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Abstract

This AFP entry formalises cubical w-categories and cubical w-cate-
gories with connections in the style of single-set categories. Cubical
categories, and the cubical sets on which they are based, have their ori-
gins and main applications in algebraic topology. Applications in com-
puter science include homotopy type theory, higher-dimensional au-
tomata in concurrency theory and higher-dimensional rewriting. The
single-set axiomatisation, introduced in these components and a com-
panion paper, allows a formalisation based on Isabelle’s type classes.
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1 Introductory Remarks

Based on a formalisation of catoids and single-set categories in the AFP [2]
we develop single-set axiomatisations for cubical w-categories with and with-
out connections. A detailed explanation of the single-set approach, the clas-
sical approach to cubical w-categories and the proof of equivalence of the
single-set and the classical approach can be found in a companion article [1].
Isabelle, with its high degree of proof automation, has been instrumental for
developing the single-set axioms introduced in this article.



2 Indexed Catoids

theory ICatoids
imports Catoids. Catoid

begin

All categories considered in this component are single-set categories.

no-notation src (o)

notation True (tt)
notation False (ff)

abbreviation Fiz :: (‘a = 'a) = 'a set where
Fiz f ={z. fz = z}

First we lift locality to powersets.

lemma (in local-catoid) locality-lifting: (X * Y # {}) = (Tgt X N Src Y # {})
(proof)

The following lemma about functional catoids is useful in proofs.

lemma (in functional-catoid) pcomp-def-varf: Az y = z © y = {z ® y}
(proof )

2.1 Indexed catoids and categories

class face-map-op =
fixes fmap :: nat = bool = ’'a = 'a (9)

begin

abbreviation Face :: nat = bool = 'a set = 'a set (00) where
00 i a = image (0 i «)

abbreviation face-fiz :: nat = 'a set where

face-fix i = Fiz (0 i ff)
abbreviation fFriz = (0 i ffz = x)
abbreviation FFrz i X = (Vz € X. fFz i)
end

class icomp-op =
fixes icomp :: 'a = nat = 'a = 'a set (-©--[70,70,70]70)

class imultisemigroup = icomp-op +
assumes dassoc: (Jv € y ©; 2. 2 0;v) = (Uv € 2 Q5 y. v O 2)



begin
sublocale ims: multisemigroup Az y. © ©®; y

{proof)

abbreviation DD = ims.A

abbreviation iconv :: ‘a set = nat = 'a set = 'a set (-*--[70,70,70]70) where
X *x; Y =ims.convi XY

end

class icatoid = imultisemigroup + face-map-op +
assumes (Dst: DD iz y = 0 itte =0 iffy
and is-absorb [simp]: (0 i ffx) ©®; z = {z}
and it-absorb [simp]: x ©; (0 i tt ) = {z}

begin

Every indexed catoid is a catoid.

sublocale icid: catoid Ax y. ¢ ©@; y O i ff 0 i tt
(proof )

lemma [Face-Src: 00 i ff = icid.Src ©
(proof)

lemma uFace-Tgt: 00 @ tt = icid. Tyt i
(proof )

lemma face-fix-sfix: face-fix = icid.sfix
(proof)

lemma face-fiz-tfix: face-fix = icid.tfix
(proof)

lemma face-fiz-prop [simp|: x© € face-fixi = (0 { a © = )
(proof )

lemma fFz-prop: fFr iz = (0 i oz = 1)
(proof)

end

class icategory = icatoid +
assumes locality: 0 ittx =0 i ffy= DDizy
and functionality: z € x O,y = 2’ €z Oy = 2z = 2’

begin

Every indexed category is a (single-set) category.



sublocale icat: single-set-category Az y. x ©; y 0 i ff 0 ¢ tt
{proof )

abbreviation ipcomp :: 'a = nat = ‘a = ’a (-®--[70,70,70]70) where
T ®; Yy = icat.pcomp i T Y

lemma iconv-prop: X ; Y ={z @y |lzy. € X Nye Y ANDDizy}
(proof )

abbreviation dim-bound kx = (Vi. k < i — fFx i x)
abbreviation fin-dim x = (3 k. dim-bound k x)
end

end

3 Cubical Categories

theory CubicalCategories
imports ICatoids

begin

All categories considered in this component are single-set categories.

3.1 Semi-cubical w-categories

We first define a class for cubical w-categories without symmetries.

class semi-cubical-omega-category = icategory +
assumes face-comm: i # j = 0 iaodjBf=0j6001i«
and face-func: i # j=> DD jzy=0ia(r®jy)=0iaz®;0iay
and interchange: i # j = DDiwx = DDiyz=— DD jwy = DD jzxz
= (v ®; 7) ®j (y ®; 2) = (w O y) ®; (z ®; 2)
and fin-fix: 3kNVi. k< i — fFricz

begin

lemma pcomp-face-func-DD: i # j = DD jzy = DD j (0iax) (0iay)
(proof)

lemma comp-face-func: i # j = (00 i a) (z ©jy) COdiaz©jdiay
(proof )

lemma interchange-var:
assumes i # j
and (w ©; z) xj (y ©; z) # {}
and (w ©; y) *; (z ©f z) # {}



shows (v ©; z) *j (y O 2) = (v ©j y) *; (T Of 2)
(proof)

lemma interchange-var2:

assumes i # j

and (Ja € w©;z. b€y ©; 2. a 05 b) # {}

and (Uc e wojy. Ud €r0j2 co;d) #{}

shows (Ja e w ;2. Ubey©j2.a0;b) =UcewojyUdero;jzc
©; d)

{(proof)

lemma face-compat: 0 i a« 0o 3 i =01 f
(proof)

lemma face-compat-var [simpl: 0 ia (0 i B x)=01if x
{proof)

lemma face-comm-var: i #j = 0 ia (0jBz)=0jp (01«
{proof )

lemma face-comm-lift: i # j = 90 i a (00 j f X) = 90 j (00 i o X)
(proof )

lemma face-func-lift: i # j = (00 i a) (X %; Y) C 00 ia X %; 00 iaY
{proof)

lemma pcomp-lface: DD ixy = 0 iff (1 ®;y) =0 iffx
(proof)

lemma pcomp-uface: DD iz y = 0 it (z ®;y) =0 ilty
(proof )

lemma interchange-DD1:

assumes i # j

and DD iwz

and DD iy z

and DD jwy

and DD jz 2

shows DD j (w ®; z) (y ®; 2)
(proof)

lemma interchange-DD2:
assumes i # j
and DDiwz
and DD iy z
and DD jwy
and DD jx 2
shows DD i (w ®; y) (z ®; z)
(proof)



lemma face-idem1: 0iaz=0ify=—0iaz®;0ipy={01iaz}
(proof )

lemma face-pidem1: 0 iarx=0ify=—0iaz®;0dify=0iazx
(proof)

lemma face-pidem2: 0 iax #90ify=—0iaz®;0ipy={}
(proof)

lemma face-fiz-comp-var: i # j = 00 ia (0iazOjdiay)=0iaz®;0
Ty
(proof )

lemma interchange-lift-cux: t € X = ye€ Y = DDizy=—= 2 Q;y € X x; Y
(proof )

lemma interchange-lift1:
assumes i # j
and Jwe W.dz e X.dye Y. dze Z. DDiwax ANDDiyzANDDjwyA
DD jxz
shows (W x; X) x; (Y %; Z)) N (W x; Y) % (X x5 2)) # {}
(proof)
lemma interchange-lift2:
assumes i # j
andVwe W.Ve e X.Vye Y.Vze Z.DDiwxz ANDDiyzANDDjwyA
DD jzz
shows ((W *q X) *j (Y *q Z)) = ((W *j Y) *q (X *j Z))
(proof)
lemma double-fiz-prop: (0 i (0 j B8 z) =x) = (fFxiz A fFx jx)
(proof)

end

3.2 Type classes for cubical w-categories

abbreviation diffSup :: nat = nat = nat = bool where
diffSupijk=(—j>2kVji—i>k)

class symmetry-ops =
fixes symmetry :: nat = ‘a = 'a (0)
and inv-symmetry :: nat = '‘a = 'a (V)

begin

abbreviation oo i = image (o i)



abbreviation ¥ i = image (¥ 7)

symcomp i j composes the symmetry maps from index i to index i+j-1.

primrec symcomp :: nat = nat = 'a = ’a (¥) where
Yilz =z
| X4 (Sucj)z=0c (i +j) (Zijaz)

inv-symcomp i j composes the inverse symmetries from i+j-1 to i.

primrec inv-symcomp :: nat = nat = 'a = 'a (©) where
Oilz==z
|© i (Suci) e =045 @ (i+])) x)

end

Next we define a class for cubical w-categories.

class cubical-omega-category = semi-cubical-omega-category + symmetry-ops +

assumes sym-type: oo i (face-fix i) C face-fix (i + 1)

and inv-sym-type: 99 i (face-fix (i + 1)) C face-fix i

and sym-inv-sym: fFx (i + 1) 2 = o0 i (Viz) =2

and inv-sym-sym: fFriz — Y i(ciz) =z

and sym-facel: fFxic = 0ia (cizx)=0i(0(i+ 1) ax)

and sym-face2: i £ j—= i #j+ 1 = fFrje = 0ia(cjz)=0j(0ia
z)

and sym-func: i # j = fFrix = fFriy = DD jzry—=

ci(z®jy)=(ifj=i+ 1thenoiz®;oiyelseriz®joiy)

and sym-fix: fFric = fFx (i+ 1) s = ociz ==z

and sym-sym-braid: diffSup ( j 2 = fFr iz = fFrjox —= o i(0cjx)=0]
(o ix)

begin

First we prove variants of the axioms.

lemma sym-type-var: fFxix = fFx (i + 1) (0 i x)
(proof )

lemma sym-type-varl [simp]: 0 (i + 1) a(c i (Diaz) =0i(0iaz)
(proof)

lemma sym-type-var2 [simp]: 0 (i + 1) a oo iodia=0io0odia

(proof)

lemma sym-type-var-lift-var [simp]: 00 (i + 1) « (o0 i (00 i a X)) = oo i (00
i aX)

(proof)
lemma sym-type-var-lift [simp):

assumes FFzr i X
shows 00 (i + 1) a (00 i X) =00 i X



(proof)

lemma inv-sym-type-var: fFx (i + 1) x = fFr i (¥ i x)
(proof )

lemma inv-sym-type-varl [simp]: 0 ia (Vi (0 (i+ 1) azx) =90 (i + 1)«
x)
(proof)

lemma inv-sym-type-var2 [simpl: 0 iao P iod (i +1)a=09i00 (i+ 1)«
(proof)

lemma inv-sym-type-lift-var [simp]: 90 i o (V9 ¢ (00 (i + 1) o X)) = 99 i (00
(i+1)aX)
{proof)

lemma inv-sym-type-lift:
assumes FFr (i + 1) X
shows 00 i o (99 ¢ X) =99 ¢ X
{proof)

lemma sym-inv-sym-varl [simpl: c i (9 i (O (i+ 1) az) =0 (i+1)azx
(proof)

lemma sym-inv-sym-var2 [simp]: c ioYiod (i+ 1)a=0 (i + 1)«
(proof)

lemma sym-inv-sym-lift-var: oo i (909 ¢ (00 (i + 1) a X)) =90 (i + 1) a X
{proof)

lemma sym-inv-sym-lift:
assumes FFz (i + 1) X
shows oo i (V9 i X) = X
(proof)

lemma inv-sym-sym-varl [simpl: 9 i (ci (Diaz)=0iazx
(proof)

lemma inv-sym-sym-var2 [simp]: 9 iocociodia =01«
(proof )

lemma inv-sym-sym-lift-var [simp]: 99 i (oo i (00 i a X)) = 00 i o X
{proof)

lemma inv-sym-sym-lift:
assumes FFx i X
shows 99 i (co0 i X) = X
(proof )



lemma sym-fiz-varl [simp]: c i (0 ia (O (i+ 1) B z)=0ia (0 (i+1)0 x)
{proof)

lemma sym-fiz-var2 [simp]: c i0odiaod (i+1)f=0iaocd(i+1)p
(proof)

lemma sym-fiz-lift-var: oo i (00 i o (00 (i + 1) B X)) =00 i« (00 (i + 1) B
X)
{proof)

lemma sym-fiz-lift:
assumes FFzr i X
and FFz (i + 1) X
shows g0 1 X = X

(proof)

lemma sym-facel-vari: 0 i a (0 i (0 i z) =00 (i+ 1) a(0if 1))
{proof)

lemma sym-facel-var2: 0 iaoci0difl =0ciocd(i+1)aocdif
{proof)
lemma sym-facel-lift-var: 900 i o (oo i (00 i 8 X)) = oo ¢ (00 (i + 1) o (00 4
8 X))
{proof)

lemma sym-facel-lift:
assumes FFr i X
shows 00 i o (00 i X) =00 i (00 (i + 1) a X)
(proof )

lemma sym-face2-vari:
assumes | # j
and ¢ £ j + 1
shows dia(cj(0jfz)=0j@ia(djpx)
(proof)

lemma sym-face2-var2:
assumes | # j

and i # j + 1
shows diaoocjodjf=0cjodiaodjp
(proof )

lemma sym-face2-lift-var:
assumes | # j
and i #j + 1
shows 00 i a (o0 j (00 j f X)) =00 j (00 i a (00 j B X))
(proof )



lemma sym-face2-lift:
assumes i # j
and i #j + 1
and FFrj X
shows 00 i a (00 j X) =00 j (00 i a X)
(proof )

lemma sym-sym-braid-varl:
assumes diffSup 1 j 2
shows o i (cj(Qia(@jfzx))=0j(ci(@ia(djp )
(proof)

lemma sym-sym-braid-var2:
assumes diffSup 1 j 2
shows o iocjodiaodjf=0joociodiaodjf
(proof )

lemma sym-sym-braid-lift-var:

assumes diffSup i j 2

shows oo i (00 j (00 i a (00 j f X))) =00 j (00 i (00 i a (00 j B X)))
(proof)

lemma sym-sym-braid-lift:
assumes diffSup i j 2
and FFri X
and FFrj X
shows o0 i (00 j X) = 00 j (60 i X)
(proof)

lemma sym-func2:
assumes fFr iz
and fFriy
and DD (i + 1) zy
showsai(z®(i+1) Y =0ciz®;0iy

(proof)

lemma sym-func3:
assumes i # j
and j # i + 1
and fFr iz
and fFriy
and DD jz y
shows 0 i (z®jy) =0 iz ®joiy
(proof)

lemma sym-func2-vari:
assumes DD (i + 1) (i ax) (018 y)
showsai(@iax®(i+1)8iﬁy):ai(8iaz)®iai(8i6y)

{proof)

10



lemma sym-func3-vari:
assumes i # j
and j # i + 1
and DDj (Diaz) (0ify)
shows o i (0iaz®;0ify)=0ci(@iaz)®j0i(0ify)
(proof)

lemma sym-func2-DD:
assumes fFr iz
and fFzriy
shows DD (i + 1) zy=DDi (o iz) (0 iy)
(proof)

lemmafunc,Q-varQ:UUi(@iam@<i+1)8i5y):ai(8iam)@iai(8i

B y)
(proof)

lemma sym-func2-lift-varl: oo i (00 i @ X *(i 4+ 1) 00iBY)=001i (00 i«
X)x;jo0i(00iBY)
(proof)

lemma sym-func2-lift:
assumes FFz i X

and FFziY
showsaai(X*(i+1) Y)=00ciX x;00iY
(proof )

lemma func3-varl:

assumes § # j

and j# i+ 1

shows o0 i (0iaz©;0ify)=0ci(0iazx)ojoi(difBy)
(proof)

lemma sym-func3-lift-vari:

assumes i # j

and j # i+ 1

shows 00 i (00 i a X ;00 i B Y) =00 (00 ia X)*;jo0i(00iBY)
(proof)

lemma sym-func3-lift:
assumes i # j
and j # i+ 1
and FFri X
and FFzi Y
shows 00 i (X %; Y) =00 i X xjoo0 iV

(proof)

lemma sym-func3-var2: i #j= oo i (0 iaz©;0iBy)=(ifj=1i+ 1then

11



ci(@iaz)0;oi(@iBy)eseoi(@iaz)®joi(dify))
{proof)

Symmetries and inverse symmetries form a bijective pair on suitable fix-
points of the face maps.

lemma sym-inj: inj-on (o i) (face-fix 7)
(proof )

lemma sym-inj-var:
assumes fFz iz
and fFz iy
andoiz=01iy
shows z =y
(proof)

lemma inv-sym-inj: inj-on (9 i) (face-fix (i + 1))
{proof)

lemma inv-sym-inj-var:
assumes fFz (i + 1)
and fFz (i + 1) y
anddiz =91y
shows z = y
(proof )

lemma surj-sym: image (o 1) (face-fix i) = face-fix (i + 1)
(proof )

lemma surj-inv-sym: image (¢ ©) (face-fix (i + 1)) = face-fix i
(proof )

lemma sym-adj:
assumes fFz iz
and fFz (i + 1) y
shows (c iz =y)=(z =9 iy)
(proof)

Next we list properties for inverse symmetries corresponding to the axioms.

lemma inv-sym:
assumes fFr iz
and fFz (i + 1) z
shows ¥ iz =z
(proof)

lemma inv-sym-face2:
assumes i # j
and ¢ £ j + 1
and fFx (j+ 1) z
shows dia (0jz) =97 (0iaz)

12



(proof)

lemma sym-braid:
assumes fFr iz
and fFx (i + 1) z
shows o i (o (i + 1) (cix)=0c(i+1)(ci(c(i+ 1))
(proof)

lemma inv-sym-braid:
assumes fFz (i + 1)
and fFz (i + 2) z
shows 9 i (J (i +1)(Wiz)=9 G+ 1)Pi@ (i+ 1))
(proof)

lemma sym-inv-sym-braid:
assumes diffSup i1 j 2
and fFz (j+ 1) =

and fFrix
shows o i (¢ jz) =9 j (0 ix)
{proof)

lemma sym-funci:
assumes fFz iz
and fFr iy
and DD iz vy
shows o i (z ®jy) =0 iz @y yoiy
(proof)

lemma sym-funcl-vari: oo i (Diaxz ®;0i8y) =0i(0iazx) O 4 1) 0 ¥

(0iBy)
(proof)

lemma inv-sym-func2-vart: 99 i (0 (i + 1) ax ©;0 (i + 1) By) =914 (0 (i +
Haz)OGy ) Pi@@+1)8y)
(proof)

lemma inv-sym-func3-varl: 99 i ((0 (¢ + 1) o z) O@ + 1) @G+ 1)By) =29
P0G+ 1)azx)o;9i(0(+1)By)
{proof )

lemma inv-sym-func-vari:

assumes i # j

and j # i + 1
shows 90 i ((0 (i + 1) az)©; (O (i +1)By)=0i(@ @G+ 1)az)©;di(0
(i+1)py)

(proof)

lemma inv-sym-func2:
assumes fFz (i + 1) =

13



and fFz (i + 1) y
and DD iz y
showsﬁi(x®iy):§ix®(i+1)19iy

(proof)

lemma inv-sym-funcs:
assumes fFz (i + 1)
and fFz (i + 1) y
and DD (i + 1) zy
showsﬁi(x®(i+1) Y =0iz®;91iy

(proof)

lemma inv-sym-func:

assumes i # j

and j # i + 1

and fFz (i + 1)

and fFz (i + 1) y

and DD jz y

shows ¥ i (z ®;jy) =diz®;Viy
(proof)

The following properties are related to faces and braids.

lemma sym-face3:
assumes fFr iz
shows 0 (i + 1) a (cizx)=01i (07 ax)
(proof)

lemma sym-faceS-varl: 0 (i + 1) a(c i (0ifz)=0ci(0ia(0if 1))
(proof )

lemma sym-face3-simp [simp):
assumes fFz iz
shows 0 (i + 1) a(ciz)=0ix
(proof )

lemma sym-face3-simp-varl [simpl]: 0 (i + 1) a (i (0i B x)) =0 i(0ip z)
{proof)

lemma inv-sym-face3:
assumes fFz (i + 1)
shows dia (Jiz) =970 (i+1)az)
(proof)

lemma inv-sym-faceS-varl: 0 i o (04 (0 (i + 1) Bz) =070 (i + 1) a (0 (i
+ 1) B x))
{proof)

lemma inv-sym-face3-simp:
assumes fFz (i + 1)

14



shows dia (Jiz)=1viz
{proof)

lemma inv-sym-face3-simp-varl [simp]: 0 ¢ a (Vi (0 (i + 1) B z)) =94 (0 (4
+ 1) B x)
{proof)

lemma inv-sym-facel:
assumes fFz (i + 1)
shows 0 (i + 1) a (Y iz) =94 (0iazx)
(proof)

lemma inv-sym-facel-varl: 0 (i + 1) a (Wi (0 (i+ 1) B z) =040 (0 (i
+ 1) B x))
(proof )

lemma inv-sym-sym-braid:
assumes diffSup i j 2
and fFzrjz
and fFz (i + 1)
shows ¥ i (0 jz) =0 j (¥ ix)
(proof )

lemma inv-sym-sym-braid-varl: diffSup i j 2 —= 9 i (c j (O (i + 1) a (0 j B
z) =0j @i (i+1)a(djpB )
(proof )

lemma inv-sym-inv-sym-braid:
assumes diffSup i j 2
and fFx (i + 1) z
and fFz (j+ 1) z
shows 9 ¢ (W jz) =95 (¥ iux)
(proof)

lemma inv-sym-inv-sym-braid-varl: diffSup ij 2 = 9 i (¥ 5 (0 (1 + 1) a (O (§
+1)Bx)=0j@i @G+ 1)@+ 1)p 1)
(proof )

The following properties are related to symcomp and inv-symcomp.

lemma symcomp-type-var:
assumes fFz iz
shows fFz (i + j) (X ij z) (proof)

lemma symcomp-type: image (X i j) (face-fix i) C face-fix (i + j)
(proof )

lemma symcomp-type-varl [simpl: 0 (i + j) a (X ij (@i z)=Xij(0ip x)
(proof )

15



lemma inv-symcomp-type-var:
assumes fFz (i + j) z
shows fFz i (© ij x) (proof)

lemma inv-symcomp-type: image (© i j) (face-fix (i + 7)) C face-fix i
(proof )

lemma inv-symcomp-type-varl [simpl: 0 i a (© ij (0 (i +j) B z)) =017 (0 (i
+J) B z)
(proof)

lemma symcomp-inv-symcomp:
assumes fFz (i + j) z
shows X i j (0 ijx) = z (proof)

lemma inv-symcomp-symcomp:
assumes fFr iz
shows © i j (X ijx) = z (proof)

lemma symcomp-ady:
assumes fFr iz
and fFz (i +j) y
shows (L ijz=y)=(x=01ijy)
(proof)

lemma decomp-symcomp1:
assumes k < j
and fFrix
shows Y ija=%X(i+ k) (j— k) (X 1ikaz) (proof)

lemma decomp-symcomp?2:
assumes 1 < k
and k£ < j
and fFrix
shows X ije=X0U+k G-k (c(i+k—1)Ei(k—1)ux)
(proof )

lemma decomp-symcomp3:
assumes 7 < [
and [+ 1 <i+3j
and fFr iz
shows X ije=X({+1)(i+j—-1—-1)(cl(Zi(l—-1)x)
(proof )

lemma symcomp-face2:
assumes | <V i+ j <
and fFriz
shows dla (X ijz)=%ij (01 ax) (proof)

16



lemma symcomp-face3: fFric=— 0 (i+j)a (X ijz)=2ij(0iax)
(proof)

lemma symcomp-facel:

assumes ¢ < [

and | < i+ j

and fFrix

showsdla (Eijz)=2ij 01+ 1)ax)
(proof)

lemma inv-symcomp-face2:
assumes | <V i+ j <
and fFz (i + j) =
shows 0 la (©ijz) =0 ij (01 ax) (proof)

lemma inv-symcomp-face3: fFx (i + j)z =0 ia (©ijz) =0 1ij (0 (i +J)
a x)
(proof)

lemma inv-symcomp-facel:

assumes ¢ < [

and [ < i+

and fFz (i + j)

shows 0 la (©ijz)=0ij 0 (1 —-1)ax)
(proof)

lemma symcomp-compl:
assumes fFz iz
and fFz iy
and DD iz vy
showsZz'j(:c@iy):Zijm@(i_,_j) Sijy
(proof)

lemma symcomp-comp?2:

assumes k < ¢

and fFrix

and fFr iy

and DD kzy

shows X ij (z @ y) =X ijz QX ijy
(proof )

lemma symcomp-comp3:
assumes i + j < k
and fFr iz
and fFr iy
and DD kzxy
shows X ij (z @ y) =X ijz Q@ X ijy (proof)

lemma fiz-comp:
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assumes | # j

and fFrix

and fFr iy

and DDjzy

shows fFz i (z ®; y)
(proof )

lemma symcomp-comps:
assumes i < k
and £ < i+ j
and fFr iz
and fFr iy
and DD kzy
showsZij(x@ky):Zijxé@(k_1) Yijuy
(proof)

lemma symcomp-comp:
assumes fFr iz
and fFzriy
and DD kz y
showsEij(x@ky):(ifk:ithenzijx®(i+j) Yijy
else (if (i <kANk<i+}j) thenEijm(X)(kf HEijy
else L ijx @ X 1]y))
(proof )

lemma inv-symcomp-compl:
assumes fFz (i + j) z
and fFz (i + j) y
and DD (i + j) z y
shows@ij(m®(i+]~) Y =0ijrR;,0ijy
(proof )

lemma inv-symcomp-comp2:

assumes k < i

and fFz (i + j)

and fFz (i + j) y

and DD kzy

shows O ij (2 QrLy) =0ijz®,0ijy
(proof)

lemma inv-symcomp-comp3:

assumes i + j < k

and fFz (i + j) z

and fFz (i +j) y

and DD kz y

shows O i1j (t QL y) =0ijz®L 0O ijy
(proof)

lemma inv-symcomp-comp:
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assumes ¢ < k

and k < i+ j

and fFz (i + j)

and fFz (i + j) y

and DD kzxy
shows@ij(x@ky)=®z'jx®(k+1)@z’jy
(proof )

end

end

4 Cubical Categories with Connections

theory CubicalCategoriesConnections
imports CubicalCategories

begin

All categories considered in this component are single-set categories.

class connection-ops =
fixes connection :: nat = bool = 'a = 'a (I)

abbreviation (in connection-ops) I'T { a = image (I i «)

We define a class for cubical w-categories with connections.

class cubical-omega-category-connections = cubical-omega-category + connection-ops
+

assumes conn-facel: fFrjr=—= 0ja T jaz) =1z

and conn-face2: fFlrjz — 0 (j+ 1) a(Tjaz)=0jx

and conn-face3: i £ j—= i#j+1 = fFrjz = 0ia(ljpz)=Tj 0
(01 azx)

and conn-corner!: fFx iz — fFxiy—=— DD (i+ 1) zy =T itt (z R + 1)
y):(l“z'ttx®(i+])ai;c) ®i(x®(i+1)Fitty)

and conn-corner2: fFxix = fFxiy=—= DD (i + 1) zy =T i ff (z B + 1)
y =T iffedgyny) @iloiyeyy nTiffy)

and conn-corner8: j#iNjF i+ 1 = ffrizx = fFriy= DD jry =
Fia(zejy=Tiaze;Tiay

and conn-fiz: fFr iz = fFr (i + 1)z =T iaz =1z

and conn-zigzagl: fFx iz = T ittz @ + 1) Fiffr=x=x

and conn-zigzag?: fflx iz =T itte ;T iffr=0ix

and conn-conn-braid: diffSup i j 2 = fFrjx = fFxiz =T ia (L jB x)
=TjB[Tiaz

and conn-shift: fFric = fFz (i+ 1)z =0 (i + 1) (ci (T (i + 1) o x))
=Tia(c(i+1)x)

begin
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lemma conn-face4: ffrjr— 0 ja (T j(-a)z)=0(+ 1) az
(proof )

lemma conn-facel-lift: FFx j X — 00 ja (IT ja X) =X
(proof )

lemma conn-face4-lift: FFr j X = 900 ja IT j (-a) X) =00 (j+ 1) a X
(proof)

lemma conn-face2-lift: FFr j X = 90 (j + 1) a IT ja X) =00 j X
(proof)

lemma conn-face3-lift: i #j = i #j+ 1 = FFzj X = 00 ia (IT j 8 X)
=TT ;B (90 ia X)
(proof )

lemma conn-fiz-lift: FFr i X = FFr (i + 1) X =ITia X =X
{proof)

lemma conn-conn-braid-lift:
assumes diffSup i j 2
and FFx j X
and FFri X
showsIT i a (ITT 8 X) =TT j B (IT i a X)
(proof )

lemma conn-sym-braid:
assumes diffSup i j 2
and fFr iz
and fFrjz
showsT ia(cjz)=0j (T iz

{proof)

lemma conn-zigzagl-var [simp]: T i tt (0 i « x) Oy nLilf (Oiax)={0i
a z}

(proof)

lemma conn-zigzagl1-lift:
assumes FFx i X
showsl“Fz'tL‘X*(i+ 1) ITiffxX=X

{(proof)

lemma conn-zigzag2-var: T i tt (O iax) O; T iff (Qiazx)={oi(0iaz)}
(proof)

lemma conn-zigzag2-lift:

assumes FFr i X
shows [T itt X x; IT i ffX =007 X
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(proof)

lemma conn-sym-braid-lift: diffSup i j 2 = FFr i X — FFz j X = IT i «
(c0jX)=00j(ITiaX)
(proof )

lemma conn-corner1-DD:
assumes fFz iz
and fFr iy
and DD (i + 1) z y
shows DD i (T Ptr @ 4 ) i) (33®(i+ 1) Titty)

(proof)

lemma conn-corneri-var: TT it (0 i a x O + 1) 0iBy)=0itt(0iaz)
@(i+1)Ui(@iax))*i(aiaxQ(i+1)Fz’tt(@z’ﬁy))
(proof)

lemma conn-corner!-lift-auz: fFricz = 0 (i + 1) ff (T ittz) =0 (i + 1) ffz
{proof)

lemma conn-corneri-lift:

assumes FFx i X

and FFx i Y

shows I'T ¢ ¢t (X *(i 4 1) Y) = (FF ittX*(i+ 1) o0 ZX) *q (X *(i + 1) I'T
ittY)
(proof )

lemma conn-corner2-DD:

assumes fFz iz

and fFz iy

and DD (i + 1)z y

showsDDi(Fiﬁm®(i+1) ) (Uiy®(l-+1) Tiffy)
(proof)

lemma conn-corner2-var: TT i ff (0 i« x O 4 1) 0ifBy)=Ciff (0iaz)
O 1) 0iBY *i(0i(QiBy Oy T ilf (0iBy))
(proof)

lemma conn-corner2-lift:

assumes FFx i X

and FFriY

shows I'T’ Zﬁ (X *(’L' + 1) Y) = (FF ZﬁX *(i + 1) Y) *q (O’O’ ) Y*(’i + 1) I'T
ifY)
(proof)

lemma conn-corner3-var:
assumes j £ i ANj £ i+ 1
shows [T ia (0ifr0jdivy)=Tia(@ifz)o;jlia(diyy)
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{proof)

lemma conn-corner3-lift:

assumes j # 1

and j # i + 1

and FFri X

and FFri Y

shows [T ia (X x; V) =TT ia X x;ITia Y
(proof)

IE;mma conn-face5 [simp]: 0 (j+ 1) a (T j(-a) (Ojvyz)=0G+1)a @)y
(proof )

lemma conn-inv-sym-braid:
assumes diffSup i1 j 2
showsTia(@Wj@iB O +1)72)=0jTia(@iB(@FG+1)71))
{proof )

lemma conn-corner: TT itt (0 i o x O+ 1018 y)={Titt (Qiaz)©;0

ia:c)*(i+1) (ci(@iax)o;Titt(0ify)

(proof )

lemma conn-corners: I‘I‘iﬁ(aiax@(i+1) 0iBy)y=CTiff (0iaz)o;
0i(0iBy) xyq1) @iByo;Tiff (9ify))

(proof )

lemma conn-corner3-alt: j # i = j#i+1=TITlia (0ifz0;0iyy)
=lia(@iBz)ojlia(diyy)

{proof )

lemma conn-shift2:

assumes fFr iz

and fFz (i + 2)
shows¥i (W (i+ 1) Tiaz)=TG(+1)a (@ (G+ 1))
(proof)

end

end

5 Cubical (w,0)-Categories with Connections

theory CubicalOmegaZeroCategoriesConnections
imports CubicalCategoriesConnections

begin
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All categories considered in this component are single-set categories.

First we define shell-invertibility.

abbreviation (in cubical-omega-category-connections) ri-inv i vy = (DD iz y A
DDiyzANz®;y=0iffz ANyQ;z=201tllz)

abbreviation (in cubical-omega-category-connections) ri-inv-shell k i ¢ = (Vj a.
jH1<knNj#£i— Ty ri-invi (0jazx)y))

Next we define the class of cubical (w, 0)-categories with connections.

class cubical-omega-zero-category-connections = cubical-omega-category-connections
+

assumes ri-inv: k> 1 — i < k — 1 — dim-bound k xt = ri-inv-shell k 7 ©
= dy. ri-invizcy

begin

Finally, to show our axiomatisation at work we prove Proposition 2.4.7 from
our companion paper, namely that every cell in an (w,0)-category is ri-
invertible for each natural number i. This requires some background theory
engineering.
lemma ri-inv-fiz:

assumes fFr iz

shows Jy. ri-invixzy

(proof )

lemma ri-inv2:
assumes k > 1
assumes dim-bound k x
and ri-inv-shell k i x
shows Jy. ri-inv i x y

(proof)

lemma ri-inv3:
assumes dim-bound k x
and ri-inv-shell k i x
shows Jy. ri-inv i x y

(proof)

lemma ri-unique: (3y. ri-inv i z y) = (Aly. ri-inv i z y)
(proof )

lemma ri-unique-var: ri-inv i xy = ri-inv i Tz = Yy = 2
(proof )

definition ri i z = (THE y. ri-inv i z y)

lemma ri-inv-ri: ri-invizy = (y = ri i x)
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(proof)

lemma ri-def-prop:
assumes dim-bound k x
and ri-inv-shell k i z
shows DD iz (riiz) ADDi(riiz) s AN Q;(riix) =0iffa A (riiz) Q;z
=0ittx
(proof)

lemma ri-right:
assumes dim-bound k x
and ri-inv-shell k i x
shows z @; riiax =0 i ffx
(proof )

lemma ri-right-set:
assumes dim-bound k x
and ri-inv-shell k i x
shows z ©; ri iz = {0 i ff «}
(proof )

lemma ri-left:
assumes dim-bound k x
and ri-inv-shell k i x
shows riiz ®; z =0 ittx
(proof )

lemma ri-left-set:
assumes dim-bound k x
and ri-inv-shell k i x
shows ri iz ©; z = {0 i tt ©}
(proof )

lemma dim-face: dim-bound k © = dim-bound k (0 i a z)
{proof)

lemma dim-ri-inv:
assumes dim-bound k x
and ri-inv i x y
shows dim-bound k y
(proof)

lemma every-dim-k-ri-inv:
assumes dim-bound k x
shows Vi. Jy. ri-inv i z y (proof)

We can now show that every cell is ri-invertible in every direction i.

lemma every-ri-inv: Jy. ri-inv i x y
(proof )
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end

end
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