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Abstract

This article formalizes the amortized analysis of dynamic tables
parameterized with their minimal and maximal load factors and the
expansion and contraction factors.

A full description is found in a companion paper [1].

theory Tables-real
imports Amortized-Complexity. Amortized- Framework(
begin

fun V¥ :: bool = real = real = real = real = nat = real where
U bidaz zon = (if n > xo then ix(n — x2) else
if n < x1 A b then dx(x1 — n) else 0)

declare of-nat-Suc[simp] of-nat-diff [simp]
An automatic proof:

lemma Psi-diff-Ins:
0<i=0<d=Vbidz zo (Sucn)—Vbidaz zon<i
by (simp add: add-mono algebra-simps)

lemma assumes [arith]: 0 < i 0 < d
shows U bidx o3 (n+1) — VU bidz zon<i(is D < -)
proof cases

assume n > Io

hence ?D = ix(n+1—x3) — ix(n—x2) by (simp)

also have ... = ¢ by (simp add: algebra-simps)
finally show ?thesis by simp
next

assume [arith]: = n > zy
show ?thesis
proof cases
assume x[arith]: n < z1 A b
show ?thesis
proof cases
assume n+1 > zo



hence ?D = ix(n+1—1z3) — dx(x1—n) using * by (simp)
also have ... = i + ix(n—xz3) + —(dx(z1—n))
by (simp add: algebra-simps)
also have ix(n—z5) < 0 by (simp add: mult-le-0-iff)
also have —(dx(z;—n)) < 0 using * by (simp)
finally show ?thesis by simp
next
assume [arith]: = n+1 > 29
thus ?thesis
proof cases
assume n+1 > 1
hence ?D = —(dx(x1—n)) using * by (simp)
also have —(d+(z;—n)) < 0 using * by (simp)
finally have ?D < 0 by simp
then show ?thesis by simp
next
assume — n+1 >
hence ¢D = dx(z1—(n+1)) — dx(z1—n) using * by (simp)

also have ... = —d by (simp add: algebra-simps)
finally show ?thesis by (simp)
qed
qed
next

assume *x: 7 (n < x7 A b)

show ?thesis

proof cases
assume n+1 > x5
hence ?D = ix(n+1—13) using * by (auto)
also have ... < i by(simp add: algebra-simps)
finally show ?thesis by simp

next
assume — n+1 > o
hence ?D = (0 using * by (auto)
thus ?thesis by simp

qed

qed
qed

lemma Psi-diff-Del: assumes [arith]: 0 < i 0 < d n#0 and z1 < 29
shows U b idzy xo (n—Suc 0) — UV bidzx zo (n) <d(is D < -)
proof cases

assume real n — 1 > o

hence 7D = ix(n—1—xz3) — ix(n—x2) by(simp)

also have ... = — i by (simp add: algebra-simps)
finally show ?thesis by simp
next

assume [arith]: = real n — 1 > xo
show ?thesis
proof cases



assume *: n—1 < z; A b
show ?thesis
proof cases
assume [arith]: n > o
hence f1: 1 < n using «x; < x> by linarith
have ?D = dx(z1—(n—1)) — ix(n—z3) using * by (simp)
also have ... = d + dx(z1—n) + —(ix(n—1x2))
by (simp add: algebra-simps)
also have —(ix(n—x2)) < 0 by (simp add: mult-le-0-iff)
also have dx(z1—n) < 0 using fI by (simp add: mult-le-0-iff)
finally show ?thesis by simp
next
assume [arith]: = n > x9
thus ?thesis
proof cases
assume [arith]: n > 3
hence ¢D = dx(x1—(n—1)) using * by (simp)

also have ... = d + —(dx(n—=x1)) by (simp add: algebra-simps)

also have —(d*(n—=z1)) < 0 by (simp add: mult-le-0-iff)
finally show ?thesis by simp
next
assume - n > 11
hence ¢D = dx(x1—(n—1)) — dx(z1—n) using * by (simp)

also have ... = d by (simp add: algebra-simps)
finally show ?thesis by (simp)
qed
qed
next

assume *: = (n—1 < z1 A b)

show ?thesis

proof cases
assume n: n > Iy
hence ?D = —(ix(n—x2)) using * by(auto)
also have —(ix(n—=z2)) < 0 using n by(simp)
finally show ?thesis by simp

next
assume — n > To
hence ?D = 0 using * by (auto)
thus ?thesis by simp

qed

qed
qed

locale Table0 =

fixes f1 f2 f1' f2' e ¢ :: real
assumes el [arith]: e > 1
assumes cl[arith|: ¢ > 1
assumes fI[arith]: f1 > 0
assumes flcf2: fl1xc < f2



assumes f1f2: f1 < f2/e

assumes fI1’-def: f1' = min (flxc) (f2/e)
assumes f2’-def: f2' = max (f1xc) (f2/e)
begin

lemma f2[arith]: 0 < f2
using f1f2e zero-less-divide-iff [of f2 €] by simp

lemma f2'[arith]: 0 < f2'
by (simp add: f2’-def maz-def)

lemma f2'-less-f2: 2/ < f2
using f1cf2 by(auto simp add: f2’-def field-simps)

lemma f1-less-f1": f1 < f1'
using f1f2e by (auto simp add: f1'-def field-simps)

lemma f1'-gr0[arith]: f1' > 0
using fI-less-f1' by linarith

lemma f1'-le-f2" f1' < f2'
by (auto simp add: f1'-def f2'-def algebra-simps)

lemma f1'c-le-f1: f1'/c < f1
by (simp add: f1'-def min-def field-simps)

lemma f2-le-f2'e: f2 < f2'«e
by (simp add: f2'-def max-def field-simps)

lemma f1f2'c: f1 < f2'/¢
using f1f2e by(auto simp add: f2’-def field-simps)

lemma f1'ef2: f1'x e < f2
using fI1cf2 by(auto simp add: f1’-def field-simps min-def)

end

locale Tuble = Table0 +
fixes 10 :: real

assumes [0f2e: 10 > 1/(f2 * (e—1))
assumes 0f1c: 10 > 1/(f1 * (¢c—1))
assumes f2f2": 10 > 1/(f2 — f27)
assumes f1'f1: 10 > 1/((f1’ — f1)*c)

begin

definition ai = f2/(f2—f2")
definition ad = f1/(f1'—f1)

lemma aigr0[arith]: ai > 1



using f2'-less-f2 by(simp add: ai-def field-simps)

lemma adgr0[arith]: ad > 0
using f1-less-f1’ by(simp add: ad-def field-simps)

lemma [0-gr0[arith]: 10 > 0
proof —
have 0 < 1/(f2x(e—1)) by(simp)
also note [0f2e
finally show ?thesis .
qged

lemma f1-10: assumes [0 < [/c shows fIx(l/c) < f1x]l — 1
proof —
have 1 = f1x((c—1)/c)*(cx(1/(f1x(c—1)))) by(simp add: field-simps)
also note [0f1c
also note assms(1)
finally show ?thesis by (simp add: divide-le-cancel) (simp add: field-simps)
qed

fun nzt :: opy, = natxreal = natxreal where

nzt Ins (n,l) =

(n+1, if n+1 < f2xl then | else exl) |

nzt Del (n,l) =

(n—1, if f1xl < real(n—1) then [ else if 10 < l/c then l/c else 1)

fun T :: opyy, = natxreal = real where
T Ins (n,0) = (if n+1 < f2xl then 1 else n+1) |
T Del (n,l) = (if f1xl < real(n—1) then 1 else if 10 < l/c then n else 1)

fun @ :: nat * real = real where
D (n,0) = (if n > f2'«1 then aix(n — f2'x1) else
ifn < f1'%I AN 10 < 1/c then adx(f1'xl — n) else 0)

lemma Phi-Psi: ® (n,0) = ¥ (10 < 1/c) ai ad (f1'*]) (f2«1) n
by (simp)

fun invar where
invar(n,l) = (1 > 10 A (I/c > 10 — flxl < n) A n < f2x])

abbreviation U = \f -. case f of Ins = ai+1 | Del = ad+1

interpretation th: Amortized
where init = (0,10) and nat = nat
and inv = invar
and T=Tand ® = ¢
and U =U
proof (standard, goal-cases)
case 1 show ?case by (auto simp: field-simps)



next
case (2 s f)
obtain n [ where [simp]: s = (n,l) by fastforce
from 2 have I0 < | and n < f2x] by auto
hence [arith]: | > 0 by arith
show ?Zcase
proof (cases f)
case [simp]: Ins
show ?thesis
proof cases
assume n+1 < f2x] thus ?thesis using 2 by (auto)
next
assume 0: = n+1 < f2x]
have f1: fI x (exl) < n+1
proof —
have fIxe < f2 using f1f2e by(simp add: field-simps)
hence f1 * (exl) < f2xl by simp
with 0 show ?Zthesis by linarith
qed
have f2: n+1 < f2xexl
proof —
have n+1 < f2xl4+1 using (n < f2x0> by linarith
also have 1 = f2x(e—1)*(1/(f2+(e—1))) by(simp)
also note [0f2e
also note <10 < [»
finally show ?thesis by simp (simp add: algebra-simps)
qed
have [ < [xe by simp
hence [0 < | x e using «0<I> by linarith
with 0 f1 f2 show ?thesis by (simp add: field-simps)
qed
next
case [simp]: Del
show ?thesis
proof cases
assume fI1xl < real (n — 1)
thus ?thesis using 2 by(auto)
next
assume 0: = f1x] < real (n — 1)
show ?thesis
proof cases
assume [: 10 < l/c
hence f1: f1x(l/c) < n—1 using fI-I0[OF ] 2 by simp linarith
have n — 1 < f2 x (I/¢)
proof —
have f1xl < f2x(l/c) using flcf2 by (simp add: field-simps)
thus ?thesis using 0 by linarith
qged
with [ 0 f1 show ?thesis by (auto)



next
assume - [0 < [/c
with 2 show ?%thesis by (auto simp add: field-simps)
qed
qed
qed
next
case (3 s) thus ?case by(cases s)(simp split: if-splits)
next
case 4 show ?case by(simp add: field-simps not-le)
next
case (5 s f)
obtain n [ where [simp]: s = (n,l) by fastforce
have [arith]: | > 10 n < f2x] using 5 by auto
show ?Zcase
proof (cases f)
case [simp]: Ins
show %thesis (is ?A < -)
proof cases
assume n+1 < f2x]
thus ?thesis by (simp del: ®.simps V.simps add: Phi-Psi Psi-diff-Ins)
next
assume [arith]: = n+1 < f2x]
have (f2 — f2")xl > 1
using mult-mono[OF order-refl <I>10>, of f2—f2'] f2'-less-f2 f2f2’
by (simp add: field-simps)
hence n > f2'«l by(simp add: algebra-simps)
hence Phi: ® s = ai * (n — f2'xl) by simp
have f1xexl < f2xl using f1’ef2 by(simp)
hence f1'xex] < n+1 by linarith
have ?A < n — aix(f2 — f2")xl + ai + 1
proof cases
assume n+1 < f2'«(exl)
hence A = n+1 — aix(n — f2'«l) using Phi <f1'xexl < n+1> by simp
also have ... = n + aix(—(n+1) + f2'«l) + ai+1
by (simp add: algebra-simps)
also have —(n+1) < —f2xl by linarith
finally show ?thesis by(simp add: algebra-simps)
next
assume — n+1 < f2%%(exl)
hence A = n + aix(—f2'«xe + f2')xl + ai+1 using Phi
by (simp add: algebra-simps)
also have —f2'«xe < —f2 using f2-le-f2'e by linarith
finally show ?thesis by(simp add: algebra-simps)

qed
also have ... = n — f2xl + ai+1 using f2'-less-f2 by(simp add: ai-def)
finally show ?thesis by simp
qed
next



case [simp]: Del
show ?thesis (is ?A < -)
proof cases
assume n=0 with 5 show ?thesis
by (simp add: mult-le-0-iff field-simps)
next
assume [arith]: n#0
show ?thesis
proof cases
assume realn — 1 > fIxlV l/c < 10
thus ?thesis using f1’'-le-f2’
by (auto simp del: ®.simps V.simps simp add: Phi-Psi Psi-diff-Del)
next
assume - (realn — 1 > fIxl V l/c < 10)
hence [arith]: real n — 1 < fIxl1/c > 10 by linarith—+
hence [ > l0xc and I/c¢ > 10 and fI1x] < n using 5
by (auto simp: field-simps)
have f1xl < f2'«l/c using f1f2'c by(simp add: field-simps)
hence f2: n—1 < f2'«xl/c by linarith
have f1'«x] < f2'«] using f1'-le-f2' by simp
have (f1’' — f1)xl > 1
using mult-mono|OF order-refl «(1>10xcy, of f1'—f1] f1-less-f1’ f1'f1
by (simp add: field-simps)
hence n < f1'«l by(simp add: algebra-simps)
hence Phi: ® s = adx(f1"*] — n)
apply(simp) using <f1 '+l < f2'xly by linarith
have A < n — adx(f1' — f1)xl + ad
proof cases
assume n—1 < f1'«l/c N 1/(cxc) > 10
hence @ (nat f s) = ad*(f1"*l/c — (n—1)) using f2 by(auto)
hence ?A = n + ad«(f1*l/c — (n—1)) — (ad*(f1'*] — n))
using Phi by (simp add: algebra-simps)
also have ... = n + adx(f1'/c — f1")xl + ad
by (simp add: algebra-simps)
also note f1'c-le-f1
finally show ?thesis by(simp add: algebra-simps)
next
assume —(n—1 < f1’*l/c A l/(cxc) > 10)
hence @ (nat f s) = 0 using f2 by(auto)
hence ?A = n + ad+(n — f1’+l) using Phi
by (simp add: algebra-simps)
also have ... = n + adx(n—1 — f1'«l) + ad by(simp add: algebra-simps)
also have n—1 < fi1xl by linarith
finally show ?thesis by (simp add: algebra-simps)

qed
also have ... = n — fIxl + ad using fI-less-f1' by (simp add: ad-def)
finally show ?thesis by simp
qed
qed



qed
qed

end

locale Optimal =

fixes f2 c e :: real and 10 :: nat

assumes el [arith|: e > 1

assumes cl[arith]: ¢ > 1

assumes [arith]: f2 > 0

assumes [0: (exc)/(f2+%(min e c — 1)) < 10
begin

lemma [0e: (exc)/(f2x(e—1)) < 10
proof—
have 0: f2 x (10 * min e ¢) < e * (f2 * 10)
by (simp add: min-def ac-simps mult-right-mono)
from [0 show ?thesis apply(simp add: field-simps) using 0 by linarith
qed

lemma [0c: (exc)/(f2x(c—1)) <10
proof—
have 0: f2 % (10 * min e ¢) < ¢ * (f2 % 10)
by (simp add: min-def ac-simps mult-right-mono)
from 10 show ?thesis apply(simp add: field-simps) using 0 by linarith
qed

interpretation Table
where f1=f2/(exc) and f2=f2 and e=e and c=c and fI'=f2/e and f2'=f2/¢
and 10=10
proof (standard, goal-cases)

case 1 show ?case by(rule el)
next

case 2 show ?Zcase by(rule c1)
next

case 3 show ?case by(simp)
next

case 4 show Zcase by(simp add: field-simps)
next

case 5 show ?Zcase by(simp add: field-simps)
next

case 6 show ?case by(simp)
next

case 7 show ?case by(simp)
next

case 8 show ?case using l0e less-1-mult[OF cl1 el] by(simp add: field-simps)
next

case 9 show ?case using l0c by(simp)



next
case 10 show ?case
proof—
have 1: cxe>e by (simp)

show ?thesis using l0e apply(simp add: field-simps) using 1 by linarith

qed
next
case 11 show fZcase
proof—
have 1: cxe>e by (simp)
show ?thesis using l0c

apply(simp add: algebra-simps pos-le-divide-eq)

apply(simp add: field-simps)
using 1 by linarith
qed
qed

lemma ai = e/(e—1)

unfolding ai-def by(simp add: field-simps)

lemma ad = 1/(c—1)

unfolding ad-def by(simp add: field-simps)

end

interpretation I71: Optimal where
proof qed simp-all

interpretation [2: Optimal where
proof qed simp-all

interpretation 13: Optimal where
proof qed simp-all

interpretation I/: Optimal where
proof qed simp-all

interpretation 15: Optimal where
proof qed simp-all

interpretation 16: Optimal where
proof qed simp-all

e=2 and c=2 and f2=1 and 0=/

e=2 and ¢=2 and f2=3/4 and 0=6

e=2 and c=2 and f2=0.8 and 10=5

e=3 and ¢=3 and f2=0.9 and 10=5

e=4 and c=4 and f2=1 and [0=6

e=2.5 and c=2.5 and f2=1 and [0=5

interpretation I7: Optimal where f2=1 and ¢=3/2 and e=2 and [0=0

proof ged (simp-all add: min-def)

interpretation /8: Optimal where f2=1 and e=3/2 and ¢=2 and 10=6

proof ged (simp-all add: min-def)

10



end

theory Tables-nat
imports Tables-real
begin

declare le-of-int-ceiling[simp)

locale TableInv = TableO f1 f2 f1' f2' e c for f1 f2 f1' f2' e c :: real +
fixes 10 :: nat

assumes 10f2¢e: 10 > 1/(f2 * (e—1))

assumes 0flc: 10 > 1/(f1 * (¢—1))

assumes [0f2fle: 10 > f1/(f2 — flxe)
assumes [0f2f1c: 10 > f2/(f2 — flxc)
begin

lemma [0-gr0[arith): 10 > 0
proof —

have 0 < 1/(f2+(e—1)) by(simp)

also note [0f2e

finally show ?thesis by simp
qed

lemma f1-10: assumes 10 < [/c shows fIx(l/c) < f1x] — 1
proof —

have 1 = f1x((c—1)/c)x(cx(1/(fLx(c—1)))

using f1'-le-f2" f2'-less-f2 by(simp add: field-simps)

also note I0f1c

also have [ ¢xl0 < | using assms(1) by(simp add: field-simps)

finally show ?thesis by (simp add: divide-le-cancel) (simp add: field-simps)
qed

fun nzt :: opyp = natknat = natxnat where

nzt Ins (n,l) =

(n+1, if n+1 < f2«1 then [ else nat[exl]) |

nzt Del (n,l) =

(n—1, if f1xl < real(n—1) then [ else if 10 < |l/c| then nat|l/c] else )

fun T :: opsp, = natxnat = real where
T Ins (n,0) = (if n+1 < f2xl then 1 else n+1) |
T Del (n,l) = (if f1xl < real(n—1) then 1 else if 10 < |l/c] then n else 1)

fun invar :: nat * nat = bool where
invar(n,d) = (1 > 10 N ([l/c] > 10 — fIxl < n) A n < f2x])

lemma invar-init: invar (0,10)
by (auto simp: le-floor-iff field-simps)

11



lemma invar-pres: assumes invar s shows invar(nazt f s)
proof —
obtain n [ where [simp]: s = (n,l) by fastforce
from assms have 10 < [ and n < f2x] by auto
show ?thesis
proof (cases f)
case [simp]: Ins
show ?thesis
proof cases
assume n+1 < f2x] thus ?thesis using assms by (auto)
next
assume 0: = n+1 < f2x]
have f1: fI * [exl] < n+1
proof —
have [ex]] < exl + 1 by linarith
hence f1 x [exl] < f1 * (exl + 1) by simp
also have ... < f2x]
proof —
have f1 < (f2 — fIxe)xl0
using [0f2f1e f1f2e by(simp add: field-simps)
also note (10 < Iy
finally show %thesis using f1f2e[simplified field-simps]
by (simp add:ac-simps mult-left-mono) (simp add:algebra-simps)
qed
finally show ?thesis using 0 by linarith
qed
have n+1 < f2xexl
proof —
have n+1 < f2xl4+1 using «n < f2xl> by linarith
also have 1 = f2x(e—1)x(1/(f2*(e—1))) by(simp)
also note [0f2e
also note 10 < Iy
finally show ?thesis by simp (simp add: algebra-simps)
qed
also have f2xexl < f2x[exl] by simp
finally have f2: n+1 < f2x[exl] .
have [ < exl using <10 < I» by simp
hence [0 < exl using «10<[l> by linarith
with 0 f1 f2 show ?Zthesis by (auto simp add: field-simps) linarith
qed
next
case [simp|: Del
show ?thesis
proof cases
assume f1x] < realn — 1
thus ?thesis using assms by (auto)
next
assume 0: = f1xl < real n — 1

12



show ?thesis
proof cases
assume n=0 thus ?thesis using 0 assms by(simp add: field-simps)
next
assume n # 0
show ?thesis
proof cases
assume [: 10 < |1/c]
hence ! 10 < l/c by linarith
have f1 x |l/c] < f1x(l/c) by(simp del: times-divide-eq-right)
hence f1: f1x|l/c] < n—1 using I’ f1-I0[OF l'] assms <n # 0
by (simp add: le-floor-iff)
have n—1 < f2 x [l/c]|
proof —
have n—1 < f1«l using 0 «n # 0» by linarith
also have f1xl < f2x(l/c) — f2
proof —
have (f2 — f1xc)xl0 > f2
using [0f2f1c f1cf2 by(simp add: field-simps)
with mult-left-mono[OF <10 < /¢, of f2—f1xc] flcf2
have (f2 — fixc)x(l/c) > f2 by linarith
thus ?thesis by (simp add: field-simps)
qed
also have ... < f2x[l/c]|
proof —
have I/c — 1 < |l/c| by linarith
from mult-left-mono[OF this, of f2] show ?thesis
by (simp add: algebra-simps)
qed
finally show ?thesis using 0 <n # 0> by linarith
qed
with [ 0 fI «n # 0> show ?thesis by (auto)
next
assume - [0 < |I/c]
with 0 assms show ?thesis by (auto simp add: field-simps)
qed
qed
qed
qed
qed

end

locale Tablel = Tablelnv +
assumes f2f2": 10 > 1/(f2 — f2)
assumes f1'f1: 10 > 1/((f1' — f1)*c)
begin

definition ai = f2/(f2—f2)
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definition ad = f1/(f1'—f1)

lemma aigr0[arith]: ai > 1
using f2'-less-f2 by(simp add: ai-def field-simps)

lemma adgr0|arith]: ad > 0
using f1-less-f1' by (simp add: ad-def field-simps)

lemma f1'ad[arith]: f1'xad > 0
by simp

lemma f2'ai[arith]: f2'%ai > 0
by simp

fun @ :: nat * nat = real where
D (n,0) = (if n > f2'«1 then aix(n — f2'x1) else
if n < f1'%I AN 10 < |l/c| then adx(f1'*] — n) else 0)

lemma Phi-Psi: ® (n,0) = ¥ (10 < |1/c]) ai ad (f1'«]) (f2’%1) n
by (simp)

abbreviation U = \f -. case f of Ins = ai+1 + fl'*ad | Del = ad+1 + f2'%ai

interpretation tb: Amortized
where init = (0,10) and nat = nat
and inv = invar
and T =T and & = ¢
and U =1U
proof (standard, goal-cases)
case 1 show ?case by (fact invar-init)
next
case 2 thus ?Zcase by(fact invar-pres)
next
case (3 s) thus Zcase by(cases s)(simp split: if-splits)
next
case 4 show ?case
by (auto simp: field-simps mult-le-0-iff le-floor-iff)
next
case (5 s f)
obtain n [ where [simp]: s = (n,l) by fastforce
show ?Zcase
proof (cases f)
case [simp|: Ins
show %thesis (is ?A < -)
proof cases
assume n+1 < f2x]
hence ?A < ai+1 by(simp del: ®.simps V.simps add: Phi-Psi Psi-diff-Ins)
thus ?thesis by simp
next
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assume [arith]: = n+1 < f2x]
have [arith]: | > 10 n < f2+] using 5 by auto
have (f2 — f2")xl > 1
using mult-mono[OF order-refl, of 10 1 f2—f2"] f2'-less-f2 f2f2’
by (simp add: field-simps)
hence n > f2'«l by(simp add: algebra-simps)
hence Phi: ® s = ai * (n — f2'xl) by simp
have [simp]: real (nat [exl]) = real-of-int [exl]
by (simp add: order.order-iff-strict)
have ?A < n — aix(f2 — f2")xl + ai + 1 + fl'*ad (is - < ?R)
proof cases
assume f2" n+1 < f2'%[exl|
show ?thesis
proof cases
assume n+1 < f1'«[exl]
hence ?A < n+1 + ad*(f1"*[exl]—(n+1)) — aix(n — f2'xl)
using Phi f2' by simp
also have f1'«[exl] — (n+1) < f1’

proof —
have f1'«[exl] < fI'x(ex] + 1) by(simp)
also have ... = f1'«xexl + f1’ by(simp add: algebra-simps)

also have f1xexl < f2x] using f1'ef2 by(simp)
finally show ?thesis by linarith
qed
also have n+1+adxf1'—aix(n—f2'«1) = n+aix(—real(n+1)+f2*1)+ai+f1 *ad+1
by (simp add: algebra-simps)
also have —real(n+1) < —f2xl by linarith
finally show ?thesis by (simp add: algebra-simps)
next
assume — n+1 < fI'x[exl]
hence ?A = n+1 — aix(n — f2'«]) using Phi f2' by (simp)
also have n+1—aix(n—f2'«l) = n+aix(—real(n+1)+f2"*1)+ai+1
by (simp add: algebra-simps)
also have —real(n+1) < —f2x] by linarith
also have n+aix(—f2xl+f2'xl)+ai+1 < 7R
by (simp add: algebra-simps)
finally show ?thesis by(simp)
qed
next
assume - n+1 < f2'x[ex!]
hence ?A = n + aix(—f2'«[exl] + f2'«l) + ai+1 using Phi
by (simp add: algebra-simps)
also have —f2'«[exl] < —f2'«exl by(simp)
also have —f2'xe < —f2 using f2-le-f2'e by linarith
also have n-+aix(—f2xl+f2'xl)+ai+1 < ?R by(simp add: algebra-simps)
finally show ?thesis by(simp)
qed
also have ... = n — 2%l + ai+fI'*ad+1 using f2’'-less-f2
by (simp add: ai-def)
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finally show ?thesis by simp
qed
next
case [simp]: Del
have [arith]: | > 10 using 5 by simp
show ?thesis
proof cases
assume n=0 with 5 show ?thesis
by (simp add: mult-le-0-iff field-simps)
next
assume [arith]: n#0
show %thesis (is ?A < -)
proof cases
assume realn — 1 > fIxl VvV [l/c] < 10
hence ?A < ad+1 using f1'-le-f2’
by (auto simp del: ®.simps V.simps simp add: Phi-Psi Psi-diff-Del)
thus ?thesis by simp
next
assume - (realn — 1 > fIxl Vv [l/c]| < 10)
hence n: real n — 1 < fixl and lc": |I/c| > 10 and lc: I/¢c > 10
by linarith+
have f1'x] < f2'«] using f1'-le-f2' by simp
have (f1’ — f1)xl > 1 using mult-mono[OF order-refl, of 10 1/c f1'—f1]
le f1-less-f1' f1'f1 by (simp add: field-simps)
hence n < f1'«l using n by(simp add: algebra-simps)
hence Phi: ® s = adx(f1'«l — n)
apply(simp) using «f1'«l < f2'xl> lc by linarith
have ?A < n — ad*(fl’ — f1)xl + ad + f2'xai (is - < ?R + -)
proof cases
assume 2" n—1 < f2'%|1/c|
show ?thesis
proof cases
assume n—1 < f1'«|l/c| A |[l/c]/c] > 10
hence @ (nat f s) = adx(f1'«|l/c|] — (n—1)) using 2’ n lc’ by(auto)
hence ?A = n + ad«(f1'*|l/c|] — (n—1)) — (adx(f1'xl — n))
using Phi n lc’ by (simp add: algebra-simps)
also have |I/c| < I/c by(simp)
also have n+adx(f1'«(1/c)—(n—1))—(adx(f1 *l—n)) = n+adx(f1'/c—f1")xl+ad
by (simp add: algebra-simps)
also note f1'c-le-f1
finally have ?A < ?R by(simp add: algebra-simps)
thus ?thesis by linarith
next
assume —(n—1 < f1’%|l/c] A ||l/c]/c] > 10)
hence ® (nat fs) = 0 using 2’ n lc’ by(auto)
hence ?A = n + adx(n — fI'«l) using Phi n lc’
by (simp add: algebra-simps)
also have ... = n + ad+*(n—1 — f1'xl) + ad by(simp add: algebra-simps)
also have n—1 < fIxl using n by linarith
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12"*ai

finally have ?A < ?R by (simp add: algebra-simps)
thus ?thesis by linarith

qed

next

assume f2" - n—1 < f2'|1/c]

hence ?A = n + aix(n—1—f2"%|1/c|) — adx(f1'*] — n)
using Phi n lc' by (simp)

also have n—1—f2%%[l/c] < f2'

proof —
have f1xl < f2'x(l/c) using f1f2'c by(simp add: field-simps)
hence n—1 < f2'«(l/c) using n by linarith
also have I/c < |l/c] + 1 by linarith
finally show ?thesis by/(fastforce simp: algebra-simps)

qed
also have n+aixf2'—adx(f1 '*l—n) = n + adx(n—1 — f1'xl) + ad +

by (simp add: algebra-simps)
also have n—1 < fIx[ using n by linarith
finally show ?thesis by (simp add: algebra-simps)
qed
also have ... = n — fIxl + ad + f2'xai using fI-less-f1’ by (simp add:

ad-def)

finally show ?thesis using n by simp

qed
qed

qged
qed

end

locale Table2-f1f2' = Tablelnv +
fixes f1" 2" :: real

locale Table2 = Table2-f1f2" +
assumes f2f2": (f2 — 2«10 > 1
assumes f1'f1: (f1"" — fl)xexl0 > 1

assumes fI-less-f1": f1 < f1"

assumes f1'-less-f1" f1"" < f1’

assumes f2'-less-f2'" f2' < f2"

assumes f2"-less-f2: f2" < f2

assumes f1"-f1" 1 > real 10 = f1"" % (I4+1) < fI'%l
assumes f2'-f2": 1 > real 10 = 2" % 1 < 2" % (I-1)

begin

definition ai = 2 / (f2 — f27)
definition ad = f1 / (f1" — f1)

lemma f1'"-gr0larith]: f1"" > 0
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using fI-less-f1'' f1 by linarith

lemma f2'-gr0[arith]: 2" > 0
using f2' f2'-less-f2" by linarith

lemma aigr0[arith]: ai > 0
using f2'-less-f2 by(simp add: ai-def field-simps)

lemma adgr0[arith]: ad > 0
using f1-less-f1" by (simp add: ad-def field-simps)

fun ® :: nat * nat = real where
®(n,l) = (if n > f2"%1 then aix(n — f2''x1) else
if n < f1"*I AN 10 < |l/c] then adx(f1'"*] — n) else 0)

lemma Phi-Psi: ® (n,0) = U (10 < [l/c]) ai ad (f1"*1]) (f2"%]) n
by(simp)

abbreviation U = \f -. case f of Ins = ai+1 | Del = ad+1

interpretation tb: Amortized
where init = (0,10) and nat = nat
and inv = invar
and 7= T and & = &
and U =U
proof (standard, goal-cases)
case 1 show ?case by (fact invar-init)
next
case 2 thus ?Zcase by(fact invar-pres)
next
case (3 s) thus ?case by(cases s)(simp split: if-splits)
next
case 4 show ?case
by (auto simp: field-simps mult-le-0-iff le-floor-iff)
next
case (5 s f)
obtain n [ where [simp]: s = (n,l) by fastforce
show Zcase
proof (cases f)
case [simp]: Ins
show %thesis (is 7L < -)
proof cases
assume n+1 < f2xl
thus ?thesis by (simp del: ®.simps U.simps add: Phi-Psi Psi-diff-Ins)
next
assume [arith]: - n+1 < f2x]
have [arith]: | > 10 n < f2x] using 5 by auto
have 10 < exl using <10 < Iy el mult-mono|of 1 e 10 l] by simp
have (f2 — f2"")«l > 1
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using mult-mono[OF order-refl, of 101 f2—f2" f2"-less-f2 f2f2"
by (simp add: algebra-simps)
hence n > f2"'xl by(simp add: algebra-simps)
hence Phi: ® s = ai * (n — f2"'xl) by simp
have [simp]: real (nat [exl]) = real-of-int [exl]
by (simp add: order.order-iff-strict)
have ?L < n — aix(f2 — f2")xl + ai + 1 (is - < ?R)
proof cases
assume f2": n+1 < f2"x[exl]
have f1"«[exl] < f1"x(exl + 1) by(simp)
also note f1"-f1'[OF <10 < exD]
also have f1’«(exl) < f2xl using f1'ef2 by(simp)
also have f2x] < n+1 by linarith
finally have 7L < n+1 — aix(n — f2"xl)
using Phi f2” by (simp)
also have n+1—aix(n—f2"xl) = n+aix(—real(n+1)+f2"*1)+ai+1
by (simp add: algebra-simps)
also have —real(n+1) < —f2xl by linarith
finally show ?thesis by(simp add: algebra-simps)
next
assume - n+1 < f2"x[exl]
hence ?L = n + aix(—f2"*[exl] + f2']) + ai+1 using Phi
by (simp add: algebra-simps)
also have —f2"x[exl] < —f2""xexl by(simp)
also have —f2'xe < —f2'xe using f2'-less-f2" by(simp)
also have —f2'«xe < —f2 using f2-le-f2'e by(simp)
also have n+aix(—f2x+f2""«l)+ai+1 < ?R by(simp add: algebra-simps)
finally show ?thesis by(simp)
qed
also have ... = n — f2x] + ai+1 using f2'-less-f2
by (simp add: ai-def)
finally show ?thesis by simp
qed
next
case [simp]: Del
have [arith]: | > 10 using 5 by simp
show ?thesis
proof cases
assume n=0 with 5 show ?thesis
by (simp add: mult-le-0-iff field-simps)
next
assume [arith]: n#0
show ?thesis (is 7A < -)
proof cases
assume realn — 1 > fI1xl Vv [l/c] < 10
thus ?thesis using f1"'-less-f1' f1'-le-f2' f2'-less-f2"
by (auto simp del: ®.simps V.simps simp add: Phi-Psi Psi-diff-Del)
next
assume - (realn — 1 > fI1xl Vv |l/c] < 10)
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hence n: real n — 1 < fIxl and Ic”: |I/c] > 10 and le: I/c > 10
by linarith—+
have f1''x] < f2''«l
using f1'-less-f1" f1'-le-f2' f2'-less-f2"' by simp
have (f1"" — f1)xl > 1
using mult-mono|OF order-refl, of 10 1/c f1"'—f1] lc f1-less-f1"" f1'"'f1
by (simp add: field-simps)
hence n < fI1"xl using n by(simp add: algebra-simps)
hence Phi: ® s = adx(f1"*] — n)
apply(simp) using «f1 "%l < f2"«) Ic by linarith
have f2: n—1 < f2"x|1/c]|
proof —
have n—1 < f1xl using n by linarith
also have fI1xl < f2'«(1/c) using f1f2'c by(auto simp: field-simps)
also note f2'-f2"[OF <l/c>10))
also have f2"«(l/c — 1) < f2"«|l/c] by simp
finally show ?thesis by(simp)
qed
have ?A < n — ad«(f1"” — f1)*xl + ad
proof cases
assume n—1 < f1"|l/c] A |[l/c]/c] > 10
hence @ (nat fs) = adx(f1"'x|l/c|] — (n—1)) using f2' n lc’ by(auto)
hence A = n + adx(f1"*|l/c] — (n—1)) — (ad*(f1"*l — n))
using Phi n lc' by (simp add: algebra-simps)
also have |l/c] < I/c by(simp)
also have n+adx(f1"(l/c)—(n—1))—(adx(f1 ""«l—n)) = n+ad*(f1"/c—f1")xl4+ad
by (simp add: algebra-simps)
also have f1"/¢c < f1'/c using f1'-less-f1' by (simp add: field-simps)
also note f1'c-le-f1
finally show ?thesis by (simp add: algebra-simps)
next
assume —~(n—1 < f1"x[1l/c] A ||l/c]/c] > 10)
hence @ (nat fs) = 0 using f2’ n lc’ by(auto)
hence ?A = n + adx(n — f1"+l) using Phi n lc’
by (simp add: algebra-simps)
also have ... = n + adx(n—1 — f1"%l) + ad by(simp add: algebra-simps)
also have n—1 < fIxl using n by linarith
finally show ?thesis by (simp add: algebra-simps)

qed
also have ... = n — fI1xl + ad using f1-less-f1'' by(simp add: ad-def)
finally show ?thesis using n by simp
qed
qed
qed
qed
end
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locale Tabled = Table2-f1f2"" +
assumes fI1'-def: f1" = (f1":real)x10/(10+1)
assumes f2'-def: 2" = (f2":real)x10/(10—1)

assumes 10-f2/2": 10 > (f2+1)/(f2—f2)
assumes [0-f1f1" 10 > (f1"«xc+1)/((f1'—f1)xc)

assumes 10-f1-f1" 10 > f1/((f1'—f1))
assumes [0-2-2". 10 > f2/(f2—f2")
begin

lemma [0-gr1: 10 > 1

proof —
have f2/(f2—f2') > 1 using f2'-less-f2 by(simp add: field-simps)
thus ?thesis using 10-f2-2' f2'-less-f2 by linarith

qed

lemma f1"-less-f1": f1"" < f1'
by (simp add: f1"'-def field-simps)

lemma f1-less-f1'": f1 < f1"

proof —
have 1 + 10 > 0 by (simp add: add-pos-pos)
hence f1""> f1 +— 10 > f1/((f1'—f1))

using f1-less-f1' by (simp add: f1"'-def field-simps)

also have ... +— True using [0-f1-f1’ by blast
finally show ?thesis by blast

qed

lemma f2'-less-f2"": f2' < f2"
using [0-gr1 by(simp add: f2"-def field-simps)

lemma f2'-less-f2: 2" < f2
proof —
have f27'< f2 «— 10 > f2/(f2—f2")
using f2'-less-f2 10-gr1 by(simp add: f2"'-def field-simps)
also have ... +— True using [0-f2-f2' by blast
finally show ?thesis by blast
qed

lemma f2f2"": (f2 — f2'""«l0 > 1
proof —
have (f2 — f2")x(l0—1) > 1
using 10-gr1 10-f2f2' f2'-less-f2
by (simp add: f2"-def algebra-simps del: of-nat-diff) (simp add: field-simps)
thus ?thesis using f2''-less-f2 by (simp add: algebra-simps)
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qed

lemma f1'f1: (f1" — f1)xcxl0 > 1
proof —
have 1 < (f1’ — f1)xcxl0 — f1'xc using 10-f1f1’ f1-less-f1’
by (simp add: field-simps)
also have ... = (f1%((10—1)/10) — f1)*cxl0
by (simp add: field-simps)
also have (I0—1)/10 < 10/(l0+1)
by (simp add: field-simps)
also have f1'«(10/(10+1)) = f1'«10/(10+1)
by (simp add: algebra-simps)
also note fI1"-def[symmetric]
finally show ?thesis by(simp)
qed

lemma f1'-f1" assumes [ > real I0 shows f1"x(l+1) < f1' x|
proof —
have f1"%(14+1) = f1'«(10/(10+1))*(1+1)
by (simp add: f1"'-def field-simps)
also have [0/(10+1) < 1/(I+1) using assms
by (simp add: field-simps)
finally show ?thesis using <10 < [ by(simp)
qed

lemma f2'-f2"": assumes | > real 10 shows f2' x| < f2"" % (I—1)
proof —
have 2/« [ = f2' « [ + f2'«((10—1)/(l0—1) — 1) using 0-gr! by simp
also have (I0—1)/(l0—1) < (I-1)/(l0—1) using I>10> by(simp)
also have f2'«l + f2((1-1)/(l0—1) — 1) = f2"%(I-1)
using [0-gr1 by(simp add: f2'"-def field-simps)
finally show ?thesis by simp
qed

sublocale Table2
proof
qed (fact f1-less-f1"" f1""-less-f1" f2'-less-f2" f2""-less-f2 f1"'f1 f2f2" f1"-f1' f2'-f2"")+

end

end
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