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Abstract

This AFP entry presents a proof of compactness of first-order logic,
the Lowenheim-Skolem theorem and the Uniformity lemma. It is a
translation of a HOL Light formalization work by John Harrison [1].
Whenever possible, existing Isabelle/HOL theories have been used in-
stead of direct translation.

Contents

theory FOL-Syntax
imports
Main
Propositional-Proof-Systems. Compactness
First-Order-Terms. Term
First-Order-Terms.Subterm-and-Context
begin

no-notation Not (—)
no-notation And (infix A 68)
no-notation Or (infix V 68)

lemma count-terms:
OFCLASS(('f::countable, "v::countable) term,countable-class)

{proof)

instance term :: (countable, countable) countable

{proof)



type-synonym nterm = ¢(nat, nat) term)

lemma count-nterms: OFCLASS(nterm,countable-class)
(proof)

instance formula :: (countable) countable
{proof)

term test (0, [Var 0])

abbreviation functions-term :: <nterm = (nat x nat) set> where
<functions-term t = funas-term t»

datatype form =
Bot («L»)
| Atom (pred:nat) (args:<nterm list)
| Implies form form (infixl «(—» 85)
| Forall nat form (<% -. - [0, 70] 70)

fun functions-form :: <form = (nat x nat) set> where
(functions-form L = {}

| <functions-form (Atom p ts) = (U t € set ts. functions-term t)»

| <functions-form (¢ — ) = functions-form ¢ U functions-form ¥»

| <functions-form (¥ x. @) = functions-form >

fun predicates-form :: «form = (nat X nat) set> where
<predicates-form L = {}

| <predicates-form (Atom p ts) = {(p, length ts)}»

| <predicates-form (¢ —> 1) = predicates-form ¢ U predicates-form »

| <predicates-form (¥ z. ) = predicates-form >

definition functions-forms :: <form set = (nat x nat) set» where
<functions-forms fms = Jf € fms. functions-form f»

definition predicates :: <form set = (nat x nat) set> where
<predicates fms = |J f € fms. predicates-form f»

definition language :: <form set = ((nat x nat) set x (nat x nat) set)) where
<language fms = (functions-forms fms, predicates fms)»

lemma lang-singleton: <language {p} = (functions-form p, predicates-form p)»
(proof )

abbreviation Not :: <form = form» (<= - [90] 90) where
mp=p — L

abbreviation Top :: <form) (<T») where
(T ==Ly



abbreviation Or :: (form = form = form»
(infixl «V» 84) where

VY =(p—vY) — P

abbreviation And :: (form = form = form»
(infixl <A\>» 84) where

WAY== (9 Vay)

abbreviation Equiv :: <form = form = form»
(infix <«+— 70) where
=Y =(p— P AY — )

abbreviation Fuxists :: <nat = form = form)
(«3 -. - [0, 70] 70) where
o= (V 2. = @)

lemma ex-all-distinct: <~V x. ¢ # Jy. >
{proof )

abbreviation FVT :: <nterm = nat sety where
<FVT = vars-term»

fun FV :: «form = nat set) where
FV L ={}h
| <F'V (Atom - ts) = (U a € set ts. FVT a)»
| <FV (p —> ) = FV o U FV 1
| <FV (V 2. ¢) = FV ¢ — {z}

lemma FV-all-subs: <FV ¢ C FV (VY z. ¢) U {z}p
(proof)

lemma FV-exists: <FV (Jz. ¢) = FV ¢ — {z}
{proof)

lemma finite-F'V: «finite (FV ¢)»
(proof )

fun BV :: (form = nat set> where
BV L ={}h

| <BV (Atom - args’) = {}

| <BV (¢ —> %) = BV ¢ U BV 9

| <BV (W . ) = BV o U {z}h

lemma finite-BV: «finite (BV ¢)»
{proof)



definition variant :: <nat set = nat) where
<variant s = Max s + 1>

lemma variant-finite: <finite s = — (variant s € s)»
(proof)

lemma variant-form: <— variant (FV @) € FV )
{proof)

fun formsubst :: <form = (nat, nat) subst = form» (infixl < ;> 75) where
Lo - =L

| <«(Atom p ts) -fm 0 = Atom p [t - 0. t < ts]
| (o —= ) pm o= (¢ ym o) —> (¥ ym 0P
| (Y 2 @) om0 =

(let o' = o(z := Var z);

z=if 3y ye FV ¥V z. ¢) ANz € FVT (¢’ y)
then variant (FV (¢ -fm 0')) else z in
V 2 (¢ pm oz := Var 2)))

fun formsubst2 :: <form = (nat, nat) subst = form) (infixl <¢,,2> 75) where
L pm2-= 1L

| <«(Atom p ts) fm2 0 = Atom p [t - 0. t < ts]
| (o —> ) ym2 0 = (¢ ym2 0) —> (Y ym?2 o)
| «(V 2 ¢) - pm2 0 = (let ' = o(z := Var z) in

(if 3y ye FV (Y 2. o) ANz € FVT (o' y)

then (let z = variant (FV (¢ -ym?2 o)) in

V 2 (¢ - fm?2 o(z = Var 2)))
elseV z. (¢ - fm2 ')

lemma formsubst-def-switch: «p -fm 0 = @ - fm2 o>

{(proof)

lemma termsubst-valuation: V2€FVTt. oz =0’z =t - o=t o’
(proof )

lemma termsetsubst-valuation: ¥y € T.VaeFVTy. cx =0’z —=te T —
t-o=t-oh
(proof)

lemma formsubst-valuation: <V z€(FV ¢). (Varz) - o = (Varz) - o' = ¢ tm
O=¢ fmoh

(proof)

lemma {z. 3y. y € (sUt) APz y} ={z. Jy.y € sANPzy} U{z. Jy. yet
ANPzyh
(proof )

lemma formsubst-structure-bot: <p -pm 0 = L +— @ = L»



{proof)

lemma formsubst-structure-pred: «(3Ip ts. ¢ -fm 0 = Atom p ts) «— (Ip ts. ¢ =
Atom p ts)»
(proof)

lemma formsubst-structure-imp: <(3pl ©2. @ fm 0 = 1 —> p2) +— (Y1
V2. p =91l — Y2)
(proof )

lemma formsubst-structure-all: «(3z . ¢ 0= V2. ) +— Bz . p = V.

V)
(proof)

lemma formsubst-structure-not: «(3v. ¢ -fm 0 = Not ) «— (3. ¢ = Not ¥)»
(proof )

lemma formsubst-structure-not-all-imp:
Fz .o pmo=NVa ) — L)+— Tz . o= (Va. ) — L)
(proof)

lemma formsubst-structure-all-not:
Fz .o pmo=NVap — L) +— Tz . o= V. v — L))
(proof )

lemma formsubst-structure-ez: «(3z Y. ¢ -y 0= Tz ¢)) +— Sz . o = (T
V)
(proof )

lemma formsubst-structure: (¢ -fm 0 = L +— o = L) A
(3p ts. ¢ -pm 0 = Atom p ts) «— (Ip ts. ¢ = Atom p ts)) A
(Bl 92. ¢ fm 0 =9l —> @2) = (3P1 2. o =PI —> ¥2)) A
(Bz . ¢ fmo= V)= Bz ¢ =V P)))
{proof)

lemma formsubst-fv: <F'V (¢ -fm o) ={z. Jy. y € (FV o) Az € FVT ((Var y)
-o)b
(proof )

lemma subst-var [simp]: ¢ - Var = ¢
{proof)

lemma formsubst-rename: <F'V (¢ - (subst z (Var y))) — {y} = FV ¢ — {z}
—{yb
(proof)

lemma termsubst-functions-term:
(functions-term (t - o) = functions-term t U {z. y. y € FVT t A © € func-
tions-term ((Var y) - o)p



{proof)

lemma formsubst-functions-form:

functions-form (¢ -¢m o) = functions-form ¢ U {z. 3y. y € FV ¢ A z €
functions-term ((Var y) - o)p
(proof)

lemma formsubst-predicates: <predicates-form (¢ -fm o) = predicates-form ¢»
(proof)

lemma formsubst-language-rename: language {¢ - fm subst z (Var y)} = language

{eh
(proof)

end

theory FOL-Semantics
imports FOL-Syntax
begin

locale struct =
fixes
M :: <'m sety and
EFN :: <nat = 'm list = 'm» and
REL :: <nat = 'm list set»
assumes
M-nonempty: <M # {}>»

typedef 'm intrp =
A (M :: 'm set, FN :: nat = 'm list = 'm, REL :: nat = 'm list set). struct M}»
{proof)

declare Abs-intrp-inverse [simp] Rep-intrp-inverse [simp)
setup-lifting type-definition-intrp
lift-definition dom :: <'m intrp = 'm sets is fst (proof)

lift-definition intrp-fn :: <'m intrp = (nat = 'm list = 'm)» is «fst o snd> (proof)
lift-definition intrp-rel :: </m intrp = (nat = 'm list set)s is «snd o snd> (proof)

lemma intrp-is-struct [iff]: «struct (dom M)»
{proof)

lemma dom-Abs-is-fst [simp]: <struct M = dom (Abs-intrp (M, FN, REL)) =
M
{proof)

lemma intrp-fn-Abs-is-fst-snd [simp]: <struct M = intrp-fn (Abs-intrp (M, FN,



REL)) = FN)»
(proof)

lemma intrp-rel-Abs-is-snd-snd [simp]:
<struct M = intrp-rel (Abs-intrp (M, FN, REL)) = REL)
(proof )

definition is-valuation :: <'m intrp = (nat = 'm) = bool) where
is-valuation M B +— (¥ v. f v € dom M)

lemma valuation-valmod: «[is-valuation M B; a € dom M] = is-valuation M
(B(z == a))
{proof)

fun eval
= nterm = 'mointrp = (nat = 'm) = 'my
«[-17 [50, 0, 0] 70) where
([Var v]>P = 8w

| <[Fun f ts]MB = intrp-fn M f [[(]MP. t « ts])

definition list-all :: «('a = bool) = 'a list = bool> where
[simp]: <list-all P ls +— (fold (Al b. b A P 1) Is True)»

lemma term-subst-eval: <intrp-fn M = Fun = t - v = eval t M v
(proof )

lemma term-eval-triv[simp|: <intrp-fn M = Fun = eval t M Var =
{proof)

lemma fold-bool-prop: <(fold (A\l'b. b A P 1) Isb) = (b A (Viesetls. P 1)
{proof)

lemma list-all-set: <list-all P ls = (Vl€set Is. P 1))
{proof)

hide-const lang

definition is-interpretation where
<is-interpretation lang M +—
((Vfl (f, length(l)) € fst lang A set | C dom M — intrp-fn M fl € dom
M)

lemma interpretation-sublanguage: <funs2 C funsl = is-interpretation (funsi,
predl) M

= is-interpretation (funs2, preds2) M)

{proof)



lemma interpretation-eval:

assumes M: «is-interpretation (functions-term t,any) M> and val: <is-valuation
M By

shows ([{]M:F € dom M>

{proof)

fun holds
= ¢'moantrp = (nat = 'm) = form = booly (<-,- = - [30, 30, 80] 80) where
M,B = L «— False

| «M,B = Atom p ts +— [[{JMP. t « ts] € intrp-rel M p»

| MB e — ¢ (MBE@) — (MBEY))
| M, E (Va. ¢) «— (Va € dom M. M,B(z := a) = o)

lemma holds-ezists: <M,5 = (. ) «— (FJa € dom M. M,B(z := a) = o)
{proof)

lemma holds-indep-3-if:
N veFVep frv=L0r0v= M1 Ep+— MBs =
(proof)

lemma holds-indep-intrp-if:

fixes

@ 2 form and

M M I mointrpy
assumes

dom-eq: <dom M = dom M’> and
rel-eq: <Y p. intrp-rel M p = intrp-rel M’ p> and
fn-eq: ¥ fits. (f, length ts) € functions-form ¢ — intrp-fn M f ts = intrp-fn
M [ s
shows
VB M,BE o +— M',BE ¢
(proof )

the above in a more idiomatic form (it is a congruence rule)

corollary holds-cong:
assumes
<dom M = dom M’
<Ap. intrp-rel M p = intrp-rel M’ p
NS ts. (f, length ts) € functions-form ¢ = intrp-fn M [ ts = intrp-fn M’ f
ts)
shows <M, = ¢ +— M5 = ¢
(proof )

abbreviation (input) <termsubst M 8 o v = [o v]M:F)



lemma subst-lemma-terms: <[t - U]]M”B = [[t]]/\/l,termsubst MpBo,
(proof )

lemma eval-indep-5-if
assumes V v € FVT t. Bv= 3" v
shows ([t]M:# = [[t]]M’5/>
(proof)

lemma concat-map: «[ft. t < [gt. t + ts]] = [f (g t). t < ts]» (proof)

lemma swap-subst-eval: <M,B = (¢ fm o) +— M,(Av. termsubst M B o v) =
o
(proof)

definition satisfies :: «'m intrp = form set = bool> where
<satisfies M S = (VB . is-valuation M 8 — p € S — M,B = o)

lemma satisfies-iff-satisfies-sing: <satisfies M S +— (V¥ p€S. satisfies M {p})
(proof)

end

theory Ground-FOL-Compactness
imports

FOL-Semantics
begin

fun ¢free :: <form = bool> where
<qfree L = True»
| <qfree (Atom p ts) = True»

| <afree (p —> ) = (gfree @ A gfree ¢)
| <gfree (VY x. ¢) = False»

lemma gfree-iff-BV-empty: qfree ¢ +— BV ¢ = {}
(proof )

lemma gfree-no-quantif: <qfree r = —~(3z p. r =Vaz. p) A ~Fzp. r =Tz p)
(proof )

lemma gfree-formsubst: <qfree p = gfree (¢ - fm o)

(proof)

fun form-to-formula :: form = (natxnterm list) formula where



<form-to-formula L = 1)
| <form-to-formula (Atom p ts) = formula.Atom (p,ts)>
| <form-to-formula (¢ — ) = Imp (form-to-formula @) (form-to-formula 1¥)»
| <form-to-formula (V z. ¢) = L»

fun pholds :: «(form = bool) = form = bool) (- =, - [30, 80] 80) where
I f=p L +— Fualser
| <I |=p Atom p ts «— I (Atom p ts)»

| I Epp — V= () — (T 9))
| <I=p (VY 2p)«— I (V 2 @)

definition psatisfiable :: form set = bool where
«<psatisfiable S = I1. VpeS. I =, ¢

abbreviation psatisfies where <psatisfies I ® =V pe®. pholds I p»

definition val-to-prop-val :: (form = bool) = ((nat x nterm list) = bool) where
<val-to-prop-val I = (Az. I (Atom (fst z) (snd z)))»

lemma pholds-Not: <I =, Not ¢ «— = (I =, o)
(proof)

lemma pentails-equiv: <qfree o = (I |=, ¢ = (val-to-prop-val I) |= (form-to-formula
©))
(proof)

lemma pentails-equiv-set:
assumes all-gfree: <V p€S. qfree p»
shows «psatisfiable S = sat (form-to-formula ¢ S)»

(proof)

definition finsat :: form set = bool where
<finsat S =V TCS. finite T — psatisfiable T»

lemma finsat-fin-sat-eq:
assumes all-gfree: <Y p€S. qfree >
shows <finsat S <+— fin-sat (form-to-formula ¢ S)»

(proof)

lemma psatisfiable-mono: <psatisfiable S = T C S = psatisfiable T»
(proof )

lemma finsat-mono: <finsat S = T C S = finsat T»
(proof)

lemma finsat-satisfiable: <psatisfiable S = finsat S»

(proof)

lemma prop-compactness: <(V ¢ € S. qfree p) = finsat S = psatisfiable S»

10



{proof)
as above, more in the style of HOL Light

lemma compact-prop:

assumes (\B. [finite B; B C A] = 3 1. psatisfies I B> and <\p. ¢ € A —
qfree o>

shows <3 1. psatisfies I A»

(proof)

Three results required for the FOL uniformity theorem

lemma compact-prop-alt:
assumes (A\I. 3pcA. I =, ¢ <A\p. p € A — ¢free >
obtains B where «finite By <B C Ay <\A\I. 3peB. I |=, ¢

(proof)

lemma finite-disj-lemma:
assumes <(finite A»
shows (3. set ® C A A (VI. I |=, foldr (V) @ L «— (FpcA. I =, )
(proof)

lemma compact-disj:
assumes (A\I. 3pcA. I =, ¢ A\p. p € A — ¢free >
obtains ® where <set & C A <AIL. I |=, foldr (V) @ L

{proof)

end

theory Prenex-Normal-Form
imports

Ground-FOL-Compactness
begin

inductive is-prenex :: form = bool where
<qfree ¢ = is-prenex

| <is-prenex ¢ = is-prenex (¥ z. )

| <is-prener ¢ = is-prenex (. )

inductive-simps is-prenex-simps [simp]:
is-prenex Bot
is-prenex (Atom p ts)
is-prenex (¢ — )
is-prener (V x. @)

lemma prenez-formsubstl: <is-prenex ¢ == is-prenex (¢ fm )
(proof)

lemma prenez-formsubst2: <is-prenex (¢ - pm 0) = is-prenex o)

11



(proof)

lemma prenez-formsubst: <is-prenex (¢ -fm 0) = is-prenex
(proof)

lemma prenez-imp: <is-prenex (p — ) =
gfree (p —> )V (v = L A 3z . is-prenex ' A p = (V. ' —> L))
(proof )

inductive universal :: form = bool where
<qfree ¢ = universal p»
| <universal ¢ = universal (¥ z. @)

inductive-simps universal-simps [simp]:
universal Bot
universal (Atom p ts)
universal (¢ — 1)
universal (V z. @)

fun size :: form = nat where
«size L = 1»
| <size (Atom p ts) = 1>
| <size (¢ —> ) = size p + size >
| <size (V z. @) = 1 + size @

lemma wf-size: <wfP (Mg 9. size ¢ < size V)
(proof)

lemma size-indep-subst: <size (@ fm 0) = size
(proof)

lemma prenex-distinct: «(V z. ) # (3 y. )
{proof)

lemma unig-all-z: Uniq (Az. Ip. r =V z. p)
(proof )

lemma unig-all-p: <Uniq (Ap. r =V (THE . 3p. r =V . p). p))»
(proof )

lemma unig-ex-z: Unig (Az. Ip. r = Jz. p)
(proof)

lemma unig-ez-p: <Uniq (Ap. r = 3(THE z. 3p. r = A z. p). p))»
(proof )

definition ppat :: (nat = form = form) = (nat = form = form) = (form =
form) = form = form where

12



<ppat A B Cr = (if (Jz p. r =V . p) then

A(THE z. 3p. r =Vu. p) (THE p. r =V (THE z. 3p. r =V . p). p)
else (if 3z p. r =3z p then

B (THE z. 3p. r =3z p) (THE p. r = 3(THE z. 3p. r = . p). p)
else C'r))»

lemma ppat-simpA: ~Vz p. ppat A BC Vz. p) =Azp
(proof )

lemma ppat-simpB: Nz p. ppat A B C (3z. p) = Bz p
(proof )

lemma ppat-last: «(Vr. =(3z p. r =Va. p) A =3Bz p. r = Iz p)) = ppat A B
Cr=0Cn
(proof )

lemma ppat-last-qfree: <qfree r = ppat A B Cr = Cr»
(proof)

lemma ppat-to-ex-qfree:
«3f. Vzpq. fp Va. q) = ((4:: form = nat = form = form) p) x q) A
(Vepq fp 3z q = (Bp zq A
(Vp q. afree ¢ — fpqg=(Cp) Q)

{proof)

lemma size-rec:

N fgax (V(z:form). size z < sizex — (fz=g92) — (Hfz=Hgz) =
3f. V. fao=Hfax)

(proof )

abbreviation prenex-right-forall :: (form = form = form) = form = nat =
form = form where
<prenex-right-forall =
(Ap @ z . (let y = variant(FV ¢ U FV (Vz. ¥)) in Vy. p ¢ (¥ - (subst z
(Var y))))))

abbreviation prenez-right-exists :: (form = form = form) = form = nat =
form = form where
<prenezx-right-ezists =
(Ap o z . (let y = variant(FV ¢ U FV (3z. ) in (Fy. p ¢ (¥ -pm (subst z
(Var 9)

lemma prenex-right-ex:
I prenex-right. (¥ ¢ x 1. prenex-right ¢ (V¥ . 1) = prenex-right-forall prenex-right

@)
A (Vo z . prenex-right ¢ (3 z. ) = prenex-right-exists prenex-right ¢ 1))

13



A (Vo 1. gqfree v — prenex-right ¢ v = (¢ —> )
(proof )

consts prenex-right :: form = form = form

specification (prenez-right) ¢
(Vo x . prenex-right ¢ (¥ z. ) = prenex-right-forall prenex-right ¢ z ) A
(Vo x . prenez-right ¢ (3 z. ) = prenez-right-exists prenex-right ¢ = 1) A
(Vo 1. gfree v — prenex-right ¢ ¥ = (¢ —> P))»
(proof )

lemma prenez-right-qfree-case: «qfree v => prenex-right ¢ v = (p —> Y)»
(proof)

lemma prenex-right-all-case: <prenez-right ¢ (V¥ . 1) = prenex-right-forall prenex-right
® x Y
(proof)

lemma prenez-right-exist-case: <prenezx-right @ (3 z. ©) = prenex-right-exists prenez-right
@z
(proof)

lemma prenex-right-exists-shape-case:
<322 0. prenez-right ¢ (I z. ) = I 22. prenex-right ¢ (¥ -fm o)
(proof)

abbreviation prenez-left-forall :: (form = form = form) = form = nat = form
= form where
<prenez-left-forall =
(Ap ¢ z . (let y = variant(FV (V. ) U FV 9) in (3y. p (¢ -fm (subst z
(Var y))) ¥)))

abbreviation prenez-left-exists :: (form = form = form) = form = nat = form
= form where
<prenez-left-exists =
(Ap ¢ z . (let y = variant(FV (3z. ¢) U FV ) in Vy. p (¢ -fm (subst z
(Var y))) ¥)))

lemma prenez-left-ex:
I prenez-left. (¥ x . prenez-left (V¥ x. @) = prenex-left-forall prenez-left ¢ x
¥)
A (Vo z 1. prenex-left (Fz. ) ¢ = prenex-left-exists prenex-left ¢ x 1)
A (Vo 1. gfree ¢ —> prenex-left ¢ b = prenex-right ¢ 1)
(proof)

definition prenez-left where (prenez-left = (SOME prenex-left.

(Vo z . prenex-left (Y x. ) b = prenex-left-forall prenex-left ¢ x ) A
(Vo x . prenex-left (Fz. p) p = prenex-left-exists prenex-left ¢ x ¥) A

14



(Vo ¥. gfree ¢ — prenex-left ¢ ¥ = prenex-right ¢ 1))

lemma prenez-left-forall-case: <prenex-left (¥ z. @) 1 = prenex-left-forall prenez-left
© T P
(proof )

lemma prenez-left-qfree-case: <qfree ¢ = prenez-left ¢ 1 = prenex-right @ V>
(proof)

lemma prenex-left-exists-case: <prenez-left (3 z. ) 1 = prenex-left-exists prenex-left
©
(proof)

lemma prenez-left-exists-shape-case:
«Fx2 o. prenez-left (. p) Y = V 2. prenex-left (¢ -fm o) V>
(proof )

fun prener where
<prenex L = 1)
| <prenex (Atom p ts) = Atom p ts)
| <prenex (¢ —> ) = prenex-left (prenex ) (prenex )y
| <prenex (Y z. @) = V 2. (prenex ¢)»

lemma holds-indep-forall:

assumes y-notin: <y ¢ FV (Vz. ¢)

shows «(L,B = (Vz. @) «— LB = (Vy. ¢ rm (subst z (Var y))))»
(proof)

lemma forall-imp-commute:

assumes y-notin: <y ¢ FV o

shows <(( :: 'a intrp), B = (¢ — Vy. ¥)) «— LE NVy. ¢ — )
(proof )

lemma forall-imp-exists:

assumes y-notin: <y ¢ FV ¢

shows «((1 =: ‘aintrp), B = (Vyp) — ¥) «— LB E Ty (¢ —> ¥)))
(proof )

lemma exists-imp-forall:

assumes y-notin: <y ¢ FV i

shows «(I, B = (By-p) — ¢) «— LBE (Vy (¢ — ¥)))
(proof)

lemma exists-imp-commute:
assumes y-notin: <y ¢ FV ¢

<sh0}’&>fs «((I 2 "aintrp), B E (¢ — By ) «— L B E (Fy. o —> )
Proo
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lemma holds-indep-exists:
¢ FV 3z o) = (L= 3z ¢) «— LB E (Fy. ¢ fm (subst z (Var
¥)))

(proof)

lemma prenez-right-forall-is:
assumes <dom I # {}
shows «((([, B = ¢ — (V. ¢)) +—
(I, B = (Y (variant (FV o U FV (V. 9))).
(¢ —> (¢ -pm (subst z (Var (variant (FV ¢ U FV (V. v¥))))))))))
(is ?lhs = ?rhs)

(proof)

lemma prenex-right-exists-is:
assumes «dom I # {}
shows «((I, B E ¢ — (Fz. ¢¥)) +—
(I, B = (3 (variant (FV o U FV (3 z. 9))).
(p —> (@ - pm (subst z (Var (variant (FV ¢ U FV (3z. 9))))))))))
(is ?lhs = ?rhs)
{proof)

lemma prenez-left-forall-is:
assumes <dom I # {}
shows (I, B = (V. p) —> ¥)) = (I, 8 = (I (variant (FV (Y z. ¢) U FV 1)).
(oroof) ((¢ fm (subst & (Var (variant (FV (V2. @) U FV 9))))) — ¥)))»
PTOO0,

lemma prenez-left-exists-is:
assumes «dom [ # {}
shows (I, B = (Fz. p) — ¥)) = (I, B | (VY (variant (FV (z. ) U FV 1)).
(oroof) ((¢ “fm (subst z (Var (variant (FV (3z. @) U FV 9))))) — ¥)))»
PTOO0,

lemma prenex-right-forall-FV: <FV (¢ — (V. ¢)) =

FV (¥ (variant (FV o U FV (V. ¢))). (¢ —> (¢ -pm (subst & (Var (variant
(FV o U FV (Y. ¢))))))

(proof)

lemma prenex-right-exists-FV: «<FV (¢ — (. ¢)) =
FV (¥ (variant (FV o U FV (3. ¢))). (¢ —> (¢ -pm (subst & (Var (variant
(FV o U FV (3. 9)))))
(proof)

lemma prenex-left-forall-FV: <FV ((Vz. ) — 9) =
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FV (3 (variant (FV Vz. ¢) U FV ). ((¢ fm (subst z (Var (variant (FV
(V;% @])t>U FV-4))))) — ¥))
Proo

lemma prenez-left-exists-FV: <FV ((Fx. @) — @) =

FV (VY (variant (FV (3z. ¢) U FV ¥)). ((¢ fm (subst z (Var (variant (FV
(Fz. ) UFV ))))) — ¥))

(proof)

lemma prenex-right-forall-language: <language {¢ — (V. )} =

language {V (variant (FV ¢ U FV (Vz. ¥))). (¢ —> (¥ -fm (subst z (Var
(variant (FV @ U FV (Va. ¢))))))) b

(proof)

lemma prenex-right-exists-language: <language {o — (Fz. )} =

language {3 (variant (FV ¢ U FV (3z. ¥))). (¢ —> (¥ -fm (subst z (Var
(variant (FV ¢ U FV (3. 4))))))) b

(proof)

lemma prenex-left-forall-language: <language {(V z. ¢) — 9} =

language {3 (variant (FV (Vz. @) U FV ). ((¢ - fm (subst z (Var (variant (FV
(V. ) U FV 9))))) — ¥)b

(proof)

lemma prenex-left-exists-language: <language {(I 2. ¢) —> P} =

language {V (variant (FV (3 z. @) U FV ). ((¢ - fm (subst z (Var (variant (FV
(Fz. ) U FV 9))))) — ¥)b

(proof)

lemma prenex-props-forall: <P N FV ¢ = FV ¢ A language {¢} = language {¢}
N
(V(I :: 'a intrp) B. dom I #{} — (LB E ¢ +— LB E¥)) =
PANFV (Va. p) = FV (Y. ) A language {(V z. ¢)} = language {(V z. ¢¥)} A
V(I :: 'aintrp) B. dom I # {} — (LB E (Vz. ) +— LB E (V. ¢)))
)

{proof)

lemma prenez-props-ezists: <P N FV o = FV i A language {p} = language {1}
A
V(I = 'aintrp) B. dom I #{} — (LB E ¢ «— LB E ¢)) =
PAFV (32 @) =FV (. ) A language {(F 2. )} = language {(F 2. )} A
V(I 2 'aintrp) B. dom I # {} — (LB = (z. ) «— LB E (T )

)
{proof)

lemma prenez-right-props-imp0:
assumes <((free p»
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shows <is-prenex v = is-prenex (prenex-right ¢ ¥)»
(proof)

lemma prenex-right-props-imp:
assumes <qfree p»
shows <is-prenex 9 —
is-prenex (prenex-right ¢ ) A
FV (prenex-right ¢ ¢¥) = FV (¢ — ) A
language {prenez-right ¢ ¥} = language {(p —> )} A
(V(I :: 'aintrp) B. dom I # {} — ((I,B = (prenex-right ¢ ¢)) +— (1,3
= (o — D))
(is <is-prenex ¢ = ?P »)
(proof)

lemma prenex-right-props:

<qfree @ N is-prenex ¢ —>

is-prenex (prenex-right ¢ ) A

FV (prenex-right ¢ ) = FV (¢ — ) A

language {prenez-right ¢ ¥} = language {(p —> )} A

(V(I :: 'aintrp) B. dom I # {} — ((I,B | (prenez-right ¢ v)) +— (LB E (¢
)

(proof )

lemma prenez-left-props-imp0:
assumes <is-prenec )
shows <is-prenex ¢ = is-prenex (prenex-left ¢ 1))

{proof)

lemma prenez-left-props-imp:
assumes (is-prenex )
shows (is-prenexr p =
is-prenex (prenex-left ¢ ) A
FV (prenex-left ¢ ) = FV (¢ — ¥) A
(language {(prenez-left ¢ ¥)} = language {(p —> ¥)}) A
(V(I :: 'a intrp) B. dom I # {} — (LB = prenex-left ¢ b «— LB = ¢
)
(is <is-prenex ¢ = 7P ¢»)
(proof)

lemma prenez-left-props:
<is-prenex @ N is-prener P —>
is-prenex (prenex-left o ) A
FV (prenex-left ¢ ) = FV (¢ — ¥) A
(language {(prenex-left v )} = language {(¢ —> Y)}) A
(V(I :: 'a intrp) B. dom I # {} — (LB = prenex-left p b «— LB = ¢
— )
(proof )
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theorem prenez-props: <is-prenex (prenex @) A (FV (prenex ¢) = FV ¢) A
(language {prenex ¢} = language {p}) A
(V(I :: 'a intrp) B. dom I # {} — (I, B = (prenez ) «+— (I, B E ¢))
(proof)

corollary is-prenez-prenex [simp|: <is-prenex (prenex ¢)»
and FV-prenex [simp]: <FV (prenex v) = FV ¢
and language-prenez [simp: <language {prenex v} = language {p}

{proof)

corollary prenez-holds [simp]: <dom I # {} = (LB = (prenez ¢)) +— (I, |=
@)
(proof)

lemma prenex-satisfies [simpl:
assumes dom M # {}
shows satisfies M {prenex o} <— satisfies M {p}

{proof)

end

theory Bumping
imports

FOL-Semantics

HOL- Library. Nat-Bijection
begin

abbreviation numpair where
<numpair m n = prod-encode (m,n)>

abbreviation numfst where
<numfst k = fst (prod-decode k)»

abbreviation numsnd where
<numsnd k = snd (prod-decode k)»

definition bump-intrp :: 'm intrp = 'm intrp where
<bump-intrp M = Abs-intrp ((dom M), (Ak zs. (intrp-fn M) (numsnd k) zs),
(intrp-rel M))»

lemma bump-dom [simp]: <dom (bump-intrp M) = dom M>
(proof)

lemma bump-intrp-fn [simp]: <intrp-fn (bump-intrp M) (numpair 0 f) ts = in-
trp-fn M f ts»
(proof)
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lemma bump-intrp-rel [simp]: <intrp-rel (bump-intrp M) n = intrp-rel M n»
(proof )

fun bump-nterm :: nterm = nterm where
<bump-nterm (Var z) = Var
| <bump-nterm (Fun fts) = Fun (numpair 0 f) (map bump-nterm ts)»

fun bump-form :: form = form where
<bump-form L = L»
| <bump-form (Atom p ts) = Atom p (map bump-nterm ts)»
| <bump-form (¢ —> ) = (bump-form @) — (bump-form h)»
| <bump-form (¥ z. o) =V z. (bump-form ¢)»

lemma bumpterm: [{JM-P = [bump-nterm t)bump-intrp M5,
(proof)

lemma bump-intrp-rel-holds: «(map (At. [[t]]M’ﬂ) ts € intrp-rel M n) =
(map ((At. [t]Pump-intrp MiBY o pymp-nterm) ts € intrp-rel (bump-intrp M) n)»
(proof )

lemma bumpform: <M, g = ¢ = (bump-intrp M), 8 = (bump-form ¢)»
(proof)

lemma functions-form-bumpform: «(f, m) € functions-form (bump-form p) —
k. (f = numpair 0 k) A (k, m) € functions-form ¢»
(proof)

lemma bumpform-interpretation: <is-interpretation (language {p}) M =
is-interpretation (language {(bump-form ©)}) (bump-intrp M)>
(proof )

fun unbump-nterm :: nterm = nterm where
cunbump-nterm (Var z) = Var x
| cunbump-nterm (Fun fts) = Fun (numsnd f) (map unbump-nterm ts)»

fun unbump-form :: form = form where
cunbump-form L = L
| cunbump-form (Atom p ts) = Atom p (map unbump-nterm ts)»
| cunbump-form (¢ —> ) = (unbump-form @) — (unbump-form )
| cunbump-form (¥ z. ¢) =V z. (unbump-form )

lemma unbumpterm [simp]: unbump-nterm (bump-nterm t) = t
{proof)
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lemma unbumpform [simp]: <cunbump-form (bump-form @) = ©»
(proof )

definition unbump-intrp :: 'm intrp = 'm intrp where
cunbump-intrp M = Abs-intrp (dom M, (Ak zs. (intrp-fn M) (numpair 0 k) zs),
(intrp-rel M))»

lemma unbump-term-intrp: <[bump-nterm tJM:P = [¢]unbump-intrp M.5,

(proof)

lemma unbump-holds: «(M,B = bump-form ¢) = (unbump-intrp M, E @)
(proof)

abbreviation numlist where
<numlist ns = list-encode ns»

fun num-of-term :: nterm = nat where
«num-of-term (Var ) = numpair 0
| <num-of-term (Fun f ts) = numpair 1 (numpair f (numlist (map num-of-term

ts)))»

lemma term-induct2:
(Az y. P (Var z) (Var y))

= (Az g us. P (Var z) (Fun g us))

= (Aftsy. P (Fun fts) (Vary))

= (Aftsgus. (Ap g p € setts= q & setus= Ppq) = P (Fun fts)
(Fun g us))

== Pt1t2
(proof)

lemma num-of-term-inj: <num-of-term s = num-of-term t +— s = t»

(proof)

fun num-of-form :: form = nat where
<num-of-form L = numpair 0 0>
| <num-of-form (Atom p ts) = numpair 1 (numpair p (numlist (map num-of-term
ts)))>
| <num-of-form (¢ — ¥) = numpair 2 (numpair (num-of-form ) (num-of-form
b))
| <num-of-form (¥ z. ¢) = numpair 3 (numpair x (num-of-form ¢))»
lemma numlist-num-of-term: <numlist (map num-of-term ts) = (numlist (map

num-of-term us)) = ts = us)
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{proof)

lemma num-of-form-inj: <num-of-form ¢ = num-of-form 1 +— o =

(proof)

consts term-of-num :: nat = nterm
specification (term-of-num) ¥ n. term-of-num n = (THE t. num-of-term t = n)»
{proof)

lemma term-of-num-of-term [simp]: <term-of-num(num-of-term t) = t»
(proof)

consts form-of-num :: nat = form
specification (form-of-num) <V n. form-of-num n = (THE . num-of-form ¢ =
n)

(proof)

lemma form-of-num-of-form [simpl: <form-of-num (num-of-form @) = ¢»
(proof)

end

theory Skolem-Normal-Form

imports
Prenex-Normal-Form
Bumping

begin

lemma witness-imp-holds-exists:
assumes <is-interpretation (functions-term t, preds) (I :: (nat, nat) term intrp)»
and
<is-valuation I By and
d, B = (¢ fm (subst z t))
shows I, 8 = (Fz. o)

(proof)

definition skoleml! :: nat = nat = form = form where
(skolem1 fx ¢ = @ -fm (subst x (Fun f (map Var (sorted-list-of-set (FV (3.
©))))

lemma fvt-var-z-simp:

(FVT (Var © - subst x (Fun f (map Var (sorted-list-of-set (FV ¢ — {z}))))) =
FV o — {a}h
(proof)
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lemma holds-indep-intrp-if2:
fixes I I':: 'a intrp
shows
LB = ; dom I = dom I'; Np. intrp-rel I p = intrp-rel I' p;
NS zs. (f, length zs) € functions-form ¢ = intrp-fn I f zs = intrp-fn I’ f 2s] =
'8 E ¢
(proof)

lemma fun-upds-prop: <length xs = length zs = V z€set zs. P 2 = Y v. P (g v)
= Yu. P ((foldr (Mkv f. fun-upd f (fst kv) (snd kv)) (zip zs zs) g) v)»

(proof)

lemma {z. 3y. y € FV ¢ A z € functions-term (Var y - subst x t)} = func-
tions-term t V
{z. 3y. y € FV ¢ A z € functions-term (Var y - subst z t)} = {}

(proof)

lemma func-form-subst: <z € FV ¢ = (f, length ts) € functions-form (¢ -rm
subst x (Fun fts))»

(proof)

lemma holds-formsubst:
MB = (p -fm i) +— M\t [E]MP) o i = p
(proof )

lemma holds-formsubst1:
M,B = (p -fm Var(z:=t)) «— M,8(z := [{]M:P) = p
{proof)

lemma holds-formsubst2:
M,B t= (p -fm subst x t) «— M,[(z := [[t]]Mﬁ) Eop
(proof )

lemma size-nonzero [simpl: size fm > 0
{proof)

lemma
assumes prenex-ex-phi: <is-prenex (I z. p)»
and notin-ff: <= (f, card (FV (3 z. ¢))) € functions-form (3 z. @)
shows holds-skolem1a: is-prenex (skoleml fxz o) (is ?A)
and holds-skolem1b: FV (skoleml1 fx o) = FV (Jz. ¢) (is ?B)
and holds-skolemIc:
Prenez-Normal-Form.size (skolem! f x ¢) < Prenez-Normal-Form.size (3 z.
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o) (is 7C)
and holds-skolem1d: predicates-form (skoleml! f x @) = predicates-form (3 x.
o) (is 7D)
and holds-skolemle: functions-form (z. ¢) C functions-form (skoleml f x
0) (is 7F)
and holds-skolemlf: functions-form (skolem1 f x )
C (f, card (FV (3. ¢))) > functions-form (. ) (is 7F)

(proof)

definition define-fn = AFN fn h. Ag zs. if g=f A length zs = n then h zs else FN
g zs

lemma holds-skolem1g:
assumes prenez-ex-phi: <is-prenex (I z. p)»
and notin-ff: <= (f, card (FV (3. ¢))) € functions-form (3 x. @)
fixes I :: 'a intrp
assumes interp-I: is-interpretation (language {¢}) I
and nempty-I: dom I # {}
and wvalid: \B. is-valuation I f = LB = (. ¢)
obtains M where dom M = dom [
intrp-rel M = intrp-rel 1
Ng zs. g # [V length zs # card (FV (3z. p)) = intrp-fn M g zs
= intrp-fn I g zs
is-interpretation (language {skolem! fz p}) M
NB. is-valuation M 8 = M, = skolemlI fz ¢
{proof )

lemma holds-skolem1h:
assumes prenez-ez-phi: <is-prenex (Fx. ) and < (f, card (FV (Fz. ¢))) €
functions-form (3 z. )
assumes is-intrp: is-interpretation (language {skolem! fxz ¢}) N
and nempty-N: dom N # {}
and is-val: is-valuation N [
and skol-holds: N, |= skoleml! fx ¢
shows N, E (z. ¢)

(proof)

lemma holds-skolem1:

assumes <is-prenex (3 z. @) and - (f, card (FV (2. ¢))) € functions-form
(Fz o)

shows <is-prenex (skoleml fx ) A

FV (skoleml fx o) = FV (3z. ) A

size (skoleml fx ) < size (Fz. p) A

predicates-form (skoleml f x @) = predicates-form (3 z. ©) A

functions-form (3 z. ) C functions-form (skolem! fx p) A

functions-form (skoleml1 f z ¢) C insert (f, card (FV (I z. ¢))) (functions-form
(Fz. ¢)) A

(V (I :: 'a intrp). is-interpretation (language {©}) I A

= (dom I ={}) A
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(VB. is-valuation I f — (I, B = (T ) —
(3 (M :: 'a intrp). dom M = dom I A
intrp-rel M = intrp-rel I N
(Vg zs. mg=f V —(length zs = card (FV (3. ¢))) — intrp-fn M g zs =
intrp-fn I g zs) A
is-interpretation (language {skoleml! fx ©}) M A
(V5. is-valuation M  — (M, B = (skolem1 fx ¢))))) A
(V (N :: 'a intrp). is-interpretation (language {skoleml fx ©}) N A
= (dom N ={}) —
(V. is-valuation N B A (N, B [ (skolem! fz ¢)) — (N, B8 = (Fz. ¢))))
)

{proof)

lemma skolems-ex: <3 skolems. ¥ . skolems ¢ = (Ak. ppat (A\x 1. V 2. (skolems 1

k))
(Az . skolems (skolemI (numpair J k) x 1) (Suc k)) (M. ) ¢)»

(proof)

consts skolems :: nat = form = nat = form
specification (skolems)
skolems-eq: «<\J ¥ k. skolems J ¢ k
= ppat (Az @' V. (skolems J ' k)) (Ax ¢’ skolems J (skolem1

(numpair J k) x ¢') (Suc k)) (Ap. @) ¥
{proof)

bounding the possible Skolem functions in a given formula

definition skolems-bounded = Ap J k. V1 m. (numpair J I, m) € functions-form p
— I <k

lemma skolems-bounded-mono: [skolems-bounded p J k'; k'<k] = skolems-bounded
pJk
(proof)

lemma skolems-bounded-prenex: skolems-bounded ¢ K k = skolems-bounded (prenex
v) Kk
(proof)

Basic properties proved by induction on the number of Skolemisation
steps. Harrison’s gigantic conjunction broken up for more manageable proofs,
at the cost of some repetition

first, the simplest properties

lemma holds-skolems-induction-A:
assumes size p = n and is-prenex p and skolems-bounded p J k
shows universal(skolems J p k) A
FV(skolems Jp k)= FVpA
predicates-form (skolems J p k) = predicates-form p A
functions-form p C functions-form (skolems J p k) A
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functions-form (skolems J p k) C {(numpair J Im) | Il m. k < I} U
functions-form p
{proof)

the final conjunct of the HOL Light version

lemma holds-skolems-induction-B:
fixes N :: 'a intrp
assumes size p = n and is-prenex p and skolems-bounded p J k
and is-interpretation (language {skolems J p k}) N dom N # {}
and is-valuation N 8 N, |= skolems J p k
shows N,8 | p

(proof)
the penultimate conjunct of the HOL Light version

lemma holds-skolems-induction-C'
fixes M :: 'a intrp
assumes size p = n and is-prenex p and skolems-bounded p J k
and is-interpretation (language {p}) M dom M # {} satisfies M {p}

shows AM’. dom M’ = dom M A intrp-rel M’ = intrp-rel M A

(Vg zs. intrp-fn M’ g zs # intrp-fn M g zs
— (3L k <1 A g = numpair J1)) A

is-interpretation (language {skolems J p k}) M’ A
satisfies M’ {skolems J p k}

(proof)

corollary holds-skolems-prenez-A:
assumes is-prenex @ skolems-bounded ¢ K 0
shows universal(skolems K ¢ 0) A (FV (skolems K ¢ 0) = FV ¢) A
predicates-form (skolems K ¢ 0) = predicates-form ¢ A
functions-form ¢ C functions-form (skolems K ¢ 0) A
functions-form (skolems K ¢ 0) C {(numpair K I,m) | I m. True} U
(functions-form )

{proof)

corollary holds-skolems-prenez-B:
assumes is-prenex @ skolems-bounded ¢ K 0
and is-interpretation (language {skolems K ¢ 0}) M dom M # {}
and is-valuation M 8 M,B = skolems K ¢ 0
shows M,5 = ¢

{proof)

corollary holds-skolems-prenez-C'.
assumes is-prenex @ skolems-bounded ¢ K 0
and is-interpretation (language {¢@}) M dom M # {} satisfies M {p}
shows AM’. dom M’ = dom M A intrp-rel M’ = intrp-rel M A
(Vg zs. intrp-fn M’ g zs # intrp-fn M g zs — (3 1. g = numpair K 1))
VAN
is-interpretation (language {skolems K ¢ 0}) M’ A
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satisfies M’ {skolems K ¢ 0}
{proof )

definition skopre where
<skopre k ¢ = skolems k (prenex ) 0)

corollary skopre-model-A:
assumes skolems-bounded ¢ K 0
shows universal(skopre K @) A (FV (skopre K ¢) = FV ¢) A
predicates-form (skopre K ) = predicates-form ¢ A
functions-form ¢ C functions-form (skopre K ¢) A
functions-form (skopre K @) C {(numpair K I,m) | I m. True} U (functions-form
%)
(proof)

corollary skopre-model-B:
assumes skolems-bounded ¢ K 0
and is-interpretation (language {skopre K ©}) M dom M # {}
and is-valuation M § M, = skopre K ¢
shows M, = ¢

{proof)

corollary skopre-model-C"
assumes skolems-bounded ¢ K 0
and is-interpretation (language {p}) M dom M # {} satisfies M {p}
shows I M’. dom M’ = dom M A intrp-rel M’ = intrp-rel M A
(Vg zs. intrp-fn M’ g zs # intrp-fn M g zs — (3 1. g = numpair K
D) A
is-interpretation (language {skopre K p}) M’ A
satisfies M’ {skopre K ¢}
(proof )

definition skolemize where
<skolemize ¢ = skopre (num-of-form (bump-form ¢) + 1) (bump-form ¢)»

lemma no-skolems-bump-nterm:
shows (>0 = (numpair i I, m) ¢ functions-term (bump-nterm t)

(proof)
lemma no-skolems-bump-form: i>0 = skolems-bounded (bump-form ¢) i 0

{proof)

lemma universal-skolemize [iff]: universal (skolemize )
and FV-skolemize [simp]: FV (skolemize ) = FV (bump-form )
and predicates-form-skolemize [simp]: predicates-form (skolemize ¢) = predi-
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cates-form (bump-form ¢)
(proof )

lemma functions-bump-form: functions-form (bump-form ¢) C functions-form (skolemize

®)
(proof)

lemma functions-skolemize:

functions-form (skolemize @) C {(numpair (num-of-form (bump-form p)+1) I,
m) |k I m. True} U functions-form (bump-form ¢)

(proof )

lemma skolemize-imp-holds-bump-form:
assumes is-interpretation (language {skolemize p}) N dom N # {}
and is-valuation N 8 N, k= skolemize ¢
shows N,8 | bump-form ¢

(proof)

lemma is-interpretation-skolemize:
assumes is-interpretation (language {bump-form ©}) M dom M # {} satisfies
M {bump-form ¢}
obtains M’ where dom M' = dom M intrp-rel M' = intrp-rel M
Ny zs. intrp-fn M’ g zs # intrp-fn M g zs = 3. g = numpair (num-of-form
(bump-form @) + 1) 1
is-interpretation (language {skolemize ©}) M’ satisfies M’ {skolemize o}
(proof )

lemma functions-form-skolemize:

assumes ((f,m) € functions-form (skolemize ©)»

obtains k where <f = numpair 0 ky «(k,m) € functions-form ¢ | | where «f
= numpair (num-of-form (bump-form @) + 1) b

(proof)

definition skomodl where
<skomodl ¢ M =
if satisfies M {p}
then (SOME M'. dom M' = dom (bump-intrp M) A
intrp-rel M’ = intrp-rel (bump-intrp M) A
(Vg zs. intrp-fn M’ g zs # intrp-fn (bump-intrp M) g zs —
(3. g = numpair (num-of-form (bump-form ¢) + 1) 1)) A
is-interpretation (language {skolemize ©}) M' A satisfies M’
{skolemize ¢})
else (Abs-intrp (dom M, (Mg zs. (SOME a. a € dom M)), intrp-rel M))»

lemma skomodI-works:
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assumes M: <is-interpretation (language {p}) M> <dom M # {}>»
shows <dom (skomodl ¢ M) = dom (bump-intrp M) A
intrp-rel (skomodl ¢ M) = intrp-rel (bump-intrp M) A
is-interpretation (language {skolemize ©}) (skomodl ¢ M) A
(satisfies M {p} —
(Vg zs. intrp-fn (skomodl ¢ M) g zs # intrp-fn (bump-intrp M) g z2s —>
(31. g = numpair (num-of-form (bump-form @) + 1) 1)) A
satisfies (skomodl o M) {skolemize ¢}))
(proof)

definition skomod-FN = AM g zs. if numfst g = 0 then intrp-fn M (numsnd g) zs
else intrp-fn (skomodl (unbump-form (form-of-num

(numfst g — 1))) M) g zs

definition skomod where
<skomod M = Abs-intrp (dom M, skomod-FN M, intrp-rel M)

lemma skomod-interpretation:
assumes <is-interpretation (language {p}) M>» <dom M # {}
shows <is-interpretation (language {skolemize ©}) (skomod M)»

(proof)

proposition skomod-works:
assumes <is-interpretation (language {@}) M>» <dom M # {}»
shows <satisfies M {p} <— satisfies (skomod M) {skolemize v}

(proof)

proposition skolemize-satisfiable:
«(IM:'a intrp. dom M # {} A is-interpretation (language S) M A
satisfies M S) +—
(I M::'a intrp. dom M # {} A is-interpretation (language (skolemize S)) M
A satisfies M (skolemize © S))y  (is ?lhs = 2rhs)
(proof)

fun specialize :: form = form where
<specialize L = 1)

| <specialize (Atom p ts) = Atom p ts»

| <specialize (¢ —> ) = @ —> Y

| <specialize (¥ z. ) = specialize @»

lemma specialize-satisfies:
fixes M :: 'a intrp
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assumes «dom M # {}
shows <satisfies M (specialize ©S) <— satisfies M S»

(proof)

lemma specialize-qfree: <universal ¢ = qfree (specialize p))
(proof)

lemma functions-form-specialize [simp): functions-form(specialize ¢) = functions-form
¥
(proof)

lemma predicates-form-form-specialize [simp|: predicates-form(specialize p) = pred-
icates-form ¢

(proof)

lemma specialize-language: <language (specialize ¢ S) = language S»
(proof)

definition skolem :: form = form where
<skolem ¢ = specialize(skolemize p)»

lemma skolem-qfree: <qfree (skolem ¢)»
(proof )

theorem skolem-satisfiable:
(I M:'a intrp. dom M # {} A is-interpretation (language S) M A satisfies M
S)
+— (3 M:'a intrp. dom M # {} A is-interpretation (language (skolem ¢ S)) M
A
satisfies M (skolem *S))»

(proof)

end

theory Canonical-Models
imports Skolem-Normal-Form
begin

inductive-set terms-set :: «(nat x nat) set = nterm set> for fns :: «(nat X nat)
set>» where

vars: «(Var v) € terms-set fns
| fn: <«(Fun f ts) € terms-set fns

if «(f, length ts) € fns) <\t. t € set ts => t € terms-set fns

lemma struct-terms-set [iff]: <struct (terms-set A)»
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{proof)

lemma stupid-canondom: <t € terms-set (fst L) = functions-term t C (fst L)
(proof)

lemma finite-subset-instance: <finite t' = t' C {¢ ym oo p. Po N p € s} =
(3t. finite t N\t S s At C{p fmolop. PoApetl)
{proof)

lemma finite-subset-skolem: «finite u = u C {skolem ¢ |p. ¢ € s} =
(3t. finite t At C s A u= {skolem ¢ |p. p € t})

(proof)

lemma valuation-ezists: <— (dom M = {}) = 3 B. is-valuation M ()
{proof)

lemma holds-itlist-exists:

(M,B = (foldr (Ax p. . p) zs p)) +—
(F as. length as = length xs A set as C dom M A

(M,(foldr (Au B. B(fst u := snd u)) (rev (zip xs as)) B) E ¢))»
(proof)

definition canonical :: <(nat x nat) set x (nat x nat) set = nterm intrp = bool»
where
<canonical L M = (dom M = terms-set (fst L) N (Y f. intrp-fn M f = Fun f))»

definition pintrp-of-intrp :: <'m intrp = (nat = 'm) = (form = bool)) where
<pintrp-of-intrp M B = (Ap. M,B E o)

definition

canon-of-prop :: «((nat x nat) set x (nat X nat) set) = (form = bool) = nterm
intrp> where

<canon-of-prop L I = Abs-intrp (terms-set (fst L), Fun, (Ap. {ts. I (Atom p

ts)}))

lemma dom-canon-of-prop [simp|: <dom (canon-of-prop L I) = terms-set (fst L)»
(proof )

lemma intrp-fn-canon-of-prop [simpl: <intrp-fn (canon-of-prop L I) = Fun»
(proof)
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lemma intrp-rel-canon-of-prop [simp]: <intrp-rel (canon-of-prop L I) = (Ap. {ts. I
(Atom p ts)})»
(proof )

lemma pholds-pintrp-of-intrp:
(gfree ¢ = (pintrp-of-intrp M B) =, ¢ +— M, = ¢
(proof)

lemma intrp-of-canon-of-prop [simp):
<pintrp-of-intrp (canon-of-prop L I) Var (Atom p ts) = I (Atom p ts)»
(proof )

lemma holds-canon-of-prop:
assumes (¢free ¢» shows «(canon-of-prop L I),Var = ¢ «— I =, ¢

(proof)

lemma holds-canon-of-prop-general:
assumes <¢free ¢» shows «(canon-of-prop L I),8 = ¢ «— I =p (¢ ~fm B)
(proof)

lemma canonical-canon-of-prop: <canonical L (canon-of-prop L I)»
(proof)

lemma interpretation-canon-of-prop: <is-interpretation L (canon-of-prop L I)»

(proof)

lemma prop-valid-imp-fol-valid: <qfree ¢ A (V1. I |=, @) = (VM B. M, = ¢)»
(proof )

lemma fol-valid-imp-prop-valid: <gfree o A (VM B. canonical (language {p}) M
— M,B ': 90)
— VI I, o

{proof)

lemma satisfies-psatisfies: <[ € ®; © C {¢. gfree p}; satisfies M ®; is-valuation
M p] =

psatisfies (pintrp-of-intrp M ) ®»

(proof)
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lemma psatisfies-instances:
assumes ¢f: <& C {p. qfree o}
and ps: <psatisfies I {¢ -fm B ¢ B. (V. B © € terms-set (fst L)) N ¢ € O}
shows <satisfies (canon-of-prop L I) ®»
(proof )

lemma satisfies-instances:
assumes <(is-interpretation (language Z) M
shows «satisfies M {¢ -pm 0 |p 0. p € @ A (Vz. 0 x € terms-set (fst (language
=)}
satisfies M ®»
(proof)

lemma compact-canon-qfree:
assumes ¢f: <& C {p. qfree o}
and int: «(A\V. [finite U; U C 9]
= IM:: a intrp. is-interpretation (language Z) M A dom M # {} A
satisfies M U
obtains C where <is-interpretation (language Z) C» <canonical (language Z) C»
«satisfies C >

(proof)

lemma interpretation-restrictlanguage:

U C & = is-interpretation (language ®) M = is-interpretation (language V)
M

(proof )

lemma interpretation-extendlanguage:
fixes M:: (‘a intrp
assumes int: (is-interpretation (language ¥) M» and <dom M # {}
and <satisfies M U,
obtains N where «dom N = dom M) <intrp-rel N' = intrp-rel M>
is-interpretation (language ®) N> <satisfies N ¥»
(proof)

theorem compact-Is:
assumes (\U. [finite ¥; ¥ C 9]
= IM::’a intrp. is-interpretation (language ®) M A dom M # {} A
satisfies M U
obtains C::«nterm intrp> where <is-interpretation (language ®) C> «dom C #
{}> «satisfies C ®»

(proof)
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lemma canon:
assumes <is-interpretation (language ®) M> «dom M # {}» <satisfies M @)
obtains C::«nterm intrp> where <is-interpretation (language ®) C> «dom C #
{}> «satisfies C ®»

{proof)

definition lowmod :: <nterm intrp = nat intrp> where
<lowmod M = Abs-intrp (num-of-term ¢ (dom M),
(Ag ns. num-of-term (intrp-fn M g (map term-of-num ns))),
(Ap. {ns. (map term-of-num ns) € intrp-rel M p}))

lemma dom-lowmod [simp]: <dom (lowmod M) = num-of-term * (dom M)

(proof)

lemma intrp-fn-lowmod [simp): <intrp-fn (lowmod M) fns = num-of-term (intrp-fn
M f (map term-of-num ns))»
{proof)

lemma intrp-rel-lowmod [simp]: <intrp-rel (lowmod M) p = {ns. (map term-of-num
ns) € intrp-rel M p}h
(proof)

lemma is-valuation-lowmod: <is-valuation (lowmod C) (num-of-term o B) +—
is-valuation C B>
{proof)

lemma lowmod-dom-empty: <dom (lowmod M) = {} +— dom M = {}

(proof)

lemma lowmod-termuval:
assumes <is-valuation (lowmod M) [3)
shows (eval t (lowmod M) B = num-of-term (eval t M (term-of-num o B))

(proof)

lemma lowmod-holds:
assumes <is-valuation (lowmod M) [3)
shows <(lowmod M), = ¢ «— M,(term-of-num o B) = ¢

{proof)

lemma lowmod-intrp: <is-interpretation L (lowmod M) = is-interpretation L M)

{(proof)
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lemma loewenheim-skolem:

assumes <is-interpretation (language ®) M> <dom M # {}

assumes (\p. ¢ € ® = gfree ¢ <satisfies M )

obtains N :: <nat intrp) where <is-interpretation (language ®) N> <«dom N #
{}> «satisfies N ®»

(proof)

theorem uniformity:
assumes <qfree p»
<N\C::nterm intrp. AB. [dom C # {}; is-valuation C f] = C,B [ foldr
Ezists xs ¢»
obtains os where (Ao z. 0 € set 0s = o x € terms-set (fst (language {p}))
NI I =, (foldr (A . © V ¢) (map (Ao. ¢ -fm o) os) L)
(proof)

end
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