted-context c’
A\t. restricted t => c(t) = /(1)
t <t

shows c¢(t) < ¢'(t')

(proof )

end

locale context-compatible-order =

total-strict-order +

apply-context-notation +

assumes less-contexrt-compatible: t; < to = c(t1) < c(t2)
begin

sublocale restricted: context-compatible-restricted-order where

restriction = UNIV and context-restriction = UNIV and restricted = \-. True
and

restricted-context = A-. True

{proof)

sublocale context-compatibility where R = (<)
{proof)

sublocale less-eq: context-compatibility where R = (<)
(proof)

lemma context-less-term-lesseq:

assumes
Nt c{t)y < c/(t)
t =<t
shows c¢(t) < ¢'(t')
(proof )
lemma context-lesseq-term-less:
assumes
At c(t) 2 /(t)
t<t
shows c¢(t) < ¢'(t')
(proof)
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end

end

theory Term-Order-Notation
imports Main

begin

locale term-order-notation =
fixes less; :: 't = 't = bool

begin

notation less; (infix <; 50)

abbreviation less-eq; = (<)==

notation less-eq; (infix <; 50)

end

end

theory Transitive-Closure-Extra
imports Main

begin

lemma reficlp-iff: AR zy. R==
(proof )

lemma reficlp-refl: R== z x
(proof )

lemma transpD-strict-non-strict:

assumes transp R
shows Az y 2. Rz y = R="
(proof)

lemma transpD-non-strict-strict:

assumes transp R
shows Az yz. "= 2y = R
(proof )

rys— RryVae=y

yz=— Ruzz

yz=— Ruzz

lemma mem-rtrancl-union-iff-mem-rtrancl-lhs:
assumes Az. (z, z) € A* = z ¢ Domain B
shows (z, y) € (AU B)* «— (z, y) € A*

{proof)

lemma mem-rtrancl-union-iff-mem-rtrancl-rhs:

assumes

Nz. (z, 2) € B* = z ¢ Domain A
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shows (z, y) € (AU B)* «— (z, y) € B*
{proof)

end
theory Ground-Term-Order
imports

Generic-Context
Context-Compatible-Order
Term-Order-Notation
Transitive-Closure- Extra

begin

locale subterm-property =
strict-order where less = less; +
context
for less; :: 't = 't = bool +
assumes
subterm-property [simpl: A\t c. ¢ # 0 = less; t ¢(t)
begin

interpretation term-order-notation (proof)

lemma less-eg-subterm-property: t <; c(t)
(proof )

end

locale context-compatible-ground-term-order =
wellfounded-strict-order where less = less; +
total-strict-order where less = less; +
context-compatible-order where less = less; +
subterm-property

begin

interpretation term-order-notation {(proof)

end

locale ground-term-order =
wellfounded-strict-order where less = less; +
total-strict-order where less = less;

for less; :: 't = 't = bool

begin

interpretation term-order-notation {(proof)

end

end
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theory Grounded-Order
imports
Restricted-Order
Abstract-Substitution. Based-Substitution-Lifting
begin

5 Orders with ground restrictions

locale grounded-order =
strict-order where less = less +
grounding where vars = vars
for
less :: 'expr = 'expr = bool (infix (<» 50) and
vars :: 'expr = 'var set
begin

sublocale strict-order-restriction where lift = from-ground
(proof)

abbreviation lessg = less,
lemmas lessg-def = less,-def
notation lessg (infix <g 50)

abbreviation less-eqg = less-eq,
notation less-eqe (infix <¢ 50)

lemma to-ground-less, [simp]:
assumes is-ground e and is-ground ¢’
shows to-ground e <g to-ground ¢/ +— e < ¢’

{proof)

lemma to-ground-less-eq, [simp):
assumes is-ground e and is-ground e’
shows to-ground e =g to-ground e’ +— ¢ =< e’

{proof)

lemma less-eq,.-from-ground [simp]:
ec =g eg' +— from-ground eq =< from-ground eg’
(proof )

end

locale grounded-restricted-total-strict-order =
order: restricted-total-strict-order where restriction = range from-ground +
grounded-order

begin

sublocale total-strict-order-restriction where lift = from-ground

{proof)
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lemma not-less-eq [simp]:
assumes is-ground ezpr and is-ground expr’
shows — order.less-eq expr’ expr «+— expr < expr’

(proof)

end

locale grounded-restricted-wellfounded-strict-order =
restricted-wellfounded-strict-order where restriction = range from-ground +
grounded-order

begin

sublocale wellfounded-strict-order-restriction where lift = from-ground

(proof)

end

5.1 Ground substitution stability

locale ground-subst-stability = grounding +
fixes R
assumes
ground-subst-stability:
Nexpry expra 7.
is-ground (expry - v) =
is-ground (exprs - v) =
R expry expro =
R (expry - ) (expra - 7)

locale ground-subst-stable-grounded-order =
grounded-order +
ground-subst-stability where R = (<)
begin

sublocale less-eq: ground-subst-stability where R = (=)
{proof)

lemma ground-less-not-less-eq:
assumes
grounding: is-ground (expry - 7y) is-ground (exprs - ) and
less: expry - v < expry - 7y
shows
- expro X expri
(proof )

end
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5.2 Substitution update stability

locale subst-update-stability =
based-subst-update +
fixes base-R R
assumes
subst-update-stability:
Nupdate x ~ expr.
base-is-ground update —
base-R update (z -v v) =
is-ground (expr - v) =
T € vars expr —>
R (expr - y[z := update]) (expr - )

locale base-subst-update-stability =

base-substitution +

subst-update-stability where

base-R = R and base-subst = subst and base-vars = vars and base-is-ground =
is-ground

locale subst-update-stable-grounded-order =

grounded-order + subst-update-stability where R = less and base-R = base-less
for base-less
begin

sublocale less-eq: subst-update-stability
where base-R = base-less—— and R = less™—

{proof)

end

locale base-subst-update-stable-grounded-order =

base-subst-update-stability where R = less +

subst-update-stable-grounded-order where

base-less = less and base-subst = subst and base-vars = vars and base-is-ground
= is-ground

end
theory Nonground-Term-Order
imports
Nonground-Context
Ground-Term-Order
Grounded-Order
begin

locale base-grounded-order =
order: grounded-restricted-total-strict-order +

order: grounded-restricted-wellfounded-strict-order +
order: ground-subst-stable-grounded-order +
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grounding

locale nonground-term-order =

term: nonground-term +

order: restricted-wellfounded-total-strict-order where

less = lessy and restriction = range term.from-ground +

order: ground-subst-stability where R = less; and comp-subst = (®) and subst
= (-t) and

vars = term.vars and is-ground = term.is-ground and to-ground = term.to-ground
and

from-ground = term.from-ground
for less;
begin

interpretation term-order-notation (proof)

sublocale base-grounded-order where

subst = (-t) and vars = term.vars and is-ground = term.is-ground and comp-subst
= (®) and

to-ground = term.to-ground and from-ground = term.from-ground and less =
(=)

{proof)

notation order.lessg (infix <:¢ 50)
notation order.less-eqe (infix <;¢ 50)

sublocale restriction: ground-term-order where
less; = (<ia)
(proof )

end

locale ground-context-compatible-order =
nonground-term-with-context +
restricted-total-strict-order where restriction = range term.from-ground +
assumes ground-context-compatibility:
/\C tl tg.
term.is-ground t; =—>
term.is-ground to =
context-is-ground ¢ =
t1 < to =
C<t1> < C<t2>
begin

sublocale context-compatible-restricted-order where

restriction = range term.from-ground and context-restriction = range context-from-ground
and

restricted = term.is-ground and restricted-context = context-is-ground
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{proof)

end

locale ground-subterm-property =
nonground-term-with-context +
fixes R
assumes ground-subterm-property:
Nt ca. term.is-ground t¢ = context-is-ground c¢ = ¢ # 0 = R tg
Cg<t(;>

locale context-compatible-nonground-term-order =
nonground-term-with-context +
nonground-term-order +
order: ground-context-compatible-order where less = less; +
order: ground-subterm-property where R = less;

begin

interpretation term-order-notation {(proof)

sublocale order: base-subst-update-stable-grounded-order where

subst = (-t) and vars = term.vars and comp-subst = (®) and is-ground =
term.is-ground and

to-ground = term.to-ground and from-ground = term.from-ground and less =
(=¢)
(proof)

sublocale restriction: context-compatible-ground-term-order where
less; = (<¢q) and compose-context = compose-ground-context and
apply-context = apply-ground-context and hole = ground-hole

{(proof)

end

end
theory Multiset- Extension
imports
Restricted-Order
Multiset-Extra
begin

6 Multiset Extensions
locale multiset-extension = order: strict-order +
fixes to-mset :: 'b = 'a multiset

begin

definition multiset-extension :: 'b = 'b = bool where
multiset-extension b1 b2 = multp (<) (to-mset b1) (to-mset b2)
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notation multiset-extension (infix <,, 50)

sublocale strict-order (<)

(proof)

notation less-eq (infix =<, 50)

end

6.1 Wellfounded Multiset Extensions

locale wellfounded-multiset-extension =
order: wellfounded-strict-order +
multiset-extension

begin

sublocale wellfounded-strict-order (<)
(proof)

end

6.2 Total Multiset Extensions

locale restricted-total-multiset-extension =

base: restricted-total-strict-order +

multiset-extension +

assumes inj-on-to-mset: inj-on to-mset {b. set-mset (to-mset b) C restriction}
begin

sublocale restricted-total-strict-order (<) {b. set-mset (to-mset b) C restriction}
(proof)

end

locale total-multiset-extension =
order: total-strict-order +
multiset-extension +
assumes inj-to-mset: inj to-mset
begin

sublocale restricted-total-multiset-extension where restriction = UNIV
(proof )

sublocale total-strict-order (<)
(proof )

end
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locale total-wellfounded-multiset-extension =
wellfounded-multiset-extension + total-multiset-extension

end
theory Natural-Functor-To-Multiset
imports
Abstract-Substitution. Natural-Functor
Multiset-Extra
begin

locale natural-functor-to-multiset = natural-functor where to-set = to-set
for

to-mset :: 'b = 'a multiset and

to-set :: 'b = ‘a set +
assumes

to-mset-to-set: \b. set-mset (to-mset b) = to-set b and

to-mset-map: \f b. to-mset (map fb) = image-mset f (to-mset b)

global-interpretation id-natural-functor-multiset: natural-functor-to-multiset where
to-set = set-mset and map = image-mset and to-mset = A\z. x

(proof)

end
theory Grounded-Multiset- Extension
imports
Grounded-Order
Multiset- Extension
Natural-Functor-To-Multiset
begin

7 Grounded Multiset Extensions

locale substitution-multiset-extension =
sub: strict-order where less = (<) :: 'sub = ’sub = bool +
multiset-extension where to-mset = to-mset +
substitution-lifting where id-subst = id-subst and to-set = to-set +
natural-functor-to-multiset where to-set = to-set and to-mset = to-mset
for
to-mset :: 'expr = 'sub multiset and
id-subst :: 'subst and
to-set :: 'expr = 'sub set +
assumes inj-to-mset: inj to-mset
begin

no-notation less-eq (infix < 50)
notation sub.less-eq (infix < 50)

lemma lesseq-if-all-lesseq:
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assumes V sub €# to-mset expr. sub -y 0’ < sub -5 o
shows expr - o’ <, expr - o
(proof)

lemma less-if-all-lesseq-ex-less:
assumes
V sube#to-mset expr. sub -5 o' < sub -5 o
3 subeFto-mset expr. sub -5 o' < sub -5 o
shows
expr - o' <, expr - o
(proof )

end

locale grounded-multiset-extension =
grounding-lifting where
id-subst = id-subst :: 'subst and to-set = to-set :: 'expr = 'sub set and
to-set-ground = to-set-ground +
substitution-multiset-extension where to-mset = to-mset
for
to-mset :: 'expr = ’sub multiset and
to-set-ground :: 'exprg = 'subg set
begin

sublocale strict-order-restriction (<.,,) from-ground
(proof)

end

locale ground-total-multiset-extension =
grounded-multiset-extension +
sub: total-strict-order-restriction where lift = sub-from-ground
begin

sublocale sub: grounded-restricted-total-strict-order where
subst = sub-subst and vars = sub-vars and to-ground = sub-to-ground and
from-ground = sub-from-ground and is-ground = sub-is-ground
(proof)

sublocale grounded-restricted-total-strict-order where

subst = subst and wvars = wvars and is-ground = is-ground and to-ground =
to-ground and

from-ground = from-ground and less = (<)

(proof)

end

locale based-grounded-multiset-extension =
based-subst-update-lifting where base-vars = base-vars +
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grounded-multiset-extension +

base: strict-order where less = base-less
for

base-vars :: 'base = 'var set and

base-less :: 'base = 'base = bool

7.1 Ground substitution stability

locale ground-subst-stable-multiset-extension =

grounded-multiset-extension +

sub: ground-subst-stable-grounded-order where

less = less and subst = sub-subst and vars = sub-vars and is-ground = sub-is-ground
and

from-ground = sub-from-ground and to-ground = sub-to-ground
begin

sublocale ground-subst-stable-grounded-order where
less = (<) and subst = subst and vars = vars and is-ground = is-ground and
from-ground = from-ground and to-ground = to-ground

(proof)

end

7.2 Substitution update stability

locale subst-update-stable-multiset-extension =
based-grounded-multiset-extension +
sub: subst-update-stable-grounded-order where
vars = sub-vars and subst = sub-subst and is-ground = sub-is-ground and
to-ground = sub-to-ground and from-ground = sub-from-ground

begin

no-notation less-eq (infix < 50)

sublocale subst-update-stable-grounded-order where

less = (<) and vars = vars and subst = subst and is-ground = is-ground
and

from-ground = from-ground and to-ground = to-ground

(proof)

end

end
theory Maximal-Literal
imports
Saturation- Framework-Extensions. Clausal-Calculus
Min-Max-Least-Greatest. Min-Maz- Least- Greatest-Multiset
Restricted-Order
begin
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locale maximal-literal = order: strict-order where less = less
for less :: 'a literal = 'a literal = bool
begin

abbreviation is-mazimal :: 'a literal = ’a clause = bool where
is-maximal | C = order.is-maximal-in-mset C' [

abbreviation is-strictly-mazimal :: 'a literal = 'a clause = bool where
is-strictly-mazimal | C = order.is-strictly-mazximal-in-mset C'[

lemmas is-mazimal-def = order.is-maximal-in-mset-iff
lemmas is-strictly-mazimal-def = order.is-strictly-mazximal-in-mset-iff

lemmas is-mazximal-if-is-strictly-mazimal =
order.is-mazimal-in-mset-if-is-strictly-mazimal-in-mset

lemma mazimal-in-clause:
assumes is-mazximal | C
shows | €# C

{proof)

lemma strictly-maximal-in-clause:
assumes is-strictly-mazimal | C
shows [ €# C

{proof)

lemma is-mazimal-not-empty [intro]: is-mazimal | C = C # {#}
(proof )

lemma is-strictly-mazimal-not-empty [intro|: is-strictly-mazimal | C = C # {#}

{proof)

end

end
theory Term-Order-Lifting
imports
Grounded-Multiset- Extension
Maximal-Literal
Term-Order-Notation
begin

locale atom-to-mset =
fixes
pos-to-mset neg-to-mset :: 'a = 't multiset
assumes
inj-pos-to-mset: inj pos-to-mset and
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inj-neg-to-mset: inj neg-to-mset and
pos-neg-neq: \a a’. pos-to-mset a # neg-to-mset a’

locale restricted-term-order-lifting =
term.order: restricted-wellfounded-total-strict-order where less = less; +
atom-to-mset where pos-to-mset = pos-to-mset and neg-to-mset = neg-to-mset
for
less; :: 't = 't = bool and
pos-to-mset neg-to-mset :: 'a = 't multiset
begin

primrec literal-to-mset :: 'a literal = 't multiset where
literal-to-mset (Pos a) = pos-to-mset a |

literal-to-mset (Neg a) = neg-to-mset a

lemma inj-literal-to-mset: inj literal-to-mset

(proof)

sublocale term-order-notation (proof)

abbreviation literal-order-restriction where
literal-order-restriction = {b. set-mset (literal-to-mset b) C restriction}

sublocale [iteral.order: restricted-total-multiset-extension where
less = (<) and to-mset = literal-to-mset

(proof)

notation literal.order.multiset-extension (infix <; 50)
notation literal.order.less-eq (infix <; 50)

lemmas less;-def = literal.order.multiset-extension-def

sublocale mazimal-literal (<)
{proof)

sublocale clause.order: restricted-total-multiset-extension where
less = (<) and to-mset = Az. x and restriction = literal-order-restriction

{proof)

notation clause.order.multiset-extension (infix <. 50)
notation clause.order.less-eq (infix <. 50)

lemmas less.-def = clause.order.multiset-extension-def
end
locale term-order-lifting =

restricted-term-order-lifting where restriction = UNIV +
term.order: wellfounded-strict-order less; +
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term.order: total-strict-order less;
begin

sublocale literal.order: total-wellfounded-multiset-extension where
less = (<) and to-mset = literal-to-mset

{proof)

sublocale clause.order: total-wellfounded-multiset-extension where
less = (<) and to-mset = Az.

(proof)

end

end
theory Ground-Order-Generic

imports Ground-Term-Order Term-Order-Lifting
begin

locale ground-order-generic =
term.order: ground-term-order +
term-order-lifting

end
theory Nonground-Order-Generic
imports

Nonground-Clause-Generic
Nonground-Term-Order
Term-Order-Lifting
Ground-Order-Generic

begin

8 Nonground Order

locale nonground-order-lifting =
grounding-lifting +
order: ground-total-multiset-extension +
order: ground-subst-stable-multiset-extension

locale nonground-term-based-order-lifting =
term: nonground-term +
nonground-order-lifting

for less;

locale nonground-order-generic =
term: nonground-term where

id-subst = id-subst :: 'subst and term-to-ground = term-to-ground :: 't = 'tg +

nonground-clause-generic where
atom-subst = atom-subst and atom-from-ground = atom-from-ground +

82



restricted-term-order-lifting where
pos-to-mset = pos-to-mset and restriction = range term.from-ground +

clause: nonground-term-based-order-lifting where

less = (<) and sub-subst = literal.subst and sub-vars = literal.vars and

sub-is-ground = literal.is-ground and sub-to-ground = literal.to-ground and

sub-from-ground = literal.from-ground and map = image-mset and to-set =
set-mset and

to-ground-map = image-mset and from-ground-map = image-mset and ground-map
= image-mset and

to-set-ground = set-mset and to-mset = Ax. v +

term: nonground-term-order +

ground: atom-to-mset where pos-to-mset = ground-pos-to-mset and neg-to-mset
= ground-neg-to-mset
for

pos-to-mset :: 'a = 't multiset and

atom-subst :: 'a = 'subst = 'a and

atom-from-ground :: 'ag = 'a and

ground-pos-to-mset ground-neg-to-mset :: 'ag = "tg multiset +
assumes

ground-pos-to-mset:

Aa. image-mset term.from-ground (ground-pos-to-mset a) = pos-to-mset (atom-from-ground
a) and

ground-neg-to-mset:

Na. image-mset term.from-ground (ground-neg-to-mset a) = neg-to-mset (atom-from-ground
)

begin

notation term.order.lessg (infix <;q 50)
notation term.order.less-eqq (infix <;q 50)

notation clause.order.sub.lessq (infix <;¢ 50)
notation clause.order.sub.less-eqe (infix <;6 50)

notation clause.order.lessg (infix <. 50)
notation clause.order.less-eqc (infix <.q 50)

lemma obtain-mazimal-literal:
assumes
not-empty: C # {#} and
grounding: clause.is-ground (C - )
obtains [
where is-mazimal | C is-mazimal (1 -1 ~) (C - 7)

(proof)
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lemma obtain-strictly-maximal-literal:
assumes
grounding: clause.is-ground (C - +) and
ground-strictly-mazimal: is-strictly-mazimal lg (C - 7)
obtains [ where
is-strictly-mazximal  Clg =1 -1 v

(proof)

lemma is-maximal-if-grounding-is-maximal:
assumes
l-in-C: | €# C and
C-grounding: clause.is-ground (C - ) and
l-grounding-is-mazximal: is-mazimal (I -1 v) (C - 7)
shows is-mazimal | C

(proof)

lemma is-strictly-maximal-if-grounding-is-strictly-maximal:
assumes
l-in-C: |l €e# C and
grounding: clause.is-ground (C - +) and
grounding-strictly-mazximal: is-strictly-mazimal (I -1 v) (C - )
shows
is-strictly-maximal 1 C

{proof)

lemma unique-mazimal-in-ground-clause:
assumes
clause.is-ground C
is-maximal | C
is-maximal I’ C
shows
=10
(proof)

lemma unique-strictly-mazimal-in-ground-clause:
assumes
clause.is-ground C
is-strictly-mazimal [ C
is-strictly-mazimal 1" C
shows
=10
(proof)
abbreviation ground-is-mazrimal where
ground-is-mazimal lg Cq = is-mazimal (literal.from-ground lg) (clause.from-ground

Ca)

abbreviation ground-is-strictly-mazimal where
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ground-is-strictly-mazimal lg Cg =
is-strictly-maximal (literal. from-ground lg) (clause.from-ground Cg)

sublocale ground: ground-order-generic where

less; = (<:q) and pos-to-mset = ground-pos-to-mset and neg-to-mset = ground-neg-to-mset
rewrites

less;g-rewrite [simp]:

multiset-extension.multiset-extension (<iq) ground.literal-to-mset = (<;¢) and

less.q-rewrite [simp|: multiset-extension.multiset-extension (<) (Az. 1) = (<c¢)
and

is-mazimal-rewrite [simp]: Nle Cq. ground.is-mazimal lg Cg <— ground-is-mazimal
lG CG and

is-strictly-mazimal-rewrite [simp):

Nl Cq. ground.is-strictly-mazimal lg Cg +— ground-is-strictly-mazimal lg
Cq and

ground.literal-order-restriction = UNIV

(proof)

lemma less.-add-mset:
assumes [ <; I’ C <. C'
shows add-mset | C <. add-mset |’ C'
(proof)

lemmas less.-add-same [simp] =
multp-add-same[OF literal.order.asymp literal.order.transp, folded less.-def)

end

locale context-compatible-nonground-order-generic =
nonground-order-generic +

term: context-compatible-nonground-term-order +

clause.order: subst-update-stable-multiset-extension where

less = (<) and sub-subst = literal.subst and sub-vars = literal.vars and

sub-is-ground = literal.is-ground and sub-to-ground = literal.to-ground and

sub-from-ground = literal.from-ground and map = image-mset and to-set =
set-mset and

to-ground-map = image-mset and from-ground-map = image-mset and ground-map
= image-mset and

to-set-ground = set-mset and to-mset = Ax. x and base-vars = term.vars and
base-less = less; and

base-subst = (-t) and base-is-ground = term.is-ground

end
theory Ground-Order- With-Equality

imports Ground-Order-Generic Uprod-FExtra
begin
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abbreviation (input) pos-to-mset where
pos-to-mset = mset-uprod

abbreviation (input) neg-to-mset where
neg-to-mset a = mset-uprod a + mset-uprod a

global-interpretation uprod-to-mset: atom-to-mset where
pos-to-mset = pos-to-mset and neg-to-mset = neg-to-mset
(proof )

locale ground-order =
term.order: ground-term-order
begin

sublocale ground-order-generic where
pos-to-mset = pos-to-mset and neg-to-mset = neg-to-mset
{proof )

end

locale context-compatible-ground-order =
ground-order +
term.order: context-compatible-ground-term-order

end
theory Nonground-Order- With- Equality
imports
Nonground- Clause- With- Equality
Nonground-Order-Generic
Ground-Order- With- Equality
begin

9 Nonground Order

locale nonground-order =
nonground-clause +
term: nonground-term-order
begin

sublocale restricted-term-order-lifting where

restriction = range term.from-ground and pos-to-mset = pos-to-mset and neg-to-mset
= neg-to-mset

(proof )

sublocale literal: nonground-term-based-order-lifting where
less = less; and sub-subst = (-t) and sub-vars = term.vars and sub-is-ground
= term.is-ground and
sub-to-ground = term.to-ground and sub-from-ground = term.from-ground and
map = map-uprod-literal and to-set = uprod-literal-to-set and
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to-ground-map = map-uprod-literal and from-ground-map = map-uprod-literal
and
ground-map = map-uprod-literal and to-set-ground = uprod-literal-to-set and
to-mset = literal-to-mset
rewrites
Nl o. substitution-lifting.subst (-t) map-uprod-literal | o = literal.subst | o and
Nl substitution-lifting.vars term.vars uprod-literal-to-set | = literal.vars | and
Nl substitution-lifting.is-ground term.is-ground uprod-literal-to-set |
= literal.is-ground | and
Nla. grounding-lifting. from-ground term.from-ground map-uprod-literal lg
= literal.from-ground lg and
AL grounding-lifting.to-ground term.to-ground map-uprod-literal | = literal.to-ground

l
(proof)

notation literal.order.lessg (infix < 50)
notation literal.order.less-eqq (infix <;¢ 50)

sublocale nonground-order-generic where

atom-subst = atom.subst and atom-vars = atom.vars and atom-is-ground =
atom.is-ground and

atom-from-ground = atom.from-ground and atom-to-ground = atom.to-ground
and

neg-to-mset = neg-to-mset and pos-to-mset = pos-to-mset and ground-neg-to-mset
= neg-to-mset and

ground-pos-to-mset = pos-to-mset

(proof)

lemma [iteral-order-less-if-all-lesseq-ex-less-set:
assumes
YVt € set-uprod (atm-of ). t -t o' 34t -t o
It € set-uprod (atm-of I). t -t o' <4 t -t o
shows [ -lo' <1 :lo
(proof)

end

locale context-compatible-nonground-order =
nonground-order +
term: context-compatible-nonground-term-order
begin

sublocale literal.order: subst-update-stable-multiset-extension where

less = less; and sub-subst = (-t) and sub-vars = term.vars and sub-is-ground
= term.is-ground and

sub-to-ground = term.to-ground and sub-from-ground = term.from-ground and

map = map-uprod-literal and to-set = uprod-literal-to-set and

to-ground-map = map-uprod-literal and from-ground-map = map-uprod-literal
and
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ground-map = map-uprod-literal and to-set-ground = uprod-literal-to-set and
to-mset = literal-to-mset and base-vars = term.vars and base-less = less; and
base-subst = (-t) and base-is-ground = term.is-ground
rewrites
Nl o. substitution-lifting.subst (-t) map-uprod-literal | o = literal.subst | ¢ and
Nl substitution-lifting.vars term.vars uprod-literal-to-set | = literal.vars | and
Nl substitution-lifting.is-ground term.is-ground uprod-literal-to-set
= literal.is-ground [ and
Ala. grounding-lifting. from-ground term.from-ground map-uprod-literal lg
= literal.from-ground lg and
Al grounding-lifting.to-ground term.to-ground map-uprod-literal | = literal.to-ground
l

{proof)

sublocale context-compatible-nonground-order-generic where

atom-subst = atom.subst and atom-vars = atom.vars and atom-is-ground =
atom.is-ground and

atom-from-ground = atom.from-ground and atom-to-ground = atom.to-ground
and

neg-to-mset = neg-to-mset and pos-to-mset = pos-to-mset and ground-neg-to-mset
= neg-to-mset and

ground-pos-to-mset = pos-to-mset

(proof)

end

end
theory Selection-Function-Select-Max
imports
Mazimal-Literal
Selection-Function
begin

Example Selection Function
context maximal-literal

begin

abbreviation select-mazr where
select-max C =
if 3le#C. is-maximal | C A is-neg l
then {#SOME . is-mazimal | C A is-neg I1#}
else {#}

sublocale select-maz: selection-function select-max

(proof)

end

end
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theory IsaFoR-KBO
imports
Knuth-Bendiz-Order. KBO

VeriComp. Well-founded

IsaFoR-Nonground-Clause- With- Equality
IsaFoR-Nonground-Context
Nonground-Order- With- Equality

Selection-Function-Select-Mazx
begin

record 'f weights =
w : 'f X nat = nat
w0 :: nat
pr-strict :: 'f X nat = 'f x nat = bool
least :: 'f = bool
scf i 'f X nat = nat = nat

class weighted =

fixes weights :: 'a weights

assumes weights-adm:

admissible-kbo
(w weights) (w0 weights) (pr-strict weights) ((pr-strict weights)==) (least

weights) (scf weights)

and pr-strict-total: fi = gj V pr-strict weights fi gj V pr-strict weights gj fi

and pr-strict-asymp: asymp (pr-strict weights)

and scf-ok: i < n => scf weights (f, n) i < 1

instantiation unit :: weighted begin

definition weights-unit :: unit weights where weights-unit =
(w = Suc o snd, w0 = 1, pr-strict = (-, n) (-, m). n > m, least = A-. True,
sef = A- - 1)

instance

(proof )
end

global-interpretation KBO:
admissible-kbo
w (weights :: 'f :: weighted weights) w0 (weights :: 'f :: weighted weights)
pr-strict weights ((pr-strict weights)==) least weights scf weights
defines weight = KBO.weight
and kbo = KBO.kbo

(proof)
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lemma kbo-code[code]: kbo s t =
(let wt = weight t; ws = weight s in
if vars-term-ms (KBO.SCF' t) C# vars-term-ms (KBO.SCF s) A wt < ws
then
(if wt < ws then (True, True)
else
(case s of
Var y = (False, case t of Var x = True | Fun g ts = ts = [| A least weights
9)
| Fun f ss =
(case t of
Var x = (True, True)
| Fun g ts =
if pr-strict weights (f, length ss) (g, length ts) then (True, True)
else if (f, length ss) = (g, length ts) then lez-ext-unbounded kbo ss ts
else (False, False))))
else (Fualse, False))

{proof)

definition less-kbo s t = fst (kbo t )

lemma less-kbo-gtotal: Term.ground s => Term.ground t => s = t V less-kbo s t
V less-kbo t s

{proof)

lemma less-kbo-subst:
fixes o :: ('f :: weighted, "v) subst
shows less-kbo s t = less-kbo (s - o) (t - o)
{proof )

lemma wfP-less-kbo: wfP less-kbo
(proof)

9.1 Setup weights for nat

abbreviation pr-strict :: ('f :: wellorder x nat) = - = bool where
pr-strict = lex-prodp ((<) = 'f = 'f = bool) ((<) :: nat = nat = bool)

lemma wfp-pr-strict: wfp pr-strict
{proof)

abbreviation least where
leastz =Vy. z <y

abbreviation weights where
weights = (w = A-. 1, w0 = 1, pr-strict = pr-strict 1=, least = least, scf =

A1)

instantiation nat :: weighted begin

90



definition weights-nat :: nat weights where
weights-nat = weights

instance

(proof)

end

9.2 Interpret non-ground order with KBO

interpretation KBO: context-compatible-nonground-order where

lessy = less-kbo :: ('f :: weighted, "v) term = ('f,’v) term = bool and

comp-subst = (o,) and id-subst = Var and term-subst = (-) and term-vars =
term.vars and

apply-subst = apply-subst and subst-update = fun-upd and compose-context =
(o.) and

term-from-ground = term.from-ground and term-to-ground = term.to-ground
and

hole = O and apply-context = ctzt-apply-term and occurences = occurences and
ground-hole = [0 and

apply-ground-context = apply-ground-context and compose-ground-context = (o)
and

term-is-ground = term.is-ground and context-is-ground = context.is-ground and

context-vars = context.vars and context-subst = context.subst and

context-from-ground = context.from-ground and context-to-ground = context.to-ground

(proof)

end
theory Nonground-Clause
imports
Nonground-Clause-Generic
Literal-Functor
begin

10 Nonground Clauses

locale nonground-clause = term: nonground-term
begin

10.1 Nonground Literals

sublocale nonground-clause-generic where

atom-vars = term.vars and atom-subst = (-t) and atom-to-ground = term.to-ground
and

atom-from-ground = term.from-ground and atom-is-ground = term.is-ground

{proof)

lemma obtain-from-pos-literal-subst:
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assumes [ -l 0 = Pos t’
obtains ¢
where | = Postt' =t to

{proof)

lemma obtain-from-neg-literal-subst:
assumes [ -l 0 = Neg t’
obtains ¢
where | = Negtt' =t -t o
(proof )

lemmas obtain-from-literal-subst = obtain-from-pos-literal-subst obtain-from-neg-literal-subst

10.2 Nonground Clauses

lemmas clause-safe-unfolds =
literal-to-ground-atom-to-ground
literal-from-ground-atom-from-ground
literal-from-ground-polarity-stable
subst-literal
vars-literal

end

end
theory IsaFoR-Nonground-Clause
imports
IsaFoR-Nonground-Term
Nonground-Clause
begin

interpretation nonground-clause where
comp-subst = (os) and id-subst = Var and subst-update = fun-upd and
apply-subst = apply-subst and term-subst = (-) and term-vars = vars-term and
term-to-ground = term.to-ground and term-from-ground = term.from-ground
and
term-is-ground = term.is-ground

{proof)

end
theory IsaFoR-Ground-Term-Compatibility
imports
IsaFoR-Nonground-Context
Abstract-Substitution. Noop-Substitution
begin

interpretation ground: nonground-term where

comp-subst = noop-comp-subst and id-subst = noop-id-subst and term-vars =
noop-vars and
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subst-update = noop-subst-update and apply-subst = noop-apply-subst and

term-subst = noop-subst and term-to-ground = id and term-from-ground = id
and

term-is-ground = noop-is-ground

(proof )

interpretation ground: nonground-term-with-context where

comp-subst = noop-comp-subst and id-subst = noop-id-subst and term-vars =
noop-vars and

subst-update = noop-subst-update and apply-subst = noop-apply-subst and

term-subst = noop-subst and term-to-ground = id and term-from-ground = id
and

apply-context = apply-ground-context and hole = 0 and compose-context = (o)
and

ground-hole = O and compose-ground-context = (o.) and

apply-ground-context = apply-ground-context and occurences = A- -. 0 and

term-is-ground = noop-is-ground and context-is-ground = noop-is-ground and

context-subst = noop-subst and context-vars = noop-vars and context-from-ground
= id and

context-to-ground = id

(proof )

end
theory Entailment-Lifting

imports Abstract-Substitution. Based-Substitution-Lifting
begin

locale entailment =
based: based-subst-update where base-subst = base-subst and vars = vars +
base: grounding where
subst = base-subst and vars = base-vars and is-ground = base-is-ground and
to-ground = base-to-ground and from-ground = base-from-ground
for
vars :: 'expr = 'var set and
base-subst :: 'base = 'subst = 'base and
base-to-ground :: 'base = 'baseg and
base-from-ground +
fixes
entails-def :: 'expr = bool ((|= -) [50] 50) and
I:: ('baseg X 'baseq) set
assumes
congruence: \expr v © update.
base-is-ground update =
base-is-ground (x -v v) =
(base-to-ground (z -v 7y), base-to-ground update) € I —>
is-ground (expr - v) =
E expr - y[z := update] =
E expr - vy
begin
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abbreviation entails where
entails = entails-def

end

locale symmetric-entailment = entailment +
assumes sym: sym [
begin

lemma symmetric-congruence:
assumes
update-is-ground: base-is-ground update and
var-grounding: base-is-ground (z -v 7y) and
var-update: (base-to-ground (z -v 7), base-to-ground update) € I and
expr-grounding: is-ground (subst expr )
shows |= expr - y[z := update] «— = expr - v
(proof)

end

locale symmetric-base-entailment =

base-substitution where subst = subst +

based-subst-update where

subst = subst and base-subst = subst and base-is-ground = is-ground and
base-vars = vars +

grounding where subst = subst and to-ground = to-ground for
subst :: 'base = 'subst = 'base (infixl - 70) and
to-ground :: 'base = 'baseq +
fixes I :: ("basec x 'baseq) set
assumes
sym: sym I and
congruence: \expr expr’ update v x.
is-ground update =
is-ground (z -v y) =
(to-ground (z -v 7y), to-ground update) € I —
is-ground (expr - v) =
(to-ground (expr - y[z := update]), expr’) € I —>
(to-ground (expr - vy), expr’) € 1
begin

lemma symmetric-congruence:
assumes
update-is-ground: is-ground update and
var-grounding: is-ground (z -v vy) and
expr-grounding: is-ground (expr - ) and
var-update: (to-ground (x -v ), to-ground update) € I
shows (to-ground (expr - y[z := update]), expr’) € I <— (to-ground (expr - ),
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expr’) € 1
{proof)

lemma simultaneous-congruence:
assumes
is-ground update and is-ground update’ and
is-ground (z -v ) and is-ground (z' -v 7)
(to-ground (x -v ), to-ground update) € I and
(to-ground (z' -v ), to-ground update”) € I and
is-ground (expr - 7y) is-ground (expr’ - )
shows
(to-ground (expr - (y[z := update])), to-ground (expr’ - (y[z' := update’]))) €
I +—
(to-ground (expr - ), to-ground (expr’ - ~)) € I
(proof )

lemma simultaneous-congruence-same:
assumes
is-ground update and is-ground (z -v ) and
(to-ground (x -v ), to-ground update) € I and
is-ground (expr - 7y) is-ground (expr’ - )
shows
(to-ground (expr - (y[z := update])), to-ground (expr’ - (v[z := update]))) € I
—
(to-ground (expr - ), to-ground (expr’ - ~)) € I
(proof )

end

locale entailment-lifting =
based-substitution-lifting where map = map :: ('sub = ’'sub) = 'expr = 'expr +
finite-variables-lifting +
based-subst-update-lifting +

sub: symmetric-entailment where
subst = sub-subst and wvars = sub-vars and is-ground = sub-is-ground and
entails-def = sub-entails
for sub-entails ((Fs -) [50] 50) +
fixes
is-negated :: 'expr = bool and
empty :: bool and
connective :: bool = bool = bool and
entails-def ((|= -) [50] 50)
assumes
is-negated-subst: N\expr o. is-negated (expr - o) <— is-negated expr and
entails-def: Nexpr. |E expr +—
(if is-negated expr then Not else (A\x. x))
(Finite-Set.fold connective empty (sub-entails * to-set expr))
begin
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sublocale symmetric-entailment where
subst = subst and vars = vars and is-ground = is-ground and entails-def =
entails-def

(proof)

end

locale entailment-lifting-conj = entailment-lifting where
connective = (A) and empty = True

locale entailment-lifting-disj = entailment-lifting where
connective = (V) and empty = False

end

theory Fold-FEaxtra
imports Main

begin

lemma comp-fun-idem-conj: comp-fun-idem-on X (A)
(proof )

lemma comp-fun-idem-disj: comp-fun-idem-on X (V)
(proof )

lemma fold-conj-insert [simpl:
Finite-Set.fold (A) True (insert b B) «— b A\ Finite-Set.fold (A) True B
{proof )

lemma fold-disj-insert [simp):
Finite-Set.fold (V) False (insert b B) «— b V Finite-Set.fold (V) False B
{proof)

end
theory Nonground-FEntailment
imports

Nonground-Context
Nonground- Clause- With- Equality
Ground-Term-Rewrite-System
Entailment-Lifting
Fold-Eztra

begin

11 Entailment

context nonground-clause
begin

lemma not-literal-entails [simp):
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= upair ‘I |=l Neg a «— upair ‘I |=l Pos a
= upair ‘I |El Pos a «— upair ‘I |=l Neg a
{proof)

lemmas literal-entails-unfolds =
not-literal-entails
true-lit-simps

end

locale clause-entailment =

nonground-clause where

term-vars = term-vars :: 't = 'v set and term-to-ground = term-to-ground :: 't
= tq +

nonground-term-with-context +

ground-term-rewrite-system where

apply-context = apply-ground-context and compose-context = compose-ground-context
and

hole = ground-hole +

fixes I :: 'tg rel
assumes
trans: trans I and
sym: sym I and
compatible-with-ground-context: compatible-with-context 1
begin

lemma symmetric-context-congruence:
assumes (¢, t') € I
shows (c(t)q, t") € T +— (c(thq, t") € T

{proof)

lemma symmetric-upair-context-congruence:
assumes Upair t t' € upair ‘1
shows Upair c¢(t)g t” € wupair ‘I «— Upair c(t"¢ t"" € wupair ‘1
(proof)

lemma upair-compatible-with-gctatl [introl:
Upair t t' € upair * I = Upair ¢(t)g c(t") ¢ € upair ‘I
(proof)

sublocale term: symmetric-base-entailment where
vars = term.vars :: 't = 'v set and comp-subst = (©) and subst = (-¢) and
is-ground = term.is-ground and to-ground = term.to-ground and
from-ground = term.from-ground

(proof)
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sublocale atom: symmetric-entailment where

comp-subst = (®) and base-subst = (-t) and base-vars = term.vars and

base-is-ground = term.is-ground and subst = (-a) and is-ground = atom.is-ground
and

vars = atom.vars and base-to-ground = term.to-ground and base-from-ground
= term.from-ground and

I = I and entails-def = Aa. atom.to-ground a € upair ‘I

(proof)

sublocale literal: entailment-lifting-conj where
comp-subst = (®) and base-subst = (-t) and base-vars = term.vars and
base-is-ground = term.is-ground and sub-subst = (-a) and sub-is-ground =
atom.is-ground and
sub-vars = atom.vars and base-to-ground = term.to-ground and
base-from-ground = term.from-ground and I = I and sub-entails = atom.entails
and
map = map-literal and to-set = set-literal and is-negated = is-neg and
entails-def = M. upair ‘I |=1 literal.to-ground 1
(proof)

sublocale clause: entailment-lifting-disj where
comp-subst = (®) and base-subst = (-t) and base-vars = term.vars and
base-is-ground = term.is-ground and base-to-ground = term.to-ground and
base-from-ground = term.from-ground and I = I and sub-is-ground = lit-
eral.is-ground and
sub-subst = (-1) and sub-vars = literal.vars and sub-entails = literal.entails and
map = image-mset and to-set = set-mset and is-negated = A-. False and
entails-def = AC. upair ‘ I |= clause.to-ground C
(proof)

lemma literal-compatible-with-gctztl [introl:
literal.entails (t ~ t') = literal.entails (c(t) ~ c(t)

{proof)

lemma symmetric-literal-context-congruence:
assumes Upair t t' € upair ‘1
shows
upair ‘I |=l e(t)yg =~ t"" +— upair ‘I |El c(tg ~ t”’
upair ‘I =l e(t)g 1= t"" «— upair ‘I |El c(thg '~ t"
(proof)

end

end
theory Inference-Functor
imports
Abstract-Substitution. Natural-Functor
Saturation-Framework-Extensions. Clausal-Calculus
begin
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lemma set-inference-not-empty [iff]: set-inference v # {}
(proof )

(ML)

global-interpretation inference-functor: natural-functor-conversion where
map = map-inference and to-set = set-inference and map-to = map-inference
and
map-from = map-inference and map’ = map-inference and to-set’ = set-inference
(proof)

end
theory Nonground-Inference
imports
Nonground-Clause-Generic
Inference-Functor
begin

context nonground-clause-generic
begin

sublocale inference: term-based-lifting where

sub-subst = clause.subst and sub-vars = clause.vars and sub-is-ground = clause.is-ground
and

map = map-inference and to-set = set-inference and sub-to-ground = clause.to-ground
and

sub-from-ground = clause.from-ground and to-ground-map = map-inference and

from-ground-map = map-inference and ground-map = map-inference and to-set-ground
= set-inference

(proof )

notation inference.subst (infixl -« 67)

lemma vars-inference [simp]:
inference.vars (Infer Ps C') = |J (clause.vars ¢ set Ps) U clause.vars C

{proof)

lemma subst-inference [simpl:
Infer Ps C -v o = Infer (map (AP. P - o) Ps) (C - o)
(proof)

lemma inference-from-ground-clause-from-ground [simp]:

inference.from-ground (Infer Ps C) = Infer (map clause.from-ground Ps) (clause.from-ground
)

(proof )

lemma inference-to-ground-clause-to-ground [simp]:
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inference.to-ground (Infer Ps C') = Infer (map clause.to-ground Ps) (clause.to-ground
)
{proof)

lemma inference-is-ground-clause-is-ground [simp]:
inference.is-ground (Infer Ps C') «+— list-all clause.is-ground Ps A clause.is-ground

C
{proof)

end

end
theory Ground-Order

imports Ground-Order-Generic
begin

abbreviation (input) pos-to-mset where
pos-to-mset a = {# a #}

abbreviation (input) neg-to-mset where
neg-to-mset a = {# a, a #}

global-interpretation term-atom-to-mset: atom-to-mset where
pos-to-mset = pos-to-mset and neg-to-mset = neg-to-mset
(proof)

locale ground-order =
term.order: ground-term-order
begin

sublocale ground-order-generic where pos-to-mset = pos-to-mset and neg-to-mset
= neg-to-mset

{proof)

end

locale context-compatible-ground-order =
ground-order +
term.order: context-compatible-ground-term-order

end
theory Nonground-Order
imports
Nonground-Clause
Nonground-Order-Generic
Ground-Order
begin
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12 Nonground Order

locale nonground-order =
nonground-clause +
term: nonground-term-order
begin

sublocale restricted-term-order-lifting where
restriction = range term.from-ground and pos-to-mset = pos-to-mset and neg-to-mset
= neg-to-mset

(proof)

sublocale literal: nonground-term-based-order-lifting where

less = less; and sub-subst = (-t) and sub-vars = term.vars and sub-is-ground
= term.is-ground and

sub-to-ground = term.to-ground and sub-from-ground = term.from-ground and
map = map-literal and

to-set = set-literal and to-ground-map = map-literal and from-ground-map =
map-literal and

ground-map = map-literal and to-set-ground = set-literal and to-mset = lit-
eral-to-mset

{(proof)

notation literal.order.lessg (infix < 50)
notation literal.order.less-eqq (infix <;¢ 50)

sublocale nonground-order-generic where

atom-subst = (-t) and atom-vars = term.vars and atom-is-ground = term.is-ground
and

atom-from-ground = term.from-ground and atom-to-ground = term.to-ground
and

neg-to-mset = neg-to-mset and pos-to-mset = pos-to-mset and ground-neg-to-mset
= neg-to-mset and

ground-pos-to-mset = pos-to-mset

(proof)

end

locale context-compatible-nonground-order =
nonground-order +
term: context-compatible-nonground-term-order
begin

sublocale literal.order: subst-update-stable-multiset-extension where

less = less; and sub-subst = (-t) and sub-vars = term.vars and sub-is-ground
= term.is-ground and

sub-to-ground = term.to-ground and sub-from-ground = term.from-ground and
map = map-literal and

to-set = set-literal and to-ground-map = map-literal and from-ground-map =
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map-literal and
ground-map = map-literal and to-set-ground = set-literal and to-mset = lit-
eral-to-mset and
base-less = less; and base-subst = (-t) and base-vars = term.vars and
base-is-ground = term.is-ground

{proof)

sublocale context-compatible-nonground-order-generic where

atom-subst = (-t) and atom-vars = term.vars and atom-is-ground = term.is-ground
and

atom-from-ground = term.from-ground and atom-to-ground = term.to-ground
and

neg-to-mset = neg-to-mset and pos-to-mset = pos-to-mset and ground-neg-to-mset
= neg-to-mset and

ground-pos-to-mset = pos-to-mset

(proof )

end

end
theory Clause-Typing

imports Clause-Typing-Generic
begin

locale clause-typing = term: base-typing term-welltyped
for term-welltyped
begin

sublocale clause-typing-generic where atom-welltyped = term-welltyped
(proof )

lemma literal-is-welltyped-iff [simp]:
literal.is-welltyped (Pos t) +— term.is-welltyped t
literal.is-welltyped (Neg t) «— term.is-welltyped t

{proof)

lemma literal-is-welltyped-iff-atm-of:
literal.is-welltyped | +— term.is-welltyped (atm-of 1)
(proof )

end

end
theory Nonground-Typing
imports
Nonground-Typing-Generic
Clause-Typing
Nonground-Clause
begin
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v, "ty) var-types x 't clause

type-synonym ('t, 'v, 'ty) typed-clause = (
locale nonground-typing =
nonground-clause +
term-typing-properties
begin

sublocale nonground-typing-generic where

atom-vars = term.vars and atom-subst = (-t) and atom-is-ground = term.is-ground
and

atom-to-ground = term.to-ground and atom-from-ground = term.from-ground
and

atom-welltyped = welltyped

(proof)

sublocale clause-typing welltyped V
(proof)

abbreviation is-ground-instance where
is-ground-instance V C v =
clause.is-ground (C - ) A
type-preserving-on (clause.vars C) V v A
(term.exists-nonground — infinite-variables-per-type V)

sublocale groundable-nonground-clause where

atom-subst = (-t) and atom-vars = term.vars and atom-is-ground = term.is-ground
and

atom-to-ground = term.to-ground and atom-from-ground = term.from-ground
and

is-ground-instance = is-ground-instance

(proof )

end

locale witnessed-nonground-typing =
nonground-typing +
base-witnessed-typing-properties where
subst = (-t) and is-ground = term.is-ground and
comp-subst = (®) and vars = term.vars and to-ground = term.to-ground and
from-ground = term.from-ground
begin

sublocale witnessed-nonground-typing-generic where

atom-vars = term.vars and atom-is-ground = term.is-ground and atom-subst =
(-t) and

atom-to-ground = term.to-ground and atom-from-ground = term.from-ground
and

atom-welltyped = welltyped
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{proof)

end

end

theory Weak- Typing
imports Typing

begin

locale weakly-welltyped = typing where welltyped = welltyped
for
welltyped :: 'expr = "ty = bool and
weakly-welltyped :: 'expr = bool +
assumes
weakly-welltyped-if-welltyped [intro|: \expr. I 7. welltyped expr 1 = weakly-welltyped
expr

locale weakly-welltyped-base = typing-lifting
begin

definition weakly-welltyped where

weakly-welltyped expr =

V7.V sub € to-set expr. V sub’ € to-set expr. sub-welltyped sub T <— sub-welltyped
sub’ T

lemma all-sub-not-welltyped:
assumes —is-welltyped expr weakly-welltyped expr
shows V sub € to-set expr. V. —sub-welltyped sub T

{proof)

sublocale weakly-welltyped where weakly-welltyped = weakly-welltyped and well-
typed = welltyped

(proof)

end

locale weakly-welltyped-lifting =
sub: weakly-welltyped where
weakly-welltyped = sub-weakly-welltyped and welltyped = sub-welltyped +
typing-lifting where to-set = to-set
for
to-set :: 'expr = 'sub set and
sub-weakly-welltyped
begin

definition weakly-welltyped :: 'expr = bool where
weakly-welltyped expr = V sub € to-set expr. sub-weakly-welltyped sub

sublocale weakly-welltyped where

104



weakly-welltyped = weakly-welltyped and welltyped = welltyped
(proof)

end

end
theory Weak-Typing-Magma
imports
Weak-Typing
Abstract-Substitution. Natural-Magma
begin

locale weakly-welltyped-magma-lifting = weakly-welltyped-lifting + natural-magma
begin

lemma weakly-welltyped-add [simp]:
weakly-welltyped (add | C) <— sub-weakly-welltyped | N weakly-welltyped C

{proof)

lemma weakly-welltyped-plus [simp]:
weakly-welltyped (plus expr expr’) +—
weakly-welltyped expr N weakly-welltyped expr’

{proof)

end

locale weakly-welltyped-magma-with-empty-lifting =
weakly-welltyped-magma-lifting + natural-magma-with-empty
begin

lemma weakly-welltyped-empty [intro]: weakly-welltyped empty
{proof )

end

end
theory Weak- Typing-Multiset
imports
Weak-Typing-Magma
Multiset-Extra
begin

locale mulitset-weakly-welltyped-lifting =
weakly-welltyped-lifting where to-set = set-mset

begin

sublocale weakly-welltyped-magma-with-empty-lifting where
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to-set = set-mset and plus = (+) and wrap = M. {#I#} and add = add-mset
and empty = {#}
{proof)

end

end
theory Clause-Typing- With- Equality
imports
Clause-Typing-Generic
Uprod-Literal-Functor
Weak-Typing-Multiset
begin

locale clause-typing = term: typing term-welltyped
for term-welltyped
begin

sublocale atom: typing-lifting where
sub-welltyped = term-welltyped and to-set = set-uprod

(proof)

lemma atom-is-welltyped-iff [simp]:
atom.is-welltyped (Upair t t") «— (7. term-welltyped t T N term-welltyped t' T)
(proof )

sublocale clause-typing-generic where
atom-welltyped = atom.welltyped

{proof)

lemma literal-is-welltyped-iff [simp):
literal.is-welltyped (t =~ t') «— atom.is-welltyped (Upair t t')
literal.is-welltyped (t = t') +— atom.is-welltyped (Upair t t")
(proof)

lemma [literal-is-welltyped-iff-atm-of:
literal.is-welltyped | «— atom.is-welltyped (atm-of 1)
(proof )

sublocale atom: weakly-welltyped-base where
sub-welltyped = term-welltyped and to-set = set-uprod

(proof )

sublocale literal: weakly-welltyped-lifting where
sub-weakly-welltyped = atom.weakly-welltyped and to-set = set-literal and
sub-welltyped = atom.welltyped

(proof)

sublocale clause: mulitset-weakly-welltyped-lifting where
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sub-weakly-welltyped = literal. weakly-welltyped and sub-welltyped = literal.welltyped

{proof)

lemma weakly-welltyped-atom-iff [simp]:

atom.weakly-welltyped (Upair t t') +— (V7. term-welltyped t T +— term-welltyped
t'T)

(proof )

lemma weakly-welltyped-literal-iff [simp]:
literal. weakly-welltyped (Pos a) +— atom.weakly-welltyped a
literal . weakly-welltyped (Neg a) +— atom.weakly-welltyped a

(proof)
end

end
theory Weakly- Typed-Substitution

imports Typed-Substitution-Lifting Weak- Typing
begin

locale weakly-welltyped-substitution =
typed-substitution where welltyped = welltyped
for
weakly-welltyped :: ('v = "ty-base) = 'expr = bool and
welltyped :: ("v = 'ty-base) = 'expr = 'ty = bool +
assumes
AV. Weak-Typing. weakly-welltyped (welltyped V) (weakly-welltyped V)
begin

sublocale weakly-welltyped where
welltyped = welltyped V and weakly-welltyped = weakly-welltyped V for V

{proof)

end

locale weakly-welltyped-unifier = weakly-welltyped-substitution +
fixes to-base-set
assumes

is-unifier-weakly-welltyped:

Aezxpr V v. base.type-preserving-on (vars expr) V v = base.is-unifier v (to-base-set
expr) =

weakly-welltyped V expr

begin

lemma is-unifier-set-weakly-welltyped [intro]:
assumes
base.type-preserving-on (vars expr) V v
base.is-unifier-set v {to-base-set expr}
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shows weakly-welltyped V expr
{proof )

lemma is-imgu-weakly-welltyped [intro]:

assumes base.type-preserving-on (vars expr) V u base.is-imgu p {to-base-set
expr}

shows weakly-welltyped V expr

(proof )

end

locale weakly-welltyped-subst-stability = weakly-welltyped-substitution +
assumes
weakly-welltyped-subst-stability [simp]:
Nezpr V o. base.type-preserving-on (vars expr) V o =
weakly-welltyped V (subst expr o) <— weakly-welltyped V expr

locale weakly-welltyped-renaming = weakly-welltyped-substitution +
assumes
weakly-welltyped-renaming [simp):
Nexpr V V' . is-renaming 0 = Y x€vars expr. V x = V' (rename ¢ ) =
weakly-welltyped V' (expr - 0) «+— weakly-welltyped V expr

locale base-weakly-welltyped-substitution =
typed-substitution-lifting where
sub-welltyped = base-welltyped and sub-subst = base-subst and sub-vars = base-vars
and
sub-is-ground = base-is-ground and base-welltyped = base-welltyped
for base-welltyped :: ('v = "ty) = ’base = 'ty = bool +
assumes \V. weakly-welltyped-base (base-welltyped V)
begin

sublocale weakly-welltyped-base where sub-welltyped = base-welltyped V for V
{proof )

end

locale base-weakly-welltyped-unifier =

base-weakly-welltyped-substitution +

typed-subst-stability-lifting where sub-subst = base-subst and sub-vars = base-vars
and

sub-is-ground = base-is-ground and sub-welltyped = base-welltyped
begin

sublocale weakly-welltyped-unifier where
subst = subst and vars = vars and is-ground = is-ground and
welltyped = welltyped and weakly-welltyped = weakly-welltyped and
to-base-set = to-set

(proof)
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end

locale base-weakly-welltyped-renaming =
typed-renaming-lifting where sub-subst = base-subst and sub-vars = base-vars
and
sub-is-ground = base-is-ground and
sub-welltyped = base-welltyped :: ('v = 'ty) = 'base = "ty = bool +
base-weakly-welltyped-substitution
begin

sublocale weakly-welltyped-renaming where
subst = subst and vars = vars and is-ground = is-ground and
welltyped = welltyped and weakly-welltyped = weakly-welltyped
{proof )

end

locale base-weakly-welltyped-subst-stability =

base-weakly-welltyped-substitution +

typed-subst-stability-lifting where sub-subst = base-subst and sub-vars = base-vars
and

sub-is-ground = base-is-ground and sub-welltyped = base-welltyped
begin

sublocale weakly-welltyped-subst-stability where
subst = subst and vars = vars and is-ground = is-ground and
welltyped = welltyped and weakly-welltyped = weakly-welltyped

(proof)

end

locale weakly-welltyped-substitution-lifting =

sub: weakly-welltyped-substitution where

weakly-welltyped = sub-weakly-welltyped and subst = sub-subst and wvars =
sub-vars and

is-ground = sub-is-ground and welltyped = sub-welltyped +

typed-substitution-lifting
for

sub-weakly-welltyped :: ('v = 'ty) = 'sub = bool
begin

sublocale weakly-welltyped-lifting where

sub-weakly-welltyped = sub-weakly-welltyped V and sub-welltyped = sub-welltyped
1%

(proof)

end
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locale weakly-welltyped-unifier-lifting =
sub: weakly-welltyped-unifier where
to-base-set = sub-to-base-set and weakly-welltyped = sub-weakly-welltyped and
subst = sub-subst and vars = sub-vars and is-ground = sub-is-ground and
welltyped = sub-welltyped +

weakly-welltyped-substitution-lifting +
typed-subst-stability-lifting
for
sub-to-base-set :: 'sub = 'base set
begin

abbreviation to-base-set where
to-base-set expr = |J (sub-to-base-set * to-set expr)

sublocale weakly-welltyped-unifier where

subst = subst and wvars = vars and is-ground = is-ground and welltyped =
welltyped and

weakly-welltyped = weakly-welltyped and to-base-set = to-base-set

(proof)

end

locale weakly-welltyped-renaming-lifting =

sub: weakly-welltyped-renaming where

weakly-welltyped = sub-weakly-welltyped and subst = sub-subst and wvars =
sub-vars and

is-ground = sub-is-ground and welltyped = sub-welltyped :: ('v = 'ty) = 'sub =
ty’ = bool +

weakly-welltyped-substitution-lifting +
typed-renaming-lifting
begin

sublocale weakly-welltyped-renaming where

subst = subst and vars = vars and is-ground = is-ground and welltyped =
welltyped and

weakly-welltyped = weakly-welltyped

(proof)

end

locale weakly-welltyped-subst-stability-lifting =

sub: weakly-welltyped-subst-stability where

weakly-welltyped = sub-weakly-welltyped and subst = sub-subst and wvars =
sub-vars and

is-ground = sub-is-ground and welltyped = sub-welltyped +
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weakly-welltyped-substitution-lifting +
typed-subst-stability-lifting
begin

sublocale weakly-welltyped-subst-stability where

subst = subst and vars = vars and is-ground = is-ground and welltyped =
welltyped and

weakly-welltyped = weakly-welltyped

(proof)

end

end
theory Nonground-Typing- With-Equality
imports

Nonground- Typing-Generic
Clause-Typing- With- Equality
Nonground-Clause- With- Equality
Weakly- Typed-Substitution

begin

type-synonym ('t, 'v, 'ty) typed-clause = ('v, 'ty) var-types x 't clause

locale base-weakly-welltyped-properties =
base-weakly-welltyped-unifier +
base-weakly-welltyped-subst-stability +
base-weakly-welltyped-renaming

locale weakly-welltyped-properties-lifting =
weakly-welltyped-unifier-lifting +
weakly-welltyped-subst-stability-lifting +
weakly-welltyped-renaming-lifting

locale term-based-weakly-welltyped-lifting =

term-typing-properties +

weakly-welltyped-properties-lifting where base-subst = (-t) and base-vars = term.vars
and

base-is-ground = term.is-ground and

base-welltyped = welltyped

locale nonground-typing =

nonground-clause +

term-typing-properties +

atom: term-based-nonground-typing-lifting where

sub-welltyped = welltyped and sub-subst = (-t) and sub-vars = term.vars and

sub-is-ground = term.is-ground and

to-set = set-uprod and map = map-uprod and sub-to-ground = term.to-ground
and

sub-from-ground = term.from-ground and to-ground-map = map-uprod and
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from-ground-map = map-uprod and ground-map = map-uprod and to-set-ground
= set-uprod
begin

sublocale nonground-typing-generic where

atom-subst = (-a) and atom-vars = atom.vars and atom-is-ground = atom.is-ground
and

atom-to-ground = atom.to-ground and atom-from-ground = atom.from-ground
and

atom-welltyped = atom.welltyped

(proof)

sublocale clause-typing welltyped V
(proof )

sublocale atom: base-weakly-welltyped-properties where

base-subst = (-t) and base-vars = term.vars and base-is-ground = term.is-ground
and

base-welltyped = welltyped and map = map-uprod and to-set = set-uprod

{proof)

sublocale literal: term-based-weakly-welltyped-lifting where
map = map-literal and to-set = set-literal and sub-subst = (-a) and sub-vars =
atom.vars and
sub-is-ground = atom.is-ground and sub-welltyped = atom.welltyped and
sub-to-base-set = set-uprod and sub-weakly-welltyped = atom.weakly-welltyped

{proof)

sublocale clause: term-based-weakly-welltyped-lifting where
map = image-mset and to-set = set-mset and sub-subst = (-) and sub-vars =
literal.vars and
sub-is-ground = literal.is-ground and sub-welltyped = literal.welltyped and
sub-to-base-set = literal.to-base-set and sub-weakly-welltyped = literal. weakly-welltyped

{proof)

lemma [intro]:
assumes type-preserving-on (term.vars t U term.vars t') V pu term.is-imgu p {{t,
t'}}
shows
imgu-weakly-welltyped-literal-Pos: literal.weakly-welltyped V (t ~ t') and
imgu-weakly-welltyped-literal-Neg: literal.weakly-welltyped V (t != t’)
(proof )

abbreviation is-ground-instance where
is-ground-instance V C v =
clause.is-ground (C - ) A
type-preserving-on (clause.vars C) V v A
(term.ezists-nonground — infinite-variables-per-type V) A
clause.weakly-welltyped V C
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sublocale groundable-nonground-clause where

atom-subst = (-a) and atom-vars = atom.vars and atom-is-ground = atom.is-ground
and

atom-to-ground = atom.to-ground and atom-from-ground = atom.from-ground
and

is-ground-instance = is-ground-instance

(proof)

lemma P-simps:
assumes P € {Pos, Neg}
shows
Nao. Pa-lo=P (a-ao0)
AV a. literal.is-welltyped V (P a) +— atom.is-welltyped V a
Na. literal.vars (P a) = atom.vars a
Na. atm-of (P a) = a
NV a. literal. weakly-welltyped V (P a) +— atom.weakly-welltyped V a
(proof)

end

locale witnessed-nonground-typing =
nonground-typing +

atom: term-based-witnessed-nonground-typing-lifting where

sub-welltyped = welltyped and sub-subst = (-t) and sub-vars = term.vars and

sub-is-ground = term.is-ground and

to-set = set-uprod and map = map-uprod and sub-to-ground = term.to-ground
and

sub-from-ground = term.from-ground and to-ground-map = map-uprod and

from-ground-map = map-uprod and ground-map = map-uprod and to-set-ground
= set-uprod
begin

sublocale witnessed-nonground-typing-generic where
atom-welltyped = atom.welltyped and atom-subst = (-a) and atom-vars = atom.vars
and
atom-is-ground = atom.is-ground and atom-to-ground = atom.to-ground and
atom-from-ground = atom.from-ground

(proof)
end

end
theory Polymorphic-Ground-Term
imports
IsaFoR-Ground-Term
Generic-Term
begin
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datatype ('f, 'tyf) poly-gterm =
PGFun (fun-sym: 'f) (type-args: "tyf gterm list) (args: ('f, 'tyf) poly-gterm list)

interpretation poly-gterm: term-interpretation where

Fun = PGFun and fun-sym = fun-sym and subterms = args and eztra =
type-args and

is-var = is-var and size = size
(proof)

end
theory Polymorphic-Term
imports
IsaFoR-Nonground-Term
Polymorphic-Ground-Term
begin

13 Polymorphic terms

/

datatype ('f, poly-term-vars: v, 'tyf, poly-term-type-vars: "tyv) poly-term =
PVar (the-PVar: 'v) |
PFun
(fun-sym: 'f) (type-args: ("tyf, 'tyv) term list)
(args: ('f, 'v, "tyf, 'tyv) poly-term list)
where
args (PVar -) =[]

type-synonym ('f, v, "tyf, "tyv) poly-subst =
("v = ('f, v, "tyf, "tyv) poly-term) x ("tyv = ('tyf, "tyv) term)

primrec poly-term-subst ::
("f, v, "tyf, "tyv) poly-term =
('f, v, "tyf, "tyv) poly-subst =
("f, v, "tyf, 'tyv) poly-term (infixl ¢<-p> 67) where
PVarz -po = fstox
| PPun f asts -p o = PFun f (map (Aa. « - snd o) as) (map (At. t -p o) ts)

definition compose-subst (infixl <@» 70) where
c®ao' = Az. PVarz -p o -p o', snd o o5 snd o)

fun update-subst ::
('f, 'v, "tyf, "tyv) poly-subst =
v =
('f, ', "tyf, "tyv) poly-term =
('f, v, "tyf, "tyv) poly-subst («-[- := -] [1000, 0, 50] 70) where
update-subst (o, o) © update = (o(z:=update), o)

abbreviation id-subst where
id-subst = (PVar, Var)
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abbreviation apply-subst (infixl -v 69) where
apply-subst t 0 = PVar x -p o

abbreviation poly-term-is-ground where
poly-term-is-ground t = poly-term-vars t = {} A poly-term-type-vars t = {}

fun poly-to-ground :: ('f, v, "tyf, 'tyv) poly-term = ('f, 'tyf) poly-gterm where
poly-to-ground (PFun f asts) = PGFun f (map term.to-ground as) (map poly-to-ground
ts)

fun poly-from-ground :: ('f, "tyf) poly-gterm = ('f, 'v, "tyf, "tyv) poly-term where
poly-from-ground (PGFun f as ts) = PFun f (map term.from-ground as) (map
poly-from-ground ts)

abbreviation is-PVar where
is-PVar t = dz. t = PVar

abbreviation is-PFun where
is-PFun t = —is-PVar t

lemma is-PFunE [elim]:
is-PFun t = (\f as ts. t = PFun f as ts = P) = P
{proof)

lemma subst-id-subst [simp]: t -p id-subst = t
{proof)

lemma subst-two: t -p o -po’ =1t -p (A\z. fst oz -p c’, snd o og snd o)
(proof)

lemma poly-term-subst-eq-conv:
tp(o,0y=tp(r,7)+—
(Vz € poly-term-vars t. o v = 7 x) A\ (VY € poly-term-type-vars t. o' x = 7’ x)
(proof)

lemma obtain- PFun-not-in-finite-set:
fixes T :: ('f, 'v, "tyf, "tyv) poly-term set
assumes finite T
shows 3t. t ¢ T A is-PFun t

(proof)

lemma poly-term-type-vars-subst-update:
fixes ¢
assumes poly-term-type-vars v = {}
shows poly-term-type-vars (t -p oz := u]) C poly-term-type-vars (t -p o)
(proof )
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13.1 Substitution interpretations

global-interpretation poly-term: base-substitution where
subst = (-p) and wvars = poly-term-vars and id-subst = id-subst and
comp-subst = (®) and apply-subst = (-v) and is-ground = poly-term-is-ground

(proof)

global-interpretation poly-term: subst-update where
subst = (-p) and wvars = poly-term-vars and id-subst = id-subst and
is-ground = poly-term-is-ground and apply-subst = (-v) and
comp-subst = (®) and subst-update = update-subst

(proof)

global-interpretation poly-term: finite-variables where
subst = (-p) and wvars = poly-term-vars and id-subst = id-subst and
is-ground = poly-term-is-ground and apply-subst = (-v) and
comp-subst = (®)
(proof)

global-interpretation poly-term: base-variables-in-base-imgu where
subst = (-p) and id-subst = id-subst and is-ground = poly-term-is-ground and
vars = poly-term-vars :: ('f, 'v, "tyf, 'tyv) poly-term = 'v :: infinite set and
apply-subst = (-v) and comp-subst = (®) and subst-update = update-subst
(proof)

global-interpretation poly-term: nonground-term where
term-subst = (-p) and id-subst = id-subst and
term-vars = poly-term-vars :: ('f, 'v, 'tyf, "tyv) poly-term = 'v :: infinite set and
term-is-ground = poly-term-is-ground and apply-subst = (-v) and comp-subst =
(®) and
subst-update = update-subst and term-from-ground = poly-from-ground and
term-to-ground = poly-to-ground
(proof)

13.2 Generic term interpretations

interpretation poly-term: term-interpretation where

subterms = args and fun-sym = fun-sym and extra = type-args and is-var =
poly-term.is-Var and

Fun = PFun and size = size

(proof)

end

theory Type-Arguments
imports Polymorphic-Term

begin
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abbreviation (input) type-arg-apply-subst where
type-arg-apply-subst © 0 = snd o z

abbreviation (input) type-arg-subst-update where
type-arg-subst-update o x update = (fst o, (snd o)(x:=update))

abbreviation (input) type-arg-subst where
type-arg-subst t c =t - snd o

interpretation type-arg: substitution where
comp-subst = (®) and id-subst = id-subst and is-ground = term.is-ground and
subst = type-arg-subst and vars = term.vars and apply-subst = type-arg-apply-subst

{proof)

interpretation type-arg: nonground-term where

comp-subst = (®) and id-subst = id-subst and apply-subst = type-arg-apply-subst
and

subst-update = type-arg-subst-update and term-vars = term.vars and term-subst
= type-arg-subst and

term-to-ground = term.to-ground and term-from-ground = term.from-ground
and

term-is-ground = term.is-ground

(proof)

interpretation type-args: term-based-lifting where

comp-subst = (©) and id-subst = id-subst and apply-subst = type-arg-apply-subst
and

subst-update = type-arg-subst-update and sub-subst = type-arg-subst and sub-vars
= term.vars and

sub-to-ground = term.to-ground and sub-from-ground = term.from-ground and

term-vars = term.vars and term-subst = type-arg-subst and term-to-ground =
term.to-ground and

term-from-ground = term.from-ground and term-is-ground = term.is-ground
and

sub-is-ground = term.is-ground and to-ground-map = map and ground-map =
map and

from-ground-map = map and map = map and to-set = set and to-set-ground
= set
(proof)

end

theory Abstract-Context
imports Generic-Term-Context

begin

datatype ('f, extra-set: ‘e, term-set: 't) context =
Hole («[y) |
More
(fun-sym: 'f) (extra: 'e) (subterms;: 't list)
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(subcontext: ('f, e, 't) context) (subterms,: 't list)

primrec compose-context (infixl <o.» 75) where
Hole o, ¢ = ¢
| More fels Crso. D= More fels (C o. D) rs

fun hole-position :: ('f, 'e, 't) context = position where
hole-position O = []
| hole-position (More - - ss D -) = length ss # hole-position D

interpretation abstract-context: smaller-subcontext where
hole = [0 and size = size and subcontext = subcontext

(proof)

locale abstract-context =
term-interpretation where Fun = Fun +
smaller-subterms

for Fun :: 'f = e = 't list = 't

begin

primrec apply-context (<-(-)» [1000, 0] 1000) where
O(t) = ¢
| (More fels Crs)(t) = Fun fe (Is@Q C(t) # rs)

lemma size-apply-context: ¢ £ 0 = size t < size c(t)

(proof)

primrec context-at :: 't = position = ('f, 'e, 't) context (infixl <!> 64) where
tl. =0
| t 1@ # ps =
More
(fun-sym t)
(extra t)
(take i (subterms t)) (subterms t ! i . ps)
(drop (Suc %) (subterms t))

sublocale context where
hole = OO0 and
apply-context = apply-contexrt and
compose-context = compose-context

(proof)

sublocale term-context-interpretation where
hole = O and apply-context = apply-context and compose-contert = (o.) and
More = More and fun-sym. = context.fun-sym and extra. = context.extra and
subterms; = subterms; and
subcontext = subcontert and subterms, = subterms,

(proof)
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sublocale replace-at-subterm where
hole = O and apply-context = apply-context and compose-context = (o.) and
hole-position = hole-position and context-at = context-at

(proof)

lemma context-is-subterm [intro):
assumes t = ¢(t'y shows t’' < ¢

{proof)

lemma is-subterm-iff-exists-context: t' < t +— (Jc. t = ¢(t'))
(proof )

end

end
theory Polymorphic-Ground-Context
imports
Abstract-Context
Polymorphic-Ground-Term
begin

interpretation poly-gcontext: abstract-context where

Fun = PGFun and fun-sym = fun-sym and subterms = args and eztra =
type-args and

is-var = is-var and size = size

(proof )

end
theory Nonground-Abstract-Context
imports
Abstract-Context
Nonground-Context
Multiset-Extra
begin

locale nonground-abstract-context =
term: nonground-term where apply-subst = apply-subst and term-to-ground =
term-to-ground +

eztra: grounding where

is-ground = extra-is-ground and apply-subst = extra-apply-subst and subst =
extra-subst and

from-ground = extra-from-ground and to-ground = extra-to-ground and vars =
extra-vars +
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ground: abstract-contexrt where

is-var = A-. False and Fun = GFun and fun-sym = fun-symg and eztra =
extrag and

subterms = subtermsqg and size = sizeg +

abstract-context where is-var = term.is-Var and Fun = Fun
for

apply-subst :: 'v = 'subst = 't and

Fun :: 'f = 'e = 't list = 't and

term-to-ground :: 't = "tg and

extra-is-ground :: 'e = bool and

extra-to-ground :: 'e = 'eq and

extra-vars :: 'e = 'v. set and

extra-apply-subst extra-subst extra-from-ground and

GFun :: 'f = 'eq = 'tg list = 't and
fun-symg extrag subtermsg sizeg +
assumes
term-from-ground [simp]:
NS e ts.

term.from-ground (GFun f e ts) = Fun f (extra-from-ground e) (map term.from-ground
ts) and

term-to-ground [simp]:
NS e ts. term.to-ground (Fun f e ts) = GFun f (extra-to-ground e) (map
term.to-ground ts) and
term-is-ground [simp]:
NS e ts.
term.is-ground (Fun f e ts) «— extra-is-ground e A\ (Vt € set ts. term.is-ground
t) and
term-vars [simp]: \f e ts. term.vars (Fun f e ts) = | (term.vars * set ts) and
term-subst [simp]: N\f e ts 0. Fun f e ts -t 0 = Fun f (extra-subst e o) (map (At.
t -t o) ts)
begin

lemma var-all-subterms-eq:
assumes z € term.vars t
shows term.Var z € all-subterms-eq t

{proof)

lemma var-is-subterm:
assumes x € term.vars t
shows term.Var z < t

{proof)

definition is-ground where
is-ground ¢ = (Yt € term-set c. term.is-ground t) N (Ve € extra-set c. ex-
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tra-is-ground e)

definition subst (infixl -t 67) where
subst ¢ o = map-context id (Me. extra-subst e o) (At. t -t o) ¢

definition vars where
vars ¢ = |J (term.vars ‘ term-set c)

definition from-ground where
from-ground = map-context id extra-from-ground term.from-ground

definition to-ground where
to-ground = map-context id extra-to-ground term.to-ground

sublocale nonground-context where

is-ground = is-ground and subst = subst and vars = vars and from-ground =
from-ground and

to-ground = to-ground and apply-context = apply-context and hole = [0 and

compose-context = (o.) and ground-hole = O and compose-ground-context =
(o.) and

apply-ground-context = ground.apply-context

(proof)

function vars-ms :: 't = 'v multiset where
vars-ms t =
(if term.is-Var t then {# term.the-Var t #}
else Y 4 (mset (map vars-ms (subterms t))))

{proof)

termination

(proof)

declare vars-ms.simps [simp del]

lemma vars-ms-Var [simp]:
assumes term.ezists-nonground
shows vars-ms (term.Var z) = {#x#}
(proof)

lemma vars-ms-Fun [simp):
vars-ms (Fun f e ts) = > » (mset (map vars-ms ts))
(proof )

lemma is-ground-vars-ms [simp]:
assumes term.is-ground t
shows vars-ms t = {#}

(proof)
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lemma vars-ms-vars [simpl: set-mset (vars-ms t) = term.vars t
(proof)

abbreviation occurences where
occurences t x = count (vars-ms t) x

sublocale occurences where

is-ground = is-ground and subst = subst and vars = vars and from-ground =
from-ground and

to-ground = to-ground and apply-context = apply-context and hole = [J and

compose-context = (o.) and ground-hole = O and compose-ground-context =
(o.) and

apply-ground-context = ground.apply-context and occurences = occurences

(proof)

end

end
theory Polymorphic-Context
imports
Type-Arguments
Polymorphic-Ground-Context
Nonground-Abstract-Context
begin

interpretation poly-context: nonground-abstract-context where

comp-subst = (®) and id-subst = id-subst and apply-subst = apply-subst and

subst-update = update-subst and term-subst = (-p) and term-vars = poly-term.vars
and

term-to-ground = poly-term.to-ground and term-from-ground = poly-term.from-ground
and

term-is-ground = poly-term.is-ground and Fun = PFun and size = size and
subterms = args and

fun-sym = poly-term.fun-sym and extra = type-args and GFun = PGFun and

fun-symg = poly-gterm.fun-sym and extrag = poly-gterm.type-args and

subtermsa = poly-gterm.args and sizeg = size and extra-is-ground = type-args.is-ground
and

extra-to-ground = type-args.to-ground and extra-from-ground = type-args.from-ground
and

extra-vars = type-args.vars and extra-subst = type-args.subst and extra-apply-subst
= apply-subst

(proof)

end
theory Typed-IMGU
imports
Nonground- Term-Typing
IsaFoR-Nonground-Term
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begin

locale typed-term-imgu =

nonground-term where

term-vars = term.vars and id-subst = Var :: 'v = ('f, 'v) term and term-subst
= () and

term-is-ground = term.is-ground and apply-subst = apply-subst and subst-update
= fun-upd and

term-to-ground = term.to-ground and term-from-ground = term.from-ground
and comp-subst = (o5) +

base-typed-substitution where

subst = (+) and vars = term.vars and is-ground = term.is-ground and id-subst
= Var and

apply-subst = apply-subst and welltyped = welltyped and comp-subst = (os) and

subst-update = fun-upd +

base-typed-subst-stability where

subst = (-) and vars = term.vars and is-ground = term.is-ground and id-subst
= Var and

apply-subst = apply-subst and welltyped = welltyped and comp-subst = (o,) and

subst-update = fun-upd

for welltyped :: (v, 'ty) var-types = ('f, 'v) Term.term = 'ty = bool
begin

lemma unify-subterms:
assumes type-preserving-unifier V v (Fun fts) (Fun f ts’)
shows list-all2 (type-preserving-unifier V v) ts ts’

{proof)

lemma type-preserving-subst:
assumes V& Varx:7VEt:7
shows type-preserving V (subst x t)

{proof)

lemma type-preserving-unifier-subst:
assumes V (s, s') € set (Var z, t) # es). type-preserving-unifier ¥V v s s’
shows V (s, s') € set es. type-preserving-unifier V v (s - subst z t) (s’ - subst z t)

(proof)

lemma type-preserving-unifier-subst-list:
assumes Y (s, s’) € set ((Var z, t) # es). type-preserving-unifier V v s s’
shows V (s, s') € set (Unification.subst-list (subst x t) es). type-preserving-unifier
Vuss’

{proof)

lemma unify-subterms-zip-option:
assumes
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type-preserving-unifier: type-preserving-unifier V v (Fun fts) (Fun f ts’) and
zip-option: zip-option ts ts’ = Some es

shows
Y (t, t') € set es. type-preserving-unifier V v t t’

(proof )

lemma type-preserving-unifier-decompose-Fun:
assumes
type-preserving-unifier: type-preserving-unifier V v (Fun f ts) (Fun g ss) and
decompose: decompose (Fun f ts) (Fun g ss) = Some es
shows V (t, t') € set es. type-preserving-unifier V v t t’

{proof)

lemma type-preserving-unifier-decompose:
assumes
type-preserving-unifier: type-preserving-unifier V v f g and
decompose: decompose f g = Some es
shows V (¢, t') € set es. type-preserving-unifier V v t t’

(proof)

lemma type-preserving-unify:
assumes
unify es bs = Some unifier
Y (t, t) € set es. type-preserving-unifier V v t t’
type-preserving V (subst-of bs)
shows type-preserving V (subst-of unifier)
(proof )

lemma type-preserving-unify-single:
assumes
unify: unify [(t, t')] [| = Some unifier and
unifier: type-preserving-unifier V v t t’
shows type-preserving V (subst-of unifier)
(proof)

lemma type-preserving-the-mgu:
assumes
the-mgu: the-mgu t t' = p and
unifier: type-preserving-unifier V v t t’
shows type-preserving V u
(proof )

sublocale type-preserving-imgu where
id-subst = Var :: 'v = ('f, 'v) term and comp-subst = (o,) and subst = (-) and
vars = term.vars and is-ground = term.is-ground and welltyped = welltyped
and
apply-subst = apply-subst and subst-update = fun-upd
(proof)
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end

end
theory Monomorphic-Typing-Compatibility
imports
Nonground- Term-Typing
IsaFoR-Nonground-Term
begin

interpretation term: compatibility where
id-subst = Var :: 'v = ('f, 'v) term and comp-subst = (o) and subst = (-) and
vars = term.vars and is-ground = term.is-ground and apply-subst = apply-subst
and
subst-update = fun-upd
(proof)

end
theory Monomorphic-Typing
imports
Nonground-Term- Typing
Ground-Term-Typing
IsaFoR-Nonground-Term
Typed-IMGU
Monomorphic- Typing-Compatibility
begin

no-notation Ground-Term-Typing.welltyped (<- = -: - [1000, 0, 50] 50)
notation Ground-Term-Typing.welltyped (<-+ - :¢ - [1000, 0, 50] 50)

locale monomorphic-term-typing =
fixes F :: ('f, ty) fun-types
begin

inductive welltyped :: ('v, 'ty) var-types = ('f,’v) term = 'ty = bool
for V where
Var: welltyped V (Var z) 7 if
V=17
| Fun: welltyped V (Fun f ts) T if
F f (length ts) = Some (7s, T)
list-all2 (welltyped V) ts Ts

notation welltyped (<-+ -: - [1000, 0, 50] 50)
sublocale term: base-typing where welltyped = welltyped V for V

{(proof)

sublocale term: term-typing where
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welltyped = welltyped V and apply-context = ctzt-apply-term for V
(proof)

sublocale term: base-typing-properties where
id-subst = Var :: 'v = ('f, 'v) term and comp-subst = (o,) and subst = (-) and
vars = term.vars and is-ground = term.is-ground and welltyped = welltyped
and
to-ground = term.to-ground and from-ground = term.from-ground and ap-
ply-subst = apply-subst and
subst-update = fun-upd
(proof)

sublocale term: typed-term-imgu where
welltyped = welltyped :: ('v = "ty) = ('f, 'v) Term.term = 'ty = bool
(proof )

lemma exists-witness-if-exists-const-for-all-types:
assumes A7. 3f. F f0 = Some (], 7)
shows 3t. term.is-ground t A welltyped V t T

(proof)

end

end
theory Sorted-Terms-Typing
imports

Nonground- Term-Typing
Sorted-Terms.Sorted-Terms
IsaFoR-Nonground-Term
Typed-IMGU
Monomorphic-Typing-Compatibility

begin

locale sorted-terms-typing =
fixes F :: 'f x 'ty list = 'ty option
begin

abbreviation welltyped :: ('v, 'ty) var-types = ('f, 'v) Term.term = 'ty = bool
where

welltyped V t 7 = t : 7 in T(F, Some o V)
notation welltyped (<-+ -: - [1000, 0, 50] 50)

sublocale term: base-typing where
welltyped = welltyped V for V

(proof)

sublocale term: term-typing where
welltyped = welltyped V and apply-context = ctzt-apply-term for V
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(proof)

sublocale term: base-typing-properties where
id-subst = Var :: 'v = ('f, 'v) term and comp-subst = (o5) and subst = (-) and
vars = term.vars and is-ground = term.is-ground and welltyped = welltyped
and
to-ground = term.to-ground and from-ground = term.from-ground and subst-update
= fun-upd and
apply-subst = apply-subst
(proof )

sublocale term: typed-term-imgu where
welltyped = welltyped :: ('v = "ty) = ('f, 'v) Term.term = 'ty = bool
(proof)

lemma exists-witness-if-exists-const-for-all-types:
assumes A7. 3f. F (f, []) = Some
shows 3t. term.is-ground t A\ welltyped V t T

(proof)
end

end
theory Typed-Substitution- Example
imports
Typed-Substitution
Abstract-Substitution. Substitution-First-Order-Term
begin

type-synonym ('f, 'ty) fun-types = 'f = 'ty list x 'ty

Inductive predicate defining well-typed terms.

/

inductive welltyped :: ('f, 'ty) fun-types = (
"ty = bool
for 7V where
Var: V x = 7 = welltyped F V (Var z) T
| Fun: F f = (78, 7) = list-all2 (welltyped F V) ts 7s = welltyped F V (Fun

fts)

v, 'ty) var-types = ('f,'v) term =

global-interpretation term: base-typing welltyped F V
(proof)

global-interpretation base-typed-substitution where
welltyped = welltyped F and subst = subst-apply-term and id-subst = Var and
comp-subst = subst-compose and vars = vars-term :: ('f, 'v) term = 'v set and
apply-subst = apply-subst and is-ground = is-ground and subst-update = fun-upd
for F :: ('f, 'ty) fun-types
(proof )

A selection of substitution properties for typed terms.
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locale typed-term-subst-properties =
base-typed-subst-stability where welltyped = welltyped F
for F :: ('f, 'ty) fun-types

global-interpretation term: typed-term-subst-properties where
subst = subst-apply-term and id-subst = Var and
comp-subst = subst-compose and vars = vars-term :: ('f, 'v) term = 'v set and
apply-subst = apply-subst and is-ground = is-ground and subst-update = fun-upd
for F :: 'f = 'ty list x 'ty

(proof )

Examples of generated lemmas and definitions

thm
term.right-unique
term.welltyped-subst-stability

type-preserving-on-subset
type-preserving-on-id-subst

term term.is-welltyped
term type-preserving-on
term type-preserving

end
theory Typed-Substitution-Lifting-Example
imports
Typed-Substitution-Lifting
Typed-Substitution- Example
Abstract-Substitution. Substitution- Lifting- Example
begin

All property locales have corresponding lifting locales

locale nonground-typing-lifting =
typed-subst-stability-lifting where
sub-welltyped = sub-welltyped and base-welltyped = welltyped F
for F :: ('f, 'ty) fun-types and sub-welltyped :: ("v = 'ty) = 'sub = "ty’ = bool

locale example-typing-lifting =
fixes F :: ('f, 'ty) fun-types
begin

sublocale equation:

nonground-typing-lifting where

base-vars = vars-term and base-subst = subst-apply-term and base-is-ground =
is-ground and

map = Af. map-prod f f and to-set = set-prod and comp-subst = subst-compose
and

id-subst = Var and sub-vars = vars-term and sub-subst = subst-apply-term and

sub-is-ground = is-ground and sub-welltyped = welltyped F and apply-subst =
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apply-subst and
subst-update = fun-upd
(proof)

Lifted lemmas and definitions

thm
equation.is-welltyped-def
equation.welltyped-subst-stability

term equation.is-welltyped

We can lift multiple levels

sublocale equation-set:

nonground-typing-lifting where

base-vars = vars-term and base-subst = subst-apply-term and base-is-ground =
is-ground and

map = fimage and to-set = fset and comp-subst = subst-compose and id-subst
= Var and

sub-vars = equation-subst.vars and sub-subst = equation-subst.subst and

sub-is-ground = equation-subst.is-ground and sub-welltyped = equation.welltyped
and

apply-subst = apply-subst and subst-update = fun-upd

(proof)

Lifted lemmas and definitions

thm
equation-set.is-welltyped-def
equation-set.welltyped-subst-stability

term equation-set.is-welltyped

end

Interpretation with unit as type

global-interpretation example-typing-lifting A-. ([], ()) (proof)

end
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