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Abstract

We present a formalization of Matiyasevich’s proof of the DPRM
theorem, which states that every recursively enumerable set of natu-
ral numbers is Diophantine. This result from 1970 yields a negative
solution to Hilbert’s 10th problem over the integers. To represent re-
cursively enumerable sets in equations, we implement and arithmetize
register machines. We formalize a general theory of Diophantine sets
and relations to reason about them abstractly. Using several number-
theoretic lemmas, we prove that exponentiation has a Diophantine
representation.
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Overview A previous short paper [2] gives an overview of the formaliza-
tion. In particular, the challenges of implementing the notion of diophan-
tine predicates is discussed and a formal definition of register machines is
described. Another meta-publication [1] recounts our learning experience
throughout this project.

The present formalisation is based on Yuri Matiyasevich’s monograph [5]
which contains a full proof of the DPRM theorem. This result or parts
of its proof have also been formalized in other interactive theorem provers,
notably in Coq [4], Lean [3] and Mizar [7, 6].
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1 Diophantine Equations

theory Parametric-Polynomials
imports Main
abbrevs ++ = + and

—— = — and
% = % and
00 = 0 and

11 =1
begin

1.1 Parametric Polynomials

This section defines parametric polynomials and builds up the infrastruc-
ture to later prove that a given predicate or relation is Diophantine. The
formalization follows [5].

type-synonym assignment = nat = nat

Definition of parametric polynomials with natural number coefficients and
their evaluation function

datatype ppolynomial =
Const nat |
Param nat |
Var nat |
Sum  ppolynomial ppolynomial (infixl <+ 65) |
NatDiff ppolynomial ppolynomial (infixl <—» 65) |
Prod ppolynomial ppolynomial (infixl ¢x» 70)

fun ppeval :: ppolynomial = assignment = assignment = nat where
ppeval (Const ¢) p v = c |
ppeval (Param z) pv=p x|
ppeval (Var z) pv=vux |
ppeval (D1 + D2) p v = (ppeval DI p v) + (ppeval D2 p v) |

ppeval (D1 — D2) p v = (ppeval DI p v) — (ppeval D2 p v) |
ppeval (D1 % D2) p v = (ppeval DI p v) * (ppeval D2 p v)

definition S¢-pp (<- "2> [99] 75) where S¢-pp P = P % P

definition is-dioph-set :: nat set = bool where
is-dioph-set A = (3 P1 P2::ppolynomial. ¥V a. (a € A)
<— (Jv. ppeval P1 (Az. a) v = ppeval P2 (Az.
a) v))

datatype polynomial =
Const nat |
Param nat |
Sum  polynomial polynomial (infixl <[+]» 65) |



NatDiff polynomial polynomial (infixl (—]» 65) |
Prod polynomial polynomial (infixl <[x]» 70)

fun peval :: polynomial = assignment = nat where
peval (Const ¢) p = ¢ |
peval (Param z) p = p z |
peval (Sum D1 D2) p = (peval D1 p) + (peval D2 p) |

peval (NatDiff D1 D2) p = (peval DI p) — (peval D2 p) |
peval (Prod D1 D2) p = (peval D1 p) % (peval D2 p)

definition sq-p :: polynomial = polynomial (<- [72]> [99] 75) where sq¢-p P = P
(] P

definition zero-p :: polynomial (<0y) where zero-p = Const 0
definition one-p :: polynomial (<1») where one-p = Const 1

lemma sg-p-eval: peval (P[72]) p = (peval P p) 2
unfolding sg-p-def by (simp add: power2-eq-square)

fun convert :: polynomial = ppolynomial where
convert (Const ¢) = (ppolynomial. Const ¢) |
convert (Param z) = (ppolynomial. Param ) |
convert (D1 [+] D2) = (convert D1) 4+ (convert D2) |
convert (D1 [—] D2) = (convert D1) — (convert D2) |
convert (D1 [x] D2) = (convert D1) * (convert D2)

lemma convert-eval: peval P a = ppeval (convert P) a v
by (induction P, auto)

definition list-eval :: polynomial list = assignment = (nat = nat) where
list-eval PL a = nth (map (Az. peval xz a) PL)

end

1.2 Variable Assignments

The following theory defines manipulations of variable assignments and
proves elementary facts about these. Such preliminary results will later
be necesary to e.g. prove that conjunction is diophantine.

theory Assignments

imports Parametric-Polynomials
begin

definition shift :: nat list = nat = assignment where
shiftla= M. 1! (i + a)

definition push :: assignment = nat = assignment where
push a n i = (if i = 0 then n else a (i—1))



definition push-list :: assignment = nat list = nat = nat where
push-list a ns i = (if i < length ns then (nsli) else a (i — length ns))

lemma push0: push an 0 = n
by (auto simp: push-def)

lemma push-list-empty: push-list a [| = a
unfolding push-list-def by auto

lemma push-list-singleton: push-list a [n] = push a n
unfolding push-list-def push-def by auto

lemma push-list-eval: i < length ns = push-list a ns i = nsli
unfolding push-list-def by auto

lemma push-list]: push (push-list a ns) n = push-list a (n # ns)
unfolding push-def push-list-def by fastforce

lemma push-list2-auz: (push-list (push a n) ns) i = push-list a (ns Q [n]) i
unfolding push-def push-list-def by (auto simp: nth-append)

lemma push-list2: (push-list (push a n) ns) = push-list a (ns Q [n])
unfolding push-list2-aux by auto

fun pull-param :: ppolynomial = ppolynomial = ppolynomial where
pull-param (ppolynomial. Param 0) repl = repl |
pull-param (ppolynomial. Param (Suc n)) - = (ppolynomial. Param n) |
pull-param (D1 4+ D2) repl = (pull-param D1 repl) + (pull-param D2 repl) |
pull-param (D1 — D2) repl = (pull-param D1 repl) — (pull-param D2 repl) |
pull-param (D1 % D2) repl = (pull-param D1 repl) * (pull-param D2 repl) |
pull-param P repl = P

fun var-set :: ppolynomial = nat set where
var-set (ppolynomial.Const ¢) = {} |
var-set (ppolynomial. Param z) = {} |
var-set (ppolynomial. Var z) = {z} |
var-set (D1 + D2) = var-set D1 U var-set D2 |
var-set (D1 — D2) = var-set D1 U var-set D2 |
var-set (D1 % D2) = var-set D1 U var-set D2

definition disjoint-var :: ppolynomial = ppolynomial = bool where
disjoint-var P @ = (var-set P N var-set Q = {})

named-theorems disjoint-vars

lemma disjoint-var-sym: disjoint-var P Q = disjoint-var Q P



unfolding disjoint-var-def by auto

lemma disjoint-var-sum/|disjoint-vars]: disjoint-var (P1 + P2) Q = (disjoint-var
P1 Q A disjoint-var P2 Q)
unfolding disjoint-var-def by auto

lemma disjoint-var-diff |disjoint-vars]: disjoint-var (P1 — P2) Q = (disjoint-var
P1 Q A disjoint-var P2 Q)
unfolding disjoint-var-def by auto

lemma disjoint-var-prod|disjoint-vars): disjoint-var (P1 % P2) Q = (disjoint-var
P1 Q A disjoint-var P2 Q)
unfolding disjoint-var-def by auto

lemma auz-var-set:
assumes Vi € var-set P. x i = y i
shows ppeval P a x = ppeval P a y
using assms by (induction P, auto)

First prove that disjoint variable sets allow the unification into one variable
assignment

definition zip-assignments :: ppolynomial = ppolynomial = assignment = as-
stgnment = assignment
where zip-assignments P Q v w i = (if { € var-set P then v i else w )

lemma help-eval-zip-assignments1:
shows ppeval P1 a (Ai. if i € var-set P1 U var-set P2 then v i else w )
= ppeval P1 a (\i. if © € var-set P1 then v i else w i)
using aux-var-set by auto

lemma help-eval-zip-assignments2:
shows ppeval P2 a (Ai. if i € var-set P1 U var-set P2 then v i else w 1)
= ppeval P2 a (\i. if i € var-set P2 then v i else w i)
using aux-var-set by auto

lemma eval-zip-assignmentsl:
fixes v w
assumes disjoint-var P @
defines = = zip-assignments P Q v w
shows ppeval P a v = ppeval P a x
using assms
apply (induction P arbitrary: x)
unfolding z-def zip-assignments-def
using help-eval-zip-assignments1 help-eval-zip-assignments2
by (auto simp add: disjoint-vars)

lemma eval-zip-assignments2:
fixes v w
assumes disjoint-var P Q)



defines = = zip-assignments P Q v w

shows ppeval Q a w = ppeval Q a x

using assms

apply (induction Q arbitrary: P x)

unfolding z-def zip-assignments-def

using disjoint-var-sym disjoint-vars

by (auto simp: disjoint-var-def) (smt (23) inf-commute)+

lemma zip-assignments-correct:
assumes ppeval P1 a v = ppeval P2 a v and ppeval Q1 a w = ppeval Q2 a w
and disjoint-var (P1 4+ P2) (Q1 + Q2)
defines = = zip-assignments (P1 + P2) (Q1 4+ Q2) v w
shows ppeval P1 a © = ppeval P2 a x and ppeval Q1 a x = ppeval Q2 a x
proof —
from assms(3) have disjoint-var P1 (Q1 + Q2)
by (auto simp: disjoint-var-sum)
moreover have ppeval P1 a x = ppeval P1 a (zip-assignments P1 (Q1 + Q2)
v w)
unfolding z-def zip-assignments-def using help-eval-zip-assignments1 by auto
ultimately have pI: ppeval P1 a © = ppeval P1 a v
using eval-zip-assignments1[of P1] by auto

from assms(3) have disjoint-var P2 (Q1 + Q2)
by (auto simp: disjoint-var-sum)
moreover have ppeval P2 a x = ppeval P2 a (zip-assignments P2 (Q1 + Q2)
v w)
unfolding z-def zip-assignments-def using help-eval-zip-assignments2 by auto
ultimately have p2: ppeval P2 a © = ppeval P2 a v
using eval-zip-assignments1[of P2] by auto

from p1 p2 show ppeval P1 a x = ppeval P2 a x
using assms(1) by auto
next
have disjoint-var (P1 + P2) Q1
using assms(3) disjoint-var-sum disjoint-var-sym by auto
moreover have ppeval Q1 a © = ppeval Q1 a (zip-assignments (P1 + P2) Q1
v w)
unfolding z-def zip-assignments-def using help-eval-zip-assignments1 by auto
ultimately have ¢1: ppeval Q1 a x = ppeval Q1 a w
using eval-zip-assignments2[of - Q1] by auto

from assms(3) have disjoint-var (P1 + P2) Q2
using assms(3) disjoint-var-sum disjoint-var-sym by auto
moreover have ppeval Q2 a x = ppeval Q2 a (zip-assignments (P1 + P2) Q2
v w)
unfolding z-def zip-assignments-def using help-eval-zip-assignments2 by auto
ultimately have ¢2: ppeval Q2 a x = ppeval Q2 a w
using eval-zip-assignments2[of - Q2] by auto



from ¢! ¢2 show ppeval Q1 a z = ppeval Q2 a x
using assms(2) by auto
qed

lemma disjoint-var-unifies:
assumes Jvl. ppeval P1 a vl = ppeval P2 a vl and Fv2. ppeval Q1 a v2 =
ppeval Q2 a v2
and disjoint-var (P1 4+ P2) (Q1 + Q2)
shows Fv. ppeval P1 a v = ppeval P2 a v A ppeval Q1 a v = ppeval Q2 a v
using assms zip-assignments-correct by (auto) metis

A function to manipulate variables in ppolynomials

fun push-var :: ppolynomial = nat = ppolynomial where
push-var (ppolynomial. Var )  n = ppolynomial. Var (x + n) |
push-var (D1 + D2) n = push-var DI n 4+ push-var D2 n |
push-var (D1 — D2) n = push-var D1 n — push-var D2 n |
push-var (D1 % D2) n = push-var D1 n * push-var D2 n |
push-var D n = D

lemma push-var-bound: & € var-set (push-var P (Suc n)) = z > n
by (induction P, auto)

definition pull-assignment :: assignment = nat = assignment where
pull-assignment v n = (Az. v (z+n))

lemma push-var-pull-assignment:
shows ppeval (push-var P n) a v = ppeval P a (pull-assignment v n)
by (induction P, auto simp: pull-assignment-def)

lemma max-set: finite A = Vz€A. ¢ < Mazx A
using Max-ge by blast

fun push-param :: polynomial = nat = polynomial where
push-param (Const ¢) n = Const ¢ |
push-param (Param z) n = Param (z + n) |
push-param (Sum D1 D2) n = Sum (push-param D1 n) (push-param D2 n) |
push-param (NatDiff D1 D2) n = NatDiff (push-param D1 n) (push-param D2

n) |
push-param (Prod D1 D2) n = Prod (push-param D1 n) (push-param D2 n)

definition push-param-list :: polynomial list = nat = polynomial list where
push-param-list s k = map (Az. push-param x k) s

lemma push-param0: push-param P 0 = P
by (induction P, auto)
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lemma push-push-auz: peval (push-param P (Suc m)) (push a n) = peval (push-param
Pm)a
by (induction P, auto simp: push-def)

lemma push-push:
shows length ns = n = peval (push-param P n) (push-list a ns) = peval P a
proof (induction ns arbitrary: n)
case Nil
then show ?Zcase by (auto simp: push-list-empty push-param0)
next
case (Cons n ns)
thus ?case
using push-push-auz[where ?a = push-list a ns)
by (auto simp add: length-Cons push-list1)
qed

lemma push-push-simp:
shows peval (push-param P (length ns)) (push-list a ns) = peval P a
proof (induction ns)
case Nil
then show ?case by (auto simp: push-list-empty push-param0)
next
case (Cons n ns)
thus ?Zcase
using push-push-auz[where ?a = push-list a ns)
by (auto simp add: length-Cons push-list1)
qed

lemma push-pushl: peval (push-param P 1) (push a k) = peval P a
using push-push[where ?ns = [k]] by (auto simp: push-list-singleton)

lemma push-push-map: length ns = n =
list-eval (map (Az. push-param z n) ls) (push-list a ns) = list-eval Is a
unfolding list-eval-def apply (induction ls, simp)
apply (induction ns, auto)
apply (metis length-map list.size(3) nth-equalityl push-push)
by (metis length-Cons length-map map-nth push-push)

lemma push-push-map-i: length ns = n = i < length ls =
peval (map (Az. push-param z n) Is | i) (push-list a ns) = list-eval ls a i
unfolding list-eval-def by (auto simp: push-push-map push-push)
lemma push-push-mapl1: i < length ls =
peval (map (Az. push-param z 1) Is ! i) (push a n) = list-eval ls a ©

unfolding list-eval-def using push-pushl by (auto)

end
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1.3 Diophantine Relations and Predicates

theory Diophantine-Relations
imports Assignments
begin

datatype relation =
NARY nat list = bool polynomial list
| AND relation relation (infixl <[A]> 35)
| OR relation relation (infixl [V]> 30)
| EXIST-LIST nat relation (<[3-] - 10)

fun eval :: relation = assignment = bool where
eval (NARY R PL) a = R (map (AP. peval P a) PL)
| eval (AND D1 D2) a = (eval DI a A eval D2 a)
| eval (OR D1 D2) a = (eval D1 a V eval D2 a)
| eval ([3n] D) a = (Fks::nat list. n = length ks A eval D (push-list a ks))

definition is-dioph-rel :: relation = bool where
is-dioph-rel DR = (3 Py Pa::ppolynomial. ¥ a. (eval DR a) <— (Jv. ppeval Py a
v = ppeval Py a v))

definition UNARY :: (nat = bool) = polynomial = relation where
UNARY R P = NARY (Al. R (I!0)) [P]

lemma unary-eval: eval (UNARY R P) a = R (peval P a)
unfolding UNARY-def by simp

definition BINARY :: (nat = nat = bool) = polynomial = polynomial = rela-
tion where

BINARY R Py Py = NARY (AL R (110) (I'1)) [Py, P3]

lemma binary-eval: eval (BINARY R Py P3) a = R (peval Py a) (peval Py a)
unfolding BINARY-def by simp

definition TERNARY :: (nat = nat = nat = bool)
= polynomial = polynomial = polynomial = relation where
TERNARY R Py Py Ps = NARY (Al. R (I!0) (I'1) (I'2)) [P1, P2, P3]

lemma ternary-eval: eval (TERNARY R Py Py P3) a = R (peval Py a) (peval
Py a) (peval P3 a)
unfolding TERNARY-def by simp

definition QUATERNARY :: (nat = nat = nat = nat = bool)
= polynomial = polynomial = polynomial = polynomial =
relation where
QUATERNARY R Py Py P3 Py = NARY (Al. R (1!0) (I'1) (I'2) (I!3)) [Py, P2,
P3, P4

12



definition EXIST :: relation = relation («[3] - 10) where
(Bl D) = (31] D)

definition TRUE where TRUE = UNARY ((=) 0) (Const 0)

Bounded constant all quantifier (i.e. recursive conjunction)

fun ALLC-LIST :: nat list = (nat = relation) = relation («[V in -] -») where
[V in [|] DF = TRUE |
[V in (I # Is)] DF = (DF 1 [A] [V in ls] DF)

lemma ALLC-LIST-eval-list-all: eval ([V in L] DF) a = list-all (Al. eval (DF )
a) L
by (induction L, auto simp: TRUE-def UNARY-def)

lemma ALLC-LIST-eval: eval ([V in L] DF) a = (VY k<length L. eval (DF (L!k))

a)
by (simp add: ALLC-LIST-eval-list-all list-all-length)

definition ALLC : nat = (nat = relation) = relation (\[V<-] -») where
V<n] D=V in [0..<n]] D

lemma ALLC-eval: eval ([V<n] DF) a = (Vk<n. eval (DF k) a)
unfolding ALLC-def by (simp add: ALLC-LIST-eval)

fun concat :: 'a list list = 'a list where
concat [| =[] |
concat (I # ls) = 1 @ concat s

fun splits :: 'a list = nat list = ’a list list where
splits L[] = | |
splits L (n # ns) = (take n L) # (splits (drop n L) ns)

lemma split-concat:
splits (map f (concat pls)) (map length pls) = map (map f) pls
by (induction pls, auto)

definition LARY :: (nat list list = bool) = (polynomial list list) = relation where
LARY R PLL = NARY (Al. R (splits | (map length PLL))) (concat PLL)

lemma LARY-eval:
fixes PLL :: polynomial list list
shows eval (LARY R PLL) a = R (map (map (AP. peval P a)) PLL)
unfolding LARY-def apply (induction PLL, simp)
subgoal for pl pls by (induction pl, auto simp: split-concat)
done

lemma or-dioph:

assumes is-dioph-rel A and is-dioph-rel B
shows is-dioph-rel (A [V] B)

13



proof —
from assms obtain PA1 PA2 where PA: Ya. (eval A a) <— (3 v. ppeval PA1
a v = ppeval PA2 a v)
by (auto simp: is-dioph-rel-def)
from assms obtain PB! PB2 where PB: Va. (eval B a) <— (Jv. ppeval PB1
a v = ppeval PB2 a v)
by (auto simp: is-dioph-rel-def)

show %thesis
unfolding is-dioph-rel-def
apply (rule exI[of - PA1 x PB1 + PA2 % PB2])
apply (rule exI|of - PA1 * PB2 + PA2 = PBI1])
using PA PB by (auto) (metis crossproduct-eq add.commute)+

qed

lemma exists-disjoint-vars:

fixes Q1 Q2 :: ppolynomial

fixes A :: relation

assumes is-dioph-rel A

shows 3 P1 P2. disjoint-var (P1 + P2) (Q1 4+ Q2)

A (Va. eval A a <— (Fv. ppeval P1 a v = ppeval P2 a v))

proof —

obtain PI1 P2 where p-defs: ¥V a. eval A a +— (Jv. ppeval P1 a v = ppeval P2
av)

using assms is-dioph-rel-def by auto

define n::nat where n = Maz (var-set (Q1 + Q2))

define P!’ P2’ where p’-defs: P1' = push-var P1 (Suc n) P2’ = push-var P2
(Suc n)

have disjoint-var (P1' 4+ P2") (Q1 + Q2)
proof —
have finite (var-set (Q1 + Q2))
apply (induction Q1, auto)
by (induction Q2, auto)+

hence Vz € var-set (Q1 4+ Q2). x < n
unfolding n-def using Max.coboundedl by blast

moreover have Vi € var-set (P1’' 4+ P2'). > n
unfolding p’-defs using push-var-bound by auto

ultimately show #thesis

unfolding disjoint-var-def by fastforce
qged

14



moreover have Va. eval A a <— (Fv. ppeval P1' a v = ppeval P2’ a v)
unfolding p’-defs apply (auto simp add: p-defs push-var-pull-assignment
pull-assignment-def)
subgoal for a v by (rule exI[of - Xi. v (i — Suc n)]) auto
done

ultimately show ?thesis
by auto
qed

lemma and-dioph:
assumes is-dioph-rel A and is-dioph-rel B
shows is-dioph-rel (A [A] B)
proof —
from assms(1) obtain PA1 PA2 where PA: Va. (eval A a) <— (Fv. ppeval
PA1 a v = ppeval PA2 a v)
by (auto simp: is-dioph-rel-def)
from assms(2) obtain PB1 PB2 where disj: disjoint-var (PB1 + PB2) (PA1
+ PA2)
and PB: (Va. eval B a +— (Fv. ppeval PB1 a v =
ppeval PB2 a v))
using exists-disjoint-vars|of B] by blast

from disjoint-var-unifies have unified: ¥ a. (eval (A [A] B) a)
+— (. ppeval PA1 a v = ppeval PA2 a v A ppeval PB1 a v
= ppeval PB2 a v)
using PA PB disj disjoint-var-sym by simp blast

have h0: pl = p2 <— pl1~2 + p272 = 2xpl*p2 for pl p2 :: nat
apply (auto simp: algebra-simps power2-eq-square)
using crossproduct-eq by fastforce

have pl = p2 A ql = q2 +— pl1™2 + p272 + q1 ™2 4+ ¢272 = 2xplxp2 +
2xqlxq2 for pl p2 q1 ¢2 :: nat
proof (rule)
assume pl = p2 A ql = ¢2
thus p12 + p2% + q1? + ¢22 = 2 x pl * p2 + 2 % ql * ¢2
by (auto simp: algebra-simps power2-eq-square)
next
assume pI12 + p22 4+ q1? + ¢22 = 2 x pl x p2 + 2 x ql * ¢2
hence (int p1)? + (int p2)? + (int q1)* + (int q2)? — 2 x int p1 * int p2 —
2 x int q1 * int g2 = 0
by (auto) (smt (verit, best) mult-2 of-nat-add of-nat-mult power2-eq-square)
hence (int p1 — int p2)"2 + (int q1 — int ¢2) 2 = 0
by (simp add: power2-diff)
hence int p1 = int p2 and int q1 = int ¢2
by (simp add: sum-power2-eq-zero-iff )+
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thus p! = p2 A ql = ¢2
by auto
qed

thus ?thesis
apply (simp only: is-dioph-rel-def)
apply (rule exI[of - PAI"2 + PAZ™2 4+ PBI"2 4+ PB272))
apply (rule exI[of - (ppolynomial. Const 2) % PA1 % PA2 + (ppolynomial.Const
2) x PB1 % PB2])
apply (subst unified)
by (simp add: Sq-pp-def power2-eq-square)
qed

definition eq (infix «[=]» 50) where e¢ Q@ R = BINARY (=) Q R
definition It (infix <[<]> 50) where [t Q R = BINARY (<) Q R
definition le (infix ([<]» 50) wherele Q R= Q [<] R [V] Q [=] R
definition ¢t (infix ¢[>]» 50) where gt Q R = R [<] Q

definition ge (infix [>]» 50) where ge Q R= Q [>] R[V] Q [=] R

named-theorems defs

lemmas [defs| = zero-p-def one-p-def eq-def lt-def le-def gt-def ge-def LARY-eval
UNARY-def BINARY-def TERNARY-def QUATERNARY-def

ALLC-LIST-eval ALLC-eval

named-theorems dioph
lemmas [dioph| = or-dioph and-dioph

lemma true-dioph|dioph): is-dioph-rel TRUE
unfolding TRUE-def UNARY-def is-dioph-rel-def by auto

lemma eg-dioph[dioph]: is-dioph-rel (Q [=] R)
unfolding is-dioph-rel-def
apply (rule exI[of - convert Q])
apply (rule exI[of - convert R])
using convert-eval BINARY-def by (auto simp: eq-def)

lemma [t-dioph[dioph]: is-dioph-rel (Q [<] R)

unfolding is-dioph-rel-def

apply (rule exl[of - (ppolynomial.Const 1) + (ppolynomial. Var 0) + convert
Q)

apply (rule exI[of - convert R])

using convert-eval BINARY-def apply (auto simp: lt-def)

by (metis add.commute add.right-neutral less-natE)

definition zero (<[0=] -» [60] 60) where[defs]: zero Q@ = 0 [=] Q

lemma zero-dioph|dioph): is-dioph-rel ([0=] Q)
unfolding zero-def by (auto simp: eg-dioph)
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lemma gt-dioph[dioph]: is-dioph-rel (Q [>] R)
unfolding gt-def by (auto simp: lt-dioph)

lemma le-dioph[dioph]: is-dioph-rel (Q [<] R)
unfolding le-def by (auto simp: lt-dioph eq-dioph or-dioph)

lemma ge-dioph[dioph]: is-dioph-rel (Q [>] R)
unfolding ge-def by (auto simp: gt-dioph eq-dioph or-dioph)

Bounded Constant All Quantifier, dioph rules

lemma ALLC-LIST-dioph|dioph): list-all (is-dioph-rel o DF) L = is-dioph-rel
(I in L] DF)
by (induction L, auto simp add: dioph)

lemma ALLC-dioph[dioph]: Vi<n. is-dioph-rel (DF i) = is-dioph-rel ([V<n]
DF)

unfolding ALLC-def using ALLC-LIST-dioph[of DF [0..<n]] by (auto simp:
list-all-length)

end

1.4 Existential quantification is Diophantine

theory FEuxistential-Quantifier
imports Diophantine-Relations
begin

lemma exist-list-dioph|dioph]:

fixes D

assumes is-dioph-rel D

shows is-dioph-rel ([3n] D)
proof (induction n)

case ()

then show ?case

using assms unfolding is-dioph-rel-def by (auto simp: push-list-empty)

next

case (Suc n)

have h: (Ai. if i = 0 then v 0 else v i) = v for v::assignment
by auto

have eval ([3Suc n] D) a = (Fk:nat. eval ([3n] D) (push a k)) for a
apply (simp add: push-list2)
by (smt (23) Zero-not-Suc add-Suc-right append-Nil2 length-Cons
length-append list.size(8) nat.inject rev-exhaust)
moreover from Suc is-dioph-rel-def obtain P, P, where
Va. eval ([3n] D) a = (Fv. ppeval Py a v = ppeval Py a v)
by auto
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ultimately have t1: eval ([3 Suc n] D) a = (Fk::nat. (Jv. ppeval Py (push a k)
v
= ppeval Py (push a k) v)) for a
by simp

define f :: ppolynomial = ppolynomial where
f = AP. pull-param (push-var P 1) (Var 0)
have ppeval P (push a k) v = ppeval (f P) a (push v k) for P a kv
apply (induction P, auto simp: push-def f-def)
by (metis (no-types, lifting) Suc-pred ppeval.simps(2) pull-param.simps(2))
then have ¢2: eval ([3Suc n] D) a = (Fk::nat. (3v. ppeval (f P1) a (push v k)
= ppeval (f P2) a (push v k))) for a
using t1 by auto
moreover have (3 k::nat. 3v. ppeval P a (push v k) = ppeval Q a (push v k))
+— (v. ppeval P a v = ppeval Q a v) for P Q a
unfolding push-def
apply auto
subgoal for v
apply (rule exI[of - v 0])
apply (rule exI[of - Xi. v (i + 1)])
by (auto simp: h cong: if-cong)
done
ultimately have eval ([3 Suc n] D) a = (Fv. ppeval (f P1) a v = ppeval (f P3)
a v) for a
by auto

thus ?case
unfolding is-dioph-rel-def by auto
qed

lemma exist-dioph[dioph]:
fixes D
assumes is-dioph-rel D
shows is-dioph-rel ([3] D)
unfolding EXIST-def using assms by (auto simp: exist-list-dioph)

lemma exist-eval|defs]:
shows eval ([3] D) a = (3k. eval D (push a k))
unfolding FXIST-def apply (simp add: push-list-def)
by (metis length-Suc-conv list. exhaust list.size(3) nat.simps(3) push-list-singleton)

end

1.5 Mod is Diophantine

theory Modulo-Divisibility
imports FExistential-Quantifier
begin

Divisibility is diophantine
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definition dvd (<DVD - -» 1000) where DVD @ R = (BINARY (dvd) Q R)

lemma dvd-repr:
fixes a b :: nat
shows a dvd b «— (Fz. z *x a = b)
using dvd-class.dvd-def by auto

lemma dvd-dioph[dioph): is-dioph-rel (DVD Q R)

proof —
define Q' R’ where pushed-defs: Q' = push-param Q 1 R’ = push-param R 1
define D where D = [3] (Param 0 [x] Q' [=] R)

have eval (DVD Q R) a = eval D a for a
unfolding D-def pushed-defs defs using push-pushl apply (auto simp: push0)
unfolding dvd-def by (auto simp: dvd-repr binary-eval)

moreover have is-dioph-rel D
unfolding D-def by (auto simp: dioph)

ultimately show ?thesis
by (auto simp: is-dioph-rel-def)
qed

declare dvd-def|defs]

definition mod («MOD - - -» 1000)
where MOD A B C = (TERNARY (Aa b c. amod b= cmodb) A B C)
declare mod-def|defs]

lemma mod-repr:
fixes a b ¢ :: nat
shows a mod b = ¢ mod b +— (3z y. ¢ + xxb = a + yxb)
by (metis mult.commute nat-mod-eq-iff)

lemma mod-dioph[dioph]:

fixes A B C

defines D = (MOD A B ()

shows is-dioph-rel D
proof —

define A’ B’ C' where pushed-defs: A’ = push-param A 2 B’ = push-param B
2 C' = push-param C 2

define DS where DS = [32] (Param 0 [x] B’ [+] C' [=] Param 1 [+] B’ [+]
A

have eval DS a = eval D a for a
proof
show eval DS a = eval D a
unfolding DS-def defs D-def mod-def
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by auto (metis mod-mult-self3 push-push-simp pushed-defs(1) pushed-defs(2)
pushed-defs(3))

show eval D a = eval DS a
unfolding DS-def defs D-def mod-def
apply (auto simp add: mod-repr)
subgoal for z y

apply (rule exl[of - [z, y]])
unfolding pushed-defs by (simp add: push-push[where ?n = 2] push-list-eval)
done
qged

moreover have is-dioph-rel DS
unfolding DS-def by (simp add: dioph)

ultimately show “thesis
by (auto simp: is-dioph-rel-def)
qed

declare mod-def|defs]

end

2 Exponentiation is Diophaninte

2.1 Expressing Exponentiation in terms of the alpha func-
tion

theory FExponentiation
imports Complex-Main
begin

locale Fxp-Matrices
begin

2.1.1 2x2 matrices and operations

datatype mat2 = mat (mat-11 : int) (mat-12 : int) (mat-21 : int) (mat-22 : int)
datatype vec2 = vec (vec-1: int) (vec-2: int)

fun mat-plus:: mat2 = mat2 = mat2 where
mat-plus A B = mat (mat-11 A + mat-11 B) (mat-12 A + mat-12 B)
(mat-21 A + mat-21 B) (mat-22 A + mat-22 B)

fun mat-mul:: mat2 = mat2 = mat2 where
mat-mul A B = mat (mat-11 A * mat-11 B + mat-12 A x mat-21 B)
(mat-11 A * mat-12 B + mat-12 A x mat-22 B)
(mat-21 A « mat-11 B + mat-22 A * mat-21 B)
(mat-21 A * mat-12 B + mat-22 A * mat-22 B)
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fun mat-pow:: nat = mat2 = mat2 where
mat-pow 0 - = mat 1 0 0 1 |
mat-pow n A = mat-mul A (mat-pow (n — 1) A)

lemma mat-pow-2[simp]: mat-pow 2 A = mat-mul A A
by (simp add: numeral-2-eq-2)

fun mat-det::mat2 = int where
mat-det M = mat-11 M * mat-22 M — mat-12 M * mat-21 M

fun mat-scalar-mult::int = mat2 = mat2 where
mat-scalar-mult a M = mat (a * mat-11 M) (a * mat-12 M) (a * mat-21 M) (a
* mat-22 M)

fun mat-minus:: mat2 = mat2 = mat2 where
mat-minus A B = mat (mat-11 A — mat-11 B) (mat-12 A — mat-12 B)
(mat-21 A — mat-21 B) (mat-22 A — mat-22 B)

fun mat-vec-mult:: mat2 = vec2 = vec2 where
mat-vec-mult M v = vec (mat-11 M * vec-1 v + mat-12 M * vec-2 v)
(mat-21 M x vec-1 v + mat-21 M x vec-2 v)

definition ID :: mat2 where ID = mat 1 0 0 1
declare mat-det.simps[simp del]

2.1.2 Properties of 2x2 matrices

lemma mat-neutral-element: mat-mul ID N = N by (auto simp: ID-def)

lemma mat-associativity: mat-mul (mat-mul D B) C = mat-mul D (mat-mul B
)
apply auto by algebra+

lemma mat-exp-law: mat-mul (mat-pow n M) (mat-pow m M) = mat-pow (n+m)
M
apply (induction n, auto) by (metis mat2.sel(1,2) mat-associativity mat-mul.simps)—+

lemma mat-exp-law-mult: mat-pow (nxm) M = mat-pow n (mat-pow m M) (is
¢P n)

apply (induction n, auto) using mat-exp-law by (metis mat-mul.simps)

lemma det-mult: mat-det (mat-mul M1 M2) = (mat-det M1) * (mat-det M2)
by (auto simp: mat-det.simps algebra-simps)

2.1.3 Special second-order recurrent sequences

Equation 3.2

fun a:: nat = nat = int where
abl0=20]
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ab (Suc0) =1
alpha-n: o b (Suc (Suc n)) = (int b) * (a b (Suc n)) — (a b n)

Equation 3.3

lemma alpha-strictly-increasing:

shows int b > 2 = a bn <ab(Sucn) A0 <ab(Sucn)
proof (induct n)

case (

show ?case by simp
next

case (Suc n)

have pos: 0 < a b (Suc n)

using Suc by fastforce

have a b (Suc n) < (int b) * (o b (Suc n)) — a b (Suc n) using pos Suc by
stmp

also have ... < a b (Suc (Suc n)) using Suc by fastforce

finally show ?Zcase using pos Suc by simp
qed

lemma alpha-strictly-increasing-general:
fixes b n m::nat
assumes b > 2 Am > n
shows a bm > a bn
proof —
from alpha-strictly-increasing assms have S2: a bn < a b m
by (smt less-imp-of-nat-less lift-Suc-mono-less of-nat-0-less-iff pos?2)
show ?thesis using S2 by simp
qed

Equation 3.4

lemma alpha-superlinear: b > 2 — int n < a bn
apply (induction n, auto)
by (smt Suc-1 alpha-strictly-increasing less-imp-of-nat-less of-nat-1 of-nat-Suc)

A simple consequence that’s often useful; could also be generalized to alpha
using alpha linear

lemma alpha-nonnegative:
shows b > 2 —= a bn >0
using of-nat-0-le-iff alpha-superlinear order-trans by blast

Equation 3.5

lemma alpha-linear: « 2n = n
proof (induct n rule: nat-less-induct)
case (1 n)
have s0: n=0 — a 2 n = n by simp
have s1: n=1 = a 2 n = n by simp
note hyp =«Vm < n.a 2m=m
from hyp have s2: n>1 = o 2 (n—1) =n—1 ANa 2 (n—2) = n—2 by simp
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have s3: n>1 = a 2 (Suc (Suc (n—2))) = 2xa 2 (Suc (n—2)) — a 2 (n—2)
by simp

have s{: n>1 = Suc (Suc (n—2)) = n by simp

have s5: n>1 = Suc (n—2) = n—1 by simp

from s3 s4 s5 have s6: n>1 — a 2n = 2xa 2 (n—1) — a 2 (n—2) by simp

from s2 s6 have s7: n>1 = a 2n = 2x(n—1) — (n—2) by simp

from s7 have s8: n>1 =— «a 2n = n by simp

from s0 sl s8 show ?case by linarith
qed

Equation 3.6 (modified)

lemma alpha-exponential-1: b > 0 = intb "n < a (b+ 1) (n+1)
proof (induction n)
case (
thus ?case by(simp)
next
case (Suc n)
hence ((int b)*(int b) "n) < (int b)x(a (b+1) (n+1)) by simp
hence r2: ((int b) (Suc n)) < (int (b+1))*(c (b+1) (n+1)) — (a (b+1) (n+1))

by (simp add: algebra-simps)
have (int b+1) #(a (b+1) (n+1)) — (a (b+1) (n+1)) < (int b+1)(a (b+1)
(n+1)) — a (b+1) n
using alpha-strictly-increasing Suc by (smt Suc-eq-plus! of-nat-0-less-iff of-nat-Suc)
thus ?case using r2 by auto
qed

lemma alpha-exponential-2: int b>2 — a b (n+1) < (int b) (n)
proof (induction n)
case (
thus ?case by simp
next
case (Suc n)
hence s1: a b (n+2) < (int b)) (n+1) — « b n by simp
have (int b) (n+1) — (a b n) < (int b) (n+1)
using alpha-strictly-increasing Suc by (smt «.simps(1) alpha-superlinear of-nat-1
of-nat-add
of-nat-le-0-iff of-nat-less-iff one-add-one)
thus ?case using s! by simp
qed

2.1.4 First order relation

Equation 3.7 - Definition of A

fun A :: nat = nat = mat?2 where
AbO=mat 1001 |
A-n: Abn=mat (ab(n+ 1)) (—(abn)) (abn) (—(abd(n— 1))

Equation 3.9 - Definition of B
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fun B :: nat = mat2 where
B b= mat (int b) (—1) 10

declare A.simps[simp del]
declare B.simps[simp del]

Equation 3.8

lemma A-rec: b>2 = A b (Suc n) = mat-mul (A b n) (B b)
by (induction n, auto simp: A.simps B.simps)

Equation 3.10

lemma A-pow: b>2 = A b n = mat-pow n (B b)
apply (induction n, auto simp: A.simps B.simps)
subgoal by (smt A.elims Suc-eq-plusl a.simps «.simps(2) mat2.sel)
subgoal for n apply (cases n=0, auto)
using A.simps(2)[of b n—1] gr0-conv-Suc mult.commute by auto
subgoal by (metis A.simps(2) Suc-eq-plusl a.simps(2) mat2.sel(1) mat-pow.elims)
subgoal by (metis A.simps(2) a.simps(1) add.inverse-neutral mat2.sel(2)
mat-pow.elims)
done

2.1.5 Characteristic equation

Equation 3.11

lemma A-det: b>2 = mat-det (A bn) =1

apply (auto simp: A-pow, induction n, simp add: mat-det.simps)

using det-mult apply (auto simp del: mat-mul.simps) by (simp add: B.simps
mat-det.simps)

Equation 3.12

lemma alpha-det1:
assumes b>2
shows (a b (Suc n))™2 — (int b) * a b (Sucn) xabn+ (abn)2=1
proof(cases n = 0)
case True
thus ?thesis by auto
next
case Fulse
hence A bn=mat (¢ b(n+ 1)) (—(aebdbn)) («bn) (—(abd(n— 1)) using
A.elims neq0-conv by blast
hence mat-det (A bn) = (abn)™2 — (ab (Sucn)) *ab(n-1)
apply (auto simp: mat-det.simps) by (simp add: power2-eq-square)
moreover hence ... = (a b (Sucn)) 2 —bx* (b (Sucn)xabn+ (ab
n) 2
using Fulse alpha-n[of b n—1] apply(auto simp add: algebra-simps)
by (metis Suc-1 distrib-left mult.commute mult.left-commute power-Suc power-one-right)
ultimately show ?thesis using A-det assms by auto
qed
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Equation 3.12

lemma alpha-det2:
assumes b>2 n>0
shows (a b (n—1))"2 — (int b) *x (b (n—1) * (abn)) + (abn) 2 =1
using alpha-det! assms by (smt One-nat-def Suc-diff-Suc diff-zero mult.commute
mult.left-commute)

Equations 3.14 to 3.17

lemma alpha-char-eq:

fixes x y b:: nat

shows (y<zAzxz+yxy=1+bxzxxy) = (Im.inly=abmA int
z = a b (Suc m))
proof (induct y arbitrary: x rule:nat-less-induct)

case (1 n)

note pre=m<zA@xzc+n*xn=1+>b%z*n)

have h0: int (z * ¢ + n *x n) = int (z * ) + int (n * n) by simp
from pre h0 have prel: int z * int x + int(n * n) = int 1 + int(b * z * n) by
stmp

have {0: int (n * n) = int n * int n by simp

have i1: int (b * x * n) = int b *x int x * int n by simp

from prel i0 i1 have pre2: int x x int ¢ + int n x int n = 1 + int b * int T *
int n by simp

from pre2 have jO: int n x int n — 1 = int b x int x * int n — int ¢ * int z by
stmp

have jI:... = int z *x (int b x int n — int z) by (simp add: right-diff-distrib)

from j0 j1 have pre3:int n x int n — 1 = int x x (int b x int n — int z) by simp

have k0: int n x int n — 1 < int n * int n by simp

from pre3 k0 have ki:int n x int n > int x * (int b * int n — int =) by simp
from pre have k2: int n < int z by simp

from k2 have k3: int x x int n > int n x int n by (simp add: mult-mono)
from k1 k3 have k4: int x x int n > int % (int b * int n — int x) by linarith
from pre k4 have k5: int n > int b x int n — int x by simp

from pre have [0:n = 0 = z = 1 by simp

from [0 have [1: n = 0 = = = Suc 0 by simp

from [ have I2: n =0 = intn =a b 0 A int z = a b (Suc 0) by simp
from [2 have I3: n =0 = Im.int n =a bm A int x = a b (Suc m) by blast

have m0: n > 0 = int n x intn — 1 > 0 by simp
from pre3 m0 have m1: n > 0 = int z % (int b x int n — int ) > 0 by simp
from m1 have m2: n > 0 = int b x int n — int x > 0 using zero-le-mult-iff

by force

from jO have n0: int x x int x — int b x int © * int n + int n x int n = 1 by
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simp

have ni1: (int b x int n — int z) * (int b * int n — int ) = int b x int n * (int
bxintn — int ) — int x % (int b % int n — int ) by (simp add: left-diff-distrib)

from nl have n2: int n * int n — int b * int n x (int b * int n — int ) + (int
bxintn — int z) * (int b* int n — int ) = int n * int n — int  * (int b * int
n — int x) by simp

from n0 n2 j1 have n3: int n * int n — int b * int n x (int b * int n — int )
+ (int b x int n — int x) * (int b x int n — int x) = 1 by linarith

from n3 have nj: int n * int n + (int b * int n — int z) * (int b * int n — int
xz) =1+ int b* int n x (int b * int n — int x) by simp

have nd: int b x int n = int (b * n) by simp

from n5 m2 have n6: n > 0 = int b x int n — int x = int (b x n — z) by
linarith

from nj n6 have n7: n > 0 = int (nxn+ (bxn —xz)*x (bxn — x)) = int
(I +b*n=x(bxn— x)) by simp

from n7 have n8:n >0 = nxn+ (bxn—z)*x (bxn—x)=1+bxn
x (b x n — z) using of-nat-eq-iff by blast

note hyp = Vm<n.Ve. m <z Axxz+mxm=1+bx*xxxm—
(Ima. int m = a b ma A int z = « b (Suc ma))»

from k5 n6 n8 have 00: n > 0 = (bxn —z) <nAnx*xn+ (bxn—z)x
(bxn—xz)=14+bxnx*x(bxn—x) by simp

from 00 hyp have o1: n > 0 = (Ima. int (bxn —z)=abmaA intn =«
b (Suc ma)) by simp

from o1 [3 n6 show ?case by force
qed

lemma alpha-char-eq2:
assumes (z+x + yxy = 1 + b * z * y) b>2
shows (In. intz =« bn)
proof —

have z # y

proof(rule ccontr, auto)
assume =y
hence 2xz+xx = 1+bkxxxx using assms by simp

hence 2xzxx > 14 2xz+x using assms by (metis add-le-mono le-less mult-le-monol)
thus Fulse by auto

qed

thus ?thesis

proof (cases T<y)
case True
hence dn. int z = a b n A int y = « b (Suc n) using alpha-char-eq assms

by (simp add: add.commute power2-eq-square)

thus ?thesis by auto

next
case Fulse
hence 3j. int y = a b j A int z = a b (Suc j) using alpha-char-eq assms <z #
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> by auto
thus ?thesis by blast
qed
qed

2.1.6 Divisibility properties

The following lemmas are needed in the proof of equation 3.25

lemma representation:
fixes k m :: nat
assumes k > 0n = m mod k| = (m—n)div k
shows m = n+kxl A 0<n A n<k—1 by (metis Suc-pred’ assms le-add2 le-add-same-cancel2

less-Suc-eq-le minus-mod-eq-div-mult minus-mod-eq-mult-div mod-div-mult-eq
mod-less-divisor neq0-conv nonzero-mult-div-cancel-left)

lemma div-8251:

fixes b k m:: nat

assumes b>2 and k>0

defines n = m mod k

defines | = (m—n) div k

shows A b m = mat-mul (A b n) (mat-pow ! (A b k))
proof —

from assms(2) l-def n-def representation have m: m = nt+kxl A 0<n A n<k—1
by simp

from A-pow assms(1) have Abm2: A b m = mat-pow m (B b) by simp

from m have Bm: mat-pow m (B b) =mat-pow (n+kxl) (B b) by simp

from mat-exp-law have as1: mat-pow (n+kxl) (B b)

= mat-mul (mat-pow n (B b)) (mat-pow (kxl) (B b)) by simp

from mat-exp-law-mult have as2: mat-pow (kxl) (B b) = mat-pow | (mat-pow k

(B b))
by (metis mult.commute)

from A-pow assms have Abn: mat-pow n (B b) = A b n by simp

from A-pow assms(1) have Ablk: mat-pow | (mat-pow k (B b)) = mat-pow | (A
b k) by simp

from Ablk Abm2 Abn Bm asl as2 show Abm: A b m = mat-mul (A b n) (mat-pow
1 (Abk)) by simp
qged

lemma div-3252:

fixes a b cdm :: int and [ :: nat

defines M = mata b c d

assumes mat-21 M mod m = 0

shows (mat-21 (mat-pow | M)) mod m = 0 (is ?P 1)
proof (induction )

show ?P 0 by simp
next

fix [ assume IH: ?P [

define M| where Ml = mat-pow | M
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have S1: mat-pow (Suc(l)) M = mat-mul M (mat-pow | M) by simp
have S2: mat-21 (mat-mul M Ml) = mat-21 M x mat-11 Ml + mat-22 M x
mat-21 Ml
by (rule-tac mat-mul.induct mat-plus.induct, auto)
have S3: mat-21 (mat-pow (Suc(l)) M) = mat-21 M * mat-11 Ml + mat-22 M
* mat-21 Ml
using S1 52 Mi-def by simp
from assms(2) have S4: (mat-21 M * mat-11 Ml) mod m = 0 by auto
from IH Mi-def have S5: mat-22 M x mat-21 Ml mod m = 0 by auto
from S4 S5 have S6: (mat-21 M * mat-11 Ml + mat-22 M * mat-21 Ml) mod
m = 0 by auto
from 53 S6 show ?P (Suc(l)) by simp
qed

lemma div-3253:
fixes a b ¢ d m:: int and [ :: nat
defines M = mata b cd
assumes mat-21 M mod m = 0
shows ((mat-11 (mat-pow | M)) — a”l) mod m = 0 (is ?P I)
proof (induction 1)
show ?P 0 by simp
next
fix [ assume [H: 7P|
define MI where M| = mat-pow | M
from Mi-def have S1: mat-pow (Suc(l)) M = mat-mul M Ml by simp
have S2: mat-11 (mat-mul M Ml) = mat-11 M % mat-11 Ml + mat-12 M x
mat-21 Ml
by (rule-tac mat-mul.induct mat-plus.induct, auto)
hence 53: mat-11 (mat-pow (Suc(l)) M) = mat-11 M * mat-11 Ml + mat-12
M * mat-21 Ml
using S1 by simp
from M-def Mi-def assms(2) div-3252 have S/4: mat-21 Ml mod m = 0 by auto
from IH Mi-def have S5: (mat-11 Ml — a ~ 1) mod m = 0 by auto
from IH M-def have S6: (mat-11 M —a) mod m = 0 by simp
from S4 have S7: (mat-12 M * mat-21 Ml) mod m = 0 by auto
from S5 S6 have S8: (mat-11 M x mat-11 Ml— o (Suc(l))) mod m = 0
by (metis M-def mat2.sel(1) mod-0 mod-mult-right-eq mult-zero-right power-Suc
right-diff-distrib)
have S9: (mat-11 M * mat-11 Ml — a"(Suc(l)) + mat-12 M * mat-21 Ml ) mod
m = 0
using S7 S8 by auto
from S9 have S10: (mat-11 M * mat-11 Ml + mat-12 M = mat-21 Ml —
a (Suc(l))) mod m = 0 by smt
from 53 S10 show ?P (Suc(l)) by auto
qed

Equation 3.25

lemma divisibility-lemmal:
fixes b k m:: nat
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assumes b>2 and k>0
defines n = m mod k
defines | = (m—n) div k
shows a bmmod abk=abnx* (ab(k+1)) “Imod a bk
proof —
from assms(2) l-def n-def representation have m: m = nt+kxl A 0<n A n<k—1
by simp
consider (eq0) n = 0 | (neq0) n > 0 by auto
thus %thesis
proof cases
case eql
have Abm-gen: A b m = mat-mul (A b n) (mat-pow | (A b k))
using assms div-3251 I-def n-def by blast
have Abk: mat-pow | (A b k) = mat-pow | (mat (o b (k+1)) (—a b k) (a b k)
(—a b (k=1)))
using assms(2) neq0-conv by (metis A.elims)
from eq0 have Abm: A b m = mat-pow | (mat (o b (k+1)) (—a b k) (a b k)
(—a b (k1))
using A-pow <b>2) apply (auto simp: A.simps B.simps)
by (metis Abk Suc-eg-plus! add.left-neutral m mat-exp-law-mult mult. commute)
have Abm1: mat-21 (A b m) = a b m by (metis A.elims a.simps(1) mat2.sel(3))
have Abm2: mat-21 (mat-pow | (mat (o b (k+1)) (—a b k) (a b k) (—a b
(k—1)))) mod (a b k) =0
using Abm div-3252 by simp
from Abm Abm1 Abm2 have MRO: o b m mod o b k = 0 by simp
from MRO eq0 show ?thesis by simp
next case neql
from assms have Abm-gen: A b m = mat-mul (A b n) (mat-pow ! (A b k))
using div-3251 I-def n-def by blast
from assms(2) neq0-conv have Abk: mat-pow | (A b k)
= mat-pow | (mat (o b (k+1)) (—a b k) (' b
(metis A.elims)
from n-def neq0 have NO: n>0 by simp
define M where M = mat (¢ b (n+ 1)) (—(a b n)) (abn) (—(ab(n— 1))
define N where N = mat-pow | (mat (o b (k+1)) (—a b k) (a b b
(k—1)))
from Suc-pred’ neg0 have Abn: A bn = mat (a b (n+ 1)) (—(a b n)) (o b n)
(=(a b (n — 1))
by (metis A.elims neq0-conv)
from Abm-gen Abn Abk M-def N-def have Abm: A b m = mat-mul M N by
stmp

k) (-a b (k=1))) by

from Abm have S1: mat-21 (mat-mul M N) = mat-21 M * mat-11 N + mat-22
M x mat-21 N
by (rule-tac mat-mul.induct mat-plus.induct, auto)
have 52: mat-21 (A b m) = o b m by (metis A.elims o.simps(1) mat2.sel(3))
from S1 52 Abm have S3: o« b m = mat-21 M % mat-11 N + mat-22 M *
mat-21 N by simp
from S3 have S4: (o b m — (mat-21 M * mat-11 N + mat-22 M * mat-21 N))
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mod (a b k) = 0 by simp

from M-def have S5: mat-21 M = « b n by simp

from div-3253 N-def have S6: (mat-11 N — (o b (k+1)) 1) mod (a« b k) =0
by simp

from N-def Abm div-3252 have S7: mat-21 N mod (« b k) = 0 by simp

from S4 S7 have S8: (a« b m — mat-21 M x mat-11 N) mod (a b k) = 0 by

algebra
from S5 S6 have S9: (mat-21 M * mat-11 N — (a bn) x (a b (k+1)) " 1) mod
(abk)=0

by (metis mod-0 mod-mult-left-eq mult.commute mult-zero-left right-diff-distrib’)
from S8 S9 show ?thesis
proof —
have (mat-21 M * mat-11 N — a b m) mod a bk = 0
using S8 by presburger
hence Vi. (o b m — (mat-21 M * mat-11 N — i)) mod o b k = i mod o b k
by (metis (no-types) add.commute diff-0-right diff-diff-eq2 mod-diff-right-eq)
thus ?thesis
by (metis (no-types) S9 diff-0-right mod-diff-right-eq)
qed
qed
qged

Prerequisite lemma for 3.27

lemma div-coprime:
assumes b>2n > 0
shows coprime (a b k) (a b (k+1)) (is 7P)
proof (rule ccontr)
assume as: = 7P
define n where n = ged (a b k) (a b (k+1))
from n-def have S1: n > 1
using alpha-det! as assms(1) coprime-iff-ged-eq-1 ged-pos-int right-diff-distrib’

by (smt add.commute plus-1-eq-Suc)
have S2: (o b (Suc k))"2 — (int b) * a b (Suck) *x (a bk)+ (e bk) 2 =1
using alpha-detl assms by auto
from n-def have DI1: n dvd (o b (k+1)) 2 by (simp add: numeral-2-eq-2)
from n-def have D2: n dvd (— (int b) x a b (k+1) x (o b k)) by simp
from n-def have D3: n dvd (o b k)2 by (simp add: ged-dvdI1)
have 53: n dvd ((a b (Suc k)) ™2 — (int b) x a b (Suc k) * (a b k) + (a b k)72)

using DI D2 D3 by simp
from 52 53 have S4: n dvd 1 by simp
from S/ n-def as is-unit-gcd show False by blast
qed

Equation 3.27

lemma divisibility-lemma2:
fixes b k m:: nat
assumes b>2 and k>0

30



defines n = m mod k
defines | = (m—n) div k
assumes o b k dvd a b m
shows o b k dvd o b n
proof —
from assms(2) l-def n-def representation have m: 0<n A n<k—1 by simp
from divisibility-lemmal assms(1) assms(2) l-def n-def have S1:

(abm) mod (a bk) = (abn)x(ab(k+1)) "I mod (o bk) by blast
from SI assms(5) have S2: (a b k) dvd ((ow b n) * (a b (k+1)) " 1) by auto
show ?thesis

using S1 div-coprime S2 assms(1) apply auto

using coprime-dvd-mult-left-iff coprime-power-right-iff by blast

qed

Equation 3.23 - main result of this section

theorem divisibility-alpha:
assumes b>2 and k>0
shows a b k dvd a b m «<— k dvd m (is ?P <— ?Q))
proof
assume Q: 7Q)
define n where n = m mod k
have N: n=0 by (simp add: Q n-def)
from N have Abn: a b n = 0 by simp
from Abn divisibility-lemmal assms(1) assms(2) mult-eq-0-iff n-def show ?P
by (metis dvd-0-right dvd-imp-mod-0 mod-0-imp-dvd)
next
assume P: ?P
define n where n = m mod k
define [ where [ = (m—n) div k
define B where B = (mat (int b) (—1) 1 0)
have S1: (a b n) mod (a b k) =0
using divisibility-lemma2 assms(1) assms(2) n-def P by simp
from n-def assms(2) have m: n < k using mod-less-divisor by blast
from alpha-strictly-increasing m assms(1) have S2: a« bn < a b k
by (smt less-imp-of-nat-less lift-Suc-mono-less of-nat-0-less-iff pos2)
from S1 52 have S3: n=0
by (smt alpha-superlinear assms(1) mod-pos-pos-trivial neq0-conv of-nat-0-less-iff)
from S8 n-def show ?Q by auto
qed

2.1.7 Divisibility properties (continued)

Equation 3.28 - main result of this section

lemma divisibility-equations:
assumes 0: m = kxl and b>2 m>0
shows A b m = mat-pow | (mat-minus (mat-scalar-mult (a b k) (B b))
(mat-scalar-mult (o b (k—1)) ID))
apply (auto simp del: mat-pow.simps mat-mul.simps mat-minus.simps mat-scalar-mult.simps
simp add: A-pow mult.commutelof k ] assms mat-exp-law-mult)
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using A-pow[of b k] «m>0>
apply (auto simp: A.simps ¢m>0> ID-def B.simps)
using A.simps(2) alpha-n One-nat-def Suc-eq-plusl Suc-pred assms <m>0»
assms
mult.commute nat-0-less-mult-iff
by (smt mat-exp-law-mult)

lemma divisibility-cong:
fixes e f :: int
fixes [ :: nat
fixes M :: mat2
assumes mat-22 M = 0 mat-21 M = 1
shows (mat-21 (mat-pow | (mat-minus (mat-scalar-mult e M) (mat-scalar-mult
f1ID)))) mod €2 = (—1)(I—1)*lxexf (I—1)x(mat-21 M) mod e 2
A mat-22 (mat-pow I (mat-minus (mat-scalar-mult e M) (mat-scalar-mult f
ID))) mod €72 = (—1)71 %f1 mod "2
(is 2P L A 2Q 1)
proof (induction [)
case (
then show ?case by simp
next
case (Suc l)
have 52: mat-pow (Suc(l)) (mat-minus (mat-scalar-mult e M) (mat-scalar-mult
f1D)) =
mat-mul (mat-pow I (mat-minus (mat-scalar-mult e M) (mat-scalar-mult f ID)))
(mat-minus (mat-scalar-mult e M) (mat-scalar-mult f ID))
using mat-exp-lawlof | - 1] mat2.sel by (auto, metis)+
define a! where al = mat-11 (mat-minus (mat-scalar-mult e M) (mat-scalar-mult
7 D))
define b1 where b1 = mat-12 (mat-minus (mat-scalar-mult e M) (mat-scalar-mult
/D)
define ¢! where ¢! = mat-21 (mat-minus (mat-scalar-mult e M) (mat-scalar-mult
1 1D)
define dI where dI = mat-22 (mat-minus (mat-scalar-mult e M) (mat-scalar-mult
7 D))
define ¢ where a = mat-11 M
define b where b = mat-12 M
define ¢ where ¢ = mat-21 M
define d where d = mat-22 M
define g where g = mat-21 (mat-pow | (mat-minus (mat-scalar-mult e M)
(mat-scalar-mult f ID)))
define h where h = mat-22 (mat-pow | (mat-minus (mat-scalar-mult e M)
(mat-scalar-mult f ID)))
from S2 g-def al-def h-def c1-def have S3: mat-21 (mat-pow (Suc(l)) (mat-minus
(mat-scalar-mult e M) (mat-scalar-mult f ID))) = gxal + hxcl
by simp
from S2 g-def b1-def h-def d1-def have S4: mat-22 (mat-pow (Suc(l)) (mat-minus
(mat-scalar-mult e M) (mat-scalar-mult f ID)))
= gxbl+hxdl by simp

32



have S5: mat-11 (mat-scalar-mult e M) = exa by (simp add: a-def)
have S6: mat-12 (mat-scalar-mult e M) = exb by (simp add: b-def)
have S7: mat-21 (mat-scalar-mult e M) = exc by (simp add: c-def)
have 58: mat-22 (mat-scalar-mult e M) = exd by (simp add: d-def)
from al-def S5 have S9: al = exa—fby (simp add: Exp-Matrices.ID-def)
from b1-def S6 have S10: b1 = exb by (simp add: Exp-Matrices.ID-def)
from ci1-def S7 have S11: ¢c1 = exc by (simp add: Exp-Matrices.ID-def)
from S11 assms(2) c-def have S115: ¢c1 = e by simp
from dI-def S8 have S12: d1 = exd — f by (simp add: Exp-Matrices.ID-def)
from S12 assms(1) d-def have S125: d1 = — f by simp
from assms(2) c-def Suc g-def c-def have S13: gmod e ™2 = (—1) (I—1)*lxexf (I—1)*c
mod e”2 by blast
from assms(2) c-def S13 have S135: g mod e 2 = (—1) (I—1)xlxexf(I—1)
mod e”2 by simp
from Suc h-def have S14: h mod €2 = (—1)71 %7l mod e”2 by simp
from S10 S135 have S27: gxbl mod e 2 = (—1) (I—1)xlxexf (I—1)*xexb mod
e 2 by (metis mod-mult-left-eq mult.assoc)
from 527 have S28: gxb1 mod e 2 = 0 mod e"2 by (simp add: power2-eq-square)
from S125 S14 mod-mult-cong have S29: hxdl mod e 2 = (—1)71 *f7Ix(— f)
mod e”2 by blast
from 529 have 530: hxdl mod e”2 = (—1)7(I4+1) =f Ixf mod e"2 by simp
from 530 have S31: hxdl mod e 2 = (—1) (I4+1) xf (I4+1) mod e 2 by (metis
mult.assoc power-add power-one-right)
from S31 have F2: ?2Q (Suc(l)) by (metis S28 S4 Suc-eq-plusl add.left-neutral
mod-add-cong)
from 59 513 have S15: gxal mod e™2 = ((—1) (I—1)xlxexf (I—1)xcx(exa—f))mod
e 2 by (metis mod-mult-left-eq)
have S16: ((—1) (I—1)xlxexf (I—1)xcx(exa—f)) = ((—1) (I—1)xlxe 2xf (I—1)xcxa)
— fx(—=1)7(I1—1)*lxexf(I—1)*c by algebra
have S17: ((—1)7(I—1)*lxe 2xf(I—1)xcxa) mod e”2 = 0 mod e 2 by simp
from S17 have S18: (((—1) 7 (I—1)*lxe 2xf (I—1)xcxa) — fx(—1)(I—1)xlxexf(I—1)*c)
mod e 2 =
— fx(=1)7(I—1)*lxexf(I—1)*c mod e 2
proof —
have f1: Vi ia. (ta::int) — (0 — %) = o + ¢
by auto
have Vi ia. ((0::int) — da) x ¢ = 0 — ia * ©
by auto
then show ?thesis using fI
proof —
have f1: Ai. (0:int) — i = — @
by presburger
then have \i. (i — — ((— 1) “(I— 1) xintlx e x f (I — 1) x ¢ x a))
mod €2 = i mod ¢?
by (metis (no-types) S17 Vi ia. ia — (0 — i) = ia + © add.right-neutral
mod-add-right-eq)
then have A\i. (— 1) “(I— 1) xintlxe*xf (Il — 1) * cx a — 1) mod
e? = — i mod ¢?
using fI by (metis <Viia. ia — (0 — 1) = ia + © uminus-add-conv-diff)
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then show ?thesis
using f1 Vi ia. (0 — ia) x i = 0 — ia x ©» by presburger
qed
qed
from S15 516 S18 have S19: gxal mod €2 = — fx(—1)7(I—1)*lxexf (I—1)x*c
mod e~ 2 by presburger
from S11 514 have S20: hxcl mod e 2 = (—1) 71 xf Ixexc mod e 2 by (metis
mod-mult-left-eq mult.assoc)
from 519 520 have S21: (gxal + hxcl) mod e”2 = (— fx(—1) (I—1)*lxexf (I—1)x*c
+ (=1)71 xf Ixexc) mod e”2 using mod-add-cong by blast
from assms(2) c-def have S22: (— fx(—1)"(I—1)xlxexf (I—1)xc + (—1)71
xf Ixexc) mod e 2=(— fx(—1)(I—1)*lxexf (I—1) + (—1)71 xf Ixe) mod e"2 by
simp
have 523: (— fx(—1)7(I—1)xlxexf(I—1) + (—1) T xf"Ixe) mod e”2 = (f*(—1) (Dxlxexf(I—1)
+ (=1)71 xf"Ixe) mod ™2
by (smt One-nat-def Suc-pred mult.commute mult-cancel-left2 mult-minus-left
neq0-conv of-nat-eq-0-iff power.simps(2))
have 524: (f+(—1) (Dxlxexf(I—1) 4+ (—1) 1 «f Ixe) mod e 2 = ((—1) (I)*lxexfl
+ (=1)71 xf"Ixe) mod "2
by (smt One-nat-def Suc-pred mult.assoc mult.commute mult-eq-0-iff neq0-conv
of-nat-eq-0-iff power.simps(2))
have 525: ((—1) (D) xlxexf 1+ (—1) 7T *flxe) mod ™2 = ((—1) (D)x(I+1)xexf 1)
mod e 2

proof —
have f1: Vi ia. (fa::int) *x i = i * ia
by simp
then have f2: Vi ia. (ia:int) x ¢ — — i =i % (ia — — 1)
by (metis (no-types) mult.right-neutral mult-minus-left right-diff-distrib’)
have Vn. intn — — 1 = int (n + 1)
by simp

then have e * (f "1 x (intlx (— 1) "1 — —((= 1) ~1)) mod e = e x (f
I+ ((— 1) " 1xint (I+ 1))) mod €2
using f2 by presburger
then have ((— 1) “l*intl*xexf 1 —— ((—1) ") f "1 *e) mod e? =
(— 1) Tlxint (I+ 1) % ex f 1 mod e

using f1
proof —
have f1: Aiia ib. (i:vint) * (ia * ib) = ia x (i * ib)
by simp
then have Ai ia ib. (i::int) * (ia % ib) — — (¢ * ib) = (ia — — 1) * (i * ib)

by (metis (no-types) Vi ia. ia * i = i x ia> f2)
then show ?thesis
using f1 by (metis (no-types) Vi ia. ia x i = i * ia> <e * (f "1 * (int | *
(—1) " l——=({(=1)"D)mode? =ex (f "1 ((—1) "l*int (I+ 1))) mod
e f2 mult-minus-right)
qed
then show ?thesis
by simp
qed
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from 521 522 523 524 525 have S26: (gxal + hxcl) mod e 2 = ((—1) (1)*(141)*exf)
mod e”2 by presburger

from 53 526 have F1: 7P (Suc(l)) by (metis Suc-eg-plusl assms(2) diff-Suc-1
mult.right-neutral)

from F1 F2 show ?case by simp
qed

lemma divisibility-congruence:
assumes m = kxl and b>2 m>0
shows oo b m mod (a b k)72 = ((—1) (I—1)*lx(a b k)*(a b (k—1))(I—1)) mod
(e b k)2
proof —
have S0: oo b m = mat-21 (A b m) by (metis A.elims assms(3) mat2.sel(3)
neq0-conv)
from assms SO divisibility-equations have S1: o b m =
mat-21 ( mat-pow | (mat-minus (mat-scalar-mult (o b k) (B b))
(mat-scalar-mult (o« b (k—1)) ID))) by auto
have S2: mat-21 (B b) = 1 using Binomial.binomial-ring by (simp add: Exp-Matrices.B.simps)
have 53: mat-22 (B b) = 0 by (simp add: Ezp-Matrices.B.simps)
from S1 52 S3 divisibility-cong show ?thesis by (metis mult.right-neutral)
qed

Main result section 3.5

theorem divisibility-alpha2:
assumes b>2 m>0
shows (a b k) 72 dvd (o b m) «— kx(a b k) dvd m (is ?P +— ?Q)
proof
assume Q: 7Q
then show ?P
proof(cases k dvd m)
case True
then obtain [ where mkl: m = k x [ by blast
from @ assms mkl have S0: | mod o b k = 0 by simp
from S0 have S1: Ix(a b k) mod (a b k) "2 = 0 by (simp add: power2-eq-square)
from S1 have S2: ((—1) (I—1)xlx(a b k)x(a b (k—1))(I—1)) mod (o b k) 2
=0
proof —
have Vi. a b k * (int | x i) mod (o b k)? = 0
by (metis (no-types) S1 mod-0 mod-mult-left-eq mult.assoc mult.left-commute
mult-zero-left)
then show ?thesis
by (simp add: mult.assoc mult.left-commute)
qed
from assms divisibility-congruence mkl have S3:
abmmod (a b k)2 = ((—1)(1—1)*xlx(a b k)x(a b (k—1))(I—1)) mod («
b k)2 by simp
from 52 53 have S4: o b m mod (o b k) "2 = 0 by linarith
then show ?thesis by auto
next
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case Fulse
then show ?thesis using Q dvd-mult-left int-dvd-int-iff by blast
qed
next
assume P: 7P
show ?7()
proof(cases k dvd m)
case True
then obtain [ where mkl: m = k x [ by blast
from assms mkl divisibility-congruence have S0:
abmmod (a bk)™2 = ((—1)(I—1)xlx(a b k)x(a b (k—1)) (I—1)) mod
(a b k)72 by simp
from S0 P have S1: (a b k) 2 dvd ((—1) (I—1)*lx(a b k)x(a b (k—1)) (I—-1))
by auto
from S1 have S2: (a b k)72 dvd Ix(a b k)*x(a b (k—1))(1—1)
by (metis (no-types, opaque-lifting) Groups.mult-ac(1) dvd-trans dvd-triv-right
left-minus-one-mult-self)
from S2 have S3: (a b k) dvd Ix(a b (k—1)) (I—1)
by (metis (full-types) Exp-Matrices.alpha-superlinear assms(1) assms(2) mkl

mult.assoc mult.commute mult-0 not-less-zero of-nat-le-0-iff power2-eq-square
zdvd-mult-cancel)
from div-coprime Suc-eq-plusl Suc-pred’ assms(1) assms(2) mkl less-imp-le-nat
nat-0-less-mult-iff
have Sj: coprime («
hence coprime (a b
by blast
hence (a b k) dvd [ using S3 using coprime-dvd-mult-left-iff by blast
then show ?thesis by (simp add: mkl)
next
case False
then show ?thesis
apply(cases 0<k)
subgoal using divisibility-alpha[of b k m] assms using dvd-mult-left P by
auto
subgoal using Ezp-Matrices.alpha-strictly-increasing-general assms(1) P by
fastforce
done
qed
qed

bk)(ab(k—1)) by (metis coprime-commute)
k) ((a b (k—1))(I—1)) using coprime-power-right-iff

2.1.8 Congruence properties

In this section we will need the inverse matrices of A and B

fun A-inv :: nat = nat = mat?2 where
A-inv bn = mat (—a b (n—1)) (a bn) (—a bn) (ab(nt+l))

fun B-inv :: nat = mat2 where
B-invb=mat 01 (—1)b
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lemma A-inv-auz: b>2 = n>0 = abnsxabn —ab (Sucn) *xab(n—
Suc 0) = 1

apply (induction n, auto) subgoal for n using alpha-det1[of b n] apply auto
by algebra done

lemma A-inverse[simp]: b>2 = n>0 = mat-mul (A-inv b n) (A bn) = ID

using mat2.expand|of mat-mul (A-inv b n) (A b n) ID] apply rule
using ID-def A.simps(2)[of - n—1] ID-def apply (auto)

subgoal using mat2.sel(1)[of 1 0 0 1] apply (auto)

using A-inv-auz[of b n] by (auto simp: mult.commute)

subgoal by (metis mat2.sel(2))

subgoal by (metis mat2.sel(3))

subgoal using mat2.sel(4)[of 1 0 0 1] apply (auto)

using A-inv-auz|of b n] by (auto simp: mult.commute)

done

lemma B-inverse[simp|: mat-mul (B b) (B-inv b) = ID using B.simps ID-def by
auto

declare A-inv.simps B-inv.simps[simp del]

Equation 3.33

lemma congruence:
assumes bl mod ¢ = b2 mod q
shows a b1 n mod ¢ = o b2 n mod q
proof (induct n rule:nat-less-induct)
case (1 n)
note hyps = <V m<n. o b1 m mod ¢ = a b2 m mod ¢
have n0:(a b1 0) mod ¢ = (« b2 0) mod q by simp
have nl:(a b1 1) mod ¢ = (o b2 1) mod q by simp
from hyps have s1: n>1=—=-« bl (n—1) mod ¢ = a b2 (n—1) mod q by auto
from hyps have s2: n>1=a bl (n—2) mod ¢ = a b2 (n—2) mod q by auto
have s3: n>1 = a b1 (Suc (Suc n)) = (int b1) * (a bl (Suc n)) — (@ b1 n)
by simp
from s3 have s/: n>1 = (a bl n = (int bI1x(a b1 (n—1)) — a bl (n—2)))
by (smt Suc-1 Suc-diff-Suc diff-Suc-1 alpha-n lessE)
have sw: n>1 = «a b2 (Suc (Suc n)) = (int b2) * (a b2 (Suc n)) — (a b2 n)
by simp
from sw have sz: n>1 = (a b2 n = (int b2x(a b2 (n—1)) — a b2 (n—2)))
by (smt Suc-1 Suc-diff-Suc diff-Suc-1 alpha-n lessE)
from n0 n1 s1 s2 s3 s4 assms(1) mod-mult-cong have s5: n>1
= bIx(a bl (n—1)) mod g = b2x(a b2 (n—1)) mod q by (smt mod-mult-eq
of-nat-mod)
from hyps have sq¢: n>1 = « bl (n—2) mod ¢ = « b2 (n—2) mod q by
stmp
from s5 sq have sd: n>1 =—( (a b1 (n—2))) mod ¢ = —((a b2 (n—2))) mod

q
by (metis mod-minus-eq)
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from sd s5 mod-add-cong have s6: n>1 = ( b1x(a bl (n—1)) — o bl (n—2))

mod q
= (b2%(a b2 (n—1)) — o b2 (n—2)) mod q by force

from s/ have sa: n>1 =>( blx(a b1 (n—1)) — a bl (n—2)) mod q¢ = (« bl
n) mod q by simp

from sz have sb: n>1 = ( b2x(a b2 (n—1)) — a b2 (n—2)) mod ¢ = (« b2
n) mod q by simp

from sb sa s6 sz have s7: n>1 = (a bl n) mod ¢ = (b2x(a b2 (n—1)) — «
b2 (n—2)) mod q by simp

from s7 sz s6 have s9: a bl n mod ¢ = o b2 n mod g

by (metis One-nat-def a.simps(1) a.simps(2) less-SucO nat-neg-iff)

from s9 n0 n1 show ?Zcase by simp

qed

Equation 3.34

lemma congruence2:
fixes b1 :: nat
assumes b>=2
shows (a b n) mod (b — 2) = n mod (b — 2)
proof—
from alpha-linear have S1: a (nat 2) n = n by simp
define ¢ where ¢ = b — (nat 2)
from ¢-def assms le-mod-geq have S/: b mod ¢ = 2 mod q by auto
from assms S/ congruence have SN: (a b n) mod ¢ = (o 2 n) mod g by blast
from S1 SN q¢-def zmod-int show ?thesis by simp
qed

lemma congruence-jpos:
fixes b m jl :: nat
assumes b>2 and 2xlxm+j>0
defines n = 2xlxm-+j
shows A b n = mat-mul (mat-pow | (mat-pow 2 (A b m))) (A b j)
proof—
from A-pow assms(1) have Abm2: A b n = mat-pow n (B b) by simp
from Abm2 n-def have Bn: mat-pow n (B b) =mat-pow (2xlxm+j) (B b) by
stmp
from mat-exp-law have asi: mat-pow (2xlxm~+j) (B b) = mat-mul (mat-pow |
(mat-pow m (mat-pow 2 (B b)))) (mat-pow (j) (B b))
by (metis (no-types, lifting) mat-exp-law-mult mult.commaute)
from A-pow assms(1) B.elims mult.commute mat-exp-law-mult have as2: mat-mul
(mat-pow I (mat-pow m (mat-pow 2 (B b)))) (mat-pow (j) (B b))
= mat-mul (mat-pow | (mat-pow 2 (A b m))) (A bj) by metis
from as2 asl Abm2 Bn show ?thesis by auto
qed

lemma congruence-inverse: b>2 = mat-pow (n+1) (B-inv b) = A-inv b (n+1)
apply (induction n, simp add: B-inv.simps, auto) by (auto simp add: B-inv.simps)
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lemma congruence-inverse2:
fixes n b :: nat
assumes b>2
shows mat-mul (mat-pow n (B b)) (mat-pow n (B-inv b)) = mat 1 0 0 1
proof (induct n)
case (
thus ?case by simp
next
case (Suc n)
have S1: mat-pow (Suc(n)) (B b) = mat-mul (B b) (mat-pow n (B b)) by simp
have S2: mat-pow (Suc(n)) (B-inv b) = mat-mul (mat-pow n (B-inv b)) (B-inv
b)
proof —
have Vi ia ib ic. mat-pow 1 (mat ic ib ia i) = mat ic b ia i
by simp
hence Vm ma mb. mat-pow 1 m = m V mat-mul mb m # ma by (metis
mat2.exhaust)
thus ?thesis
by (metis (no-types) One-nat-def add-Suc-right diff-Suc-Suc diff-zero mat-exp-law
mat-pow.simps(1) mat-pow.simps(2))
qged
define C' where C= (B b)
define D where D = mat-pow n C
define E where E = B-inv b
define F' where F' = mat-pow n E
from S1 S2 C-def D-def E-def F-def have S3: mat-mul (mat-pow (Suc(n)) C)
(mat-pow (Suc(n)) E) = mat-mul (mat-mul C D) (mat-mul F E) by simp
from S8 mat-associativity mat2.exhaust C-def D-def E-def F-def have S4: mat-mul
(mat-pow (Suc(n)) C) (mat-pow (Suc(n)) E)
= mat-mul C (mat-mul (mat-mul D F) E) by metis
from S4 Suc.hyps mat-neutral-element C-def D-def E-def F-def have S5: mat-mul
(mat-pow (Suc(n)) C) (mat-pow (Suc(n)) E) = mat-mul C E by simp
from S5 C-def E-def show ?case using B-inverse ID-def by auto
qed

lemma congruence-mult:
fixes m :: nat
assumes b>2
shows n>m ==> mat-pow (nat(int n— int m)) (B b) = mat-mul (mat-pow n
(B b)) (mat-pow m (B-inv b))
proof (induction n)
case (
thus ?case by simp
next
case (Suc n)
consider (egm) n == m | (gm) n < m | (Im) n>m by linarith
thus Zcase
proof cases
case gm
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from Suc.prems gm not-less-eq show ?thesis by simp
next case Im
have S1: mat-pow (nat(int (Suc(n)) — int m)) (B b) = mat-mul (B b) (mat-pow
(nat(int n — int m)) (B b))
by (metis Suc.prems Suc-diff-Suc diff-Suc-1 diff-Suc-Suc mat-pow.simps(2)
nat-minus-as-int)
from Im S1 Suc.IH have S2: mat-pow (nat(int (Suc(n)) — int m)) (B b) =
mat-mul (B b) (mat-mul (mat-pow n (B b)) (mat-pow m (B-inv b))) by simp
from S2 mat-associativity mat2.exhaust have S3: mat-pow (nat(int (Suc(n))
— int m)) (B b) = mat-mul (mat-mul (B b) (mat-pow n (B b))) (mat-pow m (B-inv
b)) by metis
from S8 show #%thesis by simp
next case eqm
from egm have S1: nat(int (Suc(n))— int m) = 1 by auto
from S7 have S2: mat-pow (nat(int (Suc(n))— int m)) (B b) == B b by simp
from eqgm have S3: (mat-pow (Suc(n)) (B b)) = mat-mul (B b) (mat-pow m
(B b)) by simp
from S3 have 535: mat-mul (mat-pow (Suc(n)) (B b)) (mat-pow m (B-inv b))
= mat-mul (mat-mul (B b) (mat-pow m (B b))) (mat-pow m (B-inv b)) by simp
from mat2.ezhaust S35 mat-associativity have S4: mat-mul (mat-pow (Suc(n))
(B b)) (mat-pow m (B-inv b))
= mat-mul (B b) (mat-mul (mat-pow m (B b)) (mat-pow m (B-inv b))) by
smit
from congruence-inverse2 assms have S5: mat-mul (mat-pow m (B b)) (mat-pow
m (B-inv b)) = mat 1 0 0 1 by simp
have S6: mat-mul (B b) (B-inv b) = mat 1 0 0 1 using ID-def B-inverse by
auto
from S5 S6 egm have S7: mat-mul (mat-pow n (B b)) (mat-pow m (B-inv b))
= mat 1 0 0 1 by metis
from S7 have S8: mat-mul (B b) (mat-mul (mat-pow n (B b)) (mat-pow m
(B-inv b))) == B b by simp
from eqm S2 S4 S8 show %thesis by simp
qed
qed

lemma congruence-jneg:

fixes b m jl :: nat

assumes b>2 and 2xlxm > j and j>=1

defines n = nat(int 2xlxm— int j)

shows A b n = mat-mul (mat-pow | (mat-pow 2 (A b m))) (A-inv b j)
proof—

from A-pow assms(1) have Abm2: A b n = mat-pow n (B b) by simp

from Abm2 n-def have Bn: A b n = mat-pow (nat(int 2xlxm— int j)) (B b) by
stmp

from Bn congruence-mult assms(1) assms(2) have Bn2: A b n = mat-mul
(mat-pow (2xlxm) (B b)) (mat-pow j (B-inv b)) by fastforce

from assms(1) assms(8) congruence-inverse Bn2 add.commute le-Suc-ex have
Bn3: A b n = mat-mul (mat-pow (2xlxm) (B b)) (A-inv b j) by smt

from Bn3 A-pow assms(1) mult.commute B.simps mat-exp-law-mult have as3:

40



A b n = mat-mul (mat-pow | (mat-pow 2 (A b m))) (A-inv b j) by metis

from as3 A-pow add.commute assms(1) mat-exp-law mat-exp-law-mult show
?thesis by simp
qed

lemma matriz-congruence:

fixes Y Z :: mat2

fixes b m j I :: nat

assumes b>2

defines X = mat-mul Y 7

defines a = mat-11 Y and b0= mat-12 Y and ¢ = mat-21 Y and d = mat-22
Y

defines ¢ = mat-11 Z and f = mat-12 Z and g = mat-21 Z and h = mat-22 7

defines v=a b (m+1) — a b (m—1)

assumes a mod v = al mod v and b0 mod v = bl mod v and ¢ mod v = c1 mod
vand d mod v = dI mod v

shows mat-21 X mod v = (cIxe+dIxg) mod v A mat-22 X mod v = (clxf+
d1xh) mod v (is 2P N ?Q))
proof —

from X-def mat2.exhaust-sel c-def e-def d-def g-def have P1: mat-21 X =

(cxe+dxg)
using mat2.sel by auto

from assms(14) mod-mult-cong have P2: (cxe) mod v = (c¢1xe) mod v by blast

from assms(15) mod-mult-cong have P3: (d+g) mod v = (d1*g) mod v by blast

from P2 P3 mod-add-cong have Pj: (cxe+dxg) mod v = (cl*xe+dl*g) mod v
by blast

from PI1 P/ have F1: ?P by simp

from X-def mat2.ezhaust-sel c-def f-def d-def h-def mat2.sel(4) mat-mul.simps
have QI: mat-22 X = (cxf+dxh) by metis
from assms(14) mod-mult-cong have Q2: (cxf) mod v = (c1xf) mod v by blast
from assms(15) mod-mult-cong have Q3: (dxh) mod v = (d1xh) mod v by blast
from Q1 Q2 Q3 mod-add-cong have F2: ?Q) by fastforce
from F1 F2 show ?thesis by auto

qed

3.38

lemma congruence-Abm:

fixes b m n :: nat

assumes b>2

defines v=a b (m+1) — a b (m—1)

shows (mat-21 (mat-pow n (mat-pow 2 (A b m))) mod v = 0 mod v)

A (mat-22 (mat-pow n (mat-pow 2 (A b m))) mod v = ((—1)"n) mod v) (is ?P
n A ?Qmn)
proof (induct n)
case (

from mat2.ezhaust have S1: mat-pow 0 (mat-pow 2 (A bm)) = mat 1 00 1
by simp
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thus ?case by simp
next
case (Suc n)
define Z where Z = mat-pow 2 (A b m)
define Y where Y = mat-pow n Z
define X where X = mat-mul Y Z
define ¢ where ¢ = mat-21 Y
define d where d = mat-22 Y
define e¢ where e = mat-11 7
define f where f = mat-12 7
define g where g = mat-21 7
define h where h = mat-22 Z
define dI where d1 = (—1)"n mod v
from d-def di-def Z-def Y-def Suc.hyps have S1: d mod v = dI mod v by simp
from matriz-congruence assms(1) X-def v-def c-def d-def e-def d1-def g-def S1
have 52: mat-21 X mod v = (cxe+d1*g) mod v by blast
from Z-def Y-def c-def Suc.hyps have S3: ¢ mod v = 0 mod v by simp
consider (eq0) m = 0| (¢0) m>0 by blast
hence 54: g mod v = 0
proof cases
case eql
from eq0 have S1: A b m = mat 1 0 0 1 using A.simps by simp
from S1 Z-def div-8252 g-def show ?thesis by simp
next
case g0
from ¢0 A.elims neq0-conv
have S1: Abm=mat (a b (m+ 1)) (—(abm)) (e« bm) (—(a b (m — 1)))
by metis
from S1 assms(1) mat2.sel(3) mat-mul.simps mat-pow.simps
have S2: mat-21 (mat-pow 2 (A b m)) = (a b m)x(a b (m+1)) + (—a b
(m—1))*(a b m)
by (auto)
from S2 g-def Z-def g0 A.elims neq0-conv
have 53: g = (a b (m+1))*(ax b m)— (o b m)x(a b (m—1)) by simp
from S3 g-def v-def mod-mult-self1-is-0 mult.commute right-diff-distrib show
?thesis by metis
qged
from S2 53 S/ Z-def div-3252 g-def mat2.exhaust-sel mod-0 have F1: ¢P (Suc(n))
by metis

from d-def d1-def Z-def Y-def Suc.hyps have Q1: d mod v = d1 mod v by simp
from matriz-congruence assms(1) X-def v-def c-def d-def f-def d1-def h-def S1
have Q2: mat-22 X mod v = (cxf+d1+h) mod v by blast
from Z-def Y-def c-def Suc.hyps have Q3: ¢ mod v = 0 mod v by simp
consider (eq0) m = 0| (¢0) m>0 by blast
hence Q4: h mod v = (—1) mod v
proof cases

case eql

from eq0 have S1: A b m = mat 1 0 0 1 using A.simps by simp
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from eq0 v-def have S2: v = 1 by simp
from S1 S2 show ?thesis by simp
next
case g0
from g0 A.elims neg0-conv have S1: A b m = mat (o« b (m + 1)) (—(a b m))
(e« bm) (—(a b (m — 1))) by metis
from S1 A-pow assms(1) mat2.sel(4) mat-exp-law mat-exp-law-mult mat-mul.simps
mult-2
have $2: mat-22 (mat-pow 2 (A b m)) = (o b m)*x(—(a b m)) + (—(a b (m
— 1))x(=(a b (m — 1))
by auto
from S2 Z-def h-def have S3: h = —(a b m)x(ac b m) + (a b (m — 1))*x(a b
(m — 1)) by simp
from v-def add.commute diff-add-cancel mod-add-self2 have Si: (a b (m — 1))
mod v = a b (m+1) mod v by metis
from S3 S4 mod-diff-cong mod-mult-left-eq mult.commute mult-minus-right
uminus-add-conv-diff
have S5: h mod v = (—(a b m)x(a b m) + (a b (m — 1))x(a b (m + 1)))
mod v by metis
from One-nat-def add.right-neutral add-Suc-right a.elims diff-Suc-1 g0 le-imp-less-Suc
le-simps(1) neq0-conv Suc-diff-1 alpha-n
have S6: a b (m + 1) =bx (a bm)— a b (m—1)
by (smt Suc-eq-plusl Suc-pred’ a.elims alpha-superlinear assms(1) g0 nat.inject
of-nat-0-less-iff of-nat-1 of-nat-add)
from S6 have S7: (a b (m — 1))x(a b (m + 1)) = (int b) * (a b (m—1) * («
bm)) — (@b (m—1))"2
proof —
have f1: Vi ia. — ((ia::int) * i) = ia * — i by simp
have Vi ia @b ic. (ic::int) * (ib % {a) + ib x { = ib x (ic * ia + i) by (simp
add: distrib-left)
thus ?thesis using f1 by (metis S6 ab-group-add-class. ab-diff-conv-add-uminus
power2-eq-square)
qed
from S7 have S8: (—(a b m)x(ac bm) + (« b (m — 1))x(a b (m + 1)))
= —Ix(a b (m—1))"2 4 (int b) * (a b (m—1) * (a b m)) — (o b m) 2 by
(simp add: power2-eq-square)
from alpha-det2 assms(1) g0 have S9: —Ix(a b (m—1))"2 + (int b) * (a b
(m—1) * (¢ bm)) — (e b m)"2 =—1 by smt
from S5 S8 S9 show ?thesis by simp
qed
from Q2 Q3 Q4 Suc-eq-plusi add.commute add.right-neutral d1-def mod-add-right-eq
mod-mult-left-eq mod-mult-right-eq mult.right-neutral
mult-minus1 mult-minus-right mult-zero-left power-Suc have Q5: mat-22 X mod
v=(—1)(n+1) mod v by metis
from Q5 Suc-eq-plusl X-def Y-def Z-def mat-exp-law mat-exp-law-mult mult.commute
mult-2 one-add-one have F2: 7Q) (Suc(n)) by metis
from F1 F2 show ?case by blast
qed

3.36 requires two lemmas 361 and 362
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lemma 361:

fixes b m j I :: nat

assumes b>2

defines n = 2xlxm + j

defines v=a b (m+1) — a b (m—1)

shows (a b n) mod v = ((—1)"1* a b j) mod v
proof —

define Y where Y = mat-pow | (mat-pow 2 (A b m))

define Z where Z = A b j

define X where X = mat-mul Y Z

define ¢ where ¢ = mat-21 Y

define d where d = mat-22 Y

define e where e = mat-11 Z

define g where g = mat-21 Z

define df where dI = (—1)71 mod v

from congruence-Abm assms(1) d-def v-def Y-def d1-def have S0: d mod v =
d1 mod v by simp-all

from matriz-congruence assms(1) X-def v-def c-def d-def e-def d1-def g-def SO
have S1: mat-21 X mod v = (cxe+d1+g) mod v by blast

from congruence-Abm d1-def v-def mod-mod-trivial have S2: d1 mod v = (—1)"1
mod v by blast

from congruence-Abm Y-def assms(1) c-def v-def have S3: ¢ mod v = 0 by
stmp

from Z-def g-def A.elims a.simps(1) mat2.sel(3) mat2.ezhaust have S4: g = «
b j by metis

from A-pow assms(1) mat-exp-law mat-exp-law-mult mult-2 mult-2-right n-def
X-def Y-def Z-def have S5: A b n = X by metis

from S5 A.elims a.simps(1) mat2.sel(3) Z-def Y-def have S6: mat-21 X = «
b n by metis

from S2 538 54 56 S1 add.commute mod-0 mod-mult-left-eq mod-mult-self2 mult-zero-left
zmod-eq-0-iff show ?thesis by metis
qed

lemma 362:
fixes b m jl :: nat
assumes b>2 and 2xlxm > j and j>=1
defines n = 2xlxm — j
defines v=a b (m+1) —a b (m—1)
shows (a b n) mod v=—((—1)"1* «a bj) mod v
proof —
define Y where Y = mat-pow | (mat-pow 2 (A b m))
define Z where Z = A-inv b j
define X where X = mat-mul Y Z
define ¢ where ¢ = mat-21 Y
define d where d = mat-22 Y
define e where e = mat-11 Z
define g where g = mat-21 7
define dI where dI = (—1)"1 mod v
from congruence-Abm assms(1) d-def v-def Y-def d1-def have S0: d mod v =
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d1 mod v by simp-all

from matriz-congruence assms(1) X-def v-def c-def d-def e-def d1-def g-def SO
have S1: mat-21 X mod v = (cxe+d1+g) mod v by blast

from congruence-Abm d1-def v-def mod-mod-trivial have S2: d1 mod v = (—1)"1
mod v by blast

from congruence-Abm Y-def assms(1) c-def v-def have S3: ¢ mod v = 0 by
stmp

from Z-def g-def have S/: g = — « b j by simp

from congruence-jneg assms(1) assms(2) assms(8) n-def X-def Y-def Z-def have
S5: A bn =X by (simp add: nat-minus-as-int)

from S5 A.elims a.simps(1) mat2.sel(8) Z-def Y-def have S6: mat-21 X = «
b n by metis

from S2 538 54 56 S1 add.commute mod-0 mod-mult-left-eq mod-mult-self2 mult-minus-right
mult-zero-left zmod-eq-0-iff show ?thesis by metis
qed

Equation 3.36

lemma 36:
fixes b m jl :: nat
assumes b>2
assumes (n=2xlsxsm+jV(n=2x1lsm—jA2xlxm>j ANj>1))
defines v=a b (m+1) — a b (m—1)
shows (a bn) modv=abjimodvV (abn) modv=—abjmodv using
assms(2)
apply(auto)
subgoal using 361 assms(1) v-def
apply(cases even [ )
by simp+
subgoal using 362 assms(1) v-def
apply(cases even )
by simp+
done

2.1.9 Diophantine definition of a sequence alpha

definition alpha-equations :: nat = nat = nat
= nat = nat = nat = nat = nat = nat = nat = nat =

bool where

alpha-equations a b ¢ rstuvwzy = (

—341b> 3 A

—342u 2+t 2=1+bxuxtA

— 343824+ 1r " 2=1+b*xsxrA

— 344 r<sA

— 345 u ~ 2 dvd s A

— 346 v+ 21 =(b) xsA

— 3.47 w mod v = b mod v N\

— 3.48 w mod u = 2 mod u A

—349 2 < w A

—350z 24y " 2=14+ wxzr*xyA
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— 35l 2*xa<uA
—3522%xa<vA
— 3.53 a mod v = x mod v N\
— 354 2xc<uAN
— 3.55 ¢ mod u = x mod u)

The sufficiency

lemma alpha-equiv-suff:
fixes a b c::nat
assumes dr st u v wzxy. alpha-equations abcrstuvwzy
shows 3 < b Ainta= (abc)
proof —
from assms obtain r s t u v w z y where eq: alpha-equations a b crstuvw
z y by auto
have 41: b > & using alpha-equations-def eq by auto
have 42: v 2 +t "2 =1 +bxu=x*xt using alpha-equations-def eq by auto
have 4/3: s2 +r "2 =1+ bx*s*r using alpha-equations-def eq by auto

have 4/: 1r < s using alpha-equations-def eq by auto
have /5: u ~ 2 dvd s using alpha-equations-def eq by auto
have 46: v+ 2 xr=>b=xs using alpha-equations-def eq by auto
have /7: w mod v = b mod v using alpha-equations-def eq by auto
have 48: w mod v = 2 mod u using alpha-equations-def eq by auto
have 49: 2 < w using alpha-equations-def eq by auto
have 50: z =2 +y 2 =1+ w * z *x y using alpha-equations-def eq by auto
have 51: 2 x a < u using alpha-equations-def eq by auto
have 52: 2 x a < v using alpha-equations-def eq by auto
have 53: a mod v = x mod v using alpha-equations-def eq by auto
have 5/: 2 x c < u using alpha-equations-def eq by auto
have 55: int ¢ mod u = x mod u using alpha-equations-def eq by auto

have b > 2 using <b>3)> by auto
have v > 0 using 51 by auto

Equation 3.56

have 3 k. u = a b k using 42 alpha-char-eq2 by (simp add: <2 < by power2-eq-square)
then obtain £ where 56: u = « b k by auto

Equation 3.57

have I3m. s =a bm A r=a b (m—1) using 43 44 alpha-char-eq[of r s b]
diff-Suc-1
by (metis power2-eq-square)
then obtain m where 57: s =a bm A r=a b (m—1) by auto

have m-pos: m # 0 using 44 57 not-less-eq by fastforce
have alpha-pos: a b m > 0 using 44 57 by linarith

Equation 3.58
have 3n. z = o wn using 50 alpha-char-eq2 by (simp add: 49 power2-eq-square)
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then obtain n where 58: z = a w n by auto

Equation 3.59

have 3lj. (n=2*lsm+jVn=2xlxm—jA2xlxm>jANj>1)
ANj<m
proof —
define ¢ where ¢ = n mod m
obtain p where p-def: n = p x m + ¢q using mod-div-decomp q-def by auto
have q1: ¢ < m using 44 57
by (metis diff-le-self le-0-eq le-simps(1) linorder-not-le mod-less-divisor nat-int
g-def)
consider (c¢1) even p | (¢2) odd p by auto
thus ?thesis
proof (cases)
case cl
thus “thesis using p-def q1 by blast
next
case c2
obtain d where p=2xd+1 using c2 oddE by blast
define [ where I=d+1
hence jpt: [>0 by simp
from <p=2xd+1> I-def have c21: p=2xl—1 by auto
have ¢22: n=2xlxm—(m—q)
by (metis Nat.add-diff-assoc2 add.commute c21 diff-diff-cancel diff-le-self jpt
mult-eq-if
mult-is-0 neq0-conv p-def q1 zero-neg-numeral)
thus ?thesis using diff-le-self
by (metis add.left-neutral diff-add-inverse2 diff-zero less-imp-diff-less mult.right-neutral

mult-eq-if mult-zero-right not-less zero-less-diff)
qed
qed

then obtain [ j where 59: (n=2x%lsxm+jVn=2xlxm—jA2xlx
m>jAj>1)Aj<mby auto

Equation 3.60

have 60: u dvd m
using 45 56 57 divisibility-alpha2[of b m k] <b>2»
by (metis dvd-trans dvd-triv-right int-dvd-int-iff m-pos neq0-conv of-nat-power)

Equation 3.61

have 61: v=a b (m+1)— a b (m—1)
proof—
have v = bx(a b m) — 2x(a b (m—1)) using 46 57 by (metis add-diff-cancel-right’
mult-2 of-nat-add of-nat-mult)
thus ?thesis using alpha-n[of b m—1] m-pos by auto
qed
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Equation 3.62.1

have a mod v = a b n mod v using 53 58 47 congruence[of w v b n] by (simp
add: zmod-int)

hence a mod v = a b jmod vV a mod v=—a b jmod v using 36[of b] 61 59
<2 < b by auto

hence 62: v dvd (a+ a b j) V v dvd (a — « b j) using mod-eq-dvd-iff zmod-int
by auto

Equation 3.63

have 631: 2xa b j < 2% a b m using 59 alpha-strictly-increasing-general[of b j
m] <2 < by by force

have b — 2 > 2 using 41 by simp
moreover have o b m > 0 using 44 57 by linarith
ultimately have 652: 2 x a bm < (b — 2) x a b m by auto

have (b — 2)xabm=bxabm— 2x o bmusing 2 < b
by (simp add: int-distrib(4) mult.commute of-nat-diff)
moreover have bxabm — 2x abm <bsxabm— 2*ab(m— 1) using
44 57 by linarith
ultimately have 635: (b — 2) xabm <bxabm—2*ab(m— 1) by
auto

have 634: bxabm — 2+ ab(m — 1) = v using 61 alpha-n[of b m—1] m-pos
by simp

have 63: 2xa b j < v using 631 632 633 634 by auto

Equation 3.64

hence 64: a=a bj
proof(cases 0 < a + a b j)
case True
moreover have a + a b j < v using 52 63 by linarith
ultimately show ¢thesis using 62
apply auto
subgoal using zdvd-not-zless by blast
subgoal
by (smt <2 < by alpha-superlinear dvd-add-triv-left-iff negative-zle zdvd-not-zless)
done
next
case Fulse
hence j = 0 using <2 < b alpha-strictly-increasing-general by force
thus ?thesis using Fualse by auto
qed

Equation 3.65

have 65: ¢ mod v = n mod u

48



proof —
have ¢ mod u = o w n mod u using 55 58 zmod-int by (simp add: )

moreover have ... = n mod u using 48 alpha-linear congruence zmod-int by
presburger
ultimately show ?thesis by linarith
qed

Equation 3.66

have 2 x j < 2xabjAN2xa<u
using 51 alpha-superlinear <b>2) by auto
hence 66: 2xj < u using 64 by linarith

Equation 3.67
have 652: u dvd (n+j) V u dvd (n—j) using 60 59 by auto

hence ¢ = j using 66 54
proof—
have ¢ + j < u using 66 54 by linarith
thus ?thesis using 652
apply auto
subgoal
by (metis 65 add-cancel-right-right dvd-eq-mod-eq-0 mod-add-left-eq mod-if
not-add-less2 not-gr-zero)
subgoal
by (metis 59 60 65 66 Nat.add-diff-assoc2 «Jc + j < u; u dvd n + j] = ¢
=
add-diff-cancel-right’ add-lessD1 dvd-mult le-add2 le-less mod-less
mod-nat-eql mult-2)
done
qed

show ?thesis using «b>3» 64 <c=j» by auto
qed

3.7.2 The necessity

lemma add-mod:
fixes p q :: int
assumes p mod 2 = 0 g mod 2 = 0
shows (p+q) mod 2 = 0 A (p—q) mod 2 = 0
using assms(1) assms(2) by auto

lemma one-odd:
fixes b n :: nat
assumes b>2
shows (a bn) mod 2 =1V (a b (n+1)) mod 2 = 1
proof (rule ccontr)
assume asm: ~(abnmod 2 =1V ab(n+1)mod?2=1)
from asm have stepl: (¢ bnmod 2 =0 Aab(n+ 1) mod 2 = 0) by simp
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from step! have si: (o bn)"2mod 2 = 0 A (a b (n+1))"2 mod 2 = 0 by
auto
from step! have s2: (int b)x(a b n)x(a b (n+1)) mod 2 = 0 by auto
from s! have s3: ((a b (n+1))72 + (o b n)"2) mod 2 = 0 by auto
from s2 s3 add-mod have sj: ((a b (n+1))72 + (a b n)"2 — (int b)*((a b
n)x(a b (n+1)))) mod 2 = 0
by (simp add: Groups.mult-ac(2) Groups.mult-ac(3))
have s5: (o b (n+1)) 24+(a b n) 2—(int b)*((a b n)*(av b (n+1)))=(a b
(n+1))72—(int b)*(a b (n+1)*(cx b n))+(ax b n) "2 by simp
from s4 s5 have s6: ((a b (n+1))"2—(int b)*(a b (n+1)*(a b n))+(cx b n)"2)
mod 2 = 0
proof —
have f1: (a b (n + 1))2 —intbx (ab(n+ 1)*xabn)=(ab(n+ 1))?*+
— I x(intb*x(ab(n+1)*abn))
by simp
have f2: (a b (n+ 1))2 4+ — 1 % (int b x (a b (n + 1) x a b n)) + (a b n)?
=(abn+ 1)+ (@bn)?+—1x(intbx(abn*ab((n+ 1))
by simp
have (¢ b (n+ 1))2 + (abn)?> + — 1 % (intb*x (abnxab(n+ 1))
mod 2 = 0
using s4 by fastforce
thus ?thesis using f2 f1 by presburger
qed
from s6 alpha-detl show False by (simp add: assms mult.assoc)
qed

lemma oneodd:
fixes b n :: nat
assumes b>2
shows odd (« b n) = True V odd (o b (n+1)) = True
using assms odd-iff-mod-2-eq-one one-odd by auto

lemma cong-solve-nat: a # 0 = Fz. (a*xz) mod n = (ged a n) mod n
for a n :: nat
apply (cases n=0)
apply auto
apply (insert bezout-nat [of a n], auto)
by (metis mod-mult-self])

lemma cong-solve-coprime-nat: coprime (a:nat) (n:nat) = Jz. (a*xz) mod n =
1 mod n
using cong-solve-nat[of a n] coprime-iff-gcd-eq-1[of a n] by fastforce

lemma chinese-remainder-aux-nat:

fixes m1 m2 :: nat

assumes a:coprime mil m2

shows 3b1 b2. b1 mod m1 = 1 mod m1 N bl mod m2 = 0 mod m2 A b2 mod
ml = 0 mod m1 A b2 mod m2 = 1 mod m2
proof —
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from cong-solve-coprime-nat [OF a] obtain z1 where 1: (ml*zl) mod m2 =
1 mod m2 by auto
from a have b: coprime m2 m1
by (simp add: coprime-commute)
from cong-solve-coprime-nat [OF b] obtain 22 where 2: (m2xz2) mod m1 =
1 mod m1 by auto
have (m1*z1) mod m1 = 0 by simp
have (m2x1z2) mod m2 = 0 by simp
show ?thesis using 1 2
by (metis mod-0 mod-mult-self1-is-0)
qged

lemma cong-scalar2-nat: a mod m = b mod m = (kxa) mod m = (k+b) mod m
for a b k :: nat
by (rule mod-mult-cong) simp-all

lemma chinese-remainder-nat:
fixes m1 m2 :: nat
assumes a: coprime ml m2
shows Jz. £ mod m1 = ul mod mI A x mod m2 = u2 mod m2
proof —
from chinese-remainder-auz-nat [OF o] obtain b1 b2 where bl mod m1 = 1
mod ml and b1 mod m2 = 0 mod m2 and
b2 mod m1 = 0 mod m1 and b2 mod m2 = 1 mod m2 by force
let 2z = ul*bl+u2xb2
have ?z mod m1 = (ulx1+u2x0) mod m1
apply (rule mod-add-cong)
apply(rule cong-scalar2-nat)
apply (rule <b1 mod m1 = 1 mod m1»)
apply(rule cong-scalar2-nat)
apply (rule «b2 mod m1 = 0 mod m1»)
done
hence 1:%z mod m1 = ul mod m1 by simp
have %z mod m2 = (ul*0+u2x1) mod m2
apply (rule mod-add-cong)
apply(rule cong-scalar2-nat)
apply (rule <b1 mod m2 = 0 mod m2))
apply(rule cong-scalar2-nat)
apply (rule «b2 mod m2 = 1 mod m2))
done
hence 7z mod m2 = u2 mod m2 by simp
with 1 show ?thesis by blast
qed

lemma nat-int1: V (w:nat) (uzint).u>0 = (w mod nat w = 2 mod nat u = int
w mod u = 2 mod u)

by blast

lemma nat-int2: V (w:nat) (b::nat) (viint).u>0 = (w mod nat v = b mod nat
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v => int w mod v = int b mod v)
by (metis mod-by-0 nat-eq-iff zmod-int)

lemma lem:

fixes u t::int and b::nat

assumes u 2—int bxuxt+t 2=1 u>0t>0

shows (nat u) "2+ (nat t) "2=1+bx(nat u)*(nat t)
proof —

define U where U=nat u

define T where T=nat t

from U-def T-def assms have UT: int U=u A int T = t using int-eq-iff by
blast

from UT have UT1: int (bxUxT) = bxuxt by simp

from UT have UT2: int (U 24T 2)=u"2+t"2 by simp

from UT2 assms have sth: int (U 2+ T 2)>bxuxt by auto

from sth assms have sth1: U 2+ T 2>bxUxT using UT1 by linarith

from sth! of-nat-diff have sth2: int (U 24T 2—bxUxT) = int (U 2+T72) —
int (bxUxT) by blast

from UT1 UT2 have UT3: int (U 2+ T72)—int (bxUxT)=u"2+t"2—bxuxt by
stmp

from sth2 UTS assms have sthy: int (U 2+ T 2—bxUxT) = 1

by linarith

from sth have sths: U 2+ T 2—bxUxT=1 by simp

from sths have sth6: U 2+ T 2=1+bxUxT by simp

show ?thesis using sth6 U-def T-def by simp
qged

The necessity

lemma alpha-equiv-nec:
b>3ANa=abc= 3Irstuvwzy. alpha-equations abcrstuvwzy
proof —
assume assms: b > 3 Na=abc
have s1: 3 (k::nat) (uzint) (t:xint).u=a b k A odd u = True A 2xint a<u A u<t
A u"2—(int b)xuxt+t 2=1 AN k>0 ANt =a b (k+1)
proof —
define j::nat where j=2%(a)+1
have rd: j>0 by (simp add: j-def)
consider (c¢!) odd (a b j) = True | (¢2) odd (a b (j+1)) = True
using assms oneodd by fastforce
thus ?thesis
proof cases
case cl
define k::nat where k=j
define u::int where u=a b k
define t::int where t=a b (k+1)
have stp: k>0 by (simp add: k-def j-def)
from alpha-strictly-increasing assms have abc: u<t by (simp add: u-def t-def)
have c11: odd uw = True by (simp add: cl k-def u-def)
from alpha-det! u-def t-def alpha-det2 assms(1) have bed: u”2—(int b)xuxt+t 2=1
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by (metis (no-types, lifting) One-nat-def Suc-1 Suc-less-eq add-diff-cancel-right’
add-gr-0 less-Suc-eq mult.assoc numeral-3-eq-3)
have c12: int k>2xa by (simp add: k-def j-def)
from alpha-superlinear c12 have c13: 2xa<u
by (smt add-lessD1 assms(1) numeral-Bitl numeral-One one-add-one u-def)
from c11 ¢18 k-def u-def t-def abc bed stp show ?thesis by auto
next
case c2
define k::nat where k=j+1
define u::int where u=a b k
define t::int where t=a b (k+1)
have stc: k>0 by (simp add: k-def j-def)
from alpha-strictly-increasing assms have abc: u<t by (simp add: u-def t-def)
from c2 k-def u-def have c21: odd v = True by auto
from alpha-det! u-def t-def alpha-det2 assms(1) have bed: u”™2—(int b)xuxt+t 2=1
by (metis (no-types, lifting) One-nat-def Suc-1 Suc-less-eq add-diff-cancel-right’
add-gr-0 less-Suc-eq mult.assoc numeral-3-eq-3)
have ¢22: int k>2xa by (simp add: k-def j-def)
from alpha-superlinear c22 have c23: 2xa<u
by (smt add-lessD1 assms(1) numeral-Bitl numeral-One one-add-one u-def)
from c21 ¢28 abc bed k-def u-def t-def show %thesis by auto
qed
qed
then obtain £ u t where u=a b k A odd u = True A 2xint a<u A u<t A
u 2—(int b)xuxt+t"2=1 AN k>0 A t=«a b (k+1) by force
define m where m=(nat u)*k
define s where s=a b m
define r where r=a b (m—1)
note udef = «u =a bk Aoddu= True AN 2 xinta <uAu<tAu?—inth
xuxt+t2=1AN0<kANt=ab(k+tl)
from assms have s211: int b > 8 by simp
from assms alpha-superlinear have a354: c<a
by (simp add: nat-int-comparison(3))
from a354 udef have 354: 2% int c<u by simp
from alpha-superlinear s211 m-def udef have rd: o« b k > int k by simp
from alpha-strictly-increasing s211 sl m-def s-def udef r-def have s212: « b
(m—1)<abm
by (smt One-nat-def Suc-pred nat-0-less-mult-iff zero-less-nat-eq)
from s212 r-def s-def have 344: r<s by simp
from alpha-det2 assms s-def r-def m-def have s22: r"2—int bxrxs+s 2=1 by
(smt One-nat-def Suc-eq-plus1 udef add-lessD1
alpha-superlinear mult.assoc nat-0-less-mult-iff numeral-3-eq-3 of-nat-0
of-nat-less-iff one-add-one zero-less-nat-eq)
from s22 have 343: s~ 2—int bxsxr+r 2=1 by algebra
from m-def udef have zyz: (int k)+(a b k) dvd (int m) A k dvd m by simp
from zyz divisibility-alpha2 have wxyz: (o b k)x(a b k) dvd (o b m) by (smt
assms dvd-mult-div-cancel int-nat-eq less-imp-le-nat m-def mult-pos-pos neq0-conv
not-less not-less-eq numeral-2-eq-2 numeral-3-eq-3 of-nat-0-less-iff power2-eq-square
udef)
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from wzyz udef s-def have 345: w2 dvd s by (simp add: power2-eq-square)
define v where v = bxs—2xr
from v-def s-def r-def alpha-n have 370: v=a b (m+1) — a b (m—1)
by (smt Suc-eq-plus! add-diff-inverse-nat diff-Suc-1 neq0-conv not-less-eq s212
zero-less-diff)
have 371: v = bxa b m — 2xa b (m—1) using v-def s-def r-def by simp
from alpha-strictly-increasing assms m-def udef have asd: o b m > 0
by (smt Suc-pred nat-0-less-mult-iff s211 zero-less-nat-eq)
from assms asd 371 have 372: v>/xa b m —2*a b (m—1) by simp
from 372 assms have 373: v>2xa b m A 4xa bm —2%a b (m—1) > 2xa b m
using s212 by linarith
from 373 assms alpha-superlinear have 374: 2xa b m > 2xm A v>2xm
by (smt One-nat-def Suc-eg-plusl add-lessD1 distrib-right mult.left-neutral nu-
meral-3-eq-3 of-nat-add one-add-one)
from udef have prel: k>1 A u>1 using rd by linarith
from prel 374 m-def have pre2: m>u by simp
from pre2 37/ have 375: 2«m>2xu A v>2xu by simp
from 375 udef have 376: 2xu>2xa N\ v>2xa using prel by linarith
have u-v-coprime: coprime u v
proof —
obtain d::nat where d: d = ged u v
by (metis gcd-int-def)
from <d = ged u v» have ddef: d dvd v A\ d dvd v by simp
from 345 ddef have stp1: d dvd s using dvd-mult-left dvd-trans s-def udef wxyz
by blast
from v-def stpl ddef have stp2: d dvd 2xr by algebra
from ddef udef have d-odd: odd d using dvd-trans by auto
have r2even: even (2x+r) by simp
from stp2 d-odd r2even have stp3: (2xd) dvd (2xr) by fastforce
from stp3 have stp4: d dvd r by simp
from stp! stp4 have stp5: d dvd s72 A d dvd (—int bxsxr) A d dvd "2 by
(simp add: power2-eq-square)
from stp5 have stp6: d dvd (s"2—int bxsxr+r"2) by simp
from 3483 stp6 have sitp7: d dvd 1 by simp
show ?thesis using stp7 d by auto
qed
have wdef: Jw::nat. int w mod v = 2 mod u A int w mod v = int b mod v A
w>2
proof —
from prel m-def have mg: m>1 by auto
from s-def r-def 844 have srg: s—r>1 by simp
from assms have bg: b>4 by simp
from bg have bsr: ((int b)xs—2xr)>(4*xs—2xr) using 372 r-def s-def v-def by
blast
have t1: v>242x%s using bsr srg v-def by simp
from s-def have sg: s>1 using asd by linarith
from sg t1 have t2: v>/ by simp
from u-v-coprime have u-v-coprimel:coprime (nat u) (nat v) using prel t2
using coprime-int-iff by fastforce
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obtain z::nat where z mod nat uw = 2 mod nat u A z mod nat v = b mod nat
v using chinese-remainder-nat u-v-coprimel by force
note zdef = <z mod nat v = 2 mod nat u A z mod nat v = b mod nat v
from t2 prel have t31: nat v>4 N nat u>1 by auto
from t31 have t3: nat vknat u>4 using mult-le-mono by fastforce
define w::nat where w=z+ nat uxnat v
from w-def t3 have t/: w>4 by (simp add: mult.commute)
have t51: (nat uxnat v) mod nat u = 0 A (nat uxnat v) mod nat v = 0 using
algebra by simp
from t51 w-def have t5: w mod nat v = z mod nat u by presburger
from t51 w-def have t6: w mod nat v = z mod nat v by presburger
from t5 t6 zdef have t7: w mod nat uw = 2 mod nat v A w mod nat v = b mod
nat v by simp
from t7 t31 have t8: int w mod v = 2 mod u A int w mod v = int b mod v
using nat-int1 nat-int2 by force
from t} t8 show ?thesis by force
qed
obtain w::nat where int w mod u = 2 mod u A int w mod v = int b mod v N
w>2 using wdef by force
note wd = <int w mod u = 2 mod u A int w mod v = int b mod v A w>2)
define z where z = a w ¢
define y where y = a w (c+1)
from alpha-det! wd z-def y-def have 350: x72—int wxzxy+y 2 =1 by (metis
add-gr-0 alpha-det2 diff-add-inverse2 less-one mult.assoc)
from z-def wd congruence have 353: a mod v = x mod v
by (smt 374 assms int-nat-eq nat-int nat-mod-distrib)
from congruence2 wd z-def have 379: x mod int (w—2) = int ¢ mod (int w—2)
using int-ops(6) zmod-int by auto
from wd have wc: u dvd (int w—2) using mod-diff-cong mod-eq-0-iff-dvd by
fastforce
from wc have wb: IkI. uxkl=int w—2 by (metis dvd-def)
obtain k7 where uxki=int w—2 using wb by force
note kldef = <uxkl=int w—2>»
define r1 where r1=int ¢ mod (int w—2)
from ri-def 379 have wa: r1 = z mod (int w—2)
using int-ops(6) wd by auto
obtain k2 where int ¢ = (int w—2)*xk2+r1 by (metis mult-div-mod-eq r1-def)
note k2def = <int ¢ = (int w—2)*xk2+r1)
from k2def k1def have a355: int ¢ = uxkl+k2+r1 by simp
from udef kldef k2def have bh: uxk1+k2 mod v = 0 by (metis mod-mod-trivial
mod-mult-left-eq mod-mult-self1-is-0 mult-eq-0-iff)
from a355 bh have b355: (uxkl*k2+r1) mod uw = rl mod u by (simp add:
mod-eq-dvd-iff)
from a355 0355 have ¢355: int ¢ mod u = r1 mod u by simp
from wa have waa: Ik3. z = k3*(int w—2)+r1 by (metis div-mult-mod-eq)
obtain k3 where z=k3x(int w—2)+r1 using waa by force
from kldef «x = k3x(int w—2)+r1> have d355: z=uxkl«k3+r1 by simp
from wudef kidef have ch: uxki1+k3 mod uw = 0 by (metis mod-mod-trivial
mod-mult-left-eq mod-mult-self1-is-0 mult-eq-0-iff)
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from d355 ch have e355: (uxklxk3+r1) mod v = rl mod u by (simp add:
mod-eq-dvd-iff)
from d355 e355 have f355: © mod w = r1 mod u by simp
from c355 f355 have 355: int ¢ mod u = = mod u by simp
from assms s1 wdef udef 343 344 345 v-def wd 350 376 353 354 355 have prefinal:
u 2—bxuxt+t 2=1 N s 2—bxskr+r 2=1 A r<s
A w2 dud s N\ bxs=v+2%xr A wmod v =>b mod v A wmodu= 2modu A
w>2 A 17 2—wxrky+y 2=1 A
2xa<u N\ 2%xa<v A a mod v = x mod v \ 2%c<u A ¢ mod u = = mod u by
fastforce
from alpha-strictly-increasing have s-pos: s>0 using asd s-def by linarith
define S where S=nat s
from alpha-strictly-increasing have r-pos: r>0 using asd r-def by (smt One-nat-def
Suc-1 alpha-superlinear assms(1) lessI less-trans numeral-3-eq-3 of-nat-0-le-iff)
define R where R=nat r
from wudef alpha-strictly-increasing have ut-pos:u>0 A t>0 using prel by linar-
ith
from assms have a-pos: a>0 using a354 by linarith
from a-pos have v-pos: v>0 using 376 by linarith
from z-def y-def have xy-pos: >0 N y>0 by (smt alpha-superlinear of-nat-0-le-iff
wd)
define U where U=nat u
define T where T=nat ¢
define V where V=nat v
define X where X=nat x
define Y where Y=nat y
from lem U-def T-def S-def R-def X-def Y-def prefinal have lem1: U 24+ T 2=1+bxUxT
NS 24+R2=1+bxSxR N X 24+ Y 2=14+wxX*Y using s-pos ut-pos r-pos zy-pos
by blast
from R-def S-def have lem2: R<S using r-def s-def r-pos s-pos using s212 by
linarith
from U-def S-def have lem3: U2 dvd S using 345 ut-pos s-pos
by (metis int-dvd-int-iff int-nat-eq of-nat-power)
have aq: int bxs>2xr using v-def v-pos by simp
from aq have aql: nat (int bxs) > nat (2xr) by simp
from s-pos r-pos assms have aq2: nat (int bxs) = bx(nat s) A nat (2xr) =
2x(nat r) by (simp add: nat-mult-distrib)
from aq! aq2 have aq3: bxS>2+R using S-def R-def by simp
from ag3 have ag{: int (bxS—2xR) = int (bxS)—int (2xR) using of-nat-diff
by blast
have ag5: int (bxS) = int bxint S A int (2xR) = 2xint R by simp
from aqf ag5 have aq6: int (bxS—2xR) = int bxs—2x+r using R-def S-def r-pos
s-pos by simp
from aqb v-def v-pos V-def have lemj: bxS—2xR = V by simp
from prefinal v-pos V-def ut-pos U-def zy-pos X-def a-pos have lem5: w mod V
=bmod VANwmod U= 2mod UAN amod V=X mod V A cmod U = X mod U
by (metis int-nat-eq nat-int of-nat-numeral zmod-int)
from a-pos ut-pos v-pos U-def V-def prefinal have lem6: 2xnat a<U N 2xnat
a<V A 2xc<U by auto
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from prefinal have lem7: w>2 by simp
have third-last: Vb svrinat. bx s=v + 2 x r < int (b xs) = int (v + 2 %
r) using of-nat-eg-iff by blast
have onemore: Vutb. u "2+t "2 =1+bsxuxt<+—intu_ 2+ intt "
2=1+1intbxintux*intt
by (metis (no-types) nat-int of-nat-1 of-nat-add of-nat-mult of-nat-power)
from lem1 lem2 lem3 lem4 lem5 lem6 lem7 third-last onemore show ?thesis
unfolding FExp-Matrices.alpha-equations-def|of a b c| apply auto
using assms apply blast
apply (rule exI[of - R], rule exI[of - S|, rule exI[of - T}, rule exI[of - U], simp)
apply (rule exI[of - V], simp)
apply (rule exI[of - w], simp)
apply (rule exI|of - X], simp)
using aq4 aqd lemb by auto
qed

2.1.10 Exponentiation is Diophantine

Equations 3.80-3.83

lemma 86:

fixes b r and g¢::int

definesm=bxq— qg*q— 1

shows (¢gxab(r+ 1) —abr)modm= (¢ (r+ 1)) modm
proof (induction 1)

case ()

show ?case by simp
next

case (Suc n)

from m-def have a0: (¢ * ¢ — bx g+ 1) mod m= ((—(g*xq—bx*xqg+ 1))
mod m + (¢ x g — bx* g+ 1) mod m) mod m by simp

have al: ... = 0 by (simp add:mod-add-eq)

from a0 al have a2: (¢ *x ¢ — b* ¢ + 1) mod m = 0 by simp

from a2 have 00: (bxqg— 1) modm = ((¢xqg—bxq+ 1) modm+ (bx*q
— 1) mod m) mod m by simp

have b1: ... = (¢ *x q¢) mod m by (simp add: mod-add-eq)

from b0 b1 have b2: (b ¢ — 1) mod m = (q * q) mod m by simp

have (¢ * (a b (Sucn + 1)) —a b (Suc n)) mod m = (g * (int b *xa b (Suc n)
—a bn) —a b (Sucn)) mod m by simp

also have ... = ((bx ¢ — 1) *a b (Suc n) — ¢ *a b n) mod m by algebra

also have ... = (((b* ¢ — 1) *a b (Suc n)) mod m — (g *a b n) mod m) mod
m by (simp add: mod-diff-eq)

also have ... = ((((b x ¢ — 1) mod m) * ((a b (Suc n)) mod m)) mod m — (q
xa b n) mod m) mod m by (simp add: mod-mult-eq)

also have ... = ((((¢ * q¢) mod m) * ((a b (Suc n)) mod m)) mod m — (q xa b
n) mod m) mod m by (simp add: b2)

also have ... = (((¢ * ¢) * (« b (Suc n))) mod m — (g *a b n) mod m) mod m

by (simp add: mod-mult-eq)
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also have ... = ((¢ * ¢) * (a b (Suc n)) — ¢ *a b n) mod m by (simp add:
mod-diff-eq)

also have ... = (¢ % (¢ * (o b (Suc n)) —a b n)) mod m by algebra

also have ... = ((¢ mod m) * ((¢ * (o b (Suc n)) —a b n) mod m)) mod m by
(simp add: mod-mult-eq)

finally have c0: (¢ * (o b (Suc n + 1)) —a b (Suc n)) mod m = ((¢ mod m)
((¢ * (o b (Suc n)) —a b n) mod m)) mod m by simp

from Suc.IH have c1: ... = ((¢ " (n + 2))) mod m by (simp add: mod-mult-eq)

from c0 c1 show ?case by simp
qged

This is a more convenient version of (86)

lemma 860:

fixes b r and q::int

defines m=bx*xq— q*q— 1

shows (¢ *abr — (intbxabr— ab(Sucr))) modm= (¢ " r) mod m
proof(cases r=0)

case True

then show ?thesis by simp
next

case Fulse

thus ?thesis using alpha-nlof b r—1] 86]of ¢ b r—1] m-def by auto
qged

We modify the equivalence (88) in a similar manner

lemma 88:

fixes b r p q:: nat

defines m = int b x int ¢ — int ¢ * int ¢ — 1

assumes int ¢ " r < mand ¢ > 0

shows intp=intq "r+—intp<m AN (¢gxabr—(intbxabr— ab
(Suc r))) mod m = int p mod m

using Frp-Matrices.860 assms(2) m-def by auto

lemma 89:
fixes r p q :: nat
assumes q > 0
defines b=nat (a (¢+4) (r+ 1)+ gxqg+ 2
defines m = int b x int ¢ — int q x int ¢ — 1
shows int ¢ ~r < m
proof —
have a0: int ¢ x int g — 2 x int ¢ + 1 = (int ¢ — 1) * (int ¢ — 1) by algebra
from assms have al: int q x int ¢ x int ¢ > int q¢ x int g by simp
from assms a0 al have a2: ... > (int ¢ — 1) = (int ¢ — 1) by linarith

from alpha-strictly-increasing have c0: « (¢ + 4) (r + 1) > 0 by simp
from c0 have cl: «a (¢ + 4) (r + 1) = int (nat (o (¢ + 4) (r + 1))) by simp

then have b1: (¢+3) " r < o (¢ + 4) (r + 1) using alpha-exponential-1[of
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q+3]
by (auto simp add: add.commute)
have b3: int ¢ ~r < (¢ + &) ~r by (simp add: power-mono)
also have b: ... < (¢ + 3) " r x int q using assms by simp
also from assms bl have b5: ... < a (¢+ 4) (r + 1) * int ¢ by simp
also from a2 have b6: ... < «a (¢+ 4) (r + 1) * int ¢ + int ¢ * int q¢ x int q
— (int ¢ — 1) % (int ¢ — 1) by simp

also have b7: ... =(a(¢+ 4) (r+ 1)+ int g*int ¢ + 2) * ¢ — int q % int
q — 1 by algebra

also from assms m-def have b8: ... = m using c! by auto

finally show ?thesis by linarith
qed
end

The final equivalence

theorem ezp-alpha:
fixes p ¢ r :: nat
shows p=q "r+— ((¢g=0Ar=0Ap=1)V
(q=0N0<TAp=0)V
(¢> 0 A (3bm.
b= Ezp-Matrices.a (¢ + 4) (r+ 1)+ qg*xqg+ 2 A
m=bxq—q*xqg—1AN
p<mA
p mod m = ((q x Exp-Matrices.c b r) — (int b * Exp-Matrices.a
br — Ezp-Matrices.a b (r + 1))) mod m)))
proof(cases ¢>0)
case True
show ?thesis (is 7P = ?Q)
proof (rule)
assume ?P
define b where b = nat (Exp-Matrices.a (¢ + 4) (r+ 1))+ ¢*x q+ 2
define m where m = int b x int ¢ — int q x int ¢ — 1
have sgl: int b = Exp-Matrices.c (¢ + 4) (Suc r) + int ¢ * int ¢ + 2 using
b-def
proof—
have 0 < (Ezp-Matrices.cc (¢ + 4) (r + 1)) using Fzp-Matrices.alpha-exponential-1[of
q+3 ]
apply (simp add: add.commute) using zero-le-power|of int ¢+8 r] by
linarith
then show ?thesis using b-def int-nat-eq(of (Exp-Matrices.oc (¢ + 4) (r +
1))] by simp
qed
have sg2: ¢ ~r < b * ¢ — Suc (¢ * q) using True Exp-Matrices.89|of q r]
of-nat-less-of-nat-power-cancel-iff [of ¢ v b * ¢ — Suc (q * q)]
b-def int-ops(6)[of b * q Suc (¢ * q)] of-nat-1 of-nat-add of-nat-mult
plus-1-eq-Suc by smt
have sg3: int (¢ ~ r mod (b x ¢ — Suc (¢ * q)))
= (int q¢ * Ezp-Matrices.a b r — (int b *x Exp-Matrices.a b r —
Exzp-Matrices.ac b (Suc 1))
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mod int (b * ¢ — Suc (q * q))
proof—
have int b % int ¢ — int ¢ x int ¢ — 1 = b * ¢ — Suc (g * q)
using <q¢ " r < b x ¢ — Suc (q x q)» int-ops(6) by auto
then show ?thesis using Fxp-Matrices.860[of ¢ b r] by (simp add: zmod-int)
qed
from sgl sg2 sg8 True show ?Q)
by (smt (verit) Suc-eq-plusI-left <p = ¢ ~r» add.commute diff-diff-eq of-nat-mult)
next
assume Q: ?Q (is ?A VvV ?BV ?2C)
thus 2P
proof (elim disjE)
show ?A — ?P by auto
show ?B —> ?P by auto
show C = %P
proof —
obtain b where b-def: int b = Fxp-Matrices.co (¢ + 4) (Suc r) + int ¢ *
int ¢ + 2 using @ True by auto
have prems3: p < b x ¢ — Suc (g * q) using @ True b-def apply (simp
add: add.commute) by (metis of-nat-eq-iff)
have prems4: int p = (int ¢ * Exp-Matrices.a b r — ((Exp-Matrices.a (g
+ 4) (Sucr) +
int ¢ x int ¢ + 2) x Exp-Matrices.c b r — Exp-Matrices.a b (Suc r))) mod
int (bx g — Suc (¢ * q))
using Q True b-def apply (simp add: add.commute) by (metis mod-less
of-nat-eq-iff)
define m where m = int b x int ¢ — int q x int ¢ — 1
have int ¢ ~r < int b x int ¢ — int ¢ * int ¢ — 1 using Fxp-Matrices.89[of
q r] b-def True
by (smt Ezp-Matrices.alpha-strictly-increasing One-nat-def Suc-eq-plusi
int-nat-eq nat-2
numeral-Bit0 of-nat-0-less-iff of-nat-add of-nat-mult one-add-one)
moreover have int p < m by (smt gr-implies-not0 int-ops(6) int-ops(7)
less-imp-of-nat-less
m-def of-nat-Suc of-nat-eq-0-iff prems3)
moreover have (int ¢ x Exp-Matrices.ac b r — (int b x Exp-Matrices.a b r
— Exp-Matrices.a b (Suc r))) mod m = int p mod m
using prems/ by (smt calculation(2) int-ops(6) m-def mod-pos-pos-trivial
of-nat-0-le-iff
of-nat-1 of-nat-add of-nat-mult plus-1-eq-Suc b-def)
ultimately show ?thesis using True Fxp-Matrices.88[of q r b p| m-def by
simp
qed
qed
qed
next
case Fulse
then show ?thesis by auto
qed
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lemma alpha-equivalence:

fixes a b ¢

shows 3 < b A int a = Exp-Matrices.a b ¢ +— (31 st uvwxy. Exp-Matrices.alpha-equations
abcecrstuvwzy)

using Fxp-Matrices.alpha-equiv-suff Exzp-Matrices.alpha-equiv-nec

by meson+

end

2.2 Diophantine description of alpha function

theory Alpha-Sequence
imports Modulo-Divisibility Exponentiation
begin

The alpha function is diophantine

definition alpha (\[- = « - -]» 1000)
where [X = o B N] = (TERNARY (Abnz. b > 3 Az = Exp-Matrices.ac b n)
BN X)

lemma alpha-dioph[dioph]:
fixes BN X
defines D = [X = a B N]
shows is-dioph-rel D
proof —
define 7 s t u v w x y where param-defs:
r == (Param 0) s == (Param 1) t == (Param 2) v == (Param 3) v ==
(Param 4)
w == (Param 5) v == (Param 6) y == (Param 7)
define B’ X’ N’ where pushed-defs: B'== (push-param B 8) X' == (push-param
X 8)
N’ == (push-param N 8)

define DRI where DRI = B’ [>] (Const 3) [A] (Const 1 [+] B [x] u [¥] t [=]
u["2] [+] [ 72])

define DR2 where DR2 = (Const 1 [+] B’ [¥] s [%] r [=] s[72] [+] r[72]) [A]
r[<]s

define DR3 where DR3 = (DVD (u["2]) s) [A] (v [+] (Const 2) [¥] r [=] B’
4] o)

define DR/ where DR/ = (MOD B’ v w) [A] (MOD (Const 2) u w) [A] (Const
2) <] w

define DR5 where DR5 = (Const 1 [+] w [¥] z [*] y [=] =[72] [+] y[72])

define DR6 where DR6 = (Const 2) [x] X' [<] u [A] (Const 2) [¥] X' [<] v

[A] (MOD xz v X') [A] (Const 2) [«] N’ [<] u [A] MOD z u N’

define DR where DR = [38] DRI [A] DR2 [A] DR3 [A] DR4 [A] DR5 [A] DR6
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note DR-defs = DR1-def DR2-def DR3-def DRj-def DR5-def DR6-def

have is-dioph-rel DR
unfolding DR-def DR-defs
by (auto simp: dioph)

moreover have eval D a = eval DR a for a
proof —
define z-ev b n where evaled-defs: xz-ev = peval X a b = peval B a n = peval
Na
have h: eval D a = (37 s t u v w x y:nat. Exp-Maltrices.alpha-equations x-ev b
nrstuvwzy)
unfolding D-def alpha-def evaled-defs defs using alpha-equivalence by simp

show ?thesis
proof (rule)
assume cval D a
then obtain r s t v v w x y :: nat where Fxp-Matrices.alpha-equations x-ev
bnrstuvwzy
using h by auto
then show eval DR a
unfolding evaled-defs Exp-Matrices.alpha-equations-def
unfolding DR-def DR-defs defs param-defs apply (auto simp: sq-p-eval)
apply (rule exI[of - [r, s, t, u, v, w, x, y]])
unfolding pushed-defs by (auto simp add: push-push[where ?n = 8|
push-list-eval)
next
assume cval DR a
then show eval D a

unfolding DR-def DR-defs defs param-defs apply (auto simp: sq-p-eval)
unfolding pushed-defs apply (auto simp add: push-push|[where ?n = 8]
push-list-eval)

unfolding h FEzp-Matrices.alpha-equations-def evaled-defs
subgoal for ks
apply (rule exl]of - ks!'0]) apply (rule exI|of - ks'1]) apply (rule exI|of

- ks!2])
apply (rule exI[of - ks!3]) apply (rule exl[of - ks!/]) apply (rule exI[of
- ks!5])
apply (rule exI[of - ks!6]) apply (rule exl[of - ks!7])
by simp-all
done
qed
qed

ultimately show %thesis
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by (auto simp: is-dioph-rel-def)
qed

declare alpha-def|defs)

end

2.3 Exponentiation is a Diophantine Relation

theory FExponential-Relation
imports Alpha-Sequence Exponentiation
begin

definition exp-equations :: nat = nat = nat = nat = nat = bool where
exp-equations p ¢ v b m = (b = Ezp-Matrices.c (¢ + 4) (r+ 1)+ g+ q+ 2 A
m+q¢2+1=bxqgAN
p<mAN
(p + b * Exp-Matrices.a b r) mod m = (q * Exp-Matrices.«
br +
Ezxp-Matrices.a b (r + 1))
mod m)

lemma exp-repr:

fixes p q r :: nat

shows p=q¢7r«— ((¢=0ANr=0ANp=1)V

(g=0N0<rAp=0)V
(¢ > 0 A (3bm :: nat. exp-equations p ¢ v b m))) (is 2P

— 7Q)
proof

assume P: 7P

consider (cI)g=0Ar=0Ap=1|(c2)qg=0N0<rAp=20](c3)q
>0 A
(3b m. b = Exp-Matrices.a (¢ + 4) (r+ 1)+ qgxqg+2Am=>bxq—
qxq— 1A
p < mApmodm = (q* Exp-Matrices.a b r — (b x Exp-Matrices.a b r —
Exzp-Matrices.cc b (r + 1))) mod m) using exp-alphalof p g r] P by auto
then show ?@) using P
proof cases
case cl
then show ?thesis by auto
next
case c2
then show ?thesis by auto
next
case c3
obtain b m where
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b-def: b = Exp-Matrices.a (¢ + 4) (r+ 1) 4+ ¢ * ¢ + 2 and
m=>bx%xq— q+*q— 1 and

p < m and

int (p mod m) = (int q¢ * Exp-Matrices.a b r — (int b x Exp-Matrices.a. b r

Exp-Matrices.a b (r 4+ 1))) mod int m
using exp-alphalof p q r] ¢3 by blast
then have exp-equations p g v b m unfolding exp-equations-def
apply (intro conjl, auto simp add: power2-eq-square) using mod-add-right-eq
by smt
then show ?thesis using c¢3 by blast
qed
next
assume 7@
then show 7P
proof (elim disjE)

show g=0AT=0Ap=1= p=q r by auto
show g=0AN0<rAp=0= p=q r by auto

assume prems: 0 < ¢ A (3b m. exp-equations p q r b m)
obtain b m where cond: exp-equations p q r b m using prems by auto

hence int b = Ezp-Matrices.c (¢ + 4) (r + 1) + int (¢ *x q) + 2 A
m=bxq—qxq—1Ap<m
unfolding exp-equations-def power2-eq-square by auto

moreover have int (p mod m) = (int q¢ x Exp-Matrices.cc b r —
(int b * Exp-Matrices.a b r — Ezp-Matrices.a b (r + 1)))
mod int m
using cond unfolding ezp-equations-def
using mod-diff-cong[of (p + b * Ezp-Matrices.a b r) m (q x Exp-Matrices.a
br +
Ezp-Matrices.a b (r + 1)) b x Exp-Matrices.a b r b x Ezp-Matrices.cc b r)
unfolding diff-diff-eq2 by auto
ultimately show p = ¢ ~ r using prems exp-alpha by auto
qged
qged

definition exp («[- = - ~-]» 1000)
where [Q = R ~ 5] = (TERNARY (Mabc.a=b"¢) QRS)

lemma exp-dioph|dioph]:
fixes P @ R :: polynomial
defines D = [P = Q " R]
shows is-dioph-rel D
proof —
define P’ Q' R’ where pushed-def:
P’ = (push-param P 5) Q' = (push-param @ 5) R’ = (push-param R 5)
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define b m a0 al a2 where params-def: b = Param 0 m = Param 1 a0 = Param

2
al = Param 3 a2 = Param 4

define S1 where S1 = [0=] Q [A] [0=] R [A] P [=] 1 |V]
[0=] @ [A] (Const 0) [<] R [A] [0=] P

define S2 where S2 = [a0 = a (Q' [+] (Const 4)) (R’ [+] 1)]
(Al b [=] (a0 [+] Q'72] [+] Const 2)

define S8 where S8 = (m [+] Q[ 2] [+] Const 1) [=] b [+] Q'
(A} P! [<] m

define S where S/ = [al = a b R]]
[A][a2 =a b (R'[+] 1

note S-defs = S1-def S2-def S3-def S4-def
define S where S = S1 [V] (Q [>] Const 0) [A] ([35] S2 [A] S8 [A] S4)

have is-dioph-rel S
unfolding S-def S-defs by (auto simp: dioph)

moreover have eval S a = eval D a for a
proof —
define p ¢ r where evaled-defs: p = peval P a ¢ = peval @ a r = peval R a

show ?thesis
proof (rule)
assume eval S a
then show eval D a
unfolding S-def S-defs defs apply (simp add: sg-p-eval)
unfolding D-def exp-def defs apply simp-all
unfolding pushed-def params-def apply (auto simp add: push-push[where
?n = 5] push-list-eval)
unfolding exp-repr exp-equations-def apply simp
subgoal for ks
apply (rule exI[of - ks!0], auto)
subgoal by (simp add: power2-eg-square)
subgoal apply (rule exI[of - ks!1], auto)
by (smt int-ops(7) mult-Suc of-nat-Suc of-nat-add power2-eq-square
zmod-int)
done
done
next
assume eval D a
then obtain b-val m-val where cond: (¢ =0Ar=0Ap=1)V
(g=0N0<TADP=0)V
(¢ > 0 A exp-equations p q r b-val m-val)
unfolding D-def exp-def exp-repr evaled-defs ternary-eval by auto

65



moreover define a0-val al-val a2-val where
a0-val = nat (Exp-Matrices.cc (¢ + 4) (r + 1))
al-val = nat (Ezp-Matrices.c b-val 1)
a2-val = nat (Exp-Matrices.a b-val (r + 1))
ultimately show eval S a
unfolding S-def S-defs defs evaled-defs apply (simp add: sq-p-eval)
apply (elim disjE)
subgoal unfolding defs by simp
subgoal unfolding defs by simp
subgoal apply(elim conjE) apply(intro disjI2, intro conjl)
subgoal by simp
subgoal premises prems
proof—
have bg3: 3 < b-val
proof—
have b-val = Exp-Matrices.cc (¢ + 4) (r + 1) + int ¢ x int ¢ + 2
using cond prems(4) evaled-defs(2) unfolding exp-equations-def by
linarith
moreover have int ¢ x int ¢ > 0 using evaled-defs(2) prems by simp
moreover have Exp-Matrices.a (¢ + 4) (r+ 1) > 0
using Fzp-Matrices.alpha-superlinear|of g+4 r+1] by linarith
ultimately show ?¢thesis by linarith
qed
show ?thesis apply (rule exI[of - [b-val, m-val, a0-val, al-val, a2-val]],
intro conjl)
using prems
unfolding exp-equations-def pushed-def params-def
using push-list-def push-push bg3 Ezxp-Matrices.alpha-nonnegative apply
simp-all
subgoal using push-list-def by (smt Exp-Matrices.alpha-strictly-increasing
nt-nat-eq
nat-int numeral-Bit0 numeral-One of-nat-1 of-nat-add of-nat-power
plus-1-eq-Suc
power2-eq-square)
subgoal using push-list-def apply auto by (smt One-nat-def Suc-1
Suc-less-eq
int-nat-eq less-Suc-eq nat-int numeral-3-eq-3 of-nat-add of-nat-mult
zmod-int)
done
qed
done
done
qed
qed

ultimately show ?thesis

by (auto simp: is-dioph-rel-def)
qed
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declare ezp-def[defs

end

2.4 Digit function is Diophantine

theory Digit-Function
imports Ezponential-Relation Digit- Expansions. Bits-Digits
begin

definition digit (<[ - = Digit - - -]» [999] 1000)

where [D = Digit AA K BASE] = (QUATERNARY (A a k b. b > 1

A d = nth-digit a k b) D AA K BASE)

lemma mod-dioph2[dioph):

fixes A B C

defines D = (MOD A B C)

shows is-dioph-rel D
proof —

define A’ B’ C' where pushed-defs: A’ = push-param A 2 B' = push-param B
2 C' = push-param C 2

define DS where DS = [32] (Param 0 [x] B’ [+] C' [=] Param 1 [«] B’ [+]
A"

have eval DS a = eval D a for a
proof
show eval DS a = eval D a
unfolding DS-def defs D-def mod-def
by auto (metis add.commute mod-mult-selfl push-push-simp pushed-defs(1)
pushed-defs(2) pushed-defs(8))
show eval D a = eval DS a
unfolding DS-def defs D-def mod-def
apply (auto simp: mod-repr)
subgoal for z y
apply (rule exI[of - [z, y]])
unfolding pushed-defs by (simp add: push-push[where ?n = 2] push-list-eval)
done
qed

moreover have is-dioph-rel DS
unfolding DS-def by (simp add: dioph)

ultimately show ?thesis
by (auto simp: is-dioph-rel-def)
qed

lemma digit-dioph[dioph]:
fixes D A B K :: polynomial
defines DR = [D = Digit A K B|
shows is-dioph-rel DR
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proof —
define D’ A’ B’ K’ where pushed-defs:
D’ == (push-param D /) A’ == (push-param A 4) B’ == (push-param B /)
K' == (push-param K /)

define z y where param-defs:
z == (Param 0) y == (Param 1)

define DS where DS = [3/] ( B’ [>] Const 1 [A]
[(Param 2) = B’ = (K' [4+] Const 1)] [A]
[(Param 3) = B' ~ K] [A]
A" [=] z [*] (Param 2) [+] D’ [*] (Param 3) [+] y [A]
D’ [<] B’ [N
y [<] (Param 3))
have eval DS a = eval DR a for a
proof
show eval DS a = eval DR a
unfolding DS-def defs DR-def digit-def apply auto
unfolding pushed-defs push-push using pushed-defs push-push digit-gen-equiv
by auto

assume asm: eval DR a
then obtain z-val y-val where cond: (peval A a) = z-val x (peval B a)
(peval K a)+1)
+ (peval D a) * (peval B a)” (peval K a) + y-val
A (peval D a) < (peval B a)
A y-val < (peval B a)” (peval K a)
unfolding DS-def defs DR-def digit-def using digit-gen-equiv by auto metis
show eval DS a
using asm unfolding DS-def defs DR-def digit-def apply auto
apply (rule exI[of - [z-val, y-val, (peval B a) ~ ((peval K a) + 1),
(peval B a) ~ (peval K a)]])
unfolding pushed-defs using param-defs push-push push-list-def cond by
auto+
qed

moreover have is-dioph-rel DS
unfolding DS-def by (simp add: dioph)

ultimately show ?thesis
by (auto simp: is-dioph-rel-def)
qged

declare digit-def[defs

end
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2.5 Binomial Coefficient is Diophantine

theory Binomial-Coefficient
imports Digit-Function
begin

lemma bin-coeff-diophantine:
shows ¢ = a choose b +— (Fu.(u = 27(Suc a) A ¢ = nth-digit ((u+1) a) b u))
proof—
have (v + 1)7a = (3 k<a. (a choose k) x v ~ k) for u
using binomial[of u 1 a] by auto
moreover have a choose k < 2 ~ Suc a for k
using binomial-le-pow2[of a k] by (simp add: le-less-trans)
ultimately have nth-digit (((2 ~ Suc a) + 1)7a) b (2 ~ Suc a) = a choose b
using nth-digit-gen-power-series|of Ak.(a choose k) a a b] by (simp add:
atLeast0AtMost)
then show ?thesis by auto
qed

definition binomial-coefficient (<[- = - choose -|> 1000)
where [A = B choose C] = (TERNARY (Aa b c. a = b choose ¢) A B ()

lemma binomial-coefficient-dioph|dioph]:
fixes A B C :: polynomial
defines DR = [C' = A choose B
shows is-dioph-rel DR
proof —
define A’ B’ C’ where pushed-def:
A’ = (push-param A 2) B’ = (push-param B 2) C' = (push-param C 2)

define DS where DS = [32] [Param 0 = Const 2 ~ (A’ [+] 1)]
[A] [Param 1 = (Param 0 [+] 1) ~ A]]
[A] [C7 = Digit (Param 1) B’ (Param 0)]

have eval DS a = eval DR a for a
proof —
have eval DS a = (peval C a = nth-digit ((2 ~ Suc (peval A a) + 1) peval A
a)

(peval B a) (2 ~ Suc (peval A a)))
unfolding DS-def defs pushed-def apply (auto simp add: push-push)
apply (rule exI[of - [2 * 2 " peval A a, Suc (2 * 2 " peval A a) " peval A a])
apply (auto simp add: push-push push-list-eval)
by (metis (mono-tags, lifting) Suc-lessI mult-pos-pos n-not-Suc-n
numeral-2-eq-2 one-eq-mult-iff pos2 zero-less-power)

then show ?thesis

unfolding DR-def binomial-coefficient-def defs by (simp add: bin-coeff-diophantine)
qed
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moreover have is-dioph-rel DS
unfolding DS-def by (auto simp: dioph)

ultimately show “thesis
by (auto simp: is-dioph-rel-def)
qed

declare binomial-coefficient-def|defs]

odd function is diophantine

lemma odd-dioph-repr:
fixes a :: nat
shows odd a +— (Jz:nat. a = 2xx + 1)
by (meson dvd-triv-left even-plus-one-iff oddE)

definition odd-lift («ODD - [999] 1000)
where ODD A = (UNARY (odd) A)

lemma odd-dioph|dioph]:

fixes A

defines DR = (ODD A)

shows is-dioph-rel DR
proof —

define DS where DS = [3] (push-param A 1) [=] Const 2 [«] Param 0 [+]
Const 1

have eval DS a = eval DR a for a
unfolding DS-def DR-def odd-lift-def defs using push-pushl by (simp add:
odd-dioph-repr push0)

moreover have is-dioph-rel DS
unfolding DS-def by (auto simp: dioph)

ultimately show %thesis
by (auto simp: is-dioph-rel-def)
qed
declare odd-lift-def|defs]
end

2.6 Binary orthogonality is Diophantine

theory Binary-Orthogonal
imports Binomial-Coefficient Digit- Expansions. Binary-Operations Lucas- Theorem. Lucas- Theorem
begin

lemma equiv-with-lucas: nth-digit = Lucas- Theorem.nth-digit-general
unfolding nth-digit-def Lucas-Theorem.nth-digit-general-def by simp
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lemma Im0241-ortho-binom-equiv:(a L b) +— odd ((a + b) choose b) (is 7P +—
7Q)
proof
assume ?P
hence dig0:(Vi. (nth-bit a 7) * (nth-bit b i) = 0)
using ortho-mult-equiv
by auto
hence (Vi. (nth-bit a i) x (nth-bit b i) # 1)
by presburger
hence dcons:(Vi. =(((nth-bit a i) = 1) A ((nth-bit b i) = 1)))
by auto
hence (Vi. (bin-carry a b i) = 0) using no-carry-mult-equiv dig0
by blast
hence dsum:(Vi. (nth-bit (a + b) i) = (nth-bit a i) + (nth-bit b 7))
by (metis One-nat-def add.commute add-cancel-right-left add-self-mod-2
dig0 mult-is-0 not-mod2-eq-Suc-0-eq-0 nth-bit-def one-mod-two-eq-one
sum-digit-formula)

have bdd-ab-exists:(Ip. (a + b) < 27(Suc p))

using auxl-Im0241-pow2-up-bound by auto
then obtain p where bdd-ab:(a + b) < 27(Suc p) by blast
moreover from bdd-ab have b < 27(Suc p) by auto

ultimately have ((a + b) choose b) mod 2 =
(ITi<p. ((nth-digit (a + b) i 2) choose (nth-digit b i 2))) mod 2
using lucas-theorem[of a+b 2 p b] bdd-ab two-is-prime-nat
by (simp add: equiv-with-lucas)

then have a-choose-b-digit-prod: ((a + b) choose b) mod 2 =
(ITi<p. ((nth-bit (a + b) i) choose (nth-bit b i))) mod 2
using nth-digit-base2-equiv
by (auto cong: prod.cong)

have (Vi. ((nth-bit (a + b) i) choose (nth-bit b i) = 1))
using aux2-Im0241-single-digit-binom[where ?a=nth-bit (a + b) ¢
and ?b=nth-bit b ]
by (metis add.commute add.right-neutral binomial-n-0 binomial-n-n dig0 dsum
mult-is-0)
hence f0:1 = ([[i<p. (nth-bit (a + b) i) choose (nth-bit b 7))
by simp
hence f1:... = ... mod 2 by simp
hence f2:... = ((a + b) choose b) mod 2
using a-choose-b-digit-prod by (simp add: ~Vi. (a + b) | i choose b ji = 1))
then show ?Q) using f0 by fastforce
next
assume 7@
hence a-choose-b-odd:((a + b) choose b) mod 2 = 1
using odd-iff-mod-2-eq-one by blast
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have bdd-ab-ezxists:(Ip. (a + b) < 27(Suc p))

using auxl-Im0241-pow2-up-bound by auto
then obtain p where bdd-ab:(a + b) < 27(Suc p) by blast
moreover from bdd-ab have bdd-b: b < 27(Suc p) by auto

ultimately have ((a + b) choose b) mod 2 =
(ITi<p. ((nth-digit (a + b) i 2) choose (nth-digit b i 2))) mod 2
using lucas-theorem[of a+b 2 p b] bdd-ab two-is-prime-nat
by (simp add: equiv-with-lucas)

then have a-choose-b-digit-prod: ((a + b) choose b) mod 2 =
(IT#<p. ((nth-bit (a + b) i) choose (nth-bit b i))) mod 2
using nth-digit-base2-equiv nth-digit-def
by (auto cong: prod.cong)
hence all-prod-one-mod2:... = 1 using a-choose-b-odd by linarith

have choose-bdd:(Vi. 1 > (nth-bit (a + b) ©) choose (nth-bit b 7))
using nth-bit-bounded
by (metis One-nat-def binomial-n-0 choose-one not-mod2-eq-Suc-0-eq-0
nth-bit-def order-refl)
hence 1 > (J]i<p. ((nth-bit (a + b) i) choose (nth-bit b 7)))
using all-prod-one-mod2 by (meson prod-le-1 zero-le)
hence ([]i<p. ((nth-bit (a + b) ©) choose (nth-bit b i))) mod 2 =
(ITi<p. ((nth-bit (a + b) @) choose (nth-bit b 7)))
using all-prod-one-mod2 by linarith
hence ... = 1
using all-prod-one-mod2 by linarith
hence sub-pg-one:V i<p. (nth-bit (a + b) ) choose (nth-bit b i) = 1
using
aux4-lm0241-prod-onelwhere ?n=p and ?f=(\i. (nth-bit (a + b) i) choose
(nth-bit b ©))]
choose-bdd by blast

have Vr > p. (a + b) < 277 using bdd-ab
by (metis One-nat-def Suc-lessl lessl less-imp-add-positive numeral-2-eq-2
power-strict-increasing-iff trans-less-add1)
hence Vr > p. r > p — (a + b) < 27r by auto
hence ab-digit-bdd:Yr > p. r > p — nth-bit (a + b) r = 0
using nth-bit-def by simp

have Vk > p. b < 2 ~ k using bdd-b
by(metis One-nat-def Suc-lessI lessI less-imp-add-positive numeral-2-eq-2
power-strict-increasing-iff trans-less-add1)
hence b-digit-bdd:Y k > p. k > p — nth-bit b k = 0
using nth-bit-def
by (simp add: ~Vk>p. b < 2 T k)

from b-digit-bdd ab-digit-bdd aux3-lm0241-binom-bounds
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have Vi. i > p — (nth-bit (a + b) i) choose (nth-bit b i) = 1
by (simp add: le-less sub-pg-one)

hence Vi. ((nth-bit (a + b) i) choose (nth-bit b i)) = 1
using sub-pg-one not-less by (metis linear)
hence Vi. =(nth-bit a i = 1 A nth-bit b i = 1) using auz5-lm0241 by blast
hence Vi. ((nth-bit a i = 0 A nth-bitbi= 1)V
(nth-bit a i =1 A nth-bitbi= 0) V
(nth-bit a i = 0 A nth-bit b i = 0))
by (auto simp add:nth-bit-def nth-digit-bounded; metis nat.simps(3))
hence Vi. (nth-bit a i) * (nth-bit b i) = 0 using mult-is-0 by blast
then show ?P using ortho-mult-equiv by blast
qed

definition orthogonal (infix <[L]> 50)
where P [1] @ = (BINARY (Aab. a L b) P Q)

lemma orthogonal-dioph|dioph]:
fixes P ()
defines DR = (P [1] Q)
shows is-dioph-rel DR
proof —
define P’ Q' where pushed-def: P’ = push-param P 1 Q' = push-param Q 1

define DS where DS = [3] [Param 0 = (P’ [+] Q') choose Q'] [\] ODD (Param
0)

have eval DS a = eval DR a for a
unfolding DS-def DR-def orthogonal-def pushed-def defs
using push-pushl Ilm0241-ortho-binom-equiv by (simp add: push0)

moreover have is-dioph-rel DS
unfolding DS-def by (simp add: dioph)

ultimately show ?thesis
by (auto simp: is-dioph-rel-def)
qed
declare orthogonal-def|defs]
end

2.7 Binary masking is Diophantine

theory Binary-Masking
imports Binary-Orthogonal
begin

lemma Im0243-masks-binom-equiv: (b < ¢) <— odd (c choose b) (is ?P +— ?Q)
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proof—
consider (It) b < ¢ | (eq) b= ¢ | (gt) b > c using nat-neg-iff by blast
then show ?thesis
proof (cases)
case [t
hence Ja. ¢ = a + b using less-imp-add-positive semiring-normalization-rules(24)
by blast
then obtain a where a-def:c = a + b ..
have a L b+— b =<a+ b (is 2P +— ?Q)
proof
assume ?P
then show ?(Q
using ortho-mult-equiv no-carry-mult-equiv masks-leq-equiv|of b a+0b]
sum-digit-formula nth-bit-bounded
by auto (metis add.commute add.right-neutral lessI less-one mod-less
nat-less-le one-add-one plus-1-eq-Suc zero-le)
next
assume ?()
have 7Q = Vk. ajk+ bk <1
proof (rule ccontr)
assume ~(Vk. ajk+bjk<1)
then obtain k where kI:=(a jk+ bk < 1)and k2Vr<k.ajr+bjr

<1
by (auto dest: obtain-smallest)
have c1: bin-carry a b k = 1
using < ?Q)» masks-leg-equiv sum-digit-formula carry-bounded nth-bit-bounded
k1
by (metis add.commute add.left-neutral add-self-mod-2 less-one nat-less-le
not-le)
then show Fulse using carry-digit-impl[of a b k] k2 by auto
qed

then show ?P
using «?Q)> ortho-mult-equiv no-carry-mult-equiv masks-leg-equiv|of b a+"b]
sum-digit-formula nth-bit-bounded
by auto (metis add-le-same-cancel2 le-0-eq le-SucE)
qed
then show %thesis using Im0241-ortho-binom-equiv a-def by auto
next
case eq
hence odd (¢ choose b) by simp
moreover have b <X ¢ using digit-wise-equiv masks-leq-equiv eq by blast
ultimately show ¢thesis by simp
next
case gt
hence — odd (c choose b) by (simp add: binomial-eg-0)
moreover have - (b <X c¢) using masks-leg-equiv masks-leq gt not-le by blast
ultimately show ¢thesis by simp
qged
qed

74



definition masking (<- [X] -» 60)
where P [<] Q@ = (BINARY (Aa b. a < b) P Q)

lemma masking-dioph[dioph]:
fixes P ()
defines DR = (P [X] Q)
shows is-dioph-rel DR
proof —
define P’ Q' where pushed-def: P’ = push-param P 1 Q' = push-param Q 1

define DS where DS = [3] [Param 0 = Q' choose P’| [\] ODD Param 0

have eval DS a = eval DR a for a
unfolding DS-def DR-def defs pushed-def masking-def
using push-pushl by (simp add: push0 Im0243-masks-binom-equiv)

moreover have is-dioph-rel DS
unfolding DS-def by (simp add: dioph)

ultimately show %thesis
by (auto simp: is-dioph-rel-def)
qed

declare masking-def|defs

end

2.8 Binary and is Diophantine

theory Binary-And
imports Binary-Masking Binary-Orthogonal
begin

lemma Im0244: (a && b) < a
proof (induct a b rule: bitAND-nat.induct)
case (1 uu)
then show ?case by simp
next
case (2 v n)
then show ?case
apply (auto simp add: mult.commute)
by (smt One-nat-def add-cancel-left-right even-succ-div-two masks.elims(3)
mod-Suc-le-divisor
mod-by-Suc-0 mod-mod-trivial mod-mult-self] mult-numeral-1-right mult-zero-right
nonzero-mult-div-cancel-left not-mod2-eq-Suc-0-eq-0 numeral-2-eq-2 nu-
meral-One
odd-two-times-div-two-succ zero-neg-numeral)
qed
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lemma [m0245: (a && b) < b
by (subst bitAND-commutes) (simp add: Im0244)

lemma bitAND-It-left: m && n < m
using Im0244 masks-leq by auto

lemma bitAND-lt-right: m && n < n
using Im0245 masks-leq by auto

lemmas bitAND-It = bitAND-It-right bitAND-It-left

lemma auzm3-Im0246:
shows bin-carry a b k = bin-carry a b k mod 2
using bin-carry-bounded by auto

lemma auzm2-Im0246:
assumes (Vr< n.(nth-bit a r + nth-bit b r < 1))
shows (nth-bit (a+b) n) = (nth-bit a n + nth-bit b n) mod 2
using assms no-carry by auto

lemma auzmi1-Im0246: a < (a+b) = (¥ n. nth-bit a n + nth-bit b n < 1) (is ¢P
= 7Q)
proof—
{
assume asm: —?Q)
then obtain n where nl:—(nth-bit a n + nth-bit b n < 1)
and n2:Vr < n. (nth-bit a r + nth-bit b r < 1)
using obtain-smallest by (auto dest: obtain-smallest)
hence abi: nth-bit a n =1 A nth-bit b n = 1 using nth-bit-def by auto
hence nth-bit (a+b) n = 0 using n2 auzm2-lm0246 by auto
hence —?P using masks-leg-equiv abl by auto (metis One-nat-def not-one-le-zero)
} then show ?P — ?Q by auto
qed

lemma auz0-Im0246:a < (a+b) —(a+b)in=ajn+bjn
proof—
show ?thesis using aurmli-lm0246 auxm2-Im0246 less-Suc-eq-le numeral-2-eq-2
by auto
qed

lemma auxl-Im0246:a<b — (¥ n. nth-bit (b—a) n = nth-bit b n — nth-bit a n)
using aux0-Im0246 masks-leq by auto (metis add-diff-cancel-left’ le-add-diff-inverse)

lemma [m0246:(a — (a && b)) L (b — (a && b))
apply (subst ortho-mult-equiv)
apply (rule alll) subgoal for k
proof(cases nth-bit a k = 0)
case True
have nth-bit (a— (a && b)) k = 0 by (auto simp add: Im0244 auxl-Im0246
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True)
then show ?thesis by simp
next
case Fualse
then show ?thesis proof(cases nth-bit b k = 0)
case True
have nth-bit (b— (a && b)) k = 0 by (auto simp add: Im0245 auxl-Im0246
True)
then show ?thesis by simp
next
case Fualse2: Fulse
have nth-bit a k = 1 using False nth-bit-def by auto
moreover have nth-bit b k = 1 using False2 nth-bit-def by auto
ultimately have nth-bit (b— (a && b)) k=0
by (auto simp add: Im0245 auxl-lm0246 bitAND-digit-mult)
then show ?thesis by simp
qed
qed
done

lemma aux0-Im0247:(nth-bit a k) * (nth-bit b k) < 1
using eq-iff nth-bit-def by fastforce

lemma Im0247-masking-equiv:
fixes a b ¢ :: nat
shows (c=a && b) +— (cxaANc=bA(a—c)L (b—c)) (is 7P +— ?2Q)
proof (rule)
assume ?P
thus 7@
apply (auto simp add: Im0244 Im0245)
using Im0246 orthogonal.simps by blast
next
assume Q: 7Q)
have (V k. nth-bit ¢ k < nth-bit a k A nth-bit ¢ k < nth-bit b k)
using @ masks-leq-equiv by auto
moreover have (V& z. nth-bit c k < 1)
by (auto simp add: nth-bit-def)
ultimately have f0:(V k. nth-bit ¢ k < ((nth-bit a k) * (nth-bit b k)))
by (metis mult.right-neutral mult-0-right not-mod-2-eq-0-eq-1 nth-bit-def)
show ?QQ — ?P
proof (rule ccontr)
assume contr:c # a && b
have k-exists:(F k. (nth-bit ¢ k) < ((nth-bit a k) * (nth-bit b k)))
using bitAND-mult-equiv by (meson f0 contr le-less)
then obtain &
where (nth-bit ¢ k) < ((nth-bit a k) = (nth-bit b k)) ..
hence abe-kth:((nth-bit ¢ k) = 0) A ((nth-bit a k) = 1) A ((nth-bit b k) = 1)
using auz0-lm0247 less-le-trans
by (metis One-nat-def Suc-lel nth-bit-bounded less-le less-one one-le-mult-iff)
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hence (nth-bit (a — ¢) k) = 1 A (nth-bit (b — ¢) k) = 1
by (auto simp add: abc-kth auxl-lm0246 Q)

hence - ((a — ¢) L (b — ¢))
by (metis mult.left-neutral not-mod-2-eq-0-eq-1 ortho-mult-equiv)

then show Fulse
using @ by blast

qed
qed

definition binary-and («[- = - && -]» 1000)
where [A = B && C] = (TERNARY (MAabc. a=0&& ¢) A B C)

lemma binary-and-dioph|[dioph]:
fixes A B C :: polynomial
defines DR = [A = B && C]
shows is-dioph-rel DR
proof —
define DS where DS = (A [X] B) [\ (A [=] C) [A] (B[] 4) [1] (C [-] A)

have eval DS a = eval DR a for a
unfolding DS-def DR-def binary-and-def defs
by (simp add: Im0247-masking-equiv)

moreover have is-dioph-rel DS
unfolding DS-def by (auto simp: dioph)

ultimately show %thesis
by (auto simp: is-dioph-rel-def)
qed
declare binary-and-def|defs]
definition binary-and-attempt :: polynomial = polynomial = polynomial (<- &?
-») where

A &? B = Const 0

end

3 Register Machines

3.1 Register Machine Specification

theory RegisterMachineSpecification
imports Main
begin
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3.1.1 Basic Datatype Definitions

The following specification of register machines is inspired by [8] (see [9] for
the corresponding AFP article).

type-synonym register = nat
type-synonym tape = register list

type-synonym state = nat
datatype instruction =
isadd: Add (modifies : register) (goes-to : state) |
issub: Sub (modifies : register) (goes-to : state) (goes-to-alt : state) |
ishalt: Halt
where
modifies Halt = 0 |
goes-to-alt (Add - next) = next

type-synonym program = instruction list

type-synonym configuration = (state * tape)

3.1.2 Essential Functions to operate the Register Machine

definition read :: tape = program = state = nat
where read t p s = t ! (modifies (pls))

definition fetch :: state = program = nat = state where
fetch s p v = (if issub (p!s) A v = 0 then goes-to-alt (p!s)
else if ishalt (p!s) then s
else goes-to (p!s))

definition update :: tape = instruction = tape where
update t © = (if ishalt i then t
else if isadd i then list-update t (modifies ©) (t!(modifies i) + 1)
else list-update t (modifies i) (if t!(modifies i) = 0 then 0 else
(t!/(modifies 7)) — 1))

definition step :: configuration = program = configuration
where
(step ic p) = (let nexts = fetch (fst ic) p (read (snd ic) p (fst ic));
nextt = update (snd ic) (p!(fst ic))
in (nexts, nextt))

fun steps :: configuration = program = nat = configuration
where
steps-zero: (steps ¢ p 0) = ¢
| steps-suc: (steps ¢ p (Suc n)) = (step (steps ¢ p n) p)
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3.1.3 Validity Checks and Assumptions

fun instruction-state-check :: nat = instruction = bool
where isc-halt: instruction-state-check - Halt = True
| isc-add: instruction-state-check m (Add - ns) = (ns < m)
| isc-sub: instruction-state-check m (Sub - nsl ns2) = ((nsl < m) & (ns2 <

m))

fun instruction-register-check :: nat = instruction = bool
where instruction-register-check - Halt = True
\ instruction-register-check n (Add reg -) = (reg < n)
| instruction-register-check n (Sub reg - -) = (reg < n)

fun program-state-check :: program = bool
where program-state-check p = list-all (instruction-state-check (length p)) p

fun program-register-check :: program = nat = bool
where program-register-check p n = list-all (instruction-register-check n) p

fun tape-check-initial :: tape = nat = bool
where tape-check-initial t a = (t Z [ A0 =a N (VI>0.t!1=0))

fun program-includes-halt :: program = bool
where program-includes-halt p = (length p > 1 A ishalt (p ! (length p —1)) A
(V k<length p—1. = ishalt (p'k)))

Is Valid and Terminates

definition is-valid
where is-valid ¢ p = (program-includes-halt p N\ program-state-check p
A (program-register-check p (length (snd c))))

definition is-valid-initial
where is-valid-initial ¢ p a = ((is-valid ¢ p)
A (tape-check-initial (snd c) a)
A (fst ¢ = 0))

definition correct-halt
where correct-halt ¢ p ¢ = (ishalt (p ! (fst (steps ¢ p q))) — halting
A (Vi< (length (snd c)). snd (steps ¢ p q) ! 1 = 0))

definition terminates :: configuration = program = nat = bool
where terminates ¢ p ¢ = ((¢>0)
A (correct-halt ¢ p q)
N (Va<q. — ishalt (p ! (fst (steps ¢ p x)))))

definition initial-config :: nat = nat = configuration where
initial-config n a = (0, (a # replicate n 0))

end
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3.2 Simple Properties of Register Machines

theory RegisterMachineProperties
imports RegisterMachineSpecification
begin

lemma step-commutative: steps (step ¢ p) p t = step (steps ¢ p t) p
by (induction t; auto)

lemma step-fetch-correct:
fixes ¢ :: nat
and c :: configuration
and p :: program
assumes is-valid ¢ p
defines ct = (steps ¢ p t)
shows fst (steps (step ¢ p) p t) = fetch (fst ct) p (read (snd ct) p (fst ct))
using ct-def step-commutative step-def by auto

3.2.1 From Configurations to a Protocol

Register Values

definition R :: configuration = program = nat = nat = nat
where R cpnt = (snd (stepscpt))!n

fun RL :: configuration = program = nat = nat = nat = nat where
RLcpb0l=((sndc)!l)|
RLcpb(Suct)l=((sndc)!l)+ bx (RL (stepcp)pbdbtl)

lemma RL-simp-aux:
<snd el l4+ b* RL (stepcp)pbtl=
RLcpbtl+ bx (b " txsnd (step (stepscpt)p)! i)
by (induction t arbitrary: c)
(auto simp: step-commutative algebra-simps)

declare RL.simps[simp del]
lemma RL-simp:

RL cpb (Suct)l = (snd (steps cp (Suct))!1)xb " (Suct)+ (RLcpbtl)
proof (induction t arbitrary: p ¢ b)

case (

thus ?case by (auto simp: RL.simps)
next

case (Suctp cb)

show ?Zcase

by (subst RL.simps)
(auto simp: Suc step-commutative algebra-simps RL-simp-auzx)

qed

State Values

definition S :: configuration = program = nat = nat = nat
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where S cp kt = (if (fst (steps cpt)=k) then (Suc 0) else 0)

definition S2 :: configuration = nat = nat
where S2 ¢ k = (if (fst ¢) = k then 1 else 0)

fun SK :: configuration = program = nat = nat = nat = nat
where SK cp b 0k = (S2ck)|
SKcpb(Suct) k=(S2ck)+ bx (SK (step cp) pbtk)

lemma SK-simp-auz:
<SK ¢ p b (Suc (Suct)) k=
S2 (steps ¢ p (Suc (Suc t))) k* b~ Suc (Suct) + SK ¢ p b (Suct) b»
by (induction t arbitrary: c) (auto simp: step-commutative algebra-simps)

declare SK.simps[simp del]
lemma SK-simp:

SKcpb (Suct) k= (52 (steps cp (Suct)) k) * b " (Suct) + (SKcpbtk)
proof (induction t arbitrary: p ¢ b k)

case ()

thus ?case by (auto simp: SK.simps)
next

case (Suctp cbk)

show ?Zcase

by (auto simp: Suc algebra-simps step-commutative SK-simp-auz)

qed

Zero-Indicator Values

definition Z : configuration = program = nat = nat = nat where
Zepnt=(if (Rcpnt>0)then I else 0)

definition Z2 :: configuration = nat = nat where
Z2 cn = (if (sndc)! n > 0then 1 else 0)

fun ZL :: configuration = program = nat = nat = nat = nat
where ZL cp b 01l = (Z2cl) |
ZLcpb (Suct)l=(Z2cl)+ b= (ZL (stepcp) pbtl)

lemma ZL-simp-aux:
Z2cl+bx ZL (stepcp)pbtl=
ZLepbtl+bx* (b7 tx Z2 (step (stepscp t) p) 1)
by (induction t arbitrary: ¢) (auto simp: step-commutative algebra-simps)

declare ZL.simps[simp del]
lemma ZL-simp:
ZL cp b (Suct)l=(Z2 (steps cp (Suct)) ) «b " (Suct) + (ZL cp b tl)
proof (induction t arbitrary: p ¢ b)
case (
thus ?case by (auto simp: ZL.simps)
next
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case (Suctp cb)

show ?Zcase

by (subst ZL.simps) (auto simp: Suc step-commutative algebra-simps ZL-simp-auz)
qed

3.2.2 Protocol Properties

lemma Z-bounded: Zcplt < 1
by (auto simp: Z-def)

lemma S-bounded: Scpkt <1
by (auto simp: S-def)

lemma S-unique: ¥V k<length p. (k # fst (stepscpt) — Scpkt=0)
by (auto simp: S-def)

fun cells-bounded :: configuration = program = nat = bool where
cells-bounded conf p ¢ = ((Vi<(length (snd conf)). Vt. 27c > R conf p I t)
AN Ykt 27c> Sconfpkt)
AN (M1t 27c> Zconfplt))

lemma steps-tape-length-invar: length (snd (steps ¢ p t)) = length (snd c)
by (induction t; auto simp add: step-def update-def)

lemma step-is-valid-invar: is-valid ¢ p = is-valid (step ¢ p) p
by (auto simp add: step-def update-def is-valid-def)

fun fetch-old
where
(fetch-old p s (Add r next) -) = next
| (fetch-old p s (Sub r next nextalt) val) = (if val = 0 then nextalt else next)
| (fetch-old p s Halt -) = s

lemma fetch-equiv:
assumes | = pls
shows fetch s p v = fetch-old p s i v
by (cases i; auto simp: assms fetch-def)

lemma p-contains: is-valid-initial ic p a = (fst (steps ic p t)) < length p
proof —

assume asm: is-valid-initial ic p a

hence fst ic = 0 using is-valid-initial-def is-valid-def by blast

hence 0: ic = (0, snd ic) by (metis prod.collapse)

show ?thesis using 0 asm

apply (induct t) apply auto[!]

subgoal by (auto simp add: is-valid-initial-def is-valid-def)
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apply (cases p ! fst (steps ic p t))
apply (auto simp add: list-all-length fetch-equiv step-def
is-valid-initial-def is-valid-def fetch-old.elims)
by (metis RegisterMachineSpecification.isc-add RegisterMachineSpecification.isc-sub

fetch-old.elims) +
qed

lemma steps-is-valid-invar: is-valid ¢ p = is-valid (steps ¢ p t) p
by (induction t; auto simp add: step-def update-def is-valid-def)

lemma terminates-halt-state: terminates ic p ¢ = is-valid-initial ic p a
= ishalt (p ! (fst (steps ic p q)))
proof —
assume terminate: terminates ic p q
assume is-val: is-valid-initial ic p a
have 1 < length p using is-val is-valid-initial-def[of ic p a
is-valid-def[of ic p| program-includes-halt.simps
by blast
hence p # [| by auto
hence p ! (length p — 1) = last p using List.last-conv-nth[of p] by auto
thus ?thesis
using terminate terminates-def correct-halt-def is-val is-valid-def|[of ic p] by
auto
qed

lemma R-termination:
fixes [ :: register and ic :: configuration
assumes is-val: is-valid ic p and terminate: terminates ic p ¢ and [: | < length
(snd ic)
shows Vt>q. Ricplt=10
proof —
have ishalt: ishalt (p ! fst (steps ic p q))
using terminate terminates-def correct-halt-def is-valid-def is-val by auto
have halt: ishalt (p ! fst (steps ic p (¢ + t))) for ¢
apply (induction t)
using terminate terminates-def ishalt step-def fetch-def by auto
have < (length (snd ic)) —R ic p I (¢+t) = 0 for ¢
apply (induction t arbitrary: 1)
subgoal using terminate terminates-def correct-halt-def R-def by auto
subgoal using R-def step-def halt update-def by auto
done
thus ?thesis using le-Suc-ex | by force
qed

lemma terminate-c-exists: is-valid ic p => terminates ic p ¢ = 3 c¢>1. cells-bounded
icpc
proof —

assume is-val: is-valid ic p
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assume terminate: terminates ic p q
define n where n = length (snd ic)
define rmaz where rmax = Max ({k. Jl<n. It<q. k= Ricplt} U{2})
have Vi<n.Vit<q. Ricplt e {k. Jl<n. It<q. k = R ic p |t} by auto
hence Vi<q. Vi<n. R ic p I t < rmax using rmaz-def by auto
moreover have Vi>q. Vi<n. Ricplt < rmazx

using rmaz-def R-termination terminate n-def is-val by auto
ultimately have r: Vi<n. Vt. R ic p Il t < rmax using not-le-imp-less by blast
have ¢t2: rmax > 2 using rmaz-def by auto
hence sz: (Vk t. rmax > Sicp kt) A (VIt. rmax > Zicp 1)

using S-bounded Z-bounded S-def Z-def by auto
have (Vi<n.Vt. Ricplt < 27rmax) AN (Vkt. Sicp kt < 2 rmaz)

AWMUt Zicplt < 27rmazx)

using less-exp|of rmaz] r sz by (metis le-neg-implies-less dual-order.strict-trans)
moreover have rmazx > 1 using ¢t2 by auto
ultimately show #thesis using n-def by auto

qed

end

3.3 Simulation of a Register Machine

theory RegisterMachineSimulation
imports RegisterMachineProperties Digit- Expansions. Binary-Operations
begin

definition B :: nat = nat where
(B ¢) = 27(Suc ¢)

definition RLe cpbgl= (> t=0..¢. b t* Rcplt)
definition SKe cpb gk = (Dt 0 btxScpkt)
definition ZLe cp b gl = (Dt qut*Zcplt)

fun sum-radd :: program = register = (nat = nat) = nat
where sum-radd p I f = (O k = 0..length p—1. if isadd (p'k) A 1 = modifies
(p'k) then f k else 0)

abbreviation sum-radd-abbrev (<3 R+ - - - [999, 999, 999] 1000)
where (3> R+ p lf) = (sum-radd p 1 f)

fun sum-rsub :: program = register = (nat = nat) = nat

where sum-rsub p I f = (3 k = 0..length p—1. if issub (p'k) A | = modifies
(p'k) then f k else 0)
abbreviation sum-rsub-abbrev (<Y R— - - - [999, 999, 999] 1000)

where (3. R— p l f) = (sum-rsubp 1 f)

fun sum-sadd :: program = state = (nat = nat) = nat

85



where sum-sadd p d f = (3_k = 0..length p—1. if isadd (p'k) A d = goes-to
(p'k) then f k else 0)

abbreviation sum-sadd-abbrev (Y S+ - - - [999, 999, 999] 1000)
where (3 S+ p d f) = (sum-sadd p d f)

fun sum-ssub-nzero :: program = state = (nat = nat) = nat
where sum-ssub-nzero p d f = (> k = 0..length p—1. if issub (plk) A d = goes-to
(p'k) then f k else 0)

abbreviation sum-ssub-nzero-abbrev (<> S— - --» [999, 999, 999] 1000)
where (- S— p d f) = (sum-ssub-nzero p d f)

fun sum-ssub-zero :: program = state = (nat = nat) = nat
where sum-ssub-zero p d f = Ok = 0..length p—1. if issub (plk) A d =
goes-to-alt (plk) then f k else 0)

abbreviation sum-ssub-zero-abbrev (<> S0 - - - [999, 999, 999] 1000)
where (3-S50 p d f) = (sum-ssub-zero p d f)

declare sum-radd.simps[simp del]
declare sum-rsub.simps|[simp del]
declare sum-sadd.simps|simp del]
declare sum-ssub-nzero.simps[simp del]
declare sum-ssub-zero.simps[simp del]

Special sum cong lemmas

lemma sum-sadd-cong:
assumes Vk. k < length p—1 A isadd (plk) A | = goes-to (plk) — fk =gk
shows Y " S+ plf=> S+plyg
unfolding sum-sadd.simps
by (rule sum.cong, simp) (rule if-cong, simp-all add: assms)

lemma sum-ssub-nzero-cong:
assumes Vk. k < length p — 1 A issub (p'k) Nl = goes-to (p'k) — fk =gk
shows > S—plf=>S—plyg
unfolding sum-ssub-nzero.simps
by (rule sum.cong, simp) (rule if-cong, simp-all add: assms)

lemma sum-ssub-zero-cong:

assumes Vk. k < length p — 1 A issub (plk) A | = goes-to-alt (plk) — fk =g
k

shows > S0plf=>5 S0plyg

unfolding sum-ssub-zero.simps

by (rule sum.cong, simp) (rule if-cong, simp-all add: assms)

lemma sum-radd-cong:
assumes Vk. k < length p — 1 A isadd (p'k) A | = modifies (plk) — fk=gk
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shows > R+ plf=> R+plyg
unfolding sum-radd.simps
by (rule sum.cong, simp) (rule if-cong, simp-all add: assms)

lemma sum-rsub-cong:
assumes Vk. k < length p — 1 A issub (p'k) A | = modifies (p'k) — fk =gk
shows > R—plf=> R—plyg
unfolding sum-rsub.simps
by (rule sum.cong, simp) (rule if-cong, simp-all add: assms)

Properties and simple lemmas

lemma RLe-equivalent: RL cp b gl = RLecpbaql
by (induction q arbitrary: ¢) (auto simp add: RLe-def R-def RL.simps(1) RL-simp)

lemma SKe-equivalent: SK cpb gk = SKecpbqk
by (induction q arbitrary: c¢) (auto simp add: SKe-def S-def SK.simps(1) S2-def
SK-simp)

lemma ZLe-equivalent: ZL cp b ql = ZLecp b ql
by (induction q arbitrary: c¢) (auto simp add: ZLe-def ZL.simps(1) R-def Z2-def
Z-def ZL-simp)

lemma sum-radd-distrib: a * (O R+ plf) = Q. R+ pl (Ak. a x fk))

by (auto simp add: sum-radd.simps sum-distrib-left; smt mult-is-0 sum.cong)

lemma sum-rsub-distrib: a x (D R— plf) = (. R—pl (k. a x fk))
by (auto simp add: sum-rsub.simps sum-distrib-left; smt mult-is-0 sum.cong)

lemma sum-sadd-distrib: a x (3. S+ pdf) =05+ pd (M\k. a = fk)) for a
by (auto simp add: sum-sadd.simps sum-distrib-left; smt mult-is-0 sum.cong)

lemma sum-ssub-nzero-distrib: a x (> S—pdf)=(>.S— pd (M\k. a x fk)) for
a
by (auto simp add: sum-ssub-nzero.simps sum-distrib-left; smt mult-is-0 sum.cong)

lemma sum-ssub-zero-distrib: a x (3. S0p df) = (>.S0p d (M\k. a x fk)) for a
by (auto simp add: sum-ssub-zero.simps sum-distrib-left; smt mult-is-0 sum.cong)

lemma sum-distrib:
fixes SX :: program = nat = (nat = nat) = nat

and p :: program

assumes SX-simps: Ah. SX pxh = (D k = 0..length p—1. if g x k then h k else
0)

shows SXpazhl + SXpah2 =SXpax (Ak. h1 k + h2k)
by (subst SX-simps)+ (auto simp: sum.distrib[symmetric] intro: sum.cong)
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lemma sum-commutative:
fixes SX :: program = nat = (nat = nat) = nat
and p :: program

assumes SX-simps: Ah. SX pxh = (D k = 0..length p—1. if g x k then h k else
0)

shows (> t=0..q::nat. SX p x (Ak. fk 1))
=(SXpx (M. > t=0..q. fk t)
proof (induction q)
case (
then show ?case by (auto)
next
case (Suc q)
have SX-add: SX pxhl + SXpaxh2 = SXpax (Mk. bl k + h2 k) for hi h2
by (subst sum-distribjwhere ?h1.0 = h1]) (auto simp: SX-simps) +

have hi: (3 t<(Suc q). SX px (M\k. fkt)) = SX pax (Mk. fk (Suc q)) + sum
(AMt. SXpx (Nk. fE?) {0..4}
by (auto simp add: sum.atLeastO-atMost-Suc add.commute atMost-atLeast0)

also have h2: ... = SX p & (Ak. fk (Suc q)) + SX p x (Ak. sum (f k){0..q})
using Suc.IH Suc.prems by auto
also have h3: ... = SX p x (Ak. sum (f k) {0..(Suc ¢)})

by (subst SX-add) (auto simp: atLeast0-atMost-Suc)
finally show ?case using Suc.IH by (simp add: atMost-atLeast0)
qged

lemma sum-radd-commutative: (> t=0..(¢::nat). >, R+ p l (Ak. fkt)) = (O R+
pl (Ak. > t=0..q. fk 1))

by (rule sum-commutative sum-radd.simps) +
lemma sum-rsub-commutative: (3 t=0..(¢:inat). Y. R— pl (Mk. fkt)) = (3. R—
pl (Ak. > t=0..q. fkt))

by (rule sum-commutative sum-rsub.simps) +
lemma sum-sadd-commutative: (> t=0..(q¢:nat). > S+ pl (Ak. fkt) = (> S+
pl (Ak. > t=0..q. fk )

by (rule sum-commutative sum-sadd.simps) +
lemma sum-ssub-nzero-commutative: (> t=0..(q¢:nat). > S— p 1 (M\k. fkt)) =
O-S—pl (Ak. > t=0..q. fk )

by (rule sum-commutative sum-ssub-nzero.simps) +
lemma sum-ssub-zero-commutative: (3 t=0..(¢::nat). >S50 p I (M\k. f k t)) =
-8S0pl Ak > t=0..q. fkt))

by (rule sum-commutative sum-ssub-zero.simps) +

lemma sum-int: ¢ < a + b = int(a + b — ¢) = int(a) + nt(d) — int(c)
by (simp add: SMT .int-plus)

lemma ZLe-bounded: b > 2 = ZLe cp b gl < b ~ (Suc q)

using Z-bounded ZLe-def
proof (induction q)
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case (
then show ?case by (simp add: Z-bounded ZLe-def Z-def)
next
case (Suc q)
have ZLe cp b (Suc q) 1 =b " (Suc q) * Zcpl (Suc q) + ZLe cp b ql
by (auto simp: ZLe-def)
also have ZLe ¢ p b gl < b ~ (Suc q) using Suc.IH
by (auto simp: ZLe-def Z-def Suc.prems(1))
also have b = (Suc q) *x Zcpl (Suc q¢) < b~ (Suc q) using Suc.prems(1)
by (auto simp: Z-def)
finally have ZLe ¢ p b (Suc q) 1 < 2 x b ~ (Suc q)
by auto
also have ... < b 7 Suc (Suc q)
using Suc.prems(1) by auto
finally show ?case by simp
qed

lemma SKe-bounded: b > 2 = SKecp b gk < b~ (Suc q)
proof (induction q)
case (
then show ?Zcase by (auto simp add: SKe-def S-bounded S-def)
next
case (Suc q)
have SKe ¢ p b (Suc q) k=0 " (Suc q) x Scpk (Suc q) + SKecp b qk
by (auto simp: SKe-def)
also have SKe cp b gk < b ™ (Suc ¢) using Suc.IH
by (auto simp: Suc.prems(1))
also have b ~ (Suc q) * S cp k (Suc q¢) < b ~ (Suc ¢) using Suc.prems(1)
by (auto simp: S-def)
finally have SKe ¢ p b (Suc q) k < 2 x b ~ (Suc q)
by auto
also have ... < b = Suc (Suc q)
using Suc.prems(1) by auto
finally show ?case by simp
qed

lemma mult-to-bitAND:

assumes cells-bounded: cells-bounded ic p ¢
and ¢ > 1
and b = B¢

shows (> t=0..q. bt *x (Zicplt* Sicpkt))
=ZLeicpbql && SKeicp b qk

proof (induction q arbitrary: ic p ¢ 1 k)

case ()

then show ?case using S-bounded Z-bounded

by (auto simp add: SKe-def ZLe-def bitAND-single-bit-mult-equiv)

next

case (Suc q)
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have b4: b > 2 using assms(2—38) apply (auto simp add: B-def)
by (metis One-nat-def Suc-less-eq2 lessI numeral-2-eq-2 power-gt1)

have ske: SKeic p b ¢ k < b ™ (Suc q) using SKe-bounded b by auto
have zle: ZLe ic p b q 1 < b ™ (Suc ¢) using ZLe-bounded b4 by auto

have ih: (Dt =0..q. b "t * (Zicplt« Sicpkt))=ZLeicpb ql && SKe
icpbqk
using Suc.IH by auto

have 3 t=0..Suc q. b "tx (Zicplt« Sicpkt))
=b (Sucq) * (Zicpl (Sucq)* Sicpk (Sucq))+ O t=10..q.b " tx
(Zicplt* Sicpkt))
by (auto simp: sum.atLeast0-atMost-Suc add.commute)

also have ... = b ~ (Suc q) *x (Zicpl (Suc q) x Sicpk (Suc q)) + (ZLe ic p b
gl && SKeicp b qk)
by (auto simp add: ih)

also have ... = b ~ (Suc q) * (Zicpl (Suc q) && S ic p k (Suc q)) + (ZLe ic
pbql&& SKeicpbaqk)
using bitAND-single-bit-mult-equiv S-bounded Z-bounded by (auto)

also have ... = (b (Suc q) * Zicpl (Suc q) + ZLe icp b q 1) && (b ~ (Suc q)
x Sicpk (Sucq) + SKeicpb qk)
using bitAND-linear ske zle
by (auto) (smt B-def assms(3) bitAND-linear mult.commute power-Suc power-mult)

also have ... = (ZLe ic p b (Suc q) 1 && SKe ic p b (Suc q) k)
by (auto simp: ZLe-def SKe-def add.commute)

finally show ?case by simp
qed

lemma sum-bt:
fixes b q :: nat
assumes b > 2
shows (D"t = 0..q. b7t) < b "~ (Suc q)
using assms
proof (induction q, auto)
fix ¢b :: nat
assume sum ((7) b) {0..¢b} < bxb " gb
then have f1: sum ((7) b) {0..qb} < b ~ Suc gb
by fastforce
have b = Suc gb * 2 < b ~ Suc (Suc ¢b)
using assms by force
then have 2 « b ~ Suc g¢b < b ~ Suc (Suc gb)
by simp
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then have b = Suc ¢b + sum ((7) b) {0..gb} < b ~ Suc (Suc g¢b)
using f1 by linarith

then show sum ((7) b) {0..qb} + b*xb “gb<bx* (bxb " qb)
by simp

qed

lemma mult-to-bitA ND-state:

assumes cells-bounded: cells-bounded ic p ¢
and c: ¢ > 1
and b: b = B¢

shows (32 t=0..q. b7t x (1 — Zicplt) « Sicpkt))
=(Dt=0..q.bt) — ZLeicp b ql) && SKeicp b q k
proof (induction q arbitrary: ic p ¢ 1 k)
case (
show ?Zcase using Z-def S-def ZLe-def SKe-def by auto
next
case (Suc q)

have b4: b > 2 using assms(2—3) apply (auto simp add: B-def)
by (metis One-nat-def Suc-less-eq2 lessI numeral-2-eq-2 power-gt1)

have ske: SKeic p b ¢k < b ~ (Suc q) using SKe-bounded b4 by auto
have zle: ZLe ic p b ¢l < b ™ (Suc ¢) using ZLe-bounded b4 by auto
define cst where cst = Suc ¢

define e where e = > ¢t = 0..Suc q. bt

have (>t = 0..q. b7t) < b ~ (Suc q)
using sum-bt b4 by auto

hence zle2: (3t =0..q. bt) — ZLeicp b ql < b ~ (Suc q)
using less-imp-diff-less by blast

have (3t = 0..2. b7t) — ZLeicp bzl = D t=0..2. bt — bt x Zicplt)
for z
unfolding ZLe-def
using Z-bounded sum-subtractf-nat[where ?f = (7) band ?g=Xt. b "t x Z
icpli
by auto
hence auz-sum: (3.t = 0..2. b"t) — ZLeicp baxl= (D t=0..2. bt % (1 — Z
icplt)) for z
using diff-Suc-1 diff-mult-distrib2 by auto

have auzl: b (Suc q) x (I — Zicpl (Suc q)) + O t=0..q. bt * (I — Zicyp
1))
=0 t=0.cst. b "tx (1 —Zicplt))
by (auto simp: sum.atLeastO-atMost-Suc cst-def)
also have auz2: ... = (Dt = 0..cst. b " t) — ZLe ic p b cst |
unfolding e-def ZLe-def using aux-sum|[of cst]
by (auto simp: ZLe-def)
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finally have auz-add-sub:
(b (Sucq)*x (1 —Zicpl(Sucq)+ (> t=0.q b7t)— ZLeicp b ql))
= (e — ZLe ic p b (Suc q) 1)
by (auto simp: cst-def e-def auz-sum)

hence ih: (Dt =0..q. b "t* (1 — Zicplt)xSicpkt))
=0t=0..q.bt) — ZLeicp b ql && SKeicp b q k
using Suclof ic p | k] by auto

have (>t =0..Suc q. b "t x (1 — Zicplt)« Sicpkt))

=02t=0.. q¢b " tx((1 —Zicplt)*Sicpkt))

+ b (Suc q) * (I — Zicpl (Suc q)) * Sicpk (Suc q))
by (auto cong: sum.cong)

also have ... = (Dt =0..q. b7t) — ZLeicp b q 1 && SKeic p b q k)
+ b (Suc q) * (1 — Zicpl (Suc q)) = Sicpk (Suc q))
using ih by auto

also have ... = (0t =0..q. b7t) — ZLe icp b q 1 && SKe ic p b q k)
+ b (Suc q) * (1 — Zicpl (Suc q)) && Sic p k (Suc q))
using bitA ND-single-bit-mult-equiv by (simp add: S-def)

also have ... = (b (Suc q) x (I — Zicpl (Sucq)) + (O t=0..q. b7 t) — ZLe
icpbaql)
&& (b ~(Suc q) * Sicp k (Suc q) + SKeicp b qk)
using bitAND-linear ske zle2 B-def b
by (smt add-ac(2) mult-ac(2) bitAND-linear power.simps(2) power-mult power-mult-distrib)
also have ... = (e — ZLe ic p b (Suc q) 1 && SKe ic p b (Suc q) k)
using SKe-def aux-add-sub by (auto simp: add.commute)

finally show ?case by (auto simp: e-def)
qed

end

3.4 Single step relations

3.4.1 Registers

theory SingleStepRegister
imports RegisterMachineSimulation
begin

lemma single-step-add:
fixes c :: configuration
and p :: program
and [ :: register
and ¢ a :: nat

defines cs = fst (steps ¢ p t)
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assumes is-val: is-valid-initial ¢ p a
and I: | < length tape

shows (D" R+ pl (M. Scpkt))
= (if isadd (p'cs) A I = modifies (p'cs) then 1 else 0)
proof —
have ic: ¢ = (0, snd c)
using is-val by (auto simp add: is-valid-initial-def) (metis prod.collapse)

have add-if: (3" k = 0..length p—1. if isadd (p ! k) A modifies (p ! ¢s) = modifies
(p!k)
then S ¢ p k t else 0)
= (> k = 0..length p—1. if k=cs then
if isadd (p ! k) A modifies (p ! ¢s) = modifies (p | k) then S cp k t else
0 else 0)
apply (rule sum.cong)
using S-unique cs-def by auto

have bound: fst (steps ¢ p t) < length p — 1 using is-val ic p-contains[of ¢ p a
t]
by (auto simp add: dual-order.strict-implies-order)

thus ?thesis using S-unique add-if
apply (auto simp add: sum-radd.simps add-if S-def cs-def)
by (smt S-def sum.cong)
qged

lemma single-step-sub:
fixes c :: configuration
and p :: program
and [ :: register
and ¢ a :: nat

defines cs = fst (steps c p t)
assumes is-val: is-valid-initial ¢ p a
shows D"R—pl(Me. Zepltx Scpkt))
= (if issub (ples) A 1 = modifies (plcs) then Z ¢ p 1t else 0)
proof —

have fst ¢ = 0 using is-val by (auto simp add: is-valid-initial-def)
hence ic: ¢ = (0, snd ¢) by (metis prod.collapse)

have bound: c¢s < length p — 1 using is-val ic p-contains|[of ¢ p a t]
by (auto simp add: dual-order.strict-implies-order cs-def)

have sub-if: (> k = 0..length p—1. if issub (p ! k) A modifies (p ! cs) = modifies
(p ! k)

93



then 1 * (if c¢s = k then (Suc 0) else 0) else 0)
="k = 0..length p—1. if k = cs then
(if issub (p ! k) A modifies (p ! cs) = modifies (p ! k)
then (Suc 0) = (if cs = k then (Suc 0) else 0)
else 0) else 0)
apply (rule sum.cong) using cs-def by auto

show ?thesis using bound sub-if
apply (auto simp add: sum-rsub.simps cs-def Z-def S-def R-def)
by (metis One-nat-def cs-def)
qged

lemma Im0/4-06-one-step-relation-register-old:
fixes [::register
and ic::configuration
and p::program

defines s = fst ic
and tape = snd ic

defines m = length p
and tape’ = snd (step ic p)

assumes is-val: is-valid ic p
and [: <l < length tape»

shows (tape’ll) = (tape!l) + (if isadd (p's) A | = modifies (p's) then 1 else 0)
— Zicpl 0« (if issub (pls) A I = modifies (p!s) then 1
else 0)
proof —
show ?thesis
using [
apply (cases <p!s»)
apply (auto simp: assms(1—4) step-def update-def)
using nth-digit-0 by (auto simp add: Z-def R-def)
qed

lemma Im0/4-06-one-step-relation-register:
fixes [ :: register
and c :: configuration
and p :: program
and ¢ :: nat
and a :: nat

Recyp
Scp

defines r
defines s

assumes is-val: is-valid-initial ¢ p a
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and I: | < length (snd c)

shows r 1 (Suct) =rlt+ O R+ pl (k. skt))
—OCR—pl (M. (Zeplt)*skt))
proof —
define cs where cs = fst (steps ¢ p t)

have add: (3 R+ pl (Mk. sk 1))
= (if isadd (ples) A 1 = modifies (ples) then 1 else 0)
using single-step-add[of ¢ p a | snd ¢ t] is-val | s-def cs-def by auto

have sub: (D" R—pl (M. Zepltxskt))
= (if issub (ples) A 1 = modifies (plcs) then Z ¢ p 1t else 0)
using single-step-sub is-val | s-def cs-def Z-def R-def by auto

have lhs: 71 (Suc t) = snd (steps ¢ p (Suc t)) 'l
by (simp add: r-def R-def del: steps.simps)

have rhs: 71t = snd (stepscpt) !l
by (simp add: r-def R-def del: steps.simps)

have wvalid-time: is-valid (steps ¢ p t) p using steps-is-valid-invar is-val
by (auto simp add: is-valid-initial-def)

have [-time: 1 < length (snd (steps ¢ p t)) using [ steps-tape-length-invar by
auto

from lhs rhs have r | (Suc t) = r 1t + (if isadd (ples) A I = modifies (plcs)
then 1 else 0)
— (if issub (p'cs) N 1 = modifies (plcs) then Z ¢ p 1t else 0)
using [-time valid-time Im04-06-one-step-relation-register-old steps.simps cs-def
nth-digit-0
Z-def R-def by auto

thus ?thesis using add sub by simp
qed

end

3.4.2 States

theory SingleStepState
imports RegisterMachineSimulation
begin

lemma Im04-07-one-step-relation-state:
fixes d :: state
and c :: configuration
and p :: program
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and ¢ :: nat
and « :: nat

defines r= R cp
defines s = Scp
defines z = Z cp
defines cs = fst (steps ¢ p t)

assumes is-val: is-valid-initial ¢ p a
and d < length p

shows s d (Suct) = (3. S+ pd (k. skt))
+ 02 8— p d (Mk. z (modifies (plk)) t * s k 1))
+ (280 p d (Mk. (1 — z (modifies (p'k)) t) * s k t))
+ (if ishalt (ples) A d = cs then Suc 0 else 0)
proof —
have ic: ¢ = (0, snd ¢)
using is-val by (auto simp add: is-valid-initial-def) (metis prod.collapse)
have cs-bound: cs < length p using ic is-val p-contains|of ¢ p a t] cs-def by auto

have (>_k = 0..length p—1.
if isadd (p ! k) A goes-to (p ! fst (steps ¢ p t)) = goes-to (p ! k)
then if fst (steps cpt) = k
then Suc 0 else 0 else 0)
="k = 0..length p—1.
if fst (steps cpt) =k
then if isadd (p ! k) N goes-to (p ! fst (steps ¢ p t)) = goes-to
(p!k)
then Suc 0 else 0 else 0)
apply (rule sum.cong) by auto
hence add: (3. S+ p d (Mk. sk t)) = (if isadd (p'cs) A d = goes-to (ples) then
Suc 0 else 0)
apply (auto simp add: sum-sadd.simps s-def S-def cs-def)
using cs-bound cs-def by auto

have (> k = 0..length p—1.
if issub (p ! k) A goes-to (p! fst (steps ¢ p t)) = goes-to (p ! k)
then z (modifies (p ! k)) t = (if fst (steps ¢ p t) = k then Suc 0 else
0) else 0)
= (3. k = 0..length p—1. if k=cs then
if issub (p ! k) A goes-to (p! fst (steps ¢ p t)) = goes-to (p ! k)
then z (modifies (p ! k)) t else 0 else 0)
apply (rule sum.cong)
using z-def Z-def cs-def by auto
hence sub-zero: (3 S— p d (Ak. z (modifies (plk)) t * s k t))
= (if issub (ples) A d = goes-to (plcs) then z (modifies (plcs)) t else 0)
apply (auto simp add: sum-ssub-nzero.simps s-def S-def cs-def)
using cs-bound cs-def by auto
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have (>_k = 0..length p—1.
if issub (p ! k) N goes-to-alt (p! fst (steps ¢ p t)) = goes-to-alt (p ! k)
then (Suc 0 — z (modifies (p ! k)) t) = (if fst (steps ¢ p t) = k then Suc 0
else 0) else 0)
= (> k = 0..length p—1. if k=cs then
if issub (p ! k) A goes-to-alt (p ! fst (steps ¢ p t)) = goes-to-alt (p ! k)
then (Suc 0 — z (modifies (p ! k)) t) else 0 else 0)
apply (rule sum.cong) using z-def Z-def cs-def by auto
hence sub-nzero: (>S50 p d (M\k. (1 — z (modifies (plk)) t) * s k t))
= (if issub (ples) A d = goes-to-alt (plcs) then (1 — z (modifies (plcs)) t)
else 0)
apply (auto simp: sum-ssub-zero.simps s-def S-def cs-def)
using cs-bound cs-def by auto

have s d (Suc t) = (if isadd (ples) A d = goes-to (ples) then Suc 0 else 0)
+ (if issub (ples) A d = goes-to (ples) then z (modifies (plcs)) t else
0)
+ (if issub (ples) A d = goes-to-alt (ples) then (1 — z (modifies (plces))
t) else 0)
+ (if ishalt (ples) A d = cs then Suc 0 else 0)
apply (cases plcs)
by (auto simp: s-def S-def step-def fetch-def cs-def z-def Z-def Z-bounded R-def
read-def)

thus ?thesis using add sub-zero sub-nzero by auto
qged

end

3.5 Multiple step relations
3.5.1 Registers

theory MultipleStepRegister
imports SingleStepRegister
begin

lemma [Im0/4-22-multiple-register:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
and a :: nat

defines b == B ¢
and m == length p
and n == length (snd ic)

assumes is-val: is-valid-initial ic p a
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assumes c-gt-cells: cells-bounded ic p ¢
assumes I: [ < n

and 0 <!

and ¢: ¢ > 0

assumes terminate: terminates ic p q
assumes c: ¢ > |

defines r == RLe ic p b q
and z == ZLeicp b q
and s == SKeicp b q

shows rl="bxrl
+bx (O R+ pls)
—bx O_R—pl (M. 21 && s k))
proof —
have 0: sndic!l= 0 using assms(4, 7) by (cases ic; auto simp add: is-valid-initial-def)

have b (Suct) x O R—pl (Mk. (Zicplt)« Sicpkt)) < b (Suct)* Ric
plt fort
proof (cases t=0)
case True
hence R ic p 1 0 = 0 by (auto simp add: 0 R-def)
thus ?thesis by (auto simp add: True Z-def sum-rsub.simps)
next
case Fulse
define cs where cs = fst (steps ic p t)
have sub: (3 R—pl (Ak. Zicplt* Sicpkt))
= (if issub (ples) A 1 = modifies (plcs) then Z ic p 1t else 0)
using single-step-sub Z-def R-def is-val | n-def cs-def by auto
show ?thesis using sub by (auto simp add: sum-rsub.simps R-def Z-def)
qed

from this have positive: b (Suc t) * O R— pl (M\k. (Zicplt)*« Sicpkt))
< b (Suct)* Ricplt
+ 67 (Suct) * QR+ pl (Ak. Sicpkt)) for t
by (auto simp add: Nat.trans-le-addl)

have commute-add: (3 t=0..g—1. > R+ pl (Ak. bt x Sicp k t))
=> R+ pl(Mk. > t=0..q—1. (b7t x Sicpkt))
using sum-radd-commutativelof p I Nk t. bt = Sic p k't g—1] by auto

have r-¢: l<n — Ricplqg=10

using terminate terminates-def correct-halt-def by (auto simp: n-def R-def)
hence z-q: I<n — Zicplqg= 10

using terminate terminates-def correct-halt-def by (auto simp: Z-def)
have V k<length p—1. — ishalt (p'k)

using is-val is-valid-initial-def|of ic p a] is-valid-def[of ic p]
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program-includes-halt.simps by blast
hence s-¢: Vk < lengthp — 1. Sicpkqg=10
using terminate terminates-def correct-halt-def S-def by auto

from r-¢ have rg: (D 2 = 0..q — 1. int b ~x x int (snd (stepsicp z) ! 1)) =
O-xz=10..q. int b ~x x int (snd (steps ic p z) ! 1))
by (auto simp: r-q R-def I;
smt Suc-pred mult-0-right of-nat-0 of-nat-mult power-mult-distrib q sum.atLeast0-atMost-Suc
zero-power)

have (3t =0..q — 1. b "tx (Zicplt* Sicpkt))
+ (b7 (Suc (g—1)) x (Zicpl (Suc (g—1)) x Sicpk (Suc (¢—1))))
=0 t=0.Suc (g—1). b "tx(Zicplt* Sicpkt)) fork
using comm-monoid-add-class.sum.atLeast0-atMost-Suc by auto
hence zq: (3 t=0..q— 1.0 " t*x (Zicplt=Sicpkt))
=002t=0..q.b " t*x (Zicplt«Sicpkt)) fork
using z-q ¢ | by auto

have (if isadd (p ! k) A 1 = modifies (p ! k) then >t = 0..¢ — Suc 0. b "t S
icpktelse 0)
= (if isadd (p ! k) A I = modifies (p ! k) then >t = 0..¢. b "t Sicpkt
else 0) for k
proof (cases plk)
case (Add z11 z12)
have sep: (3t =0..q—1.b "txSicpkt)+bgxSicpkyq
=t =0.(Suc (¢—1)). b "t* Sicpkt)
using comm-monoid-add-class.sum.atLeast0-atMost-Suc[of \t. b7t * S ic p
ktqg—1]q
by auto
have ishalt (p ! (fst (steps ic p q)))
using terminates-halt-state|of ic p] is-val terminate by auto
hence S ic p k ¢ = 0 using Add S-def[of ic p k q] by auto
with sep ¢ have (3t =0..¢ — Suc 0. b "t x Sicpkt)=O_t=10..q. b~
t+ Sicpkt)
by auto
thus ?thesis by auto
next
case (Sub z21 222 z23)
then show ?thesis by auto
next
case Halt
then show ?thesis by auto
qed

hence add-¢: Y R+ pl (M\k. > t=0..(¢—1). bt = Sicp k t)

=>"R+pl (M. > t=0..q. bt x Sicpkt)
using sum-radd.simps single-step-add[of ic p a | snd ic] is-val | n-def by auto
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have r i = (>t = 0..q. b7t *x R ic p | t) using r-def RLe-def by auto
alsohave ... = Ricpl0+ (O t=1..¢. b t* Ricplt)
by (auto simp: g comm-monoid-add-class.sum.atLeast-Suc-atMost)
also have ... = (Dt € {1..q}. bt x Ricplt)
by (simp add: R-def 0)
also have ... = (D t € (Suc ‘{0..(¢—1)}). bt * R ic p I t) using ¢ by auto
also have ... = (sum ((At. b7t x R ic p L t) o Suc)) {0..(¢—1)}
using comm-monoid-add-class.sum.reindex[of Suc {0..(¢—1)} (At. b7t * R ic
p 1 t)] by auto
also have ... = (Dt = 0..(¢—1). b (Suct) x(Ricplt
+ O-R+pl(Me. Sicpkt))
— OCCR—pl(Mk. (Zicplt)*x Sicpkt))))
using Im04-06-one-step-relation-register|of ic p a | is-val |
by (simp add: n-def m-def)

also have ... = (>t € {0..(¢—1)}. b (Suct) x Ricplt
+ b (Suct) * O R+ pl (k. Sicpkt))
— b (Suct)* OR—pl (M. (Zicplt)* Sicpkt)))
by (auto simp add: algebra-simps)

finally have int (r1) = (>t € {0..(g—1)}. int(
b (Suct)* Ricplt
+ b (Suct) * O R+ pl(Nk. Sicpkt))
— b (Suct) * O_R—pl(Mk. (Zicplt) = Sicpkt))))

by auto
also have ... = (>t € {0..(¢—1)}. int (b (Suct) x Ricplt)
+ int (b (Suc t) x O R+ pl (Mk. Sicpkt)))
—int (b (Suct) x O_R—pl(AXk. (Zicplt)xSicpk
t)))

by (simp only: sum-int positive)

also have ... = (Dt € {0..(¢—1)}. int (b (Suct) x Ricplt)
+ (int (b (Suct) * QR+ pl (Mk. Sicpkt)))
— int (b (Suct) * O_R—pl (M. (Zicplt)xSicpk
£))))
by (simp add: add-diff-eq)

also have ... = (Dt € {0..(¢—1)}. int( b (Suct) x Ricplt))
+ Oote{0..(¢g—1)} int( b (Suct) * O R+ pl (Mk. Sicpkt)))
—int( b (Suct) * O_R—pl(Mk. (Zicplt)* Sicpk
t)))

by (auto simp only: sum.distrib)

also have ... = int b« int (Dt € {0..(¢—1)}. bt * Ricplt)
+intbx Ot e {0..(¢—1)}. int(b7t x O_R+ pl (k. Sicpkt)))
—int(btx (O R—pl(Mk. (Zicplt)x Sicpkt
)

by (auto simp: sum-distrib-left mult.assoc right-diff-distrib)
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also have ... = int b« int (Dt € {0..(¢—1)}. bt * Ricplt)
+intbx Ot e {0..(¢—1)}. int(b7t x O_R+ pl (k. Sicpkt)))
—intbx (Dt € {0..(¢g—1)}. int(b"tx (O R—pl (k. (Zicplt)* S
icp kt))))
by (auto simp add: sum.distrib int-distrib(4) sum-subtractf)

also have ... = int b = int (Dt € {0..(¢—1)}. bt Ricplt)
+intbx Ot e {0..(¢—1)}. mtO_ R+ pl (Mk. b7t x Sicpkt)))
—intbx O te{0.(¢—1)}. intQ_R—pl (M. b7t * (Zicplt« Sic
pkt))))

using sum-radd-distrib sum-rsub-distrib by auto

also have ... = int b = int (D ¢t
+ int b x int (Ot = 0.
—intbxint (D t=0.

=0.q—1.b7tx Ricplt)

q=1.> R+ pl (k. b7t Sicpkt))
qg—1.> R—pl (M. bt x (Zicplt=Sicpk
t)))

by auto

also have ... = int b x int (Dt =0..q—1. bt x Ricplt)
+iant bxint O R+ pl (Mk. D t=0..q—1. b7t x Sicpkt))
—intbxint O R—pl (M. > t=0..q—1. bt x (Zicplt* Sicpkt)))
using sum-rsub-commautativelof p L Ak t. bt x (Zicplt « Sicpkt) ¢g—1]
using sum-radd-commutativelof p I Xk t. b7t * Sic p k't gq—1] by auto

also have ... = int b x int (D t=0..q. bt * Ricplt)
+antbxint OR+pl (Mk. Y t=0..q—1. bt Sicpkt))
—antbxint O R—pl (Ak. D t=0..q—1. bt *x (Zicplt=Sicpk
t))

by (auto simp: rq R-def; smt One-nat-def rq)

also have ... = int b x int (> t=0..q. bt x Ricplt)
+aintbxint O R+ pl (M. D t=0..q. bt =« Sicpkt))
—intbxint O R—pl (Mk. D> t=0..q. bt x (Zicplt* Sicpkt)))
using zq add-q by auto

also have ... = int b x int (RLeicp b ql)
+int b* int (3 R+ pl(SKeicpbq))
—intbxint O R—pl (Mk. D t=0..q. bt x (Zicplt« Sicpkt)))
by (auto simp: RLe-def; metis SKe-def)

also have ... = int b x int (RLeicp b ql)
+int b* int (3 R+ pl (SKeicpbq))
—intbxint O R—pl (M. ZLeicp b gl && SKe ic p b q k))
using mult-to-bitAND c-gt-cells b-def ¢ by auto

finally have int(r ) = int b * int (r 1)
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+ int b x int (O R+ pls)
—antbxint O_R—pl (Mk. 21 && s k))
by (auto simp: r-def s-def z-def)

hence r [ = b x rl
+bx> R+pls
—b*x > R—pl (M. 21 && s k)

using int-ops(5) int-ops(7) nat-int nat-minus-as-int by presburger

thus %thesis by simp
qged

lemma Im04-23-multiple-registerl :
fixes ¢ :: nat
and [ :: register
and ic :: configuration
and p :: program
and ¢ :: nat
and a :: nat

defines b == B ¢
and m == length p
and n == length (snd ic)

assumes is-val: is-valid-initial ic p a
assumes c-gt-cells: cells-bounded ic p ¢
assumes [: [ = 0

and ¢: ¢ > 0

assumes c: ¢ > 1
assumes terminate: terminates ic p q

defines r == RLeicp b q
and z == ZLe ic p b q
and s == SKeicp b q

shows rl=a+ b1l
+bx O R+pls)
—bx (O R—pl (M. 21 && s k))
proof —
have n: n > 0 using is-val
by (auto simp add: is-valid-initial-def n-def)

have 0: sndic!l=a
using assms by (cases ic; auto simp add: is-valid-initial-def List.hd-conv-nth)

find-theorems hd 2l = 2! 0
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have bound-fst-ic: (if fst ic < length p—1 then 1 else 0) < Suc 0 by auto
have (if issub (p ! k) A | = modifies (p ! k) then if fst ic = k then 1 else 0 else
0)
= (if k = fst ic A issub (p ! k) A 1 = modifies (p ! k) then 1 else 0) for k by
auto
hence (if issub (p ! k) A | = modifies (p ! k) then if fst ic = k then Suc 0 else 0
else 0)
< (if k = fst ic then 1 else 0) for k
apply (cases plk)
apply (cases modifies (p'k))
by auto
hence sub: (> k = 0..length p—1. if issub (p ! k) A I = modifies (p ! k)
then if fst ic = k then Suc 0 else 0 else 0) < Suc 0
using Groups-Big.ordered-comm-monoid-add-class.sum-monolof {0..length p—1}
k. (if issub (p ! k) A 1 = modifies (p ! k) then if fst ic = k then Suc 0 else 0
else 0)
Ak. (if k = fst ic then 1 else 0)] bound-fst-ic Orderings.ord-class.ord-eg-le-trans
by auto

have b (Suct) x O R—pl (Mk. (Zicplt)« Sicpkt)) < b (Suct)* Ric
plt fort
proof (cases t=0)
case True
hence a = R ic p | 0 by (auto simp add: 0 R-def)
thus ?thesis
apply (cases a=0)
subgoal by (auto simp add: True R-def Z-def sum-rsub.simps)
subgoal
apply (auto simp add: True R-def Z-def sum-rsub.simps S-def)
using sub by auto
done
next
case Fulse
define cs where cs = fst (steps ic p t)
have sub: (3 R— pl (M\k. Zicplt* Sicpkt))
= (if issub (ples) A I = modifies (plcs) then Z ic p 1 t else 0)
using single-step-sub Z-def R-def is-val | n-def cs-def n by auto
show ?thesis using sub by (auto simp add: sum-rsub.simps R-def Z-def)
qed

from this have positive: b (Suc t) * (O R—pl (M\k. (Zicplt)*« Sicpkt))
< b (Suct)* Ricplt
+ b (Suct) « O R+ pl (Ak. Sicpkt)) for t
by (auto simp add: Nat.trans-le-addl)

have distrib-add: Nt. bt > R+ pl (MAk. Sicpkt)=> R+ pl (Mk. b "t
Sicpkt)
by (simp add: sum-radd-distrib)
have distrib-sub: A\t. bt « Y. R— pl (k. Zicplt* Sicpkt)
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=Y R—pl(A\k.b "tx(Zicplt* Sicpkt))
by (simp add: sum-rsub-distrib)

have commute-add: (> t=0..q—1. Y R+ pl (Ak. b7t x Sicpkt))
=> R+ pl(Ak. > t=0..q—1. (b7t * Sicpkt))
using sum-radd-commutative[of p | Ak t. b7t x Sic p k't q—1] by auto

have length (snd ic) > 0 using is-val is-valid-initial-def[of ic p a] by auto
hence r-q¢: Ricplq= 10

using terminate terminates-def correct-halt-def I by (auto simp: n-def R-def)
hence z-q: Zicplq= 0

using terminate by (auto simp: Z-def)

have V k<length p—1. — ishalt (plk)
using is-val is-valid-initial-def|of ic p a] is-valid-def[of ic p]
program-includes-halt.simps by blast
hence s-¢: Vk < lengthp — 1. Sicpkqg=10
using terminate terminates-def correct-halt-def by (auto simp: S-def)

from r-¢ have rg: (D 2 = 0..q — 1. int b ~x x int (snd (stepsicp z) ! 1)) =
-z =0..q. int b " x x int (snd (stepsic p z) ! 1))
by (auto simp: r-q R-def; smt Suc-pred mult-0-right of-nat-0 of-nat-mult power-mult-distrib
q
sum.atLeast0-atMost-Suc zero-power)

have 3 t=0..q — 1.0 "t*x (Zicplt* Sicpkt))
+ (b (Suc (¢g—1)) % (Zicpl (Suc (¢—1)) = Sicpk (Suc (¢—1))))
=0 t=0..Suc (¢—1). b "tx (Zicplt* Sicpkt)) fork
using comm-monoid-add-class.sum.atLeast0-atMost-Suc by auto
hence zq: (3 t=0..q —1.b "t« (Zicplt=Sicpkt))
=002t=0..q.b "t (Zicplt«Sicpkt)) fork
using 2-q ¢ by auto

have (if isadd (p ! k) A 1 = modifies (p ! k) then >t = 0..q — Suc 0. b "t * S
icpktelse 0)
= (if isadd (p ! k) Al = modifies (p ! k) then >t = 0..¢. b "t Sicpkt
else 0) for k
proof (cases plk)
case (Add z11 z12)
have sep: (3t =0..q—1.b "t xSicpkt)+bgqxSicpkyq
=2t =0.(Suc (¢—1)). b "t* Sicpkt)
using comm-monoid-add-class.sum.atLeast0-atMost-Suclof A\t. b7t % S ic p
ktq—1]q
by auto
have ishalt (p ! (fst (steps ic p q)))
using terminates-halt-state|of ic p] is-val terminate by auto
hence S ic p k ¢ = 0 using Add S-def[of ic p k q] by auto
with sep ¢ have (3t =0..¢ — Suc 0. b "t x Sicpkt)=O_t=0..q. b~
txSicpkt)
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by auto

thus ?thesis by auto
next

case (Sub z21 222 223)

then show ?thesis by auto
next

case Halt

then show ?thesis by auto
qed

hence add-¢: Y R+ pl (Ak. > t=0..(¢—1). bt = Sicp k t)
=S R+ pl(A\k. > t=0..q. bt *x Sicpkt)
using sum-radd.simps single-step-add|of ic p a | snd ic] is-val | n-def by auto

have rl = (Dt = 0..q. bt * R ic p | t) using r-def RLe-def by auto
alsohave ... = Ricpl0+ O t=1..¢. b t* Ricplt)

by (auto simp: ¢ comm-monoid-add-class.sum.atLeast-Suc-atMost)
also have ... = a4+ (3t € {1..¢}. bt « Ricplt)

by (simp add: R-def 0)

also have ... = a + (Dt = (Suc 0)..(Suc (¢—1)). bt * R ic p | t) using ¢ by
auto

also have ... = a + (3t € (Suc ‘{0..(¢—1)}). b7t x Ric p lt) by auto

also have ... = a + (sum ((Mt. b7t x R ic p lt) o Suc)) {0..(¢q—1)}

using comm-monoid-add-class.sum.reindez|of Suc {0..(¢—1)} (A\t. b7t * R ic

p 1 t)] by auto
also have ... = a + (3 ¢t
also have ... = a + (3t

0..(q—1). b (Suc t) * Ricpl (Suct)) by auto
0..(q—1). b (Suct) *(Ricplt

+ O R+ pl(Mk. Sicpkt))

— OC_R—pl(Mk. (Zicplt)x Sicpkt))))
using Im04-06-one-step-relation-register|of ic p a l] is-val n n-def |
by (auto simp add: n-def m-def)

also have ... = a + (3t € {0..(¢—1)}. b (Suct)* Ricplt
+ 0 (Suct) * QR+ pl (Ak. Sicpkt))
— b (Suct)«* OR—pl(Ak. (Zicplt)* Sicpkt)))
by (auto simp add: algebra-simps)

finally have int (rl) = int a +(>_t € {0..(¢q—1)}. ini(
b (Suct)* Ricplt
+ b (Suct) * QR+ pl (M. Sicpkt))
— b0 (Suct) « O R—pl (M. (Zicplt)* Sicpkt))))

by auto
also have ... = int a + (Dt € {0..(¢q—1)}. int (b (Suct) * Ricplt)
+ int (b (Suct) * O R+ pl (Mk. Sicpkt)))
—int (b7 (Suct)* O_R—pl(M\k. (Zicplt)* Sicpk
t)))

by (simp only: sum-int positive)
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also have ... = int a + (Dt € {0..(¢—1)}. int (b (Suct) * Ricplt)
+ (int (b (Suc t) * (3 R+ p 1 (Ak. Siic p k t)))
— int (b (Suct)* O_R—pl (k. (Zicplt)xSicpk
)
by (simp add: add-diff-eq)

also have ... = inta + (3t € {0..(¢g—1)}. int( b (Suct) x Ricplt))
+ Oote{0..(¢g—1)} int( b (Suct) * O R+ pl (Mk. Sicpkt)))
—int( b (Suct) * O R—pl (Ak. (Zicplt)* Sicpk
t))))

by (auto simp only: sum.distrib)

also have ... = int a + int b x int (Ot € {0..(¢—1)}. b7t * Ricplt)
+intbx (3t € {0..(¢g—1)} int(b7t x (O R+ pl (Mk. Sicpkt)))
—int(btx (O R—pl(Ak. (Zicplt)yx Sicpkt
)

by (auto simp: sum-distrib-left mult.assoc right-diff-distrib)

also have ... = inta + int b x int (Ot € {0..(¢—1)}. b7t * Ricplt)
+aintbx O te{0..(¢—1)}. int(bt* O_R+ pl (Ak. Sicpkt)))
—intbx (O te{0..(¢—D}. int(bt+* O R—pl (M. (Zicplt)« S
i p k1))
by (auto simp add: sum.distrib int-distrib(4) sum-subtractf)

also have ... = inta + int b x int (3t € {0..(¢—1)}. b7t * Ricplt)
+antbx O te{0.(¢—1)}. intQO_R+pl (Ak. b7t x Sicpkt)))
—intbx O te{0..(¢—1)}. int(Q_R—pl (M. b7t % (Zicplt= Sic
pkt)))

using distrib-add distrib-sub by auto

also have ... = inta + int b xint (3t =0..q—1. bt Ricplt)
+iantbxint Ot =0..g—1.> R+ pl (Ak. bt x Sicpkt))
—intbxint (O t=0.q—1.Y R—pl (M. bt * (Zicplt* Sicpk
t))

by auto

also have ... = int a + int b x int (3t = 0..q—1. bt x Ricplt)
+antbxint QO R+ pl (M. Y t=0..q—1. bt Sicpkt))
—ntbxint (3 R—pl (Ak. Y t=0..q—1. bt x (Zicplt« Sicpkt)))
using sum-rsub-commutative[of p I Ak t. bt x (Zicplt* Sicpkt) g—1]
using sum-radd-commutativelof p I Nk t. bt = Sic p k't g—1] by auto

also have ... = int a + int b x int (>_t=0..q. bt * Ricplt)
+intb*int O R+ pl (Mk. D t=0..q—1. b7t x Sicpkt))
—intbxint O R—pl (Ak. D> t=0..q—1. bt x (Zicplt=Sicpk
t))

by (auto simp: rq R-def; smt One-nat-def rq)
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also have ... = int a + int b x int (>_t=0..q. bt * Ricplt)
+iantbxint (O R+ pl (Ak. D t=0..q. bt « Sicpkt))
—intbxint (3 R—pl (Nk. D t=0..q. bt x (Zicplt=* Sicpkt)))
using 2q add-q by auto

also have ... = int a + int b x int (RLe ic p b ql)
+ int b * int (3 R+ pl (SKeicpb q))
—intbxint (3 R—pl (Nk. D t=0..q. bt x (Zicplt=* Sicpkt)))
by (auto simp: RLe-def; metis SKe-def)

also have ... = int a + int b x int (RLe ic p b ¢ )
+ int b * int (3 R+ pl (SKeicpb q))
—intbxint 3 R—pl (M\k. ZLeicp b ql && SKeicp b q k))
using mult-to-bitAND c-gt-cells b-def ¢ by auto

finally have int(r ) = int a + int b * int (r [)
+iintbxint O R+ pls)
—intbxint 3 R—pl (Ak. 21 && s k))
by (auto simp: r-def s-def z-def)

hencerli=a+ bx*xrl
+bx> R+pls
—bx Y R—pl Mk 21 && s k)
using int-ops(5) int-ops(7) nat-int nat-minus-as-int by presburger

thus ?thesis by simp
qed

end

3.5.2 States

theory MultipleStepState
imports SingleStepState
begin

lemma Im04-24-multiple-step-states:
fixes ¢ :: nat

and [ :: register

and ic :: configuration

and p :: program

and q :: nat

and a :: nat

defines b == B ¢
and m == length p

107



assumes is-val: is-valid-initial ic p a

assumes c-gt-cells: cells-bounded ic p ¢

assumes d: d < m—1 and 0 < d
and ¢: ¢ > 0

assumes terminate: terminates ic p q
assumes c: ¢ > |

defines r = RLeicp b q
and z = ZLeicp b q
and s = SKeicp b q
and e=>t=20.q. bt

shows s d =bx (D, S+ pds)
+ b (O085— pd (Ak. z (modifies (p'k)) && s k))
+bx (D.80p d (Mk. (e — z (modifies (p'k))) && s k))
proof —
have program-includes-halt p
using is-val is-valid-initial-def|of ic p a] is-valid-def[of ic p] by auto

have halt-term0: t < q—1 — (if ishalt (p'(fst (steps ic p t))) A d = fst (steps
icpt)
then Suc 0 else 0) = 0 for ¢
using terminate terminates-def by auto

have single-step: Sic p d (Suct) = (O S+ pd (Ak. Sicpkt))
+ 0. S—p d (Ak. Zic p (modifies (p'k)) t x Sic p k t))
+ (0280 p d (Mk. (1 — Zicp (modifies (plk)) t) * Sic p kt))
+ (if ishalt (p!(fst (steps ic p t))) A d = fst (steps ic p t) then Suc
0 else 0) for t
using Im04-07-one-step-relation-state[of ic p a d] is-val <d>0> d
by (simp add: m-def)

have b: b > 0 using b-def B-def by auto
have halt: ishalt (p!fst(steps ic p q)) using terminate terminates-def correct-halt-def
by auto
have add-conditions: (if isadd (p ! k) A d = goes-to (p ! k)
then (3 t=0..¢q — Suc0.b " txSicpkt)+b qgxSicpkgqelse0)
= (if isadd (p ! k) A d = goes-to (p ! k)
then >t = 0..g — Suc 0. b "t x Sicpktelse 0) for k
apply (cases plk; cases d = goes-to (p'k)) using ¢ S-def b halt by auto
have b x b ~ (¢ — Suc 0) = b ~ (¢ — Suc 0 + Suc 0) using ¢
by (simp add: power-eq-if)
have (M\k. (O°t = 0..(¢—1). btx Sicpkt)+ b (Suc (¢—1)) = Sicpk
(Suc (g-1)))
= (Ak. Ot = 0..(Suc (g—1)). b7t x Sic p k t)) by auto
hence > S+ pd (Me. Ot = 0..(¢—1). btx Sicpkt)+bgxSicpk
(Suc (g-1)))
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=>S+pd Mk Y t=0.(Suc (¢—1)). b7t x Sicpkt) using ¢
by auto
hence add-¢: >S5+ pd (Ak. >t = 0..(¢g—1). bt x Sicpkt)
=Y S+ pdMe. X t=0.q.btxSicpkt)
by (auto simp add: sum-sadd.simps q add-conditions)

have issub (plk) = b ~ (Suc (¢—1)) * (Z ic p (modifies (p ! k)) (Suc (g—1)) *
(if fst (steps ic p (Suc (q—1))) = k then Suc 0 else 0)) = 0 for k
by (auto simp: q halt)
hence sum-equiv-nzero: issub (p'k) =
Oot=0..q—1.b "t x (Zicp (modifies (p ! k)) t
(if fst (steps ic p t) = k then Suc 0 else 0)))
="t =0..(Suc (¢g—1)). b "t * (Zicp (modifies (p! k)) t *
(if fst (steps ic p t) = k then Suc 0 else 0))) for k
using sum.atLeast0-atMost-Suclof At. b "t * (Z ic p (modifies (p ! k)) ¢
x (if fst (steps ic p t) = k then Suc 0 else 0)) q—1] by
auto
hence sub-nzero-conditions: (if issub (p ! k) A d = goes-to (p ! k) then
St=10..q — Suc 0. b "t * (Zicp (modifies (p! k)) t x Sicpkt) else 0)
= (if issub (p ! k) A d = goes-to (p ! k) then
St=10.q b " tx (Zicp (modifies (p ' k)) t x Sicpkt) else 0) for k
apply (cases issub (p'k)) using ¢ S-def halt b by auto
have (Ak. (3 t=0..(¢—1). b7t * (Z ic p (modifies (p'k)) t * Sic p k t))
+ b (Suc (¢—1)) = (Z ic p (modifies (p'k)) (Suc (¢—1)) * Sicpk
(Suc (g—1))))
= (Ak. > t=0..(Suc (¢—1)). b7t = (Z ic p (modifies (plk)) t x Sicp k t)) by
auto
hence sub-nzero-q: (3> S— p d (Ak. > t=0..(¢—1). b7t % (Z ic p (modifies (p'k))
t+Sicpkt)))
=0"85—pd(Ak. > t=0..q. b7t x (Z ic p (modifies (plk)) t = S ic
p k1))
by (auto simp: sum-ssub-nzero.simps q sub-nzero-conditions)

have issub (p'k) = b ~ (Suc (¢—1)) * ((Suc 0 — Z ic p (modifies (p ! k)) (Suc
(¢-1)))
x Sicpk (Suc (¢—1))) = 0 for k using ¢ halt S-def by auto
hence sum-equiv-zero: zssub (plk) =
Sot=0..q—1.b" ((SucO—chp(modzﬁes( VE) t) « Sicpkt))
= (> t=0.Suc (qu) b "t * ((Suc 0 — Zic p (modifies (p ! k)) t) = S ic
p kt)) for k
using sum.atLeast0-atMost-Suclof At. b "t x ((Suc 0 — Z ic p (modifies (p !

B) )
x Sicpkt) q—1] by auto
have (if issub (p ! k) A d = goes-to-alt (p ! k) then
St=10..g — Suc 0.b "t ((Suc 0 — Zicp (modifies (p ! k)) t) = S ic
p kt) else 0)
= (if issub (p ! k) A d = goes-to-alt (p ! k) then
Yt=0.q.b "t x ((Suc 0 — Zic p (modifies (p ! k)) t) x Sicpkt)
else 0) for k
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apply (cases issub (p'k)) using sum-equiv-zero[of k| ¢ by auto
hence sub-zero-q: (350 p d (Ak.> t=0..q—1. b7t « (1 — Zic p (modifies(p'k))
t) * Sicpkt)))
=(0280pd (Ak> t=0..q. bt x (1 — Zic p (modifies (plk)) t)
x Sicpkt)))
using sum-ssub-zero.simps q by auto

have s d = (3.t = 0..q. b7t * Sic p d t) using s-def SKe-def by auto
also have ... = Sicpd 0+ O t=1..q. bt Sicpdi)
by (auto simp: g comm-monoid-add-class.sum.atLeast-Suc-atMost)
alsohave ... = 0 t=1..q. bt x Sicpdt)
using S-def «d>0» is-val is-valid-initial-def[of ic p a] by auto
also have ... = (30t € (Suc “{0..(¢—1)}). b7t * Sic p d t) using ¢ by auto
also have ... = (sum ((At. b7t * Sicp dt) o Suc)) {0..(¢—1)}
using comm-monoid-add-class.sum.reindex[of Suc {0..(q—1)} (At. b7t x Sicp
d t)] by auto
also have ... = (Dt = 0..(¢—1). b (Suc t) *(>_ S+ p d (M\k. Sicp ki)
+ (38— p d (\k. Zic p (modifies (p'k)) t * Sic p k t))
+ (O°8S0p d (M. (1 — Zicp (modifies (p'k)) t) = S ic
p k)
+ (if ishalt (p!(fst (stepsic p t))) A d = fst (stepsic pt)
then Suc 0 else 0)))
using single-step by auto
also have ... = (Dt = 0..(¢g—1). b (Suc t) x(>_ S+ p d (A\k. Sic p k t))
+ (32 8S— p d (\k. Zic p (modifies (p'k)) t * Sic p k t))
+ (0280 p d (Mk. (1 — Zic p (modifies (plk)) t) = S ic

p k1)
using halt-term0 by auto
also have ... = (3.t = 0..(¢g—1). (b (Suct) * Q.S+ pd (k. Sicpkt))
+ b (Suc t) x (O S— p d (Ak. Zic p (modifies (p'k)) t * S icp
k1))
+ b (Suct)« (D.80pd (M. (1 — Zicp (modifies (p'k)) t) x S
ic p k1))

by (simp add: algebra-simps)
also have ... = (Dt = 0..(¢—1). (b (Suct) x (3. S+ pd (\k. Sicpkt))))
))—;(Z t=0..(q—1). b (Suc t)*(>_ S— p d (Ak. Z ic p (modifies (plk)) t = S
icpkt
+(O°t=0..(g—1). b (Suc t)x(>. S0 p d (Mk. (1 — Z ic p (modifies (p'k))
t) * Sicpkt)))
by (auto simp only: sum.distrib)
also have ... = b*x O t=0..(¢—1). (b7t x (O S+ pd (M. Sicpkt)))
+ (> t=0..(¢g—1). b"tx(D_S— p d (M\k. Z ic p (modifies (p'k)) ¢ * S ic

p k1)
+ (D> t=0..(¢—1). b tx(>. S0 p d (k. (1 — Z ic p (modifies (plk)) t)
* Sicpkt)))
by (auto simp: algebra-simps sum-distrib-left)
also have ... = bx (D t=0..(¢—1). O S+ pd (M. bt Sicpkt)))
+ (> t=0..(¢—1). O_S— p d (Ak. b7t x (Z ic p (modifies (p'k)) ¢t = S
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icpkt))))
+ (> t=0..(¢—1). O_S0p d (Mk. b7t * ((1 — Z ic p (modifies (p'k))
t)* Sicpkt))))
using sum-sadd-distrib sum-ssub-nzero-distrib sum-ssub-zero-distrib by auto
also have ... = b DS+ pd (M\k. Dt =0..(¢—1). bt « Sicpkt))
+ k(> S—pd (Mk. > t=0..(¢q—1). b7t x (Z ic p (modifies (p'k)) t = S
icpkt)))
+ 0x(3°S0p d (Mk. D t=0..(g—1). b7t = ((1 — Z ic p (modifies (p'k))
t) x Sicpkt)))
using sum-sadd-commutative sum-ssub-nzero-commutative sum-ssub-zero-commutative
by auto

finally have eql: sd =b* (D S+ pd (M. Dt =10..q. b txSicpkt))
+ k(32 5— pd (Mk. D t=0..q. b7t * (Z ic p (modifies (p'k)) t * Sicpk

t))
+ 0x(>°S0p d (Mk. Y t=0..q. b7t x (1 — Z ic p (modifies (p'k)) t) * S
i p k1))
using add-q sub-nzero-q sub-zero-q by auto
also have ... = b x (3. S+ p d (Mk. s k))
+ (> S—pd (k. DY t=0..q. b7t x (Z ic p (modifies (p'k)) t x Sicpk
t))
+ (3. 50p d (Nk. > t=0..q. bt x ((1 — Z ic p (modifies (p'k)) t) x S
icpkt)))

using SKe-def s-def by auto
finally have sd =b * (3. S+ p d s)
+ (> S—pd (MNk. DY t=0..q. b7t x (Z ic p (modifies (p'k)) t x Sicp k

t))
+ 0x(3.80p d (Mk. S t=0..q. bt x (1 — Z ic p (modifies (p'k)) t) * S
ic p k 1))
by auto
also have ... = bx (D S+ pds)

+ (> S— p d (M\k. ZLe ic p b q (modifies (p'k)) && SKe ic p b q k))
+ 0x(>°S0p d (Nk. Y t=0..q. b7t x (1 — Z ic p (modifies (p'k)) t) * S
ic p k1))
using mult-to-bitAND c-gt-cells b-def ¢ by auto
finally have sd =b % (3. S+ p ds)
+ (> S— p d (M\k. ZLe ic p b q (modifies (p'k)) && SKe ic p b q k))
+ (>S50 p d (Ak. (e — ZLe ic p b q (modifies (plk))) && SKe ic p b q
K)
using mult-to-bitAND-state c-gt-cells b-def ¢ e-def by auto
thus ?thesis using s-def z-def by auto
qged

lemma Im04-25-multiple-step-statel :
fixes c :: nat

and [ :: register

and ic :: configuration

and p :: program

and q :: nat
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and « :: nat

defines b == B ¢
and m == length p

assumes is-val: is-valid-initial ic p a
assumes c-gt-cells: cells-bounded ic p ¢
assumes d: d=0

and ¢: ¢ > 0

assumes terminate: terminates ic p q
assumes c: ¢ > |

defines r = RLeicp b q
and z = ZLeicp b q
and s = SKeicp b q
and e=>t=20.q. bt

shows sd =14 bx (). S+ pds)
+ b (>05— pd (Ak. z (modifies (p'k)) && s k))
+bx (D.S0p d (M. (e — z (modifies (p'k))) && s k))
proof —
have program-includes-halt p
using is-val is-valid-initial-def|of ic p a| is-valid-def[of ic p] by auto
hence p # [| by auto
have - ishalt (p!d) using d m-def <program-includes-halt p> by auto
hence (if ishalt (p ! fst (stepsic p t)) A d = fst (steps ic p t) then Suc 0 else 0)
=0 for ¢
by auto
hence single-step: At. Sicp d (Suct) = 3. S+ pd (M. Sicpkt))
+ (32 S— p d (M\k. Zic p (modifies (p'k)) t * S icp k t))
+ O.S0pd (Mk. (1 — Zicp (modifies (p'k)) t) * Sic p k t))
using Im04-07-one-step-relation-state|of ic p a d] is-val d <p # [> by (simp add:
m-def)

have b: b > 0 using b-def B-def by auto
have halt: ishalt (p!fst(steps ic p q)) using terminate terminates-def correct-halt-def
by auto
have add-conditions: (if isadd (p ! k) A d = goes-to (p ! k)
then (Dt =10..¢ — Suc 0.b "t x Sicpkt)+b gx Sicpkaqelse0)
= (if isadd (p ! k) A d = goes-to (p ! k)
then >t = 0..¢ — Suc 0. b "t x Sicpktelse 0) for k
apply (cases plk; cases d = goes-to (p'k)) using ¢ S-def b halt by auto
have b x b ~ (¢ — Suc 0) = b ~ (¢ — Suc 0 + Suc 0) using ¢
by (simp add: power-eq-if)
have (M\e. (O_t = 0..(¢—1). bt x Sicpkt)+ b (Suc (¢—1)) = Sicpk
(Suc (g-1))
=Mk 0ot =0..(Suc (¢—1)). bt x Sicpkt)) by auto

112



hence >S5+ pd (Ak. 3t = 0..(¢g—1). btx Sicpkt)+bgxSicpk
(Sue (¢-1)))
=>S+pd Ak Y.t =0.(Suc (¢—1)). b7t * Sic p kt) using ¢
by auto
hence add-¢: Y S+ pd (M. Dt =0..(¢—1). bt « Sicpkt)
=S+ pdANk. > t=0..q. b7t x Sicpkt)
by (auto simp add: sum-sadd.simps q add-conditions)

have issub (p'k) = b ~ (Suc (¢—1)) * (Z ic p (modifies (p ! k)) (Suc (¢—1)) *
(if fst (steps ic p (Suc (¢q—1))) = k then Suc 0 else 0)) = 0 for k
by (auto simp: q halt)
hence sum-equiv-nzero: issub (p'k) =
Oot=0..q—1.b "t x (Zicp (modifies (p ! k)) t
(if fst (steps ic p t) = k then Suc 0 else 0)))
=t =0.(Suc (¢—1)). b ~t* (Zicp (modifies (p ! k)) ¢ *
(if fst (steps ic p t) = k then Suc 0 else 0))) for k
using sum.atLeast0-atMost-Suclof \t. b ~t * (Z ic p (modifies (p ! k)) ¢
« (if fst (steps ic p t) = k then Suc 0 else 0)) q—1] by
auto
hence sub-nzero-conditions: (if issub (p ! k) A d = goes-to (p ! k) then
St=10..q — Suc 0.b "t * (Zicp (modifies (p! k)) t x Sicpkt) else 0)
= (if issub (p ' k) A d = goes-to (p ! k) then
Yt=10.q.b " tx(Zicp (modifies (p ' k)) t x Sicpkt) else 0) for k
apply (cases issub (p'k)) using q S-def halt b by auto
have (k. (3 t=0..(¢—1). b7t * (Z ic p (modifies (p'k)) t * Sic p k t))
+ b (Suc (¢—1)) * (Z ic p (modifies (p'k)) (Suc (¢—1)) * Sicpk
(Suc (g—1))))
= (k. D2 t=0..(Suc (¢—1)). b7t x (Z ic p (modifies (p'k)) t x Sic p k t)) by
auto
hence sub-nzero-q: (3. S— p d (M. > t=0..(¢—1). b7t * (Z ic p (modifies (p'k))
txSicpkt)))
=0"8S—pd Mk D t=0..q. b7t * (Z ic p (modifies (p'k)) t * S ic

p k1))
by (auto simp: sum-ssub-nzero.simps q sub-nzero-conditions)

have issub (p'k) = b ~ (Suc (¢—1)) * ((Suc 0 — Z ic p (modifies (p ! k)) (Suc
(1))
x Sicpk (Suc (¢—1))) = 0 for k using q halt S-def by auto
hence sum-equiv-zero: zssub (plk) =
Oot=0.q—1.0" ((SucO—chp(modzﬁes( 1k)) t) = Sicpkt))
=(>_t=0.Suc (q—]) b " t* ((Suc 0 — Zicp (modzﬁes (p'k))t)=Sic
p k t)) for k
using sum.atLeast0-atMost-Suclof At. b "t % ((Suc 0 — Z ic p (modifies (p !

B) 1)
x Sicpkt) g—1] by auto
have (if issub (p ! k) A d = goes-to-alt (p ! k) then
St=10.q— Suc0.b " tx ((Suc 0 — Zicp (modifies (p ! k)) t) x S ic
p k t) else 0)
= (if issub (p ! k) A d = goes-to-alt (p ! k) then
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St=10..q. b "t * ((Suc 0 — Zic p (modifies (p ! k)) t) * Sicpkt)
else 0) for k
apply (cases issub (p'k)) using sum-equiv-zero[of k] q by auto
hence sub-zero-g: (> S0p d (Ak.Y t=0..g—1. b7t * (1 — Z ic p (modifies(p'k))
t) x Sicpkt)))
=0_S0pd (Me>t=0..q. b7t x ((1 — Zic p (modifies (p'k)) t)
x Sicpkt)))
using sum-ssub-zero.simps q by auto

have S0: S ic p d 0 = 1 using S-def is-val is-valid-initial-def[of ic p a] d by
auto

have s d = (3t = 0..q. b7t * Sic p d t) using s-def SKe-def by auto

also have ... = Sicpd 0+ O t=1..¢. bt * Sicpdt)
by (auto simp: q comm-monoid-add-class.sum.atLeast-Suc-atMost)
alsohave ... = b0+« Sicpd0+ O t=1..q.b7txSicpdt)

using S-def is-val is-valid-initial-def[of ic p a] by auto
also have ... = 1 + (D t € (Suc “{0..(g—1)}). b7t = Sic p d t) using ¢ SO by
auto
also have ... = 1 + (sum ((At. b7t * Sicp dt)o Suc)) {0..(¢—1)}
using comm-monoid-add-class.sum.reindex[of Suc {0..(g—1)} (At. b7t x Sicp
d t)] by auto
also have ... = 1 + (3.t = 0..(¢g—1). b (Suc t) x(O_ S+ pd (Mk. Sicpkt))
+ (32 8= p d (\k. Zic p (modifies (p'k)) t * Sic p k t))
+ (02 S0p d (M. (1 — Zic p (modifies (p'k)) t) = S ic
pkt))))
using single-step by auto
alsohave ... = 1 + Ot = 0..(¢—1). (b (Suct) x O S+ pd (M\k. Sicpkt))
+ b (Suc t) x (O S— p d (Ak. Zic p (modifies (p'k)) t * S icp
ki)

ic p k1))
by (simp add: algebra-simps)
alsohave ... = 1 + (Ot = 0..(¢g—1). (b (Suct) * (3 S+ p d (M\k. Siic p k t))))
. ))—i)—(z t=0..(q—1). b (Suc t)*(>_ S— p d (Ak. Z ic p (modifies (plk)) t = S
icpkt
+(3t=0..(g—1). b (Suc t)x(>. S0 p d (Mk. (1 — Z ic p (modifies (p'k))
t) * Sicpkt)))
by (auto simp only: sum.distrib)
alsohave ... = 1 + bx (Dt =0..(¢—1). (b7t * O S+ pd (Ak. Sicpkt))))
+ (> t=0..(¢g—1). b7tx(D_S— p d (Mk. Z ic p (modifies (p'k)) ¢ * S ic

+ 0 (Suct) x (380 p d (Mk. (1 — Z ic p (modifies (plk)) t) = S

pkt)))
+ (> t=0..(¢—1). b tx(>_ S0 p d (k. (1 — Z ic p (modifies (plk)) t)
x Sicpkt)))
by (auto simp: algebra-simps sum-distrib-left)
alsohave ... = 1 + bx (Dt =0..(¢—1). DS+ pd (Mk. b7t x Sicpkt))
+ (> t=0..(¢—1). O_S— p d (Ak. b7t x (Z ic p (modifies (p'k)) ¢t = S
i p k1))
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+ (> t=0..(¢—1). O°S0p d (M\k. b7t * ((1 — Z ic p (modifies (p'k))
t) x Sicpkt))))
using sum-sadd-distrib sum-ssub-nzero-distrib sum-ssub-zero-distrib by auto
alsohave ... =1 + bx (O S+ pd (Mk. D>t =0..(¢—1). bt * Sicpkt))
+ (> S—p d (M. Y t=0..(¢g—1). b7t x (Z ic p (modifies (p'k)) ¢t x S
ic p k1)
+ (>80 p d (Mk. > t=0..(¢—1). bt = (1 — Z ic p (modifies (p'k))
t) % Sicpkt)))
using sum-sadd-commutative sum-ssub-nzero-commutative sum-ssub-zero-commutative
by auto

finally have eqf: sd =14+ b (3. S+pd (M. > t=0..q. bt xSicpkt))
+ x(>.S—pd (M. > t=0..q. b7t x (Z ic p (modifies (p'k)) t x Sicpk

t))
+ 0x(>-S0p d (Mk. > t=0..q. b7t x (1 — Z ic p (modifies (p'k)) t) * S
ic p k1))
using add-q sub-nzero-q sub-zero-q by auto
also have ... = 1 + bx .S+ p d (\k. s k))
+ k(38— pd (Mk. S t=0..q. b7t * (Z ic p (modifies (p'k)) t * Sicpk
t))
+ 0x(>-S0p d (Mk. Y t=0..q. b7t x (1 — Z ic p (modifies (p'k)) t) * S
icp k1))

using SKe-def s-def by auto
finally have sd = 1 + b * (D>, S+ p d s)
+ k(32 8— pd (Mk. D t=0..q. b7t * (Z ic p (modifies (p'k)) t * Sicpk

t))
+ 0x(>S0p d (Mk. Y t=0..q. b7t x (1 — Z ic p (modifies (p'k)) t) * S
icpkt)))
by auto
also have ... = 1 + bx (D S+ pds)

+ (> S— p d (Mk. ZLe ic p b q (modifies (p'k)) && SKe ic p b q k))
+ x> S0p d (Mk. Y t=0..q. b7t x (1 — Z ic p (modifies (p'k)) t) * S
i p k1))
using mult-to-bitAND c-gt-cells b-def ¢ by auto
finally have sd = 1 + b * (>, S+ p d s)
+ bx(>.S— p d (M\k. ZLe ic p b q (modifies (p'k)) && SKe ic p b q k))
+ (> S0 p d (Mk. (e — ZLe ic p b q (modifies (plk))) && SKe ic p b q
k)
using mult-to-bitAND-state c-gt-cells b-def ¢ e-def by auto
thus ?thesis using s-def z-def by auto
qed

lemma halting-condition-04-27:
fixes c :: nat

and [ :: register

and ic :: configuration

and p :: program

and q :: nat

and a :: nat
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defines b == B ¢
and m == length p — 1

assumes is-val: is-valid-initial ic p a
and q: ¢ > 0

assumes terminate: terminates ic p q

shows SKeicpbgm=1>b "¢
proof —
have halt: ishalt (p ! (fst (steps ic p q)))
using terminate terminates-def correct-halt-def by auto
have V k<length p — 1. — ishalt (plk) using is-val is-valid-initial-def[of ic p a)
is-valid-def[of ic p] program-includes-halt.simps by blast
hence ishalt (p'k) = k > length p — 1 for k using not-le-imp-less by auto
hence gt: fst (steps ic p q) > m using halt m-def by auto
have fst (steps icp q) < m
using p-contains|of ic p a q] is-val m-def by auto
hence g¢-steps-m: fst (steps ic p ¢) = m using gt by auto
hence 1: S ic p m q = 1 using S-def by auto

have ishalt (p!m) using g¢-steps-m halt by auto

have Vt<gq. — ishalt (p ! (fst (steps ic p t))) using terminate terminates-def by
auto

hence Vit<q. = (fst (steps ic p t) = m) using <ishalt (p!m)» by auto

hence 0: t < ¢q—1 = Sic p mt = 0 for ¢ using ¢ S-def[of ic p m t] by auto

have SKeicpbgm = (>t = 0..(Suc (¢—1)). b ~t % Sicp mt) by (auto
simp: q SKe-def)

also have ... = (Dt =0..(¢—1). bt * Sicpmt) + b~ (Suc (¢—1)) * Sicp
m (Suc (q—1))
by auto
also have ... = b ~ ¢ using 0 1 q by auto
finally show ?thesis by auto
qed

lemma state-g-bound:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
and a :: nat

defines b == B ¢
and m == length p — 1

assumes is-val: is-valid-initial ic p a
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and q: ¢ > 0
and terminate: terminates ic p q
and c: ¢ > 0

assumes k<m

shows SKeicpbqgk <b "¢
proof —
from b-def have b>1 using B-def apply auto
by (metis One-nat-def one-less-numeral-iff power-gt1-lemma semiring-norm(76))
hence b: b > 2 using c b-def B-def
by (smt One-nat-def Suc-le-lessD less-Suc-eg-le less-trans-Suc linorder-neqE-nat
numeral-2-eq-2 power-Suc0-right power-inject-exp)
from <k<m> have — ishalt (p'k) using is-val
by (simp add: is-valid-def is-valid-initial-def is-val m-def)
hence S ic p k ¢ = 0 using terminate terminates-def correct-halt-def S-def by
auto
hence SKeicpbqgk=(>_t=0..q—1.b "tx Sicpkt)
using «¢>0» apply (auto cong: sum.cong simp: SKe-def) by (metis (no-types,
lifting) Suc-pred
add-cancel-right-right mult-0-right sum.atLeast0-atMost-Suc)
also have ... < (3t = 0..¢q—1. bt) by (auto simp add: S-def gr-implies-not0
sum-mono)
also have ... < b "¢
using <¢>0> sum-bt
by (metis Suc-diff-1 b)

finally show ?thesis by auto
qed

end

3.6 Masking properties

theory MachineMasking
imports RegisterMachineSimulation ../ Diophantine/Binary-And
begin

definition E :: nat = nat = nat where
(Eqb)=00_t=0..q.07¢)

lemma e-geom-series:

assumes b > 2

shows (Eqgb=c¢) «— ((b—1)x e=0b0"(Sucq) — 1) (is 2P +— ?20Q)
proof—

have sum ((7) (int b)) {..<Suc ¢} = sum ((7) b) {0..q} by (simp add: atLeast0At-
Most lessThan-Suc-atMost)

then have (int b — 1) x (Eqb) =intb ~ Suc q — 1
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using E-def by (metis power-diff-1-eq)
moreover have int b ~ Suc ¢ — 1 = b " (Suc q) — 1 using one-le-power|of
int b Suc q] assms
by (simp add: of-nat-diff)
moreover have int b — 1 = b — 1 using assms by auto
ultimately show ?thesis using assms
by (metis Suc-1 Suc-diff-le Zero-not-Suc diff-Suc-Suc int-ops(7) mult-cancel-left
of-nat-eq-iff)
qed

definition D :: nat = nat = nat = nat where
(Dgecb)y=00t=0..q. (27c—1)xDbt)

lemma d-geom-series:

assumes b = 27 (Suc ¢)

shows (D gcb=4d) «— (b—1)*xd = (2"c— 1) (b (Suc q) — 1)) (is 7P
— 2Q)
proof—

have D gcb=(2"c— 1) * E qbby (auto simp: E-def D-def sum-distrib-left
sum-distrib-right)

moreover have b > 2 using assms by fastforce

ultimately show ?thesis by (smt e-geom-series mult.left-commute mult-cancel-left)
qed

definition F :: nat = nat = nat = nat where
(Fqcb)=0_t=0..q. 27cxb1)

lemma f-geom-series:

assumes b = 27(Suc ¢)

shows (Fgcb=f)«+— ((b—1)*f=2"c* (b (Sucq) — 1))
proof—

have F g ¢ b = 27¢c x E ¢q b by (auto simp: E-def F-def sum-distrib-left
sum-distrib-right)

moreover have b > 2 using assms by fastforce

ultimately show ?thesis by (smt e-geom-series mult.left-commute mult-cancel-left)
qed

lemma auz-lt-implies-mask:

assumes a < 2k

shows Vr>k. a jr =10

using nth-bit-def assms apply auto
proof —

fix r :: nat

assume al: a < 2 "k

assume a2: k < r
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from al have a div 2 "k = 0
by simp
then have 2 = (0:nat) Va< 2 " r
using a2 by (metis (no-types) div-le-mono nat-zero-less-power-iff neq0-conv
not-le power-diff)
then show a div 2 ~r mod 2 = 0
by simp
qed

lemma [t-implies-mask:
fixes a b :: nat
assumes Jk. a < 27k A (Vr<k. nth-bit br = 1)
shows a < b
proof —
obtain k where assms: a < 27k A (Vr<k. nth-bit b r = 1) using assms by
auto
have k1: Vr<k. ajr < b r using nth-bit-bounded
by (simp add: <a < 2 "k AN (Vr<k.bjr=1))
hence k2: Vr>k. a i r = 0 using auz-lt-implies-mask assms by auto
show ?thesis using masks-leg-equiv
by auto (metis k1 k2 le0 not-less)
qged

lemma mask-conversed-shift:
fixes a b k :: nat
assumes asm: a < b
shows a x 27k < b*x 27k
proof —
have shift: z < y = 2xz < 2xy for z y by (induction z; auto)
have a %« 2 "k 202 k= 2x(a*x 2 k)2 2x%(bx 2 k) for k
using shift[of ax27k bx27k] by auto
thus ?thesis by (induction k; auto simp: asm shift algebra-simps)
qed

lemma base-summation-bound:
fixes ¢ ¢q :: nat
and f :: (nat = nat)

defines b: b = B ¢
assumes bound: V. ft < 2 7 Suc ¢ — (1::nat)

shows (Dt = 0..q. ft * b"t) < b (Suc q)
proof (induction q)
case ()
then show ?case using B-def b bound less-imp-diff-less not-less-eq
by auto blast
next
case (Suc q)
have (3t =0..Sucq. ftxb " t)=f(Sucq) b " (Sucq)+ O t=0.q ft

119



x b T t)
by (auto cong: sum.cong)
also have ... < (f (Suc q¢) + 1) * b ~ (Suc q)
using Suc.IH by auto
also have ... < b * b ~ (Suc q)
by (metis bound b less-diff-conv B-def mult-less-cancel2 zero-less-numeral zero-less-power)
finally show ?case by auto
qed

lemma mask-conserved-sum:
fixes y ¢ q :: nat
and z :: (nat = nat)

defines b: b = B ¢

assumes mask: Vit. xt < y

assumes zlt: Vt. 2t < 2 "¢ — Suc 0
assumes ylt: y < 2 "¢ — Suc 0

shows (D"t =0..q 2t bt) X (O t=10..q.y x b"t)
proof (induction q)
case 0
then show ?case
using mask by auto
next
case (Suc q)

have zb: Vi. x t < 27Suc ¢ — Suc 0
using zlt
by (smt Suc-pred lel le-imp-less-Suc less-SucE less-trans n-less-m-mult-n nu-
meral-2-eq-2
power.simps(2) zero-less-numeral zero-less-power)
have yb: y < 27¢
using ylt b B-def lel order-trans by fastforce

have sumzlt: (3t = 0..q. xt x b " t) < b (Suc q)
using base-summation-bound xb b B-def by auto

have sumylt: (3t = 0..q. y x b " t) < b (Suc q)
using base-summation-bound yb b B-def by auto

have (D t=0..Sucq. zt*xb " t) 2 (O t=0.Sucq yx*b 1)
= (z (Suc q) * b Suc g+ O t=0..qzt*xb " t) =<
yx b Sucqg+ O t=20.q.yxb " t)
by (auto simp: atLeast0-lessThan-Suc add.commute)
also have ... = (z (Suc ¢q) * b"Suc ¢ <X y * b"Suc q)
AOSt=0.qztxb ") O t=0..qyxb "1
using mask-linear[where ?t = Suc ¢ * Suc q| sumalt sumylt Suc.IH b B-def
apply auto
apply (smt mask mask-conversed-shift power-Suc power-mult power-mult-distrib)
by (smt mask mask-linear power-Suc power-mult power-mult-distrib)
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finally show ?case using mask-linear Suc.IH B-def
by (metis (no-types, lifting) b mask mask-conversed-shift power-mult)
qed

lemma auz-powertwo-digits:
fixes k c :: nat
assumes k < ¢
shows nth-bit (27¢) k=0
proof —
have h: (2:nat) “cdiv2 "k=2"(c — k)
by (simp add: assms less-imp-le power-diff)
thus ?thesis
by (auto simp: h nth-bit-def assms)
qed

lemma obtain-digit-rep:
fixes z c :: nat
shows z && 27c = (D t<Suc c. 27t x (nth-bit z t) * (nth-bit (27¢) t))
proof —
have z && 27c¢ =< 27¢ by (simp add: Im0245)
hence z && 27¢ < 27¢ by (simp add: masks-leq)
hence h: z && 27¢ < 27Suc ¢
by (smt Suc-lessD le-neq-implies-less lessI less-trans-Suc n-less-m-mult-n nu-
meral-2-eq-2
power-Suc zero-less-power)
have Vt. (z && 27¢) | t = (nth-bit x t) * (nth-bit (27¢) t)
using bitAND-digit-mult by auto
then show ?thesis using h digit-sum-repr|of (z && 27¢) Suc |
by (auto) (simp add: mult.commute semiring-normalization-rules(19))
qed

lemma nth-digit-bitAND-equiv:
fixes z ¢ :: nat
shows 27¢ x nth-bit z ¢ = (z && 27¢)
proof —
have d1: nth-bit (27¢) ¢ = 1
using nth-bit-def by auto

moreover have z && 27c¢ = (2::nat) "¢ * (z | ¢) * (((2::nat) ¢) | ¢)
+ (O t<e. (2unat) "t + (i t) * (((2:nat) ¢) i t))
using obtain-digit-rep by (auto cong: sum.cong)

moreover have (D t<c. 27t * (nth-bit x t) * (nth-bit ((2::nat) ¢) t)) = 0
using aux-powertwo-digits by auto

ultimately show ?thesis using d1

by auto
qed
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lemma bitA ND-single-digit:
fixes z ¢ :: nat

assumes 2 ¢ <z

assumes z < 2 ~ Suc ¢

shows nth-bit v ¢ = 1
proof —
obtain b where b: z = 27¢c + b
using assms(1) le-Suc-ex by auto
have bb: b < 27¢
using assms(2) b by auto
have (2 "¢+ b) div2 “cmod 2 = (1 + b div?2 " c) mod 2
by (auto simp: div-add-self1)
also have ... = 1
by (auto simp: bb)
finally show ?thesis
by (simp only: nth-bit-def b)
qed

NN

lemma auz-bitAND-distrib: 2 * (a && b) = (2 * a) && (2 = b)
by (induct a b rule: bitAND-nat.induct; auto)

lemma bitAND-distrib: 27c * (a && b) = (27¢c * a) && (27¢c * b)
proof (induction c)
case (
then show ?case by auto
next
case (Suc ¢)
have 2 7 Suc ¢ * (a && b) = 2 % (2 "¢ * (a && b)) by auto
also have ... = 2 x ((27¢ * a) && (27¢ = b)) using Suc.IH by auto
also have ... = ((27Suc ¢ x a) && (27Suc ¢ * b))
using auz-bitAND-distriblof 27c * a 27¢ * b)
by (auto simp add: ab-semigroup-mult-class.mult-ac(1))
finally show ?case by auto
qed

lemma bitA ND-linear-sum:
fixes z y :: nat = nat
and c :: nat
and q :: nat

defines b: b == 2 ~ Suc c

assumes zb: Vit. z ¢t < 2 " Succ — 1
assumes yb: Vi. yt < 2~ Suc ¢ — 1

shows (Dt =0..q. (xt && yt) = b7¢)
Olt=0.qzt*xbt)&& Ot =

x 0..q.yt*bt)
proof (induction q)
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case (
then show ?case
by (auto simp: b B-def)

next

case (Suc q)

have >t = 0..Suc q. (zxt && yt) x b " t) = (z (Suc q) && y (Suc q)) * b ~
Suc q

+t=0.q (zt&& yt)«b " t)

by (auto cong: sum.cong)

moreover have h0: (z (Suc q) && y (Suc q)) * b ~ Suc q
= (z (Suc q) * b Suc q) && (y (Suc q) * b Suc q)
using b bitAND-distrib by (auto) (smt mult.commute power-Suc power-mult)

moreover have hi: (D t=0..q (zt && yt) b " t)
=0t=0..qztxbt) && S t=10..q. yt*>b"t)
using Suc.IH by auto

ultimately have h2: (3"t = 0..Suc q. (zt && yt) = b " 1)
= ((z (Suc q) * b7 Suc q) && (y (Suc q) * b"Suc q))
+(OSt=0.qztxbt)&& Ot =10..q.yt*bt)
by auto

have sumzb: (3>t = 0..q. xt b " t) < b~ Sucq
using base-summation-bound xb b B-def by auto
have sumyb: (D t=0..q. yt*b " t) < b~ Sucyq
using base-summation-bound yb b B-def by auto

have h3: ((z (Suc q) * b7 Suc q) && (y (Suc ¢) * b Suc q))
((Zt: ztxbt) && O t=0..q. yt=*bTt))
((Zt zt*b7t) + x (Suc q) * b Suc q)

((Et—O gyt xb7t) + y (Suc q) * b Suc q)
using sumzb sumyb bitAND-linear h2 h0
by (auto) (smt add.commute b power-Suc power-mult)

thus ?case using h2 by (auto cong: sum.cong)
qed

lemma dmask-auz0:

fixes x :: nat

assumes z > (

shows (2 "z — Suc 0) div2 =2 "(x — 1) — Suc 0
proof —

have 0: (27z — Suc 0) div 2 = (27z — 2) div 2

by (smt Suc-diff-Suc Suc-pred assms dvd-power even-Suc even-Suc-div-two
nat-power-eq-Suc-0-iff
neq0-conv numeral-2-eq-2 zero-less-diff zero-less-power)

moreover have divides: (2::nat) dvd 27z
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by (simp add: assms dvd-power|of x 2::nat])

moreover have (272 — 2:nat) div 2 = 27z div 2 — 2 div 2
using div-plus-div-distrib-dvd-left[of 2 27z 2] divides
by auto

moreover have ... = 2 " (z — 1) — Suc 0
by (simp add: Suc-lel assms power-diff)

ultimately have 1: (2 "z — Suc 0) div 2 =2 " (z — 1) — Suc 0
by (smt One-nat-def)

thus ?thesis by simp

qed

lemma dmask-auz:

fixes c :: nat

shows d < ¢ = (27¢c — Suc 0) div 2°d =2 " (¢ — d) — Suc 0
proof (induction d)

case (

then show ?case by (auto)
next

case (Suc d)

have d: d < ¢ using Suc.prems by auto

have (2 "¢ — Suc 0) div 2 ~Sucd = (2 "¢ — Suc 0) div 2 ~ d div 2

by (auto) (metis mult.commute div-mult2-eq)

also have ... = (2 7 (¢ — d) — Suc 0) div 2
by (subst Suc.IH) (auto simp: d)
also have ... = 2 7 (¢ — Suc d) — Suc 0

apply (subst dmask-auz0[of ¢ — d])
using d by (auto)
finally show ?case by auto
qed

lemma register-cells-masked:
fixes [ :: register
and ¢ :: nat
and ic :: configuration
and p :: program

assumes cells-bounded: cells-bounded ic p ¢
assumes I: | < length (snd ic)

shows Ricplt<2"c— 1
proof —
have a: Ricplt < 27¢c — 1 using cells-bounded less-Suc-eq-le
using [ by fastforce
have b: r < ¢ = nth-bit (27c — 1) r =1 for r
apply (auto simp: nth-bit-def)
apply (subst dmask-auz)
apply (auto)
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by (metis Suc-pred dvd-power even-Suc mod-0-imp-dvd not-mod2-eq-Suc-0-eq-0
zero-less-diff zero-less-numeral zero-less-power)
show ?thesis using lt-implies-mask cells-bounded [
by (auto) (metis One-nat-def b)
qed

lemma Im0/-15-register-masking:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat

defines b == B ¢
defines d == D gc b

assumes cells-bounded: cells-bounded ic p ¢
assumes I: [ < length (snd ic)

defines r == RLe icp b q

shows r [ < d
proof —
have A\t. Ricplt < 27¢c — 1 using cells-bounded [
by (rule register-cells-masked)
hence rmasked: Vt. Ricplt X 27¢c — 1
by (intro alll)

have rlt: Vt. Ricplt < 27¢c — 1
using cells-bounded less-Suc-eq-le | by fastforce

have rlmasked: (Dt =0..¢. Ricplt«bt) X (O t=10..q. (27c— 1) b"¢t)
using rmasked rit b-def B-def mask-conserved-sum by (auto)

thus ?thesis

by (auto simp: r-def d-def D-def RLe-def mult.commute cong: sum.cong)
qed

lemma zero-cells-masked:
fixes [ :: register
and ¢ :: nat
and ic :: configuration
and p :: program

assumes [: [ < length (snd ic)

shows Zicplt <1
proof —
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have nth-bit 1 0 = 1 by (auto simp: nth-bit-def)
thus ?thesis apply (auto) apply (rule lt-implies-mask)

by (metis (full-types) One-nat-def Suc-1 Z-bounded less-Suc-eq-le less-one power-one-right)
qed

lemma Im04-15-zero-masking:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat

defines b == B ¢
defines e == E g b

assumes cells-bounded: cells-bounded ic p ¢
assumes [: | < length (snd ic)
assumes c: ¢ > 0

defines z == ZLeicp b q

shows 2z [ < e
proof —
have A\t. Zicplt < 1 using |
by (rule zero-cells-masked)
hence zmasked: Vt. Zicplt < 1
by (intro alll)

have zlt: Vt. Zicplt <2 "¢ — 1
using cells-bounded less-Suc-eq-le by fastforce

have 1: (1:nat) < 2 "¢ — 1 using ¢
by (simp add: Nat.le-diff-conv2 numeral-2-eq-2 self-le-power)

have rlmasked: (Dt = 0..q. Zicplt x b7t) X (Dt = 0..q. 1 x b"%)
using zmasked zlt 1 b-def B-def mask-conserved-sum|of Z ic p | 1]
by (auto)

thus ?2thesis

by (auto simp: z-def e-def E-def ZLe-def mult.commute cong: sum.cong)
qed

lemma Im04-19-zero-register-relations:
fixes c :: nat
and [ :: register
and ¢ :: nat
and ic :: configuration
and p :: program
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assumes cells-bounded: cells-bounded ic p ¢
assumes I: [ < length (snd ic)

defines z == Zic p
defines r == R icp

shows 27 cx zlt=(rlt+ 27¢c—1)&& 27¢
proof —
have al: Ricplt #0 = 2 c< Ricplt+ 2¢c— 1
by auto
have a2: Ricplt+ 27¢c — 1 < 27 Suc ¢ using cells-bounded
by (simp add: 1 less-imp-diff-less)

have Zicplt = nth-bit (Ricplt+ 27¢c—1)c
apply (cases Ricplt = 0)
subgoal by (auto simp add: Z-def R-def nth-bit-def)
subgoal using cells-bounded bitAND-single-digit al a2 Z-def
by auto
done

also have 27¢ x nth-bit (Ricplt+ 2¢c—1)c=((Ricplt+ 27c— 1) &&
27¢)
using nth-digit-bitA ND-equiv by auto

finally show ?thesis by (auto simp: z-def r-def)
qged

lemma Im04-20-zero-definition:
fixes ¢ :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat

defines b == B ¢
defines f == Fqcb
defines d == D gc b

assumes cells-bounded: cells-bounded ic p ¢
assumes I: [ < length (snd ic)

assumes c: ¢ > 0

defines z == ZLeicp b q
defines r == RLe icp b q

shows 27¢cx 21l = (rl+ d) && f
proof —
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have At. 27cx Zicplt=(Ricplt+ 27¢c— 1) && 27¢
by (rule Im04-19-zero-register-relations cells-bounded 1) +
hence raw-sums: (3t = 0..q. 27c*x Zicplt*b"t)
=0t=0..q (Ricplt+ 27c—1)&& 27¢c) x b7t)
by auto

have (3 t=0..q. 27cx Zicplt«bt)=2"c* D t=0..q. Zicplt=bt)
by (auto simp: sum-distrib-left mult.assoc cong: sum.cong)

also have ... = 27¢c x z |
by (auto simp: z-def ZLe-def mult.commute)

finally have lhs: (Dt =0..q. 27cx Zicplt*b"t) = 2"cx* zl
by auto

have (3t =0..q. (Ricplt+ (27c— 1)) *bt)
=0t=0.q Ricplt*bt+(27¢c—1)=*0b7t)
apply (rule sum.cong)
apply (auto simp: add.commute mult.commute)
subgoal for z using distrib-leftiof bz R ic p l © 27¢ — 1] by (auto simp:
algebra-simps)
done
alsohave ... = (> t=10..q. (Ricplt«b"t))+ (O t=0.q (27c—1)*b7%)
by (rule sum.distrib)
also have ... = rl + d
by (auto simp: r-def RLe-def d-def D-def mult.commute)
finally have split-sums: (>t = 0..q. (Ricplt+ (27c—1))xbt)=rl+d
by auto

have al: (2:nat) ~ ¢ < (2:nat) ~ Suc ¢ — 1 using ¢ by (induct ¢, auto,
fastforce)
have a2: Vt. Ricplt+ 2 "¢ — 1 < 27 Suc ¢ using cells-bounded B-def
by (simp add: less-imp-diff-less 1) (simp add: Suc-leD 1 less-imp-le-nat nu-
meral-Bit0)
have (3t =0..q. (Ricplt+ 27c — 1) && 27¢) * b7¥)
=0 t=0..q. (Ricplt+27c—1)xb7t)&& D t=10..q. 27c*b"t)
using bitAND-linear-sum[of A\t. Ricplt+ 27c — 1 ¢ At. 27¢]
cells-bounded b-def B-def al a2
apply auto
by (smt One-nat-def Suc-less-eq Suc-pred al add.commute add-gr-0 | mult-2
nat-add-left-cancel-less power-Suc zero-less-numeral zero-less-power)
also have ... = (3 ¢t =0..q. (Ricplt+2¢c—1)xbt) && f
by (auto simp: f-def F-def)
also have ... = (r | + d) && f using split-sums
by auto
finally have rhs: (Ot =0..q. (Ricplt+ 27¢c—1)&& 27¢) x b7t) = (rl+
d) && f
by auto

show ?thesis using raw-sums lhs rhs
by auto
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qed

lemma state-mask:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
and a :: nat

defines b = B ¢
and m = length p — 1

defines e = E ¢ b

assumes is-val: is-valid-initial ic p a
and q: ¢ > 0
and ¢ > 0

assumes terminate: terminates ic p q

shows SKeicpbqgk < e
proof —

have 1 < 2 "¢ — Suc 0 using <c¢>0) by (metis One-nat-def Suc-lel one-less-numeral-iff

one-less-power semiring-norm(76) zero-less-diff)
have Smask: Sicp kt < 1 for ¢ by (simp add: S-def)
have Sbound: Sicp kt < 2~ ¢ — Suc 0 for ¢ using (1 <2 ¢c—Suc 0> by (simp
add: S-def)
have rimasked: (3t =0..q. Sicpkt«bt) X (Ot =0..q. 1 x b"t)
using b-def B-def Smask Sbound mask-conserved-sum[of S ic p k 1] <1 <
27c—Suc 0> by auto

thus ?thesis using SKe-def e-def E-def by (auto simp: mult.commute)
qed

lemma state-sum-mask:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
and a :: nat

defines b = B ¢
and m = length p — 1

defines e = F q b

assumes is-val: is-valid-initial ic p a
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and q: ¢ > 0
and ¢ > 0
and b > I

assumes M<m

assumes terminate: terminates ic p q
shows (D" k<M. SKeicpbqk) < e
proof —
have e-auz: nth-digit e t b = (if t<q then 1 else 0) for ¢
unfolding e-def E-def b-def B-def
using <b>1) b-def nth-digit-gen-power-series[of k. Suc 0 ¢ q]
by (auto simp: b-def B-def)

have state-unique: Vk<m. Sicpkt=1 — (Vj#k. Sicpjt=0) for ¢
using S-def by (induction t, auto)

have hi: Vt. nth-digit (> k<M. SKeicp b qk)tb < (if t<q then I else 0)
proof — {
fix t
have auz-bound-1: (3 k<M. Sicp kt') < 1 for ¢’
proof (cases Ik<M. Sicpkt' = 1)
case True
then obtain k where k: k<M A Sicp kt' = 1 by auto
moreover have Vj<M.j#k — Sicpjt' =0
using state-unique <M <=m> k S-def
by (auto) (presburger)
ultimately have (D" k<M. Sicpkt’) =1
using S-def by auto
then show ?thesis
by auto
next
case Fulse
then show ?thesis using S-bounded
by (auto) (metis (no-types, lifting) S-def atMost-iff eq-imp-le le-Sucl
SUM-Nonpos)
qed
hence auz-bound-2: N\t'. (3 k<M. Sicpkt’) < 27¢c
by (metis Suc-1 «¢>0> le-less-trans less-Suc-eq one-less-power)

have h2: (D k<M. SKeicpbqk) = t=10..¢. > k<M. b "t* Sicpk
t)
unfolding SKe-def using sum.swap by auto
hence (D" k<M. SKeicpbqk) = t=10..q. b7t x O k<M. Sicpkt))
unfolding SKe-def by (simp add: sum-distrib-left)

hence nth-digit (> k<M. SKeicp b qk) t b= (if t<q then (3 k<M. S ic

p k t) else 0)
using <c¢>0> aux-bound-2 h2 unfolding SKe-def
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using nth-digit-gen-power-series[of At. (D k<M. Sicp kt) c qt]
by (smt B-def Groups.mult-ac(2) assms(7) aux-bound-1 b-def le-less-trans
sum.cong)
hence nth-digit (3. k<M. SKeicp b qk) tb < (if t<q then I else 0)
using auz-bound-1 by auto
} thus %thesis by auto
qed
moreover have Vi>q. nth-digit (3. k<M. SKeicpbqk)tb=10
by (metis (full-types) h1 le-0-eq not-less)
ultimately have V¢. Vi<Suc c. nth-digit (3 k<M. SKeicp b qk)tbiji
< nth-digit e t b j i
using aux-lt-implies-mask linorder-neqE-nat e-aux
by (smt One-nat-def le-0-eq le-SucE less-or-eg-imp-le nat-zero-less-power-iff
numeral-2-eq-2 zero-less-Suc)

hence Vt. Vi<Suc c. (3 k<M. SKeicpbqk)j(Succxt+1i) <ejl(Succx
t+ 1)
using digit-gen-pow2-reduct[where ?c = Suc ¢ and %a = (> k<M. SKe ic p
b q k)]
using digit-gen-pow2-reduct{where ?c = Suc ¢ and ?a = €]
by (simp add: b-def B-def)
moreover have Vj. 3t i. i < Suc ¢ A j = (Suc ¢ xt + 1)
using mod-less-divisor zero-less-Suc
by (metis add.commute mod-mult-div-eq)
ultimately have Vj. (3 k<M. SKeicpbqk)ij<eij}j
by metis

thus ?thesis
using masks-leg-equiv by auto
qed

end

4 Arithmetization of Register Machines

4.1 A first definition of the arithmetizing equations

theory MachineEquations
imports MultipleStepRegister MultipleStepState MachineMasking
begin

definition mask-equations :: nat = (register = nat) = (register = nat)
= nalt = nat = nat = nat = bool
where (mask-equations nrzc de f) = (Vi<n. (rl) 2 d)
A Vi<n. (z1) <X e)
ANNi<n. 27cx (z1) = (rl+ d) && f))

definition reg-equations :: program = (register = nat) = (register = nat) =
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(state = nat)
= nat = nat = nat = nat = bool where
(reg-equations przs b an q) = (
— 42 Vi>0.l<n—rl=bxrl4+ x> R+ pl(Ak. sk) —bx> R—p

I (k. sk && 2 1))

N —4.23 ( r0=a+bxr 0+ bx> R+p0 (M. sk) — bx> R—p 0 (\k. s
k && 2 0))

A (Vi<n. rl < b~ q)) — Extra equation not in Matiyasevich’s book. Needed to
show that all registers are empty at time q

definition state-equations :: program = (state = nat) = (register = nat) =
nat = nat = nat = nat = bool where
state-equations p s zb e g m = (
—4.24 (Vd>0.d<m — sd = bx>_ S+ pd (\k. sk)+ bx>.S—pd (\k. sk
&& 2 (modifies (p'k)))

(p'k)))))
N —4.25 ( s0=1+bx5+p0 (Nk.sk)+ x>, 5—p0 (M. sk &&

z (modifies (plk)))

(415)))))

AN—427 (sm = b"gq)

ANNVEk<m.sk <e N (Vk<m.sk < b~ q) — these equations are not from
the book

ANV M<m. (D k<M. s k) = e) — this equation is added, too )

+ bx> S0p d (Mk. s k && (e — z (modifies

+ bx>.50p 0 (M\k. s k && (e — z (modifies

definition state-unique-equations :: program = (state=nat) = nat = nat =bool
where
state-unique-equations p s m e = ((O_k=0..m. s k) 2 e A (Vk<m. s k < ¢))

definition rm-constants :: nat = nat = nat = nat = nat = nat = nat = bool
where
rm-constants g ¢ b d e fa = (
—4.14 (b= Bc¢)
AN—4.16 (d =D qcb)
A —4.18 (e = E q b) — 4.19 left out (compare book)
AN—421 (f=Fqch)
A — extra equation not in the book ¢ > 0
AN—4.26 (a < 27¢c) A (¢>0))

definition rm-equations-old :: program = nat = nat = nat = bool where
rm-equations-old p ¢ a n = (
dbcdef:: nat.
3 r z i register = nat.
3 s :: state = nat.
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mask-equations n r z ¢ d e f

A reg-equations p vz s b a n q

A state-equations p s z b e q (length p — 1)
A rm-constants g ¢ b d e f a)

end

4.2 Preliminary commutation relations

theory CommutationRelations
imports RegisterMachineSimulation MachineEquations
begin

lemma auz-commute-bitAND-sum:

fixes N C :: nat

and fat :: nat = nat
shows Vi<N.Vj<N. i # j— (Vk. (fet i) j k* (fetj) i k= 0)
= O k< N.fetk&& C)= (> k< N. fet k) && C

proof (induct N)

case (

then show ?case by auto
next

case (Suc N)

assume Suc-assms: Vi<Suc N.Vj<Suc N. i #j— (Vk. fetijkx*fctjjk=
0)

have (3" k<Suc N. fet k && C) = (3 k<N. fet k && C) + (fet (Suc N) &&
0)
by (auto cong: sum.cong)
also have ... = (sum fct {..N} && C) + (fet (Suc N) && C)
using Suc by auto
also have ... = (sum fet {.N} + fct (Suc N)) && C
proof —
let %a = sum fet {.N} && C
let 2b = fet (Suc N) && C

have formula: Vd. ( 2a+ 20 ) id= (% id+ % id+ bin-carry %a ?b d )
mod 2
using sum-digit-formula by auto

have nocarry4: Y n<Suc N.Vd. (sum fet {.n} jd > 0 — (Fi<n. (fet i) i d
> 0))
A bin-carry (sum fet {..<n}) (fet n) d = 0
proof —

{

fix n
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have n < Suc N —
Vd. (Vi<n. (fet i) j d = 0)
— sum fet {.n} | d = 0) A bin-carry (sum fet {..<n}) (fetn) d =0

proof (induction n)

case (

then show ?case by (simp add: bin-carry-def)
next

case (Suc m)

from Suc Suc.prems have ex: ¥V d. sum fet {.<Suc m} jd > 0 —
(Fi<Sucm. fetijd=1)
using nth-bit-def
by (metis One-nat-def Suc-less-eq lessThan-Suc-atMost less-Suc-eq
nat-less-le
not-mod2-eq-Suc-0-eq-0)

have h1:Vd. sum fet {..<Suc m} j d + fet (Suem)jd < 1
proof —
{
fix d
have sum fet {..<Suc m} i d + fet (Sucm) jd < 1
proof (cases sum fct {..<Suc m} jd = 0)
case True
have fet (Sucm) jd < 1
using nth-bit-def by auto
then show ?thesis using True by auto
next
case Fulse
then have JFi<Suc m. fet ¢ jd > 0
using ex by (metis neq0-conv zero-less-one)
then obtain ¢ where i: i<Suc m A fct i | d > 0 by auto
hence i < Suc N using Suc.prems by auto
hence Vj<Suc N. i # j — (Vk. fetijk* fetjjk=0)
using Suc-assms by auto
then have fct (Sucm) jd =0
using Suc.prems i nat-neg-iff
by (auto) (blast)
moreover from Fulse have sum fct {..<Suc m} jd =1
by (simp add: nth-bit-def)
ultimately show ?thesis by auto
qed
}
thus ?thesis by auto
qed

from K1 have h2: VY d. bin-carry (sum fct {..<Suc m}) (fct (Suc m)) d =

134



using carry-digit-impl by (metis Suc-1 Suc-n-not-le-n)
then have nocarry3: ¥ d. bin-carry (sum fet {..m}) (fct (Suc m)) d = 0
by (simp add: lessThan-Suc-atMost)

fix d
assume a: Vi<Suc m. (feti) jd =0
have sum fet {..Suc m} | d = (sum fet {..m} + fet (Suc m)) i d
by auto
also have ... =
(sum fet {..m} j d + fet (Suc m) i d + bin-carry (sum fet {..m}) (fet
(Suc m)) d) mod 2
using sum-digit-formula[of sum fet {..m} fet (Suc m) d] by auto
finally have sum fct {..Suc m} j d = 0
using nocarry3 Suc a by auto

with h2 show ?case by auto
qed

then have n < Suc N = Vd. (sum fet {.n} jd > 0 — (Fi<n. (fet Q) |
d>0))

A bin-carry (sum fct {..<n}) (fet n) d = 0
by auto

thus ?thesis by auto
qed

from Suc-assms have h3: Vd. %ajd+ %bjd < 1
proof —
have Vd. %ajd+ ?bjd = (sum fet {.N}jd+ fet (Suc N)jd)*Cid
using bitAND-digit-mult add-mult-distrib by auto
then have Vd. %a i d + %bj d < (sum fet {..N} j d + fct (Suc N) i d)
using nth-bit-def by auto
thus ?thesis
using sum-carry-formula nocarry4 no-carry-mult-equiv nth-bit-bounded bi-
tAND-digit-mult
by (metis One-nat-def add.commute add-decreasing le-Suc-eq less Than-Suc-atMost
nat-1-eq-mult-iff)
qed
from h3 have hj: ¥V d. bin-carry %a ?b d = 0
by (metis Suc-1 Suc-n-not-le-n carry-digit-impl)

have h5: V d. bin-carry (sum fet {..N}) (fet (Suc N)) d =0
using nocarry4 lessThan-Suc-atMost by auto

from formula h3 h4 have Vd. ( 2a+ ?b)jd=%ajd+ ?bjd
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by (metis (no-types, lifting) add-cancel-right-left add-le-same-cancell add-self-mod-2
le-zero-eq not-mod2-eq-Suc-0-eq-0 nth-bit-def one-mod-two-eg-one plus-1-eq-Suc)

then have Vd. ( a4+ %) jd = sum fet {.N}jdx Cjd+ fet (Suc N)|d
x* Cid
using bitAND-digit-mult by auto

then have Vd. ( %a + 20 ) d = (sum fct {.N}id+ fet (Suc N)jd)*Cjd
by (simp add: add-mult-distrib)
moreover have Vd. sum fct {..N} j d + fct (Suc N) i d
= (sum fet {..N} i d + fet (Suc N) i d + bin-carry (sum fct {..N}) (fct (Suc
N)) d) mod 2
using h5 sum-carry-formula
by (metis add-diff-cancel-left’ add-diff-cancel-right’ mult-div-mod-eq mult-is-0)
ultimately have Vd. ( %a + %0 ) | d = (sum fct {.N} + fct (Suc N)) j d *
Cid
using sum-digit-formula by auto

then have Vd. ( 2a + 2b) j d = ( (sum fet {..N} + fet (Suc N)) && C') i d
using bitA ND-digit-mult by auto
thus ?thesis using digit-wise-equiv by blast
qed
ultimately show ?case by auto
qed

lemma auz-commute-bitAND-sum-if:
fixes N const :: nat
assumes nocarry: Vi<N.Vj<N. i # j— (Vk. (fet i) i k= (fet§) | k= 0)
shows (> k < N. if cond k then fct k && const else 0)
= D"k < N. if cond k then fet k else 0) && const
proof —
from nocarry have nocarry-if:
Vi<N.Vj<N.i# j— (Vk. (if cond i then fct i else 0) i k x (if cond j then
fetjelse 0) i k= 0)
by (metis (full-types) auxl-digit-wise-equiv mult.commute mult-zero-left)

have (if cond k then fct k && const else 0) = (if cond k then fct k else 0) &&
const for k
by auto
hence (> k < N. if cond k then fct k && const else 0)
= (D" k < N. (if cond k then fct k else 0) && const)
by auto
also have ... = (D k < N. if cond k then fct k else 0) && const
using nocarry-if auz-commute-bitAND-sum[where ?fct = Ak. (if cond k then
fet k else 0)]
by blast
ultimately show ?thesis by auto
qed
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lemma mod-mod:
fixes z a b :: nat
shows = mod 27a mod 27b = x mod 27 (min a b)
by (metis min.commute take-bit-eq-mod take-bit-take-bit)

lemma carry-gen-pow2-reduct:
assumes c>0
defines b: b = 2 ~ (Suc ¢)
assumes nth-digit  (t—1) (27Suc ¢) j ¢ =0
and nth-digit y (t—1) (27Succ¢) jc= 10
shows k<c¢ = bin-carry (nth-digit © t b) (nth-digit y ¢t b) k
= bin-carry x y (Suc ¢ *x t + k)
proof (induction k)
case (
then show ?case
proof (cases t=0)
case True
then show ?thesis using bin-carry-def by auto
next
case Fulse
hence t>0 by auto
from assms(3) have z | (Succx (t — 1) +¢) =0
using digit-gen-pow2-reduct|of ¢ Suc ¢ z t—1] by auto
moreover have y | (Succx (t — 1)+ ¢) =0
using assms(4) digit-gen-pow2-reduct[of ¢ Suc ¢ y t—1] by auto
moreover have Succx (t — 1) +c=t+ c*xt — Suc 0
using add.left-commute gr0-conv-Suc <t>0> by auto
ultimately have (z | (t + ¢ xt — Suc 0) + y i (t + ¢ x t — Suc 0)
+ bin-carry x y (t + ¢ x t — Suc 0)) < 1 using carry-bounded by auto
hence bin-carry z y (Suc ¢ x t) = 0
using sum-carry-formula[of x y Suc ¢ * t — 1] <¢>0> «t>0> by auto

moreover have bin-carry (nth-digit « t b) (nth-digit y t b) 0 = 0
using 0 bin-carry-def by auto
ultimately show ?thesis by auto
qged
next
case (Suc k)
have k<Suc ¢ = z | (Suc ¢ x t + k) = nth-digit z t b | k
using digit-gen-pow2-reduct]of k Suc ¢ z t] b by auto
moreover have k<Suc ¢ = y | (Suc ¢ * t + k) = nth-digit y t b | k
using digit-gen-pow2-reduct|of k Suc ¢ y t] b by auto
ultimately show ?case using Suc
sum-carry-formula|of nth-digit « t b nth-digit y t b k|
sum-carry-formula[of x y Suc ¢ * t + k]
by auto
qed
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lemma nth-digit-bound:
fixes ¢ defines b = 2 ™ (Suc ¢)
shows nth-digit x t b < 2 ~ (Suc ¢)
using nth-digit-def b-def by auto

lemma digit-wise-block-additivity:
fixes c
defines b = 2 ~ Suc ¢
assumes nth-digit  (t—1) (27Suc ¢) j ¢ = 0
and nth-digit y (t—1) (27Suc ¢) j ¢ =0
and k<c
and c>0
shows nth-digit (z+y) t b | k = (nth-digit © t b + nth-digit y t b) | k
proof —
have k < Suc ¢ using k<c> by simp
have z: nth-digit x t b | k = z | (Suc ¢ *x t + k)
using digit-gen-pow2-reduct[of k Suc ¢ x t] b-def <k<Suc ¢y by auto
have y: nth-digit y t bk =y i (Suc ¢ x t + k)
using digit-gen-pow2-reduct|of k Suc ¢ y t] b-def <k<Suc ¢» by auto

have (nth-digit  t b + nth-digit y t b) | k
= ((nth-digit x t b) | k + (nth-digit y t b) | k
+ bin-carry (nth-digit x t b) (nth-digit y t b) k) mod 2
using sum-digit-formulalof nth-digit x t b nth-digit y t b k] by auto
also have ... = (z | (Succ*x t + k) + y | (Suc cxt + k)
+ bin-carry (nth-digit x t b) (nth-digit y t b) k) mod 2
using = y by auto
also have ... = (z | (Succx t + k) + y i (Suc c x t + k)
+ bin-carry x y (Suc ¢ x t + k)) mod 2
using carry-gen-pow2-reduct[of ¢ z t y k] assms by auto

also have ... = (z + y) | (Suc ¢ x t + k)
using sum-digit-formula by auto
also have ... = nth-digit (z+y) t b k

using digit-gen-pow2-reduct[of k Suc ¢ z+y t] b-def <k<Suc ¢» by auto
finally show ?thesis by auto
qed

lemma block-additivity:
assumes ¢ > (
defines b = 2 ~ Suc ¢
assumes nth-digit x (t—1) bjc= 0
and nth-digit y (t—1) bjc=0
and nth-digit x t bjc= 0
and nth-digit y t bjc= 0

shows nth-digit (z+y) t b = nth-digit x t b + nth-digit y t b
proof —

have nth-digit x t b < b using nth-digit-bound b-def by auto
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hence z-digit-bound: Nk. k>Suc ¢ — nth-digit x t b k = 0
using nth-bit-def b-def aux-lt-implies-mask b-def by metis

have nth-digit y t b < b using nth-digit-bound b-def by auto
hence y-digit-bound: Nk. k>Suc ¢ — nth-digit y t b | k = 0
using nth-bit-def b-def aux-lt-implies-mask b-def by metis

fix k

assume k: k>Suc ¢

have carry0: bin-carry (nth-digit x t b) (nth-digit y t b) k = 0
proof —

have base: bin-carry (nth-digit x ¢t b) (nth-digit y t b) (Suc ¢) = 0
using sum-carry-formula|where 7k = c| bin-carry-bounded[where 2k = (]
using assms(5—06) by (metis Suc-eq-plus1 add-cancel-left-left mod-div-trivial)

fix n
assume n: n > Suc ¢
assume IH: bin-carry (nth-digit z t b) (nth-digit y t b) n = 0
have bin-carry (nth-digit = ¢ b) (nth-digit y ¢t b) (Suc n)
= (nth-digit x t b | n + nth-digit y t b | n
+ bin-carry (nth-digit  t b) (nth-digit y ¢t b) n) div 2
using sum-carry-formulalof nth-digit x t b nth-digit y t b] by auto

also have ... = bin-carry (nth-digit z t b) (nth-digit y t b) n div 2
using z-digit-bound y-digit-bound n by auto
also have ... = 0 using IH by auto

finally have bin-carry (nth-digit x ¢t b) (nth-digit y t b) (Suc n) = 0
by auto

}

then show ?thesis
using k base
using nat-induct-at-leastiwhere ?P = Ak. bin-carry (nth-digit x t b)
(nth-digit y t b) k = 0]
by auto
qed

have (nth-digit x t b + nth-digit y t b) | k
= (nth-digit ¢ t b | k + nth-digit y t b | k
+ bin-carry (nth-digit z t b) (nth-digit y t b) k) mod 2
using sum-digit-formulalof nth-digit © t b nth-digit y t b k] by auto
hence separate-sum: (nth-digit x t b + nth-digit y t b) | k = 0
using z-digit-bound y-digit-bound carry0 k by auto

have nth-digit (z+y) t b < b
using nth-digit-bound b-def by auto
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hence zy-sum: nth-digit (z+y) tbjk =0
using nth-bit-def b-def aux-lt-implies-mask b-def k by metis
from zy-sum separate-sum have k-ge: nth-digit (z+y) t b k
= (nth-digit x t b + nth-digit y t b) | k
by auto
}
hence k-ge: k>Suc ¢ — nth-digit (z+y) t bk
= (nth-digit © t b + nth-digit y t b) | k for k
by auto

moreover have k-lt:k<Suc ¢ — nth-digit (z+y) t b | k
= (nth-digit © t b 4+ nth-digit y t b) | k for k
using digit-wise-block-additivity assms by auto

ultimately have nth-digit (z+y) t b k
= (nth-digit © t b + nth-digit y t b) | k for k
by (cases k<Suc c¢; auto)

thus ?thesis using digit-wise-equiv|of nth-digit (z+y) ¢ b] by auto
qed

lemma block-to-sum:

assumes c>(

defines b: b = 2 ~ (Suc ¢)

assumes yltz-digits: Vt'. nth-digit y t' b < nth-digit x t' b

shows y mod bt < z mod bt
proof(cases t=0)

case True

then show ?thesis by auto
next

case Fulse

show ?thesis using yltz-digits apply (induct ¢, auto) using yltz-digits

by (smt add.commute add-left-cancel add-mono-thms-linordered-semiring(1)
mod-mult2-eq
mult-le-cancel2 nth-digit-def semiring-normalization-rules(7))

qed

lemma narry-gen-pow2-reduct:
assumes c¢>0
defines b: b = 2 ~ (Suc ¢)
assumes yltz-digits: Vt'. nth-digit y t' b < nth-digit x t' b
shows k<c¢ = bin-narry (nth-digit z t b) (nth-digit y t b) k
= bin-narry z y (Suc ¢ x t + k)
proof (induction k)
case (
then show ?case
proof (cases t=0)
case True
then show ?2thesis by (simp add: bin-narry-def)
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next
case Fulse
have bin-narry  y (Suc ¢ x t) = 0 using yltz-digits block-to-sum bin-narry-def
assms
by (metis not-less power-mult)
then show ?thesis by (simp add: bin-narry-def)
qed
next
case (Suc k)
have ylex: y<z using yltz-digits digitwise-leq b Suc-1 lessl power-gt1 by metis
have k<Suc ¢ = z | (Suc ¢ x t + k) = nth-digit z t b | k
using digit-gen-pow2-reduct[of k Suc ¢ x t] b by auto
moreover have k<Suc ¢ = y | (Suc ¢ x t + k) = nth-digit y t b | k
using digit-gen-pow2-reduct|of k Suc ¢ y t] b by auto
ultimately show ?case using Suc yltz-digits
dif-narry-formulalof (nth-digit y t b) (nth-digit « t b) k]
dif-narry-formula[of y x Suc ¢ x t + k]| ylex by auto
qed

lemma digit-wise-block-subtractivity:
fixes ¢
defines b = 2 ~ Suc ¢
assumes yltz-digits: Vt'. nth-digit y t' b < nth-digit  t' b
and k<c
and c>0
shows nth-digit (x—y) t b | k = (nth-digit © t b — nth-digit y t b) | k
proof —
have z: nth-digit x t b k=2 i (Suc ¢ x t + k)
using digit-gen-pow2-reduct[of k Suc ¢ x t] b-def <k<c)> by auto
have y: nth-digit y t bk =y i (Suc c x t + k)
using digit-gen-pow2-reduct|of k Suc ¢ y t] b-def k<c> by auto

have b > 1 using <c¢>0) b-def
by (metis Suc-1 lessl power-gt1)
then have yltz: y < x using digitwise-leq yltz-digits by auto

have (nth-digit © t b — nth-digit y t b) | k
= ((nth-digit x t b) | k + (nth-digit y t b) | k
+ bin-narry (nth-digit x t b) (nth-digit y t b) k) mod 2
using dif-digit-formula yltz-digits by auto
also have ... = (z | (Succ*x t + k) + y | (Suc ¢ x t + k)
+ bin-narry (nth-digit « ¢t b) (nth-digit y t b) k) mod 2
using = y by auto
also have ... = (z | (Succx t + k) + y i (Succ*xt + k)
+ bin-narry z y (Suc ¢ * t + k)) mod 2
using narry-gen-pow2-reduct using assms(8) assms(4) b-def yltz-digits by auto
also have ... = nth-digit (z—y) t bk
using digit-gen-pow2-reduct|of k Suc ¢ x—y t] b-def <k<cy dif-digit-formula yltz

141



by auto
finally show ?thesis by auto
qed

lemma block-subtractivity:
assumes ¢ > 0
defines b = 2 ~ Suc ¢
assumes block-wise-It: Vt'. nth-digit y t' b < nth-digit z t' b
shows nth-digit (z—y) t b = nth-digit © t b — nth-digit y t b
proof —
have k<c — nth-digit (z—y) tbjk=(z —y) i (Succxt+ k) fork
using digit-gen-pow2-reduct[of k Suc ¢ x—y t| b-def by auto
have k<c¢ — nth-digit t t b i k = z | (Suc ¢ x t + k) for k
using digit-gen-pow2-reduct]of k Suc ¢ z t] b-def by auto
have k<c — nth-digit yt b | k = y | (Suc ¢ x t + k) for k
using digit-gen-pow2-reduct]of k Suc c y t] b-def by auto

have k-le: k < ¢ — nth-digit (z—y) t b k
= (nth-digit © t b — nth-digit y t b) | k for k
using assms digit-wise-block-subtractivity by auto

have nth-digit © t b — nth-digit y t b < b using
nth-digit-bound b-def by (simp add: less-imp-diff-less)
hence diff: k>Suc ¢ — (nth-digit  t b — nth-digit y t b) | k = 0 for k
using nth-bit-def b-def aux-lt-implies-mask b-def by metis

have nth-digit (z—y) t b < b using nth-digit-bound b-def by auto
hence k>Suc ¢ — nth-digit (z—y) t bk = 0 for k
using nth-bit-def b-def aux-lt-implies-mask b-def by metis
with diff have k-gt: k > ¢ — nth-digit (z—y) t bk
= (nth-digit x t b — nth-digit y t b) | k for k
by auto
from k-le k-gt have nth-digit (z—y) t b k
= (nth-digit z t b — nth-digit y t b) | k for k by(cases k>c; auto)
thus ?thesis using digit-wise-equiv[of nth-digit x t b — nth-digit y t b
nth-digit (z—y) t b] by auto
qed

lemma bitA ND-nth-digit-commute:
assumes b-def: b = 27(Suc ¢)
shows nth-digit (z && y) t b = nth-digit x t b && nth-digit y ¢t b
proof —
{
fix k
assume k: k < Suc ¢
have prod: nth-digit (z && y) t bk = (z && y) i (Suc ¢ x t + k)
using digit-gen-pow2-reduct|of - Suc ¢ x && y t] b-def k by auto
moreover have x: nth-digit x t b | k = x| (Suc ¢ x t + k)
using digit-gen-pow2-reduct[of - Suc ¢ x| b-def k by auto
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moreover have y: nth-digit y t bk =y i (Suc c*t + k)
using digit-gen-pow2-reduct[of - Suc ¢ y| b-def k by auto
moreover have (z && y) | (Succxt + k) = (z | (Succx t + k)) = (y | (Suc
cxt+k))
using bitAND-digit-mult by auto

ultimately have nth-digit (z && y) t b k
= nth-digit x t b | k % nth-digit y t b | k
by auto

also have ... = (nth-digit = t b && nth-digit y t b) | k
using bitAND-digit-mult by auto

finally have nth-digit (v && y) t bk
= (nth-digit x t b && nth-digit y t b) | k
by auto

}

then have nth-digit (v && y) t bk
= (nth-digit x t b && nth-digit y ¢t b) | k for k
by (metis auz-lt-implies-mask b-def bit AND-digit-mult leI mult-eq-0-iff nth-digit-bound)

then show ?thesis using b-def digit-wise-equiv[of nth-digit (z && y) t b] by
auto
qged

lemma bz-aux:
shows b>1 = nth-digit (b"z) t' b = (if z=t’ then 1 else 0)
by (cases t' > x, auto simp: nth-digit-def)
(metis dvd-imp-mod-0 dvd-power lel less-Sucl nat-neg-iff power-diff zero-less-diff)

context
fixes c b :: nat
assumes b-def: b = 27(Suc ¢)
assumes c-gt0: c>0

begin

lemma b-gt1: b>1 using c-gt0 b-def
using one-less-numeral-iff one-less-power semiring-norm(76) by blast

Commutation relations with sums

lemma finite-sum-nth-digit-commudte:
fixes M :: nat
shows Vt. VEk<M. nth-digit (fct k) t b < 27c =
Vi. (O i=0..M. nth-digit (fct i) tb) < 27¢c =
nth-digit (3" i=0..M. fet i) t b = (> i=0..M. (nth-digit (fct ©) ¢ b))
proof (induct M arbitrary: t)
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case 0 thus ?case by auto
next
case (Suc M)

have assm1: Vt. Vk<Suc M. nth-digit (fct k) t b < 27¢
using Suc.prems by auto

have assmi-reduced: ¥t. ¥ k<M. nth-digit (fct k) t b < 27¢c
using assml by auto

have nocarry2: Vt. Vk<Suc M. nth-digit (fctk) tbjc=0
using assml nth-bit-def by auto

have assm?2:
V' t. nth-digit (fet (Suc M)) t b + (> i=0..M. nth-digit (fet i) t b) < 27¢
using Suc.prems by (simp add: add.commute)

hence assm2-reduced: Vt. (> i=0..M. nth-digit (fet i) t b) < 27¢
using Suc.prems(2) add-lessD1 by fastforce

have IH: Vt. nth-digit (> i=0..M. fct i) t b
= (32 i=0..M. nth-digit (fct i) t b)
using assml-reduced assm2-reduced Suc.hyps by blast
then have assm2-IH-commuted: Y t. nth-digit (> i=0..M. fet i) tb < 27¢
using assm2-reduced by auto
hence nocarry3: Vt. nth-digit (> i=0..M. fct i) tbjc= 0
using aux-lt-implies-mask by blast

have 1: nth-digit (sum fet {0..M}) (t — 1) b ¢ = 0 using nocarry3 by auto
have 2: nth-digit (fct (Suc M)) (t — 1) b ¢ = 0 using nocarry2 by auto
have 3: nth-digit (sum fet {0..M}) t b ¢ = 0 using nocarry3 by auto
have 4: nth-digit (fct (Suc M)) t b | ¢ = 0 using nocarry2 by auto
from block-additivity show ?case using 1 2 3 J c-gt0 Suc b-def
using /H by auto
qed

lemma sum-nth-digit-commute-aux:
fixes g
defines SX-def: SX = Al m (fet :: nat = nat). (O k = 0..m. if g l k then fet k
else 0)
assumes nocarry: Vt. VEk<M. nth-digit (fct k) t b < 27¢
and nocarry-sum: ¥t. (SX I M (Ak. nth-digit (fet k) t b)) < 27¢
shows nth-digit (SX I M fct) t b = SX I M (Mk. nth-digit (fct k) ¢ b)
proof —
have auz: nth-digit (if g 1 i then fet i else 0) t b
= (if g l i then nth-digit (fct i) ¢ b else 0) for i t
using auxl-digit-wise-gen-equiv b-gt1 by auto

from nocarry have V. V k<M. nth-digit (if g | k then fct k else 0) t b < 27¢
using aux by auto

moreover from nocarry-sum have

144



Vit. O0i = 0..M. nth-digit (if g | i then fct i else 0) t b) < 2 "¢
unfolding SX-def by (auto simp: auz)

ultimately have nth-digit (> k = 0..M. if g L k then fet k else 0) t b
= Ok = 0..M. nth-digit (if g l k then fct k else 0) t b)
using finite-sum-nth-digit-commute[where ?fct = \k. if g Ll k then fet k else 0]
by (simp add: SX-def)
moreover have V k. nth-digit (if g | k then fct k else 0) t b
= (if g | k then nth-digit (fct k) t b else 0)
by (auto simp: nth-digit-def)
ultimately show ?thesis by (auto simp: SX-def)
qed

lemma sum-nth-digit-commute:
fixes g
defines SX-def: SX = Ap I (fet :: nat = nat). (3 k= 0.lengthp — 1. if glk
then fct k else 0)
assumes nocarry: Vt. Vk<length p — 1. nth-digit (fct k) t b < 27¢
and nocarry-sum: ¥t. (SX p I (Ak. nth-digit (fet k) t b)) < 27¢c
shows nth-digit (SX p I fet) t b = SX p | (\k. nth-digit (fet k) t b)
proof —
let ?m = length p — 1

have Vi. 3"k = 0..2m. if g | k then nth-digit (fct k) t b else 0) < 27¢
using nocarry-sum unfolding SX-def by blast

then have nth-digit (> k = 0..length p — 1. if g L k then fct k else 0) t b

= (0" k= 0.length p — 1. if g l k then nth-digit (fct k) t b else 0)
using nocarry

using sum-nth-digit-commute-auz[where ?M = length p — 1]
by auto

then show ?thesis using SX-def by auto
qed

Commute inside, need assumption for all partial sums

lemma finite-sum-nth-digit-commuteZ2:
fixes M :: nat
shows Vt. V<M. nth-digit (fct k) tb < 27c =
Vit. Ym<M. nth-digit (> i=0..m. fcti) tb < 27c =
nth-digit (3 i=0..M. fct i) t b = (O] i=0..M. (nth-digit (fct i) t b))
proof (induct M arbitrary: t)
case 0 thus ?case by auto
next
case (Suc M)

have assm1: Vt. Vk<Suc M. nth-digit (fet k) t b < 27¢

using Suc.prems by auto
have assm1-reduced: ¥Vt. ¥V k<M. nth-digit (fct k) t b < 27¢
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using assml by auto
have nocarry2: Vt. Vk<Suc M. nth-digit (fct k) tbjc=0
using assml nth-bit-def by auto

have assm2:
Y t. nth-digit (> i=0..M. (fet i)) t b < 27¢
using Suc.prems by (simp add: add.commute)

hence nocarry3: Vt. nth-digit (> i=0..M. feti) tbjc= 0
using aux-lt-implies-mask by blast

have 1: nth-digit (sum fet {0..M}) (t — 1) b ¢ = 0 using nocarry3 by auto
have 2: nth-digit (fct (Suc M)) (t — 1) b ¢ = 0 using nocarry2 by auto
have 3: nth-digit (sum fet {0..M}) t b ¢ = 0 using nocarry3 by auto
have /: nth-digit (fct (Suc M)) t b | ¢ = 0 using nocarry2 by auto
from block-additivity show ?case using 1 2 8 4 c-gt0 Suc b-def by auto

qed

lemma sum-nth-digit-commute-aux2:
fixes g
defines SX-def: SX = Al m (fet :: nat = nat). (O k = 0..m. if g l k then fet k
else 0)
assumes nocarry: Vt. Vk<M. nth-digit (fct k) t b < 27¢
and nocarry-sum: ¥ t. Vm<M. nth-digit (SX I m fet) t b < 27¢
shows nth-digit (SX I M fct) t b= SX I M (\k. nth-digit (fct k) ¢ b)
proof —
have auz: nth-digit (if g 1 i then fet i else 0) t b
= (if g 1 i then nth-digit (fct i) ¢ b else 0) for i t
using auxl-digit-wise-gen-equiv b-gt1 by auto

from nocarry have V. V k<M. nth-digit (if g | k then fct k else 0) t b < 27¢
using aux by auto

moreover from nocarry-sum have
Vi. Ym<M. nth-digit (> i = 0..m. (if g i then fct i else 0)) tb < 2 "¢
unfolding SX-def by (auto simp: auz)

ultimately have nth-digit (> k = 0..M. if g L k then fct k else 0) t b
= Ok = 0..M. nth-digit (if gl k then fct k else 0) t b)
using finite-sum-nth-digit-commute2|where ?fct = \k. if g | k then fct k else
0]
by (simp add: SX-def)
moreover have V k. nth-digit (if g 1 k then fct k else 0) t b
= (if g l k then nth-digit (fct k) ¢ b else 0)
by (auto simp: nth-digit-def)
ultimately show ?thesis by (auto simp: SX-def)
qed

lemma sum-nth-digit-commute2:
fixes g p
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defines SX-def: SX = Ap I (fet - nat = nat). (3 k= 0.lengthp — 1. if glk
then fct k else 0)
assumes nocarry: Vit. Vk<length p — 1. nth-digit (fet k) t b < 27¢
and nocarry-sum: Vt. ¥V m<length p — 1. nth-digit (SX (take (Suc m) p) [ fct)
th<2¢
shows nth-digit (SX p 1 fet) t b = SX p I (Ak. nth-digit (fet k) t b)
proof —
have Vm < length p — 1. (SX (take (Suc m) p) lfet) = O k= 0..m. if gl k
then fct k else 0)
unfolding SX-def
by (auto) (metis (no-types, lifting) One-nat-def diff-Suc-1 min-absorb2 min-diff)
hence Vt m. m < length p — 1 —
nth-digit (3 k= 0..m. if glk then fctkelse 0) tb< 2 "¢
using nocarry-sum by auto

then have nth-digit (> k = 0..length p — 1. if g L k then fct k else 0) t b
="k = 0.length p — 1. if gl k then nth-digit (fct k) t b else 0)
using nocarry
using sum-nth-digit-commute-auz2[where ?M = length p — 1 and ?fct = fct

and ?g = g
by blast
then show ?thesis using SX-def by auto
qed
end
end

4.3 From multiple to single step relations

theory MultipleToSingleSteps
imports MachineEquations CommutationRelations ../ Diophantine/ Binary-And
begin

This file contains lemmas that are needed to prove the <— direction of con-
clusion4.5 in the file MachineEquationEquivalence. In particular, it is shown
that single step equations follow from the multiple step relations. The key
idea of Matiyasevich’s proof is to code all register and state values over the
time into one large number. A further central statement in this file shows
that the decoding of these numbers back to the single cell contents is indeed
correct.
context
fixes a :: nat

and ic:: configuration

and p :: program

and q :: nat

and r z :: register = nat

and s :: state = nat
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and bcdef: nat
and m n :: nat
and Req Seq Zeq

assumes m-def: m = length p — 1
and n-def: n = length (snd ic)

assumes is-val: is-valid-initial ic p a

assumes m-eq: mask-equations nr z c d e f
and r-eq: reg-equations przsban q
and s-eq: state-equations p s zb e gm
and c-eq: rm-constants ¢ c b d e fa

assumes Seg-def: Seq = (Ak t. nth-digit (s k) t )
and Reg-def: Req = (Al t. nth-digit (r1) ¢ b)
and Zeg-def: Zeq = (Al t. nth-digit (z 1) t b)

begin

Basic properties

lemma n-gt0: n>0
using n-def is-val is-valid-initial-def|[of ic p a] is-valid-def
by auto

lemma f-def: f = (3.t =0..q. 27cx bt)

using c-eq by (simp add: rm-constants-def F-def)
lemma e-def: e = (3.t = 0..q. b7¢t)

using c-eq by (simp add: rm-constants-def E-def)
lemma d-def: d = (D t=0..q. (27c — 1) % b7¥)

using c-eq by (simp add: D-def rm-constants-def)
lemma b-def: b = 27(Suc c)

using c-eq by (simp add: B-def rm-constants-def)

lemma b-gti: b > 1 using c-eq B-def rm-constants-def by auto

lemma c-gt0: ¢ > 0 using rm-constants-def c-eq by auto
lemma h0: 1 < (2::nat) ¢
using c-gt0 one-less-numeral-iff one-less-power semiring-norm(76) by blast

lemma rl-fst-digit-zero:
assumes | < n
shows nth-digit (ril) tbjc=0
proof —
have 2 "¢ — (Suc 0) < 2 ~ Suc ¢ using c¢-gt0 by (simp add: less-imp-diff-less)
hence Vt. nth-digit d t b = (if t<q then 27c — 1 else 0)
using nth-digit-gen-power-series|of Ax. 27¢ — 1 c] d-def c-gt0 b-def
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by (simp add: d-def)
then have d-lead-digit-zero: V' t. (nth-digit d t b) j ¢ = 0
by (auto simp: nth-bit-def)

from m-eq have (r1) < d
by (simp add: mask-equations-def assms)
then have Vk. (ril) k< djk
by (auto simp: masks-leg-equiv)
then have Vt. (nth-digit (rl) t b c) < (nth-digit d ¢t b c)
using digit-gen-pow2-reduct|where ?c = Suc c] by (auto simp: b-def)
thus ?thesis
by (auto simp: d-lead-digit-zero)
qed

lemma e-mask-bound:
assumes r <X e
shows nth-digit z t b < 1
proof —
have z-bounded: nth-digit z t' b < nth-digit e t' b for t'
proof —
have Vt'. z | t' < e | t’ using assms masks-leq-equiv by auto
then have k-lt-c: Vt'. Vk'<Suc c. nth-digit z ¢’ b | k'
< nth-digit e t' b | k'
using digit-gen-pow2-reduct by (auto simp: b-def) (metis power-Suc)

have k>Suc ¢ = z mod (2 ~ Suc ¢) div 2 "k = 0 for k x::nat
by (simp only: drop-bit-take-bit flip: take-bit-eq-mod drop-bit-eq-div) simp
then have Vk>Suc c. nth-digit x y b i k = 0 for z y
using b-def nth-bit-def nth-digit-def by auto
then have k-gt-c: Vt'. Vk'>Suc c. nth-digit x t' b k’
< nth-digit e t' b | k'
by auto

from k-it-c k-gt-c have nth-digit z t' b < nth-digit e t' b for t’
using bitwise-leq by (meson not-le)
thus ?thesis by auto
qged

have Vk. Suc 0 < 27¢ using c-gt0 h0 by auto
hence e-auz: nth-digit e tt b < 1 for tt
using e-def b-def c-gt0 nth-digit-gen-power-series|of Ak. Suc 0 ¢ q] by auto

show ?thesis using e-auz[of t] x-bounded|of t] using le-trans by blast

qed

lemma sk-bound:
shows V't k. k<length p — 1 — nth-digit (s k) t b < 1
proof —
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have Vk<length p — 1. s k =X e using s-eq state-equations-def m-def by auto
thus ?thesis using e-mask-bound by auto
qed

lemma sk-bitAND-bound:
shows V't k. k<length p — 1 — nth-digit (s k && z k) t b < 1
using bitAND-nth-digit-commute sk-bound bitAND-It masks-leq
by (auto simp: b-def) (meson dual-order.trans)

lemma s-bound:
shows Vj<m. sj<b " gq
using s-eq state-equations-def by auto

lemma sk-sum-masked:
shows VM<m. (D k<M. sk) < e
using s-eq state-equations-def by auto

lemma sk-sum-bound:
shows Vit M. M<length p — 1 — nth-digit (3 k<M. sk)tb < 1
using sk-sum-masked e-mask-bound m-def by auto

lemma sum-sk-bound:
shows (3" k<length p — 1. nth-digit (s k) t b) < 1
proof —
have Vit m. m < length p — 1 — nth-digit (sum s {0..m}) tb < 2 "¢
using sk-sum-bound b-def c-gt0 h0
by (metis atLeastOAtMost le-less-trans)
moreover have Vit k. k < length p — 1 — nth-digit (s k) tb< 2 "¢
using sk-bound b-def c-gt0 h0
by (metis le-less-trans)

ultimately have nth-digit (> k<lengthp — 1. sk) tb
= (O k<length p — 1. nth-digit (s k) ¢ b)
using b-def c-gt0
using finite-sum-nth-digit-commute2[where ?M = length p — 1]
by (simp add: atMost-atLeast0)

thus ?thesis using sk-sum-bound by (metis order-refl)
qed

lemma bitAND-sum-lt: (> k<length p — 1. nth-digit (s k && x k) t b)
< (OCk<length p — 1. Seq k t)
proof —
have (> k<length p — 1. nth-digit (s k && x k) t b)
= (D k<length p — 1. nth-digit (s k) t b && nth-digit (z k) t b)
using bitA ND-nth-digit-commute b-def by auto
also have ... < (> k<length p — 1. nth-digit (s k) t b)
using bitAND-It by (simp add: sum-mono)
finally show ?thesis using Seq-def by auto
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qed

lemma states-unique-RAW:
Vk<m. Seqkt=1— (Vj<m.j#k — Seqjt=0)
proof —
{
fix k
assume k<m
assume skt-1: Seq kt =1

have Vj<m. j# k — Seqjt =10
proof —
{
fix j
assume j<m
assume j # k
let ?fct = (\k. Seq k t)

have Seqjt =0
proof (rule ccontr)
assume Seq jt # 0
then have Seq jt + Seq k't > 1
using skt-1 by auto
moreover have sum ?fct {0..m} > sum ?fet {j, k}
using <j<m» <k<m) sum-mono2
by (metis atLeastAtMost-iff empty-subsetl finite-atLeastAtMost in-
sert-subset le0)
ultimately have (3> k<m. Seq k t) > 1
by (simp add: <j # k> atLeast0AtMost)
thus Fulse
using sum-sk-bound[where 2t =
by (auto simp: Seq-def m-def)
qed
}
thus ?thesis by auto
qed

thus ?thesis by auto
qed

lemma block-sum-radd-bound:
shows Vi. (3 R+ p I (\k. nth-digit (s k) t b)) < 1
proof —

{

fix ¢

have (3. R+ p 1 (Ak. Seq k 1)) < (O k<length p — 1. Seq k t)
unfolding sum-radd.simps
by (simp add: atMost-atLeast0 sum-mono)

151



hence (D R+ pl (Mk. Seqkt)) < 1
using sum-sk-bound|of t] Seq-def
using dual-order.trans by blast

}
thus ?thesis using Seq-def by auto
qed

lemma block-sum-rsub-bound:
shows Vt. (3. R— p I (\k. nth-digit (s k && z1) t b)) < 1
proof —
{
fix ¢
have (> R— p [ (\k. nth-digit (s k && z1) t b))
< (OCk<length p — 1. nth-digit (s k && z 1) t b)
unfolding sum-rsub.simps
by (simp add: atMost-atLeast0 sum-mono)
also have ... < (3" k<lengthp — 1. Seq k t)
using bitAND-sum-lt[where %z = \k. z l] by blast
finally have (> R— p | (\k. nth-digit (s k && z1) t b)) < 1
using sum-sk-bound|of t] Seq-def
using dual-order.trans by blast
}
thus ?thesis using Seq-def by auto
qed

lemma block-sum-rsub-special-bound:
shows Vt. (3 R— p 1 (Ak. nth-digit (s k) t b)) < 1
proof —
{
fix t
have (>° R— p I (\k. nth-digit (s k) t b))
< (O k<length p — 1. nth-digit (s k) t b)
unfolding sum-rsub.simps
by (simp add: atMost-atLeast0 sum-mono)
then have (3 R— p I (Ak. nth-digit (s k) t b)) < I
using sum-sk-bound|of t]
using dual-order.trans by blast

thus ?thesis using Seq-def by auto
qed

lemma block-sum-sadd-bound:
shows V. (32 S+ pj (Mk. nth-digit (s k) t b)) < 1
proof —
{
fix t
have (3_ S+ pj (Ak. Seq k t)) < (- k<length p — 1. Seq k t)
unfolding sum-sadd.simps
by (simp add: atMost-atLeast0 sum-mono)
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hence (3 S5+ p j (Mk. Seq k t)) < 1
using sum-sk-bound|of t] Seq-def
using dual-order.trans by blast

}
thus ?thesis using Seq-def by auto
qed

lemma block-sum-ssub-bound:
shows Vt. (3> 5— pj (Ak. nth-digit (s k && z (L k)) t b)) < 1
proof —
{
fix ¢
have (> 5— p j (Ak. nth-digit (s k && z (1 k)) t b))
< (OC k<length p — 1. nth-digit (s k && z (1 k)) t b)
unfolding sum-ssub-nzero.simps
by (simp add: atMost-atLeast0 sum-mono)
also have ... < (3" k<lengthp — 1. Seq k t)
using bitAND-sum-lt[where %z = Ak. z (I k)] by blast
finally have (> S— p j (Ak. nth-digit (s k && 2 (1 k)) t b)) < 1
using sum-sk-bound|of t] Seq-def
using dual-order.trans by blast
}
thus ?thesis using Seq-def by auto
qed

lemma block-sum-szero-bound:
shows V. (3250 p j (\k. nth-digit (s k && (e — z (L k))) t b)) < 1
proof —
{
fix t
have (> 50 p j (\k. nth-digit (s k && e — z (L k)) t b))
< (O k<length p — 1. nth-digit (s k && e — z (I k)) t b)
unfolding sum-ssub-zero.simps
by (simp add: atMost-atLeast0 sum-mono)
also have ... < (3 k<length p — 1. Seq k t)
using bitAND-sum-lt[where %z = \k. e — z (I k)] by blast
finally have (> S0 p j (Ak. nth-digit (s k && e — z (1 k)) t b)) < 1
using sum-sk-bound|of t] Seq-def
using dual-order.trans by blast
}
thus ?thesis using Seq-def by auto
qged

lemma sum-radd-nth-digit-commute:
shows nth-digit (3. R+ pl (M\k. sk)) t b=> R+ pl (\k. nth-digit (s k) t b)
proof —
have al: Vt. Vk<length p — 1. nth-digit (s k) t b < 27¢
using sk-bound h0 by (meson le-less-trans)
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have a2: Vt. (3° R+ p I (Ak. nth-digit (s k) t b)) < 27¢
using block-sum-radd-bound h0 by (meson le-less-trans)

show ?thesis
using al a2 c-gt0 b-def unfolding sum-radd.simps
using sum-nth-digit-commute[where ?g = Al k. isadd (p ! k) N | = modifies
(p! B)
by blast
qed

lemma sum-rsub-nth-digit-commute:
shows nth-digit (3. R— pl (M\k. sk && z1)) t b
= > R— pl (k. nth-digit (s k && z1) t b)
proof —
have al: Vt. Vk<length p — 1. nth-digit (s k && z1) tb < 27¢
using sk-bitAND-bound[where ?x = Ak. z l] h0 le-less-trans by blast

have a2: Vt. (3 R— p 1 (Ak. nth-digit (s k && z1) t b)) < 27¢
using block-sum-rsub-bound h0 by (meson le-less-trans)

show ?thesis
using al a2 c-gt0 b-def unfolding sum-rsub.simps
using sum-nth-digit-commute
[where 29 = Al k. issub (p ! k) A 1 = modifies (p ! k) and 2fct = \k. s
k && z 1]
by blast
qged

lemma sum-sadd-nth-digit-commute:
shows nth-digit (3. S+ pj (Ak. s k)) t b= >S4+ pj (\k. nth-digit (s k) t b)
proof —
have al: Vit. Vk<length p — 1. nth-digit (s k) t b < 27¢
using sk-bound h0 by (meson le-less-trans)

have a2: V. (3 S+ p j (k. nth-digit (s k) t b)) < 27¢
using block-sum-sadd-bound h0 by (meson le-less-trans)

show ?thesis
using al a2 b-def c-gt0 unfolding sum-sadd.simps
using sum-nth-digit-commute[where ?g = \j k. isadd (p ! k) A j = goes-to (p
k)]
by blast
qed

lemma sum-ssub-nth-digit-commute:
shows nth-digit (> S— pj (Ak. sk && z (1 k))) ¢
= > 5— pj (\k. nth-digit (s k && z (1 k)) ¢ )
proof —
have al: Vt. Vk<length p — 1. nth-digit (s k && z (1 k)) t b < 27¢
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using sk-bitAND-bound[where ?x = A\k. z (1 k)] hO le-less-trans by blast

have a2: V. (3 S— pj (Ak. nth-digit (s k && z (1 k)) t b)) < 27
using block-sum-ssub-bound h0 by (meson le-less-trans)

o

show ?thesis
using al a2 b-def c-gt0 unfolding sum-ssub-nzero.simps
using sum-nth-digit-commute
[where 29 = A\j k. issub (p ! k) A j = goes-to (p ! k) and ?fct = \k. s k
&& z (k)]
by blast
qed

lemma sum-szero-nth-digit-commute:
shows nth-digit (3. S0 pj (M\k. sk && (e — z (1 k)))) ¢
= >80 p j (\k. nth-digit (s k && (e — z (1 k))) t )
proof —
have al: Vit VEk<length p — 1. nth-digit (s k && (e — 2z (I k))) tb < 27¢
using sk-bitAND-bound[where %z = Ak. e — z (I k)] hO le-less-trans by blast

have a2: Vt. (350 p j (Ak. nth-digit (s k && (e — z (1 k))) t b)) < 27¢
using block-sum-szero-bound h0 by (meson le-less-trans)

show ?thesis
using al a2 b-def c-gt0 unfolding sum-ssub-zero.simps
using sum-nth-digit-commute
[where 29 = A\j k. issub (p ! k) A j = goes-to-alt (p ! k) and ?2fct = \k.
sk && e — z (Lk)]
by blast
qed

lemma block-bound-impl-fst-digit-zero:
assumes nth-digit t t b < 1
shows (nth-digit x t b) j ¢ = 0
using assms apply (auto simp: nth-bit-def)
by (metis (no-types, opaque-lifting) c-gt0 div-le-dividend le-0-eq le-Suc-eq mod-0
mod-Suc
mod-div-trivial numeral-2-eq-2 power-eq-0-iff power-mod)

lemma sum-radd-block-bound:

shows nth-digit (3 R+ p 1 (A\k. sk)) tb < 1

using block-sum-radd-bound sum-radd-nth-digit-commute by auto
lemma sum-radd-fst-digit-zero:

shows (nth-digit ()" R+ pls)tb)jc=20

using sum-radd-block-bound block-bound-impl-fst-digit-zero by auto

lemma sum-sadd-block-bound:

shows nth-digit (3 S+ pj (Mk. sk)) tb <1
using block-sum-sadd-bound sum-sadd-nth-digit-commute by auto
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lemma sum-sadd-fst-digit-zero:
shows (nth-digit (> .S+ pjs)tb)jc=20
using sum-sadd-block-bound block-bound-impl-fst-digit-zero by auto

lemma sum-ssub-block-bound:
shows nth-digit (3. S— pj (Ak. sk && 2z (1k))) tb < 1
using block-sum-ssub-bound sum-ssub-nth-digit-commute by auto
lemma sum-ssub-fst-digit-zero:
shows (nth-digit (3. S— pj (k. sk && z (1 k) tb)jc=20
using sum-ssub-block-bound block-bound-impl-fst-digit-zero by auto

lemma sum-szero-block-bound:
shows nth-digit (3. S0pj (Ak. sk && (e — 2z (1 k)))) tb< 1
using block-sum-szero-bound sum-szero-nth-digit-commute by auto
lemma sum-szero-fst-digit-zero:
shows (nth-digit (3 S0pj (Mk. sk && (e — 2z (1 k) tb)jc=10
using sum-szero-block-bound block-bound-impl-fst-digit-zero by auto

lemma sum-rsub-special-block-bound:
shows nth-digit (3. R— pl (M\k. sk)) tb < 1
proof —
have al: Vit k. k < length p — 1 — nth-digit (s k) tb < 27¢
using sk-bound h0 le-less-trans by blast
have a2: V¢. Y R— p I (\k. nth-digit (s k) t b) < 27¢
using block-sum-rsub-special-bound h0 le-less-trans by blast

have nth-digit (> R— p 1l (Mk. sk)) t b= > R— pl (Ak. nth-digit (s k) t b)
using al a2 b-def c-gt0 unfolding sum-rsub.simps
using sum-nth-digit-commutelwhere 29 = Al k. issub (p ! k) A | = modifies (p
k)]
by blast

thus ?thesis
using block-sum-rsub-special-bound by auto
qed

lemma sum-state-special-block-bound:
shows nth-digit (3 S+ p j (Mk. s k)
+>80pj (M. sk && (e — 2z (1K) tb< 1
proof —
have auz-sum-zero:
3250 p j (Ak. nth-digit (s k) t b && nth-digit (e — z (L k)) t b)
< 3250 p j (Ak. nth-digit (s k) t D)
unfolding sum-ssub-zero.simps
by (auto simp: bitAND-It sum-mono)

have auz-addsub-excl: (if isadd (p ! k) then Seq k t else 0)

+ (if issub (p ! k) then Seq k t else 0)
= (if isadd (p ! k) V issub (p ! k) then Seq k t else 0) for k
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by auto

have aux-sum-add-It:
SS+pj(Ak. Seqkt) < (O k= 0.length p — 1. if isadd (p ! k) then Seq k ¢
else 0)
unfolding sum-sadd.simps by (simp add: sum-mono)
have aux-sum-sub-lt:
S>S0pj (k. Seqkt) < (O k= 0.lengthp — 1. if issub (p ! k) then Seq k t
else 0)
unfolding sum-ssub-zero.simps by (simp add: sum-mono)

have nth-digit (3 S+ p j (Mk. s k)
+>.50pj (M. sk &&e—z(Lk))th
= nth-digit (3° S+ pj (Mk. sk)) t b
+ nth-digit (>.50pj (Mk. sk && e — z (Lk))) th

using sum-sadd-fst-digit-zero sum-szero-fst-digit-zero block-additivity

by (auto simp: c-gt0 b-def)
also have ... = > S+ p j (Ak. nth-digit (s k) t b)

+ 3250 p j (Mk. nth-digit (s k && e — z (L k)) t b)

by (simp add: sum-sadd-nth-digit-commute sum-szero-nth-digit-commute)
also have ... < >S4+ pj (Mk. Seq k t) + 3550 p j (Mk. Seq k t)

using bitA ND-nth-digit-commute auz-sum-zero

unfolding Seq-def by (simp add: b-def)
also have ... < (3 k = 0..length p — 1. if isadd (p ! k) then Seq k t else 0) +

3"k = 0.length p — 1. if issub (p | k) then Seq k t else 0)

using auz-sum-add-lt auz-sum-sub-Iit by auto

also have ... = (3 k<length p — 1. if (isadd (p ! k) V issub (p ! k))
then Seq k t else 0)
using aux-addsub-excl
using sum.distribjwhere ?g = A\k. if isadd (p ! k) then Seq k t else 0
and ?h = A\k. if issub (p ! k) then Seq k t else 0]

by (auto simp: aux-addsub-excl atMost-atLeast0)

also have ... < (3 k<length p — 1. Seq k t)
by (smt eq-iff le0 sum-mono)

finally show ?thesis using sum-sk-bound|of t| Seq-def by auto
qed
lemma sum-state-special-fst-digit-zero:
shows (nth-digit (3> S+ p j (\k. s k)
+380pj (Mk. sk && (e — z (modifies (p'k))))) t b) | c
=0
using sum-state-special-block-bound block-bound-impl-fst-digit-zero by auto

Main three redution lemmas: Zero Indicators, Registers, States

lemma 7:
assumes [<n
shows Zeq | t = (if Req It > 0 then Suc 0 else 0)
proof —
have cond: 27c x (z1) = (rl + d) && f using m-eq mask-equations-def assms
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by auto

have d-block: ¥V t<q. nth-digit d t b = 2"c — 1 using d-def b-def

less-imp-diff-less nth-digit-gen-power-series[of A-. 27c—1 c] c-gt0 by auto

have rl-bound: t<q — nth-digit (r 1) t b | ¢c= 0 for t by (simp add: assms
ri-fst-digit-zero)

have f-block: ¥V t<q. nth-digit ft b = 27¢

using f-def b-def less-imp-diff-less nth-digit-gen-power-series[of A-. 27¢ c| c-gt0

by auto

then have V t<q.V k<c. nth-digit ft b | k = 0 by (simp add: auz-powertwo-digits)

moreover have AND-gen: Vt<q.Vk<c. nth-digit ((r 1 + d) && f) t bk =
(nth-digit (rl+ d) t b k) * nth-digit ft b | k
using b-def digit-gen-pow2-reduct bitA ND-digit-mult digit-gen-pow2-reduct le-imp-less-Suc
by presburger
ultimately have V t<q.V k<c. nth-digit ((r 1+ d) && f) t b | k = 0 using f-def
by auto
moreover have (r | + d) && f < b = Suc q using Im0245[of r | + d f]
masks-leglof (r 1 + d) && f f] f-def
proof—
have 2 < b using b-def c-gt0 gr0-conv-Suc not-less-iff-gr-or-eq by fastforce
then have b "u + b"u < bx b~ u for u using zero-less-power|of b u] mult-less-monol [of
2 b b"u)] by linarith
then have (> te{..<q}. b "t) < b~ q apply(induct q, auto) subgoal for ¢
using add-strict-right-monolof sum ((7) b) {..<q} b7¢q b7q| less-trans by
blast done
then have (3 te{..<q}.27cx b " t) < 27c * b~ q using sum-distrib-left[of 2"¢
Aq. b7q {..<q}]
zero-less-power|of 2 ¢] mult-less-monol|of sum ((7) b) {.<q} b ~ ¢ 27¢] by
(simp add: mult.commute)
moreover have 2 “cx b " ¢g= b " Suc q div 2 using b-def by auto
moreover have f= (> te{..<q}.27cx b T t) + 27cexbTg
using f-def atLeastLess ThanSuc-atLeastAtMost c-eq rm-constants-def gr0-conv-Suc
lessThan-atLeast0 by auto
ultimately have f < b ~ Suc ¢ by linarith
moreover have (r | 4+ d) && f < f using Im0245[of r | + d f] masks-leg|of
(ri+ d) && f f] by auto
ultimately show ?thesis by auto
qed
then have rldf0: t>q — nth-digit (r | + d) && f) t b = 0 for t using
nth-digit-def[of r 1 + d && [t b]
div-less[of r 1 + d && [ b7t] b-def power-increasing[of Suc g t b] by auto
moreover have Vit>q.Vk<c. nth-digit (r 1 + d) && f) t b | k = 0 using
auz-lt-implies-mask rldf0 by fastforce
ultimately have AND-zero: Vt.V k<c. nth-digit (r 1 + d) && f) tbjk =0
using lel by blast

have 0<k = k< Suc ¢ = nth-digit (z1) t b | k = nth-digit (r 1 + d) && f)

(Suct) bj(k—1)
for k using b-def nth-digit-bound digit-gen-pow2-reduct|of k Suc ¢ z 1 t] aux-digit-shift[of
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zlct+ cxt+ k|
digit-gen-pow2-reduct[of k—1 Suc ¢ z I * 27¢ Suc t| cond by (simp add:
add.commute add.left-commute mult.commute)
then have aux: 0<k = k< Suc ¢ = nth-digit (1) t b | k = 0 for k using
AND-zero by auto
have zi-formula: nth-digit (z1) t b = nth-digit (z1) t b 0
using b-def digit-sum-repr|of nth-digit (z 1) ¢t b Suc ¢]
proof —
have nth-digit (z1) t b < 2~ Suc ¢
= nth-digit (z1) t b = (O] k€{0..<Suc c}. nth-digit (z1) tb k=2 " k)
using b-def digit-sum-repr|of nth-digit (z 1) t b Suc ¢
by (simp add: atLeastOLessThan)
hence nth-digit (z1) t b < 2 ™ Suc ¢
= nth-digit (2 1) t b = nth-digit (1) tb; 0
+ O ke{0<..<Suc c}. nth-digit (z1) t bk *
2 " k)
by (metis One-nat-def atLeastSucLess Than-greater ThanLess Than mult-numeral-1-right
numeral-1-eq-Suc-0 power-0 sum.atLeast-Suc-lessThan zero-less-Suc)
thus ?thesis using auz nth-digit-bound b-def by auto
qed

consider (tleq) t<q |(tgq) t>q by linarith
then show ?thesis
proof cases
case tleq
then have t-bound: t < g by auto
have nth-digit ((rl1+ d) && f) tbjc= (nth-digit (ri+d)tbjc)
using f-block bitAND-single-digit AND-gen t-bound by auto
moreover have nth-digit (r | + d && f) t b < 2 ~ Suc ¢ using nth-digit-def
b-def by simp
ultimately have AND-all:nth-digit ((r 1 + d) && f) t b = (nth-digit (r | +
d) tbjc)* 2 cusing AND-gen AND-zero
using digit-sum-repr|of nth-digit ((r 1 + d) && f) t b Suc ] by auto

then have Vk<c. nth-digit (27c x (21)) t b k= 0 using cond AND-zero by
metis
moreover have nth-digit (27c x (z1)) tbjc = nth-digit (z1) tb 0
using digit-gen-pow2-reduct[of ¢ Suc ¢ (27¢ * (2 1)) t]
digit-gen-pow2-reduct[of 0 Suc ¢ z I t] b-def by (simp add: aux-digit-shift
mult.commute)
ultimately have 210: nth-digit (27c * (2 1)) t b = 27¢ x nth-digit (z1) t b 0
using digit-sum-repr|of nth-digit (27¢c = (2 1)) t b Suc c] nth-digit-bound b-def
by auto

have nth-digit (27¢ * (2 1)) t b = 27¢ * nth-digit (2 1) t b using 210 zl-formula
by auto

then have zl-block: nth-digit (z 1) t b = nth-digit (rl + d) t b | ¢ using AND-all
cond by auto
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consider (g0) Reqlt > 0| (e0) Reqlt = 0 by auto
then show ?thesis
proof cases
case el
show ?thesis using e0 apply(auto simp add: Req-def Zeq-def) subgoal
proof—
assume asm: nth-digit (rl) tb =0
have add:((nth-digit d t b) + (nth-digit (r 1) t b)) j ¢ = 0 by (simp add:
asm d-block nth-bit-def t-bound)
from d-block t-bound have nth-digit d (t—1) bjc= 0
using add asm by auto
then have (nth-digit (rl+ d) tb)jc=20
using add digit-wise-block-additivity[of v 1 t ¢ d c] rl-bound|of t—1] b-def
asm t-bound c-gt0 by auto
then show ?thesis using zl-block by simp
ged done
next
case g0
show %thesis using g0 apply(auto simp add: Req-def Zeg-def) subgoal
proof —
assume 0 < nth-digit (rl) tb
then obtain k0 where kO-def: nth-digit (r 1) t b | k0 = 1 using
aux0-digit-wise-equiv by auto
then have k0<c using nth-digit-bound[of r 1 t c] b-def auz-lt-implies-mask
by (metis Suc-lel lel zero-neq-one)
then have kObound: k0< c using rl-fst-digit-zero using k0-def le-less rl-bound
t-bound by fastforce
moreover have d-dig: YV k<c. nth-digit d t b | k = 1 using d-block t-bound
nth-bit-def [of nth-digit d t b]
by (metis One-nat-def Suc-1 Suc-diff-Suc Suc-pred dmask-auz even-add
even-power odd-iff-mod-2-eq-one
one-mod-two-eq-one plus-1-eq-Suc zero-less-Suc zero-less-power)
ultimately have nth-digit d t b | k0 = 1 by simp
then have bin-carry (nth-digit d t b) (nth-digit (r1) t b) (Suc k0) = 1 using

kO-def sum-carry-formula carry-bounded less-eq-Suc-le by simp
moreover have An. Suc k0 < n = n < ¢ = bin-carry (nth-digit d t b)
(nth-digit (rl) tb) n =
Suc 0 = bin-carry (nth-digit d t b) (nth-digit (r 1) t b) (Suc n) = Suc
0 subgoal for n
proof—
assume n<c bin-carry (nth-digit d ¢t b) (nth-digit (r1) tb) n = Suc 0
then show ?thesis using d-dig sum-carry-formula
carry-bounded|of (nth-digit d t b) (nth-digit (r1) t b) Suc n | by auto
ged done
ultimately have bin-carry (nth-digit d ¢ b) (nth-digit (r 1) t b) ¢ = 1 (is
?P ¢)
using dec-induct[of Suc k0 ¢ ?P] by (simp add: Suc-le-eq kObound)
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then have add:((nth-digit d ¢t b) + (nth-digit (rl) tb))jc=1
using sum-digit-formulalof nth-digit d t b nth-digit (r 1) ¢t b |
d-block nth-bit-def t-bound assms ri-fst-digit-zero by auto

from d-block t-bound have nth-digit d (t—1) bjc= 0
by (smt auz-lt-implies-mask diff-le-self diff-less le-eq-less-or-eq le-trans
zero-less-numeral zero-less-one zero-less-power)
then have (nth-digit (r 1 + d) t b) j ¢ = 1 using add b-def t-bound
block-additivity assms rl-fst-digit-zero c-gt0 d-block by (simp add:
add.commute)
then show ?thesis using zl-block by simp
qed done
qed
next
case tgq
then have t-bound: ¢<t by auto

have r | < b ~ q using reg-equations-def assms r-eq by auto
then have rl0: nth-digit (r 1) t b = 0 using t-bound nth-digit-def[of r | t b]
b-gt1
power-strict-increasing[of g t b] by fastforce
then have Vk<c. nth-digit (27c * (21)) t b | k = 0 using cond AND-zero by
simp

moreover have nth-digit (27¢ x (2 1)) t b | ¢ = nth-digit (z1) t b 0
using digit-gen-pow2-reduct[of ¢ Suc ¢ (27¢ x (2 1)) {]
digit-gen-pow2-reduct[of 0 Suc ¢ z 1 t] b-def by (simp add: auz-digit-shift
mult.commute)
ultimately have 2I0: nth-digit (27c * (z 1)) t b = 27¢ * nth-digit (z1) t b 0
using digit-sum-repr|of nth-digit (27¢c x (2 1)) t b Suc c| nth-digit-bound b-def
by auto
have 0<k = k< Suc ¢ = nth-digit (z1) t b | k = nth-digit (r I + d) &&
f) (Suct) bi (k- 1)
for k using b-def nth-digit-bound digit-gen-pow2-reduct[of k Suc ¢ z 1 ]
auz-digit-shiftlof z L c t + ¢ x t + k]
digit-gen-pow2-reduct[of k—1 Suc ¢ z | * 27¢c Suc t] cond by (simp add:
add.commute add.left-commute mult.commute)

then show ?thesis using Zeq-def Reg-def cond rl0 210 rldf0 zl-formula t-bound
by auto
qed
qged

lemma zl-le-rl: I<n — 2zl < rlfor |
proof —
assume I: [ < n
have Zeq lt < Req It for ¢t using Z [ by auto
hence nth-digit (z 1) t b < nth-digit (r 1) t b for ¢
using Zeg-def Req-def by auto
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thus ?thesis using digitwise-leq b-gt1 by auto
qed

lemma modifies-valid: ¥ k<m. modifies (p'k) < n
proof —
have reg-check: program-register-check p n
using is-val by (cases ic, auto simp: is-valid-initial-def n-def is-valid-def)
{
fix k
assume k£ < m
then have p ! k € set p
by (metis <k < m) add-eq-if diff-le-self is-val le-antisym le-trans m-def
n-not-Suc-n not-less not-less0 nth-mem p-contains)
then have instruction-register-check n (p ! k)
using reg-check by (auto simp: list-all-def)
then have modifies (p'k) < n by (cases p | k, auto simp: n-gt0)

thus ?thesis by auto
qed

lemma seq-bound: k < lengthp — 1 = Seq kt < 1
using sk-bound Seq-def by blast

lemma skzl-bitA ND-to-mult:
assumes k < length p — 1
assumes [ < n
shows nth-digit (z 1) t b && nth-digit (s k) t b = (Zeq 1 t) *x Seq k t
proof —
have nth-digit (z 1) t b && nth-digit (s k) t b = (Zeq 1 t) && Seq k t
using Zeg-def Seq-def by simp
also have ... = (Zeq I t) x Seq k t
using bitAND-single-bit-mult-equiv{of (Zeq | t) Seq k t] seq-bound Z assms by
auto
finally show ?thesis by auto
qed

lemma skzl-bitA ND-to-mult2:
assumes k < length p — 1
assumes Vk < lengthp — 1. 1k < n
shows (1 — nth-digit (z (1 k)) t b) && nth-digit (s k) t b
= (1 — Zeq (Lk) t) « Seq k t
proof —
have (1 — nth-digit (z (1 k)) ¢t b) && nth-digit (s k) t b
= (1 — Zeq (L k) t) && Seq k t
using Zeg-def Seq-def by simp
also have ... = (1 — Zeq (1 k) t) * Seq k t
using bitAND-single-bit-mult-equivjof (I — Zeq (1 k) t) Seq k t] seg-bound Z
assms by auto
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finally show ?thesis by auto
qed

lemma state-equations-digit-commute:
assumes t < gand j < m
defines | = Ak. modifies (plk)
shows nth-digit (s 7) (Suc t) b =
(>°8+ pj (Mk. Seq k t))
+ (O°S—pj (Ak. Zeq (L k) t x Seq k t))
+ (O°S0pj (M. (I — Zeq (1k) t) * Seq k t))
proof —
define o’ :: nat where o’ = if j = 0 then 1 else 0
have o’-div: o’ div b = 0 using b-gt1 by (auto simp: o’-def)

have [: Vik<lengthp — 1. (I k) <n
using l-def by (auto simp: m-def modifies-valid)

have Vk. Suc 0 < 27¢ using c-gt0 h0 by auto
hence e-auz: YV tt. nth-digit e tt b = (if tt<q then Suc 0 else 0)
using e-def b-def c-gt0 nth-digit-gen-power-series|of Ak. Suc 0 ¢ q] by auto
have zl-bounded: k<m = Vt'. nth-digit (z (1 k)) t' b < nth-digit e t' b for k
proof —
assume k<m
from m-eq have ViI<n. z | < e using mask-equations-def by auto
then have Vi<n. Vi’ (z1) | t' < e t’' using masks-leg-equiv by auto
then have k-lt-c: Vi<n. Vt'. Vk'<Suc c. nth-digit (z1) t" bk’
< nth-digit e t' b | k'
using digit-gen-pow2-reduct by (auto simp: b-def) (metis power-Suc)

have k>Suc ¢ = z mod (2 ~ Suc ¢) div 2 "k = 0 for k z::nat
by (simp only: drop-bit-take-bit flip: take-bit-eq-mod drop-bit-eq-div) simp
then have V£k>Suc c. nth-digit x y b i k = 0 for z y
using b-def nth-bit-def nth-digit-def by auto
then have k-gt-c: Vi<n. Vt'. Yk'>Suc c. nth-digit (z1) t" bk’
< nth-digit e t' b | k’
by auto
from k-lt-c k-gt-c have Vi<n. Vt'. nth-digit (z1) t' b < nth-digit e t' b
using bitwise-leq by (meson not-le)
thus %thesis by (auto simp: modifies-valid I-def <k<m>)
qed

have Vt k. k<m — nth-digit (e — z (I k)) t b =
nth-digit e t b — nth-digit (z (1 k)) t b
using zl-bounded block-subtractivity by (auto simp: c-gt0 b-def I-def)
then have sum-szero-aux:
Ytk t<qg— k<m — nth-digit (e — z (1 k)) t b = 1 —nth-digit (z (I k)) t b
using e-aux by auto

have skzl-bound2: Vk<lengthp — 1. (1 k) < n =
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proof —

Vit Vk<length p — 1. nth-digit (s k && (e — z (1 k))) t b < 27¢

assume [: Vk<lengthp — 1. (I k) <n
have Vt. Vk<length p — 1. nth-digit (s k && (e — z (I k))) t b
= nth-digit (s k) t b && nth-digit (e — z (1 k)) t b
using bitA ND-nth-digit-commute Zeg-def b-def by auto

moreover have Vit<q. Vk<length p — 1.

nth-digit (s k) t b && nth-digit (e — z (L k)) t b
= nth-digit (s k) ¢t b && (1 — nth-digit (z (1 k)) t b)

using sum-szero-aux by (simp add: m-def)

moreover have Vt. VEk<length p — 1.

nth-digit (s k) t b && (1 — nth-digit (z (I k)) t b)

< nth-digit (s k) t b

using Z | using Im0245 masks-leq by (simp add: Im0244)

moreover have Vt. Vk<length p — 1. nth-digit (s k) tb < 27¢
using sk-bound h0 by (meson le-less-trans)

ultimately show ¢thesis
using le-less-trans by (metis Im0244 masks-leq)

qed

have s j = o' + x> S+ pj (Ak. s k) + bx>_S— pj (Mk. s k && z (modifies

(p'k)))

+ 03280 p j (Ak. s k && (e — z (modifies (p'k))))

using s-eq state-equations-def <j<m by (auto simp: o’-def)
then have s j div b"Suc t mod b =

b7t mod b

(o' + bx> S+ pj (\k. s k)

+ bx>_S— pj (Mk. s k && z (modifies (plk)))
+ bx> S0 pj (Mk. s k && (e — z (modifies (p'k)))) ) div b div

by (auto simp: algebra-simps div-mult2-eq)

also have ...

= O_S+pi(\ksk)
+ > 85— pj (M. sk && z (modifies (p'k)))
+>.80pj (k. sk && (e — z (modifies (p'k)))) ) div b™t mod b

using o’-div
by (auto simp: algebra-simps div-mult2-eq)
(smt Nat.add-0-right add-mult-distrib2 b-gt1 div-mult-self2 gr-implies-not0)

also have ...

= nth-digit (3. S—pj (Mk. sk && z (L k))
+ 285+ pj (Mk. s k)
+>50pj (M. sk && (e —z (1K) td

by (auto simp: nth-digit-def I-def add.commute)

also have ...

= nth-digit (3. S—pj (Ak. sk && z (Lk))) th
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+ nth-digit (3. S+ p j (\k. s k)
+>50pj (M. sk && (e — 2z (k) td
using block-additivity sum-ssub-fst-digit-zero sum-state-special-fst-digit-zero
by (auto simp: I-def c-gt0 b-def add.assoc)
also have ... = nth-digit (3. S+ pj (\k. s k)) ¢ b
+ nth-digit (3. S—pj (M. sk && 2 (1k))) tb
+ nth-digit (O_S0pj (Mk. sk && (e — z (Lk)))) t b
using block-additivity sum-sadd-fst-digit-zero sum-szero-fst-digit-zero
by (auto simp: I-def c-gt0 b-def)
also have ... = nth-digit (3 S+ pj (M\k. sk)) td
+ (32 S— pj (Ak. nth-digit (s k && z (1 k))
+ nth-digit (>.S0pj (k. sk && (e — z (I
using sum-ssub-nth-digit-commute by auto
also have ... = nth-digit (3 S+ pj (M\k. sk)) td
+ >25— pj (Mk. nth-digit (s k && =z (1 k)) ¢t b)
+ 3°50 p j (\k. nth-digit (s k && (e — 2 (I k))) t b)
using l-def | skzl-bound2 sum-szero-nth-digit-commute by (auto)
also have ... = > S+ p j (Ak. nth-digit (s k) t b)
+ 35— pj (Ak. nth-digit (s k && z (1 k)) t b)
+ 3250 p j (\k. nth-digit (s k && (e — 2 (1 k))) t b)
using sum-sadd-nth-digit-commute by auto
also have ... = )" S+ p j (Ak. nth-digit (s k) t b)
+ > 5= pj (Mk. nth-digit (z (1 k)) ¢ b && nth-digit (s k) t b)
+ 3280 p j (Ak. (nth-digit (e — z (1 k)) t b) && nth-digit (s k) t

b))
)

t
E)) tb

using bitA ND-nth-digit-commute b-def by (auto simp: bitAND-commutes)
also have ... = (}_ S+ p j (Mk. nth-digit (s k) t b))
+ O°S— pj (Ak. nth-digit (z (1 k)) t b && nth-digit (s k) t b))
+ (0280 pj (Ak. (1 — nth-digit (z (1 k)) ¢ b) && nth-digit (s k) t b))
using sum-szero-aux assms sum-ssub-zero.simps m-def <t<q»
apply (auto) using sum.cong atLeastAtMost-iff by smt

ultimately have s j div (b ~ Suc t) mod b =
(32 8+ p j (k. nth-digit (s k) t b))
+ (32 S— pj (\k. nth-digit (z (L k)) t b && nth-digit (s k) t b))
+ (3280 pj (Mk. (1 — nth-digit (z (1 k)) t b) && nth-digit (s k) t b))
by auto

moreover have (> S— p j (\k. nth-digit (z (I k)) t b && nth-digit (s k) t b))
= (28— pj (Ak. Zeq (I k) t x Seq k t))
using skzl-bitAND-to-mult sum-ssub-nzero.simps |
by (smt atLeastAtMost-iff sum.cong)

moreover have (> S0 p j (M. (1 — nth-digit (z (1 k)) t b) && nth-digit (s k)
£0))
=("8S0pj(\k. (1 — Zeq (Lk) t) * Seqkt))
using skzl-bitAND-to-mult2 sum-ssub-zero.simps [
by (auto) (smt atLeastAtMost-iff sum.cong)
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ultimately have nth-digit (s j) (Suc t) b =
(> S+ pj (Mk. Seqk t))
+ (O°S—pj (MNk. Zeq (Lk) t * Seq k t))
+ (O°8S0pj (M. (I — Zeq (1k) t) « Seq kt))
using Seq-def nth-digit-def by auto

thus ?thesis by auto
qed

lemma auz-nocarry-sk:
assumes <q
shows i # j — i<m — j<m — nth-digit (s ©) t b * nth-digit (s j) t b= 0
proof (cases t=q)
case True
have j < m — Seq j ¢ = 0 for j using s-bound Seq-def nth-digit-def by auto
then show ?thesis using True Seq-def apply auto by (metis le-less less-nat-zero-code)
next
case Fulse
hence k<m A nth-digit (sk) tb=1 —
(Vj<m. j # k — nth-digit (s j) t b = 0) for k
using states-unique-RAW|of t] Seq-def assms by auto
thus ?thesis
by (auto) (metis One-nat-def le-neq-implies-less m-def not-less-eq sk-bound)
qed

lemma nocarry-sk:
assumes | # j and i<m and j<m
shows (si) jkx(sj)jk=10
proof —
have reduct: (s i) | k = nth-digit (s ©) (k div Suc ¢) b (k mod Suc ¢) for i
using digit-gen-pow2-reduct]of k mod Suc ¢ Suc ¢ s i k div Suc c] b-def
using mod-less-divisor zero-less-Suc by presburger
have k div Suc ¢ < ¢ —
nth-digit (s ©) (k div Suc ¢) b * nth-digit (s j) (k div Suc ¢) b =0
using aux-nocarry-sk assms by auto
moreover have k div Suc ¢ > ¢ —
nth-digit (s 7) (k div Suc ¢) b * nth-digit (s j) (k div Suc ¢) b= 0
using nth-digit-def s-bound apply auto
using b-gt1 div-greater-zero-iff leD le-less less-trans mod-less neq0-conv power-increasing-iff
by (smt assms)
ultimately have nth-digit (s i) (k div Suc ¢) b | (k mod Suc ¢)
* nth-digit (s j) (k div Suc ¢) b i (k mod Suc ¢) = 0
using nth-bit-def by auto
thus ?thesis using reduct|of | reduct[of j] by auto
qed

lemma commute-sum-rsub-bitAND: > R— pl (k. sk && z1) =Y R— p 1 (\k.
sk) && 21
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proof —
show ?thesis apply (auto simp: sum-rsub.simps)
using m-def nocarry-sk auz-commaute-bitA ND-sum-if[of m
s Ak. dssub (p ! k) A I = modifies (p ! k) z ]
by (auto simp add: atMost-atLeast0)
qed

lemma sum-rsub-bound: I<n = > R— pl (Mk. sk && z1) <rl+ > R+ pls
proof —

assume I<n

have Y R— p | (Ak. s k) && z 1 < z 1 by (auto simp: Im0245 masks-leq)

also have ... < r [ using zl-le-rl <I<n) by auto

ultimately show ?thesis

using commute-sum-rsub-bitAND by (simp add: trans-le-add1)

qed

Obtaining single step register relations from multiple step register relations

lemma mult-to-single-reg:
c>0 = l<n = Reql (Suct) = Reqlt + (3. R+ pl (\k. Seq k t))
— O>R—pl (Mk. (Zeqlt) « Seq k t)) for It
proof —
assume [: [<n
assume c: ¢ > 0

have a-div: a div b = 0 using c-eq rm-constants-def B-def by auto

have subtract-bound: Vt'. nth-digit (3> R— p 1l (M\k. s k && z 1)) t' b
< nth-digit (r1+ Y R+ pl (\k. sk)) t'b
proof —
{
fix t'
have nth-digit (z1) t' b < nth-digit (r1) t' b
using Zeg-def Req-def Z | by auto
then have nth-digit (> R— p 1 (\k. s k)) t' b && nth-digit (z1) t' b
< nth-digit (rl) t' b
using sum-rsub-special-block-bound
by (meson dual-order.trans Im0245 masks-leq)
then have nth-digit (3> R— pl (M\k. sk && z1)) t'b
< nth-digit (rl) t' b
using commute-sum-rsub-bitAND bitA ND-nth-digit-commute b-def by auto
then have nth-digit (3 R— p 1l (M\k. sk && z 1)) t'b
< nth-digit (r 1) t' b + nth-digit (O R+ p 1l (Mk. s k)) ¢’ b
by auto
then have nth-digit (> R— p 1l (M\k. sk && z1)) t'b
< nth-digit (rl+ > R+ pl (M. sk))t'b
using block-additivity ri-fst-digit-zero sum-radd-fst-digit-zero
by (auto simp: b-def ¢ 1)

then show ?thesis by auto
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qed

define o’ where o’ = (if | = 0 then a else 0)
have a’-div: a’ div b = 0 using a-div a’-def by auto

have r I div (b b ~t) mod b =
(¢ + bxrl+ bx> R+ pl (M. sk) — bx> R—pl (\k. sk && z 1)) div
(bxb " t) modb
using r-eq reg-equations-def by (auto simp: a’-def 1)
also have ... =
(o’ +b*x(rl+>YR+pl(Ak.sk)—> R—pl Mk sk&& z1))) divd
div bt mod b
by (auto simp: algebra-simps div-mult2-eq)
(metis Nat.add-diff-assoc add-mult-distrib2 mult-le-mono2 sum-rsub-bound I)
also have ... =
((ri+>R+pl(A\k.sk)—> R—pl(\k. sk && z1)) + a’ div bd) div b
“tmod b
using b-gt1 by auto
also have ... = (rl 4+ > R+ pl (Ak. s k) = Y R—pl (Mk. sk && z 1)) div b
“tmod b
using a’-div by auto
also have ... = nth-digit (rl+ >R+ pl (M. sk) — D R—pl (k. sk && 2
D)tb
using nth-digit-def by auto

also have ... = nth-digit (rl+ > R+ pl (k. sk)) th
— nth-digit (3 R—pl (Mk. sk && z1)) tb
using block-subtractivity subtract-bound
by (auto simp: ¢ b-def)
also have ... = nth-digit (r1) tb
+ nth-digit (O R+ pl (Mk. sk)) tbd
— nth-digit (3 R—pl (Mk. sk && z1)) tb
using block-additivity rl-fst-digit-zero sum-radd-fst-digit-zero
by (auto simp: | b-def c)
also have ... = nth-digit (r1) t b
+ D> R+ p Il (\k. nth-digit (s k) t b)
— Y>> R— p I (\k. nth-digit (s k && z 1) t b)
using sum-radd-nth-digit-commute
using sum-rsub-nth-digit-commute
by auto
ultimately have r [ div (b x b " t) mod b =
(nth-digit (rl) t b)
+ 3" R+ p I (Mk. nth-digit (s k) ¢ b)
— Y>> R— p I (Ak. nth-digit (z1) t b && nth-digit (s k) ¢ b)
using bitAND-nth-digit-commute b-def by (simp add: bitAND-commutes)
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then show ?thesis using Reg-def Seq-def nth-digit-def skzl-bitA ND-to-mult [
by (auto simp: sum-rsub.simps) (smt atLeastAtMost-iff sum.cong)
qed

Obtaining single step state relations from multiple step state relations

lemma mult-to-single-state:
fixes t j :: nat
defines [ = A\k. modifies (p'k)
shows j<m = t<q = Seq j (Suc t) = (3. S+ pj (\k. Seq k t))
+ (O2S—pj (Nk. Zeq (Lk) t * Seq k t))
+ (O2S0pj (Mk. (I — Zeq (1K) t) = Seq k t))
proof —
assume j < m
assume ¢ < ¢

have nth-digit (s j) (Suc t) b =
(22 S+ pj (M. Seq k 1))
+ (O S—pj (Mk. Zeq (Lk) t * Seq k t))
+ O.S0pj (Ak. (I — Zeq (L k) t) = Seq k t))
using state-equations-digit-commute j<m» <t<q> I-def by auto

then show ?thesis using nth-digit-def I-def Seq-def by auto
qed

Conclusion: The central equivalence showing that the cell entries obtained
from r s z indeed coincide with the correct cell values when executing the
register machine. This statement is proven by induction using the single
step relations for Req and Seq as well as the statement for Zeq.

lemma rzs-eq:

I<n = j<m = t<qg= Ricplt=ReqltNZicplt=_ZeqltNSicpj
t=Seqjt
proof (induction t arbitrary: j 1)

have m>0 using m-def is-val is-valid-initial-def|of ic p] is-valid-def|of ic p] by
auto

case (

have mod-auz0: Suc (b * k) mod b = 1 for k
using euclidean-semiring-cancel-class.mod-mult-self2[of 1 b k] b-gt1 by auto
have step-state0: s 0 = 1 4+ bxY_ S+ p 0 (Ak. s k) + bx>_S— p 0 (Mk. s k &&
z (modifies (plk)))
+ bx> S0p 0 (Mk. s k && (e — z (modifies (p'k))))
using s-eq state-equations-def by auto
hence Seq 0 0 = 1 using Seq-def by (auto simp: nth-digit-def mod-auz0)
hence S00: Seq 0 0 = S ic p 0 0 using S-def is-val is-valid-initial-def[of ic] by
auto

have s m = b ¢ using s-eq state-equations-def by auto
hence Seq m 0 = 0 using Seq-def nth-digit-def c-eq rm-constants-def by auto
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hence Sm0: Sic p m 0 = Seq m 0
using is-val is-valid-initial-def|of ic p a] S-def «<m>0> by auto

have step-states: Vd>0. d<m — s d = bxy_, S+ p d (k. s k)
+ bx>.S— p d (Mk. s k && z (modifies (plk)))
+ bx>_ S0 p d (\k. sk && (e — z (modifies (p'k))))
using s-eq state-equations-def by auto
hence Vk>0. k<m — Seq k 0 = 0 using Seq-def by (auto simp: nth-digit-def)
hence k>0 — k<m — Seqk 0 = Sic p k 0 for k
using S-def is-val is-valid-initial-def|[of ic] by auto

with S00 Sm0 have Sid: k<m — Seq k 0 = S ic p k 0 for k
by (cases k=0; cases k=m; auto)

have bx (r0 +> R+ p0s— > R—p0 (M. sk && 2 0))
=bx(r0O+>R+p0s)—bx> R—p0 (M. sk&& 20)
using Nat.diff-mult-distrib2[of br 0 + > R+ p 0s Y. R—p 0 (\k. s k && 2
0)] by auto
alsohave ... =b*xr 0+ bxY R+pO0s—bx> R—p0 (k. sk && 20)
using Nat.add-mult-distrib2[of b r 0 > R+ p 0 s] by auto
ultimately have distrib: a + b (r0 + > R+ p0s— > R—p 0 (Mk. sk &&
2 0)
=a+bxr0+bxY R+pO0s—bxYy R—p0 (M sk &&
z 0)
by (auto simp: algebra-simps)
(metis Nat.add-diff-assoc add-mult-distrib2 mult-le-mono2 n-gt0 sum-rsub-bound)

hence Reg 00 = (a +b*xr0+bx> R+ plOs—bxY R—p0 (M. sk &&

z 0)) mod b
using Req-def nth-digit-def r-eq reg-equations-def by auto
alsohave ... = (a + b*x (r0 + > R+ p0s—> R—p0 (k. sk && 2 0)))
mod b

using distrib by auto
finally have Req 0 0 = a using c-eq rm-constants-def B-def by auto
hence R00: Ricp 0 0 = Req 00

using R-def is-val is-valid-initial-def[of ic p a] by auto

have ri-transform: >0 — rl=bxrl+b*x> R+ pls—bx> R—pl (\k.
sk && z1)

using reg-equations-def r-eq <I<n» by auto

have [>0 — (bxrl+bxY R+ pls—b*Y R—pl (k. sk && z1)) mod
b=10
using Req-def nth-digit-def reg-equations-def m-eq by auto
hence I[>0 — Reql 0 = 0
using Req-def ri-transform nth-digit-def by auto
hence [>0 = Req ! 0 = R ic p | 0 using is-val is-valid-initial-def|[of ic] R-def
by auto
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hence Rid: R ic pl 0 = Reql 0 using R00 by (cases I=0; auto)

hence Zid: Zic pl 0 = Zeq |l 0 using Z Z-def 0 by auto

show ?case using Sid Rid Zid <I<n> <j<m» by auto
next
case (Suc t)

have Suc t<q using Suc by auto
then have t<q by auto

have S-IH: k<m = Sic p kt = Seq k t for k using Suc m-def by auto
have Z-IH: Vl:nat. I<n — Zic plt = Zeq | t using Suc by auto

from S-IH have SI1: k<m —
(if isadd (p ! k) A I = modifies (p ! k) then Seq k t else 0)
= (if isadd (p ! k) A 1 = modifies (p ! k) then S ic p k t else 0) for k
by auto
have 52: k € {0..length p—1} =
(if issub (p ! k) A 1 = modifies (p ! k) then Zeq 1t * Seq k t else 0)
= (if issub (p ! k) A I = modifies (p | k) then Zeqlt « Sicp kt else 0) for k
using Suc m-def by auto

have Req ! (Suct) = Reqlt + (3 R+ pl (Mk. Seqkt)) — O_R— pl (Ak. (Zeg
[t) « Seq k t))

using mult-to-single-reg[of l] <I<n> by (auto simp: c-gt0)

alsohave ... = Ricplt+ (3 R+ pl (Xk. Sicpkt))
— O>R—pl(Mk. (Zicplt)x Sicpkt))

using Suc sum-radd.simps sum-rsub.simps S1 S2 m-def by auto
finally have R: Req ! (Suc t) = R ic p I (Suc t)

using is-val (I<n» n-def Im04-06-one-step-relation-register[of ic p a l] by auto

hence Z-suct: Zeq | (Suc t) = Z ic p I (Suc t) using Z Z-def <I<n) by auto

have plength: length p < Suc m by (simp add: m-def)

have s m = b ~ ¢ using s-eq state-equations-def by auto

hence Seq m t = 0 using Seq-def <t<q> nth-digit-def apply auto
using b-gt!1 bz-auz by auto

hence S ic p m t = 0 using Suc by auto

hence fst (steps ic p t) # m using S-def by auto

hence fst (steps ic p t) < m using is-val m-def
by (metis less-Suc-eq less-le-trans p-contains plength)

hence nohalt: = ishalt (p ! fst (steps ic p t)) using is-valid-def[of ic p]
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is-valid-initial-defof ic p a] m-def is-val by auto

have j<length p using <j<m) m-def
by (metis (full-types) diff-less is-val length-greater-0-conv less-imp-diff-less
less-one
list.size(3) nat-less-le not-less not-less-zero p-contains)
have Seq j (Suc t) = (3 S+ pj (Mk. Seq k t))

+ (32 S— pj (Mk. Zeq (modifies (p'k)) t * Seq k t))

+ (3280 pj (Mk. (1 — Zeq (modifies (plk)) t) = Seq k t))
using mult-to-single-state <j<m» <t<q> c-gt0 by auto

also have ... = (3 S+ p j (Ak. Seq k t))

+ 02 S—pj (Mk. Zic p (modifies (p'k)) t = Seq k t))

+ 0280 pj (Mk. (1 — Zic p (modifies (plk)) t) * Seq k t))
using Z-IH modifies-valid sum-ssub-zero.simps sum-ssub-nzero.simps
by (auto simp: m-def, smt atLeastAtMost-iff sum.cong)

also have ... = (D S+ pj (Ak. Sicpkt))

+ O°S—pj (Mk. Zic p (modifies (plk)) t = Sicp k t))

+ 0280 pj (Mk. (1 — Zic p (modifies (plk)) t) x Sic p kt))
using S-TH sum-ssub-zero.simps sum-ssub-nzero.simps sum-sadd.simps
by (auto simp: m-def, smt atLeastAtMost-iff sum.cong)

finally have S: Seq j (Suc t) = Sic p j (Suc t)
using is-val Im04-07-one-step-relation-state[of ic p a j] «j<length p> nohalt by
auto

show ?case using R S Z-suct by auto
qged

end
end

4.4 Arithmetizing equations are Diophantine

theory Equation-Setup imports ../ Register-Machine/ Register MachineSpecification
../ Diophantine/ Diophantine- Relations

begin

locale register-machine =
fixes p :: program
and n :: nat
assumes p-nonempty: length p > 0
and wvalid-program: program-register-check p n
assumes n-gt-0: n > 0

begin

definition m :: nat where
m = length p — 1
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lemma modifies-yields-valid-register:
assumes k < length p
shows modifies (plk) < n
proof —
have instruction-register-check n (p'k)
using valid-program assms list-all-length program-register-check.simps by auto

thus %thesis by (cases plk, auto simp: n-gt-0)
qged

end

locale rm-eq-fizes = register-machine +
fixesabcdef:: nat
and q :: nat
and r z :: register = nat
and s :: state = nat

end

4.4.1 Preliminary: Register machine sums are Diophantine

theory Register-Machine-Sums imports Diophantine-Relations
../ Register-Machine/ RegisterMachineSimulation

begin

fun sum-polynomial :: (nat = polynomial) = nat list = polynomial where
sum-polynomial f [| = Const 0 |
sum-polynomial f (i#idrs) = f i [+] sum-polynomial f idxs

lemma sum-polynomial-eval:
peval (sum-polynomial f idxs) a = (> k=0..<length idxs. peval (f (idzslk)) a)
proof (induction idzs rule: List.rev-induct)
case Nil
then show ?case by auto
next
case (snoc z 1s)
moreover have suc: peval (sum-polynomial f (zs Q [z])) a = peval (sum-polynomial
f(z# x9) a
by (induction xs, auto)
moreover have list-property: za < length s = (xs ! za) = (zs @ [z]) ! za for
za
by (simp add: nth-append)
ultimately show ?case by auto
qed
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definition sum-program :: program = (nat = polynomial) = polynomial
(«[>>-] - [100, 100] 100) where
D> p] f = sum-polynomial f [0..<length p]

lemma sum-program-push: m = length ns = length | = length p =
peval (> p] (\k. if g k then map (Az. push-param x m) 1! k else h k)) (push-list
a ns)
= peval ([> p] (k. if gk thenl! kelse hk)) a
unfolding sum-program-def apply (induction p, auto)
oops

definition sum-radd-polynomial :: program = register = (nat = polynomial) =
polynomial

(<[> R+] - - -») where

DR+ plf =1 p] (Ak. if isadd (p'k) A | = modifies (plk) then fk else Const
0)

lemma sum-radd-polynomial-eval|defs]:
assumes length p > 0
shows peval (D R+] plf) a= (3 R+ pl (Az. peval (fz) a))
proof —
have 1: z < length p — Suc 0 = = < length p for x using assms by linarith
have 2: z < length p — Suc 0 = peval (f ([0..<length p] ! z)) a = peval (f x)
a for z
using assms
by (metis diff-Suc-less less-imp-diff-less less-le-not-le nat-neg-iff nth-upt plus-nat.add-0)
show ?thesis
unfolding sum-radd-polynomial-def sum-program-def sum-radd.simps sum-polynomial-eval
by (auto, rule sum.cong, auto simp: 1 2)
qed

definition sum-rsub-polynomial :: program = register = (nat = polynomial) =
polynomial

(«>-R-] - - -») where

DoR-]plf=1[>p] (Ak. if issub (p'k) A I = modifies (p'k) then f k else Const
0)

lemma sum-rsub-polynomial-eval[defs]:
assumes length p > 0
shows peval (D R—] plf) a= (> R— pl (Az. peval (fz) a))
proof —
have 1: z < length p — Suc 0 = z < length p for z using assms by linarith
have 2: z < length p — Suc 0 = peval (f ([0..<length p] ! z)) a = peval (f x)
a for z
using assms
by (metis diff-Suc-less less-imp-diff-less less-le-not-le nat-neq-iff nth-upt plus-nat.add-0)
show ?thesis
unfolding sum-rsub-polynomial-def sum-program-def sum-rsub.simps sum-polynomial-eval
by (auto, rule sum.cong, auto simp: 1 2)

174



qed

definition sum-sadd-polynomial :: program = state = (nat = polynomial) =
polynomial

(«>°S+] - - -») where

D-S+] pdf=]D.p] (k. if isadd (p'k) A d = goes-to (p'k) then fk else Const
0)

lemma sum-sadd-polynomial-eval[defs]:
assumes length p > 0
shows peval (D S+] pdf) a= .S+ p d (Az. peval (f z) a))

proof —
have 1: z < length p — Suc 0 = z < length p for z using assms by linarith
have 2: z < length p — Suc 0 = peval (f ([0..<length p] ! z)) a = peval (f )
a for z

using assms
by (metis diff-Suc-less less-imp-diff-less less-le-not-le nat-neq-iff nth-upt plus-nat.add-0)
show ?thesis
unfolding sum-sadd-polynomial-def sum-program-def sum-sadd.simps sum-polynomial-eval
by (auto, rule sum.cong, auto simp: 1 2)
qed

definition sum-ssub-nzero-polynomial :: program = state = (nat = polynomial)
= polynomial

(«[>°>S-] - - ) where

D>S=]pdf=][>p (Ak. if issub (p'k) A d = goes-to (plk) then f k else Const
0)

lemma sum-ssub-nzero-polynomial-eval|defs]:
assumes length p > 0
shows peval ([>.S=]pdf)a=(>.5— pd (Az. peval (f z) a))
proof —
have 1: z < length p — Suc 0 = x < length p for z using assms by linarith
have 2: z < length p — Suc 0 = peval (f ([0..<length p] | z)) a = peval (f x)
a for z
using assms
by (metis diff-Suc-less less-imp-diff-less less-le-not-le nat-neg-iff nth-upt plus-nat.add-0)
show ?thesis
unfolding sum-ssub-nzero-polynomial-def sum-program-def sum-ssub-nzero.simps
sum-polynomial-eval
by (auto, rule sum.cong, auto simp: 1 2)
qged

definition sum-ssub-zero-polynomial :: program = state = (nat = polynomial)
= polynomial

(«[>° 80] - - -») where

D2S0lpdf=1[>p] (Ak. if issub (plk) A d = goes-to-alt (plk) then [k else Const
0)
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lemma sum-ssub-zero-polynomial-eval|defs]:
assumes length p > 0
shows peval ([>°S0] p df) a= (3 50p d (Az. peval (f z) a))
proof —
have 1: z < length p — Suc 0 = z < length p for z using assms by linarith
have 2: z < length p — Suc 0 = peval (f ([0..<length p] ! z)) a = peval (f z)
a for z
using assms
by (metis diff-Suc-less less-imp-diff-less less-le-not-le nat-neq-iff nth-upt plus-nat.add-0)
show ?thesis
unfolding sum-ssub-zero-polynomial-def sum-program-def sum-ssub-zero.simps
sum-polynomial-eval
by (auto, rule sum.cong, auto simp: 1 2)
qed

end
theory RM-Sums-Diophantine imports Equation-Setup ../ Diophantine/ Register-Machine-Sums
../ Diophantine/ Binary-And

begin

context register-machine
begin

definition sum-ssub-nzero-of-bit-and :: polynomial = nat = polynomial list =
polynomial list
= relation
(«[-=>59— - (- && -')]») where
[z =5 9— d (s && 2)] = let 2’ = push-param z (length p);
s" = push-param-list s (length p);
2" = push-param-list z (length p)
in [3length p] [V <length p] (Ai. [Param i = s'li && 2'1))
[A] &' [=] ([ 5] p d Param)

lemma sum-ssub-nzero-of-bit-and-dioph|dioph):
fixes s z :: polynomial list and d :: nat and z
shows is-dioph-rel [t = > S— d (s && 2)]
unfolding sum-ssub-nzero-of-bit-and-def by (auto simp add: dioph)

lemma sum-rsub-nzero-of-bit-and-eval:

fixes z s :: polynomial list and d :: nat and x :: polynomial

assumes length s = Suc m length z = Suc m length p > 0

shows eval [z = > 85— d (s && 2)] a

> peval x a =) S— p d (\k. peval (s'k) a && peval (2k) a) (is ?P «—

2Q)
proof —

have invariance: ¥V k<length p. yl k = y2k = > . S—pdyl =>.5— p d y2
for y1 y2
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unfolding sum-ssub-nzero.simps apply (intro sum.cong, simp)
using <length p > 0> by auto (metis Suc-pred le-imp-less-Suc length-greater-0-conv)

have len-ps: length s = length p

using m-def <length s = Suc m» <length p > 0> by auto
have len-pz: length z = length p

using m-def <length z = Suc m» <length p > 0» by auto

show ?thesis
proof (rule)
assume 7P
thus 7Q
using sum-ssub-nzero-of-bit-and-def «length p > 0» apply (auto simp add:
defs push-push)
using push-push-map-i apply (simp add: push-param-list-def len-ps len-pz)
unfolding list-eval-def apply (auto simp: assms len-ps len-pz invariance)
apply (rule sum-ssub-nzero-cong) apply auto
by (metis (no-types, lifting) One-nat-def assms(1) assms(2)
le-imp-less-Suc len-ps m-def nth-map)

next
assume ?()
thus 2P
using sum-ssub-nzero-of-bit-and-def «length p > 0» apply (auto simp add:
defs push-push)
apply (rule exI[of - map (Ak. peval (s ! k) a && peval (z ! k) a) [0..<length
pl], simp)
using push-push push-push-map-i
by (simp add: push-param-list-def invariance push-list-eval len-ps len-pz)
qed
qed

definition sum-ssub-zero-of-bit-and :: polynomial = nat = polynomial list =
polynomial list
= relation
(«[- =3280 - (- && -')]>) where
[x =550d (s && z)] = let ©' = push-param z (length p);
s’ = push-param-list s (length p);
2" = push-param-list z (length p)
in [Ilength p] [V <length p] (Ai. [Param i = s'i && 2'i))
[A] 2’ [=] D2 S0] p d Param

lemma sum-ssub-zero-of-bit-and-dioph[dioph):
fixes s z :: polynomial list and d :: nat and z
shows is-dioph-rel [z = ) 50 d (s && 2)]
unfolding sum-ssub-zero-of-bit-and-def by (auto simp add: dioph)

lemma sum-rsub-zero-of-bit-and-eval:
fixes z s :: polynomial list and d :: nat and z :: polynomial
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assumes length s = Suc m length z = Suc m length p > 0
shows eval [z =) 50 d (s && 2)] a
> peval z a = > S0 p d (Mk. peval (s'k) a && peval (2'k) a) (is 2P +—

2Q)
proof —

have invariance: ¥V k<length p. yl k = y2k = > . S0p dyl => S0 p d y2 for
yl y2

unfolding sum-ssub-zero.simps apply (intro sum.cong, simp)
using «length p > 0> by auto (metis Suc-pred le-imp-less-Suc length-greater-0-conv)

have len-ps: length s = length p

using m-def <length s = Suc m» <length p > 0> by auto
have len-pz: length z = length p

using m-def <length z = Suc m> <length p > 0> by auto

show ?thesis
proof (rule)
assume ?P
thus 7Q
using sum-ssub-zero-of-bit-and-def <length p > 0 apply (auto simp add: defs
push-push)
using push-push-map-i apply (simp add: push-param-list-def len-ps len-pz)
unfolding list-eval-def apply (auto simp: assms len-ps len-pz invariance)
apply (rule sum-ssub-zero-cong) apply auto
by (metis (no-types, lifting) One-nat-def assms(1) assms(2)
le-imp-less-Suc len-ps m-def nth-map)
next
assume ?()
thus 2P
using sum-ssub-zero-of-bit-and-def <length p > 0 apply (auto simp add: defs
push-push)
apply (rule exl]of - map (Ak. peval (s ! k) a && peval (2!k) a) [0..<length
pll, simp)
using push-push push-push-map-i
by (simp add: push-param-list-def invariance push-list-eval len-ps len-pz)
qed
qed

end
end

4.4.2 Register Equations

theory Register-Equations imports ../ Register-Machine/ MultipleStep Register
Equation-Setup ../ Diophantine/ Register-Machine-Sums
../ Diophantine/ Binary-And HOL— Library. Rewrite

begin
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context rm-eq-fizes
begin

Equation 4.22

definition register-0 :: bool where
register-0 = r 0 = a + bxr 0 + bxd> R+ p 0s— bxy R—p 0 (\k. sk && z
0)

Equation 4.23

definition register-l :: bool where
register-l =VI>0. l <n — rl=0bxrl+ bxd) R+ pls— bxd R— pl (\k.
sk && z1)

Extra equation not in Matiyasevich’s book

definition register-bound :: bool where
register-bound = Vi< mn.rl<b g

definition register-equations :: bool where
register-equations = register-0 A register-l A register-bound

end

context register-machine
begin

definition sum-rsub-of-bit-and :: polynomial = nat = polynomial list = polyno-
mial
= relation
(«[-=>R— - (- && -")]») where
[z =Y R— d (s && 2l)] = let z' = push-param x (length p);
s" = push-param-list s (length p);
2l = push-param 2l (length p)
in [Ilength p] [V <length p] (Ai. [Param i = s'li && 21')
Al 2’ [=] D2 R—] p d Param

lemma sum-rsub-of-bit-and-dioph|[dioph]:
fixes s :: polynomial list and d :: nat and z 2l :: polynomial
shows is-dioph-rel [t = > R— d (s && 21)]
unfolding sum-rsub-of-bit-and-def by (auto simp add: dioph)

lemma sum-rsub-of-bit-and-eval:
fixes z s :: polynomial list and d :: nat and z :: polynomial
assumes length s = Suc m length p > 0
shows eval [z = Y. R— d (s && 21)] a
«— peval x a = >, R— p d (Ak. peval (slk) a && peval 2l a) (is P «—
2Q)

proof —
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have invariance: ¥V k<length p. y1l k = y2k = > R— pdyl => . R— p d y2
for y1 y2
unfolding sum-rsub.simps apply (intro sum.cong, simp)
using «length p > 0> by auto (metis Suc-pred le-imp-less-Suc length-greater-0-conv)

have len-ps: length s = length p
using m-def <length s = Suc m» <length p > 0> by auto

have auz!: peval ([ R—]plf) a=> R— pl (Az. peval (fz) a) for lf
using defs <length p > 0> by auto

show ?thesis
proof (rule)
assume 7P
thus ?70Q)
unfolding sum-rsub-of-bit-and-def
using aux! apply simp
apply (auto simp add: auzl push-push defs)
using push-push-map-i apply (simp add: push-param-list-def len-ps)
unfolding list-eval-def apply (simp add: assms len-ps invariance)
using assms(2) invariance len-ps sum-rsub-polynomial-eval by force
next
assume ?()
thus 2P
unfolding sum-rsub-of-bit-and-def apply (auto simp add: auz! defs push-push)
apply (rule exI[of - map (k. peval (s ! k) a && peval 2l a) [0..<length p]],
stmp)
using push-push push-push-map-i apply (simp add: push-param-list-def len-ps)
using invariance len-ps push-list-eval <length p > 0> defs by simp
qed
qed

lemma register-0-dioph|dioph]:
fixes A b :: polynomial
fixes r z s :: polynomial list
assumes length r = n length z = n length s = Suc m
defines DR = LARY (M. rm-eq-fizes.register-0 p (1110!10) (11'0'1)
(nth (11'1)) (nth (11!2)) (nth (11!13))) [[4, b], 7, 2, 3]
shows is-dioph-rel DR

proof —

let /N = 1

define A’ b’ r’ 2z’ s’ where pushed-def: A’ = push-param A ?N b’ = push-param
b ?N

r’ = map (Az. push-param x ?N) r z' = map (\z.
push-param x ?N) z
s" = map (Az. push-param x ?N) s

define DS where DS = [3] ([Param 0 = > R— 0 (s’ && (2"0))] [A]
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P10 (=] A7 (4] 0 (] 710 [+] 0 [<] ([ R+ p 0 (nth )
[—] b’ [#] (Param 0))

have length p > 0 using p-nonempty by auto
have n > 0 using n-gt-0 by auto

have length p = length s
using <length s = Suc m) m-def <length p > 0» by auto
have length s’ = length s
unfolding pushed-def by auto
have length z > 0
using <length z = n> «<n > 0> by simp
have length r > 0
using <length r = n» <n > 0» by simp

have eval DS a = eval DR a for a
proof —

have sum-radd-push: > R+ p 0 (Az. peval (s’ ! z) (push a k)) = > R+ p 0
(list-eval s a) for k
unfolding sum-radd.simps pushed-def apply (intro sum.cong, simp)
using push-push-mapl <length p = length s> <length s = Suc m»> by simp

have sum-rsub-push: >, R— p 0 (Az. peval (s"! z) (push a k) && peval (2"
0) (push a k))
=> R— p 0 (Az. list-eval s a  && peval (2! 0) a) for k
unfolding sum-rsub.simps pushed-def apply (intro sum.cong, simp)
using push-push-mapl1 <length p = length s) <length s = Suc m» <length z >
0»
by (simp add: list-eval-def)

have 1: peval ([ R—]plf)a=> R— pl (\z. peval (fz) a) for fI
using defs <length p > 0> by auto

show ?thesis
unfolding DS-def rm-eq-fizes.register-0-def
register-machine-axioms rm-eq-fizes-def apply (simp add: defs)
using <length p > 0 apply (simp add: sum-rsub-of-bit-and-eval <length s’ =
length $»
<length s = Suc m)
apply (simp add: sum-radd-push sum-rsub-push)
unfolding pushed-def using push-pushl push-push-map1 <length r > 0>
apply simp
unfolding DR-def assms defs <length p > 0>
using rm-eq-fixes-def rm-eq-fizes.register-0-def register-machine-axioms apply
(simp)
using <length z > 0> push-def list-eval-def 1 apply (simp add: I defs <length
p > 0))
using One-nat-def sum-radd-push unfolding pushed-def(5) list-eval-def by
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presburger
qed

moreover have is-dioph-rel DS
unfolding DS-def by (simp add: dioph)

ultimately show ?thesis
by (auto simp: is-dioph-rel-def)
qed

lemma register-l-dioph[dioph):
fixes b :: polynomial
fixes r z s :: polynomial list
assumes length r = n length z = n length s = Suc m
defines DR = LARY (All. rm-eq-fizes.register-l p n (1110!0)
(nth (11'1)) (nth (112)) (nth (1113))) [[], r, 2, s
shows is-dioph-rel DR
proof —
define indices where indices = [Suc 0..<n]

let ?N = length indices + 1
define b’ v’ 2’ s’ where pushed-def: b’ = push-param b ?N

r’ = map (A\z. push-param z ?N) r
z' = map (A\z. push-param z ?N) z
s' = map (Az. push-param x ?N) s

define param-I-is-sum-rsub-of-bitand where
param-l-is-sum-rsub-of-bitand = Al. [Param | = Y R— 1 (s’ && (2'11))]
define params-are-sum-rsub-of-bitand where
params-are-sum-rsub-of-bitand = [V in indices| param-l-is-sum-rsub-of-bitand
define single-register where
single-register = X v1 [=] b" [x] W [+] b’ [*] (D_ R+] p I (nth s')) [—] b’ [«]
(Param 1)

define DS where DS = [3n| params-are-sum-rsub-of-bitand [A] [V in indices]
single-register

have length p > 0 using p-nonempty by auto
have n > 0 using n-gt-0 by auto
have length p = length s

using <length s = Suc m) m-def <length p > 0» by auto
have length s’ = length s

unfolding pushed-def by auto
have length z > 0

using <length z = n» <n > 0> by simp
have length r > 0

using <length r = n» <n > 0» by simp
have length indices + 1 = n

unfolding indices-def «n>0>
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using Suc-pred’ <n > 0) length-upt by presburger
have length s’ = Suc m
using «length s’ = length s) <length s = Suc m)> by auto

have eval DS a = eval DR a for a
proof —

have eval-to-peval:
eval [polynomial. Param (indices ! k)
= > R— indices | k (s’ && 2’ (indices | k))] y
+—(peval (polynomial. Param (indices ! k)) y
= > R— p (indices | k) (Aka. peval (s’ ka) y && peval (2" (indices ! k))
y) ) for ky
using sum-rsub-of-bit-and-eval <length p > 0> <length s’ = Suc m» by auto

have b’-unfold: peval b’ (push-list a ks) = peval b a if length ks = n for ks
unfolding pushed-def using indices-def push-push that <length indices + 1
= n» by auto

have r’-unfold: peval (r'! (indices | k)) (push-list a ks) = peval (r!(indices'k))

if k < length indices and length ks = n for k ks
using indices-def push-push pushed-def that(1) that(2) <length r = n» by auto

have Param-unfold: peval (Param (indices ! k)) (push-list a ks) = ks!(indices!k)

if k < length indices and length ks = n for k ks
using One-nat-def Suc-pred indices-def length-upt nat-add-left-cancel-less
nth-upt peval.simps(2) plus-1-eq-Suc push-list-eval that(1) that(2) by
(metis <0 < ny)

have unfold-4: push-list a ks (indices | k) = ks!(indices!k)
if k < length indices and length ks = n for k ks
using Param-unfold that(1) that(2) by force

have unfold-sum-radd: > R+ p (indices | k) (\z. peval (s’ ! z) (push-list a ks))
= > R+ p (indices | k) (list-eval s a)
if length ks = n for k ks
apply (rule sum-radd-cong) unfolding pushed-def
using push-push-map-i[of ks n - s a] <length indices + 1 = n» that
using <length p = length s
by (metis <0 < length p> add.left-neutral add-lessD1 le-neg-implies-less
less-add-one
less-diff-conv less-diff-conv2 nat-le-linear not-add-less1)

have unfold-sum-rsub: > R— p (indices | k) (Aka. peval (s'! ka) (push-list a
ks)
&& peval (2" (indices | k)) (push-list a ks))
= > R— p (indices | k) (Aka. list-eval s a ka
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&& peval (z ! (indices | k)) a)
if length ks = n for k ks
apply (rule sum-rsub-cong) unfolding pushed-def
using push-push-map-i[of ks n - s a] unfolding <length indices + 1 = n»
using <length p = length sy assms apply simp
using nth-mapof - z Az. push-param z (Suc (length indices))]
using modifies-yields-valid-register <length z = n»
by (smt assms le-imp-less-Suc nth-map push-push-simp that)

have indices-unfold: (Vk < length indices. P (indices'k)) «— (VI>0. I<n —
Pl) for P

unfolding indices-def apply auto
using «n>0> by (metis Suc-diff-Suc diff-zero not-less-eq)

have alternative-sum-rsub:
(3" R— p 1 (A\ka. list-eval s a ka && peval (z!1) a))
=(>"R— pl (Ak. map (A\P. peval P a) s ! k && map (AP. peval P a) z !
1)) for [
apply (rule sum-rsub-cong) unfolding list-eval-def apply simp
using modifies-yields-valid-register
One-nat-def assms(3) nth-map <length z = n» <length s = Suc m»
by (metis <length p = length sy le-imp-less-Suc m-def)

have (eval DS a) = (3 ks. n = length ks N
(V k<length indices. eval [Param (indices ! k)
= > R— (indices | k) (s’ && z'! (indices | k))] (push-list
a ks)) A
(V k<length indices. eval (single-register (indices | k)) (push-list a ks)))
unfolding DS-def params-are-sum-rsub-of-bitand-def param-l-is-sum-rsub-of-bitand-def
by (simp add: defs)

also have ... = (Fks. n = length ks A
(V k<length indices.
peval (Param (indices | k)) (push-list a ks)
= > R— p (indices | k) (Mka. peval (s’ ka) (push-list a ks)
&& peval (2’ (indices | k)) (push-list a ks)) A
peval (r'! (indices ! k)) (push-list a ks)
= peval b’ (push-list a ks) = peval (r’! (indices ! k)) (push-list a ks)
+ peval b’ (push-list a ks) * > R+ p (indices | k)
(Az. peval (s"! z) (push-list a ks))

— peval b’ (push-list a ks) = (push-list a ks (indices ! k))))

using eval-to-peval unfolding single-register-def

using sum-radd-polynomial-eval <length p > 0 by (simp add: defs) (blast)

also have ... = (Fks. n = length ks A
(V k<length indices.
ks!(indices'k)
= > R— p (indices | k) (Aka. peval (s’ ka) (push-list a ks)
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&& peval (2" (indices | k)) (push-list a ks)) A
peval (r!(indices'k)) a
= peval b a * peval (r!(indices'k)) a
+ peval b a x Y R+ p (indices ! k) (Ax. peval (s’ x) (push-list a ks))
— peval b a x (ks!(indices'k))))
using b’-unfold r’-unfold Param-unfold unfold-4 by (smt (23))

also have ... = (Fks. n = length ks N
(V k<length indices.
ks!(indices!k)
= (O R— p (indices | k) (Aka. peval (s’ ! ka) (push-list a ks)
&& peval (2" (indices | k)) (push-list a ks))) A
peval (r!(indices'k)) a
= peval b a * peval (r!(indices'k)) a
+ peval b a * (> R+ p (indices ! k) (list-eval s a))
— peval b a * (ks!(indices!k))))
using unfold-sum-radd by (smt (23))

also have ... = (Fks. n = length ks N
(V k<length indices.
ks!(indices'k)
=Y R— p (indices | k) (Aka. list-eval s a ka && peval (z ! (indices
B) o)
A peval (r!(indiceslk)) a
= peval b a * peval (r!(indices'k)) a
+ peval b a % (3 R+ p (indices | k) (list-eval s a))
— peval b a * (ks!(indices'k))))

using unfold-sum-rsub by auto

also have ... = (Fks. n = length ks A
(V k<length indices.
ks!(indices'k)
= > R— p (indices | k) (Mka. list-eval s a ka && peval (z ! (indices !
B) o)
A peval (r!(indices'k)) a
= peval b a * peval (r!(indices'k)) a
+ peval b a * (3 R+ p (indices | k) (list-eval s a))
— peval b a *

(>° R— p (indices ! k) (Aka. list-eval s a ka && peval (2! (indices !
k) a))))

by smt

also have ... = (Vk<length indices.
peval (r!(indices'k)) a
= peval b a * peval (r!(indices'k)) a
+ peval b a * (3. R+ p (indices | k) (list-eval s a))
— peval b a *

(3= R— p (indices ! k) (Aka. list-eval s a ka && peval (2! (indices !
k)) a)))
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unfolding indices-def apply auto
apply (rule exI[of -

map (Ak. > R— p k (Mka. list-eval s a ka && peval (2 ! k) a)) [0..<n]])
by auto

also have ... = (VI>0. 1 < n —
peval (r!l) a
= peval b a * peval (r!l) a
+ peval b a * (> R+ p I (list-eval s a))
— peval b a *
(3" R— p 1 (Aka. list-eval s a ka && peval (z!1) a)))
using indices-unfold[of Az. peval (r! z) a =
peval b a * peval (r! z) a + peval b a x (> R+ p z (list-eval s a)) —
peval b a % (O R— p z (Mka. (list-eval s a ka) && peval (2! z) a))]
by auto

also have ... = (VI>0.1l<n —
peval (r!l) a
peval b a * map (AP. peval P a) r 1
+ peval b a * (O R+ p I (() (map (AP. peval P a) s)))
—peval b a*x (3. R— pl (Ak. map (AP. peval P a) s! k && map (AP. peval
Pa)z!1))
using nth-map[of - r (AP. peval P a)] unfolding <length r = n»
using alternative-sum-rsub list-eval-def by auto

also have ... = (eval DR a)
apply (simp add: DR-def defs) using rm-eq-fizes-def rm-eq-fizes.register-l-def
local.register-machine-azxioms
using nth-maplof - 7 AP. peval P a] unfolding <length r = n» by auto

finally show eval DS a = eval DR a by auto
qed

moreover have is-dioph-rel DS
proof —
have list-all (is-dioph-rel o param-l-is-sum-rsub-of-bitand) indices
unfolding param-I-is-sum-rsub-of-bitand-def indices-def list-all-def by (auto
sitmp:dioph)
hence is-dioph-rel params-are-sum-rsub-of-bitand
unfolding params-are-sum-rsub-of-bitand-def by (auto simp: dioph)

have list-all (is-dioph-rel o single-register) indices
unfolding single-register-def list-all-def indices-def by (auto simp: dioph)
thus ?thesis
unfolding DS-def using <is-dioph-rel params-are-sum-rsub-of-bitand> by (auto
sitmp: dioph)
qed

ultimately show %thesis
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by (auto simp: is-dioph-rel-def)
qed

lemma register-bound-dioph:
fixes b q :: polynomial
fixes r :: polynomial list
assumes length r = n
defines DR = LARY (M. rm-eq-fizes.register-bound n (111010) (1110'1) (nth

(1))
[[b, g, 7]

shows is-dioph-rel DR
proof —

define indices where indices = [0..<n]
hence length indices = n by auto

let YN = length indices
define b’ ¢’ ' where pushed-def: b’ = push-param b 2N
q' = push-param q ?N
r’ = map (\z. push-param z ?N) r

define bound where
bound = Al. (r1l [<] (Param 1) [A] [Param | = b" ~ ¢q))

define DS where DS = [An] [V in indices] bound

have eval DS a = eval DR a for a
proof —

have r’-unfold: peval (r'! k) (push-list a ks) = peval (r ' k) a
if length ks = n and k < length ks for k ks
unfolding pushed-def <length indices = n»
using push-push-map-i[of ks n k r| that <length r = n» list-eval-def by auto

have b’-unfold: peval b’ (push-list a ks) = peval b a
and q’-unfold: peval q’ (push-list a ks) = peval q a
if length ks = n and k < length ks for k ks
unfolding pushed-def <length indices = n»
using push-push-simp that <length r = n> list-eval-def by auto

have eval DS a = (3 ks. n = length ks A
(Vk<n. peval (r'! k) (push-list a ks) < push-list a ks k A
push-list a ks k = peval b" (push-list a ks) ~ peval q' (push-list a ks)))
unfolding DS-def indices-def bound-def by (simp add: defs)

also have ... = (Fks. n = length ks A
(Vk<n. peval (r ! k) a < peval b a ~ peval g a A
push-list a ks k = peval b a ~ peval q a))
using r’-unfold b’-unfold q’-unfold by (metis (full-types))
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also have ... = (Vk<n. peval (r ! k) a < peval b a ~ peval q a)
apply auto apply (rule exI[of - map (k. peval b a ~ peval q a) [0..<n]])
unfolding indices-def push-list-def by auto

also have ... = (Vi<n. map (AP. peval P a) r !l < peval b a ~ peval q a)
using nth-map[of - r AP. peval P a] <length r = n» by force

finally show ?thesis unfolding DR-def
using rm-eq-fixes.register-bound-def rm-eq-fixes-def register-machine-def
p-nonempty n-gt-0 valid-program by (auto simp add: defs)

qed

moreover have is-dioph-rel DS
proof —
have list-all (is-dioph-rel o bound) indices
unfolding bound-def indices-def list-all-def by (auto simp:dioph)
thus ?thesis unfolding DS-def indices-def bound-def by (auto simp: dioph)
qed

ultimately show %thesis
by (auto simp: is-dioph-rel-def)
qed

definition register-equations-relation :: polynomial = polynomial = polynomial
= polynomial list = polynomial list = polynomial list = relation (<\[REG] - - -
- - ) where
[REG) a b qgrzs= LARY (Al. rm-eq-fizes.register-equations p n (111010) (111011)
(11'0'2)
(nth (11'1)) (nth (112)) (nth (11!3))) [[a, b, q], 7, 2, §]

lemma reg-dioph:
fixes Abqrzs
assumes length r = n length z = n length s = Suc m
defines DR = [REG) Abgqgrzs
shows is-dioph-rel DR
proof —

define DS where DS = (LARY (All. rm-eq-fixes.register-0 p (1110'0) (1110'1)
(nth (11'1)) (nth (1112)) (nth (1118))) [[4, b], 7, 2, §])
[A] (LARY (M. rm-eq-fizes.register-l p n (111010)
(nth (11'1)) (nth (1112)) (nth (1118))) [[b], 7, 2, §])
[A] (LARY (All. rm-eg-fizes.register-bound n (111010) (1110!1) (nth

[[6; g, 1)

(11'1)))
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have eval DS a = eval DR a for a
unfolding DS-def DR-def register-equations-relation-def rm-eq-fizes.register-equations-def

apply (simp add: defs)
by (simp add: register-machine-axioms rm-eq-fizes.intro rm-eq-fizes.register-equations-def)

moreover have is-dioph-rel DS
unfolding DS-def using assms register-0-dioph|of r z s| register-l-dioph[of T z
s]
register-bound-dioph by (auto simp: dioph)

ultimately show ?thesis by (auto simp: is-dioph-rel-def)
qed

end
end

4.4.3 State 0 equation

theory State-0-Equation imports ../ Register-Machine/ MultipleStepState
RM-Sums-Diophantine ../ Diophantine/ Binary-And

begin

context rm-eq-fizes
begin

Equation 4.24

definition state-0 :: bool where
state-0 = s 0 = 1 + bxy_ S+ p 0s 4 bx)  S— p 0 (Ak. s k && 2z (modifies

(p'k)))
(p'k))))

+ bx> S0 p 0 (Mk. s k && (e — z (modifies

end

context register-machine
begin

no-notation ppolynomial.Sum (infixl «+> 65)
no-notation ppolynomial. NatDiff (infixl «—) 65)
no-notation ppolynomial. Prod (infixl <x) 70)

lemma state-0-dioph:
fixes b e :: polynomial
fixes z s :: polynomial list
assumes length z = n length s = Suc m
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defines DR = LARY (All. rm-eq-fizes.state-0 p (111010) (1110'1)
(nth (11'1)) (nth (11!12))) [[b, €], 2, $]
shows is-dioph-rel DR
proof —

let /N = 2

define b’ ¢’ 2’ s’ where pushed-def: b’ = push-param b ?N
e’ = push-param e¢ ?N
z' = map (A\x. push-param z ?N) z
s" = map (Az. push-param x ?N) s

define 20 z1 where z-def: 20 = map (\i. 2" ! modifies (pli)) [0..<length p)
z1 = map (Ai. e’ [—] 2" ! modifies (p'i)) [0..<length p]

define param-0-is-sum-sub-nzero-term where
param-0-is-sum-sub-nzero-term = [Param 0 = > S— 0 (s’ && 20)]

define param-1-is-sum-sub-zero-term where
param-1-is-sum-sub-zero-term = [Param 1 = . 50 0 (s’ && 21)]

define step-relation where
step-relation = (s"0 [=] 1 [+] b [¥] (D° S+] p 0 (nth s"))
[+] b’ [¥] Param 0 [+] b’ [] Param 1)

define DS where DS = [3 ?N| step-relation
[A] param-0-is-sum-sub-nzero-term
[A] param-1-is-sum-sub-zero-term

have p # || using p-nonempty by auto
have ps-lengths: length p = length s

using <length s = Suc m» m-def <p # [|> by auto
have s-len: length s > 0

using ps-lengths <p # [|> by auto
have p-len: length p > 0

using ps-lengths s-len by auto
have p-len2: length p = Suc m

using ps-lengths <length s = Suc m» by auto
have len-s': length s’ = Suc m

unfolding pushed-def using <length s = Suc m» by auto
have length 20 = Suc m

unfolding z-def ps-lengths <length s = Suc m) by simp
have length z1 = Suc m

unfolding z-def ps-lengths <length s = Suc m> by simp

have modifies-le-n: k < length p = modifies (p'k) < n for k
using modifies-yields-valid-register <length z = n» by auto

have eval DS a = eval DR a for a
proof —

190



have b’-unfold: peval b’ (push-list a ks) = peval b a if length ks = 2 for ks
using push-push-simp unfolding pushed-def using that by metis

have s’-0-unfold: peval (s'! 0) (push-list a ks) = peval (s! 0) a if length ks =
2 for ks
unfolding pushed-def using push-push-map-i[of ks 2 0 s a] that unfolding
list-eval-def
<length s > 0» using s-len by auto

have sum-nzero-unfold:
eval [polynomial.Param 0 = > S— 0 (s’ && 20)] (push-list a ks)
= (peval (polynomial.Param 0) (push-list a ks)
=>5—p 0 (\k. peval (s'! k) (push-list a ks) && peval (20 | k) (push-list
a ks))) for ks
using sum-rsub-nzero-of-bit-and-eval[of s’ z0 Param 0 0 push-list a ks
<length p > 0> <length s’ = Suc m» <length z0 = Suc m»> by auto

have sum-zero-unfold:
eval [polynomial.Param 1 = %50 0 (s’ && z1)] (push-list a ks)
= (peval (polynomial.Param 1) (push-list a ks)
=>80p 0 (Ak. peval (s’ k) (push-list a ks) && peval (z1 | k) (push-list
a ks))) for ks
using sum-rsub-zero-of-bit-and-eval[of s’ z1 Param 1 0 push-list a ks|
<length p > 0 «length s’ = Suc m» <length z1 = Suc m) by auto

have param-0-unfold: peval (Param 0) (push-list a ks) = ks ! 0 if length ks =
2 for ks
unfolding push-list-def using that by auto

have param-1-unfold: peval (Param 1) (push-list a ks) = ks ! 1 if length ks =
2 for ks
unfolding push-list-def using that by auto

have sum-sadd-unfold:
peval ([D°S+] p 0 ((1) s') (push-list a ks) = >, S+ p 0 (Az. peval (s ! z) a)
if length ks = 2 for ks
using sum-sadd-polynomial-eval <length p > 0> apply auto
apply (rule sum-sadd-cong, auto)
unfolding pushed-def using push-push-map-i[of ks 2 - s a] that
unfolding <length p = length s list-eval-def
by (smt One-nat-def assms le-imp-less-Suc m-def nth-map p-len2)

have z0-unfold:
peval (s" 1 k) (push-list a ks) && peval (20 ! k) (push-list a ks)
= peval (s k) a && peval (z ! modifies (p ! k)) a
if length ks = 2 and k < length p for k ks
proof —
have map: map (Ai. 2’ | modifies (p ! 7)) [0..<length p] ! k
= 2"l modifies (p ! k)
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unfolding z-def using nth-map[of k [0..<length p] Ai. z" | modifies (p ! 7)]
using <k < length p» by auto

have s: peval (map (Ax. push-param x 2) s | k) (push-list a ks) = peval (s!
k) a
using push-push-map-i[of ks 2 k s| that nth-map[of k s]
unfolding <length s = Suc m» <length p = Suc m» list-eval-def by auto

have z: peval (map (Az. push-param x 2) z | modifies (p | k)) (push-list a ks)
= peval (z ! modifies (p ! k)) a
using push-push-map-i[of ks 2 modifies (plk) z a] modifies-le-n[of k] that
nth-map|of - 2]
unfolding <length z = n» list-eval-def by auto

show ?thesis
unfolding z-def map unfolding pushed-def s z by auto
qed

have z1-unfold:
peval (s'! k) (push-list a ks) && peval (21 | k) (push-list a ks)
= peval (s ! k) a && (peval e a — peval (z ! modifies (p ! k)) a)
if length ks = 2 and k < length p for k ks
proof —
have map:
map (Ai. e’ [=] (2! (modifies (p ! 7)))) [0..<length p] ! k
= ¢’ [-] (z' ! modifies (p ! k))
using nth-maplof k [0..<length p] \i. z' | modifies (p ! 7)]
using <k < length p» by auto

have s: peval (map (Az. push-param x 2) s | k) (push-list a ks) = peval (s!
k) a
using push-push-map-i[of ks 2 k s] that nth-maplof k s]
unfolding <length s = Suc m» <length p = Suc m» list-eval-def by auto

have z: peval (push-param e 2) (push-list a ks)
— peval (map (Ax. push-param x 2) z | modifies (p ! k)) (push-list a ks)
= peval e a — peval (z ! (modifies (p'k))) a
using push-push-simplof e ks a] unfolding <length ks = 2» apply simp
using push-push-map-i[of ks 2 modifies (p'k) z a] modifies-le-n[of k] that
nth-map[of modifies (p'k) z (A\z. peval x a)]
unfolding <length z = n» list-eval-def by auto

show ?thesis
unfolding z-def map unfolding pushed-def s using z by auto
qed

have z0sum-unfold:

3°S— p 0 (k. peval (s’ k) (push-list a ks) && peval (20 | k) (push-list a
ks)))
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=(3"5—p 0 (Ak. peval (s ! k) a && peval (z ! modifies (p ! k)) a))
if length ks = 2 for ks

apply (rule sum-ssub-nzero-cong) using z0-unfold|of ks] that

by (metis <length s = Suc m) le-imp-less-Suc m-def ps-lengths)

have z1sum-unfold:

(3-80p 0 (k. peval (s k) (push-list a ks) && peval (21 | k) (push-list a
ks)))

=(3"50p 0 (Mk. peval (s! k) a && peval e a — peval (z ! modifies (p ! k))
a))

if length ks = 2 for ks

apply (rule sum-ssub-zero-cong) using zI1-unfold[of ks] that

by (metis <length s = Suc m» le-imp-less-Suc m-def ps-lengths)

have sum-sadd-map: >, S+ p 0 ((!1) (map (AP. peval P a) s5)) =>. S+ p 0 (Az.
peval (s! x) a)
apply (rule sum-sadd-cong, auto)
using nth-maplof - s (AP. peval P a)] m-def <length s = Suc m) by auto

have sum-ssub-nzero-map:

3-S— p 0 (Mk. peval (s ! k) a && peval (z ! modifies (p ! k)) a))

= (_8— p 0 (Ak. map (AP. peval P a) s ! k && map (A\P. peval P a) z !

modifies (p ! k)))
proof —
have 1: peval (s! k) a && peval (z | modifies (p ! k)) a =
map (AP. peval P a) s !k && map (AP. peval P a) z | modifies (p ! k)
if k£ < length p for k

proof —

have peval (s ! k) a = map (AP. peval P a) s ! k

using nth-map that ps-lengths by auto

moreover have peval (z | modifies (p ! k)) a

= map (AP. peval P a) z ! modifies (p ! k)
using nth-map[of modifies (p'k) z (AP. peval P a)] modifies-le-n[of k] that
using <length z = n» by auto

ultimately show ?thesis by auto
qed
show ?thesis apply (rule sum-ssub-nzero-cong, auto)

using I by (metis Suc-le-mono Suc-pred less-eq-Suc-le p-len)
qed

have sum-ssub-zero-map:
(3-80p 0 (\k. peval (s! k) a && peval e a — peval (z | modifies (p ! k)) a))
= (>280p 0 (Ak. map (A\P. peval P a) s ! k && peval € a
— map (AP. peval P a) z ! modifies (p !
B)

proof —
have 1: peval (s! k) a && peval e a — peval (z ! modifies (p ! k)) a =
map (AP. peval P a) s k && peval e a — map (AP. peval P a) z | modifies
(p!k)
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if k < length p for k
proof —
have peval (s ! k) a = map (AP. peval P a) s ! k
using nth-map that ps-lengths by auto
moreover have peval (z ! modifies (p ! k)) a
= map (AP. peval P a) z ! modifies (p ! k)
using nth-map[of modifies (p'k) z (AP. peval P a)] modifies-le-n[of k] that
using <length z = n» by auto
ultimately show ?thesis by auto
qed
show ?thesis apply (rule sum-ssub-zero-cong, auto)
using I by (metis Suc-le-mono Suc-pred less-eq-Suc-le p-len)
qed

have eval DS a =
(T ks. length ks = 2 A
eval (s"VO =)L [+ b [x] (D°S+]p 0 (D) s)) [+] b [*] Param 0
[+] b’ [*] Param (Suc 0)) (push-list a ks)
A eval [polynomial. Param 0 = > S— 0 (s’ && 20)] (push-list a ks)
A eval [polynomial.Param 1 =Y 50 0 (s’ && z1)] (push-list a ks))
unfolding DS-def step-relation-def param-0-is-sum-sub-nzero-term-def
param-1-is-sum-sub-zero-term-def by (simp add: defs)

also have ... = (Fks. length ks = 2 A
peval (s’ 0) (push-list a ks) =
Suc (peval b' (push-list a ks) % peval ([>_S+] p 0 ((1) s)) (push-list a ks) +
peval b’ (push-list a ks) * push-list a ks 0 +
peval b’ (push-list a ks) = push-list a ks (Suc 0))
A (peval (Param 0) (push-list a ks)
= >5— p 0 (k. peval (s’ ! k) (push-list a ks) && peval (20 ! k)

(push-list a ks)))

A (peval (Param 1) (push-list a ks)
= >80 p 0 (Ak. peval (s" ! k) (push-list a ks) && peval (21 | k)

(push-list a ks))))

unfolding sum-nzero-unfold sum-zero-unfold by (simp add: defs )

also have ... = (Fks. length ks = 2 A
peval (s!0) a =
Suc (peval b a * peval ([3°S+] p 0 ((1) s')) (push-list a ks) +
peval b a * push-list a ks 0 +
peval b a * push-list a ks (Suc 0))
A (ks!o
= >"85—p 0 (k. peval (s’ ! k) (push-list a ks) && peval (20 ! k)

(push-list a ks)))

A (ks!1
= >80 p 0 (k. peval (8" k) (push-list a ks) && peval (21 ! k)

(push-list a ks))))

using b’-unfold s’-0-unfold param-0-unfold param-1-unfold by auto
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also have ... = (Fks. length ks = 2 A
peval (s!0) a =
Suc (peval b a * > S+ p 0 (Ax. peval (s! z) a) +
peval b a * (ks!0) + peval b a * (ks!1))
A (ks!0 = > 85— p 0 (Mk. peval (8" k) (push-list a ks) && peval (20 ! k)
(push-list a ks)))
A (ksl1 =580 p 0 (k. peval (s" ! k) (push-list a ks) && peval (21 ! k)
(push-list a ks))))
using push-list-def sum-sadd-unfold by auto

also have ... = (Fks. length ks = 2 A
peval (s! 0) a = Suc (peval b a x > S+ p 0 (Az. peval (s! z) a)
+ peval b a * (ks!0) + peval b a x (ks!1))
A (ks!0 = > 8— p 0 (Ak. peval (s! k) a && peval (z ! modifies (p ! k)) a))
A (ksl1 =350 p 0 (M\k. peval (s ! k) a && peval e a — peval (z ! modifies
(b1 E)) )

using z0sum-unfold z1sum-unfold by auto

also have ... = (Fks. length ks = 2 A

peval (s!10) a

= Suc (peval b a x Y S+ p 0 (Az. peval (s ! z) a)

+ peval b a Y, S— p 0 (Ak. peval (s k) a && peval (z ! modifies (p ! k)) a)

+ peval b a x> S0 p 0 (M\k. peval (s k) a && peval e a — peval (z ! modifies
(p!F) a))

A (ks'0 = > 8— p 0 (Ak. peval (s! k) a && peval (z ! modifies (p ! k)) a))

A (ksl1 =350 p 0 (M\k. peval (s ! k) a && peval e a — peval (z ! modifies
(p 1 k)) a)))

by auto

also have ... = (peval (s! 0) a

= Suc (peval b a x Y S+ p 0 (Az. peval (s z) a)

+ peval b a Y, S— p 0 (Ak. peval (s k) a && peval (z ! modifies (p ! k)) a)

+ peval b a x> 50 p 0 (Ak. peval (s! k) a && peval e a — peval (z ! modifies
(b1 8) 0)))

apply auto

apply (rule exI[of - [(>_S— p 0 (Ak. peval (s! k) a && peval (z | modifies
(p k) a)),

>80 p 0 (Mk. peval (s! k) a && peval e a — peval (z ! modifies (p !

B) @) )

by auto

also have ... = (map (AP. peval P a) s! 0 =
Suc (peval b a * >S5+ p 0 ((1) (map (A\P. peval P a) s)) +
peval b a x>, S— p 0 (Ak. map (AP. peval P a) s ! k
&& map (AP. peval P a) z ! modifies (p ! k)) +
peval b a *
>80 p 0 (Ak. map (AP. peval P a) s! k && peval e a
— map (AP. peval P a) z ! modifies (p !
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k)))

using nth-map|of - - (AP. peval P a)] <length s > 0>
using sum-ssub-zero-map sum-sadd-map sum-ssub-nzero-map by auto

finally show ?thesis unfolding DR-def using rm-eq-fizes-def local.register-machine-axioms

rm-eq-fizes.state-0-def by (simp add: defs)
qed

moreover have is-dioph-rel DS
unfolding DS-def param-1-is-sum-sub-zero-term-def param-0-is-sum-sub-nzero-term-def
step-relation-def by (auto simp add: dioph)

ultimately show ?thesis
by (simp add: is-dioph-rel-def)

qed
end
end
4.4.4 State d equation
theory State-d-Equation imports State-0-Equation
begin

context rm-eq-fixes
begin

Equation 4.25

definition state-d :: bool where
state-d =V d>0. d<m — sd = bx) S+ pds+ x>, S—pd (M. sk && z
(modifies (p'k)))

(p'k))))

Combining the two

+ bx> S0p d (Mk. s k && (e — z (modifies

definition state-relations-from-recursion :: bool where
state-relations-from-recursion = state-0 N state-d

end

context register-machine
begin

lemma state-d-dioph:

fixes b e :: polynomial
fixes z s :: polynomial list
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assumes length z = n length s = Suc m
defines DR = LARY (M. rm-eq-fizes.state-d p (111010) (11'0'1)
(nth (1111)) (nth (11!12)))
[, e, 2, 3]
shows is-dioph-rel DR
proof —

define d-domain where d-domain = [1..<Suc m]
define number-of-ex-vars where number-of-ex-vars = 2 * m

have length d-domain = m
unfolding d-domain-def by auto

define b’ ¢’ 2’ s’ where pushed-def: b’ = push-param b number-of-ex-vars
e’ = push-param e number-of-ex-vars
2" = map (A\z. push-param x number-of-ex-vars) z
s' = map (Az. push-param x number-of-ex-vars) s

note e’-def = (e’ = push-param e number-of-ex-vars»

define 20 z1 where z-def: 20 = map (Mi. 2" ! modifies (p'i)) [0..<Suc m]
z1 = map (Ai. e’ [—] 2’| modifies (p!7)) [0..<Suc m]

define sum-ssub-nzero-param-of-state where
sum-ssub-nzero-param-of-state = (Ad. Param (d — Suc 0))
write sum-ssub-nzero-param-of-state (<> S—'-Param -)

define sum-ssub-zero-param-of-state where
sum-ssub-zero-param-of-state = (Ad. Param (m + d — Suc 0))
write sum-ssub-zero-param-of-state (<3, S0’-Param -)

define param-is-sum-ssub-nzero-term where
param-is-sum-ssub-nzero-term = (Ad::nat. [(d. S—-Param d) =5 5— d (s’ &&
20)])

define param-is-sum-ssub-zero-term where
param-is-sum-ssub-zero-term = (Ad. [(D>_ SO-Param d) = Y S0 d (s’ && z21)))

define params-are-sum-terms where
params-are-sum-terms = [V in d-domain] (Ad. param-is-sum-ssub-nzero-term d

[A] param-is-sum-ssub-zero-term d)
define step-relation where
step-relation = (Ad. (s1d) [=] b [*] (D S+] p d (nth s"))

[
+] o' [%] (O S—-Param d)
[+] b [*] (O SO-Param d))
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define DS where DS = [3 number-of-ez-vars] (([V in d-domain] (Ad. step-relation

d))

[A] params-are-sum-terms)

have length p > 0
using p-nonempty by auto
hence m > 0
unfolding m-def by auto
have length s’ = Suc m and length 20 = Suc m and length z1 = Suc m
unfolding pushed-def z-def using <length s = Suc m> m-def <length p > 0>
by auto

have eval DS a = eval DR a for a
proof —

have b’-unfold: peval b" (push-list a ks) = peval b a
if length ks = number-of-ez-vars for ks
unfolding pushed-def using push-push-simp <length d-domain = m» by (metis
that)

have h0: k < m = d-domain ! k < Suc m for k
unfolding d-domain-def apply simp
using One-nat-def Suc-pred <0 < length p> add.commute
assms(8) d-domain-def less-diff-conv m-def nth-upt upt-Suc-append
by (smt <length d-domain = m» less-nat-zero-code list.size(3) upt-Suc)

have s’-unfold: peval (s'! (d-domain ! k)) (push-list a ks)
= peval (s! (d-domain ! k)) a
if length ks = number-of-exz-vars and k < m for k ks
proof —
from <k < m> have d-domain ! k < length s unfolding <length s = Suc m»
using h0 by blast

have suc-k: ([Suc 0..<Suc m]) ! k = Suc k
by (metis Suc-lel Suc-pred add-less-cancel-left diff-Suc-1 le-add-diff-inverse
nth-upt
zero-less-Suc <k < my)

have peval (map (Az. push-param x number-of-ex-vars) s | (d-domain ! k))
(push-list a ks)
= list-eval s a (d-domain ! k)
using push-push-map-i[of ks number-of-ex-vars d-domain'k s a)
using <length ks = number-of-ex-varsy <k < my h0 <length s = Suc m> by
auto
also have ... = peval (s ! (d-domain ! k)) a
unfolding list-eval-def
using nth-map [of d-domain | k s (Az. peval x a)] <d-domain | k < length s
unfolding d-domain-def using <m > 0> <k < m» suc-k by auto
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finally show ?thesis unfolding pushed-def by auto
qed

have sum-sadd-unfold: (3 S+ p (d-domain ! k) (Az. peval (s'! z) (push-list a

ks)))
= (3. S+ p (d-domain ! k) (() (map (AP. peval P a) s)))
if length ks = number-of-ex-vars for k ks
apply (rule sum-sadd-cong, auto) unfolding pushed-def
using push-push-map-i[of ks number-of-ex-vars - s a] <length ks = num-
ber-of-ex-vars»
unfolding list-eval-def by (simp add: <length s = Suc my> m-def)

have s: peval (s'! ka) (push-list a ks) = map (A\P. peval P a) s ! ka
if ka < Suc m and length ks = number-of-ex-vars for ka ks
unfolding pushed-def
using push-push-map-i[of ks number-of-ez-vars ka s a] <length ks = num-
ber-of-ex-vars»
using list-eval-def <length s = Suc m» <ka < Suc m> by auto

have modifies-valid: modifies (p ! ka) < length z if ka < Suc m for ka
using modifies-yields-valid-register that unfolding <length z = n)> m-def
using p-nonempty by auto

have sum-ssub-nzero-unfold:
(3> S— p (d-domain ! k) (Ak. peval (s’ k) (push-list a ks)
&& peval (20 ! k) (push-list a ks)))
= (> 5— p (d-domain ! k) (Ak. map (AP. peval P a) s !k
&& map (AP. peval P a) z | modifies (p ! k)))
if length ks = number-of-ez-vars for k ks
proof—
have z0: peval (20 ! ka) (push-list a ks) = map (AP. peval P a) z | modifies
(p ! ka)
if ka < Suc m for ka
unfolding z-def pushed-def
using push-push-map-i[of ks number-of-ex-vars modifies (p'ka) z a
length ks = number-of-ex-varsy unfolding list-eval-def
using «<length z0 = Suc m» <ka < Suc m> modifies-valid <0 < length p>
m-def map-nth by force

show ?Zthesis apply (rule sum-ssub-nzero-cong) using s z0 le-imp-less-Suc
m-def that
by presburger
qed

have sum-ssub-zero-unfold:
(>3- 80 p (d-domain ! k) (Ak. peval (s’ k) (push-list a ks)
&& peval (z1 1 k) (push-list a ks)))
= (>80 p (d-domain ! k) (Ak. map (AP. peval P a) s ! k
&& peval e a — map (AP. peval P a) z ! modifies (p ! k)))
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if length ks = number-of-ex-vars and k < Suc m for k ks
proof—

have map:
map (Ai. e’ [=] (2! (modifies (p ! 7)))) [0..<Suc m] ! ka
= e’ [-] (2" ! modifies (p ! ka)) if ka < Suc m for ka
using nth-map|of ka [0..<Suc m] Mi. ¢’ [-] 2" | modifies (p ! 7)] <ka < Suc
m»
by (smt (23) One-nat-def Suc-pred <0 < length p> <m > 0> le-trans length-map
m-def map-nth
nth-map upt-Suc-append zero-le-one)

have peval (e’ [—] (2’ ! modifies (p ! ka))) (push-list a ks)
= peval e a — map (AP. peval P a) z ! modifies (p ! ka)
if ka < Suc m for ka
unfolding z-def pushed-def apply (simp add: defs)
using push-push-simp <length ks = number-of-ex-vars> apply auto
using push-push-map-i[of ks number-of-ez-vars modifies (plka) z a
length ks = number-of-ex-varsy modifies-valid <ka < Suc m)
unfolding list-eval-def using <length z0 = Suc my <0 < length p> m-def
map-nth by auto

hence z1: peval (21 ! ka) (push-list a ks)
= peval e a — map (AP. peval P a) z | modifies (p ! ka) if ka < Suc m
for ka
unfolding z-def using map that by auto

show ?thesis apply (rule sum-ssub-zero-cong) using s z1 le-imp-less-Suc
m-def that
by presburger

qed

define sum-ssub-nzero-map where
sum-ssub-nzero-map = Nj. Y. S— p j (Ak. map (AP. peval P a) s ! k
&& map (AP. peval P a) z !
(p ! k)

define sum-ssub-zero-map where
sum-ssub-zero-map = Aj. Y. S0 p j (Ak. map (AP. peval P a) s !k
&& peval e a — map (AP. peval P a) z | modifies (p ! k))

modifies

define ks-ex where
ks-ex = map sum-ssub-nzero-map d-domain @ map sum-ssub-zero-map d-domain

have length ks-ex = number-of-ex-vars
unfolding ks-ex-def number-of-ex-vars-def using <length d-domain = m» by

auto

have ks-exl:
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peval (> S—-Param (d-domain ! k)) (push-list a ks-ex)

= > 85— p (d-domain ! k) (Ak. map (AP. peval P a) s ! k

&& map (AP. peval P a) z | modifies (p ! k))
if k. < m for k
proof —
have domain-at-k-bound:
d-domain ! k — Suc 0 < length ks-ex using that <length ks-ex = num-
ber-of-ex-vars»
unfolding number-of-ex-vars-def using h0 by fastforce

have peval (> S—-Param (d-domain | k)) (push-list a ks-ex) = ks-ex | k
unfolding push-list-def sum-ssub-nzero-param-of-state-def using that do-
main-at-k-bound
apply auto
using One-nat-def Suc-mono d-domain-def diff-Suc-1 nth-upt plus-1-eq-Suc
by presburger

also have ... = > S— p (d-domain ! k) (Ak. map (AP. peval P a) s ! k
&& map (AP. peval P a) z | modifies (p ! k))
unfolding ks-ex-def
unfolding nth-append|of map sum-ssub-nzero-map d-domain map sum-ssub-zero-map
d-domain k]
using <length d-domain = m) that unfolding sum-ssub-nzero-map-def by
auto
finally show ?thesis by auto
qged

have ks-ex2:
peval (> S0-Param (d-domain ! k)) (push-list a ks-ex)
= >80 p (d-domain ! k) (Ak. map (AP. peval P a) s !k
&& peval e a — map (AP. peval P a) z | modifies
(p 1 k)

if Kk < m for k
proof —
have domain-at-k-bound:
m + d-domain ! k — Suc 0 < length ks-ex using that <length ks-ex =
number-of-ex-vars)
unfolding number-of-ex-vars-def using h0 by fastforce

have d-domain ' k > 1
unfolding d-domain-def <k < m»
using m-def p-nonempty that by auto
hence index-calculation: (m + d-domain ! k — Suc 0) = k + m
unfolding d-domain-def
by (metis (no-types, lifting) Nat.add-diff-assoc One-nat-def Suc-pred add.commaute

less-diff-conv m-def nth-upt ordered-cancel-comm-monoid-diff-class.le-imp-diff-is-add
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p-nonempty that)

have peval (> S0-Param (d-domain ! k)) (push-list a ks-ex) = ks-ex | (k +
m)
unfolding push-list-def sum-ssub-zero-param-of-state-def using that do-
main-at-k-bound
by (auto simp: index-calculation)

also have ... = > 50 p (d-domain ! k) (Ak. map (AP. peval P a) s !k
&& peval e a — map (AP. peval P a) z | modifies
(p 1 k)

unfolding ks-ex-def
unfolding nth-append|of map sum-ssub-nzero-map d-domain map sum-ssub-zero-map
d-domain]
using <length d-domain = m» that unfolding sum-ssub-zero-map-def by
auto
finally show ?¢thesis by auto
qed

have all-quantifier-switch: (V k<length d-domain. Property (d-domain ! k))
= (Vd>0. d < m — Property d) for Property
proof (rule)
assume asm: YV k<length d-domain. Property (d-domain ! k)
show Vd>0. d < m — Property d
proof (auto)
fix d
assume d > 0d < m
hence d — Suc 0 < length d-domain
by (metis Suc-le-eq Suc-pred <length d-domain = my)
hence Property (d-domain ! (d — Suc 0))
using asm by auto
thus Property d
unfolding d-domain-def
by (metis One-nat-def Suc-diff-1 <0 < d» <d < m) le-imp-less-Suc nth-upt
plus-1-eq-Suc)
qed
next
assume asm: Vd>0. d < m — Property d
show V k<length d-domain. Property (d-domain ! k)
proof (auto)
fix k
assume k < length d-domain
hence d-domain ! k > 0
unfolding d-domain-def
by (smt (23) One-nat-def Suc-lel Suc-pred <0 < length py <length d-domain
= m
add-less-cancel-left d-domain-def diff-is-0-eq’ gr-zerol le-add-diff-inverse

less-nat-zero-code less-numeral-extra(1) m-def nth-upt)
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moreover have d-domain ! k < m

unfolding d-domain-def using <k < length d-domain) unfolding <length
d-domain = m)»

using d-domain-def h0 less-Suc-eq-le by auto

ultimately show Property (d-domain ! k)
using asm by auto

qed
qed

have peval (s!d) a = map (AP. peval P a) s! dif d > 0 and d < m for d
using nth-map[of d s AP. peval P a] that <length s = Suc m> by simp

have eval DS a = (3 ks. number-of-ez-vars = length ks
A (Y k<length d-domain. eval (step-relation (d-domain ! k)) (push-list a

A eval params-are-sum-terms (push-list a ks))

unfolding DS-def by (simp add: defs)

also have ... = (I ks. number-of-ez-vars = length ks N
(Vk<m.
peval (s! (d-domain ! k)) a =
peval b a * peval (> S+] p (d-domain ! k) ((!) s) (push-list a ks) +
peval b a * peval (3> S—-Param (d-domain | k)) (push-list a ks) +
peval b a * peval (> SO-Param (d-domain ! k)) (push-list a ks)) A
eval params-are-sum-terms (push-list a ks))
unfolding step-relation-def <length d-domain = m)»
using b’-unfold s’-unfold by (auto simp: defs)

also have ... = (I ks. number-of-ez-vars = length ks N
(Vk<m.
peval (s! (d-domain ! k)) a =
peval b a * (3 S+ p (d-domain ! k) (Az. peval (s'! ) (push-list a ks)))

peval b a * (peval (3 S—-Param (d-domain ! k)) (push-list a ks)) +
peval b a * (peval (Y SO-Param (d-domain ! k)) (push-list a ks)))
A (Y Ek<m.
peval (> S—-Param (d-domain ! k)) (push-list a ks)
= > 85— p (d-domain ! k) (Ak. peval (s"! k) (push-list a ks)
&& peval (20 ! k) (push-list a ks))
A peval (3 SO-Param (d-domain ! k)) (push-list a ks)
= >80 p (d-domain | k) (Ak. peval (s’ ! k) (push-list a ks)
&& peval (21 ! k) (push-list a ks))))
unfolding params-are-sum-terms-def param-is-sum-ssub-nzero-term-def
param-is-sum-ssub-zero-term-def apply (simp add: defs)
using sum-rsub-nzero-of-bit-and-eval[of s’ 20] sum-rsub-zero-of-bit-and-eval|of
s' 21]
<length p > 0> <length s’ = Suc m» <length z0 = Suc m»y <length z1 =
Suc m»
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unfolding <length d-domain = my by (simp add: defs)

also have ... = (I ks. number-of-ez-vars = length ks N
(Vk<m.
peval (s! (d-domain ! k)) a =
peval b a * (O S+ p (d-domain ! k) ((!) (map (AP. peval P a) s)) )
+ peval b a * (> S— p (d-domain ! k) (Ak. map (AP. peval P a) s ! k
&& map (AP. peval P a) z | modifies (p ! k)))
+ peval b a x (3 S0 p (d-domain ! k) (Ak. map (AP. peval P a) s !k
&& peval e a — map (AP. peval P a) z | modifies (p !
k)
A (VEk<m.
peval (> S—-Param (d-domain | k)) (push-list a ks)
= >.S— p (d-domain ! k) (A\k. map (AP. peval P a) s !k
&& map (AP. peval P a) z | modifies (p ! k))
A peval (> SO-Param (d-domain ! k)) (push-list a ks)
= >80 p (d-domain ! k) (Ak. map (AP. peval P a) s !k
&& peval e a — map (AP. peval P a) z ! modifies (p !
)

using sum-sadd-unfold sum-ssub-nzero-unfold sum-ssub-zero-unfold by auto

also have ... = (Vk<m.
peval (s! (d-domain ! k)) a =
peval b a * (> S+ p (d-domain ! k) ((1) (map (AP. peval P a) s)) )
+ peval b a x (3. S— p (d-domain ! k)
(Ak. map (AP. peval P a) s! k
&& map (AP. peval P a) z ! modifies (p ! k)))
+ peval b a * (> S0 p (d-domain ! k)
(Ak. map (AP. peval P a) s !k
&& peval e a — map (AP. peval P a) z ! modifies (p !
k)
apply auto
apply (rule exl|of - ks-ex])
using <length ks-ex = number-of-ex-vars> ks-exl ks-ex2 by auto

also have ... = (Vd>0.d < m —
peval (s! d) a
=peval b a * > S+ p d ((!) (map (AP. peval P a) s))
+ peval b a x>, S— p d (Ak. map (AP. peval P a) sk
&& map (AP. peval P a) z | modifies (p ! k))
+ peval b a * > 50 p d (A\k. map (AP. peval P a) s !k
&& peval e a — map (AP. peval P a) z ! modifies (p
1 8)) )
using all-quantifier-switch[of \d. peval (s ! d) a =
peval b a x>, S+ p d ((1) (map (AP. peval P a) s)) +
peval b a * >, S— p d (Ak. map (AP. peval P a) s !k
&& map (AP. peval P a) z ! modifies (p ! k)) +
peval b a x> S0 p d (A\k. map (AP. peval P a) s! k
&& peval e a — map (AP. peval P a) z ! modifies (p ! k))]
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unfolding <length d-domain = m» by auto

finally show ?thesis
unfolding DR-def

using local.register-machine-axioms rm-eq-fizes-def[of p n] rm-eq-fives.state-d-def|of

p 7
apply (simp add: defs)
using nth-map[of - s AP. peval P a] <length s = Suc m»
by auto
qged

moreover have is-dioph-rel DS

proof —

have is-dioph-rel (param-is-sum-ssub-nzero-term d [\] param-is-sum-ssub-zero-term
d) for d

unfolding param-is-sum-ssub-nzero-term-def param-is-sum-ssub-zero-term-def

by (auto simp: dioph)
hence 1: list-all (is-dioph-rel o (Ad. param-is-sum-ssub-nzero-term d
[A] param-is-sum-ssub-zero-term d)) d-domain
by (simp add: list.inducts)

have is-dioph-rel (step-relation d) for d
unfolding step-relation-def by (auto simp: dioph)
hence 2: list-all (is-dioph-rel o step-relation) d-domain
by (simp add: list.inducts)

show ?thesis

unfolding DS-def params-are-sum-terms-def by (auto simp: dioph 1 2)
qed

ultimately show %thesis using is-dioph-rel-def by auto
qed

lemma state-relations-from-recursion-dioph:

fixes b e :: polynomial

fixes z s :: polynomial list

assumes length z = n length s = Suc m

defines DR = LARY (Mll. rm-eg-fizes.state-relations-from-recursion p (111010)
(1o'n)

(nth (111)) (nth (11!12)))
[[b, €], 2, s]

shows is-dioph-rel DR

proof —

define DS where DS = (LARY (All. rm-eq-fizes.state-0 p (1110'0) (1110!1)

(nth (11'1)) (nth (112))) [[b, €], 2, s])
[NJ(LARY (All. rm-eq-fizes.state-d p (111010) (11'0'1) (nth (11!1))
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(nth (1112))) [[b, €], 2, s])
have eval DS a = eval DR a for a
unfolding DS-def DR-def
using local.register-machine-axioms rm-eq-fizes-def

rm-eq-fizes.state-relations-from-recursion-def
using assms by (simp add: defs)

moreover have is-dioph-rel DS
unfolding DS-def apply (rule and-dioph) using assms state-0-dioph state-d-dioph
by blast+

ultimately show ?thesis using is-dioph-rel-def by auto
qed

end

end

4.4.5 State unique equations

theory State-Unique-Equations imports ../ Register-Machine/ MultipleStepState
Equation-Setup ../ Diophantine/ Register-Machine-Sums

../ Diophantine/ Binary-And
begin

context rm-eq-fizes
begin

Equations not in the book:

definition state-mask :: bool where
state-mask = Vk<m. sk < e

definition state-bound :: bool where
state-bound = Vk<m. sk < b " gq

definition state-unique-equations :: bool where
state-unique-equations = state-mask A state-bound

end

context register-machine
begin

lemma state-mask-dioph:
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fixes e :: polynomial
fixes s :: polynomial list
assumes length s = Suc m
defines DR = LARY (M\l. rm-eq-fizes.state-mask p (111010) (nth (11'1))) [[e], ]
shows is-dioph-rel DR
proof —
define mask where mask = (Al. (s!l [X] e))
define DS where DS = [V <Suc m] mask

have eval DS a = eval DR a for a
proof —
have eval DS a = (VE<m. peval (s ! k) a = peval e a)
unfolding DS-def mask-def by (simp add: less-Suc-eq-le defs)

also have ... = (Vk<m. map (AP. peval P a) s ! k < peval e a)
using nth-map[of - s (AP. peval P a)] <length s = Suc m» by auto

finally show ?thesis
unfolding DR-def using rm-eq-fizes-def local.register-machine-axioms
rm-eq-fizes.state-mask-def by (simp add: defs)
qged

moreover have is-dioph-rel DS
proof —
have list-all (is-dioph-rel o mask) [0..<Suc m]
unfolding mask-def list-all-def by (auto simp: dioph)
thus ?thesis unfolding DS-def mask-def by (auto simp: dioph)
qed

ultimately show ?thesis
by (auto simp: is-dioph-rel-def)
qed

lemma state-bound-dioph:
fixes b q :: polynomial
fixes s :: polynomial list
assumes length s = Suc m
defines DR = LARY (All. rm-eq-fixes.state-bound p (1110'0) (11'0'1) (nth (11'1)))
15, g, o
shows is-dioph-rel DR
proof —
let 2N =m
define b’ ¢’ s’ where pushed-def: b’ = push-param b ?N
q' = push-param q ?N
s’" = map (Az. push-param z ?N) s

define bound where
bound = Al. sl [<] (Param 1) [A] [Param | = b’ ~ ¢/]
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define DS where DS = [Im] [V <m] bound

have eval DS a = eval DR a for a
proof —

have s’-unfold: peval (s'! k) (push-list a ks) = peval (s k) a
if length ks = m and k < length ks for k ks
unfolding pushed-def
using push-push-map-i[of ks n k s] that <length s = Suc m» list-eval-def
by (metis less-Sucl nth-map push-push)

have b’-unfold: peval b" (push-list a ks) = peval b a
and q’-unfold: peval q’ (push-list a ks) = peval q a
if length ks = m and k < length ks for k ks
unfolding pushed-def
using push-push-simp that <length s = Suc m» list-eval-def by metis+

have eval DS a = (3 ks. m = length ks A
(Vk<m. peval (s' 1 k) (push-list a ks) < push-list a ks k N
push-list a ks k = peval b’ (push-list a ks) ~ peval q' (push-list a ks)))
unfolding DS-def bound-def by (simp add: defs)

also have ... = (Fks. m = length ks A
(Vk<m. peval (s! k) a < peval b a ~ peval q a A
push-list a ks k = peval b a ~ peval q a))
using s’-unfold b’-unfold q’-unfold by metis

also have ... = (Vk<m. peval (s ! k) a < peval b a ~ peval q a)
apply auto apply (rule exI[of - map (Ak. peval b a ~ peval q a) [0..<m]])
unfolding push-list-def by auto

also have ... = (Vi<m. map (AP. peval P a) s! 1 < peval b a ~ peval q a)
using nth-maplof - s AP. peval P a] <length s = Suc m» by force

finally show ?thesis unfolding DR-def
using rm-eq-fizes-def local.register-machine-axioms rm-eq-fizes.state-bound-def

by (simp add: defs)
qed
moreover have is-dioph-rel DS
proof —
have list-all (is-dioph-rel o bound) [0..<Suc m)]
unfolding bound-def list-all-def by (auto simp:dioph)
thus ?thesis unfolding DS-def bound-def by (auto simp: dioph)
qed

ultimately show %thesis
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by (auto simp: is-dioph-rel-def)
qed

lemma state-unique-equations-dioph:

fixes b q e :: polynomial

fixes s :: polynomial list

assumes length s = Suc m

defines DR = LARY

(All. rm-eq-fizes. state-unique-equations p (1110'0) (111011) (1110!2) (nth
(1))
[[b, e, g, s]

shows is-dioph-rel DR
proof —

define DS where DS = LARY (M. rm-eq-fizes.state-mask p (1110'0) (nth
(1L1))) [[el; s

(1111)))

[A] LARY (M. rm-eg-fizes.state-bound p (111010) (11'0'1) (nth

[[b, g], s]

have eval DS a = eval DR a for a

unfolding DR-def DS-def using rm-eq-fixes.state-unique-equations-def rm-eq-fizes-def
local.register-machine-azxioms
by (auto simp: defs)

moreover have is-dioph-rel DS
unfolding DS-def using state-bound-dioph state-mask-dioph assms dioph by
auto

ultimately show ?thesis using is-dioph-rel-def by auto
qed

end

end

4.4.6 Wrap-up: Combining all state equations
theory All-State-Equations imports State- Unique-FEquations State-d-Equation

begin

The remaining equations:

context rm-eq-fizes
begin

Equation 4.27

definition state-m :: bool where
state-m =sm =10 "¢
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Equation not in the book

definition state-partial-sum-mask :: bool where
state-partial-sum-mask =V M<m. (3 k<M. s k) < e

Wrapping it all up

definition state-equations :: bool where
state-equations = state-relations-from-recursion N state-unique-equations
A state-partial-sum-mask N state-m

end

context register-machine
begin

lemma state-m-dioph:

fixes b q :: polynomial

fixes s :: polynomial list

assumes length s = Suc m

defines DR = LARY (All. rm-eq-fizes.state-m p (111010) (11'0'1) (nth (11'1)))
15, g, 5]

shows is-dioph-rel DR
proof —

define DS where DS = [(slm) = b ~ ¢]

have eval DS a = eval DR a for a
using DS-def DR-def rm-eq-fizes.state-m-def rm-eq-fizes-def local.register-machine-azioms

using assms by (simp add: defs)

moreover have is-dioph-rel DS
unfolding DS-def by (auto simp: dioph)

ultimately show ?thesis using is-dioph-rel-def by auto
qged

lemma state-partial-sum-mask-dioph:

fixes e :: polynomial

fixes s :: polynomial list

assumes length s = Suc m

defines DR = LARY (Mll. rm-eqg-fizes.state-partial-sum-mask p (111010) (nth
(111))) [le], s]

shows is-dioph-rel DR
proof —

define partial-sum-mask where partial-sum-mask = (Am. (sum-polynomial (nth
s) [0..<Suc m] [=] e))
define DS where DS = [V <Suc m] partial-sum-mask

have eval DS a = eval DR a for a
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proof —

have auz: ((>.j = 0..<k. peval (s! (([0..<Suc k]) ! j)) a)
+ peval (s! (([0..<Suc k]) ! k)) a = peval e a)
=(>_7= 0.<k. peval (s!7) a)
+ peval (s ! k) a = peval e a) for k
proof —
have [0.<Suc k]! k=0 + k
using nth-upt[of 0 k Suc k] by simp

moreover have (> j = 0..<k. peval (s! (([0..<Suc k]) ! §)) a)
= (7= 0.<k. peval (s!j) a)
apply (rule sum.cong, simp) using nth-upt[of 0 - Suc k]
by (metis Suc-lessD add-cancel-right-left ez-nat-less-eq not-less-eq)
ultimately show Zthesis
by auto
qed

have auz2: (3" j = 0..<Suc k. peval (s !j) a) =
(sum ((!) (map (AP. peval P a) s)) {..k}) if k<m for k
apply (rule sum.cong, auto)
by (metis assms(1) dual-order.strict-trans le-imp-less-Suc nth-map
order.not-eq-order-implies-strict that)

have eval DS a = (V k<Suc m.
(>°j7 = 0..<k. peval (s!j) a) + peval (s! k) a < peval e a)
unfolding DS-def partial-sum-mask-def using aux
by (simp add: defs <length s = Suc m» sum-polynomial-eval)

also have ... = (Vk<m.
(327 = 0..<k. peval (s!j) a) + peval (s! k) a X peval e a)
by (simp add: less-Suc-eq-le)

finally show ?thesis using rm-eq-fizes-def local.register-machine-azioms DR-def

rm-eq-fizes.state-partial-sum-mask-def auz2 by (simp add: defs)
qged

moreover have is-dioph-rel DS
unfolding DS-def partial-sum-mask-def by (auto simp: dioph)

ultimately show “thesis using is-dioph-rel-def by auto
qged

definition state-equations-relation :: polynomial = polynomial = polynomial =
polynomial list
= polynomial list = relation ([STATE] - - - - - y)where
[STATE] b e q z s = LARY (\ll. rm-eq-fizes.state-equations p (111010) (1110'1)
(11'0'2)
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(nth (111)) (nth (112)))
([, e, g, z, §]

lemma state-equations-dioph:
fixes b e q :: polynomial
fixes s z :: polynomial list
assumes length s = Suc m length z = n
defines DR = [STATE) beqzs
shows is-dioph-rel DR

proof —

define DS where
DS = (LARY (M. rm-eq-fizes.state-relations-from-recursion p (111010) (1110!1)
(nth (11'1)) (nth (11'2))) [[b, €], 2, ])
[A] (LARY (All. rm-eq-fizes.state-unique-equations p (111010) (1110'1) (1110!2)
(nth (11'1)))
b, e . )
[A] (LARY (All. rm-eq-fizes.state-partial-sum-mask p (111010) (nth (1I'1)))
[[€], s])
[A] (LARY (Al rm-eq-fizes.state-m p (111010) (11'0'1) (nth (11'1))) [[b, ],
s])

have eval DS a = eval DR a for a
using DS-def DR-def rm-eq-fizes.state-equations-def
state-equations-relation-def rm-eq-fizes-def local.register-machine-azioms by (auto
simp: defs)
moreover have is-dioph-rel DS
unfolding DS-def using assms state-relations-from-recursion-diophlof z s]
state-m-dioph|of s
state-partial-sum-mask-dioph state-unique-equations-dioph and-dioph

by (auto simp: dioph)

ultimately show ?thesis using is-dioph-rel-def by auto
qed

end

end

4.4.7 Equations for masking relations

theory Mask-FEquations
imports ../ Register-Machine/ MachineMasking Equation-Setup ../ Diophantine/ Binary-And

abbrevs mb = <

begin
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context rm-eq-fizes
begin

Equation 4.15

definition register-mask :: bool where
register-mask = VI < n.rl <d

Equation 4.17

definition zero-indicator-mask :: bool where
zero-indicator-mask = VI < n. zl < e

Equation 4.20

definition zero-indicator-0-or-1 :: bool where
zero-indicator-0-or-1 =Vi<n. 27cx z 1= (rl+ d) && f

definition mask-equations :: bool where
mask-equations = register-mask A zero-indicator-mask N zero-indicator-0-or-1

end

context register-machine
begin

lemma register-mask-dioph:

fixes d r

assumes n = length r

defines DR = (NARY (Al. rm-eq-fizes.register-mask n (110) (shift | 1)) ([d] @
7))

shows is-dioph-rel DR
proof —

define DS where DS = [V<n| (Ai. ((rli) [X] d))

have eval DS a = eval DR a for a
proof —
have eval DR a = rm-eq-fizes.register-mask n (peval d a) (list-eval 1 a)
unfolding DR-def by (auto simp add: shift-def list-eval-def)
also have ... = (VI < n. (peval (r!l) a) < peval d a)
using rm-eq-fizes.register-mask-def <n = length > rm-eq-fizes-def
local.register-machine-azioms by (auto simp: list-eval-def)
finally show ?thesis
unfolding DS-def defs by simp
qed

moreover have is-dioph-rel DS
unfolding DS-def by (auto simp add: dioph)

ultimately show ?thesis

by (simp add: is-dioph-rel-def)
qed
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lemma zero-indicator-mask-dioph:

fixes e z

assumes n = length z

defines DR = (NARY (Al. rm-eq-fizes.zero-indicator-mask n (110) (shift | 1))
([e] @ 2))

shows is-dioph-rel DR
proof —

define DS where DS = [V <n| (Mi. ((2!4) [X] €))

have eval DS a = eval DR a for a
proof —
have eval DR a = rm-eq-fizes.zero-indicator-mask n (peval e a) (list-eval z a)
unfolding DR-def by (auto simp add: shift-def list-eval-def)
also have ... = (VI < n. (peval (z!l) a) = peval e a)
using rm-eq-fixes.zero-indicator-mask-def <n = length z»
rm-eq-fizes-def local.register-machine-azioms by (auto simp: list-eval-def)
finally show ?thesis
unfolding DS-def defs by simp
qed

moreover have is-dioph-rel DS
unfolding DS-def by (auto simp add: dioph)

ultimately show ?thesis
by (simp add: is-dioph-rel-def)
qged

lemma zero-indicator-0-or-1-dioph:
fixes cd frz
assumes n = length r and n = length z
defines DR = LARY (All. rm-eq-fizes.zero-indicator-0-or-1 n (1110'0) (11'0'1)
(11'0'2)
(nth (11'1)) (nth (1!2))) ¢, d, f], r, 2]
shows is-dioph-rel DR

proof —

let 2N = 2

define ¢’ d’ f' r’ 2’ where pushed-def: ¢’ = push-param ¢ ?N d’' = push-param
d ?N

I’ = push-param f N r’' = map (A\z. push-param z ?N) r
z' = map (A\x. push-param x ?N) z
define DS where DS = [V <n| (Ai. ([32] [Param 0 = (Const 2) ~ ¢/
[A] [Param 1 = (r') [+] d’ && []
[A] Param 0 [+] (2"i) [=] Param 1))

have eval DS a = eval DR a for a
proof —
have eval DR a = rm-eg-fizes.zero-indicator-0-or-1 n (peval ¢ a) (peval d a)

(peval f a)
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(list-eval r a) (list-eval z a)
unfolding DR-def defs by (auto simp add: assms shift-def list-eval-def)
also have ... = (VI < n. 27 (peval ¢ a) * (peval (2!) a)
= (peval (r!l) a 4+ peval d a) && peval f a)
using rm-eq-fixes.zero-indicator-0-or-1-def «<n = length ry using assms
rm-eq-fixes-def local.register-machine-azioms by (auto simp: list-eval-def)
finally show ?thesis
unfolding DS-def defs pushed-def using push-push apply (auto)
subgoal for k
apply (rule exI[of - [2 peval ¢ a, peval (k) a + peval d a && peval f a]])
apply (auto simp: push-list-def assms(1—2))
by (metis assms(1) assms(2) length-Cons list.size(3) nth-map numeral-2-eq-2)
subgoal
using assms by auto
done
qged

moreover have is-dioph-rel DS
unfolding DS-def by (auto simp add: dioph)

ultimately show %thesis
by (simp add: is-dioph-rel-def)
qed

definition mask-equations-relation (<[ MASK] - - - - - - ») where
[MASK] ¢ d e frz= LARY (Al. rm-eg-fizes.mask-equations n
(1oto) (olr) (11012) (110'8) (nth (1111)) (nth (1112)))
[[C, d’ e’ f:l’ r? z]

lemma mask-equations-relation-dioph:
fixescdefrz
assumes n = length r and n = length z
defines DR = [MASK]| cde frz
shows is-dioph-rel DR
proof —
define DS where DS = NARY (Al. rm-eq-fizes.register-mask n (110) (shift 1 1))
(ld] @ r)
[A] NARY (Al. rm-eq-fizes.zero-indicator-mask n (110) (shift 1 1)) ([e] Q z)
[A] LARY (All. rm-eg-fizes.zero-indicator-0-or-1 n (111010) (1110'1) (1110!2)
(nth (11'1)) (nth (11'2))) [[c, d, f], r, 2]

have eval DS a = eval DR a for a
using DS-def DR-def mask-equations-relation-def rm-eq-fizes.mask-equations-def
rm-eq-fizes-def local.register-machine-azioms by (simp add: defs shift-def)

moreover have is-dioph-rel DS

unfolding DS-def using assms dioph
using register-mask-dioph zero-indicator-mask-dioph zero-indicator-0-or-1-dioph
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by (metis (no-types, lifting))

ultimately show ?thesis
by (simp add: is-dioph-rel-def)
qed

end

end

4.4.8 Equations for arithmetization constants

theory Constants-Equations imports Equation-Setup ../ Register-Machine/ MachineMasking
../ Diophantine/ Binary-And

begin

context rm-eq-fizes

begin

Equation 4.14

definition constant-b :: bool where
constant-b = b= B ¢

Equation 4.16

definition constant-d :: bool where
constant-d =d =D qcb

Equation 4.18

definition constant-e :: bool where
constant-e = e=E qb

Equation 4.21
definition constant-f :: bool where
constant-f = f = Fqcb
Equation not in the book
definition c-gt-0 :: bool where
c-gt-0 = ¢ > 0
Equation 4.26

definition a-bound :: bool where
a-bound = a < 2 "¢

Equation not in the book

definition ¢-gt-0 :: bool where
qg-gt-0 = q > 0
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definition constants-equations :: bool where
constants-equations = constant-b N\ constant-d A constant-e N\ constant-f

definition miscellaneous-equations :: bool where
miscellaneous-equations = c-gt-0 A a-bound N ¢-gt-0

end

context register-machine
begin

definition rm-constant-equations ::

polynomial = polynomial = polynomial = polynomial = polynomial = polyno-
mial = relation

(<[CONST] - - ---- ») where

[CONST]) b cdefq= NARY (Al. rm-eq-fizes.constants-equations

(o) (1) (it2) (I'3) (14) (15)) [b, ¢, d, e, f, q]

definition rm-miscellaneous-equations ::
polynomial = polynomial = polynomial = relation
(([MISC] - - -») where
[MISC] ¢ a ¢ = NARY (Al. rm-eq-fizes.miscellaneous-equations

(o) (1) (I'2)) [e, a, q]

lemma rm-constant-equations-dioph:
fixesbcdefq
defines DR = [CONST] bcdefq
shows is-dioph-rel DR
proof—
have fx: rm-eq-fizes p n
using rm-eq-fizes-def local.register-machine-azioms by auto

define b’ ¢’ d’ e’ f’ ¢’ where pushed-defs:
b" = (push-param b 2) ¢’ = (push-param ¢ 2) d’' = (push-param d 2)
e’ = (push-param e 2) f' = (push-param f 2) q' = (push-param q 2)

define s t where params-def: s = Param 0t = Param 1

define DS1 where DS1 = [b' = Const 2 ~ (¢’ [+] 1)] [A]
[s= Const2 " c| [N [t=0""(q¢ [+] 1)] [N
O =) [ d = (s =11 K (@ [=]1)

define DS2 where DS2 = (b’ [—] 1) [x] e [=]t[-]1 [A]
O =) = s (@[]

define DS where DS = [32] DSI [A] DS2
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have eval DS a = eval DR a for a
unfolding DR-def DS-def DS1-def DS2-def rm-constant-equations-def defs
apply (auto simp add: fx rm-eq-fizes.constants-equations-def|of p n])
unfolding pushed-defs params-def push-push apply (auto simp add: push-list-eval)
apply (auto simp add: fr rm-eq-fizes.constant-b-def[of p n] B-def
rm-eq-fixes.constant-d-def[of p n] rm-eq-fizes.constant-e-def[of p n]
rm-eq-fixes.constant-f-def[of p n])
using d-geom-series[of 2 * 2 ~ peval ¢ a peval ¢ a (peval q a) peval d a)
using e-geom-series[of (2 % 2 7 peval ¢ a) peval q a peval e a]
using f-geom-series[of 2 % 2 " peval ¢ a peval ¢ a (peval q a) peval f a)
apply (auto)
apply (rule exI[of - [2 ~ peval ¢ a, peval b a * peval b a ~ peval q a)])
using push-list-def push-push by auto

moreover have is-dioph-rel DS unfolding DS-def DS1-def DS2-def by (simp
add: dioph)

ultimately show ?thesis
by (simp add: is-dioph-rel-def)
qed

lemma rm-miscellaneous-equations-dioph:
fixes c a q
defines DR = [MISC] a ¢ q
shows is-dioph-rel DR
proof—
define ¢’ a’ ¢’ where pushed-defs:
¢' == (push-param ¢ 1) a’ == (push-param a 1) q' = (push-param q 1)

define DS where DS = [3] ¢’ [>] 0
[A] [(Param 0) = (Const 2) ~ ¢] [A] a’[<] Param 0
(Al ¢"[>]0

have eval DS a = eval DR a for a unfolding DS-def defs DR-def
using rm-miscellaneous-equations-def
rm-eq-fizes.miscellaneous-equations-def rm-eq-fizes. c-gt-0-def rm-eq-fixes.a-bound-def

rm-eq-fizes. g-gt-0-def rm-eq-fizes-def local.register-machine-axioms apply auto

unfolding pushed-defs push-pushl

apply (auto, rule exl[of - 2 ~ peval ¢ a]) unfolding push0 by auto
moreover have is-dioph-rel DS unfolding DS-def by (simp add: dioph)
ultimately show ?thesis

by (simp add: is-dioph-rel-def)
qed
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end

end

4.4.9 Invariance of equations

theory All-Equations-Invariance
imports Register-Equations All-State- Equations Mask-FEquations Constants-Equations

begin

context register-machine
begin

definition all-equations where
all-equations a qbcdefrzs
= rm-eq-fizes.register-equations p na b qrz s
rm-eq-fizes.state-equations p b e q z s
rm-eq-fizes.mask-equations n c d e fr z
rm-eq-fizes.constants-equations b ¢ d e f q
rm-eq-fizes.miscellaneous-equations a c q

> > > >

lemma all-equations-invariance:
fixes r z s :: nat = nat
and r’ z' s’ :: nat = nat
assumes Vi<n.ri=r'iand Vi<n. zi = z'iand Vi<Suc m. s i = s’ i
shows all-equations a qbcde frzs= all-equationsaqgbcdefr' z's'
proof —
have r: i<n — ri= 1’1 for i
using assms by auto
have z: i<n — zi = z"ifor i
using assms by auto
have s: i<Sucm — si = s' i for i
using assms by auto

have length p > 0 using p-nonempty by auto
have n > 0 using n-gt-0 by auto

have z-at-modifies: z (modifies (p ! k)) = z’ (modifies (p ! k)) if k < length p for
k
using z[of modifies (p'k)] m-def modifies-yields-valid-register that by auto

have rm-eq-fixes.register-equations p na b qr z s
= rm-eq-fizes.register-equations pn a b q r' 2’ s’

proof —

have sum-radd: Y R+ pds=> R+ pds'for d

by (rule sum-radd-cong, auto simp: s m-def)
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have sum-rsub: > R— p d (M. sk && z2d) = > R— p d (Mk. ' k && 2’ d)
for d
apply (rule sum-rsub-cong) using s z m-def z-at-modifies <length p > 0>
by (auto, metis Suc-pred <0 < length p> le-imp-less-Suc)

have rm-eq-fizes.register-0 p a b r z s = rm-eq-fizes.register-0 p a b r' z’ s’
using rm-eq-fixes-def local.register-machine-azioms rm-eq-fizes.register-0-def
sum-radd|of 0]
sum-rsublof 0] using r «n > 0> by auto

moreover have rm-eq-fizes.register-l p n b r z s = rm-eq-fizes.register-l p n b
r'z' s’
using rm-eq-fizes.register-l-def sum-radd sum-rsub rm-eq-fizes-def
local.register-machine-azioms using r <n > 0> by auto

moreover have rm-eq-fizes.register-bound n b q r = rm-eq-fizes.register-bound
nbqgr’
using rm-eq-fizes-def local.register-machine-axioms rm-eq-fixes.register-bound-def

using 7 by auto

ultimately show #thesis
using rm-eq-fizes-def local.register-machine-axioms rm-eq-fizes.register-equations-def

by auto
qed

moreover have rm-eg-fizes.state-equations p b e q z s
= rm-eq-fizes.state-equations p b e q 2" s’
proof —
have rm-eq-fizes.state-relations-from-recursion p b e z s
= rm-eq-fizes.state-relations-from-recursion p b e 2z’ s’
proof —

have sum-sadd: Y. S+ pds=>Y.S+ pds' for d
by (rule sum-sadd-cong, auto simp: s m-def)

have sum-ssub-nzero: 3" S— p d (Ak. s k && z (modifies (p ! k)))
=>S—pd (M. s’ k && 2’ (modifies (p ! k))) for d
apply (rule sum-ssub-nzero-cong) using z-at-modifies z s
by (metis One-nat-def Suc-pred <0 < length p> le-imp-less-Suc m-def)

have sum-ssub-zero: > S0 p d (k. s k && e — z (modifies (p ! k)))
=>80pd (M. 8"k && e — 2’ (modifies (p ! k))) for d
apply (rule sum-ssub-zero-cong) using z-at-modifies z s

by (metis One-nat-def Suc-pred <0 < length p> le-imp-less-Suc m-def)

have rm-eq-fizes.state-0 p b e z s = rm-eq-fizes.state-0 p b e 2z’ s’
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using rm-eq-fizes.state-0-def sum-sadd sum-ssub-nzero sum-ssub-zero
rm-eq-fizes-def local.register-machine-axioms
using s by auto

moreover have rm-eq-fizes.state-d p b e z s = rm-eq-fizes.state-d p b e 2z’ s’
using rm-eq-fizes.state-d-def sum-sadd sum-ssub-nzero sum-ssub-zero
rm-eq-fizes-def local.register-machine-axioms
using s by auto

ultimately show ?thesis
using rm-eq-fixes-def local.register-machine-axioms

rm-eq-fizes.state-relations-from-recursion-def by auto
qed

moreover have rm-eg-fizes.state-unique-equations p b e q s
= rm-eq-fizes.state-unique-equations p b e q s’
using rm-eq-fizes.state-unique-equations-def
rm-eq-fizes-def local.register-machine-axioms rm-eq-fizes.state-mask-def
rm-eq-fizes.state-bound-def
using s by force

ultimately show Zthesis
using rm-eq-fizes-def local.register-machine-axioms rm-eq-fizes.state-equations-def

rm-eq-fizes.state-mask-def rm-eq-fizes.state-bound-def rm-eq-fixes.state-m-def
rm-eq-fizes.state-partial-sum-mask-def using s z by auto
qed

moreover have rm-eg-fizes.mask-equations n ¢ d e fr z =

rm-eq-fizes.mask-equations n ¢ d e fr' 2z’
proof —

have rm-eq-fizes.register-mask n d v = rm-eq-fizes.register-mask n d r’

using rm-eq-fixes-def local.register-machine-azxioms rm-eq-fixes.register-mask-def
r by auto

moreover have rm-eq-fizes. zero-indicator-mask n e z = rm-eq-fixes.zero-indicator-mask
/
nez

using rm-eq-fizes.zero-indicator-mask-def rm-eq-fizes-def local.register-machine-axioms

by auto

moreover have rm-eg-fizes.zero-indicator-0-or-1 n c d fr z
= rm-eq-fizes.zero-indicator-0-or-1 n c d fr' 2’
using rm-eq-fixes-def local.register-machine-azxioms rm-eq-fizes.zero-indicator-0-or-1-def

using r z by auto

ultimately show %thesis

using rm-eq-fizes-def local.register-machine-azioms rm-eq-fizes.mask-equations-def
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by auto
qed

ultimately show “thesis
unfolding all-equations-def by auto
qed

end

end

4.4.10 Wrap-Up: Combining all equations

theory All-Equations
imports All-Equations-Invariance

begin

context register-machine
begin

definition all-equations-relation :: polynomial = polynomial = polynomial =
polynomial

= polynomial = polynomial = polynomial = polynomial list = polynomial list
= polynomial list

= relation ({[ALLEQ] - - - - ------ y) where

[ALLEQl agbcdefrzs

= LARY (M. all-equations (111010) (111011) (11'012) (1110'3) (1It0Y4) (1110'5)
(1110'6)
(nth (1111)) (nth (1112)) (nth (11!3)))

[[a, g, b, ¢, d, e, f], T, 2, §]

lemma all-equations-dioph:
fixes A fedcbq: polynomial
fixes r z s :: polynomial list
assumes length r = n length z = n length s = Suc m
defines DR = [ALLEQ| A gbcdefrzs
shows is-dioph-rel DR
proof —
define DS where DS = ([REG] Abqgrzs)
[A] ([STATE] beqzs)
[A] ([MASK] cdefrz)
[A] ([CONST]) bcdefq)
[A] [MISC] A ¢ q

have eval DS a = eval DR a for a

unfolding DR-def DS-def all-equations-relation-def all-equations-def
unfolding register-equations-relation-def state-equations-relation-def
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mask-equations-relation-def rm-constant-equations-def rm-miscellaneous-equations-def

by (simp add: defs)

moreover have is-dioph-rel DS
unfolding DS-def apply (rule and-dioph)+
apply (simp-all add: rm-constant-equations-dioph rm-miscellaneous-equations-dioph)
using assms reg-dioph[of 7 z s A b q] state-equations-dioph[of s z b e q|
mask-equations-relation-dioph[of r z ¢ d e f] by metis+

ultimately show “thesis using is-dioph-rel-def by auto
qged

definition rm-equations :: nat = bool where
rm-equations a = 3 q :: nat.
dbcdef:: nat.
3 r z :: register = nat.
d s :: state = nat.
all-equations a qbcdefrzs

definition rm-equations-relation :: polynomial = relation (<[RM] -») where
[RM] A = UNARY (rm-equations) A

lemma rm-dioph:
fixes A
fixes ic :: configuration
defines DR = [RM] A
shows is-dioph-rel DR
proof —
define ¢ b ¢ d e f where ¢ = Param 0 and
b = Param 1 and
¢ = Param 2 and
d = Param 3 and
e = Param 4 and
f = Param 5

define r where r = map Param [6..<n + 6]
define z where z = map Param [n+6..<2%n + 6]
define s where s = map Param [2xn + 6..<2xn + 6 + m + 1]

define number-of-ex-vars where number-of-ex-vars = 2xn + 6 + m + 1
define A’ where A’ = push-param A number-of-ex-vars

define DS where DS = [3 number-of-ez-vars] [ALLEQ] A" gbcdefrzs
have length r = n and length z = n and length s = Suc m

unfolding r-def z-def s-def by auto
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have eval DS a = eval DR a for a
proof (rule)
assume eval DS a
then obtain ks where
ks-length: number-of-ex-vars = length ks and
ALLEQ: eval ([ALLEQ] A’ qb cd e frzs) (push-list a ks)
unfolding DS-def by (auto simp add: defs)

define ¢’ b’ ¢’ d’ ¢’ f' where ¢’ = ks!0 and

b’ = ks!'l and
¢’ = ks!'2 and
d' = ks!3 and
e/ = ks!4 and
Fl=ksl5

define r-list where r-list = (take n (drop 6 ks))
define z-list where z-list = (take n (drop (6+n) ks))
define s-list where s-list = (drop (6 + 2xn) ks)

define r’ where r’ = (1) r-list
define 2z’ where 2’ = (1) z-list

define s’ where s’ = (!) s-list

have A: peval A’ (push-list a ks) = peval A a for a
using ks-length push-push-simp unfolding A’-def by auto

have ¢: peval q (push-list a ks) = q’

unfolding g¢-def q’-def push-list-def using ks-length unfolding number-of-ez-vars-def
by auto

have b: peval b (push-list a ks) = b’

unfolding b-def b’-def push-list-def using ks-length unfolding number-of-ez-vars-def
by auto

have c: peval ¢ (push-list a ks) = ¢’

unfolding c-def ¢’-def push-list-def using ks-length unfolding number-of-ex-vars-def
by auto

have d: peval d (push-list a ks) = d’

unfolding d-def d’-def push-list-def using ks-length unfolding number-of-ez-vars-def
by auto

have e: peval e (push-list a ks) = e’

unfolding e-def e’-def push-list-def using ks-length unfolding number-of-ex-vars-def
by auto

have f: peval f (push-list a ks) = f'

unfolding f-def f'-def push-list-def using ks-length unfolding number-of-ex-vars-def
by auto

have r: () (map (AP. peval P (push-list a ks)) r) z = (1) r-list  if z < n for

unfolding r-def r-list-def using that unfolding push-list-def
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using ks-length unfolding number-of-ex-vars-def by auto

have z: (map (A\P. peval P (push-list a ks)) z) | v = z-list | z if v < n for z
unfolding z-def z-list-def using that unfolding push-list-def
using ks-length unfolding number-of-ez-vars-def by (auto simp add: add.commute)

have s: (map (AP. peval P (push-list a ks)) s) | = s-list | z if © < Suc m for

unfolding s-def s-list-def using that unfolding push-list-def
using ks-length unfolding number-of-ex-vars-def by (auto simp add: add.commute)

have all-equations (peval A a) ¢' b’ ¢’ d" e’ f'r' 2" s’

using ALLFEQ unfolding all-equations-relation-def apply (simp add: defs)

unfolding A qgbcdef

using all-equations-invariance[of
(1) (map (AP. peval P (push-list a ks)) r) r'
(1) (map (AP. peval P (push-list a ks)) z) z
(1) (map (AP. peval P (push-list a ks)) s) s
peval A a g’ b ¢’ d' e flrzs

using r’-def s’-def z'-def by fastforce

thus eval DR a

unfolding DR-def rm-equations-def rm-equations-relation-def by (auto simp:

defs) (blast)
next
assume eval DR a
then obtain ¢’ b’ ¢’ d' e’ f' r’ 2’ s’ where
all-eq: all-equations (peval A a) ¢" b' ¢’ d' e’ f'r' 2" s’
unfolding DR-def rm-equations-def rm-equations-relation-def by (auto simp:

defs)

define r-list where r-list = map r' [0..<n]
define z-list where z-list = map 2z’ [0..<n)]
define s-list where s-list = map s’ [0..<Suc m]

define ks where ks = [¢/, b/, ¢/, d', ¢/, f] Q r-list Q z-list Q s-list

have number-of-ex-vars = length ks
unfolding number-of-ex-vars-def ks-def r-list-def z-list-def s-list-def by auto

have A: peval A’ (push-list a ks) = peval A a for a
unfolding A’-def
using push-push-simp[of A ks a] unfolding <number-of-ex-vars = length ks
by auto

have ¢: peval q (push-list a ks) = ¢’
unfolding g¢-def ks-def push-list-def by auto
have b: peval b (push-list a ks) = b’
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unfolding b-def ks-def push-list-def by auto
have c: peval ¢ (push-list a ks) = ¢’
unfolding c-def ks-def push-list-def by auto
have d: peval d (push-list a ks) = d’
unfolding d-def ks-def push-list-def by auto
have e: peval e (push-list a ks) = e’
unfolding e-def ks-def push-list-def by auto
have f: peval f (push-list a ks) = f'
unfolding f-def ks-def push-list-def by auto

have r: (map (AP. peval P (push-list a ks)) r) !z = r' z if z < n for z
using that unfolding ks-def r-list-def r-def push-list-def
using nth-append|of map v’ [0..<n] z-list Q s-list] by auto

have z: (map (AP. peval P (push-list a ks)) z) ! x = 2z’ z if 2 < n for z

using that
by (auto simp add: ks-def z-list-def r-list-def z-def push-list-def nth-append)

have s: (map (AP. peval P (push-list a ks)) s) ! x = s’ z if © < Suc m for z

using that unfolding ks-def r-list-def z-list-def s-list-def s-def push-list-def
apply simp

using nth-append[of map r' [0..<n] Q@ map z' [0..<n] map s’ [0..<m] Q [s
m) (2 0 + o))

by (auto) (metis (mono-tags, lifting) add-cancel-left-left diff-zero length-map
length-upt

less-antisym nth-append nth-append-length nth-map-upt)

/

have eval ([ALLEQ] A’ qb cd e fr zs) (push-list a ks)
using all-eq unfolding all-equations-relation-def apply (simp add: defs)
unfolding A qbcdef
using all-equations-invariance[of (1) (map (AP. peval P (push-list a ks)) r)

() (map (AP. peval P (push-list a ks)) z) 2’
(1) (map (\P. peval P (push-list a ks)) s) s’
peval A a g’ b ¢’ d e flrzs

using 7-list-def s-list-def z-list-def by auto

thus eval DS a
unfolding DS-def using <number-of-ex-vars = length ks» by (auto)
qed

moreover have is-dioph-rel DS
unfolding DS-def
using all-equations-dioph <length r = n»> <length z = n»> <length s = Suc m»
assms
by (auto simp: dioph)

ultimately show ?thesis
using is-dioph-rel-def by auto
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qed
end

end

4.5 Equivalence of register machine and arithmetizing equa-
tions

theory Machine-Equation-Equivalence imports All-Equations
../ Register-Machine/ Machine Equations
../ Register-Machine/ Multiple ToSingleSteps

begin

context register-machine
begin

lemma conclusion-4-5:
assumes is-val: is-valid-initial ic p a
and n-def: n = length (snd ic)
shows (3 ¢q. terminates ic p q) = rm-equations a
proof (rule)
assume 1 gq. terminates ic p q
then obtain ¢::nat where terminates: terminates ic p q by auto
hence ¢>0 using terminates-def by auto

have J¢>1. cells-bounded ic p c
using terminate-c-exists terminates is-val is-valid-initial-def by blast
then obtain ¢ where c: cells-bounded ic p ¢ A ¢ > 1 by auto

define b where b = B ¢
define d where d = D qc b
define e where e = F ¢ b
define f where f = Fqcb

have ¢>1 using ¢ by auto

have b>1 using c b-def B-def
using nat-neq-iff by fastforce

define » where r = RLe ic p b ¢
define s where s = SKeic p b ¢
define z where z = ZLe ic p b q

interpret equations: rm-eq-fixes p n a b c d e f q r z s by unfold-locales

have equations.mask-equations
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proof —
have Vi<n. rl < d
using Im0/-15-register-masking[of ic p ¢ - q| r-def n-def d-def b-def ¢ by auto
moreover have Vi<n. z[ < e
using Im04-15-zero-masking z-def n-def e-def b-def ¢ by auto
moreover have Vi<n. 2 “cxzIl=rl+ d && f
using Im04-20-zero-definition r-def z-def n-def d-def f-def b-def ¢ by auto
ultimately show ?thesis unfolding equations.mask-equations-def equations.register-mask-def

equations.zero-indicator-mask-def equations.zero-indicator-0-or-1-def by auto
qed

moreover have equations.register-equations
proof —
haver0=a+b*xr0+bx>Y R+p0s—bx> R—p0 (\k. sk && 2 0)
using Im04-23-multiple-register![of ic p a ¢ 0 q] is-val ¢ terminates <q>0>
r-def
s-def z-def b-def bitAND-commutes by auto
moreover have VIi>0.l<n —rl=bxrl+bx> R+ pls—bx*x> R—
pl Ak sk && z1)
using Im04-22-multiple-register[of ic p a ¢ - q|
b-def ¢ terminates r-def s-def z-def is-val bitAND-commutes n-def <q>0>
by auto
moreover have [<n = r [ < b ¢ for |
proof —
assume [<n
hence Rlg: Ricplq= 0
using terminates terminates-def correct-halt-def R-def n-def by auto
have c-ineq: (2::nat) ¢ < 2 = Suc ¢ — Suc 0 using <c>1»> by auto
have Vit. Ricplt < 2 ™ c using c¢ <I<n> n-def by auto
hence R-bound: Vt. Ricplt < 2~ Suc ¢ — Suc 0 using c-ineq
by (metis dual-order.strict-trans linorder-neqE-nat not-less)
have (3t =0..q.b "t*Ricplt)= (3. t=0.(Suc (¢—1)). b "t* R
icplt)
using <¢>0> by auto
also have ... = (D).t =0..g—1.b "t* Ricplt)+ b g*x Ricplgq
using Set-Interval.comm-monoid-add-class.sum.atLeast0-atMost-Suc|of -
q—1] «¢>0> by auto
also have ... = (3.t = 0..q—1. b "t x R ic p | t) using Rlg by auto
also have ... < b ~ ¢ using b-def R-bound
base-summation-bound[of R ic p 1 ¢ g—1] <¢>0> by (auto simp:
mult.commute)
finally show ?thesis using r-def RLe-def by auto
qed
ultimately show ?thesis unfolding equations.register-equations-def equa-
tions.register-0-def
equations.register-l-def equations.register-bound-def by auto
qged
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moreover have equations.state-equations
proof —
have equations.state-relations-from-recursion
proof —
have Vd>0. d<m — sd = bx>_ S+ pd (Ak. sk) + bx>_S—pd (\k. sk
&& z (modifies (p'k)))
+ bx> S0p d (Mk. sk && (e — z (modifies (p'k))))
apply (auto simp: s-def z-def)
using Im04-24-multiple-step-states[of ic p a ¢ - q]
b-def ¢ terminates s-def z-def is-val bitAND-commutes m-def <q>0>
e-def E-def by auto
moreover have s 0 = 1 + bx)_ S+ p 0 (Ak. sk) + bx>.S—p 0 (k. sk
&& z (modifies (p'k)))
+ 0x> S0 p 0 (k. s k && (e — z (modifies (p'k))))
using Im04-25-multiple-step-statel [of ic p a ¢ - q]
b-def ¢ terminates s-def z-def is-val bitAND-commutes m-def <q>0>
e-def E-def by auto
ultimately show ?thesis unfolding equations.state-relations-from-recursion-def

equations.state-0-def equations.state-d-def equations.state-m-def by auto
qed

moreover have equations.state-unique-equations
proof —
have k<m — sk < b ~ ¢ for k
using state-q-bound is-val terminates <g>0> b-def s-def m-def ¢ by auto
moreover have k<m — s k < e for &
using state-mask is-val terminates <g>0> b-def e-def s-def ¢ by auto
ultimately show ?thesis unfolding equations.state-unique-equations-def
equations.state-mask-def equations.state-bound-def by auto
qed

moreover have VM<m. sum s {.M} < e
using state-sum-mask is-val terminates <q>0» b-def e-def s-def ¢ <b>1> m-def
by auto

moreover have s m = b g
using halting-condition-04-27[of ic p a q c] m-def b-def is-val <¢>0> termi-
nates
s-def by auto

ultimately show ?thesis unfolding equations.state-equations-def
equations.state-partial-sum-mask-def equations.state-m-def by auto
qed

moreover have equations.constants-equations
unfolding equations.constants-equations-def equations.constant-b-def
equations.constant-d-def equations.constant-e-def equations.constant-f-def
using b-def d-def e-def f-def by auto
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moreover have equations.miscellaneous-equations
proof —
have tapelength: length (snd ic) > 0
using is-val is-valid-initial-def|of ic p a] by auto
have R ic p 0 0 = a using is-val is-valid-initial-def [of ic p a]
R-def List.hd-conv-nth[of snd ic] by auto
moreover have R ic p 0 0 < 27c using c tapelength by auto
ultimately have a < 27¢ by auto
thus ?thesis unfolding equations.miscellaneous-equations-def equations.c-gt-0-def

equations.a-bound-def equations.q-gt-0-def
using <¢ > 0> <¢c > 1» by auto
qed

ultimately show rm-equations a unfolding rm-equations-def all-equations-def
by blast
next

assume rm-equations a

then obtain ¢ b ¢ d e fr z s where
reg: rm-eq-fizes.register-equations p n a b g r z s and
state: rm-eq-fizes.state-equations p b e ¢ z s and
mask: rm-eq-fizes.mask-equations n ¢ d e f r z and
const: rm-eq-fizes.constants-equations b ¢ d e f ¢ and
misc: rm-eq-fives.miscellaneous-equations a ¢ q
unfolding rm-equations-def all-equations-def by auto

have fr: rm-eq-fizes p n
unfolding rm-eg-fizes-def using local.register-machine-axioms by auto

have ¢>0 using misc fr rm-eq-fizes.miscellaneous-equations-def
rm-eq-fizes.q-gt-0-def by auto

have b>1 using B-def const rm-eq-fizes.constants-equations-def
rm-eq-fizes.constant-b-def fx

by (metis One-nat-def Zero-not-Suc less-one n-not-Suc-n nat-neg-iff nat-power-eq-Suc-0-iff

numeral-2-eq-2 of-nat-0 of-nat-power-eq-of-nat-cancel-iff of-nat-zero-less-power-iff
pos2)
have n>0 using is-val is-valid-initial-def[of ic p a] n-def by auto
have m>0 using m-def is-val is-valid-initial-def|of ic p] is-valid-def|of ic p] by
auto

define Seq where Seq = (Ak t. nth-digit (s k) t b)
define Req where Req = (Al t. nth-digit (r 1) t b)
define Zeq where Zeq = (Al t. nth-digit (2 1) ¢ b)

have mask-old: mask-equations n r z ¢ d e f and

230



reg-old: reg-equations p r z s b a (length (snd ic)) ¢ and
state-old: state-equations p s z b e q (length p — 1) and
const-old: rm-constants ¢ c b de fa
subgoal
using mask rm-eq-fizes.mask-equations-def rm-eq-fizes.register-mask-def fx
mask-equations-def rm-eq-fizes. zero-indicator-0-or-1-def rm-eq-fixes. zero-indicator-mask-def
by simp
subgoal
using reg state mask const misc using rm-eq-fizes.register-equations-def
rm-eq-fizes.register-0-def rm-eq-fizes.register-I-def rm-eq-fizes.register-bound-def
reg-equations-def n-def fr by simp
subgoal
using state fr state-equations-def rm-eq-fizes.state-equations-def
rm-eq-fizes.state-relations-from-recursion-def rm-eq-fixes. state-0-def rm-eq-fizes.state-m-def
rm-eq-fizes.state-d-def rm-eq-fixes.state-unique-equations-def rm-eq-fizes. state-mask-def
rm-eq-fizes.state-bound-def rm-eq-fixes.state-partial-sum-mask-def m-def by
stmp
subgoal unfolding rm-constants-def
using const misc fr rm-eq-fixes.constants-equations-def
rm-eq-fizes.miscellaneous-equations-def rm-eq-fizes. constant-b-def rm-eq-fizes. constant-d-def
rm-eq-fizes.constant-e-def rm-eq-fizes.constant-f-def rm-eq-fizes.c-gt-0-def
rm-eq-fizes. q-gt-0-def rm-eq-fizes.a-bound-def by simp
done

hence RZS-eq: I<n = j<m — t<q =
Ricplt=Reqlt N Zicplt=_Zeqlt \NSicpjt=Seqjtforljt
using rzs-eglof m p n ic a r z] mask-old reg-old state-old const-old
m-def n-def is-val <¢>0> Seq-def Req-def Zeq-def by auto

have R-eq: l<n = t<q= Ricplt= Reqlt for |t using RZS-eq by auto

have Z-eq: I<n = t<q = Zicplt = Zeqlt for |t using RZS-eq by auto

have S-eq: j<m = t<q = Sicp jt = Seqjt for jt using RZS-eq|of 0]
«n>0> by auto

have ishalt (p!m) using m-def is-val
is-valid-initial-def|of ic p a] is-valid-def|[of ic p] by auto
have Seq m q = 1 using state nth-digit-def Seq-def <b>1)
using fr rm-eq-fizes.state-equations-def
rm-eq-fizes.state-relations-from-recursion-def
rm-eq-fizes.state-m-def by auto
hence S ic p m ¢ = 1 using S-eq by auto
hence fst (steps ic p q) = m using S-def by(cases fst (steps ic p q) = m; auto)
hence qhalt: ishalt (p ! (fst (steps ic p q))) using S-def <ishalt (p'm)> by auto

hence rempty: snd (stepsicp q) !l = 0 if [ < n for [
unfolding R-def[symmetric]
using R-eg[of | q] «I < n» apply auto
using reg Reg-def nth-digit-def
using rm-eq-fizes.register-equations-def
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rm-eq-fizes.register-l-def

rm-eq-fizes.register-0-def

rm-eq-fizes.register-bound-def
by auto (simp add: fr)

have state-m-0: t<q = Sicpmt = 0 for ¢t
proof —
assume (<q
have b “qdivb "t = b"(g—t)
by (metis <1 < by «t < ¢ less-imp-le not-one-le-zero power-diff)
also have ... mod b = 0 using <1 < b <t < ¢» by simp
finally have mod: b"q div bt mod b = 0 by auto
have s m = b"q using state fr rm-eq-fizes.state-equations-def
rm-eq-fizes.state-m-def
rm-eq-fizes.state-relations-from-recursion-def by auto
hence Seq m t = 0 using Seq-def nth-digit-def mod by auto
with S-eq <t < ¢» show ?thesis by auto
qed
have V k<m. = ishalt (plk)
using is-val is-valid-initial-def[of ic p a] is-valid-def[of ic p] m-def by auto
moreover have t<q — fst (steps ic p t) < length p — 1 for ¢
proof (rule ccontr)
assume asm: = (t < ¢ — fst (steps ic p t) < length p — 1)
hence t<q by auto
with asm have fst (steps ic p t) > length p — 1 by auto
moreover have fst (steps ic p t) < length p — 1
using p-contains|of ic p a t] is-val by auto
ultimately have fst (steps ic p t) = m using m-def by auto
hence S ic p m t = 1 using S-def by auto
thus False using state-m-0[of t] <t<¢> by auto
qed
ultimately have t<q — — ishalt (p ! (fst (steps ic p t))) for t using m-def
by auto
hence no-early-halt: t<q — — ishalt (p | (fst (steps ic p t))) for t using
state-m-0 by auto

have correct-halt ic p q using qhalt rempty correct-halt-def n-def by auto
thus (3 q. terminates ic p q) using no-early-halt terminates-def <q>0> by auto
qed

end

end

5 Proof of the DPRM theorem

theory DPRM
imports Machine-Equations/ Machine- Equation-Equivalence
begin
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definition is-recenum :: nat set = bool where
is-recenum A =
(3 p :: program.
3 n : nat.
V a :: nat. 3 ic. ic = initial-config n a A is-valid-initial ic p a A
(a € A) = (3 g::nat. terminates ic p q))

theorem DPRM: is-recenum A = is-dioph-set A
proof —
assume is-recenum A
hence (3 p :: program.
3 n:nat. V oa: nat.
3 dc. ic = initial-config n a A is-valid-initial ic p a A
(a € A) = (3 ¢::nat. terminates ic p q)) using is-recenum-def by auto
then obtain p n where p:
YV a :: nat.
3 dc. ic = initial-config n a A is-valid-initial ic p a N
(a € A) = (3 q::nat. terminates ic p q) by auto

interpret rm: register-machine p Suc n apply (unfold-locales)
proof —
from p have
3 dc. ic = initial-config n 0 A is-valid-initial ic p 0 N
(0 € A) = (3 ¢::nat. terminates ic p q) by auto
then obtain ic where ic: ic = initial-config n 0 and is-val: is-valid-initial ic
p 0 by auto

show length p > 0
using is-val unfolding is-valid-initial-def is-valid-def by auto

have length (snd ic) = Suc n
unfolding ic initial-config-def by auto

moreover have snd ic # ||
using is-val unfolding is-valid-initial-def is-valid-def tape-check-initial.simps
by auto

ultimately show Suc n > 0
by auto

show program-register-check p (Suc n)
using is-val unfolding is-valid-initial-def is-valid-def using <length (snd ic)
= Suc n»
by auto
qed

have equiv: a € A +— register-machine.rm-equations p (Suc n) a for a
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proof —
from p have 3 ic. ic = initial-config n a A is-valid-initial ic p a A
(a € A) = (3 ¢::nat. terminates ic p q) by auto
then obtain ic where ic: ic = initial-config n a A is-valid-initial ic p a A
(a € A) = (3 g¢::nat. terminates ic p q) by blast

have ic-def: ic = initial-config n a using ic by auto
hence n-is-length: Suc n = length (snd ic) using initial-config-def|of n a] by
auto
have is-val: is-valid-initial ic p a using ic by auto
have (a € A) = (3 q. terminates ic p q) using ic by auto
moreover have (3 gq. terminates ic p q) = register-machine.rm-equations p
(Sucn) a
using is-val n-is-length rm.conclusion-4-5
by auto

ultimately show ?thesis by auto
qed

hence A-characterization: A = {a::nat. register-machine.rm-equations p (Suc n)
a} by auto

have eq-dioph: 3 Py Ps. Y a. register-machine.rm-equations p (Suc n) (peval A

a)
= (Fv. ppeval Py a v = ppeval Py a v) for A
using rm.rm-dioph|[of A] using is-dioph-rel-def|of rm.rm-equations-relation A]

unfolding rm.rm-equations-relation-def by(auto simp: unary-eval)
have 3Py Pjy. Y. register-machine.rm-equations p (Suc n) (peval (Param 0)
(Az. b))
= (Jv. ppeval P; (Az. b) v = ppeval Py (Az. b) v)
using eg-dioph[of Param 0] by blast
hence 3 P1 P2. Y a. register-machine.rm-equations p (Suc n) a
= (Fw. ppeval P1 (A\z. a) v = ppeval P2 (Azx. a) v)
by auto
thus ?thesis
unfolding A-characterization is-dioph-set-def by simp
qed

end
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