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Abstract

In [8] it was formally proved that the decreasing diagrams method
[7] is sound for proving confluence: if a binary relation r has LD prop-
erty defined in [8], then it has C'R property defined in [6].

In this formal theory it is proved that if the cardinality of r does
not exceed the first uncountable cardinal, then r has CR property
if and only if r» has LD property. As a consequence, the decreasing
diagrams method is complete for proving confluence of relations of the
least uncountable cardinality.

A paper that describes details of this proof has been submitted to
the FSCD 2025 conference. This formalization extends formalizations
[1, 5, 4, 2] and the paper [3].
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2 Main theorem 317

1 Preliminaries

1.1 Formal definition of finite levels of the DCR hierarchy

theory Finite-DCR-Hierarchy
imports Main
begin

1.1.1 Auxiliary definitions

definition confi-rel
where confl-rel r = (Ya b c. (a,b) € r"x A (a,¢) € r'>x — (3 d. (b,d) € r’x A
(c,d) € 77%) )

definition jn00 :: 'a rel = 'a = 'a = bool
where
00 r0b c= (3 d. (b,d) € r07= A (c,d) € 107=)

definition jn01 :: ‘a rel = 'a rel = 'a = 'a = bool
where
01 r0rl b ec= (30" d. (bd)) € ri™= A (b,d) € 107 A (¢,d) € r07%)

definition jn10 :: ‘a rel = 'a rel = 'a = 'a = bool
where
jn10r0ri b ec= (3¢’ d. (bd) € r07* A (¢,c’) € r1™= A (c'yd) € 107%)

definition jni1 :: ‘a rel = 'a rel = 'a = 'a = bool
where
gnil r0rl b c= (30" ¢ ¢ d. (bd) € 107 A (b,0") € r17= A (b")d) €
70 %
A (c,e’) € 07 A () € r17= A (c,d) € 107%)

definition jn02 :: ‘a rel = 'a rel = 'a rel = 'a = 'a = bool
where

n02r0rl r2bc=(3b"d. (b)) er2=A(b,d) € (r0 Url)™x A (c,d) € (r0
Url) )

definition jni2 :: ‘a rel = 'a rel = 'a rel = 'a = 'a = bool
where

gni2r0ri r2bc= (30 0" d. (bd) € (r0) ™ A (b,0") € r27= A (b",d) € (10
U rl)

A (e,d) € (r0 U r1) )

definition jn22 :: ‘a rel = 'a rel = 'a rel = 'a = 'a = bool
where

n22r0rir2bc=(3b' b c ¢ d. (bd) € (r0 Url)x A (b0") € r27= A
(b",d) € (r0 U r1) "%



A (e,e) e (rOUrl) > A (c,e")er2™=n(c"d)
€ (r0 U r1)7%)

definition LD2 :: ‘a rel = 'a rel = 'a rel = bool
where
LD2rr0rl = (r=r0Url
AN abec (ab) €10 AN (a,c) € 70 — jn00 r0 b ¢)
AN abec (ab) €0 AN (a,c) € rl — jn0l rOrl b c)
A abe (ab) €rl A(ac)€erl — jnllr0ribc))
definition LD3 :: ‘a rel = 'a rel = 'a rel = 'a rel = bool
where
LD rr0rir2=(r=r0Url Ur2

A (Y abec (a,d) €r0 A (ac) € 70 — jn00 r0 b c)

AV abec (ab) €10 AN (a,c) € 71 — jn01 r0 rl b c)
AN abec (ab) €rl A(ac) €rl — jnil rOrl b c)
AN abec (ab) €10 A (a,c) €72 — jn02r0rl r2 b c)
AN abec (ab) €rl A(a,e) €r2 — jni2r0rl r2b c)
AN abec (ab) €2 A (a,c) €72 — n22r0rl r2b c))

definition DCR2 :: 'a rel = bool
where
DCR2r = (3r0rl. LD27rr0rl)

definition DCRS :: 'a rel = bool
where
DCR3r=(3r0rl r2. LD3rr0rl r2)

definition £1 :: (nat = 'U rel) = nat = 'U rel
where
Llga=U {4 T o (a/<a)hNA=ga’}

definition £v :: (nat = 'U rel) = nat = nat = 'U rel
where

Lvgaf=U {4 Fa (a’<ava <p)AA=ga'}

definition © :: (nat = 'U rel) = nat = nat = ('U x 'U x 'U x 'U) set
where

Dgap={bbb"d.(bd)e (Llga)>A(DDb")e(gp) =A(D"d e (Lv
g aB)x}

definition DCR-generating :: (nat = 'U rel) = bool
where
DCR-generating g = (VY a S a b c. (a,b) € (g a) A (a,¢) € (g B)
— (3 e d (bbb d) € (D gapB) A (e d) e (®Dgp
a)))



1.1.2 Result

The next definition formalizes the condition “an ARS with a reduction re-
lation r belongs to the class DC'R,,”, where n is a natural number.

definition DCR :: nat = 'U rel = bool
where

DCR n r = (3 g¢::(nat = 'U rel). DCR-generating g ANr = {r". 3 o’ a’'<
nAr'=ga'})

end

1.2 Completeness of the DCR3 method for proving conflu-
ence of relations of the least uncountable cardinality

theory DCR3-Method
imports
HOL— Cardinals. Cardinals
Abstract— Rewriting. Abstract- Rewriting
Finite-DCR-Hierarchy
begin

1.2.1 Auxiliary definitions
abbreviation w-ord where w-ord = natLeq

definition sc-ord::'U rel = 'U rel = bool
where sc-ord o o' = (a <o a’ A (V B::'Urel. a <o B — a’ <o f))

definition Im-ord::'U rel = bool
where Im-ord o = Well-order a A = (a = {} V isSuccOrd «)

definition nord :: 'U rel = 'U rel where nord « = (SOME «"::'U rel. o’ =0 «)
definition O::'U rel set where O = nord ‘ {a. Well-order a}
definition oord::’U rel rel where oord = (Restr ordLeq O)
definition CCR :: 'U rel = bool
where

CCRr= (Na€ Fieldr.Yb € Field r. 3¢ € Field r. (a,c) € r’* A (b,c) € 1)
definition Conelike :: 'U rel = bool
where

Conelike r = (r ={} V(3 m € Fieldr.V a € Field r. (a,m) € 77%))
definition dncl :: 'U rel = 'U set = 'U set

where
dnelr A= ((r'*)"—1)“A



definition Inv :: 'U rel = 'U set set
where
Invr={A::x'Uset.r*“ACA}

definition SF :: 'U rel = 'U set set
where
SFr={A:'Uset. Field (Restrr A) = A}

definition SCF::'U rel = ('U set) set where
SCFr={B:("Uset). BC Fieldr AN (V a € Fieldr.3 b€ B. (a,b) € %) }

definition cfseq :: 'U rel = (nat = 'U) = bool
where
cfseqrai=((V a € Fieldr. 3 i. (a, zi i) € r7x) A (V 4. (wi i, zi (Suc i) € 1))

definition rpth :: 'Urel = 'U = 'U = nat = (nat = 'U) set
where
rpthrabn={f:(nat="U). fO=aANfn=>bA Vi<n. (fi, f(Suci)) €r)

definition F :: 'Urel = 'U = 'U = 'U set set
where
Frab={F:'Uset. 3 nunat. 3 f € rpthrabn. F=f{i i<n} }

definition § :: 'Urel = 'U = 'U = 'U set
where
frab=(if (Frab#{}) then (SOMEF. F € F rab) else {})

definition dnFEsc :: 'Urel = 'U set = 'U = 'U set set
where
dnEscrAa={F.3b (b¢dnclr A)NFeFradb) AN(FNA={}))}

definition dnesc :: 'Urel = 'U set = 'U = U set
where
dnescr A a = (if (dnEscr A a # {}) then (SOME F. F € dnEsc r A a) else {

a})

definition escl :: U rel = 'U set = 'U set = 'U set
where
esclr A B =] ((dnesc r A) * B)

definition clterm where clterm s’ r = (Conelike s — Conelike 1)
definition spthlen::'U rel = 'U = 'U = nat
where

spthlen r a b = (LEAST n:nat. (a,b) € v~ n)

definition spth :: 'Urel = 'U = 'U = (nat = 'U) set
where



spth ra b= rpth r a b (spthlen r a b)

definition U::'U rel = ('U rel) set where
Ur={s:('Urel). CCRsNsCr AN ac Fieldr.3 b e Field s. (a,b) €

%) }

definition RCC-rel :: 'U rel = 'U rel = bool where
RCC-relra=WUr={rAha={}H)V@selr |si=oan (Vs ellr |s
<o [s'))

definition RCC :: 'U rel = 'U rel (||-]|)
where ||| = (SOME «. RCC-rel r )

definition Den::'U rel = ('U set) set where
Denr={ B:("Uset) . BC Fieldr A (¥ a € Fieldr.3 b€ B. (a,b) € r’=) }

definition Span::'U rel = ('U rel) set where
Span r={s. s C r A Fields = Field r }

definition scf-rel :: 'U rel = 'U rel = bool where
scf-relr o =(3 Be SCFr.|Bl=oa A (Y B'e SCFr. |B| <o |B'))

definition scf :: 'U rel = 'U rel
where scf r = (SOME a. scf-rel v o)

definition w-dncl :: 'U rel = 'U set = 'U set
where
w-dnelr A={acdnclrANVY bY FeFrab (b¢dncddrAd— FNA#

)3

definition £ :: ('U rel = 'U set) = 'U rel = 'U set
where
Lfa=UJ {4 T o a'<oanA=fa'}

definition Dbk :: ('U rel = 'U set) = 'Urel = 'Uset (V - -)
where

Via=fa—-(£fa)

definition Q :: 'Urel = (U rel = 'U set) = 'U rel = 'U set
where

OQrfa=({a—(dnclr (Lf )

definition W :: ‘U rel = ('U rel = 'U set) = 'U rel = 'U set
where

Wrfa=(fa— (wdncdr (L[ a))

definition N1 :: 'Urel = 'Urel = ('U rel = 'U set) set
where
Nira0={f.Vaa (a<oal Aa'<oa) — (fa') C(fa)}



definition N 2:: 'U rel = 'Urel = ('U rel = 'U set) set

where
N2ra0={f.Va. (a<oal A= (a={}VisSuccOrd a) ) — (V f a) =
{1}

definition N 3:: 'Urel = 'Urel = ('U rel = 'U set) set
where
N3ra0={f.Va. (a<oal A (a={}V isSuccOrd o) ) —
(w-ord <o |& f af — ((esclr (£ f a) (f o) C (f ) A (clterm (Restr r (f
a)) r)) )}

definition N:: 'Urel = 'Urel = ('U rel = 'U set) set
where
Nira0={f.Va. (a<oal A (a={}V isSuccOrd a) ) —
(Vae (&fa) (rda} Cwdncdr (&fa))Vv(rdanWrfa#{})
)}

definition N'5 :: ‘U rel = 'Urel = ('U rel = 'U set) set
where
Nora0={f.Va.a<oal — (fa) € SFr}

definition N6 :: 'U rel = 'Urel = ('U rel = 'U set) set
where
N6rao={f Va a <oal — CCR (Restrr (f a)) }

definition N7 :: 'Urel = 'Urel = (‘U rel = 'U set) set
where

N7rad={fVa a<oal — (a <ow-ord — |f a| <o w-ord ) A (w-ord
<oa—|fal <oa)}

definition N8 :: 'U rel = 'U set set = 'U rel = ('U rel = 'U set) set
where
N8E8rPsald)={fVa. a <oal A (a={}V isSuccOrd a) A ( (3 P. Ps =
{P}) V (= finite Ps A\ |Ps| <o |f o )) —
(V Pe Ps. ((f o) N P) € SCF (Restr r (f a))) }

definition N9 :: 'Urel = 'Urel = ('Urel = 'U set) set
where
NIrao={f.w-ord <oal — Fieldr C (f a0) }

definition N'10 :: 'U rel = 'Urel = (U rel = 'U set) set
where

NiOra0={f Vo a<oald — (3 y=2'U. Qrfa={y}) — (Fieldr C
dnel v (f 0))) }

definition N'11:: 'Urel = 'Urel = ('U rel = 'U set) set
where
Nitra0={f.Va (a<oal A isSuccOrd o) — Q rf a = {} — (Field



r Cdnclr (f )}

definition N'12:: 'Urel = 'Urel = (U rel = 'U set) set
where
Ni2ra0={f.Va. a<oal — w-ord <o a — w-ord <o |& f a| }

definition NV :: 'Urel = 'U set set = ('U rel = 'U set) set
where
NrPs={feWNIr|Fiedr|)n (N2r|Fieldr| )N (NS3r|Fieldr| )N (N4
r |Field r| )
N (NS r |Fieldr| )N (N6 7 |Fieldr] ) N (N7 r |Field r| ) N (N8 r Ps
|Field r| )
N (N9 r |Field | " N10 r |Field r| " N'11 v |Field r| N N'12 r |Field r| ).
(Vaba=of— fa=fp))

definition T :: (‘U rel = 'U set = 'U set) = (U rel = 'U set) set
where
TFE={f:'"Urel = "Uset .
=4
A Y a0 a:'Urel. (sc-ord a0 a« — f o = F a0 (f «0)))
AN a (Imorda — fa=U{D.3 L. <oaAD=fF}))
ANVapB a=oB—fa=fp)}

definition £p where Ep r Ps A A’ =
(((3 P. Ps={P}) Vv ((— finite Ps) A |Ps| <o |A]))
— (V P € Ps. (A'N P) € SCF (Restrr A")))

definition & :: 'Urel = 'U = 'U set = 'U set set = 'U set set
where
EraAPs={A
(a € Fieldr — a€ A NAC A’
A (JA| <o w-ord — |A'] <o w-ord ) A (w-ord <o |A] — |4’] <o |A])
AN(AeSFr—(
Ae SFr
A CCR (Restr r A"
A (V agA. (r‘{a} C w-dncl r A) vV (r*{a} N (A'—w-dncl r A) # {})

A3y A" — dnclr A C {y}) — (Field r C (dncl r A")))
NEprPsAA
A (w-ord <o |A| — esclr A A" C A’ A clterm (Restrr A') 1)) ) }

definition wbase::'U rel = 'U set = ('U set) set where
whase r A = { B::'U set. A C w-dnel r B }

definition wrank-rel :: 'U rel = 'U set = 'U rel = bool where
wrank-rel r A o = (3 B € wbase r A. |B| =0 a A (V¥ B’ € wbase r A. |B| <o
|B'))

definition wrank :: 'U rel = 'U set = 'U rel



where wrank r A = (SOME «. wrank-rel r A «)

definition Mwn :: 'U rel = 'U rel = 'U set
where
Mun r o ={ a € Field r. a <o wrank r (r ‘“{a}) }

definition Mwnm :: 'U rel = 'U set
where
Mwnm r = { a € Field r. ||r|| <o wrank r (r ‘“{a}) }

definition wesc-rel :: 'U rel = ('U rel = 'U set) = 'Urel = 'U = 'U = bool
where
wesc-relrfaab=(beWrfaAl (a
ANNVB. a<oB AP <ol|Fieldr| N (B
rfB)#{))

definition wesc :: 'U rel = ('U rel = 'U set) = 'Urel = 'U = 'U
where
wesc r f o a = (SOME b. wesc-rel r f a a b)

(Restrr W r f a)) >

,b) €
= {} V isSuccOrd B) — (r*{b} N W

definition cardLeN1::'a set = bool

where

cardLeN1 A = (VY B C A.
(VCCB.(3Df.DcCANCCfD)— (I f BCfC)))
V(3 g.ACy¢gB))

1.2.2 Auxiliary lemmas

lemma lem-Ldo-ldogen-ord:
assumes Va S abc. a<f — (a,b) EgaAn(ac)cgpf—
(Fb' 0" " " d (b, b, 0", d)eDgaB Alec,c d)eDgpha)
shows DCR-generating g
using assms unfolding DCR-generating-def by (meson linear)

lemma lem-rir-field: (z,y) € 1™ = (x = y) V (z € Field r N y € Field r)
by (metis Field-def Not-Domain-rtrancl Range.Rangel UnCI rtranclE)

lemma lem-fin-fl-rel: finite (Field r) = finite v
using finite-Field finite-subset trancl-subset-Field2 by fastforce

lemma lem-Relprop-fld-sat:
fixes r s::'U rel
assumes al: s C r and a2: s’ = Restr r (Field s)
shows s C s’ A Field s’ = Field s
proof —
have s C (Field s) x (Field s) unfolding Field-def by force
then have s C s’ using al a2 by blast
moreover then have Field s C Field s’ unfolding Field-def by blast
moreover have Field s’ C Field s using a2 unfolding Field-def by blast



ultimately show ?thesis by blast
qed

lemma lem-Relprop-sat-un:
fixes r::'U rel and S::'U set set and A"::'U set
assumes al: V A€S. Field (Restr r A) = Aand a2: A’=J S
shows Field (Restr r A') = A’
proof
show Flield (Restr r A’) C A’ unfolding Field-def by blast
next
show A’ C Field (Restr r A')
proof
fix z
assume z € A’
then obtain A where A € S A z € A using a2 by blast
then have z € Field (Restr r A) AN A C A’ using al a2 by blast
moreover then have Field (Restr r A) C Field (Restr r A') unfolding
Field-def by blast
ultimately show z € Field (Restr r A’) by blast
qed
qed

lemma lem-nord-r: Well-order « = nord a =o a unfolding nord-def by (meson
ordIso-reflexive somel-ex)

lemma lem-nord-l: Well-order « => o =0 nord « unfolding nord-def by (meson
ordIso-reflexive ordIso-symmetric somel-ex)

lemma lem-nord-eq: @« =0 = nord o = nord  unfolding nord-def using
ordlso-symmetric ordlso-transitive by metis

lemma lem-nord-req: Well-order a« =—> Well-order 8 — nord a = nord  — «
=0 5

using lem-nord-l lem-nord-r ordlso-transitive by metis

lemma lem-Onord: a« € O = a = nord a unfolding O-def using lem-nord-r
lem-nord-eq by blast

lemma lem-Oeq: « € O — f € O = «a =0 f = a = [ using lem-Onord
lem-nord-eq by metis

lemma lem-Owo: a« € O = Well-order o unfolding O-def using lem-nord-r
ordlso- Well-order-simp by blast

lemma lem-fld-oord: Field oord = O using lem-Owo ordLeq-reflerive unfolding
oord-def Field-def by blast

lemma lem-nord-less: « <o § = nord B # nord a A (nord «, nord ) € oord
proof —

10



assume bl: a <o f3
then have nord a« € O A nord B € O A nord a« =0 o A nord 8 =0 (3
using lem-nord-r ordLess- Well-order-simp unfolding O-def by blast
moreover haveV r A a b. (a,b) € Restrr A= (a€ ANbe AN (a,d) €r)
unfolding Field-def by force
ultimately show nord 8 # nord a A(nord o, nord ) € oord using b1 unfold-
ing oord-def
by (metis not-ordLess-ordIso ordlso-iff-ordLeq ordLeg-iff-ordLess-or-ordIso or-
dLeg-transitive)
qed

lemma lem-nord-ls: o <o f = nord a <o nord 8
proof —
assume al: a <o (8
then have Well-order a A Well-order § unfolding ordLess-def by blast
then have nord o =0 a and nord § =o 8 using lem-nord-r by blast+
then show nord o <o nord  using al
using ordlso-iff-ordLeq ordlso-ordLess-trans ordLess-ordLeg-trans by blast
qed

lemma lem-nord-le: a <o = nord o <o nord 8
proof —

assume al: a <o 3

then have Well-order « A Well-order [ unfolding ordLeg-def by blast

then have nord o =0 a and nord  =o 8 using lem-nord-r by blast+

then show nord a <o nord 8 using al by (meson ordlso-iff-ordLeq ordLeq-transitive)
qged

lemma lem-nordO-ls-I: « <o f = nord a € O using O-def ordLess- Well-order-simp
by blast

lemma lem-nordO-ls-r: a <o f = nord § € O using O-def ordLess- Well-order-simp
by blast

lemma lem-nordO-le-l: « <o = nord a € O using O-def ordLeq- Well-order-simp
by blast

lemma lem-nordO-le-r: a <o = nord € O using O-def ordLeq- Well-order-simp
by blast

lemma lem-nord-ls-r: a <o f = «a <o nord (8

using lem-nord-ls[of « B] lem-nord-r[of 8] lem-nord-l by (metis ordLess-ordIso-trans
ordLess- Well-order-simp)
lemma lem-nord-ls-I: « <o f = nord a <o f3

using lem-nord-ls[of « ] lem-nord-r[of B] by (metis ordLess-ordIso-trans ord-

Less-Well-order-simp)

lemma lem-nord-le-r: a <o = « <o nord B

11



using lem-nord-le[of o B] lem-nord-r[of 5] lem-nord-l by (metis ordLeq-ordIso-trans
ordLeq- Well-order-simp)

lemma lem-nord-le-l: o <o = nord a <o 8
using lem-nord-le[of « B3] lem-nord-r[of B] by (metis ordLeg-ordIso-trans or-
dLeg- Well-order-simp)

lemma lem-oord-wo: Well-order oord
proof —
let 2oleqO = Restr ordLeq O
have Well-order ?oleqO
proof —
have cI: Field ordLeq = {c::'U rel. Well-order o}
using ordLeq- Well-order-simp ordLeg-reflexive unfolding Field-def by blast
then have Refl ordLeq using ordLeq-refi-on by metis
then have Preorder ordLeq using ordLeg-trans unfolding preorder-on-def
using subset-antisym c1 by auto
then have Preorder ?0leqO using Preorder-Restr by blast
moreover have Va 3::'U rel. (o, 8) € ZolegO0 — (8, o) € 20leq0 — o = 8
proof (intro alll impl)
fix a 8::'U rel
assume d1: (o, 8) € PoleqO and d2: (B, a) € %oleqO
then have a <o 8 A B <o a by blast
then have a =0 (8 using ordlso-iff-ordLeq by blast
moreover have o € O A g € O using dI by blast
ultimately show a = § using lem-Oeq by blast
qed
moreover have V « € Field (90leqO::'U rel rel). ¥V B € Field %0leqO. a # 8
SN
(o, B) € %oleqO Vv (B, a) € PoleqO
proof (intro balll impl)
fix a 3::'U rel
assume d1: a € Field ?0leqO and d2: B € Field ?0leqO and o # (8
then have Well-order a A Well-order 5 using c1 unfolding Field-def
by (metis (no-types, lifting) Field-Un Field-def Un-def mem-Collect-eq
sup-inf-absorb)
then have o <o 8 V 8 <o a using ordLess-imp-ordLeq ordLess-or-ordLeq
by blast
moreover have a € O A f € O using dI d2 unfolding Field-def by blast
ultimately show (o, ) € ZoleqO V (B, ) € %oleqO by blast
qed
ultimately have Linear-order ?0leqO unfolding linear-order-on-def
partial-order-on-def total-on-def antisym-def preorder-on-def by blast
moreover have wf ((?0leqO::"'U rel rel) — Id)
proof —
have Restr (ordLess::'U rel rel) O C %oleqO — Id
using not-ordLeq-ordLess ordLeq-iff-ordLess-or-ordIso by blast
moreover have (?0leqO::'U rel rel) — Id C Restr ordLess O
using lem-QOeq ordLeq-iff-ordLess-or-ordiso by blast

12



ultimately have (%0leqO::'U rel rel) — Id = Restr ordLess O by blast
moreover have wf (Restr ordLess O)
using wf-ordLess Restr-subset wf-subset|of ordLess Restr ordLess O] by blast
ultimately show Zthesis by simp
qed
ultimately show ?thesis unfolding well-order-on-def by blast
qed
moreover have Well-order |(UNIV — O)::'U rel set| using card-of- Well-order
by blast
moreover have Field (Restr ordLeq O) N Field ( [(UNIV — O)::'U rel set| ) =
{}
proof —
have Field (Restr ordLeq O) C O unfolding Ficld-def by blast
moreover have Field ( [(UNIV — O)::'U rel set| ) C UNIV — O by simp
ultimately show ¢thesis by blast
qged
ultimately show ?thesis unfolding oord-def using Osum-Well-order by blast
qed

lemma lem-lmord-inf:
fixes «a::'U rel
assumes Im-ord «
shows — finite (Field «)
proof —
have finite (Field o) — False
proof
assume c!: finite (Field o)
have c2: Well-order o using assms unfolding Im-ord-def by blast
have a # {} using assms Im-ord-def by blast
then have Field a # {} unfolding Field-def by force
then have wo-rel.isMaxzim o (Field o) (wo-rel.mazim « (Field «))
using c1 ¢2 wo-rel.mazim-isMazim[of o Field o] unfolding wo-rel-def by
blast
then have JjeField «. Vi€Field a. (i, j) € «
using ¢2 wo-rel.isMazim-def[of « Field o] unfolding wo-rel-def by blast
then have isSuccOrd o using c2 wo-rel.isSuccOrd-def unfolding wo-rel-def
by blast
then show Fulse using assms unfolding Im-ord-def by blast
qed
then show ?thesis by blast
qed

lemma lem-sucord-ex:
fixes o 3::'U rel
assumes o <o 8
shows 3 «a’::'U rel. sc-ord a o’
proof —
obtain S::'U rel set where b1: S = { v::'U rel. « <o 7 } by blast
then have S # {} A (V a € S. Well-order a) using assms ordLess- Well-order-simp
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by blast
then obtain o’ where a’ € S A (Va € S. o’ <o «)
using BNF-Wellorder-Constructions. exists-minim- Well-order|of S] by blast
then show ?thesis unfolding b1 sc-ord-def by blast
qed

lemma lem-osucc-eq: isSuccOrd o« = a =0 f = isSuccOrd (3
proof —
assume al: isSuccOrd o and a2: o =0 3
moreover then have a3: wo-rel o and a4: wo-rel § unfolding ordlso-def
wo-rel-def by blast+
obtain j where a5: j € Field o and a6: Vi€Field «. (i, j) € o using al a8
wo-rel.isSuccOrd-def by blast
obtain f where a7: iso a 8 f using a2 unfolding ordIso-def by blast
have (f j) € Field 8 using a5 a7 unfolding iso-def bij-betw-def by blast
moreover have V i’ € Field 3. (i’, fj) € B8
proof
fix i’
assume bl: i’ € Field 3
then obtain i where 02: i € Field a N\ i’ = f i using a7 unfolding iso-def
bij-betw-def by blast
then have (7, j) € a using a6 by blast
then have (f 7, f j) € 8 using a2 a7 by (meson iso-oproj oproj-in or-
dIso- Well-order-simp)
then show (i/, f j) € 5 using b2 by blast
qged
ultimately have 3je€Field 5. Vi€Field 8. (i, j) € 8 by blast
then show isSuccOrd B using a4 wo-rel.isSuccOrd-def by blast
qed

lemma lem-ord-subemp: (a::'a rel) <o ({}::'b rel) = a = {}
proof —
assume « <o ({}::'b rel)
then obtain f where embed « ({}::'b rel) f unfolding ordLeg-def by blast
then show a = {} unfolding embed-def bij-betw-def Field-def under-def by
force
qed

lemma lem-ordint-sucord:
fixes a0::'a rel and «::'b rel
assumes al <o a A (V y:'b rel. a0 <o v — a <o 7)
shows isSuccOrd o
proof —
have c1: Well-order o using assms unfolding ordLess-def by blast
obtain f where e3: Well-order a0 N Well-order o A embedS a0 « f using
assms unfolding ordLess-def by blast
moreover have e/: f ‘ Field a0 C Field o using e3 embed-in-Field[of a0 « f]
unfolding embedS-def by blast
have f ¢ Field a0 # Field o using e3 embed-inj-on unfolding bij-betw-def
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embedS-def by blast
then obtain j0 where e5: j0 € Field a A jO ¢ f ¢ Field a0 using e/ by blast
moreover have V i € Field a. (i, j0) € o
proof
fix ¢
assume i € Field a
moreover then have (i, i) € « using e unfolding well-order-on-def
linear-order-on-def partial-order-on-def preorder-on-def refl-on-def by blast
moreover have (j0, {) € o« — (i, j0) € «
proof
assume g1: (j0, i) € a
obtain v where ¢2: v = Restr a (under « j0) by blast
then have ¢3: Well-order v using e3 Well-order-Restr by blast
have a0 <o v
proof —
have hi1:V a € Field a0. f a € under « j0
proof
fix a
assume il: a € Field a0
then have i2: bij-betw f (under a0 a) (under « (f a)) using e3 unfolding
embedS-def embed-def by blast
have (j0, f a) € o« — False
proof
assume (j0, fa) € «
then obtain b where j0 = f b A b € under a0 a using i2 unfolding
under-def bij-betw-def by (simp, blast)
moreover then have b € Field a0 unfolding under-def Field-def by
blast
ultimately show Fulse using e5 by blast
qed
moreover have i3: j0 € Field o using ¢! unfolding Field-def by blast
moreover have f a € Field o using il e3 embed-Field unfolding
embedS-def by blast
ultimately have i/: (f a, j0) € «
using e3 unfolding well-order-on-def linear-order-on-def total-on-def
partial-order-on-def preorder-on-def refl-on-def by metis
then show f a € under a j0 unfolding under-def by blast
qed
then have compat a0 v f
using e3 g2 embed-compat unfolding Field-def embedS-def compat-def by
blast
moreover have ofilter v (f “ Field a0)
proof —
have ofilter a (under « j0) using e3 wo-rel.under-ofilter[of «] unfolding
wo-rel-def by blast
moreover have ofilter o (f © Field a.0)
using e3 embed-iff-compat-inj-on-ofilter[of a0 « f] unfolding embedS-def
by blast
moreover have f ‘ Field a0 C under « j0 using h1 by blast
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ultimately show ofilter v (f ¢ Field a0)
using ¢2 e3 ofilter-Restr-subset[of « f ¢ Field a0 under « j0] by blast
qed
moreover have inj-on f (Field a0)
using e3 embed-iff-compat-inj-on-ofilter[of a0 « f] unfolding embedS-def
by blast
ultimately have embed a0 7 f using g3 e8 embed-iff-compat-inj-on-ofilter|of
a0 ~ f] by blast
moreover have bij-betw f (Field «0) (Field v) — False
proof
assume i1: bij-betw f (Field «0) (Field )
have (j0, jO) € « using e3 e5 unfolding well-order-on-def
linear-order-on-def partial-order-on-def preorder-on-def refl-on-def by
blast
then have jO € Field v using g2 unfolding under-def Field-def by blast
then show Fulse using il e5 unfolding bij-betw-def by blast
qged
ultimately have embedS a0 v f unfolding embedS-def by blast
then show ?thesis using ¢3 e3 unfolding ordLess-def by blast
qed
then have o =0 v using assms g2 e3 under-Restr-ordLeq[of « jO] or-
dIso-iff-ordLeq by blast
then obtain fi where iso a v fI unfolding ordlso-def by blast
then have g/: embed « v f1 A bij-betw f1 (Field o) (Field ) unfolding
iso-def by blast
then have f1 ‘ under a i = under 7 (fI i) using g! unfolding béj-betw-def
embed-def Field-def by blast
then have (f1 i, jO0) € « using g1 unfolding ¢2 under-def by blast
moreover have f1 i = i
proof —
have Restr a (Field a) = « unfolding Field-def by force
moreover have ofilter o (under a j0) using e3 wo-rel.under-ofilter|of of
unfolding wo-rel-def by blast
moreover have ofilter « (Field o) unfolding ofilter-def under-def Field-def
by blast
moreover have under o j0 C Field o unfolding under-def Field-def by
blast
ultimately have embed v « id using g2 e3 ofilter-subset-embed by metis
then have embed o « (id o f1) using g/ e8 comp-embed by blast
then have embed o o fI by simp
moreover have embed o « id unfolding embed-def id-def bij-betw-def
inj-on-def by blast
ultimately have V k € Field o. f1 k = k using e3 embed-unique[of a «
f1 id] unfolding id-def by blast
moreover have i € Field o using g1 unfolding Field-def by blast
ultimately show ?thesis by blast
qed
ultimately show (i, j0) € « by metis
qed
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ultimately show (i, j0) € a
using e3 e5 unfolding well-order-on-def linear-order-on-def total-on-def by
metis
qed
ultimately show isSuccOrd o using c1 wo-rel.isSuccOrd-def[of a] unfolding
wo-rel-def by blast
qed

lemma lem-sucord-ordint:
fixes a::'U rel
assumes Well-order a A isSuccOrd «
shows 3 «0::'Urel. a0 <o a A ¥V y:'Urel. a0 <oy — a <o %)
proof —
obtain j where b1: j € Field o A (Vi € Field . (4, j) € @)
using assms wo-rel.isSuccOrd-def unfolding wo-rel-def by blast
moreover obtain «0 where b2: a0 = Restr a (UNIV — {j}) by blast
moreover have V i. (j, i) € « — i = j using assms bl unfolding Field-def
well-order-on-def
linear-order-on-def partial-order-on-def antisym-def by blast
ultimately have b3: embedS a0 « id
unfolding Field-def embedS-def embed-def id-def bij-betw-def under-def inj-on-def

apply simp
by blast
moreover have b4: Well-order a0 using assms b2 Well-order-Restr by blast
ultimately have a0 <o «a using assms unfolding ordLess-def by blast
moreover have V ~v::'U rel. a0 <oy — a <o 7
proof (intro alll impl)
fix ~v::'U rel
assume cl: a0 <o vy
then have c2: Well-order v unfolding ordLess-def by blast
obtain f where embedS a0 v f using c! unfolding ordLess-def by blast
then have c3: embed a0 v f A = bij-betw f (Field a0) (Field ) unfolding
embedS-def by blast
have v <o o — False
proof
assume dI: v <o «
obtain g where embedS v a g using dI unfolding ordLess-def by blast
then have d3: embed v o« g A = bij-betw g (Field ) (Field o) unfolding
embedS-def by blast
have dj: j € g ‘ Field v — False
proof
assume j € g ‘ Field ~
then obtain a where a € Field v A g a = j by blast
then have bij-betw g (under v a) (under « j) using d3 unfolding embed-def
by blast
moreover have under o j = Field o using b1 unfolding under-def
Field-def by blast
ultimately have bij-betw g (under v a) (Field o) by simp
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then have g ¢ Field v # Field o N\ g ‘ Field v C Field o A g ‘ under v a
= Field «
using c¢2 d3 embed-inj-on[of v « g] embed-Field[of v « g] unfolding
bij-betw-def by blast
moreover have under v a C Field v unfolding under-def Field-def by

blast
ultimately show Fulse by blast
qed
have Field v C f ¢ Field a0
proof

fix a
assume el: a € Field ~
then have bij-betw g (under v a) (under o (g @)) using d3 unfolding
embed-def by blast
have g a € Field a — {j} using el ¢2 d3 dj embed-Field by blast
moreover then have (g a, g a) € a using assms unfolding Field-def
well-order-on-def
linear-order-on-def partial-order-on-def preorder-on-def refl-on-def by blast
ultimately have e2: g a € Field a0 using b2 unfolding Field-def by
blast
have embed a0 « (g o f) using b4 ¢3 d3 comp-embed[of a0 v f « g] by
blast
then have V z € Field a0. g (f ) = z using assms b3 b/ embed-unique|of
al o g o fid
unfolding embedS-def comp-def id-def by blast
then have ¢ (f (g a)) = ¢ a using e2 by blast
moreover have inj-on g (Field v) using c2 d3 embed-inj-onof v a g] by
blast
moreover have f (g a) € Field v using e2 b4 c3 embed-Field[of a0 ~ f]
by blast
ultimately have f (g a) = a using el unfolding inj-on-def by blast
then show a € f ‘ Field a0 using e2 by force
qed
then have bij-betw f (Field a0) (Field ~y)
using b/ ¢8 embed-inj-on[of a0 ~ f] embed-Field[of a0 ~ f] unfolding
bij-betw-def by blast
then show Fulse using c3 by blast
qed
then show a <o v using assms c2 by simp
qed
ultimately show ¢thesis by blast
qed

lemma lem-sclm-ordind:
fixes P::'U rel = bool
assumes al: P {}
and a2:V a0 «::'U rel. (sc-ord a0 a AN P a0 — P «)
and a3:V a. ((lm-ord a AN (V 8. 8 <oa — P 8)) — P a)
shows V «. Well-order o« — P «
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proof —
obtain @ where b1: @ = (A a. Well-order « — P «) by blast
haveV a. (V . 8 <oa — Q) — Q «
proof (intro alll impI)
fix a::'U rel
assume cl:V 8. 8 <oa — Q
then have c2:V 3. f <o @« — P [ unfolding b1 ordLess-def by blast
show @ «
proof (cases 3 al. sc-ord a0 «)
assume 3 a0. sc-ord a0 «
then obtain a0 where sc-ord a0 o by blast
then show @ « using c2 b1 a2 unfolding sc-ord-def by blast
next
assume - (3 «0. sc-ord a0 o)
then have (= Well-order o) V o = {} V Im-ord o
using lem-sucord-ordint unfolding sc-ord-def Im-ord-def by blast
moreover have Im-ord « — P « using c2 a3 by blast
ultimately show () « using al b1 by blast
qed
qed
then show ?thesis using b1 wf-induct[of ordLess Q] wf-ordLess by blast
qed

lemma lem-ordseg-rec-sets:
fixes F::'U set and F::'U rel = 'U set = 'U set
assumesV a f.a =0 — Fa=Fp
shows 3 f:('U rel = 'U set).
=
A (Y aOa U rel. (sc-ord a0 a« — f o = F a0 (f «0)))
ANV almorda— fa=U{D. 3. 8<oanD=f3}
AVapB a=op—fa=fp
proof —
obtain cmp::'U rel rel where b1: cmp = oord by blast
then interpret cmp: wo-rel cmp unfolding wo-rel-def using lem-oord-wo by
blast
obtain L where 02: L = (\ g::'Urel = 'Uset. A a::'Urel. U (g ‘ (underS cmp
«))) by blast
then have b3: adm-woL c¢mp L unfolding cmp.adm-woL-def by blast
obtain fo where b/: fo = (worecZSL ¢mp E F L) by blast
obtain f where b5: f = (A a::'U rel. fo (nord «)) by blast
have b6: fo (zero cmp) = E using b3 b4 cmp.worecZSL-zero by simp
have b7: V «. aboveS cmp o # {} — fo (succ emp o) = F « (fo )
using 03 b4 cmp.worecZSL-succ by metis
have b8: V «. isLim cmp a N o # zero emp — fo a = |J (fo ¢ (underS cmp
o)
using b2 b3 b4 cmp.worecZSL-isLim by metis
have b9: zero cmp = {} A nord ({}::'U rel) = {}
proof —
obtain isz where c!: isz = (A a. a € Field cmp N\ (V BEField cmp. («, B) €
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cmp)) by blast
have c2: {} € (O::'U rel set)
proof —
have Well-order ({}::'U rel) by simp
moreover then have nord ({}::'U rel) = {} using lem-nord-r lem-ord-subemp
ordlso-iff-ordLeq by blast
ultimately show ?thesis unfolding O-def by blast
qed
moreover have V § € O:('U rel set). ({}, B) € oord
proof
fix B::'U rel
assume dI: 8 € O
then have Well-order 8 using lem-Owo by blast
then have {} <o 8 using ozero-ordLeq unfolding ozero-def by blast
then show ({}, 5) € oord using dI c2 unfolding oord-def by blast
qed
ultimately have isz {} using c1 b1 lem-fld-oord by blast
moreover have V «a. isz « — a = {}
proof (intro alll impl)
fix o
assume d1: isz «
then have d2: « € O AN (V 8 € O. («, B) € oord) using c1 b1 lem-fld-oord
by blast
have Well-order ({}::'U rel) by simp
then have a <o nord ({}::'U rel) A nord ({}::'U rel) =o ({}::'U rel)
using d2 lem-nord-r unfolding oord-def O-def by blast
then have o <o ({}::'U rel) using ordLeg-ordIso-trans by blast
then show a = {} using lem-ord-subemp by blast
qed
ultimately have (THE «. isz a) = {} by (simp only: the-equality)
then have zero cmp = {} unfolding c1 cmp.zero-def cmp.minim-def cmp.isMinim-def
by blast
moreover have nord ({}::'U rel) = {} using ¢2 lem-Onord by blast
ultimately show ¢thesis by blast
qed
have b10:V a a'::'U rel. aboveS cmp o # {} A @’ = succ emp a« — (. € O A
a’'eONa<oa ANV B:'Urel. a <o — o’ <o p))
proof (intro alll impl)
fix o o'
assume aboveS cmp o # {} N o’ = succ emp «
moreover then have AboveS cmp {a} C Field cmp A AboveS emp {a} # {}
unfolding AboveS-def aboveS-def Field-def by blast
ultimately have c4: isMinim cmp (AboveS cmp {a}) o’
using cmp.minim-isMinim unfolding cmp.succ-def cmp.suc-def by blast
have ¢5: (o, a’) € emp A a # o’ using ¢/ lem-fld-oord unfolding cmp.isMinim-def
AboveS-def by blast
then have o <o o’ A = (a =0 ') using b! lem-Oeq unfolding oord-def by
blast
then have o <o o' using ordLeq-iff-ordLess-or-ordIso by blast
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moreover have V ::'Urel. a <o f — o’ <o f8
proof (intro alll impl)
fix 38::'U rel
assume dI: « <o 8
have nord  # nord a A (nord «, nord ) € cmp using d1 b1 lem-nord-less
by blast
moreover then have nord g € Field cmp unfolding Field-def by blast
ultimately have nord 8 € AboveS cmp {nord a} unfolding AboveS-def by
blast
moreover have « = nord « using c¢5 b1 lem-Onord unfolding oord-def by
blast
ultimately have (a/, nord ) € cmp using ¢4 unfolding cmp.isMinim-def
by metis
then have o’ <o nord § unfolding b1 oord-def by blast
moreover have nord § =o § using dI lem-nord-r ordLess- Well-order-simp
by blast
ultimately show o’ <o 8 using ordLeg-ordIso-trans by blast
qed
moreover have o« € O A o’ € O using ¢b b1 unfolding oord-def by blast
ultimately show a € O Aa’'€e ONa <o a' A (VY B:'Urel. a« <o f — o'
<o B) by blast
qed
then have b11: V a::'U rel. Well-order a A = (o = {} V isSuccOrd o) —
isLim cmp «
using lem-ordint-sucord unfolding cmp.isLim-def cmp.isSucc-def by metis
have f {} = FE using b5 b6 b9 by simp
moreover have (V a a’:'Urel. (o <o o' AN (V p::'Urel. a <o f — o’ <o )
s fa'=Fal(fa)
proof (intro alll impl)
fix a a”:'U rel
assume cl: a <o a’ A (¥ B:'Urel. a <o f — a’ <o B)
then have ¢2: (aboveS ecmp (nord o)) # {} using lem-nord-less unfolding b1
aboveS-def by fast
obtain v where ¢3: v = succ cmp (nord o) by blast
have c¢f: v € O A (nord o) <oy A (VB::'U rel. (nord o) <o B — v <o )
using c2 ¢3 b10 by blast
moreover have nord a =o « using c1 lem-nord-r ordLess- Well-order-simp by
blast
ultimately have o« <o v A (V3::'U rel. « <o 8 — ~v <o () using or-
dIso-iff-ordLeq ordLeq-ordLess-trans by blast
then have o’ =0 v using c! ordIso-iff-ordLeq by blast
then have f o’ = f v using b5 lem-nord-eq by metis
moreover have v = nord v using c4 lem-Onord by blast
moreover have fo v = F (nord a) (f a) using c2 ¢3 b5 b7 by blast
moreover have F' (nord o) (f o) = F « (f «) using assms ¢l lem-nord-r
ordLess- Well-order-simp by metis
ultimately show f o’ = F «a (f «) using b5 by metis
qged
moreover have V «a. (Well-order a A = (o = {} V isSuccOrd o)) — f a =
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U{D. 3B B<oanD=fp}
proof (intro alll impl)
fix a::'U rel
assume cl: Well-order a A = (o = {} V isSuccOrd «)
then have Well-order (nord «) using lem-nord-l unfolding ordIso-def by
blast
moreover have nord o # {} A = isSuccOrd (nord «)
using c1 lem-ord-subemp ordIso-iff-ordLeq lem-osucc-eq[of nord o o] lem-nord-r|of
a] by metis
ultimately have c2: fo (nord o) = |J (fo ¢ (underS emp (nord «))) using b8
b9 b11 by metis
obtain A where ¢8: A=J { D.3 B::'Urel. B <oa A D=fp } by blast
have V v € underS cmp (nord «). 3 B::'Uvrel. B <oa N foy=ff
proof
fix v::'U rel
assume v € underS cmp (nord @)
then have v # nord a A (v, nord ) € oord unfolding b1 underS-def by
blast
then have v <o nord a Ay € O A = (v =0 nord «) using lem-Oeq unfolding
oord-def by blast
then have v <o nord a A v = nord ~ using lem-Onord ordLeg-iff-ordLess-or-ordIlso
by blast
moreover have nord o =o « using cI lem-nord-r by blast
ultimately have v <o a A fo v = f v unfolding b5 using ordIso-imp-ordLeq
ordLess-ordLeq-trans by metis
then show 3 B::'Urel. 8 <o a A fo~y = f 3 by blast
qed
then have c¢4: f a C A unfolding c2 ¢3 b5 by blast
have V B::'Urel. 8 <o a — (3 v € underS cmp (nord &). f = fo )
proof (intro alll impl)
fix B::'U rel
assume [ <o «
then have (nord 8, nord «) € emp A nord 8 # nord a using b1 lem-nord-less
by blast
then have nord g € underS cmp (nord «) unfolding underS-def by blast
then show 3 v € underS cmp (nord «). f 8 = fo v unfolding b5 by blast
qged
then have A C f a unfolding c2 ¢3 b5 by force
then show fa=J { D.3 B:'Urel.  <oa AN D =f (3} using ¢3 ¢/ by
blast
qed
moreover have V a 5. @« =0 8 — f a = f S using b5 lem-nord-eq by metis
ultimately show %thesis unfolding sc-ord-def Im-ord-def by blast
qed

lemma lem-Imord-prec:

fixes a::'a rel and a’::'b rel

assumes al: a’ <o o and a2: isLimOrd o
shows 3 f::('a rel). o’ <o f N B <o «
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proof —

have — isSuccOrd « using al a2 wo-rel.isLimOrd-def unfolding ordLess-def
wo-rel-def by blast

then obtain 3::'a rel where o’ <o 8 A = (« <o ) using al lem-ordint-sucord|of
a’ a) by blast

then have o’ <o 8 A 8 <o a using al ordlso-imp-ordLeq ordLess- Well-order-simp

ordLess-imp-ordLeq ordLess-or-ordIso by metis
then show “thesis by blast
qed

lemma lem-inford-ge-w:
fixes a::'U rel
assumes Well-order a and — finite (Field o)
shows w-ord <o «
using assms card-of-least infinite-iff-natLeq-ordLeq ordLeq-transitive by blast

lemma lem-ge-w-inford:
fixes a::'U rel
assumes w-ord <o «
shows - finite (Field o)
using assms cinfinite-def cinfinite-mono natLeq-cinfinite by blast

lemma lem-fin-card: finite |A| = finite A
proof

assume finite |A|

then show finite A using finite-Field by fastforce
next

assume finite A

then show finite |A| using lem-fin-fl-rel by fastforce
qed

lemma lem-cardord-emp: Card-order ({}::'U rel)
by (metis Well-order-empty card-order-on-def ozero-def ozero-ordLeq well-order-on- Well-order)

lemma lem-card-emprel: |{}::'U rel| =o ({}::'U rel)
proof —
have ({}::'Urel) =o |{}::'U set| using lem-cardord-emp BNF-Cardinal-Order-Relation.card-of-unique
by simp
then show ?thesis using card-of-empty-ordIso ordIso-symmetric ordIso-transitive
by blast
qged

lemma lem-cord-lin: Card-order o = Card-order § = (a <0 f) = (= (8 <o
a ) ) by simp

lemma lem-co-one-ne-min:

fixes a::'U rel and a::'a
assumes Well-order a and « # {}
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shows [{a}| <o «

proof —
have Field o # {} using assms unfolding Field-def by force
then have [{a}| <o |Field a| using assms by simp
moreover have |Field o] <o a using assms card-of-least by blast
ultimately show ?thesis using ordLeg-transitive by blast

qed

lemma lem-rel-inf-fld-card:
fixes r::'U rel
assumes - finite r
shows |Field r| =o |r|
proof —
obtain f1::'U x 'U = 'U where b1: f1 = (A (z,y). z) by blast
obtain f2::'U x 'U = 'U where b2: f2 = (A (z,y). y) by blast
then have f1 ‘r = Domain r N\ f2 ‘ r = Range r using b1 b2 by force
then have b3: |Domain r| <o |r| A |Range r| <o |r|
using card-of-imagelof f1 1] card-of-image|of f2 r| by simp
have |Domain r| <o |Range 7| V |Range r| <o |Domain r| by (simp add: or-
dLeg-total)
moreover have |Domain r| <o |Range r| — |Field r| <o |r|
proof
assume cI: |Domain r| <o |Range r|
moreover have finite (Domain 1) A finite (Range v) — finite (Field r)
unfolding Field-def by blast
ultimately have — finite (Range )
using assms lem-fin-fl-rel card-of-ordLeq-finite by blast
then have |Field r| =o |Range r| using cI card-of-Un-infinite unfolding
Field-def by blast
then show |Field r| <o |r| using b3 ordlso-ordLeg-trans by blast
qed
moreover have |Range r| <o |Domain r| — |Field r| <o |r|
proof
assume cI: |Range r| <o |Domain r|
moreover have finite (Domain 1) A finite (Range v) — finite (Field r)
unfolding Field-def by blast
ultimately have — finite (Domain )
using assms lem-fin-fi-rel card-of-ordLeq-finite by blast
then have |Field r| =0 |Domain r| using c1 card-of-Un-infinite unfolding
Field-def by blast
then show |Field r| <o |r| using b3 ordlso-ordLeg-trans by blast
qed
ultimately have |Field r| <o |r| by blast
moreover have |r| <o |Field r|
proof —
have r C (Field r) x (Field r) unfolding Field-def by force
then have c1: |r| <o |Field r x Field r| by simp
have - finite (Field r) using assms lem-fin-fl-rel by blast
then have c2: |Field r x Field r| =o |Field r| by simp
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show ?thesis using cI c¢2 using ordLeg-ordIso-trans by blast
qed
ultimately show ?thesis using ordlso-iff-ordLeq by blast
qed

lemma lem-cardreleq-cardfideg-inf:
fixes r1 r2:: 'U rel
assumes al: |rl| =o |r2| and a2: - finite r1 V - finite 2
shows |Field r1| =o |Field r2|
proof —
have — finite r1 A — finite 2 using al a2 by simp
then have |Field r1| =o |r1| A |Field r2| =o |r2| using lem-rel-inf-fld-card by
blast
then show |Field r1| =o |Field r2| using al by (meson ordlso-symmetric
ordIso-transitive)
qed

lemma lem-card-un-bnd:
fixes S::’a set set and «::'U rel
assumes a3: VA€S. |A| <o a and a4: |S| <o a and a5: w-ord <o «
shows | |J S| <o«
proof —
obtain o’ where b0: o' = |Field o| by blast
have a3 V AeS. |A| <o o'
proof
fix A
assume 4 € S
then have |A| <o « using a3 by blast
moreover have Card-order |A| by simp
ultimately show |A| <o o’ using b0 card-of-unique card-of-mono2 ordIso-ordLeg-trans
by blast
qed
have Card-order |S| by simp
then have a4 " | S| <o o’ using b0 a/ card-of-unique card-of-mono2 ordIso-ordLeg-trans
by blast
have a5" = finite (Field o)
proof —
have Card-order o' using b0 by simp
then have |Field o =o |Field o'| using b0 card-of-unique by blast
moreover have — finite (Field o) using a5 lem-ge-w-inford by blast
ultimately show — finite (Field o’) by simp
qed
have a0": o’ <o « using b0 aj by simp
obtain r where b1: r = J S by blast
have V A € S. |A| <o o’ using a8’ ordlso-ordLeg-trans by blast
moreover have r = (|JA€S. A) using b by blast
moreover have Card-order o’ using b0 by simp
ultimately have |r| <o o’ using a4’ a5’ card-of-UNION-ordLeg-infinite- Field|of
a’ S X z. x] by blast
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then have | |J S | <o o' unfolding b1 using ordLeq-transitive by blast
then show | |J S | <o « using a0’ ordLeg-transitive by blast
qed

lemma lem-ord-suc-ge-w:
fixes a0 «::'U rel
assumes al: w-ord <o « and a2: sc-ord a0 «
shows w-ord <o al
proof —
obtain N::'U set where b1: |N| =0 w-ord using al
by (metis card-of-nat Field-natLeq card-of-mono2 internalize-card-of-ordLeq
ordIso-symmetric ordlso-transitive)
have a0 <o |N| — False
proof
assume cl: a0 <o |N|
have Well-order w-ord A isLimOrd w-ord
by (metis natLeq- Well-order Field-natLeq card-of-nat card-order-infinite-isLimOrd
infinite-iff-natLeq-ordLeq natLeq-Card-order ordIso-iff-ordLeq)
then have — isSuccOrd w-ord using wo-rel.isLimOrd-def unfolding wo-rel-def
by blast
then have — isSuccOrd |N| using b1 lem-osucc-eq by blast
then have = (V~::'U rel. a0 <oy — |N| <o %)
using ¢! unfolding sc-ord-def using lem-ordint-sucord|[of a0 |N|| by blast
then obtain 3::'U rel where a0 <o S A 8 <o |N|
using card-of- Well-order not-ordLeq-iff-ordLess ordLess- Well-order-simp by
blast
moreover then have a <o 8 using a2 unfolding sc-ord-def by blast
ultimately have « <o |N| using ordLeg-ordLess-trans by blast
then show Fulse using al bl using not-ordLess-ordLeq ordlso-iff-ordLeq or-
dLeq-transitive by blast
qed
moreover have Well-order a0 using a2 unfolding sc-ord-def ordLess-def by
blast
moreover have Well-order |[N| by simp
ultimately show ?thesis using b1 not-ordLess-iff-ordLeq ordIso-iff-ordLeq or-
dLeq-transitive by blast
qed

lemma lem-restr-ordbnd:
fixes r::'U rel and A::'U set and «::'U rel
assumes al: w-ord <o a and a2: |4] <o «
shows |Restr r A| <o «
proof (cases finite A)
assume finite A
then have finite (Restr r A) by blast
then have |Restr r A| <o w-ord using finite-iff-ordLess-natLeq by blast
then show |Restr r A| <o « using al ordLeg-transitive ordLess-imp-ordLeq by
blast
next
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assume — finite A

then have |4 x A| =o |A| by simp

moreover have |Restr r A| <o |4 x A| by simp

ultimately show |Restr r A| <o « using a2 ordLeq-ordIso-trans ordLeq-transitive
by blast
qed

lemma lem-card-inf-lim:
fixes r::'U rel
assumes al: Card-order o and a2: w-ord <o «
shows —( a = {} V isSuccOrd a )
proof —

obtain s where s = Field a by blast

then have |s| =0 « using al card-of-Field-ordlso by blast

moreover then have — ( |s| <o |UNIV :: nat set| ) using a2

by (metis card-of-nat ordLess-ordIso-trans not-ordLess-ordIso ordLeq-iff-ordLess-or-ordIso
ordLeg-ordLess-trans)

ultimately have — finite (Field «) using lem-fin-card lem-fin-fl-rel by (metis
finite-iff-cardOf-nat ordlso-finite-Field)

moreover then have o # {} by force

moreover have wo-rel « using a! unfolding wo-rel-def card-order-on-def by
blast

ultimately show ?thesis using al card-order-infinite-isLimOrd wo-rel.isLimOrd-def
by blast
qed

lemma lem-card-nreg-inf-osetim:
fixes a::'U rel
assumes al: Card-order o and a2: = reqularCard o and a3: — finite (Field o)
shows 3 S::'U rel set. |S| <o a A (V a@’€S. a' <o a) A (V a':'U rel. o’ <o «
— (3 €S a' <o0p))
proof —
obtain K::'U set where b1: K C Field o A cofinal K o and b2: = |K| =0 «
using a2 unfolding reqularCard-def by blast
have b3: |K| <o «
proof —
have |K| <o |Field «| using b1 by simp
moreover have |Field o] =0 o using al card-of-Field-ordIso by blast
ultimately show |K| <o a using al b2
by (metis card-of-Well-order card-order-on-def not-ordLeq-ordLess ordIso-or-ordLess
ordIso-ordLess-trans)
qed
have b4: isLimOrd « using al a8 card-order-infinite-isLimOrd by blast
obtain f::'U = 'U rel where b5: f = (A a. Restr o (under « a)) by blast
obtain S::'U rel set where 06: S = f ‘ K by blast
then have |S| <o « using b3 card-of-image ordLeg-ordLess-trans by blast
moreover have V a’€S. o’ <o «
proof
fix a’::"U rel
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assume cl: o’ € S
then obtain ¢ where ¢2: a € K A o’ = Restr a (under o a) using b5 b6 by
blast
then have c3: Well-order o’ A Well-order « using al Well-order-Restr un-
folding card-order-on-def by blast
moreover have embed o’ o id
proof —
have ofilter a (under a a) using ¢3 wo-rel.under-ofilter[of o] unfolding
wo-rel-def by blast
moreover then have under o a C Field o unfolding ofilter-def by blast
ultimately show ?thesis using c2 c3 ofilter-embed[of o under o a] by blast
qed
moreover have bij-betw id (Field o) (Field «) — False
proof
assume bij-betw id (Field o') (Field o)
then have dI: Field o' = Field o unfolding bij-betw-def by simp
have a € Field a using c2 b1 by blast
then obtain b where d2: b € aboveS « a
using b/ ¢3 wo-rel.isLimOrd-aboveS|of « a] unfolding wo-rel-def by blast
then have b € Field o’ using d1 unfolding aboveS-def Field-def by blast
then have b € under o a using c2 unfolding Field-def by blast
then show Fulse using al d2 unfolding under-def aboveS-def
card-order-on-def well-order-on-def linear-order-on-def partial-order-on-def
antisym-def by blast
qed
ultimately show a’ <o a using embedS-def unfolding ordLess-def by blast
qed
moreover have V o':'Urel. '’ <oa — (3 B € S. o' <o B)
proof (intro alll impl)
fix a”::'U rel
assume cl: a’ <o «a
then obtain g where ¢2: embed o’ « g A = bij-betw g (Field o) (Field «)
using embedS-def unfolding ordLess-def by blast
then have g ‘ Field o’ # Field o
using c1 embed-inj-on unfolding ordLess-def bij-betw-def by blast
moreover have g ‘ Field o’ C Field o
using c! ¢2 embed-in-Field[of a’ « g] unfolding ordLess-def by fast
ultimately obtain a where ¢3: a € Field a — (g ‘ Field ') by blast
then obtain b § where ¢/: b € K A (a, b) € a A f = [ b using b! unfolding
cofinal-def by blast
then have g € S using b6 by blast
moreover have o’ <o 8
proof —
have d1: Well-order [ using c4 b5 a1l Well-order-Restr unfolding card-order-on-def
by blast
moreover have embed o’ 3 g
proof —
have el:Vzy. (z,y) €a’— (g, gy) €6
proof (intro alll impl)
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fix zy
assume f1: (z, y) € o’
then have f2: (g z, g y) € a using c2 embed-compat unfolding compat-def
by blast
moreover have g y € under « b
proof —
have (b, g y) € a — False
proof
assume (b, g y) € o
moreover have (a, b) € o using ¢/ by blast
ultimately have (a, g y) € « using al unfolding under-def
card-order-on-def
well-order-on-def linear-order-on-def partial-order-on-def preorder-on-def
trans-def by blast
then have a € under a (g y) unfolding under-def by blast
moreover have bij-betw g (under o’ y) (under « (g y))
using fI ¢2 unfolding embed-def Field-def by blast
ultimately obtain 3’ where y’ € under o’ y A a = g y’ unfolding
bij-betw-def by blast
moreover then have y’ € Field o’ unfolding under-def Field-def by
blast
ultimately have a € g ¢ Field o’ by blast
then show Fulse using c¢3 by blast
qed
moreover have g y € Field a A b € Field o using f2 ¢/ unfolding
Field-def by blast
ultimately have (g y, b) € « using a! unfolding card-order-on-def
well-order-on-def
linear-order-on-def partial-order-on-def preorder-on-def refl-on-def
total-on-def by metis
then show ?thesis unfolding under-def by blast
qed
moreover then have g 2 € under a b using al f2 unfolding under-def
card-order-on-def
well-order-on-def linear-order-on-def partial-order-on-def preorder-on-def
trans-def by blast
ultimately have (g z, g y) € Restr a (under « b) by blast
then show (g z, g y) € § using c4 b5 by blast
qed
have e2: Vz € g ‘ Field o’. under 8z C g * Field o’
proof
fix z
assume z € g ‘ Field o'
then obtain ¢ where fI: ¢ € Field o’ A x = g ¢ by blast
haveV z’. (z/,2) € B — z' € g * Field o’
proof (intro alll impl)
fix z’
assume (z', ) € 8
then have (2, g ¢) € Restr a (under « b) using b5 f1 c4 by blast
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then have z’ € under a (g ¢) unfolding under-def by blast
moreover have bij-betw g (under o’ ¢) (under a (g ¢)) using fI ¢2
unfolding embed-def by blast
ultimately obtain ¢’ where 2’ = g ¢’ A ¢’ € under o’ ¢ unfolding
bij-betw-def by blast
moreover then have ¢’ € Field o’ unfolding under-def Field-def by

blast
ultimately show z’ € g ¢ Field o’ by blast
qed
then show under 8 z C g ‘ Field o’ unfolding under-def by blast
ged

have compat o’ 8 g using el unfolding compat-def by blast
moreover then have ofilter 8 (g ‘ Field ') using e2 unfolding ofilter-def
compat-def Field-def by blast
moreover have inj-on g (Field o') using cI ¢2 embed-inj-on unfolding
ordLess-def by blast
ultimately show ?thesis using dI c1 embed-iff-compat-inj-on-ofilter[of o'
B gl
unfolding ordLess-def by blast
qed
ultimately show ?thesis using c! unfolding ordLess-def ordLeq-def by
blast
qed
ultimately show 3 8 € S. o’ <o (8 by blast
qed
ultimately show “thesis by blast
qed

lemma lem-card-un-bnd-stab:
fixes S::’a set set and «::'U rel
assumes stable o and VA€ S. |A| <o « and |S| <o «
shows | |J S| <o«
using assms stable-UNION[of a S A z. z] by simp

lemma lem-finwo-cardord: finite « = Well-order a« = Card-order «
proof —
assume al: finite o and a2: Well-order «
have V r. well-order-on (Field o) 1 — a <or
proof (intro alll impl)
fix r
assume well-order-on (Field o) r
moreover have well-order-on (Field «) a using a2 by blast
moreover have finite (Field «) using al finite-Field by fastforce
ultimately have a =0 r using finite-well-order-on-ordlso by blast
then show a <o r using ordlso-iff-ordLeq by blast
qed
then show ?thesis using a2 unfolding card-order-on-def by blast
qed
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lemma lem-finwo-le-w: finite o = Well-order oo = o <o natLeq
proof —
assume al: finite a and a2: Well-order «
then have |Field o] =0 « using lem-finwo-cardord by (metis card-of-Field-ordIso)
moreover have finite (Field o) using al finite-Field by fastforce
moreover then have |Field o| <o natLeq using finite-iff-ordLess-natLeq by
blast
ultimately show o <o natLeq using ordlso-iff-ordLeq ordLeq-ordLess-trans by
blast
qed

lemma lem-wolew-fin: o <o natleq = finite «
proof —
assume al: o <o natLeq
then have Well-order a using a1 unfolding ordLess-def by blast
then have |Field o] <o « using card-of-least[of Field o o] by blast
then have — (natLeq <o |Field a| ) using al by (metis BNF-Cardinal-Order-Relation.ordLess-Field
not-ordLeg-ordLess)
then have finite (Field o) using infinite-iff-natLeg-ordLeq by blast
then show finite a using finite-subset trancl-subset-Field2 by fastforce
qed

lemma lem-wolew-nat:
assumes al: o <o natLeq and a2: n = card (Field o)
shows a =o (natLeg-on n)
proof —
have b1: Well-order o using al unfolding ordLess-def by blast
have 02: finite  using al lem-wolew-fin by blast
then have finite (Field «) using al finite-Field by fastforce
then have |Field o] =0 natLeg-on n using a2 finite-imp-card-of-natLeg-on|of
Field «) by blast
moreover have |Field a| =0 o using b1 b2 lem-finwo-cardord by (metis card-of-Field-ordIso)
ultimately show %thesis using ordlso-symmetric ordlso-transitive by blast
qed

lemma lem-cntset-enum: |A| =0 natLeq = (3 f. A = f * (UNIV::nat set))
proof —
assume |A| =o natLeq
moreover have |UNIV::nat set| =0 natLeq using card-of-nat by blast
ultimately have |UNIV::nat set| =0 |A| by (meson ordIso-iff-ordLeq ordIso-ordLeq-trans)
then obtain f where bij-betw f (UNIV::nat set) A using card-of-ordIso by
blast
then have A = [ * (UNIV::nat set) unfolding bij-betw-def by blast
then show ?thesis by blast
qed

lemma lem-oord-int-card-le-inf:

fixes a::'U rel
assumes w-ord <o «
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shows |[{ v € O:'Urel set. vy <o a }| <o«
proof —
obtain f::'U = 'U rel where b1: f = (X a. nord (Restr o (underS « a))) by
blast
have V v € O::'U rel set. v <o o — v € f * (Field )
proof (intro balll implI)
fix v::'U rel
assume cl: vy € O and ¢2: 7 <o «
have 3 a € Field a. v =0 Restr a (underS « a)
using c¢2 ordLess-iff-ordIso-Restr[of a ~] unfolding ordLess-def by blast
then obtain ¢ where a € Field a A v =0 Restr o (underS « a) by blast
moreover then have v = f a using c! b1 lem-nord-eq lem-Onord by blast
ultimately show v € f ‘ (Field «) by blast
qed
then have { v € O0::'U rel set. y<o « } C f ‘ (Field «) by blast
then have [{ v € O::'U rel set. v <o a }| <o |f * (Field )| by simp
moreover have |f ¢ (Field )| <o |Field o| by simp
ultimately have [{ v € O:'U rel set. v <o a }| <o |Field | using or-
dLeq-transitive by blast
moreover have |Field o] <o « using assms by simp
ultimately show ¢thesis using ordLeg-transitive by blast
qed

lemma lem-oord-card-le-int-inf:
fixes a::'U rel
assumes al: Card-order o and a2: w-ord <o «
shows a <o [{ v € O:'U rel set. v <o a }|
proof —
obtain o’ where b0: o’ = |Field o by blast
then have b0": Card-order o’ A a =0 o' using al card-of-unique by simp
then have b0'": w-ord <o o’ using a2 ordLeg-ordIso-trans by blast
obtain f::'U = 'U rel where b1: f = (A a. Restr o’ (under o’ a)) by blast
have b2: Well-order o’ using b0 by simp
have b3: Va € Field o’. Vb € Fiella’. fa=0fb—a=b
proof (intro balll impl)
fix a b
assume dI: a € Field o’ and d2: b € Field o’ and fa =0 f b
then have d3: fa <o fb A fb <o fa using ordlso-iff-ordLeq by blast
obtain A B where d/: A = under a’ a A B = under o’ b by blast
have d5: Well-order o’ using b0 by simp
moreover then have wo-rel.ofilter o’ A A wo-rel.ofilter o' B
using d4 wo-rel-def wo-rel.under-ofilter[of a'] by blast
moreover have Restr o’ A <o Restr o’ B and Restr o’ B <o Restr o' A
using d3 d4 b1 by blast+
ultimately have A = B using ofilter-subset-ordLeqof o] by blast
then have under o’ a = under o’ b using d4 by blast
moreover have (a,a) € o’ A (b,b) € o’ using d1 d2 d5
by (metis preorder-on-def partial-order-on-def linear-order-on-def
well-order-on-def refl-on-def)
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ultimately have (a,b) € a’ A (b,a) € o’ unfolding under-def by blast
then show a = b using d5
by (metis partial-order-on-def linear-order-on-def well-order-on-def anti-
sym-def)
qed
have b/:V a € Field o’. fa <0 o’
proof
fix a
assume cl: a € Field o’
have under o’ a C Field o’
proof —
have — finite o’ using 00" Field-natLeq finite-Field infinite-UNIV-nat or-
dLeg-finite-Field by metis
then have — finite (Field o') using lem-fin-fl-rel by blast
then obtain o’ where a’ € Field o’ A a # o’ A (a, o) € o'
using c! b0’ infinite-Card-order-limit[of o’ a] by blast
moreover then have (a’, a) ¢ o’ using b2 unfolding well-order-on-def
linear-order-on-def partial-order-on-def antisym-def by blast
ultimately show ?thesis unfolding under-def Field-def by blast
qed
moreover have ofilter o’ (under o' a)
using b2 wo-rel.under-ofilter[of a’] unfolding wo-rel-def by blast
ultimately show f a <o o’ unfolding b1 using b2 ofilter-ordLess by blast
qed
obtain g where b5: ¢ = nord o f by blast
have VzeField o'. VyeField a’. gz =gy — =1y
proof (intro balll impI)
fix x y
assume cl: z € Field o’ and ¢2: y € Fieldl o'and gz =gy
then have Well-order (f x) A Well-order (f y) A nord (f z) = nord (fy)
using b4 b5 unfolding ordLess-def by simp
then have fx =o f y using lem-nord-req by blast
then show z = y using c1 c2 b3 by blast
qed
then have inj-on g (Field o) unfolding inj-on-def by blast
moreover have V a € Field a’. ga € O A ga <o a’
proof
fix a
assume a € Field o'
then have f a <o o' using b4 by blast
then have nord (fa) <o a’ A nord (f o) € O using lem-nord-ls-l lem-nordO-1s-1
by blast
then show ga € O A g a <o o' using b5 by simp
qed
ultimately have |Field '] <o |{y € O::'U rel set. v <o a'}|
using card-of-ordLeq|of Field o’ {v € O::'U rel set. v <o a'}] by blast
moreover have o =o |Field o'| using b0 al by simp
moreover have {y € O::'U rel set. v <o a'} = {y € O::'U rel set. v <o a}
using b0’ using ordlso-iff-ordLeq ordLess-ordLeq-trans by blast
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ultimately show ?thesis using ordlso-ordLeg-trans by simp
qed

lemma lem-ord-int-card-le-inf:
fixes a::'Urel and f :: 'Urel = 'a
assumesV a . a =0 — fa=f f and w-ord <o «
shows |f ‘ { v::'Urel. v <o a }| <o «
proof —
obtain [ where b1: I = { v € O::'U rel set. v <o a } by blast
have f{ v::'Urel. v <o a } C fI
proof
fix a
assume a € f{ y:'Urel. v <o a }
then obtain v where a = f v A v <o a by blast
moreover then have nord v =0 v A nord v € 1
using b1 lem-nord-r lem-nord-Is-l lem-nordO-ls-l ordLess-def by blast
ultimately have a = f (nord v) A nord v € I using assms by metis
then show a € fI by blast
qed
then have [f{ v::'U rel. v <o a }| <o |fI| by simp
moreover have |f‘I| <o |I| by simp
moreover have |I| <o « using b1 assms lem-oord-int-card-le-inf by blast
ultimately show ?thesis using ordLeg-transitive by metis
qed

lemma lem-card-setcv-inf-stab:
fixes a::'U rel and A::'U set
assumes al: Card-order a and a2: w-ord <o o and a3: |A| <o «
shows 3 fu('Urel = 'U). AC f{~v:'Urel.y<oa} AN ¥ v1 v2. v1 =0 2
— [yl =f~2)
proof —
obtain B where b1: B = { v € O::'U rel set. v <o o } by blast
then have |4]| <o |B|
using al a2 a3 lem-oord-card-le-int-inf|of o] ordLeq-transitive by blast
then obtain g where 02: A C g ‘B by (metis card-of-ordLeq2 empty-subsetl
order-refl)
obtain f where b3: f = g o nord by blast
have A C f{ v:'Urel. vy <oa }
proof
fix a
assume a € A
then obtain ~::'U rel where v € O A v <o a A a = g v using b1 b2 by blast
moreover then have f v = g v using b3 lem-Onord by force
ultimately show a € f { v::'U rel. v <o a } by force

qed

moreover have V v1 v2. v1 =0 ~v2 — f v1 = f v2 using b3 lem-nord-eq by
force

ultimately show ?thesis by blast
qed
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lemma lem-jnfiz-gen:
fixes I::'i set and lel::"i rel and L::'l set
and t::"ix'l = i = 'nand jnN::'n = 'n = 'n
assumes al:— finite L
and a2: |L| <o |I|
and a3: Va€el. (a,a) € lel
and a4: Vael. Vpel. Vyel. (a,p)elel A (B,y)€lel — (ayy)€lel
and a5: Vael. VBeI. (o,8) € lel V (B,a) € lel
and a6: VBel. [{acl. (a,p) € lel}| <o |L]
and a7: Vael. da’el. (a,a’) € lel A (a',a) ¢ lel
shows 3 h.Vael.Vgel.VieL.VjeL. 3 vel. (ayy)€lel A (Byy)€lel A (v,a)élel
A (1 B) el
A by =jnN (& (i) ) (¢ (8:) 7)
proof —
obtain inc where pl: inc = (A a. SOME o'. o’ € I A (a,0) € lel A (o) ¢
leI) by blast
have p2: AN a. a € I = (inc a) € I A (o, inc o) € lel A (inc a, o) ¢ lel
proof —
fix o
assume o € [
moreover obtain P where c1: P = (Ao’ o’ € I A (a,&)) € lel A (o) ¢
leI) by blast
ultimately have 3 «’. P o’ using a7 by blast
then have P (SOME z. P x) using somel-ex by metis
moreover have inc o = (SOME z. P x) using cI p! by blast
ultimately show (inc a) € I A (ayinc a) € lel A (inc a, ) ¢ lel using cl
by simp
qed
obtain mal where m0: mzl = (A o 5. (if ((o,5) € lel) then § else o)) by blast
then have m1: Vael.VB<el. mxl a 8 € I by simp
obtain mazl where b0: mazl = (A « 8. inc (mzl « B)) by blast
have q1: Vael. VBel. maxl o 8 € I using p2 b0 m0 by simp
have ¢2: Vael. V3el. (o, mazl o B) € lel A (B, maxl o« ) € lel
proof (intro balll)
fix a 8
assume cl: o € [ and ¢2: f € 1
moreover then have ¢3: (a, mal o 8) € lel A (8, mzl o B) € lel AN mal «
gel
using m0 m1 a5 by force+
ultimately have (mzl o 8, mazl « 8) € leI A mazl « 8 € I using b0 p2 by
blast
then show («, mazl « ) € lel A (8, mazl « 8) € lel using ¢l ¢2 ¢3 a4 by
blast
qed
have ¢3: V acl. V3el. Vyel. (mazl « B, ) € lel — (a,y)€lel A (Byy)€lel
A (v.)glel N (v,8)¢lel
proof (intro balll impI)
fix a p v
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assume cI: o€l and ¢2: Sl and ¢3: v€l and c¢f: (mazl a B, v) € lel
moreover then have ¢5: (mzl a B, mazl o B) € lel AN maxl o § € 1
A (mazl o B, mzl o B) ¢ lel A mzl o € I using b0 p2 m1 by blast
ultimately have c6: (mzl « 8, v) € lel using a4 by blast
have (a,y)€lel A (B,y)€lel
proof (cases (a,B) € lel)
assume (o,f3) € lel
moreover then have (3,7) € lel using m0 c6 by simp
ultimately show («a,y)€lel A (8,y)€lel using cl c¢2 c3 a4 by blast
next
assume (,8) ¢ lel
then have (5,a) € lel A (a,y) € lel using m0 c1 ¢2 ¢6 a5 by force
then show («a,y)€lel A (B,y)€lel using cl c2 ¢8 a4 by blast
qed
moreover have (v,a) € lel — Fualse
proof
assume (v,a) € lel
moreover have (a, mal o 8) € lel A mal o B € I using cI ¢2 m0 a5 by
force
ultimately have (v, mal o 8) € lel using ¢! ¢3 aj by blast
then show Fulse using c¢3 ¢/ ¢5 a4 by blast
qed
moreover have (v,5) € le]l — Fulse
proof
assume (v,0) € lel
moreover have (8, mzl o ) € leI A mal a f € I using ¢l ¢2 m0 a5 by
force
ultimately have (v, mal « 8) € lel using c2 ¢3 a4 by blast
then show Fulse using c¢3 ¢4 ¢5 a4 by blast

qed

ultimately show (a,y)€lel A (B,y)€lel A (v,a)élel A (v,8)¢lel by blast
qed
have 3 d. d1 = IxLxI
proof —

have c1: - finite I using al a2 by (metis card-of-ordLeg-infinite ordLess-imp-ordLeq)
then have I # {} A L # {} using al by blast
moreover then have |I| <o |LxI| A |LxI| =0 |I| A L # {}
using c! al a2 by (metis card-of-Times-infinite[of I L] ordLess-imp-ordLeq
ordIso-iff-ordLeq)
moreover then have — finite (LxI) using c1 al by (metis finite-cartesian-productD2)
ultimately have |Ix(LxI)| <o |I|
by (metis card-of-Times-infinite[of LxI I| ordIso-transitive ordIso-iff-ordLeq)
moreover have IxLxI # {} using c! al by force
ultimately show ?thesis using card-of-ordLeq2[of Ix(LxI) I| by blast
qed
then obtain d where b1: d‘I = Ix(LxI) by blast
obtain p where b2: u = (A v. SOME m. m‘L = ({a€l. (a,y)€lel }x L)x ({a€l.
(ayy)€lel} x L) ) by blast
have b3: A\v.ve€ I = (uv)‘L = {acl. (ayy)elel}x L)x({a€l. (a,y)€lel } x L)
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proof —
fix ~
assume cl: v €]
obtain A where c2: A = {a€l. (a,y)€lel} by blast
have c¢3: A # {} using ¢! ¢2 a3 unfolding refl-on-def by blast
moreover have L # {} using al by blast
ultimately have (AXL)x(AxL) # {} using al by simp
moreover have [(AxL)x(AxL)| <o |L|
proof —
have |A| <o |L| using cI ¢2 a6 by blast
then have |[AXL| <o |L| using ¢3 al by (metis card-of-Times-infinite[of L
A] ordlso-iff-ordLeq)
moreover have — finite (Ax L) using ¢8 al by (metis finite-cartesian-productD2)
ultimately show ?thesis
by (metis card-of-Times-same-infinite[of Ax L] ordIso-iff-ordLeq ordLeg-transitive)
qed
ultimately have I3m. m‘L = ({a€l. (a,y)€lel}x L)x({a€l. (a,y)€lel} x L)
using ¢2 card-of-ordLeq2[of (AXL)x(AxL) L] by blast
then show (i v)‘L = ({a€l. (a,y)€lel}xL)x({acl. (a,y)€lel}x L)
using b2 somel-ex[of X m. m‘L = ({a€l. (a,y)€lel }x L)x ({a€l. (a,y)€lel } X L)
] by blast
qed
obtain ¢ where b/: ¢ = (A z. p (fst (d x)) (fst (snd (d z)))) by blast
obtain h where b5: h = (A z. jnN (¢ (fst (¢ z)) z) (¢t (snd (¢ z)) z)) by blast
have Vael. Vpel. VieL. VjeL. 3 yel.
(mazl o B, ) € lel A hvy = jnN (t (a,i) 7) (t (8.5) 7)
proof (intro balll)
fixapfij
assume cl:a € and c2: € Tand ¢3: 7€ Land ¢j: j€ L
obtain D where ¢5: D = ({a’ € I. (a/, mazl o B) € leI} x L) x {a’ € I.
(o', mazl o B) € lel} x L by blast
have c6: maxl o f € I using cI c2 q1 by blast
have « € {a’ € I. (', maxl « ) € lel} using cl ¢2 ¢2 by blast
moreover have 8 € {a’ € I. (a’, mazl a ) € lel} using c1 ¢2 ¢q2 by blast
ultimately have ((«,7),(5,j)) € D using ¢3 ¢4 ¢5 by blast
moreover have u (mazl o 8) ‘L = D using ¢5 ¢6 b3[of mazl o ] by blast
ultimately obtain v where ¢7: v € L A (u (mazl a B)) v = ((o,0),(8,5)) by
force
obtain A where ¢8: A = {mazl o } x ({v} x I) by blast
then have A C I x L x [ using c6 ¢7 by blast
then have Va€A. 3 z€l. d z = a using bl by (metis imageE set-rev-mp)
moreover obtain X where c9: X = { z€l. dz € A } by blast
ultimately have A = d ‘ X by force
then have |A| <o |X| by simp
moreover have |I| =o |A]
proof —
obtain f where f = (A 2::'i. (mazl a 5, v, z)) by blast
then have bij-betw f I A using ¢8 unfolding bij-betw-def inj-on-def by force
then show |I| =0 |A| using card-of-ordIsol[of f I A] by blast
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qed
ultimately have c10: |L| <o |X| using a2 by (metis ordLess-ordIso-trans
ordLess-ordLeg-trans)
have Vyel. X C {z€l. (x,y) € lel} — False
proof (intro balll impl)
fix y
assume y € [ and X C {z€l. (z,y) € lel}
then have y € I A X C {z€l. (z,y) € lel} by blast
moreover then have |{z€l. (z,y) € lel}| <o |L| using a6 by blast
ultimately have | X| <o |L| using card-of-monol ordLeg-transitive by blast
then show Fulse using c10 by (metis not-ordLeg-ordLess)
qed
then obtain v where c11: v € X A (v, mazl « ) ¢ lel using c6 c9 by blast
then obtain w where c12: vy € I A d v = (mazl a 8, v, w) using c8 c9 by
blast
moreover have (mazl « (8, v) € lel using c11 c¢12 ¢6 a5 by blast
moreover have h v = jnN (¢ (i) v) (¢t (8,5) 7)
proof —
have ¢ v = p (fst (d 7)) (fst (snd (d v))) using b4 by blast
then have ¢ v = p (mazl o B) v using c12 by simp
then have ¢ v = ((a,7),(8,7)) using ¢7 by simp
moreover have h v = jnN (t (fst (¢ 7)) v) (¢t (snd (¢ 7)) 7) using b5 by
blast
ultimately show h v = jnN (¢t (a,i) ) (¢t (B8,) v) by simp
qed
ultimately show 3 ve€l. (mazl o B, y) € lel A h v = jnN (t (a,i) v) (¢ (B,))
v) by blast
qed
then show ?thesis using ¢3 by blast
qed

lemma lem-jnfiz-card:
fixes k::'U rel and L::'l set and t::('U rel)x'l = 'U rel = 'n and jnN::'n = 'n
= 'n
and S::'U rel set
assumes al: Card-order k and a2: - finite L and a3: |L| <o k
and af:V a € S. |Field a| <o |L|
and a5: S C O and a6: [{a € O::'U rel set. a <o k}| <o |5]
and a7:V ae S.3 e S a<op
shows 3 h.V a € §.V B € S.Viel. VjeL.
FryeS a<oyAB<oyAhy=jnN (t(i)y) (t(Bd) 7))
proof —
obtain I::('U rel) set where c1: I = S by blast
obtain lel::'U rel rel where c2: lel = oord by blast
have — finite L using a2 by blast
moreover have |L| <o |I|
proof —
have w-ord <o |L| using a2 by (metis infinite-iff-natLeg-ordLeq)
then have w-ord <o k using a3 by (metis ordLeg-ordLess-trans ordLess-imp-ordLeq)
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then obtain f::'U rel = 'U where
d1: Field k C f “{y. v <ok} and d2: VvI1 v2.v1 =02 — f~v1 = f~2
using al lem-card-setcv-inf-stablof « Field k] by (metis card-of-Field-ordIso
ordIso-imp-ordLeq)
then have |Field x| <o |f * {v. v <o k}| by simp
then have x <o |f ‘ {v. v <0 k}| using af
by (metis card-of-Field-ordlso ordIso-imp-ordLeq ordLeg-transitive ordIso-symmetric)
moreover have |f ‘ {v. v <o k}| <o [{a € O::'U rel set. a <o K}|
proof —
have k # {} using a2 a3
using lem-cardord-emp by (metis Field-empty card-of-Field-ordIso card-of-empty
not-ordLess-ordIso ordLeq-ordLess-trans)
then have ({}::'U rel) <o k using al
by (metis ozero-def iso-ozero-empty card-order-on-well-order-on ordIso-symmetric
ordLeg-iff-ordLess-or-ordIso ozero-ordLeq)
then have el: f ‘ {y. v <o k} # {} by blast
moreover have f ‘ {y. v <ok} C f ‘{a € O. a <0 Kk}
proof
fix y
assume y € f ‘{y. 7 <o K}
then obtain v o where f1: v <ok Ay = f v A a = nord v by blast
moreover then have f2: « € O A a =0 7 using lem-nord-r unfolding
O-def ordLess-def by blast
ultimately have a <o k using d2 ordlso-ordLess-trans by blast
moreover have y = f « using d2 f1 f2 by fastforce
ultimately show y € f ‘ {a € O. a <o k} using f2 by blast
qed
ultimately have f ‘ {a € O. a <o &} = f “{v. v <o &} by blast
then show ?thesis using el card-of-ordLeg2[of f “ {v. v <o k} {a € O::'U
rel set. o <o k}] by blast
qed
ultimately have k <o [{a € O::'U rel set. o <o k}| using ordLeq-transitive
by blast
moreover have [ = S using c! by blast
moreover then have |[{« € O::'U rel set. @ <o k}| <o |I| using a6 by blast
ultimately have x <o |I| using ¢! using ordLeg-transitive by blast
then show ?thesis using a3 by (metis ordLess-ordLeg-trans)
qed
moreover have Vacl. (a,a) € lel
using ¢! ¢2 ad lem-fld-oord lem-oord-wo unfolding well-order-on-def lin-
ear-order-on-def
partial-order-on-def preorder-on-def refl-on-def by blast
moreover have Vael. Vel Vyel. (a,B8)€lel A (B,y)€lel — (a,y)€Elel
using c¢2 lem-oord-wo unfolding well-order-on-def linear-order-on-def
partial-order-on-def preorder-on-def trans-def by blast
moreover have VacO. V3e€O. (o,p) € lel vV (B,a) € lel
using c1 c2 lem-fld-oord lem-oord-wo unfolding well-order-on-def linear-order-on-def
total-on-def
partial-order-on-def preorder-on-def refl-on-def by metis
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moreover then have Vael. Vel (a,8) € lel V (B,a) € lel using ¢l a5 by
blast
moreover have Vgel. |{acl. (o,03) € lel}| <o |L]
proof
fix 5
assume dI: € ]
show [{a€l. (a,5) € lel}| <o |L|
proof (cases w-ord <o f3)
assume el: w-ord <o 8
obtain C' where e2: C = nord ‘ {a::'U rel. @ <o B} by blast
have {a€l. (o,8) € leI} C C U {5}
proof
fix v
assume v € {a€l. (a,8) € lel}
then have vy € O A (y <o SV v = f)
using c¢2 lem-Oeq unfolding oord-def using ordLeq-iff-ordLess-or-ordlso
by blast
moreover then have v = nord v using lem-Onord by blast
ultimately show v € C' U {3} using e2 by blast
qed
moreover have |C U {f}| <o 8
proof (cases finite C)
assume finite C
then have finite (C' U {8}) by blast
then have |C U {8}| <o w-ord using finite-iff-ordLess-natLeq by blast
then show ?thesis using el ordLess-ordLeq-trans ordLess-imp-ordLeq by
blast
next
assume — finite C
then have |C U {8}| =o |C| by (metis card-of-singl-ordLeq finite.simps
card-of-Un-infinite)
then show ?thesis using el e2 lem-nord-eq lem-ord-int-card-le-inf[of nord
B] ordlso-ordLeq-trans by blast
qed
ultimately have |[{a€l. (a,8) € lel}| <o (8 by (meson card-of-monol
ordLeg-transitive)
moreover have A\ A::'U rel set. |A| <o 8 = |A| <o |Field S
by (metis Field-card-of card-of-monol internalize-card-of-ordLeq)
ultimately have |{a€l. (o,8) € lel}| <o |Field 8| by blast
moreover have |Field 8| <o |L| using dI cI a4 by blast
ultimately show |{a€l. (a,) € lel}| <o |L| using ordLeg-transitive by
blast
next
assume — w-ord <o 3
then have el: § <o w-ord using dI ¢l a5 using lem-Owo Field-natLeq
natLeg-well-order-on by force
then have e2: 8 =o natLeq-on (card (Field 8)) using lem-wolew-nat by blast
obtain A where e3: A = { n. n < card (Field §) } by blast
obtain f where e/: f = (An:nat. SOME o. « € I AN a <0 w-ord A card
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(Field o) = n) by blast
have {a€l. (a,f) € lel} C f‘ A
proof
fix v
assume f1: v € {a€l. (a,f) € lel}
then have f2: v <o [ using c2 oord-def by blast
then have f3: v <o w-ord using el ordLeg-ordLess-trans by blast
then have f}: v =o natLeg-on (card (Field v)) using lem-wolew-nat by
blast
then have natLeg-on (card (Field vy)) <o natLeg-on (card (Field [3))
using f2 e2 by (meson ordlso-iff-ordLeq ordLeg-transitive)
then have f5: v € I A card (Field ) € A using f1 e3 natLeg-on-ordLeg-less-eq
by blast
moreover obtain v’ where f6: v/ = f (card (Field «)) by blast
ultimately have v/ € I A v/ <o w-ord A card (Field v') = card (Field )
using f3 e/ somel-ex[of A a. a« € I A o <o w-ord A card (Field a) = card
(Field ~)] by blast
moreover then have v/’ =0 natLegq-on (card (Field vy)) using lem-wolew-nat
by force
ultimately have v € O A v/ € O A v/ =0 v using fI f} ¢l ad or-
dIso-symmetric ordlso-transitive by blast
then have v’ = v using lem-Oeq by blast
moreover have v’ € f * A using f5 f6 by blast
ultimately show ~ € f ¢ A by blast
qed
then have finite {a€l. (a,p) € lel} using e3 finite-subset by blast
then show [{a€l. (a,B) € lel}| <o |L| using a2 ordLess-imp-ordLeq by force
qed
qed
moreover have Vael. Ja'el. (a,a’) € lel A (a',a) ¢ lel
proof
fix a
assume «a € [
then obtain o’ where dI: a € S A a’ € S AN a <o o’ using cl a7 by blast
then have d2: a <o a’ A a € O A a' € O using ad ordLess-imp-ordLeq by
blast
then have o’ € I A (a,a’) € lel using dI cI ¢2 unfolding oord-def by blast
moreover have (a’,a) € lel — False
proof
assume el: (a’,a) € lel
then have o’ <o «a using c¢2 unfolding oord-def by blast
then have o’ = a using d2 lem-Oeq ordlso-iff-ordLeq by blast
then show Fulse using d1 ordLess-irreflexive by blast
qed
ultimately show Ja’el. (a,a’) € lel A (a',a) ¢ lel by blast
qed
ultimately obtain h where
c3:Vael. VBel. VieLl. VjeL. 3 ~el.

(ayy)€lel A (Byy) € lel A (y,a)élel A (v,8)¢lel AN h~v = jnN (t (a,i) 7)
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(t (B:4) )
using lem-jnfiz-gen[of L I lel jnN t] by blast
haveV a € §.V g € S.VieL. VjeL.
FreS a<oyAB<oyAhy=jnN (t(i)y) (t(B) 7))
proof (intro alll balll impl)
fix a::'U rel and i::'l and §::'U rel and j::'l
assume d2: i € Land d3: j € Land o € Sand § € S
then have dj: o € I A 5 € I using c! a5 by blast
then obtain v where v € I and (a,y) € lel A (8,y) € lel and (v,a)¢lel A
(v.8)¢lel
and d6: h v = jnN (¢ (i) ) (¢ (8,5) ) using d2 d3 c¢3 by blast
then have y c ON S Aa <oy A B <oy
using dj cl ¢2 a5 lem-Oeq unfolding oord-def
by (smt ordLeg-iff-ordLess-or-ordIso subsetCE Int-iff)
moreover have h v = jnN (t (i) v) (¢t (8,4) v) using d2 d3 d6 by blast
ultimately show 3 y € S.a <oy A B <oy A h~vy =N (t (ad) ) (¢t (5,))
v) by blast
qed
then show ?thesis by blast
qed

lemma lem-cardsuc-ls-fldcard:
fixes k::'a rel and «::'b rel
assumes al: Card-order k and a2: a <o cardSuc K
shows |Field a| <o k
proof —
have x <o |Field o] — False
proof
assume kK <o |Field o
moreover have Card-order |Field o| by simp
ultimately have cardSuc k <o |Field o| using al cardSuc-least by blast
moreover have |Field o] <o « using a2 by simp
ultimately have cardSuc k <o « using ordLeg-transitive by blast
then show Fulse using a2 not-ordLeg-ordLess by blast
qed
then show |Field o| <o k using al by simp
qed

lemma lem-jnfiz-cardsuc:
fixes L::'l set and k::'U rel and t::('U rel)x'l = 'U rel = 'n and jnN::'n = 'n
= 'n
and S::'U rel set

assumes al: - finite L and a2: k =0 cardSuc |L|

and a3: S C {a € O:'U rel set. a <o k} and a4: |[{a € O::'U rel set. a <o
s} <o IS|

and a¢5:V ae .3 €S a<of
shows 3 h.V a€ §.V g€ S.VieL. VjeL.

(FreS a<oyAB<oyAhy=jnN (t (i) ) (t(B84) 7))

proof —
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have Card-order k using a2 by (metis Card-order-ordIso cardSuc-Card-order
card-of-Card-order)

moreover have |L| <o x using a2 cardSuc-greater|of |L|]

by (metis Field-card-of card-of-card-order-on ordIso-iff-ordLeq ordLess-ordLeg-trans)

moreover have Va::'U rel. « <o k — |Field of <o |L|

using a2 using lem-cardsuc-ls-fldcard ordLess-ordlso-trans by force

ultimately show ?thesis using al a8 a4 a5 lem-jnfiz-card[of k L S jnN t] by
blast
qed

lemma lem-Relprop-cl-ccr:
fixes r::'U rel
shows Conelike r = CCR r
unfolding CCR-def Conelike-def by fastforce

lemma lem-Relprop-ccr-confi:
fixes r::'U rel
shows CCR r = confi-rel r
using lem-rtr-field[of - - r] unfolding CCR-def confi-rel-def by blast

lemma lem-Relprop-fin-ccr:
fixes r::'U rel
shows finite r = CCR r = Conelike r
proof —
assume al: finite r
have r # {} A CCR r — Conelike r
proof
assume bi:r # {} ANCCRr
have 02: finite (Field r) using al finite-Field by fastforce
have 3 am € Field r. ¥ © € Field r. (z, xm) € %
proof —
have {} C Field r — (3 am € Field r. ¥ z € {}. (z, zm) € r"*) using bl
Field-def by fastforce
moreover have A\ z F. finite F = = ¢ F —
F C Fieldr — (3 om € Fieldr.V z € F. (z, xm) € r’*) =
insert x F C Field r — (3 am € Field r.V z € insert ¢ F. (xz, xm) € r7%)
proof
fix ¢ F
assume cI: finite F and c2: ¢ ¢ F and ¢3: F' C Field r — (3ameField
r.VazeF. (z, xm) € r’x)
and c4: insert ¢ F C Field r
then obtain zm where ¢5: xm € Field r A (YyeF. (y, xm) € r7%) by

blast
then obtain zm’ where zm’ € Field r A (z, zm’) € ™ A (zm, zm’) €
%
using b1 ¢4 unfolding CCR-def by blast
moreover then have V ycinsert z F. (y, xm’) € r™* using ¢5 by force
ultimately show JameField r. ¥V z€insert  F. (z, xm) € r"* by blast
qed

43



ultimately have (3 zm € Field r. ¥ z € Field r. (z, xm) € r7)
using b2 finite-induct|of Field r X A’. A’ C Field r — (3 zm € Field r.
V z e A (z, zm) € r"%)] by simp
then show 3 zm € Field r. ¥ x € Field r. (z, zm) € r"x by blast
qed
then show Conelike r using al b1 unfolding Conelike-def by blast
qed
then show CCR r = Conelike r using lem-Relprop-cl-ccr unfolding Cone-
like-def by blast
qed

lemma lem-Relprop-ccr-ch-un:
fixes S::'U rel set
assumes al: Vs€S. CCR s and a2: Vs1€S.Vs2e€S. s1 C s2 V s2 C sl
shows CCR (|J 9)
proof —
have V acField (|JS). VbeField (|JS). 3ceField (JS). (a, ¢) € (US) > A (b,
c)e (U9
proof (intro balll)
fix a b
assume cl: a € Field (|JS) and ¢2: b € Field (|JS)
then obtain si s2 where c3: s1 € S A a € Field s1 and cf: s2 € SADb €
Field s2
unfolding Field-def by blast
show 3 ceField (U S). (a,c) € (US) > A (be) € (US) *
proof (cases s1 C s2)
assume s C s2
then have a € Field s2 using c3 unfolding Field-def by blast
then obtain ¢ where ¢ € Field s2 A (a,c) € s27x A (b,c) € s27%
using a! ¢/ unfolding CCR-def by force
moreover then have ¢ € Field (|JS) using ¢4 unfolding Field-def by
blast
moreover have s27x C (|JS)  using ¢4 Transitive-Closure.rtrancl-mono|of
s2 |J S| by blast
ultimately show 3 ceField (|JS). (a,c) € (US)™* A (b,e) € (US) * by
blast
next
assume — sI C s2
then have s2 C s! using a2 c3 ¢4 by blast
then have b € Field s1 using c/ unfolding Field-def by blast
then obtain ¢ where ¢ € Field s1 A (a,c) € s17x A (b,c) € s1 %
using al ¢3 unfolding CCR-def by force
moreover then have ¢ € Field (|JS) using ¢3 unfolding Field-def by
blast
moreover have s1 7 C (|JS)  using ¢3 Transitive-Closure.rtrancl-mono|of
s1 U S] by blast
ultimately show 3 ceField (|JS). (a,c) € (US)* A (b,c) € (US) * by
blast
qed
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qed
then show ?thesis unfolding CCR-def by blast
qed

lemma lem-Relprop-restr-ch-un:
fixes C::'U set set and r::'U rel
assumes VAIeC. VA2eC. A1 C A2 Vv A2 C Al
shows Restrr (U €)= {s.3 A€ C.s=Restrr A}
proof
show Restrr ((J C) CJ {s.3 A€ C. s=Restrr A}
proof
fix p
assume p € Restr r (|J C)
then obtain a b A1 A2 where p = (a,b) Na€ Al ANbe A2 Nper N Al
€ C N A2 € C by blast
moreover then have A1 C A2 v A2 C Al using assms by blast
ultimately show p € |J {s. 3 A € C. s = Restr r A } by blast
qed
next
show |J {s.3 A€ C.s=Restrr A} C Restrr (J C) by blast
qed

lemma lem-Inv-restr-rir:
fixes r::'U rel and A::'U set
assumes A € Inv r
shows r N (AX(UNIV::'U set)) C (Restr r A) *
proof —
haveV n.V ab. (a,b) € r " nAa€ A— (a,b) € (Restr r A)
proof
fix n
show V a b. (a,b) e " nAae A— (a,b) € (Restr r A) >
proof (induct n)
show Va b. (a,b) € r 770 AN a€ A — (a,b) € (Restr r A) " by simp
next
fix n
assume dI1: Va b. (a,b) € " nAacA— (a,b) € (Restrr A) *
show Va b. (a,b) € r 7" (Sucn) N a € A — (a,b) € (Restr r A) *
proof (intro alll impl)
fix a b
assume el: (a,b) € 7 (Sucn) ANa € A
moreover then obtain ¢ where e2: (a,c) € v~ n A (¢,b) € r by force
ultimately have e3: (a,c) € (Restr r A) x using dI by blast
moreover then have ¢ € A using el using rtranclE by force
then have (¢,b) € Restr r A using assms e2 unfolding Inv-def by blast
then show (a,b) € (Restr r A) " using e3 by (meson rtrancl.rtrancl-into-rtrancl)
qed
qed
qged
then show ?thesis using rtrancl-power by blast
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qed

lemma lem-Inv-restr-rir2:
fixes r::'U rel and A::'U set
assumes A € Inv r
shows 7 N (Ax(UNIV::'U set)) C (Restr r A) " N ((UNIV::'U set)x A)
proof —
haveV n.V ab. (a,b) € " nAa€A— (a,b) € (Restr r A) ™ N (UNIV::'U
set)x A)
proof
fix n
show V a b. (a,b) € 7" nAa€ A— (a,b) € (Restr r A) ™ N ((UNIV::'U
set)x A)
proof (induct n)
show Va b. (a,b) €r "0 ANa€ A— (a,b) € (Restrr A) N ((UNIV::'U
set)x A) by simp
next
fix n
assume dI: Va b. (a,b) €er " nANa€A— (ab) € (Restr r A) "> N
((UNIV::'U set)x A)
show Va b. (a,b) € r 7" (Suc n) AN a € A — (a,b) € (Restr r A) ™% N
((UNIV::'U set)x A)
proof (intro alll impl)
fix a b
assume el: (a,b) € r 7 (Sucn) ANa€ A
moreover then obtain ¢ where e2: (a,c) € v n A (¢,b) € r by force
ultimately have e3: (a,c) € (Restr r A) " using dI by blast
moreover then have ¢ € A using el using rtranclE by force
then have e/: (¢,b) € Restr r A using assms e2 unfolding Inv-def by
blast
ultimately have (a,b) € (Restr r A) x using e3 by (meson rtrancl.rtrancl-into-rtrancl)
then show (a,b) € (Restr r A) ™ N ((UNIV::'U set)x A) using e4 by blast
qed
qed
qed
then show ?thesis using rtrancl-power by blast
qed

lemma lem-inv-rtr-mem:
fixes 7::'U rel and A::'U set and a b::'U
assumes A € Inv r and a € A and (a,b) € r7*
shows b € A
using assms lem-Inv-restr-rtr[of A r] rtranclE[of a b] by blast

lemma lem-Inv-ccr-restr:

fixes r::'U rel and A::'U set
assumes CCR rand A € Inv r
shows CCR (Restr r A)

proof —
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have Va € Field (Restr r A). Vb € Field (Restr v A). 3¢ € Field (Restr r A).
(a,c) € (Restr v A) "x A (b,c) € (Restr r A) 7
proof (intro balll)
fixab
assume cl: a € Field (Restr r A) and ¢2: b € Field (Restr r A)
moreover then obtain ¢ where ¢ € Field r and (a,c) € 7" A (b,c) € 7%
using assms unfolding CCR-def Field-def by blast
ultimately have (a,c) € 77 N (AX(UNIV::'U set)) A (b,c) € ™ N (AX(UNIV::'U
set)) unfolding Field-def by blast
then have (a,c) € (Restr r A)" A (b,c) € (Restr r A)* using assms
lem-Inv-restr-rtr by blast
moreover then have ¢ € Field (Restr r A) using c1 lem-ritr-field[of a c] by
blast
ultimately show 3¢ € Field (Restr v A). (a,c) € (Restr r A) x A (b,c) €
(Restr r A) "% by blast
qged
then show ?thesis unfolding CCR-def by blast
qed

lemma lem-Inv-cl-restr:
fixes r::'U rel and A::'U set
assumes Conelike r and A € Inv r
shows Conelike (Restr r A)
proof(cases r = {})
assume r = {}
then show ?thesis unfolding Conelike-def by blast
next
assume 7 # {}
then obtain m where b1:V a € Field r. (a,m) € r"x using assms unfolding
Conelike-def by blast
show Conelike (Restr r A)
proof (cases m € Field (Restr r A))
assume m € Field (Restr r A)
moreover have Va € Field (Restr r A). (a,m) € (Restr r A)
using assms lem-Inv-restr-rtr b1 unfolding Field-def by blast
ultimately show Conelike (Restr r A) unfolding Conelike-def by blast
next
assume cl: m ¢ Field (Restr r A)
have (Field r) N A C {m}
proof
fix a0
assume a0 € (Field r) N A
then have (a0,m) € r™* N (AX(UNIV::'U set)) using bl by blast
then have (a0,m) € (Restr r A) "x using assms lem-Inv-restr-rtr by blast
then show a0 € {m} using cI lem-rtr-field by (metis (full-types) mem-Collect-eq
singleton-conv)
qed
then show Conelike (Restr r A) unfolding Conelike-def Field-def by blast
qed
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qed

lemma lem-Inv-ccr-restr-invdiff:
fixes r::'U rel and A B::'U set
assumes al: CCR (Restr r A) and a2: B € Inv (r"—1)
shows CCR (Restr r (A — B))
proof —
have (Restr r A) “ (A—B) C (A—B)
proof
fix b
assume b € (Restr r A) ““ (A—B)
then obtain a where c¢2: a € A—B A (a,b) € (Restr r A) by blast
moreover then have b ¢ B using a2 unfolding Inv-def by blast
ultimately show b € A — B by blast
qed
then have (A—B) € Inv(Restr r A) unfolding Inv-def by blast
then have CCR (Restr (Restr v A) (A — B)) using al lem-Inv-ccr-restr by
blast
moreover have Restr (Restr r A) (A — B) = Restr r (A—B) by blast
ultimately show ¢thesis by metis
qed

lemma lem-Inv-dncl-invbk: dncl v A € Inv (r’™—1)
unfolding dncl-def Inv-def apply clarify
using converse-rtrancl-into-rtrancl by (metis Imagel rtrancl-converse rtrancl-conversel )

lemma lem-inv-sf-ext:
fixes r::'U rel and A::'U set
assumes A C Field r
shows 3 A’ € SFr. A C A’ A (finite A — finite A”) A ((— finite A) — |A'] =0
A])
proof —
obtain rs where b4: s = r U (r"—1) by blast
obtain S where b1: S = (A a. rs*{a} ) by blast
obtain S’ where b2: S’ = (X a. if (S a) # {} then (S a) else {a}) by blast
obtain f where f = (A a. SOME b. b € S’ a) by blast
moreover have V a. 3 b. b € (S’ a) unfolding b2 by force
ultimately have V a. (f a) € (S’ a) by (metis somel-ex)
then have 03:V a. (Sa# {} — fac€ Sa)A(Sa={} — fa=aq)
unfolding b2 by (clarsimp, metis singletonD)
obtain A’ where b5: A’= AU (f * A) by blast
have A U (f ¢ A) C Field (Restr r A')
proof
fix z
assume z € AU (f “ A)
then obtain a b where cl: a € AN b= fa Az € {ab} by blast
moreover then have rs ““ {a} # {} — (a, b) € rs using assms b1 b3 by
blast

moreover have rs

{a} = {} — Fualse using assms ¢! b4 unfolding
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Field-def by blast
moreover have (a,b) € rs — {a,b} C Field (Restr r A’) using cI bj b5
unfolding Field-def by blast
ultimately show x € Field (Restr r A’) by blast
qed
then have (A C A’) A (A’ € SF r) using b5 unfolding SF-def Field-def by
blast
moreover have finite A — finite A’ using b5 by blast
moreover have (- finite A) — |A’| =o |A| using b5 by simp
ultimately show ?thesis by blast
qed

lemma lem-inv-sf-un:
assumes S C SF r
shows (|J S) € SFr
using assms unfolding SF-def Field-def by blast

lemma lem-Inv-ccr-sf-inv-diff :
fixes 7::'U rel and A B::'U set
assumes al: A € SF r and a2: CCR (Restr r A) and a3: B € Inv (r’'—1)
shows (A—B) € SFr Vv (3 y:'U. (A=-B) = {y})
proof —
haveV a € A — B. a ¢ Field (Restr r (A-B)) — A — B = {a}
proof (intro balll impI)
fix a
assume bl: a € A — B and b2: a ¢ Field (Restr r (A—B))
then have = (3 b € A—B. (a,b) € 7V (b,a) € r) unfolding Field-def by blast
then have 03:V b € A. (a,b) ¢ r using a8 b1 unfolding Inv-def by blast
have b4:V z € Field(Restr r A). (z,a) € (Restr r A) x
proof
fix »
assume z € Field(Restr r A)
moreover then have a € Field (Restr r A) using b1 ol unfolding SF-def
by blast
ultimately obtain y where cI: (a,y) € (Restr r A) x A (z,y) € (Restr r
A) T
using a2 unfolding CCR-def by blast
moreover have (a,y) € (Restr r A) ™+ — False using b3 tranclD by force
ultimately have a = y using rtrancl-eq-or-trancl by metis
then show (z,a) € (Restr r A) * using ¢! by blast
qed
have V b € (A—B) — {a}. False
proof
fix b
assume cI: b € (A-B) — {a}
then have b € Field (Restr r A) using al unfolding SF-def by blast
then have (b,a) € (Restr r A) x using b4 by blast
moreover have (b,a) € (Restr r A)™+ — False
proof
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assume (b,a) € (Restr r A) ™+
then obtain b’ where dI: (b,b") € (Restr r A) ™ A (b',a) € Restr r A
using tranclD2 by metis
have d2:V r’ a b. (a,b) € Restrr' B=(a € BA b€ BA (a,b) € 1)
unfolding Field-def by force
have (b,b') € r™x using dI rtrancl-mono[of Restr r A] by blast
then have (b',b) € (r"—1) " using rtrancl-converse by blast
then have b’ € B — (b',b) € (Restr (r"—1) B) " using a8 lem-Inv-restr-rtr
by blast
then have b’ € B — b € B using d2 by (metis rtrancl-eg-or-trancl
tranclD2)
then have b’ € A — B using dI c1 by blast
then have (b',a) € Restr r (A—B) using b1 dI by blast
then have a € Field (Restr r (A—B)) unfolding Field-def by blast
then show Fulse using b2 by blast
qed
ultimately have b = a using rtrancl-eg-or-tranclof b a] by blast
then show Fulse using c1 by blast

qed
then show A — B = {a} using b1 by blast
qged
then show ?thesis unfolding SF-def Field-def by blast
qed

lemma lem-Inv-ccr-sf-dn-diff :
fixes r::'Urel and A D A"::'U set
assumes al: A € SFr and a2: CCR (Restr r A) and a3: A’ = (A — (dncl r D))
shows ((4' € SF r) A CCR (Restr r A")) v (3 y:'U. A" = {y})

using assms lem-Inv-cer-restr-invdiff lem-Inv-cer-sf-inv-diff lem-Inv-dncl-invbk
by blast

lemma lem-rseq-tr:
fixes r::'U rel and zi::nat = 'U
assumes V . (zi 4, 21 (Suc i) € r
shows V ij. i <j— (xii € Fieldr A (xi 4, 21 j) € r™+)
proof —
have A\ j. V i < j. zii € Field r A (zi i, zi j) € v+
proof —
fix joO
show V i < j0. zi i € Field r A (zi i, zi j0) € "+
proof (induct j0)
show Vi<0. zi i € Field r A\ (zi i, i 0) € v+ by blast
next
fix j
assume d1: Vi<j. xi ¢ € Field r A (zi i, 21 j) € r"+
show Vi<Suc j. i i € Field r A (xi i, zi (Suc j)) € r’™+
proof (intro alll impl)
fix ¢
assume el: i < Suc j
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have e2: (zi j, zi (Suc j)) € r using assms by simp
show i ¢ € Field r A (xi 4, zi (Suc j)) € r’+
proof (cases i < )
assume | < j
then have zi i € Field r A (xi i, xi j) € v+ using d1 by blast
then show ?thesis using e2 by force
next
assume - ¢ < j
then have ¢ = j using el by simp
then show “thesis using e2 unfolding Field-def by blast
ged
qed
qed
qed
then show ?thesis by blast
qed

lemma lem-rseg-rtr:
fixes r::'U rel and zi::nat = 'U
assumes V i. (zi 4, 21 (Suc i) € r
shows V ij. i <j— (zi¢ € Field r A (xi 4, zi j) € 77%)
proof (intro alll impl)
fix i::nat and j::nat
assume b1: i < j
then have zi i € Field r using assms unfolding Field-def by blast
moreover have (xi 7, xi j) € 7%
proof (cases i = j)
assume ¢ = j
then show ?thesis by blast
next
assume i # j
then have ¢ < j using b1 by simp
moreover have ™+ C rx by force
ultimately show ?thesis using assms lem-rseq-tr|of zi r] by blast
qed
ultimately show zi ¢ € Field r A (zi i, zi j) € "% by blast
qed

lemma lem-rseq-svacyc-inv-tr:
fixes 7::'U rel and zi:nat = 'U and a::'U
assumes al: single-valued r and a2: V . (23 i, 21 (Suc i) € r
shows A i. (zi i, a) € "+ = (3 j. i<j A a = zi )
proof —
fix 7
assume (27 i, a) € r’+
moreover have A n.V ia. (zi i, a) € v~ (Sucn) — (3 j. i<j A a = 21 j)
proof —
fix n
show V i a. (zi i, a) € r" (Sucn) — (3 j. i<j A a = i j)

o1



proof (induct n)
show Vi a. (zi i, a) € r~ (Suc 0) — (Fj>i. a = 21 j)
proof (intro alll impl)
fix i a
assume (zi ¢, a) € r~ (Suc 0)
then have (zi i, a) € r A (xi ¢, xi (Suc i)) € r using a2 by simp
then have a = zi (Suc i) using al unfolding single-valued-def by blast
then show 3j>i. a = zi j by force
qed
next
fix n
assume d1:Via. (zi 4, a) € v~ (Suc n) — (Ij>i. a = zi j)
show Vi a. (zi i, a) € 7 = Suc (Suc n) — (35>i. a = i j)
proof (intro alll impl)
fix 7 a
assume (27 i, a) € v~ (Suc (Suc n))
then obtain b where (zi 7, b) € ™ (Suc n) A (b, a) € r by force
moreover then obtain j where ef: j > ¢ A b = zi j using dI by blast
ultimately have (zi j, a) € r A (zi j, i (Suc j)) € r using a2 by blast
then have a = zi (Suc j) using al unfolding single-valued-def by blast
moreover have Suc j > i using el by force
ultimately show 3j>i. a = xi j by blast
qed
qed
qed
ultimately show 3 j. i<j A a = i j using trancl-power[of - r] by (metis
Suc-pred’)
qed

lemma lem-rseq-svacyc-inv-rtr:
fixes r::'U rel and zi::nat = 'U and a::'U
assumes al: single-valued r and a2:V 4. (zi i, i (Suc 7)) € r
shows A i. (zi i, a) € 77 = (3 j. i<j A a = w7 j)
proof —
fix ¢
assume b1: (21 ¢, a) € 7%
show 3 j. i<jANa=uxij
proof (cases xi i = a)
assume 1t i = a
then show ?thesis by force
next
assume zi i # a
then have (zi i, a) € r™+ using b1 by (meson rtranclD)
then obtain j where i<j A a = zi j using assms lem-rseq-svacyc-inv-tr|of r
xi i a] by blast
then have i < j A a = xi j by force
then show ?thesis by blast
qged
qed
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lemma lem-ccrsv-cfseq:
fixes r::'U rel
assumes al: r # {} and a2: CCR r and a3: single-valued r and a4: V z€ Field
rora} #{}
shows 3 wi. cfseq r zi
proof —
have b1: Fieldr # {} A (V z € Fieldr. 3 y. (z,y) € 1)
using a! a4 unfolding Field-def by force
moreover obtain f where f = (A z. SOME y. (z,y) € r) by blast
ultimately have 02:V z € Field r. (z, fz) € r by (metis somel-ex)
obtain z0 where 03: 20 € Field r using b1 unfolding Field-def by blast
obtain zi:nat = 'U where b4: zi = (A nunat. (f~ n) z0) by blast
obtain A where 05: A = xi * UNIV by blast
haver “AC A
proof
fix a
assume a € r°A
then obtain ¢ where (zi i, a) € r using b5 by blast
moreover then have (zi 4, f (2i 7)) € r using b2 unfolding Field-def by
blast
moreover have f (zi i) = zi (Suc i) using b4 by simp
ultimately have a = i (Suc i) using a3 unfolding single-valued-def by
blast
then show a € A using b5 by blast
qged
then have 06: A € Inv r unfolding Inv-def by blast
have V a € Field r. 3 i. (a, zi i) € 7%
proof
fix a
assume a € Field r
then obtain b where (a,b) € r* A (20,b) € r"* using b3 a2 unfolding
CCR-def by blast
moreover have z0 = zi 0 using b4 by simp
ultimately have (a,b) € 7™ A b € A using b5 b6 lem-inv-rtr-mem[of A r z0
b] by blast
then show 3 i. (a, i ) € "% using b5 by blast
qed
moreover have A\ i. (zi i, zi (Suci)) € r
proof —
fix i0
show (i i0, xi (Suc i0)) € r
proof (induct i0)
show (zi 0, zi (Suc 0)) € r using b2 b3 b/ by simp
next
fix ¢
assume (27 i, zi (Suc 7)) € r
then have zi (Suc i) € Field r unfolding Field-def by blast
then show (zi (Suc 7), zi (Suc (Suc i))) € r using b2 b3 b4 by simp
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qed
qed
ultimately show ¢thesis unfolding cfseq-def by blast
qed

lemma lem-cfseq-fld: cfseq r ©i = xi * UNIV C Field r
using lem-rseq-rtr|of zi r] unfolding cfseq-def by blast

lemma lem-cfseq-inv: cfseq r xi = single-valued r => xi * UNIV € Inv r
unfolding cfseq-def single-valued-def Inv-def by blast

lemma lem-scfinv-scf-int: A € SCFr N Invr = B € SCFr = (AN B) €
SCF r
proof —
assume al: A € SCFr N Invr and a2: B € SCF r
moreover have V a € Field r. 3b€A N B. (a, b) € 7%
proof
fix a
assume a € Field r
then obtain a«’ where bl: o’ € A N a’ € Field r A (a,a’) € " using al
unfolding SCF-def by blast
moreover then obtain b where b2: b € B A (a’,b) € " using a2 unfolding
SCF-def by blast
ultimately have (a, b) € r* by force
moreover have b € A N B using b1 b2 al lem-inv-rtr-mem[of A r a’ b] by
blast
ultimately show 3 b € AN B. (a, b) € r"* by blast
qed
ultimately show (A N B) € SCF r unfolding SCF-def Inv-def by blast
qed

lemma lem-scf-minr: a € Field r = B € SCFr = 3 b € B. (a,b) € (r N
((UNIV—B) x UNIV)) %
proof —

assume al: a € Field r and a2: B € SCF r

then obtain b’ where b1: b’ € B A (a,b') € r"* unfolding SCF-def by blast

then obtain n where (a,b’) € v~ n using rtrancl-power by blast

then obtain f where 02: f (0::nat) = a A fn=0"and b3: Vi<n. (fi, f (Suc
i) er

using relpow-fun-conv|of a b'] by blast

obtain N where b4: N = { i. fi € B } by blast

obtain s where b5: s = r N ((UNIV—B) x UNIV) by blast

obtain m where m = (LEAST i. i € N) by blast

moreover have n € N using b1 b2 b4 by blast

ultimately have m € N Am < n A (VY i€ N. m < i) by (metis Least] Least-le)

then have m < n A fmée& BA (VY i<m. fi¢ B) using b4 by force

then have f 0 = a A fm € BA (Vi<m. (1, f (Suc i) € s) using b2 b3 b5
by force

then have fm € B A (a, fm) € s7%
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using relpow-fun-conv[of a f m| rtrancl-power|of - s] by metis
then show 3 b € B. (a,b) € (r N (UNIV—B) x UNIV)) % using b5 by blast
qed

lemma lem-cfseg-ncl:
fixes r::'U rel and zi::nat = 'U
assumes al: cfseq r xi and a2: - Conelike r
shows V n. 3 k. n <k A (20 (Suc k), zi k) ¢ r>
proof
fix n
have (V k. n < k — (xi (Suc k), i k) € r"*) — False
proof
assume c1:V k. n <k — (zi (Suc k), zi k) € r7x
have A k. n <k — (xi k, zin) € r’*
proof —
fix k
show n <k — (zi k, zi n) € r’%
proof (induct k)
show n < 0 — (zi 0, zi n) € r"* by blast
next
fix k
assume el: n < k — (zi k, zin) € r*
show n < Suc k — (zi (Suc k), zi n) € r7*
proof
assume f1: n < Suc k
show (zi (Suc k), i n) € r’x
proof (cases n = Suc k)
assume n = Suc k
then show ?thesis using cI by blast
next
assume n # Suc k
then have (zi k, xi n) € r™x A (zi (Suc k), xi k) € r"x using f1 el cl
by simp
then show ?thesis by force
qed
qed
qed
qed
moreover have V k < n. (zi k, zi n) € r"* using al lem-rseg-rtr unfolding
cfseq-def by blast
moreover have V k:nat. k < nV n <k by force
ultimately have b1: V k. (zi k, zi n) € r"* by blast
have zi n € Field r using a1 unfolding cfseq-def Field-def by blast
moreover have 02: YV a € Field r. (a, i n) € r’*
proof
fix a
assume a € Field r
then obtain ¢ where (a, 2i i) € " using a! unfolding cfseg-def by blast
moreover have (zi i, zi n) € r"x using bI by blast
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ultimately show (a, zi n) € r™ by force
qed
ultimately have Conelike r unfolding Conelike-def by blast
then show Fulse using a2 by blast
qed
then show 3 k. n < k A (xi (Suc k), zi k) ¢ r"* by blast
qed

lemma lem-cfseg-inj:
fixes r::'U rel and zi::nat = 'U
assumes al: cfseq r xi and a2: acyclic r
shows inj xi
proof —
haveV ij. xit=2ij — i =]
proof (intro alll impI)
fix ij
assume cl: 201 = 70 j
have i < j — False
proof
assume i < j
then have (i i, i j) € r"+ using al lem-rseq-tr unfolding cfseq-def by
blast
then show Fulse using c! a2 unfolding acyclic-def by force
qed
moreover have j < i — Fualse
proof
assume j < ¢
then have (zi j, zi i) € r™+ using al lem-rseq-tr unfolding cfseg-def by
blast
then show Fulse using c! a2 unfolding acyclic-def by force

qed
ultimately show i = j by simp
qed
then show ?thesis unfolding inj-on-def by blast
qed

lemma lem-cfseq-rmon:
fixes r::'U rel and zi::nat = 'U
assumes al: cfseq r xi and a2: single-valued r and a3: acyclic r
shows VY ij. (zid,zij) € r+ — i<}
proof (intro alll impl)
fix ij
assume cl: (zi i, 71 j) € 7+
then obtain j' where ¢2: i < j' A xij = xi j
using al a2 lem-rseq-svacyc-inv-tr[of r xi ¢] unfolding cfseq-def by metis
have j < i — Fulse
proof
assume dI: j < g
then have (zi j, zi i) € r"* using ¢2 al lem-rseq-rtr unfolding cfseg-def by
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blast
then have (zi i, zi {) € r"+ using ¢! by force
then show Fulse using a3 unfolding acyclic-def by blast
qed
then show i < j by simp
qed

lemma lem-rseq-hd:
assumes Vi<n. (fi, f (Suci)) € r
shows Vi<n. (f 0, fi) € "%
proof (intro alll impl)
fix ¢
assume 1 < n
then have Vj<i. (f j, f (Suc j)) € r using assms by force
then have (f 0, f ) € r~ i using relpow-fun-conv by metis
then show (f 0, f i) € rx using relpow-imp-rtrancl by blast
qed

lemma lem-rseq-tl:
assumes Vi<n. (f i, f (Suci)) € r
shows Vi<n. (fi, fn) € r’x
proof (intro alll impl)
fix ¢
assume bl: i < n
obtain g where b2: g = (A j. f (i + j)) by blast
then have Vj<n—i. (g 4, g (Suc j)) € r using assms by force
moreover have g 0 = fi A g (n—i) = fn using bI b2 by simp
ultimately have (f i, f n) € r~ (n—i) using relpow-fun-conv by metis
then show (f i, f n) € r* using relpow-imp-rtrancl by blast
qed

lemma lem-ccext-ntr-rpth: (a,b) € v~ n = (rpth ra b n # {})
proof

assume pth ra bn # {}

then obtain f where f € rpth r a b n by blast

then show (a,b) € " "n unfolding rpth-def using relpow-fun-conv[of a b] by
blast
next

assume (a,b) € 1" n

then obtain f where f € rpth r a b n unfolding rpth-def using relpow-fun-conv|of
a b] by blast

then show rpth r a b n # {} by blast
qed

lemma lem-ccext-rtr-rpth: (a,b) € r™« = 3 n. rpth r a b n # {}
using rtrancl-power lem-ccext-ntr-rpth by metis

lemma lem-ccext-rpth-rir: rpth r a b n # {} = (a,b) € r"*
using rtrancl-power lem-ccext-ntr-rpth by metis
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lemma lem-ccext-rir-Fne:
fixes r::'U rel and a b::'U
shows (a,b) € r* = (Frab#{})
proof
assume (a,b) € 7%
then obtain n f where f € rpth r a b n using lem-ccext-rtr-rpthlof a b r] by
blast
then have f{i. i<n} € F r a b unfolding F-def by blast
then show F ra b # {} by blast
next
assume F ra b # {}
then obtain F' where F' € F r a b by blast
then obtain n::nat and f::nat = 'U where F = f{i. i<n} A f € rpthra bn
unfolding F-def by blast
then show (a,b) € r™* using lem-ccext-rpth-rtr[of r] by blast
qed

lemma lem-ccext-fprop: F ra b # {} = fra b € F r a b unfolding §-def using
some-in-eq by metis

lemma lem-ccext-ffin: finite (f r a b)
proof (cases F ra b = {})
assume F ra b = {}
then show finite (f r a b) unfolding f-def by simp
next
assume F ra b # {}
then have f r a b € F r a b using lem-ccext-fprop|of r] by blast
then show finite (f r a b) unfolding F-def by force
qed

lemma lem-ccr-fin-subr-ext:
fixes r s::'U rel
assumes al: CCR r and a2: s C r and a3: finite s
shows 3 s":('U rel). finite s' N CCR s’ NsC s’ ANs' Cr
proof —
have CCR {} unfolding CCR-def Field-def by blast
then have {} Cr — (3 r". CCRr"" AN {} Cr"" Ar" C r A finite r'"’) by blast
moreover have A p R. finite R — p ¢ R —
RCr— 3 r".CCRr"ANRCr"Ar" CrA finiter") =
insert p RCr — (3 r". CCR r" A insertp R C r"" A vr” Cr A finite r")
proof
fix p R
assume cl: finite R and ¢2: p ¢ R
and ¢3: RCr— 3 r"”. CCRr" ANRCr" Ar” Cr A finite r') and c/:
insert p R Cr
then obtain r”’ where c5: CCRr"”" AR C r"" A r" C r A finite r'" by blast
show 3 7" CCR r""" N insert p R C """ A """ C r A finite v’
proof (cases 1"’ = {})
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assume 1’ = {}
then have insert p R C {p} using c¢5 by blast
moreover have CCR {p} unfolding CCR-def Field-def by fastforce
ultimately show 3 r’”. CCR r""" A insert p R C """ N 1"’ C r A finite '’
using ¢4 by blast
next
assume d1: r" # {}
then obtain xm where d2: zm € Field v’ A (V x € Field r". (z, am) €
,],,///\*)
using c¢5 lem-Relprop-fin-cer[of r'] unfolding Conelike-def by blast
then have d3: zm € Field r using c5 unfolding Field-def by blast
obtain zp yp where d/: p = (zp, yp) by force
then have d5: yp € Field r using ¢/ unfolding Field-def by blast
then obtain t where d6: t € Field r A (zm, t) € 77x A (yp, t) € 7" using
al d3 unfolding CCR-def by blast
then obtain n m where d7: (zm, t) € v~ n A (yp, t) € r"m using
rtrancl-power by blast
obtain fn where d8: fn (0:nat) = am A fnn =t A (Vi<n. (fn i, fn(Suc
i)) € r) using d7 relpow-fun-conv|of xm t] by blast
obtain fm where d9: fm (0::nat) = yp A fmm =t A (Vi<m. (fm i, fm(Suc
7)) € r) using d7 relpow-fun-conv|of yp t] by blast
obtain A where d10: A = Fieldr" U {azp } U{z. 3 i<n.xz=fni} U]
z. 3 i<m. x = fm i } by blast
obtain r"”" where d11: '’ = r N (A x A) by blast
have d12: r” C r'" using d10 d11 c5 unfolding Field-def by fastforce
then have d13: Field r'' C Field r'""’ unfolding Field-def by blast
have d14: r"""x C r'"""x using d12 rtrancl-mono by blast
have d15:V i. i<n — (fn i, fu(Suc 7)) € r'”’
proof
fix ¢
show i<n — (fn 4, fn(Suc @)) € r
proof (induct i)
show 0 < n — (fn 0, fn (Suc 0)) € r'"
proof
assume 0 < n
moreover then have (Suc 0) < n by force
ultimately have fn 0 € A A fn(Suc 0) € A A (fn 0, fn(Suc 0)) € r
using d8 d10 by fastforce
then show (fn 0, fn (Suc 0)) € r'" using d11 by blast
qed
next
fix ¢
assume gI1: i < n — (fni, fn (Suci)) € r'”’
show Suc i < n — (fn (Suc @), fn (Suc (Suc 7)) € r'"’
proof
assume Suc i < n
moreover then have Suc (Suc i) < n by simp
moreover then have (fn i, fn (Suc 7)) € r’"" using g1 by simp
ultimately show (fn (Suc @), fn (Suc (Suc 7))) € r""" using d8 d10 d11

1
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by blast
qed
qed
qed
have d16:V i. i<m — (fm 4, fm(Suc 7)) € r'"
proof
fix ¢
show i<m — (fm i, fm(Suc 7)) € r'"
proof (induct i)
show 0 < m — (fm 0, fm (Suc 0)) € "
proof

assume 0 < m
moreover then have (Suc 0) < m by force
ultimately have fm 0 € A A fm(Suc 0) € A A (fm 0, fm(Suc 0)) € r

using d9 d10 by fastforce
then show (fm 0, fm (Suc 0)) € r'" using d11 by blast
qed
next

fix ¢
assume gl: i < m — (fm i, fm (Suc 7)) € r'”

show Suc i < m — (fm (Suc i), fm (Suc (Suc ©))) € r'”

proof
assume Suc 1 < m
moreover then have Suc (Suc i) < m by simp

moreover then have (fm i, fm (Suc 7)) € r’” using g1 by simp
ultimately show (fm (Suc i), fm (Suc (Suc 7))) € r'" using d9 d10

d11 by blast
qed
qed

qed
have d17: (zm, t) € r'"""x using d8 d15 relpow-fun-conv[of xm t n r'"
rtrancl-power by blast
then have d18: t € Field r'" using d2 d13 by (metis FieldI2 rtrancl.cases

subsetCE)
have d19: (yp, t) € r'" "%
rtrancl-power by blast
have d20:V j<n. (fnj, t) € """ %
proof (intro alll impl)
fix j

assume j < n
moreover obtain f’ where f’' = (Ak. fn (j + k)) by blast

ultimately have f' 0 = fnj A f'(n —j) =t AN NMi<n—j. (f 4 f (Suc
i) er')
using d8 d15 by simp

then show (fn j, t) € """
using relpow-fun-conv[of fn j t n — j r'"] rtrancl-power by blast

using d9 d16 relpow-fun-conv|of yp t m r'"

qed
have d21:V j<m. (fm j, t) € r'"""x
proof (intro alll impl)
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fix j
assume j < m
moreover obtain f’ where f' = (Ak. fm (j + k)) by blast
ultimately have f' 0 = fmj A f'(m —j) =t ANNMi<m—j (f' i, f'
(Suc 7)) € r')
using d9 d16 by simp
then show (fm j, t) € '
using relpow-fun-conv[of fm jt m — j r'"] rtrancl-power by blast
qed
have r’"" C r using d11 by blast
moreover have d22: insert p R C r'"’
proof —
have p € r""" using ¢4 d4 d9 d10 d11 by blast
moreover have R C r'"”
proof
fix p’
assume p’ € R
moreover then have p’ € Field R x Field R using Restr-Field by blast
moreover have Field R C Field r'’ using ¢5 unfolding Field-def by

blast
ultimately show p’ € v’ using c4 d10 d11 by blast
qged
ultimately show ?thesis by blast
qed

moreover have finite v’’’ using c5 d10 d11 finite-Field by fastforce
moreover have CCR r'"’
proof —
let jn = X a b. Ac € Field r'". (a,c) € 7" A (byc) € 7"
have Va € Field r'". Vb € Field r'". ?jn a b
proof (intro balll)
fix a b
assume f1: a € Field r'"" and f2: b € Field r'”
then have f3: a« € A A b € A using d11 unfolding Field-def by blast
have f/: (ap, t) € r'"""x using d/ d19 d22 by force
have a € Field r"" — %n a b
proof
assume gI: a € Field r'"’
then have ¢2: (a, t) € r""""x using d2 d14 d17 by fastforce
have b € Field r"" — ?jn a b using ¢5 d13 d1j g1 unfolding CCR-def
by blast
moreover have ?jn a xzp using d4 di18 d19 d22 g2 by force
moreover have V j<n. %jn a (fn j) using d18 d20 g2 by blast
moreover have V j<m. %jn a (fm j) using d18 d21 ¢2 by blast
ultimately show ?jn a b using d10 f3 by blast

qed

moreover have ?jn zp b

proof —
have b € Field r" — 2jn ap b
proof
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assume b € Field r”’
then have (b, zm) € r’"""x using d14 d2 by blast
then show ?%jn zp b using d17 d18 f} by force
qed
moreover have ?jn zp zp using d/ d22 unfolding Field-def by blast
moreover have V j<n. ?jn zp (fn j) using d18 d20 f} by blast
moreover have V j<m. %jn zp (fm j) using d18 d21 f} by blast
ultimately show %jn xp b using d10 f3 by blast
qed
moreover have Vi<n. %jn (fn i) b
proof (intro alll impl)
fix ¢
assume gl: i < n
have b € Field r" — 2jn (fn i) b
proof
assume b € Field r”’
then have (b, t) € r'"""x using d2 d1/ d17 by fastforce
then show %jn (fn ) b using d18 d20 g1 by blast
qed
moreover have ?jn (fn i) zp using d18 d20 f/ g1 by blast
moreover have V j<n. %jn (fn i) (fn j) using d18 d20 g1 by blast
moreover have V j<m. jn (fn i) (fm j) using d18 d20 d21 g1 by blast
ultimately show ?jn (fn i) b using d10 f3 by blast
qed
moreover have Vi<m. 2jn (fm i) b
proof (intro alll impl)
fix ¢
assume gl: i < m
have b € Field r" — %jn (fm i) b
proof
assume b € Field r”’
then have (b, t) € r'"'"x using d2 d14 d17 by fastforce
then show %jn (fm i) b using d18 d21 g1 by blast
qed
moreover have ?jn (fm {) zp using d18 d21 f4 g1 by blast
moreover have V j<n. ?jn (fm i) (fn j) using d18 d20 d21 g1 by blast
moreover have V j<m. ?jn (fm i) (fm j) using d18 d21 g1 by blast
ultimately show ?jn (fm ¢) b using d10 f3 by blast
qed
ultimately show %jn a b using d10 f3 by blast
qed
then show ?thesis unfolding CCR-def by blast
qed
ultimately show 3 r'”. CCR r""" A insert p R C r""" N r""" C r A finite r'"’
by blast
qed
qed
ultimately have 3 /. CCRr"" AN s Cr"”" A 1" C r A finite r”’
using a2 a3 finite-inductlof s \ h. h C r — (3 r". CCRr"" AR Cr"" A 71"
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C r A finite r'")] by simp
then show ?thesis by blast
qed

lemma lem-Ccezt-fint:
fixes r s::'U rel and a b::'U
assumes al: Restr v (f ra b) C s and a2: (a,b) € %
shows {a, b} CfrabA (VW cefrab. (ac) € s> A (c,b) € s%)
proof —
obtain A where b1: A = r a b by blast
then have A € F r a b using a2 lem-ccext-rtr-Fne[of a b r] lem-ccext-fprop|of
r] by blast
then obtain n f where 02: A = f ‘{i. i < n} and b3: f € pth r a b n
unfolding F-def by blast
then have V i<n. (f ¢, f (Suc 7)) € Restr r A unfolding rpth-def by simp
then have b/:V i<n. (f4, f (Suc i)) € s using al b1 by blast
have {a, b} C § r a b using b1 b2 b3 unfolding rpth-def by blast
moreover have V ¢ € f ra b. (a,c) € s> A (¢,b) € s7x
proof
fix ¢
assume c € frab
then obtain £ where c1: £k < n A ¢ = fk using b1 b2 by blast
have f € rpth s a ¢ k using c1 b3 b4 unfolding rpth-def by simp
moreover have (A i. f ({ + k)) € rpth s ¢ b (n — k) using cI b3 b4 unfolding
rpth-def by simp
ultimately show (a,c) € s A (¢,b) € s7 using lem-ccext-rpth-rtr[of s] by
blast
qed
ultimately show ¢thesis by blast
qed

lemma lem-Ccext-subcer-eqfid:
fixes r r’::'U rel
assumes CCR r and r C r’ and Field r' = Field r
shows CCR r’
proof —
have V ac Field r'. V be Field r'. A ceField r'. (a, ¢) € 7" A (b, ¢) € "%
proof (intro balll)
fix a b
assume a€ Field ' and be Field r’
then have a € Field r A b € Field r using assms by blast
then obtain ¢ where ¢ € Field r A (a, ¢) € % A (b, ¢) € r"% using assms
unfolding CCR-def by blast
then have ¢ € Fieldr' A (a, ¢) € r' % A (b, ¢) € ' using assms rtrancl-mono
by blast
then show 3 ceField r'. (a, ¢) € ' A (b, ¢) € "7 by blast
qed
then show CCR r’ unfolding CCR-def by blast
qed
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lemma lem-Ccext-finsubcer-pext:
fixes r s::'U rel and z::'U
assumes al: CCR r and a2: s C r and a3: finite s and a5: x € Field r
shows 3 s":("U rel). finite s' N CCR s’ N s C 8" ANs' Cr Az € Field s’
proof —
obtain y where 01: (z,y) € r V (y,z) € r using a5 unfolding Field-def by
blast
then obtain z’ y’ where b2: {z,y'} = {z,y} A (2',y') € r by blast
obtain s where b3: sI = s U {(z/,y")} by blast
then have finite s1 using a3 by blast
moreover have s1 C r using b2 b3 a2 by blast
ultimately obtain s’ where b4: finite s’ A CCR s’ A s1 C s’ A s’ C r using
al lem-cer-fin-subr-exzt[of r s1] by blast
moreover have x € Field sI using b2 b3 unfolding Field-def by blast
ultimately have z € Field s’ unfolding Field-def by blast
then show ?thesis using b3 b/ by blast
qed

lemma lem-Ccext-finsubcer-dext:
fixes r::'U rel and A::'U set
assumes al: CCR r and a2: A C Field r and a3: finite A
shows 3 s::('U rel). finite s N CCR s AN s Cr ANAC Field s
proof —
have finite {} A {} C Field r — (3s. finite s N CCR s A s C r A {} C Field
s) unfolding CCR-def Field-def by blast
moreover have V z F. finite F — © ¢ F —
finite F AN F C Fieldr — (3s. finite s N\ CCR s AN s Cr A F C Field s) —
finite (insert x F') A insert ¢ F C Field r —
(3s. finite s N CCR s N s C r A insert x F C Field s)
proof (intro alll impl)
fix ¢ F
assume cl: finite F and ¢2: ¢ ¢ F and c¢3: finite F N F C Field r
and cj: 3s. finite s N CCRs AN sCr ANF C Field s
and c¢5: finite (insert © F) A insert x F C Field r
then obtain s where c6: finite s AN CCR s N s Cr AN F C Field s by blast
moreover have x € Field r using c5 by blast
ultimately obtain s’ where finite s’ A CCR s’ AN s C s'"ANs'Cr Az € Field
5/
using al lem-Ccext-finsubcer-pext|of r s z] by blast
moreover then have insert ¢ F C Field s’ using c¢6 unfolding Field-def by
blast
ultimately show Js’. finite s' A CCR s’ A s' C r A insert x F C Field s’ by
blast
qed
ultimately have finite A A A C Field r — (3s. finite s N CCR s AN s Cr A
A C Field s)
using finite-induct[of A X\ A. finite AN A C Field r — (3 s. finite s A CCR
sANsCrANAC Field s))
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by simp
then show ?thesis using a2 a3 by blast
qed

lemma lem-Ccext-infsubcer-pext:
fixes r s::'U rel and z::'U
assumes al: CCR r and a2: s C r and a3: — finite s and ad: x € Field r
shows 3 s":("Urel). CCR s'"ANsC s'Ns'CrAls'|=ols| Az e Field s’
proof —
obtain G::'U set = 'U rel set where bl: G = (A A. {t::'U rel. finite t A CCR
tANtCr ANAC Field t}) by blast
obtain ¢::'U set = 'U rel where b2: g = (A A. if A C Field r A finite A then
(SOME t. t € G A) else {}) by blast
have 03:V A. A C Field r A finite A — finite (g A) N CCR (g A) A (g A) C
r AN A C Field (g A)
proof (intro alll impl)
fix A
assume cl: A C Field r N\ finite A
then have g A = (SOME t. t € G A) using b2 by simp
moreover have G A # {} using b1 al cI lem-Ccext-finsubcer-dext[of r A] by
blast
ultimately have g A € G A using some-in-eq by metis
then show finite (9 A) A CCR (g A) A (g A) C r AN A C Field (g9 A) using
b1 by blast
qed
have b4:V A. = (A C Field r A finite A) — g A = {} using b2 by simp
obtain H::'U set = 'U set
where b5: H= (A X. XU {5 .3 acX. FbeX. S = Field (g {a,b})}) by
blast
obtain az bz where b6: (az, bx) € r A z € {az, bz} using a5 unfolding
Field-def by blast
obtain D0::'U set where b7: D0 = Field s U {ax, bz} by blast
obtain Di::nat = 'U set where b8: Di = (A n. (H n) DO0) by blast
obtain D::'U set where v9: D = |J {X. 3 n. X = Di n} by blast
obtain s’ where b10: s’ = Restr r D by blast
have b11:V n. (- finite (Di n)) A |Din| <o |s]
proof
fix no
show (= finite (Di n0)) A |Di n0| <o |s]
proof (induct n0)
have finite {az, bz} by blast
moreover have — finite (Field s) using a3 lem-fin-fl-rel by blast
ultimately have — finite (Field s) A [{az, bz}| <o |Field s|
using card-of- Well-order card-of-ordLeq-infinite ordLeq-total by metis
then have |D0| =o |Field s| using b7 card-of-Un-infinite by blast
moreover have |Field s| =o |s| using a3 lem-rel-inf-fld-card by blast
ultimately have |D0| <o |s| using ordIso-imp-ordLeq ordIso-transitive by
blast
moreover have — finite D0 using a3 b7 lem-fin-fl-rel by blast
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ultimately show — finite (Di 0) A |Di 0] <o |s| using b8 by simp
next
fix n
assume d1: (- finite (Di n)) A |Din| <o ||
moreover then have |(Di n) x (Din)| =o |Di n| by simp
ultimately have d2: |(Di n) x (Di n)| <o |s| using ordIso-imp-ordLeq
ordLeq-transitive by blast
have d3:V a € (Din).V b € (Din). |Field (g {a, b})| <o |s]
proof (intro balll)
fixabd
assume a € (Din) and b € (Din)
have finite (g {a, b}) using b3 b) by (metis finite.emptyl)
then have finite (Field (g {a, b})) using lem-fin-fl-rel by blast
then have |Field (g {a, b})| <o |s| using a3 finite-ordLess-infinite2 by
blast
then show |Field (g {a, b})| <o |s| using ordLess-imp-ordLeq by blast
qed
have d4: Di (Suc n) = H (Di n) using b8 by simp
then have Di n C Di (Suc n) using b5 by blast
then have — finite (Di (Suc n)) using d1 finite-subset by blast
moreover have |Di (Suc n)| <o |s]
proof —
obtain [ where el: I = (Din) x (Di n) by blast
obtain f where e2: f = (A (a,b). Field (g {a,b})) by blast
have |I| <o |s| using el d2 by blast
moreover have Viel. |f i| <o |s| using el e2 d3 by simp
ultimately have || J i€!. fi| <o |s| using a3 card-of-UNION-ordLeg-infinite|of
s I f] by blast
moreover have Di (Suc n) = (Din) U (|J ¢€l. fi) using el e2 d} b5 by
blast
ultimately show ?thesis using d1 a3 by simp
qed
ultimately show (- finite (Di (Suc n))) A |Di (Suc n)| <o |s| by blast
qed
qed
have b12:V m.V n.n<m — Din < Dim
proof
fix m0
show V n. n < m0 — Din < Dim0
proof (induct m0)
show Vn<0. Din C Di 0 by blast
next
fix m
assume dI1: Vn<m. Din C Dim
show Vn<Suc m. Di n C Di (Suc m)
proof (intro alll impl)
fix n
assume el: n < Sucm
have Di (Suc m) = H (Di m) using b8 by simp
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moreover have Di m C H (Di m) using b5 by blast
ultimately have n < m — Din C Di (Suc m) using dI by blast
moreover have n = (Suc m) V n < m using el by force
ultimately show Di n C Di (Suc m) by blast
qed
qed
qed
have Di 0 C D using b9 by blast
then have b13: Field s C D using b7 b8 by simp
then have b14: s C s’ A s’ C r using a2 b10 unfolding Ficld-def by force
moreover have b15: |D| <o ||
proof —
have |UNIV::nat set| <o |s| using a8 infinite-iff-card-of-nat by blast
then have ||J n. Din| <o |s| using b11 a8 card-of-UNION-ordLeg-infinite|of
s UNIV Di] by blast
moreover have D = (|J n. Di n) using b9 by force
ultimately show ¢thesis by blast
qed
moreover have |s'| =o [
proof —
have - finite (Field s) using a3 lem-fin-fl-rel by blast
then have — finite D using b13 finite-subset by blast
then have |D x D| =o |D| by simp
moreover have s’ C D x D using b10 by blast
ultimately have |s’| <o |s| using b15 card-of-monol ordLeg-ordIso-trans or-
dLeg-transitive by metis
moreover have |s| <o |s’| using b14 by simp
ultimately show ?thesis using ordlso-iff-ordLeq by blast
qed
moreover have z € Field s’
proof —
have Di 0 C D using b9 by blast
then have {az, bz} C D using b7 b8 by simp
then have (az, bx) € s’ using b6 b10 by blast
then show ?thesis using b6 unfolding Field-def by blast
qed
moreover have CCR s’
proof —
have V a € Field s'. ¥V b € Field s’. 3 ¢ € Field s'. (a,c) € (s)) % A (b,c) €
()
proof (intro balll)
fix a b
assume d1: a € Field s’ and d2: b € Field s’
then have d3: a € D A b € D using b10 unfolding Field-def by blast
then obtain ia ib where dj: a € Diia N b € Di ib using b9 by blast
obtain k£ where d5: k = (maz ia ib) by blast
then have ia < k A ib < k by simp
then have d6: a € Dik A b € Dik using d4 b12 by blast
obtain p where d7: p = g {a,b} by blast
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have Field p C H (Di k) using b5 d6 d7 by blast
moreover have H (Di k) = Di (Suc k) using b8 by simp
moreover have Di (Suc k) C D using b9 by blast
ultimately have d8: Field p C D by blast
have {a, b} C Field r using d1 d2 b10 unfolding Field-def by blast
moreover have finite {a, b} by simp
ultimately have d9: CCR p A p C r A {a,b} C Field p using d7 b3 by blast
then obtain ¢ where d10: ¢ € Fieldp A (a,c) € p™* A (b,c) € p™x unfolding
CCR-def by blast
have (p “ D) C D using d8 unfolding Field-def by blast
then have D € Inv p unfolding Inv-def by blast
then have p™x N (Dx(UNIV::'U set)) C (Restr p D) x using lem-Inv-restr-rir|of
D p| by blast
moreover have Restr p D C s’ using d9 b10 by blast
moreover have (a,c) € p™ N (Dx(UNIV::'U set)) A (bye) € p™* N
(Dx(UNIV::'U set)) using d10 d3 by blast
ultimately have (a,c) € (s) ™ A (b,¢) € (s’) " using rtrancl-mono by blast
moreover then have ¢ € Ficld s’ using d1 lem-rtr-field by metis
ultimately show 3 ¢ € Field s’. (a,c) € (s) 7 A (b,c) € (s') * by blast
qed
then show ?thesis unfolding CCR-def by blast
qed
ultimately show ¢thesis by blast
qed

lemma lem-Ccext-finsubcer-set-ext:
fixes r s::'U rel and A::'U set
assumes al: CCR r and a2: s C r and a8: finite s and a4: A C Field r and
a5 finite A
shows 3 s":('Urel). CCR s’ A s C s’ A s’ Cr A finite s' N A C Field s’
proof —
obtain Pt::'U = 'U rel where p1: Pt = (A z. {p€r.x = fst pV z = snd p})
by blast
obtain pt::’U = 'Ux'U where p2: pt = (A z. (SOME p. p € Pt z)) by blast
have V z€A. Pt z # {} using a/ unfolding p1 Field-def by force
then have p3: V z€A. pt © € Pt x unfolding p2 by (metis (full-types) Col-
lect-empty-eq Collect-mem-eq somel-er)
have 02: pt‘A C r using pl1 p3 by blast
obtain s where b3: sI = s U (pt‘A) by blast
then have finite s1 using a3 a5 by blast
moreover have s! C r using b2 b3 a2 by blast
ultimately obtain s’ where b/: finite s’ A CCR s’ A s1 C s’ A s’ C r using
al lem-cer-fin-subr-ext[of r s1] by blast
moreover have A C Field s1
proof
fix z
assume cl: z € A
then have pt © € s1 using b3 by blast
moreover obtain ax bx where ¢2: pt © = (az,bz) by force
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ultimately have ax € Field s1 N bx € Field s1 unfolding Field-def by force
then show z € Field s using c! ¢2 pl p3 by force
qed
ultimately have A C Field s’ unfolding Field-def by blast
then show ?thesis using b3 b4 by blast
qed

lemma lem-Ccext-infsubccr-set-ext:
fixes r s::'U rel and A::'U set
assumes al: CCR r and a2: s C r and a8: — finite s and a4: A C Field r and
ad: |A| <o |Field s|
shows 3 s":("Urel). CCR s'Ns C s'"ANs'"Cr Als'|=o|s|] NAC Field s’
proof —
obtain G::'U set = 'U rel set where b1: G = (A A. {t::'U rel. finite t AN CCR
tANtCr AAC Field t}) by blast
obtain ¢::'U set = 'U rel where b2: g = (A A. if A C Field r A finite A then
(SOME t. t € G A) else {}) by blast
have v3:V A. A C Field r A finite A — finite (9 A) A CCR (g A) A (g A) C
r AN A C Field (g A)
proof (intro alll impI)
fix A
assume cl: A C Field r N finite A
then have g A = (SOME t. t € G A) using b2 by simp
moreover have G A # {} using b1 al cI lem-Ccext-finsubcer-dezt[of r A] by
blast
ultimately have g A € G A using some-in-eq by metis
then show finite (9 A) AN CCR (g A) A (g A) Cr AN A C Field (g9 A) using
b1 by blast
qed
have b4:V A. = (A C Field r A finite A) — g A = {} using b2 by simp
obtain H::'U set = 'U set
where b5: H= (A X. XU {S .3 acX. 3beX. S = Field (g {a,b})}) by
blast
obtain Pt::'U = 'U rel where pl: Pt = (A z. {p € r. x = fst p V z = snd p})
by blast
obtain pt::’U = 'Ux'U where p2: pt = (A z. (SOME p. p € Pt x)) by blast
have V z€A. Pt z # {} using a4 unfolding p1! Field-def by force
then have p3: V z€A. pt x € Pt z unfolding p2 by (metis (full-types) Col-
lect-empty-eq Collect-mem-eq somel-ex)
obtain D0 where b7: D0 = Field s U fst(pt‘A) U snd‘(pt‘A) by blast
obtain Di::nat = 'U set where b8: Di = (A n. (H n) D0) by blast
obtain D::'U set where b9: D = |J {X. 3 n. X = Di n} by blast
obtain s’ where b10: s’ = Restr r D by blast
have b11: ¥ n. (= finite (Di n)) A |Din| <o |s]
proof
fix no
show (= finite (Di n0)) A |Din0| <o |s]
proof (induct n0)
have |D0| =o |Field s|
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proof —
have [fst(pt"A)| <o |(pt:A)| A |(pt'A)| <o |A] by simp
then have cI: |fst{(pt‘A)| <o |A| using ordLeq-transitive by blast
have |snd‘(pt‘A)| <o |(pt‘A)| A |(pt‘A)| <o |A| by simp
then have c2: |snd(pt‘A)| <o |A| using ordLeg-transitive by blast
have |fst{(pt‘A)| <o |Field s| N |snd‘(pt‘A)| <o |Field s|
using c1 c2 ab ordLeq-transitive by blast
moreover have — finite (Field s) using a8 lem-fin-fl-rel by blast
ultimately have ¢3: |D0| <o |Field s| unfolding b7 by simp
have Field s C D0 unfolding b7 by blast
then have |Field s| <o |D0| by simp
then show ?thesis using c8 ordlso-iff-ordLeq by blast
qed
moreover have |Field s| =o |s| using a8 lem-rel-inf-fld-card by blast
ultimately have |D0| <o |s| using ordIso-imp-ordLeq ordIso-transitive by
blast
moreover have — finite D0 using a3 b7 lem-fin-fl-rel by blast
ultimately show — finite (Di 0) A |Di 0] <o |s| using b8 by simp
next
fix n
assume d1: (= finite (Di n)) A |Din| <o ||
moreover then have |(Di n) x (Din)| =o |Di n| by simp
ultimately have d2: [(Di n) x (Di n)| <o |s| using ordlso-imp-ordLeq
ordLeq-transitive by blast
have d3:V a € (Din).V b e (Din). |Field (g {a, b})| <o |s]
proof (intro balll)
fixabd
assume a € (Din) and b € (Din)
have finite (g {a, b}) using b3 b) by (metis finite.emptyl)
then have finite (Field (g {a, b})) using lem-fin-fl-rel by blast
then have |Field (g {a, b})| <o |s| using a3 finite-ordLess-infinite2 by
blast
then show |Field (g {a, b})| <o |s| using ordLess-imp-ordLeq by blast
qed
have d4: Di (Suc n) = H (Di n) using b8 by simp
then have Di n C Di (Suc n) using b5 by blast
then have — finite (Di (Suc n)) using d1 finite-subset by blast
moreover have |Di (Suc n)| <o |s|
proof —
obtain [ where el: I = (Din) x (Di n) by blast
obtain f where e2: f = (X (a,b). Field (g {a,b})) by blast
have |I| <o |s| using el d2 by blast
moreover have Viel. |f i| <o |s| using el e2 d3 by simp
ultimately have || J i€1. fi| <o |s| using a8 card-of-UNION-ordLeg-infinite[of
s I f] by blast
moreover have Di (Suc n) = (Din) U (|J ¢€l. fi) using el e2 d} b5 by
blast
ultimately show ?thesis using d1 a8 by simp
qed
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ultimately show (- finite (Di (Suc n))) A |Di (Suc n)| <o |s| by blast
qed
qed
have b12:V m.V n.n<m — Din < Dim
proof
fix mo
show V n. n < m0 — Din < Di m0
proof (induct m0)
show Vn<0. Din C Di 0 by blast
next
fix m
assume dI1: Vn<m. Din C Dim
show V n<Suc m. Di n C Di (Suc m)
proof (intro alll impl)
fix n
assume el: n < Sucm
have Di (Suc m) = H (Di m) using b8 by simp
moreover have Di m C H (Di m) using b5 by blast
ultimately have n < m — Din C Di (Suc m) using dI by blast
moreover have n = (Suc m) V n < m using el by force
ultimately show Di n C Di (Suc m) by blast
qed
qed
qed
have Di 0 C D using b9 by blast
then have b13: Field s C D using b7 b8 by simp
then have b14: s C s’ A s’ C r using a2 b10 unfolding Ficld-def by force
moreover have b15: |D| <o [s]
proof —
have |UNIV::nat set| <o |s| using a3 infinite-iff-card-of-nat by blast
then have ||J n. Di n| <o |s| using b11 a3 card-of-UNION-ordLeg-infinite[of
s UNIV Di] by blast
moreover have D = (|J n. Di n) using b9 by force
ultimately show ¢thesis by blast
qed
moreover have |s'| =o [
proof —
have - finite (Field s) using a3 lem-fin-fl-rel by blast
then have — finite D using b13 finite-subset by blast
then have |D x D| =o |D| by simp
moreover have s’ C D x D using b10 by blast
ultimately have |s'| <o |s| using b15 card-of-monol ordLeq-ordIso-trans or-
dLeq-transitive by metis
moreover have |s| <o |s'| using b1/ by simp
ultimately show ?thesis using ordlso-iff-ordLeq by blast
qed
moreover have A C Field s’
proof
fix z
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assume cl: z € A

obtain az bx where c2: ax = fst (pt z) A bz = snd (pt z) by blast
have pt z € Pt z using c1 p3 by blast

then have ¢3: (az, bz) € r A z € {ax,bz} using c2 pl by simp
have {az, bz} C D0 using b7 cI c2 by blast

moreover have Di 0 C D using b9 by blast

moreover have Di () = D0 using b8 by simp

ultimately have {az, bz} C D by blast

then have (az, bz) € s’ using ¢ b10 by blast

then show z € Field s’ using c3 unfolding Field-def by blast

qed
moreover have CCR s’
proof —
have V a € Field s’.V b € Field s'. 3 ¢ € Field s'. (a,c) € (") A (b,c) €
(s7)
proof (intro balll)
fixab

assume d1: a € Field s’ and d2: b € Field s’
then have d3: a € D A b € D using b10 unfolding Field-def by blast
then obtain ia ib where dj: a € Diia A b € Di ib using b9 by blast
obtain k where d5: k = (maz ia ib) by blast
then have ia < k A ib < k by simp
then have d6: a € Dik A b € Dik using d4 b12 by blast
obtain p where d7: p = g {a,b} by blast
have Field p C H (Di k) using b5 d6 d7 by blast
moreover have H (Di k) = Di (Suc k) using b8 by simp
moreover have Di (Suc k) C D using b9 by blast
ultimately have d8&: Field p C D by blast
have {a, b} C Field r using d1 d2 b10 unfolding Field-def by blast
moreover have finite {a, b} by simp
ultimately have d9: CCR p A p C r A {a,b} C Field p using d7 b3 by blast
then obtain ¢ where d10: ¢ € Fieldp A (a,¢) € p™* A (b,¢c) € p™x unfolding
CCR-def by blast
have (p “ D) C D using d8 unfolding Field-def by blast
then have D € Inv p unfolding Inv-def by blast
then have p ™« N (Dx(UNIV::'U set)) C (Restr p D) " using lem-Inv-restr-rir|of
D p] by blast
moreover have Restr p D C s’ using d9 b10 by blast
moreover have (a,c) € p N (Dx(UNIV:'U set)) A (byc) € px N
(Dx(UNIV::'U set)) using d10 d3 by blast
ultimately have (a,c) € (s") * A (b,c) € (s') " using rtrancl-mono by blast
moreover then have ¢ € Field s’ using d1 lem-rtr-field by metis
ultimately show 3 ¢ € Field s'. (a,c) € (s') ™ A (b,c) € (s') x by blast
qed
then show ?thesis unfolding CCR-def by blast
qed
ultimately show “thesis by blast
qed
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lemma lem-Ccezt-finsubccr-pexts:
fixes r::'U rel and A B::'U set and z::'U
assumes al: CCR r and a2: finite A and a3: A € SF r
shows 3 A":('U set). (z € Fieldr — z € A) N A C A" A CCR (Restr r A") A
finite A’
A VaeA. r'{a}CB V r'{a}n(A’-B) # {}) N A’ € SFr
A((3 y:'U. A'-B = {y}) — Field r C (A'UB))
proof —
have qI: Field (Restr r A) = A using a3 unfolding SF-def by blast
obtain s where s = (Restr r A) by blast
then have ¢2: s C r and ¢3: finite s and ¢4: A = Field s
using a2 g1 lem-fin-fl-rel by (blast, metis, blast)
obtain S where b1: S = (A a. r*{a} — B ) by blast
obtain S’ where b2: S’ = (X a. if (S a) # {} then (S a) else {a}) by blast
obtain f where f = (A a. SOME b. b € S’ a) by blast
moreover have V a. 3 b. b € (S’ a) unfolding b2 by force
ultimately have V a. fa € S’ a by (metis somel-ex)
then have 03:V a. (Sa# {} — fac€ Sa)A(Sa={} — fa=q)
unfolding b2 by (clarsimp, metis singletonD)
obtain yI y2::'U where nl: Field r # {} — {y1, y2} C Field r
and n2: (- (3 y:'U. Fieldr — BC {y})) — yl ¢ BAy2 ¢ B
A yl # y2 by blast
obtain A7 where b4: A1 = ({z,y1,y2} N Field r) U AU (f © A) by blast
have A1 C Field r
proof —
have c1: A C Field r using ¢/ ¢2 unfolding Field-def by blast
moreover have f ‘A C Field r
proof
fix z
assume z € f ‘A
then obtain ¢ where d2: a € A A z = f a by blast
show z € Field r
proof (cases S a = {})
assume S a = {}
then have x = a using c1 d2 b3 by blast
then show = € Field r using d2 c1 by blast
next
assume S a # {}
then have z € S a using d2 b3 by blast
then show z € Field r using b1 unfolding Field-def by blast
qed
qed
ultimately show A1 C Flield r using b4 by blast
qed
moreover have s0: finite A1 using b4 q3 ¢4 lem-fin-fi-rel by blast
ultimately obtain s’ where s1: CCR s’ A s C s’ A s’ C r A finite s’ N A1 C
Field s’
using al ¢2 ¢3 lem-Ccext-finsubcer-set-ext[of s A1] by blast
obtain A’ where s2: A’ = Field s’ by blast
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obtain s where s3: s’ = Restr r A’ by blast
then have s/: s’ C s A\ Field s = A’ using sl s2 lem-Relprop-fld-sat[of s’ r
s"] by blast
have s5: finite (Field s’) using s1 lem-fin-fl-rel by blast
have A1 U ({z} N Field r) C A’ using b4 sI s2 by blast
moreover have CCR (Restr r A')
proof —
have CCR s’ using sl s2 s/ lem-Ccext-subcer-eqfld[of s’ s''] by blast
then show ?thesis using s3 by blast
qged
ultimately have b6: A1 U ({z} N Field r) C A’ A CCR (Restr r A') by blast
moreover then have A U ({z} N Field r) C A’ using b4 by blast
moreover have finite A’ using s2 s5 by blast
moreover have VacA. r*{a} C BV r*{a} N (A'-B) # {}
proof
fix a
assume cl: a € A
have - (r‘{a} C B) — r*{a} N (A'—B) # {}
proof
assume - (r*{a} C B)
then have S a # {} unfolding b1 by blast
then have fa € r*{a} — B using b1 b3 by blast
moreover have fa € A’ using c1 b/ b6 by blast
ultimately show r‘{a} N (A’—B) # {} by blast
qed
then show r‘{a} C BV r*{a} N (A'—B) # {} by blast
qed
moreover have A’ € SF r using s3 s/ unfolding SF-def by blast
moreover have (3 y:'U. A’ — B = {y}) — Fieldr C (A’ U B)
proof
assume ci: 3 y:'U. A’ — B = {y}
moreover have c2: A’ C Field r using sI s2 unfolding Field-def by blast
ultimately have Field r # {} by blast
then have {y1, y2} C Field r using n! by blast
then have {yI, y2} C A’ using b/ sI s2 by fast
then have - (3y. Field r — B C {y}) — {yl, y2} C A" — B A yl # y2
using n2 by blast
moreover have - ({y1, y2} C A’ — B A yl # y2) using cI by force
ultimately have 3 y::'U. Field r — B C {y} by blast
then show Field r C A’ U B using c1 ¢2 by blast
qed
ultimately show “thesis by blast
qed

lemma lem-Ccext-infsubcer-pexts:

fixes r::’U rel and A B::'U set and z::'U

assumes al: CCR r and a2: — finite A and a3: A € SF r

shows 3 A":('U set). (z € Fieldr — x € A) N A C A" AN CCR (Restr r A”) A
A7 =0 |4]
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A VaeA. r'{a}CB V r'{a}n(A’—B) # {}) N A’ € SFr
A (3 y:'U. A'-B = {y}) — Field r C (A'UB))
proof —
have qI: Field (Restr r A) = A using a3 unfolding SF-def by blast
obtain s where s = (Restr r A) by blast
then have ¢2: s C r and ¢3: — finite s and ¢4: A = Field s
using a2 g1 lem-fin-fl-rel by (blast, metis, blast)
obtain S where b1: S = (A a. r*{a} — B ) by blast
obtain S’ where b2: S’ = (X a. if (S a) # {} then (S a) else {a}) by blast
obtain f where f = (A a. SOME b. b € S’ a) by blast
moreover have V a. 3 b. b € (S’ a) unfolding b2 by force
ultimately have V a. fa € S’ a by (metis somel-ex)
then have 03:V a. (Sa# {} — fae€ Sa)AN(Sa={} — fa=q)
unfolding b2 by (clarsimp, metis singletonD)
obtain yI y2::'U where nl1: Field r # {} — {y1, y2} C Field r
and n2: (- (3 y='U. Fieldr — BC{y})) — yl ¢ BAy2 ¢ B
A yl # y2 by blast
obtain A7 where b4: A1 = ({z, y1, y2} N Field r) U AU (f * A) by blast
have A1 C Field r
proof —
have c1: A C Field r using ¢/ ¢2 unfolding Field-def by blast
moreover have f ‘A C Field r
proof
fix z
assume z € f ‘A
then obtain a where d2: a € A A z = f a by blast
show x € Field r
proof (cases S a = {})
assume S a = {}
then have z = a using c1 d2 b3 by blast
then show = € Field r using d2 c1 by blast
next
assume S a # {}
then have z € S a using d2 b3 by blast
then show z € Field r using b1 unfolding Field-def by blast
qed
qged
ultimately show A1 C Field r using b4 by blast
qed
moreover have s0: |A1| <o |Field s|
proof —
obtain C1 where c1: C1 = {z,y1,y2} N Field r by blast
obtain C2 where c2: C2 = A U f ¢ A by blast
have — finite A using ¢4 ¢3 lem-fin-fl-rel by blast
then have |C2| =0 |A| using ¢2 b4 ¢3 by simp
then have |C2| <o |Field s| unfolding ¢/ using ordlso-iff-ordLeq by blast
moreover have c¢3: — finite (Field s) using ¢3 lem-fin-fl-rel by blast
moreover have |C1| <o |Field s
proof —
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have [{z,y1,y2}| <o |Field s| using c3
by (meson card-of-Well-order card-of-ordLeq-finite finite.emptyl finite.insert]
ordLeg-total)
moreover have |CI| <o [{z,y1,y2}| unfolding cI by simp
ultimately show ?thesis using ordLeg-transitive by blast
qed
ultimately have |C1 U C2| <o |Field s| unfolding b/ using card-of-Un-ordLeg-infinite
by blast
moreover have A1 = C1 U C2 using cI c2 b4 by blast
ultimately show ?thesis by blast
qed
ultimately obtain s’ where s1: CCR s’ A s C s’ A s"Cr Als'| =0 |s| N Al
C Field s’
using al ¢2 ¢3 lem-Ccext-infsubcer-set-ext[of r s A1] by blast
obtain A’ where s2: A’ = Field s’ by blast
obtain s’/ where s3: s"/ = Restr r A’ by blast
then have s/: s’ C s"" A Field s'"" = A’ using s1 s2 lem-Relprop-fld-sat]of s' r
s"] by blast
have s5: |Field s'| =o |Field s| using sI q3 lem-cardreleg-cardfldeg-inf|of s’ s
by blast
have A1 U ({z} N Field r) C A’ using b4 sI s2 by blast
moreover have CCR (Restr r A')
proof —
have CCR s’ using sl s2 s/ lem-Ccext-subcer-eqfld[of s’ s''] by blast
then show ?thesis using s3 by blast
qged
moreover have |A'| =0 |A1]
proof —
have Field s C A1 using ¢4 b4 by blast
then have |Field s| <o |A1| by simp
then have |A'| <o |A1| using s2 s5 ordIso-ordLeq-trans by blast
moreover have |A1| <o |A’'| using sI s2 by simp
ultimately show #thesis using ordlso-iff-ordLeq by blast
qed
ultimately have b6: A1 U ({z} N Field r) C A’ A CCR (Restr r A") N |A'| =0
|A1] by blast
moreover then have A U ({z} N Field r) C A’ using b4 by blast
moreover have |A'| =o |A| using s5 s2 ¢/ by blast
moreover have VacA. r{a} C BV r{a} N (A’'-B) # {}
proof
fix a
assume cl: a € A
have — (r*{a} C B) — r*{a} N (A'-B) # {}
proof
assume - (r‘{a} C B)
then have S a # {} unfolding b1 by blast
then have fa € r*{a} — B using b1 b3 by blast
moreover have fa € A’ using c1 b/ b6 by blast
ultimately show r‘{a} N (A'=B) # {} by blast
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qed
then show r‘{a} C BV r‘{a} N (A'—B) # {} by blast
qed
moreover have A’ € SF r using s3 s/ unfolding SF-def by blast
moreover have (3 y::'U. A’ — B = {y}) — Field r C (A’ U B)
proof
assume cI: 3 y:'U. A’ — B = {y}
moreover have c¢2: A’ C Field r using sl s2 unfolding Field-def by blast
ultimately have Field r # {} by blast
then have {yI, y2} C Field r using nl by blast
then have {yI, y2} C A’ using b/ sI s2 by fast
then have - (3y. Field r — B C {y}) — {yl, y2} C A’ — B A yl # y2
using n2 by blast
moreover have — ({yI, y2} C A’ — B A yI # y2) using ¢! by force
ultimately have 3 y::’U. Field r — B C {y} by blast
then show Field r C A’ U B using cI c2 by blast
qed
ultimately show ?thesis by blast
qed

lemma lem-Ccext-subcer-pexts:
fixes r::'U rel and A B::'U set and z::'U
assumes CCR rand A € SF r
shows 3 A":('U set). (z € Fieldr — z € A
NACA
NA" e SFr
A (Faed. ((r{a}CB) v (r{a}(A'B) # {})))
A((3 y'U. A'=B = {y}) — Field r C (A'UB))
A CCR (Restr r A')
A ((finite A — finite A') A ( (= finite A) — |A'] =0 |A]))
proof (cases finite A)
assume finite A
then show %thesis using assms lem-Ccext-finsubcer-pext5|[of v A © B] by blast
next
assume — finite A
then show ?thesis using assms lem-Ceext-infsubcer-pext5[of r A xz B] by blast
qed

lemma lem-Ccext-finsubcer-set-ext-scf:
fixes r s::'U rel and A P::'U set
assumes al: CCR r and a2: s C r and a3: finite s and a4: A C Field r and
ad: finite A
and a6: P € SCF r
shows 3 s":("U rel). CCR s' N s C s' A s’ Cr A finite s'" N A C Field s’
A ((Field s P) € SCF s")

proof (cases s ={} AN A ={})

assume s = {} A A = {}

moreover obtain s”:’U rel where s’ = {} by blast

ultimately have CCR s’ A s C s’ A s' C r A finite s'" AN A C Field s’
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A ((Field s’ N P) € SCF s') unfolding CCR-def SCF-def Field-def
by blast
then show ?thesis by blast
next
assume b1: - (s={} N A= {})
obtain Pt::'U = 'U rel where p1: Pt = (A z. {p € r.x = fst p V z = snd p})
by blast
obtain pt::’U = 'Ux'U where p2: pt = (A z. (SOME p. p € Pt x)) by blast
have V z€A. Pt z # {} using a/ unfolding p1 Field-def by force
then have p3: V z€A. pt © € Pt x unfolding p2 by (metis (full-types) Col-
lect-empty-eq Collect-mem-eq somel-ex)
have b2: pt‘A C r using p! p3 by blast
obtain s where 03: sI = s U (pt‘A) by blast
then have finite sI using a3 a5 by blast
moreover have s! C r using b2 b3 a2 by blast
ultimately obtain s2 where b4: finite s2 N CCR s2 A s1 C s2 A s2 C r using
al lem-ccr-fin-subr-ext[of r s1] by blast
moreover have A C Field sl
proof
fix z
assume cl:z € A
then have pt x € sI using b3 by blast
moreover obtain ax bx where ¢2: pt © = (az,bz) by force
ultimately have ax € Field s1 N bx € Field s1 unfolding Field-def by force
then show z € Field sl using cI c¢2 p1 p3 by force
qged
ultimately have b5: A C Field s2 unfolding Field-def by blast
have Conelike s2 using b4 lem-Relprop-fin-ccr by blast
moreover have s2 # {} using b1 b3 b4 unfolding Field-def by blast
ultimately obtain m where 06: m € Field s2 N (V a€Field s2. (a,m) € s27%)
unfolding Conelike-def by blast
then have m € Field r using b4 unfolding Field-def by blast
then obtain m’ where 7: m’ € P A (m,m’) € r"* using a6 unfolding SCF-def
by blast
obtain D where 08: D = Field s2 U (f r m m’) by blast
obtain s’ where 09: s’ = Restr r D by blast
have b10: s2 C s’ using b/ b8 b9 unfolding Field-def by force
have b11:V a € Field s'. (a,m’) € s" 7
proof
fix a
assume cl: a € Field s’
have c2: Restr r (f r m m’) C s’ using b8 b9 by blast
then have c¢3: (m,m’) € s’ using b7 lem-Ccext-fint[of r m m’ s'] by blast
show (a,m’) € s' ™%
proof (cases a € Field s2)
assume a € Field s2
then have (a,m) € s27% using b6 by blast
then have (a,m) € s’ using 010 rtrancl-mono by blast
then show (a,m’) € s’ using ¢3 by simp
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next
assume a ¢ Field s2
then have a € (f r m m’) using c! b8 b9 unfolding Field-def by blast
then show (a,m’) € s’ using ¢2 b7 lem-Ceext-fint[of r m m’ s'] by blast
qed
qed
have b12: m’ € Field s’
proof —
have m € Field s’ using b6 b10 unfolding Field-def by blast
then have m € Field s’ A (m,m’) € s' using b11 by blast
then show m’ € Field s’ using lem-rtr-field by force
qed
have Field s C D using b3 b4 b8 unfolding Field-def by blast
then have s C s’ using a2 b9 unfolding Ficld-def by force
moreover have s’ C r using b9 by blast
moreover have finite s’
proof —
have finite (Field s2) using b4 lem-fin-fl-rel by blast
then have finite D using b8 lem-ccext-ffin by simp
then show #“thesis using b9 by blast
qged
moreover have A C Field s’ using b5 b10 unfolding Field-def by blast
moreover have CCR s’
proof —
have Conelike s’ using b11 b12 unfolding Conelike-def by blast
then show %thesis using lem-Relprop-cl-ccr by blast
qed
moreover have (Field s’ N P) € SCF s' using b7 b11 b12 unfolding SCF-def
by blast
ultimately show ¢thesis by blast
qed

lemma lem-ccext-scf-sat:
assumes s C r and Field s = Field r
shows SCF s C SCF r
using assms rtrancl-mono unfolding SCF-def by blast

lemma lem-Ccext-infsubcer-set-ext-scf2:
fixes r s::'U rel and A::'U set and Ps::'U set set
assumes al: CCR r and a2: s C r and a3: — finite s and a4: A C Field r
and a5: |A| <o |Field s| and a6: Ps C SCF r A |Ps| <o |Field s|
shows 3 s":("Urel). CCR s’ N s C s'"ANs'"CrAls|=o|s|] NAC Field s’
A (VY P€ePs. (Field s' N P) € SCF s')
proof —
obtain ¢ where ¢0: ¢ = (A P a. SOME p. p € P A (a, p) € ") by blast
have q1: V PePs. ¥V acField r. (¢ P a) € Field v A (¢ P a) € P A (a, ¢ P a)
€’k
proof (intro balll)
fix Pa
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assume P € Ps and a € Field r
then show (¢ P a) € Field v A (¢ Pa) € P A (a, ¢ Pa) € 1%
using ¢0 a6 somel-ex[of X p. p € P A (a,p) € %] unfolding SCF-def by
blast
qed
obtain G::'U set = 'U rel set where b1: G = (A A. {t::"U rel. finite t N CCR
tANtCr ANAC Field t}) by blast
obtain g::'U set = 'U rel where b2: g = (A A. if A C Field r A finite A then
(SOME t. t € G A) else {}) by blast
have v3:V A. A C Field r A finite A — finite (9 A) AN CCR (g A) A (g A) C
r AN A C Field (g A)
proof (intro alll impl)
fix A
assume cl: A C Field r A finite A
then have g A = (SOME t. t € G A) using b2 by simp
moreover have G A # {} using b1 al cI lem-Ccext-finsubcer-dext[of r A] by
blast
ultimately have g A € G A using some-in-eq by metis
then show finite (9 A) AN CCR (g A) A (g A) C r AN A C Field (¢ A) using
b1 by blast
qged
have b4:V A. = (A C Field r A finite A) — g A = {} using b2 by simp
obtain H::'U set = 'U set
where b5: H= (A X. XUl {S .3 acX. FbeX. S = Field (g {a,b})} U
{S.3 PePs.3 acX. S=fra(qPa)}) by blast
obtain Pt::'U = 'U rel where p1: Pt = (A z. {p € r.x = fst p V z = snd p})
by blast
obtain pt::'U = 'Ux'U where p2: pt = (A z. (SOME p. p € Pt x)) by blast
have V z€A. Pt x # {} using o/ unfolding p! Field-def by force
then have p3: V z€A. pt © € Pt z unfolding p2 by (metis (full-types) Col-
lect-empty-eq Collect-mem-eq somel-ex)
obtain D0 where b7: D0 = Field s U fst(pt‘A) U snd‘(pt‘A) by blast
obtain Di::nat = 'U set where b8: Di = (A n. (H n) DO0) by blast
obtain D::'U set where v9: D = |J {X. 3 n. X = Di n} by blast
obtain s’ where b10: s’ = Restr r D by blast
have b11:V n. (- finite (Di n)) A |Din| <o |s]
proof
fix no
show (= finite (Di n0)) A |Di n0| <o |s]
proof (induct n0)
have |D0| =o |Field s|
proof —
have |fst{(pt‘A)| <o |(pt‘A)| A |(pt‘A)| <o |A| by simp
then have c1: |fst{(pt‘A)| <o |A| using ordLeg-transitive by blast
have |snd‘(pt‘A)| <o |(pt‘A)| A |(pt‘A)| <o |A| by simp
then have c2: [snd(pt‘A)| <o |A| using ordLeg-transitive by blast
have |fst{(pt‘A)| <o |Field s| A |snd‘(pt‘A)| <o |Field s|
using c1 c2 ab ordLeg-transitive by blast
moreover have — finite (Field s) using a8 lem-fin-fl-rel by blast

80



ultimately have ¢3: |D0| <o |Field s| unfolding b7 by simp
have Field s C D0 unfolding b7 by blast
then have |Field s| <o |D0| by simp
then show ?thesis using c8 ordlso-iff-ordLeq by blast
qed
moreover have |Field s| =o |s| using a8 lem-rel-inf-fid-card by blast
ultimately have |D0| <o |s| using ordIso-imp-ordLeq ordIso-transitive by
blast
moreover have — finite D0 using a8 b7 lem-fin-fl-rel by blast
ultimately show — finite (Di 0) A |Di 0] <o |s| using b8 by simp
next
fix n
assume d1: (= finite (Di n)) A |Din| <o ||
moreover then have |(Di n) x (Di n)| =o |Di n| by simp
ultimately have d2: |(Di n) x (Di n)| <o |s| using ordIso-imp-ordLeq
ordLeg-transitive by blast
have d3:V a € (Din).V b€ (Din). |Field (g {a, b})| <o |s|
proof (intro balll)
fix a b
assume a € (Din) and b € (Din)
have finite (g {a, b}) using b3 b) by (metis finite.emptyl)
then have finite (Field (g {a, b})) using lem-fin-fl-rel by blast
then have |Field (g {a, b})| <o |s| using a3 finite-ordLess-infinite2 by
blast
then show |Field (g {a, b})| <o |s| using ordLess-imp-ordLeq by blast
qed
have dj: Di (Suc n) = H (Di n) using b8 by simp
then have Di n C Di (Suc n) using b5 by blast
then have — finite (Di (Suc n)) using dI finite-subset by blast
moreover have |Di (Suc n)| <o |s]
proof —
obtain [ where el: I = (Din) x (Din) by blast
obtain f where e2: f = (A (a,b). Field (g {a,b})) by blast
have |I| <o |s| using el d2 by blast
moreover have Viel. |fi| <o |s| using el e2 d8 by simp
ultimately have || i€!. fi| <o |s| using a8 card-of-UNION-ordLeg-infinite|of
s I f] by blast
moreover have Di (Sucn) = (Din) U (| i€l. fi) U (U PePs. (I ac(Di
w.1ra(qPa))
using el e2 d4 b5 by blast
moreover have ||J PePs. (|J a€(Din). fra(qP a))l <ols|
proof —
have \ P. P € Ps = Va€(Din). |[f ra (¢ P a)|] <o |s
using a8 lem-ccext-ffin by (metis card-of-Well-order card-of-ordLeq-infinite
ordLeg-total)
then have A P. P € Ps = |J a€(Din). fra (¢ P a)| <o s
using dI a3 card-of-UNION-ordLeg-infinite[of s Din X a. f r a (q - a)]
by blast
moreover have |Ps| <o |s| using a3 a6 lem-rel-inf-fld-card]of |
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lem-fin-fl-rel[of s]
by (metis ordIso-iff-ordLeq ordLeg-transitive)
ultimately show #thesis
using a3 card-of-UNION-ordLeg-infinite[of s Ps A P. |J a€(Din). fra
(¢ P a)] by blast
qged
ultimately show ?thesis using d1 a8 by simp
qed
ultimately show (- finite (Di (Suc n))) A |Di (Suc n)| <o |s| by blast
qed
qed
have b12:V m.V n.n<m — Din< Dim
proof
fix mo
show V n.n <m0 — Din < Dim0
proof (induct m0)
show Vn<0. Din C Di 0 by blast
next
fix m
assume dI1: Vn<m. Din C Dim
show Vn<Suc m. Di n C Di (Suc m)
proof (intro alll impl)
fix n
assume ¢el: n < Suc m
have Di (Suc m) = H (Di m) using b8 by simp
moreover have Di m C H (Di m) using b5 by blast
ultimately have n < m — Din C Di (Suc m) using dI by blast
moreover have n = (Suc m) V n < m using el by force
ultimately show Di n C Di (Suc m) by blast
qed
qed
qed
have Di 0 C D using b9 by blast
then have b13: Field s C D using b7 b8 by simp
then have b1: s C s’ A s’ C r using a2 b10 unfolding Field-def by force
moreover have b15: |D| <o |
proof —
have |UNIV::nat set| <o |s| using a3 infinite-iff-card-of-nat by blast
then have ||J n. Din| <o |s| using b11 a3 card-of-UNION-ordLeg-infinite|of
s UNIV Di] by blast
moreover have D = (|J n. Di n) using b9 by force
ultimately show ¢thesis by blast
qed
moreover have |s'| =o |s]
proof —
have - finite (Field s) using a3 lem-fin-fl-rel by blast
then have — finite D using b13 finite-subset by blast
then have |D x D| =o |D| by simp
moreover have s’ C D x D using b10 by blast

82



ultimately have |s’| <o |s| using b15 card-of-monol ordLeg-ordIso-trans or-
dLeq-transitive by metis
moreover have |s| <o |s’| using b1/ by simp
ultimately show ?thesis using ordlso-iff-ordLeq by blast
qed
moreover have A C Field s’
proof
fix z
assume cl: z € A
obtain az bx where c2: ax = fst (pt z) A bz = snd (pt x) by blast
have pt x € Pt z using c1 p3 by blast
then have ¢3: (az, bz) € r A x € {ax,bx} using c2 pl by simp
have {az, bz} C DO using b7 c1 c¢2 by blast
moreover have Di 0 C D using b9 by blast
moreover have Di (0 = D0 using b8 by simp
ultimately have {az, bz} C D by blast
then have (az, bz) € s’ using ¢3 b10 by blast
then show z € Field s’ using ¢3 unfolding Field-def by blast
qed
moreover have CCR s’
proof —
have V a € Field s’V b € Field 8. 3 ¢ € Field s'. (a,c) € (") A (b,c) €
(s)
proof (intro balll)
fix a b
assume d1: a € Field s’ and d2: b € Field s’
then have d3: ¢ € D A b € D using b10 unfolding Field-def by blast
then obtain ia ib where dj: a € Diia A b € Di ib using b9 by blast
obtain k where dj: k = (max ia ib) by blast
then have ia < k A ib < k by simp
then have d6: a € Di k A b € Di k using d4 b12 by blast
obtain p where d7: p = g {a,b} by blast
have Field p C H (Di k) using b5 d6 d7 by blast
moreover have H (Di k) = Di (Suc k) using b8 by simp
moreover have Di (Suc k) C D using b9 by blast
ultimately have d8: Field p C D by blast
have {a, b} C Field r using d1 d2 b10 unfolding Field-def by blast
moreover have finite {a, b} by simp
ultimately have d9: CCR p A p C r A {a,b} C Field p using d7 b3 by blast
then obtain ¢ where d10: ¢ € Fieldp A (a,c) € p™* A (b,c) € p™x unfolding
CCR-def by blast
have (p “ D) C D using d8 unfolding Field-def by blast
then have D € Inv p unfolding Inv-def by blast
then have p™x N (Dx(UNIV::'U set)) C (Restr p D) x using lem-Inv-restr-rir|of
D p| by blast
moreover have Restr p D C s’ using d9 b10 by blast
moreover have (a,c) € p™ N (Dx(UNIV::'U set)) A (bye) € p™* N
(Dx(UNIV::'U set)) using d10 d3 by blast
ultimately have (a,c) € (s') * A (b,c) € (s') " using rtrancl-mono by blast
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moreover then have ¢ € Field s’ using dI lem-rtr-field by metis
ultimately show 3 ¢ € Field s’. (a,c) € (s) 7 A (b,c) € (s') * by blast
qed
then show ?thesis unfolding CCR-def by blast
qed
moreover have V PePs. (Field s' N P) € SCF s’
proof —
have V P € Ps. Va€Field s’. 3be(Field s’ N P). (a, b) € s'™*
proof (intro balll)
fix Pa
assume d0: P € Ps and dI: a € Field s’
then have a € D using 010 unfolding Field-def by blast
then obtain n where a € Di n using b9 by blast
then have f r a (¢ P a) C H (Di n) using d0 b5 by blast
moreover have H (Din) = Di (Suc n) using b8 by simp
ultimately have d2: f r a (¢ P a) C D using b9 by blast
have a € Field r using d1 10 unfolding Field-def by blast
then have ¢ Pa € P A (a, ¢ P a) € " using d0 qI by blast
moreover have Restr r (f r a (¢ P a)) C s’ using d0 d2 b10 by blast
ultimately have ¢ P a € P A (a, ¢ P a) € s’ using lem-Ccext-fint[of r a
q P a s'] by blast
moreover then have q P a € Field s’ using d1 lem-rtr-field by metis
ultimately show 3 be(Field s’ N P). (a, b) € s'* by blast
qed
then show ?thesis unfolding SCF-def by blast
qged
ultimately show ¢thesis by blast
qed

lemma lem-Ccext-finsubcer-pext5-scf2:
fixes r::'U rel and A B B"::'U set and z::'U and Ps::'U set set
assumes al: CCR r and a2: finite A and a8: A € SF r and a4: Ps C SCF r
shows 3 A":('U set). (z € Fieldr — x € A) N A C A" AN CCR (Restr r A’) A
finite A’
A (Vacd. r'{a}CB V r*{a}nN(A'-B) # {}) N A’ € SF r
A((3 y'U. A'=B' = {y}) — Field r C (A'UB’))
A((3 P. Ps={P}) — (VW P€ Ps. (A'N P) € SCF (Restr r
7))
proof —
obtain P where p0: P = (if (Ps # {}) then (SOME P. P € Ps) else Field r)
by blast
moreover have Field r € SCF r unfolding SCF-def by blast
ultimately have p1: P € SCF r using a4 by (metis contra-subsetD some-in-eq)
have p2: (3 P. Ps = {P}) — Ps = {P} using p0 by fastforce
have q1: Field (Restr r A) = A using a3 unfolding SF-def by blast
obtain s where s = (Restr r A) by blast
then have ¢2: s C r and ¢3: finite s and ¢4: A = Field s
using a2 qI lem-fin-fl-rel by (blast, metis, blast)
obtain S where b1: S = (A a. r*{a} — B ) by blast
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obtain S’ where 02: S’ = (A a. if (S a) # {} then (S a) else {a}) by blast
obtain f where f = (A a. SOME b. b € S’ a) by blast
moreover have V a. 3 b. b € (S’ a) unfolding b2 by force
ultimately have V a. fa € S’ a by (metis somel-ex)
then have b3:V a. (Sa#{} — fae Sa) A (Sa={} — fa=a)
unfolding b2 by (clarsimp, metis singletonD)
obtain yI y2::'U where nl: Field r # {} — {y1, y2} C Field r
and n2: (= (3 y='U. Fieldr — B'C {y})) — yl ¢ B'ANy2 ¢
B’ Ayl # y2 by blast
obtain A1 where b4: A1 = ({z,y1,y2} N Fieldr) U AU (f * A) by blast
have A1 C Field r
proof —
have c1: A C Field r using ¢4 ¢2 unfolding Field-def by blast
moreover have f ‘A C Field r
proof
fix z
assume z € f ‘ A
then obtain a where d2: a € A A z = f a by blast
show z € Field r
proof (cases S a = {})
assume S a = {}
then have z = a using c1 d2 b3 by blast
then show z € Field r using d2 c1 by blast
next
assume S a # {}
then have z € S a using d2 b3 by blast
then show z € Field r using b1 unfolding Field-def by blast
qed
qed
ultimately show A1 C Field r using b4 by blast
qed
moreover have s0: finite A1 using b4 ¢3 ¢4 lem-fin-fl-rel by blast
ultimately obtain s’ where s1: CCR s’ A s C s’ A s’ C r A finite s’ N A1 C
Field s’
and s1" (3 P. Ps = {P}) — (Field s'N P) € SCF s’
using p! al af q2 q3 lem-Ccext-finsubcer-set-ext-scf[of v s A1 P] by metis
obtain A’ where s2: A’ = Field s’ by blast
obtain s’ where s3: s"/ = Restr r A’ by blast
then have s/: s’ C s"" A Field s'"" = A’ using s1 s2 lem-Relprop-fld-sat|of s' r
s"] by blast
have s5: finite (Field s’) using sI lem-fin-fl-rel by blast
have A1 U ({z} N Field r) C A’ using b4 sI s2 by blast
moreover have CCR (Restr r A')
proof —
have CCR s’ using sl s2 s/ lem-Ccext-subccr-eqfld[of s’ s''] by blast
then show ?thesis using s3 by blast
qed
ultimately have b6: A1 U ({z} N Field r) C A’ A CCR (Restr r A') by blast
moreover then have A U ({z} N Field r) C A’ using b4 by blast
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ultimately have (z € Fiellr — 2z € A’) N A C A’ A CCR (Restr r A") by
blast
moreover have finite A’ using s2 s5 by blast
moreover have VacA. r'{a} C BV r{a} N (A'-B) # {}
proof
fix a
assume cl: a € A
have - (r‘{a} € B) — r{a} N (A'=B) # {}
proof
assume - (r‘{a} C B)
then have S a # {} unfolding b1 by blast
then have fa € r*{a} — B using b1 b3 by blast
moreover have fa € A’ using c! b4 b6 by blast
ultimately show r‘{a} N (A’=B) # {} by blast
qed
then show r‘{a} C BV r‘{a} N (A'—B) # {} by blast
qed
moreover have A’ € SF r using s3 s/ unfolding SF-def by blast
moreover have (3 y::'U. A’ — B’ = {y}) — Field r C (A’ U B)
proof
assume cI: 3 y:'U. A’ — B’ = {y}
moreover have c2: A’ C Field r using sI s2 unfolding Field-def by blast
ultimately have Field r # {} by blast
then have {y1, y2} C Field r using n! by blast
then have {yI, y2} C A’ using b/ sI s2 by fast
then have — (3y. Field r — B’ C {y}) — {y1, y2} C A’ — B’ A yl # y2
using n2 by blast
moreover have - ({yI, y2} C A’ — B’ A yl # y2) using cl by force
ultimately have 3 y::'U. Field r — B’ C {y} by blast
then show Field r C A’ U B’ using c1 ¢2 by blast
qed
moreover have (3 P. Ps = {P}) — (V P € Ps. (A' N P) € SCF (Restr r
49)
proof —
have c1: s’ C r using s3 s/ by blast
then have Field s’ = Field (Restr r (Field s’)) using lem-Relprop-fld-sat by
blast
moreover have s’ C Restr r (Field s’) using ¢! unfolding Field-def by force
ultimately have SCF s’ C SCF (Restr r (Field s')) using lem-ccext-scf-sat]of
s" Restr v (Field s’)] by blast
then show ?thesis using p2 s1’ s2 by blast
qed
ultimately show ?thesis by blast
qed

lemma lem-Ccext-infsubcer-pext-scf2:

fixes r::’U rel and A B B"::'U set and z::'U and Ps::'U set set

assumes al: CCR r and a2: — finite A and a8: A € SF r and a4: Ps C SCF r
shows 3 A":('U set). (z € Fieldr — x € A) N A C A" AN CCR (Restr r A’) A

86



147 =0 |4]
A (VacA. r'{a}CB V r*{a}nN(A'-B) #{}) N A’ € SF r
A (3 y:'U. A'=B' = {y}) — Flield r C (A'UB"))
A (|Ps] <o |A] — (V P € Ps. (A'N P) € SCF (Restr r A")) )
proof —
obtain Ps’ where p0: Ps’ = (if ( |Ps| <o |A| ) then Ps else {}) by blast
then have p1: Ps’ C SCF r A |Ps’| <o |A| using a4 by simp
have q1: Field (Restr r A) = A using a3 unfolding SF-def by blast
obtain s where s = (Restr r A) by blast
then have ¢2: s C r and ¢3: — finite s and ¢4: A = Field s
using a2 qI lem-fin-fl-rel by (blast, metis, blast)
obtain S where b1: S = (A a. r*{a} — B ) by blast
obtain S’ where b2: S’ = (X a. if (S a) # {} then (S a) else {a}) by blast
obtain f where f = (A a. SOME b. b € S’ a) by blast
moreover have V a. 3 b. b € (S’ a) unfolding b2 by force
ultimately have V a. fa € S’ a by (metis somel-ezx)
then have 03:V a. (Sa# {} — fac€ Sa)A(Sa={} — fa=q)
unfolding b2 by (clarsimp, metis singletonD)
obtain yI y2::'U where nl: Field r # {} — {y1, y2} C Field r
and n2: (= (3 y='U. Fieldr — B'C {y})) — yl ¢ B' AN y2 ¢
B’ Ayl # y2 by blast
obtain A1 where b4: A1 = ({z, yI1, y2} N Field r) U AU (f © A) by blast
have A1 C Field r
proof —
have c1: A C Field r using ¢/ ¢2 unfolding Field-def by blast
moreover have f ‘A C Field r
proof
fix z
assume z € f ‘A
then obtain a where d2: a € A A z = f a by blast
show z € Field r
proof (cases S a = {})
assume S a = {}
then have x = a using c1 d2 b3 by blast
then show z € Field r using d2 c1 by blast
next
assume S a # {}
then have =z € S a using d2 b3 by blast
then show z € Field r using b1 unfolding Field-def by blast
qed
qed
ultimately show A1 C Field r using b4 by blast
qed
moreover have s0: |A1| <o |Field s
proof —
obtain C1 where cI: C1 = {z,y1,y2} N Field r by blast
obtain C2 where ¢2: C2 = AU f ‘ A by blast
have — finite A using ¢4 q3 lem-fin-fi-rel by blast
then have |C2| =0 |A| using ¢2 b/ ¢3 by simp
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then have |C2| <o |Field s| unfolding ¢/ using ordlso-iff-ordLeq by blast
moreover have c3: — finite (Field s) using ¢3 lem-fin-fl-rel by blast
moreover have |C1| <o |Field s|
proof —
have |[{z,y1,y2}| <o |Field s| using c3
by (meson card-of-Well-order card-of-ordLeg-finite finite.emptyl finite.insert]
ordLeg-total)
moreover have |C!| <o |{z,yl,y2}| unfolding cI by simp
ultimately show ?thesis using ordLeg-transitive by blast
qed
ultimately have |C1 U C2| <o |Field s| unfolding b/ using card-of-Un-ordLeg-infinite
by blast
moreover have A1 = C1 U C2 using c1 ¢2 b4 by blast
ultimately show ?thesis by blast
qed
ultimately obtain s’ where s1: CCR s’ A s C s’ ANs'Cr Als'| =o|s| N Al
C Field s’
and s1”: (V P € Ps’. (Field s’ N P) € SCF s
using p! al q2 q3 ¢4 lem-Ccext-infsubccr-set-ext-scf2]of r s A1 Ps’] by blast
obtain A’ where s2: A’ = Field s’ by blast
obtain s where s3: s’ = Restr r A’ by blast
then have s/: s’ C s"" A\ Field s'"" = A’ using s1 s2 lem-Relprop-fld-sat]of s' r
s"] by blast
have s5: |Field s'| =o |Field s| using s1 q3 lem-cardreleg-cardfldeg-inf|of s’ s
by blast
have A1 U ({z} N Field r) C A’ using b4 sI s2 by blast
moreover have CCR (Restr r A)
proof —
have CCR s’ using sl s2 s/ lem-Ccext-subccr-eqfld[of s’ s''] by blast
then show ?thesis using s3 by blast
qed
moreover have |A'] =0 |Al|
proof —
have Field s C A1 using ¢4 b4 by blast
then have |Field s| <o |A1| by simp
then have |A'| <o |A1| using s2 s5 ordIso-ordLeq-trans by blast
moreover have |A1| <o |A’'| using sI s2 by simp
ultimately show #%thesis using ordlso-iff-ordLeq by blast
qed
ultimately have b6: A1 U ({z} N Field r) C A’ A CCR (Restr r A") N |A'| =0
|A1] by blast
moreover then have A U ({z} N Field r) C A’ using b4 by blast
moreover have |A'| =o |A| using s5 s2 ¢/ by blast
moreover have VacA. r{a} C BV r‘{a} N (A'-B) # {}
proof
fix a
assume cl: a € A
have = (r‘{a} C B) — r{a} N (A—B) # {}
proof
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assume - (r‘{a} C B)
then have S a # {} unfolding b1 by blast
then have fa € r*{a} — B using b1 b3 by blast
moreover have fa € A’ using c1 b/ b6 by blast
ultimately show r‘{a} N (A’=B) # {} by blast
qed
then show r‘{a} C BV r*{a} N (A'—B) # {} by blast
qed
moreover have A’ € SF r using s3 s/ unfolding SF-def by blast
moreover have (3 y:'U. A’ — B' = {y}) — Field r C (AU B)
proof
assume cI: 3 y:'U. A’ — B' = {y}
moreover have c¢2: A’ C Field r using sl s2 unfolding Field-def by blast
ultimately have Field r # {} by blast
then have {yI, y2} C Field r using nl by blast
then have {yI, y2} C A’ using b/ sI s2 by fast
then have — (3y. Field r — B’ C {y}) — {yl, y2} C A’ — B' A yl # y2
using n2 by blast
moreover have — ({y1, y2} C A’ — B’ A yl # y2) using cl by force
ultimately have 3 y::’U. Field r — B’ C {y} by blast
then show Field r C A’ U B’ using cI c2 by blast
qed
moreover have ( |Ps| <o |A| — (¥ P € Ps. (A’ N P) € SCF (Restr r A")) )
proof —
have cI: s’ C r using 53 s/ by blast
then have Field s’ = Field (Restr r (Field s’)) using lem-Relprop-fld-sat by
blast
moreover have s’ C Restr r (Field s’) using ¢! unfolding Field-def by force
ultimately have SCF s’ C SCF (Restr r (Field s’)) using lem-ccext-scf-sat|of
s" Restr r (Field s)] by blast
moreover have |Ps| <o |A| — Ps’ = Ps using p0 by simp
ultimately show ?thesis using s1’ s2 by blast
qed
ultimately show ?thesis by blast
qed

lemma lem-Ccext-subcer-pexts-scf2:
fixes r::'U rel and A B B"::'U set and z::'U and Ps::'U set set
assumes CCR r and A € SFr and Ps C SCF r
shows 3 A":('U set). (z € Fieldr — x € A')
NACA
NA" e SFr
A (Y a€A. ((r{a}CB) v (r{a}n(A’—B) £ {})))
A((3 y'U. A'=B’' = {y}) — Field r C (A'UB’))
A CCR (Restr r A')
A ((finite A — finite A') A ( (= finite A) — |A'] =0 |A]))
A (((3 P. Ps={P}) V ((— finite Ps) A |Ps| <o |4] )) —
(V Pe€ Ps.(A'N P) € SCF (Restr r A")))
proof (cases finite A)
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assume bl: finite A
then obtain A":'U set where b2: (z € Fieldr — z € A’) NAC A" AN CCR
(Restr r A')
A (VagA. r'{a}CB V r{a}n(A'=B) £ {}) N A’ € SFr
A((3 y'U. A'=B' = {y}) — Field r C (A'UB’))
and b3: finite A’ A (3 P. Ps={P}) — (V P € Ps. (A'N P)
€ SCF (Restr r A")))
using assms lem-Ccext-finsubcer-pext5-scf2|of r A Ps © B B'] by
metis
have b4: ((finite A — finite A') A ( (= finite A) — |A'] =0 |4|))
and b5: ( (3 P. Ps = {P}) V ((— finite Ps) A |Ps| <o |A] )) — (V P € Ps.
(A"N P) € SCF (Restr r A")))
using b1 b3 card-of-ordLeq-finite by blast+
show ?thesis
apply (rule exl)
using 02 b4 b5 by force
next
assume bl: — finite A
then obtain A’ where b2: (z € Fieldr — z € A) N A C A’ AN CCR (Restr
r A’
A (VagA. r'{a}CB V r'{a}n(A'=B) £ {}) N A’ € SFr
A((3 y'U. A'=B’' = {y}) — Field r C (A'UB’))
and b03: |A'] =0 |A| A (|Ps| <o |A| — (V P € Ps. (A'n P) € SCF
(Restr r A")) )
using assms lem-Ccext-infsubcer-pext5-scf2lof r A Ps x B B’] by metis
have b4: ((finite A — finite A') A ( (= finite A) — |A'] =0 |4|))
using b1 b3 by metis
have b5: ( (3 P. Ps = {P}) V ((— finite Ps) A |Ps| <o |A] )) — (V¥ P € Ps.
(A’ N P) € SCF (Restrr A")))
using b1 b3 by (metis card-of-singl-ordLeq finite.simps)
show ?thesis
apply (rule exl)
using b2 b4 b5 by force
qed

lemma lem-dnEsc-el: F € dnEscr A a = a € F A finite F unfolding dnEsc-def
F-def rpth-def by blast

lemma lem-dnEsc-emp: dnEsc v A a = {} = dnesc 7 A a = { a } unfolding
dnesc-def by simp

lemma lem-dnEsc-ne: dnEscr A a # {} = dnescr A a € dnEscr A a
unfolding dnesc-def using somel-ex[of A F. F € dnEsc r A a] by force

lemma lem-dnesc-in: a € dnesc v A a A finite (dnesc r A a)
using lem-dnEsc-emplof r A a] lem-dnEsc-el[of - r A a] lem-dnEsc-ne[of r A a

by force

lemma lem-escl-incr: B C escl r A B using lem-dnesc-in[of - r A] unfolding
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escl-def by blast

lemma lem-escl-card: (finite B — finite (escl r A B)) A (= finite B — |escl r
A Bl <o |B|)
proof (intro conjl impl)
assume finite B
then show finite (escl r A B) using lem-dnesc-in[of - r A] unfolding escl-def
by blast
next
assume bl: - finite B
moreover have escl r A B = (|Jz€B. ((dnesc r A) z)) unfolding escl-def by
blast
moreover have V z. |(dnesc r A) z| <o |B|
proof
fix »
have finite (dnesc r A z) using lem-dnesc-in[of - r A] by blast
then show |dnesc r A z| <o |B| using b! by (meson card-of-Well-order
card-of-ordLeg-infinite ordLeg-total)
qed
ultimately show |escl r A B| <o |B| by (simp add: card-of-UNION-ordLeg-infinite)
qed

lemma lem-Ccext-infsubcer-set-ext-scf3:
fixes r s::'U rel and A A0::'U set and Ps::'U set set
assumes al: CCR r and a2: s C r and a3: — finite s and a4: A C Field r
and a5: |A| <o |Field s| and a6: Ps C SCF r A |Ps| <o |Field s|
shows 3 s":("Urel). CCRs'"Ns Cs'ANs"CrAls'|=o0l|s| N AC Field s’
A (Y Pe€Ps. (Field s'"N P) € SCF s') A (escl v A0 (Field s') C Field s”)
A (3 D. s’ = Restr r D) A (Conelike s' — Conelike r)
proof —
obtain w where w0: w = (A z. SOME y. y € Field r — dncl r {z}) by blast
have wi: A z. Field r — dncl r {z} # {} = wx € Field r — dncl r {z}
proof —
fix z
assume Field r — dncl v {z} # {}
then show w z € Field r — dncl r {z}
using w0 somel-ex[of X y. y € Field r — dncl r {z}] by force
qed
obtain ¢ where ¢0: ¢ = (A P a. SOME p. p € P A (a, p) € ") by blast
have q1: V PePs. ¥V acField r. (¢ P a) € Field v A (¢ P a) € P A (a, ¢ P a)
€ %
proof (intro balll)
fix Pa
assume P € Ps and a € Field r
then show (¢ P a) € Field v A (¢ Pa) € PA (a, ¢ Pa) € 1%
using ¢0 a6 somel-ex[of A p. p € P A (a,p) € %] unfolding SCF-def by
blast
qged
obtain G::'U set = 'U rel set where b1: G = (A A. {t::'U rel. finite t AN CCR

91



tANtCr ANAC Field t}) by blast
obtain g::'U set = 'U rel where b2: g = (A A. if A C Field r A finite A then
(SOME t. t € G A) else {}) by blast
have b8: ¥V A. A C Field r A finite A — finite (9 A) AN CCR (g A) A (g A) C
r AN A C Field (g A)
proof (intro alll impI)
fix A
assume cl: A C Field r A finite A
then have g A = (SOME t. t € G A) using b2 by simp
moreover have G A # {} using b1 al cI lem-Ccext-finsubcer-dext[of r A] by
blast
ultimately have g A € G A using some-in-eq by metis
then show finite (9 A) A CCR (g A) A (g A) C r AN A C Field (g9 A) using
b1 by blast
qed
have b4:V A. = (A C Field r A finite A) — g A = {} using b2 by simp
obtain H::'U set = 'U set
where b5: H= (A X. X U {S. 3 acX. JbeX. S = Field (g {a,b})}
Ul {S.3 PePs.3 aeX. S=fra(qPa)}
Uesclr A0 X U (w'X) ) by blast

obtain Pt::'U = 'U rel where pl: Pt = (A z. {p € r. z = fst p V z = snd p})
by blast
obtain pt::’U = 'Ux'U where p2: pt = (A z. (SOME p. p € Pt x)) by blast
have V z€A. Pt z # {} using a/ unfolding p1 Field-def by force
then have p3: V z€A. pt © € Pt x unfolding p2 by (metis (full-types) Col-
lect-empty-eq Collect-mem-eq somel-ex)
obtain D0 where b7: D0 = Field s U fst(pt‘A) U snd‘(pt‘A) by blast
obtain Di:nat = 'U set where b8: Di = (A n. (H "n) D0) by blast
obtain D::'U set where b9: D = |J {X. 3 n. X = Di n} by blast
obtain s’ where 010: s’ = Restr r D by blast
have b11:V n. (= finite (Di n)) A |Din| <o |s|
proof
fix no
show (= finite (Di n0)) A |Din0| <o |s]
proof (induct n0)
have |D0| =o |Field s|
proof —
have [fst(pt"A)| <o |(ptA)| A |(pt'A)| <o |A] by simp
then have c1: |fst{(pt‘A)| <o |A| using ordLeg-transitive by blast
have |snd‘(pt‘A)| <o |(pt‘A)| A |(pt‘A)| <o |A| by simp
then have c2: |snd{(pt‘A)| <o |A| using ordLeg-transitive by blast
have |fst{(pt‘A)| <o |Field s| A |snd‘(pt‘A)| <o |Field s|
using c1 c2 a5 ordLeg-transitive by blast
moreover have — finite (Field s) using a8 lem-fin-fl-rel by blast
ultimately have c¢3: |D0| <o |Field s| unfolding b7 by simp
have Field s C D0 unfolding b7 by blast
then have |Field s| <o |D0| by simp
then show ?thesis using c8 ordlso-iff-ordLeq by blast
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qed
moreover have |Field s| =o |s| using a8 lem-rel-inf-fid-card by blast
ultimately have |D0| <o |s| using ordIso-imp-ordLeq ordIso-transitive by
blast
moreover have — finite D0 using a8 b7 lem-fin-fi-rel by blast
ultimately show — finite (Di 0) A |Di 0] <o |s| using b8 by simp
next
fix n
assume dI: (= finite (Di n)) A |Din| <o ||
moreover then have |(Di n) x (Din)| =o |Di n| by simp
ultimately have d2: |(Di n) x (Di n)| <o |s| using ordIso-imp-ordLeq
ordLeq-transitive by blast
have d3:V a € (Din).V b € (Din). |Field (g {a, b})| <o |s|
proof (intro balll)
fixabd
assume a € (Din) and b € (Din)
have finite (g {a, b}) using b3 bj by (metis finite.emptyl)
then have finite (Field (g {a, b})) using lem-fin-fl-rel by blast
then have |Field (g {a, b})| <o |s| using a3 finite-ordLess-infinite2 by
blast
then show |Field (g {a, b})| <o |s| using ordLess-imp-ordLeq by blast
qed
have d4: Di (Suc n) = H (Di n) using b8 by simp
then have Di n C Di (Suc n) using b5 by blast
then have — finite (Di (Suc n)) using d1 finite-subset by blast
moreover have |Di (Suc n)| <o |s]
proof —
obtain [ where el: I = (Din) x (Di n) by blast
obtain f where e2: f = (A (a,b). Field (g {a,b})) by blast
have |I| <o |s| using el d2 by blast
moreover have Vi€l. |f i| <o |s| using el e2 d3 by simp
ultimately have || i€l. fi| <o |s| using a8 card-of- UNION-ordLeg-infinite[of
s I f] by blast
moreover have Di (Suc n) = (Din) U (U i€l. f1i)
U (U PePs. (U a€(Din).fra(qgPa))Uesclr A0 (Din) U (wi(Di
n))
using el e2 d4 b5 by blast
moreover have || J PePs. (| a€(Din). fra (¢ P a))| <ols|
proof —
have A\ P. P € Ps = Ya€(Din). |[f ra (¢ P a)|] <o ||
using a8 lem-ccext-ffin by (metis card-of- Well-order card-of-ordLeg-infinite
ordLeg-total)
then have A P. P € Ps = ||J a€(Din). fra (qP a)| <o |s
using d1 a3 card-of-UNION-ordLeg-infinite[of s Din X\ a. f r a (q - a)]
by blast
moreover have |Ps| <o |s| using a3 a6 lem-rel-inf-fld-card]of |
lem-fin-fl-rel[of s]
by (metis ordIso-iff-ordLeq ordLeq-transitive)
ultimately show %thesis
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using a3 card-of-UNION-ordLeg-infinite[of s Ps A P. |J a€(Din). fra
(¢ P a)] by blast
qed
moreover have |escl r A0 (Din)| <o |
using dI lem-escl-card[of Di n r A0] by (metis ordLeg-transitive)
moreover have |w‘Di n)| <o |s| using dI using card-of-image or-
dLeq-transitive by blast
ultimately show ?thesis using d1 a3 by simp
qed
ultimately show (- finite (Di (Suc n))) A |Di (Suc n)| <o |s| by blast
qed
qed
have b12:V m.V n.n<m — Din < Dim
proof
fix mo
show V n. n <m0 — Din < Dim0
proof (induct m0)
show Vn<0. Din C Di 0 by blast
next
fix m
assume di: Vn<m. Din C Dim
show V n<Suc m. Din C Di (Suc m)
proof (intro alll impl)
fix n
assume el: n < Sucm
have Di (Suc m) = H (Di m) using b8 by simp
moreover have Di m C H (Di m) using b5 by blast
ultimately have n < m — Din C Di (Suc m) using dI by blast
moreover have n = (Suc m) V n < m using el by force
ultimately show Di n C Di (Suc m) by blast
qed
qed
qed
have Di 0 C D using b9 by blast
then have b13: Field s C D using b7 b8 by simp
then have b14: s C s’ A s/ C r using a2 b10 unfolding Field-def by force
moreover have b15: |D| <o [
proof —
have |UNIV::nat set| <o |s| using a8 infinite-iff-card-of-nat by blast
then have ||J n. Din| <o |s| using b11 a3 card-of-UNION-ordLeg-infinite[of
s UNIV Di] by blast
moreover have D = (|J n. Di n) using b9 by force
ultimately show ?thesis by blast
qed
moreover have |s'| =o [
proof —
have — finite (Field s) using a3 lem-fin-fl-rel by blast
then have — finite D using b13 finite-subset by blast
then have |D x D| =o |D| by simp
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moreover have s’ C D x D using b10 by blast
ultimately have |s'| <o |s| using b15 card-of-monol ordLeq-ordIso-trans or-
dLeq-transitive by metis
moreover have |s| <o |s’| using b1/ by simp
ultimately show ?thesis using ordlso-iff-ordLeq by blast
qed
moreover have A C Field s’
proof
fix z
assume cl: z € A
obtain az bx where ¢2: ax = fst (pt ) A bz = snd (pt x) by blast
have pt z € Pt z using c1 p3 by blast
then have ¢3: (az, bz) € r A z € {az,bz} using c2 p! by simp
have {az, bz} C D0 using b7 cI c2 by blast
moreover have Di 0 C D using b9 by blast
moreover have Di (0 = D0 using b8 by simp
ultimately have {az, bz} C D by blast
then have (az, bx) € s’ using ¢3 b10 by blast
then show z € Flield s’ using c¢3 unfolding Field-def by blast

qed
moreover have CCR s’
proof —
have V a € Field s'. ¥V b € Field s’. 3 ¢ € Field s'. (a,c) € (s)) % A (b,c) €
()7
proof (intro balll)
fixabd

assume d1: a € Field s’ and d2: b € Field s’
then have d3: a € D A b € D using b10 unfolding Field-def by blast
then obtain ia ib where dj: a € Diia A b € Di ib using b9 by blast
obtain k£ where d5: k = (maz ia ib) by blast
then have ia < k A ib < k by simp
then have d6: a € Dik A b € Dik using d4 b12 by blast
obtain p where d7: p = g {a,b} by blast
have Field p C H (Di k) using b5 d6 d7 by blast
moreover have H (Di k) = Di (Suc k) using b8 by simp
moreover have Di (Suc k) C D using b9 by blast
ultimately have d8: Field p C D by blast
have {a, b} C Field r using d1 d2 b10 unfolding Field-def by blast
moreover have finite {a, b} by simp
ultimately have d9: CCR p A p C r A {a,b} C Field p using d7 b3 by blast
then obtain ¢ where d10: ¢ € Field p A (a,c) € p™x A (b,¢) € p~* unfolding
CCR-def by blast
have (p ““ D) C D using d8 unfolding Field-def by blast
then have D € Inv p unfolding Inv-def by blast
then have p™x N (Dx(UNIV::'U set)) C (Restr p D) x using lem-Inv-restr-rir|of
D p| by blast
moreover have Restr p D C s’ using d9 b10 by blast
moreover have (a,¢c) € p N (Dx(UNIV:'U set)) A (byc) € px N
(Dx(UNIV::'U set)) using d10 d3 by blast
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ultimately have (a,c) € (s') ™ A (b,¢) € (s’) " using rtrancl-mono by blast
moreover then have ¢ € Ficeld s’ using d1 lem-rtr-field by metis
ultimately show 3 ¢ € Field s’. (a,c) € (s) 7 A (b,c) € (s') * by blast
qed
then show ?thesis unfolding CCR-def by blast
qed
moreover have V PePs. (Field s’ N P) € SCF s’
proof —
have V P € Ps. Va€Field s'. 3be(Field s' N P). (a, b) € s’ %
proof (intro balll)
fix Pa
assume d0: P € Ps and d1: a € Field s’
then have a € D using b10 unfolding Field-def by blast
then obtain n where a € Di n using b9 by blast
then have f r a (¢ P a) C H (Di n) using d0 b5 by blast
moreover have H (Din) = Di (Suc n) using b8 by simp
ultimately have d2: f r a (¢ P a) C D using b9 by blast
have a € Field r using d1 010 unfolding Field-def by blast
then have ¢ Pa € P A (a, ¢ P a) € r"x using d0 qI by blast
moreover have Restr r (f r a (¢ P a)) C s’ using d0 d2 b10 by blast
ultimately have ¢ P a € P A (a, ¢ P a) € s’ using lem-Ccext-fint[of r a
q P a s'] by blast
moreover then have q P a € Field s’ using d1 lem-rtr-field by metis
ultimately show 3 be(Field s’ N P). (a, b) € s by blast
qed
then show ?thesis unfolding SCF-def by blast
qed
moreover have escl r A0 (Field s') C Field s’
proof
fix z
assume cl: x € escl r A0 (Field s')
then obtain F' o where ¢2: x € F AN F = dnesc v A0 a N\ a € Field s’
unfolding escl-def by blast
obtain n where a € Di n using c2 b9 b10 unfolding Field-def by blast
then have FF C H (Di n) using c2 b5 unfolding escl-def by blast
moreover have H (Di n) = Di (Suc n) using b8 b9 by simp
ultimately have c3: F C D using b9 by blast
show z € Field s’
proof (cases dnEsc r A0 a = {})
assume dnEsc r A0 o = {}
then have z = a using c¢2 lem-dnEsc-emp|of r A0] by blast
then show ?thesis using c2 by blast
next
assume dnEsc r A0 o # {}
then have F € dnEsc r A0 a using c2 lem-dnEsc-ne[of r A0 a] by blast
then obtain b where F' € F r a b unfolding dnFsc-def by blast
then obtain f k& where f € rpth r a b k A F = f{i. i<k} unfolding F-def
by blast
moreover then obtain j where j<kt A z = fj using c2 by blast
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by fo
t
z] by

ultimately have f € rpth (Restr r D) a z j using ¢8 unfolding rpth-def
ree

hen have a € Field s’ A (a,z) € s’ using c¢2 b10 lem-ccext-rpth-rir[of - a
blast

then show ?thesis using lem-rtr-field by metis
qed

qed

moreover have 3 D. s’ = Restr r D using b10 by blast
moreover have — Conelike r — — Conelike s’
proof
assume — Conelike r
then have c1:V a € Field r. Field r — dnclr {a} # {} unfolding Conelike-def
dncl-def by blast
have V a € Field s'. 3 a’ € Field s'. (a’, a) ¢ s

pr

oof

fix a
assume dI: a € Field s’

t
t
t
r] by

hen have d2: a € Field r using 010 unfolding Field-def by blast

hen have d$: w a € Field r — dncl r {a} using c¢I wl by blast

hen have (w a, a) ¢ s’ unfolding dncl-def using b10 rtrancl-mono[of s’
blast

moreover have w a € Field s’
proof —

obtain n where a € Di n using di1 b9 010 unfolding Field-def by blast
then have a € Di (Suc n) A wa € Di (Suc n) using b5 b8 by simp
then have el: Field (g {a, w a}) C H (Di (Suc n)) using b5 b8 by blast
have e2: {a, w a} C Field r A finite {a, w a} using d2 d3 by blast
have H (Di (Suc n)) = Di (Suc (Suc n)) using b8 by simp

moreover have Di (Suc (Suc n)) C D using b9 by blast

ultimately have Field (g {a,w a}) C D using el by blast

moreover have Restr (g {a,w a}) D C s’ using e2 b3 b10 by blast
ultimately have g {a,w a} C s’ unfolding Field-def by fastforce
moreover have w a € Field (g {a, w a}) using e2 b3 by blast
ultimately show w a € Field s’ unfolding Field-def by blast

qed
ultimately show 3 a’ € Field s’. (a’, a) ¢ s’ by blast
qged
moreover have s’ # {} using b14 a3 by force
ultimately show — Conelike s’ unfolding Conelike-def by blast

qed

ultimately show ¢thesis by blast

qed

lemma lem-Ccext-infsubccr-pexts-scf3:

fixes r::'Urel and A B B"::'U set and z::'U and Ps::'U set set

assumes al: CCR r and a2: — finite A and a83: A € SF r and a4: Ps C SCF r
shows 3 A":('U set). (x € Fieldr — z € A) N A C A" A CCR (Restr r A") A

Al =

o |4]
A VaeA. r'{a}CB V r'{a}n(A’-B) # {}) N A’ € SFr
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A((3 y'U. A'=B’' C {y}) — Field r C (A'UB’))
A (|Ps| <o |A] — (¥ P € Ps. (A’ N P) € SCF (Restr r A")) )
A (esclr A A" C A" A clterm (Restr r A') r
proof —
obtain Ps’ where p0: Ps’ = (if ( |Ps| <o |A| ) then Ps else {}) by blast
then have p1: Ps’ C SCF r A |Ps’| <o |A| using a4 by simp
have q1: Field (Restr r A) = A using a3 unfolding SF-def by blast
obtain s where s = (Restr r A) by blast
then have ¢2: s C r and ¢3: — finite s and ¢4: A = Field s
using a2 qI lem-fin-fl-rel by (blast, metis, blast)
obtain S where b1: S = (A a. r*{a} — B ) by blast
obtain S’ where 02: S’ = (A a. if (S a) # {} then (S a) else {a}) by blast
obtain f where f = (A a. SOME b. b € S’ a) by blast
moreover have V a. 3 b. b € (S’ a) unfolding b2 by force
ultimately have V a. fa € S’ a by (metis somel-ex)
then have b3:V a. (Sa# {} — fa€e Sa)A(Sa={} — fa=a)
unfolding b2 by (clarsimp, metis singletonD)
obtain yI y2::'U where nl: Field r # {} — {y1, y2} C Field r
and n2: (= (3 y='U. Fieldr — B'C {y})) — yl ¢ B' AN y2 ¢
B’ Ayl # y2 by blast
obtain y8 where n3: (- (Field r — B’ C {})) — y3 € Field r — B’ by blast
obtain A1 where b/: A1 = ({z, y1, y2, y3} N Fieldr) U AU (f ¢ A) by blast
have A1 C Field r
proof —
have c1: A C Field r using ¢/ ¢2 unfolding Field-def by blast
moreover have f ‘A C Field r
proof
fix z
assume z € f ‘A
then obtain a where d2: a € A A z = f a by blast
show z € Field r
proof (cases S a = {})
assume S a = {}
then have x = a using c1 d2 b3 by blast
then show z € Field r using d2 c1 by blast
next
assume S a # {}
then have =z € S a using d2 b3 by blast
then show z € Field r using b1 unfolding Field-def by blast
qed
qed
ultimately show A1 C Field r using b4 by blast
qed
moreover have s0: |A1| <o |Field s
proof —
obtain C1 where c1: C1 = {z,yl,y2,y3} N Field r by blast
obtain C2 where ¢2: C2 = AU f ‘ A by blast
have — finite A using ¢4 q3 lem-fin-fi-rel by blast
then have |C2| =0 |A| using ¢2 b/ ¢3 by simp
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then have |C2| <o |Field s| unfolding ¢/ using ordlso-iff-ordLeq by blast
moreover have c3: — finite (Field s) using ¢3 lem-fin-fl-rel by blast
moreover have |C1| <o |Field s|
proof —
have |{z,y1,y2,y3}| <o |Field s| using c3
by (meson card-of-Well-order card-of-ordLeg-finite finite.emptyl finite.insert]
ordLeg-total)
moreover have |C!| <o [{z,y1,y2,y3}| unfolding cI by simp
ultimately show ?thesis using ordLeg-transitive by blast
qed
ultimately have |C1 U C2| <o |Field s| unfolding b/ using card-of-Un-ordLeg-infinite
by blast
moreover have A1 = C1 U C2 using c1 ¢2 b4 by blast
ultimately show ?thesis by blast
qed
ultimately obtain s’ where s1: CCR s’ A s C s’ ANs'Cr Als'| =o|s| N Al
C Field s’
and s1”: (V P € Ps’. (Field s’ N P) € SCF s
and s1”: escl r A (Field s') C Field s’
and s1': (3 D. s’ = Restr r D) A (Conelike s’ — Conelike r)
using p1 al ¢2 ¢3 ¢4 lem-Ccext-infsubcer-set-ext-scf3[of r s A1 Ps' A] by blast
obtain A’ where s2: A’ = Field s’ by blast
obtain s” where s3: s’ = Restr r A’ by blast
then have s/: s’ C s A\ Field s = A’ using s! s2 lem-Relprop-fld-sat[of s’ r
s"] by blast
have s5: |Field s'| =o |Field s| using s1 q3 lem-cardreleg-cardfideg-inf|of s’ s
by blast
have A1 U ({z} N Field r) C A’ using b4 s1 s2 by blast
moreover have CCR (Restr r A')
proof —
have CCR s’ using s1 s2 s/ lem-Ccext-subcer-eqfid[of s’ s''] by blast
then show ?thesis using s3 by blast
qed
moreover have |[A'| =0 |A1]
proof —
have Field s C A1 using ¢4 b4 by blast
then have |Field s| <o |A1| by simp
then have |A'] <o |A1| using s2 s5 ordIso-ordLeg-trans by blast
moreover have |A1| <o |A’'| using sI s2 by simp
ultimately show ?thesis using ordlso-iff-ordLeq by blast
qed
ultimately have b6: A1 U ({z} N Field r) C A’ A CCR (Restr r A") A |A'| =0
|A1| by blast
moreover then have A U ({z} N Field r) C A’ using b4 by blast
moreover have |A'| =o | 4| using s5 s2 ¢f by blast
moreover have VacA. r*{a} C BV r*{a} N (A'-B) # {}
proof
fix a
assume cl: a € A
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have — (r‘{a} C B) — r*{a} N (A'=B) # {}
proof
assume - (r‘{a} C B)
then have S a # {} unfolding b1 by blast
then have fa € r*{a} — B using b1 b3 by blast
moreover have fa € A’ using c1 b/ b6 by blast
ultimately show r‘{a} N (A'—B) # {} by blast
qed
then show r‘{a} C BV r*{a} N (A'—B) # {} by blast
qged
moreover have A’ € SF r using s3 s/ unfolding SF-def by blast
moreover have (3 y::'U. A’ — B’ C {y}) — Field r C (A’ U B
proof
assume c0: 3 y:'U. A’ — B’ C {y}
show Field r C (A" U B’)
proof (cases 3 y::'U. A’ — B’ = {y})
assume cI: 3 y:'U. A’ — B' = {y}
moreover have c2: A’ C Field r using s! s2 unfolding Ficld-def by blast
ultimately have Field r # {} by blast
then have {yI, y2} C Field r using n1 by blast
then have {yI, y2} C A’ using b/ sI s2 by fast
then have — (3y. Fieldr — B' C {y}) — {y1, y2} C A" — B’ A yl # y2
using n2 by blast
moreover have — ({y1, y2} C A’ — B’ A yl # y2) using cl by force
ultimately have 3 y::'U. Field r — B’ C {y} by blast
then show Field r C A’ U B’ using cI c2 by blast
next
assume - (3 y:'U. A’ — B’ = {y})
then have c1: A’ — B’ = {} using c0 by blast
show Field r C (A" U B’)
proof (cases Field r = {})
assume Field r = {}
then show Field r C (A’ U B') by blast
next
assume Field r # {}
moreover have c2: A’ C Field r using sI s2 unfolding Field-def by blast
ultimately have Field r # {} by blast
then have — (Field r — B’ C {}) — {y3} C Field r using n3 by blast
then have — (Field r — B’ C {}) — {y3} C A’ using b4 s s2 by fast
then have — (Field r — B’ C {}) — {y3} C A’ — B’ using n3 by blast
moreover have - ({y3} C A’ — B’) using c! by force
ultimately have Field r — B’ C {} by blast
then show Field r C A’ U B’ using cI c2 by blast
qed
qed
qed
moreover have ( |Ps| <o |A| — (V P € Ps. (A’ N P) € SCF (Restr r A")) )
proof —
have cI: s’ C r using s3 s/ by blast
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then have Field s’ = Field (Restr r (Field s’)) using lem-Relprop-fld-sat by
blast
moreover have s’ C Restr r (Field s') using cI unfolding Field-def by force
ultimately have SCF s’ C SCF (Restr r (Field s')) using lem-ccext-scf-sat]of
s" Restr r (Field s)] by blast
moreover have |Ps| <o |A| — Ps’ = Ps using p0 by simp
ultimately show ?thesis using s1’ s2 by blast
qed
moreover have esclr A A’ C A’ using 51" s2 by blast
moreover have Conelike (Restr r A') — Conelike r
proof
assume cI: Conelike (Restr r A')
obtain D where s’ = Restr r D using s1'" by blast
then have s’ = Restr r (Field s’) unfolding Field-def by force
then have Conelike s’ using cl s2 by simp
then show Conelike r using s1'" by blast
qed
ultimately show ?thesis unfolding clterm-def by blast
qed

lemma lem-Ccext-finsubcer-pext5-scf3:
fixes r::'U rel and A B B"::'U set and z::'U and Ps::'U set set
assumes al: CCR r and a2: finite A and a83: A € SF r and a4: Ps C SCF r
shows 3 A":('U set). (z € Fieldr — z € A) N A C A" AN CCR (Restr r A") A
finite A’
A (VagA. r'{a}CB V r'{a}n(A'=B) £ {}) N A’ € SFr
A((3 y'U. A'=B’' C {y}) — Field r C (A'UB’))
AN((3 P. Ps={P}) — (VW P Ps. (A'N P) € SCF (Restr r
A7)
proof —
obtain P where p0: P = (if (Ps # {}) then (SOME P. P € Ps) else Field r)
by blast
moreover have Field r € SCF r unfolding SCF-def by blast
ultimately have p1: P € SCF r using a4 by (metis contra-subsetD some-in-eq)
have p2: (3 P. Ps = {P}) — Ps = {P} using p0 by fastforce
have qI: Field (Restr r A) = A using a3 unfolding SF-def by blast
obtain s where s = (Restr r A) by blast
then have ¢2: s C r and ¢3: finite s and ¢/: A = Field s
using a2 g1 lem-fin-fl-rel by (blast, metis, blast)
obtain S where b1: S = (A a. r*{a} — B ) by blast
obtain S’ where b2: S’ = (X a. if (S a) # {} then (S a) else {a}) by blast
obtain f where f = (A a. SOME b. b € S’ a) by blast
moreover have V a. 3 b. b € (S’ a) unfolding b2 by force
ultimately have V a. fa € S’ a by (metis somel-ezx)
then have 03:V a. (Sa# {} — fac€ Sa)AN(Sa={} — fa=q)
unfolding b2 by (clarsimp, metis singletonD)
obtain yI y2::'U where nl1: Field r # {} — {y1, y2} C Field r
and n2: (- (3 y:'U. Field r — B’ C {y})) — yl ¢ B' AN y2 ¢
B’ Ayl # y2 by blast
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obtain y3 where n3: (- (Field r — B’ C {})) — y3 € Field r — B’ by blast
obtain A1 where b4: A1 = ({z,y1,y2,y8} N Field r) U AU (f * A) by blast
have A1 C Field r
proof —
have c1: A C Field r using ¢/ ¢2 unfolding Field-def by blast
moreover have f ‘A C Field r
proof
fix z
assume z € f ‘ A
then obtain ¢ where d2: a € A A z = f a by blast
show x € Field r
proof (cases S a = {})
assume S a = {}
then have z = a using c1 d2 b3 by blast
then show = € Field r using d2 c1 by blast
next
assume S a # {}
then have z € S o using d2 b3 by blast
then show z € Field r using b1 unfolding Field-def by blast
qed
qed
ultimately show A1 C Field r using b4 by blast
qed
moreover have s0: finite A1 using b4 q3 q4 lem-fin-fi-rel by blast
ultimately obtain s’ where s1: CCR s’ A s C s’ A s’ C r A finite s’ N A1 C
Field s’
and s1” (3 P. Ps = {P}) — (Field s'N P) € SCF s’
using pl al a4 q2 q3 lem-Ccext-finsubcer-set-ext-scf[of v s A1 P] by metis
obtain A’ where s2: A’ = Flield s’ by blast
obtain s’ where s3: s’ = Restr r A’ by blast
then have s/: s’ C s"" A Field s = A’ using s! s2 lem-Relprop-fld-sat[of s’ r
s"] by blast
have s5: finite (Field s) using s1 lem-fin-fl-rel by blast
have A1 U ({z} N Field r) C A’ using b4 sl s2 by blast
moreover have CCR (Restr r A')
proof —
have CCR s" using s1 s2 s/ lem-Ccext-subcer-eqfid[of s' s''] by blast
then show ?thesis using s3 by blast
qed
ultimately have b6: A1 U ({z} N Field r) C A’ A CCR (Restr r A') by blast
moreover then have A U ({z} N Field r) C A’ using b4 by blast
ultimately have (z € Fieldlr — 2z € A’) N A C A’ A CCR (Restr r A") by
blast
moreover have finite A’ using s2 s5 by blast
moreover have Va€A. r*{a} C BV r*{a} N (A'-B) # {}
proof
fix a
assume cl:a € A
have - (r‘{a} C B) — r*{a} N (A'=B) # {}
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proof
assume - (r‘{a} C B)
then have S a # {} unfolding b1 by blast
then have fa € r*{a} — B using b1 b3 by blast
moreover have fa € A’ using c1 b/ b6 by blast
ultimately show r‘{a} N (A'=B) # {} by blast
qed
then show r“{a} C BV r{a} N (A’=B) # {} by blast
qed
moreover have A’ € SF r using s3 s/ unfolding SF-def by blast
moreover have (3 y::'U. A’ — B’ C {y}) — Field r C (A’ U B
proof
assume c0: 3 y:'U. A’ — B’ C {y}
show Field r C (A’ U B’)
proof (cases 3 y:'U. A’ — B’ = {y})
assume cI: 3 y:'U. A’ — B’ = {y}
moreover have c2: A’ C Field r using s! s2 unfolding Field-def by blast
ultimately have Field r # {} by blast
then have {yI, y2} C Field r using n1 by blast
then have {yI, y2} C A’ using b/ sI s2 by fast
then have = (3y. Fieldr — B’ C {y}) — {yl, y2} C A’ — B’ Ayl # y2
using n2 by blast
moreover have - ({yI, y2} C A’ — B’ A yl # y2) using cl by force
ultimately have 3 y::'U. Field r — B’ C {y} by blast
then show Field r C A’ U B’ using cl c2 by blast
next
assume - (3 y:'U. A’ — B’ = {y})
then have c1: A’ — B’ = {} using c0 by blast
show Field r C (A" U B’)
proof (cases Field r = {})
assume Field r = {}
then show Field r C (A’ U B’) by blast
next
assume Field r # {}
moreover have c2: A’ C Field r using s! s2 unfolding Field-def by blast
ultimately have Field r # {} by blast
then have — (Field r — B’ C {}) — {y3} C Flield r using n3 by blast
then have — (Field r — B’ C {}) — {y3} C A’ using b4 s s2 by fast
then have — (Field r — B’ C {}) — {y3} C A’ — B’ using n3 by blast
moreover have = ({y3} C A’ — B’) using cI by force
ultimately have Field r — B’ C {} by blast
then show Field r C A’ U B’ using cI c2 by blast
qed
qed
qed
moreover have (3 P. Ps = {P}) — (V P € Ps. (A'n P) € SCF (Restr r
A7)
proof —
have cI: s’ C r using s3 s/ by blast
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then have Field s’ = Field (Restr r (Field s’)) using lem-Relprop-fld-sat by
blast
moreover have s’ C Restr r (Field s') using cI unfolding Field-def by force
ultimately have SCF s’ C SCF (Restr r (Field s')) using lem-ccext-scf-sat]of
s" Restr r (Field s)] by blast
then show ?thesis using p2 s1’ s2 by blast
qed
ultimately show ?thesis by blast
qed

lemma lem-Ccext-subcer-perts-scf3:
fixes r::'U rel and A B B"::'U set and z::'U and Ps::'U set set and C::'U set =
bool
assumes al: CCR r and a2: A € SF r and a3: Ps C SCF r
and af: C = (A A":'U set. (z € Fieldr — z € A')
ANACA
NA € SFr
A (Va€A. ((F{a}CB) v (r{a}n(A—B) £ {}))
A (3 y:'U. A'=B’ C {y}) — Flield r C (A'UB"))
A CCR (Restr r A
A ((finite A — finite A") A ( (= finite A) — |A'| =0 |A]))
A (((3 P. Ps ={P}) V ((— finite Ps) A |Ps| <o |A] )) —
(V Pe Ps. (A'n P) e SCF (Restr r A")))
A ( (= finite A) — ((esclr A A’ C A') A (clterm (Restr r A')
7))
shows 3 A":('U set). C A’
proof (cases finite A)
assume bl: finite A
then obtain A":'U set where b2: (z € Fieldr — z € A) N AC A’ N CCR
(Restr r A')
A (VagA. r'{a}CB V r{a}n(A'=B) £ {}) N A’ € SFr
A((3 y'U. A'=B’' C {y}) — Field r C (AUB’))
and b3: finite A’ A (3 P. Ps={P}) — (V P € Ps. (A'N P)
€ SCF (Restr r A")))
using al a2 a8 lem-Ceext-finsubcer-pexts-scf3[of r A Ps x B B’
by metis
have b4: ((finite A — finite A') A ( (= finite A) — |A'] =0 |A]))
and b5: ( (3 P. Ps = {P}) V ((— finite Ps) A |Ps| <o |A] )) — (V P € Ps.
(A'N P) € SCF (Restr r A”)))
using b1 b3 card-of-ordLeq-finite by blast+
show ?thesis
apply (rule exl)
unfolding a4 using b1 b2 b4 b5 by force
next
assume bl: — finite A
then obtain A’ where b2: (z € Fieldr — z € A) N A C A’ AN CCR (Restr
r A’
A (VaeA. r'{a}CB V r'{a}n(A'=B) £ {}) N A’ € SFr
A((3 y'U. A'=B’' C {y}) — Field r C (A'UB’))
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and b3: |A'| =0 |A| A (|Ps| <o |A| — (V¥ P € Ps. (A'N P) € SCF
(Restr r A")) )
and 08" (esclr A A’ C A") A clterm (Restr r A') r
using al a2 a3 lem-Ccext-infsubcer-pext5-scf3lof 1 A Ps x B B’] by metis
have b4: ((finite A — finite A') A ( (= finite A) — |A'] =0 |4|))
using b1 b3 by metis
have b5: ( (3 P. Ps = {P}) V ((— finite Ps) A |Ps| <o |A] )) — (V¥ P € Ps.
(A’ N P) € SCF (Restr r A")))
using b1 b3 by (metis card-of-singl-ordLeq finite.simps)
have b6: ( (= finite A) — ((esclr A A’ C A') A clterm (Restr r A') r)) using
b3’ by blast
have C A’ unfolding a4 using b2 b4 b5 b6 by simp
then show ?thesis by blast
qed

lemma lem-acyc-un-emprd:
fixes r s:: 'U rel
assumes al: acyclic r A acyclic s and a2: (Range r) N (Domain s) = {}
shows acyclic (r U s)
proof —
have A n. (rUs)" n C s O r’x
proof —
fix n
show (rUs) " n C s Or’x
proof (induct n)
show (r U s)770 C s7x O r"x by force
next
fix n
assume (r U s)" n C s* O r’x
moreover then have (r U s)"n O r C s7x O r % by force
moreover have (s O r7x) O s C s O r’x
proof —
have 1™+ O s = ™% O (r O s) by (simp add: O-assoc trancl-unfold-right)
moreover have r O s = {} using a2 by force
ultimately have s O (r"+ O s) = {} by force
moreover have s O s C s x by force
moreover have r"x = Id U v+ by (metis rtrancl-unfold trancl-unfold-right)
moreover then have (s O r™x) Os= (s* 0s)U (s O (r'+ 0 s))
by fastforce
ultimately show ?thesis by fastforce
qed
moreover have (r U s)" (Sucn) = ((((rUs)™n) Or)U (((rys)™n) O
s)) by simp
ultimately show (r U s) 7 (Suc n) C s O r"x by force
qed
qed
then have b1: (r U s) ™ C s O r x using rtrancl-power|of - r U s] by blast
have Vz. (z,2) € (r U s) ™+ — False
proof (intro alll impl)
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fix z
assume (z,z) € (r U s) +
then have (z,z) € (r U s) % O (r U s) using trancl-unfold-right by blast
then have (z,2) € ((s™ O r™%) O r) U ((s™* O r"*) O s) using b1 by force
moreover have (z,z) € ((s™ O r"x) O r) — False
proof
assume (z,2) € ((s™ O r7%) Or)
then obtain « v where dI: (z,u) € s x A (u,v) € r’* A (v,2) € r by blast
moreover then have x ¢ Domain s using a2 by blast
ultimately have z = u by (meson Not-Domain-rtrancl)
then have (z,2) € ™+ using dI by force
then show Fulse using a! unfolding acyclic-def by blast
qed
moreover have (z,2) € ((s™* O r™x) O s) — False
proof
assume (z,z) € ((s™x O r7%x) O s)
then obtain u v where dI: (z,u) € s A (u,v) € 7% A (v,z) € s by blast
have v = v — Fulse
proof
assume u = v
then have (z,2) € s™+ using dI by force
then show Fualse using a! unfolding acyclic-def by blast
qed
then have (u,v) € r"™+ using dI by (meson rtranciD)
then have v € Range r using trancl-unfold-right[of r| by force
moreover have v € Domain s using d1 by blast
ultimately show Fulse using a2 by blast
qed
ultimately show Fulse by blast
qed
then show ?thesis using ol unfolding acyclic-def by blast
qed

lemma lem-spthlen-rtr: (a,b) € r™« = (a,b) € r~ (spthlen r a b)
using rtrancl-power unfolding spthlen-def by (metis Leastl-ex)

lemma lem-spthlen-tr: (a,b) € 7™ A a # b= (a,b) € " (spthlen r a b) N\ spthlen
rab>0
proof —

assume (a,b) € rx Aa#b

moreover then have b1: (a,b) € " (spthlen r a b) using lem-spthlen-rtr[of a
b] by force

ultimately have spthlen r a b = 0 — Fulse by force

then show ?thesis using b1 by blast
qed

lemma lem-spthlen-min: (a,b) € ™ n = spthlen ra b < n
unfolding spthlen-def by (metis Least-le)
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lemma lem-spth-ing:
fixes r::'U rel and a b::’U and f::nat = 'U and n::nat
assumes al: f € spth r a b and a2: n = spthlen r a b
shows inj-on f {i. i<n}
proof —
have b1: f € rpth r a b n using al a2 unfolding spth-def by blast
haveV ij.i<nAj<nANi<j— fi=fj— False
proof (intro alll impI)
fix ij
assume cl: i <nAj<nAi<jand c2: fi=fj
obtain [ where c3: | = j — i by blast
then have c4: [ # 0 using c! by simp
obtain g where ¢5: g = (A k. if (k<i) then (fk) else (f (k + 1))) by blast
then have g 0 = a using b1 unfolding rpth-def by fastforce
moreover have g (n — 1) = b
proof (cases j < n)
assume j < n
then show ?thesis using c¢5 ¢3 b1 unfolding rpth-def by simp
next
assume - j < n
then have j = n using c1 by simp
then show ?thesis using ¢5 c2 ¢8 ¢/ bl unfolding rpth-def by simp
qed
moreover haveV k< n — . (g k, g (Suck)) €r
proof (intro alll impl)
fix k
assume dI: k< n — [
have k # i — (g k, g (Suc k)) € r using ¢5 d1 bl unfolding rpth-def by
fastforce
moreover have k =i — (g k, g (Suck)) € r
proof
assume el: k=i
then have (g k, g (Suc k)) = (f 4, f ((Suc ©) + 1)) using ¢5 by simp
moreover have fi = f ({ + [) using cI ¢2 ¢3 by simp
moreover have i + | < n using dI el by force
ultimately show (g k, g (Suc k)) € r using b unfolding rpth-def by
stmp
qed
ultimately show (g k, g (Suc k)) € r by force
qed
ultimately have g € rpth r a b (n — 1) unfolding rpth-def by blast
then have spthlen ra b < n — [
using lem-spthlen-min[of a b] lem-ccext-ntr-rpth|of a b] by blast
then show Fulse using a2 c1 ¢3 by force
qed
moreover then haveV ij. i <nAj<nAj<i— fi=fj— False by
metis
ultimately show ?thesis unfolding inj-on-def by (metis linorder-neqE-nat
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mem-Collect-eq)
qed

lemma lem-rtn-rpth-inj: (a,b) € ™" n = n = spthlen ra b =3 f . f € rpth r
abn A idnj-on f {i. i < n}
proof —
assume al: (a,b) € v nand a2: n = spthlen r a b
then have (a,b) € r""n using lem-spthlen-rtr[of a b] rtrancl-power by blast
then obtain f where b2: f € rpth r a b n using lem-ccext-ntr-rpthlof a b] by
blast
then have f € spth r a b using a2 unfolding spth-def by blast
then have inj-on f {i. i < n} using a2 lem-spth-inj[of f] by blast
then show ?thesis using b2 by blast
qed

lemma lem-rtr-rpth-inj: (a,b) € ¥« = 3 fn . f € rpthrabn A injon f {i. i
< n}
using lem-spthlen-rtrof a b r] lem-rtn-rpth-injlof a b - r] by blast

lemma lem-sum-ind-ez:
assumes al: g = (An:nat. > i<n. f1)
and a2:Vi:nat. fi > 0
shows 3 n k. (munat) =gn+kANk<fn
proof (induct m)
have 0 = g0 + 0 N 0 < f 0 using al a2 by simp
then show Jn k. (0:nat) = gn + k Ak < fn by blast
next
fix m
assume dnk. m=gn+ kANk<fn
then obtain n k& where b1: m = gn + k A k < fn by blast
show dn' k. Sucm=gn'+ k'ANE < fn'
proof(cases Suc k < fn)
assume Suc k < fn
then have Suc m = g n + (Suc k) A (Suc k) < fn using b1 by simp
then show An' k" Suc m = gn’ + k' Ak’ < fn' by blast
next
assume - Suc k < fn
then have Suc m = g (Suc n) + 0 A 0 < f (Suc n) using al a2 bl by simp
then show 3n’ k. Suc m = gn’ + k' ANk’ < fn' by blast
qed
qed

lemma lem-sum-ind-un:

assumes al: g = (An:nat. > i<n. f1)
and a2: Vi:nat. fi > 0
and a3: (munat) =gn+kANEk<fn
and af: m=gn' + k' ANE' < fn'

showsn=n'Ak=F%'

proof —
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have b1:V n1n2. n1 <n2 — gnl < gn2

proof (intro alll impI)
fix n1::nat and n2:nat
assume nl < n2
moreover obtain ¢t where ¢t = n2 — ni1 by blast
moreover have g nl < g (n! + t) unfolding a! by (induct t, simp+)
ultimately show g n1 < g n2 by simp

qed

have n < n’ — False

proof
assume n < n’
then have g (Suc n) < g n’ using b1 by simp
then have g n + fn < g n’ using al b1 by simp
moreover have g n’ < g n + f n using a3 aj by simp
ultimately show Fulse by simp

qged

moreover have n’ < n — False

proof
assume n’ < n
then have g (Suc n') < g n using b! by simp
then have g n’ + fn’ < g n using al bl by simp
moreover have g n < g n’ + f n' using a3 a4 by simp
ultimately show Fulse by simp

qed

ultimately show n = n’ A k = k’ using a3 a4 by simp

qed

lemma lem-flatseq:
fixes 7::'U rel and zi:nat = 'U
assumes Vn. (zi n, 20 (Suc n)) € r’* A (xi n # zi (Suc n))
shows 3 g yi. (Vn. (yin, yi (Sucn)) € r)
AV iznat. V junat. i < j+— gi<gj)
A (¥ iznat. yi (g i) = xi 7)
A (V iznat. inj-onyi { k. gi <k ANk < g (Suci)})
A (VY kunat. 3 dcnat. g0 < kA Suc k < g (Suc 1))
ANV Ekii.gi <kANSuck<g(Suci)Agi <kA Suck < g (Suc
i) — i =)
proof —
obtain P where b0: P = (Anm. m > 0 A (zin, 2t (Sucn)) € v m A m =
spthlen v (i n) (zi (Suc n))) by blast
then have Vn. 3m. P n m using assms lem-spthlen-tr[of - - r] by blast
then obtain f where Vn. P n (f n) by metis
then have b1:V n. (fn) > 0 A (zin, i (Suc n)) € v~ (fn)
and b1V n. (f n) = spthlen r (zi n) (zi (Suc n)) using b0 by blast+
have V n. Jyi. inj-on yi {i. i < fn} A (yi 0) = (zin) A
(Vk<(fn). (yi k, yi (Suck)) €r) A (yi (fn)) = (zi (Suc n))
proof
fix n
have (zi n, zi (Suc n)) € r~(f n) and (f n) = spthlen r (zi n) (xi (Suc n))
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using b1 b1’ by blast+
then obtain yi where yi € mpth r (zi n) (zi (Suc n)) (f n) A inj-on yi {i. i
< fn}
using lem-rtn-rpth-inj[of xi n zi (Suc n) fn r] by blast
then show Jyi. inj-on yi {i. i < fn} A (yi 0) = (zin) A (VE<(fn). (yik, yi
(Suc k)) € r)
A (yi (fn)) = (zi (Suc n)) unfolding rpth-def by blast
qed
then obtain yin where b2: V n. inj-on (yin n) {i. i < fn} A ((yinn) 0) = (zi
n) A
(VE < (fn). ((yin n) k, (yin n) (Suc k)) € r) A ((yin n) (fn)) = (xi (Suc
n)) by metis
obtain g where b3: g = (An. >_i<n. f i) by blast
obtain yi where 0/: yi = (Am. let p =
(SOME p. m = (g (fot p)) + (snd p) A (snd p) < (f (fst p))
in (yin (fst p)) (snd p) ) by blast
have b5: Amnk. m=(gn)+kANk<fn=yim=vynnk
proof —
fix mnk
assume c0: m = (gn) + kAN k< fn
have 3 p. (m = (g (fst p)) + (snd p) A ((snd p) < (f (fst p))
using b1 b3 lem-sum-ind-ex by force
then obtain n’ k' where m = (g n’) + k' AN k' < (fn') A yi m = (yin n') k'
using b4 by (smt somel-ex)
moreover then have n’ = n A k' = k using ¢0 b1 b3 lem-sum-ind-un[of g f
m n' k' n k] by blast
ultimately show yi m = yin n k by blast
qed
have Vm. (yi m, yi (Suc m)) € r
proof
fix m
have 3 p . (m = (g (fst p)) + (snd p)) A ((snd p) < (f (fst p)))
using b1 b3 lem-sum-ind-ex by force
then obtain n k where c1: m = (gn) + kAN k< (fn) Ayim= (yinn) k
using b4 by (smt somel-ex)
have 3 p . ((Suc m) = (g (fst p)) + (snd p)) A ((snd p) < (f (fst p)))
using b1 b3 lem-sum-ind-ex by force
then obtain n’ k' where c¢2: (Suc m) = (g n') + k' AN k" < (fn') A yi (Suc
m) = (yin n') k'
using b4 by (smt somel-ex)
show (yi m, yi (Suc m)) € r
proof (cases Suc k < fn)
assume Suc k < fn
then have Suc m = g n + (Suc k) A (Suc k) < fn using c1 by simp
then have n’ = n A k' = Suc k using b1 b3 ¢2 lem-sum-ind-un[of g] by blast
then show (yi m, yi (Suc m)) € r using b2 c1 ¢2 by force
next
assume dI: - Suck < fn
then have Suc m = g (Sucn) + 0 A 0 < f (Suc n) using b1 b3 c1 by simp
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then have n’ = Suc n A k' = 0 using b1 b3 ¢2 lem-sum-ind-un[of g] by blast
then show (yi m, yi (Suc m)) € r
using b2 c1 ¢2 d1 by (metis Suc-le-eq dual-order.antisym not-less)
qed
qed
moreover have b6:V junat. V itnat. i < j — gi < gj
proof
fix jO::nat
show V i:nat. ©+ < jO0 — g1 < g j0
proof (induct j0)
show Vi<0. gi < g 0 by blast
next
fix j::nat
assume d1: Vi<j. gi < gj
show Vi<Suc j. g i < g (Suc j)
proof (intro alll impl)
fix i::nat
assume i < Suc j
then have i < j by force
moreover have g j < g (Suc j) using bI b3 by simp
moreover then have i < j — g i < g (Suc j) using d1 by force
ultimately show g i < ¢ (Suc j) by force
qed
qed
qed
moreover have b7:V junat. Viinat. j <1 — gj<gi
proof (intro alll impl)
fix j::nat and i::nat
assume j < 3
moreover have j < i — ¢ j < g i using b6 by force
moreover have j = i — g j < g ¢ by blast
ultimately show g j < g 7 by force
qed
moreover have b8:V junat. V itnat. gi < gj — i < j
proof (intro alll impl)
fix j::nat and i::nat
assume gt < g j
moreover have j < i — ¢ j < ¢g i using b7 by blast
ultimately show i < j by simp
qed
moreover have bv9:V i:nat. yi (gi) = i i
proof
fix 7::nat
obtain p where p = (i, 0::nat) by blast
then have ((g i) = (g (fst p)) + (snd p)) A ((snd p) < (f (fst p))) using b1
by force
then obtain n k where c1: (g i) = (gn) + k Ak < (fn) A yi(g1i) = (yin
n) k
using b/ by (smt somel-ex)
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then have g n < g ¢ by simp
moreover have g n < g ¢ — False
proof
assume gn < g1t
then have n < 7 using 08 by blast
then have g (Suc n) < g i using b7 by simp
then show Fulse using cI b3 b6 by force
qed
ultimately have g i = g n by force
then have = i < n A = n < 7 using b6 by force
then have i = n A k = 0 using c1 by force
then have yi (g i) = (yin ) 0 using cI by blast
moreover have (yin i) 0 = zi { using b2 by blast
ultimately show yi (g i) = zi { by simp
qed
moreover have V i:nat. inj-on yi { k. gi < k ANk < g (Suci)}
proof
fix ¢
have c1: inj-on (yin i) {k. k < f i} using b2 by blast
have V kI k2. gi < ki Akl < g (Suci) — gi < k2 A k2 < g (Suci) —
yi k1 = yi k2 — k1 = k2
proof (intro alll impl)
fix k1 k2
assume dI: gi < kI A kI < g (Suc 1)
and d2: gi < k2 N k2 < g (Suc i) and d3: yi k1 = yi k2
have g ¢ < ki AN kI < gi+ fiusing dI b3 by simp
then have 3 t. kI = gi+ t ANt < fi by presburger
then obtain t1 where dj: kI = gi + t1 A tl1 < fi by blast
have g < k2 AN k2 < g i + fi using d2 b3 by simp
then have 3 t. k2 = gi 4+ t A t < fi by presburger
then obtain t2 where d5: k2 = g i + t2 A t2 < fi by blast
have t1 < fiNt2 < fi — kI = k2
proof
assume t1 < fi ANt2 < fi
then have yi k1 = yin i t1 A yi k2 = yin i t2 using d4 d5 b5 by blast
then have yin ¢ t1 = yin i t2 using d3 by metis
then show kI = k2 using c1 d4 d5 unfolding inj-on-def by blast
qed
moreover have t1 = fi A t2 < fi —> False
proof
assume el: t1 = fiNt2 < f1i
then have e2: yi k2 = yin i t2 using d4 d5 b5 by blast
have e3: kI = g (Suc i) using el d4 b3 by simp
then have yi kI = yin (Suc i) 0 using b1 b5[of kI Suc i 0] by simp
moreover have yi kI = yin i (f i) using e3 b9 b2 by simp
ultimately have yin i t2 = yin ¢ (f ) using e2 d8 by metis
then have t2 = fi using c! d5 unfolding inj-on-def by blast
then show Fualse using el by force
qed
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moreover have t1 < fi A t2 = fi — Fulse
proof
assume el: t1 < fiNt2 =f1i
then have e2: yi k1 = yin i t1 using d4 d5 b5 by blast
have e3: k2 = g (Suc i) using el d5 b3 by simp
then have yi k2 = yin (Suc i) 0 using b1 b5[of k2 Suc i 0] by simp
moreover have yi k2 = yin i (f i) using e3 b9 b2 by simp
ultimately have yin i t1 = yin ¢ (f ) using e2 d8 by metis
then have t1 = fi using c! dj unfolding inj-on-def by blast
then show Fualse using el by force
qed
ultimately show kI = k2 using dj d5 by force
qed
then show inj-on yi { k. gi < k Ak < g (Suc i) } unfolding inj-on-def by
blast
qged
moreover have V. m. 3 n. g n < m A Suc m < g (Suc n)
proof
fix m
obtain n k where m = gn + k A k < fn using b1 b3 lem-sum-ind-ez[of g f
m] by blast
then have g n < m A Suc m < g (Suc n) using b3 by simp
then show 3 n. g n < m A Suc m < g (Suc n) by blast
qed
moreover have V ki i’ gi < kA Suck < g (Suci)ANgi'<kANSuck <y
(Suc i) — i =1’
proof (intro alll impl)
fix ki
assume g i < kA Suck < g (Suci) A gi’' < kA Suck < g (Suci’)
moreover then have k < gi + fi Ak < g i’ + fi’ using b3 by simp
ultimately have 3 l1. k=g¢+ I ANl < fiand 3 2. k=g i + 12 N2
< f i’ by presburger+
then obtain [1 I2 where k=gi+ I ANll < fiandk=gi' +12NI12<f
i’ by blast
then show i = ¢’ using b1 b3 lem-sum-ind-un[of g f k i l1 i’ 12] by blast
qed
ultimately show ?thesis by blast
qed

lemma lem-sv-uns:
fixes r1 r2 r3::'U rel
assumes single-valued (r1 U r8) and single-valued (r2 U r3) and Field r1 N
Field 2 = {}
shows single-valued (r1 U r2 U r3)
using assms unfolding single-valued-def Field-def by blast

lemma lem-cfcomp-d2uset:

fixes x::'U rel and r::'U rel and W::'U rel = 'U set and R::'U rel = "U rel
and S::'U rel set
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assumes al: k =0 cardSuc |UNIV::nat set|
and a3: T = { t:'Urel. t # {} A CCR t A single-valued t N acyclic t A

(VaeField t. t“{z} # {}) }
and a4: Refl r

and a5: S C {a € O::'U rel set. a <o K}
and a6: |[{a € O::'U rel set. a <o k}| <o |9]
and a7:V a€ S. 3 €S a<op

and a8: Field r = (Ja€S. W a) and a9: VaeS. V feS. a#  — Wan
W B ={}
and al0: Na.a€ S= Rac€ TARaCr A|W al <o|UNIV:nat set|
A Field (R o) = W o A = Conelike (Restr v (W «))
and all: Naz.aeS=2c Wa= 13 a.
((z,a) € (Restrr (W a)*A (¥ eSS . a<opf— (r'f{a}n WP
#{))

shows 3 r. CCRr'" ANDCR27r'ANr'Cr AN a€ Fieldr.3 b € Field r'. (a,b)
€ r7%)
proof —
obtain [ :: 'U = 'U rel where ¢q1: 1 = (A a. SOME a. « € S AN a € W a) by
blast
have ¢2: A a. a € Fieldr = la€e SANa€e W (la)
proof —
fix a
assume a € Field r
then obtain a where a € S A a € W « using ¢! a8 by blast
then show la € S A a € W (Il a) using gl somel-ez[of A\a.a € SANae W
o] by metis
qed
have ¢: Naa.aeS=ae Wa=la=q«
proof —
fix a a
assume o € Sand a € W «
moreover then have a € W (la) Aa € S Ala € S using ¢2 a8 a10 by fast
ultimately show [ a = « using a9 by blast
qed
have b1: A a. « € S = (R «) € T using a3 a10 by blast
have b4: A\ a. a € S = (R «) C r using al0 by blast
have b7:V a€ S.V g€ S. 3 veS. (a<oyVa=7v9)A(B<oyVp=r7)
proof (intro balll)
fix a 8
assume o € Sand g € S
then have Well-order o A Well-order fand a € S A €S
using a$ unfolding ordLess-def by blast+
moreover then have a <o gV f <oa V a=o0p
using ordLeq-iff-ordLess-or-ordlso ordLess-or-ordLeq by blast
ultimately show 3 y € S. (a <oy Va=79) A (B <oy V S =7)
using a3 a5 lem-Oeq|of o [] by blast
qed
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obtain s :: ‘U rel = nat = 'U where b8: s = (A a. SOMFE zi. cfseq (R «) xi)
by blast
moreover have V o € S. 3 zi. ¢fseq (R «) xi using bl a8 lem-ccrsv-cfseq by
blast
ultimately have b9: A\ a. a € § = c¢fseq (R ) (s ) by (metis somel-ex)
obtain en where b-en: en = (A a. SOME g :: nat = 'U. W o C g‘UNIV) by
blast
obtain ta :: 'U = 'Urel = 'U
where b10: ta = (A u a’. SOME u'. (u,u’) € 7 A u’ € W ') by blast
obtain ¢ :: ('Urel) x 'U = 'Urel = 'U
where b11: t = (A (a,a) &'. ta a ') by blast
obtain tm :: ('U rel) x nat = 'Urel = 'U
where b12: tm = (A (a,k) o’ t (a,(en « k)) ') by blast
obtain jnN :: 'U = 'U = 'U
where b153: junN = (A v u’. SOME v. (u,v) € (R (I w)) > A (u/,v) € (R (I
u)) ) by blast
obtain h where 20: N a kI k2. ac SAfe S =
FryeS a<oyApB<oyAh~vy=iN (tm (a,kl) v) (tm (8,k2) 7))
using al a5 a6 a7 lem-jnfiz-cardsuclof UNIV::nat set k S jnN tm] by blast
define EP where EP = (A a. {a e Wa.V e S. a<of — (r'{a} n W
B #{41
have b24: Nakb.ac S = (sak b)) e (Ra) = (3 k>k b=sak’
proof —
fixa kb
assume cl: a € Sand ¢2: (sa k, b) € (R o) *
moreover then have single-valued (R «) using bl a3 by blast
moreover have Vi. (s i, s @ (Suc i)) € R « using ¢! b9 unfolding cfseq-def
by blast
ultimately show 3 k’>k. b = s a k'
using lem-rseg-svacyc-inv-rtr[of R o s o k b] by blast
qed
have 025: Nakb.ac S = (sak b€ (Ra)™+= (T k>k. b=sak
proof —
fixa kb
assume cl: o € Sand ¢2: (sa k, b) € (R o) ™+
moreover then have single-valued (R «) using bl a8 by blast
moreover have Vi. (s a4, s a (Suci)) € R « using ¢! b9 unfolding cfseq-def
by blast
ultimately show 3 k'>k. b = s o k’ using lem-rseq-svacyc-inv-trjof R o s «
k b] by blast
qed
have 026: NaabcaeS=ace Wa=be Wa=
c=mNab=ce WaA/(ac)e (Ra)*A(bc) e (Ra)*
proof —
fixaabc
assume cl:a € Sand c2: a € Waand ¢3: b€ Waand ¢f: c=jnNab
then have CCR (R o) A a € Field (R a) A b € Field (R «) using cI bl a8
al10 by blast
then have 3 ¢’ (a, ¢/) € (R a) * A (b, ¢/) € (R o) % unfolding CCR-def
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by blast
moreover have [ a = « using cI c2 ¢3 by blast
moreover then have ¢ = (SOME ¢’. (a, ¢/) € (R a)* A (b, ¢/) € (R o) )
using c4 b13 by simp
ultimately have ¢5: (a, ¢) € (R a)* A (b, ¢) € (R a)
using somel-ez[of A ¢’. (a, ¢') € (R a)* A (b, ¢/) € (R a) %] by force
moreover have W a € Inv (R «) using ¢! al0[of o] unfolding Field-def
Inv-def by blast
moreover then have ¢ € W « using ¢2 ¢5 lem-Inv-restr-rtr2[of W a R q]
by blast
ultimately show ¢ € W a A (a, ¢) € (R o) x A (b, ¢) € (R «) * by blast
qed
have b-enr: N a. a € S = W a C (en o) (UNIV::nat set)
proof —
fix a
assume o € S
then have |W «| <o |UNIV::nat set| using al0 by blast
then obtain ¢::nat = 'U where W o C g‘UNIV
by (metis card-of-ordLeq2 empty-subsetl order-refl)
then show W «a C (en «) ‘UNIV unfolding b-en using somel-ex by metis
qged
have b-h: Naafb.ae SABeES=ac EPaNnbe EP S =
F~relS TadeWrITbeWrva<oyANB <oy
A(a,a)erA(a’;hy) € (Ry)*xA(bb)er A, hy) e (Ry) )
proof —
fix xa b
assume cl:a€ SAPe Sand ¢c2: a € EPaNbe EP S
then have a € W a A b € W g unfolding EP-def by blast
moreover then obtain k! k2 where ¢3: a = en a kI N b = en [ k2 using
cl b-enr by blast
ultimately obtain v where c¢f: vy € SANa <oy A B <o~y
and ¢5: h v = jnN (tm (a,k1) 7) (tm (B,k2) ) using c!
b20 by blast
have ta a v = (SOME a'. (a, a’) € v A a’ € W «) using b10 by simp
moreover have 3 z. (a, ) € 7 A z € W v using c2 ¢/ unfolding EP-def
by blast
ultimately have ¢6: (a, ta ay) € r Ntaay e W v
using somel-ez[of A a’. (a, a’) € r A a’ € W v] by metis
have ta b v = (SOME a'. (b, a’) € r A o’ € W ~) using b10 by simp
moreover have 3 z. (b, z) € r A z € W ~ using ¢2 ¢/ unfolding EP-def
by blast
ultimately have ¢7: (b, taby) € r ANtaby e Wy
using somel-ez[of A a’. (b, a’) € r A a’ € W 7] by metis
have h v = jnN (ta a ) (ta b ~y) using ¢3 ¢5 b11 b12 by simp
moreover have ta a vy € W v A ta by € W ~ using c6 ¢7 by blast
ultimately have h vy € Wy A (taa~vy, hy) € (Rvy) ™ A (tab~, hvy) € (R
7)
using ¢/ b26[of v ta a v ta b~y h ] by blast
thenshow 3y € S. 3 a' e Wr. 3 b e Wy a<oyAB<orny
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o~

A(a,ayerA(a,hy)e (Ry)*A(bDb)erA (D, hy) e (Ry) *
using ¢4 ¢6 c7 by blast
qed
have pI: A a. « € S = R a C Restr r (W «) using a0 unfolding Field-def
by fastforce
have p2: \ . « € S = Field (Restr r (W a)) = W «
proof —
fix o
assume o € S
then have W « C Field r using a10 unfolding Field-def by blast
moreover have SF r = {A. A C Field r} using a4 unfolding SF-def
refl-on-def Field-def by fast
ultimately have W « € SF r by blast
then show Field (Restr r (W «)) = W « unfolding SF-def by blast
qed
have p3: A a. a € S = Vn. Ik>n. (s a (Suc k), s a k) ¢ (Restr r (W «))
proof —
fix o
assume cl: a € S
have V a€Field (Restr r (W «)). 3i. (a, s a i) € (Restr r (W «))
proof
fix a
assume a € Field (Restr r (W «))
then have a € Field (R «) using ¢! al0[of o] unfolding Field-def by blast
then obtain ¢ where (a, s @ i) € (R ) * using cI b9[of o] unfolding
cfseq-def by blast
moreover have R a C Restr r (W «) using cI p! by blast
ultimately show 4. (a, s « i) € (Restr r (W «)) * using rtrancl-mono by
blast
qed
moreover have Vi. (s a 4, s a (Suc 7)) € Restr r (W «)
using c! p! b9[of o] unfolding cfseg-def using rtrancl-mono by blast
ultimately have cfseq (Restr r (W «)) (s «) unfolding cfseg-def by blast
then show Vn. 3k>n. (s a (Suc k), s a k) ¢ (Restr v (W «))
using ¢l al0[of o lem-cfseg-ncl|of Restr r (W «) s a] by blast
qed
obtain E where 027: E = (A a. { k. (s a (Suc k), s a k) ¢ (Restr r (W «))
1) by blast
obtain P where 028: P = (A a. (s a)(F «) ) by blast
obtain K where 029: K = Aa. {ae Wa. (hae Wa — (ha,a) € (R

a) )

let ?F=Xa. PanK «a
have b31: AN a. o € S = P o € SCF (R «)
proof —
fix o
assume cl: o € §
then have P a C Field (R «) using b9 b28 lem-cfseq-fld by blast
moreover have V a € Field (R «). 3 b€ P a. (a, b) € (R a) *

A (a, ha) ¢ (R ) * }) by blast
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proof
fix a
assume a € Field (R «)
then obtain { where dI: (a, s @ i) € (R «) * using c! b9[of o] unfolding
cfseq-def by blast
then obtain k where i<k A (s o (Suc k), s a k) ¢ (Restr r (W «)) * using
cl p3lof «] by blast
moreover then have d2: (s a i, sa k) € (R a)
using c! b9[of a] lem-rseq-rtr unfolding cfseq-def by blast
ultimately have s a k € P « using 027 b28 by blast
moreover have (a, s a k) € (R ) using df d2 by simp
ultimately show 3 b € P «. (a, b) € (R ) " by blast
qed
ultimately show P a € SCF (R «) unfolding SCF-def by blast
qed
have 032: N a.a € S = K a € SCF (R «) N Inv (R «)
proof
fix o
assume cl: a € S
have V a€Field (R «). 3b€K a. (a, b) € (R a)
proof
fix a
assume dI: a € Field (R «)
show 3beK o. (a, b) € (R a)
proof (cases h o € Field (R «))
assume h a € Field (R )
moreover have CCR (R «) using ¢! b1 a3 by blast
ultimately obtain a«’ where o’ € Field (R «)
and el: (a,a’) € (Ra) > A (ha, a’) € (R a) *
using d! unfolding CCR-def by blast
then obtain b where e2: (a’, b) € (R «) using ¢! b1 a3 by blast
then have b € Field (R «) unfolding Field-def by blast
moreover have (h «, b) € (R o) * using el e2 by force
moreover have (b, h o) € (R o) x — Fulse
proof
assume (b, h o) € (R a) *
then have (b, b) € (R o)+ using el e2 by fastforce
then show Fulse using c! b1 a3 unfolding acyclic-def by blast
qed
moreover have (a, b) € (R a) * using el e2 by force
ultimately show ?thesis using 029 c1 a10 by blast
next
assume h « ¢ Field (R «)
then have (a, ha) ¢ (Ra) ™ * A ha ¢ W a using dI cl al0 lem-rtr-field|of
a] by blast
then have a € K « using dI b29 c1 a10 by blast
then show ?thesis by blast
qed
qed
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then show K o« € SCF (R «) using b29 c1 a10 unfolding SCF-def by blast
next
fix a
assume cl: o € S
haveV ab. a € K a A (ab) € (Ra) — be K a
proof (intro alll impl)
fix a b
assume dI: a € K a A (a,b) € (R «)
then have d3: a € Field (R o) and d4: (a, h ) ¢ (R «)* using 529 cI al10
by blast+
have b € Field (R «) using d! unfolding Field-def by blast
moreover have h o € W o — (h a, b) € (R o) " using dI b29 by force
moreover have (b, h o) € (R o) * — False
proof
assume (b, h o) € (R a) *
then have (a, h o) € (R «) " using dI by force
then show Fulse using dj/ by blast
qed
ultimately show b € K « using b29 cI al0 by blast
qed
then show K a € Inv (R «) using b29 unfolding Inv-def by blast
qed
have v33: A a. a € S = ?F a € SCF (R «)
proof —
fix a
assume cl: o € S
have K o € SCF (R o) N Inv (R «) using cI b31 b32 unfolding Inv-def by
blast+
moreover have P a € SCF (R «) using cI b31 b32 lem-scfinv-scf-int by blast
ultimately have K o N P o € SCF (R «) using lem-scfinv-scf-int by blast
moreover have ?F o = K a N P a by blast
ultimately show ¢F o € SCF (R «) by metis
qed
define rei where rei = (A a. SOME k. k€ Ea A (sa k) € ¢F «)
define re0 where re0 = (A a. s a (rei o))
define re! where rel = () a. s a (Suc (rei @)))
define ep where ep = (A a. SOME b. (rel «, b) € (Restr r (W «)) ™ A b €
EP a)
define spl where spl = (A . spthlen (Restr r (W «)) (rel «) (ep )
define sp where sp = (A a. SOME f. f € spth (Restr r (W «)) (rel o) (ep o))
define R0 where RO = (A a. { (a,b) € R . (b, 1e0 o) € (R &) * })
define R2 where R2 = (A a. { (a,b). T k< (spl a). a=spak ANb=spa
(Suc k) })
define R’ where R’ = (A a. RO a U R2 o U { (re0 «, rel «) })
define re’ where re’ = ({ (a,b) € r.J a€ S. I e S a<ofAha=epaA
be W BA (b hB) e (RB>Y)
define r’ where r’' = (re’ U (Ja€S. R’ a))

have b-Fne: A\ a. « € S = ?F a # {}
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proof —
fix a
assume o € §
then have ?F « € SCF (R a) A R a # {} using b33 a3 a10 by blast
then show ?F « # {} unfolding SCF-def Field-def by force
qed
have b-1e0: N . a€ S = red a € 9FaNreia € F «
proof —
fix o
assume o € S
then obtain k where k € F a A (s a k) € ?F « using b-Fne b28 by force
then have (s a (ref o)) € ?F o and rei o € E «
using somel-ex[of A k. k € Ea AN sak € P an K o] unfolding rei-def
by metis+
then show re0 a € ?F a A rei a € E a unfolding re0-def by blast
qged
have b-rs: Na.a € S = sa ‘UNIVC W «
proof —
fix o
assume o € S
then have cfseq (R «) (s a) A Field (R a) = W « using b9 a3 a10 by blast
then show s a * UNIV C W « using lem-rseq-rtr unfolding cfseq-def by
blast
qed
have b-injs: N a k1 k2. a € S = sakl =sa k2 = kI =k2
proof —
fix o k1 k2
assume o € Sand s a kI = s o k2
moreover then have cfseq (R o) (s a) A acyclic (R a) using b9 a3 a10 by
blast
moreover then have inj (s «) using lem-cfseq-inj by blast
ultimately show k1 = k2 unfolding inj-on-def by blast
qed
have b-rel: N a. a € § = rel o = s a (Suc (rei «))
proof —
fix o
assume cl: a € S
then have re0 « € ?F « using b-re0[of o] by blast
then obtain £ where c2: re0 a = s o« k A k € E o unfolding b28 by blast
then have (s o (Suc k), s a k) ¢ (Restr r (W «)) " unfolding 027 by blast
have rei a = k using c! ¢2 b-injs unfolding re0-def by blast
moreover have rel a = s a (Suc (rei «)) unfolding rel-def by blast
ultimately show rel o = s a (Suc (rei «)) by blast
qed
have b-re12: AN a. a € S = (re0 a, rel @) € R a A (rel a, re0 «) ¢ (Restr r
(W )
proof —
fix o
assume cl: o € §
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then have re0 o = s a (rei a) and rel a = s a (Suc (rei a))
and cfseq (R «) (s ) using b9 b-rel re0-def by blast+
then have (re0 «, rel ) € R « unfolding cfseq-def by simp
moreover have (rel «, re0 «) € (Restr r (W «)) * — False
proof
assume (rel a, re0 «) € (Restr r (W «))
then have (s o (Suc (rei @), s a (rei o)) € (Restr r (W «))
using c! b-rel[of a] unfolding re0-def by metis
moreover have (s a (Suc (rei a)), s « (rei a)) ¢ (Restr r (W «))
using c! b-re0[of «] b27 by blast
ultimately show Fulse by blast
qed
ultimately show (re0 «, rel a) € R a A (rel o, re0 o) ¢ (Restr r (W «a))
by blast
qed
have b-rw: Naab a€ S = aec Wa= (a,b) € (Restrr (W a)) x = b
cWa
proof —
fixaabd
assume a € S and a € W « and (a,b) € (Restr r (W «)) *
then show b € W « using lem-Inv-restr-rtr2[of - Restr r (W «)] unfolding
Inv-def by blast
qed
have b-r0w: Naab.ae S =ac Wa= (ab) e (Ra)x=bec W«
using p1 b-rw rtrancl-mono by blast
have b-ep: A . a € S = (rel o, ep ) € (Restrr (W «)) * Aep o € EP
proof —
fix o
assume cl: a € S
moreover then have ¢2: rel a« € W « using b-rs[of o] b-rel[of «] by blast
ultimately obtain b
where ¢3: (rel a, b) € (Restrr (W a)) ™ A (VBES. a <o B — r*{b} N
W B #{})
using all[of « rel «] by blast
then have b € W « using ¢! ¢2 b-rw[of o] by blast
moreover obtain L where c¢4: L = (A b. (rel a, b) € (Restr r (W «)) * A
b € EP «) by blast
ultimately have L b and ep o« = (SOME b. L b) using ¢3 unfolding EP-def
ep-def by blast+
then have L (ep «) using somel-ex by metis
then show (rel a, ep o) € (Restr v (W «)) * A ep o € EP « using ¢4 by
blast
qed
have b-sp: \ a. @« € S = sp a € spth (Restr r (W «)) (rel «) (ep @)
proof —
fix a
assume a € S
then have (rel «, ep o) € (Restr v (W «)) " using b-ep by blast
then obtain f where f € spth (Restr v (W «)) (rel «) (ep )
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using lem-spthlen-rtr lem-rtn-rpth-inj unfolding spth-def by metis
then show sp o € spth (Restr r (W «)) (rel o) (ep o)
unfolding sp-def using somel-ex by metis
qed
have b-R0: A\ a a. a € S = (a,re0 @) € (R o) * = (a,re0 a) € (RO a)
proof —
fix aa
assume a € S and (a,re0 o) € (R o) %
then obtain g n where g € rpth (R «) a (re0 «) n using lem-ccext-rtr-rpth|of
a re0 o] by blast
then have c¢1: g0 = a A gn = rel o and ¢2: Vi<n. (g i, g (Suci)) € R «
unfolding rpth-def by blast+
then have V i<n. (g i, re0 «) € (R «) * using lem-rseg-tl by metis
then have V i<n. (¢ ¢, g (Suc 7)) € RO « using ¢2 unfolding R0-def by
stmp
then show (a, re0 a) € (RO «)
using cI lem-ccext-rpth-rtrjof RO « a re0 « n] unfolding rpth-def by blast
qed
have b-hr0: Na.a e S = hae Wa= (ha, red a) € (RO o) x
using b-re0 b-R0O b29 by blast
have b-hf: Na.a€e S = hae Wa = hac Fieldr’
proof —
fix «
assume cl:a € Sand ha € W «
then have (h a, re0 a) € (RO «) > using cl b-hr0 by blast
moreover have R0 a C R’ a using c! unfolding R’-def by blast
ultimately have (h «, re0 a) € (R’ @) * using rtrancl-mono by blast
moreover have re() a € Field (R’ o) unfolding R’-def Field-def by blast
ultimately have h a € Field (R’ «) using lem-rtr-field[of h o re0 «] by force
moreover have R’ a C r’ using c! unfolding r'-def by blast
ultimately show h a € Field v’ unfolding Field-def by blast
qed
have b-fR" \ a. a € S = Field (R'a) C W «
proof —
fix a
assume cl: a € S
then have Field (RO o) C W « using al0 unfolding R0-def Field-def by
blast
moreover have Field (R2 o) C W «
proof
fix a
assume a € Field (R2 «)
then obtain z y where di: (z,y) € R2 a A (a = z V a = y) unfolding
Field-def by blast
then obtain k& where k < spl a A (z,y) = (sp a k, sp a (Suc k)) unfolding
R2-def by blast
then show a € W « using dI cl b-splof o] unfolding spth-def rpth-def
spl-def by blast
qed
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moreover have re0) o € W « using c1 b-re0[of a] b29 by blast
moreover have rel o € W « using clI b-rel12[of o] a10[of o] unfolding
Field-def by blast
ultimately show Field (R’ o) C W « unfolding R’-def Field-def by fast
qed
have b-fR2: Naa. a € S = a € Field (R2 a) = T k. k< spla A a=sp
ak
proof —
fix o a
assume a € S and a € Field (R2 «)
then obtain z y where (z,y) € R2 a A (a = 2 V a = y) unfolding Field-def
by blast
moreover then obtain k' where k' < spla Az = sp a k' A y = sp a (Suc
k")
unfolding R2-def by blast
ultimately show 3 k. k < spl a A a = sp « k by (metis Suc-lel less-or-eq-imp-le)
qed
have b-bhf: Naa.ae S = aec Wa= (a, ha) € (Ra) > = a € Field
(R’ a)
proof —
fix aa
assume cl: o € S and ¢2: ¢« € W a and ¢3: (a, h a) € (R a) *
then have (h «, re0 a) € (R0 «) * using b-hr0[of o] b-rOw|of o] by blast
moreover have R0 a C R o unfolding R0-def by blast
ultimately have (h a, re0 a) € (R a) * using c¢3 rtrancl-mono by blast
then have (a, re0 a) € (R a) * using c¢3 by force
then have (a, re0 o) € (R0 «) * using ¢! ¢3 b-R0[of o] by blast
moreover have R0 o C R’ a unfolding R’-def by blast
ultimately have (a, re0 «) € (R’ @) using rtrancl-mono by blast
moreover have re0 « € Field (R’ o) unfolding R’-def Field-def by blast
ultimately show a € Field (R’ ) using lem-rtr-field[of a re0 «] by blast
qed
have b-clR" N a a. a« € S = a € Field (R' o) = (a, ep a) € (R’ o) %
proof —
fix aa
assume cl: a € S and ¢2: a € Field (R’ )
have ¢3: sp « 0 = rel « using c1 b-sp[of o] unfolding spth-def spi-def rpth-def
by blast
then have a € Field (R2 a)Va=rel a — (3 k. k<splaha=spak)
using c1 b-fR2 by force
moreover have a € Field (RO «) V a = re0 o« — (a, re0 a) € (R «) *
unfolding RO-def Field-def by fastforce
moreover have a € Field (RO o) V a € Field (R2 ) V a = re0 aV a = rel

using c! ¢2 unfolding R’-def Field-def by blast
moreover have c4:V k. (k< spl o« — (sp a k, ep @) € (R’ a) %)
proof (intro alll impl)

fix k

assume k < spl «
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moreover have sp « (spl @) = ep «
using c! b-sp[of «] unfolding spth-def spl-def rpth-def by blast
moreover have V i < spl a. (sp a i, sp @ (Suc i)) € R’ «
unfolding R’-def R2-def by blast
ultimately show (sp a k, ep a) € (R’ ) * using lem-rseg-tl by metis
qed
moreover have (a, re0 o) € (R o) — (a, ep o) € (R
proof
assume (a, re0 o) € (R o) *
then have (a, re0 o) € (R0 «) > using c! b-R0O by blast
moreover have R0 a C R’ a using c! unfolding R’-def by blast
ultimately have (a, re0 «) € (R’ ) * using rtrancl-mono by blast
moreover have (re0 a, rel a) € (R’ «) using ¢! unfolding R’-def by blast
moreover have (rel «, ep a) € (R’ ) " using ¢8 ¢/ by force
ultimately show (a, ep o) € (R’ &) * by simp
qed
ultimately show (a, ep o) € (R’ a) " by blast
qed
have b-epr’: \ a. a € Fieldv' = 3 a € S. (a, ep a) € (R' a) *
proof —
fix a
assume a € Field r'
then have a € Field e’ V (3 a€S. a € Field (R’ o)) unfolding r'-def Field-def
by blast
moreover have a € Field re’ — (3 a € S. (a, ep @) € (R’ a) %)
proof
assume a € Field re’
then obtain z y a f where d1: a =2V a=yand d2: a € SAB €S A
a<of

/ o~

a) T

and d:z=epaAnhyec W B A(y, hB) e (RpB)
unfolding re’-def Field-def by blast
have (z, ep @) € (R’ o) " using d3 by blast
moreover have (y, ep 8) € (R’ 8) " using d2 d3 b-bhf[of B y] b-clR'[of 5]
by blast
ultimately show 3 « € S. (a, ep &) € (R’ &) * using dI d2 by blast
qed
ultimately show 3 « € S. (a, ep o) € (R’ &) * using b-clR’ by blast
qed
have b-suR" \ a. a € S = single-valued (R’ «)
proof —
fix a
assume cl: o € S
have ¢2: re0 o € Domain (RO «) — False
proof
assume re a € Domain (RO «)
then obtain b where (re0 «, b) € R0 a by blast
then have (re0 «, b) € R o A (b, re0 «) € (R «) * unfolding R0-def by
blast
then have (re0 a, re0 a) € (R «) ™+ by force
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moreover have acyclic (R «) using ¢! al10 a3 by blast
ultimately show Fulse unfolding acyclic-def by blast
qed
have ¢3: re0 « € Domain (R2 o) — False
proof
assume re o € Domain (R2 «)
then obtain b where (re0 «, b) € R2 o by blast
then obtain k& where d1: k < spl a A 10 o = sp a k AN b = sp a (Suc k)
unfolding R2-def by force
have sp a € spth (Restr r (W «)) (rel «) (ep «) using cI b-sp by blast
then have sp o 0 = rel a and Vi<spl a. (sp a 4, sp a (Suc 7)) € Restr r
(W a)
unfolding spth-def spl-def rpth-def by blast+
then have (rel «, re0 «) € (Restr v (W «)) * using dI lem-rseq-hd by
metis
then show False using c1 b-re12[of ] by blast
qed
have c4:V a € Field (RO o) N Field (R2 «). False
proof
fix a
assume d1: a € Field (RO «) N Field (R2 «)
obtain k£ where d2: k < spl a« A a = sp « k using dI ¢! b-fR2[of « a] by
blast
have sp a € spth (Restr v (W «)) (rel «) (ep o) using cI b-sp by blast
then have sp o 0 = rel « and Vi<spl a. (sp « i, sp o (Suc ©)) € Restr r
(W a)
unfolding spth-def spl-def rpth-def by blast+
then have d3: (rel «, a) € (Restr r (W «)) *
using d2 lem-rseq-hd unfolding spth-def rpth-def by metis
have (a, re0 a) € (R ) using dI unfolding R0-def Field-def by force
moreover have R « C Restr r (W «) using ¢! a0 unfolding Field-def
by fastforce
ultimately have (a, re0 «) € (Restr r (W «)) * using rtrancl-mono by
blast
then have (rel «, re0 a) € (Restr r (W «)) * using d3 by force
then show False using c1 b-re12[of ] by blast
qged
have R0 a C R « unfolding R0-def by blast
then have c¢5: single-valued (RO «) using c! a3 al0[of «] unfolding sin-
gle-valued-def by blast
have c6:V abc. (a,b) € R2 o A (a,c) E R2a — b=¢
proof (intro alll impl)
fixabc
assume (a,b) € R2 a A (a,c) € R2 «
then obtain kI k2 where dI: kI < spla AN a=spakl ANb=spa (Suc
k1)
and d2: k2 < spla AN a=spak2 A c=spa (Suck?)
unfolding R2-def by blast
then have sp a kI = sp a k2 AN k1 < spl a N k2 < spl a by force
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moreover have inj-on (sp «) {i. i<spl a}
using cI b-spof « lem-spth-inj[of sp a] unfolding spl-def by blast
ultimately have kI = k2 unfolding inj-on-def by blast
then show b = ¢ using dI d2 by blast
qed
have single-valued (RO « U {(re0 «, rel «)})
using c¢2 ¢5 unfolding single-valued-def by blast
moreover have single-valued (R2 o U {(re0 «, rel «)})
using ¢3 c6 unfolding single-valued-def by blast
ultimately show single-valued (R’ «) using ¢4 lem-sv-un3 unfolding R’-def
by blast
qed
have b-acR \ a. @ € § = acyclic (R’ «)
proof —
fix a
assume cl: a € S
obtain s where ¢2: s = R0 a U {(re0 «, rel «)} by blast
then have s C R « using cl b-re12[of o] unfolding R0-def by blast
moreover have acyclic (R «) using cI a8 al10 by blast
ultimately have acyclic s using acyclic-subset by blast
moreover have acyclic (R2 «)
proof —
have V a. (a,a) € (R2 a) ™+ — False
proof (intro alll impl)
fix a
assume (a,a) € (R2 a) ™+
then obtain n where el: n > 0 A (a,a) € (R2 ) n using trancl-power
by blast
then obtain g where e¢2: ¢ 0 = a A gn = aand e3:V i<n. (g i, g (Suc
7)) € R2 «
using relpow-fun-conv[of a a n R2 o] by blast
then have (g 0, g (Suc 0)) € R2 o using el by force
then obtain k0 where e4: k0 < spl a A g 0 = sp o k0 unfolding R2-def
by blast
have e5: inj-on (sp «) {i. i<spl a}
using ¢! b-splof «a] lem-spth-inj[of sp a] unfolding spi-def by blast
have V i<n. k0 + i < spla A gi = sp a (kO + 7)
proof
fix ¢
show { <n — k0 +i<splaAgi=spa (k0 + 1)
proof (induct 7)
show 0 <n — k0 + 0 <splaA g0 =spa (k0 + 0) using ¢/ by
stmp
next
fix ¢
assume gl: i <n— k0 + i< splaAgi=spa(k)+1i)
show Suc i < n — k0 + Suc i < spl a A g (Suc i) = sp a (kO + Suc

proof
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assume hl: Suci < n
then have h2: k0 + i < spl a A g i = sp o (kO + ) using g1 by

simp
moreover have (g i, g (Suc i)) € R2 « using hl e3 by simp
ultimately obtain k where
h3: k < spla A spa(k0+1i)=spakAg(Suci)=spa (Suck)
unfolding R2-def by fastforce
then have hj: k0 + i = k using h2 h3 e5 unfolding inj-on-def by
simp

then have k0 + Suc i < spl a using h3 by simp
moreover have g (Suc i) = sp o (k0 + Suc i) using h3 hj by simp
ultimately show k0 + Suc i < spl a A g (Suc i) = sp a (kO + Suc
i) by blast
qed
qed
qged
then have k0 + n < spl a« A a = sp a (kO + n) using e2 by simp
moreover have k0 < spl a A a = sp a kO using e2 e4 by simp
ultimately have k0 + n = k0 using e5 unfolding inj-on-def by blast
then show Fulse using el by simp
qed
then show ?thesis unfolding acyclic-def by blast
qed
moreover have V a € (Range (R2 «)) N (Domain s). False
proof
fix a
assume el: a € (Range (R2 «)) N (Domain s)
then have e2: a € Field (R0 «) V a = re0 « using ¢2 unfolding Field-def
by blast
obtain k£ where e3: k < spl a A a = sp a k using el ¢l b-fR2[of « 4]
unfolding Field-def by blast
have sp a € spth (Restr r (W «)) (rel «) (ep «) using c1 b-sp by blast
then have sp o 0 = rel « and Vi<spl a. (sp « i, sp a (Suc ©)) € Restr r
(W a)
unfolding spth-def spl-def rpth-def by blast+
then have e/: (rel a, a) € (Restr r (W «))
using e3 lem-rseq-hd unfolding spth-def rpth-def by metis
have (a, re0 a) € (R «) * using e2 unfolding R0-def Field-def by force
moreover have R o C Restr r (W «) using c! a10 unfolding Field-def
by fastforce
ultimately have (a, re0 «) € (Restr r (W «)) x using rtrancl-mono by
blast
then have (rel «, re0 o) € (Restr r (W «)) * using e4 by force
then show Fulse using cI b-re12[of o] by blast
qed
moreover have R’ a = R2 « U s using ¢2 unfolding R’-def by blast
ultimately show acyclic (R’ «) using lem-acyc-un-emprd[of R2 « s] by force
qged
have b-dr: \ a. « € S = Domain (R’ «) N Domain re’ = {}
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proof —
fix a
assume cl: a € §
have V a b c. (a,b) € (R"a) A (a,c) € re’ — False
proof (intro alll impl)
fixabc
assume dI: (a,b) € (R’ a) A (a,c) € re’
then obtain o’ where d2: o’ € S A a = ep o’ unfolding re’-def by blast
then have a € W o' using b-ep[of a'] unfolding EP-def by blast
moreover have ¢« € W « using dI ¢! b-fR'[of o] unfolding Field-def by
blast
ultimately have o’ = « using d2 cI a9 by blast
then have a = ep a using d2 by blast
moreover have (b, ep a) € (R’ @) " using dI ¢l b-cIR’ unfolding Field-def
by blast
ultimately have (a, a) € (R’ @) ™+ using dI by force
then show Fulse using c1 b-acR’ unfolding acyclic-def by blast
qed
then show Domain (R’ «) N Domain re’ = {} by blast
qed
have b-pkr’: A\ a b1 b2. (a,bl) € ' A (a,02) € r' AN b1 # b2 = V¥ b. (a,b) €
r’ — (a,b) € re’
proof —
fix a b1 b2
assume cl: (a,b1) € r' A (a,b2) € v’ A b1 # b2
moreover have VaeS. V3e€S. (a,b1) € R’ a A (a,b2) € R’ § — False
proof (intro balll impI)
fix a g
assume o € S and 8 € S and (a,b1) € R' a A (a,b2) € R' B
moreover then have a = 8 using b-fR[of a] b-fR'[of 5] a9 unfolding
Field-def by blast
ultimately show Fulse using c1 b-suR'[of o] unfolding single-valued-def
by blast
qed
ultimately have (a,b1) € re’ V (a,b2) € re’ unfolding r’-def by blast
then have V a€S. a ¢ Domain (R’ «) using b-dr’ by blast
then show V b. (a,b) € r’ — (a,b) € re’ using ¢! unfolding r’-def by blast
qed
have ' C r
proof
fix p
assume p € 1’
moreover haveV a € S.pe R'a—per
proof (intro balll impI)
fix «
assume dl: « € Sand p € R' «
moreover have p € R0 a — p € r unfolding R0-def using dI a10 by
blast
moreover have p € R2 a — per
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proof
assume p € R2 «
then obtain k where k<spl a A p = (sp a k, sp a (Suc k)) unfolding
R2-def by blast
then have p € Restr r (W «) using d1 b-splof «a] unfolding spth-def
rpth-def spl-def by blast
then show p € r by blast
qed
moreover have (re0 o, rel o) € r using dI b-rel2 a10 by blast
ultimately show p € r unfolding R’-def by blast
qed
ultimately show p € r unfolding r’-def re’-def by blast
qed
moreover have V a€Field r. 3beField r'. (a, b) € 7%
proof
fix a
assume a € Field r
then obtain a where c1: o € S A a € W a using a8 by blast
then obtain o’ where c2: (a, a’) € (Restr r (W «))
and c¢3:VpBeS. a <o f — r'{a’} N W B # {} using allof o
a] by blast
have a’ € W « using c! ¢2 lem-rtr-field[of a a’] unfolding Field-def by blast
then have o’ € EP « using ¢3 unfolding EP-def by blast
then obtain v o’ where c¢4: v € S and ¢5: a”’ € Wy A (a’, a”) € r A (a”,
hv) € (Rv)
using c! b-hlof a « a’ a'] by blast
moreover then have (a¢”, h v) € ™ using pI rtrancl-mono[of R v r] by
blast
moreover have (a, a’) € r™* using ¢2 ritrancl-mono|of Restr r (W «) r] by
blast
ultimately have (a, h v) € ™ by force
moreover have h v € W v using ¢4 ¢5 b-rOw by blast
moreover then have h v € Field r' using ¢4 b-hf by blast
ultimately show 3 beField r'. (a, b) € r"* by blast
qed
moreover have DCR 2 ' A CCR r’
proof —
obtain g0 where c1: g0 = { (u,v) € r". r"*{u} = {v} } by blast
obtain g7 where c2: g1 = r’ — g0 by blast
obtain g where ¢3: g = (Anu:nat. (if (n=0) then g0 else (if (n=1) then g1
else {}))) by blast
have c¢/:V € S. R' 3 C g0
proof
fix 8
assume dI: f € S
then have R’ 8 C r’ unfolding r’-def by blast
moreover have V a b c. (a,b) € R' 8 A (a,c) er' — b=c¢
proof (intro alll impI)
fixabc
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assume el: (a, b) € R’ A (a, ¢c) €1’
moreover then have (a,b) € r’ using dI unfolding r’-def by blast
ultimately have b = ¢ V (a, b) € re’ using b-pkr'[of a b ¢| by blast
moreover have (a,b) € re’ — False using el dI b-dr'[of 5] by blast
ultimately show b = ¢ by blast
qed
ultimately show R’ 8 C g0 using cI by blast
qed
have c5: re’ C g1
proof —
have re’ C r’ unfolding r’'-def by blast
moreover have V a b. (a,b) € re’ A (a,b) € g0 — False
proof (intro alll impl)
fix a b
assume el: (a,b) € re’ A (a,b) € g0
then obtain o where e2: a € S A a = ep a unfolding re’-def by blast
then have e3: ¢ € EP « using b-ep by blast
obtain v1 al where ef: v1 € SAa<o~vl ANal € W1 A (a,al) € re’
using e2 e3 b-h[of o a a a] b-bhf re’-def by blast
then have v1 € S A ep v1 € EP 1 using b-ep by blast
then obtain 72 a2 where ¢5: 72 € S A vl <ov2 AN a2 € W 72 A (a,a2)
cre
using e2 e3 b-hlof a v1 a ep v1] re’-def by blast
then have 1 # v2 using ordLess-irrefl unfolding irrefl-def by blast
then have al # a2 using e/ e5 a9 by blast
moreover have al € r’"*{a} A a2 € r'*{a} using e4 e5 unfolding r’-def
by blast
moreover have r’*{a} = {b} using el cI by blast
ultimately have al € {b} A a2 € {b} A al # a2 by blast
then show Fulse by blast

qed

ultimately show ¢thesis using c2 by force
qed
have ' = J{r" Ja'<2. r' = g o'}
proof

have v’ C g0 U g1 using cI c2 by blast
moreover have g0 = g 0 A gl = g1 A (0:nat) < 2 A (1:nat) < 2 using
¢l by simp
ultimately show r' C |J{r' Ja'<2. r' = g a'} by blast
next
have A\ a. g @ C g0 U g1 unfolding ¢3 by simp
then show | {r’. Ja'<2. ' = g o’} C r’ using cI ¢2 by blast
qed
moreover have VI I2 uvw. 1 <12 — (u,v) € glI A (u, w) € gl2 —
(Fo' v w wd. (v, v, 0", d) €D gll2 A (w, w, w’, d) €D gl2ll)
proof (intro alll impl)
fix l112uvw
assume d1: 1 <12 and d2: (u, v) € glI A (u, w) € g2
have d3: g0 = g0 N gl =g 1
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and d4:V a. ga # {} — a =0V a = I unfolding ¢3 by simp+
have d5: £1 g1 = g0 and d6: Lvg 11 = g0
and d7: Lv g1 0 = g0 and d8: £v g 0 1 = g0 using d3 unfolding £1-def
Lo-def by blast+
show 3o’ v w' w" d. (v, v/, v, d) € D gl1 12 N (w, w', w", d) €D gl211
proof —
have [1 = 0 A 12 = 0 = ?thesis
proof —
assume I = 0 AN I12 =0
then have r’'“{u} = {v} A r"*{u} = {w} using cI d2 d3 by blast
then have v = w by blast
then show ?thesis unfolding ®-def by fastforce
qged
moreover have [1 = 0 A [2 = 1 = False
proof —
assume [] = 0 AN I12 =1
then have (u, v) € ' A (u, w) € r’
and r’"“{u} = {v} A r"*{u} # {w} using cI ¢2 d2 d3 by blast+
then show Fulse by force
qed
moreover have [1 = 1 A2 = 1 = ?thesis
proof —
assume f1: 11 =1 ANI12 =1
then have (u,v) € g1 A (u,w) € g1 using d2 d3 by blast
then have (u,v) € re’ A (u,w) € re’ using c1 c2 b-pkr’ by blast
then obtain 31 32 where f2: 1 € SA B2 € S
andve W 81 A (v, h B1) € (R B1)
and w € W 2 A (w, h 82) € (R 82) " unfolding re’-def by blast
then have v € Field (R’ 1) A w € Field (R’ 32) using b-bhf by blast
then have f3: (v, ep f1) € (R’ 1) A (w, ep 82) € (R’ $2) * using
12 b-clR’ by blast
then have ep 1 € EP 81 N ep B2 € EP B2 using f2 b-ep by blast
then obtain v v’ w” where f/: v € S A1 <oy A 32 <o~
and v € Wy A(epB1,v")er A (W, hy) e (R~vy) >
and w” € Wy A (ep 2, w”) € r A (w”’, hy) e (R
7))
using f2 b-hlof 81 52 ep B1 ep 2] by blast
then have (ep 81, v') € re’ A (ep B2, w'') € re’
and (v”, epy) € (R'7) > A (w”, epy) € (R 7) 7>
using f2 b-bhf b-cIR’ unfolding re’-def by blast+
moreover obtain v’ w’ d where v/ = ep 1 AN w' = ep 2 ANd=¢epy
by blast
ultimately have f5: (v, v/) € (R’ 81) ™ A (v', v”) € re’ A (v, d) € (R’

and f6: (w, w') € (R' B2)* A (w', w") € re’ A (w”, d) € (R’
using f3 by blast+

have (R’ 1) C (£1 ¢ I1) " using f1 f2 d5 ¢4 rtrancl-mono by blast
moreover have re’ C g 2 using fI d3 ¢5 by blast
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moreover have (R’~) ™ C (Lv g 1 12) " using f1 f4 d6 ¢4 rtrancl-mono
by blast
moreover have (R’ 32) 7 C (£1 g 12) " using fI f2 d5 ¢/ rtrancl-mono
by blast
moreover have re’ C g I1 using f1 d3 c¢5 by blast
moreover have (R’ ) ™ C (£v ¢ 2 11) * using fI f} d6 ¢4 rtrancl-mono
by blast
ultimately have (v, v/, v", d) € © g1 12 A (w, w’, w", d) € D g2 11
using f5 f6 unfolding ©-def by blast
then show “thesis by blast
ged
moreover have (I =0 VIl =1)A(I2=0VI2=1) using d2 d/ by
blast
ultimately show ?thesis using dI by fastforce
qed
qed
ultimately have c9: DCR 2 r’ using lem-Ldo-ldogen-ord unfolding DCR-def
by blast
have YV acField r'. V beField r'. ¢ € Field r'. (a,c) € r'™x A (b,c) € r'"x
proof (intro balll impl)
fix a b
assume dI: a € Field r’ and d2: b € Field r’
obtain o 3 where d3: a € SA S €S
and d4: (a, ep o) € (R' a) ™ A (b, ep B) € (R’ B) > wusing dI d2 b-epr’
by blast
then have ep a € EP a A ep € EP 3 using b-ep by blast
then obtain v a’ b’ where d5: vy € S Aa <oy A <o~
and d6: a’ € Wy A (epa,a’)erA(a,hvy) e (Rvy)*
and d7: b€ Wy A (ep B,b) € r A(b,hvy) € (R~y)*
using d3 b-hlof a 8 ep « ep (] by blast
then have (a’, ep v) € (R' 7)™ A (b, ep v) € (R’ v) * using b-bhf b-clR’
by blast
moreover have R'a C ' AR’ C r' AR+ C r’ using d3 d5 unfolding
r’-def by blast
ultimately have (a, ep &) € 7' A (b, ep 8) € 1'%
and (a’, ep y) € r'7x A (b, ep v) € r' % using d4 rtrancl-mono
by blast+
moreover have (ep «, a’) € r’ using d3 d5 d6 unfolding r’-def re’-def by
blast
moreover have (ep 3, b’) € r’/ using d3 d5 d7 unfolding r’-def re’-def by
blast
ultimately have (a, ep v) € r'"x A (b, ep v) € 7’7 by force
moreover then have ep v € Field r’ using d1 lem-rir-field by metis
ultimately show 3¢ € Field r'. (a,c) € "7 A (b,c) € 7'"x by blast
qed
then have CCR r’ unfolding CCR-def by blast
then show “thesis using c9 by blast
qged
ultimately show ?thesis by blast
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qed

lemma lem-uset-cl-ext:
fixes r::'U rel and s::'U rel
assumes s € 4 r and Conelike s
shows Conelike r
proof (cases s = {})

assume s = {}

then have r = {} using assms unfolding I-def Field-def by fast

then show Conelike r unfolding Conelike-def by blast
next

assume s # {}

then obtain m where m € Field s A (V a € Field s. (a,m) € s ™) using assms
unfolding Conelike-def by blast

moreover have s C r A (V a € Field r. 3 b € Field s. (a,b) € %) using assms
unfolding i-def by blast

moreover then have Field s C Field r A s x C rx unfolding Field-def using
rtrancl-mono by blast

ultimately have (m € Field ) A (V a € Field r. (a,m) € r7%) by (meson
rtrancl-trans subsetCE)

then show Conelike r unfolding Conelike-def by blast
qed

lemma lem-uset-cl-singleton:
fixes r::'U rel
assumes Conelike r and r # {}
shows 3 m:'U. 3 m":'U. {(m';m)} € U r
proof —
obtain m where b1: m € Field r A (V a € Field r. (a,m) € r"x) using assms
unfolding Conelike-def by blast
then obtain z where b2: (m,z) € r V (z,m) € r unfolding Field-def by blast
then have (z,m) € r"* using b! unfolding Field-def by blast
then obtain m’ where b3: (m’,;m) € r using b2 by (metis rtranclE)
have CCR {(m’,;m)} unfolding CCR-def Field-def by force
moreover have V a€Field r. 3beField {(m';m)}. (a, b) € ™% using bl un-
folding Field-def by blast
ultimately show “thesis using b3 unfolding $l-def by blast
qed

lemma lem-rcc-emp: ||{}|| = {}
unfolding RCC-def RCC-rel-def -def apply simp
unfolding CCR-def apply simp
using lem-card-emprel by (smt iso-ozero-empty ordIso-symmetric ozero-def somel-er)

lemma lem-rce-recrel:
fixes r::'U rel
shows RCC-rel r ||r||
proof —

have 3 a. RCC-rel r «
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proof (cases 4 r = {})
assume i r = {}
then show 3 a. RCC-rel r o unfolding RCC-rel-def by blast
next
assume b1: U r # {}
obtain @ where 02: Q = { a::'Urel. 3 s € 4 r. @ =0 |s| } by blast
have b3:V se i r. 3 a€ Q. a <o |
proof
fix s
assume cl: s € i r
then have ¢2: s C (UNIV::'U set) x (UNIV::'U set) unfolding i-def by
stmp
then have ¢3: |s| <o |(UNIV::'U set) x (UNIV::'U set)| by simp
show 3 a € Q. a <o |5
proof (cases finite (UNIV::'U set))
assume finite (UNIV::'U set)
then have finite s using c2 finite-subset by blast
moreover have CCR s using c! unfolding $l-def by blast
ultimately have Conelike s using lem-Relprop-fin-ccr by blast
then have d1: Conelike r using c1 lem-uset-cl-ext by blast
show 3 a € Q. a <o |
proof (cases r = {})
assume el: r = {}
obtain a where e¢2: a = ({}::'U rel) by blast
then have a € U r using el unfolding -def CCR-def Field-def by blast
moreover have e3: a =o |({}::'U rel)| using e2 lem-card-emprel or-
dIso-symmetric by blast
ultimately have a € @ using b2 e2 by blast
moreover have a <o |s| using e8 card-of-empty ordlso-ordLeg-trans by
blast
ultimately show 3 a € Q. a <o |s| by blast
next
assume el: r # {}
then obtain m m’ where e2: {(m’,m)} € U r using d1 lem-uset-cl-singleton
by blast
obtain o where e3: a = [{m}| by blast
then have a =o |[{(m’;m)}| by (simp add: ordIso-iff-ordLeq)
then have o € ) using b2 e2 by blast
moreover have s # {} using c! el unfolding -def Field-def by force
moreover then have o <o |s| using e3 by simp
ultimately show 3 a € Q. a <o |s| by blast
qged
next
assume - finite (UNIV::'U set)
then have [(UNIV::'U set) x (UNIV::'U set)| =o |UNIV::'U set| using
card-of-Times-same-infinite by blast
then have |s| <o |UNIV::'U set| using c3 using ordLeg-ordIso-trans by
blast
then obtain A::'U set where |s| =0 |A| using internalize-card-of-ordLeq2
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by fast
moreover then obtain «::'U rel where o = |A| by blast
ultimately have a € Q A a =o |s| using b2 c1 ordlso-symmetric by blast
then show 3 a € Q. o <o |s| using ordIso-iff-ordLeq by blast
qed
qed
then have @) # {} using b1 by blast
then obtain o where b4: a € Q A (Va' o' <oa — o’ ¢ Q) using wf-ordLess
wf-eq-minimal|of ordLess] by blast
moreover have V o’ € Q. Card-order o’ using b2 using ordlso-card-of-imp-Card-order
by blast
ultimately have V o’ € Q. = (o’ <o @) — «a <o o’ by simp
then have b5: a € Q A (V @’ € Q. a <o ') using b/ by blast
then obtain s where b6: s € il r A |s| =0 « using b2 ordIso-symmetric by
blast
moreover have V s’eil r. |s| <o |s/|
proof
fix s’
assume s’ € U r
then obtain o’ where o' € Q A o’ <o |s/| using b3 by blast
moreover then have |s| =0 a A a <o o’ using b5 b6 by blast
ultimately show |s| <o |s’| using ordIso-ordLeg-trans ordLeq-transitive by
blast
qed
ultimately have RCC-rel r a unfolding RCC-rel-def by blast
then show 3 «a. RCC-rel r o by blast
qed
then show ?thesis unfolding RCC-def by (metis somel2)
qed

lemma lem-rcc-uset-ne:

assumes Y r # {}

shows 3 se i r. [s| =o ||r]| A(V s €. |s| <ols)
using assms lem-rcc-recrel unfolding RCC-rel-def by blast

lemma lem-rcc-uset-emp:
assumes Y r = {}
shows ||| = {}
using assms lem-rcc-recrel unfolding RCC-rel-def by blast

lemma lem-rcc-uset-mem-bnd:
assumes s € Y r
shows ||| <o |s]
proof —
obtain s0 where s0 € ${ r A [s0] =o ||7| A (V s' € U r. |s0] <o |s| ) using
assms lem-rcc-uset-ne by blast
moreover then have |s0| <o |s| using assms by blast
ultimately show ||r|| <o |s| by (metis ordIso-iff-ordLeq ordLeq-transitive)
qed
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lemma lem-rcc-cardord: Card-order ||r||
proof (cases st r = {})
assume 4 r = {}

then have ||r|| = {} using lem-rcc-uset-emp by blast
then show Card-order ||r|| using lem-cardord-emp by simp
next

assume i r # {}

then obtain s where s € 4 r A |s| =0 ||| using lem-rcc-uset-ne by blast

then show Card-order ||r|| using Card-order-ordIso2 card-of-Card-order by blast
qged

lemma lem-uset-ne-rec-inf:
fixes r::'U rel
assumes — ( ||7]| <o w-ord )
shows 4 r # {}
proof —
have ||| = {} — ||7]| <o |UNIV :: nat set|
by (metis card-of- Well-order finite.emptyl infinite-iff-card-of-nat ordlso-ordLeg-trans
ordIso-symmetric ordLeq-iff-ordLess-or-ordIso ozero-def ozero-ordLeq)

then have |r|| = {} — ||r]| <o w-ord using card-of-nat ordLess-ordIso-trans
by blast

then show I r # {} using assms lem-rcc-uset-emp by blast
qed

lemma lem-rcc-inf: (w-ord <o ||r]| ) = (= (||r] <o w-ord ) )
using lem-rcc-cardord lem-cord-lin by (metis Field-natLeq natLeg-card-order)

lemma lem-Rcc-eq1-12:

fixes r::'U rel

shows CCRr = reilr
unfolding U-def CCR-def by blast

lemma lem-Rcc-eq1-23:
fixes r::'U rel
assumes r € 4 r
shows (r = ({}::'U rel)) V (({}::'U rel) <o ||7|)
proof —
obtain s0 where a2: s0 € 4 r and a3: |s0| =o ||| using assms lem-rcc-uset-ne
by blast
have s0 = {} — r = {} using a2 unfolding {l-def Field-def by force
moreover have s0 # {} — ({}::'U rel) <o ||7]|
using a8 lem-rcc-cardord lem-cardord-emp
by (metis (no-types, lifting) Card-order-iff-ordIso-card-of Field-empty
card-of-empty3 card-order-on-well-order-on not-ordLeg-iff-ordLess
ordLeg-iff-ordLess-or-ordIso ordLeg-ordIso-trans ozero-def ozero-ordLeq)
ultimately show “thesis by blast
qed
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lemma lem-Rcc-eq1-31:
fixes r::'U rel
assumes (r = ({}:'Urel)) Vv (({}::'U rel) <o ||7|)
shows CCR r
proof (cases r = {})
assume 1 = {}
then show CCR r unfolding CCR-def Field-def by blast
next
assume b1: r # {}
then have b2: ({}::'U rel) <o |r| using assms by blast
then have ||r|| # ({}::'U rel) using ordLess-irreflexive by fastforce
then have i r # {} using lem-rcc-uset-emp by blast
then obtain s where b3: s € {l r and b4: |s| =o ||| and
b5:V s € shr. |s| <o |s'| using lem-rcc-uset-ne by blast
have s # {} using assms b1 bj lem-card-emprel not-ordLess-ordIso ordIso-ordLess-trans
by blast
have s C r using b3 unfolding i-def by blast
then have Field s C Field r A s x C r"x unfolding Field-def using rtrancl-mono
by blast
have V a€Field r. Vb€ Field r. 3 c€Field r. (a, ¢) € r™ A (b, ¢) € 7%
proof (intro balll)
fixabd
assume cl: a € Field r and c2: b € Field r
then obtain o’ b’ where ¢3: o’ € Field s A b’ € Field s A (a,a’) € v A (b,b")
€ %
using b3 unfolding -def by blast
then obtain ¢ where ¢j: ¢ € Field s A (a’,c) € s A (b',¢) € s using b3
unfolding i-def CCR-def by blast
have a’ € Field v A b’ € Field r A\ ¢ € Field r using b3 ¢3 ¢/ unfolding -def
Field-def by blast
moreover have (a’,c) € ™% A (b',c) € r"* using b3 ¢/ unfolding i-def
using rtrancl-mono by blast
ultimately have ¢ € Field r A (a, ¢) € r™x A (b, ¢) € r* using ¢3 by force
then show JceField r. (a, ¢) € 7% A (b, ¢) € v by blast
qed
then show CCR r unfolding CCR-def by blast
qed

lemma lem-Rcc-eq2-12:
fixes 7::'U rel and a::'a
assumes Conelike r
shows || <o [{a}|
proof (cases r = {})
assume 1 = {}
then have ||r|| = {} using lem-rcc-emp by blast
then show ||| <o |{a}| by (metis card-of- Well-order ozero-def ozero-ordLeq)
next
assume 7 # {}
then obtain m where b1: m € Field r A (VY a € Field r. (a,m) € r %) using
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assms unfolding Conelike-def by blast
then obtain m’ where v2: (m,m’) € r V (m’;m) € r unfolding Field-def by
blast
then have (m’;m) € r™ using bl by (meson FieldI2 r-into-rtrancl)
then obtain z where (z,m) € r using b2 by (metis rtranclE)
moreover have CCR {(z,m)} unfolding CCR-def Field-def by blast
ultimately have {(z,m)} € { r using b! unfolding iI-def by simp
then have ||| <o |{(z,m)}| using lem-rcc-uset-mem-bnd by blast
moreover have |{(z,m)}| <o |{a}| by simp
ultimately show ||7|| <o |{a}| using ordLeq-transitive by blast
qed

lemma lem-Rcc-eq2-23:
fixes r::'U rel and a::'a
assumes ||| <o |[{a}]
shows ||7|| <o w-ord
proof —
have |[{a}| <o |UNIV :: nat set| using finite-iff-cardOf-nat by blast
then show ||| <o w-ord using assms ordLeg-ordLess-trans card-of-nat ord-
Less-ordlso-trans by blast
qed

lemma lem-Rcc-eq2-31:
fixes r::'U rel
assumes CCR r and ||| <o w-ord
shows Conelike r
proof —
have r € 4 r using assms lem-Rcc-eql-12 by blast
then obtain s where b1: s € 4 r and b2: |s| =o ||r|| using lem-rcc-uset-ne by
blast
have |s| <o w-ord using assms b2 using ordIso-imp-ordLeq ordLeq-ordLess-trans
by blast
then have finite s using finite-iff-ordLess-natLeq by blast
moreover have CCR s using b1 unfolding il-def by blast
ultimately have Conelike s using lem-Relprop-fin-ccr by blast
then show Conelike r using b1 lem-uset-cl-ext by blast
qed

lemma lem-Rcc-range:

fixes r::'U rel

shows ||| <o |UNIV::('U set)|
by (simp add: lem-rcc-cardord)

lemma lem-rcc-ncer:
fixes r::'U rel
assumes — (CCR )
shows |[r| = {}
proof —
have = (({}::'U rel) <o ||r||) using assms lem-Rcc-eq1-31[of r] by blast
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moreover have Well-order ({}::'U rel) using Well-order-empty by blast
moreover have Well-order ||r|| using lem-rcc-cardord unfolding card-order-on-def
by blast
ultimately have ||r|| <o ({}::'U rel) by simp
then show ||r|| = {} using lem-ord-subemp by blast
qed

lemma lem-Rcc-relcard-bnd:
fixes r::'U rel
shows ||| <o |r|
proof(cases CCR )
assume CCR r
then show ||7|| <o |r| using lem-Rcc-eql-12 lem-rcc-uset-mem-bnd by blast
next
assume - CCR r
then have ||r|| = {} using lem-rcc-ncer by blast
then have ||| <o ({}::'U rel) by (metis card-of-empty ordLeg- Well-order-simp
ozero-def ozero-ordLeq)
moreover have ({}::'Urel) <o |r| by (metis card-of- Well-order ozero-def ozero-ordLeq)
ultimately show ||r|| <o |r| using ordLeg-transitive by blast
qed

lemma lem-Rcc-inf-lim:
fixes r::'U rel
assumes w-ord <o ||r||

shows —( ||r|| = {} V isSuccOrd ||| )
using assms lem-card-inf-lim lem-rcc-cardord by blast

lemma lem-rcc-uset-ne-ccr:
fixes r::'U rel
assumes U r # {}
shows CCR r
proof —
obtain s where b1: s € 4 r using assms by blast
have V acField r. VbeField r. 3 ceField r. (a, ¢) € r’x A (b, ¢) € 7%
proof (intro balll impl)
fix a b
assume a€ Field r and be Field r
then obtain o’ b’ where c1: o’ € Field s A b’ € Field s A (a,a’) € v7% A (b,b)
€ r’x
using b1 unfolding il-def by blast
then obtain ¢ where ¢ € Field s A (a’,c) € s7x A (bl,c) € s using bf
unfolding -def CCR-def by blast
moreover have s C r using 0! unfolding il-def by blast
ultimately have ¢ € Field r A (a’,¢) € r™x A (b/,¢) € r7* using rtrancl-mono
unfolding Field-def by blast
moreover then have (a,c) € r™ A (b,c) € r"x using cI by force
ultimately show 3 ceField r. (a, ¢) € ™% A (b, ¢) € "% by blast
qed
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then show ?thesis unfolding CCR-def by blast
qed

lemma lem-rcc-uset-tr:
fixes r s t::'U rel
assumes al: s € U rand a2: Lt €U s
shows t € 4 r
proof —
have V a€Field r. 3beField t. (a, b) € 7%
proof
fix a
assume a € Field r
then obtain b’ where b’ € Field s A (a,b") € " using al unfolding {-def
by blast
moreover then obtain b where b € Field t A (b',b) € s™* using a2 unfolding
$l-def by blast
moreover have s C r using a! unfolding i-def by blast
ultimately have b € Field t A (a,b’) € r™x A (b',b) € r"* using rtrancl-mono
by blast
then have b € Field t A (a,b) € r™* by force
then show JbeField t. (a, b) € v by blast
qed
then show ?thesis using al a2 unfolding i-def by blast
qed

lemma lem-scf-emp: scf {} = {}

unfolding scf-def scf-rel-def SCF-def apply simp

using lem-card-emprel by (smt card-of-empty-ordIso iso-ozero-empty ordIso-symmetric
ozero-def somel-ex)

lemma lem-scf-scfrel:
fixes r::'U rel
shows scf-rel r (scf r)
proof —
have b1: SCF r # {} unfolding SCF-def by blast
obtain @ where 02: Q = { a:'Urel. 3 A € SCFr. a =0 |A| } by blast
have b3:V A€ SCFr.3 a € Q. a <o |4]
proof
fix A
assume A € SCF r
then have |A| € Q A |A| =0 |A] using b2 ordIso-symmetric by force
then show 3 o € Q. a <o |A| using ordIso-iff-ordLeq by blast
qed
then have @ # {} using bI by blast
then obtain @ where b/: a € Q A (Va'. o’ <o a — o’ ¢ Q) using wf-ordLess
wf-eq-minimal|of ordLess] by blast
moreover have V o’ € Q. Card-order o’ using b2 using ordlso-card-of-imp-Card-order
by blast
ultimately have V o’ € Q. — (o’ <o @) — «a <o o' by simp
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then have b5: a € Q A (V o’ € Q. a <o ') using b4 by blast
then obtain A where b6: A € SCF r A |A| =0 « using b2 ordlso-symmetric
by blast
moreover have V BeESCF r. |A| <o |B]
proof
fix B
assume B € SCF r
then obtain o’ where o’ € Q A o’ <o |B| using b3 by blast
moreover then have |A| =0 a A @ <o o’ using b5 b6 by blast
ultimately show |A| <o |B| using ordIso-ordLeg-trans ordLeg-transitive by
blast
qed
ultimately have scf-rel r o unfolding scf-rel-def by blast
then show ?thesis unfolding scf-def by (metis somel2)
qed

lemma lem-scf-uset:
shows 3 A € SCF r. |Al =o scfr A (VY B e SCFr. |A| <o |B])
using lem-scf-scfrel unfolding scf-rel-def by blast

lemma lem-scf-uset-mem-bnd:
assumes B € SCF r
shows scf r <o |B]
proof —
obtain A where A € SCF r A |A| =0 scfr A (V A" € SCF r. |A] <o |A"])
using assms lem-scf-uset by blast
moreover then have |A| <o |B| using assms by blast
ultimately show ?thesis by (metis ordlso-iff-ordLeq ordLeq-transitive)
qed

lemma lem-scf-cardord: Card-order (scf r)
proof —
obtain A where A € SCF r A |A| =o scf r using lem-scf-uset by blast
then show Card-order (scf r) using Card-order-ordIso2 card-of-Card-order by
blast
qed

lemma lem-scf-inf: ((w-ord <o (scfr) ) = ( =~ ( (s¢f r) <o w-ord ) )
using lem-scf-cardord lem-cord-lin by (metis Field-natLeq natLeq-card-order)

lemma lem-scf-eq1-12:

fixes r::'U rel

shows Field r € SCF r
unfolding SCF-def by blast

lemma lem-scf-range:

fixes r::'U rel

shows (scf r) <o |UNIV::('U set)|
by (simp add: lem-scf-cardord)
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lemma lem-scf-relfidcard-bnd:
fixes r::'U rel
shows (scf r) <o |Field r|
using lem-scf-eq1-12 lem-scf-uset-mem-bnd by blast

lemma lem-scf-cer-scf-rec-eq:
fixes r::'U rel
assumes CCR r
shows ||| =o (scf r)
proof —
obtain B where b1: B € SCF r A |B| =o scf r using lem-scf-scfrelof r]
unfolding scf-rel-def by blast
have B C Field r using b1 unfolding SCF-def by blast
then obtain A where b2: BC AANAe SFr
and b3: (finite B — finite A) A ((— finite B) — |A| =0 |B] )
using lem-inv-sf-ext[of B r] by blast
then obtain A’ where bj: A C A’AN A" € SFr AN CCR (Restr r A')
and b5: (finite A — finite A') A ((— finite A) — |A'| =0 |4])
using assms lem-Ccext-subcer-pext5[of r A - {}] by metis
have Restrr A’ € i r
proof —
have V ac Field r. 3beField (Restr r A'). (a, b) € 7%
proof
fix a
assume a € Field r
then obtain b where b € B A (a,b) € r"* using b! unfolding SCF-def by
blast
moreover then have b € Field (Restr r A’) using b2 b/ unfolding SF-def
by blast
ultimately show 3 beField (Restr r A’). (a, b) € r"* by blast
qed
then show Restr r A’ € i r unfolding i-def using b4 by blast
qed
then have b06: ||| <o |Restr r A'| using lem-rcc-uset-mem-bnd by blast
obtain z0::'U where True by blast
have b7: ||| <o (s¢f r)
proof (cases finite B)
assume finite B
then have finite (Restr r A’) using b3 b5 by blast
then have Conelike r
using assms b6 lem-Rec-eq2-31[of 1] finite-iff-ordLess-natLeg[of Restr r A’
ordLeq-ordLess-trans by blast
then have cI: ||r| <o |{z0}| using lem-Rcc-eq2-12[of r z0] by blast
show ?thesis
proof (cases r = {})
assume r = {}
then have scf r = {} A ||r|| = {} using lem-scf-emp lem-rcc-emp by blast
then show ||r|| <o (scf r) using bl lem-ord-subemp ordlso-iff-ordLeq by

142



metis
next
assume r # {}
then have B # {} using b1 unfolding SCF-def Field-def by force
then have [{z0}| <o |B| using card-of-singl-ordLeq by metis
then show ?thesis using c1 b1 ordLeg-transitive ordlso-imp-ordLeq by metis
qed
next
assume cl: — finite B
then have |A| =o |B| A |A'] =0 |A| using b3 b5 finite-subset by simp
then have |A’| =0 scf r using b1 using ordlso-transitive by blast
moreover have w-ord <o scf r using ci bl infinite-iff-natLeg-ordLeq or-
dLeq-ordIso-trans by blast
ultimately have |Restr r A’'| <o scf r using lem-restr-ordbnd|of scf r A’ r]
ordlso-imp-ordLeq by blast
then show ||7| <o (scf r) using b6 ordLeg-transitive by blast
qed
moreover have (scf r) <o |||
proof —
obtain s where b1: s € U r A [s| =0 |r|| A (Vs'ed r. |s| <o |s'|)
using assms lem-Rec-eql-12[of r] lem-rcc-uset-nelof r] by blast
then have Field s C Field r A (Y a€Field r. 3beField s. (a, b) € r7*)
unfolding $-def Field-def by blast
then have Field s € SCF r unfolding SCF-def by blast
then have b2: sc¢f r <o |Field s| using lem-scf-uset-mem-bnd by blast
show ?thesis
proof (cases finite s)
assume finite s
then have ||7|| <o w-ord
using bl finite-iff-ordLess-natLeq not-ordLeq-ordLess ordIso-iff-ordLeq or-
dIso-transitive ordLeq-iff-ordLess-or-ordlso ordLeq-transitive by metis
then have c1: Conelike r using assms lem-Rcc-eq2-31 by blast
show ?thesis
proof (cases r = {})
assume r = {}
then have scf r = {} A ||r|| = {} using lem-scf-emp lem-rcc-emp by blast
then show ?thesis using b7 by simp
next
assume dI: r # {}
then obtain m where m € Field r A (VY a € Field r. (a,m) € r"%) using
c1 unfolding Conelike-def by blast
then have {m} € SCF r unfolding SCF-def by blast
then have d2: scf r <o |{m}| using lem-scf-uset-mem-bnd by blast
have ({}::'U rel) <o ||r|| using dI assms lem-Recc-eq1-23 lem-Rcc-eql-12
by blast
then have |{m}| <o ||r|| using lem-co-one-ne-min by (metis card-of-empty3
card-of-empty4 insert-not-empty ordLess- Well-order-simp)
then show ?thesis using d2 ordLeg-transitive by blast
qed
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next
assume — finite s
then have |Field s| =o |s| using lem-rel-inf-fld-card by blast
then show ?Zthesis using b1 b2 ordlso-iff-ordLeq ordLeg-transitive by metis
qed
qed
ultimately show ?thesis using not-ordLeg-ordLess ordLeq-iff-ordLess-or-ordIso
by blast
qed

lemma lem-scf-cer-scf-uset:
fixes r::'U rel
assumes CCR r and — Conelike r
shows 3 s € U r. (= finite s) A |Field s| =o (scf r)
proof —
have ||7|| =0 (s¢f r) using assms lem-scf-ccr-scf-rec-eq by blast
moreover then obtain s where bi: s € 4 r A |s| =0 ||| using assms
lem-Rcc-eq1-12 lem-rcc-uset-ne|of r] by blast
moreover have (- finite s) — |Field s| =o |s| using lem-rel-inf-fld-card by
blast
moreover have finite s — Fulse
proof
assume finite s
then have |s| <o w-ord using finite-iff-ordLess-natLeq by blast
then have ||r|| <o w-ord using b!
by (meson not-ordLess-ordIso ordIso-iff-ordLeq ordIso-transitive ordLeg-iff-ordLess-or-ordIso
ordLeg-transitive)
then show Fulse using assms lem-Rcc-eq2-31 by blast
qed
ultimately show ?thesis using ordlso-transitive by metis
qed

lemma lem-Scf-scfprops:

fixes r::'U rel

shows ( (s¢f r) <o |UNIV::('U set)| ) A ( (scf r) <o |Field r| )
using lem-scf-range lem-scf-relfidcard-bnd by blast

lemma lem-scf-cer-finscf-cl:
assumes CCR r
shows finite (Field (scf r)) = Conelike r
proof

assume finite (Field (scf r))

then have finite ||r|| using assms lem-scf-ccr-scf-ree-eq lem-fin-fl-rel ordIso-finite-Field
by blast

then have ||| <o w-ord using lem-rcc-cardord lem-fin-fl-rel

by (metis card-of-Field-ordlso finite-iff-ordLess-natLeq ordIso-iff-ordLeq or-

dLeq-ordLess-trans)

then show Conelike r using assms lem-Rcc-eq2-31 by blast
next
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assume Conelike r

then have finite (Field ||7||) using lem-Rcc-eq2-12[of r] by (metis Field-card-of
finite.emptyl finite-insert ordLeq-finite-Field)

then show finite (Field (scf r)) using assms lem-scf-ccr-scf-rec-eq ordIso-finite-Field
by blast
qed

lemma lem-sv-uset-sv-span:
fixes r s::'U rel
assumes al: s € 4 r and a2: single-valued s
shows 3 r1. r1 € Span r A CCR r1 A single-valued r1 AN s C r1 A (acyclic s —
acyclic r1)
proof —
have b0: s C r using a! unfolding il-def by blast
obtain isd where b3: isd = (A a 4.3 b € Fields. (a, ) € ¥ I AV i (3 b
€ Field s. (a, b) € v~ (i) — ¢ < i’)) by blast
obtain d where b4: d = (A a. SOME i. isd a i) by blast
obtain B where b5: B = (A a. { a’. (a, a’) € r }) by blast
obtain H where b6: H =(Aa.{a’€ Ba.V o€ Ba. (da') <(da")}) by
blast
obtain D where b7: D = { a € Field r — Field s. H a # {}} by blast
obtain h where h = (A a. SOME o’. o’ € H a) by blast
then have 08:V a € D. h a € H a using b7 somel-ex[of A a’. a’ € H -] by
force
have ¢I: A\ a. a € Field r = isd a (d a)
proof —
fix a
assume cl: a € Field r
then obtain b where ¢2: b € Field s A (a,b) € " using a! unfolding i-def
by blast
moreover obtain N where ¢3: N = {i. 3 b € Field s. (a, b) € v~ %} by blast
ultimately have N # {} using rtrancl-imp-relpow by blast
then obtain m where m € N A (V i € N. m <)
using LeastI[of A\ z. © € N] Least-le[of \ z. © € N] by blast
then have isd a m using c2 ¢3 unfolding b3 by blast
then show isd a (d a) using b4 somel-ex by metis
qged
have ¢2: AN a. Ba # {} = Ha # {}
proof —
fix a
assume B a # {}
moreover obtain N where c1: N = d ‘(B a) by blast
ultimately have N # {} by blast
then obtain m where c2: m € N A (VY i € N. m < 9)
using LeastI[of A\ z. © € N] Least-le[of A\ z. © € N] by blast
then obtain ¢’ where ¢3: m = d a’ A o’ € B a using cI by blast
moreover then have V o’ € B a. d a’ < d o'’ using cl c2 by force
ultimately have a’ € H a unfolding b6 by blast
then show H a # {} by blast
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qed
have ¢3:V a € Fieldr — Fields. da=1V da > 1
proof
fix a
assume cl: a € Field r — Field s
then have isd a (d a) using ¢! by blast
then obtain b where b € Field s A (a, b) € v~ (d a) using b3 by blast
then have d a« = 0 — False using c1 by force
then show da =1V da > 1 by force
qged
have Field r — Field s C D
proof
fix a
assume cl: a € Field r — Field s
moreover have H o = {} — False
proof
assume H a = {}
then have B a = {} using ¢2 by blast
moreover obtain b where b € Field s A (a, b) € r"* using a! ¢! unfolding
$-def by blast
ultimately have a € Field s unfolding b5 by (metis Collect-empty-eq
converse-rtranclE)
then show Fulse using c1 by blast
qed
ultimately show a € D using b7 by blast
qged
then have ¢/: D = Field r — Field s using b5 b6 b7 by blast
have ¢5:V a€ D.da>1 —da=Suc(d(ha)) AN(d(ha)>1 — hac
D)
proof (intro balll impl)
fix a
assume c/: a € Dand c2: da > 1
then obtain b where ¢3: b € Field s and ¢4: (a, b) € " (d a)
and ¢5:V i’ (3 b € Field s. (a, b) € r~ (i) — (d a) < 3’
using b3 b7 q1 by blast
have c6: d a > 1 using cl ¢4 b7 q3 by force
then have d a = Suc ((d a) — 1) by simp
then obtain «’ where ¢7: (a,a’) € 7 A (a’,b) € ™ ((d a) — 1)
using ¢4 relpow-Suc-D2[of a b d a — 1 r| by metis
moreover then have o’ ¢ Field s using c¢2 ¢5 by (metis less-Suc-eg-le
not-less-eq relpow-1)
ultimately have (a,a’) € r A o’ € Field r — Field s unfolding Field-def by
blast
then have o’ € B a unfolding b5 by blast
moreover have h a € H a using c1 b8 by blast
ultimately have d (h a) < d o’ unfolding b6 by blast
moreover have Suc (da’) < da
proof —
have d o’ < d a — 1 using qI b3 ¢7 ¢3 unfolding Field-def by blast
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then show ?thesis using c6 by force
qed
moreover have d a < (Suc (d (h a)))
proof —
have dI: (a, h a) € r using cI b5 b6 b8 by blast
then have h a € Field r unfolding Field-def by blast
then obtain b’ where b’ € Field s A ((h a), b') € r~(d (h a)) using b3 qI
by blast
moreover then have (a,b’') € v~ (Suc (d (h a))) using dI ¢7 by (meson
relpow-Suc-12)
ultimately show d a < (Suc (d (h a))) using ¢5 by blast
qed
ultimately have d a = Suc (d (h a)) by force
moreover have d (ha) > 1 — ha€ D
proof
assume d1: d (ha) > 1
then have d2: (a, h a) € r using c! b5 b6 b8 by simp
then have isd (h a) (d (h a)) using d1 ¢! unfolding Field-def by force
then have (h a) ¢ Field s using d1 b3 by force
then show h ¢ € D using d2 ¢4 unfolding Field-def by blast
qed
ultimately show d a = Suc (d (h a)) A (d (ha) > 1 — h a € D) by blast
qed
obtain g/ where 09: g1 = { (a, b). a € D A b= ha } by blast
have ¢6:V a€ D.3 a’€ D.da’" =1 A (a,a’) € g1 7%
proof —
haveV n.V a€ D.da= Sucn — (h""n)a) e DAd ((h""n) a) =1
proof
fix no
showV ¢ € D. da = Sucn0 — (h""n0) a) € DA ((h"n0) a) =1
proof (induct n0)
show VaeD. da = Suc 0 — (h"0)a) e DANd ((h ""0)a) =1
using ¢4 by force
next
fix n
assume d1:VaeD. da = Sucn — (h""n)a) e DAd((h ""n)a)=1
show Va€eD. d a = Suc (Suc n) — (h""(Suc n)) a) € DA d ((h 7 Suc
n) a) = 1
proof (intro balll impI)
fix a
assume el: a € D and e2: d a = Suc (Suc n)
then have d a = Suc (d (ha)) A (d (ha) > 1 — ha € D) using ¢5
by simp
moreover then have e3: d (h a) = Suc n using e2 by simp
ultimately have d (ha) > 1 — ((h""n) (ha)) € DA d ((h""n) (ha))
= 1 using d1 by blast
moreover have (h™n) (h a) = (h" (Suc n)) a by (metis comp-apply
funpow-Suc-right)
moreover have ef: d (ha) =1 — d ((h"(Suc n)) a) = 1 using e3
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by simp
moreover have d (ha) = 1 — (h"(Suc n)) a) € D
proof
assume fI1: d (ha) = 1
then have f2: n = 0 A (a, h a) € r using el e3 b5 b6 b8 by simp
then have isd (h a) 1 using fI ¢1 unfolding Field-def by force
then have (h a) ¢ Field s using b3 by force
then have (h a) € D using ¢4 2 unfolding Field-def by blast
then show ((h™(Suc n)) a) € D using f2 by simp
qged
moreover have d (ha) =1V d (h a) > 1 using e3 by force
ultimately show ((h™(Suc n)) a) € D A d ((h 7" (Suc n)) a) = 1 by
force
qed
qed
qed
moreover haveV i.V a € D. da > i — (a, (h"%) a) € gl "%
proof
fix i0
showV a € D. da > i0 — (a, (h77i0) a) € g1 ™%
proof (induct i0)
show VaeD. da > 0 — (a, (h"0) a) € g1 by force
next
fix ¢
assume dI:VaeD. da > i — (a, (h" %) a) € g1 7%
show Va€D. d a > (Suc i) — (a, (R~ (Suc i) a) € g1
proof (intro balll impI)
fix a
assume el: a € D and e2: d a > (Suc i)
then have e3: d a = Suc (d (h a)) A (d (ha) > 1 — ha € D) using

q5 by simp

moreover then have e4: d ( a) > i using e2 by simp

ultimately have d (h a) > 1 — (h a, (h"7%) (h a)) € gl " using dI
by simp

moreover have (h7%) (h a) = (h" (Suc 7)) a by (metis comp-apply
funpow-Suc-right)
moreover have d (h a) = 1 — (h" (Suc i)) a = (h a) using e/ by
force
moreover have d (ha) =1V d (h a) > 1 using e4 by force
moreover then have (a, h a) € g1 using el e3 unfolding b9 by simp
ultimately show (a, (h™ (Suc 7)) a) € g1 ™%
by (metis converse-rtrancl-into-rtrancl r-into-rtrancl)
qged
qed
qed
ultimately have Vn. Va€D. d a = Sucn — (A" n) a € DA d ((h""n) a)
=1A(a,(h 7" n)a)e€ gl x
by simp
then have Vn.Va€D. da= Sucn — (3 a’€ D.da’"=1 A (a,a’) € g17%)
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by blast
moreover have V a € D. 3 n. d a = Suc n using ¢3 ¢/ g5 by force
ultimately show ¢thesis by blast
qed
obtain r1/ where 619: r1 = s U g1 by blast
have t1: g1 C r! using b19 by blast
have 020: s C r1 using 019 by blast
have b21: r1 C r
proof —
have ¥V a € D. (a, h a) € r using b5 b6 b8 by blast
then have g1 C r using b9 by blast
then show ?thesis using b0 b19 by blast
qed
have 022: Va € Field r1 — Field s. 3b € Field s. (a, b) € r1 7%
proof
fix a
assume dI: a € Field r1 — Field s
then have a € D using ¢4 b21 unfolding Field-def by blast
then obtain o’ where d2: a’ € D A da’ =1 A (a, a’) € gl " using ¢6 by
blast
then have d3: (a’, ha’) € r1 A ha' € H a’ using b8 b9 t1 by blast
obtain b where b € Field s A (a’,b) € r using d2 q1 ¢4 b3 by force
moreover then have isd b (d b) using ¢! unfolding Field-def by blast
ultimately have b € B a’ A d b = 0 using b3 b5 by force
then have d (h a’) = 0 using d3 b6 by force
then have isd (h a’) 0 using ¢ d3 b21 unfolding Field-def by force
then have h a’ € Field s using b3 by force
moreover have (a, a’) € r1 7 using d2 t1 rtrancl-monolof g1 r1] by blast
ultimately have (h a’) € Field s A (a, h a’) € r17* using d3 by force
then show 3b € Field s. (a, b) € r17* by blast
qed
have b23: Field r C Field r1
proof —
have (Field r — Field s) C Field r1 using ¢4 b9 t1 unfolding Field-def by
blast
moreover have Field s C Field r1 using 020 unfolding Field-def by blast
ultimately show Field r C Field r1 by blast
qed
have Field r1 C Field r using b21 unfolding Field-def by blast
then have r1 € Span r using b21 23 unfolding Span-def by blast
moreover have CCR ri
proof —
have s € 4 r1 using 20 b22 a1 unfolding $-def by blast
then show CCR r! using lem-rcc-uset-ne-ccr by blast
qed
moreover have single-valued r1
proof —
haveV a b c. (a,b) € 1 A (a,c) €7l — b=c
proof (intro alll impl)
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fixabc
assume (a,b) € 71 A (a,c) € 11
moreover have (a,b) € s A (a,c) € s — b = ¢ using a2 unfolding
single-valued-def by blast
moreover have (a,b) € s A (a,c) € g1 —> False using b9 b7 unfolding
Field-def by blast
moreover have (a,b) € g1 A (a,c) € s — b = c using b9 b7 unfolding
Field-def by blast
moreover have (a,b) € g1 A (a,c) € g1 — b = c using b9 by blast
ultimately show b = ¢ using b19 by blast
qed
then show ?thesis unfolding single-valued-def by blast
qed
moreover have acyclic s — acyclic r1
proof
assume cl: acyclic s
have c2:V a'€ D.da’'=1 —d(ha')=0
proof (intro balll impI)
fix a’
assume dl: a' € Dand d2: da’' = 1
then have d3: (a’, h a’) € r1 A ha’ € H o’ using b8 b9 t1 by blast
obtain b where b € Field s A (a’,b) € r using dI d2 ql ¢4 b3 by force
moreover then have isd b (d b) using ¢! unfolding Field-def by blast
ultimately have b € B a’ A d b = 0 using b3 b5 by force
then show d (h a’) = 0 using d3 b6 by force
qged
have ¢3:V a b. (a,b) € g — db< da
proof (intro alll impl)
fix a b
assume (a,b) € g1
then have di: a € D AN b = h a using b9 by blast
then have da > 1V da=1and da>1 — db < dausing ¢3 ¢/ ¢5
by force+
moreover have da =1 — d b < d a using dI c2 by force
ultimately show d b < d a by blast
qed
have c4:V n.V ab. (a,b) € g1 (Sucn) — db< da
proof
fix n
show V a b. (a,b) € g1" (Sucn) — db<da
proof (induct n)
show Va b. (a, b) € g1 7" (Suc 0) — d b < d a using c¢3 by force
next
fix n
assume el:Vab. (a,b) € g1 7 (Sucn) — db<da
show Va b. (a, b) € g1 7 (Suc (Sucn)) — db< da
proof (intro alll impI)
fix a b
assume (a, b) € g1 ~ (Suc (Suc n))
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then obtain ¢ where (a,c) € g17 (Suc n) A (¢,b) € g1 by force
then have d c < da A d b < d c using el ¢3 by blast
then show d b < d a by simp
qed
qed
qed
have V z. (z,z) € g1™+ — False
proof (intro alll impl)
fix z
assume (z,1) € g1+
then obtain m::nat where m > 0 A (z,2) € g1~ m using trancl-power by
blast
moreover then obtain n where m = Suc n using less-imp-Suc-add by
blast
ultimately have d ¢ < d z using c4 by blast
then show Fulse by blast
qed
then have acyclic g1 unfolding acyclic-def by blast
moreover have V a b ¢. (a,b) € s A (b,c) € g1 — False using b9 b7
unfolding Field-def by blast
moreover have r1 = s U g1 using 019 by blast
ultimately show acyclic r1 using cI lem-acyc-un-emprd by blast
qed
ultimately show ?thesis using b20 by blast
qed

lemma lem-incrfun-nat: ¥V i:nat. fi < f (Suci) =V ij. i <j— fi+ (j—1)
</fj
proof —
assume al:V iznat. fi < f (Suc i)
have V j. V i. i<j — fi + (j—i) < [
proof
fix jO
show V i. i<j0 — fi + (jO—i) < fj0
proof (induct j0)
show Vi<0. fi+ (0 — i) < f 0 by simp
next
fix j
assume cl: Vi<j. fi+ (j— i) < fj
show Vi<Sucj. fi + (Sucj — i) < f (Sucj)
proof (intro alll impl)
fix ¢
assume d1: i < Suc j
show f i + (Sucj — 7) < f (Sucj)
proof (cases i < j)
assume § < j
moreover then have fi + (j — i) < fj using c! by blast
ultimately show ?thesis using al
by (metis Suc-diff-le Suc-le-eq add-Suc-right not-le order-trans)
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next
assume — ¢ < j
then have i = Suc j using dI by simp
then show “thesis by simp
qged
qed
qed
qed
then show V ij. i < j — fi + (j—i) < fj by blast
qed

lemma lem-sv-uset-rccequ:
fixes r::'U rel
assumes al: ||r| =0 w-ord
shows 3 r1 € il r. single-valued r1 A acyclic r1 A (¥ x € Field r1. r1‘{z} # {})
proof —
have = ( ||r|| <o w-ord ) using al by (metis not-ordLess-ordIso)
then obtain s where b1: s € s 1 A |s| =0 ||7|| using lem-rcc-uset-ne lem-uset-ne-rec-inf
by blast
then have |Field s| =0 w-ord
using al lem-rel-inf-fld-card[of s| by (metis ordIso-natLeg-infinitel ordIso-transitive)
then obtain ai where b2: Field s = ai ‘ (UNIV::nat set) using lem-cntset-enum
by blast
obtain f where b3: f = (A . SOME y. (z,y) € r"x A y € Field s ) by blast
obtain g where b4: g = (A A. SOME y. y € Field r AN A C dncl r {y}) by blast
obtain h where b5: h = (A A. SOME y. y € Field r — dncl r A) by blast
have b6: A\ z. € Fiellr = (z, fz) € ' * A fao € Field s
proof —
fix z
assume z € Field r
then have 3 y. (z,y) € r* A y € Field s using b1 unfolding il-def by blast
then show (z,fz) € 7™ A fz € Field s
using b3 somel-ex[of X y. (z,y) € ™ A y € Field s ] by blast
qed
have b7: A\ A. finite ANAC Fieldlr = g A € Fieldr N A C dnclr {g A}
proof —
fix A::'U set
assume c!: finite A N A C Field r
moreover have CCR r using b1 lem-rcc-uset-ne-ccr by blast
ultimately obtain s where c2: finite s A CCR s N s Cr AN A C Field s
using lem-Ccext-finsubcer-dext[of r A] by blast
then have c3: Conelike s using lem-Relprop-fin-ccr by blast
have 3 y. y € Fieldr AN A C dnel r {y}
proof (cases A = {})
assume A4 = {}
moreover have r # {} using al lem-rcc-emp lem-Rec-inf-lim by (metis
ordIso-iff-ordLeq)
moreover then have Field r # {} unfolding Field-def by force
ultimately show ?thesis unfolding dncl-def by blast
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next
assume dI: A # {}
then have s # {} using ¢2 unfolding Field-def by blast
then obtain y where Vz€A. (2, y) € s using ¢2 ¢3 unfolding Conelike-def
by blast
then have d2:V = € A. (z,y) € r"* using ¢2 rtrancl-mono by blast
obtain z0 where 20 € A N Field r using dI c1 ¢2 by blast
moreover then have (20, y) € " using d2 by blast
ultimately have y € Field r using lem-rtr-field[of 20 y r] by blast
then show ?thesis using d2 unfolding dncl-def by blast
qed
then show g A € Field r AN A C dncl r {g A}
using b4 somel-ex[of X\ y. y € Field r AN A C dncl v {y}] by blast
qed
have b8: A\ A::'U set. finite A = (h A) € Field r — dncl r A
proof —
fix A::'U set
assume cl: finite A
have Field r — dncl r A = {} — False
proof
assume Field r — dnclr A = {}
then have V z € Fieldr. 3 y € AN Field r. (z,y) € 7%
using lem-rtr-field[of - - r] unfolding dncl-def by blast
then have A N Field r € SCF r unfolding SCF-def by blast
then have scf r <o |A N Field r| using lem-scf-uset-mem-bnd by blast
moreover have |A N Field r| <o w-ord using c1 finite-iff-ordLess-natLeq by
blast
ultimately have scf r <o w-ord by (metis ordLeq-ordLess-trans)
moreover have ||| =o scf r using b1 lem-scf-ccr-scf-rec-eqlof r] lem-rec-uset-ne-cer|of
r] by blast
ultimately show Fualse using al
by (meson not-ordLeq-ordLess ordIso-iff-ordLeq ordLess-ordLeq-trans)
qed
then show (h A) € Field r — dnclr A
using b5 somel-ex[of X\ y. y € Field r — dncl r A] by blast
qed
obtain Ci where 09: Ci = rec-nat { ai 0 } (A n B. BU {f(9({(h B)} U BU
ai{k. k<n}))}) by blast
then have 010: Ci 0 = {ai 0}
and b11: A\ n. Ci (Suc n) = Cin U {f(g({(h (Cin))} U Cin U ai{k.
k<n}))} by simp+
have 012: Field s C Field r using b1 unfolding l-def Field-def by blast
have b13: A\ n. Cin C Field s A finite (Ci n)
proof —
fix n
show Cin C Field s A finite (Ci n)
proof (induct n)
show Ci 0 C Field s A\ finite (Ci 0) using b2 b10 by simp
next
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fix n
assume Cin C Field s A finite (Ci n)
moreover then have {h (Cin)} U Cin U ai ‘{k. k < n} C Field r using
b2 b8 b12 by blast
ultimately show Ci (Suc n) C Field s A finite (Ci (Suc n)) using b6 b7 b11
by simp
qed
qed
have b14: A n. 3 me(Cin). Cin U ai{k. k<n—1} C dnel r {m}
proof —
fix n
show 3 me(Cin). Cin U ai{k. k<n—1} C dncl r {m}
proof (induct n)
show ImeCi 0. Ci 0 U ai{k. k<0—1} C dncl r {m} using 010 unfolding
dncl-def by simp
next
fix n
assume 3meCin. Cin U ai{k. k<n—1} C dncl r {m}
obtain A where dI: A = {(h (Cin))} U Cin U ai{k. k<n} by blast
obtain m where d2: m = f(g(A)) by blast
have finite A AN A C Field r using dI b2 b8 b12 b13 by force
then have d3: g A € Field v AN A C dnclr {g A} using b7 by blast
then have d4: (9 A, m) € r™« A m € Field s using d2 b6 by blast
have m € Ci (Suc n) using df d2 b11 by blast
moreover have ai‘{k. k<n} C dnclr {m} using dI d3 d4 unfolding dncl-def
by force
moreover have Cin C dncl r {m} using dI d3 d/ unfolding dnci-def by
force
moreover then have Ci (Suc n) C dncl r {m} using dI d2 b11 unfolding
dncl-def by blast
ultimately show ImeCi (Suc n). Ci (Suc n) U ai{k. k<(Suc n)—1} C
dncl r {m} by force
qed
qed
obtain ¢i where b15: ¢i = (A n. SOME m. m € Cin A Cin C dncl r {m})
by blast
have b16: A\ n. (cin) € Cin A Cin C dncl r {cin}
proof —
fix n
have 3 me(Cin). Cin C dncl r {m} using b14 by blast
then show (cin) € Cin A Cin C dncl r {ci n}
using b15 somel-ex[of A m. m € Cin A Cin C dncl r {m}]| by blast
qed
have b17: A\ n. ci (Suc n) ¢ dncl r (Cin)
proof —
fix n
obtain A where c1: A = {(h (Cin))} U Cin U ai{k. k<n} by blast
then have c2: finite A A A C Field r using b2 b8[of Ci n] b13[of n] b12 by
blast
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then have ¢3: g A € Fieldr N A C dncl r {g A} using b7 by simp
then have (h (Cin), g A) € r"* using cI unfolding dncl-def by blast
moreover have (g A, f (g A)) € ™ using ¢3 b6[of g A] by blast
moreover have (f (g A), c¢i (Suc n)) € " using cI b11 b16 unfolding
dncl-def by blast
ultimately have (h (Ci n), ci (Suc n)) € " by force
moreover have h (Cin) ¢ dncl r (Ci n) using b8[of Ci n] b13[of n] by blast
ultimately show c¢i (Suc n) ¢ dncl r (Ci n) unfolding dncl-def
by (meson Image-iff converse-iff rtrancl-trans)
qged
have V n. (¢i n, ci (Suc n)) € r™* A cin # ci (Suc n)
proof
fix n
have (ci n, ci (Suc n)) € " using b11 b16 unfolding dncl-def by blast
moreover have cin # c¢i (Suc n) using b16[of n] b17[of n] unfolding dncl-def
by fastforce
ultimately show (ci n, ¢i (Suc n)) € r™x A cin # ci (Suc n) by blast
qed
then obtain [/ yi where
b18: ¥ n. (yin, yi (Sucn)) € r
and b19: Vij. (i < j) = (i < 15)
and 020: Vi. yi (1i) = cii
and b21: Vi. inj-on yi {k. li < k ANk <1 (Suci)}
and 022:V k.3 i. i < kA Suck <1 (Suci)
using lem-flatseq[of ci r] by blast
obtain r’ where b25: r' = { (2,y). 3 i. x = yi i A y = yi (Suc i) } by blast
have b24:V j.V i. i <j— (yii, yij) € r'"*
proof
fix j
show V i. ¢ < j— (yid, yij) € r'"x
proof (induct j)
show Vi < 0. (yi i, yi 0) € ' "x by blast
next
fix j
assume d1: Vi < j. (yii, yij) € r'"x
show Vi < Suc j. (yi i, yi (Sucj)) € r'"*
proof (intro alll impl)
fix ¢
assume el: i < Suc j
show (yi i, yi (Suc 7)) € r'™*
proof (cases i < j)
assume 7 < j
then have (yi i, yi j) € r'"* using dI by blast
moreover have (yi j, yi (Suc j)) € v’ using b23 by blast
ultimately show ?thesis by simp
next
assume - ¢ < j
then have 7 = Suc j using el by simp
then show ?thesis using el by blast
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qged
qed
qed
qed
have b25:V j. (V i. i < j — Cii C Cij)
proof
fix j
show V i. 1 <j— Cii C Cij
proof (induct j)
show Vi<0. Cii C Ci 0 by force
next
fix j
assume Vi<j. Cii¢ C Cij
moreover have Cij C Ci (Suc j) using b11 by blast
ultimately show Vi<Suc j. Ci i C Ci (Suc j) using le-Suc-eq by fastforce
qed
qed
have 026:V k1 k2. k1 < k2 — yikl = yi k2 — (3 . 1i < k1 Nk2 <
(i+2))
proof (intro alll impI)
fix k1::nat and k2::nat
assume dI: kI < k2 and d2: yi k1 = yi k2
obtain i i2 where d3: il < kI A Suc k1 <1 (Sucil)
and d4: 192 < k2 A Suc k2 <1 (Suc i2) using b22 by blast
have i1 = i2 — False
proof
assume 7/ = 2
then have [ i1 < k2 A k2 <1 (Suc il) using dj by simp
moreover have [ i1 < kI A k1 < (Suc il) using d3 by simp
ultimately show Fulse using d1 d2 b21 unfolding inj-on-def by blast
qed
moreover have i2 < il — Fulse
proof
assume 2 < il
then have Suc 12 = i1 V Suc i2 < il by fastforce
then have [ (Suc i2) = 1l V I (Suc i2) < l il using b19 by blast
then have [ (Suc i2) < 1 il by fastforce
moreover have [ il < [ (Suc i2) using dI d8 dj by simp
ultimately show Fulse by simp
qed
moreover have Suc il < i2 — Fulse
proof
assume el: Suc il < i2
have k1 <1 (Suc il) A 1i2 < k2 using d3 d4 by force
then have (yi k1, yi (I (Suc il))) € r"x and (yi (142), yi k2) € "%
using b18 b23 624 rtrancl-mono|of r' r] by blast+
then have e2: (yi k1, ci (Suc il)) € v and e3: (ci i2, yi k1) € r"* using
d2 b20 by force+
have Suc i1 <i2—1 N i2—1 < i2 and Suc (i2—1) = i2 using el by simp+
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then have e/: ¢i i2 ¢ dnclr (Ci (i2 — 1)) and e5: c¢i (Sucil) € Ci (i2—1)

using b16[of Suc i1] b17[of i2 — 1] b25 by fastforce+
have yi kI ¢ dncl r (Ci (i2—1)) using e8 e/ unfolding dncl-def
by (meson Image-iff converse-iff rtrancl-trans)
moreover have yi k1 € dnclr (Ci (i2—1)) using e2 e5 unfolding dncl-def
by blast
ultimately show Fulse by blast
qed
ultimately have Suc il = i2 by simp
moreover then have [ (Suc i1) = [ i2 using b19 by blast
ultimately have [ i1 < k1 A k2 <[ (il + 2) using d3 d4 by simp
then show 3 i. i < kI A k2 <1 (i+2) by blast
qed
obtain w where 027: w= (A k. k + | ((GREATEST j. lj < k) + 2)) by blast
have 028: A\ k. V k" yik = yi k' — k' < Suc (w k)
proof —
fix k
show V k" yik = yi k' — k' < Suc (w k)
proof (cases 3 k' > k. yi k' = yi k)
assume dI: 3 k' > k. yik' = yi k
have d2:V k" k< k' — yik=yik' — 3 i. li <kANEK <1 (i+2))
using 026 by blast
have d3:V i. 1 < [1{
proof
fix ¢
show 7 < [ ¢
proof (induct 7)
show 0 < [ 0 by blast
next
fix ¢
assume 7 < [ g
moreover have [ i < | (Suc ¢) using 019 by blast
ultimately show Suc i < [ (Suc i) by simp
qed
qed
obtain i0 where d4: i0 = (GREATEST j. 1 j < k) by blast
obtain ¢ where d5: ¢t = k + [ (i0+2) by blast
then have t > k by force
moreover have V k. yi k' = yik — k' < t
proof (intro alll impl)
fix k'
assume el: yi k' = yi k
have k < k' — k' < ¢t
proof
assume k < k'
then obtain ¢ where f1: [ < k A k' <1 (i+2) using el d2 by metis
moreover have Vy. | y < k — y < Suc k using d3 less-Suc-eq-le
order-trans by blast
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ultimately have i < i0 using dj Greatest-le-natlof A j. 1 j < ki Suc k]
by force
then have [ (i+2) < [(i0+2) using b19 by (metis Suc-less-eq add-2-eq-Suc’
not-le)
then show k&’ < t using f1 d5 by fastforce
qged
then show k' < t using d5 by fastforce
qed
ultimately show ?thesis using dj d5 b27 by fastforce
next
assume - (3 k' > k. yi k' = yi k)
then have V k. yi k' = yi k — k'’ < k using lel by blast
then show ?thesis using b27 by fastforce
qed
qed
obtain ¢ where v29: ¢ = (A k. GREATEST k'. yi k = yi k') by blast
have b30: A\ k. yi k = yi (¢ k)
proof —
fix k
show yi k = yi (q k) using b28[of k] b29 GreatestI-nat[of N k. yi k = yi k' k
Suc (w k) ] by force
qed
have b31: AN k k' yik'=yi (¢k) — k' < ¢k
proof
fix k k'
assume yi k' = yi (¢ k)
then show £’ < ¢ k using b28[of k] b29 b30 Greatest-le-nat[of N\ k'. yi k = yi
k" k' Suc (w k)] by force
qed
obtain p where b32: p = rec-nat (¢ 0) (A n y. ¢ (Suc y)) by blast
obtain r! where b33: r1 = { (z,y). 3 i. 2 = yi (p i) Ay = yi (Suc (p i) }
by blast
have b34: Ni.pi=q (pi)
proof —
fix ¢
show p i = ¢ (p i)
proof (induct 7)
show p 0 = ¢q (p 0) using b29 b30 b32 by simp
next
fix ¢
assume p i = ¢ (p 7)
then show p (Suc ©) = ¢ (p (Suc 7)) using b29 b30 b32 by simp
qed
qed
have 035: \ ij. i<j —pi+ (j—i) <pj
proof —
fix ij
have A k. ¢k =k — gk < g (Suc k) using b30 b31 by (metis less-eq-Suc-le)
then have V i. p i < p (Suc ¢) using b32 b34 by simp
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then show i<j — p i + (j—i) < p j using lem-incrfun-nat[of p] by blast
qed
have 036:V ij.pi=pj— 1=
proof (intro alll impI)
fix ij
assume p i =pj
then have i<j — ¢ = j and j<i — j = ¢ using b35 by fastforce+
then show ¢ = j by fastforce
qed
have b37:V ij. yi (p i) = yi (p j) — @ = j using b29 b3/ b36 by metis
have b38:V z € Fieldrl. 3 i. x = yi (p 7)
proof
fix z
assume z € Field r1
moreover have V i. yi (Suc (p 7)) = yi (p (Suc ©)) using b30 b32 by simp
ultimately show 3 i. x = yi (p 7) using b33 unfolding Field-def by force
qed
have b39: A i. (yi (p 7), yi (p (Suc 7))) € r1 using b30 b32 b33 by fastforce
have b40:V j.V i. i <j— (yi (p i), yi (pj)) € rl x
proof
fix jO
show V i. ¢ < j0 — (yi (p 7), yi (p jO)) € r1 "
proof (induct j0)
show Vi<0. (yi (p i), yi (p 0)) € r1 " by blast
next
fix j
assume d1: Vi<j. (yi (p 1), yi (pj)) € 1%
show Vi<Suc j. (yi (p ©), yi (p (Sucj))) € r1 "
proof (intro alll impl)
fix ¢
assume el: i<Suc j
show (yi (p ©), yi (p (Suc j))) € r1 %
proof (cases i = Suc j)
assume i = Suc j
then show ?thesis by force
next
assume i # Suc j
then have (yi (p ©), yi (p j)) € 17 using el dI by simp
then show %thesis using el d1 b39[of j] by simp
qed
qed
qed
qed
have r1 C r’ using 023 b33 by blast
moreover have V a € Field r'. 3 b € Field r1. (a, b) € r'"x
proof
fix a
assume a € Field r'
then obtain £ where a = yi k using 523 unfolding Field-def by blast
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moreover have k < p k using b35[of 0 k] by fastforce
ultimately have (a, yi (p k)) € v’ " using b2/ by blast
moreover have yi (p k) € Field r1 using b33 unfolding Field-def by blast
ultimately show 3 b € Field r1. (a, b) € r'"* by blast
qed
moreover have CCR rl
proof —
have V acField r1. VY beField r1. 3ceField r1. (a, ¢) € 117 A (b, ¢) € 717*
proof (intro balll)
fix a b
assume d1: a € Field r1 and d2: b € Field r1
then obtain i j where a = yi (p i) A b = yi (p j) using b38 by blast
then have i < j — (a,b) € r1 x and j < i — (b,a) € r1 " using b/0 by
blast+
then show 3 ceField r1. (a, ¢) € r17% A (b, ¢) € rl " using dI d2 by
fastforce
qed
then show CCR r1 unfolding CCR-def by blast
qed
ultimately have 0/1: r1 € i r' unfolding U-def by blast
then have CCR r' using lem-rcc-uset-ne-ccr by blast
moreover have r’ C r using 018 b23 by blast
moreover have V z € Field r. 3y € Field r'. (z, y) € r’x
proof
fix z
assume cl: xz € Field r
then obtain y where ¢2: y € Field s A\ (z,y) € " using b! unfolding iI-def
by blast
then obtain n where y = ai n using b2 by blast
then obtain m where y € dncl r {m} A m € Ci (Suc n) using b14[of Suc
n] by force
then have (y, m) € 77 A (m, ci (Suc n)) € 7" using b16 unfolding dncl-def
by blast
then have (z, c¢i (Suc n)) € r"* using c2 by force
moreover obtain y’ where c2: y' = yi (I (Suc n)) by blast
ultimately have ¢3: (z,y’) € " using b20 by metis
have (y’, yi (Suc (I (Suc n)))) € r’ using c2 b23 by blast
then have y’ € Field r’' unfolding Field-def by blast
then show Jy € Field r'. (z, y) € r"* using ¢3 by blast
qed
ultimately have r’ € { r unfolding i-def by blast
then have r1 € U r using b1 lem-rcc-uset-tr by blast
moreover have single-valued r1 using b33 037 unfolding single-valued-def by
blast
moreover have acyclic r1
proof —
have c1:V n. YV ij. (yi (p i), yi (pj)) € r1” (Sucn) — i < j
proof
fix no
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show V ij. (yi (p7), yi (p 7)) € r1" (Sucnl) — i <j
proof (induct n0)
show Vij. (yi (p i), yi (pj)) €rl ~ (Suc0) — i <j
proof (intro alll impI)
fix ij
assume (yi (p @), yi (p 7)) € r1~ (Suc 0)
then obtain i’ j"::nat where yi (p ©) = yi (p i') A yi (p J) = yi (Suc (p
i’)) using b33 by force
then have i = i’ A j = Suc i’ using b30 b32 b37 by simp
then show i < j by blast
ged
next
fix n
assume d1:Vij. (yi (pi), yi (pj) € r1 = (Sucn) — i <j
show Vi j. (yi (p i), yi (pj)) € rl 7" Suc (Sucn) — i <j
proof (intro alll impl)
fix 7j
assume (yi (p i), yi (p j)) € r1 = Suc (Suc n)
then obtain z where (yi (p @), z) € r1 = (Suc n) A (z, yi (p j)) € 71
by force
moreover then obtain k£ where z = yi (p k) using 538 unfolding
Field-def by blast
ultimately have el: i < k A (yi (p k), yi (p j)) € rl using dI by blast
then obtain i’ j'::nat where yi (p k) = yi (p ") A yi (p j) = yi (Suc (p
i’)) using b33 by force
then have k = i’ A j = Suc i’ using 030 b32 b37 by simp
then have k£ < j by blast
then show ¢ < j using el by simp
qed
qed
qed
have V z. (z,z) € r1™+ — False
proof (intro alll impl)
fix z
assume dI: (z,x) € 17+
then have z € Field r1 by (metis FieldI2 Field-def trancl-domain trancl-range)
then obtain ¢ where z = yi (p 7) using 038 by blast
moreover obtain m::nat where m > 0 A (z,xz) € r1~ m using dI trancl-power
by blast
moreover then obtain n where m = Suc n using less-imp-Suc-add by
blast
ultimately have n < n using c1 by blast
then show Fulse by blast
qed
then show ?thesis unfolding acyclic-def by blast
qed
moreover have V z € Field r1. r1‘{z} # {}
proof
fix z
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assume z € Field r1
then obtain { where z = yi (p ¢) using b38 by blast
moreover then obtain y where y = yi (Suc (p 7)) by blast
ultimately have (z,y) € r! using b33 by blast
then show r1‘{z} # {} by blast

qed

ultimately show ?thesis by blast

qed

lemma lem-sv-span-scflew:
fixes r::'U rel
assumes CCR r and sc¢f r <o w-ord
shows 3 r1. r1 € Span r A CCR r1 A single-valued 11
proof (cases ||r|| =0 w-ord)
assume ||7|| =0 w-ord
then obtain s where s € i r A single-valued s using lem-sv-uset-rccequ by
blast
then show ?thesis using lem-sv-uset-sv-span by blast
next
assume - (||7]| =0 w-ord)
then have ||r|| <o w-ord using assms lem-scf-ccr-scf-rec-eqlof 7]
by (metis ordIso-ordLess-trans ordIso-transitive ordLeg-iff-ordLess-or-ordIso)
then have b1: Conelike r using assms lem-Rcc-eq2-31 by blast
have 3 s. s € U r A single-valued s
proof (cases r = {})
assume r = {}
then have {} € i r unfolding i-def CCR-def Field-def by blast
moreover have single-valued {} unfolding single-valued-def by blast
ultimately show ¢thesis by blast
next
assume r # {}
then obtain m where cI: m € Fieldr A (¥ a € Field r. (a, m) € r %) using
b1 unfolding Conelike-def by blast
then obtain u v where ¢2: (u, v) € r A (u = m V v = m) unfolding Field-def
by blast
obtain s where ¢3: s = {(u,v)} by blast
have s C r using c¢2 ¢3 by blast
moreover have CCR s using c3 unfolding CCR-def by fastforce
moreover have V acField r. 3beField s. (a, b) € r7x
proof
fix a
assume a € Field r
moreover have m € Field s using c2 ¢3 unfolding Field-def by fastforce
ultimately show 3 beField s. (a, b) € r"* using cI by blast
qed
ultimately have s € i r unfolding -def by blast
moreover have single-valued s using c3 unfolding single-valued-def by blast
ultimately show ?thesis by blast
qed
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then show ?thesis using lem-sv-uset-sv-span by blast
qed

lemma lem-sv-span-scfequ:
fixes r::'U rel
assumes CCR r and scf r =0 w-ord
shows 3 r1.r1 € Spanr A rl # {} A CCR r1 A single-valued 1 N\ acyclic r1 A
(VzeField r1. r1‘{z} £ {})
proof —
have b1: ||r| =o w-ord using assms lem-scf-cer-scf-rec-eqof r] by (metis or-
dIso-transitive)
then obtain s where s € 4 r A single-valued s A acyclic s \ (VY z€Field s. s*{z}
#1{})
using lem-sv-uset-rccequ by blast
then obtain r1 where b2: r1 € Span r A CCR r1 A single-valued r1 N s C rl
A acyclic r1
using lem-sv-uset-sv-span[of s r] by blast
moreover have r! = {} — Fulse
proof
assume r! = {}
then have r = {} using b2 unfolding Span-def Field-def by force
then show Fulse using b1 lem-Rcc-inf-lim lem-rcc-emp lem-rec-inf by (metis
not-ordLess-ordIso)
qed
moreover have VzeField r1. r1‘{xz} = {} — False
proof (intro balll impI)
fix z
assume cI: z € Field r1 and c¢2: r1‘{z} = {}
have VacField r1. (a, z) € r1 7%
proof
fix a
assume a € Field r1
then obtain ¢ where (z,t) € r1 7 A (a,t) € r1™* using c! b2 unfolding
CCR-def by blast
moreover then have z = ¢ using c2 by (metis Image-singleton-iff con-
verse-rtranclE empty-iff)
ultimately show (a,z) € r1 7 by blast
qed
then have Conelike r1 using c! unfolding Conelike-def by blast
moreover have r! € il r using b2 unfolding il-def Span-def by blast
ultimately have Conelike r using lem-uset-cl-ext[of r1 r] by blast
then show Fulse using b1 lem-Rcc-eq2-12[of r] lem-Rec-eq2-23[of r] by (metis
not-ordLess-ordIso)
qed
ultimately show ?thesis by blast
qed

lemma lem-Ldo-den-ccr-uset:
fixes r s::'U rel
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assumes CCR s and s C r A Field s € Den r
shows s € il r
using assms unfolding Den-def iU-def by blast

lemma lem-Ldo-ds-reduc:
fixes r s::'U rel and n0::nat
assumes al: CCR s N DCR n0 s and a2: s C r and a8: Field s € Den r and
a4: Field s € Inv (r — s)
shows CCR r A DCR (Suc n0) r
proof —
obtain g0 where b1: DCR-generating g0
and b2: s= {r’. Ja' o’ < n0 A1’ = g0 o’}
using a! unfolding DCR-def by blast
obtain ¢ :: nat = 'U rel
where b8: g = (A a. if (o < n0) then (g0 «) else (r— s)) by blast
obtain n :: nat where b9: n = (Suc n0) by blast
have b11: A . @ < n0 = g a = (g0 «) using b8 by simp
have b12: \ a. = (0 < n0) = g o = (r— s) using b8 by force
have Va 5 a b c.
a<pf—(a,b)€egan(ac)egp—
(3o 0" " " d (b, b, 0", d)eDgaBAlec,c d)eDgpha)
proof (intro alll impI)
fixafBabec
assume c0: o < fand cl: (a,b) € ga A (a,c) € g B
have a < n0 A B8 < n0
— (30" "d. (bbb, d)eDgaf A(e " d)eDygpa)
proof
assume dI: a < nl A 8 < n0
moreover then have (a, b) € g0 a A (a, ¢) € g0 8 using cI b1l by blast
then obtain b’ b"' ¢’ ¢’ d where d2: (b, b’, b", d) € ® g0 a 8 A (¢, ¢/, ¢”,
d)eD g0 p «
using b1 unfolding DCR-generating-def by blast
have (b, b/, 0", d) € D ga
proof —
have (b, b’) € (£1 g o)
proof —
haveV o'. o' < o — g @’ = g0 o' using d1 b1l by force
then have £1 g a = £1 g0 a unfolding £1-def by blast
moreover have (b,b') € (£1 g0 «) * using d2 unfolding ©-def by blast
ultimately show ¢thesis by metis
qed
moreover have (b', b") € (g B) "=
proof —
have g 8 = g0 B using d1 b11 by blast
moreover have (b',b") € (g0 3) "= using d2 unfolding D-def by blast
ultimately show ?thesis by metis
qed
moreover have (b, d) € (Lv g a )
proof —
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haveV o’ o' < aVa'<f — ga' = g0 o' using di b11 by force
then have £v g a § = £v g0 «  unfolding Lv-def by blast
moreover have (b",d) € (£v g0 « 8) " using d2 unfolding ©-def by
blast
ultimately show ?thesis by metis
qged
ultimately show ?thesis unfolding ©-def by blast
qed
moreover have (¢, ¢/, ¢, d) € D g S «
proof —
have (c, ¢/) € (£1 g )
proof —
haveV o'. o' < 8 — g o’ = g0 o’ using dI b11 by force
then have £1 g 5 = £1 g0 5 unfolding £1-def by blast
moreover have (c,c¢’) € (£1 g0 ) " using d2 unfolding ©-def by blast
ultimately show ¢thesis by metis
qged
moreover have (¢, ¢’’) € (g a) =
proof —
have g o = g0 o using dI bi1 by blast
moreover have (¢’,¢”) € (g0 «) "= using d2 unfolding D-def by blast
ultimately show %thesis by metis
qged
moreover have (¢", d) € (£v g B o) *
proof —
haveV o’ o' < aVa' <8 — ga’ = g0 o' using dI b1l by force
then have £v g 8 a = £v g0 8 « unfolding Lv-def by blast
moreover have (¢”,d) € (£v g0 B «) * using d2 unfolding D-def by
blast
ultimately show ?thesis by metis
qed
ultimately show ?thesis unfolding ©-def by blast
qed
ultimately show 30’ 8" ¢’ ¢’ d. (b, b, b, d) € D ga S A (¢, ', ", d) €
D g B a by blast
qed
moreover have a < n0 A = (8 < n0)
— 3 e d. (bbb, d)eDgaB Al(ecc d)eDgpa)
proof
assume dI: « < n0 A = (8 < n0)
then have d2: (a, b) € g0 a A (g B) = (r — s) using cI b11 b12 by blast
have d3: (a,b) € s A (a,c) € r — s using dI d2 cI b2 unfolding Field-def
by blast
then have b € Field s A ¢ € Field s using a4 unfolding Field-def Inv-def
by blast
then obtain d where d6: d € Field s A (b,d) € s™x A (¢,d) € s
using a! unfolding CCR-def by blast
have V a’. o’ < n0 — o’ < 8 using dI by force
then have s C Lvga 8 A s C L£v g 8 « using b2 b11 unfolding Lv-def
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by blast
then have (b,d) € (Lvga B) A (¢,d) € (Lv g B o) "* using db6 rtrancl-mono
by blast
then show 3b' b ¢’ ¢” d. (b, b, b",d) eD gapfA(e,c,c” d)eDygp
!
unfolding ©-def by blast
qed
moreover have - (o < n0) A (8 < n0) — False using c0 by force
moreover have - (o < n0) A = (8 < n0)
— (30" c"d. (bbb, d)eDgaf A(e ], d)eDygpa)
proof
assume dI: - (a < n0) A = (8 < n0)
then have d2: (g a) = (r — s) A (¢ B) = (r — s) using b12 by blast
then have d3: b € Field r N\ ¢ € Field r using ¢! unfolding Field-def by
blast
obtain b" where dj: b € Field s A (b,b") € "= A ((b,d") € s — b =1b")
using a8 d3 unfolding Den-def
by (cases 3 b". (b,b") € s, metis Domain. Domainl Field-def UnCI pair-in-Id-conv,
blast)
obtain ¢’ where d5: ¢ € Field s A (¢,c”) € "= A ((¢,¢”) € s — ¢ = ¢")
using a8 d3 unfolding Den-def
by (cases 3 ¢". (¢,¢”) € s, metis Domain.Domainl Field-def UnCI
pair-in-Id-conv, blast)
obtain d where d6: d € Field s A (b",d) € s A (¢",d) € s7x
using d4 d5 al unfolding CCR-def by blast
have V o’. o’ < n0 — o’ < « using d1 by force
then have s C Lvga 8 A s C L£v g f « using b2 b11 unfolding Lv-def
by blast
then have (b",d) € (Lv g a B)* A (¢')d) € (£v g B ) using d6
rtrancl-mono by blast
moreover have (b,b") € (g ) "= using d2 dj by blast
moreover have (c,c”) € (g a) = using d2 d5 by blast
ultimately show 3b' b ¢’ ¢ d. (b, b, 0", d) €D ga B A (¢, ¢/, ", d) €
Dgpfa
unfolding ©-def by blast
qed
ultimately show 3b’ b" ¢’ ¢ d. (b, b, 0", d) € D ga B A (¢, ¢/, ", d) €
© g B a by blast
qed
then have DCR-generating g using lem-Ldo-ldogen-ord by blast
moreover have r = |J {r’. Ja’. o' <nAr'=ga'}
proof —
have r C J {r’. o’ a’'<nAr'=ga’}
proof
fix p
assume cl:p € r
have 3 o’ . a’'<nApega
proof (cases p € s)
assume p € s

/
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then obtain o’ where o’ < n0 A p € g o’ using b2 b11 by blast
moreover then have o’ < n using b9 by force
ultimately show 3 a’. a’ < n A p € g o’ by blast
next
assume p ¢ s
moreover have — ( n < n0) using b9 by simp
ultimately have p € g n0 using c! b12 by blast
then show 3 a’. a’ < n A p € g o’ using b9 by blast
qed
then show p € J {r". Ja’ a’ < n A r'= g a’} by blast
qed
moreover have V a’. g a’ C r
proof
fix o’
have o’ < n0 — g0 o’ C r using a2 b2 by blast
then show g o’ C r using b8 by (cases o’ < n0, force+)
qed
ultimately show ?thesis by force
qed
moreover have CCR r using al a2 a8 lem-Ldo-den-ccr-uset lem-rcc-uset-ne-ccr
by blast
ultimately show ?thesis unfolding b9 DCR-def by blast
qed

lemma lem-Ldo-sat-reduc:
fixes r s::'U rel and n::nat
assumes al: s € Span r and a2: CCR s N DCR n s
shows CCR r A DCR (Suc n) r
proof —
have Field s € Inv (r — s) using al unfolding Span-def Inv-def Field-def by
blast
moreover have s C r and Field s € Den r using al unfolding Span-def
Den-def by blast+
ultimately show ¢thesis using a2 lem-Ldo-ds-reduc by blast
qed

lemma lem-Ldo-uset-reduc:
fixes r s::'U rel and n0::nat
assumes al: s € 4 r and a2: DCR n0 s and a3: n0 # 0
shows DCR (Suc n0) r
proof —
have 00: s C r using a! unfolding $I-def by blast
obtain g0 where b1: DCR-generating g0
and b2: s=J {r’. Ja' o' <n0 Ar'= g0 o'}
using a2 unfolding DCR-def by blast
obtain isd where b3: isd = (A a 4.3 b € Fields. (a, b)) € r" G AV i (3 b
€ Field s. (a, b) € v~ (i) — @ < i’)) by blast
obtain d where b4: d = (A a. SOME i. isd a i) by blast
obtain B where b5: B = (A a. { ¢’. (a, @) € r }) by blast
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obtain H where b6: H = (A a.{a’€ Ba.V a” € Ba. (da') < (da") }) by
blast
obtain D where 07: D = { a € Field r — Field s. H a # {}} by blast
obtain h where h = (A a. SOME a’. a’ € H a) by blast
then have 08:V a € D. h a € H a using b7 somel-ex[of X a’. a’ € H -] by
force
have ¢q1: A\ a. a € Field r = isd a (d a)
proof —
fix a
assume cl: a € Field r
then obtain b where c2: b € Field s A (a,b) € r"* using al unfolding {-def
by blast
moreover obtain N where ¢3: N = {i. 3 b € Field s. (a, b) € v %} by blast
ultimately have N # {} using rtrancl-imp-relpow by blast
then obtain m where m € N A (V i € N. m < )
using LeastI[of A\ x. © € N] Least-le[of \ z. © € N] by blast
then have isd a m using c2 ¢3 unfolding b3 by blast
then show isd a (d a) using b4 somel-ex by metis
qed
have ¢2: AN a. Ba # {} = Ha # {}
proof —
fix a
assume B a # {}
moreover obtain N where c1: N = d ‘(B a) by blast
ultimately have N # {} by blast
then obtain m where c2: m € N A (VY ¢ € N. m < 9)
using LeastI[of A\ z. © € N] Least-le[of \ z. z € N] by blast
then obtain a’ where ¢3: m = d a’ A a’ € B a using c! by blast
moreover then have V a’ € Ba. d a’ < d a” using cl ¢2 by force
ultimately have a’ € H a unfolding b6 by blast
then show H a # {} by blast
qed
have ¢3:V a € Fieldr — Fields. da=1V da > 1
proof
fix a
assume cl: a € Field r — Field s
then have isd a (d o) using ¢! by blast
then obtain b where b € Field s A (a, b) € v~ (d a) using b3 by blast
then have d a = 0 — Fulse using c1 by force
then show da =1V da > 1 by force
qed
have Field r — Field s C D
proof
fix a
assume cl: a € Field r — Field s
moreover have H a = {} — False
proof
assume H a = {}
then have B a = {} using ¢2 by blast
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moreover obtain b where b € Field s A (a, b) € r* using al ¢! unfolding
iU-def by blast
ultimately have a € Field s unfolding b5 by (metis Collect-empty-eq
converse-rtranclk)
then show Fulse using c! by blast
qed
ultimately show a € D using b7 by blast
qed
then have ¢4: D = Field r — Field s using b5 b6 b7 by blast
have ¢5:V a€ D.da>1 —da=Suc(d(ha)) AN(d(ha)>1 — hac
D)
proof (intro balll impI)
fix a
assume cl: a € Dand c2: da > 1
then obtain b where ¢3: b € Field s and ¢4: (a, b) € ™ (d a)
and ¢5:V i’ (3 b € Field s. (a, b) € 17 (i) — (
using b3 b7 q1 by blast
have c6: d a > 1 using c! ¢4 b7 q3 by force
then have d a = Suc ((d a) — 1) by simp
then obtain ¢’ where ¢7: (a,a’) € r A (a’,b) € ™ ((d a) — 1)
using ¢/ relpow-Suc-D2[of a b d a — 1 r] by metis
moreover then have o’ ¢ Field s using ¢2 ¢5 by (metis less-Suc-eq-le
not-less-eq relpow-1)
ultimately have (a,a’) € r A o’ € Field r — Field s unfolding Field-def by
blast
then have o’ € B a unfolding b5 by blast
moreover have h a € H a using c1 b8 by blast
ultimately have d (h a) < d o’ unfolding b6 by blast
moreover have Suc (d a’) < da
proof —
have d o’ < d a — 1 using ¢! b3 ¢7 c¢3 unfolding Field-def by blast
then show ?thesis using c6 by force
qed
moreover have d a < (Suc (d (h a)))
proof —
have dI: (a, h a) € r using c1 b5 b6 b8 by blast
then have h a € Field r unfolding Field-def by blast
then obtain b’ where b’ € Field s A ((h a), b’) € v (d (h a)) using b3 q1
by blast
moreover then have (a,b’) € v~ (Suc (d (h a))) using dI ¢7 by (meson
relpow-Suc-12)
ultimately show d ¢ < (Suc (d (h a))) using ¢5 by blast
qed
ultimately have d a = Suc (d (h a)) by force
moreover have d (ha) > 1 — ha € D
proof
assume dI: d (ha) > 1
then have d2: (a, h a) € r using ¢! b5 b6 b8 by simp
then have isd (h a) (d (h a)) using dI ¢! unfolding Field-def by force

da) <7
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then have (h a) ¢ Field s using d1 b3 by force
then show h a € D using d2 ¢/ unfolding Field-def by blast
qed
ultimately show d a = Suc (d (h a)) A (d (ha) > 1 — h a € D) by blast
qed
obtain ¢gI where b9: g1 = { (a, b). a € DA b= ha} by blast
have ¢6:V a € D.3 a’€ D.da’"=1 A (a,a’) € g1 %
proof —
haveV n.V a€ D.da= Sucn — (h""n)a) e DAd ((h""n) a) =1
proof
fix no
showV a € D. da = Sucn0 — ((h""n0) a) € DA ((h"n0) a) =1
proof (induct n0)
show VaeD. da = Suc 0 — (h"0)a) e DA ((h ""0) a) =1
using ¢4 by force
next
fix n
assume di:VaeD. da = Sucn — ((h""n)a) e DAd((h """ n)a)=1
show VaeD. d a = Suc (Suc n) — (b~ (Suc n)) a) € DA d ((h 7 Suc
n) a) =1
proof (intro balll impI)
fix a
assume el: a € D and e2: d a = Suc (Suc n)
then have d a = Suc (d (h a)) A (d (ha) > 1 — h a € D) using ¢5
by simp
moreover then have e3: d (h a) = Suc n using e2 by simp
ultimately have d (ha) > 1 — ((h""n) (ha)) € DA d ((h""n) (ha))
= 1 using d1 by blast
moreover have (h™n) (h a) = (h" (Suc n)) a by (metis comp-apply
funpow-Suc-right)
moreover have e¢f: d (ha) =1 — d ((h" (Suc n)) a) = 1 using e3
by simp
moreover have d (ha) = 1 — (b~ (Suc n)) a) € D
proof
assume f1: d (ha) = 1
then have f2: n = 0 A (a, h a) € r using el e3 b5 b6 b8 by simp
then have isd (h a) 1 using fI ¢! unfolding Field-def by force
then have (h a) ¢ Field s using b3 by force
then have (h a) € D using ¢4 2 unfolding Field-def by blast
then show ((h™ (Suc n)) a) € D using f2 by simp
qed
moreover have d (ha) =1 V d (h a) > 1 using e3 by force
ultimately show ((h™(Suc n)) a) € D A d ((h 7~ (Suc n)) a) = 1 by
force
qed
qed
qed
moreover haveV i.V a € D. da > i — (a, (h
proof

PN

i) a) € g1 %
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fix i0
showV a € D. da > i0 — (a, (h"790) a) € g1 %
proof (induct i0)
show VaeD. da > 0 — (a, (h770) a) € g1 by force
next
fix ¢
assume di:Va€D. da > i — (a, (h"7%) a) € g1
show VaeD. d a > (Suc i) — (a, (b~ (Suc i) a) € g1 *
proof (intro balll impI)
fix a
assume el: a € D and e2: d a > (Suc 1)
then have e3: d a = Suc (d (ha)) A (d (ha) > 1 — ha € D) using
g5 by simp
moreover then have e4: d (h a) > i using e2 by simp
ultimately have d (ha) > 1 — (h a, (h77%) (h a)) € g1 " using dI
by simp
moreover have (h™7%) (h a) = (h" (Suc ©)) a by (metis comp-apply
funpow-Suc-right)
moreover have d (ha) = 1 — (h” (Suc ©)) a = (h a) using e/ by
force
moreover have d (ha) =1V d (h a) > 1 using e4 by force
moreover then have (a, h a) € g1 using el e3 unfolding b9 by simp
ultimately show (a, (b~ (Suc 7)) a) € g1 *
by (metis converse-rtrancl-into-rtrancl r-into-rtrancl)
qed
qed
qed
ultimately have Vn. Va€D. da = Sucn — (A" n)a€ DA d ((h""n) a)
=1A(a,(h7"n)a) e gl*
by simp
then have Vn.VaeD. da= Sucn — (3 a’ € D. da’"=1 A (a,a’) € g17% )
by blast
moreover have V ¢ € D. 3 n. d a = Suc n using ¢3 ¢4 g5 by force
ultimately show ¢thesis by blast
qed
let 2condl =X a. o= 0
let Zcond3 = X a. (1 < a A a < nl)
obtain ¢ :: nat = 'U rel
where 012: g = (A . if (Zcond! «) then (g0 o) U g1
else (if (?cond3 «) then (g0 «)
else {} )) by blast
obtain n :: nat where b13: n = n0 by blast
then have b14: A\ a. a < n = (Ycondl a V ?cond3 «) by force
have b15: A\ a. Zcondl o = g a = (g0 o) U g1 using b12 by simp
have b17: A\ a. ?cond3 a« = g a = (g0 «) using b12 by force
obtain r1 where b19: r1 = {r’. Ja’ o’ < n A r' =g a'} by blast
have t1: g1 C r1 using b15 b19 b13 a3 by blast
have b20: s C rl
proof
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fix p
assume p € §
then obtain o’ where cl: o’ < n0 A p € g0 o' using b2 by blast
then have ¢2: o’ < n unfolding b13 by fastforce
then have ?condl o’V ?cond3 o' using b1/ by blast
then have g0 o’ C g o’ using b12 by fastforce
then show p € r! using cI ¢2 b19 by blast
qed
have b21: r1 C r
proof —
haveV r'a’ a’'<n—ga’'Cr
proof (intro alll impl)
fix r’ o’
assume dI: o’ < n
have V a € D. (a, h a) € r using b5 b6 b8 by blast
then have d2: g1 C r using b9 by blast
have (o' = 0) — g o’ C r using d2 b0 b2 b15[of o] a3 by blast
moreover have 1 < o’ — g o’ C r using b17 b0 b2 b13 d1 by blast
ultimately show g o’ C r using dI b1/ by blast
qed
then show r! C r unfolding 619 by fast
qed
have 022: Va € Field r1 — Field s. 3b € Field s. (a, b) € r1 7%
proof
fix a
assume d1: a € Field r1 — Field s
then have a € D using ¢/ b21 unfolding Field-def by blast
then obtain «’ where d2: a’ € DA da’' =1 A (a, a’) € g1 * using ¢6 by
blast
then have d3: (a’, ha') € r1 AN ha' € H a' using ¢4 b8 b9 t1 a8 by blast
obtain b where b € Field s A (a’,b) € r using d2 q1 ¢4 b3 by force
moreover then have isd b (d b) using ¢! unfolding Field-def by blast
ultimately have b € B a’ A d b = 0 using b3 b5 by force
then have d (h a’) = 0 using d3 b6 by force
then have isd (h a’) 0 using ¢ d3 b21 a3 unfolding Field-def by force
then have h a’ € Field s using b3 by force
moreover have (a, a’) € r17x using d2 t1 rtrancl-monolof g1 r1] a3 by blast
ultimately have (h a’) € Field s A (a, h a’) € r1 ™ using d3 by force
then show 3b € Field s. (a, b) € r17* by blast
qed
have b23: Field r C Field r1
proof —
have (Field r — Field s) C Field r1 using ¢4 b9 t1 unfolding Field-def by
blast
moreover have Field s C Field r1 using b20 unfolding Field-def by blast
ultimately show Field r C Field r1 by blast
qed
have Va B abc. a < — (a,b) € ga A (a,c) € g8 —
3o b "¢ d. (bp'b'd) eDgapf Alec,deDygfa)
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proof (intro alll impl)
fixafBabec
assume ci: a < f and ¢2: (a,b) € g a A (a,c) € g B
obtain ¢123 where c0: ¢123 = (A a::nat. ?condl o V ?cond3 «) by blast
have ¢3: A\ o’ c123 o' = g0 o' C s
proof —
fix o'
assume c123 o'
moreover have ?condl o' — g0 o’ C s using a3 unfolding b2 by force
moreover have ?cond3 o' — g0 o’ C s using b2 by force
ultimately show g0 o’ C s using c0 by blast
qed
have ¢/: Aa’. A p.p € ga’ — (%condl o' A p € (g0 o’ U g1)) V (2cond3
a’ A p e (90 o))
proof (intro impl)
fix a’p
assume p € g o’
then show (?condl o’ A p € (g0 «’ U g1)) V (Pcond3 o’ A p € (g0 )
using b12 by (cases ?condl o', simp, cases ?cond3 o', force+)
qed
have ¢5: A\ o’ 8. o' < ' = ¢123 ' = ¢123 o' unfolding c0 using b1/
by force
have c¢6: (a,b) € g0 a A (a,c) ¢ g0 B — — c123
proof
assume dI: (a,b) € g0 o A (a,c) ¢ g0 S
then have (a,c) € g1 using c¢2 ¢/ by blast
then have a € Field r — Field s using b7 b9 by blast
then have - c123 « using dI ¢3 unfolding Field-def by blast
then show — ¢123 ( using c! ¢5 by blast
qed
have ¢7: (a,b) ¢ g0 a A (a,c) € g0 B — — c123 S
proof
assume dI: (a,b) ¢ g0 a A (a,c) € g0 B
then have (a,b) € g1 using c2 ¢/ by blast
then have a € Field r — Field s using b7 b9 by blast
then show - ¢c123 (§ using dI c¢3 unfolding Field-def by blast
qged
have ¢8: A\ o’ ¢123 o' = g0 o' C g o’
proof —
fix o’
assume c123 o'
then show ¢0 a’ C g o’ unfolding c0 using b15[of '] b17]of a'] by blast
qed
then have c9: A\ o’ a’”. c123 o' = o' < a’'= g0 o' C g a”
using c) less-or-eq-imp-le by blast
have c10: A\ o’ 8. c123 o' = ¢123 ' = D g0 o’ ' C D g’ B’
proof —
fix o’ 5’
assume dI: c123 o’ and d2: c123 (3’
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have £1 g0 o' C £1 g o' using dI c9 unfolding £1-def by blast
moreover have £v g0 o’ 8’ C £v g o’ B’ using d1 d2 c9 unfolding Lv-def
by blast
ultimately have (£ g0 o’) ™ C (£1 g a’) ™ A (Lv g0 o' 8)* C (Lv g o'
BY)
using rtrancl-mono by blast
moreover have g0 3’ C g 8’ using d2 c¢8 by blast
ultimately show D g0 o' 8’ C ® g o’ 8’ unfolding D-def by blast
qed
show 3b' 0" ¢’ ¢ d". (b,b',0",d") € D ga B A (¢,c',c"d) €D gp
proof (cases c123 )
assume dI: c123
show ?thesis
proof (cases (a,b) € g0 a A (a,c) € g0 B)
assume el: (a,b) € g0 a A (a,c) € g0 B
then obtain b’ b" ¢’ ¢’ d’ where (b, b’, b", d') € © g0 a 8 A (¢, ¢/, ¢,
d)eD g0 B«
using b1 unfolding DCR-generating-def by blast
moreover have c123 « using d1 cI c5 by blast
ultimately have (b, b/, ", d) €D ga B A (¢, ¢/, ¢”, d') € D g B « using
d1 c10 by blast
then show ?thesis by blast
next
assume - ((a,b) € g0 a A (a,c) € g0 B)
then have (a,b) ¢ g0 a A (a,c) ¢ g0 B using d1 c6 c7 by blast
moreover have c123 « using d1 cl ¢5 by blast
ultimately have (a,b) € g1 A (a,c) € g1 using dI c0 c2 ¢4 by blast
then have b = ¢ using b9 by blast
then show ?thesis unfolding ©-def by blast
qed
next
assume dI: - c123 3
then have d2: Fulse using c2 ¢4 unfolding c0 by blast
then show ?thesis by blast
qed
qed
then have b24: DCR-generating g using a8 lem-Ldo-ldogen-ord by blast
moreover then have Field r1 C Field r using b21 unfolding Field-def by
blast
ultimately have r! € Span r using b21 023 unfolding Span-def by blast
moreover have DCR n r1 using 019 b24 unfolding DCR-def by blast
moreover have CCR ri
proof —
have s € 4 r1 using b20 b22 a1 unfolding i-def by blast
then show CCR r1 using lem-rcc-uset-ne-ccr by blast
qed
ultimately show DCR (Suc n0) r using b13 a3 lem-Ldo-sat-reduc by blast
qed
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lemma lem-Ldo-addid:
fixes r::'U rel and r"::'U rel and n0::nat and A::'U set
assumes al: DCR n0 r and a2: ' = r U {(a,b). a = b A a € A} and a3: n0 #
0
shows DCR n0 r'
proof —
obtain g0 where b1: DCR-generating g0 and b2: r = |J{r’ Ja'<n0. r' = g0
a'} using al unfolding DCR-def by blast
obtain g :: nat = 'U rel where b3: g = (A a. (g0 ) U {(a,b). a =b A a € A})
by blast
have Va B abc. a < — (a,b) € ga A (a,c) € g8 —
30/ b" ¢’ ¢ d. (bb'b"d) €D ga B A (c,cycd) €D gf a)
proof (intro alll impl)
fixapfabec
assume cl/: o < S and ¢2: (a,b) € ga A (a,c) € g 8
have ¢3: Ao’ 8. D g0 o' B'C D ga'p’
proof —
fix o’ B’
have £1 g0 o’ C (£1 g o') "= unfolding £1-def b3 by (clarsimp, auto)
moreover have £v g0 o' ' C (L£v g o’ ') = unfolding L£v-def b3 by
(clarsimp, auto)
ultimately have (£1 g0 o') * C (€1 ga’) ™ A (Lv g0 o' ) C (Lv g '
B') " using rtrancl-reflcl rtrancl-mono by blast
moreover have (g0 3') "= C (g 8') "= unfolding b3 by force
ultimately show D g0 o' 8’ C ® g o’ 8’ unfolding D-def by blast
qged
have ¢/: ((a,b) € g0 a V a =b) A ((a,c) € g0 BV a = ¢) using cI c2 b3 by
blast
moreover then have ¢ = bV a=c— (3b' b ¢ ¢ d. (b,b',b",d) € D ¢
af A (¢c e d)eDgpBa)
using b3 unfolding ®-def by blast
moreover have (a,b) € g0 a A (a,c) € g0 f — (3" b ¢’ " d. (b,b',b",d)
EDgaf A (e d) eDgpa)
proof
assume (a,b) € g0 a A (a,c) € g0
then obtain b’ b” ¢’ ¢/’ d’ where (b, b’, b", d") € © g0 a B A (¢, ¢/, ¢,
d)eD gl b«
using b1 unfolding DCR-generating-def by blast
then have (b, b/, b, d) € D ga B A (¢, ¢/, ¢, d") € D g 8 « using c3 by
blast
then show 3b’ " ¢/ ¢ d’. (b,b',0",d) €D ga B A (¢,c',c'd) €D g B a
by blast
qed
ultimately show 35’ b" ¢’ ¢ d. (b,b',0",d) € D ga B A (¢,¢’,c”,d) € D g
a by blast
qed
then have DCR-generating g using lem-Ldo-ldogen-ord by blast
moreover have r’ = |J{s. 3a’<n0. s = g a'} unfolding b2 b3 a2 using a3
by blast
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ultimately show DCR n0 r’ unfolding DCR-def by blast
qed

lemma lem-Ldo-removeid:
fixes r::'U rel and r'::'U rel and n0::nat
assumes al: DCR n0 r and a2: ' = r — {(a,b). a = b}
shows DCR n0 r’
proof —
obtain g0 where b1: DCR-generating g0 and b2: r = |J{r' Fa'<n0. r' = g0
a'} using a! unfolding DCR-def by blast
obtain ¢ :: nat = 'U rel where b3: g = (A a. (g0 ) — {(a,b). a = b }) by
blast
have Va fabc. a<p — (a,b) € ga A (a,c) € g —
(3o 0" ¢ " d. (bb"d) €D ga B A (c,cc,d) €D gpa)
proof (intro alll impI)
fixafBabec
assume cl: o < f and ¢2: (a,b) € g a A (a,c) € g B
have c5: AN a'B. D g0 o’ B'CD ga’p’
proof —
fix o’ B’
have £1 g0 o’ C (£1 g o’) "= unfolding £1-def b3 by (clarsimp, auto)
moreover have £v g0 o’ 8’ C (£v g o’ f') "= unfolding Luv-def b3 by
(clarsimp, auto)
ultimately have (£1 g0 o/) ™ C (L1 ga’) ™ A (Lv g0 o' B> C (Lvga’
B') * using rtrancl-reflcl rtrancl-mono by blast
moreover have (g0 3')"= C (g 8') "= unfolding b3 by force
ultimately show D g0 o’ 3’ C ® g o’ ' unfolding D-def by blast
qed
have (a,b) € g0 a A (a,c) € g0 (B using cI ¢2 b3 by blast
then obtain b’ b”' ¢’ ¢’ d’ where (b, b’, b, d") € D g0 a B A (¢, ¢/, ¢", d)
€D g0 B
using b1 unfolding DCR-generating-def by blast
then have (b, b/, b, d) € D ga B A (¢, ¢/, ¢”, d") € D g f « using ¢3 by
blast
then show 3b' 0" ¢’ ¢/ d’. (b,b,0",d) € D ga S A (¢,¢',c”,d) € D g f «
by blast
qged
then have DCR-generating g using lem-Ldo-ldogen-ord by blast
moreover have r’' = [J{s. 3a’<nl0. s = g o’} unfolding b2 b3 a2 by blast
ultimately show DCR n0 r’ unfolding DCR-def by blast
qed

lemma lem-Ldo-eqid:
fixes r::'U rel and r’::'U rel and n::nat
assumes al: DCR n r and a2: v’ — {(a,b). a = b} = r — {(a,b). a = b} and
ad:n # 0
shows DCR n r’
proof —
obtain r" where b1: " = r' — {(a,b). a = b} by blast
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then have DCR n r'' using al a2 lem-Ldo-removeid by blast
moreover have r’' = r'" U {(a,b). a = b A (a,a) € r'} using b1 by blast
ultimately show DCR n r’ using lem-Ldo-addid[of n "' r' {a . (a,a) € 7'}] a8
by blast
qed

lemma lem-wdn-range-lb: A C w-dncl r A
unfolding w-dncl-def dncl-def F-def rpth-def by fastforce

lemma lem-wdn-range-ub: w-dncl r A C dncl r A unfolding w-dncl-def by blast

lemma lem-wdn-mon: A C A’ = w-dncl r A C w-dncl r A’ unfolding w-dncl-def
dncl-def by blast

lemma lem-wdn-compl:
fixes r::'U rel and A::'U set
shows UNIV — w-dnclr A={a.3 b. b ¢ dnclr AN (a,b) € (Restrr (UNIV—A)) x}
proof
show UNIV — w-dnclr A C{a.3 b.b¢ dnclr A A (a,b) € (Restr r (UNIV—A)) %}
proof
fix x
assume cI: z € UNIV — w-dncl r A
show z € {a. 3 b. b ¢ dnclr A A (a,b) € (Restr v (UNIV—A)) "%}
proof (cases x € dncl r A)
assume z € dnclr A
then obtain b F' where d1: F e FrazbAb¢ dnclrANFNA={}
using ¢! unfolding w-dncl-def by blast
then obtain fn where f € rpthrzbn A F = f“{i. i<n} unfolding F-def
by blast
moreover then have Vi<n. fi ¢ A using dI unfolding rpth-def by blast
ultimately have f € rpth (Restr v (UNIV—A)) z b n unfolding rpth-def
by force
then have (z,b) € (Restr r (UNIV—A))  using lem-ccext-rpth-rtr[of Restr
r (UNIV—A)] by blast
then show ?thesis using d1 by blast
next
assume z ¢ dnclr A
then show ?thesis unfolding w-dncl-def by blast
qed
qed
next
show {a. 3 b. b ¢ dncl r A A (a,b) € (Restr r (UNIV—A)) *} C UNIV —
w-dnel r A
proof
fix z
assume z € {a. 3 b. b ¢ dnclr A A (a,b) € (Restr r (UNIV—A)) %}
then obtain y where c1: y ¢ dnclr A A (z,y) € (Restr r (UNIV—A)) * by
blast
obtain fn where c2: f € rpth (Restr r (UNIV—A)) z y n using clI lem-ccext-rtr-rpth[of

177



x y] by blast

then have c3: f € rpth r  y n unfolding rpth-def by blast

obtain F where ¢/: F = f{i. i<n} by blast

have n = 0 — f 0 ¢ A using c! ¢3 unfolding rpth-def dncl-def by blast

moreover have V i<n. fi ¢ AN f (Suc i) ¢ A using c2 unfolding rpth-def
by blast

moreover have V i<n. (n = 0 V (3 j<n. (j=7 V i=Suc j)))

by (metis le-eq-less-or-eq lessI less-Suc-eq-0-disj)

ultimately have V i<n. fi ¢ A by blast

then have F N A = {} using ¢4 by blast

moreover have F' € F r z y using c¢3 ¢4 unfolding F-def by blast

ultimately show z € UNIV — w-dncl r A using c! unfolding w-dncl-def by
blast

qed

qed

lemma lem-cowdn-uset:
fixes r::'Urel and A A’ W::'U set
assumes al: CCR (Restr r A') and a2: esclr A A’ C A’
and a3: Q = A’ —dnclr Aand af: W = A’ — w-dnclr A and a5: Q € SF r
shows Restr r @ € 4 (Restr r W)
proof —
have CCR (Restr r Q) using al a8 lem-Inv-ccr-restr-invdiff lem-Inv-dncl-invbk
by blast
moreover have Restr r Q C Restr r W using a3 a4 lem-wdn-range-ublof r] by
blast
moreover have V a€Field (Restr r W). AbeField (Restr r Q). (a, b) € (Restr
r W)
proof
fix a
assume a € Field (Restr v W)
then have ci/: a € W unfolding Field-def by blast
show 3 beField (Restr v Q). (a, b) € (Restr r W)
proof (cases a € Q)
assume a € @
then show ?thesis using a5 unfolding SF-def by blast
next
assume a ¢ @
then obtain b F' where di: a € AAANF e FrabANb¢ dnclrANFNA

={}

using c! a3 a4 unfolding w-dncl-def by blast

then have d2: dnesc r A a C escl r A A’ unfolding esci-def by blast

obtain F where d3: F = dnesc r A a by blast

have dnFEsc r A a # {} using dI unfolding dnFEsc-def by blast

then have F € dnEsc r A a using d3 lem-dnFEsc-nel[of r A] by blast

then obtain b’ where d4: b’ ¢ dnclr ANE € Frab ANENA=/{}
unfolding dnFsc-def by blast

have d5: E C A’ using d2 d3 a2 by blast

have b’ € F using dj unfolding F-def rpth-def by blast
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then have b’ € Field (Restr r @) using d4 d5 a3 a5 unfolding SF-def by
blast
moreover have (a, b’) € (Restr r W)
proof —
obtain fn where el: f € rpthra b’ nand e2: E = f‘{i. i < n}
using d/ unfolding F-def by blast
have e3:V i<n. fie W
proof (intro alll impl)
fix 7
assume f1: i < n
obtain g where f2: ¢ = (A k. f (k + 7)) by blast
have g 0 = f i using f2 by simp
moreover have g (n — i) = b’ using fI f2 el unfolding rpth-def by
stmp
moreover have Vk<n—i. (g k, g (Suc k)) € Restr r (UNIV — A)
proof (intro alll impl)
fix k
assume k < n—1
then have (g k, g (Suc k)) € (Restr r E) using f2 el e2 unfolding
rpth-def by simp
then show (g k, g (Suc k)) € Restr r (UNIV — A) using dj by blast
qed
ultimately have g € rpth (Restr r (UNIV—A)) (f4) b’ (n—i) unfolding
rpth-def by blast
then have (f i, b') € (Restr r (UNIV—A)) * using lem-ccext-rpth-rtr|of
- fi '] by blast
then have fi ¢ w-dncl r A using d4 lem-wdn-compl[of r A] by blast
then show fi € W using fI e2 d5 a4 by blast
qed
have Vi<n. (f i, f (Suc 7)) € Restr r W
proof (intro alll impl)
fix ¢
assume i < n
moreover then have fi € W A f (Suc i) € W using e2 e3 by force
ultimately show (f 4, f (Suc ©)) € Restr r W using el unfolding rpth-def
by blast
qged
then have E € F (Restr v W) a b’ using el e2 unfolding rpth-def F-def
by blast
then show ?thesis using lem-ccext-rtr-Fne[of a b’] by blast
qed
ultimately show ?thesis by blast
qed
qed
ultimately show ¢thesis unfolding i-def by blast
qed

lemma lem-shrel-L-eq:
fixes f::'U rel = 'U set and «::'U rel and S::'U rel
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assumes o =o0 f3
shows £ fa=2ff
proof
show £ f o C £ f 8 using assms ordLess-ordlso-trans unfolding £-def by
fastforce
next
have 8 =0 a using assms ordlso-symmetric by blast
then show £ f 5 C £ f « using ordLess-ordlso-trans unfolding £-def by
fastforce
qed

lemma lem-shrel-dbk-eq:
fixes f::'U rel = 'U set and Ps::'U set set and «::'U rel and B::'U rel
assumes f € N r Ps and « =0 (§ and « <o |Field r| and 3 <o |Field r|
shows (V f a) = (V f B)
proof —
have a <o f A 8 <o « using assms ordlso-iff-ordLeq by blast
then have f o = f 3 using assms unfolding N -def N 1-def by blast
moreover have £ f a = £ f § using assms lem-shrel-L-eq by blast
ultimately show ?thesis unfolding Dbk-def by blast
qed

lemma lem-L-emp: o =0 ({}::'Urel) = £ fa={}
proof —
assume a =o ({}::'U rel)
then have V o'. a’ <o a — Fulse using lem-ord-subemp
by (metis iso-ozero-empty not-ordLess-ordIso ordLess-imp-ordLeq ozero-def)
then show £ f o = {} unfolding £-def by blast
qed

lemma lem-der-qinvi:
fixes r::'U rel and «::'U rel and z y::'U
assumes al: z € Q r f aw and a2: (z,y) € r’* and a3: y € (f @)
shows y € Q rf a
proof —
obtain A where b1: A = (£ f «) by blast
haveV zy. y € dnclr A — (z,y) € r — z € dnclr A
proof (intro alll impI)
fix x y
assume y € dncl r A and (z,y) € r
moreover then obtain ¢ where a € A A (y,a) € r"x unfolding dncl-def by
blast
ultimately have a € A A (z,a) € v by force
then show z € dncl r A unfolding dncl-def by blast
qed
then have (UNIV — dncl r A) € Inv r unfolding Inv-def by blast
moreover have x € UNIV — (dncl r A) using b1 a1 unfolding Q-def by blast
ultimately have y € UNIV — (dncl r A) using a2 lem-Inv-restr-rtr2[of UNIV
— dncl r A r] by blast
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then show ?thesis using b1 a3 unfolding Q-def by blast
qed

lemma lem-der-qinv2:
fixes r::'U rel and «::'U rel and z y::'U
assumes al: z € Q r f a and a2: (z,y) € (Restr v (f &) * and a3: y € (f @)
shows (z,y) € (Restrr (Q r f a)) %
proof —
obtain () where b1: Q = Q 7 f a by blast
haveV ab. a € Q — (a,b) € Restrr (f a) — b€ Q
using lem-der-qinvl [of - r f « -] unfolding b! by blast
then have @ € Inv (Restr v (f «)) unfolding Inv-def by blast
moreover have z € () using b1 al by blast
ultimately have (z,y) € (Restr (Restr v (f «)) Q)
using a2 lem-Inv-restr-rtr[of Q Restr r (f «)] by blast
moreover have Restr (Restr r (f «)) @ C Restr r (Q r f «) using b! by blast
ultimately show ?thesis using rtrancl-mono by blast
qed

lemma lem-der-qinv3:
fixes r::'U rel and «::'U rel
assumes al: A C (f o) and a2:V z € (f a). 3 y € A. (z,y) € (Restrr (f o))
showsV z € (Qrfa).3 yec (AN (Qrfa)). (z,y) € (Restrr (Q rf a))
proof

fix z

assume bl: z € (Q rf «a)

then have b2: z € (f ) unfolding Q-def by blast

then obtain y where b3: y € A A (z,y) € (Restr r (f «)) " using a2 by blast

then have (z, y) € (Restr r (Q r f «)) " using al b1 lem-der-ginv2[of x 7 f «
y] by blast

moreover then have y € (Q r f «) using b1 IntE mem-Sigma-iff rtranclE[of
z y] by metis

ultimately show 3 y € (AN (Q rf a)). (z,y) € (Restr r (Q r f «)) * using
b3 by blast
qed

lemma lem-der-inf-qrestr-ceri:

fixes r::'U rel and Ps::'U set set and «a::'U rel

assumes f € N r Ps and « <o |Field |

shows CCR (Restr r (Q r f «))

proof —
have CCR (Restr v (f «)) using assms unfolding N -def N 6-def by blast
moreover have dnclr (£ f «) € Inv (r"—1) using lem-Inv-dncl-invbk by blast
ultimately show ?thesis unfolding Q-def using lem-Inv-ccr-restr-invdiff by

blast

qed

lemma lem-Nfdn-aemp:
fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel
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assumes al: CCR r and a2: f € N r Ps and a3: a <o scf r and a4: Field r C
dncl r (f «)
shows a = {}
proof (cases finite r)
assume finite r
then have scf r <o w-ord using lem-scf-relfldcard-bnd lem-fin-fi-rel
by (metis finite-iff-ordLess-natLeq ordLeq-ordLess-trans)
then have finite (Field (scf r)) using finite-iff-ordLess-natLeq by force
then have Conelike r using al lem-scf-ccr-finscf-cl by blast
moreover obtain a::'U where True by blast
ultimately have a <o |{a}| using al a8 lem-Rcc-eq2-12 lem-scf-cer-scf-ree-eq
by (metis ordIso-iff-ordLeq ordLess-ordLeg-trans)
then have b1: « =o |{}::'U set| using lem-co-one-ne-min
by (metis card-of-card-order-on card-of-empty3 card-of-unique insert-not-empty
not-ordLeg-ordLess ordlso- Well-order-simp ordLess- Well-order-simp)
then have « <o |Field r| using card-of-empty ordIso-ordLeq-trans by blast
then have b2: f a € SF r using a2 unfolding N -def N 5-def by blast
have = (3 a'=:'U rel. a’ <o «) using b1
by (metis BNF-Cardinal-Order-Relation.ordLess-Field card-of-empty5 ordLess-ordIso-trans)
then show o = {} using a3 b1 using lem-co-one-ne-min
by (metis card-of-empty card-of-empty3 insert-not-empty
ordIso-ordLeg-trans ordLeg-transitive ordLess- Well-order-simp)
next
assume q0: — finite r
have b0: a <o ||r|| using a1 a3 lem-scf-ccr-scf-rec-eq by (metis ordIso-iff-ordLeq
ordLess-ordLeq-trans)
obtain A’ where b1: A’ = Q r f a by blast
have ||r|| <o |r| using lem-Rcc-relcard-bnd by blast
moreover have |Field r| =o |r| using q0 lem-rel-inf-fld-card by blast
ultimately have ||r|| <o |Field r| using ordIso-symmetric ordLeg-ordIso-trans
by blast
then have b2: a <o |Field r| using b0 ordLeq-transitive ordLess-imp-ordLeq by
blast
then have b3: f o € SFr A CCR (Restr v (f o))
using b1 a2 unfolding N -def N'5-def N'10-def N 6-def by blast+
have b5: (A'e€ SFr ) Vv (Jy:'U. A" ={y})
using b1 b3 unfolding Q-def using lem-Inv-cer-sf-dn-diff[of f a r A" £ f a]
by blast
have V ac Field r. 3beField (Restr r (f a)). (a, b) € r7x
proof
fix a
assume a € Field r
then have a € dncl r (f «) using a4 by blast
then obtain b::’U where (a, b) € 7 A b € f o unfolding dncl-def by blast
moreover have (f «) € SF r using b3 by blast
ultimately have b € Field (Restr v (f «)) A (a, b) € r"* unfolding SF-def
by blast
then show JbeField (Restr v (f «)). (a, b) € r"* by blast
qed

182



moreover have CCR (Restr r (f «)) using b3 by blast
ultimately have Restr r (f «) € {4 r unfolding U-def by blast
then have d3: ||r| <o |Restr r (f «)| using lem-rcc-uset-mem-bnd by blast
obtain z::'U where dj: True by blast
have w-ord <o o« — False
proof
assume el: w-ord <o «
then have |f a| <o « using b2 a2 unfolding N -def N 7-def by blast
moreover then have |Restr r (f «)| <o « using el lem-restr-ordbnd by blast
ultimately have ||r|| <o « using d3 ordLeq-transitive by blast
then show Fulse using b0 not-ordLess-iff-ordLeq ordLess- Well-order-simp by
blast
qed
then have a <o w-ord using b0 natLeq- Well-order not-ordLess-iff-ordLeq ord-
Less-Well-order-simp by blast
then have |f a| <o w-ord using b2 a2 unfolding N-def N 7-def by blast
then have finite (f «) using finite-iff-ordLess-natLeq by blast
then have finite (Restr r (f «)) by blast
then have |Restr r (f «)| <o w-ord using finite-iff-ordLess-natLeq by blast
then have dj: ||r|| <o w-ord using d3 ordLeq-ordLess-trans by blast
have ||r|| <o |[{z}|
proof (cases CCR )
assume CCR r
then show ||| <o |{z}| using d5 lem-Recc-eq2-31[of r] lem-Rcc-eq2-12[of r ]
by blast
next
assume - CCR r
moreover then have ||r|| = {} using lem-rcc-ncer by blast
moreover have {} <o [{z}| by (metis card-of-Well-order ozero-def ozero-ordLeq)
ultimately show ||| <o [{z}| by metis
qed
then have o <o |{z}| using b0 ordLess-ordLeg-trans by blast

then show « = {} by (meson lem-co-one-ne-min not-ordLeg-ordLess ordLess- Well-order-simp)

qed

lemma lem-der-qcer-lscf-sf:
fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and a::'U rel
assumes al: CCR r and a2: f € N r Ps and a3: a <o scf r
shows (Q rfa)e SFr
proof (cases finite r)
assume finite r
then have scf r <o w-ord using lem-scf-relfldcard-bnd lem-fin-fi-rel
by (metis finite-iff-ordLess-natLeq ordLeq-ordLess-trans)
then have finite (Field (scf r)) using finite-iff-ordLess-natLeq by force
then have Conelike r using al lem-scf-ccr-finscf-cl by blast
moreover obtain a::'U where True by blast
ultimately have a <o |{a}| using al a8 lem-Rcc-eq2-12 lem-scf-cer-scf-ree-eq
by (metis ordIso-iff-ordLeq ordLess-ordLeg-trans)
then have b1: o =o |{}::'U set| using lem-co-one-ne-min
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by (metis card-of-card-order-on card-of-empty8 card-of-unique insert-not-empty
not-ordLeg-ordLess ordIso- Well-order-simp ordLess- Well-order-simp)
then have a <o |Field r| using card-of-empty ordIso-ordLeq-trans by blast
then have b2: f a € SF r using a2 unfolding N -def N 5-def by blast
have = (3 a":'U rel. o’ <o «) using b1
by (metis BNF-Cardinal-Order-Relation.ordLess-Field card-of-empty5 ordLess-ordIso-trans)
then have £ f a« = {} unfolding £-def by blast
then have Q r f o = f a unfolding Q-def dncl-def by blast
then show “thesis using b2 by metis
next
assume q¢0: — finite r
have b0: a <o ||| using al a3 lem-scf-ccr-scf-rec-eq by (metis ordIso-iff-ordLeq
ordLess-ordLeg-trans)
obtain A’ where b1: A’ = Q r f a by blast
have ||r|| <o |r| using lem-Rcc-relcard-bnd by blast
moreover have |Field r| =o |r| using q0 lem-rel-inf-fld-card by blast
ultimately have ||r|| <o |Field r| using ordIso-symmetric ordLeg-ordIso-trans
by blast
then have b2: a <o |Field r| using b0 ordLeg-transitive ordLess-imp-ordLeq by
blast
then have b3: f a € SF r A CCR (Restr r (f a))
and b4: Jy:'U. A= {y}) — Field r C dnclr (f a)
using b1 a2 unfolding N -def N 5-def N 10-def N 6-def by blast+
have b5: (A’ SFr) Vv (3y:'U. A" = {y})
using b1 b3 unfolding Q-def using lem-Inv-cer-sf-dn-diff[of f a v A" £ f a]
by blast
show (Q rfa)e SFr
proof (cases Field r C dncl r (f «))
assume cI: Field r C dnelr (f «)
have YV acField r. 3beField (Restr v (f «)). (a, b) € 77
proof
fix a
assume a € Field r
then have a € dncl r (f «) using cI by blast
then obtain b::'U where (a, b) € r™* A b € f « unfolding dncl-def by
blast
moreover have (f o) € SF r using b3 by blast
ultimately have b € Field (Restr v (f «)) A (a, b) € " unfolding SF-def
by blast
then show 3 beField (Restr v (f a)). (a, b) € " by blast
qed
moreover have CCR (Restr r (f «)) using b3 by blast
ultimately have Restr r (f «) € 4 r unfolding U-def by blast
then have d3: ||r]| <o |Restr r (f a)| using lem-rcc-uset-mem-bnd by blast
obtain z::'U where d4: True by blast
have w-ord <o o« — Fulse
proof
assume el: w-ord <o o
then have |f a| <o a using b2 a2 unfolding N -def N 7-def by blast
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moreover then have |Restr r (f )| <o « using el lem-restr-ordbnd by
blast
ultimately have ||r|| <o « using d3 ordLeq-transitive by blast
then show Fulse using b0 not-ordLess-iff-ordLeq ordLess- Well-order-simp by
blast
qed
then have a <o w-ord using b0 natLeq- Well-order not-ordLess-iff-ordLeq ord-
Less-Well-order-simp by blast
then have |f a| <o w-ord using b2 a2 unfolding N-def N 7-def by blast
then have finite (f «) using finite-iff-ordLess-natLeq by blast
then have finite (Restr r (f «)) by blast
then have |Restr v (f «)| <o w-ord using finite-iff-ordLess-natLeq by blast
then have dj: ||r|| <o w-ord using d3 ordLeg-ordLess-trans by blast
have [|r|| <o [{z}|
proof (cases CCR )
assume CCR r
then show ||| <o |{z}| using d5 lem-Rcc-eq2-31[of r] lem-Rcc-eq2-12[of r
z] by blast
next
assume - CCR r
moreover then have ||r| = {} using lem-rcc-ncer by blast
moreover have {} <o |{z}| by (metis card-of- Well-order ozero-def ozero-ordLeq)
ultimately show ||| <o |{z}| by metis
qed
then have o <o |{z}| using b0 ordLess-ordLeg-trans by blast
then have a = {} by (meson lem-co-one-ne-min not-ordLeg-ordLess ord-
Less-Well-order-simp)
then have V o’ o’ <o o — False using lem-ord-subemp by (metis iso-ozero-empty
not-ordLess-ordIso ordLess-imp-ordLeq ozero-def)
then have dncl r (£ f a) = {} unfolding dncl-def £-def by blast
then have Q r f a = f a unfolding O-def by blast
then show (Q r f a) € SF r using b3 by metis
next
assume — (Field r C dncl r (f «))
then have A’ € SF r using b4 b5 by blast
then show (Q r f a) € SF r using bl by blast
qged
qed

lemma lem-der-q-uset:
fixes r::'U rel and Ps::'U set set and a::'U rel
assumes al: CCR r and a2: f € N r Ps and a3: o <o scf r and a4: isSuccOrd
e
shows Restr r (Q r f ) € Y (Restr r (f «))
proof —

have b1: a <o |Field r| using a3 lem-scf-relfldcard-bnd

by (metis ordLess-ordLeg-trans ordLess-imp-ordLeq)
have af: Q r f a = {} — False
proof
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assume Q r f a = {}
then have Field r C dncl r (f «) using b! a2 a4 unfolding N -def N 11-def
by blast
then have a = {} using al a2 a3 lem-Nfdn-aemp by blast
then show Fulse using a4 using wo-rel-def wo-rel.isSuccOrd-def unfolding
Field-def by force
qed
have (Q r f «) € SF r using al a2 a3 lem-der-qcer-lscf-sf by blast
then have b2: Field (Restr r (Q r f a)) # {} using a/ unfolding SF-def by
blast
have Restr r (Q r f «) C Restr r (f «) unfolding Q-def by blast
moreover have CCR (Restr r (Q r f «)) using b1 a2 lem-der-inf-grestr-ccr!
by blast
moreover have V a€Field (Restr v (f «)). 3beField (Restr r (Q r f «)). (a,b)
€ (Restr r (f a))
proof
fix a
assume cI: a € Field (Restr r (f a))
obtain b where c2: b € Field (Restr r (Q r f «)) using b2 by blast
then have ¢3: b€ f a AN b € Q r f a unfolding Q-def Field-def by blast
have f o € SF r using b1 a2 unfolding N -def N 5-def by blast
then have b € Field (Restr r (f «)) using ¢3 unfolding SF-def by blast
moreover have CCR (Restr r (f «)) using b1 a2 unfolding N -def N 6-def
by blast
ultimately obtain ¢ where ¢ € Field (Restr r (f «))
and c4: (a,c) € (Restr v (f @) x A (b,c) € (Restr r (f a))
using ¢! unfolding CCR-def by blast
moreover then have c € f a unfolding Field-def by blast
ultimately have (b, ¢) € (Restr r (Q r f «)) * using c3 lem-der-qinv2[of b
r f «a c|] by blast
moreover have Field (Restr v (Q r f a)) € Inv (Restr r (Q 1 f «))
unfolding Inv-def Field-def by blast
ultimately have ¢ € Field (Restr r (Q r f «))
using ¢2 lem-Inv-restr-rtr2|of Field (Restr r (Q r f «))] by blast
then show 3 beField (Restr v (Q r f «)). (a, b) € (Restr r (f a)) * using ¢4
by blast
qged
ultimately show Restr r (Q r f «) € i (Restr r (f «)) unfolding i-def by
blast
qed

lemma lem-qu-range: f € N' 7 Ps = « <o |Fieldr| = W r f o C Field r
unfolding N -def N5-def SF-def Field-def W-def by blast

lemma lem-der-qu-eq:

fixes r::'U rel and Ps::'U set set and o B::'U rel
assumes f € N r Ps and o =0 f

shows Wrfa=Wrfp

proof —
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have f a = f 3 using assms unfolding N -def by blast
moreover have £ f a = £ f S using assms lem-shrel-L-eq by blast
ultimately show ?thesis unfolding W-def by simp

qed

lemma lem-Der-inf-qu-disj:
fixes r::'U rel and « ::'U rel
assumes Well-order a and Well-order 3
shows (- (@ =0f)) —m Wrfa)nWrfp) ={}
proof
assume b1: - (o =0 f)
obtain W where 02: W = (A a. W r f a) by blast
have o <o 8V <o « using bl assms by (meson not-ordLeg-iff-ordLess or-
dLeg-iff-ordLess-or-ordIso)
moreover have V o’ 8. o' <o ' — (W o' N W B’ # {}) — False
proof (intro alll impl)
fix o’ B8%::'U rel
assume dI1: o’ <o f'and W a'Nn W g’ # {}
then obtain ¢ where d2: a €¢ W o' N W B’ by blast
then have a € f o' using b2 unfolding W-def by blast
then have a € £ f 8’ using dI unfolding £-def by blast
then have a ¢ W ' using b2 lem-wdn-range-lb[of - r] unfolding W-def by
blast
then show Fulse using d2 by blast
qed
ultimately show W r f a) N (W r f 8) = {} unfolding b2 by blast
qed

lemma lem-der-inf-qu-restr-card:
fixes r::'U rel and Ps::'U set set and «::'U rel
assumes al: = finite r and a2: f € N r Ps and a3: a <o |Field r|
shows |Restr r (W r f «)| <o |Field r|
proof —
have b0: |Field r| =o |r| using al lem-rel-inf-fid-card by blast
obtain W where 02: W = (A a. W r f a) by blast
have a <o |Field r| using a8 b0 ordLess-imp-ordLeq ordIso-iff-ordLeq ordLeq-transitive
by blast
then have (o <o w-ord — |f a] <o w-ord) A (w-ord <o a — |f a] <o «)
using a2 unfolding N -def N 7-def by blast
moreover have c2: o <o w-ord V w-ord <o « using a3 Field-natLeq natLeg-well-order-on
by force
moreover have c¢3: |f a| <o w-ord — |Restr r (W «)| <o |Field 7|
proof
assume |f a| <o w-ord
then have finite (f «) using finite-iff-ordLess-natLeq by blast
then have finite (Restr r (W «)) unfolding b2 W-def by blast
then have |Restr r (W «)| <o w-ord using finite-iff-ordLess-natLeq by blast
moreover have w-ord <o |r| using al infinite-iff-natLeg-ordLeq by blast
moreover then have w-ord <o |Field r| using lem-rel-inf-fld-card
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by (metis card-of-ordlso-finite infinite-iff-natLeg-ordLeq)
ultimately show |Restr r (W «)| <o |Field r| using ordLess-ordLeg-trans by
blast
qed
moreover have w-ord <o a A |f a| <o a — |Restr r (W «)| <o |Field r|
proof
assume dI: w-ord <o a A |f a| <o «
moreover have |W a| <o |f «| unfolding b2 W-def by simp
ultimately have |W «| <o « using ordLeg-transitive by blast
then have |Restr r (W «)| <o « using dI lem-restr-ordbnd[of o W « r] by
blast
then show |Restr r (W «)| <o |Field r| using a3 ordLeq-ordLess-trans by
blast
qed
ultimately show ?thesis using b2 by blast
qed

lemma lem-QS-subs-WS: Q rfa CWrf a
unfolding Q-def W-def using lem-wdn-range-ub by force

lemma lem-WS-limord:

fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel

assumes al: - finite r and a2: f € N r Ps and a8: « <o |Field r|

and a4: = (o = {} V isSuccOrd )

shows W r f a = {}

proof —
have a <o |Field r| using a8 ordLess-imp-ordLeq by blast
then have f o C £ f a using a2 a4 unfolding N -def N 2-def Dbk-def by blast
then have w-dncl r (f o) C w-dncl r (£ f o) using lem-wdn-mon by blast
moreover have f a C w-dnel r (f «) using lem-wdn-range-lbof f « r| by metis
ultimately have f o C w-dncl r (£ f «) by blast
then show ?thesis unfolding W-def by blast

qed

lemma lem-der-inf-qu-restr-uset:
fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel
assumes al: Refl v A - finite r and a2: f € N r Ps
and a3: a <o |Field r| and a4: w-ord <o |£ [ «|

shows Restr r (Q r f a) € U (Restr r (W r f «))
proof (cases a = {} V isSuccOrd o)

assume a = {} V isSuccOrd «

moreover have |Field r| =o |r| using al lem-rel-inf-fld-card by blast

then have b1: a <o |Field r| using a3 ordLess-imp-ordLeq ordIso-iff-ordLeq
ordLeq-transitive by blast

ultimately have b2: esclr (£ f a) (f o) C f o using a2 o/ unfolding N -def
N 3-def by blast

moreover have b3: CCR (Restr r (f «)) using b1 a2 unfolding N -def N 6-def
by blast

moreover have SFr = {A. A C Field r} using al unfolding SF-def refl-on-def
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Field-def by fast
moreover then have Wr fa e SFrand Qrfa e SFr
using a2 a3 lem-qu-range[of f r Ps ] lem-QS-subs-WS[of r f ] ordLess-imp-ordLeq
by fast+
ultimately show ?thesis
using al lem-cowdn-usetlof r f a £ [ o] Q-deflof r f o] W-def|of r f a] by
blast
next
assume - (o = {} V isSuccOrd «)
then have Wrfa={} AQrfa=/{}
using assms lem-WS-limord lem-QS-subs-WS[of r f o] by blast
then show ?thesis unfolding U-def CCR-def Field-def by blast
qed

lemma lem-der-inf-qw-restr-ccr:
fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel
assumes al: Refl r A = finite r and a2: f € N r Ps
and a3: a <o |Field r| and a4: w-ord <o |£ f «f
shows CCR (Restrr (W r [ «))
using assms lem-der-inf-qu-restr-uset lem-rcc-uset-ne-ccr by blast

lemma lem-der-qu-uset:
fixes r::'U rel and Ps::'U set set and f::'U rel = 'U set and «a::'U rel
assumes al: CCR r A Refl r A — finite r and a2: f € N r Ps
and a3: o <o s¢f r and a4: w-ord <o |£ f a| and a5: isSuccOrd «
shows Restrr W r f a) € Y (Restr v (f «))
proof —
have b1: « <o |Field r| using a3 lem-scf-relfldcard-bnd by (metis ordLess-ordLeg-trans)
have Q r f « C W r [ « using lem-QS-subs-WS[of r f o] by blast
then have Field (Restr r (Q r f o)) C Field (Restr v (W r f «)) unfolding
Field-def by blast
moreover have Restr r (Q r f a) € U (Restr v (f «))
using al a2 a8 a5 lem-der-q-uset ordLess-imp-ordLeq by blast
ultimately have V a€Field (Restr r (f «)). 3beField (Restr r (W r f a)).
(a,b) € (Restr r (f o)) * unfolding i-def by blast
moreover have Restr r (W r f «) C Restr v (f «) unfolding W-def by blast
moreover have CCR (Restrr (W r f «)) using assms b1 lem-der-inf-quw-restr-ccr
by blast
ultimately show ¢thesis unfolding i-def by blast
qed

lemma lem-Shinf-N1:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F
and al:V o A. Well-order o« — A C F a A
shows Va. Well-order o« — f e N1 1 «
proof —

have b2: f {} = {}
and b3:V a0 a::'Urel. (sc-ord a0 o« — f o = F a0 (f «0))

189



and b4:V a. (lm-ord o — fa=J {D.3 . 8<oaAND=fF})
and b5:Va . a =0 f — f a = f § using a0 unfolding T -def by blast+
have f € N'1 r {} using b2 unfolding N I-def by (clarsimp, metis lem-ord-subemp)
moreover have Va0 «a. sc-ord al a ANfeNIral) — feNIra
proof (intro alll impl)
fix a0 a:'U rel
assume cl: sc-ord a0 a A f € N1r al
then have ¢2: f a = F a0 (f «0) using b3 by blast
have Vo' a”. o’ <oa Ao’ <oa' — fa” C fa'
proof (intro alll impl)
fix o’ a’"::'U rel
assume dI: o’ <oa A o’ <o o’
moreover then have o'’ <o a using ordLeq-transitive by blast
ultimately have (o’ <o a0 V a’ =0 a) A (&’ <o al V a’ =0 «) using cI
unfolding sc-ord-def
by (meson not-ordLess-iff-ordLeq ordLeg-iff-ordLess-or-ordIso ordLess- Well-order-simp)
moreover have o’ <o a) — f o'’ C f o’ using dI c1 unfolding N 1-def
by blast
moreover have o’ =0 a A o’ =0 a — f a” C f o’ using b5 by blast
moreover have o’ =oa A o’ <oal — fa”" C fa’
proof
assume el: o' =0 a A o’ <o al
moreover then have a0 <o «0 using ordLeq- Well-order-simp or-
dLeg-reflexive by blast
ultimately have f o’ C f a0 using c! unfolding N I-def by blast
moreover have f a0 C f « using al c2 el ordLeq-Well-order-simp by
blast
ultimately show f o’ C f o’ using b5 el by blast
qed
ultimately show f o’ C f o’ by blast
qed
then show f € N1 r o unfolding N 1-def by blast
qed
moreover have Va. lm-ord a AN (V8. f<oa —feNIrpB) —feNIr
!
proof (intro alll impI)
fix a::'U rel
assume cl: Im-ord a A (VB. B <oa — f e N1 f)
then have ¢2: fa=J { D.3 8. 8<oa AND=fp} using bj by blast
have Vo' a”. o' <oa ANa”" <oa' — fa” C fa'
proof (intro alll impl)
fix a’ a’":'U rel
assume dI1: o’ <oa A o’ <o o’
then have (o’ <o a V a’ =0 a) A (a” <o o’ V a’ =0 a’) using or-
dLeg-iff-ordLess-or-ordIso by blast
moreover have o’ <oa — f o’ C f o’
using d1 cl ordLeg- Well-order-simp ordLeq-reflexive unfolding N 1-def by
blast
moreover have o' =oa Ao’ <oa’ — fa”" C fa’
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using c2 b5 ordLess-ordlso-trans by blast
moreover have o’ =0 a A o’ =0 o’ — f o' C f o' using b5 by blast
ultimately show f o’ C f o’ by blast
qed
then show f € N1 r o unfolding N 1-def by blast
qed
ultimately show ?thesis using lem-sclm-ordind[of A\ «. f € N'1 r a] by blast
qed

lemma lem-Shinf-N2:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F
shows Va. Well-order o« — f e N2 1 «
proof —
have b4:V a. (lm-orda — fa=J {D.3 . 8<oaAD=fp})
and b5:Va f. a =0 f — f a = f  using a0 unfolding T -def by blast+
have f € N2 r {} using lem-ord-subemp unfolding N 2-def by blast
moreover have Va0 a. sc-ord a0 a AN f e N2r ald — f e N2 «
proof (intro alll impl)
fix a0 a:'U rel
assume cl: sc-ord a0 a A f € N2 71 a0
have Va'::'Urel. a’ <o a A = (o' = {} V isSuccOrd «') — (V f ') = {}
proof (intro alll impl)
fix a:'U rel
assume dI: o’ <o a A = (o' = {} V isSuccOrd o)
then have a0 <o o’V o’ <o a0 using ¢! unfolding sc-ord-def
using not-ordLeg-iff-ordLess ordLeq- Well-order-simp ordLess- Well-order-simp
by blast
moreover have a’ <o a0 — (V f a’) = {} using dI ¢! unfolding N 2-def
by blast
moreover have a0 <o o' — « =0 o’ using dI ¢! unfolding sc-ord-def
using ordlso-iff-ordLeq by blast
moreover have a =0 o’ — False
proof
assume a =0 o’
moreover have isSuccOrd o using c1 lem-ordint-sucord[of a0 «] unfolding
sc-ord-def by blast
ultimately have isSuccOrd o’ using lem-osucc-eq by blast
then show Fulse using d1 by blast

qed
ultimately show (V f a') = {} by blast
qed
then show f € N2 r o unfolding N 2-def by blast
qed

moreover have Va. Im-ord a A (V. B <oa — feN2rfB) — feN2r
o
proof (intro alll impI)
fix a::'U rel
assume cl: Im-ord a A (VB. B <oa — f e N2r ff)
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then have ¢2: fa=J { D.3 8. 8<oa AND=ff} using bj by blast
have Va'::'Urel. o' <o a A = (o' = {} V isSuccOrd o') — (V f o) = {}
proof (intro alll impl)
fix a’::'U rel
assume dI: o’ <o a A = (o' = {} V isSuccOrd o)
then have o’ <o a V o’ =0 «a using ordLeq-iff-ordLess-or-ordlso by blast
moreover have o’ <o o — (V f o) = {}
proof
assume o’ <o «
moreover then have o’ <o o’ using ordLess- Well-order-simp ordLeq-reflezive
by blast
ultimately show (V f a’) = {} using ¢! dI unfolding N 2-def by blast
qed
moreover have o’ =0 o« — (V f o) = {}
proof
assume o’ =0 «
moreover have (V f «) = {} using ¢2 unfolding Dbk-def £-def by blast
ultimately show (V f o) = {} using b5 lem-shrel-L-eq unfolding Dbk-def
by blast

qed
ultimately show (V f ') = {} by blast
qed
then show f € N2 r a unfolding N 2-def by blast
qed

ultimately show ?thesis using lem-sclm-ordind[of A\ a. f € N2 r a] by blast
qed

lemma lem-Shinf-N3:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F
and al:V o A. Well-order « — A C Fa A
and ab: Va. Well-order « — f e N5 a
and a3:V o A. Well-order « — A € SFr —
(w-ord <o |A| — esclr A (F a A) C (F o A) A clterm (Restr r (F
o 4)) 1)
shows Va. Well-order o« — f € N3 r «
proof —
have b2: f {} = {}
and b3:V a0 a:'Urel. (sc-ord a0 o« — f a=F a0 (f a0))
and b4:V a. (lm-orda — fa=U {D. I3 B.B<oanND=fF})
and b5: Va 5. a =0 — f a = f B using a0 unfolding T -def by blast+
have £ f {} = {} unfolding £-def using b2 lem-ord-subemp ordLess-imp-ordLeq
by blast
then have — w-ord <o |£ f {}| using ctwo-ordLess-natLeq finite-iff-ordLess-natLeq
ordLeq-transitive by auto
then have f € N3 r {} using b2 lem-ord-subemp unfolding N 3-def Field-def
by blast
moreover have Va0 «a. sc-ord a a ANf e N3ral) — feNSra
proof (intro alll impl)
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fix a0 a:'U rel
assume cl: sc-ord a0 a A f € N3 r al
have Va':'Urel. o' <o a A (o' = {} V isSuccOrd ') — (w-ord <o |£ f o
%
esclr (£ fa) (f @) Cfa’A clterm (Restrr (f o)) 1)
proof (intro alll impl)
fix a’::'U rel
assume dI: o’ <o a A (a’ = {} V isSuccOrd o) and d2: w-ord <o |£ f |
then have a0 <o o’V o’ <o a0 using ¢! unfolding sc-ord-def
using not-ordLeq-iff-ordLess ordLeq- Well-order-simp ordLess- Well-order-simp
by blast
moreover have o’ <o a0 — (w-ord <o |£ f a'| —
esclr (& fa’) (fa)) Cfa’A clerm (Restrr (f o)) r)
using dI ¢! unfolding N 3-def by blast
moreover have a0 <o o' — a =0 o’ using dI ¢! unfolding sc-ord-def
using ordlso-iff-ordLeq by blast
moreover have a =0 o' — (w-ord <o |£ f a/] —
esclr (£ fa’) (f o)) Cfa’A cterm (Restrr (f a)) 1)
proof (intro impl)
assume el: o =0 o’ and e2: w-ord <o |£ f |
have £ f a C f a0
proof
fix p
assume p € £ f «
then obtain (::'U rel where 8 <o a A p € f 8 unfolding £-def by blast
moreover then have 5 <o a0 A a0 <o a0 using c! unfolding sc-ord-def
using not-ordLess-iff-ordLeq ordLess- Well-order-simp by blast
moreover then have f € N1 r a0 using a0 al lem-Shinf-N1[of f F|
ordLeg- Well-order-simp by metis
ultimately show p € f a0 unfolding N I-def by blast
qed
moreover have f a0 C £ f « using ¢! unfolding sc-ord-def L£-def by
blast
ultimately have e3: £ f o = f a0 by blast
then have w-ord <o |f a0| using el e2 lem-shrel-L-eq by metis
moreover have Well-order a0 using c! unfolding sc-ord-def ordLess-def
by blast
moreover then have (f a0) € SF r
using a5 unfolding N 5-def using ordLeg-reflexive by blast
moreover have f a = F a0 (f «0) using cI b3 by blast
ultimately have e4: escl r (f a0) (f @) C f a A clterm (Restr r (f «)) r
using a3 by metis
then have esclr (£ f ) (f «)

C f « using e3 by simp
then have esclr (£ fa’) (fa’) C f
f
(

@
o’ using el b5 lem-shrel-L-eq by metis
a’)) r using el e4 b5 by metis

fa)y Cfa’'A clterm (Restrr (f o)) r

moreover have clterm (Restr r (
ultimately show escl r (£ f o)
by blast
qed
ultimately show escl r (£ f a') (f a') C f o' A clterm (Restr v (f «')) r
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using d2 by blast
qed
then show f € N3 r a unfolding N 3-def by blast
qed
moreover have Va. lm-ord a A (V3. B <oa — feEN3TrB) — feN3ra
proof (intro alll impI)
fix a::'U rel
assume cl: Im-ord a A (VB. B <oa — f € N8 f5)
then have ¢2: fa=J {D.3 8. 8<oa AD=ff} using bj by blast
have Va'::'Urel. o’ <o a A (o' = {} V isSuccOrd o) — (w-ord <o |£ f /|
H
esclr (£ fa) (fa')y Cfa'A clterm (Restrr (f a’)) r)
proof (intro alll impl)
fix a:'U rel
assume d: o’ <o a A (o' = {} V isSuccOrd a’) and d2: w-ord <o |£ | o
then have o’ <o a V a’ =0 «a using ordLeq-iff-ordLess-or-ordlso by blast
moreover have o’ <o a — (w-ord <o |£ f a'] —
esclr (£ fa) (fa') Cfa'A clterm (Restrr (f ') r)
proof
assume o’ <o «
moreover then have o’ <o o’ using ordLess- Well-order-simp ordLeq-reflexive
by blast
ultimately show (w-ord <o |£ f a/| — esclr (£ fa’) (fa') T fa'A
clterm (Restr r (f «’)) r)
using c! dI unfolding N 3-def by blast

qed
moreover have a’ =0 a — False
proof
assume o’ =0 «
moreover then have o’ = {} V isSuccOrd a using d1 lem-osucc-eq by
blast

moreover have - (o = {} V isSuccOrd «) using ¢! unfolding Im-ord-def
by blast
ultimately have o’ =0 a A o’ = {} A a # {} by blast
then show Fulse by (metis iso-ozero-empty ordlso-symmetric ozero-def)
qed
ultimately show escl r (£ f a') (f a') C f o’ A clterm (Restr v (f o)) r
using d2 by blast
qed
then show f € N3 r a unfolding N 3-def by blast
qed
ultimately show ?thesis using lem-sclm-ordind[of A\ a. f € N8 r a] by blast
qed

lemma lem-Shinf-N4:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F

and al:V o A. Well-order « — A C Fa A

and a5: V. Well-order o« — f € N6 r
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and a4: V¥V o A. Well-order o — A € SFr — (V¥ acA. r*{a} C w-dnclr A
Vrdaln (FaA— wdncrA) #{})
shows Va. Well-order o« — f e N4 1 «
proof —
have b2: f {} = {}
and b3:V a0 a::'Urel. (sc-ord a0 o« — f o = F a0 (f «0))
and b4:V a. (lm-ord o — fa=J {D. 3 B.B8<oaAND=fF})
and b5:Va . a =0 f — f a = f § using a0 unfolding T -def by blast+
have £ f {} = {} unfolding £-def using lem-ord-subemp ordLeq-iff-ordLess-or-ordIso
ordLess-irreflexive by blast
then have f € N4 r {} using lem-ord-subemp unfolding N /-def by blast
moreover have Va0 «. sc-ord a0 a ANf ENjrald — feNjira
proof (intro alll impl)
fix a0 a::'U rel
assume cl: sc-ord a0 a A f € Njr a0
have Va':'U rel. ' <o a A (o’ = {} V isSuccOrd a’) —
(Vae (&fa). r{a} Cw-dnclr (£fa)Vvrdan(f o — wdncr (Lf
)} )
proof (intro alll impl)
fix a:'U rel
assume dI: o’ <o a A (o' = {} V isSuccOrd o)
then have a0 <o o’V a’ <o a0 using cI unfolding sc-ord-def
using not-ordLeg-iff-ordLess ordLeq- Well-order-simp ordLess- Well-order-simp
by blast
moreover have a’ <o a0 — (Va € (£ f o). r*{a} C w-dnclr (£ f &)
V rda}n(f o' — w-dnel r (£ f a)£{})
using dI c! unfolding N /-def Dbk-def W-def by blast
moreover have a0 <o a’ — a =0 o’ using dI ¢! unfolding sc-ord-def
using ordlso-iff-ordLeq by blast
moreover have « =0 a’ — (Va € (£ f &'). r*{a} C w-dnclr (£ fa)V
r'da}n(f o' — w-dncl r (£ f a")#{} )
proof
assume el: a =o o'
have Well-order a0 using c1 unfolding sc-ord-def ordLess-def by blast
moreover then have (f a0) € SF' r
using a5 unfolding N 5-def using ordLeg-reflexive by blast
moreover have f a = F a0 (f «0) using ¢! b3 by blast
ultimately have e2: Va € (f «0). r*{a} C w-dnelr (f a0) V r*{a}n(f «
— w-dncl v (f «0))#{}
using a4 by metis
have £ f a C f a0
proof
fix p
assume p € £ f «
then obtain (::'U rel where 8 <o a A p € f 3 unfolding £-def by blast
moreover then have 5 <o a0 A a0 <o a0 using c! unfolding sc-ord-def
using not-ordLess-iff-ordLeq ordLess- Well-order-simp by blast
moreover then have f € N1 r a0 using a0 al lem-Shinf-N1|of f F)|
ordLeq- Well-order-simp by metis
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ultimately show p € f a0 unfolding N I-def by blast
qged
moreover have f a0 C £ f « using ¢! unfolding sc-ord-def £-def by
blast
ultimately have £ f a = f a0 by blast
then have £ f o’ = f a0 using el lem-shrel-L-eq by blast
then show Va € (£ f o). r*{a} C w-dncl r (£ f ') V r'{a}n(f o’ —
w-dnel r (£ f a)#{}
using e2 el b5 by metis
qed
ultimately show Va € (£ f o). r*{a} C w-dnel r (£ f ') V r'{ain(f o’
— w-dncl r (£ f a)#{} by blast
qed
then show f € N4 r a unfolding N /-def Dbk-def W-def by blast
qed
moreover have Va. Im-ord a AN (V3. 8 <oa —feN4irB) — feNir
a
proof (intro alll impl)
fix a::'U rel
assume cl: Im-ord a A (VB. B <oa — f € N4 )
then have ¢2: fa= {D.3 5. 8<oa AND=fp} using bj by blast
have Va'::'U rel. a’ <o a A (o’ = {} V isSuccOrd a') —
(Vae (& fa). r{a} Cw-dnclr (£fa)Vrdan(f o — w-dnelr (L f
)£} )
proof (intro alll impl)
fix a:'U rel
assume dI: o’ <o a A (o' = {} V isSuccOrd o)
then have o’ <o a V o’ =0 «a using ordLeq-iff-ordLess-or-ordlso by blast
moreover have o’ <o o — (Va € (£ f a'). r*{a} C w-dnclr (£ fa)V
r{a}n(f o’ — w-dncl r (£ f a’)#{})
proof
assume o’ <o «
moreover then have o’ <o o’ using ordLess- Well-order-simp ordLeq-reflexive
by blast
ultimately show (Va € (£ f o). r{a} C w-dnclr (£ f ') V r*{a}n(f
a' — w-dnelr (£ f a)#{})
using c! dI unfolding N j-def Dbk-def VW-def by blast
qed
moreover have a’ =0 a — False
proof
assume o’ =0 «
moreover then have o’ = {} V isSuccOrd o using d1 lem-osucc-eq by
blast
moreover have - (o = {} V isSuccOrd «) using ¢! unfolding Im-ord-def
by blast
ultimately have o’ =0 a A o’ = {} A a # {} by blast
then show Fulse by (metis iso-ozero-empty ordIso-symmetric ozero-def)
qed
ultimately show Va € (£ f o). r*{a} C w-dnclr (£ f ') V r*{aln(f o’
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— w-dncl r (£ f a)#{} by blast
qed
then show f € N4 r a unfolding N /-def Dbk-def W-def by blast
qed
ultimately show ?thesis using lem-sclm-ordind[of A\ a. f € N4 r a] by blast
qed

lemma lem-Shinf-N5:
fixes r::’'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F
assumes a5: V o A. (Well-order « N A € SFr) — (Fa A) € SFr
shows Va. Well-order oo — f € N5 1 «
proof —
have b2: f {} = {}
and b3:V a0 «a:'Urel. (sc-ord a0 a« — f a = F a0 (f «0))
and b4:V a. (Im-ord o — fa=U {D.3 . B<oaAND=fp})
and b5:Va 8. a =0 § — f a = f § using a0 unfolding T -def by blast+
have f € N5 r {} using b2 lem-ord-subemp unfolding N 5-def SF-def Field-def
by blast
moreover have Va0 «. sc-ord a0 a ANfeNsral) — feNsra
proof (intro alll impl)
fix a0 a:'U rel
assume cl: sc-ord a0 a A f € N5r al
have Va':'Urel. o' <oa — (f a/) € SF r
proof (intro alll impl)
fix a’::'U rel
assume dI: o' <o «
then have a0 <o o’V a’ <o a0 using cI unfolding sc-ord-def
using not-ordLeqg-iff-ordLess ordLeq- Well-order-simp ordLess- Well-order-simp
by blast
moreover have o’ <o a0 — Field (Restr r (f o)) = (f a') using c!
unfolding N 5-def SF-def by blast
moreover have a0 <o o’ — a =0 o’ using dI ¢! unfolding sc-ord-def
using ordIso-iff-ordLeq by blast
moreover have @ =0 o’ — (f ') € SF' r
proof
assume a =0 o’
moreover have (f a) € SF r
proof —
have a0 <o a0 using c! unfolding sc-ord-def
using ordLess- Well-order-simp ordLeq-reflexive by blast
then have (f «0) € SF r using ¢! unfolding N 5-def by blast
moreover have Well-order a0 using c! unfolding sc-ord-def using
ordLess-Well-order-simp by blast
moreover have f o = F a0 (f a0) using c! b3 by blast
ultimately show (f «) € SF r using a5 by metis
qed
ultimately show (f ') € SF r using b5 by metis
qed
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ultimately show (f a’) € SF r unfolding SF-def by blast
qed
then show f € N5 r a unfolding N 5-def by blast
qed
moreover have Va. Im-ord a A (V8. B <oa — feNsrpB) — feNsr
e
proof (intro alll impl)
fix a::'U rel
assume cl: Im-ord a A (VB. B <oa — f € N5T )
then have ¢2: fa= {D.3 5. 8<oa AND=fp} using bj by blast
have Va'::'Urel. o’ <oa — (f ') € SF r
proof (intro alll impl)
fix a:'U rel
assume dI: o’ <o «
then have o’ <o a V a’ =0 a using ordLeq-iff-ordLess-or-ordlso by blast
moreover have o' <o « — Field (Restr v (f o)) = (f o)
proof
assume a’ <o «
moreover then have o’ <o o’ using ordLess- Well-order-simp ordLeq-reflexive
by blast
ultimately show Field (Restr r (f a’)) = (f o) using ¢! dI unfolding
N 5-def SF-def by blast
qed
moreover have o’ =0 o« — (f o’) € SF' r
proof
assume o’ =0 «
moreover have (f a) € SF r
proof —
haveV . 8 <o a — (f B) € SF r using ¢! unfolding N 5-def
using ordLess- Well-order-simp ordLeq-reflexive by blast
then show ?thesis using c2 lem-Relprop-sat-unlof {D. 38. <o a A D
= f B} r f o] unfolding SF-def by blast
qed
ultimately show (f a’) € SF r using b5 by metis
qed
ultimately show (f a’) € SF r unfolding SF-def by blast
qged
then show f € N5 r a unfolding N 5-def by blast
qed
ultimately show ?thesis using lem-sclm-ordind[of A\ a. f € N'5 r a] by blast
qed

lemma lem-Shinf-N6:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F

and al:V o A. Well-order oo — AC Fa A

and a5: Va. Well-order « — f e N5r «

and a6:V « A. Well-order « — A € SFr — CCR (Restr r (F o A))
shows Va. Well-order o« — f € N6 1 «
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proof —

have b2: f {} = {}
and b3:V a0 «:'Urel. (sc-ord a0 « — f a = F a0 (f «0))

and b4:V a. (Im-ord o — fa=J {D.3 8. 8<oaAND=fp})
and b5:Va . a =0 8 — f a = f § using a0 unfolding T -def by blast+
have f € N6 r {} using b2 lem-ord-subemp unfolding N 6-def CCR-def Field-def
by blast
moreover have Va0 «. sc-ord a0 a AN f e N6rald — fe N6 a
proof (intro alll impI)
fix a0 a:'U rel
assume cl: sc-ord a0 a A f € N6 7 a0
then have ¢2: f a = F a0 (f «0) using b3 by blast
have Va' o’ <o a« — CCR (Restr r (f «'))
proof (intro alll impl)
fix a’::'U rel
assume o’ <o «
then have o’ <o a0 V a’ =0 « using cI unfolding sc-ord-def
by (meson ordIso-iff-ordLeq ordLeg- Well-order-simp ordLess- Well-order-simp

ordLess-or-ordLeq)
moreover have o’ <o a0 — CCR (Restr v (f a’)) using cI unfolding

N 6-def by blast
moreover have o’ =0 « — CCR (Restr r (f o))
proof
assume o’ =0 «
moreover have CCR (Restr r (f «))
proof —
have Well-order a0
using c1 ordLess- Well-order-simp unfolding sc-ord-def by blast
moreover then have (f a0) € SF r
using a5 unfolding N 5-def using ordLeg-reflexive by blast
ultimately show CCR (Restr r (f «)) unfolding c¢2 using a6 by blast

ged
ultimately show CCR (Restr r (f «’)) using b5 by metis
qed
ultimately show CCR (Restr r (f o)) by blast
qed
then show f € N6 r o unfolding N 6-def by blast

qed
moreover have Va. Im-ord a A (V3. B <oa — feN6rB) — feNbra
proof (intro alll impl)
fix a::'U rel
assume cl: Im-ord a A (VB. B <oa — f € N6 f5)
then have c¢2: fa= {D.3 5. 8<oa AD=ff} using bj by blast
have ¢3: Va' o’ <o a — CCR (Restr r (f &)
proof (intro alll impl)
fix a’::'U rel
assume o’ <o «
then have o’ <o a V o' =0 a using ordIso-iff-ordLeq ordLeq- Well-order-simp

ordLess-or-ordLeq by blast
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moreover have a’ <o @« — CCR (Restr r (f a’)) using ¢! unfolding
N 6-def
using ordLess- Well-order-simp ordLeq-reflexive by blast
moreover have a’ =0 a — CCR (Restr r (f «'))
proof
assume o’ =0 «
moreover have CCR (Restr r (f «))
proof —
obtain C where f1: C ={ A. 3 B:'Urel. B <oa N A=f [} by blast
obtain S where f2: S ={s. 3 A€ C. s = Restrr A } by blast
have f3: VA1 € C.VA2 € C. A1 C A2 v A2 C Al
proof (intro balll)
fix A1 A2
assume Al € C and A2 € C
then obtain 81 32::'U rel where A1 = f f1 N A2 = f B2 A B1 <o
a A B2 <o «a using f1 by blast
moreover then have (81 <o 2V 32 <o pB1)ABl <oa A2 <o«
using ordLeg-total ordLess- Well-order-simp ordLess-imp-ordLeq by blast
moreover have f € N'1 r « using a0 al c1 lem-Shinf-N1[of f F 7]
unfolding Im-ord-def by blast
ultimately show A1 C A2 V A2 C Al unfolding N 1-def by blast
qed
haveV s € S. CCR s using f1 f2 ¢l unfolding N 6-def
using ordLess- Well-order-simp ordLeq-reflexive by blast
moreover have VsI€S. Vs2€S. s1 C s2 V s2 C sl using f2 f3 by blast
ultimately have CCR (|J S) using lem-Relprop-ccr-ch-un[of S] by blast
moreover have Restrr (|J {D.3p. 8 <oaAND=fp})=U S
using f1 f2 f3 lem-Relprop-restr-ch-un[of C r] by blast
ultimately show #¢thesis unfolding c2 by simp

qed
ultimately show CCR (Restr r (f «’)) using b5 by metis
qed
ultimately show CCR (Restr r (f a’)) by blast
qed
then show f € N6 r o unfolding N 6-def by blast
qed

ultimately show ?thesis using lem-sclm-ordind[of A\ a. f € N6 r a] by blast
qed

lemma lem-Shinf-N7:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F

and al:V o A. Well-order « — A C Fa A

and a7:V a A. (|4]| <o w-ord — |F a A| <o w-ord )

A (w-ord <o |A] — |F a A] <o |4])

shows Va. Well-order o« — f e N7 «
proof —

have b2: f {} = {}
and b3:V a0 a::'Urel. (sc-ord a0 o« — f o = F a0 (f «0))
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and b4:V a. (lm-ord o — fa=J {D.3 . 8<oaAND=fF})
and b5:Va . a =0 f — f a = f § using a0 unfolding T -def by blast+
have Va::'Urel. a <o {} — |f o] <o a A |f o] <o w-ord
proof (intro alll impI)
fix a::'U rel
assume «a <o {}
moreover then have (f «) = {} using b2 lem-ord-subemp by blast
ultimately show |f a| <o a A |f a] <o w-ord using lem-ord-subemp

by (metis Field-natLeq card-of-emptyl card-of-emptys ctwo-def ctwo-ordLess-natLeq

natLeq-well-order-on not-ordLeg-iff-ordLess ordLeq- Well-order-simp)
qed
then have f € N7 r {} unfolding N 7-def by blast
moreover have Va0 a. sc-ord a0 a AN f e N7Tral) — fe NTr «
proof (intro alll impl)
fix a0 a:'U rel
assume cl: sc-ord a0 a A f € N77r a0
then have c2: f o = F a0 (f «0) using b3 by blast
have Vo' a’ <o a A w-ord <o o' — |f /| <o o’
proof (intro alll impl)
fix a’::'U rel
assume dI: o' <o a A w-ord <o o’
then have o’ <o a0 V a’ =0 « using cI unfolding sc-ord-def
by (meson ordIso-iff-ordLeq ordLeg- Well-order-simp ordLess- Well-order-simp
ordLess-or-ordLeq)
moreover have o’ <o a0 — |f a'| <o o’ using ¢! dI unfolding N 7-def
by blast
moreover have o’ =0 a — |f a’| <o o’
proof
assume el: o’ =0 «
then have e2: w-ord <o a using d1 b5 ordLeg-transitive by blast
then have e3: w-ord <o a0 using cl lem-ord-suc-ge-w by blast
then have Well-order a0 A |f a0| <o a0
using cl unfolding sc-ord-def N 7-def using ordLess- Well-order-simp
ordLeq-reflexive by blast
moreover then have |f a| <o |f a0| V |f o <o w-ord unfolding c2
using a7
using finite-iff-ordLess-natLeq infinite-iff-natLeq-ordLeq by blast
moreover have al <o «a using c! unfolding sc-ord-def using ord-
Less-imp-ordLeq by blast
ultimately have |f a| <o « using e3 ordLeg-transitive ordLess-imp-ordLeq
by metis
then show |f o'| <o o' using b5 el ordlso-iff-ordLeq ordLeg-transitive by
metis
qed
ultimately show |f a’| <o a’ by blast
qed
moreover have Va' o' <o a A o’ <o w-ord — |f /| <o w-ord
proof (intro alll impl)
fix a’::'U rel
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assume dI: o’ <o a A o’ <o w-ord
then have o’ <o a0 V o’ =0 « using c! unfolding sc-ord-def
by (meson ordlso-iff-ordLeq ordLeg- Well-order-simp ordLess- Well-order-simp
ordLess-or-ordLeq)
moreover have o’ <o al — |f a'| <o w-ord using c! di unfolding
N 7-def by blast
moreover have o’ =0 a — |f o’| <o w-ord
proof
assume el: o’ =0 «
then have e2: a <o w-ord using dI ordlso-iff-ordLeq ordlso-ordLess-trans
by blast
then have e3: a0 <o w-ord using c! unfolding sc-ord-def using or-
dLeq-ordLess-trans ordLess-imp-ordLeq by blast
then have Well-order a0 A |f a0| <o w-ord
using c! unfolding sc-ord-def N 7-def using ordLess- Well-order-simp
ordLeg-reflezive by blast
then have |f a| <o w-ord unfolding c2 using a7 by blast
then show |f a'| <o w-ord using b5 el by metis
qed
ultimately show |f a'| <o w-ord by blast
qed
ultimately show f € N7 r o unfolding N 7-def by blast
qed
moreover have Va. Im-ord a A (V3. B<oa — feNTrB) — feNTra
proof (intro alll impI)
fix a::'U rel
assume cl: Im-ord a A (V3. B <oa — f e N7r f3)
then have ¢2: fa=J { D.3 8. 8<oa AND=ff } using bj by blast
have Va'. o’ <o a A w-ord <o o' — |f /| <o o’
proof (intro alll impl)
fix a’::'U rel
assume el: o’ <o a A w-ord <o o'
then have o’ <o a V o' =0 a using ordIso-iff-ordLeq ordLeq- Well-order-simp
ordLess-or-ordLeq by blast
moreover have o’ <o @ — |f a'| <o o’ using ¢! el unfolding N 7-def
using ordLess- Well-order-simp ordLeq-reflexive by blast
moreover have o’ =0 a — |f a'| <o o’
proof
assume o’ =0 «
moreover have |f a| <o «
proof —
obtain S where f1: S ={ A. 3 B:'Urel. B <oa N A=ff} by blast
have f2: w-ord <o « using c1 lem-lmord-inf lem-inford-ge-w unfolding
Im-ord-def by blast
have f3:V s € S. |s| <o «
proof
fix s
assume s € S
then obtain g where 8 <o a A s = f 3 using fI by blast
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then show |s| <o «
using c! f2 unfolding N 7-def apply clarsimp
by (metis card-of-Well-order natLeq- Well-order not-ordLess-ordLeq
ordLeg-reflexive ordLess- Well-order-simp ordLess-or-ordLeq ordLess-transitive)
qed
moreover have |S| <o «
proof —
have [ ‘ {v. v <o a} = S using f1 by force
then show ?thesis using f1 f2 b5 lem-ord-int-card-le-inf[of f « ] by blast
qged
ultimately have ||J S| <o « using f2 lem-card-un-bnd[of S «] by blast
then show ?thesis unfolding f1 c2 by blast
qged
ultimately show |f o] <o o’ using b5 ordIso-iff-ordLeq ordLeq-transitive
by metis
qed
ultimately show |f a'| <o o' by blast
qed
moreover have Va' o' <o a A o’ <o w-ord — |f /| <o w-ord
proof (intro alll impl)
fix a’::'U rel
assume el: o’ <o a A a’ <o w-ord
then have o’ <o a V o' =0 a using ordlso-iff-ordLeq ordLeq- Well-order-simp
ordLess-or-ordLeq by blast
moreover have o’ <o o« — |f a’| <o w-ord using c1 el unfolding N 7-def
using ordLess- Well-order-simp ordLeg-reflexive by blast
moreover have o’ =0 a« — |f /| <o w-ord
proof
assume o’ =0 «
moreover have |f o <o «
proof —
obtain S where f1: S ={ A. 3 B:'Urel. B <oa N A=ff} by blast
have f2: w-ord <o « using c1 lem-lmord-inf lem-inford-ge-w unfolding
Im-ord-def by blast
have f3:V s € S. |s| <o «
proof
fix s
assume s € S
then obtain g where 8 <o a A s = f 3 using fI by blast
then show |s| <o «
using c! f2 unfolding N 7-def apply clarsimp
by (metis card-of-Well-order natLeq- Well-order not-ordLess-ordLeq
ordLeg-reflexive ordLess-Well-order-simp ordLess-or-ordLeq ordLess-transitive)
qed
moreover have |S| <o «
proof —
have f ‘ {v. v <o a} = S using f1 by force
then show ?thesis using f1 f2 b5 lem-ord-int-card-le-inf[of f o ] by blast
qed
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ultimately have ||J S| <o « using f2 lem-card-un-bnd[of S «] by blast
then show ?thesis unfolding f1 c2 by blast
qed
ultimately show |f /| <o w-ord using el b5 ordlso-iff-ordLeq or-
dLeq-transitive
by (metis card-of-Well-order natLeq- Well-order not-ordLess-ordLeq ord-
Less-or-ordLeq)
qed
ultimately show |f a'| <o w-ord by blast
qed
ultimately show f € N7 r o unfolding N 7-def by blast
qed
ultimately show ?thesis using lem-sclm-ordind[of A\ «. f € N7 r a] by blast
qed

lemma lem-Shinf-N§:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set and Ps::'U
set set
assumes a0: f € T F
and al:V o A. Well-order « — A C Fa A
and a5: Va. Well-order « — f e N5r «
and a7:V a A. (|4]| <o w-ord — |F a A| <o w-ord )
A (w-ord <o |A] — |F a A] <o |4])
and a8:Va A. A€ SFr— EprPs A (F a A)
shows Va. Well-order o« — f € N8 r Ps «
proof —
have b2: f {} = {}
and b3:V a0 «a:'Urel. (sc-ord a0 o — f a=F a0 (f a0))
and b4:V a. (lm-orda — fa=U {D. I3 B.B8<oaAND=fF})
and b5:Va 5. a =0 — f a = f B using a0 unfolding T -def by blast+
have f € N8 r Ps {} using b2 lem-ord-subemp unfolding N 8-def SCF-def
Field-def by blast
moreover have Va0 «a. sc-ord a0 a A f € N8 Psal — f € N8r Ps «
proof (intro alll impl)
fix a0 a::'U rel
assume cl: sc-ord a0 o A f € N8 r Ps a0
have Va'::'U rel. ' <o a A (o’ = {} V isSuccOrd a’) —
((FP. Ps = {P}) V (— finite Ps A\ |Ps| <o |f a'|)) — (VPEPs. fa'N P
€ SCF (Restr r (f ')))
proof (intro alll, rule impI)
fix a:'U rel
assume dI: o’ <o a A (o' = {} V isSuccOrd o)
then have a0 <o o’V a’ <o a0 using cI unfolding sc-ord-def
using not-ordLeg-iff-ordLess ordLeq- Well-order-simp ordLess- Well-order-simp
by blast
moreover have o’ <o a0 — ((3P. Ps = {P}) V (- finite Ps A |Ps| <o |f
a’l)) —
(VPePs. f a' N P € SCF (Restr v (f o))
using dI cI unfolding N 8-def by blast
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moreover have a0 <o a’ — a =0 o’ using dI ¢! unfolding sc-ord-def
using ordlso-iff-ordLeq by blast
moreover have a =0 o’ — ((3P. Ps = {P}) V (= finite Ps A\ |Ps| <o |f
a’l)) —
(VPePs. fa’'N P e SCF (Restrr (f a')))
proof (intro balll implI)
fix P
assume el: o =0 o’ and e2: (3P’ Ps = {P'}) V (— finite Ps A\ |Ps| <o |f
a'| ) and e3: P € Ps
have e¢/: f a’ = f o using b5 el by blast
have Well-order a0 using c1 unfolding sc-ord-def ordLess-def by blast
then have (f a0) € SF r using a5 unfolding N 5-def using ordLeg-reflexive
by blast
moreover have e5: f « = F a0 (f «0) using ¢! b3 by blast
moreover have — (3 P’. Ps = {P’}) — (- finite Ps A |Ps| <o |f a0])
proof
assume f1: - (3P’ Ps = {P'})
then have f2: w-ord <o |Ps| A |Ps| <o |f «| using e2 ef infi-
nite-iff-natLeq-ordLeq by metis
then have = |F' a0 (f a0)| <o w-ord using e5
by (metis finite-ordLess-infinite2 infinite-iff-natLeq-ordLeq not-ordLess-ordLeq)
then have — |f a0| <o w-ord using a7 by blast
then have w-ord <o |f «a0| by (metis finite-iff-ordLess-natLeq infi-
nite-iff-natLeg-ordLeq)
then have |F a0 (f a0)| <o |f a0| using a7 by blast
then have |Ps| <o |f a0| using f2 e5 ordLeg-transitive by metis
then show — finite Ps A |Ps| <o |f a0| using fI e2 by blast
qed
ultimately show f o’ N P € SCF (Restr r (f a’)) using e3 e/ a8 unfolding
Ep-def by metis
qed
ultimately show ((3P. Ps = {P}) V (- finite Ps A |Ps| <o |f a'| )) —
(VPePs. f a’'N P € SCF (Restr r (f '))) by blast
qed
then show f € N8 r Ps a unfolding N 8-def by blast
qed
moreover have Va. Im-ord a A (V3. 8 <oa — f e N8r Ps ) — f € N8
r Ps o
proof (intro alll impl)
fix a::'U rel
assume cl: Im-ord a AN (VB. f <o — f € N8 r Ps j3)
then have ¢2: fa= {D.3 5. 8<oa AND=fp } using bj by blast
have Va':'Urel. ' <o a A (o' = {} V isSuccOrd ') —
((3P. Ps = {P}) V (- finite Ps A |Ps| <o |f a’|)) — (VPEPs. fa’'N P €
SCF (Restr r (f a')))
proof (intro alll, rule impI)
fix a:'U rel
assume dI: o’ <o a A (o' = {} V isSuccOrd o)
then have o’ <o a V o’ =0 «a using ordLeq-iff-ordLess-or-ordlso by blast
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moreover have a’ <o o — ((3P. Ps = {P}) V (- finite Ps A |Ps| <o |f
a’l)) —
(VPePs. f a’'N P e SCF (Restr r (f a')))
proof
assume o’ <o «
moreover then have o’ <o o’ using ordLess- Well-order-simp ordLeq-reflexive
by blast
ultimately show ((3P. Ps = {P}) V (- finite Ps A |Ps| <o |f /| )) —
(VPePs. fa’'N P e SCF (Restrr (f a')))
using c! dI unfolding N 8-def by blast

qed
moreover have o' =0 a — False
proof
assume o’ =o «
moreover then have o’ = {} V isSuccOrd o using d1 lem-osucc-eq by
blast

moreover have - (o = {} V isSuccOrd a) using ¢! unfolding Im-ord-def
by blast
ultimately have o’ =0 a A o’ = {} A a # {} by blast
then show Fulse by (metis iso-ozero-empty ordlso-symmetric ozero-def)
qed
ultimately show ((3P. Ps = {P}) V (- finite Ps A |Ps| <o |f '] )) —
(VPePs. f a’' N P € SCF (Restr v (f o)) by blast
qed
then show f € N8 r Ps a unfolding N 8-def by blast
qged
ultimately show ?thesis using lem-sclm-ordind[of A «. f € N8 r Ps a] by
blast
qed

lemma lem-Shinf-N9:
fixes r::'U rel and ¢::'U rel = 'U
and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F
and al:V o A. Well-order « — A C Fa A
and a2:V o A. Well-order « — g o € Fieldr — ga € F o A
and all: w-ord <o |Field r| — Field r C g ‘{ v::'U rel. v <o |Field r| }
shows f € N9 r |Field r|
proof —
have b3: V a0 «::'U rel. (sc-ord a0 o — f o = F a0 (f «0)) using a0
unfolding 7 -def by blast+
have V a € Field r. w-ord <o |Field r| — a € f |Field r|
proof (intro balll impI)
fix a
assume cI: a € Field r and ¢2: w-ord <o |Field r|
then obtain a0::'U rel where ¢j: a0 <o |Field r| A g a0 = a using all by
blast
moreover then obtain o where ¢5: sc-ord a0 « using lem-sucord-ex[of a0
| Field r|] by blast
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ultimately have ¢6: a <o |Field r| unfolding sc-ord-def by blast
have Well-order |Field r| by simp
then have f € N1 r |Field r| using a0 a1 lem-Shinf-N1 unfolding card-order-on-def
by metis
moreover have ¢7: |Field r| <o |Field r| by simp
moreover have f o = F a0 (f «0) using ¢5 b3 by blast
moreover have a € F a0 (f «0) using a2 c4 cl ordLess-Well-order-simp by
blast
ultimately show a € f |Field r| using c6 unfolding N 1-def by blast
qged
then show ?thesis unfolding N 9-def by blast
qed

lemma lem-Shinf-N10:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F
and al:V o A. Well-order « — A C F a A
and a5: Vo. Well-order o« — f e N5r «
and al0:V « A. Well-order « — A € SFr —
(By. (FaA) —dnclr AC{y}) — (Fieldr C dnclr (F a A)))
shows Va. Well-order o« — f e N10 7 «
proof —
have b2: f {} = {}
and b3:V a0 a::'Urel. (sc-ord a0 a« — f o= F a0 (f a0))
and b4:V a. (lm-orda — fa= {D.3 8. 8<oaAND=fp})
and b5: Va 8. a =0 8 — f a = f B using a0 unfolding T -def by blast+
have f € N10 r {} using b2 lem-ord-subemp unfolding N 10-def Q-def by
blast
moreover have Va0 a. sc-ord a0 a AN f e N10r a0 — f e N10r «
proof (intro alll impl)
fix a0 a::'U rel
assume cl: sc-ord a0 o A f € N10 1 a0
have Va'::'U rel. o/ <o oo —
(Fy. (fa)) —dnclr (£fa)={y}) — (Field r C dnclr (f a')))
proof (intro alll impl)
fix a’::'U rel
assume dI: o’ <o a and d2: Jy. (f &) — dnelr (£ f ') = {y}
then have a0 <o o’V a’ <o a0 using cI unfolding sc-ord-def
using not-ordLeg-iff-ordLess ordLeq- Well-order-simp ordLess- Well-order-simp
by blast
moreover have o’ <o a0 — ((Jy. (f a') — dnelr (£ f ') = {y}) —
(Field r C dncl r (f ')))
using dI ¢! unfolding N'10-def Q-def by blast
moreover have a0 <o a’ — a =0 o' using dI ¢! unfolding sc-ord-def
using ordlso-iff-ordLeq by blast
moreover have a =0 o’ — (Field r C dncl r (f o))
proof
assume el: a =o o'
have Well-order a0 using c1 unfolding sc-ord-def ordLess-def by blast
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moreover then have (f a0) € SF r
using a5 unfolding N 5-def using ordLeg-reflexive by blast
moreover have f a = F a0 (f «0) using cI b3 by blast
ultimately have e2: (3y. (f «) — dnclr (f «0) C {y}) — (Field r C
dncl r (f «)))

using a0 by metis
have £ f a C f a0
proof
fix p
assume p € £ f «
then obtain 3::'U rel where 8 <o a A p € f 5 unfolding £-def by blast
moreover then have 5 <o a0 A a0 <o a0 using c! unfolding sc-ord-def
using not-ordLess-iff-ordLeq ordLess- Well-order-simp by blast
moreover then have f € N1 r a0 using a0 al lem-Shinf-N1|of f F)|
ordLeq-Well-order-simp by metis
ultimately show p € f a0 unfolding N I-def by blast
qged
moreover have f a0 C £ f a using ¢! unfolding sc-ord-def £-def by
blast
ultimately have £ f a = f a0 by blast
then have £ f o’ = f a0 using el lem-shrel-L-eq by blast
then show Field r C dncl r (f o) using d2 e2 el b5 by force
qed
ultimately show Field r C dncl r (f «’) using d2 by blast
qed
then show f € N'10 r o unfolding N 10-def Q-def by blast
qed
moreover have Va. lm-ord a A (V3. <oa — f e N10r ) — f e N10
r o
proof (intro alll impl)
fix a::'U rel
assume cl: Im-ord a A (V3. B <oa — f € N10 T f3)
then have ¢2: fa=J { D.3 8. 8<oa AND=ff } using bj by blast
have Va'::'Urel. o' <o o —
(Fy. (fa)) —dncdr (& fa)={y}) — (Field r C dnclr (f a')))
proof (intro alll impl)
fix a’::'U rel
assume dI: o’ <o aand d2: Jy. (f a') — dnclr (£ f ') = {y}
then have o’ <o a V o’ =0 «a using ordLeq-iff-ordLess-or-ordlso by blast
moreover have o’ <o o — (Field r C dncl r (f o))
proof
assume o’ <o «
moreover then have o’ <o o’ using ordLess- Well-order-simp ordLeq-reflexive
by blast
ultimately show Field r C dnclr (f ') using c1 d1 d2 unfolding N 10-def
Q-def by blast
qed
moreover have o’ =0 a — False
proof
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assume cl: a' =0 «
moreover then have e2: £ f o’ = £ [ « using lem-shrel-L-eq by blast
ultimately have 3y. (f a) — dnclr (£ f a) = {y} using d2 b5 by metis
moreover have f a C £ f « using c¢2 unfolding £-def by blast
ultimately show Fulse unfolding dncl-def by blast
qed
ultimately show Field r C dncl r (f ') using d2 by blast
qed
then show f € N'10 r o unfolding N 10-def Q-def by blast
qged
ultimately show ?thesis using lem-sclm-ordind[of A a. f € N'10 r o] by blast
qed

lemma lem-Shinf-N11:
fixes r::'U rel and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: f € T F
and al:V o A. Well-order « — A C F a A
and a5: Vo. Well-order o« — f e N5r «
and al0:V « A. Well-order « — A € SFr —
(By. (FaA) —dnclr AC{y}) — (Fieldr C dnclr (F a A)))
shows Va. Well-order o« — f e N'11 7 «
proof —
have b2: f {} = {}
and b3:V a0 a::'Urel. (sc-ord a0 a« — f o= F a0 (f a0))
and b4:V a. (lm-orda — fa= {D.3 8. 8<oaAND=fp})
and b5: Va 8. a =0 8 — f a = f B using a0 unfolding T -def by blast+
have — isSuccOrd ({}::'U rel)
using wo-rel-def wo-rel.isSuccOrd-def unfolding Field-def by force
then have f € N'11 r {} using lem-ord-subemp unfolding N 11-def by blast
moreover have Va0 a. sc-ord a0 a AN f eNIIral — feENIITa
proof (intro alll impI)
fix a0 a::'U rel
assume cl: sc-ord a0 o A f € N11 1 a0
have Va'::'U rel. ' <o a A (isSuccOrd o) —
((fa)—dncr (Lfa)={}) — (Fiedr C dnclr (f a')))
proof (intro alll impl)
fix a:'U rel
assume dI: o’ <o a A (isSuccOrd o)
and d2: (f o) — dnclr (£ f ') = {}
then have a0 <o o’V o’ <o a0 using c1 unfolding sc-ord-def
using not-ordLeq-iff-ordLess ordLeq- Well-order-simp ordLess- Well-order-simp
by blast
moreover have o’ <o a0 — (((f &) — dnclr (£ f «') = {}) — (Field r
Cdnclr (f o))
using d1 cl1 unfolding N'11-def Q-def by blast
moreover have a0 <o o' — a =0 o’ using dI ¢! unfolding sc-ord-def
using ordlso-iff-ordLeq by blast
moreover have a =0 o’ — (Field r C dncl r (f o))
proof
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assume el: a =o o'
have Well-order a0 using c1 unfolding sc-ord-def ordLess-def by blast
moreover then have (f a0) € SF' r
using a5 unfolding N 5-def using ordLeg-reflexive by blast
moreover have f a = F a0 (f «0) using ¢! b3 by blast
ultimately have e2: (((f o) — dncl r (f a0) = {}) — (Field r C dncl r
(F o))
using al0 by fastforce
have £ f a C f a0
proof
fix p
assume p € £ f «
then obtain (::'U rel where 8 <o a A p € f 8 unfolding £-def by blast
moreover then have § <o a0 A a0 <o a0 using c! unfolding sc-ord-def
using not-ordLess-iff-ordLeq ordLess- Well-order-simp by blast
moreover then have f € N1 r a0 using a0 al lem-Shinf-N1|of f F)|
ordLeg- Well-order-simp by metis
ultimately show p € f a0 unfolding N I-def by blast
qed
moreover have f a0 C £ f a using ¢! unfolding sc-ord-def £-def by
blast
ultimately have £ f o = f a0 by blast
then have £ f o’ = f a0 using el lem-shrel-L-eq by blast
then show Field r C dncl r (f o’) using d2 e2 el b5 by force
qed
ultimately show Field r C dncl r (f o') using d2 by blast
qed
then show f € N'11 r o unfolding N 11-def Q-def by blast
qed
moreover have Va. lm-ord a AN (VB. f <oa — feNIlIr3) — fe NI
ra
proof (intro alll impl)
fix a::'U rel
assume cl: Im-ord a A (V3. B <oa — f e N11 1 f5)
then have ¢2: fa=J { D.3 8. 8<oa A D=ff} using bj by blast
have Va'::'U rel. o' <o a A (isSuccOrd o') —
((f &'y —dnelr (£ f ') ={}) — (Field r C dnclr (f a')))
proof (intro alll impl)
fix a’::'U rel
assume dI: o’ <o a A (isSuccOrd o)
and d2: (f a') — dnclr (£ f ') = {}
then have o’ <o a V a’ =0 a using ordLeq-iff-ordLess-or-ordIso by blast
moreover have o’ <o a — (Field r C dncl r (f o))
proof
assume o’ <o «
moreover then have o’ <o o’ using ordLess- Well-order-simp ordLeq-reflexive
by blast
ultimately show Field r C dnclr (f o) using c1 d1 d2 unfolding N 11-def
Q-def by blast qed
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moreover have o’ =0 a — Fualse

proof
assume o’ =0 «
moreover then have o’ = {} V isSuccOrd o using d1 lem-osucc-eq by

blast
moreover have - (o = {} V isSuccOrd «) using ¢! unfolding Im-ord-def
by blast
ultimately have o’ =0 a A o’ = {} A a # {} by blast
then show Fulse by (metis iso-ozero-empty ordlso-symmetric ozero-def)
qed
ultimately show Field r C dncl r (f ') using d2 by blast
qed
then show f € N'11 r o unfolding N 11-def Q-def by blast
qed
ultimately show ?thesis using lem-sclm-ordind[of A a. f € N'11 r a] by blast
qed

lemma lem-Shinf-N12:
fixes r::'U rel and ¢::'U rel = 'U
and F::'U rel = 'U set = 'U set and f::'U rel = 'U set
assumes a0: 